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Abstract

Timed automata are a widely used formalism for modeling real-
time systems, which is employed in a class of successful model checkers
such as UPPAAL [LPY97], HyTech [HHWt97] or Kronos [Yov97]. This
work formalizes the theory for the subclass of diagonal-free timed au-
tomata, which is sufficient to model many interesting problems. We
first define the basic concepts and semantics of diagonal-free timed au-
tomata. Based on this, we prove two types of decidability results for
the language emptiness problem.

The first is the classic result of Alur and Dill [AD90, AD94], which
uses a finite partitioning of the state space into so-called regions.

Our second result focuses on an approach based on Difference Bound
Matrices (DBMs), which is practically used by model checkers. We
prove the correctness of the basic forward analysis operations on DBMs.
One of these operations is the Floyd-Warshall algorithm for the all-
pairs shortest paths problem. To obtain a finite search space, a widen-
ing operation has to be used for this kind of analysis. We use Patricia
Bouyer’s [Bou04] approach to prove that this widening operation is
correct in the sense that DBM-based forward analysis in combination
with the widening operation also decides language emptiness. The in-
teresting property of this proof is that the first decidability result is
reused to obtain the second one.
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1 Miscellaneous

1.1 Lists

theory More-List1
imports
Main
Instantiate- Existentials
begin

1.1.1 First and Last Elements of Lists

lemma (in —) hd-butlast-last-id:
hd xs # tl (butlast zs) Q [last zs] = wxs if length zs > 1
(proof )

1.1.2  list-all

lemma (in —) list-all-map:
assumes inv: N z. Pr —= 3 y. fy ==
and all: list-all P as
shows 3 as’. map f as’ = as

(proof )

1.1.3 list-all2
lemma list-all2-op-map-iff:

list-all2 (A a b. b = fa) xs ys «— map fxs = ys
(proof)

lemma list-all2-last:
R (last xs) (last ys) if list-all2 R xs ys zs # |]

(proof)

lemma list-all2-setl:
YV z€set xs. Jxacset as. P x za if list-all2 P zs as

(proof)

lemma list-all2-swap:
list-all2 P zs ys «— list-all2 (A z y. Py x) ys zs

(proof )

lemma list-all2-set2:
Vzeset as. xacset xs. P xa x if list-all2 P zs as

(proof )



1.1.4 Distinct lists

lemma distinct-length-le: finite s = set xs C s = distinct xs = length
s < card s

(proof)

1.1.5 filter

lemma filter-eq-appendD:
3 zs’ ys'. filter P xs’ = xs A filter P ys’ = ys A\ as = xs’ Q ys' if filter P
as = xs Q ys

(proof )

lemma list-all2-elem-filter:
assumes list-all2 P xs us x € set s
shows length (filter (P ) us) > 1

(proof )

lemma list-all2-replicate-elem-filter:
assumes list-all2 P (concat (replicate n zs)) ys © € set xs
shows length (filter (P ) ys) > n

(proof )

1.1.6 Sublists

lemma nths-split:
nths xs (AU B) = nths zs A Q nths zs Bif V i € A.V j€ B. i < j

(proof )

lemma nths-nth:
nths xs {i} = [xzs | i] if i < length xs

(proof )

lemma nths-shift:
nths (zs Q ys) S = nths ys {z — length zs | z. © € S} if
V i€ S. length xs < i
(proof )

lemma nths-eq-ConsD:
assumes nths xs I = x # as
shows
3 ys zs.
xs = ys Q z # 25 N\ length ys € I AN (VY i € 1. 7 > length ys)
A nths zs ({i — length ys — 1 | i. i € I N i > length ys}) = as
(proof)



lemma nths-out-of-bounds:
nths zs I = [| if Vi € 1. i > length zs

(proof)

lemma nths-eq-appendD:
assumes nths s I = as Q bs
shows
3 ys zs.
zs = ys @Q zs A nths ys I = as
A nths zs {i — length ys | i. i € I N\ i > length ys} = bs
(proof )

lemma filter-nths-length:
length (filter P (nths zs 1)) < length (filter P xs)

(proof )

end

1.2 Streams

theory Stream-More

imports
Transition-Systems-and-Automata.Sequence-LTL
Instantiate- Existentials
HOL— Library. Rewrite

begin

lemma list-all-stake-least:

list-all (Not o P) (stake (LEAST n. P (zs!! n)) xs) (is ?G) if 3 n. P (zs
I'n)
(proof)

lemma alw-stream-all2-mono:

assumes stream-all2 P zs ys alw Q xzs )\ xs ys. stream-all2 P zs ys =
Q s = R ys

shows alw R ys

(proof )

lemma alw-ev-HLD-cycle:
assumes stream-all2 (€) zs (cycle as) a € set as
shows infs (A\z. z € a) zs

(proof )



lemma alw-ev-mono:
assumes alw (ev @) zs and A zs. p zs = 1 x5
shows alw (ev ) xs

(proof)

lemma alw-ev-lockstep:
assumes
alw (ev (holds P)) zs stream-all2 @Q zs as
Nza Pr— Qra— Ra
shows
alw (ev (holds R)) as

(proof )

1.2.1 sfilter, wait, nxt

Useful?

lemma nzt-holds-iff-snth: (nzt ~ i) (holds P) xs «— P (zs ! 7)
(proof)

Useful?

lemma wait-LEAST:
wait (holds P) xs = (LEAST n. P (zs !! n)) (proof)

lemma sfilter-SCons-decomp:

assumes sfilter P s = x ## zs ev (holds P) zs

shows 3 ys’ zs". s = ys' Q— x ## 2s’ A\ list-all (Not o P) ys' N Pz A
sfilter P zs' = zs
(proof)

lemma sfilter-SCons-decomp’:
assumes sfilter P xs = x ## zs ev (holds P) zs
shows
list-all (Not o P) (stake (wait (holds P) xs) xs) (is ?G1)
Pz
3 zs'. xs = stake (wait (holds P) xs) xs Q— x ## zs' A sfilter P zs'
zs (is ?G2)
(proof)

lemma sfilter-shift-decomp:
assumes sfilter P xs = ys Q— zs alw (ev (holds P)) xs
shows 3 ys’ zs". xs = ys’ Q— zs' A filter P ys’ = ys A sfilter P zs' = zs
(proof)



lemma finite-sset-sfilter-decomp:
assumes finite (sset (sfilter P xs)) alw (ev (holds P)) xs
obtains z ws ys zs where s = ws Q— x ## ys Q— ¢ ## zs Pz

(proof )
Useful?

lemma sfilter-shd-LEAST:
shd (sfilter P xs) = xs ! (LEAST n. P (xs ! n)) if ev (holds P) zs

(proof)

lemma alw-nzt-holds-cong:
(nzt =" n) (holds (A\x. P x N Q z)) xs = (nxt ~ n) (holds Q) zs if alw
(holds P) xs

(proof )

lemma alw-wait-holds-cong:

wait (holds (Ax. Pz A Q z)) zs = wait (holds Q) s if alw (holds P) xs
(proof)

lemma alw-sfilter:
sfilter (A z. Px A\ Q ) xs = sfilter Q zs if alw (holds P) xs alw (ev (holds

Q)) s
(proof )

lemma alw-ev-holds-mp:
alw (holds P) zs = ev (holds Q) zs = ev (holds (A\z. P x N Q z)) xs

(proof )

lemma alw-ev-conjl:

alw (ev (holds (A z. Pz A Q x))) xs if alw (holds P) zs alw (ev (holds

Q)) s
(proof )

1.2.2 Useful?

lemma alw-holds-pred-stream-iff:
alw (holds P) xs <— pred-stream P xs

(proof )

lemma alw-holds-sset:
alw (holds P) xs = (V x € sset zs. P x)

(proof)

lemma pred-stream-sfilter:



assumes alw-ev: alw (ev (holds P)) xs
shows pred-stream P (sfilter P xs)

(proof)

lemma alw-ev-sfilter-mono:
assumes alw-ev: alw (ev (holds P)) xs
and mono: A\ z. Pz = Qx
shows pred-stream @Q (sfilter P xs)

(proof)

lemma sset-sfilter:
sset (sfilter P xs) C sset xs if alw (ev (holds P)) zs

(proof )

lemma stream-all2-weaken:
stream-all2 @ zs ys if stream-all2 Pxsys N xy. Pxy—=— Qzy

(proof )

lemma stream-all2-SCons1:
stream-all2 P (x ## xs) ys = (Fz zs. ys = z ## 2zs N P x z N\ stream-all2
P zs zs)

(proof )

lemma stream-all2-SCons2:

stream-all2 P xs (y ## ys) = (2 zs. xs = z #4# 2s N P z y A stream-all2
P zs ys)

(proof )

lemma stream-all2-combine:
stream-all2 R xs zs if
stream-all2 P zs ys stream-all2 Q ys zs Nzyz. Pxy N Qyz=— Ruxz

(proof )

lemma stream-all2-shift1:

stream-all2 P (xs1 Q— zs2) ys =

(3 yst ys2. ys = ysl Q— ys2 A list-all2 P zs1 ys1 A stream-all2 P xs2
ys2)

(proof)

lemma stream-all2-shift2:

stream-all2 P ys (zs]1 Q— xs2) =

(3 yst ys2. ys = ysl Q— ys2 A list-all2 P ys1 xsl N stream-all2 P ys2
xs2)

(proof )



lemma stream-all2-bisim:
assumes stream-all2 (€) zs as stream-all2 (€) ys as sset as C S
shows stream-all2 (A zy. 3 a.x €a Ny € aNa€S)axsys

(proof)

end

1.3 Mixed Material

theory TA-Misc
imports Main HOL.Real
begin

1.3.1 Reals

Properties of fractions lemma frac-add-le-preservation:
fixes a d :: real and b :: nat
assumes a < bd < 1 — frac a
shows a + d < b

(proof)

lemma [t-t-1-ccontr:
(a:int) < b= b < a+ 1 = False (proof)

lemma int-intv-frac-gt0:
(a:int) < b= b< a+ 1= frac b > 0 (proof)

lemma floor-frac-add-preservation:
fixes a d :: real
assumes (0 < dd < 1 — frac a
shows floor a = floor (a + d)

(proof )

lemma frac-distr:

fixes a d :: real

assumes (0 < dd < I — frac a

shows frac (a + d) > 0 frac a + d = frac (a + d)
(proof )

lemma frac-add-leD:

fixes a d :: real

assumes 0 < dd < 1 — fracad < 1 — frac b frac (a + d) < frac (b +
d)
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shows frac a < frac b

(proof )

lemma floor-frac-add-preservation'”:
fixes a d :: real
assumes 0 < dd < 1 — frac a
shows floor a = floor (a + d)
(proof)

lemma frac-add-lelFF:
fixes a d :: real
assumes 0 < dd < 1 — fracad < 1 — frac b
shows frac a < frac b +— frac (a + d) < frac (b + d)

(proof)

lemma nat-intv-frac-gt0:
fixes ¢ :: nat fixes x :: real
assumes ¢ < ¢z < real (¢ + 1)
shows frac z > 0

(proof )

lemma nat-intv-frac-decomp:
fixes ¢ :: nat and d :: real
assumes c < dd < ¢ + 1
shows d = ¢ + frac d

(proof )

lemma nat-intv-not-int:
fixes c :: nat
assumes real c < dd < ¢+ 1
shows d ¢ Z

(proof)

lemma frac-nat-add-id: frac ((n :: nat) + (r :: real)) = frac r — Found by
sledgehammer

(proof)

lemma floor-nat-add-id: 0 < (r :: real) = r < 1 = floor (real (n::nat)
+ 1) = n (proof)

lemma int-intv-frac-gt-0":

(acreal) e Z = (breal) e Z = a<b=a#b=a<b— 1
(proof)
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lemma int-it-Suc-le:
(acreal) eZ = (breal) e Z=—=a<b+1=0a<b

(proof)

lemma int-lt-neq-Suc-lt:

(azreal) €eZ = (bureal) e Z=—=a<b=a+1#b= a+ 1
<b
(proof)

lemma int-lt-neq-prev-lt:
(acreal) e Z = (breal) e Z=0a—1<b=a#b=0a<b
(proof )

lemma ints-le-add-fraci:
fixes a b x :: real
assumes (0 < zzx < lacZbeZa+2<05b
shows a < b

(proof)

lemma ints-le-add-frac2:
fixes a b x :: real
assumes (0 <zzx < lacZbeZb<a+ =z
shows b < ¢

(proof )

1.3.2 Ordering Fractions

lemma distinct-twice-contradiction:
zsli=zr=zs!j=12= i< j=j < length xs = — distinct xs
(proof )

lemma distinct-nth-unique:

xzsli=uzs!j= i < length xs = j < length zs = distinct xs = 1
=]

(proof)

lemma (in linorder) linorder-order-fun:

fixes S :: ‘a set

assumes finite S

obtains [ :: ‘a = nat

where (V z€ S.Vye S fa<fy+— z<y) and range f C {0..card
S — 1}
(proof)
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locale enumerateable =
fixes T :: 'a set
fixes less :: 'a = 'a = bool (infix <> 50)
assumes finite: finite T
assumes total: Vze T.VyeT.zc#y— (z<y)V (y <2z
assumes trans: Ve € T.V ye€ T.V ze T. (z::"a) <y — y <2z —
x <z
assumes asymmetric:V x € T.V ye T.z <y — = (y < )
begin

lemma non-empty-set-has-least”:
SCT=S8S#{}=3JzeSVyeS z#ty—y=<z

(proof )

lemma non-empty-set-has-least’:
SCT=S#{}=3zeS VyeSz#ty—y=<z
(proof )

abbreviation least S = THE t :: 'la. t€e SA(NV ye S. t £y — -y <
t)

lemma non-empty-set-has-least:
SCT=S#{}=least S€ SA (N ye S. least S #y — -y <
least S)

(proof)

fun [ :: 'a set = nat = 'a list
where

fS0=11
fS (Suc n) = least S # f (S — {least S}) n

inductive sorted :: 'a list = bool where
Nil [iff]: sorted []
| Cons: Y y€set xs. © < y = sorted xs = sorted (x # zs)

lemma f-set:
SCT=mn=cardS = set (fSn)=2S5
(proof)

lemma f-distinct:
SC T = n=card S = distinct (f S n)

(proof )

lemma f-sorted:
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SCT = n=card S = sorted (f S n)
(proof)

lemma sorted-nth-mono:
sorted 1s = 1 < j = j < length vs = xs!i < xslj

(proof )

lemma order-fun:

fixes S :: ‘a set

assumes S C T

obtains f :: ‘/a = nat whereV z € S.Vye S. fr<fy+—z=<y
and range f C {0..card S — 1}

(proof )

end

lemma finite-total-preorder-enumeration:

fixes X :: ‘a set

fixes r :: 'a rel

assumes fin: finite X

assumes tot: total-on X r

assumes refl: refl-on X r

assumes trans: trans r

obtains f :: ‘/a = nat whereV z€ X.V ye X. fe < fy+— (z,y) €
r

(proof )

1.3.3 Finiteness

lemma pairwise-finitel:
assumes finite {b. Ja. P a b} (is finite ?B)
assumes finite {a. 3b. P a b}
shows finite {(a,b). P a b} (is finite 2C')
(proof)

lemma finite-ex-andl:
assumes finite {b. 3a. P a b} (is finite 7A)
shows finite {b. 3a. P a b A Q a b} (is finite ?B)
(proof )

lemma finite-ex-and2:
assumes finite {b. Ja. Q a b} (is finite ?A)
shows finite {b. 3a. P a b A Q a b} (is finite ?B)
(proof )
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1.3.4 Numbering the elements of finite sets

lemma upt-last-append: a < b = [a..<b] Q [b] = [a ..< Suc b] (proof)

lemma map-of-zip-dom-to-range:
a € set A = length B = length A = the (map-of (zip A B) a) € set B
(proof )

lemma zip-range-id:
length A = length B —> snd ‘ set (zip A B) = set B
(proof)

lemma map-of-zip-in-range:

distinct A = length B = length A = b € set B = 3 a € set A. the
(map-of (zip A B) a) = b
(proof)

lemma distinct-zip-ing:

distinct ys = (a, b) € set (zip zs ys) = (¢, b) € set (zip zs ys) = a
=c
(proof)

lemma map-of-zip-distinct-ing:

distinct B = length A = length B = inj-on (the o map-of (zip A B))
(set A)
(proof )

lemma nat-not-ge-1D: = Suc 0 < z = x = 0 (proof)

lemma standard-numbering:
assumes finite A
obtains v :: ‘/a = nat and n where bij-betw v A {1..n}
andV ce A. ve> 0
andV c.c¢ A—wve>n

(proof )

1.3.5 Products

lemma prod-set-fst-id:
r=yifVacuz fsta=bV acy fsta=bsnd ‘xz=snd‘y
(proof)

end
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2 Graphs

theory Graphs
imports
More-List1 Stream-More
HOL— Library. Rewrite
begin

2.1 Basic Definitions and Theorems

locale Graph-Defs =
fixes F :: 'a = 'a = bool
begin

inductive steps where
Single: steps [x] |
Cons: steps (v # y # zs) if E x y steps (y # xs)

lemmas [intro] = steps.intros

lemma steps-append:
steps (zs Q tl ys) if steps zs steps ys last xs = hd ys

(proof )

lemma steps-append’:
steps xs if steps as steps bs last as = hd bs as Q tl bs = xs

(proof )

coinductive run where

run (x ## y #4# xs) if Ex y run (y #4# xs)

lemmas [intro] = run.intros

lemma steps-appendD1:
steps xs if steps (zs Q ys) xs # ||
(proof )

lemma steps-appendD?2:
steps ys if steps (zs @ ys) ys # []
(proof )

lemma steps-appendD3:
steps (zs Q [z]) A E z y if steps (zs Q [z, y])
(proof)
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lemma steps-ConsD:
steps xs if steps (x # xs) zs # [
(proof)

lemmas stepsD = steps-ConsD steps-appendD1 steps-appendD2

lemma steps-alt-induct[consumes 1, case-names Single Snoc]:
assumes
steps x (N\z. P [z])
Ny z zs. Eyx = steps (zs Q [y]) = P (zs Q [y]) = P (ws Q [y,z])
shows P z

(proof )

lemma steps-appendl:
steps (zs Q [z, y]) if steps (zs Q [z]) Fz y
(proof)

lemma steps-append-single:
assumes
steps xs E (last xs) x xs # ||
shows steps (zs Q [z])

(proof )

lemma extend-run:
assumes
steps xs E (last xs) x run (x ## ys) zs # []
shows run (zs Q— z ## ys)

(proof)

lemma run-cycle:
assumes steps zs E (last zs) (hd xs) zs # |]
shows run (cycle xs)

(proof )

lemma run-stl:
run (stl zs) if run s

(proof)

lemma run-sdrop:
run (sdrop n xzs) if run zs

(proof)

lemma run-reachable’:
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assumes run (z ## zs) E** zo x
shows pred-stream (A z. E** zg x) xs

(proof)

lemma run-reachable:
assumes run (zg ## xs)
shows pred-stream (\ . E** xy =) xs

(proof )

lemma run-decomp:
assumes run (zs Q— ys) xs # []
shows steps zs A run ys A E (last xs) (shd ys)

(proof )

lemma steps-decomp:
assumes steps (zs Q ys) zs # [] ys # ||
shows steps xs A steps ys A E (last xs) (hd ys)
(proof)

lemma steps-rotate:
assumes steps (z # xs Q y # ys Q [z])
shows steps (y # ys Q@ x # xs @Q [y])
(proof )

lemma run-shift-coinduct[case-names run-shift, consumes 1]:
assumes R w
and Aw. Rw=—=3J vvzy w=uQ— x ## y #+# v A steps (u Q
[z]) N Exy AR (y ## v)
shows run w

(proof )

lemma run-flat-coinduct|case-names run-shift, consumes 1|:
assumes R zss
and
N\ s ys xss.
R (zs ## ys ## xss) => xs # [| N\ steps xs N E (last xs) (hd ys) N R
(ys ## wss)
shows run (flat xss)

(proof )

lemma steps-non-empty|simp]:
- steps ||
(proof)
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lemma steps-non-empty’[simp]:
zs # [] if steps xs
(proof)

lemma steps-replicate:
steps (hd zs # concat (replicate n (tl xs))) if last zs = hd zs steps zs n >
0

{proof )
notation E (- — - [100, 100] 40)

abbreviation reaches (- —* - [100, 100] 40) where reaches z y = E**
zy

abbreviation reaches! («- =T - [100, 100] 40) where reachesl z y =
Ett ¢ y

lemma steps-reaches:
hd s —x last zs if steps ws

(proof )

lemma steps-reaches’:
x —x y if steps xs hd xs = x last s = y

(proof )

lemma reaches-steps:
J xs. hd xs = x A last xs = y N steps xs if © —x* y

(proof)

lemma reaches-steps-iff:
z =%y +— (3 zs. hd zs = x A last xs = y A steps xs)

(proof )

lemma steps-reachesli:
x —T y if steps (z # zs Q [y])
(proof)

lemma stepsl:
steps (z # xs) if © — hd xs steps xs

(proof)

lemma reachesl-steps:
3 zs. steps (z # x5 Q [y]) if z =T y
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(proof)

lemma reachesi-steps-iff:
z =Ty +— (3 zs. steps (x # zs Q [y]))
(proof)

lemma reaches-steps-iff2:
T —xy < (x =1y V (Jus. steps (x # vs Q [y])))
{proof )

lemma reaches-reaches-iff1:
=T y+— 3z = 2 Az 2% y)

(proof )

lemma reachesi-reaches-iff2:
Tt y+— 3T zox %2z Az —y)

(proof )

lemma
r—=T zifr sxyy =T 2

(proof )

lemma
=T zifz 5T yy -2

(proof )

lemma steps-append?2:
steps (xs Q@ x # ys) if steps (xs Q [z]) steps (z # ys)
(proof)

lemma reachesl-steps-append:
assumes a — 1 b steps xs hd xs = b
shows 3 ys. steps (a # ys Q zs)

(proof )

lemma steps-last-step:
3 a. a — last xs if steps xs length s > 1

(proof)

lemma steps-remove-cycleE:

assumes steps (a # xs @Q [b])

obtains ys where steps (a # ys @Q [b]) distinct ys a ¢ set ys b ¢ set ys
set ys C set xs

(proof )
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lemma reaches1-stepsk:
assumes a —1 b
obtains zs where steps (a # zs Q [b]) distinct xs a ¢ set zs b ¢ set s

(proof)

lemma reaches-stepsE:

assumes a —* b

obtains a = b | zs where steps (a # xs Q [b]) distinct zs a ¢ set zs b ¢
set xs

(proof )

definition sink where
sinka=73b.a—b

lemma sink-or-cycle:
assumes finite {b. reaches a b}
obtains b where reaches a b sink b | b where reaches a b reachesl b b

(proof)

A directed graph where every node has at least one ingoing edge, contains
a directed cycle.
lemma directed-graph-indegree-ge-1-cycle’:

assumes finite S S #{}Vye S. 3z S Ezxy

shows 3 z € S. 3 y. Fxy N E™ yx

(proof )

lemma directed-graph-indegree-ge-1-cycle:
assumes finite S S #{}VyeS. Iz S Exy
shows 3z S. 3 y.2 -T2

(proof)
Vertices of a graph
definition vertices = {z. 3y. Exy V F y x}

lemma reachesl-verts:
assumes z —71 y
shows z € vertices and y € wvertices

(proof )

lemmas graphl =
steps.intros
steps-append-single
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steps-reaches’
stepsl

end

2.2 Graphs with a Start Node

locale Graph-Start-Defs = Graph-Defs +
fixes s¢ :: 'a
begin

definition reachable where
reachable = E** sy

lemma start-reachable[intro!, simp]:
reachable sg

(proof )

lemma reachable-step:
reachable b if reachable a E a b

(proof )

lemma reachable-reaches:
reachable b if reachable a a —% b

(proof)

lemma reachable-steps-append:
assumes reachable a steps xs hd s = a last s = b
shows reachable b

(proof )

lemmas steps-reachable = reachable-steps-append|of s, simplified]

lemma reachable-steps-elem:
reachable y if reachable x steps xs y € set xs hd s = x

(proof )

lemma reachable-steps:
3 zs. steps xs A hd xs = sy A last zs = x if reachable x

(proof )

lemma reachable-cycle-iff:
reachable z A x = x +— (3 ws zs. steps (sop # ws Q [z] @ zs @ [z]))

(proof )
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lemma reachable-induct[consumes 1, case-names start step, induct pred:
reachable]:
assumes reachable x
and P sg
and A a b. reachable « = Pa=— a — b= Pb
shows P z

(proof )

lemmas graphl-aggressive =
tranclp-into-rtranclp
rtranclp.rtrancl-into-rtrancl
tranclp.trancl-into-trancl
rtranclp-into-tranclp2

lemmas graphl-aggressivel =
graphl-aggressive
steps-append’

lemmas graphl-aggressive2 =
graphl-aggressive
stepsD
steps-reachesl
steps-reachable

lemmas graphD =
reaches1-steps

lemmas graphD-aggressive =
tranclpD

lemmas graph-start] =
reachable-reaches
start-reachable

end

2.3 Subgraphs
2.3.1 Edge-induced Subgraphs

locale Subgraph-Defs = G: Graph-Defs +
fixes E' :: 'a = 'a = bool
begin
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sublocale G" Graph-Defs E' (proof)
end

locale Subgraph-Start-Defs = G: Graph-Start-Defs +
fixes E' :: 'a = 'a = bool
begin

sublocale G”: Graph-Start-Defs E' sy (proof)
end

locale Subgraph = Subgraph-Defs +
assumes subgraph[intro]: E' a b = E a b
begin

lemma non-subgraph-cycle-decomp:
3 cd. G.reachesac AN Ecd AN - E'cdAN G.reaches d b if
G.reachesl a b = G'.reaches! a b for a b

(proof)

lemma reaches:
G.reaches a b if G'.reaches a b

(proof )

lemma reaches?:
G.reachesl a b if G'.reachesl a b

(proof)

end

locale Subgraph-Start = Subgraph-Start-Defs + Subgraph
begin

lemma reachable-subgraphlintro|: G.reachable b if <G.reachable a> «G'.reaches
ab for abd

(proof)

lemma reachable:
G.reachable z if G'.reachable x

(proof)

end
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2.3.2 Node-induced Subgraphs

locale Subgraph-Node-Defs = Graph-Defs +
fixes V :: 'a = bool
begin

definition F'where E'zy=Fxzy AN Vaz A Vy
sublocale Subgraph E E’ (proof)

lemma subgraph’:
E'zyifExzyVaVy
(proof )

lemma E’-V1:
Vazif E'zy
(proof )

lemma E’-V2:

Vyif E'zy
(proof)

lemma G’-reaches-V:
Vy if G'.reaches vy V x

(proof)

lemma G’-steps-V-all:
list-all V xs if G'.steps xs V (hd xs)
{proof )

lemma G'-steps-V-last:
V (last zs) if G'.steps xs V (hd xs)

(proof )

lemmas subgraphl = E'-V1 E’-V2 G’-reaches-V
lemmas subgraphD = E’-V1 E'-V2 G'-reaches-V

end

locale Subgraph-Node-Defs-Notation = Subgraph-Node-Defs
begin
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no-notation E (- — - [100, 100] 40)
notation E’ (<- — - [100, 100] 40)
no-notation reaches (<- —x -» [100, 100] 40)
notation G'.reaches (<- —x -» [100, 100] 40)
no-notation reaches! (- =1 - [100, 100] 40)
notation G'.reachesl (<- =T - [100, 100] 40)

end

2.3.3 The Reachable Subgraph

context Graph-Start-Defs
begin

interpretation Subgraph-Node-Defs-Notation E reachable (proof)
sublocale reachable-subgraph: Subgraph-Node-Defs E reachable (proof)

lemma reachable-supgraph:
x — y if E z y reachable x

(proof )

lemma reachable-reaches-equiv: reaches x y <— x —x y if reachable x for
Ty
(proof)

lemma reachable-reachesi-equiv: reachesl x y +— x —T y if reachable
for z y

(proof)

lemma reachable-steps-equiv:
steps (x # xs) +— G'.steps (x # xs) if reachable x

(proof)
end
2.4 Bundles

bundle graph-automation
begin

lemmas [intro] = Graph-Defs.graphl Graph-Start-Defs.graph-start]
lemmas [dest] = Graph-Start-Defs.graphD
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end

bundle reaches-steps-iff =
Graph-Defs.reaches1-steps-iff [iff]
Graph-Defs.reaches-steps-iff [iff]

bundle graph-automation-aggressive
begin

unbundle graph-automation

lemmas [intro] = Graph-Start-Defs.graphl-aggressive
lemmas [dest] = Graph-Start-Defs.graphD-aggressive

end

bundle subgraph-automation
begin

unbundle graph-automation

lemmas [intro] = Subgraph-Node-Defs.subgraphl
lemmas [dest] = Subgraph-Node-Defs.subgraphD

end

2.5 Directed Acyclic Graphs

locale DAG = Graph-Defs +
assumes acyclic: - ET T z 2
begin

lemma topological-numbering:
fixes S assumes finite S
shows 3f :: - = nat. inj-on fS ANz e S Vye S. Exzy— fa<fy)
(proof)

end

2.6 Finite Graphs

locale Finite-Graph = Graph-Defs +
assumes finite-graph: finite vertices

27



locale Finite-DAG = Finite-Graph + DAG
begin

lemma finite-reachable:
finite {y. x == y} (is finite 29)
(proof )

end

2.7 Graph Invariants

locale Graph-Invariant = Graph-Defs +
fixes P :: 'a = bool
assumes invariant: Pa — a - b =— P b
begin

lemma invariant-steps:
list-all P as if steps (a # as) P a
(proof)

lemma invariant-reaches:
Pbifa—=xbPa

(proof)

lemma invariant-run:
assumes run: run (v ## zs) and P: P x
shows pred-stream P (z ## xs)

(proof)
Every graph invariant induces a subgraph.

sublocale Subgraph-Node-Defs where E = E and V = P (proof)

lemma subgraph’:
assumes r — y Pz
shows E' z y

(proof)

lemma invariant-steps-iff:
G'.steps (v # vs) <+ steps (v # vs) if P v
{proof )

lemma invariant-reaches-iff:
G'.reaches u v +— reaches u v if P u

(proof )
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lemma invariant-reachesi-iff:
G'.reachesl u v +— reachesl v v if P u

(proof )

end

locale Graph-Invariants = Graph-Defs +

fixes P Q :: 'a = bool

assumes invariant: Pa = a - b= @ band Q-P: Q a = Pa
begin

sublocale Pre: Graph-Invariant E P
(proof )

sublocale Post: Graph-Invariant E Q)
(proof )

lemma invariant-steps:
list-all Q as if steps (a # as) P a
(proof)

lemma invariant-run:
assumes run: run (z ## xs) and P: Pz
shows pred-stream @ zs

(proof )

lemma invariant-reachesi:
Qbifa =T bPa
(proof )

end

locale Graph-Invariant-Start = Graph-Start-Defs + Graph-Invariant +
assumes P-sg: P sg
begin

lemma invariant-steps:
list-all P as if steps (so # as)
(proof)

lemma invariant-reaches:
Pbhifsy —xb

(proof )
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lemmas invariant-run = invariant-run[OF - P-so]
end

locale Graph-Invariant-Strong = Graph-Defs +
fixes P :: 'a = bool
assumes invariant: a - b = P b

begin

sublocale inv: Graph-Invariant (proof)

lemma P-invariant-steps:
list-all P as if steps (a # as)
(proof)

lemma steps-last-invariant:
P (last zs) if steps (x # zs) xs # |
(proof)

lemmas invariant-reaches = inv.invariant-reaches

lemma invariant-reachesl:
Pbifa—t b
(proof)

end

2.8 Simulations and Bisimulations
locale Simulation-Defs =
fixes A :: 'a = 'a = bool and B :: 'b = 'b = bool
and sim :: ‘a = 'b = bool (infixr (~)> 60)
begin
sublocale A: Graph-Defs A (proof)
sublocale B: Graph-Defs B (proof)

end

locale Simulation = Simulation-Defs +
assumes A-B-step: N aba’. Aab=—= a~a = (3. Ba'b'Nb~

b’)
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begin

lemma simulation-reaches:
F. B*bbANa' ~bifA** aa ' a~0D
(proof)

lemma simulation-reachesl:
0. Bttt bbb A ~bifATT aa’a~b
(proof)

lemma simulation-steps:
3 bs. B.steps (b # bs) A list-all2 (A a b. a ~ b) as bs if A.steps (a # as)
a~b

(proof)

lemma simulation-run:
3 ys. B.run (y #4# ys) A stream-all2 (~) xs ys if A.run (x #4# xs) v~y
(proof)

end

lemma (in Subgraph) Subgraph-Simulation:
Simulation E' E (=)
(proof)

locale Simulation-Invariant = Sitmulation-Defs +

fixes PA :: 'a = bool and PB :: 'b = bool

assumes A-B-step: N aba. Aab=— PAa=— PBa' — a~ad =
3 6. Ba' b Ab~ b

assumes A-invariant|intro]: )\ a b. PA a = A ab= PA b

assumes B-invariant[intro]: \ a b. PBa = Ba b= PBb
begin

definition equiv'= X ab. a ~ b AN PAa A PBb

sublocale Simulation A B equiv’ (proof)

sublocale PA-invariant: Graph-Invariant A PA (proof)

sublocale PB-invariant: Graph-Invariant B PB (proof)

lemma simulation-reaches:
3. B*bb'ANa'~b NPAa'NPBbif A** aa’a~bPAaPBb
(proof )
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lemma simulation-steps:
3 bs. B.steps (b # bs) A list-all2 (A a'b. a ~ b AN PA a A PBb) as bs
if A.steps (a # as) a ~ b PA a PBb
(proof)

lemma simulation-steps’:

3 bs. B.steps (b # bs) A list-all2 (A a b. a ~ b) as bs A list-all PA as N\
list-all PB bs

if A.steps (a # as) a ~ b PA a PBb

(proof )

context

fixes f

assumes eq: a ~ b= b= fa
begin

lemma simulation-steps’-map:
3 bs.
B.steps (b # bs) A bs = map f as
A list-all2 (A a b. a ~ b) as bs
A list-all PA as A list-all PB bs
if A.steps (a # as) a ~ b PA a PBb
(proof )

end
end

locale Simulation-Invariants = Simulation-Defs +
fixes PA QA :: 'a = bool and PB QB :: 'b = bool
assumes A-B-step: N aba. Aab=— PAa— PBa'— a~d =
(Fb.Ba'b'Nb~D)
assumes A-invariantintro]: )\ a b. PAa = Aab=—= QA Db
assumes B-invariant[intro|: \ a b. PBa — Ba b= QB b
assumes PA-QAlintro]: \ a. QA a« = PA a and PB-QBlintro]: \ a.
QB o= PBa
begin

sublocale Pre: Simulation-Invariant A B (~) PA PB
(proof)

sublocale Post: Simulation-Invariant A B (~) QA QB
(proof)
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sublocale A-invs: Graph-Invariants A PA QA
(proof)

sublocale B-invs: Graph-Invariants B PB QB
(proof )

lemma simulation-reachesl:
3 b2. B.reachesl b1 b2 A a2 ~ b2 N QB b2 if A.reachesl al a2 al ~ bl
PA a1l PB b1

(proof )

lemma reachesl-unique:
assumes unique: [\ b2. a ~ b2 = QB b2 = b2 =
and that: A.reachesl a a a ~ b PA a PB b
shows B.reachesl b b

(proof )

end

locale Bisimulation = Simulation-Defs +
assumes A-B-step: N aba  Aab=—a~a = (3 b.Ba" b'Nb~

b’)

assumes B-A-step: AN aa’b. Ba' bV = a~a' = (3 b. AabNb~

b’)
begin
sublocale A-B: Simulation A B (~) (proof)

sublocale B-A: Simulation B A X z y. y ~ z (proof)

lemma A-B-reaches:
F. B*bbANa' ~bifA aa a~0D
(proof)

lemma B-A-reaches:
FJo. A bV A ~a'if B*aa' b~ a
(proof)

end
locale Bisimulation-Invariant = Simulation-Defs +

fixes PA :: 'a = bool and PB :: 'b = bool
assumes A-B-step: A aba’ Aab=— a~a' = PAa— PBd =

33



(Fb.Ba'b'Nb~D)

assumes B-A-step: A a a’ b. Ba'b'= a~ o' = PAa = PBad
— (3 b.AabAb~b)

assumes A-invariant[intro]: \ a b. PA a = A ab=— PA b

assumes B-invariant|[intro|: \ a b. PBa = Ba b= PBb
begin

sublocale PA-invariant: Graph-Invariant A PA (proof)
sublocale PB-invariant: Graph-Invariant B PB (proof)

lemmas B-steps-invariant[intro] = PB-invariant.invariant-reaches
definition equiv' =X ab. a ~ b AN PAa N PBb

sublocale bisim: Bisimulation A B equiv’

(proof )

sublocale A-B: Simulation-Invariant A B (~) PA PB
(proof)

sublocale B-A: Simulation-Invariant B A X zy. y ~ ¢ PB PA
(proof)

context
fixes f
assumes eq: a ~ b+— b= fa
and inj:V ab. PB(fa) NPAbANfa=fb— a=10
begin

lemma list-all2-inj-map-eq:

as = bs if list-all2 (Aa b. a = fb) (map f as) bs list-all PB (map f as)
list-all PA bs

{proof)

lemma steps-map-equiv:
A.steps (a # as) «— B.steps (b # map fas) if a ~ b PA a PB b
(proof)

lemma steps-map:

3 as. bs = map f as if B.steps (f a # bs) PA a PB (f a)
(proof)

lemma reaches-equiv:
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A.reaches a a’ +— B.reaches (f a) (f a’) if PA a PB (f a)
(proof)

end

lemma equiv’-D:
a ~ bif A-B.equiv’ a b
(proof)

lemma equiv’-rotate-1:
B-A.equiv’ b a if A-B.equiv’ a b
(proof)

lemma equiv’-rotate-2:
A-B.equiv’ a b if B-A.equiv’ b a
(proof )

lemma stream-all2-equiv’-D:
stream-all2 (~) zs ys if stream-all2 A-B.equiv’ xs ys

(proof)

lemma stream-all2-equiv’-D2:
stream-all2 B-A.equiv’ ys xs = stream-all2 ((~)

(proof )

=1 ys s

lemma stream-all2-rotate-1:
stream-all2 B-A.equiv’ ys xs = stream-all2 A-B.equiv’ zs ys

(proof )

lemma stream-all2-rotate-2:
stream-all2 A-B.equiv’ xs ys = stream-all2 B-A.equiv’ ys xs

(proof )

end

locale Bisimulation-Invariants = Simulation-Defs +

fixes PA QA :: 'a = bool and PB QB :: 'b = bool

assumes A-B-step: N aba" Aab=— a~a = PAa—=— PBd —
(3 b.Ba b’ Ab~ b

assumes B-A-step: \ a o’ b. Ba'b'=— a ~ o' = PA a = PBd
— (3 b AabAb~b)

assumes A-invariant[intro]: \ a b. PA a = Aa b= QA D

assumes B-invariant[intro|: \ a b. PBa = Ba b= QB b

assumes PA-QA[intro]: \ a. QA a = PA a and PB-QB[intro]: \ a.
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@B a=— PBa
begin

sublocale PA-invariant: Graph-Invariant A PA (proof)
sublocale PB-invariant: Graph-Invariant B PB (proof)
sublocale QA-invariant: Graph-Invariant A QA (proof)
sublocale QB-invariant: Graph-Invariant B QB (proof)

sublocale Pre-Bisim: Bisimulation-Invariant A B (~) PA PB
(proof)

sublocale Post-Bisim: Bisimulation-Invariant A B (~) QA QB
(proof )

sublocale A-B: Simulation-Invariants A B (~) PA QA PB (B
(proof )

sublocale B-A: Simulation-Invariants B A X zy. y ~ x PB QB PA QA
(proof )

context
fixes f
assumes eq[simpl: a ~ b +— b= fa
and inj:V ab. QB (fa) NQAbANfa=fb—a=0b
begin

lemmas list-all2-inj-map-eq = Post-Bisim.list-all2-inj-map-eq| OF eq inj]
lemmas steps-map-equiv’ = Post-Bisim.steps-map-equiv| OF eq inj]

lemma list-all2-inj-map-eq”:

as = bs if list-all2 (Aa b. a = fb) (map f as) bs list-all QB (map f as)
list-all QA bs

(proof)

lemma steps-map-equiv:
A.steps (a # as) «— B.steps (b # map fas) if a ~ b PA a PB b
(proof )

lemma steps-map:
3 as. bs = map f as if B.steps (f a # bs) PA a PB (f a)
(proof)
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[Nab.a~b= (b= 9%a);Yab QB (fa)N QAbA ?fa=2b— a=
b; QA ?2a; QB (?f %a)] = A.reaches ?a ?a’ = B.reaches (?f ?a) (?f ?a’)
cannot be lifted directly: injectivity cannot be applied for the reflexive case.

lemma reachesl-equiv:
A.reachesl a o’ +— B.reaches! (f a) (f o) if PA a PB (f a)
(proof )
including graph-automation-aggressive (proof)
including graph-automation-aggressive (proof)

end
end

lemma Bisimulation-Invariant-composition:
assumes
Bisimulation-Invariant A B sim1 PA PB
Bisimulation-Invariant B C sim2 PB PC
shows
Bisimulation-Invariant A C (XA a ¢. 3 b. PB b A siml a b A sim2 b c)
PA PC

(proof)

lemma Bisimulation-Invariant-filter:

assumes
Bisimulation-Invariant A B sim PA PB
A ab simab=— PAa=— PBb—=— FAa<— FBDb
ANab AabANFAD<+— Alab
Nab BabANFBb+— B'ab

shows
Bisimulation-Invariant A’ B' sim PA PB

(proof )

lemma Bisimulation-Invariants-filter:

assumes
Bisimulation-Invariants A B sim PA QA PB QB
Nab QAa—= QBb—=— FAa<+— FBb
ANab AabANFAb+— A'ab
Nab BabANFBb<— B'ab

shows
Bisimulation-Invariants A’ B' sim PA QA PB QB

(proof)

lemma Bisimulation-Invariants-composition:
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assumes
Bisimulation-Invariants A B sim1 PA QA PB (B
Bisimulation-Invariants B C sim2 PB @B PC QC
shows
Bisimulation-Invariants A C (A a c. 3 b. PBb A siml a b A sim2 b c)
PA QA PC QC
(proof)

lemma Bisimulation-Invariant-Invariants-composition:
assumes
Bisimulation-Invariant A B sim1 PA PB
Bisimulation-Invariants B C sim2 PB QB PC QC
shows
Bisimulation-Invariants A C (A a c. 3 b. PBb A siml a b A sim2 b c)
PA PA PC QC

(proof)

lemma Bisimulation-Invariant-Bisimulation-Invariants:
assumes Bisimulation-Invariant A B sim PA PB
shows Bisimulation-Invariants A B sim PA PA PB PB

(proof)

lemma Bisimulation-Invariant-strengthen-post:
assumes
Bisimulation-Invariant A B sim PA PB
Nab PA'a— PAb=— Aab—=— PA'D
N\ a. PA'a = PA a
shows Bisimulation-Invariant A B sim PA’ PB

(proof)

lemma Bisimulation-Invariant-strengthen-post”:
assumes
Bisimulation-Invariant A B sim PA PB
Nab PBa— PBb— Bab—=— PB’b
N\ a. PB'’a = PBa
shows Bisimulation-Invariant A B sim PA PB’

(proof )

lemma Simulation-Invariant-strengthen-post:
assumes
Simulation-Invariant A B sim PA PB
ANab PAa=— PAb=— Aab= PA'D
N\ a. PA'a = PA a
shows Simulation-Invariant A B sim PA’ PB
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(proof)

lemma Simulation-Invariant-strengthen-post”:
assumes
Simulation-Invariant A B sim PA PB
Nab PBa=— PBb=— Bab=— PB'b
N\ a. PB'a = PBa
shows Simulation-Invariant A B sim PA PB’

(proof )

lemma Simulation-Invariants-strengthen-post:
assumes
Simulation-Invariants A B sim PA QA PB (B
Nab.PAa=— QAb=—= Aab= QA'D
N a QA" a = QA a
shows Simulation-Invariants A B sim PA QA' PB QB
(proof )

lemma Simulation-Invariants-strengthen-post”:
assumes
Stmulation-Invariants A B sim PA QA PB QB
Nab. PBa— QBb— Bab—=— QB’)D
N a QB a = @B a
shows Simulation-Invariants A B sim PA QA PB QB’
(proof)

lemma Bisimulation-Invariant-sim-replace:
assumes Bisimulation-Invariant A B sim PA PB
and A\ ab. PAa = PBb=— simab<+— sim’ab
shows Bisimulation-Invariant A B sim’ PA PB

(proof )

end

2.9 CTL

theory CTL
imports Graphs
begin

lemmas [simp] = holds.simps

context Graph-Defs
begin
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definition
Alw-ev ¢ © =V zs. run (x ## xs) — ev (holds ) (z #F# xs)

definition
Alw-alw ¢ © =V zs. run (x ## xs) — alw (holds @) (v ## xs)

definition

Ez-ev p v = 3 xs. run (x ## xzs) N\ ev (holds ) (x ## xs)

definition
Ez-alw ¢ © = 3 zs. run (z #7# xs) A\ alw (holds ) (x #4# xs)

definition
leadsto ¢ ¢ © = Alw-alw (X z. ¢ © — Alw-ev ¢ )

definition
deadlocked x = = (3 y. = — y)

definition
deadlock x = 3 y. reaches x y A deadlocked y

lemma no-deadlockD:
= deadlocked y if — deadlock x reaches x y

(proof )

lemma not-deadlockedE:
assumes — deadlocked x
obtains y where z — y

(proof )

lemma holds-Not:
holds (Not o ) = (A z. = holds ¢ )
(proof )

lemma Alw-alw-iff:
Alw-alw ¢ © < — Ex-ev (Not 0 ¢) z

(proof)

lemma FEz-alw-iff:
Ez-alw ¢ © +— — Alw-ev (Not o @) x

(proof)

lemma leadsto-iff:
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leadsto ¢ ¥ © +— — Ex-ev (A z. o © A = Alw-ev ¢ x) x
(proof)

lemma run-siterate-from:
assumes Vy. z —x y — (3 2. y — 2)
shows run (siterate (A x. SOME y. x — y) ) (is run (siterate ?f x))
(proof) including graph-automation-aggressive (proof)

lemma extend-run'”:
run zs if steps xs run ys last xs = shd ys xs Q— stl ys = zs

(proof )

lemma no-deadlock-run-extend:
3 ys. run (x ## xs Q— ys) if = deadlock z steps (x # xs)
(proof )

include graph-automation

(proof )

lemma FEz-ev:
Er-ev p v «— (3 y. ¢ =x y A ¢ y) if = deadlock z
(proof)

including graph-automation (proof)

lemma Alw-ev:

Alw-ev ¢ © <— = (3 zs. run (z ## zs) A alw (holds (Not o ¢)) (z ##

2s))
(proof)

lemma leadsto-iff":
leadsto ¢ ¢ © < (By. z —=* y A @ y A = Alw-ev 1) y) if = deadlock x

(proof )

end

context Bisimulation-Invariant
begin

context

fixes ¢ :: 'a = bool and ¢ :: 'b = bool

assumes compatible: A-B.equiv’ a b = ¢ a +— 1 b
begin
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lemma ev-1-p:
ev (holds o) xs if stream-all2 B-A.equiv’ ys zs ev (holds 1) ys
(proof)

lemma ev-p-1:
ev (holds 1) ys if stream-all2 A-B.equiv’ xs ys ev (holds ¢) xs
(proof)

lemma FEz-ev-iff:
A.Ez-ev ¢ a < B.Ez-ev ¢ b if A-B.equiv’ a b
(proof)

lemma Alw-ev-iff:
A Alw-ev ¢ a <— B.Alw-ev ¢ b if A-B.equiv’ a b
(proof )

end

context

fixes ¢ :: 'a = bool and ¢ :: 'b = bool

assumes compatiblel: A-B.equiv’ a b = @ a <— ¢ b
begin

lemma Alw-alw-iff-strong:
A Alw-alw ¢ a <— B.Alw-alw ¢ b if A-B.equiv’ a b

(proof )

lemma FEz-alw-iff:
A.Ez-alw ¢ a +— B.Ez-alw ¢ b if A-B.equiv’ a b
(proof)

end

context
fixes ¢ :: 'a = bool and ¥ :: 'b = bool
and ¢’ :: ‘a = bool and ¥’ :: 'b = bool
assumes compatiblel: A-B.equiv' a b = @ a <— ¢ b
assumes compatible2: A-B.equiv’ a b = ¢’ a +— ' b
begin

lemma Leadsto-iff:
A.leadsto ¢ ¢’ a <— B.leadsto ¢ 1’ b if A-B.equiv’ a b

(proof )
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end

lemma deadlock-iff:
A.deadlock a +— B.deadlock b if a ~ b PA a PB b
(proof)

end
lemmas [simp del] = holds.simps

end
theory Timed-Automata

imports library/ Graphs Difference-Bound-Matrices. Zones
begin

3 Basic Definitions and Semantics

3.1 Syntactic Definition

Clock constraints

datatype (’c, 't) acconstraint =
LT 'c 't |
LE 'c 't |
EQ 'c 't |
GT 'c 't |
GE 'c 't

type-synonym (c, 't) cconstraint = ('c, 't) acconstraint list

For an informal description of timed automata we refer to Bengtsson and
Yi [BY03]. We define a timed automaton A

type-synonym
(‘c, 'time, 's) invassn = 's = ('c, "time) cconstraint

type-synonym

('a, 'c, 'time, 's) transition = s x ('

¢, 'time) cconstraint * 'a x 'c list * 's

type-synonym
(‘a, 'c, time, 's) ta = ('a, 'c, time, 's) transition set x (
mvassn

‘e, 'time, 's)

definition trans-of :: (‘a, 'c, 'time, 's) ta = (a, 'c, 'time, 's) transition set
where
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trans-of = fst
definition inv-of :: (‘a, 'c, 'time, 's) ta = ('c, "time, 's) invassn where
mv-of = snd

abbreviation transition ::

(‘a, 'c, 'time, 's) ta = 's = ('c, "time) cconstraint = 'a = 'c list = 's =
bool
(- F - —>5 - [61,61,61,61,61,61] 61) where

(A1 —9%" 1 = (l,g,a,r,l") € trans-of A

3.1.1 Collecting Information About Clocks

fun constraint-clk :: (‘c, 't) acconstraint = 'c

where
constraint-clk (LT ¢ -) = ¢ |
constraint-clk (LE ¢ -) = ¢ |
constraint-clk (EQ ¢ -) = ¢ |
constraint-clk (GE ¢ -) = ¢ |
constraint-clk (GT ¢ -) = ¢

definition collect-clks :: ('c, 't) cconstraint = 'c set
where

collect-clks cc = constraint-clk * set cc

fun constraint-pair :: ('c, 't) acconstraint = ('c x 't)

where
constraint-pair (LT z m) = (x, m) |
constraint-pair (LE x m) = (x, m) |
constraint-pair (EQ x m) = (z, m) |
constraint-pair (GE x m) = (z, m) |
constraint-pair (GT © m) = (z, m)

definition collect-clock-pairs :: (e, 't) cconstraint = ('c x 't) set
where

collect-clock-pairs cc = constraint-pair ‘ set cc

definition collect-clkt :: ('a, 'c, 't, 's) transition set = ('c x't) set
where

collect-clkt S = |J {collect-clock-pairs (fst (snd t)) | t.t € S}
definition collect-clki :: (', 't, 's) invassn = ('c x't) set

where
collect-clki I = \J {collect-clock-pairs (I z) | z. True}
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definition clkp-set :: (‘a, 'c, 't, 's) ta = ('c *'t) set
where
clkp-set A = collect-clki (inv-of A) U collect-clkt (trans-of A)

definition collect-clkvt :: ('a, 'c, 't, 's) transition set = 'c set
where

collect-clkvt S = |J {set ((fst 0 snd o snd o snd) t) |t .t € S}

abbreviation clk-set where clk-set A = fst ‘ clkp-set A U collect-clkvt
(trans-of A)

inductive valid-abstraction
where

IV (z,m) € clkp-set A. m < kxz Az € X AN m e N; collect-clkvt (trans-of
A) C X; finite X]

—> walid-abstraction A X k

3.2 Operational Semantics

inductive clock-val-a (<- F, -» [62, 62] 62) where

[uc<d] = ubtqg LT c d |
[uc<d] = ubty LE c d |
[uc=d] = ut, EQ cd |
[uc>d] = uty, GE ¢ d |
[ue>d] = ut, GT cd

inductive-cases[elim!|: v -, LT ¢ d
inductive-cases|elim!]: v+, LE ¢ d
inductive-cases|elim!]: u -, EQ ¢ d
inductive-cases[elim!]: v -, GE ¢ d
inductive-cases[elim!]: u -, GT ¢ d

declare clock-val-a.intros|intro]

definition clock-val :: ('c, 't) cval = (‘e, "t::time) cconstraint = bool (<-
5 [62, 62] 62)
where

u F cc = list-all (clock-val-a u) cc

lemma atomic-guard-continuous:
assumes u b, gu @ th, g0 < (th:'t:time) t/ < t
shows v ® t'F, ¢
(proof )
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lemma guard-continuous:
assumes u - gu dth g0 <t't'<t
shows u & t'+ ¢
(proof)

inductive step-t ::
('a, 'c, 't,'s) ta = 's = (‘e, t) cval = ("t::time) = 's = (e, 't) cval =
bool
(¢-F (- -y = (-, -)» [61,61,61] 61)
where
[u@® dbF inv-of Al; d> 0] = A+ (I, u) =% (I, u® d)

lemmas [intro] = step-t.intros

context
notes step-t.cases|elim!| step-t.intros|intro!]
begin

lemma step-t-determinacyl :
AF (L u) -3 () = A+ (L u) =4 (1"u") = 1!=1"
(proof )

lemma step-t-determinacy2:
AF (L u) =%y = AF (I, u) =4 (1"u") = u' = u"
(proof)

lemma step-t-contl:
d>0=e>0= AF (I, u) =% 'u) = A+ (', u) = 1" u"
= AF (I, u) > (1" ")

{proof)

end

inductive step-a ::

(‘a, 'c, 't, 's) ta = 's = (¢, ("t::time)) cval = 'a = 's = (‘¢, 't) cval =
bool
(¢-F (- -y =_ (-, -)» [61,61,61] 61)
where

[AF 1 —9%" 1 ut g; u' b inv-of Al v = [r — 0Ju] = (AF (I, u)
—q (I, u')

inductive step ::
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('a, e, 't, 's) ta = 's = (¢, ("t::time)) cval = 's = ('c, 't) cval = bool
(«-F (-, =) = (-,-)» [61,61,61] 61)

step-a: A F (I, u) =4 (Uuy = (AF (I, u) = (I',u)) |
step-t: A F (I, u) =% (I'u) = (AF (I, u) — (')

declare step.intros|intro]
declare step.cases|elim]

inductive

steps :: ('a, 'c, 't, 's) ta = 's = (c, (t::time)) cval = 's = (¢, 't) cval
= bool
(- F (= =) =% (-, - [61,61,61] 61)
where

refl: AF (I, u) == (I, u) |

step: A (L, u) = (I, u) = A+ (I, u) =« (I", v") = A+ (I, u) —x
<l//’ u//>

declare steps.intros|intro]

3.3 Contracting Runs

inductive step’ :

('a, e, 't, 's) ta = 's = (¢, ("t::time)) cval = 's = ('c, 't) cval = bool
(- " (-, -y = (-, - [61,61,61] 61)
where

step” AF (I, u) =% (I, u) = AF (I, u) =4 (1", 0"y = A+’ (1, u)
— (I u")

lemmas step'[intro]

lemma step’-altl:
assumes
AL —9%" "y ddF-gu®d dbinv-of AL0 < d
u'=1[r— 0)(u®d) ut inv-of A
shows A F' (I, u) — (I', u)
(proof)

inductive
steps’ :: ('a, ‘e, 't, 's) ta = 's = (¢, ('t::time)) cval = 's = (‘e, 't) cval
= bool
(- () 2 = (=, ) [61,61,61] 61)
where
refl A" (1, u) —* (I, u) |
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step” A (I, u) = (I, vy = AF (I, v) =* (I", v') = AF' (I, u)
— (1" u'")

lemmas steps’.intros[intro]

lemma steps’-altl:
AF (L uy = (U u"y if A (1 u) = U u) A () u) — (17, u")
(proof)

lemma step-d-refl]intro]:
A (1 u) =0 (1, u) if u b inv-of A
(proof)

lemma cval-add-simp:
(udd) @d =u®d(d+ d) for dd ::"t: time

{proof)

context
notes [elim!] = step’.cases step-t.cases
and [introl] = step-t.intros

begin

lemma step-t-trans: )
AR (L) =4t uyif A (1 u) =4 (1w AF (I u) =% (1, u"
{proof)

lemma steps’-complete:
Ju A (L u)y =+ (U, u) if A (1 u) == (I, w') u b inv-of Al
(proof)

lemma steps’-sound:
AFE (1 u)y =« U u) if AF (1 u) == (1) u')
(proof)

lemma steps-steps’-equiv:

Fu Al u) = (I, u)) «— 3 v A (I, u) = (I, u)) if u F
inv-of Al

(proof)

end

3.4 Zone Semantics

datatype a action = Tau (<7») | Action 'a (<]-))
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inductive step-z :
(‘a, 'c, 't, 's) ta = 's = (‘e, ("t::time)) zone = 'a action = 's = ('¢, 't)
zone = bool
(<= (- =) ~_ (-, - [61,61,61,61] 61)
where
step-t-z:
AV, Z) ~r (l, Z' 0 {u. u - inv-of A 1}) |
step-a-z:
AL, Z) ~1q (U, zone-set (Z 0 {u. ult g}) r N {u. ub inv-of AI1'})
if A1 —9%%r ]

lemmas step-z.intros[intro]
inductive-cases step-t-z-E[elim]: A b (I, u) ~+ (I, u')
inductive-cases step-a-z-Elelim]: A &= (1, u) ~1, (I, u/)

3.4.1 Zone Semantics for Compressed Runs

definition

step-z' 2 ('a, 'c, 't, 's) ta = 's = (‘e, ("t::time)) zone = 's = (‘c, 't) zone
= bool
(- F (= ) ~ (- =) [61,61,61] 61)
where

Ab (L, 2y~ (I 2" = (3 2 0. Ab (I, Z) 7 (L Z) A AF (I, Z') g
(v, z)

abbreviation

steps-z 2 (Ya, ‘e, ', 's) ta = 's = (‘e, ('t::time)) zone = s = (¢, 't) zone
= bool
(¢-F (= =) ~x (-, -} [61,61,61] 61)
where

AFELZ) ~« (I, Z"y =N, Z2) (U, 2. A (1, Z) ~ (I, Z")** (I,
ARG

context
notes [elim!] = step.cases step’.cases step-t.cases step-z.cases
begin

lemma step-t-z-sound:
AR (L Z) s (N2 =V u'eZ. Fue Z 3 d AF (I, u) =% 1'u)
(proof)

lemma step-a-z-sound:

AR (L Z) w1 N2 =V u'€Z. 3ue 2.3 d Ak (I, u) = (')
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(proof )

lemma step-z-sound:
A, Z) o (U2 =V u' eZ 3ueZ AF (l,u) — ()
(proof)

lemma step-a-z-complete:

AF(lLbu) o (lsu) =uweZ =3 Z AF(l, Z) ~1, (') Z)) Nu'
ez’

(proof)

lemma step-t-z-complete:

AF(Lu) =4y =ueZ=3 Z AF(,2Z)~. (I Z) Nu'e
Z/

(proof )

lemma step-z-complete:

A (Lu - u)=wuweZ=3 Z a AF{l,Z) ~. (') Z") Nu'
e 7’

(proof)

end

lemma step-z-sound':
A, Z) ~(U'ZY =V ueZ FueZ AF (I, u — (I'u)
(proof)

lemma step-z-complete”:

A (Lbu)y - (uwy=wuweZ=3Z A, Z) ~ (I, Z") Nu' €
Z/

(proof)

lemma steps-z-sound:
AL, Z) ~>+ (I 7)) = v eZ' =T ue Z A (I, u) == (I, v)
(proof)

lemma steps-z-complete:

A Lbu)y =« (hu)y =weZ =3 Z A, Z) ~* (', Z) N u
e 7'

(proof)

lemma ta-zone-sim:
Simulation
(A, w) (1 ). A (L u) = (1 uf)
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(L, Z) (I, 2"). A v (1, Z) ~ (I, Z')
AL w) (1, 2). ue ZAL=1)
(proof )

lemma steps’-iff:
<l(/)\(l,,> w) (U; u'). A (1 u) = {0 u)* (1, w) (U, u)) +— AF (I, u) —x
(proof)

lemma steps-z-complete:

A (Lbu) =« (iu)y=weZ= 3 Z A, Z) ~« (', Z)y N u
SV

(proof )

end

3.5 From Clock Constraints to DBMs

theory TA-DBM-Operations
imports Timed-Automata Difference-Bound-Matrices. DBM-Operations

begin

fun abstra ::
(e, 't::{linordered-cancel-ab-monoid-add,uminus}) acconstraint = 't DBM
= ('c = nat) = 't DBM
where
abstra (EQ ¢ d) M v =
ANij.ifi=0Nj=vcthen min (M1ij) (Le (—d)) else if i = v c A
i = 0 then min (M i j) (Le d) else M i j) |
abstra (LT ¢ d) M v =
(MNij.ifi=wvecAj=0then min (Mij) (Lt d) else M ij) |
abstra (LE ¢ d) M v =
(MNij.ifi=wvecANj=0then min (Mij) (Le d) else M ij) |
abstra (GT ¢ d) M v =
(Nij.ifi=0Nj=vcthen min (Mij) (Lt (— d)) else M i3j) |
abstra (GE ¢ d) M v =
(Nij.ifi=0Nj=wvcthen min (Mij) (Le (— d)) else M i j)

fun abstr ::('c, 't::{linordered-cancel-ab-monoid-add,uminus}) cconstraint
= 't DBM = ('c = nat) = 't DBM

where
abstr cc M v = fold (X ac M. abstra ac M v) cc M
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lemma collect-clks-Cons|simp]:
collect-clks (ac # cc) = insert (constraint-clk ac) (collect-clks cc)

(proof)

lemma abstr-id1:
¢ ¢ collect-clks cc = clock-numbering’ vn =V ¢ € collect-clks cc. v ¢
<n
= abstr cc Mv 0 (ve)= MO (vec)
(proof)

lemma abstr-id2:
¢ & collect-clks cc = clock-numbering’ vn =V ¢ € collect-clks cc. v ¢
<n
= abstr cc M v (ve) 0 =M (ve) 0
(proof )

This lemma is trivial because we constrained our theory to difference con-
straints.

lemma abstra-id3:
assumes clock-numbering v
shows abstra ac M v (v el) (ve2) =M (vel) (vce2)

(proof )

lemma abstr-id3:
clock-numbering v = abstr cc M v (v cl) (ve2) =M (vecl) (vc2)

(proof )

lemma abstra-id3":
assumes Ve. 0 < v e
shows abstra ac M v 00 = M 0 0

(proof )

lemma abstr-id3":
clock-numbering v => abstr cc M v 00 = M 0 0

(proof)

lemma clock-numberingD:
assumes clock-numbering v v ¢ = 0
shows A

(proof )

lemma dbm-abstra-soundness:
[ubq ac; u by M; clock-numbering’ v n; v (constraint-clk ac) < n]
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= DBM-val-bounded v u (abstra ac M v) n
(proof )

lemma dbm-abstr-soundness’:
[u b cc; ubyn M; clock-numbering’ v n; ¥ ¢ € collect-clks cc. v ¢ < n
= DBM-val-bounded v u (abstr cc M v) n

(proof)

lemmas dbm-abstr-soundness = dbm-abstr-soundness’|OF - DBM-triv]

lemma dbm-abstra-completeness:
[DBM-val-bounded v u (abstra ac M v) n; Vec. v ¢ > 0; v (constraint-clk
ac) < nj
— u kg ac

(proof )

lemma abstra-mono:
abstra ac Mvij < Mij

(proof)

lemma abstra-subset:
[abstra ac M v]ypn C [Mly.n
(proof)

lemma abstr-subset:
labstr cc M v]yn C [M]yn
(proof)

lemma dbm-abstra-zone-eq:
assumes clock-numbering’ v n v (constraint-clk ac) < n
shows [abstra ac M v]yn = {u. utq ac} N [M]yn
(proof )

lemma [simp):
u k]
(proof)

lemma clock-val-Cons:
assumes u b, ac u - cc

shows u = (ac # cc)
(proof )
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lemma abstra-commute:
abstra acl (abstra ac2 M v) v = abstra ac2 (abstra acl M v) v

(proof)

lemma dbm-abstr-completeness-aux:

[DBM-val-bounded v u (abstr cc (abstra ac M v) v) n; ¥Ye. v e > 0; v
(constraint-clk ac) < n]

— u b, ac

(proof )

lemma dbm-abstr-completeness:
[DBM-val-bounded v u (abstr cc M v) n;¥ec. ve > 0;¥ ¢ € collect-clks
cc. v e < nf
— uk cc

(proof )

lemma dbm-abstr-zone-eq:
assumes clock-numbering’ v n V c€collect-clks cc. v ¢ < n
shows [abstr cc (Aij. 00) v]yn = {u. u b cc}

(proof)

lemma dbm-abstr-zone-eq2:
assumes clock-numbering’ v n ¥V c€collect-clks cc. v ¢ < n
shows [abstr cc M vy n = [M]y,n N {u. u 't cc}

(proof)

abbreviation global-clock-numbering ::
(‘a, 'c, 't, 's) ta = ('c = nat) = nat = bool
where
global-clock-numbering A v n =
clock-numbering’ vn A (V ¢ € clk-set A.ve < n) AN Vk<n. k>0 —
(Fec.ve=k))

lemma dbm-int-all-abstra:
assumes dbm-int-all M snd (constraint-pair ac) € Z.
shows dbm-int-all (abstra ac M v)

(proof)

lemma dbm-int-all-abstr:
assumes dbm-int-all M ¥ (x, m) € collect-clock-pairs g. m € Z
shows dbm-int-all (abstr g M v)

(proof)
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lemma dbm-int-all-abstr”:
assumes V (z, m) € collect-clock-pairs g. m € Z
shows dbm-int-all (abstr g (i j. o0) v)

(proof )

lemma dbm-int-all-inv-abstr:

assumes V (z,m) € clkp-set A. m € N

shows dbm-int-all (abstr (inv-of A 1) (Xij. 00) v)
(proof )

lemma dbm-int-all-guard-abstr:
assumes V (z, m) € clkp-set A. m e N A+ | —9%" ]/
shows dbm-int-all (abstr g (Aij. 0o0) v)

(proof)

lemma dbm-int-abstra:
assumes dbm-int M n snd (constraint-pair ac) € Z.
shows dbm-int (abstra ac M v) n

(proof)

lemma dbm-int-abstr:
assumes dbm-int M n ¥V (z, m) € collect-clock-pairs g. m € Z
shows dbm-int (abstr g M v) n

(proof )

lemma dbm-int-abstr”:
assumes YV (z, m) € collect-clock-pairs g. m € Z
shows dbm-int (abstr g (Aij. c0) v) n

(proof)

lemma int-zone-dbm:
assumes clock-numbering’ v n
V (-,d) € collect-clock-pairs cc. d € Z N ¢ € collect-clks cc. ve < n
obtains M where {u. u F cc} = [M]yn
and Vi<nVji<n Mij# oco— get-const (M ij)eZ
(proof)

lemma dbm-int-inv-abstr:

assumes VY (z,m) € clkp-set A. m € N

shows dbm-int (abstr (inv-of A1) (Aij. o0) v) n
(proof)

lemma dbm-int-guard-abstr:
assumes V (z, m) € clkp-set A. m e N A+ | —9®" [
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shows dbm-int (abstr g (Aij. c0) v) n
(proof)

lemma collect-clks-id: collect-clks cc = fst ¢ collect-clock-pairs cc

(proof)

end

3.6 Semantics Based on DBMs

theory DBM-Zone-Semantics
imports TA-DBM-Operations
begin

no-notation infinity (<0o»)
hide-const (open) D

3.6.1 Single Step

inductive step-z-dbm ::
(‘a, 'c, 't, 's) ta = 's = "t :: {linordered-cancel-ab-monoid-add,uminus}
DBM
= ('c = nat) = nat = 'a action = 's = 't DBM = bool
(- b (= )~ (= - [61,61,61,61] 61)
where
step-t-z-dbm:
D-inv = abstr (inv-of A1) (Aij. 00) v = At ([,D) ~>ynr (l,And (up
D) D-inv) |
step-a-z-dbm:
AF 1l —9%m ]
= AF (I,D) ~yn1q (I And (reset’ (And D (abstr g (i j. oo) v)) nr
v 0)
(abstr (inv-of A1) (Xij. 00) v))
inductive-cases step-z-t-cases: A & (I, D) ~ypn 7 (I, D)
inductive-cases step-z-a-cases: A &= (I, D) ~, 1, (I, D)
lemmas step-z-cases = step-z-a-cases step-z-t-cases

declare step-z-dbm.intros[intro)

lemma step-z-dbm-preserves-int-all:
fixes D D' :: ('t :: {time, ring-1} DBM)
assumes A = (I,D) ~y o (I',D’) global-clock-numbering A vn ¥ (z, m)
€ clkp-set A. m € N
dbm-int-all D
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shows dbm-int-all D’
(proof )

lemma step-z-dbm-preserves-int:
fixes D D' :: ('t :: {time, ring-1} DBM)
assumes A = (I,D) ~y. 4 (I',D’) global-clock-numbering A vn ¥V (z, m)
€ clkp-set A. m € N
dbm-int D n
shows dbm-int D' n

(proof)

lemma up-correct:
assumes clock-numbering’ v n
shows [up M]yp = [M]yn!
(proof)

lemma step-z-dbm-sound:
assumes A = (I, D) ~+y p.q (I, D') global-clock-numbering A v n
shows A & (I, [D]yn) ~a (I, [Do,n)

(proof )

lemma step-z-dbm-DBM:
assumes A = (I, [D]yn) ~q (I, Z) global-clock-numbering A v n
obtains D’ where A (I, D) ~>ypn.q (I, D) Z = [D'yn
(proof)

lemma step-z-computable:
assumes A = (I, [D]yn) ~q (I',Z) global-clock-numbering A v n
obtains D’ where Z = [D']y

(proof )

lemma step-z-dbm-complete:
assumes global-clock-numbering A vn A F (I, u) — (I';u’)
and u € [(D)lon
shows 3 D" a. A+ (I, D) ~yna (ID) N u' € [Dyn
(proof)

3.6.2 Additional Useful Properties
lemma step-z-equiv:
assumes global-clock-numbering A v n A & (I, [D]yn) ~>a (I, Z) [D]v,n
= [M]v,n
shows A & (I, [M]y.n) ~a (I, Z)
(proof )
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lemma step-z-dbm-equiv:

assumes global-clock-numbering A v n A & (I, D) ~>yna (I, D) [D]yn
= [M]o,n

shows 3 M. A+ (I, M) ~yna (I, M) N [Dyn =[Mon
(proof)

lemma step-z-empty:
assumes A - (I, {}) ~, (I, Z)
shows Z = {}

(proof)

lemma step-z-dbm-empty:

assumes global-clock-numbering A v n A & (I, D) ~>yna (I, D) [D]yn
={}

shows [D']y n = {}
(proof)

end
theory Regions-Beta
imports

TA-Misc
Difference-Bound-Matrices. DBM-Normalization
Difference-Bound-Matrices. DBM-Operations
Difference-Bound-Matrices. Zones

begin

4 Refinement to pg-regions

4.1 Definition

type-synonym ’c ceiling = ('c = nat)

datatype intv =
Const nat |
Intv nat |
Greater nat

datatype intv’ =
Const’ int |
Intv’ int |
Greater’ int |
Smaller’ int
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type-synonym t = real

inductive valid-intv :: nat = intv = bool
where
0 < d= d < ¢ = valid-intv ¢ (Const d) |
0 <d= d < ¢ = valid-intv ¢ (Intv d) |
valid-intv ¢ (Greater c)

inductive valid-intv’ :: int = int = intv’ = bool
where
valid-intv’ 1 - (Smaller’ (=1)) |
-1 <d= d < u=> valid-intv’ l u (Const’ d) |
-1 <d= d < u = valid-intv’ | u (Intv’ d) |
valid-intv” - u (Greater’ )

inductive intv-elem :: 'c = ('c,t) cval = intv = bool
where
uz = d = intv-elem z u (Const d) |
d<uzr= uz <d+ 1 = intv-elem z u (Intv d) |
¢ < uz = intv-elem = u (Greater c)

inductive intv’-elem :: 'c = "¢ = (c,t) cval = intv’ = bool

where
uzr —uy < c= intv'-elem z y u (Smaller’ c¢) |
ur —uy=d= intv-elem x y u (Const’ d) |
d<ur—uwy=uz—uy<d+ 1= intv'-elem zy u (Intv’ d) |
c<uz—uy = intv-elem x y u (Greater' c)

abbreviation total-preorder r = refl r A trans r
inductive isConst :: intv = bool
where
isConst (Const -)
inductive isIntv :: intv = bool
where
isIntv (Intv -)
inductive isGreater :: intv = bool
where

isGreater (Greater -)

declare isIntv.intros[introl| isConst.intros[intro!] isGreater.intros|intro!]
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declare isIntv.cases[elim!] isConst.cases[elim!] isGreater.cases|elim!]

inductive wvalid-region :: 'c set = ('c = nat) = ('c = intv) = ('c = 'c
= intv’) = 'c rel = bool
where
[Xo={ze X.3 d Iz=Intvd}; r C Xo x Xo; refl-on Xo r; trans r;
total-on Xq r;
V z € X. valid-intv (k z) (I z);
Vze X.V ye X. isGreater (I z) V isGreater (I y) — wvalid-intv’ (k

y) (kz) (Jzy)]
= wvalid-region X kI J r

inductive-set region for X I J r
where

VeeX uver>0=VY zec X intvelemzu ([ z) = Xo={z e X.
3d. Iz = Intvd} =

VzeXoVyeXo (z,y) €r+— frac (uz) < frac (uy) =

V xe X.V ye X. isGreater (I z) V isGreater (I y) — intv’-elem z y
u (Jzy)

— u € region X I Jr

Defining the unique element of a partition that contains a valuation

definition part (<[-]-» [61,61] 61) where part v R = THER. R€ R AN v
€R

First we need to show that the set of regions is a partition of the set of all
clock assignments. This property is only claimed by P. Bouyer.

inductive-cases|elim!]: intv-elem z u (Const d)
inductive-cases|elim!]: intv-elem z u (Intv d)

I: intv-elem = u (Greater d)

inductive-cases|eli
inductive-cases|elim!
inductive-cases|eli
inductive-cases|eli

[
[
[
[
[
[
inductive-cases|eli
[
[
[
[
[
[
[

3

3 33

inductive-cases|eli
inductive-cases|el]
inductive-cases|eli
inductive-cases|elim!]:
inductive-cases|elim!]: valid-intv’ | u (Smaller’ d)
inductive-cases|elim!]: valid-intv’ | u (Const’ d)

s valid-intv’ 1w (Intv’ d)

3

]

|: valid-intv ¢ (Greater d)

I: walid-intv ¢ (Const d)

I: walid-intv ¢ (Intv d)

: intv’-elem = y u (Const’ d)
]: intv’-elem z y u (Intv" d)

]: intv’-elem = y u (Greater’ d)
|: intv’-elem z y u (Smaller’ d)
|: valid-intv’ | u (Greater’ d)
]
|
]

3

3

inductive-cases|elim!

declare valid-intv.intros|intro]
declare valid-intv’.intros|intro]
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declare intv-elem.intros[intro]
declare intv’-elem.intros|introl

declare region.cases[elim]
declare valid-region.cases|elim]

4.2 Basic Properties

First we show that all valid intervals are distinct

lemma valid-intv-distinct:
valid-intv ¢ I = valid-intv ¢ I’ = intv-elem z v I = intv-elem x u I’
= I =17

(proof)

lemma valid-intv’-distinct:

—c¢ < d = wvalid-intv’ ¢ d I = wvalid-intv’ ¢ d I' = intv’-elem z y u I
= intv’-elem z y u I’

= I=1
(proof)

From this we show that all valid regions are distinct

lemma valid-regions-distinct:

valid-region X k I J r = wvalid-region X k I' J' r' = v € region X I J
r= v € region X I' J'r’

= region X I Jr = region X I' J' r’

(proof)

locale Beta-Regions =
fixes X :: ‘c set and k :: ¢ = nat
assumes finite: finite X
assumes non-empty: X # {}
begin

definition
R = {region X I Jr | I Jr. valid-region X k I J r}

definition V :: (‘e, t) cval set where
V={v.VzeX ve>0}

lemma R-regions-distinct:
[ReR;veR RRER; R#R| = v¢ R’
(proof)

Secondly, we also need to show that every valuations belongs to a region
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which is part of the partition.

definition intv-of :: nat = t = intv where
intv-of c v =
if (v > c) then Greater ¢
else if (3 z :: nat. z = v) then (Const (nat (floor v)))
else (Intv (nat (floor v)))

definition intv’-of :: int = int = t = intv’ where
intv’-of luv =
if (v > u) then Greater' u
else if (v < 1) then Smaller’1
else if (3 z :: int. x = v) then (Const’ (floor v))
else (Intv' (floor v))

lemma region-cover:
VeeX. ve>0=—3d1R ReRANvER
(proof)

lemma region-cover-V: v € V=3 R. R € R AN v € R (proof)

Note that we cannot show that every region is non-empty anymore. The
problem are regions fixing differences between an ’infeasible’ constant.

We can show that there is always exactly one region a valid valuation belongs
to. Note that we do not need non-emptiness for that.

lemma regions-partition:
VzeX.0<ves=—3J'ReR.veER

(proof )

lemma region-unique:
vER=—=ReER = [vJg =R
(proof)

lemma regions-partition’:
VzeX. 0 <vz=VzeX. 0 <v' z= v € vJg = [v|r

(proof)

[
=
3

lemma regions-closed:
ReER=—veER=t>0=[vdtlreR

(proof)

lemma regions-closed:
RER=—veER=1t>0= (v t)ecvditr
(proof)
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lemma valid-regions-I-cong:

valid-region X kI Jr =V ze X. Iz =1"zx

=V ze X.V ye X. (isGreater (I z) V isGreater (I y)) — Jzy =
J'zy

= region X I J r = region X I' J' r A valid-region X k1" J' r
(proof )

fun intv-const :: intv = nat
where
intv-const (Const d) = d |
intv-const (Intv d) = d |
intv-const (Greater d) = d

fun intv’-const :: intv’ = int
where
intv’-const (Smaller’ d) = d |
intv’-const (Const’ d) = d |
intv’-const (Intv’ d) = d |
intv’-const (Greater’ d) = d

lemma finite-R-aux:
fixes P A B assumes finite {z. A x} finite {z. B =}
shows finite {(I, J) | I J. PIJr NAIANBJ}

(proof)

lemma finite-R:
notes [[simproc add: finite-Collect]]
shows finite R

(proof )

end

4.3 Approximation with S-regions

locale Beta-Regions’ = Beta-Regions +

fixes v n not-in-X

assumes clock-numbering: ¥ c.ve > 0N Vz.Vy vz <nAvy<nA
VT =0y — T =Y)

Vk:nat<n. k>0 — (JceX.vec=k)V ce€

X.ve<n

assumes not-in-X: not-in-X ¢ X
begin
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definition v = X i. if 0 < i AN i < nthen (THE c. c€ X Nvc = 1) else
not-in-X

lemma v-v"
VeeX v(ve)=c
(proof )

abbreviation
vabstr (S :: ('a, t) zone) M = S = [M]yn A (V i<n. V j<n. M ij # oo
— get-const (M i j) € Z)

definition normalized:
normalized M =
(Vij.0<iNi<nAO<jAj<nAMij#oo—
Lt (— (real((k o v") ) < MijANMij< Le ((kov')i))
ANV i<ni>0-— (Mi0O<Le((kov)i)VvMiO=o0)ALt(—
((kowv')i) < MO0i)

definition apx-def:
Approzg Z = {S. 3 UM.S=J UANUCRANZCS A vabstr S M
A normalized M}

definition
normalized’ M =
Vij0<iAi<nAO<jAj<nAMij#ooni#j—
Lt (— (real((k o v") ) < Mij A Mij< Le ((kov')i))
ANV i<ni>0-— (Mi0O<Le((kov)i)VvMiO=o0)ALt(—
((kowv')i) < MO0i)

lemma normalized’-normalized:
assumes Vi < n. M i i = 0 normalized’ M
shows normalized M

(proof )

lemma normalized-normalized’:
normalized’ M if normalized M

(proof )

lemma apz-min:

S=UU=UCR= 8= [Myp=V i<nV j<n. Mij# oo
— get-const (M ij) € Z

= normalized M = Z C § = Approzg Z C S
(proof )
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lemma R-union: | JR = V (proof)

definition V-dbm where
V-dbm = Xi j. if i = 0 then Le 0 else oo

lemma v-not-eq-0:
ve#0
(proof)

lemma V-dbm-eq-V: [V-dbm]yn, = V
(proof)

lemma V-dbm-int:
vV i<n.V j<n. V-dbm i j # oo —> get-const (V-dbm i j) € Z
(proof )

lemma normalized-V-dbm:
normalized V-dbm

(proof )

lemma all-dbm: 3 M. vabstr ((JR) M A normalized M
(proof)

lemma R-int:
ReR= R'€e R= R# R'= RN R'= {} (proof)

lemma aux!:
teER=ReR=UCR=ueclJ U= RCU U (proof)

lemma quz2: z € (| U= U # {} =3 S € U.z €S (proof)
lemma quz2: z € (U= U #{} =V S e U.zeS (proof)
lemma apz-subset: Z C Approxg Z (proof)

lemma auz3:
VXeUVYeUXNYeU=SCU=S8#{} = finite S

= SeU
(proof )

lemma empty-zone-dbm:
3 M :: t DBM. vabstr {} M A normalized M N (Vk < n. Mk k < Le 0)

(proof)
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lemma DBM-set-diag:

assumes [M], , # {}

shows [M]yn = [(Aij. if i = j then Le 0 else M i j)|yn
(proof )

lemma apz-min':

S=UU=UCR= 8= [Myp=V i<n. V j<n. Mij# oo
— get-const (M ij) € Z

= normalized’ M = 7 C S = Approzg Z C S
(proof)

lemma valid-dbms-int:
VXe{S. IM. vabstr S M}. VYe{S. AM. vabstr S M}. X N'Y € {S.
I M. vabstr S M}

(proof )

lemma split-min”:
P (minij)=((minij=1i— Pi)A\ (minij=j— Pj))
(proof)

lemma normalized-and-preservation:
normalized M1 = normalized M2 = normalized (And M1 M2)

(proof )

lemma valid-dbms-int”:
VXe{S. IM. vabstr S M A normalized M}. ¥V Ye{S. I M. vabstr S M A
normalized M}.
XNYe{S IM. vabstr S M N normalized M}

(proof)

lemma apz-in:
ZCV = Approzg Z€{S.3 UM.S=J UNUCRAZCSA
vabstr S M N normalized M}

(proof)

lemma apz-empty:
Approzg {} = {}

(proof)

end
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4.4 Computing [S-Approximation
4.4.1 Computation

context Beta-Regions’
begin

lemma dbm-regions:

vabstr S M = normalized’ M = [M]yn # {} = [M]o,n C V = 3
UCR.S=U U
(proof )

lemma dbm-regions'”:
vabstr S M = normalized' M — SC V=3 UCR.S= U
(proof )

lemma dbm-regions'"

dbm-int M n = normalized’ M = M|y, C V = 3 U C R. [M]yn
= U U
(proof)

lemma DBM-le-subset”:
assumes Vi< n.Vji<mi#j— Mij<Mij
and V i<n. M'ii> Le 0
and v € [M]yn
shows u € [M')y
(proof)

lemma neg-diag-empty-spec:
assumes 1 < nMii <0
shows [M],n = {}
(proof)

lemma canonical-empty-zone-spec:

assumes canonical M n

shows [M]yn = {} +— (Fi<n. M ii < 0)
(proof)

lemma norm-set-diag:
assumes canonical M n M)y, # {}
obtains M’ where [M]y n = [M']yn [norm M (k o v') nlyn = [norm M’
(kov') nlyn
VYV i<n M'ii= 0 canonical M'n

(proof )
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lemma norm-normalizes”:
notes any-le-inf[intro]
shows normalized’ (norm M (k o v’) n)

(proof)

lemma norm-normalizes:
assumes Vi <n. Mii=0
shows normalized (norm M (k o v') n)

(proof )

lemma norm-int-preservation:
fixes M :: real DBM
assumes dbm-int Mni < nj<nnorm M (kov')nij# oo
shows get-const (norm M (ko v') nij) € Z

(proof)

lemma norm-V-preservation’”
notes any-le-inf[intro]
assumes [M], , C V canonical M n [M]y ., # {}

shows [norm M (k o v') n]yn C V
(proof )

lemma norm-V-preservation:

assumes [M]y,, C V canonical M n

shows [norm M (k o v') nlyn C V (is [?M]yn C V)
(proof)

lemma norm-min:

assumes normalized’ M1 [M]yn C [M1]yp
v

canonical M n [M]yn # {} | 7]1,,” -
shows [norm M (k o v') nlyn C [M1]yn (is [2M2]yn C [M1]yn)
(proof)
lemma apz-norm-eq:
assumes canonical M n [M]y, C V dbm-int M n

shows Approzg ([M]y,n) = [norm M (k o v') n]y.n
(proof)

end

4.5 Auxiliary S-boundedness Theorems

context Beta-Regions’
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begin

lemma (-boundedness-diag-lt:
fixes m :: int
assumes — ky<mm<kzrxzrze XyeX
shows3I UCR. YU U={ueV.uzx—uy < m}
(proof)

lemma (-boundedness-diag-eq:
fixes m :: int
assumes —ky<mm<kzrzre Xye X
shows 3 UCR.J U={uveV.uzr—uy=m}
(proof )

lemma (-boundedness-It:

fixes m :: int

assumes m < krzzx e X

shows 3 UCR. | U={ueV.uz<m}
(proof)

lemma [-boundedness-gt:
fixes m :: int
assumes m < kzzx € X
shows 3 UCR.|J U={ue V.uzx>m}

(proof)

lemma [-boundedness-eq:

fixes m :: int

assumes m < kzzx € X

shows 3 UCR.|J U={ue V.uzx=m}
(proof)

lemma [-boundedness-diag-le:
fixes m :: int
assumes — ky<mm<kzrze Xye X
shows 3 UCR.JU={uveV.uzr—uy<m}
(proof )

lemma (-boundedness-le:

fixes m :: int

assumes m < kzxx € X

shows 3 UCR. U U={ueV.uzx<m}
(proof )
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lemma (§-boundedness-ge:

fixes m :: int

assumes m < kzzx € X

shows 3 UCR.|J U={ue V.uzx>m}
(proof)

lemma [S-boundedness-diag-It":
fixes m :: int
shows
—ky<(m:uint) = m<kr—=zeX—=yeX=27ZC{uelV.
ur —uy < m}
= Approzg Z C{u e V.uzx —uy < m}

(proof )

lemma S-boundedness-diag-le’:
fixes m :: int
shows
—ky<(muint) = m<kr=zcecX=yecX=272C{uecV.
vr —uy < m}
= Approzg Z C{u e V.uz —uy < m}
(proof)

lemma S-boundedness-It’:
fixes m :: int
shows
m<kr=zre€X=7C{uecV.uz<m}= Approzg Z C {u €
V.uz < m}

(proof )

lemma S-boundedness-gt':
fixes m :: int
shows
m<kr=zeX=272C{uecV.uz>m}= Approzg Z C {u €
V.uz >m}

(proof)

lemma obtains-dbm-le:
fixes m :: int
assumes z € X m < kz
obtains M where vabstr {u € V. vz < m} M normalized M

(proof )

lemma S-boundedness-le”:
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fixes m :: int

shows
m<kr=z2cX=7ZC{uecV.uz<m}= Approzg Z C {u €
V.uz < m}

(proof)

lemma obtains-dbm-ge:
fixes m :: int
assumes z € X m< kz
obtains M where vabstr {u € V. uxz > m} M normalized M

(proof )

lemma S-boundedness-ge':

fixes m :: int

shows m < ks =2 X =272C{uecV.uz>m}= Approzg Z
C{ue V.uz > m}

(proof )

end

end

5 The Classic Construction for Decidability

theory Regions
imports Timed-Automata TA-Misc
begin

The following is a formalization of regions in the correct version of Patricia

Bouyer et al.

5.1 Definition of Regions
type-synonym ’c ceiling = (¢ = nat)
datatype intv =

Const nat |

Intv nat |

Greater nat

type-synonym t = real

inductive valid-intv :: nat = intv = bool
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where
0 < d= d < ¢ = valid-intv ¢ (Const d) |
0 <d= d < ¢ = valid-intv ¢ (Intv d) |
valid-intv ¢ (Greater c)

inductive intv-elem :: 'c = (‘c,t) cval = intv = bool
where
ux = d= intv-elem z u (Const d) |
d<uzrz= uz < d+ 1 = intv-elem z u (Intv d) |
¢ < ux = intv-elem z u (Greater c)

abbreviation total-preorder r = refl v A trans r

inductive wvalid-region :: 'c set = ('c = nat) = ('c = intv) = 'c rel =
bool
where
[Xo={ze X.3 d Iz=Intvd}; r C Xo x Xo; refl-on Xo r; trans r;
total-on Xq r;
V z € X. valid-intv (k z) (I z)]
= wvalid-region X k I r

inductive-set region for X I r
where

VeeX uvr>0=VY ze X intvelemzu ([ z) = Xo={z e X.
3d Iz=Intvd} =

VoeXoVye X (z,y) € r+— frac (uz) < frac (u y)

— u € region X I'r

Defining the unique element of a partition that contains a valuation

definition part (<[-]-» [61,61] 61) where part v R = THER. R € R A v
€R

inductive-set Succ for R R where
u€ER=—RER—7RER=—=t>0=— R =[udtjg = R'€
Succ R R

First we need to show that the set of regions is a partition of the set of all
clock assignments. This property is only claimed by P. Bouyer.

intv-elem = u (Const d)
intv-elem = u (Intv d)
intv-elem = u (Greater d)

inductive-cases|elim!|:
|:

elim!]: valid-intv ¢ (Greater d)
|:
|:

inductive-cases[elim!]
[elim!]
inductive-cases[elim!
inductive-cases|

inductive-cases[elim!
[

inductive-cases|elim/!

valid-intv ¢ (Const d)
valid-intv ¢ (Intv d)
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declare valid-intv.intros[intro]
declare intv-elem.intros|intro]
declare Succ.intros|intro]

declare Succ.cases|elim)]

declare region.cases[elim]
declare valid-region.cases|elim]

5.2 Basic Properties

First we show that all valid intervals are distinct.

lemma valid-intv-distinct:

valid-intv ¢ I = valid-intv ¢ I' = intv-elem z v I = intv-elem z u I’
= I1=1
(proof)

From this we show that all valid regions are distinct.

lemma valid-regions-distinct:

valid-region X k I r = wvalid-region X k I' v’ = v € region X [ 1 = v
€ region X I' r’

= region X I r = region X I r’
(proof)

lemma R-regions-distinct:

[R = {region X I v | I r. valid-region X kI r}; R € R; v € R; R' € R;
R#R| = vé¢ R
(proof)

Secondly, we also need to show that every valuations belongs to a region
which is part of the partition.

definition intv-of :: nat = t = intv where
mtv-of k ¢ =
if (¢ > k) then Greater k
else if (3 z :: nat. x = ¢) then (Const (nat (floor c)))
else (Intv (nat (floor c)))

lemma region-cover:
VezeX uzr>0= 3 R. R € {region X Ir|Ir. valid-region X kI r}
ANueR

(proof )

lemma intv-not-empty:
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obtains d where intv-elem z (v(z := d)) (I z)

(proof)
fun get-intv-val :: intv = real = real
where

get-intv-val (Const d) - = d |

get-intv-val (Intv d) f=d+ f |
get-intv-val (Greater d) - = d + 1

lemma region-not-empty-auz:

assumes 0 < ff<10<gg<1

shows frac (get-intv-val (Intv d) f) < frac (get-intv-val (Intv d') g) «—
f<y
(proof)

lemma region-not-empty:
assumes finite X valid-region X k I r
shows 3 u. u € region X I'r

(proof)

Now we can show that there is always exactly one region a valid valuation
belongs to.

lemma regions-partition:
R = {region X I v | I r. valid-region X kIr} —=Vz € X. 0 < vz =
J'ReR. ueR

(proof )

lemma region-unique:

R = {region X I v | I r. valid-region X kIr} — v € R— Re€ R =
[ulr = R
(proof)

lemma regions-partition’:

R = {region X I r | I r. valid-region X k I r} = VzeX. 0 < vz =
VzeX. 0 < vz = v € [vr

= [v]r = [v)r

(proof )

lemma regions-closed:

R = {region X I v | I r. valid-region X kIr} =— R€ R — v € R —
t>0=[vdtlr €R
(proof)

lemma regions-closed:
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R = {region X I r | I r. valid-region X kIr} = R€ R = v € R =
t>0= (v@dt)€vditlr
(proof)

lemma valid-regions-1-cong:

valid-region X kI r =V z € X. [z = I' t = region X I r = region
X I’ r A wvalid-region X k1" r
(proof)

fun intv-const :: intv = nat
where
intv-const (Const d) = d |
intv-const (Intv d) = d |
intv-const (Greater d) = d

lemma finite-R:
notes [[simproc add: finite-Collect]] finite-subset[intro]
fixes X k
defines R = {region X I r | I r. valid-region X k I r}
assumes finite X
shows finite R

(proof )

lemma Succl?2:

R = {region X I v | I r. valid-region X kIr} — v€ R— R € R —=
t>0= R =iz

— R’ € Succ R R
(proof )

5.3 Set of Regions
The first property Bouyer shows is that these regions form a ’set of regions’.

For the unbounded region in the upper right corner, the set of successors
only contains itself.

lemma Succ-refi:
R = {region X I r |I r. valid-region X k [ r} = finite X = R € R =
R € Succ R R

(proof)

lemma Succ-refl”:

R = {region X I r |I r. valid-region X k I r} = finite X =V z € X.
3 ¢. I x = Greater c

= region X I r € R = Succ R (region X I r) = {region X I r}
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(proof)

Defining the closest successor of a region. Only exists if at least one interval
is upper-bounded.

definition

succ R R =

(SOMER'"R'€ Succ RRAN(NYN ue RV t>0. (udt)¢g R— (3t
<t (udthe R ANO<LL))

inductive isConst :: intv = bool
where
isConst (Const -)

inductive isIntv :: intv = bool
where
isIntv (Intv -)

inductive isGreater :: intv = bool
where
isGreater (Greater -)

declare isIntv.intros[intro!] isConst.intros[introl] isGreater.intros|introl]

declare isIntv.cases[elim!] isConst.cases[elim!] isGreater.cases|elim!]

What Bouyer states at the end. However, we have to be a bit more precise
than in her statement.

lemma closest-prestable-1:

fixes I X kr

defines R = {region X I r |I r. valid-region X k I r}

defines R = region X I r

defines Z = {r € X . 3 ¢. [z = Const ¢}

assumes 7 # {}

defines I'= \ z. if © ¢ Z then I x else if intv-const (I x) = k = then
Greater (k ) else Intv (intv-const (I x))

defines r'=r U {(z,y) .z € Z ANy € X A intv-const (I z) < kz A isIntv
(1" y)

assumes finite X

assumes valid-region X k I r

shows V v e RV t>0. 3t'<t. (v & t) € region XI'r' Nt' > 0

and VYV veregion XI'r.V t>0.(v®dt)¢R

and V z € X. - isConst (I' z)

and VoveRVi<I1.Vt'>0 (vt e region XI'r

—{z.ze XN B ecle=htvchve+t>c+ 1)}
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={z.zeXNFecl'z=IntvcAh(v@&thz+(t—1t)>
c+ 1)}
(proof)

lemma closest-valid-1:

fixes I X kr

defines R = {region X I r |I r. valid-region X k I r}

defines R = region X I r

defines Z = {z € X . 3 ¢. Iz = Const ¢}

assumes 7 # {}

defines I'= \ z. if x ¢ Z then I x else if intv-const (I z) = k z then
Greater (k ) else Intv (intv-const (I x))

defines r'=r U {(z,y) .z € Z ANy € X A intv-const (I z) < kz A isIntv
(7' )}

assumes finite X

assumes valid-region X k I r

shows wvalid-region X k I’ r’

(proof)

lemma closest-prestable-2:

fixes [ X kr

defines R = {region X I r |I r. valid-region X k I r}

defines R = region X I r

assumes V z € X. = isConst (I z)

defines Xy = {z € X. isIntv (I )}

defines M = {z € Xo.V y € Xo. (z, y) € r — (y, z) € 1}

defines I'= X\ z. if ¢ ¢ M then I x else Const (intv-const (I z) + 1)

defines r' = {(z,y) €er.a ¢ M Ny ¢ M}

assumes finite X

assumes valid-region X k I r

assumes M # {}

shows V v € RV t>0. (v® t) ¢ R— 3t'<t. (v & t)) € region X
I'r' At > 0)

and VYV veregion XI'r'.V t>0.(v®dt)¢R

and VoeveRV Ut {z.zeXANBecl'z=hntvch(vdthaz+(t
—t"y > real (¢ + 1))}

={z.ze XANFeclz =IntvcANvz+t>rel (c+

1)} -M
and 3z e X. isConst (I'z)
(proof)

lemma closest-valid-2:
fixes [ X kr
defines R = {region X I r |I r. valid-region X k I r}
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defines R = region X I r

assumes V z € X. - isConst (I z)

defines Xy = {z € X. isIntv (I )}

defines M = {z € Xo.V y € Xo. (z, y) € r — (y, z) € 1}
defines I'= X\ z. if ¢ ¢ M then I x else Const (intv-const (I z) + 1)
defines r' = {(z,y) €er.a ¢ M Ny ¢ M}

assumes finite X

assumes valid-region X k I r

assumes M # {}

shows wvalid-region X k1" r'

(proof )

5.3.1 Putting the Proof for the ’Set of Regions’ Property To-
gether

Misc lemma total-finite-trans-maz:

X # {} = finite X = total-on X r = transr —= I z € X.V y €
X.x#y— (y,z)€er
(proof )

lemma card-mono-strict-subset:
finite A = finite B = finite C —= ANB#{} —= C=A—- B =
card C < card A

(proof )

Proof First we show that a shift by a non-negative integer constant means
that any two valuations from the same region are being shifted to the same
region.

lemma int-shift-equiv:
fixes X k fixes t :: int
defines R = {region X I r |I r. valid-region X k I r}
assumes v € Rv e RReRt>0
shows (v' @ t) € [v @ t|g (proof)

Now, we can use the "immediate’ induction proposed by P. Bouyer for shifts
smaller than one. The induction principle is not at all obvious: the induction
is over the set of clocks for which the valuation is shifted beyond the current
interval boundaries. Using the two successor operations, we can see that
either the set of these clocks remains the same (Z =) or strictly decreases

(Z =).
lemma set-of-regions-lt-1:
fixes X kIrtwo
defines R = {region X I r |I r. valid-region X k I r}
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defines C ={z.c e XN S clo=IntvcANvs+t>c+ 1)}

assumes valid-region X k I r v € region X I r v’ € region X I r finite X
0<tt< 1

shows 3 t>0. (v & t) € [v @ t|gr (proof)

Finally, we can put the two pieces together: for a non-negative shift ¢, we
first shift |¢] and then frac t.

lemma set-of-regions:
fixes X k
defines R = {region X I r |I r. valid-region X k I r}
assumes R € R v € R R’ € Succ R R finite X
shows 3 t>0. [v @ tlg = R’ (proof)

5.4 Compability With Clock Constraints
definition ccval (<{-}» [100]) where ccval cc = {v. v I cc}

definition acompatible
where
acompatible R ac =V R€ R. R C {v. vk4 ac} V{v. vtq act N R ={}

lemma acompatibleD:
assumes acompatible R ac R€e Ru € Rve Rulby ac
shows v I, ac

(proof)

lemma ccompatiblel:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxrce Nz e X
shows acompatible R (EQ x ¢) (proof)

lemma ccompatible2:
fixes X k fixes ¢ :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxce Nz e X
shows acompatible R (LT z c¢) (proof)

lemma ccompatible3:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxce Nz e X
shows acompatible R (LE x ¢) (proof)
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lemma ccompatibles:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < kzrxce Nz e X
shows acompatible R (GT z ¢) (proof)

lemma ccompatibles:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krce Nz e X
shows acompatible R (GE z c¢) (proof)

lemma acompatible:
fixes X k fixes ¢ :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes ¢ < kz ¢ € N z € X constraint-pair ac = (z, c)
shows acompatible R ac (proof)

definition ccompatible
where
ccompatible R cc =V R € R. R C {ccf} V {ec} N R = {}

lemma ccompatible:
fixes X k fixes ¢ :: nat
defines R = {region X I r |I r. valid-region X k I r}
assumes VY (z,m) € collect-clock-pairs cc. m < kx ANz € X Am € N
shows ccompatible R cc (proof)

5.5 Compability with Resets

definition region-set
where
region-set R © ¢ = {v(z := ¢) | v. v € R}

lemma region-set-id:

fixes X k

defines R = {region X I r |I r. valid-region X k I r}

assumes R € Rv e R finite X0 < cc<kzzxelX

shows [v(z := ¢)|g = region-set R x ¢ [v(z := ¢)]g € R v(z := ¢) € [v(z
= c)|r

(proof)

definition region-set’
where
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region-set’ R r ¢ = {[r = cJv | v. v € R}

lemma region-set’-id:
fixes X k and c :: nat
defines R = {region X I r |I r. valid-region X k I r}
assumes R € Rv € R finite X0 < cV x€setr.c<kzsetr CX
shows [[r — c|u|gr = region-set’ R rc A [[r — cJojg € R A [r — cJv €
[[r — c]vlr (proof)

This is the only additional lemma necessary to make local a-closures work.

lemma region-set-subs:

fixes X k k' and ¢ :: nat

defines R = {region X I r |I r. valid-region X k I r}

defines R’ = {region X I r |I r. valid-region X k' I r}

assumes R € R v € R finite X 0 < csetcs C XV y. y ¢ set cs — k
y>k'y

shows [[cs — c|v|r’ D region-set’ R cs ¢ [[es — c]v]r’ € R [es — c]v €
lles = clolz’

(proof )

5.6 A Semantics Based on Regions
5.6.1 Single step

inductive step-r ::
('a, 'c, t,'s) ta = (c, t) zone set = 's = (‘c, t) zone = 's = ('c, t) zone
= bool
(eym b (= )~ (-, ) [61,61,61,61] 61)
where
step-t-r:
[R = {region X I r |I r. valid-region X k I r}; valid-abstraction A X k; R
€ R; R' € Suce R R;
R’ C {inv-of A l}] = AR F (,R) ~ (l,R") |
step-a-r:
[R = {region X I r |I r. valid-region X k I r}; valid-abstraction A X k; A
F 907 [ R e R]
= ARt (l,R) ~ (l';region-set’ (R N {u. ut g}) r 0 N {u. ut inv-of
Al

inductive-cases|elim!]: AR = (I, u) ~ (I, u')
declare step-r.intros[intro]

lemma region-cover":
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assumes R = {region X I r |I r. valid-region X k I r} and VzeX. 0 <
VT
shows v € [v|g [v]r € R

(proof )

lemma step-r-complete-aux:
fixes RrAl'yg
defines R’ = region-set’ (R N {u. u F g}) r 0 N {u. ut inv-of A 1"}
assumes R = {region X I r |I r. valid-region X k I r}
and valid-abstraction A X k
and v € R
and R € R
and A+ [ —9%%" [
and u - ¢
and [r—0]u - inv-of Al
shows R = RN {u. uk g} AN R"= region-set’ R0 N R' € R
(proof )

lemma step-r-complete:

[AF (1, u)y = ("u"); R = {region X I r |I r. valid-region X k I r};
valid-abstraction A X k;

VeeX uz>0]=3 R.ARF (I, ([ulg)) ~ (I'’'R) Nu" € R' A
R'eR
(proof)

Compare this to lemma step-z-sound. This version is weaker because for
regions we may very well arrive at a successor for which not every valuation
can be reached by the predecessor. This is the case for e.g. the region with
only Greater (k x) bounds.

lemma step-r-sound:
ARGE (I, R) ~ (I'R") = R = {region X I r |I r. valid-region X k I r}
= R #{}= NMueRIuveR A, u — (I'u))

(proof)

5.6.2 Multi Step

inductive

steps-r :: (Ya, ‘e, t, 's) ta = (‘c, t) zone set = ‘s = (‘¢, t) zone = 's =
(e, t) zone = bool
(o= b (=, ) ~ox (-, ) [61,61,61,61,61,61] 61)
where

refl: AR (I, R) ~x (I, R) |

step: AR (I, R) ~x (I', RY = AR+ (I, R ~ (I", R") = AR F
(L, R ~ (1", B
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declare steps-r.intros|intro]

lemma steps-alt:
AF (L u) =+ (u)) = A ) — (") = A (1 u) —* ("u")
(proof)

lemma emptiness-preservance: AR + (I, Ry ~ (I'R") = R = {} = R’
={}

(proof)

lemma emptiness-preservance-steps: AR = (I, R) ~x (I'R") = R = {}
— R =)
(proof)

Note how it is important to define the multi-step semantics “the right way
round". This is also the direction Bouyer implies for her implicit induction.

lemma steps-r-sound:

AR F (I, R) ~x (I',/ Ry = R = {region X I r |I r. valid-region X k I
r}

—= R #{}=uweR= 3 v eR. A (I, u) =« (', u)
(proof)

lemma steps-r-sound’:

AR F (I, R) ~x (I',/ Ry = R = {region X I r |I r. valid-region X k I
)

= R #{}= 3 v eR.FueR At (l,u) = u)
(proof)

lemma single-step-r:
ARFE (I, R) ~ (I'/ Ry = AR F (I, R) ~x (I, R')
(proof )

lemma steps-r-alt:

ARE (') Ry »»x (I", R") = ARF (I, R) ~ (I, R) = AR+ (I, R)
o <l”, R”}

(proof)

lemma single-step:
zl F (22, x3) — (v4,25) = x1 F (22, 28) —* (z4,25)
(proof)

lemma steps-r-complete:
[AF (1, u)y =« (I'u"); R = {region X I r |I r. valid-region X k I r};
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valid-abstraction A X k;
VeeX uzx>0]=3 R.ARF (I, ([ulr)) ~* (I'R) N u" € R’
(proof)

end

theory Closure
imports Regions

begin

5.7 Correct Approximation of Zones with a-regions
lemma subset-int-mono: A C B= AN C C BnN C (proof)

lemma zone-set-mono:
A C B = zone-set A r C zone-set B r

(proof )

lemma zone-delay-mono:
ACB= AT C B!
(proof)

lemma step-z-mono:

AE(, Z) ~, (IZ) = ZC W =3 W.AE{, W) ~, I,/ W) A
Z'Cc W’
(proof)

5.8 Old Variant Using a Global Set of Regions

Shared Definitions for Local and Global Sets of Regions locale
Alpha-defs =
fixes X :: 'c set
begin
definition V :: (‘c, t) cval set where V. ={v.V z € X. va > 0}

lemma up-V: ZC V= 2Z'CV
(proof )

lemma reset-V: Z C V = (zone-set Zr) C V
(proof)

lemma step-z-V: At (I, Z) ~q (7)) = ZCV = Z'CV
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(proof)

end

This is the classic variant using a global clock ceiling £ and thus a global
set of regions. It is also the version that is necessary to prove the classic
extrapolation correct. It is preserved here for comparison with P. Bouyer’s
proofs and to outline the only slight adoptions that are necessary to obtain
the new version.

locale AlphaClosure-global =
Alpha-defs X for X :: 'c set +
fixes k R
defines R = {region X I r | I r. valid-region X k I r}
assumes finite: finite X
begin

lemmas set-of-regions-spec = set-of-regions|OF - - - finite, of - k, folded
R-def]

lemmas region-cover-spec = region-cover|of X - k, folded R-def]

lemmas region-unique-spec = region-unique[of R X k, folded R-def, sim-
plified)

lemmas regions-closed’-spec = regions-closed’[of R X k, folded R-def, sim-
plified)

lemma valid-regions-distinct-spec:
ReR=—=R eR=—=veR=veER = R=R'
(proof)

definition cla («Closure, -» [71] 71)
where

claZ =J{ReR.RNZ#{}}

The Nice and Easy Properties Proved by Bouyer lemma clo-
sure-constraint-id:

Y (z, m)€collect-clock-pairs g. m < real (kz) Nz € X A m € N =
Closureq {g} = {9} N V

(proof )

lemma closure-id":
Z#{} = ZC R= RcR = Closureo, Z =R

(proof )

lemma closure-id:

Closureq Z # {} = Z C R = R € R = Closureq Z = R
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(proof)

lemma closure-update-mono:

Z CV = setr C X = zone-set (Closure, Z) r C Closures(zone-set
Zr)
(proof)

lemma Succl3:
ReER=veR=1t>0= (v®t) € R"= R'€ R = R’ € Succ
R R

(proof )

lemma closure-delay-mono:
7 C V = (Closure, Z)' C Closure, (Z1)
(proof)

lemma region-V: R € R = R C V (proof)

lemma closure-V:
Closure, Z C 'V

(proof)

lemma closure-V-int:
Closure,, Z = Closure,, (Z N'V)

(proof)

lemma closure-constraint-mono:
Closure,, g = g = g N (Closureq Z) C Closurey (g N Z)
(proof )

lemma closure-constraint-mono”:
assumes Closure, g = gN V
shows g N (Closure, Z) C Closure, (g N Z)

(proof)

lemma cla-empty-iff:
Z CV = Z={} +— Closure, Z = {}
(proof)

lemma closure-involutive-auz:
UCR = Closure, |y U= U
(proof )

lemma closure-involutive-aux':
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3 U.UCRAClosure, Z =) U
(proof )

lemma closure-involutive:
Closure, Closure, Z = Closure, Z

(proof )

lemma closure-involutive”:
Z C Closure, W = Closure,, Z < Closure, W

(proof)

lemma closure-subs:
Z CV = Z C Closurey Z

(proof)

lemma cla-mono”:
7'CV = Z C Z' = Closure, Z C Closure, 7'

(proof)

lemma cla-mono:
7 C 7' = Closure,, Z C Closure, Z'

(proof )

5.9 A Zone Semantics Abstracting with Closure,
5.9.1 Single step

inductive step-z-alpha ::
(‘a, 'e, t, 's) ta = 's = (‘e, t) zone = 'a action = 's = (¢, t) zone =
bool
(- F () oy (- ) [61,61,61] 61)
where
step-alpha: A &= (1, Z) ~q (I, Z') = A F (1, Z) ~ o) (U, Closureq Z')

inductive-cases[elim!]: A & (I, u) ~qq) (I';u))
declare step-z-alpha.intros|intro)

definition
step-z-alpha’ :: ('a, 'c, t, 's) ta = 's = (‘c, t) zone = 's = (‘e, t) zone =
bool
(= F (= =) ~a (- =) [61,61,61] 61)
where
AF (L, Z) o (I, 2N =3 Z'a. AF (I, Z) ~r (I, ZY A AF {1, Z")
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~a(la) (', z2")
Single-step soundness and completeness follows trivially from cla-empty-iff.

lemma step-z-alpha-sound:

A, Z) “a(a) (V2 = ZCV=Z"4£{} =3 Z" A+, Z)
~wa (27 N 27 # {}

(proof)

lemma step-z-alpha’-sound:

AR, Z) o (U2 = ZCV = 2'"#4{} =3 Z" A+ (I, Z) ~
(152" nZ2"#{}

(proof)

lemma step-z-alpha-complete’:

AR, Z) o (V2 = ZC V=3 Z" AL, Z) ~a(a) (.z" A
Z/ C Z//

(proof)

lemma step-z-alpha-complete:

A, Z)y o (U2 = ZCV = 2'#4#{} =3 72" A+, Z)
~a(a) <l,’ZH> NZ" # {}

(proof)

lemma step-z-alpha’-complete’:

AF (L2~ (N2 = ZCV=132" Ak (I, Z) ~a (I"Z") A Z'
g Z//

(proof)

lemma step-z-alpha’-complete:

AL ZYy ~(UI'Z) = ZCV=2"42{}= 3 Z" AL, Z) ~,
(1\z"y N 2" #{}

(proof)

5.9.2 Multi step

abbreviation

steps-z-alpha :: (‘a, 'c, t, 's) ta = 's = (¢, t) zone = 's = (‘c, t) zone
= bool
(<-F (= =) ~ax (-, -)» [61,61,61] 61)
where

ARl Z)Y ~ox (U, 2y = (N1, Z2) (U, Z). AR (L, Z) ~q (U, Z7)*
(1, 2) (I, z")

P. Bouyer’s calculation for Post (Closure, Z, e) C Closure, Post (Z, e)
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This is now obsolete as we argue solely with monotonicty of steps-z w.r.t
Closure,

lemma calc:
valid-abstraction A X k = Z C V. = A+ (I, Closure, Z) ~>q (I, Z')
— 32" A {1, Z) o) (1L 2V N2 C 2"

(proof)

Turning P. Bouyers argument for multiple steps into an inductive proof is not
direct. With this initial argument we can get to a point where the induction
hypothesis is applicable. This breaks the "information hiding" induced by
the different variants of steps.

lemma steps-z-alpha-closure-involutive’-auz:

AEA(l, Z) ~q (I,Z") = Closure,, Z C Closure, W = valid-abstraction
AXk= ZCV

= 3 W.AE (I, W) ~q (I';,/ W) A Closure, Z' C Closure, W'
(proof)

lemma steps-z-alpha-closure-involutive’-auz":

AF(l, Z) ~q (1,72 = Closureq Z C Closure, W = wvalid-abstraction
AXk=ZC V= WCZ

= 3 WL AE (I, W) ~q (I, W) A Closure, Z' C Closure, W' N W'
cz
(proof)

lemma steps-z-alpha-V: A&t (I, Z) ~>ox (7)) —= Z CV = Z'C V
(proof)

lemma steps-z-alpha-closure-involutive:

Al Z) wax (I, 20 = A (U, Z2) ~rp (U, 27) = A (U, Z7) ~q,
<l//Z///>

— walid-abstraction A Xk —= Z C V

=3 W". AtE (I, Z) ~x (I, W) A Closureq Z'"" C Closure, W'"' A
W/// C Z///
(proof )

lemma steps-z-alpha-closure-involutive:

Al Z) ~ox (I,Z") = valid-abstraction A X k = Z C V

— 3 7" A (I, Z) ~x (I',Z") N Closure, Z' C Closure, Z" N Z" C
Z/
(proof)
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lemma steps-z-V:
AL, Z) >+ (U2 = ZCV =2'CV
(proof)

lemma steps-z-alpha-sound:

At (l, Z) ~ox (I,Z") = valid-abstraction A X k = Z C V= 7'+
{}

= 37" A, Z) ~x U Z"YNZ"+ {3 NZ"C 7
(proof )

lemma step-z-alpha-mono:

AL Z) o) N2) = ZC W= WC V=3 W.AF({, W)
~a(a) <ZI,W/> ANZ'C W
(proof )

end

5.10 New Variant

New Definitions hide-const collect-clkt collect-clki clkp-set valid-abstraction

definition collect-clkt :: ('a, 'c, 't, 's) transition set = 's = ('c x't) set
where
collect-clkt S 1 = {collect-clock-pairs (fst (snd t)) |t .t € S A fstt =

1}

definition collect-clki :: (‘e, 't, 's) invassn = 's = ('c x't) set
where
collect-clki I s = collect-clock-pairs (I s)

definition clkp-set :: (‘a, 'c, 't, 's) ta = 's = (‘c *t) set
where
clkp-set A s = collect-clki (inv-of A) s U collect-clkt (trans-of A) s

lemma collect-clkt-alt-def:

collect-clkt S 1 = |J (collect-clock-pairs < (fst o snd) ‘{t. t € S A fst t =
1})

(proof)

inductive valid-abstraction
where
[V I.V(z,m) € clkp-set Al. m < klxz ANz e X Am e N; collect-clkvt
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(trans-of A) C X; finite X;
Vigarl'c Al —9%"'Ncé¢setr — kl'c<klc

]

= valid-abstraction A X k

locale AlphaClosure =
Alpha-defs X for X :: 'c set +
fixes k :: 's = 'c = nat and R
defines R | = {region X I r | I r. valid-region X (k1) I r}
assumes finite: finite X
begin

5.11 A Semantics Based on Localized Regions
5.11.1 Single step

inductive step-r ::

('a, 'c, t,'s) ta = - = 's = (e, t) zone = 'a action = 's = ('c, t) zone
= bool
(o- F (=, ) ~_ (-, ) [61,61,61,61,61] 61)
where

step-t-r:

AR (LR) ~r (LRY if

valid-abstraction A X (A z. real o kz) R € R IR’ € Succ (R1) R R' C
{inv-of A I} |

step-a-r:

AR F (LR) ~q (I R if

valid-abstraction A X (A z. real o kz) A1 —9%" "R e R 1

R C {g} region-set’ R0 C R' R’ C {inv-of AI'} R"e Rl

inductive-cases|elim!]: AR b (I, u) ~, (I, u/)
declare step-r.intros[intro]

inductive step-r’ ::

(‘a, 'c, t,'s) ta = - = 's = (e, t) zone = 'a = 's = ('c, t) zone = bool
(oo b (= ) ~oo (=, ) [61,61,61,61,61] 61)
where

AR F (LR) ~q (INR" if AR F (LR) ~r (LR AR (LR ~iq (1
R")

lemmas R-def’ = meta-eq-to-obj-eq| OF R-def]
lemmas region-cover’ = region-cover’|OF R-def’]
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abbreviation part” (<[-]-» [61,61] 61) where part” w1l = part u (R 1)
no-notation part («[-]-» [61,61] 61)

lemma step-r-complete-aux:
fixes RurAlyg
defines R’ = [[r—0]u);’
assumes valid-abstraction A X (X z. real o k z)
and v € R
and R € R I
and A+ [ —9%" [
and u - g
and [r—0]u F inv-of A1’
shows R = RN {u. ut g} A region-set’ R0 C R"ANR' € RI'\N R'C
{inv-of A U’}
(proof )

lemma step-t-r-complete:
assumes
AF (I, u) =% (' w') valid-abstraction A X (A z. real 0 kz) V z € X. u
T >0
shows 3 R AR (I, ([u];)) ~7 (I',RY Nu"€ RRNR' e R
(proof)

lemma step-a-r-complete:
assumes
At (I, uy =4 (I',u’) valid-abstraction A X (A x. real o kz) V z € X. u
Tz >0
shows 3 R". AR &= (I, ([u]1)) ~1q (I'"R) Nu' € R"ANR' € RV
(proof)

lemma step-r-complete:
assumes
AF (I, u)y = (I',u') valid-abstraction A X (A z. real o kz) V z € X. u
z >0
shows 3 R a. AR (I, ([u];)) ~¢ (I',RY Nu"€ R”"ANR e R
(proof)

Compare this to lemma step-z-sound. This version is weaker because for
regions we may very well arrive at a successor for which not every valuation
can be reached by the predecessor. This is the case for e.g. the region with
only Greater (k x) bounds.

lemma step-t-r-sound:
assumes AR F (I, R) ~, (I',R)
showsV ue R.3 u' e R.3d>0. A+ (I, u) =% (I'u)
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(proof )

lemma step-a-r-sound:

assumes AR & (I, R) ~, (I',R’)

showsV v e R.3 v € R.AF (I, u) =4 (I’
(proof )

lemma step-r-sound:
assumes AR + (I, R) ~4 (I',R’)
showsV v € R.3 u' € R. At (I, u) — (I')u)
(proof)

lemma step-r’-sound:
assumes AR + (I, R) ~, (IR’
showsV we R.3 v e R.AF (I, u)y — (I'u)
(proof)

5.12 A New Zone Semantics Abstracting with Closure, ;

definition cla (< Closure, -(-)» [71,71] 71)
where
calZ=U{ReRILRNZ#{}}

5.12.1 Single step
inductive step-z-alpha ::

(‘a, 'c, t, 's) ta = 's = ('c, t) zone = 'a action = 's = (c, t) zone =
bool
(- F (=)~ (= - [61,61,61] 61)
where

step-alpha: A & (1, Z) ~q (I, Z') = A& (I, Z) ~4(q) (I, Closurea,’
Z’)

inductive-cases[elim!]: A & (I, u) ~qq) (I';u))

declare step-z-alpha.intros|intro]

Single-step soundness and completeness follows trivially from cla-empty-iff.

lemma step-z-alpha-sound:
AF <l, Z> ~a(a) <l/,Z,> — ZCV = Z,# {}
= A Z" AL (I, Z) ~q U Z"Y NZ" £ {}
(proof)

context

93



fixes [l ::'s

begin
interpretation alpha: AlphaClosure-global - k 1" R 1" {proof)

lemma [simp]:
alpha.cla = cla I’
(proof)

lemma step-z-alpha-complete:
AEAl, Z) g (U2 = Z CV = Z'#+{}
=3 Z" A+ {l, Z) ~a(a) (2" N Z"+£{}
(proof)

end

5.12.2 Multi step

definition

step-z-alpha’ :: ('a, 'c, t,'s) ta = 's = (‘c, t) zone = 's = (¢, t) zone =
bool
(= F (= =) ~a (- =) [61,61,61] 61)
where

A (L, 2Z) wa (I 2 =3 2 a. AV (I, Z) ~r (I, Z) A A F (I, Z)
~a(la) (', Z2"))

abbreviation

steps-z-alpha :: (‘a, 'c, t, 's) ta = 's = (¢, t) zone = 's = (‘c, t) zone
= bool
(<-F (= =) ~ax (-, -)» [61,61,61] 61)
where

AL Z) ~oox (U, 2"y = (N, Z) (U, Z7). AE (1, Z) ~q (U, Z)**
(L, Z2) (I', 2"

P. Bouyer’s calculation for Post(Closures,; Z, e) C Closureq, (Post (Z, e€))

This is now obsolete as we argue solely with monotonicty of steps-z w.r.t
Closureq |

Turning P. Bouyers argument for multiple steps into an inductive proof is not
direct. With this initial argument we can get to a point where the induction
hypothesis is applicable. This breaks the "information hiding" induced by
the different variants of steps.

context
fixes [ 1" ::'s
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begin

interpretation alpha: AlphaClosure-global - k1 R 1 (proof)
lemma [simp]: alpha.cla = cla | (proof)

interpretation alpha”. AlphaClosure-global - k1" R 1’ {proof)
lemma [simp]: alpha’.cla = cla I’ {proof)

lemma steps-z-alpha-closure-involutive’-auz”:

A1, Z) ~q (I',Z"y = Closureq; Z C Closure,; W = valid-abstraction
AXk= ZCV

= W CZ= 3 W.AF (I, W) ~gq W) N Closure,," Z' C
Closureq,,” W' N W' C Z'
(proof)

end

lemma step-z-alpha-mono:

A Z) o) N2y = ZC W= WC V=3 W.AF({ W)
~a(a) <ZI,W/> ANZ'C W
(proof )

end

end
theory Approz-Beta

imports DBM-Zone-Semantics Regions-Beta Closure
begin

no-notation infinity (<0o»)

6 Correctness of f-approximation from a-regions

Merging the locales for the two types of regions

locale Regions-defs =
Alpha-defs X for X :: 'c set+
fixes v :: ‘c = nat and n :: nat
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begin

abbreviation vabstr :: ('c, t) zone = - = - where
vabstr SM = S = [M]yn A (VY i<n. V j<n. M i j # oo — get-const (M
ij) €7Z)

definition V' ={Z. Z C V A (3 M. vabstr Z M)}
end

locale Regions-global =

Regions-defs X vn for X :: 'c set and v n +

fixes k :: 'c = nat and not-in-X

assumes finite: finite X

assumes clock-numbering: clock-numbering’ vn Vk<n. k> 0 — (Jc €
X.ve=k)

VeeX ve<n

assumes not-in-X: not-in-X ¢ X

assumes non-empty: X # {}
begin

definition R-def: R = {Regions.region X I r | I r. Regions.valid-region X
kIr}

sublocale alpha-interp:
AlphaClosure-global X k R (proof)

sublocale beta-interp: Beta-Regions’ X k v n not-in-X
rewrites beta-interp.V =V

(proof)
abbreviation Rg where Rg = beta-interp.R
lemmas Rg-def = beta-interp. R-def
abbreviation Approrg = beta-interp. Approzg

6.1 Preparing Bouyer’s Theorem

lemma region-dbm:
assumes R € R
defines v =\i. THEc. c€ X Nve=1
obtains M
where[M], , = R
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andV i<n.Vji<n MiO=ccAj>0Ni#tj— Mij=c0cANM
ji =00

andV i <n Mii=Le0

andV i <n.Vji<ni>0ANj>0ANMi0#coANMjl # oo —

(3 d :: int.
(—k(WjiH<dNd<k@i)ANMij=Led N Mji= Le (—d))
V(—kWiH<d—1ANd<k@i)ANMij=LdANMji=Lt

(=d + 1))

andV i <n.i>0AMi0 # oco—
Fduint.d<k@i)ANd>0
ANMi0=LedANMOi=Le(—d)VMi0=LtdAMOi=
Lt (—d + 1)))
andV i<n.i>0— 3 duint. — k(i) <dANd<OANMOi=
LedV M0i= Lt d))
andV .V j. M ij # oo — get-const (M ij) € Z
andV i<nVji<n Mij£coAi>0Nj>0—
(3 deint. (Mij=LedVMij=Ltd)A(—k (') <dAd<k
(o' 1)
(proof)

lemma len-inf-elem:
(a, b) € set (arcs ijas) = M ab=o00=len M ijzs= 00

(proof)

lemma zone-diag-It:
assumes a < nb<nand C:vcl =avec2=>band notl: a > 0b> 0
shows [(A i 7. if i = a AN j = b then Lt d else 00)|yn = {u. u c1 — u c2
< d}
(proof)

lemma zone-diag-le:
assumes ¢ < nb<nand C:vcl =avec2=>band notl: a > 0b> 0
shows [(A i j. if i = a A j = b then Le d else 00)]y,n = {u. u c1 — u c2
< d}
(proof)

lemma zone-diag-lt-2:
assumes ¢ < nand C: v ¢ = a and not0: a > 0
shows [(A i j. if i = a N j = 0 then Lt d else 00)]yn = {u. v c < d}

(proof)
lemma zone-diag-le-2:

assumes ¢ < nand C: v ¢ = a and not0: a > 0
shows [(A i j. if i = a N j = 0 then Le d else )]y n = {u. v c < d}
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(proof)

lemma zone-diag-lt-3:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. ifi = 0 A j = athen Lt d else 00)]yn = {u. — v c < d}
(proof)

lemma len-int-closed:
Vij(Mij:real) €eZ = len Mijzs€Z
(proof)

lemma get-const-distr:
a # 0o = b # oo = get-const (a + b) = get-const a + get-const b

(proof)

lemma len-int-dbm-closed:
V (i, j) € set (arcs i j xs). (get-const (M i j) :: real) € Z N M ij # o0
= get-const (len M ijas) € Z N len M ijxs # oo

(proof )

lemma zone-diag-le-3:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. ifi = 0 N j = athen Le d else o0)]y,n = {u. — v c < d}
{proof)

lemma dbm-It":

assumes My, C VMab<ILtda<nb<nwvcl=avc2=ba>
0b>0

shows [M]y, C{ue V. ucl —uc2 < d}

(proof )

lemma dbm-it'2:
assumes My, C VMa0<Ltda<nvcl =aa>0
shows [M]yn, C {ue V. ucl < d}

(proof)

lemma dbm-It’3:
assumes M|y, C VMOa< Ltda<nvcl =aa>0
shows [M]y, C{ue V. —ucl <d}

(proof)

lemma dbm-le”:
assumes My, C VMab<Leda<nb<nwvcl=avcl=0ba>
0b>20
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shows [M]yn C{ue V.ucl —uc2 < d}
(proof)

lemma dbm-le’2:
assumes M|y, C VMa0<Leda<nvcl =aa>0
shows [M]yn, C {ue V. ucl <d}

(proof)

lemma dbm-le’3:
assumes My, C VMOa<Leda<nwvcl=aa>0
shows [M],, C{ue V. —wucl <d}

(proof )

lemma int-zone-dbm:

assumes V (-,d) € collect-clock-pairs cc. d € ZN ¢ € collect-clks cc. v ¢
<n

obtains M where {u. u F cc} = [M]y,, and dbm-int M n

(proof)

lemma non-empty-dbm-diag-set’:

assumes clock-numbering’ v n Vi<n.Vj<n. M ij # oo — get-const (M
ij) €Z

Mun # ()

obtains M’ where [M],, = [Myn A (Vi<n. Vj<n. M'ij # oo —

get-const (M' i j) € Z)
AN i<n Mii=0)

(proof)
lemma dbm-entry-int:

(z :: t DBMEntry) # oo = get-const t € Z.—> 3 d :: int. t = Le d V
z=Ltd
(proof )
6.2 Bouyer’s Main Theorem

theorem region-zone-intersect-empty-approz-correct:
assumes R € R Z C VRN Z = {} vabstr Z M
shows R N Approzg Z = {}

(proof)

6.3 Nice Corollaries of Bouyer’s Theorem

lemma R-V:|J R = V (proof)
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lemma regions-beta-V: R € Rg = R C V (proof)

lemma apz-V: Z C V = Approzg Z C V
{proof)

corollary approx-5-closure-c:
assumes Z C V vabstr Z M
shows Approxg Z C Closure, Z

(proof )

corollary approz-f-closure-a’. Z € V' = Approxg Z C Closureq Z
(proof )

We could prove this more directly too (without using Closure, Z), obviously

lemma apz-empty-iff:

assumes Z C V vabstr Z M

shows Z = {} «— Approzg 7 = {}
(proof)

lemma apz-empty-iff "
assumes Z € V’'shows Z = {} «— Approzg Z = {}
(proof)

lemma apz-V"
assumes Z C V shows Approzg Z € V'
(proof )

end

lemma valid-abstraction-pairsD:
Y (z, m)€ Timed-Automata.clkp-set A. x € X N m € N if valid-abstraction
AXE

(proof)

6.4 A New Zone Semantics Abstracting with Approzs

locale Regions =

Regions-defs X v n for X and v :: 'c = nat and n :: nat +

fixes k :: s = 'c = nat and not-in-X

assumes finite: finite X

assumes clock-numbering:

clock-numbering’ vn Vk<n. k> 0 — 3ce€ X.ve=k)V ce€ X. v

c<n

assumes not-in-X: not-in-X ¢ X
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assumes non-empty: X # {}
begin

definition R-def: R | = {Regions.region X I r | I r. Regions.valid-region
X (k1) I}

definition Rg-def:
Rp | = {Regions-Beta.region X I J r | I J r. Regions-Beta.valid-region X
(k1) IJr}

sublocale
AlphaClosure X k R (proof)

abbreviation Approzs | Z = Beta-Regions’. Approzg X (k1) v n not-in-X
YA

6.4.1 Single Step

inductive step-z-beta ::
(‘a, e, t,'s) ta = 's = (‘c, t) zone = 'a action = 's = (‘c, t) zone =
bool
(- F (= =) =0y (= - [61,61,61,61] 61)
where

step-beta: A& (I, Z) ~a (I', Z') = A F (1, Z) ~g(, (', Approzs I Z')
inductive-cases[elim!]: A & (I, u) ~ g, (I';u)

declare step-z-beta.intros[intro)

context
fixes I’ :: s

begin

interpretation regions: Regions-global - - - k I’
(proof )

lemma step-z- V"

assumes A b (1,Z) ~, (I',Z") valid-abstraction A X k ¥V c€clk-set A. v ¢
<nZzZeV

shows Z' e V'’
(proof)
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lemma step-z-alpha-sound:

AEA(l, Z) ~pg(q) (I Z) = valid-abstraction A X k = V c€clk-set A. v
c<n=2Z¢V'

= Z7'#£{} =3 Z" A, Z) ~, (I\Z"y NZ" # {}

(proof)

lemma step-z-alpha-complete:

At (l, Z) ~q (I,Z") = valid-abstraction A X k = V c€clk-set A. v ¢
<n=27Z¢V'

= 2 A} =3 2" AR (1, Z) ~p (U 2" A Z" 4 )

(proof )

lemma alpha-beta-step:

A F Al Z) ~pgq) (I, Z') = valid-abstraction A X k = V c€clk-set A.
ve<n=—=>Z2Z¢€cV

— 3 2" AR (1, Z) w2 N2 C 2"

(proof)

lemma alpha-beta-step”:

AF Al Z) ~pq) (I, Z') = valid-abstraction A X k = V c€clk-set A.
ve<n=>2ec¢V = WCV

— ZCW =3 WA (L, W) v (I W) AZC W
(proof)

lemma apz-mono:
Z7'CV = Z C 7= Approzg ' Z C Approzg ' Z'
(proof )

end

lemma step-z'-V":

assumes A - (1,Z) ~ (I',Z') valid-abstraction A X k ¥V c€clk-set A. v ¢
<nZeV

shows Z' € V'’

(proof )

lemma steps-z-V'"
AE(1,Z) ~x (IZ") = wvalid-abstraction A X k = V c€clk-set A. v ¢
<n=ZecV =2V

(proof)

6.4.2 Multi step

definition
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step-z-beta’ :: ('a, 'c, t, 's) ta = 's = ('c, t) zone = 's = ('c, t) zone =
bool
(¢-F (= =) ~g (-, - [61,61,61] 61)
where

A (L 2Z) g (I 2N =3 2 a. AV (1, Z) ~r (I, Z) AN A+ (I, Z)
~7B(1a) (I, 2")

abbreviation

steps-z-beta :: ('a, 'c, t,'s) ta = 's = ('c, t) zone = 's = (‘c, t) zone =
bool
(- F (-, ) ~pk (- -V [61,61,61] 61)
where

AV, Z) ~mgx (I 2 = (N (I, Z) (I, Z2"). A& (I, Z) ~g (I, Z))*
(L, 2) (I, 2")

lemma V'-V: Z € V! = Z C V (proof)

context

fixes A :: ('a, 'c, t, 's) ta

assumes valid-ta: valid-abstraction A X k V ceclk-set A. ve < n
begin

interpretation alpha: AlphaClosure-global - k 1" R I’ {proof)
lemma [simp]: alpha.cla I = cla I" (proof)

lemma step-z-alpha’-V:
ZICVIEZC VAR (I, Z) ~qa (I, Z)
(proof)

lemma step-z-beta’-V'":
Z'e VIif Ab (1LZ) w5 (I2) Z € V'
(proof )

lemma steps-z-beta-V'"
A (LZ) wgx (N2 = Z € V' = Z' € V'
(proof)

Soundness lemma alpha’-beta’-step:

AP (L, 2y w2 = Z e Ve WCV=Z2CW=3W.
AF (I, W) wa (I, WYNZ'C W'

(proof )

lemma alpha-beta-sim:
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Simulation-Invariant

(AL, 2) (I, Z2"). AL, Z) ~p (', Z"))
A 2) (U, 27). AL, Z) ~a (U, Z27))
(A(l,Z)(l'ZQl—l’/\ZQZ’)(( Z2). Ze V)N~ 2). ZC V)
(proof)

interpretation

Simulation-Invariant

)\(lZ)( ’QAI—(ZZ)WQU’ zZ"
AL 2) (120 A+ (L 2) —o (0 2°)
N(L2) (12 1=V A ZC 2
N+ 2).Z2e V' N(-,2).ZCV
(proof )

lemma alpha-beta-steps:

AF (L, Z) wpx (I, 2y = Z € V= 3 Z" AV (I, Z) ~ox (I, Z7)
A Z/g Z/I

(proof )

end

Completeness lemma step-z-beta-mono:

AL Z) gy (I, 2) = ZC W= WC V=3 W.AE(, W)
~B(a) <l/, W’) ANZ'C W

(proof)

lemma step-z-beta’-V:
Z'CVIEAF (I, Z) ~s (I, Z) ZC V
(proof)

lemma steps-z-beta-V:
Z'CVIEAE (1, Z) ~px (I, Z") ZCV
(proof)

lemma step-z-beta’-mono:

T WL AF (L, WY g (I, WYNZ'C W EAF (I, Z) g (I, 2 Z C
WWwWcCcvVv

(proof )
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lemma steps-z-beta-mono:

AF(LZ) »px (I, Z) = ZC W= WC V=3 W.AF(l, W)
~gx (U, WY N ZNC W

(proof)

end
end
theory Simulation-Graphs
imports
library/ CTL
library/ More-List1
begin

lemmas [simp] = holds.simps

7 Simulation Graphs

7.1 Simulation Graphs
locale Simulation-Graph-Defs = Graph-Defs C for C :: 'a = 'a = bool +

fixes A :: 'a set = 'a set = bool
begin
sublocale Steps: Graph-Defs A (proof)

abbreviation Steps = Steps.steps
abbreviation Run = Steps.run

lemmas Steps-appendD1 = Steps.steps-appendD1
lemmas Steps-appendD2 = Steps.steps-appendD2
lemmas steps-alt-induct = Steps.steps-alt-induct
lemmas Steps-appendl = Steps.steps-appendl
lemmas Steps-cases = Steps.steps.cases

end
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locale Simulation-Graph-Poststable = Simulation-Graph-Defs +
assumes poststable: A ST =V s'’e T.3s€ 8. Css’

locale Simulation-Graph-Prestable = Simulation-Graph-Defs +
assumes prestable: A ST —V s€S.3s'€T. Css’

locale Double-Simulation-Defs =
fixes C' :: 'a = ’'a = bool — Concrete step relation

and A1 :: 'a set = 'a set = bool — Step relation for the first abstraction
layer

and P1 :: 'a set = bool — Valid states of the first abstraction layer

and A2 :: 'a set = 'a set = bool — Step relation for the second

abstraction layer

and P2 :: 'a set = bool — Valid states of the second abstraction layer
begin

sublocale Simulation-Graph-Defs C A2 (proof)

sublocale pre-defs: Simulation-Graph-Defs C' A1 (proof)

definition closure a = {z. P1 x N a Nz # {}}

definition A2’ a b =3 zy. a = closure x A b = closure y N A2z y
sublocale post-defs: Simulation-Graph-Defs A1 A2’ (proof)

lemma closure-mono:
closure a C closure bif a C b

(proof)

lemma closure-intD:
z € closure a N\ z € closure b if x € closure (a N b)

(proof )

end

locale Double-Simulation = Double-Simulation-Defs +
assumes prestable: A1 ST —V s€S.3s'e€T. Css’
and closure-poststable: s’ € closure y = A2 z y = I se€closure .
Al s s’
and PIl-distinct: Plx = Ply =z #y =z Ny={}
and PI-finite: finite {z. P1 x}
and P2-cover: P2a — 3 x. Plx AxNa# {}
begin
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sublocale post: Simulation-Graph-Poststable A1 A2’
(proof)

sublocale pre: Simulation-Graph-Prestable C A1
(proof )

end

locale Finite-Graph = Graph-Defs +
fixes zg
assumes finite-reachable: finite {x. E** xy z}

locale Simulation-Graph-Complete-Defs =

Simulation-Graph-Defs C' A for C :: 'a = 'a = bool and A :: 'a set = 'a
set = bool +

fixes P :: 'a set = bool — well-formed abstractions

locale Simulation-Graph-Complete = Simulation-Graph-Complete-Defs +
simulation: Simulation-Invariant C A (€) A -. True P
begin

lemmas complete = simulation.A-B-step
lemmas P-invariant = simulation. B-invariant

end

locale Simulation-Graph-Finite-Complete = Simulation-Graph-Complete +
fixes ag
assumes finite-abstract-reachable: finite {a. A** ag a}

begin

sublocale Steps-finite: Finite-Graph A ag
(proof)

end

locale Double-Simulation-Complete = Double-Simulation +
fixes ag
assumes complete: Cxy=—= 1€ S = P2S =3 T. A285TANyeT
assumes P2-invariant: P2 a = A2 a o’ = P2a’
and P2-ag: P2 ag
begin

107



sublocale Simulation-Graph-Complete C A2 P2
(proof )

sublocale P2-invariant: Graph-Invariant-Start A2 ag P2
(proof)

end

locale Double-Simulation-Finite-Complete = Double-Simulation-Complete
_.I_

assumes finite-abstract-reachable: finite {a. A2** ap a}
begin

sublocale Simulation-Graph-Finite-Complete C A2 P2 ag
(proof )

end

locale Simulation-Graph-Complete-Prestable = Simulation-Graph-Complete
+ Simulation-Graph-Prestable
begin

sublocale Graph-Invariant A P (proof)
end

locale Double-Simulation-Complete-Bisim = Double-Simulation-Complete
_|_
assumes Al-complete: Cxy=— P1 S =z € S= 3 T. A1 ST ANy
eT

and Pl-invariant: P1 S = A1 ST = P1 T
begin

sublocale bisim: Simulation-Graph-Complete-Prestable C A1 P1
(proof )

end

locale Double-Simulation-Finite-Complete-Bisim =
Double-Simulation-Finite-Complete + Double-Simulation-Complete-Bisim

locale Double-Simulation-Complete- Bisim-Cover = Double-Simulation-Complete- Bisim

_.I_
assumes P2-Pl-cover: P2a =€ a= 3 a. anNa #{} NPla A
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z € a'

locale Double-Simulation-Finite-Complete-Bisim-Cover =
Double-Simulation- Finite- Complete- Bisim + Double-Simulation-Complete- Bisim-Cover

locale Double-Simulation-Complete-Abstraction-Prop =
Double-Simulation-Complete +
fixes ¢ :: 'a = bool — The property we want to check
assumes @-AI-compatible: Al a b= b {z. oz} Von{z. pa}={}
and @-P2-compatible: P2 a = a N {xz. p a2} # {} = P2 (a N {z.
¢ z})
and @-A2-compatible: A2** ag a = a N {z. p x} # {} = A2™* q9
(an{z. ¢ z})
and P2-non-empty: P2 a = a # {}

locale Double-Simulation-Complete- Abstraction-Prop-Bisim =
Double-Simulation- Complete- Abstraction-Prop + Double-Simulation-Complete- Bisim

locale Double-Simulation-Finite-Complete-Abstraction-Prop =
Double-Simulation- Complete- Abstraction-Prop + Double-Simulation-Finite-Complete

locale Double-Simulation-Finite-Complete- Abstraction-Prop-Bisim =
Double-Simulation- Finite- Complete- Abstraction-Prop + Double-Simulation-Finite-Complete- Bisim

7.2 Poststability

context Simulation-Graph-Poststable
begin

lemma Steps-poststable:
3 zs. steps xs A list-all2 (€) xs as A last zs = x if Steps as x € last as

(proof)

lemma reaches-poststable:
J x € a. reaches x y if Steps.reaches a by € b

(proof)

lemma Steps-steps-cycle:

3 xxs. steps (x # s Q [z]) A (V x € set xs. I a € set as U {a}. € a)
ANT € a

if assms: Steps (a # as Q [a]) finite a a # {}

(proof )

end

109



7.3 Prestability

context Simulation-Graph-Prestable
begin

lemma Steps-prestable:
3 zs. steps (z # xs) A list-all2 (€) (x # xs) as if Steps as x € hd as

(proof )

lemma reaches-prestable:
d y. reaches x y A\ y € b if Steps.reaches a b x € a

(proof )

Abstract cycles lead to concrete infinite runs.

lemma Steps-run-cycle-buechi:
3 zs. run (z #4 xs) A stream-all2 (€) zs (cycle (as Q [a]))
if assms: Steps (a # as Q [a]) z € a

(proof)

lemma Steps-run-cycle-buechi’:

3 zs. run (v ## xs) N (¥ © € sset zs. 3 a € set as U {a}. z € a) A infs
(Az. z € b) (x ## w3)

if assms: Steps (a # as Q [a]) z € a b € set (a # as Q [a])

(proof)

lemma Steps-run-cycle-buechi”:

3 zs. run (v ## xs) N (VY z € sset zs. 3 a € set as U {a}. z € a) A infs
(Az. z € a) (z #4# zs)

if assms: Steps (a # as Q [a]) z € a

(proof )

lemma Steps-run-cycle”:
3 zs. run (z ## xs) AN (V x € sset s. 3 a € set as U {a}. z € a)
if assms: Steps (a # as Q [a]) = € a
(proof )

lemma Steps-run-cycle:
3 as. runxs A (V x € sset zs. 3 a € set as U {a}. x € a) A shd xs € a
if assms: Steps (a # as Q [a]) a # {}
(proof)

Unused lemma Steps-cycle-every-prestable’:
Jby. CxyNyebAbe setasU {a}
if assms: Steps (as @Q [a]) z € b b € set as
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(proof )

lemma Steps-cycle-first-prestable:
dby. CxyANzecbAbe setasU {a} if assms: Steps (a # as Q [a]) z
€a

(proof )

lemma Steps-cycle-every-prestable:
Jby. CxyNyebAbe setasU {a}
if assms: Steps (a # as Q [a]) z € b b € set as U {a}
(proof )

end

7.4 Double Simulation

context Double-Simulation
begin

lemma closure-involutive:
closure (|J (closure x)) = closure x

(proof )

lemma closure-finite:
finite (closure x)

(proof )

lemma closure-non-empty:
closure © # {} if P2 x

(proof )

lemma PI1-closure-id:
closure R = {R} if P1 R R # {}

(proof)

lemma A2’-A2-closure:
A2’ (closure x) (closure y) if A2 zy

(proof )

lemma Steps-Union:
post-defs.Steps (map closure xs) if Steps xs

(proof )

lemma closure-reaches:
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post-defs.Steps.reaches (closure x) (closure y) if Steps.reaches x y

(proof )

lemma post-Steps-non-empty:
z # {} if post-defs.Steps (a # as) x € b b € set as
(proof)

lemma Steps-run-cycle”:

3 zs. runazs AN (V z € sset zs. 3 a € set as U {a}. z € | a) A shd zs €
Ua

if assms: post-defs.Steps (a # as Q [a]) finite a a # {}
(proof)

lemma Steps-run-cycle:

3 zs. run xzs A (V x € sset zs. 3 a € set as U {a}. z € |J (closure a)) A
shd zs € |J (closure a)

if assms: Steps (a # as Q [a]) P2 a
(proof)

lemma Steps-run-cycle2:

3 zas. run (x ## xs) ANz € |J (closure ap)

AN (Y z € ssetws. 3 a€ setasU {a} U set bs. z €| a)

Ainfs (Az. z € |J a) (x ## xs)

if assms: post-defs.Steps (closure ag # as Q a # bs Q [a]) a # {}
(proof)

lemma Steps-run-cycle’”:
3 zas. run (x ## xs) Az € |J (closure ap)
ANV x € ssetas. 3 a € setas U {a} U setbs. z €] (closure a))
A infs (Az. z € | (closure a)) (z ## zs)
if assms: Steps (ap # as Q a # bs Q [a]) P2 a
(proof)

Unused lemma post-Steps-P1:
P1 z if post-defs.Steps (a # as) x € b b € set as
(proof)

lemma strong-compatibility-impl-weak:

fixes ¢ :: 'a = bool — The property we want to check

assumes @-closure-compatible: \ x a. © € a = p z +— (¥ z € |
(closure a). ¢ x)

shows pr =—=zr€a=—=y€ca=— Pla= ¢y

(proof )
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end

7.5 Finite Graphs

context Finite-Graph
begin

7.5.1 Infinite Biichi Runs Correspond to Finite Cycles

lemma run-finite-state-set:
assumes run (rg ## xs)
shows finite (sset (xg ## xs))

(proof)

lemma run-finite-state-set-cycle:
assumes run (rg ## xs)
shows
3 ys zs. run (o ## ys Q— cycle zs) N set ys U set zs C {xp} U sset xs
A zs # ]
(proof)

lemma buechi-run-finite-state-set-cycle:
assumes run (xg ## xs) alw (ev (holds ¢)) (zo ## xs)
shows
3 ys zs.
run (zo ## ys Q— cycle zs) N set ys U set zs C {xo} U sset zs
Nzs# [ AN (3 x € setzs. px)

(proof)

lemma run-finite-state-set-cycle-steps:

assumes run (zg ## ©s)

shows 3 1 ys zs. steps (zog # ys Q x # zs Q [z]) A {z} U set ys U set zs
C {zo} U sset zs

(proof)

lemma buechi-run-finite-state-set-cycle-steps:
assumes run (zg ## xs) alw (ev (holds ¢)) (zo ## xs)
shows
d x ys zs.
steps (o # ys Q x # zs Q [z]) A {z} U set ys U set zs C {xo} U sset zs
A (3 y e set (z# 25). ¢ y)
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(proof)

lemma cycle-steps-run:
assumes steps (zg # ys Q x # zs Q [z])
shows 3 zs. run (zg ## xs) A sset xs = {z} U set ys U set zs

(proof )

lemma buechi-run-lasso:
assumes run (xg ## xs) alw (ev (holds ¢)) (zo ## xs)
obtains z where reaches xg x reachesl z z ¢ x

(proof)
including graph-automation (proof)

end

7.6 Complete Simulation Graphs

context Simulation-Graph-Defs
begin

definition abstract-run « xs = x ## sscan (A y a. SOME b. A a b N\ y €
b) xs

lemma abstract-run-ctr:
abstract-run x xs = x ## abstract-run (SOME b. A x b A shd xs € b) (stl
xs)

(proof )

end

context Simulation-Graph-Complete
begin

lemma steps-complete:
3 as. Steps (a # as) A list-all2 (€) s as if steps (v # zs) x € a P a
{proof )

lemma abstract-run-Run:
Run (abstract-run a zs) if run (v ## zs) ¢ € a P a

(proof )

lemma abstract-run-abstract:
stream-all2 (€) (z ## xs) (abstract-run a xzs) if run (v ## xs) x € a P
a
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(proof)

lemma run-complete:
3 as. Run (a ## as) A stream-all2 (€) xs as if run (x ## zs) z € a P a

(proof)

end

7.6.1 Runs in Finite Complete Graphs

context Simulation-Graph-Finite-Complete
begin

lemma run-finite-state-set-cycle-steps:
assumes run (rg ## xs) o € ag P ag
shows 3 z ys zs.
Steps (ap # ys Q z # 25 Q [z]) A (V a € {2} U set ys U set zs. 3 z €
{zo} U sset zs. x € a)

(proof )

lemma buechi-run-finite-state-set-cycle-steps:
assumes run (ro ## xs) vo € ag P ag alw (ev (holds ¢)) (xo ## xs)
shows 3 z ys zs.
Steps (ap # ys Q z # zs Q [z])
AV a€ {z} UsetysUsetzs. 3z € {xp} U sset xs. © € a)
ANEByeset(z#25).3 acy ¢a)
(proof)

lemma buechi-run-finite-state-set-cycle-lasso:
assumes run (rg ## xs) o € ag P ag alw (ev (holds ¢)) (xo ## xs)
shows Ja. Steps.reaches ag a N Steps.reachesl a a A (Jy € a. ¢ y)

(proof)

end

7.7 Finite Complete Double Simulations
context Double-Simulation

begin

lemma Run-closure:
post-defs. Run (smap closure xs) if Run s

(proof)
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lemma closure-set-finite:
finite (closure  UNIV) (is finite 7S)
(proof)

lemma A2’-empty-step:
b={}if A2 aba={}
(proof)

lemma A2’-empty-invariant:
Graph-Invariant A2' (X z. z = {})

(proof )

end

context Double-Simulation-Complete
begin

lemmas P2-invariant-Steps = P2-invariant.invariant-steps

interpretation Steps-finite: Finite-Graph A2’ closure ag
(proof )

theorem infinite-run-cycle-iff "
assumes A z zs. run (¢ ## xs) = = € |J(closure ag) = 3 y ys. y €
a0 A run (3 #4 ys)
shows
(3 zo xs. zog € U (closure ag) N run (xo ## xs)) «—
(3 as a bs. post-defs.Steps (closure ag # as Q@ a # bs Q [a]) A a # {})

(proof)

corollary infinite-run-cycle-iff:
(3 zo xs. o € ag A run (rg #H# xs)) +—
(3 as a bs. post-defs.Steps (closure ag # as Q a # bs Q [a]) A a # {})
if | (closure ag) = ag P2 ag
(proof )

context

fixes ¢ :: '7a = bool — The property we want to check

assumes @-closure-compatible: P2 a = x € |J (closure a) = ¢ © +—
(VY z el (closure a). ¢ z)
begin

We need the condition a # {} in the following theorem because we cannot
prove a lemma like this:
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lemma

3 bs. Steps bs A\ closure a # as = map closure bs if post-defs.Steps (closure
a # as)

(proof )

One possible fix would be to add the stronger assumption A2 ¢ b = P2 b.

theorem infinite-buechi-run-cycle-iff-closure:
assumes
N\ z zs. run (x #4# xs) = z € |J (closure ag) = alw (ev (holds ¢)) xs
= J yys. y € ap A run (y ## ys) A alw (ev (holds ¢)) ys
and A a. P2 a = a C |J (closure a)
shows
(3 zo xs. zg € |J (closure ag) A run (o #+# xs) A alw (ev (holds ¢)) (zo
4 15))
< (3 as a bs. a # {} A post-defs.Steps (closure ag # as Q a # bs @
) A (el ap o)
(proof )

end
end

context Double-Simulation-Finite-Complete
begin

lemmas P2-invariant-Steps = P2-invariant.invariant-steps

theorem infinite-run-cycle-iff":

assumes P2 ag \ z zs. run (x ## xs) = z € |J(closure ap) = 3 y
ys. y € ag A run (y #4f ys)

shows (3 zg xs. zg € ag A run (zg ## xs)) <— (I as a bs. Steps (ag #
as Q a # bs Q [a]))

(proof )

corollary infinite-run-cycle-iff:

(3 zo @s. kg € ag A Tun (ro ## xs)) «— (3 as a bs. Steps (ap # as Q
a # bs @ [d]))

if | (closure ag) = ag P2 ag

(proof )

context
fixes ¢ :: '/a = bool — The property we want to check
assumes @-closure-compatible: x € a = ¢ © +— (¥ = € |J (closure a).

¢ )
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begin

theorem infinite-buechi-run-cycle-iff:
(3 zo zs. o € ag A run (zo #7# zs) A alw (ev (holds ¢)) (zo ## xs))
«— (3 as a bs. Steps (ap # as Q a # bs Q [a]) A (V z € | (closure a).

¢ 7))
if | (closure ag) = ag

(proof )

end

end

7.8 Encoding of Properties in Runs

This approach only works if we assume strong compatibility of the property.
For weak compatibility, encoding in the automaton is likely the right way.

context Double-Simulation-Complete- Abstraction-Prop
begin

definition C-p zy=Czxy AN py
definition Al-p a b= Al a b A b C {x. ¢z}
definition A2-¢ S S'=3 §". A2S5S"ANS"N{z. oz} =8NS #{}

lemma A2-p-P2-invariant:
P2 aif A2-p** ap a
(proof)

sublocale phi: Double-Simulation-Complete C-p Al-p P1 A2-p P2 ag
(proof)

lemma phi-run-iff:
phi.run (x ## x5) N @ © < run (z #+# xs) A pred-stream ¢ (z #4# xs)
(proof)

end

context Double-Simulation-Finite-Complete- Abstraction-Prop
begin

sublocale phi: Double-Simulation-Finite-Complete C-p Al-p P1 A2-p P2

ag
(proof)
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including graph-automation-aggressive (proof)

corollary infinite-run-cycle-iff:
(3 zo zs. o € ag A run (zo #7# xs) N pred-stream ¢ (xo #H# xs)) «—
(3 as a bs. phi.Steps (ag # as Q@ a # bs Q [a]))
if | (closure ap) = ag ap C {z. ¢ x}

(proof)

theorem Alw-ev-me:

(V zp € ag. Alw-ev (Not o @) xo) «— — (3 as a bs. phi.Steps (ag # as
Q@ a # bs @ [a]))

if | (closure ag) = ag ap C {z. ¢ x}

(proof )

end

context Simulation-Graph-Defs
begin

definition represent-run x as = z ## sscan (A b z. SOME y. Czy Ny
€b)asx

lemma represent-run-ctr:
represent-run x as = x ## represent-run (SOME y. Cxzy N y € shd as)
(stl as)

(proof )

end

context Simulation-Graph-Prestable
begin

lemma represent-run-Run:
run (represent-run x as) if Run (a ## as) x € a

(proof)

lemma represent-run-represent:
stream-all2 (€) (represent-run = as) (a ## as) if Run (a ## as) z € a

(proof )

end

context Simulation-Graph-Complete-Prestable
begin
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lemma step-bisim:
dy. Cz'y’AN(Fa. PaNnyeany €a)if Czyzcazr'€aPa
(proof)

sublocale steps-bisim:
Bisimulation-Invariant C C A xy. 3 a. PaANz €a Ny € al- True A
-. True

(proof)

lemma runs-bisim:

3 ys. run (y #4# ys) A stream-all2 (A zy. 3 a.x €a Ny € aAN Pa)as
ys

if run (x ## zs) z €ay€aPa

(proof)

lemma runs-bisim”:
3 ys. run (y ## ys) if run (z ## xs) x € ay € a P a
(proof )

context

fixes Q :: ‘a = bool

assumes compatible: Q x —= r€a—=yca=— Pa= Qy
begin

lemma Alw-ev-compatible”:

assumes Vzs. run (x ## zs) — ev (holds Q) (z ## xs) run (y #+#
zs)x€ay€c€aPa

shows ev (holds Q) (y ## xs)

(proof )

lemma Alw-ev-compatible:
Alw-ev Q z +— Alw-ev Quifz € ay € a Pa

(proof )

end
lemma steps-bisim:
3 ys. steps (y # ys) A list-all2 Az y. 3 a.x €a Ny € aAN Pa)uasys

if steps (t # xs) x € ay € aPa
(proof)

end

120



context Subgraph-Node-Defs
begin

lemma subgraph-runD:
run zs if G'.run zs

(proof )

lemma subgraph-V-all:
pred-stream V zs if G'.run zs

(proof )

lemma subgraph-runli:
G'.run zs if pred-stream V xs run s

(proof)

lemma subgraph-run-iff:
G'.run zs <— pred-stream V zs N\ run xs

(proof)

end

context Double-Simulation-Finite-Complete- Abstraction-Prop-Bisim
begin

sublocale sim-complete: Simulation-Graph-Complete-Prestable C-p Al-¢
P1

(proof)

lemma runs-closure-bisim:
Jyys. y € ag A phi.run (y ## ys) if phi.run (x ## xs) x € |J (phi.closure
ap)

(proof )

lemma infinite-run-cycle-iff "

(Fzo xs. zg € ag A phi.run (zo #7# zs)) = (Fas a bs. phi.Steps (ag # as
Q@ a # bs @ [a]))

(proof )

corollary infinite-run-cycle-iff:
(3 xo zs. o € ag A run (zo #F# zs) A pred-stream ¢ (zo #H# xs)) «—
(3 as a bs. phi.Steps (ag # as Q a # bs Q [a]))
if a9 C {z. p z}
(proof)
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theorem Alw-ev-me:

(V zo € ap. Alw-ev (Not o ) zg) <— — (3 as a bs. phi.Steps (ag # as
Q@ a # bs @ [a]))

if ap C {z. p z}

(proof)

lemma phi-Steps-Alw-ev:

— (3 as a bs. phi.Steps (ap # as Q a # bs Q [a])) <— phi.Steps. Alw-ev
(X -. False) ag

(proof )

theorem Alw-ev-mc”:
(V zo € ag. Alw-ev (Not 0 @) xg) <— phi.Steps. Alw-ev (X -. False) ag
if ap C {z. p z}
(proof)

end

context Graph-Start-Defs
begin

interpretation Bisimulation-Invariant E E (=) reachable reachable
including graph-automation (proof)

lemma Alw-alw-iff-default:
Alw-alw ¢ x +— Alw-alw ¢ = if N\ z. reachable 1 = ¢ © «— ¥ x
reachable

(proof)

lemma Alw-ev-iff-default:
Alw-ev ¢ x +— Alw-ev ¢ z if N\ z. reachable 1 = ¢ © <— 1) x reachable
x

(proof )

end

context Double-Simulation- Complete- Bisim-Cover
begin

lemma P2-closure-subs:

a C U (closure a) if P2 a
(proof )
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lemma (in Double-Simulation-Complete) P2-Steps-last:
P2 (last as) if Steps as ag = hd as

(proof)

lemma (in Double-Simulation) compatible-closure:
assumes compatible: AN azy.x € a = y€ a=— Pla=— Pz <+— P
)
andV z€a. Px
shows V z € | (closure a). Pz

(proof )

lemma compatible-closure-all-iff:

assumes compatible: AN azy.x € a —= y€ a—=— Pla— Pz +— P
y and P2 a

shows (V z € a. P z) «— (V z € |J(closure a). P x)

(proof)

lemma compatible-closure-ex-iff:

assumes compatible: A\ azy. x € a = y€ a = Pla=— Pz <+— P
y and P2 a

shows (3 z € a. Pz) +— (3 z € |J(closure a). P x)

(proof )

lemma (in Double-Simulation-Complete-Bisim) no-deadlock-closurel:
V zo € | (closure ag). = deadlock xo if ¥V zg € ag. = deadlock x

(proof )

context

fixes P

assumes PI-P: Nazy. s €a=—y€a=— Pla= Pz <+— Py
begin

lemma reaches-all-1:
fixes b :: ‘a set and y :: 'a and as :: 'a set list
assumes A: Vy. (Fzoel (closure (hd as)). 3xs. hd s = xo A last xs =y
A steps xs) — Py
and y € last as and ag = hd as and Steps as
shows P y

(proof )

lemma reaches-all-2:

fixes 7o a zs

assumes A: Vb y. (3xs. hd xs = ag A last zs = b N\ Steps xs) Ny € b
— Py
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and hd zs € a and a € closure ag and steps xs
shows P (last xs)

(proof)

lemma reaches-all:

(V y. (3 zoel (closure ap). reaches xg y) — Py) <— (¥ by. Steps.reaches
abNyeb— Py)

{proof )

lemma reaches-all”:

(Vzoel (closure ag). Vy. reaches o y — P y) = (Vy. Steps.reaches ag
y — (Vzey. Px))

(proof)

lemma reaches-all”"
(V y.V zo€ag. reaches zg y —> P y) «— (¥ b y. Steps.reaches ag b A y
€b— Py)

(proof)

lemma reaches-ex:
(y. Fzoel (closure ag). reaches g y A P y) = (b y. Steps.reaches ag
bAyebAPy)

(proof)

lemma reaches-ex’:
(3 y. 3 zo€ag. reaches xy y A P y) «— (3 b y. Steps.reaches ay b N\ y €
bAPy)

(proof )

end

lemma (in Double-Simulation-Complete-Bisim) P1-deadlocked-compatible:
deadlocked x = deadlocked y if x € a y € a P1 a for x y a

(proof )

lemma steps-Steps-no-deadlock:
- Steps.deadlock ag
if no-deadlock: ¥ zo € |J (closure ag). = deadlock x

(proof )

lemma steps-Steps-no-deadlockl:

- Steps.deadlock ag

if no-deadlock: ¥ xy € ag. — deadlock xy and closure-simp: | (closure ag)
= ao
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(proof )

lemma Alw-alw-iff:

(V zo € U (closure agy). Alw-alw P xy) <— Steps.Alw-alw (X a. V ¢ € a.
Pc) ag

if PI-P: Nary.x€a=—y€a=— Pla=— Pz <+— Py

and no-deadlock: ¥ zo € |J (closure ag). = deadlock x

(proof )

lemma Alw-alw-iff1:

(V z0 € ag. Alw-alw P xy) <— Steps.Alw-alw (A a. ¥V ¢ € a. P ¢) agp

if PI-P: Nazy s €a=—y€a— Pla=— Prx+— Py

and no-deadlock: ¥ zy € ag. = deadlock xy and closure-simp: | J (closure
(10) = ap

(proof )

lemma Alw-alw-iff2:
(V z0 € ag. Alw-alw P xgy) <— Steps.Alw-alw (A a. ¥ ¢ € a. P ¢) agp
if PI-P: Nazy s €a=y€a= Pla= Pz +— Py
and no-deadlock: ¥V xg € ag. - deadlock xg

(proof)

lemma Steps-all-Alw-ev:
V x9 € ag. Alw-ev P g if Steps.Alw-ev (A a. ¥V ¢ € a. P ¢) agp

(proof )

lemma closure-compatible-Steps-all-ex-iff:

Steps. Alw-ev (A a. ¥V ¢ € a. P ¢) ag «— Steps.Alw-ev (A a. 3 ¢ € a. P
) ap

if closure-P: N azy.x € a = y€ a= P2a= Pz <+— Py

(proof )

lemma (in —) compatible-imp:
assumes N azy.r € a—y€a—=— Pla=— Pz +— Py
and Nazyz€a=—yc€a—Pla=— Qz+— Qy
shows Narzy. z€ca=—=y€ca=— Pla=— (Qz — Puz)+— (Q
y — Py)
(proof)

lemma Leadsto-iff:

(V zo € | (closure ag). leadsto P Q zg) «— Steps.Alw-alw (Aa. ¥ c€a. P
¢ — Alw-ev Q ¢) ag

if PI-PNazy.rx€a—y€a=— Pla=— Px+— Py

and PI-Q: Nazy z€a=—y€a— Pla=— Quz+— Quy
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and no-deadlock: ¥ zo € |J (closure ag). = deadlock x

(proof )

lemma Leadsto-iff1:

(V o € ap. leadsto P Q xg) «— Steps. Alw-alw (Aa. ¥V c€a. P ¢ — Alw-ev
Q c) ao

if PI-PNazyrx€a—y€a=— Pla=— Pzx<+— Py

and PI-Q: Nazy s€a=yc€a=— Pla=— Qur+— Quy

and no-deadlock: ¥ zg € ag. - deadlock zo and closure-simp: | (closure
ap) = ap

(proof )

lemma Leadsto-iff2:

(V o € ap. leadsto P Q xg) «— Steps. Alw-alw (Aa. ¥V c€a. P ¢ — Alw-ev
Q c) ao

if PI-PNazyrx€a—y€a=— Pla=— Pzx<+— Py

and PI-Q: Nazy z€a=—yc€a=— Pla=— Qur+— Quy

and no-deadlock: ¥V xg € ag. - deadlock xg

(proof)

lemma (in —) compatible-convert1:
assumes N zya. Pr=—=r€a—y€a=— Pla=— Py
shows Nazy. s €a=—y€a=— Pla=— Pz +— Py

(proof )

lemma (in —) compatible-convert2:
assumes N azy.r€a—y€a—=— Pla=— Pz +— Py
shows Azya. Pr=—=1r€a=—yc€a=— Pla=— Py

(proof)

lemma (in Double-Simulation-Defs)
assumes compatible: N xya. Px —=r€a— y € a=— Pla—=— P

Y
and that:V 2 € a. Pz

shows V z € |J(closure a). P x

(proof )

end

context Double-Simulation-Finite-Complete- Bisim-Cover
begin

lemma Alw-ev-Steps-ex:
(V zo € | (closure ag). Alw-ev P xy) — Steps.Alw-ev (A a. 3 ¢ € a. P
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¢) a
if closure-P: \ a z y. © € |J(closure a) = y € |J (closure a) = P2 a
— Pz+— Py

(proof )

lemma Alw-ev-Steps-ex2:

(V z0 € ag. Alw-ev P xg) — Steps.Alw-ev (A a. 3 ¢ € a. P ¢) ag

if closure-P: \ a zy. x € |J(closure a) = y € |J (closure a) = P2 a
— Pz <+— Py

and PI-P: Nazy. r€a=—y€a— Pla=— Pz +— Py

(proof )

lemma Alw-ev-Steps-exl:

(V z0 € ap. Alw-ev P z9) — Steps.Alw-ev (A a. 3 ¢ € a. P ¢) ag if
U (closure ag) = ag

and closure-P: \ a z y. v € |J(closure a) = y € |J (closure a) = P2
a=—> Pz<+— Py

(proof)

lemma closure-compatible- Alw-ev-Steps-iff:
(V 2o € ag. Alw-ev P xp) +— Steps.Alw-ev (A a. ¥V ¢ € a. P ¢) ag
if closure-P: \ a z y. © € |J(closure a) = y € |J (closure a) = P2 a
— Pz<+— Py
and PI-P: Nazy.x €a=— y€a— Pla=— Pz +— Py

(proof )

lemma Leadsto-iff "
(V zg € ag. leadsto P @ xo)
> Steps. Alw-alw (X a. (V ¢ € a. P ¢) — Steps.Alw-ev (A a. ¥V ¢ € a.
Q c) a) ag
if PI-P:Nazyrx€a=—y€a=— Pla=— Px<+— Py
and PI-Q: Nazy s €a=—y€a=— Pla=— Qz+— Qy
and closure-Q: \ a z y. © € |J(closure a) = y € |J(closure a) =
P2a= Qz+— Quy
and closure-P: N azy. s € a = y€ a— P2a— Pz +— Py
and no-deadlock: ¥ xy € ag. — deadlock xo and closure-simp: | J (closure
ag) = ag

(proof)

context

fixes P :: 'a = bool — The property we want to check

assumes closure-P: \ a zy. z € | (closure a) = y € |J (closure a) =
P2a=— Px<+— Py

and PI-P: Nazy. Pr —=1r€a—y€a— Pla=— Py
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begin

lemma run-alw-ev-bisim:
run (¢ ## zs) = = € |J(closure ag) = alw (ev (holds P)) xs
= J yys. y € ap A run (y ## ys) A alw (ev (holds P)) ys

(proof )

lemma ¢-closure-compatible:
P2 a = z € |J(closure a) = Pz <— (¥ z € |J(closure a). P x)

(proof )

theorem infinite-buechi-run-cycle-iff:
(3 zo ws. zg € U (closure ag) N run (zo ## zs) A alw (ev (holds P)) (zo

## w5))
< (3 as a bs. a # {} A post-defs.Steps (closure ag # as Q a # bs @

[a) ANV z el a. Px))
(proof)

end

end

Possible Solution

context Graph-Invariant
begin

definition E-invzy=FExy AN Pz APy
lemma bisim-FE-inv:

Bisimulation-Invariant E E-inv (=) P P

(proof)
interpretation G-inv: Graph-Defs E-inv (proof)
lemma steps-G-inv-steps:

steps (z # xs) «— G-inv.steps (z # xs) if P x
(proof )

end

R-of /from-R  definition R-of IR = snd ‘ IR
definition from-R I R = {(I, u) | u. u € R}
lemma from-R-fst:
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Vzefrom-R [ R. fst x = |
(proof )

lemma R-of-from-R [simp]:
R-of (from-R I R) = R
(proof)

lemma from-R-loc:
I'=1if (I', u) € from-R 1 Z
(proof)

lemma from-R-val:
uwe Zif (I'; u) € from-R1Z
(proof)

lemma from-R-R-of:
from-R 1 (R-of S) = SifV zeS. fstox=1
(proof )

lemma R-ofI[intro]:
Z € Rof Sif (I, Z) e S
(proof)

lemma from-R-I[intro:
(I, u") € from-R 1" Z"if u" € Z'
(proof)

lemma R-of-non-emptyD:

o # {} if R-of a # {}

(proof)

lemma R-of-empty[simp]:
R-of {} = {}
(proof)

lemma fst-simp:
z=1if Veeca. fstxe =1 (z,y) € a
(proof)

lemma from-R-D:
ue Zif (I'; u) € from-R17Z
(proof)

locale Double-Simulation-paired-Defs =
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fixes C' :: ("a x 'b) = ('a x 'b) = bool — Concrete step relation

and A1 :: (‘a x 'b set) = (‘a x b set) = bool

— Step relation for the first abstraction layer

and PI :: (‘a x 'b set) = bool — Valid states of the first abstraction
layer

and A2 :: ('a x 'b set) = (‘a x 'b set) = bool

— Step relation for the second abstraction layer

and P2 :: (‘a x 'b set) = bool — Valid states of the second abstraction
layer
begin

definition
Al"=NIRIR.FIl. NV z€lR. fstx=1) NN z € IR fstz =1
A P1 (I, R-of IR) N A1 (I, R-of IR) (I', R-of IR’
)

definition
A2'=(NIRIR.FII. WV xz€lR. fstx=1) NN z € IR fstxz=1)
A P2 (I, R-of IR) A A2 (I, R-of IR) (I', R-of IR’
)

definition
P1'=(NIR.3 1. (V z€IR. fstz=1) AN P1 (I, R-of IR))

definition
P2'=(NIR.3 1.V z€lR. fstxz=1) A P2 (I, R-of IR))

definition closure’ l a = {z. P1 (I, ) N a Nz # {}}
sublocale sim: Double-Simulation-Defs C A1’ P1’ A2’ P2’ (proof)
end

locale Double-Simulation-paired = Double-Simulation-paired-Defs +
assumes prestable: P1 (I, S) = A1 (I, S) (I, T) =V se€ S.3 s’ €
T.C (1, s) (I, s)
and closure-poststable:
s’ € closure’ I’ y = P2 (I, z) = A2 (I, z) (I, y)
= Jseclosure’ lz. A1 (I, s) (I, s
and PI-distinct: P1 (I, x) = P1 (l,y) =z #y=zNy={}
and PI-finite: finite {(l, z). P1 (I, )}
and P2-cover: P2 (I, a) = 3 z. P1 (I, zx) ANz N a # {}
begin
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sublocale sim: Double-Simulation C A1’ P1' A2’ P2’
(proof )

context
assumes P2-invariant: P2 a = A2 a a' = P2 a’
begin

lemma A2-A2'-bisim: Bisimulation-Invariant A2 A2" (X (I, Z) b. b =
from-R | Z) P2 P2’
(proof)

end
end

locale Double-Simulation-Complete-paired = Double-Simulation-paired +
fixes Iy ag
assumes complete: C (I, z) (I, y) = 2 € S = P2 (l,S) = 3 T. A2
(LS)(U, TYNye T
assumes P2-invariant: P2 a = A2 a o'’ = P2 a’
and P2-ap”: P2 (ly, ap)
begin

interpretation Bisimulation-Invariant A2 A2' X (I, Z) b. b = from-R 1 Z
P2 p2’

(proof)

sublocale Double-Simulation-Complete C A1’ P1" A2" P2’ from-R ly ag
(proof )

sublocale P2-invariant”. Graph-Invariant-Start A2 (ly, ag) P2
(proof)

end

locale Double-Simulation-Finite-Complete-paired = Double-Simulation-Complete-paired

+
assumes finite-abstract-reachable: finite {(I, a). A2** (ly, ao) (I, a) N P2

(I, a)}
begin

interpretation Bisimulation-Invariant A2 A2' X (I, Z) b. b = from-R 1 Z
P2 p2’
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(proof )

sublocale Double-Simulation-Finite-Complete C A1’ P1" A2’ P2’ from-R
l() ap

(proof)

end

locale Double-Simulation-Complete- Bisim-paired = Double-Simulation-Complete-paired
_.|_
assumes AI-complete: C (I, z) (I', y) = P1 (I,§) = z€ S =3 T.
A1 (L, S) (I, TYNye T
and Pl-invariant: P1 (I, S) = A1 (I, S) (I', T) = P1 (I', T)
begin

sublocale Double-Simulation-Complete-Bisim C A1’ P1' A2’ P2’ from-R
l(] ap
(proof )

end

locale Double-Simulation-Finite-Complete- Bisim-paired = Double-Simulation- Finite-Complete-paire

+
Double-Simulation- Complete- Bisim-paired
begin

sublocale Double-Simulation-Finite-Complete-Bisim C A1’ P1' A2’ P2’
from-R ly ag (proof)

end

locale Double-Simulation-Complete-Bisim-Cover-paired =
Double-Simulation- Complete- Bisim-paired +
assumes P2-Pl-cover: P2 (I, ) = z € a = 3 o’ ana’ # {} N P1
(l, a) Nz € a
begin

sublocale Double-Simulation-Complete-Bisim-Cover C A1’ P1’' A2’ P2’

from-R ly ag

(proof)

end

locale Double-Simulation-Finite-Complete- Bisim-Cover-paired =
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Double-Simulation- Complete- Bisim-Cover-paired +
Double-Simulation-Finite- Complete- Bisim-paired
begin

sublocale Double-Simulation-Finite-Complete-Bisim-Cover C A1’ P1' A2’
P2’ from-R ly ag (proof)

end

locale Double-Simulation-Complete- Abstraction-Prop-paired =
Double-Simulation- Complete-paired +
fixes P :: 'a = bool — The property we want to check
assumes P2-non-empty: P2 (I, a) = a # {}

begin

definition ¢ = P o fst

lemma P2-¢:
a N Collect ¢ = a if P2" a a N Collect ¢ # {}

(proof)

sublocale Double-Simulation-Complete-Abstraction-Prop C A1’ P1’ A2’
P2’ from-R ly ag ¢
{proof)

end

locale Double-Simulation-Finite-Complete- Abstraction-Prop-paired =
Double-Simulation- Complete- Abstraction- Prop-paired +
Double-Simulation- Finite- Complete-paired

begin

sublocale Double-Simulation-Finite-Complete-Abstraction-Prop C A1’ P1’
A2' P2' from-R ly ag ¢ (proof)

end

locale Double-Simulation-Complete- Abstraction- Prop-Bisim-paired =
Double-Simulation- Complete- Abstraction-Prop-paired +
Double-Simulation- Complete- Bisim-paired

begin

interpretation bisim: Bisimulation-Invariant A2 A2’ X (I, Z) b. b = from-R
1 Z P2 P2’
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(proof )

sublocale Double-Simulation-Complete- Abstraction-Prop-Bisim,
C A1' P17 A2' P2’ from-R ly ag ¢ (proof)

lemma P2’-non-empty:
P2'a = a # {}
(proof )

lemma from-R-int-p[simp]:
from-R I R N Collect ¢ = from-R I R if P |
(proof)

interpretation G,: Graph-Start-Defs
A (lu Z) (lla Z/) A2 (l7 Z) (l/u Z/) NPT (l()u CL()) <p7°00f>

interpretation Bisimulation-Invariant X (I, Z) (I', Z). A2 (I, Z) (I, Z)
APl

A2-p XN (I, Z) b. b = from-R 1 Z P2 P2’

(proof )

lemma from-R-subs-:
from-R 1 a C Collect p if P [
(proof)

lemma P2’-from-R:
317"z = from-RI1' Z"if P2’ z
(proof )

lemma P2-from-R-list":
3 as’. map (A\(z, y). from-R z y) as’ = as if list-all P2’ as
(proof )

end

locale Double-Simulation-Finite- Complete- Abstraction- Prop-Bisim-paired =
Double-Simulation-Complete- Abstraction-Prop-Bisim-paired +
Double-Simulation- Finite- Complete- Bisim-paired

begin

interpretation bisim: Bisimulation-Invariant A2 A2’ X (I, Z) b. b = from-R

1Z P2 P2’
(proof)
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sublocale Double-Simulation-Finite- Complete- Abstraction-Prop-Bisim
C A1' P1" A2' P2’ from-R ly ag ¢ (proof)

interpretation G,: Graph-Start-Defs
A (la Z) (llv Zq A2 (l’ Z) (l,a Z/) NPT (loa (10) <pr00f>

interpretation Bisimulation-Invariant A (I, Z) (I, Z"). A2 (I, Z) (I, Z)
AP

A2-o X (I, Z) b. b = from-R | Z P2 P2’

(proof )

theorem Alw-ev-mc:
(Vzo€ag. sim.Alw-ev (Not o @) (lp, x9)) «—
= PlyV (Bas a bs. Gy.steps ((lo, ao) # as @ a # bs Q [a]))
(proof )

theorem Alw-ev-mcl:
(Vao€ag. sim.Alw-ev (Not o ¢) (ly, z0)) «— = (P lo A (Fa. Gy.reachable
a N Gy.reachesl a a))

(proof)

end

context Double-Simulation-Complete-Bisim-Cover-paired
begin

interpretation bisim: Bisimulation-Invariant A2 A2’ X (I, Z) b. b= from-R
1 Z P2 P2’

(proof)

interpretation Start: Double-Simulation-Complete- Abstraction-Prop-Bisim-paired
C A1 P1 A2 P21y ag A - True

(proof )

lemma sim-reaches-equiv:

P2-invariant’.reaches (1, Z) (I';, Z') <— sim.Steps.reaches (from-R 1 Z)
(from-R 1" Z')

if P2 (I, Z)

(proof )

lemma reaches-all:
assumes
ANuvuv Rl.ue R=u" € R=— Pl (I, R)= Plu<+— Plu’
shows
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(V u. (3 =o€l (sim.closure (from-R ly ag)). sim.reaches xg (I, u)) —
Plu)<+—

(V Z u. P2-invariant’.reaches (lo, ag) (I, Z) Nu € Z — P lu)
(proof )

context
fixes P @ :: 'a = bool — The state properties we want to check
begin

definition ¢’ = P o fst
definition ¢ = @ o fst

lemma -closure-compatible:
Y () =2 €a=yeca= Pl (l,a) = ¢ (I, y)

(proof)

lemma v-closure-compatible’:
(Noto) (I, z) = 2x€a= y € a= PI (I, a) = (Not o) (I, y)
(proof )

lemma P1-P1":
R #{} = P1 (I, R) = P1’' (from-R | R)
(proof )

lemma - Alw-ev-compatible:
assumes v € Ru' € R P1 (I, R)
shows sim.Alw-ev (Not o ¢) (I, u) = sim.Alw-ev (Not o ¢) (I, u’)
(proof)

interpretation Graph-Start-Defs A2 (ly, ao) (proof)

interpretation G,: Graph-Start-Defs
A 2) (U, Z29). A2 (1, 2) (I, Z') A Q1" (lo, ao) (proof)

end
end

context Double-Simulation-Finite-Complete- Bisim-Cover-paired
begin

interpretation bisim: Bisimulation-Invariant A2 A2’ X (I, Z) b. b = from-R
1 Z P2 P2’
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(proof )

context
fixes P Q :: 'a = bool — The state properties we want to check
begin

interpretation Graph-Start-Defs A2 (ly, ap) (proof)

interpretation G,: Graph-Start-Defs
AL 2) (U, Z0). A2 (1, Z2) (U, Z') A Q1 (lo, ao) (proof)

lemma Alw-ev-mcl:
(Vzo€from-R 1 Z. sim.Alw-ev (Not o ¢ Q) zg) +—
-~ (Q I A (Fa. Gy.reaches (I, Z) a N Gy.reaches] a a))
if P2-invariant’.reachable (I, Z) for | Z

(proof)

theorem leadsto-mc1:
(Vzo€ag. sim.leadsto (¢’ P) (Not o ¢ Q) (lo, z0)) +—
(A z. P2-invariant’.reaches (lo, ag) = A P (fst x) A Q (fst )
A (Fa. Gy.reaches © a N Gy.reachesl a a)

)

if no-deadlock: ¥ xo€ag. — sim.deadlock (ly, o)

(proof )

end
end

The second bisimulation property in prestable and complete sim-
ulation graphs. context Simulation-Graph-Complete-Prestable
begin

lemma C-A-bisim:
Bisimulation-Invariant C A (X z a. © € a) (A-. True) P

(proof )

interpretation Bisimulation-Invariant C A X x a. x € a A -. True P

(proof)
lemma C-A-Leadsto-iff:

fixes ¢ ¢ :: 'a = bool
assumes @-compatible: N zya. pr =2 €a=—y € a=— Pa—=
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Yy
and ¢-compatible: N zya.pr—zr€a—yc€a— Pa= vy
and z € a Pa
shows leadsto ¢ ¢ © = Steps.leadsto (A a.V z € a. ¢ ) (A a. ¥V z € a.
Y x)a
(proof )

end

Comments

o Pre-stability can easily be extended to infinite runs (see construction
with sscan above)

¢ Post-stability can not

e Pre-stability + Completeness means that for every two concrete states
in the same abstract class, there are equivalent runs

e For Biichi properties, the predicate has to be compatible with whole
closures instead of single PI-states. This is because for a finite graph
where every node has at least indegree one, we cannot necessarily
conclude that there is a cycle through every node.

locale Graph-Abstraction =
Graph-Defs A for A :: 'a set = 'a set = bool +
fixes a :: 'a set = 'a set
assumes idempotent: a(a(z)) = a(z)
assumes enlarging: © C «o(x)
assumes a-mono: & C y = a(z) C ay)
assumes mono: ¢ C o' = Aab=3Ib. bV ANAa b
assumes finite-abstraction: finite (o * UNIV)
begin

definition £ where Fa b=3b". A ab' A b= a(b)

interpretation sim1: Simulation-Invariant A E Xa b. a(a) C b A-. True
A-. True

(proof )

interpretation sim2: Simulation-Invariant A E Aa b. a C b A-. True Ax.
alz) =z

(proof )

This variant needs the least assumptions.
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interpretation sim3: Simulation-Invariant A E Aa b. a C b A-. True A-.
True

(proof)

interpretation sim/: Simulation-Invariant A E Aa b. a C b X-. True Aa.
Ja’. aa’'=a

(proof)

end
lemmas [simp del] = holds.simps

end
theory Simulation-Graphs-TA

imports Simulation-Graphs DBM-Zone-Semantics Approz-Beta
begin

7.9 Instantiation of Simulation Locales

inductive step-trans ::
(‘a, e, 't, 's) ta = 's = (‘e, ("t::time)) cval = ((‘e, 't) cconstraint x 'a
x 'c list)
= 's = (e, 't) cval = bool
(¢-F¢ (- ) = (-, -» [61,61,61] 61)
where
[AF 1 —9%" 1wt g u' b inv-of Al u' = [r — 0]u]
= (A 4 <l7 u> _>(g,a,r) <l/7 u,>)

inductive step-trans’ :

(‘a, 'c, 't, 's) ta = 's = ('c, ("t::time)) cval = (‘e, 't) cconstraint x 'a x
‘e list

= s = (e, 't) cval = bool
(¢-F" (-, -y = (-, -) [61,61,61,61] 61)
where

step A (1, u) =% (I uy = At (I, u) =4 (17w = AF (I, u)
t (l//7 u//>

inductive step-trans-z :

(‘a, 'c, 't, 's) ta = 's = ('c, ("t::time)) zone

= (('e, 't) cconstraint x 'a x 'c list) action = 's = ('c, 't) zone = bool
(- F (=, )~ (-, ) [61,61,61,61] 61)
where

step-trans-t-z:

AF (1, Z) ~T (I, ZV N {u. u - inv-of A 1}) |
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step-trans-a-z:
AF (1, Z) 1880 (11 zone-set (Z N {u. ut g}) r N {u. ut inv-of A
I}

if AF 1 —9%m ]

inductive step-trans-z’ :

(‘a, 'c, 't, 's) ta = 's = (‘e, ("t::time)) zone = (('c, 't) cconstraint x 'a
x 'c list)

= 's = (e, 't) zone = bool
(- F" (=, )~ (-, ) [61,61,61,61] 61)
where

step-trans-z":

AbF (L 2y ~T (1, 2 = AF (1, Z) 181, 2 = A+ (I, Z) ~' (1
zZ"

lemmas [intro] =
step-trans.intros
step-trans’.intros
step-trans-z.intros
step-trans-z'.intros

context
notes [elim!] =
step.cases step-t.cases
step-trans.cases step-trans’.cases step-trans-z.cases step-trans-z’.cases
begin

lemma step-trans-t-z-sound:
AR (L Z) T2 =V v eZ. F3ueZ I d Ar (I, u) - 1u)
(proof )

lemma step-trans-a-z-sound:
A+, 7Z) 1t (MZzZh =vVueZ JueZ I3 d Aty (l,u)y = (I ,u)
(proof)

lemma step-trans-a-z-complete:

Al (Lbu) = (U u)y=uweZ=3Z. AF(l,2Z) {12 A
VA

(proof )

lemma step-trans-t-z-complete:

AF(Lu) = u)y=ueZ=3 Z AF(,2Z)~" (I Z) ANu'e
Z/

(proof)
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lemma step-trans-t-z-iff:
A, 2) T (U, Z2) = AE (I, Z) ~ (U, 7))
(proof )

lemma step-z-complete:

AF(Lu)y = (N u)=ueZ=3Z't. A, Z) ~t (I', Z") A u'
e 7'

(proof)

lemma step-trans-a-z-ezxact:
w'e Z'if Ay (Lu) = (U, uy A (L Z) 18 2 ue Z
(proof)

lemma step-trans-t-z-exact:
weZ'if AR (Lu) =41 u)y AR, Z) ~T (I, ZY ue Z
(proof)

lemma step-trans-z'-exact:
w'e Z'ifF A (L u) =t u)y AR Z) P ZY uwe Z
(proof)

lemma step-trans-z-step-z-action:
AF (L, Z) o (1527 i A F (1, Z) 100r) (1) 77
(proof)

lemma step-trans-z-step-z:
Ja. AF(l, Z) ~o (120 if AF (I, Z) ~P (I, Z7)
(proof)

lemma step-z-step-trans-z-action:
3 gr. AR (L, Z) 108 (11 20 i A& (1, Z) ~y, (U,2))
(proof )

lemma step-z-step-trans-z:
AR, 2Z) {1, ZYifAF (I, Z) ~q (1127
(proof)

end
lemma step-z'-step-trans-z":

Jt A (1, Z) (U, 2N iEA (1, Z) ~ (I, Z")
{proof)
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lemma step-trans-z'-step-z"
Al ZYy ~ (I, Z" if AV (1, Z) ~ 00, 27
(proof)

lemma step-trans-z-determ:
Z1 =72 if AV (I, Z) ~P (!, Z1) A+ (1, Z) ~t(I', Z2)
(proof)

lemma step-trans-z'-determ:
Z1 = 2Z2if AV (1, Z) ~t (I, Z1) A (1, Z) ~t (', Z2)
(proof)

lemma (in Alpha-defs) step-trans-z-V: A= (I, Z) ~t ("7 = Z C V
= 7' CV

(proof )

7.9.1 Additional Lemmas on Regions

context AlphaClosure
begin

inductive step-trans-r :

('a, 'c, t, 's) ta = - = 's = (¢, t) zone = ((c, t) cconstraint x 'a x 'c
list) action

= s = (e, t) zone = bool
(o F (= =) ~" (-, ) [61,61,61,61,61] 61)
where

step-trans-t-r:

AR (L,R) ~7 (LR if

valid-abstraction A X (A z. real o kz) R € R I R' € Succ (R 1) R R' C
{inv-of A I} |

step-trans-a-r:

AR F (LR) ~1(g:a7) (1 R/ if

valid-abstraction A X (A z. real o kz) A1 —9%" "R e R

R C {g|} region-set’ R v 0 C R' R’ C {inv-of AI'} R'"e R I

lemmas [intro] = step-trans-r.intros
lemma step-trans-t-r-iff [simp]:

AR F (LR) ~T ('R = AR+ (LLR) ~, (I'R")
(proof )

lemma step-trans-r-step-r-action:
AR F (LR) ~, (ILR") if AR F (L,R) ~1(0:07) (1 R

142



(proof )

lemma step-r-step-trans-r-action:
3 gr. AR (LR) =100 (I'RY if AR (L,R) ~, (IR
(proof)

inductive step-trans-r’ ::

('a, 'c, t,'s) ta = - = 's = ('c, t) zone = (‘c, t) cconstraint x 'a x 'c
list

= ‘s = (e, t) zone = bool
(4o F7 (=, )~ (=, )y [61,61,61,61,61] 61)
where

AR ' (LR) ~' (I'R" if AR F (LR) ~7 (LR) AR F (IL,R") ~It (I
R"

lemma step-trans-r’-step-r':
AR (LR) ~q (IR if AR F' (LR) ~(9:0:7) (1 RN
(proof )

lemma step-r’-step-trans-r':
3 gr. ARF (LR) ~937) (! R if AR F (I,R) ~, (IR’
(proof )

lemma step-trans-a-r-sound:

assumes AR F (I, R) ~1% (I'R")

showsV v e R.3 v € R. Aty (I, u) —4 (I',u))
(proof)

lemma step-trans-r’-sound:
assumes A,R ' (I, R) ~! (I’ R
shows VucR. Ju'cR’. A ' (I, u) = (', u')
(proof)

end

context AlphaClosure
begin

context

fixes [ I’ :: 'sand A :: (‘a, ‘¢, t, 's) ta

assumes valid-abstraction: valid-abstraction A X k
begin
interpretation alpha: AlphaClosure-global - k 1 R 1 (proof)
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lemma [simp]: alpha.cla = cla | (proof)

interpretation alpha’. AlphaClosure-global - k1" R 1’ {proof)
lemma [simp]: alpha’.cla = cla 1’ (proof)

lemma regions-poststablel :
assumes
AEAl, Z) ~*(I'Z"y ZC VR e RI'R'NZ" #{}
shows 3 Re R 1. ARF (l,R) ~*(I''RY NRN Z # {}
(proof)

lemma regions-poststable”:
assumes
AF (1, Z) ~q I"Z) ZC VR'€RUR N Z'# {}
shows 3 Re R 1. ARF (LLR) ~q (I'R) NRN Z # {}
(proof)

end

lemma regions-poststable2:
assumes valid-abstraction: valid-abstraction A X k
and prems: A (I, Z) ~% (2" ZC VR e RI'R'nZ" # {}
shows 3 Re RI. A/ RF' (l,R) ~* (I'RY NRN Z # {}
(proof )

Poststability of Closures: For every transition in the zone graph and each
region in the closure of the resulting zone, there exists a similar transition
in the region graph.

lemma regions-poststable:
assumes valid-abstraction: valid-abstraction A X k
and A:
AE(l, Z) ~- (I\Z"y A+ (', Z') ~1a (1".z"
ZCVR'eRI"R"NZ"#{}
shows 3 Re RI. ARFE (I,R) ~, (I", Ry NRN Z # {}
(proof )

lemma step-t-r-loc:
I'=1if AR+ (I, R) ~; (I', R
(proof)

lemma R-V:
ue VIfReRIlueR
(proof)
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lemma step-r’-complete:

assumes A ' (I, u) — (I';u’) valid-abstraction A X (X z. real 0 k z) u €
v

shows 3 a R v € R'" N AR b (I, [u];) ~4 (I,R")

(proof)

lemma step-r-R:
R e RUI'if ARFE (I, R) ~4 (I', R
(proof)

lemma step-r’-R:
R' € RUif AR F (I, R) ~q (I, R
(proof)

end

context Regions
begin

lemma closure-parts-mono:
{ReERILRNZ#A{}} C{ReR I RN Z # {}}if Closure,; Z C
Closureq, Z'

(proof)

lemma closure-parts-id:
{ReERILRNZ#A{}}={ReRI.RNZ #{}}if
Closureq, Z = Closureq, Z'

(proof )

More lemmas on regions context
fixes I’ :: s
begin

interpretation regions: Regions-global - - - k I’

(proof)
context
fixes A :: ('a, 'c, t, 's) ta
assumes valid-abstraction: valid-abstraction A X k

begin

lemmas regions-poststable = regions-poststable] OF valid-abstraction]
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lemma clkp-set-clkp-setl:
3 L (¢, z) € clkp-set A 1if (¢, x) € Timed-Automata.clkp-set A
(proof)

lemma clkp-set-clkp-set2:
(¢, ) € Timed-Automata.clkp-set A if (¢, x) € clkp-set A | for [
(proof)

lemma clock-numbering-le: ¥ ceclk-set A. v ¢ < n
(proof )

lemma beta-alpha-step:
AF (1, Z) ~a(a) (I'; Closure,,)" Z') if A+ (1, Z) ~8(a) (', z" zeVv'
(proof)

lemma beta-alpha-region-step:
Ja. 3 ReERILRNZ#A{}NARE (I, R)y ~, (I',)/ R)) if
AF(L,Z) g (2" Ze€ V'RReRI'R'NnZ" #{}
(proof)

lemmas step-z-beta’- V' = step-z-beta’- V| OF valid-abstraction clock-numbering-le]

lemma step-trans-z'-closure-subs:
assumes

AR (L, Z)y (1,2 ZC VY RERILRNZ#{} — RN W #
{}

shows
I WA, W) ~t U, WYAN RERI.RNZ' #{} — RN
W' # {})
(proof)

lemma step-trans-z'-closure-eq:
assumes
A!—’(l,Z)th’,Z’)ZQ VWCVVYReERILRNZ#A{}+— R
nw#{}
shows
3 W AF (, W>~=>t<l’, WHYANN ReRI.RNZ #{}+— RN
W’ #{})
(proof )

lemma step-z'-closure-subs:
assumes
AL, ZYy ~ (1, ZNYZC VNV ReERI.RNZ#A{} — RN W #{}
shows
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IW. AR W)y~ (I, WYAN(N RERI.RNZ' #{} — RN W'
# {1
(proof )

end

lemma apz-finite:
finite {Approxg I Z | Z. Z C V'} (is finite 25)
(proof )

lemmas apz-subset = regions.beta-interp.apx-subset

lemma step-z-beta’-empty:
Z'={}if AE (I, {}) ~p (', Z)
(proof)

end

lemma step-z-beta’-complete:
assumes AF' (L u) > (I, u)uwe ZZCV
shows 3 Z. A (I, Z) ~p (I', Z) Nu' € Z'
(proof)

end

7.9.2 Instantiation of Double Simulation
7.9.3 Auxiliary Definitions

definition state-set :: (‘a, 'c, 'time, 's) ta = 's set where
state-set A = fst ‘ (fst A) U (snd o snd o snd o snd) * (fst A)

lemma finite-trans-of-finite-state-set:
finite (state-set A) if finite (trans-of A)
(proof )

lemma state-setll:
| € state-set A if A ] —9a" ]/

(proof )

lemma state-setl2:
" € state-set A if A1 —9a7" ]/

(proof )
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lemma (in AlphaClosure) step-r’-state-set:
' € state-set A if AR & (I, R) ~, (I', R
(proof)

lemma (in Regions) step-z-beta’-state-set2:
I € state-set Aif At (I, Z) ~pg (I, Z')
(proof)

7.9.4 Instantiation

locale Regions-TA = Regions X - - k for X :: ‘c set and k :: 's = "¢ =
nat +
fixes A :: ('a, 'c, t, 's) ta
assumes valid-abstraction: valid-abstraction A X k
and finite-state-set: finite (state-set A)
begin

no-notation Regions-Beta.part (<[-]-» [61,61] 61)
notation part” («[-]-» [61,61] 61)

lemma step-z-beta’-state-setl:
| € state-set A if A (I, Z) ~p (I, Z)
(proof)

sublocale sim: Double-Simulation-paired

Al u) (U, u). A (I, u) = (I, u') — Concrete step relation

AN, Z) (U, Z2). 3 a. ARE (1, Z) ~q (U, ZY N Z"# {}

— Step relation for the first abstraction layer

A (I, R). | € state-set A N R € R | — Valid states of the first abstraction
layer

N2, ZN. A, Z) ~p (U, ZY NZT#{}

— Step relation for the second abstraction layer

A (I, Z). 1 € state-set AN Z € V' N Z # {} — Valid states of the second

abstraction layer

(proof)

sublocale Graph-Defs
(L Z) (I Z'). AF (I, Z) ~g (I, 2 A 2" # {} (proof)

lemmas step-z-beta’-V' = step-z-beta’-V'[OF valid-abstraction]

lemma step-r'-complete-spec:
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assumes A F' ([, u) —» ('u') ue V
shows 3 a R v € R'" N AR & (I, [u];) ~4 (I,R")
(proof)

end

7.9.5 Biichi Runs

locale Regions-TA-Start-State = Regions-TA - - - - - A for A :: ('a, 'c, t,
's) ta +

fixes Iy :: 's and Zg :: ('c, t) zone

assumes start-state: lg € state-set A Zg € V' Zg # {}
begin

definition ag = from-R ly Zg

sublocale sim-complete”: Double-Simulation-Finite-Complete-paired

Al u) (U, u). AF (I, uy — (I, ') — Concrete step relation

AN, Z) (U, Z2). 3 a. ARE (I, Z) ~q (I, Z)) N Z' #+ {}

— Step relation for the first abstraction layer

A (I, R). | € state-set A N R € R | — Valid states of the first abstraction
layer

N Z) U, ZN). AR, Z) ~g (I, Z") NZ"# {}

— Step relation for the second abstraction layer

A(l, Z). 1 € state-set AN Z € V' N Z # {} — Valid states of the second
abstraction layer

lo Z0
{proof )

sublocale sim-complete-bisim': Double-Simulation-Finite- Complete-Bisim-Cover-paired

Al u) (U, u). AF (I, u)y — (I, ') — Concrete step relation

AN, Z) (U, 2. 3 a. ARE (I, Z) ~q (I, Z) N Z' #+ {}

— Step relation for the first abstraction layer

A (I, R). | € state-set A N R € R | — Valid states of the first abstraction
layer

AN Z) U, 2. AF(lL Z) g (I, Z") NZ"# {}

— Step relation for the second abstraction layer

A(l, Z). 1 € state-set AN Z € V' N Z # {} — Valid states of the second
abstraction layer

lo Zo
(proof)
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7.9.6 State Formulas

context
fixes P :: 's = bool — The state property we want to check
begin

definition ¢ = P o fst
State formulas are compatible with closures.

Runs satisfying a formula all the way long interpretation G:
Graph-Start-Defs
N2, ZN AR Z) ~g (I, Z")y NZ"# {} NP1 (ly, Zo) (proof)

theorem Alw-ev-mcl:
(Vzo€ag. sim.sim.Alw-ev (Not o ) zg) <— = (P lg A (Fa. Gy.reachable
a N Gy.reaches] a a))

(proof )

end

7.9.7 Leads-To Properties

context
fixes P Q :: 's = bool — The state properties we want to check
begin

definition ¥ = Q o fst

interpretation G,: Graph-Defs
AN Z) (U, Z2). ARl Z) ~p (U, Z) N Z"# {} A QU (proof)

theorem leadsto-mc1:

(Vzo€ap. sim.sim.leadsto (¢ P) (Not o ¢) zg) «—

(. reaches (lo, Zo) z A P (fst ) A Q (fst z) A (Fa. Gy.reaches x a A
Gy.reachesl a a))

if Vzo€ag. - sim.sim.deadlock xg

(proof )

end

lemma from-R-reaches:
assumes sim.sim.Steps.reaches (from-R ly Zp) b
obtains [ Z where b = from-R | Z
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(proof )

lemma ta-reaches-ex-iff:
assumes compatible:
Al uw v’ R.
ueER=—=u€R=—ReRI|=1c¢ state-set A= P (I, u) = P
(1, u)
shows
(3 z0 € ao. 3 1 u. sim.sim.reaches xo (I, u) AN P (I, u)) «—
(3 1Z. 3 ue Z. reaches (lg, Zo) (I, Z) N P (I, u))

(proof )

lemma ta-reaches-all-iff:
assumes compatible:
Nl v v’ R.
ueER=—=u€e€R=— ReRI|=1c state-set A = P (I, u) = P
(1, u)
shows
(Y zo € ap. V¥ 1 u. sim.sim.reaches xg (I, u) — P (I, u)) +—
(V 1 Z. reaches (lo, Zo) (I, Z) — (Y w € Z. P (I, u)))

(proof)

end

end

8 Forward Analysis with DBMs and Widening

theory Normalized-Zone-Semantics
imports DBM-Zone-Semantics Approx-Beta Simulation-Graphs-TA
begin

hide-const (open) D
no-notation infinity (<0o»)

lemma rtranclp-backwards-invariant-iff:
assumes invariant: \ yz. E** 2 y=— Pz=— Eyz=— Py
and E" E'=ANzy. Exy A Py)
shows E** x y NPz «— E* 2y AN Py
(proof)
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context Bisimulation-Invariant
begin

context

fixes ¢ :: 'a = bool and ¢ :: 'b = bool

assumes compatible: a ~ b= PAa=— PBb=— pa<+— ¢ b
begin

lemma reaches-ex-iff:
(3 b. A.reaches a b A @ b) «— (3 b. B.reaches a’ b A ¢ b) if a ~ o’ PA
a PBa’

(proof )

lemma reaches-all-iff:
(V b. A.reaches a b — ¢ b) «+— (V b. B.reaches a’ b — 1 b) if a ~ a’
PA a PB o’

(proof )

end

end

lemma step-z-dbm-delay-loc:
U'=1if A+ (I, D) ~ynr (I, D)
(proof )

lemma step-z-dbm-action-state-setl:
I € state-set A if A &= (I, D) ~y 514 (', D)
(proof )

lemma step-z-dbm-action-state-set2:
I" € state-set A if A &= (I, D) ~, 14 (I', D)
(proof)

lemma step-delay-loc:
UV=1if A+ (I, u) =% (', u))
(proof)
lemma step-a-state-setl:
| € state-set A if At (I, u) —4 (I, u')
(proof)

lemma step’-state-setl:
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| € state-set A if A+ (I, u) — (I, u)
(proof)

8.1 DBM-based Semantics with Normalization
8.1.1 Single Step

inductive step-z-norm ::
('a, e, t, 's) ta
= 's = t DBM = ('s = nat = nat) = (¢ = nat) = nat = 'a action
= 's = t DBM = bool
(- F ()~ () [61,61,61,61,61,61] 61)
where step-z-norm:
A A(l,D) ~ypa (l', D) = AF (I,D) ~} ynq (Is norm (FW D' n) (k

) n)

inductive step-z-norm’ :
(‘a, e, t, 's) ta = 's = t DBM = ('s = nat = nat) = (‘c = nat) =
nat = 's = t DBM = bool
(- " (=) )~ (- ) [61,61,61,61,61] 61)
where
step: A& (U, Z) ~spnr (U, Z7)
= AF (", 2" “k,v,n,](a) (", z"
= AR (I, 2 gy (1 20

abbreviation steps-z-norm ::

(‘a, e, t, 's) ta = 's = t DBM = ('s = nat = nat) = (‘c = nat) =
nat = 's = t DBM = bool
(¢-F (- =)~ x (-, - [61,61,61,61,61] 61) where
A+ (l,D) g,k (D=, 2)", Z". A+, Z) Mk un (', Z")**
(I, D) (I', D

lemma norm-empty-diag-preservation-real:
fixes k :: nat = nat
assumes i < n
assumes M i i < Le 0
shows norm M (real o k) nii < Le 0

(proof)

context Regions-defs
begin

inductive valid-dbm where
[M]y,n €V = dbm-int M n = valid-dbm M
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inductive-cases valid-dbm-cases[elim]: valid-dbm M
declare valid-dbm.intros[intro]
end

locale Regions-common =

Regions-defs X v n for X :: 'c set and v n +

fixes not-in-X

assumes finite: finite X

assumes clock-numbering: clock-numbering’ vnVk<n. k> 0 — (Jc €
X. ve=k)

VeeX ve<n

assumes not-in-X: not-in-X ¢ X

assumes non-empty: X # {}
begin

lemma FW-zone-equiv-spec:
shows [M]y.n, = [FW M n]yp
(proof)

lemma dbm-non-empty-diag:
assumes [M], , # {}
showsVY k< n Mkk >0

(proof)
lemma cn-weak: Vk<n. 0 < k — (3 c. v ¢ = k) (proof)

lemma negative-diag-empty:
assumes 3 k< n. Mkk<0
shows [M],n = {}

(proof)

lemma non-empty-cyc-free:
assumes [M],, # {}
shows cyc-free M n

(proof)

lemma FW-valid-preservation:
assumes valid-dbm M
shows valid-dbm (FW M n)

(proof)
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end

context Regions-global
begin

sublocale Regions-common (proof)
abbreviation v’ = beta-interp.v’

lemma apz-empty-iff "
assumes canonical M1 n [M1]y, C V dbm-int M1 n
shows [M1]yn = {} «— [norm M1 (k o v') nlyn = {}
(proof )

lemma norm-FW-empty:

assumes valid-dbm M

assumes [M], , = {}

shows [norm (FW M n) (k o v') n]yn = {} (is [?M]y,n = {})
(proof)

lemma apz-norm-eq-spec:
assumes valid-dbm M
and [M]y,n # {}
shows beta-interp. Approzs ([Mly.n) = [norm (FW M n) (ko v') nly.n
(proof)

lemma norm-FW-valid-preservation-non-empty:

assumes valid-dbm M [M]yn # {}

shows wvalid-dbm (norm (FW M n) (k o v') n) (is valid-dbm ?M)
(proof)

lemma norm-int-all-preservation:
fixes M :: real DBM
assumes dbm-int-all M
shows dbm-int-all (norm M (k o v') n)

(proof)

lemma norm-FW-valid-preservation-empty:
assumes valid-dbm M [M]y, = {}
shows wvalid-dbm (norm (FW M n) (k o v') n) (is valid-dbm ?M)

(proof )

lemma norm-FW-valid-preservation:
assumes valid-dbm M
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shows wvalid-dbm (norm (FW M n) (k o v') n)
(proof )

lemma norm-FW-equiv:
assumes valid: dbm-int D n dbm-int M n [D]yn C V
and equiv: [D]y.n = [M]yn
shows [norm (FW D n) (k o v') n]y,n = [norm (FW M n) (k o v’) nlyn
(proof )

end

context Regions
begin

sublocale Regions-common (proof)

definition v = X . if 0 < i A i < nthen (THE c. c € X N v ¢ =1i) else
not-in-X

abbreviation step-z-norm’ (- & (-, -) ~x ) (- -)» [61,61,61,61] 61)
where
Ak <l, D> WN(a) <ll, D,> =AF <l, D> W()\ Lklo v’),v,n,a <l/, D,>

definition step-z-norm'’ (- =" (-, ) ~ ) (- -)» [61,61,61,61] 61)
where

AF' (1, D) ~prq) (I, D) =

30D Ak <z D> o (s DY A AF (I, D) ~pryq) (I, D)

abbreviation steps-z-norm’ (- (-, =) ~sn* (-, -)» [61,61,61] 61)
where

AF (I, D) ~nx (I, D"y = (X (I,D) (I'D"). 3 a. AF'(l, D) N (a) (',
D)™ (1,D) (I',D")

inductive-cases step-z-norm’-elims[elim!]: A+ (I, u) N (a < ')
declare step-z-norm.intros|intro)
lemma step-z-valid-dbm:

assumes A & (I, D) ~»y 5.4 (I, D)

and global-clock-numbering A v n valid-abstraction A X k valid-dbm D
shows valid-dbm D'

(proof)
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lemma step-z-norm-induct[case-names - step-z-norm step-z-refl]:
assumes z1 F (22, z3) SO ko) z7,z8)
and step-z-norm:
NAIDI D'
AF (l, D) ~yna (D) =
PAIDIU (norm (FW D'n) (k1 ov') n)
shows P z1 z2 x8 z7 ©§
(proof )

UM, G <

context
fixes I’ :: 's
begin

interpretation regions: Regions-global - - - k I’

(proof )

lemma regions-v’-eq[simpl:
regions.v’ = v’

(proof )

lemma step-z-norm-int-all-preservation:
assumes
A FA(L,D) ~ pr(q) (I,D) global-clock-numbering A v n
Y (z, m)€ Timed-Automata.clkp-set A. m € N dbm-int-all D
shows dbm-int-all D'

(proof )

lemma step-z-norm-valid-dbm-preservation:
assumes
A FA(LD) ~p(a) (ID") global-clock-numbering A v n valid-abstraction
A X k valid-dbm D
shows valid-dbm D’

(proof )

lemma norm-beta-sound:

assumes A & (1,D) ~pr(q) (I',D') global-clock-numbering A v n valid-abstraction
AXEk

and valid-dbm D

shows A (L[D]v,n) ~5(q) (I"[Dv,n) (proof)

lemma step-z-norm-valid-dbm:
assumes
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A EA(l, D) ~prq) (U,D") global-clock-numbering A v n
valid-abstraction A X k valid-dbm D
shows valid-dbm D' (proof)

lemma norm-beta-complete:

assumes At (L,[D]v,n) ~pg(q) (I'\Z) global-clock-numbering A v n valid-abstraction
AXE

and valid-dbm D

obtains D’ where A & (1,D) ~ () (I,D") [D]o,n = Z valid-dbm D’
(proof)

lemma step-z-norm-mono:

assumes A & (1,D) ~pr(q) (I',D') global-clock-numbering A v n valid-abstraction
AXEk

and valid-dbm D valid-dbm M

and [D]U,n - [M]v,n

shows 3 M. AF (I, M) ~prq) (Us M) A [DNon C [Mon
(proof)

lemma step-z-norm-equiv:
assumes step: A b (1,D) ~pr(q) (I',D')
and prems: global-clock-numbering A v n valid-abstraction A X k
and valid: valid-dbm D valid-dbm M
and equiv: [D]ypn = [M]yn
shows 3 M". A (I, M) ~pq) (U, M) A [Don = [MTon
(proof)

end

8.1.2 Multi Step

lemma valid-dbm-V":
assumes valid-dbm M
shows [M],, € V'
(proof)

lemma step-z-empty:
assumes A - (I, Z) ~, (I', Z) Z = {}
shows 7' = {}
(proof )
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8.1.3 Connecting with Correctness Results for Approximating
Semantics

context
fixes A :: ('a, 'c, real, 's) ta
assumes gcn: global-clock-numbering A v n
and va: valid-abstraction A X k
begin

context
notes [intro| = step-z-valid-dbm[OF - gen val
begin

lemma valid-dbm-step-z-norm"
valid-dbm D' if A ' (I, D) ~ (o) (I, D') valid-dbm D
(proof)

lemma steps-z-norm’-valid-dbm-invariant:
valid-dbm D" if A = (I, D) ~>prx (I', D) valid-dbm D
(proof)

lemma norm-beta-sound’":
assumes A F' (I, D) ~ sy (I, D”)
and valid-dbm D
shows A+ (I, [D]yn) ~p (", [D"v,n)
(proof )

lemma norm-beta-completel :

assumes A = (I,[D]yn) ~p (I",Z")

and  walid-dbm D

obtains a D" where A &' (I,D) ~ oy (I",D") [D")yn, = Z" valid-dbm
D//
(proof)

lemma bisim:
Bisimulation-Invariant
A 2) (U, 2). ARl Z) g (U, Z) N Z"#{})
(A (1. D) (I, D). 3 a. A (I, D) ~xa) (I, DY A [Dlun # {})
(A (L 2) (I, D). l=1'"NZ = [Dlyn)
(A -. True) (A (I, D). valid-dbm D)

(proof )

end
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interpretation Bisimulation-Invariant
AN Z) (U, 2. AR, Z) ~g (I, Z"Y NZ"# {}
A (I, D) (I', D"). 3 a. AF'{l, D) A (a) (I, DY N [Don # {}
AN, Z) (U, D). l=1UNZ = [Dlyn
A - True A (I, D). valid-dbm D
(proof)

lemma step-z-norm'’-non-empty:
(Dlon # {} i A H' (I, D) ~ps(ay (5 D) (D] # {} valid-dbm D
(proof)

lemma norm-steps-empty:

A (l, D) ~nx (I, D) N [D)yn # {} ¢— B.reaches (I, D) (I', D") A
[Dlon # {}

if valid-dbm D

(proof)

context
fixes P Q :: 's = bool — The state property we want to check
begin

interpretation bisim-iy: Bisimulation-Invariant
N Z)Y W, ZN AR Z) g (U, ZYNZ' # {3 ANQU
A (I, D) (I', D"). 3 a. AF'{l, D) N (a) (I, DY N[Don #{3 AN QU
AN, Z) (U, D). l=1UNZ = [Dlyn
A - True A (I, D). valid-dbm D
(proof )

end

context
assumes finite-state-set: finite (state-set A)
begin

interpretation R: Regions-TA
(proof)

lemma A-reaches-non-empty:
Z' £ {} if A.reaches (I, Z) (I', Z') Z #+ {}
(proof)

lemma A-reaches-start-non-empty-iff:
(3Z". 3u. uw e Z") N Areaches (I, Z) (I, Z')) «— (3Z'. A.reaches (I,
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Z) (I, 2) N Z #{}
(proof )

lemma step-z-norm'’-state-set1:
| € state-set A if AF' (I, D) ~prq (I, D)
(proof)

lemma step-z-norm'’-state-set2:
' € state-set A if A ' (l, D) ~>nrq (I, D)
(proof)

theorem steps-z-norm-decides-emptiness:
assumes valid-dbm D
shows (3 D". At (I, D) ~>px (I'.D") A [Dyn # {})
> (Fue Dpn 3 v AF (I, u) =x (I, u')))
(proof)

end
end
context
fixes A :: ('a, 'c, real, 's) ta
assumes gcn: global-clock-numbering A v n
and va: valid-abstraction A X k

begin

lemmas
step-z-norm-valid-dbm’ = step-z-norm-valid-dbm[OF - gen val

lemmas
step-z-valid-dbm' = step-z-valid-dbm[OF - gcn val)

lemmas norm-beta-sound’ = norm-beta-sound|OF - gcn val

lemma v-bound:
VceclksetA. ve<n

(proof )

lemmas alpha-beta-step” = alpha-beta-step’|OF - va v-bound)

lemmas step-z-dbm-sound’ = step-z-dbm-sound|[OF - gcn)
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lemmas step-z-V" = step-z-V'[OF - va v-bound)]
end

end

8.2 Additional Useful Properties of the Normalized Seman-
tics

Obsolete

lemma norm-diag-alt-def:
norm-diag e = (if e < 0 then Lt 0 else if e = 0 then e else o)
(proof )

lemma norm-diag-preservation:
assumes ViI<n. M111< 0
shows V [<n. (norm M1 (k :: nat = nat) n) 11 <0

(proof)

8.3 Appendix: Standard Clock Numberings for Concrete Mod-
els

locale Regions’ =
fixes X and k :: 'c = nat and v :: 'c = nat and n :: nat and not-in-X
assumes finite: finite X
assumes clock-numbering"V c€ X. ve> 0V c.cé X —ve>n
assumes bij: bij-betw v X {1..n}
assumes non-empty: X # {}
assumes not-in-X: not-in-X ¢ X

begin

lemma inj: inj-on v X (proof)

lemma cn-weak: ¥ c. v ¢ > 0 (proof)

lemma in-X: assumes v z < n shows z € X (proof)

end

sublocale Regions’ C Regions-global

(proof )
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lemma standard-abstraction:
assumes
finite (Timed-Automata.clkp-set A) finite ( Timed-Automata.collect-clkvt
(trans-of A))
V (-,m:real) € Timed-Automata.clkp-set A. m € N
obtains k :: 'c = nat where Timed-Automata.valid-abstraction A (clk-set
A) k
(proof )

definition

finite-ta A =

finite (Timed-Automata.clkp-set A) A finite ( Timed-Automata.collect-clkuvt
(trans-of A))

A (V(-,m) € Timed-Automata.clkp-set A. m € N) A clk-set A # {} A
—clk-set A # {}

lemma finite-ta-Regions'”:
fixes A :: ('a, 'c, real, 's) ta
assumes finite-ta A
obtains v n z where Regions’ (clk-set A) v n x

(proof)

lemma finite-ta-RegionsD:
fixes A :: ('a, 'c, t, 's) ta
assumes finite-ta A
obtains £ :: 'c = nat and v n r where
Regions' (clk-set A) v n x Timed-Automata.valid-abstraction A (clk-set
A) k
global-clock-numbering A v n
(proof )

definition valid-dbm where valid-dbm M n = dbm-int Mn A (V i < n. M
0i<0)

lemma dbm-positive:
assumes M 0 (v c) < 0v ¢ < n DBM-val-bounded v u M n
shows v ¢ > 0

(proof)

lemma valid-dbm-pos:

assumes valid-dbm M n

shows [M]yn C{u.V ccvec<n—uc>0}
(proof)
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lemma (in Regions’) V-alt-def:
shows {u.V c.cve>0ANve<n—uc>0}=1V

(proof)

end
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