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Abstract

This entry formalizes the notion of relative security, which can be
used to model transient execution vulnerabilities in the style of Spectre
and Meltdown. The notion was introduced in the CSF 2023 paper “Rel-
ative Security: Formally Modeling and (Dis)Proving Resilience Against
Semantic Optimization Vulnerabilities” by Brijesh Dongol, Matt Grif-
fin, Andrei Popescu and Jamie Wright [1].

It defines two versions of relative security: a finitary one (restricted
to finite traces), and an infinitary one (working with both finite and
infinite traces). It formalizes unwinding methods for verifying relative
security in both the finitary and infinitary versions, and proves their
soundness. The proof of soudness in the infinitary case is a substantial
application of Isabelle’s corecursion and coinduction infrastructure.
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1 Finitary Relative Security

This theory formalizes the finitary version of relative security, more precisely
the notion expressed in terms of finite traces.

theory Relative-Security-fin
imports Preliminaries/ Transition-System
begin

declare Let-def[simp]

no-notation relcomp (infixr O 75)
no-notation relcompp (infixr OO0 75)

1.1 Finite-trace versions of leakage models and attacker mod-
els

locale Leakage-Mod-fin = System-Mod istate valid Trans final

for istate :: 'state = bool and wvalidTrans :: 'state x ’state = bool and final :
'state = bool

_|_

fixes S :: 'state list = 'secret list

and A :: 'state trace = 'act list

and O :: 'state trace = 'obs list

and leakVia :: 'state list = 'state list = 'leak = bool

locale Attacker-Mod-fin = System-Mod istate validTrans final

for istate :: 'state = bool and wvalidTrans :: 'state x ’state = bool and final :
'state = bool

_|_

fixes S :: 'state list = ’'secret list

and A :: 'state trace = 'act list

and O :: 'state trace = 'obs list

begin

fun leakVia :: 'state list = ’state list = 'secret list x 'secret list = bool
where

leakVia tr tr' (sl,sl) = (Str=slANStr'=sl/ANAtr=Atw' A Otr+# Otr')
lemmas leakVia-def = leakVia.simps

end

sublocale Attacker-Mod-fin < Leakage-Mod-fin



where leakVia = leakVia
by standard

1.2 Locales for increasingly concrete notions of finitary rel-
ative security

locale Relative-Security’’-fin =

Van: Leakage-Mod-fin istateV validTransV finalV SV AV OV leakViaV
+

Opt: Leakage-Mod-fin istateO validTransO finalO SO AO OO leakViaO

for validTransV :: 'stateV x 'stateV = bool

and istateV :: 'stateV = bool and finalV :: 'stateV = bool

and SV :: 'stateV list = ’'secret list

and AV :: 'stateV trace = 'actV list

and OV :: 'stateV trace = 'obsV list

and leakViaV :: 'stateV list = 'stateV list = 'leak = bool

and validTransO :: 'stateO x 'stateO = bool

and istateO :: 'stateO = bool and finalO :: 'stateO = bool
and SO :: 'stateO list = 'secret list

and AO :: 'stateO trace = 'actO list

and 0O :: 'stateO trace = 'obsO list

and leakViaO :: 'stateO list = ’'stateO list = 'leak = bool

and corrState :: 'stateV = 'stateO = bool
begin

definition rsecure :: bool where
rsecure = V1 s1 trl s2 tr2.
istateO s1 N Opt.validFromS s1 tr1 N Opt.completedFrom s1 trl A
istateO s2 A Opt.validFromsS s2 tr2 N\ Opt.completedFrom s2 tr2 A
leakViaO trl tr2 1
*}
(I svl trvl sv2 trv2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 A
Van.validFromS svl trvl A Van.completedFrom svl trvl A
Van.validFromS sv2 trv2 A Van.completedFrom sv2 trv2 A
leakViaV trvl trv2 1)

end

locale Relative-Security’-fin =
Van: Attacker-Mod-fin istateV validTransV finalV SV AV OV
+
Opt: Attacker-Mod-fin istateO valid TransO finalO SO AO OO
for validTransV :: 'stateV x 'stateV = bool
and istateV :: 'stateV = bool and finalV :: 'stateV = bool
and SV :: 'stateV list = 'secret list



and AV :: 'stateV trace = 'actV list
and OV :: 'stateV trace = 'obsV list

and validTransO :: 'stateO x 'stateO = bool

and istateO :: 'stateO = bool and finalO :: 'stateO = bool
and SO :: 'stateO list = 'secret list

and AO :: 'stateO trace = ’actO list

and OO :: 'stateO trace = '0bsO list

and corrState :: 'stateV = 'stateO = bool

sublocale Relative-Security’-fin < Relative-Security''-fin
where leakViaV = Van.leakVia and leakViaO = Opt.leakVia
by standard

context Relative-Security’-fin
begin

lemma rsecure-def2:
rsecure <—»
(V1 trl s2 tr2.
istateO s1 N Opt.validFromS sl tr1 N Opt.completedFrom sl tri A
istateO s2 N Opt.validFromsS s2 tr2 N Opt.completedFrom s2 tr2 A
AO trl = AO tr2 N OO0 tr1 # OO0 tr2
_)
(T svl trol sv2 tro2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 A
Van.validFromS svl trvl A Van.completedFrom svl trvl A
Van.validFromS sv2 trv2 A Van.completedFrom sv2 trv2 A
SV trvl = SO tr1 N SV trv2 = SO tr2 A
AV trvl = AV trv2 A OV trvl # OV trv2))
unfolding rsecure-def
unfolding Van.leakVia-def Opt.leak Via-def
by auto metis

end

locale Statewise-Attacker-Mod = System-Mod istate validTrans final
for istate :: 'state = bool and validTrans :: 'state x 'state = bool and final ::
'state = bool
Jr
fixes

isSec :: 'state = bool and getSec :: 'state = 'secret
and

isInt :: 'state = bool and getInt :: 'state = 'act x 'obs
assumes final-not-isInt: \s. final s = — isInt s



and final-not-isSec: \s. final s = — isSec s
begin

definition getAct :: 'state = 'act where
getAct = fst o getint

definition getObs :: 'state = 'obs where
getObs = snd o getInt

definition eqObs trnl trn2 =
(isInt trnl < isInt trn2) A (isInt trnl — getObs trnl = getObs trn2)

definition eqAct trnl trn2 =
(isInt trnl <— isInt trn2) A (isInt trnl — getAct trnl = getAct trn2)

definition A :: ‘state trace = ’act list where
A tr = filtermap isInt getAct (butlast tr)

sublocale A: FiltermapBL isInt getAct A
apply standard unfolding A-def ..

definition O : 'state trace = 'obs list where
O tr = filtermap isInt getObs (butlast tr)

sublocale O: FiltermapBL isInt getObs O
apply standard unfolding O-def ..

definition S :: ‘state list = ’secret list where
S tr = filtermap isSec getSec (butlast tr)

sublocale S: FiltermapBL isSec getSec S
apply standard unfolding S-def ..

end
sublocale Statewise-Attacker-Mod < Attacker-Mod-fin
where S = Sand A = Aand O = O

by standard

locale Rel-Sec =



Van: Statewise-Attacker-Mod istateV validTransV finalV isSecV getSecV isIntV
getintV
+

Opt: Statewise-Attacker-Mod istateO validTransO finalO isSecO getSecO isIntO
getIntO

for validTransV :: 'stateV x 'stateV = bool

and istateV :: 'stateV = bool and finalV :: 'stateV = bool

and isSecV :: 'stateV = bool and getSecV :: 'stateV = 'secret

and isIntV :: 'stateV = bool and getIntV :: 'stateV = 'actV x 'obsV

and validTransO :: 'stateO x 'stateO = bool

and istateO :: 'stateO = bool and finalO :: 'stateO = bool

and isSecO :: 'stateO = bool and getSecO :: 'stateO = 'secret

and isIntO :: 'stateO = bool and getIntO :: 'stateO = ’actO x 'obsO

and corrState :: 'stateV = 'stateO = bool

sublocale Rel-Sec < Relative-Security’-fin

where SV = Van.S and AV = Van.A and OV = Van.O
and SO = Opt.S and AO = Opt.A and OO0 = Opt.O
by standard

context Rel-Sec
begin

abbreviation getObsV :: 'stateV = 'obsV where getObsV = Van.getObs
abbreviation getActV :: 'stateV = 'actV where getActV = Van.getAct
abbreviation getObsO :: 'stateO = '0bsO where getObsO = Opt.getObs
abbreviation getActO :: 'stateO = ’actO where getActO = Opt.getAct

abbreviation reachV where reachV = Van.reach
abbreviation reachO where reachO = Opt.reach

abbreviation completedFromV :: 'stateV = 'stateV list = bool where complet-
edFromV = Van.completedFrom
abbreviation completedFromO :: 'stateO = 'stateO list = bool where complet-
edFromO = Opt.completedFrom

lemmas completedFromV-def = Van.completedFrom-def
lemmas completedFromO-def = Opt.completedFrom-def

lemma rsecure-def3:

rsecure <—

(Vs trl s2 tr2.
istateO s1 A Opt.validFromsS s1 tr1 N\ completedFromQO s1 tr1 A
istateO s2 A Opt.validFromsS s2 tr2 N\ completedFromQO s2 tr2 N
Opt. A tr1 = Opt.A tr2 A Opt.O tr1 # Opt.O tr2 A



(isIntO s1 A isIntO s2 — getActO sl = getActO s2)
_)
(T svl trol sv2 tro2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 A
Van.validFromS svl trvl A completedFromV svl trvl A
Van.validFromS sv2 trv2 A completedFromV sv2 trv2 A
Van.S trvl = Opt.S tr1 A Van.S trv2 = Opt.S tr2 A
Van.A trvl = Van.A trv2 A Van.O trvl # Van.O trv2))
unfolding rsecure-def2 apply (intro iff-alll iffT impl)
subgoal by auto
subgoal
by clarsimp (metis (full-types) Opt.A.Cons-unfold
Opt.completed-Cons Opt.final-not-isInt
Simple- Transition-System.valid FromsS-Cons-iff
completedFromO-def list.sel(1) neq-Nil-conv) .

definition eqSec trnO trnA =
(isSecV trnO = isSecO trnA) A (isSecV trnO — getSecV trnO = getSecO trnA)

lemma egSec-S-Cons’:
eqSec trnO trnA =
(Van.S (trnO # trO’) = Opt.S (trnA # trA’)) = Van.S trO’ = Opt.S trA’
apply(cases trO’ = [])
subgoal apply(cases trA’ = [])
subgoal by auto
subgoal unfolding egSec-def by auto .
subgoal apply(cases trA’ = |])
subgoal by auto
subgoal unfolding eqSec-def by auto . .

lemma egSec-S-Cons|simp]:
eqSec trnO trnAd = trO' =[] +— trd’' = [| =
(Van.S (trnO # trO’) = Opt.S (trnA # trA")) «— (Van.S trO’ = Opt.S trA’)
apply(cases trO’ = [])
subgoal apply(cases trA’ = [])
subgoal by auto
subgoal unfolding egSec-def by auto .
subgoal apply(cases trA’ = [])
subgoal by auto
subgoal unfolding egSec-def by auto . .

end



locale Relative-Security-Determ =
Rel-Sec
validTransV istateV finalV isSecV getSecV isIntV getintV
valid TransO istateO finalO isSecO getSecO isIntO getIntO
corrState
_|_
System-Mod-Deterministic istateV validTransV finalV nextO
for validTransV :: 'stateV x 'stateV = bool
and istateV :: 'stateV = bool
and finalV :: 'stateV = bool
and neztO :: 'stateV = 'stateV
and isSecV :: 'stateV = bool and getSecV :: 'stateV = 'secret
and isIntV :: 'stateV = bool and getIntV :: 'stateV = ’actV x 'obsV
and validTransO :: 'stateO x 'stateO = bool
and istateO :: 'stateO = bool
and finalO :: 'stateO = bool
and isSecO :: 'stateO = bool and getSecO :: 'stateO = 'secret
and isIntO :: 'stateO = bool and getIntO :: 'stateO = ’actO x 'obsO
and corrState :: 'stateV = 'stateO = bool

end

2 Relative Security

This theory formalizes the general notion of relative security, applicable to
possibly infinite traces.

theory Relative-Security
imports Relative-Security-fin Preliminaries/ Trivia
begin

no-notation relcomp (infixr O 75)
no-notation relcompp (infixr OO0 75)

2.1 Leakage models and attacker models

locale Leakage-Mod = System-Mod istate validTrans final

for istate :: 'state = bool and wvalidTrans :: 'state x 'state = bool and final :
'state = bool

_|_

fixes S :: 'state llist = 'secret llist

and A :: 'state ltrace = 'act llist

and O :: 'state ltrace = 'obs llist

and lleakVia :: 'state llist = 'state llist = 'leak = bool

locale Attacker-Mod = System-Mod istate validTrans final



for istate :: 'state = bool and wvalidTrans :: 'state x 'state = bool and final ::
'state = bool

+

fixes S :: 'state llist = 'secret llist

and A :: 'state ltrace = 'act llist

and O :: ’'state ltrace = 'obs llist

begin

fun lleakVia :: 'state llist = 'state llist = 'secret llist x 'secret llist = bool

where
lleakVia tr tr’ (sl,sl’) = (Str=slANStr'=sl' NAtr=At' N Oitr# O tr)

lemmas lleakVia-def = lleakVia.simps
end

sublocale Attacker-Mod < Leakage-Mod
where lleakVia = lleakVia
by standard

2.2 Locales for increasingly concrete notions of relative se-
curity

locale Relative-Security’’ =

Van: Leakage-Mod istateV validTransV finalV SV AV OV lleakViaV
_|_

Opt: Leakage-Mod istateO validTransO finalO SO AO OO lleak ViaO

for validTransV :: 'stateV x 'stateV = bool

and istateV :: 'stateV = bool and finalV :: 'stateV = bool

and SV :: 'stateV llist = 'secret llist

and AV :: 'stateV ltrace = 'actV llist

and OV :: 'stateV ltrace = 'obsV llist

and lleakViaV :: 'stateV llist = 'stateV llist = 'leak = bool

and validTransO :: 'stateO x 'stateO = bool

and istateO :: 'stateO = bool and finalO :: 'stateO = bool
and SO :: 'stateO llist = 'secret llist

and AO :: 'stateO ltrace = 'actO llist

and OO :: 'stateO ltrace = 'obsO llist

and lleakViaO :: 'stateO llist = 'stateO llist = 'leak = bool

and corrState :: 'stateV = 'stateO = bool
begin

definition Irsecure :: bool where

lrsecure = V1 s1 trl s2 tr2.
istateO s1 A Opt.lvalidFromsS s1 tr1 A\ Opt.lcompletedFrom s1 tr1 N
istateO s2 N Opt.lvalidFromS s2 tr2 N\ Opt.lcompletedFrom s2 tr2 A



lleakViaO trl tr2 1

—

(I svl trvl sv2 trv2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 A
Van.lwalidFromS svl trvl A Van.lcompletedFrom svl trvl N
Van.lwalidFromS sv2 trv2 A Van.lcompletedFrom sv2 trv2 N
lleakViaV trvl tro2 1)

end

locale Relative-Security’ =
Van: Attacker-Mod istateV validTransV finalV SV AV OV
_|_
Opt: Attacker-Mod istateO validTransO finalO SO AO OO
for validTransV :: 'stateV x 'stateV = bool
and istateV :: 'stateV = bool and finalV :: 'stateV = bool
and SV :: ‘stateV llist = 'secret llist
and AV :: 'stateV ltrace = 'actV llist
and OV :: 'stateV ltrace = 'obsV llist

and validTransO :: 'stateO x 'stateO = bool

and istateO :: 'stateO = bool and finalO :: 'stateO = bool
and SO :: 'stateO llist = 'secret llist

and AO :: 'stateO ltrace = 'actO llist

and 0O :: 'stateO ltrace = '0bsO llist

and corrState :: 'stateV = 'stateO = bool

sublocale Relative-Security’ < Relative-Security’’
where lleakViaV = Van.lleakVia and lleakViaO = Opt.lleak Via
by standard

context Relative-Security’
begin

lemma Irsecure-def2:
lrsecure +—
(V1 trl s2 tr2.
istateO s1 N Opt.lvalidFromS s1 tr1 A Opt.lcompletedFrom s1 tri A
istateO s2 N Opt.lvalidFromsS s2 tr2 N Opt.lcompletedFrom s2 tr2 N
AO trl = AO tr2 N OO tr1 # 00 tr2
H
(Fsvl trol sv2 tro2.
istateV svl A istateV sv2 A corrState svl s1 N corrState sv2 s2 N

10



Van.lvalidFromS svl trvl A Van.lcompletedFrom svl trvl A
Van.lvalidFromS sv2 trv2 A Van.lcompletedFrom sv2 trv2 A
SV trvl = SO tr1 N SV trv2 = SO tr2 A
AV trvl = AV trv2 A OV trol # OV trv2))

unfolding Irsecure-def

unfolding Van.lleak Via-def Opt.lleak Via-def

by auto metis

end

context Statewise-Attacker-Mod begin

definition [A :: ’state ltrace = ’act llist where
IA tr = lfiltermap isInt getAct (Ibutlast tr)

sublocale [A: LfiltermapBL isInt getAct [A
apply standard unfolding [A-def ..

lemma [A: lcompletedFrom s tr = IA tr = lmap getAct (lfilter isInt tr)
apply/(cases lfinite tr)

subgoal unfolding [A.Imap-lfilter lbutlast-def

by simp (metis final-not-isInt lbutlast-lfinite lcompletedFrom-def lfilter-llist-of Ifil-
termap-lmap-lfilter lfinite-lfiltermap-butlast llast-llist-of llist-of-list-of Imap-llist-of )

subgoal unfolding [A.lmap-lfilter lbutlast-def by auto .

definition (O :: 'state ltrace = 'obs llist where
10 tr = Ifiltermap isInt getObs (lbutlast tr)

sublocale [O: LfiltermapBL isInt getObs 1O
apply standard unfolding [O-def ..

lemma [O: lcompletedFrom s tr => 1O tr = lmap getObs (lfilter isInt tr)
apply/(cases lfinite tr)

subgoal unfolding [O.Imap-Ifilter lbutlast-def

by simp (metis List-Filtermap.filtermap-def butlast.simps(1) filtermap-butlast fi-
nal-not-isInt lcompletedFrom-def Ifilter-llist-of llist-of-list-of Ilmap-llist-of)

subgoal unfolding [0.lmap-Ifilter lbutlast-def by auto .

definition IS :: 'state llist = ’secret llist where
IS tr = lfiltermap isSec getSec (lbutlast tr)

11



sublocale [S: LfiltermapBL isSec getSec 1S
apply standard unfolding [S-def ..

lemma [S: lcompletedFrom s tr => IS tr = lmap getSec (Ifilter isSec tr)
apply/(cases lfinite tr)

subgoal unfolding IS.Imap-lfilter lbutlast-def

by simp (metis List-Filtermap.filtermap-def filtermap-butlast final-not-isSec lcom-
pletedFrom-def Ifilter-llist-of llist-of-eq-LNil-conv llist-of-list-of Imap-llist-of)

subgoal unfolding [S.lmap-Ifilter lbutlast-def by auto .

end

sublocale Statewise-Attacker-Mod < Attacker-Mod
where S =[S and A = [4A and O = [0
by standard

sublocale Rel-Sec < Relative-Security’

where SV = Van.lS and AV = Van.lA and OV = Van.lO
and SO = Opt.lS and AO = Opt.lA and OO0 = Opt.l10

by standard

context Rel-Sec
begin

abbreviation lcompletedFromV :: 'stateV = 'stateV llist = bool where lcomplet-
edFromV = Van.lcompletedFrom
abbreviation lcompletedFromO :: 'stateO = 'stateO llist = bool where lcomplet-
edFromO = Opt.lcompletedFrom

lemma egSec-15-Cons':
eqSec trnO trnA —
(Van.lS (trnO $ trO’) = Opt.lS (trnA $ trA’)) = Van.lS trO’ = Opt.IS trA’
apply(cases trO’ = [[]])
subgoal apply(cases trA’ = [[]])
subgoal by auto
subgoal unfolding egSec-def by auto .
subgoal apply(cases trA’ = [[]])
subgoal by auto
subgoal unfolding egSec-def by auto . .

lemma egSec-1S-Cons|simp]:
eqSec trnO trnA = trO' = [[]] +— trd’ = [[]] =

12



(Van.lS (trnO $ trO’) = Opt.lS (trnA $ trA’)) «— (Van.lS trO’ = Opt.1S trA’)
apply(cases trO’ = [[]])
subgoal apply(cases trA’ = [[]])
subgoal by auto
subgoal unfolding egSec-def by auto .
subgoal apply(cases trA’ = [[]])
subgoal by auto
subgoal unfolding egSec-def by auto . .

end

end

3 Unwinding Proof Method for Finitary Relative
Security

This theory formalizes the notion of unwinding for finitary relative security,
and proves its soundness.

theory Unwinding-fin
imports Relative-Security
begin

3.1 The types and operators underlying unwinding: status,
matching operators, etc.

context Rel-Sec
begin

datatype status = Eq | Diff

fun updStat :: status = bool x 'a = bool x 'a = status where
updStat Eq (True,a) (True,a”) = (if a = o’ then Eq else Diff)
|updStat stat - - = stat

definition sstatO’ statO svl sv2 = wupdStat statO (isIntV svl, getObsV svl)
(isIntV sv2, getObsV sv2)

definition sstatA’ statA s1 s2 = updStat statA (isIntO s1, getObsO s1) (isIntO
s2, getObsO s2)

definition initCond ::
(enat = 'stateO = 'stateO = status = 'stateV = 'stateV = status = bool) =
bool where
initCond A =V sl s2.
istateO s1 A istateO s2
H
(Fsvl sv2. istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2

13



A A oo sl s2 Eq svl sv2 Eq)

definition match1-1 A s1 s1’ s2 statA svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A oo s1' 82 statA svl' sv2 statO

definition matchl-12 A s1 s1’ s2 statA svl sv2 statO =
Jsvl’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,sv2") A
A oo s1' 82 statA svl’ sv2' statO’

definition matchl A s1 s2 statA svl sv2 statO =
= isintO s1 —
(Vs1'. validTransO (s1,s1’)
%
(— isSecO s1 N A oo s1’ 82 statA svl sv2 statO) V
(egSec svl s1 A = isIntV svl A matchl-1 A s1 s1' s2 statA svl sv2 statO) V
(egSec svl s1 A — isSecV sv2 A Van.eqAct svl sv2 A matchl-12 A s1 s1' s2
statA svl sv2 statO))

lemmas matchl-defs = matchi-def matchl-1-def matchl-12-def

lemma matchl-1-mono:

A < A' = matchl-1 A s1 s1’ s2 statA svi sv2 statO = matchl-1 A’ s1 s1' s2
statA svl sv2 statO

unfolding le-fun-def matchl-1-def by auto

lemma matchl-12-mono:

A < A" = matchl-12 A s1 51’ s2 statA svl sv2 statO = matchl-12 A’ s1 s1’
82 statA svl sv2 statO

unfolding le-fun-def matchi-12-def by fastforce

lemma matchi-mono:
assumes A < A’
shows matchl A s1 s2 statA svl sv2 statO = matchl A’ sl s2 statA svl sv2
statO
unfolding matchi-def apply clarify subgoal for s1’ apply(erule allE[of - s1])
using matchl-1-mono|OF assms, of s1 s1' s2 statA svl sv2 statO]
match1-12-mono[OF assms, of s1 s1' s2 statA svl sv2 statO)]
assms|unfolded le-fun-def, rule-format, of - s1' s2 statA svl sv2 statO]
by auto .

14



definition match2-1 A s1 s2 s2' statA svl sv2 statO =
Fsv2’. validTransV (sv2,502") A
A oo sl 52 statA svl sv2' statO

definition match2-12 A s1 s2 s2' statA svl sv2 statO =
Jsvl’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,sv2") A
A oo s1 s2' statA svl’ sv2' statO’

definition match2 A s1 s2 statA svl sv2 statO =
= isintO s2 —
(Vs2'. validTransO (s2,s2”)
H
(— isSecO s2 N A oo s1 82’ statA svl sv2 statO) V
(eqSec sv2 s2 A = isIntV sv2 A match2-1 A sl s2 s2' statA svl sv2 statO) V
(= isSecV svl A eqSec sv2 s2 N Van.eqAct svl sv2 A match2-12 A sl s2 s2'
statA svl sv2 statO))

lemmas match2-defs = match2-def match2-1-def match2-12-def

lemma match2-1-mono:

A < A' = match2-1 A s1 s1’ s2 statA svi sv2 statO = match2-1 A’ s1 s1' s2
statA svl sv2 statO

unfolding le-fun-def match2-1-def by auto

lemma match2-12-mono:

A < A" = match2-12 A s1 s1' 52 statA svl sv2 statO = match2-12 A’ s1 s1’
82 statA svl sv2 statO

unfolding le-fun-def match2-12-def by fastforce

lemma match2-mono:
assumes A < A’
shows match2 A s1 s2 statA svl sv2 statO = match2 A’ sl s2 statA svl sv2
statO
unfolding match2-def apply clarify subgoal for s2’ apply(erule allE[of - s27])
using match2-1-mono|OF assms, of s1 s2 s2' statA svl sv2 statO]
match2-12-mono[OF assms, of s1 s2 s2' statA svl sv2 statO)]
assms|unfolded le-fun-def, rule-format, of - s1 s2' statA svl sv2 statO]
by auto .

definition match12-1 A s1’ s2' statA’ svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A oo s1' 52" statA’ svl’ sv2 statO

definition match12-2 A s1’ s2’ statA' svl sv2 statO =
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Isv2’. validTransV (sv2,sv2’) A
A 0o s1' 82" statA’ svl sv2’ statO

definition match12-12 A s1’ s2’ statA’ svl sv2 statO =
Jsvl’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,5v2") A
(statA’ = Diff — statO’ = Diff) A
A oo s1’ s2' statA’ svl’ sv2’ statO’

definition match12 A s1 s2 statA svl sv2 statO =
Vs1's2'.

let statA’ = sstatA’ statA sl s2 in

validTransO (s1,s1") A

validTransO (s2,s27) A

Opt.eqAct s1 s2 N

isIntO s1 A isIntO s2

_>

(= isSecO s1 N — isSecO s2 N (statA = statA’ V statO = Diff) AN A oo s1' 2’
statA’ svl sv2 statO)

V

(= isSecO s2 A eqSec svl s1 A = isIntV svl A

(statA = statA’ Vv statO = Diff) A

match12-1 A s1' s2’ statA’ svl sv2 statO)

V

(= isSecO s1 A eqSec sv2 s2 A — isIntV sv2 A

(statA = statA’ Vv statO = Diff) A

match12-2 A s1’ s2' statA’ svl sv2 statO)

V

(eqSec svl s1 A eqSec sv2 s2 N Van.eqAct svl sv2 A

match12-12 A s1' 2 statA’ svl sv2 statO)

lemmas matchi2-defs = match12-def match12-1-def matchi2-2-def matchi12-12-def

lemma matchl2-simplel:
assumes s’ s2’ statA'.
statA’ = sstatA’ statA sl s2 —
validTransO (s1,s1') =
validTransO (s2,s2') =
Opt.eqAct s1 s2 —
(— isSecO s1 A — isSecO s2 A (statA = statA’ Vv statO = Diff) N A oo s1’ s2'
statA’ svl sv2 statO)
V
(egSec svl s1 A eqSec sv2 s2 N Van.eqAct svl sv2 A
match12-12 A s1' s2' statA’ svl sv2 statO)
shows match12 A s1 s2 statA svl sv2 statO
using assms unfolding match12-def Let-def by blast
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lemma matchl2-1-mono:

A < A" = match12-1 A s1' 352’ statA’ svl sv2 statO = match12-1 A’ s1' s2'
statA’ svl sv2 statO

unfolding le-fun-def match12-1-def by auto

lemma matchl2-2-mono:

A < A" = match12-2 A s1 s2' statA’ svl sv2 statO = match12-2 A’ s1 s2'
statA’ svl sv2 statO

unfolding le-fun-def match12-2-def by auto

lemma matchl2-12-mono:

A < A" = matchl12-12 A s1’ s2' statA’ svl sv2 statO = match12-12 A’ s1’
s2' statA’ svl sv2 statO

unfolding le-fun-def match12-12-def by fastforce

lemma matchi12-mono:
assumes A < A’
shows match12 A s1 s2 statA svl sv2 statO = match12 A’ s1 s2 statA svl sv2
statO
unfolding match12-def apply clarify subgoal for s1’ s2’ apply(erule allE[of -
s1']) apply(erule allE[of - s27])
using matchl12-1-mono[OF assms, of s1' s2' - svl sv2 statO)]
matchl2-2-mono[OF assms, of s1' s2' - svl sv2 statO]
match12-12-mono|OF assms, of s1' s2' - svl sv2 statO)
assms[unfolded le-fun-def, rule-format, of - s1' s2’
sstatA’ statA s1 s2 svl sv2 statO]
by simp metis .

definition match A si s2 statA svl sv2 statO =
matchl A sl s2 statA svl sv2 statO

A\

match?2 A s1 s2 statA svl sv2 statO

A\

match12 A sl s2 statA svl sv2 statO

lemmas match-defs = match1-def match2-def matchl2-def
lemmas match-deep-defs = matchl-defs match2-defs match12-defs

lemma match-mono:

assumes A < A’

shows match A s1 s2 statA svl sv2 statO = match A’ s1 s2 statA svl sv2 statO
unfolding match-def using matchl-mono[OF assms| match2-mono]OF assms]
matchl12-mono[OF assms] by auto
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definition move-1 A w s1 s2 statA svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A w sl s2 statA svl' sv2 statO

definition move-2 A w s1 s2 statA svl sv2 statO =
Fsv2’. validTransV (sv2,sv2") A
A w sl s2 statA svl sv2’ statO

definition move-12 A w s1 s2 statA svl sv2 statO =
Jsv1’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A validTransV (sv2,sv2’) A
A w sl s2 statA svl' sv2' statO’

definition proact A w s1 s2 statA svl sv2 statO =

(= isSecV svl A = isIntV svl A move-1 A w sl s2 statA svl sv2 statO)
V
(= isSecV sv2 A = isIntV sv2 A move-2 A w s1 s2 statA svl sv2 statO)

V

(= isSecV svl A = isSecV sv2 A Van.eqAct svl sv2 A move-12 A w s1 s2 statA
svl sv2 statO)

lemmas proact-defs = proact-def move-1-def move-2-def move-12-def

lemma mowve-1-mono:

A < A = move-1 A meas sl s2 statA svl sv2 statO = move-1 A’ meas s1 s2
statA svl sv2 statO

unfolding le-fun-def move-1-def by auto

lemma move-2-mono:

A < A= move-2 A meas sl s2 statA svl sv2 statO = move-2 A’ meas sl s2
statA svl sv2 statO

unfolding le-fun-def move-2-def by auto

lemma mowve-12-mono:

A < A" = move-12 A meas sl s2 statA svl sv2 statO = move-12 A’ meas sl
82 statA svl sv2 statO

unfolding le-fun-def move-12-def by fastforce

lemma proact-mono:

assumes A < A’

shows proact A meas s1 s2 statA svl sv2 statO = proact A’ meas s1 s2 statA
svl sv2 statO

unfolding proact-def using move-1-mono[OF assms] move-2-mono|OF assms]
move-12-mono|OF assms] by auto

3.2 The definition of unwinding

definition unwindCond ::
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(enat = 'stateO = 'stateO = status = 'stateV = 'stateV = status = bool) =
bool
where
unwindCond A = YV w sl s2 statA svl sv2 statO.
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
A w sl 82 statA svl sv2 statO
SN
(finalO s1 +— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)
A
(statA = Eq — (isIntO s1 <— isIntO s2))
A
((3v < w. proact A v s1 s2 statA svl sv2 statO)
\Y
match A sl s2 statA svl sv2 statO

)

lemma unwindCond-simplel:

assumes

Nw s1 s2 statA svl sv2 statO.

reachQ s1 —> reachO $2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO

_—

(finalO s1 +— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 <— finalO
s2)

and

Aw s1 s2 statA svl sv2 statO.

reachO s1 —> reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO = statA = FEq

_—

isIntO s1 <— isIntO s2

and

Aw s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 —> reachV svl = reachV sv2 —
A w sl s2 statA svl sv2 statO

BN

match A s1 82 statA svl sv2 statO

shows unwindCond A

using assms unfolding unwindCond-def by auto

3.3 The soundness of unwinding

definition v s1 tri s2 tr2 statO svl trvl sv2 trv2 =
trol # [] A trv2 #[] A
Van.validFromS svl trvl A
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Van.validFromS sv2 trv2 A

(finalV (lastt svl trvl) <— finalO (lastt s1 tr1)) A (finalV (lastt sv2 trv2) <—
finalO (lastt s2 tr2)) A

Van.S trvl = Opt.S tr1 A Van.S trv2 = Opt.S tr2 A

Van.A trvl = Van.A trv2 A

(statO = Eq A Opt.O trl # Opt.O tr2 — Van.O trvl # Van.O trv2)

lemma 1-completedFrom: completedFromO s1 trl = completedFromQO s2 tr2 —

¥ sl trl s2 tr2 statO svl trvl sv2 trv2

= completedFromV svl trvl A completedFromV sv2 trv2
unfolding v-def Opt.completedFrom-def Van.completedFrom-def lastt-def
by presburger

lemma completedFromO-lastt: completedFromO sl trl = finalO (lastt s1 trl)
unfolding Opt.completedFrom-def lastt-def by auto

lemma rsecure-strong:
assumes
Nsl trl s2 tr2.
istateO s1 N Opt.validFromS s1 tr1 A completedFromO sl1 trl A
istateO s2 N Opt.validFromsS s2 tr2 N\ completedFromO s2 tr2 A
Opt.A trl = Opt.A tr2 A (isIntO s1 A isIntO s2 — getActO s1 = getActO
s2)
_—
Jsvl trvl sv2 trv2.
istateV svl A istateV sv2 A corrState svl s1 N corrState sv2 s2 A
Y sl trl s2 tr2 Eq svl trvl sv2 trv2
shows rsecure
unfolding rsecure-def3 apply clarify
subgoal for si tr1 s2 tr2
using assms|of s1 trl s2 tr2]
using -completedFrom -def completedFromO-lastt by (metis (full-types))

proposition unwindCond-ex-1):
assumes unwind: unwindCond A
and A: A w sl s2 statA svl sv2 statO and stat: (statA = Diff — statO = Diff)

and v: Opt.validFromS s1 tr1 Opt.completedFrom s1 tr1 Opt.validFromS s2 tr2
Opt.completedFrom s2 tr2

and tri4: Opt.A trl = Opt.A tr2

and 7: reachO s1 reachO s2 reachV svl reachV sv2

shows Jtrvl trv2. ¢ si trl s2 tr2 statO svl trvl sv2 trv2

using assms(2—)

proof (induction length tr1 + length tr2 w
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arbitrary: s1 s2 statA svl sv2 statO trl tr2 rule: less2-induct’)

case (less w trl tr2 s1 s2 statA svl sv2 statO)

note ok = «statA = Diff — statO = Diff>

note A = (A w sl s2 statA svl sv2 statO»

note A3/ = «Opt.A tr1 = Opt.A tr2»

note r34 = less.prems(8,9) note r12 = less.prems(10,11)

note r = r34 ri2

note r3 = r34(1) note r4 = r34(2) note r{ = r12(1) note r2 = r12(2)

have i34: statA = Eq — isIntO s1 = isIntO s2
and f34: finalO s1 = finalO s2 N finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A wnwind|unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v sl s2 statA svl sv2 statO) V match A sl
s2 statA svl sv2 statO
using A wnwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v sl s2 statA svi sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: - isSecV svl — isIntV svl and move-1 A v s1 s2 statA svl sv2
statO
then obtain sv1’
where 0: validTransV (svl,svl’)
and A: A v sl s2 statA svl’ sv2 statO
unfolding move-1-def by auto
have r1’: reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain #rvl trv2 where v: ¢ sl tr1 s2 tr2 statO svl’ trvl sv2 trv2
using less(2)[OF v, of tr1 tr2 sl s2 statA svl' sv2 statO, simplified, OF A
ok ----- 184 r1' 2]
using A3/ less.prems(3—6) by blast
show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exl]of - trv2])
using ¢ ok 0 svl unfolding v-def Van.completedFrom-def by auto
next
assume sv2: - isSecV sv2 — isIntV sv2 and move-2 A v sl s2 statA svl sv2
statO
then obtain sv2’
where 0: validTransV (sv2,sv2’)
and A: A v s1 s2 statA svl sv2’ statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain trvl trv2 where v: ¢ s trl s2 tr2 statO svl trvl sv2' trv2
using less(2)[OF v, of trl tr2 s1 s2 statA svl sv2’ statO, simplified, OF A
ok ----- r34 r1 r2’]
using A3/ less.prems(3—6) by blast
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ ok 0 sv2 unfolding v-def Van.completedFrom-def by auto
next
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assume sv12: - isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v s1 s2 statA svl sv2 statO
then obtain sv1’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) — isSecV svl
validTransV (sv2,sv2") = isSecV sv2
Van.eqAct svl sv2
and A: A v s1 s2 statA svl’ sv2’ statO’
unfolding move-12-def by auto
have r12" reachV svl’ reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+
have ok’ statA = Diff — statO’ = Diff using ok 0 unfolding sstatO’-def
by (cases statO, auto)
obtain trvl trv2 where : ¢ sl trl s2 tr2 statO' svl’ trvl sv2’ trv2
using less(2)[OF v, of tr1 tr2 sl s2 statA svl’ sv2’ statO’, simplified, OF A
ok’ - - - - - r34 r127]
using A3/ less.prems(3—06) by blast
show %thesis apply(rule exl[of - svl # trvl]) apply(rule exI[of - sv2 #
trv2])
using ¢ ok’ 0 sv12 unfolding v -def sstatO’-def Van.completedFrom-def
using Van.A.Cons-unfold Van.eqAct-def completedFromO-lastt less.prems(4)
less.prems(6) by auto
qed
next
assume m: match A si1 s2 statA svl sv2 statO
show ?thesis
proof(cases length tr1 < Suc 0)
case True note tr1 = True
hence tr1 =[] V tr1 = [s1]
by (metis Opt.validFromS-Cons-iff le-0-eq le-SucE length-0-conv length-Suc-conv
less.prems(3))
hence finalO s1 using less(3—6)
using Opt.completed-Cons Opt.completed-Nil by blast
hence f}: finalO s2 using f3/ by blast
hence r2: tr2 = [| V tr2 = [s2]
by (metis Opt.final-def Simple- Transition-System.validFromS-Cons-iff less.prems(5)
neq-Nil-conv)
show ?thesis apply(rule exI[of - [svl]], rule exI[of - [sv2]]) using trl tr2
using f4 f34
using completedFromO-lastt less.prems(4)
by (auto simp add: lastt-def -def)
next
case Fulse
then obtain s13 ¢tr1’ where tri: trl = s13 # tr1' and tr1'NE: tr1’ # ||
by (cases tr1, auto)
have s13[simp|: s13 = sl using <Opt.validFromS s1 trl»
by (simp add: Opt.validFromS-Cons-iff tr1)
obtain s!’ where
trn3: validTransO (s1,s1’) and
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tr1’. Opt.validFromS s1' tr1’ using «Opt.validFromS s1 tr1»
unfolding tr1 s13 by (metis tr1'NE Simple- Transition-System.valid FromS-Cons-iff)
have r38": reachO s1’ using r3 trn3 by (metis Opt.reach.Step fst-conv
snd-conv)
have f3: = finalO s1 using Opt.final-def trn3 by blast
hence f/: = finalO s2 using f3} by blast
hence tr2: = length tr2 < Suc 0
by (metis (no-types, opaque-lifting) Opt.completed-Cons Opt.completed-Nil
Simple-Transition-System.validFromsS-Cons-iff Suc-n-not-le-n bot-nat-0.extremum
le-Suc-eq length-Cons less.prems(5) less.prems(6) list.exhaust order-antisym-conv)
then obtain s24 tr2’ where tr2: tr2 = s24 # tr2' and tr2'NE: tr2’ # ||
by (cases tr2, auto)
have s2/[simp]: s24 = s2 using ¢ Opt.validFromS s2 tr2)
by (simp add: Opt.validFromS-Cons-iff tr2)
obtain s2’ where
trng: validTransO (s2,s2") V (s2 = s2' A tr2’ = []) and
tr2". Opt.validFromS s2' tr2’ using «Opt.validFromS s2 tr2»
unfolding tr2 s24 using Opt.validFromS-Cons-iff by auto
have r3/" reachO s1' reachO s2'
using r8 trn3 r4 trnj by (metis Opt.reach.Step fst-conv snd-conv)+
note 13’ = r34'(1) note r4’ = r34'(2)
define statA’ where statA’: statA’ = sstatA’ statA s1 s2
have — isIntO s1 V = isIntO s2 V (isIntO s1 A isIntO s2)
by auto
thus ?thesis
proof safe
assume isAO03: — isIntO sl
have 033" Opt.O tr1 = Opt.O tr1' Opt.A tr1 = Opt.A trl’
using isAO3 unfolding tr! by auto
have A3/" Opt.A tr1’' = Opt.A tr2
using 434 033'(2) by auto
have m: matchl A sl s2 statA svl sv2 statO using m unfolding match-def
by auto
have (= isSecO s N A oo s1' 52 statA svl sv2 statO) V
(eqSec svl s1 A — isIntV svl A matchl-1 A s1 s1’ s2 statA svl sv2
statO) V
(egSec svl s1 N = isSecV sv2 N Van.eqAct svl sv2 A matchl-12 A sli
51’ s2 statA svl sv2 statO)
using m isAO3 trn8 ok unfolding matchl-def by auto
thus ?thesis
proof safe
assume — isSecO sI and A: A oo s1' s2 statA svl sv2 statO
hence S3: Opt.S tr1’ = Opt.S tr1 unfolding tr! by auto
obtain trvl trv2 where : ¢ sl tr1’ s2 tr2 statO svl trvl sv2 trv2
using less(1)[of tr1’ tr2, OF - A - - - - - - r8’ r4 r12, unfolded 033,
simplified)
using less.prems tr1’ ok A34' f3 f4 unfolding tr1 Opt.completed From-def
by (auto split: if-splits simp: ¥-def lastt-def)
show ?thesis apply(rule exl]of - trvl]) apply(rule exI[of - trv2])
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using ¥ 033’ S3 unfolding -def
using completedFromO-lastt less.prems(4)
by (auto simp add: tr1 tr1’NE)

next

assume trnl3: eqSec svl s1 and
Atrnl: = isIntV svl and matchl-1 A s1 s1’ s2 statA svl sv2 statO
then obtain sv!’ where
trnl: validTransV (svl,svl’) and
A: A oo 51’ 52 statA svl’ sv2 statO
unfolding matchi-1-def by auto
have r1": reachV svl'using r1 trnl by (metis Van.reach.Step fst-conv

snd-conv)
obtain trvl trv2 where ¢: ¢ sl tri1’ s2 tr2 statO svl’ trvl sv2 trv2
using less(1)[of tr1' tr2, OF - A - - - - - - r8’ r4 r1’ r2, unfolded 033’
simplified)

using less.prems tr1’ ok A3/’ {3 f4 unfolding tr1 tr2 Opt.completed From-def

by (auto simp: 1-def lastt-def split: if-splits)

show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])
using v 033’ unfolding tr! tr2 Van.completedFrom-def

using Van.validFromS-Cons trnl trl1'NE tr2’'NE

using isAO8 ok Atrnl eqSec-S-Cons trn18

unfolding v -def using completedFromO-lastt less.prems(4) trl by auto

next

assume sv2: - isSecV sv2 and trnl3: eqSec svl s1 and

Atrn12: Van.eqAct svl sv2 and matchl-12 A s1 s1' s2 statA svl sv2 statO
then obtain svl’ sv2’ statO’ where

statO": statQ’ = sstatO’ statO svl sv2 and

trnl: validTransV (svl,svl’) and

trn2: validTransV (sv2,sv2’) and

A: A oo 51’ s2 statA svl’ sv2’ statO’

unfolding matchi-12-def by auto

have r12" reachV svl’ reachV sv2’

using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where : ¢ s1’ tr1’ s2 tr2 statO’ svl’ trvl sv2’ trv2
using less(1)[of tr1’ tr2, OF - A - - - - - - r3’ rf r12’' unfolded 033’

simplified)

using less.prems tr1’ ok A3’ {3 f4 unfolding tr1 ir2 Opt.completed From-def

statO’' sstatO’-def

trv2])

by auto presburger+
show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exl]of - sv2 #

using ¢ 033’ tr1'NE tr2'NE sv2
using Van.validFromS-Cons trnl trn2
using isAO3 ok Atrn12 eqSec-S-Cons trnl8 f3 34 s13

unfolding -def tr1 Van.completedFrom-def Van.eqAct-def statO’ sstatO'-def

using Van.A.Cons-unfold tr1’ trn3 by auto

qged
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next
assume isAO/: — isIntO s2
have 044" Opt.O tr2 = Opt.O tr2' Opt.A tr2 = Opt. A tr2’
using isAO4 unfolding {r2 by auto
have A8/’ Opt.A trl = Opt.A tr2’
using A3/ 044'(2) by auto
have m: match2 A s1 s2 statA svl sv2 statO using m unfolding match-def
by auto
have (- isSecO s2 N A oo s1 82’ statA svl sv2 statO) V
(egSec sv2 s2 N = isIntV sv2 A match2-1 A sl s2 s2' statA svl sv2
statO) V
(— isSecV svl A eqSec sv2 s2 N\ Van.eqAct svl sv2 A match2-12 A si
s2 s2' statA svl sv2 statO)
using m isAO4 trnj ok tr2’NE unfolding match2-def by auto
thus ?thesis
proof safe
assume — isSecO s2 and A: A oo s1 s2' statA svl sv2 statO
hence S/: Opt.S tr2’ = Opt.S tr2 unfolding tr2 by auto
obtain trvl trv2 where ¢: ¢ sl trl s2' tr2’ statO svl trvl sv2 trv2
using less(1)[of trl tr2’, OF - A - - - - - - r3 14, simplified]
using less.prems tr2' ok A3/’ tr1’NE tr2'NFE unfolding tr1 tr2 Opt.completed From-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exl]of - trvl]) apply(rule exI[of - trv2])
using ¢y 044’ S4 unfolding 1-def
using completedFromO-lastt less.prems(6)
unfolding Opt.completedFrom-def using tr2 tr2'NE by auto
next
assume trn24: eqSec sv2 s2 and
Atrn2: = isIntV sv2 and match2-1 A s1 52 s2' statA svl sv2 statO
then obtain sv2’ where trn2: validTransV (sv2,sv2’) and
A: A oo sl 82’ statA svl sv2’ statO
unfolding match2-1-def by auto
have 2" reachV sv2' using r2 trn2 by (metis Van.reach.Step fst-conv

snd-conv)
obtain trvl trv2 where ¥: ¢ sl tr1 s2' tr2’ statO svl trvl sv2' trv2
using less(1)[of trl tr2’, OF - A - - - - - - r8 4’ rl r2’') simplified)

using less.prems tr2' ok A3/’ tr1’NE tr2’'NE unfolding tr1 tr2 Opt.completed From-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exI[of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ tr1’NE tr2’'NE
using Van.validFromS-Cons trn2
using isAO/ ok Atrn2 eqSec-S-Cons trn2
unfolding ¥-def tr1 tr2 s13 s24 Van.completedFrom-def lastt-def by auto
next
assume svl: = isSecV svl and trn24: eqSec sv2 s2 and
Atrn12: Van.eqAct svl sv2 and match2-12 A sl s2 s2' statA svl sv2
statO
then obtain svl’ sv2’ statO’ where
statO": statO' = sstatO’ statO svl sv2 and
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trnl: validTransV (svl,svl’) and
trn2: validTransV (sv2,sv2’) and
A: A oo sl 827 statA svl’ sv2’ statO’
unfolding match2-12-def by auto
have r12" reachV svl’ reachV sv2’
using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where : ¢ sl trl s2' tr2’ statO’ svl’ trvl sv2’ trv2
using less(1)[of trl tr2’, OF - A - - - - - - r8 4’ r12’, simplified]
using less.prems tr2' ok A3/’ tr1’NE tr2'NE unfolding tr1 tr2 Opt.completed From-def
statQ’ sstatO’-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv2 #
trv2])
using v 044’ tr1'NE tr2'NE svl
using Van.validFromS-Cons trnl trn2
using isAO4 ok Atrni12 eqSec-S-Cons trn2
unfolding v -def tr2 tr1'NE Van.completedFrom-def Van.eqAct-def
statQ’ sstatO’-def
using Van.A.Cons-unfold tr2’ trn4 by auto
qed
next
assume isA03/: isIntO s1 isIntO s2
have A3/" getActO s1 = getActO s2 Opt.A tr1’ = Opt. A tr2’
using A3/4 isAO3  tr1’NE tr2’NFE unfolding tr! tr2 by auto
have 033": Opt.O tr1 = getObsO s1 # Opt.O tr1’ and
044" Opt.O tr2 = getObsO s2 # Opt.O tr2’
using isA0O34 tr1’NE tr2'NE unfolding tr1 s13 tr2 s24 by auto
have m: match12 A sl s2 statA svl sv2 statO using m unfolding statA’
match-def by auto
have trn3/: getObsO sl = getObsO s2 V statA’ = Diff
using isA03/ unfolding statA’ sstatA’-def by (cases statA,auto)
have (= isSecO s1 N = isSecO s2 A (statA = statA’ V statO = Diff) N A
oo 51’ 82" statA’ svl sv2 statO)
\%
(= isSecO s2 A eqSec svl s1 A = isIntV svl A
(statA = statA’ V statO = Diff) A
match12-1 A s1’ 82 statA’ svl sv2 statO)
\%
(= isSecO s1 A eqSec sv2 s2 A = isIntV sv2 A
(statd = statA’ Vv statO = Diff) A
match12-2 A s1' s2' statA’ svl sv2 statO)
\Y
(egSec svl s1 N eqSec sv2 s2 N Van.eqAct svl sv2 A
match12-12 A s1' s2' statA’ svl sv2 statO)
(is 7K1 vV ?K2 vV ?K3 VvV ?K{)
using m[unfolded match12-def, rule-format, of s1’ s2’]
1sA084 A34' trn3 trng tr1’NE tr2'NE
unfolding s13 s2/ trn3j statA’ Opt.eqAct-def sstatA’-def by auto
thus ?thesis proof (elim disjE)
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assume K1: ?K1 hence A: A oo s1' 52’ statA’ svl sv2 statO by simp

have ok" (statA’ = Diff — statO = Diff)

using ok K1 unfolding statA’ using isAO34 by auto

obtain trvl trv2 where : ¢ s1’ tr1’ s2’ tr2’ statO svl trvl sv2 trv2

using less(1)[of tr1’ tr2’, OF - A - - - - - - r84 ' r12, simplified)

using less.prems tr1’ tr2’' ok’ A34’ isAO34 tr1’'NE tr2’NE unfolding tr1
tr2 Opt.completedFrom-def by auto

show ?thesis apply(rule exI[of - trvl]) apply(rule exI[of - trv2])

using ¢ trn3/ 033’ 044’ K1 ok unfolding -def trl tr2

using completedFromO-lastt less.prems(4,6)

unfolding Opt.completedFrom-def using tr1 tr2 tr1’NFE tr2'NE by auto

next

assume K2: ?K2

then obtain sv!’ where

trnil: validTransV (svl,svl1’) and

trn18: eqSec svl s1 and

Atrnl: = isIntV svl and ok” (statA’ = statA V statO = Diff) and

A: A oo s1' 527 statA’ svl’ sv2 statO

unfolding match12-1-def by auto

have r1’: reachV svl’ using r1 trnl by (metis Van.reach.Step fst-conv
snd-conv)

obtain trvl trv2 where ¥: ¢ s1’ tr1’ s2' tr2’ statO svl’ trvl sv2 trv2

using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' r1' r2, simplified]

using less.prems tr1’ tr2’ ok’ A34’ tr1’NE tr2’NE unfolding tr! tr2

Opt.completedFrom-def by auto

show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])

using v 033’ 044’ tr1’NFE tr2’NFE unfolding tr1 tr2

using Van.validFromS-Cons trnl ok

using K2 ok’ Atrnl eqSec-S-Cons trnl3 trn34

unfolding statA’ Van.completedFrom-def eqSec-def

using s13 trl tr1’ tr2’ trnd trn/

by simp (smt (verit, ccfv-SIG) Opt.S.simps(2) Simple- Transition-System.lastt-Cons

Van.A.Cons-unfold Van.O.Cons-unfold v-def list.simps(8) status.simps(1))
next
assume K3: ?K3
then obtain sv2’ where
trn2: validTransV (sv2,sv2’) and
trn24: eqSec sv2 s2 and
Atrn2: — isIntV sv2 and ok’ (statA’ = statA V statO = Diff) and
A: A oo s1' 527 statA’ svl sv2' statO
unfolding matchi12-2-def by auto
have 2" reachV sv2' using r2 trn2 by (metis Van.reach.Step fst-conv
snd-conv)
obtain trvl trv2 where : ¢ s1’ tr1’ s2’ tr2’ statO svl trvl sv2’ trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' rl r2’, simplified]
using less.prems tr1’ tr2’ ok’ A34’' tr1’NE tr2'NE unfolding trl tr2
Opt.completedFrom-def by auto
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
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using ¢ 033’ 044’ tr1’NFE tr2’NE unfolding -def tr1 tr2
using Van.validFromS-Cons trn2 ok
using K3 ok’ Atrn2 eqSec-S-Cons trn24 trn34
unfolding statA’ Van.completedFrom-def
by simp (metis last.simps lastt-def list.simps(3) status.distinct(2))
next
assume K/: 7K/
then obtain sv1’ sv2’ statO’ where 0:
statO' = sstatO’ statO svl sv2
validTransV (svl,svl’)
eqSec svl sl
validTransV (sv2,sv2”)
eqSec sv2 s2
Van.eqAct svl sv2
and ok’ statA’ = Diff — statO’ = Diff and A: A co s1’ s2' statA’
svl’ sv2’ statO’
unfolding match12-12-def by auto
have r12" reachV svl’ reachV sv2' using r1 r2 0
by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where : ¢ s1’ tr1’ s2’ tr2’ statO' svl’ trvl sv2’ trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' r12’, simplified)
using less.prems tr1’ tr2’ ok’ A34’' tr1’NE tr2'NE unfolding trl tr2
Opt.completedFrom-def by auto
show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exl[of - sv2 #
trv2])
using trn34
using v 033’ 044’ isAOS3/ tr1’NFE tr2’'NE unfolding -def trl tr2
using Van.validFromS-Cons 0
using K/ eqSec-S-Cons
unfolding statA’ Van.eqAct-def Van.completedFrom-def matchl2-12-def
sstatO'-def
by (smt (28) Simple-Transition-System.lastt-Cons Van.A.Cons-unfold
Van.O.Cons-unfold
completedFromO-lastt [3 {34 lastt-Nil less.prems(4) less.prems(6) list.inject
s13
s24 status.simps(1) trl tr1’ tr2 tr2' trnd trnd updStat.simps(1) upd-
Stat.simps(3))
qged
qed
qed
qed
qged

theorem unwind-rsecure:
assumes nit: initCond A
and unwind: unwindCond A
shows rsecure
apply (rule rsecure-strong)
apply (elim conjFE)
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subgoal for si tr1 s2 tr2
using init unfolding initCond-def
apply (erule-tac allE|[of - s1])
apply (elim allE[of - s2] conjE)
apply (elim impE[of <istateO s1 A istateO s2] exE conjE)
subgoal by clarify
subgoal for sv! sv2
using unwind apply (drule-tac unwindCond-ex-v, blast+)
subgoal by (rule Transition-System.reach.Istate)
subgoal by (rule Transition-System.reach.Istate)
subgoal by (rule Transition-System.reach.Istate)
subgoal by (rule Transition-System.reach.Istate)
apply (elim exE)
subgoal for trvi trv2
apply (rule exI[of - svl], rule exI[of - trvl], rule exI[of - sv2], rule exI[of -
trv2])
by clarify

3.4 Compositional unwinding

We allow networks of unwinding relations that unwind into each other, which
offer a compositional alternative to monolithic unwinding.

definition unwindIntoCond ::
(enat = 'stateO = 'stateO = status = 'stateV = 'stateV = status = bool) =
(enat = 'stateO = 'stateO = status = 'stateV = 'stateV = status = bool)
= bool
where
unwindIntoCond A A’ =V w s1 s2 statA svl sv2 statO.
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
A w sl s2 statA svl sv2 statO —
(finalO s1 +— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 +— finalO
s2)
A
(statA = Eq — (isIntO s1 <— isIntO s2))
AN
((Bv<w. proact A v s1 s2 statA svl sv2 statO)
V
match A’ s1 s2 statA svl sv2 statO)

lemma unwindIntoCond-simplel:

assumes

Nw s1 s2 statA svl sv2 statO.

reachO s1 — reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO

—
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(finalO s1 «— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)

and

Aw s1 s2 statA svl sv2 statO.

reachO s1 —> reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO —

statA = Eq

_—

isIntO s1 <— isIntO s2

Aw s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO

BN

match A’ sl s2 statA svl sv2 statO

shows unwindIntoCond A A’

using assms unfolding unwindIntoCond-def by auto

lemma unwindIntoCond-simplel2:

assumes

Aw s1 s2 statA svl sv2 statO.

reachO s1 —> reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO

_—

(finalO s1 «+— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)

and

Aw s1 s2 statA svl sv2 statO.

reachO s1 —> reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO —

statA = Eq

N

isIntO s1 <— isIntO s2
and

Aw s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 = reachV svl = reachV sv2 —
A w sl s2 statA svl sv2 statO

N

(Fo<w. proact A v s1 s2 statA svl sv2 statO)

shows unwindIntoCond A A’

using assms unfolding unwindIntoCond-def by auto

lemma unwindIntoCond-simplelB:

assumes

Nw s s2 statA svl sv2 statO.

reachO s1 = reachO s2 = reachV svl = reachV sv2 —

A w sl s2 statA svl sv2 statO

N

(finalO s1 «— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 «— finalO
s2)
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and

Aw s1 s2 statA svl sv2 statO.

reachQ s1 — reachO s2 — reachV svl — reachV sv2 —
A w sl s2 statA svl sv2 statO —

statA = Eq

_—

isIntO s1 <— isIntO s2
and

Aw s1 s2 statA svl sv2 statO.
reachO s1 = reachO s2 = reachV svl = reachV sv2 —
A w sl 82 statA svl sv2 statO
_—
(Fo<w. proact A" v sl s2 statA svl sv2 statO) V match A’ s1 s2 statA svl sv2
statO
shows unwindIntoCond A A’
using assms unfolding unwindIntoCond-def by auto

theorem distrib-unwind-rsecure:
assumes m: 0 < m and nzt: Ni. i < (munat) = nat ¢ C {0..<m}
and init: initCond (As 0)
and step: \i. i < m =
unwindIntoCond (As i) (Aw s1 s2 statA svl sv2 statO.
3j € nat i. As jw sl s2 statA svl sv2 statO)
shows rsecure
proof—
define A where D: A = \w s1 s2 statA svl sv2 statO. i < m. As i w sl s2
statA svl sv2 statO
have i: initCond A
using init m unfolding initCond-def D by meson
have c¢: unwindCond A unfolding unwindCond-def apply (intro alll impI alll)
apply(subst (asm) D) apply (elim exE conjE)
subgoal for w s1 s2 statA svl sv2 statO 1
apply(frule step) unfolding unwindIntoCond-def
apply(erule allE]of - w])
apply(erule allE[of - s1]) apply(erule allE[of - s2]) apply(erule allE[of -
statA])
apply (erule allE[of - svl]) apply(erule allE[of - sv2]) apply(erule allE[of -
statO))
apply simp apply(elim conjFE)
apply(erule disjE)
subgoal apply(rule disjl1)
subgoal apply(elim exE conjE) subgoal for v
apply(rule exI[of - v], simp)
apply(rule proact-monolof Aw sl s2 statA svl sv2 statO. FjEnzt i. As jw
s1 s2 statA svl sv2 statO))
subgoal unfolding le-fun-def D by simp (meson atLeastLess Than-iff nxt
subsetD)
subgoal . . ..
subgoal apply(rule disjI2)
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apply(rule match-monolof Aw sl s2 statA svl sv2 statO. jenat i. As jw
s1 s2 statA svl sv2 statO))
subgoal unfolding le-fun-def D by simp (meson atLeastLess Than-iff nxt
subsetD)
subgoal . . ..
show ?thesis using unwind-rsecure[OF i c] .
qed

corollary linear-unwind-rsecure:

assumes init: initCond (As 0)

and step: (A\i. i < m =

unwindIntoCond (As i) (Aw s1 s2 statA svl sv2 statO.

As i w sl s2 statA svl sv2 statO V
As (Suc i) w sl s2 statA svl sv2 statO))

and finish: unwindIntoCond (As m) (As m)

shows rsecure

apply (rule distrib-unwind-rsecure[of Suc m Ai. if i<m then {i,Suc i} else {i} As,

OF - - init])

using step finish

by (auto simp: less-Suc-eq-le)

definition oor where
oor A Ay = \w sl s2 statA svl sv2 statO.
A w sl s2 statA svl sv2 statO V Ao w s1 s2 statA svl sv2 statO

lemma oorl1:
A w sl s2 statA svl sv2 statO — oor A Ay w s1 s2 statA svl sv2 statO
unfolding oor-def by simp

lemma oorl2:
Ay w sl 52 statA svl sv2 statO = oor A Ay w sl s2 statA svl sv2 statO
unfolding oor-def by simp

definition oor3 where

0or8 A Ay Az = \w s1 s2 statA svl sv2 statO.
A w sl s2 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO V
Az w sl s2 statA svl sv2 statO

lemma oor3I1:

A w sl s2 statA svl sv2 statO = oor3 A Ay A3 w s1 82 statA svl sv2 statO
unfolding oor3-def by simp

lemma oor3I2:

Ao w s1 82 statA svl sv2 statO —> oor8 A Ay Az w sl s2 statA svl sv2 statO
unfolding oor3-def by simp

lemma o00r313:
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Az w sl s2 statA svl sv2 statO = oord A Ay Az w sl s2 statA svl sv2 statO
unfolding oor3-def by simp

definition oor4 where

oord A Ay Ag Ay = dw sl s2 statA svl sv2 statO.
A w sl s2 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO V
Az w sl s2 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO

lemma oorjl1:
A w sl s2 statA svl sv2 statO — oord A Ay Az Ay w s1 82 statA svl sv2 statO
unfolding oor4-def by simp

lemma oor4I2:
Ag w sl 82 statA svl sv2 statO = oorf A Ay Az Ay w s1 s2 statA svl sv2 statO
unfolding oor4-def by simp

lemma oor4I3:
Az w sl s2 statA svl sv2 statO = oorf A Ay Az Ay w s1 s2 statA svl sv2 statO
unfolding oor/-def by simp

lemma oor4l4:
Ay w sl s2 statA svl sv2 statO = oorf A Ay Az Ay w s1 s2 statA svl sv2 statO
unfolding oor4-def by simp

definition oor5 where

oord A Aoy A3 Ay As = \w sl s2 statA svl sv2 statO.
A w sl s2 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO V
Az w sl s2 statA svl sv2 statO vV Ay w s1 s2 statA svl sv2 statO V
As w sl s2 statA svl sv2 statO

lemma oordI1:

A w sl s2 statA svl sv2 statO = oord5 A Ny A3 Ay A w sl s2 statA svl sv2
statO

unfolding oorj-def by simp

lemma oor5I2:

Ay w s1 52 statA svl sv2 statO = oor5 A Ay A3 Ay As w sl s2 statA svl sv2
statO

unfolding oorj-def by simp

lemma oor5I3:

Asz w s1 s2 statA svl sv2 statO = oord A Aoy Az Ay As w sl s2 statA svl sv2
statO

unfolding oorj-def by simp

lemma oor5l4:

Ay w sl s2 statA svl sv2 statO = oord A Aoy Az Ay As w sl s2 statA svl sv2
statO

unfolding oorj-def by simp
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lemma oor5l5:
As w sl s2 statA svl sv2 statO —> oord A Ay A3z Ay As w sl s2 statA svl sv2
statO

unfolding oors-def by simp

definition oor6 where

oor6 A Ay Az Ay A Ag = Aw s1 52 statA svl sv2 statO.
A w sl s2 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO Vv
As w sl 82 statA svl sv2 statO V Ay w s1 s2 statA svl sv2 statO Vv
As w sl s2 statA svl sv2 statO V Ag w sl s2 statA svl sv2 statO

lemma oor6I1:

A w s1 s2 statA svl sv2 statO —> oor6 A Ay Az Ay As Ag w s1 s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma oor6I2:

Ao w 81 82 statA svl sv2 statO — oor6 A Ao Asz Ay Ay Ag w s1 s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma oor613:

Az w sl s2 statA svl sv2 statO = oor6 A Ay Az Ay As Ag w sl s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma oor614:

Ay w sl s2 statA svl sv2 statO = oor6 A Ay Az Ay As Ag w s1 s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma oor615:

As w sl s2 statA svl sv2 statO = oor6 A Ay Az Ay As Ag w sl s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma oor616:

Ag w s1 s2 statA svl sv2 statO = oor6 A Ay Az Ay As Ag w sl s2 statA svl
sv2 statO

unfolding oor6-def by simp

lemma unwind-rsecure-foo:
assumes init: initCond Ag
and step0: unwindIntoCond Ag ANN
and stepNN: unwindIntoCond ANN (oor5 ANN ASN ANS ASS Anonspec)
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and stepNS: unwindIntoCond ANS (oor{ ANN ASN ANS ASS)
and stepSN: unwindIntoCond ASN (oor4 ANN ASN ANS ASS)
and stepSS: unwindIntoCond ASS (oor4 ANN ASN ANS ASS)
and stepNonspec: unwindIntoCond Anonspec Anonspec
shows rsecure
proof—
define m where m: m = (6::nat)
define As where As: As = Ai::nat.
if i = 0 then Ay
else if i = 1 then ANN
else if i = 2 then ASN
else if i = 3 then ANS
else if i = J then ASS
else Anonspec
define nzt where nat: nat = Ai:nat.
if i = 0 then {1:nat}
else if i = 1 then {1,2,8,4,5}
else if i = 2 then {1,2,3,4}
else if i = 8 then {1,2,3,4}
else if i = 4 then {1,2,3,4}
else {5}
show ?thesis apply(rule distrib-unwind-rsecure[of m nxt As))
subgoal unfolding m by auto
subgoal unfolding nxt m by auto
subgoal using init unfolding As by auto
subgoal
unfolding m nzt As
using step0 stepNN stepNS stepSN stepSS stepNonspec
unfolding oorj-def oord-def by auto .
qed

lemma isIntO-matchl: isIntO s1 = matchl A s1 s2 statA svl sv2 statO
unfolding matchi-def by auto

lemma isIntO-match2: isIntO s2 = match?2 A sl s2 statA svl sv2 statO
unfolding match2-def by auto

lemma matchi1-1-oorll:

matchl-1 A s1 s1' s2 statA svl sv2 statO =

matchl-1 (oor A Ag) sl s1' s2 statA svl sv2 statO

apply(rule match1-1-mono) unfolding le-fun-def oor-def by auto

lemma matchl-1-oorI2:

matchl-1 NAq s1 s1’ s2 statA svl sv2 statO =
matchl-1 (oor A Ag) sl s1' s2 statA svl sv2 statO
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apply(rule match1-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi-oorll:

matchl A sl s2 statA svl sv2 statO =

matchl (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match1-mono) unfolding le-fun-def oor-def by auto

lemma matchi-oorl2:

matchl Ao s1 s2 statA svl sv2 statO —

matchl (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match1-mono) unfolding le-fun-def oor-def by auto

lemma match?2-1-oorl1:

match2-1 A s1 s2 s2' statA svl sv2 statO =

match2-1 (oor A Ag) s1 s2 s2' statA svl sv2 statO

apply(rule match2-1-mono) unfolding le-fun-def oor-def by auto

lemma match?2-1-oorI2:

match2-1 Ny s1 s2 s2' statA svl sv2 statQ =—>

match2-1 (oor A Ag) sl s2 s2' statA svl sv2 statO

apply(rule match2-1-mono) unfolding le-fun-def oor-def by auto

lemma match2-oorl1:

match2 A s1 s2 statA svl sv2 statO =

match2 (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match2-mono) unfolding le-fun-def oor-def by auto

lemma match2-oorl2:

match2 Ay s1 82 statA svl sv2 statO —

match2 (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match2-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-oorll:

match12 A sl s2 statA svl sv2 statO =

match12 (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match12-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-oorl2:

matchl2 Ay sl s2 statA svl sv2 statO —

matchl12 (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match12-mono) unfolding le-fun-def oor-def by auto

lemma match12-1-oorl1:

match12-1 A s1' s2’ statA’ svl sv2 statOQ —>
matchl12-1 (oor A Ag) s1’ s2' statA’ svl sv2 statO
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apply(rule match12-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-1-oorl2:

match12-1 Ny s1' 82’ statA’ svl sv2 statO —

match12-1 (oor A Agy) s1’ s2’ statA’ svl sv2 statO

apply(rule match12-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-2-oorl1:

match12-2 A s2 s2' statA’ svl sv2 statO =

match12-2 (oor A Ay) s2 s2' statA’ svl sv2 statO

apply(rule match12-2-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-2-oorl2:

match12-2 Aoy s2 s2' statA’ svl sv2 statO —>

match12-2 (oor A Asy) s2 s2' statA’ svl sv2 statO

apply(rule match12-2-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-12-oorll:

match12-12 A s1’ s2' statA’ svl sv2 statO =

match12-12 (oor A Ay) s1’ s2' statA’ svl sv2 statO

apply(rule match12-12-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-12-oorl2:

match12-12 Ay s1' s2' statA’ svl sv2 statO —>

match12-12 (oor A Ay) s1’ s2' statA’ svl sv2 statO

apply (rule match12-12-mono) unfolding le-fun-def oor-def by auto

lemma match-oorl1:

match A s1 s2 statA svl sv2 statO —

match (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match-mono) unfolding le-fun-def oor-def by auto

lemma match-oorl2:

match Ag s1 s2 statA svl sv2 statO —

match (oor A Ag) sl s2 statA svl sv2 statO

apply(rule match-mono) unfolding le-fun-def oor-def by auto

lemma proact-oorl1:

proact A meas sl s2 statA svl sv2 statO —

proact (oor A Ag) meas sl s2 statA svl sv2 statO
apply(rule proact-mono) unfolding le-fun-def oor-def by auto

lemma proact-oorl2:

proact As meas s1 s2 statA svl sv2 statQ —
proact (oor A Ag) meas sl s2 statA svl sv2 statO
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apply(rule proact-mono) unfolding le-fun-def oor-def by auto

lemma move-1-oorl1:

move-1 A meas s1 s2 statA svl sv2 statO =

move-1 (oor A As) meas sl s2 statA svl sv2 statO
apply(rule move-1-mono) unfolding le-fun-def oor-def by auto

lemma move-1-oo0rl2:

move-1 Ao meas s1 s2 statA svl sv2 statO —

move-1 (oor A As) meas sl s2 statA svl sv2 statO
apply(rule move-1-mono) unfolding le-fun-def oor-def by auto

lemma move-2-oorl1:

move-2 A meas sl s2 statA svl sv2 statO —>

move-2 (oor A Ay) meas s1 s2 statA svl sv2 statO
apply(rule move-2-mono) unfolding le-fun-def oor-def by auto

lemma move-2-o0rl2:

move-2 Ao meas s1 s2 statA svl sv2 statO —

move-2 (oor A As) meas sl s2 statA svl sv2 statO
apply(rule move-2-mono) unfolding le-fun-def oor-def by auto

lemma move-12-oorl1:

move-12 A meas s1 s2 statA svl sv2 statO =

move-12 (oor A Agy) meas sl s2 statA svl sv2 statO

apply (rule move-12-mono) unfolding le-fun-def oor-def by auto

lemma move-12-oorI2:

move-12 Ay meas s1 s2 statA svl sv2 statO —

move-12 (oor A Ay) meas s1 s2 statA svl sv2 statO

apply (rule move-12-mono) unfolding le-fun-def oor-def by auto

end

context Relative-Security-Determ
begin

lemma match1-1-defD: matchl-1 A sl s1' s2 statA svl sv2 statO <+—
= finalV svl A A oo s1’ s2 statA (nextO svl) sv2 statO
unfolding matchl-1-def valid Trans-iff-next by simp

lemma matchi-12-defD: match1-12 A sl s1’ s2 statA svl sv2 statO +—
= finalV svl A = finalV sv2 A
A 0o s1' 82 statA (nextO svl) (nextO sv2) (sstatO’ statO svl sv2)
unfolding matchi-12-def valid Trans-iff-next by simp

lemmas matchi-defsD = matchi-def matchi-1-defD matchi-12-defD
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lemma match2-1-defD: match2-1 A s1 s2 s2' statA svl sv2 statO <
= finalV sv2 A A oo sl s2' statA svl (nextO sv2) statO
unfolding match2-1-def valid Trans-iff-next by simp

lemma match2-12-defD: match2-12 A s1 s2 s2' statA svl sv2 statO <—

= finalV svl A = finalV sv2 A A oo sl s2' statA (nextO svl) (nextO sv2) (sstatO’
statO svl sv2)
unfolding match2-12-def valid Trans-iff-next by simp

lemmas match2-defsD = match2-def match2-1-defD match2-12-defD

lemma matchl2-1-defD: match12-1 A s1’ 82’ statA’ svl sv2 statO +—
= finalV svl A A oo s1’ 52 statA’ (nextO svl) sv2 statO
unfolding matchi2-1-def validTrans-iff-next by simp

lemma match12-2-defD: match12-2 A s1' s2' statA’ svl sv2 statO <—
= finalV sv2 AN A oo s1’ s2' statA’ svl (nextO sv2) statO
unfolding matchi2-2-def valid Trans-iff-next by simp

lemma matchl2-12-defD: match12-12 A s1' s2' statA’ svl sv2 statO <—
(let statO’ = sstatO’ statO svl sv2 in
= finalV svl A = finalV sv2 A
(statA" = Diff — statO’ = Diff) A
A oo s1' s2" statA’ (nextO svl) (nextO sv2) statO’)
unfolding matchi2-12-def valid Trans-iff-next by simp

lemmas matchl2-defsD = match12-def match12-1-defD matchl2-2-defD match12-12-defD

lemmas match-deep-defsD = match1-defsD match2-defsD matchi2-defsD

lemma move-1-defD: move-1 A w sl s2 statA svl sv2 statO +—
= finalV svl A A w sl s2 statA (nextO svl) sv2 statO
unfolding mowve-1-def valid Trans-iff-next by simp

lemma move-2-defD: move-2 A w s1 s2 statA svl sv2 statO +—
= finalV sv2 N A w s1 s2 statA svl (nextO sv2) statO
unfolding move-2-def valid Trans-iff-next by simp

lemma move-12-defD: move-12 A w s1 s2 statA svl sv2 statO <—
(let statO’ = sstatO’ statO svl sv2 in
= finalV svl A = finalV sv2 A
A w sl s2 statA (nextO svl) (nextO sv2) statO’)

unfolding move-12-def valid Trans-iff-next by simp
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lemmas proact-defsD = proact-def move-1-defD move-2-defD move-12-defD

end

end

4 Unwinding Proof Method for Relative Security

This theory formalizes the notion of unwinding for relative security, and
proves its soundness.

theory Unwinding
imports Relative-Security
begin

4.1 The types and operators underlying unwinding: status,
matching operators, etc.

context Rel-Sec
begin

datatype status = Eq | Diff

fun updStat :: status = bool X 'a = bool x 'a = status where
updStat Eq (True,a) (True,a’) = (if a = a’ then Eq else Diff)
|updStat stat - - = stat

definition sstatO’ statO svl sv2 = wupdStat statO (isIntV svl, getObsV svl)
(isIntV sv2, getObsV sv2)

definition sstatA’ statA s1 s2 = updStat statA (isIntO s1, getObsO s1) (isIntO
s2, getObsO s2)

lemma updStat-Eql:
assumes (R = S
shows «updStat Eq (P, R) (Q, S) = Eg
apply (cases P)
apply (metis assms updStat.simps(1) updStat.simps(4))
by (cases Q) auto

lemma updStat-diff :updStat stat r r = Diff = stat = Diff
by (metis updStat.elims updStat.simps(1))

definition initCond ::
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(enat = enat = enat = ’stateO = ’'stateO = status = 'stateV = 'stateV =
status = bool) = bool where
initCond A =V sl s2.
istateO s1 A istateO s2
H
(Fsvl sv2. istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2
A A 0o 0o oo sl s2 Eq svl sv2 Eq)

definition matchl-1 A w1 w2 s1 s1’ s2 statA svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A oo wl w2 s1' s2 statA svl’ sv2 statO

definition match1-12 A wi w2 sl s1’ s2 statA svl sv2 statO =
(Fsvl’ sv2'.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,sv2") A
A oo wl w2 s1’ s2 statA svl’ sv2' statO’)

definition matchl A wil w2 s1 s2 statA svl sv2 statO =
- isintO s1 —»
(Vs1’. validTransO (s1,s1”)
H
Fuwl'< wi. Jw2'< w2. = isSecO s1 N A oo w1’ w2’ s1’ s2 statA svl sv2
statO) V
(Fw2'< w2. eqSec svl s1 N — isIntV svl A matchl-1 A oo w2’ sl s1’ s2
statA svl sv2 statO) V
(eqSec svl s1 N = isSecV sv2 A Van.eqAct svl sv2 A matchl-12 A oo oo sl
s1’ s2 statA svl sv2 statO))

lemmas matchi-defs = matchi-def matchl-1-def match1-12-def

lemma matchl-1-mono:

A < A" = matchl-1 A w1l w2 sl s1’ s2 statA svl sv2 statO —>
matchl-1 A’ wl w2 s1 s1’ s2 statA svl sv2 statO

unfolding le-fun-def matchl-1-def by auto

lemma matchl-12-mono:

A < A" = matchl-12 A wl w2 s1 s1’ s2 statA svl sv2 statO =
matchl-12 A" w1l w2 s1 s1’ 52 statA svl sv2 statO

unfolding le-fun-def match1-12-def by fastforce

lemma matchl-mono:

assumes A < A’

shows matchl A wl w2 sl s2 statA svl sv2 statO = matchl A’ wl w2 sl s2
statA svl sv2 statO
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unfolding matchi-def apply clarify subgoal for s1’ apply(erule allE[of - s1'])
using matchl-1-mono|OF assms, of - - s1 s1' s2 statA svl sv2 statO]
matchl-12-mono[OF assms, of - - s1 s1’ s2 statA svl sv2 statO)
assms|unfolded le-fun-def, rule-format, of - - - s1' s2 statA svl sv2 statO]
by fastforce .

definition match2-1 A wi w2 s1 s2 s2’ statA svl sv2 statO =
Fsv2’. validTransV (sv2,sv2") A
A oo wl w2 sl s2' statA svl sv2' statO

definition match2-12 A w1 w2 sl s2 s2' statA svl sv2 statO =
Jsv1’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,sv2") A
A oo wl w2 sl s2' statA svl’ sv2’ statO’

definition match2 A w1 w2 s1 s2 statA svl sv2 statO =
- isntO s2 —
(Vs2'. validTransO (s2,s2")
4)
Fwl'< wl. Jw2'< w2. - isSecO s2 N A oo wl’ w2’ sl s2' statA svl sv2
statO) V
(Fwl'< wl. egSec sv2 s2 N = isIntV sv2 A match2-1 A wi’ oo sl s2 s2’ statA
svl sv2 statO) V
(= isSecV svl A eqSec sv2 s2 N Van.eqAct svl sv2 A match2-12 A oo oo s1
s2 s2' statA svl sv2 statQ))

lemmas match2-defs = match2-def match2-1-def match2-12-def

lemma match2-1-mono:

A < A" = match2-1 A wl w2 sl s1’ s2 statA svl sv2 statO = match2-1 A’
wl w2 s1 s1' s2 statA svl sv2 statO

unfolding le-fun-def match2-1-def by auto

lemma match2-12-mono:

A < A = match2-12 A w1l w2 s1 s1' s2 statA svl sv2 statO = match2-12 A’
wl w2 s1 s1' s2 statA svl sv2 statO

unfolding le-fun-def match2-12-def by fastforce

lemma match2-mono:

assumes A < A’

shows match2 A wl w2 sl s2 statA svl sv2 statO = match2 A’ wl w2 sl s2

statA svl sv2 statO

unfolding match2-def apply clarify subgoal for s2’ apply(erule allE[of - s27])

using match2-1-mono[OF assms, of - - s1 s2 s2' statA svl sv2 statO]
match2-12-mono[OF assms, of - - s1 s2 s2' statA svl sv2 statO)]

42



assmsl[unfolded le-fun-def, rule-format, of - - - s1 2’ statA svl sv2 statO)]
by fastforce .

definition match12-1 A wil w2 s1’ s2' statA’ svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A oo wl w2 s1' s2' statA’ svl' sv2 statO

definition match12-2 A wil w2 s1’ s2' statA’ svl sv2 statO =
Fsv2’. validTransV (sv2,sv2") A
A oo w1l w2 s1' s2' statA’ svl sv2' statO

definition match12-12 A w1 w2 s1’ s2' statA’ svl sv2 statO =
Jsv1’ sv2’.
let statO’ = sstatO’ statO svl sv2 in
validTransV (svl,svl’) A
validTransV (sv2,5v2") A
(statA' = Diff — statO’ = Diff) A
A oo wl w2 s1' s2' statA’ svl’ sv2' statO’

definition match12 A wl w2 s1 s2 statA svl sv2 statO =
V1’ s2'.

let statA’ = sstatA’ statA sl s2 in

validTransO (s1,s1") A

validTransO (s2,s2") A

Opt.eqAct s1 s2 N

isIntO s1 A isIntO s2

_>

Bwl'< wl. Jw2'< w2. = isSecO s1 N = isSecO s2 N (statA = statA’ V statO
= Diff) A

A oo wl' w2’ s1’ s2' statA’ svl sv2 statO)

V

(Fw2'< w2. = isSecO s2 A eqSec svl s1 N = isIntV svl A

(statA = statA’ Vv statO = Diff) A

match12-1 A oo w2’ s1' 2’ statA’ svl sv2 statO)

V

(Fwil'< wi. = isSecO s1 A egSec sv2 s2 N — isIntV sv2 A

(statA = statA’ Vv statO = Diff) A

match12-2 A w1’ oo s1’ s2' statA’ svl sv2 statO)

V

(eqSec svl s1 A eqSec sv2 s2 N Van.eqAct svl sv2 A

match12-12 A oo oo s1' s2' statA’ svl sv2 statO)

lemmas match12-defs = matchl2-def match12-1-def match12-2-def match12-12-def

lemma matchl12-simplel:
assumes s’ s2’ statA’.
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statA’ = sstatA’ statA sl s2 —

validTransO (s1,s1') =

validTransO (s2,s2') =

Opt.eqAct sl s2 =

(Fwl'< wl. Jw2'< w2. — isSecO s1 A = isSecO s2 A (statA = statA’ V statO
= Diff) A

A oo wl' w2’ s1’ s2' statA’ svl sv2 statO)

V

(eqSec svl s1 A eqSec sv2 s2 N Van.eqAct svl sv2 A

match12-12 A oo oo s1' s2' statA’ svl sv2 statO)
shows match12 A w1 w2 s1 s2 statA svl sv2 statO
using assms unfolding match12-def Let-def by blast

lemma matchl2-1-mono:

A < A= matchl2-1 A wl w2 s1' s2' statA’ svl sv2 statO = match12-1 A’
wl w2 s1' s2' statA’ svl sv2 statO

unfolding le-fun-def match12-1-def by auto

lemma matchl2-2-mono:

A < A = match12-2 A wl w2 sl s2' statA’ svl sv2 statO = matchl12-2 A’
wl w2 s1 s2' statA’ svl sv2 statO

unfolding le-fun-def match12-2-def by auto

lemma matchl2-12-mono:

A < A= match12-12 A wil w2 s1' s2' statA’ svl sv2 statO = matchl12-12
A" w1l w2 s1' 82’ statA’ svl sv2 statO

unfolding le-fun-def match12-12-def by fastforce

lemma matchi12-mono:
assumes A < A’
shows match12 A w1 w2 sl s2 statA svl sv2 statO = match12 A’ w1l w2 sl s2
statA svl sv2 statO
unfolding match12-def apply clarify subgoal for s1’ s2' apply(erule allE|of -
s1')) apply(erule allE[of - s27)
using match12-1-mono[OF assms, of - - s1’ s2' - svl sv2 statO]
match12-2-mono[OF assms, of - - s1' s2' - svl sv2 statO)
match12-12-mono|OF assms, of - - s1' s2' - svl sv2 statO)]
assms|unfolded le-fun-def, rule-format, of - - - s1’ s2’
sstatA’ statA s1 s2 svl sv2 statO]
apply simp by blast .

definition match A w1 w2 sl s2 statA svl sv2 statO =
matchl A wl w2 sl s2 statA svl sv2 statO

A

match2 A wl w2 sl s2 statA svl sv2 statO

N

matchl2 A wl w2 sl s2 statA svl sv2 statO
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lemmas match-defs = matchl-def match2-def matchi2-def
lemmas match-deep-defs = matchi-defs match2-defs matchl2-defs

lemma match-mono:

assumes A < A’

shows match A w1 w2 s1 s2 statA svl sv2 statO = match A" w1 w2 sl s2 statA
svl sv2 statO

unfolding match-def using matchl-mono[OF assms| match2-mono[OF assms]
match12-mono|OF assms] by auto

definition move-1 A w w1l w2 s1 s2 statA svl sv2 statO =
Jsvl’. validTransV (svl,svl’) A
A w wl w2 sl s2 statA svl’ sv2 statO

definition move-2 A w w1l w2 s1 s2 statA svl sv2 statO =
Fsv2’. validTransV (sv2,502") A
A w wl w2 sl s2 statA svl sv2' statO

definition move-12 A w w1 w2 sl s2 statA svl sv2 statO =
Jsvl’ sv2’.

let statO’ = sstatO’ statO svl sv2 in

validTransV (svl,svl’) A validTransV (sv2,sv2’) A

A w wl w2 sl s2 statA svl’ sv2’ statO’

definition proact A w w1 w2 s1 s2 statA svl sv2 statO =

(= isSecV svl A = isIntV svl A move-1 A w wl w2 sl s2 statA svl sv2 statO)
Vv

(= isSecV sv2 A = isIntV sv2 A move-2 A w wl w2 sl s2 statA svl sv2 statO)
V

(= isSecV svl A — isSecV sv2 A Van.eqAct svl sv2 A move-12 A w wl w2 s1 s2
statA svl sv2 statO)

lemmas proact-defs = proact-def move-1-def move-2-def move-12-def

lemma mowve-1-mono:

A < A = move-1 A w wl w2 sl s2 statA svl sv2 statO = move-1 A w wl
w2 s1 s2 statA svl sv2 statO

unfolding le-fun-def move-1-def by auto

lemma mowve-2-mono:

A < A = move-2 A w wl w2 sl s2 statA svl sv2 statO = move-2 A w wl
w2 s1 s2 statA svl sv2 statO

unfolding le-fun-def move-2-def by auto

lemma mowve-12-mono:
A < A= move-12 A w wl w2 sl s2 statA svl sv2 statO = move-12 A’ w wl
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w2 s1 s2 statA svl sv2 statO
unfolding le-fun-def move-12-def by fastforce

lemma proact-mono:

assumes A < A’

shows proact A w wl w2 s1 s2 statA svl sv2 statO = proact A" w wl w2 sl s2
statA svl sv2 statO

unfolding proact-def using move-1-mono[OF assms] move-2-mono[OF assms]
move-12-mono|OF assms] by auto

4.2 The definition of unwinding

definition unwindCond ::
(enat = enat = enat = 'stateO = 'stateO = status = ’'stateV = ’'stateV =
status = bool) = bool
where
unwindCond A =V w w1l w2 s1 s2 statA svl sv2 statO.
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
A w wl w2 sl s2 statA svl sv2 statO
H
(finalO s1 +— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)
A\
(statA = Eq — (isIntO s1 +— isIntO s2))
A
((Fv < w. proact A v wl w2 sl s2 statA svl sv2 statO)
\Y
match A wl w2 s1 s2 statA svl sv2 statO

)

lemma unwindCond-simplel:

assumes

NAw wl w2 sl s2 statA svl sv2 statO.

reachO s1 = reachO s2 = reachV svl = reachV sv2 =
A wwl w2 sl s2 statA svl sv2 statO

—

(finalO s1 +— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 +— finalO
s2)

and

Aw w1l w2 s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 = reachV svl = reachV sv2 =
A w wl w2 sl s2 statA svl sv2 statO — statA = Eq

_—

isIntO s1 <— isIntO s2

and

Aw wl w2 sl s2 statA svl sv2 statO.
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reachO s1 — reachO s2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO

—

match A wl w2 s1 s2 statA svl sv2 statO

shows unwindCond A

using assms unfolding unwindCond-def by auto

4.3 The soundness of unwinding

The proof of soundness for general unwinding is significantly more elaborate
than that for the finitary case.

definition v s1 tr1 s2 tr2 statO svl trvl sv2 trv2 =

trol £ [] A tro2 £ A

Van.validFromS svl trvl A

Van.validFromS sv2 trv2 A

(finalV (lastt svl trvl) <— finalO (lastt s1 tr1)) A (finalV (lastt sv2 trv2) <—
finalO (lastt s2 tr2)) A

Van.S trvl = Opt.S tr1 A Van.S trv2 = Opt.S tr2 A

Van.A trvl = Van.A trv2 A

(statO = Eq A Opt.O trl # Opt.O tr2 — Van.O trvl # Van.O trv2)

lemma 1-completedFrom: completedFromO s1 trl = completedFromQO s2 tr2 —

¥ sl trl s2 tr2 statO svl trvl sv2 trv2

= completedFromV svl trvl N completedFromV sv2 trv2
unfolding v-def Opt.completedFrom-def Van.completedFrom-def lastt-def
by presburger

lemma completedFromO-lastt: completedFromO sl trl = finalO (lastt s1 trl)
unfolding Opt.completedFrom-def lastt-def by auto

lemma rsecure-strong:
assumes
Nsl trl s2 tr2.
istateO s1 N Opt.validFromS s1 tr1 A completedFromO sl trl A
istateO s2 N Opt.validFromS s2 tr2 A completedFromO s2 tr2 A
Opt.A tr1 = Opt.A tr2
=
Jsvl trvl sv2 trv2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 N
¥ sl trl s2 tr2 Eq svl trvl sv2 trv2
shows rsecure
unfolding rsecure-def2 apply safe
subgoal for si tri1 s2 tr2
using assms|of s1 trl s2 tr2]
using Y-completedFrom -def completedFromO-lastt apply clarsimp by metis .
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proposition unwindCond-ex-1):
assumes unwind: unwindCond A
and A: A w wl w2 s s2 statA svl sv2 statO and stat: (statA = Diff — statO
— Diff)
and v: Opt.validFromS s1 tr1 Opt.completedFrom s1 tr1 Opt.validFromS s2 tr2
Opt.completedFrom s2 tr2
and tri4: Opt.A trl = Opt.A tr2
and 7: reachO s1 reachO s2 reachV svl reachV sv2
shows Jtrvl trv2. ¢ si trl s2 tr2 statO svl trvl sv2 trv2
using assms(2—)
proof (induction length tr1 + length tr2 w
arbitrary: wl w2 sl s2 statA svl sv2 statO trl tr2 rule: less2-induct’)
case (less w trl tr2 wl w2 s1 s2 statA svl sv2 statO)
note ok = <statA = Diff — statO = Diff»
note A = (A w wil w2 sl s2 statA svl sv2 statO»
note A3} = «Opt.A tr1 = Opt.A tr2»
note r34 = less.prems(8,9) note r12 = less.prems(10,11)
note r = r34 ri2
note r3 = r3/(1) note r/ = r34(2) note r1 = r12(1) note r2 = r12(2)

have i34: statA = Eq — isIntO s1 = isIntO s2
and f34: finalO s1 = finalO s2 N finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 sl s2 statA svl sv2 statO
using A wnwind|unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: = isSecV svl = isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv!’
where 0: validTransV (svl,svl’)
and A: A v wl w2 sl s2 statA svl’ sv2 statO
unfolding mowve-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain trvi trv2 where : ¢ sl trl s2 tr2 statO svl’ trvl sv2 trv2
using less(2)[OF v, of trl tr2 w1l w2 s1 s2 statA svl’ sv2 statO, simplified,
OF A ok - - - - - r34 r1' 2]
using A8/ less.prems(3—06) by blast
show %thesis apply(rule exI[of - sul # trvl]) apply(rule exl[of - trv2])
using ¢ ok 0 svl unfolding v-def Van.completedFrom-def by auto
next
assume sv2: = isSecV sv2 — isIntV sv2 and move-2 A v wl w2 s1 s2 statA
svl sv2 statO
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then obtain sv2’
where 0: validTransV (sv2,sv2’)
and A: A v wl w2 sl s2 statA svl sv2’ statO
unfolding move-2-def by auto
have r2": reachV sv2’ using 2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain trvl trv2 where : ¢ sl trl s2 tr2 statO svl trvl sv2’ trv2
using less(2)[OF v, of trl tr2 wl w2 sl s2 statA svl sv2’ statO, simplified,
OF A ok - - - - - r34 r1 r2’]
using A3/ less.prems(3—6) by blast
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ ok 0 sv2 unfolding v-def Van.completedFrom-def by auto
next
assume sv12: — isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 sl s2 statA svl sv2 statO
then obtain svl’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) = isSecV svl
validTransV (sv2,sv2") = isSecV sv2
Van.eqAct svl sv2
and A: A v wl w2 sl s2 statA svl’ sv2’ statO’
unfolding move-12-def by auto
have r12" reachV svl’ reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+
have ok’: statA = Diff — statO’ = Diff using ok 0 unfolding sstatO’-def
by (cases statO, auto)
obtain trvl trv2 where : ¢ sl trl s2 tr2 statO’ svl’ trvl sv2’ trv2
using less(2)[OF v, of trl tr2 wl w2 s1 s2 statA svl’ sv2’ statO’, simplified,
OF A ok’ - - - - - r84 r12’]
using A3/ less.prems(3—6) by blast
show ?thesis apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv2 #
trv2])
using ¢ ok’ 0 sv12 unfolding v -def sstatO’-def Van.completedFrom-def
using Van.A.Cons-unfold Van.eqAct-def completedFromO-lastt less.prems(4)
less.prems(6) by auto
qed
next
assume m: match A wl w2 s1 s2 statA svl sv2 statO
show ?thesis
proof(cases length tr1 < Suc 0)
case True note tr1 = True
hence tri =[] V tr1 = [s1]
by (metis Simple- Transition-System.valid FromS-Cons-iff Suc-length-conv le-Suc-eq
le-zero-eq length-0-conv less.prems(3))
hence finalO s1 using less(3—6)
using Opt.completed-Cons Opt.completed-Nil by blast
hence fj: finalO s2 using f3/ by blast
hence tr2: tr2 =[] V tr2 = [s2]
by (metis Opt.final-def Simple- Transition-System.valid FromS-Cons-iff less.prems(5)
negq-Nil-conv)
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show ?thesis apply(rule exI[of - [svl]], rule exI[of - [sv2]]) using irl tr2
using f4 f34
using completedFromO-lastt less.prems(4)
by (auto simp add: lastt-def -def)
next
case Fulse
then obtain s13 ¢tr1’ where tri: trl = s13 # tr1' and tr1'NE: tr1’ # ||
by (cases tr1, auto)
have s13[simp|: s13 = s1 using <Opt.validFromS s1 trl»
by (simp add: Opt.validFromS-Cons-iff trl)
obtain s!’ where
trn3: validTransO (s1,s1’) and
tri1': Opt.validFromS s1' tr1’ using «Opt.validFromS s1 trl»
unfolding tr! s13 by (metis tr1'NE Simple- Transition-System.valid FromS-Cons-iff )
have r3": reachO s1’ using r38 trn3 by (metis Opt.reach.Step fst-conv
snd-conv)
have f3: = finalO s1 using Opt.final-def trn3 by blast
hence f/: = finalO s2 using f3/ by blast
hence tr2: = length tr2 < Suc 0
by (metis Opt.completed-Cons Simple- Transition-System.valid FromS-Cons-iff

bot-nat-0.extremum completedFromO-def length-Cons less.prems(5) less.prems(6)
negq-Nil-conv not-less-eq-eq)

then obtain s2/ tr2’ where tr2: tr2 = s2/ # tr2' and tr2'NE: tr2’ # ||
by (cases tr2, auto)
have s2/[simp|: s24 = s2 using <Opt.validFromS s2 tr2)
by (simp add: Opt.validFromS-Cons-iff tr2)
obtain s2’ where
trng: validTransO (s2,82") V (82 = s2' A tr2’ = []) and
tr2". Opt.validFromsS s2' tr2' using «Opt.validFromS s2 tr2»
unfolding tr2 s24 using Opt.validFromsS-Cons-iff by auto
have 734" reachO s1' reachO s2'
using 13 trnd r4 trnj by (metis Opt.reach.Step fst-conv snd-conv)+
note r8’ = r34{'(1) note r4' = r3{'(2)
define statA’ where statA”: statA’ = sstatA’ statA s1 s2
have — isIntO s1 V = isIntO s2 V (isIntO s1 A isIntO s2)
by auto
thus ?thesis
proof safe
assume isA03: - isIntO s1
have 033": Opt.O tr1 = Opt.O tr1’ Opt.A trl = Opt.A trl’
using isAO3 unfolding tr1 by auto
have A3/" Opt.A tr1’ = Opt.A tr2
using A3/ 033'(2) by auto
have m: matchl A w1 w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jwl'<w!. Jw2'<w2. = isSecO s1 N A oo w1’ w2’ s1’ s2 statA svl
sv2 statO) V

50



(Fw2’'<w2. egSec svl s1 N = isIntV svl A matchl-1 A oo w2’ s1 s1’
s2 statA svl sv2 statO) V
(egSec svl s1 N — isSecV sv2 N Van.eqAct svl sv2 A matchl-12 A oo
00 s1 81’ s2 statA svl sv2 statO)
using m isAOS8 trn8 ok unfolding matchi-def by auto
thus ?thesis
proof safe
fix wl’ w2’
assume — isSecO sI and A: A oo w1’ w2’ s1’ s2 statA svl sv2 statO
hence S3: Opt.S tr1’ = Opt.S tr1 unfolding tr! by auto
obtain trvl trv2 where : ¢ sl tr1’ s2 tr2 statO svl trvl sv2 trv2
using less(1)[of tr1' tr2, OF - A - - - - - - r8’ rf r12, unfolded 033,
sitmplified)
using less.prems tr1’ ok A34' {3 f4 unfolding tr1 Opt.completed From-def
by (auto split: if-splits simp: -def lastt-def)
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - trv2])
using ¥ 033’ S3 unfolding -def
using completedFromO-lastt less.prems(4)
by (auto simp add: tr1 tr1’NE)
next
fix w2’
assume trni3: eqSec svl s1 and
Atrnl: — isIntV svl and matchl-1 A oo w2’ sl s1’ s2 statA svl sv2 statO
then obtain sv!’ where
trnl: validTransV (svl,svl’) and
A: A oo oo w2’ s1' 2 statA svl’ sv2 statO
unfolding match1-1-def by auto
have r1": reachV svl'using r1 trnl by (metis Van.reach.Step fst-conv

snd-conv)
obtain trvl trv2 where ¢: ¢ sl tri1’ s2 tr2 statO svl’ trvl sv2 trv2
using less(1)[of tr1' tr2, OF - A - - - - - - 18’ 4 r1’ r2, unfolded 033’
simplified)

using less.prems tr1' ok A3’ {3 f4 unfolding tr1 tr2 Opt.completed From-def

by (auto simp: 1-def lastt-def split: if-splits)

show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])
using ¢» 033’ unfolding tr! tr2 Van.completedFrom-def

using Van.validFromS-Cons trnl tr1’NE tr2'NE

using isAO3 ok Atrnl eqSec-S-Cons trn13

unfolding v-def using completedFromO-lastt less.prems(4) tr1 by auto

next

assume sv2: = isSecV sv2 and trnl3: eqSec svl s1 and

Atrn12: Van.eqAct svl sv2 and matchl-12 A oo oo sl s1’ s2 statA svl
sv2 statO

then obtain svl’ sv2’ statO’ where

statO": statO' = sstatO’ statO svl sv2 and

trnl: validTransV (svl,svl’) and

trn2: validTransV (sv2,sv2’) and
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A: A 0o 00 0o 517 52 statA svl’ sv2’ statO’
unfolding match1-12-def by auto
have r12" reachV svl’ reachV sv2’
using r! trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where : ¢ s1’ tr1’ s2 tr2 statO’ svl’ trvl sv2’ trv2
using less(1)[of tr1’ tr2, OF - A - - - - - - 18" r4 r12’', unfolded 033’
sitmplified)
using less.prems tr1’ ok A34' {3 f4 unfolding tr1 tr2 Opt.completed From-def
statQ’ sstatO’-def
by auto presburger+
show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exl]of - sv2 #
trv2])
using ¢ 033’ tr1'NE tr2’'NE sv2
using Van.validFromS-Cons trnl trn2
using isAO3 ok Atrn12 eqSec-S-Cons trnl8 f3 34 s13
unfolding -def tr1 Van.completedFrom-def Van.eqAct-def statO’ sstatO'-def
using Van.A.Cons-unfold tr1’ trn3 by auto
qed
next
assume isAO/: — isIntO s2
have 044" Opt.O tr2 = Opt.O tr2’ Opt.A tr2 = Opt.A tr2’
using isAO4 unfolding tr2 by auto
have A3/ Opt.A tr1 = Opt.A tr2’
using A3/ 044'(2) by auto
have m: match2 A wl w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jwl'<w!. Jw2'<w2. = isSecO s2 N A oo w1’ w2’ s1 s2' statA svl
sv2 statO) V
(Fwl'<wl. eqSec sv2 s2 A — isIntV sv2 A match2-1 A w1’ oo s1 s2
s2! statA svl sv2 statO) V
(= isSecV svl A eqSec sv2 s2 N Van.eqAct svl sv2 A match2-12 A oo
00 s1 82 s2' statA svl sv2 statO)
using m isAO4 trnj ok tr2’NE unfolding match2-def by auto
thus ?thesis
proof safe
fix w1’ w2’
assume — isSecO s2 and A: A oo w1’ w2’ sl 2 statA svl sv2 statO
hence S/: Opt.S tr2’ = Opt.S tr2 unfolding tr2 by auto
obtain trvl trv2 where : ¢ sl trl s2' tr2’ statO svl trvl sv2 trv2
using less(1)[of tr1 tr2’, OF - A - - - - - - r3 4, simplified]
using less.prems tr2' ok A3/’ tr1’NE tr2'NE unfolding tr1 tr2 Opt.completed From-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - trv2])
using v 044’ S/ unfolding v -def
using completedFromO-lastt less.prems(6)
unfolding Opt.completedFrom-def using tr2 tr2’NE by auto
next
fix w1’
assume trn24: eqSec sv2 s2 and
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Atrn2: — isIntV sv2 and match2-1 A w1’ oo sl s2 s2' statA svl sv2 statO
then obtain sv2’ where trn2: validTransV (sv2,s5v2’) and
A: A oo wl’ oo s1 82’ statA svl sv2’ statO
unfolding match2-1-def by auto
have 72" reachV sv2' using r2 trn2 by (metis Van.reach.Step fst-conv

snd-conv)
obtain trvl trv2 where : ¢ sl trl s2' tr2’ statO svl trvl sv2’ trv2
using less(1)[of trl tr2’, OF - A - - - - - - r3 4’ rl r2’', simplified)

using less.prems tr2' ok A3/’ tr1’NE tr2'NE unfolding tr1 tr2 Opt.completed From-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ tr1’'NE tr2’'NE
using Van.validFromS-Cons trn2
using isAO/ ok Atrn2 eqSec-S-Cons trn2/
unfolding ¥-def tr1 tr2 s13 s24 Van.completedFrom-def lastt-def by auto
next
assume svl: = isSecV svl and trn24: eqSec sv2 s2 and
Atrn12: Van.eqAct svl sv2 and match2-12 A oo 0o s1 s2 s2' statA svl
sv2 statO
then obtain svl’ sv2’ statO’ where
statO’": statO’ = sstatO’ statO svl sv2 and
trnl: validTransV (svl,svl’) and
trn2: validTransV (sv2,sv2’) and
A: A 0o 00 00 81 82’ statA svl’ sv2’ statO’
unfolding match2-12-def by auto
have r12" reachV svl’ reachV sv2’
using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where : ¢ sl trl s2' tr2’ statO’ svl’ trvl sv2’ trv2
using less(1)[of tr1 tr2’, OF - A - - - - - - r8 4’ r12’, simplified]
using less.prems tr2’ ok A34' tr1’NE tr2'NFE unfolding tr1 tr2 Opt.completed From-def
statQ’ sstatO’-def
by (cases isIntO s2, auto)
show ?thesis apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv2 #
trv2])
using ¢» 044’ tr1'NE tr2’'NE svl
using Van.validFromS-Cons trnl trn2
using isAO4 ok Atrn12 eqSec-S-Cons trn2
unfolding v -def tr2 tr1'NE Van.completedFrom-def Van.eqAct-def
statO’ sstatO’-def
using Van.A.Cons-unfold tr2’ trn4 by auto
qed
next
assume isA03/: isIntO s1 isIntO s2
have A3/" getActO s1 = getActO s2 Opt.A tr1’ = Opt. A tr2’
using A3/ isAO3/ tr1’NE tr2’NFE unfolding tr! tr2 by auto
have 033" Opt.O tr1 = getObsO s1 # Opt.O tr1’ and
044" Opt.O tr2 = getObsO s2 # Opt.O tr2’
using isA034 tr1’NE tr2'NE unfolding tr1 s13 tr2 s24 by auto
have m: match12 A wl w2 sl s2 statA svl sv2 statO using m unfolding
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statA' match-def by auto
have trn3/: getObsO sl = getObsO s2 V statA’ = Diff
using isA03/ unfolding statA’ sstatA’-def by (cases statA,auto)
have (Jwl'<wl. Jw2'<w2. = isSecO s1 A = isSecO s2 A (statA = statA’
V statO = Diff) A
A oo wl’ w2’ s1' s2’ statA’ svl sv2 statO)
V
(Fw2'<w?2. = isSecO s2 A eqSec svl s1 A = isIntV svl A
(statA = statA’ V statO = Diff) A
matchl12-1 A oo w2’ s1’ s2' statA’ svl sv2 statO)
vV
(Fwl'<wl. = isSecO s1 N eqSec sv2 s2 N — isIntV sv2 A
(statd = statA’ Vv statO = Diff) A
match12-2 A wl’ oo s1’ s2' statA’ svl sv2 statO)
\Y
(egSec svl s1 N eqSec sv2 s2 N Van.eqAct svl sv2 A
match12-12 A oo 0o s1' s2' statA’ svl sv2 statO)
(is 7K1 Vv ?K2 vV ?K3 V ?K})
using m[unfolded match12-def, rule-format, of s1’ s2’)
1sA034 A34' trn3 trng tr1’NE tr2'NE
unfolding s13 s2/ trn3j statA’ Opt.eqAct-def sstatA’-def by auto
thus ?thesis proof (elim disjE)
assume K1: ?K1
then obtain w!’ w2’ where A: A co w1’ w2’ s1’ 52’ statA’ svl sv2 statO
by auto
have ok’ (statA’ = Diff — statO = Diff)
using ok K1 unfolding statA’ using isAO3/ by auto
obtain trvl trv2 where : ¢ s1’ tr1’ s2’ tr2’ statO svl trvl sv2 trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' r12, simplified)
using less.prems tr1’ tr2’ ok’ A34' isAO34 tr1’NE tr2’'NE unfolding tr1
tr2 Opt.completedFrom-def by auto
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - trv2])
using ¢ trn34 033’ 044’ K1 ok unfolding «-def tr1 tr2
using completedFromO-lastt less.prems(4,6)
unfolding Opt.completedFrom-def using tr1 ¢r2 tr1’NE tr2'NE by auto
next
assume K2: K2
then obtain w2’ sv1’ where
trni: validTransV (svl,svl’) and
trn13: eqSec svl s1 and
Atrnl: — isIntV svl and ok”: (statA’ = statA V statO = Diff) and
A: A oo oo w2’ s1' 82" statA’ svl’ sv2 statO
unfolding match12-1-def by auto
have r1" reachV svl’ using r1 trnl by (metis Van.reach.Step fst-conv
snd-conv)
obtain trvl trv2 where ¥: ¢ s1’ tr1’ s2’ tr2’ statO svl’ trvl sv2 trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' r1’ r2, simplified]
using less.prems tr1’ tr2’ ok’ A34' tr1’NE tr2’NE unfolding t¢r! tr2
Opt.completedFrom-def by auto
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show ?thesis apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])
using ¢y 033’ 044’ tr1’NE tr2’NE unfolding tr1 tr2
using Van.validFromS-Cons trnl ok
using K2 ok’ Atrnl eqSec-S-Cons trnl3 trn3/
unfolding statA’ Van.completedFrom-def eqSec-def
using s13 trl tr1' tr2’ trn3 trn/
by simp (smt (verit, best) Opt.S.Cons-unfold Simple- Transition-System.lastt-Cons

Van.A.Cons-unfold Van.O.Cons-unfold ¥-def completedFromO-lastt f3 f34
lastt-Nil
less.prems(4) status.simps(1))
next
assume K3: ?K3
then obtain w1’ sv2’ where
trn2: validTransV (sv2,sv2’) and
trn24: eqSec sv2 s2 and
Atrn2: = isIntV sv2 and ok” (statA’ = statA V statO = Diff) and
A: A oo wl’ oo s1’ 52" statA’ svl sv2’ statO
unfolding match12-2-def by auto
have r2": reachV sv2’ using r2 trn2 by (metis Van.reach.Step fst-conv
snd-conv)
obtain trvl trv2 where ¥: ¢ s1’ tr1’ s2' tr2’ statO svl trvl sv2’ trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84 " r1 r2’, simplified]
using less.prems tr1’ tr2’ ok’ A34’ tr1’NE tr2’NE unfolding tr! tr2
Opt.completedFrom-def by auto
show ?thesis apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ 033’ 044" tr1’NE tr2’NE unfolding ¢-def tr1 tr2
using Van.validFromS-Cons trn2 ok
using K3 ok’ Atrn2 eqSec-S-Cons trn24 trn34
unfolding statA’ Van.completedFrom-def
using tr1’ tr2’ trn3 trn4 by force
next
assume K/: ?K/
then obtain sv1’ sv2’ statO’ where 0:
statO' = sstatO’ statO svl sv2
validTransV (svl,svl’)
eqSec svl sl
validTransV (sv2,sv2")
eqSec sv2 s2
Van.eqAct svl sv2
and ok": statA’ = Diff — statO’ = Diff and A: A co oo oo s1’ s2'
statA’ svl’ sv2’ statO’
unfolding match12-12-def by auto
have 712" reachV svl’ reachV sv2' using r1 r2 0
by (metis Van.reach.Step fst-conv snd-conv)+
obtain trvl trv2 where ¢: ¢ s1’ tr1’ s2' tr2’ statO’ svl’ trvl sv2’ trv2
using less(1)[of tr1’ tr2’, OF - A - - - - - - r84' r12’, simplified)
using less.prems tr1’ tr2’ ok’ A34' tr1’NE tr2’NE unfolding t¢r! tr2
Opt.completedFrom-def by auto
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show ?thesis apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv2 #
trv2])
using trn3j
using ¥ 033’ 044’ isAO3/ tr1’NE tr2’'NE unfolding -def trl tr2
using Van.validFromS-Cons 0
using K/ eqSec-S-Cons
unfolding statA’ Van.eqAct-def Van.completedFrom-def match12-12-def
sstatO’-def
by simp (smt (28) Simple- Transition-System.lastt-Cons Van.A. Cons-unfold
Van.O.Cons-unfold list.inject status.exhaust status.simps(1) tr1’ tr2’ trn3 trng up-
dStat.simps(4) updStat-diff)
qed
qed
qed
qed
qed

lemma unwindCond-final:

unwindCond A = reachO s1 = reachO s2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO =

(finalV svl «— finalO s1) A (finalV sv2 <— finalO s2)

unfolding unwindCond-def

unfolding proact-def match-def matchi-def matchl1-1-def

by auto

definition ¢ A w wi w2 wil’ w2’ statA s1 trl1 s2 tr2 statAA statO svl trvl sv2
trv2 statO0O =

trol £ [] A trv2 £ A

(length trvl > Suc 0 V w1’ < wi) A (length trv2 > Suc 0 V w2’ < w2) A

Van.validFromS svl trvl A

Van.validFromS sv2 trv2 A

Van.S trvl = Opt.S tr1 A Van.S trv2 = Opt.S tr2 A

Van.A trvl = Van.A trv2 A

(statO = Eq — (statOO = Diff +— Van.O trvl # Van.O trv2)) A

statA = Fq — (statAA = Diff «+— Opt.O tr1 # Opt.O tr2)) A

(statO = Diff — statOO = Diff) A

(statAA = Diff — statOO = Diff) A

A wwl’ w2’ (lastt s1 tr1) (lastt s2 tr2) statAA (lastt svl trvl) (lastt sv2 trv2)
statO0

lemma p-final:

assumes unw: unwindCond A

and r: reachO s1 reachQO s2 reachV svl reachV sv2

and vtri4: Opt.validFromsS si tr1 Opt.validFromS s2 tr2
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and ¢: ¢ A wwl w2 w1’ w2’ statA sl trl s2 tr2 statAA statO svl trvl sv2 trv2
statOO
shows (finalV (lastt svl trvl) <— finalO (lastt s1 tr1)) A (finalV (lastt sv2 trv2)
+— finalO (lastt s2 tr2))
proof—
have rsv12: Van.validFromS svl trvl — reachV (lastt svl trvl)
Van.validFromS sv2 trv2 — reachV (lastt sv2 trv2) using r
by (simp add: Van.reach-validFromS-reach lastt-def)+
have rs1j: Opt.validFromS s1 tr1 — reachO (lastt s1 tr1)
Opt.validFromS s2 tr2 — reachO (lastt s2 tr2) using r
by (simp add: Opt.reach-validFromS-reach lastt-def )+
show ?thesis using ¢[unfolded @-def] rsv12 rs14 using unwlunfolded unwind-
Cond-def, rule-format,
of lastt s1 trl1 lastt s2 tr2 lastt svl trvl lastt sv2 trv2 w w1’ w2’ statAA statOO0]
using virl4 (1) vtri4(2) by auto
qed

lemma @-completedFrom: unwindCond A =

reachO s1 = reachO s2 = reachV svl = reachV sv2 —

Opt.validFromS s1 trl = completedFromQO s1 trl =

Opt.validFromS s2 tr2 — completedFromQO s2 tr2 —

@ A statA w wl w2 wl’ w2’ s1 trl s2 tr2 statAA statO svl trvl sv2 trv2 statOO
= completedFromV svl trvl N completedFromV sv2 trv2

using ¢-final

by (metis Van.completedFrom-def completedFromO-lastt lastt-def)

lemma unwindCond-ex-:
assumes unwind: unwindCond A
and A: A w w! w2 s s2 statA svl sv2 statO
and r: reachO s1 reachO s2 reachV svl reachV sv2
and stat: (statA = Diff — statO = Diff)
and v: Opt.validFromsS si tr1 Opt.validFromS s2 tr2
and i: isIntO (lastt s1 tr1) isIntO (lastt s2 tr2)
and nev: never isIntO (butlast tr1) never isIntO (butlast tr2)
shows Jw’ w1’ w2’ trvl trv2 statAA statOO0. ¢ A w’ wl w2 wl’ w2’ statA si trl
s2 tr2 statAA statO svl trvl sv2 trv2 statOO
using assms(2—)
proof (induction length tr1 + length tr2 w
arbitrary: w1l w2 s1 s2 statA svl sv2 statO trl tr2 rule: less2-induct’)
case (less w trl tr2 w1l w2 sl s2 statA svl sv2 statO)
note ok = <statA = Diff — statO = Diff»
note A = (A w wil w2 si s2 statA svl sv2 statO»
note 134 = less(4,5) note r12 = less(6,7)
note r = r34 ri2
note r3 = r34(1) note r4 = r34(2) note r{ = r12(1) note r2 = r12(2)
note nev3{ = less(13,14)
note nevd = nevd (1) note nevj = nevd4(2)

have i34: statA = Eq — isIntO s1 = isIntO s2
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and f34: finalO s1 = finalO s2 N finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

note is! = «isIntO (lastt sl trl)»
note is2 = «isIntO (lastt s2 tr2)»
note vtr! = «Opt.validFromS s tri»
note vtr2 = «Opt.validFromS s2 tr2»

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 sl s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: — isSecV svl — isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv1’
where 0: validTransV (svi,svl’)
and A: A v wl w2 sl s2 statA svl' sv2 statO
unfolding move-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w’ wi’ w2’ trvl trv2 statAA statOO where ¢: ¢ A w’' wl w2 wi' w2’
statA sl trl s2 tr2 statAA statO svl’ trvl sv2 trv2 statOO
using less(2)[OF v, of trl tr2 wl w2 sl s2 statA svl’ sv2 statO, simplified,
OF A 134 r1' r2 ok]
using is1 is2 nev3 nev4 virl vir2 by blast
show ?thesis apply(rule exl[of - w']) apply(rule exI[of - w1'])
apply(rule exl[of - w2']) apply(rule exI[of - svl # trvl]) apply(rule exI[of
- trv2])
using ¢ ok 0 svl unfolding ¢-def by auto
next
assume sv2: - isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2")
and A: A v w! w2 sl s2 statA svl sv2' statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w’ w1’ w2’ trul trv2 statAA statOO where ¢: ¢ A w’ wl w2 wl’ w2’
statA sl trl s2 tr2 statAA statO svl trvl sv2’ trv2 statOO
using less(2)[OF v, of trl tr2 wl w2 sl s2 statA svl sv2’ statO, simplified,
OF A 134 r1 r2' ok]
using is1 is2 nev3 nevj vtrl vtr2 by blast
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2'))
apply(rule exI|of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ ok 0 sv2 unfolding ¢-def by auto
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next
assume sv12: - isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 sl s2 statA svl sv2 statO
then obtain sv1’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) — isSecV svl
validTransV (sv2,sv2’) = isSecV sv2
Van.eqAct svl sv2
and A: A v wl w2 sl s2 statA svl’ sv2’ statO’
unfolding move-12-def by auto
have r12’: reachV svl’ reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+
have ok’: statA = Diff — statO’ = Diff
using ok 0 unfolding sstatO’-def by (cases statO, auto)
obtain w’ w1’ w2’ trvl trv2 statAA statOO where ¢: ¢ A w' wil w2 wl' w2’
statA s1 trl s2 tr2 statAA statO’ svl’ trvl sv2’ trv2 statOO
using less(2)[OF v, of tr1 tr2 wl w2 sl s2 statA svl’ sv2’ statO’, simplified,
OF A 1384 r12' ok
using is1 is2 nev3 nev4 vitrl vtr2 by blast
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exlof - w2'))
apply(rule exI[of - svl # trvl]) apply(rule exl[of - sv2 # trv2])
apply (rule exI[of - statAA]) apply(rule exI[of - statOO])
using ¢ ok’ 0 sv12 nev unfolding -def sstatO’-def
by simp (smt (verit, ccfv-SIG) Statewise-Attacker-Mod.eqAct-def
Van.A.Cons-unfold Van.O.Cons-unfold Van.Statewise-Attacker-Mod-azxioms
Van.validFromS-Cons list.inject updStat.simps(1) updStat.simps(4))
qed
next
assume m: match A wil w2 sl s2 statA svl sv2 statO
define statA’ where statA”: statA’ = sstatA’ statA s1 s2
show ?thesis
proof(cases length tr1 < Suc 0)
case True
hence trie: tr1 =[] V trl = [s1]
by (metis Opt.validFromS-singl-iff Suc-length-conv le-Suc-eq le-zero-eq length-0-conv
vtrl)
hence Opt.A tr1 =[] by (simp add: True)
hence Opt.A tr2 = [] using Opt.A.eq-Nil-iff nev/ by blast
show ?thesis
proof (cases length tr2 < Suc 0)
case True
hence tr2e: tr2 =[] V tr2 = [s2]
by (metis Opt.validFromS-def Suc-length-conv le-Suc-eq le-zero-eq length-0-conv
list.sel(1) vtr2)
show ?thesis apply(rule exI[of - w]) apply(rule exI[of - w1]) apply(rule
exl[of - w2])
apply (rule exI[of - [sv1]], rule exI[of - [sv2]], rule exI|of - statA], rule exI[of
- stat0))
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using trie tr2e
using f34 A apply (clarsimp simp: p-def lastt-def)
apply(cases statA, simp-all)
apply (metis Opt.O.simps(4) Opt.S.simps(4) last-ConsL)
by (metis Opt.S.simps(4) last.simps ok)
next
case Fulse
then obtain s2/ ¢r2’ where tr2: tr2 = s2/ # tr2' and tr2'NE: tr2’ # ||
by (cases tr2, auto)
have s2/[simp]: s24 = s2 using <Opt.validFromS s2 tr2»
by (simp add: Opt.validFromS-Cons-iff tr2)
obtain s2’ where
trng: validTransO (s2,s27) V (s2 = s2' A tr2’ = []) and
tr2". Opt.validFromS s2' tr2' using «Opt.validFromS s2 tr2»
unfolding tr2 s24 using Opt.validFromsS-Cons-iff by auto
have 14" reachO s2'
using 74 trn4 by (metis Opt.reach.Step fst-conv snd-conv)+
have nev4 " never isIntO (butlast tr2’)
by (metis Opt.O.Nil-iff Opt.O.eq-Nil-iff nevs tr2)
have isAO/: — isIntO s2
using <Opt. A tr2 = [|» tr2 tr2'NE by auto
have 044" Opt.O tr2 = Opt.O tr2' Opt.A tr2 = Opt. A tr2’
using isAO4 <Opt.A tr2 = []» tr2 by auto
have m: match2 A wl w2 s1 s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jwl!'<wl. Jw2'<w2. = isSecO s2 N A oo wl’ w2’ s1 s2' statA svl
sv2 statO) V
(Fwil'<wli. egSec sv2 s2 N — isIntV sv2 A match2-1 A wl’ oo s1 s2 s2'
statA svl sv2 statO) V
(- isSecV svl A eqSec sv2 s2 N\ Van.eqAct svl sv2 A match2-12 A oo o0
s1 82 s2' statA svl sv2 statO)
using isAO4 trnj ok tr2’'NE
using m[unfolded match2-def, rule-format, of s2'] by auto
thus ?thesis
proof safe
fix w1 w2’ assume wi12" wi" < wl w2" < w2
assume — isSecO s2 and A: A oo w1’ w2” s1 s2’ statA svl sv2 statO
hence S/: Opt.S tr2’ = Opt.S tr2 unfolding tr2 by auto
obtain w’ w1’ w2’ trvl trv2 statAA statOO where v: ¢ A w’ w1’ w2"
w1’ w2’ statA s1 trl s2' tr2’ statAA statO svl trvl sv2 trv2 statOO
using less(1)[of trl tr2’, OF - A r8rf’ - - - - - - - nevs nevs ', unfolded
tr2, simplified)
using is1 is2 virl vir2 tr2’ ok tr2’'NFE trn4 r1 r2 tr2 by auto
show ?thesis apply(rule exl|of - w']) apply(rule exl[of - w1']) apply(rule
exl[of - w2']) apply(rule exI|of - trvl]) apply(rule exI[of - trv2])
using ¢ 044’ S4 tr2 tr2'NE trnj tr2’ w12’ unfolding ¢-def by auto
next
fix w1’ assume w1’ w1’ < wl
assume trn24: eqSec sv2 s2 and
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Atrn2: — isIntV sv2 and match2-1 A w1’ oo sl s2 s2' statA svl sv2 statO
then obtain sv2’ where trn2: validTransV (sv2,sv2’) and
A: A oo w1l oo s1 s2' statA svl sv2’ statO
unfolding match2-1-def by auto
have 72" reachV sv2’ using 12 trn2 by (metis Van.reach.Step fst-conv
snd-conv)
obtain w’ w1’ w2’ trvl trv2 statAA statOO where ¢: ¢ A w’ w1’ oo w1’
w2’ statA s1 trl s2' tr2’ statAA statO svl trvl sv2' trv2 statOO
using less(1)[of tr1 tr2', OF - A r8rf'ri r2' - - - - - nevs nev ', unfolded
tr2, simplified)
using is1 is2 tr2’ tr2 vtrl ok tr2'NE trn/ by auto
show ?thesis apply(rule exI|of - w']) apply(rule exl[of - w1']) apply(rule
exl[of - w2']) apply(rule exl|of - trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ tr2'NE
using Van.validFromS-Cons trn2
using isAO4 ok Atrn2 eqSec-S-Cons trn2/ tr2’' trnj w1’
unfolding ¢-def tr2 s24
by auto
next
assume svl: - isSecV svl and trn24: eqSec sv2 s2 and
Atrn12: Van.eqAct svl sv2 and match2-12 A oo oo s1 82 s2' statA svl sv2
statO
then obtain svl’ sv2’ statO’ where
statO": statO’ = sstatO’ statO svl sv2 and
trnl: validTransV (svl,svl’) and
trn2: validTransV (sv2,sv2’) and
A: A oo 00 0o s1 82! statA svl' sv2’ statO’
unfolding match2-12-def by auto
have r12": reachV svl’ reachV sv2’
using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+
obtain w’ w1’ w2’ trvl trv2 statAA statOO where p: ¢ A w' co co wil'’
w2’ statA s1 trl s2' tr2’ statAA statO’ svl’ trvl sv2' trv2 statOO
using less(1)[of tr1 tr2', OF - A r8r4' r12' - - - - - nevd nevd ', simplified]
using isl is2 virl tr2 tr2’ ok tr2’NE trnj unfolding tr2 statO’ sstatO’-def
by auto
show ?thesis apply(rule exI[of - w']) apply(rule exI[of - w1']) apply(rule
exlof - w2']) apply(rule exl[of - svl # trvl]) apply(rule exl[of - sv2 # trv2])
using ¢ 044’ tr2'NE svl
using Van.validFromS-Cons trnl trn2
using isAO4 ok Atrn12 eqSec-S-Cons trn24 tr2’ trn/
unfolding ¢-def tr2 Van.completedFrom-def Van.eqAct-def statO’ sstatO’-def

by simp (smt (verit, ccfo-threshold) Van.A.Cons-unfold i34 isl last-ConsL
lastt-def status.exhaust trie updStat.simps(2))
qed
qed
next
case Fulse
then obtain s13 ¢tr1’ where tri: trl = s13 # tr1' and tr1'NE: tr1’ # ||
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by (cases tr1, auto)
have s13[simp]: s18 = s1 using ¢Opt.validFromS sl tril»
by (simp add: Opt.validFromS-Cons-iff tr1)
obtain sI’ where
trng: validTransO (s1,s1’) and
tr1’. Opt.validFromS s1’ tr1’ using «Opt.validFromsS s1 trl»
unfolding ¢r1 s13 by (metis tr1'NE Simple- Transition-System.valid FromS-Cons-iff )
have r3" reachO s1’ using r3 trn3 by (metis Opt.reach.Step fst-conv snd-conv)
have f3: = finalO s1 using Opt.final-def trn3 by blast
hence f/: = finalO s2 using f3/ by blast
have nev3’: never isIntO (butlast tr1’)
using nev3 trl tr1'NE by auto
have isA03: — isIntO s1 using less.prems(11) trl tr1'NE by auto
have 033": Opt.O tr1 = Opt.O tr1’ Opt.A tr1 = Opt. A tr1’
using isAO3 unfolding tr! by auto
have m: matchl A wl w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jw!’'<wl. Jw2'<w2. = isSecO s1 N A oo wl’ w2’ s1' s2 statA svl
sv2 statO) V
(Fw2'<w?. eqSec svl s1 N = isIntV svl A matchl-1 A oo w2’ sl s1’ s2
statA svl sv2 statO) V
(egSec svl s1 N — isSecV sv2 A Van.eqAct svl sv2 N matchl-12 A oo oo
s1 s1' s2 statA svl sv2 statO)
using m isAO3 trn3 ok unfolding matchl-def by auto
thus ?thesis
proof safe
fix w1 w2’ assume wi2" wi1" < wl w2" < w2
assume - isSecO sI and A: A oo w1’ w2’ s1' s2 statA svl sv2 statO
hence S3: Opt.S tr1’ = Opt.S tr1 unfolding ¢r! by auto
obtain w’ w1’ w2’ trvl trv2 statAA statOO where p: ¢ A w’ w1’ w2’ w1’
w2’ statA s1' tr1’ s2 tr2 statAA statO svl trvl sv2 trv2 statOO
using less(1)[of tr1’ tr2, OF - A r3' 4 r12, unfolded 033’, simplified)
using is1 is2 tr1’ ok f3 f4 tr1'NE trn8 033'(1) nev3’ nev vtr2 unfolding
trl by auto
show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - trvl]) apply(rule exI[of - trv2])
using ¢ 033’ S3 trl tr1'NE tr1’ trn3 w12’ unfolding ¢-def by auto
next
fix w2’ assume w2’ w2 < w2
assume trnl3: eqSec svl s1 and
Atrnl: = isIntV svl and matchl-1 A co w2 s1 s1’ s2 statA svl sv2 statO
then obtain sv!’ where
trni: validTransV (svl,svl’) and
A: A oo oo w2 s1' 52 statA svl’ sv2 statO
unfolding matchl-1-def by auto
have 71" reachV svl'using r1 trnl by (metis Van.reach.Step fst-conv
snd-conv)
obtain w’ w1’ w2’ trvl trv2 statAA statOO where @: ¢ A w' co w2 wi’
w2’ statA s1’ tr1’ s2 tr2 statAA statO svl’ trvl sv2 trv2 statOO
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using less(1)[of tr1’ tr2, OF - A r3' r4 r1’ 2, unfolded 033, simplified]

using is1 is2 trl1 nevd’ nev virl vir2 tr1’ ok f3 f/ tr1’'NE trn3 033'(1)

unfolding tr! by auto

show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - svl # trvl]) apply(rule exl[of - trv2])

using ¢ 033’ unfolding ¢-def tr1 Van.completed From-def

using Van.validFromS-Cons trnl tr1’NE tr1’ trnd

using isAO3 ok Atrnl eqSec-S-Cons trni13 w2’

by auto

next

assume sv2: - isSecV sv2 and trnl18: eqSec svl s1 and

Atrn12: Van.eqAct svl sv2 and matchl-12 A oo oo s1 s1’ s2 statA svl sv2
statO

then obtain svl’ sv2’ statO’ where

statO": statO’ = sstatO’ statO svl sv2 and

trni: validTransV (svl,svl’) and

trn2: validTransV (sv2,sv2’) and

A: A 0o 00 00 517 82 statA svl’ sv2’ statO’

unfolding matchi-12-def by auto

have r12" reachV svl’ reachV sv2’

using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+

obtain w’ w1’ w2’ trvl trv2 statAA statOO where p: ¢ A w' oo co wil’
w2’ statA s1’ tr1' s2 tr2 statAA statO' svl’ trvl sv2’ trv2 statOO

using less(1)[of tr1’ tr2, OF - A r3' 4 r12’, unfolded O33’, simplified]

using less.prems tr1’ ok f3 f4 tr1’NE trn8 033'(1) unfolding tr1 statO’
sstatO'-def by auto

have trvINE: trvl # [] and trv2NE: trv2 # [] using ¢ unfolding ¢-def by
auto
have [simp]: Van.O (svl # trvl) = Van.O (sv2 # trv2) «— (isIntV svl
— getObsV svl = getObsV sv2) A Van.O trvl = Van.O trv2
using Atrni12 trviNE trv2NE unfolding Van.O.map-filter Van.eqAct-def by
simp
show ?thesis apply(rule exl|of - w']) apply(rule exI[of - wl']) apply(rule
exl[of - w2']) apply(rule exI[of - sul # trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ 033’ tr1’'NE sv2
using Van.validFromS-Cons trnl trn2
using isAO3 ok Atrn12 eqSec-S-Cons trn13 f3 {34 s13 tr1’ trn3
unfolding p-def tr1 Van.completedFrom-def Van.eqAct-def statO’ sstatO'-def
apply clarsimp
by (smt (verit, ccfv-SIG) Van.A.Cons-unfold updStat.simps(1) updStat.simps(2)
updStat.simps(4))
qed
qed
qed
qed

definition pa A w wl w2 wl’ w2’ statA s trl s2 tr2 statAA statO svl trvl sv2
trv2 statO0O =
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trol # [ A trv2 £ [ A

(length trvl > Suc 0 V w1’ < wl) A (length trv2 > Suc 0 V w2’ < w2) A

Van.validFromS svl trvl A

Van.validFromS sv2 trv2 A

Van.S trvl = Opt.S tr1 A Van.S trv2 = Opt.S tr2 A

Van.A trvl = Van.A trv2 A

(statO = Eq — (statOO = Diff +— Van.O trvl # Van.O trv2)) A

statA = Eq — (statAA = Diff «— Opt.O tr1 # Opt.O tr2)) A

(statO = Diff — statOO = Diff) A

(statAA = Diff — statOO = Diff) A

A wwl’ w2’ (lastt s1 trl) (lastt s2 tr2) statAA (lastt svl trvl) (lastt sv2 trv2)
statO0

lemma unwindCond-ex-pa-getActO:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO
and r34: reachO s1 reachO s2 and r12: reachV svl reachV sv2
and stat: (statA = Diff — statO = Diff)
and v: validTransO (s1, s1’) validTransO (s2, s27)
and 34: isIntO s1 isIntO s2 getActO s1 = getActO s2
shows w1’ w2’ trvl trv2 statOO.
wa A oo wl w2 wl’ w2’ statA s1 [s1, s1] s2 [s2, s2] (sstatA’ statA s1 s2)
statO svl trvl sv2 trv2 statOO
using A 712 stat
proof (induction w arbitrary: wl w2 svl sv2 statO rule: less-induct)
case (less w w1 w2 svl sv2 statO)
note A = (A w w1 w2 sl s2 statA svl sv2 statO»
note r12 = less.prems(2,3)
note r/ = r12(1) note r2 = r12(2)
note r = r3 ri2
note stat = <statA = Diff — statO = Diff»

have f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 s1 s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: - isSecV svl — isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain svl’
where 0: validTransV (svl,svl’)
and A: A v wl w2 sl s2 statA svl' sv2 statO
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unfolding mowve-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl trv2 statOO where
©: pa A oo wl w2 wl’ w2’ statA sl [s1, s1’] s2 [s2, s2] (sstatA’ statA s1 s2)
statO svl’ trvl sv2 trv2 statOO
using less(1)[OF v A r1' r2 stat] by auto
show ?thesis apply(rule exI[of - wl']) apply(rule exI[of - w2']) apply(rule
exl[of - svl # trvl]) apply(rule exI[of - trv2])
using ¢ 0 svl unfolding pa-def apply simp
by (metis Van.validFromS-Cons)
next
assume sv2: - isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2”)
and A: A v w! w2 sl s2 statA svl sv2' statO
unfolding move-2-def by auto
have 12" reachV sv2’ using 2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl trv2 statOO where
©: pa A oo wl w2 wl’ w2’ statA sl [s1, s1’] s2 [s2, s2] (sstatA’ statA s1 s2)
statO svl trvl sv2’ trv2 statOO
using less(1)[OF v A r1 r2’' stat] by auto
show ?thesis apply(rule exI[of - wl']) apply(rule exI[of - w2']) apply(rule
exl[of - trvl]) apply(rule exl[of - sv2 # trv2])
using ¢ 0 sv2 unfolding pa-def apply simp by (metis Van.validFromS-Cons)
next
assume sv12: = isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v w1l w2 sl s2 statA svl sv2 statO
then obtain sv1’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) - isSecV svl
validTransV (sv2,sv2") = isSecV sv2
Van.eqAct svl sv2
and A: A v wi w2 sl s2 statA svl’ sv2’ statO’
unfolding mowve-12-def by auto
have 712" reachV svl’ reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+
have stat”: statA = Diff — statO’ = Diff
using stat 0 unfolding sstatO’-def by (cases statO, auto)
obtain w1’ w2’ trvl trv2 statOO where
©: pa A oo wl w2 wl’ w2’ statA sl [s1, s1’] s2 [s2, s2] (sstatA’ statA s1 s2)
statO’ svl’ trvl sv2' trv2 statOO
using less(1)[OF v A r12’ stat'] unfolding wa-def apply simp by metis
show ?thesis apply(rule exI[of - wl']) apply(rule exI[of - w2']) apply(rule
exl[of - svl # trvl]) apply(rule exI[of - sv2 # trv2])
using ¢ 0 unfolding ya-def sstatO’-def apply clarsimp apply(intro conjl)
subgoal by auto
subgoal by auto
subgoal by (metis Van.A.Cons-unfold Van.eqAct-def)
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subgoal apply(rule exl]of - statOO]) apply simp
by (smt (verit, ccfv-threshold) Van.O.Cons-unfold Van.eqAct-def
list.inject updStat.simps(1) updStat.simps(3)) .
qed
next
assume m: match A wl w2 s1 s2 statA svl sv2 statO
define statA’ where statA”: statA’ = sstatA’ statA s1 s2
have m: match12 A w1l w2 s1 s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jwi1’ w2’ w1’ < wl N w2'< w2 A = isSecO s1 A = isSecO s2 A (statA
= statA’ V statO = Diff) A
A oo wl’ w2’ s1’ s2' statA’ svl sv2 statO)
V
(Fw2'< w2. = isSecO s2 A
eqSec svl s1 A = isIntV svl A (statA = statA’ V statO = Diff) A
match12-1 A oo w2’ s1' s2' statA’ svl sv2 statO)
V
(Fwl'<wl. = isSecO s1 A
eqSec sv2 s2 N = isIntV sv2 A (statA = statA’ Vv statO = Diff) A
match12-2 A w1’ oo s1' 82’ statA’ svl sv2 statO)
V
(eqSec svl s1 A eqSec sv2 s2 A Van.eqAct svl sv2 N
match12-12 A oo oo s1' s2' statA’ svl sv2 statO)
using m unfolding matchi2-def
by (simp add: Opt.eqAct-def i34 (1) i34(2) i34(8) statA’ v(1) v(2))
thus %thesis
apply(elim disjE exE)
subgoal for w1’ w2’ apply(rule exI[of - w1']) apply(rule exI[of - w2
apply(rule exI[of - [sv1]]) apply(rule exI[of - [sv2]])
apply (rule exI[of - statO])
using stat unfolding pa-def statA’
by (auto simp add: i34 (1) i34(2) sstatA’-def lasti-def)
subgoal for w2’ apply(rule exI[of - oo]) apply(rule exI[of - w2"))
unfolding match12-1-def apply(elim conjE exE) subgoal for svl’
apply(rule exI[of - [svl,svl]]) apply(rule exI[of - [sv2]])
apply (rule exI[of - statO])
using stat unfolding pa-def statA’
by (auto simp add: i34 (1) i34(2) sstatA’-def lastt-def) .
subgoal for w1’ apply(rule exI[of - w1']) apply(rule exI[of - c0])
unfolding match12-2-def apply(elim conjE exE) subgoal for sv2’
apply(rule exI|of - [sv1]]) apply(rule exI|[of - [sv2,sv2]])
apply (rule exI[of - statO])
using stat unfolding pa-def statA’
by (auto simp add: i34 (1) i34(2) sstatA’-def lastt-def) .
subgoal unfolding matchi12-12-def apply(elim conjE exE) subgoal for svi’
sv2’
apply(rule exI[of - oo]) apply(rule exI[of - o))
apply (rule exI|of - [svl,svl’]]) apply(rule exI[of - [sv2,sv2]])
apply (rule exI[of - sstatO’ statO svl sv2])
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using stat unfolding pa-def statA’
by (auto simp add: i34 i34 sstatA’-def sstatO’-def lastt-def Van.eqAct-def) . .
qed
qed

lemma unwindCond-ez-pa’-auz:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: (statA = Diff — statO = Diff)
and ri4NE: tr1 # [] tr2 # ||
and v3": Opt.validFromS s1 (trl #+# s1') and v4" Opt.validFromS s2 (tr2 ##
s27)
and i: isIntO (lastt s1 tr1) isIntO (lastt s2 tr2)
and A34: getActO (lastt sl trl) = getActO (lastt s2 tr2)
and nev: never isIntO (butlast tr1) never isIntO (butlast tr2)
shows Jwi’ w2’ trvl’ trv2’ statAA’ statOO’.
va A oo wl w2 wl' w2’ statA s1 (trl #+4 s1') s2 (tr2 ## s2') statAA’ statO
svl trvl’ sv2 trv2’ statOO’
proof—
have v3: Opt.validFromS s1 trl and s13": validTransO (lastt s trl,s1’)
apply (metis v3’ Opt.validFromS-def Opt.validS-appendl Nil-is-append-conv hd-append2)
by (metis Opt.validFromS-def Opt.validS-validTrans append-is-Nil-conv lastt-def
list.distinct(1) list.sel(1) tr14NE(1) v3’)
have v4: Opt.validFromS s2 tr2 and s24": validTransO (lastt s2 tr2,s2")
apply (metis v4 ' Opt.validFromS-def Opt.validS-append! Nil-is-append-conv hd-append2)
by (metis Opt.validFromS-def Opt.validS-validTrans append-is-Nil-conv lastt-def
list.sel(1) list.simps(3) tri{NE(2) v4')

obtain ww wwl ww?2 trvl trv2 statAA statOO where ¢: ¢ A ww wl w2 wwl
ww? statA sl trl s2 tr2 statAA statO svl trvl sv2 trv2 statOO
using unwindCond-ex-p[OF unwind A r stat v3 v4 i nev] by auto

have trviI2NE: trvl # || trv2 # [] using ¢ unfolding ¢-def by auto

define ss1 ss2 ssvl ssv2 where ssi: ss1 = lastt s1 trl and ss2: ss2 = lastt s2
tr2
and ssvl: ssvl = lastt svl trvl and ssv2: ssv2 = lastt sv2 trv2

have ss1l: ss1 = last tr1 by (simp add: lastt-def ss1 tr14NE(1))

have tr1l: tr1 = butlast tr1 Q [ss1] by (simp add: ss1l tri{NE(1))

have ss2l: ss2 = last tr2 by (simp add: lastt-def ss2 tr14NFE(2))

have tr2l: tr2 = butlast tr2 Q [ss2] by (simp add: ss2l tri{NE(2))

have ssv1l: ssvl = last trvl using ¢ unfolding ¢-def by (metis lastt-def ssvl)
have trv1l: trvl = butlast trvl Q [ssvl] by (simp add: ssvil trvl2NE(1))
have ssv2l: ssv2 = last trv2 using ¢ unfolding ¢-def by (metis lastt-def ssv2)
have trv2l: trv2 = butlast trv2 Q [ssv2] by (simp add: ssv2l trvl2NE(2))

have iss1/[simp]: isIntO ssl isIntO ss2 using i unfolding ss! ss2 by auto
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have giss1/[simp]: getActO ss1 = getActO ss2
using A3/ ssl ss2 by fastforce

have [simp]: Opt.O (trl ## s1') = Opt.O tr1 ## getObsO ssl
by (metis Opt.O-def <isIntO ss1» holds-filtermap-RCons snoc-eq-iff-butlast tril)
have [simp]: Opt.O (tr2 #4 s2') = Opt.O tr2 ## getObsO ss2
by (metis Opt.O-def <isIntO ss2» holds-filtermap-RCons snoc-eq-iff-butlast tr2l)

have [simp]: Opt.A (tr1 ## s1') = Opt.A tr1 ## getActO ssi

by (metis Opt.A-def <isIntO ss1s holds-filtermap-RCons snoc-eq-iff-butlast tril)

have [simp]: Opt.A (tr2 ## s2') = Opt.A tr2 ## getActO ss2

by (metis Opt.A-def <isIntO ss2» holds-filtermap-RCons snoc-eq-iff-butlast tr2l)

have [simp|: Opt.A (tr1 ## s1’) = Opt. A (tr2 #4# s2') +— Opt.A tr1 = Opt.A
tr2 by simp

have rss: reachO ss1 reachO ss2 reachV ssvl reachV ssv2

using Opt.reach-validFromS-reach r ss1l tri4/NE(1) v3 apply blast
using Opt.reach-validFromS-reach r(2) ss2l tr14NE(2) v/ apply blast
using Van.reach-validFromS-reach p-def ¢ 1(3) ssvll

apply (smt (verit, del-insts))

using Van.reach-validFromS-reach @-def ¢ r(4) ssv2l

apply (smt (verit, del-insts)) .

have stat: statAA = Diff — statOO = Diff

and A: A ww wwl ww?2 ssl ss2 statAA ssvl ssv2 statOO

using ¢ unfolding p-def ss1[symmetric] ss2[symmetric] ssvl[symmetric] ssv2[symmetric]
by auto

note vsl3 = s13’[unfolded ss1[symmetric]] note vs24 = s24 '[unfolded ss2[symmetric]]

have 3 w1’ w2’ trvl’ trv2’ statA’ statO’.

wa A oo wwl ww2 w1’ w2’ statAA ssl [ss1,s1’] ss2 [ss2,s27] (sstatA’ statAA ssi
ss2) statOO0 ssvl trvl’ ssv2 trv2’ statO’

using unwindCond-ez-pa-getActO[OF unwind A rss stat vs18 vs24 issl4 giss14]

by blast

then obtain wi’ w2’ trvl’ trv2’ statA’ statO’ where
wl: pa A co ww!l ww2 wl' w2’ statAA ssl [ss1,s1'] ss2 [ss2,s2] statA’ statOO
ssvl trvl’ ssv2 trv2’ statO’ by auto

have trvi2'NE: trvl’ # || trv2’ # || using ¢! unfolding pa-def by auto
have [simp]: Van.O (butlast trvl @ trvl’) = Van.O trvl @ Van.O trul’

using trv12'NE unfolding p-def Van.O.map-filter Opt.O.map-filter apply (subst
butlast-append) by simp

have [simp]: Van.O (butlast trv2 Q trv2") = Van.O trv2 Q Van.O trv2’

using trvl2’NE unfolding ¢-def Van.O.map-filter Opt.O.map-filter apply(subst
butlast-append) by simp
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have Van.A trvl’ = Van.A trv2’ using ¢1 unfolding pa-def by auto
moreover have length (Van.O trvl’) = length (Van.A trvl’) A length (Van.O
trv2’) = length (Van.A trv2’)
unfolding Van.A.map-filter Van.O.map-filter by auto
ultimately have length (Van.O trvl’) = length (Van.O trv2’) by auto
hence [simp]: Van.O trvl Q Van.O trvl’ = Van.O trv2 Q Van.O trv2’ «—
Van.O trvl = Van.O trv2 A Van.O trvl’ = Van.O trv2’ by auto

have len: trvl # [| A trv2 £ [] A trol’ £ [ A tro2’ £ [] A
(Suc 0 < length trvl V wwl < wl) A
(Suc 0 < length trvl’ vV w1’ < wwl) A
(Suc 0 < length trv2 V ww2 < w2) A
(Suc 0 < length trv2’ vV w2’ < ww?2)
using ¢ @1 unfolding p-def pa-def by auto

show ?thesis
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exl[of - butlast trvl Q trvl']) apply(rule exl[of - butlast trv2 Q
trv2’))
apply(rule exI[of - statA']) apply(rule exI[of - statO])
unfolding ga-def apply(intro conjl)
subgoal using ¢ p1 unfolding ¢-def pa-def by auto
subgoal using ¢ p1 unfolding y-def pa-def by auto
subgoal using len
by simp (metis Suc-lessI add-is-1 diff-is-0-eq length-greater-0-conv linorder-not-less

order-trans trans-less-add2)
subgoal using len
by simp (metis Suc-lel le-add-diff-inverse2 length-greater-0-conv nless-le or-
der-le-less-trans trans-less-add2)
subgoal using ¢ ¢! unfolding y-def pa-def ssvi
using Van.validFromS-append by auto
subgoal using ¢ ¢! unfolding ¢-def pa-def ssv2
using Van.validFromS-append by auto
subgoal using ¢ ¢1 unfolding p-def pa-def Van.S.map-filter Opt.S.map-filter

apply (subst tril) apply(subst butlast-append) by simp
subgoal using ¢ @1 unfolding ¢-def pa-def Van.S.map-filter Opt.S.map-filter

apply(subst tr2l) apply(subst butlast-append) by simp
subgoal using ¢ ¢! unfolding ¢-def pa-def Van.A.map-filter Opt. A.map-filter

apply(subst trvll) apply(subst trv2l)
apply(subst butlast-append) apply simp apply(subst butlast-append) by simp
subgoal using ¢ ¢! unfolding ¢-def pa-def apply simp
apply(cases Opt.O tr1 = Opt.O tr2, simp-all) apply clarify
using status.ezhaust by (metis (full-types))+
subgoal using ¢ ¢! unfolding ¢-def pa-def apply simp
apply(cases Opt.O tr1 = Opt.O tr2, simp-all) apply clarify
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apply (smt (verit, del-insts) status.ezhaust)
by (metis Opt.O.eq-Nil-iff nev(1) nev(2))
subgoal using ¢ ¢! unfolding ¢-def pa-def by simp
subgoal using ¢ p1 unfolding -def pa-def by simp
subgoal using o1 trv12’NE tr1/NFE unfolding ¢-def pa-def lastt-def by simp
qed
lemma unwindCond-ex-pa-auz2:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO
and r: reachO s1 reachO s2 reachV svl reachV sv2
and stat: (statA = Diff — statO = Diff)
and v3": Opt.validFromS s1 (trl1 Q [s1',s1"]) and v4": Opt.validFromsS s2 (tr2 @
[s27,2"])
and i: isIntO s1' isIntO s2'
and A3/: getActO s1’ = getActO s2'
and nev: never isIntO trl never isIntO tr2
shows w1’ w2’ trvl trv2 statAA statOO.
va A oo wl w2 wl’ w2’ statA s1 (tr1 Q [s1',51"]) s2 (tr2 Q [s2/,52"]) statAA
statO svl trvl sv2 trv2 statOO
proof—
have 0: lastt s1 (tr1 ## s1') = s1' lastt s2 (tr2 ## s2') = s2’
unfolding lastt-def by auto
show ?thesis
apply (rule unwindCond-ex-pa’-aux|OF unwind A r stat, of trl1 #4# s1’ tr2 #+#
s2', unfolded 0, simplified])
using assms by auto
qed

lemma lastt-snoc[simp]: lastt s1 (tr1 Q [s1"]) = s1”
unfolding lastt-def by auto

lemma lastt-snoc2[simp|: lastt s1 (tr1 Q [s1', s1"]) = s1”
unfolding lasti-def by auto

lemma append-snoc2: tr1 Q [s1', s1”] = (tr1 ## s1') ## s1”
by auto

definition ¢’ A w! w2 w1’ w2’ statA si trl s1’ s1'" s2 tr2 s2' s2" statAA statO
svl trol svl’ sv2 trov2 sv2' statOO =

(trol # [V wl’ < wl) A (trv2 #[] Vw2 < w2)A

Van.validFromS svl (trvl ## svl'’) A Van.validFromS sv2 (trv2 ## sv2'’) A

Van.S (trvl ## svl”) = Opt.S ((tr1 #4 s1') ## s1’) A Van.S (trv2 #+#
sv2') = Opt.S ((tr2 #4 s2') ## s2'") A

Van.A (trvl #4# svl'") = Van.A (trv2 ## sv2’) A

(statO = Eq — (statOO = Diff) = (Van.O (trvl #4# sv1') # Van.O (trv2
## sv2”))) A
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(statA = Eq — (statAA = Diff) = (Opt.O ((tr1 #+4 s1') ## s1”) # Opt.O
(2 #4 $2') #4 52")) A

(statO = Diff — statOO = Diff) A (statAA = Diff — statOO = Diff) A

A oo wl’ w2 s1" 52" statAA svl' sv2" statOO

proposition unwindCond-ex-p":
assumes unwind: unwindCond A and A: A w wi w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and v38": Opt.validFromsS s1 ((tr1 #+4 s1’) #4# s1'") and v/ " Opt.validFromsS s2
((tr2 4t 52) 4t 527)
and ¢: isIntO s1’ isIntO s2’
and A34: getActO s1’ = getActO s2'
and nev: never isIntO trl never isIntO tr2
shows Jwi1’ w2’ trvl svl’ trv2 sv2' statAA statOO.

e’ A wl w2 wl’ w2’ statA sl trl s1' s1'" s2 tr2 s2’ s2' statAA statO svl trvl
svl' sv2 trv2 sv2' statOO
using unwindCond-ex-pa-auz2[unfolded p-def, unfolded lastt-snoc lastt-snoc2 ap-
pend-snoc2, OF assms]
unfolding ya-def apply(elim exE) subgoal for w1’ w2’ trvl trv2 statAA statOO
apply(cases trvl rule: rev-cases)

subgoal by auto

apply/(cases trv2 rule: rev-cases)

subgoal by auto
subgoal unfolding ’-def apply simp by blast . .

definition x8 A w (wl:enat) w2 wl’ w2’ sl trl s2 statAA svl trvl sv2 trv2
stat00 =

trol # [ A trv2 # [] A (length tro2 > Suc 0 V w2’ < w2) A

Van.validFromS svl trvl A Van.validFromsS sv2 trv2 A

never isSecV (butlast trvl) A

isSecV (lastt svl trvl) A getSecV (lastt svl trvl) = getSecO (lastt s1 tr1) A

never isSecV (butlast trv2) A

Van.A trvl = Van.A trv2 A

A wwl’ w2’ (lastt s1 tr1) s2 statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma x3-final:
assumes unw: unwindCond A
and 7: reachO sI reachO s2 reachV svl reachV sv2
and vtrl: Opt.validFromsS s1 tri
and x3: x3 A w wl w2 wl' w2’ sl trl s2 statAA svl trvl sv2 trv2 statOO
shows (finalV (lastt svl trvl) <— finalO (lastt s1 tr1)) A (finalV (lastt sv2 trv2)
> finalO s2)
proof—
have rsv12: Van.validFromS svl trvl — reachV (lastt svl trvl)
Van.validFromS sv2 trv2 — reachV (lastt sv2 trv2) using r
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by (simp add: Van.reach-validFromS-reach lastt-def)+
have rs1: Opt.validFromS sl tr1 — reachO (lastt s1 trl)
using r
by (simp add: Opt.reach-validFromS-reach lastt-def)+
show ?thesis using x 3[unfolded x3-def] rsv12 rsl using unwlunfolded unwind-
Cond-def, rule-format,
of lastt s1 tr1 s2 lastt svl trvl lastt sv2 trv2 w w1’ w2’ statAA statOO)
using vtr! <reachO s2» by auto
qed

lemma y8-completedFrom: unwindCond A =

reachO s1 = reachO s2 = reachV svl = reachV sv2 —
Opt.validFromS s1 trl = completedFromO s1 trl —

X3 A wwl w2 wl’ w2’ sl trl s2 statAA svl trvl sv2 trv2 statOO
= completedFromV svl trvl N completedFromV sv2 trv2

by (metis Van.final-not-isSec x 3-def x3-final completed FromO-lastt)

lemma unwindCond-ex-x 3:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svi sv2 statO
and r: reachO sI reachO s2 reachV svl reachV sv2
and virl: Opt.validFromsS s1 tri
and nisl: = isIntO s1 and nis2: — isIntO s2
and inter3: never isIntO tri1
and sec: never isSecO (butlast tr1) isSecO (lastt s1 trl)
shows Fw’ w1’ w2’ trvl trv2 statOO0. x8 A w’ wil w2 w1’ w2’ sl trl s2 statA svl
trvl sv2 trv2 statOO
using assms(2—)
proof (induction length tr1 w
arbitrary: wl w2 sl s2 statA svl sv2 statO trl rule: less2-induct’)
case (less w trl w1l w2 s1 s2 statA svl sv2 statO)
note vir! = less(8)

note A = (A w wl w2 sl s2 statA svl sv2 statO»

note nis! = less(9) note nis2 = less(10)

note inter3 = less(11)

note sec3 = less(12,13)

note r34 = less.prems(2,3) note r12 = less.prems(4,5)

note r = r34 ri2

note r3 = r34(1) note r4 = r34/(2) note r{ = r12(1) note r2 = r12(2)

have i34: statA = Eq — isIntO s1 = isIntO s2
and f34: finalO s1 = finalO s2 N finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A wnwind[unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match

A wl w2 s1 s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
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show ?Zcase using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: - isSecV svl — isIntV svl and move-1 A v w1l w2 sl s2 statA
svl sv2 statO
then obtain sv!’
where 0:validTransV (svl,svl’)
and A: A v wl w2 sl s2 statA svl’ sv2 statO
unfolding move-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w’ wl w2 w1’ w2’ sl
trl s2 statA svl’ trvl sv2 trv2 statOO
using less(2)[OF v, of trl wl w2 s1 s2 statA svl’ sv2 statO,
simplified, OF A 134 r1’ r2 virl nisl nis2 inter3 sec3]| by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exlof - w2']) apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])
using x3 0 svl unfolding x3-def by auto
next
assume sv2: - isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2’)
and A: A v wl w2 sl s2 statA svl sv2’ statO
unfolding move-2-def by auto
have r2": reachV sv2’ using 2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w’ wl w2 w1’ w2’ sl
trl s2 statA svl trvl sv2’ trv2 statOO
using less(2)[OF v, of tr1 wl w2 sl s2 statA svl sv2' statO,
simplified, OF A 134 r1 r2’ virl nisl nis2 inters sec3] by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using x3 0 sv2 unfolding x 3-def by auto
next
assume sv12: - isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 sl s2 statA svl sv2 statO
then obtain svl’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) = isSecV svl
validTransV (sv2,sv2") = isSecV sv2
Van.eqAct svl sv2
and A: A v wl w2 sl s2 statA svl' sv2’ statO’
unfolding mowve-12-def by auto
have r12’: reachV svl’ reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+

obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w’ wil w2 w1’ w2’ sl

trl s2 statA svl’ trvl sv2' trv2 statOO
using less(2)[OF v, of tr1 wl w2 sl s2 statA svl’ sv2’ statO’,
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simplified, OF A r3/ r12’ virl nisl nis2 inter3 sec3| by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2']) apply(rule exI[of - sul # trvl]) apply(rule exI[of - sv2 # trv2])
apply(rule exI[of - statOO0))
using x3 0 sv12 unfolding x3-def sstatO’-def
by (auto simp: Van.eqAct-def)
qed
next
assume m: match A wil w2 sl s2 statA svl sv2 statO
define statA’ where statA”: statA’ = sstatA’ statA sl s2
show ?thesis
proof (cases length tr1 < Suc 0)
case True
hence trie: trl =[] V trl = [s1]
by (metis Opt.validFromS-singl-iff Suc-length-conv le-Suc-eq le-zero-eq length-0-conv
vtrl)
hence Opt.A tr1 =[] by (simp add: True)
have is1: isSecO s1
by (metis last.simps lastt-def sec3(2) trile)
hence — finalO s1 using Opt.final-not-isSec by blast
then obtain s/’ where s13": validTransO (s1, s1’) unfolding Opt.final-def
by auto
hence isvi: isSecV svl A getSecV svl = getSecO sl using m isl nisl
unfolding match-def matchi-def eqSec-def by auto
show ?thesis using trie isvl apply—
apply(rule exI[of - w]) apply(rule exl[of - w1]) apply(rule exl]of - w2])
apply (rule exI[of - [svl]], rule exI[of - [sv2]], rule exI[of - statO])
using trie
using f34 A by (clarsimp simp: x3-def lastt-def)
next
case Fulse
then obtain s13 tr1’ where tri: tr1 = s13 # tr1’ and tr1'NE: tr1’ # ||
by (cases tr1, auto)
have s13[simp]: s18 = sl using ¢Opt.validFromS sl tril»
by (simp add: Opt.validFromS-Cons-iff tr1)
obtain s!’ where
trnd: validTransO (s1,s1’) and
tr1’. Opt.validFromS s1’ tr1’ using «Opt.validFromsS s1 trl»
unfolding ¢r1 s13 by (metis tr1'NE Simple- Transition-System.valid FromS-Cons-iff )
have r3" reachO s1’ using r3 trn3 by (metis Opt.reach.Step fst-conv snd-conv)
have f3: = finalO s1 using Opt.final-def trn3 by blast
hence f/: = finalO s2 using f3/ by blast
have nev3’: never isIntO tr1’
using inter3 tr1 tr1’'NE by auto
have isAO3: = isIntO s1 by (simp add: nisl)
have 033" Opt.O tr1 = Opt.O tr1’ Opt.A tr1 = Opt.A tr1’
using isAO3 unfolding tr! by auto
have m: matchl A wl w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
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have (Jw!’'<wl. Jwl2'<w2. = isSecO s1 N A oo w1’ w2’ s1' s2 statA svl
sv2 statO) V
(Fw2'<w?. eqSec svl s1 A — isIntV svl A matchl-1 A oo w2’ sl s1’ s2
statA svl sv2 statO) V
(egSec svl s1 A — isSecV sv2 A Van.eqAct svl sv2 A matchl-12 A oo 0o
s1 s1’ s2 statA svl sv2 statO)
using m isAO3 trn3 unfolding matchi-def by auto
thus ?thesis
proof safe
fix wl’” w2" assume w12 w1l < wl w2" < w2
assume — isSecO sI and A: A oo w1’ w2’ s1' s2 statA svl sv2 statO
hence S3: Opt.S tr1’ = Opt.S tr1 unfolding tr1 by auto
obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w' w1’ w2" w1’ w2’
s1’tr1’ s2 statA svl trvl sv2 trv2 statOO
using less(1)[of tr1’, OF - A r8' r4 r12 -] unfolding tr!
by simp (metis Opt.S.eq-Nil-iff (2) S8 Opt.validFromS-def «— isSecO s1»
last.simps
lastt-def list-all-hd nevd’ nis2 s13 sec3(1) sec8(2) trl tr1’)
show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1’]) apply(rule
exlof - w2']) apply(rule exI[of - trvl]) apply(rule exI[of - trv2])
using 3 033’ unfolding x3-def tr1 Van.completed From-def
using Van.validFromS-Cons tr1'NE tr1’ trn3 isAO3 w12’ by auto
next
fix w2’ assume w2’ w2" < w2
assume trni13: eqSec svl sl and
Atrnl: = isIntV svl and matchl-1 A oo w2 sl s1’ s2 statA svl sv2 statO
then obtain sv!’ where
trnl: validTransV (svl,svl’) and
A: A oo oo w2’ s1' 52 statA svl’ sv2 statO
unfolding matchl-1-def by auto
have r1" reachV svl'using r1 trnl by (metis Van.reach.Step fst-conv
snd-conv)
obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w’ co w2" w1’ w2’
s1’ tr1’ s2 statA svl’ trvl sv2 trv2 statOO

using less(1)[of tr1’, OF - A r8' r4 r1’ r2, unfolded 038’', simplified]

using less.prems tr1’ 3 f4 tr1'NE trn8 033'(1)

unfolding tr!

by simp (metis Opt.validFromS-def list-all-hd)

show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1’]) apply(rule
exl[of - w2']) apply(rule exl[of - svl # trvl]) apply(rule exl[of - trv2])

using 3 033’ unfolding x3-def tr1 Van.completed From-def

using Van.validFromS-Cons trnl tr1'NE tr1’ trn3

using isAO3 Atrnl eqSec-S-Cons trnl13 w2’

by simp (metis Opt.S.Nil-iff Opt.S.eq-Nil-iff (1) eqSec-def nless-le order-le-less-trans

513 sec3(1) trl)
next
assume sv2: - isSecV sv2 and trnl8: eqSec svl s1 and
Atrn12: Van.eqAct svl sv2 and matchl-12 A oo co s1 s1’ s2 statA svl sv2
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statO

then obtain sv1’ sv2’ statO’ where

statO": statO’ = sstatO’ statO svl sv2 and

trnl: validTransV (svl,svl’) and

trn2: validTransV (sv2,sv2’) and

A: A oo 0o oo 51’ 52 statA svl’ sv2’ statO’

unfolding matchi1-12-def by auto

have r12" reachV svl’ reachV sv2’

using r1 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+

obtain w’ w1’ w2’ trvl trv2 statOO where x3: x3 A w’ co co wl’ w2’ s1’
tr1’ s2 statA svl’ trvl sv2' trv2 statOO

using less(1)[of tr1’, OF - A r8' v/ r12’, unfolded O33’, simplified]

using less.prems tr1’ 3 f4 tr1’NE trn8 033'(1) unfolding tri1 statO’

sstatQ'-def

by simp (metis Simple- Transition-System.validFromS-def list-all-hd)+

show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1']) apply(rule
exlof - w2']) apply(rule exl[of - svl # trvl]) apply(rule exl[of - sv2 # trv2])

using x3 033’ tr1'NE sv2

using Van.validFromS-Cons trnl trn2

using isA03 Atrni12 eqSec-S-Cons trn13 f3 34 s13 tr1’ trn3

unfolding x3-def tr1 Van.completedFrom-def Van.eqAct-def

using Van.A.Cons-unfold eqSec-def sec3(1) trl1 by auto

qed
qed
qed

qged

definition x3a where x3a¢ A w (wl:enat) w2 w1’ w2’ s1 s1' s2 statAA svl trvl
sv2 trv2 statO0 =

trol # [ A tro2 # [] A (length trv2 > Suc 0 V w2’ < w2) A

Van.validFromS svl trvl A Van.validFromS sv2 trv2 A

Van.S trvl = [getSecO s1] A

never isSecV (butlast trv2) A

Van.A trvl = Van.A trv2 A

A wwl w2 s1's2 statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma unwindCond-ex-x 3a-getSec:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO
and r34: reachO s1 reachO s2 and r12: reachV svl reachV sv2
and v: validTransO (s1, s1”)
and 3: = isIntO sl
and is!: isSecO s1 and isvi3: isSecV svl getSecO sl = getSecV svl
shows w1’ w2’ trvl trv2 statOO.
x3a A oo wi w2 wl’ w2’ sl s1’ s2 statA svl trvl sv2 trv2 statOO
using A 112 isvl3
proof (induction w arbitrary: wl w2 svl sv2 statO rule: less-induct)
case (less w wl w2 svl sv2 statO)
note A = (A w wil w2 sl s2 statA svl sv2 statO»
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note r12 = less.prems(2,8)

note r! = r12(1) note r2 = r12(2)

note r = r34 ri2

note isv13 = <isSecV svl» <getSecO sl = getSecV svl»

have f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 sl s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: - isSecV svl — isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
hence Fulse using isvi3 by blast
thus ?thesis by auto
next
assume sv2: = isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2”)
and A: A v wl w2 sl s2 statA svl sv2' statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl trv2 statOO where
x3a: x3a A oo wl w2 wl’ w2’ s1 s1’ s2 statA svl trvl sv2' trv2 statOO
using less(1)[OF v A r1 r2' isvl3] by auto
show ?thesis apply(rule exl[of - w1']) apply(rule exl]of - w2']) apply(rule
exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using y3a 0 sv2 unfolding x3a-def by auto
next
assume sv12: = isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 s1 s2 statA svl sv2 statO
hence Fulse using isv13 by blast
thus ?thesis by auto
qed
next
assume m: match A wil w2 sl s2 statA svl sv2 statO
have m: matchl A wl w2 s1 s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jw!’ w2’ wl'<wl N w2'<w2 A — isSecO s1 N A oo wl' w2’ s1’ s2
statA svl sv2 statO) V
(Fw2'< w2. eqSec svl s1 N — isIntV svl A matchl-1 A oo w2’ sl s1' s2
statA svl sv2 statO) V
(egSec svl s1 N — isSecV sv2 A Van.eqAct svl sv2 N matchl-12 A oo oo
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s1 s1' s2 statA svl sv2 statO)
using m v 73 unfolding matchl-def by auto

thus ?thesis

apply(elim disjE exE)
subgoal for w1’ w2’ using isl by auto
subgoal for w2’ apply(rule exlI[of - 0c]) apply(rule exI[of - w2'])
unfolding matchi1-1-def apply(elim conjE exE) subgoal for svl’
apply(rule exI|of - [svl,svl’]]) apply(rule exI[of - [sv2]])
apply(rule exI[of - statO])
using is! isv13 unfolding y3a-def
by (auto simp : sstatA’-def lastt-def) .
subgoal apply(rule exI[of - o]) apply(rule exl]of - o0])
unfolding match1-12-def apply(elim conjE exE) subgoal for svl’ sv2’
apply (rule exI|of - [svl,svl’]]) apply(rule exI[of - [sv2,sv2]])
apply (rule exI[of - sstatO’ statO svl sv2])
using is! isv13 unfolding x3a-def
by (auto simp : sstatA’-def sstatO’-def lastt-def Van.eqAct-def) . .

qed
qed

definition x8b A w (wl:enat) w2 wl’ w2’ sl trl s2 statAA svl trvl sv2 trv2
stat0O0 =

trol # [] A

trv2 # [ A (length trv2 > Suc 0 V w2’ < w2) A

Van.validFromS svl trvl A

Van.validFromS sv2 trv2 A

Van.S trvl = Opt.S trl A

never isSecV (butlast trv2) A Van.A trvl = Van.A trv2 A

A wwl’ w2’ (lastt s1 trl) s2 statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma unwindCond-ex-x 3b-auz:
assumes uvnwind: unwindCond A
and A: A w wl w2 s1 s2 statA svl sv2 statO and
r: reachO s1 reachO s2 reachV svl reachV sv2
and riNE: trl # ||
and v3" Opt.validFromS s1 (tr1 ## s1’)
and nis!: — isIntO s1 and nis2: - isIntO s2
and ninter3" never isIntO (tr1 ## s1’)
and sec: never isSecO (butlast tr1) isSecO (lastt s1 trl)
shows w1’ w2’ trvl trv2 statO0. x8b A oo wl w2 w1’ w2’ sl (trl #4# s1’) s2
statA svl trvl sv2 trv2 statOO
proof—
have v3: Opt.validFromS s1 trl and s13": validTransO (lastt s1 trl,s1’)
apply (metis v3' Opt.validFromS-def Opt.validS-append! Nil-is-append-conv hd-append2)
by (metis Opt.validFromS-def Opt.validS-valid Trans lastt-def list.sel(1) not-Cons-self2
snoc-eq-iff-butlast triNE v3")
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have ninter3: never isIntO tr1 and nisl’ — isIntO s1’

using ninter3’ by auto

obtain ww ww! ww2 trvl trv2 statOO where x3: x3 A ww wi w2 wwl ww2 si
tr1 s2 statA svl trvl sv2 trv2 statOO

using unwindCond-ex-x 3[OF unwind A r v8 nisl nis2 ninter3 sec] by auto

have trvi2NE: trvl # || trv2 # [] using x8 unfolding x 3-def by auto

define ssi1 ssvl ssv2 where ss1: ss1 = lastt sl trl
and ssvl: ssvl = lastt svl trvl and ssv2: ssv2 = lastt sv2 trv2

have ss1l: ss1 = last tr1 by (simp add: lastl-def ss1 triNE)

have tr1l: tr1 = butlast tr1 Q [ss1] by (simp add: ss1l triNE)

have ssvll: ssvl = last trvl using x3 unfolding x3-def by (metis lastt-def
ssvl)

have trvll: trvl = butlast trvl Q [ssvl] by (simp add: ssvil trvl12NE(1))

have ssv2l: ssv2 = last trv2 using x3 unfolding x3-def by (metis lastt-def
ssv2)

have trv2l: trv2 = butlast trv2 Q [ssv2] by (simp add: ssv2l trvl2NE(2))

have iss1[simp]: isSecO ss1 using sec(2) unfolding ss! by auto
have issvl [simp]: isSecV ssvl and gissvl3[simp|: getSecO ss1 = getSecV ssvl
using x4 unfolding x3-def ssvl ss1 by auto

have niss1: — isIntO ssl
by (metis list-all-append list-all-simps(1) ninter3 tr1l)

have rssi: reachO ss1 and rssv12: reachV ssvl reachV ssv2
using Opt.reach-validFromS-reach r ss1l triNE v3 apply blast
apply (metis Van.reach-validFromS-reach x3-def x3 r(8) ssvll)
by (metis Van.reach-validFromS-reach x3-def x3 r(4) ssv2l)

have A: A ww wwl ww2 ss1 s2 statA ssvl ssv2 statOO
using x 3 unfolding x 3-def ss1[symmetric] ssvl[symmetric] ssv2[symmetric] by
auto

have s13" wvalidTransO (ss1, s1”)
by (simp add: s13' ss1)

note vs13 = s13'unfolded ssi[symmetric]]

obtain w!’ w2’ trvl’ trv2’ statO’ where

x3a: x3a A oo wwl ww2 wil' w2’ ss1 s1’ s2 statA ssvl trvl’ ssv2 trv2’ statO’

using unwindCond-ex-x 3a-getSec[OF unwind A rssl r(2) rssvl2 s13' nissl issl
issvl gissvl3]

by blast

have trvl2'NE: trvl’ # || trv2’ # || using x 3a unfolding y3a-def by auto
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have [simp]: Van.O (butlast trvl @ trvl’) = Van.O trvl @ Van.O trvl’
using trv12’'NFE unfolding x 3-def Van.O.map-filter Opt.O.map-filter apply (subst
butlast-append) by simp

have [simp]: Van.O (butlast trv2 Q trv2’) = Van.O trv2 Q Van.O trv2’
using trv12’NE unfolding x 3-def Van.O.map-filter Opt.O.map-filter apply (subst
butlast-append) by simp

have Van.A trvl’ = Van.A trv2’ using x3a unfolding x3a-def by auto
moreover have length (Van.O trvl') = length (Van.A trvl’) A length (Van.O
trv2’) = length (Van.A trv2’)
unfolding Van.A.map-filter Van.O.map-filter by auto
ultimately have length (Van.O trvl’) = length (Van.O trv2’) by auto
hence [simp]: Van.O trvl Q Van.O trvl’ = Van.O trv2 Q Van.O trv2’ +—
Van.O trvl = Van.O trv2 A Van.O trvl’ = Van.O trv2’ by auto

show ?thesis
apply(rule exI|of - w1']) apply(rule exl[of - w2'))
apply(rule exl[of - butlast trvl Q trvl']) apply(rule exl[of - butlast trv2 Q
trv2])
apply(rule exI[of - statO7))
unfolding x3b-def apply(intro conjl)
subgoal using x3 x3a unfolding x3-def x3a-def by auto
subgoal using x3 x3a unfolding x3-def x3a-def by auto
subgoal using x38 x3a unfolding x3-def x3a-def
by simp (metis Simple- Transition-System. fromS-eq-Nil Simple- Transition-System.toS-fromS-nonSingl
Van.toS-Nil diff-add-inverse2 linorder-not-less order-le-less-trans trans-less-add2 zero-less-diff)

subgoal using y3 x3a unfolding x3-def x3a-def ssvl
using Van.validFromS-append by auto
subgoal using x 8 x3a unfolding x3-def x3a-def ssv2
using Van.validFromS-append by auto
subgoal using x3 x3a unfolding x 3-def x3a-def unfolding Van.S.map-filter
Opt.S.map-filter
apply(subst tril) apply(subst butlast-append)
by simp (metis Opt.S.map-filter Opt.S.eq-Nil-iff (2) Van.S.map-filter Van.S.eq-Nil-iff (2)
sec(1))
subgoal using x3 x3a unfolding x3-def x3a-def
by (simp add: butlast-append)
subgoal using x 3 x3a unfolding x 3-def x 3a-def Van.A.map-filter Opt.A.map-filter

apply (subst trv1l) apply(subst trv2l) by (simp add: butlast-append)
subgoal using y3a trvi2’'NE tr1NE unfolding x3a-def lastt-def by simp .
qed

lemma unwindCond-ex-x 3b-auz2:

assumes unwind: unwindCond A

and A: A w wl w2 sl s2 statA svl sv2 statO

and 7: reachO s1 reachO s2 reachV svl reachV sv2
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and v3" Opt.validFromsS s1 (tr1 @ [s1',s1")
and nisl: = isIntO s1 and nis2: — isIntO s2
and ninter3”: never isIntO (trl1 Q [s1',s1")
and sec: never isSecO trl isSecO s1’
shows w1’ w2’ trvl trv2 statOO0. x3b A oo wi w2 wl’ w2’ s1 (trl Q [s1’,s1"])
82 statA svl trvl sv2 trv2 statOO
proof—
have 0: lastt s1 (tr1 ## s1') = s1’
unfolding lastt-def by auto
show ?thesis
using unwindCond-ex-x 3b-auz| OF unwind A v, of tr1 ## s1', unfolded 0, sim-
plified]
using assms by auto
qed

definition x3’ A wl w2 w1’ w2’ sl trl s1’ s1" s2 statAA svl trvl svl’ sv2 trv2
sv2" statO0 =
Van.validFromS svl (trvl #4# svl'’) A Van.validFromS sv2 (trv2 #4 sv2') A
Van.S (trvl ## svl’") = Opt.S ((tr1 #4# s1') ## s1”) A never isSecV trv2 A
Van.A (trvl ## svl') = Van. A (trv2 #4 sv2’) A
trol # [] A (trv2 #£ ] V w2’ < w2) A
A oo wl’ w2’ s1" s2 statAA svl' sv2'" statOO

proposition unwindCond-ex-x 3"
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO and
r: reachO s1 reachO s2 reachV svl reachV sv2
and v3": Opt.validFromS s1 ((tr1 ## s1') #4# s1”)
and nisl: = isIntO s1 and nis2: — isIntO s2
and ninter3 " never isIntO ((tr1 ## s1') ## s1”)
and sec: never isSecO trl isSecO s1’
shows Jwl’ w2’ trvl svl” trv2 sv2” statO0. x3' A wl w2 w1’ w2’ sl trl s1’
51" 82 statA svl trvl svl'' sv2 trv2 sv2' statOO
using unwindCond-ez-x 3b-auz2[unfolded p-def, unfolded lastt-snoc lastt-snoc2 ap-
pend-snoc2, OF assms]
unfolding y 3b-def apply(elim exE) subgoal for w1’ w2’ trvl trv2 statOO
apply(cases trvl rule: rev-cases)
subgoal by auto
subgoal for trvl’ svl’ apply(cases trv2 rule: rev-cases)

subgoal by auto

subgoal for trv2’ sv2’ unfolding x3’-def

apply(rule exlI|[of - w1']) apply(rule exl[of - w2'])

apply(rule exI[of - trvl’]) apply(rule exI[of - svl"])

apply(rule exI[of - trv2’]) apply(rule exI[of - sv2"])

apply(rule exI[of - statOO0))

by simp (metis Opt.S.Nil-iff Opt.S.eq-Nil-iff (1) Van.S.simps(4) append-snoc2
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list-all-append sec(2)
self-append-conv2 snoc-eg-iff-butlast) . . .

definition w3 A wl w2 wl’ w2’ sl s1’ s2 statAA svl trvl svl' sv2 trv2 sv2’
statO0 =
Van.validFromS svl (trvl ## svl’) A Van.validFromS sv2 (trv2 #4# sv2’) A
never isSecV trvl N never isSecV trv2 A
Van.A (trvl #4 svl') = Van.A (trv2 ## sv2’) A
(trol [V wl’ <wl) A (trv2 #[] Vw2 < w2)A
A oo wl’ w2’ s1’ s2 statAA svl’ sv2' statOO

proposition unwindCond-ex-w3:
assumes unwind: unwindCond A
and A: A w wl w2 s1 s2 statA svl sv2 statO
and r34: reachO s1 reachO s2 and r12: reachV svl reachV sv2
and v3: validTransO (s1,s1’)
and nisl: — isIntO s1 — isIntO s1' — isSecO s1
and nis2: — isIntO s2
shows Jwi1’ w2’ trvl svl’ trv2 sv2’ statO0. w3 A wl w2 wl’ w2’ s1 s1’ s2 statA
svl trvl svl’ sv2 trv2 sv2’ statOO
using A ri2
proof (induction w arbitrary: wi w2 svl sv2 statO rule: less-induct)
case (less w wl w2 svl sv2 statO)
note A = <A w w1 w2 sl s2 statA svl sv2 statO»
note r12 = less.prems(2,3)
note r1 = r12(1) note r2 = r12(2)
note r = r34 ri2

have f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3 v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 sl s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: = isSecV svl = isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv!’ where 0: validTransV (svl, svl’) and A: A v wl w2 sl
s2 statA svl’ sv2 statO
unfolding move-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO where
w3: w8 A wl w2 wl' w2’ sl 51’ s2 statA svl' trvl svl’ sv2 trv2 sv2’ statOO
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using less(1)[OF v A r1' r2] by auto
show ?thesis apply(rule exl[of - w1’]) apply(rule exl[of - w2']) apply(rule
exl[of - svl # trvl]) apply(rule exI[of - svl"])
apply (rule exI[of - trv2]) apply(rule exI[of - sv2'))
using w3 0 svl unfolding ws3-def by auto
next
assume sv2: = isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2")
and A: A v w! w2 sl s2 statA svl sv2’ statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl svl’ trv2 sv2' statOO where
w3: w8 A wl w2 wil' w2’ sl 51’ s2 statA svl trvl svl’ sv2’ trv2 sv2’ statOO

using less(1)[OF v A r1 r2'] by auto
show ?thesis apply(rule exI|of - w1']) apply(rule exl[of - w2'])
apply(rule exI[of - trvl]) apply(rule exI[of - svl])
apply(rule exI[of - sv2 # trv2]) apply(rule exI[of - sv2'")
using w8 0 sv2 unfolding ws3-def by auto
next
assume svl: - isSecV svl and sv2: = isSecV sv2 and
move-12 A v wl w2 s1 s2 statA svl sv2 statO and
sv12: Van.eqAct svl sv2
then obtain svl’ sv2’ statO’
where statO” statOQ’ = sstatO’ statO svl sv2
and 0: validTransV (svl,svl’) wvalidTransV (sv2,sv2’)
and A: A v wi w2 sl s2 statA svl’ sv2’ statO’
unfolding move-12-def by auto
have 71" reachV svl’ and r2": reachV sv2' using r1 r2 0
by (metis Van.reach.Step fst-conv snd-conv)+
obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO where
w8: w3 A wl w2 wl’ w2’ sl s1's2 statA svl’ trvl svl’” sv2’ trv2 sv2’ statOO

using less(1)[OF v A r1’ r2’] by auto
show ?thesis apply(rule exl[of - w1']) apply(rule exI[of - w2])
apply (rule exI[of - svl # trvl]) apply(rule exI[of - sv1'’)
apply(rule exl[of - sv2 # trv2]) apply(rule exl[of - sv2'")
using w3 0 svl sv2 sv12 unfolding w3-def statO’ by (auto simp: Van.eqAct-def)
qed
next
assume m: match A wl w2 sl s2 statA svl sv2 statO
have m: matchl A w1 w2 s1 s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Fw!’ w2’ w1’ < wl A w2'<w2 A = isSecO sI N A oo wl’ w2’ s1’ s2
statA svl sv2 statO) V
(Fw2'<w2. eqSec svl s1 A — isIntV svl A matchl-1 A co w2’ s1 s1’ s2
statA svl sv2 statO) V
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(egSec svl s1 N — isSecV sv2 A Van.eqAct svl sv2 N matchl-12 A oo oo
s1 s1’ s2 statA svl sv2 statO)
using m v3 nis! unfolding matchi-def by auto

thus ?thesis
apply(elim disjE ezE)
subgoal for w1’ w2’
apply(rule exI[of - w1']) apply(rule exI[of - w2')
apply(rule exI[of - [|]) apply(rule exI[of - svl])
apply(rule exI[of - [|]) apply(rule exI[of - sv2])
apply(rule exI[of - statO]) unfolding w3-def
by auto
subgoal for w2’
apply(rule exI[of - oo]) apply(rule exI[of - w2])
unfolding matchi1-1-def apply(elim conjE exE) subgoal for svl’
apply(rule exI[of - [sv1]]) apply(rule exI[of - svl’])
apply (rule exI[of - []]) apply(rule exI[of - sv2])
apply (rule exI[of - statO])
unfolding w3-def using nis1(3) by (auto simp: eqSec-def) .
subgoal
apply(rule exI[of - oo]) apply(rule exI[of - x0])
unfolding matchi-12-def apply(elim conjE exE) subgoal for svi’ sv2’
apply(rule exI[of - [sv1]]) apply(rule exI[of - sv1])
apply(rule exI|of - [sv2]]) apply(rule exI[of - sv2])
apply(rule exI[of - sstatO’ statO svl sv2])
unfolding w3-def using nis1(3) apply (auto simp: egSec-def
sstatA’-def sstatO’-def lastt-def Van.eqAct-def) . . .
qed
qed

definition x4 A w w! (w2:enat) wl’ w2’ s1 s2 tr2 statAA svl trvl sv2 trv2
statO0 =

trol # [] A trv2 # ]| A (length trol > Suc 0 V w1’ < wl) A

Van.validFromS svl trvl A Van.validFromS sv2 trv2 A

never isSecV (butlast trvl) A

never isSecV (butlast trv2) A

isSecV (lastt sv2 trv2) A getSecV (lastt sv2 trv2) = getSecO (lastt s2 tr2) A

Van.A trvl = Van.A trv2 A

A wwl’ w2’ sl (lastt s2 tr2) statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma x4-final:

assumes unw: unwindCond A

and r: reachO s1 reachO s2 reachV svl reachV sv2

and vtr2: Opt.validFromsS s2 tr2

and y4: x4 A wwl w2 wl’ w2’ sl s2 tr2 statAA svl trvl sv2 trv2 statOO
shows (finalV (lastt svl trvl) <— finalO s1) A (finalV (lastt sv2 trv2) <— finalO
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(lastt s2 tr2))
proof—
have rsv12: Van.validFromsS svl trvl — reachV (lastt svl trol)
Van.validFromS sv2 trv2 — reachV (lastt sv2 trv2) using r
by (simp add: Van.reach-validFromS-reach lastt-def)+
have rs2: Opt.validFromS s2 tr2 — reachO (lastt s2 tr2)
using r
by (simp add: Opt.reach-validFromS-reach lastt-def )+
show ?thesis using x/[unfolded x4-def] rsv12 rs2 using unwlunfolded unwind-
Cond-def, rule-format,
of s1 lastt s2 tr2 lastt svl trvl lastt sv2 trv2 w w1’ w2’ statAA statOO)
using vtr2 <reachO s1» by auto
qed

lemma x4-completedFrom: unwindCond A =

reachO s1 = reachO s2 = reachV svl = reachV sv2 —
Opt.validFromS s2 tr2 = completedFromQO s2 tr2 —

X4 A wwl w2 wl’ w2’ sl s2 tr2 statAA svl trvl sv2 trv2 statOO
= completedFromV svl trvl N completedFromV sv2 trv2

by (metis Van.final-not-isSec x4-def x4-final completedFromO-lastt)

proposition unwindCond-ex-x4:
assumes unwind: unwindCond A
and A: A w w! w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and vtr2: Opt.validFromsS s2 tr2
and nis2: - isIntO s1 and nis2: - isIntO s2
and inters: never isIntO tr2
and sec: never isSecO (butlast tr2) isSecO (lastt s2 tr2)
shows Fw’ w1’ w2’ trvl trv2 statOO0. x4 A w’' wil w2 wil’ w2’ sl 52 tr2 statA svl
trvl sv2 trv2 statOO
using assms(2—)
proof (induction length tr2 w
arbitrary: wl w2 s1 s2 statA svl sv2 statO tr2 rule: less2-induct’)
case (less w tr2 w1l w2 s1 s2 statA svl sv2 statO)
note vtr2 = less(8)
note A = (A w wl w2 sl s2 statA svl sv2 statO»
note nis! = less(9) note nis2 = less(10)
note inter] = less(11)
note sec{ = less(12,13)
note r34 = less.prems(2,3) note r12 = less.prems(4,5)
note r = r34 ri2
note r3 = r3/(1) note r4 = r34(2) note r1 = r12(1) note r2 = r12(2)

have i34: statA = Eq — isIntO s1 = isIntO s2
and f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto
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have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 s1 s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: - isSecV svl — isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv1’
where 0:validTransV (svl,svl’)
and A: A v wl w2 sl s2 statA svl’ sv2 statO
unfolding move-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w’ w1’ w2’ trvl trv2 statOO where x4: x4 A w’ wil w2 w1’ w2’ sl
s2 tr2 statA svl’ trvl sv2 trv2 statOO
using less(2)[OF v, of tr2 w1 w2 sl s2 statA svl’ sv2 statO,
simplified, OF A 134 r1’ r2 vir2 nisl nis2 inter) sec4| by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - svl # trvl]) apply(rule exI[of - trv2])
using x4 0 svl unfolding x4-def by auto
next
assume sv2: - isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2’)
and A: A v w! w2 sl s2 statA svl sv2' statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w!’ w2’ w’ trvl trv2 statOO where x4: x4 A w' wl w2 wl’ w2’ sl
$2 tr2 statA svl trvl sv2’ trv2 statOO
using less(2)[OF v, of tr2 wl w2 s1 s2 statA svl sv2’ statO,
simplified, OF A 184 r1 r2' vtr2 nisl nis2 inter} secl] by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2']) apply(rule exI|of - trvl]) apply(rule exI[of - sv2 # trv2])
using x4 0 sv2 unfolding y4-def by auto
next
assume sv12: = isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 s1 s2 statA svl sv2 statO
then obtain sv1’ sv2’ statO’
where 0: statO’ = sstatO’ statO svl sv2
validTransV (svl,svl’) - isSecV svl
validTransV (sv2,sv2") = isSecV sv2
Van.eqAct svl sv2
and A: A v wi w2 sl s2 statA svl’ sv2’ statO’
unfolding mowve-12-def by auto
have 712" reachV svl' reachV sv2’ using r1 r2 0 by (metis Van.reach.Step
fst-conv snd-conv)+
obtain w’ w1’ w2’ trvl trv2 statOO where x4: x4 A w' wl w2 wl’ w2’ sl
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s2 tr2 statA svl’ trvl sv2’ trv2 statOO
using less(2)[OF v, of tr2 w1 w2 s1 s2 statA svl’ sv2' statO’,
simplified, OF A 134 r12’ vtr2 nisl nis2 inter sec4| by auto
show ?thesis apply(rule exl[of - w’]) apply(rule exI[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - svl # trvl]) apply(rule exl[of - sv2 # trv2])
apply(rule exI[of - statOO])
using x4 0 sv12 unfolding x4-def sstatO’-def
by (auto simp: Van.eqAct-def)
qed
next
assume m: match A wl w2 s1 s2 statA svl sv2 statO
define statA’ where statA’: statA’ = sstatA’ statA s1 s2
show ?thesis
proof (cases length tr2 < Suc 0)
case True
hence tr2e: tr2 =[] V tr2 = [s2]
by (metis Opt.validFromS-def Suc-length-conv le-Suc-eq le-zero-eq length-0-conv
list.sel(1) vtr2)
hence Opt.A tr2 = || by (simp add: True)
have is2: isSecO s2
by (metis last.simps lastt-def sec4 (2) tr2e)
hence — finalO s2 using Opt.final-not-isSec by blast
then obtain s2’ where s24 " validTransO (s2, s2’) unfolding Opt.final-def
by auto
hence isv2: isSecV sv2 A getSecV sv2 = getSecO s2 using m is2 nis2
unfolding match-def match2-def eqSec-def by auto
show ?thesis using tr2e isv2 apply—
apply(rule exI[of - w]) apply(rule exl[of - w1]) apply(rule exl]of - w2])
apply (rule exI[of - [svl]], rule exI[of - [sv2]], rule exI[of - statO])
using tr2e
using 34 A by(clarsimp simp: x4-def lastt-def)
next
case Fulse
then obtain s2/ tr2’ where tr2: tr2 = s2/ # tr2' and tr2'NE: tr2’ # ||
by (cases tr2, auto)
have s2/[simp|: s2/ = s2 using <Opt.validFromS s2 tr2)
by (simp add: Opt.validFromS-Cons-iff tr2)
obtain s2’ where
trng: validTransO (s2,s2’) and
tr2". Opt.validFromS s2' tr2’ using <Opt.validFromS s2 tr2)
unfolding ¢r2 s24 by (metis tr2’NE Simple- Transition-System.valid FromS-Cons-iff)
have /" reachO s2' using r4 trn4 by (metis Opt.reach.Step fst-conv snd-conv)
have f/: = finalO s2 using Opt.final-def trn4 by blast
hence f3: = finalO s1 using f3} by blast
have nev s never isIntO tr2’
using inter tr2 tr2'NFE by auto
have isAQ4: — isIntO s2 by (simp add: nis2)
have 044" Opt.O tr2 = Opt.O tr2’ Opt.A tr2 = Opt. A tr2’
using isAO4 unfolding tr2 by auto
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have m: match2 A wl w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Jwl’'<wl. Jw2'<w2. = isSecO s2 N A oo wl’ w2’ s1 s2' statA svl
sv2 statO) V
(Fwl'<wl. eqSec sv2 s2 N — isIntV sv2 A match2-1 A wl’ oo s1 s2 s2'
statA svl sv2 statO) V
(egSec sv2 s2 N — isSecV svl A Van.eqAct svl sv2 N match2-12 A oo oo
s1 s2 s2' statA svl sv2 statO)
using m isAO4 trnj unfolding match2-def by auto
thus ?thesis
proof safe
fix w1 w2’ assume wi2" wi" < wl w2" < w2
assume — isSecO s2 and A: A oo w1’ w2" sl s2’ statA svl sv2 statO
hence S/: Opt.S tr2’ = Opt.S tr2 unfolding tr2 by auto
obtain w’ w1’ w2’ trvl trv2 statOO where x/4: x4 A w’' w1’ w2 w1’ w2’
s1 82" tr2’ statA svl trvl sv2 trv2 statOO
using less(1)[of tr2’, OF - A r3 r4’' r12] unfolding tr2
by simp (metis Opt.S.eq-Nil-iff (2) S4 Simple- Transition-System.valid FromS-def
last.simps lastt-def
list.discl list-all-hd nevj ' nisl secf (1) sec4(2) tr2 tr2’ tr2'NE)
show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1']) apply(rule
exI[of - w2']) apply(rule exI[of - trvl]) apply(rule exI[of - trv2])
using x4 044’ unfolding x/-def tr2 Van.completedFrom-def
using Van.validFromS-Cons tr2'NE tr2’ trn4 isAO4 w12’ by auto
next
fix wl' assume w1’ wi" < wl
assume trn24: eqSec sv2 s2 and
Atrn2: = isIntV sv2 and match2-1 A w1’ oo sl 52 s2' statA svl sv2 statO
then obtain sv2’ where
trn2: validTransV (sv2,sv2’) and
A: A oo wl' oo sl s2' statA svl sv2’ statO
unfolding match2-1-def by auto
have 12" reachV sv2'using 12 trn2 by (metis Van.reach.Step fst-conv
snd-conv)
obtain w’ w1’ w2’ trvl trv2 statOO where x4: x4 A w’ wil’ oo w1’ w2’
s1 827 tr2’ statA svl trvl sv2' trv2 statOO
using less(1)[of tr2’, OF - A r8 r4' r1 r2’', unfolded O44’, simplified)
using less.prems tr2’ {3 f4 tr2'NE trnd 044°(1)
unfolding tr2
by simp (metis Opt.validFromS-def list-all-hd)
show ?thesis apply(rule exI[of - w']) apply(rule exl[of - w1']) apply(rule
exl[of - w2']) apply(rule exl[of - trvl]) apply(rule exI[of - sv2 # trv2])
using x4 044’ unfolding x/-def tr2 Van.completed From-def
using Van.validFromS-Cons trn2 tr2'NE tr2’ trn4
using isA04 Atrn2 eqSec-S-Cons trn24 w1’
by simp (metis Opt.S.Nil-iff Opt.S.eq-Nil-iff (1) eqgSec-def nless-le order-le-less-trans
$24 secq (1) tr2)
next
assume svl: = isSecV svl and trn24: eqSec sv2 s2 and
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Atrn12: Van.eqAct svl sv2 and match2-12 A oo oo s1 s2 s2' statA svl sv2
statO

then obtain sv1’ sv2’ statO’ where

statO": statO’ = sstatO’ statO svl sv2 and

trni: validTransV (svl,svl’) and

trn2: validTransV (sv2,sv2’) and

A: A oo 00 oo sl s2' statA svl’ sv2’ statO’

unfolding match2-12-def by auto

have r12" reachV svl’ reachV sv2’

using 71 trnl r2 trn2 by (metis Van.reach.Step fst-conv snd-conv)+

obtain w’ w1’ w2’ trvl trv2 statOO where x4: x4 A w' oo oo w1’ w2’ s1
s2' tr2’ statA svl’ trvl sv2’ trv2 statOO

using less(1)[of tr2', OF - A r8 v4' r12’, unfolded 0O44’, simplified]

using less.prems tr2’ 3 f4 tr2'NE trn4 044'(1) unfolding tr2 statO’

sstatO'-def

by simp (metis Simple-Transition-System.validFromS-def list-all-hd)

show ?thesis apply(rule exl|of - w']) apply(rule exI[of - wl']) apply(rule
exl[of - w2'))

apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv2 # trv2])

using x4 044’ tr2’'NFE svl

using Van.validFromS-Cons trnl trn2

using isAO4 Atrn12 eqSec-S-Cons trn24 f3 {34 s24 tr2’ trn/

unfolding x4-def tr2 Van.completedFrom-def Van.eqAct-def

using Van.A.Cons-unfold eqSec-def secq (1) tr2 by auto

qed
qged
qed

qed

definition y4a where x/a A w wl (w2:enat) wl’ w2’ sl s2 s2’ statAA svl trvl
sv2 trv2 statO0 =

trol # [] A tro2 # [] A (length trol > Suc 0 V w1’ < wl) A

Van.validFromS svl trvl A Van.validFromsS sv2 trv2 A

never isSecV (butlast trvl) A

Van.S trv2 = [getSecO s2] N

Van.A trvl = Van.A trv2 A

A wwl’ w2’ sl s2' statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma unwindCond-ex-x 4a-getSec:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO
and r34: reachO s1 reachO s2 and r12: reachV svl reachV sv2
and v: validTransO (s2, s2’)
and 7i4: — isIntO s2
and is2: isSecO s2 and isv24: isSecV sv2 getSecO s2 = getSecV sv2
shows w1’ w2’ trvl trv2 statOO.
x4a A oo wl w2 wil’ w2’ s1 52 s2' statA svl trvl sv2 trv2 statOO
using A 112 isv24
proof (induction w arbitrary: wi w2 svl sv2 statO rule: less-induct)
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case (less w w1 w2 svl sv2 statO)

note A = (A w w1 w2 sl s2 statA svl sv2 statO»

note r12 = less.prems(2,3)

note r1 = r12(1) note r2 = r12(2)

note r = r34 ri2

note isv2/ = <isSecV sv2»> <getSecO s2 = getSecV sv2)»

have f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2

using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3 v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 s1 s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: = isSecV svl = isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv1’
where 0: validTransV (svl,svl’)
and A: A v wl w2 sl s2 statA svl’ sv2 statO
unfolding move-1-def by auto
have r1": reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w!’ w2’ trvl trv2 statOO where
x4a: x4a A oo wl w2 w1’ w2’ sl s2 s2' statA svl’ trvl sv2 trv2 statOO
using less(1)[OF v A r1' r2 isv24] by auto
show ?thesis apply(rule exl[of - w1’]) apply(rule exl[of - w2']) apply(rule
exl[of - svl # trvl]) apply(rule exI[of - trv2])
using y4a 0 svl unfolding x4a-def by auto
next
assume sv2: — isSecV sv2 — isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
hence Fulse using isv24 by blast
thus ?thesis by auto
next
assume sv12: = isSecV svl — isSecV sv2 Van.eqAct svl sv2
and move-12 A v wl w2 s1 s2 statA svl sv2 statO
hence Fulse using isv24 by blast
thus ?thesis by auto
qed
next
assume m: match A wl w2 sl s2 statA svl sv2 statO
have m: match2 A wil w2 sl s2 statA svl sv2 statO using m unfolding
match-def by auto
have (Fwl’ w2’ wl'<wl AN w2'<w2 A — isSecO s2 N A oo wi’ w2’ s1 s2'
statA svl sv2 statO) V
(Jwl'<wl. egSec sv2 s2 A — isIntV sv2 A match2-1 A w1’ oo s1 s2 s2’
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statA svl sv2 statO) V
(egSec sv2 s2 N — isSecV svl A Van.eqAct svl sv2 A match2-12 A oo oo
s1 s2 s2' statA svl sv2 statO)
using m v 74 unfolding match2-def by auto

thus ?thesis

apply(elim disjE ezFE)
subgoal for w1’ w2’ using is2 by auto
subgoal for w!’ apply(rule exI[of - wl’]) apply(rule exI[of - o))
unfolding match2-1-def apply(elim conjE exE) subgoal for sv2’
apply(rule exI[of - [sv1]]) apply(rule exI[of - [sv2,sv2]])
apply (rule exI[of - statO])
using is2 isv2/ unfolding x/ja-def
by (auto simp : sstatA’-def lastt-def) .
subgoal apply(rule exI[of - oo]) apply(rule exI[of - o))
unfolding match2-12-def apply(elim conjE exE) subgoal for svl’ sv2’
apply (rule exI[of - [svl,svl’]]) apply(rule exI[of - [sv2,sv2]])
apply(rule exI[of - sstatO’ statO svl sv2])
using is2 isv2/ unfolding x/ja-def
by (auto simp : sstatA’-def sstatO’-def lastt-def Van.eqAct-def) . .

qged
qged

definition x4b A w wl w2 w1’ (w2":enat) sl s2 tr2 statAA svl trvl sv2 trv2
statO0 =

trol # [] A tro2 #£ [] A (length trvl > Suc 0 V w1’ < wl) A

Van.validFromS svl trvl A Van.validFromS sv2 trv2 A

never isSecV (butlast trvl) A

Van.S trv2 = Opt.S tr2 A

Van.A trvl = Van.A trv2 A

A wwl’ w2’ sl (lastt s2 tr2) statAA (lastt svl trvl) (lastt sv2 trv2) statOO

lemma unwindCond-ez-x 4b-aux:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svi sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and tr2NE: tr2 # ||
and v/” Opt.validFromS s2 (tr2 #+# s27)
and nisl: - isIntO s1 and nis2: — isIntO s2
and ninter " never isIntO (tr2 ## s27)
and sec: never isSecO (butlast tr2) isSecO (lastt s2 tr2)
shows Jwi1’ w2’ trvl trv2 statOO0. x4b A oo wl w2 wl’ w2’ sl s2 (tr2 ## s2)
statA svl trvl sv2 trv2 statOO
proof—
have v4: Opt.validFromS s2 tr2 and 524" validTransO (lastt s2 tr2,s2")
apply (metis v4 ' Opt.validFromS-def Opt.validS-appendl Nil-is-append-conv hd-append2)
by (metis Opt.validFromS-def Opt.validS-validTrans append-is-Nil-conv lastt-def
list.distinct(1) list.sel(1) tr2NE v4 ')
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have ninter4: never isIntO tr2 and nis2’ — isIntO s2'

using ninter4’ by auto

obtain ww wwil ww? trvl trv2 statOO where x4: x4 A ww wl w2 wwl ww? s1
82 tr2 statA svl trvl sv2 trv2 statOO

using unwindCond-ex-x 4 [OF unwind A r vf nisl nis2 ninter] sec]

by auto

have trvi2NE: trvl # || trv2 # [] using x4 unfolding y4-def by auto

define ss2 ssvl ssv2 where ss2: ss2 = lastt s2 tr2
and ssvl: ssvl = lastt svl trvl and ssv2: ssv2 = lastt sv2 trv2

have ss2l: ss2 = last tr2 by (simp add: lastl-def ss2 tr2NE)

have tr2l: tr2 = butlast tr2 Q [ss2] by (simp add: ss2l tr2NE)

have ssvll: ssvl = last trvl using x4 unfolding x/-def by (metis lastt-def
ssvl)

have trvll: trvl = butlast trvl Q [ssvl] by (simp add: ssvil trvl12NE(1))

have ssv2l: ssv2 = last trv2 using x4 unfolding x/-def by (metis lastt-def
ssv2)

have trv2l: trv2 = butlast trv2 Q [ssv2] by (simp add: ssv2l trvl2NE(2))

have iss2[simp]: isSecO ss2 using sec(2) unfolding ss2 by auto
have issv2[simp]: isSecV ssv2 and gissv24 [simp]: getSecO ss2 = getSecV ssv2
using x4 unfolding x4-def ssv2 ss2 by auto

have niss2: — isIntO ss2
by (metis list-all-append list-all-simps(1) ninters tr2l)

have rss2: reachO ss2 and rssv12: reachV ssvl reachV ssv2

using Opt.reach-validFromS-reach r ss2l tr2NE v4 apply blast
unfolding ssv! ssv2 using r(3,4) using x4 unfolding x4-def

using Van.reach-validFromS-reach ssvl ssv2 ssvll ssv2l by auto metis+

have A: A ww wwl ww2 s1 ss2 statA ssvl ssv2 statOO
using x4 unfolding x/-def ss2[symmetric] ssvl[symmetric] ssv2[symmetric] by
auto

have s13" wvalidTransO (ss2, s2”)
by (simp add: s24' ss2)

note vs2/ = s24 lunfolded ss2[symmetric]]

obtain w1’ w2’ trvl’ trv2’ statO’ where

x4a: x4a A oo wwl ww2 wi' w2’ s1 ss2 s2' statA ssvl trvl’ ssv2 trv2’ statO’

using unwindCond-ex-x 4a-getSec[OF unwind A r(1) rss2 rssvl2 s13' niss2 iss2
1ssv2 gissv24 |

by blast

have trvl2'NE: trvl’ # || trv2’ # || using x4a unfolding y4a-def by auto
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have [simp]: Van.O (butlast trvl @ trvl’) = Van.O trvl @ Van.O trvl’
using trv12’'NFE unfolding x4-def Van.O.map-filter Opt.O.map-filter apply (subst
butlast-append) by simp

have [simp]: Van.O (butlast trv2 Q trv2’) = Van.O trv2 Q Van.O trv2’
using trv12’NE unfolding yx 4-def Van.O.map-filter Opt.O.map-filter apply (subst
butlast-append) by simp

have Van.A trvl’ = Van.A trv2’ using x4a unfolding x/a-def by auto
moreover have length (Van.O trvl') = length (Van.A trvl’) A length (Van.O
trv2’) = length (Van.A trv2’)
unfolding Van.A.map-filter Van.O.map-filter by auto
ultimately have length (Van.O trvl’) = length (Van.O trv2’) by auto
hence [simp]: Van.O trvl Q Van.O trvl’ = Van.O trv2 Q Van.O trv2’ +—
Van.O trvl = Van.O trv2 A Van.O trvl’ = Van.O trv2’ by auto

show ?thesis
apply(rule exI|of - w1']) apply(rule exl[of - w2'))
apply(rule exl[of - butlast trvl Q trvl']) apply(rule exl[of - butlast trv2 Q
trv2])
apply(rule exI[of - statO7))
unfolding x4b-def apply(intro conjl)
subgoal using x4 x4a unfolding x4-def x4a-def by auto
subgoal using x4 x4a unfolding x4-def x4a-def by auto
subgoal using x4 x4a unfolding x4-def x4a-def
by simp (metis Simple- Transition-System.fromS-eq-Nil Van.toS-Nil Van.toS-fromS-nonSingl

diff-add-inverse2 linorder-not-less order-le-less-trans trans-less-add2 zero-less-diff)

subgoal using x4 x4a unfolding x4-def x4a-def ssvl
using Van.validFromS-append by auto
subgoal using x4 x4a unfolding x4-def x4a-def ssv2
using Van.validFromS-append by auto
subgoal using x4 x4a unfolding x4-def x4a-def
by (simp add: butlast-append)
subgoal using x4 x4a unfolding x4-def x4a-def unfolding Van.S.map-filter
Opt.S.map-filter
apply(subst tr2l) apply(subst butlast-append)
by simp (metis Opt.S.map-filter Opt.S.eq-Nil-iff Van.S.map-filter Van.S.eq-Nil-iff
sec(1))
subgoal using x4 x4a unfolding x4-def x4a-def Van.A.map-filter Opt.A.map-filter

apply(subst trvll) apply(subst trv2l)

apply(subst butlast-append) apply simp apply(subst butlast-append) by simp

subgoal using y4a trvi2’'NE tr2NE unfolding x4a-def lastt-def by simp .
qed

lemma unwindCond-ex-x 4b-auz2:
assumes unwind: unwindCond A
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and A: A w wl w2 s1 s2 statA svl sv2 statO and
r: reachO s1 reachO s2 reachV svl reachV sv2
and v4 s Opt.validFromsS s2 (tr2 Q [s2/,s2"))
and nisl: = isIntO s1 and nis2: — isIntO s2
and ninter " never isIntO (tr2 @ [s27,s2")
and sec: never isSecO tr2 isSecO s2'
shows Jw1’ w2’ trvl trv2 statOO0. x4b A oo wl w2 wl’ w2’ sl s2 (tr2 Q [s27,s2"])
statA svl trvl sv2 trv2 statOO
proof—
have 0: lastt s2 (tr2 ## s2) = s2'
unfolding lastt-def by auto
show ?thesis
using unwindCond-ex-x 4b-aux|OF unwind A r, of tr2 ## s2', unfolded 0, sim-
plified)
using assms by auto
qed

definition x4’ A wl w2 w1’ (w2':enat) s1 s2 tr2 s2’ s2' statAA svl trvl svl"
sv2 trv2 sv2' statO0 =

Van.validFromS svl (trvl ## svl'’) A Van.validFromS sv2 (trv2 #4# sv2'’) A

never isSecV (butlast (trvl #4 svl')) A

Van.S (trv2 #4 sv2') = Opt.S ((tr2 ## s2") ## s2') A

Van.A (trvl #4# svl') = Van.A (trv2 ## sv2”) A

tro2 £ [ A (trol £V wl’ < wl) A

A oo wl' w2’ sl s2" statAA svl" sv2' statOO

proposition unwindCond-ex-x 4"
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svl sv2 statO and
r: reachO s1 reachO s2 reachV svl reachV sv2
and v/ " Opt.validFromS s2 ((tr2 ## s2') #4# s27)
and nis!: — isIntO s1 and nis2: - isIntO s2
and ninter " never isIntO ((tr2 #+# s2') ## s2")
and sec: never isSecO tr2 isSecO s2’
shows Jwi1’ w2’ trvl svl’ trv2 sv2' statOO0. x4’ A wl w2 wl’ w2’ s1 s2 tr2 s2'
s2" statA svl trvl svl” sv2 trv2 sv2’ statOO
using unwindCond-ez-x 4b-auz2[unfolded p-def, unfolded lastt-snoc lastt-snoc2 ap-
pend-snoc2, OF assms]
unfolding y4b-def apply(elim exE) subgoal for w1’ w2’ trvl trv2 statOO
apply(cases trvl rule: rev-cases)
subgoal by auto
subgoal for trvl’ svl’ apply(cases trv2 rule: rev-cases)

subgoal by auto

subgoal for trv2’ sv2’ unfolding x4 ’-def

apply(rule exI[of - w1']) apply(rule exI[of - w2])

apply(rule exI[of - trvl’]) apply(rule exI[of - sv1"])
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apply(rule exI[of - trv2’]) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO))
by simp (metis Opt.S.Nil-iff Opt.S.eq-Nil-iff (1) Van.S.simps(4) butlast-append

list.discI list-all-append sec(2) self-append-conv2) . . .

definition w/ A wl w2 w1’ (w2':enat) s1 s2 s2’ statAA svl trvl svl’ sv2 trv2
sv2’ statO0 =
Van.validFromS svl (trvl ## svl’) A Van.validFromS sv2 (trv2 ## sv2’) A
never isSecV trvl A never isSecV trv2 A
Van.A (trvl ## svl') = Van.A (trv2 ## sv2') A
(trol [V wl’ <wl) A (trv2 #[] Vw2 <w2)A
A oo w1’ w2’ sl s2' statAA svl’ sv2’ statOO

proposition unwindCond-ex-w4:
assumes unwind: unwindCond A
and A: A w wl w2 sl s2 statA svi sv2 statO
and r34: reachO s1 reachO s2 and r12: reachV svl reachV sv2
and nisl: - isIntO si
and v/4: validTransO (s2,s2”)
and nis2: — isIntO s2 — isIntO s2' — isSecO s2
shows Fwl’ w2’ trvl svl’ trv2 sv2’ statO0. wi A wl w2 w1’ w2’ s1 s2 s2' statA
svl trvl svl’ sv2 trv2 sv2' statOO
using A ri2
proof (induction w arbitrary: wl w2 svl sv2 statO rule: less-induct)
case (less w w1 w2 svl sv2 statO)
note A = (A w w1 w2 s1 s2 statA svl sv2 statO)
note r12 = less.prems(2,3)
note r1 = r12(1) note r2 = r12(2)
note r = r34 ri2

have f3/: finalO s1 = finalO s2 A finalV svl = finalO s1 A finalV sv2 = finalO
s2
using A unwind[unfolded unwindCond-def] r by auto

have proact-match: (3v<w. proact A v wl w2 s1 s2 statA svl sv2 statO) V match
A wl w2 s1 s2 statA svl sv2 statO
using A unwind[unfolded unwindCond-def] r by auto
show ?case using proact-match proof safe
fix v assume v: v < w
assume proact A v wl w2 sl s2 statA svl sv2 statO
thus ?thesis unfolding proact-def proof safe
assume svl: = isSecV svl = isIntV svl and move-1 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv!’ where 0: validTransV (svl, svl’) and A: A v w! w2 s!
s2 statA svl’ sv2 statO
unfolding move-1-def by auto
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have r1’: reachV svl’ using r1 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl svl' trv2 sv2' statOO where
wh:wd A wl w2 wl w2’ sl s2s2' statA svl’ trvl svl’’ sv2 trv2 sv2’ statOO

using less(1)[OF v A r1' r2] by auto
show ?thesis apply(rule exI[of - w1']) apply(rule exI[of - w2'])) apply(rule
exl[of - svul # trvl]) apply(rule exI[of - svl'])
apply(rule exI|of - trv2]) apply(rule exI[of - sv2])
using w4 0 svl unfolding w4-def by auto
next
assume sv2: - isSecV sv2 = isIntV sv2 and move-2 A v wl w2 sl s2 statA
svl sv2 statO
then obtain sv2’
where 0: validTransV (sv2,sv2”)
and A: A v wl w2 sl s2 statA svl sv2’ statO
unfolding move-2-def by auto
have r2": reachV sv2’ using r2 0 by (metis Van.reach.Step fst-conv snd-conv)
obtain w1’ w2’ trvl svl’ trv2 sv2'' statOO where
wh:wd A wl w2 wl’ w2’ sl s2s2' statA svl trvl svl’ sv2’ trv2 sv2' statOO

using less(1)[OF v A r1 2] by auto
show ?thesis apply(rule exI[of - w1']) apply(rule exI[of - w2)
apply(rule exl[of - trvl]) apply(rule exI|of - svl'])
apply (rule exI[of - sv2 # trv2]) apply(rule exI[of - sv2'")
using w4 0 sv2 unfolding w/4-def by auto
next
assume svl: - isSecV svl and sv2: = isSecV sv2 and
move-12 A v wl w2 s1 s2 statA svl sv2 statO and
sv12: Van.eqAct svl sv2
then obtain sv1’ sv2’ statO’
where statO": statOQ’ = sstatO’ statO svl sv2
and 0: validTransV (svl,svl’) wvalidTransV (sv2,sv2’)
and A: A v wl w2 sl s2 statA svl’ sv2’ statO’
unfolding move-12-def by auto
have r1’”: reachV svl’ and 12" reachV sv2' using r1 r2 0
by (metis Van.reach.Step fst-conv snd-conv)+
obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO where
wi:wd A wl w2 wl’ w2’ sls2s2 statA svl’ trvl svl’ sv2’ trv2 sv2' statOO

using less(1)[OF v A r1' r2'] by auto
show ?thesis apply(rule exl[of - w1']) apply(rule exI[of - w2])
apply(rule exI[of - svl # trvl]) apply(rule exI[of - sv1'’)
apply(rule exI[of - sv2 # trv2]) apply(rule exI[of - sv2'")
using w/ 0 svl sv2 sv12 unfolding w/-def statO' by (auto simp: Van.eqAct-def)
qed
next
assume m: match A wi w2 sl s2 statA svl sv2 statO
have m: match2 A wl w2 s1 s2 statA svl sv2 statO using m unfolding
match-def by auto
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have (Fw!’ w2’ wil'<wl A w2'<w2 A - isSecO s2 N A co w1’ w2’ sl s2'
statA svl sv2 statO) V
(Bwl'<wl. eqSec sv2 s2 A — isIntV sv2 A match2-1 A w1’ oo s1 s2 s2’
statA svl sv2 statO) V
- i8SecV svl A eqSec sv2 s2 N Van.eqAct svl sv2 N match2-12 A oo oo
s1 82 s2' statA svl sv2 statO
using m v4 nis2 unfolding match2-def by auto

thus %thesis
apply(elim disjE exE)
subgoal for w!’ w2’ apply(rule exl[of - w1']) apply(rule exI[of - w2])
apply(rule exl[of - []]) apply(rule exI|of - svl])
apply(rule exI[of - []]) apply(rule exI[of - sv2])
apply(rule exI[of - statO]) unfolding w/-def
by auto
subgoal for w!’ apply(rule exI[of - w1’]) apply(rule exI[of - o))
unfolding match2-1-def apply(elim conjE exE) subgoal for sv2’
apply(rule exl[of - [|]) apply(rule exI|of - svl])
apply(rule exI|of - [sv2]]) apply(rule exI[of - sv2])
apply (rule exI[of - statO])
unfolding w4-def using nis2(3) by (auto simp: eqSec-def) .
subgoal apply(rule exI[of - o0]) apply(rule exI[of - 0])
unfolding match2-12-def apply(elim conjE exE) subgoal for svi’ sv2’
apply(rule exI[of - [sv1]]) apply(rule exI[of - svl”))
apply(rule exI[of - [sv2]]) apply(rule exI[of - sv27))
apply(rule exI[of - sstatO’ statO svl sv2])
unfolding w/-def using nis2(3) apply (auto simp: eqSec-def
sstatA’-def sstatO'-def lastt-def Van.eqAct-def) . . .
qed
qed

definition ¢ s1 ltrl s2 ltr2 trl s1' s1'" ltr1’ tr2 s2’ s2" lir2' =
ltr1 = lappend (llist-of (tr1 #+# s1')) (s1”$ ltr1’) A
ltr2 = lappend (llist-of (tr2 #+# s2')) (2" $ ltr2’) A
Opt.validFromS s1 ((tr1 ## s1') #4# s1'") A Opt.validFromsS s2 ((tr2 #4# s27)
4t 52" A
never isIntO tr1 N never isIntO tr2 A
isIntO s1' A isIntO s2’ A getActO s1’ = getActO s2' A
Opt.lvalidFromS s1' (s1" $ ltr1’) A Opt.lcompletedFrom s1'' (s1” $ lir1") A
Opt.lvalidFromS s2"" (s2"" $§ ltr2") A Opt.lcompletedFrom s2" (s2" $ ltr2’) A
Opt.lA (s1" $ ltr1’) = Opt.lA (s2"'§ ltr2’)
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lemma isIntO-pyp:
assumes vltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom sl ltrl
and vltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A: Opt.lA ltr1 = Opt.lA ltr2 and inter3: = Inever isIntO ltr1
shows Jitrl s1' s1” ltr1' tr2 s2' s2" ltr2’. oo si ltrl s2 ltr2 tr1 s1' s1” ltr1' tr2
s2’ s2" lir2’
proof—

have 03: ds€lset lirl. isIntO s using interd unfolding llist.pred-set by auto

define t{tr1 where ttri: tirl = ltakeUntil isIntO ltr1

define litr1’ where lltr1’: lltr1’ = ldrop Until isIntO lirl

have ltr1: ltr1 = lappend (llist-of ttrl) lir1’

unfolding ttr! lltr1’ lappend-ltake Until-ldrop Until| OF 03] ..

have 13: ttrl # [| A never isIntO (butlast ttr1) A isIntO (last ttrl)

unfolding ttri!

using ltakeUntil-last|OF 03] ltake Until-not-Nil[OF 03] ltake Until-never-butlast| OF
03] by simp

then obtain trl s1’ where ttri-eq: ttr1 = tri ## si1’

using rev-exhaust by blast

hence tris1’: never isIntO tril isIntO s1’ using 13 by auto

have [finite ltr1 = s1' # llast ltr1

by (metis Opt.final-not-isInt Opt.lcompletedFrom-def llast-last-llist-of tris1'(2)
vltr1 (2))

hence ne: litr1’ # [[]]

using ltr! unfolding ttri-eq by auto

then obtain s1' ltr1’ where [ltr1": llitr1' = s1"" $ ltr1’

by (meson llist.ezhaust)

have [simp]: filter isIntO tr1 = ||

by (metis never-Nil-filter tris1'(1))
have clitrl’. Opt.lcompletedFrom si1 lltr1’
by (metis Opt.lcompletedFrom-def lfinite-lappend Ifinite-llist-of llast-lappend-LCons

last-last-llist-of lltr1’ ltrl ne vltr1(2))

have inter/: — Inever isIntO ltr2 using A inter3
by (metis Opt.l1A.eq-LNil-iff Opt.lO Opt.l10.eq-LNil-iff Ifiltermap-LNil-never
Ifiltermap-lmap-lfilter vltr1 (2) vitr2(2))

have 0/: ds€lset ltr2. isIntO s using inter4 unfolding llist.pred-set by auto
define ttr2 where ttr2: tir2 = ltakeUntil isIntO ltr2

define [ltr2’ where [ltr2": litr2’ = ldrop Until isIntO ltr2

have [tr2: ltr2 = lappend (llist-of tir2) llr2’

unfolding ttr2 lltr2’ lappend-ltake Until-ldrop Until|OF 04] ..

have 14: ttr2 # [| A never isIntO (butlast ttr2) A isIntO (last ttr2)
unfolding ttr2

using ltakeUntil-last|OF 04] ltake Until-not-Nil[OF 04 ltake Until-never-butlast| OF
04] by simp

then obtain tr2 s2’ where ttr2-eq: ttr2 = tr2 #+# s2'

using rev-erhaust by blast

hence ir2s2": never isIntO tr2 isIntO s2' using 14 by auto
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have [finite ltr2 = s2' # llast ltr2

by (metis Opt.final-not-isInt Opt.lcompletedFrom-def llast-last-llist-of tr2s2'(2)
vltr2(2))

hence ne: litr2’ # [[]]

using ltr2 unfolding ttr2-eq by auto

then obtain s2' iir2’ where liir2": lltr2' = s2" $§ lir2’

by (meson llist.ezhaust)

have [simp]: filter isIntO tr2 = ||

by (metis never-Nil-filter tr2s2'(1))
have clitr2’. Opt.lcompletedFrom s2 lltr2’
by (metis Opt.lcompleted From-def lfinite-lappend Ilfinite-llist-of llast-lappend-LCons

llast-last-llist-of lltr2’ ltr2 ne vltr2(2))

have AA: Opt.IA lltr1’ = Opt.IA lltr2’

unfolding Opt.lA[OF clitr1’] Opt.IA[OF clitr2’]

using A[unfolded Opt.lA[OF vltr1(2)] Opt.lA[OF vltr2(2)]] tris1’ tr2s2’
unfolding ltr1 ltr2 tirl-eq ttr2-eq

unfolding lfilter-lappend-llist-of by simp

show ?thesis apply(rule exI[of - tr1]) apply(rule exI[of - s17])
apply(rule exl[of - s1”]) apply(rule exI[of - ltr1")
apply(rule exI[of - tr2]) apply(rule exI[of - s2])
apply(rule exI|of - s2"]) apply(rule exI[of - ltr2")
unfolding ¢p-def apply(intro conjl)
subgoal unfolding ltr! ttri-eq lltrl’ ..
subgoal unfolding ltr2 ttr2-eq lltr2’ ..
subgoal using vltr! (1) unfolding ltr1 ttri-eq litr1’
by (simp add: Opt.lvalidFromS-lappend-finite lappend-llist-of-LCons)
subgoal using vltr2(1) unfolding ltr2 tir2-eq llir2’
by (simp add: Opt.lvalidFromS-lappend-finite lappend-llist-of-LConys)
subgoal using trisl’ by simp
subgoal using r2s2’ by simp
subgoal using trisl’ by simp
subgoal using tr2s2’ by simp
subgoal using A[unfolded Opt.lA[OF vltr1(2)] Opt.IA[OF vltr2(2)]]
trisl’ tr2s2’
unfolding ltr1 ttrl-eq ltr2 ttr2-eq lltrl’ 1ltr2’
unfolding Ifilter-lappend-llist-of by simp
subgoal using vltr1 (1) unfolding lir! tiri-eq llir1’
using Opt.lvalidFromS-lappend-LCons by blast
subgoal using vltri (2) unfolding ltr! ttri-eq lltr1’
by (metis Opt.lcompletedFrom-def Ifinite-lappend Ifinite-llist-of
llast-lappend-LCons llast-last-llist-of llist.distinct(1))
subgoal using vltr2(1) unfolding ltr2 ttr2-eq litr2’
using Opt.lvalidFromS-lappend-LCons by blast
subgoal using vltr2(2) unfolding ltr2 ttr2-eq lltr2’
by (metis Opt.lcompletedFrom-def lfinite-lappend Ifinite-llist-of
llast-lappend-LCons llast-last-llist-of llist.distinct(1))
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subgoal using AA unfolding litr1’ lltr2’ . .
qed

definition Yy sl ltrl tri s1’ s1" ltrl’ =
ltr1 = lappend (llist-of (tr1 ## s1") (s1”'$ ltr1’) A
Opt.validFromS sl ((trl ## s1') ## s1”) A
never isIntO tr1 A — isIntO s1’ A = isIntO s1'' A
never i8SecO tr1 A isSecO s1’ A
Opt.lvalidFromS s1" (1" $ ltr1’) N Opt.lcompletedFrom s1" (s1”' $ lir1")

lemma isSecO-xx:
assumes vltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and inter: Inever isIntO ltr1 and isec: — Inever isSecO lirl
shows Jtrl s1’ s1" ltrl’. xx sl ltrl trl1 s1’ s1" ltr1’
proof—
have 0: ds€lset ltr1. isSecO s using isec unfolding llist.pred-set by auto
define ttr1 where ttri: tirl = ltakeUntil isSecO ltrl
define [ltr1’ where [ltr1’: lltr1’ = Ildrop Until isSecO ltrl
have ltrl: ltrl = lappend (llist-of tirl) llirl’
unfolding ttr! lltrl’ lappend-ltake Until-ldrop Until|OF 0] ..
have 1: tirl # [| A never isSecO (butlast ttr1) A isSecO (last ttrl)
unfolding ttr!
using ltakeUntil-last[OF 0] ltake Until-not-Nil|OF 0] ltake Until-never-butlast| OF
0] by simp
then obtain tr! s1’ where tiri-eq: ttr1 = tri ## sl1’
using rev-erhaust by blast
hence iris1’: never isSecO trl isSecO s1’ using 1 by auto
have 2: never isIntO trl1 A — isIntO s1' A Inever isIntO lltr1’
using inter unfolding ltr1 ttri-eq
unfolding [list-all-lappend-llist-of list-all-append by simp
have Ifinite ltr1 = s1' # llast ltr1
by (metis Opt.final-not-isSec Opt.lcompletedFrom-def llast-last-llist-of tris1'(2)
vltr1 (2))
hence ne: lltr1’ # [[]]
using ltr1 unfolding tiri-eq by auto
then obtain s1’/ Itr1' where litrl’: lltr1’ = s1'"'$ ltr1’
by (meson llist.exhaust)
show ?thesis apply(rule exI[of - tr1]) apply(rule exI[of - s17])
apply(rule exl[of - s1”]) apply(rule exI[of - ltr1")
unfolding xx-def apply(intro conjI)
subgoal unfolding ltr1 ttri-eq lltrl’ ..
subgoal using vltri (1) unfolding ltr! ttri-eq lltr1’
by (simp add: Opt.lvalidFromS-lappend-finite lappend-llist-of-LCons)
subgoal using 2 by simp
subgoal using 2 by simp
subgoal using 2 unfolding lltr1’ by simp
subgoal using tris1’ by simp
subgoal using tris1’ by simp
subgoal using vltr! (1) unfolding ltr1 ttri-eq llitr1’
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using Opt.lvalidFromS-lappend-LCons by blast
subgoal using vltr! (2) unfolding lir1 ttri-eq llitr1’
by (metis Opt.lcompletedFrom-def ne lfinite-lappend
Ifinite-llist-of llast-lappend-LCons llast-last-llist-of lltr1’) .
qed

type-synonym (’'stA,’stO) tuple34 =
enat X enat X

stA x 'stA llist x

stA x 'stA llist x

status X

'stO x 'stO x status

type-synonym (’'stA,’stO) tuplel2 =
IstO list x 'stO x 'stO list x 'stO x status X status

context

fixes A :: enat = enat = enat = 'stateO = 'stateO = status = 'stateV =
'stateV = status = bool

begin

fun isn :: turn x ('stateO,’stateV) tuple34 = bool
where
isn (trn,wl ,w2,s1,ltrl s2,ltr2 statA,svl ,sv2,statO) +— ltr1 = [[]] A ltr2 = [[]]

fun h-t ::

turn X ('stateO,’stateV)tuple3s =
('stateO,’stateV)tuplel12 x

turn x ('stateO,’stateV)tuple34

where
h-t (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl sv2,statO) =
(if trn = L

then if Inever isSecO ltrl
then let (s1’,ltr1’) = (Ihd (It ltrl), It ltrl)
in let (w1’ w2’ trol svl’ trv2,sv2’ stat00) =

(SOME k. case k of (w1’,w2' trvl svl’ trv2,sv2’,stat00) =

w3 A wl w2 wl' w2’ sl s1' s2 statA svl trvl svl’ sv2 trv2 sv2’ statO0)

in ((trvl,svl’ trv2,sv2’ statA,statO0),

(if trvl =] then L else R,

wl w2’ s1'ltrl’,s2,ltr2 statA,svl’,sv2’ stat00))

else
let (tri,s1',s1"ltr1") =

(SOME k. case k of (tr1,s1’,s1”ltrl’) =
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xx sl ltrl trl s1’ s1' ltr1”)
in let (w1’,w2’trvl svl " trv2,sv2" stat00) =
(SOME k'. case k' of (w1’ w2’ trvl,svl” trv2,sv2" stat00) =
x3' A wl w2 wl’ w2’ sl trl s1' s1'" s2 statA svl trvl svl’ sv2 trv2
sv2" statOO0)
in ((trvl,svl” trv2,sv2" statA,statO0),
(R,w1’,w2's1",s1" § ltr1’ s2,ltr2 statA,svl " sv2" stat00))
else if Inever isSecO ltr2
then let (s2',ltr2’) = (Ihd (It ltr2), Ut ltr2)
in let (w1’ w2’ trvl svl’trv2, sv2’ statO0) =
(SOME k. case k of (w1’ w2’ trvl svl’ trv2,sv2’ stat00) =
wi A wl w2 wl’ w2’ sl s2s2' statA svl trvl svl’ sv2 trv2 sv2’ statOO0)
in ((trvl,svl’trv2,sv2’ statA,statO0),
(if trv2 =] then R else L,
w1’ w2’ s1,ltrl,s2’,ltr2’ statA,svl’,sv2’ statO0))
else
let (tr2,s2's2" ltr2") =
(SOME k. case k of (tr2,s2',s2",ltr2") =
XX 82 ltr2 tr2 s2' s2" ltr2’)
in let (w1’ w2’ trvl svl ' trv2,sv2" statO0) =
(SOME K. case k' of (w1’ w2’ trvl svl’ trv2,sv2” statO0) =
x4 A wl w2 wl’ w2’ sl s2 tr2 s2’ s2' statA svl trvl svl’ sv2 trv2
sv2"" statO0)
in ((trvl,svl” trv2,sv2" statA,stat00),
(Lywl w2’ s1, ltrl, s2",s2" § ltr2’ statA,svl " sv2" stat00))
)

declare h-t.simps[simp del]

definition h = fst o h-t
definition ¢t = snd o h-t

fun econd where econd (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) =
(llength ltr1 < Suc 0 V llength ltr2 < Suc 0)

fun e where e (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = [[([sv1],sv1,[sv2],s502,statA,statO)]]

definition f :: turn x ('stateO,’stateV)tuple3s = ('stateO,’stateV)tuple1? llist
where f = ccorec-llist isn h econd e t

lemma f-LNil:
trl =[[]] = ltr2 =[[]] = f (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

)

unfolding f-def apply(subst llist-ccorec(1)) by auto

lemma f-length-1:
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assumes lirl # [[J] V lr2 # [[]] Uength ltr1 < Suc 0 V llength ltr2 < Suc 0
shows f (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) = [[([sv1],sv1,[sv2],502,statA,statO)]]

using assms unfolding f-def apply(subst llist-ccorec(2))
subgoal unfolding e.simps Inull-def by auto
subgoal by auto
subgoal unfolding econd.simps by simp .

lemma f-length-gel:
assumes llength ltri > Suc 0 llength ltr2 > Suc 0
shows [ (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =
LCons (h (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ;sv2,statO)) (f (t (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,sta
)
proof—
show ?thesis using assms unfolding f-def apply(subst llist-ccorec(2))
subgoal unfolding e.simps Inull-def by auto
subgoal by auto
subgoal unfolding econd.simps by auto .
qed

definition lltrvl :: turn x ('stateO,’stateV)tuple34 = ’'stateV llist where
ltrvl trn-tp = leoncat (Imap (A(trvl,svl " trv2,sv2" statAA,statOO0). llist-of trvl)

(f trn-tp))

definition thenl :: turn x (’stateO,’stateV)tuple3) = nat where
thenl trn-tp = firstNC (Imap (A(trvl,svl” trv2,sv2" statAA,statQO0). trvl) (f trn-tp))

definition [ltrv2 :: turn x ('stateO,’stateV)tuple34 = 'stateV llist where
ltrv2 trn-tp = lconcat (Imap (A(trvl,svl " trv2,sv2"” statA A,statOO0). llist-of trv2)

(f trn-tp))

definition then2 :: turn x ('stateQ,’stateV)tuple34 = nat where
then2 trn-tp = firstNC (Imap (A(trvl,svl " trv2,sv2" statAA,statO0). trv2) (f trn-tp))

lemma [ltrvi-ne-imp:

assumes [ltrvl trn-tp # [[|]

shows Ftrvl svl' trv2 sv2’ statAA statOO. (trvl,svl " trv2,sv2” statAA,statO0)
€ Iset (f trn-tp) A

trol # ||
using assms unfolding lltrvi-def unfolding lconcat-eq-LNil-iff by force

lemma [ltrv2-ne-imp:

assumes [ltrv2 trn-tp # [[]]

shows Jtrvl svl' trv2 sv2’ statAA statOO. (trvl,svl '’ trv2,sv2” statAA,statO0)
€ Iset (f trn-tp) A

trv2 # ]
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using assms unfolding [ltrv2-def unfolding Ilconcat-eq-LNil-iff by force

lemma [ltrv1-LNil[simp]:

ltrl =[[]] = ltr2 = [[]] = ltrvl (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl,sv2,statO)
=1lll

unfolding [ltrvi-def f-LNil by simp

lemma [ltrv2-LNil[simp:

trl =[[]] = ltr2 = [[]] = lUtrv2 (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)

=[]
unfolding [lltrv2-def f-LNil by simp

lemma lltrvi-Inever[simp):

assumes lir! # [[]] V ltr2 # [[]] Uength ltr1 < Suc 0 V llength ltr2 < Suc 0
shows lltrvl (trn,wl,w2,sl ltr1,s2,ltr2,statA,svl ,sv2,statO) = [[svl]]
unfolding lltrvi-def using f-length-1[OF assms| by auto

lemma [ltrv2-Inever[simp):

assumes lirl # [[]] V lr2 # [[]] Uength ltr1 < Suc 0 V llength ltr2 < Suc 0
shows [ltrv2 (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,stat0) = [[sv2]]
unfolding [ltrv2-def using f-length-1[OF assms| by auto

lemma h-t-Inever-L:

assumes unw: unwindCond A

and A: A co w1 w2 sl s2 statA svl sv2 statO

and 7: reachO s1 reachO s2 reachV svl reachV sv2

and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl

and [”: Inever isIntO ltrl — isIntO s2

and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0

and [: trn = L Inever isSecO ltri

shows 3 w1’ w2’ s1' ltr1’ trvl svl’ trv2 sv2’ statOO.
tr1 = s1 $ ltr1’ A wvalidTransO (s1,s17) A
Opt.lalidFromS s1' ltr1’ A Opt.lcompletedFrom s1' ltr1’ A Inever isIntO ltr1’ A

w3 A wl w2 wl’ w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’ statOO A
h-t (trn,wl,w2,s1,ltrl,s2,ltr2 statA,svl ,sv2,statO) =
((trvl,svl’trv2,sv2’ statA,stat00),
(if trvl =[] then L else R,
wlw2'; s1’) ltrl’,s2,ltr2,statA,svl ' sv2’ stat00))
proof—
have s1: = isIntO s1 using 1’ lir1
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by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite-LNil lhd-LCons
llist.exhaust llist.pred-inject(2))

obtain ltr1’ where ltr13: ltri = s1 $ ltr1’

by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
ltr1 (1) ltr1(2))

hence ltr1’”: lirl’ = il lirl by auto

have ltr1'ne: ltr1’ # [[]] using len(1) unfolding l¢r13

by (metis One-nat-def llength-LCons llength-LNil one-eSuc one-enat-def or-

der-less-irrefl)

define s1’ where s1”: s1’ = Ihd (Il ltr1)

have v3: validTransO (s1,s1’) and vv3: Opt.lvalidFromS s1'ltr1’ Opt.lcompletedFrom
s1' ltr1’

using ltr1 ltrl 'ne unfolding ltri8 s1’

by (metis Opt.lcompletedFrom-LCons Opt.lcompletedFrom-def Opt.lvalidFromS-Cons-iff
ltr1’ ltr13)+

have is1" — isIntO s1’ and Inever isIntO lir1’
using !'(1) unfolding lir13
by (metis llist.exhaust-sel llist.pred-inject(2) ltr1’ ltrl 'ne s1')+

have iss1: — isSecO s1
using [(2) ltr13 by auto

obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO

where w3: w3 A wl w2 w1’ w2’ s1 (lhd (Itl ltrl)) s2 statA svl trvl svl' sv2
trv2 sv2’ statO0

using unwindCond-ex-w3[OF unw A 1 v3 s1 is1’ iss1 1'(2)] s1' by auto

define tp’ where
tp' = (SOME k'. case k' of (w1’ w2’ trvl, svl’ trv2,sv2’ stat00) =
w3 A wl w2 wl’ w2’ sl (Ihd (It ltrl)) s2 statA svl trvl svl’ sv2 trv2 sv2’
statOO0)

have 1: case tp’ of (w1’ w2’ trvl,svl’ trv2,sv2’ stat00) =

w3 A wl w2 wl' w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’ statOO
using w3 unfolding tp’-def s1’ apply— apply(rule somel-ex)
apply(rule exlI[of - (w1’ w2’ trvl,svl’ trv2,sv2’ stat00)]) by auto

obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO where
tp": tp’ = (wl’ w2’ trvl ,svl’ trv2,sv2’ statO0) by (cases tp’, auto)

have w3: w3 A w1 w2 w1’ w2’ sl s1's2 statA svl trvl svl’ sv2 trv2 sv2’ statOO0
using I unfolding tp’ by auto

show ?thesis
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apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - s1']) apply(rule exI[of - ltr1”])
apply(rule exlI[of - trvl]) apply(rule exl[of - sv1'])
apply(rule exI[of - trv2]) apply(rule exI[of - sv2])
apply(rule exI[of - statOO))
apply(intro conjl)

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal using len | unfolding h-t.simps apply simp

unfolding tp’-def[symmetric] tp’ s1’ ltr1’ by simp .

qed

lemma [ltrvi-litrv2-Inever-L:

assumes unw: unwindCond A

and A: A co wl w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and [ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1

and [": Inever isIntO ltrl — isIntO s2

and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0

and [: trn = L Inever isSecO ltr1

shows 3 w1’ w2’ s1' ltr1’ trvl svl’ trv2 sv2’ statOO.
ltri = s1 $ ltr1’ A validTransO (s1,s1") A
Opt.lalidFromS s1' ltrl’ N Opt.lcompletedFrom s1' ltr1’ A Inever isIntO ltrl1’ A

w8 A wl w2 wl' w2’ sl s1' s2 statA svl trvl svl’ sv2 trv2 sv2’ statOO0 A
Utrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

lappend (llist-of trvl) (lltrvl (if trol =[] then L else R,

w1’ w2’ s1'ltr1’s2,ltr2 statA,svl’,sv2’,statO0)) A

Utrv2 (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

lappend (llist-of trv2) (lltrv2 (if trvl =[] then L else R,

wl’ w2’ s1'ltrl’,s2,ltr2,statA,svl’,sv2’ stat00))
proof—

show ?thesis
using h-t-Inever-L]|OF assms] apply(elim exE)
subgoal for w1’ w2’ s1’ ltr1’ trvl svl’ trv2 sv2’ statOO
apply(rule exI|of - w1']) apply(rule exl[of - w2'))
apply(rule exI[of - s1']) apply(rule exl[of - ltr1"))
apply(rule exI[of - trvl]) apply(rule exI[of - sv1'])
apply(rule exI[of - trv2]) apply(rule exl[of - sv2])
apply(rule exI[of - statOO))
apply(intro conjl)

subgoal by simp

subgoal by simp

subgoal by simp

subgoal by simp
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subgoal by simp
subgoal by simp
subgoal unfolding lltrvi-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by auto
subgoal unfolding lltrv2-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by auto . .

qed

lemma h-t-not-Inever-L:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and [ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and 1" Inever isIntO ltr1 — isIntO s2
and len: llength ltrl1 > Suc 0 llength ltr2 > Suc 0
and I: trn = L - Inever isSecO ltrl
shows 3 w1’ w2’ trl s1’ s1'" ltr1’ trvl svl' trv2 sv2' statOO.

xx sl ltrl trl s1’ s1" ltr1’ A

X3 A wl w2 wl’ w2’ sltrl s1’s1'" s2 statA svl trvl svl’ sv2 trv2 sv2' statOO
N

h-t (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

((trvl,svl” trv2,sv2" statA,stat00),

(Rywl’ w2’ s1" 51" § ltr1’,s2,ltr2,statA,svl" sv2" stat00))
proof—

have s1: = isIntO s1 using 1’ lir1

by (metis Opt.lvalidFromS-def 1(2) lhd-LCons llist.exhaust llist.pred-inject(1)
llist.pred-inject(2))

obtain ¢r! s1’ s1' ltr1’
where yx: xx sI ltrl trl s1’ s1" lirl’
using isSecO-xx[OF ltr1 1'(1) 1(2)] by auto

define tp where
tp = (SOME k. case k of (trl,s1',s1"ltr1’) =
xx sl ltrl trl s1’ s1" ltr1”)

have 0: case tp of (trl,s1’,s1"ltr1") =

xx sl ltrl trl s1’ s1" ltrl’
using xx unfolding ¢p-def apply— apply(rule somel-ex)
apply(rule exI[of - (tr1,s1',s1",ltr1")]) by auto

obtain tr1 s1’ s1'" lir!’ where
tp: tp = (trl,s1',s1" ltr1") by(cases tp, auto)

have yx: xx sI ltrl tr1 s1’ s1' ltr1’
using 0 unfolding ¢p by auto
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obtain w1’ w2’ trvl svl'" trv2 sv2' statOO

where Y3 x3' A wi w2 w1’ w2’ sl trl s1' s1" s2 statA svl trvl svl’” sv2 trv2
sv2" statOO0

using unwindCond-ex-x3'|OF unw A r, of tr1 s1’ s1”

using yx !’ s1 unfolding xx-def by auto

define tp’ where
tp’ = (SOME k'. case k' of (w1’ w2’ trvl,svl" trv2,sv2" stat00) =
X3 A wl w2 wl' w2’ sl trl s1’ s1'" s2 statA svl trvl svl’” sv2 trv2 sv2'’
statOO0)

have 1: case tp’ of (w1’ w2’ trvl,svl" trv2,sv2" stat00) =
x3' A wl w2 wl’ w2’ sl trl s1’ s1" s2 statA svl trvl svl'' sv2 trv2 sv2'’
statO0
using y &’ unfolding tp’-def apply— apply(rule somel-ex)
apply(rule exl[of - (w1’ w2’ trvl,svl" trv2,sv2" stat00)]) by auto

obtain w1’ w2’ trvl svl' trv2 sv2' statOO where
tp”: tp’ = (w1’ w2’ trvl svl " trv2,sv2",statO0) by(cases tp', auto)

have 3" x3' A wl w2 w1’ w2’ s1 trl s1’ s1'" s2 statA svl trvl svl’ sv2 trv2
sv2" statOO0
using I unfolding tp’ by auto

show ?thesis
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exl[of - tr1]) apply(rule exI[of - s1']) apply(rule exI[of - s1”])
apply (rule exI|of - ltr1])
apply(rule exl]of - trvl]) apply(rule exI[of - svl"]) apply(rule exI[of - trv2])
apply (rule exI[of - sv2'")
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal using xyx .
subgoal using x3’ .
subgoal using [ unfolding h-t.simps
unfolding tp-def[symmetric] tp apply simp
unfolding tp’-def[symmetric] tp’ by simp .
qed

lemma [ltrvi-litrv2-not-Inever-L:

assumes unw: unwindCond A

and A: A co w1 w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and [": Inever isIntO ltrl — isIntO s2

and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0

and [: trn = L - Inever isSecO lirl
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shows 3 w1’ w2’ trl s1' s1" ltr1’ trvl svl” trv2 sv2' statOO.
xx 81 ltrl trl s1’ s1'" ltr1’ A
X3 A wl w2 wl’ w2’ slitrl s1’s1” s2 statA svl trvl svl' sv2 trv2 sv2' statOO
A\
Utrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA, svl ,sv2,statO) =
lappend (llist-of trvl) (lltrvl (Rywl’w2’,s1" 51" $§ ltr1’,s2,ltr2,statA,svl " sv2" statO0))
A
Utrv2 (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =
lappend (llist-of trv2) (lltrv2 (R,wl’,w2’,s1" 1" § ltr1’,s2,ltr2,statA,svl " sv2" stat00))

proof—
show ?thesis
using h-t-not-Inever-L[OF assms| apply(elim ezE)
subgoal for w1’ w2’ tri s1’ s1'" ltr1’ trvl svl’ trv2 sv2' statOO
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - tr1]) apply(rule exI[of - s1']) apply(rule exI[of - s1"])
apply(rule exI[of - ltr1"])
apply(rule exI[of - trvl]) apply(rule exl[of - svl') apply(rule exI[of - trv2])
apply(rule exI[of - sv2'))
apply(rule exI[of - statOO))
apply (intro congI)
subgoal by simp
subgoal by simp
subgoal unfolding lltrvi-def apply(subst f-length-gel[OF len])
unfolding h-def t-def by simp
subgoal unfolding lltrv2-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by simp . .
qed

lemma h-t-Inever-R:

assumes unw: unwindCond A

and A: A co w1 w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and Itr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2

and "2 = isIntO sl Inever isIntO ltr2

and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0

and I: trn = R Inever isSecO ltr2

shows 3 w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO.
tr2 = s2 $ ltr2’ A validTransO (s2,s27) A
Opt.lalidFromS s2' ltr2' A Opt.lcompletedFrom s2' ltr2' A Inever isIntO ltr2’ A

wg A wl w2 wl’ w2’ sl s2 s2’ statA svl trvl svl’ sv2 trv2 sv2’ statOO A
h-t (trn,wl,w2,s1,ltr1,s2,ltr2 statA,svl ,sv2,statO) =
((trvl ,svl’trv2,sv2’ statA,stat00),
(if trvg =[] then R else L,
wl w2’ s1,ltrl,s2'ltr2’ statA,svl’ sv2’,statO0))
proof—
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have s2: = isIntO s2 using 1’ ltr2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite-LNil lhd-LCons
llist.exhaust llist.pred-inject(2))

obtain ltr2’ where ltr24: ltr2 = s2 $ ltr2’

by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def Ilfinite- LNil llist. exhaust-sel
ltr2(1) ltr2(2))

hence ltr2”: itr2’ = Itl ltr2 by auto

have [tr2'ne: ltr2’' # [[]] using len(2) unfolding tr2/

by (metis One-nat-def llength-LCons llength-LNil one-eSuc one-enat-def or-

der-less-irrefl)

define s2’ where 52" s2’ = Ihd (It ltr2)

have v4: validTransO (s2,s2') and vv/: Opt.lwalidFromS s2' ltr2’ Opt.lcompleted From
s2' ltr2’

using ltr2 lir2'ne unfolding ltr24 s2’

by (metis Opt.lcompletedFrom-LCons Opt.lcompletedFrom-def Opt.lvalid FromS-Cons-iff
tr2! ltr24)+

have is2” — isIntO s2' and Inever isIntO lir2’
using ['(2) unfolding ltr2/
by (metis llist.exhaust-sel llist.pred-inject(2) ltr2’ ltr2'ne s2")+

have iss2: = isSecO s2
using [(2) ltr24 by auto

obtain w!’ w2’ trvl svl’ trv2 sv2’ statOO

where w/: wi A wl w2 w1’ w2’ s1 s2 (lhd (Il ltr2)) statA svl trvl svl’ sv2
trv2 sv2’ statOO

using unwindCond-ez-w4 [OF unw A r1'(1) v4 s2 is2' iss2 | s2' by auto

define tp’ where
tp' = (SOME k'. case k' of (wl',w2’trvl svl’trv2,sv2’ stat00) =
wi A wl w2 wl’ w2’ sl s2 (Ihd (Il tr2)) statA svl trol svl’ sv2 trv2 sv2’
stat0O0)

have 1: case tp’ of (w1’ w2’ trvl,svl’ trv2, sv2’ stat00) =

wi A wl w2 wl’ w2’ sl s2 s2’ statA svl trvl svl’ sv2 trv2 sv2’ statOO
using w/ unfolding tp’-def s2’ apply— apply(rule somel-ex)
apply(rule exI[of - (w1’ w2’ trvl,svl’ trv2,sv2’ stat00)]) by auto

obtain w1’ w2’ trvl svl’ trv2 sv2’ statOO where
tp" tp’ = (w1’ w2’ trvl ,svl’ trv2,sv2’ statO0) by (cases tp’, auto)

have w/: w4 A wl w2 w1’ w2’ sl s2 s2’ statA svl trvl svl’ sv2 trv2 sv2’ statOO

using 7 unfolding tp’ by auto
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show ?thesis
apply(rule exI|of - w1']) apply(rule exl[of - w2'))
apply(rule exI|of - s2']) apply(rule exI[of - ltr2’])
apply(rule exI[of - trvl]) apply(rule exI[of - sv1'])
apply(rule exI[of - trv2]) apply(rule exI[of - sv2])
apply(rule exl|of - statOO])
apply(intro conjl)

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal using len | unfolding h-t.simps apply simp

unfolding tp’-def[symmetric] tp’ s2' ltr2’ by simp .
qed

lemma [ltrvi-litrv2-Inever-R:

assumes unw: unwindCond A

and A: A oo wl w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2

and [ = isIntO s1 Inever isIntO ltr2

and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0

and [: trn = R Inever isSecO ltr2

shows 3 w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO.
ltr2 = s2 $ ltr2’ A validTransO (s2,s2") A
Opt.lvalidFromS s2' ltr2’ A Opt.lcompletedFrom s2' ltr2’ A Inever isIntO ltr2’ A

w4 A wl w2 wl’ w2’ sl s2 s2' statA svl trvl svl’ sv2 trv2 sv2’ statOO0 A
Hervl (trn,wl w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO) =

lappend (llist-of trvl) (lltrvl (if trv2 =[] then R else L,

w1’ w2’ s1,ltrl ,s2',ltr2’ statA,svl’,sv2’,statO0)) A

Utrv2 (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

lappend (llist-of trv2) (lltrv2 (if trv2 =[] then R else L,

wl w2’ s1,ltrl,s2ltr2’ statA,svl’,sv2’ statO0))
proof—

show ?thesis
using h-t-Inever-R[OF assms] apply(elim exFE)
subgoal for w1’ w2’ s2’ itr2’ trvl svl’ trv2 sv2’ statOO
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - s2']) apply(rule exl|of - ltr2”)
apply(rule exI[of - trvl]) apply(rule exI[of - sv1'])
apply(rule exI[of - trv2]) apply(rule exI[of - sv2])
apply(rule exI[of - statOO))
apply(intro conjl)

subgoal by simp

subgoal by simp

subgoal by simp
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subgoal by simp
subgoal by simp
subgoal by simp
subgoal unfolding lltrvi-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by auto
subgoal unfolding lltrv2-def apply(subst f-length-gel[OF len))
unfolding h-def t-def by auto . .
qed

lemma h-t-not-Inever-R:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and [ltr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and " = isIntO s1 Inever isIntO ltr2
and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0
and I: trn = R — Inever isSecO ltr2
shows 3 w1’ w2’ tr2 s2’ s2"" ltr2’ trvl svl' trv2 sv2' statOO.
XX 82 ltr2 tr2 s2' s2" ltr2’ A
x4 A wl w2 wl’ w2’ sl s2tr2s2’ s2" statA svl trvl svl’ sv2 trv2 sv2' statOO
N
h-t (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) =
((trvl ,svl” trv2,sv2" statA,stat00),
(Lywl' w2’ s1,ltrl,s2",s2" $ ltr2’ statA,svl" sv2",stat00))
proof—
have s2: = isIntO s2 using 1’ ltr2
by (metis Simple- Transition-System.lvalidFromS-def 1(2) lhd-LCons llist.pred-inject(1)

llist.pred-inject(2) neg-LNil-conv)

obtain tr2 s2’ s2" lir2’
where yx: xx $2 ltr2 tr2 s2' s2" ltr2’
using isSecO-xx[OF ltr2 1'(2) 1(2)] by auto

define {p where
tp = (SOME k. case k of (tr2,s2's2" ltr2’) =
XX 2 Ur2 tr2 s2' s2'" ltr2")

have 0: case tp of (tr2,s2',s2",ltr2’) =

XX 82 ltr2 tr2 s2' s2" ltr2’
using yx unfolding ¢p-def apply— apply(rule somel-ex)
apply(rule exl[of - (tr2,s2',s2",ltr2")]) by auto

obtain tr2 52’ s2'" ltr2’' where
tp: tp = (tr2,s2',52",ltr2") by(cases tp, auto)

have xx: xx $2 ltr2 tr2 s2' s2' ltr2’
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using 0 unfolding ¢p by auto

obtain w1’ w2’ trvl svl’" trv2 sv2'" statOO

where x4 x4’ A wl w2 w1’ w2’ sl s2tr2 s2' s2' statA svl trvl svl'' sv2 trv2
sv2" statOO0

using unwindCond-ex-x4'[OF unw A r, of tr2 s2' s2"

using yx I’ s2 unfolding yx-def by auto

define tp’ where
tp' = (SOME k'. case k' of (w1’ w2’ trvl,svl” trv2 sv2" statO0) =
X4 A wl w2 wl’ w2’ sl s2tr2 s2' s2" statA svl trvl svl” sv2 trv2 sv2’
statOO0)

have 1: case tp’ of (w1’ w2’ trvl,svl” trv2,sv2" statO0) =
x4 A wl w2 wl’ w2’ sl s2tr2 s2' s2" statA svl trvl svl' sv2 trv2 sv2’
statO0
using x4’ unfolding tp’-def apply— apply(rule somel-ex)
apply(rule exI[of - (w1’ w2’ trvl,svl" trv2,sv2" stat00)]) by auto

obtain w1’ w2’ trvl sv1’ trv2 sv2' statOO where
tp”s tp’ = (w1’ w2’ trvl ,svl " trv2,sv2” statO0) by(cases tp’, auto)

have x4’ x4’ A wl w2 wil' w2’ s1 52 tr2 s2’ 52" statA svl trvl svl’ sv2 trv2
sv2" statOO0
using 7 unfolding ¢p’ by auto

show ?thesis
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - tr2]) apply(rule exI[of - s2']) apply(rule exI[of - s2"])
apply(rule exI[of - ltr2"])
apply(rule exl]of - trvl]) apply(rule exI[of - sv1"]) apply(rule exI[of - trv2])
apply(rule exI[of - sv2'))
apply(rule exI|of - statOO])
apply (intro conjI)
subgoal using xyx .
subgoal using x4’ .
subgoal using [ unfolding h-t.simps
unfolding tp-def[symmetric] tp apply simp
unfolding tp’-def[symmetric] tp’ by auto .
qed

lemma [ltrvi-litrv2-not-Inever-R:

assumes unw: unwindCond A

and A: A oo wl w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and [ = isIntO s1 Inever isIntO ltr2
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and len: llength ltr1 > Suc 0 llength ltr2 > Suc 0
and [: trn = R — Inever isSecO ltr2
shows 3 w1’ w2’ tr2 s2’' 2" ltr2’ trvl svl’ trv2 sv2’ statOO.
XX 82 ltr2 tr2 s2' s2'" ltr2’ A
x4 A wl w2 wl’ w2’ s1s2tr2s2’ s2" statA svl trvl svl’ sv2 trv2 sv2' statOO
A
Utrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =
lappend (llist-of trvl) (lltrvl (L,wl’w2’,s1,ltrl,s2",s2" § ltr2’ statA,svl” sv2" stat00))
VAN
lerv2 (trn,wl w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO) =
lappend (llist-of trv2) (lltrv2 (Lywl’ w2’ s1,ltrl,s2",s2" § ltr2’ statA,svl" sv2" statO0))
proof—
show ?thesis
using h-t-not-Inever-R[OF assms| apply(elim ezE)
subgoal for w1’ w2’ tr2 s2’ s2'" ltr2’ trvl svl’ trv2 sv2' statOO
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - tr2]) apply(rule exI[of - s2']) apply(rule exI[of - s2"])
apply(rule exI[of - ltr2"])
apply(rule exI[of - trvl]) apply(rule exl[of - svl']) apply(rule exI[of - trv2])
apply (rule exI[of - sv2'"])
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal by simp
subgoal by simp
subgoal unfolding lltrvi-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by simp
subgoal unfolding lltrv2-def apply(subst f-length-ge1[OF len])
unfolding h-def t-def by simp . .
qed

lemma f-not-LNil: ltr1 # [[]] V ltr2 # [[|]] =
f (wi,w2,trn, s1, ltrl, s2, ltr2, statA, svl, sv2, statO) # [[]]
apply(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
subgoal apply(subst f-length-1) by auto
subgoal apply(subst f-length-gel) by auto .

lemma [validFromS-1itrvl :
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and r: reachO s1 reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO lir2
shows Van.lvalidFromS svl (lltrvl (trn,wl,w2,s1,ltr1 s2,ltr2,statA,svl ,sv2,statO))
proof—

{fix n svl ltrvl

assume I trn wl w2 s1 ltrl s2 ltr2 statA sv2 statO.
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n=wl A

ltrol = lltrvl (trn,wl w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A

A oo wl w2 sl s2 statA svl sv2 statO A

reachO s1 A reachO s2 A reachV svl A reachV sv2 A

Opt.lvalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 N

Opt.lvalidFromsS s2 ltr2 N\ Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2
hence Van.llvalidFromS n svl ltrvl
proof (coinduct rule: Van.llvalidFromsS.coinduct[of An svl ltrvl.
Jtrn wl w2 sl ltrl s2 ltr2 statA sv2 statO.
n=wl A
ltrol = lltrvl (trn,wl,w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
Opt.lvalidFromS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 N

Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2])
case (llvalidFromS n svl ltrvl)
then obtain trn w1 w2 si ltr1 s2 ltr2 statA sv2 statO
where n: n = w! and
ltrvl: ltrvl = ltrvl (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO)
and A: A oo wl w2 s1 s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lwalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
by auto
have isi3: = isIntO sl using lir!
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: — isIntO s2 using lir2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))

show ?case proof(cases ltr1 = [[]| A ltr2 = [[]])
case True note ltr1} = True
hence ltrvi: ltrvl = [[]] unfolding ltrvl by simp

show ?thesis unfolding ltrvl apply(rule Van.llvalidFromS-selectLNil) by
auto
next
case Fualse hence ltr14: ltrl # [[]] V itr2 # [[]] by auto
show ?thesis proof (cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltr14 = ltr14 True
hence ltrvl: ltrvl = [[sv1]] unfolding ltrvl by simp
show ?thesis unfolding ltrvl apply(rule Van.llvalidFromS-selectSingl) by
auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0
by auto
show ?thesis proof (cases trn)
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statOO0

case L note trn = L note current = current L
show ?thesis
proof(cases Inever isSecO ltrl)
case True note current = current True
obtain trn’ w1’ w2’ s1’ ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltr1’ validTransO (s1, s1’) Opt.lvalidFromS s1’ ltr1’
lecompletedFromO s1' lirl’ Inever isIntO lirl’ and
w3: w38 A wl w2 w1’ w2’ sl s1' s2 statA svl trvl svl’ sv2 trv2 sv2'

and trn”: trn’ = (if trvl =[] then L else R)
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', wl', w2’, s1’, ltr1’, s2, ltr2, statA,

svl’) sv2’) stat0O0))

using lltrv1-lltrv2-inever-L|OF unw A 1 ltrl isij current]
unfolding ltrvl by blast
define ltrvl’ where ltrvl " ltrvl’ = lltrvl (trn', wl’, w2’, s1’, ltrl’,

s2, ltr2, statA, svl’, sv2’, statOO)

have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

show ?thesis
proof(cases trvl = [])
case True note trvl = True
have sv1” svl’ = svl
using w8 unfolding w3-def by (simp add: trvl)
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exl[of - w1']) apply(rule exI[of - n])
apply(rule exI[of - svl]) apply(rule exI[of - ltrvl])
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvi trvl by simp
subgoal using w3 unfolding w3-def trvl n by simp
subgoal apply(rule disjl1)
apply(rule exlI[of - trn'])
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - s1']) apply(rule exI[of - ltr1"])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exI[of - sv2']) apply(rule

exl[of - statOO0))

apply (intro conjI)
subgoal ..
subgoal unfolding ltrvl’ trn’ trvl svl’ using trn by simp
subgoal using w3 unfolding w3-def sv1’ by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Nil-is-append-conv Van.reach-validFromS-reach last-snoc
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not-Cons-self2 r(4))
subgoal using ww by simp subgoal using ww by simp subgoal
using ww by simp
subgoal by fact subgoal by fact subgoal by fact . .
next
case Fulse note trvl = Fulse
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv1]) apply(rule exI[of - trvl])
apply(rule exI[of - sv1’]) apply(rule exI[of - w1"])
apply(rule exI[of - ltrvl]) apply(rule exI[of - n])
apply(intro conjl)
subgoal .. subgoal ..
subgoal using ltrvl .
subgoal using w3 unfolding w3-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Van.validFromS-def Van.validS-validTrans list.sel(1)
not-Cons-self2 snoc-eq-iff-butlast trvl)
subgoal apply(rule disjl1)
apply(rule exl[of - trn')
apply(rule exI|of - w1']) apply(rule exI[of - w2']) apply(rule exI[of
- s1')) apply(rule exI[of - ltr1))
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI|of - statA]) apply(rule exI[of - sv2']) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal using trvl unfolding ltrvi’ trn’ by auto
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Simple- Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-egq-iff-butlast)
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using [list-all-lappend-llist-of ltr1(3) by blast
subgoal using ww using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed
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next
case Fulse note current = current False
obtain w1’ w2’ trl s1’ s1” ltr1’ trvl svl’ trv2 sv2’ statOO where
Xx: xx sl ltrl tr1 s1’ s1” ltr1’ and
X3 x3' A wl w2 wl' w2’ sl trl s1’ s1'" s2 statA svl trvl svl' sv2

trv2 sv2' statOO

and ltrvl: ltrvl =

lappend (llist-of trvl) (litrvl (R,wl’ w2’ s1" s1"$ ltrl’,s2,ltr2 statA,svl " sv2" stat00))

using lltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isif current)
unfolding ltrvl by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (R,wl’,w2’,s1",s1" §
ltr1',52,ltr2 statA,svl "’ sv2" statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

show %thesis apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv1]) apply(rule exI[of - trvl])
apply (rule exI[of - sv1']) apply(rule exI[of - w1])
apply(rule exI[of - ltrvl’]) apply(rule exI[of - w1])
apply (intro conjI)
subgoal unfolding n .. subgoal ..
subgoal using ltrv1 .
subgoal using x 3’ unfolding x3'-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append2)
subgoal using y 3’ unfolding x3’-def by simp
subgoal using x3’ unfolding x3’-def
by (metis Van.validFromS Van.validS-validTrans Simple- Transition-System.validFromS-def

append-is-Nil-conv not-Cons-self2)
subgoal apply(rule disjl1)
apply(rule exI[of - R])
apply(rule exl|of - w1']) apply(rule exl[of - w2'))
apply(rule exl|of - s1"]) apply(rule exI[of - s1"" $ ltr1"])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA)]) apply(rule exI[of - sv2”]) apply(rule exl|of
- stat0O0))
apply(intro conjl)
subgoal ..
subgoal unfolding ltrvi’ ..
subgoal using x3' unfolding x3’-def by simp
subgoal using y 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 (1))
subgoal by fact
subgoal using y 3’ unfolding x3'-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
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snoc-eq-iff-butlast)
subgoal using x 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def by auto
subgoal using xx unfolding xx-def
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal using xx unfolding xx-def using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed
next
case R note trn = R note current = current R
show ?thesis
proof (cases Inever isSecO ltr2)
case True note current = current True
obtain trn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: ltr2 = s2 $ ltr2’ validTransO (s2, s2') Opt.lalidFromsS s2' ltr2’
lecompletedFromO s2' ltr2’ Inever isIntO ltr2’ and
wi: wi A wl w2 wl’ w2’ sl s2 52’ statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn” trn’ = (if trv2 = [] then R else L)
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', w1’, w2’, s1, ltrl, s2’, ltr2’, statA,
svl’, sv2’; stat0O0))
using lltrv1-lltrv2-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(3) current]
unfolding ltrvi by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (trn', wl’, w2’ s1, lirl, 2,
ltr2’) statA, svl’, sv2’, statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

show ?thesis
proof(cases trvl = |])
case True note trvl = True
have svl” svl’ = svl
using w/ unfolding w/-def by (simp add: trvl)
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exI[of - w1']) apply(rule exI[of - n])
apply(rule exI[of - sv1]) apply(rule exI[of - ltrvl])
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvi trvl by simp
subgoal using w4 unfolding w/-def trvl n by simp
subgoal apply(rule disjl1)
apply(rule exI[of - trn'])
apply(rule exl[of - w1']) apply(rule exI[of - w2])
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apply(rule exl|of - s1]) apply(rule exI[of - ltr1])
apply(rule exI|of - s2']) apply(rule exI|of - ltr2])
apply(rule exI|of - statA]) apply(rule exI[of - sv2’]) apply(rule
exl[of - statOO])
apply (intro conjl)
subgoal ..
subgoal unfolding ltrvl’ trn’ trvl svl’ using trn by simp
subgoal using w4 unfolding w/-def sv1’ by simp
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Nil-is-append-conv Van.reach-validFromS-reach last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by simp subgoal using ww by simp subgoal
using ww by simp . .
next
case Fulse note trvl = Fulse
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exl[of - svl]) apply(rule exI[of - trvi])
apply(rule exI[of - svl’]) apply(rule exI|of - w1'])
apply(rule exI[of - ltrvl]) apply(rule exI[of - n])
apply (intro conjI)
subgoal .. subgoal ..
subgoal using ltrv! .
subgoal using w/ unfolding w/-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Van.validFromS-def Van.validS-validTrans list.sel(1)
not-Cons-self2 snoc-eq-iff-butlast trvl)
subgoal apply(rule disjl1)
apply(rule exI[of - trn'])
apply(rule exI[of - w1']) apply(rule exI[of - w2']) apply(rule exl]of
- s1]) apply(rule exI|of - ltr1])
apply(rule exI|of - s2']) apply(rule exI[of - ltr2])
apply(rule exI|of - statA]) apply(rule exI[of - sv2’]) apply(rule
exl[of - statOO])
apply (intro conjl)
subgoal ..
subgoal using trvl unfolding ltrvi’ trn’ by auto
subgoal using w/ unfolding w/-def by simp
subgoal by fact
subgoal using w/ unfolding w/4-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conw)
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subgoal using w/ unfolding w/-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using w/ unfolding w/-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using [list-all-lappend-llist-of ltr1 (3) by blast . .
qed
next
case Fualse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl” trv2 sv2’ statOO where
XX: XX 82 ltr2 tr2 s2' s2' ltr2’ and
X4 x4 A wl w2 wl’ w2’ sl s2tr2 s2' s2" statA svl trvl svl’ sv2
trv2 sv2' statOO
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (L, w1’, w2, s1, ltr1, s2", s2" $§ ltr2’,
statA, svl"’, sv2", statOO0))
using [ltrv1-llitrv2-not-lnever-R[OF unw A r ltr2(1,2) isi8 ltr2(8)
current)
unfolding ltrvi by blast
define ltrvl’ where ltrvl”: ltrvl’ = litrvl (L, wl’, w2’, s1, ltrl, s2",
s2"$ ltr2’, statA, svl'’, sv2", statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

show ?thesis
proof(cases trvl = |])
case True note trvl = True
hence svl'": sv1'" = svl
by (metis x4 '-def Simple- Transition-System.validFromS-Cons-iff x4’
append.simps(1))
have wl’ < wl using trvl x4’ unfolding x4 ’-def by auto
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exl[of - w1']) apply(rule exI[of - n])
apply(rule exI[of - svl]) apply(rule exI[of - ltrvl])
apply (intro conjI)
subgoal ..
subgoal .. subgoal .. subgoal unfolding n by fact
subgoal apply(rule disjl1)
apply(rule exl[of - L])
apply(rule exI[of - w1']) apply(rule exl[of - w2'])
apply(rule exI[of - s1]) apply(rule exI[of - ltr1])
apply(rule exl|of - s2"]) apply(rule exI[of - s2"" § ltr2")
apply(rule exI[of - statA]) apply(rule exI[of - sv2']) apply(rule
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exl[of - statOO])

apply(intro conjl)
subgoal ..
subgoal unfolding ltrvi ltrvl’ trvl svl' by simp
subgoal using x4’ unfolding x4 '-def svl'' by simp
subgoal by fact
subgoal using xx unfolding xx-def
by (metis Opt.reach-validFromS-reach Nil-is-append-conv last-snoc

not-Cons-self2 r(2))

list.sel(1)

subgoal by fact
subgoal using x4’ r(4) unfolding x4 ’-def

by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def

using llist-all-lappend-llist-of ltr2(3) by blast . .

next
case Fulse note trvl = Fulse
show ?thesis
apply (rule Van.llvalidFromS-selectlappend)
apply(rule exl[of - svl]) apply(rule exI[of - trvl])
apply(rule exl[of - sv1'")
apply(rule exI[of - w1'])
apply(rule exI[of - ltrvl’])
apply(rule exI[of - n])
apply(intro conjl)

subgoal .. subgoal ..
subgoal using ltrv! .
subgoal using x4’ unfolding Y/ ’-def

by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append2)

subgoal using trvi .
subgoal using Y4’ unfolding x4 ’-def

by (metis Simple- Transition-System.validFromS-def Van.validS-valid Trans

not-Cons-self2 snoc-eq-iff-butlast trvl)

subgoal apply(rule disjl1)

apply(rule exl[of - L])

apply(rule exI|of - w1']) apply(rule exl[of - w2'])

apply(rule exI[of - s1]) apply(rule exI[of - ltr1])

apply(rule exl|of - s2"]) apply(rule exI[of - s2"" § ltr2")
apply(rule exI[of - statA]) apply(rule exl]of - sv2']) apply(rule

exl[of - statOO])

apply(intro conjl)
subgoal .. subgoal unfolding ltrvi’ ..
subgoal using Y4’ unfolding Y4 ’-def by simp
subgoal by fact
subgoal using x4’ unfolding x4 '-def
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by (metis Simple- Transition-System.reach-validFromS-reach xx
xXx-def
append-is-Nil-conv last-snoc not-Cons-self2 r(2))
subgoal using x4’ unfolding x4 '-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using y/’ unfolding Y/ ’-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-egq-iff-butlast)
subgoal by fact
subgoal by fact
subgoal by fact
subgoal using xx unfolding yyx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yy-def
using llist-all-lappend-llist-of ltr2(3) by blast . .
qed
qed
qed
qed
qed
qed

thus ?thesis apply—apply(rule Van.llvalidFromS-imp-lvalidFromsS)
using assms by blast
qged

lemma [validFromS-1itrv2:
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and r: reachO s1 reachQO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltr1 Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO lir2
shows Van.lvalidFromS sv2 (lltrv2 (trn,wl,w2,s1,ltr1 s2,ltr2,statA,svl ,sv2,statO))
proof—
{fix n sv2 ltrv2
assume I trn wl w2 s ltrl s2 ltr2 statA svl statO.
n = w2 A
ltrv2 = lltrv2 (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
Opt.lvalidFromS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 N

Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A Inever isIntO lir2
hence Van.llvalidFromS n sv2 ltrv2
proof (coinduct rule: Van.llvalidFromsS.coinduct[of An sv2 ltrv2.
Jtrn wi w2 sl ltrl s2 ltr2 statA svl statO.
n = w2 A
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ltrv2 = lltrv2 (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A

A oo wl w2 sl s2 statA svl sv2 statO A

reachO s1 A reachO s2 N reachV svl A reachV sv2 A

Opt.lalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 A

Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2])
case (llvalidFromS n sv2 ltrv2)
then obtain trn w1 w2 s1 ltr1 s2 ltr2 statA svl statO
where n: n = w2 and
ltrv2: ltrv2 = lltrv2 (trn,wl ,w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO)
and A: A oo wl w2 s1 s2 statA svl sv2 statO
and r: reachO s1 reachQO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and [ltr2: Opt.lwalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
by auto
have isi3: = isIntO sl using ltr!
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: — isIntO s2 using ltr2
by (metis Opt.lcompletedFrom-def Opt.lvalid FromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))

show ?case proof(cases ltr1 = [[]] A ltr2 = [[]])
case True note ltr1} = True
hence ltrv2: ltrv2 = [[]] unfolding ltrv2 by simp

show ?thesis unfolding ltrv2 apply(rule Van.llvalidFromS-selectLNil) by
auto
next

case Fulse hence ltr14: ltrl # [[]] V ltr2 # [[]] by auto

show ?thesis proof(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltr14 = ltrij True
hence ltrv2: ltrv2 = [[sv2]] unfolding ltrv2 by simp

show ?thesis unfolding ltrv2 apply(rule Van.llvalidFromS-selectSingl) by

auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0
by auto
show ?thesis proof (cases trn)
case L note trn = L note current = current L
show ?thesis
proof (cases lnever isSecO ltr1)
case True note current = current True
obtain trn’ w1’ w2’ s1’ ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltrl’ validTransO (s1, s1') Opt.lalidFromS s1’ ltr1’
lcompletedFromO s1' ltrl’ Inever isIntO ltr1’ and
w3 w3 A wl w2 wl’ w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’
statO0

and trn”: trn’ = (if trvl =[] then L else R)
and ltrv2: ltrv2 =
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lappend (llist-of trv2) (ltrv2(trn', wl'’, w2’, s1’, ltr1', s2, ltr2, statA,
svl’) sv2’) stat00))

using ltrvl-lltrv2-inever-L{OF unw A r ltr] isif current]

unfolding ltrv2 by blast

define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (trn', wl’, w2’, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO)

have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding ltrv2 ltrv2’ ..

show ?thesis
proof (cases trv2 = [])
case True note trv2 = True
have sv2” sv2’ = sv2
using w8 unfolding w3-def by (simp add: trv2)
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exI[of - w2']) apply(rule exI[of - n])
apply(rule exl|of - sv2]) apply(rule exI[of - ltrv2")
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrv2 trv2 by simp
subgoal using w3 unfolding w3-def trv2 n by simp
subgoal apply(rule disjl1)
apply(rule exlI[of - trn'])
apply(rule exI[of - wl']) apply(rule exI[of - w2"))
apply(rule exI[of - s1']) apply(rule exI[of - ltr1])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exlI[of - sv1’]) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal unfolding ltrv2’ trn’ trv2 sv2’ using trn by simp
subgoal using w3 unfolding w3-def sv2’ by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Nil-is-append-conv Van.reach-validFromS-reach last-snoc
not-Cons-self2 r(3))
subgoal by fact
subgoal using ww by simp subgoal using ww by simp subgoal
using ww by simp
subgoal by fact subgoal by fact subgoal by fact . .
next
case Fulse note trv2 = Fulse
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv2]) apply(rule exI[of - trv2])
apply(rule exl[of - sv2']) apply(rule exI[of - w2])
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apply(rule exI[of - ltrv2']) apply(rule exI[of - n])
apply(intro conjl)
subgoal .. subgoal ..
subgoal using Itrv2 .
subgoal using w3 unfolding w3-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Van.validFromS-def Van.validS-valid Trans append-is-Nil-conv
list.sel(1) not-Cons-self2 trv2)
subgoal apply(rule disjl1)
apply(rule exlI[of - trn'])
apply(rule exI[of - w1']) apply(rule exI[of - w2']) apply(rule exl|of
- s1')) apply(rule exI[of - ltr1])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exI[of - sv1’]) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal using trv2 unfolding ltrv2’ trn’ by auto
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(8)
snoc-eq-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using [list-all-lappend-llist-of ltr1(3) by blast
subgoal using ww using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed
next
case Fulse note current = current False
obtain w1’ w2’ tr1 s1’ s1" ltr1’ trvl svl” trv2 sv2’ statOO where
Xx: xx sl ltrl tri1 s1’ s1" ltr1’ and
X3 x8' A wl w2 wl' w2’ sl trl s1’ s1" s2 statA svl trvl svl' sv2
trv2 sv2' statOO
and ltrv2: ltrv2 =
lappend (llist-of trv2) (litrv2 (R,wl’ w2’ ;s1" 1" $ ltr1’,s2,ltr2 statA,svl " sv2" stat00))

using [ltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isif current]
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unfolding ltrv2 by blast
define ltrv2’ where ltrv2": ltrv2’ = lltrv2 (Rywl’ w2’,s1" 51" $§
ltr1',s2,ltr2 statA,svl "’ sv2" statOO)
have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding ltrv2 ltrv2’ ..

show ?thesis
proof (cases trv2 = [])
case True note trv2 = True
hence sv2': sv2" = sv2
by (metis x3'-def Simple- Transition-System.validFromS-Cons-iff x3'
append.simps(1))
have w2’ < w2 using trv2 x3’ unfolding x3’-def by auto
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exI[of - w2']) apply(rule exl]of - n])
apply(rule exI[of - sv2]) apply(rule exI[of - ltrv2])
apply(intro conjl)
subgoal ..
subgoal .. subgoal .. subgoal unfolding n by fact
subgoal apply(rule disjl1)
apply(rule exl[of - R])
apply(rule exI[of - wl']) apply(rule exI[of - w27))
apply(rule exl|of - s1"]) apply(rule exI[of - s1"" $ ltr1"])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exl]of - sv1']) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal unfolding ltrv2 ltrv2’ trv2 sv2' by simp
subgoal using x3' unfolding Y 3’-def sv2'' by simp
subgoal using yx unfolding xx-def
by (metis Opt.reach-validFromS-reach Nil-is-append-conv last-snoc
not-Cons-self2 r(1))
subgoal by fact
subgoal using x &’ r(8) unfolding x3’-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal by fact
subgoal using xx unfolding xx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding yyx-def
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal by fact subgoal by fact subgoal by fact . .
next
case Fulse note trv2 = Fulse
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv2]) apply(rule exI[of - trv2])
apply(rule exl[of - sv2']) apply(rule exl]of - w2])

127



apply(rule exI[of - ltrv2']) apply(rule exI[of - w2])
apply(intro conjl)
subgoal unfolding 7 .. subgoal ..
subgoal using Itrv2 .
subgoal using x3’ unfolding x &’-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal by fact
subgoal using x¥3’ unfolding x 3’-def
by (metis Simple- Transition-System.validFromS-def Van.validS-valid Trans
append-is-Nil-conv list.sel(1) not-Cons-self2 trv2)
subgoal apply(rule disjl1)
apply(rule exI[of - R])
apply(rule exI[of - wl']) apply(rule exI[of - w27))
apply(rule exl|of - s1"]) apply(rule exI[of - s1"" $ ltr1"])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exI[of - svl']) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal unfolding ltrv2’ ..
subgoal using 3’ unfolding Y 3’-def by simp
subgoal using x 3’ unfolding x 3'-def
by (metis Simple- Transition-System.reach-validFromS-reach xx
xx-def
append-is-Nil-conv last-snoc not-Cons-self2 r(1))
subgoal by fact
subgoal using x3' unfolding x 3’-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-egq-iff-butlast)
subgoal using x3' unfolding x 3’-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-egq-iff-butlast)
subgoal using xx unfolding xx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yy-def
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal using yx unfolding xx-def using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed
qged
next
case R note trn = R note current = current R
show ?thesis
proof(cases Inever isSecO ltr2)
case True note current = current True
obtain trn’ wl’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: ltr2 = 2 $ ltr2’ validTransO (s2, s2') Opt.lalidFromS s2' ltr2’
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lcompletedFromO s2' lir2' Inever isIntO lir2’' and
wi: wd A wl w2 wl’ w2’ sl s2 s2' statA svl trvl svl’ sv2 trv2 sv2’

statO0

and trn’: trn’ = (if trv2 =[] then R else L)

and ltrv2: ltrv2 =

lappend (llist-of trv2) (lltrv2 (trn', wl', w2’, s1, ltrl, s2', ltr2’, statA,
svl’) sv2') stat0O0))

using lltrvl-lltrv2-Inever-R[OF unw A r ltr2(1,2) isi3 ltr2(8) current]

unfolding ltrv2 by blast

define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (trn', wl’, w2’, s1, ltrl, s2/,
ltr2’, statA, svl’, sv2’, statOO)

have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding ltrv2 ltrv2’ ..

show ?thesis
proof (cases trv2 = [])
case True note trv2 = True
have sv2” sv2’ = sv2
using w4 unfolding w/-def by (simp add: trv2)
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exl[of - w2']) apply(rule exI[of - n])
apply(rule exI[of - sv2]) apply(rule exI[of - ltrv2])
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrv2 trv2 by simp
subgoal using w4 unfolding w/-def trv2 n by simp
subgoal apply(rule disjl1)
apply(rule exlI[of - trn'])
apply(rule exI[of - wl']) apply(rule exI[of - w2")
apply(rule exI[of - s1]) apply(rule exI[of - ltr1])
apply(rule exI[of - s2']) apply(rule exI[of - ltr2"])
apply(rule exI[of - statA]) apply(rule exI[of - sv1’]) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal unfolding ltrv2’ trn’ trv2 sv2’ using trn by simp
subgoal using w4 unfolding w/-def sv2’ by simp
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w/-def
by (metis Nil-is-append-conv Van.reach-validFromS-reach last-snoc
not-Cons-self2 r(3))
subgoal by fact subgoal by fact subgoal by fact subgoal by
fact
subgoal using ww by simp subgoal using ww by simp subgoal
using ww by simp . .
next
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case Fulse note trv2 = Fulse
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv2]) apply(rule exI[of - trv2])
apply(rule exI[of - sv2']) apply(rule exI[of - w2"))
apply(rule exl[of - ltrv2']) apply(rule exI[of - n])
apply(intro conjl)
subgoal .. subgoal ..
subgoal using itrv2 .
subgoal using w/ unfolding w/-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Van.validFromS-def Van.validS-valid Trans append-is-Nil-conv
list.sel(1) not-Cons-self2 trv2)
subgoal apply(rule disjl1)
apply(rule exl[of - trn'])
apply(rule exI|of - w1']) apply(rule exI[of - w2']) apply(rule exI[of
- s1]) apply(rule exI[of - ltr1])
apply(rule exI[of - s2']) apply(rule exI[of - ltr2"])
apply(rule exI[of - statA]) apply(rule exlI[of - sv1’]) apply(rule
exl[of - statOO])
apply(intro conjl)
subgoal ..
subgoal using trv2 unfolding ltrv2’ trn’ by auto
subgoal using w/ unfolding w/-def by simp
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w/-def
by (metis Simple-Transition-System.reach-validFromS-reach r(8)
snoc-egq-iff-butlast)
subgoal using w/ unfolding w/4-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using llist-all-lappend-llist-of ltr1(3) by blast . .
qed
next
case Fulse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl" trv2 sv2" statOO where
XX: XX $2 ltr2 tr2 s2' s2" ltr2’ and
X4 x4 A wl w2 wl' w2’ sl s2 tr2 s2' s2' statA svl trvl svl'' sv2
trv2 sv2' statOO
and ltrv2: ltrv2 =
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lappend (llist-of trv2) (lltrv2 (L, w1’, w2’, s1, ltrl, s2", s2"" § ltr2/,

statA, svl"’, sv2', stat00))
using [ltrvl-lltrv2-not-lnever-R[OF unw A r [tr2(1,2) isi8 ltr2(3)

current]

unfolding ltrv2 by blast

define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (L, wl’, w2’, s1, ltrl, s2”,
2" $ ltr2’, statA, svl”’, sv2', statOO)

have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding ltrv2 ltrv2’ ..

have trv2: trv2 # || using x4’ unfolding x4 ’-def by auto

show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv2]) apply(rule exl[of - trv2])
apply (rule exI[of - sv2'")
apply(rule exI[of - w2])
apply (rule exI[of - ltrv2’])
apply(rule exl[of - n])
apply (intro conjl)
subgoal .. subgoal ..
subgoal using ltrv2 .
subgoal using x4’ unfolding x/’-def
by (metis Nil-is-append-conv Van.validFromS-def Van.validS-append1
hd-append?2)
subgoal using trv2 .
subgoal using x4’ unfolding x/’-def
by (metis Simple- Transition-System.valid FromS-def Van.validS-valid Trans
append-is-Nil-conv list.sel(1) not-Cons-self2)
subgoal apply(rule disjl1)
apply(rule exI[of - L))
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - s1]) apply(rule exI[of - ltr1])
apply(rule exI[of - s2"]) apply(rule exI[of - s2"" § ltr2")
apply(rule exl[of - statA]) apply (rule exl[of - sv1']) apply(rule exI[of
- stat00])
apply (intro conjI)
subgoal .. subgoal unfolding ltrv2’ ..
subgoal using x4’ unfolding x4 ’-def by simp
subgoal by fact
subgoal using Y4’ unfolding Y/ ’-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 r(2))
subgoal using x4’ unfolding Y/ '-def
by (metis Simple- Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using x4’ unfolding x4 ’-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
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subgoal by fact
subgoal by fact
subgoal by fact
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def
using llist-all-lappend-llist-of ltr2(3) by blast . .
qed
qed
qged
qed
qed

thus ?thesis apply—apply(rule Van.llvalidFromS-imp-lvalidFrom.S)
using assms by blast
qed

lemma [completedFrom-lltrvl:
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO lirl
and [tr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
shows Van.lcompletedFrom svl (lltrvl (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl,sv2,stat0))
proof—
{fix ltrvl assume ltrvl: ltrvl = lltrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO)
and [fin: Ifinite ltrvl
hence list-of ltrvl # [| A finalV (last (list-of ltrvl))
using assms(2—) proof (induct length (list-of ltrvl) wl
arbitrary: trn w2 ltrvl s1 ltr1 s2 ltr2 statA svl sv2 statO
rule: less2-induct’)
case (less w1 ltrvl trn w2 s1 ltrl s2 ltr2 statA svl sv2 statO)
hence ltrvl: ltrol = lltrvl (trn, wl, w2, s1, ltrl, s2, ltr2, statA, svl, sv2,
statO)
and Ifin: lfinite ltrvl
and A: A oo wl w2 s1 s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromS s1 ltrl lcompletedFromO s1 ltrl Inever isIntO ltrl
and Itr2: Opt.lwalidFromS s2 ltr2 lcompletedFromO s2 ltr2 Inever isIntO lir2
by auto
have isi3: = isIntO sl using ltr!
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isij: — isIntO s2 using ltr2
by (metis Opt.lcompleted From-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
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show ?case proof(cases ltr1 = [[]] A ltr2 = [[]])
case True note ltr1} = True
hence Fulse using lir1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by
auto
thus ?thesis by auto
next
case Fulse hence ltr14: ltrl # [[]] V ltr2 # [[]] by auto
show ?thesis proof(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltr14 = ltri/ True
hence ltrv1: list-of ltrvl = [svl] unfolding ltrvl by simp
have llength ltr1 = Suc 0 V llength ltr2 = Suc 0
using lir1/
by (metis Opt.lcompletedFrom-def
Suc-ile-eq i0-less lfinite-code(1) llength-eq-0 llist.exhaust
ltr1(2) itr2(2) nle-le not-lnull-conv zero-enat-def)
hence ltr1 = [[s1]] V ltr2 = [[s2]]
using Opt.lcompletedFrom-singl ltr1 (1) ltr1(2) ltr2(1) ltr2(2) by blast
hence finalO s1 V finalO s2
using Opt.lcompletedFrom-LCons ltr1(2) ltr2(2) by blast
hence finalV svl
using A (1) r(2) r(3) r(4) unw unwindCond-def by auto
thus ?thesis unfolding ltrvl by auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0 by

auto
show ?thesis
proof(cases trn)
case L note current = current L
show ?thesis
proof(cases Inever isSecO ltrl)
case True note current = current True
obtain trn’ w1’ w2’ s1' ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltrl’ validTransO (s, s1') Opt.lalidFromS s1' ltr1’
lcompletedFromQO s1' ltr1’ Inever isIntO ltr1’ and
w3: w38 A wl w2 wl’ w2’ sl s1' s2 statA svl trvl svl’ sv2 trv2 sv2'
statO0

and trn’ : trn’ = (if trol =[] then L else R)

and lltrvl: ltrvl =

lappend (llist-of trvl) (lltrvl (trn', w1', w2’, s1’, ltr1’, s2, ltr2, statA,
svl’) sv2’) stat0O0))

using lltrv1-lltrv2-inever-L|OF unw A 1 ltrl isij current)

unfolding ltrvl by blast

define ltrvl’ where ltrvl " ltrvl’ = lltrvl (trn’, wl’, w2’, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO)

have litrv1: ltrvl = lappend (llist-of trvl) ltrvl’

unfolding litrvl ltrvl’ ..

have trvine: trvl # [| V wl’ < wl using w3 unfolding w3-def by
auto
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have Ifin": lfinite ltrvl’
using Ifin trvine unfolding [ltrvl by simp
have len: length (list-of ltrvl’) < length (list-of ltrvl) V
length (list-of ltrvl’) = length (list-of ltrvl) A w1’ < wl
using trvine lfin lfin’ by (simp add: list-of-lappend lltrvl)

have 0: list-of ltrvl’ # [] A finalV (last (list-of ltrv1’))
using len proof(elim disjE conjE)
assume len: length (list-of ltrvl’) < length (list-of ltrvl)
show ?thesis
apply(rule less(1)[OF - ltrv1])
subgoal by fact subgoal by fact
subgoal using w3 unfolding w3-def by simp
subgoal by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
next
assume len: length (list-of ltrvl") = length (list-of ltrvl) w1’ < wl
show ?thesis
apply(rule less(2)[OF - - ltrvl])
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using w3 unfolding w3-def by simp
subgoal by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact

subgoal by fact subgoal by fact .

qed

show ?thesis unfolding [ltrv! using 0

by (simp add: Ifin’ list-of-lappend)

next

case Fulse note current = current False

obtain w1’ w2’ tr1 s1' s1’ ltr1’ trvl svl” trv2 sv2’ statOO where

xx: xx sl ltrl trl s1’ s1" ltr1’ and

X3 x8" A wl w2 wl’ w2’ sl trl s1’ s1" s2 statA svl trvl svl’ sv2

trv2 sv2' statOO
and llitrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (Rywl’ w2’ s1" s1"$ ltrl1’ s2,ltr2,statA,svl " sv2" statOO0))
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using [ltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isif current)
unfolding ltrvl by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (Rywl’,w2’,s1",s1"
ltr1',s2,ltr2, statA,svl " sv2" statOO0)

have [litrv1: ltrvl = lappend (llist-of trvl) ltrvl’

unfolding lltrvl ltrvl’ ..

have trvine: trvl # [| using x 3’ unfolding x3’-def by auto
have Ifin": lfinite ltrvl’

using Ifin trvine unfolding lltrvi by simp

have len: length (list-of ltrvl’) < length (list-of ltrvl)

using trvine lfin lfin’ by (simp add: list-of-lappend lltrvl)

have 0: list-of ltrvl’ # [] A finalV (last (list-of ltrvl”))
apply (rule less(1)[OF - ltrv1])
subgoal by fact subgoal by fact
subgoal using x 3’ unfolding x3’-def by simp
subgoal using yy unfolding yxy-def
by (metis Simple- Transition-System.reach-validFromS-reach r(1)
snoc-eq-iff-butlast)
subgoal by fact
subgoal using x3’ unfolding x3’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
r(3))
subgoal using x3’ unfolding x3’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal using yy unfolding yy-def by simp
subgoal using yy unfolding yy-def by simp
subgoal using yx unfolding yy-def
using llist-all-lappend-llist-of ltr1 by blast
subgoal by fact subgoal by fact subgoal by fact .
show ?thesis unfolding [ltrv! using 0
by (simp add: lfin’ list-of-lappend)
qed
next
case R note current = current R
show ?thesis
proof(cases Inever isSecO ltr2)
case True note current = current True
obtain ¢rn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: tr2 = s2 $ ltr2’ validTransO (s2, s2') Opt.lvalidFromsS s2’ ltr2’
lcompletedFromO s2' lir2’' Inever isIntO lir2’ and
wi: wd A wl w2 wl’ w2’ sl s2 s2' statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn”: trn’ = (if trv2 =[] then R else L)
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', wl', w2’, s1, ltrl, s2', ltr2’, statA,
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svl’) sv2') stat0O0))
using lltrv-lltrv2-lnever-R{OF unw A r ltr2(1,2) isi3 ltr2(83) current]
unfolding ltrvl by blast
define ltrv1’ where ltrvl’: ltrvl’ = lltrvl (trn', wl’, w2’, s1, ltrl, s2’,
ltr2’, statA, svl’, sv2’, statOO)
have lltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

have trvlne: trvl # [| V wl’ < wl using wj unfolding w/-def by
auto
have Ifin": lfinite ltrvl’
using Ifin trvIne unfolding lltrvl by simp
have len: length (list-of ltrvl") < length (list-of ltrvl) V
length (list-of ltrvl’) = length (list-of ltrvl) A w1’ < wl
using trvine lfin Ifin’ by (simp add: list-of-lappend lltrvl)

have 0: list-of ltrvl’ # [] A finalV (last (list-of ltrv1’))
using len proof(elim disjE conjE)
assume len: length (list-of ltrvl") < length (list-of ltrvl)
show ?thesis
apply(rule less(1)[OF - ltrv1])
subgoal by fact subgoal by fact
subgoal using w/ unfolding w4-def by simp
subgoal by fact
subgoal using 7(2) ww by (metis Opt.reach.Step fst-conv snd-conv)
subgoal using w/ unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(3))
subgoal using w/ unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
next
assume len: length (list-of ltrvl") = length (list-of ltrvl) w1’ < wl
show ?thesis
apply(rule less(2)[OF - - ltrvl])
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using w/ unfolding w/-def by simp
subgoal by fact
subgoal by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w4 unfolding w4-def
by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)
subgoal using w/ unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
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qed
show ?thesis unfolding [ltrv! using 0
by (simp add: Ifin’ list-of-lappend)
next
case Fulse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl’” trv2 sv2’ statOO where
XX: XX $2 Utr2 tr2 s2' 2" ltr2’ and
X4 x4 A wl w2 wl’ w2’ s1 82 tr2 s2' s2" statA svl trvl svl’ sv2
trv2 sv2' statOO
and ltrvl: ltrvl =
lappend (llist-of trvl) (Iltrvl (L, w1’, w2’, s1, ltrl, s2", s2"" § ltr2/,
statA, svl"’; sv2', stat0O0))
using lltrv1-lltrv2-not-lnever-R{OF unw A v ltr2(1,2) isi3 ltr2(3)
current]
unfolding ltrvl by blast
define ltrvl’ where ltrvl " ltrvl’ = lltrvl (L, wl’, w2’ s1, ltrl, s2",
2" $ ltr2’, statA, svl”’, sv2', statOO)
have litrv1: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

have trvine: trvl # [| V w1’ < wi using x4’ unfolding x4 '-def by
auto
have lfin": lfinite ltrvl’
using Ifin trvine unfolding [ltrvl by simp
have len: length (list-of ltrvl’) < length (list-of ltrvl) V
length (list-of ltrvl’) = length (list-of ltrvl) A w1’ < wl
using trvine lfin lfin’ by (simp add: list-of-lappend lltrvl)

have 0: list-of ltrvl’ # [| A finalV (last (list-of ltrv1"))
using len proof(elim disjE conjE)
assume len: length (list-of ltrvl’) < length (list-of ltrvl)
show ?thesis
apply(rule less(1)[OF - ltrv1])
subgoal by fact subgoal by fact
subgoal using x4’ unfolding Y4 ’-def by simp
subgoal by fact
subgoal using r(2) xx unfolding xyx-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using Y4’ unfolding Y/ ’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(3))
subgoal using x4’ unfolding x4 '-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def
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using llist-all-lappend-llist-of ltr2(3) by blast .
next
assume len: length (list-of ltrvl") = length (list-of ltrvl) w1’ < wl
show ?thesis
apply(rule less(2)[OF - - ltrvl])
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using x4’ unfolding Y4 ’-def by simp
subgoal by fact
subgoal using yx unfolding yy-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(2))
subgoal using Y4’ unfolding y/’-def
by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using x4’ unfolding x4 ’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc

subgoal by fact subgoal by fact subgoal by fact
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding yy-def
using [list-all-lappend-llist-of ltr2(3) by blast .

qed

show ?thesis unfolding [ltrv! using 0

by (simp add: Ifin’ list-of-lappend)

qged
qed
qed
qed
qed

thus ?thesis unfolding Van.lcompletedFrom-def by auto
qed

lemma IlcompletedFrom-lltrv2:
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
shows Van.lcompletedFrom sv2 (lltrv2 (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,stat0))
proof—
{fix ltrv2 assume ltrv2: ltrv2 = lltrv2 (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and lfin: lfinite ltrv2
hence list-of ltrv2 # [| A finalV (last (list-of ltrv2))
using assms(2—) proof (induct length (list-of ltrv2) w2
arbitrary: ltrv2 trn wi s1 ltrl s2 ltr2 statA svl sv2 statO
rule: less2-induct”)
case (less w2 ltrv2 trn w1 s1 lirl s2 ltr2 statA svl sv2 statO)
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hence ltrv2: ltrv2 = lltrv2 (trn, wl, w2, s1, ltrl, s2, ltr2, statA, svl, sv2,
statO)
and [fin: lfinite ltrv2
and A: A co wl w2 s1 s2 statA svl sv2 statO
and r: reachO si reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromsS s1 ltrl lcompletedFromO s1 ltrl Inever isIntO ltr1
and [tr2: Opt.lvalidFromS s2 ltr2 lcompletedFromO s2 ltr2 Inever isIntO ltr2
by auto
have isi8: — isIntO s1 using lir!
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: = isIntO s2 using ltr2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))

show ?case proof(cases ltr1 = [[]] A ltr2 = [[]])
case True note ltrl} = True
hence Fulse using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by
auto
thus ?thesis by auto
next
case Fualse hence lirl]: ltr1 # [[]] V ler2 # [[]] by auto
show ?thesis proof(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltrij = ltri4 True
hence ltrv2: list-of ltrv2 = [sv2] unfolding ltrv2 by simp
have llength ltr1 = Suc 0 V llength ltr2 = Suc 0
using ltri4
by (metis Opt.lcompletedFrom-def
Suc-ile-eq i0-less lfinite-code(1) llength-eq-0 llist.exhaust
ltr1(2) ltr2(2) nle-le not-lnull-conv zero-enat-def)
hence ltr1 = [[s1]] V ltr2 = [[s2]]
using Opt.lcompletedFrom-singl ltr1(1) ltr1(2) ltr2(1) ltr2(2) by blast
hence finalO s1 V finalO s2
using Opt.lcompletedFrom-LCons ltr1(2) ltr2(2) by blast
hence finalV sv2
using A r(1) r(2) r(3) r(4) unw unwindCond-def by auto
thus ?thesis unfolding ltrv2 by auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0 by
auto
show ?thesis
proof(cases trn)
case L note current = current L
show ?thesis
proof (cases Inever isSecO ltrl)
case True note current = current True
obtain ¢rn’ wl’ w2’ s1' ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltr1’ validTransO (s1, s1') Opt.lwalidFromS s1’ ltr1’
lcompletedFromO s1' lirl’ Inever isIntO lirl1’ and
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w3: w3 A wl w2 wl’ w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’
statO0

and trn': trn’ = (if trvl =[] then L else R)

and [ltrv2: ltrv2 =

lappend (llist-of trv2) (lltrv2 (trn', w1’, w2’, s1', ltr1’, s2, ltr2, statA,
svl’; sv2') stat0O0))

using lltrv1-lltrv2-inever-L{OF unw A 1 ltrl isi4 current]

unfolding ltrv2 by blast

define ltrv2’ where ltrv2': ltrv2’ = lltrv2 (trn', wl’, w2, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO)

have [itrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding lltrv2 ltrv2’ ..

have trv2Zne: trv2 # [| V w2’ < w2 using w3 unfolding w3-def by
auto
have Ifin’: lfinite ltrv2’
using Ifin trv2ne unfolding lltrv2 by simp
have len: length (list-of ltrv2’) < length (list-of ltrv2) V
length (list-of ltrv2’) = length (list-of ltrv2) A w2’ < w2
using trv2ne lfin Ifin’ by (simp add: list-of-lappend lltrv2)

have 0: list-of ltrv2’ # [] A finalV (last (list-of ltrv2’))
using len proof(elim disjE conjE)
assume len: length (list-of ltrv2”) < length (list-of ltrv2)
show ?thesis
apply(rule less(1)[OF - ltrv2])
subgoal by fact subgoal by fact
subgoal using w3 unfolding w3-def by simp
subgoal by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
next
assume len: length (list-of ltrv2’) = length (list-of ltrv2) w2’ < w2
show ?thesis
apply(rule less(2)[OF - - ltrv2))
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using w3 unfolding w3-def by simp

subgoal by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact

subgoal using w3 unfolding w3-def

by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using w3 unfolding w3-def
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by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
qed
show ?thesis unfolding [ltrv2 using 0
by (simp add: lfin’ list-of-lappend)
next
case Fulse note current = current False
obtain w1’ w2’ tr1 s1' s1’ ltr1’ trvl svl” trv2 sv2’' statOO where
Xx: xx sl ltrl tri s1’' s1" ltr1’ and
X3 x8' A wl w2 wl' w2’ sl trl s1’ s1'" s2 statA svl trvl svl' sv2
trv2 sv2' statOO
and lltrv2: ltrv2 =
lappend (llist-of trv2) (litrv2 (R,wl’ w2’ 1" s1" $ ltr1’,s2,ltr2 statA,svl " sv2" stat00))

using [ltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isif current)
unfolding ltrv2 by blast
define ltrv2’ where ltrv2”: ltro2’ = lltrv2 (R,wl’,w2’,s1”,s1"
ltr1',s2,ltr2, statA,svl " sv2" statOO0)
have [ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding lltrv2 ltrv2’ ..

have trvZne: trv2 # [| V w2’ < w2 using x3' unfolding x3'-def by
auto
have Ifin': lfinite ltrv2’
using [fin trvZne unfolding lltrv2 by simp
have len: length (list-of ltrv2’) < length (list-of ltrv2) V
length (list-of ltrv2’) = length (list-of ltrv2) A w2’ < w2
using trv2ne lfin lfin’ by (simp add: list-of-lappend lltrv2)

have 0: list-of ltrv2’ # [] A finalV (last (list-of ltrv2”))
using len proof(elim disjE conjE)
assume len: length (list-of ltrv2”) < length (list-of ltrv2)
show ?thesis
apply(rule less(1)[OF - ltrv2])
subgoal by fact subgoal by fact
subgoal using x3' unfolding x3’-def by simp
subgoal using xx unfolding xx-def
by (metis Simple- Transition-System.reach-validFromS-reach r(1)
snoc-egq-iff-butlast)
subgoal by fact
subgoal using y 3’ unfolding x3'-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
r(3))
subgoal using x 3’ unfolding x3'-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal using yx unfolding yyx-def by simp
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subgoal using yx unfolding yyx-def by simp
subgoal using xx unfolding xx-def
using llist-all-lappend-llist-of ltr1 by blast
subgoal by fact subgoal by fact subgoal by fact .
next
assume len: length (list-of ltrv2’) = length (list-of ltrv2) w2’ < w2
show ?thesis
apply(rule less(2)[OF - - lirv2"))
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using x3' unfolding x3’-def by simp
subgoal using xx unfolding xx-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(1))
subgoal by fact
subgoal using y 3’ unfolding x3'-def
by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)
subgoal using x 3’ unfolding 3 '-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def by auto
subgoal using xx unfolding xx-def
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal by fact subgoal by fact subgoal by fact .
qed
show ?thesis unfolding [ltrv2 using 0
by (simp add: lfin’ list-of-lappend)
qed
next
case R note current = current R
show ?thesis
proof (cases Inever isSecO ltr2)
case True note current = current True
obtain ¢rn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: ltr2 = 2 $ ltr2’ validTransO (s2, s2') Opt.lwalidFromS s2’ ltr2’
lcompletedFromQO s2' ltr2’ Inever isIntO ltr2’ and
wi:wi A wl w2 wl’ w2’ sl s2 52’ statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn” trn' = (if trv2 =[] then R else L)
and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (trn', wl’, w2’, s1, ltrl, s2’, ltr2’, statA,
svl’) sv2') stat0O0))
using lltrvl-lltrv2-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(83) current)
unfolding ltrv2 by blast
define ltrv2’ where ltrv2’: ltrv2’ = lltrv2 (trn', wl’, w2’ s1, ltrl, s2’,
ltr2’, statA, svl’, sv2’, statO0)
have [itrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding ltrv2 ltrv2’ ..
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have trv2ne: trv2 # [| V w2’ < w2 using wj unfolding w/-def by
auto
have Ifin': lfinite ltrv2’
using Ifin trv2ne unfolding lltrv2 by simp
have len: length (list-of ltrv2’) < length (list-of ltrv2) V
length (list-of ltrv2’) = length (list-of ltrv2) A w2’ < w2
using trv2ne lfin Ifin’ by (simp add: list-of-lappend [ltrv2)

have 0: list-of ltrv2’ # [] A finalV (last (list-of ltrv2”))
using len proof(elim disjE conjE)
assume len: length (list-of ltrv2’) < length (list-of ltrv2)
show ?thesis
apply(rule less(1)[OF - ltrv2])
subgoal by fact subgoal by fact
subgoal using w4 unfolding w/-def by simp
subgoal by fact
subgoal using r(2) ww by (metis Opt.reach.Step fst-conv snd-conv)
subgoal using w/ unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(3))
subgoal using wj unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
next
assume len: length (list-of ltrv2’) = length (list-of ltrv2) w2’ < w2
show ?thesis
apply(rule less(2)[OF - - ltrv2"))
subgoal by fact subgoal using len by simp subgoal by fact

subgoal using w4 unfolding w/-def by simp
subgoal by fact
subgoal by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w/-def
by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)
subgoal using wj unfolding w/-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(4))
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal by fact subgoal by fact .
qed
show ?thesis unfolding [ltrv2 using 0
by (simp add: Ifin’ list-of-lappend)
next
case Fualse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl” trv2 sv2’ statOO where
XX: XX S2 lr2 tr2 s2' s2" ltr2’ and
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X4 x4 A wl w2 wl’ w2’ sl s2 tr2 s2' s2' statA svl trvl svl' sv2
trv2 sv2' statOO
and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (L, w1’, w2’', s1, ltrl, s2", s2" $§ ltr2’,
statA, svl"’, sv2", statOO0))
using [ltrv1-llitrv2-not-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(3)
current)
unfolding ltrv2 by blast
define ltrv2’ where ltrv2”: ltrv2’ = litrv2 (L, wl’, w2’, s1, ltrl, s2",
s2"$ ltr2’, statA, svl'’, sv2", statOO)
have [itrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding ltrv2 ltrv2’ ..

have trv2ne: trv2 # [| using x4’ unfolding x/’-def by auto
have Ifin': lfinite ltrv2’

using [fin trvZne unfolding lltrv2 by simp

have len: length (list-of ltrv2’) < length (list-of ltrv2)

using trv2ne lfin lfin’ by (simp add: list-of-lappend lltrv2)

have 0: list-of ltrv2’ # [] A finalV (last (list-of ltrv2”))
apply (rule less(1)[OF - ltrv2])
subgoal by fact subgoal by fact
subgoal using x4’ unfolding x/’-def by simp
subgoal by fact
subgoal using 7(2) xx unfolding xx-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using x4’ unfolding y/’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2 r(3))
subgoal using x4’ unfolding x/’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc
r(4))
subgoal by fact subgoal by fact subgoal by fact
subgoal using yx unfolding yyx-def by auto
subgoal using yx unfolding yyx-def by auto
subgoal using yx unfolding yy-def
using llist-all-lappend-llist-of ltr2(3) by blast .
show ?thesis unfolding [ltrv2 using 0
by (simp add: Ifin’ list-of-lappend)
qed
qed
qged
qed
qed

thus ?thesis unfolding Van.lcompletedFrom-def by auto
qed
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lemma [S-lltrvi-ltri:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltri
and [ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
shows Van.lS (lltrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl sv2,statO)) = Opt.lS
ltr1
proof—
have cltrvl: Van.lcompletedFrom svl (lltrvl (trn,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-lltrvl [OF assms] .
{fix trn nL nR ltrvl ltr!
assume Jwl w2 s1 s2 ltr2 statA svl sv2 statO.
nL = wl AN nR = w2 A
ltrol = lltrvl (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltrl A

Opt.lwalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2
hence TwoFuncPred.sameFM1 isSecV isSecO getSecV getSecO trn nL nR ltrvl
ltr1
proof(coinduct rule: TwoFuncPred.sameFM1 .coinduct[of Atrn nL nR ltrvl ltrl.

Jwl w2 s1 s2 ltr2 statA svl sv2 statO.

nl = wl N nR = w2 A

ltrol = lltrvl (trn,wl w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO) A

A oo w1l w2 sl s2 statA svl sv2 statO A

reachO s1 A reachO s2 A reachV svl A reachV sv2 A

Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 A

Opt.lvalidFromsS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2,
where pred = isSecV and pred’ = isSecO and func = getSecV and func’
= getSecO))
case (2 trn nL nR ltrvl ltrl)
then obtain wi1 w2 svl s1 s2 ltr2 statA sv2 statO
where nlL: nL, = wl and nR: nR = w2
and ltrvl: ltrvl = ltrvl (trn,wl w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO)
and A: A co wl w2 s1 s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
by auto
have isi3: = isIntO sl using ltr!
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: = isIntO s2 using lir2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
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show ?case proof(cases ltr1 = [[]] A ltr2 = [[]])
case True note ltr1} = True

hence ltrvl: ltrvl = [[]] unfolding ltrvl by simp
show ?thesis using ltr14 unfolding ltrvl apply—apply(rule TwoFuncPred.sameFM1-selectLNil)
by auto
next

case Fualse hence ltr14: ltrl # [[]] V itr2 # [[]] by auto
show ?thesis proof (cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltrij = ltr14 True
hence ltrv1: ltrvl = [[sv1]] unfolding ltrvl by simp
have llength ltr1 = Suc 0 V llength ltr2 = Suc 0
by (metis Opt.lcompletedFrom-def Suc-ile-eq True
Ifinite- LNil llength-LNil llist-eq-cong ltr1(2)
ltr2(2) nle-le order-le-imp-less-or-eq zero-enat-def zero-order(3))
hence finalO s1 V finalO s2
using Opt.lcompletedFrom-singl ltr1 (1) ltr1(2) ltr2(1) ltr2(2) by blast
hence fs1: finalO s1
using A r(1) r(2) r(3) r(4) unw unwindCond-def by auto
hence ltr1: ltr1 = [[s1]]
by (metis Opt.final-def Opt.lcompletedFrom-def
Opt.lvalidFromS-Cons-iff lfinite-code(1) llist.exhaust ltr1(1) ltr1(2))
have fsv1: finalV svl
using A fs1 r(1) 7(2) r(3) r(4) unw unwindCond-final by blast
have isv13: = isSecV svl A — isSecO sl
using fsvl fs1 Opt.final-not-isSec Van.final-not-isSec by blast
show ?thesis unfolding ltrvl lirl apply(rule TwoFuncPred.sameFM1-selectSingl)

using isv13 by auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0
by auto
show ?thesis proof (cases trn)
case L note trn = L[simp| note current = current L
show ?thesis
proof (cases Inever isSecO ltr1)
case True note current = current True
obtain trn’ w1’ w2’ s1' ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltrl’ validTransO (s, s1') Opt.lalidFromS s1' ltr1’
lcompletedFromQO s1' ltr1’ Inever isIntO ltr1’ and
w3: w3 A wl w2 wl’ w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn”: trn’ = (if trvl =[] then L else R)
and lltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', wl’, w2', s1', ltr1’, s2, lir2, statA,
svl’, sv2’', statOO))
using lltrv1-lltrv2-inever-L{OF unw A r ltrl isif current]
unfolding ltrvl by blast
define ltrvl’ where ltrvl " ltrvl’ = lltrvl (trn', wl’, w2’, s1’, ltrl’,
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s2, ltr2, statA, svl’, sv2’, statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding lltrvl ltrvl’ ..
have nisl: = isSecO s1 using True ww(1) by force
show ?thesis
proof (cases trvl = [])
case True note trvl = True
hence wl’ < wl using w3 unfolding w3-def by auto
have [simp]: trn’ = trn by (simp add: trvl trn’)
show ?thesis
apply(rule TwoFuncPred.sameFM1-selectDelayL)
apply(rule exl[of - w1']) apply(rule exI[of - w1])
apply(rule exl[of - trvl]) apply(rule exI[of - [s1]])
apply(rule exI[of - w2])
apply(rule exI[of - ltrvl’]) apply(rule exl[of - ltr1”)
apply(rule exI[of - w2])
apply(intro conjl)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding ltrvl trvl by simp
subgoal unfolding ww(1) by simp
subgoal by fact subgoal unfolding trv! using w3-def nis! by
stmp
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w27])
apply(rule exI[of - s1']) apply(rule exI[of - s2])
apply (rule exI[of - ltr2]) apply(rule exI[of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv27])
apply(rule exI[of - statOO))
apply (intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ by simp
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w 3-def
by (metis Simple- Transition-System.reach-validFromS-reach r(3)
snoc-egq-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using [list-all-lappend-llist-of ltr1(3) by blast
subgoal using ww using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
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next
case Fulse note trvl = False
show ?thesis
apply(rule TwoFuncPred.sameFM1-selectlappend)
apply(rule exI[of - trvl]) apply(rule exI[of - [s1]])
apply(rule exl[of - trn']) apply(rule exI[of - w1])
apply(rule exI[of - w2])
apply(rule exI[of - ltrvl’]) apply(rule exl[of - ltr1"))
apply(rule exI[of - trn])
apply(rule exI[of - w1])
apply(rule exI[of - w2])
apply(intro conjl)
subgoal ..
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrvl .
subgoal unfolding ww(1) by simp
subgoal by fact
subgoal using w3 unfolding w3-def by simp
subgoal using ltr1(3) w8 unfolding w3-def
by (metis Opt.S.map-filter Opt.S.simps(4) Van.S.map-filter
Van.S.eq-Nil-iff (2) append-Nil
butlast-snoc filter.simps(2) nisl)
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2)
apply(rule exI|of - s1']) apply(rule exI[of - s2])
apply (rule exI[of - ltr2]) apply(rule exI[of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv27])
apply (rule exI[of - statOO))
apply (intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ ..
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w 3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w 3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using w3 unfolding w 3-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)
snoc-egq-iff-butlast)
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal using ww using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed
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next
case Fulse note current = current False
obtain w1’ w2’ trl s1’ s1” ltr1’ trvl svl’ trv2 sv2’ statOO where
Xx: xx sl ltrl tr1 s1’ s1” ltr1’ and
X3 x3' A wl w2 wl' w2’ sl trl s1’ s1'" s2 statA svl trvl svl' sv2
trv2 sv2' statOO
and lltrvl: ltrvl =
lappend (llist-of trvl) (litrvl (R,wl’ w2’ s1" s1"$ ltrl’,s2,ltr2 statA,svl " sv2" stat00))

using lltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isif current)
unfolding ltrvl by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (R,wl’,w2’,s1",s1" §
ltr1',52,ltr2 statA,svl "’ sv2" statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding lltrvl ltrvl’ ..

show ?thesis apply(rule TwoFuncPred.sameFM1I-selectlappend)
apply(rule exI[of - trvl]) apply(rule exI[of - tr1 #4# s17))
apply(rule exI[of - R])
apply(rule exI[of - w1']) apply(rule exI[of - w27])
apply(rule exl|of - ltrvl']) apply(rule exl|of - s1”" $ lir1’])
apply (rule exI[of - trn])
apply (rule exI[of - wi]) apply(rule exI[of - w2])
apply (intro conjl)
subgoal .. subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrv! .
subgoal using yx unfolding xx-def by simp
subgoal using x3' unfolding x3’-def by simp
subgoal by simp
subgoal using x 3’ unfolding x3'-def
by (simp add: Opt.S.map-filter Van.S.map-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - s1')
apply(rule exI|of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exI[of - svl"]) apply(rule exI[of
- sv2')
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvi’ ..
subgoal using x3' unfolding x3’-def by simp
subgoal using y 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 (1))
subgoal by fact
subgoal using y 3’ unfolding x3'-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
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snoc-eq-iff-butlast)

subgoal using x 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)

snoc-eq-iff-butlast)

statOO0

subgoal using xx unfolding yx-def by auto

subgoal using yx unfolding xx-def by auto

subgoal using xx unfolding xx-def

using llist-all-lappend-llist-of ltr1(3) by blast

subgoal using xx unfolding xx-def using ltr2(1) by fastforce
subgoal by fact

subgoal by fact . .

qed
next
case R note trn = R[simp] note current = current R
show %thesis
proof (cases Inever isSecO ltr2)

case True note current = current True

obtain trn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where

ww: ltr2 = s2 $ ltr2’ validTransO (s2, s2') Opt.lalidFromsS s2' ltr2’
lecompletedFromO s2' ltr2’ Inever isIntO ltr2’ and

wi: wi A wl w2 wl’ w2’ sl s2 52’ statA svl trvl svl’ sv2 trv2 sv2’

and trn” trn’ = (if trv2 = [] then R else L)
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', w1’, w2’, s1, ltrl, s2’, ltr2’, statA,

svl’, sv2’; stat0O0))

using lltrv1-lltrv2-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(3) current]
unfolding ltrvi by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (trn', wl’, w2’ s1, lirl, 2,

ltr2’) statA, svl’, sv2’, statOO)

have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..
have nevl: never isSecV trvl using w4 unfolding w/4-def by auto
show ?thesis
proof (cases trv2 = |])
case True note trv2 = True
have [simp]: trn’ = trn using R trv2 trn’ by auto
have w2’ < w2 using w/ trv2 unfolding w/-def by auto
show ?thesis
apply(rule TwoFuncPred.sameFM1-selectDelayR)
apply(rule exI[of - w2']) apply(rule exI[of - nR])
apply(rule exI[of - trvl]) apply(rule exI[of - []])
apply(rule exI[of - w1'])
apply(rule exl[of - ltrvl']) apply(rule exl|of - ltr1])
apply(rule exl[of - nL])
apply(intro conjl)
subgoal by simp subgoal .. subgoal ..
subgoal by fact subgoal by simp
subgoal unfolding nR by fact
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subgoal using nev! by (simp add: never-Nil-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2)
apply(rule exI[of - s1]) apply(rule exI[of - s27])
apply (rule exI[of - ltr2’]) apply(rule exl|of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2'])
apply(rule exI[of - statOO))
apply (intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ by simp
subgoal using w4 unfolding w/-def by simp
subgoal by fact
subgoal using w/ unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w4 unfolding w/-def
by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using w4 unfolding w/-def
by (metis Van.reach-validFromS-reach r(4) snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww by auto . .
next
case Fulse note trv2 = False
have [simp]: trn’ = L using R trv2 trn’ by auto
show ?thesis
apply(rule TwoFuncPred.sameFM1-selectRL)
apply(rule exl[of - trvl]) apply(rule exI[of - []])
apply(rule exI|of - w1']) apply(rule exl[of - w2'])
apply(rule exI[of - ltrvl’]) apply(rule exI[of - ltrl])
apply(rule exI[of - wl]) apply(rule exI[of - w2])
apply(intro conjl)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding ltrv! ..
subgoal unfolding ww(1) by simp
subgoal using w4 unfolding w4-def by (simp add: never-Nil-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - wl']) apply(rule exI[of - w27))
apply(rule exI[of - s1]) apply(rule exI[of - s2'])
apply(rule exI[of - ltr2']) apply(rule exI[of - statA])
apply(rule exI[of - svl']) apply(rule exI[of - sv27))
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ by simp
subgoal using w4 unfolding w/-def by simp
subgoal by fact
subgoal using w4 unfolding w/-def
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by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w4 unfolding w/-def
by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using w4 unfolding w/-def
by (metis Van.reach-validFromS-reach r(4) snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww by auto . .
qed
next
case Fualse note current = current Fualse
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl” trv2 sv2’ statOO where
XX: XX 2 Utr2 tr2 s2' 52" ltr2’ and
X4 x4 A wl w2 wl' w2’ sl s2 tr2 s2' s2' statA svl trvl svl' sv2
trv2 sv2' statOO
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (L, wl', w2’, s1, ltrl, s2'", s2" $ ltr2’,
statA, svl'’, sv2', stat00))
using lltrv1-lltrvg-not-lnever-R[OF unw A r ltr2(1,2) isi8 ltr2(3)
current]
unfolding ltrvl by blast
define ltrvl’ where ltrvl " ltrvl’ = lltrvl (L, wl’, w2’ s1, ltr1, s2",
s2"'$ ltr2’, statA, svl'’, sv2" statOO)
have ltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..

show ?thesis
apply(rule TwoFuncPred.sameFM1-selectRL)
apply(rule exI|of - trvl]) apply(rule exI[of - []])
apply(rule exI[of - w1']) apply(rule exI[of - w27])
apply(rule exI[of - ltrv1’]) apply(rule exI[of - ltr1])
apply (rule exI[of - wi]) apply(rule exI[of - w2])
apply (intro conjl)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding ltrvl .. subgoal by simp
subgoal using x4’ unfolding x4 ’-def by (simp add: never-Nil-filter)
subgoal apply(rule disjl1)
apply(rule exI|of - w1']) apply(rule exI[of - w2'))
apply(rule exI[of - s1]) apply(rule exI[of - s2'")
apply(rule exI[of - s2"' $ ltr2]) apply(rule exI[of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ by simp
subgoal using x4’ unfolding x4 ’-def by simp
subgoal by fact
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subgoal using 7(2) xx unfolding yx-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using (%) x4’ unfolding x/'-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal using 7(4) x4’ unfolding x4 ’-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding xx-def
using llist-all-lappend-llist-of ltr2(3) by blast . .
qed
qed
qed
qed

qed

}

thus ?thesis unfolding Van.IS[OF cltrvl] Opt.IS[OF ltr1(2)]

apply— apply(rule TwoFuncPred.sameFMI1-lmap-Iifilter)

using assms by blast

qged

lemma [S-1ltrv2-ltr2:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO lir2
shows Van.lS (lltrv2 (trn,wl,w2,sl,ltrl,s2,ltr2,statA,svl ,sv2,statO)) = Opt.lS
ltr2
proof—
have cltrv2: Van.lcompletedFrom sv2 (lltrv2 (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-lltrv2[OF assms] .
{fix trn nL nR ltrv2 ltr2
assume Jwl w2 s1 s2 ltrl statA svl sv2 statO.
nL = wl AN nR = w2 A
ltrv2 = lltrv2 (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 N reachV svl A reachV sv2 A
Opt.lwalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 A

Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2
hence TwoFuncPred.sameFM2 isSecV isSecO getSecV getSecO trn nL nR ltrv2
ltr2
proof (coinduct rule: TwoFuncPred.sameFM2.coinduct[of Atrn nL nR ltrv2 ltr2.

dwl w2 s1 s2 ltrl statA svl sv2 statO.
nL = wl AN nR = w2 A
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ltrv2 = lltrv2 (trn,wl w2,s1,ltrl ,s2,ltr2,statA,svl ,sv2,statO) A

A oo wl w2 sl s2 statA svl sv2 statO A

reachO s1 A reachO s2 N reachV svl A reachV sv2 A

Opt.lalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 A

Opt.lvalidFromsS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Inever isIntO ltr2,
where pred = isSecV and pred’ = isSecO and func = getSecV and func’
= getSecO))
case (2 trn nL nR ltrv2 ltr2)
then obtain w1 w2 svl s1 s2 ltrl statA sv2 statO
where nl: n, = wl and nR: nR = w2
and ltrv2: ltrv2 = ltrv2 (trn,wl ,w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO)
and A: A co wl w2 s1 s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromS si1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
by auto
have isi3: — isIntO s1 using lir1
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: = isIntO s2 using lir2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))

show ?case proof(cases ltrl = [[]] A ltr2 = [[]])
case True note ltr1j = True
hence ltrv2: ltrv2 = [[]] unfolding ltrv2 by simp
show ?thesis using ltr1/ unfolding ltrv2 apply —apply(rule TwoFuncPred.sameFM2-selectLNil)
by auto
next

case Fualse hence ltr1/: ltr1 # [[]] V ltr2 # [[]] by auto
show ?thesis proof(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
case True note ltr1) = ltri4 True
hence ltrv2: ltrv2 = [[sv2]] unfolding ltrv2 by simp
have llength ltr1 = Suc 0 V llength ltr2 = Suc 0
by (metis Opt.lcompletedFrom-def Suc-ile-eq True
Ifinite-LNil llength-LNil llist-eq-cong ltr1(2)
ltr2(2) nle-le order-le-imp-less-or-eq zero-enat-def zero-order(3))
hence finalO s1 V finalO s2
using Opt.lcompletedFrom-singl ltr1 (1) ltr1(2) ltr2(1) ltr2(2) by blast
hence fs2: finalO s2
using A r(1) r(2) r(3) r(4) unw unwindCond-def by auto
hence ltr2: itr2 = [[s2]]
by (metis Opt.final-def Opt.lcompletedFrom-def
Opt.lvalidFromS-Cons-iff lfinite-code(1) llist.exhaust ltr2(1) ltr2(2))
have fsv2: finalV sv2
using A fs2 r(1) r(2) r(3) r(4) unw unwindCond-final by blast
have isv2/: - isSecV sv2 N — isSecO s2
using fsv2 fs2 Opt.final-not-isSec Van.final-not-isSec by blast
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show ?thesis unfolding ltrv2 lir2 apply(rule TwoFuncPred.sameFM2-selectSingl)

using isv24 by auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0
by auto
show ?thesis proof(cases trn)
case L note trn = L[simp] note current = current L
show ?thesis
proof (cases Inever isSecO ltrl)
case True note current = current True
obtain trn’ w1’ w2’ s1’ ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltr1’ validTransO (s1, s1') Opt.lvalidFromS s1' ltr1’
lecompletedFromO s1' ltr1' Inever isIntO ltr1’ and
w3: w3 A wl w2 wl’ w2’ sl s1’ s2 statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn” trn’ = (if trvl =[] then L else R)
and lltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (trn', w1’, w2’, s1', ltr1’, s2, lir2, statA,
svl’) sv2’) stat0O0))
using lltrv1-lltrve-inever-L{OF unw A 1 ltrl isi4 current]
unfolding ltrv2 by blast
define ltrv2’ where ltrv2’”: ltrv2’ = lltrv2 (trn’, wl’, w2’, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO)
have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding lltrv2 ltrv2’ ..
have nev2: never isSecV trv2 using w3 unfolding w3-def by auto
show ?thesis
proof(cases trvl = [])
case True note trvl = True
have [simp]: trn’ = trn using L trvl trn’ by auto
have w!’ < w! using w3 trv! unfolding w3-def by auto
show ?thesis
apply(rule TwoFuncPred.sameFM2-selectDelayL)
apply(rule exI[of - wl']) apply(rule exI[of - nL])
apply(rule exI[of - trv2]) apply(rule exI[of - []])
apply(rule exI[of - w2])
apply(rule exI[of - ltrv2’]) apply(rule exI[of - ltr2])
apply(rule exI[of - nR])
apply(intro conjl)
subgoal by simp subgoal .. subgoal ..
subgoal by fact subgoal by simp
subgoal unfolding nL by fact
subgoal using nev2 by (simp add: never-Nil-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2)
apply(rule exI[of - s1']) apply(rule exI[of - s2])
apply(rule exI[of - ltr1’]) apply(rule exI]of - statA])
apply (rule exI[of - sv1']) apply(rule exI[of - sv27])
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apply (rule exI[of - statOO0))
apply (intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrv2’ by simp
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w 3-def

by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)

subgoal using w3 unfolding w 3-def

by (metis Van.reach-validFromS-reach r(4) snoc-eg-iff-butlast)

subgoal using ww by auto
subgoal using ww by auto
subgoal using ww by auto
subgoal by fact subgoal by fact subgoal by fact . .
next
case Fulse note trvl = False
have [simp]: trn’ = R using L trvl trn’ by auto
show ?thesis
apply(rule TwoFuncPred.sameFM2-selectLR)
apply(rule exl[of - trv2]) apply(rule exI[of - []])
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI|of - ltrv2’]) apply(rule exI[of - ltr2])
apply(rule exI[of - wl]) apply(rule exI[of - w2])
apply (intro conjI)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding ltrv2 ..
subgoal unfolding ww(1) by simp

subgoal using w3 unfolding w3-def by (simp add: never-Nil-filter)

subgoal apply(rule disjl1)
apply(rule exI[of - wl']) apply(rule exI[of - w2"))
apply(rule exI[of - s1']) apply(rule exI[of - s2])
apply(rule exlI[of - ltr1']) apply(rule exI[of - statA])
apply(rule exI[of - svl']) apply(rule exI[of - sv27))
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrv2’ by simp
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w 3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def

by (metis Van.reach-validFromS-reach r(3) snoc-eg-iff-butlast)

subgoal using w3 unfolding w 3-def

by (metis Van.reach-validFromS-reach r(4) snoc-eq-iff-butlast)

subgoal using ww by auto
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subgoal using ww by auto
subgoal using ww by auto
subgoal by fact subgoal by fact subgoal by fact . .
qed
next
case Fulse note current = current False
obtain w1’ w2’ trl s1' s1’ ltr1’ trvl svl’” trv2 sv2’ statOO where
Xx: xx sl ltrl trl s1’ s1” ltr1’ and
X3 x3' A wl w2 wi' w2’ sl trl s1’ s1" s2 statA svl trvl svl'' sv2
trv2 sv2'' statOO
and [ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (R,wl’ w2’ 51" s1" $ ltr1’,s2,ltr2,statA,svl " sv2" statO0))

using lltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isij current)
unfolding ltrv2 by blast
define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (Rywl’w2’,s1"s1" $§
ltr1’,s2,ltr2,statA,svl " sv2" statOO0)
have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding [itrv2 ltrv2’ ..

show ?thesis
apply(rule TwoFuncPred.sameFM2-selectLR)
apply (rule exI[of - trv2]) apply(rule exI[of - []])
apply(rule exI[of - w1']) apply(rule exI[of - w27])
apply(rule exI[of - ltrv2’]) apply(rule exI[of - ltr2])
apply(rule exI[of - w1]) apply(rule exI[of - w2])
apply (intro conjl)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding [trv2 .. subgoal by simp
subgoal using x 3’ unfolding x3’-def by (simp add: never-Nil-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI|of - s1"]) apply(rule exI[of - s2])
apply(rule exI[of - s1"" $ ltr1']) apply(rule exl[of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrv2’ by simp
subgoal using x3' unfolding x3’-def by simp
subgoal using r(1) xx unfolding xyx-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal by fact
subgoal using r(8) x3’ unfolding x3’'-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using 7(4) x3’ unfolding y3’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)

A~ NN
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statOO0

subgoal using xx unfolding xx-def by auto

subgoal using xx unfolding xx-def by auto

subgoal using yx unfolding yy-def

using llist-all-lappend-llist-of ltr1(3) by blast

subgoal by fact subgoal by fact subgoal by fact . .
qed

next

case R note ¢rn = R[simp| note current = current R
show ?thesis
proof (cases Inever isSecO ltr2)
case True note current = current True
obtain trn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: ltr2 = s2 $ ltr2’ validTransO (s2, s2') Opt.lvalidFromS s2' ltr2’
lecompletedFromO s2' ltr2’ Inever isIntO ltr2’ and
wi: wi A wl w2 wl’ w2’ s1 52 52’ statA svl trvl svl’ sv2 trv2 sv2’

and trn” trn’ = (if trv2 =[] then R else L)
and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (trn', w1’, w2’, s1, ltrl, s27, ltr2’, statA,

svl’) sv2’) stat0O0))

using lltrvl-lltrv2-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(8) current]
unfolding ltrv2 by blast
define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (trn', wl’, w2/, s1, lirl, s2/,

ltr2’') statA, svl’, sv2’, statOO)

simp

have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding ltrv2 ltrv2’ ..
have nis2: — isSecO s2 using True ww(1) by force

show ?thesis
proof(cases trv2 = |])
case True note trv2 = True
hence w2’ < w2 using w/ unfolding w/-def by auto
have [simp]: trn’ = trn by (simp add: trv2 trn’)
show ?thesis
apply(rule TwoFuncPred.sameFM2-selectDelayR)
apply(rule exI[of - w2']) apply(rule exI[of - w2])
apply(rule exI[of - trv2]) apply(rule exI[of - [s2]])
apply(rule exI[of - w1'])
apply(rule exI[of - ltrv2’]) apply(rule exl]of - ltr2”)
apply(rule exI[of - w1])
apply (intro conjI)
subgoal by fact
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal unfolding ltrv2 trv2 by simp
subgoal unfolding ww(1) by simp
subgoal by fact subgoal unfolding trv2 using w4-def nis2 by

subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2'])
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apply (rule exI[of - s1]) apply(rule exI[of - s27])
apply(rule exI[of - ltr1]) apply(rule exl]of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2"))
apply(rule exI[of - statOO))
apply (intro conjI)
subgoal .. subgoal ..
subgoal unfolding ltrv2’ by simp
subgoal using w4 unfolding w/-def by simp
subgoal by fact
subgoal using w4 unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w4-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using w4 unfolding w/-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)
snoc-egq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using llist-all-lappend-llist-of ltr1(3) by blast . .
next
case Fulse note trv2 = False
show ?thesis
apply(rule TwoFuncPred.sameFM2-selectlappend)
apply(rule exI[of - trv2]) apply(rule exI[of - [s2]])
apply(rule exl[of - trn’]) apply(rule exI[of - w1'])
apply(rule exI|of - w2))
apply(rule exI[of - ltrv2’]) apply(rule exl[of - ltr2”)
apply(rule exI[of - trn])
apply(rule exI[of - w1])
apply(rule exI[of - w2])
apply(intro conjl)
subgoal ..
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrv2 .
subgoal unfolding ww(1) by simp
subgoal by fact
subgoal using w/ unfolding w/-def by simp
subgoal using ltr1(3) w4 unfolding w/-def
by (simp add: never-Nil-filter nis2)
subgoal apply(rule disjl1)
apply (rule exI[of - w1']) apply(rule exI[of - w27])
apply (rule exI[of - s1]) apply(rule exI[of - s27])
apply (rule exI[of - ltr1]) apply(rule exI[of - statA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv27])
apply(rule exI[of - statOO))
apply (intro conjl)
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subgoal .. subgoal ..
subgoal unfolding ltrv2’ ..
subgoal using w/ unfolding w/-def by simp
subgoal by fact
subgoal using w4 unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w4-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-egq-iff-butlast)
subgoal using w4 unfolding w/-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using llist-all-lappend-llist-of ltr1(3) by blast . .
qed
next
case Fualse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl” trv2 sv2’ statOO where
XX: XX S2 ltr2 tr2 s2' s2" ltr2’ and
X4 x4 A wl w2 wl’ w2’ sl s2 tr2 s2' s2' statA svl trvl svl' sv2
trv2 sv2' statOO
and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (L, w1’, w2’, s1, ltr1, s2", s2" $§ ltr2’,
statA, svl"’) sv2', stat0O0))
using lltrv1-lltrv2-not-lnever-R[OF unw A v ltr2(1,2) isi3 ltr2(3)
current)
unfolding ltrv2 by blast
define ltrv2’ where ltrv2”: ltrv2’ = litrv2 (L, wl’, w2’, s1, ltrl, s2",
s2" $ ltr2’, statA, svl'’, sv2', statOO)
have ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding ltrv2 ltrv2’ ..
show ?thesis
apply(rule TwoFuncPred.sameFM2-selectlappend)
apply(rule exI[of - trv2]) apply(rule exI[of - tr2 #4# s27))
apply (rule exI[of - L))
apply(rule exI[of - w1']) apply(rule exI[of - w27])
apply(rule exI|of - ltrv2’]) apply(rule exI[of - s2”" $ ltr2/])
apply (rule exI[of - trn))
apply(rule exI[of - w1]) apply(rule exI[of - w2])
apply (intro conjl)
subgoal .. subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrv2 .
subgoal using yx unfolding yy-def by simp
subgoal using Y/’ unfolding x4 ’-def by simp
subgoal by simp
subgoal using x4’ unfolding x4 ’-def
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by (simp add: Opt.S.map-filter Van.S.map-filter)
subgoal apply(rule disjl1)
apply(rule exI|of - w1']) apply(rule exI[of - w2'])
apply(rule exI[of - s1])
apply(rule exI[of - s2"]) apply(rule exI[of - ltr1])
apply(rule exI[of - statA]) apply (rule exl[of - sv1']) apply(rule exI[of
- sv2')
apply(rule exI|of - statOO])
apply (intro conjI)
subgoal .. subgoal ..
subgoal unfolding ltrv2’ ..
subgoal using x4’ unfolding x/’-def by simp
subgoal by fact
subgoal using x4’ unfolding Y/ ’-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 r(2))
subgoal using Y4’ unfolding x4 ’-def
by (metis Van.reach-validFromS-reach r(3) snoc-eq-iff-butlast)
subgoal using x4’ unfolding Y/ ’-def
by (metis Van.reach-validFromS-reach r(4) snoc-eq-iff-butlast)
subgoal by fact subgoal by fact subgoal by fact
subgoal using xx unfolding xx-def by auto
subgoal using yx unfolding yyx-def by auto
subgoal using yx unfolding yy-def
using llist-all-lappend-llist-of ltr2(3) by blast . .
qed
qed
qed
qed

qed

}

thus ?thesis unfolding Van.IS[OF cltrv2] Opt.IS[OF ltr2(2)]

apply— apply(rule TwoFuncPred.sameFM2-lmap-lfilter)

using assms by blast

qed

lemma [A-lltrvi-lltrv2:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltr1
and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO lir2
shows Van.lA (litrvl (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)) =
Van.lA (lltrv2 (trn,wl w2,s1,ltrl s2,ltr2,statA,svl ,sv2,statO))

proof—

have cltrvl: Van.lcompletedFrom svl (lltrvl (trn,wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,statO))
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using lcompletedFrom-lltrv1 [OF assms] .
have cltrv2: Van.lcompletedFrom sv2 (lltrv2 (trn,wl,w2,s1,ltr1 s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-lltrv2[OF assms] .
{fix nL nR ltrvl ltrv2
assume I trn wl w2 sl ltrl s2 ltr2 statA svl sv2 statO.
nL = wl AN nR = w2 A
ltrol = lltrvl (trn,wl w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
ltrv2 = lltrv2 (trn,wl w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
Opt.lvalidFromS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A Inever isIntO ltr1 N

Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A Inever isIntO lir2
hence TwoFuncPred.sameF' M isIntV isIntV getActV getActV nL nR ltrvl ltrv2
proof(coinduct rule: TwoFuncPred.sameFM.coinduct[of AnL nR ltrvl ltrv2.

3 trn wi w2 sl ltrl s2 ltr2 statA svl sv2 statO.

nlL = wl N nR = w2 A

ltrol = lltrvl (trn,wl w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A

ltrv2 = lltrv2 (trn,wlw2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A

A 0o wl w2 sl s2 statA svl sv2 statO A

reachO s1 A reachO s2 A reachV svl A reachV sv2 A

Opt.lvalidFromS s1 ltr1 N\ Opt.lcompletedFrom s1 ltrl A Inever isIntO ltr1 N

Opt.lwalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A Ilnever isIntO lir2))
case (2 nL nR ltrvl ltrv2)
then obtain trn w1 w2 s1 ltrl s2 ltr2 statA svl sv2 statO
where nlL: n, = wl and nR: nR = w2
and ltrvl: ltrvl = ltrvl (trn,wl w2,s1,ltrl s2,ltr2,statA,svl sv2,statO)
and ltrv2: ltrv2 = ltrv2 (trn,wl w2,s1,ltr1 s2,ltr2,statA,svl ,sv2,statO)
and A: A co wl w2 s1 s2 statA svl sv2 statO
and r: reachO si reachO s2 reachV svl reachV sv2
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl Inever isIntO ltri
and [ltr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2 Inever isIntO ltr2
by auto
have isi3: — isIntO s1 using lir]
by (metis Opt.lcompletedFrom-def Opt.lvalid FromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))
have isi4: — isIntO s2 using lir2
by (metis Opt.lcompletedFrom-def Opt.lvalidFromS-def lfinite- LNil llist. exhaust-sel
llist.pred-inject(2))

show ?case proof(cases ltr1 = [[]] A ltr2 = [[]])
case True note ltrl} = True
hence ltrvl: ltrvl = [[|] unfolding ltrvl by simp

show ?Zthesis using lirl/ unfolding ltrvl ltrv2 apply—apply(rule Two-
FuncPred.sameFM-selectLNil) by auto
next
case Fualse hence ltr1: ltr1 # [[]] V ltr2 # [[]] by auto
show ?thesis proof(cases llength ltr1 < Suc 0 V llength ltr2 < Suc 0)
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case True note ltrl) = ltri4 True
hence ltrvl: ltrvl = [[svl]] and ltrv2: ltrv2 = [[sv2]] unfolding ltrvl ltrv2
by auto
have llength ltr1 = Suc 0 V llength ltr2 = Suc 0
by (metis Opt.lcompletedFrom-def Suc-ile-eq True
Ifinite- LNil llength-LNil llist-eq-cong ltr1(2)
ltr2(2) nle-le order-le-imp-less-or-eq zero-enat-def zero-order(3))
hence finalO s1 V finalO s2
using Opt.lcompletedFrom-singl ltr1 (1) ltr1(2) ltr2(1) ltr2(2) by blast
hence fsI: finalO sI A finalO s2
using A r(1) r(2) r(3) r(4) unw unwindCond-def by auto

have fsv12: finalV svl A finalV sv2
using A fs1 r(1) r(2) r(3) r(4) unw unwindCond-final by blast
have isv12: = isIntV svl A = isIntV sv2
using fsv12 Van.final-not-isInt by blast
show ?thesis unfolding ltrvl ltrv2 apply(rule TwoFuncPred.sameFM-selectSingl)

using isvi2 by auto
next
case Fulse hence current: llength ltr1 > Suc 0 llength ltr2 > Suc 0
by auto
show ?thesis proof(cases trn)
case L note current = current L
show ?thesis
proof (cases Inever isSecO ltrl)
case True note current = current True
obtain trn’ w1’ w2’ s1’ ltr1’ trvl svl’ trv2 sv2’ statOO where
ww: ltrl = s1 $ ltr1’ validTransO (s1, s1') Opt.lvalidFromS s1' ltr1’
lcompletedFromO s1' ltrl’ Inever isIntO ltr1’ and
w3: w8 A wl w2 w1’ w2’ s1 s1’ 52 statA svl trvl svl’ sv2 trv2 sv2’
statO0
and trn” trn’ = (if trvl =[] then L else R)
and [ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn', wi’, w2', s1', ltr1’, s2, lir2, statA,
svl’) sv2’; stat0O0))
and [ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (trn', wl', w2’, s1’, ltr1’, s2, ltr2, statA,
svl’) sv2') stat0O0))
using ltrvl-lltrv2-inever-L{OF unw A r ltr] isif current]
unfolding ltrvl ltrv2 by blast
define ltrvl’ where ltrvl”: ltrvl’ = lltrvl (trn’, wl’, w2’, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO0)
have litrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding litrvl ltrvl’ ..
define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (trn', wl’, w2, s1’, ltrl’,
s2, ltr2, statA, svl’, sv2’, statOO)
have [ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding lltrv2 ltrv2’ ..
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show ?thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply(rule exI[of - trvl]) apply(rule exI[of - w1']) apply(rule exI[of -
w))
apply(rule exl[of - trv2]) apply(rule exI[of - w2']) apply(rule exI[of -
w2])
apply(rule exI[of - ltrv1’]) apply(rule exI[of - ltrv2])
apply (intro conjI)
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using lltrvl .
subgoal using litrv2 .
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def by (simp add: Van.A.map-filter)

subgoal apply(rule disjl1)
apply (rule exl|of - trn]) apply(rule exI[of - w1’]) apply(rule exI|of
- w2])
apply(rule exI[of - s1']) apply(rule exI[of - ltr1])
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI|of - statA])
apply(rule exI[of - svl']) apply(rule exI[of - sv27))
apply(rule exI[of - statOO])
apply (intro conjI)
subgoal .. subgoal ..
subgoal unfolding ltrvl’ ..
subgoal unfolding ltrv2’ ..
subgoal using w3 unfolding w3-def by simp
subgoal using w3 unfolding w3-def
by (metis Opt.reach.Step ww(2) fst-conv r(1) snd-conv)
subgoal by fact
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-eq-iff-butlast)
subgoal using w3 unfolding w3-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal using ww by auto
subgoal using ww by auto
subgoal using ww
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal using ww using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
next
case Fualse note current = current False
obtain w1’ w2’ trl s1’ s1" ltr1’ trvl svl” trv2 sv2’ statOO where
Xx: xx sl ltrl tri1 s1’ s1" ltr1’ and

164



X3 x8" A wl w2 wl’ w2’ s1trl s1’ s1" s2 statA svl trvl svl’ sv2
trv2 sv2'' statO0
and [ltrvl: ltrvl =
lappend (llist-of trvl) (litrvl (R,wl’ w2’ ;s1",s1"$ ltr1’,s2,ltr2 statA,svl " sv2" stat00))

and [ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (R,wl’,w2’s1",s1" $ ltr1’,s2,ltr2,statA,svl " sv2" statO0))
using [ltrv1-lltrv2-not-lnever-L{OF unw A r ltrl isi4 current]
unfolding ltrvl ltrv2 by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (Rywl’w2’,s1"s1" $
ltr1’,s2,ltr2,statA,svl " sv2" statOO)
have litrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding lltrvl ltrvl’ ..
define ltrv2’ where ltrv2": ltrv2’ = lltrv2 (Rywl’w2’,s1" 51" $§
ltr1',s2,ltr2 statA,svl " sv2" statOO0)
have [ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’
unfolding lltrv2 ltrv2’ ..

show ?thesis apply(rule TwoFuncPred.sameF M-selectlappend)
apply(rule exI[of - trvl]) apply(rule exI[of - w1']) apply(rule exI[of -
wi))
apply(rule exl[of - trv2]) apply(rule exI[of - w2']) apply(rule exI[of -
w?])
apply(rule exI|of - ltrvl’]) apply(rule exl[of - ltrv2])
apply (intro conjI)
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using lltrvi .
subgoal using litrv2 .
subgoal using y 3’ unfolding x3’-def by auto
subgoal using y 3’ unfolding x3’-def by auto
subgoal using x 3’ unfolding x3’-def by (simp add: Van.A.map-filter)

subgoal apply(rule disjl1)
apply(rule exl[of - R]) apply(rule exI[of - w1']) apply(rule exI[of -
w2’)
apply(rule exl|of - s1"]) apply(rule exI[of - s1"' $ ltr1 "))
apply(rule exI[of - s2]) apply(rule exI[of - ltr2])
apply(rule exI[of - statA]) apply(rule exI[of - svl"]) apply(rule exl[of
- sv2’)
apply(rule exI|of - statOO])
apply (intro conjI)
subgoal ..subgoal ..
subgoal unfolding ltrvi’ ..
subgoal unfolding ltrv2’ ..
subgoal using x 3’ unfolding x3'-def by simp
subgoal using x 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 r(1))
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subgoal by fact
subgoal using x 3’ unfolding x3'-def
by (metis Simple- Transition-System.reach-validFromS-reach r(3)

snoc-eq-iff-butlast)

subgoal using x3’ unfolding x &’-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)

snoc-egq-iff-butlast)

statOO0

subgoal using xx unfolding yx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding yy-def
using llist-all-lappend-llist-of ltr1(3) by blast
subgoal using yx unfolding xx-def using ltr2(1) by fastforce
subgoal by fact
subgoal by fact . .
qed

next

case R note current = current R
show ?thesis
proof(cases Inever isSecO ltr2)
case True note current = current True
obtain trn’ w1’ w2’ s2' ltr2’ trvl svl’ trv2 sv2’ statOO where
ww: tr2 = s2 $ ltr2’ validTransO (s2, s2') Opt.lvalidFromS s2’ ltr2’
lecompletedFromO s2' lir2' Inever isIntO lir2’ and
wi: wd A wl w2 wl’ w2’ sl s2 s2' statA svl trvl svl’ sv2 trv2 sv2’

and trn”: trn’ = (if trv2 =[] then R else L)
and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (trn’, w1', w2’, s1, ltrl, s2', ltr2’, statA,

svl’) sv2’) stat0O0))

and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (trn', w1’, w2’, s1, ltrl, s2’, ltr2’, statA,

svl’) sv2') stat0O0))

using lltrv1-lltrv2-lnever-R[OF unw A r ltr2(1,2) isi3 ltr2(3) current]
unfolding ltrvl ltrv2 by blast
define ltrvl’ where ltrvl’: ltrvl’ = lltrvl (trn’, wl’, w2’ s1, lirl, s2’,

ltr2’, statA, svl’, sv2’, statO0)

have lltrvl: ltrvl = lappend (llist-of trvl) ltrvl’
unfolding ltrvl ltrvl’ ..
define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (trn', wl’, w2/, s1, ltrl, s2/,

ltr2’) statA, svl’, sv2’, statOO)

wl])

have [ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding ltrv2 ltrv2’ ..

show ?thesis

apply(rule TwoFuncPred.sameFM-selectlappend)

apply(rule exl[of - trvl]) apply(rule exI[of - wl’]) apply(rule exI[of -

apply(rule exI[of - trv2]) apply(rule exI[of - w2']) apply(rule exI[of -

apply (rule exI[of - ltrvl’]) apply(rule exI[of - ltrv27])
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- w2)

- sv27)

apply (intro conjl)

subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using lltrvl .

subgoal using [ltrv2 .

subgoal using w4 unfolding w/-def by simp
subgoal using w4 unfolding w/-def by simp

subgoal using w/ unfolding w4-def by (simp add: Van.A.map-filter)

subgoal apply(rule disjl1)

apply(rule exI[of - trn']) apply(rule exI[of - wl’]) apply(rule exI[of

apply(rule exI[of - s1]) apply(rule exI[of - ltr1])
apply(rule exI[of - s2']) apply(rule exl]of - ltr2")

apply(rule exI|of - statA]) apply(rule exI[of - sv1’]) apply(rule exI|of

apply(rule exI[of - statOO))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvi’ ..
subgoal unfolding ltrv2’ ..
subgoal using w/ unfolding w/-def by simp
subgoal by fact
subgoal using wj unfolding w/-def
by (metis Opt.reach.Step ww(2) fst-conv r(2) snd-conv)
subgoal using w/ unfolding w/-def
by (metis Simple- Transition-System.reach-validFromS-reach r(3)

snoc-eq-iff-butlast)

subgoal using w4 unfolding w4-def
by (metis Simple-Transition-System.reach-validFromS-reach r(4)

snoc-egq-iff-butlast)

subgoal by fact

subgoal by fact

subgoal by fact

subgoal by fact

subgoal using ww by auto
subgoal using ww by auto . .

next
case Fulse note current = current False
obtain w1’ w2’ tr2 s2' s2" ltr2’ trvl svl’ trv2 sv2’ statOO where
XX: XX S2 Utr2 tr2 s2' 2" ltr2’ and
X4 x4 A wl w2 wl’ w2’ sl 82 tr2 s2' s2" statA svl trvl svl’ sv2

trv2 sv2'' statOO

and ltrvl: ltrvl =
lappend (llist-of trvl) (lltrvl (L, wi', w2’, s1, ltrl, s2'", s2" $ ltr2’,

statA, svl"'| sv2', stat0O0))

and ltrv2: ltrv2 =
lappend (llist-of trv2) (lltrv2 (L, wl', w2’, s1, ltrl, s2", s2" § ltr2’,

statA, svl"’, sv2" statOO0))

current]

using lltrv1-lltrvg-not-lnever-R[OF unw A r ltr2(1,2) isi8 ltr2(3)
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unfolding ltrvl ltrv2 by blast

define ltrvl’ where ltrvl’: ltrvl’ = litrvl (L, wl’, w2’, s1, ltrl, s2",
s2"'§ ltr2’, statA, svl'’, sv2" statOO)

have lltrvl: ltrvl = lappend (llist-of trvl) ltrvl’

unfolding ltrvl ltrvl’ ..

define ltrv2’ where ltrv2”: ltrv2’ = lltrv2 (L, wl’, w2’, s1, ltrl, s2”,
2" $ ltr2’, statA, svl”’, sv2', statOO)

have [ltrv2: ltrv2 = lappend (llist-of trv2) ltrv2’

unfolding ltrv2 ltrv2’ ..

show ?thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply (rule exl[of - trvl]) apply(rule exI[of - wl’]) apply(rule exI[of -
wl])
apply(rule exI[of - trv2]) apply(rule exI[of - w2']) apply(rule exI[of -
w2])
apply(rule exI[of - ltrvl’]) apply(rule exI[of - ltrv27])
apply (intro conjl)
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using [ltrvl .
subgoal using [ltrv2 .
subgoal using x4’ unfolding x4 ’-def by simp
subgoal using x4’ unfolding x/’-def by simp
subgoal using x4’ unfolding x4 ’-def by (simp add: Van.A.map-filter)
subgoal apply(rule disjl1)
apply(rule exI[of - L]) apply(rule exI[of - w1']) apply(rule exI|of -
w2’)
apply(rule exl[of - s1]) apply(rule exI[of - ltr1])
apply(rule exI|of - s2"]) apply(rule exI[of - s2"" $ ltr2))
apply(rule exI[of - statA])
apply (rule exI[of - sv1']) apply(rule exI[of - sv2'']) apply(rule exI[of
- stat0O0))
apply(intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrvi’ ..
subgoal unfolding ltrv2’ ..
subgoal using x4’ unfolding x4 ’-def by simp
subgoal by fact
subgoal using x4’ unfolding Y/ ’-def
by (metis Simple- Transition-System.reach-validFromS-reach xx xx-def

append-is-Nil-conv last-snoc not-Cons-self2 r(2))
subgoal using x4’ unfolding x4 '-def
by (metis Simple-Transition-System.reach-validFromS-reach r(3)
snoc-egq-iff-butlast)
subgoal using x4’ unfolding Y/ ’-def
by (metis Simple- Transition-System.reach-validFromS-reach r(4)
snoc-eq-iff-butlast)
subgoal by fact
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subgoal by fact
subgoal by fact
subgoal using xx unfolding yyx-def by auto
subgoal using xx unfolding yx-def by auto
subgoal using yx unfolding yy-def
using llist-all-lappend-llist-of ltr2(3) by blast . .
qed
qed
qed
qed

qed

}

thus ?thesis unfolding Van.lA[OF cltrvl] Van.lA[OF cltrv2)

apply— apply(rule TwoFuncPred.sameFM-lmap-Ifilter)

using assms by blast

qed

fun isN :: ('stateO,’stateV) tuple8) = bool
where
isN (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) +— ltrl = [[]] V ltr2 = [[]]

fun H-T ::
('stateO,’stateV ) tuple34 =
('stateO,’stateV)tuplel12 x
('stateO,’stateV) tuple3
where
H-T (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) =
(let (tr1,s1',s1" ltr1’tr2,s2',s2" ltr2") =
(SOME k. case k of (tr1,s1’,s1"ltr1’tr2,s2's2" ltr2") =
wp sl ltrl s2 ltr2 trl s1' s1" ltrl’ tr2 s2' 2" lir2”)
in let (w1’ w2’ trol svl " trv2,sv2" statAA,statO0) =
(SOME k'. case k' of (w1’ w2’ trvl,svl" trv2,sv2" statAA,statO0) =
o' A wl w2 wl’ w2’ statA s trl s1’ s1'" s2 tr2 s2' s2' statAA statO
svl trol svl’ sv2 trv2 sv2' statOO)
in ((trvl,svl" trv2,sv2" statAA,statO0),
(w1’ ,w2's1" 51" § ltr1’,s2",s2" § ltr2’ statAA,sv1" sv2" stat00))
)

declare H-T.simps[simp del]

definition H = fst 0o H-T
definition T = snd o H-T

fun FEcond where Econd (wl,w2,sl1,ltrl,s2,ltr2, statA,svl sv2 statO) = (Ilnever
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isIntO ltrl)
fun E where F (w1,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = f (L,wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO

definition F :: ('stateO,’stateV)tuple3 = ('stateO,’stateV )tuple12 llist
where F = ccorec-llist isN H Fcond E T

lemma F-LNil:
trli =[]} v ltr2 = [[J] = F (w1,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO) = [[]]
unfolding F-def apply(subst llist-ccorec(1)) by auto

lemma F-lnever:
assumes ltrl # [[]] tr2 # [[]] Inever isIntO lirl
shows F (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = f (L, wl, w2, s1, ltrl, s2,
ltr2, statA, svl, sv2, statO)
using assms unfolding F-def apply(subst llist-ccorec(2))
subgoal unfolding E.simps Inull-def apply(rule f-not-LNil) by auto
subgoal using assms by auto
subgoal unfolding FEcond.simps by auto .

lemma F-not-Inever:
assumes lirl # [[]] tr2 # [[]] - Inever isIntO ltr1
shows F (wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,stat0) =
LCons (H (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)) (F (T (wl,w2,s1,ltrl,s2,ltr2, statA,svl sv2,statO)
)
using assms unfolding F-def apply(subst llist-ccorec(2))
subgoal unfolding E.simps Inull-def apply(rule f-not-LNil) by auto
subgoal using assms by auto
subgoal unfolding FEcond.simps by auto .

definition ltrvl :: (‘stateO,’stateV)tuple3s = 'stateV llist where
ltrol tp = lconcat (Imap (A(trvl,svl” trv2,sv2"” statAA,statOO0). llist-of trvl) (F

tp))

definition firstHolds1 :: ('stateO,’stateV)tuple3) = nat where
firstHolds1 tp = firstNC (Imap (A(trvl,svl" trv2,sv2" statAA,statOO0). trvl) (F

tp))

definition ltrv2 :: ('stateO,’stateV)tuple3) = 'stateV llist where
ltrv2 tp = lconcat (Imap (A(trvl,svl" trv2,sv2" statAA,statO0). llist-of trv2) (F

tp))

definition firstHolds2 :: ('stateO,’stateV)tuple34 = nat where
firstHolds2 tp = firstNC' (Imap (A(trvl,svl" trv2,sv2’ statAA,statOO0). trv2) (F

tp))
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lemma ltrvi-ne-imp:

assumes ltrvl tp # [[]]

shows Ftrvl svl " trv2 sv2' statAA statOO. (trvl,svl’ trv2,sv2” statAA,statO0)
€ lset (F tp) A

trul # ]
using assms unfolding ltrvi-def unfolding lconcat-eq-LNil-iff by force

lemma ltrv2-ne-imp:

assumes ltrv2 tp # [[]]

shows Ftrvl svl' trv2 sv2’ statAA statOO. (trvl,svl " trv2,sv2” statAA,statO0)
€ Iset (F tp) A

trv2 # ||
using assms unfolding ltrv2-def unfolding Iconcat-eq-LNil-iff by force

lemma l¢trvl-LNil[simp]:

ltrl =[[]] v ltr2 = [[]] = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = [[|]
unfolding ltrvi-def F-LNil by simp

lemma ltrv2-LNil[simp]:

r1 =[] v ltr2 = [[]]| = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = [[]]
unfolding ltrv2-def F-LNil by simp

lemma ltrvi-lnever:

assumes ltrl # [[]] itr2 # [[]] Inever isIntO lirl

shows ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = lltrvl (L, wl, w2, si,
ltrl, s2, ltr2, statA, svl, sv2, statO)

unfolding ltrvi-def F-lnever|OF assms] lltrvi-def ..

lemma ltrv2-Iinever:

assumes ltrl # [[]] itr2 # [[]] Inever isIntO lirl

shows ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) = lltrv2 (L, wl, w2, s1,
ltrl, s2, ltr2, statA, svl, sv2, statO)

unfolding ltrv2-def F-Inever|OF assms| lltrv2-def ..

lemma H-T-not-Inever:

assumes unw: unwindCond A

and A: A oo wl w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and stat: statA = Diff — statO = Diff

and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl
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and Itr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and [: = [never isIntO ltr1 Opt.lA ltr1 = Opt.l1A ltr2
shows 3 w1’ w2’ trl s1’ s1” ltr1’ tr2 s2' s2" ltr2’ trvl svl’ trv2 sv2' statAA
statOO.

o s1 ltrl s2 ltr2 trl s1’ s1" ltrl’ tr2 s2' s2" ltr2’ A

' A wl w2 wl’ w2’ statA si trl s1’ s1'" s2 tr2 s2' s2" statAA statO svl trvl
svl” sv2 trv2 sv2" statOO A

H-T (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) =

((trvl,svl” trv2,sv2" statAA,stat00),

(w1 w2’ s1” 51" § ltr1’,s2" 2" § ltr2’ statAA,svl " sv2" stat00))
proof—

obtain tr1 s1' s1'" ltr1’ tr2 s2' s2" ltr2’

where pp: o s1 ltrl s2 ltr2 trl s1’ s1" lirl’ tr2 s2' 2" ltr2’

using isIntO-pp[OF ltrl ltr2 1(2,1)]

by auto

define tp where
tp = (SOME k. case k of (tr1,s1',s1" ltrl’ tr2,s2',s2" ltr2") =
wp s1 ltrl s2 ltr2 trl s1' s1" ltrl’ tr2 s2' 2" lir2”)

have 0: case tp of (trl,s1',s1",ltr1’tr2,s2',s2"ltr2") =

o sl ltrl s2 ltr2 trl s1’ s1" ltrl’ tr2 s2' s2" lir2’
using ¢y unfolding tp-def apply— apply(rule somel-ex)
apply(rule exI[of - (trl,s1',s1",ltr1’tr2,s2',s2",ltr2")]) by auto

obtain tr1 s1’ s1'" ltr1’ tr2 s2' s2" ltr2’ where
tp: tp = (trl,s1’,s1"ltr1'tr2,s2',s2" ltr2’) by(cases tp, auto)

have py: pp s ltrl s2 ltr2 trl s1' s1” lirl’ tr2 s2' s2" lir2’
using 0 unfolding p by auto

obtain w1’ w2’ trvl svl’ trv2 sv2' statAA statOO

where ¢ ¢’ A wl w2 w1’ w2’ statA s1 trl s1’ s1" s2 tr2 s2' s2" statAA statO
svl trvl svl’ sv2 trv2 sv2’ statOO

using unwindCond-ex-p'|OF unw A r stat, of tr1 s1’ s1” tr2 s2’ s2"

using pp unfolding pp-def by auto

define tp’ where
tp' = (SOME k'. case k' of (w1',w2’ trvl svl” trv2,sv2" statAA,statO0) =
' A wl w2 wl' w2’ statA s1 trl s1’ s1” s2 tr2 s2' s2" statAA statO svl
trol svl' sv2 trv2 sv2' statOO0)

have 1: case tp’ of (w1’ w2’ trvl,svl’” trv2,sv2" statAA,statO0) =
o' A wl w2 wl’ w2’ statA s1 trl s1’ s1" s2 tr2 s2' 2" statAA statO svl
trol svl'' sv2 trv2 sv2' statOO
using ¢’ unfolding tp’-def apply— apply(rule somel-ex)
apply(rule exl[of - (w1’ w2’ trvl svl " trv2,sv2" statAA,statO0)]) by auto

172



obtain w1’ w2’ trvl svl’ trv2 sv2' statAA statOO where
tp”s tp’ = (wl’ w2’ trvl ,svl" trv2,sv2" statA A, statO0) by(cases tp’, auto)

have ¢" ¢’ A wil w2 w1’ w2’ statA s1 trl s1’ s1" s2 tr2 s2' s2" statAA statO
svl trvl svl' sv2 trv2 sv2’ statOO
using I unfolding p’ by auto

show ?thesis
apply(rule exI[of - w1']) apply(rule exI[of - w27))
apply(rule exI[of - tr1]) apply(rule exI[of - s1']) apply(rule exI[of - s1"])
apply(rule exI[of - ltr1"])
apply(rule exl[of - tr2]) apply(rule exI[of - s2']) apply(rule exI[of - s2")
apply (rule exI[of - ltr2"])
apply(rule exl[of - trvl]) apply(rule exI[of - svl"]) apply(rule exI[of - trv2])
apply (rule exI[of - sv2'")
apply(rule exl[of - statAA]) apply(rule exI[of - statOO])
apply(intro conjl)
subgoal using pp .
subgoal using ¢’ .
subgoal unfolding H-T.simps
unfolding tp-def[symmetric] tp apply simp
unfolding tp’-def[symmetric] tp’ by simp .
qed

lemma ltrvi-ltrv2-not-lnever:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [tr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and [: = [never isIntO ltr1 Opt.lA ltr1 = Opt.l1A ltr2
shows 3 w1’ w2’ trl s1' s1" ltr1’ tr2 s2' s2'" ltr2’ trvl svl’ trv2 sv2' statAA
statOO0.

o s1 ltrl s2 ltr2 trl s1’ s1" ltr1’ tr2 s2' s2" ltr2’ A

o' A wl w2 wl' w2’ statA s1 trl s1' s1' s2 tr2 s2' s2' statAA statO svl trvl
svl” sv2 trv2 sv2" statOO A

ltrol (wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,statO) =

lappend (llist-of trvl) (ltrvl (w1’ ,w2’,s1",s1" $ ltr1’,s2" 52" § lir2’ statAA,svl" sv2" statO0))
A

ltro2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) =

lappend (llist-of trv2) (ltrv2 (w1’ w2’ ,s1”,s1" § lirl’,s2" 52" § ltr2’ statAA,svl" sv2" statOO0))
proof—

have ltrINE: ltr1 # [[]] using [(1) by auto

hence [tr2NE: ltr2 # [[]] using I(2)

using Opt.lcompletedFrom-def ltr2(2) by blast
show ?thesis
using H-T-not-Inever[OF assms| apply(elim ezE)
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subgoal for wi!’ w2’ tr1 s1’ s1" ltr1’ tr2 s2' s2'" ltr2’ trvl svl’ trv2 sv2’
statAA statOO
apply(rule exI|of - w1']) apply(rule exl[of - w2'])
apply(rule exI[of - tr1]) apply(rule exI[of - s1']) apply(rule exI[of - s1”])
apply(rule exI[of - ltr1])
apply(rule exI[of - tr2]) apply(rule exI[of - s2]) apply(rule exI[of - s2'')
apply(rule exI[of - ltr2"])
apply(rule exI[of - trvl]) apply(rule exl[of - svl') apply(rule exI[of - trv2])
apply (rule exI[of - sv2'"))
apply(rule exI[of - statAA]) apply(rule exI[of - statOO])
apply(intro conjl)
subgoal by simp
subgoal by simp
subgoal unfolding ltrvi-def apply(subst F-not-lnever[OF ltrINE ltr2NE 1(1))])
unfolding H-def T-def by simp
subgoal unfolding ltrv2-def apply(subst F-not-lnever[OF ltr1NE ltr2NE [(1))])
unfolding H-def T-def by simp . .
qed

lemma [validFromS-ltrul
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and Itr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and liri4: Opt.lA ltr1 = Opt.lA ltr2
shows Van.lwalidFromS svl (ltrvl (wl,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO))
proof—
{fix n1 svl ltrr!
assume Jwl w2 si ltrl s2 ltr2 statA sv2 statO.
ltrr1 = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
nl = wl A
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) N
Opt.lvalidFromS s1 ltr1 A\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 N
Opt.lA ltr1 = Opt.lA ltr2
hence Van.llvalidFromS n1 svl ltrri
proof (coinduct rule: Van.llvalidFromS.coinduct[of Anl svl ltrrl.
Jwl w2 s1 ltrl s2 ltr2 statA sv2 statO.
ltrr1 = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
nl = wl A
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
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Opt.lvalidFromS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 N
Opt.lA ltr1 = Opt.l1A ltr2))

case (llwalidFromS n1 svl ltrrl)

then obtain w1 w2 si ltrl s2 ltr2 statA sv2 statO

where ltrrl: ltrrl = ltrvl (wl,w2,s1,ltrl,s2,ltr2,statA,svl sv2,statO)

and nl: nl = wi

and A: A co wl w2 sl s2 statA svl sv2 statO

and 7: reachO s1 reachO s2 reachV svl reachV sv2

and stat: statA = Diff — statO = Diff

and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltri

and [tr2: Opt.lwalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2

and A34: Opt.lA ltrl = Opt.lA ltr2

by auto

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltrl)
case True note current = current True
hence Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
Itr2(2))
note n34 = True this
have ltrr1: ltrrl = ltrvl (L, w1, w2, si, lirl, s2, ltr2, statA, svl, sv2,
statO)
unfolding ltrr1 ltrvl-lnever[OF current] by simp
show ?thesis apply(rule Van.llvalidFromS-selectlvalidFromS)
unfolding ltrr! apply simp
apply(rule lwalidFromS-lltrv1)
using In34 A llvalidFromS In34(2) ltr1(1) ltr1(2) tr2(1) itr2(2) r(1) r(2)
r(4) unw by auto
next
case Fualse note In3 = False
hence In4: — Inever isintO ltr2
by (metis Opt.lA Ifiltermap-LNil-never lfiltermap-lmap-Ifilter ltr1(2) A8/

1tr2(2))

have ltr1 # [[s1]] using In3 lir!

using Opt.final-not-isInt by auto

hence llength ltr1 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(1) enat-0-iff (1)
linorder-not-less llength-LNil llist-eq-cong ltr1 (1) ltr1(2) nle-le not-less-zero)
hence — finalO si1

by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(1) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr1 (1))

hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force
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obtain w1’ w2’ tr1 s1's1" ltr1' tr2 s2’ s2" ltr2’ trvl svl' trv2 sv2’ statAA
statO0
where pp: pp s1 ltrl s2 ltr2 trl s1’ s1” ltr1’ tr2 s2’ s2'" ltr2’
and ¢ ¢ A wl w2 wl' w2’ statA s1 trl s1’ s1" s2 tr2 s2' s2" statAA
statO svl trvl svl'" sv2 trv2 sv2' statOO
and ltrrl: ltrrl =
lappend (llist-of trvl) (ltrvl (w1',w2',s1",s1"$ ltr1',s2",s2" § ltr2’ statAA,svl " sv2" statO0))

using ltrvl-ltrv2-not-lnever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr1 by blast

define ltrr1’ where ltrrl”: ltrrl’ = ltrol (w1’ ,w2’,s1",s1" § ltr1’s2" s2"
$ ltr2’/ statAA,svl " sv2" statOO)

have ltrrl: ltrrl = lappend (llist-of trvl) ltrrl’

unfolding ltrri ltrrl’ ..

have ne: trvl # [| V (trvl =[] A w1’ < wl)

using ¢’ unfolding ¢’-def ltrrl by simp

show ?thesis using ne proof(elim disjE conjE)
assume trol: trol # ||
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exl[of - svl]) apply(rule exI[of - trvi])
apply(rule exI[of - sv1']) apply(rule exI[of - w1'])
apply(rule exlI[of - ltrr1’]) apply(rule exl[of - wl])
apply (intro conjI)
subgoal unfolding n! .. subgoal ..
subgoal unfolding ltrr1 ..
subgoal using ¢’ unfolding ¢’-def
by (metis Van.validS-appendl Van.validFromS-def append-is-Nil-conv
hd-append?2)
subgoal by fact
subgoal using ¢’ unfolding ¢’-def
by (metis Simple-Transition-System.validFromS-def Van.validS-valid Trans
append-is-Nil-conv list.sel(1) not-Cons-self2 trvl)
subgoal apply(rule disjI1)
apply(rule exI[of - w1']) apply(rule exI[of - w2])
apply(rule exI[of - s1"]) apply(rule exI[of - s1”" $ ltr1"))
apply(rule exI[of - s2"]) apply(rule exI[of - s2"" § ltr2"))
apply(rule exI|of - statAA]) apply(rule exl[of - sv2"]) apply(rule exI[of
- stat0O0))
apply (intro conjI)
subgoal unfolding ltrr1’ ..
subgoal ..
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using r(1) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(2) ¢y unfolding py-def

176



by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc

not-Cons-self2)

trol)

subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach append-is-Nil-conv last-snoc

subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding ¢y-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp . .

next
assume trvl [simp]: trvl =[] and MM" w1’ < wl
hence sv1'[simp]: svl" = svl using ¢’ unfolding ¢’-def by simp
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exI[of - wl']) apply(rule exI[of - w1])
apply(rule exI[of - sv1']) apply(rule exI[of - ltrr1])
apply (intro congl)

subgoal unfolding n! .. subgoal by simp

subgoal unfolding ltrr! by simp subgoal by fact

subgoal apply(rule disjl1)

apply(rule exl[of - w1']) apply(rule exI[of - w2])

apply(rule exl|of - s1"]) apply(rule exI[of - s1"' $ ltr1"])

apply(rule exl|of - s2"]) apply(rule exI[of - s2"" § ltr2"])

apply(rule exI|of - statAA]) apply(rule exl|of - sv2"]) apply(rule exl[of

- stat0O0))

apply (intro conjl)
subgoal unfolding ltrr1’ ..
subgoal ..
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using r(1) ¢ unfolding pe-def
by (metis Opt.reach-validEFromS-reach append-is-Nil-conv last-snoc

not-Cons-self2)

subgoal using r(2) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc

not-Cons-self2)

subgoal unfolding sv1’' by fact
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp . .

qged
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qed
qed

thus ?thesis apply—apply(rule Van.llvalidFromS-imp-lvalidFromsS)
using assms by blast
qed

lemma [validFromS-ltrv2:
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and lirl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and [tr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and ltr14: Opt.lA ltr1 = Opt.lA ltr2
shows Van.lvalidFromS sv2 (ltrv2 (wl,w2,s1,ltr1,s2,ltr2, statA,svl ,sv2,statO))
proof—
{fix n2 sv2 ltrr2
assume Jwl w2 si ltrl s2 ltr2 statA svl statO.
ltrr2 = ltrv2 (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
n2 = w2 N
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 N reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lwalidFromsS sl ltr1 N\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A
Opt.lIA ltr1 = Opt.lA ltr2
hence Van.llvalidFromS n2 sv2 ltrr2
proof(coinduct rule: Van.llvalidFromsS.coinduct[of An2 sv2 ltrr2.
Jwl w2 si ltrl s2 ltr2 statA svl statO.
ltrr2 = ltrv2 (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
n2 = w2 N
A oo w1l w2 sl s2 statA svl sv2 statO A
reachO sI A reachO s2 N reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lwalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A
Opt.lIA ltr1 = Opt.lA ltr2])
case (llwalidFromS n2 sv2 ltrr2)
then obtain w1 w2 s ltrl s2 ltr2 statA svl statO
where ltrr2: ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and n2: n2 = w2
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom sl ltrl
and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltr1 = Opt.lA ltr2
by auto
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have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltrl)
case True note current = current True
hence Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
tr2(2))
note In3/ = True this
have ltrr2: ltrr2 = ltrv2 (L, w1, w2, si, lirl, s2, ltr2, statA, svl, sv2,
statO)
unfolding ltrr2 ltrv2-lnever[OF current] by simp
show ?thesis apply(rule Van.llvalidFromS-selectlvalidFromS)
unfolding ltrr2 apply simp
apply(rule lvalidFromS-lltrv2)
using In34 A llvalidFromS In34(2) ltr1(1) ltr1(2) Wr2(1) Utr2(2) r(1) r(2)
r(3) unw by auto
next
case Fulse note In3 = Fulse
hence Inj: = Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
Itr2(2))

have ltr2 # [[s2]] using Inj lir2

using Opt.final-not-isInt by auto

hence llength ltr2 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(2) enat-0-iff (2)
linorder-not-less llength-LNil llist-eq-cong ltr2(1) ltr2(2) nle-le not-iless0)
hence — finalO s2

by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(2) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr2(1))
hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ tr1 s1's1” ltr1’ tr2 s2' s2' ltr2’ trvl svl' trv2 sv2' statAA
statOO0
where pp: o s ltrl s2 ltr2 tr1 s1' s1” ltr1’ tr2 s2' s2" ltr2’
and ¢ ¢’ A wl w2 w1’ w2’ statA s1 trl s1’ s1” s2 tr2 s2' 2" statAA
statO svl trvl svl' sv2 trv2 sv2' statOO
and [ltrr2: ltrr2 =

lappend (llist-of trv2) (ltrv2 (w1’ ,w2’,s1",s1" $ lir1’,s2",s2" $ ltr2’ statAA,svl ' sv2" statOO0))

using ltrvl-ltrv2-not-inever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr2 by blast

define ltrr2’ where ltrr2”: lirr2’ = ltrv2 (w1’,w2’,s1",s1" $ ltr1’,s2" 52"
$ ltr2’ statAA,svl ' sv2" statOO)

have ltrr2: ltrr2 = lappend (llist-of trv2) ltrr2’

179



unfolding ltrr2 ltrr2’ ..
have ne: trv2 # [| V (trv2 =[] A w2’ < w2)
using ¢’ unfolding ¢’-def ltrr2 by simp

show ?thesis using ne proof(elim disjE conjE)
assume {rv2: trv2 # ||
show ?thesis
apply(rule Van.llvalidFromS-selectlappend)
apply(rule exI[of - sv2]) apply(rule exI[of - trv2])
apply(rule exI[of - sv2') apply(rule exI[of - w2'))
apply(rule exI[of - ltrr2’]) apply(rule exl]of - w2])
apply(intro conjl)
subgoal unfolding n2 .. subgoal ..
subgoal unfolding ltrr2 ..
subgoal using ¢’ unfolding ¢’-def
by (metis Van.validS-appendl Van.validFromS-def append-is-Nil-conv
hd-append?2)
subgoal by fact
subgoal using ¢’ unfolding ¢’-def
by (metis Simple- Transition-System.validFromS-def Van.validS-valid Trans
append-is-Nil-conv list.distinct(1) list.sel(1) trv2)
subgoal apply(rule disjl1)
apply(rule exl[of - w1']) apply(rule exI[of - w2])
apply(rule exl|of - s1"]) apply(rule exI[of - s1" $ ltr1"])
apply(rule exl|of - s2"]) apply(rule exI[of - s2"" § ltr2")
apply(rule exI|of - statAA]) apply(rule exl[of - svl"]) apply(rule exI[of
- stat0O0))
apply (intro conjl)
subgoal unfolding ltrr2’ ..
subgoal ..
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using r(1) ¢y unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using ¢¢ unfolding ¢y-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp . .
next
assume trv2[simp|: trv2 = [ and MM" w2’ < w2
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hence sv2'[simp]: sv2" = sv2 using ¢’ unfolding ¢’-def by simp
show ?thesis
apply(rule Van.llvalidFromS-selectDelay)
apply(rule exI[of - w2']) apply(rule exI[of - w2])
apply(rule exI[of - sv2']) apply(rule exI[of - ltrr2])
apply(intro conjl)
subgoal unfolding n2 .. subgoal by simp
subgoal unfolding ltrr2 by simp subgoal by fact
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2])
apply(rule exI[of - s1"]) apply(rule exI[of - s1”" § ltr1"))
apply (rule exI[of - s2"]) apply(rule exI[of - s2"" § ltr2"))
apply(rule exI|of - statAA]) apply(rule exl[of - svl”]) apply(rule exI[of
- stat0O0))
apply (intro conjI)
subgoal unfolding ltrr2’ ..
subgoal ..
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using r(1) ¢y unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal unfolding sv2’' by fact
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using ¢ unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding ¢y-def by simp
subgoal using pp unfolding pp-def by simp . .
qed
qed
qed
}
thus ?thesis apply —apply(rule Van.llvalidFromS-imp-lvalidFrom.S)
using assms by blast
qed

lemma lcompleted From-ltrvl :

assumes unw: unwindCond A

and A: A oo wl w2 sl s2 statA svl sv2 statO

and r: reachO s1 reachO s2 reachV svl reachV sv2

and stat: statA = Diff — statO = Diff

and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl
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and Itr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
shows Van.lcompletedFrom sv1 (ltrvl (w1,w2,s1,ltr1,s2,ltr2,statA,svl,sv2,statO))
proof—
{fix ltrr1 assume ltrrl: ltrrl = ltrol (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and Ifin: Ifinite ltrrl
hence list-of ltrr1 # [] A finalV (last (list-of ltrr1))
using assms(2—) proof (induct length (list-of ltrrl) w1
arbitrary: w2 ltrrl s1 ltrl s2 ltr2 statA svl sv2 statO
rule: less2-induct”)
case (less wl ltrrl w2 s ltr1 s2 ltr2 statA svl sv2 statO)
hence ltrr1: ltrrl = ltrol (wl,w2, s1, lirl, s2, ltr2, statA, svl, sv2, statO)
and Ifin: lfinite ltrrl
and A: A co wl w2 s1 s2 statA svl sv2 statO
and r: reachO si reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltrl: Opt.lvalidFromsS s1 ltrl lcompletedFromO s1 ltrl
and [ltr2: Opt.lvalidFromS s2 ltr2 lcompletedFromO s2 ltr2
and A34: Opt.lA ltr1 = Opt.lA ltr2
by auto

have current: ltrl # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof (cases Inever isIntO lirl)
case True note In3 = True note current = current True
hence In4: Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
itr2(2))
note In3/ = True this
have ltrr1: ltrrl = lltrol (L, w1, w2, si, ltrl, s2, ltr2, statA, svl, sv2,
statO)
unfolding ltrr1 ltrvi-lnever[OF current] by simp
show ?thesis
using lcompletedFrom-lltrvl [OF unw A 7 ltrl In3 ltr2 Inj, of L)
using lfin[unfolded ltrri]
unfolding Van.lcompletedFrom-def ltrr1 [symmetric]
using llist-of-list-of by fastforce
next
case Fulse note In3 = False
hence In4: — Inever isIntO ltr2
by (metis Opt.lA lIfiltermap-LNil-never lfiltermap-lmap-Ifilter ltr1(2) AS34
Itr2(2))

have ltr1 # [[s1]] using In3 ltr!

using Opt.final-not-isInt by auto

hence llength ltr1 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(1) enat-0-iff (1)
linorder-not-less llength-LNil llist-eq-cong ltr1(1) ltr1(2) nle-le not-less-zero)
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hence — finalO s1
by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(1) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr1 (1))
hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ trl s1's1'" ltr1’ tr2 s2’' s2" ltr2’ trvl svl' trv2 sv2' statAA
statO0
where pp: pp sl ltrl s2 ltr2 tr1 s1’ s1” ltr1’ tr2 s2' s2" ltr2’
and ¢ ¢ A wl w2 wl' w2’ statA s1 trl s1’ s1" s2 tr2 s2' s2' statAA
statO svl trvl svl' sv2 trv2 sv2' statOO
and ltrrl: ltrrl =
lappend (llist-of trvl) (ltrvl (w1',w2’,s1",s1""$ ltr1',s2",s2" § ltr2’ statAA,svl " sv2" statO0))

using ltrvl-ltrv2-not-lnever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr! by blast

define ltrr1’ where ltrrl’: ltrr1’ = ltrvl (w1’,w2’,s1" 51" $ ltr1’,s2" s2"
$ ltr2’ statAA,svl " sv2" statOO)

have ltrrl: ltrrl = lappend (llist-of trvl) ltrrl’

unfolding ltrr1 ltrrl’ ..

have ne: trvl # [| V (trvl =[] A w1’ < wl)

using ¢’ unfolding ¢’-def ltrrl by simp

have Ifin': lfinite ltrr1’
using Ifin ne unfolding ltrr! by simp
have len: length (list-of ltrr1’) < length (list-of ltrrl) V
length (list-of ltrr1") = length (list-of ltrr1) A w1’ < wl
using ne Ilfin lfin’ by (simp add: list-of-lappend ltrr1)

have 0: list-of ltrr1’ # || A finalV (last (list-of ltrr1’))
using len proof(elim disjE conjE)
assume len: length (list-of ltrr1’) < length (list-of ltrr1)
show ?thesis
apply(rule less(1)[OF - ltrr1))
subgoal by fact subgoal by fact
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢ unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(2) ¢ unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using pp unfolding pp-def by simp
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subgoal using pp unfolding pp-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using pp unfolding pp-def by simp .
next
assume len: length (list-of ltrr1’) = length (list-of ltrrl) w1’ < wl
show ?thesis
apply(rule less(2)[OF - - ltrr1])
subgoal by fact subgoal unfolding len ..
subgoal by fact
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢y unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(2) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp .
qed
show ?thesis unfolding ltrr! using 0
by (simp add: Ifin’ list-of-lappend)
qed
qed

thus ?thesis unfolding Van.lcompletedFrom-def by auto
qed

lemma [completedFrom-ltrv2:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and r: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
shows Van.lcompletedEFrom sv2 (ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
proof—
{fix ltrr2 assume ltrr2: ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and Ifin: Ifinite ltrr2
hence list-of ltrr2 # [] A finalV (last (list-of ltrr2))
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using assms(2—) proof (induct length (list-of ltrr2) w2
arbitrary: wi ltrr2 si1 ltrl s2 ltr2 statA svl sv2 statO
rule: less2-induct’)
case (less w2 ltrr2 w1 s1 ltrl s2 ltr2 statA svl sv2 statO)
hence ltrr2: ltrr2 = ltrv2 (wl,w2, s1, lirl, s2, ltr2, statA, svl, sv2, statO)
and [fin: Ilfinite ltrr2
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromsS s1 ltr1 lcompletedFromO s1 ltri1
and [tr2: Opt.lvalidFromS s2 ltr2 lcompletedFromQO s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
by auto

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltr1)
case True note In3 = True note current = current True
hence In4: Inever isIntO ltr2
by (metis Opt.lA Ifiltermap-LNil-never Ifiltermap-Imap-Ifilter ltr1(2) AS34
Itr2(2))
note n34 = True this
have ltrr2: ltrr2 = ltrv2 (L, w1, w2, s1, lirl, s2, ltr2, statA, svl, sv2,
statO)
unfolding ltrr2 ltrv2-lnever|OF current] by simp
show ?thesis
using lcompletedFrom-lltrv2[OF unw A r ltrl In8 ltr2 In4, of L]
using Ifin[unfolded ltrr2]
unfolding Van.lcompletedFrom-def ltrr2[symmetric]
using llist-of-list-of by fastforce
next
case Fulse note In3 = False
hence In4: — Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
tr2(2))

have [tr2 # [[s2]] using In4 ltr2

using Opt.final-not-isInt by auto

hence llength ltr2 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(2) enat-0-iff (2)
linorder-not-less llength-LNil llist-eq-cong ltr2(1) ltr2(2) nle-le not-less-zero)
hence — finalO s2

by (metis Opt.final-def Opt.lvalidFPromS-Cons-iff current(2) eSuc-enat enat-0

linorder-neg-iff llength-LCons llength-LNil llist.exhaust-sel ltr2(1))

hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force
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obtain w1’ w2’ tr1 s1's1" ltr1’ tr2 s2' s2' ltr2’ trvl svl' trv2 sv2’ statAA
statO0
where pp: @ s1 ltrl s2 ltr2 trl s1' s1" ltr1’ tr2 s2' s2" lir2’
and ¢ ¢ A wl w2 wl' w2’ statA sl trl s1’ s1" s2 tr2 s2' s2' statAA
statO svl trvl svl'" sv2 trv2 sv2' statOO
and ltrr2: ltrr2 =
lappend (llist-of trv2) (ltrv2 (w1’ ,w2’,s1”,s1" $ lir1’,s2",s2" § ltr2’' statAA,svl " sv2" statOO0))

using ltrvl-ltrv2-not-lnever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr2 by blast

define itrr2’ where ltrr2": ltrr2’ = ltrv2 (wi’,w2’,s1",s1" $ ltr1’,s2",s2"
$ ltr2’ statAA,svl” sv2" statO0)

have ltrr2: ltrr2 = lappend (llist-of trv2) ltrr2’

unfolding ltrr2 ltrr2’ ..

have ne: trv2 # [| V (trv2 =[] A w2’ < w2)

using ¢’ unfolding ¢’-def ltrr2 by simp

have Ifin': lfinite ltrr2’
using [fin ne unfolding ltrr2 by simp
have len: length (list-of ltrr2’) < length (list-of ltrr2) Vv
length (list-of ltrr2") = length (list-of ltrr2) A w2’ < w2
using ne lfin Ifin’ by (simp add: list-of-lappend ltrr2)

have 0: list-of ltrr2’ # [| A finalV (last (list-of ltrr2’))
using len proof (elim disjE conjE)
assume len: length (list-of ltrr2’) < length (list-of ltrr2)
show ?thesis
apply(rule less(1)[OF - ltrr2’])
subgoal by fact subgoal by fact
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal using 7(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp .
next
assume len: length (list-of ltrr2’) = length (list-of ltrr2) w2’ < w2
show ?thesis
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apply(rule less(2)[OF - - ltrr2])
subgoal by fact subgoal unfolding len ..
subgoal by fact
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)

subgoal using 7(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eg-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by auto
subgoal using ¢ unfolding py-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using pp unfolding pp-def by simp
subgoal using ¢ unfolding pp-def by simp
subgoal using pp unfolding pp-def by simp .

qged

show ?thesis unfolding ltrr2 using 0

by (simp add: lfin' list-of-lappend)

qed
qed

thus ?thesis unfolding Van.lcompletedFrom-def by auto
qed

lemma [S-ltrvi-ltri:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and [ltr1: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA lirl = Opt.lA ltr2
shows Van.lS (ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,statO)) = Opt.1lS ltrl
proof—
have cltrvl: Van.lcompletedFrom svl (ltrvl (wl,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO))
using lcompletedFrom-ltrvl [OF assms] .
{fix nL nR ltrr! litr!
assume Jwl w2 s1 s2 ltr2 statA svl sv2 statO.
nL = wl AN nR = wl A
ltrrl = ltrol (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
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(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 N
Opt.lA ltr1 = Opt.lA ltr2
hence TwoFuncPred.sameFM isSecV isSecO getSecV getSecO nL nR ltrrl ltri
proof (coinduct rule: TwoFuncPred.sameFM .coinduct[of AnL nR ltrrl ltrl.
3 w1 w2 sl s2 ltr2 statA svl sv2 statO.
nL = wl A nR = wl A
ltrrl = ltrol (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 N
(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltrl A
Opt.lwalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A
Opt.lIA ltrl1 = Opt.lA ltr2])
case (2 nL nR ltrrl ltrl)
then obtain w1 w2 s1 s2 ltr2 statA svl sv2 statO
where nl: nL = wl and nR: nR = wl
and ltrrl: ltrrl = ltrol (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and A: A co wi w2 s1 s2 statA svl sv2 statO
and 7: reachO sl reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and [ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltr1 = Opt.lA ltr2
by auto

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltr1)

case True note In3 = True note current = current True

hence In4: Inever isIntO ltr2

by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
itr2(2))

note In3/ = True this

have ltrrl: ltrrl = ltrvl (L, wl, w2, si, lirl, s2, ltr2, statA, svl, sv2,
statO)

unfolding ltrr1 ltrvi-lnever[OF current] by simp

have clitrvl: Van.lcompletedFrom svl (lltrvl (Lywl,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO))
using lcompletedFrom-lltrvl [OF unw A r ltrl In3 ltr2 In4] .

show ?thesis apply(rule TwoFuncPred.sameFM-selectimap-Ifilter)
unfolding ltrr! apply simp
using [S-lltrvl-ltrl1 [OF unw A r ltrl In8 ltr2 Ing, of L]
unfolding Van.IS[OF clltrvl] Opt.IS[OF ltr1(2)] .

next
case Fulse note In3 = False
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hence In4: — Inever isIntO ltr2
by (metis Opt.lA lfiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34

1tr2(2))

have ltr1 # [[s1]] using In3 ltr!

using Opt.final-not-isInt by auto

hence llength ltr1 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(1) enat-0-iff (1)
linorder-not-less llength-LNil llist-eq-cong ltr1 (1) ltr1(2) nle-le not-less-zero)
hence — finalO s1

by (metis Opt.final-def Opt.lvalidFPromS-Cons-iff current(1) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr1 (1))
hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ tr1 s1's1" ltr1’ tr2 s2' s2' ltr2’ trvl svl' trv2 sv2' statAA
statO0
where pp: @ s1 ltrl s2 ltr2 trl s1' s1" ltr1’ tr2 s2' s2" lir2’
and ¢ ¢ A wl w2 wl’ w2’ statA s1 trl s1’ s1" s2 tr2 s2' s2' statAA
statO svl trvl svl'" sv2 trv2 sv2' statOO

and ltrrl: ltrrl =
lappend (llist-of trvl) (ltrvl (w1’ ,w2',s1",s1" $ ltr1’,s2",s2" § ltr2’ statAA,svl " sv2" statO0))

using ltrvl-ltrv2-not-lnever|OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr1 by blast

define ltrr1’ where ltrr1 " ltrrl’ = ltrvl (w1’ w2’,s1",s1" $ ltr1’,s2",s2"
$ ltr2’ statAA,svl” sv2" statO0)

have ltrrl: ltrrl = lappend (llist-of trvl) ltrrl’

unfolding ltrri ltrrl’ ..

have nel: trvl # [ V w1’ < wl

using ¢’ unfolding ¢’-def ltrr1 by simp

show ?thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply(rule exI|of - trvl]) apply(rule exl[of - wl']) apply(rule exI[of - w1])

apply (rule exI[of - tr1 #4# s1']) apply(rule exI[of - w1']) apply(rule exI[of
-~ wi))
apply(rule exI[of - ltrr1’]) apply(rule exI[of - s1" $ ltr1])
apply (intro conjl)
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrr! .
subgoal using ¢ unfolding pp-def by simp
subgoal by fact
subgoal by simp
subgoal using ¢’ unfolding ¢’-def unfolding Van.S.map-filter Opt.S.map-filter
by simp
subgoal apply(rule disjl1)
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[of - wl']) apply(rule exI[of - w2"))

[of - 51

apply(rule exI[of - s2"]) apply(rule exI[of - s2"" $ ltr2”))
[
[

apply(rule exl
(
(
apply (rule exI[of - statAA])
(
(

apply(rule ex]

apply(rule exI[of - sv1']) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO])
apply (intro conjI)
subgoal .. subgoal ..
subgoal unfolding ltrr1’ ..
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢ unfolding py-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(2) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by simp

subgoal using r
subgoal using r

subgoal using r

) pp unfolding p-def by simp
pp unfolding pp-def by simp
pp unfolding pp-def by simp

(2
(2)
subgoal using r(2)
(2) pp unfolding pe-def by simp
subgoal using r(2) ¢y unfolding ¢p-def by simp . .
qed

qed

}

thus ?thesis apply—
unfolding Van.IS[OF cltrvl] Opt.IS[OF ltr1(2)] apply(rule TwoFuncPred.sameFM-Ilmap-lfilter)
using assms by blast

qed

lemma 1S-ltrv2-ltr2:
assumes unw: unwindCond A
and A: A oo wl w2 sl s2 statA svl sv2 statO
and 7: reachO sI reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and [tr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltr1 = Opt.lA ltr2
shows Van.lS (ltrv2 (wl,w2,s1,ltr1,s2,lir2,statA,svl,sv2,statO)) = Opt.1S ltr2
proof—

have cltrv2: Van.lcompletedFrom sv2 (ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))

using lcompletedFrom-ltrv2[OF assms] .

{fix nL nR ltrr2 ltr2

assume Jwl w2 s1 s2 ltrl statA svl sv2 statO.

nL = w2 AN nR = w2 A
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ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltrl A
Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A
Opt.lA ltr1 = Opt.lA lir2
hence TwoFuncPred.sameFM isSecV isSecO getSecV getSecO nL nR ltrr2 ltr2
proof (coinduct rule: TwoFuncPred.sameFM.coinduct[of AnL nR ltrr2 ltr2.
3 wi w2 s1 s2 ltrl statA svi sv2 statO.
nL = w2 AN nR = w2 A
ltrrg = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 N\ Opt.lcompletedFrom s2 ltr2 N
Opt.lA ltr1 = Opt.lA ltr2])
case (2 nL nR ltrr2 ltr2)
then obtain wi1 w2 s1 s2 ltrl statA svl sv2 statO
where nlL: nL, = w2 and nR: nR = w2
and lrr2: ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
by auto

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltr1)

case True note In3 = True note current = current True

hence [n4: Inever isIntO ltr2

by (metis Opt.lA Ifiltermap-LNil-never lfiltermap-Imap-Ifilter ltr1(2) AS34
Itr2(2))

note n34 = True this

have ltrr2: ltrr2 = ltrv2 (L, w1, w2, s1, lirl, s2, ltr2, statA, svl, sv2,
statO)

unfolding ltrr2 ltrv2-lnever|OF current] by simp

have clltrv2: Van.lcompletedFrom sv2 (1ltrv2 (L,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-lltrv2|OF unw A v ltr1 In8 ltr2 In4] .

show ?thesis apply(rule TwoFuncPred.sameFM-selectlmap-lfilter)

unfolding ltrr2 apply simp
using [S-1ltrv2-ltr2[OF unw A v ltrl In3 ltr2 Ind, of L]
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unfolding Van.IS[OF clltrv2] Opt.IS[OF ltr2(2)] .
next
case Fulse note In3 = Fualse
hence Inj: — Inever isIntO ltr2
by (metis Opt.lA Ifiltermap-LNil-never Ifiltermap-Imap-Ifilter ltr1(2) A34

itr2(2))

have ltr2 # [[s2]] using In4 ltr2

using Opt.final-not-isInt by auto

hence llength ltr2 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(2) enat-0-iff (2)
linorder-not-less llength-LNil llist-eq-cong ltr2(1) ltr2(2) nle-le not-less-zero)

hence — finalO s2
by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(2) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr2(1))

hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ trl s1’s1" ltr1’ tr2 s2' s2'" ltr2' trvl svl' trv2 sv2' statAA

statO0
where pp: o sl ltrl s2 ltr2 tr1 s1’ s1” ltr1’ ¢r2 s2' s2" ltr2’

and ¢ ¢ A wl w2 wil’ w2’ statA sl trl s1’ s1" s2 tr2 s2' s2"" statAA
statO svl trvl svl’ sv2 trv2 sv2' statOO

and ltrr2: ltrr2 =
lappend (Ulist-of trv2) (ltrv2 (w1',w2',s1",s1""$ ltr1',s2",s2" § ltr2’ statAA,sv1 " sv2" stat00))

using ltrvl-ltrv2-not-lnever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr2 by blast

define ltrr2’ where ltrr2": ltrr2’ = ltrv2 (w1’ ,w2’,s1",s1" $ ltr1’,s2" s2"
$ ltr2’ statAA,svl" sv2" statO0)

have ltrr1: ltrr2 = lappend (llist-of trv2) ltrr2’

unfolding ltrr2 ltrr2’ ..

have ne2: trv2 # ] V w2’ < w2

using ¢’ unfolding ’-def ltrr2 by simp

show %thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply(rule exI[of - trv2]) apply(rule exl[of - w2')) apply(rule exI[of - w2])

apply (rule exI|of - tr2 #4# s2']) apply(rule exI[of - w2']) apply(rule exI[of

- w2])
apply(rule exl|of - ltrr2']) apply(rule exl[of - s2"' § ltr2"))
apply (intro conjl)

subgoal unfolding nL .. subgoal unfolding nR ..

subgoal using ltrr! .

subgoal using ¢ unfolding pp-def by simp

subgoal by fact

subgoal by simp
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subgoal using ¢’ unfolding ¢’-def unfolding Van.S.map-filter Opt.S.map-filter
by simp
subgoal apply(rule disjl1)
apply(rule exI[of - w1']) apply(rule exI[of - w2])
apply (rule exI[of - s1"])
apply(rule exI[of - s2"]) apply(rule exI[of - s1" § ltr17])
apply(rule exI[of - statAA])
apply(rule exI[of - sv1']) apply(rule exl[of - sv2')
apply(rule exI|of - statOO))
apply (intro conjI)
subgoal .. subgoal ..
subgoal unfolding ltrr2’ ..
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using (1) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(2) ¢y unfolding ¢p-def by simp
subgoal using r(2) ¢y unfolding ¢p-def by simp
subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using r(2) ¢y unfolding pp-def by simp . .
qed
qed
}
thus ?thesis apply—
unfolding Van.IS[OF cltrv2] Opt.IS[OF ltr2(2)] apply(rule TwoFuncPred.sameFM-Ilmap-lfilter)
using assms by blast
qed

lemma [A-ltrvl-ltrv2:

assumes unw: unwindCond A

and A: A co wl w2 sl s2 statA svl sv2 statO

and 7: reachO sI reachO s2 reachV svl reachV sv2

and stat: statA = Diff — statO = Diff

and ltrl: Opt.lvalidFromS s1 ltr1 Opt.lcompletedFrom s1 ltrl

and ltr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2

and A34: Opt.lA ltr1 = Opt.lA ltr2

shows Van.lA (ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,statO)) =
Van.lA (Itrv2 (w1,w2,s1,ltrl,s2,ltr2 statA,svl ,sv2,statO))
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proof—
have cltrvl: Van.lcompletedFrom svl (ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-ltrvl [OF assms] .
have cltrv2: Van.lcompletedFrom sv2 (ltrv2 (w1, w2,s1,ltrl,s2,ltr2, statA,svl sv2,statO))
using lcompleted From-ltrv2[OF assms] .
{fix nL nR ltrr! ltrr2
assume Jwl w2 s1 ltrl s2 ltr2 statA svl sv2 statO.
nL = wl AN nR = w2 A
ltrrl = ltrol (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
ltrr2 = ltrv2 (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
A oo wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 N reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lwalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 A Opt.lcompletedFrom s2 ltr2 A
Opt.lIA ltr1 = Opt.lA ltr2
hence TwoFuncPred.sameFM isIntV isintV getActV getActV nL nR ltrri ltrr2
proof(coinduct rule: TwoFuncPred.sameFM .coinduct[of AnL nR ltrr1 ltrr2.
3 wi w2 s1 ltrl s2 ltr2 statA svl sv2 statO.
nL = wl AN nR = w2 A
ltrrl = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachQ s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A
Opt.lIA ltr1 = Opt.lA ltr2])
case (2 nL nR ltrrl ltrr2)
then obtain w1 w2 s ltr1 s2 ltr2 statA svl sv2 statO
where nlL: nL = w1 and nR: nR = w2
and ltrrl: ltrrl = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl sv2,statO)
and ltrr2: ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [tr2: Opt.lvalidFromsS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
by auto

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltr1)
case True note In3 = True note current = current True
hence In4: Inever isIntO ltr2

by (metis Opt.lA Ifiltermap-LNil-never Ifiltermap-lmap-ifilter ltr1(2) A34
tr2(2))
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note [n34 = True this
have ltrr1: ltrrl = lrvl (L, w1, w2, s1, lirl, s2, ltr2, statA, svl, sv2,

statO)
unfolding ltrr1 ltrvl-lnever[OF current] by simp
have ltrr2: ltrr2 = lltrv2 (L, wl, w2, si, lirl, s2, ltr2, statA, svl, sv2,

statO)
unfolding ltrr2 ltrv2-lnever[OF current] by simp

have clitrvl: Van.lcompletedFrom svl (lltrvl (Lywl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO))

using lcompletedFrom-lltrvl [OF unw A r ltrl In3 ltr2 In4] .
have clltrv2: Van.lcompletedFrom sv2 (1ltrv2 (L,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))

using lcompletedFrom-lltrv2[OF unw A v ltrl In8 ltr2 In4] .

show ?thesis apply(rule TwoFuncPred.sameFM-selectlmap-lfilter)
unfolding ltrr1 ltrr2 apply simp
using [A-lltrv1-lltrv2[OF unw A rltrl In3 ltr2 Ing, of L)
unfolding Van.lA[OF clitrvi] Van.lA[OF clltrv2] .
next
case Fulse note In3 = Fualse
hence Inj: — Inever isIntO ltr2
by (metis Opt.lA Ifiltermap-LNil-never Ifiltermap-Imap-Ifilter ltr1(2) AS34

itr2(2))

have ltr1 # [[s1]] using In8 ltr!

using Opt.final-not-isInt by auto

hence llength ltr1 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(1) enat-0-iff (1)
linorder-not-less llength-LNil llist-eq-cong ltr1(1) ltr1(2) nle-le not-less-zero)

hence — finalO s1
by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(1) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr1 (1))

hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ trl s1’s1" ltr1’ tr2 s2' s2' ltr2' trvl svl' trv2 sv2' statAA

statO0
where pp: o sl ltrl s2 ltr2 tr1 s1’' s1” ltr1’ r2 s2' s2" ltr2’

and ¢ ¢ A wl w2 w1’ w2’ statA sl trl s1’ s1" s2 tr2 s2' s2" statAA
statO svl trvl svl' sv2 trv2 sv2’' statOO

and ltrrl: ltrrl =
lappend (Ulist-of trvl) (ltrvl (w1',w2',s1",s1""$ ltr1',s2",s2" § ltr2’,statAA,sv1 " sv2" stat00))

and ltrr2: ltrr2 =
lappend (llist-of trv2) (ltrv2 (w1’ ,w2',s1",s1" $ ltr1',s2",s2" § ltr2’ statAA,svl " sv2" statO0))

using ltrvl-ltrv2-not-lnever[OF unw A r stat ltrl ltr2 In3 A34)

unfolding ltrr! ltrr2 by blast
define ltrr1’ where ltrrl”: ltrrl’ = ltrvl (w1’ ,w2’,s1",s1" § ltr1’s2" s2"
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$ ltr2’ statAA,svl” sv2" statO0)
have ltrrl: ltrrl = lappend (llist-of trvl) ltrrl’
unfolding ltrri ltrrl’ ..
have nel: trvl # [ V w1’ < wl
using ¢’ unfolding ¢’-def ltrr1 by simp
define ltrr2’ where ltrr2": ltrr2’ = ltrv2 (w1’ w2’,s1",s1" $ ltr1’,s2",s2"
$ ltr2’ statAA,svl" sv2" statO0)
have ltrr2: ltrr2 = lappend (llist-of trv2) ltrr2’
unfolding ltrr2 ltrr2’ ..
have ne2: trv2 # [| V w2’ < w2
using ¢’ unfolding ¢’-def ltrrl by simp

show ?thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply(rule exI|of - trvl]) apply(rule exl[of - wl']) apply(rule exI[of - w1])

apply(rule exI[of - trv2]) apply(rule exl[of - w2'])) apply(rule exI[of - w2])

apply(rule exI|of - ltrr1’]) apply(rule exl[of - ltrr27))
apply (intro conjI)
subgoal unfolding nL .. subgoal unfolding nR ..
subgoal using ltrri1 .
subgoal using ltrr2 .
subgoal by fact subgoal by fact
subgoal using ¢’ unfolding ¢’-def unfolding Van.A.map-filter by simp
subgoal apply(rule disjl1)
apply(rule exl[of - w1']) apply(rule exI[of - w2])
apply(rule exI[of - s1"]) apply(rule exI[of - s1”" $ ltr1"])
apply(rule exlI|of - s2"]) apply(rule exI[of - s2"" $ ltr27))
apply (rule exI[of - statAA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO0))
apply (intro conjl)
subgoal .. subgoal ..
subgoal unfolding ltrr1’ ..
subgoal unfolding ltrr2’ ..
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using r(1) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(2) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using 7(2) ¢p unfolding pe-def by simp
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subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using 7(2) ¢ unfolding py-def by simp
subgoal using r(2) ¢y unfolding ¢p-def by simp . .
qed
qed

}

thus ?thesis apply—
unfolding Van.lA[OF cltrvl] Van.lA[OF cltrv2] apply(rule TwoFuncPred.sameF M-lmap-Ifilter)
using assms by blast

qged

lemma [O-ltrvi-ltrv2:
assumes unw: unwindCond A
and A: A co wl w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltrl: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltrl
and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltr1 = Opt.lA ltr2
and 012: Van.lO (ltrvl (wl,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO)) =
Van.lO (ltrv2 (w1,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
and stO: statO = Eq
shows Opt.l1O ltr1 = Opt.10O ltr2
proof—
have cltrvl: Van.lcompletedFrom svl (ltrvl (wl,w2,s1,ltr1,s2,ltr2, statA,svl ,sv2,statO))
using lcompletedFrom-ltrvl [OF assms(1—12)] .
have cltrv2: Van.lcompletedFrom sv2 (ltrv2 (w1, w2,s1,ltrl,s2,ltr2, statA,svl sv2,statO))
using lcompleted From-ltrv2[OF assms(1—12)] .
{fix nL nR ltr1 ltr2
assume 3 ltrrl ltrr2 wl w2 s1 s2 statA svl sv2 statO.
ltrr1 = ltrvl (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO) A
A 0o wl w2 sl s2 statA svl sv2 statO A
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) N
Opt.lvalidFromsS s1 ltr1 N\ Opt.lcompletedFrom s1 ltr1 A
Opt.lvalidFromS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 N
Opt.lA ltr1 = Opt.IA ltr2 A
Van.lO ltrr1 = Van.lO ltrr2 A
statO = Eq
hence TwoFuncPred.sameFM isIntO isIntO getObsO getObsO nL nR ltrl ltr2
proof(coinduct rule: TwoFuncPred.sameFM .coinduct[of AnL nR ltr1 ltr2.
3 ltrrl ltrr2 wl w2 sl s2 statA svl sv2 statO.
ltrrl = ltrol (wl,w2,s1,ltrl,s2,ltr2,statA,svl ,sv2,statO) A
ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2 statA,svl ,sv2,statO) A
A oo wl w2 sl s2 statA svl sv2 statO A
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reachO s1 A reachO s2 N reachV svl A reachV sv2 A
(statA = Diff — statO = Diff) A
Opt.lvalidFromS s1 ltr1 A Opt.lcompletedFrom s1 ltrl A
Opt.lwalidFromsS s2 ltr2 N Opt.lcompletedFrom s2 ltr2 A
Opt.lA ltr1 = Opt.lA ltr2 A
Van.lO ltrr1 = Van.lO ltrr2 A
statO = Eq))
case (2 nL nR ltrl ltr2)
then obtain ltrr1 ltrr2 w1 w2 s1 s2 statA svl sv2 statO where
ltrril: ltrrl = ltrol (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and ltrr22: ltrr2 = ltrv2 (wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO)
and A: A co w1 w2 sl s2 statA svl sv2 statO
and 7: reachO s1 reachO s2 reachV svl reachV sv2
and stat: statA = Diff — statO = Diff
and ltr1: Opt.lvalidFromsS s1 ltr1 Opt.lcompletedFrom s1 ltr1
and [tr2: Opt.lvalidFromS s2 ltr2 Opt.lcompletedFrom s2 ltr2
and A34: Opt.lA ltrl = Opt.lA ltr2
and 012: Van.lO ltrrl = Van.lO ltrr2
and stO: statO = Eq
by auto

have stA: statA = Eq using stat stO
using status.exhaust by blast

have current: ltr1 # [[]] ltr2 # [[]]
using ltr1(2) ltr2(2) unfolding Opt.lcompletedFrom-def by auto

show ?case proof(cases Inever isIntO ltr1)

case True note In3 = True note current = current True

hence [n4: Inever isIntO ltr2

by (metis Opt.lA Ifiltermap-LNil-never lfiltermap-lmap-Ifilter ltr1(2) A3/
Itr2(2))

note [n34 = True this

have ltrr1: ltrrl = ltrvl (L, w1, w2, s1, lirl, s2, ltr2, statA, svl, sv2,
statO)

unfolding ltrr11 ltrvl-lnever[OF current] by simp

have ltrr2: ltrr2 = lltrv2 (L, wl, w2, si, lirl, s2, ltr2, statA, svl, sv2,
statO)

unfolding ltrr22 ltrv2-lnever|OF current] by simp

have clitrvl: Van.lcompletedFrom svl (lltrvl (Lywl,w2,s1,ltrl,s2,ltr2, statA,svl ,sv2,statO))
using lcompletedFrom-lltrvl [OF unw A r ltrl In3 ltr2 In4] .

have clltrv2: Van.lcompletedFrom sv2 (1ltrv2 (L,wl,w2,s1,ltr1,s2,ltr2,statA,svl ,sv2,statO))
using lcompletedFrom-lltrv2[OF unw A v ltrl In8 ltr2 In4] .

show ?thesis apply(rule TwoFuncPred.sameFM-selectlmap-lfilter)

unfolding Opt.IO[OF ltr1(2)] Opt.IO[OF ltr2(2)]
by (metis In3 Ing Inever-LNil-Ifilter’)
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next
case Fulse note In3 = False
hence In4: — Inever isIntO ltr2
by (metis Opt.lA Ifiltermap-LNil-never lfiltermap-lmap-Ifilter ltr1(2) A3/

Itr2(2))

have ltrl # [[s1]] using In3 lir!

using Opt.final-not-isInt by auto

hence llength ltr1 > Suc 0

by (metis Opt.lcompletedFrom-singl Suc-ile-eq current(1) enat-0-iff (1)
linorder-not-less llength-LNil llist-eq-cong ltr1 (1) ltr1(2) nle-le not-less-zero)
hence — finalO si1

by (metis Opt.final-def Opt.lvalidFromS-Cons-iff current(1) eSuc-enat enat-0

linorder-neq-iff llength-LCons llength-LNil llist.exhaust-sel ltr1 (1))
hence nf12: = finalV svl A = finalV sv2
using A (1) r(2) r(3) r(4) unw unwindCond-def by force

obtain w1’ w2’ trl s1’s1" ltr1’ tr2 s2' s2'" ltr2' trvl svl' trv2 sv2' statAA

statO0

where pp: pp sl ltrl s2 ltr2 tr1 s1’ s1” ltr1’ tr2 s2' s2" ltr2’

and ¢ ¢ A wl w2 wil’ w2’ statA sl trl s1’ s1" s2 tr2 s2' s2"" statAA
statO svl trvl svl’ sv2 trv2 sv2'' statOO

and ltrrl: ltrrl =
lappend (Ulist-of trvl) (ltrvl (w1',w2',s1",s1""$ ltr1',s2",s2" § ltr2’ statAA,svl " sv2" statO0))

and ltrr2: ltrr2 =
lappend (llist-of trv2) (ltrv2 (w1’ ,w2’,s1",s1" $ ltr1’,s2",s2" § ltr2’ statAA,svl " sv2" statOO0))

using ltrvl-ltrv2-not-never|OF unw A r stat ltrl ltr2 in3 A34]

unfolding ltrr11 ltrr22 by blast

define ltrr1’ where ltrr1": ltrrl’ = ltrvl (wl’w2’,s1",s1" $ ltr1’,s2",s2"
$ ltr2’ statAA,svl” sv2" statO0)

have ltrrl: ltrrl = lappend (llist-of trvl) ltrrl’

unfolding ltrr1 ltrrl’ ..

have nel: trvl # [ V w1’ < wl

using ¢’ unfolding ¢’-def ltrr1 by simp

define ltrr2’ where ltrr2": ltrr2’ = ltrv2 (wl’,w2’,s1",s1" $ ltr1’,s2",s2"
$ ltr2’ statAA,svl" sv2" statO0)

have ltrr2: ltrr2 = lappend (llist-of trv2) ltrr2’

unfolding ltrr2 ltrr2’ ..

have ne2: trv2 # [| V w2’ < w2

using ¢’ unfolding ¢’-def ltrr1 by simp

have ltri-eq: ltrl = lappend (llist-of (tr1 ## s17)) (s1”"$ ltr1’)
and ltr2-eq: ltr2 = lappend (llist-of (tr2 ## s2')) (s2” $ ltr2’) using e

unfolding py-def by auto

have sst: statOO = Diff +— Van.O (trvl #+# svl') # Van.O (trv2 #+#
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sv2")
statA = Eq = statAA = Diff +— Opt.O ((trl #+4 s1') #4# s1'") # Opt.O
((tr2 #4 52') #4 s27)
statO = Diff = statOO = Diff
statAA = Diff = statOO = Diff
using ¢’ stO unfolding ¢’-def by auto

have Atrvi2”: Van.A (trvl ## svl') = Van.A (trv2 ## sv2'’)
using ¢’ unfolding ¢’-def by auto

have A A oo w1’ w2’ s1" 52" statAA svl’ sv2' statOO
using ¢’ unfolding ¢’-def by auto

have vltrvl: Van.lvalidFromS svl ltrrl

unfolding ltrr11 using lvalid FromS-ltrvl

using A8/ A ltri1(1) ltr1(2) lr2(1) r2(2) r(1) r(2) r(3) r(4) stat unw
by blast

have cltrvi: Van.lcompletedFrom svl ltrrl

unfolding ltrri1 using lcompleted From-ltrvl

using A3/ A ltr1(1) ltr1(2) lr2(1) Ur2(2) r(1) r(2) r(3) r(4) stat unw
by blast

have vitrv2: Van.lvalidFromS sv2 ltrr2

unfolding ltrr22 using lvalid FromS-ltrv2

using A3/ A ltr1(1) ltr1(2) lr2(1) Ur2(2) r(1) r(2) r(3) r(4) stat unw
by blast

have cltrv2: Van.lcompletedFrom sv2 ltrr2

unfolding ltrr22 using lcompleted From-ltrv2

using A34 A ltr1(1) ltr1(2) ltr2(1) ir2(2) r(1) r(2) r(3) r(4) stat unw
by blast

have Oltrr1: Van.lO ltrrl = Imap getObsV (Ifilter isIntV ltrrl)
using Van.lO[OF cltrv1] .
have Oltrr2: Van.lO ltrr2 = Imap getObsV (Ifilter isIntV ltrr2)
using Van.lO[OF cltrv2] .

have cltrvl”. Van.lcompletedFrom (lastt svl trvl) ltrrl’
using cltrvl unfolding ltrr! Van.lcompletedFrom-def Van.final-def apply
stmp
using ¢’ unfolding ¢’-def
by (metis Van.validS-valid Trans Van.validFromS-def lappend-LNil2 last-appendR
lfinite-llist-of list-of-lappend
list-of-llist-of llist-of .simps(1) snoc-eq-iff-butlast)

have cltrv2’. Van.lcompletedFrom (lastt sv2 trv2) ltrr2’
using cltrv2 unfolding ltrr2 Van.lcompletedFrom-def Van.final-def apply
simp
using ¢’ unfolding ¢’-def
by (metis Van.validS-valid Trans Van.validFromS-def lappend-LNil2 last-appendR
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lfinite-llist-of list-of-lappend
list-of-llist-of llist-of .simps(1) snoc-eq-iff-butlast)

have Oltrr1’”: Van.lO ltrr1’ = Imap getObsV (lfilter isIntV ltrrl’)
using Van.lO[OF cltrv1’] .
have Oltrr2’: Van.lO ltrr2’ = Imap getObsV (lfilter isIntV ltrr2’)
using Van.lO[OF cltrv2] .

have Van.O (trvl ## svl”) = Van.O (trv2 ## sv2”) A
Van.lO ltrr1’ = Van.lO ltrr2’
using Atrvi2’ 012 Oltrrl’ Oltrr2’ unfolding Oltrrl Oltrr2 unfolding ltrri
ltrr2
unfolding Van.A.map-filter Van.O.map-filter Van.lO.lmap-Ifilter apply simp

unfolding Imap-lappend-distrib apply simp apply (subst (asm) lappend-llist-of-inj)

using map-eg-imp-length-eq by auto
hence 012": Van.O (trvl ## svl'") = Van.O (trv2 #4# sv2”)
and 012" Van.lO ltrrl’ = Van.lO ltrr2’ by auto

have st0O: statOO = Eq using 012" sst by(cases statOO, auto)

have 08/" Opt.O ((tr1 #4 s1') #4 s1’) = Opt.O ((tr2 #4# s27) #+#
32”)
using stOO0 sst(2) sst(4) stA by blast

hence s14": getObsO s1’ = getObsO s2’
using o unfolding pp-def Opt.O.map-filter by (simp add: never-Nil-filter)

show ?thesis
apply(rule TwoFuncPred.sameFM-selectlappend)
apply(rule exI[of - tr1 ## s1']) apply(rule exI[of - undefined]) apply(rule
exI[of - nL))
apply(rule exl|of - tr2 #4# s2']) apply(rule exI|of - undefined]) apply (rule
exl[of - nR))
apply(rule exI[of - s1"'$ ltr1’]) apply(rule exl[of - s2"'$ ltr2"))
apply (intro conjl)
subgoal .. subgoal ..
subgoal by fact subgoal by fact
subgoal by simp subgoal by simp
subgoal using ¢ unfolding py-def unfolding Opt.O.map-filter
by (simp add: s14' never-Nil-filter)
subgoal apply(rule disjl1)
apply (rule exI[of - ltrr1’]) apply(rule exI[of - ltrr2])
apply(rule exlI|of - w1']) apply(rule exl[of - w2'])
apply(rule exI[of - s1”]) apply(rule exI[of - s2')
apply (rule exI[of - statAA])
apply(rule exI[of - sv1']) apply(rule exI[of - sv2"])
apply(rule exI[of - statOO])
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apply (intro conjl)
subgoal unfolding ltrr1’ ..
subgoal unfolding ltrr2’ ..
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using (1) ¢y unfolding ¢p-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using 7(2) ¢ unfolding pe-def
by (metis Opt.reach-validFromS-reach append-is-Nil-conv last-snoc
not-Cons-self2)
subgoal using r(3) ¢’ unfolding ’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using r(4) ¢’ unfolding ¢’-def
by (metis Van.reach-validFromS-reach snoc-eq-iff-butlast)
subgoal using ¢’ unfolding ¢’-def by simp
subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using 7(2) ¢p unfolding py-def by simp
subgoal using 7(2) ¢ unfolding pe-def by simp
subgoal using 7(2) ¢ unfolding pe-def by simp
subgoal using r(2) ¢y unfolding ¢p-def by simp
subgoal by fact
subgoal by fact . .
qed
qed

thus %thesis

unfolding Opt.IO[OF ltr1(2)] Opt.lO[OF ltr2(2)] apply (rule TwoFuncPred.sameFM-lmap-ifilterwhere
wL = undefined and wR = undefined))

using assms by blast
qed

end

theorem unwind-Ilrsecure:

assumes init: initCond A and unwind: unwindCond A

shows [rsecure

unfolding lrsecure-def2 proof clarify
fix s1 tr1 s2 tr2
assume 3: istateO s1 Opt.lvalidFromS s1 tr1 lcompletedFromQO s1 tril
and 4: istateO s2 Opt.lvalidFromS s2 tr2 lcompletedFromO s2 tr2
and A34: Opt.lA tr1 = Opt.lA tr2 and 084: Opt.lO tri # Opt.lO tr2
obtain sv1 sv2 where
isv12: istateV svl istateV sv2 and c12: corrState svl sl corrState sv2 s2
and A: A 00 o0 oo s1 s2 FEq svl sv2 Eq
using init 8 4/ unfolding initCond-def by blast
have r: reachV svl reachV sv2 reachQO s1 reachO s2
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by (auto simp: Van.Istate isv12 Opt.Istate 3 4)
note all = 38 4 A3} isvi2 A unwind r
show Jsvl trvl sv2 trv2.
istateV svl A istateV sv2 A corrState svl s1 A corrState sv2 s2 A
Van.lvalidFromS svl trvl A lcompletedFromV svl trvl A Van.lvalidFromsS sv2
trv2 A
lcompletedFromV sv2 trv2 A Van.lS trvl = Opt.lS tr1 A Van.lS trv2 = Opt.lS
tr2 A
Van.lA trvl = Van.lA trv2 A Van.lO trvl # Van.lO trv2
apply(rule exI[of - svl])
apply(rule exI[of - ltrvl A (oo, 00, s1, trl, s2, tr2, Eq, svl, sv2, Eq)])
apply(rule exI[of - sv2])
apply(rule exl[of - ltrv2 A (oo, oo, si, trl, s2, tr2, Eq, svl, sv2, Eq)])
apply (intro conjl)
subgoal by fact subgoal by fact subgoal by fact subgoal by fact
subgoal apply(rule lwalidFromS-ltrvl) using all by auto
subgoal apply(rule lcompletedFrom-ltrvl) using all by auto
subgoal apply(rule lwalidEFromS-ltrv2) using all by auto
subgoal apply(rule lcompletedFrom-ltrv2) using all by auto
subgoal apply(rule IS-ltrvi-ltrl) using all by auto
subgoal apply(rule [S-ltrv2-ltr2) using all by auto
subgoal apply(rule [A-ltrv1-ltrv2) using all by auto
subgoal using 03/ apply— apply(erule contrapos-nn)
apply(rule 1O-ltrv1-ltrv2) using all by auto .
qed

4.4 Compositional unwinding

We allow networks of unwinding relations that unwind into each other, which
offer a compositional alternative to monolithic unwinding.

definition unwindIntoCond ::
(enat = enat = enat = 'stateO = 'stateO = status = 'stateV = 'stateV =
status = bool) =
(enat = enat = enat = 'stateO = 'stateO = status = 'stateV = 'stateV =
status = bool)
= bool
where
unwindIntoCond A A’ =V w wl w2 s1 s2 statA svl sv2 statO.
reachO s1 A reachO s2 A reachV svl A reachV sv2 A
A wwl w2 sl s2 statA svl sv2 statO —
(finalO s1 +— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 <— finalO
s2)
A
(statA = Eq — (isIntO s1 +— isIntO s2))
A
((Fv<w. proact A’ v wl w2 s1 s2 statA svl sv2 statO)
V
match A’ wl w2 s1 s2 statA svl sv2 statO)
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theorem distrib-unwind-Ilrsecure:
assumes m: 0 < m and nat: Ai. ¢ < (m:nat) = nzt i C {0..<m}
and init: initCond (As 0)
and step: \i. i < m =
unwindIntoCond (As ) (Aw w1 w2 s1 s2 statA svl sv2 statO.
3j € nat i. Asjw wl w2 sl s2 statA svl sv2 statO)
shows Irsecure
proof—
define A where D: A = Aw wl w2 s1 s2 statA svl sv2 statO. 3i < m. As i w
wl w2 s1 s2 statA svl sv2 statO
have i: initCond A using init m unfolding initCond-def D by meson
have c¢: unwindCond A unfolding unwindCond-def apply (intro alll impI alll)
apply(subst (asm) D) apply (elim ezE conjE)
subgoal for w wi1 w2 s1 s2 statA svl sv2 statO 1
apply(frule step) unfolding unwindIntoCond-def
apply(erule allE[of - w]) apply(erule allE[of - w1]) apply(erule allE]of -
w2))
apply(erule allE[of - s1]) apply(erule allE[of - s2]) apply(erule allE]of -
statA])
apply (erule allE[of - sv1]) apply(erule allE[of - sv2]) apply(erule allE[of -
statO))
apply simp apply(elim conjFE)
apply(erule disjE)
subgoal apply(rule disjl1)
subgoal apply(elim exE conjE) subgoal for v
apply(rule exI[of - v], simp)
apply (rule proact-mono[of Aw wl w2 s1 s2 statA svl sv2 statO. I jEnzt i.
As jw wl w2 sl s2 statA svl sv2 statO))
subgoal unfolding le-fun-def D by simp (meson atLeastLess Than-iff nxt
subsetD)
subgoal . . ..
subgoal apply(rule disjI2)
apply(rule match-monolof Aw wl w2 s1 s2 statA svl sv2 statO. FjEnat i.
As jw wl w2 sl s2 statA svl sv2 statO))
subgoal unfolding le-fun-def D by simp (meson atLeastLessThan-iff nxt
subsetD)
subgoal . . ..
show ?thesis using unwind-lrsecure[OF i c] .
qed

lemma unwindIntoCond-simplel:

assumes

Aw w1 w2 s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 = reachV svl = reachV sv2 —

A wwl w2 sl s2 statA svl sv2 statO

N

(finalO s1 +— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)
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and

Aw wl w2 s1 s2 statA svl sv2 statO.

reachQ s1 — reachO s2 — reachV svl — reachV sv2 —
A wwl w2 sl s2 statA svl sv2 statO —>

statA = Eq

.

isIntO s1 <— isIntO s2

Aw wl w2 sl s2 statA svl sv2 statO.

reachQ s1 —> reachO s2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO

_—

match A" wl w2 s1 s2 statA svl sv2 statO

shows unwindIntoCond A A’

using assms unfolding unwindIntoCond-def by auto

lemma unwindIntoCond-simplel2:

assumes

Aw w1 w2 s1 s2 statA svl sv2 statO.

reachQ s1 —> reachO s2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO

N

(finalO s1 +— finalO s2) A (finalV svl +— finalO s1) A (finalV sv2 <— finalO
s2)

and

Aw wl w2 s1 s2 statA svl sv2 statO.

reachO s1 —> reachO $2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO —

statA = Eq

BN

isIntO s1 <— isIntO s2
and

Aw wl w2 s1 s2 statA svl sv2 statO.

reachO s1 = reachO s2 — reachV svl — reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO

—

(Fo<w. proact A" v wl w2 sl s2 statA svl sv2 statO)

shows unwindIntoCond A A’

using assms unfolding unwindIntoCond-def by auto

lemma unwindIntoCond-simplelB:

assumes

Aw wl w2 s1 s2 statA svl sv2 statO.

reachO s1 => reachO s2 = reachV svl = reachV sv2 —

A wwl w2 sl s2 statA svl sv2 statO

N

(finalO s1 «+— finalO s2) A (finalV svl <— finalO s1) A (finalV sv2 <— finalO
s2)

and

Nw wl w2 sl s2 statA svl sv2 statO.
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reachO s1 = reachO s2 —> reachV svl —> reachV sv2 —
A wwl w2 sl s2 statA svl sv2 statO —>

statA = Eq

N

isIntO s1 <— isIntO s2
and

Aw w1l w2 s1 s2 statA svl sv2 statO.
reachO s1 = reachO s2 = reachV svl = reachV sv2 —
A w wl w2 sl s2 statA svl sv2 statO
N
(Fv<w. proact A" v wl w2 sl s2 statA svl sv2 statO) V match A" wl w2 sl s2
statA svl sv2 statO
shows unwindIntoCond A A’
using assms unfolding unwindIntoCond-def by auto

definition oor where
oor A Ay = dw wl w2 s1 s2 statA svl sv2 statO.
A w wl w2 sl s2 statA svl sv2 statO V Ag w wl w2 s1 s2 statA svl sv2 statO

lemma oorl1:

A wwl w2 sl s2 statA svl sv2 statO —> oor A Ay w wl w2 s1 s2 statA svl sv2
statO

unfolding oor-def by simp

lemma oorl2:

Ay w wl w2 sl s2 statA svl sv2 statO = oor A Ay w w1l w2 s1 s2 statA svl sv2
statO

unfolding oor-def by simp

definition oor3 where

00r8 A Ay Ag =  w wl w2 sl s2 statA svl sv2 statO.
A wwl w2 sl s2 statA svl sv2 statO vV Ag w wl w2 sl s2 statA svl sv2 statO V
As w wl w2 sl s2 statA svl sv2 statO

lemma oor3I1:

A w wl w2 sl s2 statA svl sv2 statO = o0or8 A Ay A3 w wl w2 sl s2 statA svl
sv2 statO

unfolding oor3-def by simp

lemma oor312:

Ay w wl w2 sl s2 statA svl sv2 statO = oor8 A Ay A3z w wl w2 sl s2 statA
svl sv2 statO

unfolding oor3-def by simp

lemma oor3I3:

Az w wl w2 sl s2 statA svl sv2 statO = oord A Ay Az w wl w2 sl s2 statA
svl sv2 statO
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unfolding oor3-def by simp

definition oor4 where

oord A As Az Ay = dw wl w2 s1 s2 statA svl sv2 statO.
A wwl w2 sl s2 statA svl sv2 statO V Ay w w1l w2 sl s2 statA svl sv2 statO V
As w wl w2 sl s2 statA svl sv2 statO vV Ay w wl w2 sl s2 statA svl sv2 statO

lemma oorjI1:

A w wl w2 sl s2 statA svl sv2 statO = oor4d A Ao A3z Ay w wl w2 sl s2 statA
svl sv2 statO

unfolding oor4-def by simp

lemma oor4I2:

Ag w wl w2 sl s2 statA svl sv2 statO = oord A Ay Az Ay w wl w2 sl s2 statA
svl sv2 statO

unfolding oor4-def by simp

lemma oor4I3:

Az w wl w2 sl s2 statA svl sv2 statO = oord A Ay Az Ay w wl w2 sl s2 statA
svl sv2 statO

unfolding oor4-def by simp

lemma oorjl:
Ay wwl w2 sl s2 statA svl sv2 statO = oord A Ay Az Ay w wl w2 sl s2 statA
svl sv2 statO

unfolding oorj-def by simp

definition oor5 where
oord A Ay Az Ay As = Aw wl w2 sl s2 statA svl sv2 statO.
A wwl w2 sl s2 statA svl sv2 statO vV Ag w wl w2 s1 s2 statA svl sv2 statO V
As w wl w2 sl s2 statA svl sv2 statO V Ay w wl w2 sl s2 statA svl sv2 statO
\Y
As w wl w2 sl s2 statA svl sv2 statO

lemma oor5I1:

A w wl w2 sl s2 statA svl sv2 statO —> oor5 A Ay Az Ay Ay w wl w2 sl s2
statA svl sv2 statO

unfolding oorj-def by simp

lemma oor5I2:

Aoy w wl w2 s1 s2 statA svl sv2 statO — oord A Ao Az Ay Ay w wl w2 s1 s2
statA svl sv2 statO

unfolding oor5-def by simp

lemma oor5I3:

As w wl w2 sl s2 statA svl sv2 statO — oord A Ao Az Ay As w wl w2 s1 s2
statA svl sv2 statO

unfolding oor5-def by simp
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lemma oor5ly:

Ay w wl w2 sl s2 statA svl sv2 statO —> oord A Ay Az Ay Ay w wl w2 s1 s2
statA svl sv2 statO

unfolding oor5-def by simp

lemma oor5l5:

As w wl w2 sl s2 statA svl sv2 statO = oord A Ay Az Ay As w wl w2 sl s2
statA svl sv2 statO

unfolding oor5-def by simp

lemma isIntO-matchl: isintO s1 —> matchl A wl w2 sl s2 statA svl sv2 statO
unfolding matchi-def by auto

lemma isIntO-match?2: isIntO s2 —> match2 A wl w2 sl s2 statA svl sv2 statO
unfolding match2-def by auto

lemma isIntO-match:
assumes <isIntO s1» and <isIntO s2»
and <match12 A wil w2 sl s2 statA svl sv2 statO»
shows (match A wl w2 s1 s2 statA svl sv2 statO»
unfolding match-def apply (intro conjl)
subgoal
using assms(1) by (rule isIntO-matchl)
subgoal
using assms(2) by (rule isIntO-match?2)
subgoal
using assms(3) by assumption

lemma matchl-1-oorll:

matchl-1 A wl w2 s1 s1’ s2 statA svl sv2 statO —

matchl-1 (oor A Ag) wl w2 sl s1' s2 statA svl sv2 statO
apply(rule match1-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi-1-oorl2:

matchl-1 Ny w1 w2 s1 s1’ s2 statA svl sv2 statO =

matchl-1 (oor A Ag) wl w2 sl s1' s2 statA svl sv2 statO
apply(rule match1-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi-oorll:

matchl A wl w2 sl s2 statA svl sv2 statO —

matchl (oor A Ag) wl w2 sl s2 statA svl sv2 statO
apply(rule match1-mono) unfolding le-fun-def oor-def by auto
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lemma matchi1-oorl2:

matchl Ay wl w2 s1 s2 statA svl sv2 statO —>

matchl (oor A Ag) wl w2 s1 s2 statA svl sv2 statO
apply(rule match1-mono) unfolding le-fun-def oor-def by auto

lemma match2-1-oorl1:

match2-1 A wl w2 s1 s2 s2' statA svl sv2 statO —

match2-1 (oor A Ag) wl w2 sl s2 s2' statA svl sv2 statO
apply(rule match2-1-mono) unfolding le-fun-def oor-def by auto

lemma match2-1-oorl2:

match2-1 Ny w1 w2 s1 s2 s2' statA svl sv2 statO =

match2-1 (oor A Ag) wl w2 sl s2 s2' statA svl sv2 statO
apply(rule match2-1-mono) unfolding le-fun-def oor-def by auto

lemma match2-oorl1:

match2 A wl w2 sl s2 statA svl sv2 statO =

match2 (oor A Ag) wl w2 sl s2 statA svl sv2 statO
apply(rule match2-mono) unfolding le-fun-def oor-def by auto

lemma match2-oorl2:

match?2 Ag wl w2 sl s2 statA svl sv2 statO —

match2 (oor A Ag) wl w2 sl s2 statA svl sv2 statO
apply(rule match2-mono) unfolding le-fun-def oor-def by auto

lemma matchl2-oorll:

match12 A wl w2 s1 s2 statA svl sv2 statO =

match12 (oor A Ag) wl w2 sl s2 statA svl sv2 statO
apply(rule match12-mono) unfolding le-fun-def oor-def by auto

lemma matchi2-oorl2:

matchl2 Ag wl w2 sl s2 statA svl sv2 statO —

match12 (oor A Ay) wl w2 sl s2 statA svl sv2 statO
apply(rule match12-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-1-oorl1:

match12-1 A wl w2 s1’ s2' statA’ svl sv2 statO —>

match12-1 (oor A Ag) wl w2 s1’ s2' statA’ svl sv2 statO
apply(rule match12-1-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-1-oorl2:

match12-1 Ay wl w2 s1’ 52’ statA’ svl sv2 statO =

match12-1 (oor A Ag) wl w2 s1’ s2' statA’ svl sv2 statO
apply(rule match12-1-mono) unfolding le-fun-def oor-def by auto
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lemma matchi12-2-oorl1:

match12-2 A wl w2 s2 s2' statA’ svl sv2 statO =

match12-2 (oor A Ay) wl w2 s2 s2’ statA’ svl sv2 statO
apply(rule match12-2-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-2-oorI2:

match12-2 Ao wl w2 s2 s2' statA’ svl sv2 statO —>

match12-2 (oor A Ay) wl w2 s2 s2’ statA’ svl sv2 statO
apply(rule match12-2-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-12-oorll:

match12-12 A wl w2 s1' s2' statA’ svl sv2 statOQ —>

match12-12 (oor A Ay) wl w2 s1' s2' statA’ svl sv2 statO

apply (rule match12-12-mono) unfolding le-fun-def oor-def by auto

lemma matchi12-12-oorl2:

match12-12 Ay wl w2 s1' s2' statA’ svl sv2 statO —>

match12-12 (oor A Ag) wl w2 s1' s2' statA’ svl sv2 statO

apply (rule match12-12-mono) unfolding le-fun-def oor-def by auto

lemma match-oorl1:

match A wl w2 s1 s2 statA svl sv2 statO —

match (oor A As) wl w2 sl s2 statA svl sv2 statO
apply(rule match-mono) unfolding le-fun-def oor-def by auto

lemma match-oorl2:

match Ag wl w2 s1 s2 statA svl sv2 statO —

match (oor A As) wl w2 sl s2 statA svl sv2 statO
apply(rule match-mono) unfolding le-fun-def oor-def by auto

lemma proact-oorli:

proact A w wl w2 sl s2 statA svl sv2 statO —

proact (oor A Ag) w wl w2 s1 s2 statA svl sv2 statO
apply(rule proact-mono) unfolding le-fun-def oor-def by auto

lemma proact-oorl2:

proact As w wl w2 s1 s2 statA svl sv2 statO —

proact (oor A Ag) w wl w2 s1 s2 statA svl sv2 statO
apply(rule proact-mono) unfolding le-fun-def oor-def by auto

lemma move-1-oorl1:

move-1 A w w1l w2 s1 s2 statA svl sv2 statO —>

move-1 (oor A Asg) w wl w2 s1 s2 statA svl sv2 statO
apply(rule move-1-mono) unfolding le-fun-def oor-def by auto
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lemma move-1-o0rl2:

move-1 Ao w wl w2 s1 s2 statA svl sv2 statO —

move-1 (oor A As) w wl w2 s1 s2 statA svl sv2 statO
apply(rule move-1-mono) unfolding le-fun-def oor-def by auto

lemma move-2-oorll:

move-2 A w wl w2 sl s2 statA svl sv2 statO =

move-2 (oor A As) w wl w2 s1 s2 statA svl sv2 statO
apply(rule move-2-mono) unfolding le-fun-def oor-def by auto

lemma move-2-oo0rl2:

move-2 Ao w wl w2 sl s2 statA svl sv2 statO —

move-2 (oor A As) w wl w2 sl s2 statA svl sv2 statO

apply (rule move-2-mono) unfolding le-fun-def oor-def by auto

lemma move-12-oorl1:

move-12 A w wl w2 sl s2 statA svl sv2 statO —

move-12 (oor A Ag) w wl w2 sl s2 statA svl sv2 statO

apply (rule move-12-mono) unfolding le-fun-def oor-def by auto

lemma move-12-oorI2:

move-12 Ag w wl w2 s1 s2 statA svl sv2 statQ —

move-12 (oor A Ag) w wl w2 sl s2 statA svl sv2 statO

apply (rule move-12-mono) unfolding le-fun-def oor-def by auto

end

context Relative-Security-Determ
begin

lemma matchl-1-defD: matchl-1 A wl w2 s1 s1’ s2 statA svl sv2 statO <—

= finalV svl A A oo wl w2 s1’ s2 statd (nextO svl) sv2 statO
unfolding matchl-1-def valid Trans-iff-next by simp

lemma match1-12-defD: match1-12 A wl w2 s1 s1’ s2 statA svl sv2 statO <—
= finalV svl A = finalV sv2 A
A oo wl w2 s1' s2 statA (nextO svl) (nextO sv2) (sstatO’ statO svl sv2)
unfolding matchi-12-def valid Trans-iff-next by simp

lemmas matchi-defsD = matchi-def matchi-1-defD matchi-12-defD

lemma match2-1-defD: match2-1 A wl w2 sl s2 s2' statA svl sv2 statO <—
= finalV sv2 A A oo wl w2 sl s2' statA svl (nextO sv2) statO
unfolding match2-1-def valid Trans-iff-next by simp
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lemma match2-12-defD: match2-12 A wl w2 sl s2 s2’ statA svl sv2 statO <—
= finalV svl A = finalV sv2 A A oo wl w2 sl s2’ statA (nextO svl) (nextO sv2)

(sstatO’ statO svl sv2)

unfolding match2-12-def valid Trans-iff-next by simp

lemmas match2-defsD = match2-def match2-1-defD match2-12-defD

lemma matchi2-1-defD: match12-1 A wl w2 s1’ 2 statA’ svl sv2 statO +—
= finalV svl A A oo wi w2 s1' s2' statA’ (nextO svl) sv2 statO
unfolding matchi2-1-def valid Trans-iff-next by simp

lemma match12-2-defD: match12-2 A wl w2 s1' s2' statA’ svl sv2 statO +—
= finalV sv2 AN A oo wl w2 s1’ s2' statA’ svl (nextO sv2) statO
unfolding matchi2-2-def valid Trans-iff-next by simp

lemma matchl2-12-defD: match12-12 A wl w2 s1' s2’ statA’ svl sv2 statO <—

(let statO’ = sstatO’ statO svl sv2 in

= finalV svl A = finalV sv2 A

(statA’ = Diff — statO’ = Diff) A

A oo wl w2 s1’ s2’ statA’ (nextO svl) (nextO sv2) statO’)
unfolding matchi2-12-def valid Trans-iff-next by simp

lemmas matchi2-defsD = match12-def match12-1-defD match12-2-defD match12-12-defD

lemmas match-deep-defsD = matchl-defsD match2-defsD matchl2-defsD

lemma move-1-defD: move-1 A w wi w2 sl s2 statA svl sv2 statO «—
= finalV sul A A wwl w2 sl s2 statA (nextO svl) sv2 statO
unfolding move-1-def valid Trans-iff-next by simp

lemma move-2-defD: move-2 A w wl w2 s1 s2 statA svl sv2 statO +—
= finalV sv2 AN A w wl w2 sl s2 statA svl (nextO sv2) statO
unfolding move-2-def validTrans-iff-next by simp

lemma move-12-defD: move-12 A w w1 w2 s1 s2 statA svl sv2 statO +—
(let statO' = sstatO’ statO svl sv2 in
= finalV svl A = finalV sv2 A
A wwl w2 s1 s2 statA (nextO svl) (nextO sv2) statO’)

unfolding mowve-12-def valid Trans-iff-next by simp

lemmas proact-defsD = proact-def move-1-defD move-2-defD move-12-defD

end
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