Zermelo Fraenkel Set Theory in Higher-Order Logic

Lawrence C. Paulson
Computer Laboratory
University of Cambridge

February 6, 2026

Abstract

This entry is a new formalisation of ZFC set theory in Isabelle/HOL.
It is logically equivalent to Obua’s HOLZF [2]; the point is to have the
closest possible integration with the rest of Isabelle/HOL, minimising
the amount of new notations and exploiting type classes.

There is a type V of sets and a function elts :: V = V set mapping a
set to its elements. Classes simply have type V set, and the predicate
small identifies those classes that correspond to actual sets. Type
classes connected with orders and lattices are used to minimise the
amount of new notation for concepts such as the subset relation, union
and intersection. Basic concepts are formalised: Cartesian products,
disjoint sums, natural numbers, functions, etc.

More advanced set-theoretic concepts, such as transfinite induc-
tion, ordinals, cardinals and the transitive closure of a set, are also
provided. The definition of addition and multiplication for general
sets (not just ordinals) follows Kirby [1]. The development includes
essential results about cardinal arithmetic. It also develops ordinal ex-
ponentiation, Cantor normal form and the concept of indecomposable
ordinals. There are numerous results about order types.

The theory provides two type classes with the aim of facilitating
developments that combine V with other Isabelle/HOL types: em-
beddable, the class of types that can be injected into V (including V
itself as well as V*V, V list, etc.), and small, the class of types that
correspond to some ZF set.
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theory ZFC-Library
imports HOL— Library. Countable-Set HOL— Library. Equipollence HOL— Cardinals. Cardinals

begin

Equipollence and Lists.

lemma countable-iff-lepoll: countable A +— A < (UNIV :: nat set)
by (auto simp: countable-def lepoll-def)

lemma infinite-times-eqpoll-self:
assumes infinite A shows A x A~ A
by (simp add: Times-same-infinite-bij-betw assms eqpoll-def)

lemma infinite-finite-times-lepoll-self:
assumes infinite A finite B shows A x B < A
proof —
have B < A
by (simp add: assms finite-lepoll-infinite)
then have A x B<S A x A
by (simp add: subset-imp-lepoll times-lepoll-mono)
also have ... ~ A
by (simp add: <infinite A» infinite-times-eqpoll-self)
finally show ?thesis .
qged

lemma [lists-n-lepoll-self:
assumes infinite A shows {l € lists A. length | = n} S A
proof (induction n)
case (
have {I € lists A. length | = 0} = {[|}
by auto
then show ?case
by (metis Set.set-insert assms ex-in-conv finite.emptyl singleton-lepoll)
next
case (Suc n)
have {l € lists A. length | = Suc n} = (Jz€A. Ul € {l € lists A. length | =
n}. {z#l})
by (auto simp: length-Suc-conv)
also have ... < A x {l € lists A. length | = n}
unfolding lepoll-iff
by (rule-tac x=\(z,l). Cons z I in exl) auto

also have ... < A
proof (cases finite {I € lists A. length | = n})
case True

then show ?thesis
using assms infinite-finite-times-lepoll-self by blast
next
case Fulse
have A x {l € lists A. lengthl = n} < A x A



by (simp add: Suc.IH subset-imp-lepoll times-lepoll-mono)
also have ... ~ A
by (simp add: assms infinite-times-egpoll-self)
finally show ?thesis .
qed
finally show ?case .
qed

lemma infinite-eqpoll-lists:
assumes infinite A shows lists A ~ A
proof —
have lists A < Sigma UNIV (An. {l € lists A. length | = n})
unfolding lepoll-iff
by (rule-tac z=snd in exl) (auto simp: in-lists] snd-image-Sigma)
also have ... < (UNIV:nat set) x A
by (rule Sigma-lepoll-mono) (auto simp: lists-n-lepoll-self assms)
also have ... < A x A
by (metis assms infinite-le-lepoll order-refl subset-imp-lepoll times-lepoll-mono)
also have ... ~ A
by (simp add: assms infinite-times-eqpoll-self)
finally show ?thesis
by (simp add: lepoll-antisym lepoll-lists)
qed

end

1 The ZF Axioms, Ordinals and Transfinite Re-
cursion

theory ZFC-in-HOL
imports ZFC-Library

begin

1.1 Syntax and axioms
hide-const (open) list.set Sum subset
unbundle lattice-syntax

typedecl V

Presentation refined by Dmitriy Traytel

axiomatization elts :: V = V set

where ext [intro?:  elts z = elts y = z=y
and down-raw: Y Celtsx = Y € range elts
and Union-raw: X € range elts = Union (elts * X) € range elts
and Pow-raw: X € range elts = inv elts * Pow X € range elts



and replacement-raw: X € range elts => f * X € range elts
and inf-raw: range (g :: nat = V) € range elts
and foundation: wf {(z,y). z € elts y}

lemma mem-not-refl [simp]: i ¢ elts @
using wf-not-refl [OF foundation| by force

lemma mem-not-sym: = (x € elts y A y € ells x)
using wf-not-sym [OF foundation] by force

A set is small if it can be injected into the extension of a V-set.
definition small :: 'a set = bool

where small X = 3 V-of :: 'a = V. inj-on V-of X A V-of * X € range elts

lemma small-empty [iff]: small {}
by (simp add: small-def down-raw)

lemma small-iff-range: small X <— X € range elts
apply (simp add: small-def)
by (metis inj-on-id2 replacement-raw the-inv-into-onto)

lemma small-egpoll: small A +— (Fz. elts x = A)
unfolding small-def by (metis UNIV-I bij-betw-def egpoll-def eqpoll-sym imageE
image-eql )

Small classes can be mapped to sets.
definition set :: V set = V
where set X = (if small X then inv elts X else inv elts {})

lemma set-of-elts [simp]: set (elts x) = x
by (force simp add: ext set-def f-inv-into-f small-def)

lemma elts-of-set [simp]: elts (set X) = (if small X then X else {})
by (simp add: ZFC-in-HOL.set-def down-raw f-inv-into-f small-iff-range)

lemma down: Y C elts t = small Y
by (simp add: down-raw small-iff-range)

lemma Union [intro|: small X = small (Union (elts ¢ X))
by (simp add: Union-raw small-iff-range)

lemma Pow: small X = small (set * Pow X)
unfolding small-iff-range using Pow-raw set-def down by force

declare replacement-raw [intro,simp]
lemma replacement [intro,simp):

assumes small X
shows small (f * X)



proof —
let A = inv-into X f “ (f * X)
have AX: 24 C X
by (simp add: image-subsetl inv-into-into)
have inj: inj-on f ?A
by (simp add: f-inv-into-f inj-on-def)
have injo: inj-on (inv-into X f) (f * X)
using inj-on-inv-into by blast
have 3 V-of. inj-on V-of (f * X) A V-of ‘ f ¢ X € range elts
if inj-on V-of X and V-of ‘ X = elts x
for V-of : 'a = V and x
proof (intro exl conjI)
show inj-on (V-of o inv-into X f) (f * X)
by (meson <inv-into X f * f * X C X> comp-inj-on inj-on-subset injo that)
have (Az. V-of (inv-into X f (fx))) * X = elts (set (V-of < ?4))
by (metis AX down elts-of-set image-image image-mono that(2))
then show (V-of o inv-into X f) ‘ f * X € range elts
by (metis image-comp image-image rangel)
qed
then show ?thesis
using assms by (auto simp: small-def)
qged

lemma small-image-iff [simp]: inj-on f A => small (f * A) +— small A
by (metis replacement the-inv-into-onto)

A little bootstrapping is needed to characterise small for sets of arbitrary
type.

lemma inf: small (range (g :: nat = V))
by (simp add: inf-raw small-iff-range)

lemma small-image-nat-V [simp]: small (g * N) for g :: nat = V
by (metis (mono-tags, opaque-lifting) down elts-of-set image-iff inf rangel subsetl)

lemma Finite-V:
fixes X :: V set
assumes finite X shows small X
using ex-bij-betw-nat-finite [OF assms] unfolding bij-betw-def by (metis small-image-nat-V)

lemma small-insert-V:

fixes X :: V set

assumes small X

shows small (insert a X)
proof (cases finite X)

case True

then show ?thesis

by (simp add: Finite-V)

next

case Fulse



show ?thesis
using infinite-imp-bij-betw?2 [OF False)
by (metis replacement Un-insert-right assms bij-betw-imp-surj-on sup-bot.right-neutral)
qed

lemma small-UN-V [simp,intro]:
fixes B :: 'a = V set
assumes X: small X and B: A\z. v € X = small (B )
shows small (JzeX. B z)
proof —
have (|J (elts * (Az. ZFC-in-HOL.set (B z)) ‘X)) = (U (B ‘ X))
using B by force
then show ?thesis
using Union [OF replacement [OF X, of Ax. ZFC-in-HOL.set (B z)]] by simp
qed

definition vinsert where vinsert x y = set (insert x (elts y))

lemma elts-vinsert [simpl: elts (vinsert x y) = insert z (elts y)
using down small-insert-V vinsert-def by auto

definition succ where succ v = vinsert ¢ x

lemma elts-succ [simp]: elts (succ x) = insert z (elts z)
by (simp add: succ-def)

lemma finite-imp-small:
assumes finite X shows small X
using assms
proof induction
case empty
then show ?case
by simp
next
case (insert a X)
then obtain V-of u where u: inj-on V-of X V-of * X = elts u
by (meson small-def image-iff)
show Zcase
unfolding small-def
proof (intro exl conjI)
show inj-on (V-of (a:=u)) (insert a X)
using u
apply (clarsimp simp add: inj-on-def)
by (metis image-eql mem-not-refl)
have (V-of (a:=u)) ‘insert a X = elts (vinsert u u)
using insert.hyps(2) u(2) by auto
then show (V-of (a:=u)) ‘ insert a X € range elts
by (blast intro: elim: )
qed



qed

lemma small-insert:
assumes small X
shows small (insert a X)
proof (cases finite X)
case True
then show ?thesis
by (simp add: finite-imp-small)
next
case Fulse
show ?thesis
using infinite-imp-bij-betw?2 [OF False)
by (metis replacement Un-insert-right assms bij-betw-imp-surj-on sup-bot.right-neutral)
qed

lemma smaller-than-small:
assumes small A B C A shows small B
using assms
by (metis down elts-of-set image-mono small-def small-iff-range inj-on-subset)

lemma small-insert-iff [iff]: small (insert a X) +— small X
by (meson small-insert smaller-than-small subset-insertl)

lemma small-iff: small X +— (3z. X = elts z)
by (metis down elts-of-set subset-refl)

lemma small-elts [iff]: small (elts z)
by (auto simp: small-iff)

lemma small-diff [iff]: small (elts a — X)
by (meson Diff-subset down)

lemma small-set [simp]: small (list.set xs)
by (simp add: ZFC-in-HOL.finite-imp-small)

lemma small-upair: small {z,y}
by simp

lemma small-Un-elts: small (elts © U elts y)
using Union [OF small-upair] by auto

lemma small-eqcong: [small X; X =~ Y] = small Y
by (metis bij-betw-imp-surj-on egpoll-def replacement)

lemma lepoll-small: [small V; X < Y] = small X
by (meson lepoll-iff replacement smaller-than-small)

lemma big-UNIV [simp]: = small (UNIV::V set) (is — small 2U)



proof
assume small ?U
then have small A for A :: V set
by (metis (full-types) UNIV-I down small-iff subsetl)
then have range elts = UNIV
by (meson small-iff surj-def)
then show Fulse
by (metis Cantors-theorem Pow-UNIV')
qed

lemma inj-on-set: inj-on set (Collect small)
by (metis elts-of-set inj-onl mem-Collect-eq)

lemma set-injective [simp]: [small X; small Y] = set X = set ¥ +— X=Y
by (metis elts-of-set)

1.2 Type classes and other basic setup

instantiation V :: zero

begin

definition zero-V where 0 = set {}
instance ..

end

lemma elts-0 [simp]: elts 0 = {}
by (simp add: zero-V-def)

lemma set-empty [simpl: set {} = 0
by (simp add: zero-V-def)

instantiation V :: one

begin

definition one-V where I = succ 0
instance ..

end

lemma elts-1 [simp]: elts 1 = {0}
by (simp add: one-V-def)

lemma insert-neg-0 [simp]: set (insert a X) = 0 +— — small X
unfolding zero-V-def

by (metis elts-of-set empty-not-insert set-of-elts small-insert-iff)

lemma elts-eq-empty-iff [simp]: elts © = {} +— 2=0
by (auto simp: ZFC-in-HOL.ext)

instantiation V :: distrib-lattice
begin

10



definition inf-V where inf-V z y = set (elts x N elts y)
definition sup-V where sup-V z y = set (elts x U elts y)
definition less-eq-V where less-eq-V z y = elts © C elts y
definition less-V where less-V z y = less-eqz y Az # (y:: V)

instance
proof
show (z <y)=(<yA-y<z)forz: Vandy:V
using ezt less-V-def less-eq-V-def by auto
show z < gz for z :: V
by (simp add: less-eq-V-def)
show z < zifr <yy<zforzyz:V
using that by (auto simp: less-eq-V-def)
showz =yife <yy<zforzy:V
using that by (simp add: ext less-eq-V-def)
show infzy <zforzy: V
by (metis down elts-of-set inf-V-def inf-sup-ord(1) less-eq-V-def)
show infry <yforzy:: V
by (metis Int-lower2 down elts-of-set inf-V-def less-eq-V-def)
show z < infyzifze <yz<zforzyz: V
proof —
have small (elts y N elts z)
by (meson down inf.cobounded!)
then show ?thesis
using elts-of-set inf-V-def less-eq-V-def that by auto
qed
showz <z Uyy<zUyforzy:V
by (simp-all add: less-eq-V-def small-Un-elts sup-V-def)
show supyz < zify<zz<zforzyz:V
using less-eq-V-def sup-V-def that by auto
show sup z (infyz) =inf (xUy) (supzxz)forzyz:: V
proof —
have small (elts y N elts z)
by (meson down inf.cobounded2)
then show ?thesis
by (simp add: Un-Int-distrib inf-V-def small-Un-elts sup-V-def)
qed
qed
end

lemma V-equalityl [intro]: (\z. x € elts a «+— z € elts b)) = a =b
by (meson dual-order.antisym less-eq-V-def subsetl)

lemma vsubsetl [introl]: (Az. z € elts a = z € elts b)) = a < b
by (simp add: less-eq-V-def subsetl)

11



lemma vsubsetD [elim, intro?): a < b= c € elts a = ¢ € elts b
using less-eq-V-def by auto

lemma rev-vsubsetD: ¢ € elts a = a < b= ¢ € elts b

— The same, with reversed premises for use with erule — cf. [?P; ?P — ?Q)]
= 2Q.

by (rule vsubsetD)

lemma vsubsetCE [elim,no-atp]: a < b = (¢ ¢ elts a = P) = (c € elts b =
P)=— P

— Classical elimination rule.

using vsubsetD by blast

lemma set-image-le-iff: small A = set (f * A) < B +— (Va€A. fz € elts B)
by auto

lemma eq0-iff: x = 0 <+— (Vy. y ¢ elts z)
by auto

lemma less-eq-V-0-iff [simp]: < 0 +— z = 0 for z::V
by auto

lemma subset-iff-less-eq-V:
assumes small B shows A C B < set A < set B N\ small A
using assms down small-iff by auto

lemma small-Collect [simp]: small A = small {z € A. P z}
by (simp add: smaller-than-small)

lemma small-Union-iff: small (U (elts * X)) +— small X
proof
show small X
if small (I (elts ¢ X))
proof —
have X C set ‘ Pow (|J (elts ¢ X))
by fastforce
then show ?thesis
using Pow subset-iff-less-eq-V that by auto
qed
qed auto

lemma not-less-0 [iff]:
fixes z::V shows -z < 0
by (simp add: less-eq-V-def less-le-not-le)

lemma le-0 [iff]:

fixes z::V shows 0 < z
by auto

12



lemma min-0L [simp]: min 0 n = 0 for n = V
by (simp add: min-absorbl)

lemma min-0R [simp]: min n 0 = 0 for n = V
by (simp add: min-absorb2)

lemma neq0-conv: An::V.n# 0 +— 0 <n
by (simp add: less-V-def)

definition VPow :: V = V
where VPow © = set (set * Pow (elts x))

lemma VPouw-iff [iff]: y € elts (VPow z) +— y < z
using down Pow
apply (auto simp: VPow-def less-eq-V-def)
using less-eq-V-def apply fastforce
done

lemma VPow-le-VPow-iff [simp]: VPow a < VPow b +— a < b
by auto

lemma elts-VPow: elts (VPow z) = set * Pow (elts x)
by (auto simp: VPow-def Pow)

lemma small-sup-iff [simp]: small (X U Y) «— small X A small Y for X::V set
by (metis down elts-of-set small-Un-elts sup-gel sup-ge2)

lemma elts-sup-iff [simp]: elts (z U y) = elts z U elts y
by (simp add: sup-V-def)

lemma trad-foundation:

assumes z: z # 0 shows Jw. w € elts z Aw M z= 0

using foundation assms

by (simp add: wf-eg-minimal) (metis Int-emptyl equalsOI inf-V-def set-of-elts
zero-V-def)

instantiation V :: Sup

begin

definition Sup-V where Sup-V X = if small X then set (Union (elts * X)) else 0
instance ..

end

instantiation V :: Inf

begin

definition Inf-V where Inf-V X = if X = {} then 0 else set (Inter (elts * X))
instance ..

end

13



lemma V-disjoint-iff: t My = 0 «— elts x N elts y = {}
by (metis down elts-of-set inf-V-def inf-lel zero-V-def)

I’ve no idea why bdd-above is treated differently from bdd-below, but anyway

lemma bdd-above-iff-small [simp]: bdd-above X = small X for X::V set
proof
show small X if bdd-above X
proof —
obtain ¢ where VzeX. z < qa
using that <bdd-above X» bdd-above-def by blast
then show small X
by (meson VPow-iff VzeX. z < a> down subsetl)
qed
show bdd-above X
if small X
proof —
have VzeX. z < || X
by (simp add: SUP-upper Sup-V-def Union less-eq-V-def that)
then show %thesis
by (meson bdd-above-def)
qed
qed

instantiation V :: conditionally-complete-lattice
begin

definition bdd-below-V where bdd-below-V X = X # {}

instance
proof
show [| X < zif 2 € X bdd-below X
for z :: Vand X :: V set
using that by (auto simp: bdd-below-V-def Inf-V-def split: if-split-asm)
show 2z <[] X
fX#A{JN.zeX=2<z
for X :: Vsetand z :: V
using that
apply (clarsimp simp add: bdd-below-V-def Inf-V-def less-eq-V-def split: if-split-asm,)
by (meson INT-subset-iff down eq-refl equalsOI)
show z < || X if 2 € X and bdd-above X for z :: V and X :: V set
using that Sup-V-def by auto
show | | X < (zz:V)if X #{J Az.ce X=z<zfor X: Vsetand z = V
using that by (simp add: SUP-least Sup-V-def less-eq-V-def)
qed
end

lemma Sup-upper: [x € A; small A] = z < | |A for A::V set

14



by (auto simp: Sup-V-def SUP-upper Union less-eq-V-def)

lemma Sup-least:
fixes z::V shows (A\t. 1 € A = 2 < 2) = | |A < 2
by (auto simp: Sup-V-def SUP-least less-eq-V-def)

lemma Sup-empty [simp]: | |{} = (0::V)
using Sup-V-def by auto

lemma elts-Sup [simp]: small X = elts (|| X) = | (elts * X)
by (auto simp: Sup-V-def)

lemma sup-V-0-left [simp]: 0 U a = a and sup-V-0-right [simp]: a U 0 = a for
a:V
by auto

lemma Sup-V-insert:
fixes z::V assumes small A shows | |(insert z A) =z U | |A
by (simp add: assms cSup-insert-If)

lemma Sup-Un-distrib: [small A; small Bl = | |(AU B) = |AU | |Bfor A:V
set
by auto

lemma SUP-sup-distrib:
fixesfu V=1V
shows small A = (| Jz€A. feUgz) =] (f A U] (g ‘A
by (force simp:)

lemma SUP-const [simp]: (| |y € A. a) = (if A = {} then (0::V) else a)
by simp

lemma cSUP-subset-mono:
fixes f : '/a = Vsetand g :: 'a = V set
shows [ACB;Ne. 2 e A= fz<gz]= || (f‘A) <l (¢ ‘B)
by (simp add: SUP-subset-mono)

lemma mem-Sup-iff [iff]: z € elts (| |X) «— z € U (elts * X) A small X
using Sup-V-def by auto

lemma ¢SUP-UNION:
fixes B:: V= Vsetandf:: V=1V
assumes ne: small A and bdd-UN: small (Jz€A. f B x)
shows | |(f “ (Uz€A. Bz)) = |((Az. | |(f *Bz)) ‘4
proof —
have bdd: A\z. © € A = small (f * B z)
using bdd-UN subset-iff-less-eq-V
by (meson SUP-upper smaller-than-small)
then have bdd2: small ((Az. | |(f ‘B z)) ‘ 4)
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using ne(1) by blast
have | |(f * (Used. B2)) < (e LI(f * B ) © A)
using assms by (fastforce simp add: introl: ¢SUP-least intro: ¢SUP-upper2
simp: bdd2 bdd)
moreover have | [((Az. | [(f ‘B x)) ‘A4) <|]({f‘(Jze€A. Bx))
using assms by (fastforce simp add: introl: ¢SUP-least intro: ¢cSUP-upper simp:
image-UN bdd-UN)
ultimately show ?thesis
by (rule order-antisym,)
qed

lemma Sup-subset-mono: small B=—= A C B = Sup A < Sup B for A::V set
by auto

lemma Sup-le-iff: small A = Sup A < a +— (Vz€A. z < a) for A::V set
by auto

lemma SUP-le-iff: small (f ‘A) = ||(f ‘ A) < v +— (Vz€A. foz < u)for f ::
V=1V
by blast

lemma Sup-eq-0-iff [simp]: | |A =0 +— A C {0} V - small A for A :: V set
using Sup-upper by fastforce

lemma Sup-Union-commute:
fixes f 2 V = Vset
assumes small A \z. 1€ A = small (f x)
shows | | (Jz€A. fz) = (| Jzed. || (fz))
using assms
by (force simp: subset-iff-less-eq-V introl: antisym)

lemma Sup-eq-Sup:
fixes B :: V set
assumes B C A small Aand x: Az. 2 € A=— Jye B.z<y
shows Sup A = Sup B
proof —
have small B
using assms subset-iff-less-eq-V by auto
moreover have JycB. u € elts y
ifx € Au € elts z for uzx
using that x by blast
moreover have Jz€A. v € elts x
ifye Bveelsyforvy
using that <B C A» by blast
ultimately show ?thesis
using assms by auto
qed
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1.3 Swuccessor function

lemma vinsert-not-empty [simpl: vinsert a A # 0
and empty-not-vinsert [simp]: 0 # vinsert a A
by (auto simp: vinsert-def)

lemma succ-not-0 [simp]: succ n # 0 and zero-not-succ [simp]: 0 # succ n
by (auto simp: succ-def)

instantiation V :: zero-neg-one
begin
instance
by intro-classes (metis elts-0 elts-succ empty-iff insert-iff one-V-def set-of-elts)
end
instantiation V :: zero-less-one
begin
instance
by intro-classes (simp add: less-V-def)

end

lemma succ-ne-self [simp|: i # succ i
by (metis elts-succ insertl] mem-not-refl)

lemma succ-notin-self: succ i & elts i
using elts-succ mem-not-refl by blast

lemma le-succE: succ i < succ j = i < j
using less-eq-V-def mem-not-sym by auto

lemma succ-inject-iff [iff]: succ i = succ j «— i = j
by (simp add: dual-order.antisym le-succE)

lemma inj-succ: inj succ
by (simp add: inj-def)

lemma succ-neq-zero: succ © # 0
by (metis elts-0 elts-succ insert-not-empty)

definition pred where pred i = THE j. i = succ j

lemma pred-succ [simp]: pred (succ i) =
by (simp add: pred-def)

1.4 Ordinals

definition Transset where Transset t =Vy € eltsz. y < z

definition Ord where Ord © = Transset A (Vy € elts . Transset y)
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abbreviation ON where ON = Collect Ord

1.4.1 Transitive sets

lemma Transset-0 [iff]: Transset 0
by (auto simp: Transset-def)

lemma Transset-succ [intro]:
assumes Transset © shows Transset (succ x)
using assms
by (auto simp: Transset-def succ-def less-eq-V-def)

lemma Transset-Sup:
assumes Az. r € X = Transset  shows Transset (| | X)
proof (cases small X)
case True
with assms show ?thesis
by (simp add: Transset-def) (meson Sup-upper assms dual-order.trans)
qed (simp add: Sup-V-def)

lemma Transset-sup:
assumes Transset x Transset y shows Transset (z U y)
using Transset-def assms by fastforce

lemma Transset-inf: [ Transset i; Transset j] = Transset (i M j)
by (simp add: Transset-def rev-vsubsetD)

lemma Transset-VPow: Transset(i) => Transset( VPow(1))
by (auto simp: Transset-def)

lemma Transset-Inf: (\i. i € A = Transset i) = Transset ([] A)
by (force simp: Transset-def Inf-V-def)

lemma Transset-SUP: (Az. © € A = Transset (B z)) = Transset (| ] (B ‘ A))
by (metis Transset-Sup imageFE)

lemma Transset-INT: (Nz. € A = Transset (B z)) = Transset ([] (B ‘ A))
by (metis Transset-Inf imageE)

1.4.2 Zero, successor, sups
lemma Ord-0 [iff]: Ord 0
by (auto simp: Ord-def)

lemma Ord-succ [intro]:
assumes Ord x shows Ord (succ x)
using assms by (auto simp: Ord-def)

lemma Ord-Sup:
assumes Az. z € X = Ord z shows Ord (| | X)
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proof (cases small X)
case True
with assms show ?thesis
by (auto simp: Ord-def Transset-Sup)
qed (simp add: Sup-V-def)

lemma Ord-Union:
assumes Az. z € X = Ord z small X shows Ord (set (| (elts < X)))
by (metis Ord-Sup Sup-V-def assms)

lemma Ord-sup:
assumes Ord z Ord y shows Ord (z U y)
using assms
proof (clarsimp simp: Ord-def)
show Transset (x U y) A (Vy€elts © U elts y. Transset y)
if Transset x Transset y ¥V y€elts . Transset y ¥V y€elts y. Transset y
using Ord-def Transset-sup assms by auto
qed

lemma big-ON [simp]: -~ small ON
proof

assume small ON

then have set ON € ON

by (metis Ord-Union Ord-succ Sup-upper elts-Sup elts-succ insertl1 mem-Collect-eq
mem-not-refl set-of-elts vsubsetD)

then show Fulse

by (metis <small ON> elts-of-set mem-not-refl)

qed

lemma Ord-1 [iff]: Ord 1
using Ord-succ one-V-def succ-def vinsert-def by fastforce

lemma OrdmemD: Ord k = j € elts k = j < k
using Ord-def Transset-def less-V-def by auto

lemma Ord-trans: [ i € elts j; j € eltsk; Ord k] = i € elts k
using Ord-def Transset-def by blast

lemma mem-0-Ord:
assumes k: Ord k and knz: k # 0 shows 0 € elts k
by (metis Ord-def Transset-def inf.orderE k knz trad-foundation)

lemma Ord-in-Ord: | Ord k; m € eltsk] = Ord m
using Ord-def Ord-trans by blast

lemma Ordl: [Transset i; Az. x € elts i = Transset x] = Ord i
by (simp add: Ord-def)

lemma Ord-is-Transset: Ord i =—> Transset @
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by (simp add: Ord-def)

lemma Ord-contains-Transset: [Ord i; j € elts i] = Transset j
using Ord-def by blast

lemma ON-imp-Ord:
assumes H C ONz € H
shows Ord z
using assms by blast

lemma elts-subset-ON: Ord o« = elts o« C ON
using Ord-in-Ord by blast

lemma Transset-pred [simpl: Transset v = | | (elts (succ z)) = z
by (fastforce simp: Transset-def)

lemma Ord-pred [simp]: Ord § = || (insert B (elts B)) = B
using Ord-def Transset-pred by auto

1.4.3 1Induction, Linearity, etc.

lemma Ord-induct [consumes 1, case-names step]:
assumes k: Ord k
and step: Az.[ Ord z; N\y. y € eltsz = Py] = Pz
shows P k
using foundation k
proof (induction k rule: wf-induct-rule)
case (less x)
then show “case
using Ord-in-Ord local.step by auto
qed

Comparability of ordinals

lemma Ord-linear: Ord k = Ordl =k € elts IV k=l VvV | € elts k
proof (induct k arbitrary: | rule: Ord-induct)
case (step k)
note step-k = step
show ?case using <Ord >
proof (induct | rule: Ord-induct)
case (step l)
thus ?case using step-k
by (metis Ord-trans V-equalityl)
qed
qed

The trichotomy law for ordinals

lemma Ord-linear-lt:
assumes Ord k Ord [
obtains (It) k < 1| (eq) k=l (gt) | < k
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using Ord-linear OrdmemD assms by blast

lemma Ord-linear2:
assumes Ord k Ord |
obtains (it) k < 1| (ge) | < k
by (metis Ord-linear-lt eq-refl assms order.strict-implies-order)

lemma Ord-linear-le:
assumes Ord k Ord 1
obtains (le) k < 1| (ge) | < k
by (meson Ord-linear2 le-less assms)

lemma union-less-iff [simpl: [Ord i; Ord j] = i U j < k +— i<k A j<k
by (metis Ord-linear-le le-iff-sup sup.order-iff sup.strict-boundedE)

lemma Ord-mem-iff-lt: Ord k = Ord |l = k € elts | +— k < [
by (metis Ord-linear OrdmemD less-le-not-le)

lemma Ord-Collect-lt: Ord o« = {§. Ord € N £ < a} = elts «
by (auto simp flip: Ord-mem-iff-lt elim: Ord-in-Ord OrdmemD)

lemma Ord-not-less: [Ord z; Ord y] = — s < y<+— y <z
by (metis (no-types) Ord-linear2 leD)

lemma Ord-not-le: [Ord z; Ord y) = 2 < y+— y <=z
by (metis (no-types) Ord-linear2 leD)

lemma le-succ-iff: Ord i = Ord j = succ i < succj «— i < j
by (metis Ord-linear-le Ord-succ le-succE order-antisym)

lemma succ-le-iff: Ord i = Ord j = succ i < j+— 1 <j
using Ord-mem-iff-lt dual-order.strict-implies-order less-eq-V-def by fastforce

lemma succ-in-Sup-Ord:
assumes eq: succ 3 =| | A and small A A C ON Ord 8
shows succ 8 € A
proof —
have - | |A <
using eq <Ord () succ-le-iff by fastforce
then show ?thesis
using assms by (metis Ord-linear2 Sup-least Sup-upper eq-iff mem-Collect-eq
subsetD succ-le-iff)
qged

lemma in-succ-iff: Ord i = j € elts (ZFC-in-HOL.succ i) <— Ord j N j < i
by (metis Ord-in-Ord Ord-mem-iff-it Ord-not-le Ord-succ succ-le-iff)

lemma zero-in-succ [simp,intro]: Ord i = 0 € elts (succ 7)
using mem-0-Ord by auto
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lemma less-succ-self: x < succ x
by (simp add: less-eq-V-def order-neg-le-trans subset-insertl)

lemma Ord-finite-Sup: [[finite A; A C ON; A#{}] = |]4d€ 4
proof (induction A rule: finite-induct)
case (insert z A)
then have *: small A A C ON Ord z
by (auto simp add: ZFC-in-HOL.finite-imp-small insert.hyps)
show ?Zcase
proof (cases A = {})
case Fulse
then have | |4 € 4
using insert by blast
then have | |[A <zifzU||A ¢ A
using * by (metis ON-imp-Ord Ord-linear-le sup.absorb2 that)
then show ?thesis
by (fastforce simp: <small Ay Sup-V-insert)
qed auto
qed auto

1.4.4 The natural numbers

primrec ord-of-nat :: nat = V where
ord-of-nat 0 = 0
| ord-of-nat (Suc n) = succ (ord-of-nat n)

lemma ord-of-nat-eq-initial: ord-of-nat n = set (ord-of-nat ‘ {..<n})
by (induction n) (auto simp: lessThan-Suc succ-def)

lemma mem-ord-of-nat-iff [simp]: z € elts (ord-of-nat n) +— (Im<n. x = ord-of-nat
m)

by (subst ord-of-nat-eq-initial) auto

lemma elts-ord-of-nat: elts (ord-of-nat k) = ord-of-nat ‘ {..<k}
by auto

lemma Ord-equality: Ord i = i = || (succ ‘ elts i)
by (force intro: Ord-trans)

lemma Ord-ord-of-nat [simp]: Ord (ord-of-nat k)
by (induct k, auto)

lemma ord-of-nat-equality: ord-of-nat n = | | ((succ o ord-of-nat) ‘{..<n})
by (metis Ord-equality Ord-ord-of-nat elts-of-set image-comp small-image-nat-V

ord-of-nat-eg-initial)

definition w :: V where w = set (range ord-of-nat)
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lemma elts-w: elts w = {a. In. a = ord-of-nat n}
by (auto simp: w-def image-iff)

lemma nat-into-Ord [simp]: n € elts w = Ord n
by (metis Ord-ord-of-nat w-def elts-of-set image-iff inf)

lemma Sup-w: | |(elts w) = w
unfolding w-def by force

lemma Ord-w [iff]: Ord w
by (metis Ord-Sup Sup-w nat-into-Ord)

lemma zero-in-omega [iff]: 0 € elts w
by (metis w-def elts-of-set inf ord-of-nat.simps(1) rangel)

lemma succ-in-omega [simp]: n € elts w => succ n € elts w
by (metis w-def elts-of-set image-iff small-image-nat-V ord-of-nat.simps(2) rangel )

lemma ord-of-eq-0: ord-of-natj = 0 = j = 0
by (induct ) (auto simp: succ-neg-zero)

lemma ord-of-nat-le-omega: ord-of-nat n < w
by (metis Sup-w ZFC-in-HOL.Sup-upper w-def elts-of-set inf rangel )

lemma ord-of-eq-0-iff [simp]: ord-of-nat n = 0 +— n=0
by (auto simp: ord-of-eq-0)

lemma ord-of-nat-inject [iff]: ord-of-nat i = ord-of-nat j +— i=j
proof (induct i arbitrary: j)

case 0 show ?case

using ord-of-eq-0 by auto

next

case (Suc i) then show Zcase

by auto (metis elts-0 elts-succ insert-not-empty not0-implies-Suc ord-of-nat.simps
succ-inject-iff)
qed

corollary inj-ord-of-nat: inj ord-of-nat
by (simp add: linorder-injI)

corollary countable:
assumes countable X shows small X
proof —
have X C range (from-nat-into X)
by (simp add: assms subset-range-from-nat-into)
then show ?thesis
by (meson inf-raw inj-ord-of-nat replacement small-def smaller-than-small)
qed
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corollary infinite-w: infinite (elts w)
using range-inj-infinite [of ord-of-nat]
by (simp add: w-def inj-ord-of-nat)

corollary ord-of-nat-mono-iff [iff]: ord-of-nat i < ord-of-natj +— i < j
by (metis Ord-def Ord-ord-of-nat Transset-def eq-iff mem-ord-of-nat-iff not-less
ord-of-nat-inject)

corollary ord-of-nat-strict-mono-iff [iff]: ord-of-nat i < ord-of-nat j +— i < j
by (simp add: less-le-not-le)

lemma small-image-nat [simpl:
fixes N :: nat set shows small (g ‘ N)
by (simp add: countable)

lemma finite-Ord-omega: « € elts w = finite (elts «)
proof (clarsimp simp add: w-def)
show finite (elts (ord-of-nat n)) if o = ord-of-nat n for n
using that by (simp add: ord-of-nat-eq-initial [of n])
qed

lemma infinite-Ord-omega: Ord a = infinite (elts @) = w < «
by (meson Ord-w Ord-linear?2 Ord-mem-iff-It finite-Ord-omega)

lemma ord-of-minus-1: n > 0 = ord-of-nat n = succ (ord-of-nat (n — 1))
by (metis Suc-diff-1 ord-of-nat.simps(2))

lemma card-ord-of-nat [simpl: card (elts (ord-of-nat m)) = m
by (induction m) (auto simp: w-def finite-Ord-omega)

lemma ord-of-nat-w [iff]:ord-of-nat n € elts w
by (simp add: w-def)

lemma succ-w-iff [iff]: succ n € elts w «+— n € elts w
by (metis Ord-w OrdmemD elts-vinsert insert-iff less- V-def succ-def succ-in-omega

vsubsetD)

lemma w-gt0 [simp]: w > 0
by (simp add: OrdmemD)

lemma w-gt! [simp]: w > I
by (simp add: OrdmemD one-V-def)

1.4.5 Limit ordinals

definition Limit :: V=-bool
where Limit i = Ord i A 0 € elts i AN (Vy. y € elts i — succ y € elts i)

lemma zero-not-Limit [iff]: = Limit 0
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by (simp add: Limit-def)

lemma not-succ-Limit [simp]: = Limit(succ 1)
by (metis Limit-def Ord-mem-iff-It elts-succ insertll less-irrefl)

lemma Limit-is-Ord: Limit £ = Ord &
by (simp add: Limit-def)

lemma succ-in-Limit-iff: Limit £ = succ « € elts £ +— a € elts €
by (metis Limit-def OrdmemD elts-succ insertll less-V-def vsubsetD)

lemma Limit-eq-Sup-self [simpl: Limit i = Sup (elts i) = @
apply (rule order-antisym,)
apply (simp add: Limit-def Ord-def Transset-def Sup-least)
by (metis Limit-def Ord-equality Sup-V-def SUP-le-iff Sup-upper small-elts)

lemma zero-less-Limit: Limit 8 = 0 < 3
by (simp add: Limit-def OrdmemD)

lemma non-Limit-ord-of-nat [iff]: - Limit (ord-of-nat m)
by (metis Limit-def mem-ord-of-nat-iff not-succ-Limit ord-of-eq-0-iff ord-of-minus-1)

lemma Limit-omega [iff]: Limit w
by (simp add: Limit-def)

lemma omega-nonzero [simp): w # 0
using Limit-omega by fastforce

lemma Ord-cases-lemma:
assumes Ord k shows k = 0 V (3. k = succ j) vV Limit k
proof (cases Limit k)
case Fulse
have succ j € elts kif Vj. k # succjj € elts k for j
by (metis Ord-in-Ord Ord-linear Ord-succ assms elts-succ insertE mem-not-sym
that)
with assms show ?thesis
by (auto simp: Limit-def mem-0-Ord)
qed auto

lemma Ord-cases [cases type: V, case-names 0 succ limit):
assumes Ord k
obtains k = 0 | [ where Ord [ succ | = k | Limit k
by (metis assms Ord-cases-lemma Ord-in-Ord elts-succ insertll)

lemma non-succ-Limitl:
assumes i#0 Ord(i) Ny. succ(y) # @
shows Limit(7)
using Ord-cases-lemma assms by blast
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lemma Ord-induct3 [consumes 1, case-names 0 succ Limit, induct type: V1:
assumes a: Ord «
and P: P 0 Aco. [Ord a; P o] = P (succ «)
Na. [Limit a; NE. € € elts a = P {] = P (/& € elts a. &)
shows P «
using «
proof (induction o rule: Ord-induct)
case (step «)
then show ?case
by (metis Limit-eq-Sup-self Ord-cases P elts-succ image-ident insertl1)
qed

1.4.6 Properties of LEAST for ordinals

lemma
assumes Ord k P k
shows Ord-LeastI: P (LEAST i. Ord i A P i) and Ord-Least-le: (LEAST i. Ord
iNPi)<k
proof —
have P (LEAST i. Ord i A P i) A (LEAST i. Ord i N P i) < k
using assms
proof (induct k rule: Ord-induct)
case (step z) then have P z by simp
show ?case proof (rule classical)
assume assm: = (P (LEAST a. Ord a A P a) A (LEAST a. Ord a A\ P a) <
z)
have A\y. Ordy AN Py=— z <y
proof (rule classical)
fix y
assume y: Ord y AN Py -~z <y
with step obtain P (LEAST a. Ord a A P a) and le: (LEAST a. Ord a A
Pa)<y
by (meson Ord-linear2 Ord-mem-iff-It)
with assm have ¢ < (LEAST a. Ord a A P a)
by (meson Ord-linear-le y order.trans «Ord x»)
then show z < y
using le by auto
qed
then have Least: (LEAST a. Ord a A P a) = x
by (simp add: Least-equality <Ord x» step.prems)
with <P x) show ?thesis by simp
qed
qed
then show P (LEAST i. Ord i A P i) and (LEAST i. Ord i A P i) < k by auto
qed

lemma Ord-Least:

assumes Ord k P k
shows Ord (LEAST i. Ord i A\ P 1)
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proof —
have Ord (LEAST i. Ord i A (Ord i A\ P 7))
using Ord-Least] [where P = Xi. Ord i A P i| assms by blast
then show %thesis
by simp
qed

— The following 3 lemmas are due to Brian Huffman
lemma Ord-Leastl-ex: 3i. Ord i AN P i = P (LEAST i. Ord i A\ P i)
using Ord-Leastl by blast

lemma Ord-LeastI2:
[Ord a; P a; Nz. [Ord z; P z] = Q 2] = Q (LEAST i. Ord i A P i)
by (blast intro: Ord-Least] Ord-Least)

lemma Ord-LeastI2-ex:

da. Orda N Pa= (N\z. [Ord z; Pz] = Qz) = Q (LEAST i. Ordi AN P
i)

by (blast intro: Ord-Leastl-ex Ord-Least)

lemma Ord-LeastI2-wellorder:
assumes Ord a P a
and Aa. [Pa;Vb. OrdbANPb— a<b] = Qa
shows @ (LEAST i. Ord i N\ P i)
proof (rule LeastI2-order)
show Ord (LEAST i. Ord i N P i) N P (LEAST i. Ord i A\ P i)
using Ord-Least Ord-Leastl assms by auto
next
fix y assume Ord y A P y thus (LEAST i. Ordi AN Pi) <y
by (simp add: Ord-Least-le)
next
fix z assume Ord x AN Pz Vy. Ordy AN Py — 2 < y thus Q z
by (simp add: assms(3))
qed

lemma Ord-LeastI2-wellorder-ex:
assumes Jz. Ord z A P x
and Aa. [Pa;Vb. OrdbANPb— a<b] = Qa
shows @ (LEAST i. Ord i A\ P i)

using assms by clarify (blast intro!: Ord-LeastI2-wellorder)

lemma not-less-Ord-Least: [k < (LEAST x. Ord x A P z); Ord k] = - Pk
using Ord-Least-le less-le-not-le by auto

lemma exists-Ord-Least-iff: (3a. Ord a A P o) «— (Ja. Orda NP a A (VB <
a. Ord B — = P B)) (is ?lhs <— ?rhs)
proof
assume ?rhs thus ?lhs by blast
next
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assume H: ?lhs then obtain a where a: Ord o P « by blast
let 90 = LEAST . Ord a N P «
have Ord 7z
by (metis Ord-Least «)
moreover
{ fix § assume m: § < %z Ord
from not-less-Ord-Least{OF m] have = P . }
ultimately show ?rhs
using Ord-Leastl-ex|OF H] by blast
qed

lemma Ord-mono-imp-increasing:
assumes fun-hD: h € D — D
and mono-h: strict-mono-on D h
and D C ON and v: v € D
shows v < h v
proof (rule ccontr)
assume non: v < hv
define p where = LEAST p. Ord u A= pp < hpuApé€D
have Ord v
using v <D C ON)» by blast
then have u: ~u < hpuAp€ D
unfolding p-def by (rule Ord-Leastl) (simp add: v non)
have Ord (h v)
using assms by auto
then have Ord (h (h v))
by (meson ON-imp-Ord v assms funcset-mem,)
have Ord
using p <D C ON)» by blast
then have h p < p
by (metis ON-imp-Ord Ord-linear2 PiE u <D C ON) fun-hD)
then have — h u < h (h p)
using u fun-hD mono-h by (force simp: strict-mono-on-def)
moreover have x: h y € D
using p fun-hD by auto
moreover have Ord (h p)
using <D C ON> x by blast
ultimately have py < h p
by (simp add: p-def Ord-Least-le)
then show Fulse
using u by blast
qed

lemma le-Sup-iff:
assumes A C ON Ord z small A shows z < | |4 «— (VYy € ON. y<z —
(JacA. y < a))
proof (intro iffT balll impl)
show Jacd. y < a
ife<|]Aye ONy<zx
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for y
proof —
have - || A<y Ordy
using that by auto
then show ?thesis
by (metis Ord-linear2 Sup-least <A C ON) mem-Collect-eq subset-eq)
qed
show z < || 4
if VyeON. y <z — (Fa€A. y < a)
using that assms
by (metis Ord-Sup Ord-linear-le Sup-upper less-le-not-le mem-Collect-eq sub-
setD)
qed

lemma le-SUP-iff: [f * A C ON; Ord x; small A] = o < ||(f ‘4) +— (Vy €
ON. y<z — (Fi€A. y < f1i))
by (simp add: le-Sup-iff)

1.5 Transfinite Recursion and the V-levels

definition transrec :: (V. = ‘a) = V= "a) = V = a
where transrec H a = wfrec {(z,y). x € elts y} H a

lemma transrec: transrec H a = H (Ax € elts a. transrec H 1) a
proof —
have (cut (wfrec {(z, y). = € elts y} H) {(z, y). © € elts y} a)
= (Az€elts a. wfrec {(z, y). x € elts y} H z)
by (force simp: cut-def)
then show %thesis
unfolding transrec-def
by (simp add: foundation wfrec)
qed

Avoids explosions in proofs; resolve it with a meta-level definition

lemma def-transrec:
[Az. fz = transrec Hz] = fa=H(A\zx € elts a. fz) a
by (metis restrict-ext transrec)

lemma eps-induct [case-names step):
assumes Az. (Ay. y € eltsz = Py) = Pux

shows P a
using wf-induct [OF foundation] assms by auto

definition Vfrom :: [V, V] = V
where Vfrom a = transrec (Af z. a U | |((Ay. VPow(f y)) ¢ elts x))

abbreviation Vset :: V = V where Vset = Vfrom 0
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lemma Vfrom: Vfrom a i = a U | |((Aj. VPow(Vfrom a 7)) ‘ elts i)
apply (subst Vfrom-def)
apply (subst transrec)
using Vfrom-def by auto

lemma Vfrom-0 [simp]: Vfrom a 0 = a
by (subst Vfrom) auto

lemma Vset: Vset i = | |((Aj. VPow(Vset j)) ¢ elts 7)
by (subst Vfrom) auto

lemma Vfrom-monol:
assumes a < b shows Vfrom a i < Vfrom b
proof (induction i rule: eps-induct)
case (step i)
then have a U (| |j€elts i. VPow (Vfrom a 7)) < b U (| |j€elts i. VPow (Vfrom
b))
by (intro sup-mono cSUP-subset-mono <a < b) auto
then show ?case
by (metis Vfrom)
qed

lemma Vfrom-mono2: Vfrom a i < Vfrom a (i U j)
proof (induction arbitrary: j rule: eps-induct)
case (step i)
then have a U (| |j€elts i. VPow (Vfrom a j))
< a U (| jeelts (i U 7). VPow (Vfrom a j))
by (intro sup-mono c¢SUP-subset-mono order-refl) auto
then show ?case
by (metis Vfrom)
qed

lemma Vfrom-mono: [Ord i; a<b; i<j] = Vfrom a i < Vfrom b j
by (metis (no-types) Vfrom-monol Vfrom-mono2 dual-order.trans sup.absorb-iff2)

lemma Transset-Vfrom: Transset(A) = Transset( Vfrom A 1)
proof (induction i rule: eps-induct)
case (step i)
then show ?case
by (metis Transset-SUP Transset-VPow Transset-sup Vfrom)
qed

lemma Transset-Vset [simp]: Transset(Vset i)
by (simp add: Transset-Vfrom)

lemma Vfrom-sup: Vfrom a (i U j) = Vfrom a ¢ U Vfrom a j
proof (rule order-antisym)
show Vfrom a (i U j) < Vfrom a i U Vfrom a j
by (simp add: Vfrom [of a i U j] Vfrom [of a i] Vfrom [of a j] Sup-Un-distrib
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image-Un sup.assoc sup.left-commute)
show Vfrom a i U Vfrom a j < Vfrom a (i U j)
by (metis Vfrom-mono2 le-supl sup-commute)
qed

lemma Vfrom-succ-Ord:
assumes Ord i shows Vfrom a (succ i) = a U VPow(Vfrom a 7)
proof (cases i = 0)
case True
then show %thesis
by (simp add: Vfrom [of - succ 0])
next
case Fulse
have x: (| |z€elts i. VPow (Vfrom a z)) < VPow (Vfrom a i)
proof (rule cSup-least)
show (Az. VPow (Vfrom a x)) ‘elts i # {}
using Fualse by auto
show 2z < VPow (Vfrom a i) if ¢ € (Ax. VPow (Vfrom a x)) * elts i for x
using that
by clarsimp (meson Ord-in-Ord Ord-linear-le Vfrom-mono assms mem-not-refl
order-refl vsubsetD)
qed
show ?thesis
proof (rule Vfrom [THEN trans])
show a U (| |j€elts (succ i). VPow (Vfrom a j)) = a U VPow (Vfrom a 1)
using assms
by (intro sup-mono order-antisym) (auto simp: Sup-V-insert x)
qed
qed

lemma Vset-succ: Ord i = Vset(succ(i)) = VPow(Vset(i))
by (simp add: Vfrom-succ-Ord)

lemma Vfrom-Sup:
assumes X # {} small X
shows Vfrom a (Sup X) = (| |yeX. Vfrom a y)
proof (rule order-antisym)
have Vfrom a (|| X) = a U (| ]j€elts (|| X). VPow (Vfrom a j))
by (metis Vfrom)
also have ... < || (Vfrom a ‘ X)
proof —
have a < || (Vfrom a ‘ X)
by (metis Vfrom all-not-in-conv assms bdd-above-iff-small ¢SUP-upper2 re-
placement sup-gel)
moreover have (| |j€elts (|| X). VPow (Vfrom a j)) < || (Vfrom a * X)
proof —
have VPow (Vfrom a z) < || (Vfrom a ‘ X)
ifye Xaxeeltsyforzy
proof —
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have VPow (Vfrom a ) < Vfrom a y
by (metis Vfrom bdd-above-iff-small ¢SUP-upper2 le-supI2 order-refl
replacement small-elts that(2))
also have ... < || (Vfrom a ‘ X)
using assms that by (force intro: ¢cSUP-upper)
finally show ?thesis .
qed
then show ?thesis
by (simp add: SUP-le-iff <small X»)
qed
ultimately show #thesis
by auto
qed
finally show Vfrom a (|| X) < || (Vfroma ‘ X) .
have A\z. 1 € X =
a U (| |j€elts . VPow (Vfrom a j))
< a U (jeelts (I X). VPow (Vfrom a j))
using cSUP-subset-mono <small X» by auto
then show | | (Vfrom a * X) < Vfrom a (] X)
by (metis Vfrom assms(1) ¢SUP-least)
qed

lemma Limit-Vfrom-eq:
Limit(i) = Vfrom a i = (| |y € elts i. Vfrom a y)
by (metis Limit-def Limit-eq-Sup-self Vfrom-Sup ex-in-conv small-elts)

end

2 Cartesian products, Disjoint Sums, Ranks, Car-
dinals

theory ZFC-Cardinals
imports ZFC-in-HOL

begin

declare [[coercion-enabled]]
declare [[coercion ord-of-nat :: nat = V]

2.1 Ordered Pairs

lemma singleton-eq-iff [iff]: set {a} = set {b} +— a=b
by simp

lemma doubleton-eq-iff: set {a,b} = set {c,d} +— (a=c A b=d) V (a=d A b=c)
by (simp add: Set.doubleton-eq-iff)

definition vpair :: V = V = V
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where vpair a b = set {set {a},set {a,b}}

definition vfst : V = V
where vfst p = THE x. Jy. p = vpair ¢ y

definition vsnd :: V = V
where vsnd p = THE y. 3z. p = vpair © y

definition wvsplit :: [V, V] = ‘a, V] = 'a::{} — for pattern-matching
where vsplit ¢ = Ap. ¢ (vfst p) (vsnd p)

nonterminal Vs
syntax (ASCII)

~Tuple = [V, Vs] = V («<(-/ -)>)
-hpattern :: [pttrn, patterns] = pttrn  («<-,/ ->»)
syntax
2 V= 1"Vs ()
-Enum = [V, Vs| = Vs (<) =)
“Tuple = [V, Vs = V (/)

-hpattern :: [pttrn, patterns] = pttrn («{-,/ -)»)
syntax-consts

-Enum -Tuple = vpair and

-hpattern = wvsplit

translations
<z, Yy, z> = <z, <y, z>>
<z, y> = CONST wvpair x y

<z, Y, 2> = <z, <y, z>>
A<z, y,zs>. b = CONST vsplit(Az <y,zs>. b)
A<z, y>. b = CONST vsplit(Az y. b)

lemma vpair-def”: vpair a b = set {set {a,a},set {a,b}}
by (simp add: vpair-def)

lemma vpair-iff [simp]: vpair a b = vpair a’ b’ +— a=a’ A b=b’
unfolding vpair-def’ doubleton-eq-iff by auto

lemmas vpair-inject = vpair-iff [THEN iffD1, THEN conjE, elim!]

lemma vfst-conv [simp]: vfst {(a,b) = a
by (simp add: vfst-def)

lemma vsnd-conv [simp]: vsnd (a,b) = b
by (simp add: vsnd-def)

lemma wvsplit [simp]: vsplit ¢ (a,b) = ca b
by (simp add: vsplit-def)

lemma vpair-neg-fst: {a,b) # a
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by (metis elts-of-set insertIl mem-not-sym small-upair vpair-def’)

lemma vpair-neg-snd: {(a,b) # b
by (metis elts-of-set insertll mem-not-sym small-upair subsetD subset-insert]
vpair-def”’)

lemma vpair-nonzero [simpl: (z,y) # 0
by (metis elts-0 elts-of-set empty-not-insert small-upair vpair-def)

lemma zero-notin-vpair: 0 ¢ elts {x,y)
by (auto simp: vpair-def)

lemma inj-on-vpair [simp]: inj-on (A(z, y). (z, y)) A
by (auto simp: inj-on-def)

2.2 Generalized Cartesian product

definition VSigma : V= (V=V)=V
where VSigma A B = set(Jz € elts A. Jy € elts (B z). {{z,y)})

abbreviation vtimes where vtimes A B = VSigma A (Az. B)

definition pairs :: V = (V * V)set
where pairs r = {(x,y). (z,y) € elts r}

lemma pairs-iff-elts: (x,y) € pairs z +— {(x,y) € elts z
by (simp add: pairs-def)

lemma VSigma-iff [simp]: (a,b) € elts (VSigma A B) <— a € elts A N b € elts
(B a)
by (auto simp: VSigma-def UNION-singleton-eq-range)

lemma VSigmal [introl]: [ a € elts A; b € elts (B a)] = (a,b) € elts (VSigma
A B)
by simp

lemmas VSigmaD1 = VSigma-iff [THEN iffD1, THEN conjunctl]
lemmas VSigmaD2 = VSigma-iff [THEN iffD1, THEN conjunct2]

The general elimination rule

lemma VSigmaFE [elim!]:
assumes c € elts (VSigma A B)
obtains z y where z € elts A y € elts (B ) c=(z,y)
using assms by (auto simp: VSigma-def split: if-split-asm)

lemma VSigmaE?2 [elim!]:

assumes (a,b) € elts (VSigma A B) obtains a € elts A and b € elts (B a)
using assms by auto
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lemma VSigma-emptyl [simp]: VSigma 0 B = 0
by auto

lemma times-iff [simp]: (a,b) € elts (vtimes A B) <— a € elts A N b € elts B
by simp

lemma timesI [introl]: [a € elts A; b € elts B] = (a,b) € elts (vtimes A B)
by simp

lemma times-empty2 [simpl: vtimes A 0 = 0
using elts-0 by blast

lemma times-empty-iff: VSigma A B = 0 +— A=0V (Vz € ells A. Bz = 0)
by (metis VSigmaE VSigmal elts-0 empty-iff trad-foundation)

lemma elts-VSigma: elts (VSigma A B) = (A(z,y). vpair z y) © Sigma (elts A)
(Az. elts (B 1))
by auto

lemma small-Sigma [simp):
assumes A: small A and B: \z. © € A = small (B x)
shows small (Sigma A B)
proof —
obtain a where elts a = A
by (meson assms small-egpoll)
then obtain f where f: bij-betw f (elts a) A
using eqpoll-def by blast
have dy. elts y~ Bz if z € A for z
using B small-eqpoll that by blast
then obtain g where g: Az. 2 € A = elts (gz) =~ Bz
by metis
with f have elts (VSigma a (g o f)) ~ Sigma A B
by (simp add: elts-VSigma Sigma-eqpoll-cong bij-betwE)
then show ?thesis
using small-eqpoll by blast
qed

lemma small-Times [simp]:
assumes small A small B shows small (A x B)
by (simp add: assms)

lemma small-Times-iff: small (A X B) +— small A A small BV A={} v B={}
(is - = ?rhs)
proof

assume *: small (A x B)

{ have small AN small Bifz € Aye€ Bforzy

proof —
have A C fst ‘(A x B) BC snd ‘ (A x B)
using that by auto
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with that show ?thesis
by (metis * replacement smaller-than-small)

ged }
then show ?rhs
by (metis equalsOI)
next
assume ?rhs
then show small (A x B)
by auto
qed

2.3 Disjoint Sum
definition vsum :: V = V = V (infixl «4)» 65) where
Al B = (VSigma (set {0}) (Az. A)) U (VSigma (set {1}) (A\z. B))

definition Inl :: V=1V where
Inl a = (0,a)

definition Inr :: V=1V where
Inr b = (1,b)

lemmas sum-defs = vsum-def Inl-def Inr-def

lemma Ini-nonzero [simp|:Inl z # 0
by (metis Inl-def vpair-nonzero)

lemma Inr-nonzero [simp|:Inr z # 0
by (metis Inr-def vpair-nonzero)

2.3.1 Equivalences for the injections and an elimination rule
lemma Inl-in-sum-iff [iff]: Inl a € elts (A4 B) «— a € elts A
by (auto simp: sum-defs)

lemma Inr-in-sum-iff [iff]: Inr b € elts (A Y B) «— b € elts B
by (auto simp: sum-defs)

lemma sumFE [elim!]:
assumes u: u € elts (A 4 B)
obtains = where z € elts A u=Inl x | y where y € elts B u=Inr y using u
by (auto simp: sum-defs)

2.3.2 Injection and freeness equivalences, for rewriting

lemma Inl-iff [iff]: Inl a=Inl b +— a=b
by (simp add: sum-defs)

lemma Inr-iff [iff]: Inr a=Inr b +— a=b
by (simp add: sum-defs)
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lemma inj-on-Inl [simp|: inj-on Inl A
by (simp add: inj-on-def)

lemma inj-on-Inr [simpl: inj-on Inr A
by (simp add: inj-on-def)

lemma Inl-Inr-iff [iff]: Inl a=Inr b +— False
by (simp add: sum-defs)

lemma Inr-Inl-iff [iff]: Inr b=Inl a «<— False
by (simp add: sum-defs)

lemma sum-empty [simp]: 0§ 0 = 0
by auto

lemma elts-vsum: elts (a i b) = Inl * (elts a) U Inr ¢ (elts b)
by auto

lemma sum-iff: u € elts (A Y B) +— (Fu. z € elts A N u=Inlz) V (3y. y €
elts B A u=Inr y)
by blast

lemma sum-subset-iff: A B < Cld D +— A<C A B<D
by (auto simp: less-eq-V-def)

lemma sum-equal-iff:
fixes A :: V shows AYB = CHYD +— A=C A B=D
by (simp add: eq-iff sum-subset-iff)

definition is-sum :: V = bool
where is-sum z = (3z. 2z = Inlx V z = Inr z)

definition sum-case :: (V = 'a) = (V= "a) = V = a
where
sum-case f g a =
THE z. Vz.a=Inle — z=fz) N Vy.a=Inry — z=gy) A (— is-sum
a — z = undefined)

lemma sum-case-Inl [simp]: sum-case f g (Inl z) = fx
by (simp add: sum-case-def is-sum-def)

lemma sum-case-Inr [simpl: sum-case f g (Inry) = gy
by (simp add: sum-case-def is-sum-def)

lemma sum-case-non [simp]: — is-sum a = sum-case f g a = undefined
by (simp add: sum-case-def is-sum-def)

lemma is-sum-cases: (3x. z = Inl x V z = Inr z) V - is-sum z
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by (auto simp: is-sum-def)

lemma sum-case-split:

P (sum-case f g a) +— (Vz. a = Inlz — P(fz)) AN Vy. a = Inr y — P(yg
y)) A (= is-sum a — P undefined)

by (cases is-sum a) (auto simp: is-sum-def)

lemma sum-case-split-asm:

P (sum-case f g a) «— = ((F2. a=Inlz A= P(fz))V By. a=1Inry A =
P(gy)) V (- is-sum a A = P undefined))

by (auto simp: sum-case-split)

2.3.3 Applications of disjoint sums and pairs: general union the-
orems for small sets

lemma small-Un:
assumes X: small X and Y: small YV
shows small (X U Y)
proof —
obtain z y where elts x ~ X elts y = Y
by (meson assms small-eqpoll)
then have X U Y < Inl ‘ (elts z) U Inr ‘ (elts y)
by (metis (mono-tags, lifting) Inr-Inl-iff Un-lepoll-mono disjnt-iff eqpoll-imp-lepoll
egpoll-sym f-inv-into-f inj-on-Inl inj-on-Inr inj-on-image-lepoll-2)
then show ?thesis
by (metis lepoll-iff replacement small-elts small-sup-iff smaller-than-small)
qed

lemma small-UN [simp,intro]:
assumes A: small A and B: \z. z € A = small (B x)
shows small ((Jz€A. B z)
proof —
obtain a where elts a = A
by (meson assms small-egpoll)
then obtain f where f: bij-betw f (elts a) A
using eqpoll-def by blast
have dy. elts y~ Bz if z € A for z
using B small-eqpoll that by blast
then obtain g where g: A\z. 2 € A = elts (gz) =~ Bz
by metis
have sm: small (Sigma (elts a) (elts o g o f))
by simp
have (|Jz€A. Bz) < Sigma A B
by (metis image-lepoll snd-image-Sigma)
also have ... < Sigma (elts a) (elts o g o f)
by (smt (verit) Sigma-eqpoll-cong bij-betw-iff-bijections comp-apply eqpoll-imp-lepoll
eqpoll-sym f g)
finally show ?thesis
using lepoll-small sm by blast
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qed

lemma small-Union [simp,intro]:
assumes A C Collect small small A
shows small (| A)
using small-UN [of A Az. z] assms by (simp add: subset-iff)

2.4 Generalised function space and lambda

definition VLambda :: V = (V= V)=V
where VLambda A b = set ((Az. (x,b z)) ‘elts A)

definition app :: [V,V] = V
where app f 2 = THE y. (z,y) € elts f

lemma beta [simp]:
assumes z € elts A
shows app (VLambda A b) x = b z
using assms by (auto simp: VLambda-def app-def)

definition VPi:: V = (V= V)=V
where VPi A B = set {f € elts (VPow(VSigma A B)). elts A < Domain (pairs
f) A single-valued (pairs f)}

lemma VPi-I:
assumes A\z. z € elts A = b x € elts (B )
shows VLambda A b € elts (VPi A B)
proof (clarsimp simp: VPi-def, intro conjl impl)
show VLambda A b < VSigma A B
by (auto simp: assms VLambda-def split: if-split-asm)
show elts A C Domain (pairs (VLambda A b))
by (force simp: VLambda-def pairs-iff-elts)
show single-valued (pairs (VLambda A b))
by (auto simp: VLambda-def single-valued-def pairs-iff-elts)
show small {f. f < VSigma A B A elts A C Domain (pairs f) N single-valued
(pairs 1)}
by (metis (mono-tags, lifting) down VPow-iff mem-Collect-eq subsetl)
qed

lemma apply-pair:
assumes f: f € elts (VPi A B) and z: z € elts A
shows (z, app fz) € elts
proof —
have z € Domain (pairs f)
by (metis (no-types, lifting) VPi-def assms elts-of-set empty-iff mem-Collect-eq
subsetD)
then obtain y where y: (z,y) € elts f
using pairs-iff-elts by auto
show ?thesis
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unfolding app-def
proof (rule thel)
show (z, y) € elts f
by (rule y)
show z = y if (x, z) € elts f for z
using f unfolding VPi-def
by (metis (mono-tags, lifting) that elts-of-set empty-iff mem-Collect-eq pairs-iff-elts
single-valued-def y)
qed
qed

lemma VPi-D:
assumes f: f € elts (VPi A B) and z: z € elts A
shows app fz € elts (B z)
proof —
have f < VSigma A B
by (metis (no-types, lifting) VPi-def elts-of-set empty-iff f VPow-iff mem-Collect-eq)
then show ?thesis
using apply-pair [OF assms] by blast
qed

lemma VPi-memberD:
assumes f: f € elts (VPi A B) and p: p € elts f
obtains z where z € elts A p = (z, app f )
proof —
have f < VSigma A B
by (metis (no-types, lifting) VPi-def elts-of-set empty-iff f VPow-iff mem-Collect-eq)
then obtain z y where p = (z,y) = € elts A
using p by blast
then have y = app f x
by (metis (no-types, lifting) VPi-def apply-pair elts-of-set equalsOD f mem-Collect-eq
p pairs-iff-elts single-valuedD)
then show thesis
using <p = (x, y)» «x € elts A that by blast
qed

lemma fun-ext:

assumes f € elts (VPi A B) g € elts (VPi A B) \z. x € elts A = app fz =
app g x

shows f = ¢

by (metis VPi-memberD V-equalityl apply-pair assms)

lemma eta[simp]:
assumes f € elts (VPi A B)
shows VLambda A ((app)f) = f
proof (rule fun-ext [OF - assms])
show VLambda A (app f) € elts (VPi A B)
using VPi-D VPi-I assms by auto
qed auto
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lemma fst-pairs-VLambda: fst ¢ pairs (VLambda A f) = elts A
by (force simp: VLambda-def pairs-def)

lemma snd-pairs-VLambda: snd ‘ pairs (VLambda A f) = f ‘ elts A
by (force simp: VLambda-def pairs-def)

lemma VLambda-eq-D1: VLambda A f = VLambda B g — A = B
by (metis ZFC-in-HOL.ext fst-pairs-VLambda)

lemma VLambda-eq-D2: [VLambda A f = VLambda A g; x € elts A] = fax =g
x
by (metis beta)

2.5 Transitive closure of a set

definition TC :: V=V
where TC = transrec (A\fz. x U || (f ‘ elts z))

lemma TC: TCa=alU || (TC ‘elts a)
by (metis (no-types, lifting) SUP-cong TC-def restrict-apply’ transrec)

lemma TC-0 [simp]: TC 0 = 0
by (metis TC ZFC-in-HOL.Sup-empty elts-0 image-is-empty sup-V-0-left)

lemma arg-subset-TC: a < TC a
by (metis (no-types) TC sup-gel)

lemma Transset-TC: Transset(TC a)
proof (induction a rule: eps-induct)
case (step x)
have 1: v € elts (TC z) if v € elts u u € elts z for u v
using that unfolding T'C [of z]
using arg-subset-TC by fastforce
have 2: v € elts (TC z) if v € elts u Jz€elts x. u € elts (TC z) for u v
using that step unfolding TC [of ] Transset-def by auto
show Zcase
unfolding Transset-def
by (subst TC) (force intro: 1 2)
qged

lemma TC-least: [Transset z; a<z] = TCa < x
proof (induction a rule: eps-induct)
case (step y)
show ?case
proof (cases y=0)
case True
then show ?thesis
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by auto
next
case Fulse
have | | (TC ‘eltsy) < z
proof (rule cSup-least)
show TC ‘elts y # {}
using Fualse by auto
show z < z if z € TC ‘ elts y for z
using that by (metis Transset-def image-iff step.IH step.prems vsubsetD)
qed
then show ?thesis
by (simp add: step TC [of y])
qed
qed

definition less-TC (infix <C» 50)
where z C y = z € elts (TC y)

definition le-TC (infix <) 50)
where st Cy=zC yV o=y

lemma less-TC-imp-not-le: t C a = - a < x
proof (induction a arbitrary: x rule: eps-induct)
case (step a)
then show ?case
unfolding T'C[of a] less-TC-def
using Transset-TC Transset-def by force
qed

lemma non-TC-less-0 [iff]: = (z T 0)
using less-TC-imp-not-le by blast

lemma less-TC-iff: t C y «— (32 € elts y. z C 2)
by (auto simp: less-TC-def le-TC-def TC [of y])

lemma nonzero-less-TC: z #+ 0 = 0 C
by (metis eps-induct le-TC-def less-TC-iff trad-foundation)

lemma less-irrefi-TC [simp]: -z C =
using less-TC-imp-not-le by blast

lemma less-asym-TC: [z C y; y C 2] = False
by (metis TC-least Transset-TC Transset-def antisym-conv less-TC-def less-TC-imp-not-le
order-refl)

lemma le-antisym-TC: [zt C y; yCa] = z =y
using le-TC-def less-asym-TC by auto

lemma less-le-TC: z C y+—zCyAz#y
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using le-TC-def less-asym-TC by blast

lemma less-imp-le-TC [iff: t Ty = z C y
by (simp add: le-TC-def)

lemma le-TC-refl [iff]: © C x
by (simp add: le-TC-def)

lemma le-TC-trans [trans]: [t C y; y C 2] = 2 C 2
by (smt (verit, best) TC-least Transset-TC Transset-def le-TC-def less-TC-def
vsubsetD)

context order
begin

lemma nless-le-TC: (waC b)«— (maC b Va=hb
using le-TC-def less-asym-TC by blast

lemma eq-refl-TC: x =y =z C y
by simp

local-setup «
HOL-Order-Tac.declare-order {
ops = {eq = Q{term «(=) = V = V = boobh}, le = Q{term «(Ch}, It =
@{term «(C)»}},
thms = {trans = Q{thm le-TC-trans}, refl = Q{thm le-TC-refl}, eqD1 = Q{thm
eq-refl-TC'},
eqD2 = @{thm eq-refl-TC|OF sym]}, antisym = Q{thm le-antisym-TC},
contr = @Q{thm notE}},
conv-thms = {less-le = Q{thm eq-reflection| OF less-le-TC|},
nless-le = Q{thm eq-reflection|OF nless-le-TC]}}

end

lemma less-T'C-trans [trans]: [x T y; y C 2] = 2 C 2
and less-le-TC-trans: [t C y; yC 2] = 2z C 2
and le-less-TC-trans [trans]: [x C y; y C 2] = z C 2
by simp-all

lemma TC-sup-distrib: TC (x Uy) = TCz U TCy
by (simp add: Sup-Un-distrib TC [of z U y] TC [of ] TC [of y] image-Un
sup.assoc sup-left-commute)

lemma TC-Sup-distrib:

assumes small X shows TC (| |X) = | |(TC ‘ X)
proof —
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have | | X < | ] (TC * X)
using arg-subset-TC by fastforce
moreover have | | ({[JzeX. TC ‘eltsz) < || (TC ‘ X)
using assms
by clarsimp (meson TC-least Transset-TC Transset-def arg-subset-TC replace-
ment vsubsetD)
ultimately
have | | X U || (UzeX. TC ‘eltsz) < || (TC ‘ X)
by simp
moreover have | | (TC ‘X) < || X U] (UzeX. TC ‘ elts x)
proof (clarsimp simp add: Sup-le-iff assms)
show JzeX. y € elts z
ifre Xyeels (TCzx) VeeX. Yueelts . y ¢ elts (TC u) for z y
using that by (auto simp: TC [of z])
qed
ultimately show ?thesis
using Sup-Un-distrib TC [of | | X] image-Union assms
by (simp add: image-Union inf-sup-aci(5) sup.absorb-iff2)
qed

lemma TC" TCxz =2z U TC (|| (elts x))
by (simp add: TC [of z] TC-Sup-distrib)

lemma TC-eq-0-iff [simp]: TC x = 0 +— z=0
using arg-subset-TC by fastforce

A distinctive induction principle

lemma TC-induct-down-lemma:
assumes ab: a T b and base: b < d
and step: Ay z. [yC by y € elts d; z € elts y] = z € elts d
shows a € elts d
proof —
have Transset (TC b d)
using Transset-TC
unfolding Transset-def
by (metis inf.bounded-iff less-TC-def less-eq-V-def local.step subset] vsubsetD)
moreover have b < TC b M d
by (simp add: arg-subset-TC base)
ultimately show “thesis
using TC-least [THEN vsubsetD] ab unfolding less-TC-def
by (meson TC-least le-inf-iff vsubsetD)
qed

lemma TC-induct-down [consumes 1, case-names base step small]:
assumes a C b
and Ay. y € eltisb = Py
and Ay 2. [yC b; Py; z € elts y) = Pz
and small (Collect P)
shows P a
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using TC-induct-down-lemma [of a b set (Collect P)] assms
by (metis elts-of-set mem-Collect-eq vsubsetl)

2.6 Rank of a set

definition rank :: V=V
where rank a = transrec (\f x. set (|J y€elts . elts (suce(f y)))) a

lemma rank: rank a = set(Jy € elts a. elts (succ(rank y)))
by (subst rank-def [THEN def-transrec|, simp)

lemma rank-Sup: rank a = || ((Ay. succ(rank y)) * elts a)
by (metis elts-Sup image-image rank replacement set-of-elts small-elts)

lemma Ord-rank [simp]: Ord(rank a)
proof (induction a rule: eps-induct)
case (step x)
then show ?Zcase
unfolding rank-Sup [of ]
by (metis (mono-tags, lifting) Ord-Sup Ord-succ imageF)
qed

lemma rank-of-Ord: Ord i = rank i = 1
by (induction rule: Ord-induct) (metis (no-types, lifting) Ord-equality SUP-cong
rank-Sup)

lemma Ord-iff-rank: Ord x <— rank z = x
using Ord-rank [of z] rank-of-Ord by fastforce

lemma rank-lt: a € elts b = rank a < rank b
by (metis Ord-linear2 Ord-rank ZFC-in-HOL.SUP-le-iff rank-Sup replacement
small-elts succ-le-iff order.irrefl)

lemma rank-0 [simp]: rank 0 = 0
using transrec Ord-0 rank-def rank-of-Ord by presburger

lemma rank-succ [simpl: rank(succ x) = succ(rank x)
proof (rule order-antisym)
show rank (succ x) < succ (rank z)
by (metis (no-types, lifting) Sup-insert elts-of-set elts-succ image-insert rank
small-UN small-elts subset-insert] sup.orderE vsubsetl)
show succ (rank z) < rank (succ x)
by (metis (mono-tags, lifting) ZFC-in-HOL.Sup-upper elts-succ image-insert
insertll rank-Sup replacement small-elts)
qged

lemma rank-mono: a < b = rank a < rank b
using rank [of a] rank [of b] small-UN by force
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lemma Vsetl: rank b C i = b € elts (Vset 7)
proof (induction i arbitrary: b rule: eps-induct)
case (step x)
then consider rank b € elts x | (Fy€elts x. rank b € elts (TC y))
using le-TC-def less-TC-def less-TC-iff by fastforce
then have Jycelts x. b < Vset y
proof cases
case I
then have b < Vset (rank b)
unfolding less-eq-V-def subset-iff
by (meson Ord-mem-iff-lt Ord-rank le-TC-refl less-TC-iff rank-lt step.IH)
then show ?thesis
using 1 by blast
next
case 2
then show ?thesis
using step.IH
unfolding less-eq-V-def subset-iff less-TC-def
by (meson Ord-mem-iff-It Ord-rank Transset-TC Transset-def rank-lt vsubsetD)
qed
then show ?case
by (simp add: Vset [of z])
qed

lemma Ord-Vsetl: [Ord i; rank b < {] = b € elts (Vset i)
by (meson Ord-mem-iff-lt Ord-rank Vsetl arg-subset-TC' less-TC-def vsubsetD)

lemma arg-le-Vset-rank: a < Vset(rank a)
by (simp add: Ord-Vsetl rank-lt vsubsetl)

lemma two-in- Vset:
obtains o where =z € elts (Vset o) y € elts (Vset )
by (metis Ord-rank Ord-Vsetl elts-of-set insert-iff rank-lt small-elts small-insert-iff)

lemma rank-eq-0-iff [simp]: rank © = 0 +— z=0
using arg-le- Vset-rank by fastforce

lemma small-ranks-imp-small:
assumes small (rank ¢ A) shows small A
proof —
define ¢ where i = set (|J (elts ¢ (rank ¢ A)))
have Ord ¢
unfolding i-def using Ord-Union Ord-rank assms imageE by blast
have *: Vset (rank z) < (Vset i) if z € A for z
unfolding i-def by (metis Ord-rank Sup-V-def ZFC-in-HOL.Sup-upper Vfrom-mono
assms imagel le-less that)
have A C elts (VPow (Vset 7))
by (meson * VPow-iff arg-le-Vset-rank order.trans subsetl)
then show ?thesis

46



using down by blast
qed

lemma rank-Union: rank(| | A) = || (rank ¢ A)
proof (rule order-antisym)
have elts (| |y€eelts (|| A). succ (rank y)) C elts (|| (rank < A))
by clarsimp (meson Ord-mem-iff-lt Ord-rank less-V-def rank-lt vsubsetD)
then show rank (| | A) < || (rank © A)
by (metis less-eq-V-def rank-Sup)
show || (rank ¢ A) < rank (|| A)
proof (cases small A)
case True
then show ?thesis
by (simp add: ZFC-in-HOL.SUP-le-iff ZFC-in-HOL.Sup-upper rank-mono)
next
case Fulse
then have — small (rank * A)
using small-ranks-imp-small by blast
then show ?thesis
by blast
qged
qged

lemma small-bounded-rank: small {z. rank z € elts a}
proof —
have {z. rank z € elts a} C {z. rank z T a}
using less-TC-iff by auto
also have ... C elts (Vset a)
using Vsetl by blast
finally show ?thesis
using down by simp
qed

lemma small-bounded-rank-le: small {z. rank z < a}
using small-bounded-rank [of VPow a] VPow-iff [of - a] by simp

lemma TC-rank-lt: a C b = rank a < rank b
proof (induction rule: TC-induct-down)
case (base y)
then show ?case
by (simp add: rank-It)
next
case (step y 2)
then show ?case
using less-trans rank-It by blast
next
case small
show Zcase
using smaller-than-small [OF small-bounded-rank-le [of rank b]]
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by (simp add: Collect-mono less-V-def)
qed

lemma TC-rank-mem: & C y = rank z € elts (rank y)
by (simp add: Ord-mem-iff-lt TC-rank-It)

lemma wf-TC-less: wf {(z,y). x C y}
proof (rule wf-subset [OF wf-inv-image [OF foundation, of rank]])
show {(z, y). z T y} C inv-image {(z, y). = € elts y} rank
by (auto simp: TC-rank-mem inv-image-def)
qged

lemma less-TC-minimal:
assumes P qg
obtains z where Pzz Ca A\y. yCz = - Py
using wfE-min’ [OF wf-TC-less, of {x. Pz N © C a}]
by simp (metis le-TC-def less-le-TC-trans assms)

lemma Vfrom-rank-eq: Vfrom A (rank(z)) = Vfrom A x
proof (rule order-antisym)
show Vfrom A (rank z) < Vfrom A x
proof (induction x rule: eps-induct)
case (step )
have (| |jeelts (rank x). VPow (Vfrom A j)) < (L|j€elts . VPow (Vfrom A
)
apply (rule Sup-least)
apply (clarsimp simp add: rank [of z])
by (meson Ord-in-Ord Ord-rank OrdmemD Vfrom-mono order.trans less-imp-le
order.refl step)
then show ?case
by (simp add: Vfrom [of - ] Vfrom [of - rank(z)] sup.coboundedI2)
qed
show Vfrom A x < Vfrom A (rank x)
proof (induction x rule: eps-induct)
case (step x)
have (| |j€elts x. VPow (Vfrom A j)) < (| |j€elts (rank ). VPow (Vfrom A

using step.IH TC-rank-mem less-TC-iff by force
then show ?case
by (simp add: Vfrom [of - z] Vfrom [of - rank(z)] sup.coboundedI2)
qed
qged

lemma Vfrom-succ: Vfrom A (succ(i)) = A U VPow(Vfrom A 1)
by (metis Ord-rank Vfrom-rank-eq Vfrom-succ-Ord rank-succ)

lemma Vset-succ-TC':

assumes z € elts (Vset (ZFC-in-HOL.succ k)) v C «
shows u € elts (Vset k)
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using assms
using T'C-least Transset-Vfrom Vfrom-succ less-TC-def by auto

2.7 Cardinal Numbers

We extend the membership relation to a wellordering

definition VWO :: (V x V) set
where VWO = Qr. {(z,y). z € elts y} C r A Well-order r A Field r = UNIV

lemma VWO: {(z,y). x € elts y} C VWO A Well-order VWO A Field VIWO =
UNIV

unfolding VWO-def

by (metis (mono-tags, lifting) VWO-def foundation somel-ex total-well-order-extension)

lemma wf-VWO: wf(VWO — Id)
using VWO well-order-on-def by blast

lemma wf-Ord-less: wf {(z, y). Ord y A\ z < y}
by (metis (no-types, lifting) Ord-mem-iff-It eps-induct wfp UNIVI wfp-def)

lemma refl-VWO: refl VIWO
using VWO order-on-defs by fastforce

lemma trans-VWO: trans VWO
using VWO by (simp add: VWO wo-rel. TRANS wo-rel-def)

lemma antisym-VWO: antisym VWO
using VWO by (simp add: VWO wo-rel. ANTISYM wo-rel-def)

lemma total-VWO: total VIWO
using VWO by (metis wo-rel. TOTAL wo-rel.intro)

lemma total-VWOId: total (VWO—Id)
by (simp add: total-VWO)

lemma Linear-order-VWO: Linear-order VWO
using VWO well-order-on-def by blast

lemma wo-rel-VWO: wo-rel VWO
using VWO wo-rel-def by blast
2.7.1 Transitive Closure and VWO

lemma mem-imp-VWO: z € elts y = (z,y) € VWO
using VWO by blast

lemma less-TC-imp-VWO: z C y = (z,y) € VWO

unfolding less-TC-def
proof (induction y arbitrary: z rule: eps-induct)
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case (step y' u)
then consider u € elts y' | v where v € elts y' u € elts (TC v)
by (auto simp: TC [of y'])
then show ?case
proof cases
case 2
then show ?thesis
by (meson mem-imp-VWO step.IH transD trans-VWO)
qged (use mem-imp-VWO in blast)
qged

lemma le-TC-imp-VWO: z C y = (z,y) € VWO
by (metis Diff-iff Linear-order-VWO Linear-order-in-diff-Id UNIV-I VWO le-TC-def
less-TC-imp-VWO)

lemma le-TC-0-iff [simp]: © © 0 +— = = 0
by (simp add: le-TC-def)

lemma less-TC-succ: z C succ f+— 2z C BV a=p
by (metis elts-succ insert-iff le-TC-def less-TC-iff)

lemma le-TC-succ: z C succ f «— z C BV x = succ B
by (simp add: le-TC-def less-TC-succ)

lemma Transset-TC-eq [simp]: Transset 1 — TC x = z
by (simp add: TC-least arg-subset-TC' eq-iff)

lemma Ord-TC-less-iff: [Ord o; Ord f] = BC a+— < «
by (metis Ord-def Ord-mem-iff-lt Transset-TC-eq less-TC-def)

lemma Ord-mem-iff-less-TC: Ord | = k € elts | +— k C |
by (simp add: Ord-def less-TC-def)

lemma le-TC-Ord: [8 C «; Ord o] = Ord 3
by (metis Ord-def Ord-in-Ord Transset-TC-eq le-TC-def less-TC-def)

lemma Ord-less-TC-mem:
assumes Ord a  C a shows [ € elts o
using Ord-def assms less-TC-def by auto

lemma VWO-TC-le: [Ord a; Ord ; (B, @) € VWO] = B C «
proof (induct « arbitrary: B rule: Ord-induct)
case (step «)
then show Zcase
by (metis DiffI IdD Linear-order-VWO Linear-order-in-diff-Id Ord-linear Ord-mem-iff-less-TC
VWO iso-tuple-UNIV-I le-TC-def mem-imp-VWO)
qed

lemma VWO-iff-Ord-le [simp]: [Ord «; Ord B] = (8, a) € VWO +— < «
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by (metis VWO-TC-le Ord-TC-less-iff le-TC-def le-TC-imp-VWO le-less)

lemma zero-TC-le [iff]: 0 C y
using le-TC-def nonzero-less-TC by auto

lemma succ-le-TC-iff: Ord j = succ i C j <— i C j
by (metis Ord-in-Ord Ord-linear Ord-mem-iff-less-TC Ord-succ le-TC-def less-TC-succ
less-asym-TC')

lemma VWO-0-iff [simp]: (z,0) € VWO +— z=0
proof
show z = 0 if (z, 0) € VWO
using zero-TC-le [of z] le-TC-imp-VWO that
by (metis DiffI Linear-order-VWO Linear-order-in-diff-Id UNIV-I VWO pair-in-Id-conv)
qed auto

lemma VWO-antisym:
assumes (z,y) € VWO (y,z) € VWO shows z=y
by (metis Diff-iff IdD Linear-order-VWO Linear-order-in-diff-Id UNIV-I VWO

assms)

2.7.2 Relation VWF
definition VWF where VIWF = VWO — Id

lemma wf-VWF [iff]: wf VWF
by (simp add: VWFEF-def wf-VWO)

lemma trans-VWF [iff]: trans VWF
by (simp add: VWE-def antisym-VWO trans-VWO trans-diff-1d)

lemma asym-VWF [iff]: asym VWF
by (metis wf-VWF wf-imp-asym,)

lemma total-VWF [iff]: total VIWF
using VWF-def total-VWOId by auto

lemma total-on-VWF [iff]: total-on A VWF
by (meson UNIV-I total-VWF total-on-def)

lemma VWF-asym:
assumes (z,y) € VWF (y,z) € VWF shows Fualse
using VWF-def assms wf-VWO wf-not-sym by fastforce

lemma VWF-non-refl [iff]: (z,x) ¢ VWF
by simp

lemma VWF-iff-Ord-less [simp]: [Ord o; Ord f] = (a,8) € VWF +— a < f8
by (simp add: VWFEF-def less-V-def)
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lemma mem-imp-VWEF: z € elts y = (z,y) € VWF
using VWF-def mem-imp-VWO by fastforce

2.8 Order types

definition ordermap :: 'a set = (‘a x 'a) set = 'a = V
where ordermap A r = wfrec r (\f z. set (f ‘{y € A. (y,x) € 1}))

definition ordertype :: 'a set = (‘a x 'a) set = V
where ordertype A r = set (ordermap A r < A)

lemma ordermap-type:
small A = ordermap A r € A — elts (ordertype A 1)
by (simp add: ordertype-def)

lemma ordermap-in-ordertype [intro]: [a € A; small A] = ordermap A r a € elts
(ordertype A r)
by (simp add: ordertype-def)

lemma ordermap: wf r = ordermap A r a = set (ordermap A r ‘{y € A. (y,a)
€r})

unfolding ordermap-def

by (auto simp: wfrec-fixpoint adm-wf-def)

lemma wf-Ord-ordermap [iff]: assumes wf r trans r shows Ord (ordermap A r
)
using «wf ™
proof (induction z rule: wf-induct-rule)
case (less u)
have Transset (set (ordermap A r ‘{y € A. (y, u) € 1}))
proof (clarsimp simp add: Transset-def)
show z € ordermap A r ‘{y € A. (y, u) € r}
if small (ordermap A r ‘{y € A. (y, u) € r})
and z: z € elts (ordermap A ry)and y € A (y, u) € r for z y
proof —
have ordermap A ry = ZFC-in-HOL.set (ordermap A r ‘ {a € A. (a, y) €
r})

using ordermap assms(1) by force
then have z € ordermap A r ‘{z € A. (2, y) € r}
by (metis (no-types, lifting) elts-of-set empty-iff x)
then have Jv. v € A A (v, u) € 7 A x = ordermap A 1 v
using that transD [OF <trans )] by blast
then show ?thesis
by blast
qed
qed
moreover have Ord z
if x € elts (set (ordermap A r “{y € A. (y, u) € r})) for z
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using that less by (auto simp: split: if-split-asm)
ultimately show ?case
by (metis (full-types) Ord-def ordermap assms(1))
qed

lemma wf-Ord-ordertype: assumes wf r trans r shows Ord(ordertype A )
proof —
have y < set (ordermap A r ¢ A)
if y = ordermap A rz x € A small (ordermap A r ¢ A) for z y
using that by (auto simp: less-eq-V-def ordermap [OF <wf v, of A z])
moreover have z < y if y € ordermap A r ‘A z € elts y for y 2
by (metis wf-Ord-ordermap OrdmemD assms imageE order.strict-implies-order
that)
ultimately show ?thesis
unfolding ordertype-def Ord-def Transset-def by simp
qed

lemma Ord-ordertype [simp]: Ord(ordertype A VWF)
using wf-Ord-ordertype by blast

lemma Ord-ordermap [simp]: Ord (ordermap A VWF z)
by blast

lemma ordertype-singleton [simp):
assumes wf r
shows ordertype {z} r = 1
proof —
have t: {y. y =2 A (y, z) € r} = {}
using assms by auto
show ?thesis
by (auto simp add: ordertype-def assms | ordermap [where a=z])
qed

2.8.1 ordermap preserves the orderings in both directions

lemma ordermap-mono:
assumes wz: (w, ) € r and wfr w € A small A
shows ordermap A r w € elts (ordermap A r z)
proof —
have small {a € A. (a, z) e r} ANw e AN (w, z) €7
by (simp add: assms)
then show ?%thesis
using assms ordermap [of T A]
by (metis (no-types, lifting) elts-of-set image-eql mem-Collect-eq replacement)
qed

lemma converse-ordermap-mono:

assumes ordermap A ry € elts (ordermap A r x) wf r total-on A rxz € Ay €
A small A
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shows (y, z) € r
proof (cases x = y)
case True
then show ?thesis
using assms(1) mem-not-refl by blast
next
case Fulse
then consider (z,y) € 7 | (y,z) €
using <total-on A r assms by (meson UNIV-I total-on-def)
then show ?thesis
by (meson ordermap-mono assms mem-not-sym)
qed

lemma converse-ordermap-mono-iff:
assumes wf r total-on A rz € Ay € A small A
shows ordermap A ry € elts (ordermap A r z) «— (y, z) € 1
by (metis assms converse-ordermap-mono ordermap-mono)

lemma ordermap-surj: elts (ordertype A r) C ordermap A r “ A
unfolding ordertype-def by simp

lemma ordermap-bij:
assumes wf r total-on A r small A
shows bij-betw (ordermap A r) A (elts (ordertype A r))
unfolding bij-betw-def
proof (intro conjl)
show inj-on (ordermap A r) A
unfolding inj-on-def by (metis assms mem-not-refl ordermap-mono total-on-def)
show ordermap A r ¢ A = elts (ordertype A r)
by (metis ordertype-def (small A) elts-of-set replacement)
qed

lemma ordermap-eq-iff [simp):

[z € A; y € A; wf r; total-on A r; small A] = ordermap A r z = ordermap A
ry<—ax=y

by (metis bij-betw-iff-bijections ordermap-bij)

lemma inv-into-ordermap: « € elts (ordertype A r) = inv-into A (ordermap A
r)a €A
by (meson in-mono inv-into-into ordermap-suryj)

lemma ordertype-nat-imp-finite:
assumes ordertype A r = ord-of-nat m small A wf r total-on A r
shows finite A
proof —
have A = elts m
using eqpoll-def assms ordermap-bij by fastforce
then show ?thesis
using eqpoll-finite-iff finite-Ord-omega by blast
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qed

lemma wf-ordertype-eqpoll:
assumes wf r total-on A r small A
shows elts (ordertype A r) = A
using assms eqpoll-def egpoll-sym ordermap-bij by blast

lemma ordertype-eqpoll:
assumes small A
shows elts (ordertype A VWF) =~ A
using assms wf-ordertype-eqpoll total-VWE wf-VWF
by (simp add: wf-ordertype-eqpoll total-on-def)

2.9 More advanced ordertype and ordermap results

lemma ordermap-VWF-0 [simp]: ordermap A VWF 0 = 0
by (simp add: ordermap wf-VWO VWE-def)

lemma ordertype-empty [simpl: ordertype {} r = 0
by (simp add: ordertype-def)

lemma ordertype-eq-0-iff [simpl: [small X; wf r] = ordertype X r = 0 +— X

={}

by (metis ordertype-def elts-of-set replacement image-is-empty zero-V-def)

lemma ordermap-mono-less:
assumes (w, z) € 7
and wf r trans r
andwe Az e A
and small A
shows ordermap A r w < ordermap A r x
by (simp add: OrdmemD assms ordermap-mono)

lemma ordermap-mono-le:
assumes (w, z) € r V w=z
and wf r trans r
andwe Az e A
and small A
shows ordermap A r w < ordermap A r x
by (metis assms dual-order.strict-implies-order eq-refl ordermap-mono-less)

lemma converse-ordermap-le-mono:
assumes ordermap A ry < ordermap A r x wf r total r © € A small A
shows (y, z) € r V y=z
by (meson UNIV-I assms mem-not-refl ordermap-mono total-on-def vsubsetD)

lemma ordertype-mono:

assumes X C Y and r: wf r trans r and small Y
shows ordertype X r < ordertype Y r
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proof —
have small X
using assms smaller-than-small by fastforce
have x: ordermap X r x < ordermap Y r x for z
using «wf
proof (induction x rule: wf-induct-rule)
case (less x)
have ordermap X r z < ordermap Y r z if z € X and zz: (z,2) € r for z
using less [OF zz] assms
by (meson Ord-linear?2 OrdmemD wf-Ord-ordermap ordermap-mono in-mono
leD that(1) vsubsetD zr)
then show ?case
by (auto simp add: ordermap [of - X x] «small X» Ord-mem-iff-It set-image-le-iff
less-eq-V-def 1)
qed
show ?thesis
proof —
have ordermap Y r © Y = elts (ordertype Y r)
by (metis ordertype-def <small Y elts-of-set replacement)
then have ordertype Y r ¢ ordermap X r * X
using x <X C Y by fastforce
then show ?thesis
by (metis Ord-linear?2 Ord-mem-iff-lt ordertype-def wf-Ord-ordertype <small
X» elts-of-set replacement )
qed
qged

corollary ordertype- VWF-mono:
assumes X C Y small Y
shows ordertype X VWF < ordertype Y VWF
using assms by (simp add: ordertype-mono)

lemma ordertype- UNION-ge:
assumes A € A wf r trans r A C Collect small small A
shows ordertype A r < ordertype (JA) r
by (rule ordertype-mono) (use assms in auto)

lemma inv-ordermap-mono-less:
assumes (inv-into M (ordermap M r) «, inv-into M (ordermap M r) ) € r
and small M and a: « € elts (ordertype M r) and (: 5 € elts (ordertype M 1)
and wf r trans r
shows a < 3
proof —
have o = ordermap M r (inv-into M (ordermap M r) )
by (metis « f-inv-into-f ordermap-surj subset-eq)
also have ... < ordermap M r (inv-into M (ordermap M r) j3)
by (meson a 8 assms in-mono inv-into-into ordermap-mono-less ordermap-sury)
also have ... = g
by (meson B f-inv-into-f in-mono ordermap-surj)
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finally show ?thesis .
qed

lemma inv-ordermap-mono-eq:
assumes inv-into M (ordermap M r) o = inv-into M (ordermap M r) 3
and « € elts (ordertype M r) 8 € elts (ordertype M )
shows a = 8
by (metis assms f-inv-into-f ordermap-surj subsetD)

lemma inv-ordermap-VWF-mono-le:
assumes inv-into M (ordermap M VWF) a < inv-into M (ordermap M VWF)

B
and M C ON small M and «: « € elts (ordertype M VWF) and f: 8 € elts
(ordertype M VWF)
shows o < 8
proof —
have o = ordermap M VWF (inv-into M (ordermap M VWF) «)
by (metis « f-inv-into-f ordermap-surj subset-eq)
also have ... < ordermap M VWF (inv-into M (ordermap M VWF) 3)
by (metis ON-imp-Ord VWF-iff-Ord-less assms dual-order.strict-implies-order
elts-of-set eq-refl inv-into-into order.not-eq-order-implies-strict ordermap-mono-less
ordertype-def replacement trans-VWE wf-VWF)
also have ... = f3
by (meson B f-inv-into-f in-mono ordermap-surj)
finally show ?thesis .
qged

lemma inv-ordermap-VWF-mono-iff:

assumes M C ON small M and « € elts (ordertype M VWF) and § € elts
(ordertype M VWF)

shows inv-into M (ordermap M VWF) o < inv-into M (ordermap M VWF) 3
+—a<p

by (metis ON-imp-Ord Ord-linear-le assms dual-order.eq-iff inv-into-ordermap
inv-ordermap-VWF-mono-le)

lemma inv-ordermap-VWF-strict-mono-iff:

assumes M C ON small M and « € elts (ordertype M VWF) and § € elts
(ordertype M VWF)

shows inv-into M (ordermap M VWF) o < inv-into M (ordermap M VWF) 3
—a<p

by (simp add: assms inv-ordermap-VWFEF-mono-iff less-le-not-le)

lemma strict-mono-on-ordertype:
assumes M C ON small M
obtains f where [ € elts (ordertype M VWF) — M strict-mono-on (elts (ordertype
M VWE)) f
proof
show inv-into M (ordermap M VWF) € elts (ordertype M VWF) — M
by (meson Pi-I1" in-mono inv-into-into ordermap-sury)
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show strict-mono-on (elts (ordertype M VWFE)) (inv-into M (ordermap M VWF))
proof (clarsimp simp: strict-mono-on-def)
fix zy
assume z € elts (ordertype M VWF) y € elts (ordertype M VWF) z < y
then show inv-into M (ordermap M VWF) z < inv-into M (ordermap M
VWFE) y
using assms by (meson ON-imp-Ord Ord-linear2 inv-into-into inv-ordermap-VWF-mono-le
leD ordermap-surj subsetD)
qed
qed

lemma ordermap-inc-eq:
assumes z € A small A
and m Az y. [z€4; yed; (zyy) €] = (mx, my) € s
and 7: wf r total-on A r and wf s
shows ordermap (w ‘ A) s (m ) = ordermap A r x
using «wf r «x € A
proof (induction x rule: wf-induct-rule)
case (less 1)
then have 1: {y € A. (y,z) e r} = ANn{y. (y,x) € r}
using r by auto
have 2: {y enm ‘A. (y,mz) e st =7 “An{y. (y, 7 x) € s}
by auto
have invm: Az y. [z€4; yeA; (m z, my) € s] = (z, y) € r
by (metis m <wf s» <total-on A r» total-on-def wf-not-sym)
have eg: [ (n * A0 {y. (g, w2) € 5}) = (f o 7) * (AN {1 (3, o) € 1) for f
2=V
using less by (auto simp: image-subset-iff invr )
show ?Zcase
using less
by (simp add: ordermap [OF <wf >, of - z] ordermap [OF «wf s, of - w ] 1 2
eq)
qed

lemma ordertype-inc-eq:
assumes small A
and m: Az y. [z€4; yed; (vy) €r] = (ma, my) € s
and r: wf r total-on A r and wf s
shows ordertype (m ‘ A) s = ordertype A r
proof —
have ordermap (7w ‘ A) s (m ) = ordermap A r z if z € A for z
using assms that by (auto simp: ordermap-inc-eq)
then show ?thesis
unfolding ordertype-def
by (metis (no-types, lifting) image-cong image-image)
qed

lemma ordertype-inc-le:
assumes small A small B
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and m: Az y. [z€4; yeA; (zy) €] = (ma, T y) € s
and r: wf r total-on A r and wf s trans s
and ™ ‘A CB

shows ordertype A r < ordertype B s

by (metis assms ordertype-inc-eq ordertype-mono)

corollary ordertype- VWF-inc-eq:
assumes A C ON « ‘A C ON small A and Az y. [z€4; yeA; z<y] = 7 z
<Tmy
shows ordertype (w * A) VWF = ordertype A VWF
proof (rule ordertype-inc-eq)
show (7 z, 7 y) € VWF
ifre Aye A(x,y) € VIWF for z y
using that ON-imp-Ord assms by auto
show total-on A VWF
by (meson UNIV-I total-VWF total-on-def)

qed (use assms in auto)

lemma ordertype-image-ordermap:
assumes small A X C A wf r trans r total-on X r
shows ordertype (ordermap A r ¢ X) VWF = ordertype X r
proof (rule ordertype-inc-eq)
show small X
by (meson assms smaller-than-small)
show (ordermap A r z, ordermap A ry) € VWF
ifre Xye X (z,y)erforzy
by (meson that wf-Ord-ordermap VWF-iff-Ord-less assms ordermap-mono-less
subsetD)
qed (use assms in auto)

lemma ordertype-map-image:
assumes B C A small A
shows ordertype (ordermap A VWF ¢ A — ordermap A VWF ¢ B) VWF =
ordertype (A — B) VWF
proof —
have ordermap A VWF * A — ordermap A VWF ‘ B = ordermap A VWF ‘(A
— B)
using assms by auto
then have ordertype (ordermap A VWF ¢ A — ordermap A VWF ‘ B) VWF =
ordertype (ordermap A VWF ‘(A — B)) VWF
by simp
also have ... = ordertype (A — B) VWF
using <small Ay ordertype-image-ordermap by fastforce
finally show ?thesis .
qed

proposition ordertype-le-ordertype:

assumes r: wf r total-on A r and small A
assumes s: wf s total-on B s trans s and small B
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shows ordertype A r < ordertype B s <—
3feA— B injonfAN(NVze AVye A (z,y) €r — (fz, fy) €
9)))
(is 2lhs = ?rhs)
proof
assume L: ?lhs
define f where f = inv-into B (ordermap B s) o ordermap A r
show ?rhs
proof (intro bexI congl balll impl)
have AB: elts (ordertype A r) C ordermap B s ‘ B
by (metis L assms(7) ordertype-def replacement set-of-elts small-elts sub-
set-iff-less-eq-V)
have bijA: bij-betw (ordermap A r) A (elts (ordertype A 1))
using ordermap-bij <small Ay r by blast
have inv-into B (ordermap B s) (ordermap A r i) € B if i € A for {
by (meson L <small Ay inv-into-into ordermap-in-ordertype ordermap-surj
subsetD that vsubsetD)
then show f € A — B
by (auto simp: Pi-iff f-def)
show inj-on f A
proof (clarsimp simp add: f-def inj-on-def)
fixzy
assume z € Ay € A
and inv-into B (ordermap B s) (ordermap A r x) = inv-into B (ordermap
B s) (ordermap A r y)
then have ordermap A r x = ordermap A ry
by (meson AB <small A» inv-into-injective ordermap-in-ordertype subsetD)
then show z = y
by (metis <z € Ay <y € Ay bijA bij-betw-inv-into-left)
qed
next
fix z y
assume z € Ay € Aand (z,y) € r
have i: ordermap A ry € ordermap B s ‘ B
by (meson L <y € Ay <small Ay in-mono ordermap-in-ordertype ordermap-surj
vsubsetD)
moreover have : Az. inv-into B (ordermap B s) (ordermap A rz) = fz
by (simp add: f-def)
then have x: ordermap B s (f y) = ordermap A ry
using { by (metis f-inv-into-f)
moreover have ordermap A r z € ordermap B s ‘B
by (meson L <z € A <small Ay in-mono ordermap-in-ordertype ordermap-surj
vsubsetD)
moreover have ordermap A r x < ordermap A ry
using * r s by (metis (no-types) wf-Ord-ordermap OrdmemD «(z, y) € 1 <z
€ A <small Ay ordermap-mono)
ultimately show (fz, fy) € s
using 1 s by (metis assms(7) f-inv-into-f inv-into-into less-asym ordermap-mono-less
total-on-def)
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qed
next
assume R: ?rhs
then obtain f where f: feA — B inj-on f AVzeA. VyeA. (z,y) € r — (f
z, fy) €s
by blast
show ?lhs
by (rule ordertype-inc-le [where w=f]) (use f assms in auto)
qed

lemma iso-imp-ordertype-eq-ordertype:
assumes iso: iso r r’ f
and wf r
and Total r
and sm: small (Field r)
shows ordertype (Field r) r = ordertype (Field r') r’
by (metis (no-types, lifting) iso-forward iso-wf assms iso-Field ordertype-inc-eq
sm)

lemma ordertype-infinite-ge-w:
assumes infinite A small A
shows ordertype A VWF > w
proof —
have inj-on (ordermap A VWF) A
by (meson ordermap-bij <small Ay bij-betw-def total-on-VWF wf-VWF)
then have infinite (ordermap A VWF ¢ A)
using <infinite As finite-image-iff by blast
then show ?thesis
using Ord-ordertype <small A» infinite-Ord-omega by (auto simp: ordertype-def)
qed

lemma ordertype-eql:
assumes wf r total-on A r small A wf s
bij-betw f A B (Vx € A.Vy € A. (fz, fy) € s +— (z,y) € 1)
shows ordertype A r = ordertype B s
by (metis assms bij-betw-imp-surj-on ordertype-inc-eq)

lemma ordermap-eq-self:
assumes Ord « and z: x € elts a
shows ordermap (elts o) VWF z = z
using Ord-in-Ord [OF assms] x
proof (induction © rule: Ord-induct)
case (step x)
have 1: {y € elts a. (y, ) € VWF} = elts z (is ?A = -)
proof
show A C elts x
using «Ord o by clarify (meson Ord-in-Ord Ord-mem-iff-lt VWEF-iff-Ord-less
step.hyps)
show elts ¢ C 24
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using <Ord «a» by clarify (meson Ord-in-Ord Ord-trans OrdmemD VWF-iff-Ord-less
step.prems)
qed
show ?case
using step
by (simp add: ordermap [OF wf-VWEF, of - z] 1 Ord-trans [of - - o] step.prems
«Ord ) cong: image-cong)
qed

lemma ordertype-eq-Ord [simpl:
assumes Ord «
shows ordertype (elts o) VIWF =
using assms ordermap-eg-self [OF assms| by (simp add: ordertype-def)

proposition ordertype-eq-iff:
assumes a: Ord o and r: wf r and small A total-on A r trans r
shows ordertype A r = a +—
(3f. bij-betw f A (elts a) N (Vz € A Vye A. fz < fy<+— (z,y) € 1))
(is 2lhs = ?rhs)
proof safe
assume eq: o = ordertype A r
show 3f. bij-betw f A (elts (ordertype A r)) AN VzeA. VyeA. fz < fy+— ((z,
s e )
proof (intro exl conjl balll)
show bij-betw (ordermap A r) A (elts (ordertype A r))
by (simp add: assms ordermap-bij)
then show ordermap A r x < ordermap A ry +— (z,y) € r
ifre Aye Afor x y
using that assms
by (metis order.asym ordermap-mono-less total-on-def)
qed
next
fix f
assume f: bij-betw f A (elts a) Va€A. VyeA. fz < fy<+— (z,y) €T
have ordertype A r = ordertype (elts o) VWF
proof (rule ordertype-eql)
show VzeA. VyeA. (fz, fy) € VWF) = ((z, y) € 1)
by (meson Ord-in-Ord VWF-iff-Ord-less a bij-betwE f)
qed (use assms f in auto)
then show ?lhs
by (simp add: «)
qed

corollary ordertype-VWF-eq-iff:
assumes Ord a small A
shows ordertype A VWF = a +—
(3f. bij-betw f A (elts a) N Vx € A.Vy e A fz < fy<+— (z,y) € VIWF))
by (metis UNIV-I assms ordertype-eq-iff total- VWF total-on-def trans-VWEF wf-VWF)
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lemma ordertype-le-Ord:
assumes Ord oo X C elts o
shows ordertype X VWF < «
by (metis assms ordertype- VWF-mono ordertype-eq-Ord small-elts)

lemma ordertype-inc-le-Ord:
assumes small A Ord «
and m: Az y. [z€4; yed; (zyy) €r] =<7y
and wf r total-on A r
and sub: ™ ‘A C elts
shows ordertype A r < «
proof —
have Az y. [z€4; yeA; (z,y) € 1] = (r z, 7 y) € VWF
by (meson Ord-in-Ord VWF-iff-Ord-less © <Ord «» sub image-subset-iff)
with assms show ?thesis
by (metis ordertype-inc-eq ordertype-le-Ord wf-VWF')
qed

lemma le-ordertype-obtains-subset:
assumes «: § < « ordertype H VWF = « and small H Ord 8
obtains G where G C H ordertype G VWF = j3
proof (intro exl conjl that)
let ?f = ordermap H VWF
show 1: inv-into H ?f ‘elts B C H
unfolding image-subset-iff
by (metis « inv-into-into ordermap-surj subsetD vsubsetD)
have 3 f. bij-betw f (inv-into H ?f “ elts B) (elts B) N (Vz€inv-into H ?f ¢ elts [3.
YV yeinv-into H 2f “elts 5. (fz < fy) = ((z, y) € VWF))
proof (intro exl congl balll iffI)
show bij-betw 2f (inv-into H 2f “ elts B) (elts B)
using ordermap-bij [OF wf-VWEF total-on-VWEF <small Hy] o
by (metis bij-betw-inv-into-RIGHT bij-betw-subset less-eq-V-def )
next
fix z y
assume z: x € inv-into H 2f “elts
and y: y € inv-into H ?f “elts
show ?fz < ?fy if (x,y) € VWF
using that § <small H> in-mono ordermap-mono-less x y by fastforce
show (z,y) € VWF if 2fz < ?fy
using that I <small Hy in-mono ordermap-mono-less [OF - wf-VWF trans-VWF)]
Ty
by (metis UNIV-I less-imp-not-less total-VWF total-on-def)
qed
then show ordertype (inv-into H ?f ‘ elts ) VWF = 8
by (subst ordertype-eq-iff ) (use assms in auto)
qed
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lemma ordertype-infinite-w:
assumes A C elts w infinite A
shows ordertype A VWF = w
proof (rule antisym)
show ordertype A VWF < w
by (simp add: assms ordertype-le-Ord)
show w < ordertype A VWF
using assms down ordertype-infinite-ge-w by auto
qed

For infinite sets of natural numbers

lemma ordertype-nat-w:
assumes infinite N shows ordertype N less-than = w
proof —
have small N
by (meson inj-on-def ord-of-nat-inject small-def small-iff-range small-image-nat-V')
have ordertype (ord-of-nat * N) VWF = w
by (force simp: assms finite-image-iff inj-on-def intro: ordertype-infinite-w)
moreover have ordertype (ord-of-nat * N) VWF = ordertype N less-than
by (auto intro: ordertype-inc-eq <small N»)
ultimately show ?thesis
by simp
qed

proposition ordertype-eq-ordertype:
assumes r: wf r total-on A r trans r and small A
assumes s: wf s total-on B s trans s and small B
shows ordertype A r = ordertype B s +—
(3f. bij-betw fABAN Nz e AVye A (fz, fy) € s +— (z,y) € 1))
(is ?lhs = ?rhs)
proof
assume L: ?lhs
define v where v = ordertype A r
have A: bij-betw (ordermap A 1) A (ordermap A r * A)
by (meson ordermap-bij assms(4) bij-betw-def r)
have B: bij-betw (ordermap B s) B (ordermap B s ¢ B)
by (meson ordermap-bij assms(8) bij-betw-def s)
define f where f = inv-into B (ordermap B s) o ordermap A r
show ?rhs
proof (intro exI conjI)
have bijA: bij-betw (ordermap A r) A (elts 7)
unfolding ~-def using ordermap-bij <small Ay r by blast
moreover have bijB: bij-betw (ordermap B s) B (elts )
by (simp add: L ~-def ordermap-bij <small B> s)
ultimately show bij: bij-betw f A B
unfolding f-def using bij-betw-comp-iff bij-betw-inv-into by blast
have invB: A\a. o € elts v = ordermap B s (inv-into B (ordermap B s) «)
=«
by (meson bijB bij-betw-inv-into-right)
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have ordermap-A-y: Na. a € A = ordermap A r a € elts
using bijA bij-betwE by auto
have f-in-B: Na. a € A = fa € B
using bij bij-betwE by fastforce
show VzcA. VyeA. (fz, fy) € s+— (z,y) €7
proof (intro iffI balll)
fix zy
assume z € Ay € A and ins: (fz, fy) € s
then have ordermap A r x < ordermap A ry
unfolding o-def
by (metis (mono-tags, lifting) f-def <small By comp-apply f-in-B invB
ordermap-A-y ordermap-mono-less s(1) s(3))
then show (z, y) € r
by (metis <x € Ay <y € A <small Ay order.asym ordermap-mono-less r
total-on-def)
next
fix z y
assume z € Ay € Aand (z,y) € r
then have ordermap A r x < ordermap A ry
by (simp add: <small Ay ordermap-mono-less r)
then have (fy, fz) ¢ s
by (metis (mono-tags, lifting) <x € Ay <y € A <small By comp-apply f-def
f~in-B invB order.asym ordermap-A-y ordermap-mono-less s(1) s(3))
moreover have fy # fx
by (metis «(z, y) € m <z € Ay <y € A bij bij-betw-inv-into-left r(1)
wf-not-sym)
ultimately show (fz, fy) € s
by (meson <x € A> <y € A f-in-B s(2) total-on-def)
qed
qed
next
assume ?rhs
then show ?lhs
using assms ordertype-eql by blast
qed

corollary ordertype-eq-ordertype-iso:
assumes r: wf r total-on A r trans r and small A and FA: Field r = A
assumes s: wf s total-on B s trans s and small B and FB: Field s = B
shows ordertype A r = ordertype B s «— (3 f. iso r s f)
(is ?lhs = ?rhs)
proof
assume L: ?lhs
then obtain f where bij-betw f A BVz € A.Vy € A. (fz, fy) € s «— (z,y)
er
using assms ordertype-eq-ordertype by blast
then show ?rhs
using FA FB iso-iff2 by blast
next

65



assume ?rhs
then show ?lhs
using FA FB <small Ay iso-imp-ordertype-eq-ordertype r by blast
qed

lemma Limit-ordertype-imp-Field-Restr:
assumes Lim: Limit (ordertype A r) and r: wf r total-on A r and small A
shows Field (Restr r A) = A
proof —
have JycA. (z,y) € rif z € A for z
proof —
let 20y = succ (ordermap A r x)
have §: %oy € elts (ordertype A 1)
by (simp add: Lim <small As ordermap-in-ordertype succ-in-Limit-iff that)
then have A: inv-into A (ordermap A r) %oy € A
by (simp add: inv-into-ordermap)
moreover have (z, inv-into A (ordermap A r) %oy) € r
proof —
have ordermap A r x € elts (ordermap A r (inv-into A (ordermap A r) ?oy))
by (metis § elts-succ f-inv-into-f insert-iff ordermap-surj subsetD)
then show ?thesis
by (metis <small A» A converse-ordermap-mono r that)
qed
ultimately show ?thesis ..
qed
then have A C Field (Restr r A)
by (auto simp: Field-def)
then show ?thesis
by (simp add: Field-Restr-subset subset-antisym,)
qed

lemma ordertype-Field-Restr:
assumes wf r total-on A r trans r small A Field (Restr r A) = A
shows ordertype (Field (Restr r A)) (Restr r A) = ordertype A r
using assms by (force simp: ordertype-eg-ordertype wf-Int1 total-on-def trans- Restr)

proposition ordertype-eq-ordertype-iso-Restr:
assumes r: wf r total-on A r trans r and small A and FA: Field (Restr r A) =
A
assumes s: wf s total-on B s trans s and small B and FB: Field (Restr s B) =
B
shows ordertype A r = ordertype B s <— (3 f. iso (Restr r A) (Restr s B) f)
(is ?lhs = %rhs)
proof
assume L: ?lhs
then obtain f where bij-betw f A BVz € A.Vy € A. (fz, fy) € s «— (z,y)
er
using assms ordertype-eq-ordertype by blast
then show ?rhs
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using FA FB bij-betwE unfolding iso-iff2 by fastforce
next
assume ?rhs
moreover
have ordertype (Field (Restr r A)) (Restr r A) = ordertype A r
using FA <small A> ordertype-Field-Restr r by blast
moreover
have ordertype (Field (Restr s B)) (Restr s B) = ordertype B s
using FB «small By ordertype-Field-Restr s by blast
ultimately show ?lhs
using iso-imp-ordertype-eq-ordertype FA FB <small Ay r
by (fastforce intro: total-on-imp-Total-Restr trans-Restr wf-Int1)
qed

lemma ordermap-insert:
assumes Ord o« and y: Ord y y < aand U: U C elts «
shows ordermap (insert a U) VWF y = ordermap U VWF y
using y
proof (induction rule: Ord-induct)
case (step y)
then have 1: {u € U. (v, y) € VWF} =eltsyn U
apply (simp add: set-eq-iff)
by (meson Ord-in-Ord Ord-mem-iff-It VWF-iff-Ord-less assms subsetD)
have 2: {u € insert « U. (u, y) € VWF} =eltsynN U
apply (simp add: set-eg-iff)
by (meson Ord-in-Ord Ord-mem-iff-lt VWF-iff-Ord-less assms leD step.hyps
step.prems subsetD)
show ?Zcase
using step
apply (simp only: ordermap [OF wf-VWF, of - y] 1 2)
by (meson Int-lowerl Ord-is-Transset Sup.SUP-cong Transset-def assms(1)
in-mono vsubsetD)
qed

lemma ordertype-insert:
assumes Ord a« and U: U C elts «
shows ordertype (insert a U) VWF = succ (ordertype U VWF)
proof —
have t: {y € insert a U. (y, ) € VWF} = U {ye U. (y,a) € VWF} =U
using Ord-in-Ord OrdmemD assms by auto
have eq: Az. © € U = ordermap (insert a« U) VWF x = ordermap U VWF x
by (meson Ord-in-Ord Ord-is-Transset Transset-def U assms(1) in-mono or-
dermap-insert)
have ordertype (insert o U) VWF =
ZFC-in-HOL.set (insert (ordermap U VWF «) (ordermap U VWF ¢ U))
by (simp add: ordertype-def ordermap-insert assms eq)
also have ... = succ (ZFC-in-HOL.set (ordermap U VWF * U))
using 1 U by (simp add: ordermap [OF wf-VWF, of - o] down succ-def vin-
sert-def)
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also have ... = succ (ordertype U VWF')
by (simp add: ordertype-def)
finally show ?thesis .
qed

lemma finite-ordertype-le-card:
assumes finite A wf r trans r
shows ordertype A r < ord-of-nat (card A)
proof —
have Ord (ordertype A r)
by (simp add: wf-Ord-ordertype assms)
moreover have ordermap A r * A = elts (ordertype A )
by (simp add: ordertype-def finite-imp-small «<finite A»)
moreover have card (ordermap A r‘* A) < card A
using <finite A> card-image-le by blast
ultimately show ?thesis
by (metis Ord-linear-le Ord-ord-of-nat <finite A> card-ord-of-nat card-seteq fi-
nite-imagel less-eq-V-def)
qed

lemma ordertype-VWF-w:
assumes finite A
shows ordertype A VWF € elts w
proof —
have finite (ordermap A VWF ¢ A)
using assms by blast
then have ordertype A VWF < w
by (meson Ord-w OrdmemD trans-VWF wf-VWF assms finite-ordertype-le-card
le-less-trans ord-of-nat-w)
then show ?thesis
by (simp add: Ord-mem-iff-It)
qed

lemma ordertype- VWE-finite-nat:

assumes finite A

shows ordertype A VWF = ord-of-nat (card A)

by (metis finite-imp-small ordermap-bij total-on-VWF wf-VWF w-def assms
bij-betw-same-card card-ord-of-nat elts-of-set f-inv-into-f inf ordertype-VWF-w)

lemma finite-ordertype-eq-card:
assumes small A wf r trans r total-on A r
shows ordertype A r = ord-of-nat m <— finite A N\ card A = m
using ordermap-bij [OF «wf r]
proof —
have *: bij-betw (ordermap A r) A (elts (ordertype A r))
by (simp add: assms ordermap-bij)
moreover have card (ordermap A r ¢ A) = card A
by (meson bij-betw-def * card-image)
ultimately show %thesis
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using assms bij-betw-finite bij-betw-imp-surj-on finite-Ord-omega ordertype- VWEF-finite-nat
wf-Ord-ordertype by fastforce
qed

lemma ex-bij-betw-strict-mono-card:
assumes finite M M C ON
obtains h where bij-betw h {..<card M} M and strict-mono-on {..<card M} h
proof —
have bij: bij-betw (ordermap M VWE) M (elts (card M))
using Finite-V <finite M> ordermap-bij ordertype-VWEF-finite-nat by fastforce
let ?h = (inv-into M (ordermap M VWF)) o ord-of-nat
show thesis
proof
show bijh: bij-betw ?h {..<card M} M
proof (rule bij-betw-trans)
show bij-betw ord-of-nat {..<card M} (elts (card M))
by (simp add: bij-betw-def elts-ord-of-nat inj-on-def)
show bij-betw (inv-into M (ordermap M VWEF)) (elts (card M)) M
using Finite-V assms bij-betw-inv-into ordermap-bij ordertype- VWF-finite-nat
by fastforce
qed
show strict-mono-on {..<card M} ?h
proof —
have ?hm < ?h n
ifm<nn< card M for m n
proof (rule ccontr)
obtain mn: m € elts (ordertype M VWF) n € elts (ordertype M VWF)
using «<m < n» <n < card M) <finite M ordertype-VWF-finite-nat by auto
have ord: Ord (?h m) Ord (?h n)
using bijh assms(2) bij-betwFE that by fastforce+
moreover
assume - hm < ?hn
ultimately consider ?hm = ?hn | hm > ?hn
using Ord-linear-It by blast
then show Fulse
proof cases
case !
then have m = n
by (metis inv-ordermap-mono-eq mn comp-apply ord-of-nat-inject)
with «(m < n)» show Fulse by blast
next
case 2
then have ord-of-nat n < ord-of-nat m
by (metis Finite-V mn assms comp-def inv-ordermap-VWFEF-mono-le
less-imp-le)
then show ?thesis
using leD «<m < n» by blast
qged
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qed
with assms show ?thesis
by (auto simp: strict-mono-on-def)
qed
qed
qed

lemma ordertype-finite-less-than [simp):
assumes finite A shows ordertype A less-than = card A
proof —
let M = ord-of-nat * A
obtain M: finite ?M ?M C ON
using Ord-ord-of-nat assms by blast
have ordertype A less-than = ordertype ¢M VWF
by (rule ordertype-inc-eq [symmetric]) (use assms finite-imp-small total-on-def
in (force+»)
also have ... = card A
proof (subst ordertype-eq-iff)
let ?M = ord-of-nat * A
obtain h where bijh: bij-betw h {..<card A} ?M and smh: strict-mono-on
{..<card A} h
by (metis M card-image ex-bij-betw-strict-mono-card inj-on-def ord-of-nat-inject)
define f where f = ord-of-nat o inv-into {..<card A} h
show 3 f. bij-betw f ?M (elts (card A)) AN Vz€fM.Vye?M. fz < fy<+— ((z,
y) € VIVF))
proof (intro exI conjl balll)
have bij-betw (ord-of-nat o inv-into {..<card A} h) (ord-of-nat * A) (ord-of-nat
“{..<card A})
by (meson UNIV-I bijh bij-betw-def bij-betw-inv-into bij-betw-subset bij-betw-trans
inj-ord-of-nat subsetl)
then show bij-betw f ?M (elts (card A))
by (metis elts-ord-of-nat f-def)
next
fix zy
assume zy: ¢ € My € M
then obtain m n where = = ord-of-nat m y = ord-of-nat n

by auto
have (fz < fy) +— ((h o inv-into {..<card A} h) x < (h o inv-into {..<card
A} ) y)
unfolding f-def using smh bij-betw-imp-surj-on [OF bijh]
apply simp

by (metis (mono-tags, lifting) inv-into-into not-less-iff-gr-or-eq order.asym
strict-mono-onD xy)
also have ... = (z < y)
using bijh
by (simp add: bij-betw-inv-into-right xy)
also have ... «+— ((z, y) € VWF)
using M(2) ON-imp-Ord xy by auto
finally show (fz < fy) «— ((z, y) € VWF) .
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qed
qged auto
finally show ?thesis .
qed

2.10 Cardinality of an arbitrary HOL set

definition gcard :: 'a set = V
where gcard X = if small X then (LEAST i. Ord i A elts i = X) else 0

2.11 Cardinality of a set

definition vcard :: V=V
where vcard a = (LEAST i. Ord i A elts i = elts a)

lemma gcard-eq-veard [simpl: gcard (elts x) = veard x

by (simp add: vcard-def gcard-def)

definition Card:: V=-bool
where Card i = ¢ = vcard ¢

abbreviation CARD where CARD = Collect Card

lemma cardinal-cong: elts x ~ elts y = vcard © = vcard y
unfolding vcard-def by (meson egpoll-sym egpoll-trans)

lemma gcardinal-cong:
assumes X =~ Y shows gcard X = gcard Y
proof —
have (LEAST i. Ord i A elts i = X) = (LEAST i. Ord i N elts i = Y)
by (meson egpoll-sym eqpoll-trans assms)
then show ?thesis
unfolding gcard-def
by (meson egpoll-sym small-eqcong assms)
qed

lemma vcard-set-image: inj-on f (elts x) = veard (set (f ‘ elts x)) = vcard x
by (simp add: cardinal-cong)

lemma gcard-image: inj-on f X = geard (f * X) = geard X
by (simp add: gcardinal-cong)

lemma Card-cardinal-eq: Card kK = vcard k = &
by (simp add: Card-def)

lemma Card-is-Ord:
assumes Card k shows Ord k
proof —
obtain « where Ord « elts o =~ elts k
using Ord-ordertype ordertype-eqpoll by blast
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then have Ord (LEAST i. Ord i A elts i = elts k)
by (metis Ord-Least)
then show ?thesis
using Card-def vcard-def assms by auto
qed

lemma cardinal-eqpoll: elts (veard a) = elts a
unfolding vcard-def
using ordertype-eqpoll [of elts a] Ord-Least] by (meson Ord-ordertype small-elts)

lemma inj-into-vcard:
obtains f where f € elts A — elts (vcard A) inj-on f (elts A)
using cardinal-egpoll [of A] inj-on-the-inv-into the-inv-into-onto
by (fastforce simp: Pi-iff bij-betw-def eqpoll-def)

lemma cardinal-idem [simp]: veard (veard a) = veard a
using cardinal-cong cardinal-egpoll by blast

lemma subset-smaller-vcard:
assumes s < vcard x Card
obtains y where y < z vecard y = k
proof —
obtain ¢ where ¢: bij-betw ¢ (elts (vecard x)) (elts z)
using cardinal-eqpoll eqpoll-def by blast
show thesis
proof
let 2y = ZFC-in-HOL.set (p * elts k)
show %y < z
by (meson ¢ assms bij-betwE set-image-le-iff small-elts vsubsetD)
show wvcard %y = k
by (metis vcard-set-image Card-def assms bij-betw-def bij-betw-subset ¢
less-eq-V-def)
qed
qed

every natural number is a (finite) cardinal

lemma nat-into-Card:
assumes « € elts w shows Card(a)
proof (unfold Card-def vcard-def, rule sym)
obtain n where n: a = ord-of-nat n
by (metis w-def assms elts-of-set imageE inf)
have Ord(«) using assms by auto
moreover
{ fix g
assume [ < « Ord B elts B =~ elts a
with n have elts § = {..<n}
by (simp add: ord-of-nat-eg-initial [of n] egpoll-trans inj-on-def inj-on-image-egpoll-self)
hence Fulse using assms n <«Ord By «f < o <Ord(a)»
by (metis <elts 8 ~ elts ) card-seteq eqpoll-finite-iff eqpoll-iff-card finite-less Than
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less-eq-V-def less-le-not-le order-refl)
}
ultimately
show (LEAST i. Ord i A elts i = elts o) = «
by (metis (no-types, lifting) Least-equality Ord-linear-le eqpoli-refl less-le-not-le)
qed

lemma Card-ord-of-nat [simp]: Card (ord-of-nat n)
by (simp add: w-def nat-into-Card)

lemma Card-0 [iff]: Card 0
by (simp add: nat-into-Card)

lemma Cardl: [Ord i; Nj. [j < 4; Ord j] = — elts j = elts i] = Card i
unfolding Card-def vcard-def
by (metis Ord-Least Ord-linear-lt cardinal-eqpoll egpoll-refl not-less-Ord-Least
veard-def)

lemma veard-0 [simp]: veard 0 = 0
using Card-0 Card-def by auto

lemma Ord-cardinal [simp,intro!]: Ord(vcard a)
unfolding vcard-def by (metis Card-def Card-is-Ord cardinal-cong cardinal-eqpoll
veard-def)

lemma gcard-big-0: -~ small X = gcard X = 0
by (simp add: gcard-def)

lemma gcard-eq-card:
assumes finite X shows gcard X = ord-of-nat (card X)
proof —
have Ay. Ord y A elts y % X = ord-of-nat (card X) < y
by (metis assms eqpoll-finite-iff eqpoll-iff-card order-le-less ordertype- VWF-finite-nat
ordertype-eq-Ord)
then have (LEAST i. Ord i A elts i = X) = ord-of-nat (card X)
by (simp add: assms eqpoll-iff-card finite-Ord-omega Least-equality)
with assms show ?thesis
by (simp add: finite-imp-small gcard-def)
qed

lemma gcard-empty-0 [simp]: geard {} = 0
by (simp add: gcard-eq-card)

lemma gcard-single-1 [simp]: gcard {z} = 1
by (simp add: gcard-eq-card one-V-def)

lemma Card-gcard [iff]: Card (gcard X)

by (metis Card-0 Card-def cardinal-idem gcard-big-0 geardinal-cong small-eqpoll
gcard-eq-veard)
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lemma gcard-eqpoll: small X = elts (gcard X) = X
by (metis cardinal-egpoll egpoll-trans gcard-eq-vecard gcardinal-cong small-egpoll)

lemma lepoll-imp-gcard-le:

assumes A < B small B

shows gcard A < gcard B
proof —

have elts (gecard A) =~ A elts (gcard B) = B

by (meson assms geard-egpoll lepoll-small)+
with <A < B) show ?thesis
by (metis Ord-cardinal Ord-linear2 eqpoll-sym gcard-eq-vcard gcardinal-cong
lepoll-antisym
lepoll-trans2 less-V-def less-eq-V-def subset-imp-lepoll)

qed

lemma gcard-image-le:
assumes small A shows geard (f ¢ A) < gcard A
using assms image-lepoll lepoll-imp-gcard-le by blast

lemma subset-imp-gcard-le:
assumes A C B small B
shows gcard A < gcard B
by (simp add: assms lepoll-imp-gcard-le subset-imp-lepoll)

lemma gcard-le-lepoll: [gcard A < «; small A] = A < elts «
by (meson eqpoll-sym gcard-eqpoll lepoll-transl less-eq-V-def subset-imp-lepoll)

2.12 Cardinality of a set

The cardinals are the initial ordinals.

lemma Card-iff-initial: Card k +— Ord Kk A Va. Ord a AN a < K — ™ elts «
~ elts k)

by (metis Cardl Card-def Card-is-Ord not-less-Ord-Least vcard-def)

lemma Card-w [iff]: Card w
by (meson Cardl Ord-w eqpoll-finite-iff infinite-Ord-omega infinite-w leD)

lemma [t-Card-imp-lesspoll: [i < a; Card a; Ord i = elts i < elts a
by (meson Card-iff-initial less-eq-V-def less-imp-le lesspoll-def subset-imp-lepoll)

lemma lepoll-imp-Card-le:
assumes elts a < elts b shows vcard a < veard b
using assms lepoll-imp-gcard-le by fastforce

lemma lepoll-cardinal-le: [elts A < elts i; Ord i = veard A < @

by (metis Ord-Least Ord-linear?2 dual-order.trans egpoll-refl lepoll-imp-Card-le
not-less-Ord-Least vcard-def)
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lemma cardinal-le-lepoll: vecard A < o = elts A < elts «
by (meson cardinal-egpoll eqpoll-sym lepoll-trans1 less-eq-V-def subset-imp-lepoll)

lemma lesspoll-imp-Card-less:

assumes elts a < elts b shows vcard a < vcard b

by (metis assms cardinal-eqpoll eqpoll-sym eqpoll-trans lepoll-imp-Card-le less- V-def
lesspoll-def)

lemma Card-Union [simp,intro]:
assumes A: A\z. z € A = Card(z) shows Card(| | A)
proof (rule Cardl)
show Ord(| |A) using A
by (simp add: Card-is-Ord Ord-Sup)
next
fix j
assume j: j < | |A Ord j
hence Jc€A. j < ¢ A Card(c) using A
by (meson Card-is-Ord Ord-linear2 ZFC-in-HOL.Sup-least leD)
then obtain ¢ where c¢: ¢c€4 j < ¢ Card(c)
by blast
hence jls: elts j < elts ¢
using j(2) lt-Card-imp-lesspoll by blast
{ assume eqp: elts j = elts (| | A)
have elts ¢ < elts (| | A) using ¢
by (metis Card-def Sup-V-def ZFC-in-HOL.Sup-upper cardinal-le-lepoll j(1)
not-less-0)
also have ... = elts j by (rule egpoll-sym [OF eqp))
also have ... < elts ¢ by (rule jis)
finally have elts ¢ < elts c .
hence False
by auto
} thus — elts j ~ elts (| | A) by blast
qed

lemma Card-UN: (A\z. ¢ € A = Card(K z)) ==> Card(Sup (K © A))
by blast

2.13 Transfinite recursion for definitions based on the three
cases of ordinals

definition
transrec3 :: [V, [V, V]=V, [V,V=V]|=V, V] = V where
transrec3 a b ¢ =
transrec (Ar x.
if t=0 then a
else if Limit x then c x (Ay € elts z. r y)
else b(pred x) (r (pred x)))
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lemma transrec3-0 [simp]: transrec3 a b ¢ 0 = a
by (simp add: transrec transrec3-def)

lemma transrec3-succ [simpl:
transrec3 a b ¢ (succ i) = b i (transrec3 a b ¢ i)
by (simp add: transrec transrec3-def)

lemma transrec3-Limit [simp):
Limit i = transrec8 a b c i = ¢ i (\j € elts i. transrec3 a b ¢ j)
unfolding transrec3-def
by (subst transrec) auto

2.14 Cardinal Addition

definition cadd :: [V,V]|=V (infix] «®> 65)
where k & p = veard (k 1 p)

2.14.1 Cardinal addition is commutative

lemma vsum-commute-eqpoll: elts (ald) b) == elts (blH a)
proof —
have bij-betw (A\z € elts (ald) b). sum-case Inr Inl z) (elts (alg) b)) (elts (bl a))
unfolding bij-betw-def
proof (intro conjI inj-onl)
show restrict (sum-case Inr Inl) (elts (a 4 b)) “elts (a lH b) = elts (b4 a)
apply auto
apply (metis (no-types) imagel sum-case-Inr sum-iff)
by (metis Inl-in-sum-iff imagel sum-case-Inl)
ged auto
then show ?thesis
using eqpoll-def by blast
qed

lemma cadd-commute: i ® j = j @ i
by (simp add: cadd-def cardinal-cong vsum-commute-eqpoll)

2.14.2 Cardinal addition is associative

lemma sum-assoc-bij:
bij-betw (Az € elts ((aly b)Y ¢). sum-case(sum-case Inl (Ay. Inr(Inl y))) (Ay.
Inr(Inr y)) z)
(elts ((akt) D ) (elts (ale) (B ©)))
by (rule-tac f' = sum-case (Az. Inl (Inl x)) (sum-case (Az. Inl (Inr z)) Inr)
in bij-betw-by Witness) auto

lemma sum-assoc-eqpoll: elts ((alt) b)) ¢) = elts (alt) (bl¥) ¢))
unfolding egpoll-def by (metis sum-assoc-bij)

lemma elts-veard-vsum-egpoll: elts (veard (i ¢ j)) ~ Inl “ elts ¢ U Inr ¢

proof —

elts j
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have elts (i ) j) = Inl ‘ elts i U Inr ‘ elts j
by (simp add: elts-vsum)
then show ?thesis
using cardinal-eqpoll eqpoll-trans by blast
qed

lemma cadd-assoc: (i @ j) @ k=i (j ® k)
proof (unfold cadd-def, rule cardinal-cong)
have elts (veard(i 4 j) &) k) = elts (i 1) j) &) k)
by (auto simp: disjnt-def elts-vsum elts-vcard-vsum-eqpoll intro: Un-egpoll-cong)
also have ... =~ elts (i g (j 1§ k))
by (rule sum-assoc-eqpoll)
also have ... = elts (i |t veard(j 1 k))
by (auto simp: disjnt-def elts-vsum elts-veard-vsum-eqpoll [THEN eqpoll-sym)|
intro: Un-egpoll-cong)
finally show elts (vcard (i ld) j) &) k) = elts (i i) veard (5 1§ k)) .
qed

lemma cadd-left-commute: § © (i ® k) =i @ (j © k)
using cadd-assoc cadd-commute by force

lemmas cadd-ac = cadd-assoc cadd-commute cadd-left-commute

0 is the identity for addition

lemma vsum-0-eqpoll: elts (0l a) ~ elts a
by (simp add: elts-vsum)

lemma cadd-0 [simp]: Card k = 0 & Kk = K
by (metis Card-def cadd-def cardinal-cong vsum-0-eqpoll)

lemma cadd-0-right [simp]: Card k = kK ® 0 = K
by (simp add: cadd-commute)

lemma vsum-lepoll-self: elts a < elts (ald b)
unfolding elts-vsum by (meson Inl-iff Un-upperl inj-onl lepoll-def)

lemma cadd-le-self:
assumes x: Card Kk shows Kk < Kk @ a
proof (unfold cadd-def)
have k < wveard k
using Card-def k by auto
also have ... < vcard (k |1 a)
by (simp add: lepoll-imp-Card-le vsum-lepoll-self)
finally show x < vcard (k l# a) .
qed

Monotonicity of addition

lemma cadd-le-mono: [k’ < k;p' < p] = r' @ pu' <k O p
unfolding cadd-def
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by (metis (no-types) lepoll-imp-Card-le less-eq- V-def subset-imp-lepoll sum-subset-iff)

2.15 Cardinal multiplication

definition cmult :: [V,V]=V (infix] «®> 70)
where k£ ® p = veard (VSigma k (Az. p1))

2.15.1 Cardinal multiplication is commutative

lemma prod-bij: [bij-betw f A C; bij-betw g B D]
= bij-betw (M=, y). (fz, gy)) (A x B) (C x D)
apply (rule bij-betw-byWitness [where f' = A(z,y). (inv-into A f z, inv-into B g
y)))
apply (auto simp: bij-betw-inv-into-left bij-betw-inv-into-right bij-betwkE)
using bij-betwE bij-betw-inv-into apply blast+
done

lemma cmult-commute: 1 ® j = j ® @
proof —
have (A(z, v). (z, y)) ‘(elts i x elts j) = (N(z, y). {z, y)) ‘ (elts j x elts i)
by (simp add: times-commute-eqpoll)
then show ?thesis
unfolding cmult-def
using cardinal-cong elts-VSigma by auto
qed

2.15.2 Cardinal multiplication is associative

lemma elts-vcard-VSigma-eqpoll: elts (veard (vtimes i j)) =~ elts i X elts j
proof —
have elts (vtimes i j) = elts i X elts j
by (simp add: elts-VSigma)
then show ?thesis
using cardinal-eqpoll eqpoll-trans by blast
qed

lemma elts-cmult: elts (k' ® k) = elts &' X elts k
by (simp add: cmult-def elts-veard-VSigma-egqpoll)

lemma cmult-assoc: (1 Q j) @ k=1 ® (j ® k)
unfolding cmult-def
proof (rule cardinal-cong)
have elts (vcard (vtimes i 7)) X elts k = (elts i x elts j) x elts k
by (blast intro: times-eqpoll-cong elts-vecard-VSigma-eqpoll cardinal-egpoll)

also have ... = elts i x (elts j x elts k)
by (rule times-assoc-eqpoll)
also have ... = elts i x elts (vcard (vtimes j k))

by (blast intro: times-eqpoll-cong elts-vcard-VSigma-egpoll cardinal-egpoll eqpoll-sym)
finally show elts (VSigma (vecard (vtimes i j)) (Az. k)) ~ elts (VSigma i (Az.
veard (vtimes j k)))
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by (simp add: elts-VSigma)
qed

2.15.3 Cardinal multiplication distributes over addition

lemma cadd-cmult-distrib: (i & j) @ k=(i @ k) ® (j ® k)
unfolding cadd-def cmult-def
proof (rule cardinal-cong)
have elts (vtimes (vcard (i 3 j)) k) = elts (veard (vsum i j)) X elts k
using cardinal-eqpoll elts-vcard-VSigma-eqpoll eqpoll-sym eqpoll-trans by blast
also have ... = (Inl ‘elts i U Inr ‘ elts j) x elts k
using elts-vcard-vsum-eqpoll times-eqpoll-cong by blast
also have ... ~ (Inl ‘ elts i) x elts k' U (Inr ‘ elts j) x elts k
by (simp add: Sigma-Un-distribl)
also have ... = elts (vtimes i k |t vtimes j k)
unfolding Plus-def
by (auto simp: elts-vsum elts- VSigma disjnt-iff intro!: Un-egpoll-cong times-eqpoll-cong)

also have ... = elts (vcard (vtimes i k |4 vtimes j k))
by (simp add: cardinal-eqpoll egpoll-sym)
also have ... = elts (vcard (vtimes i k) | vcard (vtimes j k))

by (metis cadd-assoc cadd-def cardinal-cong cardinal-egpoll vsum-0-eqpoll vsum-commute-eqpoll)
finally show elts (VSigma (vecard (i |¢ 7)) (Az. k))
~ elts (vcard (vtimes i k) 4§ vcard (vtimes j k)) .
qed

Multiplication by 0 yields 0

lemma cmult-0 [simpl: 0 @ i = 0
using Card-0 Card-def cmult-def by auto

1 is the identity for multiplication

lemma cmult-1 [simp]: assumes Card k shows I ® kK = &
proof —
have elts (vtimes (set {0}) k) =~ elts K
by (auto simp: elts-VSigma introl: times-singleton-egpoll)
then show ?thesis
by (metis Card-def assms cardinal-cong cmult-def elts-1 set-of-elts)
qed

2.16 Some inequalities for multiplication

lemma cmult-square-le: assumes Card k shows kK < Kk ® K
proof —
have elts k < elts (k ® k)
using times-square-lepoll [of elts k] emult-def elts-vcard- VSigma-egpoll eqpoll-sym
lepoll-trans2
by fastforce
then show ?thesis
using Card-def assms cmult-def lepoll-cardinal-le by fastforce
qed
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Multiplication by a non-empty set

lemma cmult-le-self: assumes Card k o # 0 shows k < kK ® «
proof —
have k = vcard &
using Card-def <Card x> by blast
also have ... < vcard (vtimes k )
apply (rule lepoll-imp-Card-le)
apply (simp add: elts-VSigma)
by (metis ZFC-in-HOL.ext <o # 0> elts-0 lepoll-times1)
also have ... =k ® «
by (simp add: cmult-def)
finally show ?thesis .
qed

Monotonicity of multiplication

lemma cmult-le-mono: [k’ < k; p’' < p]l = '@ p' <K@
unfolding cmult-def
by (auto simp: elts-VSigma introl: lepoll-imp-Card-le times-lepoll-mono subset-imp-lepoll)

lemma vcard-Sup-le-cmult:
assumes small U and k: A\z. 2 € U = vcard z < &
shows vcard (|| U) < veard (set U) @ k
proof —
have 3f. f € elts x — elts k N inj-on f (elts z) if z € U for z
using k [OF that] by (metis cardinal-le-lepoll image-subset-iff-funcset lepoll-def)
then obtain ¢ where p: Az. 2 € U = (¢ z) € elts v — elts & A inj-on (¢
z) (elts x)
by metis
define v where u = \y. Qz. x € U Ay € elts x
have u: uy € U Ay € elts (uy) if y € |J(elts ¢ U) for y
unfolding u-def by (metis (mono-tags, lifting)that somel2-ex UN-iff)
define ¢y where ¥ = \y. (v y, ¢ (v y) y)
have U: elts (vcard (set U)) ~ U
by (metis <small U cardinal-egpoll elts-of-set)
have elts (| |U) = (elts * U)
using <small U» by blast
also have ... < U x elts k
unfolding lepoll-def
proof (intro exl conjI)
show inj-on ¢ (J (elts * U))
using ¢ u by (smt (verit) v¥-def inj-on-def prod.inject)
show ¢ ‘|J (elts ‘ U) C U x elts k
using ¢ u by (auto simp: -def)
qed
also have ... = elts (vcard (set U) @ k)
using U elts-cmult eqpoll-sym eqpoll-trans times-eqpoll-cong by blast
finally have elts (|| U) S elts (veard (set U) ® k) .
then show ?thesis
by (simp add: cmult-def lepoll-cardinal-le)

80



qed

2.17 The finite cardinals

lemma succ-lepoll-suceD: elts (succ(m)) S elts (succ(n)) = elts m < elts n
by (simp add: insert-lepoll-insertD)

Congruence law for succ under equipollence

lemma succ-eqpoll-cong: elts a ~ elts b = elts (succ(a)) =~ elts (succ(b))
by (simp add: succ-def insert-eqpoll-cong)

lemma sum-succ-eqpoll: elts (succ a |f b) =~ elts (succ(ald b))
unfolding egpoll-def
proof (rule exl)
let 2f = Az. if z=Inl a then aly b else z
let 2g = Az. if z=ald) b then Inl a else z
show bij-betw ?f (elts (succ a |3 b)) (elts (succ (a4 b)))
apply (rule bij-betw-by Witness [where f' = ?g], auto)
apply (metis Inl-in-sum-iff mem-not-refl)
by (metis Inr-in-sum-iff mem-not-refl)
qed

lemma cadd-succ: succ m @& n = veard (succ(m @ n))
proof (unfold cadd-def)
have [intro]: elts (m |¢) n) = elts (veard (m |4 n))
using cardinal-eqpoll egpoll-sym by blast
have vcard (succ m |3 n) = veard (suce(m | n))
by (rule sum-succ-eqpoll [THEN cardinal-cong))
also have ... = vcard (succ(vcard (m |3 n)))
by (blast intro: succ-eqpoll-cong cardinal-cong)
finally show vcard (succ m |3 n) = veard (succ(veard (m | n))) .
qed

lemma nat-cadd-eg-add: ord-of-nat m @® ord-of-nat n = ord-of-nat (m + n)
proof (induct m)
case (Suc m) thus ?case
by (metis Card-def Card-ord-of-nat add-Suc cadd-succ ord-of-nat.simps(2))
qed auto

lemma vcard-disjoint-sup:
assumes z M y = 0 shows vcard (z U y) = veard © & veard y
proof —
have elts (z U y) =~ elts (z i y)
unfolding eqpoll-def
proof (rule exI)
let f = \z. if z € elts x then Inl z else Inr z
let ?g = sum-case id id
show bij-betw ?f (elts (x U y)) (elts (z 1§ y))
by (rule bij-betw-byWitness [where f' = %g]) (use assms V-disjoint-iff in
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auto)
qed
then show ?thesis
by (metis cadd-commute cadd-def cardinal-cong cardinal-idem vsum-0-egpoll
cadd-assoc)
qed

lemma vcard-sup: veard (z U y) < veard z @ veard y
proof —
have elts (z U y) < elts (z 4 y)
unfolding lepoll-def
proof (intro exl conjI)
let f = \z. if z € elts « then Inl z else Inr z
show inj-on 2f (elts (z U y))
by (simp add: inj-on-def)
show ?2f “elts (x U y) C elts (z ¢ y)
by force
qed
then show ?thesis
using cadd-ac
by (metis cadd-def cardinal-cong cardinal-idem lepoll-imp-Card-le vsum-0-eqpoll)
qged

2.18 Infinite cardinals

definition InfCard :: V=-bool
where InfCard k = Card k N w < K

lemma InfCard-iff: InfCard k «— Card & A infinite (elts k)
proof (cases w < k)
case True
then show ?thesis
using inj-ord-of-nat lepoll-def less-eq-V-def
by (auto simp: InfCard-def w-def infinite-le-lepoll)
next
case Fulse
then show ?thesis
using Card-iff-initial InfCard-def infinite-Ord-omega by blast
qed

lemma InfCard-ge-ord-of-nat:
assumes InfCard k shows ord-of-nat n < k

using InfCard-def assms ord-of-nat-le-omega by blast

lemma InfCard-not-0[iff]: - InfCard 0
by (simp add: InfCard-iff)

definition csucc :: V=V
where csucc kK = LEAST k'. Ord k' A (Card k' N k < K)
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lemma less-vcard-VPow: veard A < veard (VPow A)
proof (rule lesspoll-imp-Card-less)
show elts A < elts (VPow A)
by (simp add: elts-VPow down inj-on-def lesspoll-Pow-self)
qed

lemma greater-Card:
assumes Card x shows k < veard (VPow k)
proof —
have k = vcard &
using Card-def assms by blast
also have ... < vcard (VPow k)
proof (rule lesspoll-imp-Card-less)
show elts k < elts (VPow k)
by (simp add: elts-VPow down inj-on-def lesspoll-Pow-self)
qed
finally show ?thesis .
qed

lemma
assumes Card k
shows Card-csucc [simp]: Card (csucc k) and less-csuce [simpl: k < csucc k
proof —
have Card (csucc k) N K < csuce K
unfolding csucc-def
proof (rule Ord-LeastI2)
show Card (vcard (VPow k)) A & < (vcard (VPow k))
using Card-def assms greater-Card by auto
qed auto
then show Card (csucc k) K < csucc K
by auto
qed

lemma le-csucc:
assumes Card k shows k < csucc k
by (simp add: assms less-csucc less-imp-le)

lemma csucc-le: [Card p; K € elts u] = csuce k <
unfolding csucc-def
by (simp add: Card-is-Ord Ord-Least-le OrdmemD)

lemma finite-csuce: a € elts w => csucc a = succ a

unfolding csucc-def

proof (rule Least-equality)

show Ord (ZFC-in-HOL.succ a) A Card (ZFC-in-HOL.succ a) A a < ZFC-in-HOL.succ
a
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if a € elts w
using that by (auto simp: less-V-def less-eq-V-def nat-into-Card)
show ZFC-in-HOL.succ a < y
if a € elts w
and Ord y A Cardy A a < y

for y = V

using that

using Ord-mem-iff-lt dual-order.strict-implies-order by fastforce

qed

lemma Finite-imp-cardinal-cons [simp]:
assumes FA: finite A and a: a ¢ A
shows vcard (set (insert a A)) = csucc(vcard (set A))
proof —
show ?thesis
unfolding csucc-def
proof (rule Least-equality [THEN sym))
have small A
by (simp add: FA Finite-V)
then have — elts (set A) = elts (set (insert a A))
using FA a eqpoll-imp-lepoll egpoll-sym finite-insert-lepoll by fastforce
then show Ord (vcard (set (insert a A))) A Card (vcard (set (insert a A))) A
veard (set A) < wvcard (set (insert a A))
by (simp add: Card-def lesspoll-imp-Card-less lesspoll-def subset-imp-lepoll
subset-insert])
show wvcard (set (insert a A)) < i
if Ord i A Card i N vcard (set A) < i for ¢
proof —
have elts (vcard (set A)) ~ A
by (metis FA finite-imp-small cardinal-egpoll elts-of-set)
then have less: A < elts @
using eg-lesspoll-trans eqpoll-sym [t-Card-imp-lesspoll that by blast
show ?thesis
using that less by (auto simp: less-imp-insert-lepoll lepoll-cardinal-le)
qed
qed
qed

lemma vcard-finite-set: finite A = veard (set A) = ord-of-nat (card A)
by (induction A rule: finite-induct) (auto simp: set-empty w-def finite-csucc)

lemma lt-csucc-iff:

assumes Ord « Card k

shows o < csucc kK +— veard o < kK
proof

show vcard o < k if o < csuce K

proof —

have vcard a < csucc k
by (meson <Ord «y dual-order.trans lepoll-cardinal-le lepoll-refl less-le-not-le
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that)
then show ?thesis
by (metis (no-types) Card-def Card-iff-initial Ord-linear2 Ord-mem-iff-lt assms
cardinal-eqpoll cardinal-idem csucc-le eq-iff eqpoll-sym that)
qed
show a < csucc k if veard a < &
proof —
have — csuce k < «
using that
by (metis Card-csucc Card-def assms(2) le-less-trans lepoll-imp-Card-le
less-csucc less-eq-V-def less-le-not-le subset-imp-lepoll)
then show ?thesis
by (meson Card-csucc Card-is-Ord Ord-linear2 assms)
qed
qed

lemma Card-lt-csucc-iff: [Card £'; Card k] = (k' < csuce k) = (k' < k)
by (simp add: lt-csucc-iff Card-cardinal-eq Card-is-Ord)

lemma csucc-lt-csucc-iff: [Card k'; Card k] = (csuce k' < csuce k) = (k' < k)
by (metis Card-csucc Card-is-Ord Card-lt-csucc-iff Ord-not-less)

lemma csucc-le-csucc-iff: [Card k'; Card k] = (csucc k' < csuce k) = (k' < k)
by (metis Card-csucc Card-is-Ord Card-lt-csucc-iff Ord-not-less)

lemma csucc-0 [simp]: csucc 0 = 1
by (simp add: finite-csucc one-V-def)

lemma Card-Un [simp,intro]:
assumes Card z Card y shows Card(z U y)
by (metis Card-is-Ord Ord-linear-le assms sup.absorb2 sup.orderE)

lemma InfCard-csucc: InfCard k = InfCard (csucc k)
using InfCard-def le-csucc by auto

Kunen’s Lemma 10.11

lemma InfCard-is-Limit:
assumes InfCard k shows Limit K
proof (rule non-succ-Limitl)
show k # 0
using InfCard-def assms mem-not-refl by blast
show Ord k
using Card-is-Ord InfCard-def assms by blast
show ZFC-in-HOL.succ y # k for y
proof
assume succ y = K
then have Card (succ y)
using InfCard-def assms by auto
moreover have w < y
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by (metis InfCard-iff Ord-in-Ord <Ord k) «ZFC-in-HOL.succ y = K> assms
elts-succ finite-insert infinite-Ord-omega insertl1)
moreover have elts y ~ elts (succ y)
using InfCard-iff «ZFC-in-HOL.succ y = k) assms eqpoll-sym infinite-insert-eqpoll
by fastforce
ultimately show Fulse
by (metis Card-iff-initial Ord-in-Ord OrdmemD elts-succ insertil)
qed
qed

2.19 Toward’s Kunen’s Corollary 10.13 (1)

Kunen’s Theorem 10.12

lemma InfCard-csquare-eq:
assumes InfCard(k) shows k ® K = K
using infinite-times-eqpoll-self [of elts k] assms
unfolding InfCard-iff Card-def
by (metis cardinal-cong cardinal-eqpoll cmult-def elts-vcard-VSigma-eqpoll egpoll-trans)

lemma InfCard-le-cmult-eq:
assumes InfCard k p < k p # 0
shows Kk ® u =k
proof (rule order-antisym)
have k ® t < Kk ® K
by (simp add: assms(2) cmult-le-mono)
also have ... < k
by (simp add: InfCard-csquare-eq assms(1))
finally show « @ u < k.
show Kk < Kk ® p
using InfCard-def assms(1) assms(3) cmult-le-self by auto
qged

Kunen’s Corollary 10.13 (1), for cardinal multiplication

lemma InfCard-cmult-eq: [InfCard k; InfCard p] = & @ p =k U p
by (metis Card-is-Ord InfCard-def InfCard-le-cmult-eq Ord-linear-le crult-commute
inf-sup-aci(5) mem-not-refl sup.orderE sup-V-0-right zero-in-omega)

lemma cmult-succ:
succ(m) @ n=n @ (m Q@ n)
unfolding cmult-def cadd-def
proof (rule cardinal-cong)
have elts (vtimes (ZFC-in-HOL.succ m) n) = elts n <+> elts m x elts n
by (simp add: elts-VSigma prod-insert-egpoll)
also have ... = elts (n | vcard (vtimes m n))
unfolding elts-VSigma elts-vsum Plus-def
proof (rule Un-egpoll-cong)
show (Sum-Type.Inr ‘ (elts m x elts n)::(V + V x V) set) = Inr ‘ elts (vcard
(vtimes m n))
by (simp add: elts-vcard-VSigma-egpoll egpoll-sym)
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qed (auto simp: disjnt-def)

finally show elts (vtimes (ZFC-in-HOL.succ m) n) = elts (n 4 vcard (vtimes
mmn)) .
qed

lemma cmult-2:
assumes Card n shows ord-of-nat 2 @ n =n & n
proof —
have ord-of-nat 2 = succ (succ 0)
by force
then show ?thesis
by (simp add: cmult-succ assms)
qed

lemma InfCard-cdouble-eq:
assumes InfCard kK shows Kk & Kk = K
proof —
have k & Kk = Kk ® ord-of-nat 2
using InfCard-def assms cmult-2 cmult-commute by auto
also have ... = &
by (simp add: InfCard-le-cmult-eq InfCard-ge-ord-of-nat assms)
finally show ?thesis .
qed

Corollary 10.13 (1), for cardinal addition

lemma InfCard-le-cadd-eq: [InfCard k; p < K] = Kk & p =k
by (metis InfCard-cdouble-eq InfCard-def antisym cadd-le-mono cadd-le-self)

lemma InfCard-cadd-eq: [InfCard k; InfCard p] = k @ p=r U p
by (metis Card-iff-initial InfCard-def InfCard-le-cadd-eq Ord-linear-le cadd-commute
sup.absorb?2 sup.orderE)

lemma csucc-le-Card-iff: [Card &'; Card K] = csucc k' < k +— k' < K
by (metis Card-csucc Card-is-Ord Card-lt-csucc-iff Ord-not-le)

lemma cadd-InfCard-le:
assumes o < k 8 < k InfCard x
shows a @ 8 < k
using assms by (metis InfCard-cdouble-eq cadd-le-mono)

lemma cmult-InfCard-le:
assumes a < k 8 < k InfCard &
shows o ® 8 < k

using assms
by (metis InfCard-csquare-eq cmult-le-mono)

2.20 The Aleph-seqgence

This is the well-known transfinite enumeration of the cardinal numbers.
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definition Aleph :: V. = V (X~ [90] 90)
where Aleph = transrec (Af z. w U | | ((Ay. csuce(f y)) ¢ elts z))

lemma Aleph: Aleph o = w U (| | y€elts a. csuce (Aleph y))
by (simp add: Aleph-def transrec|of - «])

lemma InfCard-Aleph [simp, intro]: InfCard(Aleph x)
proof (induction x rule: eps-induct)
case (step x)
then show ?Zcase
by (simp add: Aleph [of x] InfCard-def Card-UN step)
qed

lemma Card-Aleph [simp, intro]: Card(Aleph x)
using InfCard-def by auto

lemma Aleph-0 [simp]: RO = w
by (simp add: Aleph [of 0])

lemma mem-Aleph-succ: Ra € elts (Aleph (suce «))

apply (simp add: Aleph [of succ a])

by (meson InfCard-Aleph Card-csucc Card-is-Ord InfCard-def Ord-mem-iff-lt
less-csuce)

lemma Aleph-lt-suceD [simp]: Ra < Aleph (succ «)
by (simp add: InfCard-is-Limit Limit-is-Ord OrdmemD mem-Aleph-succ)

lemma Aleph-succ [simp]: Aleph (succ z) = csucc (Aleph x)
proof (rule antisym)
show Aleph (ZFC-in-HOL.succ x) < csucc (Aleph x)
apply (simp add: Aleph [of succ x))
by (metis Aleph InfCard-Aleph InfCard-def Sup-V-insert le-csucc le-sup-iff or-
der-refl
replacement small-elts)
show csuce (Aleph z) < Aleph (ZFC-in-HOL.succ x)
by (force simp add: Aleph [of succ z])
qed

lemma csucc-Aleph-le-Aleph: o € elts f = csuce (Ra) < N
by (metis Aleph ZFC-in-HOL.SUP-le-iff replacement small-elts sup-ge2)

lemma Aleph-in-Aleph: o € elts f = Ra € elts (Rf)
using csucc-Aleph-le-Aleph mem-Aleph-succ by auto

lemma Aleph-Limit:

assumes Limit ~

shows Aleph v = | | (Aleph * elts 7)
proof —

have [simp]: v # 0
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using assms by auto
show ?thesis
proof (rule antisym)
show Aleph v < || (Aleph ¢ elts )
apply (simp add: Aleph [of 7])
by (metis (mono-tags, lifting) Aleph-0 Aleph-succ Limit-def ZFC-in-HOL.SUP-le-iff

ZFC-in-HOL.Sup-upper assms imagel replacement small-elts)
show | | (Aleph ¢ elts v) < Aleph ~
apply (simp add: cSup-le-iff)
by (meson InfCard-Aleph InfCard-def csucc-Aleph-le-Aleph le-csucc order-trans)
qed
qed

lemma Aleph-increasing:

assumes ab: o < f Ord a Ord § shows Ra < Nj3

by (meson Aleph-in-Aleph InfCard-Aleph Card-iff-initial InfCard-def Ord-mem-iff-lt
assms)

lemma countable-iff-le-Aleph0: countable (elts A) +— veard A < RO
proof
show vcard A < N0
if countable (elts A)
proof (cases finite (elts A))
case True
then show ?thesis
using vcard-finite-set by fastforce
next
case Fulse
then have elts w ~ elts A
using countableE-infinite [OF that]
by (simp add: eqpoll-def w-def)
(meson bij-betw-def bij-betw-inv bij-betw-trans inj-ord-of-nat)
then show ?thesis
using Card-w Card-def cardinal-cong vcard-def by auto
qed
show countable (elts A)
if veard A < Aleph 0
proof —
have elts A < elts w
using cardinal-le-lepoll [OF that] by simp
then show ?thesis
by (simp add: countable-iff-lepoll w-def inj-ord-of-nat)
qed
qed

lemma Aleph-csquare-eq [simp]: Ra @ Ra = Ra
using InfCard-csquare-eq by auto
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lemma vcard-Aleph [simp]: veard (Ra) = Ra
using Card-def InfCard-Aleph InfCard-def by auto

lemma omega-le-Aleph [simp]: w < R
using InfCard-def by auto

lemma finite-iff-less-Aleph0: finite (elts ) +— vcard © < w
proof
show finite (elts ) = vcard z < w
by (metis Card-w Card-def finite-lesspoll-infinite infinite-w lesspoll-imp-Card-less)
show vcard © < w = finite (elts z)
by (meson Ord-cardinal cardinal-eqpoll eqpoll-finite-iff infinite- Ord-omega less-le-not-le)
qed

lemma countable-iff-vcard-less1: countable (elts ©) «— vcard x < N1
by (simp add: countable-iff-le-Aleph0 lt-csucc-iff one-V-def)

lemma countable-infinite-vcard: countable (elts z) A infinite (elts x) <— vcard x
= N0
by (metis Aleph-0 countable-iff-le- Aleph0 dual-order.refl finite-iff-less- Aleph0 less-V-def)

2.21 The ordinal w!?
abbreviation w1 = Aleph 1

lemma Ord-wl [simp]: Ord wl
by (metis Ord-cardinal vcard-Aleph)

lemma omega-wl [iff]: w € elts wl
by (metis Aleph-0 mem-Aleph-succ one-V-def)

lemma ord-of-nat-w1 [iff]: ord-of-nat n € elts w1
using Ord-w! Ord-trans by blast

lemma countable-iff-less-w1:
assumes Ord «
shows countable (elts o) +— a < w1
by (simp add: assms countable-iff-le-Aleph0 lt-csucc-iff one-V-def)

lemma less-w1-imp-countable:
assumes « € elts wl
shows countable (elts o)
using Ord-w1 Ord-in-Ord OrdmemD assms countable-iff-less-w1 by blast

lemma wi-gt0 [simp]: wl > 0
using Ord-w1 Ord-trans OrdmemD by blast

lemma wi-gt! [simp]: wl > 1
using Ord-w1 OrdmemD w-gt1 less-trans by blast
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lemma Limit-wl1 [simp]: Limit w1
by (simp add: InfCard-def InfCard-is-Limit le-csucc one-V-def)

end

3 Addition and Multiplication of Sets

theory Kirby
imports ZFC-Cardinals

begin

3.1 Generalised Addition

Source: Laurence Kirby, Addition and multiplication of sets Math. Log.
Quart. 53, No. 1, 52-65 (2007) / DOI 10.1002/malq.200610026 http://
faculty.baruch.cuny.edu/lkirby /mlgarticlejan2007.pdf

3.1.1 Addition is a monoid

instantiation V :: plus
begin

This definition is credited to Tarski

definition plus-V = V=V = V
where plus-V x = transrec (\f z. x U set (f ¢ elts z))

instance ..
end

definition lift :: V = V = V
where lift x y = set (plus z * elts y)

lemma plus:  + y = = U set ((+)z * elts y)
unfolding plus-V-def by (subst transrec) auto

lemma plus-eq-lift: © + y =z U lift x y
unfolding lift-def using plus by blast

Lemma 3.2

lemma lift-sup-distrib: lift x (a U b) = lift x a U lift x b
by (simp add: image-Un lift-def sup-V-def)

lemma lift-Sup-distrib: small Y = liftx (|| V) =] (liftz ‘YY)
by (auto simp: lift-def Sup-V-def image-Union)

lemma add-Sup-distrib:
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fixes z::V shows y # 0 = = + (|| z2€elts y. f2) = (| 2€elts y. x + [ 2)
by (auto simp: plus-eg-lift SUP-sup-distrib lift-Sup-distrib image-image)

lemma Limit-add-Sup-distrib:
fixes z::V shows Limit o« = = + (| |z€elts a. f2z) = (| |z€elts a.  + f 2)
using add-Sup-distrib by force

Proposition 3.3(ii)

instantiation V :: monoid-add
begin
instance
proof
showa+b+c=a+ (b+c)forabc: V
proof (induction ¢ rule: eps-induct)
case (step c)
have (a+b) + ¢ = a + b U set ((+) (a + b) ‘elts ¢)
by (metis plus)

also have ... = a U lift a b U set (A\u. a + (b+u)) * elts c)
using plus-eq-lift step.IH by auto

also have ... = a U lift a (b + ¢)

proof —

have lift a b U set (Au. a + (b + w)) “elts ¢) = lift a (b + ¢)
unfolding [lift-def
by (metis elts-of-set image-image lift-def lift-sup-distrib plus-eq-lift replace-
ment small-elts)
then show ?thesis
by (simp add: sup-assoc)
qed
also have ... =a + (b + ¢)
using plus-eq-lift by auto
finally show ?case .
qed
show 0 + x =z for z :: V
proof (induction rule: eps-induct)
case (step x)
then show ?case
by (subst plus) auto
qed
show 2 + 0 =z for z :: V
by (subst plus) auto
qed
end

lemma [ift-0 [simp]: lift 0 x = «
by (simp add: lift-def)

lemma lift-by0 [simp]: lift x 0 = 0
by (simp add: lift-def)
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lemma lift-byl [simp]: lift x 1 = set{x}
by (simp add: lift-def)

lemma add-eq-0-iff [simp]:
fixes z y:: V
shows z+y = 0 +— 2=0 A y=0
proof safe
show z =0 ifz + y =0
by (metis that le-imp-less-or-eq not-less-0 plus sup-gel)
then show y =0 ifz 4+ y =0
using that by auto
qed auto

lemma plus-vinsert: © + vinsert z y = vinsert (z+z) (z + y)
proof —
have fI: elts (z + y) = elts x U (+) = “elts y
by (metis elts-of-set lift-def plus-eq-lift replacement small-Un small-elts sup-V-def)
moreover have lift © (vinsert z y) = set ((4+) = ¢ elts (set (insert z (elts y))))
using vinsert-def lift-def by presburger
ultimately show ?thesis
by (simp add: vinsert-def plus-eg-lift sup-V-def)
qged

lemma plus-V-succ-right: © + succ y = succ (z + y)
by (metis plus-vinsert succ-def)

lemma succ-eq-addl: succx =z + 1
by (simp add: plus-V-succ-right one-V-def)

lemma ord-of-nat-add: ord-of-nat (m-+n) = ord-of-nat m + ord-of-nat n
by (induction n) (auto simp: plus-V-succ-right)

lemma succ-0-plus-eq [simp]:
assumes « € elts w
shows succ 0 + o = succ «
proof —
obtain n where « = ord-of-nat n
using assms elts-w by blast
then show ?thesis
by (metis One-nat-def ord-of-nat.simps ord-of-nat-add plus-1-eq-Suc)
qed

lemma omega-closed-add [intro]:
assumes « € elts w f € elts w shows a+f € elts w
proof —
obtain m n where a = ord-of-nat m 8 = ord-of-nat n
using assms elts-w by auto
then have a+5 = ord-of-nat (m+n)
using ord-of-nat-add by auto
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then show ?thesis
by (simp add: w-def)
qed

lemma mem-plus-V-E:
assumes [: [ € elts (x + y)
obtains [ € elts z | z where z € eltsyl =z + 2
using [ by (auto simp: plus [of x y] split: if-split-asm)

lemma not-add-less-right: assumes Ord y shows — (z + y < 1)
using assms
proof (induction rule: Ord-induct)
case (step 1)
then show ?case
by (metis less-le-not-le plus sup-gel)
qed

lemma not-add-mem-right: = (z + y € elts z)
by (metis sup-gel mem-not-refl plus vsubsetD)

Proposition 3.3(iii)

lemma add-not-less-TC-self: -~z + y C =
proof (induction y arbitrary: x rule: eps-induct)
case (step y)
then show ?case
using less-TC-imp-not-le plus-eq-lift by fastforce
qed

lemma TC-sup-lift: TC x N lift xy = 0
proof —
have elts (TC z) N elts (set ((+) z ‘elts y)) = {}
using add-not-less-TC-self by (auto simp: less-TC-def)
then have TC z 1M set ((+) = * elts y) = set {}
by (metis inf-V-def)
then show ?thesis
using lift-def by auto
qed

lemma lift-lift: lift x (lift y z) = lift (z+y) 2
using add.assoc by (auto simp: lift-def)

lemma lift-self-disjoint: © M lift v v = 0
by (metis TC-sup-lift arg-subset-TC inf.absorb-iff2 inf-assoc inf-sup-aci(3) lift-0)

lemma sup-lift-eq-lift:

assumes z U lift zu = z U lift x v

shows lift x u = lift z v

by (metis (no-types) assms inf-sup-absorb inf-sup-distrib2 lift-self-disjoint sup-commute
sup-inf-absorb)
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3.1.2 Deeper properties of addition

Proposition 3.4(i)

proposition lift-eq-lift: lift z y = lift v 2 = y = 2
proof (induction y arbitrary: z rule: eps-induct)
case (step y)
show ?Zcase
proof (intro vsubsetl order-antisym)
show u € elts z if u € elts y for u
proof —
have z+u € elts (lift x z)
using lift-def step.prems that by fastforce
then obtain v where v € elts z z+u = z+v
using lift-def by auto
then have lift x u = lift z v
using sup-lift-eq-lift by (simp add: plus-eq-lift)
then have u=v
using step.IH that by blast
then show ?thesis
using «v € elts z» by blast
qed
show u € elts y if u € elts z for u
proof —
have z+u € elts (lift z y)
using lift-def step.prems that by fastforce
then obtain v where v € elts y z+u = z+v
using lift-def by auto
then have lift x u = lift z v
using sup-lift-eg-lift by (simp add: plus-eq-lift)
then have u=v
using step.IH by (metis v € elts y»)
then show ?thesis
using (v € elts y» by auto
qed
qed
qged

corollary inj-lift: inj-on (lift ) A
by (auto simp: inj-on-def dest: lift-eg-lift)

corollary add-right-cancel [iff]:
fixes z y z::V shows z+y = 242 +— y==2
by (metis lift-eq-lift plus-eg-lift sup-lift-eq-lift)

corollary add-mem-right-cancel [iff]:
fixes z y z::V shows z+y € elts (z+2) +— y € elts z
apply safe
apply (metis mem-plus-V-E not-add-mem-right add-right-cancel)
by (metis ZFC-in-HOL.ext dual-order.antisym elts-vinsert insert-subset order-refl
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plus-vinsert)

corollary add-le-cancel-left [iff]:
fixes z y z::V shows z+y < 242 +— y<z
by auto (metis add-mem-right-cancel mem-plus-V-E plus sup-gel vsubsetD)

corollary add-less-cancel-left [iff]:
fixes z y z::V shows z+y < 242 +— y<z
by (simp add: less-le-not-le)

corollary [ift-le-self [simp]: lift zy < x+— y=0
by (auto simp: inf.absorb-iff2 lift-eq-lift lift-self-disjoint)

lemma succ-less-w-imp: succ t < w = ¢ < w
by (metis add-le-cancel-left add.right-neutral le-0 le-less-trans succ-eg-addl)

Proposition 3.5

lemma card-lift: veard (lift © y) = veard y
proof (rule cardinal-cong)
have bij-betw ((+)z) (elts y) (elts (lift z y))
unfolding bij-betw-def
by (simp add: inj-on-def lift-def)
then show elts (lift x y) = elts y
using eqpoll-def eqpoll-sym by blast
qed

lemma egpoll-lift: elts (lift x y) =~ elts y
by (metis card-lift cardinal-egpoll eqpoll-sym egpoll-trans)

lemma vcard-add: veard (x + y) = veard x ® vcard y
using card-lift [of x y] lift-self-disjoint |of z]
by (simp add: plus-eq-lift veard-disjoint-sup)

lemma countable-add:
assumes countable (elts A) countable (elts B)
shows countable (elts (A+B))
proof —
have vcard A < R0 vecard B < N0
using assms countable-iff-le-Aleph0 by blast+
then have vcard (A+B) < R0
unfolding vcard-add
by (metis Aleph-0 Card-w InfCard-cdouble-eq InfCard-def cadd-le-mono or-
der-refl)
then show ?thesis
by (simp add: countable-iff-le-Aleph0)
qed

Proposition 3.6
proposition TC-add: TC (x + y) = TC z U lift x (TC y)
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proof (induction y rule: eps-induct)
case (step y)
have «: | | (TC ‘(4) z ‘eltsy) = TCz U (| Jueelts y. TC (set ((+) z * elts u)))
if elts y # {}
proof —
obtain w where w € elts y
using <elts y # {}> by blast
then have TC z < TC (z + w)
by (simp add: step.IH)
then have {: TC z < (| Jweelts y. TC (z + w))
using «(w € elts y» by blast
show ?thesis
using that
apply (intro congl balll impl order-antisym; clarsimp simp add: image-comp

apply(metis TC-sup-distrib Un-iff elts-sup-iff plus)
by (metis TC-least Transset-TC arg-subset-TC le-sup-iff plus vsubsetD)
qed
have TC (z + y) = (z + y) U] (TC ‘elts (z + y))
using TC by blast
also have ... =z U liftx y U || (TC “elts ) U || (Au. TC (z+u))  elts y)
apply (simp add: plus-eq-lift image-Un Sup-Un-distrib sup.left-commute sup-assoc
TC-sup-distrib SUP-sup-distrib)
apply (simp add: lift-def sup.commute sup-aci *)

done
also have ... =z U || (TC ‘eltsz) U liftx y U || (Au. TC 2z U lift z (TC u))
“elts y)
by (simp add: sup-aci step.IH)
also have ... = TCz U lift z y U || ((Au. lift x (TC w))  elts y)
by (simp add: sup-aci SUP-sup-distrib flip: TC |of x])
also have ... = TCz U liftx (yU || (TC ‘elts y))

by (metis (no-types) elts-of-set lift-Sup-distrib image-image lift-sup-distrib re-
placement small-elts sup-assoc)
also have ... = TCz U lift  (TC y)
by (simp add: TC [of y])
finally show ?case .
qed

corollary TC-add": zCz+y+—2C 2V Qv vC yAz=2x+ v)
using T'C-add by (force simp: less-TC-def lift-def)

Corollary 3.7

corollary vcard-TC-add: veard (TC (z+y)) = veard (TC z) & veard (TC y)
by (simp add: TC-add TC-sup-lift card-lift vcard-disjoint-sup)

Corollary 3.8

corollary TC-lift:
assumes y # 0
shows TC (lift z y) = TC z U lift x (TC y)
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proof —
have TC (lift x y) = lift z y U || ((Au. TC(z+u)) ‘ elts y)
unfolding T'C [of lift z y] by (simp add: lift-def image-image)

also have ... = lift z y U (| Ju€elts y. TC z U lift x (TC u))
by (simp add: TC-add)

also have ... = lift z y U TC z U (| Ju€elts y. lift z (TC u))
using assms by (auto simp: SUP-sup-distrib)

also have ... = TCz U lift  (TC y)

by (simp add: TC [of y] sup-aci image-image lift-sup-distrib lift-Sup-distrib)
finally show ?thesis .
qged

proposition rank-add-distrib: rank (z+y) = rank  + rank y
proof (induction y rule: eps-induct)
case (step y)
show Zcase
proof (cases y=0)
case Fulse
then obtain e where e: e € elts y
by fastforce
have rank (z+y) = (| |u€elts (x U ZFC-in-HOL.set ((+) x * elts y)). succ (rank
u))
by (metis plus rank-Sup)
also have ... = (| |z€elts . succ (rank x)) U (|| z€elts y. succ (rank x + rank
2))
apply (simp add: Sup-Un-distrib image-Un image-image)
apply (simp add: step cong: SUP-cong-simp)
done
also have ... = (| |z € elts y. rank © + succ (rank z))
proof —
have rank © < (| | z€elts y. ZFC-in-HOL.succ (rank x + rank z))
using <y # 0>
by (auto simp: plus-eg-lift intro: order-trans [OF - ¢SUP-upper [OF e]])
then show ?thesis
by (force simp: plus-V-succ-right simp flip: rank-Sup [of x| intro!: or-
der-antisym,)

qged

also have ... = rank = + (| |z € elts y. succ (rank z))
by (simp add: add-Sup-distrib False)

also have ... = rank x + rank y

by (simp add: rank-Sup [of y])
finally show ?thesis .
qed auto
qed

lemma Ord-add [simp]: [Ord z; Ord y] = Ord (z+y)
proof (induction y rule: eps-induct)

case (step y)

then show “case
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by (metis Ord-rank rank-add-distrib rank-of-Ord)
qed

lemma add-Sup-distrib-id: A # 0 = x + | |(elts A) = (| | z2€elts A. z + 2)
by (metis add-Sup-distrib image-ident image-image)

lemma add-Limit: Limit « = = + o = (|| 2€elts a. x + 2)
by (metis Limit-add-Sup-distrib Limit-eq-Sup-self image-ident image-image)

lemma add-le-left:
assumes Ord a Ord  shows 8 < a+f3
using <Ord 3>
proof (induction rule: Ord-induct3)
case ()
then show ?case
by auto
next
case (succ «)
then show ?case
by (auto simp: plus-V-succ-right Ord-mem-iff-It assms(1))
next
case (Limit )
then have k: = (|| € elts u. 5)
by (simp add: Limit-eq-Sup-self)
also have ... < (B € elts p. o + 3)
using Limit.IH by auto
also have ... = a + (| |8 € elts p. B)
using Limit.hyps Limit-add-Sup-distrib by presburger
finally show ?case
using k by simp
qed

lemma plus-w-equals-w:
assumes « € elts w shows a + w = w
proof (rule antisym)
show o + w < w
using Ord-trans assms by (auto simp: elim!: mem-plus-V-FE)
show w < a + w
by (simp add: add-le-left assms)
qed

lemma one-plus-w-equals-w [simp]: 1 + w = w
by (simp add: one-V-def plus-w-equals-w)

3.1.3 Cancellation / set subtraction

definition vle :: V = V = bool (infix <> 50)
where z J y=3Jz:V. a+2 =1y
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lemma vie-refl [iff]: x < z
by (metis (no-types) add.right-neutral vle-def)

lemma vle-antisym: [z Qy; y Q2] = z =y
by (metis V-equalityl plus-eq-lift sup-gel vle-def vsubsetD)

lemma vle-trans [trans]: [t < y; y < z] = = < 2
by (metis add.assoc vle-def)

definition vle-comparable :: V = V = bool
where vle-comparable ry =z < yVydz

Lemma 3.13

lemma comparable:
assumes a+b = c+d
shows vle-comparable a c
unfolding vle-comparable-def
proof (rule ccontr)
assume non: = (a < ¢V ¢ < a)
let 2p = Az. V2. a+x # c+z
have %p z for z
proof (induction z rule: eps-induct)
case (step x)
show ?Zcase
proof (cases z=0)
case True
with non nonzero-less-TC show ?thesis
using vle-def by auto
next
case Fulse
then obtain v where v € elts z
using trad-foundation by blast
show ?thesis
proof clarsimp
fix z
assume €q: ¢ +r = ¢ + 2
then have z # 0
using vle-def non by auto
have av: a+v € elts (a+z)
by (simp add: <v € elts x»)
moreover have a+z = ¢ U lift c 2
using eq plus-eq-lift by fastforce
ultimately have a+v € elts (¢ U lift ¢ z)
by simp
moreover
define u where u = set (elts x — {v})
have u: v ¢ elts u and zeq: © = vinsert v u
using v € elts ) by (auto simp: u-def intro: order-antisym)
have casel: a+v ¢ elts ¢
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proof
assume avc: a + v € elts ¢
then have a < ¢
by clarify (metis Un-iff elts-sup-iff eq mem-not-sym mem-plus-V-E
plus-eg-lift)
moreover have a U lift a x = ¢ U lift ¢ 2
using eq by (simp add: plus-eq-lift)
ultimately have lift ¢ z < lift a =
by (metis inf.absorb-iff2 inf-commute inf-sup-absorb inf-sup-distrib2
lift-self-disjoint sup.commute)
also have ... = vinsert (a+v) (lift a u)
by (simp add: lift-def vinsert-def xeq)
finally have *: lift ¢ z < vinsert (a + v) (lift a u) .
have lift ¢ z < lift a u
proof —
have a + v ¢ elts (lift c 2)
using lift-self-disjoint [of ¢ z] ave V-disjoint-iff by auto
then show ?thesis
using * less-eq-V-def by auto
qed
{fixe
assume e € elts z
then have c+e € elts (lift ¢ z)
by (simp add: lift-def)
then have c+e € elts (lift a u)
using <lift ¢ z < lift a w> by blast
then obtain y where y € elts u c+e = a+y
using lift-def by auto
then have Fulse
by (metis elts-vinsert insert-iff step.IH xeq)

then show Fulse
using <z # 0) by fastforce
qed
ultimately show Fulse
by (metis (no-types) <v € elts xy av casel eq mem-plus-V-E step.IH)
qed
qed
qed
then show Fulse
using assms by blast
qged

lemma viel: z Jy=—= 2z <y
using vle-def plus-eqg-lift by auto

lemma vie2: z <y =z C y
by (metis (full-types) TC-add’ add.right-neutral le-TC-def vle-def nonzero-less-TC)
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lemma vle-iff-le-Ord:
assumes Ord o Ord 8
shows a < g +— a <
proof
show a < gif a <
using that by (simp add: vlel)
show a < g if a <
using <Ord «» <Ord B that
proof (induction a arbitrary: 5 rule: Ord-induct)
case (step )
then show ?case
unfolding vie-def
by (metis Ord-add Ord-linear add-le-left mem-not-refl mem-plus-V-E vsubsetD)
qed
qed

lemma add-le-cancel-left0 [iff]:
fixes z::V shows z < z+2
by (simp add: vlel vle-def)

lemma add-less-cancel-left0 [iff]:
fixes z::V shows = < z+2z +— 0<z
by (metis add-less-cancel-left add.right-neutral)

lemma le-Ord-diff:
assumes o < # Ord o Ord B
obtains v where a+y =3 v < 8 Ord v
proof —
obtain v where v: a+v =087 <
by (metis add-le-cancel-left add-le-left assms vle-def vle-iff-le-Ord)
then have Ord v
using Ord-def Transset-def <Ord B> by force
with v that show thesis by blast
qed

lemma plus-Ord-le:
assumes a € elts w Ord 8 shows a+5 < f+a
proof (cases 5 € elts w)
case True
with assms have o+ = S+a
by (auto simp: elts-w add.commute ord-of-nat-add [symmetric])
then show ?thesis by simp
next
case Fulse
then have w < 3
using Ord-linear?2 Ord-mem-iff-lt <Ord B> by auto
then obtain v where w+vy = v < 8 Ord ~v
using <Ord (8> le-Ord-diff by auto
then have o+ = 8
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by (metis add.assoc assms(1) plus-w-equals-w)
then show ?thesis
by simp
qed

lemma add-right-mono: [a < B; Ord «; Ord B; Ord v] = a+vy < S+~
by (metis add-le-cancel-left add.assoc add-le-left le-Ord-diff)

lemma add-strict-mono: Ja < B; v < &; Ord «; Ord B; Ord v; Ord 0] = a+vy
< pB+o
by (metis order.strict-implies-order add-less-cancel-left add-right-mono le-less-trans)

lemma add-right-strict-mono: [a < 8; v < &; Ord «; Ord 8; Ord ~; Ord 0] =
a+y < B+6
using add-strict-mono le-imp-less-or-eq by blast

lemma Limit-add-Limit [simp]:
assumes Limit p Ord B shows Limit (5 + p)
unfolding Limit-def
proof (intro conjl alll impl)
show Ord (8 + )
using Limit-def assms by auto
show 0 € elts (8 + )
using Limit-def add-le-left assms by auto
next
fix v
assume v € elts (8 + p)
then consider v € elts 8 | £ where £ € elts uv = + &
using mem-plus-V-E by blast
then show succ v € elts (8 + )
proof cases
case I
then show ?thesis
by (metis Kirby.add-strict-mono Limit-def Ord-add Ord-in-Ord Ord-mem-iff-lt
assms one-V-def succ-eq-addl)
next
case 2
then show ?thesis
by (metis Limit-def add-mem-right-cancel assms(1) plus-V-succ-right)
qed
qed

3.2 Generalised Difference

definition odiff where odiff y x = THE z::V. (z+z =y) V (2=0 A =z 1 y)

lemma vie-imp-odiff-eq: x <y = x + (odiff y z) = y
by (auto simp: vie-def odiff-def)
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lemma not-vie-imp-odiff-0: - © <y = (odiff y x) = 0
by (auto simp: vie-def odiff-def)

lemma Ord-odiff-eq:
assumes o < # Ord o Ord 3
shows a + odiff B a = f
by (simp add: assms vle-iff-le-Ord vle-imp-odiff-eq)

lemma Ord-odiff:
assumes Ord « Ord 8 shows Ord (odiff 5 «)
proof (cases a < j3)
case True
then show ?thesis
by (metis add-right-cancel assms le-Ord-diff vlel vle-imp-odiff-eq)
next
case Fulse
then show ?thesis
by (simp add: odiff-def vle-def)
qed

lemma Ord-odiff-le:
assumes Ord a Ord 3 shows odiff B a < (8
proof (cases a < f3)
case True
then show ?thesis
by (metis add-right-cancel assms le-Ord-diff vlel vle-imp-odiff-eq)
next
case Fulse
then show ?thesis
by (simp add: odiff-def vle-def)
qed

lemma odiff-0-right [simp]: odiff x 0 = x
by (metis add.left-neutral vle-def vle-imp-odiff-eq)
lemma odiff-succ: y < @ = odiff (succ z) y = succ (odiff = y)
unfolding odiff-def
by (metis add-right-cancel odiff-def plus-V-succ-right vle-def vle-imp-odiff-eq)

lemma odiff-eq-iff: z <z = odiff t z =y +— =2+ y
by (auto simp: odiff-def vle-def)

lemma odiff-le-iff: z < v = odiff t 2 < y+— < z+y
by (auto simp: odiff-def vle-def)

lemma odiff-less-iff: z < x = odiff t z < y+— < z+y
by (auto simp: odiff-def vie-def)
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lemma odiff-ge-iff: z <z = odiff t 2 > y+— x> 2+ y
by (auto simp: odiff-def vle-def)

lemma Ord-odiff-le-iff: [ < z; Ord z; Ord o] = odiff t a < y+— < a+y
by (simp add: odiff-le-iff vie-iff-le-Ord)

lemma odiff-le-odiff:
assumes z < y shows odiff © z < odiff y z
proof (cases z < )
case True
then show ?thesis
using assms odiff-le-iff vlel vle-imp-odiff-eq vle-trans by presburger
next
case Fulse
then show ?thesis
by (simp add: not-vle-imp-odiff-0)
qed

lemma Ord-odiff-le-odiff: [z < y; Ord z; Ord y] = odiff x o < odiff y «
by (simp add: odiff-le-odiff vle-iff-le-Ord)

lemma Ord-odiff-less-odiff: o < z; x < y; Ord x; Ord y; Ord o] = odiff x a <

odiff y «
by (metis Ord-odiff-eq Ord-odiff-le-odiff dual-order.strict-trans less-V-def)

lemma Ord-odiff-less-imp-less: [odiff x o < odiff y «; Ord z; Ord y] = z < y
by (meson Ord-linear2 leD odiff-le-odiff vie-iff-le-Ord)

lemma odiff-add-cancel [simp]: odiff (x + y) z =y
by (simp add: odiff-eq-iff vle-def)

lemma odiff-add-cancel-0 [simp]: odiff v z = 0
by (simp add: odiff-eq-iff)

lemma odiff-add-cancel-both [simp|: odiff (z + y) (z + 2) = odiff y z
by (simp add: add.assoc odiff-def vie-def)

3.3 Generalised Multiplication

Credited to Dana Scott

instantiation V :: times
begin

This definition is credited to Tarski

definition times-V ©: V = V = V
where times-V z = transrec (A y. || ((Auw. lift (f u) x) © elts y))

instance ..
end
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lemma mult: z « y = (|| u€elts y. lift (z * u) )
unfolding times-V-def by (subst transrec) (force simp:)

lemma elts-multE:
assumes 2 € elts (z * y)
obtains u v where u € elts x v € elts y z = zxv + u
using mult [of z y] lift-def assms by auto

Lemma 4.2

lemma mult-zero-right [simp):
fixes z::V shows z % 0 = 0
by (metis ZFC-in-HOL.Sup-empty elts-0 image-empty mult)

lemma mult-insert: x * (vinsert y z) = xxz U lift (zxy) z
by (metis (no-types, lifting) elts-vinsert image-insert replacement small-elts sup-commute
mult Sup-V-insert)

lemma mult-succ: © * succ y = x*xy +
by (simp add: mult-insert plus-eg-lift succ-def)

lemma ord-of-nat-mult: ord-of-nat (m+n) = ord-of-nat m * ord-of-nat n
proof (induction n)
case (Suc n)
then show ?case
by (simp add: add.commute [of m]) (simp add: ord-of-nat-add mult-succ)
qed auto

lemma omega-closed-mult [intro:
assumes « € elts w B € elts w shows axf € elts w
proof —
obtain m n where a = ord-of-nat m 8 = ord-of-nat n
using assms elts-w by auto
then have ax8 = ord-of-nat (m*n)
by (simp add: ord-of-nat-mult)
then show ?thesis
by (simp add: w-def)
qed

lemma zero-imp-le-mult: 0 € elts y = = < axy
by (auto simp: mult [of = y])

3.3.1 Proposition 4.3

lemma mult-zero-left [simp]:
fixes z::V shows 0 x z = 0
proof (induction x rule: eps-induct)
case (step x)
then show ?Zcase
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by (subst mult) auto
qed

lemma mult-sup-distrib:
fixes 7::V shows z x (y U 2) = z*xy U T2
unfolding mult [of z y U z] mult [of z y] mult [of = 7]
by (simp add: Sup-Un-distrib image-Un)

lemma mult-Sup-distrib: small Y =z« (| |Y) =] ((x) z ° Y) for Y:: V set
unfolding mult [of z | | Y]
by (simp add: ¢cSUP-UNION) (metis mult)

lemma mult-lift-imp-distrib: x * (lift y z) = lift (zxy) (z%2) = = * (y+2) = zxy
+ Txz
by (simp add: mult-sup-distrib plus-eq-lift)

lemma mult-lift: x * (lift y z) = lift (xxy) (z*2)
proof (induction z rule: eps-induct)
case (step z)
have z * lift y z = (| Ju€elts (lift y 2). lift (z * u) )
using mult by blast

also have ... = (| |v€elts z. lift (z * (y + v)) z)
using lift-def by auto

also have ... = (| |veelts z. lift (z *y + = * v) z)
using mult-lift-imp-distrib step.IH by auto

also have ... = (| |veelts z. lift (z * y) (lift (z * v) z))
by (simp add: lift-lift)

also have ... = lift (z x y) (| |ve€elts z. lift (x * v) x)
by (simp add: image-image lift-Sup-distrib)

also have ... = lift (zxy) (zxz2)

by (metis mult)
finally show ?case .
qed

lemma mult-Limit: Limit v = z x v = || ((%) = ‘ elts )
by (metis Limit-eq-Sup-self mult-Sup-distrib small-elts)

lemma add-mult-distrib: = x (y+2) = x*xy + zxz for z::V
by (simp add: mult-lift mult-lift-imp-distrid)

instantiation V :: monoid-mult
begin
instance
proof
show I xx =z forz :: V
proof (induction x rule: eps-induct)
case (step x)
then show ?case
by (subst mult) auto
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qed
show z x I =z forz :: V
by (subst mult) auto
show (z % y) * 2 =2 % (y x 2) for z y z::V
proof (induction z rule: eps-induct)
case (step z)
have (z x y) * z = (| Ju€elts z. lift (z x y * u) (z x y))
using mult by blast

also have ... = (| Ju€elts z. lift (z * (y * u)) (z * y))
using step.IH by auto

also have ... = (| |u€elts z. x * lift (y x u) y)
using mult-lift by auto

also have ... = z x (| Ju€elts z. lift (y * u) y)
by (simp add: image-image mult-Sup-distrib)

also have ... = z * (y x 2)

by (metis mult)
finally show ?case .
qed
qed

end

lemma le-mult:
assumes Ord f  # 0 shows a < a * 8
using assms
proof (induction rule: Ord-induct3)
case (succ «)
then show ?case
using mult-insert succ-def by fastforce
next
case (Limit )
have o € (x) a ‘“elts p
using Limit.hyps Limit-def one-V-def by (metis imagel mult.right-neutral)
then have o < || ((x) « ‘elts )
by auto
then show ?case
by (simp add: Limit.hyps mult-Limit)
qed auto

lemma mult-sing-1 [simp]:
fixes z::V shows z x set{1} = lift z x
by (subst mult) auto

lemma mult-2-right [simp]:
fixes z::V shows z * set{0,1} = =4z
by (subst mult) (auto simp: Sup-V-insert plus-eq-lift)

lemma Ord-mult [simp]: [Ord y; Ord ] = Ord (zxy)
proof (induction y rule: Ord-induct3)
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case (
then show Zcase
by auto
next
case (succ k)
then show ?case
by (simp add: mult-succ)
next
case (Limit k)
then have Ord (z = || (elts k))
by (metis Ord-Sup imageE mult-Sup-distrib small-elts)
then show Zcase
using Limit.hyps Limit-eq-Sup-self by auto
qed

3.3.2 Proposition 4.4-5

proposition rank-mult-distrib: rank (zxy) = rank x % rank y
proof (induction y rule: eps-induct)
case (step y)
have rank (zxy) = (|| y€<elts (| |u€elts y. lift (z * u) ). succ (rank y))
by (metis rank-Sup mult)
also have ... = (| |u€elts y. | | re€elts x. succ (rank (z * u + 1))
apply (simp add: lift-def image-image image-UN)
apply (simp add: Sup-V-def)

done

also have ... = (| |u€elts y. | | r€elts . succ (rank (z x u) + rank r))
using rank-add-distrib by auto

also have ... = (| |u€elts y. | | re€elts x. succ (rank © * rank v + rank r))
using step arg-cong [where f = Sup] by auto

also have ... = (| Ju€elts y. rank z * rank u + rank x)

proof (rule SUP-cong)
show (| |reelts x. succ (rank x * rank w + rank 1)) = rank z * rank u + rank

if u € elts y for u
proof (cases z=0)
case Fulse
have (| |re€elts x. succ (rank z * rank u + rank 1)) = rank = * rank u +
(LU yeelts z. suce (rank y))
proof (rule order-antisym)
show (| |reelts z. suce (rank z x rank u + rank r)) < rank x x rank v +
(Ll yeelts z. succ (rank y))
by (auto simp: Sup-le-iff simp flip: plus-V-succ-right)
have rank = x rank u + (| |y€elts z. succ (rank y)) = (| |y€elts z. rank = *
rank u + succ (rank y))
by (simp add: add-Sup-distrib False)
also have ... < (| |r€elts x. sucec (rank z * rank u + rank r))
using plus-V-succ-right by auto
finally show rank z * rank u + (| |y€elts x. succ (rank y)) < (| |reelts .
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succ (rank x * rank uw + rank r)) .
qed
also have ... = rank z * rank v + rank z
by (metis rank-Sup)
finally show ?thesis .
qed auto
qged auto
also have ... = rank x * rank y
by (simp add: rank-Sup [of y] mult-Sup-distrib mult-succ image-image)
finally show “case .
qged

lemma mult-lel:
fixes y::V assumes y # 0 shows 2 C z * y
proof (cases z = 0)
case Fulse
then obtain r where r: r € elts x
by fastforce
from <y # 0> show ?thesis
proof (induction y rule: eps-induct)
case (step y)
show ?case
proof (cases y = 1)
case Fualse
with <y # 0> obtain p where p: p € elts yp # 0
by (metis V-equalityl elts-1 insertll singletonD trad-foundation)
then have zxp + r € elts (lift (zxp) x)
by (simp add: lift-def r)
moreover have [ift (zxp) z < zxy
by (metis bdd-above-iff-small c¢SUP-upper2 order-refl <p € elts y» replacement
small-elts mult)
ultimately have zxp + r € elts (x*y)
by blast
moreover have zxp C zxp + r
by (metis TC-add’ V-equalityl add.right-neutral eps-induct le-TC-refl
less-TC-iff less-imp-le-TC)
ultimately show ?thesis
using step.IH [OF p] le-TC-trans less-TC-iff by blast
qed auto
qed
qed auto

lemma mult-eq-0-iff [simp]:
fixes y::V shows z x y = 0 <— =0 V y=0
proof
showz=0Vy=0ifzxy=20
by (metis le-0 le-TC-def less-TC-imp-not-le mult-lel that)
qed auto
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lemma lift-lemma:
assumes z # 0y # 0 shows = lift (zxy) z <z
using assms mult-lel [of concl: z y]
by (auto simp: le-TC-def TC-lift less-TC-def less-TC-imp-not-le)

lemma mult-le2:
fixes y::V assumes © # 0y # 0y # 1 shows z C z x gy
proof —
obtain v where v: v € elts y v # 0
using assms by fastforce
have z #z x y
using lift-lemma [of x V]
by (metis «x # 0> bdd-above-iff-small ¢SUP-upper?2 order-refl replacement
small-elts mult v)
then show ?thesis
using assms mult-lel [of y x]
by (auto simp: le-TC-def)
qed

lemma elts-mult-wE:
assumes z € elts (y * w)
obtains n where n # 0z € elts (y * ord-of-nat n) Am. m < n = z ¢ elts (y
* ord-of-nat m)
proof —
obtain k£ where k: k # 0 A x € elts (y * ord-of-nat k)
using assms
apply (simp add: mult-Limit elts-w)
by (metis mult-eq-0-iff elts-0 ex-in-conv ord-of-eq-0-iff that)
define n where n = (LEAST k. k # 0 N x € elts (y * ord-of-nat k))
show thesis
proof
show n # 0 x € elts (y * ord-of-nat n)
unfolding n-def by (metis (mono-tags, lifting) Leastl-ex k)+
show Am. m < n = z ¢ elts (y * ord-of-nat m)
by (metis (mono-tags, lifting) mult-eq-0-iff elts-0 empty-iff n-def not-less-Least
ord-of-eq-0-iff)
qged
qged

3.3.3 Theorem 4.6

theorem mult-eq-imp-0:

assumes axz = axy + b b C a

shows =0
proof (cases a=0 V z=0)

case True

with assms show ?thesis

by (metis add-le-cancel-left mult-eq-0-iff eq-iff le-0)

next
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case Fulse
then have a#0 z#£0
by auto
then show ?thesis
proof (cases y=0)
case True
then show ?thesis
using assms less-asym-TC mult-le2 by force
next
case Fulse
have v=0 if Ord o x € elts (Vset o) y € elts (Vset a) for «
using that assms
proof (induction « arbitrary: z y b rule: Ord-induct3)
case (
then show ?case by auto
next
case (succ k)
define ® where ® = Az y. I3r. 0 C r AT C a A axz = axy + r
show ?case
proof (rule ccontr)
assume b # 0
then have 0 C b
by (metis nonzero-less-TC')
then have ¢ z y
unfolding ®-def using succ.prems by blast
then obtain z’ where ® 2’ y 2’ C z and min: Az 2"’ C 2/ = - D z'y
using less-TC-minimal [of A\z. © z y z] by blast
then obtain b’ where 0 C b’ b’ C a and eq: axz’ = axy + b’
using ®-def by blast
have axy C a*z’
using TC-add’ <0 C b eq by auto
then obtain p where p € elts (a x 2’) a x y C p
using less-TC-iff by blast
then have p ¢ elts (a x y)
using less-TC-iff less-irrefi-TC by blast
then have p € |J (elts ‘ (Av. lift (a * v) a)  elts z')
by (metis <p € elts (a * z') elts-Sup replacement small-elts mult)
then obtain u ¢ where u € elts 2/ ¢ € elts a p = axu + ¢
using lift-def by auto
then have p € elts (lift (axy) b
using p € elts (a * z')y <p ¢ elts (a * y)> eq plus-eq-lift by auto
then obtain d where d: d € elts b’ p = axy + d p = a*xu + ¢
by (metis <p = a x u + © <p € elts (a x ') <p & elts (a * y)» eq
mem-plus-V-E)
have noteq: axy # axu
proof
assume axy = axu
then have lift (axy) a = lift (axu) a
by metis
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also have ... < axz’
unfolding mult [of - z/] using «u € elts ="y by (auto intro: ¢SUP-upper)
also have ... = axy U lift (axy) b’
by (simp add: eq plus-eq-lift)
finally have lift (axy) a < axy U lift (axy) b’ .
then have lift (axy) a < lift (axy) b’
using add-le-cancel-left less-TC-imp-not-le plus-eq-lift <b’ C a> by auto
then have a < b’
by (simp add: le-iff-sup lift-eq-lift lift-sup-distrib)
then show Fulse
using b’ T a» less-TC-imp-not-le by auto
qed
consider axy < axu | axu < axy
using d comparable vie-comparable-def by auto
then show Fulse
proof cases
case I
then obtain e where e: axu = axy + e e # 0
by (metis add.right-neutral noteq vle-def)
moreover have e + ¢ = d
by (metis e add-right-cancel <(p = a * u + ¢ <p = a * y + d> add.assoc)
with «d € elts by <b’C a» have e C a
by (meson less-TC-iff less-TC-trans vle2 vle-def)
ultimately show Fulse
— contradicts minimality of z’
using min unfolding ®-def by (meson <u € elts «’y le-TC-def less-TC-iff
nonzero-less-TC')
next
case 2
then obtain e where e: axy = axu + e e # 0
by (metis add.right-neutral noteq vle-def)
moreover have ¢ + d = ¢
by (metis e add-right-cancel <p = a * u + ¢ <p = a x y + d> add.assoc)
with «d € elts by <b'C a» have e C «a
by (metis <c € elts a> less-TC-iff vie2 vie-def)
ultimately have ¢ y u
unfolding ®-def using nonzero-less-TC by blast
then obtain y’ where ® y' v y' C y and min: A\z". 2" C y' = - ®

using less- TC-minimal [of Az. ® x u y] by blast
then obtain b’ where 0 C b’ b’ C a and eq: axy’ = axu + b’
using ®-def by blast
have u-k: u € elts (Vset k)
using <u € elts 'y <z’ C x> succ Vset-succ-TC less-TC-iff less-le-TC-trans
by blast
have axu C axy’
using TC-add’ <0 C by eq by auto
then obtain p where p € elts (a x y') a*x u C p
using less-TC-iff by blast
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then have p ¢ elts (a * u)
using less-TC-iff less-irrefl-TC by blast
then have p € |J (elts * (Av. lift (a * v) a) © elts y’)
by (metis <p € elts (a x y')» elts-Sup replacement small-elts mult)
then obtain v ¢ where v € elts y' ¢ € elts a p = axv + ¢
using lift-def by auto
then have p € elts (lift (axu) b’)
using «p € elts (a * y')» <p & elts (a * u)> eq plus-eq-lift by auto
then obtain d where d: d € elts b’ p = axu + d p = axv + ¢
by (metis <p = a * v + o <p € elts (a * y')» «<p & elts (a * u)» eq
mem-plus-V-E)
have v-k: v € elts (Vset k)
using Vset-suce-TC «v € elts y'» <y’ T y» less-TC-iff less-le-TC-trans
succ.hyps succ.prems(2) by blast
have noteq: axu # axv
proof
assume axi = a*v
then have lift (axv) a < axy’
unfolding mult [of - y'] using <v € elts y’» by (auto intro: ¢SUP-upper)
also have ... = axu U lift (axu) b’
by (simp add: eq plus-eq-lift)
finally have lift (axv) a < axu U lift (axu) b’ .
then have lift (axu) a < lift (axu) b’
by (metis <a * u = a * v) le-iff-sup lift-sup-distrib sup-left-commute
sup-lift-eq-lift)
then have a < b’
by (simp add: le-iff-sup lift-eq-lift lift-sup-distrid)
then show Fulse
using b’ C a» less-TC-imp-not-le by auto
qed
consider axu < axv | axv < axu
using d comparable vle-comparable-def by auto
then show Fulse
proof cases
case I
then obtain e where e: axv = axu + e e # 0
by (metis add.right-neutral noteq vle-def)
moreover have ¢ + ¢ = d
by (metis add-right-cancel <p = a * u + d> <p = a * v + ¢ add.assoc

with «d € elts b"y <b' = a» have e C «a
by (meson less-TC-iff less-TC-trans vle2 vie-def)
ultimately show Fulse
using succ.IH u-k v-k by blast
next
case 2
then obtain e where e: axu = axv + e e # 0
by (metis add.right-neutral noteq vle-def)
moreover have e + d = ¢
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by (metis add-right-cancel add.assoc d e)
with «d € elts b"y <b’C a» have e C «a
by (metis <c € elts a> less-TC-iff vle2 vle-def)
ultimately show Fualse
using succ.IH u-k v-k by blast
qed
qged
qed
next
case (Limit k)
obtain ¢ j where k: i € elts k j € elts k
and z: z € elts (Vset i)
and y: y € elts (Vset j)
using that Limit by (auto simp: Limit-Vfrom-eq)
show ?case
proof (rule Limit.IH [of i U j])
show i U j € elts k
by (meson k x y Limit.hyps Limit-def Ord-in-Ord Ord-mem-iff-lt Ord-sup
union-less-iff)
show z € elts (Vset (i U 7)) y € elts (Vset (i U 7))
using = y by (auto simp: Vfrom-sup)
qed (use Limit.prems in auto)
qed
then show ?thesis
by (metis two-in-Vset Ord-rank Ord-Vsetl rank-It)
qged
qed

3.3.4 Theorem 4.7

lemma mult-cancellation-half:
assumes axz + 17 < axy +srC asC a
shows z < y
proof —
have z < y if Ord « z € elts (Vset a) y € elts (Vset «) for «
using that assms
proof (induction « arbitrary: z y r s rule: Ord-inductd)
case 0
then show ?case
by auto
next
case (succ k)
show ?case
proof
fix u
assume u: u € elts x
have u-k: u € elts (Vset k)
using Vset-succ succ.hyps succ.prems(1) u by auto
obtain r’ where v’ € ¢elts a r C r’
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using less-TC-iff succ.prems(4) by blast
have axu + 1’ € elts (lift (axu) a)
by (simp add: «r' € elts a» lift-def)
also have ... < elts (axx)
using u by (force simp: mult [of - z])
also have ... < elts (axy + s)
using plus-eq-lift succ.prems(3) by auto
also have ... = elts (axy) U elts (lift (axy) s)
by (simp add: plus-eg-lift)
finally have a * v + 1’ € elts (a x y) U elts (lift (a * y) s) .
then show u € elts y
proof
assume *: a x u + 1’ € elts (a * y)
show u € elts y
proof —
obtain v e where v: v € eltsye € eltsaaxu+r'=axv+ e
using * by (auto simp: mult [of - y] lift-def)
then have v-k: v € elts (Vset k)
using Vset-succ-TC less-TC-iff succ.prems(2) by blast
then show ?thesis
by (metis <r’ € elts a> antisym le-TC-refl less- TC-iff order-refl succ.IH
u-k v)
qged
next
assume a * u + r' € elts (lift (a * y) s)
then obtain ¢t where t € elts sand t: a x u + r'=a*xy + ¢
using lift-def by auto
have noteq: axy # axu
proof
assume axy = axu
then have lift (axy) a = lift (axu) a
by metis
also have ... < axx
unfolding mult [of - z] using <u € elts x> by (auto intro: ¢SUP-upper)
also have ... < axy U lift (axy) s
using <elts (a x z) C elts (a * y + s)» plus-eq-lift by auto
finally have lift (axy) a < axy U lift (axy) s .
then have lift (axy) a < lift (axy) s
using add-le-cancel-left less-TC-imp-not-le plus-eq-lift <s C a> by auto
then have a < s
by (simp add: le-iff-sup lift-eq-lift lift-sup-distrib)
then show Fulse
using <s C @ less-TC-imp-not-le by auto
qed
consider a x u <axy|axy Jax*xu
using t comparable vle-comparable-def by blast
then have False
proof cases
case !
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then obtain ¢ where axy = axu + ¢
by (metis vle-def)
then have c+t = r’
by (metis add-right-cancel add.assoc t)
then have c C a
using «r’ € elts ay less-TC-iff vle2 vie-def by force
moreover have ¢ # 0
using <a * y = a * u + ¢ noteq by auto
ultimately show #thesis
using <a *x y = a * u + ¢ mult-eg-imp-0 by blast
next
case 2
then obtain ¢ where axu = axy + ¢
by (metis vie-def)
then have c+r' =t
by (metis add-right-cancel add.assoc t)
then have c C «
by (metis <t € elts ) less-TC-iff less-TC-trans <s T a> vle2 vle-def)
moreover have ¢ # 0
using <a x u = a * y + ¢ noteq by auto
ultimately show ?thesis
using <a x u = a * y + ¢ mult-eg-imp-0 by blast
qged
then show u € elts y ..
qed
qged
next
case (Limit k)
obtain ¢ j where k: i € elts k j € elts k
and z: z € elts (Vset i) and y: y € elts (Vset 7)
using that Limit by (auto simp: Limit-Vfrom-eq)
show ?case
proof (rule Limit.IH [of i U j])
show i U j € elts k
by (meson k x y Limit.hyps Limit-def Ord-in-Ord Ord-mem-iff-lt Ord-sup
union-less-iff)
show x € elts (Vset (i U j)) y € elts (Vset (i U j))
using z y by (auto simp: Vfrom-sup)
show ax x4+ r<axy+ s
by (simp add: Limit.prems)
qged (auto simp: Limit.prems)
qed
then show ?thesis
by (metis two-in-Vset Ord-rank Ord-Vsetl rank-It)
qed

theorem mult-cancellation-lemma:

assumes axr +r =axy +srC asC a
shows z=y A r=s
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by (metis assms leD less-V-def mult-cancellation-half odiff-add-cancel order-refl)

corollary mult-cancellation [simp]:
fixes a::V
assumes a # 0
shows axz = axy +— z=y
by (metis assms nonzero-less-TC mult-cancellation-lemma)

corollary mult-cancellation-less:
assumes lt: axz + 7 < axy + sand rC asC a
obtainsz < y|z=yr<s
proof —
have z < y
by (meson assms dual-order.strict-implies-order mult-cancellation-half)
then consider z < y |z =y
using less-V-def by blast
with [t that show ?thesis by blast
qed

corollary lift-mult-TC-disjoint:
fixes z::V
assumes z # y
shows [lift (axz) (TC a) N lift (axy) (TC a) = 0
apply (rule V-equalityl)
using assms
by (auto simp: less-TC-def inf-V-def lift-def image-iff dest: mult-cancellation-lemma)

corollary lift-mult-disjoint:
fixes z::V
assumes r # y
shows lift (axz) a M lift (axy) a = 0
proof —
have lift (axz) a N lift (axy) a < lift (axz) (TC a) N lift (axy) (TC a)
by (metis TC' inf-mono lift-sup-distrib sup-gel)
then show ?thesis
using assms lift-mult-TC-disjoint by auto
qed

lemma mult-add-mem:
assumes axz + r € elts (axy) 7 T a
shows z € elts y r € elts a
proof —
obtain v s where v: a x z +r=axv+ sv eltsys € eltsa
using assms unfolding mult [of a y] lift-def by auto
then show z € elts y
by (metis arg-subset-TC assms(2) less-TC-def mult-cancellation-lemma vsub-
setD)
show r € elts a
by (metis arg-subset-TC assms(2) less-TC-def mult-cancellation-lemma v(1)
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v(3) wvsubsetD)
qed

lemma mult-add-mem-0 [simp]: axx € elts (axy) +— z € elts y A 0 € elts a
proof —
have z € elts y
ifaxzcels(axy) N0 Eeltsa
using that using mult-add-mem [of a z 0]
using nonzero-less-TC by force
moreover have a x z € elts (a * y)
ifrxeeltsy0celsa
using that by (force simp: image-iff mult [of a y] lift-def)
ultimately show ?thesis
by (metis mult-eq-0-iff add.right-neutral mult-add-mem(2) nonzero-less-TC')
qed

lemma zero-mem-mult-iff: 0 € elts (xxy) +— 0 € eltsx A 0 € elts y
by (metis Kirby.mult-zero-right mult-add-mem-0)

lemma zero-less-mult-iff [simp]: 0 < zxy +— 0 <z A 0 < y if Ord x
using Kirby.mult-eq-0-iff ZFC-in-HOL.neq0-conv by blast

lemma mult-cancel-less-iff [simp]:
[Ord o; Ord B; Ord 4] = axf < axy «— B <y A0 < «
using mult-add-mem-0 [of o B ]
by (meson Ord-0 Ord-mem-iff-lt Ord-mult)

lemma mult-cancel-le-iff [simp]:
[Ord a; Ord B; Ord 7] = axf < axy +— 8 < vV a=0
by (metis Ord-linear2 Ord-mult eq-iff leD mult-cancel-less-iff mult-cancellation)

lemma mult-Suc-add-less: Ja < 7; B < ~; Ord «; Ord B; Ord ] = ~y * ord-of-nat
m 4+ «a < v x ord-of-nat (Suc m) + 3

apply (simp add: mult-succ add.assoc)

by (meson Ord-add Ord-linear2 le-less-trans not-add-less-right)

lemma mult-nat-less-add-less:
assumes m < na <y f < ~vand ord: Ord o Ord 8 Ord
shows v % ord-of-nat m + a < v * ord-of-nat n + (8
proof —
have Suc m < n
using «m < n» by auto
have v * ord-of-nat m + a < v % ord-of-nat (Suc m) + 8
using assms mult-Suc-add-less by blast
also have ... < v x ord-of-nat n + 3
using Ord-mult Ord-ord-of-nat add-right-mono <Suc m < n> ord mult-cancel-le-iff
ord-of-nat-mono-iff by presburger
finally show ?thesis .
qed
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lemma add-mult-less-add-mult:
assumes Tt < yz € elts Sy € elts f p € elts a v € elts a Ord a Ord B
shows axx + u < axy + v
proof —
obtain Ord z Ord y
using Ord-in-Ord assms by blast
then obtain § where 0 € elts § y =2 + §
by (metis add.right-neutral <z < y» le-Ord-diff less-V-def mem-0-Ord)
then show ?thesis
apply (simp add: add-mult-distrib add.assoc)
by (meson OrdmemD add-le-cancel-left0 <u € elts v <Ord a» less-le-trans
zero-imp-le-mult)
qed

lemma add-mult-less:
assumes v € elts o v € elts § Ord a Ord 3
shows a x v + v € elts (a x )
proof —
have Ord v
using Ord-in-Ord assms by blast
with assms show ?thesis
by (metis Ord-mem-iff-lt Ord-succ add-mem-right-cancel mult-cancel-le-iff mult-succ
succ-le-iff vsubsetD)
qed

lemma Ord-add-mult-iff:
assumes [ € elts v 5’ € elts v Ord o Ord o’ Ord v
shows yxa+ S €elts(yxa'+ )+ acelsa’Va=a' AJEeelts 5’
(is ?lhs <— 2rhs)
proof
assume L: ?lhs
show ?rhs
proof (cases a € elts o)
case Fulse
with assms have a = o’
by (meson L Ord-linear Ord-mult Ord-trans add-mult-less not-add-mem-right)
then show ?thesis
using L less-V-def by auto
qged auto
next
assume R: ?rhs
then show ?lhs
proof
assume « € elts o’
then obtain § where o’ = a+§
by (metis OrdmemD assms(3) assms(4) le-Ord-diff less-V-def)
show ?lhs
using assms
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by (meson <« € elts a’y add-le-cancel-left0 add-mult-less vsubsetD)
next
assume o = o’ A 8 € elts 8’
then show ?lhs
using less-V-def by auto
qed
qed

lemma vcard-mult: veard (z * y) = veard z @ veard y
proof —
have 1: elts (lift (z * u) z) = elts z if u € elts y for u
by (metis cardinal-eqpoll egpoll-sym egpoll-trans card-lift)
have 2: pairwise (Au u’. disjnt (elts (lift (z * u) z)) (elts (lift (z * v') x))) (elts
y)
by (simp add: pairwise-def disjnt-def) (metis V-disjoint-iff lift-mult-disjoint)
have z x y = (| Ju€elts y. lift (z * u) z)
using mult by blast
then have elts (z x y) = (Ju€elts y. elts (lift (x % u) x))

by simp
also have ... = elts y X elts x
using Union-eqpoll-Times [OF 1 2] .
also have ... = elts x X elts y
by (simp add: times-commute-eqpoll)
also have ... ~ elts (vcard z) x elts (vcard y)

using cardinal-eqpoll eqpoll-sym times-eqpoll-cong by blast
also have ... = elts (vcard T ® vcard y)
by (simp add: cmult-def elts-vcard-VSigma-eqpoll eqpoll-sym)
finally have elts (z * y) ~ elts (vcard * ® vcard y) .
then show ?thesis
by (metis cadd-cmult-distrib cadd-def cardinal-cong cardinal-idem vsum-0-eqpoll)
qed

proposition TC-mult: TC(z x y) = (| |r € elts (TC z). | |u € elts (TC y). set{z
xu + 1))
proof (cases © = 0)
case Fulse
have x: TC(z x y) = (| Ju € elts (TC y). lift (z * u) (TC z)) for y
proof (induction y rule: eps-induct)
case (step y)
have TC(z x y) = (| |u € elts y. TC (lift (z * u) z))
by (simp add: mult [of z y] TC-Sup-distrib image-image)

also have ... = (| |u € elts y. TC(z % u) U lift (z * u) (TC z))
by (simp add: TC-lift False)
also have ... = (| |u € elts y. (| |z € elts (TC w). lift (x x 2) (TC z)) U lift (z
x u) (TC x))
by (simp add: step)
also have ... = (| |u € elts (TC y). lift (z *x u) (TC z))

by (auto simp: TC' [of y] image-Un Sup-Un-distrib TC-Sup-distrib cSUP-UNION
SUP-sup-distrib)
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finally show ?case .
qed
show ?thesis
by (force simp: * lift-def)
qed auto

corollary vcard-TC-mult: veard (TC(z * y)) = vcard (TC z) ® veard (TC y)
proof —
have (| u€elts (TC z). |Jveelts (TC y). {z x v + u}) = (Jueelts (TC x). (Av.
xx v+ u) ‘elts (TCy))
by (simp add: UNION-singleton-eq-range)
also have ... = ({Jzeelts (TC ). elts (lift (TC y x z) (TC y)))
proof (rule UN-egpoll-UN)
show (Av. z x v + u) “elts (TC y) = elts (lift (TC y * u) (TC y))
if u € elts (TC z) for u
proof —
have inj-on (Av. z * v + u) (elts (TC y))
by (meson inj-onl less-TC-def mult-cancellation-lemma that)
then have (\v. z x v + u) ‘elts (TC y) = elts (TC y)
by (rule inj-on-image-egpoll-self)
also have ... = elts (lift (TC y * u) (TC y))
by (simp add: egpoll-lift eqpoll-sym)
finally show ?thesis .
qed
show pairwise (Au ya. disjnt (Av. % v + u) “elts (TC y)) (A\v. z * v + ya)
“elts (TC y))) (elts (TC x))
apply (auto simp: pairwise-def disjnt-def)
using less-TC-def mult-cancellation-lemma by blast
show pairwise (Au ya. disjnt (elts (lift (TC y * u) (TCy))) (elts (lift (TC y =
ya) (TC'y)))) (elts (TC z))
apply (auto simp: pairwise-def disjnt-def)
by (metis Int-iff V-disjoint-iff empty-iff lift-mult-disjoint)
qed
also have ... = elts (TC y x TC x)
by (metis elts-Sup image-image mult replacement small-elts)
finally have (|Ju€elts (TC z). Jveelts (TC y). {z * v + u}) = elts (TC y *
TC z) .
then show ?thesis
apply (subst cmult-commute)
by (simp add: TC-mult cardinal-cong flip: vcard-mult)
qged

lemma countable-mult:
assumes countable (elts A) countable (elts B)
shows countable (elts (AxB))
proof —
have vecard A < X0 vecard B < N0
using assms countable-iff-le-Aleph0 by blast+
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then have vcard (AxB) < N0
unfolding vcard-mult
by (metis InfCard-csquare-eq cmult-le-mono Aleph-0 Card-w InfCard-def or-
der-refl)
then show ?thesis
by (simp add: countable-iff-le-Aleph0)
qed

3.4 Ordertype properties

lemma ordertype-image-plus:
assumes Ord «
shows ordertype ((+) u ‘ elts a) VWF = «
proof (subst ordertype- VWF-eq-iff)
have 1: (u+ z, u+y) € VIWFifz € eltsay € elts v z < y for x y
using that
by (meson Ord-in-Ord Ord-mem-iff-lt add-mem-right-cancel assms mem-imp-VWEF')
then have 2: z < y
ifzeeltsayceltsa(u+z u+t+y) € VWF for z y
using that by (metis Ord-in-Ord Ord-linear-lt VWFEF-asym assms)
show 3 f. bij-betw f ((+) v ‘ elts ) (elts o) AN (Vze(+) u ‘elts a. Vye(+) u *
elts a. (fz < fy) = ((z, y) € VIWF))
using 1 2 unfolding bij-betw-def inj-on-def
by (rule-tac z=Axz. odiff z u in exl) (auto simp: image-iff)
qed (use assms in auto)

lemma ordertype-diff:
assumes J + d = a and a: § € elts a Ord «
shows ordertype (elts a — elts 8) VWF = 6
proof —
have x: elts a — elts § = ((+)3) ‘elts d
proof
show elts a — elts B C (+) B ‘elts 6
by clarsimp (metis assms(1) image-iff mem-plus-V-E)
show (4) 8 ‘elts 6 C elts a — elts 8
using assms(1) not-add-mem-right by force
qed
have ordertype ((+) 8 ‘elts 6) VWF =6
proof (subst ordertype- VWF-inc-eq)
show elts § C ON ordertype (elts §) VWF = §
using « elts-subset-ON ordertype-eq-Ord by blast+
qed (use x assms elts-subset-ON in auto)
then show ?thesis
by (simp add: *)
qged

lemma ordertype-interval-eq:

assumes a: Ord « and 5: Ord 8
shows ordertype ({a ..< a+8} N ON) VWF = f8
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proof —
have ON: (+) a ‘elts B C ON
using assms Ord-add Ord-in-Ord by blast
have ({a .< a+B8} N ON) = (4) « ‘elts 8
using assms
apply (simp add: image-def set-eq-iff)
by (metis add-less-cancel-left Ord-add Ord-in-Ord Ord-linear?2 Ord-mem-iff-lt
le-Ord-diff not-add-less-right)
moreover have ordertype (elts 3) VWF = ordertype ((+) « * elts ) VWF
using ON f elts-subset-ON ordertype-VWFEF-inc-eq by auto
ultimately show %thesis
using 8 by auto
qed

lemma ordertype-Times:
assumes small A small B and r: wf r trans r total-on A r and s: wf s trans s
total-on B s
shows ordertype (AxB) (r <xlexx> s) = ordertype B s x ordertype A r (is -
28 * ?a)
proof (subst ordertype-eq-iff)
show Ord (78 * o)
by (intro wf-Ord-ordertype Ord-mult r s; simp)
define f where f = A(z,y). 20 * ordermap A r © + (ordermap B s y)
show 3f. bij-betw f (A x B) (elts (78 % %a)) AN (Vz€A X B.VyeA x B. (fz <
fy) = ((z, y) € (r <xlexx> 3)))
unfolding bij-betw-def
proof (intro exl conjl strip)
show inj-on f (A x B)
proof (clarsimp simp: f-def inj-on-def)
fixzyz'y'
assume z € Aye Bz'e Ay’ '€ B
and eq: ?8 * ordermap A r x + ordermap B sy = 28 * ordermap A r x’ +
ordermap B sy’
have ordermap A v x = ordermap A r ' A
ordermap B s y = ordermap B s vy’
proof (rule mult-cancellation-lemma [OF eq))
show ordermap B s y C 20
using ordermap-in-ordertype [OF <y € By, of s] less-TC-iff <small B> by

blast
show ordermap B s y' C 98
using ordermap-in-ordertype [OF <y’ € By, of s| less-TC-iff <small B> by
blast
qed
then show z = 2/ A y = 3’
using <z € A «x' € A <y € B> <y’ € B> r s <small Ay <small B> by auto
qed
show f ‘(A x B) = elts (98 * %a) (is ?lhs = ?rhs)
proof
show f ‘(A x B) C elts (78 x %a)
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apply (auto simp: f-def add-mult-less ordermap-in-ordertype wf-Ord-ordertype
rs)
by (simp add: add-mult-less assms ordermap-in-ordertype wf-Ord-ordertype)
show elts (98 * %a) C f ‘(A x B)
proof (clarsimp simp: f-def image-iff elim !: elts-multE split: prod.split)
fix uv
assume u: u € elts (96) and v: v € elts %o
have inv-into B (ordermap B s) u € B
by (simp add: inv-into-ordermap )
moreover have inv-into A (ordermap A r) v e A
by (simp add: inv-into-ordermap v)
ultimately show Jz€A. dycB. 26 x v + v = 28 % ordermap A r © +
ordermap B sy
by (metis <small Ay <small B bij-betw-inv-into-right ordermap-bij r(1)
r(3) s(1) s(8) uv)
qed
qed
next
fix pq
assume p € A X Band g€ A X B
then obtain u v x y where § p = (uw) u € AveBg=(z,y) z€ AyEeB
by blast
show ((fp) < fq) = ((p, q) € (r <xlezx> s))
proof
assume fp < fq
with § assms have (u, z) € r V u=z A (v, y) € s
apply (simp add: f-def)
by (metis Ord-add Ord-add-mult-iff Ord-mem-iff-lt Ord-mult wf-Ord-ordermap
converse-ordermap-mono
ordermap-eq-iff ordermap-in-ordertype wf-Ord-ordertype)
then show (p,q) € (r <xlexx> s)
by (simp add: §)
next
assume (p,q) € (r <slex*x> s)
then have (u, z) e rVu=2 A (v, y) € s
by (simp add: §)
then show fp < fgq
proof
assume uz: (u, ) € 1
have oo: Az. Ord (ordermap A r z) Ay. Ord (ordermap B s y)
by (simp-all add: r s)
show fp < fq
proof (clarsimp simp: f-def split: prod.split)
fixaba b
assume p = (a, b) and ¢ = (a’, b’)
then have 23 x ordermap A r a + ordermap B s b < 2B % ordermap A r

using uz assms §
by (metis Ord-mult wf-Ord-ordermap OrdmemD Pair-inject add-mult-less
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ordermap-in-ordertype ordermap-mono wf-Ord-ordertype)
also have ... < 28 x ordermap A r a’ + ordermap B s b’
by simp
finally show 25 % ordermap A r a + ordermap B s b < 28 % ordermap A
ra’ + ordermap B s b’ .
qged
next
assume v =z A (v, y) € s
then show fp < fgq
using § assms by (fastforce simp: f-def split: prod.split intro: or-
dermap-mono-less)
qed
qed
qed
qed (use assms small-Times in auto)

end

4 Exponentiation of ordinals

theory Ordinal-Ezp
imports Kirby

begin
Source: Schloder, Julian. Ordinal Arithmetic; available online at http://

www.math.uni-bonn.de/ag/logik /teaching /2012WS/Set%20theory /oa.pdf

definition oexp :: [V, V] = V (infixr <t 80)
where oezp a b = transrec (Af z. if =0 then 1
else if Limit x then if a=0 then 0 else | |€ € elts z. f &

else f (L (elts z)) * a) b

0 T w = 1 if we don’t make a special case for Limit ordinals and zero

lemma oexp-0-right [simp]: a0 = 1
by (simp add: def-transrec [OF oexp-def])

lemma oezxp-succ [simp]: Ord B8 = af(succ f) = aff * «
by (simp add: def-transrec [OF oexp-def))

lemma oexp-Limit: Limit f = o1 = (if a=0 then 0 else | | € elts B. at€)
by (auto simp: def-transrec [OF oexp-def, of - 3])

lemma oexp-1-right [simp]: atl = «
using one-V-def oexp-succ by fastforce

lemma oexp-1 [simp]: Ord « = 1Ta = 1
by (induction rule: Ord-induct3) (use Limit-def oexp-Limit in auto)
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lemma oezp-0 [simp]: Ord o« = 0t = (if o = 0 then 1 else 0)
by (induction rule: Ord-induct3) (use Limit-def oexp-Limit in auto)

lemma oexp-eq-0-iff [simp):
assumes Ord 8 shows a8 = 0 «+— a=0 A B#0
using <Ord (>
proof (induction rule: Ord-induct3)
case (Limit p)
then show ?case
using Limit-def oexp-Limit by auto
qged auto

lemma oexp-gt-0-iff [simp]:
assumes Ord § shows o > 0 «— a>0 Vv =0
by (simp add: assms less-V-def)

lemma ord-of-nat-oexp: ord-of-nat (m™n) = ord-of-nat mtord-of-nat n
proof (induction n)
case (Suc n)
then show ?case
by (simp add: mult.commute [of m]) (simp add: ord-of-nat-mult)
qed auto

lemma omega-closed-oezp [intro:
assumes « € elts w B € elts w shows aff € elts w
proof —
obtain m n where a = ord-of-nat m 8 = ord-of-nat n
using assms elts-w by auto
then have off = ord-of-nat (m™n)
by (simp add: ord-of-nat-oezp)
then show ?thesis
by (simp add: w-def)
qed

lemma Ord-oexp [simp]:

assumes Ord a Ord 8 shows Ord (o)

using <Ord (>
proof (induction rule: Ord-induct3)

case (Limit «)

then show ?case

by (auto simp: oexp-Limit image-iff intro: Ord-Sup)

qed (auto intro: Ord-mult assms)

Lemma 3.19

lemma le-oexp:
assumes Ord o Ord § f # 0 shows a < off
using «Ord B> <8 # 0>

proof (induction rule: Ord-induct3)
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case (succ f3)
then show ?case
by simp (metis <Ord ay le-0 le-mult mult.left-neutral oexp-0-right order-refl
order-trans)
next
case (Limit )
then show ?case
by (metis Limit-def Limit-eq-Sup-self ZFC-in-HOL.Sup-upper eq-iff image-eql
image-ident oexp-1-right oexp-Limit replacement small-elts one-V-def)
qed auto

Lemma 3.20

lemma le-oexp”:
assumes Ord a 1 < « Ord g shows g < aff
proof (cases 8 = 0)
case True
then show ?thesis
by auto
next
case Fulse
show ?thesis
using <Ord ()
proof (induction rule: Ord-induct3)
case (
then show ?case
by auto
next
case (succ )
then have afy x I < afy * «
using <Ord ay <1 < a»
by (metis le-mult less-V-def mult.right-neutral mult-cancellation not-less-0
oexp-eq-0-iff succ.hyps)
then have v < afsucc y
using succ.IH succ.hyps by auto
then show ?case
using False <Ord oy <1 < a» succ
by (metis Ord-mem-iff-lt Ord-oexp Ord-succ elts-succ insert-subset less-eq-V-def
less-imp-le)
next
case (Limit )
with False <1 < a» show ?case
by (force simp: Limit-def oexp-Limit intro: elts-succ)
qed
qed

lemma oexp-Limit-le:
assumes [ < v Limit v Ord B a > 0 shows ol < afy
proof —
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have Ord ~
using Limit-def assms(2) by blast
with assms show ?thesis
using Ord-mem-iff-lt ZFC-in-HOL.Sup-upper oexp-Limit by auto
qed

proposition oezp-less:
assumes f: 8 € elts v and Ord v and a: a > 1 Ord a shows ol < afy
proof —
obtain § < v Ord
using Ord-in-Ord OrdmemD assms by auto
have ¢t0: a8 > 0
using <Ord (8> « dual-order.order-iff-strict by auto
show ?thesis
using «Ord v» B
proof (induction rule: Ord-induct3)
case 0
then show ?case
by auto
next
case (succ 9)
then consider 3 =46 | 8 < §
using OrdmemD elts-succ by blast
then show ?case
proof cases
case I
then have (a18) * 1 < (a1d) * «
using Ord-1 Ord-oexp a gt0 mult-cancel-less-iff succ.hyps by metis
then show ?thesis
by (simp add: succ.hyps)
next
case 2
then have (afd) * 1 < (ad) * «
by (meson Ord-1 Ord-mem-iff-It Ord-oexp <Ord B> v gt0 less-trans mult-cancel-less-iff
succ)
with 2 show ?thesis
using Ord-mem-iff-lt <Ord B> succ by auto
qed
next
case (Limit )
then obtain Ord v succ g < ~
using Limit-def Ord-in-Ord OrdmemD assms by auto
have o8 = (af8) * 1
by simp
also have ... < (off) * «
using Ord-oexp «Ord B> assms gt0 mult-cancel-less-iff by blast
also have ... = afsucc
by (simp add: <Ord [5»)
also have ... < (| |€ € elts v. aff)
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proof —
have succ 8 € elts
using Limit.hyps Limit.prems Limit-def by auto
then show ?thesis
by (simp add: ZFC-in-HOL.Sup-upper)
qed
finally
have a8 < (| |€ € elts v. af§) .
then show ?case
using Limit.hyps oexp-Limit <o > 1> by auto
qed
qed

corollary oexp-less-iff:
assumes a > 0 Ord o Ord 8 Ord v shows a8 < aty +— B € elts vy N a > 1
proof safe
show € elts v 1 < «
if aff < aty
proof —
show a > 1
proof (rule ccontr)
assume - o > |
then consider a=0 | a=1
using <Ord a» less-V-def mem-0-Ord by fastforce
then show Fulse
by cases (use that «a > 0> «Ord B> <Ord > in <auto split: if-split-asm>)
qed
show 3: 8 € elts ~
proof (rule ccontr)
assume S ¢ elts v
then have v <
by (meson Ord-linear-le Ord-mem-iff-It assms less-le-not-le)
then consider y =5 |y < 8
using less-V-def by blast
then show Fulse
proof cases
case I
then show ?thesis
using that by blast
next
case 2
with (o« > 1> have afy < aff
by (simp add: Ord-mem-iff-lt assms oexp-less)
with that show ?thesis
by auto
qed
qed
qged
show aff < atyif B eeltsy I < a
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using that by (simp add: assms oexp-less)
qed

lemma w-oexp-iff [simp]: [Ord a; Ord 8] = wta = wif +— a=p
by (metis Ord-w Ord-linear w-gt1 less-irrefl oexp-less)

lemma Limit-oexp:
assumes Limit v Ord o « > 1 shows Limit (af7)
unfolding Limit-def
proof safe
show Oa~y: Ord (a17)
using Limit-def Ord-oexp <Limit > assms(2) by blast
show 0: 0 € elts (aly)
using Limit-def oexp-Limit <Limit v> <« > 1> by fastforce
have Ord ~
using Limit-def <Limit v> by blast
fix z
assume z: z € elts (aly)
with «Limit v» <«a > 1)
obtain 3 where 5 < v Ord 8 Ord z and z3: x € elts (a1f)
apply (simp add: oexp-Limit split: if-split-asm)
using Ord-in-Ord OrdmemD <Ord vy Oa~y z by blast
then have Oaf: Ord (a1f)
using Ord-oexp assms(2) by blast
have g € elts v
by (simp add: Ord-mem-iff-It <Ord B> <Ord > <8 < )
moreover have o # 0
using (o« > 1» by blast
ultimately have afvy: a5 < aty
by (simp add: Sup-upper oexp-Limit < Limit y»)
have succ z < a1p
by (simp add: OrdmemD Oaf3 <Ord xs succ-le-iff x3)
then consider succ z < aff | succ z = aff
using le-neq-trans by blast
then show succ z € elts (aly)
proof cases
case I
with afvy show ?thesis
using Oaf Ord-mem-iff-it <Ord x> by blast
next
case 2
then have succ 5 < vy
using Limit-def OrdmemD < € elts > assms(1) by auto
have gel: 1 < ofp
by (metis 2 Ord-0 <Ord x> le-0 le-succ-iff one-V-def)
have succ z < succ (aff)
using 2 Oaf succ-le-iff by auto
also have ... < (a18) + (a18)
using gel by (simp add: succ-eq-addl)
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also have ... = (a18) * succ (succ 0)
by (simp add: mult-succ)
also have ... < (aff) * «
using Oafl Ord-succ assms(2) assms(8) one-V-def succ-le-iff by auto
also have ... = afsucc
by (simp add: «Ord ()
also have ... < aty
by (meson Limit-def <8 € elts ) assms dual-order.order-iff-strict oexp-less)
finally show ?thesis
by (simp add: 2 Oaf Oary Ord-mem-iff-lt)
qed
qed

lemma oezp-mono:
assumes a: Ord a o # 0 and §: Ord 8 v C 8 shows afy < ot
using [
proof (induction rule: Ord-induct3)
case (
then show ?case
by simp
next
case (succ )
with a le-mult show ?case
by (auto simp: le-TC-succ)
next
case (Limit p)
then have oty < || (1) « ‘elts p)
using Limit.hyps Ord-less-TC-mem <« # 0> le-TC-def by (auto simp: oexp-Limit
Limit-def)
then show ?case
using « by (simp add: oexp-Limit Limit.hyps)
qed

lemma oexp-mono-le:
assumes v < f o # 0 Ord o Ord  Ord v shows oty < off
by (simp add: assms oexp-mono vle2 vle-iff-le-Ord)

lemma oexp-sup:
assumes a # 0 Ord « Ord 8 Ord v shows af(8 U vy) = aff U aty
by (metis Ord-linear-le assms oexp-mono-le sup.absorb2 sup.orderE)

lemma oexp-Sup:
assumes oz o # 0 Ord o and X: X C ON small X X # {} shows of | X =

L (1) « * X)

proof (rule order-antisym)

show | | (1) a ‘X)) <oaf|| X
by (metis ON-imp-Ord Ord-Sup ZFC-in-HOL.Sup-upper assms c¢SUP-least
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oexp-mono-le)
next
have Ord (Sup X)
using Ord-Sup X by auto
then show of| | X <[] (1) a ‘ X)
proof (cases rule: Ord-cases)
case (
then show ?thesis
using X dual-order.antisym by fastforce
next
case (succ )
then show ?thesis
using ZFC-in-HOL.Sup-upper X succ-in-Sup-Ord by auto
next
case limit
show ?thesis
proof (clarsimp simp: assms oexp-Limit limit)
fixzyz
assume z: ¢ € elts (o« T y) and z € X y € elts z
then have a1ty < a1 2
by (meson ON-imp-Ord Ord-in-Ord OrdmemD o <X C ON) le-less oexp-mono-le)
with z have z € elts (o 1 2) by blast
then show JueX. z € elts (o T u)
using <z € X» by blast
qed
qged
qed

lemma omega-le-Limit:
assumes Limit ;i shows w < p
proof
fix o
assume p € elts w
then obtain n where ¢ = ord-of-nat n
using elts-w by auto
have ord-of-nat n € elts p
by (induction n) (use Limit-def assms in auto)
then show g € elts p
using <o = ord-of-nat n» by auto
qed

lemma finite-omega-power [simp):
assumes I < nn € elts w shows nftw = w
proof (rule order-antisym)
have | | ((1) (ord-of-nat k) ‘ elts w) < w for k
proof (induction k)
case (
then show “case
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by auto
next
case (Suc k)
then show ?Zcase
by (metis Ord-w OrdmemD Sup-eq-0-iff ZFC-in-HOL.SUP-le-iff le-0 le-less
omega-closed-oexp ord-of-nat-w)
qed
then show nfw < w
using assms
by (simp add: elts-w oexp-Limit) metis
show w < ntw
using Ord-in-Ord assms le-oexp’ by blast
qed

proposition oexp-add:
assumes Ord o Ord 8 Ord v shows of(f + v) = oS * aty
proof (cases «a = 0»)
case True
then show ?thesis
using assms by simp
next
case Fulse
show ?thesis
using <Ord v»
proof (induction rule: Ord-induct3)
case (
then show ?case
by auto
next
case (succ &)
then show ?case
using «Ord ) by (auto simp: plus-V-succ-right mult.assoc)
next
case (Limit p)
have of(B8 + (LJ¢€elts p. §)) = (LJ&€elts (B + p). atf)
by (simp add: Limit.hyps oexp-Limit assms False)
alsohave ... = (| |£ € {&. Ord EN B+ €< B+ pu}. af(B + €))
proof (rule Sup-eq-Sup)
show (AE. at(8 + €)) {6 Ord € A B+ €< B+ pu} € (1) a “elts (B + 1)
using Limit.hyps Limit-def Ord-mem-iff-lt imagel by blast
fix z
assume z € (1) a ‘elts (8 + p)
then obtain £ where &: € € elts (8 + p) and x: x = of¢
by auto
have 3v. Ord y Ay < u A afé < af(B + 7)
proof (rule mem-plus-V-E [OF £])
assume £ € elts
then have af¢ < aff
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by (meson arg-subset-TC assms False le-TC-def less-TC-def oexp-mono
vsubsetD)
with zero-less-Limit [OF «Limit ()
show 3v. Ord vy A v < pu A até < af (B + 7)
by force
next
fix 0
assume 0 € elts pand £ = 5 + 6
have Ord ¢
using Limit.hyps Limit-def Ord-in-Ord <) € elts p» by blast
moreover have § < p
using Limit.hyps Limit-def OrdmemD <§ € elts u» by auto
ultimately show 3v. Ord v A v < u A ot < af (B + 7)
using (£ = § + & by blast
qed
then show Jye(A. af(B+ &) ‘{€&. OrdéENB+E< B+ pt.z<y
using z by auto
qed auto
also have ... = (| J&€elts p. af(B8 + €))
using <Limit @
by (simp add: Ord-Collect-lt Limit-def)

also have ... = (| |¢€elts p. aff x aff)
using Limit.IH by auto
also have ... = a8 * af(| |{€elts p. &)

using <a # 0» Limit.hyps
by (simp add: image-image oexp-Limit mult-Sup-distrib)
finally show Zcase .
qed
qed

proposition oerp-mult:
assumes Ord « Ord 8 Ord v shows of(8 * v) = (a18)y
proof (casesa =0V 3 = 0)
case True
then show ?thesis
by (auto simp: <Ord ) <Ord ~y»)
next
case Fulse
show ?thesis
using «Ord >
proof (induction rule: Ord-induct3)
case (
then show ?case
by auto
next
case succ
then show ?Zcase
using assms by (auto simp: mult-succ oexp-add)
next
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case (Limit p)
have Lim: Limit (|| ((x) 8 ¢ elts p))
unfolding Limit-def
proof (intro conjl alll impl)
show Ord (|| ((x) 8  elts u))
using Limit.hyps Limit-def Ord-in-Ord <Ord s by (auto intro: Ord-Sup)
have succ 0 € elts u
using Limit.hyps Limit-def by blast
then show 0 € elts (|| ((x) 8 * elts u))
using False <Ord > mem-0-Ord by force
show succ y € elts (|| ((x) B ¢ elts p))
if y € elts (|| ((x) B ‘elts u)) for y
using that False Limit.hyps
apply (clarsimp simp: Limit-def)
by (metis Ord-in-Ord Ord-linear Ord-mem-iff-lt Ord-mult Ord-succ assms(2)
less-V-def mult-cancellation mult-succ not-add-mem-right succ-le-iff succ-ne-self)
qed
have at(4 « (|€€elts p. €)) = atl] ((x) 8 * elts p)
by (simp add: mult-Sup-distrib)

also have ... = | | (Jze€elts u. (1) a “elts (B * z))
using False Lim oexp-Limit by fastforce
also have ... = (| |z€elts p. af (B * z))

proof (rule Sup-eq-Sup)
show (Az. af(B * x)) ‘elts p C (|Jzecelts p. (1) a “ elts (B * x))
using <Ord a» <Ord B> False Limit
apply clarsimp
by (metis Limit-def elts-succ imagel insertll mem-0-Ord mult-add-mem-0)
show Jyc(\z. of(f * z)) ‘elts p. z < y
if v € (Jzeelts p. (1) o “elts (B = z)) for
using that <Ord o «Ord B> False Limit
by clarsimp (metis Limit-def Ord-in-Ord Ord-mult VWO-TC-le mem-imp-VWO
0exTp-mono)
qed auto
also have ... = || (1) (a1B) ‘elts (| |€é<€elts p. &))
using Limit.IH Limit.hyps by auto
also have ... = (a8)1(| | E€elts p. &)
using False Limit.hyps oexp-Limit <Ord B> by auto
finally show Zcase .
qed
qed

lemma Limit-omega-oexp:
assumes Ord 0 § # 0
shows Limit (w19)
using assms

proof (cases 6 rule: Ord-cases)
case ()
then show ?thesis

using assms(2) by blast

136



next
case (succ ()
have *: succ € elts (W * n + wtl)
if n: n € elts wand B: § € elts (wtl * n) for n g8
proof —
obtain Ord n Ord
by (meson Ord-w Ord-in-Ord Ord-mult Ord-oexp 5 n succ(1))
obtain oo: Ord (wtl) Ord (Wil * n)
by (simp add: <Ord n» succ(1))
moreover have f/: § < wll *n
using oo Ord-mem-iff-It <Ord ) <8 € elts (wTl = n)» by blast
moreover have f5: Ord (succ f3)
using <Ord B> by blast
moreover have wtl # 0
using oexp-eq-0-iff omega-nonzero succ(1) by blast
ultimately show #thesis
by (metis add-less-cancel-left Ord-w Ord-add Ord-mem-iff-lt OrdmemD <Ord (3>
add.right-neutral dual-order.strict-trans2 oexp-gt-0-iff succ(1) succ-le-iff zero-in-omega)
qed
show ?thesis
using succ
apply (clarsimp simp: Limit-def mem-0-Ord)
apply (simp add: mult-Limit)
by (metis * mult-succ succ-in-omega)
next
case limit
then show ?thesis
by (metis Limit-oexp Ord-w OrdmemD one-V-def succ-in-omega zero-in-omega)
qed

lemma oexp-mult-commute:
fixes j::nat
assumes Ord «
shows (a1 j) * a=a* (a1 }])
proof —
have (a1 j) x a = a 1 (I + ord-of-nat j)
by (simp add: one-V-def)
also have ... = a x (a 1 j)
by (simp add: assms oexp-add)
finally show ?thesis .
qed

lemma oexp-w-Limit: Limit § = w1f = (|| € elts 5. w1f)
by (simp add: oexp-Limit)

lemma w-power-succ-gtr: Ord @ = w 1T a % ord-of-nat n < w T succ «
by (simp add: OrdmemD)

lemma countable-oexp:
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assumes v: « € elts wl
shows w 1T «a € elts wi
proof —
have Ord «
using Ord-w1 Ord-in-Ord assms by blast
then show ?thesis
using assms
proof (induction rule: Ord-induct3)
case (
then show ?case
by (simp add: Ord-mem-iff-lt)
next
case (succ a)
then have countable (elts (w T a * w))
by (simp add: succ-in-Limit-iff countable-mult less-w I-imp-countable)
then show ?case
using Ord-mem-iff-lt countable-iff-less-w1 succ.hyps by auto
next
case (Limit «)
with Ord-wi1 have countable (|JB€elts . elts (w 1 3)) Ord (w T ] (elts a))
by (force simp: Limit-def intro: Ord-trans less-w I-imp-countable)+
then have w 1 || (elts a) < wl
using Limit.hyps countable-iff-less-w1 oexp-Limit by fastforce
then show ?case
using Limit.hyps Limit-def Ord-mem-iff-It by auto
qged
qed

end

5 Cantor Normal Form

theory Cantor-NF
imports Ordinal-FExp
begin

5.1 Cantor normal form

Lemma 5.1

lemma cnf-1:
assumes «o: «a € elts § Ord S and m > 0
shows wta * ord-of-nat n < wiB * ord-of-nat m
proof —
have t: wlsucc o < w1
using Ord-mem-iff-less-TC assms oexp-mono succ-le-TC-iff by auto
have wta * ord-of-nat n < wha * w
using Ord-in-Ord OrdmemD assms by auto
also have ... = wtsucc
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using Ord-in-Ord o by auto
also have ... < wg
using T by blast
also have ... < wtf * ord-of-nat m
using «m > 0) le-mult by auto
finally show ?thesis .
qed

fun Cantor-sum where
Cantor-sum-Nil: Cantor-sum [] ms = 0
| Cantor-sum-Nil2: Cantor-sum (aftas) [| = 0
| Cantor-sum-Cons: Cantor-sum (a#as) (m#ms) = (wha) * ord-of-nat m + Can-
tor-sum as ms

abbreviation Cantor-dec :: V list = bool where
Cantor-dec = sorted-wrt (>)

lemma Ord-Cantor-sum:
assumes List.set as C ON
shows Ord (Cantor-sum as ms)
using assms

proof (induction as arbitrary: ms)
case (Cons a as ms)
then show “case

by (cases ms) auto
qed auto

lemma Cantor-dec-Cons-iff [simp]: Cantor-dec (a#L#8s) +— B < a A Can-

tor-dec (B#5s)
by auto

Lemma 5.2. The second and third premises aren’t really necessary, but their
removal requires quite a lot of work.

lemma cnf-2:
assumes List.set (a#as) C ON list.set ms C {0<..} length as = length ms
and Cantor-dec (a#tas)
shows wta > Cantor-sum as ms
using assms
proof (induction ms arbitrary: a «s)
case Nil
then obtain a0 where a0: (a#as) = [a0)]
by (metis length-0-conv)
then have Ord a0
using Nil.prems(1) by auto
then show ?case
using a0 zero-less-Limit by auto
next
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case (Cons m1 ms)
then obtain a0 al as’ where a01: (a#as) = a0#al#as’
by (metis (no-types, lifting) Cons.prems(3) Suc-length-conv)
then have Ord a0 Ord ol
using Cons.prems(1) a0l by auto
have x: wtal * ord-of-nat 1 > wtal * ord-of-nat ml1
proof (rule enf-1)
show al € elts a0
using Cons.prems 01 by (simp add: Ord-mem-iff-lt «Ord a0 <Ord al»)
qged (use «Ord a0> in auto)
show ?Zcase
proof (cases ms)
case Nil
then show ?thesis
using * one-V-def Cons.prems(3) a01 by auto
next
case (Cons m2 ms’)
then obtain a2 as’ where a02: (a#as) = al0#al#a2#as”
by (metis Cons.prems(3) Suc-length-conv a01 length-tl list.sel(3))
then have Ord a2
using Cons.prems(1) by auto
have m1 > 0m2 > 0
using Cons.prems Cons by auto
have wtal * ord-of-nat m1 + wtal * ord-of-nat m1 = (wtal * ord-of-nat
m1) * ord-of-nat 2
by (simp add: mult-succ eval-nat-numeral)
also have ... < wTal
using cnf-1 [of concl: a1 m1 x 2 a0 1] Cons.prems a01 one-V-def
by (simp add: mult.assoc ord-of-nat-mult Ord-mem-iff-It)
finally have II: wtal * ord-of-nat m1 + wtal * ord-of-nat m1 < wtal
by simp
have Cantor-sum (tl as) ms < wthd as
proof (rule Cons.IH)
show Cantor-dec (hd as # tl as)
using «Cantor-dec (afas)y a0l by auto
ged (use Cons.prems a01 in auto)
then have Cantor-sum (a2 # as'’) ms < wtal
using «02 by auto
also have ... < wlal * ord-of-nat m1
by (simp add: <0 < m1» le-mult)
finally show ?thesis
using II «02 dual-order.strict-trans by fastforce
qed
qed

proposition Cantor-nf-ezists:

assumes Ord «

obtains as ms where List.set as C ON list.set ms C {0<..} length as = length
ms
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and Cantor-dec as
and o = Cantor-sum as ms
using assms
proof (induction « arbitrary: thesis rule: Ord-induct)
case (step «)
show Zcase
proof (cases oo = 0)
case True
have Cantor-sum [ [] = 0
by simp
with True show ?thesis
using length-pos-if-in-set step.prems subset-eq
by (metis length-0-conv not-gr-zero sorted-wrt.simps(1))
next
case False
define ahat where ahat = Sup {y € ON. wty < a}
then have Ord ahat
using Ord-Sup assms by fastforce
have A\¢. [Ord & wi€ < o] = € < wha
by (metis Ord-w OrdmemD le-oexp’ order-trans step.hyps one-V-def succ-in-omega
zero-in-omega)
then have {y € ON. wty < a} C elts (succ (wha))
using Ord-mem-iff-lt step.hyps by force
then have sma: small {y € ON. wty < a}
by (meson down)
have le: wtahat < a
proof (rule ccontr)
assume — wlahat < o
then have {: a € elts (wtahat)
by (meson Ord-w Ord-linear2 Ord-mem-iff-lt Ord-oezp < Ord chaty step.hyps)
obtain v where Ord v wiy < a a < v
using «Ord ahat)
proof (cases ahat rule: Ord-cases)
case ()
with 1 show thesis
by (auto simp: False)
next
case (succ )
have succ 8 € {y € ON. wty < a}
by (rule succ-in-Sup-Ord) (use succ ahat-def sma in auto)
then have wtsucec B < «
by blast
with 1 show thesis
using «— wlahat < ay succ by blast
next
case limit
with t show thesis
apply (clarsimp simp: oexp-Limit ahat-def)
by (meson Ord-w Ord-in-Ord Ord-linear-le mem-not-refl oexp-mono-le
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omega-nonzero vsubsetD)
qed
then show Fulse
by (metis Ord-w OrdmemD leD le-less-trans le-oexp’ one-V-def succ-in-omega
zero-in-omega)
qed
have False if A M. o < wtahat * ord-of-nat M
proof —
have {: wtahat % ord-of-nat M < « for M
by (meson that Ord-w Ord-linear2 Ord-mult Ord-oexp Ord-ord-of-nat <Ord
ahaty step.hyps)
have — wfsucc ahat < «
using Ord-mem-iff-lt ahat-def <Ord ahaty sma elts-succ by blast
then have a < wtsucc ahat
by (meson Ord-w Ord-linear2 Ord-oexp Ord-succ <Ord ahaty step.hyps)

also have ... = wlahat * w
using <Ord ahat) oexp-succ by blast
also have ... = Sup (range (Am. wtahat * ord-of-nat m))
by (simp add: mult-Limit) (auto simp: w-def image-image)
also have ... < «

using T by blast
finally show Fulse
by simp
qed
then obtain M where M: wlahat * ord-of-nat M > «
by blast
have bound: i < M if wlahat * ord-of-nat i < « for 4
proof —
have wtahat x ord-of-nat i < wlahat * ord-of-nat M
using M dual-order.strict-trans2 that by blast
then show ?thesis
using <Ord ahat) less-V-def by auto
qed
define mhat where mhat = Greatest (Am. wlahat x ord-of-nat m < «)
have mhat-ge: m < mhat if wltahat * ord-of-nat m < «a for m
unfolding mhat-def
by (metis (mono-tags, lifting) Greatest-le-nat bound that)
have mhat: wTahat * ord-of-nat mhat < «
unfolding mhat-def
by (rule GreatestI-nat [where k=0 and b=M]) (use bound in auto)
then obtain £ where Ord £ £ < « and &: a = wlahat * ord-of-nat mhat + &
by (metis Ord-w Ord-mult Ord-oexp Ord-ord-of-nat <Ord ahaty step.hyps
le-Ord-diff)
have Fulse if £ = «
proof —
have ¢ > wlahat
by (simp add: le that)
then obtain ( where Ord ( ( < £ and (: £ = wTahat 4+ ¢
by (metis Ord-w Ord-oexp <Ord ahaty <Ord & le-Ord-diff)
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then have a = wlahat * ord-of-nat mhat + wtahat + ¢
by (simp add: £ add.assoc)
then have wtahat * ord-of-nat (Suc mhat) < «
by (metis add-le-cancel-left add.right-neutral le-0 mult-succ ord-of-nat.simps(2))
then show Fulse
using Suc-n-not-le-n mhat-ge by blast
qed
then have &ina: & € elts o
using Ord-mem-iff-lt <Ord & £ < a» less-V-def step.hyps by auto
show thesis
proof (cases &€ = 0)
case True
show thesis
proof (rule step.prems)
show a = Cantor-sum [ahat] [mhat)
by (simp add: True &)
qed (use & True «a # 0y <Ord ahaty in auto)
next
case Fulse
obtain Ss ns where sub: List.set Bs C ON list.set ns C {0<..}
and len-eq: length Bs = length ns
and dec: Cantor-dec Bs
and €eq: & = Cantor-sum s ns
using step.IH [OF ina] by blast
then have length 5s > 0 length ns > 0
using Fualse Cantor-sum.simps(1) «£ = Cantor-sum s ns> by auto
then obtain 50 n0 Bs’ ns’ where B0: Bs = 80 # Bs’ and Ord 50
and n0: ns = n0 # ns’ and n0 > 0
using sub by (auto simp: neg-Nil-conv)
moreover have Fulse if 50 > ahat
proof —
have w180 < w80 * ord-of-nat n0 + u for u
using «n0 > 0»
by (metis add-le-cancel-left Ord-ord-of-nat add.right-neutral dual-order.trans
gr-implies-not-zero le-0 le-mult ord-of-eq-0-iff)
moreover have w50 > a
using that <Ord 0>
by (metis (no-types, lifting) Ord-w Ord-linear2 Ord-oexp Sup-upper chat-def
leD mem-Collect-eq sma step.hyps)
ultimately have & > w150
by (simp add: £eq 50 n0)
then show ?thesis
using (a < w80y <« < a» by auto
qed
ultimately have 50 < «ahat
using Ord-linear2 <Ord ahat> by auto
then consider 80 < ahat | 0 = ahat
using dual-order.order-iff-strict by auto
then show ?thesis
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proof cases
case 1
show ?thesis
proof (rule step.prems)
show list.set (ahat#3s) C ON
using sub by (auto simp: <Ord ahaty)
show list.set (mhat#ns) C {0::nat<..}
using sub using ¢ = « = Fulse) £ by fastforce
show Cantor-dec (ahat#3s)
using that <0 < ahaty <Ord ahaty <Ord 0> Ord-mem-iff-lt 30 dec
less-Suc-eq-0-disj
by (force simp: B0 n0)
show length (ahat#5s) = length (mhat#ns)
by (auto simp: len-eq)
show o = Cantor-sum (ahat#6s) (mhat#ns)
by (simp add: & Eeq S0 n0)
qged
next
case 2
show ?thesis
proof (rule step.prems)
show list.set fs C ON
by (simp add: sub(1))
show list.set ((n0+mhat)#ns’) C {0:nat<..}
using n0 sub(2) by auto
show length (Bs::V list) = length ((nO+mhat)#ns’)
by (simp add: len-eq n0)
show Cantor-dec Bs
using that S0 dec by auto
show a = Cantor-sum Bs ((n0+mhat)#ns’)
using 2
by (simp add: add-mult-distrib 580 £ Eeq add.assoc add.commute n0
ord-of-nat-add)
qed
qed
qed
qged
qged

lemma Cantor-sum-0E:

assumes Cantor-sum as ms = 0 List.set as C ON list.set ms C {0<..} length
as = length ms

shows as = [|

using assms
proof (induction as arbitrary: ms)

case Nil

then show “case

by auto

next
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case (Cons a list)
then obtain m ms’ where ms = m#ms’ m # 0 list.set ms’ C {0<..}
by simp (metis Suc-length-conv greater Than-iff insert-subset list.set(2))
with Cons show ?Zcase by auto
qed

lemma Cantor-nf-unique-auz:
assumes Ord «
and asON: List.set as C ON
and BsON: List.set Bs C ON
and ms: list.set ms C {0<..}
and ns: list.set ns C {0<..}
and mseq: length as = length ms
and nseq: length Bs = length ns
and asdec: Cantor-dec as
and Ssdec: Cantor-dec (s
and aseq: o = Cantor-sum as ms
and fseq: o = Cantor-sum s ns
shows as = s A ms = ns
using assms
proof (induction « arbitrary: as ms Bs ns rule: Ord-induct)
case (step «)
show ?Zcase
proof (cases a = 0)
case True
then show ?thesis
using step.prems by (metis Cantor-sum-0F length-0-conv)
next
case Fulse
then obtain a0 as’ 30 Bs’ where as: as = a0 # as’ and Bs: s = B0 #
Bs'
by (metis Cantor-sum.simps(1) min-list.cases step.prems(9,10))
then have ON: Ord a0 list.set as’ C ON Ord (30 list.set s’ C ON
using as (s step.prems(1,2) by auto
then obtain m0 ms’ n0 ns’ where ms: ms = m0 # ms’ and ns: ns = n0 #
ns’
by (metis as Bs length-0-conv list.distinct(1) list.exhaust step.prems(5,6))
then have nz: m0 # 0 list.set ms’ C {0<..} n0 # 0 list.set ns’ C {0<..}
using ms ns step.prems(3,4) by auto
have Fulse if S0 < a0
proof —
have Orde: Ord (Cantor-sum (s ns) Ord (wta0)
using Ord-oexp <Ord a0y step.hyps step.prems(10) by blast+
have x: Cantor-sum s ns < wlal
using step.prems(2—06) «Ord a0 <Cantor-dec Bs> that Bs cnf-2
by (metis Cantor-dec-Cons-iff insert-subset list.set(2) mem-Collect-eq)
then show Fulse
by (metis Cantor-sum-Cons Ord-mem-iff-it Ord-ord-of-nat Ordc as <m0 #
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0) * le-mult ms not-add-mem-right ord-of-eq-0 step.prems(9,10) vsubsetD)
qed
moreover
have False if a0 < 0
proof —
have Orde: Ord (Cantor-sum as ms) Ord (w50)
using Ord-oexp <Ord B0) step.hyps step.prems(9) by blast+
have x: Cantor-sum as ms < w50
using step.prems(1—5) <Ord B0» «Cantor-dec as) that as cnf-2
by (metis Cantor-dec-Cons-iff Bs insert-subset list.set(2))
then show Fulse
by (metis Cantor-sum-Cons Ord-mem-iff-lt Ord-ord-of-nat Ordc Bs «n0 #
0) * le-mult not-add-mem-right ns ord-of-eq-0 step.prems(9,10) vsubsetD)
qed
ultimately have 1: a0 = 50
using Ord-linear-lit <Ord a0> <Ord $0> by blast
have Fulse if m0 < n0
proof —
have wtal > Cantor-sum as’ ms’
using as «list.set ms’ C {0<..}» enf-2 ms step.prems(1,5,7) by auto
then have a < wlal * ord-of-nat m0 + wtal
by (simp add: as ms step.prems(9))

also have ... = wta0 * ord-of-nat (Suc m0)
by (simp add: mult-succ)
also have ... < wta0 * ord-of-nat n0

by (meson Ord-w Ord-oexp Ord-ord-of-nat Suc-lel «Ord a0 mult-cancel-le-iff
ord-of-nat-mono-iff that)
also have ... < «
by (metis Cantor-sum-Cons add-le-cancel-left fs «a0 = 0> add.right-neutral
le-0 ns step.prems(10))
finally show Fulse
by blast
qed
moreover have Fulse if n0 < m0
proof —
have w130 > Cantor-sum (s’ ns’
using Bs «list.set ns’ C {0<..}» cnf-2 ns step.prems(2,6,8) by auto
then have a < w180 * ord-of-nat n0 + w1B0
by (simp add: Bs ns step.prems(10))
also have ... = w1B0 * ord-of-nat (Suc n0)
by (simp add: mult-succ)
also have ... < w180 * ord-of-nat m0
by (meson Ord-w Ord-oexp Ord-ord-of-nat Suc-lel «Ord 80> mult-cancel-le-iff
ord-of-nat-mono-iff that)
also have ... < «
by (metis Cantor-sum-Cons add-le-cancel-left as «a0 = 50y add.right-neutral
le-0 ms step.prems(9))
finally show Fulse
by blast
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qed
ultimately have 2: m0 = n0
using nat-neq-iff by blast
have as’ = 3s’ A ms' = ns’
proof (rule step.IH)
have Cantor-sum as’ ms’' < wal
using as cnf-2 ms nz(2) step.prems(1) step.prems(5) step.prems(7) by auto
also have ... < Cantor-sum «s ms
apply (simp add: as fs ms ns)
by (metis Cantor-sum-Cons add-less-cancel-left ON(1) Ord-w Ord-linear2
Ord-oexp Ord-ord-of-nat as add.right-neutral dual-order.strict-transl le-mult ms
not-less-0 nz(1) ord-of-eq-0 step.hyps step.prems(9))
finally show Cantor-sum as’ ms’ € elts «
using ON(2) Ord-Cantor-sum Ord-mem-iff-lt step.hyps step.prems(9) by
blast
show length as’ = length ms’ length 3s’ = length ns’
using as ms s ns step.prems by auto
show Cantor-dec as’ Cantor-dec 3s’
using as (s step.prems(7,8) by auto
have Cantor-sum as ms = Cantor-sum (s ns
using step.prems(9,10) by auto
then show Cantor-sum as’ ms’ = Cantor-sum (s’ ns’
using 1 2 by (simp add: as s ms ns)
qged (use ON nz in auto)
then show ?thesis
using 1 2 by (simp add: as Bs ms ns)
qed
qed

proposition Cantor-nf-unique:

assumes Cantor-sum as ms = Cantor-sum s ns
and asON: List.set as C ON
and SsON: List.set fs C ON
and ms: list.set ms C {0<..}
and ns: list.set ns C {0<..}
and mseq: length as = length ms
and nseq: length Bs = length ns
and asdec: Cantor-dec as
and fSsdec: Cantor-dec Bs

shows as = s A ms = ns

using Cantor-nf-unique-aux Ord-Cantor-sum assms by auto

lemma less-w-power:
assumes Ord a1 Ord
and a2: a2 € elts al and B: f < wla?2
and m1 > 0m2 > 0
shows wta?2 * ord-of-nat m2 + 8 < wtal * ord-of-nat m1 + (wta2 x ord-of-nat
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m2 + f3)
(is ?lhs < ?rhs)
proof —
obtain oo: Ord (wtal) Ord (wta?2)
using Ord-in-Ord Ord-oexp assms by blast
moreover obtain ord-of-nat m2 # 0
using assms ord-of-eq-0 by blast
ultimately have 5 < wta2 * ord-of-nat m2
by (meson Ord-ord-of-nat 8 dual-order.strict-trans1 le-mult)
with oo assms have ?lhs # ?rhs
by (metis Ord-mult Ord-ord-of-nat add-strict-mono add.assoc cnf-1 not-add-less-right
00
)
then show ?thesis
by (simp add: add-le-left <Ord 3 less-V-def o00)
qed

lemma Cantor-sum-ge:
assumes List.set (a#as) C ON list.set ms C {0<..} length ms > 0
shows w 1 o < Cantor-sum (aftas) ms
proof —
obtain m ns where ms: ms = Cons m ns
by (meson assms(3) list.set-cases nth-mem,)
then have w T a < w T a * ord-of-nat m
using assms(2) le-mult by auto
then show ?thesis
using dual-order.trans ms by auto
qed

5.2 Simplified Cantor normal form

No coefficients, and the exponents decreasing non-strictly

fun w-sum where
w-sum-Nil: w-sum [| = 0
| w-sum-Cons: w-sum (aftas) = (wha) + w-sum as

abbreviation w-dec :: V list = bool where
w-dec = sorted-wrt (>)

lemma Ord-w-sum [simp]: List.set s C ON = Ord (w-sum as)
by (induction as) auto

lemma w-dec-Cons-iff [simp]: w-dec (a#L#Ls) +— B < a A w-dec (B#[s)
by auto

lemma w-sum-0F:
assumes w-sum «s = 0 List.set as C ON
shows as = ||
using assms

by (induction as) auto
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fun w-of-Cantor where
w-of-Cantor-Nil: w-of-Cantor [| ms = ||
| w-of-Cantor-Nil2: w-of-Cantor (a#as) [| =[]
| w-of-Cantor-Cons: w-of-Cantor (a#as) (m#ms) = replicate m o Q w-of-Cantor
as ms

lemma w-sum-append [simpl: w-sum (zs @Q ys) = w-sum s + w-sum ys
by (induction xs) (auto simp: add.assoc)

lemma w-sum-replicate [simp]: w-sum (replicate m a) = w T a * ord-of-nat m
by (induction m) (auto simp: mult-succ simp flip: replicate-append-same)

lemma w-sum-of-Cantor [simp]: w-sum (w-of-Cantor as ms) = Cantor-sum «s
ms
proof (induction as arbitrary: ms)
case (Cons a as ms)
then show “case
by (cases ms) auto
qed auto

lemma w-of-Cantor-subset: List.set (w-of-Cantor as ms) C List.set as
proof (induction as arbitrary: ms)
case (Cons a as ms)
then show ?Zcase
by (cases ms) auto
qed auto

lemma w-dec-replicate: w-dec (replicate m o Q as) = (if m=0 then w-dec as else
w-dec (aftas))

by (induction m arbitrary: «s) (simp-all flip: replicate-append-same)

lemma w-dec-of-Cantor-aux:
assumes Cantor-dec (a#as) length as = length ms
shows w-dec (w-of-Cantor (aftas) (m#tms))
using assms
proof (induction as arbitrary: ms)
case Nil
then show ?case
using sorted-wrt-iff-nth-less by fastforce
next
case (Cons a as ms)
then obtain n ns where ns: ms = n#ns
by (metis length-Suc-conv)
then have a < o
using Cons.prems(1) order.strict-implies-order by auto
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moreover have Vz€list.set (w-of-Cantor as ns). x < a
using Cons ns <a < a»
apply (simp add: w-dec-replicate)
by (meson w-of-Cantor-subset order.strict-implies-order subsetD)
ultimately show Zcase
using Cons ns by (force simp: w-dec-replicate)
qed

lemma w-dec-of-Cantor:
assumes Cantor-dec as length as = length ms
shows w-dec (w-of-Cantor as ms)
proof (cases «s)
case Nil
then have ms = [|
using assms by auto
with Nil show ?thesis
by simp
next
case (Cons a list)
then show ?thesis
by (metis w-dec-of-Cantor-auz assms length-Suc-conv)
qed

proposition w-nf-exists:
assumes Ord «
obtains as where List.set as C ON and w-dec as and o = w-sum s
proof —
obtain as ms where List.set as C ON list.set ms C {0<..} and length: length
as = length ms
and Cantor-dec as
and a: a = Cantor-sum as ms
using Cantor-nf-exists assms by blast
then show thesis
by (metis w-dec-of-Cantor w-of-Cantor-subset w-sum-of-Cantor order-trans
that)
qed

lemma w-sum-take-drop: w-sum as = w-sum (take k as) + w-sum (drop k as)
proof (induction k arbitrary: as)
case (
then show ?case
by simp
next
case (Suc k)
then show ?case
proof (cases as)
case Nil
then show ?thesis
by simp
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next
case (Cons a list)
with Suc.prems show ?thesis
by (simp add: add.assoc flip: Suc.IH)
qed
qed

lemma in-elts-w-sum:
assumes 0 € elts (w-sum as)
shows 3 k<length as. Iyeelts (w T (aslk)). § = w-sum (take k as) +
using assms
proof (induction as arbitrary: §)
case (Cons a as)
then have ¢ € elts (w T a + w-sum as)
by simp
then show Zcase
proof (rule mem-plus-V-E)
fix n
assume 7: 1 € elts (w-sum as) and 0: 6 = w T a + 7
then obtain k v where k<length as vy € elts (w 1T (aslk)) n = w-sum (take k
as) + v
using Cons.IH by blast
then show ?case
by (rule-tac x==Suc k in exI) (simp add: § add.assoc)
qed auto
qged auto

lemma w-le-w-sum: [k < length as; List.set as C ON] = w 1 (aslk) < w-sum
as
proof (induction as arbitrary: k)
case (Cons a «s)
then obtain Ord a list.set s C ON
by simp
with Cons.IH have Ak z. k < length as —= w Tt as! k < w 1 a + w-sum as
by (meson Ord-w Ord-w-sum Ord-oexp add-le-left order-trans)
then show ?case
using Cons by (simp add: nth-Cons split: nat.split)
qed auto

lemma w-sum-less-self:
assumes List.set (a#as) C ON and w-dec (aftas)
shows w-sum as < wta + w-sum as
using assms
proof (induction as arbitrary: «)
case Nil
then show ?case
using ZFC-in-HOL.neq0-conv by fastforce
next
case (Cons al as)
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then show ?case
by (simp add: add-right-strict-mono oexp-mono-le)
qed

Something like Lemma 5.2 for w-sum

lemma w-sum-less-w-power:
assumes w-dec (a#as) List.set (a#tas) C ON
shows w-sum as < wa * w
using assms
proof (induction as)
case Nil
then show ?case
by (simp add: w-gt0)
next
case (Cons 8 as)
then have Ord «
by auto
have w-sum as < wha * w
using Cons by force
then have w1f + w-sum as < wta + wta * w
using Cons.prems add-right-strict-mono oexp-mono-le by auto
also have ... = wla *x w
by (metis Kirby.add-mult-distrib mult.right-neutral one-plus-w-equals-w)
finally show ?case
by simp
qed

lemma w-sum-nf-unique-aux:
assumes Ord «
and asON: List.set as C ON
and SsON: List.set s C ON
and asdec: w-dec as
and Bsdec: w-dec Bs
and aseq: @ = w-sum as
and (seq: o = w-sum s
shows as = (s
using assms
proof (induction a arbitrary: as Bs rule: Ord-induct)
case (step «)
show ?Zcase
proof (cases oo = 0)
case True
then show ?thesis
using step.prems by (metis w-sum-0F)
next
case Fulse
then obtain a0 as’ 30 Bs’ where as: as = al # as’ and Bs: 8s = B0 #
Bs'
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by (metis w-sum.elims step.prems(5,6))
then have ON: Ord a0 list.set as’ C ON Ord (30 list.set 3s' C ON
using as (s step.prems(1,2) by auto
have Fulse if S0 < a0
proof —
have Orde: Ord (w-sum Bs) Ord (wta0)
using Ord-oexp <Ord a0 step.hyps step.prems(6) by blast+
have w-sum s < w1B0 * w
by (rule w-sum-less-w-power) (use s step.prems ON in auto)
also have ... < wtal
using ON by (metis Ord-w Ord-succ oexp-mono-le oexp-succ omega-nonzero
succ-le-iff that)
finally show Fulse
using as leD step.prems(5,6) by auto
qed
moreover
have Fulse if a0 < 50
proof —
have Ordc: Ord (w-sum as) Ord (w150)
using Ord-oexp «Ord [0> step.hyps step.prems(5) by blast+
have w-sum as < wtal * w
by (rule w-sum-less-w-power) (use as step.prems ON in auto)
also have ... < w50
using ON by (metis Ord-w Ord-succ oexp-mono-le oexp-succ omega-nonzero
succ-le-iff that)
finally show Fulse
using (s leD step.prems(5,6)
by (simp add: <« = w-sum as) leD)
qed
ultimately have {: a0 = 0
using Ord-linear-It <Ord «0> <Ord 50> by blast
moreover have as’ = s’
proof (rule step.IH)
show w-sum as’ € elts a
using step.prems as
by (simp add: Ord-mem-iff-lt w-sum-less-self)
show w-dec as’ w-dec Bs’
using as (s step.prems(3,4) by auto
have w-sum as = w-sum (s
using step.prems(5,6) by auto
then show w-sum as’ = w-sum Bs’
by (simp add: 1 as Bs)
qged (use ON in auto)
ultimately show ¢thesis
by (simp add: as Bs)
qed
qed
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5.3 Indecomposable ordinals

Cf exercise 5 on page 43 of Kunen

definition indecomposable
where indecomposable « = Ord a A (V0 € elts a. Vy € elts a. B+ € ells a)

lemma indecomposableD:
[indecomposable o; f < a; v < a; Ord f8; Ord v] = f+7 < «
by (meson Ord-mem-iff-lt OrdmemD indecomposable-def)

lemma indecomposable-imp-Ord:
indecomposable « — Ord «
using indecomposable-def by blast

lemma indecomposable-1: indecomposable 1
by (auto simp: indecomposable-def)

lemma indecomposable-0: indecomposable 0
by (auto simp: indecomposable-def)

lemma indecomposable-succ [simp]: indecomposable (succ @) «— «a = 0
using not-add-mem-right
apply (auto simp: indecomposable-def)
apply (metis add-right-cancel add.right-neutral)
done

lemma indecomposable-alt:
assumes ord: Ord a Ord 8 and $: 8 < a and minor: A8 v. [B < a; v < a;
Ord v] = f+v < «
shows f+a = a
proof —
have - f+a < «
by (simp add: add-le-left ord leD)
moreover have - a < S+«
by (metis assms le-Ord-diff less-V-def)
ultimately show ?thesis
by (simp add: add-le-left less-V-def ord)
qed

lemma indecomposable-imp-eq:
assumes indecomposable o Ord  f < «
shows f+a = a
by (metis assms indecomposableD indecomposable-def le- Ord-diff less- V-def less-irrefl)

lemma indecomposable2:
assumes y: y < z and z: z < ¢ and minor: A\y=:V. y <z = y+z ==z
shows y+2z < z
by (metis add-less-cancel-left y z minor)
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lemma indecomposable-imp-Limit:

assumes indec: indecomposable a and a > 1

shows Limit o

using indecomposable-imp-Ord [OF indec]
proof (cases rule: Ord-cases)

case (succ f3)

then show ?thesis

using assms one-V-def by auto

qed (use assms in auto)

lemma eg-imp-indecomposable:
assumes Ord a \B::V. B € elts a = f+a = «
shows indecomposable a
by (metis add-mem-right-cancel assms indecomposable-def)

lemma indecomposable-w-power:
assumes Ord §
shows indecomposable (w10)
unfolding indecomposable-def
proof (intro conjl balll)
show Ord (w?d)
by (simp add: <Ord §»)
next
fix 8 v
assume asm: 3 € elts (wd) v € elts (whd)
then obtain ord: Ord 8 Ord v and (5: f < w!dé and ~: v < wld
by (meson Ord-w Ord-in-Ord Ord-oexp OrdmemD <Ord 0»)
show  + v € elts (w19)
using «Ord 0>
proof (cases § rule: Ord-cases)
case (
then show ?thesis
using <Ord 0> asm by auto
next
case (succ ()
have Jzcelts w. § + v € elts (Wl * z)
ifo: x € eltsw B € elts (Wl * z) and y: y € elts w v € elts (Wl * y)
for z y
proof —
obtain Ord  Ord y Ord (wl * z) Ord (Wil * y)
using Ord-w Ord-mult Ord-oexp x y nat-into-Ord succ(1) by presburger
then have 3 + v € elts (wll * (z+y))
using add-mult-distrib Ord-add Ord-mem-iff-lt add-strict-mono ord x y by
presburger
then show ?thesis
using z y by blast
qed
then show ?thesis
using <Ord §» succ ord 8 v by (auto simp: mult-Limit simp flip: Ord-mem-iff-It)
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next
case limit
have Ord (w?9)
by (simp add: <Ord 6»)
then obtain z y where z: z € elts § Ord x 8 € elts (wlx)
and y: y € elts § Ord y v € elts (why)
using <Ord 0> limit ord 8 7y oexp-Limit
by (auto simp flip: Ord-mem-iff-lt intro: Ord-in-Ord)
then have succ (z U y) € elts 6
by (metis Limit-def Ord-linear-le limit sup.absorb2 sup.orderE)
moreover have § + v € elts (wlsuce (z U y))
proof —
have ozy: Ord (z U y)
using Ord-sup x y by blast
then obtain wizr < wi(z U y) wly < wi(z U y)
by (metis Ord-w Ord-linear-le Ord-mem-iff-less-TC Ord-mem-iff-It le-TC-def
less-le-not-le oexp-mono omega-nonzero sup.absorb2 sup.orderE ©(2) y(2))
then have 3 € elts (wi(z U y)) v € elts (wh(z U y))
using z y by blast+
then have 3 + v € elts (wh(z U y) * succ (succ 0))
by (metis Ord-w Ord-add Ord-mem-iff-It Ord-oexp Ord-sup add-strict-mono
mult.right-neutral mult-succ ord one-V-def x(2) y(2))
then show ?thesis
apply (simp add: oxy)
using Ord-w Ord-mult Ord-oexp Ord-trans mem-0-Ord mult-add-mem-0
oexp-eq-0-iff omega-nonzero oxy succ-in-omega by presburger
qed
ultimately show #thesis
using ord <Ord (w19d)> limit oexp-Limit by auto
qed
qed

lemma w-power-imp-eq:
assumes [ < wld Ord 5 Ord § § # 0
shows 8 + w1d = wld
by (simp add: assms indecomposable-w-power indecomposable-imp-eq)

lemma mult-oexp-indec: [Ord «; Limit p; indecomposable p] = a % (o T p) =
(a1 p)

by (metis Limit-def Ord-1 OrdmemD indecomposable-imp-eq oexp-1-right oexp-add
one-V-def)

lemma mult-oezp-w: Ord a = a * (@ T w) = (@ T w)
by (metis Ord-1 Ord-w oexp-1-right oexp-add one-plus-w-equals-w)

lemma type-imp-indecomposable:
assumes a: Ord «
and minor: NX. X C elts « = ordertype X VWF = a V ordertype (elts o —
X) VWF =«
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shows indecomposable a
unfolding indecomposable-def
proof (intro congl balll)
fix 8 v
assume (: § € elts o and ~: v € elts «
then obtain [8v: elts 8 C elts a elts v C elts « Ord 5 Ord
using « Ord-in-Ord Ord-trans by blast
then have oeq: ordertype (elts §) VWF =
by auto
show 8 + v € elts a
proof (rule ccontr)
assume 5 + v ¢ elts «
then obtain § where 6: Ord § § + 6 = «
by (metis Ord-ordertype By(1) le-Ord-diff less-eq-V-def minor oeq)
then have § € elts o
using Ord-linear vy v <8 + v ¢ elts o> by blast
then have ordertype (elts a — elts ) VWF = §
using § ordertype-diff Limit-def a «Ord B> by blast
then show Fulse
by (metis 3 <0 € elts a <elts B C elts ay oeq mem-not-refl minor)
qged
qed (use assms in auto)

This proof uses Cantor normal form, yet still is rather long

proposition indecomposable-is-w-power:
assumes inc: indecomposable p
obtains y = 0 | § where Ord 6 p = w?d
proof (cases p = 0)
case True
then show thesis
by (simp add: that)
next
case Fulse
obtain Ord u
using Limit-def assms indecomposable-def by blast
then obtain as ms where Cantor: List.set as C ON list.set ms C {0<..}
length as = length ms Cantor-dec as
and p: p = Cantor-sum as ms
using Cantor-nf-exists by blast
consider (0) length as = 0| (1) length as = 1 | (2) length as > 2
by linarith
then show thesis
proof cases
case (
then show ?thesis
using p assms False indecomposable-def by auto
next
case I
then obtain a m where am: as = [a] ms = [m]
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by (metis One-nat-def <length as = length ms» length-0-conv length-Suc-conv)
then obtain Ord o m # 0 Ord (wta)
using «list.set as C ON» (list.set ms C {0<..}> by auto
have u: p = wta * ord-of-nat m
using am by (simp add: p)
moreover have m = 1
proof (rule ccontr)
assume m # 1
then have 2: m > 2
using <m # 0» by linarith
then have m = Suc 0 + Suc 0 + (m—2)
by simp
then have ord-of-nat m = 1 + 1 + ord-of-nat (m—2)
by (metis add.left-neutral mult.left-neutral mult-succ ord-of-nat.simps
ord-of-nat-add)
then have peq: p = wta + wla + wta * ord-of-nat (m—2)
using u by (simp add: add-mult-distrib)
moreover have less: wta < i
by (metis Ord-w OrdmemD peq <Ord o add-le-cancel-left0 add-less-cancel-left0
le-less-trans less-V-def oexp-gt-0-iff zero-in-omega)
moreover have wta + wta * ord-of-nat (m—2) < p
using 2 p <Ord «y assms less indecomposableD less-V-def by auto
ultimately show Fulse
using indecomposableD [OF inc, of wta wia + wla * ord-of-nat (m—2)]
by (simp add: «Ord (wta)» add.assoc)
qged
moreover have Ord o
using «List.set as C ON» by (simp add: <as = [a]))
ultimately show #thesis
by (metis One-nat-def mult.right-neutral ord-of-nat.simps one-V-def that(2))
next
case 2
then obtain al a2 as’ m1 m2 ms’ where am: as = al#a2#as’ ms =
ml#m24ms’
by (metis Cantor(3) One-nat-def Suc-1 impossible-Cons length-Cons list.size(3)
not-numeral-le-zero remdups-adj.cases)
then obtain Ord a1 Ord a2 mi # 0 m2 # 0 Ord (wtal) Ord (wta?2)
list.set as’” C ON list.set ms’ C {0<..}
using «list.set as C ON» <list.set ms C {0<..}> by auto
have oCs: Ord (Cantor-sum as’ ms’)
by (simp add: Ord-Cantor-sum <list.set as’ C ON»)
have a21: a2 € elts al
using Cantor-dec-Cons-iff am(1) «Cantor-dec as»
by (simp add: Ord-mem-iff-lt <Ord a1> <Ord a2))
have wta2 # 0
by (simp add: <Ord a2y)
then have *: (wta2 * ord-of-nat m2 + Cantor-sum as’ ms’) > 0
by (simp add: OrdmemD <Ord (wta2)y «<m2 # 0> mem-0-Ord oCs)
have p: p = wtal * ord-of-nat m1 + (wta2 * ord-of-nat m2 + Cantor-sum
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as’ ms')
(is p = %a + 20)
using am by (simp add: p)
moreover
have wta?2 x ord-of-nat m2 + Cantor-sum as’ ms’ < wtal * ord-of-nat ml
+ (wta?2 x ord-of-nat m2 + Cantor-sum as’ ms’)
if a2 € elts al
proof (rule less-w-power)
show Cantor-sum as’ ms’' < wla?2
using am Cantor cnf-2 by auto
qed (use 0Cs <Ord aly «<m1 # 0> <m2 # 0) that in auto)
then have 78 < u
using a21 by (simp add: p am)
moreover have less: ?a < p
using oCs by (metis p * add-less-cancel-left add.right-neutral)
ultimately have Fulse
using indecomposableD [OF inc, of %o 20]
by (simp add: «Ord (wtal)) <Ord (wta2)y oCs)
then show ?thesis ..
qed
qed

corollary indecomposable-iff-w-power:
indecomposable p <— p = 0V (39. p = wtd A Ord 9)
by (meson indecomposable-0 indecomposable-w-power indecomposable-is-w-power)

theorem indecomposable-imp-type:
fixes X :: bool = V set
assumes 7: indecomposable
and Ab. ordertype (X b) VWFE < ~ Ab. small (X b) Ab. X b C ON
and elts v C (UN b. X b)
shows 3 b. ordertype (X b) VWF = ~
using v [THEN indecomposable-imp-Ord] assms
proof (induction arbitrary: X)
case (succ )
show ?Zcase
proof (cases 8 = 0)
case True
then have 3b. 0 € X b
using succ.prems(5) by blast
then have 3b. ordertype (X b) VWF # 0
using succ.prems(3) by auto
then have 3b. ordertype (X b) VWF > succ 0
by (meson Ord-0 Ord-linear2 Ord-ordertype less-eq-V-0-iff succ-le-iff)
then show ?thesis
using True succ.prems(2) by blast
next
case Fulse
then show ?thesis
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using succ.prems by auto
qed
next
case (Limit 7)
then obtain § where §: v = wid and § # 0 Ord §
by (metis Limit-eq-Sup-self image-ident indecomposable-is-w-power not-succ-Limit
oexp-0-right one-V-def zero-not-Limit)
show ?Zcase
proof (cases Limit ¢)
case True
have ot: 3b. ordertype (X b N elts (wa)) VWF = wha
if a € elts § for a
proof (rule Limit.IH)
have Ord «
using Ord-in-Ord <Ord §) that by blast
then show wta € elts v
by (simp add: Ord-mem-iff-lt 6 w-gt1 «Ord &> oexp-less that)
show indecomposable (wha)
using <Ord a» indecomposable-1 indecomposable-w-power by fastforce
show small (X b N elts (wta)) for b
by (meson down inf-le2)
show ordertype (X b N elts (w T «)) VIWF < w 1 « for b
by (simp add: <Ord « ordertype-le-Ord)
show X b N elts (w1 a) C ON for b
by (simp add: Limit.prems inf.coboundedI1)
show elts (w T a) C (Jb. X bNelts (wt a))
using Limit.prems Limit.hyps «w 1T a € elts >
by clarsimp (metis Ord-trans UN-E indecomposable-imp-Ord subset-eq)
qed
define A where A = A\b. {« € elts §. ordertype (X b N elts (wta)) VWE >
wta}
have Asmall: small (A b) for b
by (simp add: A-def)
have AON: A b C ON for b
using A-def <Ord §) elts-subset-ON by blast
have eq: elts 6 = (| b. 4 b)
by (auto simp: A-def) (metis ot eq-refl)
then obtain b where b: Sup (A b) = ¢
using <Limit &>
apply (auto simp: UN-bool-eq)
by (metis AON ON-imp-Ord Ord-Sup Ord-linear-le Limit-eq-Sup-self Sup-Un-distrib
Asmall sup.absorb2 sup.orderE)
have wta < ordertype (X b) VWF if a € A b for «
proof —
have (wta) = ordertype ((X b) N elts (wta)) VWF
using «Ord &) that by (simp add: A-def Ord-in-Ord dual-order.antisym
ordertype-le-Ord)
also have ... < ordertype (X b) VWF
by (simp add: Limit.prems ordertype- VWF-mono)
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finally show ?Zthesis .
qed
then have ordertype (X b) VWF > Sup ((Aa. wta) < A b)
by blast
moreover have Sup ((Aa. wta) ‘A b) = w 1 Sup (A b)
by (metis b Ord-w ZFC-in-HOL.Sup-empty AON <5 # 0> Asmall oexp-Sup
omega-nonzero)
ultimately show ?thesis
using Limit.hyps Limit.prems § b by auto
next
case Fulse
then obtain § where 3: § = succ 8 Ord 8
using Ord-cases <§ # 0> <Ord §> by auto
then have Ordwf: Ord (w1p)
using Ord-oexp by blast
have subX12: elts (w1f * w) C (Ub. X b)
using Limit 5 § by auto
define £ where E = An. {w18 * ord-of-nat n ..< wlf * ord-of-nat (Suc n)}
N ON
have FON: E n C ON for n
using FE-def by blast
have E-imp-less: z < yifi<jo e Eiye Ejforxzyij
proof —
have succ (i) < ord-of-nat j
using that(1) by force
then have -y < z
using that
apply (auto simp: E-def)
by (metis OrdwB Ord-ord-of-nat leD mult-cancel-le-iff ord-of-nat.simps(2)
order-trans)
with that show ?thesis
by (meson EON ON-imp-Ord Ord-linear2)
qed
then have djE: disjnt (E i) (E j) if ¢ # j for i j
using that nat-neg-iff unfolding disjnt-def by auto
have less-imp-E: i < jifc <yx e FEiye Ejforxzyij
using that E-imp-less [OF - <y € E j» <x € E ©] lel less-asym by blast
have inc: indecomposable (w15)
using [ indecomposable-1 indecomposable-w-power by fastforce
have in-En: w1f * ord-of-nat n + ¢ € E n if z € elts (w1B) for z n
using that OrdwfB Ord-in-Ord [OF Ordwp] by (auto simp: E-def Ordwf
OrdmemD mult-succ)
have x: elts v = | (range F)
proof
have 3m. wif x m < z A z < WS * succ (ord-of-nat m)
if z € elts (wTf * ord-of-nat n) for z n
using that
apply (clarsimp simp add: mult [of - ord-of-nat n] lift-def)
by (metis add-less-cancel-left OrdmemD inc indecomposable-imp-Ord mult-succ
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plus sup-gel)
moreover have Ord z if z € elts (WS * ord-of-nat n) for z n
by (meson OrdwfB Ord-in-Ord Ord-mult Ord-ord-of-nat that)
ultimately show elts v C | J (range E)
by (auto simp: § 8 E-def mult-Limit elts-w)
have = € elts (w8 * succ(ord-of-nat n))
if Ord x z < wtB * succ (n) for z n
by (metis that Ord-mem-iff-lt Ord-mult Ord-ord-of-nat inc indecompos-
able-imp-Ord ord-of-nat.simps(2))
then show |J (range E) C elts v
by (force simp: 6 8 E-def Limit.prems mult-Limit)
qed
have smE: small (E n) for n
by (metis x complete-lattice-class.Sup-upper down rangel)
have otE: ordertype (E n) VWF = w1 for n
by (simp add: E-def inc indecomposable-imp-Ord mult-succ ordertype-interval-eq)

define cut where cut = An z. odiff © (wlf * ord-of-nat n)
have cutON: cutn *X C ON if X C ON for n X
using that by (simp add: image-subset-iff cut-def ON-imp-Ord Ordwf Ord-odiff)
have cut [simp]: cut n (w 1T B * ord-of-nat n + x) = z for z n
by (auto simp: cut-def)
have cuteq: © € cut n “ (X N En) «— wif * ord-of-nat n + z € X
if 2: x € elts (wtpB) for z X n
proof
show w1f * ord-of-natn + z € X if x € cutn * (X N E n)
using FE-def Ordwf Ord-odiff-eq image-iff local.cut-def that by auto
show z € cutn * (X N En)
if w18 * ord-of-natn + x € X
by (metis (full-types) Intl cut image-iff in-En that x)
qed
have ot-cuteq: ordertype (cut n * (X N E n)) VWF = ordertype (X N E n)
VWEF for n X
proof (rule ordertype-VWF-inc-eq)
show X N En C ON
using FE-def by blast
then show cutn ‘(X N En) C ON
by (simp add: cutON)
show small (X N E n)
by (meson Int-lower2 smE smaller-than-small)
show cut nx < cut n y
ifre XNEnye XNEnz<yforzy
using that <X N En C ON) by(simp add: E-def OrdwB Ord-odiff-less-odiff
local. cut-def)
qed

define N where N = A\b. {n. ordertype (X b N E n) VWF = w15}
have 3b. infinite (N b)

proof (rule ccontr)
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assume P b. infinite (N b)
then obtain n where Ab. n ¢ N b
apply (simp add: ex-bool-eq)
by (metis (full-types) finite-nat-set-iff-bounded not-less-iff-gr-or-eq)
moreover
have 3b. ordertype (cut n ‘(X b N En)) VWF = wip
proof (rule Limit.IH)
show wif € elts
by (metis Limit.hyps Limit-def Limit-omega Ord-mem-iff-less-TC  §
mult-le2 not-succ-Limit oexp-succ omega-nonzero one-V-def)
show indecomposable (w15)
by (simp add: inc)
show ordertype (cut n ‘(X b N En)) VIWF < wtp for b
by (metis otE inf-le2 ordertype-VWEF-mono ot-cuteq smE)
show small (cut n * (X b N E n)) for b
using smFE subset-iff-less-eq-V
by (meson inf-le2 replacement)
show cutn ‘(X b N En) C ON for b
using E-def cutON by auto
have elts (w8 * succ n) C | (range X)
by (metis OrdwpB Ord-w Ord-ord-of-nat less-eq-V-def mult-cancel-le-iff
ord-of-nat.simps(2) ord-of-nat-le-omega order-trans subX12)
then show elts (w1f) C (Ub. cutn ‘(X bN En))
by (auto simp: mult-succ mult-Limit UN-subset-iff cuteq UN-bool-eq)
qed
then have 3 0. ordertype (X b N En) VWF = w1f
by (simp add: ot-cuteq)
ultimately show Fulse
by (simp add: N-def)
qed
then obtain b where b: infinite (N b)
by blast
then obtain ¢ :: nat = nat where ¢: bij-betw ¢ UNIV (N b) and mono:
strict-mono ¢
by (meson bij-enumerate enumerate-mono strict-mono-def)
then have ordertype (X b N E (¢ n)) VWF = w1p for n
using N-def bij-betw-imp-surj-on by blast
moreover have small (X b N E (p n)) for n
by (meson inf-le2 smE subset-iff-less-eq-V)
ultimately have 3 f. bij-betw f (X b N E (¢ n)) (elts (wtB)) A (Vz € X b
NE(pn).YVye XbNE (pn) fz<fy+— (z,y) € VIWF)
for n by (metis Ord-ordertype ordertype- VWFE-eq-iff)
then obtain F where bijF: An. bij-betw (Fn) (X b N E (¢ n)) (elts (wlB))
and F: An.Ve e XbNE (pn).YVye XbNE (¢n). Fnz < Fny
— (z,y) € VWF
by metis
then have F-bound: An.Vz € XbNE (pn). Fnz < wif
by (metis Ord-w Ord-oexp OrdmemD B(2) bij-betw-imp-surj-on image-eql)
have F-Ord: An.Vz € X b N E (¢ n). Ord (F n z)
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by (metis otE ON-imp-Ord Ord-ordertype bijF' bij-betw-def elts-subset-ON
imagel)

have inc: o n > n for n
by (simp add: mono strict-mono-imp-increasing)

have djo: disjnt (E (p i) (E (¢ j)) if ¢ # j for i j
by (rule djE) (use ¢ that in <auto simp: bij-betw-def inj-def»)
define Y where Y = (n. E (p n))
have I3n. y € E (pn)ify € Y for y
using Y-def that by blast
then obtain ¢ where 1: Ay. y € Y = y € E (¢ (L v))
by metis
have Y C ON
by (auto simp: Y-def E-def)
have le: vz < 1 yifz<yzxze Yye Yforzy
using less-imp-E strict-mono-less-eq that « [OF <x € Y»] v [OF «y € V)]
mono
unfolding Y-def by blast
have eqi: z € E (p k) = vz =k for z k
using ¢ unfolding Y-def
by (meson UN-I disjnt-iff djo iso-tuple-UNIV-I)

have upper: wif * ord-of-nat (v z) < zifz € Y for z
using that
proof (clarsimp simp add: Y-def equ)
fix uwv
assume u: u € elts (wlf * ord-of-nat v) and v: z € E (¢ v)
then have u < w18 * ord-of-nat v
by (simp add: OrdmemD [3(2))
also have ... < w8 * ord-of-nat (p v)
by (simp add: 3(2) inc)
also have ... < z
using v by (simp add: E-def)
finally show u € elts x
using <Y C ON»
by (meson ON-imp-Ord Ord-w Ord-in-Ord Ord-mem-iff-lt Ord-mult Ord-oexp
Ord-ord-of-nat 5(2) that u)
qed

define G where G = \z. w1 * ord-of-nat (v ) + F (v z) z
have G-strict-mono: Gz < Gyifz <yzre XbNYye XbnNn Y forzy
proof (cases 1 T =1 y)

case True

then show ?thesis

using that unfolding G-def
by (metis F Int-iff add-less-cancel-left Limit.prems(4) ON-imp-Ord
VWE-iff-Ord-less t)

next
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case Fulse
then have 1 z < 1 y
by (meson IntE ile le-less that)
then show ?thesis
using that by (simp add: G-def F-Ord F-bound Ordwp ¢ mult-nat-less-add-less)
qed

have ordertype (X b N'Y) VWF = (w1f) * w
proof (rule ordertype-VWF-eq-iff [THEN iffD2])
show Ord (w15 * w)
by (simp add: B3)
show small (X bNY)
by (meson Limit.prems(8) inf-lel subset-iff-less-eq-V')
have bij-betw G (X b N Y) (elts (wfB * w))
proof (rule bij-betw-imagel)
show inj-on G (X bNY)
proof (rule linorder-inj-onlI)
fixzy
assume zy: z < yr € (XbNY)ye(XbvnY)
show Gz # Gy
using G-strict-mono xy by force
next
show z < yVy<uz
ifreXbNY)ye(XbnNnY)forzy
using that <X b C ON» by (clarsimp simp: Y-def) (metis ON-imp-Ord
Ord-linear Ord-trans)
qed
show G (X bNY) = elts (wlf * w)
proof
show G (X bNY) C elts (wlf * w)
using <X b C ON)»
apply (clarsimp simp: G-def mult-Limit Y-def eq)
by (metis Intl add-mem-right-cancel bijF bij-betw-imp-surj-on image-eql
mult-suce ord-of-nat-w succ-in-omega)
show elts (w8 *w) C G (XbNY)
proof
fix z
assume z: z € elts (wf * w)
then obtain k where n: z € elts (w8 * ord-of-nat (Suc k))
and minim: Am. m < Suc k = ¢ ¢ elts (w1 * ord-of-nat

m)
using elts-mult-wFE
by (metis old.nat.exhaust)
then obtain y where y: y € elts (w15) and zeq: z = w1 * ord-of-nat
kE+y

using z by (auto simp: mult-succ elim: mem-plus-V-FE)

then have 1: inv-into (X bN E (p k)) (Fk)ye (XbN E (pk))
by (metis bijF bij-betw-def inv-into-into)

then have (inv-into (X bNE (¢ k) (Fk)y) e XbNY
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by (force simp: Y-def)
moreover have G (inv-into (X bN E (p k) (Fk)y) ==z
by (metis 1 G-def Int-iff bijF bij-betw-inv-into-right equ zeq y)
ultimately show z € G (X bnN Y)
by blast
qed
qed
qed
moreover have (z,y) € VWF
ifreXbzeYyeXbye YGr< Gyforzy
proof —
have z < y
using that by (metis G-strict-mono Int-iff Limit.prems(4) ON-imp-Ord
Ord-linear-lt less-asym)
then show ?thesis
using ON-imp-Ord <Y C ON) that by auto
qged
moreover have Gz < G y
freXbzeYyeXbyeY (z,y) € VIWF for z y
proof —
have z < y
using that ON-imp-Ord <Y C ON)» by auto
then show ?thesis
by (simp add: G-strict-mono that)
qed
ultimately show 3 f. bij-betw f (X b N Y) (elts (wB x w)) A (Vze(X b N
V) Vye(XbNnY) fze<fy+— ((z,y) € VWF))
by blast
qed
moreover have ordertype ((Jn. X b N E (¢ n)) VWF < ordertype (X b)
VWF
using Limit.prems(3) ordertype-VWF-mono by auto
ultimately have ordertype (X b) VWF = (w1f) * w
using Limit.hyps Limit.prems(2) 5 ¢
using Y-def by auto
then show ?thesis
using Limit.hyps 8 § by auto
qed
qged auto

corollary indecomposable-imp-type2:
assumes «: indecomposable v X C elts ~y
shows ordertype X VWF = ~ V ordertype (elts v — X) VWF = v
proof —
have Ord ~
using assms indecomposable-imp-Ord by blast
have 3b. ordertype (if b then X else elts v — X) VWF = v
proof (rule indecomposable-imp-type)
show ordertype (if b then X else elts v — X) VWF < v for b
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by (simp add: «Ord > assms ordertype-le-Ord)
show (if b then X else elts v — X) € ON for b
using <Ord v» assms elts-subset-ON by auto
qged (use assms down in auto)
then show ?%thesis
by (metis (full-types))
qed

5.4 From ordinals to order types

lemma indecomposable-ordertype-eq:
assumes indec: indecomposable o and «: ordertype A VWF = o« and A: B C
A small A
shows ordertype B VWF = « V ordertype (A—B) VWF = «
proof (rule ccontr)
assume - (ordertype B VWF = o V ordertype (A — B) VWF = «)
moreover have ordertype (ordermap A VWF ‘ B) VWF = ordertype B VWF
using «B C A» by (auto intro: ordertype-image-ordermap [OF <small A»])
moreover have ordertype (elts « — ordermap A VWF ¢ B) VWF = ordertype
(A - B) VIWF
by (metis ordertype-map-image o A elts-of-set ordertype-def replacement)
moreover have ordermap A VWF ‘ B C ells «
using « A by blast
ultimately show Fulse
using indecomposable-imp-type2 [OF <indecomposable ] <small A» by metis
qed

lemma indecomposable-ordertype-ge:
assumes indec: indecomposable o and «: ordertype A VWF > « and small:
small A small B
shows ordertype B VWF > « V ordertype (A—B) VWF > «
proof —
obtain A’ where A’ C A ordertype A’ VIWF = «
by (meson a (small Ay indec indecomposable-def le-ordertype-obtains-subset)
then have ordertype (B N A’) VWF = « V ordertype (A'—B) VWF = «
by (metis Diff-Diff-Int Diff-subset Int-commute <small A> indecomposable-ordertype-eq
indec smaller-than-small)
moreover have ordertype (B N A’) VWF < ordertype B VWF
by (meson Int-lowerl small ordertype- VWE-mono smaller-than-small)
moreover have ordertype (A'—B) VWF < ordertype (A—B) VWF
by (meson Diff-mono Diff-subset <A’ C Ay <small Ay order-refl ordertype-VWF-mono
smaller-than-small)
ultimately show ?thesis
by blast
qged

now for finite partitions

lemma indecomposable-ordertype-finite-eq:
assumes indecomposable «
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and A: finite A pairwise disint A | JA = A A # {} ordertype A VWF = «
small A
shows 3 X € A. ordertype X VWF = «
using A
proof (induction arbitrary: A)
case (insert X A)
show ?case
proof (cases A = {})
case True
then show “thesis
using insert.prems by blast
next
case Fulse
have smA: small (|J.A)
using insert.prems by auto
show ?thesis
proof (cases 3X € A. ordertype X VWF = «)
case True
then show ?Zthesis
using insert.prems by blast
next
case Fulse
have X =4 - JA
using insert.hyps insert.prems by (auto simp: pairwise-insert disjnt-iff)
then have ordertype X VWF = «
using indecomposable-ordertype-eq assms insert Fualse
by (metis Union-mono cSup-singleton pairwise-insert smA subset-insertl)
then show ?thesis
using insert.prems by blast
qed
qed
qed auto

lemma indecomposable-ordertype-finite-ge:
assumes indec: indecomposable o
and A: finite A A CUA A # {} ordertype A VWF > a small (J.A)
shows 3 X € A. ordertype X VWF > «
using A
proof (induction arbitrary: A)
case (insert X A)
show ?Zcase
proof (cases A = {})
case True
then have a < ordertype X VWF
using insert.prems
by (simp add: order.trans ordertype-VWFE-mono)
then show ?thesis
using insert.prems by blast
next
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case Fulse
show ?thesis
proof (cases 3X € A. ordertype X VWF > «)
case True
then show ?thesis
using insert.prems by blast
next
case Fulse
moreover have small (X U JA)
using insert.prems by auto
moreover have ordertype (| (insert X A)) VWF > «
using insert.prems ordertype-VWF-mono by blast
ultimately have ordertype X VWF > «
using indecomposable-ordertype-ge [OF indec]
by (metis Diff-subset-conv Sup-insert cSup-singleton insert.IH small-sup-iff
subset-refl)
then show ?thesis
using insert.prems by blast
qed
qed
qed auto

end

6 Type Classes for ZFC

theory ZFC-Typeclasses
imports ZFC-Cardinals Complez-Main

begin

6.1 The class of embeddable types

class embeddable =
assumes ezx-inj: 3 V-of :: 'a = V. inj V-of

context countable
begin

subclass embeddable
proof —
have inj (ord-of-nat o to-nat) if inj to-nat
for to-nat :: 'a = nat
using that by (simp add: inj-compose inj-ord-of-nat)
then show class.embeddable TYPE('a)
by intro-classes (meson local.ex-inj)
qed

end
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instance unit :: embeddable ..
instance bool :: embeddable ..
instance nat :: embeddable ..
instance int :: embeddable ..
instance rat :: embeddable ..
instance char :: embeddable ..
instance String.literal :: embeddable ..
instance typerep :: embeddable ..

lemma embeddable-classl:

fixes f::'a =V

assumes A\zy. fr=fy=—=z=1y

shows OFCLASS('a, embeddable-class)
proof (intro-classes, rule exl)

show inj f

by (rule injI [OF assms]) assumption

qed

instance V :: embeddable
by (intro-classes) (meson inj-on-id)

instance prod :: (embeddable,embeddable) embeddable
proof —
have inj (A(z,y). (V-of1 z, V-0f2 y)) if inj V-of! inj V-of2
for V-oft :: 'a = V and V-0f2 :: 'b = V
using that by (auto simp: inj-on-def)
then show OFCLASS('a x 'b, embeddable-class)
by intro-classes (meson embeddable-class.ex-ing)
qed

instance sum :: (embeddable,embeddable) embeddable
proof —
have inj (case-sum (Inl o V-of1) (Inr o V-0f2)) if inj V-of1 inj V-of2
for V-of1 :: 'a = V and V-0f2 :: 'b = V
using that by (auto simp: inj-on-def split: sum.split-asm)
then show OFCLASS('a + 'b, embeddable-class)
by intro-classes (meson embeddable-class.ex-iny)
qed

instance option :: (embeddable) embeddable
proof —
have inj (case-option 0 (A\x. ZFC-in-HOL.set{ V-of x})) if inj V-of
for V-of : 'a = V
using that by (auto simp: inj-on-def split: option.split-asm)
then show OFCLASS('a option, embeddable-class)
by intro-classes (meson embeddable-class.ex-ing)
qed
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primrec V-of-list where
V-of-list V-of Nil = 0
| V-of-list V-of (x#xs) = (V-of x, V-of-list V-of xs)

lemma inj- V-of-list:
assumes inj V-of
shows inj (V-of-list V-of)
proof —
note inj-eq [OF assms, simp]
have z = y if V-of-list V-of x = V-of-list V-of y for z y
using that
proof (induction x arbitrary: y)
case Nil
then show ?Zcase
by (cases y) auto
next
case (Cons a x)
then show ?case
by (cases y) auto
qged
then show ?thesis
by (auto simp: inj-on-def)
qed

instance list :: (embeddable) embeddable
proof —
have inj (rec-list 0 (Ax zs r. (V-of z, r))) (is inj ?f)
if V-of: inj V-of for V-of :: 'a = V
proof —
note inj-eq [OF V-of, simp]
have r = yif %z = ?fyforz y
using that
proof (induction x arbitrary: y)
case Nil
then show ?case
by (cases y) auto
next
case (Cons a x)
then show ?case
by (cases y) auto
qed
then show ?thesis
by (auto simp: inj-on-def)
qed
then show OFCLASS('a list, embeddable-class)
by intro-classes (meson embeddable-class.ex-ing)
qed
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6.2 The class of small types

class small =
assumes small: small (UNIV::'a set)
begin

subclass embeddable
by intro-classes (meson local.small small-def)

lemma TC-small [iff]:
fixes A :: ‘a set
shows small A
using small smaller-than-small by blast

end

context countable
begin

subclass small
proof —
have x: inj (ord-of-nat o to-nat) if inj to-nat
for to-nat :: 'a = nat
using that by (simp add: inj-compose inj-ord-of-nat)
then show class.small TYPE('a)
by intro-classes (metis small-image-nat local.ex-inj the-inv-into-onto)
qed

end

lemma lepoll-UNIV-imp-small: X < (UNIV::'a::small set) = small X
by (meson lepoll-iff replacement small smaller-than-small)

lemma lepoll-imp-small:
fixes A :: 'a::small set
assumes X < A4
shows small X
by (metis lepoll-UNIV-imp-small UNIV-I assms lepoll-def subsetl)

instance unit :: small ..
instance bool :: small ..
instance nat :: small ..
instance int :: small ..
instance rat :: small ..
instance char :: small ..
instance String.literal :: small ..
instance typerep :: small ..

instance prod :: (small,small) small
proof —
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have inj (A(z,y). (V-of1 z, V-0f2 y))
range (A(z,y). (V-oft z, V-0f2 y)) < elts (VSigma A (Az. B))
if inj V-of1 inj V-of2 range V-of1 < elts A range V-of2 < elts B
for V-of1 :: 'a= V and V-0f2 :: 'b= V and A B
using that by (auto simp: inj-on-def)
with small [where ‘a=’a] small [where 'a="0]
show OFCLASS('a x 'b, small-class)
by intro-classes (smt (verit) down-raw f-inv-into-f set-eq-subset small-def)
qed

instance sum :: (small,small) small
proof —
have inj (case-sum (Inl o V-of1) (Inr o V-0f2))
range (case-sum (Inl o V-of1) (Inr o V-0f2)) < elts (A |t) B)
if inj V-of1 inj V-of2 range V-of1 < elts A range V-of2 < elts B
for V-oft :: 'a = V and V-0f2 :: ' = V and A B
using that by (force simp: inj-on-def split: sum.split)+
with small [where ‘a=’a] small [where 'a="0]
show OFCLASS('a + 'b, small-class)
by intro-classes (metis down-raw replacement set-eq-subset small-def small-iff)
qed

instance option :: (small) small
proof —
have inj (Az. case © of None = 0 | Some & = ZFC-in-HOL.set {V-of z})
range (Az. case x of None = 0 | Some x = ZFC-in-HOL.set {V-of z}) <
insert 0 (elts (VPow A))
if inj V-of range V-of < elts A
for V-of : '/a = V and A
using that by (auto simp: inj-on-def split: option.split-asm)
with small [where ‘a='d]
show OFCLASS('a option, small-class)
by intro-classes (smt (verit) down order.refl ex-inj small-iff small-image-iff
small-insert)
qed

instance list :: (small) small
proof —
have small (range (V-of-list V-of))
if inj V-of range V-of < elts A
for V-of : 'a = V and A
proof —
have range (V-of-list V-of) ~ (UNIV :: 'a list set)
using that by (simp add: inj-V-of-list)
also have ... = lists (UNIV :: 'a set)
by simp
also have ... < (UNIV :: 'a set) x (UNIV :: nat set)
proof (cases finite (range (V-of::'a = V)))
case True
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then have lists (UNIV :: 'a set) < (UNIV :: nat set)
using countable-iff-lepoll countable-image-inj-on that(1) uncountable-infinite
by blast
then show ?thesis
by (blast intro: lepoll-trans [OF - lepoll-times2])
next
case Fulse
then have lists (UNIV :: 'a set) < (UNIV :: 'a set)
using <infinite (range V-of )y egpoll-imp-lepoll infinite-eqpoll-lists by blast
then show ?thesis
using lepoll-times1 lepoll-trans by fastforce
qed
finally show ?thesis
by (simp add: lepoll-imp-small)
qed
with small [where ‘a='q]
show OFCLASS('a list, small-class)
by intro-classes (metis inj-V-of-list order.refl small-def small-iff small-iff-range)
qed

instance fun :: (small,embeddable) embeddable
proof —
have inj (A\f. VLambda A (Az. V-of2 (f (inv V-of1 z))))
if «: inj V-of1 inj V-of2 range V-of1 < elts A
for V-of1 :: 'a= V and V-0f2 :: 'b= V and A
proof —
have fu = f"u
if VLambda A (Au. V-of2 (f (inv V-off u))) = VLambda A (Az. V-of2 (f'
(inv V-of1 x)))
for ff'::'a = 'band u
by (metis inv-f-f rangel subsetD VLambda-eq-D2 [OF that, of V-of1 u] )
then show ?thesis
by (auto simp: inj-on-def)
qed
then show OFCLASS('a = 'b, embeddable-class)
by intro-classes (metis embeddable-class.ex-inj small order-refl replacement
small-iff)
qged

instance fun :: (small,small) small
proof —
have inj (Af. VLambda A (Az. V-of2 (f (inv V-of1 z)))) (is inj %p)
range (\f. VLambda A (Ax. V-of2 (f (inv V-ofl z)))) < elts (VPi A (\z. B))
if «: inj V-of1 inj V-of2 range V-ofl < elts A and range V-of2 < elts B
for V-of1 :: 'a = V and V-0f2 :: '0 = V and A B
proof —
have fu = f'u
if VLambda A (Au. V-of2 (f (inv V-of! u))) = VLambda A (Az. V-of2 (f'
(inv V-of1 x)))
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for ff':: 'a = 'band u
by (metis inv-f-f rangel subsetD VLambda-eq-D2 [OF that, of V-of1 u] *)
then show inj %p
by (auto simp: inj-on-def)
show range %p < elts (VPi A (Az. B))
using that by (simp add: VPi-I subset-eq)
qed
with small [where ‘a=’a] small [where 'a="0]
show OFCLASS('a = 'b, small-class)
by intro-classes (smt (verit, best) down-raw order-refl imageE small-def)
qed

instance set :: (small) small
proof —
have I: inj (Az. ZFC-in-HOL.set (V-of ‘ 1))
if inj V-of for V-of :: 'a = V
by (simp add: inj-on-def inj-image-eq-iff [OF that])
have 2: range (A\x. ZFC-in-HOL.set (V-of ‘ x)) < elts (VPow A)
if range V-of < elts A for V-of :: 'a = V and A
using that by (auto simp: inj-on-def image-subset-iff )
from small [where 'a="a)
show OFCLASS('a set, small-class)
by intro-classes (metis 1 2 down-raw imageE small-def order-refl)
qed

instance real :: small
proof —
have small (range (Rep-real))
by simp
then show OFCLASS(real, small-class)
by intro-classes (metis Rep-real-inverse image-inv-f-f inj-on-def replacement)
qed

instance complex :: small
proof —
have Ac. ¢ € range (A(z,y). Complez © y)
by (metis case-prod-conv complex.exhaust-sel rangel)
then show OFCLASS(complex, small-class)
by intro-classes (meson TC-small replacement smaller-than-small subset-eq)
qed

end

7 ZF sets corresponding to R and C and the car-
dinality of the contimuum

theory General-Cardinals
imports ZFC-Typeclasses HOL— Analysis. Continuum-Not-Denumerable
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begin

7.1 Making the embedding from the type class explicit

definition V-of :: 'a::embeddable = V
where V-of = SOME f. inj f

lemma inj-V-of: inj V-of
unfolding V-of-def by (metis embeddable-class.ex-inj some-eq-imp)

declare inv-f-f [OF inj-V-of, simp)

lemma inv-V-of-image-eq [simp]: inv V-of * (V-of ‘ X) = X
by (auto simp: image-comp)

lemma infinite- V-of: infinite (UNIV::"a set) = infinite (range (V-of::'a::embeddable= V"))
using finite-imageD inj-V-of by blast

lemma countable-V-of: countable (range (V-of::'a::countable=V))
by blast

lemma elts-set-V-of: small X = elts (ZFC-in-HOL.set (V-of * X)) = X
by (metis inj- V-of inj-eq inj-on-def inj-on-image-eqpoll-self replacement set-of-elts
small-iff)

lemma V-of-image-times: V-of ‘(X x Y) = (V-of * X) x (V-of °Y)
proof —
have V-of (X X V)= X x YV
by (meson inj-V-of inj-eq inj-onl inj-on-image-eqpoll-self)
also have ... = (V-of * X) x (V-of ' Y)
by (metis egpoll-sym inj-V-of inj-eq inj-onl inj-on-image-eqpoll-self times-eqpoll-cong)
finally show ?thesis .
qed

7.2 The cardinality of the continuum

definition Real-set = ZFC-in-HOL.set (range (V-of::real=V))
definition Complez-set = ZFC-in-HOL.set (range (V-of::complex=V))
definition C-continuum = vcard Real-set

lemma V-of-Real-set: bij-betw V-of (UNIV::real set) (elts Real-set)
by (simp add: Real-set-def bij-betw-def inj-V-of)

lemma uncountable-Real-set: uncountable (elts Real-set)
using V-of-Real-set countable-iff-bij uncountable-UNIV-real by blast

lemma Card C-continuum

by (simp add: C-continuum-def Card-def)

176



lemma C-continuum-ge: C-continuum > N1
by (metis C-continuum-def Ord-w1 Ord-cardinal Ord-linear2 countable-iff-vcard-less1

uncountable- Real-set)

lemma V-of-Complex-set: bij-betw V-of (UNIV::complex set) (elts Complex-set)
by (simp add: Complez-set-def bij-betw-def inj-V-of)

lemma uncountable-Complex-set: uncountable (elts Complex-set)
using V-of-Complex-set countablel-bij2 uncountable-UNIV-complex by blast

lemma Complez-vcard: vecard Complex-set = C-continuum
proof —
define embl where embl = V-of o complex-of-real o inv V-of
have elts Real-set =~ elts Complex-set
proof (rule lepoll-antisym,)
show elts Real-set < elts Complex-set
unfolding lepoll-def
proof (intro conjl exI)
show inj-on embl! (elts Real-set)
unfolding embi-def Real-set-def
by (simp add: inj-V-of inj-compose inj-of-real inj-on-imagel)
show emb1 ‘ elts Real-set C elts Complex-set
by (simp add: emb1-def Real-set-def Complex-set-def image-subset-iff)
qed
define emb2 where emb2 = (\z. (V-of (Re z), V-of (Im z))) o inv V-of
have elts Complex-set < elts Real-set x elts Real-set
unfolding lepoll-def
proof (intro conjl exI)
show inj-on emb2 (elts Complez-set)
unfolding emb2-def Complez-set-def inj-on-def
by (simp add: complex.expand inj-V-of inj-eq)
show emb2 ‘ elts Complez-set C elts Real-set X elts Real-set
by (simp add: emb2-def Real-set-def Complex-set-def image-subset-iff)
qed
also have ... = clts Real-set
by (simp add: infinite-times-eqpoll-self uncountable- Real-set uncountable-infinite)
finally show elts Complez-set < elts Real-set .
qed
then show ?thesis
by (simp add: C-continuum-def cardinal-cong)
qged

lemma gcard-Union-le-cmult:

assumes small U and k: A\z. z € U = geard z < k and sm: \z. z € U =
small ©

shows geard (| U) < geard U ® k
proof —

have 3f. f € x — elts k A inj-on fz if z € U for z
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using k [OF that] gcard-le-lepoll by (metis image-subset-iff-funcset lepoll-def
sm that)
then obtain ¢ where p: Az. 1 € U = (p z) € z — elts k A inj-on (¢ ) =
by metis
define v where u = \y. Qz. z € UANy € x
have wuye UANye (vy) ifyeJ(U) for y
unfolding u-def using that by (fast introl: somel2)
define ¢y where ¥ = \y. (v y, ¢ (v y) y)
have U: elts (gcard U) = U
using assms by (simp add: gcard-eqpoll)
have | JU S U x elts k
unfolding lepoll-def
proof (intro exl conjI)
show inj-on ¢ (I U)
using ¢ u by (smt (verit) -def inj-on-def prod.inject)
show ¢ ‘|J U C U X elts k
using ¢ u by (auto simp: -def)
qed
also have ... = elts (gcard U ® k)
using U elts-cmult eqpoll-sym eqpoll-trans times-eqpoll-cong by blast
finally have (|JU) < elts (geard U ® k) .
then show ?thesis
by (metis cardinal-idem cmult-def gcard-eq-vcard lepoll-imp-gcard-le small-elts)
qed

lemma gcard-Times [simp]: gcard (X x Y) = geard X ® gcard Y
proof (cases small X A small Y)
case True
have elts (gecard (X x V)~ X x Y
by (simp add: True gcard-egpoll)
also have ... = elts (gcard X) X elts (geard V)
by (simp add: True eqpoll-sym gcard-eqpoll times-eqpoll-cong)
also have ... = elts (gcard X ® gcard Y)
by (simp add: elts-cmult eqpoll-sym)
finally show ?thesis
using Card-cardinal-eq cmult-def gcardinal-cong by force
next
case Fulse
have gcard (X x Y) =0
by (metis False Times-empty gcard-big-0 gcard-empty-0 small-Times-iff)
then show ?thesis
by (metis False cmult-0 emult-commute geard-big-0)
qed

7.3 Countable and uncountable sets

lemma countable-iff-g-le-Aleph0:
assumes small X
shows countable X «— gcard X < N0
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proof —
have countable X +— X < elts w
by (simp add: w-def countable-iff-lepoll inj-ord-of-nat)
also have ... «— gcard X < N0
using Card-w Card-def assms gcard-le-lepoll lepoll-imp-gcard-le by fastforce
finally show ?thesis .
qed

lemma countable-imp-g-le-Aleph0: countable X = gcard X < N0
by (meson countable countable-iff-g-le-Aleph0)

lemma finite-iff-g-le-Aleph0: small X = finite X +— gcard X < N0
by (metis Aleph-0 eqpoll-finite-iff finite-iff-less-Aleph0 gcard-eq-vcard gcard-eqpoll
gcardinal-cong)

lemma finite-imp-g-le-Aleph0: finite X = gcard X < N0
by (meson finite-iff-g-le-Aleph0 finite-imp-small)

lemma countable-infinite-gcard: countable X A infinite X <— gcard X = N0
proof —
have gcard X = w
if countable X and infinite X
using that countable countable-imp-g-le-Aleph0 finite-iff-g-le-Aleph0 less-V-def
by auto
moreover have countable X if gcard X = w
by (metis Aleph-0 countable-iff-g-le-Aleph0 dual-order.refl gcard-big-0 omega-nonzero
that)
moreover have Fulse if gcard X = w and finite X
by (metis Aleph-0 dual-order.irrefl finite-iff-g-le-Aleph0 finite-imp-small that)
ultimately show ?thesis
by auto
qed

lemma uncountable-gcard: small X = uncountable X +— gcard X > N0
by (simp add: Card-is-Ord Ord-not-le countable-iff-g-le-Aleph0)

lemma uncountable-gcard-ge: small X = uncountable X <— gcard X > N1
by (simp add: uncountable-gcard csucc-le-Card-iff one-V-def)

lemma subset-smaller-gcard:
assumes k: K < gcard X Card &
obtains Y where Y C X gcard ¥ = &
proof (cases small X)
case True
then have elts Kk < X
by (meson assms(1) egpoll-imp-lepoll gcard-eqpoll lepoll-trans less-eq-V-def sub-
set-imp-lepoll)
then obtain Y where Y C X elts k = Y
by (metis bij-betw-def eqpoll-def lepoll-def)
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then show ?thesis
using Card-def «Card Ky gcardinal-cong that by force
next
case Fulse
with assms show ?thesis
by (metis antisym gcard-big-0 le-0 order-refl that)
qed

lemma Real-gcard: gcard (UNIV::real set) = C-continuum
by (metis C-continuum-def V-of-Real-set bij-betw-def geard-eq-vcard gcard-image)

lemma Complex-gcard: gcard (UNIV::complex set) = C-continuum
by (metis Complez-vcard V-of-Complez-set bij-betw-def gcard-eq-vcard geard-image)

end
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