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Abstract

Tarski’s axioms of plane geometry are formalized and, using the
standard real Cartesian model, shown to be consistent. A substantial
theory of the projective plane is developed. Building on this theory, the
Klein—Beltrami model of the hyperbolic plane is defined and shown to
satisfy all of Tarski’s axioms except his Euclidean axiom; thus Tarski’s
FEuclidean axiom is shown to be independent of his other axioms of
plane geometry.

An earlier version of this work was the subject of the author’s MSc
thesis [2], which contains natural-language explanations of some of the
more interesting proofs.
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1 Metric and semimetric spaces

theory Metric
imports HOL— Analysis. Multivariate- Analysis

begin

locale semimetric =
fixes dist :: 'p = 'p = real
assumes nonneg [simp|: dist z y > 0
and eq-0 [simp]: distzy =0 — =1y
and symm: dist x y = dist y x

begin



lemma refl [simp|: dist  x = 0

(proof )
end

locale metric =
fixes dist :: 'p = 'p = real
assumes [simp]: distzy = 0 +— z =y
and triangle: dist x z < dist y x + dist y 2z

sublocale metric < semimetric

(proof)

definition norm-dist :: ('a::real-normed-vector) = 'a = real where
[simp]: norm-dist x y = norm (z — v)

interpretation norm-metric: metric norm-dist

(proof)

end

2 Miscellaneous results

theory Miscellany
imports Metric
begin

lemma unordered-pair-element-equality:
assumes {p, ¢} = {r, s}and p=1r
shows ¢ = s
(proof)

lemma unordered-pair-equality: {p, ¢} = {q, p}
(proof)

lemma cosine-rule:

fixes a b ¢ :: real ~ ('n::finite)

shows (norm-dist a ¢)? =

(norm-dist a b)? + (norm-dist b ¢)*> + 2 x ((a — b) - (b — ¢))
(proof)

lemma scalar-equiv: v s x = r g «
(proof )

lemma norm-dist-dot: (norm-dist z y)?> = (v — y) + (z — v)
{proof)

definition dep?2 :: 'a::real-vector = 'a = bool where
dep2uvE23Jwrs. u=r*g WA U=S5%p W



lemma real2-eq:
fixes u v :: real 2
assumes u$! = v$1 and u$2 = v$2
shows u = v

(proof)

definition rotate2 :: real”2 = real”2 where
rotate2 x = vector [—1$2, 1$1]

declare vector-2 [simp]

lemma rotate2 [simp):
(rotate2 )81 = —x$2
(rotate2 z)$2 = 2$1
{proof)

lemma rotate2-rotate2 [simpl: rotate2 (rotate2 r) = —zx
(proof)

lemma rotate2-dot [simp]: (rotate2 u) - (rotate2 v) = u -+ v
{proof)

lemma rotate2-scaleR [simp]: rotate2 (k xr ) = k % (rotate2 x)
(proof)

lemma rotate2-uminus [simp): rotate2 (—z) = —(rotate2 x)

(proof)

lemma rotate2-eq [iff]: rotate2 & = rotate2 y +— z =y
(proof)

lemma dot2-rearrange-1:

fixes u z :: real”2

assumes u - ¢ = 0 and 281 # 0

shows u = (u$2 / 281) xg (rotate2 z) (is u = ?u’)
(proof)

lemma dot2-rearrange-2:
fixes u z :: real”2
assumes u - z = 0 and z$2 # 0
shows u = —(u$1 / 282) *g (rotate2 z) (is u = ?u’)

(proof)

lemma dot2-rearrange:
fixes u z :: real 2
assumes v - z = ( and z # 0
shows Jk. u = k xg (rotate2 x)

(proof)



lemma real2-orthogonal-dep2:
fixes v v z :: Teal 2
assumes z # 0and u -z =0 and v -z = 0
shows dep2 u v

(proof)

lemma dot-left-diff-distrib:
fixes v vz :: Tealn
shows (v —v) -z = (u-2) — (v x)

{(proof)

lemma dot-right-diff-distrib:
fixes v vz :: Tealn
shows z - (u — v) = (z - u) — (2 - v)

(proof)

lemma am-gm2:
fixes a b :: real
assumes a¢ > ( and b > 0
shows sqrt (a *x b) < (a + b) /
and sqrt (a * b) = (a + b) / 2
(proof )

lemma refl-on-allrel: refl-on A (A x A)
{proof)
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lemma refi-on-restrict:
assumes refl-on A r
shows refl-on (AN B) (rN B x B)

(proof)

lemma sym-alilrel: sym (A x A)

{proof)

lemma sym-restrict:
assumes sym r
shows sym (r N A x A)

(proof)

lemma trans-allrel: trans (A x A)
{proof)

lemma equiv-Int:
assumes equiv A r and equiv B s
shows equiv (AN B) (r N s)

(proof)

lemma equiv-allrel: equiv A (A x A)

{proof)



lemma equiv-restrict:
assumes equiv A r
shows equiv (AN B) (r N B x B)

(proof)

lemma invertible-times-eq-zero:
fixes z :: real™'n and A :: real 'n"'n
assumes invertible A and A xv x = 0
shows z = 0

(proof)

lemma times-invertible-eq-zero:
fixes z :: real”'n and A :: real'n"'n
assumes invertible A and z vx A = 0
shows z = 0

(proof)

lemma matriz-id-invertible:
invertible (mat 1 :: (‘a::semiring-1)""'n""n)
(proof)

lemma Image-refl-on-nonempty:
assumes refl-on A rand z € A
shows z € r‘{z}

(proof)

lemma quotient-element-nonempty:
assumes equiv A rand X € A//r
shows 3 z. z € X

(proof)

lemma zero-3: (3:3) = 0
{proof)

lemma card-suc-ge-insert:
fixes A and z
shows card A + 1 > card (insert z A)

{proof)

lemma card-le-UNIV:
fixes A :: ('n::finite) set
shows card A < CARD('n)
(proof)

lemma partition-Image-element:
assumes equiv A rand X € A//r and z € X
shows r‘{z} = X
{proof)



lemma card-insert-ge: card (insert x A) > card A
{proof)

lemma choose-1:
assumes card S = 1
shows 3 z. S = {z}

{proof)

lemma choose-2:
assumes card S = 2
shows 3 z y. S = {z,y}

(proof)

lemma choose-3:
assumes card S = 3
shows 3 zy 2. § = {z,y,2}

(proof)

lemma card-gt-0-diff-singleton:
assumes card S > 0 and z € S
shows card (S — {z}) = card S — 1

(proof)

lemma eq-3-or-of-3:

fixes j :: 4

shows j = 3 V (3 j":3. j = of-int (Rep-bitl j'))
(proof)

lemma sgn-plus:
fixes z y :: 'a::linordered-idom
assumes sgn r = sgn y
shows sgn (z + y) = sgn z
(proof)

lemma sgn-div:
fixes z y :: 'a::linordered-field
assumes y # 0 and sgn © = sgn y
shows z / y > 0

{proof)

lemma abs-plus:
fixes = y :: 'a::linordered-idom
assumes sgn r = sgn y
shows |z + y| = |2 + |y|
(proof)

lemma sgn-plus-abs:
fixes = y :: 'a::linordered-idom



assumes |z| > |y
shows sgn (z + y) = sgn z
(proof)

end

3 Tarski’s geometry

theory Tarski
imports Complez-Main Miscellany Metric
begin

3.1 The axioms

The axioms, and all theorems beginning with th followed by a number, are
based on corresponding axioms and theorems in [3].

locale tarski-first3 =
fixes C:'p="p="p="p= bool («--=--199,99,99,99] 50)
assumes A1:Vab ab=ba
and A2:Vabpgrs.ab=pqgAhab=rs—pqg=rs
and A3:Vabc.ab=cc—a=0»

locale tarski-firsts = tarski-first3 +

fixes B:: 'p = 'p = 'p = bool

assumes A/:Vqgabec dJx. BgazNax=bc

and A5:Vabeda b c'd. aAbANBabcAhNBa b
ANab=a'b’ANbe=bc'’Nad=a"d NDb

d=b"d’

— cd=c"d

locale tarski-absolute-space = tarski-firstd +
assumes A6:Vab. Baba— a=1b
and A7:Vabepg BapcANBbqge— (3z. BpaxbA Bgquza)

and A11:VXY. 3aVzy.zeXANyeY — Bazxy)
— (b Vzy ze XANyeY — Baby)

locale tarski-absolute = tarski-absolute-space +

assumes A8: Jabc. - BabcAN—-BbcaAN—-Bcabd

and A9:Vpqabe.p#qgNhap=aqANbp=bqgqAhcp=cq
— BabcVvV BbcaV Bcab

locale tarski-space = tarski-absolute-space +
assumes A10:Vabcdt. BadtANBbdcANa#d
— (Jzy. BabzABacyANBzxty)

locale tarski = tarski-absolute + tarski-space



3.2 Semimetric spaces satisfy the first three axioms

context semimetric

begin
definition smC :: 'p = 'p = 'p = 'p = bool (¢- - =5 - - [99,99,99,99] 50)
where [simp|: a b =g, ¢ d = dist a b = dist c d
end

sublocale semimetric < tarski-first3 smC

(proof)

3.3 Some consequences of the first three axioms

context tarski-firsts
begin
lemma A1 ab="ba

(proof)

lemma A2 Jab=pgab=rs]=pqg=rs
(proof)

lemma A3 ab=cc= a=10

(proof)

theorem th2-1: a b=ab
(proof )

theorem th2-2: ab=cd = cd=ab
(proof)

theorem th2-3: [ab=cd;cd=ef]=ab=cef
(proof )

theorem th2-/: ab=cd = ba=cd
(proof)

theorem th2-5: ab=cd = ab=dc
(proof )

definition is-segment :: 'p set = bool where
is-segment X £ 3z y. X = {z, y}

definition segments :: 'p set set where
segments = {X. is-segment X}

definition SC :: 'p set = 'p set = bool where
SCXY23wryz X={w a2} ANY={y, 2} Awz=yz

definition SC-rel :: (p set x 'p set) set where
SC-rel ={(X,Y)| XY.SCXY}



lemma left-segment-congruence:
assumes {a, b} = {p, ¢t and pg=-cd
shows a b= c d

(proof )

lemma right-segment-congruence:
assumes {c, d} = {p, ¢} and ab=pq
shows a b= c d

(proof)

lemma C-SC-equiv: a b = ¢ d = SC {a, b} {c, d}
{proof)

lemma SC-rel-subset: SC-rel C segments X segments
(proof )

lemmas SC-refl = th2-1 [simplified]

lemma SC-rel-refl: refl-on segments SC-rel
(proof )

lemma SC-sym:
assumes SC X Y
shows SC Y X

(proof)

lemma SC-sym”= SCX Y =8SCY X
(proof )

lemma SC-rel-sym: sym SC-rel
(proof )

lemma SC-trans:
assumes SC X Y and SC Y Z
shows SC X Z

(proof)

lemma SC-rel-trans: trans SC-rel
(proof )

lemma A3-reversed:
assumes a a = b ¢
shows b = ¢

{proof)

lemma equiv-segments-SC-rel: equiv segments SC-rel

(proof)
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end

3.4 Some consequences of the first five axioms

context tarski-firsts

begin
lemma A4 3z. BqazNaz=bc
(proof)
theorem th2-8: a a =bb
(proof )

definition OFS :: ['p,'p,’n,’n,’p,’p,’p,’D] = bo0l Where
OFSabecda b ¢ d 2
BabcABa'bc’'Nab=a"b’ANbec=bc’ANad=a"d’" ANbd=b"d’

lemma A5 [OFSabcda' b ¢’ da#b) = cd=c'd
{proof)

theorem th2-11:
assumes hypotheses:

Babec

Ba'b'c

ab=a'b’

bec=1b ¢’
shows a ¢ = a’ ¢’
(proof )

lemma A4-unique:
assumes ¢ # aand Bgazand az = b ¢
and Bgqaz'andaz' =bc
shows z = z’

(proof)

theorem th2-12:
assumes ¢ # a
shows dlz. Bqgax Naxz=bc

(proof)

end

3.5 Simple theorems about betweenness

theorem (in tarski-first5) th3-1: Ba b b
(proof)

context tarski-absolute-space
begin
lemma A6"
assumes Ba b a
shows a = b

11



{proof)

lemma A7
assumes Bapcand Bbqc
shows dz. Bpxzb AN Bqgzxa

{proof)

lemma A11"
assumesV zy.z€ X ANyeY — Bazy
shows 3 b.Vzy z€e XANyeY —Bzby

(proof)

theorem th3-2:
assumes Ba b ¢
shows Bcba

(proof)

theorem th3-4:
assumes Babcand Bbac
shows a = b

(proof)

theorem th3-5-1:
assumes Babdand Bbcd
shows Ba b ¢

(proof)

theorem th3-6-1:
assumes Babcand Bacd
shows Bbc d

(proof)

theorem th3-7-1:
assumes b #% cand Babcand Bbcd
shows Ba cd

{proof)

theorem th3-7-2:
assumes b #% cand Babcand Bbcd
shows Ba b d

(proof )
end

3.6 Simple theorems about congruence and betweenness

definition (in tarski-first5) Col :: 'p = 'p = 'p = bool where
Colabc2 BabeVBbcaVBceab

end

12



4 Real Euclidean space and Tarski’s axioms

theory Fuclid-Tarski
imports Tarski
begin

4.1 Real Euclidean space satisfies the first five axioms

abbreviation
real-euclid-C' :: [real ('n::finite), real ('n), real ('n), real™('n)] = bool
(- - =g - - [99,99,99,99] 50) where
real-euclid-C' & norm-metric.smC

definition real-euclid-B :: [real ('n::finite), real ('n), real ('n)] = bool
(«Bx - - - [99,99,99] 50) where
BrabcZ23L0<IANI<IAb—a=1x%p(c— a)

interpretation real-euclid: tarski-first5 real-euclid-C real-euclid-B
(proof)

4.2 Real Euclidean space also satisfies axioms 6, 7, and 11

lemma rearrange-real-euclid-B:

fixes wy z :: real ('n) and h

shows y —w=hx*g (z —w)+—y=hxg 2+ (I —h) g w
(proof)

interpretation real-euclid: tarski-absolute-space real-euclid-C real-euclid-B

(proof)

4.3 Real Euclidean space satisfies the Euclidean axiom

lemma rearrange-real-euclid-B-2:

fixes a b ¢ :: real ('n:finite)

assumes [ # 0

shows b —a=1lx*g (c—a)+— c=(1/))xr b+ (1 — 1/]) *g a
(proof)

interpretation real-euclid: tarski-space real-euclid-C real-euclid-B
(proof)

4.4 The real Euclidean plane

lemma Col-dep2:
real-euclid.Col a b ¢ «— dep2 (b — a) (¢ — a)

(proof)

lemma non-Col-example:
—(real-euclid. Col 0 (vector [1/2,0] :: real”2) (vector [0,1/2]))
(is = (real-euclid.Col ?a ?b %c))

13



(proof)

interpretation real-euclid:
tarski real-euclid-C'::([real ™2, real”2, real”2, real”2] = bool) real-euclid-B

(proof)

4.5 Special cases of theorems of Tarski’s geometry

lemma real-euclid-B-disjunction:
assumes | > 0 and b — a =l g (¢ — a)
shows BR abcV Bracbh

(proof)

The following are true in Tarski’s geometry, but to prove this would
require much more development of it, so only the Euclidean case is proven
here.

theorem real-euclid-th5-1:
assumes a # band Br abcand Br a b d
shows BR acdV Br adc

(proof)

theorem real-euclid-th5-3:
assumes Br a bdand Br acd
shows BR abcV Bracb

(proof)

end

5 Linear algebra

theory Linear-Algebra2
imports Miscellany
begin

lemma exhaust-4:
fixes x :: 4
showsz=1Vzez=2Vze=38Vaze=/
(proof)

lemma forall-4: (V i:4. Pi)+— P1ANP2ANP3ANP/
(proof)

lemma UNIV-4: (UNIV::(4 set)) = {1, 2, 3, 4}
(proof )

lemma vector-4:
fixes w :: ‘a::zero
shows (vector [w, z, y, 2] :: 'a™4)$1 = w
and (vector [w, z, y, 2] = 'a”4)$2 =z

14



and (vector |w, z, y, 2] = 'a™4)$3 =y
and (vector |w, z, y, 2] = 'a™4)$4 = 2
(proo)

definition

is-basis :: (real”'n) set = bool where
is-basis S & independent S A span S = UNIV

lemma card-finite:
assumes card S = CARD('n::finite)
shows finite S

(proof)

lemma independent-is-basis:
fixes B :: (real™n) set
shows independent B A card B = CARD('n) <+— is-basis B

(proof)

lemma basis-finite:
fixes B :: (real™n) set
assumes is-basis B
shows finite B

(proof)

lemma basis-expand:

assumes is-basis B

shows J¢. v = (D, weB. (¢ w) *xg w)
(proof)

lemma not-span-independent-insert:
fixes v :: (“areal-vector) 'n
assumes independent S and v ¢ span S
shows independent (insert v S)

{proof)

lemma orthogonal-sum:
fixes v :: real™n
assumes Aw. weS = orthogonal v w
shows orthogonal v (> weS. ¢ w *s w)

{proof)

lemma orthogonal-self-eq-0:
fixes v :: (‘a:real-inner) 'n
assumes orthogonal v v
shows v = 0

{proof)

lemma orthogonal-in-span-eq-0:
fixes v :: real™'n

15



assumes v € span S and Aw. weS = orthogonal v w
shows v = 0

{proof)

lemma orthogonal-independent:
fixes v :: real ’n
assumes independent S and v # 0 and Aw. weS = orthogonal v w
shows independent (insert v S)

{proof)

lemma dot-scaleR-mult:
shows (kxg a) b=k« (a-b)and a- (k*xg b) =k« (a-Db)
(proof )

lemma dependent-explicit-finite:
fixes S :: ((‘a::{real-vector,field}) 'n) set
assumes finite S
shows dependent S <— (3 u. (3 v€S. uwv # 0) A (D, vES. uw v *g v) = 0)

{proof)

lemma dependent-explicit-2:

fixes v w :: (‘a::{field,real-vector}) 'n

assumes v # w

shows dependent {v, w} <— (3 ij. (( #0Vi#O0)Nixgv+j*pw=0)
(proof)

5.1 Matrices

lemma zero-not-invertible:
ey

= (invertible (0::real 'n"'n))
(proof)

Based on matrix-vector-column in HOL /Multivariate_ Analysis/Euclidean_ Space.thy
in Isabelle 2009-1:

lemma vector-matriz-row:
fixes z :: (Ya::comm-semiring-1) 'm and A :: (‘la”'n""m)
shows z v« A = (> i€ UNIV. (2$i) xs (A487))
{proof )

lemma matriz-inv:
assumes invertible M
shows matriz-inv M *x M = mat 1
and M xx matriz-inv M = mat 1

{proof)

lemma matriz-inv-invertible:
assumes invertible M
shows invertible (matriz-inv M)

{proof)

16



lemma invertible-times-non-zero:
fixes M :: real'n"'n
assumes invertible M and v # 0
shows M v v # 0

{proof)

lemma matriz-right-invertible-ker:
fixes M :: real™('m::finite) n
shows (3 M. M xx M'=mat 1) +— YV z.2vx M =0 — 2z = 0)
(proof )

lemma left-invertible-iff-invertible:
fixes M :: real'n"'n
shows (3 N. N xx M = mat 1) <— invertible M
(proof )

lemma right-invertible-iff-invertible:
fixes M :: real'n"'n
shows (3 N. M «x N = mat 1) <— invertible M
(proof )

definition symmatriz :: ‘a”'n"'n = bool where
symmatrizc M £ transpose M = M

lemma symmatriz-preserve:
fixes M N :: (‘a::comm-semiring-1)"'n"'n
assumes symmatriz M
shows symmatriz (N sx M xx transpose N)

(proof)

lemma non-zero-mult-invertible-non-zero:
fixes M :: real”'n"'n
assumes v # 0 and invertible M
shows v vx M # 0

{proof)

end

6 Right group actions

theory Action
imports HOL— Algebra. Group
begin

locale action = group +
fixes act :: 'b = 'a = 'b (infixl <o) 69)
assumes id-act [simp]: b <o 1 =)
and act-act”:

17



g € carrier G A h € carrier G — (b <o g) <oh =b <0 (9 ® h)
begin

lemma act-act:
assumes g € carrier G and h € carrier G
shows (b <o g) <oh =b <o (g ® h)
(proof)

lemma act-act-inv [simp):
assumes ¢ € carrier G
shows b <o g <oinv g = >

(proof)

lemma act-inv-act [simpl:
assumes ¢ € carrier G
shows b <o inv g <og=1>

(proof)

lemma act-inv-iff:
assumes ¢ € carrier G
shows b <oinvg=c+—b=c<ogyg

(proof)

end

end

7 Projective geometry

theory Projective
imports Linear-Algebra2
Fuclid-Tarski
Action

begin

7.1 Proportionality on non-zero vectors
context vector-space

begin

definition proportionality :: ('b x 'b) set where
proportionality = {(z, y). t # 0 ANy # 0 A (3k. z = scale k y)}

definition non-zero-vectors :: 'b set where
A
non-zero-vectors = {z. © # 0}

lemma proportionality-subset:
local.proportionality C local.non-zero-vectors X local.non-zero-vectors

(proof)

18



lemma proportionality-refl-on: refl-on local.non-zero-vectors local.proportionality
(proof)

lemma proportionality-sym: sym local.proportionality

{proof)

lemma proportionality-trans: trans local.proportionality

{proof)

theorem proportionality-equiv: equiv local.non-zero-vectors local.proportionality

(proof)

end

definition invertible-proportionality ::
((real ('n::finite) 'n) X (real'n"'n)) set where
invertible-proportionality =
real-vector.proportionality N (Collect invertible x Collect invertible)

lemma invertible-proportionality-equiv:
equiv (Collect invertible :: (real ('n::finite) ~'n) set)
invertible-proportionality
(is equiv %invs -)

(proof)

7.2 Points of the real projective plane

typedef proj2 = (real-vector.non-zero-vectors :: (real”3) set)//real-vector.proportionality

(proof)

definition proj2-rep :: proj2 = real”3 where
proj2-rep x £ € v. v € Rep-proj2

definition proj2-abs :: real”3 = proj2 where
proj2-abs v =& Abs-proj2 (real-vector.proportionality “ {v})

lemma proj2-rep-in: proj2-rep © € Rep-proj2 x

(proof)

lemma proj2-rep-non-zero: proj2-rep x # 0

(proof)

lemma proj2-rep-abs:
fixes v :: real”™3
assumes v € real-vector.non-zero-vectors
shows (v, proj2-rep (proj2-abs v)) € real-vector.proportionality

(proof)
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lemma proj2-abs-rep: proj2-abs (proj2-rep x) = x
(proof)

lemma proj2-abs-mult:

assumes ¢ # 0

shows proj2-abs (¢ *r v) = proj2-abs v
(proof)

lemma proj2-abs-mult-rep:
assumes ¢ # 0
shows proj2-abs (¢ xr proj2-rep x) = x
(proof)

lemma proj2-rep-ing: inj proj2-rep

(proof)

lemma proj2-rep-abs2:

assumes v # 0

shows 3 k. k # 0 A proj2-rep (proj2-abs v) = k g v
(proof)

lemma proj2-abs-abs-mult:
assumes proj2-abs v = proj2-abs w and w # 0
shows 34 c. v = ¢ *g w

(proof)

lemma dependent-proj2-abs:
assumes p £~ Oand g # Oand i A0V j# 0and i xg p+ j*xg ¢ =0
shows proj2-abs p = proj2-abs q

(proof)

lemma proj2-rep-dependent:
assumes 7 xp proj2-rep v + j xg proj2-rep w = 0
(isi*xp %p + j*r 9= 0)
and i A0V j#0
shows v = w

(proof)

lemma proj2-rep-independent:

assumes p # ¢

shows independent {proj2-rep p, proj2-rep q}
(proof)

7.3 Lines of the real projective plane

definition proj2-Col :: [proj2, proj2, proj2] = bool where
proj2-Col p q r &
(3 ijk. i xp proj2-rep p + j xg proj2-rep q + k xg proj2-rep r = 0
A (10 V j#0 V k#£0))
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lemma proj2-Col-abs:
assumes p# Jand g# Oandr# 0andi# 0V j# 0V k#0
andi*xgp+j*pq+k*xpr=20
shows proj2-Col (proj2-abs p) (proj2-abs q) (proj2-abs r)
(is proj2-Col ?pp ?pq ?pr)
(proof)

lemma proj2-Col-permute:
assumes proj2-Col a b ¢
shows proj2-Col a c b
and proj2-Col b a c

(proof)

lemma proj2-Col-coincide: proj2-Col a a ¢

(proof)

lemma proj2-Col-iff:

assumes a # 1

shows proj2-Col a r t +—

t=aV (3 i t=proj2-abs (i xg (proj2-rep a) + (proj2-rep r)))
(proof)

definition proj2-Col-coeff :: proj2 = proj2 = proj2 = real where
proj2-Col-coeff a r t £ € i. t = proj2-abs (i xg proj2-rep a + proj2-rep r)

lemma proj2-Col-coeff:

assumes proj2-Col a vt and a # r and t # a

shows t = proj2-abs ((proj2-Col-coeff a r t) xg proj2-rep a + proj2-rep r)
(proof)

lemma proj2-Col-coeff-unique’:
assumes a # 0 and r # 0 and proj2-abs a # proj2-abs r
and proj2-abs (i *g a + 1) = proj2-abs (j *g a + 1)
shows i = j

(proof)

lemma proj2-Col-coeff-unique:
assumes a # r
and proj2-abs (i *xp proj2-rep a + proj2-rep )
= proj2-abs (j g proj2-rep a + proj2-rep r)
shows i = j

(proof)
datatype proj2-line = P2L proj2

definition L2P :: proj2-line = proj2 where
L2P 1 £ case l of P2L p = p
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lemma L2P-P2L [simp]: L2P (P2L p) = p
{proof)

lemma P2L-L2P [simp]: P2L (L2P 1) =
{proof)

lemma L2P-inj [simp]:
assumes L2P | = L2P m
shows [ = m

(proof)

lemma P2L-to-L2P: P2L p = | +— p = L2P |
(proof )

definition proj2-line-abs :: real”8 = proj2-line where
proj2-line-abs v = P2L (proj2-abs v)

definition proj2-line-rep :: proj2-line = real”3 where
proj2-line-rep | = proj2-rep (L2P )

lemma proj2-line-rep-abs:
assumes v % 0
shows 3 k. k # 0 A proj2-line-rep (proj2-line-abs v) = k xg v
(proof )

lemma proj2-line-abs-rep [simp): proj2-line-abs (proj2-line-rep 1) = 1
(proof )

lemma proj2-line-rep-non-zero: proj2-line-rep | # 0
(proof )

lemma proj2-line-rep-dependent:
assumes i xg proj2-line-rep | + j xp proj2-line-rep m = 0
and i # 0V j#0
shows [ = m
(proof )

lemma proj2-line-abs-mult:
assumes k # 0
shows proj2-line-abs (k *p v) = proj2-line-abs v
(proof )

lemma proj2-line-abs-abs-mult:
assumes proj2-line-abs v = proj2-line-abs w and w # 0
shows 3 k. v = k xgp w
(proof )

definition proj2-incident :: proj2 = proj2-line = bool where
proj2-incident p 1 & (proj2-rep p) - (proj2-line-rep 1) = 0
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lemma proj2-points-define-line:
shows 3 [. proj2-incident p | N\ proj2-incident q 1
(proof )

definition proj2-line-through :: proj2 = proj2 = proj2-line where
proj2-line-through p q £ € 1. proj2-incident p | A proj2-incident q

lemma proj2-line-through-incident:
shows proj2-incident p (proj2-line-through p q)
and proj2-incident q (proj2-line-through p q)
(proof)

lemma proj2-line-through-unique:
assumes p # ¢q and proj2-incident p | and proj2-incident q |
shows [ = proj2-line-through p q

(proof)

lemma proj2-incident-unique:
assumes proj2-incident p [
and proj2-incident q [
and proj2-incident p m
and proj2-incident ¢ m
shows p=¢q¢VIi=m
(proof)

lemma proj2-lines-define-point: 3 p. proj2-incident p I A proj2-incident p m
(proof)

definition proj2-intersection :: proj2-line = proj2-line = proj2 where
proj2-intersection | m = L2P (proj2-line-through (L2P 1) (L2P m))

lemma proj2-incident-switch:
assumes proj2-incident p [
shows proj2-incident (L2P 1) (P2L p)
(proof)

lemma proj2-intersection-incident:
shows proj2-incident (proj2-intersection I m) |
and proj2-incident (proj2-intersection [ m) m
(proof )

lemma proj2-intersection-unique:
assumes [ # m and proj2-incident p | and proj2-incident p m
shows p = proj2-intersection | m

(proof)

lemma proj2-not-self-incident:
= (proj2-incident p (P2L p))
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{proof)

lemma proj2-another-point-on-line:
3 q. g # p A proj2-incident q 1
(proof)

lemma proj2-another-line-through-point:
3 m. m # 1 A proj2-incident p m
(proof)

lemma proj2-incident-abs:

assumes v # (0 and w # 0

shows proj2-incident (proj2-abs v) (proj2-line-abs w) <+— v+ w = 0
(proof)

lemma proj2-incident-left-abs:

assumes v # 0

shows proj2-incident (proj2-abs v) | <— v - (proj2-line-rep 1) = 0
(proof)

lemma proj2-incident-right-abs:

assumes v % 0

shows proj2-incident p (proj2-line-abs v) <— (proj2-rep p) - v =0
(proof)

definition proj2-set-Col :: proj2 set = bool where
proj2-set-Col S = 3 1. Y peS. proj2-incident p |

lemma proj2-subset-Col:
assumes T C S and proj2-set-Col S
shows proj2-set-Col T

(proof)

definition proj2-no-3-Col :: proj2 set = bool where
proj2-no-3-Col S = card S = 4 A (¥ p€S. = proj2-set-Col (S — {p}))

lemma proj2-Col-iff-not-invertible:
proj2-Col p q r
+— = invertible (vector [proj2-rep p, proj2-rep q, proj2-rep r| :: real"373)
(is - +— = invertible (vector [?u, ?v, ?w]))

(proof)

lemma not-invertible-iff-proj2-set-Col:
— dnvertible (vector [proj2-rep p, proj2-rep q, proj2-rep r| :: real " 373)
+— proj2-set-Col {p,q,r}
(is — invertible M <— -)

{(proof)

lemma proj2-Col-iff-set-Col:
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proj2-Col p q v <— proj2-set-Col {p,q,r}
(proof )

lemma proj2-incident-Col:
assumes proj2-incident p | and proj2-incident q | and proj2-incident r |
shows proj2-Col p q r

(proof)

lemma proj2-incident-iff-Col:
assumes p # ¢q and proj2-incident p | and proj2-incident q |
shows proj2-incident r | <— proj2-Col p q r

(proof)

lemma proj2-incident-iff:
assumes p # ¢q and proj2-incident p | and proj2-incident q |
shows proj2-incident r [
+——r=pV (3 k r=proj2-abs (k xg proj2-rep p + proj2-rep q))
(proof)

lemma not-proj2-set-Col-iff-span:

assumes card S = 3

shows — proj2-set-Col S +— span (proj2-rep S) = UNIV
(proof)

lemma proj2-no-3-Col-span:
assumes proj2-no-3-Col S and p € §
shows span (proj2-rep ‘(S — {p})) = UNIV
(proof)

lemma fourth-proj2-no-3-Col:
assumes — proj2-Col p q r
shows 3 s. proj2-no-3-Col {s,r,p,q}
(proof)

lemma proj2-set-Col-expand:
assumes proj2-set-Col S and {p,q,r} C Sand p # gand r # p
shows 3 k. r = proj2-abs (k xg proj2-rep p + proj2-rep q)
(proof)

7.4 Collineations of the real projective plane

typedef clin2 =
(Collect invertible :: (real”373) set)//invertible-proportionality
(proof)

definition clin2-rep :: clin2 = real” 3”3 where
cltn2-rep A £ € B. B € Rep-cltn2 A

definition cltn2-abs :: real " 373 = cltn2 where
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cltn2-abs B = Abs-clin2 (invertible-proportionality ““ { B})

definition cltn2-independent :: cltn2 set = bool where
cltn2-independent X = independent {cltn2-rep A | A. A € X}

definition apply-cltn2 :: proj2 = cltn2 = proj2 where
apply-cltn2 x A £ proj2-abs (proj2-rep x vx cltn2-rep A)

lemma cltn2-rep-in: cltn2-rep B € Rep-cltn2 B
{(proof)

lemma cltn2-rep-invertible: invertible (cltn2-rep A)
(proof)

lemma cltn2-rep-abs:
fixes A :: real”373
assumes invertible A
shows (A4, cltn2-rep (cltn2-abs A)) € invertible-proportionality

(proof)

lemma cltn2-rep-abs2:
assumes invertible A
shows 3 k. k # 0 A cltn2-rep (clin2-abs A) = k xp A

(proof)

lemma cltn2-abs-rep: cltn2-abs (cltn2-rep A) = A
(proof)

lemma cltn2-abs-mult:
assumes k # 0 and invertible A
shows cltn2-abs (k xg A) = cltn2-abs A

(proof)

lemma cltn2-abs-mult-rep:
assumes k # 0
shows cltn2-abs (k g cltn2-rep A) = A

(proof)

lemma apply-cltn2-abs:

assumes z # (0 and invertible A

shows apply-clin2 (proj2-abs x) (cltn2-abs A) = proj2-abs (xz v+ A)
{proof )

lemma apply-cltn2-left-abs:

assumes v # 0

shows apply-clin2 (proj2-abs v) C = proj2-abs (v vk clin2-rep C)
(proof)

lemma apply-cltn2-right-abs:
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assumes invertible M
shows apply-clin2 p (clin2-abs M) = proj2-abs (proj2-rep p vx M)
(proof)

lemma non-zero-mult-rep-non-zero:
assumes v # 0
shows v vx clin2-rep C # 0

{proof)

lemma rep-mult-rep-non-zero: proj2-rep p vk clin2-rep A # 0
(proof )

definition cltn2-image :: proj2 set = cltn2 = proj2 set where
cltn2-image P A & {apply-cltn2 p A | p. p € P}

7.4.1 As a group

definition cltn2-id :: cltn?2 where
cltn2-id = cltn2-abs (mat 1)

definition cltn2-compose :: cltn2 = cltn2 = cltn2 where
cltn2-compose A B & cltn2-abs (cltn2-rep A xx cltn2-rep B)

definition cltn2-inverse :: cltn2 = cltn2 where
cltn2-inverse A 2 cltn2-abs (matriz-inv (cltn2-rep A))

lemma cltn2-compose-abs:

assumes invertible M and invertible N

shows cltn2-compose (cltn2-abs M) (cltn2-abs N) = cltn2-abs (M *x N)
(proof)

lemma cltn2-compose-left-abs:
assumes invertible M
shows cltn2-compose (cltn2-abs M) A = cltn2-abs (M x cltn2-rep A)

(proof)

lemma cltn2-compose-right-abs:
assumes invertible M
shows cltn2-compose A (clin2-abs M) = cltn2-abs (cltn2-rep A *x M)

(proof)

lemma cltn2-abs-rep-abs-mult:
assumes invertible M and invertible N
shows cltn2-abs (cltn2-rep (cltn2-abs M) *x N) = clin2-abs (M *x N)

(proof)

lemma cltn2-assoc:
cltn2-compose (cltn2-compose A B) C = cltn2-compose A (cltn2-compose B C)
(proof)

27



lemma cltn2-left-id: cltn2-compose cltn2-id A = A
(proof)

lemma cltn2-left-inverse: cltn2-compose (cltn2-inverse A) A = cltn2-id

(proof)

lemma cltn2-left-inverse-ex:
3 B. cltn2-compose B A = cltn2-id

(proof)

interpretation cltn2:
group (|carrier = UNIV, mult = cltn2-compose, one = cltn2-id|)
(proof )

lemma cltn2-inverse-inv [simp]:
ZTL’U(‘

carrier = UNIV, mult = cltn2-compose, one = cltn2-id|) A
= cltn2-inverse A

{proof)

lemmas cltn2-inverse-id [simp] = cltn2.inv-one [simplified]
and cltn2-inverse-compose = cltn2.inv-mult-group [simplified)

7.4.2 As a group action

lemma apply-cltn2-id [simp]: apply-cltn2 p cltn2-id = p
(proof)

lemma apply-cltn2-compose:
apply-clin2 (apply-cltn2 p A) B = apply-cltn2 p (clin2-compose A B)
(proof)

interpretation cltn2:
action (|carrier = UNIV, mult = cltn2-compose, one = cltn2-id|) apply-clin2
(proof)

definition cltn2-transpose :: cltn2 = cltn2 where
cltn2-transpose A = cltn2-abs (transpose (cltn2-rep A))

definition apply-cltn2-line :: proj2-line = clin2 = proj2-line where
apply-cltn2-line | A
2 P2L (apply-cltn2 (L2P 1) (cltn2-transpose (cltn2-inverse A)))

lemma cltn2-transpose-abs:
assumes invertible M
shows cltn2-transpose (cltn2-abs M) = cltn2-abs (transpose M)

{(proof)

lemma cltn2-transpose-compose:
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cltn2-transpose (cltn2-compose A B)
= cltn2-compose (cltn2-transpose B) (cltn2-transpose A)

(proof)

lemma cltn2-transpose-transpose: cltn2-transpose (cltn2-transpose A) = A

(proof)

lemma cltn2-transpose-id [simp]: clin2-transpose clin2-id = cltn2-id
(proof )

lemma apply-cltn2-line-id [simpl: apply-cltn2-line | cltn2-id = 1
(proof )

lemma apply-cltn2-line-compose:
apply-clin2-line (apply-clin2-line | A) B
= apply-cltn2-line | (cltn2-compose A B)
(proof)

interpretation cltn2-line:
action
(|carrier = UNIV, mult = cltn2-compose, one = cltn2-id|)
apply-cltn2-line

(proof)

lemmas apply-cltn2-inv [simp] = cltn2.act-act-inv [simplified)
lemmas apply-cltn2-line-inv [simp] = cltn2-line.act-act-inv [simplified)

lemma apply-clin2-line-alt-def:

apply-cltn2-line | A

= proj2-line-abs (cltn2-rep (cltn2-inverse A) *v proj2-line-rep [)
{proof )

lemma rep-mult-line-rep-non-zero: cltn2-rep A xv proj2-line-rep | # 0
(proof)

lemma apply-cltn2-incident:

proj2-incident p (apply-clin2-line | A)

+— proj2-incident (apply-clin2 p (clin2-inverse A)) 1
(proof)

lemma apply-cltn2-preserve-incident [iff]:
proj2-incident (apply-cltn2 p A) (apply-cltn2-line | A)
< proj2-incident p [

{proof)

lemma apply-cltn2-preserve-set-Col:

assumes proj2-set-Col S

shows proj2-set-Col {apply-cltn2 p C | p. p € S}
(proof)
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lemma apply-cltn2-injective:
assumes apply-cltn2 p C = apply-cltn2 q C
shows p = ¢

(proof)

lemma apply-clin2-line-injective:
assumes apply-clin2-line | C = apply-cltn2-line m C
shows [ = m

{(proof)

lemma apply-clin2-line-unique:
assumes p # g and proj2-incident p | and proj2-incident q |
and proj2-incident (apply-cltn2 p C) m
and proj2-incident (apply-cltn2 g C) m
shows apply-cltn2-line | C' = m
(proof)

lemma apply-cltn2-unique:
assumes | # m and proj2-incident p | and proj2-incident p m
and proj2-incident q (apply-cltn2-line | C)
and proj2-incident q (apply-cltn2-line m C')
shows apply-cltn2 p C' = ¢
(proof)

7.4.3 Parts of some Statements from [1]

All theorems with names beginning with statement are based on correspond-
ing theorems in [1].

lemma statement52-existence:
fixes a :: proj2-3 and a3 :: proj2
assumes proj2-no-3-Col (insert a3 (range (($)
shows 3 A. apply-cltn2 (proj2-abs (vector [1,1,
(V 4. apply-cltn2 (proj2-abs (azis j 1)) A = a$j)
(procf)

a)))
1) A= a3 A

lemma statement53-existence:
fixes p :: proj2=4 2
assumes V i. proj2-no-3-Col (range ((3) (p$7)))
shows 3 C.V j. apply-clin2 (p$0%j) C = p$13j
(proof )

lemma apply-clin2-linear:
assumes j xp v + k xp w # 0
shows j xp (v v* cltn2-rep C) + k xg (w vx clin2-rep C) # 0
(is %u # 0)
and apply-clin2 (proj2-abs (j xgr v + k xg w)) C
= proj2-abs (j *r (v vx cltn2-rep C) + k *r (w v+ clin2-rep C))
(proof )
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lemma apply-clin2-imp-mult:

assumes apply-cltn2 p C = ¢

shows 3 k. k£ # 0 A proj2-rep p vk clin2-rep C = k xg proj2-rep q
(proof )

lemma statement55:

assumes p # ¢

and apply-clin2 p C = ¢

and apply-clin2 q C = p

and proj2-incident p 1

and proj2-incident q 1

and proj2-incident r 1

shows apply-cltn2 (apply-cltn2 r C) C = r
(proof)

7.5 Cross ratios

definition cross-ratio :: proj2 = proj2 = proj2 = proj2 = real where
cross-ratio p q r s = proj2-Col-coeff p q s | proj2-Col-coeff p q r

definition cross-ratio-correct :: proj2 = proj2 = proj2 = proj2 = bool where
cross-ratio-correct p q v S =

proj2-set-Col {p,q,r,s} Np# qAr#pANsEpAr#q

lemma proj2-Col-coeff-abs:
assumes p # g and j # 0
shows proj2-Col-coeff p q (proj2-abs (i xg proj2-rep p + j *xg proj2-rep q))
=i/j
(is proj2-Col-coeff p q ?r = i/j)
(proof)

lemma proj2-set-Col-coeff:
assumes proj2-set-Col S and {p,q,r} C Sand p # gand r # p
shows r = proj2-abs (proj2-Col-coeff p q v *r proj2-rep p + proj2-rep q)
(is r = proj2-abs (%i *p 2u + %v))

(proof)

lemma cross-ratio-abs:
fixes uv: real”3 and i j k| :: real
assumes u # 0 and v # 0 and proj2-abs u # proj2-abs v
and j # 0 and [ # 0
shows cross-ratio (proj2-abs u) (proj2-abs v)
(proj2-abs (i *g u + j xg v))
(proj2-abs (k xgp v + | xg v))
=jxk/(ix]l)
(is cross-ratio %p 2q 2r 9s = -)
(proof)
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lemma cross-ratio-abs2:
assumes p # ¢
shows cross-ratio p q
(proj2-abs (i xg proj2-rep p + proj2-rep q))
(proj2-abs (j g proj2-rep p + proj2-rep q))
=j/i
(is cross-ratio p q ?r %s = -)

(proof)

lemma cross-ratio-correct-clin2:
assumes cross-ratio-correct p q v s
shows cross-ratio-correct (apply-clin2 p C) (apply-cltn2 q C)
(apply-clin2 r C) (apply-cltn2 s C)
(is cross-ratio-correct ?pC 2qC ?rC ?sC)

(proof)

lemma cross-ratio-cltn2:
assumes proj2-set-Col {p,q,r,s} and p # g and r # p and s # p
shows cross-ratio (apply-clin2 p C) (apply-clin2 q C)
(apply-cltn2 r C) (apply-cltn2 s C')
= cross-ratiop q r s
(is cross-ratio ?pC 2qC ?rC 2sC = -)
(proof)

lemma cross-ratio-unique:
assumes cross-ratio-correct p q v s and cross-ratio-correct p q r t
and cross-ratio p q r § = cross-ratio p q r t
shows s =t

(proof)

lemma cltn2-three-point-line:
assumes p # gand r # pand r #£ ¢
and proj2-incident p | and proj2-incident q | and proj2-incident r 1
and apply-cltn2 p C' = p and apply-cltn2 q C' = q and apply-cltn2 r C = r
and proj2-incident s |
shows apply-clin2 s C = s (is 7sC = s)
(proof )

lemma cross-ratio-equal-cltn2:
assumes cross-ratio-correct p q v s
and cross-ratio-correct (apply-cltn2 p C) (apply-clin2 q C')
(apply-cltn2 r C) ¢
(is cross-ratio-correct ?pC 2qC 2rC t)
and cross-ratio (apply-cltn2 p C) (apply-clin2 q C) (apply-cltn2 r C) t
= cross-ratiop q T s
shows ¢t = apply-cltn2 s C (is t = ?s5C)
(proof)

lemma proj2-Col-distinct-coeff-non-zero:
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assumes proj2-Colp ¢qr and p # gand r # p and r # ¢
shows proj2-Col-coeff p q r # 0
(proof)

lemma cross-ratio-product:
assumes proj2-Col p ¢ s and p # ¢ and s # p and s # ¢
shows cross-ratio p q r s * cross-ratio p q s t = cross-ratio p q r t

(proof)

lemma cross-ratio-equal-1:
assumes proj2-Colp qr and p # gand r # p and r # ¢
shows cross-ratio p qrr =1

(proof)

lemma cross-ratio-1-equal:
assumes cross-ratio-correct p q v s and cross-ratio p qr s = 1
shows r = s

(proof)

lemma cross-ratio-swap-34:
shows cross-ratio p ¢ s v = 1 / (cross-ratio p q 1 s)

{proof)

lemma cross-ratio-swap-13-24:
assumes cross-ratio-correct p ¢ r s and r # s
shows cross-ratio r s p ¢ = cross-ratiop q r s

(proof)

lemma cross-ratio-swap-12:
assumes cross-ratio-correct p q v s and cross-ratio-correct ¢ p v s
shows cross-ratio g p r s = 1 / (cross-ratio p q r s)

(proof)

7.6 Cartesian subspace of the real projective plane

definition vector2-appendl! :: real”2 = real”3 where
vector2-appendl v = vector [v$1, v$2, 1]

lemma vector2-appendl-non-zero: vector2-appendl v # 0

(proof)

definition proj2-pt :: real”2 = proj2 where
proj2-pt v 2 proj2-abs (vector2-appendl v)

lemma proj2-pt-scalar:

3 c. ¢ # 0 A proj2-rep (proj2-pt v) = c¢ *g vector2-appendl v
(proof)

abbreviation z-non-zero :: proj2 = bool where
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z-non-zero p = (proj2-rep p)$3 # 0

definition cart2-pt :: proj2 = real”2 where
cart2-pt p £
vector [(proj2-rep p)$1 | (proj2-rep p)$3, (proj2-rep p)$2 / (proj2-rep p)3$3]

definition cart2-appendl! :: proj2 = real”3 where
cart2-appendl p = (1 / ((proj2-rep p)$3)) *r proj2-rep p

lemma cart2-appendi-z:
assumes z-non-zero p
shows (cart2-appendl p)$3 = 1

{proof)

lemma cart2-appendI-non-zero:
assumes z-non-zero p
shows cart2-appendl p # 0

(proof)

lemma proj2-rep-cart2-appendl :
assumes 2z-non-zero p
shows proj2-rep p = ((proj2-rep p)$3) *r cart2-appendl p
(proof)

lemma proj2-abs-cart2-appendl :
assumes 2z-non-zero p
shows proj2-abs (cart2-appendl p) = p
(proof)

lemma cart2-appendi-ing:
assumes z-non-zero p and cart2-appendl p = cart2-appendl q
shows p = ¢

(proof)

lemma cart2-append?:
assumes 2-non-zero p
shows vector2-append! (cart2-pt p) = cart2-appendl p
(proof)

lemma cart2-proj2: cart2-pt (proj2-pt v) = v
(proof)

lemma z-non-zero-proj2-pt: z-non-zero (proj2-pt v)

(proof)

lemma cart2-appendl-proj2: cart2-appendl (proj2-pt v) = vector2-appendl v
{proof )

lemma proj2-pt-inj: inj proj2-pt
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{proof)

lemma proj2-cart2:

assumes 2-non-zero p

shows proj2-pt (cart2-pt p) = p
(proof)

lemma cart2-injective:
assumes z-non-zero p and z-non-zero q and cart2-pt p = cart2-pt q
shows p = ¢

(proof)

lemma proj2-Col-iff-euclid:
proj2-Col (proj2-pt a) (proj2-pt b) (proj2-pt ¢) +— real-euclid.Col a b ¢
(is proj2-Col ?p 2q 2r «— -)

(proof)

lemma proj2-Col-iff-euclid-cart2:
assumes z2-non-zero p and z-non-zero ¢ and z-non-zero r
shows
proj2-Col p q v +— real-euclid.Col (cart2-pt p) (cart2-pt q) (cart2-pt r)
(is - «— real-euclid.Col ?a ?b ?c)
(proof)

lemma euclid-Col-cart2-incident:
assumes z-non-zero p and z-non-zero ¢ and z-non-zero r and p # ¢
and proj2-incident p | and proj2-incident q |
and real-euclid.Col (cart2-pt p) (cart2-pt q) (cart2-pt r)
(is real-euclid.Col ?cp ?cq Zcr)
shows proj2-incident r [

{(proof)

lemma euclid-B-cart2-common-line:

assumes z-non-zero p and z-non-zero q¢ and z-non-zero r

and Br (cart2-pt p) (cart2-pt q) (cart2-pt r)

(is Br %cp ?cq Zer)

shows 3 [. proj2-incident p | N\ proj2-incident q | N\ proj2-incident r [
(proof)

lemma cart2-append1-between:

assumes z-non-zero p and z-non-zero q and z-non-zero

shows Bg (cart2-pt p) (cart2-pt q) (cart2-pt r)

+—— (Fk>0. k<1

A cart2-appendl q = k xgp cart2-appendl r + (1 — k) xr cart2-appendl p)
(proof)

lemma cart2-append1-between-right-strict:

assumes z-non-zero p and z-non-zero ¢ and z-non-zero r
and Br (cart2-pt p) (cart2-pt q) (cart2-pt r) and q # r
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shows 3 k>0. k < 1
A cart2-appendl q = k xgp cart2-appendl r + (1 — k) *r cart2-appendl p
(proof)

lemma cart2-appendl-between-strict:
assumes z-non-zero p and z-non-zero q¢ and z-non-zero r
and Bg (cart2-pt p) (cart2-pt q) (cart2-pt r) and ¢ # p and ¢ # r
shows 3 k>0. k < 1
A cart2-appendl ¢ = k xgr cart2-appendl r + (1 — k) *gr cart2-appendl p
(proof )

end

8 The hyperbolic plane and Tarski’s axioms

theory Hyperbolic- Tarski
imports Fuclid-Tarski

Projective

HOL— Library. Quadratic- Discriminant
begin

8.1 Characterizing a specific conic in the projective plane

definition M :: real”373 where
M 2 wector |
vector [1, 0, 0],
vector [0, 1, 0],
vector [0, 0, —1]]

lemma M-symmatriz: symmatric M
{proof )

lemma M-self-inverse: M xx M = mat 1
(proof )

lemma M-invertible: invertible M
(proof )

definition polar :: proj2 = proj2-line where
polar p = proj2-line-abs (M *v proj2-rep p)

definition pole :: proj2-line = proj2 where
pole | = proj2-abs (M v proj2-line-rep 1)

lemma polar-abs:

assumes v # 0

shows polar (proj2-abs v) = proj2-line-abs (M xv v)
(proof)
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lemma pole-abs:

assumes v # 0

shows pole (proj2-line-abs v) = proj2-abs (M *v v)
(proof )

lemma polar-rep-non-zero: M xv proj2-rep p # 0
(proof)

lemma pole-polar: pole (polar p) = p

{(proof)

lemma pole-rep-non-zero: M xv proj2-line-rep | # 0
(proof)

lemma polar-pole: polar (pole l) =1

(proof)

lemma polar-inj:
assumes polar p = polar q
shows p = ¢

(proof)

definition conic-sgn :: proj2 = real where
conic-sgn p = sgn (proj2-rep p - (M *v proj2-rep p))

lemma conic-sgn-abs:

assumes v % 0

shows conic-sgn (proj2-abs v) = sgn (v « (M *v v))
(proof)

lemma sgn-conic-sgn: sgn (conic-sgn p) = conic-sgn p
(proof )

definition S :: proj2 set where
S 2 {p. conic-sgn p = 0}

definition K2 :: proj2 set where
K2 2 {p. conic-sgn p < 0}

lemma S-K2-empty: S N K2 = {}
(proof)

lemma K2-abs:
assumes v # 0
shows proj2-abs v € K2 +— v - (M xvv) < 0

(proof)

definition K2-centre = proj2-abs (vector [0,0,1])
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lemma K2-centre-non-zero: vector [0,0,1] # (0 :: real”3)
{proof)

lemma K2-centre-in-K2: K2-centre € K2
(proof)

lemma K2-imp-M-neg:
assumes v # 0 and proj2-abs v € K2
shows v - (M v v) < 0

(proof)

lemma M-neg-imp-z-squared-big:
assumes v - (M xvv) < 0
shows (v$5)% > (v$1)? + (v$2)?
(proof )

lemma M-neg-imp-z-non-zero:
assumes v - (M xvv) < 0
shows v$3 # 0

(proof)

lemma M-neg-imp-K2:
assumes v - (M xv v) < 0
shows proj2-abs v € K2

(proof)

lemma M-reverse: a + (M xv b) = b+ (M xv a)
(proof)

lemma S-abs:
assumes v # 0
shows proj2-abs v € S +— v - (M *xvv) = 0

(proof)

lemma S-alt-def: p € S <— proj2-rep p - (M *v proj2-rep p) = 0
(proof)

lemma incident-polar:
proj2-incident p (polar q) <— proj2-rep p « (M v proj2-rep q) = 0
(proof)

lemma incident-own-polar-in-S: proj2-incident p (polar p) +— p € S
(proof)

lemma incident-polar-swap:
assumes proj2-incident p (polar q)
shows proj2-incident q (polar p)
(proof)
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lemma incident-pole-polar:

assumes proj2-incident p |

shows proj2-incident (pole ) (polar p)
(proof )

definition z-zero :: proj2-line where
z-zero = proj2-line-abs (vector [0,0,1])

lemma z-zero:
assumes (proj2-rep p)$3 = 0
shows proj2-incident p z-zero

(proof)

lemma z-zero-conic-sgn-1:
assumes proj2-incident p z-zero
shows conic-sgn p = 1

(proof)

lemma conic-sgn-not-1-z-non-zero:
assumes conic-sgn p # 1
shows z-non-zero p

(proof)

lemma z-zero-not-in-S:
assumes proj2-incident p z-zero
shows p ¢ S

(proof)

lemma line-incident-point-not-in-S: 3 p. p ¢ S A proj2-incident p 1
(proof)

lemma apply-cltn2-abs-abs-in-S:
assumes v # 0 and invertible J
shows apply-cltn2 (proj2-abs v) (cltn2-abs J) € S
v+ (J xx M xx transpose J xv v) = 0

(proof)

lemma apply-cltn2-right-abs-in-S:

assumes invertible J

shows apply-cltn2 p (clin2-abs J) € S

+— (proj2-rep p) - (J *x M xx transpose J xv (proj2-rep p)) = 0
{proof )

lemma apply-cltn2-abs-in-S:
assumes v # 0
shows apply-clin2 (proj2-abs v) C € S
+— v - (cltn2-rep C xx M xx transpose (cltn2-rep C) xv v) = 0

(proof)
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lemma apply-cltn2-in-S:
apply-cltn2 p C € S
> proj2-rep p - (clin2-rep C *x M xx transpose (cltn2-rep C) xv proj2-rep p)
=0

(proof )

lemma norm-M: (vector2-appendl v) - (M *v vector2-appendl v) = (norm v)? —

1
(proof)

8.2 Some specific points and lines of the projective plane

definition east = proj2-abs (vector [1,0,1])
definition west = proj2-abs (vector [—1,0,1])
definition north = proj2-abs (vector [0,1,1])
definition south = proj2-abs (vector [0,—1,1])
definition far-north = proj2-abs (vector [0,1,0))

lemmas compass-defs = east-def west-def north-def south-def

lemma compass-non-zero:

shows vector [1,0,1] # (0 :: real”3)
and vector [—1,0,1] # (0 :: real”3)
and vector [0,1,1] # (0 :: real”3)
and vector [0,—1,1] # (0 :: real™3)
and vector [0,1,0] # (0 :: real”3)
and vector [1,0,0] # (0 :: real™3)
{proof)

S S

lemma east-west-distinct: east # west

(proof)

lemma north-south-distinct: north # south

{(proof)

lemma north-not-east-or-west: north ¢ {east, west}
(proof)

lemma compass-in-S:
shows east € S and west € S and north € S and south € S

{proof)

lemma east-west-tangents:
shows polar east = proj2-line-abs (vector [—1,0,1])
and polar west = proj2-line-abs (vector [1,0,1])

(proof)

lemma ecast-west-tangents-distinct: polar east # polar west
(proof)
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lemma east-west-tangents-incident-far-north:
shows proj2-incident far-north (polar east)
and proj2-incident far-north (polar west)

(proof)

lemma east-west-tangents-far-north:
proj2-intersection (polar east) (polar west) = far-north

{proof)

instantiation proj2 :: zero

begin

definition proj2-zero-def: 0 = proj2-pt 0
instance (proof)

end

definition equator £ proj2-line-abs (vector [0,1,0])
definition meridian £ proj2-line-abs (vector [1,0,0])

lemma equator-meridian-distinct: equator # meridian

(proof)

lemma east-west-on-equator:
shows proj2-incident east equator and proj2-incident west equator

{proof)

lemma north-far-north-distinct: north # far-north

(proof)

lemma north-south-far-north-on-meridian:
shows proj2-incident north meridian and proj2-incident south meridian
and proj2-incident far-north meridian

{proof)

lemma K2-centre-on-equator-meridian:
shows proj2-incident K2-centre equator
and proj2-incident K2-centre meridian

{proof)

lemma on-equator-meridian-is- K2-centre:
assumes proj2-incident a equator and proj2-incident a meridian
shows a = K2-centre

{proof)

definition rep-equator-reflect = vector |
vector [1, 0,0],
vector [0,—1,0],
vector [0, 0,1]] :: real”373

definition rep-meridian-reflect £ vector |
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vector [—1,0,0],

vector | 0,1,0],

vector [ 0,0,1]] == real 373
definition equator-reflect £ cltn2-abs rep-equator-reflect
definition meridian-reflect £ cltn2-abs rep-meridian-reflect

lemmas compass-reflect-defs = equator-reflect-def meridian-reflect-def
rep-equator-reflect-def rep-meridian-reflect-def

lemma compass-reflect-self-inverse:
shows rep-equator-reflect xx rep-equator-reflect = mat 1
and rep-meridian-reflect *x rep-meridian-reflect = mat 1
(proof)

lemma compass-reflect-invertible:
shows invertible rep-equator-reflect and invertible rep-meridian-refiect

(proof)

lemma compass-reflect-compass:
shows apply-cltn2 east meridian-reflect = west
and apply-clin2 west meridian-reflect = east
and apply-cltn2 north meridian-reflect = north
and apply-clin2 south meridian-reflect = south
and apply-cltn2 K2-centre meridian-reflect = K2-centre
and apply-clin2 east equator-reflect = east
and apply-clin2 west equator-reflect = west
and apply-clin2 north equator-reflect = south
and apply-clin2 south equator-reflect = north
and apply-cltn2 K2-centre equator-reflect = K2-centre

(proof)

lemma on-equator-rep:
assumes z-non-zero a and proj2-incident a equator
shows 3 z. a = proj2-abs (vector [z,0,1])

(proof)

lemma on-meridian-rep:
assumes z-non-zero a and proj2-incident a meridian
shows 3 y. a = proj2-abs (vector [0,y,1])

(proof)

8.3 Definition of the Klein—Beltrami model of the hyperbolic
plane

abbreviation hyp2 == K2

typedef hyp2 = K2
(proof)
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definition hyp2-rep :: hyp2 = real”2 where
hyp2-rep p = cart2-pt (Rep-hyp2 p)

definition hyp2-abs :: real 2 = hyp2 where
hyp2-abs v = Abs-hyp2 (proj2-pt v)

lemma norm-lt-1-iff-in-hyp2:
shows norm v < 1 <— proj2-pt v € hyp2
(proof)

lemma norme-eq-1-iff-in-S:
shows norm v = 1 <— proj2-pt v € S
(proof)

lemma norm-le-1-iff-in-hyp2-S:
norm v < 1 <— proj2-pt v € hyp2 U S
(proof )

lemma proj2-pt-hyp2-rep: proj2-pt (hyp2-rep p) = Rep-hyp2 p
(proof)

lemma hyp2-rep-abs:

assumes norm v < I

shows hyp2-rep (hyp2-abs v) = v
(proof)

lemma hyp2-abs-rep: hyp2-abs (hyp2-rep p) = p
(proof)

lemma norm-hyp2-rep-lt-1: norm (hyp2-rep p) < 1
{proof )

lemma hyp2-S-z-non-zero:
assumes p € hyp2 U §
shows z-non-zero p

(proof)

lemma hyp2-S-not-equal:
assumes a € hyp2 and p € S
shows a # p

{proof)

lemma hyp2-S-cart2-ing:
assumes p € hyp2 U S and ¢ € hyp2 U S and cart2-pt p = cart2-pt q
shows p = ¢

(proof)

lemma on-equator-in-hyp2-rep:
assumes a € hyp2 and proj2-incident a equator
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shows 3 z. |z| < I A a = proj2-abs (vector [z,0,1])
(proof )

lemma on-meridian-in-hyp2-rep:
assumes a € hyp2 and proj2-incident a meridian
shows 3 y. |y| < 1 A a = proj2-abs (vector [0,y,1])
(proof)

definition hyp2-cltn2 :: hyp2 = clin2 = hyp2 where
hyp2-clin2 p A = Abs-hyp2 (apply-cltn2 (Rep-hyp2 p) A)

definition is-K2-isometry :: cltn2 = bool where
is-K2-isometry J = (¥ p. apply-cltn2p J € S +— p € S)

lemma cltn2-id-is-K2-isometry: is-K2-isometry cltn2-id
(proof )

lemma J-M-J-transpose-K2-isometry:
assumes k # 0
and repJ #xx M xx transpose repJ = k xg M (is N = -)
shows is-K2-isometry (cltn2-abs repJ) (is is-K2-isometry 2.J)
(proof)

lemma equator-reflect-K2-isometry:
shows is-K2-isometry equator-reflect

(proof)

lemma meridian-reflect- K2-isometry:
shows is-K2-isometry meridian-reflect

{proof)

lemma cltn2-compose-is-K2-isometry:
assumes is-K2-isometry H and is-K2-isometry J
shows is-K2-isometry (cltn2-compose H J)

{proof)

lemma cltn2-inverse-is-K2-isometry:
assumes is-K2-isometry J
shows is-K2-isometry (cltn2-inverse J)

(proof)

interpretation K2-isometry-subgroup: subgroup
Collect is-K2-isometry
(|carrier = UNIV, mult = cltn2-compose, one = cltn2-id|)

{proof)

interpretation K2-isometry: group
(|carrier = Collect is-K2-isometry, mult = cltn2-compose, one = cltn2-id|)

{proof)
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lemma K2-isometry-inverse-inv [simp]:
assumes is-K2-isometry J
shows mv(|car7’ier = Collect is-K2-isometry, mult = cltn2-compose, one = cltn2-id|)

= cltn2-inverse J
(proof )

definition real-hyp2-C :: [hyp2, hyp2, hyp2, hyp2] = bool
(- - =k - - [99,99,99,99] 50) where
pg=kTs=
(3 A. is-K2-isometry A A hyp2-clin2 p A = r A hyp2-cltn2 ¢ A = s)

definition real-hyp2-B :: [hyp2, hyp2, hyp2] = bool
(«Bg - - - [99,99,99] 50) where
Bk p qr = Br (hyp2-rep p) (hyp2-rep q) (hyp2-rep r)

8.4 K-isometries map the interior of the conic to itself

lemma collinear-quadratic:

assumes t = i xg a + 1

shows ¢+ (M xv t) =

(a- (M*va))*i>+2x(a-(M*vr))*i+r-(M=xvr)
(proof)

lemma S-quadratic’:
assumes p # 0 and g # 0 and proj2-abs p # proj2-abs q
shows proj2-abs (k xg p+ q) € S
——p-Mxvp)xk>+p-(Mxvq)*2xk+q-(M=+vgqg) =0
{proof)

lemma S-quadratic:
assumes p # g and r = proj2-abs (k *g proj2-rep p + proj2-rep q)
shows r € §
< proj2-rep p + (M *v proj2-rep p) * k*
+ proj2-rep p « (M xv proj2-rep q) * 2 *x k
+ proj2-rep q - (M v proj2-rep q)
=0
(proof)

definition quarter-discrim :: real”8 = real”3 = real where
quarter-discrim p ¢ = (p + (M xv q))?> — p - (M v p) * (q - (M *v q))

lemma quarter-discrim-invariant:
assumes t = i xg a + 1

shows quarter-discrim a t = quarter-discrim a r

(proof)

lemma quarter-discrim-positive:
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assumes p # 0 and ¢ # 0 and proj2-abs p # proj2-abs q (is ?pp # ?pq)
and proj2-abs p € K2
shows quarter-discrim p ¢ > 0

(proof)

lemma quarter-discrim-self-zero:
assumes proj2-abs a = proj2-abs b
shows quarter-discrim a b = 0
(proof)

definition S-intersection-coeff1 :: real”3 = real”3 = real where
S-intersection-coeff1 p q

A

£ (=p - (M *v q) + sqrt (quarter-discrim p q)) / (p - (M *v p))

definition S-intersection-coeff2 :: real”8 = real”3 = real where
S-intersection-coeff2 p q

A

£ (—p - (M xv q) — sqrt (quarter-discrim p q)) / (p - (M *v p))

definition S-intersectioni-rep :: real”3 = real”8 = real”3 where
S-intersectioni-rep p q = (S-intersection-coeffl p q) *r p + q

definition S-intersection2-rep :: real”3 = real” 3 = real”3 where
S-intersection2-rep p q = (S-intersection-coeff2 p q) g p + q

definition S-intersectionl :: real”3 = real” 3 = proj2 where
S-intersectionl p ¢ & proj2-abs (S-intersectionl-rep p q)

definition S-intersection? :: real”3 = real”3 = proj2 where
S-intersection2 p q = proj2-abs (S-intersection2-rep p q)

lemmas S-intersection-coeffs-defs =
S-intersection-coeff1-def S-intersection-coeff2-def

lemmas S-intersections-defs =
S-intersectionl-def S-intersection2-def
S-intersectionl-rep-def S-intersection2-rep-def

lemma S-intersection-coeffs-distinct:
assumes p # 0 and ¢ # 0 and proj2-abs p # proj2-abs q (is ?pp # ?pq)
and proj2-abs p € K2
shows S-intersection-coeff1 p q # S-intersection-coeff2 p q

(proof)

lemma S-intersections-distinct:
assumes p # 0 and ¢ # 0 and proj2-abs p # proj2-abs q (is ?pp # ?pq)
and proj2-abs p € K2
shows S-intersectionl p q # S-intersection? p q

(proof)
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lemma S-intersections-in-S:
assumes p # 0 and ¢ # 0 and proj2-abs p # proj2-abs q (is ?pp # ?pq)
and proj2-abs p € K2
shows S-intersectionl p ¢ € S and S-intersection2 p q € S

(proof)

lemma S-intersections-Col:
assumes p # 0 and g # 0
shows proj2-Col (proj2-abs p) (proj2-abs q) (S-intersectionl p q)
(is proj2-Col ?pp ?pq ?pr)
and proj2-Col (proj2-abs p) (proj2-abs q) (S-intersection2 p q)
(is proj2-Col ?pp ?pq ?ps)
(proof)

lemma S-intersections-incident:
assumes p # 0 and ¢ # 0 and proj2-abs p # proj2-abs q (is ?pp # ?pq)
and proj2-incident (proj2-abs p) | and proj2-incident (proj2-abs q) 1
shows proj2-incident (S-intersectionl p q) 1 (is proj2-incident ?pr 1)
and proj2-incident (S-intersection2 p q) I (is proj2-incident ?ps )

(proof)

lemma K2-line-intersect-twice:
assumes ¢ € K2 and a # r
shows 3 su.sZuANse€SANueSAproj2-Col ars A proj2-Col a r u

(proof)

lemma point-in-S-polar-is-tangent:
assumes p € S and ¢ € S and proj2-incident q (polar p)
shows ¢ = p

(proof)

lemma line-through-K2-intersect-S-twice:

assumes p € K2 and proj2-incident p [

shows 3 gr.q#r ANqgée S AreS A proj2-incident q 1 N\ proj2-incident r [
(proof)

lemma line-through-K2-intersect-S-again:
assumes p € K2 and proj2-incident p [
shows 3 r. r £ ¢ A r € S A proj2-incident r [

(proof)

lemma line-through-K2-intersect-S:
assumes p € K2 and proj2-incident p [
shows 3 r. r € S A proj2-incident r 1

(proof)

lemma line-intersect-S-at-most-twice:
3 pq. V reS. proj2-incident rl — r=pVr=gq
(proof)
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lemma card-line-intersect-S:
assumes T C S and proj2-set-Col T
shows card T < 2

(proof)

lemma line-S-two-intersections-only:
assumes p# gand p€ Sand g€ Sand r € S
and proj2-incident p | and proj2-incident q | and proj2-incident r |
shows r=pVv r=yq

(proof)

lemma line-through-K2-intersect-S-ezxactly-twice:
assumes p € K2 and proj2-incident p [
shows 3 gr.q#r ANqe S AresS A proj2-incident q I N\ proj2-incident r [
A (V s€S. proj2-incident s | —» s =qV s = 1)

(proof)

lemma tangent-not-through-K2:
assumes p € S and g € K2
shows - proj2-incident q (polar p)
(proof)

lemma outside-exists-line-not-intersect-S:

assumes conic-sgn p = 1

shows 3 [. proj2-incident p I A (VY q. proj2-incident ¢l — q ¢ 5)
(proof)

lemma lines-through-intersect-S-twice-in-K2:
assumes VY [. proj2-incident p [
— (3 qr.g#rAgeSAreS A proj2-incident q I A proj2-incident r [)
shows p € K2

(proof)

lemma line-through-hyp2-pole-not-in-hyp2:
assumes a € hyp2 and proj2-incident a [
shows pole | ¢ hyp2

(proof)

lemma statement60-one-way:
assumes is-K2-isometry J and p € K2
shows apply-clin2 p J € K2 (is %’ € K2)
(proof)

lemma is-K2-isometry-hyp2-S:
assumes p € hyp2 U S and is-K2-isometry J
shows apply-cltn2 p J € hyp2 U S

(proof)
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lemma is-K2-isometry-z-non-zero:
assumes p € hyp2 U S and is-K2-isometry J
shows z-non-zero (apply-cltn2 p J)

(proof)

lemma cart2-appendl-apply-clin2:

assumes p € hyp2 U S and is-K2-isometry J

shows 3 k. k # 0

A cart2-appendl p vk clin2-rep J = k xg cart2-appendl (apply-cltn2 p J)
(proof )

8.5 The K-isometries form a group action

lemma hyp2-cltn2-id [simp]: hyp2-clin2 p clin2-id = p
(proof)

lemma apply-cltn2-Rep-hyp2:

assumes is-K2-isometry J

shows apply-clin2 (Rep-hyp2 p) J € hyp2
(proof)

lemma Rep-hyp2-clitn2:

assumes is-K2-isometry J

shows Rep-hyp2 (hyp2-cltn2 p J) = apply-clin2 (Rep-hyp2 p) J
(proof)

lemma hyp2-cltn2-compose:
assumes is-K2-isometry H
shows hyp2-cltn2 (hyp2-clin2 p H) J = hyp2-cltn2 p (cltn2-compose H J)

(proof)

interpretation K2-isometry: action
(|carrier = Collect is-K2-isometry, mult = cltn2-compose, one = cltn2-id|)
hyp2-cltn?2

(proof)

8.6 The Klein—Beltrami model satisfies Tarski’s first three
axioms

lemma three-in-S-tangent-intersection-no-3-Col:
assumes pe€ Sand g€ Sand r € S
and p # ¢ and r ¢ {p,q}
shows proj2-no-3-Col {proj2-intersection (polar p) (polar q),r,p,q}
(is proj2-no-3-Col {?s,r,p,q})
{proof )

lemma statement65-special-case:
assumes p € Sand ¢ € Sand r € Sand p # g and r ¢ {p,q}
shows 3 J. is-K2-isometry J

49



A apply-cltn2 east J = p

A apply-clin2 west J = q

A apply-cltn2 north J = r

A apply-cltn2 far-north J = proj2-intersection (polar p) (polar q)
(proof )

lemma statement66-existence:

assumes al € K2 and a2 € K2 and pl € Sand p2 € S

shows 3 J. is-K2-isometry J A apply-clitn2 al J = a2 N apply-cltn2 p1 J = p2
{(proof)

lemma K2-isometry-swap:

assumes a € hyp2 and b € hyp2

shows 3 J. is-K2-isometry J A apply-cltn2 a J = b A apply-cltn2 b J = a
{proof )

theorem hyp2-aziomI:V ab. a b=k ba
(proof )

theorem hyp2-axiom2:V abpqrs.ab=xpqgANab=xrs—pqg=kg7Ts

(proof)

theorem hyp2-aziom3:V abc.ab=g cc— a=»>
(proof)

interpretation hyp2: tarski-first3 real-hyp2-C
(proof)

8.7 Some lemmas about betweenness

lemma S-at-edge:
assumes p € Sand g € hyp2 U S and r € hyp2 U S and proj2-Col p q r
shows Br (cart2-pt p) (cart2-pt q) (cart2-pt r)
V Br (cart2-pt p) (cart2-pt r) (cart2-pt q)
(is Br %cp ?cq Zer V -)

(proof)

lemma hyp2-in-middle:
assumes p € S and ¢ € S and r € hyp2 U S and proj2-Col p q r
and p # ¢
shows Bg (cart2-pt p) (cart2-pt r) (cart2-pt q) (is Br fcp 2er ?cq)
(proof)

lemma hyp2-incident-in-middle:
assumes p# qand p € Sand ¢ € Sand a € hyp2 U S
and proj2-incident p | and proj2-incident q | and proj2-incident a |
shows Br (cart2-pt p) (cart2-pt a) (cart2-pt q)

(proof)
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lemma extend-to-S:
assumes p € hyp2 U S and ¢ € hyp2 U S
shows 3 reS. Br (cart2-pt p) (cart2-pt q) (cart2-pt r)
(is 3 r€S. Br ?cp ?cq (cart2-pt r))

(proof)

definition endpoint-in-S :: proj2 = proj2 = proj2 where
endpoint-in-S a b
£ ¢ p. pS A Br (cart2-pt a) (cart2-pt b) (cart2-pt p)

lemma endpoint-in-S:
assumes a € hyp2 U S and b € hyp2 U S
shows endpoint-in-S a b € S (is ?p € 5)
and Br (cart2-pt a) (cart2-pt b) (cart2-pt (endpoint-in-S a b))
(is Br Pca 2cb ?cp)
(proof)

lemma endpoint-in-S-swap:
assumes a # band a € hyp2 U S and b € hyp2 U S
shows endpoint-in-S a b # endpoint-in-S b a (is ?p # ?q)
(proof )

lemma endpoint-in-S-incident:

assumes a # band a € hyp2 U S and b € hyp2 U S

and proj2-incident a | and proj2-incident b [

shows proj2-incident (endpoint-in-S a b) 1 (is proj2-incident ?p 1)
(proof)

lemma endpoints-in-S-incident-unique:
assumes a # band a € hyp2 U Sand b € hyp2 U Sand p € S
and proj2-incident a | and proj2-incident b | and proj2-incident p [
shows p = endpoint-in-S a b V p = endpoint-in-S b a
(isp= 9% Vp=7?r)

(proof)

lemma endpoint-in-S-unique:
assumes a # band a € hyp2 U Sand b € hyp2 U Sand p € §
and Br (cart2-pt a) (cart2-pt b) (cart2-pt p) (is Br %ca ?cb ?cp)
shows p = endpoint-in-S a b (is p = ?q)

(proof)

lemma between-hyp2-S:
assumes p € hyp2 U Sand r € hyp2 U Sand k > 0 and k < [
shows proj2-pt (k xg (cart2-pt r) + (1 — k) =g (cart2-pt p)) € hyp2 U S
(is proj2-pt %cq € -)

(proof)
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8.8 The Klein—Beltrami model satisfies axiom 4

definition expansion-factor :: proj2 = cltn2 = real where
expansion-factor p J £ (cart2-appendl p vx cltn2-rep J)$3

lemma expansion-factor:

assumes p € hyp2 U S and is-K2-isometry J

shows expansion-factor p J # 0

and cart2-appendl p vk cltn2-rep J

= expansion-factor p J xg cart2-appendl (apply-cltn2 p J)
{proof)

lemma expansion-factor-linear-apply-clin2:
assumes p € hyp2 U S and ¢ € hyp2 U S and r € hyp2 U S
and is-K2-isometry J
and cart2-pt r = k xg cart2-pt p + (1 — k) *g cart2-pt q
shows expansion-factor r J xgr cart2-appendl (apply-cltn2 r J)
= (k * expansion-factor p J) g cart2-appendl (apply-cltn2 p J)
+ ((1 = k) % ezpansion-factor q J) xg cart2-appendl (apply-clin2 q J)
(is %er xg - = (k x %ep) xgr - + ((I — k) * ?eq) *g -)
(proof )

lemma expansion-factor-linear:
assumes p € hyp2 U S and ¢ € hyp2 U S and r € hyp2 U S
and is-K2-isometry J
and cart2-pt r = k xg cart2-pt p + (1 — k) *g cart2-pt q
shows expansion-factor r J
= k * expansion-factor p J + (1 — k) * expansion-factor q J
(is Per = k x %ep + (1 — k) * %eq)

(proof)

lemma expansion-factor-sgn-invariant:
assumes p € hyp2 U S and ¢ € hyp2 U S and is-K2-isometry J
shows sgn (expansion-factor p J) = sgn (expansion-factor q J)
(is sgn Zep = sgn ?eq)

(proof)

lemma statement-63:
assumes p € hyp2 U S and ¢ € hyp2 U S and r € hyp2 U S
and is-K2-isometry J and Br (cart2-pt p) (cart2-pt q) (cart2-pt r)
shows Bg
(cart2-pt (apply-cltn2 p J))
(cart2-pt (apply-clin2 q J))
(cart2-pt (apply-cltn2 r J))

(proof)

theorem hyp2-axiom4:V qabc. 3 2. Bk qarx Naxr =g bc

(proof)

52



8.9 More betweenness theorems

lemma hyp2-S-points-fix-line:
assumes a € hyp2 and p € S and is-K2-isometry J
and apply-clin2 a J = a (is %aJ = a)
and apply-clin2 p J = p (is ?pJ = p)
and proj2-incident a | and proj2-incident p | and proj2-incident b 1
shows apply-cltn2 b J = b (is #bJ = b)
(proof)

lemma K2-isometry-endpoint-in-S:
assumes a # band a € hyp2 U S and b € hyp2 U S and is-K2-isometry J
shows apply-clin2 (endpoint-in-S a b) J
= endpoint-in-S (apply-clin2 a J) (apply-clin2 b J)
(is ?pJ = endpoint-in-S ?aJ ?bJ)
(proof )

lemma between-endpoint-in-S:
assumes a # b and b # ¢
and a € hyp2 U Sand b € hyp2 U S and ¢ € hyp2 U S
and Br (cart2-pt a) (cart2-pt b) (cart2-pt c¢) (is Br ?ca ?cb ?cc)
shows endpoint-in-S a b = endpoint-in-S b ¢ (is ?p = ?q)
(proof)

lemma hyp2-extend-segment-unique:
assumes a # band B abcand Bk abdand b c =g b d
shows ¢ = d

(proof)

lemma [ine-S-match-intersections:
assumes p# gand r # sand p € Sand g€ Sand r € Sand s € S
and proj2-set-Col {p,q,r,s}
shows (p=rAg=s)V(g=rAp=s)

(proof)

definition are-endpoints-in-S :: [proj2, proj2, proj2, proj2] = bool where
are-endpoints-in-S p qa b
L2pLgApESAGESNAachyp2Abe hyp2 A proj2-set-Col {p,q,a,b}

lemma are-endpoints-in-S':
assumes p # gand a # band p € Sand g € Sand a € hyp2 U S
and b € hyp2 U S and proj2-set-Col {p,q,a,b}
shows (p = endpoint-in-S a b A\ ¢ = endpoint-in-S b a)
V (g = endpoint-in-S a b A p = endpoint-in-S b a)
(is(p=9%rNg="9)V(g= 9% Np=7s))

(proof)

lemma are-endpoints-in-S:

assumes a # b and are-endpoints-in-S p q a b
shows (p = endpoint-in-S a b A\ ¢ = endpoint-in-S b a)
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V (g = endpoint-in-S a b A p = endpoint-in-S b a)
(proof )

lemma S-intersections-endpoints-in-S:
assumes a # 0 and b # 0 and proj2-abs a # proj2-abs b (is ?pa # ?pb)
and proj2-abs a € hyp2 and proj2-abs b € hyp2 U S
shows (S-intersectionl a b = endpoint-in-S ?pa ?pb
A S-intersection?2 a b = endpoint-in-S ?pb ?pa)
V (S-intersection2 a b = endpoint-in-S ?pa ?pb
A S-intersectionl a b = endpoint-in-S ?pb ?pa)
(is (Ppp = ?pr A ?pq = ?ps) V (¥pg = ?pr A\ ?pp = ps))
(proof)

lemma between-endpoints-in-S:
assumes a # band ¢ € hyp2 U S and b € hyp2 U S
shows Bgr
(cart2-pt (endpoint-in-S a b)) (cart2-pt a) (cart2-pt (endpoint-in-S b a))
(is Br ?cp ?ca ?cq)

(proof)

lemma S-hyp2-S-cart2-appendl:
assumes p # gand p € S and ¢ € S and a € hyp2
and proj2-incident p | and proj2-incident q | and proj2-incident a 1
shows 3 k. k>0 ANk < 1
A cart2-appendl a = k xg cart2-appendl q + (1 — k) g cart2-appendl p
(proof)

lemma are-endpoints-in-S-swap-34:
assumes are-endpoints-in-S p q a b
shows are-endpoints-in-S'p q b a

{(proof)

lemma proj2-set-Col-endpoints-in-S:
assumes a # band a € hyp2 U Sand b € hyp2 U S
shows proj2-set-Col {endpoint-in-S a b, endpoint-in-S b a, a, b}
(is proj2-set-Col {?p,?q,a,b})

(proof )

lemma endpoints-in-S-are-endpoints-in-S:
assumes a # b and a € hyp2 and b € hyp2
shows are-endpoints-in-S (endpoint-in-S a b) (endpoint-in-S b a) a b
(is are-endpoints-in-S ?p ?q a b)

(proof)

lemma endpoint-in-S-S-hyp2-distinct:
assumes p € S and a € hyp2 U S and p # a
shows endpoint-in-S p a # p

{proof )
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lemma endpoint-in-S-S-strict-hyp2-distinct:
assumes p € S and a € hyp2
shows endpoint-in-S p a # p

(proof )

lemma end-and-opposite-are-endpoints-in-S:
assumes a € hyp2 and b € hyp2 and p € S
and proj2-incident a | and proj2-incident b | and proj2-incident p 1
shows are-endpoints-in-S p (endpoint-in-S p b) a b
(is are-endpoints-in-S p ?q a b)

(proof)

lemma real-hyp2-B-hyp2-cltn2:
assumes is-K2-isometry J and Bg a b ¢
shows By (hyp2-cltn2 a J) (hyp2-cltn2 b J) (hyp2-cltn2 ¢ J)
(is Bx %aJ 2bJ %cJ)

(proof)

lemma real-hyp2-C-hyp2-cltn2:
assumes is-K2-isometry J
shows a b =g (hyp2-cltn2 a J) (hyp2-cltn2 b J) (is a b =x ?aJ 2bJ)

{proof)

8.10 Perpendicularity

definition M-perp :: proj2-line = proj2-line = bool where
M-perp | m = proj2-incident (pole 1) m

lemma M-perp-sym:
assumes M-perp [ m
shows M-perp m [

(proof)

lemma M-perp-to-compass:

assumes M-perp [ m and a € hyp2 and proj2-incident a 1

and b € hyp2 and proj2-incident b m

shows 3 J. is-K2-isometry J

A apply-cltn2-line equator J = 1 N\ apply-cltn2-line meridian J = m
(proof)

definition drop-perp :: proj2 = proj2-line = proj2-line where
drop-perp p | & proj2-line-through p (pole 1)

lemma drop-perp-incident: proj2-incident p (drop-perp p 1)
(proof )

lemma drop-perp-perp: M-perp 1 (drop-perp p 1)
(proof )
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definition perp-foot :: proj2 = proj2-line = proj2 where
A . . .
perp-foot p I = proj2-intersection | (drop-perp p 1)

lemma perp-foot-incident:
shows proj2-incident (perp-foot p 1) |
and proj2-incident (perp-foot p 1) (drop-perp p 1)
(proof)

lemma M-perp-hyp2:
assumes M-perp [ m and a € hyp2 and proj2-incident a | and b € hyp2
and proj2-incident b m and proj2-incident ¢ | and proj2-incident ¢ m
shows ¢ € hyp2

(proof)

lemma perp-foot-hyp2:
assumes a € hyp2 and proj2-incident a | and b € hyp2
shows perp-foot b 1 € hyp2

{proof)

definition perp-up :: proj2 = proj2-line = proj2 where
perp-up a l
A

= if proj2-incident a l then ¢ p. p € S A proj2-incident p (drop-perp a l)
else endpoint-in-S (perp-foot a l) a

lemma perp-up-degenerate-in-S-incident:
assumes a € hyp2 and proj2-incident a [
shows perp-up a l € S (is %p € 5)
and proj2-incident (perp-up a l) (drop-perp a l)
(proof)

lemma perp-up-non-degenerate-in-S-at-end:

assumes a € hyp2 and b € hyp2 and proj2-incident b |

and — proj2-incident a l

shows perp-up al € S

and Br (cart2-pt (perp-foot a 1)) (cart2-pt a) (cart2-pt (perp-up a l))
(proof)

lemma perp-up-in-S:
assumes a € hyp2 and b € hyp2 and proj2-incident b [
shows perp-up al € S

(proof)

lemma perp-up-incident:
assumes a € hyp2 and b € hyp2 and proj2-incident b [
shows proj2-incident (perp-up a l) (drop-perp a l)
(is proj2-incident ?p ?m)

{(proof)

lemma drop-perp-same-line-pole-in-S:
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assumes drop-perp p |l =1
shows pole l € S

(proof)

lemma hyp2-drop-perp-not-same-line:
assumes a € hyp?2
shows drop-perp a |l # 1

(proof)

lemma hyp2-incident-perp-foot-same-point:
assumes a € hyp2 and proj2-incident a [
shows perp-foot a l = a

(proof)

lemma perp-up-at-end:

assumes a € hyp2 and b € hyp2 and proj2-incident b [

shows Bg (cart2-pt (perp-foot a 1)) (cart2-pt a) (cart2-pt (perp-up a l))
(proof )

definition perp-down :: proj2 = proj2-line = proj2 where
perp-down a | = endpoint-in-S (perp-up a l) a

lemma perp-down-in-S:
assumes a € hyp2 and b € hyp2 and proj2-incident b [
shows perp-doun a l € S

(proof)

lemma perp-down-incident:
assumes a € hyp2 and b € hyp2 and proj2-incident b [
shows proj2-incident (perp-down a l) (drop-perp a l)
{proof )

lemma perp-up-down-distinct:
assumes a € hyp2 and b € hyp2 and proj2-incident b [
shows perp-up a [ # perp-down a [

(proof)

lemma perp-up-down-foot-are-endpoints-in-S:

assumes a € hyp2 and b € hyp2 and proj2-incident b [

shows are-endpoints-in-S (perp-up a 1) (perp-down a l) (perp-foot a l) a
(proof)

lemma perp-foot-opposite-endpoint-in-S:
assumes a € hyp2 and b € hyp2 and ¢ € hyp2 and a # b
shows
endpoint-in-S (endpoint-in-S a b) (perp-foot ¢ (proj2-line-through a b))
= endpoint-in-S b a
(is endpoint-in-S ?p ?2d = endpoint-in-S b a)
(proof)
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lemma endpoints-in-S-perp-foot-are-endpoints-in-S:
assumes a € hyp2 and b € hyp2 and ¢ € hyp2 and a # b
and proj2-incident a | and proj2-incident b [
shows are-endpoints-in-S
(endpoint-in-S a b) (endpoint-in-S b a) a (perp-foot c 1)
(proof)

definition right-angle :: proj2 = proj2 = proj2 = bool where
right-angle p a q
2peSANqgeSAachy?
A M-perp (proj2-line-through p a) (proj2-line-through a q)

lemma perp-foot-up-right-angle:
assumes p € S and a € hyp2 and b € hyp2 and proj2-incident p |
and proj2-incident b [
shows right-angle p (perp-foot a 1) (perp-up a l)

(proof)

lemma M-perp-unique:
assumes a € hyp2 and b € hyp2 and proj2-incident a [
and proj2-incident b m and proj2-incident b n and M-perp | m
and M-perp I n
shows m = n
(proof)

lemma perp-foot-eq-implies-drop-perp-eq:
assumes a € hyp2 and b € hyp2 and proj2-incident a 1
and perp-foot b | = perp-foot ¢ |
shows drop-perp b | = drop-perp c |

{proof )

lemma right-angle-to-compass:
assumes right-angle p a q
shows 3 J. is-K2-isometry J A apply-clin2 p J = east
A apply-clin2 o J = K2-centre N\ apply-cltn2 q J = north

(proof)

lemma right-angle-to-right-angle:

assumes right-angle p a q and right-angle r b s

shows 3 J. is-K2-isometry J

A apply-cltn2 p J = r A apply-cltn2 a J = b A apply-cltn2 q J = s
(proof)

8.11 Functions of distance

definition exp-2dist :: proj2 = proj2 = real where
exp-2dist a b
Lifa=0>
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then 1
else cross-ratio (endpoint-in-S a b) (endpoint-in-S b a) a b

definition cosh-dist :: proj2 = proj2 = real where
cosh-dist a b = (sqrt (exp-2dist a b) + sqrt (1 / (exp-2dist a b))) / 2

lemma exp-2dist-formula:
assumes ¢ # 0 and b # 0 and proj2-abs a € hyp2 (is ?pa € hyp2)
and proj2-abs b € hyp2 (is ?pb € hyp2)
shows exp-2dist (proj2-abs a) (proj2-abs b)
= (a - (M *v b) + sqrt (quarter-discrim a b))
/ (a+ (M xv b) — sqrt (quarter-discrim a b))
V exp-2dist (proj2-abs a) (proj2-abs b)
= (a - (M *v b) — sqrt (quarter-discrim a b))
/ (a - (M xv b) + sqrt (quarter-discrim a b))
(is ?e2d = (?aMb + ?sqd) | (?aMb — ?sqd)
V %e2d = (2aMb — ?sqd) | (2aMb + ?sqd))
(proof)

lemma cosh-dist-formula:
assumes a # 0 and b # 0 and proj2-abs a € hyp2 (is ?pa € hyp2)
and proj2-abs b € hyp2 (is ?pb € hyp2)
shows cosh-dist (proj2-abs a) (proj2-abs b)
=la- (M x*xvb)| / sqrt (a+ (M *va)x* (b (Mx*vb)))
(is cosh-dist ?pa ?pb = |2aMb| / sqrt (?aMa x 2bMD))
(proof)

lemma cosh-dist-perp-special-case:
assumes |z| < I and |y| < 1
shows cosh-dist (proj2-abs (vector [z,0,1])) (proj2-abs (vector [0,y,1]))
= (cosh-dist K2-centre (proj2-abs (vector [z,0,1])))
* (cosh-dist K2-centre (proj2-abs (vector [0,y,1])))
(is cosh-dist ?pa ?pb = (cosh-dist ?po ?pa) * (cosh-dist ?po ?pb))
(proof)

lemma K2-isometry-cross-ratio-endpoints-in-S:
assumes a € hyp2 and b € hyp2 and is-K2-isometry J and a # b
shows cross-ratio (apply-clin2 (endpoint-in-S a b) J)
(apply-clin2 (endpoint-in-S b a) J) (apply-clin2 a J) (apply-clin2 b J)
= cross-ratio (endpoint-in-S a b) (endpoint-in-S b a) a b
(is cross-ratio ?pJ ?2qJ %aJ ?bJ = cross-ratio ?p ?q a b)

(proof)

lemma K2-isometry-exp-2dist:
assumes a € hyp2 and b € hyp2 and is-K2-isometry J
shows exp-2dist (apply-cltn2 a J) (apply-cltn2 b J) = exp-2dist a b
(is exp-2dist ?aJ 7bJ = -)

{proof )
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lemma K2-isometry-cosh-dist:
assumes a € hyp2 and b € hyp2 and is-K2-isometry J
shows cosh-dist (apply-clin2 a J) (apply-cltn2 b J) = cosh-dist a b
(proof )

lemma cosh-dist-perp:
assumes M-perp [ m and a € hyp2 and b € hyp2 and c € hyp2
and proj2-incident a | and proj2-incident b |
and proj2-incident b m and proj2-incident ¢ m
shows cosh-dist a ¢ = cosh-dist b a x cosh-dist b c

(proof)

lemma are-endpoints-in-S-ordered-cross-ratio:
assumes are-endpoints-in-S p q a b
and Br (cart2-pt a) (cart2-pt b) (cart2-pt p) (is Br ?ca cb ?cp)
shows cross-ratio p g a b > 1

(proof)

lemma cross-ratio-S-S-hyp2-hyp2-positive:
assumes are-endpoints-in-S p q a b
shows cross-ratio p g a b > 0

(proof)

lemma cosh-dist-general:

assumes are-endpoints-in-S p q a b

shows cosh-dist a b

= (sqrt (cross-ratio p q a b) + 1 / sqrt (cross-ratio p g a b)) / 2
(proof)

lemma exp-2dist-positive:
assumes a € hyp2 and b € hyp?2
shows exp-2dist a b > 0

(proof)

lemma cosh-dist-at-least-1:
assumes a € hyp2 and b € hyp?2
shows cosh-dist a b > 1

(proof)

lemma cosh-dist-positive:
assumes a € hyp2 and b € hyp?2
shows cosh-dist a b > 0

(proof)

lemma cosh-dist-perp-divide:
assumes M-perp [ m and a € hyp2 and b € hyp2 and c € hyp2
and proj2-incident a | and proj2-incident b | and proj2-incident b m
and proj2-incident ¢ m
shows cosh-dist b ¢ = cosh-dist a ¢ / cosh-dist b a
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(proof)

lemma real-hyp2-C-cross-ratio-endpoints-in-S:
assumes ¢ # band a b =k ¢ d
shows cross-ratio (endpoint-in-S (Rep-hyp2 a) (Rep-hyp2 b))
(endpoint-in-S (Rep-hyp2 b) (Rep-hyp2 a)) (Rep-hyp2 a) (Rep-hyp2 b)
= cross-ratio (endpoint-in-S (Rep-hyp2 c) (Rep-hyp2 d))
(endpoint-in-S (Rep-hyp2 d) (Rep-hyp2 c)) (Rep-hyp2 c) (Rep-hyp2 d)
(is cross-ratio ?p ?q 2a’ 2b' = cross-ratio ?r ?s ¢’ ?d’)

{(proof)

lemma real-hyp2-C-exp-2dist:
assumes a b =g ¢ d
shows exp-2dist (Rep-hyp2 a) (Rep-hyp2 b)
= exp-2dist (Rep-hyp2 c¢) (Rep-hyp2 d)
(is exp-2dist ?a’ 2b' = exp-2dist ?¢’ ?d’)
(proof)

lemma real-hyp2-C-cosh-dist:
assumes a b =g ¢ d
shows cosh-dist (Rep-hyp2 a) (Rep-hyp2 b)
= cosh-dist (Rep-hyp2 ¢) (Rep-hyp2 d)
(proof)

lemma cross-ratio-in-terms-of-cosh-dist:
assumes are-endpoints-in-S p q a b
and Br (cart2-pt a) (cart2-pt b) (cart2-pt p)
shows cross-ratio p q a b
= 2 * (cosh-dist a b)® + 2 x cosh-dist a b * sqrt ((cosh-dist a b)*> — 1) — 1
(is ?pgab = 2 * 2ab® + 2 * 2ab * sqrt (%ab® — 1) — 1)
(proof)

lemma are-endpoints-in-S-cross-ratio-correct:
assumes are-endpoints-in-S p q a b
shows cross-ratio-correct p q a b

(proof)

lemma endpoints-in-S-cross-ratio-correct:

assumes a # b and a € hyp2 and b € hyp2

shows cross-ratio-correct (endpoint-in-S a b) (endpoint-in-S b a) a b
(proof)

lemma endpoints-in-S-perp-foot-cross-ratio-correct:
assumes a € hyp2 and b € hyp2 and ¢ € hyp2 and a # b
and proj2-incident a | and proj2-incident b |
shows cross-ratio-correct
(endpoint-in-S a b) (endpoint-in-S b a) a (perp-foot c 1)
(is cross-ratio-correct ?p ?q a ?d)

(proof)
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lemma cosh-dist-unique:
assumes a € hyp2 and b € hyp2 and c € hyp2 and p € S
and Br (cart2-pt a) (cart2-pt b) (cart2-pt p) (is Br ?ca 2cb ?cp)
and Br (cart2-pt a) (cart2-pt c) (cart2-pt p) (is Br ?ca ?cc ?cp)
and cosh-dist a b = cosh-dist a ¢ (is ?ab = %ac)
shows b = ¢

(proof)

lemma cosh-dist-swap:
assumes a € hyp2 and b € hyp?2
shows cosh-dist a b = cosh-dist b a

(proof)

lemma exp-2dist-1-equal:
assumes a € hyp2 and b € hyp2 and exp-2dist a b = 1
shows a = b

(proof)

8.11.1 A formula for a cross ratio involving a perpendicular foot

lemma described-perp-foot-cross-ratio-formula:

assumes a # b and ¢ € hyp2 and are-endpoints-in-S p q a b

and proj2-incident p | and proj2-incident q [ and M-perp I m

and proj2-incident d | and proj2-incident d m and proj2-incident ¢ m

shows cross-ratio p q d a

= (cosh-dist b ¢ * sqrt (cross-ratio p q a b) — cosh-dist a c)
/ (cosh-dist a ¢ * cross-ratio p q a b
— cosh-dist b ¢ x sqrt (cross-ratio p q a b))

(is ?pgda = (?bc * sqrt ?pgab — ?ac) | (Pac x Zpqab — ?bc * sqrt ?pqab))

{proof )

lemma perp-foot-cross-ratio-formula:
assumes a € hyp2 and b € hyp2 and ¢ € hyp2 and a # b
shows cross-ratio (endpoint-in-S a b) (endpoint-in-S b a)
(perp-foot ¢ (proj2-line-through a b)) a
= (cosh-dist b ¢ x sqrt (exp-2dist a b) — cosh-dist a ¢)
/ (cosh-dist a ¢ x exp-2dist a b — cosh-dist b ¢ % sqrt (exp-2dist a b))
(is cross-ratio ?p ?q ?d a
= (?bc * sqrt ?pgab — ?ac) | (Pac x ?pqab — ?bc * sqrt ?pqab))
(proof)

8.12 The Klein—Beltrami model satisfies axiom 5

lemma statement69:

assumes a b =g o’ b'and bc=r b' ¢’and a c =k a’ ¢’

shows 3 J. is-K2-isometry J

A hyp2-cltn2 a J = a’' A hyp2-clin2 b J = b’ A hyp2-clin2 ¢ J = ¢’
(proof)
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theorem hyp2-aziom5:

Vabcda b c'd.
a#ZbANBgabcANBga b’ ANab=g a" b’ ANbc=g b c
ANad=ga d Nbd=g b d

— cd=gcd

(proof)

interpretation hyp2: tarski-first5 real-hyp2-C real-hyp2-B
(proof )

8.13 The Klein—Beltrami model satisfies axioms 6, 7, and 11

theorem hyp2-aziom6:V a b. Bk aba — a=0>

(proof)

lemma between-inverse:
assumes B (hyp2-rep p) v (hyp2-rep q)
shows hyp2-rep (hyp2-abs v) = v
{proof)

lemma between-switch:
assumes Br (hyp2-rep p) v (hyp2-rep q)
shows Bx p (hyp2-abs v) q

(proof)

theorem hyp2-aziom7:
Vabepgqg Bk ape NBgkbge— (3 2. Bk pxbA Bk qza)
(proof)

theorem hyp2-aziom11:

VXY FaVzyzeXANyeY — Bgazy)
— 3 bVazyzeXANyeY —Bgaby)
(proof)

interpretation tarski-absolute-space real-hyp2-C real-hyp2-B
(proof)

8.14 The Klein—Beltrami model satisfies the dimension-specific
axioms

lemma hyp2-rep-abs-examples:
shows hyp2-rep (hyp2-abs 0) = 0 (is hyp2-rep %a = %ca)
and hyp2-rep (hyp2-abs (vector [1/2,0])) = vector [1/2,0]
(is hyp2-rep ?b = ?cb)
and hyp2-rep (hyp2-abs (vector [0,1/2])) = vector [0,1/2]
(is hyp2-rep ?c = ?cc)
and hyp2-rep (hyp2-abs (vector [1/4,1/4])) = vector [1/4,1/4]
(is hyp2-rep 2d = %cd)
and hyp2-rep (hyp2-abs (vector [1/2,1/2])) = vector [1/2,1/2]
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(is hyp2-rep 2t = ?ct)
(proof)

theorem hyp2-axiom8: 3 abc. - Bk abcAN—-BgbcaAN—-Bgcab

(proof)

theorem hyp2-aziom9:
Vpgabe pFqhap=xK aqANbp=g bqgAcp=gcq
— BgabecV BgkbcaV Bxcabd

{(proof)

interpretation hyp2: tarski-absolute real-hyp2-C real-hyp2-B
(proof)

8.15 The Klein—Beltrami model violates the Euclidean ax-
iom

theorem hyp2-axiom10-false:
shows - (V abcdt. Bk adt NBxgbdecNha#d
— (3 zy. Bk abx ABxacy AN Bg zty))
(proof)

theorem hyp2-not-tarski: — (tarski real-hyp2-C real-hyp2-B)
(proof )
Therefore axiom 10 is independent.

end
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