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Abstract

Superposition is an efficient proof calculus for reasoning about first-
order logic with equality that is implemented in many automatic the-
orem provers. It works by saturating the given set of clauses and is
refutationally complete, meaning that if the set is inconsistent, the
saturation will contain a contradiction. In this formalization, we re-
structured the completeness proof to cleanly separate the ground (i.e.,
variable-free) and nonground aspects. We relied on the IsaFoR library
for first-order terms and on the Isabelle saturation framework. A paper
describing this formalization was published at the 15th International
Conference on Interactive Theorem Proving (ITP 2024) [1].
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theory Transitive-Closure-Extra
imports Main
begin

lemma reflclp-iff: ARzy. RR=2y+— RazyVae=y

by (metis (full-types) sup2CI sup2F)

lemma reficlp-refl: R== z x
by simp

lemma transpD-strict-non-strict:
assumes transp R
shows Az y2. Rey=— R~ yz=— Rz z
using <transp Ry[THEN transpD] by blast

lemma transpD-non-strict-strict:
assumes transp R
shows Az y2. RR=2y=— Ryz=— Rzz
using <transp Ry[THEN transpD] by blast

lemma mem-rtrancl-union-iff-mem-rtrancl-lhs:
assumes Az. (z, 2) € A* = z ¢ Domain B
shows (z, y) € (AU B)* «— (z, y) € A*
using assms

by (meson Domain.Domainl in-rtrancl-Unl rtrancl-Un-separatorE)

lemma mem-rtrancl-union-iff-mem-rtrancl-rhs:
assumes
Nz. (z, 2) € B* = z ¢ Domain A
shows (z, y) € (AU B)* «— (z, y) € B*
using assms

by (metis mem-rtrancl-union-iff-mem-rtrancl-lhs sup-commute)

259



end
theory Abstract-Rewriting-FExtra
imports
Transitive-Closure-Extra
Abstract— Rewriting. Abstract- Rewriting
begin

lemma mem-join-union-iff-mem-join-lhs:
assumes
Nz. (z, 2) € A* = z ¢ Domain B and
Nz (y, z) € A* = 2z ¢ Domain B
shows (z, y) € (AU B)¥ «— (z, y) € At
proof (rule iff)
assume (1, y) € (A U B)¥
then obtain z where
(z,2) € (AU B)* and (y, 2) € (AU B)*
by auto

show (z, y) € At
proof (rule joinl)
from assms(1) show (z, z) € A*
using «(z, z) € (A U B)*» mem-rtrancl-union-iff-mem-rtrancl-lhs[of x A B 7]
by simp
next
from assms(2) show (y, z) € A*
using «(y, z) € (A U B)*» mem-rtrancl-union-iff-mem-rtranci-ths[of y A B 2]
by simp
qed
next
show (z, y) € A = (1, y) € (AU B)*
by (metis UnCI join-mono subset-Un-eq sup.left-idem)
qed

lemma mem-join-union-iff-mem-join-rhs:
assumes
Nz. (z, 2) € B* = 2z ¢ Domain A and
Nz. (y, 2) € B* = z ¢ Domain A
shows (z, y) € (AU B)Y «— (z, y) € B
using mem-join-union-iff-mem-join-lhs
by (metis assms(1) assms(2) sup-commute)

lemma refi-join: refl (r%)
by (simp add: joinl-right refll)

lemma trans-join:
assumes strongly-norm: SN r and confluent: WCR r
shows trans (r)

proof —
from confluent strongly-norm have CR r



using Newman by metis
hence r<* = rt
using CR-imp-conversionlff-join by metis
thus %thesis
using conversion-trans by metis
qed

end
theory Term-Rewrite-System
imports
Regular-Tree- Relations. Ground-Ctxt
begin

definition compatible-with-gctzt :: 'f gterm rel = bool where
compatible-with-getat I «— (Yt t/ ctat. (¢, t') € I — (ctat(t)q, ctet(t)g) € I)

lemma compatible-with-gctatD:
compatible-with-gctat I = (t, t') € I = (ctzt(t)q, ctat{thq) € I
by (simp add: compatible-with-gctzt-def)

lemma compatible-with-gctxt-converse:

assumes compatible-with-gctxt I

shows compatible-with-getzt (I71)

unfolding compatible-with-gctxt-def
proof (intro alll impl)

fix ¢t/ ctat

assume (¢, t') € I7!

thus (ctzt(t)q, ctat(t')g) € 11

by (simp add: assms compatible-with-gctaztD)

qed

lemma compatible-with-gctxt-symel:
assumes compatible-with-gctxt I
shows compatible-with-gctzt (1¥7)
unfolding compatible-with-gctxt-def
proof (intro alll impI)
fix ¢t/ ctat
assume (¢, t') € I
thus (ctzt(t)g, ctzt(tyg) € I
proof (induction ctat arbitrary: t t')
case GHole
thus ?case by simp
next
case (GMore f tsl ctat ts2)
thus ?case
using assms[unfolded compatible-with-gctzt-def, rule-format]
by blast
qged
qed



lemma compatible-with-gctat-rtrancl:
assumes compatible-with-gctat 1
shows compatible-with-gctzt (I*)
unfolding compatible-with-gctxt-def
proof (intro alll impl)
fix t t' ctat
assume (¢, t') € I*
thus (ctzt(t)q, ctrt(t’)q) € I*
proof (induction t’ rule: rtrancl-induct)
case base
show ?case
by simp
next
case (step y 2)
thus Zcase
using assms[unfolded compatible-with-gctxt-def, rule-format]
by (meson rtrancl.rtrancl-into-rtrancl)
qed
qed

lemma compatible-with-gctxt-relcomp:
assumes compatible-with-gctat 11 and compatible-with-gctxt 12
shows compatible-with-gctat (11 O 12)
unfolding compatible-with-gctxt-def
proof (intro alll impI)
fix t t" ctat
assume (¢, t") € I1 O I2
then obtain ¢’ where (¢, t') € I1 and (t/, t”) € I2
by auto

have (ctzt(t)q, ctzt(t’)q) € 11
using «(¢, t') € I1» assms(1) compatible-with-gctztD by blast
moreover have (ctzt(t))g, ctzt{t")g) € 12
using «(t', t"') € I2» assms(2) compatible-with-gctztD by blast
ultimately show (ctzt(t)q, ctet(t")g) € I1 O 12
by auto
qged

lemma compatible-with-gctxt-join:
assumes compatible-with-gctat 1
shows compatible-with-gctzt (IV)
using assms
by (simp-all add: join-def compatible-with-gctzt-relcomp compatible-with-gctt-rirancl
compatible-with-gctzt-converse)

lemma compatible-with-gctat-conversion:
assumes compatible-with-gctxt T
shows compatible-with-gctzt (I°7*)



by (simp add: assms compatible-with-gctxt-rtrancl compatible-with-gctat-symcl
conversion-def)

definition rewrite-inside-gctzt :: 'f gterm rel = 'f gterm rel where
rewrite-inside-gctrt R = {(ctet(tl)q, ctet(t2)q) | ctat t1 2. (¢1, t2) € R}

lemma mem-rewrite-inside-gctat-if-mem-rewrite-rules|introl:
(I, r) € R = (l, r) € rewrite-inside-gctzt R
by (metis (mono-tags, lifting) Collect] gctzt-apply-term.simps(1) rewrite-inside-gctzt-def)

lemma ctzt-mem-rewrite-inside-gctrt-if-mem-rewrite-rules|introl:
(I, r) € R = (ctat(l)q, ctxt(r)a) € rewrite-inside-gctrt R
by (auto simp: rewrite-inside-gctat-def)

lemma rewrite-inside-gctrt-mono: R C S = rewrite-inside-gctxt R C rewrite-inside-gctxt
S
by (auto simp add: rewrite-inside-gctzt-def)

lemma rewrite-inside-gctrt-union:
rewrite-inside-gctrt (R U S) = rewrite-inside-gctzt R U rewrite-inside-gctat S
by (auto simp add: rewrite-inside-gctzt-def)

lemma rewrite-inside-gctrt-insert:

rewrite-inside-gctrt (insert r R) = rewrite-inside-gctzt {r} U rewrite-inside-gctat
R

using rewrite-inside-gctat-union[of {r} R, simplified] .

lemma converse-rewrite-steps: (rewrite-inside-gctzt R)~! = rewrite-inside-gctzt (R™1)
by (auto simp: rewrite-inside-gctat-def)

lemma rhs-lt-lhs-if-rule-in-rewrite-inside-gctxt:
fixes less-trm :: 'f gterm = 'f gterm = bool (infix <; 50)
assumes
rule-in: (t1, t2) € rewrite-inside-gctrt R and
ball-R-rhs-lt-lhs: \t1 t2. (t1, t2) € R = t2 <, t1 and
compatible-with-gctat: \t1 t2 ctet. 12 <, t1 = ctat(t2)a < ctrt(tl)q
shows t2 <; t1
proof —
from rule-in obtain t1’ ¢2’ ctzt where
(¢17,t2') € R and
t1 = ctat(tl')¢ and
t2 = ctat(t2)q
by (auto simp: rewrite-inside-gctat-def)

from ball-R-rhs-lt-lhs have t2' <, t1'
using «(t1/, t2') € R» by simp

with compatible-with-gctrt have ctat(t2)q <: ctat(tl)a
by metis



thus %thesis
using «t1 = ctat(tl o> «t2 = ctxt(t2')q> by metis
qed

lemma mem-rewrite-step-union-NF':
assumes (t, t') € rewrite-inside-gctat (R1 U R2)
t € NF (rewrite-inside-gctrt R2)
shows (t, t') € rewrite-inside-gctzt R1
using assms
unfolding rewrite-inside-gctxt-union
by blast

lemma predicate-holds-of-mem-rewrite-inside-gctxt:
assumes rule-in: (t1, t2) € rewrite-inside-gctat R and
ball-P: A\t t2. (t1, t2) € R = P t1 t2 and
preservation: \t1 t2 ctzt 0. (t1, t2) € R => P t1 t2 = P ctat(tl)q ctet(t2)q
shows P t1 t2
proof —
from rule-in obtain t1’' t2’ ctzt o where
(t1', t2) € R and
t1 = ctat(t1")g and
12 = ctat(t2)q
by (auto simp: rewrite-inside-gctat-def)
thus ?thesis
using ball-P[OF «(t1', t2') € R)]
using preservation|OF (t1', t2') € R», of ctxt]
by simp
qed

lemma compatible-with-gctat-rewrite-inside-gcetat[simp): compatible-with-gctzt (rewrite-inside-getat
B)

unfolding compatible-with-gctxt-def rewrite-inside-gctxt-def

unfolding mem-Collect-eq

by (metis Pair-inject ctxt-ctat)

lemma subset-rewrite-inside-gctat[simp): E C rewrite-inside-gctzt E
proof (rule Set.subsetl)
fix e assume e-in: e € F
moreover obtain s ¢t where e-def: e = (s, t)
by fastforce
show e € rewrite-inside-gctat £
unfolding rewrite-inside-gctzt-def
unfolding mem-Collect-eq
proof (intro exl conjI)
show e = (Og(s)q, Oc(t)c)
unfolding e-def gctxt-apply-term.simps ..
next
show (s, t) € E



using e-in
unfolding e-def .
qed
qed

lemma wf-converse-rewrite-inside-gctat:
fixes F :: 'f gterm rel
assumes
wfP-R: wfP R and
R-compatible-with-gctzt: Nctat tt'. Rt t' = R ctat(t)q ctat(t’)¢ and
equations-subset-R: Nz y. (z,y) € E = Ry=x
shows wf ((rewrite-inside-gctzt E)~1)
proof (rule wf-subset)
from wfP-R show wf {(z, y). R z y}
by (simp add: wfP-def)
next
show (rewrite-inside-gctzt E)~ C {(z, y). R z y}
proof (rule Set.subsetl)
fix e assume e € (rewrite-inside-gctat E)~!
then obtain ctzt s t where e-def: e = (ctat(s)q, ctzt(t)e) and (¢, s) € E
by (smt (verit) Pair-inject converseE mem-Collect-eq rewrite-inside-gctat-def)
hence R s t
using equations-subset-R by simp
hence R ctzt(s)q ctot(t)a
using R-compatible-with-gctzt by simp
then show e € {(z, y). R = y}
by (simp add: e-def)
qed
qed

end

theory Ground-Critical-Pairs
imports Term-Rewrite-System

begin

definition ground-critical-pairs :: 'f gterm rel = 'f gterm rel where
ground-critical-pairs R = {(ctxt{ra)q, m1) | ctxt I r1 ro. (ctzt{l)a, r1) € R A (I,
7”2) S R}

abbreviation ground-critical-pair-theorem :: 'f gterm rel = bool where
ground-critical-pair-theorem (R :: 'f gterm rel) =
WCR (rewrite-inside-gctxt R) +— ground-critical-pairs R C (rewrite-inside-gctxt
R)t

end
theory Multiset-Extra
imports
HOL— Library. Multiset
HOL- Library. Multiset-Order



Nested-Multisets-Ordinals. Multiset-More
begin

lemma one-le-countE:
assumes I < count M x
obtains M’ where M = add-mset v M’
using assms by (meson count-greater-eq-one-iff multi-member-split)

lemma two-le-countE:
assumes 2 < count M z
obtains M’ where M = add-mset x (add-mset x M)
using assms
by (metis Suc-1 Suc-eq-plus1-left Suc-leD add.right-neutral count-add-mset multi-member-split
not-in-iff not-less-eq-eq)

lemma three-le-countF:
assumes 3 < count M x
obtains M’ where M = add-mset z (add-mset x (add-mset z M'))
using assms
by (metis One-nat-def Suc-1 Suc-leD add-le-cancel-left count-add-mset numeral-3-eq-3
plus-1-eq-Suc
two-le-countFE)

lemma one-step-implies-multp g o-strong:
fixes A B J K :: - multiset
defines /=B —- Aand K=A4 - B
assumes J # {#} and Vk e# K. 3z €# J. Rkzx
shows multpgo R A B
unfolding multp g o-def
proof (intro conjl alll impl)
show A # B
using assms by force
next
show Ay. count By < count A y = Jz. Ry z A count A z < count B z
using assms by (metis in-diff-count)
qed

lemma Unig-antimono: Q < P — Uniq Q > Uniq P
unfolding le-fun-def le-bool-def
by (rule impl) (simp only: Unig-I Unig-D)

lemma Unig-antimono”. (Nz. Q © = P z) = Uniq P = Uniq Q
by (fact Unig-antimonolunfolded le-fun-def le-bool-def, rule-format))

lemma multp-singleton-right[simp]:

assumes transp R

shows multp R M {#az#} +— (Vy €# M. R y x)
proof (rule iffI)

show Vy €# M. Ry x = multp R M {#ax+#}



using one-step-implies-multp[of {#x#} - R {#}, simplified] .

next
show multp R M {#ax#} = Vye#M. Ry z

using multp-implies-one-step|OF <transp R»|

by (smt (verit, del-insts) add-0 set-mset-add-mset-insert set-mset-empty sin-
gle-is-union

singletonD)

qed

lemma multp-singleton-left[simp]:
assumes transp R
shows multp R {#a#} M +— ({#z#} CH MV (Jy €# M. Rz y))
proof (rule iff)
show {#az#} CH# M VvV (Jye#M. R z y) = multp R {#az#} M
proof (elim disjE bexE)
show {#z#} CH# M = multp R {#a#} M
by (simp add: subset-implies-multp)
next
show A\y. y €# M = R xy = multp R {#xz#} M
using one-step-implies-multp|of M {#z#} R {#}, simplified] by force
qged
next
show multp R {#z#} M = {#a#} CH# MV (Jye#M. R x y)
using multp-implies-one-step|OF <transp R, of {#z#} M]
by (metis (no-types, opaque-lifting) add-cancel-right-left subset-mset.gr-zerol
subset-mset.less-add-same-cancel2 union-commaute union-is-single union-single-eq-member)
qged

lemma multp-singleton-singleton|simp): transp R = multp R {#z#} {#y#} +—
Rzy
using multp-singleton-right[of R {#xz#} y] by simp

lemma multp-subset-supersetl: transp R = multp R A B — C C# A = B
CH# D= multp RCD
by (metis subset-implies-multp subset-mset.antisym-conv2 transpE transp-multp)

lemma multp-double-doublel:
assumes transp R multp R A B
shows multp R (A + A) (B + B)
using multp-repeat-mset-repeat-msetI [OF <transp Ry <multp R A B>, of 2]
by (simp add: numeral-Bit0)

lemma multp-implies-one-step-strong:
fixes A BIJ K :: - multiset
assumes transp R and asymp R and multp R A B
defines J =B — Aand K =A4A — B
shows J # {#} and Vk €¢# K. 3z €# J. Rk«
proof —
from assms have multpgyo R A B
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by (simp add: multp-eq-multpy o)

thus J # {#}and Vk e# K. 3z e# J. Rkz
using multpg o -implies-one-step-strong|OF <multpro R A B»)
by (simp-all add: J-def K-def)
qed

lemma multp-double-doubleD:
assumes transp R and asymp R and multp R (A + A) (B + B)
shows multp R A B
proof —
from assms have
B+ B — (A+ A) # {#} and
Vke#A+ A— (B+ B). 3ze#B+ B— (A+ A). Rkzx
using multp-implies-one-step-strong| OF assms] by simp-all

have multp R (AN# B+ (A — B)) (An# B+ (B — A))
proof (rule one-step-implies-multplof B — A A — B R A N# B))
show B — A # {#}
using «(B + B — (A + A) # {#}
by (meson Diff-eq-empty-iff-mset mset-subset-eq-mono-add)
next
show Vke#A — B. 3je#B — A. Rkj
proof (intro balll)
fix z assume z €# A — B
hence z €# A+ A — (B + B)
by (simp add: in-diff-count)
then obtain y where y €¢# B+ B— (A+ A)and Rz y
using Vke#A + A — (B + B). 3z€#B + B — (A + A). R k> by auto
then show Jje#B — A. Rz j
by (auto simp add: in-diff-count)
qed
qed

moreover have A = A N# B + (A — B)
by (simp add: inter-mset-def)

moreover have B = A N# B + (B — A)
by (metis diff-intersect-right-idem subset-mset.add-diff-inverse subset-mset.inf.cobounded?)

ultimately show ?thesis
by argo
qed
lemma multp-double-double:
transp R = asymp R = multp R (A + A) (B + B) «— multp R A B
using multp-double-doubleD multp-double-doublel by metis

lemma multp-doubleton-doubleton|simp]:

11



transp R = asymp R = multp R {#=z, a#} {#y, y#} +— Rz y
using multp-double-double[of R {#ax#} {#y#}, simplified] by simp

lemma multp-single-doublel: M # {#} = multp R M (M + M)
using one-step-implies-multp[of M {#} - M, simplified] by simp

lemma mult1-implies-one-step-strong:
assumes trans r and asym r and (A, B) € mult! r
shows B — A # {#}and Vke# A — B.3je# B — A (k,j) er
proof —
from «(A, B) € mult! r» obtain b B’ A’ where
B-def: B = add-mset b B’ and
A-def: A= B’ + A’ and
Va ae# A" — (a, b) €7
unfolding multl-def by auto

have b ¢# A’
by (meson Va. a €# A’ — (a, b) € m assms(2) asym-onD iso-tuple-UNIV-I)
then have b €¢# B — A
by (simp add: A-def B-def)
thus B — A # {#}
by auto

show Vke# A — B.3je# B — A (k, j)Er
by (metis A-def B-def <~Va. a €# A’ — (a, b) € r» <b €# B — Ay b ¢# A
add-diff-cancel-left’
add-mset-add-single diff-diff-add-mset diff-single-trivial)
qed

lemma asymp-multp:
assumes asymp R and transp R
shows asymp (multp R)
using asymp-multpy o[OF assms]
unfolding multp-eq-multpy o[ OF assms].

lemma multp-doubleton-singleton: transp R = multp R {# =z, © #} {# v #}
«+— Rzy
by (cases x = y) auto

lemma image-mset-removel-mset:
assumes nj f
shows removel-mset (f a) (image-mset f X) = image-mset f (removel-mset a
X)
using image-mset-removel-mset-if
unfolding image-mset-removel-mset-if inj-image-mem-iff[OF assms, symmetric]
by simp

lemma multpp pr-map-strong:
assumes

12



f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-l1t-M2: multppyr R M1 M2

shows multppyr S (image-mset f M1) (image-mset f M2)

proof —

obtain Y X where
Y £ {#} and Y C# M2 and MI-eq: M1 = M2 — Y + X and
ex-y:Ve.z e# X — By ye# YANRzy)
using M1-lt-M2[unfolded multpp rr-def Let-def mset-map] by blast

let ?fY = image-mset f Y
let ?fX = image-mset f X

show ?thesis
unfolding multpp r-def
proof (intro exl conjI)
show image-mset [ Y # {#}
using <Y # {#}» unfolding image-mset-is-empty-iff .
next
show image-mset f Y C# image-mset f M2
using <Y C# M2) image-mset-subseteg-mono by metis
next
show image-mset f M1 = image-mset f M2 — ?fY + 2fX
using M1-eq|THEN arg-cong, of image-mset f] <Y C# M2)
by (metis image-mset-Diff image-mset-union)
next
obtain g where y: Vz. 2 €# X — gax €# Y A Rz (g 1)
using ez-y by moura

show V fr. fv €# X — (3 fy. fy €# Y N S fz fy)
proof (intro alll impl)
fix 2’ assume z’ €# X
then obtain z where z: 2’ = fz and z-in: © e# X
by auto
hence y-in: g x €# Y and y-gt: R z (g x)
using y[rule-format, OF z-in] by blast+

moreover have X C# M1
using M1-eq by simp

ultimately have f (g z) €# 2fY A S (f2)(f (g9 z))
using f-mono[THEN monotone-onD, of © g x] <Y C# M2y <X C# M1

by (metis imagel in-image-mset mset-subset-eqD union-iff)
thus 3fy. fy €# Y NSz’ fy
unfolding z’ by auto
qed
qged
qed

13



lemma multp-map-strong:
assumes
transp: transp R and
f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-1t-M2: multp R M1 M2
shows multp S (image-mset f M1) (image-mset f M2)
using monotone-on-multp-multp-image-mset| THEN monotone-onD, OF f-mono
transp - - M1-lt-M2]
by simp

lemma multpy o-add-mset:
assumes asymp R transp R R x y multpgo R X Y
shows multpgo R (add-mset © X) (add-mset y Y)
unfolding multp g o-def
proof (intro alll conjl impl)
show add-mset © X # add-mset y Y
using assms(1, 3, 4)
unfolding multp g o-def
by (metis asympD count-add-mset lessI less-not-refl)
next
fix =’
assume count-z” count (add-mset y V) ' < count (add-mset x X) z’
show 3y’ Rz’ y' A count (add-mset z X) y' < count (add-msety Y) y’
proof(cases ' = x)
case True
then show ?thesis
using assms
unfolding multpy o-def
by (metis count-add-mset irreflpD irrefip-on-if-asymp-on not-less-eq transpE)
next
case z’-neq-z: False
show ?thesis
proof(cases y = ')
case True
then show ?thesis
using assms(1, 3, 4) count-z’ z'-neg-x
unfolding multpyo-def count-add-mset
by (smt (verit) Suc-lessD asympD)
next
case Fulse
then show ?thesis
using assms count-z’ x'-neq-x
unfolding multpy o-def count-add-mset
by (smt (verit, del-insts) irreflpD irreflp-on-if-asymp-on not-less-eq transpE)
qed
qed
qed
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lemma multp-add-mset:
assumes asymp R transp R R x y multp R X Y
shows multp R (add-mset x X) (add-mset y Y)
using multpy o-add-mset[OF assms(1—3)] assms(4)
unfolding multp-eq-multpr o[ OF assms(1, 2)]
by simp

lemma multp-add-mset”:
assumes R z y
shows multp R (add-mset xz X) (add-mset y X)
using assms
by (metis add-mset-add-single empty-iff insert-iff one-step-implies-multp set-mset-add-mset-insert

set-mset-empty)

lemma multp-add-mset-reficlp:
assumes asymp R transp R R z y (multp R)== X Y
shows multp R (add-mset x X) (add-mset y V)
using
assms(4)
multp-add-mset’[of R, OF assms(3)]
multp-add-mset|OF assms(1—3)]
by blast

lemma multp-add-same:

assumes asymp R transp R multp R X Y

shows multp R (add-mset x X) (add-mset z Y)

by (meson assms asymp-on-subset irreflp-on-if-asymp-on multp-cancel-add-mset
top-greatest)

end
theory Uprod-Extra
imports
HOL— Library. Multiset
HOL- Library. Uprod
begin

abbreviation upair where
upair = Nz, y). Upair z y

lemma Upair-sym: Upair © y = Upair y
by (metis Upair-inject)

lemma ex-ordered-Upair:
assumes tot: totalp-on (set-uprod p) R
shows 3z y. p = Upairzy N R== z y
proof —
obtain z y where p = Upair z y
by (metis uprod-exhaust)
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show ?thesis
proof (cases R== 1 y)
case True
show ?thesis
proof (intro exl conjI)
show p = Upair z y
using <p = Upair z y> .
next
show R== z y
using True by simp
qed
next
case Fulse
then show ?thesis
proof (intro exl conjI)
show p = Upair y x
using «<p = Upair x y» by simp
next
from tot have R y z
using Fulse
by (simp add: <p = Upair z y» totalp-on-def)
thus R== y z
by simp
qed
qged
qged

definition mset-uprod :: 'a uprod = 'a multiset where
mset-uprod = case-uprod (Abs-commute (A\z y. {#z, y#}))

lemma Abs-commute-inverse-mset[simp]:

apply-commute (Abs-commute (Az y. {#x, y#})) = Az y. {#z, y#})
by (simp add: Abs-commute-inverse)

lemma set-mset-mset-uprod[simp|: set-mset (mset-uprod up) = set-uprod up
by (simp add: mset-uprod-def case-uprod.rep-eq set-uprod.rep-eq case-prod-beta)

lemma mset-uprod-Upair[simp|: mset-uprod (Upair x y) = {#z, y#}
by (simp add: mset-uprod-def)

lemma map-uprod-inverse: (Az. f (g z) = z) = (Ay. map-uprod f (map-uprod

9y) =vy)
by (simp add: uprod.map-comp uprod.map-ident-strong)

lemma mset-uprod-image-mset: mset-uprod (map-uprod f p) = image-mset f (mset-uprod
p)
proof—

obtain z y where [simp]: p = Upair z y
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using uprod-exhaust by blast

have mset-uprod (map-uprod f p) = {# fx, fy #}
by simp

then show mset-uprod (map-uprod f p) = image-mset f (mset-uprod p)
by simp
qed

end

theory HOL-FExtra
imports Main

begin

lemmas Unigl = Uniq-1

lemma Unig-prodl:
assumes Azl yI 22 y2. Pzl yl — P 22 y2 — (1, y1) = (22, y2)
shows J<i(z, y). Pz y
using assms
by (metis Unigl case-prodF)

lemma Unig-implies-exl: 3<i2. Pr = Py = 3lz. Pz
by (iprover intro: ex1l dest: Unig-D)

lemma Unig-antimono: Q < P — Uniq Q > Uniq P
unfolding le-fun-def le-bool-def
by (rule implI) (simp only: Unig-I Unig-D)

lemma Unig-antimono”. (ANz. Q © = P z) = Uniq P = Uniq Q
by (fact Unig-antimonolunfolded le-fun-def le-bool-def, rule-format))

lemma Collect-eg-if-Uniq: (3<1z. Pz) = {z. Pz} ={} vV (3z. {z. Pz} = {z})
using Uniq-D by fastforce

lemma Collect-eq-if- Unig-prod:

G<i(z, p). Pry) = A{(z,y). Py} ={} vV (Bzy {(z,y). Pzy} ={(z, 9)})
using Collect-eq-if-Uniq by fastforce

lemma Ball-Ez-comm:
VzeX.3f. P(fz)z) = (3f. Ve e X. P (fz)z)
3f.Vze X. P(fz)z) = Ve e X.3f. P (fz)x)
by meson+

lemma set-map-id:
assumes z € set X fz ¢ set X map fX =X
shows Fulse
using assms
by (induction X) auto
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end

theory Relation-FEaxtra
imports HOL.Relation

begin

lemma transp-on-empty[simp): transp-on {} R
by (auto intro: transp-onl)

lemma asymp-on-empty[simpl: asymp-on {} R
by (auto intro: asymp-onl)

lemma partition-set-around-element:
assumes tot: totalp-on N R and z-in: © € N
shows N={ye N.Ryz} U {2z} U{y € N. Rz y}
proof (intro Set.equalityl Set.subsetl)
fix z assume z € N
hence RzzVz=zV Rzz
using tot[ THEN totalp-onD) z-in by auto
thusz e {ye N.Ryz}U{z} U{ye N. Rzy}
using <z € N» by auto
next
fix zassume z € {y e N. Ryz} U{z} U{y e N. Rz y}
hence z € NV z=1z
by auto
thus z € N
using z-in by auto
qed

end
theory Clausal-Calculus-Extra
imports
Saturation-Framework-Extensions. Clausal-Calculus
Uprod-FExtra
begin

lemma map-literal-inverse:
(Az. f (g z) = ) = (Aliteral. map-literal f (map-literal g literal) = literal)
by (simp add: literal.map-comp literal.map-ident-strong)

lemma map-literal-comp:
map-literal f (map-literal g literal) = map-literal (Aatom. f (g atom)) literal
using literal.map-comp

unfolding comp-def.

lemma literals-distinct [simp]: Neg # Pos Pos # Neg
by (metis literal.distinct(1))+

primrec mset-lit :: 'a uprod literal = 'a multiset where
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mset-lit (Pos A) = mset-uprod A |
mset-lit (Neg A) = mset-uprod A + mset-uprod A

lemma mset-lit-image-mset: mset-lit (map-literal (map-uprod f) 1) = image-mset
I (mset-lit 1)
by (induction 1) (simp-all add: mset-uprod-image-mset)

lemma uprod-mem-image-iff-prod-mem|[simp):
assumes sym |
shows (Upair t t') € (A(t1, t2). Upair t; ta) ‘1 «— (t, t) €I
using «sym D[THEN symD] by auto

lemma true-lit-uprod-iff-true-lit-prod[simp]:
assumes sym |
shows
(AM(t1, t2). Upair t1 t2) ‘1 |=l Pos (Upair t t') «— I |=l Pos (¢, t')
(AM(t1, t2). Upair t1 t2) ‘1 |=l Neg (Upair t t') «— I |=l Neg (¢, t')
unfolding true-lit-simps uprod-mem-image-iff-prod-mem|[OF <sym I})
by simp-all

end
theory Ground-Term-Ezxtra

imports Regular- Tree-Relations. Ground-Terms
begin

lemma gterm-is-fun: is-Fun (term-of-gterm t)
by (cases t) simp

end
theory Ground-Ctzt-Extra

imports Regular- Tree-Relations. Ground- Ctxt
begin

lemma le-size-gctat: size t < size (C{t)q)
by (induction C) simp-all

lemma lt-size-gctzt: ctrt # Og = size t < size ctxt(t)g
by (induction ctxt) force+

lemma gctat-ident-iff-eq-GHole[simp): ctat(t)g = ¢ +— ctzt = Og
proof (rule iffI)
assume ctrt(t)g = ¢
hence size (ctzt(t)c) = size t
by argo
thus ctzt = Og
using lt-size-gctat]of ctxt i
by linarith
next
show ctat = Og = clat(t)g =t
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by simp
qed

end
theory Ground-Clause
imports
Saturation-Framework-Extensions. Clausal-Calculus

Ground-Term-Eztra
Ground-Ctxt-Extra
Uprod-FExtra

begin

abbreviation Pos-Upair (infix ~ 66) where
Pos-Upair z y = Pos (Upair = y)

abbreviation Neg-Upair (infix !~ 66) where
Neg-Upair © y = Neg (Upair z y)

type-synonym 'f gatom = 'f gterm uprod

no-notation subst-compose (infixl oy 75)
no-notation subst-apply-term (infixl - 67)

end
theory Selection-Function
imports
Ground-Clause
begin

locale select =
fixes sel :: 'a clause = 'a clause
assumes
select-subset: NC. sel C C# C and
select-negative-lits: N\C L. L €4 sel C = is-neg L

end

theory Term-Ordering-Lifting
imports Clausal-Calculus-Ezxtra

begin

lemma antisymp-on-reficlp-if-asymp-on:
assumes asymp-on A R
shows antisymp-on A R==
unfolding antisym-on-reflcl[to-pred]
using antisymp-on-if-asymp-on|OF <asymp-on A R»] .
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lemma order-reficlp-if-transp-and-asymp:
assumes transp R and asymp R
shows class.order R== R
proof unfold-locales
show Az y. Rzy=(R"= 2y AN - R~ yux)
using <asymp R» asympD by fastforce
next
show Az. R== sz z
by simp
next
show At yz R zy=—= R~ yz=—= R~ zz
using transp-on-reflclp[OF <transp Ry, THEN transpD] .
next
show Az y. RR=zry=— R~" yz =z =y
using antisymp-on-reficlp-if-asymp-on|OF <asymp Ry, THEN antisympD] .
qed

locale term-ordering-lifting =
fixes
less-trm :: 't = 't = bool (infix <; 50)
assumes
transp-less-trm[introl: transp (<) and
asymp-less-trm[intro]: asymp (<¢)
begin

definition less-lit :: 't uprod literal = 't uprod literal = bool (infix <; 50) where
less-lit L1 L2 = multp (<) (mset-lit L1) (mset-lit L2)

definition less-cls :: 't uprod clause = "t uprod clause = bool (infix <. 50) where
less-cls = multp (<)

sublocale term-order: order (<:)== (=<t)
using order-reficlp-if-transp-and-asymp transp-less-trm asymp-less-trm by metis

sublocale literal-order: order (<;)== (<)
proof (rule order-reflclp-if-transp-and-asymp)
show transp (<)
using transp-less-trm
by (metis (opaque-lifting) less-lit-def transp-def transp-multp)
next
show asymp (<)
by (metis asympD asymp-less-trm asymp-multpg o asympl less-lit-def multp-eq-multp o
transp-less-trm)
qed

sublocale clause-order: order (<)== (<)
proof (rule order-reflclp-if-transp-and-asymp)
show transp (<.)
by (simp add: less-cls-def transp-multp)
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next
show asymp (<.)
by (simp add: less-cls-def asymp-multpg o multp-eqg-multpg o)
qed

end

end
theory Ground-Ordering
imports

Ground-Clause
Transitive-Closure-Extra
Clausal-Calculus-Extra
Min-Mazx-Least-Greatest. Min-Mazx- Least- Greatest-Multiset
Term-Ordering-Lifting

begin
locale ground-ordering = term-ordering-lifting less-trm
for
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) +
assumes

wfP-less-trm[intro]: wfP (<;) and

totalp-less-trmlintro]: totalp (<) and

less-trm-compatible-with-gctzt[simp]: Nctat t ¢ ¢ <4 t' = ctat(t)g < ctat(ta
and

less-trm-if-subterm[simp]: Nt ctzt. ctat # O = t <4 ctat(t)a
begin

abbreviation lesseg-trm (infix <; 50) where
lesseg-trm = (<)==

lemma lesseq-trm-if-subtermeq: t <; ctxt(t)a
using less-trm-if-subterm
by (metis gctat-ident-iff-eq-GHole reflclp-iff)

abbreviation lesseg-lit (infix <; 50) where
lesseq-lit = (<)==

abbreviation lesseg-cls (infix <. 50) where
lesseg-cls = (<)==
lemma wfP-less-lit[simp]: wfp (<)
unfolding less-lit-def
using wfP-less-trm wfP-multp wfP-if-convertible-to-wfP by meson

lemma wfP-less-cls[simp]: wfp (<.)
using wfP-less-lit wfP-multp less-cls-def by metis
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sublocale term-order: linorder lesseq-trm less-trm
proof unfold-locales
show Az y. 2 %, yVy =3tz
by (metis reflelp-iff totalpD totalp-less-trm)
qed

sublocale literal-order: linorder lesseq-lit less-lit
proof unfold-locales
have totalp-on A (=<;) for A
proof (rule totalp-onI)
fix L1 L2 :: 'f gatom literal
assume LI # L2

show L1 <; L2 v L2 <; L1
unfolding less-lit-def
proof (rule totalp-multp| THEN totalpD])
show totalp (<)
using totalp-less-trm .
next
show transp (<)
using transp-less-trm .
next
obtain z1 yI z2 y2 :: 'f gterm where
atm-of L1 = Upair 1 y1 and atm-of L2 = Upair z2 y2
using uprod-exhaust by metis
thus mset-lit L1 # mset-lit L2
using «L1 # L2»
by (cases L1; cases L2) (auto simp add: add-eq-conv-er)
qed
qed
thus Az y. 2 <,y Vy 32
by (metis reflclp-iff totalpD)
qed

sublocale clause-order: linorder lesseq-cls less-cls
proof unfold-locales
show Az y. 2 <. yVy=.z
unfolding less-cls-def
using totalp-multp[OF literal-order.totalp-on-less literal-order.transp-on-less]
by (metis reflclp-iff totalpD)
qed

abbreviation is-mazimal-lit :: 'f gatom literal = 'f gatom clause = bool where
is-mazimal-lit L M = is-maximal-in-mset-wrt (<;) M L

abbreviation is-strictly-maximal-lit :: 'f gatom literal = 'f gatom clause = bool

where
is-strictly-maximal-lit L M = is-greatest-in-mset-wrt (<;) M L
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lemma less-trm-compatible-with-gctxt”:
assumes cizt(t)g < ctat(t)a
shows t <; t’
proof (rule ccontr)
assume — t <; t’/
hence t' <; t
by order

show Fulse
proof(cases t' = t)
case True
then have ctzt(t)g = ctzt(t’a
by blast
then show Fulse
using assms by order
next
case Fulse
then have t/ <; t
using «t' <; t» by order

then have ctzt(t’)g <, ctat(t)q
using less-trm-compatible-with-gctxt by metis

then show #thesis
using assms by order
qged
qged

lemma less-trm-compatible-with-gctat-iff: ctat(t)g <¢ ctat(thg «— t <4 t’
using less-trm-compatible-with-gctzt less-trm-compatible-with-gctxt’
by blast

lemma context-less-term-lesseq:
assumes
Nt ctzt(t)a < ctat’{t)a
t =t
shows ctzt(t)q <, ctat'(t))q
using assms less-trm-compatible-with-gctxt
by (metis reflclp-iff term-order.dual-order.strict-trans)

lemma context-lesseq-term-less:
assumes
Nt. ctzt(t)g =< ctat’{t)q
t <¢ t’
shows cizt(t)g < ctat'(t) g
using assms less-trm-compatible-with-gctat term-order.dual-order.strict-transi
by blast

end
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end

theory Ground-Type-System
imports Ground-Clause

begin

inductive welltyped for F where
GFun: F | = (15, T) = list-all2 (welltyped F) ts s = welltyped F (GFun f
ts) T

lemma welltyped-right-unique: right-unique (welltyped JF)
proof (rule right-uniquel)
fix ¢ T1 T2
assume welltyped F t 71 and welltyped F t 72
thus 71 = 79
by (auto elim!: welltyped.cases)
qed

definition welltyped, where
welltyped, F A +— (37.Vt € set-uprod A. welltyped F t T)

definition welltyped; where
welltyped; F L «— welltyped, F (atm-of L)

definition welltyped. where
welltyped, F C +— (VL €# C. welltyped; F L)

definition welltyped.s; where
welltyped.s F N +— (V C € N. welltyped. F C)

lemma welltyped.-add-mset:
welltyped, F (add-mset L C) <— welltyped; F L A welltyped, F C
by (simp add: welltyped.-def)

lemma welltyped.-plus:
welltyped, F (C + D) <— welltyped. F C A welltyped. F D
by (auto simp: welltyped.-def)

lemma gctat-apply-term-preserves-typing:
assumes
k-type: welltyped F k(t)c 71 and
t-type: welltyped F t To and
t’-type: welltyped F t' 9
shows welltyped F k(t\q 71
using k-type
proof (induction k arbitrary: T1)
case GHole
then show ?case
using t-type t'-type
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using welltyped-right-uniquelof F, THEN right-uniqueD)
by auto
next
case (GMore f ssl k ss2)
have welltyped F (GFun f (ss1 Q k(t)g # $s2)) 71
using GMore.prems by simp
hence welltyped F (GFun f (ss1 Q x(t")g # ss2)) 11
proof (cases F GFun f (ss1 @Q k(t)g # ss2) 11 rule: welltyped.cases)
case (GFun 7s)
show ?thesis
proof (rule welltyped. GFun)
show F f = (7s, 71)
using «F f = (7s, T1)) .
next
show list-all2 (welltyped F) (ss1 Q (t")a # ss2) Ts
using <list-all2 (welltyped F) (ss1 Q k(t)g # ss2) 7%
using GMore.IH
by (smt (verit, del-insts) list-all2-Cons1 list-all2-appendl list-all2-lengthD)
qed
qed
thus Zcase
by simp
qed

end
theory Ground-Superposition
imports

Main

Saturation-Framework. Calculus
Saturation-Framework-Extensions. Clausal- Calculus
Abstract— Rewriting. Abstract- Rewriting

Abstract- Rewriting- Extra
Ground-Critical-Pairs
Multiset-Extra
Term-Rewrite-System
Transitive-Closure-Extra
Uprod-Extra
HOL-Extra
Relation-FExtra
Clausal-Calculus-Extra
Selection-Function
Ground-Ordering
Ground-Type-System
begin
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hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of

no-notation subst-compose (infixl o; 75)
no-notation subst-apply-term (infixl - 67)

1 Superposition Calculus

locale ground-superposition-calculus = ground-ordering less-trm + select select
for
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) and
select :: 'f gatom clause = 'f gatom clause +
assumes
ground-critical-pair-theorem: N\(R :: 'f gterm rel). ground-critical-pair-theorem
R
begin

1.1 Ground Rules

inductive ground-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-superpositionl :
E = add-mset L £/ =
D = add-mset Lp D' —
D <. F =
P € {Pos, Neg} =
Lg =P (Upair k(t)g u) =
Lp =t~ t =
u <t K(t) g =
<t =
(P = Pos A select E = {#} A is-strictly-mazimal-lit Ly E) V
(P = Neg A (select E = {#} A is-maximal-lit Ly E V is-mazimal-lit Ly (select
) =
select D = {#} =
is-strictly-maximal-lit Lp D —>
C = add-mset (P (Upair k(tg u)) (E'+ D) =
ground-superposition D E C

inductive ground-eg-resolution ::
'f gatom clause = 'f gatom clause = bool where
ground-eq-resolutionl:
D = add-mset L D' =
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L = Neg (Upair t t) =

select D = {#} A is-mazimal-lit L D V is-mazimal-lit L (select D) =
C=D =

ground-eq-resolution D C

inductive ground-eq-factoring ::
'f gatom clause = 'f gatom clause = bool where
ground-eq-factoringl:
D = add-mset Ly (add-mset Ly D) =
L=t~ t =
Lg =t=xt'=
select D = {#} =
is-maximal-lit 1 D —
=<t =
C = add-mset (Neg (Upair t' t"")) (add-mset (¢t = t'") D) =
ground-eq-factoring D C

1.1.1 Alternative Specification of the Superposition Rule

inductive ground-superposition’ ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-superposition’'I:
P, = add-mset L; P’ =
Py = add-mset Ly Py' —>
Py <. P =
P € {Pos, Neg} =
Ly = P (Upair s(t)g s') =
L2 =ttt —
s <y s{t)yg =
t! <t =
(P = Pos — select Py = {#} A is-strictly-mazimal-lit Ly P1) =
(P = Neg — (select Py = {#} A is-mazimal-lit L1 Py V is-mazimal-lit Ly
(select P1))) =
select Py = {#} =
is-strictly-mazximal-lit Lo Py —>
C = add-mset (P (Upair s(t"¢ s')) (P1' + Py)) =
ground-superposition’ Py Py C

lemma ground-superposition’ = ground-superposition
proof (intro ext iffT)
fix P1 P2 C
assume ground-superposition’ P2 P1 C
thus ground-superposition P2 P1 C
proof (cases P2 P1 C rule: ground-superposition’.cases)
case (ground-superposition’l Ly Py’ Ly Py’ P st s’ t)
thus ?thesis
using ground-superpositionl by blast
qed
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next
fix P1 P2 C
assume ground-superposition P1 P2 C
thus ground-superposition’ P1 P2 C
proof (cases P1 P2 C rule: ground-superposition.cases)
case (ground-superposition] L1 Py’ Ly Py’ P st s’ t!)
thus ?thesis
using ground-superposition’]
by (metis literals-distinct(2))
qged
qged

inductive ground-pos-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-pos-superpositionl :
Py = add-mset L1 Py =
Py = add-mset Ly Py' —>
Py <. P =
Ly = s{t)g = ' =
Ly =1t~ t =
s' =<t s{t)yg =
t <yt =
select Py = {#} =
is-strictly-mazximal-lit Ly P1 =
select Py = {#} =
is-strictly-mazimal-lit Ly Py —>
C = add-mset (s(t"\¢ = s') (P1' + Py’) =
ground-pos-superposition Po P; C

lemma ground-superposition-if-ground-pos-superposition:
assumes step: ground-pos-superposition Py Py C
shows ground-superposition P, P, C
using step
proof (cases Py Py C rule: ground-pos-superposition.cases)
case (ground-pos-superposition] Ly P1' Ly Py’ st s’ t')
thus ?thesis
using ground-superpositionl
by (metis insert-iff)
qed

inductive ground-neg-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
ground-neg-superpositionl :
P, = add-mset L; P, —
Py = add-mset Ly Py' —
Py <. P =
Ly = Neg (Upair s(t)g s') =
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Ly =t~ t =

s =<y s(tye =

<t =

select Py = {#} A is-maximal-lit L1 Py V is-maximal-lit Ly (select P1) =
select Py = {#} =

is-strictly-mazimal-lit Ly Py —>

C = add-mset (Neg (Upair s(t"¢ s')) (P1' + Py') =
ground-neg-superposition Py P1 C

lemma ground-superposition-if-ground-neg-superposition:
assumes ground-neg-superposition Py P1 C
shows ground-superposition Po P1 C
using assms
proof (cases Py Py C rule: ground-neg-superposition.cases)
case (ground-neg-superposition] Ly P1' Ly Ps' st s’ t')
then show ?thesis
using ground-superpositionl
by (metis insert-iff)
qed

lemma ground-superposition-iff-pos-or-neg:
ground-superposition P; P, C <—
ground-pos-superposition Py Py C' V ground-neg-superposition Po P1 C
proof (rule iff)
assume ground-superposition P, P, C
thus ground-pos-superposition Po P1 C V ground-neg-superposition P, P, C
proof (cases Py Py C rule: ground-superposition.cases)
case (ground-superposition] L1 P1’ Lo Py’ P st s’ t!)
then show ?thesis
using ground-pos-superpositionlI[of Py Ly Py’ Py Ly Py’ st s’ t]
using ground-neg-superpositionl[of Py L1 Py’ Py Ly Py’ st s’ t/]
by metis
qed
next
assume ground-pos-superposition Po P1 C V ground-neg-superposition Py P1 C
thus ground-superposition Py Py C
using ground-superposition-if-ground-neg-superposition
ground-superposition-if-ground-pos-superposition
by metis
qed

1.2 Ground Layer

definition G-Inf :: 'f gatom clause inference set where
G-Inf =
{Infer [Pq, P1] C | Py Py C. ground-superposition Po Py C} U
{Infer [P] C' | P C. ground-eq-resolution P C} U
{Infer [P] C | P C. ground-eq-factoring P C'}
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abbreviation G-Bot :: 'f gatom clause set where

G-Bot = {{#}}

definition G-entails :: 'f gatom clause set = 'f gatom clause set = bool where
G-entails Ny No «+— (Y (I :: 'f gterm rel). refl I — trans I — sym I —
compatible-with-gctet I — upair ‘I |=s Ny — upair ‘ I |=s Na)

lemma ground-superposition-smaller-conclusion:
assumes
step: ground-superposition P1 P2 C
shows C <. P2
using step
proof (cases P1 P2 C rule: ground-superposition.cases)
case (ground-superposition] Ly Py’ Ly Py’ P st s't’)

have Py’ + add-mset (P (Upair s(t")g s')) P2’ <. P1' + {#P (Upair s(t)g
)
unfolding less-cls-def
proof (intro one-step-implies-multp balll)
fix K assume K €# add-mset (P (Upair s(t')a s')) P2’

moreover have P (Upair s{(t\¢ s') <; P (Upair s(t)g s)
proof —
have s(t')g <: s(t)a
using «t’ <y t» less-trm-compatible-with-gctat by simp
hence multp (<) {#s(tq, s'#} {#s(t)a, s'#}
using transp-less-trm
by (simp add: add-mset-commute multp-cancel-add-mset)

have ?thesis if P = Pos
unfolding that less-lit-def

using «multp (<¢) {#s(t")q, s'#} {#s(t)a, s'#}> by simp

moreover have ?thesis if P = Neg
unfolding that less-lit-def
using «multp (<) {#s(t"a, s'#} {#s(t)a, s'#p
using multp-double-doublel by force

ultimately show ?thesis
using <P € {Pos, Neg}» by auto
qed

moreover have VK €# Py’. K <; P (Upair s(t)g s')
proof —
have is-strictly-mazimal-lit Ly P1
using ground-superpositionl by argo
hence VK €# Py'. = Pos (Upair t t') <; K A Pos (Upair t t') # K
unfolding literal-order.is-greatest-in-mset-iff
unfolding <PI1 = add-mset Ly P>y <Ly =t =t/
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by auto
hence VK €# Py'. K <; Pos (Upair t t')
using literal-order.totalp-on-less| THEN totalpD] by metis

have thesis-if-Neg: Pos (Upair t t') <; P (Upair s{t)a s’)
if P = Neg
proof —
have ¢t <; s{t)a
using lesseq-trm-if-subtermeq .
hence multp (<) {#t, t'#} {#s(t)a, s, s(t)q, s'#}
unfolding reficlp-iff
proof (elim disjE)
assume ¢ <; s(t)q
moreover hence t' <; s{t)g
by (meson «t' <; t» transpD transp-less-trm)
ultimately show ?thesis
by (auto intro: one-step-implies-multp[of - - - {#}, simplified])
next
assume ¢ = s{t)g
thus ?thesis
using <t/ <y b
by (smt (verit, ccfo-SIG) add.commute add-mset-add-single add-mset-commaute
bex-empty
one-step-implies-multp set-mset-add-mset-insert set-mset-empty
singletonD
union-single-eq-member)
ged
thus Pos (Upair t t') <; P (Upair s(t)a s’)
using (P = Neg»
by (simp add: less-lit-def)
qed

have thesis-if-Pos: Pos (Upair t t') <; P (Upair s(t)g s')
if P = Pos and is-mazximal-lit L1 P2
proof (cases s)
case GHole
show ?thesis
proof (cases t’ <; s')
case True
hence (multp (<)== {#t, %} {#s(t)c, 54}
unfolding GHole
using transp-less-trm
by (simp add: multp-cancel-add-mset)
thus ?thesis
unfolding GHole <P = Pos»
by (auto simp: less-lit-def)
next
case Fulse
hence s’ <; t’
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by order
hence multp (<) {#s(t), 54} {#1, 14}
using transp-less-trm
by (simp add: GHole multp-cancel-add-mset)
hence P (Upair s(t)¢ s') <, Pos (Upair t t')
using <P = Pos»
by (simp add: less-lit-def)
moreover have VK €# P,'. K <, P (Upair s(t)g s’)
using that
unfolding ground-superpositionl
unfolding literal-order.is-mazimal-in-mset-iff
by auto
ultimately have VK €# P;'. K <; Pos (Upair t t’)
using literal-order.transp-on-less
by (metis (no-types, lifting) reflelp-iff transpD)
hence P2 <. P1
using «P (Upair s(t)g s') <i Pos (Upair ¢ t')»
one-step-implies-multp[of P1 P2 (<;) {#}, simplified)
unfolding ground-superpositionl less-cls-def
by (metis <V Ke#P1'. K <, (P (Upair s(t)g s"))> empty-not-add-mset
insert-iff reflclp-iff
set-mset-add-mset-insert transpD literal-order.transp-on-less)
hence Fulse
using <P1 <. P2) by order
thus ?thesis ..
qged
next
case (GMore f ts1 ctat ts2)
hence t <; s(t)¢
using less-trm-if-subterm|[of s t] by simp
moreover hence t’' <; s(t)g
using <t’ <; ©» by order
ultimately have multp (<:) {#t, t'#} {#s(t)a, s'#}
using one-step-implies-multp[of {#s(t)a, s'#} {#t, t'#} (<) {#}] by
stmp
hence Pos (Upair t t') <; P (Upair s{t)g s')
using <P = Pos)
by (simp add: less-lit-def)
thus ?thesis
by order
qed

have P = Pos VP = Neg
using <P € {Pos, Neg}» by simp
thus ?thesis
proof (elim disjE; intro balll)
fix K assume P = Pos K c# Py’
have K <; t ~ t’
using (VKe#Py'. K <, t ~ t» <K €# P>’y by metis

33



also have t = ¢’ <; P (Upair s(t)g s')
proof (rule thesis-if-Pos|OF <P = Pos)])
have is-strictly-maximal-lit Ly P2
using (P = Pos» ground-superpositionl literal.simps(4)
by (metis literal.simps(4))
thus is-mazimal-lit Ly P2
using literal-order.is-maximal-in-mset-if-is-greatest-in-mset by metis
qed
finally show K <; P (Upair s(t)g s') .
next
fix K assume P = Neg K €# P5’
have K <; t =~ t’
using WKe#Psy'. K <; t = t» <K €# P3"» by metis
also have t = t' <; P (Upair s(t)g s')
using thesis-if-Neg|OF <P = Negs] .
finally show K <; P (Upair s(t)g s') .
qed
qed

ultimately show 3j €# {#P (Upair s(t)c s#}. K <, j
by auto
qed simp

moreover have C = add-mset (P (Upair s(t')¢ s’)) (P1' + P3’)
unfolding ground-superpositionl ..

moreover have P2 = Py’ + {#P (Upair s(t)g s')#}
unfolding ground-superpositionl by simp

ultimately show ?thesis
by simp
qed

lemma ground-eq-resolution-smaller-conclusion:
assumes step: ground-eg-resolution P C
shows C <. P
using step
proof (cases P C rule: ground-eg-resolution.cases)
case (ground-eq-resolutionI L t)
then show ?thesis
using clause-order.totalp-on-less unfolding less-cls-def
by (metis add.right-neutral add-mset-add-single empty-iff empty-not-add-mset
one-step-implies-multp set-mset-empty)
qed

lemma ground-eq-factoring-smaller-conclusion:
assumes step: ground-eq-factoring P C
shows C' <. P
using step
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proof (cases P C rule: ground-eg-factoring.cases)
case (ground-eq-factoringl Ly Ly P’ ¢t t't")
have is-maximal-lit L, P
using ground-eq-factoringl by simp
hence V K €# add-mset (Pos (Upair t t"')) P'. = Pos (Upair t t') <; K
unfolding ground-eq-factoringl
by (simp add: literal-order.is-mazimal-in-mset-iff literal-order.neq-iff)
hence — Pos (Upair t t') <; Pos (Upair t t"')
by simp
hence Pos (Upair t t"') =; Pos (Upair t t’)
by order
hence t"" <, t’
unfolding reficlp-iff
using transp-less-trm
by (auto simp: less-lit-def multp-cancel-add-mset)

have C = add-mset (Neg (Upair t' t'"’)) (add-mset (Pos (Upair t t'")) P’)
using ground-eg-factoringl by argo

moreover have add-mset (Neg (Upair t' t"’)) (add-mset (Pos (Upair t t'")) P’)
<. P
unfolding ground-eq-factoringl less-cls-def
proof (intro one-step-implies-multp[of {#-#} {#-#}, simplified))
have t'" <; t
using «t' <; t» «t" =; t"» by order
hence multp (<:) {#t/, t", t/, t'"#} {#t, t'#}
using one-step-implies-multp[of - - - {#}, simplified]
by (metis <t' <; t» diff-empty id-remove-1-mset-iff-notin insert-iff
set-mset-add-mset-insert)
thus Neg (Upair t’ t"’) <, Pos (Upair ¢ t')
by (simp add: less-lit-def)
qed

ultimately show ?thesis
by argo
qed

end

sublocale ground-superposition-calculus C consequence-relation where
Bot = G-Bot and
entails = G-entails
proof unfold-locales
show G-Bot # {}
by simp
next
show AB N. B € G-Bot = G-entails {B} N
by (simp add: G-entails-def)

next
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show AN2 NI. N2 C NI = G-entails N1 N2
by (auto simp: G-entails-def elim!: true-clss-mono[rotated))
next
fix N1 N2 assume ball-G-entails: ¥V C € N2. G-entails N1 {C}
show G-entails N1 N2
unfolding G-entails-def
proof (intro alll impl)
fix I :: 'f gterm rel
assume refl I and trans I and sym I and compatible-with-gctzt I and
(M=, y). Upair z y) ‘1 |=s N1
hence VC € N2. (M=, y). Upair z y) ‘I |=s {C}
using ball-G-entails by (simp add: G-entails-def)
then show (\(z, y). Upair x y) ‘I |=s N2
by (simp add: true-clss-def)
qed
next
show ANI N2 N3. G-entails NI N2 = G-entails N2 N3 = G-entails N1 N3
using G-entails-def by simp
qed

end

theory Ground-Superposition-Completeness
imports Ground-Superposition

begin

1.3 Redundancy Criterion

sublocale ground-superposition-calculus C calculus-with-finitary-standard-redundancy
where
Inf = G-Inf and
Bot = G-Bot and
entails = G-entails and
less = (<¢)
defines GRed-I = Red-I and GRed-F = Red-F
proof unfold-locales
show transp (<.)
using clause-order.transp-on-less .
next
show wfP (<.)
using wfP-less-cls .
next
show Av. v € G-Inf = prems-of ¢+ # |
by (auto simp: G-Inf-def)
next
fix ¢
have concl-of + <. main-prem-of ¢
if t-def: « = Infer [P, P1] C and
infer: ground-superposition Py P; C
for Py P, C
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unfolding ¢-def

using infer

using ground-superposition-smaller-conclusion
by simp

moreover have concl-of + <. main-prem-of ¢
if ¢-def: « = Infer [P] C and
infer: ground-eg-resolution P C
for P C
unfolding ¢-def
using infer
using ground-eg-resolution-smaller-conclusion
by simp

moreover have concl-of v <. main-prem-of ¢
if ¢-def: v = Infer [P] C and
infer: ground-eq-factoring P C
for P C
unfolding ¢-def
using infer
using ground-egq-factoring-smaller-conclusion
by simp

ultimately show . € G-Inf = concl-of ¢ <. main-prem-of ¢
unfolding G-Inf-def
by fast
qged

1.4 Mode Construction

context ground-superposition-calculus begin

function epsilon :: - = 'f gatom clause = 'f gterm rel where
epsilon N C = {(s, t)| st C".
CeNA

C = add-mset (Pos (Upair s t)) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos (Upair s t)) C' A
t < sA
(let Re = (UD € {D € N.D <. C}. epsilon {E € N. E <. D} D) in
- upair ¢ (rewrite-inside-gctzt Ro)v |= C A
- upair ¢ (rewrite-inside-gctat (insert (s, t) Re))v |= C' A
s € NF (rewrite-inside-gctzt Rc))}
by auto

termination epsilon
proof (relation {((z1, z2), (y1, y2)). 22 <. y2})
define [ :: 'c x 'f gterm uprod literal multiset = 'f gterm uprod literal multiset

where
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f=\=t, 22). z2)
have wfp (A(z1, 22) (y1, y2). 22 <. y2)
proof (rule wfP-if-convertible-to-wfP)
show Az y. (case z of (x1, 22) = A(yl, y2). 22 <. y2) y = (snd z) <. (snd
v)
by auto
next
show wfP (<.)
by simp
qged
thus wf {((z1, 22), (y1, y2)). 22 <. y2}
by (simp add: wfP-def)
next
show AN C z za zb xc zd. zd € {D € N. D <. C} = ({E£ € N. E <, zd},
zd), N, C) € {((z1, 22), y1, y2). 22 <. y2}
by simp
qed

declare epsilon.simps[simp del]

lemma epsilon-filter-le-conv: epsilon {D € N. D <. C} C = epsilon N C
proof (intro subset-antisym subrell)
fix z y
assume (z, y) € epsilon {D € N. D <. C} C
then obtain C’ where
C € N and
C = add-mset (z =~ y) C’' and
select C = {#} and
is-strictly-mazimal-lit (x ~ y) C and
y <¢ ¢ and
(let Re = Jze{D € N. (D <. CV D= C)AD =, C}. epsilon {E € N. (E
<. CVE=C)ANE=.2}zin
— upair ¢ (rewrite-inside-gctzt Ro)v |= C A
- upair ¢ (rewrite-inside-gctat (insert (z, y) Ro))¥ |= C' A
xz € NF (rewrite-inside-gctrt R¢))
unfolding epsilon.simps|of - C] mem-Collect-eq
by auto

moreover have ((Jze{D € N. (D <. CV D= C) AN D <. C}. epsilon {E €
N.(E<. CVE=C)NE=.z}tz)=(JDe{D e N. D <. C}. epsilon {E €
N. E <. D} D)
proof (rule SUP-cong)
show {De N.(D<. CVvD=C)AND=<.C}={DeN.D<.C}
by metis
next
show Az. 2 € {De€ N. D <. C} = epsilon {E € N. (E <. CV E=C) A
E <.z} 2z =epsilon {E € N. E 3.z} x
by (metis (mono-tags, lifting) clause-order.order.strict-trans! mem-Collect-eq)
qed
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ultimately show (z, y) € epsilon N C
unfolding epsilon.simps|of - C] by simp
next
fix zy
assume (z, y) € epsilon N C
then obtain C'’ where
C € N and
C = add-mset (z = y) C' and
select C = {#} and
is-strictly-mazimal-lit (z ~ y) C and
y <¢ ¢ and
(let Re = Uze{D € N. D <. C}. epsilon {E € N. E <. z} zin
- upair ¢ (rewrite-inside-gctzt Ro)* |= C A
- upair ¢ (rewrite-inside-gctat (insert (z, y) Ro))¥ |= C' A
x € NF (rewrite-inside-gctat R¢))
unfolding epsilon.simps[of - C] mem-Collect-eq
by auto

moreover have ((Jze{D € N. (D <. C vV D= C) A D <. C}. epsilon {E €
N.(E<. CVE=C)NE=.z}z)=(JDe{D € N. D <. C}. epsilon {E €
N. E <. D} D)
proof (rule SUP-cong)
show {De N.(D<., CVD=C)AND=<.C}={De N.D=<,C}
by metis
next
show Az. 2 € {De N. D <. C} = epsilon {E € N. (E <. CV E=C) A
E <.z} z = epsilon {E € N. E 2.z} z
by (metis (mono-tags, lifting) clause-order.order.strict-trans1 mem-Collect-eq)
qed

ultimately show (z, y) € epsilon {D € N. (<.)== D C} C
unfolding epsilon.simps[of - C]| by simp
qed

end

lemma (in ground-ordering) Unig-striclty-mazimal-lit-in-ground-cls:
I <1 L. is-strictly-mazimal-lit L C
using literal-order. Unig-is-greatest-in-mset .

lemma (in ground-superposition-calculus) epsilon-eq-empty-or-singleton:
epsilon N C = {} V (Is t. epsilon N C = {(s, t)})
proof —
have 3«1 (z, y). 3C".
C = add-mset (Pos (Upair z y)) C' A is-strictly-mazimal-lit (Pos (Upair x y))
CANy=<iz
by (rule Unig-prodl)
(metis Unig-D Upair-inject literal-order. Unig-is-greatest-in-mset term-order.min.absorb3
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term-order.min.absorb literal.inject(1))
hence Unig-epsilon: <1 (z, y). 3 C".
CeNA
C = add-mset (Pos (Upair x y)) C' A select C = {#} A
is-strictly-mazimal-lit (Pos (Upair x y)) C Ny <¢ A
(let Re =UD € {D e N.D <. C}. epsilon {E € N. E <. D} D in
- upair ¢ (rewrite-inside-gctat Ro)¥ |= C A
= wpair * (rewrite-inside-gctat (insert (z, y) Re))* = C' A
z € NF (rewrite-inside-gctzt R¢))
using Unig-antimono’
by (smt (verit) Unig-def Unigq-prodl case-prod-conv)
show ?thesis
unfolding epsilon.simps[of N C)|
using Collect-eq-if-Unig-prod| OF Unig-epsilon]
by (smt (verit, best) Collect-cong Collect-empty-eq Unig-def Unig-epsilon case-prod-conv
insertCI mem-Collect-eq)
qed

lemma (in ground-superposition-calculus) card-epsilon-le-one:
card (epsilon N C) < 1
using epsilon-eq-empty-or-singleton[of N C]
by auto

definition (in ground-superposition-calculus) rewrite-sys where
rewrite-sys N C = ((JD € {D € N. D <. C}. epsilon {E € N. E <. D} D)

definition (in ground-superposition-calculus) rewrite-sys’ where
rewrite-sys’ N = (U C € N. epsilon N C)

lemma (in ground-superposition-calculus) rewrite-sys-alt: rewrite-sys’ {D € N. D
<. C} = rewrite-sys N C
unfolding rewrite-sys’-def rewrite-sys-def
proof (rule SUP-cong)
show {De N.D <. C}={De N.D<.C} ..
next
show Az. z € {D € N. D <. C} = epsilon {D € N. D <. C} = = epsilon
{Ee€N. (=)= Ez}x
using epsilon-filter-le-conv
by (smt (verit, best) Collect-cong clause-order.le-less-trans mem-Collect-eq)
qed

lemma (in ground-superposition-calculus) mem-epsilonE:
assumes rule-in: rule € epsilon N C
obtains [ r C’ where
C € N and
rule = (I, r) and
C = add-mset (Pos (Upair | r)) C' and
select C = {#} and
is-strictly-mazimal-lit (Pos (Upair I r)) C and
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r <¢ [ and
= upair * (rewrite-inside-gctat (rewrite-sys N C))¥ |= C and
- upair * (rewrite-inside-gctzt (insert (1, r) (rewrite-sys N C)))* |= C’ and
I € NF (rewrite-inside-gctat (rewrite-sys N C))
using rule-in
unfolding epsilon.simps[of N C| mem-Collect-eq Let-def rewrite-sys-def
by (metis (no-types, lifting))

lemma (in ground-superposition-calculus) mem-epsilon-iff:
(I, r) € epsilon N C' +—
(3C". C € N A C = add-mset (Pos (Upair 1 r)) C' A select C = {#} A
is-strictly-mazimal-lit (Pos (Upair I r)) C A1 <¢ 1A
= upair ¢ (rewrite-inside-gctzt (rewrite-sys’ {D € N. D <. C}H))¥ |= C A
- upair * (rewrite-inside-gctxt (insert (I, r) (rewrite-sys’ {D € N. D <. C})))*
= ¢ A
I € NF (rewrite-inside-gctzt (rewrite-sys’ {D € N. D <. C})))
(is ?LHS +— ?RHS)
proof (rule iff)
assume ?LHS
thus ?RHS
using rewrite-sys-alt
by (auto elim: mem-epsilonE)
next
assume ?RHS
thus ?LHS
unfolding epsilon.simps[of N C] mem-Collect-eq
unfolding rewrite-sys-alt rewrite-sys-def by auto
qed

lemma (in ground-superposition-calculus) rhs-lt-lhs-if-mem-rewrite-sys:
assumes (t1, t2) € rewrite-sys N C
shows t2 <; t1
using assms
unfolding rewrite-sys-def
by (smt (verit, best) UN-iff mem-epsilonE prod.inject)

lemma (in ground-superposition-calculus) rhs-less-trm-lhs-if-mem-rewrite-inside-gctrt-rewrite-sys:
assumes rule-in: (t1, t2) € rewrite-inside-gctxt (rewrite-sys N C')
shows t2 <; t1
proof —
from rule-in obtain ctzt t1’ t2’ where
(t1, t2) = (ctxt(tl Vg, ctet(t2)g) N (117, t2') € rewrite-sys N C
unfolding rewrite-inside-gctzt-def mem-Collect-eq
by auto
thus ?thesis
using rhs-lt-lhs-if-mem-rewrite-sys|of t1’ t2]
by (metis Pair-inject less-trm-compatible-with-gctat)
qed

41



lemma (in ground-superposition-calculus) rhs-lesseq-trm-lhs-if-mem-rtrancl-rewrite-inside-gctzt-rewrite-sys:
assumes rule-in: (11, t2) € (rewrite-inside-gctat (rewrite-sys N C))*
shows t2 =<; t1
using rule-in
proof (induction t2 rule: rtrancl-induct)
case base
show ?Zcase
by order
next
case (step t2 t3)
from step.hyps have t3 <; t2
using rhs-less-trm-lhs-if-mem-rewrite-inside-gctxt-rewrite-sys by metis
with step.IH show Zcase
by order
qed

lemma singleton-eq-CollectD: {z} = {y. Py} = Pz
by blast

lemma subset-Union-mem-Collect]: Px = fao C (Jy € {z. P z}. fy)
by blast

lemma (in ground-superposition-calculus) rewrite-sys-subset-if-less-cls:

C <. D = rewrite-sys N C' C rewrite-sys N D

unfolding rewrite-sys-def

unfolding epsilon-filter-le-conv

by (smt (verit, del-insts) SUP-mono clause-order.dual-order.strict-trans mem-Collect-eq
subset-eq)

lemma (in ground-superposition-calculus) mem-rewrite-sys-if-less-cls:
assumes D € N and D <. C and (u, v) € epsilon N D
shows (u, v) € rewrite-sys N C
unfolding rewrite-sys-def UN-iff
proof (intro bexl)
show D e {De N.D <. C}
using <D € N> <D <. C» by simp
next
show (u, v) € epsilon {E € N. E <. D} D
using «(u, v) € epsilon N D) epsilon-filter-le-conv by simp
qed

lemma (in ground-superposition-calculus) less-trm-iff-less-cls-if-lhs-epsilon:
assumes F¢: epsilon N C = {(s, t)} and Ep: epsilon N D = {(u, v)}
shows u <; s +— D <. C
proof —
from Ec have (s, t) € epsilon N C
by simp
then obtain C'’ where
C € N and
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C-def: C = add-mset (Pos (Upair s t)) C' and
is-strictly-mazimal-lit (Pos (Upair s t)) C and
t <; s and
s-irreducible: s € NF (rewrite-inside-gctzt (rewrite-sys N C'))
by (auto elim!: mem-epsilonE)

hence VL €# C'. L <; Pos (Upair s t)
by (simp add: literal-order.is-greatest-in-mset-iff)

from Ep obtain D’ where

D € N and

D-def: D = add-mset (Pos (Upair u v)) D’ and

is-strictly-mazimal-lit (Pos (Upair v v)) D and

v <t U

by (auto simp: elim: epsilon.elims dest: singleton-eg-CollectD)
hence VL €# D'. L <; Pos (Upair u v)

by (simp add: literal-order.is-greatest-in-mset-iff )

show ?thesis
proof (rule iff)
assume u <y §
moreover hence v <; s
using v <; w by order
ultimately have multp (<;) {#u, v#} {#s, (#}
using one-step-implies-multp|of {#s, t#} {#u, v#} - {#}] by simp
hence Pos (Upair u v) <; Pos (Upair s t)
by (simp add: less-lit-def)
moreover hence VL €# D'. L <; Pos (Upair s t)
using VL €# D'. L <; Pos (Upair u v)»
by (meson literal-order.transp-on-less transpD)
ultimately show D <. C
using one-step-implies-multp[of C' D - {#}] less-cls-def
by (simp add: D-def C-def)
next
assume D <. C
have (u, v) € rewrite-sys N C
using Fp <D € N» <D <. C» mem-rewrite-sys-if-less-cls by auto
hence (u, v) € rewrite-inside-gctzt (rewrite-sys N C)
by blast
hence s # u
using s-irreducible
by auto
moreover have - (s <; u)
proof (rule notl)
assume s <; u
moreover hence ¢ <; u
using <t <; s> by order
ultimately have multp (<:) {#s, t#} {#u, v#}
using one-step-implies-multp[of {#u, v#} {#s, t#} - {#}] by simp
hence Pos (Upair s t) <; Pos (Upair u v)
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by (simp add: less-lit-def)
moreover hence VL €# C'. L <, Pos (Upair u v)
using VL €# C’. L <; Pos (Upair s t)
by (meson literal-order.transp-on-less transpD)
ultimately have C <. D
using one-step-implies-multplof D C - {#}] less-cls-def
by (simp add: D-def C-def)
thus Fulse
using <D <. C) by order
qed
ultimately show u <; s
by order
qed
qed

lemma (in ground-superposition-calculus) termination-rewrite-sys: wf ((rewrite-sys
N )
proof (rule wf-if-convertible-to-wf)
show wf {(z, y).  <¢ y}
using wfP-less-trm
by (simp add: wfP-def)
next
fix ts
assume (t, s) € (rewrite-sys N C')~1
hence (s, t) € rewrite-sys N C
by simp
then obtain D where D <. C and (s, t) € epsilon N D
unfolding rewrite-sys-def using epsilon-filter-le-conv by blast
hence t <; s
by (auto elim: mem-epsilonE)
thus (¢, s) € {(z, y). ¢ <+ y}
by (simp add: )
qed

lemma (in ground-superposition-calculus) termination- Union-rewrite-sys:
wf (UD € N. rewrite-sys N D)%)
proof (rule wf-if-convertible-to-wf)
show wf {(z, y). © <¢ y}
using wfP-less-trm
by (simp add: wfP-def)
next
fix ts
assume (¢, s) € (D € N. rewrite-sys N D)~*
hence (s, t) € ((UD € N. rewrite-sys N D)
by simp
then obtain C where C € N (s, t) € rewrite-sys N C
by auto
then obtain D where D <. C and (s, t) € epsilon N D
unfolding rewrite-sys-def using epsilon-filter-le-conv by blast
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hence t <; s
by (auto elim: mem-epsilonE)
thus (¢, s) € {(z, y). = <¢ y}
by simp
qed

lemma (in ground-superposition-calculus) no-crit-pairs:
{(t1, t2) € ground-critical-pairs (J (epsilon N2 * N)). t1 # t2} = {}
proof (rule ccontr)
assume {(t1, t2).
(t1, t2) € ground-critical-pairs (|J (epsilon N2 * N)) A t1 # t2} # {}
then obtain ctzt [ 1 r2 where
(ctaxt(r2)q, r1) € ground-critical-pairs ({J (epsilon N2 ¢ N)) and
ctat(r2)e # r1 and
rulel-in: (ctat(l)g, r1) € |J (epsilon N2 ‘ N) and
rule2-in: (I, r2) € |J (epsilon N2 ‘ N)
unfolding ground-critical-pairs-def mem-Collect-eq by blast

from rulel-in rule2-in obtain C1 C2 where
C1 € N and rulel-in": (ctzt(l)g, r1) € epsilon N2 C1 and
C2 € N and rule2-in” (I, r2) € epsilon N2 C2
by auto

from rulel-in’ obtain CI’ where
Cl-def: C1 = add-mset (Pos (Upair ctzt{l)e r1)) C1' and
C1-maz: is-strictly-maximal-lit (Pos (Upair ctzt(l)e r1)) C1 and
rl <y ctzt(l)c and
l1-irreducible: ctxt(l)q € NF (rewrite-inside-gctzt (rewrite-sys N2 C1))
by (auto elim: mem-epsilonE)

from rule2-in’ obtain C2’ where
C2-def: C2 = add-mset (Pos (Upair 1 r2)) C2’ and
C2-maz: is-strictly-mazimal-lit (Pos (Upair 1 r2)) C2 and
T2 <t l
by (auto elim: mem-epsilonE)

have epsilon N2 C1 = {(ctat{l)g, r1)}
using rulel-in’ epsilon-eq-empty-or-singleton by fastforce

have epsilon N2 C2 = {(I, r2)}
using rule2-in’ epsilon-eq-empty-or-singleton by fastforce

show Fulse
proof (cases ctzt = Og)
case True
hence — (ctzt(l)g <¢ 1) and = (I <¢ ctzt(l)q)
by (simp-all add: irreflpD)
hence - (C1 <. C2) and - (C2 <. C1)
using <epsilon N2 C1 = {(ctzt(l)g, r1)}> <epsilon N2 C2 = {(I, r2)}
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less-trm-iff-less-cls-if-lhs-epsilon
by simp-all
hence CI1 = C2
by order
hence r1 = r2
using <epsilon N2 C1 = {(ctzt(l)g, r1)}> <epsilon N2 C2 = {(I, r2)}p by
stmp
moreover have r1 # r2
using <ctzt(r2)g # ri»
unfolding «ctzt = Og»
by simp
ultimately show ¢thesis
by contradiction
next
case False
hence | <; ctzt{l)¢
by (metis less-trm-if-subterm)
hence C2 <, C1
using <epsilon N2 C1 = {(ctzt(l)g, r1)}> <epsilon N2 C2 = {(I, r2)}
less-trm-iff-less-cls-if-lhs-epsilon
by simp
have (I, r2) € rewrite-sys N2 C1
by (metis <C2 <. C1» <epsilon N2 C2 = {(I, r2)}» mem-epsilonE mem-rewrite-sys-if-less-cls
singletonl)
hence (ctzt(l)q, ctzt(r2)q) € rewrite-inside-gctzt (rewrite-sys N2 C1)
by auto
thus Fulse
using l1-irreducible by auto
qed
qed

lemma (in ground-superposition-calculus) WCR-Union-rewrite-sys:
WCR (rewrite-inside-gctzt ((JD € N. epsilon N2 D))
unfolding ground-critical-pair-theorem
proof (intro subsetl balll)
fix tuple
assume tuple-in: tuple € ground-critical-pairs (|J (epsilon N2 ¢ N))
then obtain ¢ t2 where tuple-def: tuple = (t1, t2)
by fastforce

moreover have (t1, t2) € (rewrite-inside-gctzt (| (epsilon N2 * N)))¥ if t1 =
t2
using that by auto

moreover have Fulse if t1 # t2
using that tuple-def tuple-in no-crit-pairs by simp

ultimately show tuple € (rewrite-inside-gctzt (| (epsilon N2 < N)))+
by (cases t1 = t2) simp-all
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qed

lemma (in ground-superposition-calculus)
assumes
D <. C and
Ec-eq: epsilon N C = {(s, t)} and
L-in: L €# D and
topmost-trms-of-L: mset-uprod (atm-of L) = {#u, v#}
shows
lesseq-trm-if-pos: is-pos L = u =; s and
less-trm-if-neg: is-neg L = u < s
proof —
from Ec-eq have (s, t) € epsilon N C
by simp
then obtain C’ where
C-def: C = add-mset (Pos (Upair s t)) C’ and
C-maz-lit: is-strictly-mazimal-lit (Pos (Upair s t)) C and
t <t S
by (auto elim: mem-epsilonE)

have Pos (Upair s t) <; L if is-pos L and — u =<; s
proof —
from that(2) have s <; u
by order
hence multp (<) {#s, t#} {#u, v#}
using <t <; &
by (smt (verit, del-insts) add.right-neutral empty-iff insert-iff one-step-implies-multp
set-mset-add-mset-insert set-mset-empty transpD transp-less-trm union-mset-add-mset-right)
with that(1) show Pos (Upair s t) <; L
using topmost-trms-of-L
by (cases L) (simp-all add: less-lit-def)
qed

moreover have Pos (Upair s t) <; L if is-neg L and — u <; s
proof —
from that(2) have s =; u
by order
hence multp (<) {#s, t#} {#u, v, u, v#}
using <t <; s
by (smt (23) add-mset-add-single add-mset-remove-trivial add-mset-remove-trivial-iff
empty-not-add-mset insert-Diff M insert-noteq-member one-step-implies-multp
reflclp-iff
transp-def transp-less-trm union-mset-add-mset-left union-mset-add-mset-right)
with that(1) show Pos (Upair s t) <; L
using topmost-trms-of-L
by (cases L) (simp-all add: less-lit-def)
qed

moreover have Fulse if Pos (Upair s t) <; L
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proof —
have C <. D
unfolding less-cls-def
proof (rule multp-if-maximal-of-lhs-is-less)
show Pos (Upair s t) €# C
by (simp add: C-def)
next
show L €e# D
using L-in by simp
next
show is-mazimal-lit (Pos (Upair s t)) C
using C-maz-lit by auto
next
show Pos (Upair s t) <; L
using that .
qed simp-all
with <D <. C) show Fulse
by order
qed

ultimately show is-pos L = u <; s and is-neg L = u <; s
by argo+
qed

lemma (in ground-ordering) less-trm-const-lhs-if-mem-rewrite-inside-gctat:
fixes tt1 t2r
assumes
rule-in: (t1, t2) € rewrite-inside-gctrt r and
ball-lt-lhs: \t1 t2. (t1,12) € r =t <4 t1
shows t <; t1
proof —
from rule-in obtain ctzt t1’ t2’ where
rule-in”: (t17, t2') € r and
l-def: t1 = ctat(tl")e and
r-def: t2 = ctat(t2)a
unfolding rewrite-inside-gctzt-def by fast

show ?thesis
using ball-lt-lhs[OF rule-in'] lesseq-trm-if-subtermeq|of t1' ctxt] I-def by order
qed

lemma (in ground-superposition-calculus) split-Union-epsilon:
assumes D-in: D € N
shows (|J C € N. epsilon N C) =
rewrite-sys N D U epsilon N D U (|JC € {C € N. D <. C}. epsilon N C)
proof —
have N={C e N. C <. D}U{D}U{C e N.D <. C}
proof (rule partition-set-around-element)
show totalp-on N (<.)
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using clause-order.totalp-on-less .
next
show D € N
using D-in by simp
qed
hence (|JC € N. epsilon N C) =
(UC e {C e N. C <. D}. epsilon N C) U epsilon ND U (UC € {C € N.
D <. C}. epsilon N C)
by auto
thus (|JC € N. epsilon N C) =
rewrite-sys N D U epsilon ND U (lUC € {C € N. D <. C}. epsilon N C)
using epsilon-filter-le-conv rewrite-sys-def by simp
qed

lemma (in ground-superposition-calculus) split-Union-epsilon’:

assumes D-in: D € N

shows (|J C € N. epsilon N C) = rewrite-sys NDU ((JC € {C € N. D <. C}.
epsilon N C)

using split-Union-epsilon| OF D-in] D-in by auto

lemma (in ground-superposition-calculus) split-rewrite-sys:

assumes C € N and D-in: D € N and D <. C

shows rewrite-sys N C = rewrite-sys N D U (JC' € {C'e€ N. D <. C' A C’
=< C}. epsilon N C')
proof —

have {D € N. D <. C} =

{ye{DeN.D<.C}. y=<.D}uUu{DtuU{ye{DeN.D=<.C}. D=,

y}

proof (rule partition-set-around-element)
show totalp-on {D € N. D <. C} (<.)
using clause-order.totalp-on-less .
next
from D-in <D <, C» show D e {De N. D <. C}
by simp
qed
alsohave ... ={z e N.z <. C ANz <. D}U{D}U{z e N.D <.z Az <,
C}
by auto
alsohave ... ={r e N.z <. D} U{D}U{z e N.D <.z ANz <. C}
using <D <. C» clause-order.transp-on-less
by (metis (no-types, opaque-lifting) transpD)
finally have Collect-N-lt-C: {x € N. 2 <. C} ={z € N.z <. D} U {z € N.
D=.zNz=<.C}
by auto

have rewrite-sys N C = ((JC' € {D € N. D <. C}. epsilon N C")
using epsilon-filter-le-conv
by (simp add: rewrite-sys-def)
also have ... = (UC' € {z € N. z <. D}. epsilon NC')U (JC'€ {r € N. D

49



=cx Az <. C}. epsilon N C')
unfolding Collect-N-lt-C' by simp
finally show rewrite-sys N C = rewrite-sys N D U |J (epsilon N ‘ {C’ € N. D
<. C'NC' <. C}
using epsilon-filter-le-conv
unfolding rewrite-sys-def by simp
qed

lemma (in ground-ordering) mem-join-union-iff-mem-join-lhs’:
assumes
ball-Ry-rhs-lt-lhs: \t1 t2. (t1, t2) € Ry = t2 <, tI and
ball-Ro-lt-lhs: N\t1 t2. (11, t2) € Ry => s <¢ t1 Nt <4 t1
shows (s, t) € (R1 U Ra)¥ «— (s, t) € Ryt
proof —
have ball-Ry-rhs-lt-lhs” (1, t2) € R1* = t2 =<, t1 for t1 t2
proof (induction t2 rule: rtrancl-induct)
case base
show ?case
by order
next
case (step y z)
thus ?case
using ball-R1-rhs-lt-lhs
by (metis reflclp-iff transpD transp-less-trm)
qed

show ?thesis
proof (rule mem-join-union-iff-mem-join-lhs)
fix u assume (s, u) € Ry*
hence u <; s
using ball-Ry-rhs-lt-lhs’ by metis

show u ¢ Domain Ry
proof (rule notl)
assume u € Domain Ro
then obtain «’ where (u, u’) € Rs
by auto
hence s <; u
using ball-Rs-lt-lhs by simp
with (u <; s» show Fulse
by order
qed
next
fix u assume (¢, u) € Ry*
hence u <; t
using ball-Ry-rhs-lt-lhs’ by simp

show u ¢ Domain Ry
proof (rule notl)
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assume u € Domain Ro

then obtain u’ where (u, u’) € Ry
by auto

hence t <; u
using ball-Rs-lt-lhs by simp

with «u <; t) show Fulse
by order

qed
qed
qed

lemma (in ground-ordering) mem-join-union-iff-mem-join-rhs’:
assumes
ball-Ry-rhs-lt-lThs: A\t1 t2. (t1, t2) € Ry = t2 <, t1 and
ball-Ro-lt-lhs: \t1 t2. (t1, t2) € Ry => s <4 t1 A t <, t1
shows (s, t) € (Ry U Ry)¥ <— (5, t) € Ro*
using assms mem-join-union-iff-mem-join-lhs’
by (metis (no-types, opaque-lifting) sup-commute)

lemma (in ground-ordering) mem-join-union-iff-mem-join-lhs’"
assumes
Range-Ry-lt-Domain-Ro: A\t1 t2. t1 € Range Ry = t2 € Domain Ry = t1
<t t2 and
s-lt-Domain-Rao: N\t2. t2 € Domain Ry = s <; t2 and
t-lt-Domain-Ry: \t2. t2 € Domain Ry = t < t2
shows (S, t) S (Rl @] Rg)¢ — (8, t) S Rl$
proof (rule mem-join-union-iff-mem-join-lhs)
fix u assume (s, u) € R1*
hence u = s V u € Range Ry
by (meson Range.intros rtrancl.cases)
thus v ¢ Domain Ry
using Range-R1-lt-Domain-Rs s-lt-Domain-Ro
by (metis irreflpD term-order.irreflp-on-less)
next
fix u assume (¢, u) € Ry*
hence u =t V u € Range R;
by (meson Range.intros rtrancl.cases)
thus u ¢ Domain Ro
using Range-R;-lt-Domain-Ry t-lt-Domain-Rs
by (metis irreflpD term-order.irreflp-on-less)
qed

lemma (in ground-superposition-calculus) lift-entailment-to-Union:
fixes N D
defines Rp = rewrite-sys N D
assumes
D-in: D € N and
Rp-entails-D: upair * (rewrite-inside-gctat Rp)¥ |= D
shows
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upair * (rewrite-inside-gctzt (JD € N. epsilon N D))¥ |= D and

NC. C € N = D <. C = upair * (rewrite-inside-gctzt (rewrite-sys N C))+
= D
proof —

from Rp-entails-D obtain L s t where

L-in: L €# D and

L-eq-disj-L-eq: L = Pos (Upair s t) A (s, t) € (rewrite-inside-gctat Rp)* V

L = Neg (Upair s t) A (s, t) ¢ (rewrite-inside-gctzt Rp)*

unfolding true-cls-def true-lit-iff

by (metis (no-types, opaque-lifting) image-iff prod.case surj-pair uprod-exhaust)

from L-eq-disj-L-eq show
upair * (rewrite-inside-gctzt (JD € N. epsilon N D))¥ |= D and
ANC. C € N = D <, C = upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))*
y
unfolding atomize-all atomize-conj atomize-imp
proof (elim disjE conjF)
assume L-def: L = Pos (Upair s t) and (s, t) € (rewrite-inside-gctzt Rp)¥
have Rp C (UD € N. epsilon N D) and
vVC.Ce N — D <., C — Rp C rewrite-sys N C
unfolding Rp-def rewrite-sys-def
using D-in clause-order.transp-on-less| THEN transpD)|
using epsilon-filter-le-conv
by (auto intro: Collect-mono)
hence rewrite-inside-gctzt Rp C rewrite-inside-gctat ((JD € N. epsilon N D)
and
VC. C e N — D <. C — rewrite-inside-gctzt Rp C rewrite-inside-gctzt
(rewrite-sys N C')
by (auto introl: rewrite-inside-gctzt-mono)
hence (s, t) € (rewrite-inside-gctzt ((JD € N. epsilon N D))* and
VC.CeN — D =.C — (s, t) € (rewrite-inside-gctzt (rewrite-sys N C))+
by (auto intro!: join-mono intro: set-mp|OF - (s, t) € (rewrite-inside-gctat
Rp)b))
thus upair * (rewrite-inside-gctat (| (epsilon N * N)))¥ |= D A
(VC. C € N — D <, C — upair ‘ (rewrite-inside-gctzt (rewrite-sys N
C)* I D)
unfolding true-cls-def true-lit-iff
using L-in L-def by blast
next
have (t1, t2) € Rp = t2 <, t1 for t1 ¢2
by (auto simp: Rp-def rewrite-sys-def elim: mem-epsilonFE)
hence ball-Rp-rhs-lt-lhs: (t1, t2) € rewrite-inside-gctat Rp —> t2 <; tI for
t1 t2
by (smt (verit, ccfo-SIG) Pair-inject less-trm-compatible-with-gctzt mem-Collect-eq
rewrite-inside-gctrt-def)

assume L-def: L = Neg (Upair s t) and (s, t) ¢ (rewrite-inside-gctzt Rp)*

have (s, t) € (rewrite-inside-gctrt Rp U rewrite-inside-gctzt (|JC € {C € N.
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D <. C}. epsilon N C))¥ «—
(s, t) € (rewrite-inside-gctzt Rp)¥
proof (rule mem-join-union-iff-mem-join-lhs’)
show At1 t2. (t1, t2) € rewrite-inside-gctat Rp = 12 <, tI
using ball-Rp-rhs-lt-lhs by simp
next
have ball-Rinf-minus-lt-lhs: s <; fst rule A t <; fst rule
if rule-in: rule € ((JC € {C € N. D <. C}. epsilon N C)
for rule
proof —
from rule-in obtain C' where
C € Nand D <. C and rule € epsilon N C
by auto

have epsilon-C-eq: epsilon N C' = {(fst rule, snd rule)}
using <rule € epsilon N C) epsilon-eq-empty-or-singleton by force

show ?thesis
using less-trm-if-neg|OF <D <. C» epsilon-C-eq L-in]
by (simp add: L-def)
qed

show At1 t2. (t1, t2) € rewrite-inside-gctxt (|J (epsilon N ‘{C € N. (<.)==
D C}) —
S < t1 Nt <t t1
using less-trm-const-lhs-if-mem-rewrite-inside-gctxt
using ball- Rinf-minus-lt-lhs
by force
qed

moreover have
(s, t) € (rewrite-inside-gctzt Rp U rewrite-inside-gctat ((J C' € {C'€ N. D
= C' AN C' <. C}. epsilon N C'))¥ +—
(s, t) € (rewrite-inside-gctzt Rp)*
if Ce Nand D <. C
for C
proof (rule mem-join-union-iff-mem-join-lhs’)
show Atl t2. (t1, t2) € rewrite-inside-gctat Rp = t2 < t1
using ball-Rp-rhs-lt-lhs by simp
next
have ball-lt-lhs: s <; t1 Nt <4 t1
if C € Nand D <. C and
rule-in: (t1,t2) € (JC' € {C'e N. D <. C' AN C" <. C}. epsilon N C")
for C t1t2
proof —
from rule-in obtain C'’ where
C'e Nand D <. C'and C' <. C and (1, t2) € epsilon N C’
by (auto simp: rewrite-sys-def)
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have epsilon-C'-eq: epsilon N C' = {(t1, t2)}
using «(t1, t2) € epsilon N C') epsilon-eq-empty-or-singleton by force

show ?thesis
using less-trm-if-neg|OF <D <. C") epsilon-C'-eq L-in]
by (simp add: L-def)
qed

show Atlt2. (t1, t2) € rewrite-inside-gctzt (|J (epsilon N *{C’ € N. (<.)=~
DC'AC' <. (C}) =
s <y t1 Nt <y tl
using less-trm-const-lhs-if-mem-rewrite-inside-gctxt
using ball-it-Ihs|OF that(1,2)]
by (metis (no-types, lifting))
qed

ultimately have (s, t) ¢ (rewrite-inside-gctat Rp U rewrite-inside-getat (| C
€ {C € N. D <. C}. epsilon N C))* and
vC.Ce N —D<.C—
(s, t) ¢ (rewrite-inside-gctrt Rp U rewrite-inside-gctxt (|J C' € {C’' € N. D
<. C'A C' <. C}. epsilon N C"))¥
using ((s, t) ¢ (rewrite-inside-gctat Rp)%» by simp-all
hence (s, t) ¢ (rewrite-inside-gctzt ((JD € N. epsilon N D))t and
VC.C €N — D=<.C — (s, t) ¢ (rewrite-inside-gctzt (rewrite-sys N C'))¥
using split-Union-epsilon’|OF D-in, folded Rp-def]
using split-rewrite-sys|OF - D-in, folded Rp-def]
by (simp-all add: rewrite-inside-gctrt-union)
hence (Upair s t) ¢ upair * (rewrite-inside-gctzt ((JD € N. epsilon N D))*
and
VC.C €N — D <, C — (Upair s t) ¢ upair ‘ (rewrite-inside-gctxt
(rewrite-sys N C))¥
unfolding atomize-conj
by (meson sym-join true-lit-simps(2) true-lit-uprod-iff-true-lit-prod(2))
thus upair * (rewrite-inside-gctat (| (epsilon N * N)))¥ |= D A
(VC.C €N — D <. C — upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))*
= D)
unfolding true-cls-def true-lit-iff
using L-in L-def by metis
qed
qed

lemma (in ground-superposition-calculus)
assumes productive: epsilon N C' = {(l, r)}
shows
true-cls-if-productive-epsilon:
upair ¢ (rewrite-inside-gctzt ((JD € N. epsilon N D))V |= C
AD. D € N = C <. D = upair ‘ (rewrite-inside-gctat (rewrite-sys N D))¥
= C and
false-cls-if-productive-epsilon:
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= upair ¢ (rewrite-inside-gctrt (JD € N. epsilon N D))* |= C — {#Pos
(Upair 1 r)#}
AD. D e N = C <. D = — upair ‘ (rewrite-inside-gctzt (rewrite-sys N
D)) |= C — {#Pos (Upair I r)#}
proof —
from productive have (I, r) € epsilon N C
by simp
then obtain C’ where
C-in: C € N and
C-def: C' = add-mset (Pos (Upair I 1)) C' and
select C = {#} and
is-strictly-mazimal-lit (Pos (Upair [ r)) C' and
r <; [ and
e: = upair ¢ (rewrite-inside-gctat (rewrite-sys N C))¥ |= C and
f: = upair ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N C)))* |= C' and
l € NF (rewrite-inside-gctzt (rewrite-sys N C'))
by (rule mem-epsilonE) blast

have (I, r) € (rewrite-inside-gctzt (JD € N. epsilon N D))+
using C-in «(I, ) € epsilon N C» mem-rewrite-inside-gctat-if-mem-rewrite-rules
by blast
thus upair ¢ (rewrite-inside-gctst ((JD € N. epsilon N D))+ |= C
using C-def by blast

have rewrite-inside-gctat (|JD € N. epsilon N D) =
rewrite-inside-gctzt (rewrite-sys N C'U epsilon N C U (UD € {D € N. C
=< D}. epsilon N D))
using split-Union-epsilon[OF C-in] by simp
also have ... =
rewrite-inside-gctzt (rewrite-sys N C' U epsilon N C) U
rewrite-inside-gctrt ((JD € {D € N. C <. D}. epsilon N D)
by (simp add: rewrite-inside-gctxt-union)
finally have rewrite-inside-gctzt-Union-epsilon-eq:
rewrite-inside-gctzt (| JD € N. epsilon N D) =
rewrite-inside-gctzt (insert (I, r) (rewrite-sys N C)) U
rewrite-inside-gctzt ((JD € {D € N. C <. D}. epsilon N D)
unfolding productive by simp

have mem-join-union-iff-mem-lhs:(t1, t2) € (rewrite-inside-gctzt (insert (I, r)
(rewrite-sys N C')) U
rewrite-inside-gctzt ((JD € {D € N. C <. D}. epsilon N D))% +—
(t1, t2) € (rewrite-inside-gctat (insert (I, r) (rewrite-sys N C)))*
if 11 <, [ and 12 <, |
for t1t2
proof (rule mem-join-union-iff-mem-join-ths’)
fix s1 s2 assume (s1, s2) € rewrite-inside-gctat (insert (I, r) (rewrite-sys N

@)

moreover have s2 <; sl if (s, s2) € rewrite-inside-gctzt {(I, r)}
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proof (rule rhs-lt-lhs-if-rule-in-rewrite-inside-gctxt| OF that])
show Asi s2. (s1, s2) € {(I, 1)} = s2 <, s
using «r <; I» by simp
qed simp-all

moreover have s2 <; sl if (sl, s2) € rewrite-inside-gctzt (rewrite-sys N C)
proof (rule rhs-lt-lhs-if-rule-in-rewrite-inside-gctat[ OF that])
show Asi s2. (s1, s2) € rewrite-sys N C = s2 <, sl
by (simp add: rhs-lt-lhs-if-mem-rewrite-sys)
qed simp

ultimately show s2 <, s
using rewrite-inside-gctat-union|of {(l, r)}, simplified] by blast
next
have ball-lt-lhs: t1 <; s1 N t2 < sl
if rule-in: (s1, s2) € (UD € {D € N. C <. D}. epsilon N D)
for s1 s2
proof —
from rule-in obtain D where
D e N and C <. D and (s!, s2) € epsilon N D
by (auto simp: rewrite-sys-def)

have Ep-eq: epsilon N D = {(s1, s2)}
using «(s1, s2) € epsilon N D) epsilon-eg-empty-or-singleton by force

have [ <; s1
using «C' <. D»
using less-trm-iff-less-cls-if-lhs-epsilon| OF E p-eq productive]
by metis

with «t1 <; D «t2 =<; > show ?Zthesis
by (metis reflclp-iff transpD transp-less-trm)
qed
thus Al r. (I, r) € rewrite-inside-gctzt (|J (epsilon N ‘{D € N. C <. D}))
= t1 < INt2 <4 1
using rewrite-inside-gctat- Union-epsilon-eq
using less-trm-const-lhs-if-mem-rewrite-inside-gctzt
by presburger
qed

have neg-concll: = upair * (rewrite-inside-gctzt ((J D € N. epsilon N D))t |= C’
unfolding true-cls-def Set.bex-simps
proof (intro balll)
fix L assume L-in: L c# C'
hence L €# C
by (simp add: C-def)

obtain ¢/ t2 where
atm-L-eq: atm-of L = Upair t1 t2
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by (metis uprod-ezhaust)

hence trms-of-L: mset-uprod (atm-of L) = {#t1, t24#}
by simp

hence t1 <; land t2 <; [
unfolding atomize-conj
using less-trm-if-neg[ OF reficlp-refl productive <L €# C)]
using lesseq-trm-if-pos| OF reflclp-refl productive <L €# C))
by (metis (no-types, opaque-lifting) add-mset-commute sup2CI)

have (t1, t2) ¢ (rewrite-inside-gctat (\J D € N. epsilon N D))+ if L-def: L =
Pos (Upair t1 t2)
proof —
from that have (t1, t2) ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N
o)t
using f <L €# C’ by blast
thus “thesis
using rewrite-inside-gctat- Union-epsilon-eq mem-join-union-iff-mem-lths[OF
1 =y b <2 =2 D]
by simp
qed

moreover have (t1, t2) € (rewrite-inside-gctzt ((JD € N. epsilon N D))+
if L-def: L = Neg (Upair t1 t2)
proof —
from that have (t1, t2) € (rewrite-inside-gctzt (insert (I, r) (rewrite-sys N
o))
using f <L €# C"
by (meson true-lit-uprod-iff-true-lit-prod(2) sym-join true-cls-def true-lit-simps(2))
thus ?thesis
using rewrite-inside-gctat- Union-epsilon-eq
mem-join-union-iff-mem-ths[OF «t1 =; D «t2 =<; 1]
by simp
qed

ultimately show — upair ‘ (rewrite-inside-gctzt (| (epsilon N * N)))* |=1 L
using atm-L-eq true-lit-uprod-iff-true-lit-prod[ OF sym-join] true-lit-simps
by (smt (verit, ccfv-SIG) literal.exhaust-sel)

qed
then show — upair ‘ (rewrite-inside-gctzt (JD € N. epsilon N D))¥ |= C —
{#Pos (Upair | r)#}
by (simp add: C-def)
fix D
assume D € N and C <. D
have (I, r) € rewrite-sys N D
using C-in «(l, r) € epsilon N C» «C <. D) mem-rewrite-sys-if-less-cls by
metis
hence (I, r) € (rewrite-inside-gctzt (rewrite-sys N D))
by auto
thus upair ‘ (rewrite-inside-gctat (rewrite-sys N D))V |= C
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using C-def by blast

from <D € N)» have rewrite-sys N D C (|JD € N. epsilon N D)
by (simp add: split-Union-epsilon’)
hence rewrite-inside-gctzt (rewrite-sys N D) C rewrite-inside-gctat ((JD € N.
epsilon N D)
using rewrite-inside-gctxt-mono by metis
hence (rewrite-inside-gctzt (rewrite-sys N D))V C (rewrite-inside-gctat (D €
N. epsilon N D))
using join-mono by metis

have — upair ‘ (rewrite-inside-gctzt (rewrite-sys N D))¥ |= C’
unfolding true-cls-def Set.bez-simps
proof (intro balll)
fix L assume L-in: L €# C'
hence L €# C
by (simp add: C-def)

obtain ¢! t2 where
atm-L-eq: atm-of L = Upair t1 t2
by (metis uprod-exhaust)
hence trms-of-L: mset-uprod (atm-of L) = {#t1, t2#}
by simp
hence t1 <; [ and t2 <; [
unfolding atomize-conj
using less-trm-if-neg| OF reficlp-refl productive <L €# C)]
using lesseq-trm-if-pos[ OF reficlp-refl productive <L €# C)]
by (metis (no-types, opaque-lifting) add-mset-commute sup2CI)

have (t1, t2) ¢ (rewrite-inside-gctzt (rewrite-sys N D))* if L-def: L = Pos
(Upair t1 t2)
proof —
from that have (t1, t2) ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N
o))
using f <L €# C" by blast
thus 2thesis
using rewrite-inside-gctxt- Union-epsilon-eq
using mem-join-union-iff-mem-lhs[OF <t1 =<; D «t2 =<4 D]
using «((rewrite-inside-gctrt (rewrite-sys N D))¥ C (rewrite-inside-gctzt (|J
(epsilon N “ N)))%» by auto
qed

moreover have (t1, t2) € (rewrite-inside-gctzt (rewrite-sys N D))* if L-def:
L = Neg (Upair t1 t2)
using ¢
proof (rule contrapos-np)
assume (t1, t2) ¢ (rewrite-inside-gctat (rewrite-sys N D))
hence (t1, t2) ¢ (rewrite-inside-gctzt (rewrite-sys N C))¥
using rewrite-sys-subset-if-less-cls|OF <C' <. D]
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by (meson join-mono rewrite-inside-gctat-mono subsetD)
thus upair ‘ (rewrite-inside-gctzt (rewrite-sys N O))¥ |= C
using neg-literal-notin-imp-true-cls[of Upair t1 t2 C upair * -¥]
unfolding uprod-mem-image-iff-prod-mem[OF sym-join]
using L-def L-in C-def
by simp
qed

ultimately show — upair ¢ (rewrite-inside-gctat (rewrite-sys N D))* |=1 L
using atm-L-eq true-lit-uprod-iff-true-lit-prod[ OF sym-join] true-lit-simps
by (smt (verit, ccfv-SIG) literal.exhaust-sel)

qed
thus — upair * (rewrite-inside-gctzt (rewrite-sys N D))¥ |= C — {#Pos (Upair |
P}
by (simp add: C-def)
qed

lemma from-neq-double-rtrancl-to-eqF:

assumes z # y and (z, z) € r* and (y, z) €
obtains

w where (z, w) € r and (w, z) € r* |

w where (y, w) € r and (w, z) € r*
using assms

by (metis converse-rtranclE)

lemma ex-step-if-joinable:
assumes asymp R (z, z) € r* and (y, z) € r*
shows
R~=zy= Ryzs = Jw. (z, w) €r A (w, 2) € 1*
RP=zz= Rzy= Jw. (y,w) €r A (w, z) € r*
using assms

by (metis asympD converse-rtranclE reflclp-iff )+

lemma (in ground-superposition-calculus) trans-join-rewrite-inside-gctat-rewrite-sys:
trans ((rewrite-inside-gctxt (rewrite-sys N C))¥)
proof (rule trans-join)
have wf ((rewrite-inside-gctzt (rewrite-sys N C))~1)
proof (rule wf-converse-rewrite-inside-gctxt)
fix st
assume (s, t) € rewrite-sys N C
then obtain D where (s, t) € epsilon N D
unfolding rewrite-sys-def
using epsilon-filter-le-conv by auto
thus t <; s
by (auto elim: mem-epsilonE)
qed auto
thus SN (rewrite-inside-gctat (rewrite-sys N C))
by (simp only: SN-iff-wf)
next
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show WCR (rewrite-inside-gctat (rewrite-sys N C'))
unfolding rewrite-sys-def epsilon-filter-le-conv
using WCR-Union-rewrite-sys
by (metis (mono-tags, lifting))

qed

lemma (in ground-ordering) true-cls-insert-and-not-true-clsE:
assumes
upair * (rewrite-inside-gctzt (insert r R))* |= C and
- upair ¢ (rewrite-inside-gctzt R)V |= C
obtains ¢ ¢’ where
Pos (Upair t t') e# C and
t <; t' and
(t, t') € (rewrite-inside-gctat (insert r R))* and
(t, t") ¢ (rewrite-inside-gctat R)*
proof —
assume hyp: A\t t'. Pos (Upairtt’) e# C =t <y t' = (&, t) € (rewrite-inside-gctat
(insert r R))¥ =
(t, t') & (rewrite-inside-gctat R)¥ = thesis

from assms obtain L where
L e# C and
entails-L: upair * (rewrite-inside-gctzt (insert r R))* =1 L and
doesnt-entail-L: — upair * (rewrite-inside-gctzt R)Y [=1 L
by (meson true-cls-def)

have totalp-on (set-uprod (atm-of L)) (<¢)
using totalp-less-trm totalp-on-subset by blast

then obtain ¢ ¢’ where atm-of L = Upair t t' and ¢ <; ¢’
using ez-ordered-Upair by metis

show ?thesis
proof (cases L)
case (Pos A)
hence L-def: L = Pos (Upair t t’)
using <atm-of L = Upair t t'» by simp

moreover have (t, t) € (rewrite-inside-gctzt (insert r R))
using entails-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

moreover have (t, t') ¢ (rewrite-inside-gctat R)*
using doesnt-entail-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

60



ultimately show ¢thesis
using hyp <L €# C» «t <4 t» by auto
next
case (Neg A)
hence L-def: L = Neg (Upair t t')
using <atm-of L = Upair t t"» by simp

have (t, t) ¢ (rewrite-inside-gctzt (insert r R))*
using entails-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

moreover have (t, t') € (rewrite-inside-gctat R)*
using doesnt-entail-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod[ OF sym-join]
by (simp add: true-lit-def)

moreover have (rewrite-inside-gctrt R)% C (rewrite-inside-gctxt (insert r R))¥
using join-mono rewrite-inside-gctxt-mono
by (metis subset-insertl)

ultimately have Fulse
by auto
thus %thesis ..
qed
qed

lemma (in ground-superposition-calculus) model-preconstruction:
fixes
N :: 'f gatom clause set and
C :: 'f gatom clause
defines
entails = A\E C. upair * (rewrite-inside-gctat E)* |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows
epsilon N C = {} <— entails (rewrite-sys N C) C
AD. D € N = C <. D = entails (rewrite-sys N D) C
unfolding atomize-all atomize-conj atomize-imp
using wfP-less-cls C-in
proof (induction C rule: wfP-induct-rule)
case (less C)
note IH = less.IH

from «({#} ¢ N» <C € N> have C # {#}
by metis

define I where
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I = (rewrite-inside-gctat (rewrite-sys N C))+

have refl I
by (simp only: I-def refl-join)

have trans I
unfolding I-def
using trans-join-rewrite-inside-gctat-rewrite-sys .

have sym 1
by (simp only: I-def sym-join)

have compatible-with-gctxt T
by (simp only: I-def compatible-with-gctzt-join compatible-with-gctrt-rewrite-inside-gctat)

note I-interp = <refl 1> <trans I» <sym 1> <compatible-with-gctxt I»

have i: (epsilon N C = {}) <— entails (rewrite-sys N C') C
proof (rule iff)
show entails (rewrite-sys N C') C = epsilon N C = {}
unfolding entails-def rewrite-sys-def
by (metis (no-types) empty-iff equalityl mem-epsilonE rewrite-sys-def subsetl)
next
assume epsilon N C = {}

have cond-conv: (3L. L €# select C' V (select C = {#} A is-mazximal-lit L C
A is-neg L)) +—
(FA. Neg A €# C N (Neg A €# select C V select C = {#} A is-mazimal-lit
(Neg 4) C))
by (metis (no-types, opaque-lifting) is-pos-def literal-order.is-mazimal-in-mset-iff
literal.disc(2) literal.exhaust mset-subset-eqD select-negative-lits select-subset)

show entails (rewrite-sys N C') C
proof (cases 3 L. is-mazimal-lit L (select C) V (select C = {#} A is-mazimal-lit
L C A is-neg L))
case ex-neg-lit-sel-or-max: True
hence 3A. Neg A €# C A (is-mazimal-lit (Neg A) (select C) V select C =
{#} A is-mazimal-lit (Neg A) C)
by (metis is-pos-def literal. exhaust literal-order.is-maximal-in-mset-iff mset-subset-eqD
select-negative-lits select-subset)
then obtain s s’ where
Neg (Upair s s') €# C and
sel-or-maz: select C = {#} A is-mazimal-lit (Neg (Upair s s’)) C V
is-mazimal-lit (Neg (Upair s s’)) (select C')
by (metis uprod-exhaust)
then obtain C’ where
C-def: C = add-mset (Neg (Upair s s’)) C’
by (metis mset-add)
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show ?thesis
proof (cases upair * (rewrite-inside-gctzt (rewrite-sys N C))¥ [=l Pos (Upair
55)
case True
hence (s, s') € (rewrite-inside-gctzt (rewrite-sys N C))
by (meson sym-join true-lit-simps(1) true-lit-uprod-iff-true-lit-prod(1))

have s = 5"V s <; sV s’ <; s
using totalp-less-trm
by (metis totalpD)
thus ?thesis
proof (rule disjE)
assume s = s’
define ¢ :: 'f gatom clause inference where
v = Infer [C] C'

have ground-eg-resolution C C'
proof (rule ground-eq-resolutionI)
show C' = add-mset (Neg (Upair s s')) C’
by (simp only: C-def)
next
show Neg (Upair s s") = Neg (Upair s s)
by (simp only: «<s = s)
next
show select C' = {#} A is-mazimal-lit (s !~ s") C V is-mazimal-lit (s
I~ s') (select C)
using sel-or-mazx .
qed simp
hence ¢« € G-Inf
by (auto simp only: t-def G-Inf-def)

moreover have \t. t € set (prems-of 1) =t € N
using <C' € N»
by (simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)

hence ¢ € Red-I N
using <saturated N)»
by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-C": G-entails DD {C'} and
ball-DD-it-C: ¥ D € DD. D <. C
unfolding Red-I-def redundant-infer-def
by (auto simp: t-def)

moreover have V DeDD. entails (rewrite-sys N C) D
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using IH[THEN conjunct2, rule-format, of - C|
using «C € N» DD-subset ball-DD-1t-C
by blast

ultimately have entails (rewrite-sys N C) C’
using [-interp DD-entails-C"’
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)
then show entails (rewrite-sys N C') C
using C-def entails-def by simp
next
from «(s, ') € (rewrite-inside-gctxt (rewrite-sys N C))%> obtain u where
s-u: (s, u) € (rewrite-inside-gctzt (rewrite-sys N C))* and
s'-u: (s, u) € (rewrite-inside-gctzt (rewrite-sys N C))*
by auto
moreover hence v <; s and u <; s’
using rhs-lesseq-trm-lhs-if-mem-rtrancl-rewrite-inside-gctxt-rewrite-sys
by simp-all

moreover assume s <; s’V s’ <; s

ultimately obtain uy, where
s' <y s => (s, ug) : rewrite-inside-gctzt (rewrite-sys N C)
s <¢ 8" = (8', wo) : rewrite-inside-gctat (rewrite-sys N C') and
(ug, u) : (rewrite-inside-gctzt (rewrite-sys N C))*
using ez-step-if-joinable[OF - s-u s’-u]
by (metis asympD asymp-less-trm)
then obtain ctzt ¢t t’ where
s-eq-if: 8" <y s = s = ctat(t)g and
s'-eq-if: s <y 8" = s’ = ctxt(t)¢ and
up = ctzt(t’)q and
(t, t') € rewrite-sys N C
by (smt (verit) Pair-inject <s <y s’V s’ <¢ & asympD asymp-less-trm
mem-Collect-eq
rewrite-inside-gctzt-def)
then obtain D where
(t, t) € epsilon ND and D € N and D <. C
unfolding rewrite-sys-def epsilon-filter-le-conv by auto
then obtain D’ where
D-def: D = add-mset (Pos (Upair t t’)) D’ and
sel-D: select D = {#} and
maz-t-t" is-strictly-mazimal-lit (Pos (Upair t t')) D and
t’ <4t
by (elim mem-epsilonE) fast

have superl: ground-neg-superposition D C' (add-mset (Neg (Upair s1{t")a
s1')) (C'+ D)
if {s, s’} = {s1(t)c, 51’} and s1’ <¢ s1(t)a
for s; s;’
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proof (rule ground-neg-superpositionl )
show C = add-mset (Neg (Upair s s')) C’
by (simp only: C-def)
next
show D = add-mset (Pos (Upair t t)) D’
by (simp only: D-def)
next
show D <. C
using <D <. C» .
next
show select C = {#} A is-mazximal-lit (Neg (Upair s s')) C V is-mazximal-lit
(s !~ s') (select C)
using sel-or-mazx .
next
show select D = {#}
using sel-D .
next
show is-strictly-mazimal-lit (Pos (Upair t t')) D
using maz-t-t’ .
next
show t’ <t 1
using «t' <y t .
next
from that(1) show Neg (Upair s s’) = Neg (Upair s1(t)g s1')
by fastforce
next
from that(2) show s1’ <; s1(t)¢ -
qed simp-all

have ground-neg-superposition D C (add-mset (Neg (Upair ctzt(t’)a s'))
(¢’ + DY)
if «s' <; s
proof (rule superl)
from that show {s, s’} = {ctat(t)q, s’}
using s-eq-if by simp
next
from that show s’ <; ctzt(t)q
using s-eq-if by simp
qed

moreover have ground-neg-superposition D C (add-mset (Neg (Upair
ctet(t" o s)) (C' + D))
if «s <; sh
proof (rule superl)
from that show {s, s’} = {ctat(t)q, s}
using s’-eq-if by auto
next
from that show s <; ctat(t)c
using s’-eq-if by simp
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qed

ultimately obtain CD where
super: ground-neg-superposition D C CD and
CD-eql: s’ <y s = CD = add-mset (Neg (Upair ctzt{t g s’)) (C' +
D’) and
CD-eq2: s <y s' = CD = add-mset (Neg (Upair ctzt(t) g s)) (C' + D)
using <s <; s’V s’ <4 & s'-eq-if s-eq-if by metis

define ¢ :: 'f gatom clause inference where
v = Infer [D, C] CD

have « € G-Inf
using ground-superposition-if-ground-neg-superposition| OF super]
by (auto simp only: -def G-Inf-def)

moreover have A\t. t € set (prems-of 1) =t € N
using «C € N> <D € N»
by (auto simp add: ¢-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)
hence ¢ € Red-I N
using <saturated N)»
by (auto simp: saturated-def)
then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-CD: G-entails (insert D DD) {CD} and
ball-DD-lt-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: i-def)

moreover have V D¢ insert D DD. entails (rewrite-sys N C) D
using IH[THEN conjunct2, rule-format, of - C|
using «C € Ny <D € Ny <D <. C» DD-subset ball-DD-It-C
by (metis in-mono insert-iff)

ultimately have entails (rewrite-sys N C) CD
using [-interp DD-entails-CD
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

moreover have — entails (rewrite-sys N C') D’
unfolding entails-def
using false-cls-if-productive-epsilon(2)[OF - «C € N» <D <. C)]
by (metis D-def «(t, t') € epsilon N D> add-mset-remove-trivial empty-iff
epsilon-eq-empty-or-singleton singletonD)
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moreover have — upair ‘ (rewrite-inside-gctrt (rewrite-sys N C))* |=1
(Neg (Upair ctat(t") g s"))
if s’ <; s
using «(ug, u) € (rewrite-inside-gctazt (rewrite-sys N C))*> <ug = ctat(t ) o>
s’-u by blast
moreover have — upair ‘
(Neg (Upair ctzt(t)g s))
if s <4 s’
using «(ug, u) € (rewrite-inside-gctxzt (rewrite-sys N C))*> <ug = ctat(t o>
s-u by blast

(rewrite-inside-getzt (rewrite-sys N O))t |=l

ultimately show entails (rewrite-sys N C) C
unfolding entails-def C-def
using s <; s’V s’ <4 » CD-eql CD-eq2 by fast
qged
next
case Fulse
thus ?thesis
using «Neg (Upair s s’) e# C»
by (auto simp add: entails-def true-cls-def)
qed
next
case Fualse
hence select C = {#}
using literal-order.ex-mazimal-in-mset by blast

from Fulse obtain A where Pos-A-in: Pos A €# C and maz-Pos-A:
is-mazimal-lit (Pos A) C
using <select C = {#}> literal-order.ez-maximal-in-mset[OF «C # {#}]
by (metis is-pos-def literal-order.is-mazimal-in-mset-iff )
then obtain C’ where C-def: C = add-mset (Pos A) C'
by (meson mset-add)

have totalp-on (set-uprod A) (<)
using totalp-less-trm totalp-on-subset by blast

then obtain s s’ where A-def: A = Upair s s’ and s’ <; s
using ez-ordered-Upair[of A (<t)] by fastforce

show ?thesis
proof (cases upair ¢ (rewrite-inside-gctzt (rewrite-sys N C))* |= C'V s = s')
case True
then show ?thesis
using <epsilon N C = {}»
using A-def C-def entails-def by blast
next
case Fulse

from Fualse have — upair * (rewrite-inside-gctzt (rewrite-sys N C))* |= C’
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by simp

from False have s’ <; s
using s’ =; 8 asymp-less-trm[THEN asympD] by auto

then show ?thesis
proof (cases is-strictly-mazimal-lit (Pos A) C)
case strictly-maximal: True
show ?thesis
proof (cases s € NF (rewrite-inside-gctzt (rewrite-sys N C)))
case s-irreducible: True
hence e-or-f-doesnt-hold: upair * (rewrite-inside-gctxt (rewrite-sys N C))+
= CvV
upair * (rewrite-inside-getzt (insert (s, s') (rewrite-sys N C)))* |= C’
using <epsilon N C' = {}>[unfolded epsilon.simps[of N C]]
using «C € N» C-def <select C = {#}> strictly-mazimal s’ <; $
unfolding A-def rewrite-sys-def
by (smt (verit, best) Collect-empty-eq)
show ?thesis
proof (cases upair * (rewrite-inside-gctzt (rewrite-sys N C))* |= C)
case e-doesnt-hold: True
thus ?thesis
by (simp add: entails-def)
next
case e-holds: False
hence R-C-doesnt-entail-C": — upair ¢ (rewrite-inside-gctat (rewrite-sys
N O |
unfolding C-def by simp
show ?thesis
proof (cases upair © (rewrite-inside-gctat (insert (s, s') (rewrite-sys N
OO I ¢
case f-doesnt-hold: True
then obtain C"' t t’ where C’-def: C’ = add-mset (Pos (Upair t
t')) C'" and
t' <; t and
(t, t') € (rewrite-inside-gctat (insert (s, s) (rewrite-sys N C)))* and
(t, t") ¢ (rewrite-inside-gctzt (rewrite-sys N C))¥
using f-doesnt-hold R-C-doesnt-entail-C’
using true-cls-insert-and-not-true-clsk
by (metis insert-Diff M join-sym Upair-sym)

have Pos (Upair t t') <; Pos (Upair s s’)
using strictly-mazimal
by (simp add: A-def C'-def C-def literal-order.is-greatest-in-mset-iff)

have = (¢t <; )

proof (rule notl)
assume t <; S
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have (¢, t') € (rewrite-inside-gctat (insert (s, s') (rewrite-sys N

ON)* +—
(t, t') € (rewrite-inside-gctxt (rewrite-sys N C))¥
unfolding rewrite-inside-gctat-union[of {(s, s")} rewrite-sys N C,
simplified)
proof (rule mem-join-union-iff-mem-join-rhs’)
show At1 t2. (t1, t2) € rewrite-inside-gctzt {(s, s')} = t <4 t1
Nt <yt

using «t <; s «t' < b
by (smt (verit, ccfv-threshold) fst-conv singletonD
less-trm-const-lhs-if-mem-rewrite-inside-gctzt transpD
transp-less-trm)
next
show At t2. (t1, t2) € rewrite-inside-gctat (rewrite-sys N C)

= 12 < t1
using rhs-less-trm-lhs-if-mem-rewrite-inside-gctzt-rewrite-sys by
force
qed
thus Fulse
using «(t, t) € (rewrite-inside-gctat (insert (s, s') (rewrite-sys N
a)))H
using ((t, t') ¢ (rewrite-inside-gctat (rewrite-sys N C))%»
by metis
qed

moreover have — (s <; t)
proof (rule notl)
assume s <; t
hence multp (<q) {#s, s'4} {#1, t'#}
using s’ <; s «t' <y b
using one-step-implies-multp|of - - - {#}, simplified]
by (metis (mono-tags, opaque-lifting) empty-not-add-mset insert-iff
set-mset-add-mset-insert set-mset-empty singletonD transpD
transp-less-trm)
hence Pos (Upair s s’) <; Pos (Upair t t')
by (simp add: less-lit-def)
thus Fulse
using «t = t' <; s & sy by order
qed

ultimately have t = s
by order
hence t’ <; s’
using ¢’ <; s’ <4 &
using «Pos (Upair t t') <; Pos (Upair s s')»
unfolding less-lit-def
by (simp add: multp-cancel-add-mset transp-less-trm)

obtain ¢’ where
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(t, t") € rewrite-inside-gctat (insert (s, s') (rewrite-sys N C')) and

(t", t') € (rewrite-inside-gctxt (insert (s, s') (rewrite-sys N C)))

using «(t, t') € (rewrite-inside-gctat (insert (s, s') (rewrite-sys N
C)))YH[THEN joinD]

using ez-step-if-joinable[OF asymp-less-trm - - - <t’ <; ]

by (smt (verit, ccfo-threshold) <t = $» converse-rtranclE insertCI
joinl-right

join-sym r-into-rtrancl mem-rewrite-inside-gctxt-if-mem-rewrite-rules

rtrancl-join-join)

have t"" <, t
proof (rule predicate-holds-of-mem-rewrite-inside-gctzt[of - - - Az y.

show (¢, t'") € rewrite-inside-gctat (insert (s, s’) (rewrite-sys N C'))
using «(t, t") € rewrite-inside-gctzt (insert (s, s') (rewrite-sys N

next
show At1 t2. (t1, t2) € insert (s, s') (rewrite-sys N C) = t2 <,

by (metis <s' < s» insert-iff old.prod.inject rhs-lt-lhs-if-mem-rewrite-sys)
next
show At1 t2 ctzt 0. (11, t2) € insert (s, s') (rewrite-sys N C) =
12 <y t1 = ctet(t2) g < ctet(tl)a
by (simp only: less-trm-compatible-with-gctxt)
qed

have (¢, t") € rewrite-inside-gctzt {(s, s')}
using «(t, t”') € rewrite-inside-gctzt (insert (s, s’) (rewrite-sys N

using <t = s> s-irreducible mem-rewrite-step-union-NF
using rewrite-inside-gctat-insert by blast
hence Jctat. s = ctat(s)g N t"" = ctat(s)a
by (simp add: <t = $) rewrite-inside-gctat-def)
hence t" = s’
by (metis gctat-ident-iff-eq-GHole)

moreover have (', t') € (rewrite-inside-gctat (rewrite-sys N C))*
proof (rule mem-join-union-iff-mem-join-rhs’'| THEN iffD1])
show (t", t') € (rewrite-inside-gctxt {(s, s’)} U
rewrite-inside-gctxt (rewrite-sys N C))¥
using «(t", t') € (rewrite-inside-gctzt (insert (s, s') (rewrite-sys
N O
using rewrite-inside-gctzt-unionlof {-}, simplified] by metis
next
show At1 t2. (t1, t2) € rewrite-inside-gctzt (rewrite-sys N C') =
t2 <4 t1
using rhs-less-trm-lhs-if-mem-rewrite-inside-gctzt-rewrite-sys .
next
show At1 t2. (t1, t2) € rewrite-inside-gctat {(s, s")} = t"" <4 t1
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At < t1

C/I)

using «t' <y t «t" <4 b

unfolding «t = s

using less-trm-const-lhs-if-mem-rewrite-inside-gctxt by fastforce
qged

ultimately have (s’, t') € (rewrite-inside-gctzt (rewrite-sys N C))+
by simp

let ?concl = add-mset (Neg (Upair s’ t")) (add-mset (Pos (Upair t

define ¢ :: 'f gatom clause inference where
v = Infer [C] Zconcl

have eq-fact: ground-eq-factoring C ?concl
proof (rule ground-eq-factoringl)
show C' = add-mset (Pos (Upair s s’)) (add-mset (Pos (Upair t t'))

by (simp add: C-def C'-def A-def)
next
show select C = {#}
using «(select C = {#}> .
next
show is-maximal-lit (Pos (Upair s s')) C
by (metis A-def maz-Pos-A)
next
show s’ <; s
using s’ <; & .
next
show Pos (Upair t t') = Pos (Upair s t')
unfolding ¢t = s ..
next

show add-mset (Neg (Upair s’ t')) (add-mset (Pos (Upair t t')) C")

add-mset (Neg (Upair s’ t)) (add-mset (Pos (Upair s t')) C'')
by (auto simp add: <t = $)
qed simp-all
hence ¢« € G-Inf
by (auto simp: t-def G-Inf-def)

moreover have \t. t € set (prems-of 1) =t € N
using «C' € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)
hence « € Red-I N
using <saturated N>
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by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-C": G-entails DD {?concl} and
ball-DD-lt-C: ¥V DeDD. D <. C
unfolding Red-I-def redundant-infer-def
by (auto simp: -def)

have V DeDD. entails (rewrite-sys N C') D
using [H[THEN conjunct2, rule-format, of - C|
using <C' € N» DD-subset ball-DD-1t-C
by blast

hence entails (rewrite-sys N C) Zconcl
unfolding entails-def I-def [symmetric]
using DD-entails-C'[unfolded G-entails-def]
using [-interp
by (simp add: true-clss-def)

thus entails (rewrite-sys N C') C
unfolding entails-def I-def [symmetric]
unfolding C-def C'-def A-def
using I-def «(s', t') € (rewrite-inside-gctxt (rewrite-sys N C))%» by

blast
next

case f-holds: False

hence Fulse
using e-or-f-doesnt-hold e-holds by metis

thus ?thesis ..

qed

qed

next

case s-reducible: Fulse

hence Jss. (s, ss) € rewrite-inside-gctat (rewrite-sys N C)
unfolding NF-def by auto

then obtain ctat ¢t t' D where
D € N and
D <. C and
(t, t') € epsilon N D and
s = ctzt(t)a
using epsilon-filter-le-conv
by (auto simp: rewrite-inside-gctat-def rewrite-sys-def)

obtain D’ where
D-def: D = add-mset (Pos (Upair t t')) D' and
select D = {#} and
maz-t-t'; is-strictly-mazimal-lit (t ~ t’) D and
t! <t
using «(t, t’) € epsilon N D)
by (elim mem-epsilonE) simp
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let ?concl = add-mset (Pos (Upair ctat{t)¢ s’)) (C'+ D)

define ¢ :: 'f gatom clause inference where
v = Infer [D, C] ?concl

have super: ground-pos-superposition D C ?concl
proof (rule ground-pos-superpositionl)
show C = add-mset (Pos (Upair s s')) C’
by (simp only: C-def A-def)
next
show D = add-mset (Pos (Upair t t')) D’
by (simp only: D-def)
next
show D <. C
using <D <. C) .
next
show select D = {#}
using «select D = {#}> .
next
show select C = {#}
using <select C = {#}> .
next
show is-strictly-mazimal-lit (s = s’) C
using A-def strictly-maximal by simp
next
show is-strictly-mazimal-lit (t = t') D
using maz-t-t’ .

next
show t' <; t
using <’ <y & .
next

show Pos (Upair s s') = Pos (Upair ctxt(t)c s')
by (simp only: <s = ctxt(t)g»)
next
show s’ <; ctzt(t)q
using s’ <; &
unfolding s = ctzt(t)q> .
qed simp-all
hence ¢ € G-Inf
using ground-superposition-if-ground-pos-superposition
by (auto simp: t-def G-Inf-def)

moreover have \t. t € set (prems-of 1) =t € N
using «C € N> <D € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp only: Inf-from-def)
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hence ¢ € Red-I N
using <saturated N)
by (auto simp only: saturated-def)
then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-concl: G-entails (insert D DD) {?concl} and
ball-DD-1t-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: t-def)

moreover have V D¢ insert D DD. entails (rewrite-sys N C) D
using [H[THEN conjunct2, rule-format, of - C|
using «C' € N> <D € N» <D <. C» DD-subset ball-DD-lt-C
by (metis in-mono insert-iff)

ultimately have entails (rewrite-sys N C) ?concl
using [-interp DD-entails-concl
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

moreover have — entails (rewrite-sys N C') D’
unfolding entails-def
using false-cls-if-productive-epsilon(2)[OF - <C € N» «D <. C)]
by (metis D-def «(t, t') € epsilon N D> add-mset-remove-trivial empty-iff
epsilon-eq-empty-or-singleton singletonD)

ultimately have entails (rewrite-sys N C') {#Pos (Upair ctzt(t')c s")#}
unfolding entails-def
using «— upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥ |= C"
by fastforce

hence (ctzt(t') g, s') € (rewrite-inside-gctzt (rewrite-sys N C))+
by (simp add: entails-def true-cls-def uprod-mem-image-iff-prod-mem|OF
sym-join])

moreover have (ctat(t)q, ctet(t’)g) € rewrite-inside-gctat (rewrite-sys
N C)
using «(t, t') € epsilon N Dy <D € Ny <D <. C) rewrite-sys-def
epsilon-filter-le-conv
by (auto simp: rewrite-inside-gctat-def)

ultimately have (ctzt(t)q, s’) € (rewrite-inside-gctzt (rewrite-sys N
o)

using r-into-rtrancl rtrancl-join-join by metis

hence entails (rewrite-sys N C) {#Pos (Upair ctzt(t)e s")#}
unfolding entails-def true-cls-def by auto
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thus ?thesis
using A-def C-def <s = ctat(t)q> entails-def by fastforce
qed
next
case Fulse
hence 2 < count C (Pos A)
using maz-Pos-A
by (metis literal-order. count-ge-2-if-mazimal-in-mset-and-not-greatest-in-mset)
then obtain C’ where C-def: C' = add-mset (Pos A) (add-mset (Pos A)

)
using two-le-countE by metis
define ¢ :: 'f gatom clause inference where
v = Infer [C] (add-mset (Pos (Upair s s)) (add-mset (Neg (Upair s’ s’))
)

let ?concl = add-mset (Pos (Upair s s')) (add-mset (Neg (Upair s’ s”)) C)

have eq-fact: ground-eq-factoring C ?concl
proof (rule ground-eq-factoringl)
show C = add-mset (Pos A) (add-mset (Pos A) C”)
by (simp add: C-def)
next
show Pos A = Pos (Upair s s’)
by (simp add: A-def)
next
show Pos A = Pos (Upair s s')
by (simp add: A-def)
next
show select C = {#}
using «select C = {#}> .
next
show is-maximal-lit (Pos A) C
using max-Pos-A .
next
show s’ <; s
using s’ <; & .
qed simp-all
hence « € G-Inf
by (auto simp: t-def G-Inf-def)

moreover have \t. t € set (prems-of 1) =t € N
using «C € N»
by (auto simp add: i-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)
hence ¢ € Red-I N
using <saturated N)»
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by (auto simp: saturated-def)
then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-concl: G-entails DD {?concl} and
ball-DD-1t-C: Y DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: -def)

moreover have V DeDD. entails (rewrite-sys N C) D
using IH[THEN conjunct2, rule-format, of - C|
using «C' € N» DD-subset ball-DD-lt-C
by blast

ultimately have entails (rewrite-sys N C) ?concl
using I-interp DD-entails-concl
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

then show ?thesis
by (simp add: entails-def A-def C-def joinI-right pair-imagel)

qged
qed
qed
qed

moreover have iib: entails (rewrite-sys N D) C'if D € N and C <. D for D
using epsilon-eq-empty-or-singleton[of N C, folded |
proof (elim disjE exF)
assume epsilon N C = {}
hence entails (rewrite-sys N C) C
unfolding i by simp
thus ?thesis
using lift-entailment-to-Union(2)[OF <C € N» - that]
by (simp only: entails-def)
next
fix | r assume epsilon N C = {(, r)}
thus ?thesis
using true-cls-if-productive-epsilon(2)[OF <epsilon N C' = {(l, r)}> that]
by (simp only: entails-def)
qed

ultimately show ?case
by metis
qed

lemma (in ground-superposition-calculus) model-construction:
fixes
N :: 'f gatom clause set and
C :: 'f gatom clause
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defines
entails = A\E C. upair * (rewrite-inside-gctat E)* |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows entails ((JD € N. epsilon N D) C
using epsilon-eq-empty-or-singleton[of N C]
proof (elim disjE exE)
assume epsilon N C = {}
hence entails (rewrite-sys N C) C
using model-preconstruction(1)[OF assms(2,3,4)] by (metis entails-def)
thus ?thesis
using lift-entailment-to-Union(1)[OF <C € N»]
by (simp only: entails-def)
next
fix | r assume epsilon N C = {(I, r)}
thus ?thesis
using true-cls-if-productive-epsilon(1)[OF <epsilon N C = {(I, r)}]
by (simp only: entails-def)
qed

1.5 Static Refutational Completeness

lemma (in ground-superposition-calculus) statically-complete:
fixes N :: 'f gatom clause set
assumes saturated N and G-entails N {{#}}
shows {#} € N
using «G-entails N {{#}}>
proof (rule contrapos-pp)
assume {#} ¢ N

define I :: 'f gterm rel where
I = (rewrite-inside-gctzt ({JD € N. epsilon N D))

show — G-entails N G-Bot
unfolding G-entails-def not-all not-imp
proof (intro exI conjI)
show refi I
by (simp only: I-def refl-join)
next
show trans I
unfolding I-def
proof (rule trans-join)
have wf ((rewrite-inside-gctzt (JD € N. epsilon N D))~1)
proof (rule wf-converse-rewrite-inside-gctzt)
fix st
assume (s, t) € (D € N. epsilon N D)
then obtain C' where C € N (s, t) € epsilon N C
by auto
thus t <; s
by (auto elim: mem-epsilonE)
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qed auto
thus SN (rewrite-inside-gctat ((JD € N. epsilon N D))
unfolding SN-iff-wf .
next
show WCR (rewrite-inside-gctzt ((JD € N. epsilon N D))
using WCR-Union-rewrite-sys .
qed
next
show sym I
by (simp only: I-def sym-join)
next
show compatible-with-gctat T
unfolding I-def
by (simp only: I-def compatible-with-gctzt-join compatible-with-gctzt-rewrite-inside-gctat)
next
show upair ‘I |=s N
unfolding I-def
using model-construction[OF <saturated N> <{#} ¢ N)»]
by (simp add: true-clss-def)
next
show — upair ‘I |=s G-Bot
by simp
qed
qed

sublocale ground-superposition-calculus C statically-complete-calculus where
Bot = G-Bot and
Inf = G-Inf and
entails = G-entails and
Red-I = Red-I and
Red-F = Red-F
proof unfold-locales
fix B :: 'f gatom clause and N :: 'f gatom clause set
assume B € G-Bot and saturated N
hence B = {#}
by simp

assume G-entails N {B}
hence {#} € N
unfolding <B = {#}»
using statically-complete[OF <saturated N»] by argo
thus 3 B’€G-Bot. B'€ N
by auto
qed

end
theory Variable-Substitution
imports
Abstract-Substitution. Substitution
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HOL—-Library.FSet
HOL- Library. Multiset
begin

locale finite-set =

fixes set :: 'b = 'a set

assumes finite-set [simp]: \b. finite (set b)
begin

abbreviation finite-set :: 'b = 'a fset where
finite-set b = Abs-fset (set b)

lemma finite-set”: set b € {A. finite A}
by simp

lemma fset-finite-set [simp]: fset (finite-set b) = set b
using Abs-fset-inverse|OF finite-set’].

end

locale wvariable-substitution = substitution - - subst Aa. vars a = {}
for
subst :: 'expression = (variable = 'base-expression) = 'expression (infixl - 70)
and
vars :: 'expression = 'variable set +
assumes
subst-eq: Na o 7. (Nz. x € (varsa) = oz =72) = a-0c=a T
begin

abbreviation is-ground where is-ground a = vars a = {}

definition vars-set :: 'expression set = 'variable set where
vars-set expressions = | expression € expressions. vars erpression

lemma subst-reduntant-upd [simp):
assumes var ¢ vars a
shows a - o(var := update) = a - o
using assms subst-eq
by fastforce

lemma subst-reduntant-if [simp):
assumes vars a C vars’
shows a - (Avar. if var € vars’ then o var else o’ var) = a - o
using assms
by (smt (verit, best) subset-eq subst-eq)

lemma subst-reduntant-if ' [simp]:

assumes vars a N vars’ = {}
shows a - (Avar. if var € vars’ then o’ var else o var) = a - o
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using assms subst-eq
unfolding disjoint-iff
by presburger

lemma subst-cannot-unground:
assumes —is-ground (a - o)
shows —is-ground a
using assms by force

end

locale finite-variables = finite-set vars for vars :: 'expression = 'variable set
begin

lemmas finite-vars = finite-set finite-set’
lemmas fset-finite-vars = fset-finite-set

abbreviation finite-vars = finite-set
end

locale all-subst-ident-iff-ground =
fixes is-ground :: 'expression = bool and subst
assumes
all-subst-ident-iff-ground: Aa. is-ground a +— (Vo. subst a o = a) and
exists-non-ident-subst:
Aa s. finite s => —is-ground a = Jo. subst a ¢ # a N subst a o & s

locale grounding = variable-substitution
where vars = vars for vars :: ‘a = "var set +
fixes to-ground :: 'a = 'g and from-ground :: 'g = 'a
assumes
range-from-ground-iff-is-ground: {f. is-ground f} = range from-ground and
from-ground-inverse [simpl: N\g. to-ground (from-ground g) = g
begin

definition groundings ::’a = 'g set where
groundings a = { to-ground (a - 7) | 7. is-ground (a - ) }

lemma to-ground-from-ground-id: to-ground o from-ground = id
using from-ground-inverse
by auto

lemma surj-to-ground: surj to-ground
using from-ground-inverse
by (metis surj-def)
lemma inj-from-ground: inj-on from-ground domaing

by (metis from-ground-inverse inj-on-inversel )
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lemma inj-on-to-ground: inj-on to-ground (from-ground ¢ domaing)
unfolding inj-on-def
by simp

lemma bij-betw-to-ground: bij-betw to-ground (from-ground ‘ domaing) domaing
by (smt (verit, best) bij-betwl’ from-ground-inverse image-iff)

lemma bij-betw-from-ground: bij-betw from-ground domaing (from-ground * do-
maing)
by (simp add: bij-betw-def inj-from-ground)

lemma ground-is-ground [simp, intro|: is-ground (from-ground g)
using range-from-ground-iff-is-ground
by blast

lemma is-ground-iff-range-from-ground: is-ground f <— f € range from-ground
using range-from-ground-iff-is-ground
by auto

lemma to-ground-inverse [simp]:
assumes is-ground f
shows from-ground (to-ground f) = f
using inj-on-to-ground from-ground-inverse is-ground-iff-range-from-ground assms
unfolding inj-on-def
by blast

corollary obtain-grounding:
assumes is-ground f
obtains g where from-ground g = f
using to-ground-inverse assms by blast

end
locale base-variable-substitution = wvariable-substitution

where subst = subst
for subst :: 'expression = (‘variable = 'expression) = 'expression (infixl - 70)

_|_
assumes
1s-grounding-iff-vars-grounded:
Nexp. is-ground (exp - ) «— (Y& € vars exp. is-ground (v z)) and
ground-exists: 3 exp. is-ground exp
begin
lemma obtain-ground-subst:
obtains v
where is-ground-subst v
proof—

obtain g where is-ground g
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using ground-ezists by blast

then have is-ground-subst (A-. g)
by (simp add: is-grounding-iff-vars-grounded is-ground-subst-def)

then show ?thesis
using that
by simp
qed

lemma ground-subst-extension:

assumes is-ground (exp - )

obtains +’

where exp - v = exp - v’ and is-ground-subst '
proof—

obtain 7'/ where

~'": is-ground-subst '’

using obtain-ground-subst

by blast

define v’ where
v "= (Avar. if var € vars exp then v var else v var)

have is-ground-subst ~'
using assms v'' is-grounding-iff-vars-grounded
unfolding v’ is-ground-subst-def
by simp

moreover have exp - v = exp - v’
unfolding ~’
using subst-eq by presburger

ultimately show ?thesis
using that
by blast
qed

lemma ground-subst-upd [simp]:
assumes is-ground update is-ground (exp - 7)
shows is-ground (exp - y(var := update))
using assms is-grounding-iff-vars-grounded by auto

lemma variable-grounding:
assumes is-ground (t - ) z € vars t
shows is-ground (v x)
using assms is-grounding-iff-vars-grounded
by blast

end
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locale based-variable-substitution =

base: base-variable-substitution where subst = base-subst and vars = base-vars
_l’_

variable-substitution
for base-subst base-vars +
assumes

ground-subst-iff-base-ground-subst [simp]: is-ground-subst v +— base.is-ground-subst
~ and

1s-grounding-iff-vars-grounded:

Nexp. is-ground (exp - v) <+— (V& € vars exp. base.is-ground (v x))

begin

lemma obtain-ground-subst:
obtains v
where is-ground-subst ~y
using base.obtain-ground-subst by auto

lemma ground-subst-extension:
assumes is-ground (exp - )
obtains '
where exp - v = exp - v’ and is-ground-subst '
using obtain-ground-subst assms
by (metis all-subst-ident-if-ground is-ground-subst-comp-right subst-comp-subst)

lemma ground-subst-extension’”:
assumes is-ground (exp - )
obtains '
where exp - v = exp - v’ and base.is-ground-subst v’
using ground-subst-extension assms
by auto

lemma ground-subst-upd [simp]:
assumes base.is-ground update is-ground (exp - )
shows is-ground (exp - y(var := update))
using base.ground-subst-upd assms is-grounding-iff-vars-grounded by simp

lemma ground-exists: 3 exp. is-ground exp
using base.ground-exists
by (meson is-grounding-iff-vars-grounded)

lemma variable-grounding:
assumes is-ground (t - ) x € vars t
shows base.is-ground (v z)
using assms is-grounding-iff-vars-grounded
by blast

end
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2 Liftings

locale variable-substitution-lifting =
sub: variable-substitution
where subst = sub-subst and vars = sub-vars
for
sub-vars :: 'sub-expression = 'variable set and
sub-subst :: 'sub-expression = ("variable = 'base-expression) = 'sub-expression
Jr
fixes
map :: ('sub-expression = 'sub-expression) = 'expression = 'expression and
to-set :: 'expression = 'sub-expression set
assumes
map-comp: Nd f g. map f (map g d) = map (f o g) d and
map-id: map id d = d and
map-cong: N\d f g. (Ac. ¢ € to-set d = fc=gc) = map fd = map g d
and
to-set-map: \d f. to-set (map fd) = f * to-set d and
exists-expression: Nc. d. ¢ € to-set d
begin

definition vars :: 'expression = 'variable set where
vars d = |J (sub-vars ‘ to-set d)

definition subst :: ‘ezpression = (‘variable = ’'base-expression) = 'expression
where
subst d o = map (Ac. sub-subst ¢ o) d

lemma map-id-cong:
assumes Ac. ¢ € to-set d = fc=c
shows map fd = d
using map-cong map-id assms
unfolding id-def
by metis

lemma to-set-map-not-ident:
assumes c¢ € to-set d f ¢ ¢ to-set d
shows map fd # d
using assms
by (metis rev-image-eql to-set-map)

lemma subst-in-to-set-subst:
assumes c € to-set d
shows sub-subst ¢ o € to-set (subst d o)
unfolding subst-def
using assms to-set-map by auto

sublocale variable-substitution where subst = subst and vars = vars
proof unfold-locales
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show Az a b. subst © (comp-subst a b) = subst (subst z a) b
using sub.subst-comp-subst
unfolding subst-def map-comp comp-apply
by presburger
next
show Az. subst z id-subst = =
using map-id
unfolding subst-def sub.subst-id-subst id-def.
next
show Az. vars x = {} = Vo. substz 0 = z
unfolding vars-def subst-def
using map-id-cong
by simp
next
show Aao 7. (Az. x €vars a = o x = 7 1) = subst a 0 = subst a T
unfolding vars-def subst-def
using map-cong sub.subst-eq
by (meson UN-I)
qed

lemma ground-subst-iff-sub-ground-subst [simp]:
is-ground-subst v <— sub.is-ground-subst
proof (unfold is-ground-subst-def sub.is-ground-subst-def, intro iffI alll)
fix ¢
assume all-d-ground: ¥ d. is-ground (subst d )
show sub.is-ground (sub-subst ¢ )
proof (rule ccontr)
assume c-not-ground: —sub.is-ground (sub-subst ¢ )

then obtain d where ¢ € to-set d
using exists-expression by auto

then have —is-ground (subst d )
using c-not-ground to-set-map
unfolding subst-def vars-def
by auto

then show Fualse
using all-d-ground
by blast
qed
next
fix d
assume all-c-ground: ¥ c. sub.is-ground (sub-subst ¢ )

then show is-ground (subst d )
unfolding vars-def subst-def
using to-set-map
by simp
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qed

lemma to-set-is-ground [intro):
assumes sub € to-set expr is-ground expr
shows sub.is-ground sub
using assms
by (simp add: vars-def)

lemma to-set-is-ground-subst:
assumes sub € to-set expr is-ground (subst expr )
shows sub.is-ground (sub-subst sub )
using assms
by (meson subst-in-to-set-subst to-set-is-ground)

lemma subst-empty:
assumes to-set expr’ = {}
shows subst expr o = expr’ +— expr = expr’
using assms map-id-cong subst-def to-set-map
by fastforce

lemma empty-is-ground:
assumes to-set expr = {}
shows is-ground expr
using assms
by (simp add: vars-def)

end

locale based-variable-substitution-lifting =
variable-substitution-lifting +

base: base-variable-substitution where subst = base-subst and vars = base-vars

for base-subst base-vars +
assumes
sub-is-grounding-iff-vars-grounded:

Nexp 7. sub.is-ground (sub-subst exp v) +— (Vz € sub-vars exp. base.is-ground

(y z)) and

sub-ground-subst-iff-base-ground-subst: 7. sub.is-ground-subst v +— base.is-ground-subst

Y
begin

lemma is-grounding-iff-vars-grounded:

is-ground (subst exp v) «+— (VY € vars exp. base.is-ground (v z))
using sub-is-grounding-iff-vars-grounded subst-def to-set-map vars-def

by auto

lemma ground-subst-iff-base-ground-subst [simpl:
N7. is-ground-subst v +— base.is-ground-subst v

using sub-ground-subst-iff-base-ground-subst ground-subst-iff-sub-ground-subst by

blast
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lemma obtain-ground-subst:

obtains v

where is-ground-subst v

using base.obtain-ground-subst

by (meson base.ground-exists is-grounding-iff-vars-grounded is-ground-subst-def
that)

lemma ground-subst-extension:
assumes is-ground (subst exp )
obtains +’
where subst exp v = subst exp v' and is-ground-subst '
by (metis all-subst-ident-if-ground assms comp-subst.left. monoid-action-compatibility

is-ground-subst-comp-right obtain-ground-subst)

lemma ground-subst-extension’”:
assumes is-ground (subst exp )
obtains '
where subst exp v = subst exp v' and base.is-ground-subst v’
by (metis all-subst-ident-if-ground assms base.is-ground-subst-comp-right
base.obtain-ground-subst subst-comp-subst)

lemma ground-subst-upd [simp]:
assumes base.is-ground update is-ground (subst exp )
shows is-ground (subst exp (vy(var := update)))
using assms(1) assms(2) is-grounding-iff-vars-grounded by auto

lemma ground-exists: 3 exp. is-ground exp
using base.ground-exists
by (meson is-grounding-iff-vars-grounded)

lemma variable-grounding:
assumes is-ground (subst t v) z € vars t
shows base.is-ground (v z)
using assms is-grounding-iff-vars-grounded
by blast

end

locale finite-variables-lifting =
variable-substitution-lifting +
sub: finite-variables where vars = sub-vars +
to-set: finite-set where set = to-set

begin

abbreviation to-fset :: 'd = ’c fset where
to-fset = to-set.finite-set
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lemmas finite-to-set = to-set.finite-set to-set.finite-set’
lemmas fset-to-fset = to-set.fset-finite-set

sublocale finite-variables where vars = vars
by unfold-locales (simp add: vars-def)

end

locale grounding-lifting =

variable-substitution-lifting where sub-vars = sub-vars and sub-subst = sub-subst
and map = map +

sub: grounding where vars = sub-vars and subst = sub-subst and to-ground =
sub-to-ground and

from-ground = sub-from-ground
for

sub-to-ground :: 'sub = 'ground-sub and

sub-from-ground :: 'ground-sub = ’sub and

sub-vars :: 'sub = 'variable set and

sub-subst :: 'sub = (‘variable = 'base) = 'sub and

map :: ('sub = 'sub) = 'expr = 'expr +
fixes

to-ground-map :: ('sub = 'ground-sub) = 'expr = 'ground-expr and

from-ground-map :: ('ground-sub = 'sub) = 'ground-expr = 'expr and

ground-map :: ('ground-sub = 'ground-sub) = 'ground-expr = 'ground-expr and

to-set-ground :: 'ground-expr = 'ground-sub set
assumes

to-set-from-ground-map: N\d f. to-set (from-ground-map f d) = f * to-set-ground
d and

map-comp’s \d f g. from-ground-map f (to-ground-map g d) = map (f o g) d
and

ground-map-comp: A\d f g. to-ground-map f (from-ground-map g d) = ground-map
(f o g) d and

ground-map-id: ground-map id g = g
begin

definition to-ground where to-ground expr = to-ground-map sub-to-ground expr

definition from-ground where from-ground expr = from-ground-map sub-from-ground
expr

sublocale grounding where
vars = vars and subst = subst and to-ground = to-ground and from-ground =
from-ground
proof unfold-locales
have Aexpr. vars expr = {} = eapr € range from-ground
proof—
fix expr
assume vars expr = {}
then have V subcto-set expr. sub € range sub-from-ground
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by (simp add: sub.is-ground-iff-range-from-ground vars-def)

then have V sub€to-set expr. 3 sub-ground. sub-from-ground sub-ground = sub
by fast

then have 3 ground-expr. from-ground ground-expr = expr
using map-comp’[symmetric] map-id-cong
unfolding from-ground-def comp-def
by metis

then show expr € range from-ground
unfolding from-ground-def
by blast
qed

moreover have A\expr z. © € vars (from-ground expr) = False
proof—
fix expr x
assume z € vars (from-ground expr)
then show Fulse
unfolding vars-def from-ground-def
using sub.ground-is-ground to-set-from-ground-map by auto
qed

ultimately show {f. vars f = {}} = range from-ground
by blast
next
show Ag. to-ground (from-ground g) = g
using ground-map-id
unfolding to-ground-def from-ground-def ground-map-comp sub.to-ground-from-ground-id.
qed

lemma to-set-from-ground: to-set (from-ground expr) = sub-from-ground ‘ (to-set-ground
expr)

unfolding from-ground-def

by (simp add: to-set-from-ground-map)

lemma sub-in-ground-is-ground:
assumes sub € to-set (from-ground expr)
shows sub.is-ground sub
using assms
by (simp add: to-set-is-ground)

lemma ground-sub-in-ground:
sub € to-set-ground expr <— sub-from-ground sub € to-set (from-ground expr)

by (simp add: inj-image-mem-iff sub.inj-from-ground to-set-from-ground)

lemma ground-sub:
(V sub € to-set (from-ground exprg). P sub) <—
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(Vsubg € to-set-ground exprg. P (sub-from-ground subg))
by (simp add: to-set-from-ground)

end

locale all-subst-ident-iff-ground-lifting =

finite-variables-lifting +

sub: all-subst-ident-iff-ground where subst = sub-subst and is-ground = sub.is-ground
begin

sublocale all-subst-ident-iff-ground
where subst = subst and is-ground = is-ground
proof unfold-locales
show Az. is-ground x = (Vo. subst z 0 = z)
proof (rule iffT olll)
show Az. is-ground x = Vo. subst x 0 = x
by simp
next
fix dx
assume all-subst-ident: Vo. subst d o = d

show is-ground d
proof (rule ccontr)
assume —is-ground d

then obtain ¢ where c-in-d: ¢ € to-set d and c-not-ground: —sub.is-ground

unfolding vars-def
by blast

then obtain o where sub-subst ¢ o # ¢ and sub-subst ¢ o ¢ to-set d
using sub.exists-non-ident-subst finite-to-set
by blast

then show Fulse
using all-subst-ident c-in-d to-set-map
unfolding subst-def
by (metis image-eql)
qed
qed
next
fix d :: 'd and ds :: 'd set
assume finite-ds: finite ds and d-not-ground: —is-ground d

then have finite-cs: finite (| (to-set ‘ insert d ds))
using finite-to-set by blast

obtain ¢ where c-in-d: ¢ € to-set d and c-not-ground: —sub.is-ground c
using d-not-ground
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unfolding vars-def
by blast

obtain o where o-not-ident: sub-subst ¢ o # ¢ sub-subst ¢ o ¢ | (to-set ¢ insert
d ds)
using sub.ezists-non-ident-subst[OF finite-cs c-not-ground]
by blast

then have subst d o # d
using c-in-d
unfolding subst-def
by (simp add: to-set-map-not-ident)

moreover have subst d o ¢ ds
using o-not-ident(2) c-in-d to-set-map
unfolding subst-def
by auto

ultimately show Jo. subst d o # d A subst d o ¢ ds
by blast
qed

end

end
theory First-Order-Clause
imports

Ground-Clause
Abstract-Substitution. Substitution-First-Order-Term
Variable-Substitution
Clausal-Calculus-Extra
Multiset-Extra
Term-Rewrite-System
Term-Ordering-Lifting
HOL— FEisbach.FEisbach
HOL-Extra

begin

no-notation subst-compose (infixl o, 75)
no-notation subst-apply-term (infixl - 67)

Prefer term-subst.subst-id-subst to subst-apply-term-empty.

declare subst-apply-term-empty[no-atp]

3 First Order Terms And Abstract_Substitution
type-synonym 'f ground-term = 'f gterm

type-synonym 'f ground-context = 'f gctxt
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type-synonym ('f, 'v) context = ('f, "v) ctxt

type-synonym 'f ground-atom = 'f gatom
type-synonym ('f, "v) atom = ('f, 'v) term uprod

notation subst-apply-term (infixl -t 67)
notation subst-compose (infixl ® 75)

notation subst-apply-ctzt (infixl -t. 67)

lemmas clause-simp-term =
subst-apply-term-ctat-apply-distrib vars-term-ctrt-apply literal.sel

named-theorems clause-simp
named-theorems clause-intro

lemma ball-set-uprod [clause-simp): (V t€set-uprod (Upair t1 t3). P t) «— P 1 A
Pty
by auto

lemma infinite-terms [clause-intro|: infinite (UNIV :: ('f, 'v) term set)
proof—
have infinite (UNIV :: ('f, 'v) term list set)
using infinite- UNIV-listl.

then have Af :: 'f. infinite (Fun f) ‘ (UNIV = ('f, 'v) term list set))
by (meson finite-imageD injl term.inject(2))

then show infinite (UNIV :: ('f, 'v) term set)
using infinite-super top-greatest by blast
qed

lemma literal-cases: [P € {Pos, Neg}; P = Pos = P; P = Neg— P] = P
by blast

method clause-simp uses simp intro =

auto simp only: simp clause-simp clause-simp-term intro: intro clause-intro
method clause-auto uses simp intro =

(clause-simp simp: simp intro: intro)?,

(auto simp: simp intro intro) ?,
(auto simp: simp clause-simp intro: intro clause-intro)?

locale vars-def =
fixes vars-def :: 'expression = 'variables
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begin
abbreviation vars = vars-def
end

locale grounding-def =
fixes
to-ground-def :: 'non-ground = 'ground and
from-ground-def :: 'ground = 'mnon-ground
begin

abbreviation to-ground = to-ground-def
abbreviation from-ground = from-ground-def

end

4 Term

global-interpretation term: vars-def where vars-def = vars-term.

global-interpretation contert: vars-def where
vars-def = vars-ctxt.

global-interpretation term: grounding-def where
to-ground-def = gterm-of-term and from-ground-def = term-of-gterm .

global-interpretation context: grounding-def where
to-ground-def = gctxt-of-ctzt and from-ground-def = ctwzt-of-gctxt.

global-interpretation
term: base-variable-substitution where
subst = subst-apply-term and id-subst = Var and comp-subst = (®) and
vars = term.vars :: ('f, 'v) term = v set +
term: finite-variables where vars = term.vars :: ('f, 'v) term = 'v set +
term: all-subst-ident-iff-ground where
is-ground = term.is-ground :: ('f, 'v) term = bool and subst = (-t)
proof unfold-locales
show At o 7. (Az. z € termwvarst = oz =72) = t-to=1t-t7
using term-subst-eq.
next
fix ¢t ('f, 'v) term
show finite (term.vars t)
by simp
next
fix ¢t ('f, 'v) term
show (term.vars t = {}) = (Vo. t -t 0 = t)
using is-ground-trm-iff-ident-forall-subst.
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next
fix t :: ('f, 'v) term and ts :: ('f, 'v) term set

assume finite ts term.vars t # {}
then show Jo. t -to £t ANt to ¢ ts
proof (induction t arbitrary: ts)

case (Var z)

obtain ¢’ where t": ¢’ ¢ ts is-Fun t’
using Var.prems(1) finite-list by blast

define o :: (’f, 'v) subst where Az. o z = ¢’

have Var z -t o # Var x
using t’
unfolding o-def
by auto

moreover have Var z -t o ¢ ts
using t’
unfolding o-def
by simp

ultimately show ?case
using Var
by blast
next
case (Fun f args)

obtain a where a: a € set args and a-vars: term.vars a # {}
using Fun.prems by fastforce

then obtain o where
o:a-to# aand
a-c-not-in-args: a -t o & |J (set © term.args ‘ ts)
by (metis Fun.IH Fun.prems(1) List.finite-set finite-UN finite-imagel )

then have Fun f args -t o # Fun f args
by (metis a subsetl term.set-intros(4) term-subst.comp-subst.left.action-neutral

vars-term-subset-subst-eq)
moreover have Fun f args -t o ¢ ts
using a a-o-not-in-args
by auto
ultimately show “case

using Fun
by blast
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qed
next
show A7 t. (term.vars (¢t -t v) = {}) = (V& € term.vars t. term.vars (y ©) =
{1
by (meson is-ground-iff)
next
show 3¢. term.vars t = {}
by (meson vars-term-of-gterm)
qed

lemma term-context-ground-iff-term-is-ground [clause-simp]:
Term-Context.ground t = term.is-ground t
by (induction t) simp-all

global-interpretation
term: grounding where
vars = term.vars == ('f, 'v) term = 'v set and id-subst = Var and comp-subst
= (®) and
subst = (-t) and to-ground = term.to-ground and from-ground = term.from-ground
proof unfold-locales
have At :: (’f, 'v) term. term.is-ground t = 3 g. term.from-ground g = t
proof (intro exI)
fix ¢t ('f, 'v) term
assume term.is-ground t
then show term.from-ground (term.to-ground t) =t
by (induction t)(simp-all add: map-idl)
qed

then show {¢ :: ('f, 'v) term. term.is-ground t} = range term.from-ground
by fastforce
next
show Ag. term.to-ground (term.from-ground g) = g
by simp
qed

global-interpretation context: all-subst-ident-iff-ground where
is-ground = Ak. context.vars k = {} and subst = (-t.)
proof unfold-locales
fix k 2 ('f, 'v) context
show context.vars k = {} = (Vo. k -t 0 = K)
proof (intro iffT)
show context.vars k = {} = Vo. Kk ‘tc 0 = K
by (induction k) (simp-all add: list.map-ident-strong)
next
assume Vo. k t. 0 = K

then have Atg. term.is-ground tg = Vo. k(tg) 't 0 = &{tg)
by simp
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then have Atg. term.is-ground tg = term.is-ground r(tq)
by (meson is-ground-trm-iff-ident-forall-subst)

then show context.vars k = {}
by (metis sup.commute sup-bot-left vars-term-ctxt-apply vars-term-of-gterm)
qed
next
fix 2 ('f, 'v) context and ks :: ('f, 'v) context set
assume finite: finite ks and non-ground: context.vars k # {}

then show Jo. k ‘t. 0 £ Kk Nk “t. 0 & Ks
proof (induction k arbitrary: ks)
case Hole
then show ?case
by simp
next
case (More f ts K ts’)

show ?Zcase
proof(cases context.vars k = {})
case True

let ?sub-terms =
Mk i ('f, 'v) context. case Kk of More - ts - ts' = set ts U set ts’ | - = {}

let ks’ = set ts U set ts’ U | (?sub-terms  ks)
from True obtain ¢t where t: t € set ts U set ts’ and non-ground: —term.is-ground
using More.prems by auto

have Ak. finite (?sub-terms k)
proof—
fix Kk
show finite (Zsub-terms k)
by(cases k) simp-all
qed

then have finite (| (?sub-terms  ks))
using More.prems(1) by blast

then have finite: finite 7ks’
by blast

obtain o where o: t -t 0 # t and ks": ¢t 't 0 ¢ ?ks’
using term.ezists-non-ident-subst|OF finite non-ground)]

by blast

then have More f ts k ts’ -t. o # More f ts k ts'
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using ¢ set-map-id[of - - At. t -t o]
by auto

moreover have More fts Kk ts' -t. o ¢ ks
using ks’ t
by auto

ultimately show ?Zthesis
by blast
next
case Fulse

let Zsub-contexts = (Ak. case k of More - - k - = k) ‘{k € ks. Kk # O}

have finite ?sub-contezts
using More.prems(1)
by auto

then obtain o where o: k -{. 0 # k and sub-contexts: k -t. 0 ¢ ?sub-contexts
using More. IH[OF - False]
by blast

then have More f ts k ts' -t. o # More [ ts k ts’
by simp

moreover have More f ts k ts’ -t. 0 ¢ ks
using sub-contexts image-iff
by fastforce

ultimately show ?thesis
by blast
qed
qed
qed

global-interpretation contert: based-variable-substitution where
subst = (-t.) and vars = context.vars and id-subst = Var and comp-subst =
(®) and
base-vars = term.vars and base-subst = (-t)
proof (unfold-locales, unfold substitution-ops.is-ground-subst-def)
fix k2 ('f, 'v) context
show « -t. Var = k
by (induction k) auto
next
show Ak o 7. Kk te 0 © T =K “te 0t T
by simp
next
show Ak. context.vars k = {} = Vo. Kk t. 0 =k
using context.all-subst-ident-iff-ground by blast
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next
show Aa o 7. (Az. © € contextvars a = o x =7 1) = a tc 0 =a t. T

using ctxt-subst-eq.
next
fix v 0 ('f,'v) subst

show (Vz. context.vars (z -t. v) = {}) «— (Va. term.vars (z -t v) = {})
proof (intro iffI alll equalsOI)
fix tx

assume is-ground: ¥ k. context.vars (k -t. v) = {} and vars: x € term.vars (¢
')

have Af. context.vars (More f [t] Hole || -t. v) = {}
using us-ground
by presburger

moreover have \f. z € context.vars (More f [t] Hole || -tc 7)
using vars
by simp

ultimately show Fulse
by blast
next
fix k z
assume is-ground: V' t. term.is-ground (t -t ) and vars: & € context.vars (k

'tc fY)

have At. term.is-ground (k(t) -t 7)
using is-ground
by presburger

moreover have A\t. z € term.vars (k(t) -t )
using vars
by simp

ultimately show Fulse
by blast
qed
next
fix k and ~ :: ('f, 'v) subst

show context.vars (k -t. v) = {} +— (Vz € context.vars k. term.is-ground (7y

z))

by (induction k)(auto simp: term.is-grounding-iff-vars-grounded)
qed

global-interpretation context: finite-variables
where vars = context.vars :: ('f, 'v) context = "v set
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proof unfold-locales
fix x :: ('f, 'v) context

have At. finite (term.vars k(t))
using term.finite-vars by blast

then show finite (context.vars k)
unfolding vars-term-ctzt-apply finite-Un
by simp

qed

global-interpretation contert: grounding where

vars = context.vars :: ('f, 'v) context = 'v set and id-subst = Var and comp-subst
= (®) and

subst = (-t.) and from-ground = context.from-ground and to-ground = con-
text.to-ground
proof unfold-locales

have Az. context.vars x = {} = I g. context.from-ground g = z

by (metis Un-empty-left gctat-of-ctat-inv term.ground-exists term.to-ground-inverse

term-of-gterm-ctxt-apply-ground(1) vars-term-ctzt-apply)

then show {f. context.vars f = {}} = range context.from-ground
by force
next
show Ag. context.to-ground (context.from-ground g) = g
by simp
qed

lemma ground-ctzt-iff-context-is-ground [clause-simpl:

ground-ctzrt contexrt «— context.is-ground context
by (induction context) clause-auto

5 Lifting

lemma exists-uprod: da. t € set-uprod a
by (metis insertl1 set-uprod-simps)

lemma exists-literal: 1. a € set-literal |
by (meson literal.set-intros(1))

lemma exists-mset: I¢. | € set-mset ¢
by (meson union-single-eq-member)

lemma finite-set-literal: \l. finite (set-literal )
unfolding set-literal-atm-of

by simp

locale clause-lifting =
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based-variable-substitution-lifting where

base-subst = (-t) and base-vars = term.vars and id-subst = Var and comp-subst
=(0) +

all-subst-ident-iff-ground-lifting where id-subst = Var and comp-subst = (®) +

grounding-lifting where id-subst = Var and comp-subst = (®)

global-interpretation atom: clause-lifting where
sub-subst = (-t) and sub-vars = term.vars and map = map-uprod and to-set
= set-uprod and
sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and
to-ground-map = map-uprod and from-ground-map = map-uprod and ground-map
= map-uprod and
to-set-ground = set-uprod
by
unfold-locales
(auto
simp: uprod.map-comp uprod.map-id uprod.set-map exists-uprod
term.is-grounding-iff-vars-grounded
intro: uprod.map-cong)

global-interpretation literal: clause-lifting where
sub-subst = atom.subst and sub-vars = atom.vars and map = map-literal and
to-set = set-literal and sub-to-ground = atom.to-ground and
sub-from-ground = atom.from-ground and to-ground-map = map-literal and
from-ground-map = map-literal and ground-map = map-literal and to-set-ground
= set-literal
by
unfold-locales
(auto
stmp: literal.map-comp literal. map-id literal.set-map exists-literal
atom.is-grounding-iff-vars-grounded finite-set-literal
intro: literal.map-cong)

global-interpretation clause: clause-lifting where
sub-subst = literal.subst and sub-vars = literal.vars and map = image-mset and

to-set = set-mset and sub-to-ground = literal.to-ground and
sub-from-ground = literal. from-ground and to-ground-map = image-mset and
from-ground-map = image-mset and ground-map = image-mset and to-set-ground
= set-mset
by unfold-locales
(auto simp: exists-mset literal.is-grounding-iff-vars-grounded)

notation atom.subst (infixl -a 67)

notation literal.subst (infixl -1 66)
notation clause.subst (infixl - 67)
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lemmas [clause-simp| = literal.to-set-is-ground atom.to-set-is-ground
lemmas [clause-intro] = clause.subst-in-to-set-subst

lemmas empty-clause-is-ground [clause-intro] =
clause.empty-is-ground[OF set-mset-empty|

lemmas clause-subst-empty [clause-simp] =
clause.subst-ident-if-ground| OF empty-clause-is-ground)
clause.subst-empty[ OF set-mset-empty]

lemma set-mset-set-uprod [clause-simp|: set-mset (mset-lit literal) = set-uprod
(atm-of literal)
by (cases literal) simp-all

lemma mset-lit-set-literal [clause-simp]:
term €4 mset-lit literal <— term € |J (set-uprod * set-literal literal)
unfolding set-literal-atm-of
by clause-simp

lemma vars-atom [clause-simp):
atom.vars (Upair termq termg) = term.vars termq, U term.vars termsg
by (simp-all add: atom.vars-def)

lemma vars-literal [clause-simp]:
literal.vars (Pos atom) = atom.vars atom
literal.vars (Neg atom) = atom.vars atom
literal.vars ((if b then Pos else Neg) atom) = atom.vars atom
by (simp-all add: literal.vars-def)

lemma subst-atom [clause-simp]:
Upair termy terms -a o = Upair (termy -t o) (termg -t o)
unfolding atom.subst-def
by simp-all

lemma subst-literal [clause-simp]:
Pos atom -l o = Pos (atom -a o)
Neg atom -l ¢ = Neg (atom -a o)
atm-of (literal -1 o) = atm-of literal -a o
unfolding literal.subst-def
using literal.map-sel
by auto

lemma vars-clause-add-mset [clause-simp):
clause.vars (add-mset literal clause) = literal.vars literal U clause.vars clause

by (simp add: clause.vars-def)

lemma vars-clause-plus [clause-simp):
clause.vars (clause; + clauses) = clause.vars clause; U clause.vars clauses
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by (simp add: clause.vars-def)

lemma clause-submset-vars-clause-subset [clause-intro):
clause; C# clause; = clause.vars clause; C clause.vars clauses
by (metis subset-mset.add-diff-inverse sup-gel vars-clause-plus)

lemma subst-clause-add-mset [clause-simpl:
add-mset literal clause - 0 = add-mset (literal -1 o) (clause - o)
unfolding clause.subst-def
by simp

lemma subst-clause-plus [clause-simp:
(clausey + clauses) - 0 = clausey - o + clausey - o
unfolding clause.subst-def
by simp

lemma clause-to-ground-plus [simp):

clause.to-ground (clause; + clauses) = clause.to-ground clause; + clause.to-ground
clauses

by (simp add: clause.to-ground-def)

lemma clause-from-ground-plus [simp]:

clause.from-ground (clauseg1 + clausegs) = clause.from-ground clauseg; +
clause.from-ground clausegs

by (simp add: clause.from-ground-def)

lemma subst-clause-removel-mset [clause-simp]:
assumes literal €4 clause
shows removel-mset literal clause - o = removel-mset (literal -l o) (clause - o)
unfolding clause.subst-def image-mset-removel-mset-if
using assms
by simp

lemma sub-ground-clause [clause-intro]:
assumes clause’ C# clause clause.is-ground clause
shows clause.is-ground clause’
using assms
unfolding clause.vars-def
by blast

lemma clause-from-ground-empty-mset [clause-simp|: clause.from-ground {#} =
{#}

by (simp add: clause.from-ground-def)

lemma clause-to-ground-empty-mset [clause-simp): clause.to-ground {#} = {#}
by (simp add: clause.to-ground-def)

lemma ground-term-with-context1:
assumes context.is-ground context term.is-ground term
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shows (context.to-ground context)(term.to-ground term)g = term.to-ground con-
text(term)

using assms

by (simp add: term-context-ground-iff-term-is-ground)

lemma ground-term-with-context2:

assumes context.is-ground context

shows term.from-ground (context.to-ground context){termea)a = context(term.from-ground
terme)

using assms

by (simp add: ground-ctzt-iff-context-is-ground ground-gctat-of-ctat-apply-gterm)

lemma ground-term-with-context3:
(context.from-ground contextq){term.from-ground termg) = term.from-ground
contextc(termea)a
using ground-term-with-context2[OF context.ground-is-ground, symmetric]
unfolding context.from-ground-inverse.

lemmas ground-term-with-context =
ground-term-with-context1
ground-term-with-context2
ground-term-with-contexts

lemma context-is-ground-context-composel :
assumes contezt.is-ground (context o. context’)
shows context.is-ground context context.is-ground context’
using assms
by (induction context) auto

lemma context-is-ground-context-compose2:
assumes contezt.is-ground contexrt context.is-ground context’
shows context.is-ground (context o, context’)
using assms
by (meson ground-ctzt-comp ground-ctzt-iff-context-is-ground)

lemmas context-is-ground-context-compose =
context-is-ground-context-composel
context-is-ground-context-compose2

lemma ground-context-subst:
assumes
context.is-ground conterts
contexte = (context -t. o) o, context’
shows
contestqg = context o, context’ -t, o
using assms
proof (induction context)
case Hole
then show ?case
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by simp
next
case More
then show ?Zcase
using context-is-ground-context-composel (2)
by (metis subst-compose-ctzt-compose-distrib context.subst-ident-if-ground)
qed

lemma clause-from-ground-add-mset [clause-simp]:
clause.from-ground (add-mset literalg clauseg) =
add-mset (literal.from-ground literalg) (clause.from-ground clauseg)
by (simp add: clause.from-ground-def)

lemma removel-mset-literal-from-ground:
removel-mset (literal.from-ground literals) (clause.from-ground clauseg)
= clause.from-ground (removel-mset literalg clauseg)
unfolding clause.from-ground-def image-mset-removel-mset| OF literal.inj-from-ground)..

lemma term-with-context-is-ground [clause-simpl:

term.is-ground context(term) «— context.is-ground context A term.is-ground
term

by simp

lemma mset-literal-from-ground:
mset-lit (literal.from-ground ) = image-mset term.from-ground (mset-lit 1)
by (metis atom.from-ground-def literal. from-ground-def literal.map-cong0 mset-lit-image-mset)

lemma clause-is-ground-add-mset [clause-simp|:
clause.is-ground (add-mset literal clause) «+—
literal.is-ground literal N clause.is-ground clause
by clause-auto

lemma clause-to-ground-add-mset:
assumes clause.from-ground clause = add-mset literal clause’
shows clause = add-mset (literal.to-ground literal) (clause.to-ground clause’)
using assms
by (metis clause.from-ground-inverse clause.to-ground-def image-mset-add-mset)

lemma mset-mset-lit-subst [clause-simp):
{# term -t 0. term €# mset-lit literal #} = mset-lit (literal -1 o)
unfolding literal.subst-def atom.subst-def
by (cases literal) (auto simp: mset-uprod-image-mset)

lemma term-in-literal-subst [clause-intro):
assumes term €# mset-lit literal
shows term -t o €# mset-lit (literal -1 o)
using assms
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by (simp add: atom.subst-in-to-set-subst set-mset-set-uprod subst-literal(3))

lemma ground-term-in-ground-literal:
assumes literal.is-ground literal term €4 mset-lit literal
shows term.is-ground term
by (metis assms(1,2) atom.to-set-is-ground literal.simps(15) literal.vars-def set-literal-atm-of

set-mset-set-uprod vars-literal(1))

lemma ground-term-in-ground-literal-subst:
assumes literal.is-ground (literal -1 ) term €# mset-lit literal
shows term.is-ground (term -t )
using assms(1,2) ground-term-in-ground-literal term-in-literal-subst by blast

lemma subst-polarity-stable:
shows
subst-neg-stable: is-neg (literal -l o) +— is-neg literal and
subst-pos-stable: is-pos (literal -1 o) «— is-pos literal
by (simp-all add: literal.subst-def)

lemma atom-from-ground-term-from-ground [clause-simp]:
atom.from-ground (Upair termgy termgs) =
Upair (term.from-ground termg1) (term.from-ground termegsz)
by (simp add: atom.from-ground-def)

lemma literal-from-ground-atom-from-ground [clause-simp]:
literal. from-ground (Neg atomg) = Neg (atom.from-ground atomc)
literal. from-ground (Pos atom¢g) = Pos (atom.from-ground atome)
by (simp-all add: literal.from-ground-def)

lemma contezt-from-ground-hole [clause-simpl:
context.from-ground contertg = O <— contextq = Ug
by (cases contezts) simp-all

lemma literal-from-ground-polarity-stable:
shows
literal-from-ground-neg-stable: is-neg literalg <— is-neg (literal.from-ground
literal) and
literal-from-ground-stable: is-pos literalg <— is-pos (literal.from-ground lit-
eralg)
by (simp-all add: literal.from-ground-def)

lemma ground-terms-in-ground-atom1:

assumes term.is-ground term; and term.is-ground terms

shows Upair (term.to-ground termy) (term.to-ground terms) = atom.to-ground
(Upair termy terms)

using assms
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by (simp add: atom.to-ground-def)

lemma ground-terms-in-ground-atom?2 |[clause-simp]:

atom.is-ground (Upair termy termsg) <— term.is-ground termy A term.is-ground
termo

by clause-simp

lemmas ground-terms-in-ground-atom =
ground-terms-in-ground-atom1
ground-terms-in-ground-atom2

lemma ground-atom-in-ground-literal:
Pos (atom.to-ground atom) = literal.to-ground (Pos atom)
Neg (atom.to-ground atom) = literal.to-ground (Neg atom)
by (simp-all add: literal.to-ground-def)

lemma atom-is-ground-in-ground-literal [introl:
literal.is-ground literal +— atom.is-ground (atm-of literal)
by (simp add: literal.vars-def set-literal-atm-of)

lemma obtain-from-atom-subst [clause-introl:
assumes Upair termy’ termo’ = atom -a o
obtains term; terms
where atom = Upair term, termso term,’ = termy -t o termy’ = termso -t o
using assms
unfolding atom.subst-def
by (cases atom) auto

lemma obtain-from-pos-literal-subst [clause-intro|:
assumes literal -l 0 = term;’ ~ termsy’
obtains term; terms
where literal = term, ~ termsy termy’ = term; -t o terms’ = termg -t o
using assms obtain-from-atom-subst subst-pos-stable
by (metis is-pos-def literal.sel(1) subst-literal(1))

lemma obtain-from-neg-literal-subst:
assumes literal -l 0 = termy’ !~ termsy’
obtains term; terms
where literal = term, !~ termsy termy -t ¢ = term;’ terms -t 0 = terms’
using assms obtain-from-atom-subst subst-neg-stable
by (metis literal.collapse(2) literal.disc(2) literal.sel(2) subst-literal(3))

lemmas obtain-from-literal-subst = obtain-from-pos-literal-subst obtain-from-neg-literal-subst

lemma subst-cannot-add-var:
assumes is-Var (term -t o)
shows is-Var term
using assms term.subst-cannot-unground
by fastforce
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lemma var-in-term:
assumes var € term.vars term
obtains context where term = context({ Var var)
using assms
proof (induction term)
case Var
then show ?case
by (meson supteq-Var supteg-ctatE)
next
case (Fun f args)
then obtain term’ where term’ € set args var € term.vars term’
by (metis term.distinct(1) term.sel(4) term.set-cases(2))

moreover then obtain argsi args2 where
argsl @ [term’] Q args2 = args
by (metis append-Cons append-Nil split-list)

moreover then have (More f args!1 O args2){term’) = Fun f args
by simp

ultimately show Zcase
using Fun(1)[of term/]
by (meson assms supteq-ctatE that vars-term-supteq)
qed

lemma var-in-non-ground-term:
assumes — term.is-ground term
obtains contest var where term = context{var) is-Var var
proof—
obtain var where var € term.vars term
using assms
by blast

moreover then obtain context where term = context(Var var)
using var-in-term
by metis

ultimately show ?thesis
using that
by blast
qed

lemma non-ground-arg:
assumes — term.is-ground (Fun f terms)
obtains term
where term € set terms — term.is-ground term
using assms that by fastforce

107



lemma non-ground-arg”:
assumes — term.is-ground (Fun f terms)
obtains ts1 var ts2
where terms = ts1 Q [var] Q ts2 — term.is-ground var
using non-ground-arg
by (metis append.left-neutral append-Cons assms split-list)

5.1 Interpretations

lemma vars-term-ms-count:
assumes term.is-ground termga
shows size {#var' €# vars-term-ms context{ Var var). var’ = var#} =
Suc (size {#var' €# vars-term-ms context(termeg). var’ = var#})
proof (induction context)
case Hole
then show ?case
using assms
by (simp add: filter-mset-empty-conv)
next
case (More f ts1 context ts2)
then show ?case
by auto
qed

context
fixes I :: ('f gterm x 'f gterm) set
assumes
trans: trans I and
sym: sym I and
compatible-with-gctzt: compatible-with-gctxt 1
begin

lemma interpretation-context-congruence:
assumes
(t, th) eI
(ctzt(t)g, t") € I
shows
(ctat(tha, t") e I
using
assms sym trans compatible-with-gctzt
compatible-with-gctztD symE transE
by meson

lemma interpretation-context-congruence’:
assumes
(t, th el
(ctat(t)g, t'") ¢ I
shows
(ctat(thg, t') ¢ I
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using assms sym trans compatible-with-gctxt
by (metis interpretation-context-congruence symD)

context
fixes
v (’f, 'v) subst and
update :: ('f, 'v) Term.term and
var v
assumes
update-is-ground: term.is-ground update and
var-grounding: term.is-ground (Var var -t )
begin

lemma interpretation-term-congruence:
assumes
term-grounding: term.is-ground (term -t ) and
var-update: (term.to-ground (v var), term.to-ground update) € I and
updated-term: (term.to-ground (term -t y(var := update)), term’) € I
shows
(term.to-ground (term -t 7), term’) € I
using assms
proof (induction size (filter-mset (Avar’. var’ = var) (vars-term-ms term)) arbi-
trary: term)
case (

then have var ¢ term.vars term
by (metis (mono-tags, lifting) filter-mset-empty-conv set-mset-vars-term-ms
size-eq-0-iff-empty)

then have term -t y(var := update) = term -t
using term.subst-reduntant-upd
by fast

with 0 show Zcase
by argo
next
case (Suc n)

then have var € term.vars term
by (metis (full-types) filter-mset-empty-conv nonempty-has-size set-mset-vars-term-ms

zero-less-Suc)
then obtain context where
term [simp]: term = context(Var var)

by (meson var-in-term)

have [simp]: (context.to-ground (context -t. v)){term.to-ground (v var))g =
term.to-ground (context{ Var var) -t )
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using Suc by fastforce

have context-update [simp]:
(conteat.to-ground (context -t. y))(term.to-ground update)s =
term.to-ground (context{update) -t 7)
using Suc update-is-ground
unfolding term
by auto

have n = size {#var’ €# vars-term-ms context(update). var’ = var#}
using Suc vars-term-ms-count[OF update-is-ground, of var context]
by auto

moreover have term.is-ground (context(update) -t -y)
using Suc.prems update-is-ground
by auto

moreover have (term.to-ground (context(update) -t v(var := update)), term’)
el
using Suc.prems update-is-ground
by auto

moreover have update: (term.to-ground update, term.to-ground (v var)) € I
using var-update sym
by (metis symD)

moreover have (term.to-ground (context{update) -t 7y), term’) € I

using Suc calculation
by blast

ultimately have ((context.to-ground (context -t. v)){term.to-ground (v var))ga,
term”) € I
using interpretation-context-congruence context-update
by presburger

then show ?case
unfolding term
by simp
qed

lemma interpretation-term-congruence”:
assumes
term-grounding: term.is-ground (term -t ) and
var-update: (term.to-ground (v var), term.to-ground update) € I and
updated-term: (term.to-ground (term -t y(var := update)), term’) ¢ I
shows
(term.to-ground (term -t 7), term’) & I
proof
assume (term.to-ground (term -t 7y), term’) € I
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then show Fulse
using
First-Order-Clause.interpretation-term-congruence[ OF
trans sym compatible-with-gctzt var-grounding
]
assms
sym
update-is-ground
by (smt (verit) eval-term.simps fun-upd-same fun-upd-triv fun-upd-upd term.ground-subst-upd

symD)
qed

lemma interpretation-atom-congruence:
assumes
term.is-ground (termy -t )
term.is-ground (terms -t )
(term.to-ground (vy var), term.to-ground update) € I
(term.to-ground (termy -t y(var := update)), term.to-ground (terms -t y(var
:= update))) € I
shows
(term.to-ground (termy -t ), term.to-ground (termg -t y)) € I
using assms
by (metis interpretation-term-congruence sym symk)

lemma interpretation-atom-congruence’:
assumes
term.is-ground (termy -t )
term.is-ground (terms -t )
(term.to-ground (y var), term.to-ground update) € I
(term.to-ground (termy -t y(var := update)), term.to-ground (termso -t ~(var
:= update))) ¢ I
shows
(term.to-ground (termy -t 7y), term.to-ground (terms -t v)) & I
using assms
by (metis interpretation-term-congruence’ sym symFE)

lemma interpretation-literal-congruence:
assumes
literal.is-ground (literal -1 7)
upair ‘I |=1 term.to-ground (Var var -t ) = term.to-ground update
upair < I |=1 literal.to-ground (literal -1 ~v(var := update))
shows
upair I |=l literal.to-ground (literal -1 )
proof (cases literal)
case (Pos atom)

have atom.to-ground (atom -a ) € upair ‘I
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proof(cases atom)
case (Upair termy terms)
then have term-groundings: term.is-ground (termy -t ) term.is-ground (terms
)
using Pos assms
by clause-auto

have (term.to-ground (v var), term.to-ground update) € I
using sym assms by auto

moreover have
(term.to-ground (termy -t y(var := update)), term.to-ground (termsg -t ~y(var
= update))) € I
using assms Pos Upair
unfolding literal.to-ground-def atom.to-ground-def
by (auto simp: subst-atom sym subst-literal)

ultimately show #thesis
using interpretation-atom-congruence[OF term-groundings]
by (simp add: Upair sym subst-atom atom.to-ground-def)
qged

with Pos show ?thesis
by (metis ground-atom-in-ground-literal(1) subst-literal(1) true-lit-simps(1))
next
case (Neg atom)

have atom.to-ground (atom -a ) ¢ upair ‘I
proof(cases atom)
case (Upair termy terms)
then have term-groundings: term.is-ground (termy -t y) term.is-ground (terms
)
using Neg assms
by clause-auto

have (term.to-ground (v var), term.to-ground update) € T
using sym assms by auto

moreover have
(term.to-ground (termy -t vy(var := update)), term.to-ground (termsg -t ~y(var
:= update))) ¢ I
using assms Neg Upair
unfolding literal.to-ground-def atom.to-ground-def
by (simp add: sym subst-literal(2) subst-atom)

ultimately show #thesis
using interpretation-atom-congruence’|OF term-groundings]
by (simp add: Upair sym subst-atom atom.to-ground-def)
qed
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then show ?thesis
by (metis Neg ground-atom-in-ground-literal(2) subst-literal(2) true-lit-simps(2))
qed

lemma interpretation-clause-congruence:
assumes
clause.is-ground (clause - )
upair ‘I |=1 term.to-ground (Var var -t y) = term.to-ground update
upair ‘I |= clause.to-ground (clause - y(var := update))
shows
upair ‘I |= clause.to-ground (clause - )
using assms
proof (induction clause)
case empty
then show Zcase
by clause-simp
next
case (add literal clause’)

have clause’-grounding: clause.is-ground (clause’ - )
by (metis add.prems(1) clause-is-ground-add-mset subst-clause-add-mset)

show ?Zcase
proof(cases upair ‘ I |= clause.to-ground (clause’ - y(var := update)))
case True
show ?thesis
using add(1)[OF clause’-grounding assms(2) True]
unfolding subst-clause-add-mset clause.to-ground-def
by simp
next
case Fulse
then have upair ‘ I |=l literal.to-ground (literal -1 v(var := update))
using add.prems
by (metis (no-types, lifting) image-mset-add-mset subst-clause-add-mset clause.to-ground-def
true-cls-add-mset)

then have upair ‘ I |l literal.to-ground (literal -1 ~)
using interpretation-literal-congruence add.prems
by (metis clause-is-ground-add-mset subst-clause-add-mset)

then show ?thesis
by (simp add: subst-clause-add-mset clause.to-ground-def)
qed
qed

end
end
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5.2 Renaming

context

fixes o :: ('f, 'v) subst

assumes renaming: term-subst.is-renaming o
begin

lemma renaming-vars-term: Var ‘ term.vars (term -t o) = o ‘ (term.vars term)
proof (induction term,)
case Var
with renaming show ?case
unfolding term-subst-is-renaming-iff
by (metis Term.term.simps(17) eval-term.simps(1) image-empty image-insert
is-VarE)
next
case (Fun f terms)

have
Nterm z. [term € set terms; x € term.vars (term -t 9)]
= Varz € ¢ ‘| (term.vars ‘ set terms)
using Fun
by (smt (verit, del-insts) UN-iff image-UN image-eql)

moreover have
Nterm z. [term € set terms; x € term.vars term]
= gz € Var ‘ (Jz' € set terms. term.vars (z’ -t 0))
using Fun
by (smt (verit, del-insts) UN-iff image-UN image-eql)

ultimately show ?case
by auto
qed

lemma renaming-vars-atom: Var ‘ atom.vars (atom -a ¢) = o ‘ atom.vars atom
unfolding atom.vars-def atom.subst-def
by (cases atom)(auto simp: image-Un renaming-vars-term,)

lemma renaming-vars-literal: Var * literal.vars (literal -1 0) = o * literal.vars literal
unfolding literal.vars-def literal.subst-def
by (cases literal)(auto simp: renaming-vars-atom)

lemma renaming-vars-clause: Var ¢ clause.vars (clause - 9) = ¢ ‘ clause.vars clause
using renaming-vars-literal

by (induction clause)(clause-auto simp: image-Un empty-clause-is-ground)

lemma surj-the-inv: surj (Az. the-inv o (Var x))
by (metis is-Var-def renaming surj-def term-subst-is-renaming-iff the-inv-f-f)

end
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lemma needed: surj g = infinite {z. fz = ty} = infinite {z. f (g z) = ty}
by (smt (verit) UNIV-I finite-imagel image-iff mem-Collect-eq rev-finite-subset
subset-eq)

lemma obtain-ground-fun:
assumes term.is-ground t
obtains f ts where t = Fun f ts
using assms
by(cases t) auto

lemma vars-term-subst: term.vars (t -t o) C term.vars t U range-vars o
by (meson Diff-subset order-refl subset-trans sup.mono vars-term-subst-apply-term-subset)

lemma vars-term-imgu [clause-intro:
assumes term-subst.is-imgu p {{s, s'}}
shows term.vars (t -t p) C term.vars t U term.vars s U term.vars s’
using range-vars-subset-if-is-imgu[OF assms| vars-term-subst
by fastforce

lemma vars-context-imgu |clause-intro):
assumes term-subst.is-imgu p {{s, s'}}
shows contezt.vars (¢ -t. p) C context.vars ¢ U term.vars s U term.vars s’
using vars-term-imgu[OF assms, of ¢(s)]
by simp

lemma vars-atom-imgu [clause-intro):
assumes term-subst.is-imgu p {{s, s'}}
shows atom.vars (a -a p) C atom.vars a U term.vars s U term.vars s’
using vars-term-imgu[OF assms]
unfolding atom.vars-def atom.subst-def
by(cases a) auto

lemma vars-literal-imgu [clause-introl:
assumes term-subst.is-imgu p {{s, s'}}
shows literal.vars (I -1 p) C literal.vars I U term.vars s U term.vars s’
using vars-atom-imgu[OF assms]
unfolding literal.vars-def literal.subst-def set-literal-atm-of
by (metis (no-types, lifting) UN-insert ccSUP-empty literal.map-sel sup-bot.right-neutral)

lemma vars-clause-imgu [clause-intro:
assumes term-subst.is-imgu p {{s, s'}}
shows clause.vars (¢ - p) C clause.vars ¢ U term.vars s U term.vars s
using vars-literal-imgu| OF assms]
unfolding clause.vars-def clause.subst-def
by blast

!

end
theory Fun-Eztra
imports Main HOL— Library. Countable-Set HOL— Cardinals. Cardinals
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begin

lemma obtain-bij-betw-endo:
assumes finite domain finite img card img = card domain
obtains f
where bij-betw f domain img Nz. © ¢ domain = fzr =z
proof—
obtain f’ where bij-f": bij-betw f' domain img
using assms(3) bij-betw-iff-card[OF assms(1, 2)]
by presburger

let ?f = Az. if © € domain then ' z else z

have bij-betw ?f domain img
using bij-f’
unfolding bij-betw-def inj-on-def
by simp

moreover have \z. z ¢ domain = fz =z
by simp

ultimately show %thesis
using that
unfolding inj-def
by blast
qged

lemma obtain-bij-betw-inj-endo:
assumes finite domain finite img card img = card domain domain N img = {}
obtains f
where
bij-betw f domain img
bij-betw f img domain
Nz. z & domain = =z ¢ img = fz ==
inj f
proof—
obtain f’ where bij-f": bij-betw f' domain img
using assms(3) bij-betw-iff-card[OF assms(1, 2)]
by auto

obtain /'’ where bij-f'": bij-betw '’ img domain

using assms(3) bij-betw-iff-card[OF assms(2, 1)]

by blast
let ?f = \z. if x € domain then [’ x else if x € img then f" x else z
have bij-betw ?f domain img

using bij-f’ bij-f"’
unfolding bij-betw-def inj-on-def
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by auto

moreover have bij-betw ?f img domain
using bij-f’ bij-f"’
unfolding bij-betw-def inj-on-def
by (smt (verit) assms(4) disjoint-iff image-cong)

moreover have \z. z ¢ domain = z ¢ img = ?fz ==x
by simp

ultimately show %thesis
using that
unfolding inj-def
by (smt (verit, ccfv-SIG) assms(4) bij-betw-iff-bijections disjoint-iff)
qed

lemma obtain-inj-on:
assumes finite domain infinite image-subset
obtains f
where
inj-on (f = 'a = 'b) domain
f “ domain C image-subset
proof—
let ?image = UNIV :: b set
let ?domain-size = card domain

have image-subset C 2image
by simp

obtain image-subset’ where
image-subset’ C image-subset and
card image-subset’ = ?domain-size and
finite image-subset’
by (meson assms(2) infinite-arbitrarily-large)

then obtain f where bij: bij-betw f domain image-subset’
by (metis assms(1) bij-betw-iff-card)

then have inj: inj-on f domain
using bij-betw-def by auto

with bij have f ¢ domain C image-subset
by (simp add: <image-subset’ C image-subset) bij-betw-def)

with inj show ?thesis
using that
by blast
qed
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corollary obtain-inj-on”:
assumes finite domain infinite (UNIV :: 'b set)
obtains f
where inj-on (f :: 'a = 'b) domain
using obtain-inj-on|OF assms]
by auto

corollary obtain-ing:
assumes finite (UNIV :: 'a set) infinite (UNIV :: 'b set)
obtains f
where inj (f :: 'a = ')
using obtain-inj-on|OF assms]
by auto

corollary obtain-inj":
assumes finite (UNIV :: 'a set) infinite image-subset
obtains f
where inj (f : ‘a = 'b) f ¢ domain C image-subset
using obtain-inj-on[OF assms]
by (metis image-subset-iff range-subsetD)

lemma obtain-inj-endo:
assumes finite domain infinite image-subset
obtains f :: '/a = a
where inj f f ¢ domain C image-subset
proof—
let %image = UNIV :: b set
let ?domain-size = card domain

have image-subset C ?image
by simp

obtain image-subset’ where image-subset’:
image-subset’ C image-subset — domain
finite image-subset’
card image-subset’ = ?domain-size
using finite-Diff2[OF assms(1)] infinite-arbitrarily-large assms(2)
by metis

then have domain-image-subset’-distinct: domain N image-subset’ = {}
by blast

obtain image-subset’-inv domain-inv where zy:
image-subset’-inv = UNIV — image-subset’
domain-inv = UNIV — domain
by blast

obtain f where
bij-betw [ domain image-subset’
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bij-betw f image-subset’ domain
inj f
using obtain-bij-betw-inj-endo[ OF
assms(1) image-subset’(2) image-subset’(3) domain-image-subset’-distinct
}

by metis

moreover then have [ ¢ domain C image-subset
by (metis Diff-subset bij-betw-def image-subset’(1) order-trans)

ultimately show %thesis
using that
by blast
qed

abbreviation surj-on where
surj-on domain f = (Vy. Iz € domain. y = f x)

lemma surj-on-alternative: surj-on domain f <— f ¢ domain = UNIV
by auto

lemma obtain-surj-on-nat:
assumes infinite domain
obtains f :: ‘a = nat where surj-on domain f
proof—
obtain subdomain where
subdomain: infinite subdomain countable subdomain subdomain C domain
using infinite-countable-subset’|OF assms]
by blast

then obtain f :: 'a = nat where surj-on subdomain f
by (metis to-nat-on-surj)

then have surj-on domain f
using subdomain(3)
by (meson subset-iff)

then show ?thesis
using that
by blast
qed

lemma obtain-surj-on:
assumes infinite domain
obtains f :: ‘/a = b :: countable where surj-on domain f
proof—
obtain f’:: 'a = nat
where ' surj-on domain f'
using obtain-surj-on-nat|OF assms]
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by blast
let ?f = (from-nat :: nat = 'b) o f’

have f: Vy. 3z€domain. y = ?fx
using [’
unfolding comp-def
by (metis from-nat-to-nat)

show ?thesis
using that[OF f].
qed

lemma partitions:
assumes infinite (UNIV :: 'z set)
obtains A B where

4] =0 |B
|A| =0 |UNIV :: 'z set]
AN B={}

AU B = (UNIV :: 'z set)
proof—

obtain f :: 'z + 'z = 'z where f: bij f
by (meson Plus-infinite-bij-betw-types assms bij-betw-inv one-type-greater)

define A :: 'z set where A = f ‘ range Inl
define B :: 'z set where B = f ‘ range Inr

have A N B = {}
unfolding A-def B-def
by (smt (verit, best) Inl-Inr-False UNIV-I bij-betw-iff-bijections disjoint-iff f
imagek)

moreover have A U B = UNIV
unfolding A-def B-def
by (metis UNIV-sum bij-is-surj f image-Un)

moreover have Inl: [Inl * (UNIV :: 'z set)| =o |UNIV :: 'z set]
by (meson bij-betw-imagel card-of-ordIsol inj-Inl ordIso-symmetric)

have Inr: |Inr ¢ (UNIV :: 'z set)| =o |UNIV :: 'z set
by (meson bij-betw-imagel card-of-ordlsol inj-Inr ordIso-symmetric)

have |A| =0 |UNIV :: 'z set|
unfolding A-def
using f
unfolding bij-betw-def
by (metis Inl Int- UNTV-left bij-betw-imagel bij-betw-inv card-of-ordIsol inj-on-Int

ordIso-transitive)
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moreover have |B| =o |UNIV :: 'z set
using f
unfolding B-def bij-betw-def
by (meson UNIV-I bij-betw-imagel card-of-ordIsol inj-Inr inj-on-def ordIso-symmetric

ordIso-transitive)

ultimately show ?thesis
using that
by (meson ordIso-symmetric ordIso-transitive)
qed

end

theory First-Order-Type-System
imports First-Order-Clause Fun-Fxtra

begin

type-synonym ('f, 'ty) fun-types = 'f = 'ty list x 'ty
type-synonym ('v, 'ty) var-types = v = 'ty

inductive has-type :: ('f, 'ty) fun-types = (v, 'ty) var-types = ('f,'v) term = 'ty
= bool
for 7 V where
Var:V © = 7 = has-type F V (Var z) 7
| Fun: F f = (78, 7) = has-type F V (Fun f ts) T

inductive welltyped :: ('f, 'ty) fun-types = (v, 'ty) var-types = ('f,'v) term =
"ty = bool
for 7 V where
Var: V = = 7 = welltyped F V (Var z) 7
| Fun: F [ = (18, 7) = list-all2 (welltyped F V) ts Ts = welltyped F V (Fun
fts)

lemma has-type-right-unique: right-unique (has-type F V)
proof (rule right-uniquel)
fix ¢ T1 T2
assume has-type F V t 71 and has-type F V t T4
thus T1T = T2
by (auto elim!: has-type.cases)
qged

lemma welltyped-right-unique: right-unique (welltyped F V)
proof (rule right-uniquel)
fix t T1 T2
assume welltyped F V t 71 and welltyped F V t T4
thus 71 = 79
by (auto elim!: welltyped.cases)
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qed

definition has-type, where
has-type, FV A +— (37.Vt € set-uprod A. has-type F V t T)

definition welltyped, where
[clause-simp]: welltyped, FV A +— (I7. V1 € set-uprod A. welltyped F V t 1)

definition has-type; where
has-type; F V L +— has-type, F V (atm-of L)

definition welltyped; where
[clause-simp]: welltyped; F V L <— welltyped, F V (atm-of L)

definition has-type. where
has-type. FV C +— (VL €# C. has-type; F V L)

definition welltyped. where
welltyped, FV C «+— (VL €# C. welltyped; F V L)

definition has-type.; where
has-type.s F V N «— (VY C € N. has-type. F V C)

definition welltyped.s where
welltyped.s F V N +— (Y C € N. welltyped. F V C)

definition has-type, where
has-type, FV o <— (Vt 7. has-type F V t T —> has-type F V (t -t o) T)

definition has-type,’ where
has-type,’ FV o +— (Vz. has-type F V (o x) (V z))

definition welltyped, where
welltyped, FV o «— (Y. welltyped F 'V (o z) (V x))

lemma welltyped,, - Var[simp): welltyped, F V Var
unfolding welltyped,, -def
by (simp add: welltyped.intros)

definition welltyped,-on where
welltyped,-on X FV 0 «— (Vz € X. welltyped FV (0 z) (V 2))

lemma welltyped,, -welltyped . -on:
welltyped, F V o = welltyped,-on UNIV F V o
unfolding welltyped,, -def welltyped, -on-def
by blast

lemma welltyped,,-on-subset:
assumes welltyped,-on ¥ FV o X C Y
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shows welltyped,-on X FV o
using assms

unfolding welltyped, -on-def
by blast

definition welltyped,’ where
welltyped,” FV o +— (Yt 7. welltyped F V t 7 — welltyped FV (¢t -t o) T)

lemma has-type.-add-mset [clause-simp):
has-type. F V (add-mset L C) <— has-type; F V L A has-type. F V C
by (simp add: has-type.-def)

lemma welltyped.-add-mset [clause-simp):
welltyped. F V (add-mset L C) «— welltyped; F V L N welltyped. F 'V C
by (simp add: welltyped..-def)

lemma has-type.-plus [clause-simp]:
has-type. F V (C + D) <— has-type. F V C A has-type. F V D
by (auto simp: has-type.-def)

lemma welltyped.-plus [clause-simp]:
welltyped. F V (C + D) +— welltyped. F V C A welltyped. FV D
by (auto simp: welltyped.-def)

lemma has-type,-has-type:
assumes has-type, F V o has-type F V t T
shows has-type F V (t -t o) T
using assms
unfolding has-type,-def
by blast

lemma welltyped,, -welltyped:
assumes welltyped,: welltyped, F V o
shows welltyped F V (t -t o) 7 +— welltyped F V t 7
proof (rule iffI)
assume welltyped FV (t -t o) T
thus welltyped F V t 7
proof (induction t -t o T arbitrary: t rule: welltyped.induct)
case (Var z 1)
then obtain z’ where t: t = Var z’
by (metis subst-apply-eq-Var)

have welltyped F V t (V z')
unfolding ¢
by (simp add: welltyped. Var)

have welltyped F V t (V z)

using Var welltyped ,
unfolding t welltyped, -def
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by (metis eval-term.simps(1) welltyped. Var right-uniqueD welltyped-right-unique)

then have V-z: 7 =V z’
using Var welltyped,,
unfolding welltyped,-def t
by (metis welltyped. Var right-uniqueD welltyped-right-unique t)

show ?case
unfolding ¢ V-1’
by (simp add: welltyped. Var)
next
case (Fun f Ts 7 ts)
show ?case
proof (cases t)
case (Var z)
from Fun show ?thesis
using welltyped,
unfolding welltyped,-def Var
by (metis (no-types, opaque-lifting) eval-term.simps(1) prod.sel(2)
term.distinct(1) term.inject(2) welltyped.simps)
next
case Fun;: Fun
with Fun show ?thesis
by (simp add: welltyped.simps list.rel-map(1) list-all2-mono)
qed
qged
next
assume welltyped F V t 1
thus welltyped FV (t -t o) T
proof (induction t 7 rule: welltyped.induct)
case Vary: (Var x 1)
then show ?case
proof(cases Var z -t o)
case Var
then show ?thesis
using welltyped,,
unfolding welltyped,, -def
by (metis Vary.hyps eval-term.simps(1))
next
case Fun
then show ?thesis
using welltyped,,
unfolding welltyped, -def
by (metis Vary.hyps eval-term.simps(1))
qed
next
case (Fun f Ts T ts)
then show ?case
using assms list-all2-mono
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unfolding welltyped,, -def
by (smt (verit, ccfo-SIG) eval-term.simps(2) welltyped.simps list.rel-map(1))
qed
qed

lemma has-type,-has-type,:
assumes has-type, F V o has-type, F V a
shows has-type, F V (a -a o)
using assms has-type,-has-type
unfolding has-type,-def atom.subst-def
by (cases a) fastforce

lemma welltyped,, -welltyped,,:
assumes welltyped,: welltyped, F V o
shows welltyped, F V (a -a o) +— welltyped, F V a
using welltyped, -welltyped[ OF welltyped,,]
unfolding welltyped,-def atom.subst-def
by(cases a) simp

lemma has-type,-has-type;:
assumes has-type, F V o has-type; F V1
shows has-type; FV (1 -l o)
using assms has-type,-has-type,
unfolding has-type;-def literal.subst-def
by(cases 1) auto

lemma welltyped,, -welltyped;:
assumes welltyped,: welltyped, F V o
shows welltyped; F V (1 -1 o) «— welltyped; F V 1
using welltyped,, -welltyped,|OF welltyped.,]
unfolding welltyped;-def literal.subst-def
by (cases 1) auto

lemma has-type,-has-type.:
assumes has-type, F V o has-type. F V ¢
shows has-type. F V (c - 0)
using assms has-types-has-type;
unfolding has-type.-def clause.subst-def
by blast

lemma welltyped,, -on-welltyped:
assumes wt: welltyped,-on (term.vars t) F V o
shows welltyped F V (t -t o) 7 +— welltyped F V t T
proof (rule iffI)
assume welltyped FV (t -t o) T
thus welltyped F V t T
using wt
proof (induction t -t o T arbitrary: t rule: welltyped.induct)
case (Var z 1)
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then obtain z’ where ¢: ¢t = Var z’
by (metis subst-apply-eq-Var)

have welltyped F V t (V z’)
unfolding ¢
by (simp add: welltyped. Var)

have welltyped F V t (V z)
using Var
unfolding t welltyped,-on-def
by (auto intro: welltyped. Var elim: welltyped.cases)

then have V-z": 7 =V 1/
using Var
unfolding welltyped,-def t
by (metis welltyped. Var right-uniqueD welltyped-right-unique t)

show ?case
unfolding ¢ V-1’
by (simp add: welltyped. Var)
next
case (Fun f Ts T ts)
show ?case
proof (cases t)
case (Var z)
from Fun show ?thesis
using Fun
unfolding welltyped,-def Var
by (simp add: welltyped.simps welltyped ,-on-def)
next
case Funy: (Fun f' ts')
hence f = f’ and ts = map (\t. ¢ -t o) ts’
using <Fun fts =t -t o> by simp-all

show ?thesis
unfolding Fun,
proof (rule welltyped.Fun)
show F f/ = (rs, 1)
using Fun.hyps <f = f’» by argo
next
show list-all2 (welltyped F V) ts' Ts
proof (rule list.rel-mono-strong)
show list-all2 (\z z2. welltyped F V (z -t o) 22 A
(Vza. z -t 0 = za -t 0 — welltyped,-on (term.vars za) F V o —
welltyped F V za 12))
ts' s
using Fun.hyps
unfolding <ts = map (At. t -t o) ts’y list.rel-map
by argo
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next
fix t' 7/
assume
t' € set ts’ and
7' € set Ts and
welltyped FV (t' -t o) 7/ A
(Vza. t' -t 0 = za -t 0 —> welltyped,-on (term.vars za) F V 0 —
welltyped F V za ')
thus welltyped F V t’ 7/
using Fun.prems Fun.hyps
by (simp add: Fun; welltyped,-on-def)
qed
qed
qed
qed
next
assume welltyped F V t T
thus welltyped FV (t -t o) T
using wt
proof (induction t 7 rule: welltyped.induct)
case Vary: (Var x 1)
thus ?case
by (cases Var x -t o) (simp-all add: welltyped,-on-def)
next
case (Fun f Ts T ts)

show ?case
unfolding ecval-term.simps
proof (rule welltyped.Fun)
show F f = (7s, 7)
using Fun by argo
next
show list-all2 (welltyped F V) (map (Xs. s -t o) ts) Ts
unfolding list.rel-map
using Fun.lH
proof (rule list.rel-mono-strong)
fix ¢t and 7’
assume
t € set ts and
7/ € set s and
welltyped F V t 7/ A (welltyped,-on (term.vars t) F V o — welltyped F
V(t-to)T)
thus welltyped F V (t -t o) 7'
using Fun.prems
by (simp add: welltyped,-on-def)
qed
qed
qged
qed
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lemma welltyped,, -on-welltyped,,:
assumes wit: welltyped,-on (atom.vars A) F V o
shows welltyped, F V (A -a o) +— welltyped, F V A
proof (cases A)
case (Upair t t')

have welltyped,-on (term.vars t) F V o welltyped,-on (term.vars t') F V o
using wt unfolding Upair by (simp-all add: welltyped,-on-def atom.vars-def)

hence (3 7. welltyped F V (¢t -t o) T A welltyped F V (t' -t o) 7) =
(37. welltyped F V t 7 N\ welltyped F V t' 1)
using welltyped,-on-welltyped by metis

thus ?thesis
using Upair
by (simp add: atom.subst-def welltyped,-def)
qed

lemma welltyped;-iff-welltyped,: welltyped; F V L +— welltyped, F V (atm-of L)
by (cases L) (simp-all add: welltyped;-def)

lemma welltyped,, -on-welltyped;:
assumes wit: welltyped,-on (literal.vars L) FV o
shows welltyped; F V (L -l o) +— welltyped; F V L
unfolding welltyped,; -iff-welltyped, subst-literal
proof (rule welltyped,-on-welltyped,)
have atom.vars (atm-of L) = literal.vars L
by (cases L) clause-auto
thus welltyped,-on (atom.vars (atm-of L)) FV o
using wt
by simp
qed

lemma welltyped,, -on-welltyped..:
assumes wt: welltyped,-on (clause.vars C) F V o
shows welltyped. F V (C - o) +— welltyped. F V C
proof —
have welltyped; F V (L -l o) +— welltyped; F V L if L €# C for L
proof (rule welltyped,-on-welltyped;)
have literal.vars L C clause.vars C
using (L €# C»
by (simp add: UN-upper clause.vars-def)
thus welltyped,-on (literal.vars L) FV o
using wt welltyped,-on-subset by metis
qed

thus ?thesis
unfolding welltyped.-def clause.subst-def
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by simp
qed

lemma welltyped, -welltyped.:
assumes welltyped,: welltyped, F V o
shows welltyped. F V (c - o) <— welltyped. F V ¢
using welltyped, -welltyped;|OF welltyped,,]
unfolding welltyped.-def clause.subst-def
by blast

lemma has-type,:
assumes
k-type: has-type F V k(t) 71 and
t-type: has-type F V t 79 and
t'-type: has-type F V t' 19
shows
has-type F V k(t") 11
using k-type
proof (induction k arbitrary: T1)
case Hole
then show ?case
using has-type-right-unique right-uniqueD t’-type t-type by fastforce
next
case More
then show ?case
by (simp add: has-type.simps)
qed

lemma welltyped-subterm:
assumes welltyped F V (Fun fts) T
shows Vteset ts. A7’ welltyped F V t 7'
using assms
proof (induction ts)
case Nil
then show ?case
by simp
next
case (Cons a ts)
then show ?case
by (metis (no-types, lifting) Term.term.simps(4) in-set-conv-nth list-all2-conv-all-nth

term.sel(4) welltyped.simps)
qed

lemma welltyped,,”
assumes welltyped F V k(t) T
shows 37’ welltyped F V t 7'
using assms

proof (induction x arbitrary: T)
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case Hole
then show ?case
by auto
next
case (More 1 22 k x4)
then show ?case
by (metis ctxt-apply-term.simps(2) in-set-conv-decomp welltyped-subterm,)

qed

lemma welltyped,; [clause-intro]:
assumes
k-type: welltyped F V k(t) 71 and
t-type: welltyped F V t 7o and
t'-type: welltyped F V t' 19
shows
welltyped F V k(t") 71
using k-type
proof (induction k arbitrary: 1)
case Hole
then show ?case
using t-type t'-type welltyped-right-unique[of F, THEN right-uniqueD]
by auto
next
case (More f ss1 k s$s2)
have welltyped F V (Fun [ (ss1 Q k(t) # ss2)) 11
using More.prems by simp
hence welltyped F V (Fun [ (ss1 @ k(t"y # ss2)) 11
proof (cases F'V Fun f (ssl1 @ k(t) # ss2) 11 rule: welltyped.cases)
case (Fun 7s)
show ?thesis
proof (rule welltyped.Fun)
show F f = (7s, 71)
using «F f = (75, T1)) .
next
show list-all2 (welltyped F V) (ss1 @Q k(t’) # ss2) s
using «list-all2 (welltyped F V) (ss1 Q r(t) # ss2) Ts»
using More.ITH
by (smt (verit, del-insts) list-all2-Cons1 list-all2-appendl list-all2-lengthD)
qed
qed
thus Zcase
by simp
qed

lemma has-type,-Var: has-type, F V Var

unfolding has-type,-def
by simp
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lemma welltyped-add-literal:
assumes welltyped. F V P’ welltyped F V s T welltyped F V s3 T
shows welltyped. F V (add-mset (s1 !~ s2) P’)
using assms
unfolding welltyped.-add-mset welltyped,;-def welltyped,,-def
by auto

lemma welltyped-V:
assumes
Vzetermvarst. V z =V 'z
welltyped F V t T
shows
welltyped F V' t T
using assms(2, 1)
by (induction rule: welltyped.induct)(auto simp: welltyped.simps list.rel-mono-strong)

lemma welltyped-subst-V:
assumes
Ve X.Vz=V'z
Vze X. term.is-ground (v x)
shows
welltyped,-on X F V v +— welltypeds-on X F V'~
unfolding welltyped, -on-def
using welltyped-V assms
by (metis empty-iff)

lemma welltyped,-V:

assumes
Y x€atom.vars a. ¥V z = V' x
welltyped, F V a

shows
welltyped, F V' a

using assms

unfolding welltyped, -def atom.vars-def

by (metis (full-types) UN-I welltyped-V)

lemma welltyped;-V:
assumes
YV ze literalvars .V o =V’ z
welltyped; F V1
shows
welltyped; F V'l
using assms welltyped,-V
unfolding welltyped;-def literal.vars-def set-literal-atm-of
by fastforce

lemma welltyped.-V:
assumes
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Vz€ clause.vars c. V z = V' z
welltyped, F 'V ¢
shows
welltyped. F V' ¢
using assms welltyped;-V
unfolding welltyped.-def clause.vars-def
by fastforce

lemma welltyped-renaming’:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped typeof-fun (Az. V (the-inv Var (o x))) t T
shows welltyped typeof-fun V (t -t o) T
using assms(3)
proof (induction rule: welltyped.induct)
case (Var z 1)
then show ?case
using assms(1, 2)
unfolding welltyped,, -def
by (metis comp-apply eval-term.simps(1) inj-on-Var
term-subst-is-renaming-iff-ex-inj-fun-on-vars the-inv-f-f welltyped. Var)
next
case (Fun f Ts T ts)
then show ?case
by (smt (verit, ccfv-SIG) assms(2) list-all2-mono welltyped. Fun welltyped , -welltyped)
qged

lemma welltyped,-renaming”:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped, typeof-fun (Az. V (the-inv Var (¢ z))) a
shows welltyped,, typeof-fun V (a -a o)
using welltyped-renaming’|OF assms(1,2)] assms(3)
unfolding welltyped, -def
by(cases a)(auto simp: subst-atom)

lemma welltyped;-renaming”:
assumes
term-subst.is-renaming o
welltyped, typeof-fun V o
welltyped; typeof-fun (A\z. V (the-inv Var (¢ x))) I
shows welltyped; typeof-fun V (I -1 o)
using welltyped,-renaming’|OF assms(1,2)] assms(3)
unfolding welltyped;-def subst-literal(8)
by presburger

lemma welltyped.-renaming:
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assumes

term-subst.is-renaming o

welltyped, typeof-fun V o

welltyped,. typeof-fun (Axz. V (the-inv Var (o z))) ¢
shows welltyped. typeof-fun V (c - o)
using welltyped;-renaming’|OF assms(1,2)] assms(3)
unfolding welltyped.-def
by (simp add: clause.subst-def)

definition range-vars’ :: ('f, 'v) subst = 'v set where
range-vars’ o = | (term.vars ‘ range o)

lemma vars-term-range-vars’”:
assumes z € term.vars (t -t o)
shows z € range-vars’ o
using assms
unfolding range-vars’-def
by (induction t) auto

context
fixes o V V'
assumes
renaming: term-subst.is-renaming o and
range-vars: V& € range-vars’ 9. V (the-inv o (Var z)) = V' z
begin

lemma welltyped-renaming: welltyped F V t 7 +— welltyped F V' (t -t o) T
proof (intro iffI)
assume welltyped F V t T
then show welltyped F V' (t -t o) T
proof (induction rule: welltyped.induct)
case (Var z 1)

obtain y where y: Varz -t o = Vary
using renaming
by (metis eval-term.simps(1) term.collapse(1) term-subst-is-renaming-iff)

then have y € range-vars’ o
using vars-term-range-vars’
by (metis term.set-intros(3))

then have V (the-inv ¢ (Vary)) =V'y
by (simp add: range-vars)

moreover have (the-inv ¢ (Var y)) = x
using y renaming
unfolding term-subst-is-renaming-iff
by (metis eval-term.simps(1) the-inv-f-f)
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ultimately have V' y = 7
using Var
by argo

then show “case
unfolding y
by (rule welltyped. Var)
next
case (Fun f ts T ts)
then show ?case
by (smt (verit, ccfv-SIG) eval-term.simps(2) length-map list-all2-conv-all-nth

nth-map welltyped.simps)
qed
next
assume welltyped F V' (t -t o) T
then show welltyped F V t 7
proof (induction t arbitrary: T)
case (Var z)
then obtain y where y: Varz -t o = Vary
using renaming
by (metis eval-term.simps(1) term.collapse(1) term-subst-is-renaming-iff)

then have y € range-vars’ o
using vars-term-range-vars’
by (metis term.set-intros(3))

then have V (the-inv o (Var y)) = V' y
by (simp add: range-vars)

moreover have (the-inv o (Var y)) = x
using y renaming
unfolding term-subst-is-renaming-iff
by (metis eval-term.simps(1) the-inv-f-f)

moreover have V' y =1
using Var
unfolding y
by (meson right-uniqueD welltyped. Var welltyped-right-unique)

ultimately have V z =7
by blast

then show “case
by (rule welltyped. Var)
next
case (Fun f ts)
then show “case
by (smt (verit, ccfv-SIG) eval-term.simps(2) list.rel-map(1) list.rel-mono-strong
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term.distinct(1) term.inject(2) welltyped.simps)
qed
qed

lemma has-type-renaming: has-type F V t 7 <— has-type F V' (t -t o) T

using renaming range-vars
proof (cases t)

case (Var z1)

then show ?thesis

by (smt (verit, ccfo-SIG) comp-apply eval-term.simps(1) has-type.simps range-vars
reNaming

term.distinct(1) term.set-intros(3) term-subst-is-renaming-iff
term-subst-is-renaming-iff-ex-inj-fun-on-vars the-inv-f-f vars-term-range-vars’)

next

case (Fun 221 £22)

then show ?thesis

by (simp add: has-type.simps)

qed

lemma welltyped,, -renaming-ground-subst:
assumes welltyped, F V' v welltypedy, F V o term-subst.is-ground-subst ~
shows welltyped, FV (0 ® 7)
proof—
have V1 € range-vars’ o. welltyped F V' (v z) (V' z)
using assms
unfolding welltyped,, -def
by simp

then have Vz € range-vars’ o. welltyped F V' (v z) (V (the-inv ¢ (Var z)))
using range-vars
by auto

then have V1 € range-vars’ . welltyped F V' ((0 ©® v) z) (V x)
by (metis assms(1) eval-term.simps(1) subst-compose-def welltyped. Var well-
typed . -welltyped
welltyped-renaming)

then have YV € range-vars’ o. welltyped F V' (Var z -t (0 © 7)) (V z)
by auto

then have Vz. welltyped F V' (Var z -t (0 © 7)) (V z)
by (metis assms(1) eval-term.simps(1) subst-compose-def welltyped,, - Var well-
typed -def
welltyped ,-welltyped welltyped-renaming)

then have Vz € range-vars’ g. welltyped F V' (Var z -t 9) (V z)

using welltyped, -welltyped[OF assms(1)]
by (simp add: subst-compose-def)
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have V z. welltyped F V' (Var z -t o) (V x)
by (meson welltyped. Var welltyped-renaming)

then have Vz. welltyped F V (Var z -t 9) (V z)
using welltyped-renaming
by (meson assms(2) welltyped ,-welltyped)

then show welltyped, F V (0 ® 7)

unfolding welltyped,, -def

by (metis (mono-tags, lifting) ¥ z. welltyped F V' (Var z -t 0 ©® 7v) (V z)»
assms(3)

eval-term.simps(1) term-subst.is-ground-subst-comp-right
term-subst.is-ground-subst-is-ground term-subst.subst-ident-if-ground well-

typed-renaming)
qed

lemma welltyped,-renaming: welltyped, F V a <— welltyped, F V' (a -a o)
using welltyped-renaming
unfolding welltyped, -def
by (cases a)(simp add: subst-atom)

lemma welltyped;-renaming: welltyped; F V | +— welltyped; F V' (1 -1 o)
using welltyped,-renaming
unfolding welltyped;-def
by (simp add: subst-literal(3))

lemma welltyped.-renaming: welltyped. F V ¢ +— welltyped. F V' (¢ - o)
using welltyped;-renaming
unfolding welltyped.-def
by (simp add: clause.subst-def)

end

context

fixes o

assumes renaming: term-subst.is-renaming o
begin

lemma welltyped-renaming-weaker:
assumes Yz € term.vars (t -t p). V (the-inv o (Var z)) =V'z
shows welltyped F V t 7 «— welltyped F V' (t -t 0) T
proof (intro iffI)
assume welltyped F V t T
then show welltyped F V' (t -t o) T
using assms
proof (induction rule: welltyped.induct)
case (Var z 1)
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obtain y where y: Varz -t o = Vary
using renaming
by (metis eval-term.simps(1) term.collapse(1) term-subst-is-renaming-iff)

then have V (the-inv o (Vary)) =V’ y
using Var(2)
by simp

moreover have (the-inv o (Var y)) = x
using y renaming
unfolding term-subst-is-renaming-iff
by (metis eval-term.simps(1) the-inv-f-f)

ultimately have V' y = 7
using Var
by argo

then show ?case
unfolding y
by (rule welltyped. Var)
next
case (Fun f Ts T ls)

have list-all2 (welltyped F V') (map (As. s -t g) ts) Ts
using Fun(2, 3)
by (auto simp: list.rel-mono-strong list-all2-map1)

then show ?case
by (simp add: Fun.hyps welltyped.simps)
qed
next
assume welltyped F V' (¢t -t o) T
then show welltyped FV t T
using assms
proof (induction t arbitrary: T)
case (Var z)
then obtain y where y: Varz -t o = Vary
using renaming
by (metis eval-term.simps(1) term.collapse(1) term-subst-is-renaming-iff)

then have V (the-inv ¢ (Vary)) =V'y
by (simp add: Var)

moreover have (the-inv ¢ (Var y)) = x
using y renaming
unfolding term-subst-is-renaming-iff
by (metis eval-term.simps(1) the-inv-f-f)
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moreover have V' y = 7
using Var
unfolding y
by (meson right-uniqueD welltyped. Var welltyped-right-unique)

ultimately have V z = 7
by blast

then show “case
by (rule welltyped. Var)
next
case (Fun fts)
have [Az2a 7. [22a € set ts; welltyped F V' (z2a -t 0) 7] = welltyped F V
z2a T;
welltyped F V' (Fun f (map (As. s -t g) ts)) T;
YV y€Eset ts. Vzc€term.vars (y -t 0). V (the-inv o (Var x)) = V' 1]
= welltyped F V (Fun fts) T
by (smt (verit, best) Term.term.simps(2) Term.term.simps(4) list.rel-mono-strong

list-all2-map1 welltyped.simps)

with Fun show “case
by auto

qed
qged

lemma welltyped,-renaming-weaker:
assumesV z € atom.vars (a -a ). V (the-inv ¢ (Var z)) = V' x
shows welltyped, F V a +— welltyped, F V' (a -a o)
proof(cases a)
case (Upair a b)

then have
AT ANtV V' F 1.
YV ze€term.vars (t -t ). V (the-inv o (Var z)) = V' 2 =
welltyped F V t 7 = welltyped F V' (t -t o) T;
YV zeterm.vars (a -t 9) U term.vars (b -t 0). V (the-inv o (Var z)) = V' x;
welltyped F V a T;
welltyped F V b 7]
= 37. welltyped F V' (a -t 0) T A\ welltyped F V' (b -t o) T
AT [NtV V' Fr.
Y z€term.vars (t -t 0). V (the-inv o (Var z)) = V' 1 =
welltyped F V t 7 = welltyped F V' (t -t o) T;
V zeterm.vars (a -t o) U term.vars (b -t ). V (the-inv o (Var z)) = V' z;
welltyped F V' (a -t o) T; welltyped F V' (b -t o) 7]
= d7. welltyped FV a 7 A welltyped FV b1
by (metis UnCI welltyped-renaming-weaker)+
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with Upair show Zthesis
using welltyped-renaming-weaker assms
unfolding welltyped,-def atom.vars-def
by (auto simp add: subst-atom)
qed

lemma welltyped;-renaming-weaker:
assumes Vx € literal.vars (1 -1 9). V (the-inv o (Var z)) = V' z
shows welltyped; F V | «— welltyped; F V' (1 -1 o)
using welltyped,-renaming-weaker assms
unfolding welltyped;-def literal.vars-def set-literal-atm-of
by (simp add: subst-literal(3))

lemma welltyped.-renaming-weaker:
assumes Vz € clause.vars (¢ - ). V (the-inv ¢ (Var z)) = V' z
shows welltyped, F V ¢ «— welltyped. F V' (¢ - 0)
using welltyped,;-renaming-weaker assms
unfolding welltyped.-def clause.vars-def clause.subst-def
by blast

lemma has-type-renaming-weaker:

assumes Vz € term.vars (t -t 0). V (the-inv o (Var z)) = V' z

shows has-type F V t 7 <— has-type F V' (¢t -t o) T

using renaming assms
proof(cases t)

case (Var z1)

then show ?thesis

by (smt (verit, ccfo-SIG) Term.term.simps(4) assms eval-term.simps(1) has-type.simps
is- Var-def

renaming term.set-intros(3) term-subst-is-renaming-iff the-inv-f-f)

next

case (Fun 221 222)

then show ?thesis

by (simp add: has-type.simps)

qed

lemma welltyped,, -renaming-ground-subst-weaker:
assumes
welltyped, F V'~
welltyped,-on X FV o
term-subst.is-ground-subst v
Vo e | (termvars ‘o “ X). V (the-inv ¢ (Var z)) = V' z
shows welltyped,-on X FV (0 ® 7v)
proof (unfold welltyped ,-on-def, intro balll)
fix z
assume z € X

then have welltyped F V (0 z) (V x)
using assms(2)
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unfolding welltyped, -on-def
by simp

obtain y where y: oz = Vary
by (metis renaming term.collapse(1) term-subst-is-renaming-iff)

then have y € |J (term.vars ‘o ‘ X)
using <z € X»
by (metis Union-iff image-eql term.set-intros(3))

moreover have welltyped F V (v y) (V' y)
using assms(1)
by (metis assms(3) emptyE eval-term.simps(1) term-subst.is-ground-subst-def
welltyped , -def
welltyped-V)

ultimately have welltyped F V (v y) (V (the-inv o (Var y)))
using assms(4)
by metis

moreover have the-inv o (Vary) =«
using y renaming
by (metis term-subst-is-renaming-iff the-inv-f-f)

moreover have v y = (0 © v) z
using y
by (simp add: subst-compose-def)

ultimately show welltyped FV ((0 ® ) z) (V x)
by argo
qed

end

lemma
infinite-even-nat: infinite { n :: nat . even n } and
infinite-odd-nat: infinite { n :: nat . odd n }
by (metis Suc-leD dual-order.refl even-Suc infinite-nat-iff-unbounded-le mem-Collect-eq)+

lemma obtain-infinite-partition:
obtains X Y :: ‘a :: {countable, infinite} set
where
XNY={}XUY=UNIV and
infinite X and
infinite Y
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proof—
obtain ¢ :: 'a = nat where bij g
using countableE-infinite[of UNIV :: 'a set] infinite-UNIV by blast

define ¢’ where g’ = inv g

then have bij-g": bij g’
by (simp add: <bij g> bij-betw-inv-into)

define X : ‘a set where
X=yg ‘{n evenn}

define Y :: ‘a set where
Y=g ‘{n oddn}

have X N Y = {}
using bij-g’
unfolding X-def Y-def
by (simp add: bij-image-Collect-eq disjoint-iff)

moreover have X U Y = UNIV
using bij-g’
unfolding X-def Y-def
by (auto simp: bij-image-Collect-eq)

moreover have bij-betw g’ { n. even n } X bij-betw g’ { n. odd n } Y
unfolding X-def Y-def
by (metis <bij g bij-betw-imp-surj-on g’-def inj-on-imp-bij-betw inj-on-inv-into
top.extremum)—+

then have infinite X infinite Y
using infinite-even-nat infinite-odd-nat bij-betw-finite
by blast+

ultimately show ?thesis
using that
by blast
qged

lemma ((Jn'{ n.gn=n"}) = UNIV
by blast

lemma inv-enumerate:
assumes nfinite N
shows (Az. inv (enumerate N) ) ‘ N = UNIV
by (metis assms enumerate-in-set inj-enumerate inv-f-eq surj-on-alternative)

instance nat :: infinite
by (standard) simp
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lemma finite-bij-enumerate-inv-into:
fixes S :: ‘a::wellorder set
assumes S: finite S
shows bij-betw (inv-into {..<card S} (enumerate S)) S {..<card S}
using finite-bij-enumerate] OF assms] bij-betw-inv-into
by blast

lemma obtain-inj-test’-on:
fixes V1 Vs it nat = 'ty
assumes
finite X
finite Y
NAty. infinite {z. V1 = = ty}
Aty. infinite {z. Vo z = ty}
obtains f f’ :: nat = nat where
inj f inj f'
XY =g
Vee X. Vi (fz) =V1iz
Vee Y. Vo (fz)=Vau
proof
have Aty. infinite ({z. Vo z = ty} — X)
by (simp add: assms(1) assms(4))

then have infinite: Aty. infinite {x. Vo z =ty A z ¢ X}
by (simp add: set-diff-eq)

define f’ where
Nz. [z = enumerate {y. Vo x = Vo y ANy ¢ X} 2

have f’-not-in-z: Nz. f'z ¢ X
proof—
fix z
show f'z ¢ X
unfolding f’-def
using enumerate-in-set[OF infinite]
by (smt (verit) CollectD Collect-cong)
qed

show inj id
by simp

show inj [’

proof (unfold inj-def; intro alll impI)
fix z y
assume 'z = [y

moreover then have Vs y = V5 x
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unfolding f’-def
by (smt (verit, ccfo-SIG) Collect-mono-iff enumerate-in-set infinite mem-Collect-eq

rev-finite-subset)

ultimately show z = y
unfolding f’-def
by (smt (verit) Collect-cong infinite inj-enumerate inj-onD iso-tuple-UNIV-I)
qed

show id ‘X N f' ‘Y ={}
using f’-not-in-z
by auto

show VzeX. V; (idz) = V1 ¢
by simp

show VzeY. Vo (f'2) =V2
unfolding f’-def
using enumerate-in-set|OF infinite]
by (smt (verit) Collect-cong mem-Collect-eq)
qged

lemma obtain-inj'"-on":
fixes V1 Vs =2 'a it infinite = 'ty
assumes finite X finite Y Aty. infinite {z. V1 © = ty} Aty. infinite {z. Vo x =

ty}
obtains f f’:: ‘a = 'a where
inj finj f'
fexnfey={j

Vee X. V1 (fz) =V 2
Vee Y. Vy (ffz)=Vyz
proof
have Aty. infinite ({z. V2 z = ty} — X)
by (simp add: assms(1) assms(4))

then have infinite: A\ty. infinite {z. Vo z =ty ANz ¢ X}
by (simp add: set-diff-eq)

have Aty. [{z. Vo 2 = ty}| =0 {z. Vo z =ty } — X|
using assms(1, 4)
using card-of-infinite-diff-finite ordIso-symmetric by blast

then have Aty. |[{z. V2 z = ty}| =0 {z. Vo z =ty A = ¢ X}

using set-diff-eq[of - X]
by auto

then have ezists-g”: A\ty. g’ bij-betw g’ {z. Vo z = ty} {x. Vo z =ty ANz ¢
X}
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using card-of-ordlso by blast

define get-g’ where
NAty. get-g' ty = SOME g'. bij-betw ¢’ {z. Vo x = ty} {z. Vax =ty Nz ¢ X}

define f’ where
Nz. [z = get-g' (Vs z)

have f’-not-in-z: Nz. f'z ¢ X
proof—
fix y

define ¢’ where g’ = SOME g'. bij-betw ¢’ {z. Vo . = Vs y} {z. Vo 2 = V3 gy
Nz ¢ X}

have y € {z. V3 z = V5 y}
by simp

moreover have g’ y € {z. Voz =V y Az ¢ X}
proof—
have Ag’. bij-betw g’ {z. Vox =Va y} {z. Vaz =Voy Az ¢ X} =
Vo ((SOME g¢'. bij-betw ¢’ {z. Vo e =Va2 y} {z. Vo z =Va y Az ¢ X})
y)=V2y
Ag' [bij-betw g’ {z. Vo z = Vy yt {z. Voz =Va y ANz & X}
(SOME g’ bij-betw g' {z. Vo x =Va y} {z. Vozx =VayAz ¢ X})y €
x]
= Fulse
by (smt (verit, ccfo-SIG) bij-betw-apply mem-Collect-eq verit-sko-ex-indirect)+

then show ?thesis
unfolding g’-def
using exists-g'[of Va y]
by auto

qed

then have g’y ¢ X
by simp

then show 'y ¢ X
unfolding f’-def get-g’-def g'-def.
qed

show inj id
by simp
show inj f’
proof (unfold inj-def; intro alll impl)

fix zy
assume f 'z = [y
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moreover then have V; y = Vs
unfolding f’-def get-g’-def
using somel-ex|OF exists-g']
by (smt (verit, best) f'-def get-g’-def bij-betw-iff-bijections calculation mem-Collect-eq)

moreover have Ag’. [(SOME g'. bij-betw g’ {za. V2 za = V3 z} {za. V3 za
=VozxANza¢ X})az=
(SOME g'. bij-betw ¢’ {za. Vo za = Vo z} {za. Vo za = Vo z A za ¢ X})
Y
Voy=Vyz; A\Pz. Pz = P (Eps P);
bij-betw g’ {za. Vo za = V3 x} {za. Vo za = Vo 2 A za ¢ X}
= z=y
by (smt (verit, ccfo-threshold) bij-betw-iff-bijections mem-Collect-eq some-eq-ex)

ultimately show z = y
using exists-g'[of Va2 x| somel
unfolding f’-def get-g'-def
by auto
qed

show id ‘X Nf' Y ={}
using f’-not-in-z
by auto

show VzeX. Vy (idz) =V x
by simp

show VyeV. Vs (f'y) =Va y
proof (intro balll)

fix y

assume y € Y

define ¢’ where ¢’ = SOME g'. bij-betw g’ {z. Vo x = Vo y} {z. Vo 2 = Vs
yANz ¢ X}

have y € {z. Vo z = V3 y}
by simp

have g’y € {z. Voz =V y Az ¢ X}
proof—
have Ag’. bij-betw g’ {z. Vo z =Va y} {z. Vaz =Voy Az ¢ X} =
Vo ((SOME g'. bij-betw ¢' {z. Vo e =Va y} {z. Vo z =Va y Az ¢ X})
y) =Vay
Ng’ [bij-betw g’ {z. Vo z = Vo y} {z. Vaz =Vay ANz ¢ X}
(SOME g’ bij-betw g' {z. Vo x =Va y} {z. Vozx =VayAz ¢ X})y €
x]
= Fulse
by (smt (verit, ccfv-SIG) bij-betw-apply mem-Collect-eq verit-sko-ex-indirect)+
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then show ?thesis
unfolding g'-def
using exists-g'[of Va 9]
by auto
qed

then show Vs, (f'y) = Vo y
unfolding g’-def f’-def get-g'-def
by blast

qed
qed

lemma obtain-inj'"-on:
fixes V1 Vo i ‘a :: {countable, infinite} = 'ty
assumes finite X finite Y Aty. infinite {z. V1 © = ty} Aty. infinite {z. Vo z =
ty}
obtains f [’ :: '/a = 'a where
inj finj f'
fXAY =)
Vee XV (fz) =V z
Vee Y. Vo (ffz)=Vax
proof—
obtain a-to-nat :: ‘a = nat where bij-a-to-nat: bij a-to-nat
using countableE-infinite[of UNIV :: 'a set] infinite-UNIV by blast

define nat-to-a where nat-to-a = inv a-to-nat

have bij-nat-to-a: bij nat-to-a
unfolding nat-to-a-def
by (simp add: bij-a-to-nat bij-imp-bij-inv)

define X-nat Y-nat where
X-nat = a-to-nat ‘* X and
Y-nat = a-to-nat ‘'Y

have finite-X-nat: finite X-nat and finite-Y-nat: finite Y-nat
unfolding X-nat-def Y-nat-def
using assms(1,2)
by blast+

define V;-nat Vs-nat where
An. Vi-nat n = Vi (nat-to-a n) and
An. Va-nat n = Vs (nat-to-a n)

have
Aty. {z. Vi-nat © = ty} = a-to-nat ‘ {z. V1 = = ty}
Nty. {z. Va-nat © = ty} = a-to-nat ‘ {z. Vo z = ty}
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unfolding Vi -nat-def Vs-nat-def
using bij-a-to-nat bij-image-Collect-eq nat-to-a-def by fastforce+

then have V-nat-infinite: Aty. infinite {x. V1-nat x = ty} Aty. infinite {x.
Vao-nat x = ty}

using assms(3, 4)

by (metis bij-a-to-nat bij-betw-finite bij-betw-subset subset-UNIV )+

obtain f-nat f’-nat where
inj: inj f-nat inj f'-nat and
disjoint: f-nat ¢ X-nat N f’-nat * Y-nat = {} and
type-preserving:
Vze X-nat. Vi-nat (f-nat ©) = Vi-nat ©
Vze Y-nat. Vo-nat (f'-nat ) = Va-nat x
using obtain-inj-test’-on[OF finite-X-nat finite-Y-nat V-nat-infinite].

let ?f = nat-to-a o f-nat o a-to-nat
let ?f' = nat-to-a o f’-nat o a-to-nat

have inj ?f inj ?f'
using inj
by (simp-all add: bij-a-to-nat bij-is-inj bij-nat-to-a inj-compose)

moreover have 7f ‘X N 2f' ° Y = {}
using disjoint
unfolding X-nat-def Y-nat-def
by (metis bij-is-inj bij-nat-to-a image-Int image-comp image-empty)

moreover have
Vee X. Vi (fz) =V 2
Vze Y. Vs, (Qflilf) =V x
using type-preserving
unfolding X-nat-def Y-nat-def V1-nat-def Vo-nat-def
by (simp-all add: bij-a-to-nat bij-is-inj nat-to-a-def)

ultimately show ?thesis
using that
by presburger
qed

lemma obtain-inj"
obtains f :: ‘a :: infinite = 'a where

inj f
|range f| =0 |UNIV — range f|
proof—
obtain X Y :: ‘a set where
X-Y:
X[ =0 ||

147



|X| =0 |UNIV :: 'a set
XNnY={}
XUY=UNIV
using partitions|OF infinite-UNIV]
by blast

then obtain f where
f: bij-betw f (UNIV :: 'a set) Y
by (meson card-of-ordIso ordlso-symmetric ordlso-transitive)

have inj-f: inj f
using f bij-betw-def by blast+

have Y: Y = range f
using f
by (simp add: bij-betw-def)

have X: X = UNIV — range f
using X-Y
unfolding Y
by auto

show ?thesis
using X X-Y (1) Y inj-f ordIso-symmetric that by blast
qed

lemma obtain-inj:
fixes X
defines Y = UNIV — X
assumes
infinite-X: infinite X and
infinite-Y: infinite Y
obtains f :: 'a :: {countable, infinite} = 'a where
inj f
range f N X = {}
range f U X = UNIV
proof—
obtain ¢ :: ‘a = nat where bij: bij g
using countableE-infinite[of UNIV :: 'a set] infinite-UNIV by blast

have X-Y: XNY ={} XU Y = UNIV
unfolding Y-def
by simp-all

have countable-X: countable X and countable-Y: countable Y
by auto

obtain f where
f: bij-betw f (UNIV :: 'a set) Y
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using countable-infinite E'|OF countable-Y infinite-Y|
by (meson bij bij-betw-trans)

have inj f
using f bij-betw-def by blast+

moreover have range f = Y
using f
by (simp-all add: bij-betw-def)

then have range f N X = {} range f U X = UNIV
using X-Y
by auto

ultimately show “thesis
using that
by presburger
qed

lemma obtain-ings:
obtains f f':: 'a :: {countable, infinite} = 'a where
inj f inj f'
range f N range f' = {}
range f U range f' = UNIV
proof—
obtain ¢ :: ‘a = nat where bij g
using countableE-infinite[of UNIV :: 'a set] infinite-UNIV by blast

define ¢’ where ¢’ = inv ¢

then have bij-g” bij g’
by (simp add: <bij ¢> bij-betw-inv-into)

obtain X Y :: ‘a set where
XY:XNY={} XUY=UNIV and
infinite-X: infinite X and
infinite-Y: infinite Y
using obtain-infinite-partition
by auto

have countable-X: countable X and countable-Y: countable Y
by blast+

obtain f where
f: bij-betw f (UNIV :: 'a set) X
using countable-infinite E'|OF countable-X infinite-X]
by (meson <bij g bij-betw-trans)

obtain f’ where
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[ bij-betw f' (UNIV :: 'a set) Y
using countable-infiniteE'|OF countable-Y infinite-Y|
by (meson <bij g» bij-betw-trans)

have inj f inj f'
using [ f' bij-betw-def by blast+

moreover have range f = X range f' =Y

using f f'
by (simp-all add: bij-betw-def)

then have range f N range f' = {} range f U range f' = UNIV
using X-Y
by simp-all

ultimately show ?thesis
using that
by presburger
qed

lemma welltyped-on-renaming-exists'’:
assumes finite X finite Y Aty. infinite {z. V1 = = ty} Aty. infinite {z. Vo z =
ty}
obtains o1 02 :: ('f, 'v :: infinite) subst where
term-subst.is-renaming o1
term-subst.is-renaming 02
o1 ‘XNo 'Y ={}
welltyped,-on X F V1 01
welltyped,-on Y F Vg 02
proof—
obtain renaming; renamings :: 'v = 'v where
rENAMINgs:
inj renaming; inj renamingo
renaming; X N renamings ‘Y = {}
Vz € X. Vi (renaming; z) = V1 z
Vz € Y. Vs (renamings x) = Vo x
using obtain-inj"’-on’[OF assms].

define o1 :: (f, 'v) subst where
Nz. 01 £ = Var (renaming; z)

define g5 :: ('f, "v) subst where
Nz. 02 © = Var (renamings x)

have term-subst.is-renaming o1 term-subst.is-renaming oo
unfolding oi-def po-def
using renamings(1,2)
by (meson injD injl term-subst.is-renaming-id-subst term-subst-is-renaming-iff )+
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moreover have gy ‘X N2 ‘Y = {}
unfolding o1-def 02-def range-vars'-def
using renamings(3)
by auto

moreover have welltyped,-on X F V1 01 welltypeds-on Y F Vo 09
unfolding o;-def po-def welltyped,, -on-def
using renamings(4, 5)
by (auto simp: welltyped. Var)

ultimately show %thesis
using that
by presburger
qed

lemma welltyped-on-renaming-exists:
assumes finite X finite Y Aty. infinite {z. V1 = = ty} Aty. infinite {z. Vo z =
ty}
obtains g1 02 :: ('f, v :: {countable, infinite}) subst where
term-subst.is-renaming o1
term-subst.is-renaming 02
o1 ‘X Noe Y ={}
welltyped,-on X F V1 01
welltyped,-on Y F Vg 02
proof—
obtain renaming; renamings :: 'v = ‘v where
rENAMINgs:
inj renaming; inj renamings
renaming; ‘X N renamings ‘Y = {}
Vz € X. V1 (renaming; z) = V1 z
Vz € Y. Vy (renamings ) = Vo x
using obtain-inj’"’-on|OF assms].

define o, :: ('f, 'v) subst where
Az. 01 * = Var (renaming; x)

define gy :: ('f, 'v) subst where
Nz. 02 © = Var (renamings x)

have term-subst.is-renaming o1 term-subst.is-renaming oo
unfolding oi-def po-def
using renamings(1,2)
by (meson injD injl term-subst.is-renaming-id-subst term-subst-is-renaming-iff )+

moreover have g; ‘X N2 ‘Y = {}
unfolding o1-def 02-def range-vars'-def
using renamings(3)
by auto
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moreover have welltyped,-on X F V1 01 welltypeds-on Y F Vs 09
unfolding oi-def oo-def welltyped, -on-def
using renamings(4, 5)
by (auto simp: welltyped. Var)

ultimately show %thesis
using that
by presburger
qed

lemma welltyped,, -subst-upd:
assumes welltyped F V (Var var) T welltyped F V update 7 welltyped, F V ~
shows welltyped, F V (y(var := update))
using assms
unfolding welltyped,, -def
by (metis fun-upd-other fun-upd-same right-unique-def welltyped. Var welltyped-right-unique)

lemma welltyped,, -on-subst-upd:
assumes welltyped F V (Var var) T welltyped F V update 7 welltyped,-on X F
Vy
shows welltyped,-on X F V (y(var := update))
using assms
unfolding welltyped,-on-def
by (metis fun-upd-other fun-upd-same right-unique-def welltyped. Var welltyped-right-unique)

lemma welltyped-is-ground:
assumes term.is-ground t welltyped F V t T
shows welltyped F V' t 7
by (metis assms(1) assms(2) empty-iff welltyped-V)

lemma term-subst-is-imgu-is-mgu: term-subst.is-imgu p {{s, t}} = is-imgu p {(s,
t)}
apply (simp add: term-subst-is-imgu-iff-is-imgu)
by (smt (verit, ccfv-threshold) insert-absorb2 insert-commute is-imgu-def uni-
fiers-insert-ident
unifiers-insert-swap)

lemma the-mgu-term-subst-is-imgu:
fixes o :: ('f, 'v) subst
assumes s -t o =1t 0
shows term-subst.is-imgu (the-mgu s t) {{s, t}}
using term-subst-is-imgu-is-mgu the-mgu-is-imgu
using assms by blast

lemma Fun-arg-types:
assumes
welltyped F V (Fun f fs) T
welltyped F V (Fun f gs) T
obtains 7s where
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Ff=(rs 1)

list-all2 (welltyped F V) fs Ts

list-all2 (welltyped F V) gs Ts
by (smt (verit, ccfo-SIG) Pair-inject assms(1) assms(2) option.inject term.distinct(1)
term.inject(2) welltyped.simps)

lemma welltyped-zip-option:
assumes
welltyped F V (Fun fts) T
welltyped F V (Fun f ss) T
zip-option ts ss = Some ds
shows
V(a, b) € set ds. 37. welltyped F V a 7 A\ welltyped FV b 1
proof—

obtain 7s where
list-all2 (welltyped F V) ts Ts
list-all2 (welltyped F V) ss Ts
using Fun-arg-types|OF assms(1, 2)].

with assms(3) show ?thesis
proof (induction ts ss arbitrary: Ts ds rule: zip-induct)
case (Cons-Cons t ts s ss)
then obtain 7/ 7s’ where 7s: 7s = 7/ # 75’
by (meson list-all2-Consl1)

from Cons-Cons(2)
obtain d’ ds’ where ds: ds = d’ # ds’
by auto

have zip-option ts ss = Some ds’
using Cons-Cons(2)
unfolding ds
by fastforce

moreover have list-all2 (welltyped F V) ts s’
using Cons-Cons.prems(2) 7s by blast

moreover have list-all2 (welltyped F V) ss 75’
using Cons-Cons.prems(3) 7s by blast

ultimately have V (¢, s)€set ds’. 7. welltyped F V t T A welltyped F V s T
using Cons-Cons.IH
by presburger

moreover have 37. welltyped F V t 7 A welltyped FV s T
using Cons-Cons.prems(2) Cons-Cons.prems(3) 7s by blast

ultimately show Zcase
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using Cons-Cons.prems(1) ds
by fastforce
qed(auto)
qed

lemma welltyped-decompose’:
assumes
welltyped F 'V (Fun f fs) T
welltyped F V (Fun f gs) T
decompose (Fun f fs) (Fun g gs) = Some ds
shows V (t, t') € set ds. 37. welltyped F V t T N welltyped F V t' T
using assms welltyped-zip-option|OF assms(1,2)]
by force

lemma welltyped-decompose:
assumes
welltyped F V f 1
welltyped F'V g T
decompose f g = Some ds
shows V (t, t') € set ds. 37. welltyped F V t 7 A welltyped F V t' T
proof—

obtain f’ fs gs where f = Fun [’ fs g = Fun [’ gs
using assms(3)
unfolding decompose-def
by (smt (23) option.distinct(1) prod.simps(2) rel-option-Nonel term.split-sels(2))

then show ?thesis
using assms welltyped-decompose’
by (metis (mono-tags, lifting))
qed

lemma welltyped-subst’-subst:
assumes welltyped F V (Var z) T welltyped F V t T
shows welltyped, F V (subst z t)
using assms
unfolding subst-def welltyped,, -def
by (simp add: welltyped.simps)

lemma welltyped-unify:
assumes
unify es bs = Some unifier
V(t, t') € set es. A7. welltyped F V t T A welltyped F V t' 7
welltyped, F V (subst-of bs)
shows welltyped, F V (subst-of unifier)
using assms
proof (induction es bs arbitrary: unifier rule: unify.induct)
case (1 bs)
then show ?case
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by simp
next
case (2 fss gts E bs)
then obtain 7 where 7:
welltyped F V (Fun f ss) T
welltyped F 'V (Fun g ts) T
by auto

obtain ds where ds: decompose (Fun f ss) (Fun g ts) = Some ds
using 2(2)
by (simp split: option.splits)

moreover then have unify (ds Q@ E) bs = Some unifier
using 2.prems(1) by auto

moreover have V (¢, t')€set (ds Q E). 7. welltyped F V t T A welltyped F V
t'T
using welltyped-decompose[OF T ds] 2(3)
by fastforce

ultimately show ?case
using 2
by blast
next
case (3 zt F bs)
show ?Zcase
proof(cases t = Var z)
case True
then show ?thesis
using 3
by simp
next
case Fulse
then have unify (subst-list (subst z t) E) ((z, t) # bs) = Some unifier
using 3
by (auto split: if-splits)

moreover have
Y (s, s) € set E. 7. welltyped F V (s -t Var(z :=t)) 7 A welltyped F V (s’
4t Var(z :=1t)) 7
using 3(4)
by (smt (verit, ccfu-threshold) case-prodD case-prodI2 fun-upd-apply well-
typed. Var
list.set-intros(1) list.set-intros(2) right-uniqueD welltyped-right-unique
welltyped, -def welltyped, -welltyped)

moreover then have

V (s, s') € set (subst-list (subst x t) E). 37. welltyped F V s 7 A welltyped F
Vs't
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unfolding subst-def subst-list-def
by fastforce

moreover have welltyped, F V (subst z t)
using 3(4) welltyped-subst’-subst
by fastforce

moreover then have welltyped, F V (subst-of ((z, t) # bs))
using 3(5)
unfolding welltyped,, -def
by (simp add: calculation(4) subst-compose-def welltyped ,-welltyped)

ultimately show #thesis
using 3(2, 8) Fulse by force
qed
next
case (4 t ts z E bs)
then have unify (subst-list (subst x (Fun tts)) E) ((z, (Fun t ts)) # bs) = Some
unifier
by (auto split: if-splits)

moreover have
Y (s, s') € set E. 3T.
welltyped F V (s -t Var(z := (Fun t ts))) 7 A welltyped F V (s’ -t Var(z :=
(Fun t ts))) T
using 4(3)
by (smt (verit, ccfo-threshold) case-prodD case-prodI2 fun-upd-apply welltyped. Var

list.set-intros(1) list.set-intros(2) right-uniqueD welltyped-right-unique
welltyped , -def welltyped , -welltyped)

moreover then have
Y (s, s’) € set (subst-list (subst x (Fun t ts)) E). 3.
welltyped F V s 7 A\ welltyped F V s’ T
unfolding subst-def subst-list-def
by fastforce

moreover have welltyped, F V (subst x (Fun t ts))
using /4 (8) welltyped-subst’-subst
by fastforce

moreover then have welltyped, F V (subst-of ((z, (Fun t ts)) # bs))

using 4 (4)
unfolding welltyped, -def
by (simp add: calculation(4) subst-compose-def welltyped ,-welltyped)

ultimately show ?case

using 4 (1, 2)
by (metis (no-types, lifting) option.distinct(1) unify.simps(4))
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qed

lemma welltyped-unify”:
assumes
unify: unify [(t, t')] [| = Some unifier and
7: A7. welltyped FV t 7 A welltyped FV t'
shows welltyped, F V (subst-of unifier)
using assms welltyped-unify|OF unify] 7 welltyped,-Var
by fastforce

lemma welltyped-the-mgu:

assumes

the-mgu: the-mgu t t' = u and

7: 7. welltyped FV t 7 A welltyped F V t' 7
shows

welltyped, F V
using assms welltyped-unify’[of t t' - F V]
unfolding the-mgu-def mgu-def welltyped,, -def
by (auto simp: welltyped. Var split: option.splits)

abbreviation welltyped-imgu where
welltyped-imgu F V term term’ p =
V7. welltyped F V term 7 — welltyped F V term’ 7 — welltyped, F V

lemma welltyped-imgu-exists:
fixes v :: ('f, 'v) subst
assumes unified: term -t v = term’ -t v
obtains p :: ('f, 'v) subst
where
v=puQOuv
term-subst.is-imgu p {{term, term’}}
welltyped-imgu F V term term’ p
proof—
obtain u where u: the-mgu term term’ = pu
using assms ex-mgu-if-subst-apply-term-eq-subst-apply-term by blast

have welltyped-imgu F V term term’ (the-mgu term term’)
using welltyped-the-mgu[OF n, of F V] assms
unfolding u
by blast

then show ?thesis
using that imgu-exists-extendable] OF unified]
by (metis the-mgu the-mgu-term-subst-is-imgu unified)
qed

abbreviation welltyped-imgu’ where

welltyped-imgu’ F V term term’ u =
I7. welltyped F V term 7 A welltyped F V term’ T A welltyped, F V u
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lemma welltyped-imgu’-ezists:
fixes v 2 ('f, 'v) subst
assumes unified: term -t v = term’ -t v and welltyped F V term T welltyped F
V term' T
obtains p :: ('f, 'v) subst
where
v=punQOuv
term-subst.is-imgu p {{term, term’}}
welltyped-imgu’ F V term term’ u
proof—
obtain py where pu: the-mgu term term’ = p
using assms ex-mgu-if-subst-apply-term-eq-subst-apply-term by blast

have welltyped-imgu F V term term’ (the-mgu term term’)
using welltyped-the-mgu|OF n, of F V] assms
unfolding u
by blast

then show ?thesis
using that imgu-ezists-extendable] OF unified]
by (metis assms(2) assms(3) the-mgu the-mgu-term-subst-is-imgu unified)
qed

end
theory First-Order-Select
imports
Selection-Function
First-Order-Clause
First-Order-Type-System
begin

/

type-synonym ('f, v, "ty) typed-clause = ('f, 'v) atom clause x ('v, 'ty) var-types
type-synonym ’f ground-select = 'f ground-atom clause = 'f ground-atom clause
type-synonym ('f, "v) select = ('f, 'v) atom clause = ('f, 'v) atom clause

definition is-select-grounding :: ('f, 'v) select = 'f ground-select = bool where
N\select selectq.
is-select-grounding select select = (¥ clauseq. 3 clause 7.
clause.is-ground (clause - v) A
clauseg = clause.to-ground (clause - ) A
selectg clauseq = clause.to-ground ((select clause) - 7))

lemma infinite-lists-per-length: infinite {1 :: (‘a :: infinite) list. length (1) = y}
proof (induction y)

case (

show ?case
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proof
assume a: finite {1 :: 'a list. length (t11) = 0}

define f where Az:: ‘a . fz = [1]

have Az y. fr=fy=z=1y
unfolding f-def
by (metis nth-Cons-0)

moreover have Az. length (f ) < Suc 0
unfolding f-def
by simp

moreover have A\z. length © = Suc 0 = z € range f
unfolding f-def
by (smt (23) One-nat-def Suc-length-conv Suc-pred’ diff-Suc-1 diff-is-0-eq’
length-0-conv nat.simps(3) not-gr0 rangel)

moreover have A\z. [z ¢ range f; length x < Suc 0] = z =[]
using calculation(3) le-Suc-eq by auto

moreover have Aza. fza = [| = False
unfolding f-def
by simp

ultimately have tt: bij-betw f UNIV ({l. length (t1 1) = 0} — {[]})
unfolding bij-betw-def inj-def
by auto presburger

then have infinite ({I :: ‘a list. length (¢11) = 0} — {[|})
using bij-betw-finite infinite-UNIV by blast

then have infinite {l :: ‘a list. length (tl1) = 0}
by simp

with a show Fulse
by blast
qed
next
case (Suc y)

have 1: {l :: 'a list. length (tl 1) = y} =
(if y = 0 then insert || {l. length | = 1} else {l. length | = Suc y})
by (auto simp: le-Suc-eq)

have 2: A\z. length © = Suc y = z € tl “ {l. length | — Suc 0 = Suc y}
by (metis (mono-tags, lifting) One-nat-def imagel length-tl list.sel(3) mem-Collect-eq)
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show ?case
proof
assume finite {I :: 'a list. length (¥ 1) = Suc y}

then have finite (¢  {l :: 'a list. length (tl 1) = Suc y})
by blast

moreover have tl “ {l :: 'a list. length (tl 1) = Suc y} = {l :: 'a list. length |
= Suc y}
using 2
by auto

ultimately show Fulse
using Suc 1
by (smt (verit, ccfo-SIG) Collect-cong One-nat-def finite-insert)
qed
qed

lemma infinite-prods” {p :: ‘a x 'a . fst p = y} = {y} x UNIV
by auto

lemma infinite-prods: infinite {p :: ((‘a :: infinite) x ‘a). fst p = y}
unfolding infinite-prods’
using finite-cartesian-productD2 infinite-UNIV by blast

lemma nat-version”: 3f :: nat = nat. Vy :: nat. infinite {z. fz = y}
proof—
obtain g :: nat = nat x nat where bij-g: bij g
using bij-prod-decode by blast

define f :: nat = nat where

Nz. fz = fst (g z)

have Ay. infinite {z. fz = y}
proof—
fix y
have z: {z. fst (g z) = y} = inv g ‘{p. fst p = y}
by (smt (verit, ccfv-SIG) Collect-cong bij-g bij-image-Collect-eq bij-imp-bij-inv
inv-inv-eq)

show infinite {z. fz = y}
unfolding f-def z
using infinite-prods
by (metis bij-betw-def bij-g finite-imagel image-f-inv-f)
qed

then show ?thesis
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by blast
qed

lemma not-nat-version’s Af :: (‘a :: infinite) = 'a. Vy. infinite {z. fz = y}
proof—
obtain ¢ :: 'a = 'a x ‘a where bij-g: bij g
using Times-same-infinite-bij-betw-types bij-betw-inv infinite-UNIV by blast

define f :: ‘a = 'a where

Nz. fz = fst (g x)

have Ay. infinite {z. fz = y}
proof—
fix y
have z: {z. fst (g z) = y} = invg ‘{p. fst p = y}
by (smt (verit, ccfv-SIG) Collect-cong bij-g bij-image-Collect-eq bij-imp-bij-inv
inv-inv-eq)

show infinite {z. fz = y}
unfolding f-def x
using infinite-prods
by (metis bij-g bij-is-surj finite-imagel image-f-inv-f)
qed

then show ?Zthesis
by blast
qged

lemma not-nat-version’”:
assumes |UNIV :: 'b set| <o |UNIV :: (‘a :: infinite) set]
shows 3f :: 'a = 'b. Vy. infinite {z. fz = y}
proof—
obtain ¢ :: 'a = 'a x ’'a where bij-g: bij g
using Times-same-infinite-bij-betw-types bij-betw-inv infinite-UNIV by blast

define f :: ‘a = 'a where

Nz. fz = fst (g x)

have inf: A\y. infinite {z. fz = y}
proof—
fix y
have z: {z. fst (g z) = y} = invg ‘{p. fst p = y}
by (smt (verit, ccfv-SIG) Collect-cong bij-g bij-image-Collect-eq bij-imp-bij-inv
inv-inv-eq)

show infinite {z. fz = y}
unfolding f-def x
using infinite-prods
by (metis bij-g bij-is-surj finite-imagel image-f-inv-f)
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qed

obtain f’:: ‘a = 'b where surj [’
using assms
by (metis card-of-ordLeq2 empty-not-UNIV)

then have Ay. infinite {z. f’ (f z) = y}
using inf
by (smt (verit, ccfv-SIG) Collect-mono finite-subset surjD)

then show ?thesis
by meson
qed

lemma nat-version: 3f :: nat = nat. Vy :: nat. infinite {z. fz = y}
proof—
obtain g :: nat = nat list where bij-g: bij g
using bij-list-decode by blast

define f :: nat = nat where
Nz. fx = length (¢l (g x))

have Ay. infinite {z. fz = y}
proof—
fix y
have {z. length (tl (g z)) = y} = inv g ‘ {l. length (tl 1) = y}
by (smt (verit, ccfv-SIG) Collect-cong bij-betw-def bij-g bij-image-Collect-eq
image-inv-f-f
inv-inv-eq surj-imp-ing-inv)

then show infinite {z. fx = y}
unfolding f-def
using infinite-lists-per-length
by (metis bij-g bij-is-surj finite-imagel image-f-inv-f)
qged

then show Zthesis
by blast
qed

definition all-types where

all-types V = V ty. infinite {z. V = = ty}

lemma all-types-nat: 3V :: nat = nat. all-types V
unfolding all-types-def
using nat-version
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by blast

lemma all-types: 3V :: ("v :: {infinite, countable} = 'ty :: countable). all-types V
proof—
obtain V-nat :: nat = nat where V-nat: all-types V-nat
using all-types-nat
by blast

obtain v-to-nat :: 'v = nat where v-to-nat: bij v-to-nat
using countablel-type infinite-UNIV to-nat-on-infinite by blast

obtain nat-to-ty :: nat = "ty and N where nat-to-ty: bij-betw nat-to-ty N UNIV
using countableE-bij
by (metis countablel-type)

define V where Az. V z = nat-to-ty (V-nat (v-to-nat x))

have 1: Aty. {z. V-nat (v-to-nat z) = ty} = inv v-to-nat ‘ {z. V-nat = ty}
by (smt (verit, best) Collect-cong bij-image-Collect-eq bij-imp-bij-inv inv-inv-eq
v-to-nat)

have 2: Aty. infinite {z. V-nat (v-to-nat x) = ty}
unfolding 71
using V-nat
unfolding all-types-def
by (metis bij-betw-def finite-imagel image-f-inv-f v-to-nat)

have Aty. infinite {z. V = = ty}
using V-nat
unfolding V-def all-types-def
by (smt (verit) 2 Collect-mono UNIV-I bij-betw-iff-bijections finite-subset nat-to-ty)

then show 3V :: 'v :: {infinite, countable} = 'ty :: countable. all-types V
unfolding all-types-def
by fast
qed

lemma all-types”:
assumes |UNIV :: 'ty set| <o |UNIV :: ('v :: infinite) set|
shows 3V :: (v = infinite = 'ty). all-types V
using not-nat-version”’|OF assms]
unfolding all-types-def
by argo

definition clause-groundings :: ('f, 'ty) fun-types = ('f, 'v, 'ty) typed-clause = 'f
ground-atom clause set where
clause-groundings F clause = { clause.to-ground (fst clause - ) | 7.
term-subst.is-ground-subst v A
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welltyped, F (snd clause) (fst clause) A
welltyped,-on (clause.vars (fst clause)) F (snd clause) v A
all-types (snd clause)

abbreviation select-subst-stability-on where
N\ select selectq. select-subst-stability-on F select select premises =
Y premiseq € |J (clause-groundings F * premises). 3 (premise, V) € premises.

3.

premise - v = clause.from-ground premiseg A

selecte (clause.to-ground (premise - 7)) = clause.to-ground ((select premise)
") A

welltyped. F V premise A\ welltyped,-on (clause.vars premise) F V v A

term-subst.is-ground-subst v A

all-types V

lemma obtain-subst-stable-on-select-grounding:
fixes select :: ('f, 'v) select
obtains selectg where
select-subst-stability-on F select selectg premises
is-select-grounding select selecta
proof—
let Zpremise-groundings = | (clause-groundings F * premises)

have selectq-exists-for-premises:
Y premiseq € ?premise-groundings. 3 selectg . I (premise, V) € premises.
premise - v = clause.from-ground premiseg

A selectg premiseq = clause.to-ground ((select premise) - «y)
A welltyped. F V premise N welltyped,-on (clause.vars premise) F V v
A term-subst.is-ground-subst v A all-types V

unfolding clause-groundings-def

using clause.is-ground-subst-is-ground

by fastforce

obtain selectq-on-premise-groundings where
selectg-on-premise-groundings: ¥ premiseq € ¢premise-groundings. 3 (premise,
V) € premises. 3.
premise - v = clause.from-ground premiseg
A selectg-on-premise-groundings (clause.to-ground (premise - v)) =
clause.to-ground ((select premise) - )
A welltyped. F V premise A welltyped,-on (clause.vars premise) F V
A term-subst.is-ground-subst v N all-types V
using Ball-Ex-comm(1)[OF select-exists-for-premises]
prod.case-eq-if clause.from-ground-inverse
by fastforce

define select; where

Nclauseq. selecte clauseq = (
if clauseg € ?premise-groundings
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then selectg-on-premise-groundings clauseg
else clause.to-ground (select (clause.from-ground clauseg))

)

have grounding: is-select-grounding select selectg
proof—
have Aclauseg a b.
[V yepremises.
V premiseg € clause-groundings F y.
Jx€premises.
case x of
(premise, V) =
Jv. premise - v = clause.from-ground premiseg N
selectg-on-premise-groundings (clause.to-ground (premise - vy))

clause.to-ground (select premise - v) A
welltyped. F V premise A
welltyped,-on (clause.vars premise) F V v A
term-subst.is-ground-subst v A all-types V;
(a, b) € premises; clauseg € clause-groundings F (a, b)]
= dclause 7.
clause.vars (clause - v) = {} A
clauseq = clause.to-ground (clause - ) A
selectg-on-premise-groundings clauseq = clause.to-ground (select clause
)
by force

moreover have Aclauseg.
[V yepremises.
V premiseg € clause-groundings F y.
JxEpremises.
case x of
(premise, V) =
3. premise - v = clause.from-ground premiseg N
selectg-on-premise-groundings (clause.to-ground (premise - 7y))

clause.to-ground (select premise - v) A
welltyped. F V premise N
welltyped,-on (clause.vars premise) F V v A
term-subst.is-ground-subst v A all-types V;
YV z€premises. clauseq ¢ clause-groundings F x]
= d clause 7.
clause.vars (clause - ) = {} A
clauseq = clause.to-ground (clause - ) A
clause.to-ground (select (clause.from-ground clauseg)) =
clause.to-ground (select clause - 7y)
by (metis (no-types, opaque-lifting) clause.comp-subst.left.action-neutral
clause.ground-is-ground clause.from-ground-inverse)
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ultimately show ¢thesis
unfolding is-select-grounding-def selectq-def
using selectg-on-premise-groundings
by auto
qed

show ?thesis
using that[OF - grounding| selectq-on-premise-groundings
unfolding selectq-def
by fastforce
qged

locale first-order-select = select select
for select :: ('f, 'v) atom clause = ('f, 'v) atom clause
begin

abbreviation is-grounding :: 'f ground-select = bool where
is-grounding selectq = is-select-grounding select selecta

definition selectgs where
selectqs = { ground-select. is-grounding ground-select }

definition selects-simple where
selectg-simple clause = clause.to-ground (select (clause.from-ground clause))

lemma selectq-simple: is-grounding selectq-simple
unfolding is-select-grounding-def selectq-simple-def
by (metis clause.from-ground-inverse clause.ground-is-ground clause.subst-id-subst)

lemma select-from-ground-clausel :
assumes clause.is-ground clause
shows clause.is-ground (select clause)
using select-subset sub-ground-clause assms
by metis

lemma select-from-ground-clause2:
assumes literal €# select (clause.from-ground clause)
shows literal.is-ground literal
using assms clause.sub-in-ground-is-ground select-subset
by blast

lemma select-from-ground-clause3:
assumes clause.is-ground clause literalg €7 clause.to-ground clause
shows literal.from-ground literalg €# clause
using assms
by (metis clause.to-ground-inverse clause.ground-sub-in-ground)

lemmas select-from-ground-clause =
select-from-ground-clausel
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select-from-ground-clause2
select-from-ground-clause3

lemma select-substi:
assumes clause.is-ground (clause - 7)
shows clause.is-ground (select clause - )
using assms
by (metis image-mset-subseteq-mono select-subset sub-ground-clause clause.subst-def)

lemma select-subst2:
assumes literal €# select clause - v
shows is-neg literal
using assms subst-neg-stable select-negative-lits
unfolding clause.subst-def
by auto

lemmas select-subst = select-substl select-subst2
end

locale grounded-first-order-select =
first-order-select select for select +

fixes selects

assumes selectq: is-select-grounding select selecta

begin

abbreviation subst-stability-on where
subst-stability-on F premises = select-subst-stability-on F select selectq premises

lemma selectg-subset: selecta clause C# clause
using selectqa
unfolding is-select-grounding-def
by (metis select-subset clause.to-ground-def image-mset-subseteq-mono clause.subst-def)

lemma selectg-negative:
assumes literalg €# selectg clauseg
shows is-neg literalg
proof —
obtain clause v where
is-ground: clause.is-ground (clause - ) and
selectq: selectq clauseq = clause.to-ground (select clause - )
using selectqg
unfolding is-select-grounding-def
by blast

show ?thesis
using
select-from-ground-clause(3)|
OF select-subst(1)[OF is-ground] assms[unfolded selectg],

167



THEN select-subst(2)
]
unfolding literal.from-ground-def
by simp
qed

sublocale ground: select selectq
by unfold-locales (simp-all add: selectg-subset selecta-negative)

end

end
theory First-Order-Ordering
imports
First-Order-Clause
Ground-Ordering
Relation-Extra
begin

context ground-ordering
begin

lemmas less;q-transitive-on = literal-order.transp-on-less
lemmas less;q-asymmetric-on = literal-order.asymp-on-less
lemmas less;g-total-on = literal-order.totalp-on-less

lemmas less.q-transitive-on = clause-order.transp-on-less
lemmas less.q-asymmetric-on = clause-order.asymp-on-less
lemmas less.q-total-on = clause-order.totalp-on-less

lemmas is-mazimal-lit-def = is-mazimal-in-mset-wrt-iff [OF less;c-transitive-on
less; g -asymmetric-on]
lemmas is-strictly-mazimal-lit-def =

is-strictly-mazimal-in-mset-wrt-iff |OF less;c-transitive-on less;g-asymmetric-on|

end

6 First order ordering

locale first-order-ordering = term-ordering-lifting less;
for
lessy = ('f, 'v) term = ('f, 'v) term = bool (infix <; 50) +
assumes
lessg-total-on [intro]: totalp-on {term. term.is-ground term} (<:) and
lessg-wellfounded-on: wfp-on {term. term.is-ground term} (<) and
less¢-ground-context-compatible:
N context termy terms.
termy <¢ termo —
term.is-ground term; =
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term.is-ground termg =—>

context.is-ground contert =—>

context(termy) <, context{terms) and
less¢-ground-subst-stability:

Ntermy terms (v = 'v = ('f, 'v) term).
term.is-ground (termy -t v) =
term.is-ground (termg -t v) =
termy <¢ termo —>
termy -t v <4 terms -t v and

lessy-ground-subterm-property:

Ntermg contexte.
term.is-ground termg —>
context.is-ground conterte —>
contertg # 0 =
termg < contexte(termea)

begin

lemmas less;-transitive = transp-less-trm
lemmas less;-asymmetric = asymp-less-trm

6.1 Definitions

abbreviation less-eq; (infix <; 50) where
less-eqr = (=¢)==

definition less; :: 'f ground-term = 'f ground-term = bool (infix <; 50) where
termg1 <iq termge = term.from-ground termgy, <; term.from-ground termgo

notation less-lit (infix <; 50)
notation less-cls (infix <. 50)

lemma
assumes
L-in: L €# C and
subst-stability: AL K. L <, K = (L -l o) <; (K -l o) and
Lo-maz-in-Co: literal-order.is-maximal-in-mset (C - o) (L -l o)
shows literal-order.is-mazimal-in-mset C' L
proof —
have Lo-in: L -l o0 €# C - 0 and Lo-max: Vye#C -o. y# L -lo — - L -]
o =<1y
using Lo-maz-in-Co
unfolding atomize-conj literal-order.is-mazximal-in-mset-iff
by argo

show literal-order.is-maximal-in-mset C' L
unfolding literal-order.is-mazimal-in-mset-iff
proof (intro congl balll impl)
show L €# C
using L-in .
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next
show \y. ye# C = y#L—=—=-L <y
using subst-stability
by (metis Lo-maz clause.subst-in-to-set-subst literal-order.order. strict-iff-order)
qed
qed

lemmas less;-def = less-lit-def
lemmas less.-def = less-cls-def

abbreviation less-eq; (infix <; 50) where
less-eq; = (<)~

abbreviation less-eq. (infix <. 50) where
less-eqe = (<)==

abbreviation is-mazximal; :
("f, "v) atom literal = ('f, 'v) atom clause = bool where
is-maximal; literal clause = is-mazimal-in-mset-wrt (<)) clause literal

abbreviation is-strictly-maximal; ::

('f, "v) atom literal = ('f, 'v) atom clause = bool where

is-strictly-mazimal; literal clause = is-strictly-mazimal-in-mset-wrt (<;) clause
literal

6.2 Term ordering

lemmas less;-asymmetric-on = term-order.asymp-on-less
lemmas less;-irreflexive-on = term-order.irrefip-on-less
lemmas less;-transitive-on = term-order.transp-on-less

lemma less;-wellfounded-on’: Wellfounded.wfp-on (term.from-ground * termsg)
(=¢)
proof (rule Wellfounded.wfp-on-subset)
show Wellfounded.wfp-on {term. term.is-ground term} (<)
using less;-wellfounded-on .
next
show term.from-ground ‘ termsg C {term. term.is-ground term}
by force
qed

lemma less;-total-on': totalp-on (term.from-ground ‘ termsg) (<t)
using less;-total-on
by (simp add: totalp-on-def)

lemma less;g-wellfounded: wfp (<¢q)
proof —
have Wellfounded.wfp-on (range term.from-ground) (<)
using less;-wellfounded-on’ by metis
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hence wfp (Atermgi termgs. term.from-ground termgi <¢ term.from-ground
termga)
unfolding Wellfounded.wfp-on-image[symmetric| .
thus wfp (<ec)
unfolding less;g-def .
qed

6.3 Ground term ordering

lemma less;g-asymmetric [intro]: asymp (<iq)
by (simp add: wfP-imp-asymp less;q-wellfounded)

lemmas less;g-asymmetric-on = lessig-asymmetric| THEN asymp-on-subset, OF
subset-UNIV]

lemma less;g-transitive [intro]: transp (<iq)
using less;g-def less;-transitive transpE transpl
by (metis (full-types))

lemmas less;g-transitive-on = lessig-transitive] THEN transp-on-subset, OF sub-

set-UNIV]

lemma less;g-total [intro]: totalp (<iq)
unfolding less;q-def
using totalp-on-image[OF inj-term-of-gterm] less-total-on’
by blast

lemmas less;g-total-on = lessyg-total| THEN totalp-on-subset, OF subset-UNIV|

lemma less;-context-compatible [simp]:
assumes termy <;g terms
shows context(termy)a <ic context{terma)a
using assms less;-ground-context-compatible
unfolding less;q-def
by (metis context.ground-is-ground term.ground-is-ground ground-term-with-context(3))

lemma less;q-subterm-property [simpl:
assumes context # g
shows term <o context(term)c
using
assms
lesst-ground-subterm-property[ OF term.ground-is-ground context.ground-is-ground)

context-from-ground-hole
unfolding less;g-def ground-term-with-context(3)

by blast

lemma less;-less;c [clause-simp]:
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assumes term.is-ground termy and term.is-ground terms
shows term; <; termg <— term.to-ground termy, <iqa term.to-ground terms
by (simp add: assms lessic-def)

lemma less-eq;-ground-subst-stability:

assumes term.is-ground (termy -t 7y) term.is-ground (terms -t ) termy =
terms

shows term; -t v <y termg -t 7y

using less;-ground-subst-stability| OF assms(1, 2)] assms(3)

by auto

6.4 Literal ordering

lemmas less;-asymmetric [intro] = literal-order.asymp-on-less[of UNIV]
lemmas less;-asymmetric-on [intro] = literal-order.asymp-on-less

lemmas less;-transitive [intro] = literal-order.transp-on-less[of UNIV|
lemmas less;-transitive-on = literal-order.transp-on-less

lemmas is-mazimal;-def = is-maximal-in-mset-wrt-iff [OF less;-transitive-on less;-asymmetric-on)

lemmas is-strictly-mazimal;-def =
is-strictly-maximal-in-mset-wrt-iff [OF less;-transitive-on less;-asymmetric-on]

lemmas is-maximal;-if-is-strictly-mazimal; =
is-maximal-in-mset-writ-if-is-strictly-mazimal-in-mset-wrt| OF
less;-transitive-on less;-asymmetric-on

]

lemma less;-ground-subst-stability:
assumes
literal.is-ground (literal -1 )
literal.is-ground (literal’ -1 7)
shows literal < literal’ = literal -1 v < literal’ -1 v
unfolding less;-def mset-mset-lit-subst[symmetric]
proof (elim multp-map-strong[rotated —1])
show monotone-on (set-mset (mset-lit literal + mset-lit literal’)) (<¢) (<)
(Aterm. term -t )
by (rule monotone-onl)
(metis assms(1,2) less-ground-subst-stability ground-term-in-ground-literal-subst
union-iff )
qed (use lessi-asymmetric less;-transitive in simp-all)

lemma mazimal;-in-clause:
assumes is-mazximal; literal clause
shows literal €# clause
using assms
unfolding is-maximal;-def
by (rule conjunct1)
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lemma strictly-maximal;-in-clause:
assumes is-strictly-maximal; literal clause
shows literal €# clause
using assms
unfolding is-strictly-mazimal;-def
by (rule conjunct1)

6.5 Clause ordering

lemmas less.-asymmetric [intro] = clause-order.asymp-on-less[of UNIV]
lemmas less.-asymmetric-on [intro] = clause-order.asymp-on-less
lemmas less.-transitive [intro] = clause-order.transp-on-less|of UNIV]
lemmas less.-transitive-on [intro] = clause-order.transp-on-less

lemma less.-ground-subst-stability:
assumes
clause.is-ground (clause - )
clause.is-ground (clause’ - )
shows clause <. clause’ = clause - v <. clause’ - 7
unfolding clause.subst-def less.-def
proof (elim multp-map-strong[rotated —1])
show monotone-on (set-mset (clause + clause”)) (<;) (<1) (Aliteral. literal -1 ~y)
by (rule monotone-onl)
(metis assms(1,2) clause.to-set-is-ground-subst less;-ground-subst-stability
union-iff )
qed (use less;-asymmetric less;-transitive in simp-all)

6.6 Grounding

sublocale ground: ground-ordering (<:q)
apply unfold-locales
by (simp-all add: less,q-transitive lessy-asymmetric less;g-wellfounded lessy g -total)

notation ground.less-lit (infix <;¢ 50)
notation ground.less-cls (infix <.q 50)

notation ground.lesseq-trm (infix <;g 50)
notation ground.lesseg-lit (infix <;c 50)
notation ground.lesseq-cls (infix <.¢ 50)

lemma not-less-eq;q: - termags =iq termagi — termgi <iq termas
using ground.term-order.not-le .

lemma less-eq:-less-eqiq:
assumes term.is-ground term, and term.is-ground termso
shows term, =; terms <— term.to-ground term, =<ic term.to-ground terms
unfolding reficlp-iff less;-less;c[OF assms]
using assms[THEN term.to-ground-inverse]
by auto
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lemma less-eq;a-less-eqy:
termgi1 Xtq termags <— term.from-ground termgy1 =<t term.from-ground termgs
unfolding
less-eqi-less-eqr[OF term.ground-is-ground term.ground-is-ground)
term.from-ground-inverse

lemma not-less-eq;:
assumes term.is-ground termy, and term.is-ground termso
shows — termg =<; termq <— termi <; terms
unfolding less;-lessiq|OF assms| less-eqi-less-eqr[OF assms(2, 1)] not-less-eqra

lemma less;g-less;:
literalg1 <1 literalge <— literal. from-ground literalg, < literal.from-ground
literal o
unfolding less;-def ground.less-lit-def lessy-def mset-literal-from-ground
using
multp-image-mset-image-msetl [OF - lesss-transitive]
multp-image-mset-image-msetD[OF - less;-transitive-on term.ing-from-ground)
by blast

lemma less;-less;q:

assumes literal.is-ground literaly literal.is-ground literals

shows literal; < literaly <— literal.to-ground literal; <;q literal.to-ground lit-
erals

using assms

by (simp add: less;g-less;)

lemma less-eq;-less-eq;q:

assumes literal.is-ground literaly and literal.is-ground literals

shows literal; = literaly <— literal.to-ground literal; =, literal.to-ground lit-
erals

unfolding reflclp-iff less;-less;g[OF assms]

using assms[THEN literal.to-ground-inverse)

by auto

lemma less-eq;-less-eq;:
literalg1 =g literalge <— literal.from-ground literalgy, = literal.from-ground
literalgo
unfolding
less-eqp-less-eqc|OF literal.ground-is-ground literal.ground-is-ground)
literal. from-ground-inverse

lemma maximal-lit-in-clause:
assumes ground.is-maximal-lit literalg clauseg
shows literalg €# clauseqg
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using assms
unfolding ground.is-maximal-lit-def
by (rule conjunct1)

lemma is-mazimal;-empty [simp]:
assumes is-mazimal; literal {#}
shows Fulse
using assms mazimal;-in-clause
by fastforce

lemma is-strictly-maximal;-empty [simp]:
assumes is-strictly-mazimal; literal {#}
shows Fulse
using assms strictly-mazimal;-in-clause
by fastforce

lemma is-mazximal-lit-iff-is-maximal;:
ground.is-mazximal-lit literalg clauseg +—
is-maximal; (literal.from-ground literalg) (clause.from-ground clausec)
unfolding
is-maximal;-def
ground.is-maximal-lit-def
clause. ground-sub-in-ground[symmetric)
using
less;-less | OF literal.ground-is-ground clause.sub-in-ground-is-ground]
clause.sub-in-ground-is-ground
clause. ground-sub-in-ground
by (metis literal.to-ground-inverse literal.from-ground-inverse)

lemma is-strictly-mazimal g -iff-is-strictly-mazimaly:
ground.is-strictly-mazximal-lit literalg clausea
+— is-strictly-mazimal; (literal.from-ground literalg) (clause.from-ground clauseq)
unfolding
is-strictly-mazimal-in-mset-wrt-iff-is-greatest-in-mset-wrt| OF
ground.less;-transitive-on ground.less;q-asymmetric-on ground.less;-total-on,
symmetric

]

ground.is-strictly-maximal-lit-def
is-strictly-maximal; -def
clause.ground-sub-in-ground|symmetric]
removel-mset-literal-from-ground
clause.ground-sub

less-eqi-less-eq;

lemma not-less-eqiq: — literalgs =<iq literalg1 «— literalg1 < literalgo

using asympD[OF ground.less;c-asymmetric-on] totalpD[OF ground.less;g-total-on)
by blast
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lemma not-less-eq;:
assumes literal.is-ground literal; and literal.is-ground literals
shows — literaly < literal; +— literal; <; literals
unfolding less;-less;[OF assms] less-eq;-less-eqic[OF assms(2, 1)] not-less-eqia

lemma less.g-less.:
clauseg1 <cq clausegs <+— clause.from-ground clausegi <. clause.from-ground
clausego
proof (rule iffI)
show clauseg1 <. clausego = clause.from-ground clauseg1 <. clause.from-ground
clausego
unfolding less.-def
by (auto simp: clause.from-ground-def ground.less-cls-def less;g-less;
introl: multp-image-mset-image-msetl elim: multp-mono-strong)
next
have transp (Ax y. literal.from-ground x < literal.from-ground y)
by (metis (no-types, lifting) literal-order.less-trans transpl)
thus clause.from-ground clausegi <. clause.from-ground clausege = clauseg
<ca clausegs
unfolding ground.less-cls-def clause.from-ground-def less.-def
by (auto simp: less;g-less;
dest!: multp-image-mset-image-msetD|OF - less;-transitive literal.inj-from-ground)
elim!: multp-mono-strong)
qed

lemma less.-less.q:

assumes clause.is-ground clause; clause.is-ground clauses

shows clause; <. clauses <— clause.to-ground clause; <.c clause.to-ground
clauses

using assms

by (simp add: less.c-less.)

lemma less-eq.-less-eq.q:

assumes clause.is-ground clause; and clause.is-ground clauses

shows clause; <. clauses <— clause.to-ground clause; =.g clause.to-ground
clauses

unfolding reflclp-iff less.-less.q|OF assms)

using assms[THEN clause.to-ground-inverse|

by fastforce

lemma less-eq.q-less-eq.:
clauseg1 =cq clausegs <— clause.from-ground clauseg1 =. clause.from-ground
clausego
unfolding
less-eqc-less-eq.q[OF clause.ground-is-ground clause.ground-is-ground)
clause. from-ground-inverse
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lemma not-less-eq.q: — clausegs <. clauseqy <— clauseq1 <.q clausegs
using asympD[OF ground.less.q-asymmetric-on] totalpD[OF ground.less.q-total-on]
by blast

lemma not-less-eq..:
assumes clause.is-ground clause; and clause.is-ground clauses
shows — clauses <. clause; <— clause; <. clauses
unfolding less.-less.q|OF assms| less-eq.-less-eq.q|OF assms(2, 1)] not-less-eq.q

lemma less;-ground-context-compatible’:
assumes
context.is-ground context
term.is-ground term
term.is-ground term’
context(term) <, context(term’)
shows term <; term’
using assms
by (metis less;-ground-context-compatible not-less-eq; term-order.dual-order.asym

term-order.order.not-eg-order-implies-strict)

lemma [ess;-ground-context-compatible-iff:
assumes
context.is-ground context
term.is-ground term
term.is-ground term’
shows context(term) <; context(term’y <— term =< term’
using assms less;-ground-context-compatible less;-ground-context-compatible’
by blast

6.7 Stability under ground substitution

lemma less;-less-eqi-ground-subst-stability:
assumes
term.is-ground (termy -t )
term.is-ground (terms -t )
termy -ty <¢ termo -t 7y
shows
- termo =<X; termgy
proof
assume assumption: termg =; termy

have termso -t v =4 termy -t 7y
using less-eq:-ground-subst-stability| OF
assms(2, 1)
assumption

].
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then show Fulse
using assms(3) by order
qed

lemma less-eq;-ground-subst-stability:
assumes
literal.is-ground (literaly -1 )
literal.is-ground (literaly -1 )
literaly =< literaly
shows literaly -1 v =<y literaly -1 y
using less;-ground-subst-stability] OF assms(1, 2)] assms(3)
by auto

lemma less;-less-eq;-ground-subst-stability: assumes
literal.is-ground (literaly -1 )
literal.is-ground (literals -1 )
literaly -1 v < literaly -1 ~
shows
- literals =<y literaly
by (meson assms less-eq;-ground-subst-stability not-less-eq;)

lemma less-eq.-ground-subst-stability:
assumes
clause.is-ground (clause; - )
clause.is-ground (clauses - )
clause; <. clauses
shows clause; - v <. clauses -
using less.-ground-subst-stability] OF assms(1, 2)] assms(3)
by auto

lemma less.-less-eq.-ground-subst-stability: assumes
clause.is-ground (clause; - )
clause.is-ground (clauses - 7y)
clausey - v <. clausey -
shows
= clauses <. clause;
by (meson assms less-eq.-ground-subst-stability not-less-eq..)

lemma is-mazximal;-ground-subst-stability:
assumes
clause-not-empty: clause # {#} and
clause-grounding: clause.is-ground (clause - )
obtains literal
where is-mazimal; literal clause is-maximal; (literal -1 ) (clause - )
proof—
assume assumption:
Nliteral. is-mazximal; literal clause = is-maximal; (literal -1 v) (clause - )
= thesis
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from clause-not-empty

have clause-grounding-not-empty: clause - v # {#}
unfolding clause.subst-def
by simp

obtain literal where
literal: literal €4 clause and
literal-grounding-is-maximal: is-mazimal; (literal -1 ) (clause - )
using
ex-mazimal-in-mset-wrt[ OF less;-transitive-on less;-asymmetric-on clause-grounding-not-empty]

mazximal;-in-clause
unfolding clause.subst-def
by force

from literal-grounding-is-maximal

have no-bigger-than-literal:
Y literal” €4 clause - . literal’ # literal -1 v — — literal -1 v < literal’
unfolding is-maximal;-def
by simp

show ?thesis
proof (cases is-mazimal; literal clause)
case True
with literal-grounding-is-maximal assumption show ?thesis
by blast
next
case Fulse
then obtain literal’ where
literal”: literal’ €# clause literal <, literal’
unfolding is-maximal;-def
using literal
by blast

note literals-in-clause = literal(1) literal’(1)
note literals-grounding = literals-in-clause| THEN
clause.to-set-is-ground-subst[ OF - clause-grounding]

]

have literal -1 v <, literal’ -1
using less;-ground-subst-stability| OF literals-grounding literal’(2)].

then have Fulse
using
no-bigger-than-literal
clause.subst-in-to-set-subst[ OF literal’(1)]
by (metis asymp-onD less;-asymmetric-on)
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then show ?thesis..
qed
qed

lemma is-mazimal;-ground-subst-stability’:
assumes
literal €# clause
clause.is-ground (clause - )
is-mazimal; (literal -1 7) (clause - )
shows
is-maximal; literal clause
proof (rule ccontr)
assume — is-maximal; literal clause

then obtain literal’ where literal”:
literal <, literal’
literal’ €4 clause

using assms(1)

unfolding is-maximal;-def

by blast

then have literal’-grounding: literal.is-ground (literal’ -1 ~)
using assms(2) clause.to-set-is-ground-subst by blast

have literal-grounding: literal.is-ground (literal -1 )
using assms(1) assms(2) clause.to-set-is-ground-subst by blast

have literal-y-in-premise: literal’ -1 v €4 clause -
using clause. subst-in-to-set-subst| OF literal’(2)]
by simp

have literal -1 v <, literal’ -1 v
using less;-ground-subst-stability|OF literal-grounding literal’-grounding lit-
eral’(1)].

then have — is-mazximal; (literal -1 ) (clause - )
using literal-y-in-premise
unfolding is-maximal;-def literal.subst-comp-subst
by (metis asympD less;-asymmetric)

then show Fulse
using assms(3)
by blast
qed

lemma less;-total-on [intro]: totalp-on (literal.from-ground * literalsg) (<)

by (smt (verit, best) image-iff lessig-less; totalpD ground.less;g-total-on to-
talp-on-def)
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lemmas less;-total-on-set-mset =
less;-total-on[ THEN totalp-on-subset, OF clause.to-set-from-ground[ THEN equal-
ityD1]]

lemma lessq-total-on: totalp-on (clause.from-ground * clauses) (<)
by (smt ground.clause-order.totalp-on-less image-iff less.a-less. totalpD totalp-onl)

lemma unique-mazimal-in-ground-clause:
assumes
clause.is-ground clause
is-maximal; literal clause
is-mazimal; literal’ clause
shows
literal = literal’
using assms(2, 3)
unfolding is-mazimal;-def
by (metis assms(1) less;-total-on-set-mset clause.to-ground-inverse totalp-onD)

lemma unique-strictly-mazimal-in-ground-clause:
assumes
clause.is-ground clause
is-strictly-mazimal; literal clause
is-strictly-mazximal; literal’ clause
shows
literal = literal’
proof—
note are-mazimal, = assms(2, 3)[THEN is-mazimal;-if-is-strictly-mazimal)]

show ?thesis
using unique-maximal-in-ground-clause[OF assms(1) are-mazimaly].
qed

lemma is-strictly-mazimal;-ground-subst-stability:

assumes

clause-grounding: clause.is-ground (clause - ) and

ground-strictly-mazimal: is-strictly-mazimal; literalg (clause - )
obtains literal where

is-strictly-mazimal; literal clause literal -1 v = literalg
proof—

assume assumption: \literal.

is-strictly-maximal; literal clause = literal -1 v = literalg = thesis

have clause-grounding-not-empty: clause - v # {#}
using ground-strictly-mazimal
unfolding is-strictly-mazimal;-def
by fastforce

have literalg-in-clause-grounding: literalg €# clause - ~
using ground-strictly-mazimal is-strictly-mazimal;-def by blast
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obtain literal where literal: literal €4 clause literal -1 v = literalg
by (smt (verit, best) clause.subst-def imageF literalg-in-clause-grounding mul-

tiset.set-map)

show ?thesis
proof (cases is-strictly-mazimal; literal clause)
case True
then show ?thesis
using assumption
using literal(2) by blast
next
case Fulse

then obtain literal’ where literal”:
literal” €4 clause — {# literal #}
literal =<, literal’
unfolding is-strictly-maximal;-def
using literal(1)
by blast

note literal-grounding =
clause.to-set-is-ground-subst[ OF literal(1) clause-grounding]

have literal’-grounding: literal.is-ground (literal’ -1 )
using literal’(1) clause-grounding
by (meson clause.to-set-is-ground-subst in-diffD)

have literal -1 v =<, literal’ -1
using less-eq;-ground-subst-stability| OF literal-grounding literal’-grounding

literal’(2)].

then have Fulse
using clause.subst-in-to-set-subst| OF literal’(1)] ground-strictly-mazimal
unfolding
is-strictly-mazimal; -def
literal(2)[symmetric]
subst-clause-removel-mset| OF literal(1)]
by blast

then show ?thesis..
qed
qged

lemma is-strictly-mazimal;-ground-subst-stability":
assumes
literal €# clause
clause.is-ground (clause - )
is-strictly-mazimal; (literal -1 v) (clause - )
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shows
is-strictly-maximal; literal clause
using
is-mazimal;-ground-subst-stability |OF
assms(1,2)
is-maximal;-if-is-strictly-mazimal; [OF assms(3)]
]
assms(3)
unfolding
1s-strictly-mazimal;-def is-mazimal;-def
subst-clause-removel-mset[OF assms(1), symmetric]
by (metis in-diff D clause.subst-in-to-set-subst reflclp-iff)

lemma less;-less;:
assumes term; <; termo
shows
termy ~ terms <; termo =~ terms
termy & terms <; termo = terms
using assms
unfolding less;-def multp-eq-multp g o[ OF lessi-asymmetric less;-transitive] multp g o-def

by (auto simp: add-mset-eq-add-mset)

lemma less;-less;":
assumes
Vterm € set-uprod (atm-of literal). term -t o’ <; term -t o
Jterm € set-uprod (atm-of literal). term -t o’ <4 term -t o
shows literal -1 o’ <, literal -l o
proof (cases literal)
case (Pos atom)
show ?thesis
proof(cases atom)
case (Upair termy terms)
have termo -t 0’/ <4 termo -t 0 =
multp (<) {#termy -t o, termy -t o'#} {#termy -t o, termg -t o#}
using multp-add-mset’[of (<;) terms -t o’ termo -t o {#termy -t o#}]
add-mset-commute
by metis

then show ?thesis
using assms
unfolding less;-def Pos subst-literal(1) Upair subst-atom
by (auto simp: multp-add-mset multp-add-mset’)
qed
next
case (Neg atom)
show ?thesis
proof(cases atom)
case (Upair termy terms)
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have termy -t 0’ <4 termy -t 0 =
multp (<)
{#term; -t o, termy -t o, terms -t o', termgy -t o'#}
{#termy -t o, termy -t o, terms -t o, termg -t o#}
using multp-add-mset’ multp-add-same| OF lessi-asymmetric less-transitive]
by simp

then show %thesis
using assms
unfolding less;-def Neg subst-literal(2) Upair subst-atom
by (auto simp: multp-add-mset multp-add-mset’ add-mset-commute)
qed
qed

lemmas less.-add-mset = multp-add-mset-reflclp| OF less;-asymmetric less;-transitive,
folded less.-def]

lemmas less.-add-same = multp-add-same[OF less;-asymmetric less;-transitive,
folded less.-def]

lemma less-eq;-less-eq..:
assumes YV literal €# clause. literal -l o’ =<; literal -l o
shows clause - o’/ <. clause - o
using assms
by (induction clause)(clause-auto simp: less.-add-same less.-add-mset)

lemma less;-less,:
assumes
V literal €# clause. literal -1 o’ =<, literal -l o
Aliteral €# clause. literal -1 o’ <, literal -1
shows clause - o' <, clause - o
using assms
proof (induction clause)
case empty
then show ?case by auto
next
case (add literal clause)
then have less-eq: V literal €# clause. literal -l o’ <X, literal -l o
by (metis add-mset-remove-trivial in-diffD)

show ?case
proof (cases literal -1 o’ <, literal -1 o)
case True
moreover have clause - ¢’ <. clause - o
using less-eq;-less-eq.[OF less-eq].

ultimately show ¢thesis

using less.-add-mset
unfolding subst-clause-add-mset less.-def
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by blast
next
case Fulse
then have less: 3 literal €# clause. literal -1 o’ <, literal -l o
using add.prems(2) by auto

from False have eq: literal -l o' = literal -l o
using add.prems(1) by force

show ?thesis
using add(1)[OF less-eq less] less.-add-same
unfolding subst-clause-add-mset eq less.-def
by blast
qed
qed

6.8 Substitution update

lemma less;-subst-upd:
fixes v :: ('f, 'v) subst
assumes
update-is-ground: term.is-ground update and
update-less: update <; v var and
term-grounding: term.is-ground (term -t ) and
var: var € term.vars term
shows term -t y(var := update) <; term -t
using assms(3, 4)
proof (induction term)
case Var
then show ?case
using update-is-ground update-less
by simp
next
case (Fun f terms)

then have Vterm € set terms. term -t y(var := update) = term -t
by (metis eval-with-fresh-var is-ground-iff reflclp-iff term.set-intros(4))

moreover then have Jterm € set terms. term -t y(var := update) <; term -t
Y
using Fun assms(2)
by (metis (full-types) fun-upd-same term.distinct(1) term.sel(4) term.set-cases(2)

term-order.dual-order.strict-iff-order term-subst-eq-rev)
ultimately show Zcase
using Fun(2, 3)

proof (induction filter (Aterm. term -t y(var := update) <, term -t «y) terms
arbitrary: terms)
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case Nil
then show ?case
unfolding empty-filter-conv
by blast
next
case first: (Cons t ts)

have update-grounding [simp): term.is-ground (t -t y(var := update))
using first.prems(8) update-is-ground first.hyps(2)
by (metis (no-types, lifting) filter-eq-ConsD fun-upd-other fun-upd-same
in-set-conv-decomp
is-ground-iff term.set-intros(4))

then have t-grounding [simp]: term.is-ground (t -t =)
using update-grounding Fun.prems(1,2)
by (metis fun-upd-other is-ground-iff)

show ?case
proof (cases ts)
case Nil
then obtain ssi ss2 where terms: terms = ssl1 Q t # ss2
using filter-eq-ConsD|OF first.hyps(2)[symmetric]]
by blast

have ssl: Viterm € set ss1. term -t y(var := update) = term -t v
using first.hyps(2) first.prems(1)
unfolding Nil terms
by (smt (verit, del-insts) Un-iff append-Cons-eq-iff filter-empty-conv fil-
ter-eq-ConsD
set-append term-order.antisym-conv2)

have ss2: Vterm € set ss2. term -t v(var := update) = term -t v
using first.hyps(2) first.prems(1)
unfolding Nil terms
by (smt (verit, ccfo-SIG) Un-iff append-Cons-eq-iff filter-empty-conv fil-
ter-eq-ConsD
list.set-intros(2) set-append term-order.antisym-conv2)

let ?context = More f (map (Aterm. (term -t 7)) ss1) O (map (Aterm. (term
) 552)
have 1: term.is-ground (t -t )
using terms first(5)
by auto

moreover then have term.is-ground (t -t y(var := update))
by (metis assms(1) fun-upd-other fun-upd-same is-ground-iff)

moreover have context.is-ground ?context
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using terms first(5)
by auto

moreover have t -t y(var := update) <; t -t v
using first.hyps(2)
by (meson Cons-eg-filterD)

ultimately have ?context(t -t y(var := update)) < Zcontext(t -t )
using less;-ground-context-compatible
by blast

moreover have Fun f terms -t y(var := update) = ?Pcontext(t -t ~v(var :=
update))

unfolding terms

using ssi ss2

by simp

moreover have Fun f terms -t v = %context(t -t )
unfolding terms
by auto

ultimately show ?Zthesis
by argo
next
case (Cons t' ts')

from first(2)
obtain ssi ss2 where
terms: terms = ssl1 @ t # ss2 and
ssl: Vseset ss1. = s -t y(var := update) <; s -t v and
less: t -t y(var := update) <, ¢ -t v and
ts: ts = filter (Aterm. term -t y(var := update)<y term -t y) ss2
using Cons-eq-filter-iff [of t ts (Aterm. term -t v(var := update) <; term -t

by blast
let ?terms’ = ss1 Q (¢ -t v(var := update)) # ss2
have [simp]: t -t v(var := update) -t v = t -t v(var := update)
using first.prems(3) update-is-ground
unfolding terms
by (simp add: is-ground-iff)
have [simp)]: t -t y(var := update) -t y(var := update) = t -t y(var := update)
using first.prems(3) update-is-ground
unfolding terms

by (simp add: is-ground-iff)

have ts = filter (Aterm. term -t y(var := update) < term -t ) ?terms’
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using ssi ts
by auto

moreover have Vterm € set ?terms’. term -t y(var := update) =<; term -t
using first.prems(1)
unfolding terms
by simp

moreover have Jterm € set ?terms’. term -t y(var := update) <; term -t
using calculation(1) Cons neq-Nil-conv by force

moreover have terms’-grounding: term.is-ground (Fun f ?terms’ -t 7)
using first.prems(3)
unfolding terms
by simp

moreover have var € term.vars (Fun f ?terms’)
by (metis calculation(8) eval-with-fresh-var term.set-intros(4) term-order.less-irrefl)

ultimately have less-terms”. Fun f ?terms’ -t v(var := update) <; Fun f
Zterms’ -t
using first.hyps(1) first.prems(3) by blast

have context-grounding: context.is-ground (More f ss1 O ss2 -t. )
using terms’-grounding
by auto

have Fun f (ss1 Q t -t y(var := update) # ss2) -t v <¢ Fun f terms -t
unfolding terms
using less;-ground-context-compatible[OF less - - context-grounding]
by simp

with less-terms’ show ?thesis
unfolding terms
by auto
qed
qged
qged

lemma less;-subst-upd:
fixes v :: ('f, 'v) subst
assumes
update-is-ground: term.is-ground update and
update-less: update <; v var and
literal-grounding: literal.is-ground (literal -1 ) and
var: var € literal.vars literal
shows literal -1 y(var := update) <; literal -1 v
proof—
note less;-subst-upd = less;-subst-upd|of - v, OF update-is-ground update-less)
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have all-ground-terms: ¥V term € set-uprod (atm-of literal). term.is-ground (term
-t )
using assms(3)
apply(cases literal)
by (simp add: ground-term-in-ground-literal-subst)+

then have
Vterm € set-uprod (atm-of literal).
var € term.vars term — term -t y(var := update) <; term -t 7y
using less;-subst-upd
by blast

moreover have
Vterm € set-uprod (atm-of literal).
var ¢ term.vars term — term -t y(var := update) = term -t
by (meson eval-with-fresh-var)

ultimately have VY term € set-uprod (atm-of literal). term -t y(var := update)
=¢ term -t vy
by blast

moreover have Jterm € set-uprod (atm-of literal). term -t ~y(var := update) <
term -t vy
using update-less var less;-subst-upd all-ground-terms
unfolding literal.vars-def atom.vars-def set-literal-atm-of
by blast

ultimately show ?thesis
using less;-less;’
by blast
qed

lemma less.-subst-upd:
assumes
update-is-ground: term.is-ground update and
update-less: update <; v var and
literal-grounding: clause.is-ground (clause - v) and
var: var € clause.vars clause
shows clause - y(var := update) <. clause - 7
proof—
note less;-subst-upd = less;-subst-upd|of - v, OF update-is-ground update-less]

have all-ground-literals: ¥ literal €# clause. literal.is-ground (literal -1 7)
using clause.to-set-is-ground-subst| OF - literal-grounding] by blast

then have

V literal €# clause.
var € literal.vars literal — literal -1 y(var := update) <; literal -1 v
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using less;-subst-upd
by blast

then have V literal €# clause. literal -l y(var := update) = literal -1 v
by fastforce

moreover have Jliteral €# clause. literal -l y(var := update) <; literal -1 v
using update-less var less;-subst-upd all-ground-literals
unfolding clause.vars-def
by blast

ultimately show ?thesis
using less;-less,
by blast
qed

end

end
theory First-Order-Superposition
imports

Saturation-Framework. Lifting-to- Non- Ground-Calculi
Ground-Superposition
First-Order-Select
First-Order-Ordering
First-Order-Type-System

begin

hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of

hide-fact
Restricted-Predicates.wfp-on-imp-minimal
Restricted-Predicates.wfp-on-imp-inductive-on
Restricted-Predicates.inductive-on-imp-wfp-on
Restricted- Predicates.wfp-on-iff-inductive-on
Restricted- Predicates.wfp-on-iff-minimal
Restricted-Predicates.wfp-on-imp-has-min-elt
Restricted-Predicates.wfp-on-induct
Restricted-Predicates.wfp-on-UNIV
Restricted- Predicates. wfp-less
Restricted-Predicates.wfp-on-measure-on
Restricted-Predicates.wfp-on-mono
Restricted-Predicates.wfp-on-subset
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Restricted-Predicates.wfp-on-restrict-to
Restricted-Predicates.wfp-on-imp-irrefip-on
Restricted-Predicates. accessible-on-imp-wfp-on

Restricted- Predicates.wfp-on-tranclp-imp-wfp-on

Restricted- Predicates.wfp-on-imp-accessible-on
Restricted-Predicates.wfp-on-accessible-on-iff
Restricted-Predicates.wfp-on-restrict-to-tranclp
Restricted-Predicates.wfp-on-restrict-to-tranclp’

Restricted- Predicates.wfp-on-restrict-to-tranclp-wfp-on-conv

7 First-Order Layer

locale first-order-superposition-calculus =
first-order-select select +
first-order-ordering less;
for
select == ('f, ("v :: infinite)) select and
lessy =2 ('f, 'v) term = ('f, 'v) term = bool (infix <; 50) +
fixes
tiebreakers :: 'f gatom clause = ('f, 'v) atom clause = ('f, 'v) atom clause =
bool and
typeof-fun :: ('f, 'ty) fun-types
assumes
wellfounded-tiebreakers:
Nclauses. wfP (tiebreakers clauseg) N
transp (tiebreakers clauseg) N
asymp (tiebreakers clauses) and
function-symbols: Nr. 3 f. typeof-fun f = ([], 7) and
ground-critical-pair-theorem: N\(R :: 'f gterm rel). ground-critical-pair-theorem
R and
variables: |UNIV :: 'ty set| <o |UNIV :: 'v set|
begin

abbreviation typed-tiebreakers ::
'f gatom clause = ('f, 'v, 'ty) typed-clause = ('f, "v, 'ty) typed-clause = bool
where
typed-tiebreakers clauseq clause; clauses = tiebreakers clauseq (fst clausey) (fst
clauses)

lemma wellfounded-typed-tiebreakers:
wfP (typed-tiebreakers clauseg) A
transp (typed-tiebreakers clauseg) A
asymp (typed-tiebreakers clauseq)
proof (intro conjl)

show wfp (typed-tiebreakers clauseq)

using wellfounded-tiebreakers
by (meson wfP-if-convertible-to-wfP)
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show transp (typed-tiebreakers clauseg)
using wellfounded-tiebreakers
by (smt (verit, ccfo-threshold) transpD transpl)

show asymp (typed-tiebreakers clausec)
using wellfounded-tiebreakers
by (meson asympD asympl)
qed

definition is-merged-var-type-env where
is-merged-var-type-env V X Vx ox Y Vy oy =
(Vz € X. welltyped typeof-fun V (ox z) Vx z)) A
(Vy € Y. welltyped typeof-fun V (oy y) Vy y))

inductive eg-resolution :: ('f, 'v, 'ty) typed-clause = ('f, v, 'ty) typed-clause =
bool where
eq-resolutionl:
premise = add-mset literal premise’ =
literal = term = term’ —>
term-subst.is-imgu p {{ term, term’ }} =
welltyped-imgu’ typeof-fun V term term’' p =
select premise = {#} A is-mazimal; (literal -1 p) (premise - p) V
is-mazimaly (literal -1 p) ((select premise) - p) =
conclusion = premise’ - p =
eg-resolution (premise, V) (conclusion, V)

inductive eq-factoring :: ('f, "v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool where
eq-factoringl:
premise = add-mset literaly (add-mset literaly premise’) =
literal; = term, ~ term;’ =
literaly = terma =~ termy’ =
select premise = {#} =
is-mazimal; (literaly -1 p) (premise - p) =
= (termy -t p =y termy’ -t p) =
term-subst.is-imgu p {{ termy, termg }} =
welltyped-imgu’ typeof-fun V termy terms p =
conclusion = add-mset (termy = terms’) (add-mset (termy’ = terms’) premise’)
. ILL :>
eq-factoring (premise, V) (conclusion, V)

inductive superposition ::
('f, v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause =
bool
where
superpositionl:
term-subst.is-renaming 01 —
term-subst.is-renaming 03 =
clause.vars (premise; - p1) N clause.vars (premises - p2) = {} =
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premise; = add-mset literal, premise;’ —
premises = add-mset literaly premises’ —>
P € {Pos, Neg} —>
literaly = P (Upair contexty (termy) termy’) =
literaly = termy ~ termo’ —>
- 1s-Var term; —
term-subst.is-imgu p {{termy -t o1, termg -t g2}} =
welltyped-imgu’ typeof-fun Vs (termy -t 01) (termg -t 02) p =
V& € clause.vars (premiser - p1). V1 (the-inv o1 (Var z)) = Vs © =
Vi € clause.vars (premises - 02). Va (the-inv g2 (Var z)) = V3 2 =
welltyped,-on (clause.vars premisey) typeof-fun Vi 01 =
welltyped,-on (clause.vars premises) typeof-fun Vo 0o =—>
(AT 7. has-type typeof-fun Vo terms T = has-type typeof-fun Vo termo’ 7'
=Tr=7)=
= (premisey - 01 - p X premises - ga - ) =>
(P = Pos
A select premise; = {#}
A is-strictly-mazimal; (literaly -1 o1 -1 1) (premiser - o1 - 1)) V
(P = Neg
A (select premise; = {#} A is-maximal; (literaly -1 01 -l p) (premise; - 01 -

V is-mazximaly (literaly -1 01 -1 p) ((select premisey) - 01 - 1)) =
select premises = {#} =
is-strictly-mazimal; (literals -1 oo -l p) (premises - 0o - p) =
= (contexty (termy) -t o1 -t p 3¢ termy’ -t 01 -t p) =
= (termo -t 0o -t p =<y termo’ -t 0o -t p) =
conclusion = add-mset (P (Upair (contexty -t. o1)(terma’ -t 02) (termyi’ -t 01)))

(premise;’ - 01 + premises’ - 02) - p =
all-types V1 = all-types Vo —
superposition (premises, Vo) (premisey, V1) (conclusion, Vs)

abbreviation eg-factoring-inferences where
eq-factoring-inferences =
{ Infer [premise| conclusion | premise conclusion. eg-factoring premise conclusion

}

abbreviation eg-resolution-inferences where
eq-resolution-inferences =

{ Infer [premise] conclusion | premise conclusion. eg-resolution premise conclu-
sion }

abbreviation superposition-inferences where
superposition-inferences = { Infer [premises, premise;] conclusion

| premises premise; conclusion. superposition premises premise; conclusion}

definition inferences :: ('f, 'v, 'ty) typed-clause inference set where
inferences = superposition-inferences U eq-resolution-inferences U eq-factoring-inferences
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abbreviation bottomp :: ('f, "v, "ty) typed-clause set (Lr) where
bottomp = {({#}, V) | V. all-types V }

7.0.1 Alternative Specification of the Superposition Rule

inductive pos-superposition ::
('f, v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =

bool

where
pos-superpositionl :

term-subst.is-renaming 91 =

term-subst.is-renaming 03 =

clause.vars (P1 - 01) N clause.vars (P2 - 92) = {} =

P, = add-mset L1 P,/ =

Py = add-mset Ly Py! —>

L = 81<U1> ~ 81/:>

Ly = tg = t2/ —

- is-Var v, =

term-subst.is-imgu p {{u1 -t 01, t2 -t 02}} =

welltyped-imgu’ typeof-fun Vs (uq -t 01) (t2 -t 02) p =

Vi € clause.vars (P1 - 01). V1 (the-inv o1 (Var z)) = V3 2 =
Vi € clause.vars (Pg - 02). Va (the-inv g2 (Var x)) = V3 2 =
welltyped,-on (clause.vars Py) typeof-fun V1 09 =
welltyped,-on (clause.vars Ps) typeof-fun Vo 09 =

(AT 7' has-type typeof-fun Vo ta T => has-type typeof-fun Vs t3' 7/ = 7 =

_—
“(Pr-o01-p =Py ) =

select Py = {#} =

is-strictly-mazimal, (L1 -l o1 -l p) (P1 - 01 - p) =
select Py = {#} =

is-strictly-mazimal; (L2 -1 o2 -l p) (P2« 02 - p) =
- (s1(ur) -t o1 -t p =y 51"t o1t p) =

.l (tg -t 02 t,u jt tgl't 02 -t ,LL) —

C = add-mset ((s1 -tc 01)(t2’ -t 02) = (s1" -t 01)) (P1'- 01 + P2’ - 02) -

all-types V1 = all-types Vo —
pos-superposition (P2, Va) (P1, V1) (C, V3)

lemma superposition-if-pos-superposition:
assumes pos-superposition Po Py C
shows superposition Py P1 C
using assms

proof (cases rule: pos-superposition.cases)
case (pos-superposition] 91 02 P1 Py L1 Py’ Ly Py’ s1 ug s1’ to ta’ V3 V1 Vo

)

then show Zthesis

using superpositionl[of 01 02 P1 P2]
by blast

qged

194

p=



inductive neg-superposition ::
('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause = ('f,
bool
where
neg-superpositionl:
term-subst.is-renaming 01 =
term-subst.is-renaming 03 =
clause.vars (P1 - 01) N clause.vars (P2 - 92) = {} =
P, = add-mset L1 P{' =
Py = add-mset Ly Py! —
L, = 81<U1> I~ 81/ —
Lo =ty = t2/ —
- is-Var v, =
term-subst.is-imgu p {{u1 -t 01, t2 -t 02}} =
welltyped-imgu’ typeof-fun Vs (u1 -t 01) (t2 -t 02) p =
Vi € clause.vars (P - 01). V1 (the-inv o1 (Var z)) = V3 2 =
Vi € clause.vars (Pg - 02). Va (the-inv g2 (Var z)) = V3 v =
welltyped,-on (clause.vars Py) typeof-fun V1 01 =
welltyped,-on (clause.vars Ps) typeof-fun Vo 09 =
(AT 7' has-type typeof-fun Vo ta T => has-type typeof-fun Vo t3' 7/ = 7 =
T =
= (P1-o1-p=cPy-oypp) =
select Py = {#} A
is-mazimaly (Ly -l o1 -l p) (P1 - 01 - p) V is-maximal; (L -1 o1 -1 p) ((select
Py) 01 - p) =
select Py = {#} =
is-strictly-maximal, (Lo -l g3 -l u) (P - 02 - p) =
= (s1{ur) t o1t p =y s1't o1t p) =
- (tg -t 02 t,u jt tgl't 02 -t ‘LL) —
C = add-mset (Neg (Upair (s1 -t. 01)(t2’ -t 02) (s17-t 01))) (P1’- 01 + P2’ -
02) - p =
all-types V1 = all-types Vo —>
neg-superposition (P2, V3) (P1, V1) (C, V3)

/

v, 'ty) typed-clause =

lemma superposition-if-neg-superposition:
assumes neg-superposition Po P C
shows superposition Py Py C
using assms
proof (cases Py Py C rule: neg-superposition.cases)
case (neg-superpositionl 01 0o P1 L1 P1’ Py Ly Po' s1 uy 81" ta to' 1w V3 V1 Vs
)
then show ?thesis
using superpositionI[of 01 02 P1 L1 P1’ Py Lo P
by blast
qed

lemma superposition-iff-pos-or-neg:

superposition Py Py C <— pos-superposition Py P1 C V neg-superposition Ps
P, C
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proof (rule iff)
assume superposition Py P; C
thus pos-superposition Po P1 C V neg-superposition Py P; C
proof (cases Py Py C rule: superposition.cases)
case (superpositionl o1 oo premise; premises literaly premisey’ literaly premises
P contexty
termy termq’ termg terms’ p)
then show ?thesis
using
pos-superpositionl[of 01 02 premise; premises literaly premisey’ literaly
premises’ context;

/

termy termy’ termg terms’ pl
neg-superpositionl [of 01 o2 premise; premises literal; premisey’ literals
premisey’ contexty
termy termy’ termsg termso’
by blast
qed
next
assume pos-superposition Po P1 C V neg-superposition Py P; C
thus superposition P, P, C
using superposition-if-neg-superposition superposition-if-pos-superposition by
metis
qed

lemma eg-resolution-preserves-typing:
assumes
step: eg-resolution (D, V) (C, V) and
wt-D: welltyped,. typeof-fun V D
shows welltyped. typeof-fun V C
using step
proof (cases (D, V) (C, V) rule: eg-resolution.cases)
case (eg-resolutionl literal premise’ term term’ p)
obtain 7 where 7:
welltyped typeof-fun V term T
welltyped typeof-fun V term’ T
using wt-D
unfolding
eq-resolutionl
welltyped.-add-mset
welltyped, - def
welltyped,, -def
by clause-simp

then have welltyped, typeof-fun V (D - )
using wt-D welltyped,-welltyped,. eq-resolutionl(4)
by blast

then show ?thesis
unfolding eg-resolutionl subst-clause-add-mset welltyped.-add-mset
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by clause-simp
qed

lemma has-type-welltyped:
assumes has-type typeof-fun V term 1 welltyped typeof-fun V term 1’
shows welltyped typeof-fun V term T
using assms
by (smt (verit, best) welltyped.simps has-type.simps has-type-right-unique right-uniqueD)

lemma welltyped-has-type:
assumes welltyped typeof-fun V term T
shows has-type typeof-fun V term 1
using assms welltyped.cases has-type.simps by fastforce

lemma eq-factoring-preserves-typing:
assumes
step: eg-factoring (D, V) (C, V) and
wt-D: welltyped, typeof-fun V D
shows welltyped. typeof-fun V C
using step
proof (cases (D, V) (C, V) rule: eg-factoring.cases)
case (eg-factoringl literaly literaly premise’ termq termy’ terms terms’ w)

have wit-Du: welltyped,. typeof-fun V (D - u)
using wit-D welltyped, -welltyped. eq-factoringl
by blast

show ?thesis
proof—
have AT 7'.
[V Le#premise’ - p.
7. Viteset-uprod (atm-of L). First-Order-Type-System.welltyped typeof-fun
Vit
First-Order-Type-System.welltyped typeof-fun V (termq -t p) 7;
First-Order- Type-System.welltyped typeof-fun V (termy’ -t u) 7;
First-Order-Type-System.welltyped typeof-fun V (termsg -t p) 7%
First-Order-Type-System.welltyped typeof-fun V (terma’ -t p) 7]
= 3 7. First-Order-Type-System.welltyped typeof-fun V (termy -t ) 7 A
First-Order-Type-System.welltyped typeof-fun V (terms’ -t pu) 7
by (metis welltyped-right-unique eg-factoringl (8) right-uniqueD welltyped ,-welltyped)

moreover have A7 7'.
[V Le#premise’ - p.
7. Vteset-uprod (atm-of L). First-Order-Type-System.welltyped typeof-fun
Vit

First-Order-Type-System.welltyped typeof-fun V (termy -t p) 7;
First-Order-Type-System.welltyped typeof-fun V (termy’ -t p) 7;
First-Order-Type-System.welltyped typeof-fun V (terms -t p) 7%
First-Order-Type-System.welltyped typeof-fun V (terma’ -t p) 7]
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= 3 7. First-Order-Type-System.welltyped typeof-fun V (termy’ -t pu) T A
First-Order-Type-System.welltyped typeof-fun V (termg’ -t ) 7
by (metis welltyped-right-unique eg-factoringl (8) right-uniqueD welltyped ,-welltyped)

ultimately show ?thesis
using wi-Du
unfolding welltyped.-def welltyped,;-def welltyped, -def eq-factoringl subst-clause-add-mset

subst-literal subst-atom
by auto
qed
qed

lemma superposition-preserves-typing:
assumes
step: superposition (D, V3) (C, V1) (E, V3) and
wt-C': welltyped,.. typeof-fun V1 C and
wt-D: welltyped, typeof-fun Vo D
shows welltyped. typeof-fun V3 E
using step
proof (cases (D, V3) (C, V1) (E, V3) rule: superposition.cases)
case (superpositionl o1 oo literaly premise;’ literaly premises’ P contexty term,
termy’ terms
terms’ 1)

have welltyped-u: welltyped, typeof-fun Vs u
using superpositionl (11)
by blast

have welltyped. typeof-fun Vs (C - o01)
using wt-C welltyped .-renaming-weaker| OF superpositionl (1, 12)]
by blast

then have wi-Cu: welltyped,. typeof-fun Vs (C - 01 - )
using welltyped, -welltyped.[OF welltyped-p]
by blast

have welltyped. typeof-fun Vs (D - 02)
using wt-D welltyped..-renaming-weaker| OF superpositionl (2, 13))
by blast
then have wt-Du: welltyped.. typeof-fun Vs (D - 02 - 1)
using welltyped,, -welltyped.[OF welltyped-p]
by blast
note imgu = term-subst.subst-imgu-eq-subst-imgu| OF superpositionl (10)]
show ?thesis

using literal-cases| OF superpositionI (6)] wt-Cu wt-Du
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by cases (clause-simp simp: superpositionl imgu)
qed

end

end
theory Grounded-First-Order-Superposition
imports
First-Order-Superposition
Ground-Superposition-Completeness
begin

context ground-superposition-calculus
begin

abbreviation eg-resolution-inferences where
eq-resolution-inferences = {Infer [P] C | P C. ground-eg-resolution P C'}

abbreviation eg-factoring-inferences where
eq-factoring-inferences = {Infer [P] C | P C. ground-eg-factoring P C'}

abbreviation superposition-inferences where
superposition-inferences = {Infer [P2, P1] C | P1 P2 C. ground-superposition
P2 P1 C}

end

locale grounded-first-order-superposition-calculus =
first-order-superposition-calculus select - - typeof-fun +
grounded-first-order-select select
for
select == ('f, 'v =2 infinite) select and
typeof-fun = ('f, 'ty) fun-types
begin

sublocale ground: ground-superposition-calculus where
less-trm = (<) and select = selectq
by unfold-locales (rule ground-critical-pair-theorem)

definition is-inference-grounding where
is-inference-grounding v L 7y 01 02 =
(case ¢ of
Infer [(premise, V")) (conclusion, V) =
term-subst.is-ground-subst y

A 1g = Infer [clause.to-ground (premise - «y)] (clause.to-ground (conclusion
7))

A welltyped,. typeof-fun V premise

A welltyped,-on (clause.vars conclusion) typeof-fun V ~

A welltyped. typeof-fun V conclusion
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ANY =V’
A all-types V
Infer [(premises, V2), (premiser, V1)] (conclusion, Vs3) =

term-subst.is-renaming o1
A term-subst.is-renaming oo
A clause.vars (premise; - 01) N clause.vars (premises - 02) = {}
A term-subst.is-ground-subst
NiLg =

Infer
[clause.to-ground (premises - g2 - ), clause.to-ground (premise; - 01 -

(clause.to-ground (conclusion - 7))
welltyped,. typeof-fun V1 premise;
welltyped,. typeof-fun Vo premises
welltyped,-on (clause.vars conclusion) typeof-fun Vs =y
welltyped,. typeof-fun Vs conclusion
all-types V1 A all-types Vo A all-types V3
| - = False

)

A g € ground.G-Inf

> > > > >

definition inference-groundings where
inference-groundings v = { ta | tg v 01 02- is-inference-grounding v L ¥ 01 02 }

lemma is-inference-grounding-inference-groundings:
is-inference-grounding t tq v 01 02 = LG € inference-groundings t
unfolding inference-groundings-def
by blast

lemma inferenceq-concl-in-clause-grounding:
assumes (g € inference-groundings ¢
shows concl-of 1q € clause-groundings typeof-fun (concl-of )
proof—
obtain premisesg conlcusiong where
Lq: tg = Infer premisesg conlcusiong
using Calculus.inference.exhaust by blast

obtain premises conclusion V where
t: v = Infer premises (conclusion, V)
using Calculus.inference.erhaust
by (metis prod.collapse)

obtain v where
clause.is-ground (conclusion - 7)
conlcusiong = clause.to-ground (conclusion - )
welltyped. typeof-fun V conclusion A welltyped,-on (clause.vars conclusion)
typeof-fun V ~v A
term-subst.is-ground-subst v A all-types V
proof—
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have A\v 01 02.
INY- [clause.vars (conclusion - v) = {}; conlcusiong = clause.to-ground

(conclusion - ),
First-Order-Type-System.welltyped.. typeof-fun V conclusion N
welltyped,-on (clause.vars conclusion) typeof-fun V v A
term-subst.is-ground-subst v A all-types V]
= thesis;
Infer premisesg conlcusiong € ground.G-Inf;
case premises of [| = False
| [(premise, V)] =
term-subst.is-ground-subst v A
Infer premisesg conlcusiong =
Infer [clause.to-ground (premise - v)| (clause.to-ground (conclusion - 7))

First-Order-Type-System.welltyped,. typeof-fun V premise N
welltyped,-on (clause.vars conclusion) typeof-fun V v A
First-Order-Type-System.welltyped. typeof-fun V conclusion NV = V' A
all-types V

| [(premise, V'), (premisey, V1)| =
clause.is-renaming 01 A
clause.is-renaming o2 N
clause.vars (premise; - 01) N clause.vars (premise - g3) = {} A
term-subst.is-ground-subst v A
Infer premisesg conlcusiong =
Infer [clause.to-ground (premise - oa - 7), clause.to-ground (premise; -

01 -]

(clause.to-ground (conclusion - 7)) A
First-Order-Type-System.welltyped,. typeof-fun V1 premise; N
First-Order- Type-System.welltyped.. typeof-fun V' premise A
welltyped,-on (clause.vars conclusion) typeof-fun V v A
First-Order-Type-System.welltyped,. typeof-fun V conclusion N
all-types V1 A all-types V' A all-types V

| (premise, V') # (premiser, V1) # a # lista = False]

= thesis

by (auto simp: clause.is-ground-subst-is-ground split: list.splits)
(metis list-4-cases prod.exhaust-sel)

then show ?thesis
using that assms
unfolding inference-groundings-def ¢ g Calculus.inference.case
by (auto simp: is-inference-grounding-def)
qed
then show ?thesis
unfolding ¢ v clause-groundings-def
by auto
qed

lemma inferenceq-red-in-clause-grounding-of-concl:
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assumes (g € inference-groundings t
shows v¢ € ground.Red-I (clause-groundings typeof-fun (concl-of 1))
proof—
from assms have tg € ground.G-Inf
unfolding inference-groundings-def is-inference-grounding-def
by blast

moreover have concl-of ¢ € clause-groundings typeof-fun (concl-of )
using assms inferenceq-concl-in-clause-grounding
by auto

ultimately show .¢ € ground.Red-I (clause-groundings typeof-fun (concl-of t))
using ground.Red-I-of-Inf-to-N
by blast
qed

lemma obtain-welltyped-ground-subst:
obtains v :: ('f, 'v) subst and F¢ :: ('f, "ty) fun-types
where welltyped, typeof-fun V ~ term-subst.is-ground-subst -y
proof—

define ~ :: ('f, 'v) subst where
Nz. v x = Fun (SOME f. typeof-fun f = ([], V z)) |]

moreover have welltyped, typeof-fun V ~
proof—
have Az. First-Order-Type-System.welltyped typeof-fun V
(Fun (SOME . typeof-fun f = ([}, V )) [)) (V z)
by (meson function-symbols list-all2-Nil somel-ex welltyped. Fun)

then show ?thesis
unfolding welltyped,, -def ~v-def
by auto
qed

moreover have term-subst.is-ground-subst -y
unfolding term-subst.is-ground-subst-def ~y-def
by (smt (verit) Nil-is-map-conv equalsOD eval-term.simps(2) is-ground-iff is-ground-trm-iff-ident-forall-subs

ultimately show ?thesis
using that
by blast
qed

lemma welltyped,-on-empty: welltyped,-on {} FV o
unfolding welltyped, -on-def
by simp
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sublocale lifting:
tiebreaker-lifting
1lF
inferences
ground.G-Bot
ground. G-entails
ground.G-Inf
ground.GRed-I
ground. GRed-F
clause-groundings typeof-fun
(Some o inference-groundings)
typed-tiebreakers
proof unfold-locales
show Lp # {}
using all-types'|OF variables]
by blast
next
fix bottom
assume bottom € L

then show clause-groundings typeof-fun bottom # {}
unfolding clause-groundings-def
using welltyped, - Var
proof —
have 3f. welltyped,-on (clause.vars {#}) typeof-fun (snd bottom) f A
First-Order-Type-System.welltyped.. typeof-fun (snd bottom) {#} A
term-subst.is-ground-subst f
by (metis First-Order-Type-System.welltyped.-def empty-clause-is-ground
ez-in-conv
set-mset-eq-empty-iff term.obtain-ground-subst welltyped ,-on-empty)

then show {clause.to-ground (fst bottom - f) |f. term-subst.is-ground-subst f
A First-Order-Type-System.welltyped. typeof-fun (snd bottom) (fst bottom)
A welltyped,-on (clause.vars (fst bottom)) typeof-fun (snd bottom) f
A all-types (snd bottom)} # {}
using <bottom € Lp» by force
qed
next
fix bottom
assume bottom € 1 p
then show clause-groundings typeof-fun bottom C ground.G-Bot
unfolding clause-groundings-def
by clause-auto
next
fix clause
show clause-groundings typeof-fun clause N ground.G-Bot # {} — clause € L p
unfolding clause-groundings-def clause.to-ground-def clause.subst-def
by (smt (verit) disjoint-insert(1) image-mset-is-empty-iff inf-bot-right mem-Collect-eq

203



prod.ezhaust-sel)
next
fix ¢ ('f, v, "ty) typed-clause inference

show the ((Some o inference-groundings) ¢) C
ground.GRed-I (clause-groundings typeof-fun (concl-of 1))
using inferenceq-red-in-clause-grounding-of-concl
by auto
next
show Aclauseg. po-on (typed-tiebreakers clauseq) UNIV
unfolding po-on-def
using wellfounded-typed-tiebreakers
by simp
next
show Aclauseq. Restricted-Predicates.wfp-on (typed-tiebreakers clauseg) UNIV
using wellfounded-typed-tiebreakers
by simp
qed

end

sublocale first-order-superposition-calculus C
lifting-intersection
inferences
{{#1}
selectq s
ground-superposition-calculus. G-Inf (<:¢)
A-. ground-superposition-calculus. G-entails
ground-superposition-calculus. GRed-1 (<)
A-. ground-superposition-calculus. GRed-F(<1¢)
1lr
A-. clause-groundings typeof-fun
Aselecta. Some o
(grounded-first-order-superposition-calculus.inference-groundings (<) selecta
typeof-fun)
typed-tiebreakers
proof (unfold-locales; (intro balll)?)
show selectgs # {}
using selectg-simple
unfolding selectqs-def
by blast
next
fix selectq
assume selectg € selectas

then interpret grounded-first-order-superposition-calculus

where selectg = selecta
apply unfold-locales
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by(simp add: selectgs-def)

show consequence-relation ground.G-Bot ground.G-entails
using ground.consequence-relation-axioms.
next
fix selectq
assume selectg € selectas

then interpret grounded-first-order-superposition-calculus
where selectg = selectg
by unfold-locales (simp add: selectqs-def)

show tiebreaker-lifting
lF
inferences
ground.G-Bot
ground. G-entails
ground.G-Inf
ground.GRed-1
ground.GRed-F
(clause-groundings typeof-fun)
(Some o inference-groundings)
typed-tiebreakers

by unfold-locales
qed

end
theory First-Order-Superposition-Completeness
imports
Ground-Superposition-Completeness
Grounded-First-Order-Superposition
HOL—ex.Sketch-and-FExplore
begin

lemma welltyped,, -on-term:
assumes welltyped,-on (term.vars term) F V v
shows welltyped F V term T +— welltyped F V (term -t v) T
by (simp add: assms welltyped,-on-welltyped)

context grounded-first-order-superposition-calculus
begin

lemma eg-resolution-lifting:
fixes
premiseg conclusiong :: 'f gatom clause and
premise conclusion :: ('f, 'v) atom clause and
~ = ('f, ') subst
defines
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premiseq [simp): premiseq = clause.to-ground (premise - ) and
conclusiong [simpl: conclusiong = clause.to-ground (conclusion - 7y)
assumes
premise-grounding: clause.is-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - v) and
select: clause.from-ground (selectg premisec) = (select premise) - v and
ground-eq-resolution: ground.ground-eq-resolution premiseg conclusiong and
typing:
welltyped,. typeof-fun V premise
term-subst.is-ground-subst
welltyped,-on (clause.vars premise) typeof-fun V ~
all-types V
obtains conclusion’
where
eq-resolution (premise, V) (conclusion’, V)
Infer [premisec] conclusiong € inference-groundings (Infer [(premise, V)]
(conclusion’, V))
conclusion’ - v = conclusion - ~
using ground-egq-resolution
proof(cases premiseg conclusiong rule: ground.ground-eg-resolution.cases)
case (ground-eq-resolutionI literalg premiseg’ terme)

have premise-not-empty: premise # {#}
using
ground-eg-resolutionl (1)
empty-not-add-mset
clause-subst-empty
unfolding premiseq
by (metis clause-from-ground-empty-mset clause.from-ground-inverse)

have premise - v = clause.from-ground (add-mset literalg (clause.to-ground
(conclusion - 7)))
using

ground-eg-resolutionl (1)[THEN arg-cong, of clause.from-ground]
clause.to-ground-inverse| OF premise-grounding]
ground-eg-resolutionl (4)

unfolding premiseg conclusiong

by metis

also have ... = add-mset (literal.from-ground literalg) (conclusion - )
unfolding clause-from-ground-add-mset

by (simp add: conclusion-grounding)

finally have premise-vy: premise - v = add-mset (literal.from-ground literalg)
(conclusion - 7).

let ?selectq-empty = selectg premiseq = {#}
let ?selectg-not-empty = selecte premiseq # {#}
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obtain max-literal where maz-literal:
is-mazximal; maz-literal premise
is-maximal; (max-literal -1 ) (premise - )

using is-maximal;-ground-subst-stability| OF premise-not-empty premise-grounding|
by blast

moreover then have maz-literal €# premise
using maximal;-in-clause by fastforce

moreover have maz-literal-y: maz-literal -1 v = literal.from-ground (termg =
termea)
if Zselectq-empty
proof—
have ground.is-mazximal-lit literalg premiseq
using ground-eg-resolutionl(3) that mazimal-lit-in-clause
by (metis empty-iff set-mset-empty)

then show ?thesis
using maz-literal(2) unique-mazimal-in-ground-clause][OF premise-grounding]

unfolding
ground-eg-resolutionl (2)
is-maximal-lit-iff-is-mazximal,
premiseq
clause.to-ground-inverse[OF premise-grounding)
by blast
qed

moreover obtain selected-literal where
selected-literal -1 v = literal.from-ground (termg !~ termg) and
is-mazimal; selected-literal (select premise)
if ?selectg-not-empty
proof—
have ground.is-mazimal-lit literale (selectg premiseq) if ?selectg-not-empty
using ground-eg-resolutionl(8) that
by blast

then show ?thesis
using
that
select
unique-mazimal-in-ground-clause| OF select-subst(1)[OF premise-grounding]]
is-mazimal; -ground-subst-stability[ OF - select-subst(1)[OF premise-groundingl]
unfolding
ground-eg-resolutionl (2)
premisec
is-maximal-lit-iff-is-mazximal;
by (metis (full-types) clause-subst-empty(2) clause.from-ground-inverse clause-to-ground-empty-mset)
qed
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moreover then have selected-literal €4 premise if ?selectq-not-empty
by (meson that mazimal;-in-clause mset-subset-eqD select-subset)

ultimately obtain literal where
literal-y: literal -1 v = literal.from-ground (termg '~ term¢) and
literal-in-premise: literal €4 premise and
literal-selected: ?select-not-emply = is-mazximal; literal (select premise) and
literal-max: ?selectg-empty = is-maximal; literal premise
by blast

have literal-grounding: literal.is-ground (literal -1 7y)
using literal-y
by simp

from literal-y obtain term term’ where
literal: literal = term = term’
using subst-polarity-stable literal-from-ground-polarity-stable
by (metis literal.collapse(2) literal.disc(2) uprod-exhaust)

have literalq:
literal. from-ground literalg = (term = term’) -l 5
literalg = literal.to-ground ((term = term’) -1 v)
using literal-y literal ground-eg-resolutionl(2)
by simp-all

obtain conclusion’ where conclusion’: premise = add-mset literal conclusion’
using multi-member-split[ OF literal-in-premise]
by blast

have term -t v = term’ -t 7
using literal-y

unfolding literal subst-literal(2) atom.subst-def literal. from-ground-def atom.from-ground-def
by simp

moreover obtain 7 where welltyped typeof-fun V term 1 welltyped typeof-fun
V term’ T
using typing(1)
unfolding conclusion’ literal welltyped.-def welltyped,;-def welltyped, -def
by auto

ultimately obtain ; 0 where u:
term-subst.is-imgu p {{term, term’}}
T=noo
welltyped-imgu’ typeof-fun V term term’ p
using welltyped-imgu'-exists
by meson
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have conclusion’-y: conclusion’ - v = conclusion - ~
using premise-y

unfolding conclusion’ ground-eq-resolutionI(2) literal-y[symmetric] subst-clause-add-mset
by simp

have eq-resolution: eg-resolution (premise, V) (conclusion’ - p, V)
proof (rule eg-resolutionl)
show premise = add-mset literal conclusion’
using conclusion’.
next
show literal = term = term’
using literal.
next
show term-subst.is-imgu p {{term, term’}}
using u(1).
next
show select premise = {#} A is-mazimal; (literal -1 p) (premise - p)
vV is-mazimal; (literal -1 p) ((select premise) - 1)
proof(cases ?select-empty)
case selectg-empty: True

then have maz-literal -1 v = literal -l ~
by (simp add: maz-literal-y literal-y)

then have literal-y-is-maximal: is-mazimal; (literal -1 ) (premise - )
using maz-literal(2) by simp

have literal-p-in-premise: literal -1 p €# premise -
by (simp add: clause.subst-in-to-set-subst literal-in-premise)

have is-maximal; (literal -1 p) (premise - p)
using is-mazimal;-ground-subst-stability |OF
literal-p-in-premise
premise-grounding[unfolded p(2) clause.subst-comp-subst]
literal-y-is-mazimal[unfolded pu(2) clause.subst-comp-subst literal. subst-comp-subst]

.

then show ?thesis
using select selectg-empty
by clause-auto
next
case False

have selected-grounding: clause.is-ground (select premise - p - o)
using select-subst(1)[OF premise-grounding]

unfolding ;1(2) clause.subst-comp-subst.

note selected-subst =
literal-selected|OF False, THEN mazimal;-in-clause, THEN clause.subst-in-to-set-subst]
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have is-mazimal; (literal -1 ) (select premise - 7y)
using False ground-eg-resolutionl(3)
unfolding ground-eg-resolutionl(2) is-mazximal-lit-iff-is-mazimal; literal-y
select
by presburger

then have is-mazimal; (literal -l p) (select premise - )
unfolding 1(2) clause.subst-comp-subst literal.subst-comp-subst

using is-mazimal;-ground-subst-stability'|OF selected-subst selected-grounding]
by argo

with False show ?thesis
by blast
qed
next
show welltyped-imgu’ typeof-fun V term term’ p
using pu(3).
next
show conclusion’ - . = conclusion’ - 1 ..
qged

have term-subst.is-idem p

using u(1)
by (simp add: term-subst.is-imgu-iff-is-idem-and-is-mgu)

then have p-v: p © v =~
unfolding ;(2) term-subst.is-idem-def
by (metis subst-compose-assoc)

have vars-conclusion’: clause.vars (conclusion’ - p) C clause.vars premise
using vars-clause-imgu[OF (1))
unfolding conclusion’ literal
by clause-auto

have conclusion’ - i - v = conclusion -
using conclusion’-y
unfolding clause.subst-comp-subst[symmetric] u-y.

moreover have
Infer [premiseg] conclusiong € inference-groundings (Infer [(premise, V)]
(conclusion’ - p, V))
unfolding inference-groundings-def mem-Collect-eq
proof —
have Infer [premiseq] conclusiong € ground.G-Inf
unfolding ground.G-Inf-def
using ground-eg-resolution by blast

then have 3, gs. is-inference-grounding
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(Infer [(premise, V)] (conclusion’ - u, V))
(Infer [premiseq] conclusiong) v 01 02
unfolding is-inference-grounding-def Calculus.inference.case list.case prod.case
using typing
by (smt (verit) calculation conclusiong eg-resolution eg-resolution-preserves-typing
premiseq
vars-conclusion’ welltyped, -on-subset)

thus 3 v 01 02. Infer [premiseq| conclusiong = tg A
is-inference-grounding (Infer [(premise, V)] (conclusion’ - u, V)) t¢ v 01 02
by iprover
qed

ultimately show ?thesis
using that[OF eg-resolution)]
by blast
qed

lemma eq-factoring-lifting:
fixes
premiseg conclusiong :: 'f gatom clause and
premise conclusion :: ('f, 'v) atom clause and
v = ('f, 'v) subst
defines
premiseg [simp]: premiseqc = clause.to-ground (premise - ) and
conclusiong [simp]: conclusiong = clause.to-ground (conclusion - 7y)
assumes
premise-grounding: clause.is-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - ) and
select: clause.from-ground (selectg premiseq) = (select premise) - v and
ground-eq-factoring: ground.ground-eq-factoring premiseq conclusiong and
typing:
welltyped,. typeof-fun V premise
term-subst.is-ground-subst
welltyped,-on (clause.vars premise) typeof-fun V ~y
all-types V
obtains conclusion’
where
eq-factoring (premise, V) (conclusion’; V)
Infer [premiseq] conclusiong € inference-groundings (Infer [(premise, V)]
(conclusion’, V))
conclusion’ - v = conclusion - ~y
using ground-eq-factoring
proof(cases premiseq conclusiong rule: ground.ground-eq-factoring.cases)
case (ground-eq-factoringl literalg literalgs premise’c termgy termga termas)

have premise-not-empty: premise # {#}

using ground-eq-factoringl (1) empty-not-add-mset clause-subst-empty premiseg
by (metis clause-from-ground-empty-mset clause.from-ground-inverse)
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have select-empty: select premise = {#}
using ground-eg-factoringl (4) select clause-subst-empty
by clause-auto

have premise-y: premise - v = clause.from-ground (add-mset literalg, (add-mset
literalgo premise’s))
using ground-eg-factoringl (1) premisec
by (metis premise-grounding clause.to-ground-inverse)

obtain literal, where literal,-maximal:
is-maximal; literal, premise
is-maximal; (literaly -1 ) (premise - )

using is-mazximal;-ground-subst-stability| OF premise-not-empty premise-grounding|
by blast

have maz-ground-literal: is-mazimal; (literal.from-ground (termgy =~ termgs))
(premise - )

using ground-eg-factoringl (5)

unfolding
is-maximal-lit-iff-is-mazimal,
ground-eg-factoringl (2)
premiseq
clause.to-ground-inverse| OF premise-grounding].

have literal,-y: literaly -1 v = literal.from-ground literalgy
using
unique-mazximal-in-ground-clause[OF premise-grounding literaly -mazimal(2)
maz-ground-literal)
ground-eg-factoringl (2)
by blast

then have is-pos literaly
unfolding ground-eq-factoringl (2)
using literal-from-ground-stable subst-pos-stable
by (metis literal.disc(1))

with literal; -y obtain term; term;’ where
literal,-terms: literal; = termq =~ term;’ and
termgi-termy: term.from-ground termgy = termy -t vy
unfolding ground-eq-factoringl (2)
by clause-simp

obtain premise’’ where premise’’: premise = add-mset literal, premise’
using mazimal;-in-clause[OF literal; -maximal(1)]
by (meson multi-member-split)

then have premise’’-y: premise’’ - v = add-mset (literal.from-ground literalgs)
(clause.from-ground premise’c)
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using premise-y
unfolding clause-from-ground-add-mset literaly -y[symmetric]
by (simp add: subst-clause-add-mset)

then obtain literals where literals:
literals -1 v = literal.from-ground literalgo
literaly €# premise’’
unfolding clause.subst-def
using msed-map-invR by force

then have is-pos literaly
unfolding ground-eq-factoringl (3)
using literal-from-ground-stable subst-pos-stable
by (metis literal.disc(1))

with literal, obtain terms terms’ where
literaly-terms: literaly = termo =~ terms’ and
termg1-terms: term.from-ground termgy = termg -t v
unfolding ground-eg-factoringl (3)
by clause-simp

have termga-termy’: term.from-ground termgo = termy’ -t ~
using literaly -y termgi-termy
unfolding
literal,-terms
ground-eg-factoringl (2)
apply clause-simp
by auto

have termgs-terms’: term.from-ground termgs = termg’ -t ~y
using literals termai-terms
unfolding
literala-terms
ground-eg-factoringl (3)
by clause-auto

obtain premise’ where premise: premise = add-mset literaly (add-mset literals
premise’)
using literaly(2) mazimal;-in-clause]OF literaly -mazimal(1)] premise’
by (metis multi-member-split)

then have premise’-y: premise’ - v = clause.from-ground premise’g
using premise’’-y premise’’
unfolding literals(1)[symmetric]
by (simp add: subst-clause-add-mset)

have termi-termso: termq -t v = terms -t v

using termgi-termy termgi-termo
by argo
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moreover obtain 7 where welltyped typeof-fun V termy T welltyped typeof-fun
V termg T
proof—
have welltyped. typeof-fun V (premise - )
using typing
using welltyped,-on-welltyped. by blast

then obtain 7 where welltyped typeof-fun V (term.from-ground termegi) T
unfolding premise-y ground-eq-factoringl
by clause-simp

then have welltyped typeof-fun V (termy -t v) T welltyped typeof-fun V (termq
ty) T
using termgi-termy termegi-terms
by metis+

then have welltyped typeof-fun V term, T welltyped typeof-fun V terms T
using typing(3) welltyped,-on-term
unfolding welltyped, -on-def premise literal;-terms literals-terms
apply clause-simp
by (metis UnCI welltyped,-on-def welltyped,-on-term)—+

then show #thesis
using that
by blast
qed

ultimately obtain ;1 ¢ where u:
term-subst.is-imgu p {{termy, terms}}
Y=poo
welltyped-imgu’ typeof-fun V termy terms p
using welltyped-imgu’-exists
by meson

let ?conclusion’ = add-mset (term; = terms’) (add-mset (termy’ != terms’)
premise’)

have eg-factoring: eg-factoring (premise, V) (2conclusion’ - u, V)
proof (rule eq-factoringl)
show premise = add-mset literal; (add-mset literaly premise’)
using premise.
next
show literal; = term, =~ term;’
using literali-terms.
next
show literaly = termq ~ terms’
using literaly-terms.
next
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show select premise = {#}
using select-empty.
next
have literal; -p-in-premise: literaly -l @ €# premise - u
using literaly -mazimal(1) clause.subst-in-to-set-subst maximal;-in-clause by
blast

have is-mazimal; (literal; -1 p) (premise - p)
using is-mazimal,;-ground-subst-stability |OF
literaly -p-in-premise
premise-grounding[unfolded u(2) clause.subst-comp-subst)
literaly -mazimal(2)[unfolded p(2) clause.subst-comp-subst literal. subst-comp-subst]

].

then show is-mazimal; (literaly -1 ) (premise - 1)
by blast
next
have term-groundings: term.is-ground (termy’ -t p -t o) term.is-ground (term;
tp-to)
unfolding
term-subst. subst-comp-subst[symmetric)
w(2)[symmetric]
termg1-termy [symmetric]
termga-termy [symmetric]
using term.ground-is-ground
by simp-all

have termy’ -t u -t o <4 termy -t p -t o
using ground-eq-factoringl (6)[unfolded
lessy-def
termga1-termy
termgo-termy’
1(2)
term-subst.subst-comp-subst

]

then show — termy -t u =<y termy’ -t p
using less;-less-eqi-ground-subst-stability[ OF term-groundings)
by blast
next
show term-subst.is-imgu p {{termy, terms}}
using u(1).
next
show welltyped-imgu’ typeof-fun V termy terms u
using pu(3).
next
show ?conclusion’ - p = ?conclusion’ -

qed
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have term-subst.is-idem p

using pu(1)
by (simp add: term-subst.is-imgu-iff-is-idem-and-is-mgu)

then have u-vy: p © v =1
unfolding ;1(2) term-subst.is-idem-def
by (metis subst-compose-assoc)

have vars-conclusion’: clause.vars (?conclusion’ - u) C clause.vars premise
using vars-clause-imgu[OF 1u(1)] vars-term-imgu[OF (1))
unfolding premise literali-terms literals-terms
by clause-auto

have conclusion - v =
add-mset (term.from-ground termgo !~ term.from-ground termgs)
(add-mset (term.from-ground termegi = term.from-ground termgs) (clause.from-ground
premise’s))
using ground-eg-factoringl (7) clause.to-ground-inverse[OF conclusion-grounding)
unfolding atom-from-ground-term-from-ground[symmetric]
literal-from-ground-atom-from-ground[symmetric] clause-from-ground-add-mset[symmetric]
by simp

then have conclusion-y:
conclusion - v = add-mset (termi = terms’) (add-mset (termi’ = terms’)
premise’) - 7y

unfolding
termgo-termy’
termas-terms’
termg1-termq
premise’-y[symmetric]

by (clause-simp simp: add-mset-commute)

then have ?conclusion’ - p - v = conclusion -
by (metis p-y clause.subst-comp-subst)

moreover have
Infer [premisec] conclusiong € inference-groundings (Infer [(premise, V)]
(2conclusion’ - p, V))
unfolding inference-groundings-def mem-Collect-eq
proof —
have Infer [premiseg] conclusiong € ground.G-Inf
unfolding ground.G-Inf-def
using ground-eg-factoring conclusion-grounding premise-grounding
by blast

then have d; 9. is-inference-grounding

(Infer [(premise, V)] (?conclusion’ - u, V))
(Infer [premisec] conclusiong) v 01 02
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unfolding is-inference-grounding-def Calculus.inference.case list.case prod.case
using typing
by (smt (verit) calculation conclusiong eq-factoring eg-factoring-preserves-typing
premisec
vars-conclusion’ welltyped ,-on-subset)

thus 3ig v 01 02. Infer [premiseg] conclusiong = v N
is-inference-grounding (Infer [(premise, V)] (Zconclusion’ - u, V)) ta v 01 02
by iprover

qged

ultimately show ?thesis
using that[OF eq-factoring]
by blast
qed

lemma if-subst-sth [clause-simp)|: (if b then Pos else Neg) atom -l o =
(if b then Pos else Neg) (atom -a o)
by clause-auto

lemma superposition-lifting:

fixes
premisegy premisegs conclusiong :: 'f gatom clause and
premisey premises conclusion :: ('f, "v) atom clause and
~v 01 02 = ('f, 'v) subst and
Vi Va

defines
premisegy [simp]: premiseg1 = clause.to-ground (premise; - g1 - ) and
premisegs [simp]: premisegs = clause.to-ground (premises - g2 - ) and
conclusiong [simp]: conclusiong = clause.to-ground (conclusion - v) and
premise-groundings [simp]:
premise-groundings = clause-groundings typeof-fun (premisey, V1) U

clause-groundings typeof-fun (premises, Vo) and

ta [simp): 1 = Infer [premisega, premiseci] conclusiong

assumes
rENAMING:
term-subst.is-renaming 01
term-subst.is-renaming oo
clause.vars (premise; - p1) N clause.vars (premises - 02) = {} and
premise; -grounding: clause.is-ground (premise; - o1 - v) and
premises-grounding: clause.is-ground (premises - g9 - v) and
conclusion-grounding: clause.is-ground (conclusion - ) and
select:
clause.from-ground (selectg premisec1) = (select premisey) - 01 - 7y
clause.from-ground (select premisecs) = (select premises) - g2 - v and
ground-superposition: ground.ground-superposition premisegs premisegi Con-

clusiong and
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non-redundant: tg ¢ ground.Red-I premise-groundings and
typing:
welltyped,. typeof-fun V1 premise;
welltyped,. typeof-fun Vo premises
term-subst.is-ground-subst
welltyped,-on (clause.vars premisey) typeof-fun V1 (01 © 7)
welltyped,-on (clause.vars premises) typeof-fun Vo (02 © 7)
welltyped,-on (clause.vars premisey) typeof-fun V1 01
welltyped,-on (clause.vars premises) typeof-fun Vo 09
all-types V1 all-types Vo
obtains conclusion’ V3
where
superposition (premisea, Va) (premiser, V1) (conclusion’, V3)
te € inference-groundings (Infer [(premisea, Va), (premiser, V1)| (conclusion’,
Vs))
conclusion’ - v = conclusion - vy
using ground-superposition
proof(cases premiseca premisecy conclusiong rule: ground.ground-superposition.cases)
case (ground-superpositionl
literalgy
premisegt’
literal o
premisecs’
Pa
contexta
termai
termaa
termgs

)

have premise;-not-empty: premise; # {#}
using ground-superpositionI (1) empty-not-add-mset clause-subst-empty premiseg
by (metis clause-from-ground-empty-mset clause.from-ground-inverse)

have premises-not-empty: premises # {#}
using ground-superpositionl (2) empty-not-add-mset clause-subst-empty premisegs
by (metis clause-from-ground-empty-mset clause.from-ground-inverse)

have premise;-y: premise; - 01 - v = clause.from-ground (add-mset literalgy
premisec1”)

using ground-superpositionl (1) premiseg

by (metis premise; -grounding clause.to-ground-inverse)

have premisea-y: premises - 02 - v = clause.from-ground (add-mset literalgo
premisegs’)
using ground-superpositionl (2) premisegs

by (metis premises-grounding clause.to-ground-inverse)

let Zselectg-empty = selecte (clause.to-ground (premise; - o1 - 7)) = {#}
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let ?selectg-not-empty = selecte (clause.to-ground (premisey - 01 - 7)) # {#}

have pos-literalg1-is-strictly-mazimal;:
is-strictly-mazimal; (literal.from-ground literalgy) (premise; - 01 ® ) if Pg =
Pos
using ground-superpositionI(9) that
unfolding is-strictly-maximalq;-iff-is-strictly-mazximal;
by (simp add: premise; -grounding)

have neg-literal g -is-maximal;:
is-maximal; (literal.from-ground literalgy) (premise; - 01 © ) if Zselect-empty
using
that
ground-superpositionl (9)
is-maximal;-if-is-strictly-mazimal;
is-maximal;-empty
premisey -y
unfolding
is-maximal-lit-iff-is-mazimal,
is-strictly-mazximal g, -iff-is-strictly-mazimal;
ground-superpositionl (1)
apply clause-auto
by (metis premise; -y clause-from-ground-empty-mset clause.from-ground-inverse)

obtain pos-literal; where
1s-strictly-mazimal; pos-literaly premise;
pos-literaly -1 01 ® v = literal.from-ground literalg,
if P = Pos
using is-strictly-maximal;-ground-subst-stability| OF
premise; -grounding|folded clause.subst-comp-subst)]
pos-literal g1 -is-strictly-mazimal;

]

by blast

moreover then have pos-literal; €# premise; if Pg = Pos
using that strictly-mazimal;-in-clause by fastforce

moreover obtain neg-max-literal; where
is-maximal; neg-mazx-literal; premisey
neg-max-literaly -l 01 ® v = literal.from-ground literalg,
if Pg = Neg ?selectg-empty
using
is-mazimal;-ground-subst-stability[ OF
premise; -not-empty
premiser -grounding[folded clause.subst-comp-subst]
]
neg-literal g1 -is-maximal;
by (metis (no-types, opaque-lifting) assms(9) clause.comp-subst.left.monoid-action-compatibility
unique-mazximal-in-ground-clause)
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moreover then have neg-maz-literaly €4 premise; if Pg = Neg ?selectg-empty
using that maximal;-in-clause by fastforce

moreover obtain neg-selected-literal; where
is-maximal; neg-selected-literaly (select premisey)
neg-selected-literal; -1 o1 ® v = literal.from-ground literalg
if Pg = Neg ?selectg-not-empty
proof—
have ground.is-maximal-lit literalg, (selectq premisegy) if Pg = Neg ?selectg-not-empty
using ground-superpositionI (9) that
by simp

then show ?thesis
using
that
select(1)
unique-mazximal-in-ground-clause
is-maximal;-ground-subst-stability
unfolding premisegi is-mazimal-lit-iff-is-mazimal;
by (metis (mono-tags, lifting) clause.comp-subst.monoid-action-compatibility
clause-subst-empty(2) clause.ground-is-ground image-mset-is-empty-iff
clause. from-ground-def)
qed

moreover then have neg-selected-literaly €4 premise; if Pg = Neg ?selectg-not-empty

using that
by (meson mazimal;-in-clause mset-subset-eqD select-subset)

ultimately obtain literal; where
literaly-y: literaly -1 01 ® ~y = literal.from-ground literalg, and
literaly -in-premisey : literaly €# premise; and
literaly -is-strictly-maximal: P = Pos = is-strictly-maximal; literaly premisey
and
literaly -is-mazimal: P = Neg = ¥?selectg-empty = is-mazximal; literaly
premise; and
literaly-selected: P = Neg = ?selectg-not-empty = is-mazimal; literaly
(select premise;)
by (metis ground-superpositionI (9) literals-distinct(1))

then have literal; -grounding: literal.is-ground (literaly -1 01 © %)
by simp

have literalqo-is-strictly-maximal;:
is-strictly-maximal; (literal.from-ground literalgs) (premises - 02 © 7)
using ground-superpositionl (11)
unfolding is-strictly-mazimal g -iff-is-strictly-mazimal,
by (simp add: premises-grounding)
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obtain literal, where
literals-strictly-maximal: is-strictly-maximal; literals premises and
literalo-y: literaly -1 0o ® 7y = literal. from-ground literalgo
using is-strictly-mazimal;-ground-subst-stability| OF
premises-grounding[folded clause.subst-comp-subst]
literal oo -is-strictly-mazimal;

.

then have literals-in-premises: literaly €# premises
using strictly-mazimal;-in-clause by blast

have literaly-grounding: literal.is-ground (literaly -1 g2 © =)
using literals-y by simp

obtain premise;’ where premise;: premise; = add-mset literal; premise;’
by (meson literaly -in-premise; multi-member-split)

then have premise;’~y: premise;’ - o1 - v = clause.from-ground premisegy’
using premise; -y
unfolding clause-from-ground-add-mset literaly -y[symmetric]
by (simp add: subst-clause-add-mset)

obtain premises’ where premises: premises = add-mset literaly, premises’
by (meson literaly-in-premises multi-member-split)

then have premises’-y: premises’ - g2 - v = clause.from-ground premisego’
using premises-y
unfolding clause-from-ground-add-mset literaly-y[symmetric]
by (simp add: subst-clause-add-mset)

let ?P = if Pg = Pos then Pos else Neg

have [simp]: Pg # Pos <— Pg = Neg
using ground-superpositionl (/)
by auto

have literal; -l 01 -l v =
2P (Upair (context.from-ground contextq)(term.from-ground termg1) (term.from-ground
termeaa))
using literali -y
unfolding ground-superpositionI (5)
by (simp add: literal-from-ground-atom-from-ground atom-from-ground-term-from-ground

ground-term-with-context(3))
then obtain term.-with-context term,;’ where

literaly: literaly = 2P (Upair termy-with-context term,’) and
termy’-y: termy’ -t o1 -t v = term.from-ground termgo and
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termq -with-context-y:

termy -with-context -t o1 -t v = (context.from-ground contexts){term.from-ground
termeai)

by (smt (verit) obtain-from-literal-subst)

from literaly -y have literaly -1 g5 -1 v = term.from-ground termg1 =~ term.from-ground
termgs
unfolding ground-superpositionl (6) atom-from-ground-term-from-ground
literal-from-ground-atom-from-ground(2) literal.subst-comp-subst.

then obtain termy terms’ where
literaly: literals = terms ~ terms’ and
termg-y: termg -t 0o -t v = term.from-ground termg; and
termo’-y: termg’ -t 0o -t v = term.from-ground termgs
using obtain-from-pos-literal-subst
by metis

let Zinference-into-var = A contexty term;.
termy -with-context = contexty (termy) A
termy -t o1 -t v = term.from-ground termgi A
contexty -t. 01 -tc v = context.from-ground contextg N
is-Fun termq

have inference-into-var-is-redundant:

Zinference-into-var = ground.redundant-infer premise-groundings vg
proof—

assume inference-into-var: ?inference-into-var

obtain term, context, context,’ where
termy -with-context: termy-with-context = context,(term,) and
is-Var-termy: is- Var term, and
context.from-ground contextg = (contexty -t. 01 te ) oc contexty’
proof—
from inference-into-var termy-with-context-y
have
Jterm, context, contexty’'.
termy -with-context = context, (termy) A
is-Var termg, A
contezt. from-ground contextg = (context, -t. 01 te 7y) o. context,’
proof (induction termq -with-context arbitrary: contextc)
case (Var z)
show Zcase
proof (intro exl conjl)
show
Var x = O(Var z)
is-Var (Var x)
context.from-ground conterte = (O -t. 01 -t ) o. context.from-ground
contextq
by simp-all
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qged
next
case (Fun f terms)

then have conterte # GHole
by (metis Fun.prems(2) ctxt-apply-term.simps(1) ctat-of-gctzt.simps(1)
subst-apply-ctrt.simps(1) term.discI(2))

then obtain termsgi contexte’ termsgo where
contextg: contextg = GMore f termsgy contextg’ termsgs
using Fun(3)
by (cases contexrts) auto

have terms-y:
map (Aterm. term -t o1 -t 7y) terms =
map term.from-ground termsg1 Q (context.from-ground contexts”){term.from-ground
termag1) #
map term.from-ground termsas
using Fun(3)
unfolding conterts
by(simp add: comp-def)

then obtain terms; term terms, where
terms: terms = terms, @ term # termss and
termsy-y: map (Aterm. term -t o1 -t y) termsy = map term.from-ground
termsg1 and
termsa-y: map (Aterm. term -t g1 -t ) termsy = map term.from-ground
termsgo
by (smt (23) append-eq-map-conv map-eq-Cons-D)

with terms-y
have term-y: term -t o1 -t v = (context.from-ground contexts’)(term.from-ground
termeai)
by simp

show ?case
proof(cases term.is-ground term)
case True

with term-y
obtain term; contexrt; where

term = contexty (termy)

termy -t o1 -t v = term.from-ground termgi

contexty -t. o1 -t v = context.from-ground contextc’

is-Fun termy

by (metis Term.ground-vars-term-empty context.ground-is-ground
ground-subst-apply
term.ground-is-ground context.subst-ident-if-ground gterm-is-fun)
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moreover then have Fun fterms = (More f termsy contexty termss)(termy)
unfolding terms
by auto

ultimately have

d context; term;.

Fun f terms = contexty(termy) N

termy -t o1 -t v = term.from-ground termgy A

contexty -t. 01 -tc ¥ = context.from-ground contextg N

is-Fun termy

by (auto
intro: exI[of - More f termsy context; termss] exI[of - term.]
simp: comp-def termsy-y termsy-y contextc)

then show ?thesis
using Fun(2)
by argo
next
case Fulse
moreover have term € set terms
using terms by auto

moreover have
B context, termy. term = contexty(termy) A
termy -t o1 -t v = term.from-ground termgi N
contexty -t. o1 -t. 7 = context.from-ground contextg’ A
is-Fun termq
proof(rule notl)
assume
d context; termq.
term = contexty(termy) A
termy -t o1 -t v = term.from-ground termgi N
contexty -t. 01 ‘tc v = context.from-ground contexts’ A
is-Fun termq

then obtain context; term; where
term: term = contexty(termy)
termy -t o1 -t v = term.from-ground termg:
contexty -t. 01 -t v = context.from-ground contexts’
is-Fun termy
by blast

then have
d context; termq.
Fun f terms = contexty(termy) A
termq -t o1 -t v = term.from-ground termgi N
contexty -t. o1 -t. v = context.from-ground contertg N
is-Fun termq
by (auto
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intro: exI[of - (More f termsy context; termss)] exI[of - term,]
simp: term terms terms,-y termsa-y contexts comp-def)

then show Fulse
using Fun(2)
by argo
qed

ultimately obtain term, context, context,’ where
term = context, (term,)
is-Var termy
context.from-ground contextg’ = (contexty -t. 01 -te ) oc contexty’
using Fun(1) term-vy by blast

then have
Fun f terms = (More f termsy context, termss)(termg)
is-Var termy,
context.from-ground contextg = (More f termsy context, termss -t. 01
“te ) o context,’
by (auto simp: terms terms, -y termsa-y contextg comp-def)

then show ?thesis
by blast
qed
qed

then show ?thesis
using that
by blast
qed

then have conteztg: context.from-ground contertg = context, o. context,’ -t
01 Le Y
using ground-context-subst| OF context.ground-is-ground| ctxt-compose-subst-compose-distrib
by metis

obtain 7, where 7,: welltyped typeof-fun V1 termg, 7,
using term-with-context typing(1)
unfolding premise; welltyped.-def literal, welltyped;-def welltyped, -def
by (metis welltyped.simps is- Var-term, term.collapse(1))

have v -parts:
set (side-prems-of 1q) = {premisega}
main-prem-of Lq = premisegi
concl-of 1 = conclusiong
unfolding t¢
by simp-all

from is-Var-term,
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obtain var, where var,: Var var, = term, -t o1
using renaming(1)
unfolding is-Var-def term-subst.is-renaming-def subst-compose-def
by (metis eval-term.simps(1) subst-apply-eq-Var)

have 7,-var,: welltyped typeof-fun V1 (Var vary) 7,
using 7, typing(6)
unfolding welltyped,-on-def var, premise; literaly termy-with-context
by (clause-auto simp: welltyped,-on-def welltyped, -on-welltyped)

show ?thesis
proof (unfold ground.redundant-infer-def vq-parts, intro exI conjl)

let ?update = (context,’ -t. 01 -t. v){term.from-ground termgs)

define v/ where
v "= v(var, = ?update)

have update-grounding: term.is-ground ?update
proof—
have context.is-ground ((context, -t. o1 -te ) oc (contexty,’ -t. 01 -tec 7y))
using contezt.ground-is-ground|of contexts] conterts
by fastforce

then show ?thesis
using context-is-ground-context-composel (2)
by auto
qed
let ?context,’-y = context.to-ground (context,’ -t. 01 te )

note term-from-ground-context =
ground-term-with-context! [OF - term.ground-is-ground, unfolded term.from-ground-inverse)

have term,-vy: term.to-ground (term, -t o1 -t v) = Pcontext,-y(termeai)a
using termq-with-context-vy update-grounding
unfolding term;-with-context contexrts
by (auto simp: term-from-ground-context)

have term,-y'": term.to-ground (termy -t o1 -t v') = %context,’-y(termeas)a
using update-grounding
unfolding var, [symmetric] v
by (auto simp: term-from-ground-context)

/

have auz: term, -t o1 -t v = (context,’ -t. 01 -t. v){term.from-ground termg1)
using termg,-y
by (metis ground-term-with-context2 term-subst.is-ground-subst-is-ground
term-with-context-is-ground term.to-ground-inverse typing(3) update-grounding)

have welltyped, typeof-fun Vo (clause.from-ground premisegs)
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by (metis ground-superpositionI (2) premises-y
clause.comp-subst.left. monoid-action-compatibility typing(2) typing(5)
welltyped, -on-welltyped..)

then have 3 7. welltyped typeof-fun Vo (term.from-ground termegi) T A
welltyped typeof-fun Vo (term.from-ground termegs) T
unfolding ground-superpositionl
by clause-simp

then have auz’: 3 7. welltyped typeof-fun V1 (term.from-ground termgi) 7 A
welltyped typeof-fun V1 (term.from-ground termegs) T
by (meson term.ground-is-ground welltyped-is-ground)

have welltyped typeof-fun V1 (term, -t 01 -t 7y) Tx
proof—

have
HV z€context.vars context, U term.vars termg, U term.vars termi’ U
clause.vars premisey’.
First-Order-Type-System.welltyped typeof-fun V1 ((01 @ ) z) V1 z);
First-Order-Type-System.welltyped typeof-fun V1 term, 7.
= Flirst-Order-Type-System.welltyped typeof-fun V1 (termy -t 01 -t )
Tx
by (metis Unl2 sup.commute term-subst.subst-comp-subst welltyped ,-on-def
welltyped ,-on-term)

then show ?thesis
using typing(4) Tz
unfolding welltyped, -on-def var, premisey literaly; termy-with-context
by clause-simp
qed

then have 7, -update: welltyped typeof-fun V1 ?update 7,
unfolding aux
using auzx’
by (meson welltyped,;)
let ?premise;-y' = clause.to-ground (premise; - 01 - ')
have premise; -y'-grounding: clause.is-ground (premisey - 01 - 7v”)
using clause.ground-subst-upd| OF update-grounding premise, -grounding]
unfolding ~’
by blast

have ~'-ground: term-subst.is-ground-subst (01 © v')
by (metis v’ term.ground-subst-upd term-subst.comp-subst.left. monoid-action-compatibility

term-subst.is-ground-subst-def typing(3) update-grounding)

have ~/'-wt: welltyped,-on (clause.vars premisey) typeof-fun Vi (01 ® 77)
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using welltyped s -on-subst-upd[|OF T ,-var, T.-update typing(4)]
unfolding v’ welltyped,-on-def subst-compose
using First-Order- Type-System.welltyped.simps T, 7, -update eval-term.simps(1)

eval-with-fresh-var fun-upd-same is- Var-term,, renaming(1) subst-compose-def
term.collapse(1) term.distinct(1) term.set-cases(2) term-subst-is-renaming-iff

the-inv-f-f typing(4) var, welltyped,-on-def
by (smt (verit, del-insts))

show { ?premise; '} C premise-groundings
using premise;-y'-grounding typing ~v'-wt ~'-ground
unfolding clause.subst-comp-subst[symmetric] premise; premise-groundings

clause-groundings-def
by auto

show finite { ?premise;-y'}
by simp

show ground.G-entails ({ ?premise;-y'} U {premisegs}) {conclusiong}
proof (unfold ground.G-entails-def, intro alll impl)

fix I :: 'f gterm rel

let 21 = upair ‘1

assume
refl: refl I and
trans: trans I and
sym: sym I and
compatible-with-gctrt: compatible-with-gctxt I and
premise: 21 |=s {?premise;-y'} U {premisega}

have var,-y-ground: term.is-ground (Var vary -t )
using termq-with-context-y
unfolding termq-with-context var,,
by (clause-simp simp: term-subst.is-ground-subst-is-ground typing(3))

show ?I |=s { conclusiong }
proof(cases ?I |~ premisegs’)
case True
then show ?thesis
unfolding ground-superpositionI (12)
by auto
next
case Fulse
then have literalgs: 71 |=l literalga
using premise
unfolding ground-superpositionI (2)
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by blast

then have ?I |=l ?context,’-y(termag1)a =~ ?context,’-y(termeas)c
unfolding ground-superpositionl (6)
using compatible-with-gctzt compatible-with-gctxt-def sym
by auto

then have ?I |=l term.to-ground (term, -t 01 -t 7) &~ term.to-ground
(termg -t 01 -t ")
using term, -y termg-y’
by argo
moreover then have ?I |= ?premise; -y’
using premise by fastforce

ultimately have ?I |= premiseg

using

interpretation-clause-congruence| OF

trans sym compatible-with-gctxt update-grounding var;-y-ground
premiser -grounding
]

VAT,
unfolding ~’
by simp

then have ?I |= add-mset (Pg (Upair contextg(termai)a termaz))
premisegt’
using ground-superpositionI (1) ground-superpositionI(5) by auto

then have ?I |= add-mset (P (Upair contextg(termags)a termas))
premisegt’

using
literalgo
interpretation-context-congruence| OF trans sym compatible-with-gctat)
interpretation-context-congruence’|OF trans sym compatible-with-gctat]
ground-superpositionl (4)

unfolding ground-superpositionl (6)

by(cases Pg = Pos)(auto simp: sym)

then show ?thesis
unfolding ground-superpositionI (12)
by blast
qged
qed

show V clauseg € {?premise;-y'}. clauseq <.c premiseci
proof—
have var,-y: v var, = term, -t o1 -t v
using var,
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by simp

have context,-grounding: context.is-ground (context, -t. 01 -tc )
using conterta
unfolding subst-compose-ctzt-compose-distrib
by (metis context.ground-is-ground context-is-ground-context-composel (1))

have term,-grounding: term.is-ground (term, -t o1 -t )
using termq-with-context-y
unfolding termq-with-context
by (clause-simp simp: term-subst.is-ground-subst-is-ground typing(3))

have
(context, o. context,’ -t. o1 -t. v){term.from-ground termgs) <; con-
text, (termg) -t 01 -t 7y

using ground-superpositionI (8)

unfolding
lessy-def
contextq [symmetric|
termy -with-context[symmetric)
termq -with-context-y
lesst-ground-context-compatible-iff [OF
context.ground-is-ground term.ground-is-ground term.ground-is-ground).

then have update-smaller: ?update <; v var,

unfolding
Var; -y
subst-apply-term-ctxt-apply-distrib
subst-compose-ctxt-compose-distrib
Subterm-and-Context. ctxt-ctat-compose

by (rule less;-ground-context-compatible’| OF

context,-grounding update-grounding term,-grounding])

have var,-in-literaly: var, € literal.vars (literaly -1 p1)
unfolding literal; termq-with-context literal.vars-def atom.vars-def
using var,
by (auto simp: subst-literal subst-atom)

have literaly-smaller: literaly -1 o1 -1 v' <, literaly -1 01 -1 7
unfolding ~’
using less;-subst-upd| OF
update-grounding
update-smaller
literaly -grounding[unfolded literal.subst-comp-subst]
var,-in-literaly

-

have premise;’-grounding: clause.is-ground (premise;’ - 01 - )
using premise; -y
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by simp

have premise,’-smaller: premise,’ - o1 - 7' <. premiser’ - o1 -
unfolding ~’

using less.-subst-upd|of - v, OF update-grounding update-smaller premise; ’-grounding|
by (cases var, € clause.vars (premise;’ - 01)) simp-all

have ?premise;-y' <. premisegi
using less.-add-mset|OF literaly-smaller premise;’-smaller)
unfolding
less.c-less.
premisegi
subst-clause-add-mset|symmetric]
clause.to-ground-inverse| OF premise;-y'-grounding]
clause.to-ground-inverse| OF premise; -grounding]
unfolding premise;.

then show ?thesis
by blast
qed
qed
qed

obtain context; term; where

termy -with-context: termy-with-context = contexty(term;) and
termy-y: termy -t 01 -t v = term.from-ground termg, and
contexty-y: contexty -t. 01 -t. ¥ = context.from-ground contextc and
termq-not- Var: — is-Var termy
using non-redundant ground-superposition inference-into-var-is-redundant
unfolding

ground. Red-1I-def

ground. G-Inf-def

premise-groundings

€]

conclusiong

ground-superpositionl (1, 2)

premise-groundings
by blast

obtain terms’-with-context where
termo "-with-context-y:
terms'-with-context -t v = (context.from-ground contextc)(term.from-ground
termgs) and
terms~with-context: terms’-with-context = (contexty -t. o1){terma’ -t 02)
unfolding terms’-y[symmetric] context,-vy[symmetric]
by force

define V3 where
Nz. Vs z =
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if © € clause.vars (premise; - 01)
then Vy (the-inv o1 (Var z))
else Vg (the-inv g2 (Var z))

have wt-v:
welltyped,-on (clause.vars (premise; - p1) U clause.vars (premises - 02)) typeof-fun
Vs vy
proof (unfold welltyped,-on-def, intro balll)
fix z
assume z-in-vars: ¢ € clause.vars (premise; - 01) U clause.vars (premises - 02)

obtain f ts where v-z: v © = Fun f ts
using obtain-ground-fun term-subst.is-ground-subst-is-ground[OF typing(3)]
by (metis eval-term.simps(1))

have welltyped typeof-fun Vs (v z) (V3 x)
proof(cases © € clause.vars (premise; - 01))
case True
then have Var x € o1 ‘ clause.vars premise;
by (metis image-eql renaming(1) renaming-vars-clause)

then have y-in-vars: the-inv o1 (Var x) € clause.vars premise;
by (metis (no-types, lifting) image-iff renaming(1) term-subst-is-renaming-iff
the-inv-f-f)

define y where y = the-inv o1 (Var z)

have term.is-ground (Var y -t o1 -t )
using term-subst.is-ground-subst-is-ground typing(3) by blast

moreover have welltyped typeof-fun V1 (Var y -t 01 -t v) (V1 )
using typing(4) y-in-vars
unfolding welltyped,-on-def y-def
by (simp add: subst-compose)

ultimately have welltyped typeof-fun Vs (Var y -t o1 -t v) (V1 )
by (meson welltyped-is-ground)

moreover have gy (the-inv g1 (Var z)) = Varz
by (metis «Var © € 1 ‘ clause.vars premiser> image-iff renaming(1)
term-subst-is-renaming-iff the-inv-f-f)

ultimately show ?Zthesis
using True
unfolding Vs-def y-def
by simp
next
case Fulse
then have Var z € oo ‘ clause.vars premises

232



using x-in-vars
by (metis Un-iff image-eql renaming(2) renaming-vars-clause)

then have y-in-vars: the-inv g2 (Var z) € clause.vars premises
by (metis (no-types, lifting) image-iff renaming(2) term-subst-is-renaming-iff

the-inv-f-f)
define y where y = the-inv g2 (Var z)

have term.is-ground (Var y -t o2 -t 7)
using term-subst.is-ground-subst-is-ground typing(3) by blast

moreover have welltyped typeof-fun Vo (Var y -t 02 -t v) (Va2 )
using typing(5) y-in-vars
unfolding welltyped,-on-def y-def
by (simp add: subst-compose)

ultimately have welltyped typeof-fun Vs (Var y -t 02 -t v) V2 y)
by (meson welltyped-is-ground)

moreover have gy (the-inv g3 (Var z)) = Var z
by (metis <Var © € g2 * clause.vars premises> image-iff renaming(2)
term-subst-is-renaming-iff the-inv-f-f)

ultimately show ?Zthesis
using Fulse
unfolding Vs-def y-def
by simp
qed

then show welltyped typeof-fun Vs (v z) (V3 z)
unfolding v-z.
qed

have termy -t o1 -t v = terms -t 02 -ty
unfolding term,-y terms-y ..

moreover have
I7. welltyped typeof-fun V3 (termy -t 01) T N welltyped typeof-fun Vs (terms -t
02) T
proof—
have welltyped. typeof-fun Vo (premises - 02 - 7)
using typing
by (metis clause.subst-comp-subst welltyped,-on-welltyped..)

then obtain 7 where
welltyped typeof-fun Vo (term.from-ground termegi) T
unfolding premises-y ground-superpositionl
by clause-simp
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then have
welltyped typeof-fun Vs (term.from-ground termgy) T
using welltyped-is-ground
by (metis term.ground-is-ground)+

then have
welltyped typeof-fun Vs (term.from-ground termg1) T
by auto

then have
welltyped typeof-fun V3 (termy -t o1 -t v) T welltyped typeof-fun Vs (terms
‘toaty) T
using termq-vy termo-y
by presburger+

moreover have
term.vars (termy -t 01) C clause.vars (premise; - 1)
term.vars (terms -t 02) C clause.vars (premises - 02)
unfolding premise; literaly subst-clause-add-mset termy-with-context premises
literals
by clause-simp

ultimately have
welltyped typeof-fun Vs (termy -t 1) T welltyped typeof-fun Vs (terms -t 02)

using wit-y
unfolding welltyped,-on-def
by (meson sup-gel sup-ge2 welltyped,-on-subset welltyped ,-on-term wt-y)+

then show ?thesis
by blast
qed

ultimately obtain ; ¢ where u:
term-subst.is-imgu p {{termy -t o1, termg -t 02}}
Y=poo
welltyped-imgu’ typeof-fun V3 (termy -t 01) (terms -t 02) p
using welltyped-imgu’-exists
by (smt (verit, del-insts))

define conclusion’ where
conclusion’: conclusion’ =
add-mset (2P (Upair termso’-with-context (termy’ -t 01))) (premiser’ - o1 +

premises’ - 02) - 1
show ?thesis

proof(rule that)
show superposition (premises, Va) (premiser, V1) (conclusion’, Vs3)
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proof (rule superpositionl)
show term-subst.is-renaming o1
using renaming(1).
next
show term-subst.is-renaming o2
using renaming(2).
next
show premise; = add-mset literal; premise;’
using premise;.
next
show premises = add-mset literaly premises’
using premises.
next
show ?P € {Pos, Neg}
by simp
next
show literal; = ?P (Upair contexty(termy) termy’)
unfolding literal, termq-with-context..
next
show literaly = terms ~ terms’
using literals.
next
show is-Fun term;
using termq-not-Var.
next
show term-subst.is-imgu p {{termy -t o1, terms -t 02}}
using pu(1).
next
note premises-clause-to-ground-inverse = assms(9, 10)[THEN clause.to-ground-inverse]

note premise-groundings = assms(10, 9)[unfolded u(2) clause.subst-comp-subst)

have premises - 02 - p - 0 <. premise; - 01 - pu - o
using ground-superpositionl (&)
unfolding premiseg1 premisegs less.q-less. premises-clause-to-ground-inverse

unfolding 1(2) clause.subst-comp-subst
by blast

then show — premise; - 01 - p <. premises - g2 -
using less.-less-eq.-ground-subst-stability| OF premise-groundings)
by blast
next
show ?P = Pos
A select premise; = {#}
A is-strictly-mazimal; (literaly -1 01 -l p) (premise; - 01 - 1)
V P = Neg
A (select premise; = {#} A is-mazximal; (literaly -1 01 -1 p) (premise; -
01 - M)
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V is-mazimal; (literaly -1 o1 -1 p) ((select premisey) - o1 - i)
proof(cases ¢P = Pos)
case True
moreover then have select-empty: select premise; = {#}
using clause-subst-empty select(1) ground-superpositionl(9)
by clause-auto

moreover have is-strictly-mazimal; (literaly -l o1 -l p -l o) (premise; - 01
p o)

using True pos-literalg -is-strictly-mazximal;

unfolding literaly -y[symmetric] u(2)

by force

moreover then have is-strictly-maximal; (literaly -1 o1 -1 @) (premiser - 01
- )
using
is-strictly-mazimal;-ground-subst-stability |OF
premise; -grounding|unfolded pu(2) clause.subst-comp-subst]
]
clause.subst-in-to-set-subst
literaly -in-premisey
by blast

ultimately show ?thesis
by auto
next
case P-not-Pos: Fualse
then have Pg-Neg: Pg = Neg
using ground-superpositionl (4)
by fastforce

show ?thesis
proof(cases ?selecta-empty)
case selectg-empty: True

then have select premise; = {#}
using clause-subst-empty select(1) ground-superpositionl(9) Pg-Neg
by clause-auto

moreover have is-mazimal; (literaly -l 91 -l p -l o) (premiser - 01 - p - o)
using neg-literalg:-is-mazximal;|OF selectq-empty)
unfolding literaly -y[symmetric] u(2)
by simp

moreover then have is-mazimal; (literaly -1 o1 -1 p) (premise; - 01 - 1)
using
is-mazimal; -ground-subst-stability |OF
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premiser -grounding[unfolded p(2) clause.subst-comp-subst]
]
clause.subst-in-to-set-subst
literaly -in-premise;
by blast

ultimately show ¢thesis
using Pg-Neg
by simp
next
case selectg-not-empty: False

have selected-grounding: clause.is-ground (select premise; - 01 - - o)
using select-subst(1)[OF premise;-grounding| select(1)
unfolding 1(2) clause.subst-comp-subst
by (metis clause.ground-is-ground)

note selected-subst =
literaly -selected|
OF Pg-Neg selectg-not-empty,
THEN mazimal;-in-clause,
THEN clause.subst-in-to-set-subst|

have is-mazimal; (literal; -l o1 -1 ) (select premise; - 01 - 7)
using selectg-not-empty ground-superpositionI (9) Pg-Neg
unfolding is-mazimal-lit-iff-is-mazimal; literaly -y[symmetric] select(1)
by simp

then have is-maximal; (literaly -1 01 -1 p) ((select premiser) - o1 - p)
using is-mazimal;-ground-subst-stability’|OF - selected-grounding] se-
lected-subst
by (metis u(2) clause.subst-comp-subst literal.subst-comp-subst)

with selectg-not-empty Po-Neg show ?thesis
by simp
qed
qed
next
show select premises = {#}
using ground-superpositionl (10) select(2)
by clause-auto
next
have is-strictly-mazimal; (literaly -l g3 -l p -1 o) (premises - 02 - 1+ o)
using literalgo-is-strictly-maximal;
unfolding literala-y[symmetric] pu(2)
by simp

then show is-strictly-mazimal; (literals -1 o -1 p) (premises - 0o + )
using
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is-strictly-maximal;-ground-subst-stability |OF
- premisez-grounding[unfolded p(2) clause.subst-comp-subst]]

literala-in-premises
clause.subst-in-to-set-subst

by blast

next
have term-groundings:

term.is-ground (termy’ -t o1 -t p -t o)

term.is-ground (contexty(termy) -t o1 -t pu -t o)

unfolding
termy -with-context[symmetric)
termy -with-context-y[unfolded p(2) term-subst.subst-comp-subst]
termy'-y[unfolded pu(2) term-subst.subst-comp-subst]

by simp-all

have termi’ -t o1 -t pu -t 0 <4 contexty(termy) -t o1 t p -t o
using ground-superpositionlI (7)
unfolding
termy'-y[unfolded pu(2) term-subst.subst-comp-subst]
termy -with-context[symmetric)
termy -with-context-y[unfolded p(2) term-subst.subst-comp-subst]
lessy-def
ground-term-with-context(3).

then show — context)(termy) -t o1 -t p <¢ termy’ -t o1 -t p
using less;-less-eqi-ground-subst-stability| OF term-groundings]
by blast

next

have term-groundings:
term.is-ground (terms’ -t 0o -t p -t o)
term.is-ground (terms -t g2 -t -t o)
unfolding

termg-y[unfolded 1(2) term-subst.subst-comp-subst]
termgy'-y[unfolded p(2) term-subst.subst-comp-subst]
by simp-all

have termsy’ -t oo -t p -t 0 <4 termg t 02 -t p -t o
using ground-superpositionl(8)
unfolding
terma-y[unfolded p(2) term-subst.subst-comp-subst)
termso-y[unfolded p(2) term-subst.subst-comp-subst]
lessig-def.

then show — terms -t g2 -t p =Xy terms’ -t 0o -t 1
using less;-less-eq;-ground-subst-stability[ OF term-groundings]
by blast
next
show
conclusion’ = add-mset (?P (Upair (contexty -t. o1){terma’ -t o2) (termy’ -t
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01)))
(premise;’ - o1 + premises’ - 02) - p
unfolding terms’-with-context conclusion’..
show welltyped-imgu’ typeof-fun Vs (termy -t 01) (terms -t 02) i
using u(3) by blast

show clause.vars (premise; - p1) N clause.vars (premises - p2) = {}
using renaming(3).

show V z€clause.vars (premise; - 01). V1 (the-inv o1 (Var z)) = V3 z
unfolding Vs-def

by meson

show V z€clause.vars (premises - p2). Va (the-inv g2 (Var z)) = Vs x
unfolding Vs3-def
using renaming(3)
by (meson disjoint-iff)

show welltyped,-on (clause.vars premiser) typeof-fun V1 01
using typing(6).

show welltyped,-on (clause.vars premises) typeof-fun Vo 09
using typing(7).

have 3 7. welltyped typeof-fun Vo termo T A welltyped typeof-fun Vo terms’ T
using typing(2)
unfolding premises literals welltyped.-def welltyped;-def welltyped,,-def
by auto

then show A7 7'. [has-type typeof-fun Vo termo 7; has-type typeof-fun Vo
termy' 7] = T =171/
by (metis welltyped-right-unique has-type-welltyped right-uniqueD)

show all-types V1 all-types V4
using typing
by auto
qged

have term-subst.is-idem p

using p(1)
by (simp add: term-subst.is-imgu-iff-is-idem-and-is-mgu)

then have p-v: p © v =1~
unfolding ;(2) term-subst.is-idem-def
by (metis subst-compose-assoc)

have conclusion’-y: conclusion’ - v = conclusion - 7

proof—
have conclusion - v =
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add-mset (7P (Upair (context.from-ground contextc)(term.from-ground
termas) (term.from-ground termgs)))
(clause.from-ground premiseg1’ + clause.from-ground premisegs”’)
proof—
have |
conclusiong = add-mset (contexta(termas)a =~ termgsa) (premisegi’ +
premisega’);
clause.from-ground (clause.to-ground (conclusion - vy)) = conclusion - ~;
Pa = Pos]
= conclusion - v =
add-mset
((if Pos = Pos then Pos else Neg)
(Upair (term.from-ground contextg(termas)a) (term.from-ground
termeas)))
(clause.from-ground premiseg1’ + clause.from-ground premisega’)
by (simp add: literal-from-ground-atom-from-ground(2) clause-from-ground-add-mset

atom-from-ground-term-from-ground)

moreover have [
conclusiong = add-mset (contextg(termeas)a '~ termge) (premisegi’ +
premisega’);
clause.from-ground (clause.to-ground (conclusion - v)) = conclusion - ~;

P = Neg]
= conclusion - v =
add-mset
((if Neg = Pos then Pos else Neg)
(Upair (term.from-ground contextg(termas)a) (term.from-ground
termaa)))

(clause.from-ground premiseg1’ + clause.from-ground premisega’)
by (simp add: literal-from-ground-atom-from-ground(1) clause-from-ground-add-mset

atom-from-ground-term-from-ground)

ultimately show ?thesis
using ground-superpositionI (4, 12) clause.to-ground-inverse[OF conclu-
sion-grounding)
unfolding ground-term-with-context(3)
by clause-simp
qed

then show ?thesis
unfolding

conclusion’
terms "-with-context-y[symmetric]
premisey '~y[symmetric]
premises’-y[symmetric]
termy '-y[symmetric]
subst-clause-plus[symmetric]
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subst-apply-term-ctat-apply-distrib[symmetric]
subst-atom[symmetric]
unfolding
clause.subst-comp-subst[symmetric]
[y
by(simp add: subst-clause-add-mset subst-literal)
qed

have vars-conclusion’:
clause.vars conclusion’ C clause.vars (premise; - p1) U clause.vars (premises
: Q2)
proof
fix z
assume z € clause.vars conclusion’

then consider
(termg’-with-context) x € term.vars (termg’-with-context -t )
| (term1”) z € term.vars (termy’ -t o1 -t p)
| (premise1’) =z € clause.vars (premiser’ - o1 - p)
| (premises’) x € clause.vars (premises’ - 09 - )
unfolding conclusion’ subst-clause-add-mset subst-clause-plus subst-literal
by clause-simp

then show z € clause.vars (premise; - 01) U clause.vars (premises - 92)
proof (cases)
case t: terms’-with-context
then show ?thesis
using vars-context-imgu[OF p(1)] wvars-term-imgu] OF u(1)]
unfolding premise; literal, termq-with-context premises literaly termsy '-with-context
apply clause-simp
by blast
next
case termy’
then show ?thesis
using vars-term-imgu[OF p(1)]
unfolding premise; subst-clause-add-mset literaly termy-with-context
premises literals
by clause-simp
next
case premise;’
then show ?thesis
using vars-clause-imgu[OF (1))
unfolding premise; subst-clause-add-mset literaly termy-with-context
premises literals
by clause-simp
next
case premises’
then show ?thesis
using vars-clause-imgu[OF (1))
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unfolding premise; subst-clause-add-mset literal; termq-with-context
premises literals
by clause-simp
qed
qed

have surjz: surj (Az. the-inv g3 (Var z))
using surj-the-inv[OF renaming(2)].

have yy:

AP Qb ty. {x. (if bxthen Pxelse Qz) =1ty } =
{z. bz ANPzx=ty} U{z. bz A Qz=ty}
by auto

have qq: Aty. infinite {z. Vo (the-inv oo (Var z)) = ty}
using needed|OF surjz typing(9)[unfolded all-types-def, rule-format]].

have zz:
NAty. {z. z ¢ clause.vars (premise; - p1) A Vo (the-inv g2 (Var z)) = ty} =
{z. Vo (the-inv g2 (Var z)) = ty} — {z. © € clause.vars (premise; - 01)}
by auto

have Aty. infinite {z. = ¢ clause.vars (premise; - p1) A Vo (the-inv g2 (Var
z)) = ty}
unfolding zz

using qq
by auto

then have all-types-Vs: all-types V3
unfolding Vs-def all-types-def yy
by auto

show (g € inference-groundings (Infer [(premises, Vo), (premisey, V1)] (conclusion’,
V3))
proof—
have [conclusion’ - v = conclusion - ;
ground.ground-superposition (clause.to-ground (premises - 02 - ¥))
(clause.to-ground (premise; - 01 - 7)) (clause.to-ground (conclusion - 7));
welltyped,-on (clause.vars conclusion’) typeof-fun Vs v; all-types Vs3]
= Flirst-Order-Type-System.welltyped. typeof-fun Vs conclusion’
using (superposition (premisea, Vo) (premiser, V1) (conclusion’, V3)»
superposition-preserves-typing typing(1) typing(2) by blast

then have
is-inference-grounding (Infer [(premises, Va), (premiser, V1)| (conclusion’,
V3)) ta v 01 02
using
conclusion’-y ground-superposition
welltyped ,-on-subset[OF wt-y vars-conclusion’]
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all-types-V3
unfolding is-inference-grounding-def
unfolding ground.G-Inf-def (g
by(auto simp: typing renaming premise;-grounding premises-grounding
conclusion-grounding)

then show ?thesis
using is-inference-grounding-inference-groundings
by blast
qed

show conclusion’ - v = conclusion -
using conclusion’-y.
qed
qed

lemma eg-resolution-ground-instance:
assumes
Lg € ground.eq-resolution-inferences
tg € ground.Inf-from-q selecte (| (clause-groundings typeof-fun  premises))
subst-stability-on typeof-fun premises
obtains ¢ where
v € Inf-from premises
Lg € inference-groundings t
proof—
obtain premiseq conclusiong where
tg ¢ tq = Infer [premiseg] conclusiong and
ground-eq-resolution: ground.ground-eg-resolution premiseqc conclusiong
using assms(1)
by blast

have premiseg-in-groundings: premisec € | (clause-groundings typeof-fun ¢ premises)
using assms(2)
unfolding vg ground.Inf-from-q-def ground.Inf-from-def
by simp

obtain premise conclusion v )V where
clause.from-ground premiseg = premise - v and
clause.from-ground conclusiong = conclusion - v and
select: clause.from-ground (selecte premiseq) = select premise - v and
premise-in-premises: (premise, V) € premises and
typing: welltyped. typeof-fun V premise
term-subst.is-ground-subst
welltyped,-on (clause.vars premise) typeof-fun V ~
all-types V
proof—
have z: Aa b. [Apremise v conclusion V.
[clause.from-ground premiseq = premise - 7;
clause.from-ground conclusiong = conclusion - ;

243



clause.from-ground (selecte premiseq) = select premise - ~;
(premise, V) € premises;
First-Order- Type-System.welltyped. typeof-fun V premise;
term-subst.is-ground-subst 7;
welltyped,-on (clause.vars premise) typeof-fun V v; all-types V]
= thesis;
YV yEpremises.
Y premiseqg € clause-groundings typeof-fun y.
Jzepremises.
case x of
(premise, V) =
3. premise - v = clause.from-ground premiseg N
selecte (clause.to-ground (premise - v)) =
clause.to-ground (select premise - v) A
First-Order-Type-System.welltyped,. typeof-fun V premise N
welltyped,-on (clause.vars premise) typeof-fun V v A
term-subst.is-ground-subst v A all-types V;
Infer [premiseg] conclusiong € ground.G-Inf; (a, b) € premises;
premiseq € clause-groundings typeof-fun (a, )]
= thesis
by (smt (verit, del-insts) case-prodE clause.ground-is-ground select-substl
clause.subst-ident-if-ground clause.from-ground-inverse clause.to-ground-inverse)

then show ?thesis
using assms(2, 3) premiseg-in-groundings that
unfolding g ground.Inf-from-q-def ground.Inf-from-def
by auto
qed

then have
premise-grounding: clause.is-ground (premise - ) and
premiseq: premiseg = clause.to-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - ) and
conclusiong: conclusiong = clause.to-ground (conclusion - )
using clause.ground-is-ground clause.from-ground-inverse
by (smt(verit))+

obtain conclusion’ where
eq-resolution: eg-resolution (premise, V) (conclusion’, V) and
tg: tg = Infer [clause.to-ground (premise - )| (clause.to-ground (conclusion’ -
7)) and
inference-groundings: . € inference-groundings (Infer [(premise, V)] (conclusion’,
V)) and
conclusion’-conclusion: conclusion’ - v = conclusion -
using
eq-resolution-lifting| OF
premise-grounding
conclusion-grounding
select[unfolded premiseg)
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ground-eg-resolution[unfolded premisec conclusiong]
typing
]

unfolding premiseg conclusiong ta

by metis

let 2. = Infer [(premise, V)] (conclusion’, V)

show ?thesis
proof (rule that)
show 2 € Inf-from premises
using premise-in-premises eq-resolution
unfolding Inf-from-def inferences-def inference-system.Inf-from-def
by auto

show ¢ € inference-groundings %
using inference-groundings.
qed
qed

lemma eg-factoring-ground-instance:
assumes
Lg € ground.eq-factoring-inferences
tg € ground.Inf-from-q selecte (| (clause-groundings typeof-fun ¢ premises))
subst-stability-on typeof-fun premises
obtains ¢« where
v € Inf-from premises
Lg € inference-groundings .
proof—
obtain premiseq conclusiong where
tg ¢ tg = Infer [premiseg] conclusions and
ground-eq-factoring: ground.ground-eqg-factoring premisec conclusiong
using assms(1)
by blast

have premiseq-in-groundings: premisec € | (clause-groundings typeof-fun ¢ premises)
using assms(2)
unfolding it ground.Inf-from-q-def ground.Inf-from-def
by simp

obtain premise conclusion vV where
clause.from-ground premiseg = premise - v and
clause.from-ground conclusiong = conclusion - v and
select: clause.from-ground (selecta (clause.to-ground (premise - v))) = select
premise - v and
premise-in-premises: (premise, V) € premises and
typing:
welltyped,. typeof-fun V premise
term-subst.is-ground-subst ~y

245



welltyped,-on (clause.vars premise) typeof-fun V ~

all-types V

using assms(2, 3) premiseg-in-groundings

unfolding o ground.Inf-from-q-def ground.Inf-from-def

by (smt (verit) clause.subst-ident-if-ground clause.ground-is-ground
old.prod.case old.prod.exhaust select-substl clause.to-ground-inverse)

then have
premise-grounding: clause.is-ground (premise - ) and
premiseg: premisec = clause.to-ground (premise - ) and
conclusion-grounding: clause.is-ground (conclusion - ) and
conclusiong: conclusiong = clause.to-ground (conclusion - )
by (smt(verit) clause.ground-is-ground clause.from-ground-inverse)+

obtain conclusion’ where
eq-factoring: eq-factoring (premise, V) (conclusion’, V) and
inference-groundings: g € inference-groundings (Infer [(premise, V)] (conclusion’,
V)) and
conclusion’-conclusion: conclusion’ - v = conclusion -
using
eq-factoring-lifting| OF
premise-grounding
conclusion-grounding
select

ground-eg-factoring[unfolded premiseq conclusiong]
]
typing
unfolding premiseq conclusiong ta
by metis

let 20 = Infer [(premise, V)] (conclusion’, V)

show ?thesis
proof (rule that)
show 2. € Inf-from premises
using premise-in-premises eq-factoring

unfolding Inf-from-def inferences-def inference-system.Inf-from-def
by auto

show 1 € inference-groundings 2.
using inference-groundings.
qed
qged

lemma subst-compose-if: ¢ @ (Avar. if var € range-vars’ o then oy var else os
var) = o © o0

unfolding subst-compose-def range-vars’-def

using term-subst-eq-conv

by fastforce

246



lemma subst-compose-if:
assumes range-vars’ o N range-vars’ o’ = {}
shows o ® (Avar. if var € range-vars’ o’ then o1 var else oo var) = o @ o9
proof—
have A\z. o z -t (\var. if var € range-vars’ o’ then o1 var else o3 var) = o x -t
g2
proof—
fix x
have Aza. [o x = Var za; za € range-vars’ '] = o1 za = 02 za
by (metis Intl assms emptyE subst-compose-def term.set-intros(8)
term-subst.comp-subst.left.right-neutral vars-term-range-vars’)
moreover have A\zla z2 za.
lo © = Fun zla 22; za € set 22]
= za -t (A\var. if var € range-vars’ o’ then o1 var else oo var) = za -t o9
by (smt (verit, ccfo-threshold) UNIV-I UN-iff assms disjoint-iff image-iff
range-vars'-def
term.set-intros(4) term-subst-eq-conv)

ultimately show o z -t (Avar. if var € range-vars’ o’ then oy var else oo var)
=0 x-tos
by (induction o ) auto
qed

then show ?thesis
unfolding subst-compose-def
by presburger
qed

lemma is-ground-subst-if:
assumes term-subst.is-ground-subst v1 term-subst.is-ground-subst vo
shows term-subst.is-ground-subst (Avar. if b var then vy, var else vo var)
using assms
unfolding term-subst.is-ground-subst-def
by (simp add: is-ground-iff)

lemma superposition-ground-instance:
assumes
Lg € ground.superposition-inferences
ta € ground.Inf-from-q selecte (U (clause-groundings typeof-fun ¢ premises))
tg ¢ ground.GRed-I (|J (clause-groundings typeof-fun ‘ premises))
subst-stability-on typeof-fun premises
obtains ¢ where
v € Inf-from premises
Lg € inference-groundings t
proof—
obtain premiseg, premisegs conclusiong where
tg ¢ tg = Infer [premisega, premiseci| conclusiong and
ground-superposition: ground.ground-superposition premisege premisegi Con-
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clusiong
using assms(1)
by blast

have
premiseg-in-groundings: premiseq1 € |J (clause-groundings typeof-fun ‘ premises)
and
premisego-in-groundings: premisegs € |J (clause-groundings typeof-fun ¢ premises)
using assms(2)
unfolding o ground.Inf-from-q-def ground.Inf-from-def
by simp-all

obtain premise; V1 premises Vo 1 v2 where
premise;-y1: premise; - y1 = clause.from-ground premisec, and
premises-ya: premises - Yo = clause.from-ground premiseco and
select:
clause.from-ground (selectq (clause.to-ground (premise; - v1))) = select premise;
N
clause.from-ground (selectq (clause.to-ground (premises - 7y2))) = select premises
- 72 and
premisey -in-premises: (premisey, V1) € premises and
premises-in-premises: (premises, Vo) € premises and
wt:
welltyped,-on (clause.vars premisey) typeof-fun V1 1
welltyped,-on (clause.vars premises) typeof-fun Vo vo
term-subst.is-ground-subst 1
term-subst.is-ground-subst 7y
welltyped,. typeof-fun V1 premise;
welltyped, typeof-fun Vo premises
all-types V1
all-types Vo
using assms(2, 4) premisegi-in-groundings premisega-in-groundings
unfolding tc ground.Inf-from-q-def ground.Inf-from-def
by (smt (verit, ccfo-threshold) case-prod-conv clause.ground-is-ground select-subst1

surj-pair clause.to-ground-inverse)

obtain ¢ 0o :: ('f, 'v) subst where
renaming:
term-subst.is-renaming 01
term-subst.is-renaming oo
01 ‘ (clause.vars premiser) N g3 ‘ (clause.vars premises) = {} and
wt-p:
welltyped,-on (clause.vars premisey) typeof-fun V1 01
welltyped,-on (clause.vars premises) typeof-fun Vo 09
using welltyped-on-renaming-exists’|OF - - wt(7,8)[unfolded all-types-def, rule-format])

by (metis clause.finite-vars(1))
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have renaming-distinct: clause.vars (premise; - p1) N clause.vars (premises - 02)
={
using renaming(3)
unfolding renaming(1,2)[THEN renaming-vars-clause, symmetric]
by blast

from renaming obtain p;-inv ps-inv where
p1-inv: o1 ® p1-inv = Var and
02-1nv: 09 ® o9-itnv = Var
unfolding term-subst.is-renaming-def
by blast

have select premise; C# premise; select premises CH# premises
by (simp-all add: select-subset)

then have select-subset:
select premise; - o1 C# premise; - 01
select premises - po CH premises - 0o
by (simp-all add: image-mset-subseteq-mono clause.subst-def)

define v where
~v: Nvar. v var =
if var € clause.vars (premise; - 01)
then (o1-tnv ©® 1) var
else (p2-inv © v2) var

have v1: V€ clause.vars premise;. (01 ® 7) =1 z
proof (intro balll)

fix

assume z-in-vars: T € clause.vars premise;

obtain y where y: 91 z = Vary
by (meson is-Var-def renaming(1) term-subst-is-renaming-iff)

then have y € clause.vars (premise; - 01)
using z-in-vars renaming(1) renaming-vars-clause by fastforce

then have v y = o1-inv y -t 7
by (simp add: vy subst-compose)

then show (91 ©v) z =71 z
by (metis y o01-inv eval-term.simps(1) subst-compose)
qed

have v9: V€ clause.vars premises. (g2 © ) € = y2 «
proof (intro balll)

fix z

assume z-in-vars: T € clause.vars premises
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obtain y where y: o3 z = Vary
by (meson is-Var-def renaming(2) term-subst-is-renaming-iff)

then have y € clause.vars (premises - 02)
using z-in-vars renaming(2) renaming-vars-clause by fastforce

then have v y = 02-inv y -t v2
using v renaming-distinct subst-compose by fastforce

then show (92 ®7) z = y2
by (metis y 02-inv eval-term.simps(1) subst-compose)
qed

have v1-is-ground: V z€clause.vars premise;. term.is-ground (v1 z)
by (metis Term.term.simps(17) insert-iff is-ground-iff term-subst.is-ground-subst-def
wt(3))

have v5-is-ground: ¥ z€ clause.vars premises. term.is-ground (s )
by (metis Term.term.simps(17) insert-iff is-ground-iff term-subst.is-ground-subst-def

wt(4))

have wt-v:
welltyped,-on (clause.vars premisey) typeof-fun Vi (01 © )
welltyped ,-on (clause.vars premises) typeof-fun Va (02 © 7)
using wt(1,2) welltyped,-on-subset welltyped,-welltyped,-on v1 v
unfolding welltyped,-on-def
by auto

have term-subst.is-ground-subst (91-inv ® 1) term-subst.is-ground-subst (3-inv

® 72)
using term-subst.is-ground-subst-comp-right wt by blast+

then have is-ground-subst-y: term-subst.is-ground-subst ~
unfolding v
using is-ground-subst-if
by fast

have premise,-y: premise; - o1 - v = clause.from-ground premisegi
proof —
have premise; - p1 ® (01-inv ® v1) = clause.from-ground premisec
by (metis p1-inv premise;-y1 subst-monoid-mult.mult.left-neutral subst-monoid-mult.mult-assoc)

then show ?thesis
using 1 premise;-y1 clause.subst-eq by fastforce

qed

have premises-y: premises - g2 - v = clause.from-ground premisega
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proof —
have premises - 02 ® (p2-inv ® 7v3) = clause.from-ground premisecs
by (metis po-inv premises-yo subst-monoid-mult.mult.left-neutral subst-monoid-mult.mult-assoc)

then show ?thesis
using vo premises-ys clause.subst-eq by force
qed

have premise; - 01 - v = premise; - 1
by (simp add: premisey-y premise;-y1)

moreover have select premise; - g1 - v = select premise; - v,
proof—
have clause.vars (select premise; - p1) C clause.vars (premise; - 01)
using select-subset(1) clause-submset-vars-clause-subset by blast

then show ?thesis
unfolding ~
by (smt (verit, best) p1-inv clause.subst-eq subsetD
clause.comp-subst.left. monoid-action-compatibility
term-subst.comp-subst.left.right-neutral)
qed

ultimately have select;:
clause.from-ground (selects (clause.to-ground (premise; - 01 - 7)) = select
premise; - 01 -+ Y
using select(1)
by argo

have premises - 02 - v = premises - Ya
by (simp add: premises-y premises-ysa)

moreover have select premises - g2 - v = select premises - 7y
proof—
have clause.vars (select premises - p2) C clause.vars (premises - 02)
using select-subset(2) clause-submset-vars-clause-subset by blast

then show ?thesis
unfolding ~
by (smt (verit, best) y2 7y <select premises CH# premises) clause-submset-vars-clause-subset
clause.subst-eq subset-iff clause.comp-subst.left.monoid-action-compatibility)
qed

ultimately have selects:
clause.from-ground (selecte (clause.to-ground (premises - 02 - v))) = select
premises - Qg - Y
using select(2)
by argo
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obtain conclusion where
conclusion-y: conclusion - v = clause.from-ground conclusiong
by (meson clause.ground-is-ground clause.subst-ident-if-ground)

then have
premise; -grounding: clause.is-ground (premise; - o1 - v) and
premises-grounding: clause.is-ground (premises - g2 - v) and
premisegy: premiseg1 = clause.to-ground (premise; - 1 - 7y) and
premisega: premisege = clause.to-ground (premises - g2 - v) and
conclusion-grounding: clause.is-ground (conclusion - v) and
conclusiong: conclusiong = clause.to-ground (conclusion - )
by (simp-all add: premise,-y premisea-y)

have clause-groundings typeof-fun (premise;, V1) U clause-groundings typeof-fun
(premises, Va)
C U (clause-groundings typeof-fun  premises)
using premise; -in-premises premises-in-premises by blast

then have (g-not-redunant:
tg ¢ ground.GRed-1 (clause-groundings typeof-fun (premisey, V1) U clause-groundings
typeof-fun (premises, Va))
using assms(3) ground.Red-I-of-subset
by blast

then obtain conclusion’ V3 where
superposition: superposition (premises, Va) (premiser, V1) (conclusion’, Vs)
and
inference-groundings:
Lc € inference-groundings (Infer [(premises, Va), (premiser, V1)] (conclusion’,
V3)) and
conclusion’-y-conclusion-y: conclusion’ - v = conclusion - ~y
using
superposition-lifting] OF

renaming(1,2)
renaming-distinct
premiser -grounding
premises-grounding
conclusion-grounding
selecty
selects
ground-superposition[unfolded premisegs premisegy conclusiong]
tg-not-redunant[unfolded 1o premisegs premiseci conclusiong)
wt(5, 6)
is-ground-subst-y
wt-y
wt-o
wt(7, 8)
]

unfolding vg conclusiong premiseq1 premisegs
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by blast
let 20 = Infer [(premises, Va), (premiser, V1)] (conclusion’, Vs)

show ?thesis
proof (rule that)
show 2. € Inf-from premises
using premise;-in-premises premises-in-premises superposition
unfolding Inf-from-def inferences-def inference-system.Inf-from-def
by auto

show 1 € inference-groundings 2.
using inference-groundings.
qed
qed

lemma ground-instances:
assumes
tg € ground.Inf-from-q selectc (|J (clause-groundings typeof-fun * premises))
tg ¢ ground.Red-I ({J (clause-groundings typeof-fun * premises))
subst-stability-on typeof-fun premises
obtains ¢ where
v € Inf-from premises
Lg € inference-groundings t
proof—
have (g € ground.superposition-inferences V
La € ground.eg-resolution-inferences V
tg € ground.eqg-factoring-inferences
using assms(1)
unfolding
ground.Inf-from-q-def
ground.Inf-from-def
ground. G-Inf-def
inference-system.Inf-from-def
by fastforce

then show ?thesis
proof(elim disjE)
assume g € ground.superposition-inferences
then show ?thesis
using that superposition-ground-instance assms
by blast
next
assume g € ground.eg-resolution-inferences
then show ?thesis
using that eg-resolution-ground-instance assms
by blast
next
assume g € ground.eq-factoring-inferences
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then show ?thesis
using that eq-factoring-ground-instance assms
by blast
qed
qed

end

context first-order-superposition-calculus
begin

lemma overapproximation:
obtains select; where
ground-Inf-overapproximated selecte premises
is-grounding selectg
proof—
obtain select; where
subst-stability: select-subst-stability-on typeof-fun select selectg premises and
is-grounding selectg
using obtain-subst-stable-on-select-grounding
by blast

then interpret grounded-first-order-superposition-calculus
where selectg = selecta
by unfold-locales

have overapprozimation: ground-Inf-overapproximated selects premises
using ground-instances|OF - - subst-stability]
by auto

show thesis
using that[OF overapprozimation selecta].
qed

sublocale statically-complete-calculus 1 inferences entails-G Red-1-G Red-F-G
proof (unfold static-empty-ord-inter-equiv-static-inter,
rule stat-ref-comp-to-non-ground-fam-inter,
rule balll)
fix selectq
assume selectg € selectas
then interpret grounded-first-order-superposition-calculus
where selectq = selectg
by unfold-locales (simp add: selectqs-def)

show statically-complete-calculus
ground.G-Bot
ground.G-Inf
ground. G-entails
ground. Red-I
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ground.Red-F
using ground.statically-complete-calculus-axioms.
next
fix clauses

have Aclauses. 3 selectg € selectgs. ground-Inf-overapprozimated selectq clauses

using overapproximation
unfolding selectqs-def
by (smt (verit, best) mem-Collect-eq)

then show empty-ord.saturated clauses —
dselectg € selectgs. ground-Inf-overapprorimated selects clauses.
qed

end

end

8 Integration of IsaFoR Terms and the Knuth-
Bendix Order

This theory implements the abstract interface for atoms and substitutions
using the IsaFoR library.

theory IsaFoR-Term-Copy
imports
First-Order-Terms. Unification
HOL—- Cardinals. Wellorder- Extension
Open-Induction. Restricted-Predicates
Knuth-Bendiz-Order. KBO
begin

This part extends and integrates and the Knuth-Bendix order defined in
IsaFoR.

record 'f weights =
w : 'f X nat = nat
w0 :: nat
pr-strict :: 'f X nat = 'f x nat = bool
least :: 'f = bool
scf i 'f X nat = nat = nat

class weighted =
fixes weights :: 'a weights
assumes weights-adm:
admissible-kbo
(w weights) (w0 weights) (pr-strict weights) ((pr-strict weights)==) (least
weights) (scf weights)
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and pr-strict-total: fi = gj vV pr-strict weights fi gj V pr-strict weights gj fi
and pr-strict-asymp: asymp (pr-strict weights)
and scf-ok: i < n = scf weights (f, n) i < 1

instantiation unit :: weighted begin

definition weights-unit :: unit weights where weights-unit =
(w = Suc o snd, w0 = 1, pr-strict = A(-, n) (-, m). n > m, least = A-. True,
sef = A- - 1)

instance
by (intro-classes, unfold-locales) (auto simp: weights-unit-def SN-iff-wf irreflp-def
intro: asympl introl: wf-subset|OF wf-inv-image[OF wf], of - snd))
end

global-interpretation KBO:
admissible-kbo
w (weights :: 'f :: weighted weights) w0 (weights :: 'f :: weighted weights)
pr-strict weights ((pr-strict weights)==) least weights scf weights
defines weight = KBO.weight
and kbo = KBO.kbo
by (simp add: weights-adm)

lemma kbo-code[code]: kbo s t =
(let wt = weight t; ws = weight s in
if vars-term-ms (KBO.SCF t) C# vars-term-ms (KBO.SCF s) A wt < ws
then
(if wt < ws then (True, True)
else
(case s of
Var y = (Fulse, case t of Var x = True | Fun g ts = ts = [| A least weights
9)
| Fun f ss =
(case t of
Var x = (True, True)
| Fun g ts =
if pr-strict weights (f, length ss) (g, length ts) then (True, True)
else if (f, length ss) = (g, length ts) then lez-ext-unbounded kbo ss ts
else (False, False))))
else (False, False))
by (subst KBO.kbo.simps) (auto simp: Let-def split: term.splits)

definition less-kbo s t = fst (kbo t s)
lemma less-kbo-gtotal: ground s = ground t =—> s = t V less-kbo s t \V less-kbo
ts

unfolding less-kbo-def using KBO.S-ground-total by (metis pr-strict-total sub-
set-UNIV)
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lemma less-kbo-subst:
fixes o :: ('f :: weighted, 'v) subst
shows less-kbo s t = less-kbo (s - o) (¢ - o)
unfolding less-kbo-def by (rule KBO.S-subst)

lemma wfP-less-kbo: wfP less-kbo
proof —
have SN {(z, y). fst (kbo z y)}
using pr-strict-asymp by (fastforce simp: asympl irreflp-def introl: KBO.S-SN
scf-ok)
then show ?thesis
unfolding SN-iff-wf wfP-def by (rule wf-subset) (auto simp: less-kbo-def)
qed

end
theory First-Order-Superposition-Example
imports
IsaFoR-Term-Copy
First-Order-Superposition
begin

abbreviation trivial-select :: ('f, 'v) select where
trivial-select - = {#}

abbreviation trivial-tiebreakers where
trivial-tiebreakers - - - = False

context
assumes ground-critical-pair-theorem:
A(R == ('f = weighted) gterm rel). ground-critical-pair-theorem R
begin

interpretation first-order-superposition-calculus
trivial-select :: ('f :: weighted, 'v :: infinite) select
less-kbo
trivial-tiebreakers
A ([l 0)

proof (unfold-locales)
fix clause :: ('f, 'v) atom clause

show trivial-select clause C# clause
by simp
next
fix clause :: ('f, 'v) atom clause and literal
assume literal €# trivial-select clause
then show is-neg literal

by simp
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next
show transp less-kbo
using KBO.S-trans
unfolding transp-def less-kbo-def
by blast
next
show asymp less-kbo
using wfP-imp-asymp wfP-less-kbo
by blast
next
show Wellfounded.wfp-on {term. term.is-ground term} less-kbo
using Wellfounded.wfp-on-subset]| OF wfP-less-kbo subset-UNIV] .
next
show totalp-on {term. term.is-ground term} less-kbo
using less-kbo-gtotal
unfolding totalp-on-def Term.ground-vars-term-empty
by blast
next
fix
contexte = ('f, 'v) context and
termai termgs 2 ('f, 'v) term

assume less-kbo termgy termga

then show less-kbo contertg(termeai) contexta(termeaa)
using KBO.S-ctxt less-kbo-def by blast
next
fix
termy terms :: ('f, 'v) term and
v i ('f, ') subst

assume less-kbo termq termso

then show less-kbo (termy -t ) (termg -t )

using less-kbo-subst by blast
next

fix
termg = ('f, 'v) term and
contezte = ('f, 'v) context

assume
term.is-ground termg
context.is-ground conterts
contextg # O

then show less-kbo termg contexts(terme)
by (simp add: KBO.S-supt less-kbo-def nectzt-imp-supt-ctzt)
next
show A(R :: ('f gterm x 'f gterm) set). ground-critical-pair-theorem R
using ground-critical-pair-theorem .
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next
show Aclauseq. wfP (A- -. False) A transp (M- -. False) A asymp (A- -. False)
by (simp add: asympl)
next
show Ar. 3. ([}, 0) = ([, 7)
by simp
next
show |UNIV :: unit set| <o |UNIV|
unfolding UNIV-unit
by simp
qged

end

end
theory First-Order-Superposition-Soundness
imports Grounded-First-Order-Superposition

begin

8.1 Soundness

context grounded-first-order-superposition-calculus
begin

abbreviation entailsp (infix [=p 50) where
entailsp = lifting.entails-G

lemma welltyped-extension:
assumes clause.is-ground (C - ) welltyped,-on (clause.vars C) typeof-fun V v
obtains '
where
term-subst.is-ground-subst v’
welltyped, typeof-fun V ~'
Vz € clausevars C. vz =~'=x
using assms function-symbols
proof—
define v’ where Az. v/ z =
if x € clause.vars C
then v z else
Fun (SOME f. typeof-fun f = ([, V )) []

have term-subst.is-ground-subst '
unfolding term-subst.is-ground-subst-def
proof (intro alll)
fix ¢
show term.is-ground (t -t ')
proof (induction t)
case (Var z)
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then show ?case
using assms(1)
unfolding v'-def term-subst.is-ground-subst-def is-ground-iff
by (auto simp: clause.variable-grounding)
next
case Fun
then show ?case
by simp
qed
qged

moreover have welltyped, typeof-fun V ~'
proof—
have Az. [Vz€clause.vars C. First-Order-Type-System.welltyped typeof-fun V
(v z) (V x);
NA7. 3f. typeof-fun f = ([], 7); ¢ clause.vars C]
= First-Order- Type-System.welltyped typeof-fun V
(Fun (SOME . typeof-fun = ([, V 2)) [}) (V )
by (meson First-Order- Type-System.welltyped.intros(2) list-all2-Nil somel-ex)

then show ?thesis
using assms(2) function-symbols
unfolding ~'-def welltyped,-def welltyped, -on-def
by auto
qed

moreover have Vz € clause.vars C. vz =’z
unfolding ~’'-def
by auto

ultimately show “thesis
using that
by blast
qed
lemma vars-subst: |J (term.vars *
by (induction t) auto

o ‘term.vars t) = term.vars (¢ -t o)

lemma vars-subst,: |J (term.vars *

using vars-subst
unfolding atom.vars-def atom.subst-def
by (smt (verit) SUP-UNION Sup.SUP-cong UN-extend-simps(10) uprod.set-map)

o ¢ atom.vars a) = atom.vars (a -a g)

lemma vars-subst;: | (term.vars ‘ o * literal.vars 1) = literal.vars (1 -1 )

unfolding literal.vars-def literal.subst-def set-literal-atm-of

by (metis (no-types, lifting) UN-insert Union-image-empty literal.map-sel vars-subst, )
lemma vars-subst.: |J (term.vars *
using vars-subst;

0 ¢ clause.vars C) = clause.vars (C - p)
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unfolding clause.vars-def clause.subst-def
by fastforce

lemma eg-resolution-sound:
assumes step: eq-resolution P C
shows {P} |=r {C}
using step
proof (cases P C rule: eg-resolution.cases)
case (eg-resolution] P L P’ s1 so uV C)

{

fix I :: 'f gterm rel and ~ :: ('f, 'v) subst
let 21 = upair ‘I

assume

refi-I: refl I and

premise:

V Pg. (34" Pg = clause.to-ground (P - v') A term-subst.is-ground-subst v’
A welltyped.. typeof-fun V P A welltyped,-on (clause.vars P) typeof-fun

V)

— 9] |= P¢ and

grounding: term-subst.is-ground-subst v and

wt: welltyped,. typeof-fun V C welltyped,-on (clause.vars C) typeof-fun V ~y

have grounding”: clause.is-ground (C - )
using grounding
by (simp add: clause.is-ground-subst-is-ground)

obtain v’ where
~': term-subst.is-ground-subst v’ welltyped, typeof-fun V ~'
Vz € clause.vars C. vz =~ x
using welltyped-extension|OF grounding’ wt(2)].

let ?P = clause.to-ground (P - p - ")

let ?L = literal.to-ground (L -1 p -1 v')
let 2P’ = clause.to-ground (P’ - u - ")
let %s; = term.to-ground (s1 -t p -t ')
let ?so = term.to-ground (so -t -t ')

have welltyped.. typeof-fun V (P’ - p)
using eg-resolutionl (8) wt(1)
by blast
moreover have welltyped-p: welltyped, typeof-fun V p
using eg-resolutionl(6) wt(1)
by auto

ultimately have welltyped-P’: welltyped. typeof-fun V P’
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using welltyped ,-welltyped,.
by blast

from welltyped-p have welltyped,-on (clause.vars C) typeof-fun V (u © +v7)
using ~v'(2)
by (simp add: subst-compose-def welltyped ,-def welltyped, -on-def welltyped , -welltyped)

moreover have welltyped. typeof-fun V (add-mset (s1 = sg) P)
using eg-resolutionl (6) welltyped-add-literal| OF welltyped-P’] wt(1)
by auto

ultimately have I |= ¢P
using premise[rule-format, of ?P, OF exl, of p ® '] v'(1)
term-subst.is-ground-subst-comp-right eq-resolutionl
by (smt (verit, ccfv-threshold) v'(2) clause.comp-subst.left.monoid-action-compatibility

subst-compose-def welltyped,, -def welltyped ,-on-def welltyped,-welltyped)

then obtain L’ where L'-in-P: L' €# ?P and I-models-L": ?I |=1 L’
by (auto simp: true-cls-def)

have [simp]: ?P = add-mset ¢?L 7P’
by (simp add: clause.to-ground-def eg-resolutionl(3) subst-clause-add-mset)

have [simp]: ?L = (Neg (Upair ?s; ?s2))
unfolding eg-resolutionl(4) atom.to-ground-def literal.to-ground-def
by clause-auto

have [simp]: ?s; = 959
using term-subst.subst-imgu-eq-subst-imgu[OF eq-resolutionI(5)] by simp

have is-neg ?L
by (simp add: literal.to-ground-def eg-resolutionl (4) subst-literal)

have ?I |= clause.to-ground (C - )
proof(cases L' = ?L)
case True

then have ¢ |=l (Neg (atm-of ?L))
using I-models-L' by simp

moreover have atm-of L' € 71
using True refID[OF refl-1, of ?s1] by auto

ultimately show ?thesis
using True by blast
next
case Fulse
then have L' €# clause.to-ground (P’ p - ~”)
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using L’-in-P by force

then have L' €# clause.to-ground (C - 77)
unfolding eg-resolutionl.

then show ?thesis
using I-models-L’
by (metis v'(8) clause.subst-eq true-cls-def)
qed

}

then show ?thesis
unfolding ground.G-entails-def true-clss-def clause-groundings-def
using eg-resolutionl (1, 2) by auto
qed

lemma eg-factoring-sound:
assumes step: eq-factoring P C
shows {P} |=r {C}
using step
proof (cases P C rule: eg-factoring.cases)
case (eq-factoringl P L1 Ly P’ sy s1' ta o' uV C)

have
N v Fe. [
trans I;
sym I;
V Pg. (37" Pg = clause.to-ground (P - ') A term-subst.is-ground-subst v’
A welltyped,.. typeof-fun V P N welltyped,-on (clause.vars P) typeof-fun
V)
— upair ‘I |= Pg;
term-subst.is-ground-subst v;
welltyped, typeof-fun V C; welltyped,-on (clause.vars C) typeof-fun V ~
] = upair ‘1 |= clause.to-ground (C - 7)
proof—
fix I :: 'f gterm rel and v :: 'v = (’f, 'v) Term.term

let 21 = upair ‘1

assume
trans-1: trans I and
sym-I: sym I and
premise:
YV Pg. (37" Pg = clause.to-ground (P - ') A term-subst.is-ground-subst ~'
A welltyped,. typeof-fun V P A welltyped,-on (clause.vars P) typeof-fun
V)
— ¢ “: Pg and
grounding: term-subst.is-ground-subst v and
wt: welltyped,. typeof-fun V C welltyped,-on (clause.vars C) typeof-fun V ~
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obtain v’ where
~': term-subst.is-ground-subst v’ welltyped, typeof-fun V ~’
Vz € clause.vars C. vz =~ x
using welltyped-extension
using grounding wt(2)
by (smt (verit, ccfo-threshold) clause.ground-subst-iff-base-ground-subst
clause.is-ground-subst-is-ground)

let P = clause.to-ground (P - p - ")
let 2P’ = clause.to-ground (P’ - pu - ')
let ?L; = literal.to-ground (L1 -1 p -1 ")
let ?Ly = literal.to-ground (Lo -1 p -1 7')
let ?s; = term.to-ground (s1 -t u -t ')
let %51’ = term.to-ground (s1’ -t p -t ')
let 2ty = term.to-ground (to -t p -t ')
let ?ty’ = term.to-ground (to' -t p -t v’
let 2C = clause.to-ground (C -~/

have wt”
welltyped. typeof-fun V (P )
welltyped; typeof-fun V (s1 & t3' -1 p)
welltyped; typeof-fun V (s1" 1= to’ -1 p)
using wt(1)
unfolding eq-factoringl (11) welltyped.-add-mset subst-clause-add-mset
by auto

moreover have welltyped-p: welltyped, typeof-fun V u
using eg-factoringl (10) wt(1)
by blast

ultimately have welltyped-P’: welltyped. typeof-fun V P’
using welltyped ,-welltyped,.
by blast

have zz: welltyped; typeof-fun V (s1 = to') welltyped; typeof-fun V (s1' !~ t3')
using wt'(2, 3) welltyped,-welltyped;| OF welltyped-p]
by auto

then have welltyped-L,: welltyped; typeof-fun V (51 =~ s1)
unfolding welltyped,;-def welltyped,-def
using right-uniqueD|OF welltyped-right-unique)
by (smt (verit, best) insert-iff set-uprod-simps literal.sel)

have welltyped-Lo: welltyped; typeof-fun V (to = ta')
using zz right-uniqueD[OF welltyped-right-unique] eg-factoringI (10) wt(1)
unfolding welltyped,;-def welltyped,-def
by (smt (verit) insert-iff set-uprod-simps literal.sel(1))
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from welltyped-p have welltyped, typeof-fun V (1 © ')
using wit(2) v’
by (simp add: subst-compose-def welltyped,-def welltyped, -welltyped)

moreover have welltyped,. typeof-fun V P
unfolding eg-factoringl welltyped.-add-mset
using welltyped-P’ welltyped-L1 welltyped-Lo
by blast

ultimately have ?I |= ?P
using
premise[rule-format, of ¢P, OF exl, of u ©® v/]
term-subst.is-ground-subst-comp-right v'(1)
by (metis clause.subst-comp-subst welltyped,, -def welltyped,-on-def)

then obtain L’ where L'-in-P: L' €# ?P and I-models-L": ?I |=l L’
by (auto simp: true-cls-def)

then have si-equals-ta: 7to = %5
using term-subst.subst-imgu-eq-subst-imgu[ OF eq-factoringl (9)]
by simp

have Li: 2L = %51 ~ %s;’
unfolding literal.to-ground-def eq-factoringl (4 ) atom.to-ground-def
by (simp add: atom.subst-def subst-literal)

have Lgl ?LQ = ‘?tg ~ ?th
unfolding literal.to-ground-def eq-factoringI (5) atom.to-ground-def
by (simp add: atom.subst-def subst-literal)

have C: ?C = add-mset (%51 = ?t3') (add-mset (Neg (Upair ?sy’ 2t2’)) ?P’)
unfolding eq-factoringl
by (simp add: clause.to-ground-def literal.to-ground-def atom.subst-def subst-clause-add-mset

subst-literal atom.to-ground-def)

show ?I |= clause.to-ground (C - )
proof(cases L' = 2Ly V L' = ?Ls)
case True

then have I |=l Pos (?s1, ?s1') V I |=l Pos (%s1, ?t2)
using true-lit-uprod-iff-true-lit-prod[OF sym-I| I-models-L’
by (metis L1 Lo s1-equals-to)

then have I |=l Pos (?s1, ?t2’) V I |El Neg (%s1/, 2t3)
by (meson transD trans-I true-lit-simps(1) true-lit-simps(2))

then have ?I |=l 51 ~ 2t3' v 2 |=1l Neg (Upair ?s1’ 7t3")
unfolding true-lit-uprod-iff-true-lit-prod[ OF sym-I|.
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then show ?thesis
using clause.subst-eq v'(3) C
by (smt (verit, best) true-cls-add-mset)

next

case Fulse

then have L’ €# P’
using L’-in-P
unfolding eq-factoringl
by (simp add: clause.to-ground-def subst-clause-add-mset)

then have L' €# clause.to-ground (C - =)
using clause.subst-eq v'(3) C
by fastforce

then show ?thesis
using I-models-L’ by blast
qed
qed

then show ?thesis
unfolding ground.G-entails-def true-clss-def clause-groundings-def
using eg-factoringl (1,2) by auto
qed

lemma superposition-sound:

assumes step: superposition P2 P1 C

shows {P1, P2} |=r {C}

using step
proof (cases P2 P1 C rule: superposition.cases)

case (superposition] g1 02 Py Po L1 Py’ Ly P2’ P sy up 81" ta ta’ V3 Vi Vo
0)

have
A v [
refl I;
trans I;
sym I;
compatible-with-gctxt I;
V Pg. (37" Pg = clause.to-ground (P1 - v') A term-subst.is-ground-subst

7 A

welltyped,. typeof-fun V1 P1 A welltyped,-on (clause.vars P1) typeof-fun
2 ’}// A

all-types V1) — upair ‘I |= Pg;

V Pg. (3. Pg = clause.to-ground (Py - ') A term-subst.is-ground-subst

v A

welltyped,. typeof-fun Vo Py A welltyped,-on (clause.vars Psy) typeof-fun
Vo v’ A

all-types V3) — upair ‘I |= Pg;
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term-subst.is-ground-subst v; welltyped. typeof-fun Vs C|
welltyped,-on (clause.vars C) typeof-fun Vs ~y; all-types Vs
1 = (M=, y). Upair xzy) ‘I |= clause.to-ground (C - 7)
proof —
fix I :: 'f gterm rel and v :: 'v = ('f, 'v) Term.term

let I = (\(z, y). Upair z y) ‘1

assume
refi-I: refl I and
trans-1: trans I and
sym-1I: sym I and
compatible-with-ground-context-1: compatible-with-gctaxt I and
premisel :
YV Pg. (34" Pg = clause.to-ground (Py - v') A term-subst.is-ground-subst v’
A welltyped, typeof-fun V1 Py A welltyped,-on (clause.vars P1) typeof-fun
Vl ’Y/
A all-types V1) — ¢ |= Pg and
premise2:
V Pg. (34" Pg = clause.to-ground (Py - v') A term-subst.is-ground-subst v’
A welltyped, typeof-fun Vo Py A welltyped,-on (clause.vars Py) typeof-fun
Vz ’Y’
A all-types Vo) — ?I |= Pg and
grounding: term-subst.is-ground-subst v welltyped. typeof-fun Vs C
welltyped,-on (clause.vars C) typeof-fun Vs 7 all-types V3

have grounding”: clause.is-ground (C' - 7)
using grounding
by (simp add: clause.is-ground-subst-is-ground)

obtain v’ where
~': term-subst.is-ground-subst v’ welltyped, typeof-fun Vs '
Vz € clause.vars C. v x =~ x
using welltyped-extension|OF grounding’ grounding(3)].

let 2Py = clause.to-ground (Py - 01- p - ¥")
let 2Py = clause.to-ground (Ps - 02 - p - ')

let ?L; = literal.to-ground (L1 -l o1 -l p -1 ')
let ?L, = literal.to-ground (Ls -l 09 -l -1 v

let 7Py’ = clause.to-ground (P1' - o1 - pn - ")
let 7Py’ = clause.to-ground (Ps' - g3 - 1 - ')

let ?s; = context.to-ground (s1 “tc 01 -t pt -te ¥’
let %51’ = term.to-ground (s1' -t o1 -t p -t ')
let %ty = term.to-ground (ta -t o2 -t p -t ')

let ?ty’ = term.to-ground (t3' -t g3 -t p -t ')

let %u; = term.to-ground (uy -t o1 -t p -t ")
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let 9P = if P = Pos then Pos else Neg
let ?C' = clause.to-ground (C - v')

have ground-subst:
term-subst.is-ground-subst (01 ® u © ')
term-subst.is-ground-subst (02 © p © ')
term-subst.is-ground-subst (u © ')
using term-subst.is-ground-subst-comp-right| OF ~'(1)]
by blast+

have zz: V z€term.vars (tg -t p2). Vo (the-inv g2 (Var z)) = Vs z
Vzeterm.vars (to’ -t p2). Vo (the-inv g2 (Var z)) = Vs z
using superpositionl (16)

by (simp-all add: clause.vars-def local.superpositionl (11) local.superpositionl(8)

subst-atom subst-clause-add-mset subst-literal(1) vars-atom vars-literal(1))

have wt-t: 37. welltyped typeof-fun Vs (ta2 -t p2) T N welltyped typeof-fun V3
(t2" -t o2t p)r
proof—
have A7 7'
IANT T
[has-type typeof-fun Vs (to -t 02) T; has-type typeof-fun Vs (ta’ -t 02) 7]
=7 =7
VLe#(Pi'- 01 + P2' - 02) - p.
7. Vteset-uprod (atm-of L). First-Order-Type-System.welltyped typeof-fun
Vs t T
First-Order- Type-System.welltyped typeof-fun Vs (uq -t 01) T;
First-Order-Type-System.welltyped typeof-fun Vs (ta -t 02) T; welltyped,
typeof-fun Vs w;
P = Pos;
First-Order- Type-System.welltyped typeof-fun Vs
(81 -te 01 -te p)(t2’ -t 02 -t p) T';
First-Order-Type-System.welltyped typeof-fun Vs (s1’ -t 01 -t u) 7]
= 3 7. First-Order- Type-System.welltyped typeof-fun Vs (t2 -t 02) T A
First-Order-Type-System.welltyped typeof-fun Vs (to’ -t 02 -t u) T
AT T
INT T
[has-type typeof-fun Vs (to -t 02) T; has-type typeof-fun Vs (ta’ -t 02) 7]
=7 =7
VLEH#(P1' - 01 + P2’ - 02) - pu.
7. Vteset-uprod (atm-of L). First-Order-Type-System.welltyped typeof-fun
Vs t T
First-Order- Type-System.welltyped typeof-fun Vs (uq -t 01) T;
First-Order-Type-System.welltyped typeof-fun Vs (ta -t 02) T; welltyped,
typeof-fun Vs w;
P = Neg;
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First-Order-Type-System.welltyped typeof-fun Vs (s1 -t. 01 “te p){te’ -t 0o -t
w7
First-Order-Type-System.welltyped typeof-fun V3 (s1” -t 01 -t p) 7]
= 3 7. First-Order-Type-System.welltyped typeof-fun Vs (ta2 -t 02) T A
First-Order-Type-System.welltyped typeof-fun Vs (to’ -t 02 -t p) T
by (metis welltyped,,” welltyped,-welltyped welltyped-has-type)+

then show ?thesis
using grounding(2) superpositionl(9, 14, 19)
unfolding superpositionl welltyped.-def welltyped; -def welltyped, -def subst-clause-add-mset
unfolding zz[ THEN has-type-renaming-weaker|[OF superpositionl (5)]]
by (auto simp: welltyped,,’ subst-literal subst-atom,)
qed

have wt-P1: welltyped. typeof-fun V1 Py
proof—
have zz: Vz€clause.vars (P1' - p1). V1 (the-inv o1 (Var z)) = V3 «
using superpositionl (15)
unfolding superpositionl subst-clause-add-mset
by clause-simp

have wt-P1": welltyped. typeof-fun V1 P1’
proof—
have [welltyped; typeof-fun Vs (P (Upair (s1 -tc 01){t2’ -t 02) (51"t 01)) -1
K
welltyped,. typeof-fun Vi (P1’- 01 - p);
welltyped, typeof-fun Vs (P2’ - 02 + p)]
= welltyped, typeof-fun V1 Py’
unfolding welltyped.-renaming-weaker| OF superpositionl (4) ]
using superpositionl (14) welltyped,-welltyped.
by blast

then show ?thesis
using grounding(2)
unfolding superpositionl subst-clause-add-mset subst-clause-plus well-
typed.-add-mset
welltyped..-plus
by auto
qed

from wit-t have xz1:
7. welltyped typeof-fun Vs (s1 -te 01)(u1 -t 01) 7 A welltyped typeof-fun Vs
(17t o1) T
proof—
have 3 7. welltyped typeof-fun V3 (s1 -te 01 -te p){ta’ -t 02 -t p) T A
welltyped typeof-fun Vs (s1” -t 01 -t p) T
using grounding(2) superpositionl(9, 14, 15)
unfolding superpositionl welltyped.-def welltyped;-def welltyped,,-def
by clause-auto
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then have 3 7. welltyped typeof-fun Vs (s1 -t 01 -te p){uy -t 01 -t pu) 7 A
welltyped typeof-fun Vs (s1” -t 01 -t p) T
by (meson local.superpositionI (14 ) welltyped,, welltyped,-welltyped wt-t)

then show ?thesis
by (metis local.superpositionI (14) subst-apply-term-ctat-apply-distrib
welltyped ,-welltyped)
qed

then have 3 7. welltyped typeof-fun V1 s1{u1) 7 A welltyped typeof-fun Vi s’

proof—
have z1" A7. [Vaz€literal.vars ((s1 -tc 01)(u1 -t 01) = s1” -t p1) U clause.vars
(Pll - 01)
V1 (the-inv o1 (Var z)) = V3 x;
AtV V' Fr.
Vazeterm.vars (t -t p1). V (the-inv o1 (Var z)) = V' 2 =
First-Order-Type-System.welltyped F V t T =
First-Order-Type-System.welltyped F V' (t -t 1) T;
First-Order- Type-System.welltyped typeof-fun V3 (s1 -te 01){u1 -t 01) T;
First-Order-Type-System.welltyped typeof-fun Vs (s1’ -t 01) 7; P = Pos]
= 3 7. First-Order-Type-System.welltyped typeof-fun V1 s1{ui) 7 A
First-Order- Type-System.welltyped typeof-fun V1 s1’ T
NT. [V z€literal.vars ((s1 -te 01){u1 -t 01) != 81" -t 01) U clause.vars (Py’
- 01).
V1 (the-inv o1 (Var z)) = V3 x;
NtV V' Fr.
Vazeterm.vars (t -t 01). V (the-inv o1 (Varz)) = V' 2 =
First-Order-Type-System.welltyped F V t T =
First-Order-Type-System.welltyped F V' (t -t 1) T;
First-Order-Type-System.welltyped typeof-fun Vs (s1 -te 01){u1 -t 01) T3
First-Order-Type-System.welltyped typeof-fun Vs (51" -t 01) 7; P = Neg]
= 3 7. First-Order-Type-System.welltyped typeof-fun V1 s1{ui) 7 A
First-Order- Type-System.welltyped typeof-fun V1 s1’ T
by clause-simp (metis (mono-tags) Un-iff welltyped-renaming-weaker|OF
superpositionl (4)]
subst-apply-term-ctat-apply-distrib vars-term-ctrt-apply)+

with z1 show ?thesis
using superpositionI (15) superpositionl(9)
welltyped-renaming-weaker| OF superposition (4 )]
unfolding superpositionl subst-clause-add-mset vars-clause-add-mset
by (auto simp: welltyped,,’ subst-literal subst-atom)
qed

then show ?thesis

using grounding(2) superpositionl(9, 14) wt-Py’
unfolding superpositionl welltyped.-def welltyped;-def welltyped, -def subst-clause-add-mset
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subst-clause-plus
by auto
qed

have wt-Ps: welltyped. typeof-fun Vo Po
proof—
have zz: Vz€clause.vars (Py' - 02). Vo (the-inv oo (Var z)) = Vs x
using superpositionl (16)
unfolding superpositionl subst-clause-add-mset
by clause-simp

have wi-Py" welltyped. typeof-fun Vo Ps’
using grounding(2)
unfolding superpositionl subst-clause-add-mset subst-clause-plus well-
typed.-add-mset
welltyped.-plus welltyped.-renaming-weaker[OF superpositionl(5) xx)
using superpositionl (14) welltyped,-welltyped. by blast

have tt: 37. welltyped typeof-fun Vs (t2 -t 02) T A welltyped typeof-fun Vs (t’
‘to2) T
using wt-t
by (meson superpositionl (14) welltyped,-welltyped)

show ?thesis
proof—
have 3 7. welltyped typeof-fun Vo to T A welltyped typeof-fun Vo to’ T
using superpositionl (16) welltyped-renaming-weaker|OF superpositionI (5)]
unfolding superpositionl
by (metis (no-types, lifting) Un-iff subst-atom subst-clause-add-mset
subst-literal(1) tt
vars-atom vars-clause-add-mset vars-literal(1))

with wt-Py’ show ?thesis
unfolding welltyped.-def welltyped;-def welltyped,-def superpositionl
by auto
qed
qed

have wt-p-y: welltyped, typeof-fun Vs (u © ')
by (metis v'(2) local.superpositionI (14 ) subst-compose-def welltyped,, -def
welltyped , -welltyped)

have wt-y: welltyped,-on (clause.vars P1) typeof-fun V1 (01 © u © 7v7)
welltyped,-on (clause.vars Py) typeof-fun Vo (02 ©® p @ v')
using
superpositionl (15, 16)
welltyped , -renaming-ground-subst-weaker| OF superpositionl (4) wt-p-y su-
perpositionl (17)
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ground-subst(3)]
welltyped, -renaming-ground-subst-weaker[OF superpositionI (5) wt-pu-y su-
perpositionl (18)
ground-subst(3)]
unfolding vars-subst,
by (simp-all add: subst-compose-assoc)

have ¢ |= ¢P;
using premisel [rule-format, of ?P1, OF exl, of 01 ©® p ® '] ground-subst
wt-Py wt-y
superpositionl (27)
by auto

moreover have ?] |= 7P,
using premise2[rule-format, of ?P2, OF exl, of 02 ® p © '] ground-subst
wt-Po wit-y
superpositionl (28)
by auto

ultimately obtain L;’ Ly’
where
Ly "in-P1: L1/ E# ?P; and
I-models-L,": ?I |=1 L’ and
LQI—’L.’I’L—.PQZ LQ/ 6# P, and
I-models-Ly": 21 |=1 Ly’
by (auto simp: true-cls-def)

have uq-equals-to: 7ts = 2uq
using term-subst.subst-imgu-eq-subst-imgu[OF superpositionl (13)]

by argo

have s1-uy: 2s1(%u1)g = term.to-ground (s1 -te 01 “te b -te ¥Y){ur -t 01 -t p -t
"
using
ground-term-with-context(1)[OF
context.is-ground-subst-is-ground
term-subst.is-ground-subst-is-ground

]
v'(1)
by auto
have si-t2": (951)(%t2)c = term.to-ground (s1 te 01 ‘te o -te v'){t2’ -t 02 -t
wot )
using
ground-term-with-context(1)[OF

context.is-ground-subst-is-ground
term-subst.is-ground-subst-is-ground

v'(1)
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by auto

have P-pos-or-neg: P = Pos V P = Neg
using superpositionl(9) by blast

then have Ly: ?L; = ?P (Upair ?s1{%u1)g %s17)
using s1-u1
unfolding superpositionl literal.to-ground-def atom.to-ground-def
by clause-auto

have literal.to-ground
((s1 tc 01 te ppte Y)(t2" Lot p-ty)msi'tortp-ty)=
term.to-ground (81 -te 01 “te p -te Y){ta' -t 0o -t p -t ) =
term.to-ground (s1’ -t o1 -t p -t ')

by (metis atom.to-ground-def ground-atom-in-ground-literal(1) map-uprod-simps)

moreover have literal.to-ground
((s1 tc 01 te ppte Y)(t2" t oot p-ty)Imsi'tortpty)=
term.to-ground (81 -te 01 ‘te p -te v ){ta' -t 02 -t p -t ') =
term.to-ground (s1’ -t o1 -t p -t ')

by (metis atom.to-ground-def ground-atom-in-ground-literal(2) map-uprod-simps)

ultimately have C: ?C = add-mset (?P (Upair (%s1)(?t2")a (9s17))) (?P1' +
?Py")

using P-pos-or-neg

unfolding
s1-t2’
superpositionl
clause.to-ground-def
subst-clause-add-mset
subst-clause-plus

by (auto simp: subst-atom subst-literal)

show ?I |= clause.to-ground (C - )
proof (cases Ly’ = ?Ly)
case Li’-def: True
then have ?I |=l 7L,
using superpositionl
using I-models-L1’ by blast

show ?thesis
proof (cases Ly’ = ?Ls)
case Ly’-def: True

then have ¢s-in-I: (%ta, %t2’) € I
using I-models-Ly’ true-lit-uprod-iff-true-lit-prod| OF sym-I| superposi-
tionl(11)
unfolding literal.to-ground-def atom.to-ground-def
by (smt (verit) literal.simps(9) map-uprod-simps atom.subst-def subst-literal
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true-lit-simps(1))

have ?thesis if P = Pos

proof —

from that have (%s1(%t2)q, %s17) € 1
using I-models-L1’ Ly'-def Ly true-lit-uprod-iff-true-lit-prod| OF sym-I]

U1 -equals-to
unfolding superpositionl
by (smt (verit, best) true-lit-simps(1))

then have (%s51(?t2")q, 7s1') € I
using ts-in-I compatible-with-ground-context-I refl-I sym-I trans-I

by (meson compatible-with-gctaxtD refl-onD1 symD trans-onD)
then have ?I |=1 251(%t2)¢ =~ %51’
by blast

then show ?thesis
unfolding C that
by (smt (verit) C v'(3) clause.subst-eq that true-cls-def union-single-eq-member)

qged

moreover have ?thesis if P = Neg

proof —
from that have (2s1(%t2)q, %s517) ¢ 1
using I-models-Ly’ Ly'-def Ly true-lit-uprod-iff-true-lit-prod[ OF sym-I|
U1 -equals-to

unfolding superpositionl
by (smt (verit, ccfu-threshold) literals-distinct(2) true-lit-simps(2))

then have (2s51(%t2")q, 9s17) ¢ 1
using ts-in-I compatible-with-ground-context-1 trans-I

by (meson compatible-with-gctatD transD)

then have ?I |=l Neg (Upair ?s1(%t2")a  %51)
by (meson true-lit-uprod-iff-true-lit-prod(2) sym-I true-lit-simps(2))

then show ?thesis

unfolding C that
by (smt (verit, best) C v'(3) calculation clause.subst-eq true-cls-def

union-single-eq-member)
qged

ultimately show ?thesis
using P-pos-or-neg by blast
next

case Fulse
then have Ly’ €# 2P,’
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using Ls’-in-P2
unfolding superpositionl
by (simp add: clause.to-ground-def subst-clause-add-mset)

then have ?I |= 7Py’
using I-models-Lo’ by blast

then show ?thesis
unfolding superpositionl
by (smt (verit, ccfo-SIG) C v'(3) clause.subst-eq local.superpositionI (26)
true-cls-union
union-mset-add-mset-left)
qed
next
case Fulse
then have L’ €# 2P’
using L ’-in-P1
unfolding superpositionl
by (simp add: clause.to-ground-def subst-clause-add-mset)

then have ?I |= 7P’
using I-models-L1’ by blast

then show ?thesis
unfolding superpositionl
by (smt (verit, best) C ~'(3) clause.subst-eq local.superpositionI (26)
true-cls-union
union-mset-add-mset-right)
qed
qed

then show ?thesis
unfolding ground.G-entails-def clause-groundings-def true-clss-def superposi-

tionI (1—3)
by auto

qed

end

sublocale grounded-first-order-superposition-calculus C
sound-inference-system inferences Lr (|Er)
proof unfold-locales
fix ¢
assume ¢ € inferences
then show set (prems-of ) |=r {concl-of ¢}
using
eq-factoring-sound
eq-resolution-sound
superposition-sound
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unfolding inferences-def ground.G-entails-def
by auto
qed

sublocale first-order-superposition-calculus C
sound-inference-system inferences L p entails-G
proof unfold-locales
obtain selectc where selectq: selecta € selectg
using @Q-nonempty by blast

then interpret grounded-first-order-superposition-calculus
where selectg = selecta
by unfold-locales (simp add: selectes-def)

show Av. ¢ € inferences = entails-G (set (prems-of 1)) {concl-of ¢}
using sound
unfolding entails-def
by blast
qed

end

theory Ground-Superposition-Soundness
imports Ground-Superposition

begin

lemma (in ground-superposition-calculus) soundness-ground-superposition:
assumes
step: ground-superposition P1 P2 C
shows G-entails {P1, P2} {C}
using step
proof (cases P1 P2 C rule: ground-superposition.cases)
case (ground-superposition] Ly Py’ Ly Py’ P st s’ t')

show ?thesis
unfolding G-entails-def true-clss-singleton
unfolding true-clss-insert
proof (intro alll impl, elim conjE)
fix I :: 'f gterm rel
let 21" = (A\(t1, t). Upairt; t) ‘1
assume refl I and trans I and sym I and compatible-with-gctzt I and
?I' |= P1 and ?I' |= P2
then obtain K1 K2 :: 'f gatom literal where
K1 €# P1 and ?I' |5l K1 and K2 €# P2 and ?I' |=l K2
by (auto simp: true-cls-def)

show ?I' |= C

proof (cases K2 = P (Upair s(t)g s'))
case Kl1-def: True
hence ?I' |=l P (Upair s(t)c s’)
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using «?I' |=l K2) by simp

show ?thesis
proof (cases K1 = Pos (Upair t t'))
case K2-def: True
hence (¢, t") € T
using «?I’ |=l K1) true-lit-uprod-iff-true-lit-prod[OF <sym I+] by simp

have ?thesis if P = Pos
proof —
from that have (s(t)g, s') € I
using «?I' |=l K2y K1-def true-lit-uprod-iff-true-lit-prod[OF <sym D] by
stmp
hence (s(t")g, s') € I
using «(t, t') € Dy
using <compatible-with-gctxt 1> <refl Iy <sym I> <trans I»
by (meson compatible-with-gctatD refl-onD1 symD trans-onD)
hence ?I’ |=l Pos (Upair s(t")¢ s')
by blast
thus ?thesis
unfolding ground-superpositionl that
by simp
qged

moreover have ?thesis if P = Neg
proof —
from that have (s(t)g, s') ¢ I
using «?I' |=l K2y K1-def true-lit-uprod-iff-true-lit-prod[OF <sym D] by
stmp
hence (s(t")g, s') ¢ I
using «(t, t') € Iy
using <compatible-with-gctat 1> <trans I»
by (metis compatible-with-gctztD transD)
hence ?I’ |=l Neg (Upair s(t)a s')
by (meson «sym I true-lit-simps(2) true-lit-uprod-iff-true-lit-prod(2))
thus %thesis
unfolding ground-superpositionl that by simp
qed

ultimately show ?thesis
using P € {Pos, Neg}h> by auto
next
case Fulse
hence K1 €# Py’
using <K1 €# P1»
unfolding ground-superpositionl by simp
hence ?I' |= Py’
using «?I' |=1 K1) by blast
thus ?thesis
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unfolding ground-superpositionl by simp
qed
next
case Fulse
hence K2 €# P’
using (K2 €# P2
unfolding ground-superpositionl by simp
hence ?I' |= Py’
using < ?I’ |=l K2» by blast
thus “thesis
unfolding ground-superpositionl by simp
qed
qed
qed

lemma (in ground-superposition-calculus) soundness-ground-eq-resolution:
assumes step: ground-eq-resolution P C
shows G-entails {P} {C}
using step
proof (cases P C rule: ground-eg-resolution.cases)
case (ground-eq-resolutionl L D’ t)
show ?thesis
unfolding G-entails-def true-clss-singleton
proof (intro alll impl)
fix I :: 'f gterm rel
assume refl I and (A(#1, t2). Upair t; t2) ‘I |= P
then obtain K where K €# P and (A(t1, t2). Upair t1 t2) ‘I |l K
by (auto simp: true-cls-def)
hence K # L
by (metis <refl Iy ground-eq-resolutionl(2) pair-imagel reflD true-lit-simps(2))
hence K €# C
using <K €# Py (P = add-mset L D"» <C = D’s by simp
thus (A(tl, tg). Upair tl tg) ‘1 “: C
using «(A(t1, t2). Upair ty t2) ‘I |=l K> by blast
qed
qed

lemma (in ground-superposition-calculus) soundness-ground-eq-factoring:
assumes step: ground-eq-factoring P C
shows G-entails {P} {C}
using step
proof (cases P C rule: ground-eq-factoring.cases)
case (ground-eq-factoringl Ly Ly P’ ¢ ¢’ t")
show ?thesis
unfolding G-entails-def true-clss-singleton
proof (intro alll impl)
fix I :: 'f gterm rel
let 21" = (A\(t1, t). Upair t; t) ‘1
assume ftrans I and sym [ and ?I' |= P

278



then obtain K :: 'f gatom literal where
K e# Pand ?I' |FI K
by (auto simp: true-cls-def)

show ?I' |= C
proof (cases K = Ly V K = Ly)
case True
hence I |l Pos (t, t') vV I |El Pos (t, t")
unfolding ground-eq-factoringl
using «?I' |=l K> true-lit-uprod-iff-true-lit-prod[OF <sym Iy] by metis
hence I |=l Pos (t, t") v I |=l Neg (t/, t")
proof (elim disjE)
assume [ [=l Pos (t, t')
then show ?thesis
unfolding true-lit-simps
by (metis <trans I» transD)
next
assume [ [=l Pos (t, t”)
then show ?thesis
by simp
qed
hence ?I’ |=l Pos (Upair t t') v 2I' |=l Neg (Upair t' t")
unfolding true-lit-uprod-iff-true-lit-prod[OF <sym I)] .
thus ?thesis
unfolding ground-eq-factoringl
by (metis true-cls-add-mset)
next
case Fulse
hence K €# P’
using <K €# P»
unfolding ground-eq-factoringl
by auto
hence K €# C
by (simp add: ground-eq-factoringl (1,2,7))
thus ?thesis
using <(A\(t1, t). Upair t1 t) ‘I |=l K> by blast
qged
qed
qed

sublocale ground-superposition-calculus C sound-inference-system where
Inf = G-Inf and
Bot = G-Bot and
entails = G-entails
proof unfold-locales
show Ac. v € G-Inf = G-entails (set (prems-of 1)) {concl-of ¢}
unfolding G-Inf-def
using soundness-ground-superposition
using soundness-ground-eq-resolution
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using soundness-ground-eq-factoring
by (auto simp: G-entails-def)
qed

end

theory Ground-Superposition- Welltypedness-Preservation
imports Ground-Superposition

begin

lemma (in ground-superposition-calculus) ground-superposition-preserves-typing:
assumes
step: ground-superposition D E C and
wt-D: welltyped, F D and
wt-E: welltyped. F E
shows welltyped. F C
using step
proof (cases D E C rule: ground-superposition.cases)
case hyps: (ground-superposition] Ly E' Lp D' P k t u t’)
show ?thesis
unfolding «C = add-mset (P (Upair x{t")¢ u)) (E' + D)
unfolding welltyped.-add-mset welltyped.-plus
proof (intro conjI)
have 37. welltyped F r{t)e T N welltyped F u T

proof —
have welltyped; F Lg
using wt-F
unfolding <F = add-mset Lg E’y welltyped.-add-mset
by argo

hence welltyped, F (Upair (t)c u)
using <P € {Pos, Neg}»
unfolding <Ly = P (Upair (t)g u)» welltyped,;-def
by auto
thus ?thesis
unfolding welltyped,-def by simp
qed

moreover have 37. welltyped F ¢t 7 A welltyped F t' T
proof —
have welltyped; F Lp
using wit-D
unfolding <D = add-mset Lp D'y welltyped.-add-mset
by argo
hence welltyped, F (Upair t t')
using <P € {Pos, Neg}
unfolding <Lp = t ~ t"» welltyped;-def
by auto
thus ?thesis
unfolding welltyped,-def by simp
qed
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ultimately have 3 7. welltyped F k(t")¢ 7 N welltyped F u T
using gctat-apply-term-preserves-typing[of F k t - - ]
by blast

hence welltyped, F (Upair k(t") g u)
unfolding welltyped,-def by simp

thus welltyped; F (P (Upair &(t")a u))
unfolding welltyped,;-def
using (P € {Pos, Neg}» by auto

next

show welltyped. F E'
using wit-F
unfolding <F = add-mset Ly E'y welltyped.-add-mset
by argo

next

show welltyped. F D'
using wit-D
unfolding <D = add-mset Lp D’s welltyped.-add-mset
by argo

qed
qed

lemma (in ground-superposition-calculus) ground-eq-resolution-preserves-typing:
assumes
step: ground-eg-resolution D C and
wt-D: welltyped, F D
shows welltyped. F C
using step
proof (cases D C rule: ground-eg-resolution.cases)
case (ground-eg-resolutionI L D' t)
thus ?thesis
using wit-D
unfolding welltyped.-def
by simp
qed

lemma (in ground-superposition-calculus) ground-eq-factoring-preserves-typing:
assumes
step: ground-eq-factoring D C' and
wt-D: welltyped, F D
shows welltyped. F C
using step
proof (cases D C rule: ground-eg-factoring.cases)
case (ground-eq-factoringl Ly Ly D' t t' t")
hence welltyped; F (t =~ t’) and welltyped; F (t =~ t'’) and welltyped. F D’
unfolding atomize-conj
using wt-D welltyped.-add-mset by metis

hence 3 7. welltyped F ¢t 7 A\ welltyped F t' 7 7. welltyped F t 7 N\ welltyped
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Fit'r
unfolding atomize-conj welltyped;-def welltyped,-def by simp

hence i-t’-same-type: 37. welltyped F t' 7 A welltyped F t"' T
using welltyped-right-unique] THEN right-uniqueD] by metis

show ?thesis
unfolding «C = add-mset (¢' !~ t") (add-mset (t = t"") D')» welltyped.-add-mset
proof (intro conjl)
show welltyped; F (t' !~ t"')
using t-t’-same-type
unfolding welltyped;-def welltyped,-def by simp
next
show welltyped; F (t ~ t")
using «welltyped; F (t = t")> .
next
show welltyped. F D'
using <welltyped. F D’ .
qed
qed

end
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