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1 Implementation of Association Lists

theory AList
imports Main
begin

context
begin

The operations preserve distinctness of keys and function clearjunk dis-
tributes over them. Since clearjunk enforces distinctness of keys it can be
used to establish the invariant, e.g. for inductive proofs.

1.1 update and updates

qualified primrec update :: 'key = "val = ('key x "val) list = ("key x 'val) list
where

update kv [| = [(k, v)]
| update kv (p # ps) = (if fst p = k then (k, v) # ps else p # update k v ps)

lemma update-conv’s map-of (update k v al) = (map-of al)(k—v)
by (induct al) (auto simp add: fun-eq-iff)

corollary update-conv: map-of (update k v al) k' = ((map-of al)(k—v)) k'
by (simp add: update-conv’)

lemma dom-update: fst ¢ set (update k v al) = {k} U fst ‘ set al
by (induct al) auto

lemma update-keys:
map fst (update k v al) =
(if k € set (map fst al) then map fst al else map fst al Q [k])
by (induct al) simp-all

lemma distinct-update:
assumes distinct (map fst al)
shows distinct (map fst (update k v al))
using assms by (simp add: update-keys)

lemma update-filter:
a # k = update k v [qg<ps. fst ¢ # a] = [q+update k v ps. fst ¢ # a]
by (induct ps) auto

lemma update-triv: map-of al k = Some v = update k v al = al
by (induct al) auto

lemma update-nonempty [simp]: update k v al # []
by (induct al) auto
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lemma update-eqD: update k v al = update kv’ al’ = v = v’
proof (induct al arbitrary: al’)
case Nil
then show ?case
by (cases al’) (auto split: if-split-asm)
next
case Cons
then show ?case
by (cases al’) (auto split: if-split-asm)
qged

lemma update-last [simp]: update k v (update k v’ al) = update k v al
by (induct al) auto

Note that the lists are not necessarily the same: update k v (update k' v’
1) = [(k, v"), (k, v)] and update k' v’ (update k v []) = [(k, v), (k', v')].

lemma update-swap:
k#k =
map-of (update kv (update k' v’ al)) = map-of (update k' v’ (update k v al))
by (simp add: update-conv’ fun-eq-iff)

lemma update-Some-unfold:
map-of (update k v al) © = Some y +—
r=kANv=yVazx#kA map-of al z = Some y
by (simp add: update-conv’ map-upd-Some-unfold)

lemma image-update [simp]:
z ¢ A = map-of (update x y al) * A = map-of al * A
by (simp add: update-conv’)

qualified definition
updates :: 'key list = 'val list = ('key x 'val) list = ('key x 'val) list
where updates ks vs = fold (case-prod update) (zip ks vs)

lemma updates-simps [simp]:
updates [| vs ps = ps
updates ks [| ps = ps
updates (k#ks) (v#vs) ps = updates ks vs (update k v ps)
by (simp-all add: updates-def)

lemma updates-key-simp [simp]:
updates (k # ks) vs ps =
(case vs of [| = ps | v # vs = updates ks vs (update k v ps))
by (cases vs) simp-all

lemma updates-conv’: map-of (updates ks vs al) = (map-of al)(ks[—]vs)
proof —
have map-of o fold (case-prod update) (zip ks vs) =
fold (A(k, v) f. f(k — v)) (zip ks vs) o map-of
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by (rule fold-commute) (auto simp add: fun-eq-iff update-conv’)
then show ?thesis
by (auto simp add: updates-def fun-eq-iff map-upds-fold-map-upd foldl-conv-fold
split-def)
qed

lemma updates-conv: map-of (updates ks vs al) k = ((map-of al)(ks[—]vs)) k
by (simp add: updates-conv’)

lemma distinct-updates:
assumes distinct (map fst al)
shows distinct (map fst (updates ks vs al))
proof —
have distinct (fold
(A(k, v) al. if k € set al then al else al @ [k])
(zip ks vs) (map fst al))
by (rule fold-invariant [of zip ks vs A-. True]) (auto intro: assms)
moreover have map fst o fold (case-prod update) (zip ks vs) =
fold (M\(k, v) al. if k € set al then al else al Q [k]) (zip ks vs) o map fst
by (rule fold-commute) (simp add: update-keys split-def case-prod-beta comp-def )
ultimately show ?thesis
by (simp add: updates-def fun-eq-iff)
qed

lemma updates-append! [simp]: size ks < size vs =
updates (ksQ[k]) vs al = update k (vs!size ks) (updates ks vs al)
by (induct ks arbitrary: vs al) (auto split: list.splits)

lemma updates-list-update-drop[simp]:
size ks < 1 = 1 < size v§s —>
updates ks (vs[i:=v]) al = updates ks vs al
by (induct ks arbitrary: al vs i) (auto split: list.splits nat.splits)

lemma update-updates-conv-if
map-of (updates zs ys (update x y al)) =
map-of
(if © € set (take (length ys) xs)
then updates s ys al
else (update x y (updates xs ys al)))
by (simp add: updates-conv’ update-conv’ map-upd-upds-conv-if )

lemma updates-twist [simp):
k & set ks =
map-of (updates ks vs (update k v al)) = map-of (update k v (updates ks vs al))
by (simp add: updates-conv’ update-conv’)

lemma updates-apply-notin [simp]:
k ¢ set ks = map-of (updates ks vs al) k = map-of al k
by (simp add: updates-conv)
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lemma updates-append-drop [simp]:
size s = size ys = updates (zs @ zs) ys al = updates zs ys al
by (induct zs arbitrary: ys al) (auto split: list.splits)

lemma updates-append2-drop [simp]:
size s = size ys = updates xs (ys Q zs) al = updates zs ys al
by (induct zs arbitrary: ys al) (auto split: list.splits)

1.2 delete

qualified definition delete :: ‘key = (’key x 'val) list = (’key x 'val) list
where delete-eq: delete k = filter (A\(k', -). k # k)

lemma delete-simps [simp]:
delete k [] = |
delete k (p # ps) = (if fst p = k then delete k ps else p # delete k ps)
by (auto simp add: delete-eq)

lemma delete-conv’: map-of (delete k al) = (map-of al)(k := None)
by (induct al) (auto simp add: fun-eq-iff)

corollary delete-conv: map-of (delete k al) k' = ((map-of al)(k := None)) k’

by (simp add: delete-conv’)

lemma delete-keys: map fst (delete k al) = removeAll k (map fst al)

by (simp add: delete-eq removeAll-filter-not-eq filter-map split-def comp-def)

lemma distinct-delete:
assumes distinct (map fst al)
shows distinct (map fst (delete k al))
using assms by (simp add: delete-keys distinct-removeAll)

lemma delete-id [simp]: k ¢ fst ¢ set al = delete k al = al
by (auto simp add: image-iff delete-eq filter-id-conv)

lemma delete-idem: delete k (delete k al) = delete k al
by (simp add: delete-eq)

23

lemma map-of-delete [simp]: k' # k = map-of (delete k al) k' = map-of al k'

by (simp add: delete-conv’)

lemma delete-notin-dom: k ¢ fst ‘ set (delete k al)
by (auto simp add: delete-eq)

lemma dom-delete-subset: fst ¢ set (delete k al) C fst  set al
by (auto simp add: delete-eq)

lemma delete-update-same: delete k (update k v al) = delete k al
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by (induct al) simp-all

lemma delete-update: k # | = delete | (update k v al) = update k v (delete | al)
by (induct al) simp-all

lemma delete-twist: delete x (delete y al) = delete y (delete z al)
by (simp add: delete-eq conj-commute)

lemma length-delete-le: length (delete k al) < length al
by (simp add: delete-eq)

1.3 update-with-aux and delete-aux

qualified primrec update-with-auz :: 'val = 'key = (‘val = 'val) = ('key x
"val) list = ('key x 'val) list
where

update-with-auz v k f [| = [(k, [ v)]
| update-with-aux v k f (p # ps) = (if (fst p = k) then (k, f (snd p)) # ps else p
# update-with-aux v k f ps)

The above delete traverses all the list even if it has found the key. This
one does not have to keep going because is assumes the invariant that keys
are distinct.

qualified fun delete-auz :: 'key = ('key x 'val) list = ('key x 'val) list
where

delete-aux k [| = |]
| delete-auz k ((k', v) # xs) = (if k = k' then zs else (k', v) # delete-auz k xs)

lemma map-of-update-with-auz’:

map-of (update-with-auz v k f ps) k' = ((map-of ps)(k — (case map-of ps k of
None = fuv | Somev = fv))) k'
by (induct ps) auto

lemma map-of-update-with-auz:

map-of (update-with-auz v k f ps) = (map-of ps)(k — (case map-of ps k of None
= fov | Some v = fv))
by (simp add: fun-eq-iff map-of-update-with-auz’)

lemma dom-update-with-aux: fst ¢ set (update-with-aux v k f ps) = {k} U fst * set

ps
by (induct ps) auto

lemma distinct-update-with-aux [simp):
distinct (map fst (update-with-auz v k f ps)) = distinct (map fst ps)
by (induct ps)(auto simp add: dom-update-with-aux)

lemma set-update-with-aux:
distinct (map fst xs)
= set (update-with-auz v k f xs) = (set zs — {k} x UNIV U {(k, f (case map-of
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zs k of None = v | Some v = v))})
by (induct xs)(auto intro: rev-image-eql)

lemma set-delete-aux: distinct (map fst xs) = set (delete-auz k xs) = set zs —
{k} x UNIV

apply (induct zs)

apply simp-all

apply clarsimp

apply (fastforce intro: rev-image-eql )

done

lemma dom-delete-auz: distinct (map fst ps) = fst ‘ set (delete-aux k ps) = fst
“set ps — {k}
by (auto simp add: set-delete-aux)

lemma distinct-delete-aux [simp):
distinct (map fst ps) = distinct (map fst (delete-auz k ps))
proof (induct ps)
case Nil thus ?case by simp
next
case (Cons a ps)
obtain k£’ v where a: a = (k/, v) by(cases a)
show Zcase
proof(cases k' = k)
case True with Cons a show ?thesis by simp
next
case Fulse
with Cons a have k' ¢ fst ‘ set ps distinct (map fst ps) by simp-all
with False a have k' ¢ fst ‘ set (delete-auz k ps)
by (auto dest!: dom-delete-aux|where k=k])
with Cons a show ?thesis by simp
qged
qed

lemma map-of-delete-auz’:
distinct (map fst xs) = map-of (delete-auzx k xs) = (map-of zs)(k := None)
apply (induct zs)
apply (fastforce simp add: map-of-eq-None-iff fun-upd-twist)
apply (auto intro!: ext)
apply (simp add: map-of-eq-None-iff )
done

lemma map-of-delete-auz:

distinct (map fst xs) = map-of (delete-aux k xs) k' = ((map-of zs)(k := None))
k/
by (simp add: map-of-delete-aux’)

lemma delete-auz-eq-Nil-conv: delete-auz k ts =[] +— ts =[] V (3v. ts = [(k,

v)])
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by (cases ts)(auto split: if-split-asm)

1.4 restrict

qualified definition restrict :: 'key set = ('key x 'val) list = ('key x 'val) list
where restrict-eq: restrict A = filter (A(k, v). k € A)

lemma restr-simps [simp]:
restrict A [| = |]
restrict A (p#ps) = (if fst p € A then p # restrict A ps else restrict A ps)
by (auto simp add: restrict-eq)

lemma restr-conv’s map-of (restrict A al) = ((map-of al)|* A)
proof
fix k
show map-of (restrict A al) k = ((map-of al)|* A) k
by (induct al) (simp, cases k € A, auto)
qed

corollary restr-conv: map-of (restrict A al) k = ((map-of al)|* A) k
by (simp add: restr-conv’)

lemma distinct-restr:
distinct (map fst al) = distinct (map fst (restrict A al))
by (induct al) (auto simp add: restrict-eq)

lemma restr-empty [simp]:
restrict {} al = |]
restrict A [] = |]
by (induct al) (auto simp add: restrict-eq)

lemma restr-in [simp]: x € A = map-of (restrict A al) © = map-of al ©
by (simp add: restr-conv’)

lemma restr-out [simp]: + ¢ A = map-of (restrict A al) £ = None
by (simp add: restr-conv’)

lemma dom-restr [simp]: fst © set (restrict A al) = fst ‘set al N A
by (induct al) (auto simp add: restrict-eq)

lemma restr-upd-same [simp]: restrict (—{z}) (update x y al) = restrict (—{z})
al
by (induct al) (auto simp add: restrict-eq)

lemma restr-restr [simp]: restrict A (restrict B al) = restrict (ANB) al
by (induct al) (auto simp add: restrict-eq)

lemma restr-update[simp):
map-of (restrict D (update z y al)) =
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map-of ((if x € D then (update x y (restrict (D—{z}) al)) else restrict D al))
by (simp add: restr-conv’ update-conv’)

lemma restr-delete [simp]:
delete © (restrict D al) = (if x € D then restrict (D — {z}) al else restrict D al)
apply (simp add: delete-eq restrict-eq)
apply (auto simp add: split-def)
proof —
have A\y. y Az +—z #y
by auto
then show [p < al. fst p € D Az # fstp] = [p < al. fstp € D A fst p # ]
by simp
assume z ¢ D
then have A\y. ye D«—ye DAz #y
by auto
then show [p < al . fstp € D ANz # fstp] = [p < al . fst p € D]
by simp
qed

lemma update-restr:
map-of (update z y (restrict D al)) = map-of (update z y (restrict (D — {z})

al))

by (simp add: update-conv’ restr-conv’) (rule fun-upd-restrict)

lemma update-restr-conv [simp]:
r €D =
map-of (update x y (restrict D al)) = map-of (update x y (restrict (D — {z})

al))

by (simp add: update-conv’ restr-conv’)

lemma restr-updates [simp):
length zs = length ys = set zs C D —
map-of (restrict D (updates xs ys al)) =
map-of (updates xs ys (restrict (D — set xs) al))
by (simp add: updates-conv’ restr-conv’)

lemma restr-delete-twist: (restrict A (delete a ps)) = delete a (restrict A ps)
by (induct ps) auto

1.5 clearjunk

qualified function clearjunk :: ('key x 'val) list = (’key x 'val) list
where
clearjunk [ = ||
| clearjunk (p#ps) = p # clearjunk (delete (fst p) ps)
by pat-completeness auto
termination
by (relation measure length) (simp-all add: less-Suc-eq-le length-delete-le)
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lemma map-of-clearjunk: map-of (clearjunk al) = map-of al
by (induct al rule: clearjunk.induct) (simp-all add: fun-eg-iff’)

lemma clearjunk-keys-set: set (map fst (clearjunk al)) = set (map fst al)
by (induct al rule: clearjunk.induct) (simp-all add: delete-keys)

lemma dom-clearjunk: fst ¢ set (clearjunk al) = fst ¢ set al
using clearjunk-keys-set by simp

lemma distinct-clearjunk [simp): distinct (map fst (clearjunk al))
by (induct al rule: clearjunk.induct) (simp-all del: set-map add: clearjunk-keys-set
delete-keys)

lemma ran-clearjunk: ran (map-of (clearjunk al)) = ran (map-of al)
by (simp add: map-of-clearjunk)

lemma ran-map-of: ran (map-of al) = snd * set (clearjunk al)
proof —
have ran (map-of al) = ran (map-of (clearjunk al))
by (simp add: ran-clearjunk)
also have ... = snd ‘ set (clearjunk al)
by (simp add: ran-distinct)
finally show ?thesis .
qed

lemma clearjunk-update: clearjunk (update k v al) = update k v (clearjunk al)
by (induct al rule: clearjunk.induct) (simp-all add: delete-update)

lemma clearjunk-updates: clearjunk (updates ks vs al) = updates ks vs (clearjunk
al)
proof —
have clearjunk o fold (case-prod update) (zip ks vs) =
fold (case-prod update) (zip ks vs) o clearjunk
by (rule fold-commute) (simp add: clearjunk-update case-prod-beta o-def)
then show ?thesis
by (simp add: updates-def fun-eq-iff)
qged

lemma clearjunk-delete: clearjunk (delete x al) = delete x (clearjunk al)
by (induct al rule: clearjunk.induct) (auto simp add: delete-idem delete-twist)

lemma clearjunk-restrict: clearjunk (restrict A al) = restrict A (clearjunk al)
by (induct al rule: clearjunk.induct) (auto simp add: restr-delete-twist)

lemma distinct-clearjunk-id [simp]: distinct (map fst al) = clearjunk al = al
by (induct al rule: clearjunk.induct) auto

lemma clearjunk-idem: clearjunk (clearjunk al) = clearjunk al
by simp
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lemma length-clearjunk: length (clearjunk al) < length al
proof (induct al rule: clearjunk.induct [case-names Nil Cons])
case Nil
then show ?case by simp
next
case (Cons kv al)
moreover have length (delete (fst kv) al) < length al
by (fact length-delete-le)
ultimately have length (clearjunk (delete (fst kv) al)) < length al
by (rule order-trans)
then show ?case
by simp
qed

lemma delete-map:
assumes Akv. fst (f kv) = fst kv
shows delete k (map f ps) = map [ (delete k ps)
by (simp add: delete-eq filter-map comp-def split-def assms)

lemma clearjunk-map:
assumes Akv. fst (f kv) = fst kv
shows clearjunk (map f ps) = map f (clearjunk ps)
by (induct ps rule: clearjunk.induct [case-names Nil Cons))
(simp-all add: clearjunk-delete delete-map assms)

1.6 map-ran
definition map-ran :: ('key = 'val = "val) = (key x 'val) list = ('key x 'val)
list

where map-ran f = map (\k, v). (k, fk v))

lemma map-ran-simps [simp):
map-ran f || =]
map-ran [ ((k, v) # ps) = (k, f k v) # map-ran f ps
by (simp-all add: map-ran-def)

lemma dom-map-ran: fst < set (map-ran f al) = fst ‘ set al
by (simp add: map-ran-def image-image split-def)

lemma map-ran-conv: map-of (map-ran f al) k = map-option (f k) (map-of al k)
by (induct al) auto

lemma distinct-map-ran: distinct (map fst al) = distinct (map fst (map-ran f

al))
by (simp add: map-ran-def split-def comp-def)

lemma map-ran-filter: map-ran f [p<ps. fst p # a| = [p<map-ran f ps. fst p #
al
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by (simp add: map-ran-def filter-map split-def comp-def)

lemma clearjunk-map-ran: clearjunk (map-ran f al) = map-ran f (clearjunk al)
by (simp add: map-ran-def split-def clearjunk-map)

1.7 merge

qualified definition merge :: (’key x 'val) list = (‘key x 'val) list = ('key x
"val) list
where merge gs ps = foldr (A(k, v). update k v) ps gs

lemma merge-simps [simp]:
merge ¢s [] = g¢s
merge qs (p#ps) = update (fst p) (snd p) (merge gs ps)
by (simp-all add: merge-def split-def)

lemma merge-updates: merge gs ps = updates (rev (map fst ps)) (rev (map snd

ps)) gs
by (simp add: merge-def updates-def foldr-conv-fold zip-rev zip-map-fst-snd)

lemma dom-merge: fst ‘ set (merge zs ys) = fst ‘ set xs U fst ‘ set ys
by (induct ys arbitrary: zs) (auto simp add: dom-update)

lemma distinct-merge:
assumes distinct (map fst xs)
shows distinct (map fst (merge xs ys))
using assms by (simp add: merge-updates distinct-updates)

lemma clearjunk-merge: clearjunk (merge zs ys) = merge (clearjunk xs) ys
by (simp add: merge-updates clearjunk-updates)

lemma merge-conv’: map-of (merge xs ys) = map-of s ++ map-of ys
proof —

have map-of o fold (case-prod update) (rev ys) =

fold (A(k, v) m. m(k — v)) (rev ys) o map-of
by (rule fold-commute) (simp add: update-conv’ case-prod-beta split-def fun-eq-iff)
then show ?thesis
by (simp add: merge-def map-add-map-of-foldr foldr-conv-fold fun-eq-iff)

qed

corollary merge-conv: map-of (merge xs ys) k = (map-of s ++ map-of ys) k
by (simp add: merge-conv’)

lemma merge-empty: map-of (merge || ys) = map-of ys
by (simp add: merge-conv’)

lemma merge-assoc [simp]: map-of (merge m1 (merge m2 m3)) = map-of (merge
(merge m1 m2) m3)
by (simp add: merge-conv’)
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lemma merge-Some-iff:
map-of (merge m n) k = Some z +—
map-of n k = Some x V map-of n k = None A map-of m k = Some z
by (simp add: merge-conv’ map-add-Some-iff )

lemmas merge-SomeD [dest!] = merge-Some-iff [THEN iffD1]

lemma merge-find-right [simp]: map-of n k = Some v = map-of (merge m n) k
= Some v
by (simp add: merge-conv’)

lemma merge-None [iff]:
(map-of (merge m n) k = None) = (map-of n k = None A map-of m k = None)
by (simp add: merge-conv’)

lemma merge-upd [simp]:
map-of (merge m (update k v n)) = map-of (update k v (merge m n))
by (simp add: update-conv’ merge-conv’)

lemma merge-updatess [simp]:
map-of (merge m (updates xs ys n)) = map-of (updates zs ys (merge m n))
by (simp add: updates-conv’ merge-conv’)

lemma merge-append: map-of (zs @ ys) = map-of (merge ys xs)
by (simp add: merge-conv’)

1.8 compose

qualified function compose :: ('key x ‘a) list = (‘a x 'b) list = (key x 'b) list
where
compose [| ys = |]
| compose (z # zs) ys =
(case map-of ys (snd x) of
None = compose (delete (fst z) xs) ys
| Some v = (fst z, v) # compose s ys)
by pat-completeness auto
termination
by (relation measure (length o fst)) (simp-all add: less-Suc-eq-le length-delete-le)

lemma compose-first-None [simp]:

assumes map-of rs k = None

shows map-of (compose xs ys) k = None

using assms by (induct zs ys rule: compose.induct) (auto split: option.splits
if-split-asm)

lemma compose-conv: map-of (compose xs ys) k = (map-of ys o, map-of zs) k
proof (induct xs ys rule: compose.induct)
case I
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then show ?case by simp
next
case (2 = zs ys)
show ?Zcase
proof (cases map-of ys (snd x))
case None
with 2 have hyp: map-of (compose (delete (fst x) zs) ys) k =
(map-of ys o, map-of (delete (fst x) zs)) k
by simp
show ?thesis
proof (cases fst x = k)
case True
from True delete-notin-dom [of k xs]
have map-of (delete (fst z) xzs) k = None
by (simp add: map-of-eq-None-iff )
with hyp show ?thesis
using True None
by simp
next
case Fulse
from False have map-of (delete (fst x) xs) k = map-of zs k
by simp
with hyp show ?thesis
using False None by (simp add: map-comp-def)
qed
next
case (Some v)
with 2
have map-of (compose zs ys) k = (map-of ys o, map-of xs) k
by simp
with Some show ?Zthesis
by (auto simp add: map-comp-def)
qed
qed

lemma compose-conv’: map-of (compose xs ys) = (map-of ys o, map-of s)

by (rule ext) (rule compose-conv)

lemma compose-first-Some [simp]:
assumes map-of xs k = Some v
shows map-of (compose s ys) k = map-of ys v
using assms by (simp add: compose-conv)

lemma dom-compose: fst ¢ set (compose xs ys) C fst ‘ set zs
proof (induct xs ys rule: compose.induct)

case I

then show ?Zcase by simp
next

case (2 z zs ys)

32
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show ?Zcase
proof (cases map-of ys (snd x))
case None
with 2.hyps
have fst ‘ set (compose (delete (fst x) xs) ys) C fst © set (delete (fst ©) xs)
by simp
also
have ... C fst ‘ set xs
by (rule dom-delete-subset)
finally show ?thesis
using None
by auto
next
case (Some v)
with 2.hyps
have fst ‘ set (compose zs ys) C fst < set xs
by simp
with Some show ?Zthesis
by auto
qed
qed

lemma distinct-compose:
assumes distinct (map fst xs)
shows distinct (map fst (compose xs ys))
using assms
proof (induct xs ys rule: compose.induct)
case 1
then show ?case by simp
next
case (2 = zs ys)
show Zcase
proof (cases map-of ys (snd x))
case None
with 2 show ?%thesis by simp
next
case (Some v)
with 2 dom-compose [of xs ys] show Zthesis
by auto
qed
qed

lemma compose-delete-twist: compose (delete k xs) ys = delete k (compose s ys)
proof (induct xs ys rule: compose.induct)

case I

then show ?case by simp
next

case (2 z zs ys)

show Zcase
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proof (cases map-of ys (snd z))
case None
with 2 have hyp: compose (delete k (delete (fst x) zs)) ys =
delete k (compose (delete (fst z) xs) ys)
by simp
show ?thesis
proof (cases fst x = k)
case True
with None hyp show ?thesis
by (simp add: delete-idem)
next
case Fulse
from None False hyp show ?thesis
by (simp add: delete-twist)
qed
next
case (Some v)
with 2 have hyp: compose (delete k xs) ys = delete k (compose zs ys)
by simp
with Some show ?Zthesis
by simp
qed
qed

lemma compose-clearjunk: compose xs (clearjunk ys) = compose xs ys
by (induct zs ys rule: compose.induct)
(auto simp add: map-of-clearjunk split: option.splits)

lemma clearjunk-compose: clearjunk (compose xs ys) = compose (clearjunk xs) ys
by (induct zs rule: clearjunk.induct)
(auto split: option.splits simp add: clearjunk-delete delete-idem compose-delete-twist)

lemma compose-empty [simpl: compose xs [| = []
by (induct zs) (auto simp add: compose-delete-twist)

lemma compose-Some-iff:
(map-of (compose xs ys) k = Some v) +—
(3k'". map-of s k = Some k' A map-of ys k' = Some v)
by (simp add: compose-conv map-comp-Some-iff)

lemma map-comp-None-iff :
map-of (compose s ys) k = None «—
(map-of xs k = None V (3 k'. map-of xs k = Some k' A\ map-of ys k' = None))
by (simp add: compose-conv map-comp-None-iff)

1.9 map-entry

qualified fun map-entry :: 'key = ('val = 'val) = ('key x 'val) list = ('key x
"val) list
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where
map-entry k f [ = [
| map-entry k f (p # ps) =
(if fst p = k then (k, f (snd p)) # ps else p # map-entry k f ps)

lemma map-of-map-entry:
map-of (map-entry k f xs) =
(map-of xs)(k := case map-of zs k of None = None | Some v’ = Some (fv"))
by (induct zs) auto

lemma dom-map-entry: fst ¢ set (map-entry k f xs) = fst * set xs
by (induct zs) auto

lemma distinct-map-entry:
assumes distinct (map fst xs)
shows distinct (map fst (map-entry k f xs))
using assms by (induct zs) (auto simp add: dom-map-entry)

1.10 map-default

fun map-default :: 'key = "val = ('val = 'val) = ('key x 'val) list = (’key x
"val) list
where
map-default kv f [| = [(k, v)]
| map-default kv f (p # ps) =
(if fst p = k then (k, f (snd p)) # ps else p # map-default k v f ps)

lemma map-of-map-default:
map-of (map-default k v f zs) =
(map-of xzs)(k := case map-of zs k of None = Some v | Some v’ = Some (f
v’)

by (induct zs) auto

lemma dom-map-default: fst * set (map-default k v f xs) = insert k (fst ¢ set xs)
by (induct zs) auto

lemma distinct-map-default:
assumes distinct (map fst xs)
shows distinct (map fst (map-default k v f xs))
using assms by (induct xs) (auto simp add: dom-map-default)

end

end
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2 Pointwise instantiation of functions to algebra
type classes

theory Function-Algebras
imports Main
begin

Pointwise operations
instantiation fun :: (type, plus) plus

begin

definition f + g = (A\z. fz + g )
instance ..

end

lemma plus-fun-apply [simp]:

f+g9z=fz+gz
by (simp add: plus-fun-def)

instantiation fun :: (type, zero) zero
begin

definition 0 = (Az. 0)
instance ..

end

lemma zero-fun-apply [simp):
0Oz =20
by (simp add: zero-fun-def)

instantiation fun :: (type, times) times
begin

definition f x g = (\z. fz * g x)
instance ..

end

lemma times-fun-apply [simp]:
(frg)z=fazxgz
by (simp add: times-fun-def)

instantiation fun :: (type, one) one
begin

definition 1 = (Az. 1)
instance ..
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end

lemma one-fun-apply [simp]:
lz=1
by (simp add: one-fun-def)

Additive structures
instance fun :: (type, semigroup-add) semigroup-add

by standard (simp add: fun-eg-iff add.assoc)

instance fun :: (type, cancel-semigroup-add) cancel-semigroup-add
by standard (simp-all add: fun-eq-iff)

instance fun :: (type, ab-semigroup-add) ab-semigroup-add
by standard (simp add: fun-eg-iff add.commute)

instance fun :: (type, cancel-ab-semigroup-add) cancel-ab-semigroup-add
by standard (simp-all add: fun-eq-iff diff-diff-eq)

instance fun :: (type, monoid-add) monoid-add
by standard (simp-all add: fun-eq-iff )

instance fun :: (type, comm-monoid-add) comm-monoid-add
by standard simp

instance fun :: (type, cancel-comm-monoid-add) cancel-comm-monoid-add ..

instance fun :: (type, group-add) group-add
by standard (simp-all add: fun-eq-iff)

instance fun :: (type, ab-group-add) ab-group-add
by standard simp-all
Multiplicative structures
instance fun :: (type, semigroup-mult) semigroup-mult

by standard (simp add: fun-eq-iff mult.assoc)

instance fun :: (type, ab-semigroup-mult) ab-semigroup-mult
by standard (simp add: fun-eq-iff mult.commute)

instance fun :: (type, monoid-mult) monoid-mult
by standard (simp-all add: fun-eq-iff)

instance fun :: (type, comm-monoid-mult) comm-monoid-mult
by standard simp
Misc
instance fun :: (type, Rings.dvd) Rings.dvd ..
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instance fun :: (type, mult-zero) mult-zero
by standard (simp-all add: fun-eq-iff )

instance fun :: (type, zero-neg-one) zero-neq-one
by standard (simp add: fun-eq-iff’)

Ring structures

instance fun :: (type, semiring) semiring
by standard (simp-all add: fun-eg-iff algebra-simps)

instance fun :: (type, comm-semiring) comm-semiring
by standard (simp add: fun-eq-iff algebra-simps)

instance fun :: (type, semiring-0) semiring-0 ..

instance fun :: (type, comm-semiring-0) comm-semiring-0 ..

instance fun :: (type, semiring-0-cancel) semiring-0-cancel ..

instance fun :: (type, comm-semiring-0-cancel) comm-semiring-0-cancel ..
instance fun :: (type, semiring-1) semiring-1 ..

lemma of-nat-fun: of-nat n = (Az::'a. of-nat n)
proof —
have comp: comp = (M g z. f (g x))
by (rule ext)+ simp
have plus-fun: plus = A\ gz. fz + g x)
by (rule ext, rule ext) (fact plus-fun-def)
have of-nat n = (comp (plus (1::'b)) " n) (Az::'a. 0)
by (simp add: of-nat-def plus-fun zero-fun-def one-fun-def comp)
also have ... = comp ((plus 1) """ n) (Az::'a. 0)
by (simp only: comp-funpow)
finally show ?thesis by (simp add: of-nat-def comp)
qged

lemma of-nat-fun-apply [simp]:
of-nat n x = of-nat n
by (simp add: of-nat-fun)
instance fun :: (type, comm-semiring-1) comm-semiring-1 ..

instance fun :: (type, semiring-1-cancel) semiring-1-cancel ..

instance fun :: (type, comm-semiring-1-cancel) comm-semiring-1-cancel
by standard (auto simp add: times-fun-def algebra-simps)

instance fun :: (type, semiring-char-0) semiring-char-0
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proof
from inj-of-nat have inj (An (z::'a). of-nat n :: 'b)
by (rule inj-fun)
then have inj (An. of-nat n :: 'a = 'b)
by (simp add: of-nat-fun)
then show inj (of-nat :: nat = 'a = 'b) .
qed

instance fun :: (type, ring) ring ..

instance fun :: (type, comm-ring) comm-ring ..
instance fun :: (type, ring-1) ring-1 ..

instance fun :: (type, comm-ring-1) comm-ring-1 ..

instance fun :: (type, ring-char-0) ring-char-0 ..
Ordered structures

instance fun :: (type, ordered-ab-semigroup-add) ordered-ab-semigroup-add
by standard (auto simp add: le-fun-def intro: add-left-mono)

instance fun :: (type, ordered-cancel-ab-semigroup-add) ordered-cancel-ab-semigroup-add

instance fun :: (type, ordered-ab-semigroup-add-imp-le) ordered-ab-semigroup-add-imp-le
by standard (simp add: le-fun-def)

instance fun :: (type, ordered-comm-monoid-add) ordered-comm-monoid-add ..

instance fun :: (type, ordered-cancel-comm-monoid-add) ordered-cancel-comm-monoid-add

instance fun :: (type, ordered-ab-group-add) ordered-ab-group-add ..

instance fun :: (type, ordered-semiring) ordered-semiring
by standard (auto simp add: le-fun-def intro: mult-left-mono mult-right-mono)

instance fun :: (type, dioid) dioid
proof standard

fixab:'a="'b

show a < b +— (c. b =a + ¢)

unfolding le-fun-def plus-fun-def fun-eq-iff choice-iff [symmetric, of Az c. b x

=az+

by (intro arg-cong[where f=All| ext canonically-ordered-monoid-add-class.le-iff-add)
qed

instance fun :: (type, ordered-comm-semiring) ordered-comm-semiring
by standard (fact mult-left-mono)
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instance fun :: (type, ordered-cancel-semiring) ordered-cancel-semiring ..

instance fun :: (type, ordered-cancel-comm-semiring) ordered-cancel-comm-semiring

instance fun :: (type, ordered-ring) ordered-ring ..

instance fun :: (type, ordered-comm-ring) ordered-comm-ring ..

lemmas func-plus = plus-fun-def
lemmas func-zero = zero-fun-def
lemmas func-times = times-fun-def
lemmas func-one = one-fun-def

end

3 Algebraic operations on sets

theory Set-Algebras
imports Main
begin

This library lifts operations like addition and multiplication to sets. It
was designed to support asymptotic calculations. See the comments at the
top of theory BigO.

instantiation set :: (plus) plus
begin

definition plus-set :: 'a:plus set = ’a set = 'a set where
set-plus-def: A + B = {c. 3a€A. 3beB. ¢ = a + b}

instance ..
end

instantiation set :: (times) times
begin

definition times-set :: 'a::times set = 'a set = 'a set where
set-times-def: A x B = {c¢. 3acA. J3bEB. ¢ = a * b}

instance ..
end

instantiation set :: (zero) zero
begin
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definition
set-zero[simp]: (0::'a::zero set) = {0}

instance ..
end

instantiation set :: (one) one
begin

definition
set-one[simp): (1::'a::one set) = {1}

instance ..
end

definition elt-set-plus :: 'a::plus = 'a set = 'a set (infixl +o0 70) where
a+oB={c.JbEB. ¢ = a + b}

definition elt-set-times :: 'a::times = 'a set = ’a set (infixl xo 80) where
a*xo B ={c.3beB. ¢ = a x b}

abbreviation (input) elt-set-eq :: 'a = 'a set = bool (infix =0 50) where
r=0A=x€A

instance set :: (semigroup-add) semigroup-add
by standard (force simp add: set-plus-def add.assoc)

instance set :: (ab-semigroup-add) ab-semigroup-add
by standard (force simp add: set-plus-def add.commute)

instance set :: (monoid-add) monoid-add
by standard (simp-all add: set-plus-def)

instance set :: (comm-monoid-add) comm-monoid-add
by standard (simp-all add: set-plus-def)

instance set :: (semigroup-mult) semigroup-mult
by standard (force simp add: set-times-def mult.assoc)

instance set :: (ab-semigroup-mult) ab-semigroup-mult
by standard (force simp add: set-times-def mult.commute)

instance set :: (monoid-mult) monoid-mult
by standard (simp-all add: set-times-def)

instance set :: (comm-monoid-mult) comm-monoid-mult
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by standard (simp-all add: set-times-def)

lemma set-plus-intro [intro]: a € C = be D = a+be C+ D
by (auto simp add: set-plus-def)

lemma set-plus-elim:
assumes ¢ € A + B
obtains ¢ b where x = a + band a € Aand b € B
using assms unfolding set-plus-def by fast

lemma set-plus-intro2 [intro]: b € C = a+ b€ a +o C
by (auto simp add: elt-set-plus-def)

lemma set-plus-rearrange:
((a::'a::comm-monoid-add) +o0 C) + (b +0 D) = (a + b) 40 (C + D)
apply (auto simp add: elt-set-plus-def set-plus-def ac-simps)
apply (rule-tac = ba + bb in exl)
apply (auto simp add: ac-simps)
apply (rule-tac ¢ = aa + a in exl)
apply (auto simp add: ac-simps)
done

lemma set-plus-rearrange2: (a::'a::semigroup-add) +o (b +0 C) = (a + b) 40 C
by (auto simp add: elt-set-plus-def add.assoc)

lemma set-plus-rearrange3: ((a::'a::semigroup-add) +0 B) + C = a 40 (B + C)
apply (auto simp add: elt-set-plus-def set-plus-def)
apply (blast intro: ac-simps)
apply (rule-tac £ = a 4+ aa in exl)
apply (rule congl)
apply (rule-tac x = aa in bexl)
apply auto
apply (rule-tac z = ba in bexl)
apply (auto simp add: ac-simps)
done

theorem set-plus-rearrange4: C + ((a::'a::comm-monoid-add) +o0 D) = a +o (C
+ D)

apply (auto simp add: elt-set-plus-def set-plus-def ac-simps)

apply (rule-tac z = aa + ba in exl)

apply (auto simp add: ac-simps)

done

lemmas set-plus-rearranges = set-plus-rearrange set-plus-rearrange2
set-plus-rearrange3 set-plus-rearrange/

lemma set-plus-mono [intro!]: C € D = a+0 C Ca+o0 D
by (auto simp add: elt-set-plus-def)
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lemma set-plus-mono2 [intro]: (C::'a:plus set) C D = ECF = C + E C
D+ F
by (auto simp add: set-plus-def)

lemma set-plus-mono3 [intro]: « € C = a +0 D C C + D
by (auto simp add: elt-set-plus-def set-plus-def)

lemma set-plus-mono4 [intro]: (a::’a::comm-monoid-add) € C = a +o D C D
+ C
by (auto simp add: elt-set-plus-def set-plus-def ac-simps)

lemma set-plus-monob5: a € C = BC D = a+4+0B C C+ D
apply (subgoal-tac a +0 B C a +o0 D)
apply (erule order-trans)
apply (erule set-plus-mono3)
apply (erule set-plus-mono)
done

lemma set-plus-mono-b: C C D =z € a+0C =z € a+0D
apply (frule set-plus-mono)
apply auto
done

lemma set-plus-mono2-b: C C D — ECF =z (C+E=2z€ D+ F
apply (frule set-plus-mono2)
prefer 2
apply force
apply assumption
done

lemma set-plus-mono3-b: a € C —= € a+0oD — x€ C + D
apply (frule set-plus-monod)
apply auto
done

lemma set-plus-mono4-b: (a::'a::comm-monoid-add) : C = z € a +0o D = =z
eD+C

apply (frule set-plus-monos)

apply auto

done

lemma set-zero-plus [simp]: (0::'a::comm-monoid-add) +o0 C = C
by (auto simp add: elt-set-plus-def)

lemma set-zero-plus2: (0::'a::comm-monoid-add) € A — B C A+ B
apply (auto simp add: set-plus-def)
apply (rule-tac x = 0 in bexl)
apply (rule-tac x = z in bexl)
apply (auto simp add: ac-simps)
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done

lemma set-plus-imp-minus: (a::'a::ab-group-add) : b +0 C = (a — b) € C
by (auto simp add: elt-set-plus-def ac-simps)

lemma set-minus-imp-plus: (a::'a::ab-group-add) — b : C = a € b +o0 C
apply (auto simp add: elt-set-plus-def ac-simps)
apply (subgoal-tac a = (a + — b) + b)
apply (rule bexl, assumption)
apply (auto simp add: ac-simps)
done

lemma set-minus-plus: (a::'a::ab-group-add) — b € C «— a € b 40 C
by (rule iffI, rule set-minus-imp-plus, assumption, rule set-plus-imp-minus)

lemma set-times-intro [intro]: a € C = b€ D = axbe Cx D
by (auto simp add: set-times-def)

lemma set-times-elim:
assumes z € A x B
obtains ¢ b where z = a x band a € Aand b € B
using assms unfolding set-times-def by fast

lemma set-times-intro2 [intro!]: b € C = a *x b € a xo C
by (auto simp add: elt-set-times-def )

lemma set-times-rearrange:
((a::'a::comm-monoid-mult) xo C) x (b xo D) = (a * b) x0 (C % D)
apply (auto simp add: elt-set-times-def set-times-def)
apply (rule-tac © = ba * bb in exl)
apply (auto simp add: ac-simps)
apply (rule-tac x = aa * a in exl)
apply (auto simp add: ac-simps)
done

lemma set-times-rearrange?2:
(a::'a::semigroup-mult) xo (b xo C) = (a % b) xo C
by (auto simp add: elt-set-times-def mult.assoc)

lemma set-times-rearrange3:
((a::'a::semigroup-mult) xo B) x C = a %o (B x ()
apply (auto simp add: elt-set-times-def set-times-def)
apply (blast intro: ac-simps)
apply (rule-tac £ = a * aa in exl)
apply (rule congl)
apply (rule-tac z = aa in bexl)
apply auto
apply (rule-tac z = ba in bexl)
apply (auto simp add: ac-simps)
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done

theorem set-times-rearranges:
C * ((a::'a::comm-monoid-mult) o D) = a xo (C * D)
apply (auto simp add: elt-set-times-def set-times-def ac-simps)
apply (rule-tac = aa * ba in exI)
apply (auto simp add: ac-simps)
done

lemmas set-times-rearranges = set-times-rearrange set-times-rearrange2
set-times-rearrange3 set-times-rearrange4

lemma set-times-mono [intro]: C C D = a %0 C C a %0 D
by (auto simp add: elt-set-times-def)

lemma set-times-mono2 [intro]: (C::'a:times set) C D — ECF = Cx E C
D x F
by (auto simp add: set-times-def)

lemma set-times-mono8 [intro]: a € C = a xo D C C x D
by (auto simp add: elt-set-times-def set-times-def)

lemma set-times-mono4 [intro]: (a::'a::comm-monoid-mult) : C = a x0o D C D
* C

by (auto simp add: elt-set-times-def set-times-def ac-simps)

lemma set-times-monos: a € C =—= B C D — a0 B C C x D
apply (subgoal-tac a xo B C a x0 D)
apply (erule order-trans)
apply (erule set-times-mono3)
apply (erule set-times-mono)
done

lemma set-times-mono-b: C C D — x € ax0 C =z € a ¥0 D
apply (frule set-times-mono)
apply auto
done

lemma set-times-mono2-b: C C D — ECF —z2e€ (CxFE—2€Dx F
apply (frule set-times-mono2)
prefer 2
apply force
apply assumption
done

lemma set-times-mono3-b: a € C =z € axo D =z € C x D
apply (frule set-times-mono3)
apply auto
done
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lemma set-times-mono4-b: (a::'a::comm-monoid-mult) € C = z € a xo D =
zeDxC

apply (frule set-times-mono4)

apply auto

done

lemma set-one-times [simp]: (1::'a::comm-monoid-mult) xo C = C
by (auto simp add: elt-set-times-def )

lemma set-times-plus-distrib:
(a::'az:semiring) *o (b +0 C) = (a * b) +o0 (a xo C)
by (auto simp add: elt-set-plus-def elt-set-times-def ring-distribs)

lemma set-times-plus-distrib2:
(a::'a::semiring) xo (B + C) = (a x0 B) + (a xo0 C)
apply (auto simp add: set-plus-def elt-set-times-def ring-distribs)
apply blast
apply (rule-tac z = b + bb in exl)
apply (auto simp add: ring-distribs)
done

lemma set-times-plus-distrib3: ((a::’'a::semiring) +0 C) * D C a x0o D + C * D
apply (auto simp add:
elt-set-plus-def elt-set-times-def set-times-def
set-plus-def ring-distribs)
apply auto
done

lemmas set-times-plus-distribs =
set-times-plus-distrib

set-times-plus-distrib2

lemma set-neg-intro: (a::’a:ring-1) € (— 1) x0 C = —a € C
by (auto simp add: elt-set-times-def)

lemma set-neg-intro2: (a::’a::ring-1) € C = — a € (= 1) x0 C
by (auto simp add: elt-set-times-def)

lemma set-plus-image: S + T = (M=, y). z +y) * (S x T)
unfolding set-plus-def by (fastforce simp: image-iff)

lemma set-times-image: S * T = (M(z, y). z xy) ‘(S x T)
unfolding set-times-def by (fastforce simp: image-iff)

lemma finite-set-plus: finite s = finite t = finite (s + t)
unfolding set-plus-image by simp

lemma finite-set-times: finite s = finite t = finite (s = t)
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unfolding set-times-image by simp

lemma set-setsum-alt:
assumes fin: finite I
shows setsum S I = {setsum s I |s. Vi€l. si € S i}
(is - = ?Zsetsum I)
using fin
proof induct
case empty
then show ?case by simp
next
case (insert z F)
have setsum S (insert x F') = S © + %setsum F
using insert.hyps by auto

also have ... = {sz + setsum s F |s. V i€insert ¢ F. si € S i}
unfolding set-plus-def

proof safe
fix y s

assume y € Sz VieF.si € S
then show Js’. y + setsum s F = s’ x + setsum s’ F N (Vi€insert x F. s’ i
€ Si)
using insert.hyps
by (intro exl[of - Ai. if i € F then s i else y]) (auto simp add: set-plus-def)
qged auto
finally show ?Zcase
using insert.hyps by auto
qed

lemma setsum-set-cond-linear:
fixes [ :: ‘a::comm-monoid-add set = 'b::comm-monoid-add set
assumes [intro!]: NANAB.PA — PB — P (A+ B) P {0}
and f: NAB.PA — PB=>f(A+B)=fA+fBf{0}={0}
assumes all: Ni. i € I = P (S1)
shows f (setsum S I) = setsum (f o S) I
proof (cases finite I)
case True
from this all show ?thesis
proof induct
case empty
then show %case by (auto intro!: f)
next
case (insert z F)
from «finite F) <\i. i € insert xt F = P (S i) have P (setsum S F)
by induct auto
with insert show ?Zcase
by (simp, subst f) auto
qed
next
case Fulse
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then show %thesis by (auto intro!: f)

qed

lemma setsum-set-linear:
fixes f :: ‘a::comm-monoid-add set = 'b::comm-monoid-add set
assumes AA B. f(4) + f(B) = f(4 + B) f {0} = {0}
shows f (setsum S I) = setsum (f o S) I
using setsum-set-cond-linear[of Az. True f I S] assms by auto

lemma set-times-Un-distrib:
Ax(BUC)=AxBUAxC
(AuUB)*x C=AxCUB=xC
by (auto simp: set-times-def)

lemma set-times- UNION-distrib:
Ax UNIONIM = (Jiel. A x M)
UNIONTM * A = ({Jicl. Mix A)
by (auto simp: set-times-def)

end

4 Big O notation

theory BigO
imports Complex-Main Function-Algebras Set-Algebras

begin

This library is designed to support asymptotic “big O” calculations,
i.e. reasoning with expressions of the form f = O(g) and f = g+ O(h). An
earlier version of this library is described in detail in [1].

The main changes in this version are as follows:

We have eliminated the O operator on sets. (Most uses of this seem
to be inessential.)

We no longer use + as output syntax for 4o

Lemmas involving sumr have been replaced by more general lemmas
involving ‘setsum.

The library has been expanded, with e.g. support for expressions of
the form f < g + O(h).

Note also since the Big O library includes rules that demonstrate set
inclusion, to use the automated reasoners effectively with the library one
should redeclare the theorem subset] as an intro rule, rather than as an
intro! rule, for example, using declare subset! [del, intro].
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4.1 Definitions

definition bigo :: (‘a = 'b::linordered-idom) = (‘a = 'b) set ((10'(-)))
where O(f:: 'a = 'b) = {h. Fe. Vz. |hz| < ¢ * |f z|}

lemma bigo-pos-const:
(Feazlinordered-idom. Y x. |h x| < ¢ x |f z|) +—
(Fe. 0 <eNMz. |ha| <cx|fz])
apply auto
apply (case-tac ¢ = 0)
apply simp
apply (rule-tac z = 1 in exl)
apply simp
apply (rule-tac x = |c| in exl)
apply auto
apply (subgoal-tac ¢ * |f x| < |c| * |f z|)
apply (erule-tac x = z in dllE)
apply force
apply (rule mult-right-mono)
apply (rule abs-ge-self)
apply (rule abs-ge-zero)
done

lemma bigo-alt-def: O(f) ={h.Jc. 0 < c AN (Vz. |hz| < cx*|fz|)}
by (auto simp add: bigo-def bigo-pos-const)

lemma bigo-elt-subset [intro]: f € O(g) = O(f) < O(yg)
apply (auto simp add: bigo-alt-def)
apply (rule-tac = ca * ¢ in exl)
apply (rule congl)
apply simp
apply (rule alll)
apply (drule-tac = za in spec)+
apply (subgoal-tac ca * |f za] < ca * (¢ * |g zal))
apply (erule order-trans)
apply (simp add: ac-simps)
apply (rule mult-left-mono, assumption)
apply (rule order-less-imp-le, assumption)
done

lemma bigo-refl [intro]: f € O(f)
apply (auto simp add: bigo-def)
apply(rule-tac x = 1 in exl)
apply simp
done

lemma bigo-zero: 0 € O(g)
apply (auto simp add: bigo-def func-zero)
apply (rule-tac z = 0 in exl)
apply auto

49
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done

lemma bigo-zero2: O(Az. 0) = {\z. 0}
by (auto simp add: bigo-def)

lemma bigo-plus-self-subset [intro]: O(f) + O(f) C O(f)
apply (auto simp add: bigo-alt-def set-plus-def)
apply (rule-tac z = ¢ + ca in exl)
apply auto
apply (simp add: ring-distribs func-plus)
apply (rule order-trans)
apply (rule abs-triangle-ineq)
apply (rule add-mono)
apply force

apply force
done

lemma bigo-plus-idemp [simp]: O(f) + O(f) = O(f)
apply (rule equalityl)
apply (rule bigo-plus-self-subset)
apply (rule set-zero-plus2)
apply (rule bigo-zero)
done

lemma bigo-plus-subset [intro]: O(f + g) € O(f) + O(g)
apply (rule subsetl)
apply (auto simp add: bigo-def bigo-pos-const func-plus set-plus-def)
apply (subst bigo-pos-const [symmetric])+
apply (rule-tac x = An. if |g n| < |f n| then x n else 0 in exl)
apply (rule congl)
apply (rule-tac x = ¢ + ¢ in exl)
apply (clarsimp)
apply (subgoal-tac ¢ * |f za + g za| < (¢ + ¢) * |f zal)
apply (erule-tac x = za in allE)
apply (erule order-trans)
apply (simp)

apply (subgoal-tac ¢ * |f za + g za| < ¢ * (|f za| + |g za]))

apply (erule order-trans)

apply (simp add: ring-distribs)

apply (rule mult-left-mono)

apply (simp add: abs-triangle-ineq)

apply (simp add: order-less-le)

apply (rule-tac x = An. if |fn| < |g n| then x n else 0 in exl)

apply (rule congl)

apply (rule-tac z = ¢ + ¢ in exl)

apply auto

apply (subgoal-tac ¢ * |f za + g za| < (¢ + ¢) * |g zal)

apply (erule-tac x = za in allE)

apply (erule order-trans)

50
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apply simp

apply (subgoal-tac ¢ * |f za + g za| < ¢ * (|f za| + |g za|))
apply (erule order-trans)

apply (simp add: ring-distribs)

apply (rule mult-left-mono)

apply (rule abs-triangle-ineq)

apply (simp add: order-less-le)

done

lemma bigo-plus-subset2 [intro]: A C O(f) = B C O(f) = A + B C O(f)
apply (subgoal-tac A + B C O(f) + O(f))
apply (erule order-trans)
apply simp
apply (auto del: subsetl simp del: bigo-plus-idemp)
done

lemma bigo-plus-eq: V. 0 < fzx = V.0 < gz = O(f +g) = O(f) + O(g)
apply (rule equalityl)
apply (rule bigo-plus-subset)
apply (simp add: bigo-alt-def set-plus-def func-plus)
apply clarify
apply (rule-tac £ = max ¢ ca in exl)
apply (rule congl)
apply (subgoal-tac ¢ < maz ¢ ca)
apply (erule order-less-le-trans)
apply assumption
apply (rule max.coboundedl)
apply clarify
apply (drule-tac = za in spec)+
apply (subgoal-tac 0 < fza + g za)
apply (simp add: ring-distribs)
apply (subgoal-tac |a za + b za| < |a za| + |b zal)
apply (subgoal-tac |a za| + |b za| < maz ¢ ca * fza + max ¢ ca * g za)
apply force
apply (rule add-mono)
apply (subgoal-tac ¢ * f za < max ¢ ca * f xa)
apply force
apply (rule mult-right-mono)
apply (rule max.cobounded?)
apply assumption
apply (subgoal-tac ca * g za < maz ¢ ca * g za)
apply force
apply (rule mult-right-mono)
apply (rule max.cobounded?)
apply assumption
apply (rule abs-triangle-ineq)
apply (rule add-nonneg-nonneq)
apply assumption+
done
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lemma bigo-bounded-alt: Vz. 0 < fz = V. fz < cxgz = f € O(g)
apply (auto simp add: bigo-def)
apply (rule-tac x = |c| in exl)
apply auto
apply (drule-tac z = x in spec)+
apply (simp add: abs-mult [symmetric])
done

lemma bigo-bounded: Vz. 0 < fz = Vuz. fz < gz = [ € O(g)
apply (erule bigo-bounded-alt [of f 1 g])
apply simp
done

lemma bigo-bounded2: Vz. bz < foz = Vz. fz <lbz + gz = f €lb+o
0(9)

apply (rule set-minus-imp-plus)

apply (rule bigo-bounded)

apply (auto simp add: fun-Compl-def func-plus)

apply (drule-tac © = x in spec)+

apply force

done

lemma bigo-abs: (A\z. |f z|) =0 O(f)
apply (unfold bigo-def)
apply auto
apply (rule-tac z = 1 in exl)
apply auto
done

lemma bigo-abs2: f =0 O(A\z. |f z|)
apply (unfold bigo-def)
apply auto
apply (rule-tac z = 1 in exl)
apply auto
done

lemma bigo-abs3: O(f) = O(\z. |f z|)
apply (rule equalityl )
apply (rule bigo-elt-subset)
apply (rule bigo-abs2)
apply (rule bigo-elt-subset)
apply (rule bigo-abs)
done

lemma bigo-abs4: f =0 g +0 O(h) = (Az. |fz|) =0 (Az. |g z|) +0 O(h)
apply (drule set-plus-imp-minus)
apply (rule set-minus-imp-plus)
apply (subst fun-diff-def)



THEORY “BigO”

proof —

assume a: f — g € O(h)

have (\z. |f 2| — |g 2l) =0 O(\w. [If | — |g =]])
by (rule bigo-abs2)

also have ... C O(\z. |[fz — g z|)
apply (rule bigo-elt-subset)
apply (rule bigo-bounded)
apply force
apply (rule alll)
apply (rule abs-triangle-ineq3)
done

also have ... C O(f — g)
apply (rule bigo-elt-subset)
apply (subst fun-diff-def)
apply (rule bigo-abs)
done

also from a have ... C O(h)
by (rule bigo-elt-subset)

finally show (A\z. |[fz| — |g z|) € O(h).

qed

lemma bigo-abss: f =0 O(g) = (A\z. |f z|) =0 O(g)
by (unfold bigo-def, auto)

lemma bigo-elt-subset? [intro]: f € g +0 O(h) = O(f) C O(g) + O(h)
proof —
assume f € g +0 O(h)
also have ... C O(g) + O(h)
by (auto del: subsetl)
also have ... = O(\z. |g z|]) + O(Xz. |h z|)
apply (subst bigo-abs3 [symmetric])+
apply (rule refl)
done
also have ... = O((A\z. |g z|) + (A\z. |h z]))
by (rule bigo-plus-eq [symmetric]) auto
finally have f € ... .
then have O(f) C ...
by (elim bigo-elt-subset)
also have ... = O(\z. |g z|) + O(Az. |h z|)
by (rule bigo-plus-eq, auto)
finally show ?thesis
by (simp add: bigo-abs3 [symmetric])
qed

lemma bigo-mult [intro]: O(f)*O(g) C O(f * g)
apply (rule subsetl)
apply (subst bigo-def)
apply (auto simp add: bigo-alt-def set-times-def func-times)
apply (rule-tac z = ¢ * ca in ex])
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apply (rule alll)

apply (erule-tac x = z in allE)+

apply (subgoal-tac ¢ * ca x |[fz * g z| = (¢ * |f z|) * (ca * |g z|))
apply (erule ssubst)

apply (subst abs-mult)

apply (rule mult-mono)

apply assumption+

apply auto

apply (simp add: ac-simps abs-mult)

done

lemma bigo-mult2 [intro]: f xo O(g) C O(f * g)
apply (auto simp add: bigo-def elt-set-times-def func-times abs-mult)
apply (rule-tac ¢ = ¢ in ezl)
apply auto
apply (drule-tac z = x in spec)
apply (subgoal-tac |f z| = |b z| < |f z| * (¢ * |g z|))
apply (force simp add: ac-simps)
apply (rule mult-left-mono, assumption)
apply (rule abs-ge-zero)
done

lemma bigo-mult3: f € O(h) = g € O(j) = f *x g € O(h x j)
apply (rule subsetD)
apply (rule bigo-mult)
apply (erule set-times-intro, assumption)
done

lemma bigo-mult4 [intro]: f € k +0 O(h) = g f € (g * k) +0 O(g = h)
apply (drule set-plus-imp-minus)
apply (rule set-minus-imp-plus)
apply (drule bigo-mult3 [where g = g and j = g])
apply (auto simp add: algebra-simps)
done

lemma bigo-mult5:
fixes [ :: 'a = 'b::linordered-field
assumes Vz. fz # 0
shows O(f * g) C f 0 O(g)
proof
fix h
assume h € O(f * g)
then have (\z. 1 / (fz)) xh € (Az. 1 / fz)x0 O(f * g)
by auto
also have ... C O((A\z. 1 / fz) = (f x g))
by (rule bigo-mult2)
alsohave (A\z. 1 / fz)x (fxg) =g
apply (simp add: func-times)
apply (rule ext)
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apply (simp add: assms nonzero-divide-eg-eq ac-simps)
done

finally have (Az. (1:'b) / fz) = h € O(g) .

then have f x ((A\z. (1::'b) / fz) x h) € f %0 O(g)
by auto

also have f x ((\z. (1::'b) / fx)xh) =h
apply (simp add: func-times)
apply (rule ext)
apply (simp add: assms nonzero-divide-eq-eq ac-simps)
done

finally show h € f %0 O(g) .

qed

lemma bigo-mult6:
fixes [ :: 'a = 'b::linordered-field
shows Vz. fx # 0 = O(f x g) = f x0 O(g)
apply (rule equalityl )
apply (erule bigo-mult5)
apply (rule bigo-mult2)
done

lemma bigo-mult7:
fixes [ :: 'a = 'b::linordered-field
shows Vz. fz # 0 = O(f x g) C O(f) = O(g)
apply (subst bigo-mult6)
apply assumption
apply (rule set-times-mono3)
apply (rule bigo-refl)
done

lemma bigo-mult8:
fixes [ :: 'a = 'b::linordered-field
shows Vz. fz £ 0 = O(f x g) = O(f) = O(g)
apply (rule equalityl)
apply (erule bigo-mult7)
apply (rule bigo-mult)
done

lemma bigo-minus [intro]: f € O(9) = — f € O(yg)
by (auto simp add: bigo-def fun-Compl-def)

lemma bigo-minus2: f € g +0 O(h) = — f € —g +0 O(h)
apply (rule set-minus-imp-plus)
apply (drule set-plus-imp-minus)
apply (drule bigo-minus)
apply simp
done

lemma bigo-minus3: O(— f) = O(f)
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by (auto simp add: bigo-def fun-Compl-def)

lemma bigo-plus-absorb-lemmal: f € O(g) = f 40 O(g) C O(yg)
proof —
assume a: f € O(g)
show f +o0 O(g) C O(yg)
proof —
have f € O(f) by auto
then have f +o0 O(g) C O(f) + O(g)
by (auto del: subsetl)
also have ... C O(g) + O(y)
proof —
from a have O(f) C O(g) by (auto del: subset])
then show ?thesis by (auto del: subsetl)
qed
also have ... C O(g) by simp
finally show ?thesis .
qed
qed

lemma bigo-plus-absorb-lemma2: f € O(g) = O(g) C f +o0 O(yg)
proof —
assume a: f € O(g)
show O(g) C f +0 O(g)
proof —
from a have — f € O(g)
by auto
then have — f +0 O(g) € O(yg)
by (elim bigo-plus-absorb-lemmal)
then have f +o0 (— f +0 O(g)) C f +0 O(yg)
by auto
also have f +o (— f +0 O(g)) = O(yg)
by (simp add: set-plus-rearranges)
finally show ?thesis .
qed
qed

lemma bigo-plus-absorb [simp]: f € O(g) = f +0 O(g) = O(g)
apply (rule equalityl )
apply (erule bigo-plus-absorb-lemmal)
apply (erule bigo-plus-absorb-lemma?2)
done

lemma bigo-plus-absorb2 [intro]: f € O(g) = A C O(g) = f +0 A C O(g)
apply (subgoal-tac f +0 A C f +0 O(g))
apply force+
done

lemma bigo-add-commute-imp: f € g +0 O(h) = g € f +0 O(h)
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apply (subst set-minus-plus [symmetric])
apply (subgoal-tac g — f = — (f — g))
apply (erule ssubst)

apply (rule bigo-minus)

apply (subst set-minus-plus)

apply assumption

apply (simp add: ac-simps)

done

lemma bigo-add-commute: f € g +0 O(h) «— g € f +0 O(h)
apply (rule iffI)
apply (erule bigo-add-commute-imp)+
done

lemma bigo-constl: (Ax. ¢) € O(A\z. 1)
by (auto simp add: bigo-def ac-simps)

lemma bigo-const2 [intro]: O(Az. ¢) C O(Az. 1)
apply (rule bigo-elt-subset)
apply (rule bigo-constl)
done

lemma bigo-const3:
fixes c :: ‘a::linordered-field
shows ¢ # 0 = (A\z. 1) € O(Xz. ¢)
apply (simp add: bigo-def)
apply (rule-tac z = |inverse c| in exI)
apply (simp add: abs-mult [symmetric])
done

lemma bigo-const4:
fixes c :: ‘a::linordered-field
shows ¢ # 0 = O(Az. 1) C O(Az. ¢)
apply (rule bigo-elt-subset)
apply (rule bigo-const3)
apply assumption
done

lemma bigo-const [simp]:
fixes c :: ‘a::linordered-field
shows ¢ # 0 = O(Az. ¢) = O(\z. 1)
apply (rule equalityl)
apply (rule bigo-const2)
apply (rule bigo-const})
apply assumption
done

lemma bigo-const-multl: (Az. ¢ * fx) € O(f)
apply (simp add: bigo-def)
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apply (rule-tac z = |c| in exl)
apply (auto simp add: abs-mult [symmetric])
done

lemma bigo-const-mult2: O(Az. ¢ x fz) C O(f)
apply (rule bigo-elt-subset)
apply (rule bigo-const-mult1)
done

lemma bigo-const-mult3:
fixes ¢ :: ‘a::linordered-field
shows ¢ # 0 = f € O(Az. ¢ * fx)
apply (simp add: bigo-def)
apply (rule-tac x = |inverse ¢| in exl)
apply (simp add: abs-mult mult.assoc [symmetric])
done

lemma bigo-const-mult/:
fixes ¢ :: ‘a::linordered-field
shows ¢ # 0 = O(f) € O(\z. ¢ * fz)
apply (rule bigo-elt-subset)
apply (rule bigo-const-mult3)
apply assumption
done

lemma bigo-const-mult [simp]:
fixes c¢ :: ‘a::linordered-field
shows ¢ # 0 = O(Az. ¢ x fz) = O(f)
apply (rule equalityl)
apply (rule bigo-const-mult2)
apply (erule bigo-const-mults)
done

lemma bigo-const-mults [simp]:
fixes ¢ :: ‘a::linordered-field
shows ¢ # 0 = (\z. ¢) x0 O(f) = O(f)
apply (auto del: subsetl)
apply (rule order-trans)
apply (rule bigo-mult2)
apply (simp add: func-times)
apply (auto introl: simp add: bigo-def elt-set-times-def func-times)
apply (rule-tac z = \y. inverse ¢ * z y in exl)
apply (simp add: mult.assoc [symmetric] abs-mult)
apply (rule-tac z = |inverse c| % ca in exl)
apply auto
done

lemma bigo-const-mult6 [intro]: (Az. ¢) xo O(f) C O(f)
apply (auto introl: simp add: bigo-def elt-set-times-def func-times)
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apply (rule-tac x = ca * |c| in exl)

apply (rule alll)

apply (subgoal-tac ca * |c| = |f z| = |¢| * (ca * |f z|))
apply (erule ssubst)

apply (subst abs-mult)

apply (rule mult-left-mono)

apply (erule spec)

apply simp

apply (simp add: ac-simps)

done

lemma bigo-const-mult? [intro]: f =0 O(g) = (Az. ¢ * fz) =0 O(g)
proof —
assume f =0 0O(g)
then have (Az. ¢) x f =0 (Az. ¢) *0 O(yg)
by auto
also have (Az. ¢) x f = (A\z. ¢ * fx)
by (simp add: func-times)
also have (Az. ¢) x0 O(g) C O(yg)
by (auto del: subsetl)
finally show ?%thesis .
qged

lemma bigo-composel: f =0 O(g) = (Az. f (kz)) =0 O(A\z. g (k z))
unfolding bigo-def by auto

lemma bigo-compose2: f =0 g +0 O(h) =
M. f (k2)) =0 (Az. g (k2)) +0 O(Az. h(k x))
apply (simp only: set-minus-plus [symmetric] fun-Compl-def func-plus)
apply (drule bigo-composel)
apply (simp add: fun-diff-def)
done

4.2 Setsum

lemma bigo-setsum-main: Vz.Vy € Az. 0 < hzy =
Je. V. Vye Az |[fey|<cxhzy—=
Az.XyeAdz. fzy) =00z >y Az. hay)
apply (auto simp add: bigo-def)
apply (rule-tac x = |c| in exl)
apply (subst abs-of-nonneg) back back
apply (rule setsum-nonneg)
apply force
apply (subst setsum-right-distrib)
apply (rule alll)
apply (rule order-trans)
apply (rule setsum-abs)
apply (rule setsum-mono)
apply (rule order-trans)
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apply (drule spec)+

apply (drule bspec)+

apply assumption+

apply (drule bspec)

apply assumption+

apply (rule mult-right-mono)
apply (rule abs-ge-self)

apply force
done

lemma bigo-setsuml:Vzy. 0 < hzy =
Je. Vzy. |[fzy <cxhzxy =
M. YyeAz fzy) =000Az. Y ye Az. hzy)
apply (rule bigo-setsum-main)
apply force
apply clarsimp
apply (rule-tac z = ¢ in exl)

apply force
done

lemma bigo-setsum2: Vy. 0 < h y =
Je. Vy. |fyl <cx(hy) =

M. YyeAz. fy)=000Az. >y Az hy)
by (rule bigo-setsuml) auto

lemma bigo-setsums3: f =o O(h) =
M. YyeAx laoyxf(kaxy) =00Xz. >y Az |lzy=*h (kzy)|)
apply (rule bigo-setsuml)
apply (rule alll)+
apply (rule abs-ge-zero)
apply (unfold bigo-def)
apply auto
apply (rule-tac = ¢ in exl)
apply (rule alll)+
apply (subst abs-mult)+
apply (subst mult.left-commute)
apply (rule mult-left-mono)
apply (erule spec)
apply (rule abs-ge-zero)
done

lemma bigo-setsums: f =o g +o0 O(h) =
M. YyeAx laeyxf(kzy)) =o
M. YyeAzx. lzyx*xg (kzy)) +o
OMe. Y ye Ax. [lzy*h (kzy)|)
apply (rule set-minus-imp-plus)
apply (subst fun-diff-def)
apply (subst setsum-subtractf [symmetric])
apply (subst right-diff-distrib [symmetric])
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apply (rule bigo-setsumd)

apply (subst fun-diff-def [symmetric])
apply (erule set-plus-imp-minus)
done

lemma bigo-setsumb: f =0 O(h) = Vzy. 0 < lzy =
V.0 < hzr =
M. YyeAz laoyxf (kzy)) =o
OMzx.YyeAx. lzyxh (kzy))
apply (subgoal-tac (Az. >y € Az. lzy*h (kzy)) =
M. Sye Az |lzy*h (kzy)])
apply (erule ssubst)
apply (erule bigo-setsums3)
apply (rule ext)
apply (rule setsum.cong)
apply (rule refl)
apply (subst abs-of-nonneg)
apply auto
done

lemma bigo-setsum6: f =0 g +0 O(h) =V y. 0 <lzy =
V.0 < hg —
M. YyeAz. lzyxf (kzy)) =o
M. YyeAz. laeyx*xg (kzy)) +o
OMx.>YyeAx. layxh (kzy))

apply (rule set-minus-imp-plus)
apply (subst fun-diff-def)
apply (subst setsum-subtractf [symmetric])
apply (subst right-diff-distrib [symmetric])
apply (rule bigo-setsum?)
apply (subst fun-diff-def [symmetric])
apply (drule set-plus-imp-minus)
apply auto
done

4.3 Misc useful stuff

lemma bigo-useful-intro: A C O(f) = B C O(f) = A + B C O(f)
apply (subst bigo-plus-idemp [symmetric])
apply (rule set-plus-mono2)
apply assumption+
done

lemma bigo-useful-add: f =0 O(h) = g =0 O(h) = f + g =0 O(h)
apply (subst bigo-plus-idemp [symmetric])
apply (rule set-plus-intro)
apply assumption+
done
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lemma bigo-useful-const-mult:
fixes c :: ‘a::linordered-field
shows ¢ # 0 = (A\z. ¢) * f =0 O(h) = f =0 O(h)
apply (rule subsetD)
apply (subgoal-tac (Az. 1 / ¢) xo O(h) C O(h))
apply assumption
apply (rule bigo-const-mult6)
apply (subgoal-tac f = (Az. 1 / ¢) * ((Az. ¢) * f))
apply (erule ssubst)
apply (erule set-times-intro2)
apply (simp add: func-times)
done

lemma bigo-fiz: (A\z:nat. f (x + 1)) =0 0Az. h(z + 1)) = f0=0= f =0
O(h)
apply (simp add: bigo-alt-def)
apply auto
apply (rule-tac = ¢ in exl)
apply auto
apply (case-tac z = 0)
apply simp
apply (subgoal-tac © = Suc (z — 1))
apply (erule ssubst) back
apply (erule spec)
apply simp
done

lemma bigo-fiz2:
(M. f ((znat) + 1)) =0 (Az. g(z + 1)) +0 O(Az. h(z + 1)) =
f0=9g0= f=0g+o0 O(h)
apply (rule set-minus-imp-plus)
apply (rule bigo-fiz)
apply (subst fun-diff-def)
apply (subst fun-diff-def [symmetric])
apply (rule set-plus-imp-minus)
apply simp
apply (simp add: fun-diff-def)
done

4.4 Less than or equal to

definition lesso :: (‘a = ’b::linordered-idom) = ('a = 'b) = 'a = 'b (infixl <o
70)
where f <o g = (Az. maz (fz — g z) 0)

lemma bigo-lesseql: f =0 O(h) = Vz. |gz| < |fz] = g =0 O(h)
apply (unfold bigo-def)
apply clarsimp
apply (rule-tac ¢ = ¢ in ezl)
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apply (rule alll)

apply (rule order-trans)
apply (erule spec)+
done

lemma bigo-lesseq2: f =0 O(h) = Vz.|gz| < fz = g =0 O(h)
apply (erule bigo-lesseql)
apply (rule alll)
apply (drule-tac z = = in spec)
apply (rule order-trans)
apply assumption
apply (rule abs-ge-self)
done

lemma bigo-lesseq3: f =0 O(h) = V. 0 < gz = V. gz < fz = g =0
O(h)

apply (erule bigo-lesseq2)

apply (rule alll)

apply (subst abs-of-nonneg)

apply (erule spec)+

done

lemma bigo-lesseq): f =0 O(h) =
V.0 < gz =Vz. gz <|fz|] = g =0 O(h)
apply (erule bigo-lesseql)
apply (rule alll)
apply (subst abs-of-nonneg)
apply (erule spec)+
done

lemma bigo-lessol: Vz. fz < gz = f <o g =0 O(h)
apply (unfold lesso-def)
apply (subgoal-tac (Axz. maz (fz — gz) 0) = 0)
apply (erule ssubst)
apply (rule bigo-zero)
apply (unfold func-zero)
apply (rule ext)
apply (simp split: split-max)
done

lemma bigo-lesso2: f =0 g +o O(h) =

V.0 <kz=Vz. kz<fz= k<og=o0O0O(h)
apply (unfold lesso-def)
apply (rule bigo-lesseq])
apply (erule set-plus-imp-minus)
apply (rule alll)
apply (rule maz.cobounded?)
apply (rule alll)

(

apply (subst fun-diff-def)
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apply (case-tac 0 < kz — g x)
apply simp

apply (subst abs-of-nonneg)

apply (drule-tac © = x in spec) back
apply (simp add: algebra-simps)
apply (subst diff-conv-add-uminus)+
apply (rule add-right-mono)

apply (erule spec)

apply (rule order-trans)

prefer 2

apply (rule abs-ge-zero)

apply (simp add: algebra-simps)
done

lemma bigo-lesso3: f =0 g +o0 O(h) =

V. 0 <kz=Vz.gx<kz = f <ok =o0O(h)
apply (unfold lesso-def)
apply (rule bigo-lesseq])
apply (erule set-plus-imp-minus)
apply (rule alll)
apply (rule maz.cobounded?)
apply (rule alll)
apply (subst fun-diff-def)
apply (case-tac 0 < fz — k z)
apply simp
apply (subst abs-of-nonneg)
apply (drule-tac z = z in spec) back
apply (simp add: algebra-simps)
apply (subst diff-conv-add-uminus)+
apply (rule add-left-mono)
apply (rule le-imp-neg-le)
apply (erule spec)
apply (rule order-trans)
prefer 2
apply (rule abs-ge-zero)
apply (simp add: algebra-simps)
done

lemma bigo-lesso4:
fixes k :: 'a = 'b::linordered-field
shows f <0 g =0 O(k) = g=0h +0 O(k) = f <o h =0 O(k)
apply (unfold lesso-def)
apply (drule set-plus-imp-minus)
apply (drule bigo-abs5) back
apply (simp add: fun-diff-def)
apply (drule bigo-useful-add)
apply assumption
apply (erule bigo-lesseq2) back
apply (rule alll)
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apply (auto simp add: func-plus fun-diff-def algebra-simps split: split-max abs-split)
done

lemma bigo-lesso5: f <o g =0 O(h) = 3C. Vz. fz < gz + C * |hz|
apply (simp only: lesso-def bigo-alt-def)
apply clarsimp
apply (rule-tac = ¢ in exl)
apply (rule alll)
apply (drule-tac = = in spec)
apply (subgoal-tac |max (fx — g z) 0| = maz (fz — gx) 0)
apply (clarsimp simp add: algebra-simps)
apply (rule abs-of-nonneg)
apply (rule max.cobounded?)
done

lemma lesso-add: f <o g =0 O(h) =k <ol =00(h) = (f + k) <o (g + 1)
=0 O(h)

apply (unfold lesso-def)

apply (rule bigo-lesseq3)

apply (erule bigo-useful-add)

apply assumption

apply (force split: split-mazx)

apply (auto split: split-maz simp add: func-plus)

done

lemma bigo-LIMSEQ1: f =0 O(9) = g —— 0 = f ——— (0::real)
apply (simp add: LIMSEQ-iff bigo-alt-def)
apply clarify
apply (drule-tac x = r / ¢ in spec)
apply (drule mp)
apply simp
apply clarify
apply (rule-tac z = no in exl)
apply (rule alll)
apply (drule-tac * = n in spec)+
apply (rule impl)
apply (drule mp)
apply assumption
apply (rule order-le-less-trans)
apply assumption
apply (rule order-less-le-trans)
apply (subgoal-tac ¢ * |g n| < ¢ x (r / ¢))
apply assumption
apply (erule mult-strict-left-mono)
apply assumption
apply simp
done

lemma bigo-LIMSEQ2: f =0 g +0 O(h) = h —— 0 = [ ——— a = ¢
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— (a:real)
apply (drule set-plus-imp-minus)
apply (drule bigo-LIMSEQ1)
apply assumption
apply (simp only: fun-diff-def)
apply (erule Lim-transform2)
apply assumption
done

end

5 The Field of Integers mod 2

theory Bit
imports Main
begin

5.1 Bits as a datatype

typedef bit = UNIV :: bool set
morphisms set Bit

instantiation bit :: {zero, one}
begin

definition zero-bit-def:
0 = Bit False

definition one-bit-def:
1 = Bit True

instance ..
end

old-rep-datatype 0::bit 1::bit
proof —
fix P and z :: bit
assume P (0::bit) and P (1::bit)
then have Vb. P (Bit b)
unfolding zero-bit-def one-bit-def
by (simp add: all-bool-eq)
then show P z
by (induct ) simp
next
show (0::bit) # (1::bit)
unfolding zero-bit-def one-bit-def
by (simp add: Bit-inject)
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qed

lemma Bit-set-eq [simp]:
Bit (set b) = b
by (fact set-inverse)

lemma set-Bit-eq [simp]:
set (Bit P) = P
by (rule Bit-inverse) rule

lemma bit-eq-iff:
x =y +— (set z «— set y)
by (auto simp add: set-inject)

lemma Bit-inject [simp]:
Bit P = Bit Q «+— (P +— Q)
by (auto simp add: Bit-inject)

lemma set [iff]:
- set 0
set 1
by (simp-all add: zero-bit-def one-bit-def Bit-inverse)

lemma [code]:
set 0 <— Fualse
set 1 +— True
by simp-all

lemma set-iff:
setb+— b =1
by (cases b) simp-all

lemma bit-eq-iff-set:
b=20<¢+— —setd
b=1¢+— setd
by (simp-all add: bit-eq-iff )

lemma Bit [simp, code]:
Bit False = 0
Bit True = 1
by (simp-all add: zero-bit-def one-bit-def)

lemma bit-not-0-iff [iff]:
(x:bit) # 0 «— x =1
by (simp add: bit-eg-iff )

lemma bit-not-1-iff [iff]:
(z::bit) £ 1 +— =10
by (simp add: bit-eg-iff )
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lemma [code]:
HOL.equal 0 b <— — set b
HOL.equal 1 b <— set b
by (simp-all add: equal set-iff)

5.2 Type bit forms a field

instantiation bit :: field
begin

definition plus-bit-def:
z + y = case-bit y (case-bit 1 0 y)

definition times-bit-def:
x *xy = case-bit 0y x

definition uminus-bit-def [simp]:
—z = (z = bit)

definition minus-bit-def [simp]:
x—y=(x+ y: bit)

definition inverse-bit-def [simp]:
inverse & = (x :: bit)

definition divide-bit-def [simp]:
zdivy = (x * y :: bit)

lemmas field-bit-defs =
plus-bit-def times-bit-def minus-bit-def uminus-bit-def
divide-bit-def inverse-bit-def

instance
by standard (auto simp: field-bit-defs split: bit.split)

end

lemma bit-add-self: © + = = (0 :: bit)
unfolding plus-bit-def by (simp split: bit.split)

lemma bit-mult-eq-1-iff [simpl: z x y = (1 = bit) +— =1 ANy=1
unfolding times-bit-def by (simp split: bit.split)
Not sure whether the next two should be simp rules.
lemma bit-add-eq-0-iff: © + y = (0 == bit) «— xz =y
unfolding plus-bit-def by (simp split: bit.split)

lemma bit-add-eq-1-iff: . + y = (1 = bit) «— z # y
unfolding plus-bit-def by (simp split: bit.split)
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5.3 Numerals at type bit

All numerals reduce to either 0 or 1.

lemma bit-minus! [simp]: — 1 = (1 :: bit)
by (simp only: uminus-bit-def)

lemma bit-neg-numeral [simp]: (— numeral w :: bit) = numeral w
by (simp only: uminus-bit-def)

lemma bit-numeral-even [simp]: numeral (Num.Bit0 w) = (0 :: bit)
by (simp only: numeral-Bit0 bit-add-self)

lemma bit-numeral-odd [simp]: numeral (Num.Bitl w) = (1 :: bit)
by (simp only: numeral-Bit1 bit-add-self add-0-left)

5.4 Conversion from bit

context zero-neq-one
begin

definition of-bit :: bit = a
where
of-bit b = case-bit 0 1 b

lemma of-bit-eq [simp, code]:
of-bit 0 = 0
of-bit 1 = 1
by (simp-all add: of-bit-def)

lemma of-bit-eq-iff :
of-bit x = of-bit y +— xz =y
by (cases z) (cases y, simp-all)+

end

context semiring-1
begin

lemma of-nat-of-bit-eq:
of-nat (of-bit b) = of-bit b
by (cases b) simp-all

end

context ring-1
begin

lemma of-int-of-bit-eq:
of-int (of-bit b) = of-bit b
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by (cases b) simp-all
end
hide-const (open) set

end

6 Axiomatic Declaration of Bounded Natural Func-
tors

theory BNF-Aziomatization
imports Main
keywords

bnf-aziomatization :: thy-decl
begin

ML-file ../ Tools/ BNF' [ bnf-aziomatization. ML

end

7 Generalized Corecursor Sugar (corec and friends)

theory BNF-Corec

imports Main

keywords
corec :: thy-decl and
corecursive :: thy-goal and
friend-of-corec :: thy-goal and
cotnduction-upto :: thy-decl

begin

lemma obj-distinct-prems: P — P — () = P = (@
by auto

lemma inject-refine: g (fz) =2 = g (fy) =y = fe=fy+—ax=y
by (metis (no-types))

lemma convol-apply: BNF-Def.convol f g x = (f z, g x)
unfolding convol-def ..

lemma Grp-UNIV-id: BNF-Def.Grp UNIV id = (op =)
unfolding BNF-Def.Grp-def by auto

lemma sum-comp-cases:
assumes fo Inl = g o Inl and fo Inr = g o Inr
shows f = ¢

proof (rule ext)
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fix a show fa =ga
using assms unfolding comp-def fun-eq-iff by (cases a) auto
qed

lemma case-sum-Inl-Inr-L: case-sum (f o Inl) (f o Inr) = f
by (metis case-sum-expand-Inr’)

lemma eg-o-Inrl: [g o Inl = h; case-sum h f = g] = f = g o Inr
by (auto simp: fun-eq-iff split: sum.splits)

lemma id-bnf-o: BNF-Composition.id-bnf o f = f
unfolding BNF-Composition.id-bnf-def by (rule o-def)

lemma o-id-bnf: f o BNF-Composition.id-bnf = f
unfolding BNF-Composition.id-bnf-def by (rule o-def)

lemma if-True-Fualse:
(if P then True else Q) «— PV @
(if P then False else Q) +— = P A Q
(if P then Q else True) +— -~ PV Q
(if P then @Q else False) «— P N Q
by auto

lemma if-distrib-fun: (if ¢ then f else g) © = (if ¢ then f z else g )
by simp

7.1 Coinduction

lemma eg-comp-compl: a 0b=foz = zo0c=1id = f=ao (boc)
unfolding fun-eg-iff by simp

lemma self-bounded-weaken-left: (a :: 'a :: semilattice-inf) < infa b= a < b
by (erule le-infE)

lemma self-bounded-weaken-right: (a :: 'a :: semilattice-inf) < infba = a < b
by (erule le-infE)

lemma symp-iff: symp R +— R = R "——1
by (metis antisym conversep.cases conversep-le-swap predicate2l symp-def)

lemma equivp-inf: [equivp R; equivp S| = equivp (inf R S)
unfolding equivp-def inf-fun-def inf-bool-def by metis

lemma vimage2p-rel-prod:
(Ax y. rel-prod R S (BNF-Def.convol f1 g1 x) (BNF-Def.convol f2 g2 y)) =
(inf (BNF-Def.vimage2p f1 f2 R) (BNF-Def.vimage2p g1 g2 S))
unfolding vimage2p-def rel-prod.simps convol-def by auto

lemma predicate2l-obj: Vzy. Pry — Qzy) = P < Q
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by auto

lemma predicate2D-obj: P < ) = Pzy — Qx vy
by auto

locale cong =
fixes rel :: ("'a = 'a = bool) = ('b = 'b = bool)
and eval :: 'b = 'a
and retr :: ('a = 'a = bool) = ('a = 'a = bool)
assumes rel-mono: AR S. R< S = rel R < rel S
and equivp-retr: AR. equivp R = equivp (retr R)
and retr-eval: AR z y. [(rel-fun (rel R) R) eval eval; rel (inf R (retr R)) = y]
.
retr R (eval z) (eval y)
begin

definition cong :: (‘a = 'a = bool) = bool where
cong R = equivp R A (rel-fun (rel R) R) eval eval

lemma cong-retr: cong R = cong (inf R (retr R))
unfolding cong-def
by (auto simp: rel-fun-def dest: predicate2D[OF rel-mono, rotated)
intro: equivp-inf equivp-retr retr-eval)

lemma cong-equivp: cong R —> equivp R
unfolding cong-def by simp

definition gen-cong :: (‘a = 'a = bool) = 'a = ’a = bool where
gen-cong R j1j2 =VR'. R < R'A cong R' — R’ j1 j2

lemma gen-cong-refiplintro, simp|: x = y = gen-cong R x y
unfolding gen-cong-def by (auto dest: cong-equivp equivp-reflp)

lemma gen-cong-symplintro]: gen-cong R © y = gen-cong R y x
unfolding gen-cong-def by (auto dest: cong-equivp equivp-symp)

lemma gen-cong-transplintro]: gen-cong R x y = gen-cong R y z = gen-cong
Rzz
unfolding gen-cong-def by (auto dest: cong-equivp equivp-transp)

lemma equivp-gen-cong: equivp (gen-cong R)
by (intro equivpl reflpl sympl transpl) auto

lemma leq-gen-cong: R < gen-cong R
unfolding gen-cong-def[abs-def] by auto

lemmas imp-gen-conglintro] = predicate2D[OF leg-gen-cong]

lemma gen-cong-minimal: [R < R’ cong R'] = gen-cong R < R’
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unfolding gen-cong-def|abs-def] by (rule predicate2l) metis

lemma congdd-base-gen-congdd-base-aux:

rel (gen-cong R) x y = R < R’ = cong R’ = R’ (eval z) (eval y)

by (force simp: rel-fun-def gen-cong-def cong-def dest: spec|of - R'] predicate2D[OF
rel-mono, rotated —1, of - - - R'))

lemma cong-gen-cong: cong (gen-cong R)
proof —

{fixR'zy

have rel (gen-cong R) x y = R < R’ = cong R’ = R’ (eval z) (eval y)
by (force simp: rel-fun-def gen-cong-def cong-def dest: spec|of - R’
predicate2D|OF rel-mono, rotated —1, of - - - R'])

}

then show cong (gen-cong R) by (auto simp: equivp-gen-cong rel-fun-def gen-cong-def
cong-def)
qed

lemma gen-cong-eval-rel-fun:
(rel-fun (rel (gen-cong R)) (gen-cong R)) eval eval
using cong-gen-cong|of R] unfolding cong-def by simp

lemma gen-cong-eval:
rel (gen-cong R) x y = gen-cong R (eval z) (eval y)
by (erule rel-funD][OF gen-cong-eval-rel-fun])

lemma gen-cong-idem: gen-cong (gen-cong R) = gen-cong R
by (simp add: antisym cong-gen-cong gen-cong-minimal leg-gen-cong)

lemma gen-cong-rho:
o = eval o f => rel (gen-cong R) (fz) (f y) = gen-cong R (o =) (0 y)
by (simp add: gen-cong-eval)
lemma coinduction:
assumes coind: VR. R < retr R— R < op =
assumes cih: R < retr (gen-cong R)
shows R < op =
apply (rule order-trans[OF leq-gen-cong mp|OF spec|OF coind]]])
apply (rule self-bounded-weaken-left[OF gen-cong-minimal])
apply (rule inf-greatest| OF leq-gen-cong cih)])
apply (rule cong-retr[OF cong-gen-cong))
done

end

lemma rel-sum-case-sum:

rel-fun (rel-sum R S) T (case-sum f1 g1) (case-sum f2 g2) = (rel-fun R T f1 2
A rel-fun S T g1 ¢2)

by (auto simp: rel-fun-def rel-sum.simps split: sum.splits)



THEORY “Boolean-Algebra” 74

context

fixes rel eval rel’ eval’ retr emb

assumes base: cong rel eval retr

and step: cong rel’ eval’ retr

and emb: eval’ o emb = eval

and emb-transfer: rel-fun (rel R) (rel’ R) emb emb
begin

interpretation base: cong rel eval retr by (rule base)
interpretation step: cong rel’ eval’ retr by (rule step)

lemma gen-cong-emb: base.gen-cong R < step.gen-cong R
proof (rule base.gen-cong-minimal[OF step.leg-gen-cong))
note step.gen-cong-eval-rel-fun[transfer-rule] emb-transfer|transfer-rule]
have (rel-fun (rel (step.gen-cong R)) (step.gen-cong R)) eval eval
unfolding emb[symmetric] by transfer-prover
then show base.cong (step.gen-cong R)
by (auto simp: base.cong-def step.equivp-gen-cong)
qed

end

ML-file ../ Tools/ BNF' | bnf-gfp-grec-tactics. ML
ML-file ../ Tools/ BNF' / bnf-gfp-grec. ML

ML-file ../ Tools/ BNF / bnf-gfp-grec-sugar-util. ML
ML-file ../ Tools/ BNF | bnf-gfp-grec-sugar-tactics. ML
ML-file ../ Tools/ BNF | bnf-gfp-grec-sugar. ML
ML-file ../ Tools/ BNF | bnf-gfp-grec-unique-sugar. ML

method-setup corec-unique = <
Secan.succeed (SIMPLE-METHOD' o BNF-GFP-Grec-Unique-Sugar. corec-unique-tac)
) prove uniqueness of corecursive equation

end

8 Boolean Algebras

theory Boolean-Algebra
imports Main
begin

locale boolean =
fixes conj :: 'a = 'a =
fixes disj :: 'a = 'a
fixes compl :: 'a
fixes zero :: 'a (0
fixes one :: 'a (1)
assumes conj-assoc: (x M y) Mz =z M (y N 2)
assumes disj-assoc: (x U y) Uz =z U (y U z)

‘a (infixr 1 70)
a (infixr U 65)
(~ - [81] 80)
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assumes conj-commute: x My =y Nz
assumes disj-commute: x L1y =y U x

assumes conj-disj-distrib: x M (y U z) = (z Ny) U (z Nz
assumes disj-conj-distrib: x U (y M z) = (z U y) N (z U 2

)
)

assumes conj-one-right [simpl: M1 = x
assumes disj-zero-right [simp]: ¢ U 0 = z
assumes conj-cancel-right [simp]: £ T~z =0
assumes disj-cancel-right [simp]: z U~z =1

begin

sublocale conj: abel-semigroup conj
by standard (fact conj-assoc conj-commute)+

sublocale disj: abel-semigroup disj

by standard (fact disj-assoc disj-commute)+

lemmas conj-left-commute = conyj.left-commute

lemmas disj-left-commute = disj.left-commute

lemmas conj-ac = conj.assoc conj.commute conj.left-commute
lemmas disj-ac = disj.assoc disj.commute disj.left-commute

lemma dual: boolean disj conj compl one zero

apply (rule boolean.intro)
apply (rule disj-assoc)
apply (rule conj-assoc)
apply (rule disj-commute)
apply (rule conj-commute)
apply (rule disj-conj-distrib)
apply (rule conj-disj-distrib)
apply (rule disj-zero-right)
apply (rule conj-one-right)
apply (rule disj-cancel-right)
apply (rule conj-cancel-right)
done

Py

8.1 Complement

lemma complement-unique:
assumes [:allx =0
assumes 2: a Uz =1
assumes 3: a1y =0
assumes 4: a ly =1
shows z = y

proof —
have (¢ Mz) U (z MNy) =
hence (z M a) U (z I_Iy
hencez M (a Uy) =y

(

):(
M (a

y) U (z M y) using 1 3 by simp
Ma) U (y N z) using conj-commute by simp
x) using conj-disj-distrib by simp
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hence x M1 = y M 1 using 2 4 by simp
thus z = y using conj-one-right by simp
qed

lemma compl-unique: [t Ty =0z Uy=1] =~z =y
by (rule complement-unique [OF conj-cancel-right disj-cancel-right))

lemma double-compl [simp]: ~ (~ z) =z
proof (rule compl-unique)
from conj-cancel-right show ~ z Mz = 0 by (simp only: conj-commute)
from disj-cancel-right show ~ z U z = 1 by (simp only: disj-commute)
qed

lemma compl-eq-compl-iff [simp]: (~ z =~ y) = (z = y)
by (rule inj-eq [OF inj-on-inversel|, rule double-compl)

8.2 Conjunction

lemma conj-absorb [simpl: © Mz = x

proof —
have z Mz = (z M z) U 0 using disj-zero-right by simp
also have ... = (z M z) U (z N ~ z) using conj-cancel-right by simp
also have ... = z M (z U ~ z) using conj-disj-distrib by (simp only:)
also have ... = ¢ M 1 using disj-cancel-right by simp
also have ... = = using conj-one-right by simp
finally show ?thesis .
qed
lemma conj-zero-right [simpl: 1 0 =0
proof —
have z M0 = z M (z M ~ z) using conj-cancel-right by simp
also have ... = (z M z) N ~ z using conj-assoc by (simp only:)
also have ... = z ' ~ z using conj-absorb by simp
also have ... = 0 using conj-cancel-right by simp
finally show ?%thesis .
qed

lemma compl-one [simp]: ~1 =0
by (rule compl-unique [OF conj-zero-right disj-zero-right])

lemma conj-zero-left [simp]: 0 Tz = 0
by (subst conj-commute) (rule conj-zero-right)

lemma conj-one-left [simpl: 1 Mx =z
by (subst cong-commute) (rule conj-one-right)

lemma conj-cancel-left [simp]: ~z Mz =0
by (subst conj-commute) (rule conj-cancel-right)
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lemma congj-left-absord [simp]: x M (z My) =z My
by (simp only: conj-assoc [symmetric] conj-absorb)

lemma cong-disj-distrib2:
(yUz)MNz=(yNz)U(zMNx)
by (simp only: conj-commute conj-disj-distrib)

lemmas conj-disj-distribs =
cong-disj-distrib cong-disj-distrib2

8.3 Disjunction

lemma disj-absorb [simp]: x Uz =z
by (rule boolean.conj-absorb [OF dual))

lemma disj-one-right [simp]: x U1 =1
by (rule boolean.conj-zero-right [OF dual))

lemma compl-zero [simp]: ~ 0 =1
by (rule boolean.compl-one [OF dual])

lemma disj-zero-left [simp]: O U z = z
by (rule boolean.conj-one-left [OF dual))

lemma disj-one-left [simp]: 1 Uz =1
by (rule boolean.cong-zero-left [OF dual])

lemma disj-cancel-left [simp]: ~ z Uz =1
by (rule boolean.conj-cancel-left [OF dual])

lemma disj-left-absorb [simp]: zx U (z U y) =2 Uy
by (rule boolean.conj-left-absord [OF dual))

lemma disj-conj-distrib2:
(yMNz)Uz=(yUz)N(zUx)
by (rule boolean.cong-disj-distrib2 [OF dual])

lemmas disj-cong-distribs =
disj-conj-distrib disj-conj-distrib2

8.4 De Morgan’s Laws

lemma de-Morgan-conj [simp]: ~ (z My) =~z U~y
proof (rule compl-unique)
have (z My) M (~zU~y)=((zNy)N~z)U((zMy) N~y
by (rule cong-disj-distrib)
alsohave ... = (y Nz N~2)U(zN(yMN~y))
by (simp only: conj-ac)
finally show (z My)MN(~zU~y)=0
by (simp only: conj-cancel-right conj-zero-right disj-zero-right)

7
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next
have (zMy) U (~vzU~y)=(zU(~zU~y)N(yU(~zUd~y)
by (rule disj-conj-distrib2)
alsohave ... = (~yU (zU~=z)MN(~zU(yU~y)
by (simp only: disj-ac)
finally show (z Ny) U (~zU~y)=1
by (simp only: disj-cancel-right disj-one-right conj-one-right)
qed

lemma de-Morgan-disj [simp]: ~ (z Uy) =~ 2 MM~y
by (rule boolean.de-Morgan-conj [OF dual])

end

8.5 Symmetric Difference

locale boolean-zor = boolean +

fixes zor :: 'a = 'a = 'a (infixr @ 65)

assumes zor-def: t @ y=(z N ~y) U (~zMNy)
begin

sublocale xor: abel-semigroup xor
proof
fixzyz:'a
let 2t =(zNyNz)U(zMN~yMN~z)U
(vzMNyMNe~z2)U(~vzMN~yMz
have 2t U (zMNzMN~z)U (zMNy N~y =
ZtU(zNyN~y)U(zNzn~z)
by (simp only: cong-cancel-right conj-zero-right)
thus (z @ y) Pz=2® (y ® 2)
apply (simp only: zor-def de-Morgan-disj de-Morgan-conj double-compl)
apply (simp only: conj-disj-distribs conj-ac disj-ac)
done
showzr @ y=y D=z
by (simp only: zor-def conj-commute disj-commute)
qed

lemmas zor-assoc = zor.assoc
lemmas zor-commute = xor.commute
lemmas zor-left-commute = zor.left-commute

lemmas xor-ac = zor.assoc xor.commute zor.left-commute
lemma zor-def2:

r®y=(zUy) N (~zU~y)
by (simp only: zor-def conj-disj-distribs

disj-ac conj-ac cong-cancel-right disj-zero-left)

lemma zor-zero-right [simpl: © & 0 = x
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by (simp only: zor-def compl-zero conj-one-right conj-zero-right disj-zero-right)

lemma zor-zero-left [simp]: 0 & z = z
by (subst zor-commute) (rule zor-zero-right)

lemma zor-one-right [simp]: 2 ® 1 = ~ z
by (simp only: zor-def compl-one conj-zero-right conj-one-right disj-zero-left)

lemma zor-one-left [simpl: 1 & ¢ = ~
by (subst zor-commute) (rule xor-one-right)

lemma zor-self [simp]: x ® © =0
by (simp only: zor-def conj-cancel-right conj-cancel-left disj-zero-right)

lemma zor-left-self [simp]: z @ (z & y) =y
by (simp only: xor-assoc [symmetric] zor-self zor-zero-left)

lemma zor-compl-left [simp]: ~z @ y = ~ (z D y)

apply (simp only: zor-def de-Morgan-disj de-Morgan-conj double-compl)
apply (simp only: conj-disj-distribs)

apply (simp only: conj-cancel-right conj-cancel-left)

apply (simp only: disj-zero-left disj-zero-right)

apply (simp only: disj-ac conj-ac)

done

lemma zor-compl-right [simp]: & ~ y = ~ (z © y)

apply (simp only: zor-def de-Morgan-disj de-Morgan-conj double-compl)
apply (simp only: conj-disj-distribs)

apply (simp only: conj-cancel-right cong-cancel-left)

apply (simp only: disj-zero-left disj-zero-right)

apply (simp only: disj-ac conj-ac)

done

lemma xor-cancel-right: © & ~x =1
by (simp only: zor-compl-right zor-self compl-zero)

lemma zor-cancel-left: ~ x & z =1
by (simp only: zor-compl-left xor-self compl-zero)

lemma conj-zor-distrib: x M (y @ z) = (z Ny) @ (z M 2)
proof —
have (z My N~z)U(zMN~yMz) =
(yMNzNe~z)U@ENzN~z)U(zNyN~z)U(z~yllz)
by (simp only: conj-cancel-right conj-zero-right disj-zero-left)
thusz M (y @ 2)=(zNy)®(zNz)
by (simp (no-asm-use) only:
zor-def de-Morgan-disj de-Morgan-conj double-compl
cong-disj-distribs conj-ac disj-ac)
qed
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lemma conj-zor-distrib2: (y @ z) Nz = (y Nx) & (2 N z)
proof —
have z M (y @ z) = (x Ny) & (x M 2)
by (rule conj-zor-distrib)
thus (y @ 2)Nz=(yNz)® (2 Mz
by (simp only: conj-commute)
qed

lemmas conj-zor-distribs = conj-zor-distrib conj-ror-distrib2
end

end

9 The Bourbaki-Witt tower construction for trans-
finite iteration

theory Bourbaki- Witt-Fizpoint imports Main begin

lemma ChainsI [intro?]:
(Nab.[aeY;beY]= (a,b)erV (ba)er)=— Y € Chains r
unfolding Chains-def by blast

lemma in-Chains-subset: [ M € Chains r; M' C M | = M’ € Chains r
by (auto simp add: Chains-def)

lemma Fieldl1: (i, j) € R = i € Field R
unfolding Field-def by auto

lemma Chains-FieldD: [ M € Chains r; x € M | = = € Field r
by (auto simp add: Chains-def intro: FieldI1 FieldI2)

lemma in-Chains-conv-chain: M € Chains v <— Complete-Partial-Order.chain
(Ao y. (z,9) € ) M
by (simp add: Chains-def chain-def)

lemma partial-order-on-trans:
[ partial-order-on A r; (z, y) € r; (y,2) € r ]| = (z, 2) € r
by (auto simp add: order-on-defs dest: transD)

locale bourbaki-witt-fixpoint =

fixes lub :: 'a set = 'a

and leq :: (‘a X 'a) set

and f :: 'a = 'a

assumes po: Partial-order leq

and lub-least: | M € Chains leq; M # {}; N\z. 2 € M = (z, z) € leg | =
(lub M, z) € legq
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and lub-upper: | M € Chains leq; x € M | = (z, lub M) € leg
and lub-in-Field: [ M € Chains leq; M # {} | = lub M € Field leq
and increasing: N\z. x € Field leg = (z, fz) € leg

begin

lemma leg-trans: [ (z, y) € leg; (y, z) € leq | = (=, 2) € leg
by (rule partial-order-on-trans[OF po])

lemma leg-refl: © € Field leq = (z, z) € leg
using po by(simp add: order-on-defs refl-on-def)

lemma leg-antisym: [ (z, y) € leq; (y, z) €Eleq | = z =y
using po by (simp add: order-on-defs antisym-def)

inductive-set iterates-above :: 'a = 'a set
for a
where
base: a € iterates-above a
| step: x € iterates-above a = fx € iterates-above a
| Sup: [ M € Chains leq; M # {}; Ax. x € M = 1z € iterates-above a | = lub
M € iterates-above a

definition fizp-above :: 'a = 'a
where firxp-above a = (if a € Field leq then lub (iterates-above a) else a)

lemma fixp-above-outside: a ¢ Field leg = fixp-above a = a
by (simp add: fixp-above-def)

lemma fizp-above-inside: a € Field leq = fixp-above a = lub (iterates-above a)
by (simp add: fixp-above-def)

context
notes leg-refl [intro!, simp]
and base [intro]
and step [intro]
and Sup [intro]
and leg-trans [trans)
begin

lemma iterates-above-le-f: [ x € iterates-above a; a € Field leq | = (z, fz) €
leq
by (induction z rule: iterates-above.induct)(blast intro: increasing FieldI2 lub-in-Field)+

lemma iterates-above-Field: [ © € iterates-above a; a € Field leq | = x € Field
leq
by (drule (1) iterates-above-le-f)(rule Fieldll)

lemma iterates-above-ge:
assumes y: y € iterates-above a
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and a: a € Field leq

shows (a, y) € leg
using y by (induction)(auto intro: a increasing iterates-above-le-f leg-trans leq-trans| OF
- lub-upper))

lemma iterates-above-lub:
assumes M: M € Chains leq
and nempty: M # {}
and upper: \y. y € M = 3z € M. (y, z) € leq A z € iterates-above a
shows lub M € iterates-above a
proof —
let 2M = M N iterates-above a
from M have M’ ?M € Chains leq by (rule in-Chains-subset)simp
have ?M # {} using nempty by(auto dest: upper)
with M’ have lub ?M € iterates-above a by(rule Sup) blast
also have lub ?M = lub M using nempty
by (intro leg-antisym)(blast introl: lub-least[OF M| lub-least{OF M'] intro:
lub-upper|OF M) lub-upper|OF M] leq-trans dest: upper)+
finally show ?thesis .
qed

lemma iterates-above-successor:
assumes y: y € iterates-above a
and a: a € Field leq
shows y = a V y € iterates-above (f a)
using y
proof induction
case base thus ?case by simp
next
case (step z) thus ?case by auto
next
case (Sup M)
show ?Zcase
proof(cases 3z. M C {z})
case True
with (M # {}) obtain y where M: M = {y} by auto
have lub M =y
by (rule leg-antisym)(auto intro!: lub-upper Sup lub-least Chainsl simp add: a
M Sup.hyps(3)[of y, THEN iterates-above-Field] dest: iterates-above-Field)
with Sup.IH[of y] M show ?thesis by simp
next
case Fulse
from Sup(1—2) have lub M € iterates-above (f a)
proof (rule iterates-above-lub)
fix y
assume y: y € M
from Sup.IH|[OF this] show 3zeM. (y, z) € leq A z € iterates-above (f a)
proof
assume y = a



THEORY “Bourbaki-Witt-Fixpoint” 83

from y False obtain z where z: z € M and neq: y # z by (metis insertl!
subsetl)
with Sup.IH[OF z] <y = a> Sup.hyps(3)[OF z]
show ?thesis by(auto dest: iterates-above-ge intro: a)
next
assume y € iterates-above (f a)
moreover with increasing|OF a] have y € Field leq
by (auto dest!: iterates-above-Field intro: FieldI2)
ultimately show ?thesis using y by(auto)
qed
qed
thus ?thesis by simp
qed
qed

lemma iterates-above-Sup-auz:
assumes M: M € Chains leg M # {}
and M M’ e Chains leg M' # {}
and comp: N\z. z € M = z € iterates-above (lub M) V lub M' € iterates-above
z
shows (lub M, lub M") € leq V lub M € iterates-above (lub M)
proof(cases 3z € M. z € iterates-above (lub M"))
case True
then obtain z where z: € M z € iterates-above (lub M') by blast
have lub-M" lub M’ € Field leq using M’ by (rule lub-in-Field)
have lub M € iterates-above (lub M') using M
proof(rule iterates-above-lub)
fix y
assume y: y € M
from comp[OF y] show IzeM. (y, z) € leg A z € iterates-above (lub M’)
proof
assume y € iterates-above (lub M)
from this iterates-above-Field[OF this] y lub-M ' show ?thesis by blast
next
assume Jub M’ € iterates-above y
hence (y, lub M) € leq using Chains-FieldD[OF M (1) y] by (rule iterates-above-ge)
also have (lub M', z) € leq using z(2) lub-M' by(rule iterates-above-ge)
finally show ?thesis using = by blast
qed
qed
thus Zthesis ..
next
case False
have (lub M, lub M’) € leq using M
proof (rule lub-least)
fix x
assume z: z € M
from comp[OF z] z False have lub M’ € iterates-above x by auto
moreover from M (1) z have z € Field leq by (rule Chains-FieldD)
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ultimately show (z, lub M’) € leq by(rule iterates-above-ge)
qed
thus ?thesis ..
qed

lemma iterates-above-triangle:
assumes z: T € iterates-above a
and y: y € iterates-above a
and a: a € Field leq
shows x € iterates-above y V y € iterates-above x
using z y
proof (induction arbitrary: y)
case base then show ?Zcase by simp
next
case (step z) thus ?case using a
by (auto dest: iterates-above-successor intro: iterates-above-Field)
next
case z: (Sup M)
hence lub: lub M € iterates-above a by blast
from «(y € iterates-above a) show Zcase
proof (induction)
case base show ?case using lub by simp
next
case (step y) thus ?case using a
by (auto dest: iterates-above-successor intro: iterates-above-Field)
next
case y: (Sup M)
hence lub’: lub M' € iterates-above a by blast
have *: z € iterates-above (lub M) V lub M' € iterates-above z if z € M for z
using that lub’ by (rule z.IH)
with z(1—-2) y(1—2) have (lub M, lub M") € leq V lub M € iterates-above
(lub M)
by (rule iterates-above-Sup-auz)
moreover from y(1—2) z(1—2) have (lub M’, lub M) € leq V lub M' €
iterates-above (lub M)
by (rule iterates-above-Sup-auz)(blast dest: y.IH)
ultimately show ?case by(auto 4 & dest: leg-antisym)
qed
qged

lemma chain-iterates-above:
assumes a: a € Field leq
shows iterates-above a € Chains leq (is ?C € -)
proof (rule ChainsI)
fix xy
assume z € ?Cy € ?2C
hence z € iterates-above y V y € iterates-above x using a by (rule iterates-above-triangle)
moreover from x € ?C) a have © € Field leq by(rule iterates-above-Field)
moreover from <y € ?C) o have y € Field leq by(rule iterates-above-Field)
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ultimately show (z, y) € leq V (y, z) € leg by (auto dest: iterates-above-ge)
qed

lemma fixp-iterates-above: fixp-above a € iterates-above a
by (auto intro: chain-iterates-above simp add: fixp-above-def)

lemma fixp-above-Field: a € Field leq = fixp-above a € Field leq
using fixp-iterates-above by (rule iterates-above-Field)

lemma fixp-above-unfold:
assumes a: a € Field leq
shows fizp-above a = f (fixp-above a) (is %a = f %a)
proof(rule leg-antisym)
show (?a, f ?a) € leq using fizp-above-Field[OF a] by (rule increasing)

have f ?a € iterates-above a using fixp-iterates-above by (rule iterates-above.step)
with chain-iterates-above| OF a] show (f ?a, ?a) € leq
by (simp add: fizp-above-inside assms lub-upper)
qed

end

lemma fizp-induct [case-names adm base step]:
assumes adm: ccpo.admissible lub (Az y. (z, y) € leq) P
and base: P a
and step: Az. Pz = P (f z)
shows P (fizp-above a)
proof(cases a € Field leq)
case True
from adm chain-iterates-above| OF True]
show ?thesis unfolding fizp-above-inside[OF True] in-Chains-conv-chain
proof (rule ccpo.admissibleD)
have a € iterates-above a ..
then show iterates-above a # {} by(auto)
show P z if © € iterates-above a for z using that
by induction(auto intro: base step simp add: in-Chains-conv-chain dest:
cepo.admissible D[OF adm))
qed
qed(simp add: fizp-above-outside base)

end

end

10 Order on characters

theory Char-ord
imports Main
begin
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instantiation char :: linorder
begin

definition c1 < ¢2 <— nat-of-char c1 < nat-of-char c2
definition c! < c¢2 <— nat-of-char c1 < nat-of-char c2

instance
by standard (auto simp add: less-eq-char-def less-char-def)

end

lemma less-eq-char-simps:
(0 :: char) < ¢
Char k < 0 <— numeral k mod 256 = (0 :: nat)
Char k < Char | <— numeral k mod 256 < (numeral | mod 256 :: nat)
by (simp-all add: Char-def less-eq-char-def)

lemma less-char-simps:
- ¢ < (0 :: char)
0 < Char k +— (0 :: nat) < numeral k mod 256
Char k < Char | <— numeral k mod 256 < (numeral [ mod 256 :: nat)
by (simp-all add: Char-def less-char-def)

instantiation char :: distrib-lattice
begin

definition (inf :: char = -) = min
definition (sup :: char = -) = mazx

instance
by standard (auto simp add: inf-char-def sup-char-def maz-min-distrib2)

end

instantiation String.literal :: linorder
begin

context includes literal.lifting begin

lift-definition less-literal :: String.literal = String.literal = bool is ord.lezordp
op < .

lift-definition less-eq-literal :: String.literal = String.literal = bool is ord.lexordp-eq
op < .

instance
proof —
interpret linorder ord.lexordp-eq op < ord.lexordp op < :: string = string =
bool
by (rule linorder.lexordp-linorder[where less-eq=o0p <])(unfold-locales)
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show PROP ?thesis
by (intro-classes)(transfer, simp add: less-le-not-le linear)+
qed

end
end

lemma less-literal-code [code]:
op < = (Axs ys. ord.lexordp op < (String.explode xs) (String.explode ys))
by (simp add: less-literal.rep-eq fun-eq-iff )

lemma less-eg-literal-code [code]:
op < = (Axs ys. ord.lexordp-eq op < (String.explode xzs) (String.explode ys))
by (simp add: less-eq-literal.rep-eq fun-eq-iff )

lifting-update literal.lifting
lifting-forget literal.lifting

end

theory Code-Test
imports Main

keywords test-code :: diag
begin

10.1 YXML encoding for term
datatype (plugins del: code size quickcheck) yzml-of-term = YXML

lemma yot-anything: © = (y :: yzml-of-term)
by (cases z y rule: yzml-of-term.exhaust|case-product yrml-of-term.exhaust))(simp)

definition yot-empty :: yzml-of-term where [code del]: yot-empty = YXML
definition yot-literal :: String.literal = yxml-of-term
where [code del: yot-literal - = YXML
definition yot-append :: yzml-of-term = yzml-of-term = yxml-of-term
where [code del]: yot-append - - = YXML
definition yot-concat :: yrml-of-term list = yxml-of-term
where [code del]: yot-concat - = YXML

Serialise yzml-of-term to native string of target language

code-printing type-constructor yrml-of-term
— (SML) string

and (OCaml) string

and (Haskell) String

and (Scala) String

constant yot-empty

— (SML)

and (OCaml)
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and (Haskell)

and (Scala)

constant yot-literal

— (SML) -

and (OCaml) -

and (Haskell) -

and (Scala) -

constant yot-append

— (SML) String.concat [(-), (-)]
and (OCaml) String.concat [(-); (-)]
and (Haskell) infixr 5 ++
and (Scala) infixl 5 +
constant yot-concat

— (SML) String.concat

and (OCaml) String.concat
and (Haskell) Prelude.concat
and (Scala) -.mkString()

Stripped-down implementations of Isabelle’s XML tree with YXML en-
coding as defined in “~/src/Pure/PIDE/xml .ML, ~~/src/Pure/PIDE/yxml . ML
sufficient to encode term as in ~~/src/Pure/term_xml.ML.

datatype (plugins del: code size quickcheck) xmi-tree = XML-Tree

lemma zml-tree-anything: © = (y :: xml-tree)
by (cases x y rule: xml-tree.exhaust[case-product zml-tree.exhaust])(simp)

context begin
local-setup <Local-Theory.map-background-naming (Name-Space.mandatory-path

aml))

type-synonym attributes = (String.literal x String.literal) list
type-synonym body = xml-tree list

definition FElem :: String.literal = attributes = xml-tree list = xml-tree
where [code del]: Elem - - - = XML-Tree

definition Text :: String.literal = xml-tree
where [code del]: Text - = XML-Tree

definition node :: xml-tree list = zml-tree
where node ts = Elem (STR '.") ] ts

definition tagged :: String.literal = String.literal option = xml-tree list = xml-tree
where tagged tag x ts = Elem tag (case x of None =[] | Some ' = [(STR 0",
2)) ts

definition list where list f s = map (node o f) s

definition X :: yzmi-of-term where X = yot-literal (STR [Char (num.Bitl (num.Bit0
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num.One))])

definition Y :: yzml-of-term where Y = yot-literal (STR [Char (num.Bit0 (num.Bit1
num.One))])

definition XY :: yaml-of-term where XY = yot-append X Y

definition XYX :: yzml-of-term where XYX = yot-append XY X

end
code-datatype xml.Elem xml. Text

definition yxml-string-of-xml-tree :: xml-tree = yrml-of-term = yxml-of-term
where [code del]: yzml-string-of-zml-tree - - = YXML

lemma yzmi-string-of-zmi-tree-code [code):
yzml-string-of-rml-tree (xml.Elem name atts ts) rest =
yot-append xml. XY (
yot-append (yot-literal name) (
foldr (A(a, z) rest.
yot-append zml. Y (
yot-append (yot-literal a) (
yot-append (yot-literal (STR ""="")) (
yot-append (yot-literal ) rest)))) atts (
foldr yzml-string-of-xml-tree ts (
yot-append xml. XYX rest))))
yzml-string-of-rml-tree (xml.Text s) rest = yot-append (yot-literal s) rest
by (rule yot-anything)+

definition yxml-string-of-body :: xml.body = yxml-of-term
where yxml-string-of-body ts = foldr yxml-string-of-xmi-tree ts yot-empty

Encoding term into XML trees as defined in ~~/src/Pure/term_xml.ML

definition zml-of-typ :: Typerep.typerep = xml.body
where [code del]: zml-of-typ - = [XML-Tree]

definition zml-of-term :: Code-FEvaluation.term = xml.body
where [code del]: zml-of-term - = [XML-Tree]

lemma zml-of-typ-code [code]:

xml-of-typ (typerep. Typerep t args) = [zml.tagged (STR ""0") (Some t) (zml.list
axml-of-typ args)]
by (simp add: zml-of-typ-def xml-tree-anything)

lemma zml-of-term-code [code]:

zml-of-term (Code-Evaluation.Const ¢ ty) = [zml.tagged (STR "0"") (Some z)
(zmi-of-typ ty)]

axml-of-term (Code-Evaluation.App t1t2) = [zml.tagged (STR "'5'"") None [zml.node
(zml-of-term t1), xml.node (zml-of-term t2)]]

xzml-of-term (Code-Evaluation.Abs = ty t) = [xml.tagged (STR "4') (Some x)
[zml.node (zml-of-typ ty), zml.node (zml-of-term t)]]
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— FIXME: Code-FEvaluation.Free is used only in Quickcheck-Narrowing to rep-
resent uninstantiated parameters in constructors. Here, we always translate them
to Free variables.

xml-of-term (Code-FEvaluation.Free x ty) = [zml.tagged (STR "'1"") (Some x)

(zmi-of-typ ty)]
by (simp-all add: zml-of-term-def xml-tree-anything)

definition yzmli-string-of-term :: Code-FEvaluation.term = yzml-of-term
where yxml-string-of-term = yxml-string-of-body o xml-of-term

10.2 Test engine and drivers
ML-file code-test. ML

end

11 Old Datatype package: constructing datatypes
from Cartesian Products and Disjoint Sums

theory Old-Datatype

imports ../ Main

keywords old-datatype :: thy-decl
begin

ML-file ~~ /src/ HOL/ Tools / datatype-realizer. ML

11.1 The datatype universe
definition Node = {p. EX fz k. p = (f :: nat => 'b + nat, ¢ ::’a + nat) & [k
= Inr 0}

typedef (‘a, 'b) node = Node :: ((nat => 'b + nat) * ('a + nat)) set
morphisms Rep-Node Abs-Node
unfolding Node-def by auto

Datatypes will be represented by sets of type node

type-synonym ’‘a item = (‘a, unit) node set
type-synonym (‘a, 'b) diree = (‘a, 'b) node set

definition Push :: [('b + nat), nat => ('b + nat)] => (nat => ('b + nat))
where Push == (%b h. case-nat b h)

definition Push-Node : [('b + nat), ('a, 'b) node] => (‘a, 'b) node
where Push-Node == (%n x. Abs-Node (apfst (Push n) (Rep-Node x)))
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definition Atom :: (‘a + nat) => (‘a, 'b) dtree

where Atom == (%z. {Abs-Node((%k. Inr 0, z))})
definition Scons :: [(‘a, 'b) dtree, (‘a, 'b) dtree] => (‘a, 'b) dtree

where Scons M N == (Push-Node (Inr 1) * M) Un (Push-Node (Inr (Suc 1))
¢ N)

definition Leaf :: ‘a => (‘a, 'b) dtree
where Leaf == Atom o Inl

definition Numb :: nat => (‘a, 'b) dtree
where Numb == Atom o Inr

definition In0 :: (‘a, 'b) ditree => (‘a, 'b) diree

where In0(M) == Scons (Numb 0) M
definition Inf :: (‘a, 'b) dtree => ('a
where In1(M) == Scons (Numb 1) M

, 'b) dtree

definition Lim :: (b => (a, 'b) dtree) => (‘a, 'b) dtree
where Lim f == |J{z. ? 2. 2 = Push-Node (Inl z) * (f x)}

definition ndepth :: (‘a, 'b) node => nat

where ndepth(n) == (%(f,z). LEAST k. f k = Inr 0) (Rep-Node n)
definition ntrunc :: [nat, (‘a, 'b) dtree] => (‘a, 'b) dtree

where ntrunc k N == {n. n:N & ndepth(n)<k}

definition uprod :: [('a, 'b) dtree set, (‘a, 'b) diree set|=> ('a, 'b) dtree set
where uprod A B == UN z:A. UN y:B. { Scons z y }

definition usum :: [(‘a, 'b) dtree set, ('a, 'b) dtree set]=> ('a, 'b) dtree set
where usum A B == In0‘A Un In1‘B

definition Split :: [[(‘a, 'b) diree, (‘a, 'b) diree]=>"c, ('a, 'b) dtree] => 'c
where Split c M == THE u. EXxy. M = Sconszy & u=czxy

definition Case :: [[(‘a, 'b) diree]=>"c, [('a, 'b) dtree]=>"c, ( 'b) dtree] => 'c
where Case cd M == THE u. (EXz . M = In0(z) & u = ( NI(EXy. M
=Inl(y) & u = d(y))

definition dprod :: [((‘a, 'b) dtree x (‘a, 'b) dtree)set, (('a, 'b) dtree x (‘a, 'b)
dtree) set]
=> (('a, 'b) dtree x (‘a, 'b) dtree)set
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where dprod r s == UN (z,z'):r. UN (y,y’):s. {(Scons z y, Scons z' y")}

definition dsum :: [((‘a, 'b) diree * (‘a, 'b) diree)set, (('a, 'b) diree * (‘a, 'b)
dtree)set]
=> (('a, 'b) dtree * ('a, 'b) diree)set
where dsum rs == (UN (z,z'):r. {(In0(z),In0(z"))}) Un (UN (y,y"):s. {(In1(y),In1(y")})

lemma apfst-convE:
| g =apfstfp; ey [lp=(zy); ¢=((2)y) || ==>R
|==> R

by (force simp add: apfst-def)

lemma Push-injectl: Push i f = Push j g ==> i=j
apply (simp add: Push-def fun-eg-iff)

apply (drule-tac z=0 in spec, simp)

done

lemma Push-inject2: Push i f = Push j g ==> f=g
apply (auto simp add: Push-def fun-eq-iff)

apply (drule-tac z==Suc z in spec, simp)

done

lemma Push-inject:
[| Push if =Pushjg; [ i=j; f=g|] ==> P |]==>P
by (blast dest: Push-inject! Push-inject2)

lemma Push-neq-K0: Push (Inr (Suc k)) f = (%z. Inr 0) ==> P
by (auto simp add: Push-def fun-eq-iff split: nat.split-asm)

lemmas Abs-Node-inj = Abs-Node-inject [THEN [2] rev-iffD1]

lemma Node-K0-1: (%k. Inr 0, a) : Node
by (simp add: Node-def)

lemma Node-Push-I: p: Node ==> apfst (Push i) p : Node
apply (simp add: Node-def Push-def)

apply (fast introl: apfst-conv nat.case(2)[THEN trans))
done

11.2 Freeness: Distinctness of Constructors

lemma Scons-not-Atom [iff]: Scons M N # Atom(a)
unfolding Atom-def Scons-def Push-Node-def One-nat-def
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by (blast intro: Node-K0-I Rep-Node [THEN Node-Push-I|
dest!: Abs-Node-inj
elim!: apfst-convE sym [THEN Push-neq-K0])

lemmas Atom-not-Scons [iff] = Scons-not-Atom [THEN not-sym]

lemma inj-Atom: inj(Atom)

apply (simp add: Atom-def)

apply (blast intro!: inj-onl Node-KO0-I dest!: Abs-Node-inj)
done

lemmas Atom-inject = inj-Atom [THEN injD)

lemma Atom-Atom-eq [iff]: (Atom(a)=Atom(b)) = (a=b)
by (blast dest!: Atom-inject)

lemma inj-Leaf: inj(Leaf)

apply (simp add: Leaf-def o-def)

apply (rule inj-onl)

apply (erule Atom-inject [THEN Inl-inject])
done

lemmas Leaf-inject [dest!] = inj-Leaf [THEN injD)]

lemma inj-Numb: inj(Numb)

apply (simp add: Numb-def o-def)

apply (rule inj-onl)

apply (erule Atom-inject [THEN Inr-inject))
done

lemmas Numb-inject [dest!] = inj-Numb [THEN injD]

lemma Push-Node-inject:
[| Push-Node i m =Push-Node j n; [| i=j; m=n || ==> P
J==> P

apply (simp add: Push-Node-def)

apply (erule Abs-Node-inj [THEN apfst-convE))

apply (rule Rep-Node [THEN Node-Push-I])+

apply (erule sym [THEN apfst-convE))

(
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apply (blast intro: Rep-Node-inject [THEN iffD1] trans sym elim!: Push-inject)

done



THEORY “Old-Datatype” 94

lemma Scons-inject-lemmal: Scons M N <= Scons M' N' ==> M<=M"'
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-inject-lemma2: Scons M N <= Scons M’ N' ==> N<=N'
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-inject!: Scons M N = Scons M’ N’ ==> M=M'
apply (erule equalityE)

apply (iprover intro: equalityl Scons-inject-lemmal)

done

lemma Scons-inject2: Scons M N = Scons M' N’ ==> N=N'
apply (erule equalityE)

apply (iprover intro: equalityl Scons-inject-lemmaZ2)

done

lemma Scons-inject:
[| Scons M N = Scons M' N'; || M=M'; N=N'|] ==> P |]==> P

by (iprover dest: Scons-injectl Scons-inject2)

lemma Scons-Scons-eq [iff]: (Scons M N = Scons M’ N') = (M=M'& N=N’)
by (blast elim!: Scons-inject)

lemma Scons-not-Leaf [iff]: Scons M N # Leaf(a)
unfolding Leaf-def o-def by (rule Scons-not-Atom)

lemmas Leaf-not-Scons [iff] = Scons-not-Leaf [THEN not-sym]

lemma Scons-not-Numb [iff]: Scons M N # Numb(k)
unfolding Numb-def o-def by (rule Scons-not-Atom)

lemmas Numb-not-Scons [iff] = Scons-not-Numb [THEN not-sym]

lemma Leaf-not-Numb [iff]: Leaf (a) # Numb(k)
by (simp add: Leaf-def Numb-def)
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lemmas Numb-not-Leaf [iff] = Leaf-not-Numb [THEN not-sym)|

lemma ndepth-K0: ndepth (Abs-Node(%k. Inr 0, z)) = 0
by (simp add: ndepth-def Node-K0-I [THEN Abs-Node-inverse| Least-equality)

lemma ndepth-Push-Node-aux:
case-nat (Inr (Suc 7)) fk = Inr 0 ——> Suc(LEAST z. fz = Inr 0) <=k
apply (induct-tac k, auto)
apply (erule Least-le)
done

lemma ndepth-Push-Node:

ndepth (Push-Node (Inr (Suc i)) n) = Suc(ndepth(n))
apply (insert Rep-Node [of n, unfolded Node-def])
apply (auto simp add: ndepth-def Push-Node-def

Rep-Node [THEN Node-Push-I, THEN Abs-Node-inverse])

apply (rule Least-equality)
apply (auto simp add: Push-def ndepth-Push-Node-aux)
apply (erule Leastl)
done

lemma ntrunc-0 [simp]: ntrunc 0 M = {}
by (simp add: ntrunc-def)

lemma ntrunc-Atom [simp]: ntrunc (Suc k) (Atom a) = Atom(a)
by (auto simp add: Atom-def ntrunc-def ndepth-K0)

lemma ntrunc-Leaf [simp]: ntrunc (Suc k) (Leaf a) = Leaf(a)
unfolding Leaf-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Numb [simp]: ntrunc (Suc k) (Numb i) = Numb(i)
unfolding Numb-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Scons [simp]:

ntrunc (Suc k) (Scons M N) = Scons (ntrunc k M) (ntrunc k N)
unfolding Scons-def ntrunc-def One-nat-def
by (auto simp add: ndepth-Push-Node)
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lemma ntrunc-one-In0 [simp]: ntrunc (Suc 0) (In0 M) = {}
apply (simp add: In0-def)

apply (simp add: Scons-def)

done

lemma ntrunc-In0 [simp]: ntrunc (Suc(Suc k)) (In0 M) = In0 (ntrunc (Suc k)
M)
by (simp add: In0-def)

lemma ntrunc-one-Inl [simp]: ntrunc (Suc 0) (In1 M) = {}
apply (simp add: Ini-def)

apply (simp add: Scons-def)

done

lemma ntrunc-Ini [simp]: ntrunc (Suc(Suc k)) (In1 M) = Inl (ntrunc (Suc k)
M)
by (simp add: Ini-def)

11.3 Set Constructions

lemma uprodl [introl]: [| M:A; N:B || ==> Scons M N : uprod A B
by (simp add: uprod-def)

lemma uprodE [elim!]:
[| ¢: uprod A B;
Nz y. [| z:4; y:B; ¢ = Sconszy || ==> P
| ==>P
by (auto simp add: uprod-def)

lemma uprodE2: || Scons M N : uprod A B; [| M:4; N:B||==> P || ==>P
by (auto simp add: uprod-def)

lemma usum-In0I [intro]: M:A ==> In0(M) : usum A B
by (simp add: usum-def)

lemma usum-Inil [intro]: N:B ==> In1(N) : usum A B
by (simp add: usum-def)

lemma usumE [elim!]:
[| w: usum A B;
Nz. [| z:4; u=In0(z) || ==> P;
Wy. [| y:B; u=Ini(y) || ==> P
| ==>F
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by (auto simp add: usum-def)

lemma In0-not-In1 [iff]: InO(M) # In1(N)
unfolding In0-def In1-def One-nat-def by auto

lemmas Ini-not-In0 [iff] = In0-not-In1 [THEN not-sym]

lemma In0-inject: In0(M) = In0(N) ==> M=N
by (simp add: In0-def)

lemma Inl-inject: In1 (M) = Inl (N) ==> M=N
by (simp add: In1-def)

lemma In0-eq [iff]: (In0 M = In0 N) = (M=N)
by (blast dest!: In0-inject)

lemma Ini-eq [iff]: (In1 M = Inl1 N) = (M=N)
by (blast dest!: Ini-inject)

lemma inj-In0: inj In0
by (blast introl: inj-onl)

lemma inj-Ini: inj Ini
by (blast intro!l: inj-onl)

lemma Lim-inject: Lim f = Lim g ==> f = g
apply (simp add: Lim-def)

apply (rule ext)

apply (blast elim!: Push-Node-inject)

done

lemma ntrunc-subsetl: ntrunc k M <= M
by (auto simp add: ntrunc-def)

lemma ntrunc-subsetD: (k. ntrunc k M <= N) ==> M<=N

by (auto simp add: nirunc-def)

lemma ntrunc-equality: (k. ntrunc k M = ntrunc k N) ==> M=N
apply (rule equalityl )
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apply (rule-tac ['] ntrunc-subsetD)
apply (rule-tac [!] ntrunc-subset] [THEN [2] subset-trans|, auto)
done

lemma ntrunc-o-equality:
[| "k. (ntrunc(k) o h1) = (ntrunc(k) o h2) || ==> h1=h2
apply (rule ntrunc-equality [THEN ext])

apply (simp add: fun-eq-iff)
done

lemma uprod-mono: || A<=A’;, B<=B'|] ==> uprod A B <= uprod A" B’
by (simp add: uprod-def, blast)

lemma usum-mono: [| A<=A"; B<=B'|] ==> usum A B <= usum A’ B’
by (simp add: usum-def, blast)

lemma Scons-mono: || M<=M'; N<=N'|] ==> Scons M N <= Scons M' N’
by (simp add: Scons-def, blast)

lemma In0-mono: M<=N ==> In0(M) <= In0(N)
by (simp add: In0-def Scons-mono)

lemma Inl-mono: M<=N ==> Inl(M) <= In1(N)
by (simp add: Ini-def Scons-mono)

lemma Split [simp]: Split ¢ (Scons M N) = ¢ M N
by (simp add: Split-def)

lemma Case-In0 [simp]: Case ¢ d (In0 M) = ¢(M)
by (simp add: Case-def)

lemma Case-Inl [simp]: Case ¢ d (Inl1 N) = d(N)
by (simp add: Case-def)

lemma ntrunc-UN1: ntrunc k (UN z. f(z)) = (UN z. ntrunc k (f z))
by (simp add: ntrunc-def, blast)

lemma Scons-UN1-x: Scons (UN z. fx) M = (UN z. Scons (f ©) M)
by (simp add: Scons-def, blast)
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lemma Scons-UN1-y: Scons M (UN z. fz) = (UN z. Scons M (f x))
by (simp add: Scons-def, blast)

lemma In0-UN1: InO(UN z. f(z)) = (UN z. In0(f(x)))
by (simp add: In0-def Scons-UN1-y)

lemma In1-UN1: In1(UN z. f(z)) = (UN z. In1(f(x)))
by (simp add: Ini-def Scons-UN1-y)

lemma dprodl [intro!]:
| (M,M"):r; (N,N'):s || ==> (Scons M N, Scons M' N') : dprod r s
by (auto simp add: dprod-def)

lemma dprodE [elim!]:

[| ¢: dprod rs;
Neya'y" | (z2)) 2 r (yy") : s
¢ = (Scons z y, Scons ' y') || ==> P
|| ==> P

by (auto simp add: dprod-def)

lemma dsum-In0I [intro]: (M,M"):r ==> (In0(M), In0(M")) : dsum r s
by (auto simp add: dsum-def)

lemma dsum-In1l [intro]: (N,N'):s ==> (In1(N), In1(N")) : dsum r s
by (auto simp add: dsum-def)

lemma dsumkFE [elim!]:
[| w: dsum r s;

Nz a’ || (z,2") s r; w = (In0(x), In0(z") || ==> P;
Wy y' [ (yy)) s s w= (Ini(y), In1(y") || ==> P
| ==>P

by (auto simp add: dsum-def)

lemma dprod-mono: [| r<=r'; s<=s'|] ==> dprod r s <= dprod r’ s’
by blast
lemma dsum-mono: [| r<=r'; s<=s'|] ==> dsum r s <= dsum r' s’

by blast
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lemma dprod-Sigma: (dprod (A x B) (C x D)) <= (uprod A C) x (uprod B D)
by blast

lemmas dprod-subset-Sigma = subset-trans [OF dprod-mono dprod-Sigma]

lemma dprod-subset-Sigma2:

(dprod (Sigma A B) (Sigma C D)) <= Sigma (uprod A C) (Split (%ox y. uprod
(B2) (D y))
by auto

lemma dsum-Sigma: (dsum (A x B) (C x D)) <= (usum A C) x (usum B D)
by blast

lemmas dsum-subset-Sigma = subset-trans [OF dsum-mono dsum-Sigmal

lemma Domain-dprod [simp]: Domain (dprod r s) = uprod (Domain r) (Domain

5)

by auto

lemma Domain-dsum [simp]: Domain (dsum r s) = usum (Domain r) (Domain

s)

by auto

hides popular names
hide-type (open) node item
hide-const (open) Push Node Atom Leaf Numb Lim Split Case

ML-file ~~ /src/ HOL/ Tools/ Old-Datatype / old-datatype. ML
ML-file ~~/src/ HOL/ Tools / inductive-realizer. ML

end

12 Bijections between natural numbers and other
types

theory Nat-Bijection
imports Main
begin
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12.1 Type nat X nat
Triangle numbers: 0, 1, 3, 6, 10, 15, ...

definition triangle :: nat = nat
where triangle n = (n * Suc n) div 2

lemma triangle-0 [simp]: triangle 0 = 0
unfolding triangle-def by simp

lemma triangle-Suc [simp]: triangle (Suc n) = triangle n + Suc n
unfolding triangle-def by simp

definition prod-encode :: nat x nat = nat
where prod-encode = (A\(m, n). triangle (m + n) + m)

In this auxiliary function, triangle k + m is an invariant.

fun prod-decode-aux :: nat = nat = nat X nat
where
prod-decode-auxr k m =
(if m < k then (m, k — m) else prod-decode-auz (Suc k) (m — Suc k))

declare prod-decode-auz.simps [simp del]

definition prod-decode :: nat = nat x nat
where prod-decode = prod-decode-auz 0

lemma prod-encode-prod-decode-auzx:

prod-encode (prod-decode-aux k m) = triangle k + m
apply (induct k m rule: prod-decode-auz.induct)
apply (subst prod-decode-auz.simps)
apply (simp add: prod-encode-def)
done

lemma prod-decode-inverse [simp]: prod-encode (prod-decode n) = n
unfolding prod-decode-def by (simp add: prod-encode-prod-decode-aux)

lemma prod-decode-triangle-add: prod-decode (triangle k + m) = prod-decode-aux
km

apply (induct k arbitrary: m)

apply (simp add: prod-decode-def)

apply (simp only: triangle-Suc add.assoc)

apply (subst prod-decode-auz.simps, simp)

done

lemma prod-encode-inverse [simpl: prod-decode (prod-encode x) = x
unfolding prod-encode-def

apply (induct z)

apply (simp add: prod-decode-triangle-add)

apply (subst prod-decode-auz.simps, simp)
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done

lemma inj-prod-encode: inj-on prod-encode A
by (rule inj-on-inversel, rule prod-encode-inverse)

lemma inj-prod-decode: inj-on prod-decode A
by (rule inj-on-inversel , rule prod-decode-inverse)

lemma surj-prod-encode: surj prod-encode
by (rule surjl, rule prod-decode-inverse)

lemma surj-prod-decode: surj prod-decode
by (rule surjl, rule prod-encode-inverse)

lemma bij-prod-encode: bij prod-encode
by (rule bijI [OF inj-prod-encode surj-prod-encode])

lemma bij-prod-decode: bij prod-decode
by (rule bijI [OF inj-prod-decode surj-prod-decode))

lemma prod-encode-eq: prod-encode x = prod-encode y «<— x =y
by (rule inj-prod-encode [THEN inj-eq))

lemma prod-decode-eq: prod-decode x = prod-decode y +— x =y
by (rule inj-prod-decode [THEN inj-eq))

Ordering properties

lemma le-prod-encode-1: a < prod-encode (a, b)
unfolding prod-encode-def by simp

lemma le-prod-encode-2: b < prod-encode (a, b)
unfolding prod-encode-def by (induct b, simp-all)

12.2 Type nat + nat

definition sum-encode :: nat + nat = nat
where
sum-encode x = (case z of Inl a = 2 % a | Inr b = Suc (2 x b))

definition sum-decode :: nat = nat 4+ nat
where
sum-decode n = (if even n then Inl (n div 2) else Inr (n div 2))

lemma sum-encode-inverse [simp): sum-decode (sum-encode z) = x
unfolding sum-decode-def sum-encode-def
by (induct ) simp-all

lemma sum-decode-inverse [simp]: sum-encode (sum-decode n) = n
by (simp add: even-two-times-div-two sum-decode-def sum-encode-def)
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lemma inj-sum-encode: inj-on sum-encode A
by (rule inj-on-inversel, rule sum-encode-inverse)

lemma inj-sum-decode: inj-on sum-decode A
by (rule inj-on-inversel , rule sum-decode-inverse)

lemma surj-sum-encode: surj sum-encode
by (rule surjl, rule sum-decode-inverse)

lemma surj-sum-decode: surj sum-decode
by (rule surjl, rule sum-encode-inverse)

lemma bij-sum-encode: bij sum-encode
by (rule bijI [OF inj-sum-encode surj-sum-encode))

lemma bij-sum-decode: bij sum-decode
by (rule bijI [OF inj-sum-decode surj-sum-decode])

lemma sum-encode-eq: sum-encode ¥ = sum-encode y <— ¢ =y
by (rule inj-sum-encode [THEN inj-eq|)

lemma sum-decode-eq: sum-decode x = sum-decode y <— = =y
by (rule inj-sum-decode [THEN inj-eq])

12.3 Type int

definition int-encode :: int = nat
where
int-encode i = sum-encode (if 0 < i then Inl (nat i) else Inr (nat (— i — 1)))

definition int-decode :: nat = int
where
int-decode n = (case sum-decode n of Inl a = int a | Inr b = — int b — 1)

lemma int-encode-inverse [simp): int-decode (int-encode x) = x
unfolding int-decode-def int-encode-def by simp

lemma int-decode-inverse [simp): int-encode (int-decode n) = n
unfolding int-decode-def int-encode-def using sum-decode-inverse [of n]
by (cases sum-decode n, simp-all)

lemma inj-int-encode: inj-on int-encode A
by (rule inj-on-inversel , rule int-encode-inverse)

lemma inj-int-decode: inj-on int-decode A
by (rule inj-on-inversel , rule int-decode-inverse)

lemma surj-int-encode: surj int-encode
by (rule surjl, rule int-decode-inverse)
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lemma surj-int-decode: surj int-decode
by (rule surjl, rule int-encode-inverse)

lemma bij-int-encode: bij int-encode
by (rule bijI [OF inj-int-encode surj-int-encode))

lemma bij-int-decode: bij int-decode
by (rule bijI [OF inj-int-decode surj-int-decode))

lemma int-encode-eq: int-encode x = int-encode y «— = =y
by (rule inj-int-encode [THEN inj-eq])

lemma int-decode-eq: int-decode x = int-decode y <— © =y
by (rule inj-int-decode [THEN inj-eq))

12.4 Type nat list

fun list-encode :: nat list = nat
where
list-encode [| = 0
| list-encode (z # xs) = Suc (prod-encode (z, list-encode xs))

function list-decode :: nat = nat list
where
list-decode 0 = []
| list-decode (Suc n) = (case prod-decode n of (x, y) = x # list-decode y)
by pat-completeness auto

termination list-decode

apply (relation measure id, simp-all)

apply (drule arg-cong [where f=prod-encode])
apply (drule sym)

apply (simp add: le-imp-less-Suc le-prod-encode-2)
done

lemma list-encode-inverse [simp): list-decode (list-encode x)
by (induct & rule: list-encode.induct) simp-all

X

lemma list-decode-inverse [simp): list-encode (list-decode n) = n
apply (induct n rule: list-decode.induct, simp)

apply (simp split: prod.split)

apply (simp add: prod-decode-eq [symmetric])

done

lemma inj-list-encode: inj-on list-encode A
by (rule inj-on-inversel , rule list-encode-inverse)

lemma inj-list-decode: inj-on list-decode A
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by (rule inj-on-inversel , rule list-decode-inverse)

lemma surj-list-encode: surj list-encode
by (rule surjl, rule list-decode-inverse)

lemma surj-list-decode: surj list-decode
by (rule surjl, rule list-encode-inverse)

lemma bij-list-encode: bij list-encode
by (rule bigI [OF ing-list-encode surj-list-encode])

lemma bij-list-decode: bij list-decode
by (rule bijI [OF inj-list-decode surj-list-decode])

lemma list-encode-eq: list-encode © = list-encode y +— © =y
by (rule inj-list-encode [THEN inj-eq])

lemma list-decode-eq: list-decode v = list-decode y <+— x© = y
by (rule inj-list-decode [THEN inj-eq])

12.5 Finite sets of naturals
12.5.1 Preliminaries

lemma finite-vimage-Suc-iff: finite (Suc —° F') <— finite F'
apply (safe intro!: finite-vimagel inj-Suc)

apply (rule finite-subset [where B=insert 0 (Suc ‘ Suc —‘ F)))
apply (rule subsetl, case-tac x, simp, simp)

apply (rule finite-insert [THEN iffD2])

apply (erule finite-imagel)

done

lemma vimage-Suc-insert-0: Suc —* insert 0 A = Suc —“ A
by auto

lemma vimage-Suc-insert-Suc:
Suc —*insert (Suc n) A = insert n (Suc —* A)
by auto

lemma div2-even-ext-nat:
fixes x y :: nat
assumes z div 2 = y div 2
and even x <— even y
shows z = y
proof —
from (even x <+— even y)» have x mod 2 = y mod 2
by (simp only: even-iff-mod-2-eq-zero) auto
with assms have v div 2 x 2 + x mod 2 = y div 2 x 2 + y mod 2
by simp
then show ?thesis
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by simp
qed

12.5.2 From sets to naturals

definition set-encode :: nat set = nat
where set-encode = setsum (op = 2)

lemma set-encode-empty [simp]: set-encode {} = 0
by (simp add: set-encode-def)

lemma set-encode-inf: ~ finite A = set-encode A = 0
by (simp add: set-encode-def)

lemma set-encode-insert [simp]:
[finite A; n ¢ A] = set-encode (insert n A) = 2°n + set-encode A
by (simp add: set-encode-def)

lemma even-set-encode-iff : finite A => even (set-encode A) +— 0 ¢ A
unfolding set-encode-def by (induct set: finite, auto)

lemma set-encode-vimage-Suc: set-encode (Suc —* A) = set-encode A div 2
apply (cases finite A)

apply (erule finite-induct, simp)

apply (case-tac x)

apply (simp add: even-set-encode-iff vimage-Suc-insert-0)

apply (simp add: finite-vimagel add.commute vimage-Suc-insert-Suc)
apply (simp add: set-encode-def finite-vimage-Suc-iff)

done

lemmas set-encode-div-2 = set-encode-vimage-Suc [symmetric)

12.5.3 From naturals to sets

definition set-decode :: nat = nat set
where set-decode x = {n. odd (z div 2 "n)}

lemma set-decode-0 [simp]: 0 € set-decode © <— odd x
by (simp add: set-decode-def)

lemma set-decode-Suc [simp]:
Suc n € set-decode © +— n € set-decode (x div 2)
by (simp add: set-decode-def div-mult2-eq)

lemma set-decode-zero [simp]: set-decode 0 = {}
by (simp add: set-decode-def)

lemma set-decode-div-2: set-decode (x div 2) = Suc — ¢ set-decode
by auto
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lemma set-decode-plus-power-2:
n ¢ set-decode z = set-decode (2 " n + z) = insert n (set-decode z)
proof (induct n arbitrary: z)
case 0 show ?case
proof (rule set-eql)
fix ¢ show ¢ € set-decode (2 ~ 0 + z) «— ¢ € insert 0 (set-decode z)
by (induct q) (insert 0, simp-all)
qed
next
case (Suc n) show ?case
proof (rule set-eql)
fix ¢ show ¢ € set-decode (2 ~ Suc n + z) «— q € insert (Suc n) (set-decode
2)
by (induct q) (insert Suc, simp-all)
qed
qed

lemma finite-set-decode [simp]: finite (set-decode n)
apply (induct n rule: nat-less-induct)

apply (case-tac n = 0, simp)

apply (drule-tac x=n div 2 in spec, simp)

apply (simp add: set-decode-div-2)

apply (simp add: finite-vimage-Suc-iff)

done

12.5.4 Proof of isomorphism

lemma set-decode-inverse [simp]: set-encode (set-decode n) = n
apply (induct n rule: nat-less-induct)

apply (case-tac n = 0, simp)

apply (drule-tac x=n div 2 in spec, simp)

apply (simp add: set-decode-div-2 set-encode-vimage-Suc)
apply (erule div2-even-ext-nat)

apply (simp add: even-set-encode-iff)

done

lemma set-encode-inverse [simp): finite A = set-decode (set-encode A) = A
apply (erule finite-induct, simp-all)

apply (simp add: set-decode-plus-power-2)

done

lemma inj-on-set-encode: inj-on set-encode (Collect finite)
by (rule inj-on-inversel [where g=set-decode], simp)

lemma set-encode-eq:
[finite A; finite B] = set-encode A = set-encode B +— A = B
by (rule iffI, simp add: inj-onD [OF inj-on-set-encode], simp)

lemma subset-decode-imp-le:
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assumes set-decode m C set-decode n
shows m < n
proof —
have n = m + set-encode (set-decode n — set-decode m)
proof —
obtain A B where m = set-encode A finite A
n = set-encode B finite B
by (metis finite-set-decode set-decode-inverse)
thus ?thesis using assms
apply auto
apply (simp add: set-encode-def add.commute setsum.subset-diff)
done
qed
thus ?thesis
by (metis le-add1)
qed

end

13 Encoding (almost) everything into natural num-
bers

theory Countable
imports Old-Datatype ~~ /src/HOL/ Rat Nat-Bijection
begin

13.1 The class of countable types

class countable =
assumes ez-inj: Jto-nat :: 'a = nat. inj to-nat

lemma countable-classl:

fixes [ :: 'a = nat

assumes Az y. fe =fy=—= 2z =y

shows OFCLASS('a, countable-class)
proof (intro-classes, rule exI)

show inj f

by (rule injI [OF assms]) assumption

qed

13.2 Conversion functions

definition to-nat :: ‘a::countable = nat where
to-nat = (SOME f. inj f)

definition from-nat :: nat = ’a::countable where
from-nat = inv (to-nat :: 'a = nat)

lemma inj-to-nat [simp]: inj to-nat
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by (rule exE-some [OF ex-inj]) (simp add: to-nat-def)

lemma inj-on-to-nat[simp, introl: inj-on to-nat S
using inj-to-nat by (auto simp: inj-on-def)

lemma surj-from-nat [simp|: surj from-nat
unfolding from-nat-def by (simp add: inj-imp-surj-inv)

lemma to-nat-split [simp]: to-nat x = to-nat y +— = = y
using injD [OF inj-to-nat] by auto

lemma from-nat-to-nat [simp]:
from-nat (to-nat z) = z
by (simp add: from-nat-def)

13.3 Finite types are countable

subclass (in finite) countable
proof

have finite (UNIV::'a set) by (rule finite-UNIV')

with finite-conv-nat-seg-image [of UNIV::'a set]

obtain n and f :: nat = 'a

where UNIV = f ‘ {i. i < n} by auto

then have surj f unfolding surj-def by auto

then have inj (inv f) by (rule surj-imp-inj-inv)

then show Jto-nat :: 'a = nat. inj to-nat by (rule exI|of inj])
qed

13.4 Automatically proving countability of old-style datatypes

context
begin

qualified inductive finite-item :: ‘a Old-Datatype.item = bool where
undefined: finite-item undefined

| In0: finite-item * = finite-item (Old-Datatype.In0 x)

| Inl: finite-item * = finite-item (Old-Datatype.Inl x)

| Leaf: finite-item (Old-Datatype.Leaf a)

| Scons: [finite-item z; finite-item y] = finite-item (Old-Datatype.Scons z y)

qualified function nth-item :: nat = ('a::countable) Old-Datatype.item
where
nth-item 0 = undefined
| nth-item (Suc n) =
(case sum-decode n of
Inli =
(case sum-decode i of
Inl j = Old-Datatype.In0 (nth-item j)
| Inr j = Old-Datatype.Inl (nth-item j))
| Inr i =
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(case sum-decode i of
Inl j = Old-Datatype.Leaf (from-nat j)
| Inr j =
(case prod-decode j of
(a, b) = Old-Datatype.Scons (nth-item a) (nth-item b))))
by pat-completeness auto

lemma le-sum-encode-Inl: © < y = x < sum-encode (Inl y)
unfolding sum-encode-def by simp

lemma le-sum-encode-Inr: x < y = x < sum-encode (Inr y)
unfolding sum-encode-def by simp

qualified termination
by (relation measure id)
(auto simp add: sum-encode-eq [symmetric] prod-encode-eq [symmetric]
le-imp-less-Suc le-sum-encode-Inl le-sum-encode-Inr
le-prod-encode-1 le-prod-encode-2)

lemma nth-item-covers: finite-item x = An. nth-item n = x
proof (induct set: finite-item)
case undefined
have nth-item 0 = undefined by simp
thus Zcase ..
next
case (In0 z)
then obtain n where nth-item n = x by fast
hence nth-item (Suc (sum-encode (Inl (sum-encode (Inln))))) = Old-Datatype.In0
z by simp
thus Zcase ..
next
case (Inl z)
then obtain n where nth-item n = z by fast
hence nth-item (Suc (sum-encode (Inl (sum-encode (Inrn))))) = Old-Datatype.Inl
z by simp
thus Zcase ..
next
case (Leaf a)
have nth-item (Suc (sum-encode (Inr (sum-encode (Inl (to-nat a)))))) = Old-Datatype.Leaf
a
by simp
thus ?case ..
next
case (Scons x y)
then obtain i j where nth-item i = z and nth-item 7 = y by fast
hence nth-item
(Suc (sum-encode (Inr (sum-encode (Inr (prod-encode (i, j))))))) = Old-Datatype.Scons
Ty
by simp
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thus ?Zcase ..
qed

theorem countable-datatype:
fixes Rep :: 'b = (‘a::countable) Old-Datatype.item
fixes Abs :: ('a::countable) Old-Datatype.item = 'b
fixes rep-set :: (‘a::countable) Old-Datatype.item = bool
assumes type: type-definition Rep Abs (Collect rep-set)
assumes finite-item: A\x. rep-set t = finite-item x
shows OFCLASS(’b, countable-class)
proof
def f = \y. LEAST n. nth-item n = Rep y
{
fixy:'b
have rep-set (Rep y)
using type-definition.Rep [OF type] by simp
hence finite-item (Rep y)
by (rule finite-item)
hence 3 n. nth-item n = Rep y
by (rule nth-item-covers)
hence nth-item (fy) = Rep y
unfolding f-def by (rule Leastl-ex)
hence Abs (nth-item (fy)) =y
using type-definition. Rep-inverse [OF type] by simp

hence inj f
by (rule inj-on-inversel )
thus 3/::'b = nat. inj f
by — (rule exI)
qed

ML ¢
fun old-countable-datatype-tac ctxt =
SUBGOAL (fn (goal, -) =>
let
val ty-name =
(case goal of
(- $ Const (Q{const-name Pure.type}, Type (Q{type-name itself }, [Type
(n, ) =>n
| - => raise Match)
val typedef-info = hd (Typedef.get-info ctzt ty-name)
val typedef-thm = Ftype-definition (snd typedef-info)
val pred-name =
(case HOLogic.dest-Trueprop (Thm.concl-of typedef-thm) of
(-%-%-8(-8 Const (n, -)) =>n
| - => raise Match)
val induct-info = Inductive.the-inductive ctzt pred-name
val pred-names = #names (fst induct-info)
val induct-thms = #inducts (snd induct-info)
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~~

val alist = pred-names induct-thms
val induct-thm = the (AList.lookup (op =) alist pred-name)
val vars = rev (Term.add-vars (Thm.prop-of induct-thm) [])
val insts = vars |> map (fn (-, T) => try (Thm.cterm-of ctxt)
(Const (Q{const-name Countable.finite-item}, T)))
val induct-thm’ = Thm.instantiate’ || insts induct-thm
val rules = Q{thms finite-item.intros}
in
SOLVED' (fn i => EVERY
[resolve-tac ctxt Q{thms countable-datatype} i,
resolve-tac ctxt [typedef-thm] i,
eresolve-tac ctxt [induct-thm'] 1,
REPEAT (resolve-tac ctat rules i ORELSE assume-tac ctxt 1)]) 1
end)
)

end

13.5 Automatically proving countability of datatypes
ML-file ../ Tools/ BNF | bnf-Ifp-countable. ML

ML ¢
fun countable-datatype-tac ctxt st =
(case try (fn () => HEADGOAL (old-countable-datatype-tac ctxt) st) () of
SOME res => res
| NONE => BNF-LFP-Countable.countable-datatype-tac ctat st);

(x compatibility *)
fun countable-tac ctxt =

SELECT-GOAL (countable-datatype-tac ctxt);
)

method-setup countable-datatype = <
Scan.succeed (SIMPLE-METHOD o countable-datatype-tac)
)y prove countable class instances for datatypes

13.6 More Countable types

Naturals

instance nat :: countable
by (rule countable-classI [of id]) simp

Pairs

instance prod :: (countable, countable) countable
by (rule countable-classl [of Az, y). prod-encode (to-nat x, to-nat y)])
(auto simp add: prod-encode-eq)

Sums
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instance sum :: (countable, countable) countable
by (rule countable-classl [of (Az. case x of Inl a = to-nat (False, to-nat a)
| Inr b = to-nat (True, to-nat b))])
(simp split: sum.split-asm)

Integers

instance nt :: countable
by (rule countable-classl [of int-encode]) (simp add: int-encode-eq)

Options

instance option :: (countable) countable
by countable-datatype

Lists

instance list :: (countable) countable
by countable-datatype

String literals

instance String.literal :: countable
by (rule countable-classI [of to-nat o String.explode]) (auto simp add: explode-inject)

Functions

instance fun :: (finite, countable) countable
proof
obtain zs :: ‘a list where zs: set zs = UNIV
using finite-list [OF finite-UNIV] ..
show Jto-nat::('a = 'b) = nat. inj to-nat
proof
show inj (\f. to-nat (map f xs))
by (rule ingl, simp add: zs fun-eq-iff)
qed
qed

Typereps

instance typerep :: countable
by countable-datatype

13.7 The rationals are countably infinite

definition nat-to-rat-surj :: nat = rat where
nat-to-rat-surj n = (let (a, b) = prod-decode n in Fract (int-decode a) (int-decode

b))

lemma surj-nat-to-rat-surj: surj nat-to-rat-surj
unfolding surj-def
proof

fix r:rat

show dn. r = nat-to-rat-surj n

proof (cases r)
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fix i j assume [simp]: r = Fractij and j > 0
have r = (let m = int-encode i; n = int-encode j in nat-to-rat-surj (prod-encode
(m, n))
by (simp add: Let-def nat-to-rat-surj-def)
thus I n. r = nat-to-rat-surj n by (auto simp: Let-def)
qed
qed

lemma Rats-eq-range-nat-to-rat-surj: Q = range nat-to-rat-surj
by (simp add: Rats-def surj-nat-to-rat-surj)

context field-char-0
begin

lemma Rats-eq-range-of-rat-o-nat-to-rat-surj:

Q = range (of-rat o nat-to-rat-surj)

using surj-nat-to-rat-surj

by (auto simp: Rats-def image-def surj-def) (blast intro: arg-conglwhere f =
of-rat))

lemma surj-of-rat-nat-to-rat-surj:
r € Q = In. r = of-rat (nat-to-rat-surj n)
by (simp add: Rats-eq-range-of-rat-o-nat-to-rat-surj image-def’)

end

instance rat :: countable
proof
show Jto-nat::rat = nat. inj to-nat
proof
have surj nat-to-rat-surj
by (rule surj-nat-to-rat-sury)
then show inj (inv nat-to-rat-surj)
by (rule surj-imp-inj-inv)
qed
qed

end

14 Infinite Sets and Related Concepts

theory Infinite-Set
imports Main
begin

The set of natural numbers is infinite.

lemma infinite-nat-iff-unbounded-le: infinite (S::nat set) «— (Ym. In>m. n €
S)
using frequently-cofinite[of A\z. z € 5]
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by (simp add: cofinite-eq-sequentially frequently-def eventually-sequentially)

lemma infinite-nat-iff-unbounded: infinite (S::nat set) «— (Ym. In>m. n € §)
using frequently-cofinite[of A\z. z € 5]
by (simp add: cofinite-eq-sequentially frequently-def eventually-at-top-dense)

lemma finite-nat-iff-bounded: finite (S::nat set) «— (k. S C {..<k})
using infinite-nat-iff-unbounded-le[of S] by (simp add: subset-eq) (metis not-le)

lemma finite-nat-iff-bounded-le: finite (S::nat set) «+— (Fk. S C {.. k})
using infinite-nat-iff-unbounded|of S| by (simp add: subset-eq) (metis not-le)

lemma finite-nat-bounded: finite (S::nat set) = k. S C {.<k}
by (simp add: finite-nat-iff-bounded)

For a set of natural numbers to be infinite, it is enough to know that
for any number larger than some k, there is some larger number that is an
element of the set.

lemma unbounded-k-infinite: YV m>k. In>m. n € S = infinite (S:nat set)
apply (clarsimp simp add: finite-nat-set-iff-bounded)

apply (drule-tac x=Suc (mazx m k) in spec)

using less-Suc-eq by fastforce

lemma nat-not-finite: finite (UNIV::nat set) = R
by simp

lemma range-inj-infinite:

inj (f:nat = 'a) = infinite (range f)
proof

assume finite (range f) and inj f

then have finite (UNIV::nat set)

by (rule finite-imageD)

then show Fulse by simp

qed

The set of integers is also infinite.

lemma infinite-int-iff-infinite-nat-abs: infinite (S::int set) <— infinite ((nat o
abs) < 9)

by (auto simp: transfer-nat-int-set-relations o-def image-comp dest: finite-image-absD)

proposition infinite-int-iff-unbounded-le: infinite (S::int set) +— (VYm. In. |n|
>mAneS)

apply (simp add: infinite-int-iff-infinite-nat-abs infinite-nat-iff-unbounded-le o-def
image-def )

apply (metis abs-ge-zero nat-le-eq-zle le-nat-iff )

done

proposition infinite-int-iff-unbounded: infinite (S::int set) <— (Ym. In. |n| >
mAnéeS)
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apply (simp add: infinite-int-iff-infinite-nat-abs infinite-nat-iff-unbounded o-def
image-def )

apply (metis (full-types) nat-le-iff nat-mono not-le)

done

proposition finite-int-iff-bounded: finite (S::int set) +— (k. abs S C {..<k})
using infinite-int-iff-unbounded-le[of S] by (simp add: subset-eq) (metis not-le)

proposition finite-int-iff-bounded-le: finite (S::int set) +— (Fk. abs ‘S C {.. k})
using infinite-int-iff-unbounded[of S| by (simp add: subset-eq) (metis not-le)

14.1 Infinitely Many and Almost All

We often need to reason about the existence of infinitely many (resp., all
but finitely many) objects satisfying some predicate, so we introduce corre-
sponding binders and their proof rules.

lemma not-INFM [simp]: = (INFM z. P z) <— (MOST z. - P z) by (fact
not-frequently)

lemma not-MOST [simp]: = (MOST z. P z) «— (INFM xz. = P z) by (fact
not-eventually)

lemma INFM-const [simp]: (INFM z::'a. P) «— P A infinite (UNIV::'a set)
by (simp add: frequently-const-iff)

lemma MOST-const [simp]: (MOST z::'a. P) <— P V finite (UNIV::'a set)
by (simp add: eventually-const-iff )

lemma INFM-imp-distrib: (INFM z. P 2 — Q z) +— ((MOST z. P z) —
(INFM z. Q x))
by (simp only: imp-conv-disj frequently-disj-iff not-eventually)

lemma MOST-imp-iff: MOST z. P v = (MOST z. Pz — @ z) +— (MOST
z. Q1)

by (auto intro: eventually-rev-mp eventually-mono)

lemma INFM-conjl: INFM x. Pz — MOST z. Q x = INFMz. Px AN Q<
by (rule frequently-rev-mplof P]) (auto elim: eventually-mono)

Properties of quantifiers with injective functions.

lemma INFM-inj: INFM x. P (fz) = inj f = INFM z. Pz
using finite-vimagel[of {z. P z} f] by (auto simp: frequently-cofinite)

lemma MOST-inj: MOST z. Pz = inj f = MOST z. P (f z)
using finite-vimagel[of {z. = P z} f] by (auto simp: eventually-cofinite)
Properties of quantifiers with singletons.

lemma not-INFM-eq [simp]:
= (INFM z. z = a)
- (INFM z. a = x)
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unfolding frequently-cofinite by simp-all

lemma MOST-neq [simp]:
MOST z. x # a
MOST x. a # x
unfolding eventually-cofinite by simp-all

lemma INFM-neq [simp]:
(INFM z::'a. x # a) +— infinite (UNIV::'a set)
(INFM z::'a. a # z) «— infinite (UNIV::'a set)
unfolding frequently-cofinite by simp-all

lemma MOST-eq [simp]:
(MOST z::'a. x = a) <— finite (UNIV:'a set)
(MOST x::'a. a = x) +— finite (UNIV::'a set)
unfolding eventually-cofinite by simp-all

lemma MOST-eg-imp:
MOSTz.z =a — Pz
MOSTz.a =z — Px
unfolding eventually-cofinite by simp-all

Properties of quantifiers over the naturals.

lemma MOST-nat: (¥ oon. P (n:nat)) «— (Im. Vn>m. P n)
by (auto simp add: eventually-cofinite finite-nat-iff-bounded-le subset-eq not-le[symmetric))

lemma MOST-nat-le: (Von. P (n:nat)) «— (Im. Vn>m. P n)
by (auto simp add: eventually-cofinite finite-nat-iff-bounded subset-eq not-le[symmetric])

lemma INFM-nat: (3oon. P (n:nat)) «— (Ym. In>m. P n)
by (simp add: frequently-cofinite infinite-nat-iff-unbounded)

lemma INFM-nat-le: (3 oon. P (n:nat)) <— (Vm. In>m. P n)
by (simp add: frequently-cofinite infinite-nat-iff-unbounded-le)

lemma MOST-INFM: infinite (UNIV::'a set) = MOST z::'a. P x = INFM
z:'a. Pz
by (simp add: eventually-frequently)

lemma MOST-Suc-iff: (MOST n. P (Suc n)) +— (MOST n. P n)
by (simp add: cofinite-eq-sequentially eventually-sequentially-Suc)

lemma
shows MOST-Sucl: MOST n. P n = MOST n. P (Suc n)
and MOST-SucD: MOST n. P (Suc n) = MOST n. P n
by (simp-all add: MOST-Suc-iff)

lemma MOST-ge-nat: MOST n::nat. m < n
by (simp add: cofinite-eq-sequentially eventually-ge-at-top)
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lemma Inf-many-def: Inf-many P +— infinite {z. P x} by (fact frequently-cofinite)
lemma Alm-all-def: Alm-all P +— — (INFM z. -~ P z) by simp

lemma INFM-iff-infinite: (INFM z. P x) <— infinite {z. P z} by (fact frequently-cofinite)
lemma MOST-iff-cofinite: (MOST z. P z) +— finite {z. -~ P z} by (fact eventually-cofinite)
lemma INFM-EX: (3ocz. P z) = (3z. P z) by (fact frequently-ex)

lemma ALL-MOST:Vz. Pz = Vz. Pz by (fact always-eventually)

lemma INFM-mono: 3oz. P2 = (Az. P2 = Q z) = Joz. Q x by (fact
frequently-elim1)

lemma MOST-mono: Vooz. Pz = (Az. P2 = Q 2) = V2. Q z by (fact
eventually-mono)

lemma INFM-disj-distrib: (3. P2V Q z) ¢— (Fooz. Pz) V (Jooz. Q z) by
(fact frequently-disj-iff)

lemma MOST-rev-mp: ¥V ox. Pt = Vooz. Pt — Q2 = V oz. Q x by (fact
eventually-rev-mp)

lemma MOST-cong-distrib: (Vooz. P2 A Q ) — (Voox. P2) AN Vooz. Q )
by (fact eventually-conj-iff )

lemma MOST-conjl: MOST z. Px — MOST z. Qz — MOSTz. Px A Qx
by (fact eventually-conyj)

lemma INFM-finite- Bex-distrib: finite A—> (INFM y. 3z€A. Pz y) +— (Jz€A.
INFM y. P z y) by (fact frequently-bez-finite-distrib)

lemma MOST-finite-Ball-distrib: finite A — (MOST y. Va€A. P x y) +—
(VzeA. MOST y. P z y) by (fact eventually-ball-finite-distrib)

lemma INFM-E: INFM z. P+ = (A\z. P x = thesis) = thesis by (fact
frequentlyE)

lemma MOST-I: (Az. P z) = MOST z. P x by (rule eventuallyl)

lemmas MOST-iff-finiteNeg = MOST-iff-cofinite

14.2 Enumeration of an Infinite Set
The set’s element type must be wellordered (e.g. the natural numbers).

Could be generalized to enumerate’ S n = (SOME t. t € s A finite {s
€S.s<thAcard {se€ S s<t}=n).

primrec (in wellorder) enumerate :: 'a set = nat = 'a
where
enumerate-0: enumerate S 0 = (LEAST n. n € 5)
| enumerate-Suc: enumerate S (Suc n) = enumerate (S — {LEAST n. n € S}) n

lemma enumerate-Suc” enumerate S (Suc n) = enumerate (S — {enumerate S

0}) n

by simp

lemma enumerate-in-set: infinite S = enumerate S n € S
apply (induct n arbitrary: S)
apply (fastforce intro: Leastl dest!: infinite-imp-nonempty)
apply simp
apply (metis DiffE infinite-remove)
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done
declare enumerate-0 [simp del] enumerate-Suc [simp del]

lemma enumerate-step: infinite S = enumerate S n < enumerate S (Suc n)
apply (induct n arbitrary: S)
apply (rule order-le-neg-trans)
apply (simp add: enumerate-0 Least-le enumerate-in-set)
apply (simp only: enumerate-Suc’)
apply (subgoal-tac enumerate (S — {enumerate S 0}) 0 € S — {enumerate S
0})
apply (blast intro: sym)
apply (simp add: enumerate-in-set del: Diff-iff)
apply (simp add: enumerate-Suc’)
done

lemma enumerate-mono: m < n = infinite S = enumerate S m < enumerate
Sn

apply (erule less-Suc-induct)

apply (auto intro: enumerate-step)

done

lemma le-enumerate:
assumes S: infinite S
shows n < enumerate S n
using S
proof (induct n)
case ()
then show ?case by simp
next
case (Suc n)
then have n < enumerate S n by simp
also note enumerate-monolof n Suc n, OF - (nfinite S)]
finally show ?case by simp
qed

lemma enumerate-Suc'":
fixes S :: 'a::wellorder set
assumes infinite S
shows enumerate S (Suc n) = (LEAST s. s € S A enumerate S n < s)
using assms
proof (induct n arbitrary: S)
case (
then have Vs € S. enumerate S 0 < s
by (auto simp: enumerate.simps intro: Least-le)
then show ?case
unfolding enumerate-Suc’ enumerate-0[of S — {enumerate S 0}]
by (intro arg-cong[where f = Least] ext) auto
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next
case (Suc n S)
show “case

using enumerate-mono[OF zero-less-Suc cinfinite S), of n] nfinite S»

apply (subst (1 2) enumerate-Suc’)
apply (subst Suc)
using «nfinite S)
apply simp
apply (intro arg-conglwhere f = Least] ext)
apply (auto simp: enumerate-Suc’[symmetric])
done
qed

lemma enumerate-Fx:
assumes S: infinite (S:nat set)
shows s € S = I n. enumerate S n = s
proof (induct s rule: less-induct)
case (less s)
show ?Zcase
proof cases
let ?y = Max {s’€S. s’ < s}
assume JyeS. y < s
then have y: Az. %y < z +— (Vs'€S. s' < s — s/ < 1)
by (subst Maz-less-iff ) auto
then have y-in: 2y € {s'€S. s’ < s}
by (intro Maz-in) auto
with less.hyps[of ?y] obtain n where enumerate S n = ?y
by auto
with S have enumerate S (Suc n) = s
by (auto simp: y less enumerate-Suc' intro!: Least-equality)
then show ?case by auto
next
assume *: - (FyeS. y < s)
then have VitcS. s < t by auto
with s € S) show ?thesis
by (auto intro!: exI[of - 0] Least-equality simp: enumerate-0)
qed
qged

lemma bij-enumerate:
fixes S :: nat set
assumes S: infinite S
shows bij-betw (enumerate S) UNIV S
proof —
have An m. n # m = enumerate S n # enumerate S m
using enumerate-mono[OF - Gnfinite $)] by (auto simp: neg-iff)
then have inj (enumerate S)
by (auto simp: inj-on-def)
moreover have Vs € §. Ji. enumerate Si = s

120
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using enumerate-Ex[OF S| by auto
moreover note infinite S)
ultimately show ?thesis
unfolding bij-betw-def by (auto intro: enumerate-in-set)
qed

end

15 Countable sets

theory Countable-Set
imports Countable Infinite-Set
begin

15.1 Predicate for countable sets

definition countable :: 'a set = bool where
countable S +— (3 f::'a = nat. inj-on f5)

lemma countableF:
assumes S: countable S obtains f :: 'a = nat where inj-on f S
using S by (auto simp: countable-def)

lemma countablel: inj-on (f::'a = nat) S = countable S
by (auto simp: countable-def)

lemma countablel”: inj-on (f::'a = 'b::countable) S = countable S
using comp-ing-onlof f S to-nat] by (auto intro: countablel)

lemma countableE-bij:

assumes S: countable S obtains f :: nat = 'a and C :: nat set where bij-betw
fcs

using S by (blast elim: countableE dest: inj-on-imp-bij-betw bij-betw-inv)

lemma countablel-bij: bij-betw f (C::nat set) S = countable S
by (blast intro: countablel bij-betw-inv-into bij-betw-imp-inj-on)

lemma countable-finite: finite S = countable S
by (blast dest: finite-imp-ingj-to-nat-seg countablel)

lemma countablel-bij1: bij-betw f A B = countable A = countable B
by (blast elim: countableE-bij intro: bij-betw-trans countablel-bij)

lemma countablel-bij2: bij-betw f B A = countable A = countable B
by (blast elim: countableE-bij intro: bij-betw-trans bij-betw-inv-into countablel-bij)

lemma countable-iff-bij[simp]: bij-betw f A B = countable A +— countable B
by (blast intro: countablel-bij1 countablel-bij2)
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lemma countable-subset: A C B = countable B = countable A
by (auto simp: countable-def intro: subset-inj-on)

lemma countablel-type[intro, simpl: countable (A:: 'a :: countable set)
using countablel [of to-nat A] by auto

15.2 Enumerate a countable set

lemma countable E-infinite:
assumes countable S infinite S
obtains ¢ :: ‘a = nat where bij-betw ¢ S UNIV
proof —
obtain f :: ‘a = nat where inj-on f S
using (countable S) by (rule countableF)
then have bij-betw f S (f9)
unfolding bij-betw-def by simp
moreover
from <inj-on f .S dnfinite S) have inf-fS: infinite (fS)
by (auto dest: finite-imageD)
then have bij-betw (the-inv-into UNIV (enumerate (f°S))) (fS) UNIV
by (intro bij-betw-the-inv-into bij-enumerate)
ultimately have bij-betw (the-inv-into UNIV (enumerate (fS)) o f) S UNIV
by (rule bij-betw-trans)
then show thesis ..
qed

lemma countable-enum-cases:
assumes countable S
obtains (finite) f :: ‘a = nat where finite S bij-betw f S {..<card S}
| (infinite) f :: 'a = nat where infinite S bij-betw f S UNIV
using ex-bij-betw-finite-nat[of S| countableE-infinite (countable S)
by (cases finite S) (auto simp add: atLeastOLessThan)

definition to-nat-on :: 'a set = 'a = nat where
to-nat-on S = (SOME f. if finite S then bij-betw f S {..< card S} else bij-betw f
S UNIV)

definition from-nat-into :: 'a set = nat = 'a where
from-nat-into S n = (if n € to-nat-on S ¢S then inv-into S (to-nat-on S) n else
SOME s. s€S)

lemma to-nat-on-finite: finite S = bij-betw (to-nat-on S) S {..< card S}
using ex-bij-betw-finite-nat unfolding to-nat-on-def
by (intro somel2-ex[where Q=M\f. bij-betw [ S {..<card S}]) (auto simp add:
atLeastOLessThan)

lemma to-nat-on-infinite: countable S = infinite S = bij-betw (to-nat-on S) S
UNIV
using countableE-infinite unfolding to-nat-on-def
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by (intro somel2-ex[where Q=M\f. bij-betw f S UNIV]) auto

lemma bij-betw-from-nat-into-finite: finite S = bij-betw (from-nat-into S) {..<
card S} S

unfolding from-nat-into-def[abs-def]

using to-nat-on-finite[of S|

apply (subst bij-betw-cong)

apply (split if-split)

apply (simp add: bij-betw-def)

apply (auto cong: bij-betw-cong

intro: bij-betw-inv-into to-nat-on-finite)
done

lemma bij-betw-from-nat-into: countable S = infinite S = bij-betw (from-nat-into
S) UNIV S

unfolding from-nat-into-def[abs-def]

using to-nat-on-infinite[of S, unfolded bij-betw-def)

by (auto cong: bij-betw-cong intro: bij-betw-inv-into to-nat-on-infinite)

lemma inj-on-to-nat-on[intro]: countable A = inj-on (to-nat-on A) A
using to-nat-on-infinite[of A] to-nat-on-finite[of A]
by (cases finite A) (auto simp: bij-betw-def )

lemma to-nat-on-inj[simp]:
countable A =— a € A = b € A = to-nat-on A a = to-nat-on A b +— a =
b

using inj-on-to-nat-on[of A] by (auto dest: inj-onD)

lemma from-nat-into-to-nat-on[simpl: countable A — a € A = from-nat-into
A (to-nat-on A a) = a
by (auto simp: from-nat-into-def intro!: inv-into-f-f)

lemma subset-range-from-nat-into: countable A = A C range (from-nat-into A)
by (auto intro: from-nat-into-to-nat-on[symmetric))

lemma from-nat-into: A # {} = from-nat-into A n € A
unfolding from-nat-into-def by (metis equalsOI inv-into-into somel-ex)

lemma range-from-nat-into-subset: A # {} = range (from-nat-into A) C A
using from-nat-into[of A] by auto

lemma range-from-nat-into[simp): A # {} = countable A = range (from-nat-into
A=A

by (metis equalityl range-from-nat-into-subset subset-range-from-nat-into)

lemma image-to-nat-on: countable A = infinite A = to-nat-on A * A = UNIV
using to-nat-on-infinite[of A] by (simp add: bij-betw-def)

lemma to-nat-on-surj: countable A = infinite A = Fa€A. to-nat-on A a = n
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by (metis (no-types) image-iff iso-tuple-UNIV-I image-to-nat-on)

lemma to-nat-on-from-nat-into[simp]: n € to-nat-on A * A = to-nat-on A (from-nat-into
An)=n
by (simp add: f-inv-into-f from-nat-into-def )

lemma to-nat-on-from-nat-into-infinite[simp]:
countable A = infinite A = to-nat-on A (from-nat-into A n) = n
by (metis image-iff to-nat-on-surj to-nat-on-from-nat-into)

lemma from-nat-into-inj:
countable A = m € to-nat-on A ‘ A = n € to-nat-on A ‘ A =
from-nat-into A m = from-nat-into A n +— m =n
by (subst to-nat-on-inj[symmetric, of A]) auto

lemma from-nat-into-inj-infinite[simp]:

countable A = infinite A = from-nat-into A m = from-nat-into A n <— m
=n

using image-to-nat-on[of A] from-nat-into-inj[of A m n| by simp

lemma eg-from-nat-into-iff :

countable A = r € A = i € to-nat-on A ‘ A = z = from-nat-into A i +—
i = to-nat-on A x

by auto

lemma from-nat-into-surj: countable A = a € A = In. from-nat-into A n =
a
by (rule exI[of - to-nat-on A al) simp

lemma from-nat-into-inject|[simp]:

A # {} = countable A = B # {} = countable B = from-nat-into A =
from-nat-into B +— A = B

by (metis range-from-nat-into)

lemma inj-on-from-nat-into: inj-on from-nat-into ({A. A # {} A countable A})
unfolding inj-on-def by auto

15.3 Closure properties of countability

lemma countable-SIGMA[intro, simp]:

countable I = (\i. i € I = countable (A i)) = countable (SIGMA i : 1. A
i)

by (intro countablel'lof A(i, a). (to-nat-on I i, to-nat-on (A i) a)]) (auto simp:
ing-on-def )

lemma countable-imagelintro, simp):
assumes countable A
shows countable (f‘A)

proof —
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obtain ¢ :: ‘a = nat where inj-on g A
using assms by (rule countableE)
moreover have inj-on (inv-into A f) (f‘A) inv-into A f “f*AC A
by (auto intro: inj-on-inv-into inv-into-into)
ultimately show ?thesis
by (blast dest: comp-inj-on subset-inj-on intro: countablel)
qed

lemma countable-image-inj-on: countable (f ¢ A) = inj-on f A = countable A
by (metis countable-image the-inv-into-onto)

lemma countable-UN [intro, simp]:
fixes I :: ‘i set and A :: 't => 'a set
assumes [: countable I
assumes A: A\i. i € I = countable (A i)
shows countable (|Ji€l. A i)
proof —
have (|Ji€l. A i) = snd ¢ (SIGMA i : I. A i) by (auto simp: image-iff)
then show ?thesis by (simp add: assms)
qed

lemma countable-Un[intro]: countable A = countable B => countable (A U B)
by (rule countable-UN [of {True, False} ATrue = A | False = B, simplified])
(simp split: bool.split)

lemma countable-Un-iff [simp]: countable (A U B) <— countable A N\ countable
B
by (metis countable-Un countable-subset inf-sup-ord(3,4))

lemma countable-Plus[intro, simp]:
countable A = countable B = countable (A <+> B)
by (simp add: Plus-def)

lemma countable-emptylintro, simp|: countable {}
by (blast intro: countable-finite)

lemma countable-insert[intro, simpl: countable A = countable (insert a A)
using countable-Un[of {a} A] by (auto simp: countable-finite)

lemma countable-Int! [intro, simp]: countable A = countable (A N B)
by (force intro: countable-subset)

lemma countable-Int2[intro, simp|: countable B = countable (A N B)
by (blast intro: countable-subset)

lemma countable-INT [intro, simp]: i € I = countable (A i) = countable

(Niel. A )

by (blast intro: countable-subset)
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lemma countable-Diff [intro, simp]: countable A => countable (A — B)
by (blast intro: countable-subset)

lemma countable-insert-eq [simp]: countable (insert z A) = countable A
by auto (metis Diff-insert-absorb countable-Diff insert-absord)

lemma countable-vimage: B C range f = countable (f —‘ B) = countable B
by (metis Int-absorb2 assms countable-image image-vimage-eq)

lemma surj-countable-vimage: surj f = countable (f —‘ B) = countable B
by (metis countable-vimage top-greatest)

lemma countable-Collect[simp]: countable A = countable {a € A. ¢ a}
by (metis Collect-cong-eq Int-absorb Int-commute Int-def countable-Int1)

lemma countable-Image:
assumes A\y. y € Y = countable (X * {y})
assumes countable Y
shows countable (X ““Y)
proof —
have countable (X “ (UyeY. {y}))
unfolding Image-UN by (intro countable-UN assms)
then show ?thesis by simp
qed

lemma countable-relpow:
fixes X :: ‘a rel
assumes Image-X: \Y. countable Y = countable (X “Y)
assumes Y: countable Y
shows countable (X " i) “Y)
using Y by (induct i arbitrary: Y) (auto simp: relcomp-Image Image-X)

lemma countable-funpow:
fixes f :: 'a set = 'a set
assumes AA. countable A = countable (f A)
and countable A

shows countable ((f “" n) A)
by (induction n)(simp-all add: assms)

lemma countable-rtrancl:

(AY. countable Y = countable (X “Y)) = countable Y = countable (X "x
43 Y)

unfolding rtrancl-is- UN-relpow UN-Image by (intro countable-UN countablel-type
countable-relpow)

lemma countable-lists[intro, simp]:

assumes A: countable A shows countable (lists A)
proof —

have countable (lists (range (from-nat-into A)))
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by (auto simp: lists-image)
with A show ?thesis
by (auto dest: subset-range-from-nat-into countable-subset lists-mono)
qed

lemma Collect-finite-eqg-lists: Collect finite = set ‘ lists UNIV
using finite-list by auto

lemma countable-Collect-finite: countable (Collect (finite::'a::countable set=-bool))
by (simp add: Collect-finite-eq-lists)

lemma countable-rat: countable Q
unfolding Rats-def by auto

lemma Collect-finite-subset-eq-lists: {A. finite AN A C T} = set “lists T
using finite-list by (auto simp: lists-eg-set)

lemma countable-Collect-finite-subset:
countable T = countable {A. finite AN A C T}
unfolding Collect-finite-subset-eq-lists by auto

lemma countable-set-option [simp]: countable (set-option x)
by (cases x) auto

15.4 Misc lemmas

lemma infinite-countable-subset’:
assumes X: infinite X shows 3 CCX. countable C A infinite C
proof —
from infinite-countable-subset|OF X] guess f ..
then show ?thesis
by (intro exI[of - range f]) (auto simp: range-inj-infinite)
qed

lemma countable-all:
assumes S: countable S
shows (Vs€S. P s) «— (Vnunat. from-nat-into Sn € S — P (from-nat-into

S n))
using S[THEN subset-range-from-nat-into] by auto

lemma finite-sequence-to-countable-set:
assumes countable X obtains F' where Ai. F i C X Ai. Fi C F (Suc i) \i.
finite (F i) (Ui Fi)=X
proof — show thesis
apply (rule that[of X\i. if X = {} then {} else from-nat-into X * {..i}])
apply (auto simp: image-iff Ball-def intro: from-nat-into split: if-split-asm)
proof —
fix xn assume z € X Vim. m < i — z # from-nat-into X m
with from-nat-into-surj|OF (countable X) «x € X)]
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show Fulse
by auto
qed
qed

lemma transfer-countable[transfer-rule]:
bi-unique R = rel-fun (rel-set R) op = countable countable
by (rule rel-funl, erule (1) bi-unique-rel-set-lemma)
(auto dest: countable-image-ing-on)

15.5 TUncountable

abbreviation uncountable where
uncountable A = — countable A

lemma uncountable-def: uncountable A +— A # {} A = (3f::(nat = 'a). range
f=4)
by (auto intro: inj-on-inv-into simp: countable-def)
(metis all-not-in-conv inj-on-iff-surj subset-UNIV)

lemma uncountable-bij-betw: bij-betw f A B = uncountable B = uncountable
A
unfolding bij-betw-def by (metis countable-image)

lemma uncountable-infinite: uncountable A = infinite A
by (metis countable-finite)

lemma uncountable-minus-countable:
uncountable A = countable B =—> uncountable (A — B)
using countable-Un[of B A — B] assms by auto

lemma countable-Diff-eq [simp]: countable (A — {z}) = countable A
by (meson countable-Diff countable-empty countable-insert uncountable-minus-countable)

end

16 Non-denumerability of the Continuum.

theory ContNotDenum
imports Complex-Main Countable-Set
begin

16.1 Abstract

The following document presents a proof that the Continuum is uncountable.
It is formalised in the Isabelle/Isar theorem proving system.

Theorem: The Continuum IR is not denumerable. In other words, there
does not exist a function f: IN = R such that f is surjective.
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Outline: An elegant informal proof of this result uses Cantor’s Diagonali-
sation argument. The proof presented here is not this one. First we formalise
some properties of closed intervals, then we prove the Nested Interval Prop-
erty. This property relies on the completeness of the Real numbers and is
the foundation for our argument. Informally it states that an intersection
of countable closed intervals (where each successive interval is a subset of
the last) is non-empty. We then assume a surjective function f: N = R
exists and find a real x such that x is not in the range of f by generating a
sequence of closed intervals then using the NIP.

theorem real-non-denum: - (3f :: nat = real. surj f)
proof

assume 3 f:nat = real. surj f

then obtain f :: nat = real where surj f ..

First we construct a sequence of nested intervals, ignoring range f.

have Va b cireal. a < b — (Fka kb. ka < kb A {ka..kb} C {a..b} N ¢ ¢
{ka..kb})
using assms
by (auto simp add: not-le cong: conj-cong)
(metis dense le-less-linear less-linear less-trans order-refl)
then obtain i j where ij:
Nabcireal. a <b=iabc<jabc
Nabeca<b={iabc..jabec} C{a. b}
Nabca<b=c¢{iabc..jabc}
by metis

def wl = rec-nat (f0 + 1,0+ 2) (Anz. (i (fstz) (sndz) (fn),j (fst z) (snd

z) (fn)))
def I = An. {fst (il n) .. snd (il n)}

have wl[simp]:
wl0=(Ff0+1,f0
An. il (Suec n) = (i
n)) (fn))

unfolding iwl-def by simp-all

+2)
(fst (wl n)) (snd (wl n)) (fn), 7 (fst (il n)) (snd (vl

This is a decreasing sequence of non-empty intervals.

{ fix n have fst (il n) < snd (il n)
by (induct n) (auto intro!: ij) }
note less = this

have decseq T
unfolding I-def decseq-Suc-iff il fst-conv snd-conv by (intro ij alll less)

Now we apply the finite intersection property of compact sets.

have I 0 N (Ni. Ii) # {}
proof (rule compact-imp-fip-image)
fix S :: nat set assume fin: finite S
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have {} C I (Maxz (insert 0 5))
unfolding I-def using less[of Maz (insert 0 S)] by auto
also have I (Max (insert 0 S)) C ((i€insert 0 S. I1)
using fin decseqgD[OF «decseq ), of - Max (insert 0 S)] by (auto simp:
Maz-ge-iff)
also have ((i€insert 0 S. i) =10 N (()i€S. I1)
by auto
finally show 7 0 N (Ni€S. Ii) # {}
by auto
qged (auto simp: I-def)
then obtain z where An. z € I'n
by blast
moreover from (surj /> obtain j where z = fj
by blast
ultimately have fj € I (Suc j)
by blast
with ij(3)[OF less] show Fulse
unfolding I-def ivl fst-conv snd-conv by auto
qed

lemma uncountable-UNIV-real: uncountable (UNIV ::real set)
using real-non-denum unfolding uncountable-def by auto

lemma bij-betw-open-intervals:
fixes a b ¢ d :: real
assumes ¢ < b c < d
shows 3 f. bij-betw f {a<..<b} {c<..<d}
proof —
def f=Xabcdzureal. (d —c)/(b—a)*(z —a)+ ¢
{fixabcdz ::real assume x: a < bc<da<zz<b
moreover from x have (d — ¢) * (z — a) < (d — ¢) * (b — a)
by (intro mult-strict-left-mono) simp-all
moreover from x have 0 < (d — ¢) * (z — a) / (b — a)
by simp
ultimately have fabcdz <dc < fabcdzx
by (simp-all add: f-def field-simps) }
with assms have bij-betw (f a b ¢ d) {a<..<b} {c<..<d}
by (intro bij-betw-by Witness[where f'=f ¢ d a b]) (auto simp: f-def)
thus ?thesis by auto
qed

lemma bij-betw-tan: bij-betw tan {—pi/2<..<pi/2} UNIV
using arctan-ubound by (intro bij-betw-by Witness[where f'=arctan]) (auto simp:
arctan arctan-tan)

lemma uncountable-open-interval:

fixes a b :: real

shows uncountable {a<..<b} +— a < b
proof
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assume uncountable {a<..<b}
then show a < b
using uncountable-def by force
next
assume a < b
show uncountable {a<..<b}
proof —
obtain f where bij-betw f {a <..< b} {—pi/2<..<pi/2}
using bij-betw-open-intervals|OF <a < b, of —pi/2 pi/2] by auto
then show ?thesis
by (metis bij-betw-tan uncountable-bij-betw uncountable- UNIV-real)
qed
qed

lemma uncountable-half-open-interval-1:
fixes a :: real shows uncountable {a..<b} +— a<b
apply auto
using atLeastLessThan-empty-iff apply fastforce
using uncountable-open-interval [of a b]
by (metis countable- Un-iff ivl-disj-un-singleton(3))

lemma uncountable-half-open-interval-2:
fixes a :: real shows uncountable {a<..b} +— a<b
apply auto
using atLeastLessThan-empty-iff apply fastforce
using uncountable-open-interval [of a b]
by (metis countable- Un-iff ivi-disj-un-singleton(4))

lemma real-interval-avoid-countable-set:
fixes a b :: real and A :: real set
assumes a < b and countable A
shows Jze{a<..<b}. z ¢ A
proof —
from <countable A have countable (A N {a<..<b}) by auto
moreover with (@ < b have — countable {a<..<b}
by (simp add: uncountable-open-interval)
ultimately have A N {a<..<b} # {a<..<b} by auto
hence A N {a<..<b} C {a<..<b}
by (intro psubsetl, auto)
hence 3z. z € {a<..<b} — AN {a<..<b}
by (rule psubset-imp-ex-mem)
thus %thesis by auto
qged

lemma open-minus-countable:
fixes S A :: real set assumes countable A S # {} open S
shows JzeS. z ¢ A

proof —
obtain z where z € §

131
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using S # {} by auto
then obtain e where 0 < e {y. distyz < e} C S
using (open S) by (auto simp: open-dist subset-eq)
moreover have {y. distyz < e} ={z — e <.<z + e}
by (auto simp: dist-real-def)
ultimately have uncountable (S — A)
using uncountable-open-interval[of x — e x + e] (countable A)
by (intro uncountable-minus-countable) (auto dest: countable-subset)
then show ?thesis
unfolding uncountable-def by auto
qged

end

17 Inner Product Spaces and the Gradient Deriva-
tive

theory Inner-Product
imports ~~/src/ HOL/ Complex-Main
begin

17.1 Real inner product spaces

Temporarily relax type constraints for open, uniformity, dist, and norm.

setup (Sign.add-const-constraint
(@{ const-name open}, SOME Q{typ 'a::open set = bool})

setup (Sign.add-const-constraint
(@{ const-name dist}, SOME Q{typ 'a::dist = 'a = real})

setup (Sign.add-const-constraint
(@{ const-name uniformity}, SOME Q{typ ('a::uniformity x 'a) filter})

setup «Sign.add-const-constraint
(@{ const-name norm}, SOME Q{typ 'a::norm = real})

class real-inner = real-vector + sgn-div-norm + dist-norm + uniformity-dist +
open-uniformity +

fixes inner :: 'a = 'a = real

assumes inner-commaute: inner T y = inner y x

and inner-add-left: inner (z + y) z = inner £ z + inner y z

and inner-scaleR-left [simp]: inner (scaleR r x) y = r = (inner x y)

and inner-ge-zero [simpl: 0 < inner x x

and inner-eg-zero-iff [simp]: inner xx = 0 +— = 0

and norm-eg-sqri-inner: norm x = sqrt (inner x x)
begin

lemma inner-zero-left [simp]: inner 0 x = 0
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using inner-add-left [of 0 0 z] by simp

lemma inner-minus-left [simpl: inner (— z) y = — inner z y
using inner-add-left [of x — z y] by simp

lemma inner-diff-left: inner (x — y) z = inner £ z — inner y z
using inner-add-left [of x — y z] by simp

lemma inner-setsum-left: inner (3 z€A. fz) y = O z€A. inner (fz) y)
by (cases finite A, induct set: finite, simp-all add: inner-add-left)

Transfer distributivity rules to right argument.

lemma inner-add-right: inner x (y + z) = inner z y + inner x z
using inner-add-left [of y z x] by (simp only: inner-commute)

lemma inner-scaleR-right [simp]: inner x (scaleR ry) = r * (inner z y)
using inner-scaleR-left [of r y z] by (simp only: inner-commute)

lemma inner-zero-right [simpl: inner © 0 = 0
using inner-zero-left [of ] by (simp only: inner-commute)

lemma inner-minus-right [simp]: inner z (— y) = — inner z y
using inner-minus-left [of y ] by (simp only: inner-commute)

lemma inner-diff-right: inner x (y — z) = inner x y — inner = z
using inner-diff-left [of y z z] by (simp only: inner-commute)

lemma inner-setsum-right: inner ¢ (3 yeA. fy) = (O ycA. inner z (fy))
using inner-setsum-left [of f A z] by (simp only: inner-commute)

lemmas inner-add [algebra-simps] = inner-add-left inner-add-right
lemmas inner-diff [algebra-simps] = inner-diff-left inner-diff-right
lemmas inner-scaleR = inner-scaleR-left inner-scaleR-right

Legacy theorem names

lemmas inner-left-distrib = inner-add-left
lemmas inner-right-distrib = inner-add-right
lemmas inner-distrib = inner-left-distrib inner-right-distrib

lemma inner-gt-zero-iff [simp]: 0 < inner x z «— = # 0
by (simp add: order-less-le)

2

lemma power2-norm-eg-inner: (norm z)° = inner z

by (simp add: norm-eq-sqrt-inner)
Identities involving real multiplication and division.

lemma inner-mult-left: inner (of-real m x a) b = m * (inner a b)
by (metis real-inner-class.inner-scaleR-left scaleR-conv-of-real)
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lemma inner-mult-right: inner a (of-real m * b) = m * (inner a b)
by (metis real-inner-class.inner-scaleR-right scaleR-conv-of-real)

lemma inner-mult-left’: inner (a * of-real m) b = m * (inner a b)
by (simp add: of-real-def)

lemma inner-mult-right”: inner a (b * of-real m) = (inner a b) * m
by (simp add: of-real-def real-inner-class.inner-scale R-right)

lemma Cauchy-Schwarz-ineq:
(inner z y)? < inner T x * inner y y
proof (cases)
assume y = 0
thus ?thesis by simp
next
assume y: y # 0
let 9r = inner zy / inner y y
have 0 < inner (z — scaleR ?ry) (z — scaleR ?r y)
by (rule inner-ge-zero)

also have ... = inner z x — inner y x * or
by (simp add: inner-diff)
also have ... = inner z z — (inner z y)? / inner y y

by (simp add: power2-eq-square inner-commute)
finally have 0 < inner z x — (inner z y)? / inner y y .
hence (inner x y)? / inner y y < inner v x
by (simp add: le-diff-eq)
thus (inner z y)? < inner z = * inner y y
by (simp add: pos-divide-le-eq y)
qed

lemma Cauchy-Schwarz-ineq2:
linner z y| < norm z x norm y
proof (rule power2-le-imp-le)
have (inner z y)? < inner z x * inner y y
using Cauchy-Schwarz-ineq .
thus |inner z y|? < (norm x * norm y)?
by (simp add: power-mult-distrib power2-norm-eq-inner)
show 0 < norm x * norm y
unfolding norm-eq-sqrt-inner
by (intro mult-nonneg-nonneg real-sqrt-ge-zero inner-ge-zero)
qed

lemma norm-cauchy-schwarz: inner x y < norm z * norm y
using Cauchy-Schwarz-ineq2 [of x y] by auto

subclass real-normed-vector
proof
fixa:realand zy :: 'a
show normz = 0 «— =z = 0

134
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unfolding norm-eg-sqrt-inner by simp
show norm (z 4+ y) < norm z + norm y
proof (rule power2-le-imp-le)
have inner x y < norm x * norm y
by (rule norm-cauchy-schwarz)
thus (norm (z + y))? < (norm z + norm y)?
unfolding power2-sum power2-norm-eg-inner
by (simp add: inner-add inner-commute)
show 0 < norm z + norm y
unfolding norm-eq-sqrt-inner by simp

qed

have sqrt (a? x inner x ©) = |a| * sqrt (inner z x)
by (simp add: real-sqri-mult-distrib)

then show norm (a *r z) = |a| * norm x

unfolding norm-eq-sqrt-inner
by (simp add: power2-eq-square mult.assoc)
qed

end

lemma inner-divide-left:

fixes a :: 'a :: {real-inner,real-div-algebra}

shows inner (a / of-real m) b = (inner a b) / m

by (metis (no-types) divide-inverse inner-commute inner-scaleR-right mult.left-neutral
mult.right-neutral mult-scaleR-right of-real-inverse scale R-conv-of-real times-divide-eq-left)

lemma inner-divide-right:
fixes a :: 'a :: {real-inner,real-div-algebra}
shows inner a (b / of-real m) = (inner a b) / m
by (metis inner-commute inner-divide-left)

Re-enable constraints for open, uniformity, dist, and norm.

setup (Sign.add-const-constraint
(@{ const-name open}, SOME Q{typ 'a::topological-space set = bool})

setup (Sign.add-const-constraint
(Q{ const-name uniformity}, SOME Q{typ ('a::uniform-space x 'a) filter})

setup (Sign.add-const-constraint
(Q{ const-name dist}, SOME Q{typ 'a::metric-space = 'a = real})

setup (Sign.add-const-constraint
(@{ const-name norm}, SOME Q{typ 'a::real-normed-vector = real}))

lemma bounded-bilinear-inner:

bounded-bilinear (inner::'a::real-inner = 'a = real)
proof

fix zyz: 'aand r : real

show inner (x + y) z = inner  z + inner y z
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by (rule inner-add-left)
show inner x (y + z) = inner x y + inner z z
by (rule inner-add-right)
show inner (scaleR r x) y = scaleR r (inner z y)
unfolding real-scaleR-def by (rule inner-scaleR-left)
show inner x (scaleR r y) = scaleR r (inner x y)
unfolding real-scaleR-def by (rule inner-scaleR-right)
show 3 K. Vz y::'a. norm (inner z y) < norm x % norm y * K
proof
show Yz y::'a. norm (inner x y) < norm x * norm y * 1
by (simp add: Cauchy-Schwarz-ineq2)
qed
qed

lemmas tendsto-inner [tendsto-intros] =
bounded-bilinear.tendsto [OF bounded-bilinear-inner]

lemmas isCont-inner [simp] =
bounded-bilinear.isCont [OF bounded-bilinear-inner]

lemmas has-derivative-inner [derivative-intros] =
bounded-bilinear. FDERIV [OF bounded-bilinear-inner|

lemmas bounded-linear-inner-left =
bounded-bilinear.bounded-linear-left [OF bounded-bilinear-inner]

lemmas bounded-linear-inner-right =
bounded-bilinear.bounded-linear-right [OF bounded-bilinear-inner)

lemmas bounded-linear-inner-left-comp = bounded-linear-inner-left[ THEN bounded-linear-compose)
lemmas bounded-linear-inner-right-comp = bounded-linear-inner-right| THEN bounded-linear-compose]

lemmas has-derivative-inner-right [derivative-intros] =
bounded-linear.has-derivative |OF bounded-linear-inner-right]

lemmas has-derivative-inner-left [derivative-intros] =
bounded-linear.has-derivative [OF bounded-linear-inner-left]

lemma differentiable-inner [simp]:

f differentiable (at z within s) = g differentiable at x within s = (Az. inner (f
z) (g z)) differentiable at x within s

unfolding differentiable-def by (blast intro: has-derivative-inner)

17.2 Class instances

instantiation real :: real-inner
begin
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definition inner-real-def [simp]: inner = op *

instance
proof
fix xyzr: real
show inner x y = inner y z
unfolding inner-real-def by (rule mult.commute)
show inner (x + y) z = inner  z + inner y z
unfolding inner-real-def by (rule distrib-right)
show inner (scaleR rx) y = r * inner c y
unfolding inner-real-def real-scaleR-def by (rule mult.assoc)
show 0 < inner xz x
unfolding inner-real-def by simp
show innerzz = 0 +— z =0
unfolding inner-real-def by simp
show norm x = sqrt (inner z x)
unfolding inner-real-def by simp
qed

end

instantiation complex :: real-inner
begin

definition inner-complex-def:
mnerzy = Rex x Rey + Imx x Im y

instance
proof
fix z y z :: compler and r :: real
show inner x y = inner y x
unfolding inner-complex-def by (simp add: mult.commute)
show inner (x + y) z = inner z z + inner y z
unfolding inner-complez-def by (simp add: distrib-right)
show inner (scaleR rx) y = r * inner z y
unfolding inner-complez-def by (simp add: distrib-left)
show 0 < inner z z
unfolding inner-complex-def by simp
show innerzz = 0 +— z =0
unfolding inner-complex-def
by (simp add: add-nonneg-eq-0-iff complez-Re-Im-cancel-iff)
show norm x = sqrt (inner x x)
unfolding inner-complex-def complex-norm-def
by (simp add: power2-eq-square)
qed

end

lemma complex-inner-1 [simp]: inner 1 x = Re x
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unfolding inner-complex-def by simp

lemma complex-inner-1-right [simp]: inner x 1 = Re x
unfolding inner-complex-def by simp

lemma complez-inner-ii-left [simp]: inner @ x = Im x
unfolding inner-complex-def by simp

lemma complex-inner-ii-right [simp): inner x i = Im x
unfolding inner-complex-def by simp

17.3 Gradient derivative

definition
gderiv ::
['a::real-inner = real, 'a, 'a] = bool
((GDERIV (-)/ (-)/ > () [1000, 1000, 60] 60)
where
GDERIV fx :> D +— FDERIV fx :> (Ah. inner h D)

lemma gderiv-deriv [simpl: GDERIV fx :> D +— DERIV fx :> D
by (simp only: gderiv-def has-field-derivative-def inner-real-def mult-commute-abs)

lemma GDERIV-DERIV-compose:
[GDERIV fx :> df; DERIV g (f x) :> dg]
= GDERIV (Az. g (fz))  :> scaleR dg df
unfolding gderiv-def has-field-derivative-def
apply (drule (1) has-derivative-compose)
apply (simp add: ac-simps)
done

lemma has-derivative-subst: [FDERIV fx :> df; df = d] = FDERIV fz :> d
by simp

lemma GDERIV-subst: [GDERIV fx :> df; df = d] = GDERIV fz :> d
by simp

lemma GDERIV-const: GDERIV (Az. k) z :> 0
unfolding gderiv-def inner-zero-right by (rule has-derivative-const)

lemma GDERIV-add:
[GDERIV fx :> df; GDERIV g x :> dg]
= GDERIV (A\z. fz 4+ gz) xz:> df + dg
unfolding gderiv-def inner-add-right by (rule has-derivative-add)

lemma GDERIV-minus:
GDERIV fz :> df = GDERIV (\z. — fz) z :> — df
unfolding gderiv-def inner-minus-right by (rule has-derivative-minus)
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lemma GDERIV-diff:
[GDERIV f z :> df; GDERIV g z :> dg]
= GDERIV (A\z. fz — gz) xz:>df — dg
unfolding gderiv-def inner-diff-right by (rule has-derivative-diff)

lemma GDERIV-scaleR:
[DERIV fx :> df; GDERIV g x :> dg]
= GDERIV (Az. scaleR (fz) (g z)) =
:> (scaleR (f z) dg + scaleR df (g x))

unfolding gderiv-def has-field-derivative-def inner-add-right inner-scaleR-right
apply (rule has-derivative-subst)
apply (erule (1) has-derivative-scaleR)
apply (simp add: ac-simps)
done

lemma GDERIV-mult:
[GDERIV fx :> df; GDERIV g x :> dg]
= GDERIV (A\z. fz % gx) x :> scaleR (f z) dg + scaleR (g z) df
unfolding gderiv-def
apply (rule has-derivative-subst)
apply (erule (1) has-derivative-mult)
apply (simp add: inner-add ac-simps)
done

lemma GDERIV-inverse:
[GDERIV fx :> df; fz # 0]
= GDERIV (\xz. inverse (fz)) = :> — (inverse (f ))? g df
apply (erule GDERIV-DERIV-compose)
apply (erule DERIV-inverse [folded numeral-2-eq-2])
done

lemma GDERIV-norm:
assumes z # 0 shows GDERIV (Az. norm z) x :> sgn
proof —
have 1: FDERIV (Az. inner x x) © :> (Ah. inner ¢ h + inner h )
by (intro has-derivative-inner has-derivative-ident)
have 2: (Ah. inner  h + inner h ) = (Ah. inner h (scaleR 2 x))
by (simp add: fun-eg-iff inner-commute)
have 0 < inner x x using « # 0) by simp
then have 3: DERIV sqrt (inner x x) :> (inverse (sqrt (inner x z)) / 2)
by (rule DERIV-real-sqrt)
have 4: (inverse (sqrt (inner x x)) / 2) *xg 2 *gp © = sgn x
by (simp add: sgn-div-norm norm-eg-sqrt-inner)
show ?thesis
unfolding norm-eq-sqrt-inner
apply (rule GDERIV-subst [OF - 4])
apply (rule GDERIV-DERIV-compose [where g=sqrt and df=scaleR 2 z))
apply (subst gderiv-def)
apply (rule has-derivative-subst [OF - 2])
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apply (rule 1)
apply (rule 3)

done
qed

lemmas has-derivative-norm = GDERIV-norm [unfolded gderiv-def]

end

18 Additive group operations on product types

theory Product-plus

imports Main

begin

18.1 Operations

instantiation prod :: (zero, zero) zero
begin

definition zero-prod-def: 0 = (0, 0)

instance ..
end

instantiation prod :: (plus, plus) plus
begin

definition plus-prod-def:
z+y=(fstx + fsty, sndz + sndy)

instance ..
end

instantiation prod :: (minus, minus) minus
begin

definition minus-prod-def:
z—y=(fstx — fsty, sndx — snd y)

instance ..
end

instantiation prod :: (uminus, uminus) uminus
begin

definition uminus-prod-def:
—z = (— fstx, — snd x)
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instance ..
end

lemma fst-zero [simp]: fst 0 = 0
unfolding zero-prod-def by simp

lemma snd-zero [simp]: snd 0 = 0
unfolding zero-prod-def by simp

lemma fst-add [simp]: fst (x + y) = fst x + fst y
unfolding plus-prod-def by simp

lemma snd-add [simp]: snd (z + y) = snd z + snd y
unfolding plus-prod-def by simp

lemma fst-diff [simp]: fst (x — y) = fstx — fsty
unfolding minus-prod-def by simp

lemma snd-diff [simp]: snd (x — y) = snd z — snd y
unfolding minus-prod-def by simp

lemma fst-uminus [simp]: fst (— z) = — fst
unfolding uminus-prod-def by simp

lemma snd-uminus [simp]: snd (— z) = — snd z
unfolding uminus-prod-def by simp

lemma add-Pair [simp]: (a, b) + (¢, d) = (a + ¢, b + d)
unfolding plus-prod-def by simp

lemma diff-Pair [simp]: (a, b) — (¢, d) = (a — ¢, b — d)
unfolding minus-prod-def by simp

lemma uminus-Pair [simp, code]: — (a, b) = (— a, — b)
unfolding uminus-prod-def by simp

18.2 Class inst