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Abstract

We formalize the Riesz-Markov-Kakutani representation theorem
following pp.37-47 of the book Real and Complex Analysis by Rudin [1].
This entry also includes formalization of regular measures, tightness of
measures, and Urysohn’s lemma on locally compact Hausdorff spaces.
Roughly speaking, the theorem states that if ¢ is a positive linear
functional from C(X) (the space of continuous functions from X to
complex numbers which have compact supports) to complex numbers,
then there exists a unique measure p such that for all f € C(X),

o(1) = [ rap.
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1 Urysohn’s Lemma

theory Urysohn-Locally-Compact-Hausdorff
imports Standard-Borel-Spaces.StandardBorel
begin

We prove Urysohn’s lemma for locally compact Hausdorff space (Lemma
2.12 [1))

1.1 Lemmas for Upper/Lower Semi-Continuous Functions

lemma
assumes Az. z € topspace X = fz =gz
shows upper-semicontinuous-map-cong:
upper-semicontinuous-map X f «— upper-semicontinuous-map X g (is %g1)
and lower-semicontinuous-map-cong:
lower-semicontinuous-map X f «— lower-semicontinuous-map X g (is 2¢92)
proof —
have [simp]:\a. {z€topspace X. fz < a} = {x€topspace X. g x < a}
Na. {z€topspace X. fx > a} = {z€topspace X. g x > a}
using assms by auto
show %g1 %92
by (auto simp: upper-semicontinuous-map-def lower-semicontinuous-map-def)
qed

lemma upper-lower-semicontinuous-map-iff-continuous-map:
continuous-map X euclidean f «—— upper-semicontinuous-map X f N lower-semicontinuous-map
Xf
using continuous-map-upper-lower-semicontinuous-lt
lower-semicontinuous-map-def upper-semicontinuous-map-def
by blast

lemma [simpl:
shows upper-semicontinuous-map-const: upper-semicontinuous-map X (Az. c)
and lower-semicontinuous-map-const: lower-semicontinuous-map X (Az. c)
using continuous-map-const|[of - euclidean c]
unfolding upper-lower-semicontinuous-map-iff-continuous-map by auto

lemma upper-semicontinuous-map-c-add-iff:
fixes c :: real
shows upper-semicontinuous-map X (Az. ¢ + fx) —— upper-semicontinuous-map
Xf
proof —
have [simp]: c + fz < a+«— fx <a— cforza
by auto
show ?thesis
by (simp add: upper-semicontinuous-map-def) (metis add-diff-cancel-left”)
qed



corollary upper-semicontinuous-map-add-c-iff:

fixes ¢ :: real

shows upper-semicontinuous-map X (Az. fz + ¢) «—— upper-semicontinuous-map
Xf

by (simp add: add.commute upper-semicontinuous-map-c-add-iff)

lemma upper-semicontinuous-map-posreal-cmult-iff:
fixes ¢ :: real
assumes ¢ > 0
shows upper-semicontinuous-map X (Ax. ¢ * fx) «—— upper-semicontinuous-map
Xf
proof —
have [simp]: cx fr < a«— fz <a/ cforza
using assms by (simp add: less-divide-eq mult.commute)
thus ?thesis
by (simp add: upper-semicontinuous-map-def)
(metis assms less-numeral-extra(3) nonzero-mult-div-cancel-left)
qed

lemma upper-semicontinuous-map-real-cmult:

fixes c :: real

assumes ¢ > 0 upper-semicontinuous-map X f

shows upper-semicontinuous-map X (Az. ¢ x f x)

by(cases ¢ = 0)

(use assms upper-semicontinuous-map-posreal-cmult-iff [simplified dual-order.strict-iff-order]
in auto)

lemma lower-semicontinuous-map-posreal-cmult-iff:
fixes c :: real
assumes ¢ > 0
shows lower-semicontinuous-map X (Az. ¢ x fz) «— lower-semicontinuous-map
Xf
proof —
have [simp]: ¢ x fz > a«— fz > a/ cfor za
by (simp add: assms divide-less-eq mult.commute)
show ?thesis
by (simp add: lower-semicontinuous-map-def)
(metis assms less-numeral-extra(3) nonzero-mult-div-cancel-left)
qged

lemma lower-semicontinuous-map-real-cmult:
fixes c :: real
assumes ¢ > 0 lower-semicontinuous-map X f
shows lower-semicontinuous-map X (Az. ¢ * fx)
by(cases ¢ = 0)
(use assms lower-semicontinuous-map-posreal-cmult-iff [simplified dual-order.strict-iff-order]



in auto)

lemma upper-semicontinuous-map-INF:
fixes f :: - = - = ‘a :: {linorder-topology, complete-linorder}
assumes Ai. i € I = upper-semicontinuous-map X (f ©)
shows upper-semicontinuous-map X (Az. []i€l. fi x)
unfolding upper-semicontinuous-map-def
proof
fix a
have {z € topspace X. ([]i€l. fiz) < a} = (Ji€l. {zctopspace X. fiz < a})
by (auto simp: Inf-less-iff)
also have openin X ...
using assms by (auto simp: upper-semicontinuous-map-def)
finally show openin X {z € topspace X. ([|i€l. fiz) < a} .
qed

lemma upper-semicontinuous-map-clnf:
fixes f :: - = - = ‘a :: {linorder-topology, conditionally-complete-linorder}
assumes [ # {} Az. z € topspace X = bdd-below ((Ai. fiz) ‘1)
and Ai. i € I = upper-semicontinuous-map X (f 7)
shows upper-semicontinuous-map X (Az. [i€l. fi x)
unfolding upper-semicontinuous-map-def
proof
fix a
have [simp|:A\z. © € topspace X = ([i€l. fiz) < a «— (Fze(N\i. fizx) ‘I
z < a)
by (intro cInf-less-iff) (use assms in auto)
have {z € topspace X. ([i€l. fix) < a} = (Ji€l. {zc€topspace X. fiz < a})
by auto
also have openin X ...
using assms by(auto simp: upper-semicontinuous-map-def)
finally show openin X {z € topspace X. ([i€l. fiz) < a} .
qed

lemma lower-semicontinuous-map-Sup:
fixes f :: - = - = ‘a :: {linorder-topology, complete-linorder}
assumes Ai. i € I = lower-semicontinuous-map X (f 7)
shows lower-semicontinuous-map X (Az. | |i€l. fix)
unfolding lower-semicontinuous-map-def
proof
fix a
have {z € topspace X. (| |i€l. fixz) > a} = (Ji€l. {xctopspace X. fix > a})
by (auto simp: less-Sup-iff)
also have openin X ...
using assms by (auto simp: lower-semicontinuous-map-def)
finally show openin X {z € topspace X. (| |i€l. fiz) > a} .
qed

lemma indicator-closed-upper-semicontinuous-map:



assumes closedin X C'
shows upper-semicontinuous-map X (indicator C :: - = 'a :: {zero-less-one,
linorder-topology})
unfolding upper-semicontinuous-map-def
proof safe
fix a:'a
consider a < 0|0 <aa<1]|1<a
by fastforce
then show openin X {z € topspace X. indicator C z < a}
proof cases
case I
then have [simp|:{z € topspace X. indicator C z < a} = {}
by (simp add: indicator-def) (meson order.strict-iff-not order.trans zero-less-one-class.zero-le-one)
show ?thesis
by simp
next
case 2
then have [simp|:{z € topspace X. indicator C'x < a} = topspace X — C
by (fastforce simp add: indicator-def)
show ?thesis
using assms by auto
next
case 3
then have [simp]: {z € topspace X. indicator C z < a} = topspace X
by (simp add: indicator-def dual-order.strict-trans2)
show ?thesis
by simp
qed
qed

lemma indicator-open-lower-semicontinuous-map:
assumes openin X U
shows lower-semicontinuous-map X (indicator U :: - = 'a :: {zero-less-one,
linorder-topology})
unfolding lower-semicontinuous-map-def
proof safe
fix a:'a
consider a < 0|0 <aa<1]|1<a
by fastforce
then show openin X {z € topspace X. a < indicator U x}
proof cases
case I
then have [simp]: {z € topspace X. a < indicator U x} = topspace X
using order-less-trans by (fastforce simp add: indicator-def )
show ?thesis
by simp
next
case 2
then have [simp]:{z € topspace X. a < indicator Uz} = U



using openin-subset|OF assms] by(simp add: indicator-def) fastforce
show ?thesis
by (simp add: assms)
next
case J
then have [simp|:{z € topspace X. a < indicator U z} = {}
by (simp add: indicator-def) (meson dual-order.strict-trans leD zero-less-one)
show ?thesis
by simp
qged
qged

lemma lower-semicontinuous-map-cSup:
fixes f :: - = - = ‘a :: {linorder-topology, conditionally-complete-linorder}
assumes [ # {} Az. z € topspace X = bdd-above ((Xi. fix) ‘1)
and Ai. i € I = lower-semicontinuous-map X (f i)
shows lower-semicontinuous-map X (Az. | |i€l. fi x)
unfolding lower-semicontinuous-map-def
proof
fix a
have [simp|:A\z. © € topspace X = (| |i€l. fiz) > a «—— (Fze(\i. fizx) ‘I
z > a)
by (intro less-cSup-iff) (use assms in auto)
have {z € topspace X. (| ]i€l. fix) > a} = (Ji€l. {zctopspace X. fix > a})
by (auto simp: less-Sup-iff)
also have openin X ...
using assms by (auto simp: lower-semicontinuous-map-def)
finally show openin X {z € topspace X. (| i€l. fiz) > a} .
qed

lemma openin-continuous-map-less:
assumes continuous-map X (euclidean :: ('a :: {dense-linorder, order-topology})
topology) f
and continuous-map X euclidean g
shows openin X {z€topspace X. fz < g z}
proof —
have {z€topspace X. fx < gz} = {x€topspace X. Ir. fo < r A r < gax}
using dense order.strict-trans by blast
also have ... = (Jr. {z€topspace X. fz < r} N {zc€topspace X. r < g z})
by blast
also have openin X ...
using assms by (fastforce simp: continuous-map-upper-lower-semicontinuous-It)
finally show ?thesis .
qed

corollary closedin-continuous-map-eq:
assumes continuous-map X (euclidean :: ('a :: {dense-linorder, order-topology})

topology) f
and continuous-map X euclidean g



shows closedin X {zctopspace X. fz = g x}
proof —
have {zctopspace X. fx = g x} = topspace X — ({z€topspace X. fz < g x} U
{z€topspace X. fz > g x})
by auto
also have closedin X ...
using openin-continuous-map-less|OF assms] openin-continuous-map-less|OF
assms(2,1)]
by blast
finally show ?thesis .
qged

1.2 Urysohn’s Lemma

lemma locally-compact-Hausdorff-compactin-openin-subset:
assumes locally-compact-space X Hausdorff-space X V reqular-space X
and compactin X T openin X VT C V
shows 3 U. openin X U A compactin X (X closure-of Uy N T C U A (X
closure-of U) C V
proof —
have Az W. openin X W =z € W
= (U V. openin X U A (compactin X V A closedin X V) Nz e U
ANUCVAVCW)
using assms(1) by(auto simp: locally-compact-space-neighbourhood-base-closedin| OF
assms(2)] neighbourhood-base-of )
from this[OF assms(4)] have VzeT. 3U W. openin X U A (compactin X W A
closedin X WyNo e UNUC WAWCV
using assms(9) by blast
then have 3 Uz Wz. VzeT. openin X (Uz z) A compactin X (Wz z) A closedin
X(Wezx)ANz e Usax AUz C Woax AN Woez CV
by metis
then obtain Ur Wz where UW: Az. z € T = openin X (Uzz) N\z. z € T
= compactin X (Wz z) N\z. € T = closedin X (Wz z)
Ne.z2eT=zeUzazsNe.2e€T= UzaC Weax Ne. 2€ T = Wzz
cv
by blast
have T' C (JzeT. Uz z)
using UW by blast
hence 3F. finite FANFC Uz ‘TANTCU F
using compactinD[OF assms(3),of Uz ¢ T] UW(1) by auto
then obtain T/ where T finite T' T'C T T C (JzeT'. Uz x)
by (metis finite-subset-image)
have 1:X closure-of |y (Uz ‘ T') = (UzeT'. X closure-of (Uzx z))
by (simp add: T'(1) closure-of-Union)
have 2:A\z. z € T' = X closure-of (Uxz) C Wz z
by (meson T'(2) UW(3) UW(5) closure-of-minimal subsetD)
hence Az. z € T' = compactin X (X closure-of (Uz x))
by (meson T'(2) UW(2) closed-compactin closedin-closure-of subsetD)
then show ?thesis



using T 2 UW by/(fastforce intro!: exI[where x=]z€ T'. Uz z| compactin-Union
stmp: 1)

qed

lemma Urysohn-locally-compact-Hausdorff-closed-compact-support:
fixes a b :: real and X :: 'a topology
assumes locally-compact-space X Hausdorff-space X V reqular-space X

and a < b closedin X S compactin X T disjnt S T
obtains f where continuous-map X (subtopology euclidean {a..b}) ff S C
{a} f* T C {b} disjnt (X closure-of {xEtopspace X. fx # a}) S compactin X (X
closure-of {x€topspace X. fr # a})

proof —

have 3 f. continuous-map X (subtopology euclidean {0..1::real}) f A f S C {0}
ANfET C{1} A disjnt (X closure-of {x€topspace X. fz # 0}) S A compactin X
(X closure-of {zctopspace X. fz # 0})
proof —

define 7 :: nat = real where r = (An. if n = 0 then 0 else if n = 1 then 1
else from-nat-into ({0<..<1} N Q) (n — 2))
have r-01: r 0 = 0 r (Suc 0) = 1

by (simp-all add: r-def)
have r-bij: bij-betw r UNIV ({0..1} N Q)
proof —

have 1:bij-betw (from-nat-into ({0<..<I:real} N Q)) UNIV ({0<..<1} N Q)

proof —

have [simp]:infinite ({0<..<I1:real} N Q)
proof —
have {0<..<1:real} N Q = of-rat ‘ {0<..<1:rat}
by(auto simp: Rats-def)
also have infinite ...
proof
assume finite (real-of-rat ‘ {0<..<1})
moreover have finite (real-of-rat ‘ {0<..<1}) «— finite {0<..<1:rat}
by (auto intro!: finite-image-iff inj-onl)
ultimately show Fulse
using infinite-Too[of 0 1 :: rat] by simp
qed
finally show ?thesis .
qed
show ?thesis
using countable-rat by (auto introl: from-nat-into-to-nat-on-product-metric-pair)
qed
have 2: bij-betw r ({2..}) ({0<..<1} N Q)
proof —
have 3:bij-betw (An. n — 2) {2::nat..} UNIV
by (auto simp: bij-betw-def image-def introl: inj-onl bexl[where z=- + 2])
have 4:bij-betw (An. r (n + 2)) UNIV ({0<..<1} N Q)
using 1 by(auto simp: r-def)
have 5: bij-betw (An. r (Suc (Suc (n — 2)))) {2..} {0<.<1} N Q)
using bij-betw-comp-iff [ THEN iffD1,0F 3 4] by(auto simp: comp-def)



show ?thesis
by (rule bij-betw-cong[THEN iffD1,0F - 5]) (simp add: Suc-diff-Suc
numeral-2-eq-2)
qed
have [simp]: insert (Suc 0) (insert 0 {2..}) = UNIV insert 1 (insert 0
({0<.<Izreal} NQ)) ={0..1} N Q
by auto
show ?thesis
using notin-Un-bij-betw|of 1,0F - - notln-Un-bij-betw[of 0,0F - - 2]] by (auto
simp: r-01)
qed
have r0-min: An.n # 0 «—— r0 < rn
using 7-bij r-01 by (metis (full-types) IntE UNIV-I atLeastAtMost-iff bij-betw-iff-bijections
linorder-not-le not-less-iff-gr-or-eq)
have ri-maz: An.n# 1 — rn<rl
using r-bij r-01(2) by (metis (no-types, opaque-lifting) IntD2 One-nat-def
UNIV-I atLeast AtMost-iff bij-betw-iff-bijections inf-commute linorder-less-linear linorder-not-le)
let ?V = topspace X — §
have openinV: openin X 2V
using assms(4) by blast
have T-sub-V: T C ?V
by (meson DiffI assms(5,6) compactin-subset-topspace disjni-iff subset-eq)
obtain V0 where V0: openin X VO compactin X (X closure-of VO) T C V0
X closure-of VO C 2V
using locally-compact-Hausdorff-compactin-openin-subset| OF assms(1,2) assms(5)
openinV T-sub-V| by metis
obtain VI where VI: openin X VI compactin X (X closure-of V1) T C V1
X closure-of V1 C VO
using locally-compact-Hausdorff-compactin-openin-subset| OF assms(1,2) assms(5)
VO0(1,3)] by metis

arg max

have 3i.i<nAri<rnA{MVm m<nArm<rn—rm<riifn:
n > 2 for n
proof —
have I:{m. m < n A rm<rn}#{}
proof —
have n # 0
using n by fastforce
hence rn # r 0
by (metis UNIV-I r-bij bij-betw-iff-bijections)
hence rn > r 0
by (metis IntE UNIV-I atLeastAtMost-iff bij-betw-iff-bijections order-less-le
r-01(1) r-bij)
hence 0 € {m. m < n A rn>rm}
using n by auto
thus ?thesis
by auto
qed



have 2:finite {m. m < n A rn > rm}
by auto
define ri where i = Max (r ‘{m. m < n A rn>rm})
have ri-1: ri € r “{m. m < n Arn>rm}
unfolding ri-def using 1 2 by auto
have ri-2: Am. m <n=rn>rm=rm<ri
unfolding ri-def by(subst Maz-ge-iff) (use 1 2 in auto)
obtain i where i:ri =rii<nrn>ri
using ri-1 by auto
thus 2thesis
using 7i-2 by(auto intro!: exl[where z=i])
qed
then obtain i where i: An.n> 2 = in<n An.n>2=r(in)<rn
Anm.n>2=m<n=rm<rn=rm<r(in)
by metis

arg min

have dj. j<nArn<rjA{Vmm<nArn<rm-—rj<rm)ifn:
n > 2 for n
proof —
have 1:{m. m <n A rn<rm}#{}
proof —
have n # 1
using n by fastforce
hence rn # r 1
by (metis UNIV-I r-bij bij-betw-iff-bijections)
hence rn < r 1
by (metis IntE One-nat-def UNIV-I atLeastAtMost-iff bij-betw-iff-bijections
order-less-le m-01(2) r-bij)
hence 1 € {m. m <n Arn<rm}
using n by auto
thus ?thesis
by auto
qed
have 2:finite {m. m < n A rn < rm}
by auto
define rj where rj = Min (r “*{m. m < n A rn < rm})
have rj-1: rjer‘{m. m <nArn<rm}
unfolding rj-def using 1 2 by auto
have rj-2: Am. m<n=rn<rm=r1<rm
unfolding rj-def by(subst Min-le-iff) (use 1 2 in auto)
obtain j where jirj =rjj<nrn<rj
using rj-1 by auto
thus ?thesis
using 7j-2 by(auto intro!: exl[where z=j])
qed
then obtain j where j: An.n>2 = jn<nAn.n>2=1r({n) >r
nAnm.n>2=m<n=rm>rn=rm>r(jn)
by metis
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have i2: i 2 =0
by (metis i(1,2) One-nat-def dual-order.refl less-2-cases not-less-iff-gr-or-eq
rl-maz)
have j2: j 2 = 1
by (metis j(1,2) One-nat-def dual-order.refl i(2) i2 less-2-cases not-less-iff-gr-or-eq)
have 3 Vn. Vn. Vnn = (if n = 0 then VO else if n = 1 then V1
else (SOME V. openin X V' A compactin X (X closure-of V) N X closure-of
Vn (jn) CV A X closure-of V.C Vn (i n)))
(isIVn.Vn. Van= 2fn Vn)
proof (rule dependent-wellorder-choice)
fix rnand Vn Vn':: nat = ‘a set
assume h:Ay:nat. y <n=— Vny= Vn'y
consider n > 2 |[n=0|n=1
by fastforce
then show r = ?ifn Vn «—— r = 2if n Vn'
by cases (use i j h in auto)
qed auto
then obtain Vn where Vn-def: An. Vnn = (if n = 0 then VO else if n = 1
then V1
else (SOME V. openin X V' A compactin X (X closure-of V) A X closure-of
Vn (jn) C V A X closure-of V.C Vn (i n)))
by blast
have Vn-0: Vn 0 = V0 and Vn-1: Vn 1 = V1
by (auto simp: Vn-def)
have Vns: (n > 2 — openin X (Vn n) A compactin X (X closure-of Vn n) A
X closure-of Vn (jn) C Vnn A X closure-of Vo n C Vn (i n)) A
(Vk<n.Vi<n.rk < rl — X closure-of Vn 1l C Vn k) (is ?P1 n A
?P2 n) for n
proof (rule nat-less-induct[of - n])
fix n
assume h:Vm<n. P1 m N ?P2 m
show ?P1n A ?P2n
proof
show P1:2P1 n
proof
assume n: 2 < n
then consider n = 2 | n > 2
by fastforce
then show openin X (Vi n) A compactin X (X closure-of Vn n) A
X closure-of Vn (j n) C Vnn A X closure-of Vnn C Vn (i n)
proof cases
case I
have 2:Vn 2 = (SOME V. openin X V A compactin X (X closure-of V)

X closure-of Vn 1 C V A X closure-of VC Vn 0)
by (simp add: Vn-def i2 j2 1)
show ?thesis
unfolding 1 i2 j2 Vn-0 Vn-1 2
by (rule somel-ex)

11



(auto introl: VO V1 locally-compact-Hausdorff-compactin-openin-subset[ OF
assms(1,2)])
next
case 2
then have 1:Vnn = (SOME V. openin X V' A compactin X (X closure-of
V) A X closure-of Vn (jn) C V A X closure-of V.C Vn (i n))
by (auto simp: Vn-def)
show ?thesis
unfolding 1
proof (rule somel-ex)
have ij;jn <nin<nr (in) <r (jn)
using j[of n| i[of n] order.strict-trans 2 by auto
hence maz (jn) (in) < n
by auto
from h[rule-format,OF this] 4j(8) have ¢jsub:X closure-of Vn (j n) C
Vi (i n)
by auto
have jc:compactin X (X closure-of Vn (j n))
proof —
consider jn>2|jn=0]jn=1
by fastforce
then show ?thesis
proof cases
case I
then show ?thesis
using ij(1) h by auto
qed(auto simp: Vn-0 Vn-1[simplified] VO V1)
qed
have jo:openin X (Vn (i n))
proof —
consider in > 2|in=01]in=1
by fastforce
then show ?thesis
proof cases
case I
then show ?thesis
using ij(2) h by auto
qed(auto simp: Vn-0 Vn-1[simplified] VO V1)
qed
show Jz. openin X = A compactin X (X closure-of ) A X closure-of
Vn (jn) Ca A X closure-of z C Vn (i n)
by (rule locally-compact-Hausdorff-compactin-openin-subset[ OF
assms(1,2) je io ijsub))
qed
qed
qed
show ?P2 n
proof (intro alll impI)
fix k1

12



assume kl: k< nl<nrk<rl
then consider n =1 | n > 2
using 7-bij order-neg-le-trans by fastforce
then show X closure-of Vnl C Vn k
proof cases
case [
then have [simp]: k=01 =1
using r-01 kl le-Suc-eq by fastforce+
show ?thesis
using Vn-0 Vn-1 VO V1 by simp
next
case n:2
consider k< ni<n|k=nl<n|k<nl=n
using kl order-less-le by auto
then show ?thesis
proof cases
case 1
with kl(3) h show ?thesis
by (meson nle-le)
next
case k:2
then have k1:X closure-of Vn (j k) C Vn k
using PI n by simp
consider r (jk)=rl|r (k) <rl
using j(3)[OF - - kli(3)] k n by fastforce
then show ?thesis
proof cases
case !
then have j k = [
using 7-bij by (auto simp: bij-betw-def injD)
with k1 show ?thesis by simp
next
case 2
then have X closure-of Vnl C Vn (5 k)
using k h by (meson j(1) n nat-le-linear)
thus ?thesis
using k1 closure-of-mono by fastforce
qed
next
case [:3
consider rk =1 (il) | rk<r (il
using i(3)[OF - - kl(3)] I n by fastforce
then show ?thesis
proof cases
case I
then have £ = 7
using r-bij by (auto simp: bij-betw-def injD)
thus ?thesis
using P1 1(2) n by blast
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next
case 2
then have X closure-of Vn (il) C Vn k

by (metis b i(1) (1) 1(2) n nle-le)

thus ?thesis

by (metis P1 closure-of-closure-of closure-of-mono I(2) n subset-trans)

qed

qed
qed
qged
qed
qed

define Vr where Vr = (Az. let n = THE n. x = r n in Vn n)
have Vr-Vn: Vr (rn) = Vn n for n
proof —
have I:Anm.rn=rm+—n=m
using 7-bij by (auto simp: bij-betw-def injD)
have [simp]:(THE m. rn=1rm) =n
by (auto simp: 1)
show ?thesis
by (simp add: Vr-def)
qed
have Vr0: Vr 0 = VO
using Vr-Vn|of 0] by(auto simp: Vn-0 r-01)
have Vri: Vr1 = VI
using Vr-Vn[of 1] Vn-1 by(auto simp: r-01)
have openin-Vr: openin X (Vr s) if s:s € {0..1} N Q for s
proof —
consider 0 < ss<1|s=0]|s=1
using s by fastforce
then show ?thesis
proof cases
case 1
then obtain n where n > 2s=1rn
by (metis r0-min ri-maz s One-nat-def Suc-1 bij-betw-iff-bijections
bot-nat-0.extremum-unique le-SucE not-less-eq-eq r-bij r-def)
thus ?thesis
using Vns Vr-Vn by fastforce
qed(auto simp: Vr0 Vrl VO V1)
qed
have compactin-clVr: compactin X (X closure-of (Vr s)) if s:s € {0..1} N Q
for s
proof —
consider 0 < ss<1|s=0]s=1
using s by fastforce
then show ?thesis
proof cases
case 1
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then obtain n where n > 2s=1rn
by (metis rO-min ri-max s One-nat-def Suc-1 bij-betw-iff-bijections
bot-nat-0.extremum-unique le-SucE not-less-eq-eq r-bij r-def)
thus ?thesis
using Vns Vr-Vn by fastforce
qged(auto simp: Vr0 Vil VO V1)
qed
have Vr-antimono:X closure-of Vr s C Vrkif his € {0..1} N Q k € {0..1} N
Qk<sforks
proof —
obtain ns nk where n: s = rns k = r nk
by (metis h(1,2) bij-betw-iff-bijections r-bij)
show ?thesis
using Vr-Vn Vnslof maz ns nk] h by(auto simp: n)
qed
define f where f = (A\z. | |s€{0..1} N Q. s x indicat-real (Vr s) z)
define g where g = (Az. [[s€{0..1} N Q. (I — ) * indicat-real (X closure-of
Vrs) z + s)
note [intro!] = bdd-belowl[where m=0] bdd-abovel[where M=1]
note [simp] = mult-le-one
have ne[simp]: {0..1::real} N Q # {}
using Rats-0 atLeastAtMost-iff zero-less-one-class.zero-le-one by blast

have f-lower:lower-semicontinuous-map X f
unfolding f-def
by (auto intro!: lower-semicontinuous-map-cSup lower-semicontinuous-map-real-cmult
indicator-open-lower-semicontinuous-map openin-Vr)
have g-upper:upper-semicontinuous-map X g
unfolding g-def
by (auto introl: upper-semicontinuous-map-cInf upper-semicontinuous-map-real-cmult
indicator-closed-upper-semicontinuous-map
simp: upper-semicontinuous-map-add-c-iff)

have f-01: Az. 0 < fz ANz. fz < 1
proof —
show Az. 0 < fux
unfolding f-def by (subst le-cSup-iff) (auto introl: bexI[where z=0])
show Az. fz < 1
unfolding f-def by (subst cSup-le-iff) (auto introl: bexI[where z=0])
qed
have g-01: N\z. 0 < gz Nz. gz < 1
proof —
show Az. 0 < gz
unfolding g-def by(subst le-cInf-iff) auto
have Az. Vy>1. Jac(As. (I — s) x indicat-real (X closure-of Vi s) x + s) ¢
{0..1}NnQ).a<y
by (metis (no-types, lifting) Int-iff Rats-1 add-0 atLeastAtMost-iff can-
cel-comm-monoid-add-class. diff-cancel image-eql less-eq-real-def mult-cancel-left1 zero-less-one-class.zero-le-on.
thus Az. gz < 1
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unfolding g-def by(subst cInf-le-iff) auto
qed

have disj: disjnt (X closure-of {x€topspace X. fx # 0}) S
and f-csupport:compactin X (X closure-of {xEtopspace X. fx # 0})
proof —
have 1:{zctopspace X. fz # 0} C X closure-of VO
proof —
have {z€topspace X. fx # 0} = {zE€topspace X. fz > 0}
using f-01 by (simp add: order-less-le)
also have ... C X closure-of V0
proof safe
fix z
assume h:x € topspace X 0 < fx
then have Jz€(\s. s x indicat-real (Vrs) z) “({0..1} N Q). 0 < x
by (intro less-cSup-iff THEN iffD1]) (auto simp: f-def)
then obtain s where s: s € {0..1} N Q s x indicat-real (Vr s) x > 0
by fastforce
hence 1:s > 0 0 < indicat-real (Vrs) x
by (auto simp add: zero-less-mult-iff)
hence 2:x € Vrs
by (auto simp: indicator-def)
have Vr s C X closure-of Vr s
by (meson closure-of-subset openin- Vi openin-subset s(1))
also have ... C X closure-of V0
using Vr-antimono[OF - - 1(1)] s(1) by (metis IntI Rats-0 Vr0 atLeastAt-
Most-iff calculation closure-of-mono order.refl order-trans zero-less-one-class.zero-le-one)
finally show z € X closure-of V0
using 2 by auto
qed
finally show ?thesis .
qed
thus compactin X (X closure-of {x€topspace X. fx # 0})
by (meson V0(2) closed-compactin closedin-closure-of closure-of-minimal)
show disjnt (X closure-of {xEtopspace X. fx # 0}) S
using 1 VO0(4) closure-of-mono by(fastforce simp: disjnt-def)
qged
have f-1: fz =1 ifz: z € T for x
proof —
have zv:ix € VI
using V1(3) z by blast
have 1 < fz
unfolding f-def by (subst le-cSup-iff) (auto intro!: bexI[where z=1] simp:
Vrl zv)
with f-01 show ?thesis
using nle-le by blast
qed
have f-0: fr =0 if z: x € S for z
proof —
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have z ¢ Vrsif s: s € {0..1} N Qfor s
proof —
have z ¢ Vr 0
using z V0 closure-of-subset[OF openin-subset[of X V0]] by(auto simp:
Vr0)
moreover have Vr s C Vr 0
using Vr-antimono[of s 0] s closure-of-subset|OF openin-subset[OF
openin-Vr[OF s]]|
by(cases s = 0) auto
ultimately show ?thesis
by blast
qed
hence fz < 0
unfolding f-def by (subst cSup-le-iff) auto
with f-01 show ?thesis
using nle-le by blast

qed
have fg:f x = g z if x: © € topspace X for z
proof —

have - fz < gz

proof

assume fzr < gz
then obtain r s where rs: r € Qs Qfz<rr<ss<gz
by (meson Rats-dense-in-real)
hence r:r € {0..1} N Q
using f-01 g-01 by (metis Intl atLeastAtMost-iff inf.orderE inf .strict-coboundedI2
linorder-not-less nle-le)
hence s:s € {0..1} N Q
using g-01 rs by (metis Intl atLeastAtMost-iff f-01(1) inf.strict-coboundedI2
inf.strict-order-iff less-eq-real-def)
have z1:x ¢ Vrr
proof —
have r x indicat-real (Vrr) z <r
using r by(auto introl: cSUP-lessD[OF - rs(3)[simplified f-def]])
thus ?thesis
using r by auto
qged
have z2:x € X closure-of Vr s
proof —
have 1:s < (1 — s) * indicat-real (X closure-of Vr s) z + s
using s by(intro less-cINF-D[OF - rs(5)[simplified g-def]]) auto
show %thesis
by (rule ccontr) (use s 1 in auto)
qed
show Fulse
using z1 22 Vr-antimono[OF s r rs(4)] by blast
qed
moreover have fz < gz
proof —
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have [ x indicat-real (Vrl) z < (1 — ) * indicat-real (X closure-of Vr s) x

+ s
iflss1e{0.1}NQse{0..1} NQfor s
proof (rule ccontr)
assume h:— [ x indicat-real (Vrl) x < (1 — $) * indicat-real (X closure-of
Vrs)z+ s
then have [ % indicat-real (Vrl) x > (1 — s) * indicat-real (X closure-of
Vrs)z+ s
by auto

hence I > sAz e Vrinz ¢ Vrs
using Is by (metis (no-types, opaque-lifting) h Int-iff add.commute
add.right-neutral atLeastAtMost-iff closure-of-subset diff-add-cancel in-mono indi-
cator-simps(1) indicator-simps(2) mult.commute mult-1 mult-zero-left openin-Vr
openin-subset zero-less-one-class.zero-le-one)
moreover have Vr [ C Vrs
using Vr-antimono[OF Is] by (meson calculation closure-of-subset ls(1)
openin-Vr openin-subset order-trans)
ultimately show Fulse
by blast
qed
thus fz < gz
unfolding f-def g-def by (auto intro!: cSup-le-iff[THEN iffD2] le-cInf-iff[THEN
iffD2])
qed
ultimately show ?Zthesis
by simp
qed
show ?thesis
proof (safe intro!: exl[where z=f])
have continuous-map X euclideanreal f
by (simp add: fg f-lower g-upper upper-lower-semicontinuous-map-iff-continuous-map
upper-semicontinuous-map-cong)
thus continuous-map X (top-of-set {0..1}) f
using f-01 by(auto simp: continuous-map-in-subtopology)
qed(use f-0 f-1 f-csupport disj in auto)
qed
then obtain f where f: continuous-map X (top-of-set {0..1}) ff*S C {0::real}
feTC{1)
disjnt (X closure-of {x€topspace X. fx # 0}) S compactin X (X closure-of {z
€ topspace X. fx # 0})
by blast
define g where g = (\z. (b — a) * fz + a)
have continuous-map X (top-of-set {a..b}) g
proof —
have [simp]:0 < yANy<1 = (b—a)xy+a<bfory
using assms(3) by (meson diff-ge-0-iff-ge le-diff-eq mult-left-le)
show ?thesis
using f(1) assms(3) by(auto simp: image-subset-iff continuous-map-in-subtopology
g-def
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intro!: continuous-map-add continuous-map-real-mult-left)
qed
moreover have g ‘S C {a} g ‘T C {b}
using f(2,3) by(auto simp: g-def)
moreover have disjnt (X closure-of {x€topspace X. g x # a}) S
compactin X (X closure-of {x € topspace X. g x # a})
proof —
consider a = b | a <b
using assms by fastforce
then have disjnt (X closure-of {z€topspace X. g x # a}) S A compactin X (X
closure-of {z € topspace X. g x # a})
proof cases
case I
then have [simp]:{z € topspace X. gz # a} = {}
by (auto simp: g-def)
thus ?thesis
by simp-all
next
case 2
then have {z € topspace X. g x # a} = {z € topspace X. fz # 0}
by (auto simp: g-def)
thus ?thesis
by (simp add: f)
qed
thus disjnt (X closure-of {xEtopspace X. gz # a}) S compactin X (X closure-of
{z € topspace X. g x # a})
by simp-all
qed
ultimately show ?thesis
using that by auto
qed

end

2 Regular Measures

theory Regular-Measure
imports HOL— Probability. Probability
Standard-Borel-Spaces.StandardBorel
Urysohn-Locally-Compact-Hausdorff
begin

context Metric-space
begin

lemma nbh-add: (|Jbe(J a€A. mball a €). mball b f) C (Ja€A. mball a (e + f))
proof clarify

fixaxb

assume h:a € A b € mball a e z € mball b f
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show z € (JacA. mball a (e + f))
proof(rule UN-I[OF h(1)])
show z € mball a (e + f)
using h triangle by fastforce
qed
qed

lemma nbh-subset:
assumes A: A C M and e: e > 0
shows A C (|Ja€A. mball a e)
using A e by auto

lemma nbh-decseq:

assumes decseq an

shows decseq (An. |Ja€A. mball a (an n))
proof (safe intro!: decseq-Sucl)

fixnabd

assume a € A b € mball a (an (Suc n))

with decseq-SucD[OF assms| show b € (| ceA. mball ¢ (an n))

by (auto intro!: bexI[where z=a] simp: frac-le order-less-le-trans)

qed

lemma nbh-Inter-closure-of:
assumes A: A #{} AC M
and an:A\n. an n > 0 decseq an an —— 0
shows ((n. Ja€A. mball a (an n)) = mtopology closure-of A
proof safe
fix z
assume z:z € ((n. |Ja€A. mball a (an n))
show z € mtopology closure-of A
unfolding metric-closure-of
proof safe
fix r :: real
assume 0 < r
from LIMSEQ-D[OF an(8) this] an(1) obtain N where N: An. n > N =
ann <r
by fastforce
show JycA. y € mball z r
proof (rule ccontr)
assume - (Jy€A. y € mball z r)
then have 1:VycA. y ¢ mball z r
by auto
obtain a where a:a € A © € mball a (an N)
using z by auto
with N[of N] have a € mball z (an N) mball z (an N) C mball x r
by (auto simp: commute)
with a(1) I show Fualse by auto
qed
qed(use z in auto)
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next
fix zn
assume z € mitopology closure-of A
then have z € M Vr>0. JycA. y € mball z r
by (auto simp: metric-closure-of)
with an(1)[of n] obtain y where y:y € A y € mball x (an n)
by auto
thus z € (| acA. mball a (an n))
by (auto intro!: bexl[where z=y| simp: commute)
qged

end

lemma(in finite-measure)
assumes range A C sets M disjoint-family A
shows suminf-measure:(>" i. measure M (A 7)) = measure M (|Ji. A 7)
and summable-measure: summable (A\i. measure M (A i))
using finite-measure-UNION[OF assms] by (auto dest: sums-unique simp: summable-def)

We refer to the lecture note [2].

Inner regular and outer regular with abstract topologies.

definition inner-reqular :: 'a topology = 'a measure = bool where
inner-reqular X M «—— sets M = sets (borel-of X) N (V A€sets M. M A= (| | Ce{C.
closedin X C N C C A}. M C))

definition outer-regular :: 'a topology = ’a measure = bool where
outer-regular X M «—— sets M = sets (borel-of X) N (V A€sets M. M A= ([] Ce{C.
openin X C N A C C}. M C))

definition reqular-measure :: 'a topology = 'a measure = bool where
regular-measure X M «—— inner-reqular X M A outer-reqular X M

lemma
shows inner-requarl: sets M = sets (borel-of X) = (N\A. A € sets M
= M A= (|]Ce{C. closedin X C N C C A}. M C)) = inner-regular X
M
and inner-reguarD: inner-reqular X M = sets M = sets (borel-of X)
inner-regular X M = A € sets M = M A = (|| Ce{C. closedin X C N C
C A}. M O)
by (auto simp: inner-reqular-def)

lemma
shows outer-requarl: sets M = sets (borel-of X)
= (NA. A esets M = MA=(]Ce{C. openin X C N AC C}. M ())
= outer-reqular X M
and outer-requarD: outer-reqular X M = sets M = sets (borel-of X)
outer-reqular X M = A € sets M = M A = ([]Ce{C. openin X C N A C
C} MC)

by (auto simp: outer-regular-def)
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lemma
shows regular-measurel: inner-reqular X M = outer-reqular X M —> requ-
lar-measure X M
and regular-measureD:
reqular-measure X M = inner-reqular X M reqular-measure X M = outer-reqular
XM
by (auto simp: regular-measure-def)

lemma inner-reqular-finite-measure:
assumes finite-measure M
shows inner-reqular X M «——
sets M = sets (borel-of X) N (Y A€sets M. measure M A = (|| Ce{C.
closedin X C N C C A}. measure M C))
unfolding inner-regular-def
proof safe
interpret M: finite-measure M by fact
fix A
assume A € sets M V Acsets M. M A = (|| Ce{C. closedin X C N C C A}. M
0)
then have 1:M A = (| | Ce{C. closedin X C AN C C A}. M C)
by blast
have ennreal (measure M A) = ennreal (|| Ce{C. closedin X C N C C A}.
measure M C)
proof —
have ennreal (measure M A) = M A
by (simp add: M.emeasure-eq-measure)
also have ... = (| |Ce{C. closedin X C AN C C A}. M C)

by fact

also have ... = (| | Ce{C. closedin X C N C C A}. ennreal (measure M C'))
by (simp add: M.emeasure-eq-measure)

also have ... = ennreal (| | C€{C. closedin X C N C C A}. measure M C)

by (intro ennreal-SUP[symmetric]) (use calculation in fastforce)+
finally show ?thesis .
qed
moreover have (| | Ce{C. closedin X C N C C A}. measure M C) > 0
by (subst le-cSUP-iff)
(auto intro!: bdd-abovel[where M=measure M (space M)] M.bounded-measure
exl[where z={}])
ultimately show measure M A = (| | C€{C. closedin X C N C C A}. measure
MC)
by simp
next
interpret M: finite-measure M by fact
fix A
assume A € sets M V A€sets M. measure M A = (|| Ce{C. closedin X C N C
C A}. measure M C)
then have 1:measure M A = (| | C€{C. closedin X C N C C A}. measure M
)
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by blast
show M A = (|| Ce{C. closedin X C N C C A}. M C)
proof —
have M A = ennreal (measure M A)
by (rule M.emeasure-eg-measure)

also have ... = ennreal (| | C€{C. closedin X C N C C A}. measure M C)
by (simp add: 1)
also have ... = (| | Ce{C. closedin X C N C C A}. ennreal (measure M C'))

by (intro ennreal-SUP)
(metis (mono-tags, lifting) M.emeasure-eq-measure M.emeasure-finite SUP-least
emeasure-space top.extremum-unique,blast)
finally show ?thesis
by (simp add: M.emeasure-eg-measure)
qed
qed

lemma(in finite-measure)
shows inner-reqularl: sets M = sets (borel-of X) = (\A. A € sets M
= measure M A = (|| Ce{C. closedin X C N C C A}. measure M C)) =
inner-reqular X M
and inner-regularD:
inner-reqgular X M = A € sets M = measure M A = (| | Ce{C. closedin X C
A C C A}. measure M C)
by (auto simp: inner-reqular-finite-measure finite-measure-axioms)

lemma outer-regular-finite-measure:
assumes finite-measure M
shows outer-reqular X M «—— sets M = sets (borel-of X) N (V A€sets M. measure
MA = ([]Ce{C. openin X C N A C C}. measure M C))
unfolding outer-reqular-def
proof safe
interpret M: finite-measure M by fact
fix A
assume A:A € sets M ¥V Acsets M. measure M A = ([1Ce{C. openin X C N A
C C}. measure M C)
and sets-M: sets M = sets (borel-of X)
then have I1:measure M A = ([1Ce{C. openin X C N A C C}. measure M C)
by blast
have [simp]:openin X (space M)
by (simp add: sets-M sets-eq-imp-space-eq space-borel-of)
show M A = ([ Ce{C. openin X C N AC C}. M C)
proof —
have ennZ2ereal (M A) = ereal (measure M A)
by (simp add: M.emeasure-eq-measure)

also have ... = ereal ([ | Ce{C. openin X C N A C C}. measure M C)
by (simp add: 1)
also have ... = ([] (ereal ‘ measure M ‘ {C. openin X C N A C C}))

by (intro ereal-Inf’) (auto introl: bdd-belowl[where m=0] exl[where x=space
M) sets.sets-into-space] OF A(1)])
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also have ... = ([1Ce{C. openin X C N A C C}. ennZ2ereal (M C))
by (metis (no-types, lifting) M.emeasure-eq-measure ennZereal-ennreal im-
age-cong image-image measure-nonney)
also have ... = enn2ereal ([ | C€{C. openin X C N A C C}. M C)
by (simp add: Inf-ennreal.rep-eq image-image)
finally show ?%thesis
using ennZereal-inject by blast
qed
next
interpret M: finite-measure M by fact
fix A
assume A:A € sets M ¥V Acsets M. M A = ([1Ce{C. openin X C A A C C}.
M Q)
and sets-M: sets M = sets (borel-of X)
then have 1:M A = ([ | Ce{C. openin X C N A C C}. M C)
by blast
have [simp]:openin X (space M)
by (simp add: sets-M sets-eq-imp-space-eq space-borel-of)
show measure M A = ([ Ce{C. openin X C N A C C}. measure M C)
proof —
have ereal (measure M A) = enn2ereal (M A)
by (simp add: M.emeasure-eq-measure)

also have ... = ennZereal ([ | Ce{C. openin X C N A C C}. M C)
by (simp add: 1)
also have ... = ([] (ereal * measure M ‘ {C. openin X C N A C C}))
by (auto simp: Inf-ennreal.rep-eq image-image M.emeasure-eq-measure)
also have ... = ereal ([ Ce{C. openin X C N A C C}. measure M C')

by (intro ereal-Inf'[symmetric]) (auto introl: bdd-belowl [where m=0] exl[where
z=space M| sets.sets-into-space[OF A(1)])
finally show ?thesis
by blast
qed
qed

lemma(in finite-measure)
shows outer-reqularl: sets M = sets (borel-of X) = (N\A. A € sets M
= measure M A = ([1Ce{C. openin X C N A C C}. measure M C)) =
outer-regular X M
and outer-reqularD: outer-reqular X M — A € sets M
= measure M A = ([ Ce{C. openin X C N A C C}. measure M C)
by (auto simp: outer-reqular-finite-measure finite-measure-azioms)

Abstract version of [sets M = sets borel; emeasure ?M (space ?M) # oo;
?B € sets borel] = emeasure ?M ?B = | | (emeasure ?M ‘{K. K C ¢B
A compact K}) and [sets M = sets borel; emeasure ?M (space ?M) # oo;
?B € sets borel] = emeasure ?M ?B = [| (emeasure ?M ‘{U. ?B C U
A open U}).

lemma(in finite-measure)
assumes metrizable-space X sets (borel-of X) = sets M
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shows inner-reqular’-inner-reqular X M
and outer-regular’:outer-reqular X M
proof —
let 2Sup = MA. (|| Ce{C. closedin X C N C C A}. measure M C')
let ?Inf = AA. ([1Ce{C. openin X C N A C C}. measure M C)
{
fix A
assume A[measurable]: A € sets M
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
then interpret d: Metric-space topspace X d by simp
have sets[measurable (raw)]: \A. openin X A = A € sets M AA. closedin X
A= A€ sets M
NA. openin d.mtopology A = A € sets M N\A. closedin d.mtopology A —>
A € sets M
by (auto simp: d assms(2)[symmetric] dest: borel-of-open borel-of-closed)
have bdd[simp]: \A. bdd-above (measure M ‘{C. closedin X C N C C A})
NA. bdd-below (measure M < {C. closedin X C N C C A})
NA. bdd-above (measure M “ {C. openin X C N A C C})
NA. bdd-below (measure M ‘ {C. openin X C N A C C})
by (auto intro!: bdd-abovel [where M=measure M (space M)] bdd-belowl [where
m=0] bounded-measure)
have ne[simp]: {C. closedin X C' N C C A} # {} A € sets M = {C. openin
XCNACC}H#{}for A
using sets.sets-into-space[of A M ,simplified space-borel-of]
sets-eq-imp-space-eq| OF assms(2),simplified space-borel-of] by blast+
have 1:measure M A < ?Inf A measure M A > ?Sup A
using sets.sets-into-space| OF Alsimplified assms(2)[symmetric]|,simplified
space-borel-of]
openin-topspace closedin-topspace sets.sets-into-space[OF A]
by (fastforce introl: le-cInf-iff[where a=measure M A
and S=measure M ‘ {C. openin X C N A C
O}, THEN iffD2]
cSup-le-iff [where a=measure M A
and S=measure M ‘ {C. closedin X C N C C
A}, THEN iffD2]
bdd-abovel[where M=measure M (space M)] bdd-belowl [where m=20]
finite-measure-mono)+
have setsM: sigma-sets (topspace X) {U. closedin X U} = sets M
using sets-eq-imp-space-eq| OF assms(2)] by (auto simp: assms(2)[symmetric]
sets-borel-of-closed)
have 2:Int-stable {U. closedin X U} {U. closedin X U} C Pow (topspace X)
by (auto dest: closedin-subset introl: Int-stablel)

have measure M A < ?Sup A N measure M A > ?Inf A

proof (rule sigma-sets-induct-disjoint|OF 2 A[simplified setsM [symmetric]]])
fix a
assume a € {U. closedin X U}
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then have a[measurable]: closedin X a a € sets M
by (auto simp: assms(2)[symmetric] borel-of-closed)
show measure M a < ?Sup a N measure M a > ?Inf a
proof (cases a = {})
case empty: True
thus ?thesis
by(auto intro!: cINF-lower|where f=measure M and z={},simplified]
bdd-belowl [where m=0]
sitmp: empty)
next
case ne:False
show ?thesis
proof
have measure M a = ?Sup a
by (rule cSup-eq-mazimum[symmetric],insert a(1),auto introl: finite-measure-mono)
thus measure M a < ?Sup a by simp
next
show measure M a > ?Inf a
proof —
have ?Inf a < ([|n. measure M ((Jz€a. d.mball z (1 / Suc n)))
proof (rule cInf-superset-mono)
show range (An. measure M (|Jz€a. d.mball x (1 / real (Suc n)))) C
measure M ‘{C. openin X C AN a C C}
proof clarify
fix n
have (Jz€a. d.mball z (1 / (1 + real n))) € {C. openin X C A a
cC}
using d.openin-mball[simplified d(2)] closedin-subset|OF a(1)] by
auto
thus measure M (|Jz€a. d.mball z (1 / (Suc n))) € measure M “{C.
openin X C' A a C C}
by auto
qged
qed auto
also have ... = measure M a
proof —
have [measurable]: ((Jz€a. d.mball x (1 / (1 + real n))) € sets M for
n
by (auto simp: assms(2)[symmetric] d.openin-mball[simplified d] intro!:
borel-of-open openin-clauses(3))
have 0:decseq (An. |Jz€a. d.mball z (1 / (1 + real n)))
by(rule d.nbh-decseq) (auto introl: decseq-Sucl simp: frac-le)
have I:decseq (An. measure M (|Jx€a. d.mball x (1 / (1 + real n))))
by (rule decseg-Sucl,rule finite-measure-mono) (use decseq-SucD[OF
0] in auto)
have 2:(An. measure M (|Jz€a. d.mball z (1 / (I + real n)))) ——
([ n. measure M (|Jz€a. d.mball x (1 / Suc n)))
by (auto introl: LIMSEQ-decseq-INF[OF - 1] bdd-belowI[where m=0])
moreover have (An. measure M (|Jz€a. d.mball (1 / (1 + real
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n)))) —— measure M a
proof —
have (Nn. (Jz€a. d.mball z (1 / (1 + real n)))) = d.mtopology
closure-of a
by (rule d.nbh-Inter-closure-of [OF ne])
(auto simp: closedin-subset|OF a(1)] frac-le
intro!: decseq-Sucl LIMSEQ-inverse-real-of-nat[simplified
inverse-eq-divide,simplified])
also have ... = a
by (auto simp: closure-of-eq d a)
finally have (N n. (Jz€a. d.mball z (1 / (I + real n)))) = a .
moreover have (An. measure M (|Jz€a. d.mball x (1 / (1 + real

—— measure M (N n. (Jz€a. d.mball z (1 / (1 +

by (auto introl: finite-Lim-measure-decseq simp: 0)
ultimately show ?thesis by simp
qed
ultimately show ?thesis
by (auto dest: LIMSEQ-unique)
qed
finally show ?Inf a < measure M a .
qed
qed
qed
next
show measure M {} < 2Sup {} A measure M {} > ?Inf {}
by(auto intro!: cINF-lowerlwhere f=measure M and z={},simplified]
bdd-belowl [where m=0])
next
fix a
assume a € sigma-sets (topspace X) {U. closedin X U}
and ih:measure M a < ?Sup a A\ measure M a > ?Inf a
then have [measurable]:a € sets M
by (simp add: setsM)
show measure M (topspace X — a) < ?Sup (topspace X — a) A measure M
(topspace X — a) > ?Inf (topspace X — a)
proof
show measure M (topspace X — a) < 2Sup (topspace X — a)
proof(safe intro!: le-cSup-iff-less] THEN iffD2])
fix y
assume y < measure M (topspace X — a)
then have measure M a < measure M (space M) — y
by (auto simp: sets-eq-imp-space-eq[OF assms(2),simplified space-borel-of]
finite-measure-compl)
then obtain U where U: openin X U a C U measure M U < measure
M (space M) — y
using ih by(auto simp: cInf-le-iff-less|OF ne(2) bdd(4)])
show 3 Ce{C. closedin X C A C C topspace X — a}. y < Sigma-Algebra.measure
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MC
proof(safe introl: bexl[where z=topspace X — UJ)
have [arith|:measure M a < measure M U
using U by(auto intro!: finite-measure-mono)
show y < measure M (topspace X — U)
using U by(auto simp: sets-eq-imp-space-eq| OF assms(2),simplified
space-borel-of| finite-measure-compl)
qged(use U in auto)
qed auto
next
show ?Inf (topspace X — a) < measure M (topspace X — a)
proof(rule cInf-le-iff-less/ THEN iffD2])
show YV y>measure M (topspace X — a). 3Ce{C. openin X C A topspace
X —a C C}. measure M C < y
proof safe
fix y
assume measure M (topspace X — a) < y
then have measure M (space M) — y < measure M a
by (auto simp: sets-eq-imp-space-eq| OF assms(2),simplified space-borel-of]
finite-measure-compl)
then obtain C where C: closedin X C C C a measure M (space M) —
y < measure M C
using ih by (auto simp: le-cSup-iff-less|OF ne(1) bdd(1)])
show 3 Ce{C. openin X C A topspace X — a C C}. measure M C < y
proof (safe intro!: bexl[where z=topspace X — ()
have [arith|:measure M C < measure M a
using C by(auto introl: finite-measure-mono)
show measure M (topspace X — C) < y
using C by(auto simp: sets-eq-imp-space-eq|OF assms(2),simplified
space-borel-of| finite-measure-compl)
qed(use C in auto)
qed
qged auto
qed
next
fix a :: nat = -
assume h: disjoint-family a range a C sigma-sets (topspace X) {U. closedin
X U}
and ih: Ai. measure M (a i) < 2Sup (a i) A ?Inf (a 7) < measure M (a 7)
then have a[measurable]: Ai. a i € sets M
by (simp add: setsM)
show measure M (|Ji. a i) < ?Sup (Ui a i) A 2Inf (Ji. a i) < measure M
(Ui a9)
proof
show measure M (|Ji. a i) < 2Sup (J4. a i)
proof (rule le-cSup-iff-less] THEN iffD2])
show V y< measure M (|J (range a)). 3Ce{C. closedin X C N C C |
(range a)}. y < measure M C
proof safe
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fix y
assume y < measure M (|Ji. a ©)
also have ... = (> 4. measure M (a 7))
by (rule suminf-measure[OF - h(1),symmetric]) auto
finally obtain N where N: y < (3. i<N. measure M (a 1))
by (meson linorder-not-less measure-nonneg suminf-le-const summableI-nonneg-bounded)
consider N = 0 | N > 0 by auto
then show 3 Ce{C. closedin X C N C C |J (range a)}. y < measure

proof cases
case I
with N show ?thesis by(auto intro!: exl[where z={}])
next
case [arith]:2
define e where e = ((>_ i<N. measure M (a i)) — y) / N
have e[arith]: e > 0
using N by(auto simp: e-def)
hence Ai. measure M (a i) — e < measure M (a i) by auto
hence Vi. 3 Ci. closedin X Ci A Ci C a i A measure M (a i) — e <
measure M Cfi
using ih[simplified le-cSup-iff-less[OF ne(1) bdd(1)]] by auto
then obtain Ci where Ci: A\i. closedin X (Ci i)
Ni. Cii C ai N\i. measure M (a i) — e < measure M (Ci i)
by metis
with h have Ci-d:disjoint-family-on Ci {..<N}
by (auto simp: disjoint-family-on-def) blast
show ?thesis
proof(safe intro!: bexl[where z=J (Ci ‘ {..<N})])
have y < (D> i<N. measure M (a 7)) — (3. i<N. measure M (a 7))
— y) by auto
also have ... < (> i<N. measure M (a i) — e)
by (auto simp: e-def sum-subtractf)
also have ... < (3" i<N. measure M (Ci 1))
using Ci by(auto introl: sum-mono)
also have ... = measure M (|J (Ci ‘ {..<N}))
by (rule finite-measure-finite-Union|OF - - Ci-d,symmetric]) (use Ci

in auto)
finally show y < measure M (|J (Ci ‘ {..<N})) .
qed(insert Ci,auto introl: closedin-Union)
qed
qed
ged auto
next

show ?Inf (|Ji. a i) < measure M (|Ji. a 7)
proof(rule cInf-le-iff-less] THEN iffD2])
show V y> measure M (|J (range a)). 3Ce{C. openin X C AN |J (range
a) C C}. measure M C' < y
proof safe
fix y
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assume 1:measure M ((Ji. a i) <y
define en where en = (An. (y — measure M (Ji. a 7)) * (1 / 2) ~
(Suc n))
with 1 have [arith]:en n > 0 for n by auto
hence measure M (a i) < measure M (a i) + en i for i by auto
hence 3 Ui. openin X Ui A a i C Ui A measure M Ui < measure M (a
i) + en ¢ for ¢
using ih[of i,simplified cInf-le-iff-less|OF ne(2)[OF <a i € sets M)]
bdd(4)]] by auto
then obtain Ui where Ui: Ai. openin X (Ui i) Ni. ai C Uii
Ni. measure M (Ui i) < measure M (a ©) + en i
by metis
have [simp]: summable en summable (An. measure M (a n))
by (auto simp: en-def introl: summable-measure h)
hence [simp]: summable (An. measure M (a n) + en n)
by (auto intro!: summable-add)
have [simp]:summable (An. measure M (Ui n))
using Ui by(auto intro!: summable-comparison-test-ev[OF - <summable
(An. measure M (a n) + en n)])
show 3 Ce{C. openin X C A |J (range a) C C}. measure M C < y
proof (safe intro!: bexl[where z=]i. Ui i])
have measure M ((Ji. Ui i) < (O 4. measure M (Ui 7))
using Ui by(auto intro!: finite-measure-subadditive-countably)
also have ... < (> 4. measure M (a i) + en i)
by (auto introl: suminf-le Ui)

also have ... = (> 4. measure M (a ) + (O 1. en i)

by(simp add: suminf-add)
also have ... = measure M (4. a i) + (y — measure M (Ji. a 7))
proof —

have [simpl:(>_ i. measure M (a 7)) = measure M (|Ji. a )
by (auto introl: suminf-measure h)
have (> 4. en i) = (y — Sigma-Algebra.measure M (|J (range a))) /
by (simp only: suminf-mult[of An. (1 / 2) ~n :: real,simplified,symmetric])
(simp add: en-def)
also have ... = (y — measure M (Ji. a 7))
by (simp add: suminf-geometric)
finally show ?thesis by simp
qed
finally show measure M (|Ji. Uii) < y by simp
ged(use Ui in auto)
ged
show {C. openin X C A |J (range a) C C} # {}
using sets.sets-into-space[OF a]
by (force intro!: exI[where z=topspace X| simp: sets-eq-imp-space-eq| OF
assms(2),simplified space-borel-of])
qed auto
qed
qed
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note 1 this
}
with assms(2) show inner-regular X M outer-reqular X M
by (fastforce intro!: inner-regularl outer-regularl )+
qed

definition tight-on-set :: 'a topology = 'a measure set = bool where
tight-on-set X I' «— (Y M€I'. finite-measure M A sets (borel-of X) = sets M) A

(Ve>0.3K. compactin X K N\ (Y Mel'. measure M (space M —
K) < e))

abbreviation tight-on :: 'a topology = 'a measure = bool where
tight-on X M = tight-on-set X {M}

lemma tight-on-def:
tight-on X M «— finite-measure M A sets (borel-of X) = sets M N
(Vex>0. 3K. compactin X K N measure M (space M — K) < e)
by (auto simp: tight-on-set-def)

lemma tight-on-set-subset: A C B = tight-on-set X B = tight-on-set X A
unfolding tight-on-set-def by blast

lemma tight-on-tight: tight-on-set euclidean (Mi ¢ UNIV) A (Y i. real-distribution
(Mi ) — tight Mi
proof safe
assume h:tight-on-set euclideanreal (range Mi) ¥V i. real-distribution (Mi 7)
show tight Mi
unfolding tight-def
proof safe
fix e :: real
assume e: ¢ > (
with h(1) obtain K where K:
compact K N\i. measure (Mi i) (space (Mii) — K) < e
by (auto simp: tight-on-set-def)
obtain r where 7:
r>0K Cball 0r
by (metis bounded-subset-ballD[OF compact-imp-bounded[OF K(1)]])
show Jab. a <bA (Vn I — e < measure (Min) {a<..b})
proof (rule exl[where z=—r])
show 3b>— r. Vn. I — e < measure (Mi n) {— r<..b}
proof (safe intro!: exl[where z=r])
fix n
interpret real-distribution Mi n
using h by simp
have [measurable]: K € sets (Mi n)
by (simp add: K(1) borel-compact)
hence 1 — e < prob K
using K(2)[of n] by(simp add: prob-compl del: borel-UNIV)
also have ... < prob {— r<..<r}
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using r by (auto intro!: finite-measure-mono simp: ball-eq-greater ThanLess Than)
also have ... < prob {—r<..r}
by (auto introl: finite-measure-mono)
finally show 1 — e < prob {—r<..r} .
qged(use r in auto)
qed
qed(use h in simp)
next
assume h:tight Mi
show tight-on-set euclideanreal (range Mi)
unfolding tight-on-set-def
proof safe
fix e :: real
assume e: ¢ > (
with h obtain a b where ab: a < b An. measure (Mi n) {a<..b} > 1 — e
by (auto simp: tight-def)
show 3 K. compactin euclideanreal K N (¥ M€range Mi. measure M (space M
—K)<e
proof (safe intro!: exl[where z={a..b}])
fix n
interpret real-distribution Mi n
using h by(auto simp: tight-def)
have prob (space (Min) — {a..b}) = 1 — prob {a..b}
by (rule prob-compl) simp
also have ... < I — prob {a<..b}
by (auto introl: finite-measure-mono)
also have ... < e
using ab(2)[of n] by auto
finally show prob (space (Min) — {a..b}) < e.
qed simp
qed(insert h,auto simp: borel-of-euclidean tight-def real-distribution-def real-distribution-azioms-def
prob-space-def)
qed(auto simp: tight-def)

lemma inner-reqular’”:
assumes metrizable-space X tight-on X M
and [measurable]:A € sets M
shows measure M A = (| | K€{K. compactin X K N K C A}. measure M K)
(is - = %rhs)
proof —
have sets: sets (borel-of X) = sets M
using assms(2) by(simp add: tight-on-def)
interpret M: finite-measure M
using assms(2) by(simp add: tight-on-def)
have measure M A > ?rhs
using sets.sets-into-space|OF assms(8)]
by (auto introl: cSup-le-iff THEN iffD2] M .finite-measure-mono bdd-abovel [where
M=measure M (space M)])
moreover have measure M A < ?rhs
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proof —
have measure M A — e < ?rhs if e[arith]: e > 0 for e
proof —
obtain K where K: compactin X K measure M (space M — K) < e
using assms(2)[simplified tight-on-def] e by metis
hence [measurable]: K € sets M
by (auto simp: sets[symmetric]
introl: borel-of-closed compactin-imp-closedin| OF metrizable-imp-Hausdorff-space[ OF
assms(1)]])
have measure M A — e < measure M A — measure M (space M — K)
using K by auto
also have ... < measure M (A N K)
by (metis Diff-mono M.finite-measure-Diff ' M.finite-measure-mono <K €
sets My assms(3) cancel-ab-semigroup-add-class.diff-right-commute dual-order.refl
le-iff-diff-le-0 sets.Diff sets.sets-into-space sets.top)
also have ... = (| | Ce{C. closedin X C N C C AN K}. measure M C)
by (rule M .inner-reqularD[OF M .inner-reqular’|OF assms(1) sets]]) measur-
able
also have ... < 2rhs
proof (rule cSup-mono)
show Ab. b € Sigma-Algebra.measure M “ {C. closedin X C N C C AN K}
= JacSigma-Algebra.measure M ‘ {K. compactin X K N K C A}. b
<a
proof safe
fix C
assume closedin X C C C AN K
then show 3 acSigma-Algebra.measure M ‘ {K. compactin X K N K C
A}. measure M C < a
by (auto introl: closed-compactin|OF K(1)])
qed
qged(auto intro!: bdd-abovel [where M=measure M (space M)] M.bounded-measure)
finally show ?thesis .
qed
thus ?thesis
by (metis (full-types) cancel-ab-semigroup-add-class.diff-right-commute dual-order.refl
le-iff-diff-le-0 less-iff-diff-less-0 linorder-not-less)
qged
ultimately show ?thesis by simp
qed

lemma(in finite-measure) tight-on-compact-space:

assumes metrizable-space X compact-space X sets (borel-of X) = sets M

shows tight-on X M

using assms(1,2)

by (auto simp: tight-on-def assms finite-measure-axioms sets-eq-imp-space-eq[OF
assms(3)[symmetric]]

compact-space-def space-borel-of
introl: exI[where z=space M))
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lemma(in finite-measure) tight-on-finite-space:

assumes metrizable-space X sets (borel-of X) = sets M finite (space M)

shows tight-on X M
proof —

from assms(3) have compact-space X

by (auto simp: assms compact-space-def sets-eq-imp-space-eq[ OF assms(2)[symmetric]]
space-borel-of

introl: finite-imp-compactin-eq| THEN iffD2])

from tight-on-compact-space| OF assms(1) this assms(2)] show ?thesis .

qged

lemma(in finite-measure) tight-on-Polish:
assumes Polish-space X sets (borel-of X) = sets M
shows tight-on X M
proof(cases finite (space M))
case True
then show ?thesis
by (auto introl: tight-on-finite-space assms Polish-space-imp-metrizable-space)
next
case inf:False
then have inf2: infinite (topspace X)
by (auto simp: sets-eq-imp-space-eq| OF assms(2)[symmetric]] space-borel-of)
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
Metric-space.mcomplete (topspace X) d
by (metis Metric-space.topspace-mtopology assms(1) completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space)
interpret d: Metric-space topspace X d by fact
have [measurable]:\a e. d.mball a e € sets M Na e. d.mcball a e € sets M
using d.openin-mball d.closedin-mcball by (auto simp: assms(2)[symmetric]
borel-of-open borel-of-closed d)
show ?thesis
unfolding tight-on-def
proof safe
fix e :: real
assume e: e > (
from assms obtain U where U: countable U dense-in X U
by (auto simp: separable-space-def2 Polish-space-def)
have U-ne: U # {}
by (metis U(2) dense-in-nonempty inf2 infinite-imp-nonempty)
let ?an = from-nat-into U
have an:A\n. 2ann € U
by (simp add: U-ne from-nat-into)
have anU: (n. d.mball (¢an n) e') = topspace X if ¢’ > 0 for e’
proof —
have (Jn. d.mball (?an n) e) = (JueU. d.mball u ¢’)
by (auto simp: UN-from-nat-into|OF U(1) U-ne])
also have ... = topspace X
by (rule d.mdense-balls-cover[simplified d,OF U(2) that])
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finally show ?Zthesis .
qed
have 3n. measure M (|Jie{..<n}. d.mball (?an i) (1 / Suc m)) > measure M
(space M) — e * (1 / 2) " Suc m for m
proof —
have 1:(An. measure M (|Ji€{..<n}. d.mball (%an i) (1 / Suc m)))
—— measure M ([Jn. Jie{..<n}. d.mball (?an i) (1 / Suc m))
by (rule finite-Lim-measure-incseq) (fastforce simp: incseq-def )+
have (Jn. Jie{..<n}. d.mball (?an i) (1 / Suc m)) = (Un. d.mball (?an
n) (1 / Suc m)) by blast

also have ... = topspace X
by (rule anU) auto
also have ... = space M

by (simp add: sets-eq-imp-space-eq| OF assms(2),simplified space-borel-of])
finally have (An. measure M (|Ji€{..<n}. d.mball (?an i) (1 / Suc m)))
——— measure M (space M)
using 1 by simp
moreover have e x (1 / 2) " Suc m > 0 using e by auto
ultimately have 3N. Vn>N. |measure M (|Ji€{..<n}. d.mball (%an i) (1
/ Suc m)) — measure M (space M)| < e * (1/2) Suc m
unfolding LIMSEQ-def dist-real-def by metis
then obtain N where measure M (space M) — measure M (|Jie{..<N}.
d.mball (Zan i) (1 / Suc m)) < e * (1/2) Suc m
using bounded-measure by auto
thus ?thesis
by (auto introl: exI[where z=N])
qed
then obtain n where n: Am. measure M (|Ji€{..<n m}. d.mball (%an 7) (1
/ Suc m)) > measure M (space M) — e x (1 / 2) Suc m
by metis
have n’”: Am. measure M (|Ji€{..<n m}. d.mcball (?an i) (1 / Suc m)) >
measure M (space M) — e x (1 / 2) Suc m
by (rule order.strict-trans2[OF n]) (auto intro!: finite-measure-mono)
define K where K = (\m. |Jke{..<n m}. d.mcball (?an k) (1 / Suc m)
have K-closed: closedin d.mtopology K
by (auto introl: closedin-Union simp: K-def)
have K-compact: compactin d.mtopology K
proof —
have d.mtotally-bounded K
unfolding d.mtotally-bounded-def2
proof safe
fix e’ :: real
assume [arith]:e’ > 0
then obtain m where m[arith]: 1 / Sucm < e’
using nat-approz-posE by blast
have K C (Jke{..<n m}. d.mcball (2an k) (1 / Suc m))
by (auto simp: K-def)
also have ... C (Jke{..<n m}. d.mball (?an k) e’
using m by auto
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finally show 3 Ka. finite Ka A Ka C topspace X AN K C (|Jz€Ka. d.mball
ze')
using an dense-in-subset|OF U(2)] by(fastforce introl: exzl[where z="%an
“{.<n m}])
qed
thus “thesis
by (simp add: d.mtotally-bounded-eq-compact-closedin[OF d(8) K-closed,simplified])
qed
show 3 K. compactin X K A measure M (space M — K) < e
proof (safe introl: exl[where z=K))
have sum:summable (Am. measure M (space M — (Jke{..<n m}. d.mcball
(Zan k) (1 ]/ Suc m))))
apply(intro summable-comparison-test-ev|OF - summable-mult[OF com-
plete-algebra-summable-geometriclwhere z=1 / 2]],0f - e] exI[where z=1])
apply(simp add: eventually-sequentially finite-measure-compl)
apply(intro exl[where z=1] alll)
subgoal for [
using n'[of ] e bounded-measure
apply (auto introl: order.strict-implies-order|OF order.strict-trans[where
b=ex (1 / 2)"Sucl]])
done
by simp
have measure M (space M — K) = measure M (|Jm. (space M — (| Jke{..<n
m}. d.mcball (Zan k) (1 / Suc m))))
by (auto simp: K-def)
also have ... < (3" m. measure M (space M — (|Jke{..<n m}. d.mcball (?an
k) (1 / Suc m))))
by (rule finite-measure-subadditive-countably) (use sum in auto)
also have ... = measure M (space M — (|Jke{..<n 0}. d.mcball (?an k) (1
/ Suc 0))
+ (3 m. measure M (space M — (|Jke{..<n (Suc m)}. d.mcball (%an
k) (1 / Suc (Suc m)))))
using suminf-split-initial-segment| OF sum,of 1] by simp
also have ... < ex (1 / 2)
+ (O m. measure M (space M — (|Jke{..<n (Suc m)}. d.mcball (%an
k) (1 /) Suc (Suc m)))))
using n’'[of 0] by (simp add: finite-measure-compl)
alsohave ... < ex (1 / 2)+ (> _m. ex (1 / 2) ~ (Suc (Suc m)))
proof —
have (3~ m. measure M (space M — (|Jke{..<n (Suc m)}. d.mcball (%an
k) (1 ] Suc (Sucm))))) < (O_m.ex (1 /2) " (Suc (Suc m)))
proof (rule suminf-le)
fix [
show measure M (space M — (U k<n (Suc l). d.mcball (?an k) (1 / real
(Suc (Sucl))))) < ex (1 /2) " Suc (Sucl)
using n'[of Suc l] by (auto simp: finite-measure-compl)
qed(use summable-Suc-iff [ THEN ffD2,0F sum]| in auto)
thus ?thesis by simp
qed
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also have ... = ¢
by (simp add: suminf-geometriclof 1 / 2 :: real] suminf-mult suminf-divide)
finally show measure M (space M — K) < e .
ged(use K-compact d in auto)
qed(use finite-measure-azioms assms in auto)
qed

corollary(in finite-measure) inner-regular-Polish:
assumes Polish-space X sets (borel-of X) = sets M A € sets M
shows measure M A = (| | Ke{K. compactin X K N K C A}. measure M K)
by (auto introl: tight-on-Polish inner-regular’’ simp: assms Polish-space-imp-metrizable-space)

end

3 The Riesz Representation Theorem

theory Riesz-Representation
imports Regular-Measure
Urysohn-Locally-Compact-Hausdorff
begin

3.1 Lemmas for Complex-Valued Continuous Maps

lemma continuous-map-Re’[simp,continuous-intros|: continuous-map euclidean eu-
clideanreal Re

and continuous-map-Im’'[simp,continuous-intros): continuous-map euclidean eu-
clideanreal Im

and continuous-map-complezx-of-real’[simp, continuous-intros|: continuous-map eu-
clideanreal euclidean complex-of-real

by (auto simp: continuous-on tendsto-Re tendsto-Im)

corollary

assumes continuous-map X euclidean f

shows continuous-map-Re[simp,continuous-intros]: continuous-map X euclidean-
real (Az. Re (f x))

and continuous-map-Im[simp,continuous-intros): continuous-map X euclidean-

real (Az. Im (f z))

by (auto introl: continuous-map-compose|OF assms,simplified comp-def] contin-
uwous-map-Re’ continuous-map-Im”)

lemma continuous-map-of-real-iff [simp]:

continuous-map X euclidean (Az. of-real (f ) :: - :: real-normed-div-algebra) «——
continuous-map X euclideanreal f

by (auto simp: continuous-map-atin tendsto-of-real-iff)

lemma continuous-map-complex-mult [continuous-intros):

fixes [ :: 'a = complex

shows [continuous-map X euclidean f; continuous-map X euclidean g] = con-
tinuous-map X euclidean (A\z. fx * g x)
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by (simp add: continuous-map-atin tendsto-mult)

lemma continuous-map-complex-mult-left:

fixes [ :: 'a = complex

shows continuous-map X euclidean f = continuous-map X euclidean (Az. ¢ *
fz)

by (simp add: continuous-map-atin tendsto-mult)

lemma complex-continuous-map-iff:
continuous-map X euclidean f «—— continuous-map X euclideanreal (A\x. Re (f
x)) A continuous-map X euclideanreal (Az. Im (f x))
proof safe
assume continuous-map X euclideanreal (Az. Re (f x)) continuous-map X eu-
clideanreal (Az. Im (f z))
then have continuous-map X euclidean (Ax. Re (fz) + 1 % Im (f z))
by (auto introl: continuous-map-add continuous-map-complex-mult-left continu-
ous-map-compose[of X euclideanreal,simplified comp-def])
thus continuous-map X euclidean f
using complex-eq by auto
qed(use continuous-map-compose[OF - continuous-map-Re’ simplified comp-def]
continuous-map-compose| OF - continuous-map-Im’,simplified comp-def] in auto)

lemma complex-integrable-iff: complez-integrable M f «—— integrable M (Az. Re
(fz)) A integrable M (Az. Im (f z))
proof safe
assume h[measurable]:integrable M (Axz. Re (f z)) integrable M (Az. Im (f z))
show complex-integrable M f
unfolding integrable-iff-bounded
proof safe
show f[measurable]:f € borel-measurable M
using borel-measurable-complez-iff h by blast
have ([ z. ennreal (cmod (f z)) OM) < ([ z. ennreal (|Re (f z)| + [Im (f
7)) OM)
by (intro nn-integral-mono ennreal-lel) (use cmod-le in auto)
also have ... = ([T z. ennreal |Re (f z)| OM) + ([ z. ennreal |Im (f z)|
M)
by (auto introl: nn-integral-add)
also have ... < 0o
using h by(auto simp: integrable-iff-bounded)
finally show ([ T z. ennreal (¢cmod (f z)) OM) < oo .
qed
qed(auto dest: integrable-Re integrable-Im)

3.2 Compact Supports

definition has-compact-support-on :: (‘'a = 'b :: monoid-add) = 'a topology =
bool

(infix has’-compact’-support’-on 60) where

| has-compact-support-on X «—— compactin X (X closure-of support-on (topspace
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X) 1)

lemma has-compact-support-on-iff:
f has-compact-support-on X «—— compactin X (X closure-of {z€topspace X. fx

# 0})
by (simp add: has-compact-support-on-def support-on-def)

lemma has-compact-support-on-zero[simp]: (Az. 0) has-compact-support-on X
by (simp add: has-compact-support-on-iff )

lemma has-compact-support-on-compact-space[simp|: compact-space X => f has-compact-support-on
X
by (auto simp: has-compact-support-on-def closedin-compact-space)

lemma has-compact-support-on-add]simp,introl]:
assumes f has-compact-support-on X g has-compact-support-on X
shows (\z. fx 4+ ¢ x) has-compact-support-on X
proof —
have support-on (topspace X) (A\z. fz + g x)
C support-on (topspace X) f U support-on (topspace X) g
by (auto simp: in-support-on)
moreover have compactin X (X closure-of ...)
using assms by (simp add: has-compact-support-on-def compactin-Un)
ultimately show ?thesis
unfolding has-compact-support-on-def by (meson closed-compactin closedin-closure-of
closure-of-mono)
qged

lemma has-compact-support-on-sum:
assumes finite I N\i. i € I = f i has-compact-support-on X
shows (Az. (> 4€l. fix)) has-compact-support-on X
proof —
have support-on (topspace X) (Az. (3 i€l. fiz)) C (Ji€l. support-on (topspace
X) (F1))
by(simp add: subset-eq) (meson in-support-on sum.neutral)
moreover have compactin X (X closure-of ...)
using assms by (auto simp: has-compact-support-on-def closure-of-Union intro!:
compactin-Union)
ultimately show ?thesis
unfolding has-compact-support-on-def by (meson closed-compactin closedin-closure-of
closure-of-mono)
qged

lemma has-compact-support-on-mult-left:
fixes g :: - = - :: mult-zero
assumes g has-compact-support-on X
shows (Az. fz % g z) has-compact-support-on X
proof —
have support-on (topspace X) (Az. fx x g ) C support-on (topspace X) g
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by(auto simp add: in-support-on)
thus ?thesis
using assms unfolding has-compact-support-on-def
by (meson closed-compactin closedin-closure-of closure-of-mono)
qed

lemma has-compact-support-on-mult-right:
fixes f :: - = - mult-zero
assumes f has-compact-support-on X
shows (Az. fz * g ©) has-compact-support-on X
proof —
have support-on (topspace X) (Azx. fx * g ) C support-on (topspace X) f
by (auto simp add: in-support-on)
thus ?thesis
using assms unfolding has-compact-support-on-def
by (meson closed-compactin closedin-closure-of closure-of-mono)
qed

lemma has-compact-support-on-uminus-iff [simp]:
fixes f :: - = - :: group-add
shows (Az. — f x) has-compact-support-on X —— f has-compact-support-on X
by (auto simp: has-compact-support-on-def support-on-def)

lemma has-compact-support-on-diff [simp,introl]:
fixes f :: - = - group-add
shows f has-compact-support-on X => g has-compact-support-on X
= (A\z. fz — g z) has-compact-support-on X
unfolding diff-conv-add-uminus by (intro has-compact-support-on-add) auto

lemma has-compact-support-on-maz|[simp,introl|:
assumes f has-compact-support-on X g has-compact-support-on X
shows (\z. maz (f z) (g z)) has-compact-support-on X
proof —
have support-on (topspace X) (Ax. maz (f z) (g x))
C support-on (topspace X) f U support-on (topspace X) g
by (simp add: in-support-on maz-def-raw unfold-simps(2))
moreover have compactin X (X closure-of ...)
using assms by (simp add: has-compact-support-on-def compactin-Un)
ultimately show ?thesis
unfolding has-compact-support-on-def by (meson closed-compactin closedin-closure-of
closure-of-mono)
qged

lemma has-compact-support-on-ext-iff [iff]:
(Az€topspace X. f x) has-compact-support-on X «—— f has-compact-support-on X
by (auto intro!: arg-cong2[where f=compactin| arg-cong2[where f=(closure-of)]

simp: has-compact-support-on-def in-support-on)

lemma has-compact-support-on-of-real-iff [iff]:
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(Az. of-real (f x)) has-compact-support-on X = f has-compact-support-on X
by (auto simp: has-compact-support-on-iff)

lemma has-compact-support-on-complex-iff:
f has-compact-support-on X +——
(Az. Re (fz)) has-compact-support-on X A (Az. Im (f z)) has-compact-support-on
X
proof safe
assume h:(Az. Re (fx)) has-compact-support-on X (Az. Im (f z)) has-compact-support-on
X
have support-on (topspace X) f C support-on (topspace X) (Az. Re (f z)) U
support-on (topspace X) (Az. Im (f x))
using complez.expand by (auto simp: in-support-on)
hence X closure-of support-on (topspace X) f
C X closure-of support-on (topspace X) (Az. Re (f z)) U X closure-of
support-on (topspace X) (Az. Im (f z))
by (metis (no-types, lifting) closure-of-Un sup.absorb-iff2)
thus f has-compact-support-on X
using h unfolding has-compact-support-on-def
by (meson closed-compactin closedin-closure-of compactin-Un)
next
assume h:f has-compact-support-on X
have support-on (topspace X) (Ax. Re (f z)) C support-on (topspace X) f
support-on (topspace X) (Az. Im (f z)) C support-on (topspace X) f
by (auto simp: in-support-on)
thus (Az. Re (fz)) has-compact-support-on X (Az. Im (f x)) has-compact-support-on

using h by (auto simp: closed-compactin closure-of-mono has-compact-support-on-def)
qed

lemma [simp]:
assumes f has-compact-support-on X
shows has-compact-support-on-Re:(Ax. Re (f z)) has-compact-support-on X
and has-compact-support-on-Im:(Az. Im (f x)) has-compact-support-on X
using assms by (auto simp: has-compact-support-on-complez-iff)

3.3 Positive Linear Functionsls

definition positive-linear-functional-on-CX :: 'a topology = (('a = 'b :: {ring,
order, topological-space}) = 'b) = bool
where positive-linear-functional-on-CX X ¢ =
(Vf. continuous-map X euclidean f — f has-compact-support-on X
— (Va€topspace X. fz > 0) — ¢ (AzEtopspace X. fz) > 0) A
(Vf a. continuous-map X euclidean f — f has-compact-support-on X
— ¢ (Az€topspace X. a * fx) = a * ¢ (Az€topspace X. f x)) A
(Vf g. continuous-map X euclidean f — f has-compact-support-on X
— continuous-map X euclidean g — g has-compact-support-on X
— ¢ (Az€topspace X. fx + gx) = ¢ (AxEtopspace X. fx) + ¢ (AxEtopspace
X. g z))
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lemma
assumes positive-linear-functional-on-CX X ¢
shows pos-lin-functional-on-CX-pos:
Nf. continuous-map X euclidean f = f has-compact-support-on X
= (A\z. z€topspace X = fx > 0) = ¢ (AxEtopspace X. fz) > 0
and pos-lin-functional-on-CX-lin:
NS a. continuous-map X euclidean f = f has-compact-support-on X
= ¢ (\x€topspace X. a x f1) = a x ¢ (AxEtopspace X. f x)
NS g. continuous-map X euclidean f = f has-compact-support-on X
= continuous-map X euclidean g => g has-compact-support-on X
= ¢ (Az€topspace X. fz + g x) = ¢ (Az€topspace X. fz) + ¢
(Az€topspace X. g x)
using assms by (auto simp: positive-linear-functional-on-CX-def)

lemma pos-lin-functional-on-CX-pos-complex:
assumes positive-linear-functional-on-CX X ¢
shows continuous-map X euclidean f = f has-compact-support-on X
= (Az. z€topspace X = Re (fz) > 0) = (A\z. = € topspace X = f
z € R)
= ¢ (Azctopspace X. fz) > 0
by (intro pos-lin-functional-on-CX-pos| OF assms]) (simp-all add: complez-is-Real-iff
less-eq-complex-def)

lemma positive-linear-functional-on-CX-compact:

assumes compact-space X

shows positive-linear-functional-on-CX X ¢ «——

(Y f. continuous-map X euclidean f — (¥ z€topspace X. fz > 0) — ¢ (AxEtopspace
X. fz)>0) A

(Vf a. continuous-map X euclidean f — ¢ (Ax€topspace X. a x fz) = a * ¢
(Axetopspace X. fx)) A

(Vf g. continuous-map X euclidean f — continuous-map X euclidean g

— ¢ (Az€topspace X. fr + gx) = ¢ (AxEtopspace X. fx) + ¢ (AxEtopspace

X. g 1))

by (auto simp: positive-linear-functional-on-CX-def assms)

lemma
assumes positive-linear-functional-on-CX X ¢ compact-space X
shows pos-lin-functional-on-CX-compact-pos:
NS continuous-map X euclidean f
= (A\z. z€topspace X = fz > 0) = ¢ (Az€topspace X. fz) > 0
and pos-lin-functional-on-CX-compact-lin:
NS a. continuous-map X euclidean f
= ¢ (AzE€topspace X. a * fx) = a * ¢ (AzxE€topspace X. [ x)
NS g. continuous-map X euclidean f = continuous-map X euclidean g
= ¢ (Az€topspace X. fx + g ) = ¢ (AzEtopspace X. f z) + ¢
(Azetopspace X. g )
using assms(1) by(auto simp: positive-linear-functional-on-CX-compact assms(2))

42



lemma pos-lin-functional-on- CX-diff:
fixes [ :: - = - :: {real-normed-vector, ring-1}
assumes positive-linear-functional-on-CX X ¢
and cont:continuous-map X euclidean f continuous-map X euclidean g
and csupp: f has-compact-support-on X g has-compact-support-on X
shows ¢ (Az€topspace X. fx — gz) = ¢ (AxEtopspace X. fx) — ¢ (AxEtopspace
X. gz)
using pos-lin-functional-on-CX-lin(2)[OF assms(1),0f f Ax. — g z] cont csupp
pos-lin-functional-on-CX-lin(1)[OF assms(1) cont(2) csupp(2),0f — 1] by simp

lemma pos-lin-functional-on-CX-compact-diff:
fixes f :: - = - :: {real-normed-vector, ring-1}
assumes positive-linear-functional-on-CX X ¢ compact-space X
and continuous-map X euclidean f continuous-map X euclidean g
shows ¢ (Az€topspace X. fz — gx) = ¢ (AzEtopspace X. fz) — ¢ (AzxE€topspace
X. g x)
using assms(2) by(auto introl: pos-lin-functional-on-CX-diff assms)

lemma pos-lin-functional-on-CX-mono:
fixes f :: - = - i {real-normed-vector, ring-1, ordered-ab-group-add}
assumes positive-linear-functional-on-CX X ¢
and mono:\z. z € topspace X = fz < gz
and cont:continuous-map X euclidean f continuous-map X euclidean g
and csupp: f has-compact-support-on X g has-compact-support-on X
shows ¢ (Az€topspace X. fz) < ¢ (Az€topspace X. g x)
proof —
have ¢ (Az€topspace X. f ) < ¢ (Az€topspace X. fz) + ¢ (AxEtopspace X. g
x — fx)
by (auto introl: pos-lin-functional-on-CX-pos|OF assms(1)] assms continuous-map-diff)
also have ... = ¢ (Az€topspace X. fz + (g z — fx))
by (intro pos-lin-functional-on-CX-lin(2)[symmetric]) (auto introl: assms con-
tinuous-map-diff)

also have ... = ¢ (Az€topspace X. g x)
by simp
finally show ?thesis .
qed

lemma pos-lin-functional-on- CX-compact-mono:
fixes [ :: - = - :: {real-normed-vector, ring-1, ordered-ab-group-add}
assumes positive-linear-functional-on-CX X ¢ compact-space X
and A\z. z € topspace X = fz < gz
and continuous-map X euclidean f continuous-map X euclidean g
shows ¢ (Az€topspace X. fx) < ¢ (AzxEtopspace X. g x)
using assms(2) by(auto introl: assms pos-lin-functional-on-CX-mono)

lemma pos-lin-functional-on-CX-zero:
assumes positive-linear-functional-on-CX X ¢
shows ¢ (Az€topspace X. 0) = 0

proof —
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have ¢ (Ax€topspace X. 0) = ¢ (Axctopspace X. 0 * 0)
by simp
also have ... = 0 x ¢ (Az€topspace X. 0)
by (intro pos-lin-functional-on-CX-lin) (auto simp: assms)
finally show ?thesis
by simp
qed

lemma pos-lin-functional-on- CX-uminus:
fixes f :: - = - :: {real-normed-vector, ring-1}
assumes positive-linear-functional-on-CX X ¢
and continuous-map X euclidean f
and csupp: f has-compact-support-on X
shows ¢ (Az€topspace X. — fz) = — ¢ (AxEtopspace X. f x)
using pos-lin-functional-on-CX-diff [of X ¢ Az. 0 f]
by (auto simp: assms pos-lin-functional-on-CX-zero)

lemma pos-lin-functional-on-CX-compact-uminus:
fixes f :: - = - :: {real-normed-vector, ring-1}
assumes positive-linear-functional-on-CX X ¢ compact-space X
and continuous-map X euclidean f
shows ¢ (Az€topspace X. — fx) = — ¢ (AxEtopspace X. f x)
using pos-lin-functional-on-CX-diff [of X ¢ Az. 0 f]
by (auto simp: assms pos-lin-functional-on-CX-zero)

lemma pos-lin-functional-on-CX-sum:
fixes f :: - = - = - {real-normed-vector}
assumes positive-linear-functional-on-CX X ¢
and finite I \i. i € I = continuous-map X euclidean (f 7)
and Ai. i € I = f i has-compact-support-on X
shows ¢ (Az€topspace X. (> i€l. fix)) = (D i€l. ¢ (AxEtopspace X. fi x))
using assms(2,3,4)
proof induction
case empty
show Zcase
using pos-lin-functional-on-CX-zero[OF assms(1)] by(simp add: restrict-def)
next
case ih:(insert a F)
show ?case (is ?lhs = 2rhs)
proof —
have ?lhs = ¢ (Ax€topspace X. faz + (D i€F. fizx))
by (simp add: sum.insert-if[OF ih(1)] ih(2) restrict-def)
also have ... = ¢ (Az€topspace X. fa x) + ¢ (Azctopspace X. (> i€F. fix))
by (auto intro!: pos-lin-functional-on-CX-lin[OF assms(1)]
has-compact-support-on-sum ih continuous-map-sum)
also have ... = ?rhs
by (simp add: ih) (simp add: restrict-def)
finally show ?thesis .
qed

44



qed

lemma pos-lin-functional-on-CX-pos-is-real:
fixes f :: - = complex
assumes positive-linear-functional-on-CX X ¢
and continuous-map X euclidean f f has-compact-support-on X
and Az. z € topspace X = fz € R
shows ¢ (Az€topspace X. fz) € R
proof —
have ¢ (Azetopspace X. f z) = ¢ (Az€topspace X. complez-of-real (Re (f )))
by (metis (no-types, lifting) assms(4) of-real-Re restrict-ext)
also have ... = ¢ (Az€topspace X. complez-of-real (mazx 0 (Re (f x))) — com-
plez-of-real (max 0 (— Re (f x))))
by (metis (no-types, opaque-lifting) diff-0 diff-0-right equation-minus-iff max.absorb-iff2
max.order-iff neg-0-le-iff-le nle-le of-real-diff)
also have ... = ¢ (Az€topspace X. complex-of-real (max 0 (Re (f z)))) — ¢
(Ax€topspace X. complex-of-real (mazx 0 (— Re (f x))))
using assms by (auto intro!: pos-lin-functional-on-CX-diff continuous-map-real-mazx)
also have ... ¢ R
using assms by (intro Reals-diff)
(auto introl: nonnegative-complex-is-real pos-lin-functional-on-CX-pos|OF
assms(1)] continuous-map-real-mazx
sitmp: less-eq-complex-def)
finally show ?thesis .
qed

lemma
fixes p X
defines ¢’ = (Af. Re (¢ (Az€topspace X. complez-of-real (f z))))
assumes plf:positive-linear-functional-on-CX X ¢
shows pos-lin-functional-on-CX-complex-decompose:
Nf. continuous-map X euclidean f = f has-compact-support-on X
= ¢ (\zE€topspace X. f x)
= complez-of-real (¢’ (Az€topspace X. Re (fz))) + 1 *x complex-of-real (¢’
(Azetopspace X. Im (f z)))
and pos-lin-functional-on-CX-complex-decompose-plf:
positive-linear-functional-on-CX X ¢’
proof —
fix f :: - = complex
assume f:continuous-map X euclidean f f has-compact-support-on X
show ¢ (Az€topspace X. f z)
= complez-of-real (¢’ (Ax€topspace X. Re (f x))) + i * complez-of-real (¢’
(Ax€topspace X. Im (f x)))
(is ?lhs = ?rhs)
proof —
have ¢ (Az€topspace X. fz) = ¢ (Az€topspace X. Re (fz) + 1 Im (f z))
using complex-eq by presburger
also have ... = ¢ (Az€topspace X. complex-of-real (Re (f 1)) + ¢ (AzEtopspace
X. i * complez-of-real (Im (f x)))
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using f by (auto intro!: pos-lin-functional-on-CX-lin[OF plf] has-compact-support-on-mult-left
continuous-map-complex-mult-left)
also have ... = ¢ (Az€topspace X. complex-of-real (Re (f z))) + 1 * ¢
(Ax€topspace X. complex-of-real (Im (f x)))
using f by(auto introl: pos-lin-functional-on-CX-lin|OF plf])

also have ... = complex-of-real (¢’ (Az€topspace X. (Re (f x)))) + i * com-
plez-of-real (¢’ (Ax€topspace X. Im (f z)))
proof —

have [simp]: complez-of-real (¢’ (Ax€topspace X. Re (f z))) = ¢ (AzE€topspace
X. complex-of-real (Re (f z)))
(is 7l = ?r)
proof —
have ?l = complezx-of-real (Re (¢ (Ax€topspace X. complez-of-real (Re (f
)

by (metis (mono-tags, lifting) ¢’-def restrict-apply’ restrict-ext)
also have ... = 7r
by (intro of-real-Re pos-lin-functional-on-CX-pos-is-real| OF plf]) (use f in
auto)
finally show ?thesis .
qed
have [simp]: complex-of-real (¢’ (Ax€topspace X. Im (f z))) = ¢ (AzE€topspace
X. complex-of-real (Im (f )))
(is 2l = 7r)
proof —
have ?l = complex-of-real (Re (¢ (AzE€topspace X. complex-of-real (Im (f
)

by (metis (mono-tags, lifting) '-def restrict-apply’ restrict-ext)
also have ... = ?r
by (intro of-real-Re pos-lin-functional-on-CX-pos-is-real| OF plf]) (use f in
auto)
finally show ?thesis .
qed
show ?thesis by simp
qed
finally show ?thesis .
qed
next
show positive-linear-functional-on-CX X '
unfolding positive-linear-functional-on-CX-def
proof safe
fix f
assume f:continuous-map X euclideanreal f f has-compact-support-on X ¥V x€topspace
X. 0< fz
show ¢’ (Az€topspace X. fxz) > 0
proof —
have 0 < ¢ (Az€topspace X. complez-of-real (f z))
using [ by(intro pos-lin-functional-on-CX-pos|OF plf]) (simp-all add:
less-eq-complex-def)
hence 0 < Re (p (A\x€topspace X. complex-of-real (f x)))
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by (simp add: less-eq-complex-def)
also have ... = ¢’ (Az€topspace X. [ 1)
by (metis (mono-tags, lifting) ’-def restrict-apply’ restrict-ext)
finally show ?thesis .
qed
next
fix a f
assume [:continuous-map X euclideanreal f f has-compact-support-on X
show ¢’ (Az€topspace X. a x fz) = a * ¢’ (Az€topspace X. [ x)
proof —
have x:¢p (Ax€topspace X. complex-of-real a * complez-of-real (f x)) = com-
plex-of-real a x ¢ (Ax€topspace X. complex-of-real (f x))
using [ by(auto intro!: pos-lin-functional-on-CX-lin[OF plf])
have ¢’ (Ax€topspace X. a x fz) = Re (¢ (AzEtopspace X. complex-of-real
a * complex-of-real (f x)))
by (metis (mono-tags, lifting) p’-def of-real-mult restrict-apply’ restrict-ext)

also have ... = a * (Re (p (Ax€topspace X. complex-of-real (f x))))
unfolding * by simp
also have ... = a * ¢’ (Az€topspace X. [ )

by (metis (mono-tags, lifting) ¢’-def restrict-apply’ restrict-ext)
finally show ?thesis .
qed
next
fix fg
assume [g:continuous-map X euclideanreal f f has-compact-support-on X
continuous-map X euclideanreal g g has-compact-support-on X
show ¢’ (Az€topspace X. fx 4+ gx) = ¢’ (Ax€topspace X. fx) + ¢’ (AzxEtopspace
X. gx)
proof —
have *: ¢ (Az€topspace X. complex-of-real (f x) + complex-of-real (g x))
© (Az€topspace X. complex-of-real (f x)) + ¢ (AxEtopspace X. complex-of-real

z))

(g
using fg by(auto introl: pos-lin-functional-on-CX-lin|OF plf])
have ¢’ (Az€topspace X. fz + g z) = Re (¢ (Ax€topspace X. complex-of-real
(Fo+ g2))
by (metis (mono-tags, lifting) ¢’-def restrict-apply’ restrict-ext)
also have ... = Re (¢ (Az€topspace X. complez-of-real (fx)) + ¢ (AxEtopspace

X. complez-of-real (g x)))
unfolding of-real-add * by simp

also have ... = Re (¢ (Ax€topspace X. complez-of-real (f x))) + Re (¢
(Azetopspace X. complez-of-real (g x)))
by simp
also have ... = ¢’ (Az€topspace X. fz) + ¢’ (AxEtopspace X. g x)

by (metis (mono-tags, lifting) ¢’-def restrict-apply’ restrict-ext)
finally show ?thesis .
qed
qed
qed
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3.4 Lemmas for Uniqueness

lemma rep-measures-real-unique:
assumes locally-compact-space X Hausdorff-space X
assumes N: subalgebra N (borel-of X)
Nf. continuous-map X euclideanreal f = [ has-compact-support-on X —
integrable N f
NA. A€sets N = emeasure N A = ([|Ce{C. openin X C N A C C}.
emeasure N C')
NA. openin X A = emeasure N A = (| |Ke{K. compactin X K N K C
A}. emeasure N K)
NA. Acsets N = emeasure N A < co = emeasure N A = (| | Ke{K.
compactin X K N K C A}. emeasure N K)
AK. compactin X K = N K <
assumes M: subalgebra M (borel-of X)
Nf. continuous-map X euclideanreal f => f has-compact-support-on X —>
integrable M f
NA. Acsets M = emeasure M A = ([]Ce{C. openin X C N A C C}.
emeasure M C)
NA. openin X A = emeasure M A = (| | K€{K. compactin X K N K C
A}. emeasure M K)
NA. Aesets M = emeasure M A < oo = emeasure M A = (| | Ke{K.
compactin X K N K C A}. emeasure M K)
NK. compactin X K = M K < oo
and sets-eq: sets N = sets M
and integ-eq: \f. continuous-map X euclideanreal f = f has-compact-support-on
X = (fz.fz ON) = ([z. fz OM)
shows N = M
proof (intro measure-eql sets-eq)
have space-N: space N = topspace X and space-M: space M = topspace X
using N(1) M(1) by(auto simp: subalgebra-def space-borel-of)
have N K = M K if K:compactin X K for K
proof —
have kc: ke-space X
using Hausdor(f-imp-kc-space assms(2) by blast
have K-sets[measurable]: K € sets N K € sets M
using N(1) M(1) compactin-imp-closedin-gen[OF ke K)|
by (auto simp: borel-of-closed subalgebra-def)
show ?thesis
proof (rule antisym|[OF ennreal-le-epsilon ennreal-le-epsilon))
fix e :: real
assume e: e > (
show emeasure N K < emeasure M K + ennreal e
proof —
have emeasure M K > [] (emeasure M ‘{C. openin X C AN K C C})
by (simp add: M(8)[OF K-sets(2)])
from Inf-le-iff[THEN iffD1,0F this,rule-format,of emeasure M K + e]
obtain U where U:openin X U K C U emeasure M U < emeasure M K
+ ennreal e

using K M(6) e by fastforce
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then have [measurable]: U € sets M
using M (1) by(auto simp: subalgebra-def borel-of-open)

then obtain f where f:continuous-map X (top-of-set {0..1::real}) f
f“(topspace X — U) C {0} f*K C {1}
disjnt (X closure-of {z € topspace X. fx # 0}) (topspace X — U)
compactin X (X closure-of {x € topspace X. fz # 0})

using Urysohn-locally-compact-Hausdor(f-closed-compact-support[ OF assms(1)

disjI1[OF assms(2)],0f 0 1 topspace X — U K] U K

by (simp add: closedin-def disjnt-iff) blast

have f-int: integrable N f integrable M f

using f by (auto introl: N M simp: continuous-map-in-subtopology has-compact-support-on-iff)

have f-01: z € topspace X = 0 < fxz z € topspace X —> fx < 1 for z
using continuous-map-image-subset-topspace|OF f(1)] by auto

have emeasure N K = ([ Tx. indicator K z ON)

by simp
also have ... < ([ *z. fz ON)

using f(3) by(intro nn-integral-mono) (auto simp: indicator-def)
also have ... = ennreal ([ z. fz ON)

by (rule nn-integral-eq-integral) (use f-int continuous-map-image-subset-topspace| OF
f(1)] f-01 space-N in auto)
also have ... = ennreal ([ z. fz OM)
using f by (auto introl: ennreal-cong integ-eq simp: continuous-map-in-subtopology
has-compact-support-on-iff)
also have ... = ([ Tz. fz OM)
by (rule nn-integral-eg-integral[symmetric))
(use f-int continuous-map-image-subset-topspace| OF f(1)] f-01 space-M
in auto)
also have ... < ([ Tz. indicator U z M)
using f(2) f-01 by(intro nn-integral-mono) (auto simp: indicator-def
space-M)
also have ... = emeasure M U
by simp
also have ... < emeasure M K + ennreal e
by fact
finally show ?thesis
by simp
qed
next
fix e :: real
assume e: e > (
show emeasure M K < emeasure N K + ennreal e
proof —
have emeasure N K > [] (emeasure N ‘{C. openin X C A K C C})
by (simp add: N(3)[OF K-sets(1)])
from Inf-le-iff [ THEN iffD1,0F this,rule-format,of emeasure N K + ¢
obtain U where U:openin X U K C U emeasure N U < emeasure N K +
ennreal e
using K N(6) e by fastforce
then have [measurable]: U € sets N
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using N (1) by(auto simp: subalgebra-def borel-of-open)
then obtain f where f:continuous-map X (top-of-set {0..1::real}) f
f ¢ (topspace X — U) C {0} f*K C {1}
disjnt (X closure-of {z € topspace X. fx # 0}) (topspace X — U)
compactin X (X closure-of {x € topspace X. fx # 0})
using Urysohn-locally-compact-Hausdor(f-closed-compact-support| OF assms(1)

disjl1[OF assms(2)],of 0 1 topspace X — U K] U K

by (simp add: closedin-def disjnt-iff) blast
have f-int: integrable N f integrable M f
using f by(auto introl: N M simp: continuous-map-in-subtopology has-compact-support-on-iff)
have f-01: z € topspace X = 0 < fz z € topspace X = fx < 1 for x
using continuous-map-image-subset-topspace|OF f(1)] by auto
have emeasure M K = ([ *x. indicator K x M)
by simp
also have ... < ([ *z. fz OM)
using f(3) by (intro nn-integral-mono) (auto simp: indicator-def)
also have ... = ennreal ([ z. fz OM)
by (rule nn-integral-eq-integral) (use f-int continuous-map-image-subset-topspace| OF

f(1)] f-01 space-M in auto)

also have ... = ennreal ([ z. fz ON)
using f by(auto introl: ennreal-cong integ-eq[symmetric] simp: continu-

ous-map-in-subtopology has-compact-support-on-iff)

also have ... = ([ Tz. fz ON)
by (rule nn-integral-eq-integral|symmetric))
(use f-int continuous-map-image-subset-topspace| OF f(1)] f-01 space-N

in auto)

also have ... < ([ *z. indicator U z ON)
using f(2) f-01 by(intro nn-integral-mono) (auto simp: indicator-def

space-N)

also have ... = emeasure N U
by simp
also have ... < emeasure N K + ennreal e
by fact
finally show ?thesis
by simp
qed

qged

hence AA. openin X A = emeasure N A = emeasure M A
by (auto simp: N(4) M(4))
thus AA. A € sets N = emeasure N A = emeasure M A

using N(3) M(3) by(auto simp: sets-eq)

lemma rep-measures-complex-unique:
fixes X :: ‘a topology
assumes locally-compact-space X Hausdorff-space X
assumes N: subalgebra N (borel-of X)

NSf. continuous-map X euclidean f = f has-compact-support-on X = com-
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plex-integrable N f
NA. Acsets N = emeasure N A = ([ Ce{C. openin X C N A C C}.
emeasure N C')
NA. openin X A = emeasure N A = (| |K€{K. compactin X K N K C
A}. emeasure N K)
NA. Aesets N = emeasure N A < co = emeasure N A = (| | Ke{K.
compactin X K N K C A}. emeasure N K)
NK. compactin X K = N K < o
assumes M: subalgebra M (borel-of X)
Nf. continuous-map X euclidean f = [ has-compact-support-on X —
complex-integrable M f
NA. Acsets M = emeasure M A = ([]Ce{C. openin X C N A C C}.
emeasure M C)
NA. openin X A = emeasure M A = (| | Ke{K. compactin X K N K C
A}. emeasure M K)
NA. Acsets M = emeasure M A < co = emeasure M A = (| | Ke{K.
compactin X K N K C A}. emeasure M K)
NK. compactin X K = M K < oo
and sets-eq: sets N = sets M
and integ-eq: \f::'a = complex. continuous-map X euclidean f = f has-compact-support-on
X
= ([z. fz ON) = ([z. fz OM)

shows N = M
proof (rule rep-measures-real-unique[OF assms(1,2)])
fix f

assume f:continuous-map X euclideanreal f f has-compact-support-on X

show ([z. fz ON) = ([ . fz OM)

proof —
have ([ z. fz ON) = Re ([ z. (complez-of-real (f z)) ON)
by simp
also have ... = Re ([ z. (complez-of-real (f z)) OM)
proof —

have 1:([ z. (complez-of-real (f z)) ON) = ([ z. (complez-of-real (f x)) M)
by (rule integ-eq) (auto intro!: f)
show ?thesis
unfolding 1 by simp
qged
finally show ?thesis
by simp
qed
next
fix f
assume continuous-map X euclideanreal f f has-compact-support-on X
hence complez-integrable N (Az. complex-of-real (f x)) complez-integrable M (Az.
complez-of-real (f x))
by (auto introl: M N)
thus integrable N f integrable M f
using complez-of-real-integrable-eq by auto
qed fact+
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lemma finite-tight-measure-eq:
assumes locally-compact-space X metrizable-space X tight-on X N tight-on X M
and integ-eq: \f. continuous-map X euclideanreal f = f € topspace X —
{0.1}y = (Jz. fz ON) = ([=. fz OM)
shows N = M
proof(rule measure-eql )
interpret N: finite-measure N
using assms(3) tight-on-def by blast
interpret M: finite-measure M
using assms(4) tight-on-def by blast
have integ-N: NA. A € sets N = integrable N (indicat-real A)
and integ-M: \NA. A € sets M = integrable M (indicat-real A)
by (auto simp add: N.emeasure-eqg-measure M.emeasure-eqg-measure)
have sets-N: sets N = borel-of X and space-N: space N = topspace X
and sets-M: sets M = borel-of X and space-M: space M = topspace X
using assms(3,4) sets-eq-imp-space-eq[of - borel-of X]
by (auto simp: tight-on-def space-borel-of)
fix A
assume [measurable]:A € sets N
then have [measurable]: A € sets M
using sets-M sets-N by blast
have measure M A = || (Sigma-Algebra.measure M ‘ {K. compactin X K N K

c 4}
by (auto introl: inner-reqular’’|OF assms(2,4)])
also have ... = | | (Sigma-Algebra.measure N ‘ {K. compactin X K AN K C A})
proof —
have measure M K = measure N K if K:compactin X K K C A for K
proof —

have [measurable]: K € sets M K € sets N
by (auto simp: sets-M sets-N intro!: borel-of-closed compactin-imp-closedin K
metrizable-imp-Hausdorff-space assms)
show ?thesis
proof (rule antisym|[OF field-le-epsilon field-le-epsilon])
fix e :: real
assume e:e > (
have Vy>measure N K. 3acmeasure N ‘ {C. openin X C N K C C}. a <
Y
by (intro cInf-le-iff [ THEN iffD1] eq-refllOF N .outer-regularD[OF N.outer-reqular'|OF
assms(2) sets-N[symmetric]],symmetric]])
(auto intro!: bdd-belowl[where m=0] compactin-subset-topspace[OF
K1)

from this[rule-format,of measure N K + €] obtain U where U: openin X
UK C Umeasure N U < measure N K + e
using e by auto
then have [measurable]: U € sets M U € sets N
by (auto simp: sets-N sets-M intro!: borel-of-open)
obtain f where f:continuous-map X (top-of-set {0..1::real}) f
f < (topspace X — U) C {0} f*K C {1}
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disjnt (X closure-of {z € topspace X. fx # 0}) (topspace X — U)
compactin X (X closure-of {z € topspace X. fz # 0})
using Urysohn-locally-compact-Hausdorff-closed-compact-support| OF assms(1)
disjI1[OF metrizable-imp-Hausdorff-space[ OF assms(2)]],0f 0 1 topspace X — U K]
UK
by (simp add: closedin-def disjnt-iff) blast
hence f': continuous-map X euclideanreal f
Nz. © € topspace X = fz > 0 Nz. z € topspace X —> fz < 1
by (auto simp add: continuous-map-in-subtopology)
have [measurable]: f € borel-measurable M f € borel-measurable N
using continuous-map-measurable]OF f'(1)]
by (auto simp: borel-of-euclidean sets-N sets-M cong: measurable-cong-sets)
from f’(2,3) have f-int[simp]: integrable M f integrable N f
by (auto introl: M .integrable-const-bound[where B=1] N .integrable-const-bound[where
B=1] simp: space-N space-M)
have measure M K = ([ z. indicator K z OM)
by simp
also have ... < ([ z. fz OM)
using f(3) f'(2) by(intro integral-mono integ-M) (auto simp: space-M
indicator-def)
also have ... = ([ z. fz ON)
by (auto intro!: integ-eq[symmetric| f')
also have ... < ([ z. indicator U z ON)
using f(2) f'(3) by(intro integral-mono integ-N) (auto simp: space-N
indicator-def)
also have ... < measure N K + ¢
using U(3) by fastforce
finally show measure M K < measure N K + e .
next
fix e :: real
assume e:e > (
have V y>measure M K. 3 acmeasure M ‘ {C. openin X C N K C C}. a <
Y
by (intro cInf-le-iff [ THEN iffD1] eq-refll OF M .outer-regularD[OF M .outer-reqular’|OF
assms(2) sets-M|[symmetric]],symmetric]])
(auto intro!: bdd-belowl[where m=0] compactin-subset-topspace[OF
K1)

from this[rule-format,of measure M K + e] obtain U where U: openin X
UK C Umeasure M U < measure M K + e
using e by auto
then have [measurable]: U € sets M U € sets N
by (auto simp: sets-N sets-M intro!: borel-of-open)
obtain f where f:continuous-map X (top-of-set {0..1::real}) f
f ¢ (topspace X — U) C {0} f*K C {1}
disjnt (X closure-of {z € topspace X. fx # 0}) (topspace X — U)
compactin X (X closure-of {x € topspace X. fx # 0})
using Urysohn-locally-compact-Hausdorff-closed-compact-support| OF assms(1)
disjI1[OF metrizable-imp-Hausdorff-space[ OF assms(2)]],0f 0 1 topspace X — U K]
UK
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by (simp add: closedin-def disjnt-iff) blast
hence f': continuous-map X euclideanreal f
Nz. = € topspace X = fz > 0 Nz. z € topspace X = fz < 1
by (auto simp add: continuous-map-in-subtopology)
have [measurable]: f € borel-measurable M f € borel-measurable N
using continuous-map-measurable]OF f'(1)]
by (auto simp: borel-of-euclidean sets-N sets-M cong: measurable-cong-sets)
from f’(2,3) have f-int[simp]: integrable M f integrable N f
by (auto introl: M .integrable-const-bound[where B=1] N .integrable-const-bound[where
B=1] simp: space-N space-M)
have measure N K = ([ z. indicator K z ON)
by simp
also have ... < ([ z. fz ON)
using f(3) f'(2) by(intro integral-mono integ-N) (auto simp: space-N
indicator-def)
also have ... = ([ z. fz OM)
by (auto introl: integ-eq f')
also have ... < ([ z. indicator U z M)
using f(2) f'(8) by(intro integral-mono integ-M) (auto simp: space-M
indicator-def)
also have ... < measure M K + ¢
using U(3) by fastforce
finally show measure N K < measure M K + e .
qed
qed
thus ?thesis
by simp
qed
also have ... = measure N A
by (auto introl: inner-regular'[symmetric, OF assms(2,%)])
finally show emeasure N A = emeasure M A
using M.emeasure-eq-measure N.emeasure-eq-measure by presburger
qed(insert assms(3,4), auto simp: tight-on-def)

3.5 Riesez Representation Theorem for Real Numbers

theorem Riesz-representation-real-complete:
fixes X :: ‘a topology and ¢ :: (a = real) = real
assumes [h:locally-compact-space X Hausdorff-space X
and plf:positive-linear-functional-on-CX X ¢
shows I M. 3IN. sets N = M A subalgebra N (borel-of X)
A (Y Aesets N. emeasure N A = ([ Ce{C. openin X C N A C C}. emeasure
N )
A (VA. openin X A — emeasure N A = (|| Ke{K. compactin X K N K
C A}. emeasure N K))
A (V A€sets N. emeasure N A < oo
— emeasure N A = (| | Ke{K. compactin X K N K C A}.
emeasure N K))
A (VK. compactin X K — emeasure N K < 00)
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A (Y f. continuous-map X euclideanreal f — [ has-compact-support-on X
— ¢ (\z€topspace X. fz) = ([ z. fz ON))
A (Y f. continuous-map X euclideanreal f — [ has-compact-support-on X
— integrable N f)
A complete-measure N
proof —
let Ziscont = \f. continuous-map X euclideanreal f
let Zcsupp = Mf. f has-compact-support-on X
let 9fA = MA f. Ziscont f A Zesupp f N X closure-of {xz€topspace X. fx # 0}
cCA
A f € topspace X — {0..1} N f € topspace X — A — {0}
let 2K = AK f. %iscont f N\ Zcsupp f N f € topspace X — {0..1} N f € K —

{1}

have ext-sup|[simp]:
AP Q. {z<topspace X. (if x € topspace X then P x else Q x) # 0} = {xE€topspace
X. Pz # 0}
by fastforce
have times-unfold[simp]: AP Q. {z€topspace X. Pz A Q z} = {zEtopspace X.
Pz} N {zctopspace X. Q z}
by fastforce
note pos = pos-lin-functional-on-CX-pos[OF plf]
note linear = pos-lin-functional-on-CX-lin[OF plf]
note ¢diff = pos-lin-functional-on-CX-diff|OF plf]
note pmono = pos-lin-functional-on-CX-mono[OF plf]
note -0 = pos-lin-functional-on-CX-zero[ OF plf]

Lemma 2.13 [1].

have fApartition: Fhi. (Vi<n. (2fA (Vi i) (hii))) A
(VzeK. (3> i<n. hiix) = 1) N (Vz€topspace X. 0 < (> i<n.
hiix)) A
(Vzetopspace X. (> i<n. hiiz) < 1)
if K:compactin X K Niznat. i < n = openin X (Vi i) K C (Ji<n. Vi)
for K Vin
proof —
{
fix z
assume z:x € K
have 3i<n. z € Vii A (3U V. openin X U A (compactin X V) ANz € U A
UCVAVCVii
proof —
obtain ¢ where i: i < nz € Vi
using K z by blast
thus ?thesis
using locally-compact-space-neighbourhood-base|of X| neighbourhood-base-of [of
AU. compactin X U X] Ih K
by (fastforce intro!: exl[where z=1i])
qed

}
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hence Jix Uz Vz. VaeK. iz x < n A x € Vi (iz z) A openin X (Uz z) A
compactin X (Vez) Nx € Ura AUz C Vea A Voo C Vi
by metis
then obtain iz Uz Vz where zinK: A\z. 1 € K = izrx < n Az. 2 € K =
z € Vi (iz )
Nz. v € K = openin X (Uz ) Nz. © € K = compactin X (Vz z)
Ne.z€e K= z€ Uzx
Ne.z e K= UrzC Vezx \v.z € K= Ve C Vi (ixz)
by blast
hence K C (JzeK. Uz )
by fastforce
from compactinD[OF K (1) - this] zinK(8) obtain K’ where K" finite K’ K’
CKKC(JzeK'" Uzx)
by (metis (no-types, lifting) finite-subset-image imageE)

define Hi where Hi = (\i. | (Vz ‘{z. 2 € K' A iz z = i}))
have Hi-Vi: Ni. i <n = Hii C Vii
using zinK K' by(fastforce simp: Hi-def)
have K-unHi: K C (Ji<n. Hi i)
proof
fix z
assume z € K
then obtain y where y:y € K'z € Uz y
using K’ by auto
then have zx € Vx yizy < n
using K' zinK|[of y] by auto
with y show z € (|Ji<n. Hi 7)
by (fastforce simp: Hi-def)
qed
have compactin-Hi: N\i. i < n = compactin X (Hi 1)
using zinK K' by(auto intro!: compactin-Union simp: Hi-def)
{
fix ¢
assume | € {..n}
then have i: i < n by auto
have closedin X (topspace X — Vi i) disjnt (topspace X — Vi i) (Hi i)
using Hi-Vi[OF i] K(2)[OF i] by (auto simp: disjnt-def)
from Urysohn-locally-compact-Hausdor(f-closed-compact-support[of - 0 1,0F
Ih(1) disjI1[OF Ih(2)] - this(1) compactin-Hi[OF i) this(2)]
have 3 hi. continuous-map X (top-of-set {0..1:real}) hi A hi ¢ (topspace X
— Vii) C {0} A
hi ¢ Hi ¢ C {1} A disjnt (X closure-of {z€topspace X. hi x # 0})
(topspace X — Vi i) A
Zcsupp hi
unfolding has-compact-support-on-iff by fastforce
hence 3 hi. Ziscont hi A hi ‘ topspace X C {0..1} A hi ‘ (topspace X — Vi i)
C {0} A
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hi ¢ Hi i C {1} A disjnt (X closure-of {z€topspace X. hi x # 0})
(topspace X — Vi i) A
2csupp hi
by (simp add: continuous-map-in-subtopology disjnt-def has-compact-support-on-def)

hence A hi. Vie{..n}. Ziscont (hii) A hii ‘ topspace X C {0..1} A
hi i ¢ (topspace X — Vii) C{0} AN hii“Hii C {1} A
disjnt (X closure-of {xE€topspace X. hi i x # 0}) (topspace X — Vi
i) N Zesupp (hi i)
by (intro bchoice) auto
hence J hi. ¥ i<n. Ziscont (hi i) A hii ‘topspace X C {0..1} A hii ‘ (topspace
X —Vii)C {0} A
hii“HiiC {1} A disint (X closure-of {zctopspace X. hiix # 0})
(topspace X — Vi i) A Pesupp (hi i)
by (meson atMost-iff)
then obtain gi where gi: A\i. i < n = ?Ziscont (gi ©)
Ni. i < n= gii‘topspace X C{0..1} Ni. i < n = gii ‘ (topspace X —
vii) C {0)
Nioi<n=>gii HiiC{1}
Ni. i < n = disjnt (X closure-of {xE€topspace X. gi i © # 0}) (topspace X
— Vii)
Ni. i < n = ?csupp (gi i)
by fast
define hi where hi = (An. Az€topspace X. ([[i<n. (I — gi i x)) * gi n x)
show ?thesis
proof (safe introl: exl[where z=hi))
fix ¢
assume 7: ¢ < n
then show %iscont (hi ©)
using gi(1) by(auto simp: hi-def introl: continuous-map-real-mult continu-
ous-map-prod continuous-map-diff)
show Zcsupp (hi 1)
proof —
have {z € topspace X. hi iz # 0} = {x€topspace X. gi iz # 0} N ([ j<i.
{z€topspace X. gijx £ 1})
using ¢i by (auto simp: hi-def)
also have ... C {zctopspace X. gi iz # 0}
by blast
finally show ?thesis
using ¢i(6)[OF 1] closure-of-mono closed-compactin
by (fastforce simp: has-compact-support-on-iff)
qed
next
fix i x
assume i: ¢ < n and z: ¢ € topspace X
{
assume z ¢ Vi1
with i z gi(8)[of {] show hi iz = 0
by (auto simp: hi-def)
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}
show hiiz € {0..1}

using i z gi(2) by (auto simp: hi-def image-subset-iff introl: mult-nonneg-nonneg
mult-le-one prod-le-1 prod-nonneg)
next
fix z
have 1:(>]i<n. hiiz) =1 — (J[][i<n. (1 — giix)) if z:z € topspace X
proof —
have (> i<n. hiiz) = O j<n. ([1i<j. (I — giix)) * gi j )
using = by (simp add: hi-def)

also have ... = 1 — (J[[i<n. (1 — giix))
proof —
have [simp]: ([[i<m. I — giiz)* (1 — gimzx) = ([[i<m. I — giix)
for m
by (metis lessThan-Suc-atMost prod.lessThan-Suc)
show ?thesis
by (induction n, simp-all) (simp add: right-diff-distrib)
qed
finally show ?thesis .
qed

{

assume z:z € K
then obtain i where i: i < nz € Hii
using K-unHi by auto
have z € topspace X
using K (1) = compactin-subset-topspace by auto
hence (> i<n. hiiz) =1 — (J[i<n. (1 — giix))
by(simp add: 1)
also have ... = 1
using 7 gi(4)[OF i(1)] by(auto intro!: prod-zero bexl[where z=i])
finally show (3 i<n. hiiz) =1 .
}

assume z: z € topspace X

then show 0 < (3" i<n. hiixz) > i<n. hiiz) < 1
using ¢i(2) by(auto simp: 1 image-subset-iff introl: prod-nonneg prod-le-1)
next
fix iz

assume h:i < nz € X closure-of {z € topspace X. hiix # 0}
have {z € topspace X. hi i x # 0} = {z€topspace X. gi i x # 0} N ((j<i.
{z€topspace X. gijx # 1})
using ¢i by(auto simp: hi-def)
also have ... C {z€ctopspace X. gi iz # 0}
by blast
finally have X closure-of {z € topspace X. hi i x # 0} C X closure-of
{z€topspace X. giix # 0}
by (rule closure-of-mono)
thus z € Vi ¢
using ¢i(5)[OF h(1)] h(2) closure-of-subset-topspace by(fastforce simp:
disjnt-def)
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qed

qed
note [simp, intro!] = continuous-map-add continuous-map-diff continuous-map-real-mult
define p’ where p’' = (MA. || (ennreal “ ¢ ¢ {(Az€topspace X. fx) |f. %A A

/1)

define y where = (AA. [] (' “{V. AC V A openin X V}))

define Mf where Mf = {E. E C topspace X N\u E<TApuE=(] (p ‘{K.
K C E A compactin X K}))}
define M where M = {E. E C topspace X A (VK. compactin X K — EN K

€ Mf)}

have u'-mono: NAB.ACB= pu' A<u B
unfolding p’-def by(fastforce introl: SUP-subset-mono imagel)
have p-open: p A = p’ A if openin X A for A
unfolding pu-def by (metis (mono-tags, lifting) INF-eql p'-mono dual-order.refl
mem-Collect-eq that)
have p-mono: NANAB.ACB=— pnA<uB
unfolding p-def by(auto introl: INF-superset-mono)
have p-fin-subset: 4 A < co = A C topspace X for A
by (metis (mono-tags, lifting) INF-less-iff u-def mem-Collect-eq openin-subset
order.trans)

have p'-empty: p' {} = 0 and p-empty: p {} = 0
proof —
have 1:{(Ax€topspace X. fx) |f. A {} f} = {Xz€topspace X. 0}
by (fastforce introl: exI[where z=AzEtopspace X. 0])
thus ' {} = 0 o {} = 0
by (auto simp: p'-def ©-0 p-open)
qed
have empty-in-Mf: {} € Mf
by (auto simp: Mf-def p-empty)

have step!: u (U (range Ei)) < (3> i. u (Fii)) for Fi
proof —
have 1: p/ (VU U) < p' V 4+ p' U if VU: openin X V openin X U for V U
proof —
have p/ (V.U U) = || (ennreal ‘¢ ‘ {(AxE€topspace X. fz) |f. ?2fA (V U U)

1)
by (simp add: p'-def)
alsohave ... < p/' V 4+ pu' U
unfolding Sup-le-iff
proof safe
fix g
assume g: Ziscont g Zcsupp g g € topspace X — {0..1} g € topspace X —
(Vut) —{0}

X closure-of {z € topspace X. gz # 0} C VU U
have Fhi. (Vi<Suc 0. Ziscont (hi i) A Zcsupp (hi i) A
X closure-of {x € topspace X. hi iz # 0} C (case i of 0 = V|
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Suc - = U) A
hi i € topspace X — {0..1} A
hi i € topspace X — (case i of 0 = V | Suc - = U) — {0}) A
(VzeX closure-of {z€topspace X. g x # 0}. (3. i<Suc 0. hi i z)
=1)A
(Vzetopspace X. 0 < (D> i<Suc 0. hi i z)) N\ (VzEtopspace X.
(>oi<Suc 0. hiiz) < 1)
proof(safe intro!: fApartition[of - Suc 0 Ni. case i of 0 = V | - = U])
have 1:(Ji<Suc 0. case i of 0 = V | Suc-=U)=UUV
by (fastforce simp: le-Suc-eq)
show Az. z € X closure-of {z € topspace X. gz # 0} = z € (|Ji<Suc
0. case i of 0 = V| Suc - = U)
unfolding 7 using g by blast
next
show compactin X (X closure-of {x € topspace X. g x # 0})
using g by(simp add: has-compact-support-on-iff)
qed(use g VU le-Suc-eq in auto)
then obtain /i where
(Vi<Suc 0. %iscont (hi i) N Zcsupp (hi i) A
X closure-of {x € topspace X. hiix # 0} C (case i of 0 = V | Suc -
= U) A
hi i € topspace X — {0..1} A hi i € topspace X — (case i of 0 = V|
Suc - = U) — {0}) A
(VzeX closure-of {z€topspace X. gz # 0}. (3i<Suc 0. hiix)=1) A
(Vzetopspace X. 0 < (3~ i<Suc 0. hi i x)) A (Vze€topspace X. (3 i<Suc
0. hiiz)<1)
by blast
hence h0: ?Ziscont (hi 0) Zcsupp (hi 0) X closure-of {z € topspace X. hi 0
x#0}CV
hi 0 € topspace X — {0..1} hi 0 € topspace X — V — {0}
and hi: Ziscont (hi (Suc 0)) %csupp (hi (Suc 0)) X closure-of {z €
topspace X. hi (Suc 0) x # 0} C U
hi (Suc 0) € topspace X — {0..1} hi (Suc 0) € topspace X — U — {0}
and h01-sum: Az. z € X closure-of {zctopspace X. g # 0} = (> i<Suc
0. hiiz) =1
unfolding le-Suc-eq le-0-eq by auto
have ennreal (¢ (Az€topspace X. g x)) = ennreal (¢ (Az€topspace X. g x
* (hi 0 ¢ + hi (Suc 0) x)))
proof —
have [simp]: (AzEtopspace X. g x) = (AxEtopspace X. g x x (hi 0z + hi
(Suc 0) z))
proof
fix z
consider g x # 0z € topspace X | gz = 0 | = ¢ topspace X
by fastforce
then show restrict g (topspace X) © = (Az€topspace X. g x * (hi 0 +
hi (Suc 0) z)) x
proof cases
case 1
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then have z € X closure-of {xEtopspace X. g x # 0}
using in-closure-of by fastforce
from h01-sum[OF this| show ?thesis
by simp
qed simp-all
qed
show ?thesis
by simp
qed
also have ... = ennreal (¢ (Ax€topspace X. gz * hi 0 x + g x * hi (Suc 0)
z))
by (simp add: ring-class.ring-distribs(1))
also have ... = ennreal (¢ (Az€topspace X. g x x hi 0 z) + ¢ (AxEtopspace
X. gz * hi (Suc 0) x))
by (intro ennreal-cong linear(2) has-compact-support-on-mult-left continu-
ous-map-real-mult g h0 h1)
also have ... = ennreal (p (Ax€topspace X. g x % hi 0 z)) + ennreal (¢
(Az€topspace X. g x * hi (Suc 0) x))
using g(3) h0(4) hi(4)
by (auto intro!: ennreal-plus pos g h0 h1 has-compact-support-on-mult-left
mult-nonneg-nonneg)
also have ... < u' V + u' U
unfolding p'-def
proof (safe introl: add-mono Sup-upper imagel)
show 3f. (Az€topspace X. g x = hi 0 z) = restrict f (topspace X) A Piscont
f A Pesupp f A
X closure-of {x € topspace X. fz # 0} C V A f € topspace X —
{0..1} N f € topspace X — V — {0}
using Pi-mem[OF ¢(8)] Pi-mem[OF h0(4)] in-mono|OF closure-of-mono[ OF
inf-sup-ord(2)[of {z € topspace X. g x # 0}]]] h0(3,5)
by (auto intro!: exI[where z=Azctopspace X. g x * hi 0 x| g(1,2)
h0(1,2) has-compact-support-on-mult-left mult-le-one mult-nonneg-nonneg)
show 3f. (Az€topspace X. g x * hi (Suc 0) x) = restrict f (topspace X)
A Ziscont f A
Zesupp f N X closure-of {x € topspace X. fx # 0} C U A f € topspace
X —{0..1} A f € topspace X — U — {0}
using Pi-mem][OF g¢(8)] Pi-mem[OF h1(4)] in-mono|OF closure-of-mono[ OF
inf-sup-ord(2)[of {x € topspace X. g x # 0}]]] h1(3,5)
by (auto intro!: exl[where z=AzE€topspace X. g x * hi 1 z] g(1,2)
h1(1,2) has-compact-support-on-mult-left mult-le-one mult-nonneg-nonneg)
qed
finally show ennreal (¢ (restrict g (topspace X))) < u' V 4+ p' U .
qed
finally show p/ (VU U) <u' V+u' U.
qed

consider 34. u (Fii) = oo | Ni. p (Eii) < oo

using top.not-eq-extremum by auto
then show ?thesis
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proof cases
case I
then show ?thesis
by (metis p-mono ennreal-suminf-lessD infinity-ennreal-def linorder-not-le
subset-UNIV top.not-eq-extremum)
next
case fin:2
show ?thesis
proof(rule ennreal-le-epsilon)
fix e :: real
assume e: 0 < e
have 3 Vi. Ei i C Vi A openin X Vi A p/ Vi < p (Ei i) + ennreal ((1 /
2)"Suc i) * ennreal e for i
proof —
have 1:y (Eii) < p (Eii) + ennreal ((1 / 2) ~ Suc i) * ennreal e
using e fin less-le by fastforce
have 0 < ennreal ((1 / 2) Suc 7) * ennreal e
using e by (simp add: ennreal-zero-less-mult-iff)
have ([ (u’ “{V. Eii C V A openin X V})) < p (Ei i)
by (auto simp: p-def)
from Inf-le-iff[THEN iffD1,0F this,rule-format,OF 1]
show ?thesis
by auto
qed
then obtain Vi where Vi: Ai. Vii D Eii \i. openin X (Vi)
Niow (Vii) < p (Eii) + ennreal (1 / 2) Suc i) * ennreal e
by (metis p-open)
hence p (|J (range Fi)) < p (U (range Vi)
by (auto introl: p-mono)
also have ... = u’ (| (range Vi))
using Vi by(auto introl: p-open)
also have ... = (|| (ennreal ‘ ¢ ‘ {(Ax€topspace X. fz) |f. 2fA (U (range
Vi) £1)
by (simp add: p'-def)
also have ... < (> 4. u (Fii)) + ennreal e
unfolding Sup-le-iff
proof safe
fix f
assume f: Ziscont f Zcsupp f X closure-of {z € topspace X. fz # 0} C
U (range Vi) f € topspace X — {0..1} f € topspace X — |J (range Vi) — {0}
have Jn. f € topspace X — (|Ji<n. Vii) — {0} A X closure-of {z €
topspace X. fo # 0} C (Ji<n. Vi)
proof —
obtain K where K:finite K K C range Vi X closure-of {x € topspace
X.fe#0ycU K
using compactinD[OF f(2)[simplified has-compact-support-on-iff]] Vi(2)
f(3)

by (metis (mono-tags, lifting) imageFE)
hence In. K C Vi ‘{..n}
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by (metis (no-types, lifting) finite-nat-iff-bounded-le finite-subset-image
image-mono)
then obtain n where n: X closure-of {z € topspace X. fz # 0} C
(Ji<n. Vii)
using K (3) by fastforce
show ?thesis
using in-closure-of n subsetD by(fastforce introl: exl[where z=n))
qed
then obtain n where n:f € topspace X — (Ji<n. Vi i) — {0} X
closure-of {x € topspace X. fz # 0} C (Ji<n. Vi)
by blast
have ennreal (¢ (restrict f (topspace X))) < p' (Ji<n. Vi i)
using f(4) fn by(auto intro!: imagel exl[where z=f] Sup-upper simp:
p'-def)
also have ... < (> i<n. p’ (Vi i)
proof (induction n)
case ih:(Suc n’)
have [simp|:p/ (U (Vi “{.Sucn'})) =p' (U (Vi ‘{.n"}) U Vi (Suc n"))
by(rule arg-cong|of - - u']) (fastforce simp: le-Suc-eq)
also have ... < p' (U (Vi “{.n"})) + p’ (Vi (Suc n"))
using Vi(2) by(auto intro!: 1)
also have ... < (3> i<Suc n’. p' (Vi 7))
using ih by fastforce
finally show ?Zcase .
qed simp
also have ... = (> i<n. u (Vi 1))
using Vi(2) by(simp add: p-open)
also have ... < (3" 4. u (Vi)
by (auto introl: incseq-Sucl incseg-le[OF - summable-LIMSEQ'))
also have ... < (3)4. u (Ei i) + ennreal ((1 / 2) Suc i) * ennreal )
by (intro suminf-le Vi(3)) auto
also have ... = (3 0. p (Ei 7)) + (0. i. ennreal ((1 / 2) Suc ) * ennreal

by (rule suminf-add[symmetric]) auto
also have ... = (3@ p (Ei 7)) + (O 4. ennreal ((1 / 2) "Suc 7)) * ennreal

by simp
also have ... = (D" 4. u (Fi i) + ennreal 1 % ennreal e
proof —
have (3 4. ennreal ((1 / 2) Suc i)) = ennreal 1
by (rule suminf-ennreal-eq) (use power-half-series in auto)
thus ?thesis
by presburger
qed
also have ... = (3" i. u (Ei i) + ennreal e
by simp
finally show ennreal (¢ (restrict f (topspace X))) < O_i. p (Fii)) +
ennreal e .
qged
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finally show p (|J (range Fi)) < (3" i. pu (Ei©)) + ennreal e .
qed
qed
qed
have step!” p (E1 U E2) < u E1 + p E2 for E1 E2
proof —
define En where En = (An:nat. if n = 0 then E1 else if n = 1 then E2 else
{1
have 1: (lJ (range En)) = (E1 U E2)
by (auto simp: En-def)
have 2: (> i. u (Eni)) =p E1 + p E2
using suminf-offset[of \i. p (En ©),0f Suc (Suc 0)]
by (auto simp: En-def p-empty)
show ?thesis
using step1[of En] by(simp add: 1 2)
qged
have step2: K € Mf u K = ([| (ennreal ‘¢ ‘ {(Az€topspace X. fz) | f. /K K
1) if K: compactin X K for K
proof —
have lel: p K < ennreal (¢ (Az€topspace X. f x)) if f:?iscont f Zcsupp f f €
topspace X — {0..1} f € K — {1} for f
proof —
have f: continuous-map X (top-of-set {0..1::real}) ff K C {1} Zcsupp f
using f by (auto simp: continuous-map-in-subtopology)
hence f-cont: ?iscont f f € topspace X — {0..1}
by (auto simp add: continuous-map-in-subtopology)
have 1:p K < ennreal (1 / ((real n + 1) / (real n + 2)) * ¢ (AxEtopspace
X. fz)) for n
proof —
let %a = (realn + 1) / (real n + 2)
define V where V = {z€topspace X. ?a < fz}
have openinV:openin X V
using f(1)by (auto simp: V-def continuous-map-upper-lower-semicontinuous-lt-gen)
have KV: K C V
using f(2) compactin-subset-topspace| OF K| by (auto simp: V-def)
hence t K < pu V
by (rule p-mono)
also have ... = p' V
by (simp add: p-open openinV')
also have ... = (|| (ennreal ‘ ¢ ‘ {(Ax€topspace X. fx) |f. ?fA V f}))
by (simp add: p'-def)
also have ... < (1 / %a) * ¢ (Az€topspace X. f x)
unfolding Sup-le-iff
proof (safe intro!: ennreal-lel)
fix g
assume g: Ziscont g ?csupp g X closure-of {x€topspace X. gz £ 0} C V
g € topspace X — {0..1} g € topspace X — V — {0}
show ¢ (restrict g (topspace X)) < 1 / 2a * ¢ (restrict f (topspace X))
(is 21 < 7r)
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proof —
have ?] < ¢ (Az€topspace X. 1 | %a * f x)
proof (rule pmono)
fix z
assume z: € topspace X
consider gz £ 0 | gx =0
by fastforce
then show gz < 1 / ((realn + 1) / (realn + 2)) * fz
proof cases
case I
then have z € V
using ¢(5) = by auto
hence %a < fz
by (auto simp: V-def x)
hence 1 < 1/ %ax fux
by (simp add: divide-less-eq mult.commute)
thus ?thesis
by (intro order.strict-implies-order[OF order.strict-transl[of g x 1 1
/ %a x fz]]) (use g(4) = in auto)
qed(use Pi-mem[OF f-cont(2)] = in auto)
qed(intro g f-cont f has-compact-support-on-mult-left continuous-map-real-mult
continuous-map-canonical-const)+
also have ... = ?r
by (intro linear f f-cont)
finally show #%thesis .
ged
ged
finally show ?thesis .
qed
have 2:(An. ennreal (1 / ((realn + 1) / (real n + 2)) * ¢ (restrict f (topspace

X))
—— ennreal (¢ (restrict f (topspace X)))
proof (intro tendsto-ennreall tendsto-mult-right[where [=1::real,simplified])
have 1: (An. 1 / ((real n + 1) / (real n + 2))) = (An. real (Suc (Suc n))
/ real (Suc n))
by (simp add: add.commute)
show (An. 1 / ((realn + 1) / (real n + 2))) —— 1
unfolding ! by(rule LIMSEQ-Suc[OF LIMSEQ-Suc-n-over-n))
qed
show u K < ennreal (¢ (Az€topspace X. f z))
by (rule Lim-bounded2[where N=0,0F 2]) (use 1 in auto)
qed
have muK-fin:p K < T
proof —
obtain f where f: continuous-map X (top-of-set {0..1::real}) ff ‘K C {1}
Zcsupp f
using Urysohn-locally-compact-Hausdor(f-closed-compact-support|OF 1h(1)
disjI1[OF 1h(2)]
zero-le-one closedin-empty K| by(auto simp: has-compact-support-on-iff)
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hence ?iscont f ?csupp f f € topspace X — {0..1} f € K — {1}
by (auto simp: continuous-map-in-subtopology)
from lel[OF this)
show ?thesis
using dual-order.strict-trans2 ennreal-less-top by blast
qed
moreover have y K = (|| (p ‘{K" K'C K A compactin X K'}))
by (metis (no-types, lifting) SUP-eql p-mono mem-Collect-eq subset-refl K)
ultimately show K € Mf
using compactin-subset-topspace] OF K| by(simp add: Mf-def)

show u K = ([] (ennreal ‘¢ ‘ {(Azctopspace X. fz) |f. /K K f}))
proof (safe introl: antisym le-Inf-iff [ THEN ifD2] Inf-le-iff[THEN 4iffD2])
fix ¢
assume ?iscont g ?csupp g g € topspace X — {0..1} g € K — {1}
from lel[OF this(1—4)]
show u K < ennreal (¢ (Az€topspace X. g x))
by force
next
fix y
assume p K < y
then obtain V where V: openin X VK C V u' V <y
by (metis (mono-tags, lifting) INF-less-iff p-def mem-Collect-eq)
hence closedin X (topspace X — V) disjnt (topspace X — V) K
by (auto simp: disjnt-def)
from Urysohn-locally-compact-Hausdorff-closed-compact-support| OF 1h(1)
disjI1[OF Ih(2)] zero-le-one this(1) K this(2)]
obtain f where f’:continuous-map X (subtopology euclidean {0..1}) f f ¢
(topspace X — V) C {0::real}
f K C {1} disjnt (X closure-of {z€topspace X. fx # 0}) (topspace X —
V)
compactin X (X closure-of {x€topspace X. fx # 0})
by blast
hence f: %iscont f ?csupp f N\z. x € topspace X = fz > 0
Nz. © € topspace X = fe < 1 N\z.z € K = fz =1
by (auto simp: has-compact-support-on-iff continuous-map-in-subtopology)
have ennreal (¢ (restrict f (topspace X))) < y
proof (rule order.strict-transl)
show ennreal (¢ (restrict f (topspace X))) < p' V
unfolding p’-def using f’ f in-closure-of
by (fastforce introl: Sup-upper imagel exl[where r=AzEtopspace X. f 1]
simp: disjnt-iff)
qed fact
thus Jacennreal ‘ ¢ ‘ {(Azc€topspace X. fz)|f. /K K f}. a <y
using f compactin-subset-topspace[ OF K| by (auto intro!: exI[where z=\zEtopspace
X. fa])
qed
qged
have p-K: pn K < ennreal (¢ (Ax€topspace X. f x)) if K: compactin X K and
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f?2(K K f for K f
using le-Inf-iff[THEN iffD1,0F eq-refl{OF step2(2)[OF K]|] f by blast
have step3: u A = (| JKe{K. compactin X K NK C A}, p K) p A < 0o =
A € Mf if A:openin X A for A
proof —
show u A = (| JKe{K. compactin X K N K C A}. p K)
proof (safe introl: antisym le-Sup-iff[THEN iffD2] Sup-le-iff[THEN iffD2])
fix y
assume y: y < u A
from less-SUP-iff [ THEN iffD1,0F less-INF-D[OF y[simplified p-def],simplified
,u'—def},of A]
obtain f where f: Ziscont f ?csupp f X closure-of {z € topspace X. fx # 0}
cA
f € topspace X — {0..1} f € topspace X — A — {0} y < ennreal (¢
(Ax€topspace X. f x))
using A by blast
show Jacy ‘{K. compactin X K N K C A}. y < a
proof (rule bexl[where z=p (X closure-of {z € topspace X. fx # 0})])
show y < pu (X closure-of {a € topspace X. fa # 0})
proof (rule order.strict-trans2)
show ennreal (¢ (Az€topspace X. fx)) < p (X closure-of {a € topspace
X.fa#0})
using f in-closure-of in-mono
by (fastforce intro!: Sup-upper imagel exl[where x=f] simp: u-def le-Inf-iff
p'-def)
qged fact
qed(use f(2,8) has-compact-support-on-iff in auto)
qed(auto intro!: p-mono)
thus p A < oo = A € Mf
unfolding Mjf-def using openin-subset|OF A] by simp metis
qed
have step4: pn (Un. Enn) = O_n. u (Enn)) p (Un. Enn) < oo = (Un. En
n) € Mf
if En: An. En n € Mf disjoint-family En for En
proof —
have compacts: p (K1 U K2) = K1 + p K2 if K: compactin X K1 compactin
X K2 disjnt K1 K2 for K1 K2
proof (rule antisym)
show p (K1 U K2) < u K1 + p K2
by (rule step1’)
next
show pu K1 + pu K2 < u (K1 U K2)
proof (rule ennreal-le-epsilon)
fix e :: real
assume e: 0 < ep (K1 UK2)<T
from Urysohn-locally-compact-Hausdorff-closed-compact-support[ OF Ih(1)
disjI1[OF Ih(2)]
zero-le-one compactin-imp-closedin|OF [h(2) K(1)] K(2,3)]
obtain f where f: continuous-map X (top-of-set {0..1::real}) ff K1 C

67



{0} K2 C {1)
disjnt (X closure-of {z € topspace X. fx # 0}) K1 compactin X (X
closure-of {z € topspace X. fz # 0})
by blast
hence [ Ziscont f ?csupp f Nx. © € topspace X = fx > 0 Nz. z €
topspace X = fx < 1
by (auto simp: has-compact-support-on-iff continuous-map-in-subtopology)
from Inf-le-iff [ THEN iffD1,0F eq-refl[OF step2(2)[symmetric,OF com-
pactin-Un[OF K(1,2)]]],rule-format,of u (K1 U K2) + ennreal €]
obtain g where ¢: Ziscont g ?csupp g g € topspace X — {0..1} g € K1 U
K2 — {1}
ennreal (¢ (Az€topspace X. g x)) < u (K1 U K2) + ennreal e
using e by fastforce
have y K1 + p K2 < ennreal (¢ (Az€topspace X. (1 — fz) x g z)) +
ennreal (¢ (A\x€topspace X. fx * g x))
proof (rule add-mono)
show u K1 < ennreal (¢ (Az€topspace X. (1 — fx) x g ))
using f’ Pi-mem[OF g(3)] g(1,2,4,5) f(2) compactin-subset-topspace|OF
K(1)]
by (auto introl: pu-K has-compact-support-on-mult-left mult-nonneg-nonneg
mult-le-one K (1) mult-eq-1[THEN iffD2])
show u K2 < ennreal (¢ (Az€topspace X. fx x g 1))
using g f Pi-mem[OF ¢(3)] f' compactin-subset-topspace] OF K (2)]
by (auto intro!: p-K[OF K(2)] has-compact-support-on-mult-left mult-nonneg-nonneg
mult-le-one mult-eq-1[THEN iffD2])
qged
also have ... = ennreal (¢ (Az€topspace X. (1 — fx)*xg x) + ¢ (AxEtopspace
X. fzxgux))
using f’ g by (auto intro!: ennreal-plus[symmetric| pos has-compact-support-on-mult-left
mult-nonneg-nonneg)
also have ... = ennreal (p (Az€topspace X. (I — fz)* gz + fz * gx))
by (auto introl: ennreal-cong linear|symmetric] has-compact-support-on-mult-left
f"9)
also have ... = ennreal (¢ (AxEtopspace X. g x))
by (simp add: Groups.mult-ac(2) right-diff-distrib)
also have ... < pu (K1 U K2) + ennreal e
by fact
finally show u K1 + p K2 < pu (K1 U K2) + ennreal e
by order
qed
qed
have Hn:3 Hn. Y n. compactin X (Hnn) A (Hnn) C Enn A p (Enn) < p
(Hn n) + ennreal ((1 / 2) Suc n) * ennreal €’
if e e’ > 0 for e’
proof (safe introl: choice)
show 3 Hn. compactin X Hn AN Hn C Enn A p (En n) < u Hn + ennreal
((1 / 2)7Suc n) * ennreal e’ for n
proof(cases i (En n) < ennreal ((1 / 2) " Suc n) % ennreal €’)
case True
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then show ?thesis
using e’ by (auto intro!: exI[where x={}| simp: p-empty ennreal-zero-less-mult-iff )
next
case Fulse
then have le: u (En n) > ennreal (1 / 2) ~ Suc n) = ennreal e’
by order
hence pos:0 < p (En n)
using e’ zero-less-power by fastforce
have fin: p (Enn) < T
using En Mf-def by blast
hence 1:u (En n) — ennreal ((1 / 2) Suc n) * ennreal e’ < pn (En n)
using pos by(auto introl: ennreal-between simp: ennreal-zero-less-mult-iff
e’)
have u (Enn) = || (@ “{K. K C (Fn n) A compactin X K})
using En by(auto simp: Mf-def)
from le-Sup-iff[THEN iffD1,0F eq-refl[OF this],rule-format,OF 1]
obtain Hn where Hn: Hn C En n compactin X Hn p (En n) — ennreal ((1
/ 2)7Suc n) x ennreal e’ < p Hn
by blast
hence p (En n) < p Hn + ennreal ((1 / 2)"Suc n) * ennreal e’
by (metis diff-diff-ennreal’ diff-gt-0-iff-gt-ennreal fin le order-less-le)
with Hn(1,2) show %thesis
by blast
qed
qed
show 1:p (Un. Enn) = (O n. p (Enn))
proof (rule antisym)
show (> n. pu (Enn)) < u (U (range En))
proof (rule ennreal-le-epsilon)
fix e :: real
assume fin: ;1 (J (range En)) < T and e:0 < e
from Hn[OF e] obtain Hn where Hn: An. compactin X (Hn n) An. Hn
nC Enn
An. g (Enn) < p (Hn n) 4+ ennreal ((1 / 2) ~ Suc n) % ennreal e
by blast
have (> n<N.u (Enn)) < u (U (range En)) + ennreal e for N
proof —
have (3" n<N. pu (Enn)) < (O_n<N.pu (Hnn) + ennreal ((1 / 2) ~ Suc
n) * ennreal e)
by (rule sum-mono) (use Hn(3) order-less-le in auto)
also have ... = (3 n<N. p (Hn n)) + (3. n<N. ennreal ((1 / 2) ~ Suc
n) x ennreal e)
by (rule sum.distrib)
also have ... = u (Un<N. Hn n) + (3>_n<N. ennreal ((1 / 2) ~ Suc n)
* ennreal e)
proof —
have (> n<N.pu (Hnn)) = p (Un<N. Hn n)
proof (induction N)
case h:(Suc N')
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show ?case (is 7l = or)
proof —
have 7l = (IJ (Hn ‘{..N'})) + u (Hn (Suc N"))
by (simp add: ih)
also have ... = p ((U (Hn ‘{..N'})) U Hn (Suc N'))
proof(rule compacts[symmetric])
show disjnt (U (Hn ‘{..N'})) (Hn (Suc N"))
using En(2) Hn(2) unfolding disjoint-family-on-def disjnt-iff
by (metis Int-iff Suc-n-not-le-n UNIV-I UN-iff atMost-iff empty-iff

in-mono)
qed(auto intro!: compactin-Union Hn)
also have ... = 7r
by (simp add: Un-commute atMost-Suc)
finally show ?thesis .
qed
qed simp
thus ?thesis
by simp
qed

also have ... < u (U (range En)) + (3> n<N. ennreal ((1 / 2) ~ Suc n)
* ennreal )
using Hn(2) by(auto introl: p-mono)
also have ... < u (|J (range En)) + ennreal e
proof —
have (3" n<N. ennreal ((1 / 2) ~ Suc n) x ennreal e) = ennreal (> n<N.
((1 / 2) " Suc n)) * ennreal e
unfolding sum-distrib-right[symmetric] by simp
also have ... = ennreal e x ennreal (> n<N. ((1 / 2) ~ Suc n))
using mult.commute by blast
also have ... < ennreal e * ennreal (> n. (1 / 2) ~ Suc n))
using e by(auto intro!: ennreal-mult-le-mult-iff [ THEN iffD2] ennreal-lel
sum-le-suminf)
also have ... = ennreal e
using power-half-series sums-unique by fastforce
finally show ?thesis
by fastforce
qged
finally show ?thesis .
qed
thus (> n. pu (Enn)) < p (J (range En)) + ennreal e
by (auto intro!: LIMSEQ-le-const2[OF summable-LIMSEQ'] exI[where
z=0])
qed
qed fact
show |J (range En) € Mf if p (| (range En)) < oo
proof —
have p (U (range En)) = (|| (n ‘{K. K C (U (range En)) A compactin X
K})

proof (rule antisym)
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show u (IJ (range En)) < || (n ‘{K. K C | (range En) A compactin X
KY})
unfolding le-Sup-iff
proof safe
fix y
assume y < pu (|J (range En))
from order-tendstoD(1)[OF summable-LIMSEQ' this[simplified 1]]
obtain N where N: y < (3. n<N. u (En n))
by fastforce
obtain e where e: ¢ > 0y < (3 n<N. u (En n)) — ennreal e
by (metis N ennreal-le-epsilon ennreal-less-top less-diff-eq-ennreal
linorder-not-le)
from Hn|[OF e(1)] obtain Hn where Hn: An. compactin X (Hn n) An.
Hnn C Enn
An. p (Enn) < p (Hn n) + ennreal ((1 / 2) ~ Suc n) * ennreal e
by blast
have y < (3_n<N. p (En n)) — ennreal e
by fact
also have ... < (3" n<N. pu (Hn n) + ennreal ((1 / 2) ~ Suc n) * ennreal
e) — ennreal e
by (intro ennreal-minus-mono sum-mono) (use Hn(3) order-less-le in
auto)
also have ... = (3 n<N. p (Hn n)) + (O_n<N. ennreal ((1 / 2) ~ Suc
n) * ennreal e) — ennreal e
by (simp add: sum.distrib)
also have ... = u (Un<N. Hn n) + (3> n<N. ennreal ((1 / 2) ~ Suc n)
* ennreal e) — ennreal e
proof —
have (> n<N. p (Hnn)) = p (Un<N. Hn n)
proof (induction N)
case h:(Suc N')
show Zcase (is 21 = %r)
proof —
have 2l = p (I (Hn ‘{..N'})) + u (Hn (Suc N"))
by (simp add: ih)
also have ... = o (U (Hn ‘{..N'})) U Hn (Suc N'))
proof (rule compacts[symmetric])
show disjnt (|J (Hn ‘{..N'})) (Hn (Suc N'))
using En(2) Hn(2) unfolding disjoint-family-on-def disjnt-iff
by (metis Int-iff Suc-n-not-le-n UNIV-I UN-iff atMost-iff empty-iff

in-mono)
qed(auto intro!: compactin-Union Hn)
also have ... = 7r
by (simp add: Un-commute atMost-Suc)
finally show ?thesis .
qed
qed simp
thus ?thesis
by simp
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qed
also have ... < pu (Un<N. Hn n) + (O_n. ennreal ((1 / 2) ~ Suc n) *
ennreal e) — ennreal e
by (intro ennreal-minus-mono add-mono sum-le-suminf) (use e in auto)
also have ... = p (Un<N. Hn n) + (O n. ennreal (1 / 2) ~ Suc n)) =*
ennreal e — ennreal e
using ennreal-suminf-multc by presburger
also have ... = p ((Un<N. Hn n) + ennreal e — ennreal e
proof —
have (> n. ennreal ((1 / 2) ~ Suc n)) = ennreal 1
by (rule suminf-ennreal-eq) (use power-half-series in auto)
thus ?thesis
by fastforce
qed
also have ... = p (Un<N. Hn n)
by simp
finally show Bex (u ‘{K. K C |J (range En) A compactin X K}) ((<)

using Hn by(auto intro!: exl[where z=Jn<N. Hn n] compactin-Union)
qed
qged(auto introl: Sup-le-iff THEN 4ffD2] p-mono)
moreover have (|J (range En)) C topspace X
using En by(auto simp: Mf-def)
ultimately show ?thesis
using that by (auto simp: Mf-def)
qged
qed
have step/” p (E1 U E2) = p E1 + p E2 u(E1 U E2) < co = E1 U E2 €
Mf
if E: F1 € Mf E2 € Mf disjnt F1 E2 for E1 E2
proof —
define En where En = (An::nat. if n = 0 then EI else if n = 1 then E2 else
{H
have 1: (lJ (range En)) = (E1 U E2)
by (auto simp: En-def)
have 2: (> i. u (Eni)) =pu E1 + p E2
using suminf-offset[of \i. p (En ©),0f Suc (Suc 0)]
by (auto simp: En-def p-empty)
have 3:disjoint-family En
using E(3) by(auto simp: disjoint-family-on-def disjnt-def En-def)
have /: An. En n € Mf
using F(1,2) by(auto simp: En-def empty-in-Mf)
show p (F1 U E2) =pu E1 + pu E2 u(E1 U E2) < oo = FE1 U E2 € Mf
using step4 [of En] E(1) by(simp-all add: 1 2 3 4)
qed

have step5: 3V K. openin X VA compactin X K NK CEANECVAp(V

— K) < ennreal e
if B: E € Mf and e: e > 0 for E e
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proof—
have 1:p E < p E + ennreal (e / 2)
using E e by(simp add: Mf-def) (metis pu-mono linorder-not-le)
hence 2: u E + ennreal (e / 2) < p E 4 ennreal (e / 2) + ennreal (e / 2)
by simp
from Inf-le-iff[THEN iffD1,0F eq-refl,rule-format,OF - 1]
obtain V where V: openin X VEC V pu V < u E + ennreal (e / 2)
using p-def p-open by force
have u E + ennreal (e / 2) + ennreal (e / 2) < (| JKe{K. K C E A compactin
X K}. i K + ennreal e)
by (subst ennreal-SUP-add-left,insert E e) (auto simp: ennreal-plus-if Mf-def)
from le-Sup-iff[THEN iffD1,0F this,rule-format,OF 2]
obtain K where K: compactin X K K C Eu E + ennreal (e / 2) < p K +
ennreal e
by blast
have u (V — K) < o0
by (metis Diff-subset V(&) pu-mono dual-order.strict-trans1 infinity-ennreal-def
order-le-less-trans top-greatest)
hence p K + p (V- K)=pu (KU (V - K))
by (intro step'(1)[symmetric,OF step2(1)[OF K(1)] step3(2)] openin-diff
V(1) compactin-imp-closedin K(1) Ih(2))
(auto simp: disjnt-iff)
also have ... = p V
by (metis Diff-partition K(2) V(2) order-trans)
also have ... < y K + ennreal e
by (auto introl: order.strict-trans|OF V(3)] K)
finally have u (V — K) < ennreal e
by (simp add: ennreal-add-left-cancel-less)
thus ?thesis
using V K by blast
qed
have step6: N\AB. Ae Mf — Be Mf = A— Be Mf NAB. A e Mf =
Be Mf = AU B e Mf
NAB. Aec Mf = Be Mf = AN B e Mf
proof —

fix A B
assume AB: A € Mf B € Mf
have difl: u (A — B) < o0
by (metis (no-types, lifting) AB(1) Diff-subset Mf-def p-mono infin-
ity-ennreal-def mem-Collect-eq order-le-less-trans)
have u (A — B) = (|| (# ‘{K. K C (A — B) A compactin X K}))
proof (rule antisym)
show y (A — B) < || (u ‘{K. K C A — B A compactin X K})
unfolding le-Sup-iff
proof safe
fix y
assume y:y < 4 (A — B)
then obtain e where e: ¢ > 0 ennreal e = u (A — B) — y
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by (metis difl diff-gt-0-iff-gt-ennreal diff-le-self-ennreal ennreal-cases
ennreal-less-zero-iff meg-top-trans order-less-le)
from step5[OF AB(1) half-gt-zero| OF e(1)]] step5[OF AB(2) half-gt-zero| OF

e(1)]]
obtain V1 V2 K1 K2 where VK:
openin X V1 compactin X KI KI CAAC VI u (V1 — K1) < ennreal
(e/2)
openin X V2 compactin X K2 K2 C BB C V2 u (V2 — K2) < ennreal
(e/2)

by auto
have K1V2:compactin X (K1 — V2)
by (auto introl: closed-compactin] OF VK (2)] compactin-imp-closedin[OF
Ih(2) VK(2)] VK(6))
have y (A — B) < p ((K1 — V2)U (VI — K1) U (V2 — K2))
using VK by(auto intro!: u-mono)
also have ... < u ((K1 — V2)U (V1 — K1)) + p (V2 — K2)
by fact
also have ... < pu (K1 — V2) 4+ p (V1 — K1) + p (V2 — K2)
by (auto introl: step1’)
also have ... < u (K1 — V2) + u (VI — K1) + ennreal (e / 2)
unfolding add.assoc ennreal-add-left-cancel-less ennreal-add-left-cancel-less
using step2(1)[OF K1V2] VK(5,10) Mf-def by fastforce
also have ... < u (K1 — V2) + ennreal (e / 2) + ennreal (e / 2)
using order.strict-implies-order|OF VK (5)] by(auto simp: add-mono)
also have ... = u (K1 — V2) + ennreal e
using e(1) ennreal-plus-if by auto
finally have 1:p (A — B) < u (K1 — V2) + ennreal € .
show Jac(p ‘{K. K C A — B A compactin X K}). (y < a)
proof(safe intro!: bexl[where z=p (K1 — V2)| imagel)
have y < pu (K1 — V2) + ennreal e — ennreal e
by (metis 1 add-diff-self-ennreal e(2) ennreal-less-top less-diff-eq-ennreal
order-less-imp-le y)
also have ... = yu (K1 — V2)
by simp
finally show y < p (K1 — V2).
qged(use K1V2 VK in auto)
qged
qged(auto introl: p-mono simp: Sup-le-iff)
with difl show A — B € Mf
using Mf-def u-fin-subset by auto

note diff =this
fix A B
assume AB: A € Mf B € Mf
show un: A U B € Mf
proof —
have AUB=(A - B)UB
by fastforce
also have ... € Mf
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proof (rule step4’(2))
have y (A - BUB)=pu(A—-B)+uB
by (rule step4’(1)) (auto simp: diff AB disjnt-iff)
also have ... < o0
using Mf-def diff[OF AB] AB(2) by fastforce
finally show y (A — BU B) < oo .
qed(auto simp: diff AB disjnt-iff)
finally show ?thesis .

qed
show int: AN B € Mf
proof —
have AN B=A—- (A - B)
by blast

also have ... € Mf
by (auto introl: diff AB)
finally show ?thesis .
qed
qed
have step6”. ((Jicl. Ai i) € Mf if finite I (\i. i € I = Aii € Mf) for Ai
and [ :: nat set
proof —
have (Viel. Aii € Mf) — (Jiel. Aii) € Mf
by (rule finite-induct] OF that(1)]) (auto introl: step6(2) empty-in-Mf)
with that show ?Zthesis
by blast
qged
have step7: sigma-algebra (topspace X) M sets (borel-of X) C M
proof —
show sa:sigma-algebra (topspace X) M
unfolding sigma-algebra-iff2
proof (intro congl balll alll impI)
show {} € M
using empty-in-Mf by (auto simp: M-def)
next
show M-subspace:M C Pow (topspace X)
by (auto simp: M-def)

fix s
assume s:s € M
show topspace X — s € M
unfolding M-def
proof (intro congl CollectI alll impl)
fix K
assume K: compactin X K
have (topspace X — s) N K = K — (s N K)
using M-subspace s compactin-subset-topspace|OF K| by fast
also have ... € Mf
by (intro step6(1) step2(1)[OF K]) (use s K M-def in blast)
finally show (topspace X — s) N K € Mf .
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qed blast
}
{
fix An :: nat = -
assume An: range An C M
show (|J (range An)) € M
unfolding M-def
proof (intro CollectI conjl alll impl)
fix K
assume K: compactin X K
have 3Bn.Vn. Bnn = (Ann N K) — (Ji<n. Bn 7)
by (rule dependent-wellorder-choice) auto
then obtain Bn where Bn: An. Bnn = (Annn K) — (Ji<n. Bn 9)
by blast
have Bn-disj:disjoint-family Bn
unfolding disjoint-family-on-def
proof safe
fix mnz
assume h:m #nx € Bhmax € Bnn
then consider m < n | n < m
by linarith
then show z € {}
proof cases
case 1
with h(3) have = ¢ Bn m
by (auto simp: Bnlof n])
with h(2) show ?thesis by blast
next
case 2
with h(2) have z ¢ Bn n
by (auto simp: Bnlof m])
with h(3) show ?thesis by blast
qed
qed
have un:(|J (range An) N K) = (Un. Bn n)
proof —
have 1:Ann N K C (|Ji<n. Bn i) for n
proof safe
fix
assume z:z € Annz € K
define m where m = (LEAST m. z € An m)
have mI:Al.l<m =z € Anm =z ¢ Anl
using m-def not-less-Least by blast
hence z-nBn:l < m = z ¢ Bnl for |
by (metis Bn Diff-Diff-Int Diff-iff m-def not-less-Least)
have m2: x € Anm
by (metis LeastI-ex z(1) m-def)
have m3: m < n
using m1 m2 not-le-imp-less x(1) by blast
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have z € Bnm
unfolding Bn[of m]
using z-nBn m2 z(2) by fast
thus z € |J (Bn ‘{..n})
using m3 by blast
qed
have 2:(Jn. Ann N K) = (Un. Bn n)
proof (rule antisym)
show ((Jn. Ann N K) C |J (range Bn)
proof safe
fix nx
assume z € Annz € K
then have z € (|Ji<n. Bn i)
using 1 by fast
thus z € |J (range Bn)
by fast
qed
next
show J (range Bn) C (Un. Ann N K)
proof (rule SUP-mono)
show dmeUNIV. Bni C Anm N K for i
by (auto introl: bexI[where z=i| simp: Bn|of i])
qed
qed
thus Zthesis
by simp
qed
also have ... € Mf
proof (safe introl: step4(2) Bn-disj)
fix n
show Bn n € Mf
proof (rule less-induct)
fix n
show (Am.m < n = Bnm € Mf) = Bnn c Mf
using An K by(auto introl: step6’ step6(1) simp :Bn[of n] M-def)
qed
next
have u (U (range Bn)) < p K
unfolding un[symmetric] by (auto introl: p-mono)
also have ... < 00
using step2(1)[OF K] by(auto simp: Mf-def)
finally show p (|J (range Bn)) < oo .
qed
finally show |J (range An) N K € Mf .
qed(use An M-def in auto)
}
qed
show sets (borel-of X) C M
unfolding sets-borel-of-closed

77



proof (safe intro!: sigma-algebra.sigma-sets-subset| OF sal)
fix T
assume closedin X T
then show T' € M
by (simp add: Int-commute M-def closedin-subset compact-Int-closedin
step2(1))
qed
qed
have step8: A€ Mf — A€ M AN pu A < oo for A
proof safe
assume A: A € Mf
then have A C topspace X
by (auto simp: Mf-def)
thus A e M
by (auto simp: M-def intro:step6(3)[OF A step2(1)])
show p A < o
using A by(auto simp: Mf-def)
next
assume A: A e My A<
hence A C topspace X
using M-def by blast
moreover have t A = (|| (u ‘{K. K C A A compactin X K}))
proof (rule antisym)
show p A < || (p ‘{K. K C A A compactin X K})
unfolding le-Sup-iff
proof safe
fix y
assume 3y < 4 A
then obtain e where e: ¢ > 0 ennreal e = p A — gy
by (metis A(2) diff-gt-0-iff-gt-ennreal diff-le-self-ennreal ennreal-cases
ennreal-less-zero-iff neq-top-trans order-less-le)
obtain U where U: openin X UAC U u U < >
using Inf-less-iff[THEN iffD1,0F A(2)[simplified p-def]] p-open by force
from step5[OF step3(2)[OF U(1,3)] half-gt-zero|OF e(1)]]
obtain V K where VK:
openin X V compactin X KK CUUCV u(V — K) < ennreal (e / 2)
by blast
have AK: AN K € Mf
using step2(1) VK(2) A by(auto simp: M-def)
hence ¢ pt (AN K) < u (AN K) + ennreal (e / 2)
by (metis Diff-Diff-Int Diff-subset Int-commute U(3) VK(3) VK(5) p-mono
add.commute diff-gt-0-iff-gt-ennreal ennreal-add-diff-cancel infinity-ennreal-def or-
der-le-less-trans top.not-eq-extremum zero-le)
have u (AN K) + ennreal (e / 2) = (| |Ke{L. L C (AN K) A compactin
XL} p K + ennreal (e / 2))
by (subst ennreal-SUP-add-left) (use AK Mf-def in auto)
from le-Sup-iff[THEN iffD1,0F this| THEN eq-refi],rule-format,OF e’
obtain H where H: compactin X HH C AN K up (AN K) <pu H +
ennreal (e / 2)
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by blast
show Jacpy ‘{K. K C A A compactin X K}. y < a
proof(safe intro!: bexl[where z=p H| imagel H(1)
have p A < (AN K)U (V — K))
using VK U by(auto intro!: u-mono)
also have ... < p (AN K)+ p (V — K)
by (auto introl: step1’(1))
also have ... < u H + ennreal (e / 2) + ennreal (e / 2)
using H(3) VK(5) add-strict-mono by blast
also have ... = y H + ennreal e
using e(1) ennreal-plus-if by fastforce
finally have 1: p A < pu H + ennreal e .
have y = u A — ennreal e
using A(2) diff-diff-ennreal e(2) y by fastforce
also have ... < y H + ennreal e — ennreal e
using 1
by (metis diff-le-self-ennreal e(2) ennreal-add-diff-cancel-right en-
nreal-less-top minus-less-iff-ennreal top-neg-ennreal)
also have ... = y H
by simp
finally show y < u H .
qed(use H in auto)
qed
qed(auto simp: Sup-le-iff intro!: pu-mono)
ultimately show A € Mf
using A(2) Mf-def by auto
qed
define N where N = measure-of (topspace X) M pu
have step9: measure-space (topspace X) M
unfolding measure-space-def
proof safe
show countably-additive M p
unfolding countably-additive-def
by (metis Sup-upper UNIV-I p-mono image-eql image-subset-iff infinity-ennreal-def
linorder-not-less neg-top-trans step1 step4 (1) step8)
qed(auto simp: step7 positive-def p-empty)
have space-N: space N = topspace X and sets-N: sets N = M and emeasure-N:
A € sets N = emeasure N A =y A for A
proof —
show space N = topspace X
by (simp add: N-def space-measure-of-conv)
show 1:sets N = M
by (simp add: N-def sigma-algebra.sets-measure-of-eq step7(1))
have Az. x € M = x C topspace X
by (auto simp: M-def)
thus A € sets N = emeasure NA=p A
unfolding N-def using step9 by(auto introl: emeasure-measure-of simp:
measure-space-def 1[simplified N-def])
qed
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have g1:subalgebra N (borel-of X) (is %g1)
and ¢2:(V Acsets N. emeasure N A = ([1Ce{C. openin X C N A C C}.
emeasure N C)) (is ?¢2)
and ¢3:(V A. openin X A — emeasure N A = (| | Ke{K. compactin X K N K
C A}. emeasure N K)) (is 793)
and ¢4:(V A€sets N. emeasure N A < oo — emeasure N A = (| |Ke{K.
compactin X K N K C A}. emeasure N K)) (is ?g4)
and ¢5:(V K. compactin X K — emeasure N K < oo) (is %g5)
and g6:complete-measure N (is ?g0)

proof —
have 1: AP. (ANC. P C = C € sets N) = emeasure N ‘{C. P C} =p °
{C. P C}
using emeasure-N by auto
show %¢1

by (auto simp: subalgebra-def sets-N space-N space-borel-of step7)
show 2¢2

proof —
have emeasure N ‘ {C. openin X C N A C C} = p “{C. openin X C N A
C C}for A
using step7(2) by (auto introl: 1 simp: sets-N dest: borel-of-open)
hence emeasure N ‘ {C. openin X C N A C C} = pu’' “{C. openin X C N A
C C} for A
using p-open by auto
thus ?thesis
by(simp add: emeasure-N sets-N p-def) (metis (no-types, lifting) Col-
lect-cong)
qed
show ?2¢3

by (metis (no-types, lifting) 1 borel-of-open emeasure-N sets-N step2(1)
step3(1) step7(2) step8 subsetD)
show %¢/
proof safe
fix A
assume A[measurable]: A € sets N emeasure N A < oo
then have Mf:A € Mf
by (simp add: emeasure-N sets-N step8)
have emeasure N A = A
by (simp add: emeasure-N)
also have ... = | | (p ‘{K. compactin X K N K C A})
using Mf unfolding Mf-def by simp metis
also have ... = | | (emeasure N ‘ {K. compactin X K N K C A})
using emeasure-N sets-N step2(1) step8 by auto
finally show emeasure N A = || (emeasure N ‘ {K. compactin X K N K C
A}) .
qed
show ?7g5
using emeasure-N sets-N step2(1) step8 by auto
show 2¢6
proof

80



fix A B
assume AB:B C A A € null-sets N
then have p A = 0
by (metis emeasure-N null-setsD1 null-setsD2)
hence 1:p B =0
using p-mono[OF AB(1)] by fastforce
have B € Mf
proof —
have B C topspace X
by (metis AB gfp.leg-trans null-setsD2 sets.sets-into-space space-N)
moreover have 4 B =] (¢ ‘{K. K C B A compactin X K})
proof(rule antisym)
show | | (u ‘{K. K C B A compactin X K}) < p B
by (auto simp: Sup-le-iff p-mono)
qed(simp add: 1)
moreover have y B < T
by(simp add: 1)
ultimately show ?thesis
unfolding Mf-def by blast
qed
thus B € sets N
by (simp add: step8 sets-N)
qed
qed

have ¢7: (Vf. Ziscont f — Zcsupp f — integrable N f)
unfolding integrable-iff-bounded
proof safe
fix f
assume f[:%iscont f ?csupp f
then show [measurable]:f € borel-measurable N
by (auto introl: measurable-from-subalg|OF g1]
stmp: lower-semicontinuous-map-measurable upper-lower-semicontinuous-map-iff-continuous-map)
let YK = X closure-of {x€topspace X. fz # 0}
have K[measurable]: compactin X ?K ?K € sets N
using f(2) g1 sets-N step2(1) step8 by(auto simp: has-compact-support-on-iff
subalgebra-def)
have bounded (f ¢ ?K)
using image-compactin[of X ?K euclideanreal f] f
by (auto simp: has-compact-support-on-iff introl: compact-imp-bounded)
then obtain B where B:A\z. z € K = |fz| < B
by (meson bounded-real imagel)
show ([T z. ennreal (norm (f z)) ON) < oo
proof —
have ([ z. ennreal (norm (f z)) ON) < ([ * z. ennreal (indicator ?K z *|f
2l) ON)
using in-closure-of by(fastforce introl: nn-integral-mono simp: indicator-def
space-N)
also have ... < ([T z. ennreal (B x indicator ?K x) ON)
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using B by(auto introl: nn-integral-mono ennreal-lel simp: indicator-def)

also have ... = ([ z. ennreal B * indicator ?K © ON)
by (auto introl: nn-integral-cong simp: indicator-def)

also have ... = ennreal B = ([ z. indicator ?K z ON)
by (simp add: nn-integral-cmult)

also have ... = ennreal B x emeasure N 7K
by simp

finally show ?thesis
using ¢gJ K (1) ennreal-mult-less-top linorder-not-le top.not-eg-extremum by
fastforce
qed
qed
have ¢8: V f. ?iscont f — ?csupp f — ¢ (Az€topspace X. fz) = ([ . fz ON)
proof safe
have 1: ¢ (Az€topspace X. fz) < ([ z. fz ON) if f:%iscont f ?csupp f for f
proof —
let YK = X closure-of {x€topspace X. fz # 0}
have K[measurable]: compactin X ?K ?K € sets N
using f(2) g1 sets-N step2(1) step8 by(auto simp: has-compact-support-on-iff
subalgebra-def)
have f-meas[measurable]: f € borel-measurable N
using f by(auto intro!: measurable-from-subalg|OF g1]
simp: lower-semicontinuous-map-measurable upper-lower-semicontinuous-map-iff-continuous-map)
have bounded (f ¢ ?K)
using image-compactin[of X ?K euclideanreal f] f
by (auto simp: has-compact-support-on-iff introl: compact-imp-bounded)
then obtain B’ where B A\z. z € ?K = |fz| < B’
by (meson bounded-real imagel)
define B where B = max 1 B’
have B-pos: B > (0 and B: A\z. z € ?K = |fz| < B
using B’ by(auto simp add: B-def intro!: maz.coboundedI2)
have 1:p (Azctopspace X. fz) < ([z. fz ON) + 1 / (Sucn) * (2 * measure
N?K + (1 /) Sucn)+ 2x«B+1)forn
proof —
have Fyn. Vmunat. yn m = (if m = O then — B — T else 1 / 2% 1/ Suc
n+yn (m— 1))
by (rule dependent-wellorder-choice) auto
then obtain yn’ where yn:Am:nat. yn' m = (if m = 0 then — B — 1
else 1 /2x1 /) Sucn+ yn' (m— 1))
by blast
hence yn'-0: yn’ 0 = — B — 1 and yn’-Suc: Am. yn' (Suc m) =1/ 2 «
1/ Sucn+ yn'm
by simp-all
have yn'-accum: yn" m = m x (1 / 2 x 1 / Suc n) + yn’ 0 for m
by (induction m) (auto simp: yn'-Suc add-divide-distrib)

define L :: nat where L = (LEAST k. B < yn' k)

define yn where yn = (An. if n = L then B else yn’ n)
have L-least: \i. i < L = yn’ i < B
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by (metis L-def linorder-not-less not-less-Least)
have yn-L: yn L = B
by (auto simp: yn-def)
have yn'-L: yn' L > B
unfolding L-def
proof(rule LeastI-ex)
show Jz. B < yn'z
proof (safe intro!: exI[where z=nat (ceiling (2 « B+ 2) / ((1/2) 1/
real (Suc n))))])
have B< 2+« B+ 2+ (- B— 1)
using B-pos by fastforce
also have ... = (2« B+ 2) / ((1/2) « 1 / real (Sucn)) *x (1 / 2 x 1
/ Sucn) 4+ yn' 0
by (auto simp: yn'-0)
also have ... < real (nat (ceiling (2 * B+ 2) / ((1/2) = 1 / real (Suc
n)))) x (1 /2x*1/ Sucn)+ yn' 0
by (intro add-mono real-nat-ceiling-ge mult-right-mono) auto
also have ... = yn' (nat (ceiling ((2 * B+ 2) / ((1/2) = 1 ] real (Suc
"))
by (metis yn’-accum)
finally show B < yn’'(nat [(2* B+ 2)/ (1 / 2 1 / real (Suc n))])

qed
qed
have L-pos: 0 < L
proof (rule ccontr)
assume - (0 < L
then have [simp]:L = 0
by blast
show Fulse
using yn’-L yn'-0 B-pos by auto
ged
have yn-0: yn 0 = — B — 1
using L-pos by(auto simp: yn-def yn'-0)
have strict-mono-yn:strict-mono yn
proof (rule strict-monol-Suc)
fix m
consider m =L | Sucem=L|m<LSucm<L|L<mL< Sucm
by linarith
then show yn m < yn (Suc m)
proof cases
case ]
then have yn m = B
by (simp add: yn-L)
also have ... < yn’' m
using yn’-L by(simp add: 1)
also have ... < yn' (Suc m)
by (simp add: yn'-Suc)
also have ... = yn (Suc m)
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using ! by(auto simp: yn-def)
finally show ¢thesis .
next
case 2
then have yn m = yn' m
using yn-def by force
also have ... < B
using L-least[of m] 2 by blast
also have ... = yn (Suc m)
by (simp add: 2 yn-L)
finally show ?thesis .
qed(auto simp: yn-def yn’-Suc)
qged
have yn-le-L: \i. i < L = yni < B
using L-least less-eq-real-def yn-def by auto
have yn-ge-L: \i. L < i = B < yni
using strict-mono-yn| THEN strict-monoD] yn-L by blast
have yn-ge: N\i. — B — 1 < yn i
using monoD[OF strict-mono-mono|OF strict-mono-yn|,of 0] yn-0 by
auto
have yn-Suc-le: yn (Suc i) < 1 / real (Suc n) + yn i for ¢
proof —
consider { = L | Suci=L|i<LSuci<L|L<iL< Suci
by linarith
then show ?thesis
proof cases
case [
then have yn (Suc i) = yn’ (Suc L)
by (simp add: yn-def)
alsohave ... =1/ 2% 1/ Sucn+ yn' L
by (simp add: yn'-Suc)
alsohave ... = (1 / 2)* (1 / Sucn)+ (1 / 2)* (1 / Sucn)+ yn' (L

using L-pos yn’ by fastforce
also have ... = 1 / Sucn + yn’ (L — 1)
unfolding semiring-normalization-rules(1) by simp
also have ... < 1 / Sucn + B
by (simp add: L-least L-pos less-eq-real-def)
finally show ?thesis
by(simp add: 1 yn-L)
next
case 2
then have yn (Suc i) = B
by (simp add: yn-L)
also have ... < yn’' L
using yn’-L .

alsohave ...=1 /2% 1/ Sucn+ yn' (L — 1)
using yn’ L-pos by simp
alsohave ... =1 /2% 1/ Sucn+ yni

84



using 2 yn-def by force
also have ... < 1 / Sucn + yn i
by (simp add: pos-less-divide-eq)
finally show ?thesis .
qed(auto simp: yn-def yn'-Suc pos-less-divide-eq)
qged

have f-bound: fz € {yn 0<..yn L} if z:2 € ?K for z
using B[OF z| yn-L yn-0 by auto
define En where En = (Am. {z€topspace X. yn m < fz A fz < yn (Suc
m)} N ?K)
have En-sets|measurable]: En m € sets N for m
proof —
have {z€topspace X. yn m < fz A fz < yn (Suc m)} = f —*{yn m<..yn
(Suc m)} N space N
by (auto simp: space-N)
also have ... € sets N
by simp
finally show ?thesis
by (simp add: En-def)
qged
have En-disjnt: disjoint-family En
unfolding disjoint-family-on-def
proof safe
fix mnz
assume m # nand z: x € Ennx € Enm
then consider m < n | n < m
by linarith
thus z € {}
proof cases
case I
hence 1:Suc m < n
by simp
from z have fz < yn (Sucm) ynn < fz
by (auto simp: En-def)
with 7 show ?%thesis
using monoD[OF strict-mono-mono|OF strict-mono-yn] 1] by linarith
next
case 2
hence 1:Sucn < m
by simp
from z have fz < yn (Suc n) yn m < fz
by (auto simp: En-def)
with 1 show ?%thesis
using monoD[OF strict-mono-mono|OF strict-mono-yn| 1] by linarith
qed
qed
have K-eq-un-En: ?K = (|Ji<L. En 1)
proof safe
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fix z
assume z:z € ?K
have 3me{..L}. yn m < fz A z € topspace X A fz < yn (Suc m)
proof (rule ccontr)
assume — (Ime{..L}. yn m < fx A z € topspace X A fz < yn (Suc
m))
then have 1:Am. m < L = yn (Sucm) < fz V fz < ynm
using compactin-subset-topspace|OF K(1)] = by force
then have m < L = yn (Suc m) < fz for m
by (induction m) (use B z yn-0 in fastforce)+
hence yn (Suc L) < fz
by force
with yn-ge-L]of Suc L] f-bound z B show False
by fastforce
qed
thus z € (Ji<L. En i)
using z by(auto simp: En-def)
qed(auto simp: En-def)
have emeasure-En-fin: emeasure N (En i) < oo for i
proof —
have emeasure N (En i) < u ?K
unfolding emeasure-N[OF En-sets|of i]] by(auto intro!: p-mono simp:
En-def)
also have ... < >
using step2(1)[OF K(1)] step8 by blast
finally show ?thesis .
ged
have 3 Vi. openin X Vi A En i C Vi A measure N Vi < measure N (En i)
+ (1 / Sucn) / Suc L A
(VzeVi. fz < (1 / real (Suc n) + yn i)) A emeasure N Vi < oo
for ¢
proof —
have I:emeasure N (En i) < emeasure N (En i) + ennreal (1 / real (Suc
n) / real (Suc L))
unfolding ennreal-add-left-cancel-less[where b=0,simplified add-0-right]
using emeasure-En-fin by (simp add: order-less-le)
from Inf-le-iff[ THEN iffD1,0F eq-refl|OF g2[rule-format,OF En-sets|of
i],symmetric]|,rule-format, OF this]
obtain Vi where Vi:openin X Vi Vi O En i
emeasure N Vi < emeasure N (En i) + ennreal (1 / real (Suc n) / real
(Suc L))
by blast
hence ennreal (measure N Vi) = emeasure N Vi
unfolding measure-def using ennreal-enn2real-if by fastforce
also have ... < ennreal (measure N (En i)) + ennreal (1 / real (Suc n)
/ real (Suc L))
using ennreal-enn2real-if emeasure-En-fin Vi by (metis emeasure-eq-ennreal-measure
top. extremum-strict)

also have ... = ennreal (measure N (En i) + 1 / real (Suc n) / real (Suc
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L)
by simp
finally have I:measure N Vi < measure N (En i) + 1 / real (Suc n) /
real (Suc L)
by (auto intro!: ennreal-less-iff[THEN iffD1])
define Vi’ where Vi’ = Vi N {x€topspace X. yni < fz A fz < 1 / real
(Suc n) + yn i}
have En i C Vi’
proof —
have En i = En i N {z€topspace X. yn i < fx N faz < 1 / real (Suc
n) + yn i}
unfolding En-def using order.strict-trans1[OF - yn-Suc-le] by fast
also have ... C Vi’
using Vi(2) by(auto simp: Vi'-def)
finally show ?thesis .
qed
moreover have openin X Vi’
proof —
have {z € topspace X. yn i<fx A fz< 1/real (Sucn) + yn i} = (f —¢
{yn i<..<1/real (Suc n) + yn i} N topspace X)
by fastforce
also have openin X ...
using continuous-map-open|OF f(1)] by simp
finally show ?thesis
using Vi(1) by(auto simp: Vi'-def)
ged
moreover have measure N Vi’ < measure N (En ) + (1 / real (Suc n)
/ real (Suc L)) (is 21 < ?r)
proof —
have 2] < measure N Vi
unfolding measure-def
proof (safe introl: enn2real-mono emeasure-mono)
show Vi € sets N
using Vi(1) borel-of-open sets-N step7(2) by blast
show emeasure N Vi < T
by (metis <ennreal (Sigma-Algebra.measure N Vi) = emeasure N Vi»
ennreal-less-top)
qed(auto simp: Vi'-def)
with 1 show ?Zthesis
by fastforce
qed
moreover have A\z. z € Vi’ = fz < (1 / real (Suc n) + yn i)
by (auto simp: Vi'-def)
moreover have emeasure N Vi’ < oo
by (metis (no-types, lifting) Diff-Diff-Int Diff-subset Vi'-def Vi(1) <ennreal
(measure N Vi) = emeasure N Vi borel-of-open
emeasure-mono ennreal-less-top infinity-ennreal-def linorder-not-less
sets-N step7(2) subsetD top.not-eg-extremum)
ultimately show %thesis
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by blast
qged
then obtain Vi where
Vi: Ni. openin X (Vi i) Ni. Eni C Vii
Ni. measure N (Vi i) < measure N (En i) + (1 / Sucn) / Suc L
Niz. .z e Vii= fao < (I / real (Sucn) + yn i)
Ni. emeasure N (Vi i) < o0
by metis
have ?K C (|Ji<L. Vi)
using K-eq-un-En Vi(2) by blast
from fApartition|OF K (1) Vi(1) this]
obtain hi where hi: \i. i < L = Ziscont (hi i) N\i. i < L = Zcsupp (hi

Ni. i < L = X closure-of {z € topspace X. hiixz # 0} C Vii
Ni. i < L = hii € topspace X — {0..1} N\i. i < L = hi i € topspace
X — Vii— {0}
Ne.z € K = (D i<L. hiiz) =1 Az. z € topspace X = 0 < (>_i<L.
hiix)
Nz. © € topspace X = (D> i<L. hiiz) < 1
by blast
have f-sum-hif: (> i<L. fx x hiiz) = fx if 2:x € topspace X for z
proof(cases fz = 0)
case Fulse
then have z € 7K
using in-closure-of x by fast
with hi(6)[OF this] show ?thesis
by (simp add: sum-distrib-left]symmetric])
qed simp
have sum-muFEi:(> i<L. measure N (En 7)) = measure N 7K
proof —
have (> i<L. measure N (En i)) = measure N (|Ji<L. En 1)
using emeasure-En-fin En-disjnt
by (fastforce introl: measure-UNION'[symmetric] fmeasurablel pairwisel
stmp: disjnt-iff disjoint-family-on-def)
also have ... = measure N 7K
by (simp add: K-eq-un-En)
finally show ?thesis .
qed
have measure-K-le: measure N 2K < (> i<L. ¢ (AzE€topspace X. hi i x))
proof —
have ennreal (measure N ?K) = n 7K
by (metis (mono-tags, lifting) K(1) K(2) Sigma-Algebra.measure-def
emeasure-N ennreal-enn2real g5 infinity-ennreal-def)
also have p ?K < ennreal (¢ (Ax€topspace X. Y i<L. hi i x))
by (auto introl: le-Inf-iff[THEN iffD1,0F eg-refllOF step2(2)[OF
K(1)]],rule-format]
imagel exI[where z=Az. Y i<L. hi i 2] has-compact-support-on-sum
hi continuous-map-sum)
also have ... = ennreal (> i<L. ¢ (AzE€topspace X. hi i x))
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by (auto introl: pos-lin-functional-on-CX-sum assms ennreal-cong hi)
finally show ?thesis
using Pi-mem[OF hi(4)] by(auto intro!: ennreal-le-iff [of - measure N
?K,THEN iffD1] sum-nonneg pos hi)
qged
have ¢ (restrict f (topspace X)) = ¢ (AxEtopspace X. > i<L. fx x hiix)
using f-sum-hif restrict-ext by force
also have ... = (3 i<L. ¢ (Az€topspace X. fz * hiiz))
using f hi by (auto intro!: pos-lin-functional-on-CX-sum assms has-compact-support-on-mult-right)
also have ... < (3 i<L. ¢ (Az€topspace X. (1 / (Sucn) + yn i) = hiix))
proof (safe intro!: sum-mono ¢mono)
fix iz
assume i:1 < L © € topspace X
show fzx hiixz < (1 / (Sucn)+ yni)*hiiz
proof (cases © € Vi i)
case True
hence fz < 1 / (Sucn) + yni
by fact
thus ?thesis
using Pi-mem[OF hi(4)[OF i(1)] i(2)] by(intro mult-right-mono) auto
next
case Fulse
then show ?thesis
using Pi-mem[OF hi(5)[OF i(1)]] i(2) by force

qed
qed(auto intro: f hi has-compact-support-on-mult-left)
also have ... = (3 i<L. (1 / (Sucn) + yn i) * ¢ (A\xEtopspace X. hi i x))
by (intro Finite-Cartesian-Product.sum-cong-aux linear hi) auto
also have ... = (D i<L. (1 / (Sucn) +yni+ (B+ 1)) * ¢ (AxEtopspace
X. hiizx))

— (34i<L. (B + 1) * » (AzEtopspace X. hi i z))
by (simp add: sum-subtractf[symmetric] distrib-right)
also have ... = (D i<L. (1 / (Sucn) + yni+ (B + 1)) * ¢ (AxEtopspace
X. hiix))
— (B4 1) (O i<L. ¢ (Azctopspace X. hi i z))
by (simp add: sum-distrib-left)
also have ... < (3" i<L. (1 / (Sucn)+ yni+ (B+ 1)) * (measure N (En
i) + (1 / Sucn / Suc L)))
— (B + 1) % measure N K
proof (safe introl: diff-mono[OF sum-mono|OF mult-left-monol])
fix ¢
assume i: 1 < L
show ¢ (restrict (hi i) (topspace X)) < measure N (En i) + 1 / (Suc n)
/ (Suc L) (is 21 < %r)
proof —
have ¢l < measure N (Vi 1)
proof —
have ennreal (¢ (restrict (hi i) (topspace X))) < p' (Vi i)
using hi(1,2,3,4,5)[OF i] by (auto intro!: SUP-upper imagel exI[where
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x=hi i| simp: p'-def)
also have ... = emeasure N (Vi i)
by (metis Vi(1) p-open borel-of-open emeasure-N sets-N step7(2)
subsetD)
also have ... = ennreal (measure N (Vi 7))
using Vi(5)[of i] by(auto simp: measure-def intro!: ennreal-enn2real[symmetric))
finally show ¢ (restrict (hi i) (topspace X)) < measure N (Vi i)
using ennreal-le-iff measure-nonneg by blast
qed
with Vi(8)[of i| show ?thesis
by linarith
qed
show 0 < 1 / real (Sucn) + yni+ (B+ 1)
using yn-ge[of i] by(simp add: add.assoc)
qed(use B-pos measure-K-le in fastforce)
also have ... = (> i<L. (yni — 1 / (Suc n)) * measure N (En 7)) + 2 *
(O i<L. ((1 / Suc n)) x measure N (En 1))
+ (O4i<L. (B + 1) x measure N (En 7))
+ Ooi<L. (1) (Sucn)+yni+ (B+1))*(1/ Sucn/
Suc L)) — (B + 1) * measure N ?K
by (simp add: distrib-left distrib-right sum.distrib sum-subtractf left-diff-distrib)
also have ... = (> i<L. (yni — 1 / (Suc n)) * measure N (En 7)) + 1 /
Suc n x 2% measure N 7K
+ O2i<L. (1 /) (Sucn)+yni+ (B+1))*(1/ Sucn/
Suc L))
by (simp add: sum-distrib-left[symmetric] sum-muFEi del: times-divide-eq-left)
also have ... < (> 4i<L. (yni — 1 / (Suc n)) * measure N (En 7)) + 1 /
Suc n x 2% measure N 7K

+ (Ooi<L. (1 /(Sucn)+ B+ (B+ 1)) (1 / Sucn / Suc
L))

proof —
have (> i<L. (1 / (Sucn) + yni+ (B+ 1)) = (I / Sucn / Suc L))
< (30i<L.(1 /(Sucn)+ B+ (B+ 1)) * (1 / Sucn/ SuclL))
proof (safe introl: sum-mono mult-right-mono)
fix ¢
assume 7: 1 < L
show 1 / (Sucn) +yni+ (B+1)<1/(Sucn)+ B+ (B+ 1)
using yn-le-L[OF i] by fastforce
qed auto
thus ?thesis
by argo
qged
also have ... = (> i<L. (yni — 1 / (Suc n)) * measure N (En 7)) + 1 /
Suc n x 2% measure N 2K
+ (1 / (Sucn)+ B+ (B+ 1)) (1 / Sucn)
by simp
also have ... = (D i<L. (yni — 1 / (Suc n)) * measure N (En 7))
+ 1/ Sucnx (2% measure N ?K + (1 / Sucn) + 2 x B+
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by argo
also have ... < ([z. fz ON) + 1 / (Suc n) = (2 x measure N ?K + (1 /
Sucn)+ 2% B+ 1)
proof —
have (3" i<L. (yni — 1 / (Suc n)) * measure N (En i)) < ([ z. fz ON)
(is 71 < ?r)
proof —
have 7l = (3" i<L. ([ z. (yni — 1 / (Suc n)) * indicator (En i) z ON))
by simp
also have ... = ([z. (3°4<L. (yni — 1 / (Suc n)) * indicator (En 17)
x) ON)
by (rule Bochner-Integration.integral-sum[symmetric]) (use emea-
sure-En-fin in simp)
also have ... < 7r
proof (rule integral-mono)
fix z
assume z: x € space N
consider Ai. i < L=z ¢ Eni|3i<L.z € Eni
by blast
then show (> i<L. (yni — 1 / real (Suc n)) * indicat-real (En 7)
z) < fz
proof cases
case 1
then have z ¢ ?K
by (simp add: K-eq-un-En)
hence fz = 0
using z in-closure-of by(fastforce simp: space-N)
with 1 show ?thesis
by force
next
case 2
then obtain 7 where i: i < Lz € En 1
by blast
with En-disjnt have \j. j #i = x ¢ En j
by (auto simp: disjoint-family-on-def)
hence (> i<L. (yn i — 1 / real (Suc n)) = indicat-real (En i) z)
= (O_J<L.ifj=ithen (yni — 1 / real (Suc n)) else 0)
by (intro Finite-Cartesian-Product.sum-cong-auz) (use i in auto)
also have ... = yn i — 1 / real (Suc n)
using ¢ by auto
also have ... < fz
using i(2) by(auto simp: En-def diff-less-eq order-less-le-trans intro!:
order.strict-implies-order)
finally show ?thesis .
qed
next
show integrable N (Ax. > i<L. (yn i — 1 / real (Suc n)) * indicat-real
using emeasure-En-fin by fastforce
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qged(use g7 f in auto)
finally show ¢thesis .
qed
thus ?thesis
by fastforce
qged
finally show ?thesis .
qed
show ?thesis
proof (rule Lim-bounded2)
show (An. ([z. fz ON) + 1 / real (Suc n) * (2 * measure N ?K + 1 /
real (Sucn) + 2 « B+ 1)) —— ([ z. fz ON)
apply(rule tendsto-add|where b=0,simplified])
apply simp
apply(rule tendsto-mult[where a = 0::real, simplified,where b=2 x
measure N ?K + 2 x B + 1])
apply(intro LIMSEQ-Suc[OF lim-inverse-n’] tendsto-add[OF tend-
sto-const,of - 0,simplified]| tendsto-add[OF - tendsto-const])+
done
ged(use 1 in auto)
qed
fix f
assume [: Ziscont f Zcsupp f
show ¢ (Az€topspace X. fz) = ([z. fz ON)
proof (rule antisym)
have — ¢ (Ax€topspace X. fz) = ¢ (AxEtopspace X. — f x)
using f by (auto introl: pdiff[of Ax. 0 f,simplified @-0,simplified,symmetric])
also have ... < ([z. — fz ON)
by (intro 1) (auto simp: f)
also have ... = — ([ z. fz ON)
by simp
finally show ¢ (Az€topspace X. fz) > ([ z. fz ON)
by linarith
qed(intro f 1)
qed
show ?thesis
apply (intro exl[where z=M] exiI[where a=N] rep-measures-real-unique[OF
Ih(1,2),0f - N))
using sets-N g1 g2 g3 g4 g5 g6 g7 g8 by auto
qed

3.6 Riesz Representation Theorem for Complex Numbers

theorem Riesz-representation-complex-complete:
fixes X :: ‘a topology and ¢ :: ('a = complex) = complex
assumes [h:locally-compact-space X Hausdorff-space X
and plf:positive-linear-functional-on-CX X ¢
shows I M. JIN. sets N = M A subalgebra N (borel-of X)
A (V Aesets N. emeasure N A = ([ Ce{C. openin X C N A C C}. emeasure
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N O))
A (VA. openin X A — emeasure N A = (| | Ke{K. compactin X K N K
C A}. emeasure N K))
A (VAesets N. emeasure N A < co — emeasure N A = (| |Ke{K.
compactin X K N K C A}. emeasure N K))
A (VK. compactin X K — emeasure N K < c0)
A (Vf. continuous-map X euclidean f — f has-compact-support-on X —
o (A\z€topspace X. fz) = ([ z. fz ON))
A (Vf. continuous-map X euclidean f — f has-compact-support-on X —
complez-integrable N f)
A complete-measure N
proof —
let 20’ = Af. Re (¢ (AzE€topspace X. complez-of-real (f z)))
from Riesz-representation-real-complete] OF lh pos-lin-functional-on-CX-complex-decompose-plf[OF
pif]]
obtain M N where MN:
sets N = M subalgebra N (borel-of X) (V A€sets N. emeasure N A =[] (emeasure
N “{C. openin X C N A C C}))
(VA. openin X A — emeasure N A = | | (emeasure N ‘ {K. compactin X K
A K C A})
(V Aesets N. emeasure N A < oo — emeasure N A = | | (emeasure N ‘ {K.
compactin X K N K C A}))
(VK. compactin X K — emeasure N K < 00)
NS. continuous-map X euclideanreal f = f has-compact-support-on X = 2’
(Azetopspace X. fz) = ([ z. fz ON)
Nf. continuous-map X euclideanreal f = f has-compact-support-on X —
integrable N f complete-measure N
by fastforce
have MN1: complez-integrable N f if f:continuous-map X euclidean f f has-compact-support-on
X for f
using [ unfolding complez-integrable-iff
by (auto introl: MN(8))
have MN2: ¢ (Azetopspace X. fz) = ([ z. fz ON)
if f:continuous-map X euclidean f f has-compact-support-on X for f
proof —
have ¢ (Axz€topspace X. f x)
= complex-of-real (?p’ (Ax€topspace X. Re (f z))) + i * complex-of-real
(%" (Ax€etopspace X. Im (f x)))
using [ by(intro pos-lin-functional-on-CX-complezx-decompose[OF plf])
also have ... = complez-of-real ([ z. Re (f z) ON) + i x complez-of-real ([ z.
Im (f z) ON)
proof —
have «: %o’ (Azctopspace X. Re (f z)) = ([ . Re (f z) ON)
using f by(intro MN(7)) auto
have xx: %o’ (\z€topspace X. Im (fz)) = ([ z. Im (f z) ON)
using f by(intro MN(7)) auto
show ?thesis
unfolding * #x ..
qed

93



also have ... = complez-of-real (Re ([ z. fz ON)) + i x complez-of-real (Im
(o fz ON))
by (simp add: integral-Im|OF MN1|[OF that)] integral-Re[OF MN1[OF that]])
also have ... = ([ z. fz ON)
using complez-eq by auto
finally show ?%thesis .
qed
show ?thesis
apply (intro exl[where z=M| ex1I[where a=N| rep-measures-complez-unique] OF
Ih)
using MN(1—-6,9) MN1 MN2
by auto
qed

3.7 Other Forms of the Theorem

In the case when the representation measure is on X.

theorem Riesz-representation-real:
assumes [h:locally-compact-space X Hausdorff-space X
and positive-linear-functional-on-CX X ¢
shows J!IN. sets N = sets (borel-of X)
A (V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure
N ©))
A (VA. openin X A — emeasure N A = (|| Ke{K. compactin X K N K
C A}. emeasure N K))
A (Y Aesets N. emeasure N A < co — emeasure N A = (| JKe{K.
compactin X K N K C A}. emeasure N K))
A (VK. compactin X K — emeasure N K < 00)
A (Y f. continuous-map X euclideanreal f — f has-compact-support-on X
— ¢ (Az€topspace X. fz) = ([z. fz ON))
A (Vf. continuous-map X euclideanreal f — f has-compact-support-on X
— integrable N f)
proof —
from Riesz-representation-real-complete[ OF assms| obtain M N where MN:
sets N = M subalgebra N (borel-of X) (V A€sets N. emeasure N A =[] (emeasure
N “{C. openin X C N A C C}))
(VA. openin X A — emeasure N A = | | (emeasure N ‘ {K. compactin X K
AN K C A}))
(V Acsets N. emeasure N A < oo — emeasure N A = | | (emeasure N ‘ {K.
compactin X K N K C A}))
(VK. compactin X K — emeasure N K < 00)
Nf. continuous-map X euclideanreal f = f has-compact-support-on X = ¢
(Azetopspace X. fz) = ([z. fz ON)
Nf. continuous-map X euclideanreal f = f has-compact-support-on X —>
integrable N f complete-measure N
by fastforce

define N’ where N’ = restr-to-subalg N (borel-of X)
have g1: sets N’ = sets (borel-of X) (is %g1)
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and ¢2: V Acsets N'. emeasure N' A = ([ Ce{C. openin X C N A C C}.
emeasure N' C) (is ?92)
and ¢3: V A. openin X A — emeasure N' A = (|| Ke{K. compactin X K N K
C A}. emeasure N' K) (is %93)
and g4: V Aesets N'. emeasure N’ A < co — emeasure N' A = (| | Ke{K.
compactin X K N K C A}. emeasure N’ K) (is ?g4)
and ¢5: VK. compactin X K — emeasure N’ K < oo (is 7¢5)
and g6: Vf. continuous-map X euclideanreal f — f has-compact-support-on X
— ¢ (\z€topspace X. fz) = ([z. fz ON') (is 2¢6)
and ¢7: Vf. continuous-map X euclideanreal f — f has-compact-support-on X
— integrable N' f (is %97)
proof —
have sets-N': sets N’ = borel-of X
using sets-restr-to-subalg|OF MN(2)] by (auto simp: N’-def)
have emeasure-N": NA. A € sets N' = emeasure N' A = emeasure N A
by (simp add: MN(2) N'-def emeasure-restr-to-subalg sets-restr-to-subalg)
have setsN'[measurable]: NA. openin X A = A € sets N' \A. compactin X
A= A € sets N’
by (auto simp: sets-N’ dest: borel-of-open borel-of-closed| OF compactin-imp-closedin| OF
Ih(2)]))
have sets-N'-sets-N|[simp]: NA. A € sets N' = A € sets N
using MN(2) sets-N' subalgebra-def by blast
show %¢1
by (simp add: MN(2) N'-def sets-restr-to-subalg)
show %¢2
using MN(3) by(auto simp: emeasure-N")
show 2¢3
using MN (/) by(auto simp: emeasure-N")
show %¢/
using MN(5) by(auto simp: emeasure-N")
show %¢5
using MN(6) by(auto simp: emeasure-N")
show ?¢6 797
proof safe
fix f
assume f[:continuous-map X euclideanreal f f has-compact-support-on X
then have [measurable]: f € borel-measurable (borel-of X)
by (simp add: continuous-lower-semicontinuous lower-semicontinuous-map-measurable)
from MN(7,8) f show ¢ (Az€topspace X. fz) = ([ z. fz ON’) integrable
N'f
by (auto simp: N'-def integral-subalgebra2[ OF MN(2)] intro!: integrable-in-subalg OF
MN(2))
qed
qed
have ¢8: AL. sets L = sets (borel-of X) = subalgebra L (borel-of X)
by (metis sets-eq-imp-space-eq subalgebra-def subset-refl)

show ?thesis
apply (intro ex1l[where a=N'] rep-measures-real-unique[ OF [h])
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using g1 g2 g3 g4 95 96 g7 g8 by auto
qed

theorem Riesz-representation-complex:
fixes X :: ‘a topology and ¢ :: ('a = complex) = complex
assumes [h:locally-compact-space X Hausdorff-space X
and positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X)
A (V Aesets N. emeasure N A = ([ Ce{C. openin X C N A C C}. emeasure
N C))
A (VA. openin X A — emeasure N A = (| | Ke{K. compactin X K N K
C A}. emeasure N K))
A (VAesets N. emeasure N A < co — emeasure N A = (| |Ke{K.
compactin X K N K C A}. emeasure N K))
A (VK. compactin X K — emeasure N K < 00)
A (Vf. continuous-map X euclidean f — f has-compact-support-on X —
¢ (A\zetopspace X. fz) = ([ z. fz ON))
A (Vf. continuous-map X euclidean f — f has-compact-support-on X —
complez-integrable N f)
proof —
from Riesz-representation-complex-complete] OF assms] obtain M N where MN:
sets N = M subalgebra N (borel-of X) (V A€sets N. emeasure N A =[] (emeasure
N “{C. openin X C N A C C}))
(VA. openin X A — emeasure N A = | | (emeasure N ‘ {K. compactin X K
A K C A})
(VAesets N. emeasure N A < co — emeasure N A = || (emeasure N ‘ {K.
compactin X K N K C A}))
(VK. compactin X K — emeasure N K < 00)
NSf. continuous-map X euclidean f = f has-compact-support-on X — ¢
(Az€topspace X. fz) = ([ z. fz ON)
NS continuous-map X euclidean f = f has-compact-support-on X = com-
plex-integrable N f complete-measure N
by fastforce

define N’ where N’ = restr-to-subalg N (borel-of X)
have g1: sets N’ = sets (borel-of X) (is ?g1)
and ¢2: V Acsets N'. emeasure N' A = ([ Ce{C. openin X C N A C C}.
emeasure N' C) (is 792)
and ¢3: V A. openin X A — emeasure N' A = (|| Ke{K. compactin X K N K
C A}. emeasure N' K) (is 2¢3)
and g¢4: V Aesets N'. emeasure N' A < oo — emeasure N' A = (| | Ke{K.
compactin X K N K C A}. emeasure N' K) (is ?g4)
and ¢5: VK. compactin X K — emeasure N’ K < oo (is ?¢9)
and ¢6: V f. continuous-map X euclidean f — f has-compact-support-on X —
o (A\z€topspace X. fz) = ([z. fz ON') (is 796)
and ¢7: Vf. continuous-map X euclidean f — f has-compact-support-on X —
complex-integrable N’ f (is ?g7)
proof —
have sets-N": sets N’ = borel-of X
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using sets-restr-to-subalg|OF MN(2)] by (auto simp: N’-def)
have emeasure-N": NA. A € sets N' = emeasure N' A = emeasure N A
by (simp add: MN(2) N'-def emeasure-restr-to-subalg sets-restr-to-subalg)
have setsN'[measurable]: NA. openin X A = A € sets N' AA. compactin X
A= A € sets N’
by (auto simp: sets-N' dest: borel-of-open borel-of-closed| OF compactin-imp-closedin[ OF
h(2)])
have sets-N'-sets-N[simp]: NA. A € sets N' = A € sets N
using MN(2) sets-N' subalgebra-def by blast
show ?¢1
by (simp add: MN(2) N'-def sets-restr-to-subalg)
show ?2¢2
using MN(3) by(auto simp: emeasure-N")
show %¢3
using MN(4) by(auto simp: emeasure-N")
show ?¢/
using MN(5) by(auto simp: emeasure-N')
show ?2g5
using MN(6) by(auto simp: emeasure-N")
show %g6 297
proof safe
fix f i1 - = complex
assume f:continuous-map X euclidean f f has-compact-support-on X
then have [measurable]: f € borel-measurable (borel-of X)
by (metis borel-of-euclidean continuous-map-measurable)
show ¢ (Azetopspace X. fz) = ([ z. fz ON') integrable N’ f
using MN(7,8) f by(auto simp: N'-def integral-subalgebra2[OF MN(2)]
introl: integrable-in-subalg[OF MN(2)])
qed
qed
have ¢8: AL. sets L = sets (borel-of X) = subalgebra L (borel-of X)
by (metis sets-eq-imp-space-eq subalgebra-def subset-refl)

show ?thesis
apply(intro ex1I[where a=N'] rep-measures-complez-unique| OF Ih])
using g1 g2 g3 g4 g5 96 g7 g8 by auto
qed

3.7.1 Theorem for Compact Hausdorff Spaces

theorem Riesz-representation-real-compact-Hausdorff:
fixes X :: ‘a topology and ¢ :: ('a = real) = real
assumes [h:compact-space X Hausdorff-space X
and positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X) A finite-measure N
A (V Aesets N. emeasure N A = ([ Ce{C. openin X C N A C C}. emeasure
N C))
A (VA. openin X A — emeasure N A = (| | K€{K. compactin X K N K
C A}. emeasure N K))
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A (VA€sets N. emeasure N A < co — emeasure N A = (| |Ke{K.
compactin X K N K C A}. emeasure N K))
A (VK. compactin X K — emeasure N K < 00)
A (Vf. continuous-map X euclideanreal f — ¢ (AxEtopspace X. f z) =
(f o f2 ON))
A (Vf. continuous-map X euclideanreal f — integrable N f)
proof —
have [simp]: compactin X (X closure-of A) for A
by (simp add: closedin-compact-space lh(1))
from Riesz-representation-real|OF compact-imp-locally-compact-space| OF 1h(1)]
assms(2,3)] obtain N where N:
sets N = sets (borel-of X)
(V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure N
o))
(VA. openin X A — emeasure N A = (| | K€{K. compactin X K N K C A}.
emeasure N K))
(V Acsets N. emeasure N A < co — emeasure N A = (| | Ke{K. compactin X
K AN K C A}. emeasure N K))
(VK. compactin X K — emeasure N K < 00)
(Vf. continuous-map X euclideanreal f — ¢ (AzE€topspace X. fz) = ([=. fx
o))
(Vf. continuous-map X euclideanreal f — integrable N f)
by (fastforce simp: assms(1))
have space-N:space N = topspace X
by (simp add: N(1) sets-eq-imp-space-eq space-borel-of )
have fin:finite-measure N
using N(5)[rule-format,of topspace X] lh(1)
by (auto introl: finite-measurel simp: space-N compact-space-def)
have 1:AL. sets L = sets (borel-of X) = subalgebra L (borel-of X)
by (metis sets-eq-imp-space-eq subalgebra-def subset-refl)
show ?thesis
by (intro ex1I[where a=N| rep-measures-real-unique[ OF compact-imp-locally-compact-space| OF
(1)) th(2)))
(use N fin 1 in auto)
qed

theorem Riesz-representation-complez-compact-Hausdorff:
fixes X :: ‘a topology and ¢ :: (a = complex) = complex
assumes lh:compact-space X Hausdorff-space X
and positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X) A finite-measure N
A (V A€sets N. emeasure N A = ([ Ce{C. openin X C N A C C}. emeasure
N C))
A (VA. openin X A — emeasure N A = (| | Ke{K. compactin X K N K
C A}. emeasure N K))
A (VAesets N. emeasure N A < co — emeasure N A = (| |JKe{K.
compactin X K N K C A}. emeasure N K))
A (VK. compactin X K — emeasure N K < c0)
A (Y f. continuous-map X euclidean f — ¢ (Azctopspace X. fz) = ([ z.
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[z ON))
A (Vf. continuous-map X euclidean f — complex-integrable N f)
proof —
have [simp]: compactin X (X closure-of A) for A
by (simp add: closedin-compact-space h(1))
from Riesz-representation-complex| OF compact-imp-locally-compact-space] OF lh(1))
assms(2,3)] obtain N where N:
sets N = sets (borel-of X)
(V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure N
)
(VA. openin X A — emeasure N A = (| | Ke{K. compactin X K N K C A}.
emeasure N K))
(V Aesets N. emeasure N A < co — emeasure N A = (| | Ke{K. compactin X
K N K C A}. emeasure N K))
(VK. compactin X K — emeasure N K < o)
(V f. continuous-map X euclidean f — ¢ (Az€topspace X. fz) = ([ z. fz ON))
(Vf. continuous-map X euclidean f — complex-integrable N f)
by (fastforce simp: lh(1))
have space-N:space N = topspace X
by (simp add: N(1) sets-eq-imp-space-eq space-borel-of )
have fin:finite-measure N
using N(5)[rule-format,of topspace X] lh(1)
by (auto introl: finite-measurel simp: space-N compact-space-def)
have 1:A\L. sets L = sets (borel-of X) = subalgebra L (borel-of X)
by (metis sets-eq-imp-space-eq subalgebra-def subset-refl)
show ?thesis
by (intro ex1I[where a=N| rep-measures-complez-unique] OF compact-imp-locally-compact-space[ OF
(1)) h(2))
(use N fin 1 in auto)
qed

3.7.2 Theorem for Compact Metrizable Spaces

theorem Riesz-representation-real-compact-metrizable:
fixes X :: ‘a topology and ¢ :: (a = real) = real
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X) A finite-measure N
A (Vf. continuous-map X euclideanreal f — ¢ (AzEtopspace X. fz) =
(= f5 ON))
proof —
have hd: Hausdorff-space X
by (simp add: Ih(2) metrizable-imp-Hausdorff-space)

from Riesz-representation-real-compact-Hausdor[f[OF [h(1) hd plf] obtain N
where N:

sets N = sets (borel-of X) finite-measure N

(V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure N
)
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(VA. openin X A — emeasure N A = (| | Ke{K. compactin X K N K C A}.
emeasure N K))
(V Aesets N. emeasure N A < co — emeasure N A = (| | Ke{K. compactin X
K N K C A}. emeasure N K))
(VK. compactin X K — emeasure N K < o0)
(Vf. continuous-map X euclideanreal f — ¢ (Azctopspace X. fz) = ([=. fx
o))
(Vf. continuous-map X euclideanreal f — integrable N f)
by fastforce
then have tight-on-N:tight-on X N
using finite-measure.tight-on-compact-space Ih(1) h(2) by metis

show ?thesis
proof(safe intro!: exll[where a=N])
fix M
assume M:sets M = sets (borel-of X) finite-measure M (¥ f. continuous-map
X euclideanreal f — o (restrict f (topspace X)) = integral® M f)
then have tight-on X M
using finite-measure.tight-on-compact-space Ih(1) h(2) by blast
thus M = N
using N(7) M(3) by(auto introl: finite-tight-measure-eq| OF compact-imp-locally-compact-space[ OF
Ih(1)] th(2)] tight-on-N)
qed(use N in auto)
qed

theorem Riesz-representation-real-compact-metrizable-lel :
fixes X :: ‘a topology and ¢ :: ('a = real) = real
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X) A finite-measure N
A (Yf. continuous-map X euclideanreal f — f € topspace X — {0..1}
— ¢ (\zetopspace X. fz) = ([ =. fz ON))
proof —
have hd: Hausdorff-space X
by (simp add: Ih(2) metrizable-imp-Hausdorff-space)

from Riesz-representation-real-compact-Hausdor(f[OF [h(1) hd plf] obtain N
where N:

sets N = sets (borel-of X) finite-measure N

(V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure N
o))

(VA. openin X A — emeasure N A = (| | K€{K. compactin X K N K C A}.
emeasure N K))

(V Acsets N. emeasure N A < oo — emeasure N A = (| | K€{K. compactin X
K N K C A}. emeasure N K))

(VK. compactin X K — emeasure N K < 00)

(Vf. continuous-map X euclideanreal f — ¢ (Az€topspace X. fz) = ([z. fz
o))

(Vf. continuous-map X euclideanreal f — integrable N f)
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by fastforce
then have tight-on-N:tight-on X N
using finite-measure.tight-on-compact-space Ih(1) h(2) by metis

show ?thesis
proof(safe intro!: exll[where a=N])
fix M
assume M:sets M = sets (borel-of X) finite-measure M (¥ f. continuous-map
X euclideanreal f — [ € topspace X — {0..1} — ¢ (restrict f (topspace X)) =
integral” M f)
then have tight-on X M
using finite-measure.tight-on-compact-space Ih(1) h(2) by blast
thus M = N
using N(7) M(3) by(auto intro!: finite-tight-measure-eq| OF compact-imp-locally-compact-space[ OF
Ih(1)] Ih(2)] tight-on-N)
ged(use N in auto)
qed

theorem Riesz-representation-complex-compact-metrizable:
fixes X :: ‘a topology and ¢ :: ('a = complex) = complex
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
shows JIN. sets N = sets (borel-of X) A finite-measure N
A (Y f. continuous-map X euclidean f — ¢ (AzEtopspace X. fz) = ([ =.
13 ON)
proof—
have hd: Hausdorff-space X
by (simp add: Ih(2) metrizable-imp-Hausdorff-space)

from Riesz-representation-complex-compact-Hausdorff|OF 1h(1) hd plf] obtain
N where N:
sets N = sets (borel-of X) finite-measure N
(V Aesets N. emeasure N A = ([1Ce{C. openin X C N A C C}. emeasure N
o)
(VA. openin X A — emeasure N A = (| |Ke{K. compactin X K N K C A}.
emeasure N K))
(VAesets N. emeasure N A < oo — emeasure N A = (| | Ke{K. compactin X
K N K C A}. emeasure N K))
(VK. compactin X K — emeasure N K < c0)
(Vf. continuous-map X euclidean f — ¢ (AzEtopspace X. fz) = ([ . fz ON))
(Vf. continuous-map X euclidean f — complez-integrable N f)
by fastforce
then have tight-on-N:tight-on X N
using finite-measure.tight-on-compact-space Ih(1) h(2) by metis

show ?thesis
proof(safe intro!: exlI[where a=N])
fix M
assume M:sets M = sets (borel-of X) finite-measure M (¥ f. continuous-map
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X euclidean f — ¢ (restrict f (topspace X)) = ([ z. fz OM))
then have tight-on-M:tight-on X M
using finite-measure.tight-on-compact-space Ih(1) h(2) by blast
have ([ z. fz ON) = ([ z. fz OM) if f:continuous-map X euclideanreal f for f

proof —
have ([ z. fz ON) = Re ([ z. complex-of-real (f z) ON)
by simp
also have ... = Re (¢ (Az€topspace X. complex-of-real (f x)))

by(intro arg-conglwhere f=Re] N(7)[rule-format,symmetric]) (simp add:
f)
also have ... = Re ([ z. complex-of-real (f z) M)
by (intro arg-cong|where f=Re|] M(3)[rule-format]) (simp add: f)
also have ... = ([ z. fz OM)
by simp
finally show ?thesis .
qed
thus M = N
by (auto introl: finite-tight-measure-eq| OF compact-imp-locally-compact-space| OF
Ih(1)] Ih(2)] tight-on-N tight-on-M)
ged(use N in auto)
qed

theorem Riesz-representation-real-compact-metrizable-subprob:
fixes X :: ‘a topology and ¢ :: ('a = real) = real
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
and lel: ¢ (Ax€topspace X. 1) < 1 and ne: X # trivial-topology
shows JIN. sets N = sets (borel-of X) A subprob-space N
A (Vf. continuous-map X euclideanreal f — ¢ (AzEtopspace X. fx) =
(2 o ON))
proof —
from Riesz-representation-real-compact-metrizable| OF assms(1—3)]
obtain N where N: sets N = sets (borel-of X) finite-measure N (V f. continu-
ous-map X euclideanreal f — ¢ (Az€topspace X. fz) = ([ z. fz ON))
NM. sets M = sets (borel-of X) = finite-measure M = (V f. continuous-map
X euclideanreal f — ¢ (A\z€topspace X. fz) = ([z. fa OM)) = M = N
by fastforce
then interpret finite-measure N

by blast
have subN:subprob-space N
proof
have measure N (space N) = ([ z. 1 ON)
by simp
also have ... = ¢ (Az€topspace X. 1)

by (intro N(3)[rule-format,symmetric]) simp
also have ... < 1

by fact
finally show emeasure N (space N) < 1

by (simp add: emeasure-eq-measure)
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next
show space N # {}
using sets-eq-imp-space-eq|OF N(1)] ne by(auto simp: space-borel-of)

qed

show ?thesis

using N (4)[OF - subprob-space.axioms(1)] subN N(1,3) by (auto intro!: ex1I[where
a=N))
qed

theorem Riesz-representation-real-compact-metrizable-subprob-lel :
fixes X :: ‘a topology and ¢ :: ('a = real) = real
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
and lel: ¢ (Az€topspace X. 1) < 1 and ne: X # trivial-topology
shows JIN. sets N = sets (borel-of X) A subprob-space N
A (Vf. continuous-map X euclideanreal f — f € topspace X — {0..1}
— ¢ (Azetopspace X. fz) = ([ z. fz ON))
proof —
from Riesz-representation-real-compact-metrizable-le1[OF Ih plf]
obtain N where N: sets N = sets (borel-of X) finite-measure N (V f. continu-
ous-map X euclideanreal f — f € topspace X — {0..1} — ¢ (AxEtopspace X.
fa) = ([a. f2 ON))
NM. sets M = sets (borel-of X) = finite-measure M = (¥ f. continuous-map
X euclideanreal f — f € topspace X — {0..1} — ¢ (AxEtopspace X. f z) =
(Jz.fz OM)) = M =N
by fastforce
then interpret finite-measure N

by blast
have subN:subprob-space N
proof
have measure N (space N) = ([ z. 1 ON)
by simp
also have ... = ¢ (Az€topspace X. 1)

by (intro N(3)[rule-format,symmetric]) simp-all
also have ... < 1
by fact
finally show emeasure N (space N) < 1
by (simp add: emeasure-eq-measure)
next
show space N # {}
using sets-eq-imp-space-eq|OF N(1)] ne by(auto simp: space-borel-of)
qed
show ?thesis
using N (4)[OF - subprob-space.axioms(1)] subN N(1,3) by (auto intro!: exlI[where
4=N))
qed

theorem Riesz-representation-real-compact-metrizable-prob:
fixes X :: ‘a topology and ¢ :: ('a = real) = real
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assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
and ¢ (Az€topspace X. 1) = 1
shows JIN. sets N = sets (borel-of X) A prob-space N
A (Vf. continuous-map X euclideanreal f — ¢ (AxEtopspace X. fz) =
(f o f2 ON))
proof —
from Riesz-representation-real-compact-metrizable] OF b plf]
obtain N where N: sets N = sets (borel-of X) finite-measure N (¥ f. continu-
ous-map X euclideanreal f — ¢ (Az€topspace X. fz) = ([ . fz ON))
AM. sets M = sets (borel-of X) = finite-measure M = (V f. continuous-map
X euclideanreal f — ¢ (A\z€topspace X. fz) = ([z. fz OM)) = M = N
by fastforce
then interpret finite-measure N
by blast
have probN:prob-space N
proof
have measure N (space N) = ([ z. 1 ON)
by simp
also have ... = ¢ (AxE€topspace X. 1)
by (intro N(3)[rule-format,symmetric]) simp
also have ... = 1
by fact
finally show emeasure N (space N) = 1
by (simp add: emeasure-eq-measure)
qged
show ?thesis
using N(4)[OF - prob-space.finite-measure] probN N(1,3) by(auto intro!:
exll[where a=N])
qed

theorem Riesz-representation-complex-compact-metrizable-subprob:
fixes X :: ‘a topology and ¢ :: (a = complex) = complex
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
and lel: Re (¢ (Az€topspace X. 1)) < I and ne: X # trivial-topology
shows JIN. sets N = sets (borel-of X) A subprob-space N
A (Vf. continuous-map X euclidean f — ¢ (Az€topspace X. fz) = ([ =.
13 ON))
proof —
from Riesz-representation-complex-compact-metrizable[ OF lh plf]
obtain N where N: sets N = sets (borel-of X) finite-measure N (V f. continu-
ous-map X euclidean f — ¢ (Az€topspace X. fz) = ([ z. fz ON))
NM. sets M = sets (borel-of X) = finite-measure M = (¥ f. continuous-map
X euclidean f — ¢ (Az€topspace X. fz) = ([z. fz OM)) = M = N
by fastforce
then interpret finite-measure N
by blast
have subN:subprob-space N
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proof
have measure N (space N) = ([ z. 1 ON)

by simp
also have ... = Re ([z. 1 ON)
by simp
also have ... = Re (¢ (Az€topspace X. 1))

by (intro arg-cong[where f=Re] N(3)[rule-format,symmetric]) simp
also have ... < 1
by fact
finally show emeasure N (space N) < 1
by (simp add: emeasure-eq-measure)
next
show space N # {}
using sets-eq-imp-space-eq|OF N(1)] ne by(auto simp: space-borel-of)
qed
show ?thesis
using N (4)[OF - subprob-space.axzioms(1)] subN N(1,3) by (auto intro!: exlI[where
a=N))
qed

theorem Riesz-representation-complex-compact-metrizable-prob:
fixes X :: ‘a topology and ¢ :: (a = complex) = complex
assumes lh:compact-space X metrizable-space X
and plf:positive-linear-functional-on-CX X ¢
and Re (¢ (Az€topspace X. 1)) = 1
shows JIN. sets N = sets (borel-of X) A prob-space N
A (Vf. continuous-map X euclidean f — ¢ (Az€topspace X. fz) = ([ =
[z 0N))
proof —
from Riesz-representation-complex-compact-metrizable[ OF lh plf]
obtain N where N: sets N = sets (borel-of X) finite-measure N (¥ f. continu-
ous-map X euclidean f — ¢ (Az€topspace X. fz) = ([ z. fz ON))
NM. sets M = sets (borel-of X) = finite-measure M = (¥ f. continuous-map
X euclidean f — ¢ (Az€topspace X. fz) = ([z. fz OM)) = M = N
by fastforce
then interpret finite-measure N

by blast
have probN:prob-space N
proof
have measure N (space N) = ([ . 1 ON)
by simp
also have ... = Re ([ z. 1 ON)
by simp
also have ... = Re (¢ (AxE€topspace X. 1))
by (intro arg-cong[where f=Re|] N(3)[rule-format,symmetric|) simp
also have ... = I
by fact

finally show emeasure N (space N) = 1
by (simp add: emeasure-eq-measure)
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qed
show ?thesis
using N(4)[OF - prob-space.finite-measure] probN N(1,3) by(auto introl:
exlI[where a=N])
qed

end
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