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Abstract

Many separation logics [11] support fractional permissions [3, 2]
to distinguish between read and write access to a heap location, for
instance, to allow concurrent reads while enforcing exclusive writes.
Fractional permissions extend to composite assertions such as (co)in-
ductive predicates and magic wands by allowing those to be multi-
plied [8, 4, 6] by a fraction. Typical separation logic proofs require
that this multiplication has three key properties: it needs to distribute
over assertions, it should permit fractions to be factored out from as-
sertions, and two fractions of the same assertion should be combinable
into one larger fraction.

Existing formal semantics incorporating fractional assertions into a
separation logic define multiplication semantically (via models), result-
ing in a semantics in which distributivity and combinability do not hold
for key resource assertions such as magic wands, and fractions cannot
be factored out from a separating conjunction. By contrast, existing
automatic separation logic verifiers [9, 7, 10, 1] define multiplication
syntactically, resulting in a different semantics for which it is unknown
whether distributivity and combinability hold for all assertions.

In this entry, we present and formalize an unbounded version of
separation logic [5], a novel semantics for separation logic assertions
that allows states to hold more than a full permission to a heap location
during the evaluation of an assertion. By reimposing upper bounds on
the permissions held per location at statement boundaries, we retain
key properties of separation logic, in particular, we prove that the
frame rule still holds. We also prove that our assertion semantics
unifies semantic and syntactic multiplication and thereby reconciles
the discrepancy between separation logic theory and tools and enjoys
distributivity, factorisability, and combinability.
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1 Unbounded Separation Logic

theory UnboundedLogic
imports Main
begin

1.1 Assertions and state model

We define our assertion language as described in Section 2.3 of the paper [5].

datatype (‘a, 'b, ‘c, 'd) assertion =
Sem ('d = '¢) = 'a = bool
| Mult 'b (‘a, 'b, 'c, 'd) assertion
| Star ('a, b, 'c, 'd) assertion ('a, 'b, 'c, 'd) assertion
| Wand (‘a, 'b, 'c, 'd) assertion ('a, 'b, ‘c, 'd) assertion
| Or (Ya, 'b, 'c, 'd) assertion ('a, 'b, 'c, 'd) assertion
| And (‘a, 'b, 'c, 'd) assertion ('a, 'b, 'c, 'd) assertion
| Imp (‘a, 'b, 'c, 'd) assertion ('a, 'b, 'c, 'd) assertion
| Exists 'd ('a, 'b, 'c, 'd) assertion
ora a, 'b, 'c, assertion
Forall 'd ('a, 'b, 'c, 'd ti
| Pred
ounded ('a, 'b, 'c, assertion
Bounded ('a, 'b, 'c, 'd ti
ildcard ('a, 'b, 'c, assertion
Wildcard ('a, 'b, 'c, 'd ti

type-synonym ‘a command = ('a x 'a option) set

locale pre-logic =
fixes plus :: 'a = 'a = 'a option (infixl «®> 63)

begin

definition compatible :: 'a = ‘a = bool (infixl ##> 60) where
a ## b <— a & b # None

definition larger :: ‘a = 'a = bool (infixl <>) 55) where
a>=b+— (Jc. Somea=>bd c)

end

type-synonym (‘a, ‘b, ‘c) interp = (‘a = 'b) = ’c set

The following locale captures the state model described in Section 2.2 of the
paper [5].
locale logic = pre-logic +

fixes mult :: 'b = 'a = 'a (infixl «©® 64)
fixes smult :: 'b = b= "b

fixes sadd :: 'b = b = 'b
fixes sinv :: 'b = b



fixes one :: 'b

fixes valid :: 'a = bool

assumes commutative: a ® b = b ® a
and assol: a ® b= Some ab ANb P c = Some bc = ab ® ¢ = a P bc
and asso02: a & b = Some ab N = b ## ¢ = — ab #F# ¢

and sinv-inverse: smult p (sinv p) = one

and sone-neutral: smult one p = p

and sadd-comm: sadd p q = sadd q p

and smult-comm: smult p ¢ = smult q p

and smult-distrib: smult p (sadd g r) = sadd (smult p q) (smult p r)
and smult-asso: smult (smult p q) v = smult p (smult g )

and double-mult: p © (¢ ©® a) = (smult p ¢) © a

and plus-mult: Some a = b ® ¢ = Some (p ©®a) =(pOb) & (p © ¢)
and distrib-mult: Some ((saddp q¢) © ) =p Oz d ¢ O x

and one-neutral: one ©® a = a

and wvalid-mono: valid a N\ a = b = valid b
begin

The validity of assertions corresponds to Figure 3 of the paper [5].

fun sat :: 'a = ('d = '¢) = ('d, 'c, 'a) interp = (‘a, 'b, 'c, 'd) assertion = bool
(«-, -, - E - [51, 65, 68, 66] 50) where
o, A EMultp A+— (3a.o=pOaAia, s, AEA)

| 0,8, A= Star A B <— (3ab. Someo=a®bAa,s,AN=AND s, A= B)
|o, s, A= Wand A B+— (NVaoc' a, s, A= AN Someo' =0 @& a— g/, s,
A E B)

| o, s, Sem b<+— bso

| o, s, Imp AB+— (0,, AEFA— 0,5, AE B)

| o, s, OrAB<+— (0,5, AEAVo,s, A B)

| o, s, And A B +— (0,8, A= AANo,s AE B)

Forall z A +— (Yv. 0, s(z := v), A |E A)

B
> P > S > >l g

=

':

':

- -

E Ezists x A «+— (3v. o, s(z :=v), A | A)
= A

':

':

| o, s, Pred «— (0 € A s)
| o, s, Bounded A +— (valid 0 — o, 5, A E A)
| o, s, A = Wildcard A «— (Jap.c=p O aAa,s AE A

definition intuitionistic :: ('d = '¢) = ('d, ‘¢, 'a) interp = ('a, 'b, 'c, 'd) assertion
= bool where
intuitionistic s A A +— (Vab.a>=bAb s, AEA— a, s, A=A



definition entails :: (‘a, 'b, 'c, 'd) assertion = ('d, 'c, 'a) interp = ('a, 'b, 'c, 'd)

assertion = bool («-, -+ - [63, 66, 68] 52) where
A AFB+— NVos. o, s, AEA— 0,5, A =DB)

definition equivalent :: (‘a, 'b, 'c, 'd) assertion = ('d, ‘¢, 'a) interp = (a, 'b,

'd) assertion = bool («-, - = - [63, 66, 68] 52) where
AL A=B+— (A, AFBAB,AF A

definition pure :: (‘a, 'b, ‘¢, 'd) assertion = bool where
pure A «+— (Voo s AAN. 0,8, AEA+— 0o/, s, A" A)

1.2 Useful lemmas

lemma sat-forall:
assumes Av. o, s(z :=v), A E A
shows o, s, A = Forall z A
(proof )

lemma intuitionisticl:
assumes Aab.a > bAb s, AEA=a s, AEA
shows intuitionistic s A A
(proof )

lemma can-divide:
assumes p ® a=p O b
shows a = b
(proof )

lemma unique-inv:
a=pOb+— b= (sinvp) ©a
(proof )

lemma entailsl:
assumes Ao s. 0, s, AEF A= o0,s, A= B
shows A, A+ B
(proof)

lemma equivalentl:
assumes Ao s. 0, s, AEF A= o0,s, A= B
and Ac s.0,s, AEB= 0,5, AEA
shows A, A =B
(proof )

lemma compatible-imp:
assumes a ## b
shows (p © a) ## (p © b)
(proof)

¢,



lemma compatible-iff:

a## b+ (p© a) ## (p ©b)
(proof )

lemma sat-wand:
assumes Aa o’ a,5, A= AN Someo'=0c @ a= 0,5, AEB
shows o, s, A = Wand A B
{proof )

lemma sat-imp:
assumes 0, s, AE A= 0,5, AEB
shows o, s, A|=Imp A B
(proof )

lemma sat-mult:
assumes A\a.c =p O a=a,s5, AE A
shows o, s, A = Mult p A
(proof)

lemma larger-same:
a=b+—pOa=pOb
(proof )

lemma asso3:
assumes - a ## b
and b ® ¢ = Some be
shows — a #+# bc

{proof)

lemma compatible-smaller:
assumes a =~ b
and © ## a
shows = ## b

{proof)

lemma compatible-multiples:
assumes p ® a ## q© b
shows a ## b

{proof)

lemma mowve-sum:
assumes Some a = al ® a2
and Some b = b1 & b2
and Somex = a ® b
and Some z1 = al @ bl
and Some 2 = a2 H b2
shows Some z = z1 ® x2

(proof)



lemma sum-both-larger:
assumes Some ¢’ = a’ ® b’
and Somez =a ® b
and a’ > a
and b’ = b
shows z/ = z
(proof)

lemma larger-first-sum:
assumes Some y = a ® b
and z = y
shows Ja’. Somexz =a’ @ bAa > a
(proof)

lemma larger-implies-compatible:
assumes T =~ y
shows = ## y
(proof)

2 Frame rule

This section corresponds to Section 2.5 of the paper [5].

definition safe :: (‘a x ('d = '¢)) command = ('a x ('d = 'c)) = bool where
safe ¢ o +— (o, None) ¢ ¢

definition safety-monotonicity :: (‘a x ('d = 'c)) command = bool where
safety-monotonicity ¢ +— (Vo o' s. valid o’ A o’ = o A safe ¢ (o, s) — safe

¢ (o) 8))

definition frame-property :: (‘a x ('d = ’c)) command = bool where
frame-property ¢ +— (Vo o0 r o’ s s'. valid o A valid o' A safe ¢ (o0, s) A
Some 0 =00 & r A ((o, s), Some (', s)) € ¢
— (300" Some ¢’ = a0’ @ r A ((00, s), Some (0’ s")) € ¢))

definition wvalid-hoare-triple :: ('a, 'b, 'c, 'd) assertion = ('a x ('d = ’c)) com-
mand = ('a, 'b, 'c, 'd) assertion = ('d, 'c, 'a) interp = bool where

valid-hoare-triple P ¢ @ A «— (Vo s. valid o A\ 0, s, A = P — safe ¢ (o, )
AN (Va's' ((o,s), Some (o', s)) € c — 0, s/, A = Q))

lemma valid-hoare-triplel:
assumes Ao s. valid o A 0, s, A | P = safe ¢ (o, s)
and Ao s o’ s’ wvalid o N o, s, A = P = ((0, s), Some (¢/, s")) € ¢ =
o, ', A E Q
shows wvalid-hoare-triple P ¢ Q A
(proof )

definition valid-command :: (Ya x ('d = '¢)) command = bool where
valid-command ¢ +— (Y a b sa sb. ((a, sa), Some (b, sb)) € ¢ A valid a — wvalid



b)

definition modified :: (Ya x ('d = ’'¢)) command = 'd set where
modified ¢ = { z |z. o s o’ s". ((o, s), Some (¢, ")) € cNsx # sz}

definition equal-outside :: ('d = '¢) = ('d = '¢c) = 'd set = bool where
equal-outside s ' S «— Vz. 2 ¢ S — sz = s' z)

definition not-in-fv :: (‘a, 'b, 'c, 'd) assertion = 'd set = bool where
not-in-fv A S +— (Vo s A s'. equal-outside s s’ S — (0, s, A= A +— 0, s/,

A E 4))

lemma not-in-fv-mod:
assumes not-in-fv A (modified c)
and ((o, s), Some (¢, s')) € ¢
shows z, s, AE A+— 1z, s, AEA
(proof)

This theorem corresponds to Theorem 2 of the paper [5].

theorem frame-rule:
assumes valid-command c
and safety-monotonicity c
and frame-property c
and wvalid-hoare-triple P ¢ Q A
and not-in-fv R (modified c)
shows wvalid-hoare-triple (Star P R) ¢ (Star @ R) A
(proof)

lemma hoare-triple-input:
valid-hoare-triple P ¢ @ A +— wvalid-hoare-triple (Bounded P) ¢ Q A

{proof)

lemma hoare-triple-output:
assumes valid-command c
shows wvalid-hoare-triple P ¢ Q A <— wvalid-hoare-triple P ¢ (Bounded Q) A

{proof)

end

end



3 Distributivity and Factorisability

This section corresponds to Section 2.4 and Figure 4 of the paper [5].

theory Distributivity
imports UnboundedLogic
begin

context logic
begin

3.1 DotPos

lemma DotPos:
A, AF B«+— (Mult m A, A+ Mult m B) (is YA +— ?B)

(proof)

Only one direction holds with a wildcard

lemma WildPos:
A, A+ B = (Wildcard A, A + Wildcard B)

{proof)

3.2 DotDot

lemma dot-mult1:
Mult p (Mult ¢ A), A+ Mult (smult p q) A
(proof)

lemma dot-mult2:
Mult (smult p q) A, A+ Mult p (Mult g A)

(proof)

lemma DotDot:
Mult p (Mult ¢ A), A = Mult (smult p q) A
(proof)

lemma can-factorize:
dr. q = smult rp
(proof )

lemma WildDot:
Wildcard (Mult p A), A = Wildcard A
(proof)

lemma Dot Wild:
Mult p (Wildcard A), A = Wildcard A
(proof )

lemma WildWild:
Wildcard (Wildecard A), A = Wildcard A



(proof)

3.3 DotStar

lemma dot-starl:
Mult p (Star A B), A+ Star (Mult p A) (Mult p B)

(proof)

lemma dot-star2:
Star (Mult p A) (Mult p B), A = Mult p (Star A B)

(proof)

lemma DotStar:
Mult p (Star A B), A = Star (Mult p A) (Mult p B)

{proof)

lemma WildStari:
Wildcard (Star A B), A b Star (Wildcard A) (Wildcard B)

(proof)

3.4 DotWand

lemma dot-wand1:
Mult p (Wand A B), A+ Wand (Mult p A) (Mult p B)
(proof)

lemma dot-wand2:
Wand (Mult p A) (Mult p B), A+ Mult p (Wand A B)

(proof)

lemma Dot Wand:
Mult p (Wand A B), A = Wand (Mult p A) (Mult p B)

{proof)

3.5 DotOr

lemma dot-ori:
Mult p (Or A B), AF Or (Mult p A) (Mult p B)
(proof)

lemma dot-or2:
Or (Mult p A) (Mult p B), A+ Mult p (Or A B)

(proof)

lemma DotOr:
Mult p (Or A B), A = Or (Mult p A) (Mult p B)
(proof)

lemma WildOr:

10



Wildcard (Or A B), A = Or (Wildcard A) (Wildcard B)
(proof)

3.6 DotAnd

lemma dot-andl:
Mult p (And A B), A b And (Mult p A) (Mult p B)

(proof)

lemma dot-and2:
And (Mult p A) (Mult p B), A+ Mult p (And A B)

(proof)

lemma DotAnd:
And (Mult p A) (Mult p B), A = Mult p (And A B)
{proof )

lemma WildAnd:
Wildcard (And A B), A = And (Wildcard A) (Wildcard B)
(proof)

3.7 DotImp

lemma dot-imp1:
Imp (Mult p A) (Mult p B), A+ Mult p (Imp A B)
(proof)

lemma dot-imp2:
Mult p (Imp A B), A+ Imp (Mult p A) (Mult p B)
(proof )

lemma DotImp:
Mult p (Imp A B), A = Imp (Mult p A) (Mult p B)
{proof )

3.8 DotPure

lemma pure-multi:
assumes pure A
shows Mult p A, AF A

(proof)

lemma pure-mult2:
assumes pure A
shows A, A+ Mult p A

(proof)

lemma DotPure:
assumes pure A
shows Mult p A, A = A

11



{proof)

lemma WildPure:

assumes pure A
shows Wildcard A, A = A

(proof)

3.9 DotFull

lemma mult-one-samel:
Mult one A, A+ A

{proof)

lemma mult-one-same2:

A, A+ Mult one A
(proof )

lemma DotFull:
Mult one A, A = A

{proof)

3.10 DotExists

lemma dot-existsi:
Mult p (Exists ¢ A), A & Exists x (Mult p A)

(proof)

lemma dot-exists?:
Ezists x (Mult p A), A F Mult p (Exists x A)
(proof)

lemma DotExists:
Mult p (Exists x A), A = Exists x (Mult p A)
{proof )

lemma WildExists:
Wildcard (Exists © A), A = Ezists x (Wildcard A)
(proof)

3.11 DotForall

lemma dot-foralll:
Mult p (Forall x A), A &+ Forall x (Mult p A)
(proof)

lemma dot-forall2:
Forall z (Mult p A), A+ Mult p (Forall z A)
(proof)

12



lemma DotForall:
Mult p (Forall z A), A = Forall x (Mult p A)

{proof)

lemma WildForall:
Wildcard (Forall x A), A & Forall z (Wildcard A)

{proof)

3.12 Split

lemma split:
Mult (sadd a b) A, A+ Star (Mult a A) (Mult b A)

(proof)

end

end

4 Combinability

This section corresponds to Section 3 of the paper [5].

theory Combinability
imports UnboundedLogic
begin

context logic
begin

The definition of combinable assertions corresponds to Definition 4 of the
paper [5].

definition combinable :: ('d, 'c, 'a) interp = (‘a, 'b, 'c, 'd) assertion = bool
where

combinable A A +— (Vp q. Star (Mult p A) (Mult ¢ A), A = Mult (sadd p q)
4)

lemma combinable-instantiate:
assumes combinable A A
and a, s, A E A
and b, s, AE A
and Somez=p O aP® qgBO b
shows z, s, A = Mult (sadd p q) A
(proof )

lemma combinable-instantiate-one:
assumes combinable A A
and a, s, A F A
and b, s, A E A

13



and Somez=p O a® qO b
and sadd p ¢ = one
shows z, s, A E A
(proof)

lemma combinablel-old:

assumes A\abpgros.a, s, AEANb s, AEAANSomeo=pOad® q0O
bANo = (saddp q) ©x = z,5, A=A

shows combinable A A

{(proof)

lemma combinablel:

assumes Aabpqgzos. a, s, AEAND s, AEAANSomez=p©Oa® q0O
bAsaddp g=one=z,s, A A

shows combinable A A

(proof)

lemma combinable-wand:
assumes combinable A B
shows combinable A (Wand A B)

(proof)

lemma combinable-star:
assumes combinable A A
and combinable A B
shows combinable A (Star A B)

(proof)

lemma combinable-mult:
assumes combinable A A
shows combinable A (Mult m A)

(proof)

lemma combinable-and:
assumes combinable A A
and combinable A B
shows combinable A (And A B)

(proof)

lemma combinable-forall:
assumes combinable A A
shows combinable A (Forall z A)

(proof)

14



definition unambiguous where
unambiguous A A x <— (Vol o2 vl v2s. 0l ## 02 Nol, s(z:=vl), A |=
ANo2, s(x:=02), AEA— vl =02)

lemma unambiguousl:

assumes N\ol 02 vl v2s. ol ## 02 Nol, s(z:=vl), A= ANd2, s(x:=
v2), Al E A= vl =02

shows unambiguous A A x

(proof )

lemma unambiguous-star:
assumes unambiguous A A x
shows unambiguous A (Star A B) z

(proof)

lemma combinable-exists:
assumes combinable A A
and unambiguous A A x
shows combinable A (FExists x A)

(proof)

lemma combinable-pure:
assumes pure A
shows combinable A A

{proof)

lemma combinable-imp:
assumes pure A
and combinable A B
shows combinable A (Imp A B)

(proof)

lemma combinable-wildcard:
assumes combinable A A
shows combinable A (Wildcard A)

(proof)

end

end

15



5 (Co)Inductive Predicates

This subsection corresponds to Section 4 of the paper [5].

theory FizedPoint
imports Distributivity Combinability
begin

type-synonym ('d, ‘c, 'a) chain = nat = ('d, 'c, 'a) interp

context logic
begin

5.1 Definitions

definition smaller-interp :: ('d, ‘c, 'a) interp = ('d, 'c, 'a) interp = bool where
smaller-interp A A/ +— (Vs. A s CT A’ )

lemma smaller-interpl:
assumes A\sz. 2 € As=—=z € A’s
shows smaller-interp A A’

{proof)

definition indep-interp where
indep-interp A +— Ve s A Az, 8, AEA+— z, 5, A'E A)

fun applies-eq :: ('a, 'b, ‘¢, 'd) assertion = ('d, 'c, 'a) interp = ('d, 'c, 'a) interp
where
applies-eq AN s={ala. a, s, A=A}

definition monotonic :: (('d, 'c, 'a) interp = ('d, 'c, 'a) interp) = bool where
monotonic f +— (VA A’ smaller-interp A A" — smaller-interp (f A) (f A'))

lemma monotonicl:
assumes AA A’ smaller-interp A A' = smaller-interp (f A) (f A)
shows monotonic f

{proof)

definition non-increasing :: (('d, 'c, 'a) interp = ('d, 'c, 'a) interp) = bool where
non-increasing f «— (YA A’ smaller-interp A A" — smaller-interp (f A') (f
A))

lemma non-increasingl:
assumes AA A’ smaller-interp A A' = smaller-interp (f A') (f A)
shows non-increasing f

{proof)

lemma smaller-interp-refi:
smaller-interp A A

16



{proof)

lemma smaller-interp-applies-cons:
assumes smaller-interp (applies-eq A A) (applies-eq A A)
and a, s, A E A
shows a, s, A’ = A
(proof)

definition empty-interp where
empty-interp s = {}

definition full-interp :: ('d, 'c, 'a) interp where
full-interp s = UNIV

lemma smaller-interp-trans:

assumes smaller-interp a b
and smaller-interp b c
shows smaller-interp a c

{proof)

lemma smaller-empty:
smaller-interp empty-interp x
(proof)

The definition of set-closure properties corresponds to Definition 8 of the
paper [5].
definition set-closure-property :: (‘a = 'a = 'a set) = ('d, 'c, 'a) interp = bool
where

set-closure-property S A «+— (Vabs. a € AshbeAs— SabCAs)

lemma set-closure-propertyl:
assumes Aabs a € AsNbeEAs= SabCAs
shows set-closure-property S A

{proof)

lemma set-closure-property-instantiate:
assumes set-closure-property S A
and a € A s
and b € A s
andz € Sabd
shows z € A s

(proof )

5.2 Everything preserves monotonicity

lemma indep-implies-non-increasing:
assumes indep-interp A
shows non-increasing (applies-eq A)

17



{proof)

5.2.1 Monotonicity

lemma mono-instantiate:
assumes monotonic (applies-eq A)
and z € applies-eq A A s
and smaller-interp A A’
shows z € applies-eq A A’ s

(proof)

lemma mono-star:
assumes monotonic (applies-eq A)
and monotonic (applies-eq B)
shows monotonic (applies-eq (Star A B))
(proof)

lemma mono-wand:
assumes non-increasing (applies-eq A)
and monotonic (applies-eq B)
shows monotonic (applies-eq (Wand A B))
(proof)

lemma mono-and:
assumes monotonic (applies-eq A)
and monotonic (applies-eq B)
shows monotonic (applies-eq (And A B))
(proof)

lemma mono-or:
assumes monotonic (applies-eq A)
and monotonic (applies-eq B)
shows monotonic (applies-eq (Or A B))
(proof)

lemma mono-sem:
monotonic (applies-eq (Sem B))
{proof)

lemma mono-interp:
monotonic (applies-eq Pred)

(proof)

lemma mono-mult:
assumes monotonic (applies-eq A)
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shows monotonic (applies-eq (Mult © A))
(proof)

lemma mono-wild:
assumes monotonic (applies-eq A)
shows monotonic (applies-eq (Wildcard A))

(proof)

lemma mono-imp:
assumes non-increasing (applies-eq A)
and monotonic (applies-eq B)
shows monotonic (applies-eq (Imp A B))
(proof)

lemma mono-bounded:
assumes monotonic (applies-eq A)
shows monotonic (applies-eq (Bounded A))

(proof)

lemma mono-exists:
assumes monotonic (applies-eq A)
shows monotonic (applies-eq (Exists v A))

(proof)

lemma mono-forall:
assumes monotonic (applies-eq A)
shows monotonic (applies-eq (Forall v A))

(proof)

5.2.2 Non-increasing

lemma non-increasing-instantiate:
assumes non-increasing (applies-eq A)
and z € applies-eq A A’ s
and smaller-interp A A’
shows x € applies-eq A A s

{proof)

lemma non-inc-star:
assumes non-increasing (applies-eq A)
and non-increasing (applies-eq B)
shows non-increasing (applies-eq (Star A B))
(proof)

lemma non-increasing-wand:
assumes monotonic (applies-eq A)
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and non-increasing (applies-eq B)
shows non-increasing (applies-eq (Wand A B))
(proof )

lemma non-increasing-and:
assumes non-increasing (applies-eq A)
and non-increasing (applies-eq B)
shows non-increasing (applies-eq (And A B))
(proof)

lemma non-increasing-or:
assumes non-increasing (applies-eq A)
and non-increasing (applies-eq B)
shows non-increasing (applies-eq (Or A B))

(proof)

lemma non-increasing-sem:
non-increasing (applies-eq (Sem B))
(proof)

lemma non-increasing-mult:
assumes non-increasing (applies-eq A)
shows non-increasing (applies-eq (Mult = A))

(proof)

lemma non-increasing-wild:
assumes non-increasing (applies-eq A)
shows non-increasing (applies-eq (Wildcard A))

(proof)

lemma non-increasing-imp:
assumes monotonic (applies-eq A)
and non-increasing (applies-eq B)
shows non-increasing (applies-eq (Imp A B))
(proof)

lemma non-increasing-bounded:
assumes non-increasing (applies-eq A)
shows non-increasing (applies-eq (Bounded A))

(proof)

lemma non-increasing-ezists:
assumes non-increasing (applies-eq A)

20



shows non-increasing (applies-eq (Exists v A))
(proof)

lemma non-increasing-forall:
assumes non-increasing (applies-eq A)
shows non-increasing (applies-eq (Forall v A))

(proof)

5.3 Tarski’s fixed points
5.3.1 Greatest Fixed Point

definition D :: (('d, ‘c, 'a) interp = ('d, 'c, 'a) interp) = ('d, 'c, 'a) interp set
where
D f={ A |A. smaller-interp A (f A) }

fun GFP :: (('d, '¢, 'a) interp = ('d, 'c, 'a) interp) = ('d, 'c, 'a) interp where
GFPfs={oloc.3Ae€Df.ceAs}

lemma smaller-interp-D:
assumes ¢ € D f
shows smaller-interp x (GFP f)

{proof)

lemma GFP-lub:
assumes A\z. x € D f = smaller-interp x y
shows smaller-interp (GFP f) y

(proof)

lemma smaller-interp-antisym:
assumes smaller-interp a b
and smaller-interp b a
shows a = b

(proof)

5.3.2 Least Fixed Point

definition DD :: (('d, ‘¢, 'a) interp = ('d, 'c, 'a) interp) = ('d, 'c, 'a) interp set
where
DD f ={ A |A. smaller-interp (f A) A }

fun LFP :: (('d, 'c, 'a) interp = ('d, 'c, 'a) interp) = ('d, 'c, 'a) interp where
LFPfs={o|loc.VAe€DDf.ce As}

lemma smaller-interp-DD:
assumes z € DD f
shows smaller-interp (LFP f) x

{proof)
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lemma LFP-glb:
assumes A\z. x € DD f = smaller-interp y x
shows smaller-interp y (LFP f)

(proof)

5.4 Combinability and (an assertion being) intuitionistic are
set-closure properties

5.4.1 Intuitionistic assertions

definition sem-intui :: ('d, ‘c, 'a) interp = bool where
sem-intui A +— (Vsoo'. o' o No€ANs— o' €Ay

lemma sem-intuil:
assumes A\sco’. c'=ocNoceEAs= o' €As
shows sem-intui A

(proof)

lemma instantiate-intui-applies:
assumes intuitionistic s A A
and o’ > o
and o € applies-eq A A s
shows ¢’ € applies-eq A A s

(proof)

lemma sem-intui-intuitionistic:
sem-intui (applies-eq A A) +— (V s. intuitionistic s A A) (is ?A «— ?B)

(proof)

lemma intuitionistic-set-closure:
sem-intui = set-closure-property (Aa b. { o |o. o = a})

(proof)

5.4.2 Combinable assertions

definition sem-combinable :: ('d, 'c, 'a) interp = bool where
sem-combinable A «+— (Vspqabz saddpg=oneAhNa€ AsNbeAsA
Somer=pOaPqgOb—zcAs)

lemma sem-combinablel:

assumes Aspgabuz. saddpg=oneNa€AsANbeAsNSomex=p0O
a®qgO b=z As

shows sem-combinable A

{proof)

lemma sem-combinableE:
assumes sem-combinable A
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and ¢ € A s

and b € A s

and Somez=p O a® qO b
and sadd p ¢ = one
shows z € A s

{proof)

lemma applies-eq-equiv:
z € applies-eq A A s +— x, s, A= A
(proof )

lemma sem-combinable-appliesE:
assumes sem-combinable (applies-eq A A)

and a, s, A E A
and b, s, A EF A
and Somez=p O a®qgOb
and sadd p ¢ = one

shows z, s, A = A

(proof)

lemma sem-combinable-equiv:
sem-combinable (applies-eq A A) <— (combinable A A) (is ?A «— ?B)
(proof )

lemma combinable-set-closure:
sem-combinable = set-closure-property (Aa b. { o |o p q. sadd p ¢ = one A Some
c=pOa®qO b}
(proof)
5.5 Transfinite induction

definition Inf :: ('d, 'c, 'a) interp set = ('d, 'c, 'a) interp where
InfSs={oloc. VA€ S. oA s}

definition Sup :: ('d, 'c, 'a) interp set = ('d, 'c, 'a) interp where
Sup Ss={oloc. IA € S.0 € A s}

definition inf :: ('d, ‘e, 'a) interp = ('d, 'c, 'a) interp = ('d, 'c, ’a) interp where
mf AA s=AsNAs

definition less where
less a b +— smaller-interp a b N\ a # b

definition sup :: ('d, 'c, 'a) interp = ('d, 'c, 'a) interp = ('d, 'c, 'a) interp where
sup A A"s=AsUA’s

lemma smaller-full:
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smaller-interp z full-interp
(proof)

lemma inf-empty:
local.Inf {} = full-interp
(proof)

lemma sup-empty:
local.Sup {} = empty-interp
(proof)

lemma test-axiom-inf:
assumes A\z. ¢ € A = smaller-interp z x
shows smaller-interp z (local.Inf A)

(proof)

lemma test-axiom-sup:
assumes A\z. x € A = smaller-interp = z
shows smaller-interp (local.Sup A) z

(proof)

interpretation complete-lattice Inf Sup inf smaller-interp less sup empty-interp
full-interp
(proof )

lemma mono-same:
monotonic f <— order-class.mono f

{proof)

lemma smaller-interp a b +— a < b

{proof)

lemma set-closure-property-admissible:
cepo.admissible Sup-class.Sup (<) (set-closure-property S)
(proof)

definition supp :: ('d, 'c, 'a) interp = bool where
supp A +— Vabs.ae AsANbeAs— Frz.a-zAb=z ANz eANS))

lemma suppl:
assumes A\abs a€ AsANbeAs= Fz.a=zANb=2xzANze€As)
shows supp A

(proof)
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lemma supp-admissible:
cepo.admissible Sup-class.Sup (<) supp

(proof )
lemma Sup-class.Sup {} = empty-interp (proof)

lemma set-closure-prop-empty-all:
shows set-closure-property S empty-interp
and set-closure-property S full-interp

(proof)

lemma LFP-preserves-set-closure-property-aux:
assumes monotonic f
and set-closure-property S empty-interp
and AA. set-closure-property S A = set-closure-property S (f A)
shows set-closure-property S (ccpo-class.fizp f)
(proof)

lemma GFP-preserves-set-closure-property-aux:
assumes order-class.mono f
and set-closure-property S full-interp
and AA. set-closure-property S A = set-closure-property S (f A)
shows set-closure-property S (complete-lattice-class.gfp f)

{proof)

5.6 Theorems

5.6.1 Greatest Fixed Point

theorem GFP-is-FP:
assumes monotonic f
shows f (GFP f) = GFP f

(proof)

theorem GFP-greatest:
assumes fu = u
shows smaller-interp u (GFP f)

{proof)

lemma same-GFP:
assumes monotonic f
shows complete-lattice-class.gfp f = GFP f

(proof)

5.6.2 Least Fixed Point

theorem LFP-is-FP:
assumes monotonic f
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shows f (LFP f) = LFP f
(proof)

theorem LFP-least:
assumes fu = u
shows smaller-interp (LFP f) u

{proof)

lemma same-LFP:
assumes monotonic f
shows complete-lattice-class.lfp f = LFP f

(proof)

lemma LFP-same:
assumes monotonic f
shows ccpo-class.fizrp f = LFP f

(proof)

The following theorem corresponds to Theorem 5 of the paper [5].

theorem FP-preserves-set-closure-property:
assumes monotonic f
and AA. set-closure-property S A = set-closure-property S (f A)
shows set-closure-property S (GFP f)
and set-closure-property S (LFP f)

{proof)

end

end

6 Properties of Magic Wands

theory WandProperties
imports Distributivity
begin

context logic
begin

lemma modus-ponens:
Star P (Wand P Q), A+ Q

(proof)

lemma transitivity:

Star (Wand A B) (Wand B C), A+ Wand A C
(proof)
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lemma curryingli:
Wand (Star A B) C, A+ Wand A (Wand B C)
(proof)

lemma currying2:
Wand A (Wand B C), A + Wand (Star A B) C
(proof)

lemma distribution:
Star (Wand A B) C, A+ Wand A (Star B C)

(proof)

lemma adjuncti:
assumes A, A - Wand B C
shows Star A B, A+ C

(proof)

lemma adjunct2:
assumes Star A B, A+ C
shows A, A+ Wand B C

(proof)

end

end

7 Fractional Predicates and Magic Wands in Au-
tomatic Separation Logic Verifiers

This section corresponds to Section 5 of the paper [5].

theory Automatic Verifiers
imports FizedPoint WandProperties
begin

context logic
begin

7.1 Syntactic multiplication

The following definition corresponds to Figure 6 of the paper [5].

fun syn-mult :: 'b = (‘a, b, 'c, 'd) assertion = ('a, 'b, ‘c, 'd) assertion where
syn-mult w (Star A B) = Star (syn-mult © A) (syn-mult = B)

| syn-mult m# (Wand A B) = Wand (syn-mult © A) (syn-mult = B)

| syn-mult m (Or A B) = Or (syn-mult @ A) (syn-mult = B)

| syn-mult m (And A B) = And (syn-mult = A) (syn-mult = B)

~ e~ o~ —
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| syn-mult = (Imp A B) = Imp (syn-mult m A) (syn-mult = B)
| syn-mult m (Mult o A) = syn-mult (smult « 7) A

| syn-mult = (Exists x A) = Exists x (syn-mult m A)

| syn-mult = (Forall x A) = Forall x (syn-mult m A)

| syn-mult = (Wildcard A) = Wildcard A

| syn-mult m# A = Mult 7 A

definition div-state where
div-state m 0 = (SOME r. o =7 ® 1)

lemma div-state-ok:
o =m © (div-state w o)
(proof )

The following theorem corresponds to Theorem 6 of the paper [5].

theorem syn-sen-mult-same:
o, 8, A E syn-mult m A +— o, s, A= Mult 7 A
(proof)

7.2 Monotonicity and fixed point

fun pos-neg-rec-call :: bool = ('a, 'b, 'c, 'd) assertion = bool where
pos-neg-rec-call b Pred <— b

| pos-neg-rec-call b (Mult - A) «— pos-neg-rec-call b A

| pos-neg-rec-call b (Exists - A) +— pos-neg-rec-call b A

| pos-neg-rec-call b (Forall - A) <— pos-neg-rec-call b A

| pos-neg-rec-call b (Star A B) +— pos-neg-rec-call b A N\ pos-neg-rec-call b B

| pos-neg-rec-call b (Or A B) <— pos-neg-rec-call b A A pos-neg-rec-call b B

| pos-neg-rec-call b (And A B) <— pos-neg-rec-call b A A pos-neg-rec-call b B

| pos-neg-rec-call b (Wand A B) +— pos-neg-rec-call (= b) A A pos-neg-rec-call b

B

| pos-neg-rec-call b (Imp A B) +— pos-neg-rec-call (= b) A A pos-neg-rec-call b B

| pos-neg-rec-call - (Sem -) «— True

| pos-neg-rec-call b (Bounded A) «— pos-neg-rec-call b A

| pos-neg-rec-call b (Wildcard A) <— pos-neg-rec-call b A

lemma pos-neg-rec-call-mono:

assumes pos-neg-rec-call b A

shows (b — monotonic (applies-eq A)) A (- b — non-increasing (applies-eq
4))

(proof )

The following theorem corresponds to Theorem 7 of the paper [5].

theorem exists-lfp-gfp:
assumes pos-neg-rec-call True A
shows o, s, LFP (applies-eq A) = A +— o € LFP (applies-eq A) s
and o, s, GF'P (applies-eq A) |= A <— o € GFP (applies-eq A) s
(proof )
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7.3 Combinability

definition combinable-sem :: (('d = 'c¢) = 'a = bool) = bool where
combinable-sem B +— (Va bz sa . Bsa A BsbA sadd a B = one A Some
r=a@a®pBOb — Bsux)

fun wf-assertion :: (‘a, 'b, 'c, 'd) assertion = bool where
wf-assertion Pred <— True

| wf-assertion (Sem B) +— combinable-sem B

| wf-assertion (Mult - A) +— wf-assertion A

| wf-assertion (Forall - A) <— wf-assertion A

| wf-assertion (Ewists x A) <— wf-assertion A A (VY A. unambiguous A A x)

| wf-assertion (Star A B) <— wf-assertion A A\ wf-assertion B

| wf-assertion (And A B) +— wf-assertion A N\ wf-assertion B

| wf-assertion (Wand A B) <— wf-assertion B

| wf-assertion (Imp A B) +— pure A A wf-assertion B

| wf-assertion (Wildcard A) «— wf-assertion A

| wf-assertion - «— False

lemma wf-implies-combinable:
assumes wjf-assertion A
and sem-combinable A
shows combinable A A

(proof )

7.4 Theorems

The following two theorems correspond to the rules shown in Section 5.1 of
the paper [5].
theorem apply-wand:
Star (syn-mult m A) (Mult # (Wand A B)), A F syn-mult © B
(proof)

theorem package-wand:
assumes Star F (syn-mult @ A), A+ syn-mult m B
shows F, A + Mult # (Wand A B)

(proof )

The following four theorems correspond to the rules shown in Section 5.2 of
the paper [5].
theorem fold-Ifp:

assumes pos-neg-rec-call True A
shows syn-mult # A, LFP (applies-eq A) = Mult = Pred

{proof)

theorem unfold-ifp:
assumes pos-neg-rec-call True A
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shows Mult = Pred, LFP (applies-eq A) b syn-mult = A
(proof )

theorem fold-gfp:
assumes pos-neg-rec-call True A
shows syn-mult m A, GFP (applies-eq A) b Mult © Pred
(proof)

theorem unfold-gfp:
assumes pos-neg-rec-call True A
shows Mult m Pred, GFP (applies-eq A) - syn-mult 7 A
(proof )

The following theorems correspond to the rule shown in Section 5.3 of the
paper [5].

theorem wf-assertion-combinable-Ifp:
assumes wf-assertion A
and pos-neg-rec-call True A
shows sem-combinable (LFP (applies-eq A))

(proof)

theorem wf-assertion-combinable-gfp:
assumes wf-assertion A
and pos-neg-rec-call True A
shows sem-combinable (GFP (applies-eq A))

(proof)

theorem wf-combine:
assumes wf-assertion A
and pos-neg-rec-call True A
shows Star (Mult o Pred) (Mult 8 Pred), LFP (applies-eq A) F Mult (sadd «
B) Pred
and Star (Mult o Pred) (Mult 5 Pred), GFP (applies-eq A) = Mult (sadd o
B) Pred

{proof)

end

end
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