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Abstract

We formalize a trace-based Rely-Guarantee semantics based on
the work of Xu et al. The foundation includes an abstract Sequen-
tial/While/Parallel programming language equipped with operational
semantics designed for concurrent reasoning. Upon this, we build a
reasoning infrastructure that includes Rely-Guarantee inversion rules,
alongside abstract definitions and standard soundness proofs for both
unary and binary settings.
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This development provides a formalization of a trace-based Rely-Guarantee
semantics. The core approach is built upon the foundational work of Xu et



al. [2], who established a framework for reasoning about concurrent programs
using interactive traces.

To support this semantics, we first define an abstract programming language
featuring sequential composition, while loops, and parallel execution. This
language is equipped with an operational semantics explicitly designed to
facilitate concurrent reasoning by interleaving command executions with
environment steps.

Building upon these trace-based foundations, we develop a robust reasoning
infrastructure. This includes comprehensive Rely-Guarantee inversion rules
that characterize the structural decomposition of traces, abstract definitions
of trace satisfiability, and standard soundness proofs adapted for both unary
and binary postcondition settings.

The formalization presented here serves as the foundational basis for the
broader investigations into coinductive Rely-Guarantee semantics and equiv-
alence proofs described by Derrick et al. [1].

2 Preliminaries

This theory sets up notation and preliminary definitions used throughout
the mechanization

theory Prelim imports Complex-Main
begin

thm le-fun-def
thm relcompp-apply
thm relcompp.simps

hide-const stable

lemma map-Pair-zip-replicate-length:
map (Pair x) ys = zip (replicate (length ys) x) ys
by (simp add: zip-replicatel)

lemma OO-rtranclp-le:

assumes U OO0 A <V (U 00 Z7xx) 00 (Z 00 A) <V
shows (U 00 Z7%x) 00 A <V

using assms unfolding OO-def

by auto (smt (verit, best) predicate2D rtranclp.simps)



lemma rtranclp-chain:
assumes R** a b
shows In as. as 0 = a A asn=>b A (Vi<n. R (as i) (as (Suc )))
using assms proof induction
case base
then show ?case
apply(intro exI[of - 0] exI[of - Ai. a])
by auto
next
case (step b ¢)
show ?case using step apply safe
subgoal for n as
apply(intro exI[of - Suc n] exI[of - Ni. if i < n then as i else c])
using le-less-Suc-eq by force .
qed

lemma chain-rtranclp:

assumes as 0 = a asn = b Vi<n. R (as i) (as (Suc 7))
shows R** a b

using assms apply(induct n arbitrary: b) by auto

definition notP :: (‘a = bool) = (‘a = bool)
(—1 - [40] 70)

where

—“1P=Xa. - Pa

definition conjP :: (‘a = bool) = ('a = bool) = ('a = bool)
(infixr A1 65)

where

Pi A1 P2 = Xa. P1a A P2a

definition disjP :: (‘a = bool) = (a = bool) = (‘a = bool)
(infixr V1 60)

where

Pi1 V1 P2=Xa. PlaV P2a

definition notR :: (‘a = 'b = bool) = ('a = 'b = bool)
(=2 - [40] 40)

where
“2R=MXab. - Rabd

definition conjR ::



('a = b = bool) = ('a = 'b = bool) = ('a = 'b = bool)
(infixr A2 65)

where

R1I N2R2=MXab.RlIabANR2ab

definition disjR ::

('a = b = bool) = ('a = 'b = bool) = ('a = 'b = bool)
(infixr V2 60)

where

RIV2ZR2=MXab.Rl1abV R2ab

definition interR ::

('a = 'b = bool) = ('a = 'b = bool) = (‘a = b = bool)
(infixr N2 70)

where

RiIN2R2=XabVecd. RlcdANR2cd—a=cANb=4d

definition satR ::
("a = 'b = bool)

where
satR = Aa b. True

definition imR :: (‘a = 'b = bool) = (‘a = bool) = ('b = bool) where
imRRP=Ab.da. PaANRab
lemmas imR-defs = imR-def le-bool-def le-fun-def

definition rimR :: (‘a = 'b = bool) = ('b = bool) = ('a = bool) where
rimR R P=MXa. 3b. PbARad

definition grR :: (‘a = 'b) = ‘a = 'b = bool where
grR f = (Aa b. fa=0)

definition diagR :: (‘a = bool) = 'a = 'a = bool where
diagR P=MXab.a=bA Pa

definition lift! :: (‘a = bool) = 'a = 'b = bool
where [ift1 P = Aa b. P a

definition /ift2 :: ('b = bool) = 'a = 'b = bool
where [ift2 P = Aa b. P b

lemma lift1-mono: P1 < P2 = lift1 P1 < lift1 P2
unfolding lift1-def by auto

lemma lift2-mono: P1 < P2 = lift2 P1 < lift2 P2



unfolding lift2-def by auto

lemma conjR-lift2-rel-1-00: (R A2 lift2 P) OO @ = R OO (lift1 P A2 Q)
unfolding conjR-def lift2-def lift1-def by auto

lemma conjP-idem[simp]: P N1 P = P
unfolding conjP-def by auto

lemma disjP-idem[simp]: P V1 P = P
unfolding disjP-def by auto

lemma conjR-idem[simp]: R A2 R = R
unfolding conjR-def by auto

lemma disjR-idem[simp]: R V2 R = R
unfolding disjR-def by auto

lemma conjP-idem2[simp]: P A1 P N1 P'= P A1 P’
by (simp add: conjP-def)

lemma notP-item: = P s +— (=1 P) s
by (simp add: notP-def)

lemma disjR-I1[intro]:P s s’ = (P V2 Q) s s’ unfolding disjR-def by auto
lemma disjR-12[intro]:Q s s’ = (P V2 Q) s s’ unfolding disjR-def by auto

lemma conjR-1:Q1 s s' A Q2 s s’ = Q1 N2 Q2 < Q = (@Q s s’ unfolding
conjR-def by auto

lemma liftl-inject:lift1 P < Q = P s = Vs'. @ s s’ unfolding lift1-def
le-bool-def le-fun-def by auto

definition stable :: ('s = bool) = ('s = 's = bool) = bool where
stable PR=V ss’" PsANRss"— Ps'

definition stableLeft :: (s = 's = bool) = (s = 's = bool) = bool where
stableLeft Q R=R 00 Q < @

definition stableRight :: (s = ‘s = bool) = ('s = 's = bool) = bool where
stableRight Q R = Q OO R < @

definition stable2 :: ('a = 'a = bool) = (‘a = 'a = bool) = bool where



stable2 QQ R = stableLeft QQ R N\ stableRight Q R

lemma stable2-def2: stable2 Q R +— R OO0 Q@ < QAN Q OOR< Q
by (simp add: stable2-def stableLeft-def stableRight-def)

lemma stableLeft-alt:

stableLeft Q R <—
(Vss's""Rss'NQs's"— Qss")
unfolding stableLeft-def by auto

lemma stableRight-alt:

stableRight Q R <—

(Vss's" Qss"N\Rs's" — Qss")

unfolding stableRight-def by auto

lemmas stable2-defs = stable2-def stableRight-alt stableLeft-alt
lemma stable-stable2:

stable P R <— stable2 (lift2 P) R

unfolding stable-def stable2-def stableLeft-def

stableRight-def lift2-def by auto

lemma stable-rtraclp:
assumes stable P R
shows stable P R x
unfolding stable-def proof safe
fix s s’ assume R** s s’ P s
thus P s’
apply induct using assms unfolding stable-def by auto
qed

lemma stableLeft-rtraclp:
assumes stableLeft Q R
shows stableLeft Q R
unfolding stableLeft-def OO-def proof safe
fix s s’ s’ assume R** s s’ Q s’ s”
thus Q s s
apply induct using assms unfolding stableLeft-def by auto
qed

lemma stableRight-rtraclp:
assumes stableRight ) R
shows stableRight Q R *x
unfolding stableRight-def OO-def proof safe
fix s s’ s" assume R** s’ 5" Q) s s’
thus Q s s”
apply induct using assms unfolding stableRight-def by auto
qed

lemma stable2-rtraclp:
assumes stable2 @ R



shows stable2 Q R
using assms stable2-def stableLeft-rtraclp stableRight-rtraclp by blast

lemma stable-Eq[simp,intro!]:

stable P (=)
unfolding stable-def by blast

lemma stable-0O0:

assumes stable P R1 stable P R2

shows stable P (R1 OO R2)

using assms unfolding stable-def by blast

lemma stableLeft- Eq[simp,intro!]:
stableLeft Q (=)
unfolding stableLeft-def by blast

lemma stableLeft-OO:

assumes stableLeft Q R1 stableLeft Q R2
shows stableLeft @ (R1 OO R2)

using assms unfolding stableLeft-def by blast

lemma stableRight-Eq[simp,introl]:
stableRight Q (=)
unfolding stableRight-def by blast

lemma stableRight-OO:

assumes stableRight @ R1 stableRight @ R2
shows stableRight Q) (R1 OO R2)

using assms unfolding stableRight-def by blast

lemma stable2-Eq[simp,intro!]:
stable2 Q (=)
unfolding stable2-def by blast

lemma stable2-00:

assumes stable2 ) R1 stable2 Q R2

shows stable2 @ (R1 OO R2)

by (meson assms stable2-def stableLeft-OO stableRight-0O0)

lemma stable-iff-imR: stable P R +— imR R P < P
unfolding stable-def imR-def by auto

lemma stable-imR-rtraclp: stable P R = imR (R™xx) P < P
by (meson stable-iff-imR stable-rtraclp)

lemma stable-lift1-lift2: stable P R = lift1 P N2 R < R N2 lift2 P
unfolding stable-def lift1-def lift2-def conjR-def by auto



lemma stable-lift1-lift2-rtraclp: stable P R = lift1 P A2 R %% < R7xx A2 lift2 P
by (simp add: stable-lift1-lift2 stable-rtraclp)

lemma stableLeft-OO0-leq: stableLeft Q R — Q1 < @ = R 00 Q1 < @
by (simp add: order-subst2 relcompp-mono stableLeft-def)

lemma stable2-00-leqL: stable2 Q R — Q1 < Q = R 00 Q1 < @
by (simp add: stable2-def stableLeft-00-leq)

lemma stableRight-OO0-leq: stableRight Q R — Q1 < Q@ = Q1 OO R < @

by (meson dual-order.trans order-refl relcompp-mono stableRight-def)

lemma stable2-00-leqR: stable2 Q R — Q1 < Q@ = @1 OO R < @
by (simp add: stable2-def stableRight-OO0-leq)

lemma stable2-imp-00:

assumes stable2 @ R1 stable2 ) R2

shows R1 OO0 Q OO R2 < @

by (meson assms stable2-O0-leqL stable2-def stableRight-def)

lemma stable2-O0-leq: stable2 Q R1 — stable2 Q R2 —
Q'< Q= R100 Q" O0OR2<AQ
by (simp add: stable2-O0-leqL stable2-00-leqR)

lemma stableLeft-lift2[simp,introl]: stableLeft (lift2 P) R
unfolding stableLeft-def lift2-def by auto

lemma stableRight-lift1[simp,introl]: stableRight (lift1 P) R
unfolding stableRight-def lift1-def by auto

lemma rtranclp-least: (=) < Z — Z 00 A< 7 —= A** < Z
by (metis eq-OO stableRight-O0-leq stableRight-def stableRight-rtraclp)

inductive
R-star where
refl[simp]: R-star 0 R s s |
stepRel: R s s’ = R-star n R s’ ' = R-star (Sucn) R s s”

lemma R-star0[simp|:Ex (R-star 0 R sa) by (meson R-star.refl)

lemma R-star-refl:R-star 0 R s s’ = s = s’ using refl by (metis R-star.simps

Zero-not-Suc)

lemma R-starRR:R-star n R s s’ = R s’ s’ = R-star (Suc n) R s s”
apply(induction rule: R-star.induct)



subgoal for s by(rule stepRel, auto)

subgoal by (meson R-star.stepRel) .
lemma R-star-imp: R-star n R s s’ = R** s s’
apply (induction rule: R-star.induct)
using R-star.cases by auto

lemma R-step-star:R** s s’ = (In. R-star n R s s’)
apply(standard)
subgoal by (induction rule: rtranclp.induct,(metis R-star.refl R-starRR)+)
using R-star-imp by metis

lemma Suc-assoc:(Suc (z + y)) = (Suc = + y) by auto

lemma R-star-trans:
assumes R-starn Rz y
and R-star m R y z
shows R-star (n+m) R z z
using assms(2,1) apply—apply (induction arbitrary: n z rule: R-star.induct,simp-all)
subgoal premises p for R s s’ n s’ na r unfolding Suc-assoc
apply(rule p(3)[of Suc na z])
using p(1,4) apply—by(drule R-starRR, assumption+) .

inductive
star :: ('a = 'a = bool) = 'a = 'a = bool
for r where
refl: star rz x|
step: rxy = starryz=— starrx z

hide-fact (open) refl step — names too generic

lemma star-trans:

starrxzy = starryz = star r x z
proof (induction rule: star.induct)

case refl thus ?case .
next

case step thus Zcase by (metis star.step)
qed

lemmas star-induct =

star.induct[of r:: 'ax’b = 'ax'b = bool, split-format(complete)]
lemmas star-cases =

star.cases[of r:: 'ax’b = 'ax'b = bool, split-format(complete)]

declare star.refl[simp,intro]

lemma star-stepl[simp, intro]: r x y = star r x y



by (metis star.refl star.step)
definition final rz =Vy. - rzy

lemma final-star-eq: final r v = starrzy = z =y
by (metis final-def star.cases)
code-pred star .

lemma add-less:Vi'. i # (z::nat) + ' = x # 0 = i < z by (metis add-diff-inverse-nat)

lemma Suc-red:Suc £ = n + Suc m’ +—= z =n + m’ Suc z = Sucn + m' +——
z = n + m' by auto

lemma le-Suc-iff0: «<m < Suc n +— m =0V (Im’. m = Suc m’ A m’ < n)
by presburger

locale Step =

fixes

small-step :: 'com x 'state = ‘com x 'state = bool (infix — 55) and
final :: 'com x 'state = bool

begin

abbreviation
small-steps :: 'com X 'state = ‘com x 'state = bool (infix —* 55)
where z —x* y == star small-step z y

inductive step-rel where
R-Step:R s s' = step-rel R (¢, s) (¢, s')
|

S-Step:small-step (¢, s) (¢, ') = step-rel R (¢, s) (¢’, s')

lemma step-rel-cases-cfg [consumes 1, case-names R-Step S-Step, elim]:
assumes step-rel R (¢, s) cfg’
obtains (R-Step) s’ where cfg’ = (¢, s’) and R s s’
| (S-Step) ¢’ s’ where cfg’ = (¢/, ') and (¢, s) — (¢/, s')
using assms by (cases rule: step-rel.cases) auto

inductive-cases step-rel-inv-cases [elim!]: step-rel R (c, s) (c¢', s')
lemma step-rel-strengthenR:step-rel R (¢, s) (¢, s') = R < R' = step-rel R’
(e, 8) (¢, 8")

apply(cases rule: step-rel.cases)
using predicatelD step-rel.simps by auto
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lemma step-rel-cases: step-rel R (¢, s) (¢/, ') = (c=¢' = R ss' = P) =
(¢, s) = (¢ys) = P)= P

by (cases rule: step-rel.cases[of R (¢, s) (¢', s)], simp-all)

definition lift R = (\(¢,s) (¢',s). ¢'=c AN R s s)

lemma rtranclp-lift-extract:
assumes (lift R)** (¢, s) (¢/, s')
shows ¢ = ¢/ A R** s s’
using assms
apply (induct rule: rtranclp-induct2, simp)
unfolding lift-def case-prod-beta by auto

definition fstep-rel R = rtranclp (lift R) OO small-step — OO rtranclp (lift R)

lemma rel-incl-lift-rtranclp: R** s " = (lift R)** (¢, s) (¢, s”)
apply (induct rule: rtranclp.induct)
subgoal by simp
subgoal for s s’ 5" apply(subgoal-tac (lift R) (¢, s’) (¢, "))
subgoal by simp
subgoal unfolding lift-def by simp . .

lemma rtranclp-small-step-fstep-rel:

assumes R: R** s s’ and st: (¢, ') — (cl, s1)

shows fstep-rel R (¢, s) (c1, s1)

proof—
have rtranclp (lift R) (¢, s) (¢, ") using rel-incl-lift-rtranclp[OF R] .
thus ?thesis using st unfolding fstep-rel-def by blast

qed

lemma lift-fst: lift R cfg cfg’ = fst cfg’ = fst cfg
unfolding lift-def by auto

lemma rtranclp-lift-fst: rtranclp (lift R) cfg cfg’ = fst cfg’ = fst cfg
apply (induct rule: rtranclp.induct) using lift-fst by auto
end

lemma whileAssms-inject:
assumes st: stable P R stable2 @ R stable2 Pt1 R
and Pri1: (evalT t) N1 P < Pri
and P: imR Ptl ((evalT t) N1 Pr1) < P
and Q: lift1 P A2 (lift1 (evalT t A1 P) N2 Pt1) "« A2 lift2 (=1 evalT t) <

Q

11



shows
imR (R** A2 lift2 (evalT t)) P < Pri
imR Pt1 (imR R** (imR R** P A1 evalT t) N1 Pr1) < P
(lift1 P A2 ((((lift1 P A2 R**) A2 lift2 (evalT t)) OO R**) OO Pt1)**) OO
(R** N2 lift2 (=1 evalT t)) OO R** < @
proof—
have sst: stable P R % stable2 @ R xx stable2 Pt1 R
by (simp add: st stable-rtraclp stable2-rtraclp)+

have Pt0: lift1 P A2 (=) A2 lift2 (-1 evalT t) < Q
using @ unfolding conjR-def lift2-def by auto

have Pt00: lift1 P A2 (lift] (evalT t N1 P) N2 Pt1) A2 1ift2 (=1 evalT t) < Q
using @ unfolding conjR-def lift2-def by auto

thus PPri: imR ((R™** A2 lift2 (evalT t))) P < Pri using Prl
using sst(1) unfolding imR-def conjR-def conjP-def lift2-def stable-def by auto

have imR Pt1 (imR R xx (imR R™xx P A1 (evalT t)) N1 Pr1) < imR Ptl
((evalT t) N1 Pri)

using sst(3) st(1) Pri le-boolD

unfolding imR-def conjP-def stable2-def2 stable-def conjP-def le-fun-def le-bool-def

by (smt (verit) relcomppl rtranclp-induct)

thus PPr: imR Ptl (imR R * (imR R« P Al (evalT t)) N1 Pr1) < P
using P by auto

define A B where
A-def: A = (lift1 P N2 R™xx) OO (lift1 (evalT t N1 P) A2 Pt1) and
B-def: B = (R« A2 lift2 (-1 evalT t))

have AA: (((lift1 P N2 R™xx ) A2 lift2 (evalT t)) OO R™*x ) OO0 Pt1 <
A
using sst(1,3)
unfolding A-def lift1-def lift2-def conjR-def conjP-def OO-def stable-def sta-
ble2-def2
by blast

hence 0: ((((lift1 P A2 R xx) A2 lift2 (evalT t)) OO R™xx) OO0 Pt1) xx OO
((R7x A2 lift2 (—1 evalT t)) OO R x)
<

A Txx 00 ((R7x N2 lift2 (-1 evalT t)) OO R xx)
by (simp add: relcompp-mono rtranclp-mono)

have 11: A OO0 B < A N2 lift2 (-1 evalT t)

using sst(3) unfolding lift2-def conjR-def OO-def A-def B-def lift1-def sta-
ble2-def2

by blast
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have 111: A™+ OO0 B = ((A™x 00 A) OO B) V2 B
unfolding OO-def disjR-def fun-eq-iff
by (smt (verit, ccfv-threshold) OO-def disjR-def predicate2I rtranclp.simps)

have 2: A7« OO0 B < (A7%x 00 (A A2 1lift2 (—1 evalT t))) V2 B
unfolding 711 using 11
by (smt (verit) disjR-def predicate2D predicate2l relcompp-assoc relcompp-mono)

have A7xx 00 (A A21ift2 (=1 evalT t)) < A7xx A2 lift2 (-1 evalT t)

unfolding OO-def lift2-def conjR-def by auto

hence AB: A7+ OO0 B < (A7« A2 lift2 (=1 evalT t)) V2 B

by (smt (23) 11 111 disjR-def predicate2D predicate2l relcompp-assoc relcompp-mono)

have B: lift1 P N2 B < @ unfolding B-def
using Pt0 unfolding lift2-def conjR-def
using sst(2) unfolding stable2-def2
by (smt (28) Prelim.stable-def le-fun-def predicate2l lift1-def relcomppl rev-predicatel D
sst(1))

define Z where Z = R™xx 0O (lift! (evalT t N1 P) N2 Pt1)**
have Z1: (=) < Z unfolding Z-def by auto

have 00-A-lg: (lift1 (evalT t N1 P) A2 Pt1) OO A < (lift1 (evalT t N1 P) N2
Pt1)**

unfolding A-def lift1-def conjR-def conjP-def OO-def

by auto (smt (verit, del-insts) converse-rtranclp-into-rtranclp le-fun-def

predicatel D r-into-rtranclp relcomppl sst(3) stable2-def2)

have Z2: 7 00 A < Z

unfolding Z-def apply(rule OO-rtrancip-le)
subgoal unfolding A-def lift1-def conjR-def conjP-def OO-def
using rtranclp-trans by fastforce
subgoal using O0-A-lq predicate2D by fastforce .

have A xx < Z using Z1 Z2 rtranclp-least by blast

moreover have lift] P A2 Z A2 lift2 (=1 evalT t) < @ using Q unfolding
Z-def

using sst(1,2) unfolding lift1-def lift2-def conjR-def stable-def stable2-def2

by blast

ultimately have C: lift1 P N2 A7xx A2 lift2 (=1 evalT t) < Q

by (smt (verit, del-insts) conjR-def predicate2D predicate2l)

have auz: (lift1 P N2 A™xx) OO B = lift1 P A2 (A™*x OO B)
by (metis (no-types, opaque-lifting) conjR-lift2-rel-1-O0 eq-OO0 relcompp-assoc)

have (lift1 P N2 A™xx) OO B < @ unfolding auz using B C AB
by (smt (verit, ccfv-threshold) conjR-def disjR-def le-fun-def order-refl)

hence 00: (lift1 P A2 A™%x) 00 (B OO0 R™*x) < @

13



using sst(2) stable2-O0-leqR by fastforce

thus PPt: (lift1 P A2 ((((lift1 P A2 R7xx) A2 lift2 (evalT t)) OO R7xx) OO
Pt1) ) OO0
((R7x A2 lift2 (—1 evalT t)) OO R7xx) < @
using 0 AA unfolding A-def B-def using conjR-def predicate2l relcompp-mono
rev-predicate2D rtranclp-mono
by (smt (23))
qed

inductive terminFrom for R where
(Acfg’. R cfg cfg’ = terminFrom R cfg’) = terminFrom R cfy

lemma terminFrom-induct-split [consumes 1, case-names Step|:
assumes terminFrom R (c, s)
assumes Ac s. (Ac¢’ s’. R (¢, s) (¢/, s') = terminFrom R (¢/, s’) A P ¢’ s')
= Pcs
shows P ¢ s
using assms(1)
proof (induct cfg = (c,s) arbitrary: c s rule: terminFrom.induct)
case (1 c-inner s-inner)
then show ?case
using assms(2) by blast
qed

context Step
begin

lemma terminFrom-env-step:
assumes terminFrom (fstep-rel R) (c, )
assumes R xx s s’
shows terminFrom (fstep-rel R) (c, s’)
proof (rule terminFrom.intros)
fix cfg’
assume fstep-rel R (¢, s') cfg’
then obtain v where (lift R)** (¢, s’) u and small-step u cfg’
unfolding fstep-rel-def OO-def by auto

have (lift R)** (¢, s) (¢, s')

using «(R** s s"» by (simp add: rel-incl-lift-rtranclp)
then have (lift R)** (¢, s) u

using «(lift R)** (¢, s') w» by (metis rtranclp-trans)

14



then have fstep-rel R (¢, s) cfg’
unfolding fstep-rel-def OO-def using <small-step u cfg’s by blast

then show terminFrom (fstep-rel R) cfg’
using assms(1) by (meson terminFrom.cases)
qed

lemma step-rel-refi:
assumes R s s
shows step-rel R (¢, s) (¢, s)
using step-rel. R-Step assms by blast

lemma [ift-step-rel:
assumes lift R ¢ y
shows step-rel R = y
proof —
obtain ¢ s where z = (¢,s) by (cases z)
obtain ¢’ s’ where y = (¢’,s’) by (cases y)
from assms have ¢/ = ¢ A R s s’ unfolding lift-def <x = (¢,s)> <y = (¢',s')» by
auto
then show %thesis using «x = (¢,s)) <y = (¢',s")» step-rel.R-Step by auto
qed

lemma step-rel-not-small-lift:

assumes step-rel R x y and — small-step x y

shows lift Rz y

using assms proof (cases rule: step-rel.cases)

case (R-Step s s’ ¢)

then show ?thesis unfolding lift-def by auto
next

case (S-Step ¢ s ¢’ s')

with <= small-step © 1> show ?thesis by auto
qed

lemma fstep-has-fseq:
assumes fstep-rel R x y
shows ANf. fO=a2ANfN=yAN>0A
(Vi<N. step-rel R (f i) (f (Suc i))) A
(small-step (f (N — 1)) (f N))
proof —
from assms obtain u where 1: (lift R)** z u and 2: small-step u y
unfolding fstep-rel-def OO-def by auto

from 1 obtain n! as! where asl: asl 0 = z asl nl = u Vi<nl. lift R (asl 7)

(as1 (Suc 7))

using rtranclp-chain by metis
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— Construct sequence: [asl 0, ..., asl nl, y]

define N where N = Suc nl
define f where f = (\k. if k < nl then asl k else y)

have f-0: f 0 = z using as! f-def by simp
have f-N: f N = y using f-def N-def by simp
have N-pos: N > 0 by (simp add: N-def)

have step-all: Vi<N. step-rel R (f i) (f (Suc 7))
proof (intro alll impl)
fix ¢ assume i < N
show step-rel R (f i) (f (Suc 7))
proof (cases i < nl)
case True
then have fi = as! i and f (Suc i) = as! (Suc i) unfolding f-def by auto
then show ?thesis using asl True lift-step-rel by auto
next
case Fulse
then have i = n1 using <i < N> N-def by auto
then have fi = w and f (Suc i) = y using as! f-def N-def by auto
then show ?thesis using 2 step-rel.S-Step by (metis old.prod.ezhaust)
qed
qed

have small: small-step (f (N — 1)) (f N)
using 2 unfolding N-def f-def by (simp add: as1(2))

show ?thesis using f-0 f-N N-pos step-all small by blast
qed

fun ch-step :: (nat = nat) = nat = nat x nat where
ch-step N 0 = (0,0)
| ch-step N (Suc k) =
(let (i,j) = ch-step N k in
if Suc j < N i then (i, Suc j)
else (Suc i, 0))

fun start-ide :: (nat = nat) = nat = nat where
start-ide N 0 = 0 |
start-ide N (Suc i) = start-ide N i + N {

fun forwardSS :: (nat = nat) = nat = nat where

forwardSS next-ss 0 = 0 |
forwardSS next-ss (Suc n) = Suc (next-ss (forwardSS next-ss n))
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lemma fstep-rel-iff-fair-step-rel:
(3ch. ch 0 = cfg N (Vi. fstep-rel R (ch i) (ch (Suc 7))))
—
(3ch'’. ch’ 0 = cfg A (Vi. step-rel R (ch’ @) (ch’ (Suc i))) A (Vi. 35 > 4. small-step
(ch j) (ch’ (Suc 1))))
proof
— Direction 1: Chunked to Flattened
assume Jch. ch 0 = cfg N (Vi. fstep-rel R (ch i) (ch (Suc 1)))
then obtain ch where ch-0: ch 0 = cfg and ch-fstep: Vi. fstep-rel R (ch i) (ch
(Suc 7)) by blast

define Prop where Prop = (AMi Nf. fO0 =chiANfN=ch (Suci) NN >0
ANNVk <N — 1.step-rel R (fk) (f (Suc k))) A small-step (f
(N — 1)) (fN))

have Vi. 3N f. Prop i N f unfolding Prop-def using ch-fstep fstep-has-fseq
by (smt (verit, del-insts) diff-right-commute not-gr-zero zero-diff zero-less-diff)
then have Vi. 3f. Prop i (SOME N.3f. Prop i N f) f by (metis (full-types))
then have ez-f: Vi. Prop i (SOME N.3f. Prop i N f) (SOME f. Prop i (SOME
N. 3f. Prop i N f) f) by (metis somel-ex)

define N where N = (Ai. SOME N. 3f. Prop i N f)
define f-seq where f-seq = (Ai. SOME f. Prop i (N i) f)

have N-f-prop: Prop i (N i) (f-seq i) for i using ez-f unfolding N-def f-seq-def
by blast

let “ch-step = ch-step N
define ch’ where ch’ = (\k. let (i, j) = %ch-step k in f-seq i j)

have ch-step-snd-bound: snd (?ch-step k) < N (fst (?ch-step k)) for k
proof (induct k)
case 0 then show ?Zcase using N-f-prop[of 0] unfolding Prop-def by simp
next
case (Suc k)
obtain i j where eq: ?ch-step k = (i, j) by (cases Zch-step k, auto)
show ?case
proof (cases Suc j < N 1)
case True then show ?thesis using eq by (simp add: Let-def split-beta)
next
case False then show ?thesis using eq N-f-prop|of Suc i] unfolding Prop-def
by (simp add: Let-def split-beta)
qed
qged

17



have ch’-step-rel: step-rel R (ch’ k) (ch’ (Suc k)) for k
proof —
obtain i j where eq: ?ch-step k = (i, j) by (cases Zch-step k, auto)
have j-less: j < N ¢ using ch-step-snd-bound[of k] eq by simp
show ?thesis
proof (cases Suc j < N 1)
case True
then show ?thesis unfolding ch’-def using eq N-f-prop|of i] j-less unfolding
Prop-def by (auto simp add: Let-def split-beta)
next
case Fulse
with j-less have j:Suc j = N i by simp
have ch’' (Suc k) = f-seq (Suc i) 0 unfolding ch’-def using eq False by
(simp add: Let-def split-beta)

also have ... = ch (Suc i) using N-f-prop[of Suc i] unfolding Prop-def by
stmp

also have ... = f-seq ¢ (N i) using N-f-prop|of i] unfolding Prop-def by
stmp

also have ... = f-seq i (Suc j) using «Suc j = N ©» by simp

finally have ch’ (Suc k) = f-seq i (Suc j) .
moreover have ch’' k = f-seq i j unfolding ch’-def using eq by (simp add:
Let-def split-beta)

have small: small-step (f-seq i (N i — 1)) (f-seq i (N ©))
using N-f-prop|of i] unfolding Prop-def by blast

have ch-k: ch’ k = f-seqi (Ni — 1)

using «ch’ k = f-seq i j» j by (metis diff-Suc-1)
have ch-suc-k: ch’ (Suc k) = f-seq i (N i)

using <ch’ (Suc k) = f-seq i (Suc j)» j by simp

show ?thesis
unfolding ch-k ch-suc-k
using step-rel.S-Step small
by (metis surj-pair)
qed
qged
let ?start-ide = start-ide N

have ch-step-start: j < N i = ?ch-step (?start-ide i + j) = (i, j) for i j
proof (induct i arbitrary: j)
case (
show ?case using 0
proof (induct j)
case ( then show ?case by simp
next
case (Suc j)

have j < N 0 using Suc.prems by simp
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then have ?ch-step j = (0, j) using Suc.hyps by auto
then show %case using Suc.prems by (simp add: Let-def split-beta)
qed
next
case (Suc 17)

have Ni-pos: N i > 0 using N-f-prop|of i| unfolding Prop-def by blast

have N ¢ — I < N i using Ni-pos by simp

then have prev: Zch-step (?start-idvi + (Ni— 1)) = (i, Ni — 1)
using Suc.hyps by blast

have ?start-ide (Suc i) = Suc (?start-ide i + (N i — 1))
using Ni-pos by simp
then have ?ch-step (?start-ide (Suc i)) = ?ch-step (Suc (?start-ide i + (N i

- 1))

by simp
also have ... = (let (i, j') = ?ch-step (?start-ide i + (N ¢ — 1)) in if Suc j’
< N i’ then (i', Suc j') else (Suc i’, 0))
by simp
also have ... = (Suc i, 0)

unfolding prev Let-def split-beta using Ni-pos by simp
finally have base: ?ch-step (?start-idz (Suc i)) = (Suc i, 0) .

show ?case using <j < N (Suc i)
proof (induct j)
case ( then show ?case using base by simp
next
case (Suc j)
have j < N (Suc {) using Suc.prems by simp
then have Zch-step (?start-ide (Suc i) + j) = (Suc i, j) using Suc.hyps by
blast
then show ?case using Suc.prems by (simp add: Let-def split-beta)
qed
qed

have k-eq: k = ?start-ide (fst (?ch-step k)) + snd (Zch-step k) for k
proof (induct k)
case 0 show ?Zcase by simp
next
case (Suc k)
obtain ¢ j where eq: ?ch-step k = (i, j) by (cases ?ch-step k, auto)
show ?case using Suc.hyps eq N-f-proplof i| ch-step-snd-bound|of k] unfolding
Prop-def
by (cases Suc j < N i) (auto simp add: Let-def split-beta)
qed

have ch’-fair: Y k. 3k'>k. small-step (ch’ k') (ch’ (Suc k"))
proof (intro alll)
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fix k

obtain i j where eq: ?ch-step k = (i, j) by (cases ch-step k, auto)

have j-less: j < N i using ch-step-snd-bound|of k] eq by simp

obtain ss where ss-less: ss < N ¢ and ss-step: small-step (f-seq i ss) (f-seq i
(Suc ss))

using N-f-prop|of i] unfolding Prop-def by (metis Suc-diff-1 diff-less less-one)

show 3k">k. small-step (ch’' k') (ch’ (Suc k')
proof (cases ss > j)
case True
define k' where k' = %start-idz i + ss
have k' > k using k-eq[of k] eq True k’-def by simp
have ch-step-k". ?ch-step k' = (i, ss) using ch-step-start ss-less k’-def by
simp

have ch’ k' = f-seq i ss unfolding ch’-def ch-step-k’' by (simp add: Let-def
split-beta)
moreover have ch’ (Suc k') = f-seq i (Suc ss)
proof (cases Suc ss < N 1)
case True then show ?thesis unfolding ch’-def using ch-step-k’ by (simp
add: Let-def split-beta)
next
case Fulse
with ss-less have Suc ss = N i by simp
then show ?thesis unfolding ch’-def using ch-step-k’ N-f-proplof i|
N-f-proplof Suc i] unfolding Prop-def by (auto simp add: Let-def split-beta)
qed
ultimately show ?thesis using ss-step <k’ > k> by auto
next
case Fulse
obtain ss-n where ss-n-less: ss-n < N (Suc 7) and ss-n-step: small-step
(f-seq (Suc i) ss-n) (f-seq (Suc i) (Suc ss-n))
using N-f-prop[of Suc i] unfolding Prop-def by (metis Suc-pred’ diff-less
less-one)
define k' where k' = ?start-ide (Suc i) + ss-n
have k' > k using k-eq[of k] eq j-less k'-def by simp
have ch-step-k” ?ch-step k' = (Suc i, ss-n) using ch-step-start ss-n-less k’-def
by blast

have ch’ k' = f-seq (Suc i) ss-n unfolding ch’-def ch-step-k’ by (simp add:
Let-def split-beta)
moreover have ch’ (Suc k') = f-seq (Suc i) (Suc ss-n)
proof (cases Suc ss-n < N (Suc i))
case True then show ?thesis unfolding ch’-def using ch-step-k’ by (simp
add: Let-def split-beta)
next
case Fulse
with ss-n-less have Suc ss-n = N (Suc i) by simp
then show ?thesis unfolding ch’-def using ch-step-k’ N-f-prop[of Suc i]
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N-f-prop|of Suc (Suc i)] unfolding Prop-def by (auto simp add: Let-def split-beta)
qed
ultimately show ?thesis using ss-n-step <k’ > k> by auto
qed
qed

have ch' 0 = cfg unfolding ch’-def using N-f-prop[of 0] ch-0 unfolding
Prop-def by (simp add: Let-def split-beta)
then show 3 ch’. ¢ch’ 0 = cfg A (Vi. step-rel R (ch' i) (ch’ (Suc ©))) A (Vi. Tj>i.
small-step (ch' j) (ch' (Suc 7)))
using ch’-step-rel ch’-fair by blast

next

assume Jch’. ch’ 0 = cfg N (Vi. step-rel R (ch’ i) (ch’ (Suc 7)) A (Vi. F5>i.
small-step (ch’ §) (ch’ (Suc j)))

then obtain ch’ where ch’-0: ch’ 0 = cfg and ch’-step: Vi. step-rel R (ch' ©)
(ch' (Suc 7)) and ch’-fair: Vi. 3j>i. small-step (ch’ j) (ch’ (Suc j)) by blast

define next-ss where next-ss = (\i. LEAST j. j > i A small-step (ch’ j) (ch’
(Suc j)))

have next-ss-prop: next-ss i > i A small-step (ch' (next-ss i)) (ch’ (Suc (next-ss
i))) for i
unfolding nezt-ss-def using LeastI-ex[OF ch'-fair[rule-format, of i]] .

have next-ss-least: k > i = k < next-ss i = — small-step (ch’ k) (ch' (Suc
k)) for i k
unfolding next-ss-def by (metis (mono-tags, lifting) Least-le not-le)

let ?f = forwardSS next-ss
define ch where ch = (An. ch’ (?f n))

have fstep-rel R (ch n) (ch (Suc n)) for n
proof —
have (lift R)** (ch’ (?fn)) (ch' (next-ss (2f n)))
proof (rule chain-rtranclplof Ak. ch’ (?fn + k) - next-ss (?f n) — 2f n])
show ch’ (?fn + 0) = ch’ (?f n) by simp
show ch’ (?f n + (next-ss (?f n) — ?f n)) = ch’ (next-ss (?f n)) using
next-ss-proplof ?f n] by simp
have f-Suc-eq:\i. ?f n + Suc i = Suc (?f n + i) by simp
show Vi<next-ss (?fn) — 2f n. lift R (ch' (?fn + 1)) (ch’ (f n + (Suc 7))
proof (unfold f-Suc-eq, intro alll impI)
fix 7 assume { < next-ss (?fn) — ?fn
let %k = ?fn + 1
have %k > ?fn and %k < next-ss (?f n) using < < next-ss (?f n) — 2f n»
by auto
then have — small-step (ch’ ?k) (ch’ (Suc ?k)) using next-ss-least[of ?f n
2k] by simp
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then show lift R (ch’ ?k) (ch’ (Suc %k)) using step-rel-not-small-lift ch'-step
by blast
qed
qed
moreover have small-step (ch’ (next-ss (2f n))) (ch’ (Suc (next-ss (?f n))))
using next-ss-prop by blast
moreover have (lift R)** (ch’ (Suc (next-ss (2f n)))) (ch’ (Suc (next-ss (2f
n)) by simp
ultimately show ?thesis unfolding fstep-rel-def OO-def ch-def by fastforce
qged

then show Jch. ch 0 = cfg A (Vi. fstep-rel R (ch i) (ch (Suc ©))) using ch’-0
ch-def by (metis Step.forwardSS.simps(1))
qed

end

definition stableWithDescent R P ord =Vnss'. PnsA Rss — (Im. (m,n)
€ ord N Pms’)

lemma rtranclp-I1d: (=) % = (=)

by (metis conversep-eq eq-OO0 leg-conversepl order-antisym-conv reflclp-tranclp
rtranclp-least sup.coboundedI?)
end

3 Basic Language Definition

This theory formalises a small-step semantics for a basic while language with
parallel composition

theory Sequential-Par- While-Language
imports Prelim
begin

datatype (‘atom, test)com =

Done

|Atom 'atom

|Seq (leftSeq:("atom, test)com) (‘atom,’test)com (- $$ - [61, 60] 60)

|If 'test ('atom,’test)com (‘atom,’test)com ((if (-)/ {-}/ else/ {-}) [0, 0, 61]
61)

| While "test (‘atom,'test)com ((while (-)/ {-}) [0, 61] 61)

|Par (‘atom,’test)com ('atom,’test)com (- || - [61, 60] 60)

locale SeqParWhileLang =
fixes evalA :: ‘atom = 'state = 'state
and evalT :: "test = 'state = bool
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and Skip :: ‘atom and Not :: 'test = 'test

assumes evalA-Skip-id[simp,introl]: evalA Skip = id

and evalT-Not[simp]: \s. evalT (Not t) s = (= evalT t s)
begin

lemma evalA-Skip[simp,introl]: evalA Skip s = s
by auto

definition Await :: ‘test = (‘atom,’test)com where
Await t = While (Not t) (Atom Skip)

3.1 Small-step semantics

inductive small-step :: (‘atom,’test)com x ‘state = ('atom,’test)com X 'state =
bool (infix — 55) where

Atom: small-step (Atom a, s) (Done, evalA a s)

Seg-Done: small-step (Seq Done ¢2, s) (¢2,s)

|

Seq: ¢1 # Done = small-step (c1,s) (c1',s") => small-step (Seq c1 c2, s) (Seq
cl' c2, s’

|

If: evalT t s => small-step (If t c1 ¢2, s) (c1,s)

|

If-not: — evalT t s = small-step (If t c1 c2, s) (c2,s)

|

While: small-step (While t ¢, s) (If t (Seq ¢ (While t ¢)) Done, s)

|

Par-Done: small-step (Par Done Done, s) (Done, s)

|

Parl: = (¢l = Done A ¢2 = Done) = small-step (c1, s) (c1', ') => small-step
(Par cl ¢2, s) (Par c1' c2, s')

|

Par2: = (¢1 = Done A ¢2 = Done) = small-step (c2, s) (c2’, s') = small-step
(Par cl c2, s) (Par cl c2', s')

abbreviation

small-step-star :: (‘atom,'test)com x 'state = ('atom,’test)com x 'state = bool
(infix —* 55)

where z —x* y == star small-step z y

lemma step-Atom[simp]: small-step (Atom a, s) c¢f" +— cf’ = (Done,evalA a s)
apply(subst small-step.simps) by auto

lemma sstep-Atom[simp]: (Atom a, s) —* (Done, evalA a s) using step-Atom by
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auto

lemma step-Seg-Done[simp]: small-step (Seq Done c2, s) cf’ «— cf ' = (c2,s)
apply (subst small-step.simps) by auto

lemma step-Seq-Donel [simp]: small-step (Seq Done c2, s) (c¢',s") +— (c¢';s’) =
(c2,)
apply (subst small-step.simps) by simp

lemma step-Seq-notDone[simp:
¢l # Done = small-step (Seq c1 ¢2, s) ¢f ' «— (Fc1’ s’ small-step (cl1,s) (c1',s")
A cf = (Seq c1’ c2,s"))

apply(subst small-step.simps) by auto

lemma step-Seg-notDonePair:
¢l # Done = small-step (Seq c1 ¢2, s) (¢, s') +— (Fcl’ s". small-step (cl,s)
(e1;s") A (c/y 8") = (Seq c1’ ¢2,5"))

using step-Seq-notDone by blast

lemma step-Seq-If[simp):
evalT t s = small-step (If t c1 ¢2, s) cf' +— cf' = (cl,s)
apply (subst small-step.simps) by auto

lemma step-Seq-If-not[simp]:
- evalT t s = small-step (If t c1 2, s) ¢f +— cf' = (c2,5)
apply (subst small-step.simps) by auto

lemma step-Seq-If-s:
small-step (If t c1 ¢2, s) (¢,8) = s = s’
using small-step.simps by (metis prod.inject step-Seq-If step-Seg-If-not)

lemma step- While[simp]:
small-step (While t ¢, s) ¢f' «— ¢f' = (If t (Seq ¢ (While t ¢)) Done, s)
apply(subst small-step.simps) by auto

lemma step-Par-Done[simp]:
small-step (Done || Done, s) c¢f’ +— c¢f’ = (Done, s)
apply (subst small-step.simps) by auto

lemma step-Par|[simpl:

= (¢l = Done A ¢2 = Done) = small-step (c1 || ¢2, s) ¢f' +—
(3 e1’ s . small-step (c1, s) (c1’, ") A cf' = (cl’]| ¢2, s")) V
(3 2’ s". small-step (c2, s) (c2', s") A cf' = (c1 || 2’ s"))
apply (subst small-step.simps)
by auto
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definition final where
final ¢f =V cf’. = small-step cf cf’

lemma step-iff-not-Done: (3 cf’. small-step cf cf’) «— fst ¢f # Done
apply safe
subgoal apply(cases rule: small-step.cases) by auto
subgoal apply (cases ¢f) subgoal for ¢ s apply(induct ¢ arbitrary: s cf)
subgoal by auto
subgoal by auto
subgoal for c! ¢2 apply(cases c1 = Done)
subgoal by auto
subgoal using Seq by auto blast .
subgoal for t c¢1 ¢2 s ¢f apply(cases evalT t s) by auto
subgoal by auto
subgoal for c! ¢2 apply (cases c1 = Done A ¢2 = Done)
subgoal by auto
subgoal by auto blast+
done done done done

lemma final-iff-Done: final cf +— fst ¢f = Done
unfolding final-def using step-iff-not-Done by blast

lemma step-Done-simp [simp]: ((Done, s) — (c¢’, s")) «— False by (meson fst-conv
step-iff-not-Done)

lemma step-Done-elim [elim!]:
assumes (Done, s) — (¢/, s')
shows P
using assms step-iff-not-Done by simp

lemma final-iff-Done2: final (¢,s) <— ¢ = Done using final-iff-Done by simp
lemma final-Done[simp]:final (Done, s) using final-iff-Done by simp

lemma par-cases: (¢l || ¢2, s) = of =

(c1 = Done A ¢2 = Done A ¢f = (Done, s))V (3 ¢’ s’ (cl, ) = (¢, ") A ¢f
= (c']| c2, s7))

V(3 s (e2,8) = (¢, 8"y Nef = (cl ]| ¢/, s)

by (smt (verit, del-insts) step-Par step-Par-Done)

lemma par-cases’[case-names pdone stepl step2]:
assumes (Par cl ¢2, s) — cf
obtains
(pdone) c1 = Done c2 = Done ¢f = (Done,s)
| (stepl) ¢’ s’ where (c1,s) = (¢',s") of = (¢ || ¢2,8")
| (step2) ¢’ s’ where (¢2,5) = (¢',s") of = (el || ¢',s")
using assms par-cases by metis
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inductive is-seq-com :: (‘atom,’test)com = bool where
Done-seq: is-seq-com Done

|At0m-seq: is-seq-com (Atom a)

!S'eq—seq: is-seq-com ¢l = is-seq-com c2 = is-seq-com (Seq c1 c2)
|If—seq: is-seq-com ¢l = is-seq-com c2 = is-seq-com (If t c1 c2)
|th'le-seq: is-seq-com ¢ = 1is-seq-com (While t c)

Par-done-seq: ¢c1 = Done = ¢2 = Done = is-seq-com (c1 || ¢2)

lemma is-seq-com-Seq[simp]:
is-seq-com (Seq c1 ¢2) «— is-seq-com c1 A is-seq-com c2
apply (subst is-seq-com.simps) by auto

lemma is-seq-com-if [simp]:
is-seq-com (If t c¢1 c2) «— is-seq-com c1 A is-seq-com c2
apply (subst is-seq-com.simps) by auto

lemma is-seq-com-while[simpl:
is-seq-com (While t ¢) <— is-seq-com ¢
apply (subst is-seq-com.simps) by auto

lemma par-not-seq: ¢l # Done V ¢2 # Done = — is-seq-com (c1 || ¢2)
apply (subst is-seq-com.simps) by auto

definition is-seq-cfg where
is-seq-cfg c¢f <— (3 ¢ s . cf = (¢, s) A is-seg-com c)

lemma is-seq-cfg-split[simp]:
is-seq-cfg (¢, 8) +— is-seq-com ¢
unfolding is-seq-cfg-def by blast

lemma is-seq-com-step:
is-seq-com ¢ = (¢, 8) = (¢', 8') = is-seq-com ¢’
apply (induct arbitrary: ¢’ rule: is-seq-com.induct)
using step-iff-not-Done apply fastforce
apply (simp add: Done-seq)
apply (metis Seq-seq prod.inject step-Seq-Done step-Seq-notDone)
apply (metis fst-conv step-Seq-If step-Seg-If-not)
apply (simp add: Done-seq If-seq Seq-seq While-seq)
by (simp add: Done-seq)

lemma step-determ-seq:
assumes is-seq-cfg cf small-step cf cf’ small-step cf cf"’
shows cf’ = cf"
using assms(2,3,1)
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apply(induct arbitrary: cf’ rule: small-step.induct)
apply simp
apply simp
apply auto|1]
apply auto|[1]
apply auto[1]
apply auto[1]
apply auto[1]
by (simp add: is-seq-cfg-def par-not-seq)+

end

sublocale SeqParWhileLang < Step where
small-step = small-step and final = final .

end

4 Trace Semantics and Annotated Configurations

This theory defines annotated configurations and the formal definition of
valid execution traces, interleaving small-step command executions with en-
vironment steps.

theory RG-Semantics
imports ../Sequential-Par- While- Language
begin

datatype ('com,’state) acfg =
isS: S 'com x 'state |
isE: E 'com x ’'state

fun cfgOf where
cfgOf (S cf) = of
cfgOf (E of) = of

fun updCfg where
updCfg (S cf) ¢f ' = S cf’
lupdCfy (E cf) cf = E cf’

lemma cfgOf-updCfg[simp]: cfgOf (updCfg acfq cf) = cf
by (cases acfg) auto

lemma updCfg2[simp): updCfg (updCfg acfg cf) cf ' = updCfq acfg cf’
by (cases acfg) auto

lemma updCfg-eq-cfgOf[simp]: updCfg acfg c¢f = acfg «— cfgOf acfg = cf
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by (cases acfg) auto

lemma updCfg-eq-cfgOf2[simp): acfg = updCfg acfg cf +— cfgOf acfg = cf
by (cases acfg) auto

lemma cfgOf-isS:cfgOf x = (¢, s) = isSx = x = S (¢, s) by (metis acfg.collapse(1)
cfgOf .simps(1))
lemma cfgOf-isE:cfgOf x = (¢, s) = isE x = © = E (¢, s) by (metis acfg.collapse(2)
cfgOf .simps(2))

context Step
begin

definition trace :: (‘com, 'state) acfg list = bool where

trace tr =

(Vicsc s Suci < length tr A (c,s) = cfgOf (trli) A (¢',s") = ¢fgOf (tr!(Suc
i)

A trl(Suc i) = S (¢',s") v

)
B (cs7))

— (small-step (c,s) (¢'s
(¢"= ¢ A trl(Suc i) =

lemma trace-take: trace tr = 0 < i = trace (take i tr)
unfolding trace-def by fastforce

lemma trace-Nil[simp,introl]: trace ||
unfolding trace-def by auto

lemma trace-singl|[simp,introl]: trace [acfy]
unfolding trace-def by auto

lemma trace-cases:trace (a # tr) =
Suc i < length (a # tr) A (¢, s) = ¢fgOf ((a # tr) 1 9) A (¢, ') = ¢fgOf ((a
# tr) ! Suc i) =
(e, 8) = (¢, s)N(a# tr)! Suci=S (¢, s) V' =cA(at#tr)! Suci=
E (¢, s
unfolding trace-def by meson

lemma trace-append:

assumes tr: trace tr and str: trace tr’ and

juncture: \e s ¢’ s'.
(e,s) = cfgOf (last tr) = (c',s") = cfgOf (hd tr')
= (small-step (c,s) (¢';s") A hd tr' = 8§ (¢',s')) v

(¢/=cANhditr'=F (cs)

shows trace (tr @ tr')

unfolding trace-def apply (intro congl implI alll)
subgoal for i ¢ s ¢’ s" apply(cases Suc i < length tr)
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subgoal using ¢r unfolding trace-def by (fastforce simp add: nth-append)
subgoal apply(cases Suc i = length tr)
subgoal using juncture apply(simp add: nth-append)
by (metis Zero-not-Suc diff-Suc-1 hd-conv-nth last-conv-nth length-0-conv)
subgoal using str unfolding trace-def apply(simp add: nth-append)
by (smt (verit) Suc-diff-Suc add-diff-inverse-nat add-less-imp-less-left
diff-Suc-Suc linorder-neqE-nat) . . .

lemma trace-Cons:

assumes str: trace tr and

juncture: Ne s ¢’ s'.
(¢,8) = ¢fgOf acfg = (c',s") = cfgOf (hd tr)
= (small-step (c,s) (¢';s) AN hd tr = S (¢/,s") V

(¢/=cAhdtr=EFE (c's")
shows trace (acfg # tr)
using assms trace-append|of [acfq] tr] by auto

lemma tl-trace:

trace tr = trace (tl tr)

unfolding trace-def

by (smt (verit, ccfv-SIG) Ex-less-Suc Nitpick.size-list-simp(2) Suc-lessD less-trans-Suc
nth-tl tl-Nil)

lemma trace-ConsL: trace (tr Q tr') = trace tr
unfolding trace-def unfolding trace-def apply clarify
subgoal for i c s ¢’ s’
apply(erule allE[of - i]) by (auto simp add: nth-append) .

lemma trace-ConsR: trace (tr Q ir') = trace tr'
unfolding trace-def apply clarify
subgoal for i c s ¢’ s’
apply(erule allE[of - length tr + i]) by (auto simp add: nth-append) .

lemma trace-Cons-isS:

assumes pir: trace (acfg # tr) and tr: tr # [| isS (hd tr)
shows small-step (cfgOf acfg) (cfgOf (hd tr))

using tr ptrunfolded trace-def, rule-format, of 0]

by (cases cfgOf (tr ! 0), cases acfg, auto simp: hd-conv-nth)

lemma trace-Cons-isE:

assumes pir: trace (acfg # tr) and tr: tr # [| isE (hd tr)
shows fst (cfgOf acfg) = fst (cfgOf (hd tr))

using tr ptrjunfolded trace-def, rule-format, of 0]

by (cases cfgOf (tr ! 0), cases acfg, auto simp: hd-conv-nth)

lemma step-traceE[simp)|:trace [E (¢, s), E (¢, s)] by (simp add: trace-def)
lemma step-traceS[simp:(c, s) — (¢, s') = trace [S (¢, s), S (c¢/, s”)] by (simp

add: trace-def)
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lemma hd-tr-isE:tr#[] = isE (tr | 0) = cfgOf (hd tr) = (¢,s) = hd tr = E

(c, 5)
by (metis acfg.collapse(2) cfgOf.simps(2) hd-conv-nith)

lemma hd-tr-isS:tr#[] = isS (tr ! 0) = ¢fgOf (hd tr) = (¢,8) = hd tr = S

(c; 5)
by (metis acfg.collapse(1) cfgOf.simps(1) hd-conv-nth)

lemma hd-trE:hd tr = E a = hd tr = E (¢fgOf (hd tr)) by simp
lemma hd-trS:hd tr = E a = hd tr # S (cfgOf (hd tr)) by simp

lemma cfgOf-hd:tr#[] = ¢fgOf (hd tr) = cfgOf (tr!0) by (simp add: hd-conv-nth)
lemma last-cfgOf :tr#[) = tltr = [| = ¢fgOf (¢tr! 0) = cfgOf (last tr) by(cases
tr, auto)

lemma last-cfgOf-hd:tr#[]] = tl tr = [| = ¢fgOf (hd tr) = cfgOf (last tr)
by (cases tr, auto)

lemma cfgOf-lastE2:cfgOf (last [E (¢, s), E (¢, s')]) = (¢/, s') by simp
lemma cfgOf-lastS2:cfgOf (last [S (¢, s), S (¢/, s")]) = (¢, s') by simp

lemma hd-tl-eq: tl tr = © # zs = tr | Suc 0 = hd (¢ tr)
by (metis Nil-tl hd-Cons-tl list.distinct(1) nth-Cons-0 nth-Cons-Suc)

lemma tl-eg-nth:tl tr = « # xs = (tl tr | i) = (tr ! Suc 7)
by (metis Nil-tl hd-Cons-tl list.distinct(1) nth-Cons-Suc)

lemma tl-ne-imp-length-tr:tl tr = © # s = Suc 0 < length tr
by (metis Nil-tl Nitpick.size-list-simp(2) less-add-Suc?2 list.distinct(1) list.size(4))

lemma trace-append-hdS:
assumes step: (¢,s) — (¢;s’) and tr: trace tr and
tr-hd: c¢fgOf (hd tr) = (¢,s”)
shows trace ([S (¢, s), S (¢/, 8')] @ tl tr)
apply(cases tl tr, simp add: step)
apply(rule trace-append)
subgoal using step by auto
subgoal using tr tl-tracelof tr] by auto
subgoal for z x5 ¢’ s’ c-tl s-tl
using ¢r unfolding trace-def
apply—apply(erule allE[of - 0], erule allE[of - ¢'],erule allE[of - s])
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apply(erule allE[of - c-tl], erule allE]of - s-tl])

apply(erule impFE)

subgoal using assms(3) apply(intro conjI)
subgoal using tl-ne-imp-length-tr by simp
subgoal using cfgOf-hd[of tr] by fastforce
subgoal by (simp add: hd-tl-eq) .

by (simp add: hd-tl-eq) .

lemma trace-append-hdS-cons:
assumes step: (¢,s) — (¢’,s’) and tr: trace tr and
tr-hd: cfgOf (hd tr) = (c',s’)
shows trace (S (¢, s) # S (c¢/, s') # tltr)
using trace-append-hdS|of ¢ s ¢’ s’ tr] assms by auto

lemma trace-append-hdFE:
assumes tr: trace tr and
tr-hd: (c,s’) = cfgOf (hd tr)
shows trace ([E (c, s), E (¢, s")] @Q ¢l tr)
apply/(cases tl tr, simp)
apply(rule trace-append)
subgoal by simp
subgoal using tr ti-trace[of tr] by auto
subgoal for = zs ¢’ 5" c-tl s-tl
using ¢r unfolding trace-def
apply—apply(erule allE[of - 0], erule allE[of - c],erule allE[of - s))
apply (erule allE[of - c-tl], erule allE[of - s-tl])
apply(erule impE)
subgoal using assms apply(intro conjl)
subgoal using tl-ne-imp-length-tr by simp
subgoal using c¢fgOf-hd[of tr] by fastforce
subgoal by (simp add: hd-tl-eq) .
by (simp add: hd-tl-eq) .

lemma trace-append-hdFE-cons:
assumes tr: trace tr and
tr-hd: cfgOf (hd tr) = (c,8")
shows trace (E (¢, s) # E (¢, s') # tl tr)
using trace-append-hdE[of tr ¢ s’ s] assms by auto

lemma trace-hdE[simp):trace tr => cfgOf (hd tr) = (¢, 0) = trace (E (¢, o) #
tl tr) by (metis Step.tl-trace list.sel(3) trace-append-hdE-cons)

lemma trace-hdS[simp|:trace tr = ¢fgOf (hd tr) = (¢, 0) = trace (S (¢, o) #
tltr) by (smt (verit, del-insts) acfg.disc(1,4) cfgOf.elims cfgOf.simps(1) fst-conv
hd-Cons-tl list.sel(2) tl-trace trace-Cons trace-Cons-isE trace-Cons-isS trace-singl)

lemma trace-step-or-env:

assumes tr: trace tr and i: Suc i < length tr

shows small-step (cfgOf (trli)) (cfgOf (tr!(Suc ©))) A isS (tr!(Suc 7)) V
(fst (cfgOf (trl(Suc 7))) = fst (cfgOf (trli)) A isE (tr ! Suc 7))

31



using i tr{unfolded trace-def, rule-format, of i]
apply(cases cfgOf (trli)) apply(cases cfgOf (tr!(Suc i))) by auto

lemma trace-hd-step-or-env:

assumes trace (t # tr) and tr # ||

shows (cfgOf t — ¢fgOf (hd (tr)) A isS (hd tr)) V (fst (cfgOf t) = fst (cfgOf
(hd tr)) A isE (hd tr))

by (metis Step.trace-Cons-isE Step.trace-Cons-isS acfg.exhaust-disc assms(1)
assms(2))

lemma isE-all:tr = map (As. E (Done, s)) sl => i < length tr => isE (tr ! i)
by (induct i, simp-all)

lemma isE-allSuc:tr = hd tr # map (As. E (Done, s)) sl = Suc i < length tr
= isE (tr ! Suc i)
using isE-all[of tl tr sl i] by (metis Suc-less-eq length-Cons list.sel(3) nth-Cons-Suc)

end

end

5 Trace Inversion Rules

This theory mechanises the inversion lemmas for our semantics, characteriz-
ing the structural decomposition of traces for each command in the language.

theory RG-Inversion-Rules
imports RG-Semantics
begin

context SeqParWhileLang
begin

lemma isE-all:tr = map (As. E (Done, 3)) sl = i < length tr = isE (tr ! i)
by (induct i, simp-all)

lemma isE-allSuc:tr = hd tr # map (As. E (Done, s)) sl = Suc i < length tr
= isE (tr ! Suc 7)
using isE-all[of tl tr sl i] by (metis Suc-less-eq length-Cons list.sel(3) nth-Cons-Suc)

lemma trace-Done-Suc:

assumes tr: trace tr and i: Suc i < length tr and f: fst (cfgOf (trli)) = Done
shows fst (cfgOf (tr!(Suc ©))) = Done A isE (tr | Suc i)

using trace-step-or-env[OF tr i] step-iff-not-Done f by simp (meson step-iff-not-Done)

lemma trace-Done’”:
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assumes tr: trace tr and f: fst (c¢fgOf (trli)) = Done
and j: 7 < jj < length tr
shows fst (cfgOf (trlj)) = Done A isE (tr ! j)
using j apply(induct j—i arbitrary: 7)
subgoal by simp
subgoal using trace-Done-Suc[OF tr] f
by (smt (verit, del-insts) Nat.lessE Suc-diff-Suc Suc-inject Suc-lessD diff-Suc-Suc)

lemma trace-Done-tl:
assumes tr: trace tr and ntr: tr # [| and f: fst (¢fgOf (hd tr)) = Done
shows Jsl. tl tr = map (As. E (Done,s)) sl
proof—
have ff: fst (cfgOf (tr!0)) = Done using f
by (simp add: hd-conv-nth ntr)
{fix j assume j: 0 < jj < length tr
obtain sj where trlj = E (Done,sj)
using trace-Done’[OF tr ff j| unfolding isE-def by (cases c¢fgOf (tr ! j), auto)
hence Jsj. trlj = E (Done,sj) by simp
}
then obtain S where 22: Vj. 0 < j A j < length tr — trlj = E (Done,S j)
by metis
define sl where sl = map S [Suc 0..<length tr]
have 2: tl tr = map (As. E (Done,s)) sl using 22 unfolding si-def list-eq-iff-nth-eq

by (auto simp: nth-tl)

show ?thesis apply(rule exl[of - sl])

using 2 ntr list.collapse by fastforce
qed

lemma trace-Done:
assumes tr: trace tr tr # [| and f: fst (cfgOf (hd tr)) = Done
shows Tsl. tr = (hd tr) # map (As. E (Done,s)) sl
proof—
have ff: fst (cfgOf (tr!0)) = Done using f
by (simp add: hd-conv-nth tr)
show ?thesis proof (cases tl tr = [])
case True
thus ?thesis apply (intro exI[of - []])
by (metis list.collapse list.map-disc-iff tr(2))
next
case Fulse note fl = Fulse
hence ptr: trace (tl tr)
by (simp add: tl-trace tr)
have f: fst (c¢fgOf (hd (¢l tr))) = Done
using ¢r unfolding trace-def
by (metis False Nitpick.size-list-simp(2) Suc-less-eq ff hd-conv-nth length-greater-0-conv

list.collapse nth-Cons-Suc trace-Done-Suc tr)
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then obtain s’ where ff: ¢fgOf (hd (tl tr)) = (Done,s’)
by (metis prod.collapse)
show ?thesis proof (cases tl tr = [])
case True
thus ?thesis
using fl by auto
next
case Fulse
obtain sl’ where 2: ¢l (¢l tr) = map (As. E (Done,s)) sl’
using trace-Done-tl|OF ptr False f] by auto
show ?thesis
using ff 2 apply(cases tr)
subgoal using tr by simp
subgoal for acfq’ tr’
apply(cases tr')
subgoal using Fulse by simp
subgoal using trace-Done-tl tr
by (metis assms(3) list.sel(1) list.sel(3)) . .
qed
qed
qed

lemma trace-Done-last: assumes trace tr and ¢r # [| and f: fst (cfgOf (hd (ir)))
= Done
shows fst (¢fgOf (last tr)) = Done
proof —
obtain sl where treq: tr = (hd tr) # map (As. E (Done,s)) sl using trace-Done
assms by blast
then show %thesis proof (cases sl = [])
case True
then have tr = [hd (tr)] using treq by simp
then show ?thesis using f by (metis last-ConsL)
next
case Fulse
then have last tr = (A s . E (Done, s)) (last sl) using treq
by (metis (no-types, lifting) last-ConsR last-map list.map-disc-iff)
then show “thesis by simp
qed
qed

lemma trace-not-Done-index:
assumes tr: trace tr and i: i < length tr and j: j < length tr and iltj: i < j
and
f: = final (cfgOf (tr1j)
shows - final (cfgOf (tr ! 7))
proof (rule ccontr)
assume — - local.final (cfgOf (tr ! ©))
then have final (c¢fgOf (tr ! i)) by blast
then have fst (c¢fgOf (tr! 7)) = Done using final-iff-Done by blast
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from trace-Done’[of tr i j] assms have fst (cfgOf (tr ! j)) = Done
using <fst (¢fgOf (tr ! {)) = Done> by blast
then show Fulse using f by (simp add: final-iff-Done)
qed

lemma trace-not-Done-last:
assumes tr: trace tr and i: ¢ < length tr and tr # [] and
f: = final (cfgOf (last tr))
shows - final (cfgOf (tr ! i)
using trace-not-Done-index assms
by (metis Cons-nth-drop-Suc drop-eq-Nil final-iff-Done hd-drop-conv-nth id-take-nth-drop
last-drop trace-ConsR trace-Done-last verit-comp-simplifyl (3))

lemma trace-Atom-Suc:
assumes tr: trace tr and i Suc ¢ < length tr and f: fst (cfgOf (trli)) = Atom a
shows (fst (cfgOf (tr!(Suc ©))) = Done A isS (tr ! Suc i) V
(fst (cfgOf (tr!(Suc 7)) = Atom a A isE (tr ! Suc 1))
using trace-step-or-env[OF tr i] f
by (metis fst-conv prod.ezhaust-sel step-Atom,)

lemma trace-Atom-tl:
assumes tr: trace tr and ntr: tr # [| and f: fst (c¢fgOf (hd tr)) = Atom a
shows sl tr'. tl tr = map (As. E (Atom a,s)) sl @Q tr' A trace tr’ A
(tr' =] V fst (cfgOf (hd tr')) = Done A isS (hd tr'))

using assms proof (induct tr rule: rev-induct)

case Nil

then show “case by auto
next

case (snoc acfg tr)

show Zcase

proof(cases tr’' = [])
case True
thus ?thesis by auto
next
case Fulse

hence I1: fst (cfgOf (hd tr')) = Atom a
using snoc.prems(3) by force
have 2: trace tr'
using snoc.prems(1) trace-ConsL by blast
obtain sl tr'a where 3: ¢l tr' = map (As. E (Atom a, s)) sl Q tr'a
trace tr'a (tr'a =[] V fst (c¢fgOf (hd tr'a)) = Done A isS (hd tr'a)) using
snoc(1)[OF 2 False 1] by auto

have (tr'a = [| A fst (cfgOf (last tr')) = Atom a) V

(tr'a £ [] A fst (cfgOf (last tr’)) = Done A isS (hd tr'a))
apply(cases tr'a = [])
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subgoal apply(intro disjl1)
using 3(1) False apply simp
by (metis (no-types, lifting) Pair-inject cfgOf .simps(2) hd-append2 hd-conv-nth

last-conv-nth last-map last-tl length-tl list. map-disc-iff list.size(3) prod.collapse
snoc.prems(3))
subgoal apply(intro disjI2)
using 3(1,2) False
by (metis (no-types, lifting) 3(3) One-nat-def Suc-lessI Suc-less-eq2 ap-
pend-is-Nil-conv diff-Suc-1 hd-conv-nth
last-appendR last-conv-nth last-tl length-pos-if-in-set lessI list.set-sel(1) trace-Done’)

thus ?thesis proof
assume 4: tr'a =[] A fst (¢fgOf (last tr')) = Atom a
hence (fst (¢fgOf acfg) = Done A isS acfg) V
(fst (cfgOf acfg) = Atom a N isE acfg)
by (smt (verit, ccfv-threshold) False Nitpick.size-list-simp(2) trace-Atom-Suc
last-conv-nth length-append-singleton length-tl lessI nth-append nth-append-length
snoc.prems(1))
thus ?thesis proof
assume 11: fst (c¢fgOf acfg) = Done A isS acfg
then obtain s where acfg = S (Done,s) unfolding isS-def by auto
show ?thesis apply(intro exI[of - sl] exI[of - [acfqg]] conjI)
subgoal by (simp add: 4 3(1) False)
subgoal by simp
subgoal by (simp add: 11) .
next
assume 11: fst (cfgOf acfg) = Atom a A isE acfy
then obtain s where acfg = E (Atom a,s) unfolding isE-def by auto
show ?thesis apply (intro exI[of - sl @ [s]] exI[of - []] congI)
subgoal by (simp add: 3(1) 4 False <acfg = E (Atom a, s)»)
subgoal by simp
subgoal by simp .
qed
next
have tl-tr:tl (tr' Q [acfg]) = map (As. E (Atom a, s)) sl Q tr'a Q@ [acfy)
by (simp add: 3(1) False)
assume 4: tr'a # [] A fst (cfgOf (last tr')) = Done A isS (hd tr'a)
hence (fst (cfgOf acfg) = Done A isE acfq)
by (smt (verit, ccfv-threshold) False Nitpick.size-list-simp(2) butlast-snoc
last-conv-nth length-append-singleton length-tl lessI nth-append-length nth-butlast

trace-Done-Suc snoc.prems(1))

then obtain s where acfg = E (Done,s) unfolding isE-def by auto

show ?thesis apply(intro exl[of - sl] exI[of - tr'a Q [acfg]] conjl)
subgoal by (simp add: 3(1) False)
subgoal using snoc.prems(1) tl-trace trace-ConsR tl-tr by metis
subgoal using 3(3) 4 by auto .
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qed
qed
qed

lemma trace-Atom:
assumes ir: trace tr tr # [| and f: fst (c¢fgOf (hd tr)) = Atom a
shows (Isl. tr = hd tr # map (As. E (Atom a,s)) sl) V
(3sl s’ sl'. tr = hd tr # map (As. E (Atom a,s)) sl @ [S (Done,s’)] @ map
(As. E (Done,s)) sl’)
proof—
have ff: fst (cfgOf (tr!0)) = Atom a using f
by (simp add: hd-conv-nth tr)
show ?thesis proof(cases tl tr = [])
case True
thus ?thesis
using list.collapse tr
by (metis list.map-disc-iff)
next
case Fulse
hence ptr: trace (l tr)
by (simp add: tl-trace tr)
have f: fst (¢fgOf (hd (t tr))) = Done V fst (cfgOf (hd (tl tr))) = Atom a
by (metis (no-types, lifting) False Nitpick.size-list-simp(2) trace-Atom-Suc
Suc-less-eq
ff hd-conv-nth length-greater-0-conv list.collapse nth-Cons-Suc tr)
thus ?thesis
proof
assume f: fst (cfgOf (hd (tl tr))) = Done
then obtain s’ where ff: ¢fgOf (hd (tl tr)) = (Done,s’)
by (metis prod.collapse)
obtain sl’ where 2: ¢l (¢l tr) = map (As. E (Done,s)) sl’
using trace-Done[OF ptr(1) False f] by (metis list.sel(3))
show ?thesis apply(rule disjI2)
apply(rule exI[of - [|]) apply(rule exI[of - s']) apply(rule exI[of - sl'])
using ff 2 apply(cases tr)
subgoal using tr by simp
subgoal for acfg’ tr’ apply(cases tr')
subgoal using Fualse by simp
subgoal using tr trace-def
by (metis (mono-tags, lifting) Cons-eg-appendl acfq.disc(4) append-self-conv2
assms(3) cfgOf.elims com.distinct(1) flist.sel(1,3) map-is-Nil-conv trace-Cons-isE)

next
assume f: fst (cfgOf (hd (tl tr))) = Atom a
then obtain s’ where ff: ¢fgOf (hd (il tr)) = (Atom a,s’)
by (metis prod.collapse)
obtain sl tr’ where 2: ¢l (¢ tr) = map (As. E (Atom a,s)) sl Q tr' trace tr'
tr’' =1V (tr'# [] A fst (c¢fgOf (hd tr')) = Done A isS (hd
)
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using Fualse f ptr trace-Atom-tl by blast
show ?thesis using 2(3) proof
assume 22: ¢r' = ||
show ?thesis apply(rule disjl1)
apply(rule exI[of - s’ # sl])
using ff 2 apply(cases tr)
subgoal using tr by simp
subgoal for acfq’ tr'’ apply(cases tr’)
subgoal using Fualse by simp
subgoal using tr
apply simp
using 22 False assms(3) com.distinct(1)
fstl list.sel(1,3) small-step.simps trace-Cons-isS
by (metis (no-types, lifting) cfgOf-isE hd-conv-nth hd-tl-eq tl-ne-imp-length-tr
tr(2) trace-Atom-Suc)
done
done
next
assume 22: tr' # [| A fst (c¢fgOf (hd tr')) = Done A isS (hd tr’)
then obtain sl’ where tl tr' = map (As. E (Done,s)) sl’
using 2(2) trace-Done trace-Done-tl by blast
obtain s’ where hd tr’' = S (Done, s'’)
by (metis 22 cfgOf.simps(1) isS-def prod.exhaust-sel)
show ?thesis apply(rule disjI2)
apply(rule exI[of - s’ # sl]) apply(rule exI[of - s"]) apply(rule exI|of -
sl'])
using ff 2 apply(cases tr)
subgoal using tr by simp
subgoal for acfq’ trr apply(cases trr)
subgoal using Fualse by simp
subgoal for acfg’’ trrr using tr using 22 apply simp
by (metis Suc-less-eq <hd tr' = S (Done, s')» <tl tr' = map (As. E (Done,
s)) sl assms(3)
cfgOf .simps(2) com.distinct(1) f [f hd-Cons-tl isE-def length-Cons
list.sel(1) nth-Cons-0 nth-Cons-Suc
trace-Atom-Suc zero-less-Suc) . .
qed
qed
qed
qed

lemma trace-Seq-Suc:
assumes tr: trace tr and i: Suc i < length tr and f: fst (cfgOf (trli)) = Seq c1
c2
shows (Jc1’. ¢l # Done A small-step (c1,snd (cfgOf (trli))) (c1’;snd (cfgOf
(tr!(Suc ©)))) A

fst (cfgOf (tr!(Suc 7)) = Seq c¢1’ ¢2 A isS (tr ! Suc 7))
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V
(el = Done A fst (cfgOf (tr!(Suc 7)) = c2 A isS (tr ! Suc 1))
\Y
(fst (cfgOf (tr!(Suc 7)) = Seq ¢l c2 A isE (tr ! Suc 7))
using trace-step-or-env[OF tr i] f apply clarsimp
apply(cases c1 = Done)
subgoal apply(cases cfgOf (tr ! i), cases cfgOf (tr ! Suc ©)) by auto
subgoal apply(cases cfgOf (tr ! i), cases cfgOf (tr ! Suc ©)) by auto .

definition makeSeq :: ('atom, test) com = ((‘atom,’test) com,’state) acfg = (('atom,’test) com,’state)acfy
where

makeSeq ¢2 acfg = updCfg acfg (Seq (fst (cfgOf acfq)) c2,snd (cfgOf acfg))

lemma snd-cfgOf-makeSeq[simp): snd (cfgOf (makeSeq c2 acfg)) = snd (cfgOf

acfy)
unfolding makeSeq-def by auto

lemma isE-makeSeq[simpl: isE (makeSeq c2 acfg) = isE acfg
unfolding makeSeq-def isE-def by (cases acfy, auto)

lemma isS-makeSeq[simp]: isS (makeSeq ¢2 acfg) = isS acfg
unfolding makeSeq-def isS-def by (cases acfg, auto)

lemma map-eq-length:

assumes map (snd o cfgOf) tr = map (snd o ¢fgOf) (map (makeSeq c2) tr1 Q
tr2)

shows length tr = length tr1 + length tr2

using assms by (metis length-append length-map)

lemma map-cfgOf-makeSeq1:
assumes map (snd o cfgOf) tr = map (snd o c¢fgOf) (map (makeSeq c2) tr1 Q
tr2)
and i < length tri
shows snd (cfgOf (trli)) = snd (cfgOf (tr1li))
proof—
have snd (cfgOf (trli)) = snd (cfgOf (makeSeq c2 (tr1li)))
using assms
by (smt (verit) comp-apply length-map map-eq-length nth-append nth-map trans-less-add1)

thus ?thesis by simp
qged

lemma map-cfgOf-makeSeq2:

assumes map (snd o cfgOf) tr = map (snd o cfgOf) (map (makeSeq c2) tr1 Q@
tr2)

and 7 < length tr2

shows snd (cfgOf (trl(length tr1+1))) = snd (cfgOf (tr2li))

using assms
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by simp (smt (verit, ccfu-threshold) comp-apply map-eq-append-conv map-equality-iff
nth-append-length-plus)

lemma map-cfgOf-makeSeq2":

assumes map (snd o cfgOf) tr = map (snd o ¢fgOf) (map (makeSeq c2) tr1 Q

tr2)

and i > length tr1 i < length tr

shows snd (cfgOf (trli)) = snd (cfgOf (tr2!(i—length tr1)))

by (smt (verit, ccfv-SIG) map-cfgOf-makeSeq2 add-diff-inverse-nat assms leD map-eq-length

nat-add-left-cancel-less)

lemma list-all2-isE-makeSeq1 :

assumes list-all2 (Aacfg acfq’. isE acfg = isE acfq’) tr (map (makeSeq c2) tr1 Q@
tr2)

and i < length tri

shows isE (trli) = isE (tr1!7)

using assms by (auto simp: list-all2-conv-all-nth nth-append)

lemma [list-all2-isE-makeSeq2:

assumes list-all2 (Aacfg acfq’. isE acfg = isE acfq’) tr (map (makeSeq c2) tr1 Q
tr2)

and i < length tr2

shows isE (trl(length tr1 + 7)) = isE (tr2!i)

using assms by (auto simp: list-all2-conv-all-nth nth-append)

lemma list-all2-isE-makeSeq2":

assumes list-all2 (Aacfg acfg’. isE acfg = isE acfg’) tr (map (makeSeq c¢2) trl @
tr2)

and 7 > length tr1 i < length tr

shows isE (trli) = isE (tr2!(i—length trl))

using assms by (auto simp: list-all2-conv-all-nth nth-append)

lemma trace-Seq:
assumes tr: trace tr and nir: tr # [| and c: fst (c¢fgOf (hd tr)) = Seq c1 c2
shows (Ftrl. trace trl A trl #[] A fst (cfgOf (hd trl)) = c1 A tr = map (makeSeq
c2) trl) v
(Ftrl tr2. trace tr1 A trl # [ A fst (¢fgOf (hd tr1)) = c1 A fst (cfgOf (last
tr1)) = Done A
trace tr2 A tr2 # [| A fst (cfgOf (hd tr2)) = c2 A
snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2)) A isS (hd tr2) A
tr = map (makeSeq c2) trl Q tr2)
using assms proof (induct tr arbitrary: c1)
case Nil
then show ?case by auto
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next
case (Cons acfg tr cl)
then obtain s where cacfg: cfgOf acfg = (Seq c1 c2,s) apply (cases cfgOf acfg)
by fastforce
have ptr: trace tr by (metis Cons.prems list.collapse list.inject tli-trace)
show ?case proof(cases tr=[))
case True
show ?thesis apply(rule disjl1) apply(rule exlI[of - [updCfg acfg (c1,s)]])
using cacfg unfolding True makeSeq-def by simp
next
case Fulse note acfge = Fulse
show ?thesis
proof(cases isS (hd tr) A ¢1 = Done)
case True
hence st: small-step (cfgOf acfg) (¢fgOf (hd tr)) and c1: ¢c1 = Done
using trace-Cons-isS[OF <trace (acfg # tr)] acfge by auto
hence chir: c¢fgOf (hd tr) = (c2,s) unfolding cacfg by simp
show ?thesis apply(rule disjI2) apply(rule exI[of - [updCfg acfg (c1,s)]])
apply (rule exlI[of - tr])
unfolding makeSeq-def apply (intro conjl)
using cI ptr acfge chtr chtr True cacfg by ( simp-all)
next
case Fulse hence — isS (hd tr) V (isS (hd tr) A ¢l # Done) by auto
thus ?thesis proof
assume nishir: — i8S (hd tr) hence iehtr: isE (hd tr)
using Cons.prems(1) acfg.exhaust-disc acfge by blast
hence fchir: fst (c¢fgOf (hd tr)) = Seq cl ¢2
using Cons.prems(1) Cons.prems(3) acfge trace-Cons-isE by auto
have 0: (3 trl. trace tr1 A trl # [] A fst (cfgOf (hd tr1)) = c1 A tr = map
(makeSeq c2) trl) vV
(Ftrl tr2. trace tr1 A trl # [] A fst (cfgOf (hd trl)) = c1 A fst
(¢fgOf (last tr1)) = Done A
trace tr2 A tr2 # [| A fst (cfgOf (hd tr2)) = c2 A
snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2)) A isS (hd tr2) A
tr = map (makeSeq c2) trl Q tr2)
using Cons.hyps|OF ptr acfge fchir] .
thus ?thesis apply(elim disjE exFE)
subgoal for tr1 apply(rule disjI1) apply(rule exI[of - updCfg acfg (c1,s)
4 1r1))
using cacfg unfolding makeSeg-def apply simp apply(rule trace-Cons)
apply simp
by (metis (no-types, lifting) cfgOf.simps(2) cfgOf-updCfq fst-conv hd-map
iehtr
isE-def isS-def acfg.distinct(2) acfg.ezhaust-disc updCfg.simps(1) upd-
Cfg.simps(2))
subgoal for tr! tr2 apply(rule disjl2) apply(rule exI[of - updCfg acfg
(c1,s) # trl]) apply(rule exI|[of - tr2])
using cacfg unfolding makeSeq-def apply simp apply(rule trace-Cons)
apply simp
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by (metis (no-types, lifting) cfgOf.elims cfgOf-updCfg fst-conv hd-append?2
iehtr isE-def
list. map-disc-iff list.map-sel(1) acfyg.distinct(1) updCfg.simps(1)) .
next
assume isS-c1: i8S (hd tr) A c1 # Done
hence st: small-step (cfgOf acfg) (cfgOf (hd ¢r)) and c1: c¢1 # Done
using trace-Cons-isS[OF <trace (acfg # tr)»] acfge by auto
then obtain ¢!’ s’ where st: small-step (c1,s) (c1’,s’) and chtr: ¢fgOf (hd
tr) = (Seq c1’ ¢2,s")
unfolding cacfg by auto
hence fchir: fst (c¢fgOf (hd tr)) = Seq c1’ ¢2 by auto
have 0: (3trl. trace tr1 A trl # [| A fst (cfgOf (hd trl)) = c1' A tr =
map (makeSeq c2) trl) V
(Ftrl tr2. trace tr1 A trl # || A fst (cfgOf (hd trl)) = c1’ A fst
(¢fgOf (last tr1)) = Done A
trace tr2 A tr2 # [| A fst (cfgOf (hd tr2)) = c2 A
snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2)) A isS (hd tr2) A
tr = map (makeSeq c2) tr1 Q tr2)
using Cons.hyps|OF ptr acfge fchir] .
thus ?thesis apply(elim disjE exE)
subgoal for tr1 apply(rule disjI1) apply(rule exI[of - updCfg acfg (c1,s)
# tri])
using cacfg unfolding makeSeg-def apply simp apply(rule trace-Cons)
apply simp
by (metis (no-types, lifting) cfgOf.simps(2) cfgOf-updCfg chir fst-conv
hd-map isE-def
i8S-c1 isS-def snd-conv st acfg.distinct(2) acfg.exhaust-disc
updCfg.simps(1) updCfg.simps(2))
subgoal for tr! tr2 apply(rule disjI2) apply(rule exI[of - updCfq acfyg
(c1,s) # trl]) apply(rule exI|of - tr2])
using cacfg unfolding makeSeq-def apply simp apply(rule trace-Cons)
apply simp
by (metis (no-types, lifting) cfgOf.elims cfgOf-updCfg chtr fst-conv
hd-append?2 isS-c1 isS-def
list. map-disc-iff list. map-sel(1) snd-conv st acfg.distinct(1) updCfg.simps(2))

qed
qed
qed
qed

lemma trace-If:
assumes tr: trace tr and nitr: tr # [| and f: fst (c¢fgOf (hd tr)) = If t ¢l c2
shows sl tr'. tltr = map (As. E (If t ¢l ¢2,s)) sl Q tr' A

(tr' # [ —

trace tr’ A isS (hd tr') A

fst (cfgOf (hd tr')) = (if evalT t (snd (cfgOf (hd tr'))) then cl else
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c2) A
snd (cfgOf (tr!(length sl))) = snd (c¢fgOf (hd tr')))

using assms proof (induct tr)

case Nil

then show ?case by auto
next

case (Cons acfyg tir)

have tr: trace ttr using Cons.prems(1) tl-trace by fastforce

have facfg: fst (cfgOf acfg) = If t ¢l ¢2

using Cons.prems(3) by auto

show ?Zcase proof(cases tir = [])

case True

then show ?thesis using Cons by auto
next

case Fulse note tacfge = Fulse
show ?thesis proof(cases isE (hd ttr))
case True
hence f: fst (cfgOf (hd ttr)) = If t c1 c2
using Cons.prems(1) Cons.prems(3) trace-Cons-isE tacfge by auto
then obtain ss where chitr: cfgOf (hd ttr) = (If t ¢l ¢2,ss) by (cases cfgOf
(hd ttr), auto)
then obtain ssl tir’ where 0:
tlttr = map (As. E (If t ¢l ¢2,s)) ssl Q ttr' A
(ttr’ # ] —
trace ttr’ A isS (hd tir’) A
fst (cfgOf (hd ttr")) = (if evalT t (snd (cfgOf (hd ttr’))) then cl else c2) A
snd (cfgOf (tir!(length ssl))) = snd (c¢fgOf (hd ttr')))
using Cons.hyps[OF tr tacfge f] by auto
show ?thesis apply (intro exl[of - ss # ssl] exI|of - tir])
using 0 Cons.prems chttr tacfge True unfolding isE-def
using list.collapse by fastforce+
next
case Fulse
hence isS: isS (hd ttr) using acfg.exhaust-disc by blast
hence f: fst (cfgOf (hd ttr)) = (if evalT t (snd (cfgOf acfg)) then cl else c2)

by (metis Cons.prems(1) step-Seq-If step-Seq-If-not eq-fst-iff facfg prod.exhaust-sel

trace-Cons-isS tacfge)
hence chitr: cfgOf (hd ttr) =
(if evalT t (snd (cfgOf acfg)) then (cl,snd(cfgOf acfg)) else (c2,snd(cfgOf
acfg)))
using f
by (metis Cons.prems(1) facfg isS step-Seq-If step-Seq-If-not surjective-pairing
trace-Cons-isS tacfge)
show ?thesis apply(intro exl[of - [)::'state list] exI[of - ttr])
apply (intro conjl impl, simp)
using tacfge tr isS chttr apply blast+
apply (metis split-pairs chttr )
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using chttr tacfge
by (metis Nitpick.size-list-simp(2) nth-Cons-0 split-pairs)
qed
qed
qed

lemma trace- While:
assumes tr: trace tr and ntr: tr # [| and f: fst (c¢fgOf (hd tr)) = While t c1
shows Jsl tr'. tl tr = map (As. E (While t c1,s)) sl @Q tr' A
(tr' £ —
trace tr' A isS (hd tr') A
fst (cfgOf (hd tr')) = If t (Seq c1 (While t ¢1)) Done A
snd (cfgOf (tr!(length sl))) = snd (cfgOf (hd tr')))
using assms proof (induct tr)
case Nil
then show ?case by auto
next
case (Cons acfy ttr)
have tr: trace ttr using Cons.prems(1) tl-trace by fastforce
have facfg: fst (cfgOf acfg) = While t c1
using Cons.prems(3) by auto

show ?Zcase proof(cases tir = [])

case True

then show #“thesis using Cons by auto
next

case Fulse note tacfge = Fulse
show ?thesis proof(cases isE (hd ttr))
case True
hence f: fst (cfgOf (hd ttr)) = While t c1
using Cons.prems(1) Cons.prems(3) trace-Cons-isE tacfge by auto
then obtain ss where chtir: ¢fgOf (hd ttr) = (While t c1,ss) by (cases cfgOf
(hd ttr), auto)
then obtain ssl tir’ where 0:
tl ttr = map (As. E (While t c1,s)) ssl Q ttr’ A
(ttr' # [ —
trace ttr’ A isS (hd ttr’) A
fst (cfgOf (hd ttr’)) = If t (Seq c1 (While t c1)) Done A
snd (cfgOf (ttr!(length ssl))) = snd (cfgOf (hd tir’)))
using Cons.hyps[OF tr tacfge f] by auto
show ?thesis apply (intro exl[of - ss # ssl] exI|of - ttr])
using 0 Cons.prems chitr tacfge True unfolding isE-def
using list.collapse by fastforce+
next
case Fulse
hence isS: isS (hd ttr) using acfg.exhaust-disc by blast
hence f: fst (c¢fgOf (hd ttr)) = If t (Seq c1 (While t c1)) Done
by (smt (28) Cons.prems(1) step-While trace-Cons-isS facfg split-pairs
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tacfge)
hence chitr: c¢fgOf (hd ttr) = (If t (Seq ¢ (While t c1)) Done, snd(cfgOf
acfy))
using f by (metis Cons.prems(1) step-While trace-Cons-isS facfg isS
prod.ezhaust-sel tacfge)
show ?thesis apply (intro exI[of - [|::'state list] exI[of - tir])
using isS chttr Cons.prems tacfge tr by auto
qed
qed
qed

definition envOrldle where
envOrldle tr = Vi. Suc i < length tr — isE (tr!Suc i) V snd (cfgOf (trli)) =
snd (cfgOf (tr!Suc 7))

lemma envOrldle-append:
assumes envOrldle tr1 envOrldle tr2
trl #[| = tr2 # [| = isE (hd tr2) Vv snd (cfgOf (last tr1)) = snd (c¢fgOf (hd
tr2))
shows envOrldle (tr! Q tr2)
using assms unfolding envOrldle-def nth-append

using Suc-lessI add.right-neutral diff-Suc-1 hd-conv-nth last-conv-nth less-nat-zero-code
list.size(3)

by (smt (verit, del-insts) add-Suc-right add-diff-cancel-left’ add-diff-inverse-nat
length-append nat-add-left-cancel-less plus-1-eq-Suc)

lemma envOrldle-Nil[simp,introl]: envOrldle ||
unfolding envOrldle-def by auto

lemma envOrldle-singl[simp,intro!]: envOrldle [acfq]
unfolding envOrldle-def by auto

lemma envOrldle-map-E[simp,intro]: envOrldle (map (As. E (c,s)) sl)
unfolding envOrldle-def by auto

lemma envOrldle-tl:
assumes envOrldle (tl tr)
thtr # [ = isE (hd (t tr)) V snd (cfgOf (hd tr)) = snd (cfgOf (hd (¢l tr)))
shows envOrldle tr
using assms unfolding envOrldle-def apply (cases tr)
subgoal by auto
subgoal apply (cases tl tr)
subgoal by auto
subgoal using less-Suc-eq-0-disj by fastforce . .

lemma trace- While2:
assumes tr: trace tr and nitr: tr # [| and f: fst (c¢fgOf (hd tr)) = While t c1
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shows
— The loop-terminating case:
(Ftrl tr2. tr = tr1 Q tr2 A

trl # [ A trace tr1 A envOrldle tr1 A Done & (fst o cfgOf) ¢ set trl

A\

(tr2 # [] — — evalT t (snd (cfgOf (last tr1))) A fst (cfgOf (last tr1)) = If t
(Seq c1 (While t c1)) Done A

trace tr2 A fst (cfgOf (hd tr2)) = Done A isS (hd tr2) A snd (cfgOf

(hd tr2)) = snd (cfgOf (last tr1))))
V
— The loop-continuing case:
(Ftr! tr2 tr3. tr = trl1 Q@ map (makeSeq (While t c1)) tr2 Q tr3 A

trl # || A trace tr1 A envOrldle tr1 A Done ¢ (fst o c¢fgOf) * set tri

A

tr2 # [ A evalT t (snd (cfgOf (last tr1))) A fst (cfgOf (last tr1)) = If t (Seq cl
(While t ¢1)) Done A
trace tr2 A fst (cfgOf (hd tr2)) = c1 A isS (hd tr2) A snd (cfgOf (hd tr2)) =
snd (cfgOf (last tr1)) A
Done ¢ (fst o cfgOf) ‘ set (map (makeSeq (While t c1)) tr2)
A
(tr8 # [| — fst (cfgOf (last tr2)) = Done A snd (cfgOf (hd tr8)) = snd (cfgOf
(last tr2)) A
trace tr3 A fst (cfgOf (hd tr3)) = While t c1))
proof—
obtain sl’ ¢tr’ where
ttr: tl tr = map (As. E (While t c1,s)) sl’ Q ¢r' and
tr' tr' #[] —
trace tr’ A isS (hd tr') A
fst (c¢fgOf (hd tr')) = If t (Seq ¢c1 (While t ¢1)) Done A
snd (cfgOf (trl(length sl))) = snd (cfgOf (hd tr'))
using trace-While[OF assms| by auto

have sl’-E: sl # [| = trl(length sl’) = E (While t c1,last sl’)

using ntr using ttr{unfolded list-eg-iff-nth-eq, THEN conjunct2, rule-format, of
length sl'—1]

by (smt (verit, del-insts) One-nat-def Suc-less-eq Suc-pred diff-Suc-less last-conv-nth
length-append

length-greater-0-conv length-map less-add-Sucl nth-append nth-map nth-tl ttr)

show ?thesis
proof(cases tr’' = [])
case True
show ?thesis apply(rule disjl1) apply(rule exI[of - tr]) apply(intro exI[of -
)
using assms tir trace-step-or-env unfolding envOrldle-def apply safe
apply (metis (no-types, lifting) Suc-less-eq True append.right-neutral isE-def
length-Cons length-map list.collapse nth-Cons-Suc nth-map)
unfolding comp-def
using True Nitpick.size-list-simp(2) Pair-inject True append.right-neutral
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cfgOf .simps(2) com.distinct(7) hd-conv-nth in-set-conv-nth length-map
less-Suc-eq prod.ezhaust-sel sl’-E trace-Done’ by (metis (no-types, lifting))

next
case Fualse note tr'ne = False
hence tr".
trace tr' isS (hd tr')
fst (cfgOf (hd tr')) = If t (Seq cI (While t c¢1)) Done
snd (cfgOf (tr!(length sl’))) = snd (cfgOf (hd tr'))
using tr’ by auto

obtain sl tr’ where
ttr': tltr’ = map (As. E (If t (Seq c1 (While t c1)) Done, s)) sl’” @ tr'" and
tr's tr” £ [ —
trace tr' A
isS (hd tr') A
fst (cfgOf (hd tr'’)) = (if evalT t (snd (cfgOf (hd tr”))) then Seq c1 (While
t c1) else Done) A
snd (cfgOf (tr' ! length sl’")) = snd (cfgOf (hd tr')))
using trace-If[OF tr'(1) tr'ne tr'(3)] by auto

show ?thesis proof(cases tr'' = [])
case True
have e-tr’: envOrldle tr'
using ttr’ unfolding True envOrldle-def
by simp (metis (no-types, lifting) Suc-less-eq isE-def length-Cons length-map
list.collapse
nth-map nth-tl tr'ne)

have Done-tr’": Done ¢ (fst o c¢fgOf) * set tr'
using tr'(3) ttr’ unfolding True apply(cases tr') by auto

show ?thesis apply(rule disjI1) apply(rule exI[of - tr]) apply(intro exI[of
- []) apply(intro conjI impI alll, simp-all)
subgoal using assms by simp
subgoal using assms by simp
subgoal apply(rule envOrldle-tl)
subgoal unfolding t¢tr apply(rule envOrldle-append)
subgoal by simp
subgoal by fact
subgoal using tr' ttr by (simp add: last-map sl’-E) .
subgoal unfolding ttr
by (metis (no-types, lifting) Nil-is-map-conv hd-append2 hd-conv-nth
list.map-sel(1) list.size(8) ntr
self-append-conv2 tr'(4) acfg.disc(4)) .
subgoal using tir f Done-tr’ by (cases tr, auto) .

next
case Fualse note tr''ne = False
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hence tr'": trace tr' isS (hd tr”)

fst (cfgOf (hd tr'")) = (if evalT t (snd (cfgOf (hd tr'’))) then Seq ¢l (While
t c1) else Done)

snd (cfgOf (tr'! length sl’’)) = snd (cfgOf (hd tr'"))

using tr’’ by auto

have sl"-E: sl” # [| = tr'l(length sl'") = E (If t (Seq c¢1 (While t c1))
Done,last sl”)
using tr''ne using ttr'[unfolded list-eq-iff-nth-eq, THEN conjunct2, rule-format,
of length sl’’'—1]
by (smt (verit) One-nat-def Suc-less-eq Suc-pred last-conv-nth last-map
length-append length-greater-0-conv
length-map lessI less-add-Sucl nth-append nth-tl ttr')
show ?thesis proof (cases evalT t (snd (cfgOf (hd tr'”))))
case Fulse
hence fst: fst (c¢fgOf (hd tr')) = Done using tr’' by simp
obtain sl”’ where ttr': tl tr' = map (As. E (Done, s)) sl’”’
using trace-Done[OF tr''(1) tr''ne fst]
by (metis list.sel(3))

have tr0: tr = hd tr # map (As. E (while t {c1}, s)) sl’ @Q tr’
using t¢tr ntr by(cases tr, auto)

show ?thesis apply(rule disjl1)
apply(rule exI[of - hd tr # map (A\s. E (While t c1,s)) s’ Q [hd tr'] @
map (As. E (If t (Seq c1 (While t c1)) Done, s)) sl''])
apply (intro exI[of - tr']) apply(intro congl impl alll, simp-all)
subgoal using list.collapse tr'ne tr0 tir’ by fastforce
subgoal by (metis (no-types, lifting) Cons-eg-appendl append-assoc
hd-Cons-tl tr tr'ne tr0 trace-ConsL ttr')
subgoal apply(rule envOrldle-tl)
subgoal apply simp apply(rule envOrldle-append)
subgoal by simp
subgoal apply(rule envOrldle-tl)
subgoal by simp
subgoal by (simp add: list.map-sel(1)) .
subgoal by simp (metis last-map sl’-E tr'(4)) .
subgoal by simp (metis (no-types, lifting) Nil-is-map-conv hd-append2
hd-conv-nth list.map-sel(1)
list.sel(1) list.size(3) nir self-append-conv2 tr'(4) acfg.disc(4)) .
subgoal by (auto simp: f tr'(3))
subgoal by (metis False hd-conv-nth last-map list.size(3) sl'’-E tr’'(4)
tr'ne)
subgoal by (simp add: last-map tr'(3))
subgoal by (simp add: tr''(1))
subgoal using fst by blast
subgoal using tr'/(2) by blast
subgoal by (metis hd-conv-nth last-map list.size(8) sl”’-E tr''(4) tr'ne) .
next
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case True note ev = True
hence fst: fst (cfgOf (hd tr'")) = Seq c1 (While t c1) using tr" by auto
have 0: (3tr2. trace tr2 A tr2 # [| A fst (cfgOf (hd tr2)) = ¢l A tr' =
map (makeSeq (while t {c1})) tr2) v
(Ftr2 trs. trace tr2 A tr2 £ [] A
fst (c¢fgOf (hd tr2)) = c1 A fst (cfgOf (last tr2)) = Done A
trace tr3 A tr8 # [| A fst (cfgOf (hd tr3)) = while t {c1} A
snd (cfgOf (last tr2)) = snd (cfgOf (hd tr3)) A isS (hd tr3) A
tr' = map (makeSeq (while t {c1})) tr2 @ tr3)
using trace-Seq[OF tr''(1) tr''ne fst] .

show ?thesis using 0 proof(elim exE conjE disjE)
fix tr2 assume tr2: trace tr2 tr2 # || fst (cfgOf (hd tr2)) = cl
and tir’: tr' = map (makeSeq (while t {c1})) tr2

have istr2: isS (hd tr2) using ttr”’
by (metis isS-makeSeq list.map-sel(1) tr''(2) tr2(2))

have tr0: tr = (hd tr # map (As. E (while t {c1}, s)) sl’ Q [hd tr'] @
map (As. E (if t {c1 $3 while t {c1}} else {Done}, s)) sl'') Q@ map (makeSeq
(while t {c1})) tr2
using ttr ttr’ ntr tr'ne unfolding ttr'’ by simp (metis list.collapse)

show ?thesis apply(rule disjI2) apply(rule exI[of - hd tr # map (As. E
(While t c1,s)) sl’ Q
[hd tr'] Q@ map (As. E (If t (Seq c1 (While t c1)) Done, s)) sl’])
apply(rule exI[of - tr2]) apply(rule exI[of - [|]) apply(intro congl)
subgoal using tr0 by simp
subgoal by simp
subgoal by (metis tr0 tr trace-ConsL)
subgoal apply(rule envOrldle-tl)
subgoal apply simp apply(rule envOrldle-append)
subgoal by simp
subgoal apply(rule envOridle-tl)
subgoal by simp
subgoal by (simp add: list.map-sel(1)) .
subgoal by simp (metis last-map sl’-E tr'(4)) .
subgoal by simp (smt (verit, best) hd-append list.exhaust-sel
list.map-disc-iff
list.map-sel(1) list.sel(1) list.size(3) nth-Cons-0 ntr tr'(4) acfg.discI(2))

subgoal by (auto simp: tr'(3) f)

subgoal by fact

subgoal by simp (metis ev hd-conv-nth last-map list.size(3) sl”-E tr''(4)
tr'ne)

subgoal by (simp add: last-map tr'(3))

subgoal by fact

subgoal by fact

subgoal by fact
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tr2(2))

subgoal using r2

by simp (metis (no-types, lifting) hd-conv-nth last-map
list.map-sel(1) list.size(8) sl”-E snd-cfgOf-makeSeq tr''(4) tr'ne tir")
subgoal by (auto simp add: makeSeq-def)

subgoal by simp .

next

fix tr2 tr3 assume tr2: trace tr2 tr2 # ||

fst (cfgOf (hd tr2)) = cl fst (cfgOf (last tr2)) = Done

and tr3: trace tr3 tr3 # || fst (¢fgOf (hd tr3)) = while t {c1}
snd (cfgOf (last tr2)) = snd (cfgOf (hd tr3)) isS (hd tr3)
and ttr': tr'” = map (makeSeq (while t {c1})) tr2 Q tr3

have istr2: isS (hd tr2) using ttr'"’
by (metis hd-append?2 isS-makeSeq list. map-disc-iff list.map-sel(1) tr’'(2)

have tr0: tr = (hd tr # map (As. E (while t {c1}, 5)) s’ Q [hd tr'] Q

map (As. E (if t {c1 $3 while ¢t {c1}} else {Done}, s)) sl'') @ map (makeSeq

(while t {c1})) tr2 Q {r8

using ttr ttr’ ntr tr'ne unfolding tir’ by simp (metis list.collapse)

show ?thesis
apply(rule disjI2)
apply(rule exI[of - hd tr # map (A\s. E (While t c1,s)) s’ @
[hd tr'] @ map (As. E (If t (Seq c1 (While t c1)) Done, s)) sl’])
apply(rule exI[of - tr2]) apply(rule exI[of - tr3]) apply(intro conjI)
subgoal using tr0 by simp
subgoal by simp
subgoal by (metis tr0 tr trace-ConsL)
subgoal apply(rule envOrldle-tl)
subgoal apply simp apply(rule envOrldle-append)
subgoal by simp
subgoal apply(rule envOridle-tl)
subgoal by simp
subgoal by (simp add: list.map-sel(1)) .
subgoal by simp (metis last-map sl’-E tr'(4)) .
subgoal by simp (smt (verit, best) hd-append list.exhaust-sel

list. map-disc-iff

tr'ne)

list.map-sel(1) list.sel(1) list.size(3) nth-Cons-0 ntr tr'(4) acfg.discI(2))

subgoal by (auto simp: f tr'(3))
subgoal by fact
subgoal by simp (metis ev hd-conv-nth last-map list.size(3) sl''-E tr''(4)

subgoal by (simp add: last-map tr'(3))
subgoal by fact

subgoal by fact

subgoal by fact

subgoal using tr2 istr2
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by simp (metis (no-types, lifting) hd-append?2 hd-conv-nth last-map
list. map-disc-iff
list.map-sel(1) list.size(8) sl”-E snd-cfgOf-makeSeq tr''(4) tr'ne tir")
subgoal by (auto simp add: makeSeq-def)
subgoal using tr3(1) tr3(3,4) tr2(4) by auto .
qged
qed
qed
qed
qed

lemma small-step-not-same-c: (¢, s) = (¢, ') = (¢ # ¢)
apply (induct ¢ arbitrary: s ¢’ s')
using step-iff-not-Done apply fastforce
apply fastforce
apply (metis Pair-inject com.inject(2) step-Seq-Done step-Seq-notDone)
apply (metis fst-eqD step-Seq-If step-Seq-If-not)
using par-cases by fastforce+

lemma isS-iff:
assumes Suc i < length tr
assumes ftrace tr
shows isS (tr ! (Suc 7)) <— cfgOf (tr 1 i) — cfgOf (tr ! (Suc 7))
using assms apply (safe)
using assms(2) using isS-def
using assms(2) trace-step-or-env apply blast
using small-step-not-same-c trace-step-or-env assms
by (smt (verit, ccfv-threshold) small-step.cases split-pairs)

lemma isE-iff:
assumes Suc i < length tr
assumes ftrace tr
shows isE (tr ! (Suc 7)) <— fst (cfgOf (tr 1 7)) = fst (cfgOf (tr ! (Suc 7)))
using assms apply (safe)
using assms(2) using isE-def
using assms(2) trace-step-or-env apply fastforce
using assms small-step-not-same-c trace-step-or-env
by (metis prod.collapse)

lemma trace-Par-Done-Split:

assumes tr: trace tr and ntr: tr # [| and c: fst (cfgOf (hd tr)) = cl || 2
shows 3 tr1 tr2 .trace tr1 A trace tr2 A tr = tr1 Q tr2 A ((final (¢fgOf (last tr))
A i8S (hd tr2) A final (cfgOf (hd (tr2))) A
fst (cfgOf (last tr1)) = Done || Done A snd(cfgOf (last tr1)) = snd (cfgOf (hd
(tr2)))) V (—final (cfgOf (last tr)) A trl = tr A tr2 = []))

using assms proof (induct tr arbitrary: c1 c2)

case Nil

then show ?case by blast

o1



next
case (Cons a tr)
have t: trace tr using Cons.prems
by (metis list.sel(3) tl-trace)
have par: fst (cfgOf a) = cI || ¢2 using Cons.prems by simp
then show ?case proof (cases tr = [])
case True
then show ?thesis using Cons
using final-iff-Done by auto
next
case ne: False
then show ?thesis
proof (cases final (cfgOf (last tr)))
case Fulse
then show ?thesis
by (simp add: Cons.prems(1) ne)
next
case f: True
then show ?thesis
proof (cases c1 = Done A ¢2 = Done A isS (hd tr) )
case True
then have fst (¢fgOf (hd (a # tr))) = Done || Done using par by simp
then have fst (cfgOf (last ([a]))) = Done || Done by simp
moreover have final (cfgOf (hd tr)) using True Cons.prems(1) par par-cases

by (metis final-iff-Done ne split-pairs step-Par-Done trace-Cons-isS)
moreover have snd(cfgOf (last [a])) = snd (cfgOf (hd (tr))) using True
Cons.prems(1) par par-cases step-Par-Done
by (metis last-ConsL ne prod.collapse snd-conv trace-Cons-isS)
moreover have a # tr = [a] Q tr by simp
moreover have trace [a] by blast
ultimately show ?thesis using t True
by (metis f last-appendR)
next
case f2: Fualse
then obtain c1’ ¢2’ where fst (cfgOf (hd tr)) = c1'|| c2’
proof (cases isS (hd tr))
case True
then have c1 # Done V ¢2 # Done using f2 by blast
let ?s = snd (c¢fgOf (a))
have (3 c1’s’. (c1, ?s) = (c1’, ') A fst (cfgOf (hd tr)) = c1']| ¢2)
V(3 2" s (c2, 23) = (c27, s') A fst (cfgOf (hd tr)) = c1 || ¢2')
by (smt (verit) Cons.prems(1) True <c1 # Done V ¢2 # Done fst-conv
ne par par-cases prod.collapse trace-Cons-isS)
then show ?thesis using that by blast+
next
case Fulse
then have fst (c¢fgOf (hd tr)) = fst (cfgOf (a)) using Cons.prems(1)
by (metis Step.trace-Cons-isE acfg.exhaust-disc ne)
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then show ?thesis using par that by auto
qed
then obtain {r! tr2 where ez:
trace trl trace tr2 isS (hd tr2) final (cfgOf (hd tr2))
fst (cfgOf (last tr1)) = Done || Done tr = tr1 Q tr2 snd(cfgOf (last tr1))
= snd (cfgOf (hd (tr2)))
using Cons.hyps[of c1’ c2'] ne ft by blast
then have trace (a # tri)
by (metis Cons.prems(1) Cons-eg-appendl Step.trace-ConsL)
moreover have fst (cfgOf (last (a # tr1))) = Done || Done using ex(5)
using «fst (cfgOf (hd tr)) = c1’|| ¢2" ex(4) ex(6) final-iff-Done by fastforce
moreover have a # tr = (a # trl1) Q tr2 using ez(6) by auto
moreover have snd(cfgOf (last (a # tr1))) = snd (cfgOf (hd (ir2))) using
ex
by (metis <fst (cfgOf (hd tr)) = c1']|| 2" append-self-conv2 com.distinct(9)
final-iff-Done last.simps)
ultimately show ?thesis using ex(2) ex(3) ex(4)
by (metis f last-ConsR ne)
qed
qed
qed
qged

lemma trace-snoc-S:
assumes trace (tr Q [z]) assumes sS = assumes tr # ||
shows (cfgOf (last tr) — cfgOf x)
proof —
have Suc (length tr — 1) < length (tr Q [z])
by (simp add: assms(3))
moreover have cfgOf (last (tr)) = cfgOf ((tr Q [z]) ! (length tr — 1))
by (simp add: assms(3) last-conv-nth nth-append)
moreover have cfgOf (z) = cfgOf ((tr Q [z]) ! Suc (length tr — 1))
by (simp add: assms(3))
ultimately show ?thesis using assms(1)[unfolded trace-def, rule-format, of
length tr —1] using assms(2)
by (metis Suc-diff-1 assms(1) assms(3) isS-iff length-greater-0-conv nth-append-length)
qed

lemma trace-snoc-E:
assumes trace (tr Q [z]) assumes isE z assumes tr # ||
shows fst (cfgOf (last tr)) = fst( ¢fgOf x)
proof —
have Suc (length tr — 1) < length (tr Q [z])
by (simp add: assms(3))
moreover have cfgOf (last (tr)) = cfgOf ((tr Q [z]) ! (length tr — 1))
by (simp add: assms(3) last-conv-nth nth-append)
moreover have cfgOf (z) = cfgOf ((tr Q [z]) ! Suc (length tr — 1))
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by (simp add: assms(3))

ultimately show ?thesis using assms(1)[unfolded trace-def, rule-format, of
length tr —1] using assms(2)

by (metis Suc-diff-1 assms(1) assms(8) isE-iff length-greater-0-conv nth-append-length)
qed

definition
isStepLeft tr trl i = isS (tr ! (Suc i)) — (V ¢l c1’ ¢2 . c1’'# c1 A fst (cfgOf
(tr1i)) =cl || c2

A fst (cfgOf (tr ! (Suc i) = c1'|| ¢2 — isS (trl! (Suc 7)) A fst (cfgOf (trl
I (Suc 7)) = ¢l’)

definition
isStepRight tr trr i = isS (tr ! (Suc i) — (V ¢l ¢2 2. c2' # ¢2 A fst (cfgOf
(tr1i)) =cl|| c2

A fst (cfgOf (tr ! (Suc @))) = cl || 2" — isS (trr ! (Suc 7)) A fst (cfgOf
(trr ! (Suc 7)) = ¢2)

lemma isStepLeftSingleton: Suc i < length [x] = isStepLeft [x] tr i = True
unfolding isStepLeft-def by simp

lemma isStepRightSingleton: Suc i < length [x] = isStepRight [z] tr i = True
unfolding isStepRight-def by simp

lemma isStepLeftTail: length trl = length (a # tr) = Suc (Suc i) < length (a
# tr) = isStepLeft (a # tr) trl ((Suc i)) =
isStepLeft tr (tl trl) 4

unfolding isStepLeft-def

by (metis length-0-conv list.collapse list.distinct(1) nth-Cons-Suc)

lemma nth-snoc: i < length tr = (tr Q [z]) ! i =¢r ! ¢
using nth-butlast butlast-snoc by metis

lemma isStepLeftsnoc:
assumes length trl = length tr (Suc i) < length (tr Q[z])
assumes A ¢ . (Suc i) < length tr = isStepLeft tr trl i
assumes fst (cfgOf (last tr)) = ¢l || ¢2
assumes (isS x = (fst (cfgOf (z)) = c1'|| 2 Nzl = S (c1’, snd (cfgOf x)))
v (fst (efgOf () = et || ¢27)
shows isStepLeft (tr Q [z]) (trl Q [z1]) ¢
proof (cases Suc i < length tr)
case True
then show ?thesis using assms(8)[of i| unfolding isStepLeft-def using assms(1)
nth-snoc by force
next
case Fulse
then have eq: Suc i = length tr using assms(2) by auto
show ?thesis
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proof (cases isS x )
case True
show ?thesis unfolding isStepLeft-def
proof (intro alll impl, elim conjE, intro conjl)
fix clf c1f’ c2f
assume assm: i8S ((tr Q [z]) ! Suc @) cIf’ # clf fst (cfgOf ((¢tr Q [z]) ! ©))
— cif || c2f
fst (cfgOf ((tr Q [z]) ! Suc ©)) = clIf’ || c2f
then have assm2: fst (cfgOf (last tr)) = clf || c2f using nth-snoc eq
by (metis last-snoc length-Suc-conv-rev lessl nth-append-length)
then have eqgc: c1f = ¢l c2f = ¢2 by (simp-all add: assms(4))
have assm3: fst (cfgOf (x)) = c1f’ || c2 using assm(4) eq by (simp add:
eqe(2))
then have ne: = (fst (¢fgOf (z)) = ¢l || ¢2') using assm(2) by (simp add:
eqe(1))
then have cond: fst (cfgOf (x)) = c¢1’ || ¢2 ANzl = S (1, snd (cfgOf 1))
using assms(5) True by blast
then show isS ((trl @Q [z1]) ! Suc i) using eq by (metis acfg.discI(1)
assms(1) nth-append-length)
show fst (cfgOf ((trl Q [z1]) ! Suc 7)) = clf’ using assm3 cond eq
by (metis assms(1) cfgOf.simps(1) com.inject(5) fst-eqD nth-append-length)
qed
qed (simp add: isStepLeft-def eq)
qed

lemma isStepRightTail: length trr = length (a # tr) = Suc (Suc i) < length (a
# tr) = isStepRight (a # tr) trr ((Suc 7)) =
isStepRight tr (¢ trr) (7)

unfolding isStepRight-def by (metis length-0-conv list.collapse list.distinct(1)
nth-Cons-Suc)

lemma isStepRightsnoc:
assumes length trr = length tr (Suc i) < length (tr Q[z])
assumes A\ i . (Suc i) < length tr = isStepRight tr trr i
assumes fst (cfgOf (last tr)) = ¢l || ¢2
assumes (isS x = (fst (cfgOf (z)) = ¢l || 2" N 22 = S (2, snd (cfgOf x)))
v (fst (efgOf () = 1" || c2))
shows isStepRight (tr Q [z]) (¢trr Q [22]) ¢
proof (cases Suc i < length tr)
case True
then show ?thesis using assms(8)[of i| unfolding isStep Right-def using assms(1)
nth-snoc by force
next
case Fulse
then have eq: Suc i = length tr using assms(2) by auto
show ?thesis
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proof (cases isS x )
case True
show ?thesis unfolding isStepRight-def
proof (intro alll impl, elim conjE, intro conjl)
fix c1f c2f c2f’
assume assm: i8S ((tr Q [z]) | Suc @) c2f" # c2f fst (cfgOf ((¢tr Q [z]) ! ©))
— cif || c2f
fst (cfgOf ((tr Q [z]) ! Suc ©)) = clf || c2f’
then have assm2: fst (cfgOf (last tr)) = clf || c2f using nth-snoc eq
by (metis last-snoc length-Suc-conv-rev lessl nth-append-length)
then have eqgc: c1f = ¢l c2f = ¢2 by (simp-all add: assms(4))
have assm3: fst (cfgOf (x)) = c1 || c2f’ using assm(4) eq by (simp add:
eqe( 1)
then have ne: = (fst (¢fgOf (z)) = c¢1'|| ¢2) using assm(2) by (simp add:
eqc)
then have cond: fst (cfgOf (x)) = ¢l || 2’ AN 22 = S5 (2, snd (cfgOf 1))
using assms(5) True by blast
then show isS ((trr @ [22]) ! Suc i) using eq by (metis acfg.discI(1)
assms(1) nth-append-length)
show fst (cfgOf ((trr Q [22]) ! Suc 7)) = c2f’ using assm3 cond eq
by (metis assms(1) cfgOf.simps(1) com.inject(5) fst-eqD nth-append-length)
qed
qed (simp add: isStepRight-def eq)
qed

definition
isSiff tr trl trr i = (i8S (tr 1 @) +— ((isS (¢rl V 4) A disE (trr 1 0)) V (isE (trl ! ©))
A i8S (trr 1 7))

lemma isSiffTail: length tr1 = length (a # tr) = length (tr2) = length (a # tr)
= tr#[] =
Suc i < length (a # tr) = isSiff (a # tr) trl tr2 (Suc i) = sSif (tr) (tl tr1)
(L tr2) i

unfolding isSiff-def

by (metis Nitpick.size-list-simp(2) Suc-less-eq less-nat-zero-code nth-Cons-Suc
nth-tl)

lemma isSiffsnoct:
assumes length tr1 = length tr length tr2 = length tr i < length tr isSiff tr tri
tre i
shows isSiff (tr Q [z]) (¢tr1 Q [z1]) (tr2 Q [22]) ¢
proof —
have (tr @ [z]) | ¢ = tr ! ¢ using assms(3)
by (simp add: nth-append)
moreover have (tr1 Q [zI))li=trl 1 i (tr2 Q [22]) 1 i=tr2 !¢
using assms(3,2) assms(1) by (simp-all add: nth-append)
ultimately show ?thesis using assms(4) unfolding isSiff-def by simp
qed
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lemma isSiffsnoc:
assumes length tr1 = length tr length tr2 = length tr i < length (tr Q [z])
assumes A i . i < length tr = sSiff tr trl tr2 ¢
assumes (isS x «— ((isS 1 A isE 22) V (isE z1) A isS z2))
shows sSiff (tr @ [z]) (tr1 Q [z1]) (tr2 Q [22]) ¢
proof (cases i = length tr)
case True
then have (tr Q [z]) ! i =2z (tr1 Q [z1]) ! i =21 (tr2 Q [22]) ! i = 22
using assms apply simp using assms(1,2) True by (metis nth-append-length)+
then show ?thesis unfolding isSiff-def using assms(5) by simp
next
case Fulse
then have ¢ < length tr using assms(3) by simp
then show ?thesis using assms(4,1,2) isSiffsnocl by blast
qed

lemma isEiffTail: length tr1 = length (a # tr) = length (tr2) = length (a #
tr) = tr #[| =
Suc i < length (a # tr) = isE ((a # tr) | Suc i) +— isE (tr1 ! (Suc i)) A isE
(tr2 ! (Suc 7)) =
isE ((tr) ! @) «— isE (ttr1 Vi) A isE (¢ tr2 ! 9)

by (metis Nitpick.size-list-simp(2) Suc-less-eq less-nat-zero-code nith-Cons-Suc
nth-tl)

lemma isEiffsnoc:
assumes length tr1 = length tr length tr2 = length tr i < length (tr Q [z])
assumes A i .7 < length tr = isE (tr | i) «— isE (¢tr1 1 i) N isE (tr2 ! 1)
assumes (isE © «— isE z1 A isE z2)
shows isE ((tr @ [z]) ! i) = (isE ((tr1 @ [21]) ! i) A isE ((¢r2 Q [22]) | ©))
proof (cases i = length tr)
case True
then have (tr Q [z]) i =z (¢r1 Q [zI]) ! i =z (tr2 Q [22]) ! { = 22
using assms apply simp using assms(1,2) True by (metis nth-append-length)+
then show ?thesis unfolding isSiff-def using assms(5) by simp
next
case Fulse
then have i < length tr using assms(3) by simp
then show ?thesis using assms by (simp add: nth-snoc)
qged

lemma sndegsnoc:
assumes (i<length (tr @ [z])) length tr1 = length tr length tr2 = length tr
assumes A i . i< length tr = snd (cfgOf ((tr) ! 4)) = snd (cfgOf (tr1 ! i) A
snd (cfgOf ((tr) ! i) = snd (cfgOf (tr2 ! 7))
assumes snd (cfgOf x1) = snd (cfgOf z) snd (c¢fgOf x2) = snd (c¢fgOf x)
shows snd (cfgOf ((tr @ [z]) ! ) = snd (cfgOf ((tr1 @ [z1]) ! 7)) A snd (c¢fgOf
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((tr @ [z]) ! 7)) = snd (cfgOf ((tr2 @ [22]) ! ©))
proof (cases i < length tr)
case True
then show ?thesis using assms nth-snoc by metis
next
case Fulse
then have i = length tr using assms(1) by simp
then have (¢r Q@ [z]) i =z (¢r1 Q [zI]) ! i =zl (tr2 Q [22]) ! { = 22
using assms(2,3) by(simp, metis <i = length try nth-append-length)+
then show ?thesis using assms(5,6) by simp
qged

lemma small-step-diff: assumes (¢, s) — (c¢’, ')
shows ¢’ # ¢
using assms small-step-not-same-c by blast

lemma trace-Par-helper:
assumes tr: trace tr and nitr: tr # [| and c: fst (¢fgOf (hd tr)) = ¢l || ¢2 and
= final (cfgOf (last tr))
assumes trace trl and trace tr2 and fst (cfgOf (hd trl)) = c1 and fst (cfgOf
(hd tr2)) = c2
and length tr = length trl length tr = length tr2 and
N . @ < length tr = snd (cfgOf (tr ! i) = snd (cfgOf (tr1 ! 4)) A snd (cfgOf
(tr 1'7)) = snd (cfgOf (¢r2 ! 7))
and A i . i < length tr = (isE (tr ! i) «— isE (tr1 ! i) A isE (¢r2 1 7))
and A i . i < length tr = isSiff tr trl tr2 i
and A i. Suc i < length tr = isStepLeft tr tr1 i A isStepRight tr tr2 i
shows 3 c¢1’c2’. fst (cfgOf (last tr)) = c1’|| c2’ A fst (¢fgOf (last tr1)) = c1’
A fst (cfgOf (last tr2)) = c2’
using assms proof (induct tr arbitrary: trl tr2 c1 c2)
case Nil
then show ?case by blast
next
case (Cons a tr)
show ?case proof (cases tr = [])
case True
then have fst(cfgOf (last (a # tr))) = c¢1 || ¢2 using Cons.prems(3) by
simp
moreover have fst (cfgOf (last tr1)) = cl fst (cfgOf (last tr2)) = c2 using
Cons.prems(7, 8,9,10)
by (metis True last-cfgOf-hd length-0-conv length-Suc-conv list.exhaust-sel
list.inject n-not-Suc-n)+
ultimately show ¢thesis by blast
next
case ne: Fulse
then have net!: tl (tr1) # || and net2: tl (tr2) # [] using Cons.prems(9,10)
by (metis Cons.prems(2) Nitpick.size-list-simp(2) Suc-inject length-0-conv
length-Cons)+
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obtain cif c2f where trf: fst (cfgOf (hd tr)) = c1f || c2f and trif: fst (cfgOf
(hd (tl tr1))) = c1f and tr2f: fst (cfgOf (hd (tl tr2))) = c2f
proof (cases isS (hd tr))
case True
have isstepcond: isStepLeft (a # tr) trl 0 isStepRight (a # tr) tr2 0 using
Cons.prems(14) ne by simp-all
have is51: isS ((a # tr) ! Suc 0) using True
by (simp add: hd-conv-nth ne)
have step: c¢fgOf a — cfgOf (hd tr) using True
by (simp add: Cons.prems(1) ne trace-Cons-isS)
moreover have fst (c¢fgOf a) = c1 || ¢2 using Cons.prems(3) by simp
moreover have — final (¢fgOf (hd tr)) using trace-not-Done-last Cons.prems(4)
ne
by (metis Cons.prems(1) Cons.prems(2) cfgOf-hd hd-Cons-tl list.sel(3)
nth-Cons-Suc tl-ne-imp-length-tr)
ultimately consider (par1) (3 ¢’. (c1, (snd (c¢fgOf (a)))) — (¢’, (snd (c¢fgOf
(hd 1)) A fot (efgOF (hd 1)) = (' || ¢2)) |
(par2) (3 . (c2, (snd (cfyOf (a)))) — (¢', (snd (cfgOF (hd 1)) A it
(cfgOf (hd 1)) = (c1 || <)
using par-cases|[of ¢l ¢2 snd (cfgOf a) cfgOf (hd tr)] final-iff-Done by (metis
split-pairs)
then show ?thesis proof (cases)
case parl
then obtain ¢’ where ¢’ (¢, snd (c¢fgOf a)) — (¢, snd (cfgOf (hd tr)))
fst (cfgOf (hd tr)) = ¢’ || c2
by blast
then have ¢’ # cI using small-step-diff by auto
moreover have fst (c¢fgOf ((a # tr) ! Suc 0)) = ¢’ || ¢2 using ¢(2) by
(simp add: hd-conv-nth ne)
moreover have fst (¢fgOf ((a # tr) ! 0)) = ¢l || ¢2 using Cons.prems(3)
by simp
ultimately have ¢’1: isS (tr1 | Suc 0) fst (c¢fgOf (tr1 ! Suc 0)) = ¢’
using isS1 isstepcond(1)[unfolded isStepLeft-def, rule-format, of ¢’ c1 c2]
by blast+
then have isE (tr2 | Suc 0) using Cons.prems(13) unfolding isSiff-def
by (metis acfyg.distinct-disc(2) isS1 list.collapse list.sel(3) ne tl-ne-imp-length-tr)
then have fst (c¢fgOf (tr2 ! Suc 0)) = ¢2
by (metis Cons.prems(6) Cons.prems(8) hd-conv-nth isE-iff list.exhaust-sel
net2 tl-Nil tl-ne-imp-length-tr)
then show ?thesis using that[of ¢’ ¢2] ¢'(2) ¢'1(2)
by (metis hd-Cons-tl hd-tl-eq netl net2)
next
case par2
then obtain ¢’ where ¢’ (¢2, snd (cfgOf a)) — (c/, snd (cfgOf (hd tr)))
fst (cfgOf (hd tr)) = cl || ¢’
by blast
then have ¢’ # c2 using small-step-diff by auto
moreover have fst (cfgOf ((a # tr) ! Suc 0)) = ¢l || ¢’ using ¢(2) by
(simp add: hd-conv-nth ne)
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moreover have fst (c¢fgOf ((a # tr) ! 0)) = c1 || c2 using Cons.prems(3)
by simp
ultimately have ¢’2: isS (tr2 | Suc 0) fst (cfgOf (¢r2 ! Suc 0)) = ¢’
using isS1 isstepcond(2)[unfolded isStepRight-def, rule-format, of ¢’ ¢2
c1] by blast+
then have isE (tr1 ! Suc 0) using Cons.prems(13) unfolding isSiff-def
by (metis acfg.distinct-disc(2) isS1 list.collapse list.sel(3) ne ti-ne-imp-length-tr)
then have fst (c¢fgOf (tr1 ! Suc 0)) = cl
by (metis Cons.prems(5) Cons.prems(7) hd-conv-nth isE-iff list.exhaust-sel
netl tl-Nil tl-ne-imp-length-tr)
then show ?thesis using that[of c1 ¢] ¢'(2) ¢'2(2)
by (metis hd-Cons-tl hd-tl-eq netl net2)
qed
next
case Fulse
then have e: isE (hd tr)
using acfg.exhaust-disc by blast
then have isE (hd (tl tr1)) isE (hd (¢l tr2)) using Cons.prems(12)[of Suc
0] netl net2
by (metis Cons.prems(9) hd-Cons-tl hd-tl-eq ne nth-Cons-0 nth-Cons-Suc
tl-ne-imp-length-tr)+
then have fst (c¢fgOf (hd (tl tr1))) = cl fst (c¢fgOf (hd (tl tr2))) = 2
using e Cons.prems(3) Cons.prems(1) ne trace-Cons-isE netl net2
Cons.prems(5, 6,7,8)
by (metis list.collapse tl-Nil)+
moreover have fst (c¢fgOf (hd tr)) = c1 || ¢2 using e Cons.prems(3)
Cons.prems(1) ne trace-Cons-isE by auto
ultimately show ?thesis using that[of c1 c¢2] by blast
qed
have (Ai. Suc i < length tr = isStepLeft tr (tl trl) i A isStepRight tr (tl tr2)
i)
proof —
fix ¢ assume Suc i < length tr
then have [t: (Suc (Suc i) < length (a # tr) by simp
then have isStepLeft (a # tr) tr1 (Suc i) A isStepRight (a # tr) tr2 (Suc i)
using Cons.prems(14) by blast
then show isStepLeft tr (tl tr1) i A isStepRight tr (tl tr2) i
using It isStepLeftTail isStepRightTail Cons.prems(9,10) by metis
qed
moreover have (Ai. ¢ < length tr = isSiff tr (¢t tr1) (¢l tr2) i)
using sSiffTail[of tr1 a tr tr2 -] Cons.prems(13) Cons.prems(9,10) ne by
simp
moreover have (Ai. i < length tr = isE (tr ! i) = (isE ((tl tr1) ! i) N isE
(¢ tr2 1 0)))
using Cons.prems(12) Cons.prems(9,10) ne
by (smt (verit) Ez-less-Suc length-Suc-conv less-trans-Suc list.sel(3) nth-tl)
moreover have (A\i. i < length tr = snd (cfgOf (tr ! 7)) = snd (cfgOf ((¢
tr1) 1 9)) A snd (cfgOf (tr ! i) = snd (cfgOf ((¢l tr2) ! 7))

proof (intro congl)
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fix 7 assume a: i < length tr
then have eqi: tr ! i = (a # tr) ! (Suc i) (t1tr1 1 i) = tr1 | (Suc i) (t tr2 !
i) = tr2 ! (Suc 7)
by ( simp) (metis neq-Nil-conv netl tl-eq-nth net2)+
then show snd (cfgOf (tr! i) = snd (cfgOf (¢t tr1!i)) using Cons.prems(11)
a by fastforce
from eqi show snd (cfgOf (tr ! i) = snd (cfgOf (¢ tr2 ! {)) using
Cons.prems(11) a by fastforce
qed
moreover have length tr = length (tl tr1) length tr = length (il tr2)
using Cons.prems(9,10) by simp-all
moreover have trace (tl tr1) trace (tl tr2)
using Cons.prems(5,6) tl-trace by simp-all
moreover have trace tr using Cons.prems(1) tl-trace by fastforce
moreover have — local.final (c¢fgOf (last tr)) using Cons.prems(4)
by (simp add: ne)
ultimately obtain c1’ ¢2’ where fst (c¢fgOf (last tr)) = c1’ || 2’
and fst (c¢fgOf (last (tl¢r1))) = c1’ and fst (cfgOf (last (¢ tr2))) = c2’
using Cons.hyps[of c1f c2f tl tr1 tl tr2] trif tr2f ne trf by blast
then show #“thesis using ne netl net2
by (simp add: last-tl)
qed
qed

lemma trace-Par-strong:
assumes tr: trace tr and ntr: tr # [| and c¢: fst (¢fgOf (hd tr)) = c1 || ¢2 and
= final (c¢fgOf (last tr))
shows 3 tr1 tr2 . trace trl A trace tr2 A fst (cfgOf (hd tr1)) = c1 A fst (c¢fgOf
(hd tr2)) = c2
A length tr = length tr1 A length tr = length tr2
A ((fst (cfgOf (last tr)) = Done || Done) +— final (cfgOf (last tr1)) A final
(cfgOf (last tr2))) A
(V i < length tr . snd (cfgOf (tr ! i) = snd (cfgOf (tr1 ! 7)) A snd (cfgOf (tr
14)) = snd (cfgOf (tr2 ! 7))
A (Y i < length tr . isE (tr | i) <— isE (tr1 1 i) A isE (tr2 ] Q)
A (Y i < length tr . isSiff tr trl tr2 )
A
(V i. Suc i < length tr — isStepLeft tr tr1 i A isStepRight tr tr2 i)
using assms proof (induct tr arbitrary: c1 c2 rule: rev-induct)
case Nil
then show ?case by blast
next
case (snoc z zs)
then show ?case proof (cases xs # [])
case notempty: True
moreover have trzs: trace zs using snoc.prems trace-ConsL by simp
moreover have frs: fst (cfgOf (hd xs)) = ¢l || c2
using notempty snoc.prems(3) by auto
moreover have finzs: = local.final (cfgOf (last zs)) using snoc.prems(4) using
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trace-not-Done-last
by (metis acfg.disc(1) acfg.disc(4) cfgOf.elims final-iff-Done last-snoc lo-
cal.final-def notempty snoc.prems(1) trace-snoc-E trace-snoc-S)
ultimately obtain tr! {r2 where tracel: trace tr1 and trace2: trace tr2 and
fst1:
fst (cfgOf (hd tr1)) = c1 and fst2: fst (cfgOf (hd tr2)) = c¢2 and lenl: length
zs = length tri
and len2: length xs = length tr2 and (fst (cfgOf (last xzs)) = Done || Done) =
(local.final (cfgOf (last tr1)) A local.final (cfgOf (last tr2)))
and sndeq: \ i. i<length ts —
snd (cfgOf (xs ! @) = snd (cfgOf (tr1 ! i) A snd (cfgOf (zs ! i) = snd
(cfyOF (12 1 1))
and isEeq: N\ i .0 < length zs = isE (xs 1 9) = (isE (tr1 1 ) A isE (tr2 | 7))
and isSeq: \ i .i < length xs = isSiff xs trl tr2 i
and isStep: (N i. Suc i < length xs = isStepLeft xs tr1 i A isStepRight s tr2 1)
using snoc.hyps by blast
then obtain ¢!’ ¢2’ where lastc1c2: fst (cfgOf (last xs)) = c¢1’ || ¢2’ and
lasttrl: fst (cfgOf (last tr1)) = c1’ and lasttr2:fst (cfgOf (last r2)) = c2’
using trace-Par-helper|of xs c1 ¢2 trl tr2] trzs finzs fxs by fastforce
have indezxs: \ i . i < length xs = (xzs Q [z]) ! i = zs ! i
by (metis butlast-snoc nth-butlast)
have notfinz: — final (c¢fgOf (z)) using snoc.prems(4) by simp
then show ?thesis proof (cases isS )
case isSz: True
then have (cfgOf (last zs)) — cfgOf z using trace-snoc-S snoc.prems(1)
notempty by simp
then have split: (3 ¢’ . (c1’, (snd (cfgOf ((last zs))))) — (¢', (snd (cfgOf
(#))) A cfgOf () = (¢' || c2', (snd (cfgOf () V
(3 ¢’ (c2", (snd (cfgOf ((last 5))))) — (¢!, (snd (cfgOf (2))) A cfoOf (2)
— (et || ¢, (snd (cfgOf (2)))))
using par-cases[of c1’ c2' (snd (cfgOf (last xs))) cfgOf x| notfinz lastcic2
by (metis final-iff-Done2 split-pairs)
show ?thesis proof (cases (3 ¢’. (c1’, (snd (cfgOf ((last xs))))) — (c', (snd
(efgOF (2)))) A cfgOF (2) = (' || 2", (snd (cfgOF (x)))))
case parl: True
then obtain ¢’ where stepl: (c1’, (snd (cfgOf ((last zs))))) — (¢/, (snd
(cfgOf ())))
and eql: cfgOf (z) = (c¢"|[| c2', (snd (c¢fgOf (2))))
by blast
define z1 where z1 = S (¢/, (snd (cfgOf (z))))
define 22 where 22 = E (c2/, (snd (cfgOf (2))))
have trsingl: trace [x1] trace [z2] unfolding trace-def by auto
define tr1’ where tr1’ = tr1 Q [z1]
define ¢r2’ where tr2’' = tr2 Q [22]
have c¢fgOf (last tr1) = (c1’, (snd (cfgOf ((last zs))))) using sndeg[of
length xs — 1] lenl lasttrl last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have tr1": trace tr1’ unfolding tr1’-def using trace-append|rule-format,of
trl [z1]] trsingl(1) tracel unfolding x1-def
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using stepl by simp
have c¢fgOf (last tr2) = (c2’, (snd (cfgOf ((last zs))))) using sndeg[of
length xs — 1] len2 lasttr2 last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have trace tr2’ unfolding ¢r2’-def using trace-append|rule-format,of
tr2 [x2]] trsingl(2) trace2 unfolding xz2-def by simp
moreover have fst (¢fgOf (hd tr1’)) = c¢1 unfolding tr1’-def using fst1
by (metis append-eq-append-conv append-self-conv2 hd-append lenl notempty)
moreover have fst (¢fgOf (hd tr2’)) = c¢2 unfolding tr2’-def using fst2
by (metis append-eg-append-conv append-self-conv2 hd-append len2 notempty)
moreover have length (zs @ [z]) = length tr1’ length (zs Q [z]) = length
tr2’
unfolding tr1’-def tr2'-def using lenl len2 by simp-all
moreover have (fst (¢fgOf (last (zs @ [z]))) = Done || Done) = (local.final
(cfgOf (last tr1’)) A local.final (cfgOf (last tr2’)))
unfolding tri1’-def tr2’-def x1-def r2-def using eql
by (metis Par-done-seq cfgOf.simps(1) cfgOf.simps(2) final-iff-Done
fst-conv last-snoc par-not-seq)
moreover have (A i . i<length (zs Q [z]) = snd (cfgOf ((zs Q [z]) ! 7))
= snd (cfgOf (tr1’!4)) A snd (cfgOf ((xzs @Q [2]) ! ©)) = snd (cfgOf (tr2'! 7))
unfolding tr1’-def tr2’-def using sndegsnoclof - xs x trl tr2 z1 z2] lenl
len2 sndeq x1-def x2-def by fastforce
moreover have (A 7 .i<length (zs Q [z]) = isE ((xs Q [z]) ! i) = (isE
(tr1'V9) AdsE (tr2' 1 7))
unfolding ¢r1'-def tr2’-def using isFeq lenl len2 isEiffsnoc|of tr1 zs tr2
-z xl 22)
by (metis acfg.disc(1) acfg.distinct-disc(1) isSz length-append-singleton
x1-def)
moreover have (A i. i<length (xs Q [z]) = isSiff (xs Q [z]) tr1’ tr2' %)
unfolding tr1’-def tr2’-def using isSiffsnoc[of trl xs tr2 - x z1 x2)] isSz
isSeq lenl len2 z1-def x2-def by simp
moreover have (/A i. Suc { < length (zs Q [z]) = isStepLeft (zs Q [z])
tr1’ i A isStepRight (zs Q [z]) tr2’ i)
unfolding tr1’-def tr2’-def using isStepLeftsnoc|of trl xs - x c¢1’ ¢2' ¢’
zl] isSz
isStepRightsnoclof tr2 xs - x ¢1’ ¢2' c2' x2] lenl len2 isStep lastclc2
by (metis eql old.prod.inject prod.collapse x1-def)
ultimately show ?thesis using trl’ by blast
next
case Fulse
then have par2: (3 ¢’ (¢2’, (snd (c¢fgOf ((last x5))))) — (¢/, (snd (cfgOf
() A ¢fgOf (z) = (c1"|| ¢’ (snd (cfgOf (x)))))
using split by blast
then obtain ¢’ where step1: (c2’, (snd (cfgOf ((last zs))))) — (¢, (snd
(cfaOF (2))))
and eql: cfgOf (z) = (c1'|| ¢/, (snd (cfgOf (2))))
by blast
define z1 where 1 = E (c1’, (snd (c¢fgOf (2))))
define 22 where 22 = S (¢/, (snd (cfgOf (x))))
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have trsingl: trace [x1] trace [z2] unfolding trace-def by auto
define tr1’ where tr1’ = ir1 Q [z1]
define {r2’ where tr2' = r2 Q [22]
have c¢fgOf (last tr1) = (c1’, (snd (cfgOf ((last x5)))))
using sndeg[of length zs — 1] lenl lasttr! last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have tr1": trace tr1 ' unfolding tr1’-def using trace-append|[rule-format,of
trl [z1]]
trsingl(1) tracel unfolding zI-def by simp
have cfgOf (last tr2) = (c2’, (snd (cfgOf ((last xs))))) using sndeq[of
length xs — 1] len2 lasttr2 last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have trace tr2’ unfolding ¢r2’-def using trace-append|rule-format,of
tr2 [x2]] trsingl(2) trace2
unfolding z2-def using step! by simp
moreover have fst (¢fgOf (hd tr1’)) = c¢1 unfolding tr1’-def using fst1
by (metis append-eq-append-conv append-self-conv2 hd-append lenl notempty)
moreover have fst (¢fgOf (hd tr2’)) = ¢2 unfolding tr2’-def using fst2
by (metis append-eq-append-conv append-self-conv2 hd-append len?2 notempty)
moreover have length (zs @ [z]) = length tr1’ length (zs Q [z]) = length
tr2’
unfolding tr1’-def tr2'-def using lenl len2 by simp-all
moreover have (fst (c¢fgOf (last (zs @ [z]))) = Done || Done) = (local.final
(cfgOf (last tr1’)) A local.final (cfgOf (last tr2')))
unfolding tri1’-def tr2'-def x1-def T2-def using eql
by (metis Par-done-seq cfgOf.simps(1) cfgOf.simps(2) final-iff-Done
fst-conv last-snoc par-not-seq)
moreover have (A ¢ . i<length (zs Q [z]) = snd (cfgOf ((zs Q [z]) ! 7))
= snd (cfgOf (tr1’ ! 4)) A snd (cfgOf ((zs @ [z]) ! i) = snd (cfgOf (tr2'14)))
unfolding ¢r1’-def tr2’-def using sndegsnoclof - xs x trl tr2 z1 z2] lenl
len2 sndeq x1-def x2-def by fastforce
moreover have (A i .i<length (zs Q [z]) = isE ((xs Q [z]) ! i) = (isE
(tr1' Vi) N isE (tr2') 7))
unfolding t¢r1'-def tr2’-def using isFeq lenl len2 isEiffsnoc|of trl zs tr2
-z zl 2]
by (metis acfg.disc(1) acfg.distinct-disc(1) isSx length-append-singleton
z2-def)
moreover have (A i. i<length (zs Q [z]) = isSiff (xs Q [z]) ¢tr1’ tr2’ )
unfolding tr1’-def tr2’-def using isSiffsnoc[of tr1 zs tr2 - z x1 z2] isSz
isSeq lenl len2 x1-def x2-def by simp
moreover have (A i. Suc { < length (zs Q [z]) = isStepLeft (zs @Q [x])
tr1’ i A isStepRight (xs Q [z]) tr2’ i)
unfolding tr1’-def tr2’-def using isStepLeftsnoc[of trl zs - x c1' c2' c1’
z1] isSx
isStepRightsnoclof tr2 xs - z c¢1’ ¢2' ¢’ 2] lenl len2 isStep lastc1c2
by (metis eql old.prod.inject prod.collapse x2-def)
ultimately show ?thesis using tr1’ by blast
qed
next
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case Fulse
then have isEzx: isE x using acfyg.erhaust-disc by auto
then have eql: cfgOf (z) = (c1'|| ¢2’, (snd (cfgOf (z))))
by (metis lastc1c2 notempty prod.exhaust-sel snoc.prems(1) trace-snoc-E)
define z1 where z1 = E (c1’, (snd (cfgOf (z))))
define 72 where z2 = E (c2’, (snd (cfgOf (z))))
have trsingl: trace [x1] trace [z2] unfolding trace-def by auto
define tr1’ where tri’ = tr1 Q [21]
define {r2’ where tr2’' = tr2 Q [22]
have cfgOf (last tr1) = (c1’, (snd (cfgOf ((last xs)))))
using sndeq[of length zs — 1] lenl lasttr! last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have tr1’: trace tr1’ unfolding tr1’-def using trace-append|rule-format,of
trl [z1]]
trsingl(1) tracel unfolding zI-def by simp
have c¢fgOf (last tr2) = (c2’, (snd (cfgOf ((last xs))))) using sndeq[of length
xs — 1] len2 lasttr2 last-conv-nth notempty
by (metis diff-less length-greater-0-conv split-pairs zero-less-one)
then have trace tr2’ unfolding tr2’-def using trace-append|rule-format,of
tr2 [x2]] trsingl(2) trace2
unfolding z2-def by simp
moreover have fst (c¢fgOf (hd tr1’)) = cI unfolding tr1’-def using fst1
by (metis append-eq-append-conv append-self-conv2 hd-append lenl notempty)
moreover have fst (¢fgOf (hd tr2’)) = ¢2 unfolding tr2’-def using fst2
by (metis append-eq-append-conv append-self-conv2 hd-append len2 notempty)
moreover have length (zs Q [z]) = length tr1’ length (zs Q [z]) = length
tr2’
unfolding tr1’-def tr2’-def using lenl len2 by simp-all
moreover have (fst (¢fgOf (last (zs @Q [z]))) = Done || Done) = (local.final
(cfgOf (last tr1’)) A local.final (cfgOf (last tr2')))
unfolding tr1’-def tr2'-def x1-def z2-def using eql
by (metis Par-done-seq c¢fgOf.simps(2) final-iff-Done fst-conv last-snoc
par-not-seq)
moreover have (A i . i<length (zs @ [z]) = snd (cfgOf ((zs Q [z]) ! 7))
= snd (cfgOf (tr1’!4)) A snd (cfgOf ((zs @ [z]) ! 7)) = snd (cfgOf (¢r2'! 7))
unfolding tr1’-def tr2’-def using sndegsnoc|of - xs © trl tr2 z1 z2] lenl
len2 sndeq x1-def x2-def by fastforce
moreover have (A i .i<length (zs Q [z]) = isE ((zs Q [z]) | ) = (isE
(tr1'V i) A isE (tr2') 7))
unfolding ¢r1’-def tr2’-def using isFeq lenl len2 isFiffsnoc|of trl xs tr2 -
x x1 22] z1-def 12-def isEx by auto
moreover have (A i. i<length (zs Q [z]) = isSiff (zs Q [z]) tr1’ tr2’ Q)
unfolding tr1’-def tr2’-def using isSiffsnoc[of tr1 xs tr2 - x x1 z2] isEx
isSeq lenl len2 z1-def £2-def by auto
moreover have (A i. Suc i < length (zs Q [z]) = isStepLeft (zs Q [z]) tr1’
i A isStepRight (zs @Q [z]) tr2' 7)
unfolding tri’-def tr2’-def using isStepLeftsnoc[of tr1 zs - © c1' ¢2' c1’
x1] isEx
isStepRightsnoc[of tr2 xs - x c¢1' ¢2'] lenl len2 isStep lastc1c2 by (metis
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eql old.prod.inject prod.collapse)
ultimately show ?thesis using tr1’ by blast
qed
next
case False
define tr1’ where tr1’ = (if (isE x) then [ E (cl1, snd (c¢fgOf ()))] else [ S
(c1, snd (cfgOf ()
define ir2’ where tr2' = [ E (c2, snd (c¢fgOf (z)))]
have trace tr1’ trace tr2’ unfolding tr1’-def tr2’-def by simp-all
moreover have fst (cfgOf (hd tr1’)) = c1 fst (cfgOf (hd tr2’)) = c2
unfolding tri1’-def tr2'-def by simp-all
moreover have length (zs @ [z]) = length trl'length (xs Q [z]) = length tr2’
using False unfolding ¢r1’-def tr2’-def by simp-all
moreover have (fst (¢fgOf (last (zs @Q [z]))) = Done || Done) = (local.final
(cfgOf (last tr1’)) A local.final (cfgOf (last tr2’)))
using Fulse unfolding tri1’-def tr2’-def using snoc.prems(3) final-iff-Done
by auto
moreover have (Vi<length (zs @ [z]). snd (cfgOf ((zs @ [z]) ! ©)) = snd
(cfgOF (1r1" 1 1))
A snd (cfgOf ((xs Q [z]) ! ©)) = snd (cfgOf (tr2'! 7))
unfolding tr1’-def tr2’-def using False by simp
moreover have (Vi<length (xs @Q [z]). isE ((zs Q [z]) ! i) = (isE (tr1’ ! i) A
isE (tr2' 1 1)))
unfolding ¢r!’-def tr2’-def using False by simp
moreover have (A i . i<length (zs Q [z]) = isSiff (zs Q [x]) tr1’ tr2’ i)
unfolding isSiff-def
proof —
fix ¢ assume i<length (zs Q [z])
then have eq: i = 0 using Fulse by simp
have isS (z) = (isS (tr1'! 0) A isE (tr2' 1 0) V isE (tr1'! 0) A isS (tr2’ !

0))
using tr1’-def tr2’-def acfg.exhaust-disc by auto
then show isS ((zs Q [z]) | ) = (isS (tr1’ Vi) A isE (tr2' Vi) V isE (tr1'!
i) A isS (tr2' ! i)
using eq False by auto
qed
moreover have (Vi. Suc i < length (zs Q [z]) — isStepLeft (zs @ [z]) tr1’ i
A isStepRight (xs Q [z]) tr2’ i)
using Fualse by simp
ultimately show ¢thesis by blast
qed
qged

lemma trace-Par:

assumes tr: trace tr and ntr: tr # [| and c: fst (c¢fgOf (hd tr)) = c1 || ¢2 and
= final (cfgOf (last tr))

shows 3 tr1 tr2 . trace trl A trace tr2 A fst (cfgOf (hd tr1)) = c1 A fst (cfgOf
(hd tr2)) = 2

A length tr = length tr1 A length tr = length tr2
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A ((fst (cfgOf (last tr)) = Done || Done) <— final (cfgOf (last tr1)) A final
(cfgOf (last tr2))) A
(V i < length tr . snd (cfgOf (tr ! i) = snd (cfgOf (tr1 ! %)) A snd (cfgOf (tr
1'D)) = snd (cfgOf (tr2 ! 7))
A (Y @ < length tr . isE (tr | i) «— isE (tr1 1 9) A isE (tr2 ! 7))
A (Y i< length tr . isSiff tr trl tr2 i)
using trace-Par-strong assms by blast

end

end

6 Abstract Rely-Guarantee Satisfaction

This theory defines the core concepts of trace satisfiability for rely-guarantee
reasoning, including precondition, postcondition, rely, and guarantee satis-
faction over interactive traces.

theory RG-Abstract
imports RG-Inversion-Rules
begin

context Step
begin

definition satPre :: (‘com, 'state) acfy list = ('state = bool) = bool where
satPre tr P = P (snd (cfgOf (hd tr)))

definition satPost :: (‘com, 'state) acfg list = ('state = bool) = bool where
satPost tr Q = final (cfgOf (last tr)) — Q (snd (cfgOf (last tr)))

definition satRely :: (‘com, 'state) acfg list = ('state = 'state = bool) = bool
where
satRely tr R = Vi. Suc i < length tr A isE (tr!(Suc 7)) — R (snd (cfgOf (tr!i)))

(snd (cfgOf (tr!(Suc 1))))

definition satGuar :: (‘com, 'state) acfg list = ('state = 'state = bool) = bool
where
satGuar tr G =Y i. Suc i < length tr A isS (tr!(Suc 7)) — G (snd (cfgOf (irli)))

(snd (cfgOf (tr!(Suc ))))
lemmas satPost-defs = satPost-def lift2-def

definition sat :: ‘com =
('state = bool) =
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('state = bool) =
('state = 'state = bool) =
('state = 'state = bool) =
bool where
sat ¢ P Q R G =V s tr. trace tr A tr # [] A cfgOf (hd tr) = (c,8) A
satPre tr P N\ satRely tr R — satPost tr Q A satGuar tr G

lemma satPre-take: satPre tr P => { > 0 = satPre (take i tr) P
unfolding satPre-def by auto

lemma satPre-triv[simp|:tr#[] = cfgOf (hd tr) = (¢, s) = satPre tr P = P
s by (simp add: hd-conv-nth satPre-def)
lemma satPre-True[simp|:satPre tr (Aa. True) unfolding satPre-def by simp

lemma satPrel[intro|:P 0 = satPre [S (¢, 0)] P unfolding satPre-def by auto
lemma satPostE[elim]:satPost [S (¢, 0)] @ = final (¢, 0) = @ o unfolding
satPost-def by auto

lemma satRely-not-isE-snoc: satRely tr R = — isE acfg = satRely (tr Q [acfq])
R

unfolding satRely-def

by simp (metis Suc-lessI nth-append nth-append-length)

lemma satRely-isS-snoc: satRely tr R = isS acfg = satRely (tr Q [acfg]) R
using satRely-not-isE-snoc by blast

lemma satRely-isS-take: i < length tr —
satRely (take i tr) R = isS (trli) = satRely (take (Suc 7) tr) R
by (simp add: satRely-isS-snoc take-Suc-conv-app-nth)

lemma satRely-tl:satRely tr R = satRely (il tr) R unfolding satRely-def
using Suc-lel Suc-lessD diff-Suc-eq-diff-pred diff-diff-cancel
diff-less-Suc length-tl less-trans-Suc not-less-less-Suc-eq nth-tl
by (smt (verit, ccfv-SIG))

lemma satRely-tl":satRely (a#ttr) R = satRely tr R
using satRely-tl by fastforce

lemma satRely-isE[simp]:filter isE tr = [| = satRely tr R by (metis satRely-def
empty-filter-conv nth-mem)

lemma satRely-introS:satRely tr R = cfgOf(hd tr) = (c¢’,s’) = satRely (S (c,
s)# S (¢, 8"y # tltr) R
apply(frule satRely-tl, unfold satRely-def, clarsimp)
subgoal for ¢ apply(cases i, simp)
subgoal for i’ apply(cases i’, simp-all)
by (metis Nitpick.size-list-simp(2) Suc-lessD Suc-less-eq cfgOf-hd length-greater-0-conv
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nth-tl snd-conv) . .

lemma satRely-introE:R s s' = ¢fgOf (hd tr) = (¢, ') = satRely tr R =>satRely
(E (¢, 8) # E (¢, s) # tltr) R

apply/(cases tl tr, simp-all add: satRely-def, clarify)

subgoal for z zs i apply(cases i, simp)

subgoal for i’ apply—apply(erule allE[of - i], erule impFE)

subgoal by (metis tl-eqg-nth Nitpick.size-list-simp(2) length-Cons list.discI

nth-Cons-Suc tl-Nil)

subgoal by (metis (no-types, opaque-lifting) list.sel(2) neg-Nil-conv cfgOf.simps(2)

cfgOf-hd not0-implies-Suc nth-Cons-0 nth-Cons-Suc tl-eq-nth)

lemma satRely-split1:
assumes satRely tr R
assumes tr = trl Q {r2
shows satRely tr1 R
unfolding satRely-def
proof (intro alll impl conjI)
fix 7 assume Suc i < length tr1 A isE (trl | Suc 7)
moreover have trl | i = tr ! i using assms
by (metis «Suc i < length tr1 A isE (trl ! Suc i)s diff-Suc-1 less-imp-diff-less
nth-append)
moreover have ¢r1 ! (Suc i) = tr ! (Suc i) using assms
by (metis <Suc i < length tr1 A isE (trl ! Suc i)> nth-append)
ultimately show R (snd (cfgOf (tr1 !4))) (snd (cfgOf (tr1 ! Suc 7)))
using assms(1) unfolding satRely-def
by (simp add: assms(2))
qed

lemma satRely-split2:
assumes satRely tr R
assumes tr = trl Q ¢r2
shows satRely tr2 R
unfolding satRely-def
proof (intro alll impl conjI)
fix ¢ assume a: Suc i < length tr2 A isE (tr2 ! Suc i)
moreover have tr2 ! i = tr | (length tr1 + i) using assms
nth-append-length-plus by simp
moreover have tr2 | (Suc i) = tr ! (length trl + Suc i) using assms
nth-append-length-plus a by metis
ultimately show R (snd (cfgOf (tr2 ! 4))) (snd (cfgOf (tr2 ! Suc 7)))
using assms(1) unfolding satRely-def
by (metis add-Suc-right assms(2) length-append nat-add-left-cancel-less)
qed
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lemmas satRely-split = satRely-split] satRely-split2

lemma satPost-hd-rmuS:tr # [| = ¢fgOf (hd tr) = (¢’, s') => satPost ([S (¢,s),5
(¢';s")] @ tl tr) @ = satPost tr Q
unfolding satPost-def by(cases tl tr = [|,simp-all add: last-tl last-cfgOf cfgOf-hd)

lemma satPost-hd-rmvE:tr # [| = ¢fgOf (hd tr) = (¢', s') = satPost ([E
(¢,8),E (¢';s] @Q tl tr) Q@ = satPost tr Q

unfolding satPost-def by(cases tl tr = [],simp-all add: last-tl last-cfgOf lift2-def
cfgOf-hd)

lemma satGuar-hd-rmvS:cfgOf (hd tr) = (¢/, s') = satGuar ([S (c,s),S (c¢’,s")]
Q ¢ tr) G = satGuar tr G
unfolding satGuar-def apply clarify
subgoal for i unfolding satGuar-def
apply—apply(erule allE[of - Suc i|, erule impFE)
subgoal by/(cases tr, auto)
subgoal by/(cases tr, simp-all,cases i, simp-all) . .

lemma satGuar-hd-rmuE:cfgOf (hd tr) = (¢', 8') = satGuar ([E (c,$),E (¢',s')]
Q ¢l tr) G = satGuar tr G
unfolding satGuar-def apply clarify
subgoal for { unfolding satGuar-def
apply—apply(erule allE[of - Suc i], erule impE)
subgoal by/(cases tr, auto)
subgoal by/(cases tr, simp-all,cases i, simp-all) . .

lemma satPost-hd-add:tr = © # s = ¢fgOf © = (¢’, s') = satPost tr Q =
trace (a # tr) = cfgOf a = (¢, s) = satPost (a # tr) Q
unfolding satPost-def by simp

lemma satGuar-hd-add:tr = ¢ # xs = ¢fgOf x = (¢/, s') = ¢fgOf a = (¢, 3)
=
trace (a # tr) = satGuar tr G = (z = S (¢';s") — G s s)
= satGuar (a # tr) G
unfolding satGuar-def apply (clarsimp)
subgoal for i by(cases i, auto simp: c¢fgOf-isS cfgOf-isE) .

lemma satGuar-not-isS-snoc: satGuar tr G = — isS acfg = satGuar (tr Q
lacfg)) G
unfolding satGuar-def by simp (metis Suc-lessI nth-append nth-append-length)

lemma satGuar-isE-snoc: satGuar tr G = isE acfg = satGuar (tr Q [acfg]) G
using satGuar-not-isS-snoc by blast
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lemma G-intro:\i ¢ ¢'. c¢fgOf (tr ! i) = (¢,s) = tr ! Suc i = S (¢',s") = Suc
i < length tr = satGuar tr G = G s s’
unfolding satGuar-def by auto

definition reduced-sat ¢fg @ R G =V tr . trace tr A tr # [] A ¢fgOf (hd tr) =

cfg N
satRely tr R — satPost tr Q A satGuar tr G

lemma reduced-sat-sat: (\ s . P s = reduced-sat (¢, s) Q@ R G) = sat ¢ P Q
R G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma sat-reduced-sat: sat ¢ P Q R G = P s = reduced-sat (¢, s) Q R G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma reduced-sat-iff: (V s . P s — reduced-sat (¢, s) Q R G) <— sat ¢ P Q R
G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma reduced-sat-relQ: reduced-sat cfg @ R G = snd cfg = s = reduced-sat
cfg QR G

unfolding reduced-sat-def

by (simp add: lift2-def satPost-def)

lemma satPre-hd[simp]:cfgOf a = (¢,s) = P s = satPre (a # tr) P by (simp
add: satPre-def trace-def)

lemma sat-step-G:P s = (¢, s) = (¢/, ') = sat c P QR G = G s s’
unfolding sat-def
apply(erule allE[of - 5], erule allE]of - [S (¢,s), S(c',s")]]))
by (simp add: satGuar-def)

lemma reduced-sat-step-G: (¢, s) — (c¢/, s') = reduced-sat (¢, s) Q R G = G
i
58
using reduced-sat-sat sat-step-G by fast

lemma satPost-hd-rmvS2:tr # [| = ¢fgOf (hd tr) = (c¢/, ') = satPost ([S
(¢,8),8 (c',sN] @Q ¢l tr) Q@ = satPost tr Q
unfolding satPost-def by(cases tl tr = [|,simp-all add: last-tl last-cfgOf cfgOf-hd)

lemma reduced-sat-step-pres: reduced-sat (¢, s) @ R G = (¢, s) = (¢/, s') =

reduced-sat (¢, s') @ R G
proof (unfold reduced-sat-def[of (c', s")], intro alll impl, elim conjE, rule conjI)
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fix tr
assume RG-c: reduced-sat (¢, s) @ R G and step: (¢, s) — (¢/, s’) and
tr: trace tr tr # [| c¢fgOf (hd tr) = (¢/, ') and
satRely: satRely tr R
define ¢r’ where tr':tr’ = [S (¢,s),S (¢/, s)] @Q ¢l tr
then have tr-prop: trace tr’ tr' # [| c¢fgOf (hd tr') = (¢, $)
using tr' tr trace-append-hdS-cons by (simp-all add: local.step)
moreover have satRely tr’ R
using tr' satRely-introS satRely tr(3) by auto
ultimately have sat-tr':satPost tr’ Q A satGuar tr’ G
using RG-c unfolding reduced-sat-def
apply—by (erule allE[of - tr'], simp)
then show satPost tr Q)
using tr unfolding ¢r’ apply clarify
by (rule satPost-hd-rmuvS)
show satGuar tr G
using sat-tr’ tr unfolding ¢r’ apply clarify
by (rule satGuar-hd-rmvS)
qed

lemma sat-step-pres:P s —
sat ¢ P Q R G = sat ¢’ (\a. (¢, s) = (¢/,a)) QR G
using reduced-sat-step-pres by (metis reduced-sat-iff)

lemma reduced-sat-env-pres:reduced-sat (¢, s) @ R G = R s s’ = reduced-sat
(¢, s QR G
proof (unfold reduced-sat-def[of (¢, s)], intro alll impl, elim conjE, rule conjl)
fix tr
assume R: R s s’ and
tr: trace tr tr # || ¢fgOf (hd tr) = (¢, s) satRely tr R and
satPG-tr: reduced-sat (¢, s) Q R G
define ¢r’ where tr':tr’ = [E (¢,3),E (¢,8")] Q tl tr
have sat-tr’:satPost tr’' Q A satGuar tr’ G
using tr’ tr trace-append-hdE-cons
R satRely-introE satPG-tr
unfolding reduced-sat-def
apply—by (erule allE[of - tr'], simp)

then show satPost tr @
using tr unfolding tr’ apply clarify
apply—by(rule satPost-hd-rmvE)

then show satGuar tr G
using sat-tr’ tr unfolding tr’ apply clarify

apply—by(rule satGuar-hd-rmvE)
qed

lemma sat-env-pres:P s = sat c P Q R G = R ss' = sat ¢ (Rs) QR G
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using reduced-sat-env-pres by (metis reduced-sat-iff)

lemma sat-final-U:sat ¢ P Q R G = P s = final (¢, s) = @ s
unfolding sat-def
apply(erule allE[of - s],erule allE[of - [S (¢,s)]])
by (simp add: satPost-defs)

lemma reduced-sat-final:reduced-sat (¢, s) @ R G = final (¢, s) = @ s
unfolding reduced-sat-def
apply(erule allE[of - [S (¢,9)]])
by (simp add: satPost-defs)
lemma sat-final:sat ¢ P Q R G = P s = final (¢, s) = @ s
using sat-final-U by blast
lemma satPre-mono: satPre tr P = P < P’ = satPre tr P’

unfolding satPre-def by blast

lemma satRely-mono: satRely tr R = R < R’ = satRely tr R’
unfolding satRely-def by blast

lemma satPost-mono: satPost tr Q' = Q' < Q = satPost tr Q
unfolding satPost-def by blast

lemma satGuar-mono: satGuar tr G' = G' < G = satGuar tr G
unfolding satGuar-def by blast

end

end

7 Unary Rely-Guarantee Soundness

This theory mechanises the soundness proofs of the trace-based semantics
with respect to a standard unary rely-guarantee proof system.

theory RG-Soundness

imports RG-Abstract

begin

context Step

begin

lemma satPre-mono: satPre tr P = P < P’ = satPre tr P’

unfolding satPre-def by blast

lemma satRely-mono: satRely tr R = R < R’ = satRely tr R’
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unfolding satRely-def by blast

lemma satPost-mono: satPost tr Q' = Q' < Q = satPost tr Q
unfolding satPost-def by blast

lemma satGuar-mono: satGuar tr G' = G' < G = satGuar tr G
unfolding satGuar-def by blast

proposition RG-Mono:
assumes sat ¢ P’ Q' R' G’
assumes P< P'R< R G'<GQR'<Q
shows sat c P Q R G
unfolding sat-def
proof (safe)
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (¢, )
and satPre: satPre tr P and satRely: satRely tr R
then have satPre tr P’ satRely tr R' using satPre-mono satRely-mono assms(2,3)
by blast+
then have satPost tr Q' satGuar tr G' using assms(1) unfolding sat-def sat-
Post-def satGuar-def
using cf tr(1) tr(2) by blast+
then show satPost tr Q satGuar tr G using satPost-mono satGuar-mono assms(4,5)
by blast+
qed

end

context SeqParWhileLang
begin

proposition RG-Done:

assumes Ps-RI:V ss’. Ps AN R xxss' — Q s’

shows sat Done P Q R G

unfolding sat-def proof safe
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Done, s)
and satPre: satPre tr P and satRely: satRely tr R

obtain sl where ttr: tr = hd tr # map (As. E (Done,s)) sl
using trace-Done[OF tr] ¢f by auto

have 0: \i. i < length tr => R™xx (snd (Done, s)) (snd (cfgOf (tr'i)))
subgoal for i using c¢f apply(induct 7)
subgoal by (subst ttr, simp)
subgoal for i using satRely tr isE-allSuc|of tr sl i] tir unfolding satRely-def
by auto . .

show satPost tr @
unfolding satPost-def cf proof safe
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assume final (cfgOf (last tr))
have 1: P (snd (Done, s))
using satPre unfolding satPre-def cf lift1-def by simp
have 2: R« (snd (Done, s)) (snd (cfgOf (last tr)))
using 0[of length tr — 1] using tr by (simp add: last-conv-nth)
show @ (snd (cfgOf (last tr)))
using 1 2 Ps-Rl by blast
qed

show satGuar tr G

unfolding satGuar-def using cf apply(subst ttr)

using trace-Done’[OF tr(1), of 0]

by (metis fst-conv hd-conv-nth length-Cons length-map tr(2) acfg.distinct-disc(1)
ttr zero-less-Suc)
qed

proposition RG-Atom:

assumes st: stable P R stable Q R

and Q: imR (As s". s' = evald a s) P < Q

and G: lift1 P N2 (As s’ s' = evald a 5) < G

shows sat (Atom a) P Q R G

unfolding sat-def proof clarify
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Atom a, s)
and satPre: satPre tr P and satRely: satRely tr R

have ttr:

(3sl. tr = hd tr # map (As. E (Atom a,s)) sl) V

(Fsl s" sl'. tr = hd tr # map (As. E (Atom a,s)) sl @ [S (Done,s’)] @ map (As.
E (Done,s)) sl

(is A V ?B)

using trace-Atom[OF tr| cf by auto

hence tir: (YA A = ?B) V ?B by auto

show satPost tr Q A satGuar tr G
using tir proof
assume A: A N - 7B
show ?thesis proof (rule conjI)
show satPost tr @
unfolding satPost-def cf proof safe
assume final (c¢fgOf (last tr))
hence ?B using tir
by (metis (no-types, lifting) Atom cf cfgOf.simps(2) final-def last.simps
last-map list.map-disc-iff)
hence Fulse using A by auto
thus Q (snd (c¢fgOf (last tr))) by auto
qed
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next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume i: Suc i < length tr isS (tr ! Suc @)
show G (snd (cfgOf (tr ! ))) (snd (cfgOf (tr ! Suc 7))
using ¢r(1)[unfolded trace-def, rule-format, of 1]
using i A unfolding isS-def tir
by (metis Suc-less-eq length-Cons length-map nth-Cons-Suc nth-map acfyg.distinct(1))
qed
qed
next
assume ?B
then obtain sl s’ sl’ where tir: tr = hd tr # map (As. E (Atom a,s)) sl @ [S
(Done,s’)] @ map (As. E (Done,s)) sl’
using cf by auto

have [l[simp]: Suc (length sl) < length tr

apply(subst tir) by auto

have [ll[simp]: sl’ # [| = Suc (Suc (length sl)) < length tr
apply(subst ttr) by auto

have isE[simp]: sl’ # [| = isE (tr ! Suc (Suc (length sl)))

using tr(1)[unfolded trace-def, rule-format, of Suc (length sl)] ttr

by simp (metis cfgOf .simps(1) fst-conv length-map U1l nth-Cons-Suc nth-append-length
tr(1) trace-Done-Suc)

define ss where ss = snd (cfgOf (last (hd tr # map (As. E (Atom a,s)) sl)))

have ss: ss = (if sl =[] then s else last sl)

unfolding ss-def by (cases sl, auto simp: last-map cf)

have ss2: ss = (snd (cfgOf (tr!(length sl))))

unfolding ss-def using tir

by (metis (no-types, lifting) append.simps(2) diff-Suc-1 last-conv-nth length-Cons

length-map lessl list.distinct(1) nth-append)

have ss3: c¢fgOf (tr!(length sl)) = (Atom a, ss)

unfolding ss2 using ttr apply (cases cfgOf (tr!(length sl)))

by (smt (verit, del-insts) One-nat-def cf cfgOf .simps(2) diff-Suc-less last-conv-nth

length-greater-0-conv length-map list.size(3) nth-Cons-0 nth-Cons-pos nth-append
nth-map ss ss2)

have s” tr!(Suc (length sl)) = S (Done,s’)
apply(subst tir) by (auto simp: nth-append)
have ss0: snd (cfgOf (tr! 0)) = s

apply(subst tir) by (simp add: cf)
have Ps: P s using satPre unfolding satPre-def using cf by simp
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have 0: Ai. i < Suc (length sl) = R ™xx s (snd (cfgOf (tr!i)))
subgoal for ¢ using c¢f apply(induct 7)
subgoal using ss0 by blast
subgoal using satRely[unfolded satRely-def, rule-format, of i
by (metis (no-types, lifting) Suc-less-eq satRely-def isE-def length-Cons
length-append length-map less-Suc-eq nth-Cons-Suc nth-append nth-map rtran-
clp.rtrancl-into-rtrancl
satRely trans-less-addl ttr) . .
have 00: R™xx s ss using 0[of length sl] unfolding ss2 by simp
then have P0: P ss using st(1) Ps by (metis stable-def stable-rtraclp)

have small-step (Atom a,ss) (Done,s’)

using tr(1)[unfolded trace-def, rule-format,

of length sl Atom a ss Done s’

unfolding ss3 s’ by simp

hence 11: (As s’. s' = evald a s) ss s’ by simp

then have post-main: Q s’ using Q P0 unfolding imR-def by blast

define ss’ where ss’ = snd (cfgOf (last tr))

have ss” ss’ = (if sl’ =[] then s’ else last sl’)

unfolding ss’-def apply(subst ttr) by (cases sl’, auto simp: last-map)

have auz: N\i. i < length s’ =

(Suc (Suc (length sl + 1)) < length tr A isE (tr | Suc (Suc (length sl + 1))))

subgoal for i using tr(1)[unfolded trace-def, rule-format, of Suc (length sl +
i)]

using ttr

by simp (smt (verit, best) trace-Done’ add-Suc-right cfgOf.simps(1) fst-conv
length-Cons

length-append length-map less-add-Sucl nat-add-left-cancel-less plus-1-eq-Suc s’

tr(1)) .

have 2: Ai. i < length sl’ = R7xx s’ (snd (cfgOf (tr!(Suc (Suc(length sl) +
)
subgoal for i apply(induct ©)
subgoal using satRely[unfolded satRely-def, rule-format, of Suc (length sl)]
unfolding s’ by simp
subgoal for ¢ using satRely[unfolded satRely-def, rule-format, of Suc (Suc(length
sl)) + 1]
using auz by fastforce . .

have 22: R™xx s’ (snd (cfgOf (last tr))) using 2[of length s’ — 1] using ttr
by (smt (verit) Nat.lessE One-nat-def add.commute add-Suc diff-Suc-1 last-conv-nth
length-Cons
length-append length-greater-0-conv length-map less-Suc-eq plus-1-eq-Suc rtran-
clp.simps ss’
ss’-def trans-less-addl)

show ?thesis proof (rule conjI)
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show satPost tr @)
unfolding satPost-def cf proof safe
assume final (cfgOf (last tr))
thus Q(snd (cfgOf (last tr)))
using post-main st(2) 22 by (metis Prelim.stable-def stable-rtraclp)
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume i: Suc i < length tr isS (tr ! Suc @)
hence i: i = length sl
using tr(1)[unfolded trace-def, rule-format, of i]
using ¢tr unfolding isS-def apply (simp add: nth-append split: if-splits)
by (metis (no-types, lifting) trace-Done’ cfgOf.simps(1) fst-conv isE-def
length-map
less-Suc-eq not-less-eq nth-Cons-Suc nth-append nth-map s’ tr(1) acfg.distinct(1))

have 7: (As s’. s’ = evald a s) (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc
i)

unfolding ¢ using 11 by (simp add: s’ ss2)

show G (snd (cfgOf (tr ! 1)) (snd (c¢fgOf (tr ! Suc )))
using 7 G unfolding conjR-def by (smt (verit, del-insts) PO i lift1-def
predicate2D $s2)
qed
qged
qed
qed

proposition RG-Seq:

assumes satl: sat c1 P P' R G

and sat2: sat c2 P’ Q R G

and Grid: (=) < G

shows sat (Seq c1 c2) P Q R G

unfolding sat-def proof clarify
fix s tr assume trace-tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Seq c1 c2, s)
and satPre: satPre tr P and satRely: satRely tr R

hence fef: fst (cfgOf (hd tr)) = Seq c1 c2 by simp

have ttr:
(Ftrl. trace tr1 A trl # [] A fst (c¢fgOf (hd trl)) = c1 A
tr = map (makeSeq c2) trl)
V
(Ftrl tr2. trace tr1 A trl # [| A fst (cfgOf (hd trl)) = c1 A fst (cfgOf (last
tr1)) = Done A
trace tr2 A tr2 #£ [] A fst (c¢fgOf (hd tr2)) = ¢2 A
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tr = map (makeSeq c2) tr1 Q ¢r2 A

snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2)) A isS (hd tr2))
(is AV ?B)
using trace-Seq[OF trace-tr fcf] by auto
hence tir: (A A = ?B) V ?B by auto

show satPost tr Q A satGuar tr G
using ttr proof
assume A: AN - 7B
then obtain tr! where tr1: trace tr1 tr1 # [] fst (cfgOf (hd tr1)) = cl
and tr: tr = map (makeSeq c2) trl
by auto
hence snd1: snd (cfgOf (hd tr1)) = snd (cfgOf (hd tr))
by (simp add: list.map-sel(1))
have satPrel: satPre tr1 P
using satPre sndl unfolding satPre-def by auto
have satRelyl: satRely tr1 R
using satRely satRely-def tr by auto
have 1: satPost tr1 P’ A satGuar tr1 G
using prod.ezhaust-sel satl satPrel sat-def satRelyl tr1(1,2) tr1(3) by metis

show ?thesis proof (rule conjI)
show satPost tr @)
unfolding satPost-def cf proof safe
assume final (cfgOf (last tr))
hence ?B using tir
by (smt (verit, ccfv-SIG) final-iff-Done cfgOf-updCfg com.distinct(3)
fst-conv last-map makeSeq-def)
thus @ (snd (¢fgOf (last tr))) using A by auto
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix 7 assume i: Suc i < length tr isS (tr ! Suc )
thus G (snd (c¢fgOf (tr!9))) (snd (cfgOf (tr ! Suc i)))
using ! unfolding tr satGuar-def makeSeq-def
by simp (metis (mono-tags, lifting) isS-def acfg.distinct(2) updCfy.elims)
qed
qed
next
assume ?B
then obtain tr! tr2 where
trl: trace trl trl # [| fst (cfgOf (hd trl)) = cl fst (cfgOf (last tr1)) = Done
and
tr2: trace tr2 tr2 # [| fst (cfgOf (hd tr2)) = 2 final (cfgOf (last tr2)) <—
final (c¢fgOf (last tr)) and
tr: tr = map (makeSeq c2) trl Q tr2
and tr12: snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2))
by auto
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have satPrel: satPre tr1 P

using satPre trl trlunfolded makeSeq-def list-eq-iff-nth-eq]

unfolding satPre-def

by simp (smt (verit, ccfu-threshold) cfgOf-updCfg hd-append?2 list.map-comp
list.map-sel(1)

makeSeq-def map-is-Nil-conv predicatelD snd-conv tr)

note tru = tr[unfolded makeSeq-def list-eq-iff-nth-eq|
note trul = tru[ THEN conjunctl] note tru2 = tru[ THEN conjunct2, rule-format,
simplified)

have satRelyl: satRely tr1 R
unfolding satRely-def proof safe
fix ¢
assume si: Suc i < length trl and ie: isE (tr1 ! Suc i)
have sii: Suc i < length tr and ie: isE (tr ! Suc 7)
subgoal unfolding tr using si by (metis length-append length-map
trans-less-add1)
subgoal unfolding tr using ie si by (simp add: nth-append) .
hence R (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc i)))
using satRely[unfolded satRely-def, rule-format] sii ie by auto
hence R (snd (cfgOf (tr! 7)) (snd (cfgOf (tr ! Suc )))
by auto
thus R (snd (c¢fgOf (tr1 ! 7)) (snd (cfgOf (tr1 ! Suc 7))
by (simp add: Suc-lessD map-cfgOf-makeSeql si tr)
qed

have 1: satPost trl1 P' A satGuar trl G
by (metis prod.ezhaust-sel satl satPrel sat-def satRelyl tr1(1,2) tr1(8))

hence P (snd (c¢fgOf (hd tr1))) A P’ (snd (cfgOf (last tr1)))
using satPrel unfolding satPre-def satPost-def
using final-iff-Done tr1(4) by auto

hence satPre2: satPre tr2 P’ by (simp add: satPre-def tr12)

have satRely2: satRely tr2 R
unfolding satRely-def proof safe
fix ¢
assume si: Suc i < length tr2 and ie: isE (tr2 ! Suc i)
have sii: length tr1 + Suc © < length tr and ie: isE (tr | (length tr1 + Suc
i)
subgoal unfolding ¢r using si by (simp add: map-eq-length)
subgoal unfolding ¢r using ie si by (metis length-map nth-append-length-plus)

hence R (snd (cfgOf (tr ! (length tr1 + ©)))) (snd (cfgOf (tr ! (length tri +
Suc 7))))

using satRely[unfolded satRely-def, rule-format] sii ie by auto
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thus R (snd (cfgOf (tr2 1 14))) (snd (cfgOf (tr2 ! Suc 7))
using si unfolding tr by (metis length-map nth-append-length-plus)
qed

have 2: satPost tr2 Q N satGuar tr2 G
by (metis prod.ezhaust-sel sat2 satPre2 sat-def satRely2 tr2(1,2) tr2(3))

have snd1: snd (c¢fgOf (hd trl)) = snd (cfgOf (hd tr))
by (smt (verit, best) snd-cfgOf-makeSeq hd-append?2 list.map-comp list. map-disc-iff
list.map-sel(1) tr tr1(2))
have snd2: snd (cfgOf (last tr2)) = snd (c¢fgOf (last tr))
by (metis (no-types, lifting) last-appendR tr tr2(2))
show satPost tr Q N satGuar tr G
proof (rule conjI)
show satPost tr
unfolding satPost-def proof safe
assume f: final (cfgOf (last tr))
thus @ (snd (cfgOf (last tr))) using 2 snd2 unfolding satPost-def
by (simp add: tr2(4))
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix 7 assume si: Suc ¢ < length tr and isi: isS (tr ! Suc 7)
have Suc i < length tr1 V Suc i = length trl1 V Suc i > length trl
by auto
thus G (snd (c¢fgOf (tr ! i))) (snd (cfgOf (tr ! Suc 7)))
proof(elim disjE)
assume i: Suc i < length tr1
hence 111: snd (cfgOf (trli)) = snd (cfgOf (tr1li)) A snd (cfgOf (tr!Suc
i)) = snd (cfgOf (tr1!Suc i))
by (simp add: map-cfgOf-makeSeql tr)
have isi: isS (tr1 | Suc i)
using list-all2-isE-makeSeql i isi trace-step-or-env tri(1)
by (simp add: nth-append tr)
hence G (snd (cfgOf (tr1 ! 1)) (snd (cfgOf (tr1 ! Suc i)))
using 1 7 unfolding satGuar-def by auto
thus ?thesis using 111 by auto
next
assume Suc i = length tri
hence 111: snd (cfgOf (tr'i)) = snd (cfgOf (last tr1)) A snd (cfgOf
(tr!Suc i)) = snd (cfgOf (hd tr2))
by (metis map-cfgOf-makeSeql map-cfgOf-makeSeq2 add.right-neutral
add-diff-cancel-left’
hd-conv-nth last-conv-nth length-greater-0-conv lessl plus-1-eg-Suc tr tr1(2)
tr2(2))
hence snd (cfgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
using tr12 by auto
thus ?thesis using Grid by auto
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next

assume i: length trl < Suc i

hence 111: snd (cfgOf (trli)) = snd (cfgOf (tr2!(i—length tr1))) A

snd (cfgOf (tr!'Suc 7)) = snd (cfgOf (tr2!Suc (i—length trl)))
by (metis Nat.add-diff-assoc length-map less-Suc-eq-le not-less-eq nth-append
order-less-imp-not-less plus-1-eq-Suc tr)
have isi: isS (tr2 | Suc (i—length tr1))
by (metis (no-types, lifting) Suc-diff-le add-diff-inverse-nat i isi length-map

less-Suc-eq-le nth-append-length-plus order-less-not-sym si tru2)
hence G (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using 2 i unfolding satGuar-def
by auto (metis (no-types, lifting) Suc-diff-Suc Suc-lessD add-diff-inverse-nat
diff-Suc-Suc
length-append length-map nat-add-left-cancel-less not-less-eq si tr)
thus ?thesis using 111 by auto
qed
qed
qed
qged
qged

proposition RG-If:
assumes st: stable P R
and satl: sat c1 (P A1 (evalT t)) Q R G
and sat2: sat c2 (P A1 (=1 evalT t)) QR G
and G: (=) < G
shows sat (Iftcl ¢2) PQR G
unfolding sat-def proof clarify
fix s tr assume tr: trace tr tr # || and cf: ¢fgOf (hd tr) = (If t ¢l ¢2, s)
and satPre: satPre tr P and satRely: satRely tr R
hence sp: P (snd (cfgOf (hd tr))) unfolding satPre-def by auto
have sr: A\i. Suc i < length tr = isE (tr ! Suc i) =
R (snd (cfgOf (tr ! ©))) (snd (cfgOf (tr ! Suc i))) using satRely unfolding
satRely-def by auto

obtain sl tr’ where
ttr: tltr = map (As. E (If t ¢l ¢2,5)) sl @ tr' A
(tr' # [ —
trace tr' A isS (hd tr') A
fst (cfgOf (hd tr')) = (if evalT t (snd (cfgOf (hd tr'))) then cl else
c2) A
snd (cfgOf (tr!(length sl))) = snd (cfgOf (hd tr')))
using trace-If[OF tr] c¢f by auto
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show satPost tr Q A satGuar tr G
proof(cases tr’' = [])
case True note tr'e = True
show ?thesis proof
show satPost tr
unfolding satPost-def proof
assume final (cfgOf (last tr))
hence Fulse using cf tir tr'e
by simp (metis (no-types, lifting) cfgOf.simps(2) com.distinct(5) final-iff-Done
fst-conv hd-Cons-tl
last-ConsL last-map last-tl list. map-disc-iff tr(2))
thus @ (snd (cfgOf (last tr))) by simp
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix 7 assume si: Suc ¢ < length tr and isi: isS (tr ! Suc 7)
hence Fulse using cf ttr tr'e
by simp (metis (no-types, lifting) Suc-less-eq isS-def length-Cons length-map
list.collapse
nth-map nth-tl tr(2) acfy.distinct(1))
thus G (snd (cfgOf (tr ! i))) (snd (cfgOf (tr ! Suc 7)) by simp
qed
qed
next
case Fulse note tr'ne = False
let ?s = snd (cfgOf (hd tr'))
have ttr: tl tr = map (As. E (If t c1 c2,s)) sl Q tr’
and ir”: trace tr' tr' # [] isS (hd tr')
and fc12: fst (cfgOf (hd tr')) = (if evalT ¢ ?s then cl else c2)
and snd: snd (cfgOf (tr!(length sl))) = snd (cfgOf (hd tr'))
using Fulse ttr by auto
have lir’: last tr’' = last tr
by (metis False Nil-is-append-conv last-appendR last-tl tir)

have isE-tr: Ni. i < length sl = isE (trlSuc i)
using ttr
by (metis (no-types, lifting) isE-def length-map list.collapse nth-Cons-Suc

nth-append nth-map tr(2))

hence sr’: Ni. i < length sl = isE (¢r | Suc i) = R (snd (cfgOf (tr ! 7))
(snd (cfgOf (tr ! Suc 7))

using sr

by (metis Nitpick.size-list-simp(2) Suc-less-eq length-append length-map tr(2)
trans-less-addl ttr)

have Rlli: \i. i < length sl = R** (snd (cfgOf (hd tr))) (snd (cfgOf (trli)))
subgoal for i apply(induct ©)

apply (simp add: hd-conv-nth tr(2))
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using sr'[of 1
by simp (meson Suc-le-lessD isE-tr rtranclp.rtrancl-into-rtrancl sr’) .

hence R** (snd (cfgOf (hd tr))) (snd (cfgOf (tr!(length sl))))

by simp

hence Rls: R** (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr')))
by (simp add: snd hd-conv-nth tr(2))

have tr'i: \i. Suc i < length tr' =
tr'li = trl(Suc (length sl) + i) A
tr'l(Suc ©) = tr!(Suc (Suc (length sl) + 1))
using ttr
by (metis ab-semigroup-add-class.add-ac(1) add-Suc-shift length-map list.collapse

nth-Cons-Suc nth-append-length-plus tr(2))
have imR: (imR R x P) ?s using sp Rls unfolding imR-def by auto

have isS-tr-sl: Ni. Suc i < length tr = isS (tr ! Suc i) = i > length sl
using isE-tr linorder-not-le by blast

show ?thesis
proof(cases evalT t ?s)
case True note ev = True
have P (snd (c¢fgOf (hd tr'))) using imR ev st
by (meson predicatelD stable-imR-rtraclp)
hence satPrel: satPre tr’ P
unfolding satPre-def by auto
have satRelyl: satRely tr’' R
unfolding satRely-def proof safe
fix ¢ assume si: Suc i < length tr’ isE (tr’ ! Suc i)
hence sii: Suc (Suc (length sl) + ©) < length tr A isE (tr | Suc (Suc (length
sl) + 1))
by (smt (verit, ccfv-SIG) Nitpick.size-list-simp(2) add-Suc-shift length-append
length-map
nat-add-left-cancel-less tr'i tr(2) ttr)
hence R (snd (cfgOf (tr ! (Suc (length sl) + 1)))) (snd (c¢fgOf (tr ! Suc
(Suc (length sl) + 1©))))
using sr by auto
hence R (snd (cfgOf (tr'!4))) (snd (cfgOf (tr'! Suc 7)))
using si(1) tr'i by presburger
thus R (snd (cfgOf (tr'! 4))) (snd (cfgOf (tr’! Suc 7)))
by auto
qed
have satPost1: satPost tr’ Q and satGuarl: satGuar tr’ G
using tr'ne ev fc12 prod.exhaust-sel satPrel satl sat-def satRelyl tr'(1)
by (smt (verit, best) conjP-def satPre-def)+
have fc1: fst (cfgOf (hd tr')) = c1 using fc12 ev by auto

84



show ?thesis proof
show satPost tr Q) using satPost1(1)
by (simp add: Step.satPost-def ltr’)
next
show satGuar tr G unfolding satGuar-def proof safe
fix i assume si: Suc i < length tr isS (tr ! Suc 7)
hence i: i > length sl using isS-tr-sl by auto
show G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7))
proof(cases i = length sl)
case True
hence snd (cfgOf (tr ! i) = snd (c¢fgOf (tr ! Suc 7))
by (metis Nitpick.size-list-simp(2) Suc-less-eq length-map list.collapse
nth-append-length
nth-tl si(1) snd tr'ne tr(2) ttr)
thus ?thesis using G by auto
next
case Fulse
hence i: i > length sl using ¢ by auto
define i’ where " i’ = i — Suc (length sl)
have si”: Suc i’ < length tr’ and ii: i = Suc (length sl) + i’
using 7 unfolding i’ apply simp-all
by (metis Nitpick.size-list-simp(2) Suc-diff-Suc add-diff-inverse-nat
length-append
length-map nat-add-left-cancel-less order-less-imp-not-less plus-1-eq-Suc
si(1) tr(2) ttr)
hence ssi”: isS (tr' ! Suc i’)
using si(2) tr'i by presburger
have G (snd (cfgOf (tr'! ")) (snd (cfgOf (tr'! Suc i')))
using satGuarl si’ ssi’ unfolding satGuar-def by auto
hence G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7))
using 7 si’ tr'i by auto
thus ?thesis using G(1) by auto
qed
qed
qed
next
case Fulse note ev = Fulse
have P (snd (cfgOf (hd tr'))) using imR ev st by (meson predicatelD
stable-imR-rtraclp)
hence satPre2: satPre tr’ P
unfolding satPre-def by auto
have satRely2: satRely tr' R
unfolding satRely-def proof safe
fix 7 assume si: Suc © < length tr’ isE (tr’ ! Suc i)
hence sii: Suc (Suc (length sl) + ©) < length tr A isE (tr | Suc (Suc (length
sl) + 1))
by (smt (verit, ccfv-SIG) Nitpick.size-list-simp(2) add-Suc-shift length-append
length-map
nat-add-left-cancel-less tr'i tr(2) ttr)
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hence R (snd (cfgOf (tr ! (Suc (length sl) + 7)))) (snd (c¢fgOf (tr ! Suc
(Suc (length sl) + 17))))
using sr by auto
hence R (snd (cfgOf (tr'! 1)) (snd (cfgOf (tr'! Suc 7)))
using si(1) tr'i by presburger
thus R (snd (cfgOf (tr' ! 1)) (snd (cfgOf (tr’ ! Suc 7)))
by auto
qed
have satPost2: satPost tr' @ and satGuar2: satGuar tr' G
using tr'ne ev fc12 prod.ezhaust-sel satPre2 sat2 sat-def satRely2 tr'(1) conjP-def
satPre-def
by (smt (verit) notP-item)+

have fc2: fst (c¢fgOf (hd tr')) = ¢2 using fc12 ev by auto

show ?thesis proof
show satPost tr ) using satPost2(1)
by (simp add: Step.satPost-def ltr')
next
show satGuar tr G unfolding satGuar-def proof safe
fix i assume si: Suc i < length tr isS (tr ! Suc 1)
hence i: i > length sl using isS-tr-sl by auto
show G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7))
proof(cases i = length sl)
case True
hence snd (cfgOf (tr ! ) = snd (cfgOf (tr ! Suc 7))
by (metis Nitpick.size-list-simp(2) Suc-less-eq length-map list.collapse
nth-append-length
nth-tl si(1) snd tr'ne tr(2) tir)
thus ?thesis using G by auto
next
case Fulse
hence i: i > length sl using 7 by auto
define i’ where " i’ = i — Suc (length sl)
have si”: Suc i’ < length tr’ and ii: i = Suc (length sl) + i’
using 7 unfolding i’ apply simp-all
by (metis Nitpick.size-list-simp(2) Suc-diff-Suc add-diff-inverse-nat
length-append
length-map nat-add-left-cancel-less order-less-imp-not-less plus-1-eq-Suc
si(1) tr(2) ttr)
hence ssi”: isS (tr’ ! Suc i')
using si(2) tr'i by presburger
have G (snd (cfgOf (tr' Vi) (snd (cfgOf (tr'! Suc i")))
using satGuar2 si’ ssi’ unfolding satGuar-def by auto
hence G (snd (cfgOf (tr!1))) (snd (cfgOf (tr ! Suc 7)))
using 7 si’ tr'i by auto
thus ?thesis using G by auto
qed
qged
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qed
qed
qed
qed

proposition RG-While:

assumes st: stable P R stable Q R

and satl: sat ¢l ((evalT t) N1 P) Q1 R G

and P: Q1 < P

and Q: P A1 (-1 evalT t) < Q

and G: (=) < G

shows sat (Whilet c1) P Q R G

unfolding sat-def proof clarify
fix s tr assume trace tr tr # [| and ¢fgOf (hd tr) = (While t c1, s)
and satPre tr P satRely tr R

thus satPost tr Q@ A satGuar tr G
proof (induct tr arbitrary: s rule: length-induct)
case (1 tr s)

hence tr: trace tr tr # || and cf: cfgOf (hd tr) = (While t c1, s)
and satPre tr P satRely tr R
and fef: fst (cfgOf (hd tr)) = While t c1

and IH: \ttr ss. length ttr < length tr = trace ttr = ttr # [| =
cfgOf (hd ttr) = (While t c1, ss) =
satPre ttr P = satRely tir R = satPost ttr Q A satGuar tir G
apply blast+
apply (simp add: 1.prems(3))
using 1.hyps by blast
hence sp: P (snd (cfgOf (hd tr)))
and sr: Ni. Suc i < length tr = isE (¢r | Suc i) = R (snd (cfgOf (tr ! 7))
(snd (cfgOf (tr ! Suc 7))
unfolding satPre-def satRely-def by blast+

show satPost tr Q A satGuar tr G using trace-While2|OF tr fcf]
proof(elim exE conjE disjE)

fix trl tr2

assume tre: tr = trl Q {r2

and tri: trl # [] trace tr1 envOrldle tr1 Done ¢ (fst o c¢fgOf) * set tri

and tr2: tr2 #[| —

- evalT t (snd (cfgOf (last tr1))) A

fst (cfgOf (last tr1)) = If t (Seq c1 (While t c1)) Done A

trace tr2 A fst (c¢fgOf (hd tr2)) = Done A isS (hd tr2) A snd (c¢fgOf (hd

tr2)) = snd (cfgOf (last tr1))

87



show ?thesis
proof(cases tr2 = )
case True note tr2e = True
show ?thesis proof
show satPost tr Q unfolding satPost-def proof
assume final (c¢fgOf (last tr))
hence Fulse using tr1(1,4) unfolding final-iff-Done
by (metis append.right-neutral image-comp image-eql last-in-set tr2e
tre)
thus Q (snd (cfgOf (last tr))) by auto
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume Suc i < length tr isS (tr ! Suc )
hence snd (c¢fgOf (tr ! ) = snd (cfgOf (tr ! Suc 7))
using tr!(3) unfolding envOrldle-def
using tr2e tre by auto
thus G (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc i)))
using G by auto
qed
qged
next
case Fulse note tr2ne = Fulse
hence ev: = evalT t (snd (cfgOf (last tr1)))
and fst1: fst (c¢fgOf (last tr1)) = If t (Seq ¢ (While t c¢1)) Done
and tr2: trace tr2 fst (cfgOf (hd tr2)) = Done isS (hd tr2) snd (cfgOf (hd
tr2)) = snd (cfgOf (last tr1))
using tr2 by auto

have A\i. i < length trl = R (snd (cfgOf (hd tr))) (snd (cfgOf (tr1li)))
subgoal for i apply (induct @)
subgoal using tre tr1(1,3) sr unfolding envOrldle-def by (auto simp
add: hd-conv-nth nth-append)
using tre tr1(1,3) sr unfolding envOrldle-def
apply safe
using Suc-lessD rtranclp.simps trans-less-add1
by (metis satRely-def satRely-splitl)

hence R (snd (cfgOf (hd tr))) (snd (cfgOf (last trl)))

by (simp add: last-conv-nth tri(1))

hence RIi1: R« (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))
using r2(4) by auto

have RI2: lift2 (=1 evalT t) (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))
unfolding lift2-def notP-def using ev tr2(4) by auto

have Ai. i < length tr = © > length trl = R (snd (cfgOf (hd tr2)))
(snd (cfgOf (tr'd)))
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subgoal for i apply (induct i) using tre tr1(1,3) sr unfolding en-
vOrildle-def
apply (simp add: hd-conv-nth nth-append)
using trace-Done’ add-diff-inverse-nat cancel-comm-monoid-add-class. diff-cancel

hd-conv-nth less-antisym nat-add-left-cancel-less order-less-imp-not-less
r-into-rtranclp
rtranclp.rtrancl-into-rtrancl tr2(1) tr2(2) tr2ne
by (smt (verit) Suc-lessD neq0-conv nth-append-length-plus sr tr(1) tre
zero-less-diff) .

hence RI3: R« (snd (cfgOf (hd tr2))) (snd (cfgOf (last tr)))
by (smt (verit, ccfu-threshold) add.commute add.right-neutral add-diff-cancel-left’
hd-conv-nth
in-set-conv-nth last-appendR last-in-set length-append less-diff-conv linorder-less-linear
not-add-less1
nth-append-length-plus rtranclp.rtrancl-refl tr2ne tre)

show ?thesis proof
show satPost tr @ unfolding satPost-def proof
assume fin: final (cfgOf (last tr))
have ((R7x A2 lift2 (=1 evalT t)) OO R xx) (snd (cfgOf (hd tr))) (snd
(cfgOf (last tr)))
using RII RI2 Rl3 unfolding conjR-def by auto
thus Q (snd (c¢fgOf (last tr)))
apply—apply(erule relcomppE)
using sp stable-rtraclp|OF st(1)] stable-rtraclp|OF st(2)] @
unfolding conjR-def conjP-def lift2-def notP-def stable-def
by blast
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr isS (tr ! Suc 7)
hence Suc i < length trl unfolding tre nth-append using tr2(1,2)
tréne
by (metis si(2) le-eq-less-or-eq linorder-neqE-nat list.collapse nth-append-length
tr(1)
trace-Done’ acfq.distinct-disc(1) tre)
hence snd (c¢fgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
using ¢r1(3) unfolding envOrldle-def
using tr2ne tre
by (metis si(2) antisym-conv2 diff-Suc-1 diff-is-0-eq hd-conv-nth
last-conv-nth less-eq-Suc-le nth-append tr1(1) tr2(4) acfyg.distinct-disc(2))
thus G (snd (cfgOf (tr ! 17))) (snd (cfgOf (tr ! Suc i)))
using G by auto
qed
qed
qed
next
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fix tr1 tr2 ttr
assume tre: tr = trl1 @ map (makeSeq (while t {c1})) tr2 Q ttr
and tri: tr1 # [] trace trl envOrldle tr1 Done ¢ (fst o cfgOf) * set tri
and tr2: tr2 # || evalT t (snd (cfgOf (last trl)))
fst (cfgOf (last tr1)) = if t {c1 $$ while ¢t {c1}} else {Done}
trace tr2 fst (cfgOf (hd tr2)) = c1 isS (hd tr2)
snd (cfgOf (hd tr2)) = snd (cfgOf (last tr1))
Done ¢ (fst o ¢fgOf) * set (map (makeSeq (while t {c1})) tr2)
and tir: tir # [| — fst (c¢fgOf (last tr2)) = Done A snd (cfgOf (hd ttr)) =
snd (cfgOf (last tr2)) A
trace ttr A fst (cfgOf (hd ttr)) = while t {c1}

have Ai. i < length tr1 = R« (snd (cfgOf (hd tr))) (snd (cfgOf (trli)))
subgoal for ¢ apply (induct 7)

apply (simp add: hd-conv-nth tr(2))
by (metis (no-types, lifting) Suc-lessD envOrldle-def length-append nth-append

rtranclp.simps sr trl(3) trans-less-add1 tre) .

hence R** (snd (cfgOf (hd tr))) (snd (cfgOf (last trl)))

by (simp add: last-conv-nth nth-append tri(1) tre)

hence RIl1: R** (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))

using tr2(7) by auto

hence Rri: (R** A2 lift2 (evalT t)) (snd (cfgOf (hd tr))) (snd (cfgOf (hd
r2)))

unfolding conjR-def lift2-def using tr2(2,7) by auto

hence imR ((R 7+ A2 lift2 (evalT t))) P (snd (cfgOf (hd tr2)))

unfolding imR-def using sp by auto

hence sp1: (evalT t N1 P) (snd (cfgOf (hd tr2)))

by (metis stable-def Rl1 conjP-def sp stable-rtraclp|OF st(1)] tr2(2,7))

hence satPrel: satPre tr2 (evalT t A1 P) unfolding satPre-def .

have RRI1: (lift1 P N2 R**) (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))
using RIl! unfolding lift1-def conjR-def
using sp by auto

have 0: Ai. Suc i < length tr2 =
snd (cfgOf (tr ! (length tr1 + 7)) = snd (cfgOf (tr2 ! 14)) A
snd (cfgOf (tr ! (Suc (length tr1 + i)))) = snd (cfgOf (tr2 ! Suc i)) A
isE (tr ! Suc (length tr1 + ©)) = isE (tr2 ! Suc i)

unfolding tre makeSeq-def

apply(simp add: nth-append isE-def)

by (metis isE-makeSeq isE-def makeSeq-def old.prod.ezhaust)

have satRely1: satRely tr2 R unfolding satRely-def proof safe

fix ¢ assume si: Suc i < length tr2 isE (tr2 ! Suc 1)
hence sii: Suc (length tr1 + i) < length tr isE (tr ! Suc (length trl + 1))
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using 0 unfolding tre by auto

hence R (snd (cfgOf (tr ! (length tr1 + 4)))) (snd (cfgOf (tr ! Suc (length
trl + 1))))

using sr by auto

hence R (snd (cfgOf (tr2 ! 1)) (snd (cfgOf (tr2 ! Suc i)))

using si 0 by auto

thus R (snd (cfgOf (tr2 ! 1)) (snd (cfgOf (tr2 ! Suc ©))) by auto

qed

have satPost tr2 Q1 satGuar tr2 G using satPrel satRelyl
using prod.ezhaust-sel satl sat-def tr2(1,4,5) by metis+
hence spt1: final (cfgOf (last tr2)) — Q1 (snd (cfgOf (last tr2)))
and sgri: Ni. Suc i < length tr2 = isS (tr2 ! Suc i) = G (snd (cfgOf
(tr2 1 7)) (snd (cfgOf (tr2 ! Suc 7)))
unfolding satPost-def satGuar-def by auto

show ?thesis proof (cases tir = [])
case True note titre = True
show ?thesis proof
show satPost tr () unfolding satPost-def proof
assume final (cfgOf (last tr))
hence Fulse using tr1(1,4) unfolding final-iff-Done
by (simp add: makeSeq-def last-map tr2(1) tre ttre)
thus Q (snd (cfgOf (last tr))) by auto
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length trisS (tr ! Suc i)

show G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7)))
proof(cases i < length trl)
case True
hence snd (cfgOf (tr ! 7)) = snd (cfgOf (tr! Suc 7))
using tr1(3) unfolding tre envOrldle-def
by (metis (mono-tags, lifting) One-nat-def snd-cfgOf-makeSeq Suc-less]
diff-add-inverse
diff-cancel2 hd-conv-nth last-conv-nth length-greater-0-conv nth-append
nth-map plus-1-eq-Suc
self-append-conv si(2) tri(1) tr2(1) tr2(7) acfg.distinct-disc(2) tre

ttre)
thus G (snd (c¢fgOf (tr ! i))) (snd (cfgOf (tr ! Suc 7)))
using G by auto
next
case Fulse
hence ssi: Suc (i—length tr1) < length tr2 A isS (tr2 ! Suc (i—length
tri))

by (smt (verit) 0 Nat.add-diff-assoc Suc-lessD add-diff-inverse-nat
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append.right-neutral
length-append length-map nat-add-left-cancel-less not-le-imp-less
plus-1-eq-Suc si(1) si(2)
acfg.distinct-disc(1) acfg.ezhaust-disc tre ttre)
hence G (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using sgr1 by auto
hence G (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using G(1) by auto
thus G (snd (c¢fgOf (tr ! ))) (snd (cfgOf (tr ! Suc 7)))
by (metis 0 False add-diff-inverse-nat ssi)
qed
qed
qed
next
case Fulse note tacfge = False
hence ttr: trace ttr and fDone: fst (cfgOf (last tr2)) = Done and
ssnd: snd (cfgOf (hd ttr)) = snd (c¢fgOf (last tr2))
and fefg: fst (cfgOf (hd ttr)) = while t {c1} using ttr by auto
then obtain ss where ccfg: ¢fgOf (hd ttr) = (while t {c1}, ss)
by (metis prod.ezhaust-sel)
have [l: length ttr < length tr
by (simp add: tr1(1) tre)

have final (cfgOf (last tr2)) using fDone
unfolding final-iff-Done by auto

hence Ptt11: Q1 (snd (cfgOf (last tr2)))
using spt! by auto

hence PPt1: Q1 (snd (cfgOf (hd ttr)))
using ssnd by auto

have im: imR R P (snd (cfgOf (last tr1)))
by (metis Rl1 imR-def sp tr2(7))

have R** (snd (cfgOf (last tr1))) (snd (cfgOf (hd tr2)))
using tr2(7) by auto

hence P (snd (cfgOf (hd ttr)))

using P PPt! by auto

hence spp: satPre ttr P

unfolding satPre-def by auto

have 00: \i. Suc i < length ttr =

snd (cfgOf (tr! (length tr1 + length tr2 + 7))) = snd (cfgOf (ttr ! 7)) A

snd (cfgOf (tr ! (Suc (length tr1 + length tr2 + 4)))) = snd (cfgOf (ttr !
Suc 1)) A

isE (tr ! Suc (length tr1 + length tr2 + i)) = isE (ttr ! Suc 1)

unfolding tre makeSeq-def
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by (auto simp add: nth-append isE-def)

have srr: satRely ttr R unfolding satRely-def proof safe
fix i assume si: Suc i < length ttr isE (ttr | Suc i)
hence ssi: Suc (length tr1 + length tr2 + i) < length tr A
isE (tr ! Suc (length tr1 + length tr2 + 7))
unfolding tre
by simp (metis add-Suc-right append.assoc length-append length-map
nth-append-length-plus)
hence R (snd (cfgOf (tr ! (length tr1 + length tr2 + 7))))
(snd (cfgOf (tr ! Suc (length tr1 + length tr2 + 7)))) using sr ssi
by auto
thus R (snd (cfgOf (ttr ! 7)) (snd (cfgOf (ttr | Suc i)))
by (simp add: 00 si(1))
qed

have satPost ttr @ and satGuar ttr G using IH[OF [l ttr tacfge ccfg spp
srr] by auto

hence spp: final (c¢fgOf (last ttr)) — @ (snd (cfgOf (last ttr))) and

sgr: N\i. Suc i < length ttr = isS (ttr ! Suc i) = G (snd (cfgOf (ttr !

7)) (snd (cfgOf (ttr ! Suc 7))
unfolding satPost-def satGuar-def by auto

have lla: last ttr = last tr unfolding tre
by (simp add: tacfge)

show ?thesis proof
show satPost tr () unfolding satPost-def proof safe
assume final (c¢fgOf (last tr))
hence final (c¢fgOf (last ttr)) using lla by auto
hence @ (snd (cfgOf (last ttr))) using spp by auto
thus Q (snd (c¢fgOf (last tr))) by (simp add: lla)
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr isS (tr ! Suc 7)
show G (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc i)))
proof(cases Suc i < length trl)
case True
hence snd (cfgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
using ¢r1(3) unfolding tre envOrldle-def
by (metis Suc-lessD nth-append si(2) acfg.distinct-disc(2) tre)
thus G (snd (c¢fgOf (tr ! i))) (snd (cfgOf (tr ! Suc 7)))
using G by auto
next
case Fulse note i = Fulse
show ?thesis
proof(cases Suc i = length trl)
case True
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hence snd (cfgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
by (metis (mono-tags, lifting) Nil-is-append-conv One-nat-def
snd-cfgOf-makeSeq
diff-Suc-1 diff-cancel2 hd-append2 hd-conv-nth i last-conv-nth lessl
list. map-disc-iff
list.map-sel(1) nth-append plus-1-eq-Suc tr1(1) tr2(1) tr2(7) tre)

thus G (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc 1)))
using G by auto
next
case Fulse note i2 = Fulse
show ?thesis
proof(cases Suc i < length tr1 + length tr2)
case True note i3 = True
hence ssi: Suc (i—length tr1) < length tr2 A isS (tr2 ! Suc (i—length
tri))
by (metis (no-types, lifting) 0 Suc-lessI add-Suc-right add-diff-inverse-nat
i
12 nat-add-left-cancel-less si(2) acfg.distinct-disc(2) acfg.exhaust-disc)

hence G (snd (cfgOf (tr2 | (i—length tr1)))) (snd (cfgOf (tr2 !
Suc (i—length tr1))))
using sgr! by auto
hence G (snd (c¢fgOf (¢tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 !
Suc (i—length tr1))))
using G(1) by auto
thus G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7)))
by (metis 0 Suc-lessI add-diff-inverse-nat i i2 ssi)
next
case Fulse note 3 = False
show ?thesis proof (cases Suc i = length tr1 + length tr2)
case True note i4 = True
hence tr ! i = makeSeq (while t {c1}) (last tr2) A tr | (Suc i) =
hd ttr
unfolding tre nth-append
by simp (metis (no-types, lifting) Suc-diff-le Suc-lel antisym-conv2
diff-add-inverse hd-conv-nth
i 12 last-conv-nth lessI linorder-not-less plus-1-eq-Suc tr2(1) tacfge)
hence snd (cfgOf (tr ! ) = snd (cfgOf (tr ! Suc 7))
using ssnd by auto
thus G (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc i)))
using G(1) by auto
next
case Fulse note 5 = False
hence ssi: Suc (i—(length tr1+4length tr2)) < length ttr A isS (ttr
I Suc (i—(length trl+length tr2)))
using 7 si 00 unfolding tre
by (smt (verit) Nat.add-diff-assoc add-diff-inverse-nat diff-diff-left
13 length-append
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length-map less-Suc-eg-le linorder-neqE-nat nat-add-left-cancel-less

nth-append plus-1-eq-Suc)
hence G (snd (cfgOf (ttr ! (i—(length tri+length tr2))))) (snd

(cfgOf (ttr ! Suc (i—(length tri+length tr2)))))

using sgr by blast

thus G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7)))

by (metis 00 Suc-lessI add-diff-inverse-nat i3 i5 ssi)

qed
qed
qged
qed
qed
qged
qed
qed
qged

qed

corollary RG-While-U:

assumes st: stable P R stable UPt R
and satl: sat ¢l ((evalT t) N1 P) PR G
and Q: P A1 (=1 evalT t) < UPt

and G: (=) < G

shows sat (While t ¢c1) P UPt R G
apply(rule RG-While)

using assms using stable-stable2 by auto

proposition RG-Par:
assumes cI-RG: sat c1 Pr1 Pt1 Rl1 Grl
assumes c2-RG: sat c2 Pr2 Pt2 RI2 Gr2
assumes pre: P < Pr1 P < Pr2
assumes rely: \ ss'. Rss'V Gr2ss' = Rll ss'" \Nss" Rss'V Grlss’
= RI2s s’
assumes post: \ ss’. Ptl s' AN Pt2s' = Q s’
assumes guar: A\ ss’. Grl ss'V Gr2ss' = G s s’
assumes greq: (=) < G
shows sat (Par ¢l ¢2) PQR G
unfolding sat-def
proof safe
fix s tr assume tr: trace tr tr # [| and chir: cfgOf (hd tr) = (c1 || ¢2, s)
and satPre-tr: satPre tr P and satRely-tr: satRely tr R

have fst: fst (cfgOf (hd tr)) = cl1 || c2
by (auto simp: chir)
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obtain tr’ trd where tr': trace tr’ and trd: trace trd and treq: tr = tr’ Q trd
and finsplit: (final (cfgOf (last tr)) — isS (hd trd) A final (cfgOf (hd (trd))) A
fst (cfgOf (last tr)) = Done || Done A snd(cfgOf (last tr')) = snd (cfgOf (hd
(trd))))
and notfin: (—final (cfgOf (last tr)) — tr' = tr A trd = [])
using trace-Par-Done-Split[of tr c1 ¢2] tr chir fst by blast
then have nfin: = final (cfgOf (last tr’))
by (metis com.distinct(9) final-iff-Done)
have ne” tr’ # [] using treq finsplit notfin
by (metis append-self-conv2 com.distinct(9) final-iff-Done fst tr(2))
have fst”: fst (c¢fgOf (hd tr')) = c1 || ¢2 using treq finsplit notfin
using fst ne’ by fastforce
have pre’: satPre tr’ P using satPre-tr treq ne’
by (simp add: satPre-def)
have rely”: satRely tr’ R
using satRely-tr treq satRely-splitl by blast

then obtain t¢ri tr2 where trace-trl: trace trl1 and trace-tr2: trace tr2
and fst1: fst (c¢fgOf (hd tr1)) = c1 and fst2: fst (cfgOf (hd tr2)) = c2
and lenl: length tr' = length tr1 and len2: length tr’' = length tr2
and sndeql: \ i. i < length tr' = snd (cfgOf (tr'! 1)) = snd (c¢fgOf (trl ! 7))
and sndeg2: \ i . i < length tr’' => snd (cfgOf (tr'! 7)) = snd (cfgOf (tr2 ! 17))
and isE: N\ i .0 < length tr' = (isE (tr' ! i) <— isE (tr1 1 §) A isE (tr2 1 7))
and isS: A\ i .1 < length tr' = (isS (tr'! i) «— ((isS (tr1 ! ©) A isE (tr2 ! 7))
V (isE (tr1 1 4)) A isS (tr2 ! 7))
and fin: fst (c¢fgOf (last tr')) = Done || Done <— final (cfgOf (last tr1)) A final
(cfgOf (last tr2))
using trace-Par[of tr’' ¢l c2] unfolding isSiff-def using tr’ ne’ fst’ nfin by
blast
have sndeq1h: snd(cfgOf (hd (tr1))) = snd(cfgOf (hd(tr’)))
and sndeq2h: snd(cfgOf (hd (tr2))) = snd(cfgOf (hd(tr’)))
using sndeql! lenl sndeq2 len2
by (metis cfgOf-hd length-greater-0-conv)+
have satPre-Pr1: satPre (tr1) (Prl)
using pre’ pre unfolding satPre-def using sndeqlh by auto
have satPre-Pr2: satPre (tr2) (Pr2)
using pre’ pre unfolding satPre-def using sndeq2h by auto

define pc where gc: oc = A(tr :: (("atom, 'test) com, 'state) acfg list) G i.
i8S ((tr)!(Suc i)) A = (G) (snd (cfgOf ((tr)'i))) (snd (cfgOf ((tr)!(Suc i))))
define ¢y where : ¢ = \tr G i. Suc i < length tr A pc tr G i
have Guar: (\ i. Suc i < length tr'=—> (isS ((tr1)!(Suc 7))
L (Grt) (snd (cfgOf ((tr1)19))) (snd (cfgOf ((tr1)\(Sue 1)))))
A (isS ((tr2)!(Suc 7))
s (Gr2) (snd (cfyOf ((tr2)14))) (snd (cfgOf ((tr2)\(Sue 1))
using cI-RG unfolding sat-def unfolding satGuar-def

proof—
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{assume ex: 3 i. Y tr1 Gr1 iV Y tr2 Gr2 i
define i0 where i0: i0 = LEAST i. ¢ tr1 Grl i V ¢ tr2 Gr2 i
have ¢-k0-i0: ) trl Grl i0 V ¢ tr2 Gr2 i0
by (smt (verit) Leastl ex i0)
have \ i. ¢ trl Gr1 iV ¢ tr2 Gr2 i = i0 < i
by (metis Least-le i0)
hence i0-least: \ i. i < {0 = = ¢ trl Grl i A\ = ¢ tr2 Gr2 i using
linorder-not-le by auto
have si0: Suc i0 < length tr' and or: @c trl Grl i0 V pc tr2 Gr2 i0
using -k0-i0 unfolding 1 using len! len2 by auto
have 1: A i. i <0 A isS ((tr1)!(Suc 7))
— (Gr1) (snd (cfgOf ((tr1)!9))) (snd (cfgOf ((tr1)!(Suc 7))))
using i0-least si0 unfolding 1 ¢c using len! by auto
have 2: A\ i. i < i0 A isS ((tr2)!(Suc 7))
— (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc i))))
using i0-least si0 unfolding 1 ¢c using len2 by auto
have Fulse using or proof —
assume @c trl Grl i0 V @c tr2 Gr2 i0
{fix { assume i: i < i0
and isE: isE ((tr1)!(Suc )
hence Suc-i: Suc i < length tr’ Suc i < length (tr1) using si0
using ¢ si0 lenl by auto
hence ii: i < length tr’ i < length (trl) by auto
have (isE(tr'! (Suc ©))) V
(i8S ((tr2)!(Suc 7))
using isF isS
using Suc-i(1) acfg.erhaust-disc by auto
hence (RI1) (snd (cfgOf ((tr1)'0))) (snd (cfgOf ((tr1)!(Suc i)))) proof safe
assume isE (tr'! Suc ©)
hence R (snd (cfgOf (tr'li))) (snd (cfgOf (tr'\(Suc 7))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr using Suc-i sndeql rely by auto
next
assume isS (tr2 ! Suc i)
hence (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc 7))))
using 2[of i] i by auto
thus ?thesis using rely
using Suc-i(1) #(1) sndeql sndeq2 by presburger
qed
}
note Mainl = this
{fix { assume i: i < i0
and isE: isE ((tr2)!(Suc 7))
hence Suc-i: Suc i < length tr’ Suc i < length (tr2) using si0
using ¢ si0 len2 by auto
hence ii: i < length tr2 i < length (tr2) by auto
have (isE(tr'! (Suc i))) V
(i8S ((tr1)!(Suc 7))

using isE isS
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using Suc-i(1) acfg.exhaust-disc by auto
hence (RI2) (snd (cfgOf ((tr2)'0))) (snd (cfgOf ((tr2)!(Suc i)))) proof safe
assume isE (tr'! Suc ©)
hence R (snd (cfgOf (tr''i))) (snd (cfgOf (tr'\(Suc i))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr using Suc-i sndeq2 rely by auto
next
assume isS (trl ! Suc i)
hence (Gr1) (snd (cfgOf ((tr1)'0))) (snd (cfgOf ((tr1)!(Suc 7))))
using 1[of i] i by auto
thus ?thesis using rely
using Suc-i it sndeql sndeq2 by simp
qged

}

note Main2 = this

have 01: pc tr1 Grl i0 = isS ((tr1)!(Suc i0)) A
= (Grl1) (snd (cfgOf ((tr1)10))) (snd (cfgOf ((tr1)!(Suc 0))))
using i0-least si0 unfolding i ¢c by auto
have 02: pc tr2 Gr2 i0 = isS ((tr2)!(Suc i0)) A
= (Gr2) (snd (cfgOf ((tr2)1i0))) (snd (cfgOf ((tr2)!(Suc 0))))
using i0-least si0 unfolding v ¢c¢ by auto

have satRely (take (Suc i0) (tr1)) (RI1)
unfolding satRely-def apply clarsimp apply(rule Mainl) by auto
hence C-satRelyl: ¢c trl Grl i0 = satRely (take (Suc i0) (tr1)) (RII)
using 01 by auto
have C-satRelyl: @c tr1 Grl i0 = satRely (take (Suc (Suc i0)) (ir1))
(RI1)
using satRely-isS-take[OF - C-satRelyl] si0 01 tr lenl by argo

have satRely (take (Suc i0) (¢r2)) (RI2)
unfolding satRely-def apply clarsimp apply(rule Main2) by auto
hence C-satRely2: pc tr2 Gr2 i0 —>satRely (take (Suc i0) (tr2)) (RI2)
using 02 by auto
have C-satRely2: pc tr2 Gr2 i0 = satRely (take (Suc (Suc i0)) (¢r2))
(RI2)
using satRely-isS-take[OF - C-satRely2] si0 02 tr len2 by argo

have C-satPre: satPre (take (Suc (Suc i0)) (tr1)) (Prl) satPre (take (Suc
(Suc i0)) (tr2)) (Pr2)
using satPre-Prl satPre-Pr2 satPre-take by auto
have C-tracel: trace (take (Suc (Suc i0)) (trl))
using trace-take trace-tr1 by blast
have C-trace2: trace (take (Suc (Suc i0)) (tr2))
using trace-take trace-tr2 by blast
obtain s01 where s01: ¢fgOf (hd (take (Suc (Suc i0)) (trl))) = (c1, s01)
using hd-take prod.collapse zero-less-Suc
by (metis fst1)
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obtain s02 where s02: c¢fgOf (hd (take (Suc (Suc i0)) (tr2))) = (c2, s02)
using hd-take prod.collapse zero-less-Suc
by (metis fst2)

have ti01: take (Suc (Suc i0)) (tr1) # ||
using ¢r' lenl si0 by auto
have ti02: take (Suc (Suc i0)) (tr2) # []
using tr’ len2 si0 by auto
have C-satGuarl: pc trl Grl i0 = satPost (take (Suc (Suc i0)) (trl))
(Pt1) A
satGuar (take (Suc (Suc i0)) (tr1)) (Grl)
apply(rule c1-RG[unfolded sat-def, rule-format]) using 01
using C-tracel C-satPre(1) C-satRelyl ti01 sndeql s01 by blast
have C-satGuar2: @c tr2 Gr2 i0 = satPost (take (Suc (Suc i0)) (tr2))
(Pt2) A
satGuar (take (Suc (Suc i0)) (tr2)) (Gr2)
apply(rule c2-RG[unfolded sat-def, rule-format]) using 02
using C-trace2 C-satPre(2) C-satRely2 ti02 sndeql s02 by blast
have 011: pc trl Grl i0 = isS (tr1 ! Suc i0) using 01 by blast
have 021: pc tr2 Gr2 i0 = isS (tr2 ! Suc i0) using 02 by blast
have ¢c tr1 Grl i0 = (Gr1) (snd (cfgOf ((tr1)Yi0))) (snd (cfgOf ((tr1)!(Suc
i0))))
using C-satGuarl[THEN conjunct2, unfolded satGuar-def, rule-format, of
i0]
011 si0 tr len1 by simp
moreover have pc tr2 Gr2 i0 = (Gr2) (snd (cfgOf ((tr2)!i0))) (snd (cfgOf
((tr2)!(Suc i0))))
using C-satGuar2[THEN conjunct2, unfolded satGuar-def, rule-format, of
0]
021 si0 tr len2 by simp
ultimately show ?thesis using 01 02 or by auto
qed
}
note main = this
show Ai. Suc i < length tr'—
Vs tr.
trace tr A tr # [| A ¢fgOf (hd tr) = (c1, s) A satPre tr Prl A satRely tr
Rll —
satPost tr Pt1 A
(Vi. Suc i < length tr A isS (¢
Gr1 (snd (cfgOf (tr! 7))
(isS (tr1 ! Suc i) — Grl (snd

r 1 Suc i) —
(snd (cfgOf (tr ! Suc i)))) =
(cfgOf (tr1 ! 1))) (snd (cfgOf (tr1 ! Suc

i) A
(isS (tr2 ! Suc i) — Gr2 (snd (cfgOf (tr2 ! 0))) (snd (cfgOf (tr2 ! Suc
i)
using main unfolding ¥ pc using leni len2 by auto
qed

have Rely: (A i. Suc i < length tr' = (isE ((tr1)!(Suc 7))
— (RI1) (snd (cfgOf ((tr1)'7))) (snd (cfgOf ((tr1)!(Suc ©))))) A
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(isE ((tr2)!(Suc 7))
— (RI2) (snd (cfgOf ((tr2)10))) (snd (cfgOf ((tr2)}(Suc 1))
proof safe
fix i assume Suc-i: Suc i < length tr'
hence ii: i < length tr’ by auto
assume isE: isE (tr1 ! Suc )
have isE (tr'! Suc i) Vv
(isS (tr2 ! Suc 7))
using Suc-i acfg.exhaust-disc isE isS by auto
thus RlI (snd (cfgOf (tr1 ! 4))) (snd (cfgOf (tr1 ! Suc 7)))
proof safe
assume isE (tr'! Suc i)
hence R (snd (cfgOf (tr19))) (snd (cfgOf (tr'\(Suc 7))))
using rely’ Suc-i unfolding satRely-def by auto
thus “thesis unfolding ¢r using rely Suc-i
by (simp add: sndeql)
next
assume isS (tr2 | Suc )
hence (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc 7))))
using Guar Suc-i by auto
thus “thesis using rely
using Suc-i 7 sndeql sndeq2 by auto
qed
next
fix 7 assume Suc-i: Suc i < length tr’
hence ii: i < length tr’ by auto
assume isE: isE (tr2 ! Suc 7)
have isE (tr'! Suc i) Vv
(isS (tr1 ! Suc 7))
using Suc-i acfg.exhaust-disc isE isS by auto
thus RI2 (snd (cfgOf (tr2 ! 1)) (snd (cfgOf (tr2 ! Suc 7)))
proof safe
assume isE (tr'! Suc i)
hence R (snd (cfgOf (tr10))) (snd (cfgOf (tr'\(Suc 7))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr' using rely Suc-i
by (simp add: sndeq2)
next
assume isS (tr1 | Suc )
hence (Gr1) (snd (cfgOf ((tr1)'0))) (snd (cfgOf ((tr1)!(Suc 7))))
using Guar Suc-i by auto
thus “thesis using rely
using Suc-i it sndeql sndeq?2 by auto
qed
qed
hence satRely-Rlc: satRely (tr1) (Rl1) satRely (tr2) (RI2)
unfolding satRely-def tr lenl len2 apply blast
using Rely len2 by auto
have ne12: tr1 # [] tr2 # [] using ne’ len! len2 by auto
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have lasteq: last (tr1) = tr1 ! (length tr1 — 1) last (tr2) = tr2 ! (length tr2 —

1)
by (simp-all add: last-conv-nth nel2)
then have sndeqll: snd(cfgOf (last (tr1))) = snd(cfgOf (last(tr’)))
and sndeq2l: snd(cfgOf (last (tr2))) = snd(cfgOf (last(tr’)))
using lenl sndeql len2 sndeq2
by (metis One-nat-def diff-Suc-less last-conv-nth length-greater-0-conv)+
have A1: satPost (tr1) (Pt1) A satGuar (tr1) (Grl)
using cI-RGunfolded sat-def, rule-format, of tri]
using sndeqlh trace-trl trace-tr2 satPre-Prl satRely-Rlc(1)
using fst1 prod.exhaust-sel
by (metis ne12(1))
have A2: satPost (tr2) (Pt2) A satGuar (tr2) (Gr2)
using ¢2-RGunfolded sat-def, rule-format, of tr2]
using sndeqlh trace-trl trace-tr2 satPre-Pr2 satRely-Rlc(2)
by (metis fst2 nel2(2) prod.ezhaust-sel)

show satPost tr @
unfolding satPost-def proof safe
assume f: final (cfgOf (last tr))
then have ds: isS (hd trd) and find: final (cfgOf (hd (trd))) and fin': fst (cfgOf
(last tr")) = Done || Done
and egs: snd(cfgOf (last tr')) = snd (cfgOf (hd (trd))) using finsplit by
blast+
then have trdne: trd # || using f nfin treq by auto
hence final (cfgOf (last (tr1))) final (cfgOf (last (tr2)))
using fin fin’ by blast+
define tr1’ where tr1’ = tr1 Q (¢l trd)
define {r2’ where tr2’' = tr2 Q (¢l trd)
have tleneq: length tr1’ = length tr2’ using lenl len2
using tr1’-def tr2’-def by auto
have length tr = length tr' + length trd by (simp add: treq)
then have lentk!: length tr1’ = length tr — 1 unfolding t¢r1’-def using lenl
treq trdne
by (metis butlast-append length-append length-butlast length-tl)
have jeg: A\ j. j < length trl = tr1'!j=1tr1j
N J. j < length tr2 = tr2’ ! j = tr2 | j unfolding tr1’-def tr2’-def
by (simp-all add: nth-append)
have egh: tr ! (length tr') = hd (trd) using trdne treq
by (metis hd-Cons-tl nth-append-length)
then have jisE: A j . j > length tr' A j < length tr = isE (tr ! j)
using trace-Done’ tr find final-iff-Done by (metis)
have tri2deq: \ j . j > length trl = j < length tr1’' = tr1'! j = tr2’1j
unfolding tr1’-def tr2'-def using tleneq lenl len2 nth-append-length-plus
by (metis less-eqE)
have trieq: \ j.j > length trl = j < length tr1’ = tr1’! j = tr | (Suc j)
proof —
fix j assume j > length tr1 j < length tr1’
then obtain j’ where j = length tr1 + j’
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using less-eqFE by blast
then have ir1’! j = (¢ trd) ! j/ unfolding t¢r1’-def by simp
then have ¢r1’!j = trd | (Suc j’)
by (metis list.collapse nth-Cons-Suc trdne)
thus tr1'!j = tr ! (Suc j)
by (metis <j = length tr1 + j"» add-Suc-right lenl nth-append-length-plus
treq)
qed
then have tr2eq: \ j . j > length tr2 = j < length tr2' = tr2’ 1 j = tr !
(Suc j)
unfolding tr2’-def using tri2deq lenl len2 tleneq tr2’-def by auto

have Rely”: (\ i. Suc i < length tr1’ = (isE ((¢tr1")!(Suc i))
— (RI1) (snd (cfgOf ((tr1)'7))) (snd (cfgOf ((tr1")!(Suc 7))))) A
(isE ((tr2")!(Suc 7))
— (RI2) (snd (cfgOf ((tr2)1))) (snd (cfgOf ((tr2")!(Suc i))))))
proof (safe)
fix ¢ assume a: Suc i < length tr1’ isE (tr1’! Suc i)
show RII (snd (cfgOf (tr1'!4))) (snd (cfgOf (tr1’! Suc 7))
proof (cases Suc i < length trl)
case True
then show ?thesis using Rely|of i| a jeq by (simp add: lenl)
next
case Fulse
then have Suc i > length trl by simp
have Suc (Suc i) < length tr using a lentk! by simp
moreover have isE (ir ! Suc (Suc 7)) using a False trieq
by (simp add: calculation jisE lenl)
ultimately have rmain: R (snd (cfgOf (tr!(Suc ©)))) (snd (cfgOf (tr!(Suc
(Suc 1))
using satRely-tr a(1) a(2) unfolding satRely-def by auto
then show ¢thesis proof (cases Suc i = length tr1)
case True
then have snd (cfgOf (tr1’! %)) = snd (cfgOf (last (tr1)))
by (metis jeq(1) last-snoc length-Suc-conv-rev lessI nth-append-length)
then show ?thesis using eqs trieq rmain a(1) rely(1) True egh lenl
sndeql1l by auto
next
case Fulse
then show %thesis using trieq rmain
using <length tr1 < Suc i a(1) rely(1) by auto
qged
qed
next
fix ¢ assume a: Suc i < length tr1’ isE (tr2’! Suc i)
show RI2 (snd (cfgOf (tr2'!4))) (snd (cfgOf (tr2’! Suc 7))
proof (cases Suc i < length trl)
case True
then show %thesis using Rely|of i| a jeq lenl len2 by auto
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next
case Fulse
then have Suc i > length tr1 by simp
have Suc (Suc i) < length tr using a lentk! by simp
moreover have isE (tr | Suc (Suc 7)) using a False trieq
by (simp add: calculation jisE lenl)
ultimately have rmain: R (snd (cfgOf (tr!(Suc ©)))) (snd (cfgOf (tr!(Suc
(Suc 1)))))
using satRely-tr a(1) a(2) unfolding satRely-def by auto
then show ?thesis proof (cases Suc i = length trl)
case True
then have snd (cfgOf (tr2’! %)) = snd (cfgOf (last (tr2)))
using tleneq jeq(1) last-snoc length-Suc-conv-rev lessI nth-append-length
by (metis jeq(2) lenl len2)
then show ?thesis using eqs tr2eq rmain a(1) rely(2) True eqh lenl
sndeqll tleneq
by (metis <length tr1 < Suc > len2 sndeq2l)
next
case Fulse
then show %thesis using tr2eq rmain tleneq
using <length tr1 < Suc O a(1) rely(2) len2 using lenl by force
qged
qed
qed
hence satRely-Rlc": satRely (tr1’) (RI1) satRely (tr2') (RI2)
unfolding satRely-def apply blast using Rely’ unfolding satRely-def using
tleneq by simp
have ne12’: tr1’ # || tr2’ # || unfolding t¢r1’-def tr2’-def using nel2 by auto
have lasteq”: last (tr1’) = tr1’! (length tr1’ — 1) last (¢r2') = tr2' ! (length
tr2’ — 1)
by (simp-all add: last-conv-nth nel2’)
then have sndeq1l”: snd(cfgOf (last (tr1”))) = snd(cfgOf (last(tr)))
and sndeq2l”: snd(cfgOf (last (tr2'))) = snd(cfgOf (last(tr)))
by (metis append-self-conv eqs last-appendR last-cfgOf-hd last-tl sndeql1l tr1’-def
trdne treq sndeq2l tr2’-def )+
have satPre’: satPre (tr1’) Prl satPre (tr2’) Pr2
unfolding tr1’-def tr2’-def using satPre-Pr1 satPre-Pr2
by (simp-all add: ne12 satPre-def)
have hdtltrd: (¢l trd) # [| = isE (hd (¥ trd)) using jisE treq
by (metis Step.trace-Cons-isS acfg.exhaust-disc f finsplit list.collapse lo-
cal.final-def trd trdne)
have trace-tr1’: trace tr1’ unfolding tr1’-def using trace-append|of tr1 tl trd)
tl-trace|of trd] trace-trl hdtltrd
by (metis <local.final (cfgOf (last tr1))» acfg.disc(8) cfgOf.elims final-iff-Done
find fst-conv list.collapse self-append-conv trace-Cons-isE trd trdne)
have trace-tr2’": trace tr2’ unfolding tr2’-def using trace-append|of tr2 tl trd)
tl-trace|of trd] trace-tr2 hdtltrd
by (metis <local.final (cfgOf (last tr2))> acfg.disc(3) cfgOf.elims final-iff-Done
find fst-conv list.collapse self-append-conv trace-Cons-isE trd trdne)
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have A1 satPost (tr1’) (Pt1) A satGuar (tr1’) (Grl)
using cI-RGlunfolded sat-def, rule-format, of tr1’]
using sndeqlh trace-trl’ satPre’(1) satRely-Rlc'(1)
by (metis fst1 hd-append2 ne12'(1) nei2(1) prod.collapse tr1’-def)
have A2": satPost (tr2') (Pt2) A satGuar (tr2’) (Gr2)
using ¢2-RGlunfolded sat-def, rule-format, of tr2’]
using sndeqlh trace-tr1’ trace-tr2’ satPre’(2) satRely-Rlc'(2)
using fst2 hd-append2 ne12'(2) nel2(2) prod.collapse tr2’-def by metis

hence Pt1 (snd (cfgOf (last (tr1"))))
Pt2 (snd (cfgOf (last (tr2"))))
using A1’ unfolding satPost-def
apply (metis <local.final (cfgOf (last tr1))> f last-append last-tl tr1'-def trdne
treq)
using A2’ unfolding satPost-def using <local.final (cfgOf (last tr2))» f
last-append last-tl tr2’-def trdne treq by metis

thus @ (snd (cfgOf (last tr)))
apply (intro post) using sndeqll’ sndeq2l’
using sndeqih sndeq2h
by (simp add: ne’ ne12(1) nel2(2) tr1’-def tr2’-def treq)
qed
show satGuar tr G
unfolding satGuar-def
proof clarify
fix i assume Suc-i: Suc i < length tr and isCC-RR: isS (tr ! Suc i)
thus G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7)))
proof (cases Suc i < length tr')
case True
then have(isS (tr1 ! Suc i) V isS (tr2 ! Suc 7))
using Suc-i isCC-RR isS
by (metis append-eq-conv-conj nth-take treq)
moreover have isS (tr1 ! Suc i) = Grl (snd (cfgOf (tr1 7)) (snd (cfgOf
(tr1 ! Suc 7))
using A1 unfolding satGuar-def using True tr' lenl len2 sndeql sndeq2
by simp
moreover have isS (tr2 ! Suc i) = Gr2 (snd (cfgOf (tr2 ! 7)) (snd (cfgOf
(tr2 ! Suc 7)))
using A2 unfolding satGuar-def using True tr’ lenl len2 sndeql sndeq2
by simp
moreover have tr | i = tr’' ! i tr | (Suc i) = tr'! (Suc i)using treq True
by (metis Suc-lessD append-eq-conv-conj nth-take)+
ultimately show ?thesis using guar
by (metis Suc-lessD True sndeql sndeq2)
next
case Fulse
then have dne: trd # [] using treq
using Suc-i by auto
then have final (cfgOf (last tr)) using finsplit notfin by blast
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then have ds: isS (hd trd) and find: final (cfgOf(hd (trd))) and fin” fst
(cfgOf (last tr')) = Done || Done
and egs: snd(cfgOf (last tr')) = snd (cfgOf (hd (trd))) using finsplit by
blast+
have egh: tr ! (length tr’) = hd (trd) using dne treq
by (metis hd-Cons-tl nth-append-length)
have A j . j > length tr’' A j < length tr = isE (tr ! j)
using trace-Done’ tr find final-iff-Done
by (metis <tr ! length tr’ = hd trd>)
then have seq: (Suc i) = length tr’ using isCC-RR False
by (metis Suc-i acfg.distinct-disc(1) antisym-convd)
moreover have (¢r! i) = (last tr’) using seq treq
by (metis append-eq-conv-conj last-snoc length-Suc-conv-rev lessI nth-append-length
nth-take)
ultimately show ?thesis using greq eqs eqh by auto
qed
qed
qed

thm RG-Atom

proposition RG-Skip-U:

assumes st: stable P R stable UPt R

and Q: P < UPt

and G: lift1 P A2 (=) < G

shows sat (Atom Skip) P UPt R G

apply(rule RG-Atom)

using assms stable-stable2 unfolding conjR-def imR-def lift2-def lift1-def by auto

proposition RG-Await-U:

assumes st: stable P R stable UPt R

and Q: P A1 (evalT t) < UPt

and G: (=) < G

shows sat (Await t) P UPt R G

proof—
define nott where nott: nott = Not t
have 0: (=1 evalT t) = evalT nott
unfolding nott notP-def by auto
have 1: evalT t = =1 evalT nott
unfolding nott notP-def by auto

have sat1: lift1 ((—=1 evalT t) N1 P) N2 (=) < G
using G unfolding conjR-def by auto

have sat1: sat (Atom Skip) P PR G

apply(rule RG-Skip-U)
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using st sat! G unfolding conjP-def lift1-def le-fun-def conjR-def notP-def by
auto

show ?thesis
using RG-While-U st satl[unfolded 0] assms(3—)[unfolded 0, unfolded 1]
unfolding Await-def nott by (metis conjP-def reduced-sat-iff)

qed

end

end

8 Binary Abstract Rely-Guarantee Satisfaction

This theory presents the abstract infrastructure for binary rely-guarantee
reasoning, where postconditions are relational (linking initial and final states)
over interactive traces.

theory RG-Abstract-Binary
imports RG-Inversion-Rules
begin

context Step
begin

definition satPre :: (‘com, 'state) acfg list = ('state = bool) = bool where
satPre tr P = P (snd (cfgOf (hd tr)))

definition satPost :: (‘com, 'state) acfg list = ('state = 'state = bool) = bool
where

satPost tr Q = final (cfgOf (last tr)) — Q (snd (cfgOf (hd tr))) (snd (cfgOf (last
tr)))

definition satRely :: (‘com, 'state) acfg list = ('state = 'state = bool) = bool
where

satRely tr R =V i. Suc i < length tr A isE (tr!(Suc i)) — R (snd (cfgOf (tr'i)))
(snd (cfgOf (tr!(Suc ))))

definition satGuar :: (‘com, 'state) acfg list = ('state = 'state = bool) = bool
where

satGuar tr G =Y i. Suc i < length tr A isS (tr!(Suc 7)) — G (snd (cfgOf (trli)))
(snd (cfgOf (tr!(Suc i))))

lemmas satPost-defs = satPost-def lift2-def
definition sat :: 'com =
('state = bool) =

('state = 'state = bool) =
('state = 'state = bool) =
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('state = 'state = bool) =
bool where
sat ¢ P Q R G =V s tr. trace tr A tr £ [] A ¢fgOf (hd tr) = (¢,8) A
satPre tr P N\ satRely tr R — satPost tr Q A satGuar tr G

lemma satPre-take: satPre tr P = i > 0 = satPre (take i tr) P
unfolding satPre-def by auto

lemma satPre-triv[simp|:tr#[] = cfgOf (hd tr) = (¢, s) = satPre tr P = P
s by (simp add: hd-conv-nth satPre-def)
lemma satPre-True[simp:satPre tr (Aa. True) unfolding satPre-def by simp

lemma satPrel[intro|:P 0 = satPre [S (¢, 0)] P unfolding satPre-def by auto
lemma satPostE[elim]:satPost [S (¢, 0)] (lift2 Q) = final (¢, 0) = Q ¢ un-
folding satPost-def lift2-def by auto

lemma satRely-not-isE-snoc: satRely tr R = — isE acfg = satRely (tr Q [acfg])
R

unfolding satRely-def

by simp (metis Suc-lessI nth-append nth-append-length)

lemma satRely-isS-snoc: satRely tr R = isS acfg = satRely (tr Q [acfg]) R
using satRely-not-isE-snoc by blast

lemma satRely-isS-take: i < length tr =
satRely (take i tr) R = isS (trli) = satRely (take (Suc ©) tr) R
by (simp add: satRely-isS-snoc take-Suc-conv-app-nth)

lemma satRely-tl:satRely tr R = satRely (tl tr) R unfolding satRely-def
using Suc-lel Suc-lessD diff-Suc-eq-diff-pred diff-diff-cancel
diff-less-Suc length-tl less-trans-Suc not-less-less-Suc-eq nth-tl
by (smt (verit, ccfv-SIG))

lemma satRely-tl":satRely (a#ttr) R = satRely tr R
using satRely-tl by fastforce

lemma satRely-isE[simp]:filter isE tr = [| => satRely tr R by (metis satRely-def
empty-filter-conv nth-mem)

lemma satRely-introS:satRely tr R = cfgOf (hd tr) = (¢';s’) = satRely (S (c,
s)# S (¢, s) # tlir) R
apply(frule satRely-tl, unfold satRely-def, clarsimp)
subgoal for i apply(cases i, simp)
subgoal for i’ apply(cases i’, simp-all)
by (metis Nitpick.size-list-simp(2) Suc-lessD Suc-less-eq cfgOf-hd length-greater-0-conv
nth-tl snd-conv) . .

107



lemma satRely-introE:R s s' = ¢fgOf (hd tr) = (¢, s') = satRely tr R =>satRely
(E (¢, 8) # E (¢, 8') # tltr) R

apply(cases tl tr, simp-all add: satRely-def, clarify)

subgoal for z zs i apply(cases i, simp)

subgoal for i’ apply—apply(erule allE[of - i'], erule impE)

subgoal by (metis tl-eg-nth Nitpick.size-list-simp(2) length-Cons list.discl

nth-Cons-Suc tl-Nil)

subgoal by (metis (no-types, opaque-lifting) list.sel(2) neg-Nil-conv cfgOf .simps(2)

cfgOf-hd not0-implies-Suc nth-Cons-0 nth-Cons-Suc tl-eq-nth)

lemma satRely-splitl:
assumes satRely tr R
assumes tr = tr] Q tr2
shows satRely tr1 R
unfolding satRely-def
proof (intro alll impl conjI)
fix ¢ assume Suc i < length tr1 A isE (trl ! Suc i)
moreover have trl | i = tr ! i using assms
by (metis «Suc i < length tr1 A isE (tr1 ! Suc i)y diff-Suc-1 less-imp-diff-less
nth-append)
moreover have ¢r1 ! (Suc i) = tr ! (Suc i) using assms
by (metis <Suc i < length tr1 A isE (trl | Suc i)> nth-append)
ultimately show R (snd (c¢fgOf (tr1 ! 1)) (snd (c¢fgOf (tr1 ! Suc 7)))
using assms(1) unfolding satRely-def
by (simp add: assms(2))
qed

lemma satRely-split2:
assumes satRely tr R
assumes tr = tr] Q tr2
shows satRely tr2 R
unfolding satRely-def
proof (intro alll impl conjl)
fix i assume a: Suc i < length tr2 A isE (tr2 ! Suc 7)
moreover have tr2 | i = tr | (length tr1 + i) using assms
nth-append-length-plus by simp
moreover have tr2 ! (Suc i) = tr ! (length tr1 + Suc i) using assms
nth-append-length-plus a by metis
ultimately show R (snd (c¢fgOf (tr2 ! 14))) (snd (cfgOf (tr2 ! Suc 7)))
using assms(1) unfolding satRely-def
by (metis add-Suc-right assms(2) length-append nat-add-left-cancel-less)
qed

lemmas satRely-split = satRely-splitl satRely-split2
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lemma satPost-hd-rmvS:tr # [| = c¢fgOf (hd tr) = (¢’, s') = satPost ([S (c,s),5
(¢;sN] @ tl tr) (lift2 Q) = satPost tr (lift2 Q)

unfolding satPost-def by(cases tl tr = [|,simp-all add: last-tl last-cfgOf lift2-def
cfgOf-hd)

lemma satPost-hd-rmvE:tr # [| = cfgOf (hd tr) = (c’, s') = satPost ([E
(¢,8),E (c';sN] @ tltr) (lift2 Q) = satPost tr (lift2 Q)

unfolding satPost-def by(cases tl tr = [|,simp-all add: last-tl last-cfgOf lift2-def
cfgOf-hd)

lemma satGuar-hd-rmvS:cfgOf (hd tr) = (¢/, ') = satGuar ([S (¢,s),S (c¢’,s")]
Q tl tr) G = satGuar tr G
unfolding satGuar-def apply clarify
subgoal for i unfolding satGuar-def
apply—apply(erule allE[of - Suc i], erule impFE)
subgoal by/(cases tr, auto)
subgoal by(cases tr, simp-all,cases i, simp-all) . .

lemma satGuar-hd-rmvE:cfgOf (hd tr) = (¢', s') = satGuar ([E (¢,s),E (¢',s")]
Q@ tl tr) G = satGuar tr G
unfolding satGuar-def apply clarify
subgoal for i unfolding satGuar-def
apply—apply(erule allE[of - Suc i), erule impE)
subgoal by(cases tr, auto)
subgoal by/(cases tr, simp-all,cases i, simp-all) . .

lemma satPost-hd-add:tr = z # xs = cfgOf x = (¢’, s’) = satPost tr (lift2 Q)
=
trace (a # tr) = cfgOf a = (¢, s) = satPost (a # tr) (lift2 Q)
unfolding satPost-def by (simp add: lift2-def split: if-splits)

lemma satPost-hd-add2:tr = = # xs = cfgOf x = (¢’, s") = satRely (t # tr)
R =
satPost tr (Ass ss’. ((¢, s) = (¢, ss) V R sss) A Q s ss’) =
trace (a # tr) = cfgOf a = (¢, s) = satPost (a # tr) Q
unfolding satPost-def by (simp add: lift2-def split: if-splits)

lemma satGuar-hd-add:tr = ¢ # xs = cfgOf x = (¢/, s') = ¢fgOf a = (¢, 3)
—
trace (a # tr) = satGuar tr G = (z = S (¢;s") — G s °§')
= satGuar (a # tr) G
unfolding satGuar-def apply (clarsimp)
subgoal for i by(cases i, auto simp: c¢fgOf-isS cfgOf-isE) .

lemma satGuar-not-isS-snoc: satGuar tr G = — isS acfg = satGuar (tr Q
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lacfg)) G
unfolding satGuar-def by simp (metis Suc-lessI nth-append nth-append-length)

lemma satGuar-isE-snoc: satGuar tr G = isE acfg = satGuar (tr Q [acfg]) G
using satGuar-not-isS-snoc by blast

lemma G-intro:\i ¢ ¢'. c¢fgOf (tr ! i) = (¢,s) = tr ! Suc i = S (¢’,s') = Suc
i < length tr = satGuar tr G = G s s’
unfolding satGuar-def by auto

definition reduced-sat ¢fg @ R G =V tr . trace tr A tr # [] A cfgOf (hd tr) =

cfg N
satRely tr R — satPost tr Q A satGuar tr G

lemma reduced-sat-sat: (\ s . P s = reduced-sat (¢, s) @ R G) = sat ¢ P Q
R G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma sat-reduced-sat: sat ¢ P Q R G = P s = reduced-sat (¢, s) Q@ R G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma reduced-sat-iff: (V s . P s — reduced-sat (¢, s) Q R G) <— sat ¢ P Q R
G
unfolding reduced-sat-def sat-def satPre-def by auto

lemma reduced-sat-relQ: reduced-sat cfg Q@ R G = snd cfg = s = reduced-sat
cfg (Lift2 (Q s)) R G

unfolding reduced-sat-def

by (simp add: lift2-def satPost-def)

lemma satPre-hd[simp):cfgOf a = (¢,s) = P s = satPre (a # tr) P by (simp
add: satPre-def trace-def)

lemma sat-step-G:P s = (¢, s) = (¢/, ') = sat cP QR G = G s s’
unfolding sat-def
apply(erule allE[of - 5], erule allE]of - [S (¢,s), S(c',s")]]))
by(simp add: satGuar-def)

lemma reduced-sat-step-G: (¢, s) = (¢', s') = reduced-sat (¢, s) Q R G = G

I
s s
using reduced-sat-sat sat-step-G by fast
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lemma satPost-hd-rmvS2:tr # [| = ¢fgOf (hd tr) = (c¢/, ') = satPost ([S
(¢,8),8 (¢;s")] Q tltr) Q@ = satPost tr (lift2 (Q s))

unfolding satPost-def by(cases tl tr = [|,simp-all add: last-tl last-cfgOf lift2-def
cfgOf-hd)

lemma reduced-sat-step-pres: reduced-sat (¢, s) (lift2 Q) R G = (¢, s) — (¢’, s')
= reduced-sat (c¢', s’) (lift2 Q) R G
proof (unfold reduced-sat-def[of (¢', s")], intro alll impl, elim conjE, rule conjI)
fix tr
assume RG-c: reduced-sat (c, s) (lift2 Q) R G and step: (¢, s) — (¢’, s') and
tr: trace tr tr # [] ¢fgOf (hd tr) = (¢, s') and
satRely: satRely tr R
define ir’ where tr':tr' = [S (¢,s),5 (¢, /)] @Q tl tr
then have tr-prop: trace tr' tr’ # || ¢fgOf (hd tr') = (¢, )
using tr' tr trace-append-hdS-cons by (simp-all add: local.step)
moreover have satRely tr’' R
using tr’ satRely-introS satRely tr(3) by auto
ultimately have sat-tr’:satPost tr' (lift2 Q) A satGuar tr' G
using RG-c unfolding reduced-sat-def
apply—by (erule allE[of - tr], simp)
then show satPost tr (lift2 Q)
using ¢r unfolding ¢r’ apply clarify
by (rule satPost-hd-rmuvS)
show satGuar tr G
using sat-tr’ tr unfolding tr’ apply clarify
by (rule satGuar-hd-rmuvS)
qged

lemma sat-step-pres:P s —>
sat ¢ P (lift2 Q) R G = sat ¢’ (Aa. (¢, s) = (¢, a)) (lift2 Q) R G
using reduced-sat-step-pres by (metis reduced-sat-iff)

lemma reduced-sat-env-pres:reduced-sat (¢, s) (lift2 Q) R G = R s s’ = re-
duced-sat (¢, s’) (lift2 Q) R G
proof (unfold reduced-sat-def[of (¢, s")], intro alll impI, elim conjE, rule conjl)
fix tr
assume R: R s s’ and
tr: trace tr tr # [ ¢fgOf (hd tr) = (¢, s’) satRely tr R and
satPG-tr: reduced-sat (c, s) (lift2 Q) R G
define ¢r’ where tr':tr’ = [E (¢,3),E (¢,8")] Q ¢l tr
have sat-tr’:satPost tr' (lift2 Q) N satGuar tr’ G
using tr' tr trace-append-hdE-cons
R satRely-introE satPG-tr
unfolding reduced-sat-def
apply—by (erule allE[of - tr'], simp)

then show satPost tr (lift2 Q)
using ¢r unfolding ¢r’ apply clarify
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apply—by(rule satPost-hd-rmvFE)

then show satGuar tr G
using sat-tr’ tr unfolding tr’ apply clarify
apply—by (rule satGuar-hd-rmvE)
qed

lemma sat-env-pres:P s = sat ¢ P (lift2 Q) R G = R s s' = sat ¢ (R s) (lift2
Q) RG

using reduced-sat-env-pres by (metis reduced-sat-iff)

lemma sat-final-U:sat ¢ P (lift2 Q) R G = P s = final (¢, s) = Q s
unfolding sat-def
apply(erule allE[of - s],erule allE[of - [S (¢c,s)]])
by (simp add: satPost-defs)

lemma reduced-sat-final:reduced-sat (¢, s) (lift2 (Q s1)) R G = final (¢, s) =

Q sl s
unfolding reduced-sat-def
apply(erule allE]of - [S (¢,s)]])
by (simp add: satPost-defs)

lemma sat-final:sat ¢ P (lift2 (Q s1)) R G = P s = final (¢, s) = Q sl s
using sat-final-U by blast

end

end

9 Binary Rely-Guarantee Soundness

This theory mechanizes the soundness of our trace-based RG semantics with
respect to the relational RG proof system

theory RG-Soundness-Binary
imports RG-Abstract-Binary
begin

context Step
begin

lemma satPre-mono: satPre tr P = P < P’ = satPre tr P’
unfolding satPre-def by blast

lemma satRely-mono: satRely tr R = R < R’ = satRely tr R’
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unfolding satRely-def by blast

lemma satPost-mono: satPost tr Q' = Q' < Q = satPost tr Q
unfolding satPost-def by blast

lemma satGuar-mono: satGuar tr G' = G' < G = satGuar tr G
unfolding satGuar-def by blast

proposition RG-Mono:
assumes sat ¢ P’ Q' R' G’
assumes P< P'R< R G'<GQR'<Q
shows sat c P Q R G
unfolding sat-def
proof (safe)
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (¢, )
and satPre: satPre tr P and satRely: satRely tr R
then have satPre tr P’ satRely tr R' using satPre-mono satRely-mono assms(2,3)
by blast+
then have satPost tr Q' satGuar tr G' using assms(1) unfolding sat-def sat-
Post-def satGuar-def
using cf tr(1) tr(2) by blast+
then show satPost tr Q satGuar tr G using satPost-mono satGuar-mono assms(4,5)
by blast+
qed

end

context SeqParWhileLang
begin

proposition RG-Done:

assumes Ps-Rl: lift1 P N2 R« < Ps

shows sat Done P Ps R G

unfolding sat-def proof safe
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Done, s)
and satPre: satPre tr P and satRely: satRely tr R

obtain sl where ttr: tr = hd tr # map (As. E (Done,s)) sl
using trace-Done[OF tr] ¢f by auto

have 0: \i. i < length tr => R™xx (snd (Done, s)) (snd (cfgOf (tr'i)))
subgoal for i using c¢f apply(induct 7)
subgoal by (subst ttr, simp)
subgoal for i using satRely tr isE-allSuc|of tr sl i] tir unfolding satRely-def
by auto . .

show satPost tr Ps
unfolding satPost-def cf proof safe
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assume final (cfgOf (last tr))
have 1: lift1 P (snd (Done, s)) (snd (cfgOf (last tr)))
using satPre unfolding satPre-def cf lift1-def by simp
have 2: R« (snd (Done, s)) (snd (cfgOf (last tr)))
using 0[of length tr — 1] using tr by (simp add: last-conv-nth)
show Ps (snd (Done, s)) (snd (c¢fgOf (last tr)))
using 1 2 Ps-Rl unfolding conjR-def by auto
qed

show satGuar tr G

unfolding satGuar-def using cf apply(subst ttr)

using trace-Done’[OF tr(1), of 0]

by (metis fst-conv hd-conv-nth length-Cons length-map tr(2) acfg.distinct-disc(1)
ttr zero-less-Suc)
qed

proposition RG-Atom:

assumes Ps-R: (lift1 P N2 R™xx) OO0 (As s’. s' = evald a s) OO R™xx < @
and G: lift1 (imR (R™x) P) A2 (As s’. s’ = evald a s) < G
shows sat (Atom a) P Q R G
unfolding sat-def proof clarify
fix s tr assume tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Atom a, s)
and satPre: satPre tr P and satRely: satRely tr R

have ttr:

(3sl. tr = hd tr # map (As. E (Atom a,s)) sl) V

(Fsl s" sl'. tr = hd tr # map (As. E (Atom a,s)) sl @ [S (Done,s’)] @ map (As.
E (Done,s)) sl

(is A V ?B)

using trace-Atom[OF tr| cf by auto

hence tir: (YA A = ?B) V ?B by auto

show satPost tr Q A satGuar tr G
using tir proof
assume A: A N - 7B
show ?thesis proof (rule conjI)
show satPost tr @
unfolding satPost-def cf proof safe
assume final (c¢fgOf (last tr))
hence ?B using tir
by (metis (no-types, lifting) Atom cf cfgOf.simps(2) final-def last.simps
last-map list.map-disc-iff)
hence Fulse using A by auto
thus Q (snd (Atom a, s)) (snd (cfgOf (last tr))) by auto
qed
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next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume i: Suc i < length tr isS (tr ! Suc @)
show G (snd (cfgOf (tr ! ))) (snd (cfgOf (tr ! Suc 7))
using ¢r(1)[unfolded trace-def, rule-format, of 1]
using i A unfolding isS-def tir
by (metis Suc-less-eq length-Cons length-map nth-Cons-Suc nth-map acfyg.distinct(1))
qed
qed
next
assume ?B
then obtain sl s’ sl’ where tir: tr = hd tr # map (As. E (Atom a,s)) sl @ [S
(Done,s’)] @ map (As. E (Done,s)) sl’
using cf by auto

have [l[simp]: Suc (length sl) < length tr

apply(subst tir) by auto

have [ll[simp]: sl’ # [| = Suc (Suc (length sl)) < length tr
apply(subst ttr) by auto

have isE[simp]: sl’ # [| = isE (tr ! Suc (Suc (length sl)))

using tr(1)[unfolded trace-def, rule-format, of Suc (length sl)]

using ttr

by simp (metis cfgOf .simps(1) fst-conv length-map 11l nth-Cons-Suc nth-append-length
tr(1) trace-Done-Suc)

define ss where ss = snd (cfgOf (last (hd tr # map (As. E (Atom a,s)) sl)))

have ss: ss = (if sl = || then s else last sl)

unfolding ss-def by (cases sl, auto simp: last-map cf)

have ss2: ss = (snd (cfgOf (tr!(length sl))))

unfolding ss-def using tir

by (metis (no-types, lifting) append.simps(2) diff-Suc-1 last-conv-nth length-Cons

length-map lessI list.distinct(1) nth-append)

have ss3: c¢fgOf (tr!(length sl)) = (Atom a, ss)

unfolding ss2 using ¢tr apply (cases c¢fgOf (tr!(length sl)))

by (smt (verit, del-insts) One-nat-def cf cfgOf .simps(2) diff-Suc-less last-conv-nth

length-greater-0-conv length-map list.size(8) nth-Cons-0 nth-Cons-pos nth-append
nth-map ss ss2)
have s” tr!(Suc (length sl)) = S (Done,s")

apply(subst ttr) by (auto simp: nth-append)

have 000: lift1 P s s
using satPre unfolding satPre-def cf lift1-def by simp

115



have ss0: snd (cfgOf (tr! 0)) = s
apply(subst ttr) by (simp add: cf)

have 0: Ai. i < Suc (length sl) = R7xx s (snd (cfgOf (trli)))
subgoal for ¢ using c¢f apply(induct 7)
subgoal using ss0 by blast
subgoal using satRely[unfolded satRely-def, rule-format, of i
by (metis (no-types, lifting) Suc-less-eq satRely-def isE-def length-Cons
length-append length-map less-Suc-eq nth-Cons-Suc nth-append nth-map rtran-
clp.rtrancl-into-rtrancl
satRely trans-less-add1 ttr) . .
have 00: R xx s ss using 0[of length sl| unfolding ss2 by simp

have small-step (Atom a,ss) (Done,s")

using tr(1)[unfolded trace-def, rule-format,

of length sl Atom a ss Done s'|

unfolding ss3 s’ by simp

hence 11: (As s’. s' = evalA a s) ss s’ by simp

define ss’ where ss’ = snd (cfgOf (last tr))

have ss”: ss’ = (if sl’ =[] then s’ else last sl’)

unfolding ss’-def apply(subst ttr) by (cases sl’, auto simp: last-map)
have ss3" ¢fgOf (last tr) = (Done, ss’)

unfolding ss’ apply(subst ttr) apply (cases cfgOf (last tr))

by (cases sl’, auto simp: last-conv-nth nth-append)

have auz: N\i. i < length s’ =

(Suc (Suc (length sl + 1)) < length tr A isE (tr | Suc (Suc (length sl + 1))))

subgoal for i using tr(1)[unfolded trace-def, rule-format, of Suc (length sl +
i)]

using tr

by simp (smt (verit, best) trace-Done’ add-Suc-right cfgOf.simps(1) fst-conv
length-Cons

length-append length-map less-add-Sucl nat-add-left-cancel-less plus-1-eq-Suc s’

tr(1)) .

have 2: \i. i < length sl’ = R7xx s’ (snd (cfgOf (tr!(Suc (Suc(length sl) +
)
subgoal for i apply(induct ©)
subgoal using satRely[unfolded satRely-def, rule-format, of Suc (length sl)]
unfolding s’ by simp
subgoal for ¢ using satRely[unfolded satRely-def, rule-format, of Suc (Suc(length
sl)) + 1]
using auz by fastforce . .

have 22: R™xx s’ (snd (cfgOf (last tr))) using 2[of length s’ — 1] using ttr

by (smt (verit) Nat.lessE One-nat-def add.commute add-Suc diff-Suc-1 last-conv-nth
length-Cons
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length-append length-greater-0-conv length-map less-Suc-eq plus-1-eq-Suc rtran-
clp.simps ss’
ss’-def trans-less-addl)

have post-main: ((lift1 P A2 R™xx) OO (As s’. s’ = evalA a s) OO R7xx) s

(snd (cfgOf (last tr)))
using 000 00 11 22 unfolding conjR-def lift1-def by auto

show ?thesis proof (rule conjI)
show satPost tr Q
unfolding satPost-def cf proof safe
assume final (cfgOf (last tr))
thus @ (snd (Atom a, s)) (snd (cfgOf (last tr)))
using Ps-R post-main by auto
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume i: Suc i < length tr isS (tr ! Suc i)
hence i: i = length sl
using tr(1)[unfolded trace-def, rule-format, of i|
using t¢tr unfolding isS-def apply (simp add: nth-append split: if-splits)
by (metis (no-types, lifting) trace-Done’ cfgOf.simps(1) fst-conv isE-def
length-map
less-Suc-eq not-less-eq nth-Cons-Suc nth-append nth-map s’ tr(1) acfg.distinct(1))

have 6: lift1 (imR (R *x) P) (snd (c¢fgOf (tr ! ©))) (snd (cfgOf (tr ! Suc

i)))
unfolding i unfolding s'[symmetric] ss2[symmetric| lift1-def imR-def

apply(rule exI[of - s])
using satPre unfolding satPre-def cf using 00 by auto

) have 7: (As s’. s' = evalA a s) (snd (cfgOf (tr ! 7)) (snd (cfgOf (tr ! Suc
i

unfolding ¢ using 11 by (simp add: s’ ss2)

show G (snd (cfgOf (tr ! ))) (snd (cfgOf (tr ! Suc 7))
using 6 7 G unfolding conjR-def by blast
qed
qed
qed
qged

corollary RG-Atom’:

assumes st: stable P R stable2 Q R

and Q: lift1 P N2 (As s’. s’ = evald a s) <
and G: lift1 P N2 (As s’. ' = evald a s) <
shows sat (Atom a) P Q R G

proof—

Q
G
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have sst: stable P R x stable2 @ R xx
by (simp-all add: st stable-rtraclp stable2-rtraclp)

have 1: lift1 P N2 R™xx < R7xx A2 lift2 P
using st(1) stable-lift1-lift2-rtraclp by blast
have 2: (R7xx A2 1ift2 P) OO (\s s’. s’ = evalA a s) =
R7x OO0 (lift1 P N2 (As s’. ' = evalA a s))
using conjR-lift2-rel-1-00 .
have 3: (lift1 P N2 R™xx) 00 (As s'. ' = evald a s) OO R x
< R7%x 00 (lift1 P N2 (As s’. s' = evald a s)) OO R x
using 1 2
by (metis (no-types, lifting) order-refl relcompp-assoc relcompp-mono)

have R+ 0O (lift1 P N2 (As s’. s' = evalA a s)) OO R™xx < Q
apply(rule stable2-00-leq) using sst Q by auto

hence Ps-R: (lift1 P A2 R™xx) 00 (As s’. 8" = evald a s) OO0 R™x < Q
using 3 @ by auto

have lift1 (imR (R »x) P) < lift1 P

by (simp add: lift1-mono st(1) stable-imR-rtraclp)
hence G: lift1 (imR (R™xx) P) A2 (As s'. s’ = evald a s) < G
using G by (smt (verit) conjR-def predicate2D predicate2l)

show ?thesis using RG-Atom[OF Ps-R G] .
qed

corollary RG-Atom-U:

assumes st: stable P R stable UPt R

and @: imR (As s s' = evalA a s) P < UPt

and G: lift1 P N2 (Ass’. s'=evald as) < G

shows sat (Atom a) P (lift2 UPt) R G

apply(rule RG-Atom”)

using assms stable-stable2 unfolding conjR-def imR-def lift2-def lift1-def by auto

proposition RG-Seq:

assumes satl: sat c1 Prl Pt1 Rl1 Grl

and sat2: sat c2 Pr2 Pt2 RI2 Gr2

and P: P < Pr!

and Pri12: imR Pt1 Prl1 < Pr2

and Q: Pt1 OO0 Pt2 < @

and R: R < Rl1 R < RI2

and G: Grl < G Gr2 < G

and Grid: (=) < G

shows sat (Seq c1 ¢2) PQR G

unfolding sat-def proof clarify
fix s tr assume trace-tr: trace tr tr # [| and cf: ¢fgOf (hd tr) = (Seq c1 c2, s)
and satPre: satPre tr P and satRely: satRely tr R
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hence fcf: fst (c¢fgOf (hd tr)) = Seq c1 ¢2 by simp

have tir:
(Ftrl. trace tr1 A trl £ [] A fst (c¢fgOf (hd tr1)) = c1 A
tr = map (makeSeq c2) trl)
V
(Ftr1 tr2. trace tr1 A trl # [ A fst (c¢fgOf (hd tr1)) = c1 A fst (c¢fgOf (last
tr1)) = Done A

trace tr2 A tr2 # [| A fst (cfgOf (hd tr2)) = c2 A

tr = map (makeSeq c2) tr1 Q ¢r2 A

snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2)) A isS (hd tr2))
(is A V ?B)
using trace-Seq[OF trace-tr fcf] by auto
hence tir: (A A = ¢B) V ?B by auto

show satPost tr Q A satGuar tr G
using ttr proof
assume A: A N - 7B
then obtain tr! where tr1: trace tr1 tr1 # [] fst (cfgOf (hd tr1)) = cl
and tr: tr = map (makeSeq c2) trl
by auto
hence snd1: snd (cfgOf (hd tr1)) = snd (cfgOf (hd tr))
by (simp add: list.map-sel(1))
have satPrel: satPre trl1 Prl
using satPre P trl sndl unfolding tr makeSeq-def satPre-def by auto
have satRelyl: satRely tri1 Ri1
using satRely R trl unfolding tr makeSeq-def satRely-def
using satRely satRely-def snd-cfgOf-makeSeq tr by auto
have 1: satPost tr1 Pt1 A satGuar trl1 Gri
by (metis prod.exhaust-sel satl satPrel sat-def satRelyl tr1(1,2) tri(3))

show ?thesis proof (rule conjI)
show satPost tr @)
unfolding satPost-def cf proof safe
assume final (cfgOf (last tr))
hence ?B using ttr
by (smt (verit, ccfv-SIG) final-iff-Done cfgOf-updCfg com.distinct(3)
fst-conv last-map makeSeq-def)
hence Fulse using A by auto
thus Q (snd (Seq cl ¢2, s)) (snd (cfgOf (last tr))) by auto
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume i: Suc i < length tr isS (tr ! Suc @)
thus G (snd (c¢fgOf (tr!9))) (snd (cfgOf (tr ! Suc i)))
using G(1) 1 unfolding tr satGuar-def makeSeq-def
by simp (metis (mono-tags, lifting) isS-def predicate2D acfy.distinct(2)
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updCfg.elims)
qed
qed
next

assume ?B

then obtain tr! tr2 where

trl: trace trl trl # [] fst (¢fgOf (hd trl)) = cl fst (c¢fgOf (last tr1)) = Done
and

tr2: trace tr2 tr2 # [| fst (cfgOf (hd tr2)) = ¢2 final (cfgOf (last tr2)) +—
final (cfgOf (last tr)) and

tr: tr = map (makeSeq c2) tr1 Q tr2

and tr12: snd (cfgOf (last tr1)) = snd (cfgOf (hd tr2))

by auto

have satPrel: satPre trl Pri

using satPre P tr1 tr[unfolded makeSeq-def list-eq-iff-nth-eq]

unfolding satPre-def

by simp (smt (verit, ccfu-threshold) cfgOf-updCfg hd-append?2 list.map-comp
list.map-sel(1)

makeSeq-def map-is-Nil-conv predicatelD snd-conv tr)

note tru = tr{unfolded makeSeq-def list-eq-iff-nth-eq]
note trul = tru| THEN conjunctl] note tru2 = tru| THEN conjunct2, rule-format,
simplified)

have satRelyl1: satRely tri1 Ri1
unfolding satRely-def proof safe
fix ¢
assume si: Suc ¢ < length tr1 and de: isE (tr1 ! Suc i)
have sii: Suc ¢ < length tr and de: isE (tr ! Suc i)
subgoal unfolding tr using si by (metis length-append length-map
trans-less-addl)
subgoal unfolding ¢r using ie si by (simp add: nth-append) .
hence R (snd (cfgOf (tr! 7)) (snd (cfgOf (tr | Suc )))
using satRely[unfolded satRely-def, rule-format] sii ie by auto
hence RI1 (snd (cfgOf (tr 1)) (snd (cfgOf (tr ! Suc 7))
using R by auto
thus Ri1 (snd (c¢fgOf (tr1 ! 7)) (snd (cfgOf (tr1 ! Suc i)))
by (simp add: Suc-lessD map-cfgOf-makeSeql si tr)
qed

have 1: satPost trl1 Pt1 A satGuar tr1 Gri
by (metis prod.ezhaust-sel satl satPrel sat-def satRelyl tr1(1,2) tri1(3))

hence Pri (snd (cfgOf (hd tr1))) A Pt1 (snd (cfgOf (hd trl))) (snd (cfgOf
(last tr1)))

using satPrel unfolding satPre-def satPost-def

using final-iff-Done tr1(4) by auto

hence imR Pt1 Pr1 (snd (cfgOf (last tr1))) unfolding imR-def by auto
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hence Pr2 (snd (cfgOf (last tr1))) using Pri12 by blast
hence Pr2 (snd (c¢fgOf (hd tr2))) using tr12 by auto

hence satPre2: satPre tr2 Pr2 unfolding satPre-def by auto

have satRely2: satRely tr2 RI2
unfolding satRely-def proof safe
fix ¢
assume si: Suc i < length tr2 and ie: isE (tr2 ! Suc i)
have sii: length tr1 + Suc i < length tr and ie: isE (tr | (length tr1 + Suc

subgoal unfolding ¢r using si by (simp add: map-eq-length)
subgoal unfolding ¢r using ie si by (metis length-map nth-append-length-plus)

hence R (snd (cfgOf (tr ! (length tr1 + ©)))) (snd (cfgOf (tr ! (length tri +
Suc ))))

using satRely[unfolded satRely-def, rule-format] sii ie by auto

hence RI2 (snd (cfgOf (tr ! (length tr1 + ©)))) (snd (cfgOf (tr ! (length tr1
+ Suc 1))))

using R by auto

thus RI2 (snd (cfgOf (tr2 1)) (snd (cfgOf (tr2 ! Suc i)))

using si unfolding tr by (metis length-map nth-append-length-plus)

qed

have 2: satPost tr2 Pt2 A satGuar tr2 Gr2
by (metis prod.exhaust-sel sat2 satPre2 sat-def satRely2 tr2(1,2) tr2(3))

have snd1: snd (cfgOf (hd trl)) = snd (cfgOf (hd tr))

by (smt (verit, best) snd-cfgOf-makeSeq hd-append?2 list.map-comp list.map-disc-iff
list.map-sel(1) tr tr1(2))

have snd2: snd (cfgOf (last tr2)) = snd (cfgOf (last tr))

by (metis (no-types, lifting) last-appendR tr tr2(2))

show satPost tr Q N satGuar tr G
proof (rule conjI)
show satPost tr
unfolding satPost-def proof safe
assume [: final (cfgOf (last tr))
have Pt1 (snd (cfgOf (hd tr1))) (snd (cfgOf (last trl)))
using ! unfolding satPost-def
using final-iff-Done tr1(4) by blast
hence pt1: Pt1 (snd (c¢fgOf (hd tr))) (snd (cfgOf (hd tr2)))
using sndl tri2 by auto

have final (cfgOf (last tr2)) using f tr2(4) by blast

hence Pt2 (snd (cfgOf (hd tr2))) (snd (cfgOf (last tr2)))
using 2 unfolding satPost-def by auto

hence pt2: Pt2 (snd (cfgOf (hd tr2))) (snd (cfgOf (last tr)))
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using snd2 by auto

have (Pt1 OO Pt2) (snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
using pt1 pt2 by auto
thus Q (snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
using @ by auto
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix 7 assume si: Suc i < length tr and isi: isS (tr ! Suc 7)
have Suc i < length tr1 V Suc i = length tr1 V Suc i > length trl
by auto
thus G (snd (c¢fgOf (tr! 7)) (snd (cfgOf (tr ! Suc i)))
proof (elim disjE)
assume i: Suc i < length tr1
hence 111: snd (cfgOf (trli)) = snd (cfgOf (tr1'i)) A snd (cfgOf (tr!Suc
1)) = snd (cfgOf (tr1!Suc i))
by (simp add: map-cfgOf-makeSeql tr)
have isi: isS (tr1 | Suc i)
using list-all2-isE-makeSeql i isi trace-step-or-env tri (1)
by (simp add: nth-append tr)
hence Gr1 (snd (cfgOf (tr1 !1))) (snd (cfgOf (tr1 ! Suc i)))
using ! 7 unfolding satGuar-def by auto
thus ?thesis using 111 G by auto
next
assume Suc ¢ = length tri
hence 111: snd (cfgOf (tr'i)) = snd (cfgOf (last tr1)) A snd (cfgOf
(tr!Suc i) = snd (cfgOf (hd tr2))
by (metis map-cfgOf-makeSeql map-cfgOf-makeSeq2 add.right-neutral
add-diff-cancel-left’
hd-conv-nth last-conv-nth length-greater-0-conv lessI plus-1-eg-Suc tr tr1(2)
tr2(2))
hence snd (cfgOf (tr ! 7)) = snd (c¢fgOf (tr ! Suc 7))
using tr12 by auto
thus ?thesis using Grid by auto
next
assume i: length tr1 < Suc i
hence 111: snd (cfgOf (tr!d)) = snd (cfgOf (tr2!(i—length tr1))) A
snd (cfgOf (tr!Suc 7)) = snd (cfgOf (tr2!Suc (i—length tr1)))
by (metis Nat.add-diff-assoc length-map less-Suc-eq-le not-less-eq nth-append
order-less-imp-not-less plus-1-eq-Suc tr)
have isi: isS (tr2 | Suc (i—length tr1))
by (metis (no-types, lifting) Suc-diff-le add-diff-inverse-nat i isi length-map

less-Suc-eq-le nth-append-length-plus order-less-not-sym si tru2)
hence Gr2 (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using 2 i unfolding satGuar-def
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by auto (metis (no-types, lifting) Suc-diff-Suc Suc-lessD add-diff-inverse-nat
diff-Suc-Suc
length-append length-map nat-add-left-cancel-less not-less-eq si tr)
thus ?thesis using 111 G by auto
qged
qed
qed
qed
qed

corollary RG-Seq’:

assumes satl: sat cI Pr1 Pt1 R G
and sat2: sat ¢2 Pr2 Pt2 R G
and P: P < Prl

and Pr12: imR Ptl Pr1 < Pr2
and Q: Pt1 OO Pt2 < @

and Grid: (=) < G

shows sat (Seq c1 ¢c2) PQR G
apply(rule RG-Seq

[where ?RI1.0 = R and ?RI2.0 = R and ?Gr1.0 = G and ?Gr2.0 = G])
using assms by auto

corollary RG-Seq-U:

assumes satl: sat c1 P (lift2 Pr2)
and sat2: sat c¢2 Pr2 (lift2 UPt) R
and Grid: (=) < G

shows sat (Seq c¢1 ¢2) P (lift2 UPt) R G

apply(rule RG-Seq’)

using assms unfolding lift2-def OO-def le-fun-def imR-def by auto

R G
G

proposition RG-If:
assumes sat!: sat ¢l Prl Pt1 Rll Grl
and sat2: sat c2 Pr2 Pt2 RI2 Gr2
and Pri: (imR R™xx P) A1 (evalT t) < Prl
and Pr2: (imR R+ P) A1 (=1 evalT t) < Pr2
and R: R < Rll R < RI2
and Q: ((R7xx A2 lift2 (evalT t)) OO0 Pt1) < Q ((R7xx A2 lift2 (-1 evalT t))
00 Pt2) < @
and G: Gr1 < GGr2 <G (=)< G
shows sat (Ift cl ¢2) PQR G
unfolding sat-def proof clarify
fix s tr assume tr: trace tr tr # [ and c¢f: ¢fgOf (hd tr) = (If t ¢l ¢2, s)
and satPre: satPre tr P and satRely: satRely tr R
hence sp: P (snd (cfgOf (hd tr))) unfolding satPre-def by auto
have sr: A\i. Suc i < length tr = isE (tr | Suc i) =
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R (snd (cfgOf (tr ! ©))) (snd (cfgOf (tr ! Suc i))) using satRely unfolding
satRely-def by auto

obtain sl tr’ where
ttr: tltr = map (As. E (If t ¢l ¢2,8)) sl @Q tr' A
(tr'# [ —
trace tr’ A isS (hd tr') A
fst (cfgOf (hd tr')) = (if evalT t (snd (cfgOf (hd tr'))) then cl else
c2) A
snd (cfgOf (tr!(length sl))) = snd (cfgOf (hd tr')))
using trace-If[OF tr] cf by auto

show satPost tr Q A satGuar tr G
proof(cases tr’' = [])
case True note tr'e = True
show ?thesis proof
show satPost tr )
unfolding satPost-def proof
assume final (cfgOf (last tr))
hence Fulse using cf tir tr'e
by simp (metis (no-types, lifting) cfgOf.simps(2) com.distinct(5) final-iff-Done
fst-conv hd-Cons-tl
last-ConsL last-map last-tl list. map-disc-iff tr(2))
thus Q (snd (cfgOf (hd tr))) (snd (cfgOf (last tr))) by simp
qed
next
show satGuar tr G
unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr and isi: isS (¢r ! Suc 7)
hence Fulse using cf tir tr'e
by simp (metis (no-types, lifting) Suc-less-eq isS-def length-Cons length-map
list.collapse
nth-map nth-tl tr(2) acfg.distinct(1))
thus G (snd (c¢fgOf (tr ! 4))) (snd (cfgOf (tr ! Suc ©))) by simp
qed
qged
next
case False note tr'ne = False
let ?s = snd (cfgOf (hd tr'))
have ttr: ¢l tr = map (As. E (If t ¢l ¢2,s)) sl @Q tr’
and tr’: trace tr' tr' # [] isS (hd tr’)
and fc12: fst (c¢fgOf (hd tr')) = (if evalT t ?s then cl else c2)
and snd: snd (cfgOf (trl(length sl))) = snd (cfgOf (hd tr’))
using False ttr by auto
have ltr”: last tr' = last tr
by (metis False Nil-is-append-conv last-appendR last-tl ttr)

have isE-tr: N\i. i < length sl = isE (tr!Suc 7)
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using ttr
by (metis (no-types, lifting) isE-def length-map list.collapse nth-Cons-Suc

nth-append nth-map tr(2))

hence sr’: \i. i < length sl => isE (tr ! Suc i) = R (snd (cfgOf (tr ! i)))
(snd (cfgOf (tr ! Suc 7))

using sr

by (metis Nitpick.size-list-simp(2) Suc-less-eq length-append length-map tr(2)
trans-less-addl ttr)

have Rili: N\i. i < length sl = R** (snd (cfgOf (hd tr))) (snd (cfgOf (tr!i)))

subgoal for i apply(induct ©)
apply (simp add: hd-conv-nth tr(2))
using sr'[of ]
by simp (meson Suc-le-lessD isE-tr rtranclp.rtrancl-into-rtrancl sr’) .

hence R** (snd (cfgOf (hd tr))) (snd (cfgOf (tr!(length sl))))

by simp

hence Rls: R** (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr')))
by (simp add: snd hd-conv-nth tr(2))

have tr'i: \i. Suc i < length tr' =
tr'li = trl(Suc (length sl) + ©) A
tr''(Suc i) = tr!(Suc (Suc (length sl) + 1))
using ttr
by (metis ab-semigroup-add-class.add-ac(1) add-Suc-shift length-map list.collapse

nth-Cons-Suc nth-append-length-plus tr(2))
have imR: (imR R xx P) ?s using sp Rls unfolding imR-def by auto

have isS-tr-sl: Ni. Suc i < length tr = isS (tr ! Suc i) = i > length sl
using isE-tr linorder-not-le by blast

show ?thesis
proof(cases evalT t ?s)
case True note ev = True
have Pr1 (snd (cfgOf (hd tr'))) using Prl imR ev unfolding conjP-def by
auto
hence satPrel: satPre tr' Prl
unfolding satPre-def by auto
have satRelyl: satRely tr' Rl1
unfolding satRely-def proof safe
fix 7 assume si: Suc © < length tr’ isE (tr’ ! Suc i)
hence sii: Suc (Suc (length sl) + ©) < length tr A isE (tr | Suc (Suc (length
sl) + 1))
by (smt (verit, ccfv-SIG) Nitpick.size-list-simp(2) add-Suc-shift length-append
length-map
nat-add-left-cancel-less tr'i tr(2) ttr)
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hence R (snd (cfgOf (tr ! (Suc (length sl) + 7)))) (snd (c¢fgOf (tr ! Suc
(Suc (length sl) + 17))))
using sr by auto
hence R (snd (cfgOf (tr'! 1)) (snd (cfgOf (tr'! Suc 7)))
using si(1) tr'i by presburger
thus RIi1 (snd (cfgOf (tr'! 7)) (snd (cfgOf (tr'! Suc 7))
using R(1) by auto
qed
have satPost1: satPost tr’ Ptl and satGuarl: satGuar tr’ Grl
by (metis tr'ne ev fc12 prod.ezhaust-sel satPrel satl sat-def satRelyl tr'(1))+

have fc1: fst (c¢fgOf (hd tr')) = c1 using fc12 ev by auto

show ?thesis proof
show satPost tr Q unfolding satPost-def proof
assume fin: final (cfgOf (last tr))
have fini: final (cfgOf (last tr'))
using fin lir’ by fastforce
have Pt1: Pt1 (snd (cfgOf (hd tr')) (snd (cfgOf (last tr')))
using satPost! fcl finl unfolding satPost-def by auto
hence Pt1: Pt1 (snd (cfgOf (hd tr'))) (snd (cfgOf (last tr)))
using ltr’ by simp

have (R** A2 lift2 (evalT t)) (snd (c¢fgOf (hd tr))) (snd (cfgOf (hd tr')))

using Rls ev unfolding conjR-def lift2-def by auto
hence ((R** A2 lift2 (evalT t)) OO Pt1) (snd (cfgOf (hd tr))) (snd (cfgOf
(last tr)))
using Pt1 by auto
thus @ (snd (c¢fgOf (hd tr))) (snd (cfgOf (last tr)))
using Q(1) by auto
ged
next
show satGuar tr G unfolding satGuar-def proof safe
fix i assume si: Suc i < length tr isS (tr | Suc )
hence i: i > length sl using isS-tr-sl by auto
show G (snd (cfgOf (tr ! i))) (snd (cfgOf (tr ! Suc 7))
proof(cases i = length sl)
case True
hence snd (c¢fgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
by (metis Nitpick.size-list-simp(2) Suc-less-eq length-map list.collapse
nth-append-length
nth-tl si(1) snd tr'ne tr(2) ttr)
thus ?thesis using G(3) by auto
next
case Fulse
hence i: i > length sl using 7 by auto
define i’ where i": i’ = i — Suc (length sl)
have si”: Suc i’ < length tr’ and ii: i = Suc (length sl) + i’
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using ¢ unfolding i’ apply simp-all
by (metis Nitpick.size-list-simp(2) Suc-diff-Suc add-diff-inverse-nat
length-append
length-map nat-add-left-cancel-less order-less-imp-not-less plus-1-eq-Suc
si(1) tr(2) ttr)
hence ssi” isS (tr'! Suc i)
using si(2) tr'i by presburger
have Gr! (snd (cfgOf (tr'!i’)) (snd (cfgOf (tr'! Suc i')))
using satGuarl si’ ssi’ unfolding satGuar-def by auto
hence Gr1 (snd (cfgOf (tr! 7)) (snd (cfgOf (tr ! Suc i)))
using 7 si’ tr'i by auto
thus ?thesis using G(1) by auto
qed
qed
qed
next
case Fulse note ev = Fulse
have Pr2 (snd (cfgOf (hd tr'))) using Pr2 imR ev unfolding conjP-def
notP-def by auto
hence satPre2: satPre tr' Pr2
unfolding satPre-def by auto
have satRely2: satRely tr' RI2
unfolding satRely-def proof safe
fix i assume si: Suc i < length tr’ isE (tr'! Suc 7)
hence sii: Suc (Suc (length sl) + ©) < length tr A isE (tr ! Suc (Suc (length
sl) + 1))
by (smt (verit, ccfv-SIG) Nitpick.size-list-simp(2) add-Suc-shift length-append
length-map
nat-add-left-cancel-less tr'i tr(2) tir)
hence R (snd (cfgOf (tr ! (Suc (length sl) + ©)))) (snd (cfgOf (tr ! Suc
(Suc (length sl) + i))))
using sr by auto
hence R (snd (cfgOf (tr'! 1)) (snd (cfgOf (tr'! Suc 7))
using si(1) ¢r'i by presburger
thus RI2 (snd (cfgOf (tr'!4))) (snd (cfgOf (tr'! Suc 7)))
using R(2) by auto
qed
have satPost2: satPost tr’ Pt2 and satGuar2: satGuar tr' Gr2
by (metis tr'ne ev fc12 prod.ezhaust-sel satPre2 sat2 sat-def satRely2 tr'(1))+

have fc2: fst (c¢fgOf (hd tr')) = ¢2 using fc12 ev by auto

show ?thesis proof
show satPost tr () unfolding satPost-def proof
assume fin: final (cfgOf (last tr))
have fin2: final (cfgOf (last tr'))
using fin ltr’ by fastforce
have Pt2: Pt2 (snd (cfgOf (hd tr'))) (snd (cfgOf (last tr')))
using satPost2 fc2 fin2 unfolding satPost-def by auto
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hence Pt2: Pt2 (snd (cfgOf (hd tr'))) (snd (cfgOf (last tr)))
using ltr’ by simp

have (R** A2 lift2 (-1 evalT t)) (snd (cfgOf (hd tr))) (snd (c¢fgOf (hd
tr')))
using Rls ev unfolding conjR-def lift2-def notP-def by auto
hence ((R** A2 lift2 (-1 evalT t)) OO Pt2) (snd (cfgOf (hd tr))) (snd
(cfgOf (last tr)))
using Pt2 by auto
thus Q (snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
using Q(2) by auto
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr isS (tr ! Suc ©)
hence i: i > length sl using isS-tr-sl by auto
show G (snd (cfgOf (tr ! 14))) (snd (cfgOf (tr ! Suc 7))
proof(cases i = length sl)
case True
hence snd (c¢fgOf (tr ! ) = snd (cfgOf (tr ! Suc 7))
by (metis Nitpick.size-list-simp(2) Suc-less-eq length-map list.collapse
nth-append-length
nth-tl si(1) snd tr'ne tr(2) ttr)
thus ?thesis using G(3) by auto
next
case Fulse
hence i: i > length sl using ¢ by auto
define i’ where i i’ = i — Suc (length sl)
have si”: Suc i’ < length tr’ and ii: i = Suc (length sl) + i’
using 7 unfolding i’ apply simp-all
by (metis Nitpick.size-list-simp(2) Suc-diff-Suc add-diff-inverse-nat
length-append
length-map nat-add-left-cancel-less order-less-imp-not-less plus-1-eq-Suc
si(1) tr(2) ttr)
hence ssi”: isS (tr'! Suc i)
using si(2) tr'i by presburger
have Gr2 (snd (cfgOf (tr'! ")) (snd (cfgOf (tr'! Suc i")))
using satGuar2 si’ ssi’ unfolding satGuar-def by auto
hence Gr2 (snd (cfgOf (tr ! 7)) (snd (cfgOf (tr ! Suc i)))
using 7 si’ tr'i by auto
thus ?thesis using G(2) by auto
ged
qged
qed
qed
qed
qed

corollary RG-If"
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assumes st: stable P R stableLeft Q R

and satl: sat ¢l Prl Pt1 Rl1 Grl
and sat2: sat c2 Pr2 Pt2 RI2 Gr2
and Pri: P Al (evalT t) < Pri
and Pr2: P A1 (-1 evalT t) < Pr2
and R: R < Rll R < RI2
and Q: lift1 (evalT t) N2 Pt1 < Q lift1 (—1 evalT t) A2 Pt2 < @Q
and G: Gr1 < GGr2 < G (=) <G
shows sat (If t c1 ¢2) PQR G
proof—
have Pri: (imR R P) A1 (evalT t) < Pri
and Pr2: (imR R™xx P) A1 (=1 evalT t) < Pr2
by (metis (mono-tags, lifting) Prl Pr2 imR-def order-antisym-conv
predicatell rtranclp.simps st(1) stable-imR-rtraclp)+

have (R« A2 lift2 (evalT t)) OO Pt1 = R™xx OO (lift1 (evalT t) N2 Pt1)
using conjR-lift2-rel-1-00 .

moreover have R xx OO (lift1 (evalT t) N2 Pt1) < @

by (simp add: Q(1) st(2) stableLeft-OO0-leq stableLeft-rtraclp)

ultimately have Pt1: (R xx A2 lift2 (evalT t)) OO Pt1 < @ by auto

have (R7xx A2 lift2 (=1 evalT t)) OO Pt2 = R™xx OO0 (lift1 (-1 evalT t) N2
Pt2)

using conjR-lift2-rel-1-00 .

moreover have R xx OO (lift1 (—1 evalT t) A2 Pt2) < Q

by (simp add: Q(2) st(2) stableLeft-OO0-leq stableLeft-rtraclp)

ultimately have Pt2: (R A2 lift2 (=1 evalT t)) OO Pt2 < Q by auto

show ?thesis
using RG-If[OF satl sat2 Prl Pr2 R Pt1 Pt2 G] .
qed

corollary RG-If""

assumes st: stable P R stableLeft Q R

and satl: sat c1 (P A1 (evalT t)) Q R G

and sat2: sat ¢2 (P A1 (=1 evalT t)) QR G

and G: (=) < G

shows sat (Iftcl ¢2) PQR G

apply(rule RG-If’

[where ?Pri1.0 = P A1 (evalT t) and ?Pr2.0 = P A1 (—1 evalT t)
and ?RI1.0 = R and ?RI2.0 = R and ?Gri1.0 = G and ?Gr2.0 = G
and ?Pt1.0 = @ and ?Pt2.0 = @Q

]) using assms unfolding conjR-def sat-def satGuar-def satRely-def by auto

corollary RG-If-U:

assumes st: stable P R
and sat!: sat ¢l (P A1 (evalT t)) (lift2 UPt) R G
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and sat2: sat c2 (P A1 (-1 evalT t)) (lift2 UPt) R G
and G: (=) < G

shows sat (If t ¢1 ¢2) P (lift2 UPt) R G

apply(rule RG-If"") using assms by auto

proposition RG-While:
assumes st: stable P R stable2 Q R stable2 Pt1 R
and satl: sat c1 Prl Pt1 Rl1 Gri
and Pril: (evalT t) N1 P < Pri
and P: imR Ptl ((evalT t) N1 Pr1) < P
and R: R < RIl1
and Q: lift1 P A2 (lift1 (evalT t N1 P) A2 Pt1) x A2 lift2 (=1 evalT t) < Q
and G: Grl1 < G (=)< G
shows sat (Whilet ¢c1) P Q R G
proof—
have
PPri:imR (R** A2 lift2 (evalT t)) P < Pri and
PPr:imR Pt1 (imR R** (imR R** P Al evalT t) A1 Pr1) < P and
PPet:(lift1 P A2 ((((Lift1 P N2 R**) A2 lift2 (evalT t)) OO R**) OO Pt1)**)
OO0 (R** N2 lift2 (=1 evalT t)) OO0 R** < @
using whileAssms-inject[of P R @ Pt1 evalT] assms by auto
let 7Pt = (lift1 P N2 ((((lift1 P A2 R7xx) A2 lift2 (evalT t)) OO R™xx) OO
Pt1) %) OO0
((R7xx A2 lift2 (=1 evalT t)) OO R %)
have sat (While t ¢c1) P ?Pt R G using PPrl PPr PPt
unfolding sat-def proof clarify
fix s tr assume trace tr tr # [| and ¢fgOf (hd tr) = (While t c1, s)
and satPre tr P satRely tr R

thus satPost tr 2Pt A satGuar tr G
proof (induct tr arbitrary: s rule: length-induct)
case (1 tr s)

hence tr: trace tr tr # || and cf: ¢fgOf (hd tr) = (While t c1, s)
and satPre tr P satRely tr R
and fcf: fst (c¢fgOf (hd tr)) = While t ¢l

and IH: \ttr ss. length ttr < length tr = trace ttr = ttr # [| =
cfgOf (hd ttr) = (While t c1, ss) =
satPre ttr P = satRely ttr R = satPost ttr ?Pt N satGuar ttr G
apply blast+
apply (simp add: 1.prems(3))
using 1.hyps by blast
hence sp: P (snd (cfgOf (hd tr)))
and sr: Ai. Suc i < length tr = isE (¢r | Suc i) = R (snd (cfgOf (tr ! 7))
(snd (cfgOf (tr ! Suc 7))
unfolding satPre-def satRely-def by blast+
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show satPost tr ?Pt A satGuar tr G using trace- While2[OF tr fcf)
proof(elim exE conjE disjE)

fix tr1 tr2
assume tre: tr = trl Q tr2
and #rl: tr1 # [| trace tr1 envOrldle tr1 Done ¢ (fst o cfgOf) © set trl
and tr2: tr2 £ [| —
= evalT t (snd (cfgOf (last tr1))) A
fst (cfgOf (last tr1)) = If t (Seq c1 (While t ¢1)) Done A
trace tr2 A fst (cfgOf (hd tr2)) = Done A isS (hd tr2) A snd (cfgOf (hd
tr2)) = snd (cfgOf (last tr1))
show ?thesis
proof(cases tr2 = [])
case True note tr2e = True
show ?thesis proof
show satPost tr ?Pt unfolding satPost-def proof
assume final (c¢fgOf (last tr))
hence Fulse using tri(1,4) unfolding final-iff-Done
by (metis append.right-neutral image-comp image-eql last-in-set tr2e

tre)
thus ?Pt (snd (cfgOf (hd tr))) (snd (cfgOf (last tr))) by auto
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume Suc i < length tr isS (tr ! Suc ©)
hence snd (cfgOf (tr ! @) = snd (cfgOf (tr ! Suc 7))
using ¢r1(3) unfolding envOrldle-def
using tr2e tre by auto
thus G (snd (cfgOf (tr ! 7)) (snd (cfgOf (tr ! Suc )))
using G(2) by auto
qed
qed
next

case Fulse note tr2ne = Fulse

hence ev: = evalT t (snd (cfgOf (last trl)))

and fst1: fst (cfgOf (last tr1)) = If t (Seq c1 (While t ¢1)) Done

and tr2: trace tr2 fst (cfgOf (hd tr2)) = Done isS (hd tr2) snd (cfgOf (hd
tr2)) = snd (cfgOf (last tr1))

using tr2 by auto

have Ai. i < length trl = R (snd (cfgOf (hd tr))) (snd (cfgOf (trili)))
subgoal for i apply (induct 7)
subgoal using tre tr1(1,3) sr unfolding envOrldle-def by (auto simp
add: hd-conv-nth nth-append)
using tre tr1(1,3) sr unfolding envOrldle-def
apply safe
using Suc-lessD rtranclp.simps trans-less-add1
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by (metis satRely-def satRely-splitl)

hence R (snd (cfgOf (hd tr))) (snd (cfgOf (last trl)))

by (simp add: last-conv-nth tri(1))

hence RIlI: R7xx (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))
using r2(4) by auto

have RI2: lift2 (=1 evalT t) (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))
unfolding lift2-def notP-def using ev tr2(4) by auto

have Ai. i < length tr = i > length tr] = R (snd (cfgOf (hd tr2)))
(snd (cfgOf (1r10)))
subgoal for ¢ apply (induct ¢) using tre tr1(1,3) sr unfolding en-
vOrldle-def
apply (simp add: hd-conv-nth nth-append)
using trace-Done’ add-diff-inverse-nat cancel-comm-monoid-add-class. diff-cancel

hd-conv-nth less-antisym nat-add-left-cancel-less order-less-imp-not-less
r-into-rtranclp
rtranclp.rtrancl-into-rtrancl tr2(1) tr2(2) tr2ne
by (smt (verit) Suc-lessD neq0-conv nth-append-length-plus sr tr(1) tre
zero-less-diff ).

hence RI3: R« (snd (c¢fgOf (hd tr2))) (snd (cfgOf (last tr)))
by (smt (verit, ccfv-threshold) add.commute add.right-neutral add-diff-cancel-left’
hd-conv-nth
in-set-conv-nth last-appendR last-in-set length-append less-diff-conv linorder-less-linear
not-add-less1
nth-append-length-plus rtranclp.rtrancl-refl tr2ne tre)

show ?thesis proof
show satPost tr ?Pt unfolding satPost-def proof
assume fin: final (cfgOf (last tr))
have ((R7x A2 lift2 (=1 evalT t)) OO R x) (snd (cfgOf (hd tr))) (snd
(cfgOf (last tr)))
using RI! RI2 RI3 unfolding conjR-def by auto
thus 7Pt (snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
unfolding conjR-def lift1-def using sp by auto
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr isS (tr | Suc 7)
hence Suc i < length tr! unfolding tre nth-append using tr2(1,2)
tr2ne
by (metis si(2) le-eq-less-or-eq linorder-neqE-nat list.collapse nth-append-length
tr(1)
trace-Done’ acfq.distinct-disc(1) tre)
hence snd (cfgOf (tr ! ) = snd (cfgOf (tr ! Suc 7))
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using ¢r1(3) unfolding envOrldle-def
using tr2ne tre
by (metis si(2) antisym-conv?2 diff-Suc-1 diff-is-0-eq hd-conv-nth
last-conv-nth less-eq-Suc-le nth-append tri(1) tr2(4) acfg.distinct-disc(2))
thus G (snd (cfgOf (tr ! 7)) (snd (cfgOf (tr ! Suc )))
using G(2) by auto
qed
qed
qed
next

fix tr1 tr2 tir
assume tre: tr = trl Q map (makeSeq (while t {c1})) tr2 Q tir
and trl: tr1 # [] trace tr1 envOrldle tr1 Done ¢ (fst o c¢fgOf) * set tri
and tr2: tr2 # [| evalT t (snd (cfgOf (last trl)))
fst (cfgOf (last tr1)) = if t {c1 $$ while t {c1}} else {Done}
trace tr2 fst (cfgOf (hd tr2)) = c1 isS (hd tr2)
snd (cfgOf (hd tr2)) = snd (cfgOf (last trl))
Done ¢ (fst o cfgOf)  set (map (makeSeq (while t {c1})) tr2)
and tir: tir # [| — fst (¢fgOf (last tr2)) = Done A snd (cfgOf (hd ttr)) =
snd (cfgOf (last tr2)) A
trace ttr A fst (cfgOf (hd ttr)) = while t {c1}

have Ai. i < length tr1 = R« (snd (cfgOf (hd tr))) (snd (cfgOf (trli)))
subgoal for ¢ apply (induct 7)

apply (simp add: hd-conv-nth tr(2))
by (metis (no-types, lifting) Suc-lessD envOrldle-def length-append nth-append

rtranclp.simps sr tr1(3) trans-less-add1 tre) .

hence R** (snd (cfgOf (hd tr))) (snd (cfgOf (last tr1)))

by (simp add: last-conv-nth nth-append tri(1) tre)

hence RIl1: R** (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))

using tr2(7) by auto

hence Rrl: (R** A2 lift2 (evalT t)) (snd (cfgOf (hd tr))) (snd (cfgOf (hd
2)))

unfolding conjR-def lift2-def using tr2(2,7) by auto

hence imR ((Rxx A2 lift2 (evalT t))) P (snd (cfgOf (hd tr2)))

unfolding imR-def using sp by auto

hence sp1: Pr1 (snd (cfgOf (hd tr2))) using PPrl by auto

hence satPrel: satPre tr2 Pril unfolding satPre-def .

have RRI1: (lift1 P N2 R**) (snd (cfgOf (hd tr))) (snd (cfgOf (hd tr2)))

using RIl! unfolding lift1-def conjR-def
using sp by auto

have 0: Ai. Suc { < length tr2 =
snd (cfgOf (tr ! (length tr1 + 7)) = snd (cfgOf (tr2 ! 14)) A
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snd (cfgOf (tr ! (Suc (length tr1 + 7)))) = snd (cfgOf (tr2 | Suc i)) A
isE (tr ! Suc (length tr1 + 7)) = isE (tr2 ! Suc 7)

unfolding tre makeSeq-def

apply(simp add: nth-append isE-def)

by (metis isE-makeSeq isE-def makeSeq-def old.prod.exhaust)

have satRelyl: satRely tr2 Rl1 unfolding satRely-def proof safe
fix 7 assume si: Suc i < length tr2 isE (tr2 ! Suc 7)
hence sii: Suc (length tr1 + ¢) < length tr isE (tr ! Suc (length tr1 + 1))
using 0 unfolding tre by auto
hence R (snd (cfgOf (tr ! (length tr1 + 4)))) (snd (cfgOf (tr ! Suc (length
trl + 1))))
using sr by auto
hence R (snd (cfgOf (tr2 ! 1)) (snd (cfgOf (tr2 ! Suc i)))
using si 0 by auto
thus RIi1 (snd (c¢fgOf (tr2 ! 7)) (snd (cfgOf (tr2 ! Suc 7)))
using R by auto
qed

have satPost tr2 Pt1 satGuar tr2 Grl using satPrel satRelyl
by (metis prod.exhaust-sel satl sat-def tr2(1) tr2(4) tr2(5))+
hence spt1: final (cfgOf (last tr2)) — Pt1 (snd (cfgOf (hd tr2))) (snd
(cfgOf (last tr2)))
and sgri: Ni. Suc i < length tr2 = isS (tr2 | Suc i) = Gr1 (snd (cfgOf
(tr2 1 7)) (snd (cfgOf (tr2 ! Suc 7)))
unfolding satPost-def satGuar-def by auto

show ?thesis proof(cases ttr = [])
case True note ttre = True
show ?thesis proof
show satPost tr 7Pt unfolding satPost-def proof
assume final (cfgOf (last tr))
hence Fulse using tr1(1,4) unfolding final-iff-Done
by (simp add: makeSeq-def last-map tr2(1) tre tire)
thus ?Pt (snd (cfgOf (hd tr))) (snd (cfgOf (last tr))) by auto
qged
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length trisS (tr ! Suc 7)

show G (snd (cfgOf (tr ! %)) (snd (cfgOf (tr ! Suc i)))
proof(cases i < length trl)
case True
hence snd (cfgOf (tr ! 7)) = snd (cfgOf (ir ! Suc 7))
using ¢r1(3) unfolding tre envOrldle-def
by (metis (mono-tags, lifting) One-nat-def snd-cfgOf-makeSeq Suc-less]
diff-add-inverse
diff-cancel2 hd-conv-nth last-conv-nth length-greater-0-conv nth-append
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nth-map plus-1-eq-Suc
self-append-conv si(2) tr1(1) tr2(1) tr2(7) acfg.distinct-disc(2) tre

ttre)
thus G (snd (c¢fgOf (tr!9))) (snd (cfgOf (tr ! Suc i)))
using G(2) by auto
next
case Fulse
hence ssi: Suc (i—length trl) < length tr2 A isS (tr2 | Suc (i—length
tr1))

by (smt (verit) 0 Nat.add-diff-assoc Suc-lessD add-diff-inverse-nat
append.right-neutral
length-append length-map nat-add-left-cancel-less not-le-imp-less
plus-1-eq-Suc si(1) si(2)
acfg.distinct-disc(1) acfg.ezhaust-disc tre ttre)
hence Gr1 (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using sgrl by auto
hence G (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 ! Suc
(i—length tr1))))
using G(1) by auto
thus G (snd (cfgOf (tr ! 7)) (snd (cfgOf (tr ! Suc i)))
by (metis 0 False add-diff-inverse-nat ssi)
qed
qed
qed
next
case Fulse note tacfge = False
hence ttr: trace ttr and fDone: fst (cfgOf (last tr2)) = Done and
ssnd: snd (cfgOf (hd ttr)) = snd (cfgOf (last tr2))
and fefg: fst (c¢fgOf (hd ttr)) = while t {c1} using ttr by auto
then obtain ss where ccfg: ¢fgOf (hd tir) = (while t {c1}, ss)
by (metis prod.ezhaust-sel)
have [I: length ttr < length tr
by (simp add: tr1(1) tre)

have final (cfgOf (last tr2)) using fDone

unfolding final-iff-Done by auto

hence Pit11: Pt1 (snd (cfgOf (hd tr2))) (snd (cfgOf (last tr2)))
using spt! by auto

hence PPt1: Pt1 (snd (cfgOf (hd tr2))) (snd (cfgOf (hd tir)))
using ssnd by auto

have im: imR R xx P (snd (cfgOf (last tr1)))
by (metis Rl1 imR-def sp tr2(7))

have R** (snd (cfgOf (last tr1))) (snd (cfgOf (hd tr2)))

using r2(7) by auto
hence imR Pt1 (imR R** ((imR R xx P) A1 evalT t) A1 Prl) (snd (cfgOf
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(hd ttr)))
unfolding imR-def conjP-def using tr2(2) using spl PPtl im
using RII sp tr2(7) by auto
hence P (snd (cfgOf (hd ttr)))
using PPr by auto
hence spp: satPre ttr P
unfolding satPre-def by auto

have 00: Ai. Suc i < length tir =

snd (cfgOf (tr! (length tr1 + length tr2 + 7)) = snd (cfgOf (ttr ! 7)) A

snd (cfgOf (tr ! (Suc (length tr1 + length tr2 + 17)))) = snd (cfgOf (ttr !
Suc 1)) A

isE (tr ! Suc (length tr1 + length tr2 + ©)) = isE (ttr ! Suc 7)

unfolding tre makeSeq-def

by (auto simp add: nth-append isE-def)

have srr: satRely ttr R unfolding satRely-def proof safe
fix i assume si: Suc i < length ttr isE (ttr | Suc i)
hence ssi: Suc (length tr1 + length tr2 + i) < length tr A
isE (tr ! Suc (length tr1 + length tr2 + 1))
unfolding tre
by simp (metis add-Suc-right append.assoc length-append length-map
nth-append-length-plus)
hence R (snd (c¢fgOf (tr ! (length tr1 + length tr2 + 7))))
(snd (cfgOf (tr ! Suc (length tr1 + length tr2 + ©)))) using sr ssi
by auto
thus R (snd (cfgOf (ttr ! 7)) (snd (cfgOf (ttr ! Suc 7)))
by (simp add: 00 si(1))
qed

have satPost ttr ?Pt and satGuar ttr G using IH[OF I ttr tacfge ccfg spp
srr] by auto
hence spp: final (cfgOf (last ttr)) — 2Pt (snd (cfgOf (hd ttr))) (snd (cfgOf
(last ttr))) and
sgr: N\i. Suc @ < length ttr = isS (ttr | Suc i) = G (snd (cfgOf (ttr !
1)) (snd (cfgOf (ttr ! Suc 7)))
unfolding satPost-def satGuar-def by auto

have lla: last ttr = last tr unfolding tre
by (simp add: tacfge)

show ?thesis proof
show satPost tr Pt unfolding satPost-def proof safe
assume final (cfgOf (last tr))
hence final (cfgOf (last ttr)) using lla by auto
hence 111: ?Pt (snd (cfgOf (hd ttr))) (snd (cfgOf (last ttr))) using spp
by auto
have (((lift1 P A2 R™xx) A2 lift2 (evalT t)) OO R™xx) (snd (cfgOf (hd

tr))) (snd (cfgOf (hd tr2)))
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using tr2(7)
by (metis (no-types, lifting) RRI1 Rrl <R** (snd (cfgOf (last tr1))) (snd
(cfgOf (hd tr2)))s conjR-def relcompp-apply)
hence ((((lift1 P N2 R™xx) A2 lift2 (evalT t)) OO R™xx) OO0 Pt1) (snd
(cfgOf (hd tr))) (snd (cfgOf (last tr2)))
using Ptt11 Rrl by auto
hence 222: ((((lift1 P N2 R™xx) A2 lift2 (evalT t)) OO R *x) OO Pt1)
(snd (cfgOf (hd tr))) (snd (cfgOf (hd ttr)))
using ssnd by auto
have 333: (((((lift1 P A2 R™xx) A2 lift2 (evalT t)) OO R7xx) OO Ptl)
00 ?Pt)
(snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
using 111 222
using lla sp unfolding lift1-def by auto
show ?Pt (snd (cfgOf (hd tr))) (snd (cfgOf (last tr))) using 333
by (smt (verit, del-insts) conjR-def converse-rtranclp-into-rtranclp
lift1-def relcompp-apply)
qed
next
show satGuar tr G unfolding satGuar-def proof safe
fix ¢ assume si: Suc i < length tr isS (tr ! Suc 7)
show G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc 7)))
proof(cases Suc i < length trl)
case True
hence snd (cfgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
using tr1(3) unfolding tre envOrldle-def
by (metis Suc-lessD nth-append si(2) acfq.distinct-disc(2) tre)
thus G (snd (cfgOf (tr! 7)) (snd (cfgOf (tr ! Suc i)))
using G(2) by auto
next
case Fulse note i = Fulse
show ?thesis
proof(cases Suc i = length trl)
case True
hence snd (cfgOf (tr ! 7)) = snd (c¢fgOf (tr ! Suc 7))
by (metis (mono-tags, lifting) Nil-is-append-conv One-nat-def
snd-cfgOf-makeSeq
diff-Suc-1 diff-cancel2 hd-append2 hd-conv-nth i last-conv-nth lessl
list.map-disc-iff
list.map-sel(1) nth-append plus-1-eq-Suc tr1(1) tr2(1) tr2(7) tre)

thus G (snd (cfgOf (tr ! 1)) (snd (cfgOf (tr ! Suc i)))
using G(2) by auto
next
case Fulse note i2 = Fulse
show ?thesis
proof(cases Suc i < length tr1 + length tr2)
case True note i3 = True
hence ssi: Suc (i—length tr1) < length tr2 A isS (tr2 ! Suc (i—length
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trl))
by (metis (no-types, lifting) 0 Suc-lessI add-Suc-right add-diff-inverse-nat
)
i2 nat-add-left-cancel-less si(2) acfy.distinct-disc(2) acfg.exhaust-disc)

hence Gr1 (snd (cfgOf (tr2 ! (i—length tr1)))) (snd (cfgOf (tr2 !
Suc (i—length tr1))))
using sgr! by auto
hence G (snd (c¢fgOf (¢r2 ! (i—length tr1)))) (snd (cfgOf (tr2 !
Suc (i—length tr1))))
using G(1) by auto
thus G (snd (cfgOf (tr ! 14))) (snd (cfgOf (tr ! Suc i)))
by (metis 0 Suc-lessI add-diff-inverse-nat i i2 ssi)
next
case Fualse note i3 = Fulse
show ?thesis proof(cases Suc i = length tr1 + length tr2)
case True note 74 = True
hence tr ! i = makeSeq (while t {c1}) (last tr2) A tr | (Suc i) =
hd ttr
unfolding tre nth-append
by simp (metis (no-types, lifting) Suc-diff-le Suc-lel antisym-conv2
diff-add-inverse hd-conv-nth
i 12 last-conv-nth lessI linorder-not-less plus-1-eq-Suc tr2(1) tacfge)
hence snd (c¢fgOf (tr ! 7)) = snd (cfgOf (tr ! Suc 7))
using ssnd by auto
thus G (snd (cfgOf (tr!4))) (snd (cfgOf (tr ! Suc i)))
using G(2) by auto
next
case Fulse note 5 = False
hence ssi: Suc (i—(length tr1+length tr2)) < length ttr A isS (ttr
I Suc (i—(length tri+length tr2)))
using 7 si 00 unfolding tre
by (smt (verit) Nat.add-diff-assoc add-diff-inverse-nat diff-diff-left
13 length-append
length-map less-Suc-eg-le linorder-neqE-nat nat-add-left-cancel-less
nth-append plus-1-eq-Suc)
hence G (snd (cfgOf (ttr ! (i—(length tri+length tr2))))) (snd
(cfgOf (ttr ! Suc (i—(length tri+length tr2)))))
using sgr by blast
thus G (snd (cfgOf (tr! 7)) (snd (cfgOf (tr ! Suc i)))
by (metis 00 Suc-lessI add-diff-inverse-nat i3 i5 ssi)
qed
qed
qed
qed
qed
qed
qed
qed
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qed
qed
thus ?thesis using PPt unfolding sat-def satPost-def by fastforce
qed

corollary RG-While":

assumes st: stable P R stable2 @ R stable2 Ptl R

and satl: sat ¢l ((evalT t) N1 P) Pt1 R G

and P: imR Ptl ((evalT t) N1 P) < P

and Q: lift1 P A2 (lift1 (evalT t N1 P) N2 Pt1) s+ A2 1ift2 (-1 evalT t) < Q
and G: (=) < G

shows sat (While t c1) P Q R G

apply(rule RG-While|

where ?Pr1.0 = (evalT t) A1 P and ?Pt1.0 = Ptl and ?Gr1.0 = G and ?RI1.0
= RJ)

using assms by simp-all

corollary RG-While"-alt:

assumes st: stable P R stable2 Q R stable2 Pt1 R

and satl: sat ¢c1 P Pt1 R G

and P: imR Ptl ((evalT t) N1 P) < P

and Q: lift1 P N2 (lift1 (evalT t N1 P) A2 Pt1) s+ A2 lift2 (-1 evalT t) < Q
and G: (=) < G

shows sat (While t c1) P Q R G

apply(rule RG-While|

where ?Pri1.0 = P and ?Pt1.0 = Ptl and ?Grl.0 = G and ?Rl1.0 = R])
using assms unfolding conjP-def by auto

corollary RG-While-U:
assumes st: stable P R stable UPt R
and satl: sat c1 ((evalT t) N1 P) (lift2 P) R G
and Q: P A1 (-1 evalT t) < UPt
and G: (=) < G
shows sat (While t ¢c1) P (lift2 UPt) R G
apply(rule RG-While'[where ?Pt1.0 = lift2 P))
using assms apply simp-all
subgoal using stable-stable2 by auto
subgoal using stable-stable2 by auto
subgoal unfolding imR-def lift2-def conjP-def by auto
subgoal unfolding imR-def lift2-def conjP-def conjR-def lift1-def
by (smt (verit, best) predicatelD predicate2l rtranclp-induct) .

corollary RG-While-U-alt:

assumes st: stable P R stable UPt R
and satl: sat ¢l P (lift2 P) R G
and Q: P A1 (-1 evalT t) < UPt
and G: (=) < G
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shows sat (While t c1) P (lift2 UPt) R G
apply(rule RG-While'-alt[where ?Pt1.0 = lift2 P))
using assms apply simp-all
subgoal using stable-stable2 by auto
subgoal using stable-stable2 by auto
subgoal unfolding imR-def lift2-def conjP-def by auto
subgoal unfolding imR-def lift2-def conjP-def conjR-def lift1-def
by (smt (verit, best) predicatelD predicate2l rtranclp-induct) .

thm RG-Atom

proposition RG-Skip:

assumes Ps-R: (lift1 P A2 R7x) 00 R« < Q

and G: lift1 (imR (R™*x) P) A2 (=) < G

shows sat (Atom Skip) P Q R G

apply(rule RG-Atom) using assms unfolding conjR-def by auto

corollary RG-Skip":

assumes st: stable P R stable2 Q R

and Q: lift1 P N2 (=) < Q

and G: lift1 P A2 (=) < G

shows sat (Atom Skip) P Q R G

apply(rule RG-Atom’) using assms unfolding conjR-def by auto

corollary RG-Skip-U:

assumes st: stable P R stable UPt R

and Q: P < UPt

and G: lift1 P A2 (=) < G

shows sat (Atom Skip) P (lift2 UPt) R G

apply(rule RG-Atom-U)

using assms stable-stable2 unfolding conjR-def imR-def lift2-def lift1-def by auto

proposition RG-Par:

assumes cI-RG: sat c1 Prl Pt1 Rl1 Grl

assumes c2-RG: sat c2 Pr2 Pt2 RI2 Gr2

assumes pre: P < Pr1 P < Pr2

assumes rely: \ ss’. Rss'V Gr2ss'= Rll ss'" AN ss" Rss'V Grl ss’
= RI2s s’

assumes post: A\ ss’. Pt1 s s’ AN Pt2ss' = Qs s’

assumes guar: \ ss’. Grl ss'V Gr2ss' = G s s’

assumes greq: (=) < G

shows sat (Par cl c2) P QR G

unfolding sat-def
proof safe

fix s ¢tr assume tr: trace tr tr # [| and chir: ¢fgOf (hd tr) = (¢l || ¢2, s)
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and satPre-tr: satPre tr P and satRely-tr: satRely tr R

have fst: fst (cfgOf (hd tr)) = c1 || c2
by (auto simp: chtr)

obtain tr’ trd where tr’: trace tr’ and trd: trace trd and treq: tr = tr’ Q trd
and finsplit: (final (cfgOf (last tr)) — isS (hd trd) A final (cfgOf (hd (trd))) A
fst (cfgOf (last tr')) = Done || Done A snd(cfgOf (last tr')) = snd (c¢fgOf (hd
(trd))))
and notfin: (=final (cfgOf (last tr)) — tr' = tr A trd = [])
using trace-Par-Done-Split[of tr c1 c2] tr chir fst by blast
then have nfin: = final (c¢fgOf (last tr'))
by (metis com.distinct(9) final-iff-Done)
have ne” tr’ # [] using treq finsplit notfin
by (metis append-self-conv2 com.distinct(9) final-iff-Done fst tr(2))
have fst”: fst (cfgOf (hd tr')) = c1 || c2 using treq finsplit notfin
using fst ne’ by fastforce
have pre’: satPre tr’ P using satPre-tr treq ne’
by (simp add: satPre-def)
have rely’: satRely tr' R
using satRely-tr treq satRely-splitl by blast

then obtain t¢ri1 tr2 where trace-trl: trace trl1 and trace-tr2: trace tr2
and fst1: fst (cfgOf (hd tr1)) = c1 and fst2: fst (cfgOf (hd tr2)) = c2
and lenl: length tr' = length tr1 and len2: length tr’' = length tr2
and sndeql: \ i. i < length tr' = snd (cfgOf (tr' ! i) = snd (cfgOf (tr1 ! 1))
and sndeq2: \ i . i < length tr’' = snd (cfgOf (tr'! 7)) = snd (cfgOf (tr2 ! 7))
and isE: N\ i . i < length tr' = (isE (tr' ! i) «— isE (tr1 1 i) A isE (tr2 | 7))
and isS: A\ i . i < length tr’' = (isS (tr' ! 4) «— ((isS (tr1 ! i) A isE (tr2 ! 9))
V (isE (tr1 1 1)) A isS (tr2 ! 1))
and fin: fst (cfgOf (last tr’)) = Done || Done «— final (c¢fgOf (last tr1)) A final
(cfgOf (last tr2))
using trace-Par[of tr' c1 c¢2] unfolding isSiff-def using tr’ ne’ fst’ nfin by
blast
have sndeq1h: snd(cfgOf (hd (tr1))) = snd(cfgOf (hd(tr’)))
and sndeq2h: snd(cfgOf (hd (tr2))) = snd(cfgOf (hd(tr’)))
using sndeql lenl sndeq2 len2
by (metis cfgOf-hd length-greater-0-conv)+
have satPre-Pr1: satPre (tr1) (Prl)
using pre’ pre unfolding satPre-def using sndeqlh by auto
have satPre-Pr2: satPre (tr2) (Pr2)
using pre’ pre unfolding satPre-def using sndeq2h by auto

define pc where @c: oc = A(tr :: (('atom, 'test) com, 'state) acfyg list) G i.
isS ((tr)!(Suc ©)) A = (G) (snd (cfgOf ((tr)'7))) (snd (cfgOf ((tr)!(Suc 7))))
define i) where ¥: ¥ = Air G i. Suc i < length tr A\ pc tr G i
have Guar: (A i. Suc i < length tr'=> (isS ((tr1)!(Suc 7))
— (Gr1) (snd (cfgOf ((tr1)!9))) (snd (cfgOf ((tr1)!(Suc i)))))
A (isS ((tr2)!(Suc 7))
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— (Gr2) (snd (cfgOf ((#r2)'0))) (snd (cfgOf ((#r2)!(Suc 7))))))
using cI-RG unfolding sat-def unfolding satGuar-def

proof—
{assume ex: 3 i. ¢ tr1 Grl iV ¢ tr2 Gr2 {
define i0 where i0: i0 = LEAST i. ¢ trl Grl i V ¢ tr2 Gr2 i
have ¢-k0-i0: ¢ tr1 Grl i0 V ¢ tr2 Gr2 i0
by (smt (verit) Leastl ex i0)
have A\ i. ¢ trl Gr1 iV ¢ tr2 Gr2 i = i0 < i
by (metis Least-le i0)
hence i0-least: \ i. i < {0 = = ¢ trl Grl i A\ = ¢ tr2 Gr2 i using
linorder-not-le by auto
have si0: Suc i0 < length tr' and or: pc trl Grl i0 V @c tr2 Gr2 i0
using ¥-k0-i0 unfolding i using lenl len2 by auto
have 1: A i. i < i0 A isS ((tr1)!(Suc 1))
— (Gr1) (snd (cfgOf ((tr1)'))) (snd (cfgOf ((tr1)!(Suc ©))))
using i0-least si0 unfolding 1 ¢c using len! by auto
have 2: A i. i < i0 A isS ((tr2)!(Suc 1))
— (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc 7))))
using i0-least si0 unfolding v ¢c using len2 by auto
have Fulse using or proof —
assume @c trl Grl i0 V @c tr2 Gr2 i0
{fix ¢ assume i: 7 < {0
and isE: isE ((tr1)!(Suc 1))
hence Suc-i: Suc i < length tr’ Suc i < length (trl1) using si0
using ¢ si0 lenl by auto
hence ii: i < length tr’ { < length (tr1) by auto
have (isE(tr'! (Suc 7))) V
(isS ((tr2)!(Suc 7))
using isFE isS
using Suc-i(1) acfg.exhaust-disc by auto
hence (RI1) (snd (cfgOf ((tr1)'))) (snd (c¢fgOf ((tr1)!(Suc 7)))) proof safe
assume isE (ir'! Suc i)
hence R (snd (cfgOf (tr'li))) (snd (cfgOf (tr'\(Suc 7))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr using Suc-i sndeql rely by auto
next
assume isS (tr2 ! Suc i)
hence (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc 7))))
using 2[of i] i by auto
thus ?thesis using rely
using Suc-i(1) (1) sndeql sndeq2 by presburger
qged
}
note Mainl = this
{fix { assume i: i < i0
and isE: isE ((tr2)!(Suc )
hence Suc-i: Suc i < length tr’ Suc i < length (tr2) using si0
using ¢ si0 len2 by auto
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hence ii: i < length tr2 i < length (tr2) by auto
have (isE(tr'! (Suc ©))) V
(isS ((tr1)Y(Suc 7))
using isF isS
using Suc-i(1) acfg.erhaust-disc by auto
hence (RI2) (snd (cfgOf ((tr2)'))) (snd (c¢fgOf ((tr2)!(Suc 7)))) proof safe
assume isE (ir'! Suc i)
hence R (snd (cfgOf (tr'li))) (snd (cfgOf (tr'\(Suc 7))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr using Suc-i sndeq2 rely by auto
next
assume isS (trl ! Suc i)
hence (Gr1) (snd (cfgOf ((tr1)'i))) (snd (cfgOf ((tr1)!(Suc 7))))
using 1[of i] i by auto
thus ?thesis using rely
using Suc-i it sndeql sndeq2 by simp
qged
}

note Main2 = this

have 01: pc tr1 Grl i0 = isS ((tr1)!(Suc i0)) A
= (Gr1) (snd (cfgOf ((tr1)'i0))) (snd (cfgOf ((tr1)!(Suc i0))))
using i0-least si0 unfolding ) ¢c by auto
have 02: pc tr2 Gr2 i0 = isS ((tr2)!(Suc i0)) A
= (Gr2) (snd (cfgOf ((tr2)1i0))) (snd (cfgOf ((tr2)!(Suc i0))))
using i0-least si0 unfolding v ¢c by auto

have satRely (take (Suc i0) (tr1)) (RI1)
unfolding satRely-def apply clarsimp apply(rule Mainl) by auto
hence C-satRelyl: @c trl Grl i0 = satRely (take (Suc i0) (tr1)) (RI1)
using 01 by auto
have C-satRelyl: pc trl Grl i0 = satRely (take (Suc (Suc i0)) (tr1))
(RIT)
using satRely-isS-take[OF - C-satRelyl] si0 01 tr lenl by argo

have satRely (take (Suc i0) (tr2)) (RI2)
unfolding satRely-def apply clarsimp apply(rule Main2) by auto
hence C-satRely2: pc tr2 Gr2 i0 = satRely (take (Suc i0) (tr2)) (RI2)
using 02 by auto
have C-satRely2: ¢c tr2 Gr2 i0 = satRely (take (Suc (Suc i0)) (ir2))
(RI2)
using satRely-isS-take[OF - C-satRely2] si0 02 tr len2 by argo

have C-satPre: satPre (take (Suc (Suc i0)) (tr1)) (Prl) satPre (take (Suc
(Suc i0)) (tr2)) (Pr2)
using satPre-Prl satPre-Pr2 satPre-take by auto
have C-tracel: trace (take (Suc (Suc i0)) (tr1))
using trace-take trace-tr1 by blast
have C-trace2: trace (take (Suc (Suc i0)) (tr2))
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using trace-take trace-tr2 by blast

obtain s01 where s01: c¢fgOf (hd (take (Suc (Suc i0)) (tr1))) = (ci, s01)
using hd-take prod.collapse zero-less-Suc
by (metis fst1)

obtain s02 where s02: c¢fgOf (hd (take (Suc (Suc i0)) (tr2))) = (c2, s02)
using hd-take prod.collapse zero-less-Suc
by (metis fst2)

have ti01: take (Suc (Suc i0)) (tr1) # ||
using tr' lenl si0 by auto
have ti02: take (Suc (Suc i0)) (tr2) # ||
using ¢r' len2 si0 by auto
have C-satGuarl: @c tr1 Grl i0 = satPost (take (Suc (Suc i0)) (tr1))
(Pt1) A
satGuar (take (Suc (Suc i0)) (tr1)) (Grl)
apply(rule c1-RG[unfolded sat-def, rule-format]) using 01
using C-tracel C-satPre(1) C-satRelyl ti01 sndeql s01 by blast
have C-satGuar2: pc tr2 Gr2 i0 — satPost (take (Suc (Suc i0)) (tr2))
(Pt2) A
satGuar (take (Suc (Suc i0)) (tr2)) (Gr2)
apply(rule c2-RG[unfolded sat-def, rule-format]) using 02
using C-trace2 C-satPre(2) C-satRely2 ti02 sndeql s02 by blast
have 011: pc trl Grl i0 = isS (tr1 | Suc i0) using 01 by blast
have 021: pc tr2 Gr2 i0 = isS (tr2 ! Suc i0) using 02 by blast
have pc trl Gr1 i0 = (Grl1) (snd (cfgOf ((tr1)1i0))) (snd (cfgOf ((tr1)!(Suc
i0))))
using C-satGuarl[THEN conjunct2, unfolded satGuar-def, rule-format, of
i0]
011 si0 tr lenl by simp
moreover have pc tr2 Gr2i0 = (Gr2) (snd (cfgOf ((tr2)!0))) (snd (cfgOf
((tr2)!(Suc i0))))
using C-satGuar2[THEN conjunct2, unfolded satGuar-def, rule-format, of
i0]
021 si0 tr len2 by simp
ultimately show ?Zthesis using 01 02 or by auto
qed
}
note main = this
show Ai. Suc i < length tr'—
Vs tr.
trace tr A tr # [| A ¢fgOf (hd tr) = (c1, s) A satPre tr Prl A satRely tr
Rll —
satPost tr Pt1 A
(Vi. Suc i < length tr A isS (tr | Suc i) —
Gr1 (snd (cfgOf (tr ! 4))) (snd (cfgOf (tr ! Suc i)))) =
(isS (tr1 ! Suc i) — Grl (snd (cfgOf (tr1 ! 14))) (snd (cfgOf (tr1 ! Suc

(isS (tr2 ! Suc i) — Gr2 (snd (cfgOf (tr2 ! ©))) (snd (cfgOf (tr2 ! Suc
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using main unfolding ¢ ¢c using leni len2 by auto
qged
have Rely: (A 4. Suc i < length tr' => (isE ((tr1)!(Suc 7))
— (RI1) (snd (cfgOf ((tr1)'0))) (snd (cfgOf ((tr1)!(Suc 7))))) A
(isE ((tr2)!(Suc 7))
— (RI2) (snd (cfgOf ((¢r2)'i))) (snd (cfgOf ((tr2)!(Suc 7))))))
proof safe
fix i assume Suc-i: Suc i < length tr'
hence ii: i < length tr' by auto
assume isE: isE (tr1 ! Suc i)
have isE (tr'! Suc i) V
(isS (tr2 ! Suc 7))
using Suc-i acfg.exhaust-disc isE isS by auto
thus RlI (snd (cfgOf (tr1 ! 4))) (snd (cfgOf (tr1 ! Suc 7)))
proof safe
assume isE (tr'! Suc 7)
hence R (snd (cfgOf (tr''i))) (snd (cfgOf (tr''(Suc ©))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr using rely Suc-i
by (simp add: sndeql)
next
assume sS (tr2 ! Suc )
hence (Gr2) (snd (cfgOf ((tr2)'))) (snd (cfgOf ((tr2)!(Suc 7))))
using Guar Suc-i by auto
thus “thesis using rely
using Suc-i it sndeql sndeq?2 by auto
qed
next
fix i assume Suc-i: Suc i < length tr'
hence ii: i < length tr’ by auto
assume isE: isE (tr2 | Suc 1)
have isE (tr'! Suc i) V
(isS (tr1 ! Suc 7))
using Suc-i acfg.exhaust-disc isE isS by auto
thus RI2 (snd (cfgOf (tr2 ! 4))) (snd (cfgOf (tr2 ! Suc 7)))
proof safe
assume isE (tr'! Suc i)
hence R (snd (cfgOf (tr'%))) (snd (cfgOf (tr''(Suc ©))))
using rely’ Suc-i unfolding satRely-def by auto
thus ?thesis unfolding tr’ using rely Suc-i
by (simp add: sndeq2)
next
assume sS (tr1 ! Suc i)
hence (Gr1) (snd (cfgOf ((tr1)'0))) (snd (cfgOf ((tr1)!(Suc 7))))
using Guar Suc-i by auto
thus “thesis using rely
using Suc-i it sndeql sndeq?2 by auto
qed
qed
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hence satRely-Rlc: satRely (tr1) (Rl1) satRely (tr2) (RI2)
unfolding satRely-def tr leni len2 apply blast
using Rely len2 by auto
have neil2: tr1 # [] tr2 # [] using ne’ lenl len2 by auto
have lasteq: last (tr1) = tr1 ! (length tr1 — 1) last (tr2) = tr2 ! (length tr2 —
1)
by (simp-all add: last-conv-nth nel2)
then have sndeqll: snd(cfgOf (last (tr1))) = snd(cfgOf (last(ir’)))
and sndeq2l: snd(cfgOf (last (tr2))) = snd(cfgOf (last(tr’)))
using lenl sndeql len2 sndeq2
by (metis One-nat-def diff-Suc-less last-conv-nth length-greater-0-conv)+
have A1: satPost (trl) (Pt1) A satGuar (tr1) (Grl)
using cI1-RGlunfolded sat-def, rule-format, of tr1]
using sndeqlh trace-trl trace-tr2 satPre-Prl satRely-Rlc(1)
using fst1 prod.exhaust-sel
by (metis ne12(1))
have A2: satPost (tr2) (Pt2) A satGuar (tr2) (Gr2)
using c2-RGlunfolded sat-def, rule-format, of tr2]
using sndeqlh trace-tr1 trace-tr2 satPre-Pr2 satRely-Rlc(2)
by (metis fst2 nel2(2) prod.exhaust-sel)

show satPost tr @
unfolding satPost-def proof safe
assume f: final (cfgOf (last tr))
then have ds: isS (hd trd) and find: final (cfgOf (hd (trd))) and fin': fst (cfgOf
(last tr')) = Done || Done
and egs: snd(cfgOf (last tr')) = snd (cfgOf (hd (trd))) using finsplit by
blast+
then have trdne: trd # || using f nfin treq by auto
hence final (cfgOf (last (tr1))) final (cfgOf (last (tr2)))
using fin fin’ by blast+
define tr1’ where tr1’ = tr1 Q (¢l trd)
define ¢r2’ where tr2’' = tr2 Q (¢l trd)
have tleneq: length tr1’ = length tr2’ using lenl len2
using tr1’-def tr2’-def by auto
have length tr = length tr' + length trd by (simp add: treq)
then have lentkl: length tr1’ = length tr — 1 unfolding tr1’-def using lenl
treq trdne
by (metis butlast-append length-append length-butlast length-tl)
have jeqg: A\ j. j < length trl = tr1'!j=1tr1 j
N j. j < length tr2 = tr2’ ! j = tr2 | j unfolding tr1’-def tr2’-def
by (simp-all add: nth-append)
have egh: tr ! (length tr') = hd (trd) using trdne treq
by (metis hd-Cons-tl nth-append-length)
then have jisE: A j . j > length tr' A j < length tr = isE (ir ! j)
using trace-Done’ tr find final-iff-Done by (metis)
have tri2deq: \ j . j > length trl = j < length trl1’' = tr1'! j = tr2’1j
unfolding tri1’-def tr2’-def using tleneq lenl len2 nth-append-length-plus
by (metis less-eqE)
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have trieq: \ j.j > length trl = j < length tr1’' = tr1’!j = tr ! (Suc j)
proof —
fix j assume j > length trl j < length tr1’
then obtain j’ where j = length tr1 + j’
using less-eqF by blast
then have tr1’! j = (tl trd) ! j/ unfolding ¢r1’-def by simp
then have tr1’! j = trd | (Suc j')
by (metis list.collapse nth-Cons-Suc trdne)
thus tr1’!j = tr ! (Suc j)
by (metis <j = length tr1 + j"» add-Suc-right lenl nth-append-length-plus
treq)
qed
then have tr2eq: \ j . j > length tr2 = j < length tr2' = tr2' ! j = tr !
(Suc j)
unfolding tr2’-def using tri2deq lenl len2 tleneq tr2’-def by auto

have Rely” (A 4. Suc i < length tr1’ = (isE ((tr1’)!(Suc 7))
— (RI1) (snd (cfgOf ((tr1")19))) (snd (cfgOf ((¢r1")!(Suc i))))) A
(isE ((tr2")!(Suc 7))
— (RI2) (snd (cfgOf ((r2)!7))) (snd (cfgOf ((tr2")!(Suc 7))))))
proof (safe)
fix ¢ assume a: Suc i < length tr1' isE (tr1’! Suc i)
show RI1 (snd (cfgOf (tr1’!4))) (snd (cfgOf (tr1’! Suc 7))
proof (cases Suc i < length trl)
case True
then show ?thesis using Relylof i] a jeq by (simp add: lenl)
next
case Fulse
then have Suc i > length tr1 by simp
have Suc (Suc i) < length tr using a lentk! by simp
moreover have isE (tr | Suc (Suc 7)) using a False trieq
by (simp add: calculation jisE lenl)
ultimately have rmain: R (snd (cfgOf (tr!(Suc ©)))) (snd (cfgOf (tr!(Suc
(Suc 1))
using satRely-tr a(1) a(2) unfolding satRely-def by auto
then show ?thesis proof (cases Suc i = length trl)
case True
then have snd (c¢fgOf (tr1’! 1)) = snd (cfgOf (last (tr1)))
by (metis jeq(1) last-snoc length-Suc-conv-rev lessI nth-append-length)
then show ?thesis using egs trieq rmain a(1) rely(1) True eqh lenl
sndeqll by auto
next
case Fulse
then show ?thesis using trleq rmain
using <ength tr1 < Suc © a(1) rely(1) by auto
qed
qed
next
fix ¢ assume a: Suc ¢ < length tr1’ isE (tr2’! Suc 7)
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show RI2 (snd (cfgOf (tr2’!14))) (snd (cfgOf (¢tr2’! Suc 7))
proof (cases Suc i < length trl)
case True
then show ?thesis using Rely[of ] a jeq lenl len2 by auto
next
case Fulse
then have Suc i > length tr1 by simp
have Suc (Suc i) < length tr using a lentk! by simp
moreover have isE (tr | Suc (Suc 7)) using a False trieq
by (simp add: calculation jisE lenl)
ultimately have rmain: R (snd (cfgOf (tr!(Suc 7)))) (snd (cfgOf (tr!(Suc
(Suc 1))
using satRely-tr a(1) a(2) unfolding satRely-def by auto
then show ?thesis proof (cases Suc i = length trl)
case True
then have snd (c¢fgOf (tr2’! 1)) = snd (cfgOf (last (tr2)))
using tleneq jeq(1) last-snoc length-Suc-conv-rev lessI nth-append-length
by (metis jeq(2) lent len2)
then show ?%thesis using egs tr2eq rmain a(1) rely(2) True egh lenl
sndeqll tleneq
by (metis <length tr1 < Suc > len2 sndeq2l)
next
case Fulse
then show ?thesis using tr2eq rmain tleneq
using «<length tr1 < Suc i a(1) rely(2) len2 using lenl by force
qged
qed
qed
hence satRely-Rlc’: satRely (tr1") (Rl1) satRely (tr2") (RI2)
unfolding satRely-def apply blast using Rely’ unfolding satRely-def using
tleneq by simp
have ne12’: tr1' # [] tr2' # [] unfolding tr1’-def tr2’-def using nei2 by auto
have lasteq” last (tr1’) = tr1’! (length tr1’ — 1) last (tr2') = tr2’ ! (length
tr2’ — 1)
by (simp-all add: last-conv-nth ne12’)
then have sndeqll’: snd(cfgOf (last (tr1”)) = snd(cfgOf (last(itr)))
and sndeq2l”: snd(cfgOf (last (tr2'))) = snd(cfgOf (last(tr)))
by (metis append-self-conv eqs last-appendR last-cfgOf-hd last-tl sndeq1l tr1’-def
trdne treq sndeq2l tr2’-def )+
have satPre’: satPre (tr1') Prl satPre (tr2') Pr2
unfolding tri1’-def tr2'-def using satPre-Pr1 satPre-Pr2
by (simp-all add: nel2 satPre-def)
have hdtltrd: (¢l trd) # [| = isE (hd (t trd)) using jisE treq
by (metis Step.trace-Cons-isS acfg.exhaust-disc f finsplit list.collapse lo-
cal.final-def trd trdne)
have trace-tr1’: trace tr1’ unfolding ¢r1’-def using trace-append|of tr1 ¢l trd)
tl-trace|of trd] trace-trl hdtltrd
by (metis <local.final (cfgOf (last tr1))> acfg.disc(3) cfgOf.elims final-iff-Done
find fst-conv list.collapse self-append-conv trace-Cons-isE trd trdne)
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have trace-tr2’: trace tr2’ unfolding tr2’-def using trace-append|of tr2 tl trd]
tl-trace|of trd] trace-tr2 hdtltrd
by (metis <local.final (cfgOf (last tr2))» acfg.disc(8) cfgOf.elims final-iff-Done
find fst-conv list.collapse self-append-conv trace-Cons-isE trd trdne)
have A1’ satPost (tr1’) (Pt1) A satGuar (tr1’) (Grl)
using cI-RGlunfolded sat-def, rule-format, of tr1’]
using sndeqlh trace-tr1’ satPre'(1) satRely-Rlc'(1)
by (metis fst1 hd-append2 ne12'(1) nel2(1) prod.collapse tr1’-def)
have A2": satPost (tr2') (Pt2) A satGuar (tr2’) (Gr2)
using c2-RG[unfolded sat-def, rule-format, of tr2’]
using sndeqlh trace-tr1’ trace-tr2’ satPre’(2) satRely-Rlc'(2)
using fst2 hd-append2 ne12'(2) ne12(2) prod.collapse tr2’-def by metis

hence Pt1 (snd (c¢fgOf (hd (tr1")))) (snd (cfgOf (last (tr1))))
Pt2 (snd (cfgOf (hd (tr2"))) (snd (cfgOf (last (tr2"))))
using A1’ unfolding satPost-def
apply (metis <local.final (cfgOf (last trl))» flast-append last-tl tr1'-def trdne
treq)
using A2’ unfolding satPost-def using <local.final (cfgOf (last tr2))» f
last-append last-tl tr2’-def trdne treq by metis

thus Q (snd (cfgOf (hd tr))) (snd (cfgOf (last tr)))
apply (intro post) using sndeq1l’ sndeq2l’
using sndeqlh sndeq2h
by (simp add: ne’ ne12(1) nel2(2) trl’-def tr2’-def treq)
qged
show satGuar tr G
unfolding satGuar-def

proof clarify
fix i assume Suc-i: Suc i < length tr and isCC-RR: isS (tr ! Suc i)

thus G (snd (cfgOf (tr ! 14))) (snd (cfgOf (tr ! Suc i)))
proof (cases Suc i < length tr')
case True
then have(isS (tr1 ! Suc i) V isS (tr2 ! Suc 7))
using Suc-i isCC-RR isS
by (metis append-eq-conv-conj nth-take treq)
moreover have isS (tr! ! Suc i) = Grl (snd (cfgOf (tr1 7)) (snd (cfgOf
(tr1 ! Suc 7)))
using A7 unfolding satGuar-def using True tr' lenl len2 sndeql sndeq2
by simp
moreover have isS (tr2 ! Suc i) = Gr2 (snd (cfgOf (tr2 !7))) (snd (cfgOf
(tr2 ! Suc 7))
using A2 unfolding satGuar-def using True tr' lenl len2 sndeql sndeq2
by simp
moreover have ir | i = tr'! i tr ! (Suc i) = tr'! (Suc i)using treq True
by (metis Suc-lessD append-eq-conv-conj nth-take)-+
ultimately show ?thesis using guar
by (metis Suc-lessD True sndeql sndeq2)
next
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case Fulse
then have dne: trd # [| using treq
using Suc-i by auto
then have final (cfgOf (last tr)) using finsplit notfin by blast
then have ds: isS (hd trd) and find: final (cfgOf(hd (trd))) and fin" fst
(¢fgOf (last tr’)) = Done || Done
and egs: snd(cfgOf (last tr')) = snd (cfgOf (hd (trd))) using finsplit by
blast+
have egh: tr ! (length tr’) = hd (trd) using dne treq
by (metis hd-Cons-tl nth-append-length)
have A j . j > length tr’' A j < length tr = isE (ir ! j)
using trace-Done’ tr find final-iff-Done
by (metis <tr ! length tr’ = hd trd»)
then have seq: (Suc 7) = length tr’ using isCC-RR False
by (metis Suc-i acfg.distinct-disc(1) antisym-conv3)
moreover have (ir! i) = (last tr’) using seq treq
by (metis append-eq-conv-conj last-snoc length-Suc-conv-rev lessI nth-append-length
nth-take)
ultimately show ?thesis using greq eqs eqh by auto
qed
qged
qged

proposition RG-Await:
assumes st: stable P R stable2 Q R stable2 Pt1 R
and st1: stable Prl Rl1 stable2 Pt1 Rl1
and satl: lift1 Pr1 A2 (=) < Pt1 lift1 Pr1 A2 (=) < Grl
and Pri: (-1 evalT t) N1 P < Pri
and P: imR Pt1 ((—1 evalT t) A1 Pr1) < P
and R: R < RIl1
and Q: lift1 P N2 (lift1 ((—1 evalT t) A1 P) A2 Pt1) s« A2 1ift2 (evalT t) < Q
and G: Gr1 < G (=)< G
shows sat (Awaitt) P Q R G
proof—
define nott where nott: nott = Not t
have 0: (=1 evalT t) = evalT nott
unfolding nott notP-def by auto
have 1: evalT t = =1 evalT nott
unfolding nott notP-def by auto

have satl: sat (Atom Skip) Pri1 Pt1 Rl1 Grl
using RG-Skip'|OF stl satl] .

show ?thesis using RG-While[OF st satl assms(8—)[unfolded 0, unfolded 1]
unfolding Await-def nott .
qed

corollary RG-Await’:
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assumes st: stable P R stable2 Q R

and satl: lift1 P N2 (=) < Qlift1 P N2 (=) < G
and P: imR Q ((—1 evalT t) N1 P) < P
and Q: lift1 P A2 (lift1 ((—1 evalT t) N1 P) A2 Q) xx A2 lift2 (evalT t) < Q
and G: (=) < G
shows sat (Awaitt) P Q R G
apply(rule RG-Await|
where ?Pr1.0 = P and ?Pt1.0 = Q and ?Gr1.0 = G and ?RIl1.0 = R))
using assms unfolding conjR-def apply simp-all
by (metis conjP-def predicatell)

corollary RG-Await-U:

assumes st: stable P R stable UPt R

and @Q: P A1 (evalT t) < UPt

and G: (=) < G

shows sat (Await t) P (lift2 UPt) R G

proof—
define nott where nott: nott = Not ¢
have 0: (=1 evalT t) = evalT nott
unfolding nott notP-def by auto
have 1: evalT t = =1 evalT nott
unfolding nott notP-def by auto

have sat1: lift1 ((—1 evalT t) A1 P) A2 (=) < G

using G unfolding conjR-def by auto

have satl: sat (Atom Skip) P (lift2 P) R G

apply(rule RG-Skip-U)

using st sat! G unfolding conjP-def lift1-def le-fun-def conjR-def notP-def by
auto

show ?thesis
using RG-While-U-alt|OF st satl[unfolded 0] assms(3—)[unfolded 0, unfolded

1]]

unfolding Await-def nott .
qed
end

end
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