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Abstract

Superposition is an efficient proof calculus for reasoning about first-
order logic with equality that is implemented in many automatic the-
orem provers. It works by saturating the given set of clauses and is
refutationally complete, meaning that if the set is inconsistent, the
saturation will contain a contradiction. In this formalization, we re-
structured the completeness proof to cleanly separate the ground (i.e.,
variable-free) and nonground aspects. We relied on the IsaFoR library
for first-order terms and on the Isabelle saturation framework. A paper
describing this formalization was published at the 15th International
Conference on Interactive Theorem Proving (ITP 2024) [1].
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theory Transitive-Closure-Extra
imports Main
begin

lemma reflclp-iff: ARzy. RR=2y+— RazyVae=y
(proof )

lemma reficlp-refl: R== z x
(proof)

lemma transpD-strict-non-strict:
assumes transp R
shows Az y2. Rey=— R~ yz=— Rz z
(proof )

lemma transpD-non-strict-strict:
assumes transp R
shows Az y2. RR=2y=— Ryz=— Rzz
(proof)

lemma mem-rtrancl-union-iff-mem-rtrancl-lhs:
assumes Az. (z, 2) € A* = z ¢ Domain B
shows (z, y) € (AU B)* «— (z, y) € A*
(proof)

lemma mem-rtrancl-union-iff-mem-rtrancl-rhs:
assumes
Nz (z, 2) € B* = z ¢ Domain A
shows (z, y) € (AU B)* «— (z, y) € B*
(proof)

end
theory Abstract-Rewriting-Extra
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imports
Transitive-Closure-Extra
Abstract— Rewriting. Abstract- Rewriting
begin

lemma mem-join-union-iff-mem-join-lhs:
assumes
Nz. (z, z) € A* = z ¢ Domain B and
Nz (y, 2) € A* = z ¢ Domain B
shows (z, y) € (AU B)¥ < (z, y) € At
(proof)

lemma mem-join-union-iff-mem-join-rhs:
assumes
Nz. (z, 2) € B* = z ¢ Domain A and
Nz. (y, 2) € B* = z ¢ Domain A
shows (z, y) € (AU B)Y «— (z, y) € B
(proof)

lemma refi-join: refl (r%)
(proof)

lemma trans-join:
assumes strongly-norm: SN r and confluent: WCR r
shows trans (r)

(proof)

end
theory Term-Rewrite-System
imports
Regular-Tree- Relations. Ground-Ctxt
begin

definition compatible-with-gctzt :: 'f gterm rel = bool where
compatible-with-gctat I «— (V¢ t' ctzt. (¢, t') € I — (ctat(t)q, ctat(t)g) € 1)

lemma compatible-with-gctxtD:
compatible-with-gctet I = (¢, t') € I = (ctzt(t)q, ctet(thq) € 1
{proof )

lemma compatible-with-gctat-converse:
assumes compatible-with-gctxt T
shows compatible-with-gctzt (I71)
(proof)

lemma compatible-with-gctat-symcl:
assumes compatible-with-gctat 1
shows compatible-with-gctzt (1)

{proof)



lemma compatible-with-gctat-rtrancl:
assumes compatible-with-gctat 1
shows compatible-with-gctzt (I*)

(proof)

lemma compatible-with-gctat-relcomp:
assumes compatible-with-gctat 11 and compatible-with-gctxt 12
shows compatible-with-gctzt (I1 O I12)

(proof)

lemma compatible-with-gctxt-join:
assumes compatible-with-gctxt 1
shows compatible-with-gctzt (IV)

(proof)

lemma compatible-with-gctat-conversion:
assumes compatible-with-gctxt T
shows compatible-with-gctzt (1F)

{proof)

definition rewrite-inside-gctzt :: 'f gterm rel = 'f gterm rel where
rewrite-inside-gctet R = {(ctet(tl)q, ctet(t2)q) | ctat t1 2. (t1, t2) € R}

lemma mem-rewrite-inside-gctat-if-mem-rewrite-rules|intro):
(I, 7) € R = (I, r) € rewrite-inside-gctzt R
{proof)

lemma ctzt-mem-rewrite-inside-gctzt-if-mem-rewrite-rules|intro]:
(I, ) € R = (ctzt(l)q, ctat(r)g) € rewrite-inside-gctzt R

(proof)

lemma rewrite-inside-gctxt-mono: R C S = rewrite-inside-gctzt R C rewrite-inside-gctat

S
{proof)

lemma rewrite-inside-gctrt-union:
rewrite-inside-gctzt (R U S) = rewrite-inside-gctat R U rewrite-inside-gctat S
(proof)

lemma rewrite-inside-gctrt-insert:

rewrite-inside-gctrt (insert r R) = rewrite-inside-gctzt {r} U rewrite-inside-gctat
R

(proof )

lemma converse-rewrite-steps: (rewrite-inside-gctat R) ™! = rewrite-inside-gctzt (R™1)

(proof)

lemma rhs-lt-lhs-if-rule-in-rewrite-inside-gctxt:



fixes less-trm :: 'f gterm = 'f gterm = bool (infix <; 50)
assumes
rule-in: (t1, t2) € rewrite-inside-gctrt R and
ball-R-rhs-lt-lhs: \t1 t2. (t1, t2) € R = t2 <; tI and
compatible-with-getat: \t1 t2 ctat. t2 <; t1 = ctat(t2)¢ < ctat(tl)g
shows t2 <; t1

(proof)

lemma mem-rewrite-step-union-NF':
assumes (t, t') € rewrite-inside-gctzt (R1 U R2)
t € NF (rewrite-inside-gctat R2)
shows (¢, t') € rewrite-inside-gctzt R1
(proof)

lemma predicate-holds-of-mem-rewrite-inside-gctxt:
assumes rule-in: (t1, t2) € rewrite-inside-gctzt R and
ball-P: \t1 t2. (t1, 12) € R = P t1 t2 and
preservation: \t1 t2 ctat 0. (t1, t2) € R => P t1 t2 = P ctat(tl)q ctet(t2)q
shows P t1 12

(proof)

lemma compatible-with-gctzt-rewrite-inside-gctat[simpl: compatible-with-gctzt (rewrite-inside-getat
E)
(proof)

lemma subset-rewrite-inside-gctat[simp): E C rewrite-inside-gctzt E

(proof)

lemma wf-converse-rewrite-inside-gctxt:
fixes E :: 'f gterm rel
assumes
wfP-R: wfP R and
R-compatible-with-gctxt: Nctat t t'. R t ' = R ctat(t)q ctat(t’)¢ and
equations-subset-R: Nz y. (x,y) € E = Ry«x
shows wf ((rewrite-inside-gctat E)~1)

(proof)

end

theory Ground-Critical-Pairs
imports Term-Rewrite-System

begin

definition ground-critical-pairs :: 'f gterm rel = 'f gterm rel where
ground-critical-pairs R = {(ctzt{ra)q, m1) | ctat I r1 rq. (ctat(l)q, r1) € R A (I,
7'2) c R}

abbreviation ground-critical-pair-theorem :: 'f gterm rel = bool where
ground-critical-pair-theorem (R :: 'f gterm rel) =
WCR (rewrite-inside-gctxt R) «— ground-critical-pairs R C (rewrite-inside-gctxt



R)*

end
theory Multiset-Extra
imports
HOL— Library. Multiset
HOL— Library. Multiset-Order
Nested-Multisets-Ordinals. Multiset-More
begin

lemma one-le-countkE:
assumes I < count M x
obtains M’ where M = add-mset z M’

{proof)

lemma two-le-countE:
assumes 2 < count M x
obtains M’ where M = add-mset z (add-mset x M)

{proof)

lemma three-le-countFE:
assumes 3 < count M x
obtains M’ where M = add-mset z (add-mset © (add-mset x M’))

{proof)

lemma one-step-implies-multp g o-strong:
fixes A B J K :: - multiset
defines J =B — Aand K =A - B
assumes J # {#} and Vk €# K. 3z €# J. Rkx
shows multpyo R A B

(proof)

lemma Unig-antimono: @ < P = Uniq @Q > Uniq P
(proof)

lemma Unig-antimono”. (Nz. Q © = P ©) = Uniq P = Uniq Q

(proof)

lemma multp-singleton-right[simp]:

assumes transp R

shows multp R M {#az#} +— (Vy €# M. R y x)
(proof)

lemma multp-singleton-left[simp]:

assumes transp R

shows multp R {#a#} M «— ({#az#} CH MV 3y e# M. Rz y))
(proof)

lemma multp-singleton-singleton|simp): transp R = multp R {#z#} {#y#} +—



Raxy
(proof)

lemma multp-subset-supersetl: transp R = mullp R A B = C C# A = B
C# D — multp R CD

{proof)

lemma multp-double-doublel:
assumes transp R multp R A B
shows multp R (A + A) (B + B)
(proof)

lemma multp-implies-one-step-strong:
fixes A BIJ K :: - multiset
assumes transp R and asymp R and multp R A B
defines J =B — Aand K = A - B
shows J # {#}and Vk e# K.z €# J. Rkz
(proof)

lemma multp-double-doubleD:
assumes transp R and asymp R and multp R (A + A) (B + B)
shows multp R A B

(proof)

lemma multp-double-double:
transp R = asymp R = multp R (A + A) (B + B) «— multp R A B

{proof)

lemma multp-doubleton-doubleton[simp]:
transp R = asymp R = multp R {#z, z#} {#y, y#} +— Rz y
(proof)

lemma multp-single-doublel: M # {#} = multp R M (M + M)
{proof)

lemma mult1-implies-one-step-strong:

assumes trans r and asym r and (A, B) € multl r

shows B — A # {#}andVke# A — B.3je# B — A. (k,j) er
(proof)

lemma asymp-multp:
assumes asymp R and transp R
shows asymp (multp R)
(proof)

lemma multp-doubleton-singleton: transp R = multp R {# =, © #} {# v #}
+— Rzy

(proof)



lemma image-mset-removel-mset:
assumes inj f

shows removel-mset (f a) (image-mset f X) = image-mset f (removel-mset a

X)
(proof)

lemma multpp pr-map-strong:
assumes
f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-1t-M2: multppyr R M1 M2
shows multppyr S (image-mset f M1) (image-mset f M2)
(proof)

lemma multp-map-strong:
assumes
transp: transp R and
f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-1t-M2: multp R M1 M2
shows multp S (image-mset f M1) (image-mset f M2)
(proof )

lemma multpy o-add-mset:
assumes asymp R transp R R x y multpgo R X Y
shows multpro R (add-mset © X) (add-mset y Y)

{proof)

lemma multp-add-mset:
assumes asymp R transp R R x y multp R X Y
shows multp R (add-mset x X) (add-mset y V)

{proof)

lemma multp-add-mset”:
assumes R z y
shows multp R (add-mset x X) (add-mset y X)

{proof)

lemma multp-add-mset-reficlp:
assumes asymp R transp R R z y (multp R)== X Y
shows multp R (add-mset x X) (add-mset y V)

{proof)

lemma multp-add-same:
assumes asymp R transp R multp R X Y
shows multp R (add-mset x X) (add-mset z Y)

{proof)

end
theory Uprod-Extra
imports



HOL—- Library. Multiset
HOL- Library. Uprod
begin

abbreviation upair where
upair = Nz, y). Upair z y

lemma Upair-sym: Upair z y = Upair y x
(proof )

lemma ex-ordered-Upair:
assumes tot: totalp-on (set-uprod p) R
shows 3z y. p = Upairzy N R~ z y
(proof)

definition mset-uprod :: 'a uprod = 'a multiset where
mset-uprod = case-uprod (Abs-commute (Az y. {#z, y#}))

lemma Abs-commute-inverse-mset|[simp]:

apply-commute (Abs-commute (Az y. {#zx, y#})) = Az y. {#z, y#})
{proof)

lemma set-mset-mset-uprod[simp]: set-mset (mset-uprod up) = set-uprod up
(proof )

lemma mset-uprod-Upair[simp]: mset-uprod (Upair x y) = {#z, y#}
(proof )

lemma map-uprod-inverse: (Az. f (g ) = z) = (Ay. map-uprod f (map-uprod
9Yy) =y)
(proof )

lemma mset-uprod-image-mset: mset-uprod (map-uprod f p) = image-mset f (mset-uprod
p)
(proof)

end

theory HOL-Extra
imports Main

begin

lemmas Uniql = Unig-1
lemma Unig-prodl:
assumes Azl yI 22 y2. Pzl yl =— P 22 y2 = (x1, y1) = (22, y2)

shows J<(z, y). Pz y
{proof)

lemma Unig-implies-exl: 3<ix. Px = Py = dlz. Pz



{proof)

lemma Unig-antimono: Q@ < P = Uniq Q > Uniq P
(proof )

lemma Unig-antimono”: (Az. @ xt = P x) = Uniq P = Uniq Q
(proof)

lemma Collect-eg-if-Uniq: (3<12z. Px) = {z. Pz} ={} vV (3z. {z. Pz} = {z})
{proof)

lemma Collect-eq-if-Unig-prod:
23 31%, ). Pey)={(z,y). Pry} ={} v Bzy {(z,9). Pry}t ={(z, 9)})
proo,

lemma Ball-Ez-comm:
Ve e X.3f. P (fz)z) = (3f.Vz € X. P (fz) x)
3f. Ve X. P (fz)z) = (Ve e X.3f. P (fz) x)
(proof)

lemma set-map-id:
assumes z € set X fz ¢ set X map fX =X
shows Fulse

{proof)

end

theory Relation-Faxtra
imports HOL.Relation

begin

lemma transp-on-empty[simp|: transp-on {} R
{proof)

lemma asymp-on-empty[simp|: asymp-on {} R
(proof )

lemma partition-set-around-element:
assumes tot: totalp-on N R and z-in: x € N
shows N ={ye N.Ryz}U{z} U{y e N. Rzy}
(proof)

end
theory Clausal-Calculus-Extra
imports
Saturation-Framework-Extensions. Clausal-Calculus
Uprod-FExtra
begin

lemma map-literal-inverse:

10



(Az. [ (g ) = z) = (Aliteral. map-literal f (map-literal g literal) = literal)
{proof)

lemma map-literal-comp:
map-literal f (map-literal g literal) = map-literal (Aatom. f (g atom)) literal

{proof)

lemma literals-distinct [simp]: Neg # Pos Pos # Neg
(proof)

primrec mset-lit :: 'a uprod literal = 'a multiset where
mset-lit (Pos A) = mset-uprod A |
mset-lit (Neg A) = mset-uprod A + mset-uprod A

lemma mset-lit-image-mset: mset-lit (map-literal (map-uprod f) 1) = image-mset
I (mset-lit 1)
(proof)

lemma uprod-mem-image-iff-prod-mem|[simp):
assumes sym |
shows (Upair t t') € (A(t1, t2). Upair ty ta) ‘1 «— (¢, t") €I
(proof )

lemma true-lit-uprod-iff-true-lit-prod[simp):
assumes sym [
shows
(A(t1, to). Upair ty t2) ‘I |El Pos (Upair t t') +— I |=l Pos (t, t')
(AM(t1, t2). Upair t1 t2) ‘1 |=l Neg (Upair t t') <— I |=l Neg (t, t')
(proof)

end
theory Ground-Term-Extra

imports Regular-Tree-Relations. Ground-Terms
begin

lemma gterm-is-fun: is-Fun (term-of-gterm t)
(proof )

end
theory Ground-Ctzt-Extra

imports Regular-Tree- Relations. Ground-Ctxt
begin

lemma le-size-gctat: size t < size (C{t)q)
{proof)

lemma [t-size-gctat: ctrt # Og = size t < size ctet(t)a
{proof)

11



lemma gctat-ident-iff-eq-GHole[simp]: ctzt(t)g = t «— ctat = Og
(proof)

end
theory Ground-Clause
imports
Saturation-Framework-Extensions. Clausal-Calculus

Ground-Term-Eztra
Ground-Ctxt-Extra
Uprod-FExtra

begin

abbreviation Pos-Upair (infix ~ 66) where
Pos-Upair z y = Pos (Upair = y)

abbreviation Neg-Upair (infix !~ 66) where
Neg-Upair © y = Neg (Upair z y)

type-synonym 'f gatom = 'f gterm uprod

no-notation subst-compose (infixl oy 75)
no-notation subst-apply-term (infixl - 67)

end
theory Selection-Function
imports
Ground-Clause
begin

locale select =
fixes sel :: 'a clause = 'a clause
assumes
select-subset: NC. sel C C# C and
select-negative-lits: N\C L. L €4 sel C = is-neg L

end

theory Term-Ordering-Lifting
imports Clausal-Calculus-Ezxtra

begin

lemma antisymp-on-reficlp-if-asymp-on:
assumes asymp-on A R

shows antisymp-on A R==
(proof )

lemma order-reficlp-if-transp-and-asymp:

12



assumes transp R and asymp R
shows class.order R== R

(proof)
locale term-ordering-lifting =
fixes
less-trm :: 't = 't = bool (infix <; 50)
assumes

transp-less-trm|introl: transp (<) and
asymp-less-trm[intro]: asymp (<¢)
begin

definition less-lit :: 't uprod literal = 't uprod literal = bool (infix <; 50) where
less-lit L1 L2 = multp (<) (mset-lit L1) (mset-lit L2)

definition less-cls :: 't uprod clause = "t uprod clause = bool (infix <. 50) where
less-cls = multp (<)

sublocale term-order: order (<¢)== (<)
{proof)

sublocale literal-order: order (<;)== (=)
(proof)

sublocale clause-order: order (<.)== (<¢)

(proof)

end

end
theory Ground-Ordering
imports

Ground-Clause
Transitive-Closure-Extra
Clausal-Calculus-Extra
Min-Mazx-Least- Greatest. Min-Mazx- Least- Greatest-Multiset
Term-Ordering-Lifting

begin

locale ground-ordering = term-ordering-lifting less-trm
for
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) +
assumes
wfP-less-trm[intro|: wfP (<) and
totalp-less-trmlintro]: totalp (<;) and
less-trm-compatible-with-gctxt[simp]: Nctat t ¢/ t <4 t' = ctat(t)g < ctat(ta
and
less-trm-if-subterm[simp]: Nt ctzt. ctot # O = t <4 ctat(t)a
begin

13



abbreviation lesseg-trm (infix <; 50) where
lesseg-trm = (<)==

lemma lesseq-trm-if-subtermeq: t <; ctxt(t)a
(proof)

abbreviation lesseg-lit (infix <; 50) where
lesseq-lit = (<)==

abbreviation lesseg-cls (infix <. 50) where
lesseg-cls = (<)==

lemma wfP-less-lit[simp]: wfp (<)

(proof)

lemma wfP-less-cls[simp]: wfp (<)
{proof)

sublocale term-order: linorder lesseq-trm less-trm

(proof)

sublocale literal-order: linorder lesseq-lit less-lit
(proof)

sublocale clause-order: linorder lesseqg-cls less-cls

(proof)

abbreviation is-mazimal-lit :: 'f gatom literal = 'f gatom clause = bool where
is-mazimal-lit L M = is-maximal-in-mset-wrt (<;) M L

abbreviation is-strictly-mazimal-lit :: 'f gatom literal = 'f gatom clause = bool
where
is-strictly-mazimal-lit L M = is-greatest-in-mset-wrt (<;) M L

lemma less-trm-compatible-with-gctzt':
assumes clzt(t)g <: ctzt(t’)a
shows t <; t’

(proof)

lemma less-trm-compatible-with-gctat-iff : ctat(t)e <¢ ctet(t)g +— t <4 t’
{proof)

lemma context-less-term-lesseq:
assumes
At ctzt(t)a <. ctat’{t)a
t =t
shows ctzt(t)g <¢ ctat’(t)q

14



{proof)

lemma context-lesseq-term-less:
assumes
Nt ctat(t)a =t ctat'{t)a
t <y t’
shows ctzt(t)g < ctat’(t)q
(proof)

end

end

theory Ground-Type-System
imports Ground-Clause

begin

inductive welltyped for F where
GFun: F | = (15, ) = list-all2 (welltyped F) ts s = welltyped F (GFun f
ts) T

lemma welltyped-right-unique: right-unique (welltyped F)
(proof)

definition welltyped, where
welltyped, F A +— (37.Vt € set-uprod A. welltyped F t T)

definition welltyped; where
welltyped; F L «— welltyped, F (atm-of L)

definition welltyped. where
welltyped, F C +— (VL €# C. welltyped; F L)

definition welltyped.; where
welltyped.s F N +— (V C € N. welltyped. F C)

lemma welltyped.-add-mset:
welltyped. F (add-mset L C) +— welltyped; F L N welltyped. F C
(proof )

lemma welltyped.-plus:
welltyped, F (C + D) <— welltyped. F C A welltyped. F D
(proof )

lemma gctzt-apply-term-preserves-typing:
assumes
k-type: welltyped F k(t)q 71 and
t-type: welltyped F t 7o and
t’-type: welltyped F t' 9
shows welltyped F k(ta 71

15



{proof)

end
theory Ground-Superposition
imports

Main

Saturation-Framework. Calculus
Saturation-Framework-Extensions. Clausal-Calculus
Abstract— Rewriting. Abstract- Rewriting

Abstract- Rewriting- Extra
Ground-Critical-Pairs
Multiset-Extra
Term-Rewrite-System
Transitive-Closure-Extra
Uprod-FExtra
HOL-Extra
Relation-FExtra
Clausal-Calculus-Extra
Selection-Function
Ground-Ordering
Ground-Type-System
begin

hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of

no-notation subst-compose (infixl o; 75)
no-notation subst-apply-term (infixl - 67)

1 Superposition Calculus

locale ground-superposition-calculus = ground-ordering less-trm + select select
for
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) and
select :: 'f gatom clause = 'f gatom clause +
assumes

ground-critical-pair-theorem: N\(R :: 'f gterm rel). ground-critical-pair-theorem
R

begin

16



1.1 Ground Rules

inductive ground-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-superpositionl :
E = add-mset Ly B/ —
D = add-mset Lp D' —
D <. F =
P € {Pos, Neg} =
Lg = P (Upair k{t)g u) =
Lp =t~ t =
u <t K(t)g =
=<t =
(P = Pos A select E = {#} A is-strictly-maximal-lit Ly E) V
(P = Neg A (select E = {#} A is-mazimal-lit Ly E V is-mazimal-lit Ly (select
) —
select D = {#} =
is-strictly-maximal-lit Lp D —>
C = add-mset (P (Upair £{t")¢ u)) (E'+ D) =
ground-superposition D E C

inductive ground-eg-resolution ::

'f gatom clause = 'f gatom clause = bool where

ground-eq-resolutionl:
D = add-mset L D' =
L = Neg (Upair t t) =
select D = {#} A is-mazimal-lit L D V is-mazimal-lit L (select D) =
C=D =
ground-eq-resolution D C

inductive ground-eq-factoring ::
'f gatom clause = 'f gatom clause = bool where
ground-eq-factoringl :
D = add-mset Ly (add-mset Ly D) =
L=t~ t =
Ly =t~ t" =
select D = {#} =
is-maximal-lit 1 D —
<t =
C = add-mset (Neg (Upair t’ t")) (add-mset (t ~ t") D) =
ground-eq-factoring D C

1.1.1 Alternative Specification of the Superposition Rule

inductive ground-superposition’ ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-superposition’I:
P, = add-mset L; P’ =
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Py = add-mset Ly Py —>

Py <. P =

P € {Pos, Neg} —>

Ly = P (Upair s(t)g s') =

Ly =t~ t =

s' =<t s{t)yg =

t’ <t t =

(P = Pos — select Py = {#} A is-strictly-mazimal-lit Ly P1) =

(P = Neg — (select Py = {#} A is-mazimal-lit Ly Py V is-mazimal-lit Ly
(select P1))) =

select Py = {#} =

is-strictly-mazximal-lit Ly Py —>

C = add-mset (P (Upair s(t) g s")) (P1’' + P3/) =

ground-superposition’ Py Py C

lemma ground-superposition’ = ground-superposition

(proof)

inductive ground-pos-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-pos-superpositionl :
P = add-mset L, Pll —
Py = add-mset Ly Py' —>
Py <. P =
L = s{t)g = s' =
Ly =t~ t =
s' =< s(t)g =
<t =
select P1 = {#} =
is-strictly-mazximal-lit Ly P1 =
select Py = {#} =
is-strictly-maximal-lit Ly Py —>
C = add-mset (s(t"\¢ = s') (P1' + Py’) =
ground-pos-superposition Po P; C

lemma ground-superposition-if-ground-pos-superposition:
assumes step: ground-pos-superposition Py Py C
shows ground-superposition Po P; C
(proof )

inductive ground-neg-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-neg-superpositionl :
P, = add-mset L; P, —
Py = add-mset Ly Py' —
Py <. P =
Ly = Neg (Upair s(t)g s') =
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Ly =t~ t =

s =<y s(tye =

<t =

select Py = {#} A is-maximal-lit L1 Py V is-maximal-lit Ly (select P1) =
select Py = {#} =

is-strictly-mazimal-lit Ly Py —>

C = add-mset (Neg (Upair s(t"¢ s')) (P1' + Py') =
ground-neg-superposition Py P1 C

lemma ground-superposition-if-ground-neg-superposition:
assumes ground-neg-superposition Py P1 C
shows ground-superposition Po P1 C
(proof )

lemma ground-superposition-iff-pos-or-neg:
ground-superposition Po P, C +—
ground-pos-superposition Py Py C'V ground-neg-superposition Po P1 C
(proof)

1.2 Ground Layer

definition G-Inf :: 'f gatom clause inference set where
G-Inf =
{Infer [P, P1] C | Py Py C. ground-superposition Py Py C} U
{Infer [P] C | P C. ground-egq-resolution P C} U
{Infer [P] C' | P C. ground-eq-factoring P C'}

abbreviation G-Bot :: 'f gatom clause set where

G-Bot = {{#}}

definition G-entails :: 'f gatom clause set = 'f gatom clause set = bool where
G-entails Ny No +— (V (I :: 'f gterm rel). refl [ — trans I — sym I —»
compatible-with-getat I — upair ‘I |E=s Ny — upair ‘I |=s Na)

lemma ground-superposition-smaller-conclusion:
assumes
step: ground-superposition P1 P2 C
shows C <. P2

{proof)

lemma ground-eq-resolution-smaller-conclusion:
assumes step: ground-eq-resolution P C
shows C <. P

{proof)

lemma ground-eq-factoring-smaller-conclusion:
assumes step: ground-eq-factoring P C
shows C <. P

{proof)
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end

sublocale ground-superposition-calculus C consequence-relation where
Bot = G-Bot and
entails = G-entails

(proof)

end

theory Ground-Superposition-Completeness
imports Ground-Superposition

begin

1.3 Redundancy Criterion

sublocale ground-superposition-calculus C calculus-with-finitary-standard-redundancy
where

Inf = G-Inf and

Bot = G-Bot and

entails = G-entails and

less = (<¢)

defines GRed-I = Red-I and GRed-F = Red-F
(proof )

1.4 Mode Construction

context ground-superposition-calculus begin

function epsilon :: - = 'f gatom clause = 'f gterm rel where
epsilon N C = {(s, t)| st C".
CeNA

C = add-mset (Pos (Upair s t)) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos (Upair s t)) C' A
t <t s A
(let Re = (UD € {D € N. D <. C}. epsilon {E € N. E <. D} D) in
= upair ¢ (rewrite-inside-gctzt Ro)* |= C A
- upair ¢ (rewrite-inside-gctat (insert (s, t) Re))v | C' A
s € NF (rewrite-inside-gctzt Rc))}
(proof )

termination epsilon
(proof)

declare epsilon.simps[simp del]

lemma epsilon-filter-le-conv: epsilon {D € N. D <. C} C = epsilon N C
(proof)

end
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lemma (in ground-ordering) Unig-striclty-mazimal-lit-in-ground-cls:
d<1 L. is-strictly-mazimal-lit L C
(proof)

lemma (in ground-superposition-calculus) epsilon-eg-empty-or-singleton:
epsilon N C = {} V (3s t. epsilon N C = {(s, t)})
(proof)

lemma (in ground-superposition-calculus) card-epsilon-le-one:
card (epsilon N C) < 1
(proof)

definition (in ground-superposition-calculus) rewrite-sys where
rewrite-sys N C = ((JD € {D € N. D <. C}. epsilon {E € N. E <. D} D)

definition (in ground-superposition-calculus) rewrite-sys’ where

rewrite-sys’ N = (U C € N. epsilon N C)

lemma (in ground-superposition-calculus) rewrite-sys-alt: rewrite-sys’ {D € N. D
<. C} = rewrite-sys N C
(proof )

lemma (in ground-superposition-calculus) mem-epsilonE:
assumes rule-in: rule € epsilon N C
obtains [ r C'/ where
C € N and
rule = (I, r) and
C = add-mset (Pos (Upair [ v)) C' and
select C = {#} and
is-strictly-maximal-lit (Pos (Upair 1 r)) C' and
r <; [ and
- upair ¢ (rewrite-inside-gctzt (rewrite-sys N C))¥ |= C and
= upair ¢ (rewrite-inside-gctat (insert (1, r) (rewrite-sys N C)))* |= C' and
I € NF (rewrite-inside-gctat (rewrite-sys N C))
{proof)

lemma (in ground-superposition-calculus) mem-epsilon-iff:
(I, r) € epsilon N C <—
(3C". C e NA C = add-mset (Pos (Upair I r)) C' A select C = {#} A
is-strictly-mazimal-lit (Pos (Upair I 1)) C A1 <4 I A
- upair ¢ (rewrite-inside-gctat (rewrite-sys’ {D € N. D <. C}H))* |= C A
— upair ¢ (rewrite-inside-gctzt (insert (I, ) (rewrite-sys’ {D € N. D <. C})))*
= ¢’ A
l € NF (rewrite-inside-gctzt (rewrite-sys’ {D € N. D <. C})))
(is 2LHS <— ?RHS)
(proof)

lemma (in ground-superposition-calculus) rhs-lt-lhs-if-mem-rewrite-sys:
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assumes (t1, t2) € rewrite-sys N C
shows t2 <; t1
{proof )

lemma (in ground-superposition-calculus) rhs-less-trm-lhs-if-mem-rewrite-inside-gctrt-rewrite-sys:
assumes rule-in: (t1, t2) € rewrite-inside-gctxt (rewrite-sys N C')
shows t2 <; t1

(proof)

lemma (in ground-superposition-calculus) rhs-lesseq-trm-lhs-if-mem-rtrancl-rewrite-inside-gctat-rewrite-sys:
assumes rule-in: (t1, t2) € (rewrite-inside-gctzt (rewrite-sys N C))*
shows t2 =<, t1
(proof)

lemma singleton-eq-CollectD: {z} = {y. Py} = Pz
{proof)

lemma subset-Union-mem-Collect]: Px = fx C (Jy € {z. P z}. fy)
{proof)

lemma (in ground-superposition-calculus) rewrite-sys-subset-if-less-cls:
C <. D = rewrite-sys N C' C rewrite-sys N D
(proof)

lemma (in ground-superposition-calculus) mem-rewrite-sys-if-less-cls:
assumes D € N and D <. C and (u, v) € epsilon N D
shows (u, v) € rewrite-sys N C
(proof)

lemma (in ground-superposition-calculus) less-trm-iff-less-cls-if-lhs-epsilon:
assumes F¢: epsilon N C = {(s, t)} and Ep: epsilon N D = {(u, v)}
shows u <; s «+— D <. C

(proof)

lemma (in ground-superposition-calculus) termination-rewrite-sys: wf ((rewrite-sys
NC)™)
(proof)

lemma (in ground-superposition-calculus) termination- Union-rewrite-sys:
wf ((UD € N. rewrite-sys N D)™1)
(proof)

lemma (in ground-superposition-calculus) no-crit-pairs:
{(t1, t2) € ground-critical-pairs (|J (epsilon N2 ‘ N)). t1 # t2} = {}
(proof)

lemma (in ground-superposition-calculus) WCR-Union-rewrite-sys:
WCR (rewrite-inside-gctzt ((JD € N. epsilon N2 D))
{proof)
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lemma (in ground-superposition-calculus)
assumes
D <. C and
Ec-eq: epsilon N C = {(s, t)} and
L-in: L €# D and
topmost-trms-of-L: mset-uprod (atm-of L) = {#u, v#}
shows
lesseq-trm-if-pos: is-pos L = u =; s and
less-trm-if-neg: is-neg L = u < §
(proof)

lemma (in ground-ordering) less-trm-const-lhs-if-mem-rewrite-inside-gctat:
fixes t t1 t2r
assumes
rule-in: (t1, t2) € rewrite-inside-gctat r and
ball-lt-lhs: N\t1 t2. (t1,t2) € r = t <4 t1
shows t <; t1

(proof)

lemma (in ground-superposition-calculus) split-Union-epsilon:
assumes D-in: D € N
shows (|J C € N. epsilon N C) =
rewrite-sys N D U epsilon N D U (|JC € {C € N. D <. C}. epsilon N C)

(proof)

lemma (in ground-superposition-calculus) split-Union-epsilon’:

assumes D-in: D € N

shows (|J C € N. epsilon N C) = rewrite-sys NDU (|JC € {C € N. D <. C}.
epsilon N C)

(proof)

lemma (in ground-superposition-calculus) split-rewrite-sys:

assumes C € N and D-in: D € N and D <, C

shows rewrite-sys N C = rewrite-sys ND U (JC' € {C'e N. D <. C'AN C’
<. C}. epsilon N C”)
(proof )

lemma (in ground-ordering) mem-join-union-iff-mem-join-lhs":
assumes
ball-Ry-rhs-lt-lIhs: A\t1 t2. (t1, t2) € Ry = t2 <, t1 and
ball-Roy-lt-lhs: /\tl t2. (tl, t?) € Ry = s <4 t1 Nt < t1
shows (s, t) € (Ry U Ry)¥ < (5, t) € Ry*
(proof)

lemma (in ground-ordering) mem-join-union-iff-mem-join-rhs”:
assumes
ball-Ry -rhs-lt-lhs: \t1 t2. (t1, t2) € Ry = t2 <, t1 and
ball-Ro-lt-lhs: Nt1t2. (11, 12) € Ry = s <¢ t1 ANt <4 t1
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shows (s, t) € (Ry U Ry)¥ < (5, t) € Ro*
(proof )

lemma (in ground-ordering) mem-join-union-iff-mem-join-lhs'"
assumes
Range-Ry-lt-Domain-Ro: A\t1 t2. t1 € Range Ry = t2 € Domain Ry = t1
<t t2 and
s-lt-Domain-Rao: N\t2. t2 € Domain Ry = s <; t2 and
t-lt-Domain-Ro: \t2. t2 € Domain Ry = t < t2
shows (s, t) € (R1 U Ro)¥ «— (s, t) € Ryt
(proof)

lemma (in ground-superposition-calculus) lift-entailment-to- Union:
fixes N D
defines Rp = rewrite-sys N D
assumes
D-in: D € N and
Rp-entails-D: upair * (rewrite-inside-gctat Rp)* = D
shows
upair ¢ (rewrite-inside-gctzt (|J D € N. epsilon N D))¥ |= D and
ANC. C € N = D <. C = upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥
= D
(proof )

lemma (in ground-superposition-calculus)
assumes productive: epsilon N C = {(l, r)}
shows
true-cls-if-productive-epsilon:
upair * (rewrite-inside-gctzt (|JD € N. epsilon N D))¥ |= C
AD. D € N = C <. D = upair ‘ (rewrite-inside-gctat (rewrite-sys N D))¥
= C and
false-cls-if-productive-epsilon:
= upair ¢ (rewrite-inside-gctrt (JD € N. epsilon N D))* |= C — {#Pos
(Upair 1 r)#}
AD. D e N = C <. D = — upair ‘ (rewrite-inside-gctzt (rewrite-sys N
D)) |= C — {#Pos (Upair I r)#}
(proof)

lemma from-neq-double-rtrancl-to-eqF:
assumes z # y and (z, z) € * and (y, 2) € r
obtains
w where (z, w) € r and (w, z) €
w where (y, w) € r and (w, 2) € r
(proof)

*

N

*

lemma ex-step-if-joinable:
assumes asymp R (z, z) € r* and (y, 2) € r*
shows
RF=zy=—= Ryz=— Jw. (z, w) €rA(w, 2) €r*
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R==zx = Rzy = FJw. (y,w) €r A (w, 2) € r*
{proof)

lemma (in ground-superposition-calculus) trans-join-rewrite-inside-gctat-rewrite-sys:
trans ((rewrite-inside-getzt (rewrite-sys N C))V)

(proof)

lemma (in ground-ordering) true-cls-insert-and-not-true-clsE:
assumes
upair * (rewrite-inside-gctzt (insert r R))* |= C and
- upair ‘ (rewrite-inside-gctzt R)* |= C
obtains ¢ ¢’ where
Pos (Upair t t') €# C and
t <; t' and
(t, t) € (rewrite-inside-gctat (insert r R))* and
(t, t') ¢ (rewrite-inside-gctat R)Y
(proof)

lemma (in ground-superposition-calculus) model-preconstruction:

fixes

N :: 'f gatom clause set and

C :: 'f gatom clause
defines

entails = A\E C. upair * (rewrite-inside-gctat E)* |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows

epsilon N C = {} +— entails (rewrite-sys N C') C

AD. D € N = C <. D = entails (rewrite-sys N D) C
(proof)

lemma (in ground-superposition-calculus) model-construction:

fixes

N :: 'f gatom clause set and

C :: 'f gatom clause
defines

entails = A\E C. upair * (rewrite-inside-gctat E)Y |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows entails (| JD € N. epsilon N D) C

{proof)

1.5 Static Refutational Completeness

lemma (in ground-superposition-calculus) statically-complete:
fixes N :: 'f gatom clause set
assumes saturated N and G-entails N {{#}}
shows {#} € N

{proof)

sublocale ground-superposition-calculus C statically-complete-calculus where
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Bot = G-Bot and
Inf = G-Inf and
entails = G-entails and
Red-I = Red-I and
Red-F = Red-F

(proof)

end
theory Variable-Substitution
imports
Abstract-Substitution.Substitution
HOL—Library.FSet
HOL- Library. Multiset
begin

locale finite-set =

fixes set :: 'b = 'a set

assumes finite-set [simp]: \b. finite (set b)
begin

abbreviation finite-set :: 'b = 'a fset where
finite-set b = Abs-fset (set b)

lemma finite-set”: set b € {A. finite A}
{proof)

lemma fset-finite-set [simp]: fset (finite-set b) = set b
(proof)

end

locale wvariable-substitution = substitution - - subst Aa. vars a = {}
for
subst :: 'expression = (‘variable = 'base-expression) = 'expression (infixl - 70)
and
vars :: 'expression = 'variable set +
assumes
subst-eq: Na o 7. (Az. x € (varsa) = oz =72z)=— a-0c=a-T
begin

abbreviation is-ground where is-ground a = vars a = {}

definition vars-set :: 'expression set = 'variable set where
vars-set expressions = | expression € expressions. vars erpression

lemma subst-reduntant-upd [simp):
assumes var ¢ vars a
shows a - o(var := update) = a - o

{proof)
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lemma subst-reduntant-if [simp]:
assumes vars a C vars’
shows a - (Avar. if var € vars’ then o var else ¢’ var) = a - o

(proof)

lemma subst-reduntant-if ' [simp]:
assumes vars a N vars’ = {}
shows a - (Avar. if var € vars’ then o’ var else 0 var) = a - o

(proof)

lemma subst-cannot-unground:
assumes —is-ground (a - o)
shows —is-ground a

(proof)

end

locale finite-variables = finite-set vars for vars :: 'expression = "variable set
begin

lemmas finite-vars = finite-set finite-set’
lemmas fset-finite-vars = fset-finite-set

abbreviation finite-vars = finite-set
end

locale all-subst-ident-iff-ground =
fixes is-ground :: 'expression = bool and subst
assumes
all-subst-ident-iff-ground: Aa. is-ground a <— (Vo. subst a o0 = a) and
exists-non-ident-subst:
Aa s. finite s => —is-ground a => Jo. subst a 0 # a N subst a o ¢ s

locale grounding = variable-substitution
where vars = vars for vars :: 'a = 'var set +
fixes to-ground :: 'a = 'g and from-ground :: 'g = 'a
assumes
range-from-ground-iff-is-ground: {f. is-ground f} = range from-ground and
from-ground-inverse [simp]: N\g. to-ground (from-ground g) = g
begin

definition groundings ::'a = 'g set where
groundings a = { to-ground (a - 7y) | 7. is-ground (a - ) }

lemma to-ground-from-ground-id: to-ground o from-ground = id
(proof )
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lemma surj-to-ground: surj to-ground
{proof )

lemma inj-from-ground: inj-on from-ground domaing
(proof )

lemma inj-on-to-ground: inj-on to-ground (from-ground ¢ domaing)
(proof)

lemma bij-betw-to-ground: bij-betw to-ground (from-ground ‘ domaing) domaing
(proof)

lemma bij-betw-from-ground: bij-betw from-ground domaing (from-ground * do-
maing)

(proof)

lemma ground-is-ground [simp, intro|: is-ground (from-ground g)
{proof )

lemma is-ground-iff-range-from-ground: is-ground f <— f € range from-ground
(proof )

lemma to-ground-inverse [simp]:
assumes is-ground f
shows from-ground (to-ground f) = f

(proof)

corollary obtain-grounding:
assumes is-ground f
obtains g where from-ground g = f

(proof)

end

locale base-variable-substitution = variable-substitution
where subst = subst
for subst :: 'expression = (‘variable = 'expression) = 'expression (infixl - 70)

_|_
assumes
1s-grounding-iff-vars-grounded:
Nexp. is-ground (exp - ) «— (Y& € vars exp. is-ground (v z)) and
ground-exists: 3 exp. is-ground exp
begin
lemma obtain-ground-subst:
obtains v
where is-ground-subst v
(proof)
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lemma ground-subst-extension:
assumes is-ground (exp - )
obtains '
where exp - v = exp - v’ and is-ground-subst '

(proof)

lemma ground-subst-upd [simp]:
assumes is-ground update is-ground (exp - 7)
shows is-ground (exp - v(var := update))
(proof)

lemma variable-grounding:
assumes is-ground (t - ) x € vars t
shows is-ground (v x)

(proof)

end

locale based-variable-substitution =

base: base-variable-substitution where subst = base-subst and vars = base-vars
_|_

variable-substitution
for base-subst base-vars +
assumes

ground-subst-iff-base-ground-subst [simp]: is-ground-subst v +— base.is-ground-subst
v and

is-grounding-iff-vars-grounded:

Nexp. is-ground (exp - v) «— (Y& € vars exp. base.is-ground (v x))

begin

lemma obtain-ground-subst:
obtains v
where is-ground-subst ~y

{proof)

lemma ground-subst-extension:
assumes is-ground (exp - )
obtains +’
where exp - v = exp - v’ and is-ground-subst '
(proof)

lemma ground-subst-extension’:
assumes is-ground (exp - )
obtains '
where exp - v = exp - v’ and base.is-ground-subst v’

{proof)

lemma ground-subst-upd [simp]:
assumes base.is-ground update is-ground (exp - )
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shows is-ground (exp - y(var := update))
{proof)

lemma ground-exists: 3 exp. is-ground exp
(proof )

lemma variable-grounding:
assumes is-ground (t - ) © € vars t
shows base.is-ground (v z)

(proof)

end

2 Liftings

locale variable-substitution-lifting =
sub: variable-substitution
where subst = sub-subst and vars = sub-vars
for
sub-vars :: 'sub-expression = "variable set and
sub-subst :: 'sub-expression = ('variable = 'base-expression) = 'sub-expression
_l’_
fixes
map :: ('sub-expression = 'sub-expression) = 'expression = 'expression and
to-set :: 'expression = 'sub-expression set
assumes
map-comp: N\d f g. map f (map g d) = map (f o g) d and
map-id: map id d = d and
map-cong: Nd f g. (Ac. ¢ € to-set d = fc=gc) = map fd = map g d
and
to-set-map: A\d f. to-set (map f d) = f  to-set d and
exists-expression: N\c. 3d. ¢ € to-set d
begin

definition vars :: ‘expression = ’variable set where
vars d = |J (sub-vars ¢ to-set d)

definition subst :: ‘expression = (‘variable = 'base-expression) = 'expression
where
subst d 0 = map (Ac. sub-subst ¢ o) d

lemma map-id-cong:
assumes Ac. ¢ € to-set d = fc=c
shows map fd = d

(proof )
lemma to-set-map-not-ident:

assumes c € to-set d f ¢ ¢ to-set d
shows map fd # d
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{proof)

lemma subst-in-to-set-subst:
assumes c € to-set d
shows sub-subst ¢ o € to-set (subst d o)

{proof)

sublocale variable-substitution where subst = subst and vars = vars
(proof)

lemma ground-subst-iff-sub-ground-subst [simp]:
is-ground-subst v <— sub.is-ground-subst

(proof)

lemma to-set-is-ground [intro):
assumes sub € to-set expr is-ground expr
shows sub.is-ground sub

{proof)

lemma to-set-is-ground-subst:
assumes sub € to-set expr is-ground (subst expr )
shows sub.is-ground (sub-subst sub )

{proof)

lemma subst-empty:
assumes to-set expr’ = {}
shows subst expr o = expr’ +— expr = expr’
(proof)

lemma empty-is-ground:
assumes to-set expr = {}
shows is-ground expr

{proof)

end

locale based-variable-substitution-lifting =
variable-substitution-lifting +
base: base-variable-substitution where subst = base-subst and vars = base-vars
for base-subst base-vars +
assumes
sub-is-grounding-iff-vars-grounded:
Nexp 7. sub.is-ground (sub-subst exp v) «— (Vz € sub-vars exp. base.is-ground
(v 7)) and
sub-ground-subst-iff-base-ground-subst: \y. sub.is-ground-subst vy +— base.is-ground-subst

~
begin

lemma is-grounding-iff-vars-grounded:
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is-ground (subst exp v) «— (Vz € vars exp. base.is-ground (v x))
{proof)

lemma ground-subst-iff-base-ground-subst [simpl:
N7v. is-ground-subst v «— base.is-ground-subst v
(proof)

lemma obtain-ground-subst:
obtains v
where is-ground-subst ~y

(proof)

lemma ground-subst-extension:
assumes is-ground (subst exp )
obtains '
where subst exp v = subst exp v' and is-ground-subst '
(proof)

lemma ground-subst-extension'”:
assumes is-ground (subst exp 7y)
obtains '
where subst exp v = subst exp v' and base.is-ground-subst '
(proof)

lemma ground-subst-upd [simp]:
assumes base.is-ground update is-ground (subst exp )
shows is-ground (subst exp (vy(var := update)))

{proof)

lemma ground-exists: 3 exp. is-ground exp

(proof)

lemma variable-grounding:
assumes is-ground (subst t v) z € vars t
shows base.is-ground (v z)

{proof)

end

locale finite-variables-lifting =
variable-substitution-lifting +
sub: finite-variables where vars = sub-vars +
to-set: finite-set where set = to-set

begin

abbreviation to-fset :: 'd = ’c fset where
to-fset = to-set.finite-set

lemmas finite-to-set = to-set.finite-set to-set.finite-set’
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lemmas fset-to-fset = to-set.fset-finite-set

sublocale finite-variables where vars = vars
(proof )

end

locale grounding-lifting =

variable-substitution-lifting where sub-vars = sub-vars and sub-subst = sub-subst
and map = map +

sub: grounding where vars = sub-vars and subst = sub-subst and to-ground =
sub-to-ground and

from-ground = sub-from-ground
for

sub-to-ground :: 'sub = 'ground-sub and

sub-from-ground :: 'ground-sub = 'sub and

sub-vars :: 'sub = 'variable set and

sub-subst :: 'sub = (‘variable = 'base) = 'sub and

map :: ('sub = 'sub) = 'expr = 'expr +
fixes

to-ground-map :: ('sub = 'ground-sub) = 'expr = 'ground-expr and

from-ground-map :: ('ground-sub = 'sub) = 'ground-expr = 'expr and

ground-map :: (‘ground-sub = 'ground-sub) = 'ground-expr = 'ground-expr and

to-set-ground :: 'ground-expr = 'ground-sub set
assumes

to-set-from-ground-map: N\d f. to-set (from-ground-map f d) = f * to-set-ground
d and

map-comp”: N\d [ g. from-ground-map f (to-ground-map g d) = map (f o g) d
and

ground-map-comp: N\d [ g. to-ground-map f (from-ground-map g d) = ground-map
(f o g) d and

ground-map-id: ground-map id g = g
begin

definition to-ground where to-ground expr = to-ground-map sub-to-ground expr

definition from-ground where from-ground expr = from-ground-map sub-from-ground
expr

sublocale grounding where
vars = vars and subst = subst and to-ground = to-ground and from-ground =
from-ground

(proof)
lemma to-set-from-ground: to-set (from-ground expr) = sub-from-ground ‘ (to-set-ground
expr)

(proof)

lemma sub-in-ground-is-ground:
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assumes sub € to-set (from-ground expr)
shows sub.is-ground sub

{proof)

lemma ground-sub-in-ground:
sub € to-set-ground expr <— sub-from-ground sub € to-set (from-ground expr)

{proof)

lemma ground-sub:
(V sub € to-set (from-ground exprg). P sub) +—
(Vsubg € to-set-ground exprg. P (sub-from-ground subg))

(proof )
end

locale all-subst-ident-iff-ground-lifting =

finite-variables-lifting +

sub: all-subst-ident-iff-ground where subst = sub-subst and is-ground = sub.is-ground
begin

sublocale all-subst-ident-iff-ground
where subst = subst and is-ground = is-ground

(proof)
end

end
theory First-Order-Clause
imports

Ground-Clause
Abstract-Substitution.Substitution-First-Order-Term
Variable-Substitution
Clausal-Calculus-Extra
Multiset-Extra
Term-Rewrite-System
Term-Ordering-Lifting
HOL— FEisbach.Eisbach
HOL-Extra

begin

no-notation subst-compose (infixl o; 75)
no-notation subst-apply-term (infixl - 67)

Prefer term-subst.subst-id-subst to subst-apply-term-empty.

declare subst-apply-term-empty[no-atp]

3 First Order Terms And Abstract Substitution

type-synonym 'f ground-term = 'f gterm
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type-synonym 'f ground-context = 'f gctxt
type-synonym ('f, "v) context = ('f, 'v) ctat

type-synonym 'f ground-atom = 'f gatom
type-synonym ('f, 'v) atom = ('f, 'v) term uprod

notation subst-apply-term (infixl -t 67)
notation subst-compose (infixl ® 75)

notation subst-apply-ctrt (infixl ¢, 67)

lemmas clause-simp-term =
subst-apply-term-ctxt-apply-distrib vars-term-ctzt-apply literal.sel

named-theorems clause-simp
named-theorems clause-intro

lemma ball-set-uprod [clause-simpl: (V¥ t€set-uprod (Upair t1 ta). P t) +— P t1 A
Pty
{proof)

lemma infinite-terms [clause-introl: infinite (UNIV :: ('f, 'v) term set)

(proof)

lemma literal-cases: [P € {Pos, Neg}; P = Pos = P; P = Neg — P] =— P
(proof )

method clause-simp uses simp intro =

auto simp only: simp clause-simp clause-simp-term intro: intro clause-intro
method clause-auto uses simp intro =

(clause-simp simp: simp intro: intro)?,

(auto simp: simp intro intro) ?,
(auto simp: simp clause-simp intro: intro clause-intro)?

locale vars-def =

fixes vars-def :: 'expression = 'variables
begin
abbreviation vars = vars-def

end

locale grounding-def =
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fixes
to-ground-def :: 'mon-ground = 'ground and
from-ground-def :: 'ground = 'non-ground
begin

abbreviation to-ground = to-ground-def
abbreviation from-ground = from-ground-def

end

4 Term

global-interpretation term: vars-def where vars-def = vars-term{proof)

global-interpretation context: vars-def where
vars-def = vars-ctzt{proof)

global-interpretation term: grounding-def where
to-ground-def = gterm-of-term and from-ground-def = term-of-gterm {(proof)

global-interpretation context: grounding-def where
to-ground-def = gctat-of-ctat and from-ground-def = ctat-of-gctzt(proof)

global-interpretation
term: base-variable-substitution where
subst = subst-apply-term and id-subst = Var and comp-subst = (®©) and
vars = term.vars = ('f, 'v) term = "v set +
term: finite-variables where vars = term.vars :: ('f, 'v) term = 'v set +
term: all-subst-ident-iff-ground where
is-ground = term.is-ground :: ('f, 'v) term = bool and subst = (-t)

(proof)

lemma term-context-ground-iff-term-is-ground [clause-simp]:
Term-Context.ground t = term.is-ground t

(proof)

global-interpretation

term: grounding where

vars = term.vars :: ('f, 'v) term = 'v set and id-subst = Var and comp-subst
= (®) and

subst = (-t) and to-ground = term.to-ground and from-ground = term.from-ground

(proof)

global-interpretation context: all-subst-ident-iff-ground where
is-ground = Ak. context.vars k = {} and subst = (-t.)

(proof)

global-interpretation contert: based-variable-substitution where
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subst = (-t.) and vars = context.vars and id-subst = Var and comp-subst =
(®) and
base-vars = term.vars and base-subst = (-t)

(proof)

global-interpretation context: finite-variables
where vars = context.vars :: ('f, 'v) context = "v set

(proof)

global-interpretation context: grounding where

vars = context.vars :: ('f, 'v) context = "v set and id-subst = Var and comp-subst
= (®) and

subst = (-t.) and from-ground = context.from-ground and to-ground = con-
text.to-ground

(proof)

lemma ground-ctat-iff-context-is-ground [clause-simp):
ground-ctzt contexrt «— context.is-ground context

{proof)

5 Lifting

lemma exists-uprod: Ja. t € set-uprod a
(proof)

lemma exists-literal: 1. a € set-literal |
(proof )

lemma exists-mset: dc. | € set-mset ¢
(proof)

lemma finite-set-literal: \l. finite (set-literal [)
(proof)

locale clause-lifting =
based-variable-substitution-lifting where
base-subst = (-t) and base-vars = term.vars and id-subst = Var and comp-subst
= () +
all-subst-ident-iff-ground-lifting where id-subst = Var and comp-subst = (®) +
grounding-lifting where id-subst = Var and comp-subst = (®)

global-interpretation atom: clause-lifting where

sub-subst = (-t) and sub-vars = term.vars and map = map-uprod and to-set
= set-uprod and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and

to-ground-map = map-uprod and from-ground-map = map-uprod and ground-map
= map-uprod and

to-set-ground = set-uprod

(proof)
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global-interpretation literal: clause-lifting where
sub-subst = atom.subst and sub-vars = atom.vars and map = map-literal and
to-set = set-literal and sub-to-ground = atom.to-ground and
sub-from-ground = atom.from-ground and to-ground-map = map-literal and
from-ground-map = map-literal and ground-map = map-literal and to-set-ground
= set-literal

{proof)

global-interpretation clause: clause-lifting where
sub-subst = literal.subst and sub-vars = literal.vars and map = image-mset and

to-set = set-mset and sub-to-ground = literal.to-ground and

sub-from-ground = literal. from-ground and to-ground-map = image-mset and
from-ground-map = image-mset and ground-map = image-mset and to-set-ground
= set-mset

(proof)

notation atom.subst (infixl -a 67)
notation literal.subst (infixl -I 66)
notation clause.subst (infixl - 67)

lemmas [clause-simp| = literal.to-set-is-ground atom.to-set-is-ground
lemmas [clause-intro] = clause.subst-in-to-set-subst

lemmas empty-clause-is-ground [clause-intro] =
clause.empty-is-ground[OF set-mset-empty]

lemmas clause-subst-empty [clause-simp] =
clause.subst-ident-if-ground[OF empty-clause-is-ground|
clause.subst-empty| OF set-mset-empty]

lemma set-mset-set-uprod [clause-simp|: set-mset (mset-lit literal) = set-uprod
(atm-of literal)
{proof)

lemma mset-lit-set-literal [clause-simp]:
term €# mset-lit literal «— term € |J (set-uprod * set-literal literal)

(proof )

lemma vars-atom [clause-simp):
atom.vars (Upair termy termz) = term.vars termy, U term.vars terms

{proof)

lemma vars-literal [clause-simp]:
literal.vars (Pos atom) = atom.vars atom
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literal.vars (Neg atom) = atom.vars atom
literal.vars ((if b then Pos else Neg) atom) = atom.vars atom

{proof)

lemma subst-atom [clause-simpl:
Upair termy termg -a o = Upair (termy -t o) (termg -t o)
(proof )

lemma subst-literal [clause-simp):
Pos atom -l 0 = Pos (atom -a o)
Neg atom -l ¢ = Neg (atom -a o)
atm-of (literal -1 o) = atm-of literal -a o
(proof)

lemma vars-clause-add-mset [clause-simp:
clause.vars (add-mset literal clause) = literal.vars literal U clause.vars clause
(proof)

lemma vars-clause-plus [clause-simp):
clause.vars (clause; + clauses) = clause.vars clause; U clause.vars clauses

(proof)

lemma clause-submset-vars-clause-subset [clause-intro):
clause; C# clauseas = clause.vars clause; C clause.vars clauses

{proof)

lemma subst-clause-add-mset [clause-simp]:
add-mset literal clause - o = add-mset (literal -1 o) (clause - o)

{proof)

lemma subst-clause-plus [clause-simp]:
(clausey + clauses) - o = clausey - o + clauses - &

{proof)

lemma clause-to-ground-plus [simpl:
clause.to-ground (clause; + clauses) = clause.to-ground clause; + clause.to-ground
clauses

{proof)

lemma clause-from-ground-plus [simp]:
clause.from-ground (clauseg1 + clausegs) = clause.from-ground clauseqy +
clause.from-ground clausegs

{proof)

lemma subst-clause-removel-mset [clause-simp]:
assumes literal €# clause
shows removel-mset literal clause - o = removel-mset (literal -1 o) (clause - o)

(proof)
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lemma sub-ground-clause [clause-intro]:
assumes clause’ C# clause clause.is-ground clause
shows clause.is-ground clause’

{proof)

lemma clause-from-ground-empty-mset [clause-simp|: clause.from-ground {#} =

{#}
(proof )

lemma clause-to-ground-empty-mset [clause-simp|: clause.to-ground {#} = {#}

(proof)

lemma ground-term-with-contextl:

assumes context.is-ground context term.is-ground term

shows (context.to-ground context)(term.to-ground term)a = term.to-ground con-
text({term)

(proof)

lemma ground-term-with-context2:

assumes context.is-ground context

shows term.from-ground (context.to-ground context)(termea)c = context(term.from-ground
termea)

{proof)

lemma ground-term-with-context3:
(context.from-ground contextq){term.from-ground termg) = term.from-ground
contertg(terma)a

{proof)

lemmas ground-term-with-context =
ground-term-with-context1
ground-term-with-context2
ground-term-with-context3

lemma context-is-ground-context-composel :
assumes contezt.is-ground (context o. context’)
shows context.is-ground context context.is-ground context’

{proof)

lemma contezt-is-ground-context-compose2:
assumes context.is-ground contexrt context.is-ground context’
shows context.is-ground (context o. context’)

{proof)

lemmas context-is-ground-context-compose =
context-is-ground-context-composel
context-is-ground-context-compose?2

lemma ground-context-subst:
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assumes
context.is-ground contexta
contexte = (context -t. o) o. context’
shows
contextq = context o, context’ -t. o

{proof)

lemma clause-from-ground-add-mset [clause-simp]:
clause.from-ground (add-mset literale clauseq) =
add-mset (literal.from-ground literalg) (clause.from-ground clausec)

(proof)

lemma removel-mset-literal-from-ground:
removel-mset (literal.from-ground literalg) (clause.from-ground clauseg)
= clause.from-ground (removel-mset literalg clauseg)

(proof)

lemma term-with-context-is-ground [clause-simp):
term.is-ground context(term) <— context.is-ground context A term.is-ground
term

(proof)

lemma mset-literal-from-ground:
mset-lit (literal.from-ground 1) = image-mset term.from-ground (mset-lit [)

{proof)

lemma clause-is-ground-add-mset [clause-simp]:
clause.is-ground (add-mset literal clause) +—
literal.is-ground literal N\ clause.is-ground clause

{proof)

lemma clause-to-ground-add-mset:
assumes clause.from-ground clause = add-mset literal clause’
shows clause = add-mset (literal.to-ground literal) (clause.to-ground clause’)

{proof)

lemma mset-mset-lit-subst [clause-simpl:
{# term -t 0. term €# mset-lit literal #} = mset-lit (literal -1 o)

{proof)

lemma term-in-literal-subst [clause-intro]:
assumes term €# mset-lit literal
shows term -t o €# mset-lit (literal -1 o)

{proof)

lemma ground-term-in-ground-literal:
assumes literal.is-ground literal term €# mset-lit literal
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shows term.is-ground term
{proof )

lemma ground-term-in-ground-literal-subst:
assumes literal.is-ground (literal -1 ) term €# mset-lit literal
shows term.is-ground (term -t )

{proof)

lemma subst-polarity-stable:
shows
subst-neg-stable: is-neg (literal -l o) +— is-neg literal and
subst-pos-stable: is-pos (literal -1 o) «— is-pos literal

(proof)

lemma atom-from-ground-term-from-ground [clause-simp]:
atom.from-ground (Upair termgy termgs) =
Upair (term.from-ground terma1) (term.from-ground termega)

{proof)

lemma literal-from-ground-atom-from-ground [clause-simp]:
literal. from-ground (Neg atomg) = Neg (atom.from-ground atomc)
literal. from-ground (Pos atomg) = Pos (atom.from-ground atome)

{proof)

lemma context-from-ground-hole [clause-simp]:
context.from-ground contertg = O +— contextqg = Ug

{proof)

lemma [literal-from-ground-polarity-stable:
shows
literal-from-ground-neg-stable: is-neg literalg <— is-neg (literal.from-ground
literal) and
literal-from-ground-stable: is-pos literalg <— is-pos (literal.from-ground lit-
eralg)

(proof)

lemma ground-terms-in-ground-atom1:

assumes term.is-ground term; and term.is-ground terms

shows Upair (term.to-ground termy) (term.to-ground terms) = atom.to-ground
(Upair termy terms)

(proof)

lemma ground-terms-in-ground-atom?2 [clause-simp]:
atom.is-ground (Upair termy termsg) <— term.is-ground termy A term.is-ground
termso

(proof)
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lemmas ground-terms-in-ground-atom =
ground-terms-in-ground-atom1
ground-terms-in-ground-atom2

lemma ground-atom-in-ground-literal:
Pos (atom.to-ground atom) = literal.to-ground (Pos atom)
Neg (atom.to-ground atom) = literal.to-ground (Neg atom)

{proof)

lemma atom-is-ground-in-ground-literal [intro]:
literal.is-ground literal +— atom.is-ground (atm-of literal)
(proof)

lemma obtain-from-atom-subst [clause-introl:
assumes Upair termy’ termo’ = atom -a o
obtains term; terms
where atom = Upair termy terms termy’ = termy -t o terms’ = terms -t o

{proof)

lemma obtain-from-pos-literal-subst [clause-intro):
assumes literal -l 0 = termy’ =~ termsy’
obtains term; terms
where literal = term, ~ termsy termy’ = term; -t o terms’ = termg -t o

{proof)

lemma obtain-from-neg-literal-subst:
assumes literal -l 0 = term;’ |~ termsy’
obtains term; terms
where literal = term, = terms termy -t o = termy’ terma -t 0 = terms’

(proof )
lemmas obtain-from-literal-subst = obtain-from-pos-literal-subst obtain-from-neg-literal-subst

lemma subst-cannot-add-var:
assumes is-Var (term -t o)
shows is-Var term

(proof)

lemma var-in-term:
assumes var € term.vars term
obtains context where term = context({ Var var)

(proof )

lemma var-in-non-ground-term:
assumes — term.is-ground term
obtains context var where term = context{var) is-Var var

{(proof)

lemma non-ground-arg:
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assumes — term.is-ground (Fun f terms)
obtains term
where term € set terms — term.is-ground term

{proof)

lemma non-ground-arg”:
assumes — term.is-ground (Fun f terms)
obtains ts1 var ts2
where terms = ts1 Q [var] Q ts2 — term.is-ground var

(proof)

5.1 Interpretations

lemma vars-term-ms-count:
assumes term.is-ground termg
shows size {#var’ €# vars-term-ms context{ Var var). var’ = var#} =
Suc (size {#var' €# vars-term-ms context(termeg). var’ = var#})

(proof)

context
fixes I :: ('f gterm x 'f gterm) set
assumes
trans: trans I and
sym: sym I and
compatible-with-gctzt: compatible-with-gctxt 1
begin

lemma interpretation-context-congruence:
assumes
(t,th el
(ctzt(t)g, t") € I
shows
(ctat(tha, t") e I
(proof )

lemma interpretation-context-congruence’:
assumes
(¢, t) el
(ctat(t)g, t") ¢ I
shows
(ctxt(tg, t'") ¢ I
{proof)

context
fixes
~ = ('f, 'v) subst and
update :: ('f, 'v) Term.term and
var i v
assumes
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update-is-ground: term.is-ground update and
var-grounding: term.is-ground (Var var -t )
begin

lemma interpretation-term-congruence:
assumes
term-grounding: term.is-ground (term -t ) and
var-update: (term.to-ground (v var), term.to-ground update) € I and
updated-term: (term.to-ground (term -t ~y(var := update)), term’) € T
shows
(term.to-ground (term -t ), term’) € I
(proof)

lemma interpretation-term-congruence’”:
assumes
term-grounding: term.is-ground (term -t ) and
var-update: (term.to-ground (v var), term.to-ground update) € I and
updated-term: (term.to-ground (term -t y(var := update)), term’) ¢ I
shows
(term.to-ground (term -t v), term’) & I
(proof)

lemma interpretation-atom-congruence:
assumes
term.is-ground (termy -t 7y)
term.is-ground (terms -t 7y)
(term.to-ground (v var), term.to-ground update) € T
(term.to-ground (termy -t y(var := update)), term.to-ground (termsg -t ~y(var
= update))) € I
shows
(term.to-ground (termy -t ), term.to-ground (termg -t y)) € 1
(proof )

lemma interpretation-atom-congruence’:
assumes
term.is-ground (termy -t 7y)
term.is-ground (terms -t 7y)
(term.to-ground (v var), term.to-ground update) € T
(term.to-ground (termy -t y(var := update)), term.to-ground (termsq -t ~y(var
:= update))) ¢ I
shows
(term.to-ground (termy -t ), term.to-ground (termg -t y)) ¢ I
(proof )

lemma interpretation-literal-congruence:
assumes
literal.is-ground (literal -1 7)
upair < I |=1 term.to-ground (Var var -t v) = term.to-ground update
upair ‘I |=1 literal.to-ground (literal -1 y(var := update))

45



shows
upair ‘I |=l literal.to-ground (literal -1 )
(proof)

lemma interpretation-clause-congruence:
assumes
clause.is-ground (clause - )
upair I |=l term.to-ground (Var var -t ) = term.to-ground update
upair ‘I |= clause.to-ground (clause - y(var := update))
shows
upair ‘I |= clause.to-ground (clause - )

{proof)

end
end

5.2 Renaming

context

fixes o :: ('f, 'v) subst

assumes renaming: term-subst.is-renaming o
begin

lemma renaming-vars-term: Var ‘ term.vars (term -t o) = o ‘ (term.vars term)

(proof)

lemma renaming-vars-atom: Var ¢ atom.vars (atom -a ) = ¢ ‘ atom.vars atom
{proof)

lemma renaming-vars-literal: Var * literal.vars (literal -1 0) = o * literal.vars literal
(proof )

lemma renaming-vars-clause: Var ¢ clause.vars (clause - 9) = o * clause.vars clause

(proof)

lemma surj-the-inv: surj (Az. the-inv o (Var x))
{proof )

end

lemma needed: surj g = infinite {z. f x = ty} = infinite {z. f (g ) = ty}
(proof )

lemma obtain-ground-fun:

assumes term.is-ground t
obtains f ts where ¢t = Fun f ts

{proof)

lemma vars-term-subst: term.vars (¢t -t o) C term.vars t U range-vars o
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{proof)

lemma vars-term-imgu [clause-intro:
assumes term-subst.is-imgu p {{s, s'}}
shows term.vars (t -t p) C term.vars t U term.vars s U term.vars s’

{proof)

lemma vars-context-imgu [clause-intro):
assumes term-subst.is-imgu p {{s, s'}}
shows context.vars (c te u) C context.vars ¢ U term.vars s U term.vars s’
(proof )

lemma vars-atom-imgu [clause-intro):
assumes term-subst.is-imgu p {{s, s'}}
shows atom.vars (a -a p) C atom.vars a U term.vars s U term.vars s’
(proof )

lemma vars-literal-imgu [clause-introl:
assumes term-subst.is-imgu p {{s, s'}}
shows literal.vars (I -1 p) C literal.vars | U term.vars s U term.vars s’
(proof )

lemma vars-clause-imgu [clause-intro):
assumes term-subst.is-imgu p {{s, s'}}
shows clause.vars (¢ - p) C clause.vars ¢ U term.vars s U term.vars s’

(proof)

end
theory Fun-FExtra

imports Main HOL— Library. Countable-Set HOL— Cardinals. Cardinals
begin

lemma obtain-bij-betw-endo:
assumes finite domain finite img card img = card domain
obtains f
where bij-betw f domain img Nz. © ¢ domain = fz =z

(proof)

lemma obtain-bij-betw-inj-endo:
assumes finite domain finite img card img = card domain domain N img = {}
obtains f
where
bij-betw f domain img
bij-betw f img domain
Nz. z ¢ domain = z ¢ img = fx =1
inj f
(proof)

lemma obtain-inj-on:
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assumes finite domain infinite image-subset
obtains f
where

inj-on (f = 'a = 'b) domain

f ¢ domain C image-subset

(proof)

corollary obtain-inj-on”
assumes finite domain infinite (UNIV :: b set)
obtains f
where inj-on (f :: ‘a = 'b) domain
{proof )

corollary obtain-ing:
assumes finite (UNIV :: 'a set) infinite (UNIV :: 'b set)
obtains f
where inj (f = 'a = 'b)
(proof)

corollary obtain-inj":
assumes finite (UNIV :: 'a set) infinite image-subset
obtains f
where inj (f :: '7a = 'b) f ¢ domain C image-subset
(proof)

lemma obtain-inj-endo:
assumes finite domain infinite image-subset
obtains [ :: 'a = 'a
where inj f f ¢ domain C image-subset

(proof)

abbreviation surj-on where
surj-on domain f = (Vy. Jz € domain. y = f x)

lemma surj-on-alternative: surj-on domain f <— f ¢ domain = UNIV

{proof)

lemma obtain-surj-on-nat:
assumes infinite domain
obtains f :: ‘a = nat where surj-on domain f

(proof)

lemma obtain-surj-on:
assumes infinite domain
obtains f :: ‘/a = b :: countable where surj-on domain f

(proof)

lemma partitions:
assumes infinite (UNIV :: 'z set)

48



obtains A B where

4] =0 |B
|A| =0 |UNIV :: 'z set|
AN B={}

AU B = (UNIV :: 'z set)

(proof)

end

theory First-Order-Type-System
imports First-Order-Clause Fun-Fxtra
begin

type-synonym ('f, 'ty) fun-types = 'f = 'ty list x 'ty
type-synonym (v, 'ty) var-types = 'v = 'ty

inductive has-type :: ('f, 'ty) fun-types = (v, 'ty) var-types = ('f,'v) term = 'ty
= bool
for 7 V where
Var:V ¢ = 7 = has-type F V (Var z) 7
| Fun: F f = (78, 7) = has-type F V (Fun f ts) T

inductive welltyped :: ('f, 'ty) fun-types = ('v, 'ty) var-types = ('f,'v) term =
"ty = bool
for 7 V where
Var: V ¢ = 7 = welltyped F V (Var z) T
| Fun: F f = (15, 7) = list-all2 (welltyped F V) ts 7s = welltyped F V (Fun
fts)

lemma has-type-right-unique: right-unique (has-type F V)
{proof )

lemma welltyped-right-unique: right-unique (welltyped F V)
(proof )

definition has-type, where
has-type, F V A +— (37.Vt € set-uprod A. has-type F V t T)

definition welltyped, where
[clause-simp]: welltyped, FV A +— (37. V1t € set-uprod A. welltyped F V t 1)

definition has-type; where
has-type; F V L <— has-type, F V (atm-of L)

definition welltyped; where
[clause-simp]: welltyped; F V L +— welltyped, F V (atm-of L)

definition has-type. where
has-type. FV C +— (VL €# C. has-type; F V L)
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definition welltyped. where
welltyped, FV C «— (VL €# C. welltyped; F V L)

definition has-type.; where
has-type.s F V N «— (VC € N. has-type. F V C)

definition welltyped.s where
welltyped.s F V N +— (Y C € N. welltyped. FV C)

definition has-type, where
has-type, FV o <— (Vt 7. has-type F V t T —> has-type F V (t -t o) T)

definition has-type,’ where
has-type,’ FV o +— (Vz. has-type F V (o x) (V z))

definition welltyped, where
welltyped, FV o «— (V. welltyped FV (o z) (V x))

lemma welltyped,, - Var[simp): welltyped, F V Var
{proof)

definition welltyped,-on where
welltyped,-on X FV 0 +— (Vz € X. welltyped FV (o z) (V z))

lemma welltyped,, -welltyped . -on:
welltyped, F V o = welltyped,-on UNIV FV o

{proof)

lemma welltyped,, -on-subset:
assumes welltyped,-on Y FV o X C Y
shows welltyped,-on X FV o

{proof)

definition welltyped,’ where
welltyped,” FV o +— (Vi 7. welltyped F V t T — welltyped FV (t -t o) T)

lemma has-type.-add-mset [clause-simp):
has-type. F V (add-mset L C) «+— has-type; F V L A has-type. F V C
{proof )

lemma welltyped.-add-mset [clause-simp):
welltyped, F V (add-mset L C) «— welltyped, F V L N welltyped. FV C
(proof )

lemma has-type.-plus [clause-simpl:

has-type. F V (C + D) «— has-type. F V C A has-type. F V D
(proof )
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lemma welltyped.-plus [clause-simp]:
welltyped. F V (C + D) «— welltyped. F V C N\ welltyped. F V D

{proof)

lemma has-type,-has-type:
assumes has-type, F V o has-type F V t T
shows has-type F V (t -t o) T

{proof)

lemma welltyped, -welltyped:
assumes welltyped,: welltyped, F V o
shows welltyped F V (t -t o) 7 +— welltyped F V t T

(proof)

lemma has-type,-has-typey:
assumes has-type, F V o has-type, F V a
shows has-type, F V (a -a o)
(proof)

lemma welltyped,, -welltyped,,:
assumes welltyped,: welltyped, F V o
shows welltyped, F V (a -a o) <— welltyped, F V a
(proof)

lemma has-type,-has-type;:
assumes has-type, F V o has-type; F V 1
shows has-type; FV (1 -l o)
(proof)

lemma welltyped,, -welltyped;:
assumes welltyped,: welltyped, F V o
shows welltyped; F V (1 -1 o) «— welltyped; F V 1

{proof)

lemma has-type,-has-type.:
assumes has-type, F V o has-type. F V ¢
shows has-type. F V (c - o)
(proof)

lemma welltyped,, -on-welltyped:
assumes wit: welltyped,-on (term.vars t) FV o
shows welltyped F V (t -t o) T «— welltyped F V ¢t T

(proof)

lemma welltyped,, -on-welltyped,,:
assumes wt: welltyped,-on (atom.vars A) F V o
shows welltyped, F V (A -a o) +— welltyped, F V A

(proof)
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lemma welltyped; -iff-welltyped,: welltyped; F V L «— welltyped, F V (atm-of L)
(proof )

lemma welltyped,, -on-welltyped;:
assumes wt: welltyped,-on (literal.vars L) F V o
shows welltyped; F V (L -l o) «— welltyped; F V L
(proof)

lemma welltyped,, -on-welltyped..:
assumes wt: welltyped,-on (clause.vars C) F V o
shows welltyped. F V (C - 0) «— welltyped, F V C
(proof )

lemma welltyped,, -welltyped.:
assumes welltyped,: welltyped, F V o
shows welltyped. F V (c - o) +— welltyped. F V ¢

(proof)

lemma has-type,:

assumes
k-type: has-type F V k(t) 71 and
t-type: has-type F V t 79 and
t’-type: has-type F V t' 79

shows
has-type F V k(t") m1

(proof )

lemma welltyped-subterm:
assumes welltyped F V (Fun [ ts) T
shows Vteset ts. 7. welltyped F V t 7'

(proof)

lemma welltyped,,”
assumes welltyped F V k(t) T
shows 37’ welltyped F V t 7'

{proof)

lemma welltyped,; [clause-intro]:
assumes
k-type: welltyped F V k(t) 71 and
t-type: welltyped F V t 79 and
t'-type: welltyped F V t' 19
shows
welltyped F V k(t") 71

{proof)

lemma has-type,-Var: has-type, F V Var
(proof)
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lemma welltyped-add-literal:
assumes welltyped. F V P’ welltyped F V s T welltyped F V s3 T
shows welltyped. F V (add-mset (s1 !~ s2) P’)
(proof )

lemma welltyped-V:
assumes
Vaxetermwarst. V =V x
welltyped F V t T
shows
welltyped F V' t T

{proof)

lemma welltyped-subst-V:
assumes
Vee X.Vz=V'z
Vze X. term.is-ground (v x)
shows
welltyped,-on X F V v «— welltyped,-on X F V'~

(proof)

lemma welltyped,-V:
assumes
Vz€atom.vars a. V =V 'z
welltyped, F'V a
shows
welltyped, F V' a

{proof)

lemma welltyped;-V:
assumes
vz literal.vars 1.V z = V' z
welltyped; F V1
shows
welltyped; F V'l

(proof)

lemma welltyped.-V:
assumes
Vz€ clause.vars c. V z =V'z
welltyped. F V ¢
shows
welltyped. F V' ¢

{proof )
lemma welltyped-renaming”:

assumes
term-subst.is-renaming o
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welltyped, typeof-fun V o
welltyped typeof-fun (Az. V (the-inv Var (o x))) t T
shows welltyped typeof-fun V (t -t o) T

{proof)

lemma welltyped,-renaming’:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped, typeof-fun (Az. V (the-inv Var (o z))) a
shows welltyped, typeof-fun V (a -a o)
(proof)

lemma welltyped;-renaming’:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped; typeof-fun (Ax. V (the-inv Var (o x))) I
shows welltyped; typeof-fun V (I -1 o)
(proof )

lemma welltyped.-renaming’:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped. typeof-fun (Axz. V (the-inv Var (o z))) ¢
shows welltyped. typeof-fun V (c - o)
(proof)

definition range-vars’ :: ('f, 'v) subst = v set where
range-vars’ o = | (term.vars ‘ range o)

lemma vars-term-range-vars’:
assumes z € term.vars (t -t o)
shows z € range-vars’ o

{proof)

context
fixes o V V'
assumes
renaming: term-subst.is-renaming o and
range-vars: V& € range-vars’ 9. V (the-inv o (Var z)) = V' z
begin

lemma welltyped-renaming: welltyped F V t 7 +— welltyped F V' (t -t o) T
(proof)

lemma has-type-renaming: has-type F V t 7 <— has-type F V' (t -t o) T
(proof )
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lemma welltyped,, -renaming-ground-subst:
assumes welltyped, F V' v welltyped, F V o term-subst.is-ground-subst
shows welltyped, FV (0 ® 7)

(proof)

lemma welltyped, -renaming: welltyped, F V a +— welltyped, F V' (a -a o)
(proof )

lemma welltyped;-renaming: welltyped; F V 1 +— welltyped; F V' (1 -1 )
(proof )

lemma welltyped.-renaming: welltyped. F V ¢ «— welltyped. F V' (c - o)
(proof )

end

context

fixes p

assumes renaming: term-subst.is-renaming o
begin

lemma welltyped-renaming-weaker:
assumes YV € term.vars (¢ -t 0). V (the-inv ¢ (Var z)) = V' x
shows welltyped F V t 7 +— welltyped F V' (t -t o) T

(proof)

lemma welltyped, -renaming-weaker:
assumesV z € atom.vars (a -a ). V (the-inv ¢ (Var z)) = V' x
shows welltyped, F V a «— welltyped, F V' (a -a o)

(proof)

lemma welltyped;-renaming-weaker:
assumes Vx € literal.vars (1 -1 9). V (the-inv o (Var z)) = V' z
shows welltyped; F V | «— welltyped; F V' (1 -1 o)

(proof)

lemma welltyped.-renaming-weaker:
assumes Vz € clause.vars (¢ - 9). V (the-inv ¢ (Var z)) = V' x
shows welltyped. F V ¢ +— welltyped. F V' (¢ - o)

(proof )

lemma has-type-renaming-weaker:
assumes YV € term.vars (¢ -t 0). V (the-inv ¢ (Var z)) = V' x
shows has-type F V t 7 +— has-type F V' (t -t o) T

(proof)

lemma welltyped, -renaming-ground-subst-weaker:
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assumes
welltyped, F V' v
welltyped,-on X FV o
term-subst.is-ground-subst v
Vo e (termvars ‘o * X). V (the-inv o (Var z)) =V'z
shows welltyped,-on X FV (0 © )
(proof)

end

lemma
infinite-even-nat: infinite { n :: nat . even n } and
infinite-odd-nat: infinite { n :: nat . odd n }
(proof)

lemma obtain-infinite-partition:
obtains X Y :: ‘a :: {countable, infinite} set
where
XNY={}XUY=UNIV and
infinite X and
infinite Y
{proof )

lemma (Jn'{ n.gn=n’}) = UNIV
{proof)

lemma inv-enumerate:
assumes infinite N
shows (Az. inv (enumerate N) x) ‘ N = UNIV

{proof)

instance nat :: infinite
(proof )

lemma finite-bij-enumerate-inv-into:
fixes S :: ‘a::wellorder set
assumes S: finite S
shows bij-betw (inv-into {..<card S} (enumerate S)) S {..<card S}

{proof)

lemma obtain-inj-test’-on:

fixes V1 Vs i nat = 'ty
assumes
finite X
finite Y
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Nty. infinite {z. V1 z = ty}
Nty. infinite {z. Vo z = ty}
obtains f [’ :: nat = nat where

inj finj f'

X0 Y =)

Vee XV (fz) =V z

VeeY. Vo (ffz)=Vax
(proof)

lemma obtain-inj'-on":
fixes V1 Vs it ‘a :: infinite = 'ty
assumes finite X finite Y Aty. infinite {x. V1 z = ty} Aty. infinite {z. Vo x =

ty}

obtains f f’:: '‘a = 'a where
ing fing f'
fexnfy={}

Vee X. )V, (f]:):VlI
VeeY. Vo (ffz)=Vax
(proof)

lemma obtain-inj'-on:
fixes V1 Vo i1 ‘a i {countable, infinite} = 'ty
assumes finite X finite Y Aty. infinite {z. V1 z = ty} Aty. infinite {z. Vo x =

ty}
obtains f f’:: ‘a = 'a where
inj fing [’
fXxXnf ey =1{}

Ve X. Vl (fZL'):V1$
Vee Y. Vo (ffz)=Vau
{proof)

lemma obtain-inj"
obtains f :: ‘a :: infinite = 'a where
inj f
|range f| =o |UNIV — range f|
(proof)

lemma obtain-inj:

fixes X

defines Y = UNIV — X

assumes
infinite-X: infinite X and
infinite-Y: infinite Y

obtains f :: ‘a :: {countable, infinite} = 'a where
inj f
range f N X = {}
range f U X = UNIV
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(proof)

lemma obtain-ings:
obtains f [’ :: ‘a :: {countable, infinite} = ‘a where
inj finj f'
range f N range f' = {}
range f U range f' = UNIV
(proof)

lemma welltyped-on-renaming-exists’:
assumes finite X finite Y Aty. infinite {z. V1 = = ty} Aty. infinite {x. Vo © =
ty}
obtains g1 02 :: ('f, 'v :: infinite) subst where
term-subst.is-renaming o1
term-subst.is-renaming g2
o1 ‘XNo 'Y ={}
welltyped,-on X F V1 01
welltyped,-on Y F Vi 02

(proof)

lemma welltyped-on-renaming-ezists:
assumes finite X finite Y Aty. infinite {z. V1 = = ty} Aty. infinite {z. Vo z =
ty}
obtains g1 02 :: ('f, v :: {countable, infinite}) subst where
term-subst.is-renaming o1
term-subst.is-renaming 02
o1 ‘XNo 'Y ={}
welltyped,-on X F V1 01
welltyped,-on Y F Vg 02

(proof)

lemma welltyped,, -subst-upd:
assumes welltyped F V (Var var) T welltyped F V update 7 welltyped, F V v
shows welltyped, F V (y(var := update))

{proof)

lemma welltyped,, -on-subst-upd:

assumes welltyped F V (Var var) T welltyped F V update 7 welltyped,-on X F
Vo

shows welltyped,-on X F V (y(var := update))

(proof)

lemma welltyped-is-ground:
assumes term.is-ground t welltyped F V t T
shows welltyped F V' t T

{proof)

lemma term-subst-is-imgu-is-mgu: term-subst.is-imgu p {{s, t}} = is-imgu p {(s,

t)}
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{proof)

lemma the-mgu-term-subst-is-imgu:
fixes o :: ('f, 'v) subst
assumes s -t o =1t -t 0
shows term-subst.is-imgu (the-mgu s t) {{s, t}}
(proof)

lemma Fun-arg-types:

assumes
welltyped F'V (Fun f fs) T
welltyped F'V (Fun f gs) T

obtains 7s where
Ff=(rs, 1)
list-all2 (welltyped F V) fs Ts
list-all2 (welltyped F V) gs Ts

(proof)

lemma welltyped-zip-option:
assumes
welltyped F V (Fun fts) T
welltyped F V (Fun f ss) T
zip-option ts ss = Some ds
shows
Y (a, b) € set ds. 37. welltyped FV a 7 A welltyped FV b T

(proof)

lemma welltyped-decompose’:
assumes
welltyped F V (Fun f fs) T
welltyped F V (Fun f gs) T
decompose (Fun f fs) (Fun g gs) = Some ds
shows V (¢, t') € set ds. 37. welltyped F V t 7 A welltyped F V t' T

{proof)

lemma welltyped-decompose:
assumes
welltyped FV f 1
welltyped F'V g T
decompose f g = Some ds
shows V (t, t') € set ds. 37. welltyped F V t 7 A welltyped F V t' T

(proof)

lemma welltyped-subst’-subst:
assumes welltyped F V (Var z) T welltyped F V t T
shows welltyped, F V (subst  t)

(proof)

lemma welltyped-unify:
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assumes
unify es bs = Some unifier
Y (t, t') € set es. 7. welltyped F V t 7 A welltyped F V t' 1
welltyped, F V (subst-of bs)

shows welltyped, F V (subst-of unifier)

{proof)

lemma welltyped-unify”
assumes
unify: unify [(t, t')] [| = Some unifier and
7: 37, welltyped FV t 7 A welltyped FV t' 7
shows welltyped, F V (subst-of unifier)

{proof)

lemma welltyped-the-mgu:
assumes
the-mgu: the-mgu t t' = p and
7: 37, welltyped FV t 7 A welltyped F V t' 1
shows
welltyped, F V p

(proof)

abbreviation welltyped-imgu where
welltyped-imgu F V term term’ p =
V7. welltyped F V term T — welltyped F V term’ 7 — welltyped, F V

lemma welltyped-imgu-exists:

fixes v :: ('f, 'v) subst

assumes unified: term -t v = term’ -t v

obtains p :: ('f, 'v) subst

where
v=u@Ouv
term-subst.is-imgu p {{term, term’}}
welltyped-imgu F V term term’ p

(proof)

abbreviation welltyped-imgu’ where
welltyped-imgu’ F V term term’ u =
7. welltyped F V term 7 A welltyped F V term’ T A welltyped, F V p

lemma welltyped-imgu’-ezists:
fixes v :: ('f, 'v) subst
assumes unified: term -t v = term’ -t v and welltyped F V term T welltyped F
V term’ T
obtains p :: ('f, 'v) subst
where
v=uQOuv
term-subst.is-imgu p {{term, term’}}
welltyped-imgu’ F V term term’ p
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(proof)

end
theory First-Order-Select
imports
Selection-Function
First-Order-Clause
First-Order-Type-System
begin

type-synonym ('f, v, "ty) typed-clause = ('f, 'v) atom clause x ('v, 'ty) var-types

type-synonym ’f ground-select = 'f ground-atom clause = 'f ground-atom clause
type-synonym ('f, "v) select = ('f, 'v) atom clause = ('f, "v) atom clause

definition is-select-grounding :: ('f, 'v) select = 'f ground-select = bool where
Nselect selectq.
is-select-grounding select select = (¥ clauseq. 3 clause 7.
clause.is-ground (clause - ) A
clauseg = clause.to-ground (clause - ) A
selecte clauseq = clause.to-ground ((select clause) - 7))

lemma infinite-lists-per-length: infinite {l :: ('a :: infinite) list. length (tl 1) = y}
(proof)

lemma infinite-prods” {p :: ‘a x 'a . fst p = y} = {y} x UNIV
{proof)

lemma infinite-prods: infinite {p :: ((a :: infinite) x ‘a). fst p = y}
(proof )

lemma nat-version”: 3f :: nat = nat. Vy :: nat. infinite {z. fz = y}
(proof )

lemma not-nat-version’s Af :: (‘a :: infinite) = 'a. Vy. infinite {z. fx = y}
{proof)
lemma not-nat-version’”

assumes |UNIV :: 'b set| <o |UNIV :: (‘a :: infinite) set]

shows 3f :: 'a = 'b. Vy. infinite {z. fz = y}
{proof )

lemma nat-version: 3f :: nat = nat. Vy :: nat. infinite {z. fz = y}

{(proof)

definition all-types where
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all-types V = V ty. infinite {z. V z = ty}

lemma all-types-nat: 3V :: nat = nat. all-types V
{proof)

lemma all-types: 3V :: ("v :: {infinite, countable} = 'ty :: countable). all-types V
(proof)

lemma all-types”:
assumes |UNIV :: 'ty set|] <o |UNIV :: (v :: infinite) set|
shows 3V :: ('v :: infinite = 'ty). all-types V
(proof)

definition clause-groundings :: ('f, 'ty) fun-types = ('f, 'v, 'ty) typed-clause = 'f
ground-atom clause set where
clause-groundings F clause = { clause.to-ground (fst clause - ) | 7.
term-subst.is-ground-subst v A
welltyped. F (snd clause) (fst clause) A
welltyped,-on (clause.vars (fst clause)) F (snd clause) v A
all-types (snd clause)

}

abbreviation select-subst-stability-on where
Aselect selectq. select-subst-stability-on F select selectg premises =
Vpremiseq € |J (clause-groundings F ¢ premises). 3 (premise, V) € premises.

3.

premise - v = clause.from-ground premiseg A

selecte (clause.to-ground (premise - 7)) = clause.to-ground ((select premise)
“7) A

welltyped. F V premise A welltyped,-on (clause.vars premise) F V v A

term-subst.is-ground-subst v A

all-types V

lemma obtain-subst-stable-on-select-grounding:
fixes select :: ('f, 'v) select
obtains selecte where
select-subst-stability-on F select selectg premises
is-select-grounding select selectq

(proof)
locale first-order-select = select select
for select :: ('f, 'v) atom clause = ('f, 'v) atom clause

begin

abbreviation is-grounding :: 'f ground-select = bool where
is-grounding selectg = is-select-grounding select selectg

definition selectgs where
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selectgs = { ground-select. is-grounding ground-select }

definition selects-simple where
selectg-simple clause = clause.to-ground (select (clause.from-ground clause))

lemma selecta-simple: is-grounding selectq-simple
(proof)

lemma select-from-ground-clausel :
assumes clause.is-ground clause
shows clause.is-ground (select clause)

{proof)

lemma select-from-ground-clause2:
assumes literal €# select (clause.from-ground clause)
shows literal.is-ground literal

(proof)

lemma select-from-ground-clause3:
assumes clause.is-ground clause literalg €# clause.to-ground clause
shows literal.from-ground literalg €7 clause

{proof)

lemmas select-from-ground-clause =
select-from-ground-clausel
select-from-ground-clause2
select-from-ground-clause3

lemma select-subst1:
assumes clause.is-ground (clause - 7y)
shows clause.is-ground (select clause - )

(proof)

lemma select-subst2:
assumes literal €# select clause - v
shows is-neg literal

(proof )
lemmas select-subst = select-subst1 select-subst2
end
locale grounded-first-order-select =
first-order-select select for select +
fixes selecta
assumes selectq: is-select-grounding select selecta

begin

abbreviation subst-stability-on where
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subst-stability-on F premises = select-subst-stability-on F select selectg premises

lemma selectg-subset: selecta clause C# clause
(proof )

lemma selecta-negative:
assumes literalg €4 selectg clauseg
shows is-neqg literalg

(proof)

sublocale ground: select selecta
{proof )

end

end
theory First-Order-Ordering
imports
First-Order-Clause
Ground-Ordering
Relation-Extra
begin

context ground-ordering
begin

lemmas less;g-transitive-on = literal-order.transp-on-less
lemmas less;q-asymmetric-on = literal-order.asymp-on-less
lemmas less;q-total-on = literal-order.totalp-on-less

lemmas less.q-transitive-on = clause-order.transp-on-less
lemmas less.g-asymmetric-on = clause-order.asymp-on-less
lemmas less.q-total-on = clause-order.totalp-on-less

lemmas is-mazimal-lit-def = is-mazimal-in-mset-wrt-iff [OF less;q-transitive-on
less; g -asymmetric-on]
lemmas is-strictly-mazimal-lit-def =

is-strictly-mazimal-in-mset-wrt-iff [OF less; g -transitive-on less;q-asymmetric-on|

end

6 First order ordering

locale first-order-ordering = term-ordering-lifting less,
for
lessy == ('f, 'v) term = ('f, 'v) term = bool (infix <, 50) +
assumes
lessi-total-on [introl: totalp-on {term. term.is-ground term} (<:) and
less-wellfounded-on: wfp-on {term. term.is-ground term} (<;) and
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lessy-ground-context-compatible:

N context termy terms.
termy <¢ termo —>
term.is-ground term; —
term.is-ground termy =
context.is-ground contert —>
context(termy) <y context(terms) and

lessi-ground-subst-stability:

Ntermy terms (v == 'v = ('f, "v) term).
term.is-ground (termy -t v) =
term.is-ground (terms -t v) =
termy <¢ termo —>
termy -t v <; termg -t v and

less¢-ground-subterm-property:

Ntermg contextg.
term.is-ground termg =
context.is-ground contertq =
contexte # 0 =
termg < contexta(terme)

begin

lemmas less;-transitive = transp-less-trm
lemmas less;-asymmetric = asymp-less-trm

6.1 Definitions

abbreviation less-eq; (infix <; 50) where
less-eq; = (=)=~

definition less;q :: 'f ground-term = 'f ground-term = bool (infix <;¢ 50) where
termgy1 <itg termgoe = term.from-ground termgy < term.from-ground termes

notation less-lit (infix <; 50)
notation less-cls (infix <. 50)

lemma
assumes
L-in: L €# C and
subst-stability: AL K. L <, K = (L -l o) <; (K -l 0) and
Lo-mazx-in-Co: literal-order.is-maximal-in-mset (C' - o) (L -l o)
shows literal-order.is-maximal-in-mset C' L

(proof)

lemmas less;-def = less-lit-def
lemmas less.-def = less-cls-def

abbreviation less-eq; (infix <; 50) where
less-eq, = (<)==
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abbreviation less-eq. (infix <. 50) where
less-eqe = (<)==

abbreviation is-maximal; ::
('f, "v) atom literal = ('f, 'v) atom clause = bool where
is-maximal; literal clause = is-mazimal-in-mset-wrt (<;) clause literal

abbreviation is-strictly-maximal; ::

('f, "v) atom literal = ('f, 'v) atom clause = bool where

is-strictly-maximal; literal clause = is-strictly-mazimal-in-mset-wrt (<;) clause
literal

6.2 Term ordering

lemmas less;-asymmetric-on = term-order.asymp-on-less
lemmas less;-irreflexive-on = term-order.irrefip-on-less
lemmas less;-transitive-on = term-order.transp-on-less

lemma less;-wellfounded-on’: Wellfounded.wfp-on (term.from-ground ° termsg)

(=<t)
(proof)

lemma less;-total-on’: totalp-on (term.from-ground © termsg) (<¢)
(proof)

lemma less;q-wellfounded: wfp (<¢q)
(proof)

6.3 Ground term ordering

lemma less;g-asymmetric [intro]: asymp (<tq)
(proof )

lemmas less;g-asymmetric-on = lessig-asymmetric| THEN asymp-on-subset, OF
subset-UNIV]

lemma less;q-transitive [intro]: transp (<iq)
(proof)

lemmas less;-transitive-on = less;g-transitive] THEN transp-on-subset, OF sub-
set-UNIV]

lemma less;g-total [intro]: totalp (<iq)
{proof)

lemmas lessig-total-on = lessig-total|[ THEN totalp-on-subset, OF subset-UNIV|
lemma less,q-context-compatible [simp]:

assumes termy <;g terms
shows context(termy)q <ic context{terms)q
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{proof)

lemma less;q-subterm-property [simpl:
assumes context # g
shows term <o context(term)c

{proof)

lemma less;-less;c [clause-simp:
assumes term.is-ground term; and term.is-ground terms
shows term, <; terms <— term.to-ground term, <ig term.to-ground terms

(proof)

lemma less-eq;-ground-subst-stability:

assumes term.is-ground (termy -t 7) term.is-ground (terms -t ) term; =
termso

shows termy -t v <Xy termg -t 7y

(proof)

6.4 Literal ordering

lemmas less;-asymmetric [intro] = literal-order.asymp-on-less[of UNIV]
lemmas less;-asymmetric-on [intro] = literal-order.asymp-on-less

lemmas less;-transitive [intro] = literal-order.transp-on-less[of UNIV]
lemmas less;-transitive-on = literal-order.transp-on-less

lemmas is-maximal;-def = is-mazimal-in-mset-wrt-iff [OF less;-transitive-on less;-asymmetric-on]

lemmas is-strictly-mazimal;-def =
is-strictly-mazimal-in-mset-wrt-iff |OF less;-transitive-on less;-asymmetric-on]

lemmas is-maximal;-if-is-strictly-mazimal;, =
is-mazimal-in-mset-wrt-if-is-strictly-mazimal-in-mset-wrt[ OF
less;-transitive-on less;-asymmetric-on

]

lemma less;-ground-subst-stability:
assumes
literal.is-ground (literal -1 7)
literal.is-ground (literal’ -1 =)
shows literal <; literal’ = literal -1 v <, literal’ -1 v

{proof)

lemma mazimal;-in-clause:
assumes is-mazximal; literal clause
shows literal €# clause

{proof)

lemma strictly-maximal;-in-clause:
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assumes is-strictly-mazimal; literal clause
shows literal €# clause

{proof)

6.5 Clause ordering

lemmas less.-asymmetric [intro] = clause-order.asymp-on-less[of UNIV]
lemmas less.-asymmetric-on [intro] = clause-order.asymp-on-less
lemmas less.-transitive [intro] = clause-order.transp-on-less|of UNIV]
lemmas less.-transitive-on [intro] = clause-order.transp-on-less

lemma less.-ground-subst-stability:
assumes
clause.is-ground (clause - )
clause.is-ground (clause’ - 7y)
shows clause <. clause’ = clause - v <. clause’ -

(proof)

6.6 Grounding

sublocale ground: ground-ordering (<:¢)
{proof )

notation ground.less-lit (infix <;¢ 50)
notation ground.less-cls (infix <.q 50)

notation ground.lesseqg-trm (infix <;g 50)
notation ground.lesseg-lit (infix <;¢ 50)
notation ground.lesseq-cls (infix <.¢ 50)

lemma not-less-eq;q: — termags =iq termagi — termgi <iq termas
(proof)

lemma less-eq:-less-eqiq:
assumes term.is-ground term, and term.is-ground terms
shows term, =; terms <— term.to-ground term, =i term.to-ground terms

{proof)

lemma less-eq:q-less-eqy:
termgy =tq termge <— term.from-ground termgy =; term.from-ground termgo

(proof)

lemma not-less-eq;:
assumes term.is-ground term; and term.is-ground terms
shows — termg =<; term, <— termy <; terms

(proof )
lemma less;g-less;:

literalg1 < literalge +— literal.from-ground literalg, < literal.from-ground
literalgo
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{proof)

lemma less;-less;q:

assumes literal.is-ground literaly literal.is-ground literals

shows literal; < literaly <— literal.to-ground literal; < literal.to-ground lit-
erals

{proof)

lemma less-eq;-less-eq:

assumes literal.is-ground literaly and literal.is-ground literals

shows literal; = literaly <— literal.to-ground literal; =g literal.to-ground lit-
erals

{proof)

lemma less-eq;g-less-eq;:
literalg, =g literalge <— literal.from-ground literalg, = literal.from-ground
literal o

{proof)

lemma mazimal-lit-in-clause:
assumes ground.is-maximal-lit literalg clauseg
shows literalg €# clauseqg

{proof)

lemma is-mazimal;-empty [simp]:
assumes is-mazximal; literal {#}
shows Fulse

{proof)

lemma is-strictly-maximal;-empty [simp]:
assumes is-strictly-mazimal; literal {#}
shows Fulse

{proof)

lemma is-maximal-lit-iff-is-mazximal;:
ground.is-mazximal-lit literalg clauseg +—
is-mazimal; (literal.from-ground literals) (clause.from-ground clauseg)

(proof)

lemma is-strictly-mazimal g -iff-is-strictly-mazimal;:
ground.is-strictly-mazximal-lit literalg clauseq
<+ is-strictly-mazimal; (literal.from-ground literalg) (clause.from-ground clauseq)

{proof)

lemma not-less-eqiq: — literalgs =<iq literalg, <— literalg1 <i¢ literalgs
(proof )

lemma not-less-eq;:
assumes literal.is-ground literal; and literal.is-ground literals
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shows — literaly =< literal; <— literaly <, literals
(proof)

lemma less.q-less.:

clauseg1 <cg clausegs <— clause.from-ground clauseg1 <. clause.from-ground
clausego
{proof)

lemma less.-less.q:

assumes clause.is-ground clause; clause.is-ground clauses

shows clause; <. clauses <— clause.to-ground clause; <. clause.to-ground
clauses

{proof)

lemma less-eq.-less-eq.q:

assumes clause.is-ground clause; and clause.is-ground clauses

shows clause; <. clauses <— clause.to-ground clause; <. clause.to-ground
clauses

{proof)

lemma less-eq.q-less-eq.:
clauseg1 =cq clausego <— clause.from-ground clauseg1 =. clause.from-ground
clausego

{proof)

lemma not-less-eq.q: — clausegs <. clauseq1 <— clauseg1 <.q clausegs
(proof)

lemma not-less-eq.:
assumes clause.is-ground clause; and clause.is-ground clauses
shows — clauses <. clause; <— clause; <. clauses

(proof)

lemma less;-ground-context-compatible’:
assumes
context.is-ground context
term.is-ground term
term.is-ground term’
context(term) <, context(term’)
shows term <; term’

{proof)

lemma less;-ground-context-compatible-iff:
assumes
context.is-ground context
term.is-ground term
term.is-ground term’
shows context(term) <: context(term’) «— term <, term’
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{proof)

6.7 Stability under ground substitution

lemma less;-less-eq,-ground-subst-stability:
assumes
term.is-ground (termy -t 7y)
term.is-ground (terms -t 7y)
termy -ty <¢ termo -t 7y
shows
- terms =Xy termgy

(proof)

lemma less-eq;-ground-subst-stability:
assumes
literal.is-ground (literaly -1 )
literal.is-ground (literaly -1 )
literaly =<y literals
shows literaly -1 v = literaly -1

{proof)

lemma less;-less-eq;-ground-subst-stability: assumes
literal.is-ground (literaly -1 7y)
literal.is-ground (literals -1 7y)
literaly -1 v < literaly -1 ~
shows
= literaly =<y literaly

{proof)

lemma less-eq.-ground-subst-stability:
assumes
clause.is-ground (clause; - )
clause.is-ground (clauses - )
clause; <. clauses

shows clause; - v <. clauses - v
(proof )

lemma less.-less-eq.-ground-subst-stability: assumes
clause.is-ground (clausey - )
clause.is-ground (clauses - )
clausey - v <. clauses - 7y
shows
= clauses <. clause;

{proof)

lemma is-mazximal;-ground-subst-stability:
assumes
clause-not-empty: clause # {#} and
clause-grounding: clause.is-ground (clause - )
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obtains literal
where is-mazimal; literal clause is-maximal; (literal -1 ) (clause - )

(proof)

lemma is-mazimal;-ground-subst-stability’:
assumes
literal €# clause
clause.is-ground (clause - )
is-mazimal; (literal -1 7) (clause - )
shows
is-maximal; literal clause

(proof)

lemma less;-total-on [intro]: totalp-on (literal.from-ground * literalsg) (<)

(proof)

lemmas less;-total-on-set-mset =
less;-total-on[ THEN totalp-on-subset, OF clause.to-set-from-ground[ THEN equal-
ityD1]]

lemma less.-total-on: totalp-on (clause.from-ground * clauses) (<)
(proof )

lemma unique-mazimal-in-ground-clause:
assumes
clause.is-ground clause
is-maximal; literal clause
is-mazimal; literal’ clause
shows
literal = literal’

(proof)

lemma unique-strictly-mazximal-in-ground-clause:
assumes
clause.is-ground clause
is-strictly-mazximal; literal clause
is-strictly-mazimal; literal’ clause
shows
literal = literal’

(proof)

lemma is-strictly-mazimal;-ground-subst-stability:
assumes
clause-grounding: clause.is-ground (clause - ) and
ground-strictly-mazimal: is-strictly-mazimal; literalg (clause - )
obtains literal where
1s-strictly-mazximal; literal clause literal -1 v = literalg

(proof)
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lemma is-strictly-maximal;-ground-subst-stability:

assumes
literal €# clause
clause.is-ground (clause - )
is-strictly-mazimal; (literal -1 v) (clause - )
shows
is-strictly-mazximal; literal clause

{proof)

lemma less;-less;:
assumes termq <; termeo
shows
termy ~ terms <; termo = terms
termy !~ terms <; termo = terms
(proof )

lemma less;-less;”:
assumes
Vterm € set-uprod (atm-of literal). term -t o' <y term -t o
dterm € set-uprod (atm-of literal). term -t o’ <; term -t o
shows literal -1 o’ <, literal -l o

(proof)

lemmas less.-add-mset = multp-add-mset-reflclp| OF less;-asymmetric less;-transitive,
folded less.-def]

lemmas less.-add-same = multp-add-same[OF less;-asymmetric less;-transitive,
folded less.-def]

lemma less-eq;-less-eq..:
assumes V literal €# clause. literal -l o’ =<, literal -l o
shows clause - ¢’ <. clause - o

{proof)

lemma less;-less,:
assumes
V literal €# clause. literal -1 o’ < literal -l o
dliteral €# clause. literal -1 o’ <; literal -l o
shows clause - 0’ <. clause - o

{proof)

6.8 Substitution update

lemma less;-subst-upd:
fixes v :: ('f, 'v) subst
assumes
update-is-ground: term.is-ground update and
update-less: update <y v var and
term-grounding: term.is-ground (term -t ) and
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var: var € term.vars term
shows term -t y(var := update) < term -t

{proof)

lemma less;-subst-upd:

fixes v :: ('f, 'v) subst

assumes
update-is-ground: term.is-ground update and
update-less: update <y v var and
literal-grounding: literal.is-ground (literal -1 ) and
var: var € literal.vars literal

shows literal -1 y(var := update) <; literal -1 v

(proof)

lemma less.-subst-upd:
assumes
update-is-ground: term.is-ground update and
update-less: update <¢ v var and
literal-grounding: clause.is-ground (clause - v) and
var: var € clause.vars clause
shows clause - y(var := update) <. clause -

(proof)

end

end
theory First-Order-Superposition
imports

Saturation-Framework. Lifting-to-Non- Ground- Calculi
Ground-Superposition
First-Order-Select
First-Order-Ordering
First-Order-Type-System

begin

hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of

hide-fact
Restricted-Predicates.wfp-on-imp-minimal
Restricted- Predicates. wfp-on-imp-inductive-on
Restricted-Predicates.inductive-on-imp-wfp-on
Restricted- Predicates.wfp-on-iff-inductive-on
Restricted-Predicates.wfp-on-iff-minimal
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Restricted-Predicates.wfp-on-imp-has-min-elt
Restricted-Predicates. wfp-on-induct
Restricted-Predicates.wfp-on-UNIV
Restricted-Predicates.wfp-less
Restricted-Predicates.wfp-on-measure-on
Restricted-Predicates.wfp-on-mono
Restricted-Predicates.wfp-on-subset
Restricted-Predicates. wfp-on-restrict-to
Restricted-Predicates.wfp-on-imp-irreflp-on
Restricted-Predicates.accessible-on-imp-wfp-on
Restricted-Predicates.wfp-on-tranclp-imp-wfp-on
Restricted-Predicates.wfp-on-imp-accessible-on
Restricted-Predicates.wfp-on-accessible-on-iff
Restricted-Predicates.wfp-on-restrict-to-tranclp
Restricted- Predicates. wfp-on-restrict-to-tranclp’
Restricted-Predicates.wfp-on-restrict-to-tranclp-wfp-on-conv

7 First-Order Layer

locale first-order-superposition-calculus =
first-order-select select +
first-order-ordering less;
for
select :: ('f, ('v :: infinite)) select and
lessy == ('f, 'v) term = ('f, 'v) term = bool (infix <, 50) +
fixes
tiebreakers :: 'f gatom clause = ('f, 'v) atom clause = ('f, 'v) atom clause =
bool and
typeof-fun :: ('f, 'ty) fun-types
assumes
wellfounded-tiebreakers:
Nclauseq. wfP (tiebreakers clauseg) N
transp (tiebreakers clauseg) N
asymp (tiebreakers clauses) and
function-symbols: \7. 3f. typeof-fun f = ([], 7) and
ground-critical-pair-theorem: N\(R :: 'f gterm rel). ground-critical-pair-theorem
R and
variables: |UNIV :: 'ty set| <o |UNIV :: 'v set|
begin

abbreviation typed-tiebreakers ::
'f gatom clause = ('f, 'v, "ty) typed-clause = ('f, "v, 'ty) typed-clause = bool
where
typed-tiebreakers clauses clause; clauses = tiebreakers clauseq (fst clauser) (fst
clauses)

lemma wellfounded-typed-tiebreakers:

wfP (typed-tiebreakers clauseg) N
transp (typed-tiebreakers clauseg) N
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asymp (typed-tiebreakers clauseq)

(proof)

definition is-merged-var-type-env where
is-merged-var-type-env ¥V X Vx ox Y Vy oy =
(Vz € X. welltyped typeof-fun V (ox =) Vx z)) A
(Vy € Y. welltyped typeof-fun V (oy y) (Vy ¥))

inductive eg-resolution :: ('f, 'v, 'ty) typed-clause = ('f, v, 'ty) typed-clause =
bool where
eq-resolutionl:
premise = add-mset literal premise’ —
literal = term = term’ —>
term-subst.is-imgu p {{ term, term’ }} =
welltyped-imgu’ typeof-fun V term term’' u =
select premise = {#} A is-maximal; (literal -1 @) (premise - p) V
is-mazimaly (literal -1 p) ((select premise) - p) =
conclusion = premise’ - p =
eq-resolution (premise, V) (conclusion, V)

inductive eq-factoring :: ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool where
eq-factoringl :
premise = add-mset literaly (add-mset literaly premise’) =
literal; = termy ~ term,’ —
literaly = termso ~ terms’ —>
select premise = {#} =
is-mazimal; (literaly -1 p) (premise - p) =
= (termy -t p =y termy’ -t p) =
term-subst.is-imgu p {{ termq, termg }} =
welltyped-imgu’ typeof-fun V termy terms p =
conclusion = add-mset (termy = terms’) (add-mset (termy’ =~ terms”) premise’)
. H :>
eq-factoring (premise, V) (conclusion, V)

inductive superposition ::
('f, v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool
where
superpositionl:
term-subst.is-renaming 01 =
term-subst.is-renaming 03 =
clause.vars (premise; - p1) N clause.vars (premises - p2) = {} =
premise; = add-mset literal, premise;’ —>
premises = add-mset literaly premises’ —>
P € {Pos, Neg} —>
literaly = P (Upair contexty (termy) termy’) =
literaly = terms =~ termy’ =—
- is-Var termy —
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term-subst.is-imgu p {{termy -t o1, termg -t g2}} =
welltyped-imgu’ typeof-fun Vg (termy -t 01) (termg -t 02) p =
Vi € clause.vars (premisey - 01). V1 (the-inv g1 (Var z)) = V3 2 =
YV € clause.vars (premises - p2). Vo (the-inv g2 (Var z)) = Vs © =
welltyped,-on (clause.vars premisey) typeof-fun V1 01 =
welltyped,-on (clause.vars premises) typeof-fun Vo 0o =
(AT 7' has-type typeof-fun Vo terms T = has-type typeof-fun Vo terms’ 7'
=Tr=7)=
- (premiser - p1 - p <. premises - P2 - ) =>
(P = Pos
A select premise; = {#}
A is-strictly-mazimal; (literaly -1 o1 -1 1) (premiser - o1 - 1)) V
(P = Neg
A (select premise; = {#} A is-maximal; (literaly -1 01 -l p) (premise; - 01 -

V is-mazimal; (literaly -1 01 -1 p) ((select premisey) - 01 - 1)) =
select premises = {#} =
is-strictly-mazimal; (literals -1 o -l p) (premises - 0o + p) =
= (context) (termy) -t o1 -t p =y termy’ -t 01 -t p) =
= (termg -t 0o -t p =<4 terma’ -t 0o -t p) =
conclusion = add-mset (P (Upair (contexty -t. p1)(terma’ -t p2) (termqi’ -t 01)))

(premiser” - 01 + premises’ - 02) - p =
all-types V1 = all-types Vo —>
superposition (premises, Vo) (premisey, V1) (conclusion, Vs)

abbreviation eq-factoring-inferences where
eq-factoring-inferences =
{ Infer [premise] conclusion | premise conclusion. eq-factoring premise conclusion

abbreviation eg-resolution-inferences where
eq-resolution-inferences =

{ Infer [premise] conclusion | premise conclusion. eq-resolution premise conclu-
sion }

abbreviation superposition-inferences where
superposition-inferences = { Infer [premisea, premise;] conclusion

| premises premise; conclusion. superposition premises premise; conclusion}

definition inferences :: ('f, 'v, 'ty) typed-clause inference set where
inferences = superposition-inferences U eq-resolution-inferences U eq-factoring-inferences

abbreviation bottomp :: ('f, "v, ty) typed-clause set (Lr) where
bottomp = {({#}, V) | V. all-types V }

7.0.1 Alternative Specification of the Superposition Rule

inductive pos-superposition ::
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('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause =
bool
where
pos-superpositionl:

term-subst.is-renaming 01 =

term-subst.is-renaming 03 =

clause.vars (Py - p1) N clause.vars (Py - 02) = {} =

P, = add-mset L; P’ —

Py = add-mset Ly Py =

L, = 51<U,1> ~ 81/ -

Ly =ty =t/ =

- is-Var v =

term-subst.is-imgu p {{u1 -t 01, t2 -t 02}} =

welltyped-imgu’ typeof-fun Vs (uq -t 01) (t2 -t 02) p =

Vi € clause.vars (P - 01). V1 (the-inv o1 (Var z)) = V3 2 =
Vi € clause.vars (Pg - 02). Va (the-inv g2 (Var z)) = V3 2 =
welltyped,-on (clause.vars Py) typeof-fun V1 09 =
welltyped,-on (clause.vars Ps) typeof-fun Vo 03 —>

(AT 7' has-type typeof-fun Vo to T => has-type typeof-fun Vo t3' 7/ = 7 =

—
= (P1-01-p=cPy-or-p) =

select Py = {#} =

is-strictly-maximal, (L1 -l o1 -l p) (P1 - 01 - p) =
select Py = {#} =

is-strictly-maximal; (Lg -1 09 -l p) (Pa - 02 - p) =
= (s1ur) -t o1t =y 1’ ot o b p) =

o (tg -t o -t =gty -t g ot p) =

C = add-mset ((s1 -tc 01)(t2’ -t 02) =~ (81"t 01)) (P1'- 01 + P2 02) -

all-types V1 = all-types Vo —>
pos-superposition (P2, Vo) (P1, V1) (C, V3)

lemma superposition-if-pos-superposition:
assumes pos-superposition Po Py C
shows superposition P; P, C
(proof)

inductive neg-superposition ::
('f, v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause =

bool

where
neg-superpositionl:

term-subst.is-renaming 01 =

term-subst.is-renaming 03 =

clause.vars (Py - p1) N clause.vars (Py - 02) = {} =
P, = add-mset L; P’ =

Py = add-mset Ly Py' —>

L, = 51<U,1> I~ 51/ —

Ly =ty = tg/ —

- is-Var v =
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term-subst.is-imgu p {{u1 -t 01, t2 -t 02}} =

welltyped-imgu’ typeof-fun Vs (uq -t 01) (2 -t 02) p =

Vi € clause.vars (P1 - 01). V1 (the-inv o1 (Var z)) = V3 2 =

Vi € clause.vars (Pg - 02). Va (the-inv g2 (Var z)) = V3 2 =

welltyped,-on (clause.vars P1) typeof-fun Vi 01 =

welltyped,-on (clause.vars Ps) typeof-fun Vo 0o =—>

(AT 7', has-type typeof-fun Vo to T = has-type typeof-fun Vo to' 7/ = 7 =
T =

= (Pr-o1-p = Paeorp) =

select P1 = {#} A

is-maximal; (L1 -1 o1 -l p) (P1 - 01 - p) V is-mazimal; (L -1 01 -1 p) ((select

Pi) o1 p) =

select Py = {#} =

is-strictly-mazimal, (Lo -l o3 -l p) (P2 - 02 - p) =

= (s1ur) -t o1t =g 1’ ot o b p) =

2 (t2 ot oot 2t t 0o ot p) =

C = add-mset (Neg (Upair (s1 -tc 01){t2" -t 02) (s1’-t 01))) (P1'- 01 + P2’
02) - =

all-types V1 = all-types Vo —

neg-superposition (P2, Va) (P1, V1) (C, V3)

lemma superposition-if-neg-superposition:
assumes neg-superposition Po Py C
shows superposition Py P; C

{proof)

lemma superposition-iff-pos-or-neg:
superposition Py Py C <— pos-superposition Py P1 C V neg-superposition Py
P, C

(proof)

lemma eg-resolution-preserves-typing:
assumes
step: eg-resolution (D, V) (C, V) and
wt-D: welltyped. typeof-fun V D
shows welltyped. typeof-fun V C
(proof )

lemma has-type-welltyped:

assumes has-type typeof-fun V term 1 welltyped typeof-fun V term 1’
shows welltyped typeof-fun V term T

(proof )

lemma welltyped-has-type:
assumes welltyped typeof-fun V term T
shows has-type typeof-fun V term T
(proof )

lemma eg-factoring-preserves-typing:
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assumes
step: eg-factoring (D, V) (C, V) and
wt-D: welltyped. typeof-fun V D
shows welltyped. typeof-fun V C
(proof )

lemma superposition-preserves-typing:
assumes
step: superposition (D, V) (C, V1) (E, V3) and
wt-C: welltyped.. typeof-fun V1 C and
wt-D: welltyped. typeof-fun Vo D
shows welltyped, typeof-fun Vs E
(proof)

end

end
theory Grounded-First-Order-Superposition
imports
First-Order-Superposition
Ground-Superposition-Completeness
begin

context ground-superposition-calculus
begin

abbreviation eg-resolution-inferences where
eq-resolution-inferences = {Infer [P] C | P C. ground-eg-resolution P C'}

abbreviation eq-factoring-inferences where
eq-factoring-inferences = {Infer [P] C | P C. ground-eg-factoring P C'}

abbreviation superposition-inferences where
superposition-inferences = {Infer [P2, P1] C | P1 P2 C. ground-superposition
P2 P1 C}

end

locale grounded-first-order-superposition-calculus =
first-order-superposition-calculus select - - typeof-fun +
grounded-first-order-select select
for
select == ('f, 'v :: infinite) select and
typeof-fun :: ('f, 'ty) fun-types
begin

sublocale ground: ground-superposition-calculus where
less-trm = (<¢q) and select = selectg

{proof)
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definition is-inference-grounding where
is-inference-grounding v L 7y 01 02 =
(case ¢ of
Infer [(premise, V)] (conclusion, V) =
term-subst.is-ground-subst y
A 1g = Infer [clause.to-ground (premise - )] (clause.to-ground (conclusion
- 7))
A welltyped,. typeof-fun V premise
A welltyped,-on (clause.vars conclusion) typeof-fun V -y
A welltyped. typeof-fun V conclusion
ANY =V’
A all-types V
Infer [(premises, V2), (premiser, V1)] (conclusion, V3) =
term-subst.is-renaming o1
A term-subst.is-renaming oo
A clause.vars (premise; - p1) N clause.vars (premises - p2) = {}
A term-subst.is-ground-subst -y
NiLg =
Infer
[clause.to-ground (premises - 02 - ), clause.to-ground (premise; - 01 -

(clause.to-ground (conclusion - 7))
welltyped,. typeof-fun V1 premise;
welltyped,. typeof-fun Vo premises
welltyped,-on (clause.vars conclusion) typeof-fun Vs =y
welltyped. typeof-fun Vs conclusion
all-types V1 A all-types Vo A all-types V3
| - = False

)

A g € ground.G-Inf

> > > > >

definition inference-groundings where
inference-groundings v = { ta | tg v 01 02- is-inference-grounding v v ¥ 01 02 }

lemma is-inference-grounding-inference-groundings:
is-inference-grounding ¢ tq v 01 02 = LG € inference-groundings t
(proof)

lemma inferenceq-concl-in-clause-grounding:
assumes (g € inference-groundings t
shows concl-of ¢ € clause-groundings typeof-fun (concl-of )

(proof)

lemma inferenceq-red-in-clause-grounding-of-concl:
assumes (g € inference-groundings t
shows (¢ € ground.Red-1 (clause-groundings typeof-fun (concl-of t))

(proof)
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lemma obtain-welltyped-ground-subst:
obtains v :: ('f, 'v) subst and F¢ :: ('f, "ty) fun-types
where welltyped, typeof-fun V ~ term-subst.is-ground-subst -y
(proof )

lemma welltyped,, -on-empty: welltyped,-on {} FV o
(proof )

sublocale lifting:
tiebreaker-lifting

1r
inferences
ground.G-Bot
ground. G-entails
ground.G-Inf
ground.GRed-1
ground.GRed-F
clause-groundings typeof-fun
(Some o inference-groundings)
typed-tiebreakers

(proof)

end

sublocale first-order-superposition-calculus C
lifting-intersection
inferences
{#}
selecta s
ground-superposition-calculus. G-Inf (<iq)
A-. ground-superposition-calculus. G-entails
ground-superposition-calculus. GRed-I (<iq)
A-. ground-superposition-calculus. GRed-F (<:¢)
1r
A-. clause-groundings typeof-fun
Aselectg. Some o
(grounded-first-order-superposition-calculus.inference-groundings (<) selectg
typeof-fun)
typed-tiebreakers
(proof)

end
theory First-Order-Superposition-Completeness
imports
Ground-Superposition-Completeness
Grounded-First-Order-Superposition
HOL—ex.Sketch-and-FExplore
begin
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lemma welltyped,, -on-term:
assumes welltyped,-on (term.vars term) F V v
shows welltyped F V term T +— welltyped F V (term -t v) T
(proof )

context grounded-first-order-superposition-calculus
begin

lemma eg-resolution-lifting:
fixes
premiseg conclusiong :: 'f gatom clause and
premise conclusion :: ('f, 'v) atom clause and
v ('f, ') subst
defines
premiseq [simp): premiseq = clause.to-ground (premise - ) and
conclusiong [simpl: conclusiong = clause.to-ground (conclusion - 7y)
assumes
premise-grounding: clause.is-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - v) and
select: clause.from-ground (selectg premiseq) = (select premise) - v and
ground-eq-resolution: ground.ground-eq-resolution premiseg conclusiong and
typing:
welltyped,. typeof-fun V premise
term-subst.is-ground-subst
welltyped,-on (clause.vars premise) typeof-fun V ~
all-types V
obtains conclusion’
where
eq-resolution (premise, V) (conclusion’, V)
Infer [premisec] conclusiong € inference-groundings (Infer [(premise, V)]
(conclusion’, V))
conclusion’ - v = conclusion - ~

{proof)

lemma eg-factoring-lifting:

fixes
premiseq conclusiong :: 'f gatom clause and
premise conclusion :: ('f, 'v) atom clause and
v ('f, ') subst

defines
premisec [simp]: premiseqg = clause.to-ground (premise - ) and
conclusiong [simp]: conclusiong = clause.to-ground (conclusion - )

assumes
premise-grounding: clause.is-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - v) and
select: clause.from-ground (selecte premiseq) = (select premise) - v and
ground-eq-factoring: ground.ground-eg-factoring premisec conclusiong and
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typing:
welltyped,. typeof-fun V premise
term-subst.is-ground-subst v
welltyped ,-on (clause.vars premise) typeof-fun V ~
all-types V
obtains conclusion’
where
eq-factoring (premise, V) (conclusion’, V)
Infer [premiseg] conclusiong € inference-groundings (Infer [(premise, V)]
(conclusion’, V))
conclusion’ - v = conclusion - ~y

{proof)

lemma if-subst-sth [clause-simp): (if b then Pos else Neg) atom -l o =
(if b then Pos else Neg) (atom -a o)

{proof)

lemma superposition-lifting:

fixes
premisegy premisege conclusiong :: 'f gatom clause and
premise; premisesy conclusion :: ('f, 'v) atom clause and
v o1 02 = ('f, 'v) subst and
V1 Vs

defines
premisegy [simp]: premiseg1 = clause.to-ground (premise; - o1 - 7y) and
premisegs [simpl: premisegs = clause.to-ground (premises - 02 - 7v) and
conclusiong [simp]: conclusiong = clause.to-ground (conclusion - ) and
premise-groundings [simp):
premise-groundings = clause-groundings typeof-fun (premisey, V1) U

clause-groundings typeof-fun (premises, Vo) and

ta [simpl: tq = Infer [premisega, premiseci] conclusiong

assumes
renaming:
term-subst.is-renaming o1
term-subst.is-renaming 02
clause.vars (premise; - 01) N clause.vars (premises - 02) = {} and
premise; -grounding: clause.is-ground (premise; - o1 - ) and
premises-grounding: clause.is-ground (premises - g2 - ) and
conclusion-grounding: clause.is-ground (conclusion - y) and
select:
clause.from-ground (selectg premiseg1) = (select premiser) - 01 - 7y
clause.from-ground (selectg premisegs) = (select premises) - o2 - v and
ground-superposition: ground.ground-superposition premisegs premisegi Con-

clusiong and

non-redundant: vc ¢ ground.Red-I premise-groundings and
typing:
welltyped. typeof-fun V1 premise;
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welltyped,. typeof-fun Vo premises
term-subst.is-ground-subst
welltyped,-on (clause.vars premisey) typeof-fun V1 (01 © 7)
welltyped,-on (clause.vars premises) typeof-fun Va (02 © 7)
welltyped,-on (clause.vars premisey) typeof-fun V1 01
welltyped,-on (clause.vars premises) typeof-fun Vo 09
all-types V1 all-types Vo

obtains conclusion’ V3

where
superposition (premises, Vo) (premisey, V1) (conclusion’, V3)
ta € inference-groundings (Infer [(premisea, Va), (premiser, V1)] (conclusion’,

V3))

conclusion’ - v = conclusion -

(proof )

lemma eg-resolution-ground-instance:
assumes
Lg € ground.eg-resolution-inferences
L € ground.Inf-from-q selecte (| (clause-groundings typeof-fun  premises))
subst-stability-on typeof-fun premises
obtains ¢« where
v € Inf-from premises
Lg € inference-groundings .
(proof)

lemma eq-factoring-ground-instance:
assumes
Lg € ground.eq-factoring-inferences
L € ground.Inf-from-q selecte (| (clause-groundings typeof-fun ¢ premises))
subst-stability-on typeof-fun premises
obtains ¢« where
v € Inf-from premises
Lq € inference-groundings t
(proof)

lemma subst-compose-if: ¢ @ (Avar. if var € range-vars’ o then o1 var else oa
var) = o © oy
(proof)

lemma subst-compose-if
assumes range-vars’ o N range-vars’ o’ = {}
shows o ® (A\var. if var € range-vars’ o’ then o1 var else oo var) = o @ o9

(proof)

lemma is-ground-subst-if:
assumes term-subst.is-ground-subst v, term-subst.is-ground-subst vo
shows term-subst.is-ground-subst (Avar. if b var then v, var else vo var)
(proof )
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lemma superposition-ground-instance:

assumes
Lg € ground.superposition-inferences
tg € ground.Inf-from-q selecte (U (clause-groundings typeof-fun ‘ premises))
tg ¢ ground.GRed-I (| (clause-groundings typeof-fun ‘ premises))
subst-stability-on typeof-fun premises

obtains ¢« where
v € Inf-from premises
Lg € inference-groundings t

{(proof)

lemma ground-instances:
assumes
tg € ground.Inf-from-q selectc (U (clause-groundings typeof-fun ‘ premises))
tg ¢ ground.Red-I (|J (clause-groundings typeof-fun ‘ premises))
subst-stability-on typeof-fun premises
obtains ¢« where
v € Inf-from premises
Lg € inference-groundings t
(proof)

end

context first-order-superposition-calculus
begin

lemma overapproximation:
obtains select; where
ground-Inf-overapproximated selecte premises
is-grounding selectg

{(proof)

sublocale statically-complete-calculus 1 g inferences entails-G Red-1-G Red-F-G
(proof)

end

end

8 Integration of IsaFoR Terms and the Knuth—
Bendix Order

This theory implements the abstract interface for atoms and substitutions
using the IsaFoR library.

theory IsaFoR-Term-Copy
imports
First-Order-Terms. Unification
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HOL— Cardinals. Wellorder- Extension
Open-Induction. Restricted-Predicates
Knuth-Bendiz-Order. KBO

begin

This part extends and integrates and the Knuth—-Bendix order defined in
IsaFoR.

record 'f weights =
w : 'f X nat = nat
w0 :: nat
pr-strict :: 'f X nat = 'f x nat = bool
least :: 'f = bool
sef = 'f X nat = nat = nat

class weighted =

fixes weights :: 'a weights

assumes weights-adm:

admissible-kbo
(w weights) (w0 weights) (pr-strict weights) ((pr-strict weights)==) (least

weights) (scf weights)

and pr-strict-total: fi = gj V pr-strict weights fi gj V pr-strict weights gj fi

and pr-strict-asymp: asymp (pr-strict weights)

and scf-ok: i < n = scf weights (f, n) i < 1

instantiation unit :: weighted begin

definition weights-unit :: unit weights where weights-unit =
(w = Suc o snd, w0 = 1, pr-strict = A(-, n) (-, m). n > m, least = A-. True,
sef = A--. 1)

instance

(proof )
end

global-interpretation KBO:
admisstble-kbo
w (weights :: 'f :: weighted weights) w0 (weights :: 'f :: weighted weights)
pr-strict weights ((pr-strict weights)==) least weights scf weights
defines weight = KBO.weight
and kbo = KBO.kbo

{proof)

lemma kbo-code[code]: kbo s t =
(let wt = weight t; ws = weight s in
if vars-term-ms (KBO.SCF t) C# vars-term-ms (KBO.SCF s) A wt < ws
then
(if wt < ws then (True, True)
else
(case s of
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Var y = (Fulse, case t of Var x = True | Fun g ts = ts = [| A least weights
9)
| Fun f ss =
(case t of
Var x = (True, True)
| Fun g ts =
if pr-strict weights (f, length ss) (g, length ts) then (True, True)
else if (f, length ss) = (g, length ts) then lez-ext-unbounded kbo ss ts
else (False, False))))
else (Fualse, False))

(proof)

definition less-kbo s t = fst (kbo t s)

lemma less-kbo-gtotal: ground s => ground t = s = t V less-kbo s t V less-kbo
ts

(proof)

lemma less-kbo-subst:
fixes o :: ('f :: weighted, 'v) subst
shows less-kbo s t = less-kbo (s - o) (t - o)
(proof )

lemma wfP-less-kbo: wfP less-kbo
(proof)

end
theory First-Order-Superposition-Example
imports
IsaFoR-Term-Copy
First-Order-Superposition
begin

abbreviation trivial-select :: ('f, 'v) select where
trivial-select - = {#}

abbreviation trivial-tiebreakers where
trivial-tiebreakers - - - = Fualse

context
assumes ground-critical-pair-theorem:
AR == ('f :: weighted) gterm rel). ground-critical-pair-theorem R
begin

interpretation first-order-superposition-calculus
trivial-select :: ('f :: weighted, 'v :: infinite) select
less-kbo
trivial-tiebreakers

A- ([, 0)
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(proof)

end

end
theory First-Order-Superposition-Soundness
imports Grounded-First-Order-Superposition

begin

8.1 Soundness

context grounded-first-order-superposition-calculus
begin

abbreviation entailsp (infix [=p 50) where
entailsp = lifting.entails-G

lemma welltyped-extension:
assumes clause.is-ground (C - ) welltyped,-on (clause.vars C) typeof-fun V ~
obtains +’
where
term-subst.is-ground-subst v’
welltyped, typeof-fun V ~'
Vz € clausevars C. vz =~'x
(proof)

¢

lemma vars-subst: |J (term.vars
{proof)

o ‘term.vars t) = term.vars (¢ -t o)

¢

lemma vars-subst,: |J (term.vars < o ¢ atom.vars a) = atom.vars (a -a o)

{proof)

lemma vars-subst;: | (term.vars ¢ o * literal.vars 1) = literal.vars (1 -1 o)
{proof)

¢

lemma vars-subst.: |J (term.vars
{proof)

o ¢ clause.vars C) = clause.vars (C - p)

lemma eg-resolution-sound:
assumes step: eq-resolution P C

shows {P} |=r {C}
{proof)

lemma eg-factoring-sound:
assumes step: eq-factoring P C

shows {P} |=r {C}
{proof)

89



lemma superposition-sound:
assumes step: superposition P2 P1 C
shows {P1, P2} |=r {C}
(proof )

end

sublocale grounded-first-order-superposition-calculus C
sound-inference-system inferences Lr (|EF)

{(proof)

sublocale first-order-superposition-calculus C
sound-inference-system inferences 1 p entails-G

(proof)

end

theory Ground-Superposition-Soundness
imports Ground-Superposition

begin

lemma (in ground-superposition-calculus) soundness-ground-superposition:
assumes
step: ground-superposition P1 P2 C
shows G-entails {P1, P2} {C}

{proof)

lemma (in ground-superposition-calculus) soundness-ground-eq-resolution:
assumes step: ground-eq-resolution P C

shows G-entails {P} {C}
{proof)

lemma (in ground-superposition-calculus) soundness-ground-eq-factoring:
assumes step: ground-eq-factoring P C'
shows G-entails {P} {C}

{proof)

sublocale ground-superposition-calculus C sound-inference-system where
Inf = G-Inf and
Bot = G-Bot and
entails = G-entails

(proof)

end

theory Ground-Superposition- Welltypedness-Preservation
imports Ground-Superposition

begin

lemma (in ground-superposition-calculus) ground-superposition-preserves-typing:
assumes
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step: ground-superposition D E C and
wt-D: welltyped, F D and
wt-E: welltyped. F E

shows welltyped. F C

(proof)

lemma (in ground-superposition-calculus) ground-eg-resolution-preserves-typing:
assumes
step: ground-eg-resolution D C and
wt-D: welltyped, F D
shows welltyped. F C

{proof)

lemma (in ground-superposition-calculus) ground-eg-factoring-preserves-typing:
assumes
step: ground-eq-factoring D C and
wt-D: welltyped. F D
shows welltyped. F C

{proof)

end
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