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Abstract

This entry includes a formalization of standard Borel spaces and
(a variant of) the Borel isomorphism theorem. A separable complete
metrizable topological space is called a polish space and a measurable
space generated from a polish space is called a standard Borel space.
We formalize the notion of standard Borel spaces by establishing set-
based metric spaces, and then prove (a variant of) the Borel isomor-
phism theorem. The theorem states that a standard Borel spaces is
either a countable discrete space or isomorphic to R.
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1 Lemmas

theory Lemmas-StandardBorel
imports HOL— Probability. Probability
begin

1.1 Lemmas for Abstract Topology
1.1.1 Generated By

lemma topology-generated-by-sub:
assumes A\U. U € U = (openin X U)
and openin (topology-generated-by U) U
shows openin X U
proof —
have generate-topology-on U U
by (simp add: assms(2) openin-topology-generated-by)
then show ?thesis
by induction (use assms(1) in auto)
qed

lemma topology-generated-by-open:
S = topology-generated-by {U | U . openin S U}
unfolding topology-eq
proof standard+
fix U
assume openin (topology-generated-by {U |U. openin S U}) U
note this[simplified openin-topology-generated-by-iff]
then show openin S U



by induction auto
qed(simp add: openin-topology-generated-by-iff generate-topology-on.Basis)

lemma topology-generated-by-eq:
assumes AU. U € U = (openin (topology-generated-by O) U)
and AU. U € O = (openin (topology-generated-by U) U)
shows topology-generated-by O = topology-generated-by U
using topology-generated-by-sublof U, OF assms(1)] topology-generated-by-sublof
O,0F assms(2)]
by (auto simp: topology-eq)

lemma topology-generated-by-homeomorphic-spaces:
assumes homeomorphic-map X Y f X = topology-generated-by O
shows Y = topology-generated-by (() f * O)
unfolding topology-eq
proof
have f:open-map X Y f inj-on f (topspace X)
using assms(1) by (simp-all add: homeomorphic-imp-open-map perfect-injective-eq-homeomorphic-map[sym
obtain g where g: Az. z € topspace X = ¢ (fz) = x N\y. y € topspace ¥ —>
f (gy) =y open-map Y X g inj-on g (topspace Y')
using homeomorphic-map-maps[of X Y f,simplified assms(1)] homeomorphic-imp-open-map
homeomorphic-maps-mapl[of X Y f] homeomorphic-imp-injective-map[of Y X| by
blast
show AS. openin Y S = openin (topology-generated-by (() f < O)) S
proof safe
fix S
assume openin Y S
then have openin X (g ¢ S)
using ¢(3) by (simp add: open-map-def)
hence h:generate-topology-on O (g * S)
by (simp add: assms(2) openin-topology-generated-by-iff)
have S=f‘(¢g ¢ 9)
using openin-subset|OF <openin Y S»] g(2) by(fastforce simp: image-def)
also have openin (topology-generated-by ((¥) f < O)) ...
using h
proof induction
case Empty
then show ?Zcase by simp
next
case (Int a b)
with inj-on-image-Int[OF f(2),0f a b] show ?case
by (metis assms(2) openin-Int openin-subset openin-topology-generated-by-iff )
next
case (UN K)
then show ?case
by (auto simp: image-Union)
next
case (Basis s)
then show ?case



by (auto intro!: generate-topology-on.Basis simp: openin-topology-generated-by-iff)
qed
finally show openin (topology-generated-by (() f < O)) S .
next
fix S
assume openin (topology-generated-by (() f < O)) S
then have generate-topology-on (() f < O) S
by (simp add: openin-topology-generated-by-iff’)
thus openin Y S
proof induction
case (Basis s)
then obtain U where w:U € O s = f ¢ U by auto
then show ?case
using assms(1) assms(2) homeomorphic-map-openness-eq topology-generated-by-Basis
by blast
qed auto
qed
qed

lemma open-map-generated-topo:
assumes A\u. u € U = openin S (f ‘ u) inj-on f (topspace (topology-generated-by
U))
shows open-map (topology-generated-by U) S f
unfolding open-map-def
proof safe
fix u
assume openin (topology-generated-by U) u
then have generate-topology-on U u
by (simp add: openin-topology-generated-by-iff)
thus openin S (f “ )
proof induction
case (Int a b)
then have [simp]:f ‘(anNb)=f‘anf‘b
by (meson assms(2) inj-on-image-Int openin-subset openin-topology-generated-by-iff)
from Int show ?case by auto
qed (simp-all add: image-Union openin-clauses(3) assms)
qed

lemma subtopology-generated-by:
subtopology (topology-generated-by O) T = topology-generated-by {T N U | U. U
e 0}
unfolding topology-eq openin-subtopology openin-topology-generated-by-iff
proof safe
fix A
assume generate-topology-on O A
then show generate-topology-on {T N U |U. U € O} (AN T)
proof induction
case Empty
then show ?case



by (simp add: generate-topology-on.Empty)
next
case (Int a b)
moreover have a N b N T = (aN T)N (bN T) by auto
ultimately show Zcase
by (auto introl: generate-topology-on.Int)
next
case (UN K)
moreover have (J KN T)=(J { kN T |k k€ K}) by auto
ultimately show Zcase
by (auto introl: generate-topology-on.UN)
next
case (Basis s)
then show ?case
by (auto introl: generate-topology-on.Basis)
qged
next
fix A
assume generate-topology-on {T N U |U. U € O} A
then show 3 L. generate-topology-on O LN A=LNT
proof induction
case Empty
show ?case
by (auto intro!: exI[where x={}| generate-topology-on. Empty)
next
case ih:(Int a b)
then obtain La Lb where
generate-topology-on O La a = La N T generate-topology-on O Lb b= LbN T
by auto
thus ?case
using ih by(auto introl: exI[where x=La N Lb] generate-topology-on.Int)
next
case ih:(UN K)
then obtain L where
Nk. k € K = generate-topology-on O (Lk) ANk. ke K= k=(LkNT
by metis
thus Zcase
using ih by (auto introl: exI[where z=|Jk€K. L k] generate-topology-on.UN)
next
case (Basis s)
then show ?case
using generate-topology-on.Basis by fastforce
qed
qed

lemma prod-topology-generated-by:

topology-generated-by { U x V | U V. U € O AV € U} = prod-topology
(topology-generated-by O) (topology-generated-by U)

unfolding topology-eq



proof safe
fix U
assume h:openin (topology-generated-by {U x V |[UV. U € OANV elU}) U
show openin (prod-topology (topology-generated-by O) (topology-generated-by U))
U
by (auto simp: openin-prod- Times-iff [of topology-generated-by O topology-generated-by
2]
introl: topology-generated-by-Basis topology-generated-by-sub[OF - h])
next
fix U
assume openin (prod-topology (topology-generated-by O) (topology-generated-by
u) u
then have Vz€U. 3V1 V2. openin (topology-generated-by O) VI A openin
(topology-generated-by U) V2 A fst z € VI ANsndze V2A VI x V2 CU
by (auto simp: openin-prod-topology-alt)
hence A V1. V2€U. 3 V2. openin (topology-generated-by O) (V1 z) A openin
(topology-generated-by U) V2 A fst z € (VIz) Asndz€ V2 AN (VIz)x V2CU
by (rule bchoice)
then obtain VI where VzeU. 3 V2. openin (topology-generated-by O) (V1 z)
A openin (topology-generated-by U) V2 A fst z € (V1 z) A snd z € V2 A (V1 2)
x V2 CU
by auto
hence 3 V2.V 2€U. openin (topology-generated-by O) (V1 z) A openin (topology-generated-by
U) (V22)Nfstze (VIz)ANsndze (V22z) AN(V1z)x (V22)CU
by (rule bchoice)
then obtain V2 where hwi2:\z. z6 U = openin (topology-generated-by O)
(V1 z) A openin (topology-generated-by U) (V2 z) A fst z € (VI z) A snd z € (V2
Z)N(V1z) x (V22z)CU
by auto
hence 1:U = (JzeU. (VI z) x (V2 2))
by auto
have openin (topology-generated-by {U x V |[UV. U € O AV elU}) (UzeU.
(V12) x (V2 2))
proof(rule openin-Union)
show AS. S € (Az. VI 2z x V22z) * U = openin (topology-generated-by {U
xVIUV.UeOANVeU})S
proof safe
fixzy
assume h:(z,y) € U
then have generate-topology-on O (V1 (z,y))
using hv12 by(auto simp: openin-topology-generated-by-iff)
thus openin (topology-generated-by {U x V |[UV. U e OANV elU}) (V1
(z, y) x V2 (2, y))
proof induction
case Empty
then show ?Zcase by auto
next
case (Int a b)
thus ?case



by (auto simp: Sigma-Int-distrib1)
next
case (UN K)
then have openin (topology-generated-by {U x V|UV.U € O AV € U})
U{kxV2(z,y) ]|k keK})
by auto
moreover have (| {k x V2 (z, y) |k. k€ K}) = (U K x V2 (z, y))
by blast
ultimately show ?case by simp
next
case ho:(Basis s)
have generate-topology-on U (V2 (z,y))
using h hv12 by(auto simp: openin-topology-generated-by-iff)
thus ?case
proof induction
case Empty
then show ?case by auto
next
case (Int a b)
then show ?case
by (auto simp: Sigma-Int-distrib2)
next
case (UN K)
then have openin (topology-generated-by {U x V |[UV. U € OANV €
UhH (U {sxk|k kekK})

by auto
moreover have (|J { s x k| k. k€K}) =s x UK
by blast
ultimately show ?case by simp
next

case (Basis s')
then show ?case
using ho by(auto intro!: topology-generated-by-Basis)
qed
qed
qed
qged
thus openin (topology-generated-by {U x V| UV. U e OANV eU}) U
using 1 by auto
qed

lemma prod-topology-generated-by-open:

prod-topology S S’ = topology-generated-by {U x V | U V. openin S U A openin
S'V}

using prod-topology-generated-by[of {U |U. openin S U} {U |U. openin S’ U}]
topology-generated-by-open|of S,symmetric] topology-generated-by-open|of S’

by auto

lemma product-topology-cong:



assumes \i. i € | = Si=Ki
shows product-topology S I = product-topology K I
proof —
have 1:{llg i€l. X i |X. (Vi. openin (S i) (X ©)) A finite {i. X i # topspace (S
i)}} C{llg iel. X i |X. (Vi. openin (K i) (X 7)) A finite {i. X i # topspace (K
O}}if Ni.iel = Si=Kifor SK: -="btopology
proof
fix z
assume hz:x € {llg i€l. X i |X. (Vi. openin (S i) (X 7)) A finite {i. X i #
topspace (S i)}}
then obtain X where hX:
z = (g i€l. X i) N\i. openin (S i) (X @) finite {i. X i # topspace (S i)}
by auto
define X' where X' = (\i. if i € I then X i else topspace (K 7))
have z = (Il iel. X' i)
by (auto simp: hX(1) X'-def PiE-def Pi-def)
moreover have finite {i. X' i # topspace (K 1)}
using that by (auto introl: finite-subset|OF - hX(3)] simp: X'-def)
moreover have openin (K i) (X' i) for ¢
using hX(2)[of 7] that[of 7] by(auto simp: X'-def)
ultimately show z € {Ilg i€l. X i |X. (Vi. openin (K i) (X 7)) A finite {i.
X i # topspace (K i)}}
by (auto intro!: exl[where z=X")
qed
have {IIg i€l. X i |X. (Vi. openin (S i) (X 7)) A finite {i. X i # topspace (S
i)} ={llg iel. X i |X. (Vi. openin (K i) (X 7)) A finite {i. X i # topspace (K
i}
using 1[of S K] 1]of K S] assms by auto
thus ?thesis
by (simp add: product-topology-def)
qed

lemma topology-generated-by-without-empty:
topology-generated-by O = topology-generated-by { U € O. U # {}}
proof(rule topology-generated-by-eq)
fix U
show U € O = openin (topology-generated-by { U € O. U # {}}) U
by(cases U = {}) (simp-all add: topology-generated-by-Basis)
qed (simp add: topology-generated-by-Basis)

lemma topology-from-bij:

assumes bij-betw f A (topspace S)

shows homeomorphic-map (pullback-topology A fS) S f topspace (pullback-topology
AfS)=4
proof —

note h = bij-betw-imp-surj-on| OF assms] bij-betw-inv-into-left| OF assms| bij-betw-inv-into-right| OF
assms|

then show [simp]:topspace (pullback-topology A f S) = A

by (auto simp: topspace-pullback-topology)



show homeomorphic-map (pullback-topology A fS) S f
by(auto simp: homeomorphic-map-maps homeomorphic-maps-def h continu-
ous-map-pullback|OF continuous-map-id,simplified] inv-into-into intro!: exl [where
z=inv-into A f] continuous-map-pullback’[where f=f]) (metis (mono-tags, opaque-lifting)
comp-apply continuous-map-eq continuous-map-id h(3) id-apply)
qed

lemma openin-pullback-topology’:
assumes bij-betw f A (topspace S)
shows openin (pullback-topology A fS) u +— (openin S (f ‘u)) A u C A
unfolding openin-pullback-topology
proof safe
fix U
assume h:openin SUu=f —-UNA
from openin-subset|OF this(1)] assms
have [simp]:f ‘(f —<UNA) =T
by (auto simp: image-def vimage-def bij-betw-def)
show openin S (f “ (f —° U N A4))
by (simp add: h)
next
assume openin S (f ‘u) u C A
with assms show 3 U. openin SUANu=f—-UnNA
by (auto introl: exl[where z=f ‘ u] simp: bij-betw-def inj-on-def)
qed

1.1.2 Isolated Point

definition isolated-points-of :: 'a topology = 'a set = 'a set (infixr <isolated’-points’-of>
80) where
X isolated-points-of A = {x€topspace X N A. z ¢ X derived-set-of A}

lemma isolated-points-of-eq:
X isolated-points-of A = {x€topspace X N A. JU. z € U A openin X U A U N
(A —A{z}) ={}}

unfolding isolated-points-of-def by(auto simp: in-derived-set-of)

lemma in-isolated-points-of:

z € X isolated-points-of A +— x € topspace X Nz € AN (3U.xz € U A openin
XUANUN(A=A{z}) ={})

by (simp add: isolated-points-of-eq)

lemma derived-set-of-eq:
z € X derived-set-of A <— z € X closure-of (A — {z})
by (auto simp: in-derived-set-of in-closure-of)

1.1.3 Perfect Set

definition perfect-set :: 'a topology = 'a set = bool where
perfect-set X A «— closedin X A N X isolated-points-of A = {}



abbreviation perfect-space X = perfect-set X (topspace X)

/

lemma perfect-space-euclidean: perfect-space (euclidean :: 'a :: perfect-space topol-

ogy)
by (auto simp: isolated-points-of-def perfect-set-def derived-set-of-eq closure-interior)

lemma perfect-setl:
assumes closedin X A
and Az T. [z € A; 2 € T; openin X T] = Jy#z. ye TAye€ A
shows perfect-set X A
using assms by (simp add: perfect-set-def isolated-points-of-def in-derived-set-of)
blast

lemma perfect-spacel:
assumes Az T. [z € T; openin X T] = Jy#z. y € T
shows perfect-space X
using assms by (auto intro!: perfect-setl) (meson in-mono openin-subset)

lemma perfect-setD:

assumes perfect-set X A

shows closedin X A A C topspace X Nz T. [z € A; z € T; openin X T] =
dy#z.ye TAhyec A

using assms closedin-subset|of X A] by (simp-all add: perfect-set-def isolated-points-of-def
in-derived-set-of ) blast

lemma perfect-space-perfect:

perfect-set euclidean (UNIV :: 'a :: perfect-space set)

by (auto simp: perfect-set-def in-isolated-points-of ) (metis Int-Diff inf-top.right-neutral
insert-Diff not-open-singleton)

lemma perfect-set-subtopology:

assumes perfect-set X A

shows perfect-space (subtopology X A)

using perfect-setD[OF assms] by(auto introl: perfect-setl simp: inf.absorb-iff2
openin-subtopology)

1.1.4 Bases and Sub-Bases in Abstract Topology

definition subbase-in :: ['a topology, 'a set set] = bool where
subbase-in S O «+— S = topology-generated-by O

definition base-in :: ['a topology, 'a set set] = bool where
base-in S O «— (VY U. openin S U «— (FU. U =JU AU C O))

lemma second-countable-base-in: second-countable S <— (3O. countable O A
base-in S O)
proof —

have [simp]: AB. (openin S = arbitrary union-of (Az. x € B)) <— (Y U. openin
SU<+— 3U.U=JUANUCDB))

10



by(simp add: arbitrary-def union-of-def fun-eq-iff) metis
show ?thesis
by (auto simp: second-countable base-in-def)
qed

definition zero-dimensional :: 'a topology = bool where
zero-dimensional S <— (3O. base-in S O A (Y ueO. openin S u A closedin S u))

lemma openin-base:
assumes base-in S O U= JU andU C O
shows openin S U
using assms by (auto simp: base-in-def)

lemma base-is-subbase:
assumes base-in S O
shows subbase-in S O
unfolding subbase-in-def topology-eq openin-topology-generated-by-iff
proof safe
fix U
assume openin S U
then obtain & where hu:U = JU U C O
using assms by (auto simp: base-in-def)
thus generate-topology-on O U
by (auto introl: generate-topology-on.UN) (auto intro!: generate-topology-on.Basis)
next
fix U
assume generate-topology-on O U
then show openin S U
proof induction
case (Basis s)
then show ?case
using openin-base[OF assms,of s {s}]
by auto
qged auto
qed

lemma subbase-in-subset:
assumes subbase-in S O and U € O
shows U C topspace S
using assms(1)[simplified subbase-in-def] topology-generated-by-topspace assms
by auto

lemma subbase-in-openin:

assumes subbase-in S O and U € O

shows openin S U

using assms by(simp add: subbase-in-def openin-topology-generated-by-iff gener-
ate-topology-on. Basis)

lemma base-in-subset:
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assumes base-in S O and U € O
shows U C topspace S
using subbase-in-subset| OF base-is-subbase[OF assms(1)] assms(2)] .

lemma base-in-openin:
assumes base-in S O and U € O
shows openin S U
using subbase-in-openin| OF base-is-subbase| OF assms(1)] assms(2)] .

lemma base-in-def2:
assumes AU. U € O = openin S U
shows base-in S O «— (VU. openin S U — (VazcU.IWeO. 2 € WA W C
U))
proof
assume h:base-in S O
show V U. openin S U — (VzeU.IWeO.z € WA W CU)
proof safe
fix Uz
assume h':openin S Uz € U
then obtain &/ where hu: U= JU U C O
using h by (auto simp: base-in-def)
then obtain W where z €¢ W W e U
using h'(2) by blast
thus IWeOQ.z e WA WCU
using hu by(auto introl: bexl[where z=W])
qged
next
assume h:V U. openin S U — (VzeU.IWeO.z € WA W C U)
show base-in S O
unfolding base-in-def
proof safe
fix U
assume openin S U
then have VazcU. A W. WeO ANz e WAWCU
using h by blast
hence IW.VzeU Wz e ONz e WaANWaCU
by (rule bchoice)
then obtain W where hw:
VeeU Wazxe ONnze Wa AN Wz C U by auto
thus 3IU. U= UANUCO
by (auto introl: exI[where x=W * U])
next
fix UU
show U C O = openin S (J U)
using assms by auto
qed
qed

lemma base-in-def2":
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base-in S O «— (Y b€O. openin S b) N (Y. openin S x — (IB'CO. Y B’ =
2)
proof
assume h:base-in S O
show (V b€O. openin S b) A (Vz. openin S — (IB'CO. Y B’ = 1))
proof (rule congl)
show V b€O. openin S b
using openin-base|OF h,of - {-}] by auto
next
show Vz. openin S © — (3B'CO. | B' = z)
using h by(auto simp: base-in-def)
qed
next
assume h:(V beO. openin S b) A (Vz. openin S ¢ — (IB'CO. Y B' = 1))
show base-in S O
unfolding base-in-def
proof safe
fix U
assume openin S U
then obtain B’ where B'CO |J B'=U
using & by blast
thus 3IU. U= UANUCO
by (auto intro!: exl[where z=B")
next
fix UU
show U C O = openin S (J U)
using h by auto
qed
qed

corollary base-in-in-subset:
assumes base-in S O openin Suzx € u
shows JveO. z € v A v Cu
using assms base-in-def2 base-in-def2’ by fastforce

lemma base-in-without-empty:
assumes base-in S O
shows base-in S {U € O. U # {}}
unfolding base-in-def2’
proof safe
fix z
assume z € O - openin S z
thus Ay. y € {}
using base-in-openin|OF assms «x € O] by simp
next
fix z
assume openin S x
then obtain B’ where B'CO | B' =1«
using assms by (simp add: base-in-def2’) metis
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thus 3IB'C{U € 0. U #{}}.U B ==
by (auto introl: exl[where z={y € B’ y # {}}])
qed

lemma second-countable-ex-without-empty:
assumes second-countable S
shows 3 O. countable O A base-in S O N (VUe€O. U # {})
proof —
obtain O where countable O base-in S O
using assms second-countable-base-in by blast
thus ?thesis
by (auto introl: exI[where z={U € O. U # {}}] base-in-without-empty)
qed

lemma subtopology-subbase-in:
assumes subbase-in S O
shows subbase-in (subtopology S T) {T N U | U. U € O}
using assms subtopology-generated-by
by (auto simp: subbase-in-def)

lemma subtopology-base-in:
assumes base-in S O
shows base-in (subtopology S T) {T N U | U. U € O}
unfolding base-in-def
proof
fix L
show openin (subtopology S T) L= 3U. L=U UNU{TNU|U.UEe€
o})
proof
assume openin (subtopology S T) L
then obtain T’ where ht:
openin ST'L=T'NT
by (auto simp: openin-subtopology)
then obtain U/ where hu:
T'=(UUUUCO
using assms by (auto simp: base-in-def)
show 3U. L= UANUZC{TNU|U.UEeO}
using hu ht by(auto introl: exl[where z={T N U | U. U € U}])
next
assume IU. L= UANUC{TNU|U.Uce€O}
then obtain I where hu: L= UU C{TNU|U. Ue O}
by auto
hence VUeld. 3U'eO. U = T N U’ by blast
then obtain k where Wi AU. UceUd =k Uc OANU. Ueld = U=T
NkU
by metis
hence L= | {TnNnkU|U. U €U}
using hu by auto
also have ... = {k U |U. U e U} N T by auto
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finally have 1:L=J {kU|U. UelU}NT.
moreover have openin S (J {k U |U. U € U})
using hu hk assms by(auto simp: base-in-def)
ultimately show openin (subtopology S T) L
by (auto intro!: exl[where z=|J {k U |U. U € U}] simp: openin-subtopology)
qed
qed

lemma second-countable-subtopology:

assumes second-countable S

shows second-countable (subtopology S T)
proof —

obtain O where countable O base-in S O

using assms second-countable-base-in by blast

thus ?thesis

by (auto intro!: exI[where x={T N U | U. U € O}] simp: second-countable-base-in
Setcompr-eq-image dest: subtopology-base-in)
qed

lemma open-map-with-base:
assumes base-in S O NA. A € O = openin S’ (f * A)
shows open-map S S’ f
unfolding open-map-def
proof safe
fix U
assume openin S U
then obtain & where U = JU U C O
using assms(1) by(auto simp: base-in-def)
hence f ‘U =J{f‘A]| A A €U} by blast
also have openin S’ ...
using assms(2) «U C Oy by auto
finally show openin S’ (f < U) .
qed

Construct a base from a subbase.

lemma finite’-intersection-of-idempot [simpl:
finite' intersection-of finite’ intersection-of P = finite’ intersection-of P
proof
fix A
show (finite’ intersection-of finite’ intersection-of P) A = (finite’ intersection-of
P) A
proof
assume (finite’ intersection-of finite’ intersection-of P) A
then obtain U where U:finite’ U N U C Collect (finite’ intersection-of P) A
AU =4
by (auto simp: intersection-of-def)
hence V Ucld. FU’. finite’ U’ N U’ C Collect P AU ' = TU
by (auto simp: intersection-of-def)
then obtain U/’ where U".
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NU. U elU = finite’ (U U) NU. U elUd = U’ U C Collect P NU. U €
U= NUU) =0
by metis
have 1: N (U U’ ‘U)) = A
using U U'(3) by blast
show (finite’ intersection-of P) A
unfolding intersection-of-def
using U U'(1,2) 1 by(auto intro!: exl[where z=J Ucl. U’ U])
qed(rule finite'-intersection-of-inc)
qed

lemma finite’-intersection-of-countable:
assumes countable O
shows countable (Collect (finite’ intersection-of (Az. x € O)))
proof —
have Collect (finite' intersection-of (A\z. z € O)) = (|Ji€{O". O’ # {} A finite
O'ANO'C O} {N i})
by (auto simp: intersection-of-def)
also have countable ...
using countable-Collect-finite-subset| OF assms]
by (auto intro!: countable-UN[of { O'. O # {} A finite O' A O’ C O} \O".
{nNot)
(auto introl: countable-subset[of {O'. O # {} A finite O’ AN O’ C O} {A.
finite AN A C O}))
finally show ?thesis .
qged

lemma finite’-intersection-of-openin:
assumes (finite’ intersection-of (Az. z € O)) U
shows openin (topology-generated-by O) U
unfolding openin-topology-generated-by-iff
using assms by (auto simp: generate-topology-on-eq arbitrary-union-of-inc)

lemma topology-generated-by-finite-intersections:
topology-generated-by O = topology-generated-by (Collect (finite’ intersection-of
Mz, z € 0)))

unfolding topology-eq openin-topology-generated-by-iff by (simp add: generate-topology-on-eq)

lemma base-from-subbase:
assumes subbase-in S O
shows base-in S (Collect (finite' intersection-of (A\z. x € O)))
unfolding subbase-in-def base-in-def assms|simplified subbase-in-def] openin-topology-generated-by-iff
by (auto simp: arbitrary-def union-of-def generate-topology-on-eq)

lemma countable-base-from-countable-subbase:
assumes countable O and subbase-in S O
shows second-countable S
using finite'-intersection-of-countable[ OF assms(1)] base-from-subbase[OF assms(2)]
by (auto simp: second-countable-base-in)
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lemma prod-topology-second-countable:
assumes second-countable S and second-countable S’
shows second-countable (prod-topology S S’)
proof —
obtain O O’ where ho:
countable O base-in S O countable O’ base-in S’ O’
using assms by (auto simp: second-countable-base-in)
show ?thesis
proof (rule countable-base-from-countable-subbase[where O={ U x V | U V. U
ceOANVeOl)
have {UX V|UV.UeOAV O} =(\UV).UxTV) (Ox0O)
by auto
also have countable ...
using ho(1,3) by auto
finally show countable {U x V| UV.Ue OAVeO}.
next
show subbase-in (prod-topology S S {U x V| UV.Ue€ OAV e O}
using base-is-subbase[OF ho(2)] base-is-subbase|OF ho(4)]
by (simp add: subbase-in-def prod-topology-generated-by)
qged
qged

Abstract version of the theorem 3 K. topological-basis K N countable K N
(VkeK. 3X. k = Pip UNIV X A (Vi. open (X ©)) A finite {i. X © #
UNIV}).

lemma product-topology-countable-base-in:
assumes countable I and Ai. { € I = second-countable (S )
shows 30, countable O’ A base-in (product-topology S I) O’ A
(Vke O.3X. k=g iel. X i) A (Vi. openin (S i) (X 7)) A finite
{i. X i # topspace (S i)} N {i. X i # topspace (S i)} C 1)
proof —
obtain O where ho:
Ni. i € I = countable (O i) N\i. i € I = base-in (S 7) (O 1)
using assms(2)[simplified second-countable-base-in] by metis
show ?thesis
unfolding second-countable-base-in
proof (intro exI[where x={Ilg icl. Ui | U. finite {i€l. Ui # topspace (S i)}
A (Vie{iel. Ui # topspace (Si)}. Ui e O i)} congl)
show countable {Ilg i€l. Ui | U. finite {i€l. Ui # topspace (S i)} N (Vie{i€l.
Ui # topspace (S9)}. Ui € O i)}
(is countable 2X)
proof —
have ?X = {Ilg icl. Ui | U. finite {i€l. Ui # topspace (S i)} N (Vie{iel.
Ui # topspace (S9)}. Uie O i) A (Vi €e(UNIV— I). Ui = {undefined})}
(is - = ?Y)
proof (rule set-eql)
show Az. z € ?X +— z € 7Y
proof
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fix z
assume z € X
then obtain U where hu:
x = (IIg i€l. U i) finite {icl. Ui # topspace (S i)} (Vie{iel. Ui #
topspace (S 4)}. Ui € O i)
by auto
define U’ where U’ { = (if i € I then U i else {undefined}) for ¢
have z = (Ilg i€l. U’ %)
using hu(1) by(auto simp: U’-def PiE-def extensional-def Pi-def)
moreover have finite {i€l. U’ i # topspace (S i)} (Vie{iel. U' i #
topspace (S 4)}. U'i € O i) Vi e(UNIV—1). U' i = {undefined}
using hu(2,3) by(auto simp: U’-def) (metis (mono-tags, lifting) Col-

lect-cong)
ultimately show z € ?Y by auto
qed auto
qed
also have ... = (A\U. Ilg i€l. U i) ‘{U. finite {i€l. U i # topspace (S

i)} N (Vie{iel. Ui # topspace (S i)}. Ui € O i) AN (Vi €(UNIV-1). Ui =
{undefined})} by auto
also have countable ...
proof (rule countable-image)
have {U. finite {i € I. U i # topspace (S i)} N (Vie{i € I. Ui # topspace
(S9)}. Uie Oi) AN (VieUNIV — I. Ui = {undefined})} = {U. 31" finite I' A
I'CIANWMiel"UieOi) N (Vie(I —1'). Ui = topspace (S i)) A (Vi€ UNIV
— I. Ui = {undefined})}
(is 7A = 7B)
proof (rule set-eql)
show Az. 2z € ?A+— z € ?B
proof
fix U
assume U € {U. finite {i € I. Ui # topspace (S i)} AN (Vie{ie I. Ui
# topspace (S 9)}. Ui € O i) AN VieUNIV — 1. Ui = {undefined})}
then show U € {U. 31" finite ' NI'C T AN Viel’. Ui e Oi)A
(Viel — I'. Ui = topspace (S14)) A (Vi€UNIV — I. Ui = {undefined})}
by auto
next
fix U
assume assm:U € {U. 31" finite I' NTI'C I AN Viel. Ui e Qi) A
(Viel — I'. Ui = topspace (S 7)) A (Vi€ UNIV — I. Ui = {undefined})}
then obtain I’ where hi”:
finite I' I’ C IViel’. Ui e O iViel — I'. Ui = topspace (S 17)
Vi€ UNIV — I. Ui = {undefined}
by auto
then have A\i. i € I = U i # topspace (S i) = i € I’ by auto
hence {i € I. Ui # topspace (S i)} C I' by auto
hence finite {i € I. U i # topspace (S i)}
using hi'(1) by (simp add: rev-finite-subset)
thus U € {U. finite {i € I. Ui # topspace (Si))} AN (Vie{i e I. Ui #
topspace (S 4)}. Ui € O i) AN (Vi€cUNIV — I. Ui = {undefined})}
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using hi’ by auto

qed
qed
also have ... = ((JI'e{I". finite I' N 1I' C I}. {U. Vi€l Uie O i) A
(Viel — I'. Ui = topspace (S 1)) N (VieUNIV — I. Ui = {undefined})})
by auto

also have countable ...
proof(rule countable-UN[OF countable-Collect-finite-subset| OF assms(1)]])
fix I’
assume I’ € {I'. finite I' NI’ C I}
hence hi’:finite I’ I' C I by auto
have (AU i. if i € I’ then U i else undefined) ‘{U. (Vicl’. Ui e O i) A
(Viel — I'. Ui = topspace (S i)) N (Vi€ UNIV — I. Ui = {undefined})} C (Ilg
iel’. O 1)
by auto
moreover have countable ...
using hi’ by(auto intro!: countable-PiE ho)
ultimately have countable (AU i. if i € I’ then U i else undefined) ‘ {U.
(Viel’. Uie O i) A (Viel — I'. Ui = topspace (Si)) N (Vi€cUNIV — 1. Ui =
{undefined})})
by (simp add: countable-subset)
moreover have inj-on (AU 4. if i € I’ then U i else undefined) {U.
(Viel" Ui Oi)N (Viel — 1" Ui = topspace (Si)) AN (VieUNIV — 1. Ui=
{undefined})}
(is inj-on ?f 2X)
proof
fixzy
assume hxy: ¢ € Xye ?X %fx = ?fy
show z = y
proof
fix ¢
consider i € I’ |ie€ I —1'|i€ UNIV — I
using hi’(2) by blast
then show z i =y i
proof cases
case i:1
then show ?%thesis
using fun-cong[OF hxy(3),of i| by auto
next
case i:2
then show ?thesis
using hzy(1,2) by auto
next
case i:3
then show ?thesis
using hzy(1,2) by auto
qed
qed
qed
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ultimately show countable {U. (Vicl Uic O i) AN Viel — I Ui=
topspace (S 7)) N (Vi€ UNIV — I. Ui = {undefined})}
using countable-image-inj-on by auto

qed

finally show countable {U. finite {i € I. U i # topspace (S i)} N (Vie{i
€ 1. Ui # topspace (S0)}. Ui € O i) AN (VieUNIV — 1. Ui = {undefined})} .

qed
finally show ?thesis .
qed
next
show base-in (product-topology S I) {Ilg i€l. U i |U. finite {i € I. Ui #
topspace (S i)} N (Vie{i € 1. Ui # topspace (S9)}. Ui e O i)}
(is base-in (product-topology S I) ?X)
unfolding base-in-def
proof safe
fix U
assume openin (product-topology S I) U
then have VzeU. 3 Uz. finite {i € I. Uz i # topspace (S i)} A (Vi€l. openin
(Si) (Uzi)) Ne € Pip IUt AN Pig IUx C U
by (simp add: openin-product-topology-alt)
hence 3 Uz. VzeU. finite {i € I. Uz x i # topspace (S i)} N (Vi€l. openin
(S (Uzzi)) Ne € Pip I (Uxz) AN Pig I (Ucx) CU
by (rule bchoice)
then obtain Uz where hui:

Nz. © € U = finite {i € I. Uz z i # topspace (S i)} Nxi.z € U =i
€I = openin (S9) (Urzi) Az. 2 € U=z € Pig I (Uzz) N\o. 2 € U =
Pig I (Uzz) C U

by fastforce

then have 1:VzeU. Vie{i € I. Uz x i # topspace (S i)}. IUzj. Uxj C O i
ANUxzi= Uzj
using ho[simplified base-in-def] by (metis (no-types, lifting) mem-Collect-eq)

have VzeU. AUxj. Vie{i € I. Uz z i # topspace (S 9)}. Uzji C O i A Uz
zi=\ (Uzji)
by (standard, rule bchoice) (use 1 in simp)
hence FUzj. VzeU. Vie{i € I. Uz z i # topspace (S i)} Uzjzi C O i A
Uzxi= Uz x 1)
by (rule bchoice)
then obtain U/ zj where
VeeU.Vie{i € I. Ur x i # topspace (S0} Uzjxzi C O i AN Uzzxi=J
(Uzj z ©)
by auto
hence huzj: Az i.c € U= i€ {i €l Uzzi+# topspace (Si)} = Uzjz
1 COi
Neizve U= iec{iel Urzi+# topspace (Si)} = Uz zi=
U Uzjz i)
by blast+
show 3U. U= U AU C ?X
proof(intro exl[where x={Ilgp icl. K i | K. 3zeU. finite {{ € I. Uzx z
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i # topspace (S i)} N (Vie{i € I. Uz x { # topspace (S i)}. K i € Uzxj x i) A
(VieUNIV —{i € I. Uz z i # topspace (S i)}. K i = topspace (S 7))}] congl)
show U = {llg iel. Ki | K. 3zeU. finite {i € I. Uz z i # topspace
(S} A (Vie{i € I. Uz x i # topspace (S 9)}. Ki € Uxjxi) N (VieUNIV —{i
€ 1. Uz x i # topspace (S i)}. K i = topspace (S i))}
proof safe
fix z
assume hzu:x € U
have Vie{i € I. Uz x i # topspace (Si)}. Uz xi= ] (Uzj z 1)
using huxj[OF hau] by blast
hence Vie{i € I. Ux z i # topspace (S i)}. IVxj. Uzj e Uxjr i N xi €
Uxj
using hui(3)[OF hzu] by auto
hence 3 Uzj. Vie{i € I. Uz z i # topspace (S i)}. Urji € Uzjx i A z i
€ Uzxj1
by (rule behoice)
then obtain Uzj where huzj”
Ni.ie{iel Urxi# topspace (Si)} = Uzxji € Uxjxi
Ni.ie{iel Uzxxi# topspace (S9)} = zi € Uzji
by auto
define K where K = (\i. if i € {i € I. Uz z { # topspace (S 1)} then
Uxj i else topspace (S 7))
have z € (Ilg i€l. K 7)
using huzj'(2) hui(3,4)[OF hzu] openin-subset|OF hui(2)[OF hzul]
by (auto simp: K-def PiE-def Pi-def)
moreover have JzeU. finite {i € I. Uz z i # topspace (S i)} N (Vie{i
€ I. Uz z i # topspace (S i)}. Ki € Uxjxi) N VicUNIV —{i el Urxi#
topspace (S ©)}. K i = topspace (S 7))
by (rule bexI[OF - hzu), rule conjl,simp add: hui(1)[OF hzu)) (use hui(2)
hzu openin-subset huzj'(1) K-def in auto)
ultimately show z € |J {llg i€l. K i | K. 3z€U. finite {i € 1. Uz
x i # topspace (S i)} N (Vie{i € I. Uz x i # topspace (S i)}. K i € Uxj x i) A
(VieUNIV —{i € I. Uz x i # topspace (S i)}. K i = topspace (S 7))}
by auto
next
fixz X Ku
assume hu: ¢ € (Ilg i€l. K i) w € U finite {i € I. Uz u { # topspace
(Si)}Vie{i e I. Ur u i # topspace (Si)}. Ki € UxjuiVicUNIV —{ieI. Uz
u i # topspace (S ©)}. K i = topspace (S i)
have Ni. i € {i € I. Uz u i # topspace (Si)} = Ki C Uz ui
using huzj[OF hu(2)] hu(4) by blast
moreover have A\i. i € I — {i € I. Uzx u i # topspace (Si)} = Ki=
Uz ui
using hu(5) by auto
ultimately have \i. i € | = Ki{C Uz u i
by blast
thusz € U
using hui(4)[OF hu(2)] hu(1) by blast
qged
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next
show {Ilg i€l. K i | K. 3zeU. finite {i € I. Ux x { # topspace (S i)} A
(Vie{i € I. Uz x i # topspace (S4)}. Ki € Uzjxz i) N (ViecUNIV —{ie I. Uz
i # topspace (S 4)}. K i = topspace (S i)} C ?X
proof
fix z
assume z € {Ilg icl. K i | K. 3zeU. finite {¢ € I. Uz x ¢ # topspace
(S} A (Vie{i € I. Ux x i # topspace (S 4)}. Ki € Uxjxi) N (VieUNIV —{i
€ 1. Uz x i # topspace (S i)}. K i = topspace (S i))}
then obtain u K where hu:
= (g icl. Ki) ue U finite {i € I. Ux ui # topspace (S 1)} Vie{i €
I. Uz u i # topspace (S i)} Ki € UxjuiVieUNIV —{i € I. Uz u i # topspace
(S4)}. Ki= topspace (S 1)
by auto
have hksubst:{i € I. K i # topspace (S i)} C {i € I. Uz u i # topspace
(5 )
using hu(5) by fastforce
hence finite {i € I. K i # topspace (S i)}
using hu(3) by (simp add: finite-subset)
moreover have Vie{i € I. K i # topspace (Si)}. Ki€ O i
using huxj(1)[OF hu(2)] hu(4) hksubst
by (meson subsetD)
ultimately show z € ?X
using hu(1) by auto
qed
qed
next
fix U
assume Y C ?X
have openin (product-topology S I) u if hu:u € U for u
proof —
have hu’: u € ?X
using (U C ?X» hu by auto
then obtain U where hU:
u = (Ilg i€l. U %) finite {i € I. Ui # topspace (S i)} Vie{i € I. Ui #
topspace (S 4)}. Ui e O i
by auto
define U’ where U’ = (\i. if i € {i € 1. Ui # topspace (S i)} then Ui
else topspace (S 1))
have hU" u = (Ilg i€l. U’ i)
by (auto simp: hU(1) U’-def PiE-def Pi-def)
have hUfinite : finite {i. U’ i # topspace (S i)}
using hU(2) by(auto simp: U'-def)
have hUoi: Vie{i. U’ i # topspace (Si)}. U'ie€ O i
using hU(3) by(auto simp: U’-def)
have hUi: Vie{i. U’ i # topspace (S i)}. i € I
using hU(2) by(auto simp: U’-def)
have hallopen:openin (S i) (U’ i) for i
proof —
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consider i € {i. U’ i # topspace (S i)} | i ¢ {i. U’ i # topspace (S i)}
by auto
then show ?thesis
proof cases
case ]
then show ?thesis
using hUoi ho(2)[of i] base-in-openinjof S i O ¢ U’ i] hUi
by auto
next
case 2
then have U’ i = topspace (S i) by auto
thus ?thesis by auto
qed
qed
show openin (product-topology S I) u
using hallopen hUfinite by (auto introl: product-topology-basis simp: hU”)
qed
thus openin (product-topology S I) (I U)
by auto
qed
next
show Vke{Pig I U |U. finite {i € I. Ui # topspace (S i)} N (Vie{i e I. U
i # topspace (Si)}. Uie O} 3X. k= Pig I X A (Vi. openin (S1i) (X)) A
finite {i. X ¢ # topspace (S i)} N {i. X i # topspace (Si)} C I
proof
fix k
assume k € {Pig I U |U. finite {i € I. U { # topspace (S i)} N (Vie{i €
I. Ui # topspace (Si)}. Ui e O 1)}
then obtain U where hu:
k= (Ilg i€l. U i) finite {i € I. Ui # topspace (S i)} Vie{i € I. Ui #
topspace (S 4)}. Ui € O i
by auto
define X where X = (\i. if i € {i € I. Ui # topspace (S i)} then U i else
topspace (S 7))
have hX1: k = (Ilg iel. X 7)
using hu(1) by(auto simp: X-def PiE-def Pi-def)
have hX2: openin (S i) (X ©) for i
using hu(3) base-in-openin[of S i - U i,0F ho(2)]
by (auto simp: X-def)
have hX3: finite {i. X ¢ # topspace (S %)}
using hu(2) by(auto simp: X-def)
have hXj: {i. X i # topspace (S i)} C I
by (auto simp: X-def)
show 3X. k = (Ilg i€l. X i) A (Vi. openin (S i) (X i) A finite {i. X i #
topspace (S @)} A {i. X i # topspace (S i)} C I
using hX1 hX2 hX3 hX} by(auto introl: exI[where z=X])
qed
qged
qed
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lemma product-topology-second-countable:
assumes countable I and Ai. i € I = second-countable (S ©)
shows second-countable (product-topology S T)
using product-topology-countable-base-in[OF assms(1)] assms(2)
by (fastforce simp: second-countable-base-in)

lemma second-countable-euclidean|simp):
second-countable (euclidean :: 'a :: second-countable-topology topology)
using ez-countable-basis second-countable-def topological-basis-def by fastforce

lemma Cantor-Bendizon:
assumes second-countable X
shows 3 U P. countable U A openin X U A perfect-set X P N U U P = topspace
XANUNP={} A (Vat{}. openin (subtopology X P) a — uncountable a)
proof —
obtain O where o: countable O base-in X O
using assms by (auto simp: second-countable-base-in)
define U where U = |J {u€O. countable u}
define P where P = topspace X — U
have 1: countable U
using o(1) by(auto simp: U-def intro!: countable-UN|of - id,simplified])
have 2: openin X U
using base-in-openin| OF o(2)] by (auto simp: U-def)
have openin-c:countable v <— v C U if openin X v for v
proof
assume countable v
obtain Y where v = JU U C O
using <openin X v» o(2) by(auto simp: base-in-def)
with <countable vy have Au. u € U = countable u
by (meson Sup-upper countable-subset)
thus v C U
using U C O» by(auto simp: <«v = |JU> U-def)
qed(rule countable-subset|OF - 1])
have 3: perfect-set X P
proof (rule perfect-setl)
fixx T
assume h:x € Pz € T openin X T
have T-unc:uncountable T
using openin-c[OF h(3)] h(1,2) by(auto simp: P-def)
obtain  where U:T = JU U C O
using h(3) o(2) by(auto simp: base-in-def)
then obtain u where w:u € U uncountable u
using T-unc U-def h(83) openin-c by auto
hence uncountable (u — {z}) by simp
hence - (u — {z} C U)
using 1 by (metis countable-subset)
then obtain y where y € u — {z} y ¢ U
by blast
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thusdy. y#zANye TANyeP
using U u base-in-subset|OF o(2),of u] by(auto introl: exl[where z=y|
sitmp: P-def)
ged(use 2 P-def in auto)
have / : uncountable a if openin (subtopology X P) a a # {} for a
proof
assume contable:countable a
obtain b where b: openin X ba=PNb
using <openin (subtopology X P) a) by(auto simp: openin-subtopology)
hence uncountable b
using P-def openin-c that(2) by auto
thus Fulse
by (metis 1 Diff-Int-distrib2 Int-absorbl P-def b(1) b(2) contable countable-Int1
openin-subset uncountable-minus-countable)
qed
show ?thesis
using 1 2 8 4 by(auto simp: P-def)
qed

1.1.5 Separable Spaces

definition dense-in :: ['a topology, 'a set] = bool where
dense-in S U «— (U C topspace S A (V¥ V. openin SV — V#{} — UNYV

#{})

lemma dense-in-def2:

dense-in S U +— (U C topspace S N (S closure-of U) = topspace S)

using dense-intersects-open by (auto simp: dense-in-def closure-of-subset-topspace
in-closure-of ) auto

lemma dense-in-topspace[simp: dense-in S (topspace S)
by (auto simp: dense-in-def2)

lemma dense-in-subset:
assumes dense-in S U
shows U C topspace S
using assms by (simp add: dense-in-def)

lemma dense-in-nonempty:
assumes topspace S # {} dense-in S U
shows U # {}
using assms by(auto simp: dense-in-def)

lemma dense-inl:
assumes U C topspace S
and AV.openin SV =V #{} = UnNV # {}
shows dense-in S U
using assms by (auto simp: dense-in-def)
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lemma dense-in-infinite:
assumes t1-space X infinite (topspace X) dense-in X U
shows infinite U
proof
assume fin: finite U
then have closedin X U
by (metis assms(1,8) dense-in-def t1-space-closedin-finite)
hence X closure-of U = U
by (simp add: closure-of-eq)
thus False
by (metis assms(2) assms(8) dense-in-def2 fin)
qed

lemma dense-in-prod:
assumes dense-in S U and dense-in S' U’
shows dense-in (prod-topology S S”) (U x U’)
proof(rule dense-inI)
fix V
assume h:openin (prod-topology S S") V'V # {}
then obtain z y where hzy:(z,y) € V by auto
then obtain VI V2 where hvi2:
openin S V1 openin S' V2x € Viye V2 VI x V2 C V
using h(1) openin-prod-topology-alt[of S S’ V] by blast
hence V1 # {} V2 # {} by auto
hence UN VI £ {} U'Nn V2 # {}
using assms hv12 by(auto simp: dense-in-def)
thus U x U'n V # {}
using hvi2 by auto
next
show U x U’ C topspace (prod-topology S S
using assms by(auto simp add: dense-in-def)
qed

lemma separable-space-def2:separable-space S <+— (3 U. countable U A dense-in
S U)
by (auto simp: separable-space-def dense-in-def2)

lemma countable-space-separable-space:
assumes countable (topspace S)
shows separable-space S
using assms by(auto simp: separable-space-def2 introl: exI[where z=topspace

S))

lemma separable-space-prod:
assumes separable-space S and separable-space S’
shows separable-space (prod-topology S S”)
proof —
obtain U U’ where
countable U dense-in S U countable U’ dense-in S’ U’
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using assms by (auto simp: separable-space-def2)
thus ?thesis
by (auto intro!: exl[where z=Ux U’] dense-in-prod simp: separable-space-def2)
qed

lemma dense-in-product:
assumes Ai. i € I = dense-in (T 1) (U 7)
shows dense-in (product-topology T I) (Ilg i€l. U %)
proof(rule dense-inI)
fix V
assume h:openin (product-topology T I) V'V # {}
then obtain z where hz:z € V by auto
then obtain K where hk:
finite {i € I. K i # topspace (T ©)} Viel. openin (T i) (K i) ¢ € (g i€l. K
i) (g icl. Ki) C V
using h(1) openin-product-topology-alt[of T I V] by auto
hence A\i. i € I = K i # {} by auto
hence \i.i € | = Uin Ki# {}
using assms hk by(auto simp: dense-in-def)
hence (Il icl. U4) N (Ip iel. K i) # {}
by (simp add: PiE-Int PiE-eq-empty-iff)
thus (Ilg i€l. U NV #£ {}
using hk by auto
next
show (IIg i€l. U i) C topspace (product-topology T I)
using assms by(auto simp: dense-in-def)
qged

lemma separable-countable-product:
assumes countable I and Ai. i € I = separable-space (T 7)
shows separable-space (product-topology T I)
proof —
consider 3i€l. T i = trivial-topology | N\i. ¢ € I = T i # trivial-topology
by auto
thus ?thesis
proof cases
case I
then obtain ¢ where i:i € I topspace (T i) = {}
by auto
show ?thesis
unfolding separable-space-def2 dense-in-def
proof (intro exI[where z={}] conjI)
show V V. openin (product-topology TI) V — V #{} — {3} NV £ {}
proof safe
fix Va
assume h: openin (product-topology TI) Vz € V
from ¢ have (product-topology T I) = trivial-topology
using product-topology-trivial-iff by auto
with h(1) have V = {}
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by simp
thus z € {}
using h(2) by auto
qed
qged auto
next
case 2
then have 3. Viel. z i € topspace (T i) 3U. Viel. countable (U t) A\ dense-in
(Ti) (U4)
using assms(2) by (auto introl: bechoice simp: separable-space-def2 ex-in-conv)
then obtain z U where hzu:
Ni. i € I = z i € topspace (T i) N\i. i € I = countable (U i) N\i. i € I
= dense-in (T ) (U 1)
by auto
define U’ where U’ = (AJ i. if i € J then U i else {z i})
show ?thesis
unfolding separable-space-def2
proof (intro exI[where z=|J{Ilg icl. U' Ji| J. finite J N J C I}] congl)
have ((J{ Ilg icl. U' Ji| J. finite J A J C I}) = (U (M. Ig i€l. U’ J
i) “{J. finite J A J C I}))
by auto
also have countable ...
proof (rule countable-UN)
fix J
assume hj:J € {J. finite J A J C I}
have inj-on (Af. (MieJ. fi, Xie(I-J). fi)) (Ilg iel. U’ J )
proof(rule inj-onl)
fix fg
assume h:f € Pig [ (U’ J) g€ Pig I (U'J)
(restrict f J, restrict f (I — J)) = (restrict g J, restrict g (I — J))
then have \i. i€ J = fi=giNi.i€(I-J) = fi=gi
by (auto simp: restrict-def) meson+

thus f = ¢
using h(1,2) by(auto simp: U’-def) (meson PiE-ext)
qed

moreover have countable ((Af. (Ai€J. fi, Xie(I-J). f1i)) ‘ (Ug iel. U’
J 1)) (is countable ?K)
proof —
have 1:?K C (Ilg ieJ. Ui) x (g ic(I-J). {z i})
using hj by(auto simp: U’-def PiE-def Pi-def)
have 2:countable ...
proof (rule countable-SIGMA)
show countable (Pig J U)
using hj hzu(2) by (auto introl: countable-PiE)
next
have (Ilg iel — J. {zi}) = { hieI-J. zi }
by (auto simp: PiE-def extensional-def restrict-def Pi-def)
thus countable (Il i€l — J. {z i})
by simp
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qed
show ?thesis
by (rule countable-subset|OF 1 2])
qed
ultimately show countable (g i€l. U’ J i)
by(simp add: countable-image-inj-eq)
qed(rule countable-Collect-finite-subset| OF assms(1)])
finally show countable (J{ llg i€l. U’ Ji| J. finite J N J C I}) .
next
show dense-in (product-topology T I) (J {Illg i€l. U’ Ji |J. finite J N J C
1})

proof (rule dense-inl)
fix V
assume h:openin (product-topology T I) V'V # {}
then obtain y where hz:y € V by auto
then obtain K where hk:
finite {i € 1. K i # topspace (T ©)} N\i. i€l = openin (T i) (K1) y €
using h(1) openin-product-topology-altjof T I V] by auto
hence 3:\i. i € I = K i # {} by auto
hence J:i € {i € I. K i # topspace (T i)} = KinNnU'{iel Ki#
topspace (T i)} i # {} for i
using hzu(3)[of 7] hk(2)[of 7] by(auto simp: U’-def dense-in-def)
have 3z. Vie{i € I. K i # topspace (T 9)}. zi € KiNnU'{ie€l Ki#
topspace (T i)} i
by (rule bchoice) (use 4 in auto)
then obtain z where hz: Vie{i € I. K i # topspace (T 9)}. zi € K i N
U'{i el Kid4 topspace (T )} i
by auto
have 5: i ¢ {i € I. K i # topspace (T i)} = i€ I = zi € K ifor i
using hzu(1)[of i] by auto
have (\i. if i € {i € I. K i # topspace (T i)} then z i else if i € I then x i
else undefined) € (g iel. U’ {i € I. K i # topspace (T ©)} i) N (g i€l. K i)
using 4 5 hz by(auto simp: U'-def)
thus U {Pig I (U' J) |J. finite JANJ CI} NV #{}
using hk(1,4) by blast
next
have A\J. J C I = (llg i€l. U’ J i) C topspace (product-topology T I)
using hzu by(auto simp: dense-in-def U’-def PiE-def Pi-def) (metis
subsetD)
thus (| {Ig i€l. U’ Ji|J. finite J A J C I}) C topspace (product-topology
T 1)
by auto
qed
qed
qed
qed

lemma separable-finite-product:

29



assumes finite I and \i. { € I = separable-space (T 7)

shows separable-space (product-topology T I)

using separable-countable-product|OF countable-finite|OF assms(1)]] assms by
auto

1.1.6 Gs Set

lemma gdelta-inD:

assumes gdelta-in S A

shows 3U. U # {} A countable U N (VbeU. openin Sb) N A= U

using assms unfolding gdelta-in-def relative-to-def intersection-of-def

by (metis IntD1 Int-insert-right-if1 complete-lattice-class. Inf-insert countable-insert
empty-not-insert inf.absorb-iff2 mem-Collect-eq openin-topspace)

lemma gdelta-inD":
assumes gdelta-in S A
shows 3 U. (Vn:nat. openin S (U n)) A A =) (range U)
proof—
obtain U where h:ld # {} countable U N\b. beld = openin Sb A= U
using gdelta-inD[OF assms] by metis
show ?thesis
using range-from-nat-into| OF h(1,2)] h(3,4)
by (auto introl: exI[where z=from-nat-into U))
qed

lemma gdelta-in-continuous-map:
assumes continuous-map X Y f gdelta-in Y a
shows gdelta-in X (f —‘ a N topspace X)
proof —
obtain Ua where u:
Ua # {} countable Ua A\b. b € Uas = openin Y b a =) Ua
using gdelta-inD[OF assms(2)] by metis
then have 0:f —“a N topspace X = () {f —° b N topspace X|b. b € Ua}
by auto
have 1: {f —‘b N topspace X |b. b € Ua} # {}
using u(1) by simp
have 2:countable {f —‘ b N topspace X|b. b € Ua}
using u by (simp add: Setcompr-eq-image)
have 3:Ac. ¢ € {f —¢ b N topspace X|b. b € Ua} = openin X ¢
using assms u(3) by blast
show ?thesis
by (metis (mono-tags, lifting) 0 1 2 3 gdelta-in-Inter open-imp-gdelta-in)
qed

lemma g-delta-of-inj-open-map:
assumes open-map X Y finj-on f (topspace X) gdelta-in X a
shows gdelta-in Y (f “ a)

proof —
obtain Ua where u:
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Ua # {} countable Ua A\b. b € Uas = openin X b a = () Ua
using gdelta-inD[OF assms(3)] by metis
then obtain j where j € Ua by auto
have f ‘a = f ‘(| Ua by(simp add: u(4))
also have ... = (() f * Ua)
using u openin-subset by (auto introl: image-INT[OF assms(2) - «j € Uas,of
id,stmplified))
also have ... = (| {f ‘ u|u. u € Ua} by auto
finally have 0: f ‘a =) {f ‘u |u. u € Ua} .
have 1:{f ‘u |u. u € Ua} # {}
using u(1) by auto
have 2:countable {f ‘ u |u. v € Ua}
using u(2) by (simp add: Setcompr-eq-image)
have 3: Ac. c € {f ‘u |u. u € Ua} = openin Y ¢
using assms(1) u(8) by(auto simp: open-map-def)
show ?thesis
by (metis (no-types, lifting) 0 1 2 3 gdelta-in-Inter open-imp-gdelta-in)
qed

lemma gdelta-in-prod:
assumes gdelta-in X A gdelta-in Y B
shows gdelta-in (prod-topology X Y) (A x B)
proof —
obtain Ua Ub where hu:
Ua # {} countable Ua A\b. b € Uas = openin X b A =) Ua
Ub # {} countable Ub \b. b € Ub = openin Y b B =[] Ub
by (meson gdelta-inD assms)
then have 0:A x B=() {a x b| ab. a € Us A b€ Ub} by blast
have 1: {a x b| ab. a € Ua AN be Ub} #{}
using hu(1,5) by auto
have 2: countable {a x b| ab. a € Uas A b € Ub}
proof —
have countable (A(z, y). z x y)  (Ua x Ub))
using hu(2,6) by(auto introl: countable-image[of Ua x Ub A(z,y). = X y])

moreover have ... = {a x b | a b. a € Ua A b € Ub} by auto
ultimately show ?thesis by simp
qged

have 3: Ac. c€ {a x b| ab. a € Ua AN be Ub} = openin (prod-topology X
Y) ¢
using hu(3,7) by(auto simp: openin-prod- Times-iff)
show ?thesis
by (metis (no-types, lifting) gdelta-in-Inter open-imp-gdelta-in 0 1 2 3)
qed

corollary gdelta-in-prod1:
assumes gdelta-in X A
shows gdelta-in (prod-topology X Y) (A X topspace Y)
by (auto intro!: gdelta-in-prod assms)
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corollary gdelta-in-prod2:
assumes gdelta-in Y B
shows gdelta-in (prod-topology X Y') (topspace X x B)
by (auto introl: gdelta-in-prod assms)

lemma continuous-map-imp-closed-graph':
assumes continuous-map X Y f Hausdorff-space Y
shows closedin (prod-topology Y X) ((Az. (f z,x)) ¢ topspace X)
using assms closed-map-def closed-map-paired-continuous-map-left by blast

1.1.7 Continuous Maps on First Countable Topology

Generalized version of Metric-space ¢M ?d —> eventually ?P (atin (Metric-space.mtopology
?M 2d) ?a) = (Vo. range o C 2M — {2a} A limitin (Metric-space.mtopology
?M ?d) o ?a sequentially — (¥ g n in sequentially. ?P (o n)))

lemma eventually-atin-sequentially:
assumes first-countable X
shows eventually P (atin X a) +— (Vo. range o C topspace X — {a} A limitin
X o a sequentially — eventually (An. P (o n)) sequentially)
proof safe
fix an
assume h:eventually P (atin X a) range an C topspace X — {a} limitin X an a
sequentially
then obtain U where U: openin X Ua € UVaeU — {a}. Pz
by (auto simp: eventually-atin limitin-topspace)
with h(3) obtain N where Vn>N. ann € U
by (meson limitin-sequentially)
with U(3) h(2) show V g n in sequentially. P (an n)
unfolding eventually-sequentially by blast
next
assume h:V an. range an C topspace X — {a} A limitin X an a sequentially —
(V' r n in sequentially. P (an n))
consider a ¢ topspace X | a € topspace X
by blast
then show eventually P (atin X a)
proof cases
assume a:a € topspace X
from a assms obtain B’ where B’ countable B’ A\V. V € B’ = openin X
VAU openin XU = a€c U= 3V eB. ac VAV CU)
by (fastforce simp: first-countable-def)
define B where B = {VeB'. a € V}
have B:AV. V € B = openin X V countable B B # {} AU. openin X U
= a0€ U= 3VeBacVAVCU)
using B’ B'(3)[OF - a] by(fastforce simp: B-def)+
define An where An = (An. () i<n. from-nat-into B i)
have a-in-An:a € An n for n
by (metis (no-types, lifting) An-def B-def B(3) INT-I from-nat-into mem-Collect-eq)
have openAn: A\n. openin X (An n)
using B by(auto simp: An-def from-nat-into[OF B(8)] openin-Inter)
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have degseq-An:decseq An
by (fastforce simp: decseq-def An-def)
have 3 U. openin X U A a € U A Ball (U — {a}) P
proof (rule ccontr)
assume B U. openin X U A a € U A Ball (U — {a}) P
then have AU. openin X U = a € U = Jz € U — {a}. - Pz
by blast
hence 3bcAn n — {a}. - P b for n
using openAn a-in-An by auto
then obtain an where an: An. ann € Ann An. an n # a An. = P (an n)
by (metis Diff-iff singletonl)
have limitin X an a sequentially
unfolding limitin-sequentially
proof safe
fix U
assume openin X Ua € U
then obtain V where Viae VV C UV € B
using B by meson
then obtain N where V = from-nat-into B N
by (metis B(2) from-nat-into-surj)
hence An.n > N = anne V
using an(1) An-def by blast
thus IN.Vn>N.ann e U
using V by blast
qed fact
hence 1:V g n in sequentially. P (an n)
using an(2) h an(1) openin-subset[OF openAn] by blast
thus Fulse
using an(3) by simp
qed
thus ?thesis
by (simp add: eventually-atin)
qed(auto simp: eventually-atin)
qed

lemma continuous-map-iff-limit-seq:
assumes first-countable X
shows continuous-map X Y f +— (Vzn x. limitin X xn z sequentially — limitin
Y (An. f (zn n)) (f ) sequentially)
unfolding continuous-map-atin
proof safe
fix zn x
assume h:V z€topspace X. limitin Y f (f z) (atin X z) limitin X zn x sequentially
then have limfz: limitin Y f (f ) (atin X z)
by (simp add: limitin-topspace)
show limitin Y (An. f (zn n)) (f z) sequentially
unfolding limitin-sequentially
proof safe
fix U
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assume U:openin Y U fz € U
then have h':\o. range o C topspace X — {z} = x € topspace X = limitin
X o z sequentially = (AN.Vn>N. f (o n) € U)
using limfz by (auto simp: limitin-def eventually-atin-sequentially| OF assms(1)]
eventually-sequentially)
show IN.Vn>N. f (znn) € U
proof (cases finite {n. zn n # z})
assume finite {n. zn n # x}
then obtain N where An. n > N = znn =1z
using infinite-nat-iff-unbounded-le by blast
then show ?thesis
using U by auto
next
assume inf:infinite {n. an n # z}
obtain n0 where n0:An. n > n0 = azn n € topspace X
by (meson h(2) limitin-sequentially openin-topspace)
have inf"infinite ({n. an n # z} N {n0..})
proof
have 1:({n. zn n # 2} N {n0..}) U ({n. an n # z} N {.<n0}) = {n. zn n

# 7}
by auto
assume finite ({n. zn n # x} N {n0..})
then have finite (({n. zn n # 2} N {n0..}) U ({n. 2n n # z} N {..<n0}))
by auto
with inf show Fulse
unfolding I by blast
qed
define a where a = enumerate ({n. zn n # z} N {n0..})
have a: strict-mono a range a = ({n. zn n # z} N {n0..})
using range-enumerate[OF inf'] strict-mono-enumerate[OF inf’]
by (auto simp: a-def)
have AN.Vn>N. f (zn (an)) € U
using limitin-subsequence| OF a(1) h(2)] a(2) n0
by (auto introl: h' limitin-topspace[OF h(2)] simp: comp-def)
then obtain N where N:An.n > N = f (zn (an)) € U
by blast
show AN.Vn>N. f (znn) € U
proof (auto introl: exl[where z=a N])
fix n
assume n:n > a N
show f (znn) € U
proof (cases zn n = x)
assume rn n # x
moreover have n0 < n
using seg-suble]OF a(1),0f N] n a(2)
by (metis Int-Collect atLeast-def dual-order.trans rangel)
ultimately obtain n7 where ni:n = a ni
by (metis (mono-tags, lifting) Int-Collect atLeast-def imageE mem-Collect-eq
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have n1 > N
using strict-mono-less-eqOF a(1),0f N n1] n by(simp add: nl)
thus ?thesis
by (auto intro!: N simp: nl)
qed(auto simp: U)
qed
qed
qed(auto introl: limitin-topspace limfx)
next
fix z
assume h:Vzn z. limitin X xn x sequentially — limitin Y (An. f (zn n)) (f )
sequentially = € topspace X
then have fx € topspace Y
by (meson Abstract-Limits.limitin-const-iff limitin-topspace)
thus limitin Y f (f ) (atin X z)
using h by(auto simp: eventually-atin-sequentially|OF assms(1)] limitin-def )
qed

1.1.8 Upper-Semicontinuous Functions

definition upper-semicontinuous-map :: ['a topology, 'a = 'b :: linorder-topology]
= bool where
upper-semicontinuous-map X f «— (Y a. openin X {x€topspace X. fr < a})

lemma continuous-upper-semicontinuous:
assumes continuous-map X (euclidean :: ('b :: linorder-topology) topology) f
shows upper-semicontinuous-map X f
unfolding upper-semicontinuous-map-def
proof safe
fixa:'b
have x:openin euclidean U = openin X {z € topspace X. fz € U} for U
using assms by (simp add: continuous-map)
have openin euclidean {..<a} by auto
with «[of {..<a}] show openin X {z € topspace X. f z < a} by auto
qed

lemma upper-semicontinuous-map-iff-closed:
upper-semicontinuous-map X f «— (Va. closedin X {x€topspace X. fx > a})
proof —
have {z € topspace X. fx < a} = topspace X — {z € topspace X. f z > a} for
a
by auto
thus ?thesis
by (simp add: closedin-def upper-semicontinuous-map-def)
qed

lemma upper-semicontinuous-map-real-iff:

fixes f :: 'a = real
shows upper-semicontinuous-map X [ +— upper-semicontinuous-map X (Az.
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ereal (f ))

unfolding upper-semicontinuous-map-def
proof safe
fix a :: ereal
assume h:V a::real. openin X {z € topspace X. fz < a}
consider a = — 00| a =00 | a # — 00 A a # oo by auto
then show openin X {z € topspace X. ereal (f z) < a}
proof cases
case 3
then have ereal (fz) < a +— fx < real-of-ereal a for x
by (metis ereal-less-eq(3) linorder-not-less real-of-ereal.elims)
thus ?thesis
using h by simp
qed simp-all
next
fix a :: real
assume h:V a::ereal. openin X {z € topspace X. ereal (f z) < a}
then have openin X {z € topspace X. ereal (f z) < ereal a}
by blast
moreover haveereal (f ) < real-of-ereal a +— fz < a for z
by auto
ultimately show openin X {z € topspace X. f z < a} by auto
qed

1.1.9 Lower-Semicontinuous Functions

definition lower-semicontinuous-map :: ['a topology, 'a = 'b :: linorder-topology]
= bool where
lower-semicontinuous-map X f <— (V a. openin X {x€topspace X. a < f z})

lemma continuous-lower-semicontinuous:
assumes continuous-map X (euclidean :: ('b :: linorder-topology) topology) f
shows lower-semicontinuous-map X f
unfolding lower-semicontinuous-map-def
proof safe
fixa:'b
have x:openin euclidean U = openin X {z € topspace X. fz € U} for U
using assms by (simp add: continuous-map)
have openin euclidean {a<..} by auto
with *[of {a<..}] show openin X {z € topspace X. a < fz} by auto
qed

lemma lower-semicontinuous-map-iff-closed:
lower-semicontinuous-map X f «— (Va. closedin X {z€topspace X. fx < a})
proof —
have {z € topspace X. a < fx} = topspace X — {z € topspace X. f z < a} for
a
by auto
thus ?thesis
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by (simp add: closedin-def lower-semicontinuous-map-def)
qed

lemma lower-semicontinuous-map-real-iff:
fixes [ :: 'a = real
shows lower-semicontinuous-map X f +— lower-semicontinuous-map X (Ax.
ereal (f ))
unfolding lower-semicontinuous-map-def
proof safe
fix a :: ereal
assume h:V a::real. openin X {z € topspace X. a < fx}
consider ¢« = — o0 |a =00 | a # — 00 A a # oo by auto
then show openin X {z € topspace X. a < ereal (fz)}
proof cases
case 3
then have a < ereal (f x) +— real-of-ereal a < f z for z
by (metis ereal-less-eq(3) linorder-not-less real-of-ereal.elims)
thus ?thesis
using h by simp
qed simp-all
next
fix a :: real
assume h:V a::ereal. openin X {x € topspace X. a < ereal (f z)}
then have openin X {z € topspace X. ereal (f z) > ereal a}
by blast
moreover haveereal (f ) > real-of-ereal a +— a < fz for z
by auto
ultimately show openin X {z € topspace X. fz > a} by auto
qed

1.2 Lemmas for Measure Theory

1.2.1 Lemmas for Measurable Sets

lemma measurable-preserve-sigma-sets:
assumes sets M = sigma-sets Q S S C Pow §2
Na. a € S = f “a € sets N inj-on f (space M) f * space M € sets N
and b € sets M
shows f ‘b € sets N
proof —
have b € sigma-sets 1 S
using assms(1,6) by simp
thus ?thesis
proof induction
case (Basic a)
then show Zcase by(rule assms(3))
next
case Empty
then show ?case by simp
next

37



case (Compl a)
moreover have = space M
by (metis assms(1) assms(2) sets.sets-into-space sets.top sigma-sets-into-sp
sigma-sets-top subset-antisym)
ultimately show ?case
by (metis Diff-subset assms(2) assms(4) assms(5) inj-on-image-set-diff
sets. Diff sigma-sets-into-sp)
next
case (Union a)
then show ?case
by (simp add: image-UN)
qed
qed

inductive-set sigma-sets-cinter :: 'a set = 'a set set = 'a set set

for sp :: 'a set and A :: ‘a set set

where

Basic-c[intro, simpl: a« € A = a € sigma-sets-cinter sp A

| Top-c[simp]: sp € sigma-sets-cinter sp A

| Inter-c: (\i::nat. a i € sigma-sets-cinter sp A) = ([ 4. a i) € sigma-sets-cinter
sp A

| Union-c: (N\i::nat. ai € sigma-sets-cinter sp A) => (|J 1. a i) € sigma-sets-cinter
sp A

inductive-set sigma-sets-cinter-dunion :: 'a set = 'a set set = 'a set set

for sp :: 'a set and A :: ’a set set

where

Basic-cd[intro, simpl: a« € A = a € sigma-sets-cinter-dunion sp A

| Top-cd[simp]: sp € sigma-sets-cinter-dunion sp A

| Inter-cd: (Niznat. a i € sigma-sets-cinter-dunion sp A) = (4. a i) €
sigma-sets-cinter-dunion sp A

| Union-cd: (N\iz:nat. a i € sigma-sets-cinter-dunion sp A) = disjoint-family a
= (U7 a i) € sigma-sets-cinter-dunion sp A

lemma sigma-sets-cinter-dunion-subset: sigma-sets-cinter-dunion sp A C sigma-sets-cinter
sp A
proof safe

fix z

assume z € sigma-sets-cinter-dunion sp A

then show z € sigma-sets-cinter sp A

by induction (auto intro!: Union-c Inter-c)

qged

lemma sigma-sets-cinter-into-sp:
assumes A C Pow sp x € sigma-sets-cinter sp A
shows z C sp

using assms(2) by induction (use assms(1) subsetD in blast)+

lemma sigma-sets-cinter-dunion-into-sp:
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assumes A C Pow sp © € sigma-sets-cinter-dunion sp A
shows =z C sp
using assms(2) by induction (use assms(1) subsetD in blast)+

lemma sigma-sets-cinter-int:
assumes a € sigma-sets-cinter sp A b € sigma-sets-cinter sp A
shows a N b € sigma-sets-cinter sp A
proof —
have 7:a N b = ((4:nat. if i = 0 then a else b) by auto
show ?thesis
unfolding 1 by(rule Inter-c,use assms in auto)
qed

lemma sigma-sets-cinter-dunion-int:
assumes a € sigma-sets-cinter-dunion sp A b € sigma-sets-cinter-dunion sp A
shows a N b € sigma-sets-cinter-dunion sp A
proof —
have 1:a N b = (N 4:nat. if i = 0 then a else b) by auto
show ?thesis
unfolding 1 by(rule Inter-cd,use assms in auto)
qed

lemma sigma-sets-cinter-un:
assumes a € sigma-sets-cinter sp A b € sigma-sets-cinter sp A
shows a U b € sigma-sets-cinter sp A
proof —
have 1:a U b = (J4::nat. if i = 0 then a else b) by auto
show ?thesis
unfolding 1 by(rule Union-c,use assms in auto)
qed

lemma sigma-sets-eq-cinter-dunion:
assumes metrizable-space X
shows sigma-sets (topspace X) {U. openin X U} = sigma-sets-cinter-dunion
(topspace X) {U. openin X U}
proof safe
fix a
interpret sa: sigma-algebra topspace X sigma-sets (topspace X) {U. openin X
U}
by (auto introl: sigma-algebra-sigma-sets openin-subset)
assume a € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
then show a € sigma-sets (topspace X) {U. openin X U}
by induction auto
next
have c:sigma-sets-cinter-dunion (topspace X) {U. openin X U} C { U€sigma-sets-cinter-dunion
(topspace X) {U. openin X U}. topspace X — U € sigma-sets-cinter-dunion (topspace
X) {U. openin X U}}
proof
fix a
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assume a: a € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
then show a € {U € sigma-sets-cinter-dunion (topspace X) {U. openin X U}.
topspace X — U € sigma-sets-cinter-dunion (topspace X) {U. openin X U}}
proof induction
case a:(Basic-cd a)
then have gdelta-in X (topspace X — a)
by (auto intro!: closed-imp-gdelta-in assms)
from gdelta-inD'[OF this| obtain U where U:
An :: nat. openin X (U n) topspace X — a = (range U) by auto
show ?case
using a U(1) by(auto simp: U(2) introl: Inter-cd)
next
case Top-cd
then show ?case by auto
next
case ca:(Inter-cd a)
define b where b = (An. (topspace X — a n) N ((i. if i < n then a i else
topspace X))
have bd:disjoint-family b
using nat-neg-iff by(fastforce simp: disjoint-family-on-def b-def)
have bin:b i € sigma-sets-cinter-dunion (topspace X) {U. openin X U} for ¢
unfolding b-def
apply(rule sigma-sets-cinter-dunion-int)
using ca(2)[of 7]
apply auto|1]
apply(rule Inter-cd) using ca by auto
have bun:topspace X — ([ (range a)) = (Ji. b i) (is ?lhs = ?rhs)
proof —
{ fix z
have z € ?lhs «— x € topspace X N x € (|Ji. topspace X — a i)
by auto
also have ... +— z € topspace X A (In. = € topspace X — a n)
by auto
also have ... «— 1z € topspace X A (In. z € topspace X — a n A (Vi<n.
T € at))
proof safe
fix n
assume 1:x ¢ a n x € topspace X
define N where N = Min {m. m < n Az ¢ a m}
have N:z ¢ a NN <n
using linorder-class. Min-in[of {m. m < n Az ¢ am}] I
by (auto simp: N-def)
have Nz € a i if i < N for ¢
proof (rule ccontr)
assume z ¢ a
then have N < ¢
using linorder-class. Min-le[of {m. m < n A x ¢ a m} i] that N(2)
by (auto simp: N-def)
with that show False by auto
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qed
show 3n. z € topspace X — an A (Vi<n. ¢ € a17)
using N N’ by(auto intro!: exI[where z=N] 1)
qed auto
also have ... «+— z € %rhs
by (auto simp: b-def)
finally have z € ?lhs <— z € ?rhs . }
thus ?thesis by auto
qed
have ... € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
by (rule Union-cd) (use bin bd in auto)
thus ?Zcase
using Inter-cd|of a,OF ca(1)] by(auto simp: bun)
next
case ca:(Union-cd a)
have topspace X — (IJ (range a)) = ([ 4. (topspace X — a i))
by simp
have ... € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
by (rule Inter-cd) (use ca in auto)
then show “case
using Union-cd|[of a,0F ca(1,2)] by auto
qed
qed
fix a
assume a € sigma-sets (topspace X) {U. openin X U}
then show a € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
proof induction
case a:(Union a)
define b where b = (An. a n N (i if i < n then topspace X — a i else
topspace X))
have bd:disjoint-family b
by (auto simp: disjoint-family-on-def b-def) (metis Diff-iff UnCI image-eql
linorder-neqE-nat mem-Collect-eq)
have bin:b i € sigma-sets-cinter-dunion (topspace X) {U. openin X U} for i
unfolding b-def
apply(rule sigma-sets-cinter-dunion-int)
using a(2)[of 1]
apply auto|[1]
apply(rule Inter-cd) using ¢ a by auto
have bun:(|Ji. a ) = (4. b7) (is ?lhs = ?rhs)
proof —
{
fix z
have z € ?lhs «— x € topspace X N x € ?lhs
using sigma-sets-cinter-dunion-into-sp|OF - a(2)]
by (metis UN-iff subsetD subset-Pow-Union topspace-def)
also have ... +— z € topspace X A (In. x € a n) by auto
also have ... «— 1z € topspace X A (In. x € an A (Vi<n. x € topspace
X — ati))

41



proof safe
fix n
assume [:z € topspace X € an
define N where N = Min {m. m < n Az € am}
have N:x € a NN < n
using linorder-class. Min-inlof {m. m < n Az € a m}] 1
by (auto simp: N-def)
have N'.z ¢ a i if i < N for i
proof(rule ccontr)
assume -z ¢ a i
then have N < ¢
using linorder-class. Min-le[of {m. m < n A x € a m} i] that N(2)
by (auto simp: N-def)
with that show Fualse by auto
qed
show In. z € an A (Vi<n. z € topspace X — a 1)
using N N’ 1 by(auto intro!: exI[where z=N])
qged auto
also have ... «— z € ?rhs
proof safe
fix m
assume z € b m
then show z € topspace X In. x € an A (Vi<n. x € topspace X — a 1)
by (auto intro!: exI[where x=m] simp: b-def)
qed(auto simp: b-def)
finally have z € ?lhs «— z € ?rhs . }
thus ?thesis by auto
qed
have ... € sigma-sets-cinter-dunion (topspace X) {U. openin X U}
by (rule Union-cd) (use bin bd in auto)
thus Zcase
by (auto simp: bun)
qed(use ¢ in auto)
qed

lemma sigma-sets-eq-cinter:
assumes metrizable-space X
shows sigma-sets (topspace X) {U. openin X U} = sigma-sets-cinter (topspace
X) {U. openin X U}
proof safe
fix a
interpret sa: sigma-algebra topspace X sigma-sets (topspace X) {U. openin X
U}
by (auto intro!: sigma-algebra-sigma-sets openin-subset)
assume a € sigma-sets-cinter (topspace X) {U. openin X U}
then show a € sigma-sets (topspace X) {U. openin X U}
by induction auto
qged (use sigma-sets-cinter-dunion-subset sigma-sets-eq-cinter-dunion|OF assms
in auto)
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1.2.2 Measurable Isomorphisms

definition measurable-isomorphic-map::['a measure, 'b measure, 'a = 'b] = bool
where

measurable-isomorphic-map M N f <— bij-betw f (space M) (space N) A f € M
—m N A the-inv-into (space M) f € N =y M

lemma measurable-isomorphic-map-sets-cong:

assumes sets M = sets M’ sets N = sets N’

shows measurable-isomorphic-map M N f +— measurable-isomorphic-map M’
N'f

by (simp add: measurable-isomorphic-map-def sets-eq-imp-space-eq[OF assms(1)]
sets-eq-imp-space-eq| OF assms(2)] measurable-cong-sets|OF assms] measurable-cong-sets|OF
assms(2,1)])

lemma measurable-isomorphic-map-surj:
assumes measurable-isomorphic-map M N f
shows f ‘ space M = space N
using assms by (auto simp: measurable-isomorphic-map-def bij-betw-def)

lemma measurable-isomorphic-mapl:

assumes bij-betw f (space M) (space N) f € M —ps N the-inv-into (space M) f
eN—- >y M

shows measurable-isomorphic-map M N f

using assms by(simp add: measurable-isomorphic-map-def)

lemma measurable-isomorphic-map-by Witness:
assumes f € M -y Nge N =y M N\z. z € space M = g (fz) =z N\z. z
€ space N = f (gz) ==z
shows measurable-isomorphic-map M N f
proof —
have *:bij-betw f (space M) (space N)
using assms by (auto introl: bij-betw-by Witness|where f'=g] dest:measurable-space)
show ?thesis
proof(rule measurable-isomorphic-mapl)
have the-inv-into (space M) fz = g x if © € space N for z
by (metis * assms(2) assms(4) bij-betw-imp-inj-on measurable-space that
the-inv-into-f-f)
thus the-inv-into (space M) f € N =y M
using measurable-cong assms(2) by blast
qged (simp-all add: x assms(1))
qged

lemma measurable-isomorphic-map-restrict-space:
assumes f € M —y N NA. A € sets M = [ A € sets N inj-on f (space M)
shows measurable-isomorphic-map M (restrict-space N (f ¢ space M)) f
proof (rule measurable-isomorphic-mapl)
show bij-betw f (space M) (space (restrict-space N (f ¢ space M)))
by (simp add: assms(2,3) inj-on-imp-bij-betw)
next
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show f € M — restrict-space N (f ¢ space M)
by (simp add: assms(1) measurable-restrict-space?2)
next
show the-inv-into (space M) f € restrict-space N (f ¢ space M) =y M
proof (rule measurablel)
show = € space (restrict-space N (f ¢ space M)) = the-inv-into (space M) f z
€ space M for z
by (simp add: assms(2,3) the-inv-into-into)
next
fix A
assume A € sets M
have the-inv-into (space M) f —* A N space (restrict-space N (f * space M)) =
feA
by (simp add: <A € sets M assms(2,83) sets.sets-into-space the-inv-into-vimage)
also note assms(2)[OF <A € sets M)
finally show the-inv-into (space M) f —* A N space (restrict-space N (f ¢ space
M)) € sets (restrict-space N (f © space M))
by (simp add: assms(2) sets-restrict-space-iff)
qed
qed

lemma measurable-isomorphic-mapD':
assumes measurable-isomorphic-map M N f
shows NA. A€ sets M —= f A€ sets Nf € M -y N
g. bij-betw g (space N) (space M) A g € N =y M A (Vz € space M. g (f
z) =x) A (Va€ space N. f (gz) = z) N (VA€sets N. g “ A € sets M)
proof —
have h:bij-betw f (space M) (space N) f € M —p; N the-inv-into (space M) f €
N —M M
using assms by (simp-all add: measurable-isomorphic-map-def)
show f ‘A € sets N if A € sets M for A
proof —
have f * A = the-inv-into (space M) f —° A N space N
using the-inv-into-vimage| OF bij-betw-imp-inj-on| OF h(1)] sets.sets-into-space] OF
that]]
by (simp add: bij-betw-imp-surj-on[OF h(1)])
also have ... € sets N
using that h(3) by auto
finally show ?thesis .
qed
show f € M —y N
using assms by(simp add: measurable-isomorphic-map-def)

show Jg. bij-betw g (space N) (space M) N g € N =y M AN (Vz € space M. g
(fz) =2) AN (Vo€ space N. f (gx) = z) A (VA€sets N. g * A € sets M)
proof(rule exl[where z=the-inv-into (space M) f])
have x:the-inv-into (space M) f A € sets M if A € sets N for A
proof —
have Az. z € space M = the-inv-into (space N) (the-inv-into (space M) f)
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r=fzx
by (metis bij-betw-imp-inj-on bij-betw-the-inv-into h(1) h(2) measurable-space
the-inv-into-f-f)
from vimage-inter-cong|of space M - f A,OF this] the-inv-into-vimage| OF
bij-betw-imp-ing-on| OF bij-betw-the-inv-into] OF h(1)]] sets.sets-into-space| OF that]]
bij-betw-imp-surj-on[ OF bij-betw-the-inv-into[OF h(1)]] measurable-sets| OF
h(2) that]
show ?thesis
by fastforce
qed
show bij-betw (the-inv-into (space M) f) (space N) (space M) A the-inv-into
(space M) f € N —p M N (YVz€space M. the-inv-into (space M) f (f z) = x)
A (Vz€espace N. f (the-inv-into (space M) fz) = z) N (VY A€sets N. the-inv-into
(space M) f < A € sets M)
using bij-betw-the-inv-into[OF h(1)]
by (meson x bij-betw-imp-inj-on f-the-inv-into-f-bij-betw h(1) h(3) the-inv-into-f-f)
qed
qed

lemma measurable-isomorphic-map-inv:

assumes measurable-isomorphic-map M N f

shows measurable-isomorphic-map N M (the-inv-into (space M) f)

using assms[simplified measurable-isomorphic-map-def]

by (auto intro!: measurable-isomorphic-map-by Witness|where g=f] bij-betw-the-inv-into
f-the-inv-into-f-bij-betw|of f] bij-betw-imp-inj-on the-inv-into-f-f)

lemma measurable-isomorphic-map-comp:
assumes measurable-isomorphic-map M N f and measurable-isomorphic-map N
Lyg
shows measurable-isomorphic-map M L (g o f)
proof —
obtain f’ g’ where
[measurable]: f' € N —y M and hf:Az. z€space M = [’ (f z) = = \z.
z€space N = [ (f'z) =z
and [measurable]: ¢’ € L —p N and hg:A\z. z€space N => ¢’ (g ) = = \z.
z€space L = g (¢’ ) = x
using measurable-isomorphic-mapD'[OF assms(1)] measurable-isomorphic-mapD’[OF
assms(2)] by metis
have [measurable]: f € M =y Nge N =y L
using assms by (auto simp: measurable-isomorphic-map-def)
from hf hg measurable-space|OF «f € M —p; N3] measurable-space|OF <g’ € L
—m N»| show ?thesis
by (auto introl: measurable-isomorphic-map-byWitnessjwhere g=f'og’])
qed

definition measurable-isomorphic::['a measure, 'b measure] = bool (infixr <mea-

surable’-isomorphicy 50) where
M measurable-isomorphic N «— (3 f. measurable-isomorphic-map M N f)
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lemma measurable-isomorphic-sets-cong:
assumes sets M = sets M’ sets N = sets N’
shows M measurable-isomorphic N <— M’ measurable-isomorphic N'
using measurable-isomorphic-map-sets-cong|OF assms]
by (auto simp: measurable-isomorphic-def)

lemma measurable-isomorphicD:

assumes M measurable-isomorphic N

shows 3fg. f e M -y NAge N =y M AN (VNaz€space M. g (fz) = x) A
(Vy€espace N. f (gy) =y) N (VAcsets M. f* A € sets N) A\ (VA€sets N. g * A
€ sets M)

using assms measurable-isomorphic-mapD'[of M N)|

by (metis (mono-tags, lifting) measurable-isomorphic-def)

lemma measurable-isomorphic-cardinality-eq:
assumes M measurable-isomorphic N
shows space M =~ space N
by (meson assms egpoll-def measurable-isomorphic-def measurable-isomorphic-map-def)

lemma measurable-isomorphic-count-spaces: count-space A measurable-isomorphic
count-space B +— A~ B
proof

assume A ~ B

then obtain f where f:bij-betw f A B

by (auto simp: egpoll-def)

then show count-space A measurable-isomorphic count-space B

by (auto simp: measurable-isomorphic-def measurable-isomorphic-map-def bij-betw-def
the-inv-into-into intro!: exl[where x=f])
qed(use measurable-isomorphic-cardinality-eq in fastforce)

lemma measurable-isomorphic-by Witness:
assumes f € M =y N Az. x€space M = g (fz) = =
and g € N =y M Ay. y€space N = f (gy) =y
shows M measurable-isomorphic N
by (auto simp: measurable-isomorphic-def assms intro!: exI[where z = f] mea-
surable-isomorphic-map-by Witness|jwhere g=g|)

lemma measurable-isomorphic-refi:
M measurable-isomorphic M
by (auto introl: measurable-isomorphic-by Witness|[where f=id and g=id])

lemma measurable-isomorphic-sym:
assumes M measurable-isomorphic N
shows N measurable-isomorphic M
using assms measurable-isomorphic-map-invjof M N]
by (auto simp: measurable-isomorphic-def)

lemma measurable-isomorphic-trans:
assumes M measurable-isomorphic N and N measurable-isomorphic L
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shows M measurable-isomorphic L
using assms measurable-isomorphic-map-complof M N - L]
by (auto simp: measurable-isomorphic-def)

lemma measurable-isomorphic-empty:

assumes space M = {} space N = {}

shows M measurable-isomorphic N

using assms by (auto intro!: measurable-isomorphic-by Witness|[where f=undefined
and g=undefined] simp: measurable-empty-iff)

lemma measurable-isomorphic-emptyl :

assumes space M = {} M measurable-isomorphic N

shows space N = {}

using measurable-isomorphicD[OF assms(2)] by (auto simp: measurable-empty-iff[OF
assms(1)])

lemma measurable-ismorphic-empty2:
assumes space N = {} M measurable-isomorphic N
shows space M = {}
using measurable-isomorphic-sym|[OF assms(2)] assms(1)
by (simp add: measurable-isomorphic-emptyl)

lemma measurable-lift-product:

assumes A\i. i € [ = fie (Mi) =y (N1)

shows (Az 4. if i € I then fi (z i) else undefined) € (U i€l. M i) —p (Il
i€l. N 1)

using measurable-space] OF assms]

by (auto introl: measurable-PiM-single’ simp: assms measurable- PiM-component-rev

space-PiM PiE-iff)

lemma measurable-isomorphic-map-lift-product:

assumes Ai. i € I = measurable-isomorphic-map (M i) (N i) (h )

shows measurable-isomorphic-map (Ipy i€I. M i) (Ilpy €I. N i) (Azi. ifi € 1
then h i (z i) else undefined)
proof —

obtain h’ where

Ni.iel = h'ie (Ni)—py (Mi)Niz. i€l = xz€space (M i) = h'i
(hiz)=x Niz. i € ] = z€space (Ni) = hi(h'iz)=1zx

using measurable-isomorphic-mapD’(3)[OF assms] by metis

thus ?thesis

by (auto intro!: measurable-isomorphic-map-by Witness| OF measurable-lift-product|of
I'h M N,OF measurable-isomorphic-mapD’(2)[OF assms]] measurable-lift-product|of
Ih' NM,OF (Ni.i € I = h'i€ (Ni) = (Mi)]]

sitmp: space-PiM PiE-iff extensional-def)

qed

lemma measurable-isomorphic-lift-product:

assumes Ai. i € I = (M () measurable-isomorphic (N 1)
shows (IIy; i€l. M i) measurable-isomorphic (Ip i€1. N i)
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proof —
obtain h where Ai. i € I = measurable-isomorphic-map (M i) (N i) (h )
using assms by (auto simp: measurable-isomorphic-def) metis
thus ?thesis
by (auto introl: measurable-isomorphic-map-lift-product exl[where z=Az i. if i
€ I then h i (z 1) else undefined] simp: measurable-isomorphic-def)
qed

https://math24.net/cantor-schroder-bernstein-theorem.html

lemma Schroeder-Bernstein-measurable’:
assumes [ ‘ (space M) € sets N g “ (space N) € sets M
and measurable-isomorphic-map M (restrict-space N (f “ (space M))) f and
measurable-isomorphic-map N (restrict-space M (g * (space N))) g
shows 3 h. measurable-isomorphic-map M N h
proof —
have hset: NA. A € sets M = [ * A € sets (restrict-space N (f ¢ space M))
NA. A € sets N = g * A € sets (restrict-space M (g ‘ space N))
and hfg[measurable]:f € M — s restrict-space N (f ¢ space M)
g € N — restrict-space M (g  space N)
using measurable-isomorphic-mapD’(1,2)[OF assms(3)] measurable-isomorphic-mapD'(1,2)[OF
assms(4)] assms(1,2)
by auto
have hset2:\NA. A € sets M = ‘A € sets N NA. A € sets N =g ‘A €
sets M
and hfg2[measurable]: f € M —py Nge N =y M
using sets.Int-space-eq2[OF assms(1)] sets.Int-space-eq2|OF assms(2)] sets-restrict-space-iff [of
f “ space M N| sets-restrict-space-iff [of g ¢ space N M| hset
measurable-restrict-space2-iff [of f M N| measurable-restrict-space2-iff[of g
N M] hfg assms(1,2)
by auto
have bij1:bij-betw f (space M) (f ¢ (space M)) bij-betw g (space N) (g ¢ (space
N)
using assms(3,4) by (auto simp: measurable-isomorphic-map-def space-restrict-space
sets.Int-space-eq2[OF assms(1)] sets.Int-space-eq2[OF assms(2)])
obtain f’ g’ where
hfg1'[measurable]: f' € restrict-space N (f ‘ (space M)) —n M g’ € restrict-space
M (g ¢ (space N)) =y N
and hfg:A\z. x€space M = f' (fz) = © N\z. z€f ‘space M = f (f'z) =z
Nz. z€space N = ¢’ (g z) =z A\x. z€g ‘space N = g (¢' z) =z
bij-betw [ (f ¢ space M) (space M) bij-betw g’ (g * space N) (space N)
using measurable-isomorphic-mapD’(3)[OF assms(3)] measurable-isomorphic-mapD'(3)[OF
assms(4)] sets.Int-space-eq2[OF assms(1)] sets.Int-space-eq2[OF assms(2)]
by (metis space-restrict-space)

have hgfA:(g o f) ‘A € sets M if A € sets M for A

using hset2(2)[OF hset2(1)][OF that]] by (simp add: image-comp)
define An where An = (An. ((g o f)""n) ‘(space M — g ‘ (space N)))
define A where A = (|JneUNIV. An n)
have An n € sets M for n
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proof (induction n)
case 0
thus ?case
using hset2[OF sets.top] by (simp add: An-def)
next
case ih:(Suc n)
have An (Sucn) = (go f) ‘(An n)
by (auto simp add: An-def)
thus ?case
using hgfA[OF ih] by simp
qed
hence Asets:A € sets M
by (simp add: A-def)
have Acompl:space M — A C g ¢ space N
proof —
have space M — A C space M — An 0
by (auto simp: A-def)
also have ... C g ‘ space N
by (auto simp: An-def)
finally show ?thesis .
qged
define h where h = (\z. if v € A U (— space M) then f x else ¢’ x)
define h/ where b/ = (A\z. if x € [ * A then f' x else g x)
have zinA-iff:x € A +— hax e f*Aif x € space M for z
proof
assume hz € f ‘A
show z € A
proof (rule ccontr)
assume z ¢ A
then have An. 2z ¢ Ann
by (auto simp: A-def)
from this[of 0] have = € g ¢ (space N)
using that by (auto simp: An-def)
have g’z € f‘ A
using <hz € f ‘A <z ¢ A
by (simp add: h-def that)
hence g (¢'z) € (9o f) ‘A
by auto
hence z € (9o f) ‘A
using <z € g ‘ (space N)» by (simp add: hfg'(4))
then obtain n where z € (g o f) ‘ (An n)
by (auto simp: A-def)
hence z € An (Suc n)
by (auto simp: An-def)
thus Fulse
using <An. z ¢ An n> by simp
qed
qed(simp add: h-def)
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show ?thesis
proof (intro exI[where z=h] measurable-isomorphic-map-by Witness[where g=h"])
have {z € space M. x € AU (— space M)} € sets M
using sets.Int-space-eq2[OF Asets] Asets by simp
moreover have f € restrict-space M {x. © € AU — space M} —p N
by (simp add: measurable-restrict-spacel )
moreover have ¢’ € restrict-space M {z. © ¢ AU (— space M)} -y N
proof —
have sets (restrict-space (restrict-space M (g ¢ space N)) {x. z ¢ AU — space
M}) = sets (restrict-space M (g ‘ space N N {z. x ¢ A U — space M}))
by (simp add: sets-restrict-restrict-space)
also have ... = sets (restrict-space M (g ‘ space N N {z. © € space M — A}))
by (metis Compl-iff Diff E DiffI Un-iff)
also have ... = sets (restrict-space M {z. x € space M — A})
by (metis Acompl le-inf-iff mem-Collect-eq subsetl subset-antisym)
also have ... = sets (restrict-space M {x. © ¢ A U (— space M)})
by (metis Compl-iff Diff E DiffI Un-iff)
finally have sets (restrict-space (restrict-space M (g ‘ space N)) {z. z ¢ A U
— space M}) = sets (restrict-space M {z. x ¢ AU — space M}) .
from measurable-cong-sets| OF this refl] measurable-restrict-spacel [OF hfgl'(2),of
{z. 2 ¢ AU — space M}]
show ?thesis by auto
qed
ultimately show h €¢ M —; N
by (simp add: h-def measurable-If-restrict-space-iff)
next
have {z € space N. z € f * A} € sets N
using sets.Int-space-eq2[OF hset2(1)[OF Asets]] hset2(1)[OF Asets] by simp
moreover have f’ € restrict-space N {z. z € f ‘ A} -y M
proof —
have sets (restrict-space (restrict-space N (f * space M)) {z. = € f < A}) =
sets (restrict-space N (f “ space M N {z. x € f * A}))
by (simp add: sets-restrict-restrict-space)
also have ... = sets (restrict-space N {z. z € f ¢ A})
proof —
have f ‘space M N {z. x € f A} ={z. z € f * A}
using sets.sets-into-space[OF Asets] by auto
thus ?thesis by simp
qed
finally have sets (restrict-space (restrict-space N (f * space M)) {z. z € f
A}) = sets (restrict-space N {z. x € f < A}) .
from measurable-cong-sets| OF this refl] measurable-restrict-spacel [OF hfgl'(1),of

{z.z € fA}]
show ?thesis by auto
qed

moreover have g € restrict-space N {z. © ¢ f* A} -y M
by (simp add: measurable-restrict-spacel )

ultimately show h' € N = M
by (simp add: h'-def measurable-If-restrict-space-iff)
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next
fix z
assume z € space M
then consider z € A | z € space M — A by auto
thus b/ (hz) =z
proof cases
case za:2
hence hz ¢ ‘A
using <z € space M» zinA-iff by blast
thus ?thesis
using Acompl hfg'(4) za by(auto simp add: h-def h'-def)
qed(simp add: h-def h'-def <x € space M hfg'(1))
next
fix z
assume z € space N
then consider z € f “ A | z € space N — [ ‘A by auto
thus b (' z) = =
proof cases
case hx:1
hence z € f  (space M)
using image-mono[OF sets.sets-into-space] OF Asets|,of f] by auto
have h/ z = f'z
using hz by (simp add: h'-def)
also have ... € A
using hz sets.sets-into-space[OF Asets] hfg'(1) by auto
finally show ?thesis
using hfg'(2)[OF <z € f ‘ (space M)>] hx by(auto simp: h-def h'-def)
next
case hx:2
then have b/ z = g z
by (simp add: h'-def)
also have ... ¢ A
proof (rule ccontr)
assume ~ gz ¢ A
then have g z € A by simp
then obtain n where hg:g z € An n by(auto simp: A-def)
hence 0 < n using hz by(auto simp: An-def)
then obtain n’ where [simp]:n = Suc n’
using not0-implies-Suc by blast
then have gz € g ‘f ¢ Ann’
using hg by(auto simp: An-def)
hence z € f * An n’
using inj-on-image-mem-iff [OF bij-betw-imp-inj-on[OF bij1(2)] «x € space
Nyof f < An n/]
sets.sets-into-space| OF <An n' € sets M>] measurable-space[OF hfg2(1)]
by auto
also have ... C f“ A
by (auto simp: A-def)
finally show Fulse
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using hx by simp

qed

finally show ?thesis

using hz hfg'(8)[OF <x € space N»] measurable-space|OF hfg2(2) <x € space
Ny

by (auto simp: h-def h'-def)
qed
qed

qed

lemma Schroeder-Bernstein-measurable:

assumes f € M —y N NA. A € sets M = [ A € sets N inj-on f (space M)

and ge N =y M NA. A € sets N = g * A € sets M inj-on g (space N)
shows 3 h. measurable-isomorphic-map M N h

using Schroeder-Bernstein-measurable’|OF assms(2)[OF sets.top] assms(5)[OF
sets.top] measurable-isomorphic-map-restrict-space[OF assms(1—3)] measurable-isomorphic-map-restrict-space
assms(4—6)]]

by simp

lemma measurable-isomorphic-from-embeddings:
assumes M measurable-isomorphic (restrict-space N B) N measurable-isomorphic
(restrict-space M A)
and A € sets M B € sets N
shows M measurable-isomorphic N
proof —
obtain f g where fg:measurable-isomorphic-map M (restrict-space N B) f mea-
surable-isomorphic-map N (restrict-space M A) g
using assms(1,2) by(auto simp: measurable-isomorphic-def)
have [simp]:f ‘ space M = B g ‘ space N = A
using measurable-isomorphic-map-surj|OF fg(1)] measurable-isomorphic-map-surj|OF
fg(2)] sets.sets-into-space| OF assms(3)] sets.sets-into-space| OF assms(4)]
by (auto simp: space-restrict-space)
obtain h where measurable-isomorphic-map M N h
using Schroeder-Bernstein-measurable’[of f M N g] assms(3,4) fg by auto
thus ?thesis
by (auto simp: measurable-isomorphic-def)
qed

lemma measurable-isomorphic-antisym:
assumes B measurable-isomorphic (restrict-space C ¢) A measurable-isomorphic
(restrict-space B b)
and c¢ € sets C b € sets B C measurable-isomorphic A
shows C measurable-isomorphic B
by (rule measurable-isomorphic-from-embeddings| OF measurable-isomorphic-trans|OF

assms(5,2)] assms(1) assms(3,4)])

lemma countable-infinite-isomorphisc-to-nat-index:
assumes countable I and infinite I
shows (IIy; z€l. M) measurable-isomorphic (ILp; (z::nat)e UNIV. M)
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proof(rule measurable-isomorphic-byWitness[where f=Az n. z (from-nat-into I
n) and g=Az. Mi€l. z (to-nat-on I i)])
show (Az n. z (from-nat-into I n)) € (Ilpy xz€l. M) = (p (z:nat)e UNIV.
)
by (auto intro!: measurable- PiM-single’ measurable-component-singleton[OF from-nat-into| OF
infinite-imp-nonempty[OF assms(2)]]])
(simp add: PiE-iff infinite-imp-nonempty space-PiM from-nat-into[OF infi-
nite-imp-nonempty| OF assms(2)]])
next
show (Az. Ai€l. x (to-nat-on I i)) € (Ilps (z:nat)€UNIV. M) —pp (I z€1.
)
by (auto introl: measurable-PiM-single’)
next
show z € space (IIyy z€l. M) = (MNi€l. z (from-nat-into I (to-nat-on I1))) =
z for x
by (simp add: assms(1) restrict-ext space-PiM)
next
show y € space (Pipy UNIV (Az. M)) = (An. (Mi€l. y (to-nat-on I 7))
(from-nat-into I n)) = y for y
by (simp add: assms(1) assms(2) from-nat-into infinite-imp-nonempty)
qged

lemma PiM-PiM-isomorphic-to-PiM:
(Ips i€l. My jed. M i §) measurable-isomorphic (p (4,5)€IxJ. M i §)
proof (rule measurable-isomorphic-byWitnessijwhere f=Xz (i,j). if (i,j) € I x J
then i j else undefined and g=Ax i j. if i ¢ I then undefined j else if j ¢ J then
undefined else z (i,7)])
have [simp]: (M. w a b) € (U i€l My jeJ. Mij) > MabifacIbe J
for a b
using measurable-component-singleton| OF that(1),of Xi. Iy jeJ. M i j]
measurable-component-singleton| OF that(2),of M a]
by auto
show (Az (4, j). if (i, §) € I x Jthen zij else undefined) € (I1py i€l. s jEJ.
apply(rule measurable-PiM-single’)
apply auto[!]
apply(auto simp: PiE-def Pi-def space-PiM extensional-def;meson)
done
next
have [simp]: (A\w. w (4, j)) € Pipg (I x J) (M4, 7). Mij) -y MijifieIj
€ Jforij
using measurable-component-singleton[of (i,j) I x J X4, j). M i j] that by
auto
show (Az i j. if i ¢ I then undefined j else if j ¢ J then undefined else z (i, j))
by (auto intro!: measurable-PiM-single’) (simp-all add: PiE-iff space-PiM exten-
sional-def)
next
show z € space (s i€l. My jeJ. M ij) = (i j. if ¢ ¢ I then undefined j
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else if j ¢ J then undefined else case (i, j) of (i, j) = if (i,7) € I x Jthen xij
else undefined) = z for x

by standard+ (auto simp: space-PiM PiE-def Pi-def extensional-def)
next

show y € space (s (i,j)€IxJ. M ij) = (A4, j). if (i,§) € I x Jthen ifi ¢

I then undefined j else if j ¢ J then undefined else y (i, j) else undefined) = y for
)

by standard+ (auto simp: space-PiM PiE-def Pi-def extensional-def)
qed

lemma measurable-isomorphic-map-sigma-sets:
assumes sets M = sigma-sets (space M) U measurable-isomorphic-map M N f
shows sets N = sigma-sets (space N) (() f “ U)
proof —
from measurable-isomorphic-mapD'[OF assms(2)]
obtain g where h: NA. A € sets M = ‘A € sets Nf € M —pr N bij-betw g
(space N) (space M) g € N —p M Az. x€space M = g (f z) = © A\z. zE€space
N = f(gz) =2 NA. Acsets N = g ‘ A € sets M
by metis
interpret s: sigma-algebra space N sigma-sets (space N) ((¥) f ¢ U)
by (auto introl: sigma-algebra-sigma-sets) (metis assms(1) h(2) measurable-space
sets.sets-into-space sigma-sets-superset-generator subsetD)
show ?thesis
proof safe
fix z
assume z € sets N
from h(7)[OF this] assms(1)
have ¢ ‘ z € sigma-sets (space M) U by simp
hence f ‘(g ‘ z) € sigma-sets (space N) (() f < U)
proof induction
case h:(Compl a)
have f “ (space M — a) = f ‘ (space M) — f “a
by (rule inj-on-image-set-diff [ where C=space M], insert assms h) (auto
stmp: measurable-isomorphic-map-def bij-betw-def sets.sets-into-space)
with h show Zcase
by (metis assms(2) measurable-isomorphic-map-surj s. Diff s.top)
qed (auto simp: image-UN)
moreover have f ‘(g ‘z) =z
using sets.sets-into-space|OF <x € sets N»| h(6) by(fastforce simp: image-def)
ultimately show z € sigma-sets (space N) (() f ¢ U) by simp
next
interpret s’ sigma-algebra space M sigma-sets (space M) U
by (simp add: assms(1)[symmetric] sets.sigma-algebra-azioms)
have 1:Az. v € U = = C space M
by (simp add: s'.sets-into-space)
fix z
assume assm:x € sigma-sets (space N) (() f ¢ U)
then show z € sets N
by induction (auto simp: assms(1) h(1))
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qed
qed

1.2.3 Borel Spaces Genereted from Abstract Topologies

definition borel-of :: 'a topology = 'a measure where
borel-of X = sigma (topspace X) {U. openin X U}

lemma emeasure-borel-of: emeasure (borel-of X) A = 0
by (simp add: borel-of-def emeasure-sigma)

lemma borel-of-euclidean: borel-of euclidean = borel
by (simp add: borel-of-def borel-def)

lemma space-borel-of: space (borel-of X) = topspace X
by (simp add: space-measure-of-conv borel-of-def)

lemma sets-borel-of: sets (borel-of X) = sigma-sets (topspace X) {U. openin X
U}
by (simp add: subset-Pow-Union topspace-def borel-of-def)

lemma sets-borel-of-closed: sets (borel-of X) = sigma-sets (topspace X) {U. closedin
X U}
unfolding sets-borel-of
proof (safe intro!: sigma-sets-eql)
fix a
assume a:openin X a
have topspace X — (topspace X — a) € sigma-sets (topspace X) {U. closedin X
U}
by (rule sigma-sets.Compl) (use a in auto)
thus a € sigma-sets (topspace X) {U. closedin X U}
using openin-subset|OF a] by (simp add: Diff-Diff-Int inf.absorb-iff2)
next
fix b
assume b:closedin X b
have topspace X — (topspace X — b) € sigma-sets (topspace X) {U. openin X
U}
by (rule sigma-sets.Compl) (use b in auto)
thus b € sigma-sets (topspace X) {U. openin X U}
using closedin-subset[OF b] by (simp add: Diff-Diff-Int inf.absorb-iff2)
qed

lemma borel-of-open:
assumes openin X U
shows U € sets (borel-of X)
using assms by (simp add: subset-Pow-Union topspace-def borel-of-def)

lemma borel-of-closed:
assumes closedin X U
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shows U € sets (borel-of X)
using assms sigma-sets. Compl[of topspace X — U topspace X|
by (simp add: closedin-def double-diff sets-borel-of)

lemmal(in Metric-space) nbh-setsimeasurable]: (| a€A. mball a e) € sets (borel-of
mtopology)
by (auto introl: borel-of-open openin-clauses(3))

lemma borel-of-gdelta-in:
assumes gdelta-in X U
shows U € sets (borel-of X)
using gdelta-inD[OF assms| borel-of-open
by (auto intro!l: sets.countable-INT'|of - id,simplified])

lemma borel-of-subtopology:
borel-of (subtopology X U) = restrict-space (borel-of X) U
proof (rule measure-eql )
show sets (borel-of (subtopology X U)) = sets (restrict-space (borel-of X) U)
unfolding restrict-space-eg-vimage-algebra’ sets-vimage-algebra sets-borel-of
topspace-subtopology space-borel-of Int-commute[of U]
proof (rule sigma-sets-eql)
fix a
assume a € Collect (openin (subtopology X U))
then obtain 7" where openin X Ta =T N U
by (auto simp: openin-subtopology)
show a € sigma-sets (topspace X N U) {(Az. z) —° A N (topspace X N U) |A.
A € sigma-sets (topspace X) (Collect (openin X))}
using openin-subset|OF <openin X T>] <a = T N U» by(auto intro!l: exl[where
x=T] <openin X T»)
next
fix b
assume b € {(A\z. ) —“ A N (topspace X N U) |A. A € sigma-sets (topspace
X) (Collect (openin X))}
then obtain T where ht:b = T N (topspace X N U) T € sigma-sets (topspace
X) (Collect (openin X))
by auto
hence b=TnNU
proof —
have T C topspace X
by (rule sigma-sets-into-sp[OF - ht(2)]) (simp add: subset-Pow-Union
topspace-def)
thus ?thesis
by (auto simp: ht(1))
qed
with ht(2) show b € sigma-sets (topspace X N U) (Collect (openin (subtopology
X U))
proof (induction arbitrary: b U)
case (Basic a)
then show ?case
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by (auto simp: openin-subtopology)
next
case Empty
then show ?Zcase by simp
next
case ih:(Compl a)
then show ?case
by (simp add: Diff-Int-distrib2 sigma-sets. Compl)
next
case (Union a)
then show ?case
by (metis UN-extend-simps(4) sigma-sets. Union)
qed
qed
qed(simp add: emeasure-borel-of restrict-space-def emeasure-measure-of-conv)

lemma sets-borel-of-discrete-topology: sets (borel-of (discrete-topology I)) = sets
(count-space I)

by (metis Pow-UNIV UNIV-eq-I borel-of-open borel-of-subtopology inf.absorb-iff2
openin-discrete-topology sets-count-space sets-restrict-space sets-restrict-space-count-space
subtopology-discrete-topology top-greatest)

lemma continuous-map-measurable:
assumes continuous-map X Y f
shows f € borel-of X — s borel-of Y
proof (rule measurable-sigma-sets|OF sets-borel-of[of Y]])
show {U. openin Y U} C Pow (topspace Y)
by (simp add: subset-Pow-Union topspace-def)
next
show f € space (borel-of X) — topspace Y
using continuous-map-image-subset-topspace| OF assms]
by (auto simp: space-borel-of)
next
fix U
assume U € {U. openin Y U}
then have openin X (f —¢ U N topspace X)
using continuous-maplof X Y f] assms by auto
thus f —° U N space (borel-of X) € sets (borel-of X)
by (simp add: space-borel-of sets-borel-of)
qed

lemma upper-semicontinuous-map-measurable:

fixes f :: 'a = 'b :: {linorder-topology, second-countable-topology}

assumes upper-semicontinuous-map X f

shows f € borel-measurable (borel-of X)

using assms by (auto intro!: borel-measurablel-less borel-of-open simp: space-borel-of
upper-semicontinuous-map-def)

lemma lower-semicontinuous-map-measurable:
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fixes f :: 'a = 'b :: {linorder-topology, second-countable-topology}

assumes lower-semicontinuous-map X f

shows f € borel-measurable (borel-of X)

using assms by (auto introl: borel-measurablel-greater borel-of-open simp: space-borel-of
lower-semicontinuous-map-def)

lemma open-map-preserves-sets:
assumes open-map S T f inj-on [ (topspace S) A € sets (borel-of S)
shows f * A € sets (borel-of T)
using assms(3)[simplified sets-borel-of]
proof (induction)
case (Basic a)
with assms(1) show ?case
by (auto simp: sets-borel-of open-map-def)

next

case Empty

show ?case by simp
next

case (Compl a)
moreover have f ¢ (topspace S — a) = f * (topspace S) — f “ a
by (metis Diff-subset assms(2) calculation(1) inj-on-image-set-diff sigma-sets-into-sp
subset-Pow-Union topspace-def)
moreover have f ¢ (topspace S) € sets (borel-of T)
by (meson assms(1) borel-of-open open-map-def openin-topspace)
ultimately show ?case
by auto
next
case (Union a)
then show ?case
by (simp add: image-UN)
qed

lemma open-map-preserves-sets'’:
assumes open-map S (subtopology T (f ¢ (topspace S))) f inj-on [ (topspace S)
[ (topspace S) € sets (borel-of T) A € sets (borel-of S)
shows f “ A € sets (borel-of T)
using assms(4)[simplified sets-borel-of]
proof (induction)
case (Basic a)
then have openin (subtopology T (f ¢ (topspace S))) (f “ a)
using assms(1) by(auto simp: open-map-def)
hence f ‘ a € sets (borel-of (subtopology T (f ¢ (topspace S))))
by (simp add: sets-borel-of)
hence f ‘ a € sets (restrict-space (borel-of T) (f ¢ (topspace S)))
by (simp add: borel-of-subtopology)
thus Zcase
by (metis sets-restrict-space-iff assms(3) sets.Int-space-eq?2)
next
case Empty
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show ?case by simp
next
case (Compl a)
moreover have f ¢ (topspace S — a) = f ‘ (topspace S) — f “ a
by (metis Diff-subset assms(2) calculation(1) inj-on-image-set-diff sigma-sets-into-sp
subset-Pow-Union topspace-def)
ultimately show ?case
using assms(3) by auto
next
case (Union a)
then show ?case
by (simp add: image-UN)
qed

Abstract topology version of open = generate-topology ?X = borel = sigma
UNIV ?2X.

lemma borel-of-second-countable’:
assumes second-countable S and subbase-in S U
shows borel-of S = sigma (topspace S) U
unfolding borel-of-def
proof (rule sigma-eql)
show {U. openin S U} C Pow (topspace S)
by (simp add: subset-Pow-Union topspace-def)
next
show U C Pow (topspace S)
using subbase-in-subset|OF assms(2)] by auto
next
interpret s: sigma-algebra topspace S sigma-sets (topspace S) U
using subbase-in-subset| OF assms(2)] by (auto introl: sigma-algebra-sigma-sets)
obtain O where ho: countable O base-in S O
using assms(1) by(auto simp: second-countable-base-in)
show sigma-sets (topspace S) {U. openin S U} = sigma-sets (topspace S) U
proof(rule sigma-sets-eql)
fix U
assume U € {U. openin S U}
then have generate-topology-on U U
using assms(2) by(simp add: subbase-in-def openin-topology-generated-by-iff)
thus U € sigma-sets (topspace S) U
proof induction
case (UN K)
with ho(2) obtain V where hv:
Neke K= VECONhke K= (VK =k
by (simp add: base-in-def openin-topology-generated-by-iff [symmetric] assms(2)[simplified
subbase-in-def ,symmetric]) metis
define Uk where Uk = ((JkeK. V k)
have 0:countable Uk
using hv by(auto introl: countable-subset|OF - ho(1)] simp: Uk-def)
have |J Uk = (| AeUk. A) by auto
also have ... = | K
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unfolding Uk-def UN-simps by (simp add: hv(2))
finally have 1:J Uk =J K .
have VbeUk. IkeK. b C k
using hv by (auto simp: Uk-def)
then obtain V' where hv: Ab. b e Uk = V' b € K and A\b. b € Uk =
bC V'
by metis
then have (|Jbeldk. V' b) C UK JUk C (JbeUk. V' b)
by auto
then have | K = (| beldk. V' b)
unfolding I by auto
also have ... € sigma-sets (topspace S) U
using hv’ UN by(auto intro!: s.countable-UN’ simp: 0)
finally show |J K € sigma-sets (topspace S) U .
qed auto
next
fix U
assume U € U
from assms(2)[simplified subbase-in-def] openin-topology-generated-by-iff gen-
erate-topology-on. Basis|OF this)
show U € sigma-sets (topspace S) {U. openin S U}
by auto
qed
qed

Abstract topology version borel ) ys borel = borel.

lemma borel-of-prod:
assumes second-countable S and second-countable S’
shows borel-of S @ n borel-of S’ = borel-of (prod-topology S S”)
proof —
have borel-of S & ar borel-of S’ = sigma (topspace S X topspace S') {a x b |a
b. a € {a. openin S a} A b € {b. openin S’ b}}
proof —
obtain O O’ where ho:
countable O base-in S O countable O’ base-in S’ O’
using assms by (auto simp: second-countable-base-in)
show ?thesis
unfolding borel-of-def
apply(rule sigma-prod)
using topology-generated-by-topspace|of O,simplified base-is-subbase[OF ho(2),simplified
subbase-in-def ,symmetric]] topology-generated-by-topspacelof O’ ,simplified base-is-subbase[ OF
ho(4),simplified subbase-in-def ,symmetric]|
base-in-openin| OF ho(2)] base-in-openin|OF ho(4)]
by (auto introl: exI[where x=0] exI[where 2=0"] simp: ho subset-Pow-Union
topspace-def)
qed
also have ... = borel-of (prod-topology S S’)
using borel-of-second-countable’| OF prod-topology-second-countable|OF assms|,simplified
subbase-in-def ,OF prod-topology-generated-by-open]
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by simp
finally show ?thesis .
qed

lemma product-borel-of-measurable:
assumes i € [
shows (Az. z 7) € (borel-of (product-topology S I)) —pr borel-of (S 7)
by (auto introl: continuous-map-measurable simp: assms)

Abstract topology version of sets (Pipy UNIV (A-. borel)) C sets borel

lemma sets-PiM-subset-borel-of :
sets (Ilps i€1. borel-of (S i)) C sets (borel-of (product-topology S I))
proof —
have x: (Il i€l. X i) € sets (borel-of (product-topology S I)) if [measurable]: \i.
X i € sets (borel-of (S 14)) finite {i. X i # topspace (S i)} for X
proof —
note [measurable] = product-borel-of-measurable
define I’ where I’ = {i. X i # topspace (S i)} NI
have finite I’ unfolding I’-def using that by simp
have (Ilg i€l. X i) = (N i€l’. (Az. z7)— (X %) N space (borel-of (product-topology
S 1))) N space (borel-of (product-topology S I))
proof (standard;standard)
fix x
assume v € Pig I X
then show z € (i€l (A\z. z7) —° X { N space (borel-of (product-topology
S 1))) N space (borel-of (product-topology S I))
using sets.sets-into-space|OF that(1)] by(auto simp: PiE-def I'-def Pi-def
space-borel-of )
next
fix
assume 1:z € (i€l (Az. z i) —* X i N space (borel-of (product-topology S
1)) N space (borel-of (product-topology S I))
have z i € X ¢ if hi:i € I for i
proof —
consider i e I'ANI"£{}|ig¢I'NT'"={}|i¢ I'NI"#{} by auto
then show ?thesis
apply cases
using sets.sets-into-space[OF <\i. X i € sets (borel-of (S )] 1 that
by (auto simp: space-borel-of I'-def)
qed
then show z € Pig I X
using 1 by(auto simp: space-borel-of)
qed
also have ... € sets (borel-of (product-topology S I))
using that «<finite 1> by(auto simp: I'-def)
finally show ?thesis .
qed
then have {Pig I X |X. (Vi. X i € sets (borel-of (S ))) A finite {i. X © # space
(borel-of (S 14))}} C sets (borel-of (product-topology S I))
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by (auto simp: space-borel-of)
show ?thesis unfolding sets-PiM-finite
by (rule sets.sigma-sets-subset’,fact) (simp add: borel-of-open| OF openin-topspace,
of product-topology S I,simplified] space-borel-of)
qed

Abstract topology version of sets (Pipy UNIV (Ai. borel)) = sets borel.

lemma sets-PiM-equal-borel-of:
assumes countable I and \i. { € I = second-countable (S )
shows sets (Ilpr i€1. borel-of (S ©)) = sets (borel-of (product-topology S I))
proof
obtain K where hk:
countable K base-in (product-topology S I) K
Nk ke K = 3X. (k= (g iel. X 1)) A (Vi. openin (S i) (X ©)) A finite {i.
X i # topspace (S i)} A {i. X i # topspace (S i)} C I
using product-topology-countable-base-in[OF assms(1)] assms(2)
by force
have x:k € sets (I i€l. borel-of (S 14)) if k € K for k
proof —
obtain X where H: k = (Ilg i€l. X i) Ai. openin (S ) (X @) finite {i. X 4
# topspace (S i)} {i. X i # topspace (S i)} C I
using hk(8)[OF <k € K>| by blast
show ?thesis unfolding H(1) sets-PiM-finite
using borel-of-open|OF H(2)] H(3) by(auto simp: space-borel-of)
qed
have xx: U € sets (Il i€l. borel-of (S 7)) if openin (product-topology S I) U
for U
proof —
obtain B where B C K U = (| B)
using <openin (product-topology S I) U» <base-in (product-topology S I) K>
by (metis base-in-def)
have countable B using <B C K> <countable K> countable-subset by blast
moreover have k € sets (I i€l. borel-of (S 1)) if k € B for k
using <B C K)» x that by auto
ultimately show ?thesis unfolding «U = (| B)) by auto
qed
have sigma-sets (topspace (product-topology S I)) {U. openin (product-topology
SI) U} C sets (Ip i€l. borel-of (S 7))
apply (rule sets.sigma-sets-subset’) using *x by (auto introl: sets-PiM-I-countable] OF
assms(1)] simp: borel-of-open| OF openin-topspace])
thus sets (borel-of (product-topology S I)) C sets (Il i€1. borel-of (S 7))
by (simp add: subset-Pow-Union topspace-def borel-of-def)
qed(rule sets-PiM-subset-borel-of)

lemma homeomorphic-map-borel-isomorphic:

assumes homeomorphic-map X Y f

shows measurable-isomorphic-map (borel-of X) (borel-of Y) f
proof —

obtain g where homeomorphic-maps X Y f g
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using assms by (auto simp: homeomorphic-map-maps)
hence continuous-map X Y f continuous-map Y X g
Nz. © € topspace X = g (fz) =z
Ay. y € topspace Y = f (g y) = y
by (auto simp: homeomorphic-maps-def)
thus ?thesis
by (auto introl: measurable-isomorphic-map-by Witness dest: continuous-map-measurable
sitmp: space-borel-of)
qed

lemma homeomorphic-space-measurable-isomorphic:

assumes S homeomorphic-space T

shows borel-of S measurable-isomorphic borel-of T

using homeomorphic-map-borel-isomorphic[of S T] assms by (auto simp: measur-
able-isomorphic-def homeomorphic-space)

lemma measurable-isomorphic-borel-map:
assumes sets M = sets (borel-of S) and f: measurable-isomorphic-map M N f
shows 35’. homeomorphic-map S S’ f A sets N = sets (borel-of S”)
proof —
obtain g where fg:;f € M =) Nge N =y M Az. z€space M = ¢ (fz) =
x N\y. y€space N = f (gy) = y NA. Ac€sets M = f ‘A € sets N \A. Acsets
N = g ‘ A € sets M bij-betw g (space N) (space M)
using measurable-isomorphic-mapD'[OF f] by metis
have g:measurable-isomorphic-map N M g
by (auto intro!: measurable-isomorphic-map-by Witness fg)
have ¢":bij-betw g (space N) (topspace S)
using fg(7) sets-eq-imp-space-eq[OF assms(1)] by(auto simp: space-borel-of)
show ?thesis
proof (intro exl[where z=pullback-topology (space N) g S| conjI)
have [simp]: {U. openin (pullback-topology (space N) g S) U} = () f < {U.
openin S U}
unfolding openin-pullback-topology'|OF g']
proof safe
fix u
assume u:openin S u
then have 1:u C space M
by (simp add: sets-eq-imp-space-eq[OF assms(1)] space-borel-of openin-subset)
with fg(8) have g ‘ f ‘u = u
by (fastforce simp: image-def)
with u show openin S (g ‘ f ‘ u) by simp
fix z
assume z € u
with 1 fg(1) show fz € space N by(auto simp: measurable-space)
next
fix u
assume openin S (g ‘u) u C space N
with fg(4) show v € () f *{U. openin S U}

by (auto simp: image-def intro!: exl[where z=g ‘ u]) (metis in-mono)
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qed
have [simpl|:g —* topspace S N space N = space N
using bij-betw-imp-surj-on g’ by blast
show sets N = sets (borel-of (pullback-topology (space N) g S))
by (auto simp: sets-borel-of topspace-pullback-topology intro!: measurable-isomorphic-map-sigma-sets|OF
assms(1)[simplified sets-borel-of space-borel-of [symmetric] sets-eq-imp-space-eq| OF
assms(1),symmetric]] f])
next
show homeomorphic-map S (pullback-topology (space N) g S) f
proof (rule homeomorphic-maps-imp-map|where g=g|)
obtain f’ where f’:homeomorphic-maps (pullback-topology (space N) g S) S
gf’
using topology-from-bij(1)[OF g'| homeomorphic-map-maps by blast
have f'2:f' y = fy if y:y € topspace S for y
proof —
have [simp]:g —* topspace S N space N = space N
using bij-betw-imp-surj-on g’ by blast
obtain = where z € space Ny =g x
using ¢’ y by(auto simp: bij-betw-def image-def)
thus %thesis
using fg(4) ' by (auto simp: homeomorphic-maps-def topspace-pullback-topology)
qed
thus homeomorphic-maps S (pullback-topology (space N) g S) f ¢
by (auto intro!: homeomorphic-maps-eq[OF '] simp: homeomorphic-maps-sym|of
S)
qged
qed
qed

lemma measurable-isomorphic-borels:
assumes sets M = sets (borel-of S) M measurable-isomorphic N
shows 3.57. S homeomorphic-space S’ N sets N = sets (borel-of S
using measurable-isomorphic-borel-map| OF assms(1)] assms(2) homeomorphic-map-maps
by (fastforce simp: measurable-isomorphic-def homeomorphic-space-def )

end

1.3 Lemmas for Abstract Metric Spaces

theory Set-Based-Metric-Space
imports Lemmas-StandardBorel
begin

We prove additional lemmas related to set-based metric spaces.

1.3.1 Basic Lemmas

lemma
assumes Metric-space M d Ao y. e M —= ye M = dzy=d' zy
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and Azy. d'zy=d' ya Nry. d'zy>0
shows Metric-space-eq: Metric-space M d’
and Metric-space-eq-mtopology: Metric-space.mtopology M d = Metric-space.mtopology
Md’
and Metric-space-eq-mcomplete: Metric-space.mcomplete M d <— Met-
ric-space.mcomplete M d’
proof —
interpret m1: Metric-space M d by fact
show Metric-space M d’
using assms by(auto simp: Metric-space-def)
then interpret m2:Metric-space M d’ .
have [simp]: m1.mball x e = m2.mball z e for z e
using assms by (auto simp: m1.mball-def m2.mball-def)
show 1:m1.mtopology = m2.mtopology
by (auto simp: topology-eq m1.openin-mtopology m2.openin-mtopology)
show m1.mcomplete = m2.mcomplete
by (auto simp: 1 m1.mcomplete-def m2.mcomplete-def m1.MCauchy-def m2.MCauchy-def
assms(2) in-mono)
qed

context Metric-space
begin

lemma mtopology-base-in-balls: base-in mtopology {mball a e | a . a € M N e >
0}
proof —
have 1:Az. z € {mballac | ac. a € M N e > 0} = openin mtopology ©
by auto
show ?thesis
unfolding base-in-def2[of {mball a ¢ | ae. a € M AN e > 0},0F 1,simplified]
by (metis centre-in-mball-iff in-mono openin-mtopology)
qed

lemma closedin-metric2: closedin mtopology C +— C C M A (Vz. z € C +—
(Ve>0. mball x e N C # {}))
proof
assume h:closedin mtopology C
have 1: C C M
using Metric-space.closedin-metric Metric-space-axzioms h by blast
show C C M A (Vz.z € C +— (Vex>0. mballz e N C # {}))
proof safe
fixex
assume z € C (0 = real) < e mballz e N C = {}
with 7 show Fulse
by blast
next
fix z
assume Ve>0. mball z e N C # {}
hence Jan. an € mball © (1 / real (Suc n)) N C for n
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by (meson all-not-in-conv divide-pos-pos of-nat-0-less-iff zero-less-Suc zero-less-one)
then obtain zn where zn:An. zn n € mball z (1 / real (Suc n)) N C
by metis
hence zzn:x € M range zn C C
using zn by auto
have limitin mtopology xn = sequentially
unfolding limitin-metric eventually-sequentially
proof safe
fix e
assume (0 :: real) < ¢
then obtain N where AN: 1 / real (Suc N) < ¢
using nat-approz-posE by blast
show IN. Vn>N.anne M Ad (znn) z <e¢
proof (safe intro!: exl[where z=N])
fix n
assume nfarith]: N < n
then have 1 / real (Suc n) < ¢
by (metis Suc-le-mono hN inverse-of-nat-le nat.distinct(1) order-le-less-trans)
with zn[of n] show d (zn n) z < €
by (simp add: commute)
qged(use xzzn 1 in auto)
qed fact
with h 1 zzn show z € C
by (auto simp: metric-closedin-iff-sequentially-closed)
qged(use I in auto)
next
assumeC C M A (Vz. (z € C) +— (Ve>0. mball z e N C # {}))
hence h:C C M Az. (z € C) «— (Ve>0. mballz e N C # {})
by simp-all
show closedin mtopology C
unfolding metric-closedin-iff-sequentially-closed
proof safe
fix zn z
assume h':range zn C C limitin mtopology xn x sequentially
hence z € M by (simp add: limitin-mspace)
have mballz e N C # {} if ¢ > 0 for ¢
proof —
obtain N where hN:An.n > N = d (znn) z < ¢
using h'(2) & > 0y limit-metric-sequentially by blast
have an N € mball x e N C
using h'(1) hN[of N] <z € M»> commute h(1) by fastforce
thus mball z e N C # {} by auto
qed
with h(2)[of z] show z € C by simp
qed(use h(1) in auto)
qed

lemma openin-mtopology?2:
openin mtopology U +— U C M A (Vzn z. limitin mtopology xn x sequentially N
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zeU— (AN.Vn>N.znn € U))
unfolding openin-mtopology
proof safe
fix zn x
assume h: Vz. z € U — (Ir>0. mball z v C U) limitin mtopology xn x
sequentially x € UU C M
then obtain r where r: v > 0 mball x r C U
by auto
with h(2) obtain N where N: An.n > N = aznnée M An.n > N = d
(znn) z < r
by (metis limit-metric-sequentially)
with h have AN. Vn>N. zn n € mball x r
by (auto introl: exl[where z=N] simp:commute)
with » show AN.Vn>N.znn e U
by blast
next
fix z
assume h:U C M Vzn x. limitin mtopology xn x sequentially N z € U — (I N.
Vn>N.aznne U)ze U
show J3r>0. mball z r C U
proof (rule ccontr)
assume — (Ir>0. mball z v C U)
then have Vn. 3znemball © (1 / Sucn). an ¢ U
by (meson of-nat-0-less-iff subsetl zero-less-Suc zero-less-divide-1-iff)
then obtain zn where zn: An. an n € mball z (1 / Sucn) An.ann ¢ U
by metis
have limitin mtopology xn = sequentially
unfolding limit-metric-sequentially
proof safe
fix e :: real
assume e:0) < e
then obtain N where N: 1 / real (Suc N) < e
using nat-approz-posE by blast
show IN.Vn>N.znne€ M Ad (znn)z<e
proof (safe intro!: exl[where z=N])
fix n
assume n: n > N
then have 7 / Sucn < e
by (metis N Suc-le-mono inverse-of-nat-le nat.distinct(1) order-le-less-trans)
thus d (znn) z < e
using zn(1)[of n] by (auto simp: commute)
ged(use zn in auto)
ged(use h in auto)
with h(2,3) zn(2) show False
by auto
qed
qed

lemma closure-of-mball: mtopology closure-of mball a e C mcball a e
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by (simp add: closure-of-minimal mball-subset-mcball)

lemma interior-of-mcball: mball a e C mitopology interior-of mcball a e
by (simp add: interior-of-mazimal-eq mball-subset-mcball)

lemma isolated-points-of-mtopology:
mtopology isolated-points-of A = {z€MNA.V zn. range zn C A A limitin mtopology
an ¢ sequentially — (Ino. Vn>no. zn n = z)}
proof safe
fix z zn
assume h:x € mtopology isolated-points-of A limitin mtopology xn x sequentially
range xn C A
then have ha:x € topspace mtopology x € A JU. x € U A openin mtopology U
ANUN (A= A{z}) ={}
by (simp-all add: in-isolated-points-of)
then obtain U where w:x € U openin mtopology U U N (A — {z}) = {}
by auto
then obtain e where e: e > 0 mball z e C U
by (meson openin-mtopology)
then obtain N where An.n > N = a2nn € mball z e
using h(2) commute limit-metric-sequentially by fastforce
thus 3no. Vn>no. ann =z
using h(3) e(2) u(3) by(fastforce intro!: exl[where z=N])
qed (auto simp: derived-set-of-sequentially isolated-points-of-def, blast)

lemma perfect-set-mball-infinite:
assumes perfect-set mtopology A a € A e > 0
shows infinite (mball a e)

proof safe
assume h: finite (mball a e)
have ¢ € M

using assms perfect-setD(2)[OF assms(1)] by auto
have 3e > 0. mball a ¢ = {a}
proof —
consider mball a e = {a} | {a} C mball a e
using <a € M» assms(3) by blast
thus ?thesis
proof cases
case ]
with assms show ?thesis by auto
next
case 2
then have nen:{d a b |b. b € mball a e A a # b} # {}
by auto
have fin: finite {d a b |b. b € mball a e A a # b}
using h by (auto simp del: in-mball)
define ¢’ where e’ = Min {d a b |b. b € mball a e A a # b}
have ¢/ > 0
using mdist-pos-eq[OF <a € M>] by (simp add: e’-def Min-gr-iff[OF fin nen]
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del: in-mball) auto
have bd:A\b. b€ mballae = a# b= ¢'< dabd
by (auto simp: e’-def Min-le-iff[OF fin nen| simp del: in-mball)
have ¢/ < e
unfolding e’-def Min-le-iff[OF fin nen)
using nen by auto
show ?thesis
proof (safe intro!: exl[where z=e’))
fix z
assume z:z € mball a e’
then show z = a
using (¢’ < e» bd by fastforce
qged (use <a € M» <e’ > 0y in auto)
qed
qed
then obtain e’ where e¢”:e¢’ > 0 mball a ¢’ = {a} by auto
show Fulse
using perfect-setD(8)[OF assms(1,2) centre-in-mball-iff[of a ¢, THEN iffD2]]
a € My <e’ > 0y e'(2) by blast
qed

lemma MCauchy-dist-Cauchy:
assumes MCauchy zn MCauchy yn
shows Cauchy (An. d (zn n) (yn n))
unfolding metric-space-class. Cauchy-altdef2 dist-real-def
proof safe
have h:An. znn e M An. ynn e M
using assms by (auto simp: MCauchy-def)
fix e :: real
assume e:0) < e
with assms obtain NI N2 where N: An m. n > NI = m > NI = d (an
n)(aznm) <e/2Anm.n>N2 = m>N2=d(ynn)(ynm) <e/2
by (metis MCauchy-def zero-less-divide-iff zero-less-numeral)
define N where N = maz NI N2
then have N N > NI N > N2 by auto
show IN. Vn>N. |d (znn) (ynn) — d (an N) (yn N)| < e
proof(safe intro!: exl[where z=N])
fix n
assume n:N < n
have d (zn n) (yn n) < d (znn) (zn N) + d (zn N) (yn N) + d (yn N) (yn

d (zn N) (yn N) < d (zn N) (zn n) + d (zn n) (yn n) + d (yn n) (yn N)
using triangle]OF h(1)[of n] h(1)[of N] h(2)[of n]] triangle[OF h(1)[of N]
W(2)[of N] h(2)[of n)]
triangle[OF h(1)[of N] h(2)[of n] h(2)[of N]| triangle]OF h(1)[of N]
h(1)[of n] k(2)[of n]] by auto
thus |d (zn n) (ynn) — d (zn N) (yn N)| < e
using N(1)[OF N'(1) order.trans|OF N'(1) n]] N(2)[OF N'(2) order.trans|OF
N'(2) n]] N(1)[OF order.trans]OF N'(1) n] N'(1)] N(2)[OF order.trans|OF N'(2)
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n] N'(2)]
by auto
qed
qed

1.3.2 Dense in Metric Spaces

abbreviation mdense = dense-in mtopology

https://people.bath.ac.uk/mw2319/ma30252 /sec-dense.html

lemma mdense-def:
mdense U «+— U C M AN (VzeM.VYe>0. mball z e N U # {})
proof safe
assume h: U C M (VzeM.Ve>0. mballz e N U # {})
show dense-in mtopology U
proof(rule dense-inI)
fix V
assume h':openin mtopology V'V # {}
then obtain z where 1:2 € V by auto
then obtain ¢ where 2:6>0 mball x ¢ C V
by (meson h'(1) openin-mtopology)
have mball z e N U # {}
using h 1 2 openin-subset|OF h'(1)]
by (auto simp del: in-mball)
thus U N V # {} using 2 by auto
qed(use h in auto)
next
fix z ¢
assume h:x € M (0 :: real) < e mball z ¢ N U = {} mdense U
then have mball z € # {} openin mtopology (mball x €)
by auto
with h(4) have mball z e N U # {}
by (auto simp: dense-in-def)
with h(3) show False
by simp
qed(auto simp: dense-in-def)
corollary mdense-balls-cover:
assumes mdense U and e > 0
shows (|JueU. mball u e) = M

using assms[simplified mdense-def] commute by fastforce

lemma mdense-empty-iff: mdense {} +— M = {}
by (auto simp: mdense-def) (use zero-less-one in blast)

lemma mdense-M: mdense M
by (auto simp: mdense-def)

lemma mdense-def2:
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mdense U «— U C M AN (VezeM.Vex>03yeU. dzy < ¢)
proof safe
fixze
assume h: mdense U and hze: © € M (0 :: real) < e
then have z € (|JueU. mball u e)
by (simp add: mdense-balls-cover)
thus dJycU. dzy < e
by (fastforce simp: commute)
qed(fastforce simp: mdense-def)+

lemma mdense-def3:
mdense U +— U C M A (VzeM. Tan. range zn C U A limitin mtopology xn x
sequentially)
unfolding mdense-def
proof safe
fix z
assume h: U C M VzeM. Ve>0. mballz e N U #{} z € M
then have An. mball x (1 / (realn + 1)) N U # {}
by auto
hence Vn. 3k. k € mball z (1 / (real n + 1)) N U by (auto simp del: in-mball)
hence Ja.Vn. an € mball x (1 / (realn + 1)) N U by(rule choice)
then obtain zn where zn: An. ann € mball x (1 / (realn + 1)) N U
by auto
show Jan. range xn C U A limitin mtopology xzn x sequentially
unfolding limitin-metric eventually-sequentially
proof(safe intro!: exl[where z=zn))
fix € :: real
assume he:0 < ¢
then obtain N where hn: 1 / ¢ < real N
using reals-Archimedean?2 by blast
have hn'": 0 < real N
by (rule ccontr) (use hn he in fastforce)
hence 1 / real N < ¢
using he hn by (metis divide-less-eq mult.commute)
hence hn'":1 / (real N + 1) < ¢
using hn'by(auto introl: order.strict-trans| OF linordered-field-class. divide-strict-left-mono[of
real N real N + 1 1]])
show IN. Vn>N.ann € M Ad (znn) z < ¢
proof (safe intro!: exI[where z=N])
fix n
assume N < n
then have 1:1 / (realn + 1) < 1 / (real N + 1)
using hn’ by(auto intro!: linordered-field-class. divide-left-mono)
show d (znn) z < ¢
using xzn[of n] order.strict-trans1[OF 1 hn'"] by (auto simp: commute)
ged(use zn in auto)
ged(use zn h in auto)
next
fix z and e :: real
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assume h: U C M VzeM. Fan. range xn C U A limitin mtopology xn x sequen-
tiallyz € M0 < emballzen U = {}
then obtain zn where zn:range zn C U limitin mtopology zn = sequentially
by auto
with h(4) obtain N where N: An.n > N = d (znn) z < e
by (meson limit-metric-sequentially)
have 2n N € mballz e N U
using N[of N] zn(1) h(1,8) by (auto simp: commute)
with h(5) show False by simp
qed

Diameter

definition mdiameter :: 'a set = ennreal where
mdiameter A = | | {ennreal (dzy) |2y € ANMAye AN M}

lemma mdiameter-empty|simp]:
mdiameter {} = 0
by (simp add: mdiameter-def bot-ennreal)

lemma mdiameter-def2:
assumes A C M
shows mdiameter A = | | {ennreal (dzy) |zy. z € ANy € A}
using assms by(auto simp: mdiameter-def) (meson subset-eq)

lemma mdiameter-subset:
assumes A C B
shows mdiameter A < mdiameter B
unfolding mdiameter-def using assms by(auto intro!: Sup-subset-mono)

lemma mdiameter-cball-leq: mdiameter (mcball a €) < ennreal (2 * €)
unfolding Sup-le-iff mdiameter-def
proof safe
fix zy
assume h:x € mcball a e y € mecballae x € My e M
have dzy < 2 x ¢
using h(1) h(2) triangle’’ by fastforce
thus ennreal (d z y) < ennreal (2 * €)
using ennreal-lel by blast
qged

lemma mdiameter-ball-leq:

mdiameter (mball a €) < ennreal (2 * €)

using mdiameter-subset[ OF mball-subset-mcball[of a €]] mdiameter-cball-leg[of a
el

by auto

lemma mdiameter-is-sup:

assumes t € ANMye ANM
shows d = y < mdiameter A
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using assms by (auto simp: mdiameter-def intro!: Sup-upper)

lemma mdiameter-is-sup’:

assumes x € AN My € AN M mdiameter A < ennreal rr > 0

shows dzy < r

using order.trans[OF mdiameter-is-sup| OF assms(1,2)] assms(3)] assms(4) by
simp

lemma mdiameter-le:
assumes A\zy. 1€ A= ye A= dzy<r
shows mdiameter A < r
using assms by (auto simp: mdiameter-def Sup-le-iff ennreal-lel)

lemma mdiameter-eq-closure: mdiameter (mtopology closure-of A) = mdiameter
A
proof (rule antisym)
show mdiameter A < mdiameter (mtopology closure-of A)
by (fastforce introl: Sup-subset-mono simp: mdiameter-def metric-closure-of)
next
have {ennreal (dzy) |ty € ANMANye AN M} = ennreal “{dzy|zy.
reANMAye AN M}
by auto
also have mdiameter (mtopology closure-of A) < |] ...
unfolding le-Sup-iff-less
proof safe
fix r
assume r < mdiameter (mtopology closure-of A)
then obtain z y where zy:x € mtopology closure-of A x € M y € mtopology
closure-of A y € M r < ennreal (d z y)
by (auto simp: mdiameter-def less-Sup-iff)
hence r < T
using dual-order.strict-trans ennreal-less-top by blast
define ¢ where ¢ = (d z y — enn2real 1)/2
have e > 0
using zy(5) <r < T» by(simp add: e-def)
then obtain z’ y’ where zy":x’ € mball z e z'e¢ A y' € mball y e y'e A
using zy by (fastforce simp: metric-closure-of)
show Jie{dzy|lzry. € ANMANye AN M}. r < ennreal i
proof (safe introl: bexl[where z=d =’ y'])
have dey<dzz' +dz'y' +dyy’
using triangle|OF zy(2) - zy(4),of x| zy’ trianglelof =’ y' y]
by (fastforce simp add: commute)
also have ... < dzy — enn2real v + d 2’ y'
using zy'(1) zy'(3) by(simp add: e-def)
finally have enn2real r < d x’ y’ by simp
thus r < ennreal (d 2’ y’)
by (simp add: «r < T))
qed(use zy'(1) zy'(3) zy'(2,4) in auto)
qed
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finally show mdiameter (mtopology closure-of A) < mdiameter A
by(simp add: mdiameter-def)
qed

lemma mbounded-finite-mdiameter: mbounded A +— A C M N mdiameter A <
00
proof safe
assume mbounded A
then obtain z B where A C mcball z B
by (auto simp: mbounded-def)
then have mdiameter A < mdiameter (mcball z B)
by (rule mdiameter-subset)
also have ... < ennreal (2 * B)
by (rule mdiameter-cball-leq)
also have ... < o0
by auto
finally show mdiameter A < oo .
next
assume h:mdiameter A < oo A C M
consider A = {} | A # {} by auto
then show mbounded A
proof cases
case h2:2
then have 1:{dzy |z y. x € ANy e A} # {} by auto
have eg:{ennreal (dzy) | zy. x € ANy € A} = ennreal ‘{daxy|zy z€
ANy e A}
by auto
hence 2:mdiameter A = || (ennreal ‘{dzy|zy z € ANye A})
using h by(auto simp add: mdiameter-def2)
obtain z y where hzy:
z € Ay e A mdiameter A < ennreal (dzy + 1)
using SUP-approx-ennreal[OF - 1 2,0f 1] h by(fastforce simp: diameter-def)
show ?thesis
unfolding mbounded-alt
proof (safe intro!: exl[where z=d z y + 1])
fix w z
assume w € A z € A
with SUP-lessD[OF hxy(3)[simplified 2]]
have ennreal (d w z) < ennreal (dxy + 1)
by blast
thusdwz<dxy+ 1
by (metis canonically-ordered-monoid-add-class.lessE ennreal-le-iff2 en-
nreal-neg le-iff-add not-less-zero)
qed (use h in auto)
qed(auto simp: mbounded-def)
qed(auto simp: mbounded-def)

Distance between a point and a set.

definition d-set :: ‘a set = 'a = real where
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d-set A= MNe. if AZ{JNACMAze Mthen Inf {dzy |y y € A} else 0)

lemma d-set-nonneg[simp):
d-set Az >0
proof —
have {dzy |y. y € A} = dz * A by auto
thus ?thesis
by (auto simp: d-set-def intro!: cINF-greatest|of - - d x])
qed

lemma d-set-bdd-below[simp]:
bdd-below {d z y |y. y € A}
by (auto simp: bdd-below-def intro!: exI[where z=0])

lemma d-set-singleton[simp):
reEM=—=yeM= dset{yz=dzy
by (auto simp: d-set-def)

lemma d-set-empty[simp]:
d-set {} z =0
by (simp add: d-set-def)

lemma d-set-notin:
z ¢ M= dset Az =10
by (auto simp: d-set-def)

lemma d-set-inA:
assumes z € A
shows d-set A © = 0
proof —
{
assumer € M AC M
then have 0 € {dzy |y. y € A}
using assms by (auto intro: exl[where z=z])
moreover have A # {}
using assms by auto
ultimately have Inf {dzy |y. y € A} =0
using cInf-lower[OF <0 € {dz y |y. y € Ap] d-set-nonneg[of A z] <A C M)
x € M
by (auto simp: d-set-def)

thus ?thesis
using assms by (auto simp: d-set-def)
qed

lemma d-set-nzeroD:
assumes d-set A x # 0
shows A C Mz ¢ A A#{}
by (rule ccontr, use assms d-set-inA d-set-def in auto)
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lemma d-set-antimono:
assumes A C BA#{} BC M
shows d-set B x < d-set A z
proof(cases B = {})
case h:Fulse
with assms have {dzy|y. y€ B} #{} {dzyly.y€ A} C{dzy|y. y € B}
ACM
by auto
with assms(3) show ?thesis
by(simp add: d-set-def cInf-superset-mono assms(2))
qed(use assms in simp)

lemma d-set-bounded:
assumes A\y. y€e A = dzy< KK >0
shows d-set A x < K
proof —
consider A={} | " ACM|z¢M|A##{} ACMze M
by blast
then show ?thesis
proof cases
case 4
then have 2:{d z y |y. y € A} # {} by auto
show ?thesis
using assms by (auto simp add: d-set-def cInf-lessD|OF 2] cInf-less-iff[OF
2])

qed(auto simp: d-set-def assms)
qed

lemma d-set-tr:
assumes r € My e M
shows d-set Az < dzy + d-set Ay
proof —
consider A={} | " ACM|A##{} ACM
by blast
then show ?thesis
proof cases
case 3
have d-set Az < Inf{dzy+ dyala acA}
proof —
have[| {dzy|ly.ye A} <[] {dzy+ dyala a€ A}
by (rule cInf-mono) (use 8 assms triangle in fastforce)+
thus ?thesis
by(simp add: d-set-def assms 3)

qed

also have ... = ([Jac€A. dzy + d y a)
by (simp add: Setcompr-eg-image)

alsohave ... =dzy +[] (dy ‘ A4)

using 3 by(auto intro!: Inf-add-eq bdd-belowl [where m=0])
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also have ... = dz y + d-set Ay
using assms & by(auto simp: d-set-def Setcompr-eg-image)
finally show ?thesis .
qed(auto simp: d-set-def)
qed

lemma d-set-abs-le:

assumes x € My e M

shows |d-set Az — d-set Ay| < dzy

using d-set-tr[OF assms,of A] d-set-tr|OF assms(2,1),0f A,simplified commute[of
y 4l

by auto

lemma d-set-inA-le:
assumes y € A
shows d-set Az < dzy
proof —
consider A#{} ACMzeM|-~ACM|z¢ M
using assms by blast
then show ?thesis
proof cases
case I
with assms have y € M by auto
from d-set-tr[OF 1(3) this,of A] show 2thesis
by (simp add: d-set-inA[OF assms])
qed(auto simp: d-set-def)
qged

lemma d-set-ball-empty:
assumes A #A{} ACMe>0ze€ Mmballzen A= {}
shows d-set A z > ¢
using assms by (fastforce simp: d-set-def assms(1) le-cInf-iff)

lemma d-set-closed-pos:
assumes closedin mtopology A A#{}ze Mz ¢ A
shows d-set A x > 0
proof —
have a:A C M openin mtopology (M — A)
using closedin-subset[OF assms(1)] assms(1) by auto
with assms(3,4) obtain e where e: e > O mballz e C M — A
using openin-mtopology by auto
thus ?thesis
by (auto introl: order.strict-trans2[OF e(1) d-set-ball-empty[OF assms(2) a(1)
e(1) assms(3)]])
qed

lemma gdelta-in-closed:

assumes closedin mtopology M
shows gdelta-in mtopology M
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by (auto intro!: closed-imp-gdelta-in metrizable-space-mtopology)

Oscillation

definition osc-on :: ['b set, 'b topology, 'b = 'a, 'b] = ennreal where
osc-on A X f = (Ay. [] {mdiameter (f (AN U)) |U.y € U A openin X U})

abbreviation osc X = osc-on (topspace X) X

lemma osc-def: osc X f = (\y. [] {mdiameter (f *U) |U. y € U A openin X U})
by (standard,auto simp: osc-on-def) (metis (no-types, opaque-lifting) inf.absorb2
openin-subset)

lemma osc-on-less-iff:
osc-on A X fo <t <+— (3v. z € v A openin X v A mdiameter (f ‘(A Nw)) < t)
by (auto simp add: osc-on-def Inf-less-iff)

lemma osc-less-iff:
osc X fo <t<+— (3v. € v A openin X v A mdiameter (f ‘v) < t)
by (auto simp add: osc-def Inf-less-iff)

end

definition mdist-set :: ‘a metric = 'a set = ’'a = real where
mdist-set m = Metric-space.d-set (mspace m) (mdist m)

lemma(in Metric-space) mdist-set-Self: mdist-set Self = d-set
by (simp add: mdist-set-def)

lemma mdist-set-nonneg[simp): mdist-set m A © > 0
by (auto simp: mdist-set-def Metric-space.d-set-nonneg)

lemma mdist-set-singleton|simp]:
x € mspace m => y € mspace m —> mdist-set m {y} x = mdist m z y
by (auto simp: mdist-set-def Metric-space.d-set-singleton)

lemma mdist-set-empty[simp|: mdist-set m {} x = 0
by (auto simp: mdist-set-def Metric-space.d-set-empty)

lemma mdist-set-inA:
assumes z € A
shows mdist-set m A x = 0
by (auto simp: assms mdist-set-def Metric-space.d-set-inA)

lemma mdist-set-nzeroD:
assumes mdist-set m A x # 0
shows A C mspace mx ¢ A A # {}
using assms Metric-space.d-set-nzeroD|of mspace m mdist m]
by (auto simp: mdist-set-def)
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lemma mdist-set-antimono:
assumes A C B A # {} B C mspace m
shows mdist-set m B x < mdist-set m A x
by (auto simp: assms mdist-set-def Metric-space.d-set-antimono)

lemma mdist-set-bounded:
assumes \y. y € A = mdist mzy < KK > 0
shows mdist-set m A z < K
by (auto simp: assms mdist-set-def Metric-space.d-set-bounded)

lemma mdist-set-tr:
assumes r € mspace m y € mspace m
shows mdist-set m A x < mdist m x y + mdist-set m A y
by (auto simp: assms mdist-set-def Metric-space.d-set-tr)

lemma mdist-set-abs-le:
assumes r © mspace m y € mspace m
shows |mdist-set m A x — mdist-set m A y| < mdist m x y
by (auto simp: assms mdist-set-def Metric-space.d-set-abs-le)

lemma mdist-set-inA-le:
assumes y € A
shows mdist-set m A x < mdist m z y
by(auto simp: assms mdist-set-def Metric-space.d-set-inA-le)

lemma mdist-set-ball-empty:
assumes A # {} A C mspace m e > 0 x € mspace m mball-of m z e N A = {}
shows mdist-set m A z > e
by (metis Metric-space.d-set-ball-empty Metric-space-mspace-mdist assms mball-of-def
mdist-set-def)

lemma mdist-set-closed-pos:
assumes closedin (mtopology-of m) A A # {} x € mspace m z ¢ A
shows mdist-set m A © > 0
by (metis Metric-space.d-set-closed-pos Metric-space-mspace-mdist assms mdist-set-def

mtopology-of-def)

lemma mdist-set-uniformly-continuous: uniformly-continuous-map m euclidean-metric
(mdist-set m A)

unfolding uniformly-continuous-map-def
proof safe

fix e :: real

assume 0 < e

then show 35>0. Vx€mspace m. ¥ yemspace m. mdist m y x < 6 —> mdist
euclidean-metric (mdist-set m A y) (mdist-set m A z) < e

using order.strict-trans1 [OF mdist-set-abs-le] by(auto intro!: exI[where z=¢]

simp: dist-real-def)
qed simp
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lemma uniformly-continuous-map-add:
fixes [ :: 'a = 'bureal-normed-vector
assumes uniformly-continuous-map m euclidean-metric f uniformly-continuous-map
m euclidean-metric g
shows uniformly-continuous-map m euclidean-metric (Az. f© + g )
unfolding uniformly-continuous-map-def
proof safe
fix e :: real
assume ¢ > ()
from half-gt-zero|OF this| assms obtain dI d2 where d: d1 > 0 d2 > 0
Nz y. z € mspace m => y € mspace m = mdist mzy < dl = dist (fz) (f
y) <e/ 2 NAzry. x € mspace m = y € mspace m =—> mdist mzy < d2 =
dist (gz) (9y) <e/ 2
by (simp only: uniformly-continuous-map-def mdist-euclidean-metric) metis
show 30>0. Vyemspace m. ¥V xemspace m. mdist m x y < § — mdist eu-
clidean-metric (fx + gz) (fy +gy) <e
using d by(fastforce introl: exl[where z=min d1 d2] order.strict-transl [ OF
dist-triangle-add))
qed simp

lemma uniformly-continuous-map-real-divide:
fixes f :: 'a = real
assumes uniformly-continuous-map m euclidean-metric f uniformly-continuous-map
m euclidean-metric g
and A\z. z € mspace m = gz # 0 N\z. x € mspace m = |gz| > aa > 0
Nz. € mspace m = |g x| < Kg
and A\z. z € mspace m = |f z| < Kf
shows uniformly-continuous-map m euclidean-metric (Az. fz / g x)
unfolding uniformly-continuous-map-def
proof safe
fix e :: real
assume elarith]:e > 0
consider mspace m # {} | mspace m = {} by auto
then show 35>0. Vx€mspace m. ¥V yemspace m. mdist m y x < § —> mdist
euclidean-metric (fy / gy) (fz/ gz) <e
proof cases
case m:1
then have Kfg-pos|arith]: Kg > 0 Kf > 0
using assms(4—7) by auto fastforce+
define e’ where ¢’ = a2 / (Kf + Kg) * e
have e":¢’ > 0
using assms(5) by(auto simp: e’-def)
with assms obtain di d2 where d: d1 > 0d2 > 0
Az y. © € mspace m = y € mspace m =—> mdist mzy < dl = |fz — [y
<e' Azy. z € mspace m = y € mspace m = mdist mzy < d2 = |gz —
gyl <e
by (simp only: uniformly-continuous-map-def mdist-euclidean-metric dist-real-def)
metis
show ?thesis
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unfolding mdist-euclidean-metric dist-real-def
proof(safe introl: exl[where z=min d1 d2])
fix zy
assume z:z € mspace m and y:y € mspace m and mdist m z y < min dI d2
then have dist[arith]: mdist m z y < dI mdist m z y < d2 by auto
note [arith] = assms(3,4,6,7)[OF z] assms(3,4,6,7)[OF y]
have |[fo / gz —fy /gyl =I[Fexgy—fyxgz)/(9z*gy)l
by (simp add: diff-frac-eq)

alsohave ... = |[(fzx gy — fexgz+ (frxge —fyxgz))/(gz*gy)
by simp
also have ... = [(fz — fy) x gz — fzx (gz — gy)| / (lgz[ =g y])

by (simp add: left-diff-distrib right-diff-distrib abs-mult)
also have ... < (|[fz — fy| = |gz[ + |fz[ x|gz — gyl) / (lg 2| *|gyl)
by (rule divide-right-mono) (use abs-triangle-ineq4 abs-mult in metis,auto)
also have ... < (e/* Kg + Kf x ¢') / (lg z| * |g y|)
by (rule divide-strict-right-mono| OF add-less-le-monol) (auto intro!: mult-mono’
mult-strict-mono, use d(3,4)[OF x y] in auto)
also have ... < (e¢/* Kg + Kf x ¢') / a2
by (auto introl: divide-left-mono simp: power2-eq-square) (insert assms(5)
e, auto simp: <a < |g x> mult-mono’)

also have ... = (Kf + Kg) / o™ 2 x ¢’
by (simp add: distrib-left mult.commute)
also have ... = ¢

using assms(5) by(auto simp: e’-def)
finally show |fz /gz—fy /gyl <e.
ged(use d in auto)
qed (auto introl: exl[where z=1])
qed simp

lemma
assumes e > ()
shows uniformly-continuous-map-from-capped-metric:uniformly-continuous-map
(capped-metric e m1) m2 f <— uniformly-continuous-map m1 m2 f (is ?g1)
and uniformly-continuous-map-to-capped-metric:uniformly-continuous-map ml
(capped-metric e m2) f «— uniformly-continuous-map m1 m2 f (is 792)
proof —
have [simp]:(An. min e (X n)) —— 0 +— X —— 0 for X
proof
assume h:(An. min e (X n)) —— 0
show X —— 0
unfolding LIMSEQ-def dist-real-def
proof safe
fix r :: real
assume 0 < r
then have min (e / 2) r > 0
using assms by auto
from LIMSEQ-D|OF h this] obtain N where N:An. n > N = |min e (X
n)| < min (e / 2) r
by auto
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have min e (X n) = X nif hin > N for n
proof (rule ccontr)
assume min e (X n) # X n
then have min e (X n) = e
by auto
with N[OF h] show Fulse
by auto
qed
with N show 3no. Vn>no. |[Xn — 0] <r
by (auto introl: exI[where z=N])
qed
qed(auto introl: tendsto-eq-intros(4)[of Ax. e e sequentially X - | simp: assms)
show ?2g1 %¢2
using assms by (auto simp: uniformly-continuous-map-sequentially capped-metric-mdist)
qed

lemma Urysohn-lemma-uniform:
assumes closedin (mtopology-of m) T closedin (mtopology-of m) U T N U = {}
NeyzeT —=yeclU= mdistmazy>ee>0
obtains f :: 'a = real
where uniformly-continuous-map m euclidean-metric f
Ne. fe>20Ne. fe<INe.zeT=foz=1Ne.z2eU= fz=20
proof —
consider T ={} | U={}| T # {} U # {} by auto
then show ?thesis
proof cases
case I
define f where f = (A\z::’a. 0::real)
with 1 have uniformly-continuous-map m euclidean-metric f Nz. fz > 0 Ax.
fe<iNv.zeT=fao=1Ne.2eU=fz=20
by auto
then show ?thesis
using that by auto
next
case 2
define f where f = (A\z::'a. 1::real)
with 2 have uniformly-continuous-map m euclidean-metric f Az. fo > 0 Ax.
fr<iNe.zeT=fz=1Ne.z2e U= fz=20
by auto
then show ?thesis
using that by auto
next
case TU:3
then have STU:mspace m # {} T C mspace m U C mspace m
using assms(1,2) closedin-topspace-empty closedin-subset by fastforce+
interpret m: Metric-space mspace m mdist (capped-metric e m)
by (metis Metric-space-mspace-mdist capped-metric-mspace)
have exx € T = y € U = mdist (capped-metric e m) x y > e for z y
by (simp add: assms(4) capped-metric-mdist)
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define f where [ = (Az. mdist-set (capped-metric e m) U z / (mdist-set
(capped-metric e m) U x + mdist-set (capped-metric e m) T x))
have uniformly-continuous-map m euclidean-metric f
unfolding uniformly-continuous-map-from-capped-metric|OF assms(5),0f
m,symmetric| f-def
proof (rule uniformly-continuous-map-real-divide[where Kf=e + 1 and Kg=2
* e + 1 and a=e / 2])
show uniformly-continuous-map (capped-metric e m) euclidean-metric (mdist-set
(capped-metric e m) U)
uniformly-continuous-map (capped-metric e m) euclidean-metric (Ax.
mdist-set (capped-metric e m) U x + mdist-set (capped-metric e m) T x)
by (auto intro!: mdist-set-uniformly-continuous uniformly-continuous-map-add)
next
fix z
assume z:x € mspace (capped-metric e m)
then consider t ¢ T |z ¢ U
using TU assms by auto
thus mdist-set (capped-metric e m) U x + mdist-set (capped-metric e m) T
x#0
proof cases
case I
with TU x assms have mdist-set (capped-metric e m) T > 0
by (auto introl: mdist-set-closed-pos simp: mtopology-capped-metric)
thus ?thesis
by (metis add-less-same-cancel2 linorder-not-less mdist-set-nonneg)
next
case 2
with TU x assms have mdist-set (capped-metric e m) Uz > 0
by (auto introl: mdist-set-closed-pos simp: mtopology-capped-metric)
thus ?thesis
by (metis add-less-same-cancell linorder-not-less mdist-set-nonneg)
qed
next
fix z
assume z:x € mspace (capped-metric e m)
consider z € ((JacU. m.mball a (e / 2)) |z ¢ (JacU. m.mball a (e / 2))
by auto
then show e / 2 < |mdist-set (capped-metric e m) U x + mdist-set (capped-metric
em) T x|
proof cases
case I
have m.mball x (e / 2) N T = {}
proof (rule ccontr)
assume m.mball z (e / 2) N T # {}
then obtain y where y: y € m.mballz (e / 2) y € T
by blast
then obtain u where w:u € Uz € m.mball u (e / 2)
using 1 by auto
have mdist (capped-metric e m) y u < mdist (capped-metric e m) y x +

83



mdist (capped-metric e m) z u
using STU u y z by(auto intro!: m.triangle)
alsohave ... <e /2 +e/ 2
using y u by(auto simp: m.commute)
also have ... = ¢ using assms(5) by linarith
finally show Fulse
using e[OF y(2) u(1)] by simp
qed
from m.d-set-ball-empty|OF - - - - this] TU STU x assms(1,5)
have e / 2 < m.d-set T x
using STU(2) x by auto
also have ... < |mdist-set (capped-metric e m) U x + mdist-set (capped-metric
em) T x|
by (simp add: mdist-set-def)
finally show ?thesis .
next
case 2
then have m.mball z (e / 2) N U = {}
using z by (auto simp: m.commute)
hence e / 2 < m.d-set Uz
by (metis STU(3) TU(2) assms(5) capped-metric-mspace half-gt-zero
m.d-set-ball-empty x)
also have ... < |mdist-set (capped-metric e m) U x + mdist-set (capped-metric
em) T x|
by (simp add: mdist-set-def)
finally show ?thesis .
qed
next
fix z
assume z € mspace (capped-metric e m)
have |mdist-set (capped-metric e m) U x + mdist-set (capped-metric e m) T
x| = mdist-set (capped-metric e m) U z + mdist-set (capped-metric e m) T x
using mdist-set-nonneg by auto
alsohave ... < (e+ 1 /2)+(e+ 1/ 2)
apply(intro add-strict-mono mdist-set-bounded)
using assms(5) add-strict-increasing[of 1 / 2,0F - mdist-capped| OF
assms(5),0f m z]] by (auto simp add: add.commute)
also have ... = 2 x e + 1
by auto
finally show |mdist-set (capped-metric e m) U x + mdist-set (capped-metric
em) Tz <2xe+ 1.
show |mdist-set (capped-metric e m) Uz| < e + 1
using assms(5) add-strict-increasing[of 1,0F - mdist-capped|OF assms(5),of
m z]| by (auto simp add: add.commute intro!: mdist-set-bounded)
qged(use assms in auto)
moreover have A\z. fz €{0..1}
proof —
fix x
have f z < mdist-set (capped-metric e m) U z / mdist-set (capped-metric e
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m) Uz
proof —
consider mdist-set (capped-metric e m) Uz = 0 | mdist-set (capped-metric
em) Uz >0
using antisym-convl by fastforce
thus ?thesis
proof cases
case 2
show ?thesis
unfolding f-def by(rule divide-left-mono[OF - - mult-pos-pos]) (auto
simp: 2 add-strict-increasing)
qed (simp add: f-def)
qed
also have ... < 1 by simp
finally show fz € {0..1}
by (auto simp: f-def)
qed
moreover have fr = 1 if z:x € T for z
proof —
{ assume h:mdist-set (capped-metric e m) Uz = 0
then have z ¢ U using assms STU z by blast
hence Fulse
by (metis STU(2) TU(2) assms(2) capped-metric-mspace h mdist-set-closed-pos
mtopology-capped-metric order-less-irrefl subset-eq x)

thus ?thesis
by (metis add.right-neutral divide-self-if f-def mdist-set-nzeroD(2) )
qed
moreover have A\z. 2 € U = fz =0
by (simp add: f-def m.d-set-inA mdist-set-def)
ultimately show ?thesis
using that by auto
qed
qed

Open maps

lemma Metric-space-open-map-from-dist:
assumes f € mspace m1 — mspace m2
and Az . € mspace ml = ¢ > 0 = 36>0. Y yemspace m1. mdist m2
(fz) (fy) <d — mdist ml zy < ¢
shows open-map (mtopology-of m1) (subtopology (mtopology-of m2) (f * mspace
m1)) f
proof —
interpret m1: Metric-space mspace m1 mdist m1 by simp
interpret m2: Metric-space mspace m2 mdist m2 by simp
interpret m2'. Submetric mspace m2 mdist m2 f ¢ mspace m1
using assms(1) by(auto simp: Submetric-def Submetric-azioms-def)
have open-map m1.mtopology m2'.sub.mtopology f
proof(safe intro!: open-map-with-base[ OF m1.mtopology-base-in-balls))
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fix ¢ and e :: real
assume h:a € mspace ml1 0 < e
show openin m2’.sub.mtopology (f * m1.mball a e)
unfolding m2’.sub.openin-mtopology
proof safe
fix z
assume z:x € ml.mball a e
then have zs:x € mspace m1
by auto
have 0 < e — mdist m1 a z
using z by auto
from assms(2)[OF zs this| obtain d where d:d > 0 Ay. y € mspace m1
= mdist m2 (fz) (fy) < d = mdist ml xy < e — mdist ml a x
by auto
show 37>0. m2'.sub.mball (fz) r C f*“mi.mball a e
proof (safe introl: exl[where z=d))
fix z
assume z:z € m2’.sub.mball (fz) d
then obtain y where y:z = fy y € mspace m1
by auto
hence mdist m2 (fz) (fy) < d
using z by simp
hence mdist m1 zy < e — mdist m1 a x
using d y by auto
hence mdist m1 a y < e
using h(1) x y m1.triangle[of a z y] by auto
with h(1) show z € f ‘ml.mball a e
by (auto simp: y)
qed fact
qed auto
qed
thus open-map (mtopology-of m1) (subtopology (mtopology-of m2) (f ¢ mspace
m1)) f
by (simp add: mtopology-of-def m2'.mtopology-submetric)
qed

1.3.3 Separability in Metric Spaces

context Metric-space
begin

For a metric space M, M is separable iff M is second countable.

lemma generated-by-countable-balls:
assumes countable U and mdense U
shows mtopology = topology-generated-by {mball y (1 / realn) | yn.y € U}
proof —
have hu: UC M AN\ze.z e M = e >0 = mballz e N U # {}
using assms by(auto simp: mdense-def)
show ?thesis
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unfolding base-is-subbase[ OF mtopology-base-in-balls,simplified subbase-in-def]
proof(rule topology-generated-by-eq)
fix K
assume K € {mball y (1 / realn) |y n. y € U}
then show openin (topology-generated-by {mball a € l[ac. a € M N 0 < e}) K
by (auto simp: base-is-subbase| OF mtopology-base-in-balls,simplified subbase-in-def ,symmetric])
next
have hO:A\zec. 2 € M = ¢ > 0 = JyeU. An. z € mball y (1 / real n) A
mball y (1 / real n) C mball z
proof —
fix z e
assume h: ¢ € M (0 :: real) < €
then obtain N where hn: 1 / ¢ < real N
using reals-Archimedean?2 by blast
have hn0: 0 < real N
by (rule ccontr) (use hn h in fastforce)
hence hn':1 / real N < ¢
using h hn by (metis divide-less-eq mult.commute)
have mball z (1 / (2 * real N)) N U # {}
using mdense-def[of U] assms(2) h(1) hn0 by fastforce
then obtain y where hy:
yeUy € My € mball z (1 / (real (2 % N)))
using hu by auto
show JyeU. 3In. v € mball y (1 / real n) A mball y (1 / real n) C mball z ¢
proof (intro bexl[where z=y| exI[where z=2 x N| conjI)
show z € mball y (1 / real (2 * N))
using hy(3) by (auto simp: commute)
next
show mball y (1 / real (2 * N)) C mball z
proof
fix y’
assume hy"y’ € mball y (1 / real (2 % N))
have d z y' < e (is ?lhs < ?rhs)
proof —
have ?lhs < dzy + dy vy’
using hy(2) hy' h(1) triangle by auto
also have ... < 1 / real (2 * N) + 1 / real (2 * N)
by (rule strict-ordered-ab-semigroup-add-class.add-strict-mono) (use
hy(3) hy(2) hy’ h(1) hy' in auto)
finally show ?thesis
using hn’ by auto
ged
thus y’ € mball z
using hy’ h(1) by auto
qed
qed fact
qed
fix K
assume hk: K € {mballac|ae. a € M N0 < ¢}
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then obtain z cx where hze:
x € MO <ex K= mball x ex by auto
have gh:K = (|J{mball y (1 / realn) | yn.y € U A mball y (1 / real n) C
KY)
proof
show K C (I {mball y (1 / realn) |y n. y € U A mball y (1 / real n) C
K})

proof
fix k
assume hkink:k € K
then have hkinS:k € M
by(simp add: hze)
obtain ¢k where hek: ¢k > 0 mball k ek C K
by (metis Metric-space.openin-mtopology Metric-space-azioms hxe(8) hkink
openin-mball)
obtain y n where hyey:
y€ Uk € mball y (1 / real n) mball y (1 / real n) C mball k ek
using h0[OF hkinS hek(1)] by auto
show k€ |J {mbally (I / realn) |yn.y € U A mbally (1 / realn) C K}
using hek(2) hyey by blast
qed
qed auto
show openin (topology-generated-by {mball y (1 / real n) |y n. y € U}) K
unfolding openin-topology-generated-by-iff
apply(rule generate-topology-on.UN[of {mball y (1 / realn) |y n. y € U A
mball y (1 / real n) C K}, simplified gh[symmetric]])
apply(rule generate-topology-on.Basis) by auto
qed
qed

lemma separable-space-imp-second-countable:
assumes separable-space mtopology
shows second-countable mtopology
proof —
obtain U where hu:
countable U mdense U
using assms separable-space-def2 by blast
show ?thesis
proof(rule countable-base-from-countable-subbase[where O={mball y (1 / real
n) |yn ye U})
have {mball y (1 / realn) |y n. y € U} = (My,n). mball y (1 / real n)) ‘(U
x UNIV)
by auto
also have countable ...
using hu by auto
finally show countable {mball y (1 / real n) |y n. y € U} .
qged(use subbase-in-def generated-by-countable-balls[of U] hu in auto)
qed
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corollary separable-space-iff-second-countable:

separable-space mtopology <— second-countable mtopology

using second-countable-imp-separable-space separable-space-imp-second-countable
by auto

lemma Lindelof-mdiameter:
assumes separable-space mtopology 0 < e
shows 3 U. countable U ANJ U =M AN (VueU. mdiameter u < ennreal )
proof —
have (Au. u € {mball x (e / 8) |z. £ € M} = openin mtopology u)
by auto
moreover have | J {mballz (¢ / 3) |z. 2 € M} =M
using assms by auto
ultimately have 3 U’. countable U' A U’ C {mball z (e / 8) |z. x € M} N
U=M
using second-countable-imp-Lindelof-space] OF assms(1)[simplified separable-space-iff-second-countable])
by (auto simp: Lindelof-space-def)
then obtain U’ where U’: countable U’ U’ C {mball z (e / 3) |xz. z € M} |
U'=M
by auto
show ?thesis
proof(safe intro!: exl[where z=U"])
fix u
assume u € U’
then obtain z where u:u = mball z (e / 3)
using U’ by auto
have mdiameter u < ennreal (2 x (e / 3))
by (simp only: u mdiameter-ball-leq)
also have ... < ennreal e
by (auto introl: ennreal-lessI assms)
finally show mdiameter u < ennreal e .
ged(use U’ in auto)
qed

end

lemma metrizable-space-separable-iff-second-countable:
assumes metrizable-space X
shows separable-space X <— second-countable X
proof —
obtain d where Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis assms(1) Metric-space.topspace-mtopology metrizable-space-def)
thus ?thesis
using Metric-space.separable-space-iff-second-countable by fastforce
qed

abbreviation mdense-of m U = dense-in (mtopology-of m) U
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lemma mdense-of-def: mdense-of m U «— (U C mspace m A (VzEmspace m.
Ve>0. mball-of mz e N U # {}))

using Metric-space.mdense-def|[of mspace m mdist m| by (simp add: mball-of-def
mtopology-of-def)

lemma mdense-of-def2: mdense-of m U +— (U C mspace m A (¥ xEmspace m.
Vex>0.3yeU. mdist mx y < €))

using Metric-space.mdense-def2[of mspace m mdist m| by (simp add: mtopol-
ogy-of-def)

lemma mdense-of-def3: mdense-of m U +— (U C mspace m A (¥ xEmspace m.
Fan. range zn C U A limitin (mtopology-of m) zn x sequentially))

using Metric-space.mdense-def3[of mspace m mdist m] by (simp add: mtopol-
ogy-of-def)

1.3.4 Compact Metric Spaces

context Metric-space
begin

lemma mtotally-bounded-eq-compact-closedin:
assumes mcomplete closedin mtopology S
shows mtotally-bounded S +— S C M A compactin mtopology S
by (metis assms closure-of-eq mtotally-bounded-eq-compact-closure-of)

lemma mitotally-bounded-def2: mtotally-bounded S +— (Ve>0. IK. finite K N K
CMASC(JzeK. mball x €))
unfolding mtotally-bounded-def
proof safe
fix e :: real
assume hie > 0 Ve>0.3K. finite K N K CSASC (UzeK. mball z €)
then show 3 K. finite K N K C M NS C (JzeK. mball x e)
by (metis Metric-space.mbounded-subset Metric-space.mtotally-bounded-imp-mbounded
Metric-space-azioms mbounded-subset-mspace mtotally-bounded-def)
next
fix e :: real
assume e > 0 Vex>0. K. finite K N K C M A S C (JzeK. mball z €)
then obtain K where K: finite K K C M S C (JzeK. mball x (e / 2))
by (meson half-gt-zero)
define K’ where K' = {z€K. mballz (e / 2) N S # {}}
have K'I:finite K' K' C M
using K by(auto simp: K'-def)
have K'2: S C (JzeK' mball z (e / 2))
proof
fix z
assume z:x € S
then obtain k where k:k € K x € mball k (e / 2)
using K by auto
with z have k € K’
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by (auto simp: K'-def)
with k show z € (JzeK'. mball z (e / 2))
by auto
qed
have VkeK' Jy. y € mballk (e / 2) N S
by (auto simp: K'-def)
then obtain zk where zk: A\k. k € K' = azk k € mball k (e /] 2) N\k. k € K’
= azkkelS
by (metis IntD2 inf-commute)
hence A\k. k € K' = mball k (e / 2) C mball (2k k) e
using triangle commute by fastforce
hence (|JzeK'. mball z (e / 2)) C (Uzeak ‘ K'. mball z ¢)
by blast
with K'2 have S C (|Jz€zk * K. mball z e)
by blast
thus 3 K. finite K AN K CSASC(JzeK. mball z ¢)
by (intro exI[where z=xk ‘ K']) (use zk(2) K'1(1) in blast)
qed

lemma compact-space-imp-separable:
assumes compact-space mtopology
shows separable-space mtopology
proof —
have JA. finite ANAC M ANMCJ ((Aa. mball a (1 / real (Suc n))) ¢ A)
for n
using assms by (auto simp: compact-space-eq-mcomplete-mtotally-bounded mto-
tally-bounded-def)
then obtain A where A: An. finite (A n) An. AnC M An. M C U ((Aa.
mball a (1 / real (Suc n))) ‘(A n))
by metis
define K where K = |J (range A)
have 1: countable K
using A(1) by(auto intro!: countable-UN|of - id,simplified] simp: K-def count-
able-finite)
show separable-space mtopology
unfolding mdense-def2 separable-space-def2
proof(safe intro!: exl[where t=K] 1)
fix z and ¢ :: real
assume h: x € M 0 < ¢
then obtain n where n:1 / real (Suc n) < ¢
by (meson nat-approx-posE order.strict-iff-not)
then obtain y where y: y € A na € mball y (1 / real (Suc n))
using h(1) A(3)[of n] by auto
thus dyeK. dzy < ¢
using n by(auto intro!: bexI[where z=y] simp: commute K-def)
qed(use K-def A(2) in auto)
qed

lemma separable-space-cfunspace:
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assumes separable-space mtopology mcomplete
and metrizable-space X compact-space X
shows separable-space (mtopology-of (cfunspace X Self))
proof —
consider topspace X = {} | topspace X # {} M = {} | topspace X # {} M #
{} by auto
thus ?thesis
proof cases
case I
then show “thesis
by (auto introl: countable-space-separable-space)
next
case 2
then have [simp|:mtopology = trivial-topology
using topspace-mtopology by auto
have 1:topspace (mtopology-of (cfunspace X Self)) = {}
apply simp
using 2(1) by(auto simp: mtopology-of-def)
show ?thesis
by (rule countable-space-separable-space, simp only: 1) simp
next
case XS-nem:3
have c¢cm: mcomplete-of (cfunspace X Self)
by (simp add: assms(2) mcomplete-cfunspace)
show ?thesis
proof —
obtain dr where dz: Metric-space (topspace X) dx Metric-space.mtopology
(topspace X) de = X
by (metis Metric-space.topspace-mtopology assms(8) metrizable-space-def)
interpret dx: Metric-space topspace X dx
by fact
have dz-c: dx.mcomplete
using assms by (auto intro!: dx.compact-space-imp-mcomplete simp: dz(2))
have 3 B. finite B A B C topspace X A topspace X C (|Ja€B. dz.mball a (1
/ Suc m)) for m
using dz.compactin-imp-mitotally-bounded|of topspace X| assms(4)
by (fastforce simp: dz(2) compact-space-def dz.mtotally-bounded-def2)
then obtain Xm where Xm: Am. finite (Xm m) Am. (Xm m) C topspace
X Am. topspace X C (|Ja€Xm m. dx.mball a (1 / Suc m))
by metis
hence Xm-eq: Am. topspace X = (U a€Xm m. dz.mball a (1 / Suc m))
by fastforce
have Xm-nem:Am. (Xm m) # {}
using XS-nem Xm-eq by blast
define zmk where amk = (Am. from-nat-into (Xm m))
define km where km = (Am. card (Xm m))
have km-pos:km m > 0 for m
by (simp add: km-def card-gt-0-iff Xm Xm-nem,)
have xmk-bij: bij-betw (zmk m) {..<km m} (Xm m) for m
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using bij-betw-from-nat-into-finite| OF Xm(1)] by (simp add: km-def zmk-def)
have xmk-into: xmk m i € Xm m for m i
by (simp add: Xm-nem from-nat-into xmk-def)
have 3 U. countable U AN|J U =M A (YueU. mdiameter u < 1 / (Suc 1))
for |
by (rule Lindelof-mdiameter[OF assms(1)]) auto
then obtain U where U: Al. countable (U1) Nl. (U (U1)) = M Al u. u
€ Ul = mdiameter uw < 1 / Sucl
by metis
have Ul-nem: Ul # {} for |
using XS-nem U(2) by auto
define uli where uli = (Al. from-nat-into (U 1))
have uli-into:uli 1 i € Ul for 14
by (simp add: Ul-nem from-nat-into uli-def)
hence uli-diam: mdiameter (uli 1 i) < 1 / Sucl for 1 i
using U(3) by auto
have wli-un:M = (|Ji. uli [ %) for [
by (auto simp: range-from-nat-into[OF Ul-nem[of I] U(1)] uli-def U)
define Cmn where Cmn = (Am n. {f € mspace (cfunspace X Self).
YV z€topspace X. Vyctopspace X. de xy < 1 / (Suc m) — d (fz) (fy) < 1
/ Suc n})
define fmnis where fmnls = (Am nls. SOME f. f € Cmn m n A (Vji<km
m. [ (zmk m j) € ulil (s 7)))
define Dmnl where Dmnl = (Am n l. {fmnls mnls|s. s € {.<km m} —g
UNIV A (3f € Cmn m n. (Vj<km m. f (zmk m j) € ulil (s 7)) })
have in-Dmnl: fmnls m n 1l s € Dmnl m n 1 if s€{..<km m} —g UNIV fe
Cmn m nVi<km m. f (xmkm j) € ulil (s j)for mnls f
using Dmnl-def that by blast
define Dmn where Dmn = (Am n. |JI. Dmnl m n 1)
have Dmn-subset: Dmn m n C Cmn m n for m n
proof —
have Dmnlm n 1 C Cmn m n for [
by (auto simp: Dmnl-def fmnls-def somel[of A\f. f € Cmn m n A (Vj<km
m. f (zmk m j) € wli 1 (- §))])
thus ?thesis by (auto simp: Dmn-def)
qed
have c-Dmn: countable (Dmn m n) for m n
proof —
have countable (Dmnl m n l) for |
proof —
have 1:Dmnlm nl C (As. fmnls m nls)  ({..<km m} —g UNIV)
by (auto simp: Dmnl-def)
have countable ...
by (auto introl: countable-PiE)
with 1 show ?thesis
using countable-subset by blast
qed
thus ?thesis
by (auto simp: Dmn-def)
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qed
have claim: 3geDmn m n. VyeXm m. d (fy) (gy) < eif fif € Cmn m n
and e:e > 0 for fmne
proof —
obtain [ where [:1 / Sucl < e
using e nat-approz-posE by blast
define s where s = (Aie{..<km m}. SOME j. f (zmk m ) € uli l §)
have s1:se{..<km m} —g UNIV by(simp add: s-def)
have s2:Vi<km m. f (zmk m ) € uli | (s 0)
proof —
fix ¢
have f (zmk m i) € uli | (SOME j. f (xmk m i) € uli | j) for ¢
proof(rule somel-ex)
have zmk m i € topspace X
using Xm(2) zmk-into by auto
hence f (zmk m i) € M
using [ by(auto simp: Cmn-def continuous-map-def)
thus 3z. f (zmk m i) € ulil x
using uli-un by auto
qed
thus ?thesis
by (auto simp: s-def)
qged
have fmnls:fmnls m nls € Cmnmn A (Vj<km m. fmnls m n l s (xmk m
J) € uli 1 (s 5))
by (simp add: fmnls-def,rule somel[where z=f],auto simp: s2 f)
show 3geDmn m n. VyeXmm. d (fy) (gy) < e
proof(safe intro!: bexl[where z=fmnls m n l s|)
fix y
assume y:y € Xm m
then obtain ¢ where i:t < km maxzmk m i =y
by (meson zmk-bij[of m] bij-betw-iff-bijections less Than-iff)
have fy c uwlil (si) fmnlsmnlsy € ulil (s1i)
using i(1) s2 fmnls by(auto simp: i(2)[symmetric])
moreover have fy €¢ M fmnlsmnlsy e M
using f fmnls y Xm(2)[of m] by(auto simp: Cmn-def continuous-map-def)
ultimately have ennreal (d (f y) (fmnls m nls y)) < mdiameter (ulil

by (auto intro!: mdiameter-is-sup)
also have ... < ennreal (1 / Sucl)
by (rule uli-diam)
also have ... < ennreal e
using [ e by(auto intro!: ennreal-lessI)
finally show d (fy) (fmnls mnlsy) <e
by (simp add: ennreal-less-iff[OF nonneg))
qed(use in-Dmnl[OF s1 f s2] Dmn-def in auto)
qed
show separable-space (mtopology-of (cfunspace X Self))
unfolding separable-space-def2 mdense-of-def2
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proof (safe intro!: exl[where z=Jn. (|m. Dmn m n)])
fix f and e :: real
assume h:f € mspace (cfunspace X Self) 0 < e
then obtain n where n:1 / Sucn < e/ 4
by (metis zero-less-divide-iff zero-less-numeral nat-approx-posE)
have dm.VI>m. fe€ Cmnlin
proof —
have uniformly-continuous-map dz.Self Self f
using continuous-eg-uniformly-continuous-map|of dz.Self Self f] h assms(4)
by (auto simp: mtopology-of-def dx)
then obtain § where 6:§ > 0 Az y. x€topspace X = yEtopspace X =
drry<d=d(fz) (fy) <1/ (Sucn)
by (simp only: uniformly-continuous-map-def) (metis dz.mdist-Self
dz.mspace-Self mdist-Self of-nat-0-less-iff zero-less-Suc zero-less-divide-1-iff)
then obtain m where m:1 / Suc m < §
using nat-approz-posE by blast
have : | > m =1/ Sucl < 1 / Suc m for |
by (simp add: frac-le)
show ?thesis
using §(2)[OF - - order.strict-trans|OF - order.strict-trans1[OF | m]]] h
by (auto simp: Cmn-def)
qged
then obtain m where m:f € Cmn m n by auto
obtain g where g:gc¢Dmn m n A\y. yeXmm = d (fy) (gy) < e/ 4
by (metis claim[OF m] h(2) zero-less-divide-iff zero-less-numeral)
have 3n m. 3geDmn m n. mdist (cfunspace X Self) fg < e
proof(rule exl[where z=n])
show Im. 3 geDmn m n. mdist (cfunspace X Self) fg < e
proof (intro exl[where z=m| bexI[OF - g(1)])
have g-cm:g € mspace (cfunspace X Self)
using ¢(1) Dmn-subset[of m n] by (auto simp: Cmn-def)
have mdist (cfunspace X Self) fg < 3 xe / 4
proof (rule mdist-cfunspace-le)
fix z
assume z:x € topspace X
obtain y where y:y € Xm m z € dz.mball y (1 / real (Suc m))
using Xm(3) = by fastforce
hence ytop:y € topspace X
by auto
have mdist Self (fz) (9z) < d (fz) (fy) +d (fy) (g2)
using = g-cm h(1) ytop by(auto introl: triangle simp: continu-
ous-map-def)
also have ... < d (fz) (fy) + d (fy) (9y) + d (9y) (92)
using z g-cm h(1) ytop by(auto intro!: triangle simp: continu-
ous-map-def)
alsohave ... <e// +e/ ) +e/ 4
proof —
have dey: dexy < 1/ Sucemdeyz <1/ Sucm
using y(2) by(auto simp: dx.commute)
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hence d () (f4) < 1 / (Sucn) d (gy) (92) < 1 / (Suc n)
using m z ytop g Dmn-subset[of m n] by(auto simp: Cmn-def)
) <

hence d (fz) (fy) < ¢/ 4d (99) (93) < ¢/ 4
using n by auto
thus ?thesis
using ¢(2)[OF y(1)] by auto
qed
finally show mdist Self (fz) (gz) < 3%e/ 4
by simp
ged(use h in auto)
also have ... < e
using h by auto
finally show mdist (cfunspace X Self) fg < e .
qed
qed
thus 3yeJn m. Dmn m n. mdist (cfunspace X Self) fy < e
by auto
qged(insert Dmn-subset c-Dmn,unfold Cmn-def, blast)+
qed
qed
qed

end

context Submetric
begin

lemma separable-sub:
assumes separable-space mtopology
shows separable-space sub.mtopology
using assms unfolding separable-space-iff-second-countable sub.separable-space-iff-second-countable
by (auto simp: second-countable-subtopology mtopology-submetric)

end

1.3.5 Discrete Distance

lemma(in discrete-metric) separable-space-iff: separable-space disc.mtopology +—
countable M
by (simp add: mtopology-discrete-metric separable-space-discrete-topology)

1.3.6 Binary Product Metric Spaces

We define the L!-distance. L!-distance and L? distance (Euclid distance)
generate the same topological space.

definition prod-dist-L1 = Ad1 d2 (z,y) (z'y'). dl z 2’ + d2 y y’

context Metric-spacel?2
begin
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lemma prod-L1-metric: Metric-space (M1 x M2) (prod-dist-L1 d1 d2)
proof

fixzyz

assume z € M1 x M2y e M1 x M2z ¢ M1 x M2

then show prod-dist-L1 d1 d2 z z < prod-dist-L1 d1 d2 x y + prod-dist-L1 d1
d2 vy z

by (auto simp: prod-dist-L1-def) (metis M1.commute M1 .triangle’’ M2.commute
M2 triangle’’ ab-semigroup-add-class.add-ac(1) add.left-commute add-mono)
qed(auto simp: prod-dist-L1-def add-nonneg-eq-0-iff M1.commute M2.commute)

sublocale Prod-metric-L1: Metric-space M1 x M2 prod-dist-L1 d1 d2
by(simp add: prod-L1-metric)

lemma prod-dist-L1-geq:
shows d1 z y < prod-dist-L1 d1 d2 (z,z") (y,y")
d2 ' y' < prod-dist-L1 d1 d2 (z,z") (y,y")
by (auto simp: prod-dist-L1-def)

lemma prod-dist-L1-ball:
assumes (z,z') € Prod-metric-L1.mball (a,a’) €
shows z € M1.mball a
and z’ € M2.mball a’
using assms prod-dist-L1-geq order.strict-transl by simp-all blast+

lemma prod-dist-L1-ball’:
assumes z € Prod-metric-L1.mball a
shows fst z € M1.mball (fst a) €
and snd z € M2.mball (snd a) €
using prod-dist-L1-ball[of fst z snd z fst a snd a €] assms by auto

lemma prod-dist-L1-balll": Prod-metric-L1.mball (al,a2) (min el e2) C M1.mball
al el x M2.mball a2 e2
using prod-dist-L1-geq order.strict-transl by auto blast+

lemma prod-dist-L1-balll:

assumes bl € M1.mball al el b2 € M2.mball a2 e2

shows Je12>0. Prod-metric-L1.mball (b1,b2) e12 C M1.mball al el x M2.mball
a2 e2
proof —

obtain cal ea?2 where ca: ecal > 0 ea2 > 0 MI1.mball b1 eal C M1 .mball al el
M2.mball b2 ea2 C M2.mball a2 e2

using assms by (meson M1.openin-mball M1 .openin-mtopology M2.openin-mball
M2 . openin-mtopology)

thus ?thesis

using prod-dist-L1-balll'[of b1 b2 eal ea2] by(auto introl: exl[where z=min

eal ea2])
qed
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lemma prod-dist-L1-ball2":
M1.mball al el x M2.mball a2 e2 C Prod-metric-L1.mball (al,a2) (el + €2)
by auto (auto simp: prod-dist-L1-def)

lemma prod-dist-L1-ball2:

assumes (b1,b2) € Prod-metric-L1.mball (al,a2) el2

shows del>0.3e2>0. M1.mball b1 el x M2.mball b2 e2 C Prod-metric-L1.mball
(al,a2) e12
proof —

obtain e12’' where e12’ > 0 Prod-metric-L1.mball (b1,b2) e12’ C Prod-metric-L1.mball
(al,a2) e12

by (metis assms Prod-metric-L1.openin-mball Prod-metric-L1.openin-mtopology)
thus ?thesis

using prod-dist-L1-ball2'[of b1 e12’ ] 2 b2 e12’ | 2] by(auto intro!: exl[where
z=el2' /] 2])
qed

lemma prod-dist-L1-mtopology:
Prod-metric-L1.mtopology = prod-topology M1 .mtopology M2.mtopology
proof —
have Prod-metric-L1.mtopology = topology-generated-by { M1.mball al el X
M2.mball a2 €2 | al a2 el e2. al € M1 AN a2 € M2 ANel >0 A e2 > 0}
unfolding base-is-subbase[OF Prod-metric-L1.mtopology-base-in-balls,simplified
subbase-in-def]
proof (rule topology-generated-by-eq)
fix U
assume U € {MI1.mball al el x M2.mball a2 €2 | al a2 el e2. al € M1 A
a2 € M2 N0 < el N0 < e2}
then obtain al el a2 e2 where hae:
U = MI1.mball a1l el x M2.mball a2 e2 al € M1 a2 € M2 0 < el 0 < e2
by auto
show openin (topology-generated-by { Prod-metric-L1.mball a € |a €. a € M1 x
M2 ANO<e}) U
unfolding base-is-subbase[OF Prod-metric-L1.mtopology-base-in-balls,simplified
subbase-in-def ,symmetric] Prod-metric-L1.openin-mtopology hae(1)
using prod-dist-L1-balll [of - al el - a2 e2] by fastforce
next
fix U
assume U € {Prod-metric-L1.mball a € lae. a € M1 x M2 AN 0 < €}
then obtain al a2 € where hae:
U = Prod-metric-L1.mball (al,a2) ¢ al € M1 a2 € M20 < ¢
by auto
show openin (topology-generated-by {M1.mball al el x M2.mball a2 e2 | al
a2 el e2.al € M1 Na2 € M2 N0 <el NO<e2}) U
unfolding openin-subopen|of - Prod-metric-L1.mball (al,a2) €] hae(1)
proof safe
fix b1 b2
assume h:(b1, b2) € Prod-metric-L1.mball (al, a2) €
from prod-dist-L1-ball2[ OF this] obtain el e2 where el > 0e2 > 0 M1.mball
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b1 el x M2.mball b2 e2 C Prod-metric-L1.mball (al, a2) €
by metis
with h show 3 T'. openin (topology-generated-by { M1.mball al el x M2.mball
a2 e2 | al a2ele2.al € M1 Na2 € M2 N0 <el N0 <e2}) TA(bl,b2) €
T AN T C Prod-metric-L1.mball (al, a2) €
unfolding openin-topology-generated-by-iff
by (auto introl: generate-topology-on.Basis exl[where x=M1.mball b1 el X
M2.mball b2 e2])
qed
qged
also have ... = prod-topology M1.mtopology M2.mtopology
proof —
have {M1.mball a e x M2.mball a" €' |a a’c e’ a € MI Na'€ M2 N0 <¢
NO<et={UxV|UV.Ue{Ml.mbillaec|laec.a e MI N0 <e}ANVE
{M2.mball a e |lae. a € M2 N 0 < e}}
by blast
thus ?thesis
unfolding base-is-subbase[ OF M1 .mtopology-base-in-balls,simplified subbase-in-def)
base-is-subbase| OF M2.mtopology-base-in-balls,simplified subbase-in-def]
by (simp only: prod-topology-generated-by[symmetric])
qged
finally show ?thesis .
qed

lemma prod-dist-L1-limitin-iff : limitin Prod-metric-L1.mtopology zn z sequentially
«— limitin M1.mtopology (An. fst (znn)) (fst z) sequentially A limitin M2.mtopology
(An. snd (zn n)) (snd z) sequentially
proof safe
assume h:limitin Prod-metric-L1.mtopology zn z sequentially
show limitin M1.mtopology (An. fst (zn n)) (fst z) sequentially
limitin M2.mtopology (An. snd (zn n)) (snd z) sequentially
unfolding M1 .limit-metric-sequentially M2 .limit-metric-sequentially
proof safe
fix e :: real
assume e: 0 < e
with h obtain N where N:An. n > N = znn € MI x M2 An.n > N
= prod-dist-L1 d1 d2 (znn) z < e
by (simp only: Prod-metric-L1.limit-metric-sequentially) metis
show IN. Vn>N. fst (znn) € M1 A dl (fst (znn)) (fst z) < e
IN.Vn>N. snd (zn n) € M2 A d2 (snd (zn n)) (snd z) < e
proof (safe introl: exl[where z=N))
fix n
assume N < n
from N[OF this
show dI (fst (zn n)) (fst z) < e d2 (snd (zn n)) (snd z) < e
using order.strict-trans1 [OF prod-dist-L1-geq(1)[of fst (zn n) fst z snd (zn
n) snd z]| order.strict-trans1[OF prod-dist-L1-geq(2)[of snd (zn n) snd z fst (zn n)

fst 2]
by auto
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qed(use N(1)[simplified mem-Times-iff] in auto)
qed(use h Prod-metric-L1.limit-metric-sequentially in auto)
next
assume h:limitin M1.mtopology (An. fst (zn n)) (fst z) sequentially
limitin M2.mtopology (An. snd (zn n)) (snd z) sequentially
show limitin Prod-metric-L1.mtopology zn z sequentially
unfolding Prod-metric-L1.limit-metric-sequentially
proof safe
fix e :: real
assume e: 0 < e
with h obtain N1 N2 where N: An. n > NI = fst (znn) € M1 An. n >
NI = d1 (fst (znn)) (fstz) <e/ 2
An.n> N2 = snd (znn) € M2 An. n > N2 = d2 (snd (zn n)) (snd z)
<e/2
unfolding M1 .limit-metric-sequentially M2.limit-metric-sequentially
using half-gt-zero by metis
thus IN. Vn>N. znn € M1 x M2 A prod-dist-L1 d1 d2 (znn) z < e
by (fastforce intro!: exI[where x=maz N1 N2] simp: prod-dist-L1-def split-beta’
mem-Times-iff)
qed(auto simp: mem-Times-iff h[simplified M1 .limit-metric-sequentially M2.limit-metric-sequentially])
qed

lemma prod-dist-L1-MCauchy-iff: Prod-metric-L1.MCauchy zn <— M1.MCauchy
(An. fst (zn n)) A M2.MCauchy (An. snd (zn n))
proof safe
assume h:Prod-metric-L1.MCauchy zn
show M1.MCauchy (An. fst (zn n)) M2.MCauchy (An. snd (zn n))
unfolding M1.MCauchy-def M2.MCauchy-def
proof safe
fix e :: real
assume 0 < e
with h obtain N where N:Anm. N < n = N < m = prod-dist-L1 d1 d2
(znn) (znm) < e
by (fastforce simp: Prod-metric-L1.MCauchy-def)
show IN. Vnn' N <n— N <n' — dI (fst (znn)) (fst (znn")) < e
AN.Vann'. N<n— N<n'"— d2 (snd (zn n)) (snd (znn’)) < e
proof (safe introl: exl[where z=N])
fix n m
assume n > Nm > N
from N[OF this]
show d1 (fst (zn n)) (fst (zn m)) < e d2 (snd (zn n)) (snd (zn m)) < e
using order.strict-trans1 [OF prod-dist-L1-geq(1)[of fst (zn n) fst (zn m)
snd (zn n) snd (zn m)]] order.strict-trans1|OF prod-dist-L1-geq(2)[of snd (zn n)
snd (zn m) fst (zn n) fst (zn m)]]
by auto
qed
next
have An. znn € M1 x M2
using h by(auto simp: Prod-metric-L1.MCauchy-def)
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thus fst (zn n) € M1 snd (zn n) € M2 for n
by (auto simp: mem-Times-iff)
qed
next
assume h:M1.MCauchy (An. fst (zn n)) M2.MCauchy (An. snd (zn n))
show Prod-metric-L1.MCauchy zn
unfolding Prod-metric-L1.MCauchy-def
proof safe
fix e :: real
assume (0 < e
with % obtain NI N2 where An m. n > NI = m > NI = dI (fst (zn
n)) (fst (znm)) < e/ 2
Anm.n> N2 = m > N2 = d2 (snd (zn n)) (snd (znm)) < e/ 2
unfolding M1.MCauchy-def M2.MCauchy-def using half-gt-zero by metis
thus AN.Vnn'. N <n— N <n'— prod-dist-L1 d1 d2 (znn) (znn’) < e
by (fastforce introl: exl[where t=mazx N1 N2] simp: prod-dist-L1-def split-beta’)
next
fixxyn
assume [:(z,y) = zn n
have fst (zn n) € M1 snd (zn n) € M2
using h[simplified M1.MCauchy-def M2.MCauchy-def] by auto
thus z € M1 y € M2
by (simp-all add: 1[symmetric])
qed
qed

end

1.3.7 Sum Metric Spaces

locale Sum-metric =
fixes I :: 'i set
and Mi :: 'i = 'a set
and di :: i = 'a = 'a = real
assumes Mi-disj: disjoint-family-on Mi I
and d-nonneg: Nizy. 0 < diizy
and d-bounded: Nizy. diizy < 1
and Md-metric: Ni. i € I = Metric-space (Mi i) (di i)
begin

abbreviation M = |Jiel. Mi i

lemma Mi-inj-on:
assumes i € [j€ Jae€ Miiac Mij
shows i = j
using Mi-disj assms by (auto simp: disjoint-family-on-def)

definition sum-dist :: ['a, 'a] = real where
sum-dist x y = (if t € M Ny € M then (if Ji€l. x € Mi i N\ y € Mi i then di
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(THEi. i€ INz € Mii Ny € Mii)zyelsel) else 0)

lemma sum-dist-simps:
shows Ai. [i € I;z € Mii; y € Mii] = sum-distxy =diixy
and Nij. [iel;jel;i#j,c€ Mii;y € Mij] = sum-distxy = 1
and \i. [i € I; y € My z € Mii; y ¢ Mii] = sum-dist xy = 1
and N\i. [i e I; z € M;y € Mii; © ¢ Mii] = sum-distzy = 1
and z ¢ M = sum-distzy =0y ¢ M = sum-distx y = 0
proof —
{ fix ¢
assume hii € [z € Miiy e Mii
then have sum-dist t y = di (THEi. i € INz € Mii Ny € Mii)xzy
by (auto simp: sum-dist-def)
also have ... = diixz y
proof —
have (THE i. i e INz € Mii Ny € Mii) =1
using Mi-disj h by (auto introl: thel-equality simp: disjoint-family-on-def)
thus ?thesis by simp
qed
finally show sum-dist z y = di iz y . }
show Nij. [iel;jel;i#j € Mii;y€ Mij] = sum-distzy =1
Ni.[iel;ye Mz e Mii; y¢ Mii] = sum-distzy=1 N\i. [i € [; =
€ M;ye Mii;x ¢ Mii] = sum-distxy = 1
¢ M = sum-distzy =0y ¢ M — sum-dist zy = 0
using Mi-disj by (auto simp: sum-dist-def disjoint-family-on-def dest: Mi-inj-on)
qged

lemma sum-dist-if-less1:
assumes i € [z € Miiy € M sum-dist z y < 1
shows y € Mi ¢
using assms sum-dist-simps(3) by fastforce

lemma inM-cases:
assumes x € My e M
and N\i. [i e I; z € Mii;y € Mii] = Pzy
and N\ij. [iel;jel;i#j;zee Mii;ye Mij;x 4yl = Puzy
shows P z y using assms by auto

sublocale Sum-metric: Metric-space M sum-dist
proof
fix zy
assume zr € My e M
then show sum-dist zy =0 +— z =1y
by (rule inM-cases, insert Md-metric) (auto simp: sum-dist-simps Metric-space-def)
next
{fixizy
assume h: i € [z € Miiy e Mii
then have sum-dist t y = di iz y
sum-dist yx = diizy
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using Md-metric by(auto simp: sum-dist-simps Metric-space-def) }
thus Az y. sum-dist z y = sum-dist y x
by (metis (no-types, lifting) sum-dist-def)
next
show 1:Azy. 0 < sum-dist x y
using d-nonneg by (simp add: sum-dist-def)
fixzyz
assume h: x € Mye Mze M
show sum-dist © z < sum-dist © y + sum-dist y z (is ?lhs < ?rhs)
proof (rule inM-cases[OF h(1,3)])
fix ¢
assume h':i € [x € Miiz e Mii
consider y € Mi i | y ¢ Mii by auto
thus ?2lhs < 2rhs
proof cases
case [
with A’ Md-metric [OF h'(1)] show ?thesis
by (simp add: sum-dist-simps Metric-space-def)
next
case 2
with A’ h(2) d-bounded[of i © 2] 1[of y 7]
show ?thesis
by (auto simp: sum-dist-simps)
qed
next
fix ij
assume h:ieljeli#jze Miize Mij
consider y ¢ Mii |y ¢ Mij
using h’' h(2) Mi-disj by(auto simp: disjoint-family-on-def)
thus ?2lhs < 2rhs
by (cases, insert 1[of z y] 1[of y 2] h' h(2)) (auto simp: sum-dist-simps)
qed
qed

lemma sum-dist-lel: sum-dist vy < 1
using d-bounded|of - z y] by(auto simp: sum-dist-def less-eq-real-def)

lemma sum-dist-ball-eq-ball:
assumes i € [e< Iz € Mii
shows Metric-space.mball (Mi ©) (di ©) z e = Sum-metric.mball x e
proof —
interpret m: Metric-space Mi i di ©
by(simp add: assms Md-metric)
show ?thesis
using assms sum-dist-simps(1)[OF assms(1) assms(3)] sum-dist-if-less1[OF
assms(1,3)]
by (fastforce simp: Sum-metric.mball-def)
qed
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lemma ball-le-sum-dist-ball:
assumes i € [
shows Metric-space.mball (Mi i) (di i) z e C Sum-metric.mball x e
proof —
interpret m: Metric-space Mi i di i
by(simp add: assms Md-metric)
show ?thesis
using assms by(auto simp: sum-dist-simps)
qed

lemma openin-mtopology-iff:
openin Sum-metric.mtopology U <— U C M A (Vi€l. openin (Metric-space.mtopology
proof safe
fix ¢
assume h:openin Sum-metric.mtopology U i € I
then interpret m: Metric-space Mi i di i
using Md-metric by simp
show openin m.mtopology (U N Mi )
unfolding m.openin-mtopology
proof safe
fix z
assume z:x € Ux € Mi i
with 5 obtain e where e: ¢ > 0 Sum-metric.mball x e C U
by (auto simp: Sum-metric.openin-mtopology)
show Jde>0. m.mball x ¢ C U N Mi ¢
proof (safe intro!: exI[where z=e¢])
fix y
assume y € m.mball z e
with #(2) have y € Sum-metric.mball e
by (auto simp:sum-dist-simps)
with e show y € U by blast
ged(use e in auto)
qed
next
show Az. openin Sum-metric.mtopology U — v € U = z € M
by (auto simp: Sum-metric.openin-mtopology)
next
assume h: U C M Viel. openin (Metric-space.mtopology (Mi i) (di i)) (U N
Mi 7)
show openin Sum-metric.mtopology U
unfolding Sum-metric.openin-mtopology
proof safe
fix z
assume z: z € U
then obtain i where i: ¢ € Iz € Mi 1
using h(1) by auto
then interpret m: Metric-space Mi i di i

104



using Md-metric by simp
obtain e where e: e > 0 m.mball z e C U N Mi i
using i h(2) by (meson Intl m.openin-mtopology x)
show Je>0. Sum-metric.mball z € C U
proof (safe intro!: exl[where z=min e 1])
fix y
assume y:y € Sum-metric.mball x (min e 1)
then show y € U
using sum-dist-ball-eq-ball[OF i(1) - i(2),of min e 1] e by fastforce
qged(simp add: e)
qed(use h(1) in auto)
qed

corollary openin-mtopology-Mi:
assumes i € |
shows openin Sum-metric.mtopology (Mi i)
unfolding openin-mtopology-iff
proof safe
fix j
assume j:;j € |
then interpret m: Metric-space Mi j di j
by (simp add: Md-metric)
show openin m.mtopology (Mi i N Mi j)
by (cases i = j, insert assms Mi-disj j) (auto simp: disjoint-family-on-def)
qed(use assms in auto)

corollary subtopology-mtopology-Mi:
assumes i € [
shows subtopology Sum-metric.mtopology (Mi i) = Metric-space.mtopology (Mi
proof —
interpret Mi: Metric-space Mi i di i
by (simp add: Md-metric assms)
show ?thesis
unfolding topology-eq openin-subtopology
proof safe
fix T
assume openin Sum-metric.mtopology T
thus openin Mi.mtopology (T N Mi i)
using assms by (auto simp: openin-mtopology-iff)
next
fix S
assume h:openin Mi.mtopology S
show 3 T. openin Sum-metric.mtopology T N S = T N Mi i
proof(safe intro!: exl[where z=S5])
show openin Sum-metric.mtopology S
unfolding openin-mtopology-iff
proof safe
fix j
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assume j:;j € [
then interpret Mj: Metric-space Mi j di j
using Md-metric by auto
have i # j = SN Mij={}
using openin-subset| OF h] Mi-disj j assms
by (auto simp: disjoint-family-on-def)
thus openin Mj.mtopology (S N Mi j)
by (cases i = j) (use openin-subset|OF h] h in auto)
qged(use openin-subset[OF h] assms in auto)
ged(use openin-subset[OF h] assms in auto)
qed
qed

lemma limitin-Mi-limitin-M:
assumes i € I limitin (Metric-space.mtopology (Mi i) (di i)) zn z sequentially
shows limitin Sum-metric.mtopology zn = sequentially
proof —
interpret m: Metric-space Mi i di ©
by (simp add: assms Md-metric)
{
fix e :: real
assume e > (
then obtain N where An. n > N = znn € m.mball z e
using assms(2) m.commute m.limit-metric-sequentially by fastforce
hence IN. Vn>N. zn n € Sum-metric.mball z e
using ball-le-sum-dist-ball|OF assms(1),0f x €]
by (fastforce introl: exI[where z=N]) }
thus ?thesis
by (metis Sum-metric.commute Sum-metric.in-mball Sum-metric.limit-metric-sequentially
UN-I m.limitin-mspace assms)
qed

lemma limitin-M-limitin-Mi:
assumes limitin Sum-metric.mtopology xn x sequentially
shows 3iel. limitin (Metric-space.mtopology (Mi i) (di ¢)) zn = sequentially
proof —
obtain { where i: i € Iz € Mii
using assms by (meson Sum-metric.limitin-mspace UN-E)
then interpret m: Metric-space Mi i di i
by (simp add: Md-metric)
obtain N where N: An. n > N = sum-dist (zn n) z < 1 An.n > N =

(znn) € M
using assms by (metis d-bounded i(2) m.mdist-zero Sum-metric.limit-metric-sequentially)

hence zni: n > N = znn € Mi i for n
using assms by (auto intro!: sum-dist-if-less1[OF i,of zn n] simp: Sum-metric.commute)
show ?thesis
proof(safe intro!: bexl[where r=i] 7)
show limitin m.mtopology zn x sequentially
unfolding m.limit-metric-sequentially
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proof safe
fix e :: real
assume e: 0 < e
then obtain N’ where N An. n > N’ = sum-dist (znn) z < e
using assms by (meson Sum-metric.limit-metric-sequentially)
hence n > max N N' = di i (zn n) z < e for n
using sum-dist-simps(1)[OF i(1) azni[of n] i(2),symmetric] by auto
thus IN. Va>N.ann € Mii AN dii(znn)z<e
using zni by(auto introl: exl[where z=maz N N'))
qed fact
qed
qed

lemma MCauchy-Mi-MCauchy-M:
assumes i € I Metric-space. MCauchy (Mi ) (di 7) zn
shows Sum-metric. MCauchy zn
proof —
interpret m: Metric-space Mi i di ©
by (simp add: assms Md-metric)
have [simp]:sum-dist (xn n) (zn m) = di i (zn n) (zn m) for n m
using assms sum-dist-simps(1)[OF assms(1),0f xan n an m]
by (auto simp: m.MCauchy-def)
show ?thesis
using assms by (auto simp: m.MCauchy-def Sum-metric. MCauchy-def)
qed

lemma MCauchy-M-MCauchy-Mi:
assumes Sum-metric. MCauchy zn
shows Im. Jiel. Metric-space. MCauchy (Mi i) (di i) (An. zn (n + m))
proof —
obtain N where N: Anm. n > N = m > N = sum-dist (zn n) (zn m) < I
using assms by (fastforce simp: Sum-metric. MCauchy-def)
obtain i where i: i € Izn N € Mi
by (metis assms Sum-metric. MCauchy-def UNIV-I UN-E image-eql subsetD)
then have zn:An. n > N = znn € Mii
by (metis N Sum-metric. MCauchy-def assms dual-order.refl range-subsetD
sum-dist-if-less1)
interpret m: Metric-space Mi i di ©
using i Md-metric by auto
show ?thesis
proof(safe intro!: exl[where z=N| bexl[where z=i])
show m.MCauchy (An. zn (n + N))
unfolding m.MCauchy-def
proof safe
show 1: An.an (n + N) € Mi i
by (auto introl: an)
fix e :: real
assume 0 < e
then obtain N’ where N Anm. n > N'= m > N’ = sum-dist (zn n)
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(zn m) < e
using Sum-metric. MCauchy-def assms by blast
thus AN . Van' N <n— N <n'— dii(zn(n+ N)) (zn (n'+ N))
<e
by(auto introl: exI[where z=N'] simp: sum-dist-simps(1)[OF i(1) zn
an,symmetric])
qed
qed fact
qed

lemma separable-Mi-separable-M:
assumes countable I \i. i € I = separable-space (Metric-space.mtopology (Mi
i) (di 1))
shows separable-space Sum-metric.mtopology
proof —
obtain Ui where Ui: A\i. i € I = countable (Ui i) N\i. i € I = dense-in
(Metric-space.mtopology (Mi i) (di 7)) (Ui %)
using assms by (simp only: separable-space-def2) metis
define U where U = |Ji€l. Ui
show separable-space Sum-metric.mtopology
unfolding separable-space-def2
proof(safe intro!: exl[where z="U])
show countable U
using Ui(1) assms by(auto simp: U-def)
next
show Sum-metric.mdense U
unfolding Sum-metric.mdense-def U-def
proof safe
fix iz
assume 1 € [z € Uit
then show z € M
using Ui(2) by(auto introl: bexI[where z=i] simp: Md-metric Met-
ric-space.mdense-def2)
next
fixize
assume h:ii € Tz € Mii (0 = real) < e Sum-metric.mball x e N |J (Ui ‘1)
={}
then interpret m: Metric-space Mi i di i
by (simp add: Md-metric)
have m.mball x e N Ui i # {}
using Ui(2)[OF h(1)] h by(auto simp: m.mdense-def)
hence m.mball z e N Y (Ui ‘ I) # {}
using h(1) by blast
thus Fulse
using ball-le-sum-dist-ball[OF i € I,of z e] h(4) by blast
qed
qed
qed
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lemma separable-M-separable-Mi:

assumes separable-space Sum-metric.mtopology \i. i € I

shows separable-space (Metric-space.mtopology (Mi i) (di i))

using subtopology-mtopology-Mi[OF assms(2)] separable-space-open-subset| OF
assms(1) openin-mtopology-Mi[OF assms(2)]]

by simp

lemma mcomplete-Mi-mcomplete-M:
assumes Ai. i € I = Metric-space.mcomplete (Mi i) (di ©)
shows Sum-metric.mcomplete
unfolding Sum-metric.mcomplete-def
proof safe
fix an
assume Sum-metric. MCauchy xn
from MCauchy-M-MCauchy-Mi[OF this] obtain m i where mi:
i € I Metric-space. MCauchy (Mi i) (di i) (An. zn (n + m))
by metis
then interpret m: Metric-space Mi i di i
by (simp add: Md-metric)
from assms[OF mi(1)] mi(2) obtain x where x: limitin m.mtopology (An. zn
(n + m)) z sequentially
by (auto simp: m.mcomplete-def)
from limitin-Mi-limitin-M[OF mi(1) limitin-sequentially-offset-rev[ OF this|]|
show Jz. limitin Sum-metric.mtopology xn x sequentially
by auto
qged

lemma mcomplete-M-mcomplete-Mi:
assumes Sum-metric.mcomplete i € I
shows Metric-space.mcomplete (Mi i) (di 7)
proof —
interpret Mi: Metric-space Mi i di i
using assms(2) Md-metric by fastforce
show ?thesis
unfolding Mi.mcomplete-def
proof safe
fix zn
assume zn:Mi.MCauchy zn
from MCauchy-Mi-MCauchy-M[OF assms(2) this| assms(1) obtain z where
limitin Sum-metric.mtopology xn x sequentially
by (auto simp: Sum-metric.mcomplete-def)
from limitin-M-limitin-Mi[ OF this] obtain j where j:j € I limitin (Metric-space.mtopology
(Mi j) (di j)) zn z sequentially
by auto
have j = i
proof —
obtain N where An.n > N = ann € Mij
by (metis Md-metric Metric-space.limitin-metric-dist-null eventually-sequentially

7)
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hence an N € Mii N Mij
using zn by(auto simp: Mi.MCauchy-def)
with Mi-disj j(1) assms(2) show ?thesis
by (fastforce simp: disjoint-family-on-def)
qed
thus Jz. limitin Mi.mtopology zn = sequentially
using j(2) by(auto introl: exl[where z=z])
qed
qed

end

lemma sum-metricl:
fixes Si
assumes disjoint-family-on Si I
and N\izy. i¢ 1= 0<diizy
and A\izy. diizy < 1
and Ai. ¢ € I = Metric-space (Si ) (di 7)
shows Sum-metric I Si di
using assms by (metis Metric-space.nonneg Sum-metric-def)

end

1.3.8 Product Metric Spaces

theory Set-Based-Metric-Product
imports Set-Based-Metric-Space
begin

lemma nsum-of-r'":
fixes r :: real
assumes 70 < rr < 1
shows O-n.r(n+ k)« K)=rk /(1 —1)* K
(is ?lhs = -)
proof —
have ?lhs = (3 n. r’n* K) — (3. ne{..<k}. r’n *x K)
using r by(auto intro!: suminf-minus-initial-segment summable-mult2)
alsohave ... =1 /(1 =)« K- (1 —rk) /(1 —r)*x K
proof —
have (> ne{.<k}. rm+«K)=( —7r%k) /(1 —r)* K
using one-diff-power-eqlof v k] r scale-sum-left[of An. r"n {..<k} K, symmetric]
by auto
thus ?thesis
using r by(auto simp add: suminf-geometriclof r] suminf-mult2|where
c=K,symmetric])
qed
finally show ?thesis
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using r by (simp add: diff-divide-distrib left-diff-distrib)
qed

lemma nsum-of-r-leg:
fixes r :: real and a :: nat = real
assumes 7:0 < rr < 1
and a:An. 0 <an An.an < K
shows 0 < O n.r(n+k)xa(n+1) O nrin+k)xa(n+1)<rk
/(I —r)x K
proof —
have [simp]: summable (An. v " (n + k) x a (n + 1))
apply(rule summable-comparison-test’[of An. r (n+k) x K])
using r a by (auto intro!: summable-mult2)
show 0 < (3 n. v (n+ k) xa(n+1))
using r a by(auto introl: suminf-nonneg)
have (O n.riin+k)xa(n+10)) <O n r(n+k) *K)
using a 7 by(auto introl: suminf-le summable-mult2)
alsohave ... =7k / (1 —r) x K
by (rule nsum-of-r'[OF r])
finally show (3 n.r(n+ k) xa(n+1)<rk/(1—1)x K.
qed

lemma nsum-of-r-le:
fixes r :: real and a :: nat = real
assumes r:0 < rr < 1
and a:An. 0 <anAn.an< K3In>lan' <K
shows O n.r(n+k)xa(n+1)<rk/(1—-r)xK
proof —
obtain n’ where hn”: a (n' + 1) < K
using a(3) by (metis add.commute le-iff-add)
define o’ where o’ = (An. if n = n’ + [ then K else a n)
have " An. 0 < a’'n An.a’'n < K
using a(1,2) le-trans order.trans[OF a(1,2)[of 0]] by(auto simp: a’-def)
have [simp]: summable (An. r ~(n + k) *x a (n + 1))
apply(rule summable-comparison-test’[of An. r(n+k) x KJ)
using 7 a by(auto introl: summable-mult2)
have [simp]: summable (An. 7 (n + k) * o’ (n + 1))
apply(rule summable-comparison-test’[of An. r (n+k) x KJ)
using r o’ by(auto introl: summable-mult2)
have (3 n.r" (n+ k) xa(n+1))=O_n r(n+ Sucn’+ k) *a(n+ Suc
n'+ 1) + O i<Sucn’. v (i + k) *x a (i + 1))
by (rule suminf-split-initial-segment) simp

also have ... = > n. v (n 4+ Sucn' 4+ k) x a (n + Sucn'+ 1)) + O i<n’. r (i
+Exa(i+D))+r(n+k*a(n+1)
by simp

also have ... < (> n. r(n+ Sucn'+ k) x a (n + Suc n'+ 1)) + O i<n’. r i
+k)xa(i+1)+r(n+kxK
using 7 hn’ by auto
also have ... = > n. r(n + Suc n’ 4+ k) * a’ (n + Suc n'+ 1)) + (O i<Suc
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n.r i+ k)xa (i+1))
by (auto simp: a’-def)
also have ... = O n. v (n+ k) x a’ (n + 1))
by (rule suminf-split-initial-segment[symmetric]) simp
alsohave ... <7k / (1 —r) x K
by (rule nsum-of-r-leq{OF r a'])
finally show ?thesis .
qed

definition product-dist’ :: [real, 'i set, nat = i, 'i = 'a set, 'i = 'a = 'a = redl]
= (i = 'a) = (i = 'a) = real where

product-dist-def: product-dist’ r I g Mi di = Az y. if x € (Ilg i€l. Mi i) ANy €
(Ilg i€l. Mi i) then (D n.if gn € I'then r™n x di (g n) (xz (g n)) (y (9 n)) else
0) else 0)

d(@,y) = D en " * dg; (i) gy (i) Ygs (1)) -

locale Product-metric =
fixes r :: real

and [ :: i set

and [ :: i = nat

and g :: nat = i

and Mi :: i = 'a set

and di :: i = 'a = 'a = real

and K :: real

assumes r: 0 < rr < 1
and I: countable I
and gf-comp-id : Ni. i € = g (fi) =1
and gf-if-finite: finite I = bij-betw f I {..< card I}
finite I = bij-betw g {..< card I} 1
and gf-if-infinite: infinite I = bij-betw f I UNIV
infinite I = bij-betw g UNIV I
An. infinite ] = f (gn) =n

and Md-metric: \i. i € I = Metric-space (Mi i) (di i)
and di-nonneg: Nizy. 0 < diizy
and di-bounded: Nixvy. diixy < K
and K-pos : 0 < K

lemma from-nat-into-to-nat-on-product-metric-pair:
assumes countable I
shows Ai. i € I = from-nat-into I (to-nat-on I i) = i
and finite I = bij-betw (to-nat-on I) I {..< card I}
and finite I = bij-betw (from-nat-into I) {..< card I} I
and infinite I = bij-betw (to-nat-on I) I UNIV
and infinite I = bij-betw (from-nat-into I\ UNIV I
and An. infinite I = to-nat-on I (from-nat-into I n) = n
by (simp-all add: assms to-nat-on-finite bij-betw-from-nat-into-finite to-nat-on-infinite
bij-betw-from-nat-into)

lemma product-metric-pair-finite-nat:
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bij-betw id {..n} {..< card {..n}} bij-betw id {..< card {..n}} {.n}
by (auto simp: bij-betw-def)

lemma product-metric-pair-finite-nat’:
bij-betw id {..<n} {..< card {..<n}} bij-betw id {..< card {..<n}} {..<n}
by (auto simp: bij-betw-def)

context Product-metric
begin

abbreviation product-dist = product-dist’ r I g Mi di

lemma nsum-of-rK: (3 n. r(n + k)xK)=r"k /(1 — 1)« K
by (rule nsum-of-r'|OF r])

lemma i-min:
assumes 1 € [gn =1
shows fi < n
proof (cases finite I)
case h:True
show ?thesis
proof(rule ccontr)
assume - fi < n
then have h0:n < fi by simp
have fi € {..<card I}
using bij-betwE[OF gf-if-finite(1)[OF h]] assms(1) by simp
moreover have n € {..<card I'} n # fi
using h0 fi € {..<card I}» by auto
ultimately have g n # g (f7)
using bij-betw-imp-ing-on|OF gf-if-finite(2)[OF h])
by (simp add: inj-on-contraD)
thus Fulse
by (simp add: gf-comp-id[OF assms(1)] assms(2))
qed
next
show infinite | = fi < n
using assms(2) gf-if-infinite(3)[of n] by simp
qged

lemma g-surj:
assumes ¢ € [
shows dn. gn =1
using gf-comp-id|of i| assms by auto

lemma product-dist-summable’[simp):
summable (An. r"n * di (g n) (z (g n)) (y (g n)))
apply(rule summable-comparison-test’lof An. r"n * KJ)
using r di-nonneg di-bounded K-pos by (auto intro!: summable-mult2)
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lemma product-dist-summable[simp]:

summable (An. if gn € Ithen r™n x di (g n) (z (g n)) (v (g n)) else 0)

by (rule summable-comparison-test’[of An. r™n x di (g n) (z (g n)) (v (g n))])
(use 1 di-nonneg di-bounded K-pos in auto)

lemma summable-rK[simpl: summable (An. r"n x K)
using r by(auto intro!: summable-mult2)

lemma Product-metric: Metric-space (g i€1. Mi i) product-dist
proof —
have h: Niziyi. i € | = xi € Mii = yi € Mi i = i = yi <— di i 2i yi
=0
Niaiyi.i € ] = diiziyi=diiyiai
Niziyizi.iel = axi€ Mii = yi € Mii = 2i € Mii{i = diiui
2 < divxtyi + di iyl oz
using Md-metric by(auto simp: Metric-space-def)
show ?thesis
proof
show Az y. 0 < product-dist z y
using di-nonneg r by (auto simp: product-dist-def introl: suminf-nonneg prod-
uct-dist-summable)
next
fix x y
assume hzy:z € (g i€l. Mii) y € (Ilg i€l. Mi i)
show (product-dist z y = 0) +— (z = y)
proof
assume heq:z = y
then have (if gn € I'thenr “n* di (gn) (x (gn)) (y (gn)) else 0) =0
for n
using hxy h'(1)[of g n x (g n) y (g n)] by(auto simp: product-dist-def)
thus product-dist t y = 0
by (auto simp: product-dist-def)
next
assume h0:product-dist x y = 0
have (D n. ifgn € I'thenr “nxdi (gn) (xz (gn)) (y (gn)) else 0) =0
+— (Vn. (ifgn € I thent™n x di (gn) (z (gn)) (y (g9 n)) else
0)=20)
apply(rule suminf-eq-zero-iff)
using di-nonneg r by (auto simp: product-dist-def intro!: product-dist-summable)
hence hn0:An. (if gn € Ithen r™n* di (gn) (z (g n)) (y (gn)) else 0) =0
using h0 hzy by(auto simp: product-dist-def)
show z = y
proof
fix ¢
consider i € I | ¢ ¢ I by auto
thus z 7 =y 1
proof cases
case !
from g¢-surj[OF this] obtain n where
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hn: g n = i by auto
have di (g n) (z (gn)) (y (9n)) =0
using hn h'(1)[OF 1,0f z i y i) hzy hnO[of n] 1 r by simp
thus ?thesis
using hn h'(1)[OF 1,0f z i y i) hzy 1 by auto
next
case 2
then show ?thesis
by (simp add: PiE-arb[OF hxy(1) 2] hzy PiE-arb[OF hzy(2) 2])
qged
qed
qed
next
show product-dist x y = product-dist y x for z y
using h'(2) by(auto simp: product-dist-def) (metis (no-types, opaque-lifting))
next
fixzyz
assume hzyz:z € (Ilg t€l. Mi i) y € (Ilg t€l. Mi i) z € (g i€l. Mi1)
have (ifgn € I'thent “n* di (gn) (z (gn)) (2 (g n)) else 0)
< (ifgnelthenr “nxdi(gn)(z(gn)) (v (gn)) else 0) + (ifgn €
Ithenr “nxdi (gn) (y (gn)) (2 (gn)) else 0) for n
using h'(3)[of gnx (gn) y (g n) z (g9 n)] heyz r
by (auto simp: distrib-left[of r ~ n,symmetric])
thus product-dist x z < product-dist x y + product-dist y z
by (auto simp add: product-dist-def suminf-add[OF product-dist-summable[of x
y] product-dist-summable|of y z]] hxyz introl: suminf-le summable-add)
qed
qed

sublocale Product-metric: Metric-space Il t€l. Mi ¢ product-dist
by (rule Product-metric)

lemma product-dist-leqr: product-dist z y < 1 / (1 — r) x K
proof —
have product-dist x y < (3 n. if gn € I'then r"n x di (g n) (z (g n)) (v (g n))
else 0)
proof —
consider z € (Ilg i€l. Mi i) ANy € (g i€l. Mii) | - (z € (Ilg i€l. Mi 1)
Ay € (Ilg i€l. Mii)) by auto
then show ?thesis
proof cases
case ]
then show ?thesis by (auto simp: product-dist-def)
next
case 2
then have product-dist x y = 0
by (auto simp: product-dist-def)
also have ... < (3 n.ifgn € I'then r™nx di (gn) (z (gn) (y (gn)) else
0)
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using di-nonneg r by(auto introl: suminf-nonneg product-dist-summable)
finally show ?thesis .

qed
qed
also have ... < (3 n. rn* di (gn) (z (g n) (y (g n))
using r di-nonneg di-bounded by (auto intro!: suminf-le)
also have ... < (3 n. r™n x K)

using r di-bounded di-nonneg by (auto intro!: suminf-le)
alsohave ... =1 /(1 —r)* K

using r nsum-of-rK[of 0] by simp
finally show ?thesis .

qed

lemma product-dist-geq:
assumes i € T and gn =iz € (g i€l. Mii) y € (g i€l. Mi 1)
shows di i (z¢) (y i) < (1/r)"n * product-dist z y
(is ?lhs < %rhs)
proof —
interpret mi: Metric-space Mi i di @
by (rule Md-metric|OF assms(1)])
have (Am. if m = f i then di (g m) (z (g m)) (y (g m)) else 0) sums di (g (f 7))
(z (g (f9) (y (9 (f9)))
by (rule sums-single)
also have ... = ?lhs
by (simp add: gf-comp-id|OF assms(1)])
finally have 1:summable (Am. if m = fi then di (g m) (z (g m)) (y (g m)) else
0)
Zlhs = (O m. (if m = fithen di (g m) (x (g m)) (y (g m)) else 0))
by (auto simp: sums-iff)
note 1(2)
also have ... < (Y "m. (1/r) " nx (if gm € L then v"m = di (g m) (z (g m)) (y
(9 m)) else 0))
proof (rule suminf-le)
show summable (Am. (1/r)"n * (if gm € I then v"m * di (g m) (z (g m)) (y
(g m)) else 0))
by (auto introl: product-dist-summable)
next
fix k
have xx:1 < (1/r) “nxr " fi
proof —
have (I/r) “nx* (r " fi) = (1/r) (n—fi) = (1/r)(fi)«r " fi
using r by(simp add: power-diff [OF - i-min[OF assms(1,2)],0f 1/r,simplified))
also have ... = (1/r) ~(n—f i)
using r by (simp add: power-one-over)
finally show ?thesis
using r by auto
qed
have s:igk e I'if k= f1
using gf-comp-id[OF assms(1)] assms(1) that by auto
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show (if k = fithen di (g k) (z (gk)) (v (gk)) else 0) < (1/r) “n=x*(ifgk
€ lthenr "kxdi(gk)(z(gk)) (v (gk)) else 0)
using * di-nonneg r xx mult-right-mono| OF xx] by (auto simp: vector-space-over-itself .scale-scale|of
(1 /1) ~n])
qed(simp add: 1)
also have ... = %rhs
unfolding product-dist-def
using assms by (auto intro!: suminf-mult product-dist-summable)
finally show ?thesis .
qed

lemma limitin- M-iff-limitin-Mi:
shows limitin Product-metric.mtopology zn z sequentially <— (IN. Vn>N.
(Viel. znn i€ Mii) N (Vi. i¢] — zn n i = undefined)) A (Viel. limitin
(Metric-space.mtopology (Mi i) (di 7)) (An. zn n i) (z i) sequentially) A z € (g
icl. Mi i)
proof safe
fix ¢
assume h:limitin Product-metric.mtopology xn = sequentially
then show IN. Va>N. (Viel. anni € Mii) AN (Vi. i¢]l — ann i =
undefined)
by (simp only: Product-metric.limit-metric-sequentially) (metis PiE-E r(1))
then obtain N’ where N \in. i€ [ = n> N' = aznniec Mii Nin.i
¢ 1 = n> N = anni= undefined
by blast
assume 7:5 € [
then interpret m: Metric-space Mi i di i
using Md-metric by blast
show limitin m.mtopology (An. an n i) (x ©) sequentially
unfolding m.limitin-metric eventually-sequentially
proof safe
show z i € Mii
using h i by(auto simp: Product-metric.limitin-metric)
next
fix € :: real
assume 0 < ¢
then obtain r~ fi *x ¢ > 0 using r by auto
then obtain N where N:An. n > N = product-dist (zn n) z < r" fix¢
using h(1) by(fastforce simp: Product-metric.limitin-metric eventually-sequentially)
show IN. Vn>N.annie€ MiiANdii(znni) (zi) <e
proof (safe intro!: exl[where z=maz N N'))
fix n
assume mar N N' < n
then have N < n N' < n
by auto
have di i (zn n i) (x i) < (1 / r) " fi % product-dist (zn n) x
thm product-dist-geq| OF i gf-comp-id[OF 1] |
using h i N'[OF - «N' < ny] by (auto intro!: product-dist-geq| OF i gf-comp-id] OF
i] ] dest: Product-metric.limitin-mspace)
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alsohave ... < (1 /r) “fixr"fixe
using N[OF <N < m] r by auto
also have ... < ¢
by (simp add: <0 < &> power-one-over)
finally show di i (zn n i) (z i) < e .
qged(use N' h i in auto)
qed
next
fix N’
assume N:Vn>N' (Viel.znni € Mii) AN (Vi. i ¢ I — ann i = undefined)
assume h:Vi€l. limitin (Metric-space.mtopology (Mi i) (di 7)) (An. zn n @) (z ©)
sequentially © € (Ilg i€l. Mi i)
show limitin Product-metric.mtopology xn x sequentially
unfolding Product-metric.limitin-metric eventually-sequentially
proof safe
fix
assume he:(0:real) < €
then have 0 < ex((1—r)/K) using r K-pos by auto
hence 3k. vk < ex((1—7)/K)
using r(2) real-arch-pow-inv by blast
then obtain [ where r™| < ex((1—r)/K) by auto
hence hk:r7l/(1-r)xK < ¢
using mult-imp-div-pos-less|OF divide-pos-pos|OF - K-pos,of 1—r]] r(2) by
stmp
hence hke: 0 < e — r71/(1—r)xK by auto
consider | = 0 | 0 < [ by auto
then show AN.Vn>N. znn € (g i€l. Mii) A product-dist (znn) z < €
proof cases
case ]
then have he2:1 / (1 — r)xK < € using hk by auto
show ?Zthesis
using order.strict-trans1 [OF product-dist-leqgr he2] N’
by (auto intro!: exI[where z=N"])
next
case 2
with hke have 0 < 1 [/ reall x (¢ — r71/(1—r)xK) by auto
hence Viel. AN.Vn>N. dii (znni) (zi) <1 /reall* (e — r71/(1—r)*K)
using h by (meson Md-metric Metric-space.limit-metric-sequentially)
then obtain N where hn:
Niniel=n>Ni=dii(znni)(xi)<1/reall* (e —r71/(1-1)xK)
by metis
show ?Zthesis
proof (safe introl: exl[where z=maz (Sup {N (g n) | n. n < I1}) N])
fix n
assume maz (|| {N (gn) |n.n<I}) N'<n
then have hsup:| | {N (g n) [n. n <1} <nand N'n: N'<n
by auto
have product-dist (znn) z = (3 m. if gm € I'thenr "~ m % di (g m) (zn n

(g m)) (z (g m)) else 0)
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using N’ N'n h by(auto simp: product-dist-def)
also have ... = O _m. if g (m + 1) € [ then r ~ (m + U)* di (g (m + 1))
(znn (g (m+ 1)) (x (g (m+ 1)) else 0) + O_m<l.if gm € I then "~ m * di
(g m) (znn (g m)) (z (g m)) else 0)
by (auto introl: suminf-split-initial-segment)
also have ... < r7l/(1—r)*xK + (>_m<l. ifgm € Ithenr ~m x di (g m)
(an n (g m)) (alg m)) else 0)
proof —
have (3" m. if g (m + 1) € I'thenr ~(m + D* di (¢ (m + 1)) (zn n (g
(m+ 1)) (z (g (m+ 1)) else 0) < (> m. r(m + 1)xK)
using di-bounded N'r K-pos by (auto introl: suminf-le summable-ignore-initial-segment)
also have ... = r71/(1—-r)xK
by (rule nsum-of-rK)
finally show ?thesis by auto
qed
also have ... < 1/ (1 — r)*xK + (O_m<l. if gm € I then di (g m) (an
n (g m)) (z (g m)) else 0)
proof —
have (>_m<l. ifgm € Ithenr ~m * di (g m) (zn n (g m)) (z (g m))
else 0) < (O m<l. if gm € I then di (g m) (znn (g m)) (z (g m)) else 0)
using di-bounded di-nonneg r by (auto intro!: sum-mono simp: mult-left-le-one-le
power-le-one)
thus ?thesis by simp
qed
alsohave ... < 71/ (1 —r)xK + (> m<l. 1 [/ reall % (¢ — r71/(1—7)xK))
proof —
have (>_m<l. if gm € I then di (g m) (znn (g m)) (z (g m)) else 0) <
Oom<i. 1/ reall x (e — r71/(1—7)xK))
proof (rule sum-strict-mono-ex1)
show Vpe{..<l}. (if gp € I then di (g p) (zn n (9 p)) (z (g p)) else 0)
<1 /reall*(e—1r"1/ (1 - rxK)
proof —
have 0 < (e —r "Ix K /(1 — 1))/ real
using hke by auto
moreover {
fix p
assume p < lgp el
then have N (g p) € {N (gn) |n. n < I}
by auto
from le-cSup-finite] OF - this] hsup have N (g p) < n
by auto
hence di (g p) (znn (gp)) (z (gp) < (e —r " 1+K/ (1 =71))/
real [
using An[OF <g p € DI),of n] by simp
}
ultimately show ?thesis
by auto
qed
next

119



show Jac{..<l}. (if g a € I then di (g a) (znn (g a)) (z (g a)) else 0)
<1 /reallx(e—r"1 /(1 —r)K)
proof —
have 0 < (e —r "I« K /(1 — 1)) / real
using hke 2 by auto
moreover {
assume g 0 € [
have N (g 0) € {N (g n) [n. n < I}
using 2 by auto
from le-cSup-finite] OF - this] hsup have N (g 0) < n
by auto
hence di (¢ 0) (znn (g 0)) (z (g 0)) < (e —r " Ix K/ (1 —7r))/
real |
using hn[OF <g 0 € Iy,of n] by simp
}
ultimately show ?thesis
by (auto introl: bexI[where z=0] simp: 2)
qed
qed simp
thus ?thesis by simp
qged
also have ... = ¢
using 2 by auto
finally show product-dist (znn) z < € .
qged(use N’ in auto)
qged
qged (use N’ h in auto)
qed(auto simp: Product-metric.limitin-metric)

lemma Product-metric-mtopology-eq: product-topology (Ai. Metric-space.mtopology
(Mi i) (di ©)) I = Product-metric.mtopology
proof —
have htopspace:\i. i € I = topspace (Metric-space.mtopology (Mi i) (di i)) =
Mi i
by (simp add: Md-metric Metric-space.topspace-mtopology)
hence htopspace”:.(Ilg i€1. topspace (Metric-space.mtopology (Mi i) (di i))) =
(Il i€l. Mi i) by auto
consider I = {} | I # {} by auto
then show ?thesis
proof cases
case I
interpret d: discrete-metric {\z. undefined} .
have product-dist = (\z y. 0)
by standard+ (auto simp: product-dist-def 1)
hence 2:Product-metric.mtopology = d.disc.mtopology
by (metis 1 PiE-empty-domain Product-metric.open-in-mspace Product-metric.topspace-mtopology
d.mtopology-discrete-metric discrete-topology-unique singleton-iff)
show ?thesis
unfolding 2 by (simp add: product-topology-empty-discrete 1 d.mtopology-discrete-metric)
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next
case [".2
show ?thesis
unfolding base-is-subbase| OF Product-metric.mtopology-base-in-balls,simplified
subbase-in-def] product-topology-def
proof (rule topology-generated-by-eq)
fix U
assume U € {Product-metric.mball a € la e. a € (g i€l. Mii) A 0 < €}
then obtain a ¢ where hu:
U = Product-metric.mball a € a € (Il i€l. Mi i) 0 < € by auto
have 3X. 2 € (Ig i€l. X i) A (IIg i€l. X i) C U A (Vi. openin
(Metric-space.mtopology (Mi ) (di)) (X 7)) A finite {i. X i # topspace (Metric-space.mtopology
(Mi i) (dii))} if v € U for
proof —
considere <1 /(1 —r)x K |1 /(1 —r)x* K < e Dby fastforce
then show 3X. z € (g iel. X i) A (Ig i€l. X i) C U A (Vi
openin (Metric-space.mtopology (Mi i) (di i)) (X 7)) A finite {i. X i # topspace
(Metric-space.mtopology (Mi i) (di 7))}
proof cases
case he2:1
have 0 < (¢ — product-dist a x)*((1—r)/ K) using r hu K-pos that hu
by auto
hence 3. r’k < (¢ — product-dist a x)*((1—r)/ K)
using 7(2) real-arch-pow-inv by blast
then obtain k& where 7k < (¢ — product-dist a z)x((1—r)/ K) by auto
hence hk:r’k / (1—r) x K < (¢ — product-dist a x)
using mult-imp-div-pos-less|OF divide-pos-pos|OF - K-pos,of 1—r]] r(2)
by auto
have hk". 0 < k apply(rule ccontr) using hk he2 Product-metric.nonneg|of
a z] by auto
define ¢’ where ¢’ = (1 /(real k))*(e — product-dist a © — "k / (1—7) *
K)
have he’: 0 < &’ using hk by(auto simp: €’-def hk')
define X where X = (if finite I then (\i. if i € I then Metric-space.mball
(Mi i) (di i) (z i) €’ else topspace (Metric-space.mtopology (Mi i) (di ©))) else
(MNi. if i € I N fi < k then Metric-space.mball (Mi i) (di ©) (z i) €’ else topspace
(Metric-space.mtopology (Mi i) (di 7))))
show ?thesis
proof (intro exl[where z=X] conjl)
have z i € Metric-space.mball (Mi i) (di i) (z i) e’ if i € I for ¢
using hu <z € U> by (auto simp add: PiE-mem he’ Md-metric
Metric-space.centre-in-mball-iff that)
thus z € (Ilg i€l. X 1)
using hu that htopspace by(auto simp: X-def)
next
show (Ilg iel. X i) C U
proof
fix y
assume y € (Ilg i€l. X 7)
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have Ai. X i C topspace (Metric-space.mtopology (Mi i) (di 7))
by (simp add: Md-metric Metric-space.mball-subset-mspace X-def
htopspace)
hence y € (Ilg i€l. Mi 1)
using htopspace’ <y € (Ilg i€l. X i)» by blast
have product-dist a y < €
proof —
have product-dist a y < product-dist a x + product-dist x y
using Product-metric.triangle <y € Pig I Mi> hu(1) that by auto
also have ... < product-dist a x + (¢ — product-dist a x)
proof —
have product-dist x y < (¢ — product-dist a x)
proof —
have product-dist z y = (D n. if gn € Ithen r “n x di (g n) (z
(gn) (y (gn) else 0)
by (metis (no-types, lifting) hu(1) that <y € (g i€l. Mi i)
Product-metric.in-mball product-dist-def suminf-cong)
also have ... = Y n.if g (n + k) € I'thenr ~ (n + k)x di (g (n
+ k) (z (g (n+ k) (v (g (n+ k) else 0) + O n<k.if gn € Ithen r " n *
di (g n) (z (g9 n)) (y (g n)) else 0)
by (rule suminf-split-initial-segment) simp
alsohave ... <rk /(1 —r)* K+ O_n<k.ifgn € Ithenr ~
nx di () (z (g m)) (y (9 ) else 0)
proof —
have (3 n.if g (n+ k) € I'thenr " (n + k)x di (g (n + k)) (z
(9. (n+ ) (3 (g (n + B)) else 0) < (N n. v (n+ k) * K)
using di-bounded di-nonneg r K-pos by (auto introl: suminf-le
summable-ignore-initial-segment)
alsohave ... =r%k / (I —r) x K
by (rule nsum-of-rK)
finally show ?thesis by simp
qed
also have ... < vk / (1 — r) * K 4+ (¢ — product-dist a z — 7k
/(1= 7) 5 K)
proof —
have (> n<k.ifgn € I'thenr " nx di (gn) (z (g n)) (y (g
n)) else 0) < (- n<k. ')
proof(rule sum-strict-mono-exl)
show Vie{.<k}. (ifgle Ithenr " 1% di (gl) (z (g1) (y (g
1)) else 0) < ¢’
proof —
{
fix [
assume gl e Il <k
then interpret mbd: Metric-space Mi (g 1) di (g 1)
by (auto introl: Md-metric)
have r “ 1« di (g1) (z (91)) (y (g1)) < di(g) (z(g91)
(y (9 0)

using r by(auto intro!: mult-right-monolof r ~ 1 1,0F -
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mbd.nonneglof z (g 1) y (g 1)],simplified] simp: power-le-one)
also have ... < ¢’
proof —
have y (g 1) € mbd.mball (z (g 1)) &’
proof(cases finite I)
case True
then show ?thesis
using PiE-mem[OF <y € (Ilg i€l. X i)) <gl € D]
by (simp add: X-def <gl € I))
next
case Fulse
then show ?thesis
using PiE-mem[OF «y € (Ilg i€l. X i)) <gl € D]
gf-if-infinite(3)
by (simp add: X-def <gl € I» <l < k)
qed
thus ?thesis
by auto
qed
finally have r ~ [ x di (g 1) (z (¢1)) (v (g1)) <e&’'by simp

thus ?thesis
by (auto simp: order.strict-implies-order| OF he'])
qed
next
show Jac{..<k}. (ifga € I'thenr "a* di (g a) (z (g a)) (y
(g a)) else 0) < &’
proof(rule bexl[where z=0])
{
assume g 0 € [
then interpret mbd: Metric-space Mi (g 0) di (g 0)
by (auto introl: Md-metric)
have y (g 0) € mbd.mball (z (g 0)) €’
proof(cases finite I)
case True
then show ?thesis
using PiE-mem[OF <y € (g i€l. X i) <g 0 € D]
by(simp add: X-def <g 0 € I»)
next
case Fulse
then show ?thesis
using PiE-mem[OF <y € (g i€l. X i)y <g 0 € D]
gf-if-infinite(3)
by(simp add: X-def <g 0 € I» <0 < k»)
qged
hence r “0 x di (g 0) (z (g 0)) (y (g0)) <¢&'
by auto
}

thus (if g 0 € T'thenr ~ 0 * di (g 0) (z (g 0)) (y (g 0)) else
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using he’ by auto
qged(use hk’ in auto)
qed simp
also have ... = (¢ — product-dist a x — r "k / (1 —r) x K)
by(simp add: €’-def hk')
finally show ?thesis by simp

qed
finally show ?thesis by simp
qed
thus ?thesis by simp
qed
finally show ?thesis by auto
qed
thus y e U
by(simp add: hu(1) hu(2) <y € (g i€l. Mii)»)
qed
next

have openin (Metric-space.mtopology (Mi i) (di i)) (Metric-space.mball
(Mii) (dii) (zi)e’)ifie I for i
by (simp add: Md-metric Metric-space.openin-mball that)
moreover have openin (Metric-space.mtopology (Mi i) (di ©)) (topspace
(Metric-space.mtopology (Mi ) (di i))) for i
by auto
ultimately show Vi. openin (Metric-space.mtopology (Mi i) (di 7)) (X

by (auto simp: X-def)
next
show finite {i. X i # topspace (Metric-space.mtopology (Mi i) (di i))}
proof (cases finite I)
case True
then show ?%thesis
by (simp add: X-def)
next
case [inf:False
have finite {i € I. fi < k}
proof —
have {i € I. fi < k} = inv-into I f “ {..<k}
proof —
have x:\i. i € I = inv-into I f (fi) = ¢
An. f (inv-into I fn) = n
using bij-betw-inv-into-left[OF gf-if-infinite(1)[OF Iinf]]
bij-betw-inv-into-right| OF gf-if-infinite(1)[OF Iinf])
by auto
show ?thesis
proof
show {i € I. fi < k} C inv-into I f * {..<k}
proof
showpe{icl fi<k} = pe€ inv-intolf‘{.<k} forp
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using *(1)[of p| by (auto simp: rev-image-eql)
qed
next
show dnv-into I f *{.<k} C{iel. fi <k}
using x(2) bij-betw-inv-into[OF gf-if-infinite(1)[OF Iinf]]
by (auto simp: bij-betw-def)
qed
qed
also have finite ... by auto
finally show ?thesis .
qged
thus ?thesis
by (simp add: X-def Iinf)
qed
qed
next
case 2
then have U = (Ilg i€l. Mi 1)
unfolding hu(1) using order.strict-trans1 [OF product-dist-legr,of €]

by auto
also have ... = (Ilg i€l. topspace (Metric-space.mtopology (Mi i) (di i)))
using htopspace by auto
finally have U = (Ilg i€l. topspace (Metric-space.mtopology (Mi i) (di
) -

thus %thesis
using that hu htopspace by(auto intro!: exI[where x=M\i. topspace
(Metric-space.mtopology (Mi %) (di ©))])
qed
qed
hence 3X. VzeU. z € (Ilg iel. X i) A (IIg i€l. X 2 4) C U A (Vi.
openin (Metric-space.mtopology (Mi i) (di i) (X z 7)) A finite {i. X x i # topspace
(Metric-space.mtopology (Mi i) (di 7))}
by (auto introl: bchoice)
then obtain X where VzeU. z € (Ilg icl. Xz i) A (Ilg i€l. X z4) C U
A (Vi. openin (Metric-space.mtopology (Mi ) (di 7)) (X z @) A finite {i. X z i #
topspace (Metric-space.mtopology (Mi ) (di 7))}
by auto
hence hX: A\z. 2 € U =z € (Igicl. Xzi) A\z. 2 € U = (llg iel. X
zi) CU Az.z € U= (Vi. openin (Metric-space.mtopology (Mi i) (di 7)) (X =
i) Nz. x € U = finite {i. X z i # topspace (Metric-space.mtopology (M i) (di
i)}
by auto
hence hXopen: N\z. © € U = (llg icl. X z i) € {Ilg iel. X i |X. (Vi.
openin (Metric-space.mtopology (Mi i) (di 7)) (X 7)) A finite {i. X i # topspace
(Metric-space.mtopology (Mi i) (di ©))}}
by blast
have U = (U {(Ug i€l. Xz i) | 5.z € U})
using hX(1,2) by blast
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have openin (topology-generated-by {Ilg i€l. X i |X. (Vi. openin (Metric-space.mtopology
(Mi i) (dii)) (X 9)) A finite {i. X i # topspace (Metric-space.mtopology (Mi i) (di
i) (U {(g iel. X zi) | z. 2 € U})
apply(rule openin-Union)
using hXopen by (auto simp: openin-topology-generated-by-iff intro!: gener-
ate-topology-on.Basis)
thus openin (topology-generated-by {Ilg i€l. X i |X. (Vi. openin (Metric-space.mtopology
(Mid) (dii)) (X i) A finite {i. X i # topspace (Metric-space.mtopology (Mi i) (di
i) U
using «U = (J {(IIg ¢€l. Xz i) | . z € U})> by simp
next
fix U
assume U € {Ilg icl. X ¢ |X. (Vi. openin (Metric-space.mtopology (Mi 7)
(di 7)) (X 1)) A finite {i. X i # topspace (Metric-space.mtopology (Mi ) (di ))}}
then obtain X where hX:
U= (llg iel. X i) N\i. openin (Metric-space.mtopology (Mi ) (di 7)) (X ©)
finite {i. X i # topspace (Metric-space.mtopology (Mi i) (di ©))}
by auto
have Ja . £ € Product-metric.mball a € N\ Product-metric.mball a ¢ C U if
z € U for z
proof —
have z-intop:xz € (Ilg i€l. Mi i)
unfolding htopspace’[symmetric] using that hX(1) openin-subset[OF
hX(2)] by auto
define I’ where I’ = {i. X i # topspace (Metric-space.mtopology (Mi i)
(did)ynlI
then have I finite I’ I' C I using hX(3) by auto
consider I’ = {} | I' # {} by auto
then show ?thesis
proof cases
case I
then have Ai. i € I = X i = topspace (Metric-space.mtopology (Mi 7)
(di 1))
by (auto simp: I'-def)
then have U = (Ilg i€l. Mi 1)
by (simp add: PiE-eq hX (1) htopspace)
thus ?thesis
using 1 that by(auto introl: exI[where z=z| exI[where z=1])
next
case I'-nonempty:2
hence Ai. i € I’ = openin (Metric-space.mtopology (Mi i) (di 7)) (X i)
using hX(2) by(simp add: I'-def)
hence Je>0. Metric-space.mball (Mi i) (di i) (z i) e C (X 4)if i € I’ for
i
using I'(2) Md-metric Metric-space.openin-mtopology PiE-mem <z € U»
hX(1) subset-eq that by blast
then obtain ¢i’ where hei:\i. i € I' = ¢ci’'i > 0 N\i. i € I' =
Metric-space.mball (Mi ) (di %) (z i) (ei’ i) C (X 1)
by metis
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define ¢ where ¢ = Min {¢i’ { |i. i € I'}
have emin: Ni. i € I' = e < ¢ei’ i
using I’ by(auto simp: e-def intro!: Min.coboundedl)
have he: e > 0
using I’ I'-nonempty Min-gr-iff [of {ei’ i |i. i € 1’} 0] hei(1)
by (auto simp: e-def)
define n where n = Maz {fi|i.i€ 1’}
have N\i. i € I' =fi <n
using I’ by (auto introl: Maz.coboundedI[of {fi | i. i € I'}] simp: n-def)
hence n2:\i. i e I'= (1 /r) “fi< (1 /r)n
using r by auto
have he’: 0 < ex(r"n) using he r by auto
show ?thesis
proof (safe introl: exl[where z=z| exl[where z=cx(r"n)])
fix y
assume y € Product-metric.mball (€ * r ~ n)
have yi € Xiif i € I’ for ¢
proof —
interpret mi: Metric-space Mi i di ©
using Md-metric that by (simp add: I1'-def)
have di i (z4) (y i) <ei'
proof —
have di i (z i) (yi) < (1 / r) " fi* product-dist z y
using that <y € Product-metric.mball z (¢ x v ~ n)> by(auto introl:
product-dist-geq[of i,OF - gf-comp-id z-intop] simp: I'-def)
also have ... < (1 / r)"n * product-dist = y
by (rule mult-right-mono[OF hn2[OF that] Product-metric.nonneg|)
also have ... < ¢
using <y € Product-metric.mball z (¢ x 7 " n) r
by (simp add: pos-divide-less-eq power-one-over)
also have ... < ¢ei’ ¢
by (rule emin|OF that))
finally show ?thesis .
qed
hence (y 7) € mi.mball (z i) (ei’ i)
using «y € Product-metric.mball x (¢ *  ~ n)» z-intop that
by (auto simp: I'-def)
thus ?thesis
using hei[OF that] by auto
qed
moreover have yi € Xiifie I — I'for i
using that htopspace <y € Product-metric.mball z (¢ x ™ n)»
by (auto simp: I'-def)
ultimately show y € U
using <y € Product-metric.mball z (¢ x v~ n)»
by (auto simp: hX(1))
qged(use z-intop he' in auto)
qged
qed
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then obtain a where VzeU. Je. © € Product-metric.mball (a x) € A
Product-metric.mball (a z) e C U
by metis
then obtain ¢ where hae: Az. © € U = z € Product-metric.mball (a z)
(e ) Nz. £ € U = Product-metric.mball (a z) (¢ ) C U
by metis
hence hae" N\v. 2 € U = azxz € (lg icl. Mii) A\z. 2 € U = 0 <cz
by auto[1] (metis Product-metric.mball-eq-empty empty-iff hae(1) linorder-not-less)
have openin (topology-generated-by { Product-metric.mball a € |a e. a € (Ilg
i€l. Mii) A 0 < e}) (U { Product-metric.mball (a z) (¢ z) |z. z € U})
using Product-metric.openin-mball < Product-metric.mtopology = topol-
ogy-generated-by { Product-metric.mball a € |a €. a € Pig I Mi A 0 < €}» by
auto
moreover have U = (|J {Product-metric.mball (a z) (¢ z) |z. z € U})
using hae by (auto simp del: Product-metric.in-mball)
ultimately show openin (topology-generated-by { Product-metric.mball a € |a
c.a€ (lgiel. Mii) N0 <e}) U
by simp
qed
qed
qed

corollary separable-Mi-separable-M:
assumes Ai. i € I = separable-space (Metric-space.mtopology (Mi i) (di 7))
shows separable-space Product-metric.mtopology
by (simp add: Product-metric-mtopology-eq[symmetric] separable-countable-product
assms I)

lemma mcomplete-Mi-mcomplete-M:
assumes Ai. i € I = Metric-space.mcomplete (Mi i) (di i)
shows Product-metric.mcomplete
proof(cases I = {})
case 1:True
interpret d: discrete-metric {A\x. undefined} .
have 2:product-dist = (Az y. 0)
by standard+ (auto simp: product-dist-def 1)
show ?thesis
apply(simp add: Product-metric.mcomplete-def Product-metric.limitin-metric
eventually-sequentially Product-metric. MCauchy-def)
apply(simp add: 2)
by (auto simp: 1 intro!: exI[where z=(\i. undefined)))
next
assume 2: [ # {}
show ?thesis
unfolding Product-metric.mcomplete-def
proof safe
fix zn
assume h: Product-metric. MCauchy zn
have x:Metric-space. MCauchy (Mi ©) (di i) (An. zn n @) if hi:i € I for {
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proof —
interpret mi: Metric-space Mi i di i
by (simp add: Md-metric hi)
show mi.MCauchy (An. an n i)
unfolding mi.MCauchy-def
proof safe
show zn n ¢ € Mi i for n
using & hi by(auto simp: Product-metric. MCauchy-def)
next
fix ¢
assume he:(0::real) < €
then have 0 < ¢ x r"(f i) using r by auto
then obtain N where N:
An m. n>N = m>N = product-dist (zn n) (zn m) < e * r(f 1)
using h Product-metric. MCauchy-def by fastforce
show AN.Vnn' . N<n-—N<n —dii(znni) (znn’i) <e
proof(safe intro!: exl[where z=N])
fix nm
assume n:n > Nm > N
have di i (zn n i) (zn m i) < (1 / r) ~(f4) * product-dist (zn n) (zn m)
by (rule product-dist-geq) (use h[simplified Product-metric. MCauchy-def]
hi gf-comp-id[of i] in auto)
also have ... < ¢
using N[OF n] by (simp add: mult-imp-div-pos-less power-one-over (1))
finally show di i (zn n i) (znm i) < e .
qged
qed
qed
hence Vicl. 3. limitin (Metric-space.mtopology (Mi i) (di 7)) (An. zn n i) ©
sequentially
using Md-metric Metric-space.mcomplete-alt assms by blast
then obtain z where hz:A\i. i € I = limitin (Metric-space.mtopology (Mi
i) (di i)) (An. zn n i) (x ) sequentially
by metis
hence hz’:(Ai€l. x i) € (Ilg i€l. Mi 1)
by (simp add: Md-metric Metric-space.limit-metric-sequentially)
thus Jz. limitin Product-metric.mtopology xn x sequentially
using h by (auto introl: exI[where x=\ic€l. x | limitin-M-iff-limitin-Mi[ THEN
iffD2,of xn] simp: Product-metric. MCauchy-def hz) blast
qed
qed

end

lemma product-metricl:
assumes 0 < rr < I countable I N\i. i € I = Metric-space (Mi i) (di 7)
and Nizy. 0 < diizy Nizy diizy< K0<K
shows Product-metric v I (to-nat-on I) (from-nat-into I) Mi di K
using from-nat-into-to-nat-on-product-metric-pair| OF assms(3)] assms

129



by (simp add: Product-metric-def Metric-space-def)

lemma product-metric-natl:
assumes 0 < rr < 1 An. Metric-space (Mi n) (di n)
and N\izy. 0 < diizy Nizy diizy< K0<K
shows Product-metric r UNIV id id Mi di K
using assms by (auto simp: Product-metric-def)

end

2 Abstract Polish Spaces

theory Abstract-Metrizable-Topology
imports Set-Based-Metric- Product
begin

2.1 Polish Spaces

definition Polish-space X = completely-metrizable-space X N separable-space X

lemma(in Metric-space) Polish-space-mtopology:
assumes mcomplete separable-space mtopology
shows Polish-space mtopology
by (simp add: assms completely-metrizable-space-mtopology Polish-space-def)

lemma
assumes Polish-space X
shows Polish-space-imp-completely-metrizable-space: completely-metrizable-space
X
and Polish-space-imp-metrizable-space: metrizable-space X
and Polish-space-imp-second-countable: second-countable X
and Polish-space-imp-separable-space: separable-space X
using assms by (auto simp: completely-metrizable-imp-metrizable-space Polish-space-def
metrizable-space-separable-iff-second-countable)

lemma Polish-space-closedin:

assumes Polish-space X closedin X A

shows Polish-space (subtopology X A)

using assms by (auto simp: completely-metrizable-imp-metrizable-space Polish-space-def
completely-metrizable-space-closedin second-countable-subtopology metrizable-space-separable-iff-second-countat

lemma Polish-space-gdelta-in:

assumes Polish-space X gdelta-in X A

shows Polish-space (subtopology X A)

using assms by (auto simp: completely-metrizable-imp-metrizable-space Polish-space-def
completely-metrizable-space-gdelta-in second-countable-subtopology metrizable-space-separable-iff-second-counta

corollary Polish-space-openin:
assumes Polish-space X openin X A
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shows Polish-space (subtopology X A)
by (simp add: open-imp-gdelta-in assms Polish-space-gdelta-in)

lemma homeomorphic-Polish-space-auz:

assumes Polish-space X X homeomorphic-space Y

shows Polish-space Y

using assms by (simp add: homeomorphic-completely-metrizable-space-aux home-
omorphic-separable-space Polish-space-def)

corollary homeomorphic-Polish-space:
assumes X homeomorphic-space Y
shows Polish-space X <— Polish-space Y
by (meson assms homeomorphic-Polish-space-aux homeomorphic-space-sym,)

lemma Polish-space-euclidean[simp]: Polish-space (euclidean :: (‘a :: polish-space)

topology)
by (simp add: completely-metrizable-space-euclidean Polish-space-def second-countable-imp-separable-space)

lemma Polish-space-countable[simp]:

Polish-space (euclidean :: 'a :: {countable,discrete-topology} topology)
proof —

interpret discrete-metric UNIV :: 'a set .

have [simp]:euclidean = disc.mtopology

by (metis discrete-topology-class.open-discrete discrete-topology-unique istopol-

ogy-open mtopology-discrete-metric topology-inverse’ topspace-euclidean)

show ?thesis

by (auto simp: Polish-space-def intro!: disc.completely-metrizable-space-mtopology
mcomplete-discrete-metric countable-space-separable-space)
qed

lemma Polish-space-discrete-topology: Polish-space (discrete-topology I) +— count-
able 1

by (simp add: completely-metrizable-space-discrete-topology Polish-space-def sep-
arable-space-discrete-topology)

lemma Polish-space-prod:

assumes Polish-space X and Polish-space Y

shows Polish-space (prod-topology X Y)

using assms by (simp add: completely-metrizable-space-prod-topology Polish-space-def
separable-space-prod)

lemma Polish-space-product:

assumes countable I and A\i. i € I = Polish-space (S i)

shows Polish-space (product-topology S I)

using assms by(auto simp: separable-countable-product Polish-space-def com-
pletely-metrizable-space-product-topology)

lemma(in Product-metric) Polish-spacel:
assumes Ai. i € I = separable-space (Metric-space.mtopology (Mi i) (di 7))
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and Ai. i € I = Metric-space.mcomplete (Mi ) (di 7)
shows Polish-space Product-metric.mtopology
using assms I by (auto simp: Polish-space-def Product-metric-mtopology-eq[symmetric]
completely-metrizable-space-product-topology intro!: separable-countable-product Met-
ric-space.completely-metrizable-space-mitopology Md-metric)

lemmal(in Sum-metric) Polish-spacel:
assumes countable I
and Ai. i € I = separable-space (Metric-space.mtopology (Mi ) (di 7))
and Ai. ¢ € I = Metric-space.mcomplete (Mi ) (di 7)
shows Polish-space Sum-metric.mtopology
by(auto simp: Polish-space-def intro: separable-Mi-separable-M assms mcom-
plete-Mi-mcomplete-M Sum-metric.completely-metrizable-space-mtopology)

lemma compact-metrizable-imp-Polish-space:
assumes metrizable-space X compact-space X
shows Polish-space X

proof —
obtain d where Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X

by (metis assms(1) Metric-space.topspace-mtopology metrizable-space-def)
thus ?thesis
by (metis Metric-space.compact-space-imp-separable assms(1) assms(2) com-
pact-imp-locally-compact-space locally-compact-imp-completely-metrizable-space Pol-
ish-space-def)
qged

2.2 Extended Reals and Non-Negative Extended Reals

lemma Polish-space-ereal: Polish-space (euclidean :: ereal topology)
proof(rule homeomorphic-Polish-space-auz)
show Polish-space (subtopology euclideanreal {—1..1})
by (auto introl: Polish-space-closedin)

next
define f :: real = ereal
where [ = (Ar. if r = — 1 then — oo else if 1 = 1 then oo else if r < 0 then

ereal (1 — (1 /(1 + 1)) else ereal (1 / (1 — 1)) — 1))
define g :: ereal = real
where g = (Ar. if r < 0 then real-of-ereal (inverse (1 — r)) — 1 else 1 —
real-of-ereal (inverse (1 + r)))
show top-of-set {—1..1::real} homeomorphic-space (euclidean :: ereal topology)
unfolding homeomorphic-space-def homeomorphic-maps-def continuous-map-iff-continuous
proof (safe introl: exl[where z=f] exI[where z=g)|)
show continuous-on {— 1..1} f
unfolding continuous-on-eq-continuous-within
proof safe
fix z :: real
assume ¢ € {— 1..1}
then consider 1 = —1 | -1 <zz<0|z=0|0<zz<1|z=1
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by fastforce
then show continuous (at © within {— 1..1}) f
proof cases
show — 1 <z = = < 0 = ?thesis
by (simp add: at-within-Icc-at, intro isCont-cong|where f=Ar. ereal (1 — (1
/ (1 + 7)) and g=f,THEN iffD1,0F - continuous-on-interior[of {—1<..<0}]])
(auto simp: at-within-Icc-at eventually-nhds f-def intro!: exl[where z={—1<..<0}]
continuous-on-divide continuous-on-ereal continuous-on-diff continuous-on-add)
next
have x:isCont (Ar. if r < 0 then ereal (1 — (1 / (1 + 1))) else ereal ((1 /
(1 =) - 1) 0
by (rule isCont-If-ge) (auto simp add: continuous-within introl: contin-
uous-on-Icc-at-leftD[where a=— (1 / 2) and b=0 and f=Ar:real. 1 — (1 /
(1 + r)),simplified] continuous-on-Icc-at-rightDjwhere a=0 and b=1 / 2 and
f=Arareal. (1) (1 — 1)) — 1,simplified] continuous-on-diff continuous-on-divide
continuous-on-add)
show ?thesis if z:x = 0
unfolding z at-within-Icc-at[of — 1 :: real 0 1,simplified)
by (rule isCont-cong| THEN iffD1,0F - x]) (auto simp: eventually-nhds f-def
introl: exl[where z={—1 / 2<..<1/2}])
next
show 0 < z = z < 1 = %thesis
by (simp add: at-within-Icc-at, intro isCont-conglwhere f=Ar. ereal ((1 /
(I —r)) — 1) and g=f,THEN iffD1,0F - continuous-on-interior|of {0<..<1}]])
(auto simp: at-within-Icc-at eventually-nhds f-def introl: exI[where z={0<..<1}]
continuous-on-divide continuous-on-ereal continuous-on-diff continuous-on-add)

next
show ?thesis if z:0 = —1
unfolding z at-within-Icc-at-right[where a=— 1 :: real and b=1,simplified]

continuous-within ereal-tendsto-simps(2)[symmetric]
proof (subst tendsto-cong)
show V r 1 in at-right (ereal (— 1)). (f o real-of-ereal) r =1 — (1 / (1
)
unfolding eventually-at-right|of ereal (— 1) 0,simplified)
proof (safe introl: exl[where z=ereal (— 1 / 2)])
fix y
assume ereal (— 1) < yy < ereal (— 1/ 2)
then obtain y’ where y 'y = ereal y' — 1 <y’ ' y' < —1/ 2
by (metis ereal-real’ less-ereal.simps(1) not-inftyl)
show (f o real-of-ereal) y =1 —1 /(1 + y)
using y'(2,3) by(auto simp add: y'(1) f-def one-ereal-def)
qged simp
next
have (A\r. 1 — 1 /(1 4+ r)) —— — o0) (at-right (ereal (— 1)))
unfolding tendsto-MInfty
proof safe
fix r :: real
consider r > 1 | r < 1
by argo
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then show Y g z in at-right (ereal (— 1)). 1 — 1 /(1 4+ z) < ereal r
proof cases
case [arith|: 1
show ?thesis
unfolding eventually-at-right[of ereal (— 1) 0,simplified)
proof (safe intro!: exl[where z=0])
fix y
assume ereal (— 1) < yy <0
then obtain y’ where y" .y = ereal y' — 1 <y’ y' < 0
using not-inftyl by force
then have x:1 — 1 / (1 + y) < 1
by (simp add: one-ereal-def)
show 1 — 1 /(1 +y) < ereal r
by (rule order.strict-trans2[OF «|) (use 1 in auto)
qed simp
next
case 2
show ?thesis
unfolding eventually-at-right[of ereal (— 1) 0,simplified)
proof (safe introl: exI[where z=ereal (1 / (1 — 1) — 1)])
fix y
assume ereal (— 1) <yy<ereal (1 /(1 —1r)— 1)
then obtain y’ where y"y = ereal y' — 1 <y'y' <1 /(1 —r) — 1
by (metis ereal-less-eq(8) ereal-real’ linorder-not-le not-inftyl)
have 1 — 1 /(1 +y)=ereal (1 — 1/ (1 4+ y")
by (metis ereal-divide ereal-minus(1) one-ereal-def order-less-irrefl
plus-ereal.simps(1) real-0-less-add-iff y'(1) y'(2))
also have ... < ereal r
proof —
have 1 + y' <1 /(1 —r)
using y’ by simp
hence 1 —r <1 /(1 + vy
using y’ 2 by (simp add: less-divide-eq mult.commute)
thus ?thesis
by simp
qed
finally show 1 — 1 / (I + y) < ereal 1 .
qed(use 2 in auto)
qed
qed
thus (A\r. I — 1 /(1 + 1) —— f (= 1)) (at-right (ereal (— 1)))
by (simp add: f-def)
qged
next
show ?thesis if z:x = 1
unfolding z at-within-Icc-at-left[where a=— 1 :: real and b=1,simplified)
continuous-within ereal-tendsto-simps(1)[symmetric]
proof (subst tendsto-cong)
show V i 7 in at-left (ereal 1). (f o real-of-ereal) r = (1 / (1 — 1)) — 1
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unfolding eventually-at-left[of 0 ereal 1,simplified]
proof(safe intro!: exl[where z=ereal (1 / 2)])
fix y
assume ereal (1 / 2) < yy < ereal 1
then obtain y’ where y .y = ereal y' 1 / 2 <y’ y' < 1
using ereal-less-ereal-Ex by force
show (f o real-of-ereal) y =1/ (1 — y) — 1
using y’(2,3) by(auto simp add: y'(1) f-def one-ereal-def)
qed simp
next
have ((Ar. (1 / (1 — r)) — 1) —— o0) (at-left (ereal 1))
unfolding tendsto-PInfty
proof safe
fix r :: real
consider r < — 1 | -1 <r
by argo
then show YV p  in at-left (ereal 1). (1 / (1 — z)) — 1 > ereal 1
proof cases
case [arith|: 1
show ?thesis
unfolding eventually-at-left[of 0 ereal 1,simplified)
proof (safe intro!: exl[where z=0])
fix y
assume 0 < y y < ereal 1
then obtain y’ where y".y = ereal y' 0 < y' vy’ < 1
using not-inftyl by force
then have *:(1 / (1 — y)) — 1 > ereal (— 1)
by (simp add: one-ereal-def)
show ereal r < 1 / (1 — y) — 1
by (rule order.strict-trans1 [OF - x]) (use 1 in auto)
qed simp
next
case 2
show ?thesis
unfolding eventually-at-left[of 0 ereal 1,simplified)
proof(safe intro!: exl[where z=ereal (1 — 1 / (1 + 1))])
fix y
assume ereal (1 — 1 /(1 + 1)) <yy < ereal 1
then obtain y’ where y 'y =ereal y' 1 — 1 / (1 + 7)<y’ y' < 1
by (metis ereal-less-eq(3) ereal-real’ linorder-not-le not-inftyl)
have ereal r < ereal (1 / (1 —y') — 1)
proof —
have 1 —y' <1 /(r+ 1)
using y'(2) by argo
hence r + 1 < 1 /(1 — vy
using y’ 2 by (simp add: less-divide-eq mult.commute)
thus ?thesis
by simp
qed
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alsohave ... =1 /(1 —y) — 1
by (metis diff-gt-0-iff-gt ereal-divide ereal-minus(1) less-numeral-extra(3)
one-ereal-def y'(1) y'(3))
finally show ereal r < 1 /(1 —y) — 1.
qed(use 2 in auto)
qed
qed
thus ((A\r. 1 /(1 —r)— 1) —— f1) (at-left (ereal 1))
by (simp add: f-def)
qged
qed
qed
next
show continuous-map euclidean (top-of-set {— 1..1}) g
proof (safe intro!: continuous-map-into-subtopology)
show continuous-map euclidean euclideanreal g
unfolding Abstract-Topology.continuous-map-iff-continuous?2 continuous-on-eq-continuous-within
proof safe
fix z :: ereal
consider 1= — 0| -0 <zz<0|z=0]|0<zr<00|z=0
by fastforce
then show isCont g =
proof cases
assume z7:— o0 < vz < 0
then obtain z’ where z':z = ereal z' 2z’ < 0
by (metis ereal-infty-less(2) ereal-less-ereal-FEx zero-ereal-def)
show ?thesis
proof (subst isCont-cong)
have [simp]:isCont ((—) 1) z
proof —
have x:isCont (Ax. ereal (real-of-ereal 1 — real-of-ereal x)) x
using z’ by(auto simp add: continuous-at-iff-ereal[symmetric,simplified
comp-def] introl: continuous-diff continuous-at-of-ereal)
have xx: ereal (' — 1) < z = z < 0 = ereal (I — real-of-ereal z)
=ereal 1 — z for z
by (metis ereal-minus(1) less-ereal.simps(2) less-ereal.simps(3)
real-of-ereal.elims)
show ?thesis
apply(rule isCont-cong| THEN iffD1,0F - x])
using z'(2) *x by(auto simp: eventually-nhds z'(1) one-ereal-def
introl: exl[where r={z—1<..<0}])
qed
have x:abs (1 —z) 00 1 —z # 0
using z'(2) by(auto simp add: ©'(1) one-ereal-def)
show isCont (Ar. real-of-ereal (inverse (1 — r)) — 1)z
using z * by(auto intro!: continuous-diff continuous-divide isCont-02[OF
- continuous-at-of-ereal])
next
show V g z in nhds z. g x = real-of-ereal (inverse (1 — x)) — 1
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using z(2) by(auto simp: eventually-nhds z'(1) g-def one-ereal-def
introl: exl[where z={1—1<..<0}])
qed
next
assume z:00 > .z > 0
then obtain z’ where z".z = ereal ' ' > 0
by (metis ereal-less(2) less-ereal.elims(2) less-ereal.simps(2))
show ?thesis
proof (subst isCont-cong)
have [simp]: isCont ((+) 1) =
proof —
have x:isCont (Axz. ereal (real-of-ereal 1 + real-of-ereal x)) x
using z’ by(auto simp add: continuous-at-iff-ereal[symmetric,simplified
comp-def] introl: continuous-add continuous-at-of-ereal)
have xx: 0 <z = z < ereal (z' + 1) = ereal (1 + real-of-ereal )
=ereal 1 + z for z
using ereal-less-ereal-Ex by auto
show ?thesis
apply(rule isCont-cong| THEN iffD1,0F - x|)
using z'(2) *x by(auto simp: eventually-nhds ©'(1) one-ereal-def
intro!: exl[where z={0<..<z + 1}])
qed
have real-of-ereal (1 + ) # 0
using z’ by auto
thus isCont (Ar. 1 — real-of-ereal (inverse (1 + r)))
using z by(auto introl: continuous-diff continuous-divide isCont-02[OF
- continuous-at-of-ereal])
next
show V g z in nhds . ¢ £ = 1 — real-of-ereal (inverse (1 + xz))
using z(2) by(auto simp: eventually-nhds z'(1) g-def one-ereal-def
intro!: exl[where z={0<..<z+1}])
qed
next
show isCont g z if z:0 = — o0
unfolding z
proof (safe intro!: continuous-at-sequentiallyl)
fix u :: nat = ereal
assume u: 4 —— — 00
show (An. g (un)) —— g (— o0)
unfolding LIMSEQ-def
proof safe
fix r :: real
assume rfarith]: r > 0
obtain no where no: An. n > no = un < ereal (min (1 — 1 /)

using u unfolding tendsto-MInfty eventually-sequentially by blast
show Jno. Vn>no. dist (g (un)) (g (— o)) <r
proof(safe intro!: exl[where r=nol)

fix n
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assume n:n > no
have r0:1 — min (ereal (1 — 1 / r)) (ereal 0) > 0
by (simp add: ereal-diff-gr0 min.strict-coboundedI?)
have u1:1 —un > 0
by (metis ereal-0-less-1 ereal-diff-gr0 ereal-min linorder-not-le
min.strict-coboundedI2 n no order-le-less-trans order-less-not-sym zero-ereal-def)
have real-of-ereal (inverse (1 — un)) < r
proof —
have real-of-ereal (inverse (1 — u n)) < real-of-ereal (inverse (1 —
ereal (min (1 — 1 / r) 0)))
proof (safe introl: ereal-less-real-iff[ THEN iffD2])
have ereal (real-of-ereal (inverse (1 — un))) = inverse (1 — un)
by (rule ereal-real’) (use no[OF n] ul in auto)
also have ... < inverse (I — ereal (min (1 — 1 / r) 0))
apply(rule ereal-inverse-antimono-strict)
using no[OF n] apply(simp add: ereal-diff-positive min.coboundedI2)
by (metis (no-types, lifting) no|OF n] ereal-add-uminus-conv-diff

ereal-eq-minus-iff ereal-less-minus-iff ereal-minus-less-minus ereal-times(1) ereal-times(3))

finally show ereal (real-of-ereal (inverse (1 — u n))) < inverse
(1 — ereal (min (1 — 1 /1) 0)).
ged(use r0 in auto)
also have ... < r
by(cases r > 1) (auto simp add: real-of-ereal-minus)
finally show real-of-ereal (inverse (1 — wn)) < r.
qed
thus dist (g (un)) (g (— 0)) <7
using ul no[OF n] by(auto simp: g-def zero-ereal-def dist-real-def)
qed
qed
qed
next
show isCont g z if z:x = c©
unfolding z
proof (safe introl: continuous-at-sequentiallyl)
fix u :: nat = ereal
assume u:4 —— 00
show (An. g (un)) —— g ©
unfolding LIMSEQ-def
proof safe
fix r :: real
assume r[arith]: r > 0
obtain no where no: An. n > no = un > ereal (maz (1 / r — 1)

using v unfolding tendsto-PlInfty eventually-sequentially by blast
show Jno. Yn>no. dist (g (un)) (g o0) < r
proof(safe intro!: exl[where r=nol)

fix n

assume n:n > no

have w0: 1 +un > 0
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using no[OF n] by simp (metis add-nonneg-pos zero-ereal-def
zero-less-one-ereal)
have |— real-of-ereal (inverse (1 + un))| <r
proof —
have |— real-of-ereal (inverse (1 + u n))| < |— (inverse (1 + max
(1 /r—1)0)
unfolding abs-real-of-ereal abs-minus
proof (safe introl: real-less-ereal-iff [ THEN 4ffD2])
have |inverse (1 + u n)| < inverse (I + ereal (maz (I / r — 1)

0))
using no[OF n] u0 by (simp add: ereal-add-strict-mono
ereal-inverse-antimono-strict inverse-ereal-ge0I le-maz-iff-disj order-less-imp-le u0)
also have ... = ereal |inverse (1 + maz (1 / r — 1) 0)]
by (auto simp: abs-ereal.simps(1)[symmetric] ereal-max|symmetric]
simp del: abs-ereal.simps(1) ereal-max)
finally show |inverse (1 + u n)| < ereal |inverse (1 + maxz (1 /

r—1)0) .
qed auto
also have ... = inverse (1 + maz (1 / r — 1) 0)
by auto
also have ... < r
by(cases r < 1) auto
finally show “thesis .
qed
thus dist (g (un)) (g 00) < r
using no[OF n] by(auto simp: g-def dist-real-def zero-ereal-def)
qged
qed
qed
next

show isCont g z if z:x = 0
unfolding = g-def
proof (safe introl: isCont-If-ge)
have ((Az. real-of-ereal (1 — z)) —— 1) (at-left 0)
proof (subst tendsto-cong)
show ((Az. 1 — real-of-ereal x) —— 1) (at-left 0)
by (auto intro!: tendsto-diff[where a=1 and b=0,simplified] simp:
zero-ereal-def)
next
show V g z in at-left 0. real-of-ereal (1 — z) = 1 — real-of-ereal
by (auto simp: eventually-at-left[where y=— 1 and z=0::ereal,simplified)
real-of-ereal-minus ereal-uminus-eq-reorder intro!: exI[where z=—1])
qed
thus continuous (at-left 0) (A\x. real-of-ereal (inverse (1 — z)) — 1)
unfolding continuous-within
by (auto intro!: tendsto-diff[where a = 1 and b=1,simplified]
tendsto-divide[where a=1 and b=1 simplified))
next
have ((Az. real-of-ereal (1 + z)) —— 1) (at-right 0)
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proof (subst tendsto-cong)
show ((Az. 1 + real-of-ereal x) —— 1) (at-right 0)

by (auto intro!: tendsto-add[where a=1 and b=0,simplified] simp:
zero-ereal-def)

next

show V g z in at-right 0. real-of-ereal (1 + z) = 1 + real-of-ereal =
by (auto simp: eventually-at-right[where y=1 and x=0::ereal,simplified]
real-of-ereal-add ereal-uminus-eq-reorder intro!: exI[where z=1])
qed
thus ((A\z. 1 — real-of-ereal (inverse (1 + x))) —— real-of-ereal (inverse
(1 = 0)) — 1) (at-right 0)
by (auto introl: tendsto-diff[where a = 1 and b=1,simplified]
tendsto-divide[where a=1 and b=1,simplified])
qed
qed
qed
next
fix z :: ereal
considerz = -0 |- <zz<0|0<zz<00|z=00
by fastforce
then show gz € {— 1..1}
proof cases
assume — o < zz < (
then obtain 2z’ where z = ereal 2’ 2’ < 0

by (metis dual-order.refl ereal-less-ereal-Ez order-less-le zero-ereal-def)
then show ?thesis

by (auto simp: g-def real-of-ereal-minus intro!: pos-divide-le-eq| THEN iffD2])

next

assume 0 < z 2 < 00

then obtain z’ where z = ereal 2"z’ > 0

by (metis ereal-less(2) less-ereal.elims(2) order-less-le)

then show ?thesis

by (auto simp: g-def real-of-ereal-add inverse-eq-divide intro!: pos-divide-le-eq] THEN

iffD2))
qged(auto simp: g-def)

qed

next

fix z :: ereal

considerz = — 0| -0 <zz<0|0<zr<o00|z=0

by fastforce
then show f (g z) =«
proof cases
assume — o < zzv < (
then obtain z’ where 2.2 = ereal 2z’ 2z’ < 0

by (metis dual-order.refl ereal-less-ereal-Ex order-less-le zero-ereal-def)
then have [arith]:1 / (I —2') — 1 <0

by simp
show ?thesis

using z’ by (auto simp: g-def real-of-ereal-minus f-def)
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next
assume 0 < z 2 < o0
then obtain z’ where z":2 = ereal 2’ 2’ > 0
by (metis ereal-less(2) less-ereal.elims(2) order-less-le)
hence [arith]: 1 — 1 / (z'+ 1) > 0
by simp
show ?thesis
using z’ by(simp add: g-def inverse-eq-divide f-def)
qed(auto simp: f-def g-def)
next
fix = :: real
assume z € topspace (top-of-set {— 1..1})
thenconsider v = - 1 |- I <zz<0|0<zz<1l|z=1
by fastforce
then show ¢ (fz) =z
by cases (auto simp: f-def g-def real-of-ereal-minus real-of-ereal-add)
qed
qed

corollary Polish-space-ennreal: Polish-space (euclidean :: ennreal topology)
proof(rule homeomorphic-Polish-space-auz)
show Polish-space (top-of-set {0::ereal..})
using Polish-space-closedin Polish-space-ereal by fastforce
next
show top-of-set {0::ereal..} homeomorphic-space (euclidean :: ennreal topology)
by (auto intro!: exI[where z=e2ennreal] exI[where r=enn2ereal] simp: homeo-
morphic-space-def homeomorphic-maps-def enn2ereal-e2ennreal continuous-on-e2ennreal
continuous-map-in-subtopology continuous-on-enn2ereal image-subset-iff)
qed

2.3 Continuous Embddings

abbreviation Hilbert-cube-topology :: (nat = real) topology where
Hilbert-cube-topology = (product-topology (An. top-of-set {0..1}) UNIV)

lemma topspace-Hilbert-cube: topspace Hilbert-cube-topology = (Il x€ UNIV. {0..1})
by simp

lemma Polish-space-Hilbert-cube: Polish-space Hilbert-cube-topology
by (auto introl: Polish-space-closedin Polish-space-product)

abbreviation Cantor-space-topology :: (nat = real) topology where
Cantor-space-topology = (product-topology (An. top-of-set {0,1}) UNIV)

lemma topspace-Cantor-space:
topspace Cantor-space-topology = (g € UNIV. {0,1})
by simp

lemma Polish-space-Cantor-space: Polish-space Cantor-space-topology
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by (auto intro!: Polish-space-closedin Polish-space-product)

corollary completely-metrizable-space-homeo-image-gdelta-in:

assumes completely-metrizable-space X completely-metrizable-space Y B C topspace

Y X homeomorphic-space subtopology Y B

shows gdelta-in Y B

using assms completely-metrizable-space-eq-gdelta-in homeomorphic-completely-metrizable-space
by blast

2.3.1 Embedding into Hilbert Cube

lemma embedding-into-Hilbert-cube:
assumes metrizable-space X separable-space X
shows 3 A C topspace Hilbert-cube-topology. X homeomorphic-space (subtopology
Hilbert-cube-topology A)
proof —
consider X = trivial-topology | topspace X # {} by auto
then show ?thesis
proof cases
case I
then show ?thesis
by (auto introl: exl[where z={}] simp: homeomorphic-empty-space-eq)
next
case S-ne:2
then obtain U where U:countable U dense-in X U U # {}
using assms(2) by(auto simp: separable-space-def2 dense-in-nonempty)
obtain zn where zn:An:nat. zn n € U U = range zn
by (metis U(1) U(3) from-nat-into range-from-nat-into)
then have zns:zn n € topspace X for n
using dense-in-subset[OF U(2)] by auto
obtain d’ where d’: Metric-space (topspace X) d' Metric-space.mtopology (topspace
X)d' =X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
interpret ms’: Metric-space topspace X d’ by fact
define d where d = ms’.capped-dist (1/2)
have d: Metric-space.mtopology (topspace X) d = X Nz y. dzy < 1
by (simp add: d-def ms'.mtopology-capped-metric d') (simp add: d-def ms’'.capped-dist-def)
interpret ms: Metric-space topspace X d
by (simp add: d-def ms’.capped-dist)
define f where f = (Az n. d z (zn n))
have f-inj:inj-on f (topspace X)
proof
fixzy
assume zy:x € topspace X y € topspace X fz = fy
then have An. d z (zn n) = d y (2n n) by(auto simp: f-def dest: fun-cong)
hence d2:dzy < 2 x d z (zn n) for n
using ms.triangle]OF zy(1) - zy(2),0f xn n,simplified ms.commute[of zn n
y]] dense-in-subset|OF U(2)] zn(1)[of n]
by auto
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have dzy < eif € > 0 for ¢
proof —
have 0 < ¢ / 2 using that by simp
then obtain n where d z (ann) <e / 2
using ms.mdense-def2[of U,simplified d(1)] U(2) zy(1) an(2) by blast
with d2[of n| show ?thesis by simp
qed
hence dzy = 0
by (metis ms.nonneg|of © y] dual-order.irrefl order-neq-le-trans)

thus z = y
using zy by simp
qed

have f-img: f ¢ topspace X C topspace Hilbert-cube-topology

using d(2) ms.nonneg by (auto simp: topspace-Hilbert-cube f-def less-le-not-le)

have f-cont: continuous-map X Hilbert-cube-topology f

unfolding continuous-map-componentwise-UNIV f-def continuous-map-in-subtopology

proof safe
show continuous-map X euclideanreal (Az. d z (zn k)) for k
proof (rule continuous-map-eq[of - - mdist-set ms.Self {zn k}])

show continuous-map X euclideanreal (mdist-set ms.Self {axn k})
by (metis d(1) mdist-set-uniformly-continuous ms.mdist-Self ms.mspace-Self
mtopology-of-def mtopology-of-euclidean uniformly-continuous-imp-continuous-map)
next
fix z
assume z € topspace X
then show mdist-set ms.Self {zn k} x = d x (an k)
by (auto simp: ms.mdist-set-Self xns)
qged next
show d z (zn k) € {0..1} for z k
using d(2) ms.nonneg by (auto simp: less-le-not-le)
qed
hence f-cont”: continuous-map X (subtopology Hilbert-cube-topology (f ¢ topspace
X)) f
using continuous-map-into-subtopology by blast
obtain g where g: g ‘ (f ‘ topspace X) = topspace X \z. x € topspace X —
g(fz)y=2 Nz.z € f topspace X = f (gz) =z
by (meson f-inj f-the-inv-into-f the-inv-into-f-eq the-inv-into-onto)
have g-cont: continuous-map (subtopology Hilbert-cube-topology (f  topspace
X)) Xg
proof —
interpret m01: Submetric UNIV dist {0..1::real}
by (simp add: Submetric-def Submetric-azioms-def Met-TC . Metric-space-azioms)
have m01-eq: m01.sub.mtopology = top-of-set {0..1}
using m0I1.mtopology-submetric by auto
have m01-Polish: Polish-space m01.sub.mtopology
by (auto simp: m01-eq intro!: Polish-space-closedin)
interpret m01". Metric-space {0..1:real} Az y. if 0 <z ANz <1 N0 <y
Ay < 1 then dist z y else 0
by (auto introl: Metric-space-eq[OF m01.sub.Metric-space-axioms]) metric

143



have m01’-eq: m01'.mtopology = top-of-set {0..1}

by (auto intro!: Metric-space-eq-mtopology|OF mO01 .sub. Metric-space-axioms,simplified
m01-eq,symmetric]) metric

have distx y < 1 distzy > 0ifz > 0x<1y>0y<1for zy:: real

using dist-real-def that by auto

then interpret ppm: Product-metric 1/2 UNIV :: nat set id id A-. {0..1::real}
Azy if 0 <zANz<1AN0<yAy<1then dist zy else 01

by (auto introl: product-metric-natl Metric-space-eq| OF m01 .sub. Metric-space-azioms]
simp: m01.sub.commute)

have Hilbert-cube-eq: ppm.Product-metric.mtopology = Hilbert-cube-topology
by (simp add: ppm.Product-metric-mtopology-eq[symmetric] m01'-eq)
interpret f-S: Submetric llg xk€ UNIV. {0..1} ppm.product-dist f ‘ topspace
X
by (auto simp: Submetric-def ppm.Product-metric. Metric-space-axioms Sub-
metric-axioms-def f-def order.strict-implies-order|OF d(2)])
have 1:subtopology Hilbert-cube-topology (f ¢ topspace X) = f-S.sub.mtopology
using Hilbert-cube-eq f-S.mtopology-submetric by auto
have continuous-map f-S.sub.mtopology ms.mtopology g
unfolding continuous-map-iff-limit-seq| OF f-S.sub.first-countable-mtopology|
proof safe
fix yn y
assume h: limitin f-S.sub.mtopology yn y sequentially
have h':limitin ppm.Product-metric.mtopology yn y sequentially
using f-S.limitin-submetric-iff h by blast
hence m01-conv: \n. limitin mO01’.mtopology (Mi. yn i n) (y n) sequentially
y € UNIV —g {0..1}
by (auto simp: ppm.limitin-M-iff-limitin-Mi)
have IN.Vn>N. Jzn. ynn = fz2n A zn € topspace X
using h g by(simp only: f-S.sub.limit-metric-sequentially) (meson imageE
ppm.K-pos)
then obtain N’ zn where zn:An. n > N' = f (znn) = yn n An. n >
N’ = zn n € topspace X
by metis
obtain z where z:f 2z = y z € topspace X
using h f-S.sub.limitin-mspace by blast
show limitin ms.mtopology (An. g (yn n)) (g y) sequentially
unfolding ms.limit-metric-sequentially
proof safe
fix € :: real
assume he: 0 < ¢
then have 0 < e / 3 by simp
then obtain m where m:d z (zn m) < e / &
using ms.mdense-def2[of U,simplified d(1)] U(2) 2(2) zn(2) by blast
have Ae. e>0 = IN. Vn>N. ynnm € {0..1} A dist (yn n m) (y m)

using m01-conv(1)[of m,simplified m01'.limit-metric-sequentially)

by fastforce
from this|OF <0 < ¢ / 3] obtain N where An. n > N = |ynn m —
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ym|<e/3An.n>N= ynnme{0.1}
by (auto simp: dist-real-def)
hence N:An.n >N = ynnm<e /8 +ym
by (metis abs-diff-less-iff add.commute)
have IN. Vn>N. zn n € topspace X A d (znn) z < ¢
proof (safe introl: exl[where r=maz N N'])
fix n
assume max N N' < n
then have N < n N' < n
by auto
then have d (znn) z < f (znn) m + d z (zn m)
using ms.triangle[OF zn(2)[of n] ans[of m] z(2),simplified ms.commute[of
an m z]]
by (auto simp: f-def)
also have ... <e /8 +ym+ dz (anm)
using N[OF «N<ny] zn(1)[of n] <N’ < n» by simp
alsohave ... = ¢ / 3 + dz (znm) + d z (zn m)
by (simp add: z(1)[symmetric| f-def)
also have ... < ¢
using m by auto
finally show d (znn) z < e .
qged(use zn in auto)
thus IN. Vn>N. g (yn n) € topspace X N d (g (ynn)) (gy) <e¢
by (metis dual-order.trans nle-le zn(1) z(1) g(2)[OF z(2)] ¢(2)[OF
zn(2)])

qged(use ¢ z in auto)
qed
hence continuous-map f-S.sub.mtopology ms.mtopology g
by (auto simp: mtopology-of-def)
thus ?thesis
by (simp add: d(1) 1)
qed
show ?thesis
using f-img g(2,3) f-cont’ g-cont
by (auto intro!: exI[where z=f ‘ topspace X| homeomorphic-maps-imp-homeomorphic-space[where
f=f and g=g| simp: homeomorphic-maps-def)
qged
qged

corollary embedding-into-Hilbert-cube-gdelta-in:

assumes Polish-space X

shows 3 A. gdelta-in Hilbert-cube-topology A N X homeomorphic-space (subtopology
Hilbert-cube-topology A)
proof —

obtain A where h:A C topspace Hilbert-cube-topology X homeomorphic-space
subtopology Hilbert-cube-topology A

using embedding-into- Hilbert-cube Polish-space-imp-metrizable-space Polish-space-imp-separable-space
assms by blast

with completely-metrizable-space-homeo-image-gdelta-in[ OF Polish-space-imp-completely-metrizable-space[ O.
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assms| Polish-space-imp-completely-metrizable-space] OF Polish-space-Hilbert-cube]
h(1,2)]
show ?thesis
by blast
qed

2.3.2 Embedding from Cantor Space

lemma embedding-from-Cantor-space:
assumes Polish-space X uncountable (topspace X)
shows 3 A. gdelta-in X A \ Cantor-space-topology homeomorphic-space (subtopology
X A)
proof —
obtain U P where up: countable U openin X U perfect-set X PU U P = topspace
XUnNP={} Aa a+#{} = openin (subtopology X P) a = uncountable a
using Cantor-Bendizon] OF Polish-space-imp-second-countable[OF assms(1)]]
by auto
have P: closedin X P P C topspace X uncountable P
using countable-Un-iff [of U P] up(1) assms up(4)
by (simp-all add: perfect-setD[OF up(3)])
then have pp: Polish-space (subtopology X P)
by (simp add: assms(1) Polish-space-closedin)
have Ptop: topspace (subtopology X P) = P
using P(2) by auto
obtain U where U: countable U dense-in (subtopology X P) U
using Polish-space-def pp separable-space-def2 by auto
with uncountable-infinite]OF P(3)] P(2)
have infinite U
by (metis Metric-space.t1-space-mtopology Ptop assms(1) completely-metrizable-space-def
dense-in-infinite Polish-space-def t1-space-subtopology)
obtain d where Metric-space P d and d:Metric-space.mtopology P d = subtopol-
ogy X P and mdc: Metric-space.mcomplete P d
by (metis Metric-space.topspace-mtopology Ptop completely-metrizable-space-def
Polish-space-def pp)
interpret md: Metric-space P d by fact
define zn where zn = from-nat-into U
have zn: bij-betw zn UNIVU Anm. n# m = ann # anm An.ann € U
An. zn n € P md.mdense (range zn)
using bij-betw-from-nat-into[OF U(1) <infinite U] dense-in-subset|OF U(2)]
d U(2) range-from-nat-into[ OF infinite-imp-nonempty|OF <infinite U>] U(1)]
by (auto simp add: zn-def U(1) ¢infinite U> from-nat-into| OF infinite-imp-nonempty|OF
anfinite U»]])
have perfect:perfect-space md.mtopology
using d perfect-set-subtopology up(3) by simp
define jn where jn = (An. LEAST i. i > n A md.mcball (zn i) ((1/2)7%) C
md.mball (zn n) ((1/2)™n) — md.mball (zn n) ((1/2)7%))
define kn where kn = (An. LEAST k. k > jn n A md.mcball (zn k) ((1/2)7%k)
C md.mball (zn n) ((1/2) jn n))
have dzman: Vo n'.Im. m >nAm>n"A(1/2)(m—1) < d (zn n) (zn m)
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A d (znn) (zn m) < (1/2)(Suc n’)
proof safe
fix n n’
have hinfin":infinite (md.mball z e N (range zn)) if z € P e > 0 for z e
proof
assume h-fin:finite (md.mball x e N range xn)
have h-nen:md.mball x e N range zn # {}
using zn(5) that by(auto simp: md.mdense-def)
have infin: infinite (md.mball z e)
using md.perfect-set-mball-infinite| OF perfect] that by simp
then obtain y where y:y € md.mball z ¢ y ¢ range zn
using h-fin by (metis inf.absorb-iff2 inf-commute subsetl)
define e’ where e’ = Min {d y zk |zk. 2k € md.mball x e N range xn}
have fin: finite {d y zk |zk. 2k € md.mball x e N range xn}
using finite-imagel [OF h-fin,of d y] by (metis Setcompr-eg-image)
have nen: {d y zk |zk. 2k € md.mball z e N range zn} # {}
using h-nen by auto
have ¢’ > 0
unfolding e’-def Min-gr-iff [OF fin nen]
proof safe
fix [
assume zn [ € md.mball x e
with y
show 0 < dy (anl)
by auto
qed
obtain e’ where e¢”: ¢’ > 0 md.mball y ¢’ C md.mball x e y € md.mball y

by (meson md.centre-in-mball-iff md.in-mball md.openin-mball md.openin-mtopology
y(1))
define £ where ¢ = min ¢’ ¢”
have e > 0
using e’'(1) <’ > 0) by(simp add: e-def)
then obtain m where m: d y (zn m) < ¢
using md.mdense-def2|[of range zn] zn(5) y(1) by fastforce
consider zn m € md.mball z e | zn m € P — md.mball = e
using zn(4) by auto
then show Fulse
proof cases
case I
then have ¢’ < d y (zn m)
using Min-le-iff [OF fin nen| by(auto simp: e’-def)
thus ?thesis
using m by(simp add: e-def)
next
case 2
then have zn m ¢ md.mball y e’
using e’'(2) by auto
hence ¢ < d y (zn m)
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using y e’ zn by auto
thus ?thesis
using m by(simp add: e-def)
qed
qed
have hinfin:infinite (md.mball z e N (zn ‘ {I<..}))ifz € Pe > 0 for z el
proof
assume finite (md.mball x e N zn < {I<..})
moreover have finite (md.mball z e N zn “ {..l}) by simp
moreover have (md.mball x e N (range zn)) = (md.mball x e N zn ‘ {I<..})
U (md.mball z e N zn ‘ {..1})
by fastforce
ultimately have finite (md.mball e N (range zn))
by auto
with hinfin/|OF that] show False ..
qed
have infinite (md.mball (zn n) ((1/2) Suc n’))
using md.perfect-set-mball-infinite[ OF perfect] an(4)[of n] by simp
then obtain z where z: © € md.mball (zn n) ((1/2) " Suc n’) z # zn n
by (metis finite-insert finite-subset infinite-imp-nonempty singletonl subsetl)
then obtain e where e: e > 0 md.mball e C md.mball (zn n) ((1/2) Suc
n’) © € md.mball z e
by (meson md.centre-in-mball-iff md.in-mball md.openin-mball md.openin-mtopology)
have d (znn) z > 0
using zn = by simp
then obtain m’ where m” m’ — 1 > 0 (1/2)"(m'— 1) < d (znn) x
by (metis One-nat-def diff-Suc-Suc diff-zero one-less-numeral-iff reals-power-lt-ex
semiring-norm(76))
define m where m = maz m’ (maz n' (Suc n))
then have m > m’ m > n’ m > Suc n by simp-all
hence m: m — 1 >0 (1/2) (m — 1) <d (znn) zm > n
using m/’ less-trans|OF - m'(2),0f (1 / 2) " (m — 1)]
by auto (metis diff-less-mono le-eg-less-or-eq)
define ¢ where ¢ = min e (d (znn) z — (1/2) (m — 1))
have ¢ > 0
using e m by(simp add: e-def)
have ball-lezmd.mball © € C md.mball (zn n) ((1 / 2) ~ Suc n')
using e(2) by(auto simp add: e-def)
obtain k where k: an k € md.mball x ¢ k > m
using < > 0> infinite-imp-nonempty|OF hinfin,of - €] z(1) by fastforce
show Im>n. n’ <mA(1/2) " (m—1)<d(znn) (znm)Ad (znn) (zn
m) < (1 /2) " Sucn’
proof (intro exl[where z=Fk] conjI)
have (1 / 2) "(k— 1)< (1 /(2 :real)) “(m — 1)
using k(2) m(3) by simp
also have ... = d (znn) z + ((1/2)"(m — 1) — d (zn n) z) by simp
also have ... < d (znn) z — d (zn k) =
using k by (auto simp: e-def md.commute)
also have ... < d (zn n) (an k)
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using zn = md.mdist-reverse-triangle[of xn n z zn k] by(auto simp:
md.commute)
finally show (1 / 2) ~(k— 1) < d (znn) (zn k) .
ged(use <m > n'y k ball-le m(3) in auto)
qged
have jn n > n A md.mcball (zn (jn n)) ((1/2)(jn n)) C md.mball (zn n)
((1/2)"n) — md.mball (zn n) ((1/2) (jn n)) for n
unfolding jn-def
proof (rule Leastl-ex)
obtain m where m:m > n (1 / 2) “(m — 1) < d (zn n) (zn m) d (zn n)
(znm) < (1 / 2) " Sucn
using dzxman by auto
show Jx>n. md.mcball (zn z) ((1 / 2) ~z) C md.mball (zn n) ((1 / 2) ~n)
— md.mball (znn) ((1 /] 2) " x)
proof (safe intro!: exl[where z=m] m(1))
fix x
assume h:z € md.mcball (zn m) ((1 / 2) ~m)
have 1:d (znn) z < (1 / 2) " n
proof —
have d (znn) z < (1 / 2) "Suen+ (1 /2) " m
using m(3) md.triangle[OF xn(4)[of n] zn(4)[of m],of ] h by auto
also have ... < (1 / 2) “Sucn + (1 / 2) " Sucn
by (metis Suc-lessI add-mono divide-less-eq-1-pos divide-pos-pos less-eq-real-def
m(1) one-less-numeral-iff power-strict-decreasing-iff semiring-norm(76) zero-less-numeral
zero-less-one)
finally show ?thesis by simp
qed
have 2:(1 / 2) "m < d (znn) z
proof —
have (1 /2) " (m—1)<d(znn)z+ (1 /2) ~m
using order.strict-trans2[OF m(2) md.triangle]OF xn(4)[of n] - an(4)[of
m]]] h md.commute by fastforce
hence (1 /2) " (m—1)—(1/2) "m<d(znn)z
by simp
thus ?thesis
using not0-implies-Suc[OF gr-implies-not0[OF m(1)]] by auto
qed
show = € md.mball (zn n) ((
z € md.mball (zn n) ((1
using zn h 1 2 by auto
qed
qed
hence jn: An. jn n > n An. md.mcball (zn (jn n)) ((1/2) (jn n)) C md.mball
(zn n) ((1/2)"n) — md.mball (zn n) ((1/2) (jn n))
by simp-all
have kn n > jn n A md.mcball (zn (kn n)) ((1/2) (kn n)) C md.mball (zn n)
((1/2)7jn n) for n
unfolding kn-def
proof(rule LeastI-ex)

/2) " n)
2) T m) = False

1
/
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obtain m where m:m > jnn d (zn n) (zn m) < (1 / 2) ~ Suc (jn n)
using dxman by blast
show Jz>jn n. md.mcball (zn z) (1 / 2) ") € md.mball (znn) ((1 / 2) ~
jn n)
proof (intro exI[where z=m)| conjI)
show md.mcball (zn m) (1 / 2) “m) C md.mball (zn n) ((1 / 2) ~jnn)
proof
fix z
assume h:z € md.mcball (zn m) ((1 / 2) " m)
have d (znn) z < (1 / 2)" Suc (jnn) + (1 / 2) " m
using md.triangle[OF zn(4)[of n] zn(4)[of m]] h m(2) by fastforce
also have ... < (1 / 2)” Suc (jnn) + (1 / 2)” Suc (jn n)
by (metis Suc-le-eq add-mono dual-order.refl less-divide-eq-1-pos linorder-not-less
m(1) not-numeral-less-one power-decreasing zero-le-divide-1-iff zero-le-numeral zero-less-numeral)
finally show z € md.mball (zn n) ((1 / 2) ~jn n)
using zn(4) h by auto
qed
qged(use m(1) in auto)
qed
hence kn: An. kn n > jn n An. md.mcball (zn (kn n)) ((1/2) (kn n)) C
md.mball (zn n) ((1/2) (jn n))
by simp-all
have jnkn-pos: jn n > 0 kn n > 0 for n
using not0-implies-Suc[OF gr-implies-not0[OF jn(1)[of n]]] kn(1)[of n] by auto

define bn :: real list = nat
where bn = rec-list 1 (Aa lt. if a = 0 then jn t else kn t)
have bn-simp: bn [| = 1 bn (a # 1) = (if a = 0 then jn (bn 1) else kn (bn 1)) for
al
by (simp-all add: bn-def)
define to-listn :: (nat = real) = nat = real list
where to-listn = (Az . rec-nat [| (An t. x n # t))
have to-listn-simp: to-listn x 0 = [] to-listn x (Suc n) = x n # to-listn z n for z
n
by (simp-all add: to-listn-def)
have to-listn-eq: (Am. m < n = = m = y m) = to-listn © n = to-listn y n
forzyn
by (induction n) (auto simp: to-listn-simp)
have bn-gtn: bn (to-listn x n) > n for z n
apply (induction n arbitrary: x)
using jn(1) kn(1) by(auto simp: bn-simp to-listn-simp) (meson Suc-le-eq le-less
less-trans-Suc)+
define rn where ™ = (An. Min (range (Az. (1 / 2 :: real) ~ bn (to-listn z n))))
have r-fin: finite (range (Az. (1 / 2 :: real) ~ bn (to-listn x n))) for n
proof —
have finite (range (Az. bn (to-listn z n)))
proof (induction n)
case ih:(Suc n)
have (range (Az. bn (to-listn x (Suc n)))) C (range (Az. jn (bn (to-listn x
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n)))) U (range (Az. kn (bn (to-listn z n))))
by (auto simp: to-listn-simp bn-simp)
moreover have finite ...
using ih finite-range-imagel by auto
ultimately show ?case by(rule finite-subset)
qed(simp add: to-listn-simp)
thus ?thesis
using finite-range-imagel by blast
qed
have rn-nen: (range (Az. (1 / 2 :: real) ~ bn (to-listn z n))) # {} for n
by simp
have rn-pos: 0 < rn n for n
by (simp add: Min-gr-iff[OF rn-fin rn-nen] rn-def)
have rn-less: rn-n < (1/2) "n for n
using bn-gtn|of n| by(auto simp: rn-def Min-less-iff [OF rn-fin rn-nen])
have cball-le-ball:md.mcball (zn (bn (a#l))) ((1/2) (bn (a#l))) € md.mball (zn
(bn 1)) ((1/2) ~(bnl)) for a i
using kn(2)[of bn ] less-imp-le[OF jn(1)] jn(2) md.mball-subset-concentric|of
(1/2) “jn(nl)(1/2) “bnlan (bnl)
by (auto simp: bn-simp)
hence cball-le:md.mcball (zn (bn (a#1))) ((1/2)(bn (a#l))) C md.mcball (zn
(bn 1)) ((1/2) ~(bn 1)) for al
using md.mball-subset-mcball by blast
have cball-disj: md.mcball (xzn (bn (0#1))) ((1/2) (bn (041))) N md.mcball (zn
(bn (1#0))) ((1/2) (bn (1#0) = {} for |
using jn(2) kn(2) by(auto simp: bn-simp)
l

(2)
have Vz. 31. 1 € P A ((\n. md.mcball (zn (bn (to-listn z n))) ((1 / 2) ~ bn
(to-listn z n))) = {I}
proof
fix x

show 3. 1 € P A ((n. md.mcball (xn (bn (to-listn z n))) ((1 / 2) ~ bn
(to-listn  m))) = {I}
proof (safe introl: md.mcomplete-nest-sing] THEN iffD1,0F mde,rule-format])
show md.mcball (zn (bn (to-listn x n))) (1 / 2) ~ bn (to-listn z n)) = {}
= Fulse for n
using md.mcball-eg-empty zn(4) by auto
next
show decseq (An. md.mcball (zn (bn (to-listn x n))) ((1 / 2) ~ bn (to-listn x
"))
by (intro decseq-Sucl,simp add: to-listn-simp cball-le)
next
fix e :: real
assume 0 < e
then obtain N where N: (1 / 2) TN < e
by (meson reals-power-lt-ex rel-simps(49) rel-simps(9))
show In a. md.mcball (zn (bn (to-listn x n))) (1 / 2) ~ bn (to-listn z n))
C md.mcball a e
proof (safe intro!: exl[where z=N] exl[where z=xzn (bn (to-listn x N))])
fix y
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assume y € md.mcball (zn (bn (to-listn x N))) ((1 / 2) ~ bn (to-listn
N)
then have y € md.mcball (zn (bn (to-listn x N))) (1 / 2) ~N)
using md.mcball-subset-concentric| OF power-decreasing| OF less-imp-le[OF
bn-gtn[of N z]],of 1/2]]
by fastforce
thus y € md.mcball (zn (bn (to-listn  N))) e
using N (0 < e» by auto
qed
qed
qed
then obtain f where f:Az. fz € P Az. ((\n. md.mcball (zn (bn (to-listn x
n))) (1 / 2) ~bn (to-listn z n))) = {f =}

by metis
hence f: An z. fx € md.mcball (zn (bn (to-listn x n))) ((1 / 2) ~ bn (to-listn
zn))
by blast
have [ fz € md.mball (zn (bn (to-listn z n))) ((1 / 2) ~ bn (to-listn z n)) for
nx

using f'[of x Suc n] cball-le-ball[of - to-listn x n) by (fastforce simp: to-listn-simp)
interpret bdmd: Submetric P d f * (Ilg i€ UNIV. {0,1})
by standard (use f in auto)
have bdmd-sub: bdmd.sub.mtopology = subtopology X (f < (Ilg i€ UNIV. {0,1}))
using f(1) Int-absorbl[of f *(UNIV —g {0, 1}) P] by(fastforce simp: bdmd.mtopology-submetric
d subtopology-subtopology)
let 2d=Xzy. if (x=0Vaz=1)AN(y=0V y=1) then dist x y else 0
interpret d01: Metric-space {0,1::real} 2d
by (auto simp: Metric-space-def)
have d01: d01.mtopology = top-of-set {0,1}
proof —
have d01.mtopology = Metric-space.mtopology {0,1} dist
by (auto intro!: Metric-space-eg-mtopology simp: Metric-space-def metric-space-class. dist-commute)
also have ... = top-of-set {0,1}
by (auto introl: Submetric.mtopology-submetric[of UNIV dist {0,1::real},simplified]
simp: Submetric-def Metric-space-def Submetric-azioms-def dist-real-def)
finally show ?thesis .
qged
interpret pd: Product-metric 1/2 UNIV id id A-. {0,1::real} \-. 2d 1
by (auto introl: product-metric-natl d01.Metric-space-azioms)
have mpd-top: pd.Product-metric.mtopology = Cantor-space-topology
by(auto simp: pd.Product-metric-mtopology-eq[symmetric] d01 introl: prod-
uct-topology-cong)
define def-at where def-at t y = LEAST n. x n # y n for z y :: nat = real
have def-atzy: An. n < def-at x y = xzn = y n z (def-at x y) # y (def-at x y)
ifx# yforzy
proof —
have dn. zn # yn
using that by auto
from Leastl-ex[OF this
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show An. n < def-at x y = zn = ynz (def-at z y) # y (def-at z y)
using not-less-Least by (auto simp: def-at-def)
qed
have def-at-le-if: pd.product-dist x y < (1/2)"n = n < def-at z y if assm:x #
yz € (Ilg ieUNIV. {0,1}) y € (Ilg i€ UNIV. {0,1}) for z y n
proof —
assume h:pd.product-dist cy < (1 / 2) " n
have z m = y m if m-less-n: m < n for m
proof (rule ccontr)
assume nen: T m #* y m
then have ?d (z m) (y m) = 1
using assm(2,8) by(auto simp: submetric-def)
hence 1 < 2 ~m * pd.product-dist = y
using pd.product-dist-geq[of m m,simplified, OF assm(2,3)] by simp
hence (1/2)"m < 27m x (1/2)"m * pd.product-dist © y by simp
hence (1/2)"m < pd.product-dist x y by (simp add: power-one-over)
also have ... < (1 / 2) " n
by (simp add: h)
finally show Fulse
using that by auto
qed
thus n < def-at z y
by (meson def-atxy(2) linorder-not-le that(1))
qed
have def-at-le-then: pd.product-dist x y < 2 * (1/2)"n if assm:z # y x € (g
i€UNIV. {0,1}) y € (g i€UNIV. {0,1}) n < def-at z y for z y n
proof —
have Am. m <n=zm=ym
by (metis def-atzy(1) order-less-le-trans that(4))
hence I:Am. m <n = ?2d (xm) (y m) =0
by (simp add: submetric-def)
have pd.product-dist x y = (> 4. (1/2) (i 4+ n) * (2d (z (i + n)) (y (¢ + n))))
+ Oli<n. (1/2)7% = (2d (z i) (y 0)))
using assm pd.product-dist-summable’[simplified] unfolding product-dist-def
id-apply by (auto introl: suminf-split-initial-segment simp: product-dist-def )
also have ... = (D" 4. (1/2) (i + n) x (2d (z (i + n)) (y (i + n))))
by (simp add: 1)
also have ... < (>4. (1/2)7(i + n))
using pd.product-dist-summable’ unfolding id-apply by (auto intro!: suminf-le
summable-ignore-initial-segment)
finally show ?thesis
using pd.nsum-of-rK|[of n] by simp
qed
have d-le-def: d (fz) (fy) < (1/2) (def-at z y) if assm:x # yx € (Ilg (€ UNIV.
{0,1}) y € Ig i€ UNIV. {0,1}) for z y
proof —
have 1:to-listn x n = to-listn y n if n < def-at z y for n
proof —
have A\m. m <n=azm=ym
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by (metis def-atzy(1) order-less-le-trans that)
then show ?thesis
by (auto introl: to-listn-eq)
qed
have fz € md.mcball (zn (bn (to-listn z (def-at x y)))) ((1 / 2) ~ bn (to-listn
z (def-at z y)))
fy € md.mcball (zn (bn (to-listn x (def-at x y)))) ((1 / 2) ~ bn (to-listn
(def-at 7 1)))
using f'[of z def-at x y] f'[of y def-at x y] by(auto simp: 1[OF order-refi])
hence d (fz) (fy) < 2 (1 / 2) " bn (to-listn z (def-at = y))
using f(1) by(auto introl: md.mdiameter-is-sup’|OF - - md.mdiameter-cball-leq])
also have ... < (1/2) (def-at z y)
proof —
have Suc (def-at x y) < bn (to-listn z (def-at = y))
using bn-gtn|of def-at x y z] by simp
hence (1 / 2) ~ bn (to-listn z (def-at x y)) < (1 / 2 :: real) ~ Suc (def-at z
y)
using power-decreasing-iff[OF pd.r] by blast
thus ?thesis
by simp
qed
finally show d (fz) (fy) < (1/2) (def-at z y) .
qed
have fy-in:f y € md.mcball (zn (bn (to-listn z m))) ((1/2) bn (to-listn x m))
= Vi<m. zl=ylif assm:x € (Ilg i€UNIV.{0,1}) y € (Ilg i€ UNIV. {0,1})
for z y m
proof (induction m)
case ih:(Suc m)
have fy € md.mcball (zn (bn (to-listn x m))) ((1 / 2) ~ bn (to-listn x m))
using ih(2) cball-le by(fastforce simp: to-listn-simp)
with (1) have k:k < m = z k = y k for k by simp
show ?Zcase
proof safe
fix [
assume [ < Suc m
then consider | < m | l=m
using <l < Suc m> by fastforce
thusz /=yl
proof cases
case 2
have 3:f y € md.mcball (zn (bn (y I # to-listn y 1)) (1 / 2) “bn (y 1l #
to-listn y 1))
using f'[of y Suc ] by(simp add: to-listn-simp)
have 4:f y € md.mcball (xzn (bn (z 1 # to-listn y 1)) (1 / 2) “bn (z 1 #
to-listn y 1))
using ih(2) to-listn-eqlof m x y,OF k| by(simp add: to-listn-simp 2)
show ?thesis
proof (rule ccontr)
assume z [ # y |
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then consider z Il =0yl=1|zl=1yl=10
using assm(1,2) by(auto simp: PiE-def Pi-def) metis
thus False
by cases (use cball-disj[of to-listn y 1] 3 4 in auto)
qged
qed(simp add: k)
qed
qed simp
have d-le-rn-then: 3e>0.Vy € (Ilg ¢€UNIV. {0,1}). 2 £y — d (fz) (fy)
< e— n < def-at x y if assm: x € (Ilg i€ UNIV. {0,1}) for z n
proof (safe intro!: exl[where z=(1/2)"bn (to-listn z n) — d (zn (bn (to-listn x
) (f )
show 0 < (1 / 2) ~bn (to-listn x n) — d (zn (bn (to-listn z n))) (f z)
using f'' by auto
next
fix y
assume h:y € (Ilg i€ UNIV. {0,1}) d (fz) (fy) < (1 / 2) " bn (to-listn z n)
— d (zn (bn (to-listn z n))) (fz) z # vy
then have fy € md.mcball (zn (bn (to-listn x n))) ((1/2) dn (to-listn x n))
using md.triangle[OF xn(4)[of bn (to-listn x n)] f(1)[of z] f(1)[of ¥]]
by (simp add: zn(4)[of bn (to-listn x n)] f(1)[of y] md.mcball-def)
with fy-in[OF assm h(1)] have Vm < n.zm =y m
by auto
thus n < def-at z y
by (meson def-atzy(2) linorder-not-le h(3))
qged
have 0: f ‘ (Ilg i€ UNIV. {0,1}) C topspace X
using f(1) P(2) by auto
have 1: continuous-map pd.Product-metric.mtopology bdmd.sub.mtopology f
unfolding pd. Product-metric.metric-continuous-map[OF bdmd.sub. Metric-space-azioms]
proof safe
fix z :: nat = real and € :: real
assume h:x € (Ilg i€ UNIV. {0,1}) 0 < ¢
then obtain n where n:(1/2) ™n < ¢
using real-arch-pow-inv[OF - pd.r(2)] by auto
show 36>0. Vy. yeUNIV —g {0, 1} A pd.product-dist x y < 6 — d (f z)
(fy) <e
proof (safe introl: exl[where z=(1/2) n])
fix y
assume y:y € (IIg i€ UNIV. {0,1}) pd.product-dist z y < (1 / 2) ~
consider = = y | z # y by auto
thus d (fz) (fy) <e
proof cases
case 1
with y(1) h md.zero[ OF f(1)[of ] £(1)[of ]
show ?thesis by simp
next
case 2
then have n < def-at x y
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using h(1) y by(auto intro!: def-at-le-if)
have d (fz) (fy) < (1/2) (def-at z y)
using h(1) y(1) by(auto simp: d-le-def[OF 2 h(1) y(1)])
also have ... < (1/2)™n
using «n < def-at = y» by simp
finally show ?thesis
using n by simp
qed
qed simp
qged
have 2: open-map pd.Product-metric.mtopology bdmd.sub.mtopology f
proof —
have open-map (mtopology-of pd. Product-metric.Self) (subtopology (mtopology-of
md.Self) (f ¢ mspace pd.Product-metric.Self)) f
proof (safe introl: Metric-space-open-map-from-dist)
fix = :: nat = real and € :: real
assume h:x € mspace pd.Product-metric.Self 0 < €
then have z:z € (Il i€ UNIV. {0,1}) by simp
from h obtain n where n: (1/2)™n < ¢
using real-arch-pow-inv[OF - pd.r(2)] by auto
obtain e where e: ¢ > 0 \y. y € (Ug i€UNIV. {0,1}) = z £ y = d (f
z) (fy) < e = Sucn < def-at x y
using d-le-rn-then[OF x,of Suc n| by auto
show 30>0. VY yemspace pd.Product-metric.Self. mdist md.Self (f z) (fy) <
0 — mdist pd.Product-metric.Self x y < e
unfolding md.mdist-Self pd. Product-metric.mspace-Self pd. Product-metric.mdist-Self
proof (safe introl: exl[where z=e¢])
fix y
assume y:y € (IIg ¢cUNIV. {0,1}) and d (fz) (fy) < e
then have d".d (fz) (fy) < e
using h(1) by simp
consider = = y | z # y by auto
thus pd.product-dist x y < e
by cases (use pd.Product-metric.zero]OF y y] h(2) def-at-le-then[OF - z y
e(2)[OF y - d']] n in auto)
qged(use e(1) in auto)
qged(use f in auto)
thus ?thesis
by (simp add: bdmd.mtopology-submetric mtopology-of-def)
qed
have 3: f “ (topspace pd. Product-metric.mtopology) = topspace bdmd.sub.mtopology
by simp
have 4: inj-on f (topspace pd.Product-metric.mtopology)
unfolding pd. Product-metric.topspace-mtopology
proof
fix zy
assume h:x € (Ilg (€UNIV. {0,1}) y € (Ilg i€UNIV. {0,1}) fx = fy
show z = y
proof
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fix n
have fy € md.mcball (zn (bn (to-listn z (Suc n)))) ((1/2) dn (to-listn z
(Suc n))
using f’[of © Suc n] by(simp add: h)
thuszn=yn
using fy-in[OF h(1,2),of Suc n] by simp
qed
qed
show ?thesis
using homeomorphic-map-imp-homeomorphic-space| OF bijective-open-imp-homeomorphic-map|OF
1234]]0
by (metis (no-types, lifting) assms(1) bdmd-sub completely-metrizable-space-homeo-image-gdelta-in
mpd-top Polish-space-Cantor-space Polish-space-def)
qed

2.4 Borel Spaces generated from Polish Spaces

lemma closedin-clopen-topology:
assumes Polish-space X closedin X a
shows 3 X’. Polish-space X' A (VY u. openin X v — openin X' u) A topspace X
= topspace X' A sets (borel-of X) = sets (borel-of X') N openin X' a A closedin
X' a
proof —
have p1:Polish-space (subtopology X a)
by (simp add: assms Polish-space-closedin)
then obtain da’ where da’: Metric-space a da’ subtopology X a = Metric-space.mtopology
a da’ Metric-space.mcomplete a da’
by (metis Metric-space.topspace-mtopology assms(2) closedin-subset completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space topspace-subtopology-subset)
define da where da = Metric-space.capped-dist da’ (1/2)
have da: subtopology X a = Metric-space.mtopology a da Metric-space.mcomplete
a da
using da’ by(auto simp: da-def Metric-space.mtopology-capped-metric Met-
ric-space.mcomplete-capped-metric)
interpret pa: Metric-space a da
using da’ by (simp add: Metric-space.capped-dist da-def)
have da-bounded: Nz y. da zy < 1
using da’ by (auto simp: da-def Metric-space.capped-dist-def)
have p2:Polish-space (subtopology X (topspace X — a))
by (meson assms(1) assms(2) closedin-def Polish-space-openin)
then obtain db’ where db" Metric-space (topspace X — a) db’ subtopology X
(topspace X — a) = Metric-space.mtopology (topspace X — a) db’ Metric-space.mcomplete
(topspace X — a) db’
by (metis Diff-subset Metric-space.topspace-mtopology completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space topspace-subtopology-subset)
define db where db = Metric-space.capped-dist db’ (1/2)
have db: subtopology X (topspace X — a) = Metric-space.mtopology (topspace X
— a) db Metric-space.mcomplete (topspace X — a) db
using db’ by(auto simp: db-def Metric-space.mtopology-capped-metric Met-
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ric-space.mcomplete-capped-metric)
interpret pb: Metric-space topspace X — a db
using db’ by(simp add: Metric-space.capped-dist db-def)
have db-bounded: Nz y. db zy < 1
using db’ by(auto simp: db-def Metric-space.capped-dist-def)
interpret p: Sum-metric UNIV Ab. if b then a else topspace X — a A\b. if b then
da else db
using da db da-bounded db-bounded by(auto intro!: sum-metricl simp: dis-
joint-family-on-def pa.Metric-space-azioms pb. Metric-space-axioms)
have 0: ({|Ji. if i then a else topspace X — a) = topspace X
using closedin-subset assms by auto

have 1: sets (borel-of X) = sets (borel-of p.Sum-metric.mtopology)
proof —
have sigma-sets (topspace X) (Collect (openin X)) = sigma-sets (topspace X)
(Collect (openin p.Sum-metric.mtopology))
proof (rule sigma-sets-eql)
fix a
assume a € Collect (openin X)
then have openin p.Sum-metric.mtopology a
by (simp only: p.openin-mtopology-iff) (auto simp: 0 da(1)[symmetric|
db(1)[symmetric] openin-subtopology dest: openin-subset)
thus a € sigma-sets (topspace X) (Collect (openin p.Sum-metric.mtopology))
by auto
next
interpret s: sigma-algebra topspace X sigma-sets (topspace X) (Collect (openin
X))
by (auto intro!: sigma-algebra-sigma-sets openin-subset)
fix b
assume b € Collect (openin p.Sum-metric.mtopology)
then have openin p.Sum-metric.mtopology b by auto
then have b:b C topspace X openin (subtopology X a) (b N a) openin
(subtopology X (topspace X — a)) (b N (topspace X — a))
by (simp-all only: p.openin-mtopology-iff ,insert 0 da(1) db(1)) (auto simp:
all-bool-eq)
have [simp]: (b N a) U (b N (topspace X — a)) = b
using Diff-partition b(1) by blast
have (b N a) U (b N (topspace X — a)) € sigma-sets (topspace X) (Collect
(openin X))
proof (rule sigma-sets-Un)
have [simp:a € sigma-sets (topspace X) (Collect (openin X))
proof —
have topspace X — (topspace X — a) € sigma-sets (topspace X) (Collect
(openin X))
by (rule sigma-sets. Compl) (use assms in auto)
thus ?thesis
using double-diff [OF closedin-subset| OF assms(2)]] by simp
qged
from b(2,3) obtain T T' where T:openin X T openin X T’ and [simp]:b
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Na=TnNabn (topspace X — a) = T' N (topspace X — a)
by (auto simp: openin-subtopology)
show b N a € sigma-sets (topspace X) (Collect (openin X))
b N (topspace X — a) € sigma-sets (topspace X) (Collect (openin X))
using T assms by auto
qed
thus b € sigma-sets (topspace X) (Collect (openin X))
by simp
qed
thus ?thesis
by (simp only: sets-borel-of p.Sum-metric.topspace-mtopology) (use 0 in auto)
qed
have 2:Au. openin X u = openin p.Sum-metric.mtopology u
by (simp only: p.openin-mtopology-iff) (auto simp: all-bool-eq da(1)[symmetric]
db(1)[symmetric] openin-subtopology dest: openin-subset)
have 3:openin p.Sum-metric.mtopology a
by (simp only: p.openin-mtopology-iff) (auto simp: all-bool-eq)
have /:closedin p.Sum-metric.mtopology a
by (metis 0 2 assms(2) closedin-def p.Sum-metric.topspace-mtopology)
have 5: topspace X = topspace p.Sum-metric.mtopology
by (simp only: p.Sum-metric.topspace-mtopology) (simp only: 0)
have 6: Polish-space p.Sum-metric.mtopology
by (rule p.Polish-spacel insert da(2) db(2) pl p2) (auto simp: da(1) db(1)
Polish-space-def)
show ?thesis
by (rule exI[where z=p.Sum-metric.mtopology]) (insert 5 2 6, simp only: 1 8
4 ,auto)
qed

lemma Polish-space-union-Polish:
fixes X :: nat = 'a topology
assumes An. Polish-space (X n) An. topspace (X n) = Xt Az y. 2 € Xt =y
€ Xt = z # y = 30z Oy. (Vn. openin (X n) Oz) A (¥ n. openin (X n) Oy) A
x € Oz ANy e Oy A disint Oz Oy
defines Xun = topology-generated-by (|Jn. {u. openin (X n) u})
shows Polish-space Xun
proof —
have topsXun:topspace Xun = Xt
using assms(2) by(auto simp: Xun-def dest:openin-subset)
define f :: 'a = nat = ’a where f = (Az n. )
have continuous-map Xun (product-topology X UNIV) f
by(auto simp: assms(2) topsXun f-def continuous-map-componentwise, auto
simp: Xun-def openin-topology-generated-by-iff continuous-map-def assms(2) dest:openin-subset[of
X -,simplified assms(2)] )
(insert openin-subopen, fastforce intro!: generate-topology-on.Basis)
hence 1: continuous-map Xun (subtopology (product-topology X UNIV) (f ¢
(topspace Xun))) f
by (auto simp: continuous-map-in-subtopology)
have 2: inj-on f (topspace Xun)
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by (auto simp: inj-on-def f-def dest:fun-cong)
have 3: f ¢ (topspace Xun) = topspace (subtopology (product-topology X UNIV)
(f “ (topspace Xun)))
by (auto simp: topsXun assms(2) f-def)
have 4: open-map Xun (subtopology (product-topology X UNIV) (f  (topspace
Xun))) f
proof (safe intro!: open-map-generated-topo[OF - 2[simplified Xun-def],simplified
Xun-def [symmetric]])
fix un
assume u:openin (X n) u
show openin (subtopology (product-topology X UNIV) (f ¢ topspace Xun)) (f

¢

U
)
unfolding openin-subtopology
proof (safe introl: exl[where z={ \i. if i = nthenaelsebilab. a EuNbE
UNIV — Xt}])
show openin (product-topology X UNIV) {\i. if i = n then a else b i |a b. a
cuAbe UNIV — Xt}
by (auto simp: openin-product-topology-alt u assms(2) openin-topspace|of X
-,simplified assms(2)] intro!: exl[where z=M\i. if i = n then u else Xt))
(auto simp: PiE-def Pi-def, metis openin-subset|OF u,simplified assms(2)]
in-mono)
next
show A\y. y € u=Fab. fy=(Ni.if i =nthenaelsebi) Nac€uNnbEe
UNIV — Xt
using assms(2) f-def openin-subset u by fastforce
next
show Ay. y € u = fy € f ‘ topspace Xun
using openin-subset| OF u] by(auto simp: assms(2) topsXun)
next
show Az za a b. za € topspace Xun = fza = (\i. if i = n then a else b i)
= a€c€u=be€ UNIV - Xt = fra € f‘u
using openin-subset[OF u] by(auto simp: topsXun assms(2)) (metis f-def
imagel)
qed
qed
have 5:(subtopology (product-topology X UNIV) (f ¢ topspace Xun)) homeomor-
phic-space Xun
using homeomorphic-map-imp-homeomorphic-space| OF bijective-open-imp-homeomorphic-map[OF
14352
by (simp add: homeomorphic-space-sym[of Xun))
show ?thesis
proof(safe introl: homeomorphic-Polish-space-aux|OF Polish-space-closedin| OF
Polish-space-product] 5] assms)
show closedin (product-topology X UNIV) (f ¢ topspace Xun)
proof —
have 1: openin (product-topology X UNIV) (UNIV —g Xt) — f * Xt)
proof (rule openin-subopen| THEN iffD2])
show Vze(UNIV —g Xt) — f* Xt. 3T. openin (product-topology X UNIV)
TAzeTATC (UNIV —p Xt) — f*Xt
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proof safe
fix z
assume z:x € UNIV —p Xtz ¢ f° Xt
have dn. zn # z 0
proof(rule ccontr)
assume fn.zn # z 0
then have Vn. z n = z 0 by auto
hence z = (A-. z 0) by auto
thus False
using = by (auto simp: f-def topsXun assms(2))
qed
then obtain n where n: n # 0xn # z 0
by metis
from assms(3)[OF - - this(2)] z
obtain On 00 where h:An. openin (X n) On An. openin (X n) O0 z n
€ On z 0 € 00 disjnt On O0
by fastforce
have openin (product-topology X UNIV) ((Az.  0) —* O0 N topspace
(product-topology X UNIV))
using continuous-map-product-coordinates[of 0 UNIV X] h(2)[of 0] by
blast
moreover have openin (product-topology X UNIV) ((Az. z n) —° On N
topspace (product-topology X UNIV))
using continuous-map-product-coordinates[of n UNIV X| h(1)[of n] by
blast
ultimately have op: openin (product-topology X UNIV) ((AT. T 0)
—“ 00 N topspace (product-topology X UNIV) N (AT. T n) —° On N topspace
(product-topology X UNIV)))
by auto
have zin:z € (AT. T 0) —* 00 N topspace (product-topology X UNIV') N
((AT. T n) —¢ On N topspace (product-topology X UNIV))
using z h(3,4) by(auto simp: assms(2))
have subset:(AT. T 0) —* O0 N topspace (product-topology X UNIV) N
((AT. T n) —° On N topspace (product-topology X UNIV)) C (UNIV —p Xt) — f
‘Xt
using h(5) by(auto simp: assms(2) disjnt-def f-def)

show 3 T. openin (product-topology X UNIV) T Nx € T N T C (UNIV
p Xt) — [ Xt
by (rule exI[where z=((Az. z 0) —* O0 N topspace (product-topology X
UNIV)) N ((Az. z n) —° On N topspace (product-topology X UNIV))]) (use op xin
subset in auto)
qged
qed
thus ?thesis
by (auto simp: closedin-def assms(2) topsXun f-def)
qed
qed(simp add: f-def)
qed
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lemma sets-clopen-topology:
assumes Polish-space X a € sets (borel-of X)
shows 3 X'. Polish-space X' N\ (Y u. openin X u — openin X' u) A topspace X
= topspace X' N sets (borel-of X) = sets (borel-of X') N openin X' a A closedin
X a
proof —
have a € sigma-sets (topspace X) {U. closedin X U}
using assms by(simp add: sets-borel-of-closed)
thus ?thesis
proof induction
case (Basic a)
then show ?case
by (simp add: assms closedin-clopen-topology)
next
case Empty
with polish-space-axioms assms show ?case
by auto
next
case (Compl a)
then obtain X’ where S’:Polish-space X' (VY u. openin X u — openin X'
u) topspace X = topspace X' sets (borel-of X) = sets (borel-of X') openin X' a
closedin X' a
by auto
from closedin-clopen-topology|OF S'(1) S'(6)] S’
show ?case by auto
next
case ih:(Union a)
then obtain Si where Si:
Ni. Polish-space (Si i) Auw i. openin X u = openin (Si i) u Ni:nat. topspace
X = topspace (Si i) N\i. sets (borel-of X) = sets (borel-of (Sii)) N\i. openin (Si )
(a i) Ni. closedin (Si i) (a i)
by metis
define Sun where Sun = topology-generated-by (| n. {u. openin (Si n) u})
have Suni: Polish-space Sun
unfolding Sun-def
proof (safe intro!: Polish-space-union-Polish|where Xt=topspace X])
fixzy
assume zy:x € topspace X y € topspace X x # y
then obtain Ox Oy where Ozy: x € Oz y € Oy openin X Ox openin X Oy
disjnt Ox Oy
using metrizable-imp-Hausdorff-space[ OF Polish-space-imp-metrizable-space[ OF
assms(1)]]
by (simp only: Hausdorff-space-def) metis
show 3 Oz Oy. (Vz. openin (Si z) Ox) A (Vz. openin (Si z) Oy) AN z € Ox
Ay € Oy A disjnt Oz Oy
by (rule exI[where z=O0z],insert Si(2) Oxy, auto intro!: exI[where z=O0y])
qged (use Si in auto)
have Suntop:topspace X = topspace Sun
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using Si(8) by(auto simp: Sun-def dest: openin-subset)
have Sunsets: sets (borel-of X) = sets (borel-of Sun) (is ?lhs = %rhs)
proof —
have ?lhs = sigma-sets (topspace X) (I n. {u. openin (Sin) u})
proof
show sets (borel-of X) C sigma-sets (topspace X) (Un. {u. openin (Si n)
u})
using 5i(2) by(auto simp: sets-borel-of intro!: sigma-sets-mono’)
next
show sigma-sets (topspace X) (Un. {u. openin (Si n) u}) C sets (borel-of
X)
by(simp add: sigma-sets-le-sets-iff[of borel-of X |Jn. {u. openin (Si n)
u},simplified space-borel-of]) (use Si(4) sets-borel-of in fastforce)
qed
also have ... = ?rhs
using borel-of-second-countable’| OF Polish-space-imp-second-countable] OF
Sunl],of Un. {u. openin (Sin) u}]
by (simp add: Sun-def Suntop subbase-in-def subset-Pow-Union)
finally show ?Zthesis .
qed
have Sun-open: Au i. openin (Si i) v = openin Sun u
by (auto simp: Sun-def openin-topology-generated-by-iff introl: generate-topology-on.Basis)
have Sun-opena: openin Sun (|Ji. a 7)
using Sun-open|OF Si(5),simplified Sun-def] by (auto simp: Sun-def openin-topology-generated-by-iff
introl: generate-topology-on.UN)
hence closedin Sun (topspace Sun — (J1i. a 7))
by auto
from closedin-clopen-topology[OF Sunl this]
show ?case
using Suntop Sunsets Sun-open[OF Si(2)] Sun-opena
by (metis closedin-def openin-closedin-eq)
qed
qed

end

3 Standard Borel Spaces

3.1 Standard Borel Spaces

theory StandardBorel
imports Abstract-Metrizable- Topology
begin

locale standard-borel =

fixes M :: 'a measure

assumes Polish-space: 3S. Polish-space S N\ sets M = sets (borel-of S)
begin
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lemma singleton-sets:
assumes z € space M
shows {z} € sets M
proof —
obtain S where s:Polish-space S sets M = sets (borel-of S)
using Polish-space by blast
have closedin S {z}
using assms by (simp add: sets-eq-imp-space-eq|OF s(2)] closedin-Hausdorff-sing-eq| OF
metrizable-imp-Hausdorff-space| OF Polish-space-imp-metrizable-space|OF s(1)]]] space-borel-of)
thus ?thesis
using borel-of-closed s by simp
qed

corollary countable-sets:
assumes A C space M countable A
shows A € sets M
using sets.countable] OF singleton-sets assms(2)] assms(1)
by auto

lemma standard-borel-restrict-space:
assumes A € sets M
shows standard-borel (restrict-space M A)
proof —
obtain S where s:Polish-space S sets M = sets (borel-of S)
using Polish-space by blast
obtain S’ where S':Polish-space S’ sets M = sets (borel-of S') openin S’ A
using sets-clopen-topology[OF s(1),simplified s(2)[symmetric],OF assms| by
auto
show ?thesis
using Polish-space-openin|OF S'(1,3)] S'(2)
by (auto simp: standard-borel-def borel-of-subtopology sets-restrict-space intro!:
exI[where z=subtopology S’ A] )
qed

end

locale standard-borel-ne = standard-borel +
assumes space-ne: space M # {}
begin

lemma standard-borel-ne-restrict-space:

assumes A € sets M A # {}

shows standard-borel-ne (restrict-space M A)

using assms by(auto simp: standard-borel-ne-def standard-borel-ne-axioms-def
standard-borel-restrict-space)

lemma standard-borel: standard-borel M
by (rule standard-borel-axioms)
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end

lemma standard-borel-sets:
assumes standard-borel M and sets M = sets N
shows standard-borel N
using assms by (simp add: standard-borel-def)

lemma standard-borel-ne-sets:

assumes standard-borel-ne M and sets M = sets N

shows standard-borel-ne N

using assms by (simp add: standard-borel-def standard-borel-ne-def sets-eg-imp-space-eq[ OF
assms(2)] standard-borel-ne-axioms-def)

lemma pair-standard-borel:
assumes standard-borel M standard-borel N
shows standard-borel (M @ nr N)
proof —
obtain S S’ where hs:
Polish-space S sets M = sets (borel-of S) Polish-space S’ sets N = sets (borel-of
S
using assms by(auto simp: standard-borel-def)
have sets (M @ np N) = sets (borel-of (prod-topology S S))
unfolding borel-of-prod[OF Polish-space-imp-second-countable] OF hs(1)] Pol-
ish-space-imp-second-countable[ OF hs(8)],symmetric]
using sets-pair-measure-cong|OF hs(2,4)] .
thus ?thesis
unfolding standard-borel-def by(auto intro!: exI[where z=prod-topology S S’
simp: Polish-space-prod|OF hs(1,3)])
qed

lemma pair-standard-borel-ne:

assumes standard-borel-ne M standard-borel-ne N

shows standard-borel-ne (M @ nr N)

using assms by (auto simp: pair-standard-borel standard-borel-ne-def standard-borel-ne-axioms-def
space-pair-measure)

lemma product-standard-borel:
assumes countable I
and Ai. i € I = standard-borel (M i)
shows standard-borel (I1py i€I. M 1)
proof —
obtain S where hs:
Ni. i € I = Polish-space (S i) N\i. i € I = sets (M i) = sets (borel-of (S 7))
using assms(2) by(auto simp: standard-borel-def) metis
have sets (Ilpy i€l. M i) = sets (Il i€1. borel-of (S 1))
using hs(2) by(auto introl: sets-PiM-cong)
also have ... = sets (borel-of (product-topology S I))
using assms(1) Polish-space-imp-second-countable[OF hs(1)] by(auto introl:
sets- PiM-equal-borel-of)
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finally have 1:sets (IIp; i€I. M i) = sets (borel-of (product-topology S I)).
show ?thesis
unfolding standard-borel-def
using assms(1) hs(1) by(auto intro!: exl[where z=product-topology S I| Pol-
ish-space-product simp: 1)
qed

lemma product-standard-borel-ne:
assumes countable I
and Ai. ¢ € I = standard-borel-ne (M 1)
shows standard-borel-ne (I i€l. M %)
using assms by(auto simp: standard-borel-ne-def standard-borel-ne-axioms-def
product-standard-borel)

lemma closed-set-standard-borel|simp]:

fixes U :: 'a :: topological-space set

assumes Polish-space (euclidean :: 'a topology) closed U

shows standard-borel (restrict-space borel U)

by (auto simp: standard-borel-def borel-of-euclidean borel-of-subtopology assms in-
trol: exl[where z=subtopology euclidean U] Polish-space-closedin)

lemma closed-set-standard-borel-ne[simp):
fixes U :: 'a :: topological-space set
assumes Polish-space (euclidean :: 'a topology) closed U U # {}
shows standard-borel-ne (restrict-space borel U)
using assms by(simp add: standard-borel-ne-def standard-borel-ne-azioms-def)

lemma open-set-standard-borel[simpl:

fixes U :: 'a :: topological-space set

assumes Polish-space (euclidean :: 'a topology) open U

shows standard-borel (restrict-space borel U)

by (auto simp: standard-borel-def borel-of-euclidean borel-of-subtopology assms in-
trol: exl[where z=subtopology euclidean U] Polish-space-openin)

lemma open-set-standard-borel-ne[simpl:
fixes U :: 'a :: topological-space set
assumes Polish-space (euclidean :: 'a topology) open U U # {}
shows standard-borel-ne (restrict-space borel U)
using assms by (simp add: standard-borel-ne-def standard-borel-ne-azioms-def)

lemma standard-borel-ne-borel[simp|: standard-borel-ne (borel :: ('a :: polish-space)
measure)
and standard-borel-ne-lborel[simp]: standard-borel-ne lborel
unfolding standard-borel-def standard-borel-ne-def standard-borel-ne-axioms-def
by (auto intro!: exl[where z=ecuclidean| simp: borel-of-euclidean)

lemma count-space-standard’[simp]:

assumes countable I
shows standard-borel (count-space I)
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by (rule standard-borel-sets|OF - sets-borel-of-discrete-topology]) (auto simp add:
assms Polish-space-discrete-topology standard-borel-def intro!: exI[where x=discrete-topology

1)

lemma count-space-standard-ne[simp]: standard-borel-ne (count-space (UNIV :: (-
:: countable) set))
by (simp add: standard-borel-ne-def standard-borel-ne-azioms-def)

corollary measure-pmf-standard-borel-ne[simp|: standard-borel-ne (measure-pmf (p
it (- it countable) pmf))

using count-space-standard-ne sets-measure-pmf-count-space standard-borel-ne-sets
by blast

corollary measure-spmf-standard-borel-ne[simp]: standard-borel-ne (measure-spmf
(p = (- :: countable) spmf))
using count-space-standard-ne sets-measure-spmf standard-borel-ne-sets by blast

corollary countable-standard-ne[simpl:

standard-borel-ne (borel :: 'a :: {countable,t2-space} measure)

by (simp add: standard-borel-sets|OF - sets-borel-eq-count-space[symmetric]] stan-
dard-borel-ne-def standard-borel-ne-axioms-def)

lemma(in standard-borel) countable-discrete-space:
assumes countable (space M)
shows sets M = Pow (space M)
proof safe
fix A
assume A C space M
with assms have countable A
by (simp add: countable-subset)
thus A € sets M
using (A C space M» singleton-sets
by (auto introl: sets.countable[of A])
qed(use sets.sets-into-space in auto)

lemmal(in standard-borel) measurable-isomorphic-standard:
assumes M measurable-isomorphic N
shows standard-borel N
proof —
obtain S where S:Polish-space S sets M = sets (borel-of S)
using Polish-space by auto
from measurable-isomorphic-borels| OF S(2) assms]
obtain S’ where S’: S homeomorphic-space S’ A sets N = sets (borel-of S’)
by auto
thus ?thesis
by (auto simp: standard-borel-def homeomorphic-Polish-space-auz[OF S(1)] in-
trol:exI[where z=S5"))
qed
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lemma(in standard-borel-ne) measurable-isomorphic-standard-ne:

assumes M measurable-isomorphic N

shows standard-borel-ne N

using measurable-ismorphic-empty2[OF - assms] by (auto simp: measurable-isomorphic-standard| OF
assms| standard-borel-ne-def standard-borel-ne-axioms-def space-ne)

lemmal(in standard-borel) standard-borel-embed-measure:

assumesinj-on [ (space M)

shows standard-borel (embed-measure M f)

using measurable-embed-measure2’|OF assms]

by (auto intro!: measurable-isomorphic-standard exI[where z=f] simp: measur-
able-isomorphic-def measurable-isomorphic-map-def assms in-sets-embed-measure
measurable-def sets.sets-into-space space-embed-measure the-inv-into-into the-inv-into-vimage
bij-betw-def)

corollary(in standard-borel-ne) standard-borel-ne-embed-measure:
assumesinj-on [ (space M)
shows standard-borel-ne (embed-measure M f)
by (simp add: assms space-embed-measure space-ne standard-borel-embed-measure
standard-borel-ne-axioms-def standard-borel-ne-def)

lemma
shows standard-ne-ereal: standard-borel-ne (borel :: ereal measure)
and standard-ne-ennreal: standard-borel-ne (borel :: ennreal measure)
using Polish-space-ereal Polish-space-ennreal by (auto simp: standard-borel-ne-def
standard-borel-ne-axioms-def standard-borel-def borel-of-euclidean)

Cantor space €

definition Cantor-space :: (nat = real) measure where
Cantor-space = (IIpy i€ UNIV. restrict-space borel {0,1})

lemma Cantor-space-standard-ne: standard-borel-ne Cantor-space
by (auto simp: Cantor-space-def introl: product-standard-borel-ne)

lemma Cantor-space-borel:
sets (borel-of Cantor-space-topology) = sets Cantor-space
(is ?lhs = -)
proof —
have ?lhs = sets (IIpy i€ UNIV. borel-of (top-of-set {0,1}))
by (auto intro!: sets-PiM-equal-borel-of [symmetric] second-countable-subtopology)
thus ?thesis
by (simp add: borel-of-subtopology Cantor-space-def borel-of-euclidean)
qed

Hilbert cube 7

definition Hilbert-cube :: (nat = real) measure where
Hilbert-cube = (IIp; i€ UNIV. restrict-space borel {0..1})

lemma Hilbert-cube-standard-ne: standard-borel-ne Hilbert-cube
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by (auto simp: Hilbert-cube-def intro!: product-standard-borel-ne)

lemma Hilbert-cube-borel:
sets (borel-of Hilbert-cube-topology) = sets Hilbert-cube (is ?lhs = -)
proof —
have ?lhs = sets (Ilpy i€ UNIV. borel-of (top-of-set {0..1}))
by (auto introl: sets-PiM-equal-borel-of [symmetric] second-countable-subtopology)
thus ?thesis
by (simp add: borel-of-subtopology Hilbert-cube-def borel-of-euclidean)
qged

3.2 Isomorphism between % and 7

lemma Cantor-space-isomorphic-to-Hilbert-cube:
Cantor-space measurable-isomorphic Hilbert-cube
proof —

Isomorphism between ¢ and [0, 1]

have Cantor-space-isomorphic-to-01closed: Cantor-space measurable-isomorphic
(restrict-space borel {0..1::real})
proof —
have space-Cantor-space: space Cantor-space = (Ilg i€ UNIV. {0,1})
by (simp add: Cantor-space-def space-PiM)
have space-Cantor-space-01[simp]: 0 < znzn < 1zn € {0,1} if x € space
Cantor-space for z n
using PiE-mem|[OF that[simplified space-Cantor-space],of n)
by auto
have Cantor-minus-abs-cantor: (An. |z n — y n|) € space Cantor-space if
assms:z € space Cantor-space y € space Cantor-space for x y
unfolding space-Cantor-space
proof safe
fix n
assume [z n — yn| # 0
then consider cn=0Ayn=1|zn=1ANyn=20
using space-Cantor-space-01[OF assms(1),of n] space-Cantor-space-01[OF
assms(2),of n]
by auto
thus |[zn — yn| = 1
by cases auto
qed simp

define Cantor-to-01 :: (nat = real) = real where
Cantor-to-01 = (Az. (> n. (1/3) (Suc n)* x n))

Cantor-to-01 is a measurable injective embedding.

have Cantor-to-01-summable’[simp]: summable (An. (1/8) (Suc n)x z n) if z
€ space Cantor-space for x
proof (rule summable-comparison-test'[where g=An. (1/3)" n and N=0])
show norm ((1 / 3) “Sucn*zn) < (1 /3) "nforn
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using space-Cantor-space-01[OF that,of n] by auto
qed simp

have Cantor-to-01-summable[simp]: Az. x € space Cantor-space = summable
(An. (1/8)" nx z n)
using Cantor-to-01-summable’ by simp

have Cantor-to-01-subst-summable[simp]: summable (An. (1/3) " nx (zn — y
n)) if assms:z € space Cantor-space y € space Cantor-space for x y
proof (rule summable-comparison-test' [where g=An. (1/3)" n and N=0])
show norm ((1 / 8) "nx(zn—yn))<(1/38) "~ nforn
using space-Cantor-space-01[OF Cantor-minus-abs-cantor|OF assms|,of n|
by (auto simp: idom-abs-sgn-class.abs-mult)
qed simp

have Cantor-to-01-image: Cantor-to-01 € space Cantor-space — {0..1}
proof
fix z
assume h:z € space Cantor-space
have Cantor-to-01 < (> n. (1/8) (Suc n))
unfolding Cantor-to-01-def
by (rule suminf-le) (use h Cantor-to-01-summable[OF h] in auto)
also have ... = (D_n. (1 / 8) " n) — (1::real)
using suminf-minus-initial-segment| OF complete-algebra-summable-geometric|of
1/8::real),of 1]
by auto
finally have Cantor-to-01 x < 1
by (simp add: suminf-geometric[of 1/3])
moreover have 0 < Cantor-to-01 z
unfolding Cantor-to-01-def
by (rule suminf-nonneg) (use Cantor-to-01-summable[OF h] h in auto)
ultimately show Cantor-to-01 z € {0..1}
by simp
qed
have Cantor-to-01-measurable: Cantor-to-01 € Cantor-space — pp restrict-space
borel {0..1}
proof (rule measurable-restrict-space2)
show Cantor-to-01 € borel-measurable Cantor-space
unfolding Cantor-to-01-def
proof (rule borel-measurable-suminf)
fix n
have (Az. z n) € Cantor-space —py restrict-space borel {0, 1}
by(simp add: Cantor-space-def)
hence (Az. z n) € borel-measurable Cantor-space
by (simp add: measurable-restrict-space2-iff)
thus (A\z. (I / 3) ~ Suc n % z n) € borel-measurable Cantor-space
by simp
qed
qed(rule Cantor-to-01-image)
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have Cantor-to-01-inj: inj-on Cantor-to-01 (space Cantor-space)
and Cantor-to-01-preserves-sets: A € sets Cantor-space = Cantor-to-01 ‘ A
€ sets (restrict-space borel {0..1}) for A
proof —
have sets-Cantor: sets Cantor-space = sets (borel-of (product-topology (\-.
subtopology euclidean {0,1}) UNIV))
(is ?lhs = -)
proof —
have ?lhs = sets (I i€ UNIV. borel-of (subtopology euclidean {0,1}))
by (simp add: Cantor-space-def borel-of-euclidean borel-of-subtopology)
thus ?thesis
by (auto intro: sets-PiM-equal-borel-of second-countable-subtopology Pol-
ish-space-imp-second-countable|of euclideanreal))
qed
have s:space Cantor-space = topspace (product-topology (A-. subtopology eu-
clidean {0,1}) UNIV)
by (simp add: space-Cantor-space)

let 2d = Az yureal. if (x =0V a=1)A(y=0V y=1) then dist x y else

interpret d01: Metric-space {0,1::real} ?d
by (auto simp: Metric-space-def)
have d01: d01.mtopology = top-of-set {0,1} d01.mcomplete
proof —
interpret Metric-space {0,1} dist
by (simp add: Met-TC .subspace)
have d01.mtopology = mtopology
by (auto intro!: Metric-space-eqg-mtopology simp: Metric-space-def met-
ric-space-class.dist-commute)
also have ... = top-of-set {0,1}
by (auto introl: Submetric.mtopology-submetriclof UNIV dist {0,1::real},simplified)
simp: Submetric-def Metric-space-def Submetric-axzioms-def dist-real-def)
finally show d01.mtopology = top-of-set {0,1} .
show d01.mcomplete
using Metric-space-eq-mcomplete| OF d01.Metric-space-azioms,of dist]
d01.compact-space-eq-Bolzano- Weierstrass d01.compact-space-imp-mcomplete finite.emptyl
finite-subset by blast
qed
interpret pd: Product-metric 1/3 UNIV id id A-. {0,1::real} \-. 2d 1
by (auto introl: product-metric-natl d01.Metric-space-azioms)
have mpd-top: pd.Product-metric.mtopology = Cantor-space-topology
by (auto simp: pd.Product-metric-mtopology-eq[symmetric] d01 introl: prod-
uct-topology-cong)
have pd-mcomplete: pd.Product-metric.mcomplete
by (auto intro!: pd.mcomplete-Mi-mcomplete-M d01)
interpret m01: Submetric UNIV dist {0..1::real}
by (simp add: Submetric-def Submetric-azioms-def Met-TC . Metric-space-azioms)
have restrict-space borel {0..1} = borel-of m01.sub.mtopology
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by (simp add: borel-of-euclidean borel-of-subtopology m01 .mtopology-submetric)
have pd-def: pd.product-dist v y = (D n. (1/3)™n x|z n — ynl|) if z € space
Cantor-space y € space Cantor-space for = y
using space-Cantor-space-01[OF that(1)] space-Cantor-space-01[OF that(2)]
that by (auto simp: product-dist-def dist-real-def)
have 1: |Cantor-to-01 x — Cantor-to-01 y| < pd.product-dist = y (is ¢lhs <
?rhs) if © € space Cantor-space y € space Cantor-space for z y
proof —
have ?lhs = |(>_n. (1/3) (Suc n)x x n — (1/3) (Suc n)* y n)|
using that by (simp add: suminf-diff Cantor-to-01-def)
also have ... = > n. (1/3) (Sucn) x (xn — yn) |
by (simp add: right-diff-distrib)
also have ... < (3> n. [(1/3) (Suc n) * (x n — y n)|)
proof (rule summable-rabs)
have (An. [(1 / 3) "Sucn* (zn —yn)])=An. (1 /3) Sucn=x*|(z
n—yn))
by (simp add: abs-mult-pos mult.commute)
moreover have summable ...
using Cantor-minus-abs-cantor|OF that] by simp
ultimately show summable (An. [(1 / 3) ~ Suc n x (x n — y n)|) by
stmp
qged
also have ... = (D n. (1/3) (Suc n) * |z n — y n|)
by (simp add: abs-mult-pos mult.commute)
also have ... < pd.product-dist x y
unfolding pd-def[OF that]
by (rule suminf-le) (use Cantor-minus-abs-cantor[OF that] in auto)
finally show ?thesis .
qed

have 2:|Cantor-to-01 x — Cantor-to-01 y| > 1 / 9  pd.product-dist = y (is
?lhs < ?rhs) if z € space Cantor-space y € space Cantor-space for z y
proof(cases x = y)
case True
then show ?thesis
using pd. Product-metric.zero|of x y] that by(simp add: space-Cantor-space)
next
case Fulse
then obtain n’ where = n’ # y n’ by auto
define n where n = Min {n. n < n’ Az n # yn}
have n < n’
using <z n’ # y n’y n-def by fastforce
have zn # yn
using «x n’ # y n» linorder-class. Min-in[of {n. n < n’ A xzn # y n}]
by (auto simp: n-def)
have Vi<n. zi =y i
proof safe
fix ¢

assume 7 < n
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show z 7=y i
proof(rule ccontr)
assume z i # y i
then have i € {n. n < n' Axn#yn}
using «n < n’y (i < n» by auto
thus False
using < < n» linorder-class. Min-gr-iff[of {n. n < n' Az n # yn} i
xn’ #ynh
by (auto simp: n-def)
qged
ged
have ul: (1/3) ~ (Suc n) x (1/2) < |Cantor-to-01 x — Cantor-to-01 y|
proof —
have (1/3) ~ (Sucn) x (1/2) < |>_-m. (1/3)(Suc (m + Suc n)) * (z
(m + Sucn) —y (m+ Sucn)) + (1 /3)  Sucnx(zn— yn)
proof —
have (1 / 3) " Sucn — (1/3) (n+ 2)* 3/2<(1/ 8) " Sucn —
|(O-m. (1 / 8) " Suc (m + Sucn) * (y (m + Suc n) — z (m + Suc n)))]
proof —
have |3 m. (1 / 8) " Suc (m + Suc n) * (y (m + Suc n) — z (m +
Sucn))) < (1/3)(n+ 2)x 3/2
(is %lhs < -)
proof —
have 2lhs < (3 m. |(1 / 3) ~ Suc (m + Suc n) x (y (m + Suc n) —
z (m + Suc n))|)
apply(rule summable-rabs,rule summable-ignore-initial-segment|of -
Suc n])
using Cantor-minus-abs-cantor|OF that(2,1)] by (simp add: abs-mult)
also have ... = (3" m. (1 / 8) ~ Suc (m + Suc n) = |y (m + Suc n)
— z (m + Suc n)|)
by (simp add: abs-mult)
also have ... < (3°m. (1 / 8) ~ Suc (m + Suc n))
apply(rule suminf-le)
using space-Cantor-space-01[OF Cantor-minus-abs-cantor|OF

that(2,1)]]
apply simp
apply (rule summable-ignore-initial-segment|of - Suc n))
using Cantor-minus-abs-cantor[OF that(2,1)] by auto
also have ... = (3" m. (1 / 3) ~ (m + Suc (Suc n)) = 1) by simp
also have ... = (1/3)(n + 2) x 3/(2::real)
by (simp only: pd.nsum-of-rK|of Suc (Suc n)],simp)
finally show ?thesis .
qged
thus ?thesis by simp
qed
also have ... = |(1 / 8) " Sucnx*x(zn—yn) —|Dm. (1 /3) " Suc

(m + Suc n) * (y (m + Suc n) — = (m + Suc n))|
using «x n # y n» space-Cantor-space-01[OF Cantor-minus-abs-cantor| OF
that],of n] by (simp add: abs-mult)
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also have ... < |(1 / 8) "Sucnx(xn—yn)— O .m. (1 /8)  Suc
(m + Suc n) * (y (m + Suc n) — z (m + Suc n)))]

by simp
also have ... = |(1 / 8) " Sucnx(zn—yn)+ O m. (1 /3) " Suc
(m + Suc n) * (z (m + Sucn) — y (m + Suc n)))]
proof —

have (> m. (1 / 8) ~ Suc (m + Suc n) * (x (m + Suc n) — y (m +
Suc n))) = Om. — (2 /3) " Suc (m + Sucn) % (y (m+ Sucn) —z (m+

Suc 1))
proof —
{ fix nn :: nat
) have Ar ra rb. — ((— (rureal) + ra) / (1 / 1)) = (—ra+ 1) / (1

by (simp add: left-diff-distrib)
then have — ((y (Suc (n + nn)) + — = (Suc (n + nn))) * (1
~Suc (Suc (n + nn))) = (x (Suc (n + nn)) + — y (Suc (n + nn))) = (1 /
Suc (Suc (n + nn))
by fastforce
then have — ((1 / 8) ~ Suc (nn + Suc n) * (y (nn + Sucn) — x
(nn + Sucn))) = (1 / 3) " Suc (nn + Suc n) * (z (nn + Suc n) — y (nn + Suc

n))

/3)
3) "

by (simp add: add.commute mult.commute) }
then show ?thesis
by presburger
qed
also have ... = — (3>-m. (1 / 8) 7 Suc (m + Suc n) * (y (m + Suc
n) — x (m + Suc n)))
apply(rule suminf-minus)
apply(rule summable-ignore-initial-segment|of - Suc n))
using that by simp
finally show ?thesis by simp
qed
also have ... = [(3>_m. (1 / 3) ~ Suc (m + Suc n) * (z (m + Suc n) —
y (m + Sucn)))+ (1 /3) " Sucnx*(xzn— yn)
using 1 by simp
finally show ?thesis by simp
qged
also have ... = [(>_m. (1/3) (Suc (m + Suc n)) * (z (m + Sucn) — y
(m + Suc n))) + (O_m<Suc n. (1/3) (Suc m) x (x m — y m))|
using Vi<n. z ¢ = y i» by auto
also have ... = |> " n. (1/3) (Suc n) x (x n — y n)|
proof —
have (3"n. (1 / 8) " Sucnx(zn—yn)=O_m. (1 /3)  Suc(m
+ Sucn) * (x (m + Sucn) —y (m+ Sucn))) + O m<Sucn. (1 /83)  Sucm
«(zm - ym))
by (rule suminf-split-initial-segment) (use that in simp)
thus ?thesis by simp
qed
also have ... = |(3_n. (1/3) (Suc n)x zn — (1/3) (Suc n)* y n)|
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by (simp add: right-diff-distrib)
also have ... = |Cantor-to-01 © — Cantor-to-01 y|
using that by(simp add: suminf-diff Cantor-to-01-def)
finally show ?thesis .
qged
have u2: (1/9) * pd.product-dist x y < (1/8) ~ (Suc n) * (1/2)
proof —
have pd.product-dist z y = (3> m. (1/8)"m * |zt m — y m|)
by (simp add: that pd-def)
also have ... = (3_m. (1/3) (m + n) * |z (m + n) — y (m + n)|) +
- m<n. (1/3)"m x |z m — y m|)
using Cantor-minus-abs-cantor|OF that] by (auto intro!: suminf-split-initial-segment)
also have ... = (3 m. (1/3) (m + n) x|z (m + n) — y (m + n)|)
using Vi<n. z ¢ = y ©» by simp
also have ... < (>_m. (1/3)(m + n))
using space-Cantor-space-01[OF Cantor-minus-abs-cantor[OF that]]
Cantor-minus-abs-cantor| OF that)]
by (auto introl: suminf-le summable-ignore-initial-segment|of - n])
also have ... = (1 /8) “nx(3/2)
using pd.nsum-of-rK|[of n] by auto
finally show ?thesis

by auto
qged
from ul u2 show ?thesis by simp
qed
have inj: inj-on Cantor-to-01 (space Cantor-space)
proof
fix xy

assume h:x € space Cantor-space y € space Cantor-space
Cantor-to-01 x = Cantor-to-01 y

then have pd.product-dist z y = 0
using 2[OF h(1,2)] pd.Product-metric.nonneg[of = y|
by simp

thus z =y
using pd.Product-metric.zerolof x y] h(1,2)
by (simp add: space-Cantor-space)

qed

have closed: closedin m01.sub.mtopology (Cantor-to-01 * (space Cantor-space))
unfolding m01.sub.metric-closedin-iff-sequentially-closed
proof safe
show a € space Cantor-space => Cantor-to-01 a € {0..1} for a
using Cantor-to-01-image by auto
next
fix zn x
assume h:range zn C Cantor-to-01 ¢ space Cantor-space limitin m01.sub.mtopology
zn x sequentially
have An. znn € {0..1}
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using h(1) measurable-space[OF Cantor-to-01-measurable]
by (metis (no-types, lifting) UNIV-I atLeastAtMost-borel image-subset-iff

space-restrict-space2 subsetD)
with %(2) have anC:m01.sub.MCauchy zn

by (auto introl: m01.sub.convergent-imp-MCauchy)
have V n. Jx€space Cantor-space. xn n = Cantor-to-01 x using h(1) by

auto
then obtain yn where hz:An. yn n € space Cantor-space An. zn n =

Cantor-to-01 (yn n) by metis
have pd.Product-metric. MCauchy yn

unfolding pd. Product-metric. MCauchy-def

proof safe
fix €
assume (0 :: real) < e

hence 0 < ¢/ 9 by auto
then obtain N’ where An m. n > N = m > N' = |zn n — zn m)|

<e/9
using znC m01.sub. MCauchy-def znC unfolding dist-real-def by blast
thus IN. Vann'. N <n — N < n’ — pd.product-dist (yn n) (yn n’)

<e€
using order.strict-trans1 [OF 2[OF hz(1) hx(1)],0f - - €/9] hz(1)
by (auto introl: exl[where t=N"] simp: hx(2) space-Cantor-space)

qed(use hx space-Cantor-space in auto)
then obtain y where y:limitin pd. Product-metric.mtopology yn y sequentially

using pd-mcomplete pd.Product-metric.mcomplete-def by blast

hence y € space Cantor-space
by (simp add: pd.Product-metric.limitin-mspace space-Cantor-space)

have limitin m01.sub.mtopology zn (Cantor-to-01 y) sequentially
unfolding m01.sub.limit-metric-sequentially

proof safe

show Cantor-to-01 y € {0..1}
using h(1) funcset-image[OF Cantor-to-01-image] <y € space Cantor-space

by blast
next
fix ¢
assume (0 :: real) < €
then obtain N where An. n > N = pd.product-dist (yn n) y < € An.
n>N= ynn € UNIV =g {0, 1}
using y by(fastforce simp: pd.Product-metric.limit-metric-sequentially)
with «<An. an n € {0..1}> show IN. Vn>N. ann € {0..1} A dist (zn

n) (Cantor-to-01 y) <
by (auto introl: exI[where z=N| order.strict-trans1[OF 1[OF hz(1) <y
€ space Cantor-spacer]] simp: submetric-def <0 < > hx(2) dist-real-def)
qed

hence Cantor-to-01 y = x
using h(2) by(auto dest: m01.sub.limitin-metric-unique)

with <y € space Cantor-spacey show z € Cantor-to-01 ‘ space Cantor-space

by auto
qed
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have open-map: open-map pd. Product-metric.mtopology (subtopology m01.sub.mtopology
(Cantor-to-01  (space Cantor-space))) Cantor-to-01
proof —
have open-map (mtopology-of pd. Product-metric.Self) (subtopology (mtopology-of
mO01.sub.Self) (Cantor-to-01 ‘ mspace pd.Product-metric.Self)) Cantor-to-01
proof(rule Metric-space-open-map-from-dist)
fix z ¢
assume (0 :: real) < € x € mspace pd.Product-metric.Self
then have z € (UNIV :: nat set) —g {0, 1:real}
by simp
show 36>0. Vyemspace pd.Product-metric.Self. mdist m01.sub.Self
(Cantor-to-01 x) (Cantor-to-01 y) < § — mdist pd.Product-metric.Self t y < €
unfolding pd.Product-metric.mspace-Self pd.Product-metric.mdist-Self
m01 .sub.mdist-Self
proof (safe intro!: exl[where z=¢/9])
fix y
assume h:y € (UNIV :: nat set) —g {0, 1::real} dist (Cantor-to-01 x)
(Cantor-to-01 y) < e/ 9
then have sc:z € space Cantor-space y € space Cantor-space
using <z € UNIV —g {0, 1}» by(simp-all add: space-Cantor-space)
have |Cantor-to-01 © — Cantor-to-01 y| < e / 9
using h by(simp add: dist-real-def)
with 2[OF sc] show pd.product-dist x y < e
by simp
ged (use ¢ > 0) in auto)
qed(use Cantor-to-01-image space-Cantor-space in auto)
thus ?thesis
by (simp add: mtopology-of-def space-Cantor-space)
qed
have Cantor-to-01 ¢ A € sets (restrict-space borel {0..1}) if A € sets Can-
tor-space for A
using open-map-preserves-sets’|of pd. Product-metric.mtopology m01 .sub.mtopology
Cantor-to-01 A] borel-of-closed|OF closed] inj sets-Cantor open-map that mpd-top
<restrict-space borel {0..1} = borel-of m01.sub.mtopology>
by (simp add: space-Cantor-space)
with inj show inj-on Cantor-to-01 (space Cantor-space)
andA € sets Cantor-space => Cantor-to-01 * A € sets (restrict-space borel
{0..1})
by simp-all
qed

Next, we construct measurable embedding from [0, 1] to 0, 1N

define to-Cantor-from-01 :: real = nat = real where
to-Cantor-from-01 = (Ar n. if r = 1 then 1 else real-of-int (|27 (Suc n) * ]
mod 2))

to-Cantor-from-01 is a measurable injective embedding into Cantor space.

have to-Cantor-from-01-image’: to-Cantor-from-01 r n € {0,1} for r n
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unfolding to-Cantor-from-01-def by auto
have to-Cantor-from-01-image’: A\r n. 0 < to-Cantor-from-01 r n Ar n.
to-Cantor-from-01 r n < 1
by (auto simp add: to-Cantor-from-01-def)
have to-Cantor-from-01-image: to-Cantor-from-01 € {0..1} — space Can-
tor-space
using to-Cantor-from-01-image’ by(auto simp: space-Cantor-space)
have to-Cantor-from-01-measurable:
to-Cantor-from-01 € restrict-space borel {0..1} —p; Cantor-space
unfolding to-Cantor-from-01-def Cantor-space-def
by (auto introl: measurable-restrict-space3 measurable-abs-UNIV)
have to-Cantor-from-01-summable[simp]:
summable (An. (1/2)7n * to-Cantor-from-01 r n) for r
proof (rule summable-comparison-test'[where g=An. (1/2)" n])
show norm ((1 / 2) ~n x to-Cantor-from-01 rn) < (1 / 2) " n for n
using to-Cantor-from-01-image’[of r n] by auto
qed simp

have to-Cantor-from-sumn’ (3 i<n. (1/2) (Suc i)*to-Cantor-from-01 r i) <

r— (Y i<n. (1/2) (Suc i)xto-Cantor-from-01 r i) < (1/2)"™n
to-Cantor-from-01 rn = 1 «— (1/2) (Suc n) < r — > i<n. (1/2) (Suc
i)*to-Cantor-from-01 r 7)
to-Cantor-from-01rn = 0 «— r — (3 i<n. (1/2) (Suc i)xto-Cantor-from-01
ri) < (1/2)7(Suc n) if assms:r € {0..<1} for r n
proof —
let ?f = to-Cantor-from-01 r
have f-simp: ?f | = real-of-int (| 27 (Suc l) % r] mod 2) for |
using assms by(simp add: to-Cantor-from-01-def)
define S where S = (An. > i<n. (1/2) 7 (Suc i)x?f )
have SSuc:S (Suc k) = Sk + (1/2)(Suc k) * to-Cantor-from-01 r k for k
by (simp add: S-def)
have Sfloor: |27 (Suc m) % (I — S m)] mod 2 = |27 (Suc m) * ] mod 2 for |

proof —
have Jz. 27(Suc m) * ((1/2) (Suc k) = ?f k) = 2xreal-of-int z if k < m
for k
proof —
have 0:(2:real) "m = (1 / 2) k= 2% 2 (m—k—1)
using that by (simp add: power-diff-conv-inverse)
consider %/ k=0 | ?fk=1
using to-Cantor-from-01-image’lof r k] by auto
thus ?thesis
apply cases using that 0 by auto
qed
then obtain z where Ak. k < m = 27(Suc m) = ((1/2) (Suc k) = ?f k)
= 2xreal-of-int (z k)
by metis
hence Sm: 27(Suc m) * S m = real-of-int (2 * (O_ k<m. (2 k)))
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by (auto simp: S-def sum-distrib-left)
have [27(Suc m) * (I — Sm)| mod 2 = |27 (Suc m) x| — 27 (Suc m) x S

m| mod 2
by (simp add: right-diff-distrib)
also have ... = |27(Suc m) x I| mod 2

unfolding Sm
by (simp only: floor-diff-of-int) presburger
finally show ?thesis .
qed
have Sn<rAr—Sn<(1/2)nA(?fn=1+— (1/2)(Sucn) <r —
Sn)AN(fn=0+—r—Sn<(1/2)(Sucn))
proof (induction n)
case (
then show “case
using assms by(auto simp: S-def to-Cantor-from-01-def) linarith+
next
case (Suc n)
hence ih: Sn<rr—Sn<(1/2) n
fn=1=(1/2) " Sucn<r-—=Sn
fn=0=r—Sn<(1/2) " Sucn
by simp-all
have SSuc:2fn=0ANS (Sucn)=8SnV 2%fn=1AS (Sucn)=5n+
(1/2)(Suc n)
using to-Cantor-from-01-image’lof r n] by(simp add: SSuc)
have goall:S (Suc n) < r
using SSuc’ ih(1) ih(3) by auto
have goal2: r — S (Sucn) < (1 / 2) ~ Sucn
using SSuc’ ih(4) ih(2) by auto
have goal3-1: (1 / 2) ~ Suc (Suc n) < r — § (Suc n) if 2f (Suc n) = 1
proof (rule ccontr)
assume - (1 / 2) ~ Suc (Suc n) < r — S (Suc n)
then have r — S (Suc n) < (1 / 2) ~ Suc (Suc n) by simp
hence h:2 = Suc (Suc n) * (r — S (Suc n)) < 1
using mult-less-cancel-left-pos[of 2 ~ Suc (Suc n) r — S (Sucn) (1 / 2)
~ Suc (Suc n))
by (simp add: power-one-over)
moreover have 0 < 2 ~ Suc (Suc n) * (r — S (Suc n))
using goall by simp
ultimately have [2 ~ Suc (Suc n) * (r — S (Suc n))] = 0
by linarith
thus False
using that[simplified f-simp] Sfloor[of Suc n 7]
by fastforce
qed
have goal3-2: ?f (Sucn) = 11if (1 / 2) ~ Suc (Suc n) < r — S (Suc n)
proof —
have 1 < 2 7 Suc (Suc n) * (r — S (Suc n))
using that[simplified f-simp] mult-le-cancel-left-pos[of 2 ~ Suc (Suc n) (1
/ 2) " Suc (Sucn) r— S (Suc n)
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by (simp add: power-one-over)
moreover have 2 = Suc (Suc n) x (r — S (Suc n)) < 2
using mult-less-cancel-left-pos[of 2 ~ Suc (Suc n) r — S (Sucn) (1 / 2)
~ Sue n] goal2
by (simp add: power-one-over)
ultimately have [2 ~ Suc (Suc n) * (r — S (Suc n))] = 1
by linarith
thus ?thesis
using Sfloor|of Suc n r] by(auto simp: f-simp)
qged
have goal4-1: r — S (Suc n) < (1 / 2) ~ Suc (Suc n) if ?f (Sucn) = 0
proof(rule ccontr)
assume - r — S (Sucn) < (1 / 2) ~ Suc (Suc n)
then have (1 / 2) ~ Suc (Suc n) < r — S (Suc n) by simp
hence 1 < 2 7 Suc (Suc n) x (r — S (Suc n))
using mult-le-cancel-left-pos[of 2 ~ Suc (Suc n) (1 / 2) ~ Suc (Suc n) r
— S (Suc n)]
by (simp add: power-one-over)
moreover have 2 = Suc (Suc n) x (r — S (Suc n)) < 2
using mult-less-cancel-left-pos[of 2 ~ Suc (Suc n) r — S (Sucn) (1 / 2)
~ Sue n] goal2
by (simp add: power-one-over)
ultimately have |2 ~ Suc (Suc n) % (r — S (Suc n))] = 1
by linarith

thus Fulse
using that Sfloor|of Suc n r] by(auto simp: f-simp)
ged
have goal4-2: ?f (Sucn) = 0 if r — S (Sucn) < (1 / 2) ~ Suc (Suc n)
proof —

have h:2 ™ Suc (Suc n) * (r — S (Suc n)) < 1
using mult-less-cancel-left-pos[of 2 ~ Suc (Suc n) r — S (Sucn) (1 / 2)
~ Suc (Suc n)] that
by (simp add: power-one-over)
moreover have 0 < 2 7 Suc (Suc n) * (r — S (Suc n))
using goall by simp
ultimately have |2 7 Suc (Suc n) * (r — S (Suc n))] = 0
by linarith
thus ?thesis
using Sfloor[of Suc n r] by (auto simp: f-simp)
qed
show Zcase
using goall goal2 goal3-1 goal3-2 goal}-1 goal}-2 by blast
qed
thus (> i<n. (1/2) (Suc 7)xto-Cantor-from-01 v i) < r
and r — (D i<n. (1/2)(Suc ©)xto-Cantor-from-01 r i) < (1/2) n
and to-Cantor-from-01 r n = 1 «— (1/2)(Suc n) < r — (3 i<n.
(1/2)7(Suc i)*to-Cantor-from-01 r 7)
and to-Cantor-from-01 rn= 0 +— r — (> i<n. (1/2) (Suc i)*xto-Cantor-from-01
ri) < (1/2)(Suc n)
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by (simp-all add: S-def)
qed
have to-Cantor-from-sumn: (3 i<n. (1/2) (Suc i)xto-Cantor-from-01 r i) <

r— (Y i<n. (1/2)(Suc i)*xto-Cantor-from-01 r i) < (1/2)™n
to-Cantor-from-01 rn = 1 «— (1/2) (Suc n) < r — > i<n. (1/2) (Suc
i)*to-Cantor-from-01 r 1)
to-Cantor-from-01rn = 0 «— r — (3 i<n. (1/2) (Suc i)xto-Cantor-from-01
ri) < (1/2)7(Suc n) if assms:r € {0..1} for rn
proof —
have nsum:(}_ i<n. (1/2) (Suc i)) =1 — (1 / (2::real)) " n
using one-diff-power-eq[of 1 /(2::real) n] by (auto simp: sum-divide-distrib[symmetric])

consider r = 1 | r €{0..<1} using assms by fastforce
hence (> i<n. (1/2)(Suc i)xto-Cantor-from-01 r i) < r A r — (D i<n.
(1/2)(Suc i)xto-Cantor-from-01 r i) < (1/2)"n A (to-Cantor-from-01 r n =
1 +— (1/2)(Suc n) < r — (O i<n. (1/2)(Suc i)xto-Cantor-from-01 r 7)) A
(to-Cantor-from-01 rn = 0 <— r — (. i<n. (1/2) (Suc i)*to-Cantor-from-01
ri) < (1/2)(Suc n))
proof cases
case I
then show ?thesis
using nsum by(auto simp: to-Cantor-from-01-def)
next
case 2
from to-Cantor-from-sumn'[OF this]
show ?thesis
using less-eq-real-def by blast
qed
thus (3 i<n. (1/2) (Suc i)*xto-Cantor-from-01 r i) < r
and r — (3" i<n. (1/2)7(Suc ©)xto-Cantor-from-01 r i) < (1/2)"n
and to-Cantor-from-01 r n = 1 +— (1/2)(Suc n) < r — (> i<n.
(1/2) (Suc i)*to-Cantor-from-01 r 7)
and to-Cantor-from-01 rn = 0 «— r — (3 i<n. (1/2) (Suc i)*xto-Cantor-from-01
ri) < (1/2)(Suc n)
by simp-all
qged

have to-Cantor-from-sum: (3 n. (1/2) (Suc n)*to-Cantor-from-01 r n) = r if
assms:r € {0..1} for r
proof —
have 1:7 < (3 n. (1/2)7(Suc n)xto-Cantor-from-01 r n)
proof —
have 0:r < (1 / 2) " n + (O_n. (1/2)(Suc n)xto-Cantor-from-01 r n)
for n
proof —
have r < (1 /2) “n+ O i<n. (1 / 2) ~ Suc i * to-Cantor-from-01 r 7)
using to-Cantor-from-sumn(2)[OF assms,of n] by auto
also have ... < (1 / 2) " n + (3 n. (1/2) (Suc n)xto-Cantor-from-01 r
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using to-Cantor-from-01-image’’[of r] by(auto intro!: sum-le-suminf)
finally show ?thesis .
qed
have 00:3no. Vn>no. (1 / 2) “n < rif r>0 for r :: real
proof —
obtain n0 where (1 / 2) "n0 < r
using reals-power-lt-ex[of - 2 :: real,OF <r>0)] by auto
thus %thesis
using order.strict-transl [OF power-decreasing|of n0 - 1/2::real)
by (auto intro!: exI[where x=n0])
qed
show ?thesis
apply(rule Lim-bounded2[where f=An. (1 / 2) "n+ (3 n. (1/2) (Suc
n)xto-Cantor-from-01 r n) and N=0])
using 0 00 by(auto simp: LIMSEQ-iff)
qed
have 2:(> n. (1/2) (Suc n)xto-Cantor-from-01 r n) < r
using to-Cantor-from-sumn|OF assms] by (auto intro!: suminf-le-const)
show ?Zthesis
using 1 2 by simp
qed
have to-Cantor-from-sum’: (3 i<n. (1/2) (Suc i)xto-Cantor-from-01 r i) = r
— (>°m. (1/2)(Suc (m + n))xto-Cantor-from-01 r (m + n)) if assms:r € {0..1}
for rn
using suminf-minus-initial-segment[of An. (1 / 2) ~Suc n * to-Cantor-from-01
r n n] to-Cantor-from-sum|[OF assms]
by auto

have to-Cantor-from-01-ezist0: ¥ n.3 k>n. to-Cantor-from-01 r k = 0 if assms:r
€ {0..<1} for r
proof (rule ccontr)
assume — (VY n.3k>n. to-Cantor-from-01 r k = 0)
then obtain n0 where hn0:
Nk. k > n0 = to-Cantor-from-01 r k = 1
using to-Cantor-from-01-image’lof r] by auto
define n where n = Min {i. i < n0 N (Vk>i. to-Cantor-from-01 r k = 1)}
have n0in: n0 € {i. i < n0 A (Vk>i. to-Cantor-from-01 r 'k = 1)}
using hn0 by auto
have hn:n < n0 Ak. k > n = to-Cantor-from-01 r k = 1
using n0in Min-in[of {i. i < n0 N (¥Vk>i. to-Cantor-from-01 vk = 1)}]
by (auto simp: n-def)
show Fulse
proof (cases n)
case ()
then have r = (3" n. (1 / 2) ~ Suc n)
using to-Cantor-from-sum|[of r] assms hn(2) by simp
also have ... = 1
using nsum-of-r'[of 1/2 1 1] by auto
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finally show ?thesis
using assms by auto
next
case eqn:(Suc n’)
have to-Cantor-from-01 r n’ = 0
proof(rule ccontr)
assume to-Cantor-from-01 r n' # 0
then have to-Cantor-from-01 r n’ = 1
using to-Cantor-from-01-image’[of r n'] by auto
hence n’ € {i. i < n0 A (Vk>i. to-Cantor-from-01 r k = 1)}
using hn eqn not-less-eq-eq order-antisym-conv by fastforce
hence n < n’
using Min.coboundedI[of {i. i < n0 A (¥ k>i. to-Cantor-from-01 r k =
1)} n

by (simp add: n-def)

thus False
using eqn by simp
qed
hence lel:r — (3 i<n’. (1 / 2) ~ Suc i x to-Cantor-from-01 r i) < (1 /
2) Tn

using to-Cantor-from-sumn’(4)[OF assms,of n'] by (simp add: eqn)
have r — (3 i<n’. (1 / 2) ~ Suc i * to-Cantor-from-01 ri) = (1 / 2) " n
(is ?lhs = -)
proof —
have ?lhs = (D> m. (1/2)(m + Suc n')xto-Cantor-from-01 r (m + n'))
using to-Cantor-from-sum'[of r n’] assms by simp
also have ... = (3" m. (1/2) " (m + Suc n)xto-Cantor-from-01 r (m + n))
proof —
have (3 n. (1 / 2) 7 (Suc n + Suc n') x to-Cantor-from-01 r (Suc n +
n’) = O"m. (1 /2) " (m+ Sucn’) x to-Cantor-from-01 r (m + n')) — (1 / 2)
“(0 + Suc n’) * to-Cantor-from-01 r (0 + n’)
by (rule suminf-split-head) (auto intro!: summable-ignore-initial-segment)
thus ?thesis
using <to-Cantor-from-01 r n’ = 0> by(simp add: eqn)

qed

also have ... = (D_m. (1/2)(m + Suc n))
using hn by simp

also have ... = (1 / 2) " n

using nsum-of-r'lof 1/2 Suc n 1,simplified] by simp
finally show ?thesis .
qed
with lel show False
by simp
qed
qed
have to-Cantor-from-01-if-exist0: to-Cantor-from-01 (> n. (1 / 2) ~ Suc n *
an) = aif assms:An. an € {0,1} Vn3Ik>n. a k = 0 for a
proof
fix n
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have [simp]: summable (An. (1 / 2) " n % an)
proof (rule summable-comparison-test [where g=An. (1/2)” n])
show norm ((1 / 2) "nxan) < (1 /2) " nforn
using assms(1)[of n] by auto
qed simp
let or =>%"n.(1/2) "Sucnx*an
have ?r € {0..1}
using assms(1) space-Cantor-space-01[of a,simplified space-Cantor-space]
nsum-of-r-leglof 1/2 a 1 1 0]
by auto
show to-Cantor-from-01 ?rn = a n
proof (rule less-induct)
fix z
assume ih:y < x = to-Cantor-from-01 ?r y = a y for y
have eql:7r — (D> i<z. (1/2)(Suc i)xto-Cantor-from-01 ?r i) = (> n.
(1/2)(Suc (n + z))x a (n + z))
(is ?lhs = %rhs)
proof —
have ?lhs = 3 n. (1 / 2) " Suc (n 4+ z) *x a (n + 2)) + O i<z
(1/2)(Suc i)x a i) — O i<z. (1/2)(Suc i)xto-Cantor-from-01 ?r 1)
using suminf-split-initial-segment[of An. (1 / 2) ~ (Suc n) * a n z] by
stmp
also have ... = 3 n. (1 / 2) " Suc (n + z) * a (n + ) + O i<z.
(1/2)(Suc i)x a i) — (O i<z (1/2)(Suc i)*a i)
using ¢h by simp
finally show ?thesis by simp
ged
define Sn where Sn = (3 n. (1/2) (Suc (n + z))* a (n + z))
define Sn’ where Sn’ = (> n. (1/2)(Suc (n + (Suc z)))* a (n + (Suc
7))
have SnSn”".Sn = (1/2)(Suc z) *x a x + Sn’
using suminf-split-headof An. (1/2) (Suc (n + z))* a (n + z),0F
summable-ignore-initial-segment]
by (auto simp: Sn-def Sn'-def)
have hsn:0 < Sn’ Sn’ < (1/2)(Suc z)
proof —
show 0 < Sn’
unfolding Sn'-def
by(rule suminf-nonneg,rule summable-ignore-initial-segment) (use
assms(1) space-Cantor-space-01[of a,simplified space-Cantor-space] in fastforce)+
next
have In'>Suc 2. a n’ < 1
using assms by fastforce
thus Sn’ < (1/2)(Suc z)
using nsum-of-r-lefof 1/2 a 1 Suc x Suc (Suc x)] assms(1) space-Cantor-space-01|of
a,simplified space-Cantor-space]
by (auto simp: Sn'-def)
qged
have goall: to-Cantor-from-01 9rx =1 «— az = 1
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proof —
have to-Cantor-from-01 9rx = 1 <— (1 / 2) ~ Sucz < Sn
using to-Cantor-from-sumn(3)[OF «%r € {0..1}] eql
by (fastforce simp: Sn-def)
also have ... «+— (1 / 2) " Sucx < (1/2) (Suc z) * a z + Sn’
by (simp add: SnSn’)
also have ... +— a2z = 1
proof —
have az = 1 if (1 / 2) " Sucx < (1/2)(Suc z) * a z + Sn’
proof (rule ccontr)
assume a ¢ # 1
then have a z = 0
using assms(1) by auto
hence (1 / 2) ~ Suc z < Sn’
using that by simp
thus Fulse
using hsn by auto
qed
thus ?thesis
by (auto simp: hsn)
qed
finally show ?thesis .
qged
have goal2: to-Cantor-from-01 ?rz =0 +— axz =0
proof —
have to-Cantor-from-01 %rx = 0 +— Sn < (1 / 2) ~ Suc z
using to-Cantor-from-sumn(4)[OF «?r € {0..1}] eql
by (fastforce simp: Sn-def)
also have ... +— (1/2) (Sucz) *x ax + Sn’ < (1 / 2) "~ Sucx
by (simp add: SnSn’)
also have ... ¢+— az =0
proof —
have a z = 0 if (1/2) (Sucz) x ax + Sn’ < (1 / 2) ~ Sucx
proof (rule ccontr)
assume a z # 0
then have a z = 1
using assms(1) by auto
thus Fulse
using that hsn by auto
qed
thus ?thesis
using hsn by auto
qed
finally show ?thesis .
qed
show to-Cantor-from-01 ?r z = a x
using goall goal2 to-Cantor-from-01-image’lof ?r x] by auto
qed
qed
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have to-Cantor-from-01-sum-of-to-Cantor-from-01: to-Cantor-from-01 (> n.
(1 / 2) ~ Suc n x to-Cantor-from-01 r n) = to-Cantor-from-01 r if assms:r €
{0..1} for r
proof —
consider r = 1 | r € {0..<1}
using assms by fastforce
then show ?thesis
proof cases
case I
then show ?thesis
using nsum-of-r'lof 1/2 1 1]
by (auto simp: to-Cantor-from-01-def)
next
case 2
from to-Cantor-from-01-if-exist0[ OF to-Cantor-from-01-image’ to-Cantor-from-01-exist0[ OF
this]]
show ?thesis .
qed
qed
have to-Cantor-from-01-inj: inj-on to-Cantor-from-01 (space (restrict-space
borel {0..1}))
proof
fix z y :: real
assume z € space (restrict-space borel {0..1}) y € space (restrict-space borel
{0..1})
and h:to-Cantor-from-01 x = to-Cantor-from-01 y
then have zyin:z € {0..1} y € {0..1}
by simp-all
show z = y
using to-Cantor-from-sum|[OF zyin(1)] to-Cantor-from-sum[OF zyin(2)] h
by simp
qed
have to-Cantor-from-01-preserves-sets: to-Cantor-from-01 ‘* A € sets Can-
tor-space if assms: A € sets (restrict-space borel {0..1}) for A
proof —
define f :: (nat = real) = real where f = (Az. > n. (1/2)(Suc n)* x n)
have f-meas:f € Cantor-space —pr restrict-space borel {0..1}
proof —
have f € borel-measurable Cantor-space
unfolding Cantor-to-01-def f-def
proof (rule borel-measurable-suminyf)
fix n
have (Az. z n) € Cantor-space — p; restrict-space borel {0, 1}
by (simp add: Cantor-space-def)
hence (Az. z n) € borel-measurable Cantor-space
by (simp add: measurable-restrict-space2-iff)
thus (Az. (I / 2) ~ Suc n x z n) € borel-measurable Cantor-space
by simp
qged
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moreover have 0 < fx fz < 1 if © € space Cantor-space for x
proof —
have [simp]:summable (An. (1/2) nx x n)
proof (rule summable-comparison-test'[where g=An. (1/2)" n])
show norm ((1 / 2) "mnxxzn) < (1 /2) “nforn
using that by simp
qed simp
show 0 < fz
using that by (auto introl: suminf-nonneg simp: f-def)
show fz < 1
proof —
have fz < (> n. (1/2) (Suc n))
using that by (auto introl: suminf-le simp: f-def)
also have ... = 1
using nsum-of-r'lof 1/2 1 1] by simp
finally show ?thesis .
qed
qed
ultimately show ?thesis
by (auto introl: measurable-restrict-space2)
qed
have image-sets:to-Cantor-from-01 * (space (restrict-space borel {0..1})) €
sets Cantor-space
(is 74 € -)
proof —
have ?A C space Cantor-space
using to-Cantor-from-01-image by auto
have comple-sets:(Ilg i€ UNIV. {0,1}) — ?A € sets Cantor-space
proof —
have eq1:?A = {dn. 1} U {z. Yn.zn € {0,1}) A (¥Vn. Fk>n. 2 k= 0)}
proof
show ?A C {An. 1} U {z. ¥Yn.zn e {0, 1}) A (¥Yn. Fk>n. 2 k = 0)}
proof
fix z
assume z € 74
then obtain r where hr:r € {0..1} z = to-Cantor-from-01 r
by auto
then consider r = 1 | r € {0..<1} by fastforce
thus z € {A\n. 1} U{z. Vn.zn e {0,1}) A (Vn. Ik>n. z k = 0)}
proof cases
case I
then show ?thesis
by (simp add: hr(2) to-Cantor-from-01-def)
next
case 2
from to-Cantor-from-01-exist0[OF this] to-Cantor-from-01-image’
show ?thesis by (auto simp: hr(2))
qged
qed
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next
show {An. 1} U{z. (Vn.z2ne {0, 1}) AN (Vn. Fk>n.ck=0)} C 74
proof
fix x :: nat = real
assume z € {An. 1} U {z. Vn.zne {0,1}) A (Vn. 3k>n. 2k = 0)}
then consider z = (An. 1) | (Vn.zn € {0,1}) A (Vn. Jk>n. 2 k =

by auto
thus z € 74
proof cases
case I
then show ?thesis
by (auto introl: image-eql [where z=1] simp: to-Cantor-from-01-def)
next
case 2
hence An. 0 <zn An.zn <1
by (metis dual-order.refl empty-iff insert-iff zero-less-one-class.zero-le-one)+
with 2 to-Cantor-from-01-if-exist0|of ] nsum-of-r-leqlof 1/2 x 1 1 0]
show ?thesis
by (auto intro!: image-eql [where z=>_ n. (1 / 2) = Suc n * z n))
qged
qed
qed
have (Ilg i€ UNIV.{0,1}) — ?A={z. Vn.zn € {0,1}) A (3n. Vk>n.
zk=1)} —{\n. 1}
proof
show (Ilg i€ UNIV. {0,1}) — ?A C {z. Vn. zn € {0,1}) A (In.
Vk>n.xk=1)} — {\n. 1}
proof
fix = :: nat = real
assume z € (Ilg i€ UNIV. {0,1}) — %4
then have Vn. zn € {0,1} = (Vn. 3k>n. 2k = 0) z # (An. 1)
using eq! by blast+
thus z € {z. Vn.z2n e {0,1}) AN 3n. Vk>n. 2k = 1)} — {In. 1}
by blast
qed
next
show (IIg i€ UNIV. {0,1}) — ?A D> {z. Vn. zn € {0,1}) A (In.
Vk>n.xk=1)} — {An. 1}
proof
fix = :: nat = real
assume h:ix € {z. (Vn.zn € {0,1}) A Bn.Vk>n. 2k = 1)} — {\n.
1}
then have Vn. zn € {0,1} In.Vik>n. ck =1z # (An. 1)
by blast+
hence - (Vn. 3k>n. 2 k = 0)
by fastforce
with Vn. zn € {0,1}» <x # (An. 1)
show z € (Ilg ¢€ UNIV. {0,1}) — %4
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using eq! by blast
qed
qed
also have ... = (I ((An. {z. (Vn.z2n e {0,1}) A (Vk>n. 2k =1)}) ¢
UNIV)) — {An. 1}
by blast
also have ... € sets Cantor-space (is 7B € -)
proof —
have countable ?B
proof —
have countable {z :: nat = real. (Vn.zn=0Vzn=1)A (Vk>m.
x k= 1)} for m :: nat
proof —
let 2C = {zunat = real. Yn.zn=0Van=1)ANNk>m. zk=

1)}

undefined)

define g where g = (A(z::nat = real) n. if n < m then x n else

have 1:g < ?2C = (Ilg 7 €{..<m}. {0,1})
proof (standard; standard)
fix =
assume z € g ¢ 2C
then show z € (Ilg 7 €{..<m}. {0,1})
by (auto simp: g-def PiE-def extensional-def)
next
fix z
assume h:x € (g i €{..<m}. {0,1::real})
then have z = g (An. if n < m then z n else 1)
by (auto simp add: g-def PiE-def extensional-def)
moreover have (An. if n < m then z n else 1) € 7C
using h by auto
ultimately show z € g * 2C
by auto
qed
have 2:inj-on g ?C
proof
fix z y
assume hxyg:x € ?Cy: Cgx =gy
show z = y
proof
fix n
consider n < m | m < n by fastforce
thuszn=yn
proof cases
case 1
then show ?thesis
using fun-cong|OF hzyg(3),of n] by (simp add: g-def)
next
case 2
then show ?thesis
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using hzyg(1,2) by auto
qed
qed
qed
show countable {x::nat = real. Vn.zn =0V zn=1) A (Vk>m.
zk=1)}
by (rule countable-image-inj-on|OF - 2]) (auto intro!: countable-PiE
stmp: 1)
qed
thus ?thesis
by auto
qed
moreover have ?B C space Cantor-space
by (auto simp: space-Cantor-space)
ultimately show ?thesis
using Cantor-space-standard-ne by (simp add: standard-borel.countable-sets
standard-borel-ne-def)
qed
finally show ?thesis .
qed
moreover have space Cantor-space — ((Ilg i€ UNIV. {0,1}) — ?A) = 24
using < ?A C space Cantor-space> space-Cantor-space by blast
ultimately show ?thesis
using sets.compl-sets|OF comple-sets] by auto
qed
have to-Cantor-from-01 ‘A = f —“ A N to-Cantor-from-01 * (space (restrict-space
borel {0..1}))
proof
show to-Cantor-from-01 * A C f —¢ A N to-Cantor-from-01 ° space
(restrict-space borel {0..1})
proof
fix =
assume z € to-Cantor-from-01 * A
then obtain a where ha:a € A © = to-Cantor-from-01 a by auto
hence a € {0..1}
using sets.sets-into-space[OF assms| by auto
have fz = a
using to-Cantor-from-sum[OF <a € {0..1}>] by(simp add: f-def ha(2))
thus z € f —¢ A N to-Cantor-from-01 * space (restrict-space borel {0..1})
using sets.sets-into-space[OF assms| ha by auto
qed
next
show to-Cantor-from-01 < A O f —* A N to-Cantor-from-01 * space
(restrict-space borel {0..1})
proof
fix z
assume h:x € f —° A N to-Cantor-from-01 * space (restrict-space borel
{0..1})

then obtain r where r € {0..1} z = to-Cantor-from-01 r
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by auto
from h have fz € A
by simp
hence to-Cantor-from-01 (f x) = x
using to-Cantor-from-01-sum-of-to-Cantor-from-01[{OF «r € {0..1})]
by (simp add: f-def <x = to-Cantor-from-01 r»)
with «fz € A»
show z € to-Cantor-from-01 * A
by (simp add: rev-image-eql)
qged
qed
also have ... € sets Cantor-space
proof —
have f —‘A N space Cantor-space N to-Cantor-from-01 * space (restrict-space
borel {0..1}) = f —“ A N to-Cantor-from-01 * (space (restrict-space borel {0..1}))
using to-Cantor-from-01-image sets.sets-into-space[OF assms,simplified]
by auto
thus ?thesis
using sets. Int[OF measurable-sets|OF f-meas assms| image-sets|
by fastforce
qed
finally show ?thesis .
qed
show ?thesis
using Schroeder-Bernstein-measurable]OF Cantor-to-01-measurable Can-
tor-to-01-preserves-sets Cantor-to-01-inj to-Cantor-from-01-measurable to-Cantor-from-01-preserves-sets
to-Cantor-from-01-inj)
by (simp add: measurable-isomorphic-def)
qed
have 1:Cantor-space measurable-isomorphic (ILps (i::nat,j::nat)e UNIV x UNIV.
restrict-space borel {0,1::real})
unfolding Cantor-space-def
by (auto intro!: measurable-isomorphic-sym|[OF countable-infinite-isomorphisc-to-nat-indez]
sitmp: split-beta’ finite-prod)
have 2:(IIy; (i::nat,j:nat)e UNIV x UNIV. restrict-space borel {0,1::real})
measurable-isomorphic (s (i::nat)€ UNIV. Cantor-space)
unfolding Cantor-space-def by(rule measurable-isomorphic-sym|OF PiM-PiM-isomorphic-to-PiM])
have 3:(ITy; (i::nat)e UNIV. Cantor-space) measurable-isomorphic Hilbert-cube
unfolding Hilbert-cube-def by(rule measurable-isomorphic-lift-product| OF Can-
tor-space-isomorphic-to-01closed))
show ?thesis
by (rule measurable-isomorphic-trans|OF measurable-isomorphic-trans[OF 1 2]
3))
qed

3.3 Final Results

lemma(in standard-borel) embedding-into-Hilbert-cube:
JA € sets Hilbert-cube. M measurable-isomorphic (restrict-space Hilbert-cube A)
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proof —
obtain S where S:Polish-space S sets (borel-of S) = sets M
using Polish-space by blast
obtain A where A:gdelta-in Hilbert-cube-topology A S homeomorphic-space subtopol-
ogy Hilbert-cube-topology A
using embedding-into-Hilbert-cube-gdelta-in[OF S(1)] by blast
show ?thesis
using borel-of-gdelta-in| OF A(1)] homeomorphic-space-measurable-isomorphic| OF
A(2)] measurable-isomorphic-sets-cong|OF S(2),of borel-of (subtopology Hilbert-cube-topology
A) restrict-space Hilbert-cube A] Hilbert-cube-borel sets-restrict-space-cong| OF Hilbert-cube-borel)
by (auto intro!: bexl[where x=A] simp: borel-of-subtopology)
qed

lemma(in standard-borel) embedding-from-Cantor-space:
assumes uncountable (space M)
shows 3 A € sets M. Cantor-space measurable-isomorphic (restrict-space M A)
proof —
obtain S where S:Polish-space S sets (borel-of S) = sets M
using Polish-space by blast
then obtain A where A:gdelta-in S A Cantor-space-topology homeomorphic-space
subtopology S A
using embedding-from-Cantor-space[of S| assms sets-eq-imp-space-eq[ OF S(2)]
by (auto simp: space-borel-of)
show ?thesis
using borel-of-gdelta-in|OF A(1)] S(2) homeomorphic-space-measurable-isomorphic[OF
A(2)] measurable-isomorphic-sets-cong| OF Cantor-space-borel restrict-space-sets-cong| OF
refl 8(2)),of 4]
by (auto introl: bexI[where z=A] simp: borel-of-subtopology)
qed

corollary(in standard-borel) uncountable-isomorphic-to-Hilbert-cube:
assumes uncountable (space M)
shows Hilbert-cube measurable-isomorphic M
proof —
obtain A B where AB:
M measurable-isomorphic (restrict-space Hilbert-cube A) Cantor-space measur-
able-isomorphic (restrict-space M B)
A € sets Hilbert-cubeB € sets M
using embedding-into-Hilbert-cube embedding-from-Cantor-space]OF assms] by
auto
show ?thesis
by (rule measurable-isomorphic-antisym[OF AB measurable-isomorphic-sym[OF
Cantor-space-isomorphic-to- Hilbert-cubel))
qed

corollary(in standard-borel) uncountable-isomorphic-to-real:
assumes uncountable (space M)
shows M measurable-isomorphic (borel :: real measure)
proof —
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interpret r: standard-borel-ne borel :: real measure
by simp
show ?thesis
by (auto intro!: measurable-isomorphic-trans| OF measurable-isomorphic-sym|[OF
uncountable-isomorphic-to-Hilbert-cube[ OF assms]] r.uncountable-isomorphic-to- Hilbert-cube]
stmp: uncountable-UNIV-real)
qed

lemmal(in standard-borel) isomorphic-subset-real:
assumes A € sets (borel :: real measure) uncountable A
obtains B where B € sets borel B C A M measurable-isomorphic restrict-space
borel B
proof(cases countable (space M))
assume count:countable (space M)
have 3 BCA. space M ~ B
proof(cases finite (space M))
assume fin:finite (space M)
then obtain B where B:card B = card (space M) finite B B C A
by (meson assms(2) countable-finite infinite-arbitrarily-large)
thus ?thesis
using fin by(auto introl: exI[where x=DB] simp:eqpoll-iff-card)
next
assume inf:infinite (space M)
obtain B where B: B C A countable B infinite B
using assms(2) countable-finite infinite-countable-subset’ that by auto
thus ?thesis
using bij-betw-from-nat-into[ OF count inf] bij-betw-from-nat-into[ OF B(2,3)]
by (meson egpoll-def eqpoll-sym egpoll-trans)
qed
then obtain B where B:B C A space M =~ B countable B
by (metis countable-eqpoll eqpoll-sym count)
then obtain f where f:bij-betw f (space M) B
using eqpoll-def by blast
have 1:C € sets borel if C:C C B for C
proof —
have C = (|JceC. {c})
by auto
also have ... € sets borel
using B C by(intro sets.countable-UN') (auto simp: countable-subset)
finally show ?thesis .
qed
have 2:sets M = sets (count-space (space M))
by (simp add: countable-discrete-space count)
have 3:sets (restrict-space borel B) = sets (count-space B)
using 1 by(auto simp: sets-restrict-space)
have [simp|:measurable M (restrict-space borel B) = measurable (count-space
(space M)) (count-space B)
measurable (restrict-space borel B) M = measurable (count-space B) (count-space
(space M))
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using 2 3 by(auto introl: measurable-cong-sets)
have M measurable-isomorphic restrict-space borel B
using bij-betw-the-inv-into[ OF f] f by(auto simp: measurable-isomorphic-def
measurable-isomorphic-map-def space-restrict-space introl: exl[where xz=f] dest:
bij-betwE)
with 1 B that show ?thesis
by blast
next
assume uncountable (space M)
then have M measurable-isomorphic (borel :: real measure)
using uncountable-isomorphic-to-real by blast
moreover have restrict-space borel A measurable-isomorphic (borel :: real mea-
sure)
by (auto intro!: standard-borel.uncountable-isomorphic-to-real standard-borel.standard-borel-restrict-space| OF
standard-borel-ne.standard-borel] simp: assms space-restrict-space)
ultimately have M measurable-isomorphic restrict-space borel A
using measurable-isomorphic-sym measurable-isomorphic-trans by blast
with assms(1) that show ?thesis
by blast
qed

lemma(in standard-borel) countable-isomorphic-to-subset-real:
assumes countable (space M)
obtains A :: real set
where countable A A € sets borel M measurable-isomorphic restrict-space borel
A
proof —
obtain A : real set where A:A € sets borel M measurable-isomorphic re-
strict-space borel A
using isomorphic-subset-real[of UNIV] uncountable-UNIV-real by auto
moreover have countable A
using measurable-isomorphic-cardinality-eq OF A(2)] assms(1)
by (simp add: space-restrict-space countable-eqpoll[OF - egpoll-sym])
ultimately show ?thesis
using that by blast
qed

theorem Borel-isomorphism-theorem:

assumes standard-borel M standard-borel N

shows space M =~ space N <— M measurable-isomorphic N
proof

assume h:space M = space N

interpret M: standard-borel M by fact

interpret N: standard-borel N by fact

consider countable (space M) countable (space N) | uncountable (space M) un-
countable (space N)

by (meson countable-egpoll eqpoll-sym h)
thus M measurable-isomorphic N
proof cases
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case I
then have 2:sets M = sets (count-space (space M)) sets N = sets (count-space
(space N))
by (simp-all add: M.countable-discrete-space N.countable-discrete-space)
show ?thesis
by (simp add: measurable-isomorphic-sets-cong[OF 2] measurable-isomorphic-count-spaces
)
next
case 2
then have M measurable-isomorphic (borel :: real measure) N measurable-isomorphic
(borel :: real measure)
by (simp-all add: M.uncountable-isomorphic-to-real N.uncountable-isomorphic-to-real)
thus ?thesis
using measurable-isomorphic-sym measurable-isomorphic-trans by blast
qed
qed(rule measurable-isomorphic-cardinality-eq)

definition to-real-on :: 'a measure = 'a = real where
to-real-on M = (if uncountable (space M) then (SOME f. measurable-isomorphic-map
M (borel :: real measure) f) else (real o to-nat-on (space M)))

definition from-real-into :: 'a measure = real = 'a where
from-real-into M = (if uncountable (space M) then the-inv-into (space M) (to-real-on
M) else (Ar. from-nat-into (space M) (nat |r])))

context standard-borel
begin

abbreviation to-real = to-real-on M
abbreviation from-real = from-real-into M

lemma to-real-def-countable:
assumes countable (space M)
shows to-real = (Ar. real (to-nat-on (space M) r))
using assms by (auto simp: to-real-on-def)

lemma from-real-def-countable:
assumes countable (space M)
shows from-real = (Ar. from-nat-into (space M) (nat |r]))
using assms by (simp add: from-real-into-def)

lemma from-real-to-real[simp]:
assumes z € space M
shows from-real (to-real x) = x
proof —
have [simp]: space M # {}
using assms by auto
consider countable (space M) | uncountable (space M) by auto
then show ?thesis

195



proof cases
case I
then show ?thesis
by (simp add: to-real-def-countable from-real-def-countable assms)
next
case 2
then obtain f where f: measurable-isomorphic-map M (borel :: real measure)
f
using uncountable-isomorphic-to-real by (auto simp: measurable-isomorphic-def)
have 1:to-real = Eps (measurable-isomorphic-map M borel) from-real = the-inv-into
(space M) (Eps (measurable-isomorphic-map M borel))
by (simp-all add: to-real-on-def 2 from-real-into-def)
show ?thesis
unfolding 1
by (rule somel2[of measurable-isomorphic-map M (borel :: real measure) f,OF
)
(meson assms bij-betw-imp-inj-on measurable-isomorphic-map-def the-inv-into-f-f)
qed
qed

lemma to-real-measurable[measurable]:
to-real € M — s borel
proof(cases countable (space M))
case I:True
then have sets M = Pow (space M)
by (rule countable-discrete-space)
then show ?thesis
by (simp add: to-real-def-countable 1 borel-measurablel-le)
next
case [:False
then obtain f where f: measurable-isomorphic-map M (borel :: real measure) f
using uncountable-isomorphic-to-real by (auto simp: measurable-isomorphic-def)
have 2:to-real = Eps (measurable-isomorphic-map M borel)
by (simp add: to-real-on-def 1 from-real-into-def)
show ?thesis
unfolding 2
by (rule somel2[of measurable-isomorphic-map M (borel :: real measure) f,OF
fl,simp add: measurable-isomorphic-map-def)
qed

lemma from-real-measurable’:
assumes space M # {}
shows from-real € borel —; M
proof(cases countable (space M))
case 1:True
then have 2:sets M = Pow (space M)
by (rule countable-discrete-space)
have [measurable]: from-nat-into (space M) € count-space UNIV —pr M
using from-nat-into[ OF assms] by auto
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show ?thesis
by (simp add: from-real-def-countable 1 borel-measurablel-le)
next
case 2:False
then obtain f where f: measurable-isomorphic-map M (borel :: real measure) f
using uncountable-isomorphic-to-real by (auto simp: measurable-isomorphic-def)
have 1: from-real = the-inv-into (space M) (Eps (measurable-isomorphic-map M
borel))
by (simp add: to-real-on-def 2 from-real-into-def)
show ?thesis
unfolding 1
by (rule somel2[of measurable-isomorphic-map M (borel :: real measure) f,OF
fl,simp add: measurable-isomorphic-map-def)
qed

lemma to-real-from-real:
assumes uncountable (space M)
shows to-real (from-real r) = r
proof —
obtain f where f: measurable-isomorphic-map M (borel :: real measure) f
using assms uncountable-isomorphic-to-real by (auto simp: measurable-isomorphic-def)
have 1:to-real = Eps (measurable-isomorphic-map M borel) from-real = the-inv-into
(space M) (Eps (measurable-isomorphic-map M borel))
by (simp-all add: to-real-on-def assms from-real-into-def)
show ?thesis
unfolding 1
by (rule somel2[of measurable-isomorphic-map M (borel :: real measure) f,OF
i)
(metis UNIV-I f-the-inv-into-f-bij-betw measurable-isomorphic-map-def space-borel)
qed

end
lemma(in standard-borel-ne) from-real-measurablemeasurable]: from-real € borel
—m M

by (simp add: from-real-measurable’ space-ne)

end
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