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Abstract

This entry formalizes regularly varying functions. Roughly speak-
ing, a regularly varying function is a function whose behavior at infinity
is similar to that of a power-law function. Regularly varying functions
are typically used in extreme value theory, a branch of statistics. We
formalize the definition of regularly varying functions and standard
results about them, including:

¢ the uniform convergence theorem,
o Karamata’s representation theorem, and

o Karamata’s theorem.
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1 Lemmas

theory Lemmas-Regular-Variation
imports
HOL— Probability. Probability
Standard-Borel-Spaces.StandardBorel
begin

1.1 General Lemmas

lemma image-mono-on-continuous-on-Icc:
fixes [ :: 'a:linear-continuum-topology = 'b :: linorder-topology
assumes ab:a < b and mono:mono-on {a..b} f
and cont:continuous-on {a..b} f
shows f ‘ {a..b} = {f a..f b}
using IVT'[OF - - ab cont] mono-onD[OF mono| by fastforce

lemma image-mono-on-continuous-on-Ic:
fixes [ :: 'a::linear-continuum-topology = 'b :: linorder-topology
assumes mono:mono-on {a..} f
and cont:continuous-on {a..} f
and lim:filterlim f at-top at-top
shows [ ‘{a..} = {fa..}
proof —
have f‘{a.} =f*‘(Ube{a..}. {a..b})
by fastforce
also have ... = (| b€{a..}. f “{a..b})
by blast
also have ... = (Jbe{a..}. {fa..fb})
proof —
have Ab. a < b = f ‘{a..b} = {fa.. fb}
by (intro image-mono-on-continuous-on-Icc mono-on-subset[ OF mono)
continuous-on-subset| OF cont]) auto
thus ?thesis
by fast
qed
also have ... = {fa..}
proof safe
fix y
assume y:fa < y
obtain b where b: a < by < fb
by (metis eventually-at-top-linorder filterlim-at-top lim nle-le)



thus y € (UJbe{a..}. {fa..fb})
using y by fastforce
qged auto
finally show ?thesis .
qed

lemma image-mono-on-continuous-on-I1oo:
fixes f :: 'a::{linear-continuum-topology} = 'b :: linorder-topology
assumes ab:a < b and mono:strict-mono-on {a..b} f
and cont:continuous-on {a..b} f
shows f ‘ {a<..<b} = {fa<..<f b}
proof —
have f ‘ {a<..<b} = f ‘{a..b} — {faq, f]}
apply safe
apply fastforce
apply (metis ab mono atLeastAtMost-iff greater ThanLess Than-iff le-less less-le
strict-mono-on-less)
apply (metis (mono-tags, opaque-lifting) ab mono
atLeastAtMost-iff greaterThanLessThan-iff less-le
monotone-onD order.refl)
apply (metis atLeastAtMost-iff greaterThanLessThan-iff imagel less-le)
done
also have ... = {fa..f b} — {f a, f b}
by (simp add: image-mono-on-continuous-on-Icc
[OF ab strict-mono-on-imp-mono-on|OF mono] cont])
also have ... = {f a<..<f b}
by fastforce
finally show ?thesis .
qed

lemma image-mono-on-continuous-on-loc:
fixes f :: 'a::{linear-continuum-topology} = 'b :: linorder-topology
assumes ab:a < b and mono:strict-mono-on {a..b} f
and cont:continuous-on {a..b} f
shows [ ‘ {a<..b} = {f a<..f b}
proof —
have f ‘ {a<..b} = f *{a..b} — {f a}
apply safe
apply fastforce
apply (metis ab mono atLeastAtMost-iff greaterThanAtMost-iff less-le order.refl
strict-mono-on-eqD)
apply (metis atLeastAtMost-iff greater ThanAtMost-iff image-eql less-le)
done
also have ... = {fa..f b} — {f a}
by (simp add: image-mono-on-continuous-on-Icc
[OF ab strict-mono-on-imp-mono-on|OF mono| cont])
also have ... = {f a<..f b}
by fastforce
finally show ?thesis .



qed

lemma image-mono-on-continuous-on-greater Than:
fixes f :: 'a::{linear-continuum-topology} = 'b :: linorder-topology
assumes mono:strict-mono-on {a..} f
and cont:continuous-on {a..} f
and lim:filterlim f at-top at-top
shows [ ‘ {a<..} = {fa<..}
proof —
have f ‘{a<..} = f “{a..} — {fa}
apply safe
apply fastforce
apply (metis mono atLeast-iff less-le nle-le strict-mono-on-eq)
apply (metis greater Than-iff imagel less-le)
done
also have ... = {fa..} — {f a}
by (simp add: image-mono-on-continuous-on-Ic
[OF strict-mono-on-imp-mono-on[OF mono] cont lim])
also have ... = {f a<..}
by fastforce
finally show ?thesis .
qged

lemma image-antimono-on-continuous-on-Icc:
fixes [ :: 'a::linear-continuum-topology = 'b :: linorder-topology
assumes ab:a < b and mono:antimono-on {a..b} f
and cont:continuous-on {a..b} f
shows [ ‘ {a..b} = {f b..f a}
using [VT2'[OF - - ab cont] monotone-onD[OF mono| by fastforce

lemma image-antimono-on-continuous-on-loc:
fixes f :: 'a::{linear-continuum-topology} = 'b :: linorder-topology
assumes ab:a < b and mono:strict-antimono-on {a..b} f
and cont:continuous-on {a..b} f
shows f ‘ {a<..b} = {f b..<f a}
proof —
have f ‘ {a<..b} = f *{a..b} — {f a}
apply safe
apply fastforce
apply (metis (mono-tags, lifting) assms(1,2) atLeastAtMost-iff
greaterThanAtMost-iff less-le monotone-onD order.refl)
apply (metis atLeastAtMost-iff greaterThanAtMost-iff imagel less-le)
done
also have ... = {fb..fa} — {f a}
using mono
by (subst image-antimono-on-continuous-on-Iec[OF ab - cont])
(auto simp: monotone-on-def le-less)
also have ... = {f b..<f a}
by fastforce



finally show ?thesis .
qed

lemma image-mult-greater ThanLess Than[simp):

fixes c :: real

assumes 0 < ¢

shows (x) ¢ ‘ {a<..<b} = {c * a<..<c * b}
proof —

have (x) ¢ ‘ {a<..<b} = (*) ¢ “ball (b+ a) / 2) (b — a)/ 2)

by (rule arg-cong[where f=image (Az. ¢ x z)])
(simp add: ball-eq-greaterThanLessThan add-divide-distrib[symmetric]
diff-divide-distrib[symmetric])

also have ... = ball (cx (b+a) / 2) (cx(b—a) / 2)
using ball-scale[of ¢ (b 4+ a) / 2 (b — a) / 2] assms by simp
also have ... = {¢ * a<..<c x b}

by (simp add: ball-eq-greater ThanLess Than add-divide-distrib[symmetric)
distrib-left[symmetric] diff-divide-distrib[symmetric| right-diff-distrib[symmetric])
finally show ?thesis .
qed

lemma image-times-atLeastLess Than[simp]:
fixes ¢ :: real
assumes 0 < ¢
shows (x) ¢ ‘{a<..b} = {c * a<..c x b}
proof —
have (x) ¢ ‘{a<..b} = () ¢ ‘ ({a<..<b+1} N {a—1..0})
by (rule arg-cong[where f=image (Az. ¢ % )]) auto

also have ... = (%) ¢ ‘{a<.<b+1} N (%) ¢ ‘{a—1..b}
by (subst image-Int) (use assms in auto)

also have ... = {cx a<.<c* (b+ 1)} N{c* (a — 1)..c x b}
using assms by simp

also have ... = {¢ * a<..c * b}

unfolding set-eq-iff greater ThanLess Than-iff Int-iff atLeastAtMost-iff greaterThanAt-
Most-iff
by (intro alll iffI) (use assms in argo)+
finally show ?thesis .
qed

lemma image-power-Icc-pos:
assumes ( < p
and 0 < aand a < b
shows (Az:real. & powr o) ‘{a..b} = {a powr 0..b powr o}
using assms
by (intro image-mono-on-continuous-on-Icc mono-onl powr-mono2 continuous-on-powr)
auto

lemma image-inverse-power-Icc-pos:
assumes 0 < p
and 0 < aand a < b



shows (Az:real. 1 / z powr o) ‘{a..b} = {1 / b powr o..1 / a powr o}
using assms
by (intro image-antimono-on-continuous-on-Icc monotone-onl divide-left-mono
POWr-Mmono2
continuous-on-divide continuous-on-powr)
auto

lemma image-power-Icc-neg:
assumes 9o < (
and 0 < aand a < b
shows (Az:real. z powr 9) ‘{a..b} = {b powr g..a powr o}
using assms
by (intro image-antimono-on-continuous-on-Icc monotone-onl powr-mono2’ con-
tinuous-on-powr)
auto

lemma image-inverse-power-Icc-neg:
assumes g < 0
and 0 < aand a < b
shows (Az:real. 1 / z powr o) ‘{a..b} = {1 / a powr o..1 / b powr o}
using assms
by (intro image-mono-on-continuous-on-Icc continuous-on-divide
divide-left-mono mono-onl powr-mono2’ continuous-on-powr)
auto

lemma image-times-atLeastLess Than'[simp):
fixes c :: real
assumes ( < ¢
shows (Az. z % ¢) ‘{a<..b} = {c x a<..c * b}
using assms by(simp add: mult.commute|of - ¢])

lemma bounded-times-comp:
fixes f ¢g::'a = 'b::real-normed-field
assumes bounded (f * S)
and bounded (g ¢ S)
shows bounded ((Ax. fz * gx) *9)
proof —
obtain ¢ b where A\z. z € S = norm (fz) < a Az. x € S = norm (g z) <
b
Ne.ze S = 0<a
using assms by (metis bounded-pos less-eg-real-def rev-image-eql)
thus ?thesis
by (auto simp: bounded-iff norm-mult introl: exl[where z=a * b] mult-mono)
qed

lemma antimono-on-iff-uminus-mono-on:
fixes f :: - = - :: ordered-ab-group-add
shows antimono-on A f «— mono-on A (\z. —f x)
by (auto simp: monotone-on-def)



lemma filterlim-Pair-component:

LIMzF.fx:>G= LIMzH.gz:>1= LIM (z,y) FF xp H. (fz, gy) :>
G X g 1

by (metis filterlim-def filtermap-prod-filter map-prod-def prod-filter-mono)

lemma eventually-eventually-prod-filter-principall :
eventually P (F X p principal A) «—— eventually (A\z. VyeA. P (z, y)) F
proof
assume Vg zin F. VyeA. P (z, y)
show eventually P (F X g principal A)
unfolding eventually-prod-filter
by(intro exI[where z=Az. VycA. P (z, y)] exI[where z=\y. y € A])
(use b in auto simp: eventually-principal)
qed(auto dest: eventually-eventually-prod-filter! simp: eventually-principal)

lemma eventually-eventually-prod-filter-principal?2:
eventually P (principal A xp G) «—— eventually (\y. Vz€A. P (z, y)) G
proof
assume Vg yin G.Vz€A. P (z, y)
show eventually P (principal A xp G)
unfolding eventually-prod-filter
by(intro exI[where x=MAy. Vz€A. P (z, y)] exI[where z=\z. z € A])
(use b in auto simp: eventually-principal)
qed(auto dest: eventually-eventually-prod-filter2 simp: eventually-principal)

lemma prod-filter-distrib-right:
FXF(GHH):FXF GUF xp H
proof(rule filter-eql)
fix P
show eventually P (F xp (G U H)) =
eventually P (F xp G U F xp H)
proof
assume eventually P (F' xp (G U H))
then obtain Pf Pg where eventually Pf F eventually Pg G eventually Pg H
Vzy Pfze — Pgy — P (z,y)
by (auto simp: eventually-prod-filter eventually-sup)
thus eventually P (F xp G U F xp H)
by (auto simp: eventually-sup eventually-prod-filter)
next
assume eventually P (F Xp G U F xXp H)
then obtain Pf Pg Pf’ Ph where h:
eventually Pf F eventually Pg GV z y. Pfz — Pgy — P (z, y)
eventually Pf' F eventually Ph HVx y. Pf'x — Phy — P (z, y)
by (auto simp: eventually-sup eventually-prod-filter)
thus eventually P (F xp (G U H))
unfolding eventually-prod-filter
by (intro exI[where z=Az. Pf x A Pf’ z] exl[where z=\y. Pg y V Ph y])



(auto simp: eventually-sup eventually-conj eventually-mono)
qed
qed

lemma suminf-const-infinity:
fixes a :: ennreal
assumes a:0 < a
shows (3 n.a) =T
proof —
have x:(|Jn. {real-of-int (from-nat-into UNIV n)..<real-of-int (from-nat-into
UNIV n + 1)})
= UNIV
proof safe
fix z :: real
have 3 n. real-of-int (from-nat-into UNIV n) < z
A z < real-of-int (from-nat-into UNIV n + 1)
by (metis UNIV-I countablel-type floor-correct from-nat-into-to-nat-on)
thm from-nat-into-to-nat-on
thus z € (| n. {real-of-int (from-nat-into UNIV n)..<real-of-int (from-nat-into
UNIVn + 1)})
by auto
qed auto
have xx:disjoint-family
(An. {real-of-int (from-nat-into UNIV n)..<real-of-int (from-nat-into
UNIVn + 1)})
proof —
have An m. n # m = from-nat-into UNIV n # (from-nat-into UNIV m ::
int)
by simp
thus ?thesis
unfolding disjoint-family-on-def
by (metis Int-emptyl atLeastLess Than-iff floor-exists1)
qed
have (> n. a) = O n.
(|t z€{real-of-int (from-nat-into UNIV n)..<real-of-int (from-nat-into
UNIVn + 1)}
a Olborel))
by (auto introl: suminf-cong simp: nn-integral-cmult-indicator)
also have ... = ([ * ze{Jn.
{real-of-int (from-nat-into UNIV n)..<real-of-int (from-nat-into UNIV n
+ 1)}
a Olborel)
by (rule nn-integral-disjoint-family[symmetric])
(use *x in auto)
also have ... = ([T 2€ UNIV. a Olborel)
unfolding * by fastforce
also have ([T z€UNIV. a dlborel) = a * emeasure lborel UNIV
by (simp add: nn-integral-cmult-indicator)
also have ... = T



using a by force
finally show ?thesis
by simp
qed

1.2 Limit

lemma tendsto-sandwich-mult-const:
fixes c :: real
assumes ev: Ne:real. 0 < e = eventually (An. fe<gn/cANgn/c<he)
net
and limf:(f —— 1) (at-right 0) and limh:(h —— 1) (at-right 0)
shows (¢ —— ¢) net
proof —
have (An. gn / ¢) —— 1) net
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e:() < e
obtain a where a-pos:0 < aand a:A\a’. 0 < o' = o' < a = |fa'— 1| <e
using limf e unfolding tendsto-iff eventually-at-right| OF e]
by (auto simp: dist-real-def)
obtain b where b-pos:0 < band bAbV. 0 < b = b <b=|hbd' — 1| <e
using limh e unfolding tendsto-iff eventually-at-right] OF e]
by (auto simp: dist-real-def)
show Vpxzinnel. |gz/c— 1] <e
proof (safe introl: eventually-mono[OF ev[of min a b / 2]])
fix z
assume lel:f (mina b/ 2) < gz /¢
and le2:gz / ¢ < h (minab / 2)
have 1 —e< f(minab/ 2)
using a[of min a b / 2] a-pos b-pos by argo
also have ... < gz /¢
by fact
finally have x:1 —e< gz / c.
have gz / ¢ < h (mina b/ 2)
by fact
also have ... < e+ I
using blof min a b / 2] a-pos b-pos by argo
finally show |[gz / ¢ — I| < e
using * by auto
qed(use a-pos b-pos in argo)
qed
from asymp-equivl '[OF this)
show ?thesis
by (auto simp: asymp-equivD-const)
qed

lemma asymp-equiv-Limsup-cong-ereal:



assumes equiv:f ~[F] g
and nonnegl:Np zin F. 0 < fx
and nonneg2Vpzin F. 0 < gz
shows Limsup F (Ax. ereal (f )) = Limsup F (Ax. ereal (g z))
proof(cases F = 1)
assume F:F # |
have *:Limsup F (Az. ereal (f z)) < Limsup F (Az. ereal (g z))
if equiv:f ~[F] g
and nonnegl:Np zin F. 0 < fx
and nonneg2Vp zin F. 0 < gz for fg
proof —
have Limsup1:0 < Limsup F (Az. ereal (f z))
by (auto introl: le-Limsup nonnegl F')
have Limsup2:0 < Limsup F (Az. ereal (g z))
by (auto introl: le-Limsup nonneg2 F)
have le:Limsup F (Az. ereal (f z))
< ereal ¢ x Limsup F (Az. ereal (g z)) if ¢:1 < ¢ for ¢ :: real
proof —
have Limsup F (Az. ereal (f )) < Limsup F (Az. ereal ¢ x ereal (g z))
by (intro Limsup-mono eventually-mono[OF
eventually-conj[OF eventually-conj| OF nonnegl nonneg2]
asymp-equiv-imp-eventually-le[OF equiv c]]])
auto
also have ... = ereal ¢ * Limsup F (Az. ereal (g x))
by (subst Limsup-ereal-mult-left) (use F ¢ in auto)
finally show ?thesis .
qed
have *:((Ac. ereal ¢ x Limsup F (Az. ereal (g x)))
—— Limsup F (Az. ereal (g x))) (at-right 1)
proof —
have ((Ac. ereal ¢) —— ereal 1) (at-right 1)
by simp
from tendsto-mult-ereal[ OF this tendsto-const[of Limsup F (Az. ereal (g ))]]
show ?thesis
by simp
qed
show ?thesis
using le
by (intro tendsto-lowerbound|OF ] eventually-at-rightl[where b=2]) auto
qed
show ?thesis
by (intro antisym * assms asymp-equiv-syml)
qed simp

lemma asymp-equiv-Liminf-cong-ereal:
assumes equiv:f ~[F] g
and nonnegl:Np zin F. 0 < fx
and nonneg2Vp zin F. 0 < gz
shows Liminf F (Az. ereal (f z)) = Liminf F (Az. ereal (g ))
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proof(cases F = 1)
assume F:F # |
have x:Liminf F' (\z. ereal (f z)) < Liminf F' (A\z. ereal (g z))
if equiv:f ~[F] g
and nonnegl:Np zin F. 0 < fx
and nonneg2Vp zin F. 0 < gz for fg
proof —
have le:Liminf F (Az. ereal (f z))
< ereal ¢ x Liminf F (Ax. ereal (g x)) if ¢:1 < ¢ for ¢ :: real
proof —
have Liminf F (A\z. ereal (f z)) < Liminf F (Az. ereal ¢ x ereal (g 1))
by (intro Liminf-mono eventually-mono[OF
eventually-conj| OF eventually-conj|OF nonnegl nonneg2]
asymp-equiv-imp-eventually-le] OF equiv cl]])
auto
also have ... = ereal ¢ * Liminf F (Az. ereal (g ))
by (subst Liminf-ereal-mult-left) (use F ¢ in auto)
finally show ?thesis .
qed
have «:((Ac. ereal ¢ x Liminf F (Axz. ereal (g x)))
—— Liminf F (A\x. ereal (g x))) (at-right 1)
proof —
have ((Ac. ereal ¢) —— ereal 1) (at-right 1)
by simp
from tendsto-mult-ereal| OF this tendsto-const|of Liminf F (Az. ereal (g z))]]
show ?Zthesis
by simp
qed
show ?thesis
using le
by (intro tendsto-lowerbound[OF x| eventually-at-rightl [where b=2]) auto
qed
show ?thesis
by (intro antisym * assms asymp-equiv-syml)
qed simp

lemma tendsto-at-topl-sequentially-real’:
fixes f :: real = real
assumes mono: mono-on {K..} f
and limseq: (An. f (real n)) —— y
shows (f —— y) at-top
proof —
have mono2:mono (A\z. if < K then f K else f x)
using mono-onD[OF mono] by (auto introl: monol)
obtain N where K < real N
using reals-Archimedean? by blast
hence (An. (Az. if < K then f K else fz) (real n)) —— y
by (auto introl: tendsto-cong| THEN iffD1,0F - limseq]
eventually-at-top-linorderI[where c=N])

11



hence lim:((Az. if < K then f K else f £) —— y) at-top
by (auto introl: tendsto-at-topl-sequentially-real mono2)
show ?thesis
by (auto introl: tendsto-cong| THEN iffD1,0F - lim)]
eventually-at-top-linorderI[where c=K])
qed

lemma mono-convergent-real-le:
fixes f :: real = real
assumes mono:mono-on {K..} f
and leA\r. K <r= fr <A
shows 3. (f —— 1) at-top AN Vr>K. fr <)
proof —
have inc: incseq (An. f (K + real n))
by (auto introl: monol mono-onD[OF monol)
obtain L where L:(An. f (K + real n)) —— L N\i. f (K + real i) < L
using incseq-convergent| OF inc,of A] le by auto
hence ((Ar. f (K + r)) —— L) at-top
using mono-onD[OF mono]
by (auto introl: tendsto-at-topl-sequentially-real’lof 0 Ar. f (K + )]
mono-onl)
moreover have LIM r at-top. r — K :> at-top
using filterlim-tendsto-add-at-top-iff[where f=Az. — K ,THEN iffD2]
filterlim-ident by auto
ultimately have 1:(f —— L) at-top
using filterlim-compose[of Ar. f (K + r) nhds L at-top Ar. —K + r at-top]
by simp
moreover have fr < L if mnK < r for r
proof(rule ccontr)
assume - fr < L
hence V i z in at-top. fz < fr
using order-topology-class.order-tendstoD[OF 1] by simp
moreover have V z in at-top. fr < fux
using mono-onD|[OF mono,of r| v
by (auto intro!: eventually-at-top-linorderI[where c=r])
ultimately show Fualse
unfolding eventually-at-top-linorder
by (metis nle-le not-less)
qed
ultimately show ?thesis
by blast
qged

lemma mono-convergent-real-less:
fixes f :: real = real
assumes mono:mono-on {K<..} f
and less\r. K <r= fr <A
shows 3. (f —— 1) at-top AN Vr>K. fr <)
proof —

12



have 3. (f —— 1) at-top N (Vr>K + 1. fr <)
by (auto introl: mono-convergent-real-le less mono-onl mono-onD]OF mono))
then obtain L where L:(f —— L) at-top
by blast
have 0 < e = 3. (f —— 1) at-top A (Vr>K+e. fr <) for e :: real
by (auto introl: mono-convergent-real-le less mono-onl mono-onD[OF monol)
then obtain [ where ["“Ae. 0 < e = (f —— le) at-top AN (Vr>K+e. fr <
le)
by metis
hence Ae. 0 <e=le=1L
by (auto introl: tendsto-unique[OF - - L))
hence lAer. 0 <e= K+ e<r= fr<L
using !’ by fast
hence A\r. K <r = fr <L
by (metis not-le field-le-epsilon nle-le)
with L show ?%thesis by blast
qed

lemma at-top-real-iff-all-sequentially:
fixes f :: real = 'b :: topological-space
shows (f —— 1) at-top
—— (Va. filterlim a at-top sequentially — incseq a
S O (f (a ) —— )
proof
assume h:Va. filterlim a at-top sequentially — (incseq a) — (An. f (a n))
-
show (f —— 1) at-top
proof (rule ccontr)
assume c:— (f —— 1) at-top
then obtain S where S:open S1 € SAR.3r > R. fr ¢ S
by (fastforce simp: tendsto-def eventually-at-top-linorder)
define a where a = rec-nat (SOME r.r > 0 A fr ¢ 5)
(An an. SOME r. r > maz an (real (Suc n)) A fr ¢ S)
have a-inc:incseq a
proof (rule incseq-Sucl)
fix n
have aSn:a (Suc n) = (SOME r. r > maz (a n) (real (Suc n)) A fr ¢ 5)
by (simp add: a-def)
obtain r where r:r > maz (an + 1) (Suc (Sucn)) fr ¢S
using S by blast
show a n < a (Suc n)
unfolding aSn
by (rule somel2|where a=r]) (use r in auto)
qed
have a-ge-n:an > real n A f (an) ¢ S for n
proof (cases n)
case ()
obtain r where r:ir > 0 fr ¢ S
using S by blast
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show ?thesis
unfolding a-def 0 nat.rec
by (rule somel2[where a=r]) (use r in auto)
next
case n':(Suc n’)
then have aSn”a (Suc n’) = (SOME r. r > maxz (a n') (real (Suc n’)) A f
r¢S)
by(simp add: a-def)
obtain r where r:r > maz (a n’ + 1) (Suc (Suc n’)) fr ¢S
using S by blast
show ?thesis
unfolding n’ aSn’
by (rule somel2|where a=r]) (use r in auto)
qed
hence a-ge-n:a n > real n and fan-nin-S:f (a n) ¢ S for n
by auto
hence filterlim a at-top sequentially
unfolding filterlim-at-top
by (metis order.trans eventually-sequentially of-nat-mono real-arch-simple)
hence (An. f (a n)) —— 1
using h a-inc by simp
thus Fulse
using S fan-nin-S
by (meson lim-explicit order.refl)
qed
qed(use filterlim-compose in blast)
lemma at-top-real-iff-all-sequentially’:
fixes f :: real = 'b :: topological-space
shows (f —— 1) at-top
—— (Ya. filterlim a at-top sequentially — (Vn. an > K)
— incseqg a — (An. (f (an))) —— 1)
unfolding at-top-real-iff-all-sequentially
proof safe
fix a :: nat = real
assume h:V a. filterlim a at-top sequentially — (¥ n. K < a n)
— incseq a— (An. f (a n)) —— |
and a:filterlim a at-top sequentially incseq a
then obtain N where N:An.n > N = an > K
by (metis eventually-at-top-linorder filterlim-at-top)
have a’:filterlim (An. a (n + N)) at-top sequentially incseq (An. a (n + N))
using a filterlim-compose| OF - filterlim-add-const-nat-at-top)
by (auto simp: incseg-Suc-iff)
show (An. f (an)) —— 1
by (rule LIMSEQ-offset[where k=N]) (use h N a’ in fastforce)
qed simp

1.3 Integrals on Sets

lemma set-borel-measurable-iff-restrict-space:
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fixes [ :: 'a = 'b::real-normed-vector

assumes [measurable]:A € sets M

shows set-borel-measurable M A f «—— f € borel-measurable (restrict-space M A)
by (simp add: borel-measurable-restrict-space-iff set-borel-measurable-def)

lemma set-borel-measurable-add:
fixes f :: - = - :: {second-countable-topology, topological-monoid-add, real-vector}
assumes set-borel-measurable M A f
and set-borel-measurable M A g
shows set-borel-measurable M A (A\x. fz + g )
using assms by (simp add: set-borel-measurable-def scaleR-add-right)

lemma set-borel-measurable-scaleR:
fixes g :: - = - i {second-countable-topology, real-normed-vector}
assumes set-borel-measurable M A f
and set-borel-measurable M A g
shows set-borel-measurable M A (Az. fz *r g x)
proof —
have *:(Az. indicat-real A © *p fx *r g x)
= (Az. (indicat-real A = * f ) *p (indicat-real A x g g T))
by (auto simp: indicator-def)
show ?thesis
unfolding set-borel-measurable-def *
by (rule borel-measurable-scaleR) (use assms in auto simp: set-borel-measurable-def)
qed

lemma set-borel-measurable-times:
fixes [ :: 'a = 'b::{second-countable-topology, real-normed-algebra}
assumes set-borel-measurable M A f
and set-borel-measurable M A g
shows set-borel-measurable M A (A\z. fx * g )
proof —
have x:(Az. indicat-real A z xg (fz x g x))
= (A\z. (indicat-real A © xg f ) * (indicat-real A z xp g x))
by (auto simp: indicator-def)
show ?thesis
unfolding set-borel-measurable-def *
by (rule borel-measurable-times) (use assms in auto simp: set-borel-measurable-def)
qed

lemma set-borel-measurable-restrict-space-iff:

fixes f :: 'a = 'b::real-normed-vector

assumes [measurable]:A € sets M

shows set-borel-measurable (restrict-space M A) A f «—— set-borel-measurable M
Af
proof

assume set-borel-measurable (restrict-space M A) A f

moreover have (\z. indicat-real A © g f x)

= (Az. if x € A then indicat-real A z *p fx else 0)
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by auto
ultimately show set-borel-measurable M A f
by (auto simp: set-borel-measurable-def measurable-restrict-space-iff [symmetric])
qed(auto simp: set-borel-measurable-def measurable-restrict-spacel)

lemma set-borel-measurable-comp”:
fixes [ :: 'a = 'b::real-normed-vector
assumes [measurable]: A € sets M
and set-borel-measurable N (g < A) f
and [measurable]: g € measurable M N
shows set-borel-measurable M A (A\z. f (g ))
proof —
have z € space (restrict-space M A) =
f (g z) = ((Mz. indicat-real (g * A) z *r (fz)) o g) = for z
by simp
moreover have ... € borel-measurable (restrict-space M A)
by (rule measurable-comp[where N=N])
(use assms in auto simp: measurable-restrict-spacel set-borel-measurable-def)
ultimately show ?thesis
by (simp del: comp-apply space-restrict-space2
add: set-borel-measurable-iff-restrict-space
cong: measurable-cong)
qed

lemma set-borel-measurable-comp:
fixes f :: - = - :real-normed-vector and g :: - = -::real-vector
assumes [measurable]: A € sets M
and set-borel-measurable borel (g * A) f
and set-borel-measurable M A g
shows set-borel-measurable M A (Az. f (g x))
proof —
have z € space (restrict-space M A)
f(gz) = (()\:r indicat-real (g * A) z xg (f x))
o (Az. indicat-real A z xg (g z))) = for
by simp
moreover have ... € borel-measurable (restrict-space M A)
by (rule measurable-comp|where N=restrict-space borel (g < A)])
(use assms in auto simp: set-borel-measurable-def
measurable-restrict-space2-iff measurable-restrict-spacel )
ultimately show ?thesis
by (simp del: comp-apply space-restrict-space2
add: set-borel-measurable-iff-restrict-space
cong: measurable-cong)
qed

lemma set-integrable-set-borel-measurable:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes set-integrable M S f
shows set-borel-measurable M S f
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using assms integrable-iff-bounded set-borel-measurable-def set-integrable-def
by blast

lemma set-integrable-uminus:
fixes f :: 'a = 'b::{banach, second-countable-topology}
shows set-integrable M S (Az. — f z) «— set-integrable M S f
by (auto simp: set-integrable-def)

lemma set-integrable-const:
fixes a :: 'b::{banach, second-countable-topology}
assumes emeasure M S < T S € sets M
shows set-integrable M S (Az. a)
using assms by (auto simp: set-integrable-def)

lemma set-integrable-zero[simp): set-integrable M S (Az. 0)
by (auto simp: set-integrable-def)

lemma set-integral-cong:
assumes \z. 2 € A = fz=gux
shows ([z€A. fz OM) = ([ z€A. gz OM)
unfolding set-lebesgue-integral-def
by (auto introl: Bochner-Integration.integral-cong assms simp: indicator-def)

lemma set-integrable-bounded:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes set-borel-measurable M S f
and S:emeasure M S < T S € sets M
and leAz. . € S = norm (fz) < K
shows set-integrable M S f
unfolding set-integrable-def integrable-iff-bounded
proof
have ([ z. ennreal (norm (indicat-real S z g f x)) OM)
< ([T z. ennreal (norm (indicat-real S © xp K)) OM)
using assms by (fastforce introl: nn-integral-mono simp: indicator-def)
also have ... = ([ Tz€S. ennreal K OM)
using order.trans| OF norm-ge-zero le]
by (auto introl: nn-integral-cong ennreal-inj| THEN iffD2] simp: indicator-def)
also have ... <
using S ennreal-less-top ennreal-mult-less-top
by (simp add: nn-integral-cmult-indicator)
finally show ([ T z. ennreal (norm (indicat-real S x g fz)) OM) < oo .
qed(use assms in simp add: set-borel-measurable-def)

lemma set-integral-subset-AE:
fixes f :: - = real
assumes integ:set-integrable M B f
and AB:A € sets M A C B
and nonneg:AEz€ B — Ain M. 0 < fx
shows ([ z€A. fz OM) < ([ z€B. fz OM)
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using set-integrable-subset| OF integ AB] assms

unfolding set-lebesgue-integral-def set-integrable-def

by (intro Bochner-Integration.integral-mono-AFE eventually-mono[ OF nonneg))
(auto simp: indicator-def)

lemma set-integral-subset:
fixes f :: - = real
assumes integ:set-integrable M B f
and AB:A € sets M AC B
and nonneg:\z. 26¢ B— A= 0 < fz
shows ([ z€A. fz OM) < ([ z€B. fz OM)

by (auto intro!: set-integral-subset-AE assms)

lemma set-integral-empty[simp):( [ z€{}. fz OM) = 0
by (simp add: set-lebesgue-integral-def)

lemma set-integral-null-sets:
assumes N € null-sets M
shows ([zeN. fz OM) = 0
by (auto simp: set-lebesgque-integral-def indicator-def
introl: integral-eq-zero-AE AE-I'[OF assms))

corollary LBINT-singleton|simpl:([ z€{a}. f z dlborel) = 0
by (auto introl: set-integral-null-sets)

lemma not-set-integrable-integral-eq:
assumes - set-integrable M A f
shows ([z€A. fz OM) = 0
using assms
by (simp add: set-integrable-def set-lebesgue-integral-def not-integrable-integral-eq)

The following is more general than set-integrable lborel {7z} ?f.

lemma set-borel-integrable-singleton’[simp]: set-integrable lborel {a} f
unfolding set-integrable-def
by (rule integrable-cong-AE|where f=Az. 0,THEN iffD1
,OF - measurable-conglwhere f=MAz. if x = a then f a else 0, THEN iffD1]])
(auto introl: AE-I'lwhere N={a}])

lemma set-integrable-Ioc-eq-Icc:
fixes a :: - :: linorder-topology
fixes [ :: - = - :: {banach, second-countable-topology}
shows set-integrable lborel {a<..b} f «— set-integrable lborel {a..b} f
proof
assume set-integrable lborel {a<..b} f
from set-integrable-Un[OF set-borel-integrable-singleton'|of a f] this]
have x:set-integrable lborel ({a} U {a<..b}) f
by simp
show set-integrable lborel {a..b} f
by (auto introl: set-integrable-subset| OF *])
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next
assume x:set-integrable lborel {a..b} f
show set-integrable lborel {a<..b} f
by (auto introl: set-integrable-subset| OF *])
qed

lemma LBINT-Ioc-eq-Icc:
fixes f :: - :: linorder-topology = - :: {banach, second-countable-topology}
shows f:r:e{a< b}. fx dlborel) = ([ z€{a..b}. fx dlborel)
proof(cases set-integrable lborel {a< b fAa<D)
assume [simp]:set-integrable lborel {a< b} fAa<b
have ([ ze{a<..b}. f z Olborel) = ([ ze{a<..b}. f z Olborel) + ([ zef{a}. fz
Olborel)

by simp

also have ... = ([ ze{a<..b} U {a}. fz dlborel)
by (subst set-integral-Un) auto

also have ... = ([ z€{a..b}. f z Olborel)

by (auto intro!: arg-conglwhere f=AB. ([ z€B. f z dlborel)])
finally show ?thesis .
qed (auto simp: set-integrable-Ioc-eq-Icc not-set-integrable-integral-eq)

lemma set-integrable-atLeast-eq:
fixes a :: - :: linorder-topology
fixes f :: - = - :: {banach, second-countable-topology}
shows set-integrable lborel {a<..} f «— set-integrable lborel {a..} f
proof
assume set-integrable lborel {a<..} f
from set-integrable-Un[OF set-borel-integrable-singleton’[of a f] this|
have x:set-integrable lborel ({a} U {a<..}) f
by simp
show set-integrable lborel {a..} f
by (auto introl: set-integrable-subset| OF *])
next
assume x:set-integrable lborel {a..} f
show set-integrable lborel {a<..} f
by (auto introl: set-integrable-subset| OF *])
qed

lemma set-integral-atLeast-eq:
fixes f :: real = - :: {banach, second-countable-topology}
shows ([ z€{a<..}. fz dlborel) = ([ z€{a..}. f z Olborel)
proof (cases set-integrable lborel {a<..} f)
assume [simp]:set-integrable lborel {a<..} f
have ([ z€{a<..}. fz Olborel) = ([ z€{a<..}. fz Dlborel) + ([ z€{a}. fz lborel)
by simp
also have ... = ([ z€{a<..} U {a}. f z Olborel)
by (subst set-integral-Un) auto
also have ... = ([ ze{a..}. f z Dlborel)
by (auto introl: arg-conglwhere f=AB. ([ z€B. f x dlborel)])
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finally show ?thesis .
qed (auto simp: set-integrable-atLeast-eq not-set-integrable-integral-eq)

lemma set—nn-integml-atLeast-eq:
fixes a :: - :: linorder-topology
shows ( f+:r€{a< }. fa Olborel) = ([ tze{a..}. fx dlborel)
apply(safe intro!: nn-integral-cong- AE AFE-I'[where N={a}])
apply (simp add: countable-imp-null-set-lborel)
apply (metis atLeast-iff greaterThan-iff indicator-simps order-less-le)
done

lemma set-integrable-atMost-eq:
fixes b :: - :: linorder-topology
fixes f :: - = - :: {banach, second-countable-topology}
shows set-integrable lborel {..<b} f «—— set-integrable lborel {..b} f
proof
assume set-integrable lborel {..<b} f
from set-integrable-Un[OF set-borel-integrable-singleton’[of b f] this]
have x:set-integrable lborel ({b} U {..<b}) f
by simp
show set-integrable lborel {..b} f
by (auto introl: set-integrable-subset| OF x])
next
assume x:set-integrable lborel {..b} f
then show set-integrable lborel {..<b} f
by (rule set-integrable-subset) auto
qged

lemma set—mtegml—atMost—eq:
fixes f :: real = - :: {banach, second-countable-topology}
shows ([ z€{. <b} [z Olborel) = ([ z€{..b}. fz Olborel)
proof(cases set-integrable lborel { <b} f)
assume [simp):set-integrable lborel {..<b} f
have ([ ze{..<b}. fz dlborel) = ([ z€{..<b}. fz dlborel) + ([ z€{b}. fz dlborel)
by simp
also have ... = ([ ze{..<b} U {b}. f z Olborel)
by (subst set-integral-Un) auto
also have ... = ([ ze{..b}. f z Olborel)
by (auto intro!: arg-conglwhere f=AB. ([ z€B. f z dlborel)])
finally show ?thesis .
qed (auto simp: set-integrable-atMost-eq not-set-integrable-integral-eq)

lemma set—nn—integml—atMost—eq:
fixes b : : linorder-topology
shows f*ace{ .<b}. fx dlborel) = ([ Txe{..b}. fx Dlborel)
apply(safe introl: nn- mtegml-cong AE AE-I'lwhere N={b}])
apply (simp add: countable-imp-null-set-lborel)
apply (metis atMost-iff indicator-simps less Than-iff less-le)
done
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lemma AE-False-iff-Fualse:
assumes 0 < emeasure M A
shows (AE z€A in M. Fulse) «— False
proof
assume AFE x€A in M. False
thus Fulse
using AE-iff-null-sets assms emeasure-notin-sets less-irrefl null-setsD1
by metis
qed simp

lemma nn-integral-less’”:
assumes [measurable]: f € borel-measurable M g € borel-measurable M
assumes f: ([ Tz. fz OM) # oo
and ordl: AEz € AinM. fr < gzrand ord2:2AEzin M. fx < gx
and pos:0 < emeasure M A
shows ([ Tz. fo OM) < ([ Tz. gz OM)
proof(rule nn-integral-less)
have A:A € sets M
using pos emeasure-notin-sets by fastforce
show = (AEzin M. gz < fx)
proof
assume hW:AEzin M. gz < fx
have AFE z€A in M. False
by (rule eventually-mono[OF eventually-conj|OF h ord1]]) auto
thus Fulse
using pos AE-False-iff-False by blast
qed
qed(use assms in auto)

lemma set-nn-integral-less’:

fixes f :: - = ennreal

assumes (Az. f x * indicator A x) € borel-measurable M
and (Az. g = * indicator A z) € borel-measurable M
and A € sets M
and BC A
and leeAFE zeBin M. fr < gz AEz€Ain M. fz < gx
and ([ tzeA. fz OM) # o
and 0 < emeasure M B

shows ([ Tz€A. fz OM) < ([ Tz€A. gz OM)

using assms

by (intro nn-integral-less’[where A=B] eventually-mono[OF AE-conjI[OF le]])
(auto simp: indicator-def)

lemma set-nn-integral-less:
fixes f :: - = ennreal
assumes (Az. f x x indicator A x) € borel-measurable M
and (Az. g = x indicator A x) € borel-measurable M
and AEz€cAinM. fz <gzx
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and ([ tzeA. fz OM) # o

and 0 < emeasure M A
shows ([ Tz€A. fz OM) < ([ Tz€A. gz OM)
using emeasure-neq-0-sets[of M A] assms
by (auto introl: set-nn-integral-less’lof f A M g A])

lemma set-nn-integral-zero-less:
assumes [measurable]:(Az. g z * indicator A z) € borel-measurable M
and pos:tAE z€Ain M. 0 < gx
and meas:0 < emeasure M A
shows 0 < ([ Tz€A. gz OM)
using set-nn-integral-lessfwhere f=Mz. 0 and g=¢ and A=A]| assms
by fastforce

lemma set-integral-zero-less:
fixes f :: - = real
assumes integ:set-integrable M A f
and leAE z€Ain M. 0 < fz
and meas:0 < emeasure M A
shows 0 < ([z€A. fz OM)
proof —
have x:enn2real ([ Tz€A. ennreal (f z) OM) = ([ z€A. fz OM)
proof —
have enn2real ([ Tz€A. ennreal (f z) OM)
= enn2real ([ Tz. ennreal (indicator A z = fz) OM)
by (auto introl: arg-conglwhere f=enn2real] nn-integral-cong simp: indica-
tor-def)
also have ... = enn2real (ennreal ([ z. indicator A z * fz OM))
using inteqg le
by (subst nn-integral-eg-integral) (auto simp: set-integrable-def)
also have ... = ([z€A. fz OM)
using le
by (subst enn2real-ennreal)
(auto simp: set-lebesque-integral-def introl: integral-nonneg-AFE)
finally show ?thesis .
qed
have [measurable]:(Az. ennreal (f z) * indicator A x) € borel-measurable M
by (smt (verit, ccfu-threshold) integ mult.commute indicator-mult-ennreal
integrable-iff-bounded measurable-compose measurable-cong measurable-ennreal
real-scaleR-def set-integrable-def)
have 0 < ([ Tz€A. ennreal (f z) OM)
using assms
by (auto introl: set-nn-integral-zero-less simp: set-integrable-def)
hence 0 < enn2real ([ Tz€A. ennreal (f ) OM)
unfolding enn2real-positive-iff
by (smt (verit, best) integ ennreal-0 ennreal-less-zero-iff ennreal-mult-top
ennreal-zero-less-mult-iff indicator-def indicator-def indicator-def indicator-def
indicator-eq-0-iff indicator-eq-0-iff indicator-simps indicator-times-eq-if
integrable-iff-bounded less-top measurable-ennreal mult.right-neutral
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mult-eq-0-iff mult-eq-0-iff mult-zero-right nless-le nn-integral-mono not-le
real-norm-def real-scaleR-def set-integrable-def)
also have ... = ([z€A. fz OM)
unfolding * ..
finally show ?thesis .
qed

lemma set-integral-zero-less’:
fixes f :: - = real
assumes integ:set-integrable M A f
and le:AE zeBin M. 0 < fx
and [e2:AE xz€¢Ain M. 0 < fx
and [measurable]:A € sets M
and AB:BC A
and meas:0 < emeasure M B
shows 0 < ([z€A. fz OM)
proof —
have [measurable]:B € sets M
using meas emeasure-notin-sets by fastforce
have 0 < ([z€B. fz OM)
by (auto introl: set-integral-zero-less set-integrable-subset[OF integ] assms)
also have ... < ([z€A. fz OM)
using AB
by (auto introl: set-integral-subset-AE integ eventually-mono[ OF le2])
finally show ?thesis .
qged

lemma set-integral-less”:
fixes f :: - = real
assumes f:set-integrable M A f
and g:set-integrable M A g
and [measurable]:A € sets M
and AB:BC A
and leeAE zeBin M. fz < gz and le2:AE z€Ain M. fz < gx
and meas:0 < emeasure M B
shows ([z€A. fz OM) < ([ z€A. gz OM)
proof —
have 0 < ([z€A. gz — fz OM)
using assms
by (intro set-integral-zero-less'[where B=B)] set-integral-diff) auto
also have ... = ([z€A. gz OM) — ([ z€A. fz OM)
using assms by auto
finally show ?thesis
by simp
qed

lemma set-integral-less:

fixes f :: - = real
assumes f:set-integrable M A f
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and g:set-integrable M A g
and leAE z€cAin M. fz < gx
and meas:0 < emeasure M A
shows ([z€A. fz OM) < ([ z€A. gz OM)
using assms
by (intro set-integral-less’|where B=A])
(auto simp: emeasure-neg-0-sets)

corollary set-itegral-strict-mono-Icc:
fixes f :: real = real
fixes a b :: real
assumes integ:set-integrable lborel {a..b} f
and le:AE ze{a<..b} in lborel. 0 < fx
shows strict-mono-on {a..b} (A\z. ([ t€{a<..z}. f ¢ Olborel))
proof(safe intro!: strict-mono-onl)
fix rs
assume 7 € {a..b} s € {a..b} and rs[arith]:r < s
then have rablarith]:a < r r < b and sab[arithl:a < s s < b
by simp-all
with rs have ([ te{a<..r}. ft dlborel) < ([ te{a<..r}. ft dlborel) + ([ te{r<..s}.
ft Olborel)
by (auto introl: set-integral-zero-less set-integrable-subset[ OF integ| eventually-mono[OF
%)
also have ... = ([ te{a<..s}. f ¢ Olborel)
by (subst set-integral-Un|symmetric))
(auto intro!: set-integrable-subset|OF integ] arg-conglwhere f=XA. ([ t€A. f
t Olborel)])
finally show ([ te{a<..r}. ft dlborel) <([ te{a<..s}. ft dlborel) .
qed

corollary set-itegral-tail-strict-antimono:
fixes f :: real = real
assumes integ:set-integrable lborel {a..} f
and le:AE ze{a<..} in lborel. 0 < fz
shows strict-antimono-on {a..} (\z. ([t€{z<..}. ft dlborel))
proof (safe intro!: monotone-onl)
fix zy
assume zfarith]:a < r and y[am’th} a < y and zylarith]:z < y
have ([ te{y<..}. f ¢ Olborel) < ([ te{z<.y}. ft Olborel) + ([te{y<.}. ft
Olborel)
by (auto introl: set-integral-zero-less set-integrable-subset| OF integ] eventually-mono[OF
le])
also have ... = ([ te{z<..}. ft Olborel)
by (subst set-integral-Un|symmetric))
(auto intro!: set-integrable-subset|OF integ] arg-conglwhere f=X\A. ([ t€A. f
t dlborel)])
finally show ([ te{y<..}. f ¢ dlborel) < ([ te{z<..}. f ¢ Olborel) .
qed
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1.4 Integral of Composite Functions g( [, f(t)dt)

lemma continuous-on-LBINT-Ioc:
fixes f :: real = real
assumes f: Ab. a < b = set-integrable lborel {a..b} f
shows continuous-on UNIV (Ab. LBINT z:{a<..b}. f z)
by (simp add: LBINT-Ioc-eq-Icc continuous-on-LBINT f)

corollary continuous-on-LBINT-tail:
fixes f :: real = real
assumes f: set-integrable lborel {a..} f
shows continuous-on {a..} (A\b. LBINT z:{b<..}. f z)
proof(subst continuous-on-cong)
fix b
assume b:b € {a..}
then have (LBINT z:{b<..}. fz) + (LBINT z:{a<..b}. fz) = (LBINT z:{a<..}.
/)
by (subst set-integral-Un[symmetric])
(auto introl: set-integrable-subset|OF f] arg-cong|where f=AB. (LBINT z:B.
1 9))
thus (LBINT x:{b<..}. fz) = (LBINT z:{a<..}. fz) — (LBINT z:{a<..b}. [ z)
by argo
next
show continuous-on {a..} (Ab. (LBINT x:{a<..}. fz) — (LBINT z:{a<..b}. f 1))
by (auto introl: continuous-on-diff continuous-on-subset| OF continuous-on-LBINT-Ioc]
set-integrable-subset| OF f])
qed simp

corollary continuous-on-LBINT-com:
fixes f :: real = real
assumes integrable lborel f
shows isCont (A\b. LBINT z:{..b}. fz) z
proof(rule continuous-on-interior)
have f:set-integrable lborel UNIV f
using assms by(simp add: set-integrable-def)
show continuous-on {x—1<..<z+1} (Ab. LBINT x:{..b}. f z)
thm continuous-on-eg-continuous-at| OF open-UNIV]
proof (subst continuous-on-cong)
fix b
assume b € {z — I<.<z + 1}
thus (LBINT x:{..b}. fz) = (LBINT z:{..x—1}. fz) + (LBINT z:{z—1<..b}.
/)
by (subst set-integral-Un[symmetric))
(auto introl: set-integrable-subset| OF f] arg-cong[where f=AB. (LBINT x:B.
7 9)

next
show continuous-on {z—1<..<z+1} (Ab. (LBINT z:{..x—1}. fz) + (LBINT

z{r—1<..b}. fx))
by (auto introl: continuous-on-subset| OF continuous-on-LBINT-Ioc]
continuous-on-add set-integrable-subset|OF f])
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qed simp
qed simp

lemma sets-restrict-space-sigma-sets:
assumes sets M = sigma-sets ) E
and A:A € sets M and Ao:A C Q
shows sets (restrict-space M A) = sigma-sets A ((N) A ‘ E)
by (metis assms sets-restrict-space sigma-sets-Int)

lemma Int-stable-image-inter:
assumes [Int-stable A
shows Int-stable ((N) a ‘< A)
proof (intro Int-stablel-image)
fix 7j
assume i € Aje A
thus dk€d. anin(anNj)=ank
using Int-stableD[OF assms]
by (auto introl: bexI[where z=i N j])
qed

lemma
fixes f and g:: real = real and A B
defines F = Az::real. ([ t€A z. ft dlborel)
defines M = density (restrict-space lborel B) f
assumes f-pos:AE x € B in lborel. 0 < fz
and f-int: \z. © € X = set-integrable lborel (A x) f
and F-meas:F € (restrict-space lborel B) —p restrict-space borel C
and B:F ‘B = C and [measurable]:B € sets borel C € sets borel Az. A © €
sets borel
and AB:BC Aaand a:a € X
and meq:restrict-space lborel C = distr M (restrict-space borel C) F
shows set-integral-compose-integral:
g € borel-measurable (restrict-space borel C')
= ([ teB. g (Ft) « ft dlborel) = ([ teC. g t dlborel)
and set-integrable-compose-integral:
set-integrable lborel C g
= set-integrable lborel B (At. g (F't) * f 1)
proof —
have [simp|:AE z in restrict-space lborel B. 0 < fx
by (simp add: AE-restrict-space-iff f-pos)
have space-M:space M = B
by (simp add: M-def)
have indicat-eq:x € B = indicat-real B x = indicat-real C (F z) for z
using B by auto

have F-meas1:F € M —; restrict-space borel C
using F-meas by(simp add: M-def)

have f-intbc[measurable]:integrable (restrict-space lborel B) f
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using set-integrable-subset[OF f-int[OF a] - AB]
by (simp add: set-integrable-eq)

show ([ t€B. g (Ft) * ft dlborel) = ([ teC. g t dlborel)
if g-meas:g € borel-measurable (restrict-space borel C')
proof —
have [measurable]:(Az. indicat-real B x * g (F z))
€ borel-measurable (restrict-space lborel B)
using measurable-compose| OF F-measl g-meas]
measurable-restrict-spacel [of - - borel B,OF measurable-id)

by (auto simp add: M-def)

have [measurable]:(At. indicat-real C't % g t)
€ borel-measurable (restrict-space borel C')

by (simp add: borel-measurable-times g-meas measurable-restrict-spacel )
have ([ t€B. g (Ft) * ft dlborel) = ([ t€B. g (F't) OM)

unfolding set-lebesgue-integral-def M-def

by (subst integral-density)

(auto simp: integral-restrict-space indicator-times-eq-if
introl: f-pos Bochner-Integration.integral-cong|OF refl])

also have ... = ([ t. indicat-real C' t x g t ddistr M (restrict-space borel C') F)

unfolding set-lebesgue-integral-def using F-measl

by (subst integral-distr)

(auto introl: Bochner-Integration.integral-cong simp: space-M indicat-eq[symmetric])
thm meq

also have ... = ([ teC. g t d(restrict-space lborel C))
by (simp add: meq[symmetric] set-lebesgue-integral-def)
also have ... = ([ teC. g t Dlborel)

unfolding set-lebesgue-integral-def
by (subst integral-restrict-space)
(auto introl: Bochner-Integration.integral-cong simp: indicator-def)
finally show ([ t€B. g (Ft) = ft dlborel) = ([teC. g t dlborel) .
qed
assume g-integ:set-integrable lborel C g
have g-meas:g € borel-measurable (restrict-space borel C')
using g-integ by(simp add: set-integrable-eq)

have [measurable]:(Az. indicat-real B x * g (F x))
€ borel-measurable (restrict-space lborel B)
using measurable-compose[OF F-measl g-meas]
measurable-restrict-spacel [of - - borel B,OF measurable-id]
by (auto simp add: M-def)
have [measurable]:(At. indicat-real C't % g t)
€ borel-measurable (restrict-space borel C')
by (simp add: borel-measurable-times g-meas measurable-restrict-spacel )

have set-integrable (restrict-space lborel C) C g
unfolding set-integrable-def
by (rule Bochner-Integration.integrable-conglwhere f=g,OF refl, THEN iffD1])
(use g-integ in simp-all add: set-integrable-eq)
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hence I1:integrable (distr M (restrict-space borel C) F) (At. indicat-real C't * g

0
by (simp add: meq[symmetric] set-integrable-def)
have set-integrable M B (\t. g (F t))
using F-measl
by (auto intro!:
Bochner-Integration.integrable-cong| THEN iffD2,OF refl - integrable-distr[| OF
- 1]]

simp: set-integrable-def indicat-eq[symmetric] space-M)
hence integrable (restrict-space lborel B)
(At. ft xg (indicat-real Bt x g (F't)))
by (intro integrable-density] THEN iffD1])
(auto simp: set-integrable-def M-def introl: f-pos)
hence 2:integrable lborel
(At. indicat-real B t xp ft *xg (indicat-real B t x g (F t)))
by (subst integrable-restrict-space[symmetric]) auto
show set-integrable lborel B (At. g (F t) * ft)
unfolding set-integrable-def
by (auto intro!: Bochner-Integration.integrable-cong| THEN iffD1,0F refl - 2]
simp : indicator-def)
qed

lemma
fixes f and g:: real = real and a b c::real
defines F = \z. ([ te{a<..z}. f t Dlborel)
assumes f-poss\r. a <z = 0 < fz
and f-int: \d. a < d = set-integrable lborel {a..d} f
and ablarith]:a < b and be[arith]:b < ¢
shows set-integral-compose-integral-Ioc:
g € borel-measurable (restrict-space borel {F b<..F c})
= ([te{b<..c}. g (F t) = ft Olborel) = ([ te{F b<..F c}. g t Olborel)
and set-integrable-compose-integral-Ioc:
set-integrable lborel {F b<..F ¢} g
= set-integrable lborel {b<..c} (At. g (F't) * f1)
proof —
define M where M = density (restrict-space lborel {b<..c}) f
have space-M:space M = {b<..c}
by (simp add: M-def)
have F-strict-mono:\d. a < d = strict-mono-on {a..d} F
using f-pos unfolding F-def
by (intro set-itegral-strict-mono-Icc f-int) auto
have F-O:\d. d < a = Fd =10
by (simp add: F-def)
have F-pos:a < d = 0 < F d for d
unfolding F-def using f-pos
by (intro set-integral-zero-less set-integrable-subset|OF f-int[of d]]) auto
have F-cont:continuous-on UNIV F
unfolding F-def
by (intro continuous-on-LBINT-Ioc f-int)
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have im-F:b < d = F ‘ {b<..d} = {F b<..F d} for d
by (intro image-mono-on-continuous-on-Ioc monotone-on-subset| OF F-strict-mono[of
d]]
continuous-on-subset| OF F-cont])
auto
have im-F2:b < d = F ‘{b..d} = {F b..F d} for d
by (intro image-mono-on-continuous-on-Icc
strict-mono-on-imp-mono-on monotone-on-subset| OF F-strict-mono[of d|]
continuous-on-subset| OF F-cont])
auto
have F-measl:F € M — restrict-space borel {F b<..F c}
using im-F[OF bc] borel-measurable-continuous-onI[OF F-cont)]
by(auto simp add: M-def introl: measurable-restrict-space3)
have F-meas2:F € restrict-space borel {b<..c} — s restrict-space borel {F b<..F
c}
using F-meas! by(simp add: M-def)
have f-intbc[measurable]:integrable (restrict-space lborel {b<..c}) f
using set-integrable-subset|where B={b<..c},OF f-int[of c]]
by (fastforce simp: set-integrable-eq)
have bij:bij-betw F {b<..c} {F b<..F ¢}
proof —
have inj-on F {b<..c}
by (subst injective-eqg-monotone-map)
(auto introl: disjI1 monotone-on-subset|OF F-strict-mono|of c||
continuous-on-subset| OF F-cont])
from inj-on-imp-bij-betw|OF this)]
show ?thesis
unfolding im-F[OF bc| by simp
qed

have inv-mono:z’ < y’
if mono:F 2/ < F gy’
and z'[arith]:b < z'z' < ¢
and y'[arith]: b < y'y’' < ¢ for z’ y’
proof(rule ccontr)
assume — z’ < g’
then have F y’' < F z'
using strict-mono-onD|OF F-strict-mono|of c|,of y’ z’]
by simp
thus Fulse
using mono by simp
qed
have inv-strict-mono:z’ < vy’
if mono:F ' < Fy’
and z'[arith:b < z' 2/ < ¢
and y'[arith]: b < y'y’' < ¢ for z’ y’
by (metis inv-mono leD le-less that)
have eg-indicat:b < 1 — z < ¢ =
indicat-real {F b<..F ¢} (F z) = indicat-real {b<..c} z for x
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by (auto simp: indicator-def
introl: strict-mono-onD[OF F-strict-mono[of c]]
mono-onD[OF strict-mono-on-imp-mono-on|OF F-strict-mono|of c]]])

have ez-invFb<z=2< Fc= 32 . b<z2' ANz’ <c¢cANFz'=zforz
by (metis (mono-tags, lifting) bc atLeastAtMost-iff im-F2 image-iff)
have eq:emeasure (distr M (restrict-space borel {F b<..F c}) F) {z<..y} =
ennreal (y — x)
if zylarith):z < y Fb<zy < Fcfor zy
proof —
obtain z’ y’ where z'[arith]:b < z’ 2’ < c and y'[arith]:b < y' y' < ¢
and z’-eq:F 2’ = v and y'-eq:F y' = y
using ex-inv|of z] ex-inv]of y] by auto
have [arith]:z’ < y’
by (auto introl: inv-mono|of x' y'] simp: x’-eq y’-eq)
have [measurable]:{z<..y} € sets (restrict-space borel {F b<..F c})
by (subst sets-restrict-space-iff) auto
have [measurable]:{z'<..y’} € sets (restrict-space borel {b<..c})
by (subst sets-restrict-space-iff ) auto
have eg-set:F —‘ {z<..y} N {b<..c} = {z'<..y'}
using z'-eq y’-eq inv-monolof - y'] inv-strict-mono|of ']
by (auto introl: strict-mono-onD[OF F-strict-mono[of c]]
mono-onD[OF strict-mono-on-imp-mono-on[OF F-strict-monolof c]]])
have emeasure (distr M (restrict-space borel {F b<..F c}) F) {z<..y}
= emeasure M (F —*{z<..y} N space M)
by (intro emeasure-distr F-measl) simp

also have ... = emeasure M {z'<..y’}
by (simp add: M-def eg-set)
also have ... = ([ Tze{z'<..y’}. ennreal (f z) Orestrict-space lborel {b<..c})

unfolding M-def
by (subst emeasure-density) auto
also have ... = ennreal ([ ze{z'<..y’}. f zdrestrict-space lborel {b<..c})
by (intro nn-set-integral-eq-set-integral f-intbc)
(auto introl: less-imp-le[OF f-pos])
also have ... = ennreal ([ z€{z'<..y’}. f zlborel)
by (subst set-integral-restrict-space)
(auto introl: arg-conglwhere f=ennreal] Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
also have ... = ennreal ([ z. indicator {a<..y'} z * fz — indicator {a<.z'} ©
x f zdlborel)
by (auto introl: arg-cong|where f=ennreal] Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
also have ... = ennreal (F y' — F z')
using set-integrable-subset|where B={a<..y'},OF f-int[of c]]
set-integrable-subset[where B={a<..z'},OF f-int[of c||
unfolding F-def set-lebesque-integral-def real-scaleR-def set-integrable-def
by (fastforce introl: arg-conglwhere f=ennreal] Bochner-Integration.integral-diff)
finally show ?thesis
by (simp add: z'-eq y'-eq)
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qed

have meq:restrict-space lborel {F b<..F ¢} = distr M (restrict-space borel {F
b<..F c}) F
proof (rule measure-eql-generator-eg-countable
[where Q={F b<..F ¢} and E=(N) {F b<..F ¢} ‘ (range (A(a, b). {a <..
b::real}))
and A=(N) {F b<..F ¢} ‘((A(a, b). {a <.. bureal}) * (Q x Q))])
show Int-stable ((N) {F b<..F ¢} ‘ range (A(a, b). {a<..b}))
by (intro Int-stable-image-inter) (fastforce intro!: Int-stablel)
next
have x:sets (distr M (restrict-space borel {F b<..F ¢}) F) =
sets (restrict-space lborel {F b<..F c})
by (simp add: M-def cong: sets-restrict-space-cong)

show sets (restrict-space lborel {F b<..F c}) =
sigma-sets {F b<..F ¢} ((N) {F b<..F ¢} ‘range (A(a, b). {a<..b}))
by (intro sets-restrict-space-sigma-sets[where Q=UNIV])
(auto simp: borel-sigma-sets-Ioc)
thus sets (distr M (restrict-space borel {F b<..F c}) F) =
sigma-sets {F b<..F ¢} ((N) {F b<..F ¢} ‘range (A(a, b). {a<..b}))
unfolding * by meson
next
fix X
assume X:X € (N) {F b<..F ¢} ‘range (A(a, b). {a<..b})
then obtain z y where X = {z<..y} Fb<zy < Fc
by fastforce
thus emeasure (restrict-space lborel {F b<..F c}) X =
emeasure (distr M (restrict-space borel {F b<..F c}) F) X
by(cases © < y, subst emeasure-restrict-space)
(auto simp add: eq emeasure-restrict-space)
next
have real-of-int |F b] € Q real-of-int [F c¢] € Q
{Fb<.Fcyn{|Fbl<.[Fc|} ={Fb<..Fc}
by auto
thus J ((N) {F b<..F ¢} “(A(a, b). {a<..b}) “(Q x Q)) = {F b<..F ¢}
by blast
next
fix a
assume a:a € (N) {F b<..F ¢} “(A(a, b). {a<..b}) *(Q x Q)
then have bounded a
using bounded-Ioc by blast
from emeasure-bounded-finite[OF this| a
show emeasure (restrict-space lborel {F b<..F ¢}) a # o0
by (subst emeasure-restrict-space) auto
qed(auto introl: countable-rat)

have f-int"\z. x € {a..} = set-integrable lborel {a..z} f
by (simp add: f-int)
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have c-in:c € {a..}
by simp
have f-nonneg:AE z € {b<..c} in lborel. 0 < fx
by (auto introl: less-imp-le f-pos)
show ([ te{b<..c}. g (Ft) = ft Olborel) = ([ te{F b<..F c}. g t Olborel)
if g-meas:g € borel-measurable (restrict-space borel {F b<..F c})
using
set-integral-compose-integral[where A=\z. {a..2} and B={b<..c}
and C={F b<..F ¢} and a=c and X={a..} and f=f and g=g
, OF f-nonneg f-int’ - - - - - - c-in - g-meas] meq F-meas2 im-F[of c]
by (simp add: LBINT-Ioc-eq-Icc greater ThanAtMost-subseteq-atLeast AtMost-iff
F-def M-def)

show set-integrable lborel {b<..c} (At. g (Ft) = ft)
if g-integ:set-integrable lborel {F b<..F c} ¢
using
set-integrable-compose-integral[where A=M\z. {a..z} and B={b<..c}
and C={F b<..F ¢} and a=c and X={a..} and f=f and g=g

, OF f-nonneg f-int’ - - - - - - c-in - g-integ] meq F-meas2 im-F|of |
by (simp add: LBINT-Ioc-eg-Icc greater ThanAtMost-subseteq-atLeast AtMost-iff
F-def M-def)
qged
lemma

fixes f and g:: real = real and a b c::real
defines F = \z. ([ te{z<..}. f ¢ Dlborel)
assumes f-poss\z. a <z = 0 < fx
and f-int:set-integrable lborel {a..} f
and ab[arith]:a < b and belarith]:b < ¢
shows set-integral-compose-integral-tail:
g € borel-measurable (restrict-space borel {F ¢<..F b})
= ([te{b<..c}. g (F t) = ft Olborel) = ([ te{F c<..F b}. g t Olborel)
and set-integrable-compose-integral-tail:
set-integrable borel {F ¢<..F b} g
= set-integrable lborel {b<..c} (At. g (F't) % f 1)
proof —
have g-meas’:g € borel-measurable (restrict-space borel {F c..F b})
if h:g € borel-measurable (restrict-space borel {F ¢<..F b})

proof —
have x:— {F ¢} N {F ¢..F b} = {F ¢<..F b}
by auto
have g = (Az. if £ € —{F ¢} then g z else g (F c))
by auto

also have ... € borel-measurable (restrict-space borel {F c..F b})
by (subst measurable-restrict-space-iff [symmetric])
(auto simp: Int-commute sets-restrict-space restrict-restrict-space * h)
finally show ?thesis .
qed
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define M where M = density (restrict-space lborel {b..c}) f
have space-M:space M = {b..c}
by (simp add: M-def)
have F-strict-mono:strict-antimono-on {a..} F
using f-pos unfolding F-def
by (intro set-itegral-tail-strict-antimono f-int) auto
hence F-mono:antimono-on {a..} F
using strict-antimono-iff-antimono by blast
have F-posia < d = 0 < F d for d
unfolding F-def using f-pos
by (intro set-integral-zero-less set-integrable-subset[OF f-int]
order.strict-trans2[of - emeasure lborel {d<..d + 1}
emeasure lborel {d<..},OF - emeasure-mono))
auto
have F-cont:continuous-on {a..} F
unfolding F-def
by (intro continuous-on-LBINT-tail f-int)
have im-F:b < d = F ‘{b..d} = {F d..F b} for d
using monotone-on-subset| OF F-strict-monol
by (intro image-antimono-on-continuous-on-Icc
continuous-on-subset| OF F-cont])
(auto simp: strict-antimono-iff-antimono)

have F-measl:F € M —pr restrict-space borel {F c..F b}
using im-F[OF bc]
borel-measurable-continuous-on-restrict| OF continuous-on-subset[where t={b..c},OF
F-cont]]
by (fastforce simp add: M-def intro!: measurable-restrict-space2)
hence F-meas2:F € restrict-space borel {b..c} — s restrict-space borel {F c..F'
b}
by (simp add: M-def)
have f-intbc[measurable]:integrable (restrict-space lborel {b..c}) f
using set-integrable-subset|where B={b..c},OF f-int|
by (fastforce simp: set-integrable-eq)

have inv-mono:y’ < z’
if mono:F 2/ < F gy’
and z'[arith]:b < z' 2’ < ¢
and y'[arith]: b < y' y’' < ¢ for 2’ y’
proof(rule ccontr)
assume — y’ < z’
thus Fulse
using monotone-onD|OF F-strict-mono,of ' y'] mono
by simp
qed
have inv-strict-mono:y’ < z’
if mono:F z' < F y’
and z'[arith]:b < z' 2/ < ¢
and y'[arith]: b < y' y’' < ¢ for z’ y’
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by (metis inv-mono leD le-less that)

have ez-inv:F c <2 =z < Fb= 3z’ b<a' ANz’ <cANFz'=zforz
by (metis (mono-tags, lifting) im-F[OF bc] atLeastAtMost-iff image-iff)

have eq:emeasure (distr M (restrict-space borel {F c¢..F b}) F) {z..y} = ennreal
(y — 2)
if zylarith:z <y Fce<zy < Fbforzy
proof —
obtain z’ y’ where z'[arith]:b < z' 2’ < ¢ and y'[arith]:b < y' y' < ¢
and z’-eq:F 2/ = z and y’-eq:F y' =y
using ex-inv|of z] ex-inv]of y] by auto
have [arith|:y’ < z’
by (auto introl: inv-monolof z’ y'] simp: x’-eq y’-eq)
have [measurable]:{z..y} € sets (restrict-space borel {F c..F b})
by (subst sets-restrict-space-iff) simp-all
have [measurable]:{y’..x"} € sets (restrict-space borel {b..c})
by (subst sets-restrict-space-iff) auto
have eg-set:F —‘ {z..y} N {b..c} = {y".z'}
using z'-eq y’-eq inv-monolof - y'| inv-mono[of x’]
by (fastforce introl: monotone-onD[OF F-mono))
have emeasure (distr M (restrict-space borel {F c¢..F b}) F) {z..y}
= emeasure M (F —*‘{z..y} N space M)
by (intro emeasure-distr F-measl) simp

also have ... = emeasure M {y'..z'}
by (simp add: M-def eq-set)
also have ... = ([ Tze{y’.z'}. ennreal (f ) Orestrict-space lborel {b..c})

unfolding M-def
by (subst emeasure-density) auto
also have ... = ennreal ([ z€{y’.z'}. f zdrestrict-space lborel {b..c})
by (intro nn-set-integral-eq-set-integral f-intbc)
(auto introl: AE-I'l'where N={b}] less-imp-le[OF f-pos]
simp: countable-imp-null-set-lborel null-sets-restrict-space)
also have ... = ennreal ([ z€{y"..z'}. f zdlborel)
by (subst set-integral-restrict-space)
(auto introl: arg-conglwhere f=ennreal] Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
also have ... = ennreal ([ z. indicator {y'..} © x fz — indicator {z'<..} z x f
zOlborel)
by (auto intro!: arg-cong|[where f=ennreal] Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
also have ... = ennreal (([ z. indicator {y’..} z * f z Olborel)
— ([ = indicator {z'<..} z * f zdlborel))
using set-integrable-subset|where B={y’.},OF f-int]
set-integrable-subset[where B={z'<..} ,OF f-ini]
by (fastforce introl: arg-conglwhere f=ennreal] Bochner-Integration.integral-diff
simp: set-integrable-def)
also have ... = ennreal (F y' — F ')
unfolding F-def set-integral-atLeast-eq|of y]
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by (simp add: set-lebesgue-integral-def)
finally show ?thesis
by (simp add: z’-eq y’-eq)
qed

have meq:restrict-space lborel {F c..F b} = distr M (restrict-space borel {F c..F
b}) F
proof(rule measure-eql-generator-eq-countable
[where Q={F c..F b} and E=(N) {F c¢..F b} ‘(range (\(a, b). {a .. b::real}))
and A=(N) {F c.F b} ‘((A(a, b). {a .. bureal}) < (Q x Q))])
show Int-stable ((N) {F c..F b} ‘ range (M(a, b). {a..b}))
by (intro Int-stable-image-inter) (fastforce introl: Int-stablel)
next
have x:sets (distr M (restrict-space borel {F c..F b}) F) =
sets (restrict-space lborel {F c..F b})
by (simp add: M-def cong: sets-restrict-space-cong)
show sets (restrict-space lborel {F c..F b}) =
sigma-sets {F c..F b} ((N) {F c¢..F b} ‘ range (A(a, b). {a..b}))
by (intro sets-restrict-space-sigma-sets[where Q=UNIV])
(auto simp: borel-eq-atLeastAtMost)
thus sets (distr M (restrict-space borel {F c..F b}) F) =
sigma-sets {F c..F b} ((N) {F c..F b} ‘ range (A(a, b). {a..b}))
unfolding * by meson
next
fix X
assume X:X € (N) {F c..F b} ‘range (A(a, b). {a..b})
then obtain z y where X = {z..y} Fc<zy < Fb
by fastforce
thus emeasure (restrict-space lborel {F c..F b}) X =
emeasure (distr M (restrict-space borel {F c..F b}) F) X
by(cases © < y, subst emeasure-restrict-space)
(auto simp add: eq emeasure-restrict-space)
next
have real-of-int | F ¢| € Q real-of-int [F b] € Q
{Fe.Fb}N{|Fc|].[Fbl} ={Fc.Fb}
by auto
thus |J ((N) {F c..F b} ‘(A(a, b). {a..b}) *(Q x Q)) = {F c..F b}
by blast
next
fix a
assume a:a € (N) {F ¢..F b} * (A(a, b). {a..b}) *(Q x Q)
then have bounded a
by auto
from emeasure-bounded-finite[OF this] a
show emeasure (restrict-space lborel {F c..F b}) a # oo
by (subst emeasure-restrict-space) auto
qed(auto intro!: countable-rat)

have f-int\z. z € {a..} = set-integrable lborel {z..} f
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by (auto intro!: set-integrable-subset[OF f-int])
have a-in:a € {a..}
by simp
have f-nonneg:AE z€{b..c} in lborel. 0 < fzx
using less-imp-le[OF f-pos]
by (auto introl: AFE-I'lwhere N={b}])

show ([ te{b<..c}. g (F t) = ft Olborel) = ([ te{F ¢<..F b}. g t Olborel)
if g-meas:g € borel-measurable (restrict-space borel {F c¢<..F b})
using set-integral-compose-integral[where A=\z. {z..} and B={b..c}
and C={F c..F b} and a=a and X={a..} and f=f and g=g
,OF f-nonneg f-int’ - - - - - - a-in - g-meas'|OF g-meas]] meq F-meas2 im-F|of
c]
by (simp add: F-def M-def LBINT-Ioc-eq-Icc[symmetric] set-integral-atLeast-eq)

show set-integrable lborel {b<..c} (At. g (F't) = f1)

if integ:set-integrable lborel {F ¢<..F b} g

using set-integrable-compose-integral[where A=\z. {z..} and B={b..c}
and C={F c..F b} and a=a and X={a..} and f=f and g=g
,OF f-nonneg f-int’ - - - - - - a-in - | meq F-meas2 im-Fof c] integ

by (simp add: F-def M-def LBINT-Ioc-eq-Icc|symmetric]
set-integral-atLeast-eq set-integrable-Ioc-eg-Icc)

qed

1.5 Convergence Theorems with Real Index

lemma borel-measurable- LIMSEQ-metric-at-top:

fixes [ :: real = 'a = 'b :: metric-space

assumes [measurable]: Ar. K < r = fr € borel-measurable M

assumes lim: \z. z € space M = ((Ar. frxz) —— g x) at-top

shows ¢ € borel-measurable M

by (rule borel-measurable-LIMSEQ-metriclwhere f=An. f (real n + K)])

(use assms in auto simp: at-top-real-iff-all-sequentially add.commute[of - K|

introl: filterlim-compose|OF - filterlim-tendsto-add-at-top| OF tendsto-const|of
K]
filterlim-real-sequentially]])

lemma nn-integral-at-top-real:
assumes mono-on {K..} f Ar. r > K = fr € borel-measurable M
and u: Az. ((Arireal. frz) —— w z) at-top
shows ((Ar. integral™ M (f r)) —— integral™ M u) at-top
using assms
by (auto intro!: nn-integral-LIMSEQ
simp: at-top-real-iff-all-sequentially’[where K=K| monotone-on-def)

theorem nn-integral-dominated-convergence-at-top:
assumes
Nrireal. 7 > K = u r € borel-measurable M
u’ € borel-measurable M w € borel-measurable M
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and Ar.r > K = AFzinM. urz<wz
and ([ tz. wz OM) <
and AE zin M. (Ar. urz) —— u' z) at-top
shows ((Ar. ([tz. urz OM)) — ([ Tz. u' 2 OM)) at-top
using assms
by (force intro!: nn-integral-dominated-convergence
simp: at-top-real-iff-all-sequentially [where K=K])

lemma
fixes [ :: real = 'a = real
assumes A\r. K < r = integrable M (f r) and mono: AE x in M. mono-on
{K..} (Ar. fra)
and AE zin M. (A\r. frz) —— u z) at-top
and ((Ar. integral’ M (f r)) —— ) at-top
and u:u € borel-measurable M
shows integrable-monotone-convergence-real: integrable M u (is 2g1)
and integral-monotone-convergence-real: integral® M u = x (is ?g2)
and has-bochner-integral-monotone-convergence-real: has-bochner-integral M u
z (is 2¢3)
proof —
have fi:filterlim (An. K + real n) at-top sequentially
by (rule filterlim-tendsto-add-at-top) (use filterlim-real-sequentially in auto)
have inc: incseq (An. K + real n)
by (auto introl: monol)
have An. integrable M (f (K + real n)) AE z in M. incseq (An. f (K + real n)
z)
AExzin M. (An. f (K + realn) 2) —— u x
(An. integral” M (f (K + real n))) —— =
using assms fl inc by(auto simp: at-top-real-iff-all-sequentially mono-on-def)
thus %91 992 793
using u integrable-monotone-convergence[where f=An. f (K + real n)]
integral-monotone-convergencelwhere f=An. f (K + real n)]
has-bochner-integral-monotone-convergence [where f=An. f (K + real n)]
by blast+
qed

lemma
fixes f :: 'a = 'b::{banach, second-countable-topology} and w :: 'a = real
assumes [ € borel-measurable M A\r:real. K < r => s r € borel-measurable M
integrable M w
assumes lim: AE z in M. ((Ar. s r ) —— fx) at-top
assumes bound: A\r. K <r = AEzin M. norm (srz) < wzx
shows integrable-dominated-convergence-real: integrable M f
and integrable-dominated-convergence-real2: A\r. K < r = integrable M (s r)
and integral-dominated-convergence-real: ((Ar. integral® M (s r)) —— inte-
gral® M f) at-top
proof —
have fl:filterlim (An. r + real n) at-top sequentially for r
by (rule filterlim-tendsto-add-at-top) (use filterlim-real-sequentially in auto)
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have inc: incseq (An. r + real n) for r
by (auto introl: monol)
show integrable M f
by (rule integrable-dominated-convergence[where s=An. s (K + real n) and
w=w))
(use assms filof K] inc[of K] bound[of K + real -]
in auto simp: at-top-real-iff-all-sequentially)
have dct:f € borel-measurable M = (\i. s (r + real i) € borel-measurable M)
= integrable M w = AE z in M. (Xi. s (r + real i) z) —— fz
= (Ai. AE zin M. norm (s (r + real i) z) < w x) = integrable M
(sr) for r
using integrable-dominated-convergence2|where s=An. s (r + real n) and i=0]
by simp
show K < r = integrable M (s r) for r
by (rule det) (use assms fllof r] inc[of 7]
in auto simp: at-top-real-iff-all-sequentially)
show ((\r. integral® M (s r)) —— integrall M f) at-top
unfolding at-top-real-iff-all-sequentially’ [where K=K]
by (intro alll impl integral-dominated-convergence[where w=w])
(use assms in auto simp: at-top-real-iff-all-sequentially)
qed

corollary
fixes f :: real = real
assumes f-nonneg: Az. K <z = 0 < fuz
and integrable: A\r. K < r = set-integrable M {K<..r} f
and leA\r. K < r = ([ze{K<.r}. fz OM) < G
shows interval-integral-inf:
((Ar. (Jze{K<.r}. fz OM)) — ([ze{K<..}. fz OM)) at-top
and interval-integral-inf-integrable:
set-integrable M {K<..} f
and measurable-integral-inf:
set-borel-measurable M {K<..} f
proof —
have I:Ar. K + 1 < r = integrable M (Az. indicat-real {K<..r} x * fx)
using integrable by (auto simp: set-integrable-def)
have 2: AE z in M. mono-on {K + 1..} (Ar. indicat-real {K<..r} = x fx)
by (auto introl: mono-onl f-nonneg simp: indicator-def)
have 3: AF z in M.
((Ar. indicat-real {K<..r} z x fz) —— indicator {K<..} = * fz) at-top
proof(rule AE-I2)
fix »
show ((Ar. indicat-real {K<..r} x * fx) —— indicat-real {K<..} z % [ z)
at-top
by (auto introl: tendstol eventually-at-top-linorderl[where c=x]
simp: dist-real-def indicator-def)
qed
have mono-on {K<..} (Ar. ([ze{K<..r}. fz OM))
using integrable f-nonneg

38



by (auto intro!: mono-onl Bochner-Integration.integral-mono
simp: set-lebesque-integral-def set-integrable-def indicator-def)
from mono-convergent-real-less| OF this le]
obtain [ where I:((Ar. ([ze{K<..r}. fz OM)) —— 1) at-top
by blast
show set-borel-measurable M {K<..} f
unfolding set-borel-measurable-def
proof(rule borel-measurable-LIMSEQ-metric)
fix z
obtain n where z < K + real n
by (meson abs-diff-le-iff real-arch-simple)
thus (Ai. indicat-real {K<..K + real i + 1} = * f )
—— indicat-real {K<..} © *g fz
by (auto introl: LIMSEQ-I exI[where z=n] simp: indicator-def)
qged(use integrable in auto simp: set-integrable-def)
thus ((A\r. ([ze{K<.r}. fz OM)) — ([2ze{K<..}. fz OM)) at-top
and set-integrable M {K<..} f
using integrable-monotone-convergence-real|OF 1 2 8,0f 1] 1
integral-monotone-convergence-real|OF 1 2 8,0f 1 |
unfolding set-lebesgue-integral-def set-borel-measurable-def set-integrable-def
by auto
qged

corollary interval-integral-inf2:
fixes f :: real = real
assumes f-nonneg: Az. K <z = 0 < fz
and integrable: A\r. K < r => set-integrable M {K<..r} f
and integrable2:set-integrable M {K<..} f
shows ((Ar. ([ze{K<..r}. fz OM)) — ([2ze{K<..}. fx OM)) at-top
proof(rule interval-integral-inf)
fix r
assume mK < r
show ([ze{K<..r}. fz OM) < ([ ze{K<..}. fz OM)
using integrable[OF 1] integrable2 f-nonneg
by (auto introl: Bochner-Integration.integral-mono
simp: set-integrable-def set-lebesgue-integral-def indicator-def)
qged(use assms in auto)

1.6 Change of Variables w.r.t. Lebesgue Integration on a
Set

lemma lebesgue-integral-change-of-variables-reall :

fixes f :: real = real and g :: real=- real

assumes S|measurable]: S € sets borel
and g[measurable]:g € borel-measurable (restrict-space borel S)
and g'[measurable]:g’ € borel-measurable (restrict-space borel S)
and der-g: N\z. x € S = (g has-field-derivative ¢’ ) (at x within S)
and inj: inj-on g S
and integrable: set-integrable lborel (g ¢ S) f
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shows ([ ze g *S. fz Olborel) = ([ z€S. |g' z| = f (g x) Dlborel)
proof —
have x:set-borel-measurable borel S (Az. f (g x))
using set-borel-measurable-comp|of S borel g f]
set-integrable-set-borel-measurable] OF integrable] g
by (simp add: borel-measurable-restrict-space-iff set-borel-measurable-def)
hence [measurable]:(Az. indicat-real S x x (|g' z| * f (g x))) € borel-measurable
borel
proof —
have set-borel-measurable borel S (Az. |g' z|)
by (auto simp: set-borel-measurable-iff-restrict-space)
from set-borel-measurable-times|OF this |
show ?thesis
by (simp add: set-borel-measurable-def)
qed
have S':S € sets lebesgue
using S sets-lborel by blast
have h:f absolutely-integrable-on g ¢ S
using integrable by (auto simp: set-integrable-def integrable-completion)
hence h':(Az. |g’ z| * f (g z)) absolutely-integrable-on S
using absolutely-integrable-change-of-variables-real|OF S’ der-g inj]
by force
have ([ z€ g ‘5. f z Olborel) = integral (g *S) f
by (intro set-borel-integral-eq-integral integrable)

also have ... = integral S (\z. |¢' z| * f (g9 z))
using has-absolute-integral-change-of-variables-1'|OF S’ der-g inj] h' by blast
also have ... = ([z€S. |g' z| x f (g z) Dlborel)

by (subst set-borel-integral-eq-integral)
(use h' inauto simp: set-integrable-def integrable-completion)
finally show ?thesis .
qed

lemma lebesgue-integral-change-of-variables-real2:
fixes f :: real = real and g :: real= real
assumes S[measurable]: S € sets borel
and f:set-borel-measurable borel (g < S) f
and der-g: Nz. x € S = (g has-field-derivative ¢’ ) (at x within S)
and inj: inj-on g S
and integrable:set-integrable lborel S (Az. |g" z| * f (g x))
shows ([z€ g ‘S. fz Olborel) = ([ z€S. |g' | * f (g x) Olborel)
proof —
have S'.S € sets lebesque
using S sets-lborel by blast
have [measurable]:(Az. indicat-real (g ‘' S) x * fx) € borel-measurable borel
using [ by(simp add: set-borel-measurable-def)
have h'":(A\z. |g’ z| = f (g x)) absolutely-integrable-on S
using integrable by (auto simp: set-integrable-def integrable-completion)
hence h:f absolutely-integrable-on g S
using absolutely-integrable-change-of-variables-real|OF S’ der-g inj]
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by force
have set-integrable lborel (g < S) f
using h by(auto simp: set-integrable-def integrable-completion)
hence ([ z€ g ¢ S. fz dlborel) = integral (g * S) f
by (intro set-borel-integral-eq-integral)
also have ... = integral S (A\z. |¢' z| * f (g z))
using has-absolute-integral-change-of-variables-1'[OF S’ der-g inj] h' by blast
also have ... = ([z€S. |g' z| = f (g z) Dlborel)
by (simp add: integrable set-borel-integral-eq-integral)
finally show ?thesis .
qged

lemma lebesgue-integrable-change-of-variables-real:
fixes f :: real = real and g :: real= real
assumes S|[measurable]: S € sets borel
and f:set-borel-measurable borel (g © S) f
and g[measurable]:g € borel-measurable (restrict-space borel S)
and g'[measurable]:g’ € borel-measurable (restrict-space borel S)
and der-g: Az. © € S = (g has-field-derivative g’ z) (at x within S)
and inj: inj-on g S
shows set-integrable lborel (g ¢ S) f
«—— set-integrable lborel S (Az. |g’ x| * f (g x))
proof —
have x:set-borel-measurable borel S (A\z. f (g x))
using set-borel-measurable-complof S borel g f] f g
by (simp add: borel-measurable-restrict-space-iff set-borel-measurable-def)
have [measurable]:(Az. indicat-real S z * (lg’ z| = f (g z))) € borel-measurable
borel
proof —
have set-borel-measurable borel S (Az. |g’ x|)
by (auto simp: set-borel-measurable-iff-restrict-space)
from set-borel-measurable-times|OF this ]
show ?thesis
by (simp add: set-borel-measurable-def)
qed
have [measurable]:(Az. indicat-real (g * S) x * fx) € borel-measurable borel
using f by(simp add: set-borel-measurable-def)
show ?thesis
using absolutely-integrable-change-of-variables-real| OF - der-g inj,of f] S
by (auto simp: set-integrable-def integrable-completion)
qed

lemma nn-integral-change-of-variables-reall :
fixes f :: real = real and g :: real= real
assumes S|[measurable]: S € sets borel
and g[measurable]:g € borel-measurable (restrict-space borel S)
and g'[measurable]:g’ € borel-measurable (restrict-space borel S)
and der-g: Nz. x € S = (g has-field-derivative ¢’ ) (at x within S)
and inj: inj-on g S
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and integrable: set-integrable lborel (g ¢ S) f
and nonneg:AE z€S in lborel. 0 < f (g x) AE z€g * S in lborel. 0 < fz
shows ([ Tze g * S. ennreal (f z) dlborel) = ([ Tz€S. ennreal (|g’ z| * [ (g z))
dlborel)
proof —
have f:set-borel-measurable borel (g “S) f
using integrable by (auto simp: set-integrable-def set-borel-measurable-def)
have integrable2:set-integrable lborel S (Ax. |g’ z| = f (g z))
using lebesgue-integrable-change-of-variables-real assms f by blast
have ([ tze g *S. ennreal (f z) Olborel)
= ([ " =. ennreal (indicat-real (g *S) z * fz) dlborel)
using mult.commute
by (auto simp: indicator-mult-ennreal[symmetric] introl: nn-integral-cong)
also have ... = ennreal ([ z. indicat-real (g * S) x * f z Olborel)
by (rule nn-integral-eq-integral)
(use integrable nonneg in auto simp: set-integrable-def)

also have ... = ennreal ([ z€ g *S. f z Olborel)
by(simp add: set-lebesgque-integral-def)
also have ... = ennreal ([ 2€S. |9’ z| * f (g z) dlborel)

by (intro arg-cong[where f=ennreal] lebesgue-integral-change-of-variables-reall
assms)

also have ... = ennreal ([ z. indicat-real S = * (|g' z| * f (g x)) dlborel)
by(simp add: set-lebesgque-integral-def)
also have ... = ([ 1 z. ennreal (indicat-real S z * (|g' x| = f (g x))) Olborel)

by (rule nn-integral-eq-integral[symmetric))
(use integrable2 nonneg in auto simp: set-integrable-def)
also have ... = ([ tz€S. ennreal (|g’ z| * f (g z)) Dlborel)
using mult.commute
by (auto simp: indicator-mult-ennreal[symmetric] introl: nn-integral-cong)
finally show ?thesis .
qed

lemma nn-integral-change-of-variables-reall ":
fixes f :: real = real and g :: real= real
assumes S € sets borel
and g € borel-measurable (restrict-space borel S)
and g’ € borel-measurable (restrict-space borel S)
and Az. z € S = (g has-field-derivative ¢’ x) (at x within S)
and inj-on g S
and set-integrable lborel (g ¢ S) f
and nonneg:A\z. 2 € S = 0 < f (g z)
shows ([ Tze g * 5. ennreal (f z) dlborel) = ([ Tz€S. ennreal (|9’ z| * f (g z))
Olborel)

by (auto intro!: nn-integral-change-of-variables-reall assms)

lemma nn-integral-change-of-variables-real2:
fixes f :: real = real and g :: real= real
assumes S[measurable]: S € sets borel
and f:set-borel-measurable borel (g © S) f
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and g[measurable]:g € borel-measurable (restrict-space borel S)

and g'[measurable]:g’ € borel-measurable (restrict-space borel S)

and der-g: Az. © € S = (g has-field-derivative g’ z) (at x within S)

and inj: inj-on g S

and integrable:set-integrable lborel S (Az. 9" z| * f (g z))

and nonneg:AE z€S in lborel. 0 < f (g x) AE z€g * S in lborel. 0 < fz
shows ([ Tze g * S. ennreal (f z) Olborel) = ([ Tz€S. ennreal (|9’ z| * f (g z))

Olborel)
by (auto introl: nn-integral-change-of-variables-reall assms
lebesgue-integrable-change-of-variables-real[ THEN iffD2])

lemma nn-integral-change-of-variables-real2’:
fixes f :: real = real and g :: real= real
assumes S[measurable]: S € sets borel
and f:set-borel-measurable borel (g < S) f
and g[measurable]:g € borel-measurable (restrict-space borel S)
and g'[measurable]:g’ € borel-measurable (restrict-space borel S)
and der-g: A\z. © € S = (g has-field-derivative g’ z) (at x within S)
and inj: inj-on g S
and integrable:set-integrable lborel S (A\z. |g' z| * f (g z))
and nonneg:\z. x € S = 0 < f (g )
shows ([ Tze g * 5. ennreal (f z) dlborel) = ([ TzeS. ennreal (|g" z| * f (g z))
Olborel)
by (auto introl: nn-integral-change-of-variables-real? assms)

1.7 Integral of Power Functions

lemma set-integrable-inverse:
fixes a b ¢ :: real
assumes a-pos:0 < a
shows set-integrable lborel {a..b} (\z. ¢ / x)
using a-pos
by(cases a < b)
(auto intro!: set-integrable-bounded[where K=(abs ¢) / a] divide-mono
simp: lborel-eq-real set-borel-measurable-def emeasure-interval-measure-Icc)

lemma set-integrable-inverse':
fixes a b c :: real
assumes 0 < a
shows set-integrable lborel {a<..b} (A\z. ¢ / x)
by (auto introl: set-integrable-subset| OF set-integrable-inverse| assms)

corollary set-integral-inverse:
fixes a b ¢ :: real
assumes a-pos:0 < a
and a-le-b:a < b
shows ([ z€{a<..b}. ¢ / = dlborel) = ¢ * (In b — In a)
proof —
have In-im:ln ‘ {a<..b} = {In a<..In b}
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using assms
by (intro image-mono-on-continuous-on-Ioc strict-mono-on-imp-inj-on
monotone-onl In-strict-mono continuous-on-In)
auto
have ([ ze{a<..b}. ¢ / = dlborel) = ([ ze{a<..b}. |1 / z| * ¢ Dlborel)
using assms by (auto intro!: Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
also have ... = ([ z€in ‘ {a<..b}. ¢ Dlborel)
using a-pos a-le-b
by (intro lebesgue-integral-change-of-variables-real2[symmetric]
has-field-derivative-at-within[OF DERIV-In-divide]
strict-mono-on-imp-inj-on monotone-onl In-strict-mono)
(fastforce introl: integrablel-bounded-set[where A={a<..b} and B=|c| / d]
divide-mono simp: set-borel-measurable-def set-integrable-def In-im)+
also have ... = ¢ x (In b — In a)
by (simp add: interval-integral-Ioc[symmetric] In-mono[OF a-le-b a-pos] In-im)
finally show ?thesis .
qed

lemma set-integrable-powr-Icc:
fixes ¢ :: real
assumes c:0 < ¢
shows set-integrable lborel {c..d} (Az. x powr a)
proof(cases ¢ < d)
assume cd:c < d
thus set-integrable lborel {c..d} (Az. z powr a)
using ¢
by(cases a = — 1)
(auto introl: borel-integrable-atLeastAtMost isCont-divide continuous-powr
sitmp del: times-divide-eg-left simp add: set-integrable-def mult.commute)
qed simp

lemma set-integral-powr-Icc:
fixes ¢ :: real
assumes a:— 1 # a
and c:0 < ¢
and cd:ic < d
shows ([ ze{c..d}. = powr a dlborel) = d powr (a + 1) / (a + 1) — ¢ powr (a
+1)/(a+ 1)
proof —
have ([ z€{c..d}. z powr a dlborel) = ([ z. = powr a * indicat-real {c..d} =
dlborel)
by (simp add: set-lebesgue-integral-def mult.commute)

also have ... = dpowr (a + 1) / (a+ 1) — cpowr (a + 1) / (a + 1)
proof(rule integral-FTC-Icc-nonneg)
fix z

assume z € {c..d}
then show ((Ay. (y powr (a + 1)) / (a + 1)) has-real-derivative x powr a) (at

z)
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using has-real-derivative-powr|of x a + 1] ¢ a
DERIV-cmult|OF has-real-derivative-powr|of x a + 1],where c=1 / (a +

1]
by auto
ged(use cd in auto)
finally show ([ ze{c..d}. z powr a dlborel)
=dpowr (a+1)/(a+1)—cpowr (a+ 1)/ (a+1).
qed

corollary set-integrable-powr-Ioc:
fixes c :: real
assumes c:0 < ¢
shows set-integrable lborel {c¢<..d} (Az.  powr a)
by (auto introl: set-integrable-subset| OF set-integrable-powr-Icc[OF c]])

corollary set-integral-powr-Ioc:
fixes c :: real
showsa# — 1 = 0<c= c¢c< d=
([ ze{e<..d}. z powr a dlborel) = d powr (a + 1) / (a + 1) — ¢ powr (a + 1)
/(a+ 1)
by (auto introl: set-integrable-subset| OF set-integrable-powr-Icc[of a c]
simp: interval-integral-Toc[symmetric| interval-integral-Icc set-integral-powr-Icc)

lemma
fixes c :: real
assumes a:— [ < a
shows set-integrable-powr-from-0:set-integrable lborel {0<..c} (Az. z powr a)
and set-integral-powr-from-0:0 < ¢ =
([ ze{0<..c}. z powr a dlborel) = ¢ powr (a + 1) / (a + 1)
proof —
have x:set-integrable lborel {0<..c} (Az. = powr a)
(J ze{0<..c}. z powr a dlborel) = ¢ powr (a + 1) / (a + 1) if ¢:0 < ¢
proof —
obtain N where N:0 < N1 /real N < ¢
using ¢ by (metis less-Suc-eq-0-disj nat-approz-poskE)
hence cn0: An. 1 [/ real (n + N) < ¢
by (metis basic-trans-rules(21) inverse-of-nat-le le-add2 not-gr0)
have cnle0:An. 1 / real (n + N) > 0
using N by simp
have dec:decseq (An. 1 / real (n + N))
using N by (metis (mono-tags, lifting) add-le-monol
antimonol inverse-of-nat-le not-add-less2)
have 1:integrable lborel (Ax. indicator {1 / real (n + N)..c} = % z powr a) for

using set-integrable-powr-Icclof 1 / real (n + N) ¢] N
by (auto simp: set-integrable-def)
have 2:AFE x in lborel. incseq (An. indicator {1 / real (n + N)..c} = * x powr
a)
using decseq-SucD[OF dec]
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by (intro AE-12 incseq-Sucl mult-mono order.refl indicator-pos-le powr-ge-zero
indicator-lel)
(meson atLeastAtMost-iff order.trans)
have 3:AFE x in lborel. (An. indicator {1 / real (n + N)..c} = * x powr a)
—— indicator {0<..c} T * x powr a
proof (intro AE-12 tendsto-mult-right)
fix z
consider 0 <zz<c|z<0|c<z
by linarith
then show (An. indicator {1 / real (n + N)..c} ) —— indicator {0<..c}

x
proof cases
assume z:0 < zzx < ¢
then obtain N’ where 1 / real (N'4+ N) <z
by (smt (verit) inverse-of-nat-le le-addl less-Suc-eq nat-approx-posk
not-gr0)
hence An. N'<n=1/real (n + N) <z
using N
by (metis add-mono-thms-linordered-semiring(3) inverse-of-nat-le not-add-less2
order.trans)
with z have V p n in sequentially. indicator {1 / real (n + N)..c} z = 1
by (auto intro!: eventually-sequentiallyl [where c=N'] simp: indicator-def)
thus ?thesis
using z atLeastAtMost-iff greaterThanAtMost-iff tendsto-eventually by
fastforce
next
assume z:x < (
then have x:indicator {1 / real (n + N)..c} z = 0 for n
using cnlel]of n] c
by (meson atLeastAtMost-iff indicator-eq-0-iff not-less order.strict-trans1)
thus ?thesis
using z unfolding * by force
qed simp
qed
have 4:(An. ([ z. indicator {1 / real (n + N)..c} z = x powr a dlborel))
—— cpowr (a+ 1)/ (a+ 1)
proof —
have ([ z. indicator {1 / real (n + N)..c} z * z powr a dlborel)
=cpowr (a+ 1)/ (a+1)— (1 / real (n + N)) powr (a + 1) / (a
+ 1) forn

using cn0 a cnle0
by (subst set-integral-powr-Icc[symmetric])
(auto simp: set-lebesgque-integral-def less-imp-le)
moreover have (An. ¢ powr (a + 1) / (a + 1) — (1 / real (n + N)) powr
(a+ 1)/ (a+ 1))
—— cpowr (a+ 1)/ (a+ 1)
by (rule LIM-zero-cancel)
(use a in auto simp: tendsto-minus-cancel-left]symmetric]
simp del: of-nat-add intro!: lim-const-over-n tendsto-divide-zero
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tendsto-zero-powrl LIMSEQ-ignore-initial-segment[where
a=0))
ultimately show ?thesis
by presburger
qed
show set-integrable lborel {0<..c} (Az. z powr a)
and ([ ze{0<..c}. z powr a dlborel) = ¢ powr (a + 1) / (a + 1)
using integral-monotone-convergence[OF 1 2 3 /]
integrable-monotone-convergence[OF 1 2 3 /]
unfolding set-integrable-def set-lebesgue-integral-def
by fastforce+
qed
show set-integrable lborel {0<..c} (A\z. x powr a)
by (cases 0 < ¢) (use * in auto)
show 0 < ¢ —
([ ze{0<..c}. z powr a dlborel) = ¢ powr (a + 1) / (a + 1)
by(cases 0 < ¢) (use x in auto)
qed

lemma
fixes c :: real
assumes a:a < — I
and c:0 < ¢
shows set-integrable-powr-inf:set-integrable lborel {c<..} (Az. z powr a)
and set-integral-powr-inf:( [ z€{c<..}. x powr a dlborel) = — (¢ powr (a + 1)
/ (a+ 1))
proof —
show set-integrable lborel {c<..} (Az. z powr a)
using a c
by (intro interval-integral-inf-integrable[where G=— (¢ powr (a + 1) / (a +
1)
set-integrable-powr-Ioc)
(auto simp: set-integral-powr-Ioc[of a c] intro!: divide-nonneg-neg)
have ((Ar. ([ ze{c<..r}. z powr a dlborel)) —— ([ z€{c<..}. z powr a dlborel))
at-top
using a ¢
by (intro interval-integral-inf[where G=— (¢ powr (a + 1) / (a + 1))]
set-integrable-powr-Ioc)
(auto simp: set-integral-powr-Ioc[of a c] intro!: divide-nonneg-neg)
moreover have ((Ar. ([ z€{c<..r}. z powr a dlborel))
—— — (¢cpowr (a+ 1)/ (a+ 1))) at-top
proof —
have V g r in at-top. ([ ze€{c<..r}. z powr a dlborel)
=rpowr (a+ 1)/ (a+ 1) —cpowr (a+ 1)/ (a+ 1)
unfolding eventually-at-top-linorder
using a ¢ by(auto simp add: set-integral-powr-Ioc introl: exI[where x=c|)
moreover have ((Ar:real. 7 powr (a + 1) / (a + 1) — ¢ powr (a + 1) / (a
1))
—— — (cpowr (a+ 1) / (a + 1))) at-top
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using a
by (intro LIM-zero-cancel[where I=— (¢ powr (a + 1) / (a + 1))])
(auto introl: tendsto-divide-zero tendsto-neg-powr filterlim-ident)
ultimately show ?thesis
by (simp cong: tendsto-cong)
qed
ultimately show ([ z€{c<..}. z powr a dlborel) = — (¢ powr (a + 1) / (a +
1)
using tendsto-unique trivial-limit-at-top-linorder by blast
qed

1.8 Uniform Convergence

corollary uniform-limit-uminus-iff:
fixes f :: - = - i real-normed-vector
shows uniform-limit A (A z. — fiiz) (A\z. — fz) F
«—— uniform-limit A fi f F
using uniform-limit-uminus by fastforce

lemma uniform-lim-mult-bdd1:
fixes f :: - = - :: real-normed-field
assumes ul:uniform-limit A fi f F
and bdd:bounded (g ‘ A)
shows uniform-limit A (A z. gz x fiix) (M\z. gz * fz) F
unfolding uniform-limit-iff
proof safe
fix e :: real
assume e:0) < e
obtain K where K:Az. 2 € A = norm (gz) < K0 < K
by (metis bdd bounded-pos image-eql)
hence eK:0 < e/ K
using e by simp
show Vp iin F.VzcA. dist (gx*fiiz) (go*fz) <e
by (intro eventually-mono[OF uniform-limitD]OF ul eK]] balll)
(smt (verit, best) K(1) dist-mult-left e frac-le
nonzero-mult-div-cancel-left norm-ge-zero zero-less-mult-iff)
qed

lemma uconvergence-on-bdd-times2:
fixes f :: - = - :: real-normed-field
assumes uniform-limit A fi f F'
and bounded (g ‘ A)
shows uniform-limit A (A z. itz x gz) (A\z. fzx gz) F
using uniform-lim-mult-bdd1[OF assms| by(simp add: mult.commute)

lemma uniform-limit-eventually-in:
assumes lim: uniform-limit A g ¢’ F
and e:0 < e
and d: Nz y. 2 € A= dist (¢z) y<e= y € B
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shows Vp tin F.VycA. gty € B
by (rule eventually-mono[ OF uniform-limitD[OF lim e]])
(use d in simp add: Met-TC.commute)

lemma mono-on-UCT:
fixes Ui :: - = real = real
assumes ab:a < b
and mono:V g i in F. mono-on {a..b} (Ui i) and monoU:mono-on {a..b} U
and U:continuous-on {a..b} U
and lim: A\z. e <2z =z < b= ((M\i. Uiiz) — Ux) F
shows uniform-limit {a..b} Ui U F
proof (intro uniform-limitl)
fix e :: real
assume e:0) < e
hence e":0 < e/ 2
by simp
then obtain d’ where d”: d’ > 0
Neya<zs—=z<b=a<y=—y<b
= lz—yl<d = |Uz—-Uy|<e/2
using compact-uniformly-continuous| OF U compact-interval[of a b]]
unfolding uniformly-continuous-on-def
by (metis atLeastAtMost-iff dist-real-def)
define d where d = min d’ (1 / 2)
have d-less:d < 1 and d-pos:0 < d
and dA\zy. a<2=z<b=a<y=—y<b
= lrt—y<d=|Uz—-Uy|<e/2
using d’ by(auto simp: d-def)
have *:{a..b} C (U (Mz. {z —d / 4<.<z+d/ 4}) ‘{a..b}))
using d-pos by fastforce
then obtain K where finK:finite K and K-sub:K C {a..b}
and K: {a..b} C (JzeK. {z —d / j<.<z+d/ 4})
using compactE-image[OF compact-interval - %] by force
hence K" (JzeK. {z — d / j<.<z+ d / 4} n{a.b}) = {a..b}
(is (UzeK. ?A z) = {a..b})
by blast
have K-ne:K # {}
using K ab by fastforce
have A\v. 2 € K = a<max (x —d / {) a Nv. 2 € K = maz (x — d | 4)
a<b
Ne.ze K= a<(min(z+d/4)0) N\e. € K= (min (z+d/ 4)D)
<b
using ab K-sub d-pos by auto
hence VeeK. Vg iin F. |Uii (mazx (x — d / 4)a) — U (mazx (x — d / 4) a)|
<e/2
and VzeK. Vpiin F.|Uii (min (x +d [/ 4)b) — U (min (x + d / 4) b)|
<e/2
using e’ lim
unfolding tendsto-iff dist-norm real-norm-def by fast+
hence Vp iin F.Vz€K. |Uii (max (x — d / 4) a) — U (mazx (x — d / 4) a)|
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<e/2
andVp iin F.VaeK. |Uii (min (x +d /) 4)b) — U (min (x + d / 4) b)|
<e/2
using finK by(auto simp: eventually-ball-finite)
hence x:Vp i in F.VaeK. |Uii (max (x — d / 4) a) — U (mazx (x — d / 4)
a) < e/ 2
AN|Uii (min (z+d /) 4)b) — U (min(z+d/ 4)b)|<e/2
using eventually-elim2 by fastforce
show Vg iin F. Vze{a..b}. dist (Uiiz) (Uzx) < e
proof(safe introl: eventually-mono[where Q=\i. Vz€{a..b}. dist (Ui iz) (U x)
< e,
OF eventually-conj|OF * monol])
fix 7 and z :: real
assume VyeK. |Uii (max (y — d / 4) a) — U (max (y —d / 4) a)| <e/

ANUii(min (y+d/4)b) —U(min(y+d/ 4)b)|<e/2

and z:z € {a..b} and monoUi:mono-on {a..b} (Ui 7)

then obtain y where y:y € Kz € {y — d / 4<.<y+d/ 4} N{a.b}
using K’ by blast

have Uiiz — Ux < Uii (min (y+d / 4)b) — U (max (y — d / 4) a)
using mono-onD[OF monoUi] y mono-onD[OF monoU]
by (auto introl: diff-mono)

also have ... < |Uii (min (y +d / 4)b) — U (min (y + d / 4) b)

YU (min (y + d / 4) 1) = U (maz (y — d / ) a)

by simp

alsohave ... < e/ 2+ e/ 2
using dlof min (y + d / 4) bmazx (y — d / 4) a] y i K-sub d-less d-pos
by (intro add-strict-mono) auto

also have ... = ¢
by simp

finally have 1:Uiiz — Uz < e.

have —e=—¢/ 2 —-¢/ 2
by simp

also have ... < — |Ui i (mazx (y — d / 4) a) — U (maz (y — d / 4) a)|

U (maz (y — 4/ 4)'a) = U (min (y + d / 4) B)

using y ¢ K-sub d-less d-pos
by (intro diff-strict-mono d) auto

also have ... < Uii (mazx (y — d / 4)a) — U (min (y +d/ 4)b)
by linarith

also have ... < Uitz — Uz
using mono-onD[OF monoUi] y mono-onD[OF monoU]
by (auto introl: diff-mono)

finally have 2:— e< Uiiz — Ux .

show dist (Uiiz) (Uz) < e
using 1 2 by (simp add: dist-real-def)

qed
qed

lemma mono-on-UCT-atLeast:
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fixes [ :: 'a = real = real and g :: real = real and F :: 'a filter
assumes mono: ¥ g i in F. mono-on {a..} (f 1)
and bdd: Vg iin F.Vz>a. fiz < B
and gmono: mono-on {a..} ¢
and gcont: continuous-on {a..} g
and glim: (¢ —— B) at-top
and lim: A\z. a <z = (M. fiz) — ga) F
shows uniform-limit {a..} fg F
proof(safe intro!: uniform-limitl)
fix e :: real
assume elarith]:0 < e
have gB:g x < B if z:a < z for z
using mono-onD[OF gmono|
by (auto intro!: tendsto-lowerbound|OF glim] eventually-at-top-linorderl [where
c=1])
obtain b’ where b"Az. b' <z = |gz — B| <e/ 2
using tendstoD[OF glim half-gt-zero|OF e]]
unfolding dist-real-def eventually-at-top-linorder
by blast
define b where b = maz b’ a
have bbA\z. b <z =— B—-gax<e/ 2and abia <b
using ¢B b’ by(fastforce simp: b-def simp del: less-divide-eg-numerall )+
havee /2 — (B—gb) >0
using b[OF order.refl] by simp
from tendstoD[OF lim[OF ab] this]
have Vp iin F. |[fib—gbl<e/2—(B—gb)
by (auto simp: dist-real-def)
hence «VpiinF. B—fib<e/ 2
by eventually-elim argo
have 1:Vp iin F.Vae{b..}. dist (fiz) (gz) <e
proof (safe introl: eventually-mono|OF eventually-conj|OF * eventually-conj|OF
bdd monol]])
fix ix
assume h:B — fib<e/ 2
and mono:mono-on {a..} (f1)
and bz:b < z and bdd:Vy>a. fiy < B
have dist (fix) (9z) <|B—gz| + |B — fix
by (simp add: dist-real-def)
also have ... =B — gz + (B — fix)
using bdd bx gB ab by simp
also have ... < B— gz + (B — fib)
using mono-onD[OF mono] ab bx by simp
finally show dist (fiz) (gz) < e
using b[OF bz| h by linarith
qed
have uniform-limit {a..b} fg F
by (intro mono-on-UCT[OF ab eventually-mp[OF - mono]
mono-on-subset|OF gmono] continuous-on-subset| OF gcont] lim] eventual-

lyl)
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(auto simp: mono-on-subset)
hence 2:Vp iin F. Vze{a..b}. dist (fiz) (gz) <e
using uniform-limitD e by blast
show Vg iin F.Vze{a..}. dist (fiz) (gz) <e
using 1 2 by eventually-elim auto
qed

lemma antimono-on-UCT:
fixes Ui :: - = real = real
assumes ab:a < b
and mono:V g i in F. antimono-on {a..b} (Ui i) and monoU:antimono-on
{a..b} U
and U:continuous-on {a..b} U
and lim: Az. a <z = 2<b= ((\i. Uiiz) — Ux) F
shows uniform-limit {a..b} Ui U F
using assms mono-on-UCT[where Ui=\i z. — Ui iz and U=Az. — U z]
by (auto simp: antimono-on-iff-uminus-mono-on uniform-limit-uminus-iff
tendsto-minus-cancel continuous-on-minus)

end

2 Regularly Varying Functions

theory Regular-Variation
imports
Lemmas-Regular- Variation
Cauchy-Functional-Equation. Cauchy- Functional- Equation
begin

We refer to Chapter 1 of the book by Bingham et al. [1], and Chapter 2 of
the book by Resnick [3].

2.1 Definition and Basic Properties

2.1.1 Regularly Varying Functions

definition regularly-varying :: (real = real) = real = bool where
reqularly-varying U o «——

U € borel-measurable (restrict-space borel {0<..}) A

U{o<.} C{o<.} A

(Vz>0. (M. U (t x z) /| Ut) —— z powr p) at-top)

lemma regularly-varyingl:
assumes U € borel-measurable (restrict-space borel {0<..})
and A\r. 0 <r=0<Ur
and Az. 0 <z = ((At. U (t xz) / Ut) —— z powr o) at-top
shows regularly-varying U o
using assms by(auto simp: regularly-varying-def)
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lemma reqularly-varyingl "
assumes set-borel-measurable borel {0<..} U
and A\r. 0 <r=0<Ur
and Az. 0 <z = ((At. U (t x z) / Ut) —— z powr o) al-top
shows regularly-varying U o
using assms by (auto intro!: reqularly-varyingl
simp: set-borel-measurable-iff-restrict-space)

lemma regularly-varyingl-total:
assumes U € borel-measurable borel
and A\r. 0 <r=0<Ur
and Az. 0 <z = ((At. U (t xz) / Ut) —— z powr o) at-top
shows reqularly-varying U o
using assms by (auto intro!: reqularly-varyingl measurable-restrict-spacel)

lemma
assumes reqularly-varying U o
shows regularly-varying-meas’:set-borel-measurable borel {0<..} U
and regularly-varying-meas: U € borel-measurable (restrict-space borel {0<..})
and regularly-varying-pos:\r. 0 <r = 0 < Ur
and regularly-varying-lim:\z. © > 0 = ((At. U (¢ x ) /| Ut) —— x powr
0) at-top
using assms
by (auto simp: regularly-varying-def set-borel-measurable-iff-restrict-space)

lemma regularly-varying-meas-log-exp:
assumes regularly-varying U o
shows (At. In (U (exp t))) € borel-measurable borel
by (intro borel-measurable-In measurable-compose[OF - regqularly-varying-meas[OF
assms])
measurable-restrict-space2) auto

lemma
assumes regularly-varying U o
shows regularly-varying-meas-o:
Na. 0 < a = (Az. indicat-real {a<..} z % U z) € borel-measurable borel
and regularly-varying-meas-c:
Na. 0 < a = (\z. indicat-real {a..} x * U x) € borel-measurable borel
and regularly-varying-meas-Ioo:
Na b. 0 < a = (Az. indicat-real {a<..<b} z x U z) € borel-measurable borel
and regularly-varying-meas-Ico:
Na b. 0 < a = (Az. indicat-real {a..<b} z x U ) € borel-measurable borel
and regularly-varying-meas-Ioc:
Na b. 0 < a = (Az. indicat-real {a<..b} z % U ) € borel-measurable borel
and regularly-varying-meas-Icc:
Na b. 0 < a = (Az. indicat-real {a..b} z * U x) € borel-measurable borel
and regularly-varying-meas-o-ennreal:
Na. 0 < a = (Az. ennreal (U z) * indicator {a<..} z) € borel-measurable
borel
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and regularly-varying-meas-c-ennreal:
Na. 0 < a = (Az. ennreal (U x) * indicator {a..} z) € borel-measurable borel
and regularly-varying-meas-Ioo-ennreal:
Nab. 0 < a = (Az. ennreal (U z) x indicator {a<..<b} x) € borel-measurable
borel
and regularly-varying-meas-Ico-ennreal:
Na b. 0 < a = (Az. ennreal (U z) * indicator {a..<b} z) € borel-measurable
borel
and regularly-varying-meas-Ioc-ennreal:
Na b. 0 < a = (Az. ennreal (U z) x indicator {a<..b} z) € borel-measurable
borel
and regularly-varying-meas-Icc-ennreal:
Na b. 0 < a = (Az. ennreal (U z) * indicator {a..b} z) € borel-measurable
borel
proof —
have x:(\z. indicat-real A © x U x) € borel-measurable borel
if A:A € sets borel A C {0<..} for A
proof —
have (\z. indicat-real A = x U z) = (Az. indicat-real {0<..} z x U z *
indicat-real A x)
by standard (use A in auto simp: indicator-eq-0-iff indicator-eq-1-iff)
moreover have ... € borel-measurable borel
using regularly-varying-meas’|OF assms| A
by (auto simp: set-borel-measurable-def)
ultimately show #thesis
by argo
qed
have xx:(Az. ennreal (U z) * indicator A x) € borel-measurable borel
if A:A € sets borel A C {0<..} for A
using measurable-compose|OF x[OF A] measurable-ennreal]
by (simp add: mult.commute ennreal-mult''|OF indicator-pos-le] ennreal-indicator)
showAa. 0 < a = (Az. indicat-real {a<..} = * U x) € borel-measurable borel
and Aa. 0 < a = (Az. indicat-real {a..} z x U z) € borel-measurable borel
and Aa b. 0 < a = (Az. indicat-real {a<..<b} z x U x) € borel-measurable
borel
and Aa b. 0 < a = (Az. indicat-real {a..<b} x *x U z) € borel-measurable
borel
and Aa b. 0 < a = (\z. indicat-real {a<..b} z = U z) € borel-measurable
borel
and Aa b. 0 < a = (Az. indicat-real {a..b} © * U x) € borel-measurable borel
and Aa. 0 < a = (Az. ennreal (U z) * indicator {a<..} x) € borel-measurable
borel
and Aa. 0 < a = (A\z. ennreal (U ) * indicator {a..} x) € borel-measurable
borel
and Aab. 0 < a = (Az. ennreal (U z) * indicator {a<..<b} x) € borel-measurable
borel
and Aab. 0 < a = (Az. ennreal (U z) * indicator {a..<b} ) € borel-measurable
borel
and Aab. 0 < a = (Az. ennreal (U z) * indicator {a<..b} z) € borel-measurable
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borel

and Aab. 0 < a = (Az. ennreal (U ) * indicator {a..b} z) € borel-measurable
borel

by (auto introl: * xx)
qed

lemma regularly-varying-asymp-equiv:
assumes regularly-varying U o
and z:0 < z
shows (At. U (t * x)) ~[at-top] (\t.  powr o * U t)
using z by (auto introl: asymp-equivl’-const reqularly-varying-lim assms)

lemma regularly-varying-def2:
regularly-varying U o «——
U € borel-measurable (restrict-space borel {0<..}) A
U‘{o<.} C{o<.} A
(Vz>0. (\t. U (t * x)) ~[at-top] (A\t. T powr o x U t))
proof safe
assume [simp|:U € borel-measurable
(restrict-space borel {0<..})
and AU ‘{0<.} C {0<..}
and h:Vz>0. (At. U (t * x)) ~[at-top] (At.  powr o * U t)
hence Az y. 2> 0= y>0= - (U (yxz) =0 A zpowr ox Uy =10)
by fastforce
have ((At. U (t x z) / Ut) —— x powr ) at-top if z:z > 0 for z
proof —
have (At. U (t x z)) ~[at-top] (At. z powr o * U t)
using z h by blast
hence (A\y. U (y * z) / (x powr o x Uvy)) —— 1) at-top
using z h'[of z] by (fastforce introl: asymp-equivD-strong simp: eventually-at-top-dense)
from tendsto-mult-right{where c=x powr o,0F this
show ?thesis
using z by simp
qed
thus reqularly-varying U o
using h'' by(auto intro!: regularly-varyingl)
qed(auto simp: regularly-varying-asymp-equiv regularly-varying-meas reqularly-varying-pos)

lemma regularly-varying-cong:
assumes \z. 0 <z = Uz =Tz
shows reqularly-varying U o «—— regularly-varying T o
proof —
have regularly-varying T o
if U:regularly-varying U o and z:\z. 0 <2 = Uz =Tz for UT
proof (rule reqularly-varyingl)
show T € borel-measurable
(restrict-space borel {0<..})
using regularly-varying-meas|OF U] x
by (simp cong: measurable-cong’)

95



next
show ((At. T (¢t x z) / T t) —— z powr o) at-top if z-pos:0 < z for x
by (rule tendsto-cong|THEN iffD1,0F - regularly-varying-lim[OF U]])
(use z-pos  in auto intro!: eventually-at-top-linorderl [where c=1])
qed(use U z regularly-varying-pos in fastforce)
thus ?thesis
using assms by auto
qed

lemma regularly-varying-In-exp-iff:
regularly-varying U o «—
U € borel-measurable (restrict-space borel {0<..}) A
U {o<.} C{0<.} A
(Vz. (At. In (U (exp (t + 2))) — In (U (exp t))) —— o0 * ) at-top)
unfolding regularly-varying-def
proof safe
fix z
assume U ‘{0<.} C {0<..}
Vy>0. ((At. U (t xy) /| Ut) —— y powr p) at-top
hence U:Az. 0 <z = 0< U=z
and lim:A\y. 0 < y = ((M\t. U (t xy) / Ut) —— y powr o) at-top
by auto
hence A\y. 0 <y = ((At. U (ezp t x y) / U (exp t)) —— y powr o) at-top
using exp-at-top filterlim-compose by fast
hence ((At. U (exp t x exp ) / U (exp t)) —— exp z powr o) at-top
using exp-gt-zero by blast
hence ((At. U (exp (t + z)) /| U (exp t)) —— exp (z * 0)) at-top
using exp-gt-zero by (simp add: exp-add exp-powr-real)
hence ((At. in (U (exp (t + x)) / U (exp t))) —— In (exp (z * 0))) at-top
by (intro tendsto-In) auto
thus ((At. In (U (exp (¢t + 2))) = In (U (exp t))) —— o * x) at-top
by (subst In-divide-pos[symmetric]) (use U in auto simp: mult.commute)
next
fix = :: real
assume h:U ‘{0<..} C {0<..}
Vy. (M. In (U (exp (t + y))) — In (U (exp t))) —— 0 * y) at-top
and z:0 < z
hence U:Az. 0 <z = 0< Uz
by blast
obtain ¢ where a:x = exp a
using z exp-total by blast
have ((At. In (U (exp (t + a))) — In (U (exp t))) —— 0 * a) at-top
using h by fast
hence ((At. in (U (exp (t + a)) / U (exp t))) —— o * a) at-top
by (subst In-divide-pos) (use U in auto)
hence ((At. In (U (exp (t + a)) / U (exp t))) —— In (z powr 9)) at-top
by (simp add: a)
from tendsto-exp| OF this]
have ((At. U (exp (t + a)) / U (exp t)) —— x powr p) al-top
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using exp-In[OF powr-gt-zero[of ©, THEN iffD2]] x
by (simp add: exp-In[OF divide-pos-pos|OF U[OF exp-gt-zero| U|OF exp-gt-zerol]])
hence *:(\t. U (exp t * exp a) / U (exp t)) —— =z powr o) at-top
by (simp add: mult-exp-exp)
have ((At. U (¢t x exp a) / Ut) —— x powr ) at-top
by (rule tendsto-cong| THEN iffD2,0F - filterlim-compose[OF x In-at-top]])
(auto intro!: eventually-at-top-linorderl[where c=1])
thus ((A\t. U (¢t x z) / Ut) —— z powr o) at-top
by (simp add: a)
qed

lemma regularly-varying-in-exp:
assumes regularly-varying U o
shows ((At. In (U (exp (t + z))) — In (U (exp t))) —— o * z) at-top
using assms by(simp add: regularly-varying-In-exp-iff)

2.1.2 Slowly Varying Functions

abbreviation slowly-varying L = reqularly-varying L 0

lemma slowly-varyingl:
assumes L € borel-measurable (restrict-space borel {0<..})
and A\r. 0 <r=0<1Lr
and A\z. 0 <z = ((Mt. L (t xx) / Lt) —— 1) at-top
shows slowly-varying L
by (auto intro!: regularly-varyingl assms)

lemma slowly-varyingl-total:
assumes L € borel-measurable borel
and Ar. 0 <r=0<1Lr
and A\z. 0 <z = ((At. L (t xx) / Lt) —— 1) at-top
shows slowly-varying L
by (auto intro!: regularly-varyingl-total assms)

lemma slowly-varying-lim:
slowly-varying L = 0 < x = (M. L (t xz) / L t) —— 1) at-top
by (auto dest: regularly-varying-lim)

lemma slowly-varying-asymp-equiv:
assumes slowly-varying L
and z:0 < z
shows (At. L (t * z)) ~[at-top] (At. L t)
using assms by (auto dest: regularly-varying-asymp-equiv)

lemma slowly-varying-def2:

slowly-varying L «——
L € borel-measurable (restrict-space borel {0<..}) A
L {0<.} C{0<.} A
(Vz>0. (\t. L (¢t x z)) ~[at-top] (At. L t))
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unfolding regularly-varying-def2 by auto

lemma slowly-varying-In-exp:
assumes slowly-varying L
shows ((At. in (L (exp (t + 1)) — In (L (eap £))) —— 0) at-top
using reqularly-varying-ln-exp[OF assms] by simp

lemma slowly-varying-const[simp|: 0 < ¢ = slowly-varying (A\z. ¢)
by (auto introl: slowly-varyingl-total)

lemma regularly-varying-powr|simp|: regularly-varying (Az.  powr o) o
by (auto simp: powr-mult
introl: reqularly-varyingl-total tendsto-eventually
eventually-at-top-linorderI [where c=1])

lemma regularly-varying-id[simp): reqularly-varying (A\z. x) 1
by (auto intro!: regularly-varyingl-total simp: tendsto-iff frequently-def)

lemma slowly-varying-1: slowly-varying (Az. 1)
by simp

lemma regularly-varying-mult:
assumes U:regularly-varying U o
and V:regularly-varying V n
shows regularly-varying (Az. Uz x Vz) (0 + n)
proof (rule regularly-varyingl )
fix = :: real
assume (0 < z
then have x:((A\t. U (¢t x z) / Ut) —— z powr p) at-top
and #x:((At. V (¢ xz) / Vi) —— x powr 1) at-top
using assms by(auto simp: regularly-varying-lim)
show ((A\t. U (txz)*« V (txxz) / (Ut * Vi) —— xpowr (0 +n)) at-top
using tendsto-mult|OF x *x] by (simp add: powr-add)
qed(use assms in
auto simp: reqularly-varying-pos reqularly-varying-meas
introl: mult-pos-pos borel-measurable-times)

corollary
shows regularly-varying-cmult:
0 < ¢ = regularly-varying U o = regularly-varying (Az. ¢ * U z) o
and regularly-varying-multc:
0 < ¢ = reqularly-varying U o = regularly-varying (Az. Uz * ¢) o
using regularly-varying-mult[OF - slowly-varying-const|of c],of U o]
by (auto simp: mult.commute)

lemma regularly-varying-inverse:

assumes regularly-varying U o

shows reqularly-varying (Az. 1 / U z) (— o)
proof (rule reqularly-varyingl)
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fix = :: real
assume [arith]:0 < z
then have x:((At. U (¢t x z) / Ut) —— z powr o) at-top
by (simp add: regularly-varying-lim assms)
show ((At. 1 /U (t+z)/ (1 /] Ut)) —— x powr — o) at-top
using tendsto-inverse|OF x| by(auto simp: powr-minus[symmetric])
qed(use assms in auto dest: regularly-varying-meas regularly-varying-pos)

corollary regularly-varying-inverse-iff:
reqularly-varying (Az. 1 / U x) (— o) <« regularly-varying U o
using regularly-varying-inverse[of Az. 1 | Ux — g
reqularly-varying-inverse[of U o] by fastforce

lemma regularly-varying-divide:
assumes U:regularly-varying U o
and V:regularly-varying V n
shows regularly-varying (Az. Uz / Vz) (0 — 1)
using reqularly-varying-mult| OF U regularly-varying-inverse[OF V1]
by simp

lemma regularly-varying-comp-cmult:
assumes rv:regularly-varying U o
and c¢:0 < ¢
shows reqularly-varying (Az. U (¢ * x)) o
proof (rule regularly-varyingl )
show (Az. U (¢ * x)) € borel-measurable (restrict-space borel {0<..})
by (intro measurable-compose[ OF - reqularly-varying-meas| OF rv]] measurable-restrict-space3)
(use ¢ in auto)
show ((At. U (¢ x (t *xx)) / U (c x t)) —— z powr ) at-top if z:0 < z for z
unfolding mult.assoc[symmetric]
by (rule filterlim-compose[OF regularly-varying-lim[OF rv z]))
(use ¢ filterlim-ident filterlim-tendsto-pos-mult-at-top in fastforce)
qed(use assms in auto simp: regularly-varying-pos)

lemma regularly-varying-comp-multc:
assumes regularly-varying U o
and 0 < ¢
shows reqularly-varying (Az. U (z * ¢)) o
using regularly-varying-comp-cmult[OF assms] by (simp add: mult.commute)

lemma regularly-varying-iff-slowly-varying-divide-powr:
reqularly-varying U o «—— slowly-varying (A\x. U x / = powr o)
proof
assume slowly-varying (A\z. U z / x powr o)
from regularly-varying-mult[OF this regularly-varying-powr|of o],simplified)
show regularly-varying U o
by (simp cong: regularly-varying-cong)
next
assume regularly-varying U o
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from regularly-varying-divide[OF this regularly-varying-powr|of o]
show slowly-varying (Az. Uz / z powr o)
by simp
qed

corollary regularly-varying-decomp:
assumes regularly-varying U o
obtains L where
slowly-varying L
Ne. 0 <z = Uz =2xpowr ox Lz
using assms regularly-varying-iff-slowly-varying-divide-powr by fastforce

lemma slowly-varying-in:slowly-varying (Az. In (1 + x))
proof (safe introl: slowly-varyingl-total)
fix = :: real
assume zfarith]:0 < z
have tendsto-add’:(f —— (0::real)) F = (9 —— b) F
= ((Azureal. fo + gz) —— b) Ffor fgb F
using tendsto-add by fastforce
show ((At. In (I +txx) /In (1 +t)) —— 1) at-top
proof (rule Lim-transform-eventually)
show (M. In (1 /(1 +t0)+(t*xz)/ (1 +%)/In(l+1t)+1)—1)
at-top
proof —
have ((M\y. y * = / (I + y)) —— ) at-top
proof (rule Lim-transform-eventually)
have ((A\y. /(1 / y + 1)) —— x / 1) ai-top
by (intro tendsto-divide tendsto-add’)
(use filterlim-ident real-tendsto-divide-at-top in fastforce)+
thus (Ay.z /(1 /y+ 1)) —— z) at-top
by simp
show Vpyinattop.z /(1 Jy+1)=yx*xz /(1 +y)
by (rule eventually-at-top-linorderI[where c=1])
(smt (verit, ccfv-SIG) Groups.mult-ac(2) add-divide-eq-if-simps(1) div-by-1
divide-divide-eq-right)
qed
show ?thesis
apply(rule tendsto-add’)
apply(rule real-tendsto-divide-at-top|where c=In z])
apply(rule tendsto-in)
apply(rule tendsto-add’)
apply (rule real-tendsto-divide-at-top[where c=1])
apply simp
using filterlim-ident filterlim-tendsto-add-at-top
apply fastforce
apply fact
apply arith
using filterlim-compose filterlim-ident filterlim-tendsto-add-at-top In-at-top
apply blast
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apply simp
done
qed
next
show Ve yinattop.In(1 /(1 +y)+yxz/(1+y)/In(I+y +1=
In(1+yx*xz)/In(l+y)
proof (rule eventually-at-top-linorderl [where c=1])
fix y :: real

assume ylarith]: 1 <y
have In (1 /(1 +y)+y*xaz /(1 +y)/In(l+y +1
| =mn(1/(I+y+yxaz/ (1L +y)/In{I+y)+n(1+y)/in(
ty
by simp
)alsohave...:(ln(l/(1+y)+y*fv/(1 +y)+in(1+y)/In(1
+
! by algebra
alsohave ... =ln (1 /(1 +y)+y*xz /(1 +y) (1 +y)/In(l+y)
by (subst In-mult-pos) (auto simp add: add-sign-intros(2))
alsohave ... =ln (1 + yxz) / In (1 + y)

by (metis add-divide-distrib divide-cancel-right In-0 nonzero-eq-divide-eq)
finally show in (1 / (1 +y)+y*xz /(L +vy)/In(l +y) +1=
In(1+y*xz)/In(l+y).
qed
qed
qed auto

Exercise 2.8 of the book [3].

lemma slowly-varying-tendsto-gr-le-eq:
fixes U :: 'a :: linordered-field = 'b::{real-normed-div-algebra, field}
shows (Vz>1. ((At. U (¢t xz) /] Ut) —— 1) at-top)
— V. 0<z—z<1— (M. U(txz)/ Ut) — 1) at-top)
proof safe
assume h:(Vz>1. (At. U (t x2) / Ut) —— 1) at-top)
fixz:'a
assume zfarith]:0 < zz < 1
then have 1 < 1 / z
by simp
hence ((At. U (¢t x (1 / z)) /] Ut) —— 1) at-top
using h by blast
hence (M. U ((txx) x (1 / x)) /) U (¢t x )) —— 1) at-top
by (rule filterlim-compose)
(use z in
auto simp: filterlim-at-top eventually-at-top-linorder pos-divide-le-eq[of
x,symmetric))
hence «:(\t. Ut / U (t x x)) —— 1 / 1) at-top
by simp
thus ((A\t. U (t xz) / Ut) —— 1) at-top
using tendsto-inverse|OF x| by simp
next
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assume hVz>0. 2 <1 — ((At. U (txx) / Ut) —— 1) at-top
fix z :: a
assume zfarith]:1 < z
then have 0 < 1 /z1 /z< 1
by simp-all
hence (At. U (tx (1 / z)) /] Ut) —— 1) at-top
using h by blast
hence (At. U ((t*z) (1 / z)) /] U (¢t xz)) —— 1) at-top
by (rule filterlim-compose)
(use z in
auto simp: filterlim-at-top eventually-at-top-linorder pos-divide-le-eq[of
x,symmetricl)
hence «:(\t. Ut / U (t * x)) —— 1 / 1) at-top
by simp
thus (M. U (¢ x2) / Ut) —— 1) at-top
using tendsto-inverse[OF %] by simp
qed

lemma slowly-varying-iff-all-gr-1:
assumes L € borel-measurable (restrict-space borel {0<..})
and A\z. 0 <z = 0< Lz
shows slowly-varying L «— (Va>1. (M. L (t x ) / L t) —— 1) at-top)
proof
assume h:Va>1. (At. L (¢t xxz) / Lt) —— 1) at-top
show slowly-varying L
proof (rule slowly-varyingl )
fix z :: real
have vz = 1 = ((At. L (t xz) / Lt) —— 1) at-top
using assms
by (intro tendsto-eventually eventually-at-top-linorderI[where c=1])
(metis divide-self less-irrefl mult-1-right less-le-trans zero-less-one)
assume 0 < z
then consider 0 < zz <1 |z=1]|1<z
by linarith
thus ((At. L (t xz) / L t) —— 1) at-top
by cases (use h slowly-varying-tendsto-gr-le-eq assms * in auto)
ged(use assms in auto)
qed(auto introl: slowly-varying-lim)

lemma slowly-varying-iff-ne-1:
assumes L-meas:L € borel-measurable (restrict-space borel {0<..})
and L-pos:A\z. 0 <z = 0 < L=z
and L-mono:mono-on {0<..} L
shows slowly-varying L «—— (3z#1. 2 > 0 N (M. L (t xz) / Lt) — 1)
at-top)
proof safe
fix o’ :: real
assume z'-nel:z’ # 1
and z’-pos:0 < z’
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and lim":((A\t. L (t x ') / L't) —— 1) at-top
have lim":((At. L (t « (1 / z')) / Lt) —— 1) at-top
using filterlim-compose[OF lim’
filterlim-compose[OF filterlim-ident
filterlim-tendsto-pos-mult-at-top[OF - - filterlim-ident,
where c=1 / 2z’ and f=\z. 1 / 2]
tendsto-inverse-real x’-pos
by fastforce
define z where z = if 1 < 2’ then 2’ else 1 / z’
have z1[arith]:1 < z and z-pos[arith]:0 < z and z-pos’larith]:0 < 1 [z 1 | x
< 1
using z’-nel z’-pos
by (auto simp: z-def)
have lim-z1:((At. L (¢ x ) / L t) —— 1) at-top
and lim-z2:((At. L (t x (1 / z)) /] Lt) —— 1) at-top
using lim’ lim'' by (auto simp: z-def)
have lim-y1:((A\t. L (t xy) / L't) —— 1) at-top
if y[arith]:1 / 2 < yy < z for y
by (rule tendsto-sandwich[OF - - lim-z2 lim-z1])
(auto intro!: eventually-at-top-linorderl[where c=1] less-imp-le[OF L-pos]
divide-right-mono mono-onD[OF L-mono| mult-pos-pos simp del: times-divide-eq-right)
have lim-y:1 <y= y<zn= ((M. L (t*xy)/ Lt) —— 1) at-top for y
n
proof (induction n arbitrary: y)
case (
then show ?case
using L-pos
by (auto introl: tendsto-cong| THEN iffD1,0F - tendsto-const]

eventually-at-top-linorderl [where c=1] simp: order.strict-iff-order)
next

fix yn
assume ih:\z. 1 < z2= z2<z n—=
(M. L(tx2)/ Lt)—— 1) at-top
and yi[arith]:1 < y and y2:y <z~ Sucn
show ((At. L (txy) / Lt) —— 1) at-top
proof(cases x < y)
assume [arith]:z < y
then have y:1 <y /zy/z <z " n
using y2 by (auto simp add: cross3-simps pos-divide-le-eq)
note lim-ih =ih[OF this
have 1:Vp tin at-top. L (t xy) / Lt
S (L(tely /o) /LD« (L(txy) /D(txysi/n)
using y order.strict-iff-order|[ THEN 4ffD1,0F L-pos]
by (auto intro!: eventually-at-top-linorderl[where c=1])
have (M. (L (t*(y /) /Lt)x(L(t*xy) /L(txyx1/x)) —1
* 1) at-top
using tendsto-inverse[OF filterlim-compose|OF lim-x2
filterlim-at-top-mult-tendsto-pos| OF tendsto-const|of y] - filterlim-ident]]]
by (intro tendsto-mult lim-ih) simp
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thus ?thesis
using tendsto-cong[OF 1] by auto
qged(auto introl: lim-y1)
qed
show slowly-varying L
proof (safe intro!: slowly-varying-iff-all-gr-1[THEN iffD2] assms)
fix y :: real
assume y:1 < y
then obtain n where n:y < z " n
using power-of-nat-log-ge x1 by blast
thus (M. L (t xy) / Lt) —— 1) at-top
using y by (auto intro!: lim-y)
qed
qed(auto simp: slowly-varying-lim intro!: exl[where z=2])

2.2  Uniform Convergence Theorem on Intervals

theorem slowly-varying-UCT:
assumes sv:slowly-varying L
and a: 0 < a
shows uniform-limit {a..b} (At z. L (t x z) / L t) (Az. 1) at-top
proof(cases a < b)
assume a-le-b:a < b
have Ina-le-Inb:ln a < In b
using a-le-b a by simp
have eb: ¥V i i in at-top.
Vze{ln a..ln b}. In (L (exp i * exp z) / L (exp i)) € {— 1..1} (is Zebd)
and uniform-limit {In a..ln b}
(M. In (L (exp (t + z)) / L (exp t))) (Az. 0) at-top (is Zul)
proof —
show ¢1:%ul
proof (safe introl: uniform-limitl)
fix e :: real
assume e:0) < e
let ?h = At. In (L (exp t))
let 24 = abs (In b) + abs (In a)
have A:0 < ¢4
using a [na-le-Inb by linarith
note [measurable] = regularly-varying-meas-log-exp[ OF sv]
define I where I = A\¢t. {t..t + 2 x ?A}
define £ where £ = X t. [tN{z. e/ 2 < |?hx— ?ht|}
define E' where E' = Xt. I0N{z. e/ 2 <|%h (z +t) — ?h t|}
have [measurable]: A\t. It € sets borel \t. E t € sets borel
At. E’ t € sets borel
by (auto simp: E-def E’-def I-def)
have measE-eq-measE"-measure lborel (E t) = measure lborel (E’ t) for t
proof —

{

fix z
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havez € (\z.z —t) ‘Et——ax+te(+)t‘ (A\e.z—1t) ‘Et
by (simp add: image-iff)
also have ... «— z +t € Et
by (auto simp: image-image)
alsohavez + t€e Et —— z € E' ¢t
by (auto simp: E-def E’'-def I-def)
finally have z € (A\z. 2 — t) ‘Et«—az € E't.

}
hence 1:(Az. 2z —t) “Et=FE't

by blast

have measure lborel (E t) = measure lebesgque (E t)
by simp

also have ... = measure lebesgue (Az. z — t) ‘ E t)
by (simp add: measure-translation-subtract)

also have ... = measure lebesgue (E' t)
by (simp add: 1)

also have ... = measure lborel (E' t)
by simp

finally show ?thesis .

qed

have ((\t. integral” Iborel (indicat-real (E't)))
—— integral® lborel (A\z::real. 0)) at-top
proof (rule integral-dominated-convergence-real)
show AF x in lborel. norm (indicat-real (E't) (z :: real))
< indicat-real {0..2 x ?A} x for ¢
by (auto simp: E’-def I-def indicator-def)
next
have Vp t in at-top. |?h (z + t) — ?ht| < e/ 2 for z
using tendstoD[OF tendsto-rabs|OF regularly-varying-in-exp[OF sv,of ||
half-gt-zero[ OF €]
by (simp add: dist-real-def add.commute)
then obtain 7 where T:Azt. Tae <t = |?h (z +t) — ?ht|<e/ 2
unfolding eventually-at-top-linorder by meson
hence V i t in at-top. indicat-real (E't) x = 0 for x
unfolding eventually-at-top-linorder
by (fastforce introl: exI[where z=T z] simp: indicator-def E’-def)
hence ((At. indicat-real (E' t) ) —— 0) at-top for x
by (simp add: tendsto-eventually)
thus AFE z in lborel. (. indicat-real (E't) x) —— 0) at-top
by blast
qged (auto simp: emeasure-lborel-Icc-eq)
from tendstoD[OF this min-less-iff-conj| THEN iffD2
,OF conjI[OF half-gt-zero[OF €] half-gt-zero| OF A]]]]
obtain ¢0 where t0:\t. t0 < t = measure lborel (E t) < min (e / 2) (?A
/2)
unfolding measE-eq-measE’ dist-real-def eventually-at-top-linorder
by auto
show V g i in at-top. Vz€{ln a..ln b}. dist (In (L (exp (i + x)) / L (exp 7)))
0<e
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proof (safe intro!: eventually-at-top-linorderl[where c=t0 + |In b| + |in al])
fix tz
assume :¢0 + |ln b + |In a| < ¢t and z:z € {In a..In b}
have (I (t+z)NIt)— (F(t+z)UEt) #{}
proof
assume ne:l (t+z)NIt— (E(t+2)UEt) ={}
have 0 <z =T (t+a2)NIt={t+ z ..t + 2x%A}
< 0=1({+x)NIt={t.t+z+ 2«24}
unfolding Int-atLeastAtMost I-def using z Ina-le-Iinb by force+
hence 0 < 2 = measure lborel (I (t+x)NI1t)=2x %4 —x
x < 0 = measure lborel (I (t+x)NIt)=2=x %4+ =z
using z Ina-le-Inb by auto
hence x:measure lborel (I (t + z)NIt)> %A
using z by fastforce
have measure lborel (E (t + z) U E t)
< measure lborel (E (t + z)) + measure lborel (E t)
by (simp add: measure-Un-le)
also have ... < ?A / 2 + %A/ 2
by (rule add-strict-mono)
(use tO[of t] t t0[of t + z] x in fastforce)+
finally have sx:measure lborel (E (t + z) U Et) < 74
by argo
have 0 = 74 — ?4
by simp
also have ... < measure lborel (I (t + z) N It) — measure lborel (E (t +
z) U E¢t)
using * xx by argo
also have ... < measure lborel (I (t +z)NIt) — (E (t+ z) U Et))
by (metis Diff-Diff-Int E-def I-def <\t. E t € sets borel
«N\t. It € sets borely compact-Icc fmeasurable. Un fmeasurablel2
fmeasurable-compact inf-lel measure-diff-le-measure-setdiff
sets. Diff sets-lborel)
also have ... = 0
unfolding ne by simp
finally show Fulse
by simp
qged
then obtain k where k:k € I (t + z) ke It
kgfy.e/2<|?hy—?h(t+a)fk¢{ye/2=<[?hy— ?hi]}
unfolding E-def by blast
have |In (L (exp (t + x)) / L (exp t)) — 0| = |?h (¢t + z) — ?h 1]
by (auto introl: In-divide-pos arg-cong[where f=abs| regularly-varying-pos| OF
sv])
also have ... < |?hk — ?h (t + z) | + |?h k — ?h {]
by force
also have ... < e/ 2 + e/ 2
by (intro add-strict-mono) (use k in fastforce)+
finally show dist (In (L (exp (¢t + z)) / L (exp t))) 0 < e
by (simp add: dist-real-def)
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qed
qed
show ?Zeb
by (rule eventually-mono[OF wuniform-limitD[OF g1 ,of 1]])
(auto simp: exp-add)
qed
hence uniform-limit {in a..In b} (At z. In (L (exp t % exp x) / L (exp t))) (Ax.
0) at-top
by (simp add: exp-add)
hence uniform-limit {In a..ln b}
(M x. exp (In (L (exp i x exp x) / L (exp 7)))) (A\z. exp 0) at-top
by (safe introl: compact-uniformly-continuous continuous-on-exp
eb uniform-limit-compose-uniformly-continuous-on[where B={—1..1} and
g’ = Az. 0])
auto
hence uniform-limit {In a..In b} (Ai z. L (exp ¢ * exp z) / L (exp i)) (Az. 1)
at-top
using exp-In| OF divide-pos-pos| OF regularly-varying-pos| OF sv| reqularly-varying-pos| OF
sv]]]
by auto
hence uniform-limit {a..b} (Ai z. L (exp i = exp (In z)) / L (exp 7)) (Ax. 1)
at-top
using uniform-limit-compose[where A={In a..ln b}
and f=Xixz. L (exp i x exp x) / L (exp 7)
and g=Xz. I and h=In and B={a..b}] a by auto
hence uniform-limit {a..b} (Aiz. L (exp i * ) / L (exp 7)) (Az. 1) at-top
by (intro uniform-limit-cong[of - - i . L (exp i = x) / L (exp ©), THEN iffD1])
(use a in auto)
hence uniform-limit {a..b} (A\i z. L (exp (In i) x z) / L (exp (In 7))) (Az. 1)
at-top
by (intro filterlim-compose[OF - In-at-top])
thus uniform-limit {a..b} (M z. L (i * ) / L) (Az. 1) at-top
by (intro uniform-limit-cong[of - - Ni . L (i * z) / L i, THEN iffD1]
eventually-at-top-linorderI[where c=1]) auto
next
assume g < b
then consider a = b | b < a
by fastforce
thus ?thesis
by cases (use a slowly-varying-lim[OF sv] in auto)
qed

corollary regularly-varying-UCT-interval:
assumes sv:regularly-varying U o
and a: 0 < a
shows uniform-limit {a..b} (At z. U (t * ) / U t) (A\z. z powr o) at-top
proof —
obtain L where L-sv: slowly-varying L
and e¢-L: N\z. 0 <z = U=z =z powr 9 L x
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using reqularly-varying-decomp|OF sv] by blast
have 1:uniform-limit {a..b} (At z. x powr o * (L (t *x ) / L t)) (Az. = powr o *
1) at-top
by (intro uniform-lim-mult-bdd1[OF slowly-varying-UCT] assms L-sv
compact-imp-bounded compact-continuous-image continuous-on-powr)
(use a in auto)
have 2:uniform-limit {a..b} (At z. (z powr o * t powr o x L (t * x) / (t powr o
L)
(Az. = powr o) at-top
by (auto intro!: uniform-limit-cong| THEN iffD1,0F - - 1] eventually-at-top-linorderI [of
1)
show ?thesis
using a
by (auto intro!: uniform-limit-cong| THEN iffD1,0F - - 2] eventually-at-top-linorderI[of
1
simp: powr-mult eq-L)
qed

corollary reqularly-varying-UCT-interval-In-exp:
assumes rv:reqularly-varying U o
defines h = Az. In (U (exp x))
shows uniform-limit {a..b} (At z. h (t + z) — h t) (Az. ¢ * z) at-top
proof —
have 1:uniform-limit {exp a..exp b} (At z. U (t * ) / Ut) (Az. x powr o) at-top
by (auto intro!: regularly-varying-UCT-interval| OF rv))
have uniform-limit {exp a..exp b} (At z. In (U (t x z) / Ut)) (A\z. In (z powr
0)) at-top
proof (intro uniform-limit-compose-uniformly-continuous-on[OF 1]
uniform-limit-eventually-in| OF regularly-varying-UCT-interval| OF rv]))
define e where e = min (exp (a * 0)) (exp (b * o))
have e:0 < e
by (simp add: e-def)
define ¢’ where ¢/’ = ¢/ 2
have e'e' < e 0 < ¢’
using dense e’-def e by auto
have pos:0 < min (exp (a % 0)) (exp (b * g)) — €’
using e’ by(auto simp: e-def)
thus uniformly-continuous-on
{min (ezp (a % 0)) (ezp (b * 0)) — ¢'.maz (exp (a * 0)) (exp (b % 0)) +
e’} In
(is uniformly-continuous-on ?B In)
using e’ by(auto introl: continuous-on-In compact-uniformly-continuous)
show 0 < e’
by fact
fix xy
assume z:z € {exp a .. exp b}
and d:dist (z powr g) y < e’
have a-le-b:a < b
by (rule ccontr) (use z in auto)
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have zin:z powr o € {min (exp (a * 9)) (exp (b x 0))..maz (exp (a * o)) (ezp
(b % )}
(is - € 20)
proof(cases 0 < o)
assume h:0 < p
then have mono:mono-on {exp a .. exp b} (Az. = powr o)
by (auto introl: mono-onl powr-mono2 order.trans|OF exp-ge-zero])
have 1:min (exp (a * 0)) (exp (b * o)) = exp (a * o)
and 2: maz (exp (a * o)) (exp (b * 0)) = exp (b * o)
using h a-le-b by (simp-all add: mult-le-cancel-right)
have (Az. z powr 9) ‘{exp a .. exp b} = {exp (a * o) .. exp (b * o)}
unfolding exp-powr-real[symmetric]
by (intro image-mono-on-continuous-on-Icc mono continuous-on-powr)
(use a-le-b in auto)
thus 2thesis
using z by(auto simp: 1 2)
next
assume h:— 0 < p
then have mono:mono-on {exp a .. exp b} (Az. — (z powr p))
by (intro mono-onl)
(metis atLeastAtMost-iff basic-trans-rules(22) exp-gt-zero neg-le-iff-le nle-le
powr-mono2’)
have 1:min (exp (a * 0)) (exp (b *x o)) = exp (b * o)
and 2: mazx (exp (a * 0)) (exp (b * p)) = exp (a * o)
using h a-le-b by (simp-all add: mult-le-cancel-right)
have (Az. z powr o) ‘{exp a .. exp b} = uminus ‘ (Az. — (z powr )) ‘ {exp
a .. exp b}
by force
also have ... = uminus ‘ {— (exp (a * 9))..— (exp (b * 0))}
unfolding exp-powr-real[symmetric]
by (intro image-mono-on-continuous-on-Icc mono continuous-on-minus
continuous-on-powr arg-conglwhere f=() uminus))
(use a-le-b in auto)
also have ... = {exp (b * 0) .. exp (a * 0)}
by auto
finally show ?thesis
using z by(auto simp: 1 2)
qed
show y € B
using zin d by(auto simp: dist-real-def)
qed auto
hence uniform-limit {exp a..exp b}
(Mt z. In (U (expt*x)/ U (expt))) (Az. o * In x) at-top
using filterlim-compose| OF - exp-at-top] by auto
hence uniform-limit {a..b}
(At z. In (U (exp t x exp z) / U (exp t))) (Az. o * In (exp x)) at-top
by (intro uniform-limit-compose’[where h=exp|) auto
hence uniform-limit {a..b} (At z. In (U (exp (¢t + x)) / U (exp t))) (Az. 0 * z)
at-top
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by (simp add: exp-add)
thus uniform-limit {a..b} (At z. h (t + ) — ht) (Az. o x z) at-top
using regularly-varying-pos|OF rv exp-gt-zero] In-divide-pos
by (simp add: h-def cong: uniform-limit-cong”)
qed

corollary slowly-varying-UCT-interval-in-exp:
assumes sv:slowly-varying L
defines h = Az. In (L (exp x))
shows uniform-limit {a..b} (At z. h (t + z) — h t) (Az. 0) at-top
using regularly-varying-UCT-interval-In-exp| OF sv] by (simp add: h-def)

corollary regularly-varying-compose:
assumes vl :reqularly-varying U o
and rv2:regularly-varying V n
and lim:filterlim U at-top at-top
shows regularly-varying (Az. V (U x)) (0 * 1)
proof (rule reqularly-varyingl)
fix z ::real
assume 2:0 <
hence z powr o > 0
by simp
then obtain 7 where i-pos:0 < 7 and i: 0 < z powr o0 — @
by (meson diff-gt-0-iff-gt field-lbound-gt-zero)
show ((At. V(U (t xxz)) / V (Ut)) —— z powr (0 * 1)) at-top
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e:0) < e
from regularly-varying-UCT-interval|OF rv2 i,0f © powr o + i] half-gt-zero| OF
¢]
obtain Tv where Tu:Ay t. Tv < t = z powr p — i < y = y < x powr o
+ 1
= |V(itxy)/ Vt—ypowrn <e/2
unfolding uniform-limit-iff dist-real-def eventually-at-top-linorder
by (meson atLeastAtMost-iff)
obtain 71 where TI:A\t. T1 <t = To < Ut
using lim unfolding filterlim-at-top eventually-at-top-linorder
by fastforce
obtain 72 where T2:\t. T2 < t = |U (t xz) / Ut — z powr g| < i
using regularly-varying-lim[OF rvl x] i-pos
by (fastforce simp: tendsto-iff eventually-at-top-linorder dist-real-def)
obtain T3 where T3:A\t. T3 <t = |(U (t x z) / Ut) powr n — z powr (o
il <e/2
using tendstoD[OF tendsto-powr|OF regularly-varying-lim|OF rvl x]
tendsto-const[of n]] half-gt-zero[ OF e]]
x
by (fastforce simp: eventually-at-top-linorder powr-powr dist-real-def)
define T where T = max (maz 1 T1) (maz T2 T3)
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show Vg tin at-top. |V (U (t xx)) / V (Ut) — x powr (o0 *n)| < e
proof (safe introl: eventually-at-top-linorderl [where c¢=T])
fix ¢
assume t:T < ¢
then have t-pos:0 < t and Tvt:Tv < U t
and t:|U (¢t xz) / Ut — x powr o| < i
and tpowr:|(U (¢t « z) / Ut) powr n — x powr (o xn)| < e/ 2
using 71 T2 T3 by(auto simp: T-def)
have |V (U (t x z)) / V (U t) — x powr (o * n)]
=|V((Utx(U({xxz)/ Ut)) /] V(Ut) — xpowr (o *n)
using regularly-varying-pos|OF rvl t-pos] by simp
also have ... < |V (Ut (U (txz)/ Ut)/ V(U — (U (txz)/ Ut
powr 1|
+ (U (t x ) / Ut) powr n — z powr (o * n)|
by linarith
alsohave ... < e/ 2+ ¢/ 2
using ti by(intro add-strict-mono tpowr Tv Tvt) auto
finally show |V (U (¢t x z)) / V (Ut) — z powr (0 *n)| < e
by argo
qed
qged
qed(use measurable-compose| OF
measurable-restrict-space2[OF - regularly-varying-meas[OF rv1]]
reqularly-varying-meas| OF rv2]]
in auto introl: regularly-varying-pos|OF rvl] regularly-varying-pos|OF rv2])

lemma
assumes sv:slowly-varying L
defines h = \z. In (L (exp x))
shows slowly-varying-eventually-bounded-interval:
Y F zin at-top. Va>x. ¥V b>a. bounded (L * {a..b})
and slowly-varying-eventually-bounded-interval-strong:
YV r xin at-top. Va>z. Yb>a. 3A>0. IB. L ‘{a..b} C {A..B}
and slowly-varying-eventually-bounded-interval-in-exp:
YV F xin at-top. ¥V a>z. ¥V b>a. bounded (h ‘{a..b})
proof —
have 3 T:real. Vi>T.Vn. t < T + Sucn — |ht] < Sucn + |h T|
proof —
from uniform-limitD[where e=1,0F slowly-varying-UC T-interval-in-exp| OF
sv,0f 0 1]
obtain 7 where T'"Atz. t > T —= 0<z= 2 <1 = |h (t +2) — h i
< 1
by (fastforce simp: eventually-at-top-linorder h-def)
have A\t. T<t=t < T + Sucn = |h t| < Sucn + |h T| for n
proof (induction n)
case ih:(Suc n’)
then consider t < T + Sucn’| T + Sucn’ < tt < T + Suc (Suc n’)
by argo
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thus ?case
proof cases
assume ©:T + Suc n’ < t ¢t < T + Suc (Suc n’)
define ¢’ where t' =t — 1
have t""T < t't' < T + Sucn’
using ¢ by(auto simp: t'-def)
then have |h t| < 1 + |h t/|
using T'[of t' 1] by(simp add: t'-def)
also have ... < real (Suc (Suc n')) + |h T|
using ih t’ by fastforce
finally show ?thesis .
qged(use ih in fastforce)
qged(use T'[of T - — T| in fastforce)
thus ?thesis
by blast
qged
then obtain T :: real where T:A\tn. T <t=t < T + Sucn = |ht] <
Suc n + |h T
by fast
show WV x in at-top. Va>z. ¥V b>a. bounded (h  {a..b})
proof (intro eventually-at-top-linorderI[where c¢=T] alll impI)
fix tab:: real
assume tab:T < tt<aa<b
then obtain N where N:b < T + Suc N
by (metis Multiseries- Expansion.intyness-simps(5) add.commute
add-mono-thms-linordered-semiring(1) arithmetic-simps(49) diff-le-eq
not0-implies-Suc of-nat-0-le-iff real-arch-simple)
show bounded (h ‘ {a..b})
using tab N
by (auto introl: boundedI[where B=Suc N + |h T
less-imp-le[of - Suc N + |h T|] T simp del: of-nat-Suc)

qed
have «V p x in at-top. Va>z. Vb>a. 3A>0. AB. (Az. L (exp z)) ‘ {a..b} C
{A..B}
proof (safe introl: eventually-mono[OF h])
fixtabd

assume YV a>t. Vb>a. bounded (h ‘{a..b})
and t<aa<b
then obtain A B where AB:h ‘{a..b} C {A..B}
unfolding bounded-subset-cball cball-eq-atLeastAtMost by blast
show 34>0. 3B. (A\z. L (exp z)) ‘{a..b} C {A..B}
by (intro exl[where x=exp A] conjI[OF - exl[where x=exp B]] image-subset]
exp-gt-zero)
(metis AB regularly-varying-pos|OF sv exp-gt-zero| h-def
atLeastAtMost-iff exp-le-cancel-iff exp-In-iff image-subset-iff)
qed
then obtain 7' where T
Naeb T <a= a<b= 3A>0.3B. (Az. L (exp z)) ‘{a..b} C {A..B}
unfolding eventually-at-top-linorder by metis
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have #x:a < b = exp ‘{a..b} = {exp a..exp b} for a b :: real
by (intro image-mono-on-continuous-on-Icc)
(auto introl: continuous-on-exp ord.mono-onl)
show sV p x in at-top. Va>z. Vb>a. 3A>0. 3B. L ‘{a..b} C {A..B}
proof(safe intro!: eventually-at-top-linorderl [where c=exp T))
fix tab: real
assume tabiezp T < tt<aa<b
hence tab0:0 <t 0 < a0 <b
using exp-gt-zerolof T| by linarith+
hence lnab:T < lnalna<lInb
using tab In-ge-iff by(auto introl: In-mono)
then obtain A B where AB:0 < A (Az. L (exp z)) ‘{In a..ln b} C {A..B}
using T by meson
moreover have (Az. L (exp z)) ‘{in a..In b} = L ‘{a..b}
unfolding h-def image-image[symmetric]
by (simp add: ** Inab tab0)
ultimately show 3A4>0. 3B. L ‘{a..b} C {A..B}
by fast
qed
show V g z in at-top. V a>z. ¥V b>a. bounded (L ‘ {a..b})
by (intro eventually-mono|OF sxxx))
(meson bounded-closed-interval bounded-subset)
qed

lemma
assumes rv:regularly-varying U o
defines h = Az. In (U (exp x))
shows regularly-varying-eventually-bounded-interval:
YV xin at-top. ¥V a>x. ¥b. bounded (U ‘ {a..b})
and regularly-varying-eventually-bounded-interval-strong:
Vg zin at-top. Va>z. ¥Vb. 3A>0. 3B. U ‘{a..b} C {4..B}
and regularly-varying-eventually-bounded-interval-In-exp:
Y xin at-top. ¥V a>x. ¥b. bounded (h ‘{a..b})
and regularly-varying-eventually-locally-integrable:
YV zin at-top. ¥V a>xz. YV b. set-integrable lborel {a..b} U
and regularly-varying-eventually-locally-integrable-In-exp:
YV xin at-top. ¥V a>x. ¥ b. set-integrable lborel {a..b} h
proof —
define L where L = Az. Uz / z powr o
define b’ where b/ = Az. In (L (exp z))
have sv:slowly-varying L
by (simp add: regularly-varying-iff-slowly-varying-divide-powr|of U,symmetric]
L-def )
have U-L:A\z. 0 < x = Uz = x powr o x L z
by (auto simp: L-def)
have h-h':h = (Az. o x  + h' 1)
using regularly-varying-pos|OF sv exp-gt-zero)
by (auto simp add: h'-def h-def U-L In-mult less-le)
hence 1V z in at-top. Va>z. Vb>a. bounded (L ‘{a..b})
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and 2:Vp z in at-top. Va>z. Vb>a. 3A>0. 3B. L ‘{a..b} C {A..B}
and 3:V g z in at-top. Va>z. ¥V b>a. bounded (h' ‘{a..b})
using slowly-varying-eventually-bounded-interval
slowly-varying-eventually-bounded-interval-strong
slowly-varying-eventually-bounded-interval-In-exp sv
by (auto simp: h'-def)
have %V p z in at-top. Va>z. Vb. bounded (L ‘{a..b})
by (intro eventually-mono[OF 1])
(metis atLeastatMost-empty-iff2 bounded-closed-interval image-empty)
have «xV p z in at-top. Va>z. Vb. 3A>0. 3B. L ‘{a..b} C {A..B}
by (intro eventually-mono[OF 2])
(metis atLeastatMost-empty’ empty-iff exp-gt-zero image-subset-iff)
have .V p x in at-top. Va>z. ¥V b. bounded (h' ‘ {a..b})
by (intro eventually-mono[OF 3])
(metis atLeastatMost-empty-iff2 bounded-closed-interval image-empty)+
have bdd1:V p x in at-top. ¥ a>z. ¥ b. bounded ((A\z. x powr o) ‘{a..b})
by (auto introl: compact-imp-bounded compact-continuous-image continuous-on-powr
eventually-at-top-linorderI [where c=1])
have bdd2:bounded ((Az. o * x) ‘{a..b}) for a b
by (metis bounded-closed-interval bounded-scaling image-cong real-scaleR-def)
have UV p x in at-top. ¥V a>z. ¥ b. bounded ((A\z. x powr o x L z) ‘{a..b})
by (intro eventually-mono[OF eventually-conj|OF x bdd1]] bounded-times-comp
alll impl)
auto
show ¢1:V g z in at-top. Va>z. Vb. bounded (U ‘{a..b})
proof (intro eventually-at-top-linorderI[where c=1,THEN eventually-mp[OF -
U] impI alll)
fix zab :: real
assume h:1 < z Va>z. Vb. bounded ((A\z. z powr ¢ x L x) ‘{a..b}) z < a
then have (A\z. z powr ¢ * L z) ‘{a..b} = U ‘{a..b}
using U-L by auto
thus bounded (U ‘ {a..b})
using h by metis
qed
show ¢2:V g z in at-top. ¥ a>z. V b. bounded (h  {a..b})
using bdd2 by(auto simp: h-h' introl: bounded-plus-comp eventually-mono[OF
show V g z in at-top. V a>x. V b. set-integrable lborel {a..b} U
proof (safe intro: eventually-at-top-linorderI[where c=1,THEN eventually-mp|OF
- g1]])
fix a b x :: real
assume h:1 < z Va>z. Vb. bounded (U ‘{a..b}) z < a
then obtain K where Vze{a..b}. |Uz| < K
by (fastforce simp: bounded-iff)
thus set-integrable lborel {a..b} U
using reqularly-varying-meas-Icc[OF rv] h
by (auto simp: set-integrable-def emeasure-lborel-Icc-eq
intro!: integrablel-bounded-set[where A={a..b} and B=K])
qed
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show V i z in at-top. V a>x. V' b. set-integrable lborel {a..b} h
proof(safe intro!: eventually-mono[OF ¢2])
fix a b x :: real
assume h:V a>z. Vb. bounded (h ‘{a..b}) z < a
then obtain K where Vze{a..b}. |hz| < K
by (fastforce simp: bounded-iff)
thus set-integrable lborel {a..b} h
using reqularly-varying-meas-log-exp| OF rv)
by (auto simp: set-integrable-def emeasure-lborel-Icc-eq h-def
intro!: integrablel-bounded-set[where A={a..b} and B=K])
qed
have sxxx:V p z in at-top. Va>z. Vb>a. 3A>0. 3B. U ‘{a..b} C {A..B}
proof (safe intro!: eventually-mp[OF eventually-at-top-linorderl[of 1] *x])
fix z ab:: real
assume zab:! < zzr<aa<bVa>z. Vb IA>0.3IB. L ‘{a..b} C {A..B}
then obtain A B where A:A > 0 and AB:L ‘{a..b} C {A..B}
by blast
have a:0 < a
using zab by linarith
have 3C>0. 3D. (Az. z powr o) ‘{a..b} = {C..D}
proof(cases 0 < )
assume 0 < p
then have (\z. z powr ¢) ‘ {a..b} = {a powr o..b powr o}
using zab
by (intro image-mono-on-continuous-on-Iec zab mono-onl
POWr-mono2 continuous-on-powr) auto
thus ?thesis
using a
by (intro exl[where z=a powr | conjI[OF - exI[where z=b powr g|]) auto
next
assume — 0 < o
then have (Az. z powr ¢) ‘{a..b} = {b powr o..a powr o}
using zab
by (intro image-antimono-on-continuous-on-Icc monotone-onl powr-mono2’
continuous-on-powr) auto
thus ?thesis
using zab
by (intro exl[where z=b powr o] conjI[OF - exl[where z=a powr g]]) auto
qed
then obtain C' D where CD:0 < C (Az. z powr 9) ‘{a..b} = {C..D}
by blast
have U ‘{a..b} C (M=, y). z x y) ‘ ((A\z. z powr o) ‘{a..b} x L ‘{a..b})
using a U-L by auto
also have ... C (A(z, y). z x y) ‘({C..D} x {A..B})
using AB CD by fast
also have ... C {CxA..DxB}
using A CD mult-mono by fastforce
finally show 3A4>0.3B. U ‘{a..b} C {A..B}
using A CD by(intro exI[where z=CxA]) auto
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qed
show V p z in at-top. Va>z. Vb. 3A>0. 3B. U ‘{a..b} C {A..B}
by (rule eventually-mono[OF ssxxx])
(metis atLeastatMost-empty-iff dual-order.refl empty-iff image-subset-iff)
qed

2.3 Weakening the Definition of Regularly Varying Func-
tions

We prove Proposition 2.3 in [3]. In the definition of a regularly varying
function, U(tx)/U(t) needs to converge to x* as t — oo. However, we can
weaken this assumption to: U(tz)/U(t) converges to some function h.

lemma
assumes [measurable]:U € borel-measurable (restrict-space borel {0<..})
and UAz. 0 <2 = 0< Ux
and lim:A\z. 2 > 0 = ((At. U (¢t xz) / Ut) —— h x) at-top
shows divide-limit-power:\z. £ > 0 = h x = x powr In (h (exp 1))
and diwide-limit-imp-reqularly-varying:regularly-varying U (In (h (exp 1)))
and divide-limit-imp-regularly-varying-ex:3 0. regularly-varying U o
proof —
have lim" 0 < 1 = 0 < y =
(M. U (txxzxy)/ U(t*x)) —— hy) at-top for = y
by (rule filterlim-compose[of - - at-top At. t * x])
(auto introl: lim eventually-at-top-linorderI[where c=- / 1]
simp: divide-le-eq filterlim-at-top)
have cong\zy. 0 <z = 0 < y =
Vptinattop. U (tx(xxvy)) /Ut
=U(t*xx) /] Utx (U (txzxy)/ U(t*m))
using U by(intro eventually-at-top-linorderI[where c=1])
(simp add: mult.assoc less-le)
have liml:\zy. 0 <z = 0 < y =
(M. U (tx(zxy)/ Ut) —— h(z*y)) at-top
using lim by simp
have lim2:\zy. 0 < 1 = 0 < y =
(M. U(t=*xxz)/ Utx(U(t*xxxy)/ U(txz)) — hxxh
y) at-top
by (intro tendsto-mult lim lim') simp-all
have h-eq:0 <2 = 0 <y= h (zxy) =hzx hyforzy
using lim1[of © y] lim2][of x y]
by (intro tendsto-unique) (auto simp: tendsto-cong|OF cong|of x y]])
have [measurable]:(x) r € restrict-space borel {0::real<..} — p restrict-space borel
{0<..}
if r:r > 0 for r
using 7 by(auto intro!: measurable-restrict-space3)
have h-meas[measurable]:h € borel-measurable (restrict-space borel {0<..})
by (rule borel-measurable-LIMSEQ-metric-at-toplwhere f=At x. U (t * x) / U
t and K=1])
(auto introl: lim)
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have h-pos:0 < h z if :0 < z for x
proof(rule ccontr)
assume cc:o 0 < hx
moreover have 0 < h z
by (rule tendsto-lowerbound[OF lim|[OF x]])
(use U in auto introl: eventually-at-top-linorderl [where c=1]
order.strict-implies-order simp: x)
ultimately have h z = 0
by linarith
hence h 1 =0
using h-eqlof x 1 / x| x by simp
hence (At. Ut /] Ut) —— 0) at-top
using lim[of 1] by auto
moreover have (A\t. Ut / Ut) —— 1) at-top
by (intro tendstol eventually-at-top-linorderl[where c=1])
(metis U dist-self divide-self less-irrefl order-less-le-trans zero-less-one)
ultimately show Fulse
using tendsto-unique by force
qed
hence h 1 = 1
using h-eq[of 1 1] by (metis less-irrefl mult-cancel-right1 zero-less-one)
define g where g = Ar. In (h (exp 1))
have g-meas:g € borel-measurable borel
unfolding g-def
by (rule measurable-compose[where N=borel, OF measurable-compose
[where g=h and N=restrict-space borel {0<..}]])
(auto simp: measurable-restrict-space2-iff)
have g-eq:ig (t +y) =gax + gy forz y
by(simp add: g-def exp-add h-eq[OF exp-gt-zero exp-gt-zero] In-mult-pos|OF
h-pos h-pos))
have g = (Az. z x g 1)
using g-meas g-eq Cauchy-equation-measurable’ by blast
hence z x g 1 = In (h (exp z)) for z
by (metis g-def)
hencez > 0 = lnzx g1 =1In (hz)for z
by simp
thus haz:x > 0 = h o = z powr In (h (exp 1)) for z
by (simp add: h-pos powr-def g-def mult.commute)
show regularly-varying U (In (h (exp 1)))
using assms by(auto introl: reqularly-varyingl simp: hz[symmetric])
thus do. reqularly-varying U o
by blast
qed

lemma
assumes mono:mono-on {0<..} U and U-pos: A\z. 0 < 2 = 0 < Ux
and b-pos:V g n in sequentially. 0 < b n
and [l-pos:V g n in sequentially. 0 < I n
and lim-b:filterlim b at-top sequentially
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and l-equiv:l ~[sequentially] (An. I (Suc n))
and limA\z. 0 <z = (An.lnx U (bnx*xz)) —— hz
and h-pos: N\z. 0 <z = 0 < hz
shows regularly-varying-sequentialy-lim:
Ne. 0 <z= (M. U (t*xx)/ Ut) —— hz/ hl1)attop
and regularly-varying-sequentialy:reqularly-varying U (In (h (exp 1) / h 1))
and regularly-varying-sequentialy-ex:3 o. regularly-varying U o
proof —
have [-Spos:V g n in sequentially. 0 < I (Suc n)
using l-pos le-Suc-eq by (auto simp: eventually-sequentially)
have lim-l:(An. In / | (Suc n)) —— 1
using Il-pos eventually-mono
by (fastforce intro!: asymp-equivD-strong[OF l-equiv))
have lim-S:A\z. 0 < 2 = (An. | (Suc n) * U (b (Suc n) * t)) —— hx
using lim by (auto intro!: LIMSEQ-Suc)
define n where n = (A\t. LEAST m. t < b (m + 1))
have n-less-b:t < b (nt+ 1) for ¢
unfolding n-def
by (rule Leastl-ex)
(metis lim-b eventually-sequentially filterlim-at-top-dense nat-le-iff-add)
have b-le-n:b (nt) < tif t:b 0 < ¢t for ¢
by (rule ccontr)
(metis Least-le Suc-n-not-le-n n-def not0-implies-Suc not-le Suc-eq-plusi t)
have lim-n:filterlim n sequentially at-top
proof (rule ccontr)
assume — filterlim n sequentially at-top
then obtain M where M AT. 3t>T.nt+ 1 < M + 1
unfolding filterlim-at-top eventually-at-top-linorder
by (meson add-right-mono linear)
define bM where bM = Maz (b ‘{..M + 1})
have AT. 3t>T. b (nt+ 1) < bM
using M’ unfolding bM-def
by (meson Max.coboundedl atMost-iff finite-atMost finite-imagel image-eql)
then obtain ¢t where bM < tb (nt+ 1) < bM
by blast
thus Fulse
using n-less-blof t] by linarith
qed
have b-posV g t in at-top. 0 < b (n t)
and l-pos”:V g t in at-top. 0 <1 (n t)
and [-Spos"V g t in at-top. 0 < I (Suc (n t))
and lim-b"filterlim (At. b (n t)) at-top at-top
and lim-I":.((Mt. 1 (nt) / 1 (Suc (nt))) —— 1) at-top
and lim" Az. 0 <z = ((Mt. I (nt) * U (b(nt)*z)) — hzx) at-top
and lim-S"A\z. 0 < 2 = ((At. I (Suc (nt)) * U (b (Suc (nt)) * z)) —— h
x) at-top
by (auto introl: b-pos I-pos lim-b lim-1 eventually-compose-filterlim|OF - lim-n]
filterlim-compose[OF - lim-n] I-Spos lim lim-S)
show #:((At. U (txz) / Ut) —— hx [/ h 1) at-top if 2:0 < z for z
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proof(rule tendsto-sandwich)
show V p ¢ in at-top. (I (Suc (nt)

)
* (L(nt)* U (b
£))))

< U(txx)/ Ut (isVp tin at-top. ?lhs t < -)
proof (intro impl eventually-mp|OF eventually-at-top-linorderl [where c=max
(b0) 1]
eventually-conj| OF b-pos’ eventually-conj|OF l-pos’ I-Spos']]])
fix ¢
assume t: maz (b 0) I <tand h:0 <b(nt) AN 0<l(nt)A0<I(Suc
(n 1))
have ?lhst = U (b (nt) x z) / U (b (Suc (n t)))
using h by simp
also have ... < U (t xz) / Ut
by (rule frac-le)
(use U-pos x h t n-less-blof t] mono-onD[OF mono] b-le-n|of t]
in auto introl: order.strict-implies-order|of 0])

finally show ?lhst < U (txxz) / Ut.

/1 (nt)
(nt)*x)/ (I (Suc (nt)*U(b(Suc (n

qed
next
show V g tinattop U({txz)/ Ut
< (U(nt) /1 (Suc(nt)))
) * (I (Suc (nt))« U (b(Suc(nt)xz)/(l(nt)* U (b(n
t

(isVp tin at-top. - < ?rhs t)
proof (intro impl eventually-mp[OF eventually-at-top-linorderI[where c=max
(b0) 1]
eventually-conj[OF b-pos’ eventually-conj[OF l-pos’ I-Spos’]]])
fix ¢
assume &: maz (b 0) I <tand h:0 <b(nt) A 0 <l(nt)A0 <l (Suc
(n 1))
have U (t xz) / Ut < U (b (Suc (nt))xz)/ U (b(nt))
by (rule frac-le)
(use U-pos x h t n-less-blof t] mono-onD[OF mono] b-le-n|of t]
in auto introl: order.strict-implies-order|of 0])
also have ... < ?rhs t
using h by simp

finally show U (t xz) / Ut < %rhst .

qed
next

have 1:((A\t. I (Suc (nt)) /1 (nt)) —— 1) at-top

using tendsto-divide[OF tendsto-const[of 1] lim-1] by simp
have 2:(A\t. I (nt) x U (b (nt) *z)) —— h z) at-top

using z lim’ by simp
have 3:((At. I (Suc (nt)) * U (b (Suc (nt)))) —— h 1) at-top

using lim-S'[of 1] by simp
show ((At. I (Suc (nt)) /1 (nt)x*

(I(nt)yx U(b(nt)*x)/ (l(Suc(nt))*x U(b(Suc(nt))))))

—— hx/ hl1) attop
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using tendsto-mult|OF 1 tendsto-divide[OF 2 8]] h-pos|of 1] by argo
next
thm lim-I’
have 2:((At. I (Suc (nt)) x U (b (Suc (nt)) * )) —— h z) at-top
using z lim-S’ by simp
have 3:(At. I (nt) « U (b (nt)) —— h 1) at-top
using lim'[of 1] by simp
show ((At. I (nt) /1 (Suc (nt)) *
(I (Suc (nt))« U (b(Suc(nt))«z)/ (I (nt)* U (b(nt)))))
—— hax/ hl) attop
using tendsto-mult| OF lim-l’ tendsto-divide|OF 2 3]] h-pos[of 1] by argo
qed
show regularly-varying U (In (h (exp 1) / h 1))
by (auto introl: divide-limit-imp-regularly-varying
borel-measurable-mono-on-fnc mono U-pos )
thus dp. regularly-varying U o
by blast
qed

lemma regularly-varying-integral-infinity:
assumes rv:reqgularly-varying U o
assumes rho:— 1 < g
shows ([ * te{a<..}. ennreal (U t) dlborel) = T
proof —
have [measurable]: An. (Az. ennreal (U z) * indicator {27 n<..2 * 27n} z)
€ borel-measurable borel
(Az. ennreal (U z) % indicator {0<..} x) € borel-measurable borel
by (auto introl: regularly-varying-meas-Ioc-ennreal
regularly-varying-meas-o-ennreal rv)
have 2 powr ¢ > 1 / 2
by (metis rho powr-less-cancel-iff powr-neg-one rel-simps(49,51) semiring-norm(76))
with regularly-varying-lim[where z=2,0F rv]
obtain s’ where s"At. s’ <t=1/2< U (tx2)/ Ut
by (metis (lifting) eventually-at-top-linorder rel-simps(51) order-tendstoD(1))
obtain s” where s': At k. s’ < t = set-integrable lborel {t..k} U
using regularly-varying-eventually-locally-integrable[ OF rv]
by (metis (lifting) eventually-at-top-linorder)
define s where s = maz (maz 1 a) (mazx s’ s"')
have s-pos:0 < sand ss\t. s <t= Ut < 2% U (t* 2)
and s2:A\t k. s < t = set-integrable lborel {t..k} U
using s’ s" regularly-varying-pos| OF rv] by (fastforce simp: s-def)+
have as:a < s
by (simp add: s-def)
obtain N where N:s < 2 ™ N
using power-of-nat-log-ge [of 2 s] by auto
hence N"An. N<n= 2 "n<t= Ut< 2% U (t=*2)fort
using s[of t] s-pos order.trans less-num-simps
by (metis power-increasing power-one-right two-realpow-ge-one)
have integrable: N < n = set-integrable lborel {2 n<..2 x 2"n} U for n
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using s2[OF order.trans[OF N||
by (auto introl: set-integrable-subset[where A={2"n..2 x 2"n} and B={2"n<..2

x 27n}])
have less’:([ T t€{2 n<..2 x 27n}. Ut Qlborel) < ([ T te{2x2"n<..4 * 27n}.

U t dlborel)
if n:N < n for n

proof —
have ([T te{2™n<..2 x 27n}. ennreal (U t) dlborel)

< ([T te{2n<..2 x 27n}. ennreal (2 * U (t * 2)) Olborel)

proof (rule set-nn-integral-less)
have ([ Tze{2 “n<..2 x 2 " n}. ennreal (U z) Dlborel)
< ([ *=. ennreal |indicat-real {2 ~n<..2 x 2 " n} z = U z| dlborel)

by (auto introl: nn-integral-mono arg-cong[where f=ennreal]
simp: ennreal-indicator|symmetric] ennreal-mult''|OF indicator-pos-le,symmetric)

mult.commute)

also have ... < c©
using integrable[OF n) by (auto simp: set-integrable-def integrable-iff-bounded)

finally show ([ tz€{2 ~n<..2 x 2 " n}. ennreal (U z) dlborel) # oo

by order

next
show AF ze{2 ~n<..2 x 2 " n} in lborel. ennreal (U z)

< ennreal (2 x U (z x 2))
by (fastforce intro!: ennreal-lessI N'[OF n| regularly-varying-pos|OF rv])
show (Az. ennreal (2 x U (z * 2)) x indicator {2 “n<..2 x 2 " n} x)

€ borel-measurable lborel

by (auto introl: regularly-varying-meas-Ioc-ennreal
reqularly-varying-comp-multc regularly-varying-cmult Tv)

qed auto
also have ... = ([ Tz€{2 "n<..2 x 2 " n}. ennreal (|2] * U (z % 2)) dlborel)

by simp
also have ... = ([ Tze(\z. z x 2) ‘{2 "n<..2 x 2 " n}. ennreal (U z) dlborel)
by (rule nn-integral-change-of-variables-reall '[symmetric])
(use integrable[of n + 1] n in
auto introl: measurable-restrict-spacel inj-on-mult less-imp-le
reqularly-varying-pos|OF rv] simp: mult-commute-abs)

also have ... = ([ T t€{2x2™n<..4 * 27n}. Ut dlborel)

by simp
finally show ?%thesis .

qed
have less:([ T t€{2"N<..2 « 2"N}. Ut dlborel) < ([T te{2%27n<..4 = 27n}.

U t lborel)
if n:N < n for n
proof (rule nat-induct-at-least| OF n))

fix m

assume m:N < m
and ([ tze{2 TN<.2 % 2 " N}. ennreal (U z) dlborel)

< ([ Tze{2 % 2 T“m<..4 * 2 " m}. ennreal (U z) Dlborel)

hence ([ tze{2 "N<..2 x 2 " N}. ennreal (U z) dlborel)
< ([ Tze{2 % 2 "m<..4 x 2 " m}. ennreal (U z) Dlborel)

81



by simp
also have ... = ([ Tz€{2 ™ Suc m<..2 * 2 ~ Suc m}. ennreal (U ) dlborel)
by simp
also have ... < ([ Tz€{2 % 2 ™ Suc m<..4 * 2~ Suc m}. ennreal (U x) dlborel)
by (intro less’) (use m in auto)
finally show ([ Tze{2 " N<..2 x 2 7~ N}. ennreal (U z) dlborel)
(f Tze{2 « 2 = Suc m<..4 x 2~ Suc m}. ennreal (U z) Olborel) .
qed(use less’ in auto)
have disj:disjoint-family (An. {2 x 2 " (n + N) <..4 * 2 " (n + N):real})
unfolding disjoint-family-on-def
proof safe
fix mnz
assume mn:m # n
and z:z € {2 % 2 " (m + N)<..4 * 27 (m + N):real}
ze{2x2 " (n+ N)<.f %2 (n+ N)}
have I'm<n= (2 :real) " (m+ 14+ (N+1)<2 " (n+N+1)
by (intro power-increasing) (auto simp: less-eq-Suc-le)
have 2n<m = (2 real) " (n+ 1+ (N+1))<2 " (m+N+1)
by (intro power-increasing) (auto simp: less-eq-Suc-le)
consider m < n|n<m
using mn by linarith

thus z € {}
by cases (use 1 2 x in auto)
qed
have subst:(|m. {2x27(m + N)<..4 * 27 (m + N)}) C {a<..}
proof safe
fix zm

assume z: 2 € {2 x 2 " (m + N)<.4 * 2~ (m + N) :: real}
have (2 ::real) "N < 2% 2" (m + N)
by (auto simp del: power-Suc simp: power-Suc[symmetric])
thus ¢ < z
using as N x by simp
qed
have T = (> m. (/* te{2 "N<..2 x 2 = N}. ennreal (U t) dlborel))
by (intro suminf-const-infinity[symmetric] set-nn-integral-zero-less AE-I2)
(use regularly-varying-pos|OF rv] in auto)
also have ... < (3" m. ([T te{2+27(m + N)<..4 * 27 (m + N)}. Ut dlborel))
by (auto introl: suminf-le less-imp-le| OF less))
also have ... =
(>om. ([T te{2+27(m + N)<..4 = 27(m + N)}. ennreal (U t) * indicator
{0<..} t Olborel))
by (auto introl: suminf-cong nn-integral-cong ennreal-mult-right-cong
sitmp: indicator-eq-0-iff)
also have ... =
(J T teUm. {227 (m 4+ N)<..4 = 27(m + N)}. ennreal (U t) = indicator
{0<..} t Olborel)
by (rule nn-integral-disjoint-family[symmetric]) (auto simp: disj)
also have ... < ([ tte{a<..}. ennreal (U t) dlborel)
using subst by (intro nn-integral-mono) (fastforce simp: indicator-def)
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finally show ?thesis
using neq-top-trans by blast
qed

2.4 Karamata’s Representation Theorem

Lemma 1.3.1 in [1].

lemma Karamata-representation-In-exp-slowly-varying:
fixes L
defines h = (A\z. In (L (exp x)))
assumes sv:slowly-varying L
and A: 0 < A
and bdd:\a b. A <a= 3FX>0.3Y.L ‘{a.b} C{X..Y}
shows Jc e C.
(Ve >ImA hz=caz+ (fue{ln A<.z}. e u dlborel))
A (Vz > In A. set-integrable lborel {In A<..x} e€)
A e € borel-measurable borel
A (e —— 0) at-top
A bounded (e ‘ {In A..})
A ¢ € borel-measurable borel
A (¢ —— C) at-top
proof —
have [measurable]:h € borel-measurable borel
using reqularly-varying-meas-log-exp sv by (simp add: h-def)
have bddh:bounded (h ‘{a..b}) if a:ln A < a for a b
proof(cases a < b)
assume b:a < b
then obtain A’ B where A” A < A’a=1InA'"and B:A’'< Bb=1InB
by (metis a exp-gt-zero landau-omega. R-trans In-exp In-mono nle-le)
hence A’-pos:0 < A’ and B-pos:0 < B
using A by auto
obtain X Y where XY:X > 0X < YL ‘{A".B} C{X..Y}
using bdd A’ B by (meson A'-pos atLeastatMost-subset-iff order.trans)
have exp ‘{a..b} = {A'..B}
unfolding A’ B
by (subst image-mono-on-continuous-on-Icc)
(use A’ B A’-pos B-pos in
auto introl: mono-on-subset| OF Multiseries- Expansion-Bounds.mono-exp-real]
continuous-on-exp)
hence h ‘ {a..b} = (Az. In (L z)) ‘{A’..B}
by (metis (no-types, lifting) ext h-def image-image)
also have ... = In ‘ (L ‘* {A"..B})
by blast
also have ... C In ‘{X..Y}
using XY by blast
also have ... = {in X..In Y}
using XY
by (intro image-mono-on-continuous-on-Icc XY continuous-on-In mono-onl
In-mono)
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auto
finally show ?thesis
by (metis bounded-closed-interval bounded-subset)
qed simp
have integrableh:set-integrable lborel {a<..b} h if a:ln A < a for a b
unfolding set-integrable-def
proof (safe intro!: integrableI-bounded)
obtain K where K:A\z. a <2z =2z < b= |hz| <K
using bddh|OF a] by (metis atLeastAtMost-iff bounded-real image-eql)
have ([ z. ennreal (norm (indicat-real {a<..b} z *g h x)) dlborel)
= (J T ze{a<..b}. ennreal |h x| dlborel)
by (auto introl: nn-integral-cong simp: indicator-times-eq-if )
also have ... < ([T z€{a..b}. ennreal K Olborel)
using K by(auto introl: nn-integral-mono simp: indicator-def ennreal-lel)
also have ... = ennreal K * ([ 1 z. indicator {a..b} x dlborel)
by (subst nn-integral-cmult) simp-all
also have ... < 0o
by (simp add: emeasure-lborel-Icc-eq ennreal-mult-less-top)
finally show ([ * z. ennreal (norm (indicat-real {a<..b} x xg h z)) Olborel)
< 0.
qged simp
define C where C = ([ te{in A<..in A + 1}. h t Dlborel)
define ¢ where ¢ = (A\z. C + ([te{z<..z+ 1}. hz — h t dlborel))
define ¢ where e = (Az. h (z + 1) — h z)
have integrableh’:set-integrable lborel {In A<..xz} (A\t. h (¢t + 1)) for z
proof —
have (At. indicat-real {In A + 1<.x + 1} (1 +t) *« h (1 + 1))
= (At. indicat-real {In A<.x} t*x h (t + 1))
by standard (auto simp: indicator-def add.commute)
thus Zthesis
using integrableh[of In A + 1 © + 1]
by (auto simp:
lborel-integrable-real-affine-iff [symmetric,
where f=\t. indicat-real {in A+1<..z+1} t * ht and t=1 and c=1]
set-integrable-def)
qed
have «xVz > In A. hx = ¢z + ([ ue{in A<..z}. e u dlborel)
proof safe
fix z
assume z:ln A < z
have hz = hz + ([te{ln A<.ln A+ 1} U{ln A + 1<..z+ 1}. h t Dlborel)
— ([te{ln A<.z} U {z<..z+ 1}. h t Dlborel)
using z by(auto introl: arg-cong[where f=M\A. set-lebesgue-integral lborel A
)
also have ... = hz + ([ te{ln A<.ln A + 1}. h t Olborel)
+ (fte{in A + 1<.. z+ 1}. h t Dlborel)
— ([te{in A<.z} U {z<..z+ 1}. h t Olborel)
by (subst set-integral-Un) (auto introl: integrableh)
also have ... = hz + ([ te{ln A<.ln A + 1}. h t Olborel)
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+ (fte{ln A + 1<.. z+ 1}. h t Dlborel)
— (([ te{ln A<..z}. h t Dlborel)
+ ([ te{z<.a+ 1}. h t Olborel))
by (subst set-integral-Un) (auto introl: integrableh x)
also have ... = hz + ([ te{ln A<.ln A + 1}. h t Olborel)
+ ([ te{in A<.. z}. h (t + 1) Olborel)
— ((f te{ln A<..z}. h t Dlborel)
+ ([ te{z<.a+ 1}. h t Olborel))
unfolding set-lebesgue-integral-def real-scaleR-def
by (subst lborel-integral-real-affine
[where f=At. indicat-real {In A+1<..xz+1} t * h ¢t and t=1 and c=1])
(auto introl: Bochner-Integration.integral-cong simp: indicator-def add.commute)
also have ... = C' + (hz + ([ te{a<.z+ 1}. — h t Olborel))
+ (([te{ln A<.. z}. h (¢t + 1) lborel)
+ ([ te{in A<..z}. — h t Dlborel))
by (simp add: set-integral-uminus|OF integrableh] x C-def)
also have ... = C' + (([ te{z<..z+ 1}. h z dlborel) + ([ te{z<.a+ 1}. — h
t Olborel))
+ (([te{ln A<.. z}. h (¢t + 1) lborel)
+ ([ te{in A<..z}. — h t Dlborel))
by (auto simp: set-lebesgue-integral-def)
also have ... = C + (([te{z<..z+ 1}. hz + (— h t) Olborel))
+ (([te{ln A<.. z}. h (t + 1) Olborel)
+ ([ te{in A<..z}. — h t Dlborel))
by (subst set-integral-add)
(auto introl: integrableh x set-integrable-const simp: set-integrable-uminus)
also have ... = cz + (([te{ln A<.. z}. h (t + 1) + (= h t) Dlborel))
by (subst set-integral-add[where f=At. h (t + 1)])
(auto introl: integrableh x integrableh’ simp: set-integrable-uminus c-def)
finally show h z = ¢ z + ([ ue{ln A<.z}. e u dlborel)
by (simp add: e-def)
qed
have xx:Vx>In A. set-integrable lborel {Iln A<..z} e
by (auto simp: e-def intro!: integrableh’ integrableh)
have sxxxxx:e € borel-measurable borel
by (simp add: e-def)
have xxx:(e —— 0) at-top
using slowly-varying-in-exp| OF sv] by(simp add: e-def h-def)
have sxxxxxx:bounded (e ‘ {ln A..})
proof —
obtain X where X:A\z. X <z = |ez| < I
using tendstoD[OF sxx,0f 1] unfolding eventually-at-top-dense
by auto
have 1:bounded (e ‘{In A..X})
unfolding e-def
by (intro bounded-minus-comp bounded-subset{where T=h  {In A..X} and
S=h ‘{ln A<..X}]
bounded-subset[where T=(Az. h (z + 1)) ‘{ln A.. X}
and S=(A\z. h (z + 1)) ‘{in A<..X}])
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(auto simp: image-image[symmetric,where g=Az. x + 1] introl: bddh)
have 2:bounded (e ‘ {X<..})
using X by(fastforce intro!: boundedI[where B=2])
show ?thesis
by (rule bounded-subset[where T=e ‘{ln A. X} U e ‘{X<.}])
(use 1 2 in fastforce)+
qed
have xxxx:c € borel-measurable borel
proof —
have Measurable.pred (borel Q) nr borel) (Az::real X real. snd x € {fst x<..fst
Tz + 1})
by simp
thus ?thesis
unfolding c-def set-lebesque-integral-def
by measurable
qged
have (¢ —— () at-top
proof —
have V g z in at-top. ([te{z<..z+ 1}. h z — h t Dlborel)
= ([ te{0<..1}. hz — h (z + t) Dlborel)
proof (safe intro!: eventually-at-top-linorderl [where c=In A])
fix z
assume z:ln A < z
thus ([ te{z<.a+ 1}. hx — h t Olborel) = ([te{0<..1}. hx — h (z + ©)
dlborel)
unfolding set-lebesgue-integral-def
by (subst lborel-integral-real-affine[where c=1 and t=z])
(auto introl: Bochner-Integration.integral-cong simp: indicator-def)
qed
moreover have ((\z. ([ t€{0<..1}. ha — h (z + t) dlborel)) —— 0) at-top
proof (rule tendstol)
fix e :: real
assume e:0 < e
define ¢’ where e’ = ¢ / 2
have e¢':.0 < ¢’
using e by(simp add: e’-def)
obtain X where X:A\zt. X <z—= 0<t=t<1 = |hz — h(z+ 1)

<e'

using uniform-limitD[OF slowly-varying- UCT-interval-In-exp[OF sv,of 0 1]
e
by (fastforce simp: h-def dist-real-def eventually-at-top-linorder abs-minus-commaute)
show V g z in at-top. dist ([te{0<..1}. ha — h (z + t) dlborel) 0 < e
proof (safe introl: eventually-at-top-linorderl [where c=X])
fix z
assume :X < z
then have [simp)]:set-integrable lborel {0<..1} (At. |hz — h (z + t)|)
using less-imp-le[OF X]
by (auto introl: integrablel-bounded-setjwhere A={0<..1} and B=¢’
simp: set-integrable-def)
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have dist ([ te{0<..1}. hx — h (z + t) Olborel) 0
< (Jte{o<..1}. |hz — h (z + t)| Dlborel)
by (auto simp: set-lebesgque-integral-def abs-mult-pos’)
also have ... < ([ te{0:real<..1}. e’ dlborel)
by (auto introl: set-integral-mono less-imp-le[OF X| x integrableh set-integrable-const)
also have ... < e
by(simp add: set-lebesque-integral-def e’-def e)
finally show dist ([ t€{0<..1}. hx — h (z + t) Olborel) 0 < e .
qed
qed
ultimately have ((\z. ([ te{z<..a+ 1}. ha — h t dlborel)) —— 0) at-top
by (simp cong: tendsto-cong)
thus ?thesis
by (metis (lifting) ext c-def group-cancel.rule( tendsto-add-const-iff)
qed
thus ?thesis
using * sk sk skokkx Hkkkx wkkkkx by blast

qed

lemma Karamata-representation-In-exp2:
fixes U
defines h = (\z. In (U (exp x)))
assumes rv:regularly-varying U o
and A: 0 < A
and bdd:A\a b. A <a= 3X>0.3Y. U ‘{a..b} C {X..Y}
shows Jc e C.
(Ve>ImA hz=cz+oxinA+ ([ue{ln A<.z}. 0+ e u dlborel))
A (Vz > In A. set-integrable lborel {In A<..x} e€)
A e € borel-measurable borel
A (e —— 0) at-top
A bounded (e ‘ {In A..})
A ¢ € borel-measurable borel
A (¢ —— C) at-top
proof —
define L where L = Az. Uz / z powr o
define b’ where b’/ = Az. In (L (exp z))
have sv:slowly-varying L
by (simp add: regularly-varying-iff-slowly-varying-divide-powr|of U,symmetric]
L-def )
have U-L:A\z. 0 < = Uz =z powr o x L z
by (auto simp: L-def)
have h-h:h = (Az. o x © + h' z)
using regularly-varying-pos|OF sv exp-gt-zero)
by(auto simp add: h'-def h-def U-L In-mult less-le)
have 3X>0.3Y. L ‘{a..b} C{X..Y}if Aa:A < afor a b
proof —
obtain X’ Y’ where X'-pos: X' > 0
and X" Az.a<z2=z<b= X'< Uz
and Y'Az.a <zr=2<b= Uz <Y’
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using bdd[OF Aa,of b] by fastforce
consider p < 0a<b|0<pa<bd|b<a
by linarith
thus %thesis
proof cases
assume h: p < 0a<b
have X' / a powr ¢ < Uz / z powr o
and Uz / zpowr o < Y’/ bpowr gifa < xz < bforz
using X'[OF that] Y'|OF that] Aa A X'-pos h that
by (auto introl: frac-le powr-mono2’)
thus “thesis
using X’-pos h Aa A
by (intro exI[where z=X'/ a powr ¢,0F conjI[OF - exI[where z=Y' /b
powr gl]])
(auto simp: L-def)
next
assume h: 0 > 0a <b
have X' / b powr o < Uz / x powr o
and Uz / z powr o < Y’/ apowr goif a < zx <bforz
using X'[OF that] Y'[OF that] Aa A X'-pos h that
by (auto introl: frac-le powr-mono2)
thus “thesis
using X’-pos h Aa A
by (intro exI[where z=X"/ b powr 9,0F conjl[OF - exI[where z=Y'/ a
powr gl]])
(auto simp: L-def)
qged (auto introl: exI[where z=1])
qed
from Karamata-representation-in-exp-slowly-varying|OF sv A this]
obtain ¢ e C' where
h'-eg:N\z. In A <z = b’z = cz+ ([ue{ln A<.z}. e u Dlborel)
and e-integrable: \z. In A < © = set-integrable lborel {In A<..x} e
and e-meas[measurable]:e € borel-measurable borel
and e-lim:(e —— 0) at-top
and e-bdd:bounded (e ‘ {In A..})
and c-meas[measurable]:c € borel-measurable borel
and c-lim:(c —— C) at-top
by (auto simp: h'-def)
have h-eg:hz = cz + ¢ x In A + ([ ue{ln A<.z}. o + e u dlborel) if z:ln A
< gz for z
proof —
have hz=h'z + pox*z
by (simp add: h-h')

also have ... = c z + ([ ue{ln A<..z}. e u dlborel) + o * z
by (simp add: z h'-eq)
also have ... = ¢ z + ([ ue{in A<.z}. o Olborel) + ([ue{ln A<.z}. e u

dlborel) + o x In A
by (simp add: interval-integral-Ioc[OF x,symmetric] right-diff-distrib’)
also have ... = cz + ¢ x In A + ([ ue{in A<..z}. 0 + e u dlborel)
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by (rule sym) (auto intro!: e-integrable set-integrable-const simp: x)
finally show ?thesis .
qed
thus ?thesis
using e-integrable e-lim c-lim c-meas e-meas e-bdd by blast

qed

lemma Karamata-representation-In-exp:
fixes U
defines h = (Az. In (U (exp x)))
assumes rv:regularly-varying U o

shows 34>0. dce C.
Vz>mmA he=caz+oxinA+ (Jue{ln A<.z}. o+ e u dlborel))

A (Yz > In A. set-integrable lborel {In A<..z} e)
A e € borel-measurable borel
A (e —— 0) at-top
A bounded (e ‘ {In A..})
A ¢ € borel-measurable borel
A (¢ —— C) at-top
proof —
obtain 4 where 0 < A Aab. A <a=3X>0.3Y.U ‘{a.b} C {X..Y}
using reqularly-varying-eventually-bounded-interval-strong[ OF rv)
unfolding eventually-at-top-linorder
by (meson exp-gt-self exp-gt-zero less-eq-real-def)
from Karamata-representation-In-exp2[OF rv this] this
show ?thesis
unfolding h-def by blast
qed

This equation for In is useful for transforming equations in proofs.

lemma Karamata-representation-exl:
assumes rv:regularly-varying U o
and A:0 < A
and bdd:Aa b. A <a=3X>0.3Y. U ‘{a..b} C{X..Y}

shows 3¢ r C.
(V> A Uz =cux=x ep ([te{A<.z}. rt /[t dlborel))

A (Y > A. set-integrable lborel {A<..x} (At. rt /[ t))
A 1 € borel-measurable borel
A (r —— o) at-top
A bounded (r ‘{A..})
A ¢ € borel-measurable borel
AWMz 0<cux)
A (¢ —— C) al-top
NO<C
proof —
define h where h = A\z. In (U (exp z))
from Karamata-representation-In-exp2[OF assms]

obtain ¢’ e C’/ where
hegNe. In A <z = hz=c z+poxlnA+ (Jue{in A<.z}. 0 + eu
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Olborel)
and e-integrable: \z. In A < © = set-integrable lborel {In A<..z} e
and e-meas[measurable]:e € borel-measurable borel
and e-lim:(e —— 0) at-top
and e-bdd:bounded (e ‘ {In A..})
and c-meas[measurable]:c’ € borel-measurable borel
and c-lim:(¢’ —— C') at-top
unfolding h-def by blast
define C where C = exp C' * (A powr o)
define ¢ where ¢ = Az. exp (¢’ (In ) * A powr o
define r where r = \z. ¢ + ¢ (In z)
have im-in:A < ¢ = In ‘ {A<..z} = {In A<..ln z} for z
using A
by (intro image-mono-on-continuous-on-Ioc continuous-on-ln strict-mono-onl
In-strict-mono)
auto
have im-in2:ln ‘ {A..} = {ln A..}
using A
by (intro image-mono-on-continuous-on-Ic continuous-on-ln mono-onl In-mono
In-at-top)
auto
have V2 > A. set-integrable lborel {A<..x} (At. rt /t)
ANUz=cazx*exp ([te{A<.z}. 7t/ t lborel)
proof safe
fix x
assume z2:4 < z
have [simp]:set-integrable lborel ({in A<..In z}) e
unfolding im-in[OF z]
by (auto introl: e-integrable In-mono z A)
have 1:set-integrable lborel {A<..x} (Az. |1 / z| * e (In z))
using A z
by (intro lebesgue-integrable-change-of-variables-real
[where g'=Az. 1 / z and f=e, THEN iffD1]
strict-mono-on-imp-inj-on)
(auto simp: set-borel-measurable-def im-In[OF x| DERIV-In-divide
has-field-derivative-at-within
intro!: measurable-restrict-spacel strict-mono-onl In-strict-mono)
have integl:set-integrable lborel {A<..x} (At. e (Int) / t)
by (rule set-integrable-cong| THEN iffD1,0F - - - 1]) (use A in auto)
have integ2:set-integrable lborel {A<..x} (At. 0 / t)
unfolding set-integrable-def
using z A by(auto introl: integrableI-bounded-set[where A={A<..z} and
B=[e| / A]
simp: divide-mono)
show set-integrable lborel {A<..z} (At. vt/ t)
by (auto simp: r-def add-divide-distrib integl integ2)
have ([ ue{in A<.Inz}. o + e u dlborel) = ([ ucln ‘{A<.z}. o + e u dlborel)
by (simp add: im-In x)
also have ... = ([ze{A<..z}. |1 / z| * (0 + € (In z)) Dlborel)
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using A z
by (intro lebesque-integral-change-of-variables-reall
[where g’=\z. 1 / z and f=Az. o0 + e z] strict-mono-on-imp-inj-on)
(auto simp: set-borel-measurable-def im-In|OF x] DERIV-In-divide
has-field-derivative-at-within
intro!: set-integrable-const measurable-restrict-spacel strict-mono-onl In-strict-mono)
finally have eq:([ ue{in A<.in z}. o + e u dlborel) = ([te{A<.z}. rt /¢
Olborel)
using A by(auto simp: r-def intro!: set-lebesgue-integral-cong)
have Uz = exp (h (In z))
using A z regularly-varying-pos| OF rv] by(simp add: h-def)
also have ... = exp (¢/ (Inz) + 0 * In A + ([ ue{ln A<.lnz}. o + e u Dlborel))
using A z by(simp add: h-eq)
also have ... = ¢ z * exp ([ ue{ln A<.iln z}. o + e u dlborel)
using A by(simp add: c-def exp-add In-powr[symmetric] del: In-powr)
also have ... = ¢z * exp ([ te{A<.z}. rt / t Dlborel)
by (simp add: eq)
finally show Uz = ¢z * exp ([ te{A<.z}. rt / t dlborel) .
qed
have *x:r € borel-measurable borel
by (simp add: r-def)
have xxx:(r —— ) at-top
unfolding r-def
by (rule filterlim-compose| OF - In-at-top])
(use tendsto-add][OF tendsto-const e-lim] in simp)
have sxxs:bounded (r < {A..})
unfolding r-def image-image[symmetric;where g=In and f=Xz. 0 + e z]
im-in2
by (auto introl: bounded-plus-comp[OF boundedI e-bdd))
have xxxxx:c € borel-measurable borel
by (simp add: c-def)
have sxxxxxx:Vz. 0 < c x
using A by(simp add: c-def)
have cC:(¢c —— C) at-top
unfolding c-def C-def
by (rule filterlim-compose[OF - In-at-top])
(auto intro!: tendsto-mult-right tendsto-exp c-lim)
have C:0 < C
using A by(simp add: C-def)
show ?thesis
using * sk sokx sokkx kknk skwkkk C cC by blast
qged

lemma Karamata-representation-ex:
assumes rv:regularly-varying U o
shows 3A>0. dcr C.
(Vo> A Uz =cuaxexp ([te{A<.z}. rt/ t dlborel))
A (VYo > A. set-integrable lborel {A<..x} (At. rt / t))
A 1 € borel-measurable borel
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A (r —— o) at-top
A bounded (r ‘ {A..})
A ¢ € borel-measurable borel
ANNVz. 0<cuz)
A (¢ —— C) at-top
NO < C
proof —
obtain 4 where 0 < A Aab. A <a=—3X>0.3Y.U ‘{a.b} C{X..Y}
using regularly-varying-eventually-bounded-interval-strong[ OF rv)
unfolding eventually-at-top-linorder
by (meson exp-gt-self exp-gt-zero less-eq-real-def)
from Karamata-representation-exl [OF rv this] this
show ?thesis
by blast
qed

corollary Karamata-representation-ex-total:
assumes rv:regularly-varying U o
shows Jc¢ r C.
(Va. Uz = cx % exp ([ te{0<..z}. vt / t Dlborel))
A (Y y. set-integrable lborel {..y} (\t. rt / t))
A 1 € borel-measurable borel
A (r —— o) at-top
A bounded (range r)
A ¢ € borel-measurable (restrict-space borel {0<..})
ANVz>0.0 < cux)
A (¢ —— C) at-top
NO<C
proof —
from Karamata-representation-ex[OF rv]
obtain A ¢’ r’ C where A-pos:0 < A
and eq" N\z. A<z = Uz =c zxexp ([te{A<.z}. r't /¢ dlborel)
and integA\z. A < x = set-integrable lborel {A<..x} (\t. 't ]/ t)
and r'[measurable]:r’ € borel-measurable borel
and lim-r":(r' —— o) at-top
and bdd:bounded (r' “{A..})
and c'[measurable]:c’ € borel-measurable borel
and c¢’-pos:A\z. 0 < ¢’z
and lim-c":(¢’ —— C) at-top
and C-pos:0 < C
by blast
define ¢ where ¢ = A\z. if A < z then ¢’ z else Uz
define r where r = \z. if A < z then r' x else 0
have r-integral:([ te{0<..z}. rt / t Olborel) = 0 if Az:z < A for z
proof —
have ([ te{0<..z}. rt / t Dlborel) = ([ te{0<..z}. 0 Dlborel)
unfolding set-lebesgue-integral-def using Az
by (intro Bochner-Integration.integral-cong)
(auto simp: r-def indicator-def)
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thus ?thesis
by simp
qed
have r-integrablel :x < A = set-integrable lborel {..x} (At. rt / t) for z
by (subst set-integrable-cong[where f'=\z. 0,0F refl refl])
(auto simp: r-def)
hence r-integrablel [simpl:x < A = set-integrable lborel {0<..x} (At. vt / t)
for z
using set-integrable-subset[where A={..z} and B={0<..z}]
by fastforce
have r-integrabl2[simp]: A < x = set-integrable lborel {A<..x} (At. rt / t) for
x
by (subst set-integrable-cong[where f'=At. r' ¢t / t,0F refl refl])
(auto simp: r-def integ”)
have 1:Uz = cz * exp ([ te{0<.z}. rt / t Dlborel) for
proof(cases A < x)
assume Az:A < z
have ([ te{0<..z}. rt / t dlborel) = ([ te{0<.. AYU{A<.z}. rt / t Dlborel)
using Az A-pos by(intro arg-conglwhere f=\B. ([t€B. rt / t dlborel)))
auto
also have ... = ([ te{0<..A}. rt / t Olborel) + ([ te{A<..z}. rt / t Dlborel)
by (subst set-integral-Un) (auto simp: Ax)
also have ... = ([ te{A<.z}. rt / t Olborel)
by (simp add: r-integral)
also have ... = ([te{A<.z}. r' t / t Dlborel)
by (auto introl: Bochner-Integration.integral-cong simp: set-lebesque-integral-def
r-def)
finally show ?thesis
using Az by(simp add: c-def eq’)
qed(auto simp: c-def r-integral)
have 2:set-integrable lborel {..x} (At. rt / t) for x
proof —
consider A <z |z < A
by fastforce
then show ?thesis
proof cases
assume Azr:A <z
then have [simp]:{..A} U {A<..z} = {..2}
by auto
with set-integrable-Un[OF r-integrablel [OF order.refl] r-integrabl2[OF Ax]]
show ?thesis
by simp
qed fact
qed
have 3:r € borel-measurable borel
by (simp add: r-def)
have /:(r —— o) at-top
by (rule tendsto-cong[THEN iffD1,0F eventually-at-top-linorderI[where c=A
+ 1] lim-r")
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(simp add: r-def)
have 5:bounded (range r)
proof —
have eq:r ‘ {A.} U r ‘{.<A} = range r
by fastforce
have x:bounded (r ‘ {A..})
using bdd bounded-iff by(auto simp: r-def bounded-subset image-mono)
have xx:bounded (r ‘ {..<A})
by (auto simp: bounded-iff r-def)
have bounded (r ‘ {A..} U r ‘{.<A4})
by (simp add: * xx)
thus ?thesis
by (simp add: eq)
qed
have 6:c € borel-measurable (restrict-space borel {0<..})
unfolding c-def
proof (subst measurable-If)
show ¢’ € borel-measurable (restrict-space borel {0<..})
by (auto introl: measurable-restrict-spacel)
show {z € space (restrict-space borel {0<..}). A < z} € sets (restrict-space
borel {0<..})
using borel-measurable-const measurable-id measurable-inequality-set-flipped
measurable-restrict-spacel by blast
qed(use regularly-varying-meas|OF rv] in auto)
have 7:.Vz>0. 0 < cx
using c¢’-pos regularly-varying-pos|OF rv] by (simp add: c-def)
have 8:(¢c —— C) at-top
by (rule tendsto-cong| THEN iffD1,0F eventually-at-top-linorderl[where c=A
+ 1] lim-c'])
(simp add: c-def)
show ?thesis
using 1 23 4 56 78 C-pos by blast
qed

lemma Karamata-representation-iff:
assumes U-meas:U € borel-measurable (restrict-space borel {0<..})
and U-posi\z. 0 <z = 0 < Uz
shows regularly-varying U o «—
(34>0. Jer C.
(Vo> A Uz =cuaxexp ([te{A<.z}. rt /] t Olborel))
A (Vo > A. set-integrable lborel {A<..x} (At. rt / t))
A (r —— o) at-top
A (¢ —— C) at-top

A0 < C)
proof (safe intro!l: regularly-varyingl)
fix AcrCuz

assume A4:0 < A and z-pos:(0 :: real) < x
and eq-UNVz>A. Uz =
cxx exp ([te{A<.z}. vt/ t dlborel)
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and integ:V x> A. set-integrable lborel {A<..x}
(At.rt /1)
and lim-r:(r —— o) at-top
and C-pos:0 < C
and lim-c:(c —— C) at-top
have lim-powr1:((\s. z powr s) —— 1) (at-right 0)
using tendsto-powr[OF tendsto-const[of z] tendsto-ident-at[of 0]] z-pos by simp
have lim-powr2:((As. z powr (— s)) —— 1) (at-right 0)
using tendsto-powr|OF tendsto-const|of x| tendsto-minus| OF tendsto-ident-at|of
0]]] z-pos
by simp
have «:V g ¢ in at-top. U (t xz) / Ut
=(c(txz)/ct)
x exp (([se{A<..t xz}. rs /s dlborel) — ([ se{A<..t}. rs / s Dlborel))
using z-pos A eq-U
by (auto intro!l: eventually-at-top-linorderl[where c=maz (A / z) A]
simp: divide-le-eq exp-diff)
have xx:((A\t. ¢ (t xz) / ct) —— C / C) at-top
using C-pos
by (intro tendsto-divide filterlim-ident lim-c tendsto-const
filterlim-compose[OF lim-c filterlim-at-top-mult-tendsto-pos|OF - z-pos]])
simp
have sxx:((At. exp (([ se{A<..t = z}. rs [ s Olborel) — ([ se{A<.t}. rs /s
Olborel)))
—— x powr g) at-top
proof —
considerz < I |z=1]1<z
by linarith
then show ?thesis
proof cases
assume z:7 < I
show ?thesis
proof (rule tendsto-sandwich-mult-const[OF - lim-powrl lim-powr2])
fix e :: real
assume e:0 < e
obtain 77 where TI:A\t. T1 <t =rt<o+eA\t. TI <t=p— e
<rt
using tendstoD[OF lim-r e¢] unfolding eventually-at-top-linorder dist-real-def
by (metis abs-diff-le-iff less-eq-real-def)
define T where T = maz (A / z) (T1 / x)
show V i t in at-top.
z powr e < exp (([ se{A<..t x z}. rs | s Olborel)
— ([ se{A<..t}. rs / s Blborel)) | x powr o
A exp (([se{A<.t = z}. rs /s Dlborel)
— ([ se{A<..t}. r s/ s Olborel)) | x powr
< z powr — e
proof(safe intro!: eventually-at-top-linorderl [where ¢=T])
fix t
assume .7 < ¢
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then have t-pos:0 < ¢t and tx:it x ¢ < ¢
using A z-pos x
by (auto simp: T-def order.strict-trans2|OF divide-pos-pos|OF A z-pos]])
hence Atz:A < t x z and At:A < ¢
using A t x-pos x
by (auto simp: T-def divide-le-eq intro!: order.trans[of A t x x t| mult-left-le)
have t-leNs. tx 2 <s=rs< o+ eand le-t:\s. t x 2 < s = o —
e<rs
using t z-pos x by(auto simp: T-def divide-le-eq introl: T1)
have exp (([se{A<..t x z}. r s / s Olborel) — ([ se{A<..t}. rs /s
Olborel))
= exp (([se{t * a<.t}. — rs / s Olborel))
unfolding set-lebesgue-integral-def
using integ At Atx tx
by (subst Bochner-Integration.integral-diff [symmetric])
(auto simp: set-lebesque-integral-def set-integrable-def indicator-def
simp del: integral-minus Bochner-Integration.integral-diff
intro!: Bochner-Integration.integral-cong)
also have ... < exp (([se{t = z<..t}. — (0 — e) / s Olborel))
using integ At Atx A
by (auto simp: set-integrable-uminus simp del: minus-diff-eq
introl: le-t set-integral-mono divide-right-mono set-integrable-inverse’
set-integrable-subset|where A={A<..t} and B={t * z<..t}])
also have ... = exp ((0 — €) * In x)
using A Atz z-pos t-pos x
by (subst set-integral-inverse) (auto simp: left-diff-distrid” In-mult)
also have ... = z powr (0 — )
by (metis nless-le powr-def z-pos)
finally have exp (([ se{A<..t * z}. r s / s Dlborel)
— ([ se{A<..t}. r s/ s Dlborel)) < z powr (0 — e) .
from divide-right-mono|OF this,of x powr o]
show exp (([ se{A<..t x z}. rs /s Olborel)
— ([ se{A<..t}. r s/ s Qlborel)) | x powr o < x powr — e
using z-pos by (auto simp: powr-diff [symmetric])
have z powr (0 + ¢) = exp ((0 + €) * In 1)
using z-pos by(simp add: powr-def)
also have ... = exp (([ se{tx z<..t}. — (0 + €) / s Dlborel))
using t-pos A Atx tx
by (subst set-integral-inverse) (auto simp: In-mult left-diff-distrid’ dis-
trib-right)
also have ... < exp (([se{t x z<..t}. — r s / s Dlborel))
using integ At Atx A
by (auto simp: set-integrable-uminus simp del: minus-add-distrib
introl: t-le set-integral-mono divide-right-mono set-integrable-inverse’
set-integrable-subset|where A={A<..t} and B={t * z<..t}])
also have ... = exp (([se{A<..t x z}. s / s Olborel)
— ([ se{A<..t}. rs / s Olborel))
unfolding set-lebesgue-integral-def
using integ At Atz tx
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by (subst Bochner-Integration.integral-diff [symmetric])
(auto simp: set-lebesque-integral-def set-integrable-def indicator-def
simp del: integral-minus Bochner-Integration.integral-diff
introl: Bochner-Integration.integral-cong)
finally have z powr (o + €) < exp (([ se{A<..t * z}. r s/ s Dlborel)
— ([ se{A<..t}. r s/ s Qlborel)) .
from divide-right-mono|OF this,of x powr o]
show z powr e < exp (([ s€{A<..t x z}. rs [ s Olborel)
— ([ se{A<..t}. rs / s Dlborel)) | x powr o
using z-pos by (auto simp: powr-diff [symmetric])
ged
qed
next
assume z:1 < 2
show ?thesis
proof (rule tendsto-sandwich-mult-const[OF - lim-powr2 lim-powrl])
fix e :: real
assume e:() < e
obtain T1 where TI:At. T1 <t=rt< o+ eA\t. T1 <t=p— ¢

<rt

using tendstoD[OF lim-r e¢] unfolding eventually-at-top-linorder dist-real-def
by (metis abs-diff-le-iff less-eq-real-def)
define T where T = maz A T1
show V i t in at-top.
z powr (— e) < exp (([se{A<.t = x}. s/ s dlborel)
— ([ se{A<..t}. rs / s Qlborel)) | x powr o
A exp (([se{A<..t x z}. rs [ s Olborel)
— ([ se{A<..t}. rs ] s Dlborel)) | x powr o
< x powr e
proof(safe intro!: eventually-at-top-linorderl[where c¢=T])
fix ¢
assume .7 < ¢
then have t-pos:0 < ¢t and tx:it < ¢t x x
using A z-pos x
by (auto simp: T-def order.strict-trans2|OF divide-pos-pos|OF A z-pos]])
hence Atz:A < t x z and At:A < ¢
using t tz by (auto simp: T-def order.trans)
have t-leN\s. t < s=rs<p+cecandle-t:\s. t<s=p—e<rs
using ¢ by(auto simp: T-def intro!:T1)
have exp (([se{A<..t x z}. r s / s Olborel) — ([ se{A<..t}. rs /s
dlborel))
= exp (([ se{t<..t x z}. rs /s Olborel))
unfolding set-lebesgue-integral-def
using integ At Atx tz
by (subst Bochner-Integration.integral-diff [symmetric])
(auto simp: set-lebesque-integral-def set-integrable-def indicator-def
simp del: integral-minus Bochner-Integration.integral-diff
intro!: Bochner-Integration.integral-cong)
also have ... < exp (([se{t<..t x z}. (0 + €) / s Olborel))
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using integ At Atx A tx
by (fastforce simp:
intro!: t-le set-integral-mono divide-right-mono set-integrable-inverse’
set-integrable-subset|where A={A<..txz} and B={t<..t * x}])
also have ... = exp ((0 + €) x In 1)
using A Atz z-pos t-pos x
by (subst set-integral-inverse) (auto simp: left-diff-distrib’ In-mult)
also have ... = z powr (0 + e)
by (metis nless-le powr-def z-pos)
finally have exp (([ se{A<..t * z}. r s / s Dlborel)
— ([ se{A<..t}. rs / s Blborel)) < z powr (0 + e) .
from divide-right-mono|OF this,of x powr o]
show exp (([ se{A<..t * z}. rs / s Olborel)
— ([ se{A<..t}. 75/ s Qlborel)) | x powr o < x powr e
using z-pos by (auto simp: powr-diff [symmetric])
have z powr (0 — e¢) = exp ((0 — €) * In z)
using z-pos by (simp add: powr-def)
also have ... = exp (([ se{t<..txz}. (0 — €) / s Olborel))
using t-pos A Atx tz
by (subst set-integral-inverse) (auto simp: In-mult left-diff-distrib’ dis-
trib-right)
also have ... < exp (([ se{t<..t x z}. rs / s Qlborel))
using inteqg At Atx A tx
by (fastforce simp:
intro!l: le-t set-integral-mono divide-right-mono set-integrable-inverse’
set-integrable-subset|where A={A<..txz} and B={t<..t * x}])
also have ... = exp (([se{A<..t x z}. rs / s Dlborel)
— ([ se{A<..t}. r s/ s Olborel))
unfolding set-lebesgue-integral-def
using integ At Atx tx
by (subst Bochner-Integration.integral-diff [symmetric])
(auto simp: set-lebesque-integral-def set-integrable-def indicator-def
simp del: integral-minus Bochner-Integration.integral-diff
intro!: Bochner-Integration.integral-cong)
finally have z powr (o — €) < exp (([ se{A<..t *x z}. r s / s Dlborel)
— ([ se{A<..t}. rs [ s Olborel)) .
from divide-right-mono[OF this,of x powr o]
show z powr (— €) < exp (([ se{A<..t * z}. r s/ s Dlborel)
— ([ se{A<..t}. r s/ s Blborel)) | x powr o
using z-pos by (auto simp: powr-diff [symmetric])
qed
qed
qed simp
qed
have ((At. (¢ (txz) / ct)
« exp (([se{A<.t*x}. rs /s dlborel) — ([ se{A<..t}. rs / s Dlborel)))
—— z powr o) at-top
using tendsto-mult|OF xx sxx] C-pos by simp
thus ((At. U (t x z) / Ut) —— z powr p) at-top
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using tendsto-cong * by fast
qed(use assms Karamata-representation-ex in blast)+

2.4.1 Theorems Obtained from Karamata’s Representation The-
orem

lemma
assumes rv:regularly-varying U o
shows regularly-varying-pos-at-top:0 < o = filterlim U at-top at-top
and regularly-varying-neg-at-top:o < 0 = (U —— 0) at-top
proof —
let ?h = Az. In (U (exp x))
from Karamata-representation-In-exp[OF rv]
obtain A ¢ e C' where A4:0 < A
and eg-h: N\o. ln A<z = hz=cz+oxlnA+ ([ue{ln A<.z}. o+ ¢
u Olborel)
and integrable: Nz. In A < © = set-integrable lborel {In A<..z} e
and lim-e: (e —— 0) at-top
and lim-c: (¢ —— C) at-top
by blast
obtain X7 where X1:A\z. X1 <z = C -1 <cz N\e. XI <z = czx<C
+ 1
using tendstoD[OF lim-c,of 1]
unfolding eventually-at-top-linorder dist-real-def abs-less-iff
by fastforce
have lim-h-pos: 0 < o = filterlim ?h at-top at-top
proof —
assume rho:0 < o
obtain X2 where X2:A\z. X2 <z = |ex| <o/ 2
using tendstoD[OF lim-e half-gt-zero[ OF rho))
by (metis (no-types, lifting) eventually-at-top-linorder norm-conv-dist real-norm-def)
define X where X = maz (In A) (maz X1 X2)
have le-X:ln A < X X1 < X X2 < X
by (simp-all add: X-def)
have X:\z. X <z= —p/2<ezN\e. X <az= C—-1<cz
using X2 X1 X-def by force+
have Vp z in at-top. hx > C — 1 + pxIn A+ (fue{ln A<.X}. 0+ eu
Olborel)
+(—0/2)« X+ (o) 2)*xz(isVp zin at-top. ?h x
> ?f z)
proof (rule eventually-at-top-linorderl [where c=X])
fix z

assume z:.X < z
have ?fz = C — 1 + ox In A + ([ue{ln A<.X}. 0 + e u dlborel) + (o /

2) % (z — X)
by argo
alsohave ... =C — 1 +po*xln A
+ ((fue{ln A<.X}. 0 + e u Olborel) + ([ue{X<.z}. 0/ 2
dlborel))
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by (simp add: interval-integral-Ioc[OF x,symmetric])
alsohave ... < C — 14+ pxln A
+ ((fue{ln A<.X}. 0 + e u Dlborel) + ([ ue{X<..z}. 0+ €
u Olborel))
using X z le-X by(auto simp del: set-integral-divide-zero
simp: real-0-le-add-iff minus-divide-le-eq
introl: set-integral-mono-banach set-integrable-subset| OF integrable[of ]
set-integrable-const)
alsohave ... = C — 1 + px In A+ ((Jue{in A<. X} U {X<.z}. 0+ eu
dlborel))
using le-X z by(auto introl: set-integral-Un|symmetric]
set-integrable-subset| OF integrable|of x]| set-integrable-const)
also have ... = C — 1 + px In A + ((fue{ln A<.z}. 0 + e u Olborel))
using z le-X by(subst ivl-disj-un-two) auto
also have ... < %h
using le-X z X by(simp add: eg-h|of z])
finally show ?fz < ?h z .
qed
moreover have filterlim ?f at-top at-top
by (intro filterlim-tendsto-add-at-top
filterlim-tendsto-pos-mult-at-top| OF - half-gt-zero[ OF rhol] filterlim-ident)
blast+
ultimately show #thesis
using filterlim-at-top-mono by fast
qed
show filterlim U at-top at-top if rho:0 < p
proof —
note filterlim-compose[OF exp-at-top filterlim-compose[OF lim-h-pos|OF rho]
In-at-topl]
moreover have V p z in at-top. exp (¢h (lnz)) = U=z
using regularly-varying-pos| OF rv] by (auto introl: eventually-at-top-linorderl[where
e=1))
ultimately show ¢thesis
by (simp cong: filterlim-cong)
qed
have lim-h-neg: o < 0 = filterlim ?h at-bot at-top
proof —
assume 7ho:o < 0
obtain X2 where X2:A\z. X2 <z = |ez| < — 0/ 2
using tendstoD[OF lim-e half-gt-zero| OF neg-0-less-iff-less] THEN iffD2,0F
rhol]]
by (metis (no-types, lifting) eventually-at-top-linorder norm-conv-dist real-norm-def)
define X where X = maz (In A) (maz X1 X2)
have le-X:ln A < X X1 < X X2 < X
by (simp-all add: X-def)
have X:\z. X <z=cez<—-p/2Ne. X <z=cz<C+ 1
using X2 X1 X-def by force+
have Vg z in at-top. ha < C + 1 +pxiln A+ (fue{ln A<.X}. 0+ eu
Olborel)
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+(—0/2)x X+ (o) 2)xx
(is Vp z in at-top. ?h x < %g 1)

proof(rule eventually-at-top-linorderl[where c=X])

fix x

assume 7:X < 7

have ?h o < C + 1 + o« ln A + (([ue{ln A<.z}. 0 + e u dlborel))
using le-X z X by(simp add: eg-h[of z])
((

alsohave ... = C + 1 + px In A+ ((Jue{ln A<.X} U {X<.z}. 0+ eu
dlborel))
using z le-X by(subst ivl-disj-un-two) auto
also have ... = C+ 1 +oxInA

((fuef{in A<.X}. 0 + e u dlborel) + ([ue{X<..z}. 0 + ¢
u Olborel))
using le-X z by(auto intro!: set-integral-Un
set-integrable-subset| OF integrable|of x| set-integrable-const)
also have ... < C+1 +ox*xinA
((fue{ln A<.X}. 0 + e u Olborel) + ([ue{X<..x}. 0/ 2
Olborel))
using X z le-X by(auto simp del: set-integral-divide-zero
simp: real-add-le-0-iff le-minus-divide-eq
introl: set-integral-mono-banach set-integrable-subset| OF integrable[of ]
set-integrable-const)
also have ... = ?g x
by (simp add: interval-integral-Toc|OF x,symmetric] right-diff-distrib)
finally show ?h z < %9 x .
qged
moreover have filterlim ?g at-bot at-top
using rho
by (intro filterlim-tendsto-add-at-bot-iff [ THEN iffD2]
filterlim-tendsto-neg-mult-at-bot[where c=p / 2| filterlim-ident)
fastforce+
ultimately show ?thesis
using filterlim-at-bot-mono by fast
qed
show (U —— 0) at-top if rho:p < 0
proof —
note filterlim-compose| OF exp-at-bot filterlim-compose[OF lim-h-neg[OF rho
In-at-top]
moreover have V p z in at-top. exp (?h (Inz)) = Uz
using regularly-varying-pos| OF rv] by (auto intro!: eventually-at-top-linorderl[where
c=1])
ultimately show ?thesis
by (simp cong: filterlim-cong)
qed
qed

2.4.2 Uniform Convergence Theorem for p # 0
corollary regularly-varying-pos-UC'T"
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assumes rv:reqularly-varying U o
and bdd:A\z. 0 < v = bounded (U ‘ {0<..z})
and rho:0 < p
and a: 0 < a
shows uniform-limit {0<..a} (Mt z. U (t x ) / U t) (Az. = powr ) at-top
unfolding uniform-limit-iff dist-real-def
proof safe
fix e :: real
assume e:0 < e
define ¢’ where ¢’ = min e (1 / 2)
have e’-pos:0 < e’ and e'-le-1:¢’ < 1
using e by(simp-all add: e’-def)
obtain ¢ where i-pos:0 < i and i:p — ¢ > 0
using rho dense by auto
from Karamata-representation-ex|OF rv)
obtain A ¢ r C where A-pos:0 < A
and e¢-U:\z. A<z = Uz = cuzx*exp ([ te{A<.z}. rt /t dlborel)
and integ:\z. A < © = set-integrable lborel {A<..x} (At. rt /1)
and lim-r:(r —— o) at-top
and r-meas|measurable]: r € borel-measurable borel
and lim-c:(c —— C) at-top
and C-pos:0 < C
by blast
define X where X = min (min (1 / 2) ((¢/ / 4) powr (1 / 0))) ((e'/ 16) powr
(1 /(0 1))
have X-pos:0 < X and X-le-1:X < 1
and X-e¢" X powr o < e’/ 2
using e’-pos rho by (auto simp: X-def powr-powr simp del: less-divide-eq-numerall
introl: order.strict-trans1[OF powr-mono2[OF - - min.coboundedI2|THEN
min.coboundedl1]]])
have X-e2":X powr (0 — i) < e’/ 8
using e’-pos e’-le-1 i by (auto simp: X-def powr-powr simp del: less-divide-eg-numerall
introl: order.strict-transl [OF powr-mono2[OF - - min.coboundedI2]]
order.strict-trans2[OF powr-less-mono’[where z=e' / 8 and a = i]])
have X-e:A\z. 0 <z =2 < X = xpowr p<e/ 2
using X-e’ by (smt (verit, del-insts) rho e’-def field-sum-of-halves powr-mono2)
have X-e2:x powr (0 — i) < e/ 8 if 2X:z < X and 2:0 < z for z
using ¢
by (intro order.strict-trans2|OF order.strict-transi
[OF powr-mono2|OF - less-imp-le|OF z] zX,of o — i] X-e27))
(simp-all add: e'-def)
obtain 77 where TI:A\z. T1 <z = p—i<rzA\e. TI <z = 0<rx
using tendstoD[OF lim-r i-pos| tendstoD][OF lim-r rho] rho i-pos i
unfolding eventually-at-top-linorder dist-real-def abs-less-iff
by fastforce
obtain 72 where T2 Az. T2 <z = |cz — C| < C /2
using tendstoD[OF lim-c half-gt-zero|OF C-pos]]
unfolding eventually-at-top-linorder dist-real-def
by fastforce
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have T2:C / 2 < czcx < 2x Cif ©:T2 < z for x
using T2'[OF z] by argo+

define L where L = A\x. Uz / = powr o
have sv:slowly-varying L
by (simp add: regularly-varying-iff-slowly-varying-divide-powr|of U,symmetric]
L-def )
have 0 < e / a powr o
using e a by auto
from uniform-limitD|OF slowly-varying-UCT[OF sv X-pos,of a] this]
obtain T3 where T3:\tz. T8 <t=—= X <z=z<a
= |L(txz)/Lt— 1| <e/ apowrp
unfolding dist-real-def eventually-at-top-linorder
by (meson atLeastAtMost-iff)
define T’ where T' = maz (mazx (max (A /] X) A) T8) (max T1 T2)
have T"A < T'0 < T'A /X< T’
and T -lel:Ne. T'"<z=p—i<rzN\e. T'<z=0<rzx
and T’-le2:\e. T'<z= C/2<czx
and T’-le2: Ne. T'"<z= cz< 2% C
and T'-le3:N\tx. T'<t—=>X<zs=z<a= |L(txz)/Lt—1]<e
/ a powr o
using T1 T2 T8 A-pos by(auto simp: T'-def)
from bdd[of T'] regularly-varying-pos|OF rv] T'
obtain K where K:A\z. 0 <z = 2 < T'= |Uz| < K
unfolding bounded-iff by fastforce
have (A\z. K / Uz) —— 0) at-top
by (intro real-tendsto-divide-at-top regularly-varying-pos-at-top| OF rv rho]) auto
then obtain T where T":A\t. T" <t=|K / Ut|<e/ 2
by (metis (mono-tags, lifting) divide-pos-pos e eventually-at-top-linorder
less-le norm-conv-dist real-norm-def tendstoD zero-le-numeral zero-neg-numeral)
define T where T = mazx T' T"'
have T:T'< T T" < T
by (simp-all add: T-def)
show V i t in at-top. Vze{0<..a}. |U (t x z) / Ut — x powr g| < e
proof(safe intro!: eventually-at-top-linorderl [where ¢=T])
fix t x
assume ©:7T < t and z € {0<..a}
then have z-pos:0 < z and z-a: = < a
and T't:T' < t and t-pos:0 < t and T"t:T" < ¢
using T A-pos by (auto simp: T'-def)
then consider 1 < X T' < txz | < Xitxz<T'| X<z
by fastforce
thus |U (t x z) / Ut — z powr o] < e
proof cases
assume z:X < z
have |U (¢t xz) / Ut — z powr o| = z powr o * |L (t*xz) / Lt — 1|
using T T’ t z-pos by (simp add: L-def powr-mult abs-mult-pos’ right-diff-distrib)
also have ... < apowr o x |L (t*xz) /Lt — 1|
using z-pos z-a rho by(intro mult-mono powr-mono2) auto
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also have ... < e
using a mult-le-less-imp-less|OF order.refl[of a powr o] T'-1e3[OF T't z
z-a]| by force
finally show ?thesis .
next
assume z:z < X and tzT:t x ¢ < T’
have |U (¢t xz) / Ut| < |K / Ut
using K[OF - tzT| z-pos t-pos by (simp add: divide-right-mono)
also have ... < e / 2
by (intro T T''t)
finally have «:|U (¢ xz) / Ut|<e/ 2.
have |U (t xz) / Ut — z powr o| < |U (t *x z) / Ut| + |z powr o]
by argo
also have ... < e/ 2+ e/ 2
unfolding abs-of-nonneg| OF powr-ge-zero]
by (intro add-strict-mono x X-e z-pos x)
finally show ?thesis
by simp
next
assume z:z < X and Ttz:T' < tx z
have Aiz:A < t x v and At:A < t and ttz:t * ¢ < t and tz-pos:0 < t x z
using z T' t T Ttx X-pos A-pos z-pos X-le-1 by auto
have im-ln:ln “ {t x <.t} = {ln (t * ) <..In t}
using ttx tz-pos
by (intro image-mono-on-continuous-on-Ioc ttx monotone-onl continuous-on-In
In-strict-mono)
auto
have U (t xz) / Ut = c (t * z) x exp ([ ue{A<..t x z}. r u / u Olborel)
/ (ctx*exp ([ue{A<..t}. ru / u Olborel))
by(simp add: eq-U Atz At)
also have ... = (¢ (t x z) / c t) * exp (([ue{A<.t * z}. r u / u dlborel)
— (Jue{A<..t}. r u / u Blborel))
by (simp add: exp-diff)
also have ... < (2 % C / (C / 2)) * exp ((J ue{A<..t = z}. r u / u Dlborel)
— (Jue{A<..t}. r u / u Blborel))
using frac-le[OF - T'-1e2’|OF Ttx] - T'-le2[OF T't]] C-pos by(intro
mult-mono) auto
also have ... = 4 « exp (([ u. indicat-real {A<.tx 2z} uxru/u
— indicat-real {A<..t} u % ru / u Olborel))
using integ|OF Atz] integOF At] C-pos
by (auto simp: set-lebesgue-integral-def set-integrable-def)
also have ... = / x exp ([ ue{txa<..t}. — (ru / u) Olborel)
using ttx Atx At
by (auto intro!: Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def simp del: integral-minus)
also have ... < / x exp ([ ue{txa<.t}. — (0 — i) / u dlborel)
unfolding divide-minus-left
using Atz ttx tz-pos Ttx rho i T'-lel
by (intro mult-mono exp-mono set-integral-mono
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set-integrable-subset| THEN set-integrable-uminus| THEN iffD2],OF integ,of

(fastforce simp: set-integrable-def
introl: integrablel-bounded-set[where A={t * z<..t} and B=|o — i| / (t
« o)
divide-mono)+
also have ... = 4 x exp (— (0 — ©) * (In ¢t — In (¢t % 1)))
by (subst set-integral-inverse) (use tlx tz-pos in auto)
also have ... = / x exp (— (0 — i) x In (1 / z))
using A-pos At Atz
by (subst In-divide-pos[symmetric]) auto
also have ... = 4 % exp ((0 — %) * In z)
by (simp add: z-pos In-divide-pos[of 1 ] minus-mult-right mult.commute)
also have ... = / x z powr (0 — i)
using z-pos i by(simp add: powr-def X-def)
also have ... < e/ 2
using = X-e2 z-pos by force
finally have x|U (t xz) / Ut| <e/ 2
by (simp add: regularly-varying-pos|OF rv] abs-of-pos t-pos tx-pos)
have |U (txz) / Ut — z powr o| < |U (t x z) / U t| + |z powr g
by linarith
also have ... < e/ 2+ e/ 2
using * X-e¢[OF z-pos x] by (intro add-strict-mono) auto
finally show ?thesis
by fastforce
qged
qed
qed

corollary reqularly-varying-neg-UCT"
assumes rv:reqularly-varying U o
and rho:p < 0
and a: 0 < a
shows uniform-limit {a..} (At z. U (¢t x z) / Ut) (Az. z powr o) at-top
unfolding uniform-limit-iff dist-real-def
proof safe
fix e :: real
assume e:0 < e
obtain ¢ where i-pos:0 < i and i:p + i < 0
by (metis rho neg-0-less-iff-less real-add-less-0-iff real-arch-inverse)
from Karamata-representation-ex|OF rv)
obtain A ¢ r C' where A-pos:0 < A
and e¢-U:\z. A<z = Uz =cuzx*exp ([te{A<.z}. rt / t dlborel)
and integ: \z. A < © = set-integrable lborel {A<..x} (At. rt /1)
and lim-r:(r —— o) at-top
and lim-c:(c —— C) al-top
and C-pos:0 < C
by blast
from tendstoD[OF tendsto-neg-powr|OF rho filterlim-ident] half-gt-zero[OF e]]
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obtain X7 where X1:A\z. X1 <z = zpowr o <e/ 2
unfolding eventually-at-top-linorder dist-real-def by auto
from tendstoD|OF tendsto-mult-right-zero| OF tendsto-neg-powr|OF i filterlim-ident],of
4]
half-gt-zero[ OF €]
obtain X2 where X2:A\z. X2 <z = / xxpowr (0 +1i) < e/ 2
unfolding eventually-at-top-linorder dist-real-def by auto
define X where X = maz (maz 1 a) (maz X1 X2)
have X:A\z. X <z = zpowr p<e/ 2 Az. X <z = 4 * z powr (o + 1)
<e/2
Ne. X <z= 0 <zpowr o Ne. X <z= 0 </ *xpowr o
using X1 X2 by(auto simp: X-def)
obtain T1 where TI:\z. T1 <z = raz<p+ 1
using tendstoD[OF lim-r i-pos] unfolding eventually-at-top-linorder dist-real-def
abs-less-iff
by fastforce
obtain 72 where T2 \z. T2 <z = |cx — C| < C /2
using tendstoD[OF' lim-c half-gt-zero| OF C-pos]]
unfolding eventually-at-top-linorder dist-real-def
by fastforce
have 72:C / 2 < czczx < 2% Cif :T2 < z for x
using T2'[OF z] by argo+

define L where L = Az. Uz / z powr o
have sv:slowly-varying L
by (simp add: regularly-varying-iff-slowly-varying-divide-powr|of U,symmetric]
L-def )
have 0 < e / a powr o
using e a by auto
from uniform-limitD|OF slowly-varying-UCT[OF sv a,of X] this)
obtain 73 where T3:A\tz. T8 <t—=a<z =2 < X = |L(txz)/ Lt
— 1] < e/ apowryp
unfolding dist-real-def eventually-at-top-linorder
by (meson atLeastAtMost-iff)
define T where T = maz (maz A T3) (maz T1 T2)
have T' A< TO0< T
and T-lel:N\e. T<z=rz<pop+1
and T-le2:\e. T<z= C/2<czand T-le2" \o. T <z =cx < 2x
C
and T-le3:N\tz. T<t=a<z=2<X=|L(txz)/Lt—1<e/
a powr o
using T1 T2 T3 A-pos by(auto simp: T-def)
show V i t in at-top. Va€{a..}. |U (t x ) / Ut — x powr o| < e
proof(safe intro!: eventually-at-top-linorderl[where c¢=T])
fix tx
assume t: T < tand a < z
then consider s < zz < X | X <z
by fastforce
thus |U (t xz) / Ut — z powr o] < e
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proof cases
assume z:a < z 1 < X
have |U (¢t xz) / Ut — z powr g| = z powr o * |L (t xz) / Lt — 1|
using T t z a by(simp add: L-def powr-mult abs-mult-pos’ right-diff-distrib)
also have ... < apowr ogx |L(txxz) /Lt — 1|
using z a rho by(intro mult-mono powr-mono2’) auto
also have ... < e
using a mult-le-less-imp-less| OF order.refl[of a powr ¢| T-le3[OF t z]] by
force
finally show ?thesis .
next
assume z:X < 7
have Atz:A < t x x and At:A < tand ttz:t < t *x
using z t mult-monolof A t 1 x] A-pos by(auto simp: X-def T-def)
hence Ttx:T < t x x
using t by linarith
have im-ln:ln “ {t<..t x 2} = {ln t <..In (t * )}
using At A-pos
by (intro image-mono-on-continuous-on-Ioc ttx monotone-onl continuous-on-In
In-strict-mono)
auto
have U (t xz) / Ut = c (t x z) * exp ([ ue{A<..t x z}. ru / u Olborel)
/ (¢t exp ([ue{A<.t}. ru / u Dlborel))
by(simp add: eq-U Atz At)
also have ... = (¢ (t x z) / ¢ t) * exp (([ue{A<.t * z}. r u / u dlborel)
— (Jue{A<..t}. r u / u Dlborel))
by (simp add: exp-diff)
also have ... < (2 % C / (C / 2)) * exp ((J ue{A<..t = z}. r u / u dlborel)
— (Jue{A<..t}. r u / u Dlborel))
using frac-le[OF - T-1e2'[OF Ttx] - T-1e2[OF t]] C-pos by (intro mult-mono)
auto
also have ... = 4 x exp (([ u. indicat-real {A<.tx 2z} uxru/u
— indicat-real {A<..t} u* ru / u Olborel))
using integ[OF Atz] integ|OF At] C-pos
by (auto simp: set-lebesgue-integral-def set-integrable-def)
also have ... = 4 x exp ([ ue{t<..t = z}. r u / u Olborel)
using ttx Atz At by(auto intro!: Bochner-Integration.integral-cong
simp: set-lebesgue-integral-def indicator-def)
also have ... < / * exp ([ ue{t<..t * z}. (0 + i) / u dlborel)
using ttx At T-lel T t Atz
by (fastforce introl: set-integral-mono set-integrable-subset|OF integ,of t * x|
divide-right-mono integrablel-bounded-set[where A={t<..t * x} and
B=lo+ il /
divide-mono simp: set-borel-measurable-def set-integrable-def)

also have ... = / x exp ((¢ + ¢) * (In (t * ) — In t))
by (subst set-integral-inverse) (use A-pos At ttx in auto)
also have ... = / * exp ((0 + i) * In 1)

using A-pos At Atz
by (subst In-divide-pos[symmetric]) auto
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also have ... = 4 x z powr (0 + 1)
using z a by(simp add: powr-def X-def)

also have ... < e/ 2
using X z by blast

finally have «|U (t xz) / Ut| <e/ 2
by (smt (verit, best) A-pos At rv divide-pos-pos regqularly-varying-pos tir)

have |U (txz) / Ut — z powr o| < |U (t x z) / Ut| + |z powr g
by linarith

alsohave ... < e/ 2+ e/ 2
using * X[OF z] by(intro add-strict-mono) auto

finally show ?thesis
by fastforce

qed
qed
qed

2.4.3 Potter Bounds

corollary
assumes rv:reqularly-varying U o
and A:1 < Aand d:0 < d
shows Potter-bounds1:
AT>0.YVa>T.VYy>z. Uy /| Uz < A x(y / z) powr (o + d) (is %91)
and Potter-bounds2:
AT>0.Vy>T.Va>y. Uy /| Uz < A x (y / z) powr (0 — d) (is %92)
and Potter-bounds:
AT>0.Va>T . NVy>T. Uy / Uz < A*x mazx ((y / z) powr (0 + d)) ((y / x)
pour (o — d))
(is 7¢3)
proof —
from Karamata-representation-ex|OF rv]
obtain B ¢ r C where A-pos:0 < B
and eq-U:Az. B< 2z = Uz = cz* exp ([ te{B<..z}. rt / t dlborel)
and integ:\z. B < & = set-integrable lborel {B<..x} (At. rt ]/ t)
and lim-r:(r —— o) at-top
and lim-c:(c —— C) at-top
and C-pos:0 < C
by blast
obtain 71 where TI:\t. T1 <t = rt <o+ d\t. T1 <t=p—-d<rt
using tendstoD[OF lim-r d] unfolding eventually-at-top-linorder dist-real-def
by (metis abs-diff-le-iff less-eq-real-def)
have pos:C « (A — 1)/ (A+1)>0
using A C-pos by fastforce
obtain 72 where \t. T2 <t=|ct - C| < Cx(A—-1)/ (A+ 1)
using tendstoD[OF lim-c pos] unfolding eventually-at-top-linorder dist-real-def
by fastforce
hence 72C — Cx (A—1)/(A+1)<ctct<C+Cx*x(A—-1)/(A+
1)

if t:7T2 < t for t
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using ¢ by(auto simp: abs-diff-le-iff)
have ct-pos:0 < ctif t:T2 < t for ¢
using T2'[OF t| C-pos A
by (smt (verit, ccfu-threshold) mult.commute le-divide-eq le-divide-eq-1
nonzero-mult-divide-mult-cancel-left2)
have T2:cy / ca < Aif 2:T2 < z and y:T2 < y for z y
proof —
havecy /ca<(C+C*x(A—-1)/(A+1))/(C—-Cx(A—-1)/(A+
1))
using T2'[OF z] T2'[OF y] ct-pos|OF y] C-pos A
by (auto introl: divide-mono simp del: times-divide-eq-right
simp: times-divide-eq-right[symmetric])
alsohave ... = (C*x (1 +(A—-1)/(A+ 1))/ (Cx(1 —(A—-1)/(A+
1))
by (simp add: distrib-left right-diff-distrib”)
alsohave ... = (Cx (A+ 1)/ (A+ 1)+ (A—Z)/(A+1)))
J(Cx((A+1) ) (A+1)— (A= 1)/ (A+ 1))
using A by simp
also have ... = A
unfolding add-divide-distrib[symmetric] diff-divide-distrib[symmetric]
using C-pos A by simp
finally show ?%thesis .
qed
define T where T = maz (maz 1 B) (maz T1 T2)
have T-pos: 0 < T and TB:B < T
and Tri:A\t. T<t=rt<p+dand Tri2:\t. T<t=p0—-d<rt
and Te:N\zvy. T<z= T <y=cy/cax<A
using T1 T2 by(auto simp: T-def)
have 1:Uy / Uz < Ax (y / z) powr (0 + d) if &:T < z and zy:z < y for z y
proof —
have y:T < y
using z zy by simp
have Uy / Uz = cy * exp ([ te{B<..y}. rt / t Dlborel)
/ (cz* exp ([te{B<..z}. vt/ t Dlborel))
using z y eq-U TB by simp
also have ... = (¢ y / )
« exp (([te{B<..y}. rt / t dlborel) — ([te{B<.z}. rt /¢
Olborel))
by (simp add: exp-diff)
also have ... < A4 x exp (([ te{B<..y}. rt / t Olborel) — ([ te{B<..z}. rt /
t Olborel))
using Tc[OF z y] A by(intro mult-mono) auto
also have ... = A x exp (([ t. indicat-real {B<..y} t*rt /¢
— indicat-real {B<..x} t * vt / t Olborel))
using integ|of x| integlof y] TBxy A
by (auto simp: set-lebesgque-integral-def set-integrable-def)
also have ... = 4 x exp (([ te{z<.y}. rt / t Dlborel))
using z y TB zy by(auto intro!: Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def)
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also have ... < A x exp (([ te{z<..y}. (0 + d) / t Dlborel))
using A © TB T-pos Trl y
by (auto introl: set-integral-mono set-integrable-subset| OF integ|of ]|
set-integrable-inverse’ divide-right-mono)
also have ... = A x exp ((0 + d) x In (y / x))
using z y zy T-pos
by (subst set-integral-inverse) (auto simp: In-divide-pos)
also have ... = A % (y / x) powr (0 + d)
using z y T-pos by(simp add: powr-def)
finally show ?thesis .
qed
have 2:Uy / Uz < Ax (y / z) powr (0 — d) if yz:y < zand y:T < y for z y
proof —
have z:7T < z
using yz y by simp
have Uy / Uz = cy * exp ([ te{B<..y}. rt / t Dlborel)
/ (czx exp ([te{B<..z}. vt/ t dlborel))
using z y eq-U TB by simp
also have ... = (cy / cx)
« exp (([te{B<..y}. rt / t dlborel) — ([te{B<.z}. rt /¢
dlborel))
by (simp add: exp-diff)
also have ... < A x exp (([ te{B<.y}. rt / t dlborel) — ([te{B<..z}. 1t/
t Olborel))
using Tc[OF z y] A by(intro mult-mono) auto
also have ... = A x exp (([ ¢. indicat-real {B<.y} t*rt /¢
— indicat-real {B<..x} t x rt / t Olborel))
using integ|of x| integlof y] TB xz y A
by (auto simp: set-lebesgque-integral-def set-integrable-def)
also have ... = 4 x exp (([ te{y<..z}. — r ¢/ t Olborel))
using = y TB yz A by(auto introl: Bochner-Integration.integral-cong
simp: set-lebesque-integral-def indicator-def simp del: integral-minus)
also have ... < A4 x exp (([ te{y<..z}. — (0 — d) / t dlborel))
using A z TB T-pos Tr2 y yz
by (auto intro!: set-integral-mono set-integrable-subset| OF integ|of z]|
set-integrable-inverse’ divide-right-mono simp: set-integrable-uminus
simyp del: minus-diff-eq)
also have ... = A % exp((op — d) * In (y / z))
using z y yxr T-pos
by (subst set-integral-inverse)
(auto simp: In-divide-pos left-diff-distrib right-diff-distrib)
also have ... = A x (y / z) powr (0 — d)
using z y T-pos by(simp add: powr-def)
finally show ?thesis .
qed
have 3:Uy / Uz < A x maz ((y / z) powr (¢ + d)) ((y / z) powr (o — d))
ife:T <zand y:T < yfor zy
proof(cases & < y)
assume zy:z < ¥y
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then have Uy / Uz < A x (y / z) powr (¢ + d)
using 1 x by blast
thus ?thesis
using T-pos xy d powr-mono = by force
next
assume yzr:— T < ¥y
then have Uy / Uz < A x (y / z) powr (o — d)
using 2 y by simp
thus ?thesis
by (smt (verit, best) A mult-mono powr-ge-zero)
qed
show ?2g1 292 293
using 1 2 3 T-pos by blast+
qed

corollary
assumes rv:reqularly-varying U o
and A:A < 1 and d:0 < d
shows Potter-bounds-lowerl :
AT>0.Va>T. Vy>z. A (y [/ z) powr (9o — d) < Uy / Uz (is ?g91)
and Potter-bounds-lower2:
AT>0.Vy>T.Va>y. Ax(y / z) powr (0 + d) < Uy / Uz (is %92)
and Potter-bounds-lower:
AT>0.Vz>T. Vy>T. A x min ((y / z) powr (o + d)) ((y / z) powr (0 — d))
<Uy/ Uz
(is 793)
proof —
show ¢1:%2g1
proof(cases A < 0)
assume A < 0
thus ?thesis
by (smt (verit, best) divide-pos-pos mult-cancel-right2 mult-less-cancel-left
powr-non-neg reqularly-varying-pos rv)
next
assume A-pos:— A < 0
then have invA:1 <1 / A
using A by force
from Potter-bounds2[OF rv this d]
obtain T where T-pos:T > 0 and T:Azy. y > T —= z > y —
Uy/ Ux<1/Ax(y/z) powr (o — d)
by fast
have A x (y / z) powr (0 — d) < Uy / Uz ife:T < z and zy:z < y for z y
proof —
have 1 /(1 / Ax(z [/ y) pour (o —d)) <1/ (Uz/ Uy)
using A-pos regularly-varying-pos|OF rv] T-pos © xy
by (intro divide-left-mono T[OF z zy] T[OF z zy]) auto
thus ?thesis
by (simp add: powr-divide)
qed
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thus ?thesis
using T-pos by blast
qed
show ¢2:%¢2
proof(cases A < 0)
assume A < 0
thus ?thesis
by (smt (verit, best) divide-pos-pos mult-cancel-right2 mult-less-cancel-left
powr-non-neg reqularly-varying-pos rv)
next
assume A-pos:— A < 0
then have invd:1 <1/ A
using A by force
from Potter-bounds! [OF rv this d]
obtain T where T-pos:T > 0 and T:A\zy. 2 > T = y > ¢ =
Uy/ Ux<1/Ax(y/ ) powr (0 + d)
by fast
have A x (y / z) powr (0 + d) < Uy / Uz if y:T < y and yz:y < z for z y
proof —
have 1 /(1 / Ax* (z / y) pour (e + d)) <1/ (Uz /[ Uy)
using A-pos regularly-varying-pos| OF rv] T-pos y yz
by (intro divide-left-mono T[OF y yz]) auto
thus ?thesis
by (simp add: powr-divide)
qed
thus ?thesis
using T-pos by blast
qed
from g1 g2 obtain T1 T2 where
T1:T1 > 0Vaz>T1.Vy>z. Ax(y [/ z) powr (0o —d) < Uy / Ux
and 72:T2 > 0 Vy>T2.Vz>y. Ax (y / z) powr (o +d) < Uy / Ux
by auto
thus %¢3
by (safe introl: exI[where x=maz T1 T2] maz.strict-coboundedI1)
(smt (verit, best) assms(3) divide-pos-pos less-divide-eq-1-pos powr-less-mono
powr-mono’)
qed

2.5 Karamata’s Theorem

2.5.1 Direct Half

lemma Karamata-theorem-half1 :
assumes rv: reqularly-varying U o
and a: 0 < g and rho:— 1 < p
and integrable:\c d. a < ¢ = set-integrable lborel {c<..d} U
shows ((At. ([ z€{a<..t}. Uz dlborel) / (t x Ut)) —— 1 / (0 + 1)) at-top
proof —
obtain d where d-pos:0 < d and d:d < o + 1
by (metis tho minus-less-iff real-0-less-add-iff real-arch-inverse)
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with Potter-bounds2[OF rv,of 2 d|
obtain 7' where T T'> 0 Nz y. T'<y=y<z= Uy / Uz < 2% (y
/ ) powr (o — d)
by auto
define T where T = maz T' a

have T-pos:0 < T and aT:a < T
and T'A\zy. T<y=y<az= Uy / Uz < 2x(y/ ) powr (0 — d)

using T’ by(auto simp: T-def)
have eq:([ ze{T<..t}. Uz dlborel) | (t x Ut) = ([se{T/t<.1}. U (t *s) /

U t Olborel)
if t:T < t for t

proof —
have ([ ze{T<..t}. Uz dlborel) = t = ([ s. indicat-real {T<..t} (t * s) xp U
(t % s) Olborel)
using lborel-integral-real-affine[of t \x. indicat-real {T<..t}  x Uz 0] T-pos

t
by (auto simp: set-lebesgue-integral-def)

also have ... = t * ([ se{T/t<..1}. U (t * s) Olborel)
unfolding set-lebesgue-integral-def using T-pos t

by (intro arg-cong[where f=(x) t]
Bochner-Integration.integral-cong arg-cong[where f=\y. y xg U (¢ * -)])

(auto simp: mult.commute indicator-def pos-divide-less-eq)

finally show ?thesis
using T-pos t by simp

qed
have set-integrable lborel {T/t<..1} (As. U (t % s) / Ut)

if :T < t for ¢t

proof —
= indicat-real {T/t<..1} z for z

have x:indicat-real {T<..t} (t * z) =
using T-pos t by (auto simp: indicator-def divide-less-eq mult.commute)

have integrable lborel (Az. indicat-real {T<..t} (t * z) « U (t * x))

using [lborel-integrable-real-affine[of Az. indicat-real {T<..t} z * Uzt 0]
T-pos aT integrable[of T t] t

by (auto simp: set-integrable-def)

thus ?thesis
unfolding * by(simp add: set-integrable-def)

qged

hence x:(As. indicat-real {T/t<..1} s x U (t x s) / Ut) € borel-measurable lborel

ift:T + 1 <tfort
using ¢t T-pos by (auto simp: set-integrable-def)

have «x:integrable lborel (As. indicator {0<..1} s x 2 x s powr (0 — d))

using d set-integrable-mult-right-iff THEN iffD2,0F - set-integrable-powr-from-0[of

o — d]]
by (auto simp: set-integrable-def mult.assoc)

have sxx:AFE s in lborel.
((At. indicat-real {T/t<..1} sx U (t *s) / Ut)
—— indicat-real {0<..1} s * s powr ) at-top

proof(rule AE-I12)
fix s :: real
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consider 0 < ss<1|s<0]|1<s
by linarith
then show ((\t. indicat-real {T / t<..1} s U (t * s) /] Ut)
—— indicat-real {0<..1} s * s powr ) at-top
proof cases
assume s:0 < ss < 1
then obtain X where X:0 < X T / X <s
by (metis linordered-field-no-ub mult.commute not-less-iff-gr-or-eq or-
der.strict-trans
pos-divide-less-eq)
hence A\t. X <t= T /t<s
by (metis T-pos order.strict-trans frac-less2 less-eq-real-def)
hence V p t in at-top. indicat-real {T [/ t<..1} s+« U (txs)/ Ut="U (t *
s)/ Ut
using s by (auto intro!: eventually-at-top-linorderl [where ¢=X])
moreover have (\t. U (¢t x s) / Ut) —— indicat-real {0<..1} s * s powr
0) at-top
using regularly-varying-lim[OF rv] s
by (simp add: indicator-def)
ultimately show Zthesis
by (simp only: tendsto-cong)
next
assume s:s < 0
hence V g t in at-top. indicat-real {T [/ t<.1} sx U (txs) / Ut =10
by (intro eventually-at-top-linorderI[where c=1])
(simp add: linorder-class.not-less[of T / - §
T-pos dual-order.trans[of 0 T / - s
less-eq-real-def[of 0])
thus ?thesis
using s by (simp add: tendsto-eventually)
qed simp
qed
have sxxx:AE x in lborel. norm (indicat-real {T / t<..1} z x U (t x ) /] U t)
< indicat-real {0<..1} z * 2 x z powr (0 — d)
if ¢:T + 1 < tfort
proof(rule AE-I2)
fix s::real
consider T /t<ss<1|s<T/t|1<s
by linarith
then show norm (indicat-real {T [/ t<..1} s*x U (t xs) /] Ut)
< indicat-real {0<..1} s * 2 % s powr (o0 — d)
proof cases
assume s:T [t < ss< 1
then have Tits:T < t x st *x s < t and s-pos:s > 0
using ¢ T-pos by(auto simp: mult.commute pos-divide-less-eq
order.strict-trans[of 0 T / t s])
have norm (indicat-real {T | t<..1} s« U (tx s) / Ut)
=U(txs)/ Ut
using s T-pos t s-pos
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by (auto simp del: abs-divide intro!: abs-of-pos
reqularly-varying-pos| OF rv] divide-pos-pos)
also have ... < indicat-real {0<..1} s * 2 * s powr (0 — d)
using s-pos T[OF Tts] t s T-pos by auto
finally show ?thesis .
qed auto
qed
have lim:((\t. ([ s€{T/t<..1}. U (t x s) / Ut Olborel))
—— ([ se{0<..1}. s powr o dlborel)) at-top
using integral-dominated-convergence-real[ OF - x s soxx stk
by (auto simp: set-lebesgue-integral-def)
have cong:V g t in at-top.
([ ze{a<..t}. Uz dlborel) / (t * U t)
= ([ ze{a<..T}. Uz dlborel)/ (t x Ut) + ([ se{T/t<..1}. U (t x s) /
U t dlborel)
proof(safe intro!: eventually-at-top-linorderl [where ¢=T])
fix ¢
assume t: T < ¢
with o7 have ([ ze€{a<..t}. Uz dlborel) = ([z€{a<.T} U {T<..t}. Uz
dlborel)
by (intro arg-cong[where f=AB. set-lebesgue-integral lborel B -]) auto
also have ... = ([ ze{a<..T}. Uz dlborel) + ([ ze{T<..t}. Uz dlborel)
by (intro set-integral-Un integrable aT) auto
finally show ([ z€{a<..t}. Uz dlborel) / (t x U t)
= ([ ze{a<..T}. Uz dlborel)/ (t x Ut) + ([ se{T/t<..1}. U (t = s) /
U t dlborel)
by (simp add: add-divide-distrib eq[OF t])
qed
have lim2:((\t. ([ z€{a<..T}. Uz dlborel)/ (t * U t)
+ ([ se{T/t<..1}. U (t = s) / Ut Olborel))
—— 0+ 1/ (o+ 1)) at-top
using rho lim set-integral-powr-from-0
by (intro tendsto-add real-tendsto-divide-at-top
regqularly-varying-pos-at-top[where o=1 + g| regularly-varying-mult rv)
auto
show ?thesis
using lim2 cong tendsto-cong
by fastforce
qed

lemma Karamata-theorem-half-uminusi:
assumes rv:reqularly-varying U (— 1)
and a: 0 < a
and integrable:\c d. a < ¢ = set-integrable lborel {c<..d} U
shows filterlim (M. ([ z€{a<..t}. Uz dlborel) / (t * U t)) at-top at-top
unfolding filterlim-at-top
proof safe
fix Z :: real
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define 7’ where 7' = maz (Z + 1) 2
define ¢ where ¢ = exp (— Z’)
have c-pos:0 < cand c-1:c < 1
by (simp-all add: c-def Z'-def)
obtain 71 where TI:A\t. T1 <t= a < cxt
by (metis mult.commute c-pos pos-divide-le-eq)
obtain T2 where T2:\tz. T2 <t— c<z = 2 < I
= |U(txz)/ Ut —zpowr (— 1) <1
using uniform-limitD|OF regularly-varying-UCT-interval|OF rv c-pos,of 1],of
1
by (fastforce simp: eventually-at-top-linorder dist-real-def )
define T where T = max I (maz T1 T2)
have Tact:\t. T <t= a < cxt
by (auto simp: T-def introl: T1)
have TleAtz. T<t—=c<rz=u2<1=1/2—-1<U({t=xxz)/ Ut
using T2 T-def c-pos by fastforce
show Vi t in at-top. Z < ([ ze{a<..t}. Uz dlborel) / (t * U t)
proof (safe intro!: eventually-at-top-linorderl [where c¢=T])
fix t
assume t:T < ¢
then have t-pos:0 < t
by (simp add: T-def)
have integl [simp|:set-integrable lborel {c * t<..t} U
by (auto intro!: assms Tact[OF t])
have integ2|[simp]:set-integrable lborel {c<..1} (Ax. U (t x x) / Ut)
proof —
have x:indicat-real {c x t<..t} (¢t * z) = indicat-real {c<..1} z for z
using t-pos by (auto simp: indicator-def divide-less-eq mult.commute)
have integrable lborel (Az. indicat-real {c x t<..t} (t x ) x U (¢t * z))
using lborel-integrable-real-affine[of A\z. indicat-real {c * t<..t} z x Uxt 0]
integl t-pos
unfolding set-integrable-def
by simp
thus ?thesis
unfolding * by(simp add: set-integrable-def)
qed
note [simp] = set-integral-diff [OF set-integrable-inverse’[OF c-pos]
set-integrable-const[of lborel {c<..1}]]

have Z < 7' — 1
by (simp add: Z'-def)
also have ... = —Inc — 1
by (simp add: c-def)
also have ... < —In¢ — (1 — ¢)
using c-1 c-pos by argo
also have ... = ([z€{c<..1}. 1 / x dlborel) — (1 — ¢)
using c-pos c-1 by(subst set-integral-inverse) auto
also have ... = ([ ze{c<..1}. 1 / x dlborel) — ([ ze{c<..1}. 1 dlborel)
using c-1 by(subst set-integral-const) auto
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also have ... = ([ze{c<..1}. 1 / © — 1 dlborel)
using c-1 by auto
also have ... < ([z€{c<..1}. U (t x z) / Ut Olborel)
using t c-1 by(intro set-integral-mono Tle) auto
also have ... = ([ ze{c * t<..t}. Uz dlborel) / (t * U t)
proof —
have ([ z€{c * t<..t}. Uz dlborel)
=t x ([ s. indicat-real {c * t<..t} (t * s) *r U (¢t * s) Olborel)
using lborel-integral-real-affine[of t Az. indicat-real {cxt<..t} = * U z 0]
t-pos
by (auto simp: set-lebesgue-integral-def)
also have ... = ¢ x ([ se{c<..1}. U (¢t = s) Olborel)
unfolding set-lebesgue-integral-def using t-pos
by (intro arg-cong|where f=(x)
Bochner-Integration.integral-cong arg-conglwhere f=XAy. y xg U (t * -)])
(auto simp: mult.commute indicator-def pos-divide-less-eq)
finally show ?thesis
using t-pos by simp
qed
also have ... < ([ z€{a<..t}. Uz dlborel) / (¢t * U t)
using t-pos less-imp-le[OF regularly-varying-pos|OF rv))
integrable[OF order.refl] Tact[OF t] a
by (intro divide-right-mono set-integral-subset) auto
finally show Z < ([ z€{a<..t}. Uz dlborel) / (t x Ut) .
qed
qged

corollary Karamata-theorem-halfl-inverse:
assumes rv: regularly-varying U o
and rho:— 1 < pand a: 0 < a
and integrable: \c d. a < ¢ = set-integrable lborel {c<..d} U
shows ((At. (t x Ut) / ([ ze{a<..t}. Uz dlborel)) — o + 1) at-top
proof(cases o = —1)
show ¢ = —1 = ?thesis
using tendsto-inverse-0-at-top| OF Karamata-theorem-half-uminus! [OF - a
integrable]] rv
by simp
qed(use assms tendsto-inverse|OF Karamata-theorem-halfl] in auto)

lemma Karamata-theorem-half1-ex:
assumes rv: reqularly-varying U o
and rho:— 1 < o
shows Ja. (At. (t * Ut) / ([ ze{a<..t}. Uz dlborel)) — o0 + 1) at-top
proof —
from regularly-varying-eventually-locally-integrable] OF rv)
obtain 2’ where z":A\a b. ' < a = set-integrable lborel {a..b} U
by (metis (lifting) eventually-at-top-linorder)
define r where = = maz 0 =’
have 2:0 < z Ac d. © < ¢ = set-integrable lborel {c<..d} U
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by (auto intro!: set-integrable-subset[where A={-..-} and B={-<..-}] z’ simp:
x-def)
from Karamata-theorem-halfl-inverse|OF rv tho this]
show ?thesis
by fast
qed

lemma regularly-varying-integral-limit:
assumes rv: reqularly-varying U o
and rho:— 1 < p and a: 0 < a
and integrable:\c d. a < ¢ = set-integrable lborel {c<..d} U
and z: 0 <
shows ((At. ([ s€{a<..t x z}. U s dlborel) | ([ s€{a<..t}. U s dlborel))
—— z powr (0 + 1)) at-top
(is (29 —— x powr (o + 1)) at-top)
proof(cases o = —1)
assume g # — 1
then have rho:— 1 < o
using rho by force
have (At. ([ se{a<..t x z}. U s dlborel) / ([ s€{a<..t}. U s dlborel)) ~[at-top]
M. (txz*x U (txx))/ (txUt))
using asymp-equiv-divide[ OF asymp-equivl’-const| OF
filterlim-compose[ OF Karamata-theorem-half1[OF rv a tho' integrable)
filterlim-tendsto-pos-mult-at-top[ OF tendsto-const x filterlim-ident]]]
asymp-equivl -const| OF Karamata-theorem-half1[OF rv a tho’ integrable]]] rho’
by (simp add: mult.commute)
moreover have (A\t. (t x z x U (t x z)) / (t x Ut))
~lat-top] (\t. (x x (U (t x z)) /] Ut))
using z regularly-varying-pos| OF rv] reqularly-varying-pos| OF rv mult-pos-pos| OF
- 2]
by (intro asymp-equivl’ tendstol eventually-at-top-linorderl [where c=1])
(smt (verit, ccfv-threshold) dist-real-def divide-divide-eq-right
divide-divide-times-eq divide-eq-1-iff nonzero-mult-div-cancel-left)
ultimately have (\t. ([ se{a<..t * z}. U s dlborel) / ([ s€{a<..t}. Us Olborel))
~lat-top] (Mt. (x x (U (t * x)) / Ut))
using asymp-equiv-trans by blast
moreover have ((At. (z x (U (t x x)) / Ut)) —— z powr (o0 + 1)) at-top
using tendsto-mult| OF tendsto-const|of x| regularly-varying-lim[OF rv z]]
powr-mult-base’
by (simp add: add.commute powr-mult-base)
ultimately show ?thesis
using tendsto-asymp-equiv-cong by blast
next
assume rho’p = — 1
show ?thesis
proof (cases set-integrable lborel {a<..} U)
assume h:set-integrable lborel {a<..} U
then have «:((At. ([ se{a<..t}. U s dlborel)) —— ([ se{a<..}. U s dlborel))
at-top
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using a
by (intro interval-integral-inf2 less-imp-le]OF regularly-varying-pos|OF rv]]
set-integrable-subset| OF h))
auto
have 0 < ([ se{a<..}. U s dlborel)
using a
by (auto introl: set-integral-zero-less h reqularly-varying-pos| OF rv]
order.strict-trans2[where b=emeasure lborel {a<..a+1} and c=emeasure
lborel {a<..},
OF - emeasure-mono))
thus ?thesis
using tendsto-divide[ OF filterlim-compose[ OF
 filterlim-tendsto-pos-mult-at-top| OF tendsto-const x filterlim-ident])
*| @
by (simp add: mult.commute tho’)
next
assume h:— set-integrable lborel {a<..} U
have integ-infa:([ *s€{a<..}. ennreal (U s) dlborel) = T
proof —
have - ([ 1 z. ennreal |indicat-real {a<..} = * U z| dlborel) < oo
using h regularly-varying-meas-o[OF rv a]
by (auto simp: set-integrable-def integrable-iff-bounded)
moreover have ([ z. ennreal |indicat-real {a<..} = x U | dlborel)
= ([ *se{a<..}. Us Olborel)
using a regularly-varying-pos|OF rv)
by (auto introl: nn-integral-cong simp: indicator-def abs-of-pos)
ultimately show ?Zthesis
using top.not-eq-extremum by fastforce
qed
have filterlim1:filterlim (At. ([ s€{a<..t}. U s Olborel)) at-top at-top
proof —
have 1:V g tin at-top.
ennreal ([ se{a<..t}. U s dlborel) = ([ Tse{a<..t}. ennreal (U s)
Olborel)
using integrable[OF order.refl] a
unfolding nn-integral-set-ennreal set-lebesgue-integral-def
apply (intro eventually-at-top-linorderl [where c=a + 1])
by (subst nn-integral-eq-integral)
(auto simp: set-integrable-def mult.commute indicator-def
less-imp-le[ OF regularly-varying-pos| OF rv]])
have 2:((At. ([ Tse{a<..t}. ennreal (U s) dlborel))
—— ([ tse{a<..}. ennreal (U s) dlborel)) at-top
proof (rule nn-integral-at-top-real[where K=0])
show mono-on {0..} (Ar z. ennreal (U ) * indicator {a<..r} x)
by (auto introl: mono-onlI le-funl simp: indicator-def)
next
show At. (Az. ennreal (U z) * indicator {a<..t} z) € borel-measurable lborel
using regularly-varying-meas-Ioc-ennreal|OF rv a] by simp
next
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fix y
show ((At. ennreal (U y) * indicator {a<..t} y) ——
ennreal (U y) * indicator {a<..} y) at-top
proof(cases a < y)
assume a < y
then obtain T where \t. T <t= y <t
by simp
thus ?thesis
unfolding mult.commute[where a=ennreal (U y)] indicator-mult-ennreal
by (intro tendsto-ennreall tendstol eventually-at-top-linorderI[where
e=T))
(auto simp: dist-real-def indicator-def)
qed simp
qed
show ?Zthesis
unfolding ennreal-tendsto-top-eq-at-top[symmetric]
using 1 2 integ-infa
by (simp add: tendsto-cong)
qed
have filterlim?2:filterlim (At. ([ se{X<..t}. U s Olborel)) at-top at-top
if X:a < X for X
proof —
have V p ¢ in at-top. ([ s€{a<..t}. U s dlborel)
= ([ se{a<..X}. U s Olborel) + ([ se{X<..t}. U s Olborel)
using X unfolding eventually-at-top-linorder
by (subst set-integral-Un|symmetric])
(auto introl: integrable arg-conglwhere f=AB. ([ s€B. U s dlborel)]
exl[where z=X])
hence V i ¢ in at-top. ([ se{X<..t}. U s Olborel)
= — ([ se{a<..X}. U s Olborel) + ([ se{a<..t}. Us
dlborel)
by (rule eventually-mono) simp
moreover have filterlim (At. — ([ se{a<..X}. U s dlborel) + ([ se{a<..t}.
U s Olborel))
at-top at-top
by (subst filterlim-tendsto-add-at-top-iff)
(auto simp: filterlim1)
ultimately show ?Zthesis
by (simp add: filterlim-cong)
qed
have integ-pos:\b c. a < b= b < ¢c = 0 < ([ se{b<..c}. U s dlborel)
using a
by (intro set-integral-zero-less set-integrable-subset| OF integrable])
(auto introl: regularly-varying-pos|OF rv])
have integ-le-0:Y r t in at-top. 0 < ([ se{X<..t}. U s Olborel) if X:a < X for
X
using filterlim-at-top-dense] THEN iffD1,0F filterlim2[OF X]]
by fast
have asymp-eq:(At. ([ se{a<..t}. U s Olborel)) ~[at-top] (Mt. [se{X<..t}. U
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s Olborel)
if X:a < X for X
proof —
have V g t in at-top. ([ s€{a<..t}. U s dlborel)
= ([ se{a<..X}. U s Olborel) + ([ se{X<..t}. U s dlborel)
using X unfolding eventually-at-top-linorder
by (subst set-integral-Un|symmetric])
(auto introl: integrable arg-conglwhere f=AB. ([ s€B. U s dlborel)]
exl[where z=X))
hence V g t in at-top. ([ s€{a<..t}. Us dlborel) / ([ se{X<..t}. Us dlborel)
= ([ se{a<..X}. U s dlborel) / ([ se{X<..t}. U s dlborel)
+ 1
by (rule eventually-mono|OF eventually-conj|OF integ-le-0[OF X]]])
(use filterlim-at-top[ THEN iffD1,0F filterlim2[OF X]]
in simp add: add-divide-distrib)
moreover have ((At. ([ se{a<..X}. Us dlborel) / ([ se{X<..t}. Us dlborel)
+ 1)
— 0 + 1) at-top
by (intro tendsto-add real-tendsto-divide-at-top filterlim2 X) auto
ultimately show Zthesis
by (auto introl: asymp-equivl’ simp: tendsto-cong)
qed
have asymp-eq”:(\t. ([ s€{a<..t x z}. U s Olborel))
~lat-top] (At. [ se{X<..t * z}. U s dlborel)
if X:a < X for X
using filterlim-tendsto-pos-mult-at-top[ OF tendsto-const x filterlim-ident]
by (intro asymp-equiv-compose'|OF asymp-eq] X)
(simp add: mult.commute)
have lei:1
< Liminf at-top (\t. ereal (%g t))
+ ereal e
and le2:Limsup at-top (At. ereal (?g t))
< 1 + ereal e
if e:0 < e for e
proof —
define ¢’ where e/’ = ¢ / z
have ¢:0 < ¢’
using e z by(simp add: e’-def)
obtain 7/ where T"A\t. T'<t= |U (t*xz) /Ut —1 /x| <¢
using tendstoD[OF regularly-varying-lim|OF rv z] e'] x
by (auto simp: rho’ eventually-at-top-linorder dist-real-def)
define T where T = maz 1 (maz (a + 1) (maz (a / ) T'))
have T-pos:0 < T and aT2:a + 1 < Tand TT"T'< Tanda /2 < T
using z by(auto simp: T-def)
hence aTz:a < T x z and aTl:a < T
using z a pos-divide-le-eq by auto
have TI: T <t= U (tx2) < Ut (1 /z+ &) fort
using T'[OF order.trans|OF TT"],of t] T-pos regularly-varying-pos| OF rv,of
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aTz]

by (auto simp: abs-less-iff diff-less-eq add.commute mult.commute pos-divide-less-eq)
have T2:T <t= Utx* (1 /z—¢€) < U (¢t *z) for t
using T'[OF order.trans|OF TT’],of t] T-pos regularly-varying-pos|OF rv,of

by (metis (no-types, lifting) linorder-not-le abs-diff-less-iff dual-order.trans
mult.commute mult-imp-div-pos-less not-less-iff-gr-or-eq)
have integT:set-integrable lborel {T<..y} (At. U (t % z)) for y
proof —
have I:indicat-real {T * <.y x z} (s * ) * U (s * x)
= indicat-real {T<..y} s * U (s x ) for s
using z by (auto simp: indicator-def)
have integrable lborel (At. indicat-real {T % z<..y * x} t * U t)
using integrable[OF aTz] unfolding set-integrable-def by simp
from lborel-integrable-real-affine[where c=z and t=0,0F this] x
have integrable lborel (As. indicat-real {T * x<..y * x} (s * x) * U (s x 1))
by (simp add: mult.commute)
thus ?thesis
unfolding 1 by(simp add: set-integrable-def)
qed
have Limsup at-top (At. ereal (?g t))
= Limsup at-top (At. ereal (([s€{T * z<..t = z}. U s dlborel)
/ ([ se{T<..t}. Us dlborel)))
using aTz aT2 aT1 a T-pos x

by (intro asymp-equiv-Limsup-cong-ereal| OF asymp-equiv-divide| OF asymp-eq'|OF

asymp-eq[OF aT1]]]
eventually-at-top-linorderI[where c=maz (T x z + 1) (T + 1)]
less-imp-le divide-pos-pos )
(auto introl: integ-pos order.strict-transl
[OF aTx mult-less-cancel-right-pos| THEN iffD2,0F z]])
also have ... = Limsup at-top
(Mt ereal (z * ([ se{T<..t}. U (s x x) Olborel)
/ ([ se{T<..t}. Us dlborel)))
proof (intro Limsup-eq eventually-at-top-linorderl[where ¢c=T * z + 1])
fix y
assume y:T xx + 1 <y
have ([ se{T x z<..y * z}. U s Olborel)
=z * ([ s. indicat-real {T = z<.y * z} (s * z) * U (s * ) dlborel)
using z unfolding set-lebesgue-integral-def
by (subst lborel-integral-real-affine[of x At. indicat-real { Txx<..yxx} t *g

Ut o)

(auto simp: mult.commute)
also have ... = z « ([ se{T<..y}. U (s * z) dlborel)
using z
by (auto simp: set-lebesque-integral-def indicator-def
intro!: Bochner-Integration.integral-cong)
finally show ereal (([se{T * z<..y * z}. U s dlborel) / ([ se{T<..y}. U

s Olborel))

= ereal (z x ([ se{T<..y}. U (s * z) dlborel) / ([ se{T<..y}. U
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s Olborel))
by presburger
qed
also have ... < Limsup at-top (At. ereal (z * ([ se{T<..t}. Us* (1 / = +
e’) Olborel)
/ ([ se{T<..t}. U s dlborel)))
using =
by (auto intro!: Limsup-mono eventually-at-top-linorderl[where ¢c=T + 1]
T1 mult-left-mono divide-right-mono set-integral-mono integrable] OF aT1]
less-imp-le[ OF integ-pos|OF aT1]] integT
simp del: set-integral-mult-left)
also have ... = Limsup at-top (At::real. ereal (1 + x x ')
using =
by (intro Limsup-eq eventually-mono[OF integ-le-0[OF aT1]])
(simp add: distrib-left[of x))

also have ... = ereal (1 + e)

using z by(simp add: e’-def Limsup-const)
also have ... = 1 + ereal e

by simp

finally show Limsup at-top (\t. ereal (?g t)) < 1 + ereal e .
have 1 — ereal e = ereal (1 — e)
by (simp add: one-ereal-def)

also have ... = Liminf at-top (At::real. ereal (1 — x * e'))
using z by(simp add: e’-def Liminf-const)
also have ... = Liminf at-top (M. ereal (z = ([ se{T<.t}. Us* (I |z —

e’) Olborel)
/ ([ se{T<..t}. Us dlborel)))
using z e’
by (intro Liminf-eq eventually-mono[ OF integ-le-0[OF aT1]])
(simp add: right-diff-distrib[of z])
also have ... < Liminf at-top (At. ereal (z * ([ se{T<..t}. U (s x ) dlborel)
/ ([ se{T<..t}. U s dlborel)))
using z
by (auto introl: Liminf-mono eventually-at-top-linorderl[where ¢c=T + 1]
T2 mult-left-mono divide-right-mono set-integral-mono integrable| OF aT1]
less-imp-le[OF integ-pos|OF aT1]] integT
simp del: set-integral-mult-left)
also have ... = Liminf at-top (At. ereal (([se{T * z<..t x z}. U s Olborel)
/ ([ se{T<..t}. U s dlborel)))
proof (intro Liminf-eq eventually-at-top-linorderI[where c=T * z + 1])
fix y
assume y:T xx + 1 <y
have ([ se{T x z<..y * z}. U s Olborel)
=z x ([ s. indicat-real {T x z<..y x z} (s * ) = U (s * z) dlborel)
using z unfolding set-lebesgque-integral-def
by (subst lborel-integral-real-affine
[of z At. indicat-real { T*xz<..yxz} t xg Ut 0])
(auto simp: mult.commute)
also have ... = z « ([ se{T<..y}. U (s * ) dlborel)
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using z
by (auto simp: set-lebesque-integral-def indicator-def
intro!: Bochner-Integration.integral-cong)
finally show ereal (z * ([ se{T<..y}. U (s * z) dlborel) / ([ se{T<..y}.
U s Olborel))
= ereal (([s€{T x z<.y * z}. Us dlborel) / ([ se{T<..y}. U
s Olborel))
by presburger
qed
also have ... = Liminf at-top (At. ereal (%g t))
using aTz aT2 aT1 a T-pos x
by (intro asymp-equiv-Liminf-cong-ereal| OF asymp-equiv-divide[OF asymp-eq’|OF
aTx]
asymp-eq|OF aT1]],symmetric]
eventually-at-top-linorderI [where c=maz (T * x + 1) (T + 1)]
less-imp-le divide-pos-pos)
(auto introl: integ-pos order.strict-trans1[OF aTx
mult-less-cancel-right-pos| THEN iffD2,0F z]] )
finally
show I
< Liminf at-top (At. ereal (%9 t)) + ereal e
by (smt (verit, best) <1 — ereal e = ereal (1 — e)» add-mono one-ereal-def
order.refl
plus-ereal.simps(1))
qed
have le3:1 < Liminf at-top (At. ereal (79 t))
by (rule ereal-le-epsilon?2) (intro lel)
moreover have le/:Limsup at-top (At. ereal (%9 t)) < 1
by (rule ereal-le-epsilon2) (intro le2)
ultimately
have Liminf at-top (At. ereal (g t)) = ereal 1
and Limsup at-top (At. ereal (?g t)) = ereal 1
using Liminf-le- Limsup|of at-top]
by (metis (no-types, lifting) one-ereal-def order.antisym order-trans
trivial-limit-at-top-linorder)+
hence ((At. ereal (?g t)) —— ereal 1) at-top
by (intro Liminf-eq-Limsup) auto
thus ?thesis
using z by(simp add: rho’)
qed
qed

lemma
assumes rv: regularly-varying U o
and rhop < — 1
shows Karamata-theorem-half2:((Mt. ([ ze{t<..}. Uz dlborel) / (¢t * U t))
—— — 1 /(o + 1)) at-top
and regularly-varying-tail-integrable:3 T>0. set-integrable lborel {T<..} U
proof —
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obtain ¢ where i-pos:0 < i and i:p + i < —1
by (metis add-minus-cancel rho dense less-add-same-cancell)
from Potter-bounds! [OF rv - i-pos,of 2]
obtain T where T-pos:0 < T
and T:A\zy. T <z=2<y
= Uy / Ux<2x(y/ x) powr (0 + i)
by auto
have x:(As. indicat-real {1<..} s* U (t * s) / U t) € borel-measurable lborel
if :7T < ¢t for ¢
proof —
have [measurable]:(x) t € restrict-space borel {0<..} —n restrict-space borel
{0<..}
using ¢ T-pos
by (auto introl: measurable-restrict-space3)
note [measurable] = regularly-varying-meas|OF rv]
have [measurable]:(As. U (t x s)) € borel-measurable (restrict-space borel {1<..})
by (rule measurable-restrict-monolwhere A={0<..}]) measurable
have (As. indicat-real {1<..} s* U (txs) / Ut) =
(As.if se {1<..} then U (t * s) /] Ut else 0)
by fastforce
also have ... € borel-measurable lborel
by (intro measurable-restrict-space-iff [ THEN iffD1]) auto
finally show ?thesis .
qed
have sxx: integrable lborel (Az. indicat-real {1<..} z % 2 % x powr (¢ + 1))
using set-integrable-mult-right-iff[ THEN iffD2,0F - set-integrable-powr-inf[OF
dl
by (simp add: set-integrable-def mult.assoc)

have xxx:AFE s in lborel. ((A\t. indicat-real {1<..} s U (t xs) /] Ut)
—— indicat-real {1<..} s * s powr g) at-top
by (auto simp: indicator-def regularly-varying-lim[OF rv])
have xxxx:AFE s in lborel.
norm (indicat-real {1<..} s+ U (t xs) / Ut)
< indicat-real {1<..} s x 2 % s powr (o + ©)
if t:T < ¢t for ¢
proof(rule AE-I2)
fix s
show norm (indicat-real {1<..} s« U (t x s) / Ut)
< indicat-real {1<..} s x 2 % s powr (o + ©)
proof(cases 1 < s)
assume s:1 < s
then have norm (indicat-real {1<..} s % U (t x s) / Ut)
=U(txs) /Ut
using regularly-varying-pos|OF rv] t T-pos
by (fastforce simp del: abs-divide
introl: abs-of-pos regularly-varying-pos| OF rv] divide-pos-pos)
also have ... < indicat-real {1<..} s x 2 * s powr (0 + ©)
using T[OF t,of t * s] s T-pos t by auto
finally show ?thesis .
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qed simp
qed
have lim:((At. ([ze{1<.}. U (t * z) / Ut dlborel)) —— — 1 / (0 + 1))
at-top
using integral-dominated-convergence-real[OF - x s soxx sorsx|
set-integral-powr-inf[ OF rho
by (auto simp: set-lebesgue-integral-def)
have eq:V ¢ in at-top. ([ ze{t<..}. Uz dlborel) / (t x U t)
= (Jze{1<.}. U (t x z) / Ut dlborel)
proof (rule eventually-at-top-linorderl [where c=1])
fix t :: real
assume t:1 <t
have ([ ze{t<..}. Uz dlborel) = t * ([ s. indicat-real {t<..} (¢t * s) g U (¢
x 8) Olborel)
using lborel-integral-real-affine[of t Az. indicat-real {t<..} z x Uz 0] ¢
by (simp add: set-lebesgue-integral-def)
also have ... = ¢t * ([ze{1<..}. U (¢ % z) dlborel)
using ¢
by (auto introl: Bochner-Integration.integral-cong
simp: set-lebesgue-integral-def mult.commute indicator-def pos-divide-less-eq)
finally show ([ ze{t<..}. Ux dlborel) / (t » Ut) = ([ze{l<.}. U (t * x)
/ U t Olborel)
using ¢ by simp
qed
show ((\t. ([ze{t<..}. Uz dlborel) / (t* Ut)) —— — 1 / (0 + 1)) at-top
using lim eq tendsto-cong by fast
have set-integrable lborel {1<..} (Az. U (¢ xz) / Ut)if &:T < ¢ for ¢
using xx #xxx[OF t] ¢
by (auto introl: Bochner-Integration.integrable-bound
[where f=M\s. indicat-real {1<..} s * 2 * s powr (¢ + 7),0F - x|
simp: set-integrable-def)
from this[OF order.refl]
have integrable lborel (Az. indicat-real {1<..} (x / T)* Ux /] UT)
using lborel-integrable-real-affine
[of Ax. indicat-real {1<..} zx U (T xxz)/ UT1 /) TDO0]
T-pos by (auto simp: set-integrable-def)
from this| THEN integrable-dividelwhere y=1 / U T]| regularly-varying-pos|OF
rv T-pos]
have integrable lborel (Az. indicat-real {1<..} (x / T) % U x)
by simp
moreover have indicat-real {1<..} (x / T) * U x = indicat-real {T<..} = U
z for z
using T-pos regularly-varying-pos|OF rv] by(auto simp: indicator-def)
ultimately have set-integrable lborel {T<..} U
by (simp add: set-integrable-def cong: Bochner-Integration.integrable-cong)
thus 3 T>0. set-integrable lborel {T<..} U
using T-pos by fast
qed
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lemma Karamata-theorem-half-uminus2-at-top:
assumes rv: regularly-varying U (— 1)
and a:0 < a
and integ:set-integrable lborel {a<..} U
shows filterlim (M. ([ ze{t<..}. Uz dlborel) / (t * U t)) at-top at-top
unfolding filterlim-at-top
proof safe
fix Z :: real
define 7’ where 7' = maz (Z + 1) 2
define A where A = exp 7'
have A1:1 < A
by (simp add: A-def Z'-def)
obtain 71 where T1:A\zt. T1 <t= 1 <z = |U (t *x2z) / Ut — x powr
(-1)<1/A4A
using uniform-limitD[OF regularly-varying-neg-UCT[OF rv,of 1],0f 1 | A] Al
by (fastforce simp: eventually-at-top-linorder dist-real-def)
define T where T = maz (maz 1 a) T1
have TleAtz. T<t= 1<zs=1/2—-1/A< U (t*xz)/ Ut
using T1 T-def by fastforce
show Vg t in at-top. Z < ([ ze{t<..}. Uz dlborel) | (¢t * U t)
proof (rule eventually-at-top-linorderl [where c¢=T))
fix ¢
assume t: 7T < ¢
hence t-pos:0 < t
by (simp add: T-def)

have integl [simp]: set-integrable lborel {t<..} U
using ¢ by(auto introl: set-integrable-subset| OF integ] simp: T-def)
have integ2[simp|:set-integrable lborel {1<..} (Ax. U (t x z) / Ut)
proof —
have x:indicat-real {t<..} (¢t * z) = indicat-real {1<..} z for z
using t-pos by (auto simp: indicator-def divide-less-eq mult.commute)
have integrable lborel (Az. indicat-real {t<..} (t * z) * U (¢ * x))
using lborel-integrable-real-affine[of Az. indicat-real {t<..} z % Uzt 0]
integl t-pos unfolding set-integrable-def
by simp
thus 2thesis
unfolding * by(simp add: set-integrable-def)
qed
have integ3[simp)]:set-integrable lborel {1<..A} (Az. U (t x z) / U t)
by (auto introl: set-integrable-subset| OF integ2])
note [simp] = set-integral-diff [OF set-integrable-inverse'[of 1]
set-integrable-const|of lborel {1<..A} 1 | A]]

have Z < In A — 1
by (simp add: A-def Z'-def)
also have ... <lnA — (1 — 1/ A)
using A1 by simp
also have ... = ([ze{1<..A}. 1 / z Olborel) — (1 — 1 | A)
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using A1 by(subst set-integral-inverse) auto
also have ... = ([ze{1<..A}. 1 / z Olborel) — ([ ze{1<..A}. 1 | A Dlborel)
using A1 by(subst set-integral-const) (auto simp: diff-divide-distrib)
also have ... = ([ze{1<..A}. 1 [ x — 1 | A dlborel)
using A1 by simp
also have ... < ([ze{1<..A}. U (¢t * z) / Ut dlborel)
using A1 by(intro set-integral-mono Tle t) auto
also have ... < ([ze{1<..}. U (t * z) / Ut dlborel)
using t-pos
by (intro set-integral-subset)
(auto introl: divide-pos-pos less-imp-le[of 0] regularly-varying-pos|OF rv])
also have ... = ([ ze{t<..}. Uz dlborel) / (t * U t)
proof —
have ([ ze{t<..}. Uz Olborel)
=t = ([ s. indicat-real {t<..} (t = s) xg U (t * s) Olborel)
using lborel-integral-real-affine[of t Az. indicat-real {t<..} = x U z 0] t-pos
by (simp add: set-lebesgque-integral-def)
also have ... = ¢ x ([ze{1<..}. U (¢t * z) Olborel)
using t-pos
by (auto introl: Bochner-Integration.integral-cong
simp: set-lebesgue-integral-def mult. commute indicator-def pos-divide-less-eq)
finally show ?thesis
using t-pos by simp
qed
finally show Z < ([ze{t<..}. Uz dlborel) / (t * Ut) .
qged
qged

corollary Karamata-theorem-half-uminus2:
assumes rv: regularly-varying U (— 1)
and a:0 < ¢
and integ:set-integrable lborel {a<..} U
shows ((At. (t « Ut) / ([ ze{t<.}. Uz dlborel)) —— 0) at-top
using real-tendsto-divide-at-top[ OF tendsto-const[of 1]
Karamata-theorem-half-uminus2-at-top| OF assms]
by simp

lemma regularly-varying-integral-tail-limit:
assumes rv: regularly-varying U o
and rhop < — 1
and z: 0 < z
shows ((At. ([ se{t * z<..}. Us dlborel) / ([ se{t<..}. Us Olborel))
—— xz powr (¢ + 1)) at-top
proof —
have (At. ([ s€{t x z<..}. U s dlborel) | ([ se{t<..}. U s dlborel)) ~[at-top]
M. (txz* U (txxz))/ (t* Ut))
using asymp-equiv-divide]| OF asymp-equivl’-const[OF
filterlim-compose| OF Karamata-theorem-half2[OF rv rho]
filterlim-tendsto-pos-mult-at-top[ OF tendsto-const x filterlim-ident]]]
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asymp-equivl '-const| OF Karamata-theorem-half2[OF rv rho]]] rho
by (simp add: mult.commute)
moreover have (At. (¢t xx x U (t * z)) / (¢t x Ut))
~lat-top] (\t. (z * (U (t * z)) / U t))
using z regularly-varying-pos| OF rv] regularly-varying-pos|OF rv mult-pos-pos| OF
- ]
by (intro asymp-equivl’ tendstol eventually-at-top-linorderl [where c=1])
(smt (verit, ccfu-threshold) dist-real-def divide-divide-eq-right
divide-divide-times-eq divide-eq-1-iff nonzero-mult-div-cancel-left)
ultimately have (At. ([ se{t * z<.}. U s dlborel) / ([ se{t<..}. U s Olborel))
~lat-top] (Mt. (z x (U (t = z)) / Ut))
using asymp-equiv-trans by blast
moreover have ((At. (z * (U (t x z)) / Ut)) —— z powr (o + 1)) at-top
using tendsto-mult| OF tendsto-const|of x| regularly-varying-lim[OF rv z]]
powr-mult-base’
by (simp add: add.commute powr-mult-base)
ultimately show ?thesis
using tendsto-asymp-equiv-cong by blast
qed

lemma regularly-varying-integral-tail-limit2:
assumes rv: reqularly-varying U (— 1)
and integ:set-integrable lborel {a<..} U
and z:0 < z
shows ((At. ([ se{t x z<..}. U s dlborel) / ([ se{t<..}. Us Olborel)) —— 1)
at-top
unfolding tendsto-iff eventually-at-top-linorder dist-real-def
proof safe
define o’ where o' = maz 1 a
have a":0 < o’
by (simp add: o’-def)
have integ:\t. a’ < t = set-integrable lborel {t<..} U
by (auto introl: set-integrable-subset| OF integ] simp: a’-def)
fix e :: real
assume e:() < e
define ¢’ where e’ = e / (2 * x)
have e¢"0 < ¢’
using z e by(simp add: e’-def)
obtain 7’/ where T"A\t. T' <t = |U (txxz) /Ut —1 [ z| < ¢’
using tendstoD[OF regularly-varying-lim[OF rv z] e'] x
by (auto simp: eventually-at-top-linorder dist-real-def)
define T where T = max o’ (maz (a’ / z) T7)
have T-pos:0 < T and aT2:0' < Tand TT"T'< Tand a' /2 < T
using o’ z by(auto simp: T-def)
hence aTz:a' < T+ z and aTl:a’' < T
using z a’ pos-divide-le-eq by auto
have T1:T <t= U (t*xz) < Ut (1 |z + ¢e) fort
using T'[OF order.trans|OF TT'],of t] T-pos regularly-varying-pos|OF rv,of t]
by (auto simp: abs-less-iff diff-less-eq add.commute mult.commute pos-divide-less-eq)
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have T2:T <t= Ut (1 /z —¢e') < U (t*z) for ¢
using T'[OF order.trans|OF TT'],of t] T-pos reqularly-varying-pos|OF rv,of t]
by (metis (no-types, lifting) linorder-not-le abs-diff-less-iff dual-order.trans
mult.commute mult-imp-div-pos-less not-less-iff-gr-or-eq)
have integT:set-integrable lborel {T<..} (At. U (t * x))
proof —
have 1:indicat-real {T * z<..} (s * z) * U (s * )
= indicat-real {T<..} s* U (s * z) for s
using = by(auto simp: indicator-def)
have integrable lborel (\t. indicat-real {T * z<..} t * U t)
using integ'|OF aTz] unfolding set-integrable-def by simp
from [borel-integrable-real-affine[where c=x and t=0,0F this| =
have integrable lborel (As. indicat-real {T * z<..} (s x ) x U (s * x))
by (simp add: mult.commute)
thus ?thesis
unfolding 1 by(simp add: set-integrable-def)
qed
show 3T. Vi>T. |([se{t * z<..}. Us dlborel) | ([ se{t<..}. U s dlborel) —
Il <e
proof(safe intro!: exl[where z=T))
fix t
assume t:T < ¢
then have t-pos:0 < t
using T-pos by simp
have integ-pos|arith]:0 < ([ se{t<..}. U s Olborel)
using t-pos
by (intro set-integral-zero-less integ’ order.trans[OF aT1 t] emeasure-mono
order.strict-trans2[of 0 emeasure lborel {t<..t+1} emeasure lborel {t<..}])
(auto introl: regularly-varying-pos| OF rv))
have eq:([ se{t * <.}. U s dlborel) = z x ([ se{t<..}. U (s * x) Olborel)
proof —
have ([ se{t x z<..}. U s dlborel)
=z * ([ s. indicat-real {t x z<..} (s * ) x U (s * z) dlborel)
using lborel-integral-real-affine|of x As. indicat-real {txz<..} s« Us 0] x
by(simp add: set-lebesgue-integral-def mult.commute)
also have ... = z = ([ se{t<..}. U (s = z) Olborel)
using z t-pos regularly-varying-pos|OF rv]
by (auto simp: set-lebesque-integral-def indicator-def
intro!: Bochner-Integration.integral-cong)
finally show ?thesis .
qed
have ([ se{t x z<..}. U s dlborel) / ([ se{t<..}. U s dlborel)
=z * ([ se{t<.}. U (s * z) dlborel) / ([ se{t<..}. U s dlborel)
by (simp add: eq)
also have ... < z x ([se{t<.}. Us = (1 / x + e') dlborel) | ([ se{t<..}. U
s Olborel)
using z t aT1
by (auto simp del: set-integral-mult-left
intro: divide-right-mono set-integral-mono set-integrable-subset| OF integT)
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set-integrable-mult-left[OF integ’] T1)
also have ... < I + e
using = e by(simp add: distrib-left[of z] e’-def)
finally have «:([ se{t x z<..}. U s dlborel) / ([ se{t<..}. U s dlborel)
<1+e.
have I — e <z * ([se{t<.}. Us* (1 |/ x — ¢e') Qlborel) / ([ se{t<..}. Us
Olborel)
using z e by(simp add: right-diff-distrib’[of x] e’-def)
also have ... < z x ([ se{t<.}. U (s x z) dlborel) / ([ se{t<..}. U s dlborel)
using z t aT1
by (auto simp del: set-integral-mult-left
intro!: divide-right-mono set-integral-mono set-integrable-subset| OF integT)
set-integrable-mult-left[ OF integ’] T2)
also have ... = ([ se{t x z<..}. U s dlborel) | ([ se{t<..}. U s dlborel)
by (simp add: eq)
finally show |([ se{t x z<..}. Us dlborel) / ([ se{t<..}. U s dlborel) — 1| <

using x by linarith
qed
qed

lemma regularly-varying-integral-measurable:
assumes rv: regularly-varying U o
and a:0 < a
shows (Az. ([ s€{a<..z}. U s dlborel)) € borel-measurable borel
proof —
define U’ where U’ = A\xz. if z < a then 0 else U z
have [measurable]: U’ € borel-measurable borel
unfolding U'-def using regularly-varying-meas[OF rv] a
by (subst measurable-If-restrict-space-iff)
(auto introl: measurable-restrict-mono[where A={0<..} and B={z. =z <
a}])

have x:(Az. ([ se{a<..z}. U’ s dlborel)) = (Az. ([ se{a<..z}. U s dlborel))
by (auto intro!: set-lebesque-integral-cong simp: U’-def)

have (Az. ([ s€{a<..z}. U’ s dlborel)) € borel-measurable borel
unfolding set-lebesgue-integral-def
by measurable auto

thus ?thesis
unfolding *x by simp

qed

lemma regularly-varying-tail-integral-measurable:
assumes rv: reqularly-varying U o
shows (Az. ([ se{z<.}. U s Olborel)) € borel-measurable (restrict-space borel

{0<..})

proof —
define U’ where U’ = Az. if 0 < z then U x else 0
have [measurable]: U’ € borel-measurable borel
unfolding U’-def using regularly-varying-meas|OF rv]
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by (subst measurable-If-restrict-space-iff)
(auto introl: measurable-restrict-monolwhere A={0<..} and B={z. 0 < z}])
have (Az. ([ se{z<..}. U’ s Qlborel)) € borel-measurable borel
unfolding set-lebesgue-integral-def
by measurable auto
hence *:(\z. ([ se{z<..}. U’ s dlborel)) € borel-measurable (restrict-space borel
{0<..})
using measurable-restrict-spacel by blast
have Az. z € space (restrict-space borel {0<..})
= ([ se{z<..}. U’ s dlborel) = ([ se{z<..}. U s dlborel)
by (auto introl: set-lebesque-integral-cong simp: U’-def)
from measurable-cong[OF this| *
show ?thesis
by fast
qed

lemma regularly-varying-integral:
assumes rv:regularly-varying U o
and rho:— 1 < p
and integrable: \x. set-integrable lborel {0<..x} U
shows regularly-varying (\z. ([ te{0<..z}. Ut diborel)) (0 + 1)
using reqularly-varying-pos| OF rv]
by (intro regularly-varyingl [OF - - regularly-varying-integral-limit] rho
measurable-restrict-spacel [OF regularly-varying-integral-measurable] OF rv]]
rv set-integral-zero-less integrable set-integrable-subset| OF integrable])
fastforce+

lemma regularly-varying-tail-integral:
assumes rv:regularly-varying U o
and rhop < — 1
and integrable: set-integrable lborel {0<..} U
shows regularly-varying (\z. ([ te{z<..}. Ut dlborel)) (0 + 1)
proof —
have 1:0 < z = 0 < ([ te{z<..}. Ut dlborel) for z
by (intro set-integral-zero-less set-integrable-subset| OF integrable]
order.strict-trans2[of 0 emeasure lborel {x<..x+1}
emeasure lborel {x<..}] emeasure-mono)
(auto introl: regularly-varying-pos|OF rv])
consider p < — 1 | o= — 1
using rho by argo
thus ?thesis
proof cases

assume 7ho:p = — 1
show regularly-varying (Az. set-lebesque-integral lborel {z<..} U) (0 + 1)
using rv 1

by (auto introl: slowly-varyingl
[OF - - regularly-varying-integral-tail-limit2[ OF - integrable]]
reqularly-varying-tail-integral-measurable| OF rv] rv simp: rho)
qed(intro regularly-varyingI [OF - - regularly-varying-integral-tail-limit]
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reqularly-varying-tail-integral-measurable] OF rv] rv 1)
qed

2.5.2 Converse Half

lemma
assumes U-possA\r. 0 <r= 0< Ur
and U-meas:U € borel-measurable (restrict-space borel {0<..})
and rho:— 1 < p and alarith]:0 < a
and lim: ((\t. (¢t = Ut) / ([ze{a<..t}. Uz Olborel)) —— o + 1) at-top
shows Karamata-theorem-conversel :regularly-varying U o
and Karamata-theorem-conversel-integrable:
N d. a < ¢ = set-integrable lborel {c..d} U
proof —
show integrable:set-integrable lborel {c..d} U if le:a < ¢ for ¢ d
proof —
obtain 7 where T:A\t. T <t = 0 <t Ut / ([z€{a<..t}. Uz dlborel)
using order-tendstoD[where a=0,0F lim] rho
by (auto simp: eventually-at-top-linorder)
have [arith):a < T
by (rule ccontr) (use T[of T] in simp)
have T' < t = 0 < ([ z€{a<..t}. Uz dlborel) for t
using T[of t| U-pos|of t]
by (auto simp: zero-less-divide-iff mult-less-0-iff)
hence T < t = set-integrable lborel {a<..t} U for t
using not-set-integrable-integral-eq by fastforce
hence T < t = set-integrable lborel {a..t} U for t
using set-integrable-Ioc-eq-Icc by blast
thus set-integrable borel {c..d} U
by (metis (mono-tags, opaque-lifting) atLeastAtMost-borel atLeastatMost-subset-iff
le le-cases set-integrable-subset sets-lborel)
qed
let ?F = \z. ([ te{a<..z}. Ut Olborel)
define g where g = A\t. (t x Ut) / ?Ft
have F-pos[simp|:a < t = 0 < ?F z for z
using U-pos
by (intro set-integral-zero-less set-integrable-subset[OF integrable[of a z]]) auto
obtain b where blarith|:a < b
using linordered-field-no-ub by blast
have InF-eq: In (?F b) + ([ te{b<..z}. gt / t Dlborel) = In (?F x)
if z[arith]:b < z for z
proof —
have ([ te{b<..z}. gt/ t dlborel) = ([te{b<.z}. 1 / ?F t x Ut Olborel)
using U-pos
by (intro set-integral-cong) (auto simp: g-def)

also have ... = ([ te{?F b<..?F z}. 1 / t Olborel)

by (intro set-integral-compose-integral-Toc U-pos integrable measurable-restrict-spacel )
auto

also have ... = In (?F z) — In (?F b)
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by (subst set-integral-inverse)
(auto introl: set-integral-subset set-integrable-subset
[OF integrable[of a x]] less-imp-le[OF U-pos])
finally show ?thesis
by simp
qed
have g-integ:set-integrable lborel {b<..z} (A\t. gt / t)
if z[arith]:b < z for z
proof —
have 1:set-integrable lborel {b<..x} (A\t. 1 / ?F t x U t)
by (intro set-integrable-compose-integral-Toc U-pos integrable set-integrable-inverse’)
auto
have 2:A\t. te {b<.a} = 1 / Ftx Ut=gt /1
by (simp add: g-def)
show ?thesis
using set-integrable-cong| THEN iffD1,0F refl refl 2 1]
by fastforce
qed
define » where r = \z. g x — 1
define ¢ where c = Az. gz« ?F b / b
define C where C = (o + 1) *x 2Fb /b
have 1:Va>b. Uz = cz * exp ([ te{b<..z}. rt / t Dlborel)
proof safe
fix
assume z[arith]:b < z
have [arith]:0 < ?F z
by simp
have Uz =gax ?Fz [z
by (simp add: g-def)
also have ... = gz % exp (— In z) * exp (In (?F z))
by (simp add: In-inverse[symmetric| divide-real-def)
also have ... = gz * exp (In (1 / b) — ([ te{b<.z}. 1 / t Dlborel))
« exp (In (?F b) + ([ te{b<.x}. gt/ t Olborel))
by (simp add: set-integral-inverse InF-eq In-divide-pos)
also have ... = ¢ z x exp (([te{b<..z}. gt / t Olborel) — ([ te{b<.z}. 1/t
dlborel))
by (simp add: c-def exp-diff exp-add)
also have ... = ¢z * exp ([ te{b<..z}. 7t / t Dlborel)
using g-integ[OF z] set-integrable-inverse’
by (auto simp: r-def diff-divide-distrib)
finally show Uz = c z * exp ([ te{b<..z}. rt / ¢ Dlborel) .
qed
have 2:Y1>b. set-integrable lborel {b<..x} (At. vt ]/ t)
unfolding r-def diff-divide-distrib
by (intro alll impI set-integral-diff set-integrable-inverse’ g-integ) auto
have 3:(r —— ) at-top
using tendsto-diff [OF lim tendsto-const|where k=1]]
by (simp add: r-def g-def)
have /:(¢c —— C) at-top
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unfolding c-def C-def times-divide-eq-right[symmetric]
by (intro tendsto-mult) (auto simp: g-def lim)

have 5:0 < C
using rho by(simp add: C-def)

show regularly-varying U o
using 1 234 5
by (subst Karamata-representation-iff[OF U-meas U-pos|)

(auto introl: exl[where z=0,0F conjl
[OF - exI[where z=c,OF exI[where z=r,OF exl[where z=C]]]]]
simp del: ex-simps)
qged

lemma
assumes U-poss\r. 0 <r = 0 < Ur
and U-meas:U € borel-measurable (restrict-space borel {0<..})
and rho:— 1 > o
and lim: (M. t * Ut / ([ze{t<.}. Uz dlborel)) —— — (0 + 1)) at-top
shows Karamata-theorem-converse?2:regularly-varying U o
and Karamata-theorem-converse2-itegrable: 3 a>0. set-integrable lborel {a..} U
proof —
show Ja>0. set-integrable lborel {a..} U
proof —
obtain T’ where T \t. T' <t = 0 < (¢t * Ut) / ([ ze{t<..}. Uz dlborel)
using order-tendstoD[where a=0,0F lim] rho
by (auto simp: eventually-at-top-linorder)
define a where a = maz T' 1
have [arith]:0 < a
by (simp add: a-def)
have 0 < ([z€{a<..}. Uz Olborel)
using T'[of a] U-pos|of a]
by (auto simp: a-def zero-less-divide-iff mult-less-0-iff)
thus ?thesis
using not-set-integrable-integral-eq
by (fastforce intro!: exl[where z=a] simp: set-integrable-atLeast-eq[symmetric])
qed
then obtain ¢ where a-pos[arith]:0 < a
and integrable:set-integrable lborel {a..} U
by blast
let 2F = \z. ([ te{z<..}. Ut Olborel)
define g where g=Xz. —z« Uz / ?Fuz
have F-pos[simp|:a < z = 0 < ?F ¢ for ¢
using U-pos
by (intro set-integral-zero-less set-integrable-subset[ OF integrable]
order.strict-trans2[of 0 emeasure lborel {x<..x+1}
emeasure lborel {x<..},OF - emeasure-monol)
auto
have g-integ|simp|:set-integrable lborel {a<..z} (At. gt / t)
if z[arith):a < z for z
proof —
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have 1:set-integrable lborel {a<..x} (A\t. — 1 /| 2F t % U 1)

by (intro set-integrable-compose-integral-tail[where a=a]
U-pos integrable set-integrable-inverse’)
auto

have 2:A\t. te {a<.z} = — 1 / Ftx Ut =gt/ t
by (simp add: g-def)

show ?thesis
using set-integrable-cong| THEN iffD1,0F refl refl 2 1]
by fastforce

qged

have InF-eq: In (?F a) + ([ t€{a<.z}. gt / t Dlborel) = In (?F z)
if z[arith]:a < z for z
proof —
have ([ te{a<..z}. — gt / t dlborel) = ([te{a<..z}. 1 / ?F t * Ut dlborel)
using U-pos
by (intro set-integral-cong) (auto simp: g-def)
also have ... = ([te{?F 2<..?F a}. 1 / t Olborel)
by (intro set-integral-compose-integral-tail|[where a=a]
integrable measurable-restrict-spacel U-pos)
auto
also have ... = In (?F a) — In (?F x)
by (subst set-integral-inverse)
(auto introl: set-integral-subset set-integrable-subset|OF integrable]
less-imp-le[OF U-pos])
finally show ?thesis
by (simp add: set-integral-uminus)
qed
define » where r = \z. g x — 1
define ¢ where c = Az. —gax x ?Fa / a

define C where C = — (p+ 1) x ?Fa / a
have 1:Va>a. Uz = cz % exp ([ te{a<.z}. rt / t Dlborel)
proof safe

fix z

assume z[arith]:a <
have [arith]:0 < ?F z

by simp
have Uz = — gz x 9Fx [/ x
by (simp add: g-def)
also have ... = — gz % exp (— In z) * exp (In (?F x))

by (simp add: In-inverse[symmetric| divide-real-def)
thm In-inverse[symmetric]
also have ... = — gz x exp (In (1 / a) — ([ te{a<..z}. 1 / t Dlborel))
* exp (In (?F a) + ([ te{a<.z}. gt / t Olborel))
by (simp add: set-integral-inverse InF-eq In-divide-pos)

also have ... = c z * exp (([t€{a<..x}. gt / t Dlborel) — ([ te{a<.z}. 1 /¢
dlborel))
by (simp add: c-def exp-diff exp-add)
also have ... = c z * exp ([ te{a<.z}. rt / t Olborel)
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using g-integ[OF z] set-integrable-inverse’
by (auto simp: r-def diff-divide-distrib)
finally show Uz = ¢z * exp ([ te{a<.z}. rt / t lborel) .
qed
have 2:Vz>a. set-integrable lborel {a<..x} (A\t. vt / 1)
unfolding r-def diff-divide-distrib
by (intro alll impl set-integral-diff set-integrable-inverse’ g-integ) auto
have 3:(r —— ) at-top
using tendsto-diff [OF lim tendsto-const|where k=— 1]
by (simp add: r-def g-def tendsto-minus-cancel-left)
have /:(¢c —— C) at-top
unfolding c-def C-def times-divide-eq-right[symmetric] using lim
by (intro tendsto-mult)
(auto simp: g-def )
have 5:0 < C
using rho by(simp add: C-def)
show regularly-varying U o
using 1 234 5
by (subst Karamata-representation-iff[OF U-meas U-pos))
(auto introl: exI[where x=a,0F conjl[OF - exI[where z=c,
OF exI[where z=r,0F exl[where z=C]]]]]
simp del: ex-simps)
qed

2.6 Properties Related to Derivative

Proposition 2.5 (a) [3].

lemma deriv-ratio-reqularly-varying-uniform:
fixes U U’ :: real = real and o a b :: real
assumes t0: 0 < t0
and deriv: A\t. t0 < t = (U has-real-derivative U’ t) (at t)
and U'cont: continuous-on {t0<..} U’
and Upos: A\t. 10 <t = 0 < Ut
and lim: (M. ¢ x Ut /| Ut) — o) at-top
and a: 0 < a
shows uniform-limit {a..b} (At z. U (¢t x z) / Ut) (Az. z powr o) at-top
proof —
have Ucont:continuous-on {t0<..} U
by (auto introl: has-real-derivative-imp-continuous-on[where f'=U"] deriv)
define V where V = A\z. if z € {t0<..} then U x else 1
have V-eq-U:Az. t0 < 2 = V2o =Uz
by (simp add: V-def)
have cong:V g t in at-top. Va€{a..b}. V (txz) / Vi=U (txx)/ Ut
proof (safe intro!: eventually-at-top-linorderl[where c=maz (t0 + 1) ((t0 + 1)
/ a))
fixtz
assume maz (t0 + 1) ((t0 + 1) / a) < t z € {a..b}
then have t0 < tt0 < tx*z
using a t0 by (auto introl: order.strict-trans2[of t0 t0 + 1t x z]
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order.trans[of t0 + 1t * a t * z] simp: pos-divide-le-eq )
thus V (txz) / Vi=U(txx)/ Ut
by (simp add: V-eq-U)
qed
have rv:regularly-varying V o
proof(subst Karamata-representation-iff)
show V € borel-measurable (restrict-space borel {0<..})
unfolding V-def
by (intro measurable-restrict-spacel borel-measurable-continuous-on-if Ucont)
auto
show V-pos:\z. 0 < Vz
by (auto simp: V-def Upos)
define A where A = t0 + 1
have A-pos[arith]:0 < A and t0A[arith]:t0 < A
using t0 by(simp-all add: A-def)
define r where r = Mz. 2« U'z / Uz
have r-lim:(r —— o) at-top
unfolding r-def by fact
have deriv:A < ¢ = ((Az. In (U z)) has-real-derivative r © / z) (at z) for x
by (intro DERIV-conglwhere X=1 / Uz x U’ z and Y=r z / z] deriva-
tive-intros deriv)
(auto simp: r-def Upos)
have rcont:continuous-on {t0<..} (Az. rz / x)
unfolding r-def using Upos A-pos t0A t0
by (intro continuous-intros continuous-on-subset[OF U’cont]
continuous-on-subset| OF Ucont] balll dual-order.strict-implies-not-eq) auto
have ([ te{A<..z}. rt / t dlborel) = In (V) — In (V A) if 2:A < z for z
proof —
have ([te{A<.z}. rt /¢t Olborel) = ([ t. rt / t = indicator {A..x} t dlborel)
unfolding LBINT-Ioc-eq-Icc by (simp add: set-lebesgue-integral-def mult.commute)
also have ... = In (Uz) — In (U A)
using z
by (intro integral-FTC-Icc-real deriv’ continuous-on-interior| OF rcont))
(auto simp: interior-open)
finally show ?thesis
using z by(simp add: V-eq-U)
qged
hence eg:A < 2= Vz =V Ax exp ([te{A<.z}. rt / t dlborel) for z
using V-pos[of A] by(auto simp add: exp-diff V-pos|of x])
have integ:set-integrable lborel {A<..x} (At. rt /t)if A <z forz
by (auto intro!: set-integrable-subset| OF borel-integrable-atLeastAtMost’[of A
z]]
continuous-on-subset| OF rcont])

show 3A4>0. Jcr C.
(Vo > A Va=cuzxerp ([te{A<.z}. rt /] t Olborel))
A (Y > A. set-integrable lborel {A<..x} (At. rt /1))
A (r —— o) at-top
A (¢ —— C) at-top
NO<C
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using eq integ r-lim V-pos[of A] tendsto-const[of V A] A-pos
by fast
qed
hence uniform-limit {a..b} (At z. V (t x ) / V t) (Az. & powr o) at-top
by(simp add: a reqularly-varying- UCT-interval)
with cong show ?thesis
using uniform-limit-cong by fast
qed

corollary deriv-ratio-regularly-varying:
fixes U U’ :: real = real and v z :: real
assumes 0 < t0
and At. t0 < t = (U has-real-derivative U’ t) (at t)
and continuous-on {t0<..} U’
and At. t0 <t = 0< Ut
and (M. tx Ut/ Ut) —— ) at-top
and 0 < z
shows ((At. U (t % z) / Ut) —— x powr ) at-top
by (auto introl: tendsto-uniform-limitl[OF
deriv-ratio-regularly-varying-uniform[where a=z and b=xz,0F assms]])

lemma deriv-ratio-regularly-varying-uminus:
fixes U u :: real = real and v L x :: real
assumes t0: 0 < t0
and Uderiv: \t. t0 < t = (U has-real-derivative u t) (at t)
and ucont: continuous-on {t0<..} u
and Ult: A\t. t0 <t = Ut < L
and lim: (M. txut /(L — Ut)) —— — ) at-top
and z: 0 < z
shows ((At. (L — U (txz)) / (L — Ut)) —— x powr 7) at-top
using DERIV-diff[OF DERIV-const[of L] Uderiv] ucont tendsto-minus[OF lim]
by (auto intro!: deriv-ratio-reqularly-varyinglwhere U'=Az. — u xz,0F t0] contin-
UOUS-MINUS
Ult = simp: continuous-on-eq-continuous-within)

Corollary 1.1.10 [2].

lemma deriv-diff-ratio-reqularly-varying:
fixes U u v’ :: real = real and v z :: real
assumes t0: 0 < t0
and U-deriv: A\t. t0 < t = (U has-real-derivative u t) (at t)
and u-deriv: A\t. t0 < t = (u has-real-derivative v’ t) (at t)
and u’-cont: continuous-on {t0<..} u’
and u-pos: Nt. t0 <t = 0 < ut
and lim: (M. txu't [ ut) — v — 1) at-top
and z: 0 < z
shows (M\t. (U (t*x) — Ut)/ (t*ut))
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top
proof —
have u-cont:continuous-on {t0<..} u
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by (intro has-real-derivative-imp-continuous-on[where f'=u’] u-deriv) auto
define v where v = A\z. (if z € {t0<..} then u z else 1)
have v-eg:\t. t0 <t = vt =ut
by (simp add: v-def)
have v-pos:\t. 0 < v t
using u-pos by (simp add: v-def)
have [measurable]:v € borel-measurable borel
unfolding v-def
by (intro measurable-restrict-spacel borel-measurable-continuous-on-if u-cont)
auto
have rv:regularly-varying v (y — 1)
proof (safe intro!: regqularly-varyingl-total)
fix y::real
assume 0 < y
then show ((At. v (t xy) / vit) —— y powr (v — 1)) at-top
by (intro Lim-transform-eventually
[OF deriv-ratio-regularly-varying| OF t0 u-deriv u’-cont u-pos lim]]
eventually-at-top-linorderI[where c=maz (t0 + 1) (t0 / y + 1)]
arg-cong2|where f=divide, OF v-eq[symmetric] v-eq[symmetric]])
(auto simp: field-simps)
qed (use v-pos in auto)
obtain ¢t' where t'Azy. t' <z =2 <y= vy / vz < 2x*(y/ x) powr~y
using Potter-boundsl [where A=2 and d=1,0F rv] by auto
obtain ¢t where t":Azy. t"<y=y<z= vy /vae < 2=« (y/ z) powr
(vy—=2)
using Potter-bounds2[where A=2 and d=1,0F rv] by auto
define T where T = maz (maz (0 + 1) (t0 / z + 1)) (maz t’ (t" / =z + 1))
have T't0 < TNt. T<t = t0 < t Nt. T<t = t0 < txzt'<T
N T<t=t'<txz
and T-pos:0 < T
using z t0 by(auto simp: T-def field-simps)
have div-eql: T <t = 1 <s= v (t*xs)/vit=u(t*xs)/utforts
using T-pos T
by (intro arg-cong2[where f=divide,OF v-eq v-eq] order.strict-trans2[of t0 t t
)
auto
have div-eq2:T <t =z <s= v (txs)/vt=u(t*s)/utforts
using T-pos T x
by (intro arg-cong2[where f=divide, OF v-eq v-eq| order.strict-trans2[of t0 t *
Tt *s])
auto
have leql: T <z =z <y= vy / vz < 2x(y/ z) powr v for zy
using ¢’ t"’ T by simp-all
considerz < I |1 <z|z=1
by linarith
thus ?thesis
proof cases
assume z1:1 <
have Vg t in at-top. (U (t xz) — Ut) / (t*xut)=([se{l.a}. v(t*s)/v
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t Olborel)
proof (safe introl: eventually-at-top-linorderl [where c¢=T])
fix t
assume t:T < ¢
hence t-pos:0 < t and t0t:t0 < t
using T-pos T by simp-all
have (U (t xz) — Ut) / (¢t % ut)
=([s vs/ (t=wvt)x indicat-real {t..t x x} s dlborel)
using U-deriv z1 t-pos v-pos t0t
by (subst integral-FTC-Icc-nonneglwhere F=Xz. Ux / (t * v t)])
(auto simp: v-eq[symmetric] diff-divide-distrib
introl: divide-nonneg-pos less-imp-le DERIV-cdivide)
also have ... = ([ s€{1..z}. v (t = s) / v ¢ Olborel)
using t-pos v-pos
by (subst lborel-integral-real-affine
[of t As. vs [/ (Tt * vt)* indicat-real {t..t x x} s 0])
(auto simp: set-lebesgue-integral-def indicator-def
intro!: Bochner-Integration.integral-cong)
finally show (U (t xz) — Ut) / (txut) = ([se{l.a}. v (txs) /vt
dlborel) .
qed
moreover have ((At. ([ se{l..z}. v (t xs) / vt Olborel))
—— ([ se{1..x}. s powr (v — 1) Olborel)) at-top
unfolding set-lebesgue-integral-def
proof (rule integral-dominated-convergence-real[OF - - - AE-12 AE-12])
fix t s
assume T < ¢
thus norm (indicat-real {1..z} s xg (v (t *x s) / v t))
< 2 x (indicator {1..x} s *g s powr 7y)
using v-pos leql [of t t * s] T-pos
by (auto simp: indicator-def abs-of-pos)
next
fix y
show ((At. indicat-real {1..x} y *xg (v (t x y) / v t))
—— indicat-real {1..x} y xg y powr (v — 1)) at-top
using reqularly-varying-lim[OF rv,of y] by (auto simp: indicator-def)
qed(auto introl: borel-integrable-compact continuous-on-powr continuous-on-mult
simp del: real-scaleR-def)
ultimately have lim":(At. (U (t *z) — Ut) / (t * ut))
—— ([ se{1..x}. s powr (v — 1) Olborel)) at-top
using tendsto-cong by fast
have ([ se{1..x}. s powr (y — 1) dlborel) = (if v = 0 then In z else (z powr
= 1) /%)
proof(cases v = 0)
assume gamma:y = 0
then have ([ se{1..z}. s powr (v — 1) dlborel) = ([ se{1<..x}. 1 / s Dlborel)
by (auto introl: set-integral-cong simp: LBINT-Ioc-eq-Icc )
also have ... = in z
using z1 by(simp add: set-integral-inverse)
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finally show ?thesis
using gamma by simp
ged(use z1 in auto simp: set-integral-powr-Icc diff-divide-distrib)
with lim’ show ?thesis
by simp
next
assume zl:z < 1
have Vg ¢t in at-top. (U (t xz) — Ut) [/ (txut) =— ([se{z.1}. v (T * )
/ vt Olborel)
proof (safe intro!: eventually-at-top-linorderl [where ¢=T])
fix t
assume t:T < ¢
hence t-pos:0 < t and t0t:t0 < t x z 10 < t
using T-pos T by simp-all
have (U (¢t xz) — Ut) / (¢t % ut)
=—([s vs/ (t*vt)x* indicat-real {t * ..t} s Dlborel)
using z1 t-pos v-pos t0t U-deriv
by (subst integral-FTC-Icc-nonneg[where F=Xz. Uz / (t * v t)])
(auto simp: v-eq[symmetric] diff-divide-distrib
introl: divide-nonneg-pos less-imp-le DERIV-cdivide)
also have ... = — ([ se{z..1}. v (t * s) / v t Dlborel)
using t-pos v-pos
by (subst lborel-integral-real-affine
[of t As. vs /(T vt) =« indicat-real {t x z..t} s 0])
(auto simp: set-lebesgque-integral-def indicator-def
introl: Bochner-Integration.integral-cong)
finally show (U (t xz) — Ut) / (txut) =— ([se{z.1}. v (txs) /vt
dlborel) .
qed
moreover have ((At. ([ s€{z..1}. v (t x s) / vt Olborel))
—— ([ s€{z..1}. s powr (v — 1) dlborel)) at-top
unfolding set-lebesgue-integral-def
proof (rule integral-dominated-convergence-real|OF - - - AE-I2 AE-12])
fix ts
assume t: 7T < ¢
hence z < s = t" < tx s
using T-pos t © by(auto introl: order.trans|OF T(5)[OF t]] mult-mono)
thus norm (indicat-real {z..1} s xg (v (t x 8) [ v 1))
< 2 x (indicator {z..1} s *g s powr (y — 2))
using v-pos t"[of t x s t] T-pos t
by (auto simp: indicator-def abs-of-pos)
next
fix y
show ((At. indicat-real {z..1} y xg (v (t * y) / v 1))
—— indicat-real {z..1} y *xg y powr (v — 1)) at-top
using reqularly-varying-lim[OF rv,of y] © by(auto simp: indicator-def)
qed(use x in auto intro!: borel-integrable-compact continuous-on-powr continu-
ous-on-mult
simp del: real-scaleR-def)
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ultimately have lim":(At. (U (t xz) — Ut) / (t * ut))
—— — ([ se{z..1}. s powr (v — 1) Blborel)) at-top
using tendsto-cong tendsto-minus by fast
have ([ se{z..1}. s powr (y — 1) dlborel) = — (if v = 0 then In z else (z powr
v=1) /)
proof(cases v = 0)
assume gamma:y = 0
then have ([ s€{z..1}. s powr (v — 1) dlborel) = ([ se{z<..1}. 1 / s Dlborel)
using z by(auto intro!: set-integral-cong simp: LBINT-Ioc-eq-Icc)
also have ... = — Inz
using z z1 by(simp add: set-integral-inverse)
finally show ?thesis
using gamma by simp
qged(use 1 = in auto simp: set-integral-powr-Icc diff-divide-distrib)
with lim’ show ?thesis
by simp
qed simp
qed

end

References

[1] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular Variation. En-
cyclopedia of Mathematics and its Applications. Cambridge University
Press, 1987.

[2] L. de Haan and A. Ferreira. FExtreme Value Theory: An Introduc-
tion. Springer Series in Operations Research and Financial Engineering.
Springer, 2006.

[3] S.I. Resnick. Heavy-Tail Phenomena. Springer New York, NY, 2007.

143



	Lemmas
	General Lemmas
	Limit
	Integrals on Sets
	Integral of Composite Functions g(tAx f (t) dt)
	Convergence Theorems with Real Index
	Change of Variables w.r.t. Lebesgue Integration on a Set
	Integral of Power Functions
	Uniform Convergence

	Regularly Varying Functions
	Definition and Basic Properties
	Regularly Varying Functions
	Slowly Varying Functions

	Uniform Convergence Theorem on Intervals
	Weakening the Definition of Regularly Varying Functions
	Karamata's Representation Theorem
	Theorems Obtained from Karamata's Representation Theorem
	Uniform Convergence Theorem for =0
	Potter Bounds

	Karamata's Theorem
	Direct Half
	Converse Half

	Properties Related to Derivative


