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Abstract

We investigate the relationship between restriction spaces and clas-
sical metric structures by instantiating the former as ultrametric spaces.
This is classically captured by defining the distance as

1 n
dist zx y =  inf -
y zln = yln (2>

but we actually generalize this perspective by introducing a hierarchy
of increasingly refined type classes to systematically relate ultrametric
and restriction-based notions. This layered approach enables a precise
comparison of structural and topological properties. In the end, our
main result establishes that completeness in the sense of restriction
spaces coincides with standard metric completeness, thus bridging the
gap between Restriction_Spaces and Banach’s fixed-point theorem
established in HOL-Analysis.
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1 Definitions on Functions of Metric Space

In this theory, we define the notion of lipschitz map, non-expanding
map and contraction map. We also establish correspondences.

1.1 Definitions
1.1.1 Lipschitz Map

This notion is a generalization of contraction map and non-
expanding map.

definition lipschitz-with-on :: <['a :: metric-space = 'b :: metric-space,
real, 'a set] = bools

where <lipschitz-with-on f « A = 0 < a N (Vz€A. VyeA. dist (fz)
(fy) < ax dist z y)»

abbreviation lipschitz-with :: <['a :: metric-space = 'b :: metric-space,
real] = booly
where <(lipschitz-with [ « = lipschitz-with-on f o UNIV)

lemma lipschitz-with-onl :

Jqo<as Nvy [reAjye Ao #y; fod fy] = dist (fz) (fy)
< ax dist z y] =

lipschitz-with-on [ a A»

unfolding lipschitz-with-on-def by (metis dist-eq-0-iff zero-le-dist
zero-le-mult-iff)

lemma lipschitz-withl :

Jqo<a;Neyx#y= fa#fy= dist (fz) (fy) < a=x*distx
yl =

lipschitz-with f o>



by (rule lipschitz-with-onlI)

lemma lipschitz-with-onD1 : <lipschitz-with-on f « A = 0 < @
unfolding lipschitz-with-on-def by simp

lemma lipschitz-withD1 : <lipschitz-with f « = 0 < @
by (rule lipschitz-with-onD1)

lemma lipschitz-with-onD2 :

ipschitz-with-on f a A = 1€ A = y € A = dist (fz) (fy) <
a x dist T

unfolding lipschitz-with-on-def by simp

lemma lipschitz-withD2 :
lipschitz-with f a« = dist (fz) (fy) < a * dist z o
unfolding lipschitz-with-on-def by simp

lemma lipschitz-with-imp-lipschitz-with-on: <lipschitz-with f o = lip-
schitz-with-on f a A»
by (simp add: lipschitz-with-on-def)

lemma lipschitz-with-on-imp-lipschitz-with-on-ge : <lipschitz-with-on f
8 A
if <o < By and <lipschitz-with-on [ a A»
proof (rule lipschitz-with-onlI)
show <0 < ) by (meson order-trans lipschitz-with-onD1 that)
next
fix z y assume «z € A» and <y € A>
from «<lipschitz-with-on f o A>[THEN lipschitz-with-onD2, OF this]
have «dist (fz) (fy) < a* distxy .
from order-trans|OF this] show «dist (f z) (fy) < B * dist z y»
by (simp add: mult-right-mono <« < 8)
qed

theorem lipschitz-with-on-comp-lipschitz-with-on :

lipschitz-with-on (Az. g (fz)) (B * a) A

if <f ¢ A C By <lipschitz-with-on g B B> <lipschitz-with-on f o A>
proof (rule lipschitz-with-onl)

show <0 < 8 % a» by (metis lipschitz-with-onD1 mult-nonneg-nonneg
that(2, 3))
next

fix z y assume «z € A> and y € A>

with «f “ A C B> have <fz € B> and «fy € B) by auto

have «dist (g (f =) (9 (fy)) < B * dist (fz) (fy)

by (fact that(2)[THEN lipschitz-with-onD2, OF «fx € By «fy €

B)

also have «... < 8 x («a * dist z y)»



by (fact mult-left-mono[ OF that(3)[ THEN lipschitz-with-onD2, OF
x € Ay «y € A
that(2)[THEN lipschitz-with-onD1]])

also have «... = § x « x dist x i by simp
finally show «dist (g (fz)) (g (fy)) < ...
qed

corollary lipschitz-with-comp-lipschitz-with :
(lipschitz-with g B; lipschitz-with f o] =
lipschitz-with (Az. g (f z)) (8 * a)
using lipschitz-with-on-comp-lipschitz-with-on by blast

1.1.2 Non-expanding Map

definition non-expanding-on :: <['a :: metric-space = 'b :: metric-space,
‘a set] = booly
where (non-expanding-on f A = lipschitz-with-on f 1 A>

abbreviation non-expanding :: <['a :: metric-space = 'b :: metric-space]
= bool
where (non-expanding f = non-expanding-on f UNIV)

lemma non-expanding-onl :

qAzy. [zr € A,y € Asx# y; fo# fy] = dist (fz) (fy) < dist
zy] =

non-expanding-on f A»

by (simp add: lipschitz-with-onl non-expanding-on-def)

lemma non-expandingl :

Az y. 2 £y = faz # fy= dist (fz) (fy) < dist z y] =
non-expanding f>

by (rule non-expanding-onlI)

lemma non-expanding-onD :

<non-expanding-on fA —= r € A = ye€ A = dist (fz) (fy) <
dist x >

by (metis lipschitz-with-onD2 mult-1 non-expanding-on-def)

lemma non-expandingD : <non-expanding f = dist (f z) (fy) < dist

x Y
by (simp add: non-expanding-onD)

lemma non-expanding-imp-non-expanding-on: <non-erpanding f —>
non-expanding-on f A»
by (meson non-expandingD non-expanding-onl)

lemma non-expanding-on-comp-non-expanding-on :
f ¢ A C B; non-expanding-on g B; non-expanding-on f A] =



non-ezxpanding-on (Az. g (f z)) A
unfolding non-expanding-on-def
by (metis (no-types) lipschitz-with-on-comp-lipschitz-with-on mult-1)

corollary non-expanding-comp-non-expanding :
([non-expanding g; non-expanding f] = non-expanding (A\z. g (f
z))»

by (blast intro: non-expanding-on-comp-non-expanding-on)

1.1.3 Contraction Map

definition contraction-with-on :: «['a :: metric-space = 'b :: met-
ric-space, real, 'a set] = bools

where (contraction-with-on f a« A = a < 1 A lipschitz-with-on f «
A

abbreviation contraction-with :: «['a :: metric-space = b :: met-
ric-space, real] = bool
where <contraction-with f a = contraction-with-on f o UNIV»

definition contraction-on :: «['a :: metric-space = 'b :: metric-space,
‘a set] = booly
where (contraction-on f A = Ja. contraction-with-on f o A>

abbreviation contraction :: «['a :: metric-space = 'b :: metric-space]
= bool
where <contraction f = contraction-on f UNIV)

lemma contraction-with-onl :

Jqo<asa< b Nvy [reAiycAyaiy foi fy] = dist (f
z) (fy) < ax dist z y]

= contraction-with-on f a A»

by (simp add: contraction-with-on-def lipschitz-with-onlI)

lemma contraction-withl :

Jo<asa< L Nvy. v#y= fo#fy= dist (fz) (fy) <
* dist z y] =

contraction-with f a»

by (rule contraction-with-onlI)

lemma contraction-with-onD1 : <contraction-with-on f a A = 0 <
)

by (simp add: contraction-with-on-def lipschitz-with-on-def)

lemma contraction-withD1 : <contraction-with f « = 0 < a»
by (simp add: contraction-with-onD1)

lemma contraction-with-onD2 : <contraction-with-on f « A = «a <



D
by (simp add: contraction-with-on-def lipschitz-with-on-def)

lemma contraction-withD2 : <contraction-with f o« = o < D>
by (simp add: contraction-with-onD2)

lemma contraction-with-onD3 :

<contraction-with-on f « A —= z € A = y € A = dist (fz) (f
y) < a x dist T

by (simp add: contraction-with-on-def lipschitz-with-on-def)

lemma contraction-withD3 : <contraction-with f oo = dist (f z) (f y)
< « * dist x y»
by (simp add: contraction-with-on-def lipschitz-withD2)

lemma contraction-with-imp-contraction-with-on:
<contraction-with f o = contraction-with-on f a A»
by (simp add: contraction-with-on-def lipschitz-with-imp-lipschitz-with-on)

lemma contraction-imp-contraction-on: <contraction f = contrac-
tion-on f A»

using contraction-on-def contraction-with-imp-contraction-with-on
by blast

lemma contraction-with-on-imp-contraction-on :
<contraction-with-on f o« A = contraction-on f A»
unfolding contraction-on-def by blast

lemma contraction-with-imp-contraction: <contraction-with f a =
contraction f»
by (simp add: contraction-with-on-imp-contraction-on)

lemma contraction-onkE:

([contraction-on f A; Aa. contraction-with-on f o« A = thesis] =
thesis»

unfolding contraction-on-def by blast

lemma contractionE:
[contraction f; Aa. contraction-with f o = thesis] = thesis
by (elim contraction-onE)

lemma contraction-with-on-imp-contraction-with-on-ge :
(Jao < B; B < 1; contraction-with-on f o A] = contraction-with-on

fB A

by (simp add: contraction-with-on-def lipschitz-with-on-imp-lipschitz-with-on-ge)



1.2 Properties

lemma contraction-with-on-imp-lipschitz-with-on[simp) :
<contraction-with-on f o A = lipschitz-with-on f o A»
by (simp add: contraction-with-on-def)

lemma non-expanding-on-imp-lipschitz-with-one-on[simp] :
<non-expanding-on f A = lipschitz-with-on f 1 A»
by (simp add: non-expanding-on-def)

lemma contraction-on-imp-non-expanding-on|simp] :
<contraction-on f A = non-expanding-on f A»
proof (elim contraction-onE, rule non-expanding-onl)
fix a z y assume x € A and <y € Ay and contra : <contrac-
tion-with-on f a A>
show «dist (f z) (fy) < dist i
by (rule order-trans|OF contra] THEN contraction-with-onD3, OF
e by e Al
(metis contra contraction-with-on-def mult-less-cancel-right1 nle-le
order-less-le zero-le-dist)
qged

lemma contraction-with-on-comp-contraction-with-on :

<contraction-with-on (Az. g (f z)) (8 * a) A

if <f A C By <contraction-with-on g B B> <contraction-with-on f «
Ay
proof (unfold contraction-with-on-def, intro conjl)

from that(2, 3)[THEN contraction-with-onD2] that(2)[THEN con-
traction-with-onD1]

show (5 * a < D> by (metis dual-order.strict-trans2 mult-less-cancel-left1
nle-le order-less-le)
next

show <lipschitz-with-on (Az. g (fz)) (8 * a) A>

by (rule lipschitz-with-on-comp-lipschitz-with-on|OF <f ¢ A C B)])
(simp-all add: that(2, 3))

qged

corollary contraction-with-comp-contraction-with :
[contraction-with g B; contraction-with f o] = contraction-with

(Az. g (fz)) (B * a)

by (blast intro: contraction-with-on-comp-contraction-with-on)

corollary contraction-on-comp-contraction-on :

f ¢ A C B; contraction-on g B; contraction-on f A] = contrac-
tion-on (Az. g (fz)) A
proof (elim contraction-onFE)

fix a g assume <f ‘ A C B) «contraction-with-on g 8 B) <contrac-
tion-with-on f a A>

from contraction-with-on-comp-contraction-with-on| OF this|



show «contraction-on (Az. g (fz)) As by (fact contraction-with-on-imp-contraction-on)
qed

corollary contraction-comp-contraction :
[eontraction g; contraction f] = contraction (Az. g (f z))»
by (blast intro: contraction-on-comp-contraction-on)

lemma contraction-with-on-comp-non-expanding-on :

<contraction-with-on (A\z. g (f z)) f A>

if «f “ A C B> <contraction-with-on g § B> (non-expanding-on f A>
proof (unfold contraction-with-on-def, intro conjl)

from that(2)[THEN contraction-with-onD2] show < < 1> .
next

show «lipschitz-with-on (Az. g (fz)) 8 A»

by (rule lipschitz-with-on-comp-lipschitz-with-on|OF «f ¢ A C B,
of g B 1, simplified])
(simp-all add: that(2, 3))

qed

corollary contraction-with-comp-non-expanding :
[eontraction-with g B; non-expanding f] = contraction-with (\x.

g (fz)) B

by (blast intro: contraction-with-on-comp-non-expanding-on)

corollary contraction-on-comp-non-expanding-on :

(f “ A C B; contraction-on g B; non-expanding-on f A] = contrac-
tion-on (Az. g (f z)) A

by (metis contraction-on-def contraction-with-on-comp-non-expanding-on)

corollary contraction-comp-non-expanding :
[contraction g; non-expanding f] = contraction (Az. g (f z))»
by (blast intro: contraction-on-comp-non-expanding-on)

lemma non-expanding-on-comp-contraction-with-on :

<contraction-with-on (A\z. g (f z)) a A>

if «f “ A C B> <non-expanding-on g By <contraction-with-on f a A»
proof (unfold contraction-with-on-def, intro conjI)

from that(3)[THEN contraction-with-onD2] show <« < I .
next

show «lipschitz-with-on (Az. g (fz)) a A

by (rule lipschitz-with-on-comp-lipschitz-with-on|OF <f ¢ A C B,
of g 1, simplified))
(simp-all add: that(2, 3))

qed

corollary non-expanding-comp-contraction-with :
([non-expanding g; contraction-with f a] = contraction-with (\z.



g (fz)) o

by (blast intro: non-expanding-on-comp-contraction-with-on)

corollary non-expanding-on-comp-contraction-on :

(f “ A C B; non-expanding-on g B; contraction-on f A] = contrac-
tion-on (\z. g (f z)) A

by (metis contraction-on-def non-expanding-on-comp-contraction-with-on)

corollary non-expanding-comp-contraction :
([non-expanding g; contraction f] = contraction (Az. g (f z))»
by (blast intro: non-expanding-on-comp-contraction-on)

1.3 Banach’s fixed-point Theorems

We rewrite the Banach’s fixed-point theorems with our new def-
inition.
theorem Banach-fiz-type : <contraction f = Ilz. fz =

for f :: <'a :: complete-space = 'a»

by (elim contractionE)

(metis banach-fiz-type contraction-withD1 contraction-withD2 con-
traction-withD3)

theorem Banach-fiz:

<contraction-on fs = Ilz. x € s A\ fz = z if <complete s» s #
{h«fsCs
proof (elim contraction-onE, intro Banach-fit|OF <complete sy <s #
{b --«f ‘s C s] balll)

show «contraction-with-on f o s = 0 < a» for a by (fact contrac-
tion-with-onD1)
next

show <contraction-with-on f o s = «a < 1) for a by (fact contrac-
tion-with-onD2)
next

show <contraction-with-on f a« s = 1z € s = y € s =

dist (fz) (fy) < a* dist x y» for a z y by (fact contrac-

tion-with-onD3)
qed

2 Locales factorizing the proof Work

2.1 Preliminaries on strictly decreasing Sequences

abbreviation strict-decseq :: <(nat = 'a :: order) = bool
where <strict-decseq = monotone (<) (Az y. y < z)»

lemma strict-decseq-def : <strict-decseq X «+— (YVmn. m <n — X



n < X m)
by (fact monotone-def)

lemma strict-decseql : <strict-decseq X» if <An. X (Suc n) < X n»
by (metis Suc-le-eq decseqD decseq-Suc-iff le-less-trans nless-le strict-decseq-def
that)

lemma strict-decseqD : <strict-decseg X = m < n = Xn < X m»
using strict-decseq-def by blast

lemma strict-decseq-def-bis : «strict-decseq X +— (Vmn. X n < X
m<— m < n)
by (metis linorder-less-linear order-less-imp-not-less strict-decseq-def)

lemma strict-decseq-def-ter : «strict-decseq X +— (Vmn. X n < X
m <— m < n)

unfolding strict-decseq-def-bis

by (rule iffI, metis le-simps(2) order-le-less, simp add: less-le-not-le)

lemma strict-decseq-imp-decseq : <strict-decseq 0 = decseq o>
by (simp add: monotone-on-def order-le-less)

lemma strict-decseq-Sucl : «(An. X (Suc n) < X n) = strict-decseq
X»

by (metis Suc-le-eq decseqD decseq-Suc-iff less-le-not-le order-less-le
strict-decseg-def)

lemma strict-decseq-SucD : <strict-decseq A = A (Suc i) < A
by (simp add: strict-decseq-def)

Classically, a restriction space is given the structure of a metric
space by defining dist z y = Inf {(1 / 2) " n|n.zln=yl
n}. This obviously also works if we replace 1 / 2 by any real §
such that 0 < § and § < 1. But more generally, this still works
if we set dist z y = Inf {oc n| n. 2 L n =1y | n} where o is a
sequence of real verifying Vn. 0 < o nand 0 —— 0. As you
would expect, the more structure you have, the more powerful
theorems you get. We explore all these variants in the theory
below.

2.2 The Construction with Locales

Our formalization will extend the class metric-space. But some
proofs are redundant, especially when it comes to the product
type. So first we will be working with locales, and interpret them
with the classes.

10



locale NonDecseqRestrictionSpace = PreorderRestrictionSpace +
— Factorization of the proof work.
fixes M :: <'a set» and restriction-o :: <nat = real> (<o »)
and restriction-dist :: <'a = 'a = realy (<dist}»)
assumes restriction-o-tendsto-zero : <restriction-c —— 0»
and zero-less-restriction-o [simp] : <0 < restriction-c n»
and dist-restriction-is :
«disty vy = (INF n € restriction-related-set © y. restriction-o n)»
begin

lemma zero-le-restriction-c [simp] : <0 < o)
by (simp add: order-less-imp-le)

lemma restriction-c-neg-zero [simp] : <o, n # O)
by (metis zero-less-restriction-o order-less-irrefl)

lemma bounded-range-restriction-o: <bounded (range o)
by (fact convergent-imp-bounded|OF restriction-o-tendsto-zero])

abbreviation restriction-o-related-set :: <'a = 'a = real set
where <(restriction-o-related-set x y = o) ‘ restriction-related-set x

Y

abbreviation restriction-o-not-related-set :: <'a = 'a = real set
where (restriction-o-not-related-set x y = o ‘ restriction-not-related-set

x Y

lemma nonempty-restriction-o-related-set :
<restriction-o-related-set © y # {}> by simp

lemma restriction-o-related-set-Un-restriction-o-not-related-set :
<restriction-o-related-set © y U restriction-o-not-related-set © y =
range o>
by blast

lemma <bdd-above (restriction-o-related-set x y)»
by (meson bdd-above.I2 bdd-above.unfold bounded-imp-bdd-above
bounded-range-restriction-o rangel)

lemma <bdd-above (restriction-o-not-related-set x y)»
by (meson bdd-above.E bdd-above.I2 bounded-imp-bdd-above
bounded-range-restriction-o range-eql )
lemma bounded-restriction-o-related-set: <bounded (restriction-o-related-set

T y)»

11



by (meson bounded-range-restriction-o bounded-subset image-mono
top-greatest)

lemma bounded-restriction-o-not-related-set: <bounded (restriction-o-not-related-set
T y)

by (meson bounded-range-restriction-o bounded-subset image-mono
subset-UNIV')

corollary restriction-space-Inf-properties:
<a € restriction-o-related-set x y = dist, vy < a»
[Aa. a € restriction-o-related-set v y => b < a] = b < dist| =y
unfolding dist-restriction-is
by (simp-all add: bounded-has-Inf(1) bounded-restriction-o-related-set
cInf-greatest)

lemma restriction-o-related-set-alt :

<restriction-o-related-set © y = {0 n| n. n € restriction-related-set
Typ

by blast

lemma ezxists-less-restriction-o : «<In. m < n Aoy, n < o, m
proof (rule ccontr)
assume - (In>m. oy n < o m)
hence Vn>m. oy m < o n
by (metis linorder-not-le nle-le)
hence <m0 —— O»
by (meson Lim-bounded2 linorder-not-le zero-less-restriction-o)
with restriction-o-tendsto-zero show Fulse by simp
qed

lemma «dist; z y = Inf (restriction-o-related-set x y)»
by (fact dist-restriction-is)

lemma not-related-imp-dist-restriction-is-some-restriction-o :
An.distyzy=0c,n AN Vm<n.zlmIylmif—zgy
proof —
have «finite (restriction-related-set x y)»
by (simp add: finite-restriction-related-set-iff <= ¢ < y»)
have <Inf (restriction-o-related-set © y) € restriction-o-related-set
Y
by (rule closed-contains-Inf[ OF nonempty-restriction-o-related-set])
(simp-all add: <finite (restriction-related-set z y)» finite-imp-closed)
hence «dist) z y € restriction-o-related-set x y»
by (fold dist-restriction-is)
with restriction-related-le obtain n
where «n € restriction-related-set x y» <dist, z y = o) W

12



&m<n.z | mZgylm by blast
with «dist| x y € restriction-o-related-set x y» show ?thesis by blast
qed

lemma not-related-imp-dist-restriction-le-some-restriction-o :
trgy=3dn distyzy <o, nA(-z] Sucngyl Sucn) A
(Vm<n.z|lmZyl m)
by (blast intro: restriction-space-Inf-properties
dest: ex-not-restriction-related-optimized)

lemma restriction-dist-eq-0-iff-related : <dist, ty = 0 +— = 3 ¥
proof (rule iffT)
show «disty 2y =0 = z S
by (erule contrapos-pp)
(auto dest: not-related-imp-dist-restriction-is-some-restriction-o)
next
show «dist, z y = 0 if <z T »
proof (rule order-antisym)
show <0 < disty z y> by (simp add: cINF-greatest dist-restriction-is)
next
define A where <A n=— o0, » for n
have * : (A n < — dist) z y» for n
unfolding A-def using «x < y» restriction-space-Inf-properties(1)
by simp (metis UNIV-restriction-related-set-iff rangel)
from restriction-o-tendsto-zero tendsto-minus-cancel-left
have (<A —— () unfolding A-def by force
from lim-le[OF convergentI[OF (A —— Ob] x| imI[OF <A
— 0]
show «dist, z y < 0 by simp
qed
qed

end

locale DecsegRestrictionSpace = NonDecseqRestrictionSpace +
assumes decseg-restriction-o : <decseq o>
begin

lemma dist-restriction-is-bis :

«disty zy = (if x < y then 0 else o) (Sup (restriction-related-set ©
v

if <x € M) and <y € M>
proof (split if-split, intro conjl impl)

from «z € M» and <y € M» show «x T y = restriction-dist © y
=0

13



by (simp add: restriction-dist-eq-0-iff-related)
next
show «disty z y = o, (Sup (restriction-related-set x y))» if <= z 3
Y
proof (rule order-antisym)
show «dist, z y < o, (Sup (restriction-related-set = y))
unfolding dist-restriction-is
by (rule cINF-lower|OF - Sup-in-restriction-related-set|OF «— x
< vl
(meson bdd-below.I2 zero-le-restriction-o)
next
show <o (Sup (restriction-related-set xz y)) < dist, = y»
proof (unfold dist-restriction-is, rule cINF-greatest)
show «(restriction-related-set x y # {}» by (fact nonempty-restriction-related-set)
next
fix n assume «n € restriction-related-set x y»
hence n < Sup (restriction-related-set x y)»
by (metis <n € restriction-related-set z y» le-cSup-finite
finite-restriction-related-set-iff «— z 5 y»)
from decseqD[OF decseq-restriction-o this]
show <restriction-o (Sup (restriction-related-set x y)) < restric-
tion-o n .
qed
qed
qed

lemma not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq :

<disty ¢y = oy (Sup (restriction-related-set x y))»

' m<Sup (restriction-related-set x y). ¢ L m 5y L m»

' m>Sup (restriction-related-set x y). =z L m S y L m

if «-z 5 v and <z € M» and <y € M>

subgoal by (subst dist-restriction-is-bis; simp add: <= z T y» <z €
M> <y € M»)

subgoal using Sup-in-restriction-related-set{OF - z < y] restric-
tion-related-le by blast

using cSup-upper[OF - bdd-above-restriction-related-set-iff [ THEN
iffD2, OF <~z 5 v,

of «Suc (Sup (restriction-related-set x y))»)

by (metis (mono-tags, lifting) Suc-lel dual-order.refl mem-Collect-eq

not-less-eq-eq restriction-related-le)

theorem restriction-dist-tendsto-zero-independent-of-restriction-o :
— Very powerful theorem: the convergence of the distance to 0 is
actually independent from the restriction sequence chosen.
— This is the theorem for which we had to work with locales first.
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assumes < DecseqRestrictionSpace (]) () restriction-o’ restriction-dist’s
and <X € M» and <range o C M)
shows «(An. dist, (o n) ) —— 0 <— (An. restriction-dist’ (o n)
) —— 0
proof —
{ fix restriction-o restriction-dist restriction-o’ restriction-dist’
assume al : <DecseqRestrictionSpace () () restriction-o restric-
tion-dist »
and a2 : «DecseqRestrictionSpace (1) () restriction-o' restric-
tion-dist"
and x : «(An. restriction-dist (o n) ¥) —— O

interpret il : DecseqRestrictionSpace <(1)» «(3)» M restriction-o
restriction-dist by (fact al)

interpret (2 : DecseqRestrictionSpace <(})» «(Z)» M restriction-o’
restriction-dist’ by (fact a2)

have «(An. restriction-dist’ (o n) ¥) —— O
proof (rule metric-LIMSEQ-I)
fix € :: real assume <0 < &>

from metric-LIMSEQ-D[OF i2.restriction-o-tendsto-zero <0 <
&)

obtain N where *x : (N < n = restriction-c’ n < ¢ for n
by auto

fix N’ :: nat

have (3N’. Vn>N'. N € restriction-related-set (o n) 3»
proof (rule ccontr)
assume AN’ Vn>N'. N € restriction-related-set (o n) ©»
hence s#x : VN’ In>N". w0 n | N X | N> by simp
have sxxxx : (VW N'. In>N". restriction-c N < restriction-dist
(o n) 3
proof (rule alll)
fix N’ :: nat
from xxx obtain n where <N’ < m <won | NSX| N
by blast
hence <= 0 n $ ¥ using mono-restriction-related by blast
have <restriction-c N < restriction-dist (o n) X»
proof (subst il.dist-restriction-is-bis)
show o n € M) (¥ € M)
by (simp-all add: assms(2, 3) range-subsetD)
next
show «restriction-c N < (if o n S X then 0
else restriction-o (Sup (restriction-related-set (o n) X))
using (non X —onl NZIX | N assms(2, 3)
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nle-le
not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq( 2)
by (fastforce intro: decseqD|OF il.decseq-restriction-o])
qed
with <N’ < ny show «(3n>N". restriction-c N < restriction-dist
(0 n) ¥» by blast
qed
from metric-LIMSEQ-D[OF x, of <restriction-c N»]
have <3 N". Vn>N"". restriction-dist (c n) ¥ < restriction-o
N>
by (metis abs-of-nonneg il.zero-le-restriction-o il.zero-less-restriction-o
norm-conv-dist order-trans real-norm-def
verit-comp-simplify1(3))
with *xxxx show Fulse by fastforce
qed

then obtain N’ where #xx : <N/ < n = N € restric-
tion-related-set (o n) ¥ for n by blast
have <restriction-dist’ (o n) ¥ < & if <N’ < n» for n
proof (rule le-less-trans|OF i2.restriction-space-Inf-properties(1),
of <restriction-o’ N»])
from (N’ < ny *xx
show <restriction-o’ N € i2.restriction-o-related-set (o n) ¥»
by blast
next
show «(restriction-c’ N < e by (simp add: *x)
ged
thus «(3N. Vn>N. dist (restriction-dist’ (¢ n) ¥) 0 < &
by (metis abs-of-nonneg dist-0-norm dist-commute i2.not-related-imp-dist-restriction-is-some-restric
12.restriction-dist-eq-0-iff-related i2.zero-less-restriction-o
order-less-imp-not-less real-norm-def
verit-comp-simplify1(3))
qed }
note x = this

show «(An. disty (o n) ) —— 0 = (An. restriction-dist’ (o n)
S) — 0
using * DecseqRestrictionSpace-azioms assms(1) by blast

qed

end

3 Ultrametric Structure of restriction Spaces

This has only be proven with the sort constraint, not inside the
context of the class metric-space ...
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context metric-space begin

lemma LIMSEQ-def : <X —— L +— (¥r>0. Ino. Vn>no. dist
(Xn)L<r)
unfolding tendsto-iff eventually-sequentially ..

lemma LIMSEQ-iff-nz: <X —— L <— (Yr>0. 3no>0. Vn>no.
dist (X n) L <r)
by (meson Suc-leD LIMSEQ-def zero-less-Suc)

lemma metric-LIMSEQ-I: «(\r. 0 < r = I no. Vn>no. dist (X n)
L<r)y=X—— D
by (simp add: LIMSEQ-def)

lemma metric-LIMSEQ-D: <X —— L — 0 < r = dno. YV n>no.
dist (X n) L < m
by (simp add: LIMSEQ-def)

lemma LIMSEQ-dist-iff:

f —— 1+— (Az. dist (fz)]) —— O
proof (unfold LIMSEQ-def, rule iffI)

show «(An. dist (fn) ) —— 0 = (¥ r>0. Ino. Vn>no. dist (f
n) L <rh

by (metis (mono-tags, lifting) eventually-at-top-linorder order-tendstoD(2))
next

show «Vr>0. Ino. Vn>no. dist (fn) Il < r = (An. dist (fn) I)
— O

by (simp add: metric-space-class. LIMSEQ-def)

qed

lemma Cauchy-converges-subseq:
fixes u:nat = 'a
assumes Cauchy u
strict-mono r
(wor) ——1
shows v —— [
proof —
have *: eventually (An. dist (un) | < e) sequentially if e > 0 for e
proof —
have ¢/2 > 0 using that by auto
then obtain NI where NI: Am n. m > N1 = n > N1 = dist
(um) (un) <el2
using <Cauchy w» unfolding Cauchy-def by blast
obtain N2 where N2: An. n > N2 = dist (uor)n)l<e/ 2
using order-tendstoD(2)[OF iffD1]OF LIMSEQ-dist-iff «(u o r)
— D] «e/2 > O]
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unfolding eventually-sequentially by auto
have dist (un) | < e if n > maz N1 N2 for n
proof —
have dist (un) I < dist (un) ((vor)n)+ dist (vor)n)l
by (rule dist-triangle)
also have ... < ¢e/2 + ¢/2
proof (intro add-strict-mono)
show dist (un) (uor)n)<e/ 2
using Nl[of n r n] N2[of n] that unfolding comp-def
by (meson assms(2) le-trans max.bounded-iff strict-mono-imp-increasing)
show dist (uor)n)l<e/ 2
using N2 that by auto
qged
finally show ?thesis by simp
qed
then show ?thesis unfolding eventually-sequentially by blast
qed
have (An. dist (un) l) —— 0
by (simp add: less-le-trans * order-tendstol)
then show ?thesis using LIMSEQ-dist-iff by auto
qged

end

3.1 The Construction with Classes

class restriction-o = restriction-space +
fixes restriction-o :: <'a itself = nat = realy (<o)

setup «Sign.add-const-constraint (const-name «disty, NONE)»
— To be able to use dist out of the metric-space class.

class non-decseq-restriction-space =
uniformity-dist + open-uniformity + restriction-o +
— We do not assume the restriction sequence to be decseq yet.
assumes restriction-o-tendsto-zero’ : <o, TYPE('a) —— 0
and zero-less-restriction-o’ [simp] : <0 < o TYPE('a) n»

and dist-restriction-is’ : «dist t y = (INFn € {n. z { n =y ] n}.
oy, TYPE('a) n)
begin

sublocale NonDecseqRestrictionSpace <(})» «(=)» <UNIV» <o, TYPE

("a)> dist
by unfold-locales (simp-all add: restriction-o-tendsto-zero' dist-restriction-is’)
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end

setup «Sign.add-const-constraint (const-name «disty, SOME typ«<'a
o metric-space = 'a = realy)»
— Only allow dist in class metric-space (back to normal).

We hide duplicated facts oy TYPE(?'a) —— 0
0 <o, TYPE(?a) ?n
dist 2z 2y = Inf (restriction-o-related-set ?x ?2y).

hide-fact restriction-o-tendsto-zero’ zero-less-restriction-o ' dist-restriction-is’

context non-decseq-restriction-space begin

subclass ultrametric-space
proof unfold-locales
show «dist zy=0+— z =y for z y
by (simp add: restriction-dist-eq-0-iff-related)

have dist-commute : «dist © y = dist y x> for z y
by (simp add: dist-restriction-is) metis

show «dist x y < mazx (dist z z) (dist y z)» for x y z
proof —
consider <z # p and <y # » and «x # 2 |«x=yVy=2zVz
= 2> by blast

thus «dist x y < maz (dist z z) (dist y z)»
proof cases
assume <z # y» and <y # 2> and «x # 2
from this(1)[THEN not-related-imp-dist-restriction-le-some-restriction-o|
this(2, 8)[THEN not-related-imp-dist-restriction-is-some-restriction-o|
obtain [ m n
where x:«distzy <o, TYPE('a) ) <z | Sucl# y | Sucl
and #x:«distyz =0, TYPE('a) m» Yk<m.y l k=2 k
and sxx : «dist t z =0y TYPE('a) m» ~Vk<n.z | k= 2|k
by blast
have <minnm <
proof (rule ccontr)
assume (— minnm < [
hence (Suc I < n» and <Suc | < m) by simp-all
with #x(2) #xx(2) Suc-le-lessD
have <z | Sucl= 2z ] Sucl <y | Sucl= z] Suc > by simp-all
hence <z | Suc | =y | Suc > by simp
with «x | Sucl # y | Suc > show Fulse ..
ged

have «dist v y < o, TYPE('a) (min n m)»
by (rule restriction-space-Inf-properties(1))
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(simp add: x*(2) xxx(2))
also have «... < max (dist z z) (dist y 2)»
unfolding *x(1) sxx(1) by linarith
finally show «dist z y < max (dist x z) (dist y z)» .
next
show <z =y Vy=2Vze=z= distzy < maz (dist z z) (dist
y 2)»
by (elim disjE, simp-all add: dist-commute)
(metis not-related-imp-dist-restriction-is-some-restriction-c
restriction-dist-eq-0-iff-related zero-le-restriction-o dual-order.refl)
qed
qed
qed

end

context non-decseq-restriction-space begin

lemma restriction-tendsto-self: «(An. z | n) ——
proof —
have («(An. dist (z | n) x) —— O
proof (rule real-tendsto-sandwich[OF - )
show (V¥ p n in sequentially. 0 < dist (z | n) x> by simp
next
show Vg n in sequentially. dist (z | n) z < oy TYPE('a) n»
by (auto intro: eventually-sequentiallyI[OF restriction-space-Inf-properties(1)])
next
show «((An. 0) —— 0> by simp
next
show <o TYPE('a) —— 0 by (simp add: restriction-o-tendsto-zero)
qed
thus «(An. z | n) ——
by (subst tendsto-iff [of «(An. z | n)], subst eventually-sequentially)
(simp add: LIMSEQ-iff)
qed

end

class decseq-restriction-space = non-decseq-restriction-space +
assumes decseg-restriction-o’ : <decseq (0, TYPE('a))»
begin

sublocale DecseqRestrictionSpace <(1)> <«(=)» <UNIV :: 'a set
<restriction-o TYPE('a)y dist
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by unfold-locales (simp add: decseq-restriction-o”)

— Removing z € M and y € M.
lemmas dist-restriction-is-bis-simplified = dist-restriction-is-bis[simplified)
and not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq-simplified

not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq|simplified)
end

We hide duplicated fact antimono-on UNIV (o, TYPE(?'a)).

hide-fact decseg-restriction-o’

class strict-decseq-restriction-space = non-decseq-restriction-space +
assumes strict-decseg-restriction-o : <strict-decseq (¢, TYPE('a))»
begin

subclass decseg-restriction-space
by unfold-locales
(fact strict-decseq-imp-decseq|OF strict-decseq-restriction-o])

end

Generic Properties

lemma (in metric-space) dist-sequences-tendsto-zero-imp-tendsto-iff :
((An. dist (on) (Y n) —— 0=0 —— L+ ¢) — D)
proof (rule iffT)
show () —— ¥ if <0 —— ¥» and «(An. dist (o n) (¢ n))
— ) for o ¢
proof —
from that have x : <(An. dist (o n) (¢ n) + dist (0 n) ¥) ——
0>
unfolding LIMSEQ-dist-iff using tendsto-add-zero by blast
have <(An. dist (¢ n) ) —— O
by (rule real-tendsto-sandwich
[of <An. 0> <An. dist (¢ n) 2> - <An. dist (o n) (¥ n) + dist
(o n) )
(simp-all add: = dist-triangle3)
with LIMSEQ-dist-iff show ) ——— ¥» by blast
qed
thus «(An. dist (o n) (Y n)) — 0= — X =0 ——
DI
by (simp add: dist-commute)
qed
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lemma (in non-decseg-restriction-space) restricted-sequence-tendsto-iff

(An.onln) —— X0 — 5
proof —
have «(An. dist (o n | n) (0 n)) —— O
proof (unfold metric-space-class. LIMSEQ-def, intro alll impl)
fix € :: real assume (0 < &)
from restriction-o-tendsto-zero[unfolded metric-space-class. LIMSEQ-def,
rule-format, OF <0 < &)]
obtain no where <V n>no. o, TYPE('a) n < &
by (auto simp add: dist-real-def)
have (no < n = dist (dist (c n ] n) (¢ n)) 0 < & for n
by (simp, rule le-less-trans| OF restriction-space-Inf-properties(1)]of
<o, TYPE('a) m]])
(simp, simp add: <Yn>no. o, TYPE('a) n < ¢)
thus «3no. Vn>no. dist (dist (o nl n) (o n)) 0 < e by blast
qed

thus (An.onln) — Y0 — %
by (simp add: dist-sequences-tendsto-zero-imp-tendsto-iff)
qged

lemma (in non-decseq-restriction-space) Cauchy-restriction-chain :
«Cauchy o> if <chaing o>
proof (rule metric-Cauchyl)
fix € :: real assume <0 < &>
from LIMSEQ-D|[OF restriction-o-tendsto-zero <0 < ey, simplified]
obtain M where <0y TYPE('a) M < &) by blast
moreover have <M < m = M < n = dist (0 m) (o n) < oy
TYPE('a) M» for m n
by (rule restriction-space-Inf-properties(1), simp add: image-iff)
(metis restriction-chain-def-ter <chaing o)
ultimately have <V m>M. Vn>M. dist (o0 m) (o0 n) < &
by (meson dual-order.strict-trans2)
thus 3M.Vm>M.Vn>M. dist (o m) (o n) < e ..
qed

lemma (in non-decseq-restriction-space) restriction-tendsto-imp-tendsto

(g —— Xy if <0 =] 2
proof (rule metric-LIMSEQ-I)
fix € :: real assume <0 < &)
with restriction-o-tendsto-zero| THEN LIMSEQ-D]
obtain n0 where VY k>n0. oy TYPE('a) k < &> by auto
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hence o, TYPE('a) n0 < &> by simp
from restriction-tendstoD[OF <o —|— %]
obtain n! where <Vik>ni. ¥ | n0 =0 k | n0 ..
hence Vk>nl. dist (o k) ¥ < o, TYPE('a) n0»
by (simp add: restriction-space-Inf-properties(1))
with <o) TYPE('a) n0 < &
have Vk>nl. dist (0 k) ¥ < & by (meson order-le-less-trans)
thus (3Inl. Vk>nl. dist (o k) ¥ < e ..
qed

In Decseq Restriction Space

context decseq-restriction-space begin

lemma le-dist-to-restriction-eqF :
obtains k where «n < kb <Az y :: ‘a. dist t y < oy TYPE('a) k
= zln=yln
proof —
have 3k>n. Vzy : ‘a. distzy <o, TYPE('a) k — zln=y
o
proof (rule ccontr)
assume <~ (Fk>n. Vo y = ‘a. distcy < oy TYPE('a) k — x|
n=ylnp
hence Vk>n. Iz y = 'a. distzy <o, TYPE('a) kANz|ln#y
} ny by simp
then obtain X Y :: <nat = 'w
where x : Vk>n. dist (X k) (Y k) <o, TYPE('a) k>
~Nk>n. X k| n+# Yk] n by metis
moreover obtain n0 where Vik>n0. o TYPE('a) k < o0}
TYPE('a) m
by (metis LIMSEQ-D zero-less-restriction-o abs-of-nonneg diff-zero
restriction-o-tendsto-zero real-norm-def zero-le-restriction-o)
ultimately have vV k>n+n0. dist (X k) (Y k) <o, TYPE('a) »
by (metis dual-order.strict-trans2 add-leE)
moreover from *(2) have Vk>n. oy TYPE('a) n < dist (X k)
(Y k)
by (simp add: dist-restriction-is-bis)
(metis (full-types) decseg-restriction-c| THEN decseqD) linorder-linear
not-eg-imp-dist-restriction-is-restriction-o-Sup-restriction-eq-simplified(2))
ultimately show False by (metis le-add! linorder-not-le order-refl)
qed
thus «(Ak. [n <k Az y:'a. distey <oy TYPE('a) k= z ] n
=ydn]
= thesis) = thesis> by blast
qed

theorem tendsto-iff-restriction-tendsto : <0 — X +— o0 —}— ¥
proof (rule iffT)
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show (0 —|— ¥ = 0 ——— 3y by (fact restriction-tendsto-imp-tendsto)
next
show (0 —|— %) if <0 ——— >
proof (rule restriction-tendstol)
fix n
obtain n0 where «dist t y < o) TYPE(‘a) n0 = z | n=y |
ny for zy :: 'a
by (metis le-dist-to-restriction-eqE)
moreover from metric-LIMSEQ-D][OF <0 —— %) zero-less-restriction-o|
obtain nl where <Vk>nl. dist (c k) ¥ < oy TYPE('a) n0> ..
ultimately have Vk>n1. X | n= o k| n) by (metis dual-order.order-iff-strict)
thus <(Anl. Vicnl. X {n=0c k| nm ..
qed
qed

corollary convergent-iff-restriction-convergent : <convergent o <—
convergent) o)
by (simp add: convergent-def restriction-convergent-def tendsto-iff-restriction-tendsto)

theorem complete-iff-restriction-complete :

«(Vo. Cauchy o — convergent o) <— (Y o. chain, 0 — conver-
genty o)

— The following result shows that we have not lost anything with
our definitions of convergence, completeness, etc. specific to restriction
spaces.
proof (intro iffT impI alll)

fix 0 assume hyp : Vo. Cauchy o0 — convergent o) and <chain
o>

from Cauchy-restriction-chain <chain| o> have <Cauchy o> by blast

hence <convergent o> by (simp add: hyp)

thus (convergent| o> by (simp add: convergent-iff-restriction-convergent)
next

fix o assume hyp : Vo. chain, 0 — convergent; o> and «Cauchy
o

from <Cauchy o> have x : ¥Vn. I3k. VI>k.clln=0ck ] m

by (metis (mono-tags, opaque-lifting) Cauchy-altdef2 dual-order.order-iff-strict

le-dist-to-restriction-eqE zero-less-restriction-o)

define f where (f = rec-nat

(LEAST k.Vi>k.cl]l 0=0k | 0)
(A k. LEAST L. k<IAN(MVm>l.om] Sucn=o0cl
J Suc n))»

have f-Suc-def : <f (Suc n) = (LEAST . fn<IA (¥Ym>l.ocm]

Sucn =0l Sucn))
(is «f (Suc n) = Least (?f-Suc n)») for n by (simp add: f-def)
from x have *x : <3k>fn. Vm>k.c m | Sucn =0 k| Suc n> for
n
by (metis dual-order.trans lessI linorder-not-le order-le-less)
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have «<strict-mono f»
proof (unfold strict-mono-Suc-iff, rule alll)
show «fn < f (Suc n)> for n
by (fact Leastl-ex[of <?f-Suc n», folded f-Suc-def, OF xx, THEN
conjunctl])
qed

have <chain; (An. (o o f) n | n)» — key point
proof (rule restriction-chainl)
fix n
have <o (f (Sucn))ln=0c (fn) ] n
proof (cases n)
show «<n = 0= o (f (Sucn)) L n=o0c(fn) | n by simp
next
show «n = Suc nat = o (f (Sucn)) } n =0 (fn) | » for nat
proof (clarify, intro LeastI-ex[of <?f-Suc nat»,
folded f-Suc-def, THEN conjunct2, rule-format, OF xx|)
show «n = Suc nat = f (Suc nat) < f (Suc (Suc nat))»
by (simp add: <strict-mono f» strict-mono-less-eq)
qed
qed
thus «(o o f) (Sucn) | Sucn | n=(cof)nln by simp
qed
with hyp have <(convergent), (An. (o o f) n | n)» by simp
hence <convergent; (An. (o o f) n)»
by (simp add: restriction-convergent-restricted-iff-restriction-convergent)
hence <convergent (An. (o o f) n)»
by (simp add: convergent-iff-restriction-convergent)
with Cauchy-converges-subseqOF «Cauchy o <strict-mono f+)
show <convergent o> unfolding convergent-def by blast
qed

end

The following classes will be useful later.

class complete-decseg-restriction-space = decseq-restriction-space +
assumes restriction-chain-imp-restriction-convergent’ : <chaing o

= convergent, o>

begin

subclass complete-restriction-space
by unfold-locales (fact restriction-chain-imp-restriction-convergent”)

subclass complete-ultrametric-space

proof (unfold-locales)
from complete-iff-restriction-complete restriction-chain-imp-restriction-convergent
show «Cauchy 0 = convergent o> for o by blast

qed
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end

We hide duplicated fact chain; 20 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

class complete-strict-decseq-restriction-space = strict-decseq-restriction-space
+
assumes restriction-chain-imp-restriction-convergent” : <chain, o
= convergent o>
begin

subclass complete-decseq-restriction-space
by (unfold-locales) (fact restriction-chain-imp-restriction-convergent’)

end

We hide duplicated fact chaing %0 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

class restriction-0 = restriction-o +
fixes restriction-§ :: <'a itself = real> (<0)»)
assumes zero-less-restriction-6 [simp] : <0 < 6, TYPE('a))
and restriction-d-less-one [simp] : <0, TYPE('a) < D
begin

lemma zero-le-restriction-6 [simp] : <0 < §; TYPE('a)
and restriction-d-le-one [simp] : <6y TYPE('a) < D>
and zero-le-pow-restriction-6 [simp] : <0 < §; TYPE('a) ~n
by (simp-all add: order-less-imp-le)

lemma pow-restriction-6-le-one [simp] : <6, TYPE('a) "n < D
by (simp add: power-le-one)

lemma pow-restriction-6-less-one [simp] : «n # 0 = 6, TYPE('a) ~
n < D

by (metis restriction-§-less-one zero-less-restriction-§ not-gr-zero
power-0 power-strict-decreasing)
end
setup «Sign.add-const-constraint (const-name «disty, NONE)»

— To be able to use dist out of the metric-space class.

class at-least-geometric-restriction-space =
uniformity-dist + open-uniformity + restriction-0 +
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assumes zero-less-restriction-o’ : <0 < o, TYPE('a) n
and restriction-o-le :
<o, TYPE('a) (Suc n) < 6, TYPE('a) * o, TYPE('a) n
and dist-restriction-is’ :
«Wdistzy=(INFne{n zln=yln} oy TYPE('a) n)

setup <Sign.add-const-constraint (const-name <dist>, SOME typ<'a
:: metric-space = 'a = realy))
— Only allow dist in class metric-space (back to normal).

context at-least-geometric-restriction-space begin

lemma restriction-o-le-restriction-o-times-pow-restriction- :
<o, TYPE('a) (n + k) <o, TYPE('a) n %6, TYPE('a) "k
by (induct k, simp-all)
(metis dual-order.trans restriction-o-le zero-less-restriction-0
mult.left-commute mult-le-cancel-left-pos)

lemma restriction-o-le-pow-restriction-6 :
<o, TYPE('a) n < o, TYPE('a) 0 % §; TYPE('a) ")
by (metis add-0 restriction-o-le-restriction-o -times-pow-restriction-0)

subclass strict-decseg-restriction-space
proof unfold-locales
have vy n in sequentially. 0 < o, TYPE('a) n»
by (simp add: zero-less-restriction-o' order-less-imp-le)
moreover have ¥y n in sequentially. oy TYPE('a) n
< o, TYPE('a) 0 % 5, TYPE('a) ~n»
by (simp add: restriction-o-le-pow-restriction-9)
moreover have ((An. 0) —— 0> by simp
moreover have «(An. o, TYPE('a) 0 x 6, TYPE('a) ~n) ——
0»
by (simp add: LIMSEQ-abs-realpow-zero2 abs-of-pos tendsto-mult-right-zero)
ultimately show 0| TYPE('a) —— 0» by (fact real-tendsto-sandwich)
next
show <0 < oy TYPE('a) n) for n
by (fact zero-less-restriction-c”)
next
show «dist v y = Inf (0, TYPE('a) ‘{n.z |l n=y | n}) for zy
by (fact dist-restriction-is’)
next
show «strict-decseq (o; TYPE('a))»
by (rule strict-decseql, rule le-less-trans[OF restriction-o-le])
(simp add: zero-less-restriction-c”)
qed
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lemma 0 < §; TYPE('a) ~n) by simp

end

We hide duplicated facts 0 < o) TYPE(?'a) ?n
dist 2z 2y = Inf (restriction-o-related-set ?z ?y).

hide-fact zero-less-restriction-o’ dist-restriction-is’

class complete-at-least-geometric-restriction-space = at-least-geometric-restriction-space
+
assumes restriction-chain-imp-restriction-convergent’ : <chain, o
= convergent o>
begin

subclass complete-strict-decseq-restriction-space
by unfold-locales (fact restriction-chain-imp-restriction-convergent”)

end

We hide duplicated fact chain, 0 = convergent, “o.

hide-fact restriction-chain-imp-restriction-convergent’

setup «Sign.add-const-constraint (const-name «dists, NONE)»
— To be able to use dist out of the metric-space class.

class geometric-restriction-space = uniformity-dist + open-uniformity
+ restriction-6 +
assumes restriction-o-is : <oy TYPE('a) n =6, TYPE('a) "~ n
and dist-restriction-is’ : «dist t y = (INFn € {n.z . n=1y | n}.
oy, TYPE('a) n)
begin

This is what “restriction space” usually mean in the literature.
The previous classes are generalizations of this concept (even this
one is a generalization, since we usually have 6| TYPE(a) = 1
/ 2).

subclass at-least-geometric-restriction-space

proof unfold-locales

show <0 < oy TYPE('a) n) for n by (simp add: restriction-o-is)
next
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show <o, TYPE('a) (Suc n) <6, TYPE('a) x 0y TYPE('a) n» for
n
by (simp add: restriction-o-is)
next
show «dist v y = Inf (0, TYPE('a) ‘{n.z |l n=y | n}) for zy
by (fact dist-restriction-is’)
qed

lemma <0 < §; TYPE('a) ~n) by simp
end

setup «Sign.add-const-constraint (const-name «disty, SOME typ«<'a
o metric-space = 'a = realy)»
— Only allow dist in class metric-space (back to normal).

We hide duplicated fact dist 7z 2y = Inf (restriction-o-related-set

hide-fact dist-restriction-is’

class complete-geometric-restriction-space = geometric-restriction-space
+

assumes restriction-chain-imp-restriction-convergent’ : <chain, o
= convergent o)
begin

subclass complete-at-least-geometric-restriction-space
by (unfold-locales) (fact restriction-chain-imp-restriction-convergent’)

end

We hide duplicated fact chain; %0 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

theorem geometric-restriction-space-completel : <convergent o)
if <A\o :: nat = 'a. restriction-chain 0 = IX.Vn. X | n =0 n
and <Cauchy o> for o :: <nat = 'a :: geometric-restriction-space
by (metis complete-iff-restriction-complete convergent-def
convergent-iff-restriction-convergent ext restriction-tendsto-self
that)

— Because cball is not defined in metric-space.
lemma (in non-decseg-restriction-space) restriction-cball-subset-cball
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<o, TYPE("a) n < r = B (X, n) C{z. dist Zz <r}h
by (simp add: subset-iff restriction-cball-mem-iff)
(simp add: dual-order.trans restriction-space-Inf-properties(1))

corollary restriction-cball-subset-cball-bis :
<o TYPE('a) n < r = B (X, n) C cball ¥
for ¥ :: (‘a :: non-decseg-restriction-spaces
unfolding cball-def by (fact restriction-cball-subset-cball)

lemma (in non-decseg-restriction-space) restriction-ball-subset-ball :
<oy TYPE('a) n < r = restriction-ball ¥ n C {x. dist ¥ x < r}»
by (simp add: subset-iff restriction-cball-mem-iff)
(metis (mono-tags, lifting) image-eql mem-Collect-eq order-le-less-trans
restriction-related-pred restriction-space-Inf-properties(1))

corollary restriction-ball-subset-ball-bis :
<o, TYPE('a) n < r = restriction-ball ¥ n C ball ¥ r
for ¥ :: ('a :: non-decseq-restriction-spaces
unfolding ball-def by (fact restriction-ball-subset-ball)

lemma (in strict-decseg-restriction-space)
restriction-cball-is-cball : B (X, n) = {z. dist ¥ z < oy TYPE('a)
n}
proof (intro subset-antisym subsetl)
from restriction-cball-subset-cball
show <z € B (X, n) = z € {z. dist ¥ 2 < o) TYPE('a) n}> for
x by blast
next
show <z € B (X, n)» if <z € {z. dist ¥ z < o) TYPE('a) n}» for
proof (cases <X = x»)
show (¥ = v = z € B (X, n)» by simp
next
assume <X # 1)
with not-related-imp-dist-restriction-is-some-restriction-o obtain
m
where «dist ¥ v = o) TYPE('a) m)» ¥k<m. ¥ | k=12 |k by
blast
from <z € {z. dist ¥z < oy TYPE('a) n}
have «dist ¥ z < o TYPE('a) n» by simp
with «dist ¥ z = o) TYPE('a) m) have (n < m
by (metis linorder-not-less strict-decseg-restriction-o strict-decseq-def-bis)
with «Vk<m. X | k =z | k» have <X | n =z | n» by simp
thus x € B (X, n)» by (simp add: restriction-cball-mem-iff)
qed
qed
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lemma restriction-cball-is-cball-bis : <By (X, n) = cball ¥ (o) TYPE('a)
n)

for ¥ :: <'a :: strict-decseq-restriction-space)

by (simp add: cball-def restriction-cball-is-cball)

lemma (in strict-decseg-restriction-space)
restriction-ball-is-ball : <restriction-ball ¥ n = {z. dist ¥ © < o
TYPE('a) n}»
proof (intro subset-antisym subsetl)
show «x € restriction-ball ¥ n = z € {z. dist ¥ ¢ < 0y TYPE('a)
n} for z
by (simp add: subset-iff)
(metis lessI local.restriction-cball-is-cball strict-decseq-restriction-o
mem-Collect-eq order-le-less-trans strict-decseq-def-bis)
next
show <z € restriction-ball ¥ n» if <z € {z. dist ¥ z < 0, TYPE('a)
n} for z
proof (cases <X = x»)
show (X = x = x € restriction-ball ¥ n» by simp
next
assume <X # 1)
with not-related-imp-dist-restriction-is-some-restriction-oc obtain
m
where «dist ¥ z = o) TYPE('a) m» Vk<m. X | k=2z |k by
blast
from <z € {z. dist ¥ z < 0y TYPE('a) n}h
have «dist ¥ ¢ < oy TYPE('a) n» by simp
with «dist ¥ = o, TYPE('a) m> have «n < m»
using strict-decseg-restriction-o strict-decseq-def-bis by auto
with «Vk<m. X | k =z | k& have <X | Suc n = z | Suc n» by
simp
thus «z € restriction-ball ¥ n» by (simp add: restriction-cball-mem-iff)
qed
qed

lemma restriction-ball-is-ball-bis : <restriction-ball ¥ n = ball ¥ (o
TYPE('a) n)»

for X :: (‘a :: strict-decseg-restriction-space»

by (simp add: ball-def restriction-ball-is-ball)

lemma isCont-iff-restriction-cont-at : <isCont f ¥ +— restriction-cont-at
f
for f :: <'a :: decseq-restriction-space = 'b :: decseq-restriction-spaces
by (unfold restriction-cont-at-def continuous-at-sequentially comp-def,
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fold tendsto-iff-restriction-tendsto) simp

lemma (in strict-decseg-restriction-space)

open-iff-restriction-open : <open U <— openy U>»
proof (unfold open-dist restriction-open-iff-restriction-cball-characterization,
intro iffI balll)

fix ¥ assume VzeU. Jex>0.Vy. distyz < e — y € U» and <X
e

then obtain e where <0 < ey Vy. dist y X < e — y € Uy by
blast

from <0 < e» obtain n where <o, TYPE('a) n < e

by (metis eventually-at-top-linorder le-refl restriction-o-tendsto-zero
order-tendstoD(2))

with Vy. disty ¥ < e — y € U>» dist-commute restriction-cball-is-cball

have B (X, n) C U» by auto

thus «(3In. By(Z, n) C U» .
next

fix £ assume «VE€U. 3n. By (3, n) C Uy <z € U

then obtain n where B (z, n) C U> by blast

hence Vy. dist yz < 0y TYPE('a) n — y € U

by (simp add: dist-commute restriction-cball-is-cball subset-iff)
thus <3e>0.Vy. distyz < e — ye U
using zero-less-restriction-o’ by blast

qed

lemma (in strict-decseg-restriction-space)
closed-iff-restriction-closed : <closed U <— closed; U»
by (simp add: closed-open open-iff-restriction-open restriction-open-Compl-iff)

lemma continuous-on-iff-restriction-cont-on :
<open U = continuous-on U f <— restriction-cont-on f U»
for f :: <'a :: decseq-restriction-space = 'b :: decseq-restriction-spaces
by (simp add: restriction-cont-on-def continuous-on-eq-continuous-at
flip: isCont-iff-restriction-cont-at)

3.2 Equivalence between Lipschitz Map and Re-
striction shift Map

For a function f::’a = 'b, it is equivalent to have restriction-shift-on
fk A and lipschitz-with-on f (5, TYPE('b))*¥ A when ‘a is of sort
geometric-restriction-space and o) TYPE('d) = o) TYPE('a) ('b
is then necessarily also of sort geometric-restriction-space).

Weaker versions of this result wan be established with weaker
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assumptions on the sort, this is what we do below.

lemma restriction-shift-nonneg-on-imp-lipschitz-with-on :
lipschitz-with-on f (restriction-6 TYPE('b) ~ k) A» if <restric-
tion-shift-on f (int k) A»
and le-restriction-o : < \n. restriction-o TYPE(’b) n < restriction-o
TYPE('a) n»
for f :: 'a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space)
proof (rule lipschitz-with-onl)
show <0 < restriction-d TYPE('b) ~ k» by simp
next
fix z y assume <z € Ay <y € b <z # yp fax # fy
from <restriction-shift-on f k Ay THEN restriction-shift-onD, OF «x
€ Ay € A
have i € restriction-related-set x y => i + k € restriction-related-set
(fz) (fy) for i
by (simp add: nat-int-add)
hence <Sup (restriction-related-set © y) + k € restriction-related-set
(F2) (Fyp
using <z # y» Sup-in-restriction-related-set by blast
hence «Sup (restriction-related-set z y) + k < Sup (restriction-related-set
(F2) ()
by (simp add: <f © # [ y» bdd-above-restriction-related-set-iff
cSup-upper)
moreover have «dist (f z) (f y) = restriction-o TYPE('b) (Sup
(restriction-related-set (f x) (fy)))
by (simp add: <f © # fy» dist-restriction-is-bis-simplified)
ultimately have «dist (f z) (f y) < restriction-c TYPE('b) (Sup
(restriction-related-set x y) + k)»
by (simp add: decseqD decseg-restriction-space-class.decseq-restriction-o)
hence <dist (fz) (fy) < restriction-c TYPE('b) (Sup (restriction-related-set
z y)) * restriction-0 TYPE('b) ~ k»
by (meson order.trans restriction-o-le-restriction-o-times-pow-restriction-0)
also have «... < restriction-oc TYPE('a) (Sup (restriction-related-set
z y)) * restriction-6 TYPE('b) " k»
by (simp add: le-restriction-o)
finally show «dist (f z) (fy) < restriction-6 TYPE('d) "k x dist «
Y
by (simp add: dist-restriction-is-bis[of x y] <x # y> mult.commute)
qed

corollary restriction-shift-nonneg-imp-lipschitz-with :
([restriction-shift f (int k); An. restriction-c TYPE('b) n < restric-
tion-c TYPE('a) n]
= lipschitz-with f (restriction-0 TYPE('b) ~ k)»
for f :: 'a :: decseg-restriction-space = 'b :: at-least-geometric-restriction-space)
using restriction-shift-def restriction-shift-nonneg-on-imp-lipschitz-with-on
by blast
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lemma lipschitz-with-on-imp-restriction-shift-neg-on :

<restriction-shift-on f (— int k) Ay if <lipschitz-with-on f (restriction-d
TYPE('b) powi — int k) A»

and le-restriction-o : </\n. restriction-c TYPFE('a) n < restriction-c
TYPE('b) n»
for f :: <'a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space>
proof (rule restriction-shift-onl, goal-cases)

fix zynassume <z € Hr«ye b <«fz A fypxln=ylmw

from <f x # f 1y have <z # y» by blast

from <lipschitz-with-on f (restriction-6 TYPE(’D) powi — int k) A»

[THEN lipschitz-with-onD2, OF «x € A» (y € A)]

have «dist (f z) (f y) < restriction-d§ TYPE('b) powi — int k x dist
zY .

hence «dist (f ) (f y) * restriction-§ TYPE('b) "k < dist x v

by (subst (asm) mult.commute)
(drule mult-imp-div-pos-le[rotated]; simp add: power-int-minus-divide)

hence «(restriction-c TYPE(’d) (Sup (restriction-related-set (f x) (f

y))) * restriction-d TYPE('b) "k
< restriction-oc TYPE('b) (Sup (restriction-related-set x y))»
by (simp add: dist-restriction-is-bis <x # y <fx # fy> )
(drule order-trans|OF - le-restriction-o], simp)
from order-trans[OF restriction-o-le-restriction-o -times-pow-restriction-0
[of «Sup (restriction-related-set (f z) (f y))» k] this]

have <restriction-c TYPE(’b) (Sup (restriction-related-set (f z) (f

y) + k)
< restriction-o TYPE('b) (Sup (restriction-related-set © y))> .

hence «Sup (restriction-related-set x y) < Sup (restriction-related-set

(F2) (F9) + b
using strict-decseq-def-ter strict-decseg-restriction-o by blast

from order-trans| OF cSup-upper this] have «n < Sup (restriction-related-set
(f=) (fy) + k>

by (simp add: <z | n =yl ny «x # y» bdd-above-restriction-related-set-iff)

hence «nat (int n + — int k) < Sup (restriction-related-set (f x) (f
y))» by linarith

thus «fz | nat (int n + — int k) = fy | nat (int n + — int k)

by (metis not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq-simplified(2))
qed

corollary lipschitz-with-imp-restriction-shift-neg :
[lipschitz-with f (restriction-6 TYPE('b) powi — int k);
An. restriction-o TYPE('a) n < restriction-c TYPE('b) n]
= restriction-shift f (— int k)»
for f :: <a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space»
using lipschitz-with-on-imp-restriction-shift-neg-on restriction-shift-def
by blast

We obtained that restriction-shift implies lipschitz-with when 0
< k and that lipschitz-with implies restriction-shift when k < 0.
To cover the remaining cases, we give move from at-least-geometric-restriction-space
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to geometric-restriction-space.

theorem lipschitz-with-on-iff-restriction-shift-on :

lipschitz-with-on f (restriction-6 TYPE('b) powi k) A +— restric-
tion-shift-on f k A»

if same-restriction-o : <restriction-c TYPE('b) = restriction-c TYPE('a)»

for f :: <’a :: decseq-restriction-space = 'b :: geometric-restriction-space)
proof (rule iffT)

— We could do a case on k, but both cases are actually handled by
the proof required after applying [lipschitz-with-on ?f (6, TYPE(?'b)
powi — int ?k) ?A; An. o TYPE(?'a) n < o, TYPE(?'b) n] =
restriction-shift-on 2f (— int ?k) ?A.

show «<restriction-shift-on f k Ay if lipschitz-with-on f (restriction-6
TYPE('b) powi k) A»

proof (rule restriction-shift-onI)

fixzynassume«xx € Hhrye b <fazF#fypwln=ylmnw
from <«f z # f 1y have <z # y» by blast
from <lipschitz-with-on f (restriction-0 TYPE('b) powi k) A»
[THEN lipschitz-with-onD2, OF <z € Ay <y € A)]
have «dist (f z) (fy) < restriction-§ TYPE('b) powi k * dist x y» .
also have «dist (f z) (f y) = restriction-6 TYPE('d) ~ Sup
(restriction-related-set (f z) (f y))»
by (simp add: dist-restriction-is-bis <f © # [ y> restriction-o-is)
also have <dist x y = restriction-§ TYPE('b) ~ Sup (restriction-related-set
T y)»
by (simp add: dist-restriction-is-bis «x # > restriction-o-is
same-restriction-o[symmetric|)
finally have <restriction-6 TYPE('b) ~ Sup (restriction-related-set
(F2) (f 9)
< restriction-6 TYPE(’b) powi k * restriction-6 TYPFE(')
= Sup (restriction-related-set x y)» .
also have «... = restriction-6 TYPE('b) powi (k + Sup (restriction-related-set
zy))
by (subst power-int-add, metis order-less-irrefl zero-less-restriction-9)
s1mp
finally have (restriction-d TYPE('b) ~ Sup (restriction-related-set
o) Fy) <o
moreover have «(restriction-0 TYPE('D) powi m < restriction-6
TYPE('b) powi m' = m’ < m for m m’
by (rule ccontr, unfold not-le,
drule power-int-strict-decreasing|OF - zero-less-restriction-6
restriction-§-less-one))
(fold not-le, blast)
ultimately have <k + Sup (restriction-related-set x y) < Sup
(restriction-related-set (f z) (f y))» by simp

hence «Sup (restriction-related-set x y) < Sup (restriction-related-set

(fz) (fy)) — b by simp
with <z | n =y | m «x # y linorder-not-le
not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq-simplified(3)
have «n < Sup (restriction-related-set (f z) (fy)) — k» by fastforce
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hence «nat (int n + k) < Sup (restriction-related-set (f z) (f y))»
by simp
thus <fz | nat (int n + k) = fy | nat (int n + k)
by (metis not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq-simplified(2))
qed
next
show <lipschitz-with-on [ (restriction-6 TYPE('b) powi k) A» if
<restriction-shift-on f k A>
proof (cases k)
show <k = int k' = lipschitz-with-on [ (restriction-d TYPE('b)
powi k) As for k'
by (simp, rule restriction-shift-nonneg-on-imp-lipschitz-with-on)
(use <restriction-shift-on f k Ay same-restriction-o in simp-all)
next
fix k' assume <k = — int (Suc k')
show <lipschitz-with-on f (restriction-0 TYPE('b) powi k) A»
proof (rule lipschitz-with-onlI)
show <0 < restriction-§ TYPE('b) powi k> by simp
next
fix ryassume <z € A <y b «xx# yp <«frz#fy
have «i € restriction-related-set x y => i — Suc k' € restric-
tion-related-set (f z) (f y)» for i
using «(restriction-shift-on f k A)[THEN restriction-shift-onD,
OF <z € Ay <y € Ay, of i]
by (unfold <k = — int (Suc k')», clarify) (metis diff-conv-add-uminus
nat-minus-as-int)
hence «Sup (restriction-related-set = y) — Suc k' € restric-
tion-related-set (f z) (f y)»
using <z # y» not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq-simplified
by blast
hence <Sup (restriction-related-set x y) — Suc k' < Sup (restriction-related-set
(F2) ()
by (simp add: <f z # [ y» bdd-above-restriction-related-set-iff
cSup-upper)
hence * : (Sup (restriction-related-set x y) + k < Sup (restriction-related-set
(o) (f o))
by (simp add: <k = — int (Suc k')»)
have «dist (f ) (f y) = restriction-6 TYPE('b) powi Sup
(restriction-related-set (f z) (f y))»
by (simp add: <f ¢ # [ y» dist-restriction-is-bis-simplified
restriction-o-is)
also have «... < restriction-6 TYPE('b) powi (Sup (restriction-related-set
zy) + k)
by (rule power-int-decreasing] OF x]; simp)
(metis order-less-irrefl zero-less-restriction-0)
also have «... = restriction-6 TYPE('b) powi k * restriction-6
TYPE('b) powi (Sup (restriction-related-set x y))»
by (subst power-int-add, metis order-less-irrefl zero-less-restriction-9)
simp
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also have <restriction-6 TYPE('b) powi (Sup (restriction-related-set

zy)) = dist x o
by (simp add: <x # y» dist-restriction-is-bis-simplified
restriction-o-is same-restriction-o[symmetric|)
finally show <dist (f z) (f y) < restriction-6 TYPE('b) powi k

dist x y> .

qed

qed

qed

corollary lipschitz-with-iff-restriction-shift :
<restriction-c TYPE('b) = restriction-c TYPE('a) =
lipschitz-with f (restriction-6 TYPE('b) powi k) <— restriction-shift
fk
for f :: <'a :: decseq-restriction-space = 'b :: geometric-restriction-space)
by (simp add: lipschitz-with-on-iff-restriction-shift-on restriction-shift-def)

4 Functions

4.1 Restriction Space
instantiation «fun) :: (type, restriction-o) restriction-o

begin

definition restriction-o-fun :: <(‘a = 'b) itself = nat = real>
where <restriction-o-fun - = restriction-c TYPE('b)»

instance by intro-classes
end

instantiation «fun> :: (type, non-decseg-restriction-space) non-decseq-restriction-space
begin

definition dist-fun :: <['a = 'b, 'a = 'b] = real
where (dist-fun f g = INF n € restriction-related-set f g. restriction-o
TYPE('a = 'b) m»

definition uniformity-fun :: <«((‘a = 'b) x (‘a = 'b)) filter»
where <uniformity-fun = INF e€{0 <..}. principal {(z, y). dist x y
< eh

definition open-fun :: <(a = 'b) set = bool>

where <open-fun U = VzeU. eventually (A\(z', y). z' =2z — y €
U) uniformity
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instance by intro-classes
(simp-all add: restriction-o-fun-def dist-fun-def open-fun-def
uniformity-fun-def restriction-o-tendsto-zero)

end

instance <fun) :: (type, decseg-restriction-space) decseg-restriction-space
by intro-classes (simp add: restriction-o-fun-def decseq-restriction-o)

instance <fun) :: (type, strict-decseq-restriction-space) strict-decseq-restriction-space
by intro-classes
(simp add: restriction-o-fun-def strict-decseg-restriction-o)

instantiation <fun) :: (type, restriction-0) restriction-6
begin

definition restriction-6-fun :: <('a = 'b) itself = real>
where «(restriction-0-fun - = restriction-§ TYPE(')»

instance by intro-classes (simp-all add: restriction-§-fun-def)

end

instance <fun) :: (type, at-least-geometric-restriction-space) at-least-geometric-restriction-space
proof intro-classes
show <0 < restriction-o TYPE('a = 'b) n» for n
by (simp add: restriction-o-fun-def)
next
show «restriction-c TYPE('a = 'b) (Suc n)
< restriction-d TYPE('a = 'b) x restriction-c TYPE('a = 'b)
ny for n
by (simp add: restriction-o-le restriction-o-fun-def restriction-o-fun-def)
next
show «dist f g = Inf (restriction-c-related-set f g)» for f g :: <'a =
by
by (simp add: dist-fun-def)
qed

instance <fun) :: (type, geometric-restriction-space) geometric-restriction-space
proof intro-classes

show «<restriction-o TYPE('a = 'b) n = restriction-6 TYPE('a =
'b) " ny for n

by (simp add: restriction-o-fun-def restriction-o-is restriction-o-fun-def)
next

show «dist f g = Inf (restriction-c-related-set f g)» for f g :: <'a =
'by
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by (simp add: dist-fun-def)
qed

lemma dist-image-le-dist-fun : «dist (f ) (g x) < dist f ¢
for f g :: <'a = 'b :: non-decseg-restriction-space>
proof (unfold dist-restriction-is, rule cInf-superset-mono)
show «restriction-c-related-set f g # {}» by simp
next
show <bdd-below (restriction-o-related-set (f x) (g x))
by (simp add: bounded-imp-bdd-below bounded-restriction-o-related-set)
next
show <restriction-o-related-set f g C restriction-o-related-set (f x) (g
z)
unfolding restriction-fun-def restriction-o-fun-def
by (simp add: image-def subset-iff) metis
qed

lemma Sup-dist-image-le-dist-fun : «(SUP x. dist (fz) (g x)) < dist f
g
for f g :: <'a = 'b :: non-decseg-restriction-space>
by (simp add: dist-image-le-dist-fun cSUP-least)
— The other inequality will require the additional assumption
decseq.

context fixes f g :: <'a = 'b :: decseq-restriction-space) begin

lemma reached-dist-fun : «<3z. dist f g = dist (f ) (g z)»
proof (cases <f = ¢)
show «f = g = Jux. dist f g = dist (f z) (g z)» by simp
next
assume <f # ¢
let ?n = «Sup (restriction-related-set f g)»
from not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq-simplified(2,
3)[OF f # ]
obtain z where <Vm<?%n. fz { m=gxz | m» <fz ] Suc ?n # gz
4 Suc ?n»
unfolding restriction-fun-def by (meson lessI)
hence «dist (f ) (g x) = restriction-c TYPE('b) ?n»
by (metis (no-types, lifting) le-neq-implies-less not-less-eq-eq
not-eg-imp-dist-restriction-is-restriction-o-Sup-restriction-eq-simplified)
with not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eg-simplified (1)
[OF «f # ¢», unfolded restriction-o-fun-def]
have «dist f g = dist (f z) (g x)» by simp
thus «Jz. dist f g = dist (fz) (g z) ..
qed
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lemma dist-fun-eq-Sup-dist-image : <dist f g = (SUP z. dist (f z) (g
z))
proof (rule order-antisym)
show «(SUP x. dist (fz) (gx)) < dist f ¢» by (fact Sup-dist-image-le-dist-fun)
next
from reached-dist-fun obtain x where <dist f g = dist (f z) (g z)»

thus «dist f g < (SUP z. dist (f z) (g z))»
proof (rule ord-eq-le-trans)
show «dist (f z) (g ) < (SUP z. dist (f z) (g x))
proof (rule c¢Sup-upper)
show <dist (f ) (g z) € range (\z. dist (fz) (g z))» by simp
next
show (bdd-above (range (Az. dist (f z) (g x)))
by (rule bdd-abovel[of - <dist f ¢»]) (auto intro: dist-image-le-dist-fun)
qed
qed
qed

lemma fun-restriction-space-Sup-properties :
<dist (fx) (g z) < dist f ¢
(Nz. dist (fz) (ga) <b) = dist fg < b
by (use reached-dist-fun in <auto simp add: dist-image-le-dist-funy)

end

4.2 Completeness

Actually we can obtain even better: when the instance 'b of dec-
seq-restriction-space is also an instance of complete-space, the
type ‘a = 'b is an instance of complete-space.

This is because when ’b is an instance of decseg-restriction-space
(and not only non-decseq-restriction-space) the distance between
two functions is reached (see Jx. dist ?f 29 = dist (?f z) (%9 x)).

The only remaining thing is to prove that completeness is pre-
served on higher-order.

instance <fun) :: (type, complete-decseg-restriction-space) complete-decseg-restriction-space
by intro-classes (fact restriction-chain-imp-restriction-convergent)

instance <funy :: (type, complete-strict-decseg-restriction-space) com-
plete-strict-decseq-restriction-space
by intro-classes (fact restriction-chain-imp-restriction-convergent)
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instance <fun> :: (type, complete-at-least-geometric-restriction-space)
complete-at-least-geometric-restriction-space
by intro-classes (fact restriction-chain-imp-restriction-convergent)

instance <fun) :: (type, complete-geometric-restriction-space) complete-geometric-restriction-space
by intro-classes (fact restriction-chain-imp-restriction-convergent)

4.3 Kind of Extensionality

context fixes f :: <['a :: metric-space, 'b :: type] =
‘c i decseq-restriction-space> begin

lemma lipschitz-with-simplification:
lipschitz-with f o <— (Vy. lipschitz-with (\z. f z y) a)
proof (intro iffI alll)
fix y assume assm : <lipschitz-with f o>
show <(lipschitz-with (\z. f z y)
proof (rule lipschitz-withI)
from assm[THEN lipschitz-withD1] show <0 < a» .
next
show «dist (f z1 y) (fz2y) < o * dist z1 22> for z1 22
by (rule order-trans|OF - assm[THEN lipschitz-withD2]])
(simp add: dist-image-le-dist-fun)
qed
next
assume assm : <V y. lipschitz-with (\z. f z y)
show <lipschitz-with [ o>
proof (rule lipschitz-withI)
from assm[rule-format, THEN lipschitz-withD1] show <0 < a» .
next
fix z1 22
obtain y where «dist (f z1) (f 22) = dist (f 1 y) (f 22 y)»
by (meson reached-dist-fun)
also have «... < « * dist z1 22> by (rule assm[rule-format, THEN
lipschitz-withD2))
finally show <dist (f z1) (f 22) < a * dist 1 ©2) .
qed
qed

lemma non-expanding-simplification :
<non-expanding f <— (¥ y. non-expanding (Az. fz y))
by (metis lipschitz-with-simplification non-expanding-on-def)

lemma contraction-with-simplification:
<contraction-with f o «— (Vy. contraction-with (\z. fx y) a)
by (metis contraction-with-on-def lipschitz-with-simplification)
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end

5 Product

The product type ‘a x b of to metric spaces is already instan-
tiated as a metric space by setting dist © y = sqrt ((dist (fst
z) (fst y))? + (dist (snd z) (snd y))?). Unfortunately, this
definition is not compatible with the distance required by the
non-decseg-restriction-space.. We first have to define a new prod-
uct type with a trivial typedef.

5.1 Isomorphic Product Construction
5.1.1 Definition and First Properties

typedef (‘a, 'b) prodmaz (<(- Xmaz/ -)» [21, 20] 20) = <UNIV :: (‘a
x 'b) sety
morphisms from-prod,,q, t0-prod,, .. by simp

— Simplifications because the typedef is trivial.

declare from-prod,, ..-inject [simp)
from-prod , . -inverse [simp]

lemmas to-prod,, .. -inject-simplified [simp] = to-prod, q-inject [simplified]

and to-prod,, . -inverse-simplified[simp] = to-prod,, . -inverse[simplified)

lemmas t0-prod,, o -induct-simplified = to-prod., .. -induct[simplified)]
and to-prod,, q.-cases-simplified = to-prod,q.-cases [simplified]
and from-prod., ... -induct-simplified = from-prod,, q.-induct[simplified]
and from-prod,, . -cases-simplified = from-prod,, q.-cases [simplified]

setup-lifting type-definition-prod,, .

lift-definition Pair,, ., :: <'a = b = 'a Xmae b is Pair .

free-constructors case-prod,, ., for Pairyaz fStmaz SNdmaz
by (metis Pair,qz-abs-eq from-prod, ., -inverse surjective-pairing)
(metis Pair,q..rep-eq prod.inject)

lemma fst,,q.-def : fstiar = map-fun from-prod,,q.. id fst»
by (intro eg-reflection ext, simp add: fsty,q.-def,
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metis Pair, q..rep-eq from-prod,, q . -inverse fsty, ... -def prod.collapse
prodyqz-sel(1))
lemma fst,,q.-rep-€q : fstmaz T = fst (from-prod,,q. x)»
by (metis Pairy,qq.rep-eq fst-conv prod, q..collapse)

lemma fst,,q-abs-eq [simp] : fstmaz (to-prodmas y) = fst v
by (metis Pair,,q..abs-eq prod.exhaust-sel prod,,q..sel(1))

lemma fst,,q . -transfer [transfer-rule]: <rel-fun (per-prodmaz (=) (=))
<:> fSt fStmaw>

by (metis (mono-tags) Pair, qq-rep-€q cr-prody, gz -def fst-conv prod,, q .- collapse
Prody,qz-per-cr-eq rel-funl)

lemma snd,,q.-def : <sndpyar = map-fun from-prod,, .. id snd»
by (intro eg-reflection ext, simp add: snd,q.-def,
metis Pairy, qz-rep-eq from-prod,, . . -inverse prod.collapse prod,, . .. case)

lemma snd,, . -rep-eq : <sndpq. ¢ = snd (from-prod,,q. )
by (metis Pairy,qq.1ep-€q prody, q..collapse snd-conv)

lemma snd,, . -abs-eq [simp] : <sndmaz (to-prodmas y) = snd y»
by (metis Pair,,q..abs-eq prod.ezhaust-sel prod,, q..sel(2))

lemma snd,,q.-transfer [transfer-rule] : <rel-fun (per-prodma. (=)
(=) (=) snd sndmaz
by (metis (mono-tags, lifting) Pairm,qz-rep-eq cr-prody, q.-def
Prodaz-collapse prody, q...per-cr-eq rel-funl snd-conv)

lemma case-prod,q.-def : <case-prody,q. = map-fun id (map-fun
from-prod . id) case-prod>

by (intro eq-reflection ext, simp add: prod,,q..case-eq-if fst,, q-rep-eq
SNl qq-rep-eq split-beta)

lemma case-prod,, q.-rep-€q : (case-prod,,q. fp = (case from-prod,,q.
pof (z,y) = fzy)
by (simp add: fsty,qz-Tep-€q Prod oy - case-eq-if snduy, q.-rep-eq split-beta)

lemma case-prod,, q,-abs-eq [simp] : <case-prodar | (to-prodmas q)
= (case q of (z,y) = fzyh
by (simp add: prod,,...case-eq-if split-beta)

lemma case-prod,, q.-transfer [transfer-rule] : <rel-fun (=) (rel-fun
(per-prodmas (=) (=)) (=)) case-prod case-prod,, .

by (simp add: cr-prod., q.-def fstmaz-rep-€q Prod, 4. . case-eq-if prod,, q...pcr-cr-eq
rel-fun-def snd,q.-rep-eq split-beta)

43



5.2 Syntactic Sugar

The following syntactic sugar is of course recovered from the
theory HOL. Product- Type.

nonterminal tuple-args,, ., and patterns,, ..

syntax
-tuplemax i 'a = tuple-argsmar = ' Xmas b («(14-,/ D))
-tuple-argmas : 'a = tuple-args,,qx (¢=)
-tuple-argsmaz = 'a = tuple-argsmar = tuple-argsmar  (¢-/ =)
-patternmas i pttrn = patternsmq. = pttrn («{-,/ -0

: pttrn = patternsyaz (¢=)

-patternsma,  : ptlrn = patternsma. = patternsma. (<) =)
translations

{x, y) = CONST Pairmaz ©y

-patternmpa, Ty = CONST Pairpa.: Ty

-patternsmar Ty = CONST Pairpa. Ty

-tuplemar ¢ (-tuple-argsmar ¥ 2) = -tuplemar = (-tuple-argmaz
(_tuplemam ) Z))

Mz, y, zsh. b = CONST case-prodmays (Ax {y, 2s). b)

Mz, yh. b = CONST case-prod, . (Az y. b)

-abs (CONST Pairmaz ©y) t — Mz, y). t

— This rule accommodates tuples in case C ... {(z, yp ... = ...:
The (z, y) is parsed as Pair,,q. = y because it is logic, not pttrn.

With this syntactic sugar, one can write case a of (b, ¢, d, e
= (¢, d), My, u). a, Ma, b). {a, b, ¢, d, e)), Ma, b, c). a, ...
as for the type ‘a x 'b.

lemmas to-prod,,..-tuple [simp] = Pair,qz.abs-eq[symmetric]
and from-prod,, gz -tuplem oz [$imp] = Pairy,q..rep-eq

5.3 Product

We first redo the work of Restriction-Spaces. Restriction-Spaces-Prod.

instantiation prod,,.. :: (restriction, restriction) restriction
begin

lift-definition restriction-prod,,qz 2 ¢'a Xmaz 0 = nat = 'a Xpas

by is <({)> .
lemma restriction-prod,,q.-def’ : <p L n = {fstmaz p 4 1, sndpmaz P
Jnp

by transfer (simp add: restriction-prod-def)

instance by (intro-classes, transfer, simp)

end
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instance prod,, .. :: (restriction-space, restriction-space) restriction-space
by (intro-classes; transfer) (simp-all add: ex-not-restriction-related)

instantiation prod,,.. :: (restriction-o, restriction-o) restriction-oc
begin

definition restriction-c-prodmaz 2 <('a Xmaz 'b) itself = nat = real>
where <restriction-o-prod,, gz - n =
max (restriction-c TYPE('a) n) (restriction-c TYPE('D) n)»

instance by intro-classes
end

instantiation prod,, ., :: (non-decseq-restriction-space, non-decseg-restriction-space)
non-decseq-restriction-space
begin

definition dist-prod,az 2 <['a Xmaz 'b, 'a Xmaz D] = real>
where «dist-prod,,.. f g = INF n € restriction-related-set f g. re-
striction-c TYPE('a Xqq '0) n

definition uniformity-prodmaz :: <(('a Xmaz '0) X 'a Xmaz 'd) filter
where <uniformity-prod, .. = INF e€{0 <..}. principal {(z, y). dist
Ty < ep

definition open-prod,,q. = <('a Xmaz 'b) set = booly
where <open-prod,,q., U =VzeU. eventually (A(z', y). 2/’ = 2 —
y € U) uniformity

instance
proof intro-classes
show «restriction-c TYPE('a Xmaz '0) —— O
by (rule real-tendsto-sandwich
[of <An. O) - - <An. restriction-c TYPE('a) n + restriction-o
TYPE('b) w])
(simp-all add: order-less-imp-le restriction-c-prod,, ...-def maz-def
restriction-o-tendsto-zero tendsto-add-zero)
qed (simp-all add: uniformity-prod, q.-def open-prod,, q.-def
restriction-o-prod, q-def maz-def dist-prod,, ...-def)

end
instance prod,, .. :: (decseg-restriction-space, decseg-restriction-space)

decseq-restriction-space
proof intro-classes
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show <decseq (restriction-c TYPE('a Xpaqe D))
proof (intro decseq-Sucl)
show «(restriction-c TYPE('a Xpasz 'b) (Suc n) < restriction-o
TYPE('a Xmaz 'b) n» for n
using decseq-SucD|of <restriction-c TYPE('a)) n]
decseg-SucD|of <restriction-o TYPE('b)» n]
by (auto simp add: restriction-o-prod,, ..-def decseq-restriction-o)
qed
qed

instance prod,, .. :: (strict-decseg-restriction-space, strict-decseg-restriction-space)
strict-decseq-restriction-space
proof intro-classes
show «strict-decseq (restriction-o TYPE('a Xmaz D))
proof (intro strict-decseq-Sucl)
show <restriction-c TYPE('a X.qs ') (Suc n) < restriction-o
TYPE('a Xmaz 'b) n» for n
using strict-decseq-SucD|of «<restriction-o TYPE('a)) n]
strict-decseq-SucDlof <restriction-c TYPE('b)> n]
by (auto simp add: restriction-o-prod, ... -def strict-decseg-restriction-o)
qed
qed

instantiation prod,,.. :: (restriction-0, restriction-0) restriction-6
begin

definition restriction-0-prod,qe 2 <('a Xpmaz 'b) itself = realy
where <restriction-6-prod,,q. - = maz (restriction-6 TYPE(’a))
(restriction-6 TYPE('D))»

instance by intro-classes (simp-all add: restriction-8-prod,, . -def maz-def)
end

instance prod,, . :: (at-least-geometric-restriction-space, at-least-geometric-restriction-space)
at-least-geometric-restriction-space
proof intro-classes
show <0 < restriction-c TYPE('a Xpa, 'b) ny for n by simp
next
show «restriction-c TYPE('a Xmaz 'b) (Suc n)
< restriction-§ TYPE('a Xmaz 'b) * restriction-c TYPE('a
Xmaz '0) m» for n
by (auto intro: order-trans|OF restriction-o-le]
simp add: restriction-6-prod,, o -def mult-mono’ restriction-o-prod,, . -def)
next
show <dist p1 p2 = Inf (restriction-o-related-set p1 p2)» for pl p2
2 e Xomaz 'O
by (simp add: dist-prod,, ..-def)
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qed

instance prod,, .. :: (geometric-restriction-space, geometric-restriction-space)
geometric-restriction-space
proof intro-classes
show «(restriction-c TYPE('a Xpq. 'b) n = restriction-0 TYPE('a
Xmaz '0) ~m for n
by (simp add: restriction-o-prod,q.-def restriction-o-is restric-
tion-0-prod y, o -def maz-def)
(meson nle-le power-mono zero-le-restriction-0)
next
show «(dist p1 p2 = Inf (restriction-o-related-set p1 p2)» for p1 p2
2 e Xomaz 'O
by (simp add: dist-prod,q.-def)
qed

lemma max-dist-projections-le-dist-prod,, qz :
«maz (dist (fstmaz p1) (fstmaxz p2)) (dist (sndmaz p1) ($Ndmaz P2))
< dist p1 p2)
proof (unfold dist-restriction-is max-def, split if-split, intro conjl impI)
show <Inf (restriction-o-related-set (sndmaz p1) (sndmaz p2)) < Inf
(restriction-o-related-set p1 p2)»
proof (rule cINF-superset-mono| OF nonempty-restriction-related-set])
show <bdd-below (restriction-o-related-set (sndpmaz p1) ($ndmas
p2))
by (meson bdd-belowI2 zero-le-restriction-o)
qged (simp-all add: subset-iff add: restriction-prod,,..-def’ restric-
ti01-0-produy, o . -def)
next
show <Inf (restriction-o-related-set (fstmaz P1) (fStmaz p2)) < Inf
(restriction-o-related-set p1 p2)»
proof (rule cINF-superset-mono| OF nonempty-restriction-related-set))
show <bdd-below (restriction-o-related-set (fstmaz P1) (fStmaxz P2))>
by (meson bdd-belowl2 zero-le-restriction-o)
qed (simp-all add: subset-iff add: restriction-prod,q..-def’ restric-
tion-0-prod,, q.-def)
qed

5.4 Completeness

5.4.1 Preliminaries

default-sort non-decseg-restriction-space — Otherwise we should al-
ways specify.

lemma restriction-o-prod,, .. -commute :
<restriction-c TYPE('b Xpax 'a) = restriction-o TYPE('a Xpmax

47



b)»
unfolding restriction-o-prod,, ..-def by (rule ext) simp

definition dist-left-prodyaq ('@ Xmaq 'b) itself = 'a = 'a = real>
where <dist-left-prod,,q. - © y = INF n € restriction-related-set x
y. restriction-o TYPE('a Xpaz 'b) W

definition dist-right-prodmaz = <('a Xmaz '0) dtself = b = b =
real)

where <dist-right-prod,,q... - * y = INF n € restriction-related-set x
y. restriction-c TYPE('a Xpaz 'b) W

lemma dist-right-prod,, 4. -is-dist-left-prod,, 4 :

<dist-right-prodya. TYPE('b X ez 'a) = dist-left-prod e TYPE('a
Xmaz /b))

unfolding dist-left-prod,, .. -def dist-right-prod,, . -def

by (subst restriction-o-prod,, .. -commute) simp

lemma dist-le-dist-left-prod,, o @ <dist xy < dist-left-prod,,q. TYPE('a
Xmaz /b) z Yy
proof (unfold dist-left-prod,,q.-def dist-restriction-is,
rule cINF-mono[OF nonempty-restriction-related-set[of = y]])
show <bdd-below (restriction-o-related-set x y)»
by (meson bdd-belowl2 zero-le-restriction-o)
next
show (m € restriction-related-set v y —
d nerestriction-related-set x y. oy TYPE('a) n < oy TYPE('a
Xmaz 'b) m» for m
by (metis maz.coboundedl restriction-c-prod, q.-def)
qed

lemma dist-le-dist-right-prod,, g, : <dist z y < dist-right-prod,, .. TYPE('b
Xmaz @) T Y
by (simp add: dist-le-dist-left-prod,, q.. dist-right-prod,, q.-is-dist-left-prod,, ...

lemma
fixes pI p2:: <'a :: decseq-restriction-space X ,q5 'b :: decseg-restriction-space)
shows dist-prod,, q»-le-max-dist-left-prod, o -dist-right-prod
«dist p1 p2 < max (dist-left-proda. TYPE('a Xmaz ') (fStmaz
pl) (fStmaw pg))
(dist-right-prod,ae TYPE('a Xmaz ') (sndmaq
pl) (sndmaz p2))
proof —
interpret left : DecseqRestrictionSpace <(1)» «(=)» «UNIV»
<restriction-c TYPE('a Xypaz ') «dist-left-prod,,q.. TYPE('a
Xmaz ,b)>
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by unfold-locales
(simp-all add: restriction-o-tendsto-zero dist-left-prod,,q.-def
decseg-restriction-o)

interpret right : DecseqRestrictionSpace <(1)» «(=)» <UNIV :: 'b set»
restriction-c TYPE('a Xpae 'b)y <dist-right-prod,,.. TYPE('a
Xmaz ,b)>
by unfold-locales
(simp-all add: restriction-o-tendsto-zero dist-right-prod,,q.-def
decseq-restriction-o)

show «(dist pI p2 < mazx (dist-left-prod,a. TYPE('a Xpmaz ')
(fstmaz 1) (fstmaz P2))
(dist-right-prodma. TYPE('a Xmaz '0) (Sndmax
pl) (sndmaz p2))
by (auto simp add: dist-restriction-is-bis left.dist-restriction-is-bis
right. dist-restriction-is-bis prod,, 4. expand restriction-prod,, 4. -def )
(smt (verit, best) Collect-cong nle-le restriction-related-le)
qed

default-sort type — Back to normal.

5.4.2 Complete Restriction Space

When the instances ‘a and 'b of decseq-restriction-space are also
instances of complete-space, the type ‘a X,,4» ‘b is an instance
of complete-space.

lemma restriction-chain-prod,, .. -iff :
<restriction-chain o <— restriction-chain (An. fstyae (0 n)) A
restriction-chain (An. sndmaz (00 n))
by (simp add: restriction-chain-def, transfer)
(metis fst-conv prod.collapse restriction-prod-def snd-conv)

lemma restriction-tendsto-prod,, q-iff :
0 =)= X — (An. fstimaz (0 1)) —1—= fstmaz 2 N (An. sndpmas
(0 n)) —}— sndpmar X
by (simp add: restriction-tendsto-def, transfer, simp add: restric-
tion-prod-def)
(meson nle-le order.trans)

lemma restriction-convergent-prod,, o -iff :
<restriction-convergent o <— restriction-convergent (An. fstpan (0
n)) A
restriction-convergent (An. sndmaqz (0 n))
by (simp add: restriction-convergent-def restriction-tendsto-prod,, oo -iff)
(metis prod,qz.sel)
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instance prod,, .. :: (complete-decseg-restriction-space, complete-decseq-restriction-space)
complete-decseq-restriction-space
proof (intro-classes, transfer)
fix o 2 <nat = 'a Xyey ‘b assume <chaing o>
hence <chaing (An. fstmae (0 n))> <chaing (An. sndyqs (0 n))
by (simp-all add: restriction-chain-prod,, q.-iff)
hence <convergent; (An. fstpmaz (0 n))> (convergent, (An. sndmqq
(o m)
by (simp-all add: restriction-chain-imp-restriction-convergent)
thus <convergent, o>
by (simp add: restriction-convergent-prod, q.-iff)
qed

instance prod,, .. :: (complete-strict-decseg-restriction-space, complete-strict-decseq-restriction-space)
complete-strict-decseg-restriction-space
by intro-classes (simp add: restriction-chain-imp-restriction-convergent)

instance prod,, . :: (complete-at-least-geometric-restriction-space, com-
plete-at-least-geometric-restriction-space)
complete-at-least-geometric-restriction-space
by intro-classes (simp add: restriction-chain-imp-restriction-convergent)

instance prod,, .. :: (complete-geometric-restriction-space, complete-geometric-restriction-space)
complete-geometric-restriction-space
by intro-classes (simp add: restriction-chain-imp-restriction-convergent)

When the types ‘a and ’b share the same restriction sequence,
we have the following equality.

lemma same-restriction-o-imp-restriction-o-prod,, q-is [simp) :
<restriction-c TYPE('b :: non-decseg-restriction-space) =
restriction-o TYPE('a :: non-decseg-restriction-space) —>
restriction-c TYPE('a Xpmax 'b) = restriction-c TYPE('a)»
unfolding restriction-o-prod,, ..-def by simp

lemma same-restriction-o-imp-dist-prod,, q . -eq-mazx-dist-projections :
<dist p1 p2 = mazx (dist (fstymaz p1) (fstmaz p2)) (dist (sndmaz p1)
(sndmaz D2))
if same-restriction-o [simp) : <restriction-c TYPE(’b) = restriction-o
TYPE('a)
for p1 p2 :: <'a :: decseg-restriction-space X mqn 'b 11 decseg-restriction-spaces
proof (rule order-antisym)
have <dist-left-prodpaz TYPE('a Xmaz D) (fstmaz P1) (fStmaz D2)
= dist (fstmaz P1) (fStmasz P2)>
by (simp add: dist-left-prod,, q.-def dist-restriction-is)

moreover have <dist-right-prod,,a. TYPE('a Xmaz 'b) (sndmaz
pl) (sndpmar p2) = dist (sndmaz 1) (SNdmax P2)

50



by (simp add: dist-right-prod,, ..-def dist-restriction-is)
ultimately show «dist pI p2 < maz (dist (fstmaz P1) (fStmaz D2))
(dist (sndmaz pI) (sndmaz p2))
by (metis dist-prodp, . -le-max-dist-left-prod , o . -dist-right-prod .o ;)
next
show <mazx (dist (fstmaz 1) (fstmaz P2)) (dist (sndmaz p1) ($Ndmas
p2)) < dist pI1 p2»
by (fact maz-dist-projections-le-dist-prod,, oz )
qed

Now, one can write things like v {z, y). f {z, y).

We could of course imagine more support for ‘a X4, b type,
but as restriction spaces are intended to be used without recourse
to metric spaces, we have not undertaken this task for the time
being.

6 Main entry Point
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