Termination Restricted to Right-Forward Closures

René Thiemann', Dieter Hofbauer?, Ulysse Le Huitouze?®, and
Johannes Waldmann*

YUniversity of Innsbruck, Austria
2ASW Saarland, Germany
$University of Rennes, France
“HTWK Leipzig, Germany

July 17, 2026

Abstract

In this AFP entry we formalize Dershowitz’ theorem that termi-
nation of a term rewrite system (TRS) starting from arbitrary terms
is equivalent to termination starting from terms in the right-forward
closures of right-hand sides, provided that the TRS is right-linear or
orthogonal [1]. Our proof deviates from the original one in that no
reorderings of steps in infinite derivations are required, making it more
precise in its argumentation. We also integrate a later result that one
can weaken orthogonality to locally confluent overlay TRSs [2].

In order to arrive at these statements, we had to formalize two
further results: Following Gramlich, we prove that for locally confluent
overlay TRSs the notions of termination and innermost termination
coincide [3]; and we verify that narrowing with a right-linear TRS
preserves linearity of terms.

For further details, we refer to our FSCD 2026 paper [4].
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1 Rewriting with the Innermost Strategy

theory Innermost-Rewriting
imports First-Order-Rewriting. Trs
begin

inductive-set inn-rstep :: ('f, 'v) trs = ('f, 'v) term rel for R
where inn-rstep|intro]: (I,r) € R = set (args (I - 0)) C NF-trs R = (C(l -
o), C(r - o)) € inn-rstep R

lemma inn-rstep-rstep: inn-rstep R C rstep R
by (standard, auto dest: inn-rstep.cases)

lemma inn-rstep-ctat: assumes (s,t) € inn-rstep R
shows (C(s), C(t)) € inn-rstep R
using assms
proof (induct)
case *: (inn-rstep l r o D)
from inn-rstep[OF x, of C o, D]
show ?case by auto
qed

lemma ctzt-closed-inn-rstep[simp, intro|: ctat.closed (inn-rstep R)
using inn-rstep-ctzt[of - - R] by fast

inductive-set inn-nrrstep :: ('f, 'v) trs = ('f, "v) term rel for R
where inn-nrrstep[intro]: (I,r) € R = set (args (I - 0)) C NF-trs R = C #
Hole = (C(l - o), C(r - o)) € inn-nrrstep R

lemma inn-nrrstep-nrrstep: inn-nrrstep R C nrrstep R
by (standard, elim inn-nrrstep.cases, intro nrrstepl, auto)

lemma inn-nrrstep-inn-rstep: inn-nrrstep R C inn-rstep R
by (standard, elim inn-nrrstep.cases, blast)

lemma inn-nrrstep-ctat: assumes (s,t) € inn-nrrstep R
shows (C(s), C(t)) € inn-nrrstep R
using assms
proof (induct)
case x: (inn-nrrstep | r o D)
from inn-nrrstep|OF x(1—2), of C o. D] %(3)
show ?case by (cases C, auto)
qed

lemma inn-rstep-ctzt-inn-nrrstep: assumes (s,t) € inn-rstep R



and C # Hole
shows (C(s), C(t)) € inn-nrrstep R
using assms
proof (induct)
case *: (inn-rstep l r o D)
from inn-nrrstep|OF x(1—2), of C o, D] %(3)
show ?Zcase by (cases C, auto)
qed

lemma NF-inn-rstep-rstep: NF (inn-rstep R) = NF (rstep R)
proof
show NF-trs R C NF (inn-rstep R) using inn-rstep-rstep|of R] by auto
show NF (inn-rstep R) C NF-trs R
proof
fix ¢
assume t: t € NF (inn-rstep R)
obtain n where size t = n by auto
with ¢t show t € NF-trs R
proof (induct n arbitrary: t rule: less-induct)
case (less n t)
show ?Zcase
proof (rule ccontr)
assume — ?thesis
then obtain s where (t,s) € rstep R by auto
then obtain C' [ r o where (I,r) e Rand t: t = C (-0 )and s = C (
r - o) by auto
from inn-rstep| OF this(1), of o C, folded this(2,3)] less(2)
obtain u where u: u € set (args (I - o)) and uNF: v ¢ NF-trs R by auto
from supt-imp-args[of | - o] u
have [ - ¢ > u by fast
with ¢ have tu: t > u
using subterm.order.strict-trans2 by auto
with less(3) have size u < n using supt-size by auto
from less(1)[OF this - refl] uNF have uNF: v ¢ NF (inn-rstep R) by auto
from tu obtain C where ¢t = C ( u ) by blast
from less(2)[unfolded this] uNF show False
by (meson NF-iff-no-step inn-rstep-ctt)
qed
qed
qed
qed

lemma NF-inn-nrrstep-nrrstep: NF (inn-nrrstep R) = NF (nrrstep R)
proof
show NF' (nrrstep R) C NF (inn-nrrstep R) using inn-nrrstep-nrrstep|of R] by
auto
show NF (inn-nrrstep R) C NF (nrrstep R)
proof
fix s



assume NF: s € NF (inn-nrrstep R)
show s € NF (nrrstep R)
proof (rule ccontr)
assume — ?thesis
then obtain t where (s,t) € nrrstep R by auto
then obtain C [ r o where s: s = C{l - o) and t = C(r - o) and (I,r) €
R and C: C # Hole
by (meson nrrstepE)
hence | - ¢ ¢ NF (rstep R) by auto
from this|folded NF-inn-rstep-rstep]
have [ - ¢ ¢ NF (inn-rstep R) by auto
then obtain t where (I - 0, t) € inn-rstep R by auto
from inn-rstep-ctat-inn-nrrstep| OF this C| s
have s ¢ NF (inn-nrrstep R) by auto
with NF show Fualse by auto
qed
qed
qed

inductive-set inn-rrstep :: ('f, 'v) trs = ('f, 'v) term rel for R
where inn-rrstep[intro]: (I,r) € R = set (args (I - 0)) C NF-trs R = (I - o,
r - o) € inn-rrstep R

lemma inn-rrstep-rrstep: inn-rrstep R C rrstep R
by (standard, elim inn-rrstep.cases, intro rrstepl, auto)

lemma inn-rrstep-inn-rstep: inn-rrstep R C inn-rstep R
by (standard, elim inn-rrstep.cases)
(metis ctxt.cop-nil inn-rstep.intros)

lemma inn-rstep-iff-inn-rrstep-or-inn-nrrstep: inn-rstep R = (inn-rrstep R U inn-nrrstep
R)
proof
show inn-rstep R C inn-rrstep R U inn-nrrstep R
proof (rule subrell)
fix s t assume (s,t) € inn-rstep R
from inn-rstep.cases|OF this] obtain | r C o where step: (I,r) € R set (args
(I-0)) C NF-trs R
s=C(l-0)t= C(r- o) by metis
from inn-rrstep|OF step(1—2)] inn-nrrstep|OF step(1—2), of C] step(3—4)
show (s,t) € inn-rrstep R U inn-nrrstep R by (cases C, auto)
qed
next
show inn-rrstep R U inn-nrrstep R C inn-rstep R
using inn-rrstep-inn-rstep inn-nrrstep-inn-rstep by auto
qed

lemma inn-rstep-cases[consumes 1, case-names root nonroot|:



[(s,t) € inn-rstep R; (s,t) € inn-rrstep R = P; (s,t) € inn-nrrstep R = P]
— P
by (auto simp: inn-rstep-iff-inn-rrstep-or-inn-nrrstep)

lemma inn-nrrstep-args:
assumes (s, t) € inn-nrrstep R
shows 3 fssts. s = Fun fss ANt = Fun f ts N\ length ss = length ts
A (Fj<length ss. (sslj, tslj) € inn-rstep R N\ (Vi<length ss. i # j — ssli =
tsli))
using assms
proof (cases, goal-cases)
case x: (1 lr o ()
from x(5) obtain f bef D aft where C: C = More f bef D aft by (cases C, auto)
define ss where ss = bef @ D(l - o) # aft
define ts where ts = bef Q@ D(r - o) # aft
define j where j = length bef
show ?thesis
proof (intro exl conjI)
show s = Fun f ss unfolding x ss-def C' by simp
show t = Fun f ts unfolding * ts-def C by simp
show length ss = length ts unfolding ss-def ts-def by simp
show j < length ss unfolding j-def ss-def by simp
show (ss!j, ts! j) € inn-rstep R
unfolding ss-def ts-def j-def using inn-rstep|OF %(3,4), of D] by auto
show Vi<length ss. i # j — ss!i=1ts!i
unfolding ss-def ts-def j-def by (auto simp: nth-append)
qed
qed

lemma Tinf-imp-SN-inn-nrrstep: assumes t € Tinf (inn-rstep R)
shows SN-on (inn-nrrstep R) {t}
proof
fix g
assume g 0 € {t} and V i. (g 4, g (Suc 7)) € inn-nrrstep R
hence steps: A\ i. (g i, g (Suc ©)) € inn-nrrstep R
and t: t = g 0 by auto
from steps[of 0] obtain f ts where ¢g0: g 0 = Fun f ts
using inn-nrrstep-nrrstep|of R] nrrstep-imp-Fun by blast
define n where n = length ts
have 3 ts. g i = Fun f ts A length ts = n for 4
proof (induct i)
case 0
show ?case unfolding ¢0 n-def by auto
next
case (Suc 17)
then obtain ts where g ¢ = Fun f ts and length ts = n by auto
with steps[of i| inn-nrrstep-nrrstep[of R] show fZcase using nrrstep-args by



fastforce
qed
hence V ¢. 3 ts. g ¢ = Fun fts N\ length ts = n by auto
from choice[OF this] obtain ts where g: g i = Fun f (s i) and len: length (ts
i) = n for i by blast
have 3 j < n. (tsi!j, ts (Suc i) ! j) € inn-rstep RN (¥ k< n. k#j— s
(Suci) ! k=tsilk)for ¢
using steps|of i, unfolded g] using len[of i] len[of Suc 1]
using inn-nrrstep-args by force
hence V i. 3 j < n. (tsi!j, ts (Suc i) ! j) € inn-rstep RA N k< n. k #j
—ts (Suc i) Vk=tsi!k)
by blast
from choice[OF this| obtain j
where j: ji < n (tsi!ji, ts (Suc i) ! ji) € inn-rstep R
k<n=k#ji= ts(Suci)! k=tsi!kforik
by blast
hence range j C {..<n} by auto
hence finite (range j)
using finite-subset by blast
from pigeonhole-infinite[OF - this] obtain J
where inf: infinite {i. j i = J} by auto
define [ where I = {i. ji = J}
obtain ¢ where i: i € I unfolding I-def using inf by force
from this[unfolded I-def] j have J: J < n by auto
define h where h i = tsi! J for ¢
{
fix ¢
assume ¢ € [
from this[unfolded I-def] J have j i = J by auto
from j(2)[of i, unfolded this, folded h-def)
have (h i, h (Suc 7)) € inn-rstep R .
} note inl = this
{
fix ¢
assume ¢ ¢ [
hence J # j i unfolding I-def by auto
from j(3)[OF J this
have (h i, h (Suc 7)) € {} "= by (auto simp: h-def)
} note ninl = this
have chain: chain (inn-rstep R U {} =) h using inl ninl by auto
have inf: INFM j. (h j, h (Suc j)) € inn-rstep R using inf|[folded I-def] inl
by (metis (no-types, lifting) INFM-iff-infinite INFM-mono I-def mem-Collect-eq)
from chain inf
have = SN-rel-on-alt (inn-rstep R) ({} =) {h 0}
unfolding SN-rel-on-alt-def by blast
hence nSN: - SN-on (inn-rstep R) {h 0}
unfolding SN-rel-on-conv|symmetric]
unfolding SN-rel-on-Id by auto
have ¢ > h 0 unfolding t g h-def using J[folded len]of 0]] by simp



with assms[unfolded Tinf-def] have SN-on (inn-rstep R) {h 0} by auto
with nSN show Fulse ..
qed

lemma Tinf-inn-rstep-imp-first-root-step: assumes s € Tinf (inn-rstep R)
shows 3 ¢ u. (s,t) € (inn-nrrstep R) *x A (t,u) € inn-rrstep R A = SN-on
(inn-rstep R) {u}
proof —
from assms have - SN-on (inn-rstep R) {s} unfolding Tinf-def by auto
then obtain f where f0: f 0 = s and steps: A i. (f i, f (Suc i) € inn-rstep R
by auto
show ?thesis
proof (cases 3 4. (f i, f (Suc 7)) € inn-rrstep R)
case True
define i where ¢ = (LEAST i. (f 4, f (Suc ©)) € inn-rrstep R)
from Leastl-ex[OF True, folded i-def]
have inn-rrstep: (f i, f (Suc ©)) € inn-rrstep R .
have nSN: = SN-on (inn-rstep R) {f j} for j using steps
by (simp add: chain-imp-not-SN-on steps)
have nrr: (f j, f (Suc j)) € inn-nrrstep R if j < i for j
using not-less-Least| OF that[unfolded i-def]] steps|of j]
using inn-rstep-cases by blast
hence steps: (s, f i) € (inn-nrrstep R)  unfolding f0[symmetric|
by (metis rtrancl-fun-conv)
with nSN[of Suc i] inn-rrstep show ?thesis by metis
next
case Fulse
with steps have nrr: A i. (f 4, f (Suc ©)) € inn-nrrstep R
by (meson inn-rstep-cases)
hence — SN-on (inn-nrrstep R) {s} using f0 by auto
with Tinf-imp-SN-inn-nrrstep| OF assms)
have Fulse by auto
thus Zthesis ..
qed
qed

end

2 Gramlich’s Criterion to Prove Termination by
Innermost Termination

Gramlich showed that for locally confluent overlay TRSs, innermost termi-
nation and termination coincide. We formalize this result in this theory.

theory Gramlich-Innermost-Switch
imports



First-Order-Rewriting. Critical- Pairs
Innermost- Rewriting
begin

lemma WCR-on-rstep-imp- WCR-on-nrrstep: assumes WCR-on (rstep R) {t. SN-on
(rstep R) {t}}
shows WCR-on (nrrstep R) {t. SN-on (nrrstep R) {t}}
proof
fix stu
assume SN: s € {t. SN-on (nrrstep R) {t}}
and st: (s, t) € nrrstep R
and su: (s, u) € nrrstep R
from st[unfolded nrrstep-iff-arg-rstep]
obtain f ss i t’ where
s: s = Fun f ss
and i: 7 < length ss
and t: t = Fun f (ss[i :=t'])
and st: (ss! i, t') € rstep R
by auto
from nrrstep-imp-pos-term|[OF su[unfolded s]] obtain j v’ where
Jij < length ss
and w: u = Fun f (ss[j := u'])
and su: (ss! j, u') € rstep R
by auto
show (t, u) € (nrrstep R)*
proof (cases i = j)
case Fulse
define v where v: v = Fun f (ss[i :=t', j := u])
have tv: (t,v) € nrrstep R unfolding t v using False i j su
using nrrstep-iff-arg-rstep by force
have v: v = Fun f (ss[j := v’,i := t']) unfolding v using ¢ j False
by (simp add: list-update-swap)
have wv: (u,v) € nrrstep R unfolding v v using False i j st
using nrrstep-iff-arg-rstep by force
from tv uv show ?thesis by blast
next
case True
from SNunfolded s| have set ss C {t. SN-on (rstep R) {t}}
by simp (metis SN-nrrstep-imp-args-SN-rstep SN-on-subset-SN-terms term.sel(4))
with ¢ have ss ! i € {t. SN-on (rstep R) {t}} by (auto simp: set-conv-nth)
from WCR-onD|OF assms this st su|[folded True]] obtain v’
where tv: (¢, v’) € (rstep R)* and wv: (v, v’) € (rstep R)* by auto
define v where v: v = Fun f (ss[ i := v'])
have (t,v) € (nrrstep R)* unfolding t v using tv {
by (rule arg-rsteps-into-nrrsteps)
moreover have (u,v) € (nrrstep R)* unfolding v v True[symmetric| using
uv 1§
by (rule arg-rsteps-into-nrrsteps)
ultimately show ?thesis by blast



qed
qed

lemma SN-innermost-switch-locally-confluent-overlay-local:
assumes WCR: WCR-on (rstep R) {t. SN-on (rstep R) {t}}
and overlay: \ 1 r. (False,l,r) ¢ critical-pairs ren R R
and wf: wf-trs R
shows SN-on (inn-rstep R) = SN-on (rstep R)
proof (rule ccontr)
assume — “thesis
then obtain T where SN-on (inn-rstep R) T # SN-on (rstep R) T by blast
with SN-on-subset1[OF - inn-rstep-rstep, of R]
have nSN: - (SN-on (rstep R) T)
and SN: SN-on (inn-rstep R) T by blast+
then obtain init where init € T and nSN: = SN-on (rstep R) {init} by fast
with SN have SN: SN-on (inn-rstep R) {init} by fast
from not-SN-imp-subt- Tinf[OF nSN| obtain s
where init-s: init > s and Tinf: s € Tinf (rstep R) by auto
from ctat-closed-SN-on-subt|OF ctxt-closed-inn-rstep SN ingt-s]
have SN: SN-on (inn-rstep R) {s} .
from Tinf-rstep-imp-first-root-step| OF Tinf]
obtain ¢ u where tu: (s, t) € (nrrstep R)*
(t, u) € rrstep R
t € Tinf (rstep R)
- SN-on (rstep R) {u}
by blast
from tu(4) obtain v where uv: u > v v € Tinf (rstep R)
using not-SN-imp-subt-Tinf by blast
let 2P = X (n :: nat) s t. s € Tinf (rstep R) A (s,t) € rrstep R O {>} At €
Tinf (rstep R)
let 2Q = X\ (n :: nat) sl t1 s2t2. (t1,s2) € (nrrstep R)*
have P0: ?P 0t v using tu wv by auto
have 35 T. 50 =1t A
TO=wvA
(Vn. 2P n (Sn) (Tn) A(Tn, S (Sucn)) € (nrrstep R)*)
proof (rule dependent-nat-choice2-startjwhere ?Q = ?Q and ?P = ?P, OF
Po))
fix stn
assume s € Tinf (rstep R) A (s, t) € rrstep R O {>} At € Tinf (rstep R)
hence t € Tinf (rstep R) by auto
from Tinf-rstep-imp-first-root-step| OF this]
obtain s’ u where s'u: (¢, s') € (nrrstep R)* (s’, u) € rrstep R s’ € Tinf (rstep
R)
- SN-on (rstep R) {u}
by auto
from s’u(4) obtain v where uv: u > v v € Tinf (rstep R)
using not-SN-imp-subt-Tinf by blast
show Js’ t". 2P (Suc n) s' t' A (¢, s') € (nrrstep R)* using s’'u uv by blast



qed
then obtain S U where
start: S 0 =t U 0 = v and
STinf: \ n. Sn € Tinf (rstep R) and
steps: A\ n. (Sn, Un) € rrstep R O {>} and
UTinf: \ n. Un € Tinf (rstep R) and
nsteps: \ n. (Un, S (Suc n)) € (nrrstep R)*
by blast
from steps have V n. 3 u. (S n, u) € rrstep R A u > U n by blast
from choice[OF this] obtain T where
rsteps: A n. (S n, T n) € rrstep R and
subt: A n. T n > Un by blast
from rrstepE[OF rsteps) haveV n. 3 lro. (Ir) e RASn=1-c ANTn=r
o
by metis
from choice[OF this] obtain [ whereV n.3 ro. (Inr) € RASn=1In-o
ANTn=r- o
by metis
from choice|OF this| obtain r where V n. 3 o. (In,rn) € RASn=1In-o
ANTn=rn-o
by metis
from choice[OF this] obtain o where rsteps: A\ n. (In,rn) € R
and S: An.Sn=1In-0on
and T: An.Tn=rn-on
by blast
{
fix zn
assume z € vars-term (I n)
hence | n > Var z using rsteps(1)[of n] wf
unfolding wf-trs-def by force
hence In - o n > Varz - o n by blast
from this|folded S] STinf[of n]
have SN-on (rstep R) {o n z} by (auto simp: Tinf-def)
} note SN-vars = this
have vars: vars-term (r n) C vars-term (I n) for n
using wf rsteps[of n] unfolding wf-trs-def by auto

fix n
have Vzecvars-term (rn). (Varz - o n, Un) ¢ {>}
proof
fix x
assume z € vars-term (r n)
with vars have z € vars-term (I n) by auto
from SN-vars[OF this|
have SN-on (rstep R) {o n z} .
with UTinf[of n, unfolded Tinf-def)
show (Var z - o n, Un) ¢ {&>} using SN-on-imp-SN-on-subt[of R)
by auto
qed

10



from subt-instance-and-not-subst-imp-subt[OF subt[of n, unfolded T this)
have Juldrn. Un=u-0o n.
}
hence V n. Judrn. Un = u - 0 n by metis
from choice[OF this] obtain u where
subt: An.rn>unand U: An. Un=un-on
by auto
define 6 where 0 n z = (SOME u. (0 n z, u) € (inn-rstep R) 1) for n z
{
fix zn
assume z € vars-term (I n)
from SN-vars[OF this)]
have SN-on (rstep R) {o n z} .
hence SN-on (inn-rstep R) {o n =} using inn-rstep-rstep[of R] by fast
hence 3 u. (0 n z, u) € (inn-rstep R)"! by (rule SN-on-imp-normalizability)
from somel-ex|OF this, folded &-def)
have NF: (o n z, § nx) € (inn-rstep R)" .
hence steps: (o n z, 0 n z) € (inn-rstep R)*
and NF: 6 n z € NF-trs R by (auto simp: NF-inn-rstep-rstep)
hence (0 n z, d n z) € (rstep R)* using inn-rstep-rstep[of R]
using rtrancl-mono by blast
note NF steps this
} note o6 = this

have fun-l: is-Fun (I n) for n using rsteps[of n] wf unfolding wf-trs-def by
force
have lod: (In -0 n,ln -0 n) € (nrrstep R) * for n
by (rule term-subst-rsteps-nrrsteps|OF - fun-l], rule 06(3), auto)

have args: set (args (In - 6 n)) C NF-trs R for n
proof
fix v
assume v € set (args (In - n))
hence sub: In-dnp>w
by (metis fun-l is-Fun-Fun-conv subst-apply-eq-Var supt.arg term.distinct(1)
term.ezhaust-sel)

fix y
assume (v,y) € rstep R
then obtain !’ v’y C where v = C (1’ p ) and Ir": (I';r') € R by auto
with sub have In-dnp> 1 p

by (metis ctat-supteq subterm.less-trans suptl)
henceln-dnt>1"-pand neg:ln-dn#1 - uby auto
from supteg-subst-cases'|OF this(1)]
have Fulse
proof

from Ir' have NF: I’ - u ¢ NF-trs R by auto

assume Jz. ¢ € vars-term (In) ANdnz> 1" -pu

with od(1)[of - n] NF show Fulse by fastforce

11



next
assume Jw Jln. is-Funw Al'-p=w-0n
then obtain w where x: w < I nis-Fun wl’- p = w - § n by auto
from mgu-vd-complete[OF *(3)[symmetric], of ren]
obtain p1 p2 where mgu: mgu-vd ren wl’ = Some (ul1, u2) by auto
from * neq have w < [ n by auto
then obtain C where [ n = C ( w ) and C # Hole by auto
from critical-pairsI[OF rsteps(1) Ir' this(1) *(2) mgu refl refl refl] this(2)
overlay show Fulse by auto
qed
}
thus v € NF-trs R by auto
qed
hence INF: I n - 6 n € NF (nrrstep R) for n
by (rule args-NF-rstep-imp-NF-nrrstep)

define W where Wn =1I(n -6 nforn
have WO-NF: W 0 € NF (nrrstep R) using INF[of 0] by (auto simp: W-def)

from WCR-on-rstep-imp-WCR-on-nrrstep| OF WCR]
have WCR: WCR-on (nrrstep R) {t. SN-on (nrrstep R) {t}} .

fix n
from inn-rstep| OF rsteps(1), of n § n Hole, OF args]
have inn-rstep: (In -5 n, rn -6 n) € inn-rstep R by auto

from wvars|of n| subt[of n|
have varsu: vars-term (u n) C vars-term (I n)
using supteg-imp-vars-term-subset by blast
from UTinf[unfolded U, of n] have = SN-on (rstep R) {un - o n}
unfolding Tinf-def by auto
hence fun-u: is-Fun (u n) using
SN-vars[of - n] varsu
by (cases u n, auto)

have ucd: (un - o n, un-3dn) e (nrrstep R)
proof (rule term-subst-rsteps-nrrsteps|OF - fun-u], rule c6(3))
fix z
show z € vars-term (u n) = z € vars-term (I n) using vars[of n
subt[of n] by (meson in-mono supteg-imp-vars-term-subset)
qed

from UTinf[of n, unfolded U]
have SNu: SN-on (nrrstep R) {u n - o n} by (rule Tinf-imp-SN-nrrstep)

with uod have SN-on (nrrstep R) {un - § n} by (rule steps-preserve-SN-on)
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hence SN-on (inn-nrrstep R) {u n - § n} using inn-nrrstep-nrrstep by fast
then obtain v where uv: (un - § n, v) € (inn-nrrstep R) * and vNF: v €
NF' (nrrstep R)
unfolding NF-inn-nrrstep-nrrstep|symmetric] by (meson SN-reaches-NF')

from ucd iuv vNF have uv: (u n - o n, v) € (nrrstep R)™
using rtrancl-mono[OF inn-nrrstep-nrrstep, of R] by force

from nsteps|of n, unfolded U S| lod[of Suc n] INF|[of Suc n]
have ul: (u n - o n, ! (Sucn) - § (Suc n)) € (nrrstep R) ™
by blast

from Newman-local]|OF SNu WCR)]

have CR-on (nrrstep R) {un - o n} .
from CR-on-same-NF[OF this - ul wv]
have v: v =1 (Suc n) - § (Suc n) by simp

with duv

have (un - d n, | (Suc n) - § (Suc n)) € (inn-nrrstep R)* by auto

hence wul: (un -0 n, I (Suc n) - § (Suc n)) € (inn-rstep R)*
using rtrancl-mono| OF inn-nrrstep-inn-rstep[of R]] by auto

have (rn-dn, un -6 n) € {&} using subt[of n] by auto

from inn-rstep this tul
have (W n, W (Suc n)) € inn-rstep R O {&-} O (inn-rstep R)*
unfolding W-def by blast

} note inf-W-seq = this

have (¢, W 0) € (nrrstep R)* using «S 0 = t» unfolding S W-def using lod
by auto
with tu(1) have (s, W 0) € (nrrstep R)* by auto
with W0-NF have sW0: (s, W 0) € (nrrstep R)' by auto
from Tinf-imp-SN-nrrstep|OF Tinf]
have SNs: SN-on (nrrstep R) {s} .
hence SN-on (inn-nrrstep R) {s} using inn-nrrstep-nrrstep by blast
then obtain v where (s,0) € (inn-nrrstep R)'
by (metis SN-on-imp-normalizability)
hence isv: (s,v) € (inn-nrrstep R)* and v: v € NF (nrrstep R)
using NF-inn-nrrstep-nrrstep|of R] by auto
from isv have (s,v) € (nrrstep R)* using rtrancl-mono|OF inn-nrrstep-nrrstep]
by auto
with v have sv: (s,0) € (nrrstep R)' by auto
from CR-on-same-NF[OF Newman-local|OF SNs WCR] - sv sW0]
have v = W 0 by auto
with isv have (s,W 0) € (inn-nrrstep R)* by auto
hence (s,W 0) € (inn-rstep R)* using rtrancl-mono|OF inn-nrrstep-inn-rstep]
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by auto
with SN
have SN-W(: SN-on (inn-rstep R) {W 0}
by (metis steps-preserve-SN-on)

from inf-W-seq have = SN-on (inn-rstep R O {>} O (inn-rstep R)*) {W 0} by
blast

moreover from SN-on-r-imp-SN-on-supt-union-r[OF ctxt-closed-inn-rstep SN-W0]
have SN-on ({>} U inn-rstep R) {W 0} .
from SN-on-trancl]OF this]
have x: SN-on (({>} U inn-rstep R)*) {W 0} .
have id: {>} = {>}~ by auto
have SN-on (inn-rstep R O {&>} O (inn-rstep R)*) {W 0}
by (rule SN-on-subsetl [OF x|, unfold id, regexp)

ultimately show Fulse ..
qed

lemma SN-innermost-switch-locally-confluent-overlay:
assumes WCR: WCR-on (rstep R) {t. SN-on (rstep R) {t}}
and overlay: \ 1 r. (False,l,r) ¢ critical-pairs ren R R
and wf: wf-trs R
shows SN (inn-rstep R) = SN (rstep R)
unfolding SN-innermost-switch-locally-confluent-overlay-local|OF assms] ..

end

3 Linearity Preservation by Unification

theory Linear-Unification
imports
First-Order-Terms. Unification-More
begin

A sufficient criterion to ensure that ¢ - o is linear.

lemma linear-term-subst: linear-term t
= (A z. x € vars-term t = linear-term (o z))
= (A zy. z € vars-term t = y € vars-term t = x # y = vars-term (o x)
N vars-term (o y) = {})
= linear-term (t - o)
proof (induct t)
case (Fun [ ts)
show ?case unfolding eval-term.simps linear-term.simps
proof (intro conjl balll)
fix tsig
assume tsig € set (map (As. s - o) ts)
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then obtain ¢ where ti: ti € set ts and tsig: tsig = ti - o by auto
show linear-term tsig unfolding tsig
by (rule Fun(1)[OF ti], insert Fun(2—) ti, auto)
next
from Fun(2)[unfolded linear-term.simps] have part: is-partition (map vars-term
ts) by auto
show is-partition (map vars-term (map (As. s - o) ts))
unfolding map-map o-def linear-term.simps
unfolding is-partition-alt is-partition-alt-def length-map
proof (intro alll impl, goal-cases)
case (11ij)
show ?case
proof (rule ccontr)
assume — ?Zthesis
then obtain y where y € vars-term (ts ! i - o) y € vars-term (ts! j - o)
using I by auto
from this[unfolded vars-term-subst] obtain zi zj where
zij: xi € vars-term (ts ! ©) zj € vars-term (ts! j) and
y: y € vars-term (o xi) y € vars-term (o xj) by auto
from part[unfolded is-partition-alt is-partition-alt-def length-map, rule-format,
OF 1]
zij 1 have zi # zj by auto
from Fun(4)[OF - - this| have vars-term (o zi) N vars-term (o zj) = {}
using zij 1
by force
with y show Fualse by auto
qed
qed
qed
qed auto

Unification of two var disjoint terms where one of them is linear results in a
partially linear substitution and linear terms

definition vars-mset-left :: (('f,’v)term x ('f,’v)term) multiset = "v multiset where
vars-mset-left m = sum-mset (image-mset (vars-term-ms o fst) m)

definition vars-mset-right = (('f,’v)term x ('f,’v)term) multiset = "v multiset
where
vars-mset-right m = sum-mset (image-mset (vars-term-ms o snd) m)

definition linear-mset :: ‘a multiset = bool where
linear-mset m = (V . count m z < 1)

lemma count-sum-mset-image-mset:

count (sum-mset (image-mset f m)) x = sum-mset (image-mset (A a. count (f a)
x) m)

by (induct m, auto)
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lemma linear-vars-term-ms: linear-mset (vars-term-ms t) = linear-term t
unfolding linear-mset-def
proof (induct t)
case (Fun f ts)
show Zcase
proof
assume cnt: V z. count (vars-term-ms (Fun fts)) v < 1
show linear-term (Fun f ts) unfolding linear-term.simps
proof (intro conjl balll)
fix t
assuine t: t € set ts
{
fix z
have count (vars-term-ms t) x < count (vars-term-ms (Fun f ts)) x
using split-list|OF t] by auto
hence count (vars-term-ms t) x < 1 using cnt[rule-format, of x] by auto
}
with Fun[OF t] show linear-term t by simp
next
show is-partition (map vars-term ts) unfolding is-partition-def
proof (clarsimp)
fix ji
assume ji: j < length ts i < j
show vars-term (ts ! ©) N vars-term (ts ! j) = {}
proof (rule ccontr)
assume — “thesis
then obtain z where = €# vars-term-ms (ts | i) © €# vars-term-ms (ts
! §) by auto
hence count: count (vars-term-ms (ts ! i)) x > 1 count (vars-term-ms (ts
) a1
by auto
from ji(1) obtain aft bef where ts: ts = bef Q ts ! j # aft and bef: bef
= take j ts
using id-take-nth-drop by blast
from ji have i: { < length bef unfolding bef by auto
from ¢ obtain b m where bef = b Q bef | i # m
using id-take-nth-drop by blast
also have bef | i = ts ! i unfolding bef using ji by auto
finally have ts = b Q ts ! i # m Q ts ! j # aft using ts by auto
from arg-cong|OF this, of mset)
have count (vars-term-ms (Fun f ts)) x > count (vars-term-ms (ts ! i)) z
+ count (vars-term-ms (ts ! j)) x
by simp
with count have count (vars-term-ms (Fun f ts)) ¢ > 2 by linarith
with cnt[rule-format, of z] show False by auto
qed
qed
qed
next
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assume lin: linear-term (Fun f ts)
hence part: is-partition (map vars-term ts) by auto
show Vz. count (vars-term-ms (Fun fis)) x < 1
proof
fix x
{
fix ¢
assume t € set ts
from Fun|OF this] lin this have count (vars-term-ms t) z < 1 by auto
} note IH = this
show count (vars-term-ms (Fun [ ts)) z < 1
proof (rule ccontr)
assume — ?thesis
hence count: count (vars-term-ms (Fun f ts)) x > 2 by auto
hence z €# vars-term-ms (Fun f ts)
by (metis Suc-1 Suc-le-eq count-greater-eq-one-iff less-imp-le-nat)
then obtain ¢t where ¢: t € set ts and x: x € vars-term t by auto
hence count (vars-term-ms t) x > 1 by simp
with IH[OF t] have cI: count (vars-term-ms t) & = 1 by linarith
from t obtain ¢ where i: { < length tsand t: t = ts! i
by (auto simp: set-conv-nth)
from ¢tz ¢
have j: j < length ts = j # i = x ¢ vars-term (ts ! j) for j
using part[unfolded is-partition-alt is-partition-alt-def, rule-format, unfolded
length-map, of i j]
by auto
define A where A = {0..<length ts} — {i}
have ts = map (X i. ts ! 7) [0 ..< length ts]
by (intro nth-equalityl, auto)
from arg-cong|OF this, of mset)
have mset ts = image-mset ((!) ts) (mset-set {0..<length ts}) by auto
also have ... =
add-mset (ts ! i) (image-mset ((!) ts) (mset-set A))
using ¢ by (simp add: mset-set.remove A-def)
finally have id: mset ts = add-mset (ts ! i) (image-mset ((!) ts) (mset-set
A)) .
from count
have 2 < count (3 4 (image-mset vars-term-ms (mset ts))) z by simp
also have ... = 1 + count (>  » (image-mset vars-term-ms (image-mset
((1) ts) (mset-set A)))) z
unfolding id by (simp add: c1[unfolded t])
also have count (3 » (image-mset vars-term-ms (image-mset ((!) ts)
(mset-set A)))) z
= (O ac#image-mset ((1) ts) (mset-set A). count (vars-term-ms a) x)
unfolding count-sum-mset-image-mset ..

also have ... = (3 ae#image-mset ((!) ts) (mset-set 4). 0)
proof (rule arg-cong[of - - sum-mset], rule image-mset-cong)
fix tj

show tj €# image-mset ((!) ts) (mset-set A) = count (vars-term-ms tj)
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x =20
using j unfolding A-def by force
qed
also have ... = 0 by simp
finally show Fulse by simp
qed
qed
qed
qed auto

lemma linear-term-count: assumes linear-term t
shows count (vars-term-ms t) x < 1
using assms[folded linear-vars-term-ms, unfolded linear-mset-def] ..

lemma linear-term-Var-subst: linear-term (t - (Var o r)) = linear-term t
proof (induct t)

case (Fun f ts)

hence is-partition (map (Az. |Jz€vars-term z. {r z}) ts)

by (auto simp: o-def vars-term-subst)

also have map (\z. |J z€vars-term x. {r z}) ts = map ((*) r o vars-term) ts by
auto

finally have is-partition (map (() r o vars-term) ts) .

hence is-partition (map vars-term ts) unfolding is-partition-def length-map by
auto

with Fun show ?case by auto
qged auto

lemma vars-mset-right-add[simp|: vars-mset-right (add-mset p E) = vars-term-ms
(snd p) + vars-mset-right E
unfolding vars-mset-right-def by auto

lemma right-linear-var-disjoint-mgu-mset: fixes E :: (('f,'v)term x ('f,'v)term)
multiset
and u :: ('f,’v)term
assumes set-mset (vars-mset-left E) N set-mset (vars-mset-right E) = {}
and linear-mset (vars-mset-right E)
and is-mgu o (set-mset E)
and vars-term u N set-mset (vars-mset-right E) = {}
and linear-term u
shows linear-term (u - o)
proof —
define disjLR where disjLR E = (set-mset (vars-mset-left E) N set-mset (vars-mset-right
) ={})
for F :: (('f,/v)term x ('f,’v)term) multiset
define lin where lin E = linear-mset (vars-mset-right E)
for E :: (('f,"v)term x ('f,'v)term) multiset
define disjU where disjU v E = (vars-term u N set-mset (vars-mset-right E) =

)
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for u :: ('f,’v)term and F :: (('f,’v)term x ('f,’v)term) multiset
have [in0: lin E unfolding lin-def using assms by auto
have disjLR0: disjLR F unfolding disjLR-def using assms by auto
have disjU0: disjU v F unfolding disjU-def using assms by auto
have is-mgu0: is-mgu o (set-mset E) by fact
from lin0 disjLRO disjU0 is-mgu0 <linear-term u> show ?thesis
proof (induction E arbitrary: u o rule: wf-induct| OF wf-unifless])
case less: (1 E u o)
note lin = less.prems(1)
note disjLR = less.prems(2)
note disjU = less.prems(8)
note mgu = less.prems(4)
note linu = less.prems(5)
note IH = less.IH|rule-format, OF UNIF1-unifless
show ?Zcase
proof (cases 3 s t. (s,t) €# E A is-Fun s A is-Fun t)
case True
then obtain s t F where E: E = add-mset (s,t) F and is-Fun s and is-Fun

by (metis insert-Diff M)
then obtain f g ss ts where s: s = Fun f ss and ¢: t = Fun g ts by (cases
s; cases t; auto)
from mgulunfolded E s t| have Fun fss -0 = Fun gts - o
by (auto simp: is-mgu-def)
hence fg: f = g and len: length ss = length ts by (auto intro: map-eq-imp-length-eq)
define G where G = F + mset (zip ss ts)
have UNIF! Var E G unfolding FE s t fg G-def by (rule decomp[OF len])
note IH = IH[OF this]
have is-mgu o (set-mset E) = is-mgu o (set-mset G) unfolding F s t fg
G-def
using is-mgu-insert-decomp[OF len, of o g set-mset F| by auto
with mgu have mgu: is-mgu o (set-mset G) by auto
have vr: vars-mset-right E = vars-mset-right G
unfolding vars-mset-right-def E s t G-def
by (simp add: o-def, induct rule: list-induct2[OF len], auto)
have vl: vars-mset-left E = vars-mset-left G
unfolding vars-mset-left-def E s t G-def
by (simp add: o-def, induct rule: list-induct2[OF len], auto)
from lin have lin: lin G unfolding lin-def vr .
from disjU have disjU: disjU v G unfolding disjU-def vr .
from disjLR have disjLR: disjLR G unfolding disjLR-def vl vr .
note IH = [H[OF lin disjLR disjU mgu linu]
show ?thesis
by (rule IH)
next
case no-Fun-Fun: False
show ?thesis
proof (cases 3 st. (s,t) €# E N is-Var t)
case True
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then obtain s ¢t F where E: E = add-mset (s,t) F and is-Var t
by (metis insert-Diff M)
then obtain z where t: t = Var z by (cases s; cases t; auto)
let 97 = subst = s
have z: © €# vars-mset-right E unfolding E ¢ by (auto simp: vars-mset-right-def)

from disjLR x
have zs: © ¢ vars-term s by (auto simp: E disjLR-def vars-mset-left-def)
from UNIF1-mono|OF UNIF1-singleton-Var-right|OF this], of F]
have unifl: UNIF1 ?r E (subst-mset ¢ F) by (auto simp: E t)
{
fix I r
assume (I,r) €# F
then obtain G where F: F' = add-mset (I,r) G
by (metis insert-Diff M)
from z disjLR
have zl: z ¢ vars-term [ by (auto simp: E F disjLR-def vars-mset-left-def)
from lin[unfolded E t lin-def linear-mset-def, rule-format, of z]
have count (vars-mset-right F) z = 0
by (auto simp: vars-mset-right-def)
hence z ¢# vars-mset-right F
by (simp add: count-eq-zero-iff)
hence zr: x ¢ vars-term r by (auto simp: F vars-mset-right-def)
note zl zr
} note zF = this
have subst-mset 7 F = image-mset id F unfolding subst-mset-def
proof (rule image-mset-cong, clarsimp)
fix Ir
assume (I,r) €# F
from 2F[OF this]
have zl: © ¢ vars-term | x ¢ vars-term r .
thus |- 27 = A r - %7 = r by auto
qed
hence substF: subst-mset 27 F' = F by auto
with unif! have unifi: UNIF1 ?r E F by auto
note /H = IH[OF this]
from is-mgu-UNIF1[OF unifl mgu] obtain o’ §
where mgu’: is-mgu o’ (set-mset E) is-mgu § (set-mset F)
and id: ¢’ = %7 o, § by auto
from is-mgu-is-mgu-var-renaming| OF mgu'(1) mgu, unfolded id] obtain
~ where sub: ?1 o5 § = 0 o5 (Var o v) by auto
have u - = u - %7 05 §
proof (rule term-subst-eq)
fix y
assume y € vars-term u
with disjU[unfolded disjU-def E t] have y # x unfolding vars-mset-right-def
by auto
thus 6 y = (97 05 9) y
by (auto simp: subst-compose-def subst-def)
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qged
from this[unfolded sub] have udelt: u - 6 = u - 0 o (Var o 7) by auto

have LFE: vars-mset-left F C# vars-mset-left E unfolding vars-mset-left-def
E by auto
have RFE: vars-mset-right F' C# vars-mset-right E unfolding vars-mset-right-def
E by auto
hence count (vars-mset-right F') y < count (vars-mset-right E) y for y
by (rule mset-subset-eq-count)
with lin have lin: lin F unfolding lin-def linear-mset-def
using dual-order.trans by blast
from disjLR have disjLR: disjLR F unfolding disjLR-def using LFE RFE
by (meson disjoint-iff mset-subset-eqD)
from disjU have disjU: disjU u F unfolding disjU-def using RFE
by (meson disjoint-iff mset-subset-eqD)
from [H[OF lin disjLR disjU mgu'(2) linu]
have IH: linear-term (u - 0) .
from IH[unfolded udelt]
have linear-term (u - o - (Var o 7)) by auto
thus linear-term (u - o) by (rule linear-term-Var-subst)
next
case no-right-Var: False
from no-right-Var no-Fun-Fun
have left-Var: \ s t. (s,t) €# E = is-Var s by auto
show ?thesis
proof (cases E = {#})
case True
hence is-mgu Var (set-mset E) by auto
from is-mgu-is-mgu-var-renaming[OF this mgu)
obtain vy where id: Var = o o, (Var o 7) by auto
have linear-term (u - Var) using linu by auto
hence linear-term (u - o - (Var o 7))
by (subst (asm) id, auto)
thus linear-term (u - o) by (rule linear-term-Var-subst)
next
case Fulse
then obtain s ¢t where (s,t) €# E by auto
with left- Var[OF this] obtain z where
(Var z,t) €# E by auto
then obtain F where E: E = add-mset (Var z,t) F by (rule mset-add)
let 97 = subst z t
let ?F = subst-mset 7 F
let ?F' = image-mset (\p. (fst p - 27, snd p)) F
from disjLR
have at: = ¢ vars-term t by (auto simp: E disjLR-def vars-mset-left-def
vars-mset-right-def)
from UNIF1-mono[OF UNIF1-singleton- Var-left|OF this], of F]
have unifl: UNIF1 (subst z t) E ?F by (auto simp: E)
have ?F = ?F'
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unfolding subst-mset-def
proof (rule image-mset-cong, clarsimp)
fix I r
assume Ir: (I,r) €# F
have r - 271 =71 - Var
proof (rule term-subst-eq)
fix y
assume y € vars-term r
with disjLR[unfolded E disjLR-def] Ir have x # y
by (auto simp: vars-mset-left-def vars-mset-right-def)
thus 97 y = Var y by (simp add: subst-def)
qed
thus r - 27 = r by auto
qed
note unif! = unif! [unfolded this]
note IH = IH|OF this]
have vr: vars-mset-right F' = vars-mset-right F
unfolding vars-mset-right-def by (induct F', auto)
have vl: set-mset (vars-mset-left ?F') C set-mset(vars-mset-left F) U
vars-term t
unfolding vars-mset-left-def by (auto simp: vars-term-subst subst-def
split: if-splits)
have vars-term-ms t C# vars-mset-right E unfolding F by auto
hence count (vars-term-ms t) y < count (vars-mset-right E) y for y
by (rule mset-subset-eq-count)
with lin have linear-mset (vars-term-ms t) unfolding lin-def lin-
ear-mset-def
using dual-order.trans by blast
hence lint: linear-term t
using linear-vars-term-ms by auto
have RFE: vars-mset-right ?F' C# vars-mset-right E
unfolding vr unfolding vars-mset-right-def E by auto
hence count (vars-mset-right ?F') y < count (vars-mset-right E) y for y
by (rule mset-subset-eq-count)
with lin have lin”: lin ?F' unfolding lin-def linear-mset-def
using dual-order.trans by blast
{
fix y
assume y: y €# vars-mset-right F y € vars-term t
hence y €# vars-term-ms t by auto
with y(1) have {#y,y#} C# vars-mset-right E unfolding E vars-mset-right-add
snd-conv
by (metis add-mset-add-single single-subset-iff subset-mset.add-mono)
from mset-subset-eq-count[OF this, of y|
lin[unfolded lin-def linear-mset-def, rule-format, of y|
have Fulse by simp
} note disj-F-t = this

have disjLR": disjLR ?F’
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proof (rule ccontr)
assume — ?thesis
from this|unfolded disjLR-def vr, simplified]
obtain y where y: y €# vars-mset-left ?F' y €4 vars-mset-right F
by auto
with vl have disj: y €# vars-mset-left F' V y € vars-term t by auto
from y(2) disjLR[unfolded E disjLR-def)
have y ¢ set-mset (vars-mset-left (add-mset (Var z, t) F))
by (auto simp: vars-mset-right-def)
with disj have y € vars-term t unfolding vars-mset-left-def by auto
from disj-F-t[OF y(2) this]
show Fulse .
qed
let v =wu - 77
have disjU": disjU ?v 2F'
proof (rule ccontr)
assume — ?thesis
from this[unfolded disjU-def vr| obtain y
where y: y € vars-term ?v y €# vars-mset-right F
by auto
from y(1) have y € vars-term u V y € vars-term t
by (auto simp: vars-term-subst subst-def split: if-splits)
with disj-F-t[OF y(2)] have y € vars-term u by auto
with disjU[unfolded disjU-def] y(2)
show Fulse unfolding E by auto
ged
have linu": linear-term %v
proof (rule linear-term-subst[OF linu])
show linear-term (%7 y) for y using lint by (auto simp: subst-def)
fix y z
assume yz: y € vars-term u z € vars-term u y # z
with disjU[unfolded disjU-def]
have y ¢# vars-mset-right E z ¢4 vars-mset-right E by auto
hence yzt: y ¢ vars-term t z ¢ vars-term t unfolding F by auto
show vars-term (27 y) N vars-term (97 z) = {}
proof (cases y =z V z = 1)
case Fulse
thus ?thesis using yz by (auto simp: subst-def)
next
case True
thus ?thesis
proof
assume yr: y =
with yz have z # = by auto
hence one: vars-term (917 z) = {z} by (auto simp: subst-def)
from yz have two: vars-term (1 y) = vars-term t by simp
from one two yzt show ?thesis by auto
next
assume z1: z = I
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with yz have y # z by auto
hence one: vars-term (?7 y) = {y} by (auto simp: subst-def)
from zz have two: vars-term (91 z) = vars-term t by simp
from one two yzt show ?thesis by auto
qged
qed
qed
note IH = IH[OF lin’ disjLR’ disjU’ - linu/]

from is-mgu-UNIF1[OF unif! mgu] obtain o’ §
where mgu’: is-mgu o’ (set-mset E) is-mgu § (set-mset 2F)
and id: ¢’ = ?7 o, § by auto

from is-mgu-is-mgu-var-renaming[OF mgu'(1) mgu, unfolded id] obtain

v where sub: 7 oy 6 = 0 oy (Var o 7) by auto

let 9y = Var o vy :: ('f,'v)subst

from TH[OF mgu'(2)] have IH: linear-term (u - 27 o5 &) by simp

from this[unfolded sub]

have linear-term (u - o - %y) by simp

thus linear-term (u - o) by (rule linear-term-Var-subst)

qed
qed
qed
qed
qed

lemma right-linear-var-disjoint-mgu: fixes s ¢ :: ('f,"v)term
assumes disj: vars-term s N vars-term t = {}
and lin: linear-term t
and mgu: is-mgu o {(s,t)}
and linu: linear-term u
and disju: vars-term u N vars-term t = {}
shows linear-term (u - o)

proof (rule right-linear-var-disjoint-mgu-mset[of {#(s,t)#} o u, OF - - - - linu))

show is-mgu o (set-mset {#(s, t)#}) using mgu by auto
show linear-mset (vars-mset-right {#(s, t)#}) using lin

unfolding vars-mset-right-def by (auto simp: linear-vars-term-ms lin)
show vars-term u N set-mset (vars-mset-right {#(s, t)#}) = {}

using disju unfolding vars-mset-right-def by auto

show set-mset (vars-mset-left {#(s, t)#}) N set-mset (vars-mset-right {#(s,

t)#}) = {}
using disj unfolding vars-mset-left-def vars-mset-right-def by auto
qged

Corollary: Unification of two linear var disjoint terms results in a linear

substitution and linear unified terms.

lemma linear-var-disjoint-is-mgu: fixes s t :: ('f,’v)term
assumes disj: vars-term s N vars-term t = {}
and lin: linear-term s linear-term t
and mgu: is-mgu o {(s,t)}
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shows vars-term u N vars-term t = {} = linear-term v = linear-term (u - o)
and vars-term u N vars-term s = {} = linear-term v = linear-term (u - o)
and linear-term (s - o) linear-term (t - o)
and linear-term (o x)

proof —
from disj have disj”: vars-term t N vars-term s = {} by auto
from mgu have mgu’: is-mgu o {(t,s)} by (simp add: is-mgu-insert-swap)
note one = right-linear-var-disjoint-mgu[OF disj lin(2) mgu]
note two = right-linear-var-disjoint-mgu[ OF disj’ lin(1) mgu’]
from one[OF lin(1) disj] show linear-term (s - o) .
from two|OF lin(2) disj’| show linear-term (t - o) .
let 2z = Var z = ('f,v)term
from disj have vars-term ?z N vars-term s = {} V vars-term %z N vars-term t

= {} by auto
with onelof ?x] twolof ?z] show linear-term (o x) by auto
show vars-term u N vars-term t = {} = linear-term v = linear-term (u - o)

using one by metis
show vars-term u N vars-term s = {} = linear-term v = linear-term (u - o)
using two by metis

qed

end

4 Narrowing and Linearity Preservation

In this theory we define narrowing and show that narrowing of a linear
term with a right-linear TRS results in a linear term again. Moreover, some
further results on narrowing are formalized.

theory Linear-Narrowing
imports
Automatic- Refinement. Misc
Linear-Unification
First-Order-Rewriting. Trs
begin

4.1 Preparations for Narrowing

definition subst-term-mset :: ('f,'v)term = ('f,'v)subst = ('f,’v)term multiset
where subst-term-mset t o = image-mset o (vars-term-ms t)

lemma vars-term-ms-subst-compose-split:
(6 ‘# (O ze#uas. vars-term-ms (p z)), (p o5 8) H# xs) € (mult {<})=
A (Ball (p ¢ set-mset xs) is-Var V (§ # (O x€#as. vars-term-ms (i z)), (1 0s
§) H# zs) € mult {<})
(is-€ ?R= A -)
proof (induct xs)
case empty
then show “case by auto
next
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case (add  xs)
define a where a = {# (u o5 0) z #}
define b where b = (u o5 §) ‘# zs
define ¢ where ¢ = § ‘# vars-term-ms (p x)
define d where d = § ‘# (D z€#as. vars-term-ms (u x))
have ab: (i1 o5 §) ‘# add-mset © zs = a + b by (simp add: a-def b-def)
have cd: § ‘# (5 zc€#add-mset x xs. vars-term-ms (p x)) = ¢ + d by (simp
add: c-def d-def)
have tr: trans {<} by (simp add: trans-supt)
have irr: irrefl-on T {<1} for T :: (‘a,’b)term set by (simp add: irrefl-onI)
have ezt: (z,y) € PR = (z + 2,y + 2) € Rforz y 2
using mult-cancel[OF tr irr, of z z y] by auto
hence ezte: (z,y) € PR~ = (x + 2,y + 2) € ?R= for z y 2
by auto
from add
have (d,b) € ?R= Ball (1 * set-mset xs) is-Var V (d,b) € ?R by (auto simp:
b-def d-def)
from exte[OF this(1), of c| ext[of d b ] this(2)
have IH: (¢ + d, ¢ + b) € ?R= Ball (p * set-mset xs) is-Var V (¢ + d, ¢ + b)
€ %R
by (auto simp: ac-simps)

have step-main: (c,a) € ?R= A (is-Var (u z) V (c,a) € ?R)
proof (cases u x)
case (Var y)
thus ?thesis by (auto simp: subst-compose-def c-def a-def)
next
case (Fun fts)
have (c,a) € mult! {<}
by (auto simp: Fun a-def c-def subst-compose-def intro!: mult1l)
(metis eval-term.simps(2) subst-image-subterm term.set-intros(4))
thus ?thesis by (auto simp add: mult-def)
qed
with ext[of ¢ a b] exte[of ¢ a b]
have step: (¢ + b, a + b) € 7R~ is-Var (p z) V (¢ + b, a + b) € ?R by auto

have one: (¢ + d, a + b) € ?R™
using [H step
by (meson tr transE trans-mult trans-on-reflcl)
have two: Ball (uu ‘ set-mset (add-mset x xs)) is-Var V (¢ + d, a + b) € 7R
proof (cases is-Var (1 x))
case False
from step(2) False have (¢ + b, a + b) € ?R by auto
with IH(1) have (¢ + d, a + b) € ?R
by (metis Un-iff pair-in-Id-conv transD trans-mult)
thus ?thesis by auto
next
case z: True
show ?thesis
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proof (cases Ball (i ‘ set-mset xs) is-Var)
case True
with z show ?thesis by auto

next
case Fulse
with IH(2) have (¢ + d, ¢ + b) € ?R by auto
with step(1) have (¢ + d, a + b) € 7R

by (metis Un-iff pair-in-Id-conv transD trans-mult)

thus ?thesis by auto

qed

qed

from one two show ?case
unfolding cd ab by auto
qed

lemma linear-term-vars-term-ms: assumes vars-term r C vars-term |
and linear-term r
shows vars-term-ms r C# vars-term-ms [
proof (intro mset-subset-eql, rule ccontr)
fix z
assume not: - count (vars-term-ms r) © < count (vars-term-ms 1)
hence c¢: count (vars-term-ms r) x > 1 by linarith
hence = € vars-term r by (auto simp: not-in-iff)
with assms have z € vars-term | by auto
hence cl: count (vars-term-ms 1) x > 1 by (auto simp: not-in-iff)
with not have count (vars-term-ms r) z > 1 by linarith
with linear-term-count[OF assms(2), of z] show False by auto
qed

lemma vars-term-ms-map-vars-term[simp|: vars-term-ms (map-vars-term ft) = f
‘H# wvars-term-ms t
proof (induct t)
case (Fun f ts)
thus ?case by (simp, induct ts, auto)
qed auto

lemma linear-term-map-inj-on: assumes linear-term (map-vars-term f t)
shows inj-on f (vars-term t)
proof (rule ccontr)
let ?ft = map-vars-term ft
from assms have linear-mset (vars-term-ms ?2ft)
using linear-vars-term-ms by blast
also have vars-term-ms ?ft = f ‘% vars-term-ms t by simp
finally have lin: linear-mset (f ‘# vars-term-ms t) .
assume - ?thesis
then obtain z y where zy: © €# vars-term-ms t y €4 vars-term-ms t x # y f
r=fy
unfolding inj-on-def by auto
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define xs where xs = vars-term-ms t — {#z, y#}

from zy(1—3) have vars-term-ms t = {#z,y#} + zs unfolding zs-def

by (metis diff-union-swap insert-Diff M2 insert-subset-eq-iff mset-subset-eg-single
subset-eq-diff-conv subset-mset.add-diff-inverse)

from arg-cong|OF this, of (‘#) f] zy(4)

have f ‘% vars-term-ms t = {# fz, fx #} + [ 4 xs by auto

hence count (f ‘# vars-term-ms t) (f ) > 2 by auto

with lin[unfolded linear-mset-def, rule-format, of f z] show False by auto

qed

4.2 Narrowing Relations

context
fixes ren :: 'v :: infinite renaming?2
begin

definition
narrows-r-p-s : ('f, 'v) trs = ('f, 'v) rule = pos = ('f,'v)subst = ('f, 'v)trs
where
narrows-r-p-s R rp p = {(s,t). 3 u2. p € poss s A is-Fun (s |- p) AT € R A
mgu-vd ren (s |- p) (fst r) = Some (u, 12)
At = replace-at (s - p) p (snd r - p2)}

definition
narrow-step-s :: ('f,'v) trs = ('f,’v)subst = ('f,’v)trs where
narrow-step-s Ry = {st | st lr p. st € narrows-r-p-s R lr p p}

definition narrow-step :: ('f,'v) trs = ('f,’v)trs where
narrow-step R = {st | st Ir p p. st € narrows-r-p-s R Ir p u}

lemma narrow-step-to-s: narrow-step R = |J (range (narrow-step-s R))
unfolding narrow-step-def narrow-step-s-def by auto

theorem right-linear-rule-narrowing: fixes R :: ('f,'v)trs
assumes linr: linear-term r
and lins: linear-term s
and narr: (s,t) € narrows-r-p-s R (I,r) p p
shows linear-term t
proof —
define r1 where r1 = rename-1 ren
define 72 where r2 = rename-2 ren
let ?r1 = map-vars-term rl
let 9r2 = map-vars-term r2
define s’ where s’ = ?r1 s
define |’ where I’ = %r2 |
define r’ where r' = 7r2 r
define sp’ where sp’ = ?r1 (s |- p)
from narrunfolded narrows-r-p-s-def] obtain p2
where p: p € poss s
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and mgu: mgu-vd ren (s |- p) I = Some (u, u2)
and t: t = replace-at (s - p) p (r - pu2)
by auto
from p have sp’-id: ?r1 (s |- p) = sp’ unfolding sp’-def by simp
with mgulunfolded mgu-vd-def mgu-var-disjoint-generic-def,
folded ri-def r2-def]
obtain v where mgu: mgu sp’ I’ = Some ~
and pu: p=yorl and pu2: p2 =~vyor
by (auto split: option.splits simp: I’-def)
have p: u - p = ?r1 u - v for v unfolding p o-def
by (metis eval-eq-map-vars)
have p2: u - p2 = ?r2 u - v for u unfolding u2 o-def
by (metis eval-eqg-map-vars)
from lins p have linsp: linear-term (s |- p) by (rule subt-at-linear)
from mgu-sound[OF mgu] have imgu: is-imgu v {(sp’,l")} by auto
hence is-mgu v {(sp’,l")} by (rule is-imgu-imp-is-mgu)
hence mgu: is-mgu v {(I’, sp’)}
using is-mgu-insert-swap by blast
note ren = rename-12[of ren, folded r1-def r2-def]
have vars-term 1’ N vars-term sp’ = {}
using ren(8) unfolding map-vars-term-eq vars-term-subst I'-def sp’-def
by auto
note main = right-linear-var-disjoint-mgu| OF this - mgu)
from linsp have linsp”: linear-term sp’ using ren(1) unfolding sp’-def
by (metis inj-on-subset linear-term-map-inj-on-linear-term top-greatest)

have main: linear-term v —

vars-term u N vars-term sp’ = {} =

linear-term (u - 7y) for u

using main[OF linsp’, of u] by (simp add: term.set-map)
have p’: p € poss s’ using p unfolding s’-def by auto

define v where u = replace-at s’ p r’
from t[unfolded pu p2, folded r'-def s’-def]
have ¢ = replace-at (s’ - v) p (r' - v) by simp
also have ... = u - 7 using p’

by (simp add: ctxt-of-pos-term-subst u-def)
finally have t: t = u - v .
have sp”: sp’ = s’ |- p unfolding sp’-def s’-def using p by auto

show ?thesis unfolding ¢t

proof (rule main)

have vsu: vars-term-ms u = vars-ctat-ms (ctzt-of-pos-term p s') + vars-term-ms
7,,/

unfolding u-def vars-term-ms-ctzt-apply by auto

have vss: vars-term-ms s’ = vars-ctzt-ms (ctat-of-pos-term p s') + vars-term-ms
!
Sp
using p’ unfolding sp’ by (metis ctat-supt-id vars-term-ms-ctzt-apply)

have lins” linear-term s’ using lins unfolding s’-def using ren(1)
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by (simp add: inj-on-def linear-term-map-inj-on-linear-term)
show linear-term u
unfolding linear-vars-term-ms|symmetric]
unfolding linear-mset-def
proof
fix
{
assume z €# vars-ctzt-ms (ctzt-of-pos-term p s')
hence z € vars-term s’ using p’
by (metis set-mset-vars-term-ms union-iff vss)
hence z € range r1 unfolding s'-def
by (auto simp: term.set-map)
} note one = this
{
assume z €# vars-term-ms r’
hence z € range r2 unfolding r’-def
by (auto simp: term.set-map)
} note two = this
show count (vars-term-ms u) x < 1
proof (cases x €# vars-ctzt-ms (ctzt-of-pos-term p s'))
case True
from one[OF this] two ren have © ¢# vars-term-ms r' by auto
hence count (vars-term-ms u) x = count (vars-ctzt-ms (ctat-of-pos-term p
") z
unfolding vsu using not-in-iff by fastforce
also have ... < count (vars-term-ms s') x unfolding vss by simp
also have ... < I using lins’ unfolding linear-vars-term-ms|[symmetric]
linear-mset-def
by simp
finally show ?thesis .
next
case Fulse
from linr have linr”: linear-term r’' unfolding r’-def using ren(2)
by (simp add: inj-on-def linear-term-map-inj-on-linear-term)
from False have count (vars-term-ms u) x = count (vars-term-ms r')
unfolding vsu using not-in-iff by fastforce

also have ... < 1 using linr’ unfolding linear-vars-term-ms[symmetric]
linear-mset-def
by simp
finally show ?thesis .
qed
qed

show vars-term u N vars-term sp’ = {}
proof (rule ccontr)
assume — ?thesis
then obtain z where z: T €# vars-term-ms u z €# wvars-term-ms sp’ by
auto
with vsu have disj: © €# wvars-ctzt-ms (ctzt-of-pos-term p s') V z €#
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vars-term-ms r’ by auto
from z(2) have z € range r1 unfolding sp’-def by (auto simp: term.set-map)
with ren have = ¢ range r2 by auto
hence z ¢ vars-term r’ unfolding r’-def by (auto simp: term.set-map)
with disj have © €4 vars-ctzt-ms (ctzt-of-pos-term p s’) by auto
with z(2) have {#z,a#} C# vars-term-ms s’ unfolding vss
by (metis add-mset-add-single single-subset-iff subset-mset.add-mono)
from mset-subset-eq-count[OF this, of z]
have count (vars-term-ms s") © > 2
by auto
hence - linear-mset (vars-term-ms s’) unfolding linear-mset-def
by (metis Suc-1 Suc-le-eq linorder-not-less)
with lins’ show Fulse using linear-vars-term-ms by blast
qed
qed
qed

theorem right-linear-rule-narrow-step:
assumes A Ir. Ir € R = linear-term (snd Ir)
and lins: linear-term s
and narr: (s,t) € narrow-step R

shows linear-term t

proof —
from narr[unfolded narrow-step-def] obtain I r p u

where step: (s,t) € narrows-r-p-s R (I,r) p p by auto

hence (I,r) € R unfolding narrows-r-p-s-def by auto
from assms(1)[OF this] have linear-term r by auto
from right-linear-rule-narrowing| OF this lins step)
show ?thesis .

qed

lemma narrowing-right-linear-one-step-simulation-r-p-s: fixes R :: ('f,"v)trs
assumes (s - o, t) € rstep-r-p-s R (I,r) p p
and lins: linear-term s
and linr: linear-term r
and var-cond: vars-term r C wvars-term [
shows p ¢ fun-poss s A
(3 8.t =358 AN (subst-term-mset s 0, subst-term-mset s o) € mult!
(rstep R)™—1))
V
p € fun-poss s N\
(3 pl p2du t=u-93A linear-term u A (s,u) € narrows-r-p-s R (I,r) p
wl ANo=pul og 6 ANpp=p2 o406
A (subst-term-mset u 3, subst-term-mset s o) € (mult {2})7)
proof —
from assms(1)[unfolded rstep-r-p-s-def’ Let-def, simplified]
have p: p € poss (s - o) and Ir: (I, r) € Rand ssig: s - o |-p=1-pu
and t: t = replace-at (s - o) p (r - p)
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by auto
show ?thesis
proof (cases p € poss s A is-Fun (s |- p))
case Fualse
from pos-into-subst|OF refl p this]
obtain ¢! ¢2 where pg: p = q1 @ ¢2 and qI: qI € poss s and is-Var (s |-
q1) by auto
then obtain z where sql: s |- ¢ = Var z by auto
define C where C = ctzt-of-pos-term ql s
from ¢! have ssig" s -0 =(C -co){oz)
using sql by (metis ctzt-supt-id eval-ctat eval-term.simps(1) C-def)
have ¢2: ¢2 € poss (0 ) using p pq sql by (simp add: q1)
have match: o z |- ¢2 = | - p unfolding C-def ssig[unfolded ssig’ pq, symmetric]

using p pq sql g1 q2 by (metis C-def eval-term.simps(1) ssig’ subt-at-subst
subterm-poss-conuv)
define u where u = replace-at (o z) ¢2 (r - p)
have (o z, u) € rstep-r-p-s R (I,r) ¢2 p
unfolding u-def rstep-r-p-s-def Let-def using Ir match g2
by (auto intro: replace-at-ident)
hence step: (o x, u) € rstep R by (rule rstep-r-p-s-imp-rstep)
have ctzt: ctxt-of-pos-term p (s - o) = (ctxt-of-pos-term q1 (s - o)) o,
ctzt-of-pos-term q2 (o x)
unfolding pg by (subst ctzt-of-pos-term-append, insert q1 sql, auto)
define 6 where § = o(z := u)
have t: t = replace-at (s - o) q1 u
unfolding ¢ u-def unfolding ctzt by simp
note repl = linear-term-replace-in-subst[OF lins q1 sql, of o 0 u, folded
have t: t =s- 46
by (rule repl, auto simp: 5-def)
show ?thesis unfolding fun-poss-poss
proof (rule disjl1, intro conjI[OF False] exI[of - ] conjI t)
from ¢1 sq1 have = € vars-term s
by (metis subt-at-imp-supteq subteq- Var-imp-in-vars-term)
hence z €# vars-term-ms s by auto
then obtain zs where vars: vars-term-ms s = add-mset z xs by (rule
mset-add)
from lins have linear-mset (vars-term-ms s)
by (simp add: linear-vars-term-ms)
from this[unfolded linear-mset-def vars, rule-format, of x
have xs: © ¢# xs by (simp add: not-in-iff)
have so: subst-term-mset s 0 = add-mset (o x) (image-mset o xs)
unfolding vars subst-term-mset-def by auto
have sd0: subst-term-mset s § = add-mset u (image-mset o xs)
unfolding vars subst-term-mset-def using zs by (auto simp: -def, induct
xs, auto)
show (subst-term-mset s 6, subst-term-mset s o) € mult! ((rstep R)™—1)
unfolding so sd
by (rule multlI[of - o x image-mset o xs - {#u#} (rstep R) —1], insert
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step, auto)
qed
next
case True
hence p: p € poss s is-Fun (s |- p) by auto
from ssig p have s |-p - o =1 - u by simp
from mgu-vd-complete[OF this, of ren] obtain
ul p2 0 where mgu: mgu-vd ren (s |- p) | = Some (u1, p2)
and sig: 0 = pul o4 §
and mu: p = u2 og 6
and unif: s |-p - pl =1 p2
by auto
define u where u = replace-at (s - p1) p (r - p2)
have su: (s, u) € narrows-r-p-s R (I,r) p pl
unfolding narrows-r-p-s-def u-def using mgu p Ir by auto
from right-linear-rule-narrowing| OF linr lins sul
have linu: linear-term w .
define C where C = ctxt-of-pos-term p s
from p have ctat: ctzt-of-pos-term p (s - o) = C . o for o :: ('f,'v)subst
by (metis ctat-of-pos-term-subst C-def)
have tu: t = u - 6 unfolding t u-def ctxt
unfolding sig mu by simp
show ?thesis unfolding fun-poss-poss
proof (rule disjI2, intro exI|of - u] exl conjl linu p)
show t = u - § by fact
show (s, u) € narrows-r-p-s R (l,r) p pl by fact
show o = 1 oz § by fact
show = u?2 o, 6 by fact
define VS where VS = vars-term s
define mid-set where mid-set = 0 ‘# vars-term-ms (s - u1)
have subst-u: subst-term-mset w 6 = § ‘# vars-ctzt-ms (C' -c pl) + § #
vars-term-ms (r - p2)
unfolding u-def subst-term-mset-def ctzt vars-term-ms-ctxt-apply o-def by
stmp
have subst-term-mset s 0 = (ul o5 &) ‘4 vars-term-ms s unfolding subst-term-mset-def
stg by auto
also have (mid-set, ...) € (mult {<})= A
(Ball (u1 ¢ set-mset (vars-term-ms s)) is-Var V (mid-set, ...) € mult {<7})
unfolding vars-term-ms-subst mid-set-def
by (rule vars-term-ms-subst-compose-split)
finally have one: (mid-set, subst-term-mset s o) € (mult {<})=
Ball (1 ¢ VS) is-Var V (mid-set, subst-term-mset s o) € mult {<}
by (auto simp: VS-def)

have s-split: s = C ( s |- p ) using p unfolding C-def
by (simp add: ctzt-supt-id)

from arg-cong[OF this, of A t. t - ul]

have sul:s-pul = (C o ul){sl|-p-pl) by simp

from linear-term-vars-term-ms[OF var-cond linr]
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have vars-ri: vars-term-ms r C# vars-term-ms [ .
then obtain zs where vars-I: vars-term-ms | = vars-term-ms r + zs
by (metis subset-mset.add-diff-inverse)

define VS’ where VS’ = (3 z€#uas. vars-term-ms (u2 x))
have mid-set = § ‘#4 vars-ctat-ms (C - pul) + 0 ‘# vars-term-ms (I - p2)
unfolding mid-set-def spu1 vars-term-ms-ctxt-apply unif by auto

also have ... = 0 ‘% vars-ctat-ms (C -c pl) + 6 ‘# vars-term-ms (r - p2)
+ 0 # VS’
by (simp add: vars-1 VS’-def)
also have ... = subst-term-mset u d + 6 ‘H# VS’

unfolding subst-u unfolding vars-term-ms-subst vars-l by auto
finally have mid-u: mid-set = subst-term-mset u 6 + & 4 VS'.
hence subst-term-mset v § CH# mid-set by auto
with subset-implies-mult[of subst-term-mset u 6 mid-set {<1}]
have two: (subst-term-mset u 6, mid-set) € (mult {<})=

by auto

assume VS’ # {#}
with mid-u have subst-term-mset u § C# mid-set unfolding mid-u
by (simp add: subset-mset.less-le)
hence (subst-term-mset u 6, mid-set) € mult {<}
by (rule subset-implies-mult)
} note two’ = this

from two one show refl-step: (subst-term-mset u 8, subst-term-mset s o) €
(mult {<2})~
by (meson transD trans-mult trans-on-converse trans-on-reficl)
qed
qed
qed

lemma narrowing-right-linear-one-step-simulation: fixes R :: ('f,'v)trs
assumes (s - 0, t) € rstep R
and lins: linear-term s
and right-lin: A\ Ir. Ir € R = linear-term (snd Ir)
and var-cond: A\ Ir. Ir € R = vars-term (snd Ir) C vars-term (fst Ir)
shows (3 0. t = s - & A (subst-term-mset s 0, subst-term-mset s o) € multl
(rstep R) 1))
V(3 pdu t=u-4dA linear-term u A (s,u) € narrow-step-s R p A o = p oy
)
A (subst-term-mset u 8, subst-term-mset s o) € (mult {<1})7)
proof —
from assms(1) obtain I r p p where step: (s - o, t) € rstep-r-p-s R (I,r) p p
by (meson rstep-iff-rstep-r-p-s)
from this[unfolded rstep-r-p-s-def’ Let-def, simplified)
have Ir: (I,r) € R by auto
from right-lin[OF this] have lin: linear-term r by auto
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from var-cond[OF Ir] have vars-term r C vars-term [ by auto
from narrowing-right-linear-one-step-simulation-r-p-s|OF step lins lin this]
show ?thesis unfolding narrow-step-s-def by blast

qed

lemma rstep-instance-imp-narrows-r-p-s: assumes step: (s - o,t) € rstep-r-p-s R
rpT
and noto: p € poss s is-Fun (s |- p)
shows 3 p p2 6 u. (s,u) € narrows-r-p-s RrpuANs-c=s-pu-0ANt=u-
ONOC=pog 6 ANT=pu2o040
proof —
from step[unfolded rstep-r-p-s-def’] have r: r € Rand id: s - o |-p=fstr -7
and &: t = replace-at (s - o) p (snd v - 7) by auto
from noto(1) id have s |- p - 0 = fst r - 7 by auto
from mgu-vd-complete[OF this, of ren] obtain u! p2 6 where
mgu: mgu-vd ren (s |- p) (fst r)
= Some (p1, p2) and o: 0 = pl og d and 7: 7 = p2 o, 6 and id: s |- p - ul
= fst r - u2 by auto
have narr: (s,replace-at (s - p1) p (snd r - p2)) € narrows-r-p-s R r p 1
unfolding narrows-r-p-s-def using noto r mgu by auto
show ?thesis
proof (intro exl conjl, rule narr)
show s - 0 = s - ul - § unfolding o by simp
show t = replace-at (s - ul) p (sndr - p2) -6
unfolding ¢ o 7 using noto (1)
by (simp add: ctzt-of-pos-term-subst)
qed (rule o, rule T)
qed

lemma narrows-r-p-s-imp-rstep-r-p-s: assumes narr: (s,t) € narrows-r-p-s R r p
1
shows 3 6. (s - p, t) € rstep-r-p-s Rrpd
proof —
from narrunfolded narrows-r-p-s-def] obtain p2 where p: p € poss s
and m r € R
and mgu: mgu-vd ren (s |- p) (fst r) = Some (p, p2)
and t: t = replace-at (s - p) p (snd r - u2) by auto
from p have pu: p € poss (s - p) by auto
from mgu-vd-sound[OF mgu] have id: s |- p - p = fst r - u2 by simp
show ?thesis
by (rule exI[of - p2], unfold rstep-r-p-s-def’ t, insert r p pu id, auto)
qged
lemma narrows-r-p-s-imp-rstep: assumes narr: (s,t) € narrows-r-p-s R rp u
shows (s - u, t) € rstep R
using narrows-r-p-s-imp-rstep-r-p-s|OF narr]

using rstep-r-p-s-imp-rstep by blast

lemma narrow-step-s-to-rstep: (s,t) € narrow-step-s R yu = (s - u, t) € rstep R
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using narrows-r-p-s-imp-rstep[of s t R - - p]
unfolding narrow-step-s-def by auto

lemma rstep-imp-narrows-r-p-s: assumes step: (s,t) € rstep-r-p-s Rrp 7

and wf: wf-trs R

shows 3 u d u. (s,u) € narrows-r-p-s RrpuANs=s-pu-dANt=u-0Au=
t-uApogd= Var
proof —

from wf[unfolded wf-trs-def] have var-cond: A\ I r. (I,r) € R = is-Fun | by
force

from wf[unfolded wf-trs-def] have var-cond”: \ I r. (I,r) € R = vars-term r
C wvars-term [ by force

from steplunfolded rstep-r-p-s-def’] have p: p € poss s and r: r € R and id: s
|-p- Var = fstr -t
and ¢: ¢t = replace-at s p (snd r - T)
by auto
obtain 1 r1 where Irl: r = (l1,r1) by force
from var-cond[OF r[unfolded Ir1]] have is-Fun: is-Fun (s |- p) using id lr! by
(cases U1, auto)
from mgu-vd-complete[OF id, of ren] obtain u1 u2 § where
mgu: mgu-vd ren (s |- p) (fst r)
= Some (u1, p2) and Var: Var = pl oy § and 7: 7 = pu2 o, ¢ and id: s |-
p-ul = fstr- u2 by auto
define u where u = replace-at (s - ul) p (snd r - pu2)

have narr: (s, u) € narrows-r-p-s R r p pl
unfolding narrows-r-p-s-def u-def using is-Fun p r mgu by auto
from narrows-r-p-s-imp-rstep| OF this] have (s - ul, u) € rstep R .

with var-cond’ have vsu: vars-term (s - ul) 2 vars-term u
unfolding rstep.simps by (force simp: vars-term-ctzt-apply vars-term-subst)

have 3 y. ul z = Var y for z using arg-cong[OF Var, of \ . o z, unfolded
subst-compose-def]
by (cases p1 x, auto)
then obtain p1’ where p1: p1 = Var o p1’ unfolding o-def by metis
have dmu: 6 (u1’z) = Var z for z using arg-cong| OF Var[unfolded 11 subst-compose-def
o-def], of X 0. o 1]
by simp
have u - (§ o5 ul) = u - Var
proof (rule term-subst-eq)
fix z
assume z € vars-term u
with vsu obtain y where z € vars-term (ul1 y)
by (auto simp: vars-term-subst)
from this[unfolded 1]
have p1”: u1' y = z by simp
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from omulof y, unfolded this]
have 0 x = Var y by auto
from arg-cong|OF this, of A t. t - ul]
show (0 o; ul) x = Var z unfolding subst-compose-def
unfolding p1 o-def using 1’ by simp
qed
hence uu: v - § - p1 = u by auto

have s s = s - 1 - § using Var by (simp add: eval-subst)
have tu: t =u - ¢
unfolding ¢ 7 u-def using p Var
by (simp add: ctxt-of-pos-term-subst)
have ut: u =1 - pl
by (subst uu[symmetric], unfold tu, auto)
show ?thesis
by (intro exl conjl, rule narr, rule s, auto intro: tu ut simp: Var)
qed

lemma rstep-imp-narrows-s: assumes step: (s,t) € rstep R
and wf: wf-trs R
shows 3 1§ u. (s,u) € narrow-step-s RuANs=s-p-0ANt=u-0ANu==t-p
A pogd = Var
proof —
from step obtain r p 7 where (s,t) € rstep-r-p-s R rp 7
using rstep-iff-rstep-r-p-s by blast
note main = rstep-imp-narrows-r-p-s|OF this]
from main[OF wf] obtain u § u
where *: (s, u) € narrows-r-p-s Rrppus=s-pu-0t=u-0u==1%-p o
0 = Var
by fast
thus ?thesis unfolding narrow-step-s-def by fast
qed

lemma rstep-imp-narrows: assumes step: (s,t) € rstep R
and wf: wf-trs R
shows 3 p 0 u. (s,u) € narrow-step RAt=u-dANu=t-p
using rstep-imp-narrows-s[OF assms] unfolding narrow-step-to-s by fast

lemma narrow-instance-pos-in-subst: assumes
narr: (¢ -7y, s) € narrows-r-p-s (R = ('f,'v)trs) (I,r) p p
and pos: p ¢ fun-poss t
and wvars: vars-term r C vars-term [
and lin: linear-term (¢ :: ('f,’v)term) linear-term r
shows 3v. t - v =5
proof —
from narrows-r-p-s-imp-rstep-r-p-s|OF narr]
obtain ¢ where (¢ - (y o5 ), s) € rstep-r-p-s R (I,r) p § by auto
from narrowing-right-linear-one-step-simulation-r-p-s| OF this lin vars] pos
show ?thesis by auto
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qed

lemma narrow-instance-pos-in-term: fixes t :: ('f,’v)term
assumes narr: (t, s) € narrows-r-p-s R (I, r) p pl
and narr-inst: (t - v, u) € narrows-r-p-s R (I, r) p p2
shows 39. s- 0 = u A vyos u2 =pl o5 d
proof —
define C where C = ctat-of-pos-term p t
define ¢p where tp = ¢ |- p
from narr[unfolded narrows-r-p-s-def fst-conv snd-conv] obtain 1’ where
p: p € poss t and mgu: mgu-vd ren tp | = Some (ul, pu1’)
and s: s = (ctat-of-pos-term p (t - pul1)){(r - ul’) using tp-def by blast
have ctat: ctat-of-pos-term p (¢t - u1) = C - pl for pl :: ('f,'v)subst
using p unfolding C-def by (rule ctzt-of-pos-term-subst)
from s this
have s: s = (C .. p1){r - u1') by auto
have t: ¢ = C ( tp ) using p unfolding C-def tp-def
by (simp add: ctxt-supt-id)
from mgu-vd-sound|OF mgu] have mul: tp - ul =1 - p1’ by auto
from p have ¢ - v |- p = tp - v unfolding tp-def by auto

with narr-inst[unfolded narrows-r-p-s-def fst-conv snd-conv, simplified)

obtain 2’ where mgu2: mgu-vd ren (tp - v) | = Some (2, p2’)
and u: u = (ctet-of-pos-term p (t - (v 05 u2))){(r - u2’ by auto

from u[unfolded ctxt]

have u: u = (C - (v o5 u2)){r - p2’y by simp

from mgu-vd-sound[OF mgu2] have tp - (y o5 pu2) =1 - p2’ by auto
from mgu-vd-complete[OF this, of ren, unfolded mgu]
obtain ¢ where delt: v o, u2 = pul og 6 p2' = pul' os 6 tp - ul =1 - pul’ by
auto
show ?thesis unfolding s u using delt
by (intro exI[of - d], auto)
qed

lemma SN-on-narrows-imp-SN-on-rstep: fixes R :: ('f,'v)trs
assumes SN-on (narrow-step R) {s}
and wf: wf-trs R
shows SN-on (rstep R) {s}
proof
fix ¢
assume start: t 0 € {s} and steps: V i. (t i, t (Suc i)) € rstep R
hence t0s: t 0 - Var = s by auto

define step-cond where step-cond = (A (i :: nat) ti (oi = ('f,’v)subst) tsi (osi
o ('f,"v)subst). (ti, tsi) € narrow-step R)

note simu = dependent-nat-choice2-start[of X\ iu p. ti- p = us Var step-cond,
OF t0s]
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fix v and p 2 (’f,'v)subst and n

assume v: tn - pu="v

from steps have (¢ n, t (Suc n)) € rstep R by auto

hence (v, ¢t (Suc n) - pu) € rstep R unfolding v[symmetric] ..

from rstep-imp-narrows|OF this wf]

obtain p' v where (v, u) € narrow-step R u =t (Sucn) - p - p
by blast

hence 32’ y'. t (Suc n) - y' =z’ A step-cond n v p z' y’
unfolding step-cond-def
by (intro exI[of - u] exl[of - u os '], auto)

!

from simu|OF this, unfolded step-cond-def] obtain u where
ul =s
(u i, u (Suc 7)) € narrow-step R for i
by blast

thus False using «(SN-on (narrow-step R) {s}» by blast
qed

lemma exists-narrow-steps-to-infinite-rsteps: fixes R :: ('f,'v)trs
defines Q = A (n :: nat) s (o = ('f,'v)subst) u (6 :: ('f,"v)subst).
(3 p. (s,u) € narrow-step-s R u A 0 = p o5 0)
assumes wf: wf-trs R
and single-steps: Anso. Pnso = 3ud. P (Sucn) udANQnsoud
and PO0: POr o
shows = SN-on (narrow-step R) {r}
= SN-on (rstep R) ((narrow-step R)* ““{r})
proof —
from dependent-nat-choice2-start[of P r o Q, OF PO single-steps]
obtain s 6 where 0: s 0 =rd 0 =0
and x: Pn (sn) (6 n)V n. @n (sn) (6 n) (s (Sucn)) (§ (Suc n)) for n by
blast
from choice[OF x(2)[unfolded @Q-def]] obtain u
where steps: A\ i. (s 4, s (Suc 7)) € narrow-step-s R (p 7)
and 0: N\ i.0 i = pios 0 (Suci)
by auto
define v where v = rec-nat Var (A i 7. v os p 1)
have v: v 0 = Var A i. v (Suc i) = v i o5 p i unfolding ~v-def by auto
define ¢t where t =7 - ¢

have 0: 0 = v i 04 0 7 for ¢
proof (induct i)
case (Suc 17)
thus ?case by (simp add: d[of i] v subst-compose-assoc)
qed (auto simp: 0 )
have rsteps: (si - p i, s (Suc i)) € rstep R for i using narrow-step-s-to-rstep| OF
steps[of 1] .
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fix ¢
from rstep-vars-term[OF - rsteps] wf
have vars-term (s i - p i) D vars-term (s (Suc 7))
by (auto simp: wf-trs-def)
} note vars-si = this

have vars: vars-term (s i) C vars-term (r - v 7) for ¢
proof (induct i)

case (Suc 17)

with vars-si[of i] show ?Zcase by (force simp: vars-term-subst )
qed (auto simp: 0 )

have tsy: t = r - vy i - § i for ¢ unfolding t-def o[of i] 0 by simp

from steps have nsteps: (s i, s (Suc ©)) € narrow-step R for i
unfolding narrow-step-to-s by auto
with 0(1) show — SN-on (narrow-step R) {r} by force

define meas-fun where meas-fun i = size (funs-term-ms (r - v 1)) for ¢
define dmeas-fun where dmeas-fun i = size (funs-term-ms t) — meas-fun i for

{
fix 7

define rg where rg = r - v i
have sub: vars-term (s i) C vars-term rg using vars[of i] unfolding rg-def by
auto

let 2diff =Y 4 ((funs-term-ms oo p) i ‘¥ vars-term-ms rg)
have bnd: meas-fun (Suc i) < size (funs-term-ms t)
unfolding tsy[of Suc 7] meas-fun-def funs-term-ms-subst-apply by simp

have funs-term-ms (r - v (Suc ©)) = funs-term-ms (rg - p i) unfolding v rg-def
by simp
also have ... = funs-term-ms rg + sum-mset ((funs-term-ms o p i) ‘“#
vars-term-ms rq)
unfolding funs-term-ms-subst-apply o-def by simp
finally have id: funs-term-ms (r - v (Suc 7)) = funs-term-ms rg + ?diff
by auto
from arg-cong[OF this, of size]
have meas: meas-fun (Suc i) = meas-fun i + size ?diff
by (auto simp: meas-fun-def rg-def)
hence meas-fun (Suc i) > meas-fun i by auto
with bnd have le: dmeas-fun (Suc i) < dmeas-fun i unfolding dmeas-fun-def
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by auto
{
assume 3 z € vars-term (s ©). is-Fun (u ¢ x)
with sub obtain z where x: © €# vars-term-ms rg and f: is-Fun (u i z) by
auto
then obtain zs where vars: vars-term-ms rg = add-mset x zs by (metis
mset-add)
with f have size ?diff # 0 by (cases p i z, auto)
hence meas-fun (Suc i) > meas-fun i unfolding meas by linarith
with bnd have dmeas-fun (Suc i) < dmeas-fun i unfolding dmeas-fun-def
by auto
}
note le this
} note dmeas = this

have 3j. Vi>j. (dmeas-fun i, dmeas-fun (Suc i)) € {(z, y). y < z} — {(z, ). y
< z}
by (rule non-strict-endinglof dmeas-fun], insert dmeas SN-nat-gt, auto simp:
SN-defs)
then obtain j where dmeas-eq: \ i. i > j = dmeas-fun (Suc i) = dmeas-fun
i by fastforce

have muVar: p i ‘ vars-term (s i) C range Var if ¢ > j for i
using dmeas-eq[OF that] dmeas(2)[of i] by force

define vs where vs i = vars-term (s (i + j) - p (i + j)) for ¢
have fin[simp,intro]: finite (vs i) for ¢ unfolding vs-def by auto
define meas-var where meas-var i = card (vs i) for 4
{

fix i

assume ¢ > j

from muVar[OF this) have V z. 3y. x € vars-term (s i) — p iz = Vary

by auto
from choice[OF this] obtain ui where A\ z. x € vars-term (s i) = p iz =
Var (ui x)
by auto
hence s i - pi=si- (Var o pi)
by (intro term-subst-eq, auto)

hence 3 pi. si-pi=si- (Var o ui) by auto
}
henceV i.3 p' . i>j—si-pi=si-(Varop') by blast
from choice|OF this] obtain " where

piNici>j=si-ui=si-(Varo (p' i) by blast
{

fix i

have vs (Suc i) = p' (Suc (i + j)) ¢ vars-term (s (Suc (i + j)))
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using p'[of Suc (i + 7)] vs-def[of Suc 1
by (auto simp: vars-term-subst)
also have ... C u/ (Suc (i + 7)) ‘wvs i
using vars-si unfolding vs-def by auto
ultimately have sub: vs (Suc i) C p’ (Suc i + j) ‘ vs i by auto
from card-mono|[OF finite-imagel[OF fin] this)
have meas-var (Suc i) < meas-var i unfolding meas-var-def using card-image-le|OF
fin]
by (metis le-trans)
note sub this
} note meas-var = this

have 3j. Vi>j. (meas-var i, meas-var (Suc 7)) € {(z, y). y <z} — {(z, y). y <
v}
by (rule non-strict-ending|of meas-var], insert meas-var SN-nat-gt, auto simp:
SN-defs)
then obtain k where meas-var-eq: \ i. i > k = meas-var (Suc i) = meas-var
i by fastforce
define [ where [ = Suc k + j

{

fix i

assume : i1 > [

define ¢ where ¢ = i — Suc 0

define i’ where i’ = ¢ — j

have i > k + j and i: it = Suc ¢ and dij: 7 > j using @ unfolding [-def

i-def by auto

hence i: i = i’ + j Suc i’ + j = Suc i i’ > k unfolding i’-def by auto

from meas-var-eq[OF i(8), unfolded meas-var-def]

have card: card (vs (Suc i’)) = card (vs i’) by auto

from meas-var(1)[of i, unfolded i(2)]

have vs (Suc i) C u' (Suc i) ‘wvs i’ by auto

with card have inj-on (u' (Suc 7)) (vs i’)

by (metis card-image-le card-seteq eq-card-imp-inj-on fin finite-imagel)

from this[unfolded vs-def, folded i(1)]

have inj-on (u' (Suc ©)) (vars-term (s i - p ©)) by auto

with vars-si|of ]

have inj-on (p' it) (vars-term (s ii)) unfolding i by (metis inj-on-subset)
} note inj = this

define sl where sl i = s (i + 1) for ¢
{
fix ¢
assume ¢: 7 > [
hence ij: i > j unfolding I-def by auto
let ?V = vars-term (s )
from inj[OF {]
have inj-on (p' i) ¢V .
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from the-inv-into-f-f|OF this]
obtain inv where inv: \ . z € 2V = inv (1’ i ) = z by blast
have si - p i (Var o inv) = si - ((Var o p' ) o5 (Var o inv))
using p'[OF ij] by simp
also have ... = s ¢ - Var
by (rule term-subst-eq, insert inv, auto simp: o-def subst-compose-def)
finally have s i - p i - (Var o inv) = s i by simp
from rstep-subst|OF rsteps|of i], of (Var o inv), unfolded this]
have 3 4. (s i, s (Suc i) - v) € rstep R by auto
}
hence V i. 3 7. (sl i, sl (Suc i) - v) € rstep R unfolding sl-def by simp
from choice|OF this] obtain v where rsteps: (sl i, sl (Suc @) - v i) € rstep R
for ¢
by auto

define v’ where v’ = rec-nat Var (\ i gam. v i o5 gam)
define t where ¢t i = sl i - v’ i for ¢
have rsteps: (t i, t (Suc i)) € rstep R for i
unfolding ¢-def v'-def using rstep-subst|OF rsteps|of i]] by simp
have t0: t 0 = s | unfolding t-def sl-def v’'-def by simp
from rsteps t0 have nSN: = SN-on (rstep R) {s I} by auto

have s [ € (narrow-step R)* ““{r}
proof (induct )
case *: (
with 0 show ?case by auto
next
case (Suc 17)
with nsteps|of i| show ?Zcase by (metis rtrancl-image-advance)
qed
with nSN show — SN-on (rstep R) ((narrow-step R)* ““ {r})
by (metis SN-onFE rsteps t0)
qed

end
end

5 Dershowitz’ Right-Forward Closures for Prov-
ing Termination

Right-Forward Closures (RFC) are defined, and it is shown that termination
on all terms is equivalent to termination starting on RFC for TRSs that are
right-linear, or for overlay TRSs that are locally confluent.
theory Right-Forward-Closure
imports
Linear-Narrowing
First-Order-Rewriting. Critical- Pairs
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Gramlich-Innermost-Switch
begin

context
fixes ren :: 'v :: infinite renaming?2
begin

definition right-forw-closure :: ('f,’v)trs = ('f,’v)term set where
right-forw-closure R = (narrow-step ren R)* “‘ rhss R

lemma right-forw-closure-SN-main: fixes R :: ('f,'v)trs
assumes right-lin: \ Ir. Ir € R = linear-term (snd Ir)
and wf: wf-trs R
and nSN: = SN (rstep R)
shows — SN-on (rstep R) (right-forw-closure R)
proof —
from wf have var-cond: \ Ir. Ir € R = vars-term (snd Ir) C vars-term (fst
Ir)
by (auto simp: wf-trs-def)
from wf have var-cond2: \ Ir. Ir € R = is-Fun (fst Ir)
by (force simp: wf-trs-def)
note simu = narrowing-right-linear-one-step-simulation[of - - - R ren, OF - -
right-lin var-cond)
let ?R = rstep R
let YN = narrow-step ren R
let ?NS = narrow-step-s ren R
let YRFC = right-forw-closure R
have R-to-RFC: lr € R = snd lr € ?RFC for Ir unfolding right-forw-closure-def
by auto
from nSN obtain t where — SN-on (rstep R) {t} unfolding SN-defs by auto
from not-SN-imp-subt-Tinf[OF this] obtain ¢t where ¢ € Tinf (rstep R) by
auto
from Tinf-rstep-imp-first-root-step[ OF this]
obtain tm1 t0 where Tinf: tm1 € Tinf ?R and (tm1,t0) € rrstep R and nt0:
= SN-on ?R {t0} by auto
from this(2) obtain [ r0 o0 where Ir: (I,r0) € R and tmI1: tm! = - 0 and
t0: t0 = r0 - 00
by (rule rrstepE)
have r0-rfc: r0 € ?RFC using R-to-RFC[OF Ir] by simp
have linr: linear-term r0 using right-lin[OF lr] by simp
define SNT where SNT = {t. SN-on ?R {t}}
define stm :: ('f,'v)term = - where stm = subst-term-mset
{
fix z
assume z € vars-term 10
with var-cond[OF lr] have z: z € vars-term | by auto
from var-cond2[OF Ir] obtain f Is where I: | = Fun fIs by auto
with z obtain I where li: li € set [s and z € vars-term li by auto
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hence subt: li - 00 > 00z
by (metis eval-term.simps(1) supteq-subst vars-term-supteq)
hence tm1 > 00 z unfolding tm1 using li
by (metis | subst-image-subterm x)
with Tinf[unfolded Tinf-def] have SN-on ?R {c0 z} by auto
hence 00 x € SNT unfolding SNT-def by auto
}
hence r0-SNT: set-mset (stm 10 c0) C SNT
unfolding subst-term-mset-def stm-def by auto
define Rel where Rel = restrict-SN-supt ?R
define mRel where mRel = mult (Rel ™—1)
have SN-Rel: SN Rel unfolding Rel-def
by (rule SN-restrict-SN-supt-rstep)
hence wf (Rel™—1) by (rule SN-imp-wf)
hence wf-mRel: wf mRel unfolding mRel-def by (rule wf-mult)
define RR where RR = ?R
have R-SNT: (u,v) € R = u € SNT = v € SNT for u v unfolding SNT-def
by (simp add: step-preserves-SN-on)

have supt-SNT: u > v = v € SNT = v € SNT for u v unfolding SNT-def
by fast

{
fixsocd

assume SNT: set-mset (stm s ) C SNT and decr: (stm s 6, stm s o) € mult!
(PR7)
{
fix u
assume u €# stm s §
with decr obtain v where v: v €# stm s 0 and disj: v = v V (v,u) € 7R
unfolding mult1-def RR-def[symmetric] by force
from SNT v have v € SNT by auto
with R-SNT|[OF - this] disj have u € SNT by auto
}
hence SNT': set-mset (stm s §) C SNT by auto
from decr[unfolded multi-def, simplified)
obtain ¢t M K where split: stm s 0 = add-mset t M stm s § = M + K
and steps: \ u. v €# K = (t, u) € ?R by auto
{
fix u
assume u: u €# K
with split SNT SNT' have SNT: t € SNT v € SNT by auto
from steps|OF u] have (t,u) € ?R by auto
with SNT have (u,t) € Rel —1 unfolding Rel-def restrict-SN-supt-def
restrict-SN-def SNT-def by auto
}
hence (stm s §, stm s o) € multl (Rel”—1) unfolding multi-def split by auto
hence (stm s §, stm s o) € mRel unfolding mRel-def by (simp add: mult-def)
note SNT' this
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} note rstep-into-mRel = this

have tr: trans {<}
by (simp add: trans-supt)

{

fixstod
assume SNT: set-mset (stm t ) C SNT and decr: (stm s 6, stm t o) € mult
{<}
from mult-implies-one-step| OF tr decr] obtain I J K
where split: stmto =1+ Jstmsd =1+ K and J: J # {#} and step:
N\ k. ke#K = Fje#J. k < j by auto
{
fix u
assume u €# stm s 0
then obtain v where v €# stm ¢t 0 v = v V v > u unfolding split using
step by auto
with supt-SNT[of v u] SNT have u € SNT by auto
}

hence SNT': set-mset (stm s 6) C SNT by auto
{
fix k
assume k: k €# K
from step|OF this] obtain j where j: j €# J j > k by auto
from SNT SNT'k j have k € SNT j € SNT by (auto simp: split)
with j(2) have (j,k) € Rel unfolding Rel-def restrict-SN-supt-def re-
strict-SN-def SNT-def by auto
hence 3 j €# J. (k,j) € Rel™—1 using j by auto
}
hence (stm s §, stm t o) € mRel
unfolding split mRel-def using one-step-implies-mult|OF J, of K Rel ™—1 I|
by auto
note SNT' this
} note supt-into-mRel = this

define P where P s o = (linear-term s A set-mset (stm s o) C SNT A s €
?RFC) for s o

define narr-step where narr-step s o u pn 6 = ((s, u) € NS u A 0 = p og 9)
for s u :: ('f,’v)term and p o 6 :: ('f,’v)subst

define step-cond where step-cond s tud = (t =u-95 A
Pud A ((stmud, stmso) € mRel V stmud = stmso A (Iu. narr-step s

o u i 6)
for soctdu

{

fix s :: ('f,/’v)term and o ¢
assume P so and (s -0, t) € 7R
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hence lin: linear-term s (s - 0, t) € ?R and SNT: set-mset (stm s 0) C SNT
and RFC: s € 7RFC
by (auto simp: P-def)
from simu[OF this(2,1)] obtain p 6 u where
(t=13s-0A (stmsd, stms o) € mult] ((rstep R)~1)) v
(t = u-d A linear-term u A (s, u) € ¢NS pu A
(stm u d, stm s o) € (mult {<})= A
((stm u 0, stm s o) € mult {<} V narr-step s o u p 0)) (is A V ¢B)
by (auto simp: stm-def narr-step-def)
hence 3 u.t=u-6 APud A
((stm u 6, stm s o) € mRel V stm u 6 = stm s 0 A narr-step s o u
5)
proof
assume ?4
with rstep-into-mRel[OF SNT, of 4]
have t = s -0 A (stm s d, stm s 0) € mRel A set-mset (stm s 6) C SNT by
blast
with 24y RFC lin show ?thesis unfolding P-def
by (intro exI|of - s|, auto)
next
assume ?B
hence B: t = u - § linear-term u (s, u) € ?NS p (stm u §, stm s o) € (mult
{<h)~
and disj: (stm u J, stm s o) € mult {<} V narr-step s ¢ u pu § by auto
note supt = supt-into-mRel[OF SNT, of u 4]
from B(3) have (s,u) € ?N unfolding narrow-step-def narrow-step-s-def by
fastforce
with RFC have RFC: u € ?RFC unfolding right-forw-closure-def by (metis
rtrancl-image-advance)
from B(4) supt SNT have SNT: set-mset (stm u §) C SNT by auto
show ?thesis
proof (cases (stm u 0, stm s o) € mult {<})
case True
from B True supt lin RFC show ?thesis by (auto simp: P-def)
next
case Fulse
with B(4) have eq: stm u § = stm s o by auto
from disj False eq B lin RFC SNT show ?thesis unfolding P-def by blast
qed
qed
hence 3 u 0. step-cond s o t u & by (auto simp: step-cond-def)
} note simu = this

have P0: P r0 o0 unfolding P-def using linr r0-SNT R-to-RFC|OF Ir] by
force

from nt0 obtain ¢ where ¢t 0 = t0 and steps: A 4. (¢t 4, t (Suc 7)) € ?R by
auto

hence 70 - 00 = t 0 using t0 by auto
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with PO have r0 - 60 =t 0 A P r0 00 by auto
note dep-choice = dependent-nat-choice2-start[of X i s sig. s - sig =11 AN P s
stg r0 o0
X i pl p2ql q2. step-cond p1 p2 (t (Suc 7)) q1 2, OF this]
{

fix s sig i
assume s - sig =t i A P s sig
with simu[of s sig t (Suc )] steps|of i| obtain u § where
x: step-cond s sig (t (Suc 7)) u § by auto
let ?¢ = (u,0)
from * have u - § = ¢ (Suc i) AN Pu o
unfolding step-cond-def by auto
with x have
Fud (u-d=1t(Suci) AN Pud)A
step-cond s sig (t (Suc i)) u 6 by auto
}
from dep-choice| OF this| obtain r o where
x: P (ri)(ci)ri-oi=tistep-cond (ri) (o) (t (Suc 7)) (r (Suc i) (o
(Suc 7)) for ¢
by blast
define stmp where stmp i = stm (r i) (o 7) for i
{
fix i
have (stmp 4, stmp (Suc 7)) € Id U mRel™—1
unfolding stmp-def using *(3)[of i] unfolding step-cond-def by auto
}

hence rel-chain: ¥ 4. (stmp i, stmp (Suc 7)) € Id U mRel ™—1 by auto
from wf-mRel have SN: SN (mRel™—1)
by (simp add: SN-iff-wf)
have 3j. Vi>j. (stmp i, stmp (Suc 7)) € Id — mRel™!
by (rule non-strict-ending[OF rel-chain], insert SN, auto simp: SN-def)
then obtain j where eg-steps: A i. i > j = (stmp i, stmp (Suc ©)) € Id —
mRel"—1 by auto
from *(1)[of j, unfolded P-def]
have rj: 7 j € RFC by auto
{
fix nso’
from eg-steps[of n + j] *(3)[of n + j, unfolded step-cond-def)
obtain p where narr-step (r (n + j)) (o (n + 7)) (r (Suc (n + 7)) p (o (Suc
(n + 7))
using stmp-def by fastforce
hence s=r(n+j)ANo'=c(n+j) = Jud. (u=r(Sucn+jANd=0
(Sucn + 7)) A Qp. (s, u) € 2NS u Ao’ =pogd)
by (intro exI[of - r (Suc (n + j))] exI[of - o (Suc (n + j))], unfold narr-step-def,
auto)
}
from exists-narrow-steps-to-infinite-rsteps|OF wf, of X i t sig. t = r (i + j) A
sig=o0c (i +j) renrjoj,
OF this]
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have main: = SN-on ?N {r j} = SN-on ¢R (?N* “{rj})
by auto

from rj main(1) have = SN-on ?N (rhss R) unfolding right-forw-closure-def
by (metis SN-on-Image-rtrancl-iff SN-on-def singletonD)

from rj main(2) show = SN-on ?R (right-forw-closure R)
unfolding right-forw-closure-def
by (metis Image-singleton-iff SN-on-def rtrancl-image-advance-rtrancl)

qed

theorem right-linear-SN-rstep-RFC:
assumes wf: wf-trs R
and rlin: Nlr. Ir € R = linear-term (snd Ir)
shows SN (rstep R) «— SN-on (rstep R) (right-forw-closure R) (is ?A = ¢B)
proof
show ?A — ?B by force
next
assume ?B
with right-forw-closure-SN-main[OF rlin wf]
show ?A by blast
qed

context
fixes R :: ('f,'v)trs
assumes wf: wf-trs R
and WCR: WCR (rstep R)
and overlay: A\ | r. (False,l,r) ¢ critical-pairs ren R R
begin

lemma WCRO-not-SN-imp-non-terminating-innermost-rhs-instance:
assumes — SN (rstep R)
shows 3 r 0. r € rhss R A = SN-on (inn-rstep R) {r - o} A o ‘ vars-term r C
NF (rstep R)
proof —
let ?R = rstep R
let ?IR = inn-rstep R
from WCR have WCR-on (rstep R) {t. SN-on (rstep R) {t}}
unfolding WCR-on-def by auto
from SN-innermost-switch-locally-confluent-overlay| OF this overlay wf] assms
have — SN ?IR by auto
then obtain t0 where — SN-on ?IR {t0} unfolding SN-defs by blast
from not-SN-imp-subt-Tinf[OF this| obtain tI where t1 € Tinf ?IR by blast
from Tinf-inn-rstep-imp-first-root-step| OF this]
obtain s t where (s, t) € inn-rrstep R and nSN: = SN-on ?IR {t} by auto
from inn-rrstep.cases|OF this(1)] obtain [ r o where Ir: (I,r) € R
and NF: set (args (I - 0)) C NF-trs Rand t: t = r - o and s = | - 0 by metis
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hence r: r € rhss R by auto
from NF have NF: \ u. u <l -0 = u € NF-trs R
by (metis (no-types, lifting) NF-subterm subset-iff
subterm.dual-order.strict-iff-order supteq.cases term.sel(4))
show ?thesis
proof (intro exI|of - 7] exI[of - o] conjI r nSN[unfolded t])

fix z
assume z € vars-term r
hence z € vars-term [ using Ir wf[unfolded wf-trs-def] by auto
hence | > Var z using Ir wf[unfolded wf-trs-def] by (cases I, auto)
hence [ - 0 > Var z - o by blast
from NF[OF this| have o © € NF (rstep R) by auto

}

thus ¢ ‘vars-term r C NF-trs R by auto

qged
qed

lemma WCRO-one-step-simulation-by-narrowing: fixes s :: ('f,'v)term
assumes nSN: = SN-on (inn-rstep R) {s - o}
and NF-sigma: o ‘ vars-term s C NF (rstep R)
shows 3 u p 6. (s,u) € narrow-step-s ren R
A = SN-on (inn-rstep R) {u - §}
A0 ‘wars-term u C NF (rstep R)
ANo=posd
proof —
let ?Q = lhss R
let ?IR = inn-rstep R
let R = rstep R
define VS where VS = vars-term s
from nSN obtain t where step: (s - o, t) € ?IR and nSN: - SN-on ?IR {t}
by (meson step-reflects-SN-on)
from inn-rstep.cases|OF step| obtain I r C T
where Cid: s - 0= C{l-71) t = C(r - 1)
and Ir: (I, r) € R
and NF-ltau: set (args (I - 7)) C NF-trs R
by metis
define p where p = hole-pos C
from Cid have p: p € poss (s - o) unfolding p-def by auto
from Cid have unif: s - o |- p = | - 7 unfolding p-def by auto
from Cid have t: t = replace-at (s - o) p (r - 7) unfolding p-def by auto
from NF-ltau have NF-ltau: \ v. u < l-7 = u € NF ?R
by (metis (no-types, lifting) NF-subterm subset-iff
subterm.dual-order.strict-iff-order supteq.cases term.sel(4))
from poss-subst-choice| OF p| consider (p) p € poss s is-Fun (s |- p)
| (sigma) © ¢ where z € vars-term s ¢ € poss (c ) s-0 |-p=o0
by auto
thus ?thesis
proof cases

z|-q

50



case sigma
from sigma(2,3)[unfolded unif] obtain C where c z = C (- 7)
by (metis ctat-supt-id)
from rstepI[OF Ir this refl] NF-sigma sigma(1) have False by auto
thus ?thesis ..
next
case p
with unif have unif: s |-p - o =1-7 by auto
from mgu-vd-complete[OF this, of ren]
obtain ! p2 § where mgu: mgu-vd ren (s |- p) | = Some (1, pn2)
and sigma: 0 = pl os § and tau: 7 = p2 og 6 and unif: s|-p-pul =1- p2
by auto
define C where C = ctzt-of-pos-term p s
from p have Cmu: C -, pl = ctat-of-pos-term p (s - pl) for pl == ('f,"v)subst
unfolding C-def
by (auto simp: ctxt-of-pos-term-subst)
define u where u = (C - pl)(r - pu2)
have (s, u) € narrows-r-p-s ren R (I,r) p pl
unfolding narrows-r-p-s-def u-def Cmu using p Ir mgu by auto
hence narr: (s, u) € narrow-step-s ren R 1 unfolding narrow-step-s-def by
blast

have t = (C -. ) ( r - 7 ) unfolding ¢t Cmu by simp
also have ... = u - § unfolding sigma tau u-def

by simp
finally have tu: t = u - ¢ .

with nSN have nSN: = SN-on ?2IR {u - 0} by simp

from wf[unfolded wf-trs-def] Ir have vc: vars-term r C vars-term | by auto
from NF-sigma have NF: x € VS = o z € NF ?R for z by (auto simp:
VS-def)

{

fix v
assume v € § ‘ vars-term u

then obtain z where z € vars-term u and v: v = § x by auto
from this[unfolded u-def] have x € vars-ctzt (C -. pl1) V z € vars-term (r -
12)
by (simp add: vars-term-ctzt-apply)
hence z € vars-term (s - ul)
proof
have s = C ( s |- p ) unfolding C-def using p
by (simp add: ctzt-supt-id)
from arg-cong[OF this, of A\ t. t - pl]
have smul: s - pul = (C -c ul){(s|-p- pul) by auto
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assume z € vars-ctat (C - pl)
thus z € vars-term (s - 1) unfolding smul
by (simp add: vars-term-ctzt-apply)
next
from p have vars-sp: vars-term (s |-p) C vars-term s by (metis vars-term-subt-at)
assume z € vars-term (r - p2)
with vc have z € vars-term (I - p2)
by (auto simp: vars-term-subst)
from this[folded unif] vars-sp show x € vars-term (s - pl)
by (auto simp: vars-term-subst)
qed
hence v € § ‘ vars-term (s - p1) unfolding v by auto
from this[unfolded vars-term-subst VS-def[symmetric])
have v € 0 “|J (vars-term ‘pu1 < VS) .

then obtain z y where z € VS and y: y € vars-term (pl z) and v: v = §
y by auto

from NF[OF this(1)] have NF: o0 x € NF ¢R by auto

from y have Var y < pl1 x by auto

hence Var y - § < u1 x - § by blast

hence v < o z unfolding sigma v by (auto simp: subst-compose-def)

with NF have v € NF ?R by (rule NF-subterm,)

}

hence NFu: § ‘ vars-term u C NF ?R by auto

show ?thesis
by (intro exI[of - u], rule exI[of - 1], rule exI[of - 0], intro conjl narr nSN
sigma NFu)
qed
qed

lemma WCRO-not-SN-rstep-imp-not-SN-rstep: assumes — SN (rstep R)
shows — SN-on (rstep R) (right-forw-closure R)
proof —
define nfs :: bool where nfs = undefined
define P where P (n :: nat) (r :: ('f,’v)term) o = (o ‘ vars-term r C NF-trs R
A = SN-on (inn-rstep R) {r - o})
fornro
from WCRO-not-SN-imp-non-terminating-innermost-rhs-instance| OF assms]
obtain r 0 where PO0: PO r o and r: r € rhss R
unfolding P-def by auto
define Q where Q (n :: nat) s (o == ('f,’v)subst) u (6 = ('f,'v)subst) =
(3 p. (s,u) € narrow-step-s ren R p AN o = pog d)fornso ud
have Pnso = 3ud. P (Sucn)ud N Qnsoudforsno
using WCRO-one-step-simulation-by-narrowing|of s o]
unfolding P-def Q-def by auto
from exists-narrow-steps-to-infinite-rsteps|OF wf, of P ren r o, OF this[unfolded

Q-def] PO]
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have main: = SN-on (narrow-step ren R) {r} = SN-on (rstep R) ((narrow-step
ren R)* “{r}) by auto

from r have (narrow-step ren R)* ““ {r} C right-forw-closure R
unfolding right-forw-closure-def by auto
with main(2) show — SN-on (rstep R) (right-forw-closure R) unfolding SN-defs
by blast
from main(1) have = SN-on (narrow-step ren R) (rhss R) using r by fast
qed
end

theorem WCRO-SN-rstep-RFC: assumes wf: wf-trs R
and WCR: WCR (rstep R)
and overlay: A\ 1 r. (False,l,r) ¢ critical-pairs ren R R
shows SN (rstep R) <— SN-on (rstep R) (right-forw-closure R) (is ?A = ?B)
proof
show ?A — ?B by force
next
assume ?B
with WCRO-not-SN-rstep-imp-not-SN-rstep] OF assms] show ?A by blast
qged
end
end
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