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Abstract

We formalize the completeness of Peter B. Andrews’ system o, an implementation of Higher-Order Logic
(also called simple type theory), following his textbook “An Introduction to Mathematical Logic and Type Theory:
To Truth Through Proof”. Our work builds on Diaz’s formalization of Qo’s syntax, semantics, soundness and
consistency. The completeness is with respect to general models. We prove completeness by introducing an abstract
consistency property for Qo using the framework for abstract consistency properties by From and Schlichtkrull to
get a model existence theorem for QQo. We adapt proofs from Andrews’ book to this context.
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1 Introduction

We give a completeness proof of Peter B. Andrews’ system Qo for Higher-Order Logic (also called simple type theory)
following his textbook “An Introduction to Mathematical Logic and Type Theory: To Truth Through Proof’ [And13].
The study of Higher-Order Logic and type theories includes works by Russell [Rus08] with Whitehead [WR13], Church
[Chu40], Henkin [Hen50, Hen63, Hen96] and Andrews [And63, And13, And71, And72]. Andrews states in his book that
the Qo system is specifically based on works by Church [Chu40] and Henkin [Hen50, Hen63] and also his own earlier
works [And63, And72]. We build the completeness proof on Diaz’s [Dia23] formalization of @, and thus also Paulson’s
Zermelo Fraenkel Set Theory in Higher-Order Logic [Paul9]. Diaz’s formalization is combined with the framework by
From and Schlichtkrull for abstract consistency properties [FS26, FS25]. This framework fits Andrews’ completeness
proof better than other such frameworks for logics. The framework for synthetic completeness [Fro23, Fro25] applies
only to synthetic proof systems, a narrower range than for the chosen framework, and would limit the extensibility of the
results. The frameworks for Beth/Hintikka style completeness proofs [BPT14a, BPT14b, BPT17] and for saturation-
based provers [Tou20, BKT25, WTRB22, EBT21, TB21, BT20, WTRB20] were not designed with axiomatic systems
like Qg in mind.

There are two formalizations of (p in Isabelle, but they do not cover completeness. Specifically there is Diaz’s [Dia23]
formalization of Qo on which this theory is built and Schlichtkrull’s formalization of Qo [Sch23]. Formalizations of
other systems for higher-order logic also do not cover completeness. There is specifically Arthan’s specification of
HOL in ProofPower [Art14a, Art14b, Art02], John Harrison’s formalization of the proof system of HOL Light in HOL
Light [Har06] and the formalization by Kumar et al. of HOL Light with definitions and a verified implementation
in HOL4 [KAMO14, KAMO16, AMKS22, AM23]. Another formalization with the focus on implementation is by
RoBkopf and Nipkow [NR21a, NR21b, RN23] who in Isabelle/HOL give both a formalized proof system for terms in
Isabelle’s metalogic and a formalized implementation of a checker and prove that the checker implements the system.
Additionally there are works formalizing the metatheory of the calculus of constructions and the calculus of inductive
constructions [Bar96b, Bar96a, BW96, Bar97, SBF20].

The only other formalizations of completeness with general models we know of are for second-order logic by Kock and
Kirst [KK22] in Rocq and by From and Schlichtkrull in Isabelle/HOL [FS26, FS25].



theory Consistency__Property imports
“Abstract__Consistency__ Property. Abstract_ Consistency_ Property”
“Q0_Metatheory.Syntaz”

begin

2 Consistency Property

inductive confl_class :: «form list = form list = bool> (infix <~x> 50) where
CFalse: <[] ~x [ Fo ]
| CNot: ([ ~2 A]~x [A] if (A € wffso

inductive alpha_ class :: <form list = form list = bool) (infix <~4» 50) where
CBool: <[ A ~a [ A =0 To ] if (A € wffso>
| Clota: <[] ~a [t (Q;+ A) =; A ] if <A € wffsp
| CRefl: ([] ~a [ A =a A] if <A € wffsa>
| CTrans: <\| A =a B, B=q C ] ~a [ A=a C)if (A € uffsa» and «B € wffsa> and <C € wffsa>
| CCong: (| A=a B]~a[C+A=5C-B]if (A€ uffsa) and B € wffsar and «C € wffs, _, g
| CSubst: <[] ~a [ (\za. B) - A =5 S {(z, @) — A} B])if
(A € wffsa> and B € wffsg> and «free_vars A = {p

inductive beta_class :: «form list = form list = bool> (infix ~3z» 50) where
CLEM: (|| ~5 [ A, ~2 A ] if <A € wffser

inductive gamma_ class :: <form list = (form set = _) X (form = _) = bool> (infix ~,» 50) where
CExt: [ A=y g B]~y (A wffsa, A\C.[A-C =5 B-C]pif
<A € wffs, _, 8 and «B € wffs, _, 8’

2.1 Negated Equality

inductive ineq match :: <form = type X type X form X form =- bool> where
ineq_match (~< (A =, _, g B)) (o, B, A, B

inductive-cases ineq_matchE [elim]: <ineq_match (~2 (A =, _, g B)) (o', B, A, BY)>

lemma ineq _match__uniq [dest]:
assumes <ineq_match C (a, 8, A, B)
and <ineq_match C (o', ', A’, B')
shows «(a« =a’'AB=8'"ANA=A"ANB=B)
using assms by (auto elim: ineq _match.cases)

lemma THE ineq match:
assumes <ineq_match C (a, B, A, B)»
shows ((THE («, 3, A, B). ineq_match C («, 8, A, B)) = («a, 8, A, B)»
using assms by blast

lemma ineq _matchD [dest]:
assumes <ineq_match C («a, 8, A, B)
shows (C' = ~2 (A =, _, g B
using assms by (auto elim!: ineq _match.cases)

lemma ineq_matchl [introl:
assumes (C = ~2 (A=, _, 3 B)
shows <ineq_match C («, 8, A, B)»
using assms ineq_match.intros by blast

2.2 Delta

fun delta :: <form = nat = form lists where
CDelta: «delta C ¢ =
(if C € wffso AN (Ja B A B. ineq_match C (a, B8, A, B)) then
case THE (o, B, A, B). ineq_match C («, 3, A, B) of
(o, B, A, B) = [~ (A~ {cha =5 B - {cha) ]
else [])»



lemma ineq _match__delta [simp]:
assumes «C € wffso> <ineq_match C («a, B, A, B)»
shows (delta C ¢ = [ ~2 (A + {c}a =g B+ {clta) D
unfolding CDelta using assms THE__ineq match by auto

lemma delta:
assumes <A € wffs, _, g «B € wffsq, — B8
shows <delta (~° (A =, _, g B)) ¢ = [~2 (A« {cha =g B+ {c}a) |
using assms equality__wff ineq _matchl ineq _match_delta neg_wff by metis

2.3 Operations

definition <logical _names = {¢q, ¢.}
abbreviation <is_logical _name ¢ = ¢ € logical_names>

lemma logical _name__simps[simpl:
shows «<is_logical _name cg>
and <is_logical _name c,»
by (simp__all add: logical _names__def)

definition «is_param ¢ = — is_logical _name c»

fun map_con :: «(nat = nat) = form = form» where
<map__con _ (za) = (za)>
| <map_con f ({c}a) = (if is_logical name c V is_logical name (f c) then {c}a else {f c}a)>
| <map_con f (A« B) = map_con f A - map__con f B>
| <map_con f (Aza. A) = Aza. map__con f A>

fun cons_form :: <form = nat set> where
<cons__form (za) = {p
| <cons_form ({c}a) = (if is_logical_name c then {} else {c})
| <cons_form (A« B) = cons_form A U cons_form B>
| <cons_form (Azq. A) = cons_form A»

2.4 Lemmas

This property is really what dodging the logical constants is all about.

proposition <map_con f (~2 A) = ~2 (map_con f A)
by simp

lemma map__con__id [simp]: «<map__con id = id)
proof
fix A
show <map_con id A = id A
by (induct A) auto
qed

lemma map__con__cong [simp]:
assumes Yz € cons_form A. fr = g o
shows <map_con f A = map__con g A
using assms by (induct A) auto

lemma wff _map__con [iff]: <map_con f A € wffsa «—— A € wffsa>
proof (induct A arbitrary: «)
case (FVar 1)
then show ?case
by (metis map__con.simps(1) surj_pair)
next
case (F'Con x)
then show ?case
by (induct z) (auto dest: wff _has_unique__type)
next
case (FApp A B)
then show ?case



by (metis map__con.simps(8) wffs_from__app wffs_of _type_intros(3))
next
case (FAbs zla A)
then show ?case
by (metis map__con.simps(4) surj_pair wffs_from__abs wffs_of type intros(4))
qed

lemma finite_cons_form [simp]: «finite (cons_form A)»
by (induct A) auto

lemma map__con__ineq_match [intro]:
assumes <ineq_match C («a, 8, A, B)
shows <ineq_match (map__con f C) (a, B8, map__con f A, map__con f B)»
using assms
by (auto elim: ineq _match.cases simp: ineq_match.simps)

lemma free_vars_map__con [simp]: <free_vars (map_con f A) = free_vars A»
by (induct A) (auto split: if _splits)

lemma map__con__substitute [simp]: <map__con f (substitute {(z, o) — A} B)
= substitute {(z, &) — map_con f A} (map__con f B)»
using singleton__substitution__simps by (induct B) auto

2.5 Parameter Substitution Inversion

lemma map__con_FVar [dest]: <map_con f A = 2o = A = za)
by (induct A) (auto split: if _splits)

lemma map__con__FCon_not_param [dest]: <map_con f A = {c}a = — is_param ¢ = A = {c}a>
unfolding is_param__def by (induct A) (auto split: if _splits)

lemma map__con_FApp [dest!]:
assumes <map_con f A= B+ C»
shows (3B’ C'. map_con f B'= B A map_confC'=CANA=DB".C)
using assms
by (induct A) (auto split: if _splits)

lemma map__con_FAbs [dest!]:
assumes <(map_con f A = \zq. B>
shows (3B’ map_con f B'= B AN A = A\zo. B)
using assms
by (induct A) (auto split: if _splits)

lemma map_con_cQ [dest]: <map_con f A = {cqfla = A = {cqfta
by (auto simp: is_param__def)

lemma map__con__equality_of _type [dest]:
assumes <(map_con f A = B =q C»
shows (3B’ C'. map_con f B'= B A map_confC'= C AN A =B =4 C)
using assms
by fastforce

lemma map__con_neg [dest]: <map_con f A = ~2 B= 3B’ map_con fB'=BAA=~2B)
by (induct A) auto

lemma ineq _match_map__con [dest]:
assumes <ineq_match (map_con f C) (o, B, A, B)»
shows <3 A’ B". map_con f A’ = A A map_con f B' = B A ineq_match C (a, 3, A’, B')
using assms
by fast

2.6 Interpretations

interpretation P: Params map__con cons_form is__param
by unfold__locales simp__all



interpretation C: Confl map__con cons__form is__param confl_class
by unfold_locales (fastforce elim!: confl_class.cases simp: confl_class.simps)

interpretation A: Alpha map__con cons_form is_param alpha_ class
proof (unfold_locales, safe?)
fix ps qs f
assume <(ps ~q s
then show <map (map__con f) ps ~a map (map__con f) qs)
by (elim alpha__class.cases) (auto simp: alpha__class.simps)
qed

interpretation B: Beta map__con cons_form is_param beta_ class
by unfold_locales (auto elim!: beta_ class.cases simp: beta__class.simps)

interpretation G: Gamma map__con map__con cons_form is__param gamma__class
by unfold__locales (elim gamma__class.cases, auto simp: gamma__class.simps)

interpretation D: Delta map__con cons_form is_param delta
proof
fixpaf
assume <is_param x> <P.is_subst f»
then show «<delta (map__con f p) (f ) = map (map__con f) (delta p z)»
proof (induct p z rule: delta.induct)
case (1 Cc¢)
then have c: <— is_logical _name (f c)»
unfolding P.is_subst_def by (auto simp: is_param__def)

from 1 show ?Zcase
proof (cases <C € wffso A (Ja 8 A B. ineq_match C («a, 8, A, B)))
case True
then obtain o 3 A B where C: «C = ~° (A =, _, g B)
by fast
then have *: «delta C ¢ = [ ~2 (A + {c}a =g B+ {cla) ]
using True CDelta ineq _match_delta by blast
then have *: <map (map_con f) (delta C ¢) = [ ~2 (map_con f A+ {f c}a =g map_con f B+ {f c}ta) ]
using ! ¢ by (auto simp: is_param__def)
have <ineq_match (map_con f C) (a, 8, map__con f A, map__con f B)»
using C map__con__ineq _match by blast
moreover have <map_con f C € wffso>
using True wff _map__con by blast
ultimately have (delta (map_con f C) (f¢) = [ ~2 (map_con f A + {f c}a =g map_con f B« {f c}a) ]
unfolding CDelta using ineq match__delta by auto
then show ?thesis
using * by simp
next
case Fulse
then show %thesis
by auto
qed
qed
qed

abbreviation Kinds :: «(nat, form) kind list> where
«Kinds = [C.kind, A.kind, B.kind, G.kind, D.kind)

lemma propg_ Kinds:
assumes <P.satg C.kind C» <P.satg A.kind C» <(P.satg B.kind C» (P.satg G.kind C» <P.satg D.kind C»
shows «P.propg Kinds C»
unfolding P.propg_ def using assms by simp

interpretation Consistency_Kinds map__con cons_form is_param Kinds
using P.Params__azioms C.Consistency_Kind__axioms A.Consistency Kind__axioms B.Consistency Kind__axioms
G.Consistency__Kind__azxioms D.Consistency_ Kind__azxioms



by (auto intro: Consistency_Kinds.intro simp: Consistency_Kinds__axioms__def)

interpretation Mazimal Consistency map__con cons_form is__param Kinds
proof
have <infinite (UNIV :: form set))
using infinite_ UNIV_size[of <AA. A « A] by simp
then show <infinite (UNIV :: form set))
using finite_prod by blast
qed simp

end

theory Constant_Substitution imports
Consistency__Property
“Q0_Metatheory. Elementary_ Logic”

begin

fun const_subst :: <con = nat = form = form» (xS. _ __ _» [51, 51, 51])
where <S. (¢, 8) z (ya) = Yy
| <Sc (¢, B) z ({d}}a) = (if c = d A B = « then (za) else ({d}}a))>
| <Se (¢, B) z (A+ B) =(Sc (¢, B) x A) + (Sc (¢, B) z B)»
| <S¢ (¢, B) ¢ (Aya. 4) = (Aya- Sc (¢, B) = A)

lemma idemp_ const_subst:
assumes <c ¢ cons_form F)
and <— is_logical _name c»
shows (S; (¢, a) z F = F»
using assms by (induction (¢, a)» x F rule: const_subst.induct) auto

lemma const_subst_laws:
assumes (- is_logical _name c»
shows <S. (¢, 7) z (A A2 B) = (S, (¢, 7) z A) A2 (S. (¢, T) =z B)»

and (S, (¢, 7) z (A D2 B) = (Sc (¢, 7) z A) D2 (S, (¢, ) = B)»

and (S, (¢, 7) z (A =< B) (Se (¢, 7) z A) =2 (S (¢, 7) = B)

and <S; (¢, 7)  (To) = To»

and <S¢ (¢, 7) © (Fo) = Fo»

and <S. (¢, 7) £ (Vza. A) = (Vza. Sc (¢, 7) z A)

and <S. (c, 7))z (A =a B) =((Sc (¢, 7) 2 A) =a (Sc (¢, 7) z B))»
using assms by (simp__all add: logical _names__def)

lemma const__subst__azxiom__if no_ c:
assumes <c ¢ cons_form A>
and <— is_logical _name c»
and (A € azioms>
shows ((S. (¢, @) z A) € azioms>
using idemp_ const_subst|OF assms(1,2)] assms(3)
by simp

lemma axiom 1 const subst:
assumes <~ is_logical_name c»
shows (S, (¢, 7) = (go—o * To A2 go—o * Fo =2 Vro. go—o * o) € azioms
using azioms.aziom 1 by (auto simp only: const subst laws[OF assms] const_subst.simps)

lemma aziom 2 const subst:
assumes < is_logical _name c»
shows «S. (¢, 7) = ((ta =a Da) D2 (ha—o * ta =2 ha—o * Ya)) € azioms
using azioms.aziom_2 by (auto simp only: const_subst_laws[OF assms] const_subst.simps)

lemma axiom & const subst:
assumes <~ is_logical _name c»

shows S (¢, 7) @ ((fasf =asp Sasp) =2 Via: (fasp * o =3 Sasg - ¥a)) € avioms
using azioms.aziom__8 by (auto simp only: const_subst_laws[OF assms| const__subst.simps)

lemma const__subst__wffs:
assumes <A € wffsa>



shows (S (¢, 7) z A € wffsa>
using assms
proof (induction)
case (var_is_wff o y)
then show ?case
by (simp add: wffs_of _type_intros(1))
next
case (con_is_uwff a c)
then show ?case
by (simp add: wffs_of _type__intros(1,2))
next
case (app_is_wff a 8 A B)
then show ?case
by (simp add: wffs_of _type__intros(3))
next
case (abs_is_wff B A o z)
then show ?case
by (simp add: wffs_of _type_intros(4))
qed

lemma aziom_4_1_con__const_subst:
assumes <~ is_logical_name c»
and <A € wffsa>
and «(z, 7) # (y, a)
shows «S¢ (¢, 7) z (Aya- {d}tg) + A =5 {dl3) € azioms
proof —
let 24 = <S. (¢, 7) z A>

have A_ wff: <?A € wffsa>
by (simp add: assms(2) const_subst_wffs)

show ?thesis
proof (cases <c=d N 7=[))
case True
then show ?thesis
using assms(3) axioms.aziom_4__1_var A_wff by auto
next
case Fulse
then show ?thesis
using assms(1) axioms.simps const__subst_laws(7) A_wff by auto
qged
qed

lemma aziom_ 4 1_wvar_const_subst:
assumes < is_logical _name c»
and <A € wffsa>
and Wa # za
shows (Sc (¢, 7) z ((Aza. yg) = A =g yg) € azioms
using assms(1,2,8) axioms.aziom_4__1_var const_subst_wffs by auto

lemma aziom_ 42 const subst:
assumes <~ is_logical_name c»
and (A € wffsa>
shows (S (¢, 7)  ((A\za- 2za) = A =a A) € azioms)
using assms(1,2) axioms.axiom__4__2 const_subst_wffs by auto

lemma aziom_ 4 8 const subst:
assumes <~ is_logical_name c»
and (A € wffsa>
and (B € wﬁs,y_>/3>
and «C' € wffs>
shows «S¢ (¢, 7) z (Aya. B+ C) - A =g ((Aya. B) - A) - (Aya. C) » A)) € azioms)
proof —
let A = «S. (¢, 7) z A



let 2B =<S. (¢, 7) = B
let 2C = «S. (¢, 7) z C»

have ((Aya. ?B - ?C) - ?A =g (Aya. ?B) « ?A - ((Aya. ?C) - ?A) € azioms
by (meson assms(2,3,4) axtoms.aziom__4__3 const_subst_wffs)
then show ?%thesis
by (simp only: const_subst_laws[OF assms(1)] const_subst.simps)
qed

lemma in_var const subst:
assumes «(y, v) ¢ vars A»
and «(y, v) € vars (S¢ (¢, 7) z A)>
shows <y =z Ay=m
using assms
proof (induction A)
case (FVar z')
then show ?case
by (metis const__subst.simps(1) old.prod.exhaust)
next
case (FCon c')
then show ?case
by (metis (no_types, lifting) const_subst.simps(2) form.distinct(1,3,5,7,9) form.inject(1)
insertE vars_form.elims)
next
case (FApp A1 A2)
then show “case
by auto
next
case (FAbs zla A)
then show ?case
by (metis (no__types, opaque_lifting) UnE Unll const_subst.simps(4) old.prod.ezhaust sup__commute

vars__form.simps(4))
qed

lemma axiom_ 4_ 4 const_subst:
assumes < is_logical _name c»
and <A € wffsa> and <B € wffss> and «(y, v) ¢ {(z, @)} U vars A>
and «(z,7) ¢ vars (Aza. Ayy. B) « A =, 5 (Ayy. (Aza. B) + A))
shows (S. (¢, 7) z (Aza. Ayy. B) + A = 5 (A\yy. (Aza. B) - A)) € azioms)
proof —
let A = <S. (¢, 7) ¢ A
let 2B =<S. (¢, 7) = B>

have A_ wff: <?A € wffsa>

by (simp add: assms(2) const_subst_wffs)
have B_uwff: «?B € wffss »

by (simp add: assms(3) const__subst__wffs)

have (3, 7) ¢ {(z, )b
using assms(4) by auto
moreover
have «(y, v) ¢ vars 24>
using assms(4,5) in_var_const_subst[of y ¥] by auto
ultimately
have «(y, v) ¢ {(z, @)} U vars 24>
by simp
then show %thesis
using const__subst_laws[OF assms(1)] azioms.aziom_4_4[of ?A o ?B 6 y v z] A_wff B_uwff by simp
qed

lemma aziom_ 4_ 5 const_subst:
assumes <~ is_logical _name c»
and (A € wffsa> and B € wffsg>
shows <S. (¢, 7)  ((Aza. Aza. B) + A =, _, 5§ Aza. B) € azioms»



using assms axioms.axiom__4__5 const__subst_laws(7) const_subst_wffs by force

lemma aziom 5 const subst:
assumes <~ is_logical_name c»
shows (S. (¢, 7) z (v * (Q; = v;) =; v;) € azxioms>
by (metis Q__constant__of type_ def Q__def assms axioms.axiom__5 cons_form.simps(1,2,3)
const__subst__axiom__if no_ c empty iff equality_of type def
iota__constant__def iota__def logical_name__simps(1,2) sup__bot.right_neutral)

lemma const subst axiom:
assumes ¢ is_logical _name c»
and «(z,7) ¢ vars A»
and <A € azioms»
shows ((S. (¢, 7) z A) € azioms»
using assms(8,1,2)
proof (induction)
case axiom__1
then show ?case
using azxiom__1_ const_subst by auto
next
case (aziom_2 «)
then show ?case
using azxiom__2 const_subst by blast
next
case (aziom_3 a )
then show ?case
using aziom__3_const__subst by blast
next
case (aziom_4_1_con A a zd f3)
then have «(z, 7) # (2, a)
by auto
then show ?Zcase
using aziom__4__1_con__const_subst|OF axiom_4_1_con(2,1), of x 7 2] by auto
next
case (aziom_4_ 1 _var A ay 3 z2)
then show ?case
using aziom__4__1_wvar_const_subst[of ¢ A a y B8 z, OF aziom_4_1_wvar(3,1,2)]
by auto
next
case (axiom_4_2 A « z)
then show ?case
using azxiom_ 42 const_subst by blast
next
case (aziom_4_ 38 Aa B~y (3 Czx)
then show ?case
using azxiom_ 4_ 3 const_subst by blast
next
case (axiom_4_ 4 Aa By~ x)
then show ?case
using aziom_ 4 4 const_subst by blast
next
case (azxiom_4_5 A a B 1)
then show ?case
using axiom_ 4_ 5 const_subst by blast
next
case axiom_5
then show ?case
using aziom__5_ const_subst by blast
qed

lemma is_subform__at_const_subst:
assumes <A <p C)
shows (S. (¢, 7) 2 A <p S¢ (¢, 7) z C»
using assms proof (induction p arbitrary: A C)
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case Nil
then show “case
by auto
next
case (Cons d p)
then show ?case
proof (cases d)
case Left
then show ?thesis
proof (cases A)
case (F'Var y)
then show ?Zthesis
by (smt (verit) Cons.IH Cons.prems Left const__subst.simps(3,4)
is_subform__at.elims(2) is_subform__at.simps(2,4) list.discI list.inject)
next
case (FCon d)
then show ?thesis
by (smt (verit) Cons.IH Cons.prems Left const _subst.simps(3,4) direction.distinct(1)
is_subform__at.elims(2) is_subform__at.simps(2,4) list.discl list.inject)
next
case (FApp B D)
then show ?Zthesis
by (smt (verit, del_insts) Cons.IH Cons.prems Left const_subst.simps(3,4)
is_subform__at.elims(2) is_subform__at.simps(2,4) list.discI)
next
case (FAbs y B)
then show ?%thesis
by (smt (verit, del insts) Cons.IH Cons.prems Left const_subst.simps(3,4)
is_subform__at.elims(2) is_subform__at.simps(2,4) list.discI)
qed
next
case Right
then show ?thesis
proof (cases A)
case (FVar y)
then show ?Zthesis
by (smt (verit, best) Cons.IH Cons.prems Right const__subst.simps(8) direction.distinct(1)
is__subform__at.elims(2) is__subform__at.simps(3) list.discl list.inject)
next
case (FCon d)
then show ?%thesis
by (smt (verit, del insts) Cons.IH Cons.prems Right const subst.simps(3)
direction.distinct(1) is__subform__at.elims(2)
is__subform__at.simps(3) list.discl list.inject)
next
case (FApp B D)
then show ?Zthesis
by (smt (verit) Cons.IH Cons.prems Right const_subst.simps(8) direction.distinct(1)
is_subform__at.elims(1) is_subform__at.simps(3) list.inject)
next
case (FAbs y B)
then show ?Zthesis
by (smt (verit) Cons.IH Cons.prems Right const_subst.simps(3) direction.distinct(1)
is_subform__at.elims(1) is_subform__at.simps(3) list.discI list.inject)
qed
qed
qed

lemma is_replacement _at__const__subst:
assumes <C(p «— B) > D»
shows «(S¢ (¢, 7) z C){p < S¢ (¢, 7) z B) > S¢ (¢, 7) = D»
using assms
proof (induction)
case (pos_found p C C' A)
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then show ?case
by blast
next
case (replace_left_app p G C G' H)
then show ?case
by (simp add: is_replacement__at.replace_left__app is_replacement _at_implies_in__positions)
next
case (replace_right_app p H C H' G)
then show ?case
by (simp add: is_replacement__at.replace__right__app is_replacement__at__implies__in__positions)
next
case (replace_absp E C E' z )
then show ?case
by (simp add: is_replacement__at.replace__abs is_replacement__at_implies_in__positions)
qed

lemma is_rule_ R__app_ const_subst:
assumes <c ¢ logical_names)
and «(z, T7) ¢ vars D U vars C U vars E»
and <is_rule_ R_app p D C E»
shows «is_rule_ R _app p (Sc¢ (¢, 7) £ D) (Sc (¢, 7) z C) (Sc (¢, 7) z E)»
proof —
let ?D =<S. (¢, 7) z D»
let ?C = «S. (¢, 7) z C»
let ?E = <S. (¢, 7) = E»

have (Ja A B. E = A =o BN A € uffsa A B € wffsa N A =<p CAND € wffso N C{p — B) > D>
unfolding is_rule_R__app_def using assms(3) by auto
then obtain a A B where
E=A=q B
A€ wﬁ8a>
«B € wffsa>
A =p O
«D e wﬁsm
«C{p < B) > D»
by auto

let A = «S. (¢, 7) ¢ A
let 2B =<S. (¢, 7) z B

have (?F = 24 =4 B>
using (E = A =q B) assms(1) const_subst_laws(7) by blast
moreover
have <?A € wffsa»
by (simp add: <A € wffsa> const_subst_wffs)
moreover
have«?B € wffsa>
by (simp add: <B € wffsa> const_subst_wffs)
moreover
have(?A <p ?2C)
using (A <p C» is_subform_at const_subst by auto
moreover
have«?D € wffso>
by (simp add: <D € wffso> const_subst_wffs)
moreover
have«?C{(p «— ?B) > ?D»
using «C{p «— B) > D» is_replacement__at_const__subst by auto
ultimately
have «(3a A B.
E=A=q BANA€ uwffsa AN B€ wffsa NA=p ?2C A ?D € wffso N ?C{p — B) > ?D)»
by auto
then show ?thesis
using is_rule_R__app_deflof p ?D ?C ?E] by auto
qed
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fun const_subst_proof :: <con = nat = form list = form list> (<S¢p _ _ _» [51, 51, 51]) where
Sep (¢, B) x P = map (M. Sc (¢, B) z A) P>

lemma nil_is_proof:

is_proof []»
by simp

thm theorem__is_derivable_form
lemma is_proof_induct [consumes 1, case_names p_nil p__axiom p_rule_R]:
assumes <is_proof P>
and p_ nil: <P [»
and p_aziom: ((NA P. A € azioms => is_proof P = P P = P (P Q [A]))»
and p_rule_R: «(AP P'" E P" Cp D. is_proof P = P P = prefix (P' Q [E]) P = prefiz (P @ [C]) P =
is_rule R _appp D CE = P (P @ [D]))»
shows «P P»
proof (cases <P = []»)
case True
then show ?thesis using p_ nil by auto
next
case False
from Fualse assms show ?thesis
proof (induction <length P> arbitrary: P rule: less_induct)
case less
let ?i' = <length P — 1>
define A where <A = last P>
then have <last P = A»
by auto
from <P # [ and <last P = A» have <P ! %' = A
by (simp add: last__conv_nth)
from <is_proof P> and <P # [> and «ast P = A» have <is_proof_step P %i"»
using added_suffiz_proof _preservation[where S’ = «[]>] by simp
then consider
(aziom) <P ! 2’ € azioms>
| (rule_R) 3pjk. {j, k} C{0..<?%"} Ais_rule_R_appp (P! 2% (P!j) (P!k)»
by fastforce
then show ?case
proof cases
case aziom
then show ?thesis
proof (cases <P = [A]»)
case True
then show ?%thesis
using nil_is_proof aziom p__aziom p_nil by (metis <P ! (length P — 1) = A> append__self _conv2)
next
case False
have len: «length (butlast P) < length P>
using less.prems(1) by (simp)
have non__empt: <butlast P # []>
using False by (metis A__def append__butlast_last_id append__self conv2 less.prems(1))
have prove: <is_proof (butlast P)»
by (metis append__butlast_last_id less.prems(1,2) proof but_last_is_proof)
have «P (butlast P)»
using less.hyps(1)[of <butlast P>, OF len non__empt prove]
using assms by auto
then show ?%thesis
using less.prems(1) p__aziom prove axiom by (metis last_conv_nth snoc__eq iff butlast)
qed
next
case rule_ R
then obtain p and j and k
where «{j, k} C {0..<?'}> and «is_rule_R_appp (P! %) (P!j) (P! k)
by force
let ?P; = <take (Suc j) P>
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let ?P) = <take (Suc k) P>
obtain P;’ and P’ where (P = ?P; @ P;"» and <P = ?P;, Q@ P,"
by (metis append__take _drop_id)

from (P # [> have <?P; # [|» and <P # [
by simp__all

have <length ?P; < length P> and «<length ?Pj < length P>
using «{j, k} C {0..<?%'}> by force+
then have <last ?P; = P ! j» and <last ?P, =P ! k»
by (metis Suc_lessD last_snoc linorder_not_le nat_neq_iff take__Suc__conv__app_nth take__all_iff)+

have <is_proof (butlast P)»
by (metis append_butlast_last_id less.prems(1,2) proof _prefiz_is_proof)
moreover
have <P (butlast P)»
using less.prems(1) calculation(1) less.hyps
by (smt (verit, ccfu_SIG) diff _less length__butlast length__greater__0__conv
less_numeral__extra(1) p_axiom p_nil p_rule_R)
moreover
have «prefiz ((butlast ?P) @ [P ! k]) (butlast P)»
using (length 7P < length P> less.prems(1)
by (metis <P = take (Suc k) P @ P’ <last (take (Suc k) P) = P | k» <take (Suc k) P # [
append__self _conv butlast_append nat_less_le prefir_def snoc__eq iff butlast)
moreover
have <prefiz ((butlast ?P;) @ [P ! j]) (butlast P)»
by (metis <P = take (Suc j) P @ P;" <last (take (Suc j) P) = P ! j» <take (Suc j) P # [
append__butlast_last_id <length ?P; < length P> less.prems(1) nat_neq iff prefix] prefiz__snoc)
ultimately
have «P (butlast P @ [P ! 2i']),
using <is_rule R _app p (P! %) (P !4) (P! k)
less(6)[of <butlast P> <butlast ?Pr> «(P ! k)» <butlast ?P;» «(P ! i) p «(P ! 2]
by auto
then show %thesis
using A_def <P ! 2%’ = A) less.prems(1) by auto
qed
qed
qed

lemma is_proof R__intro:
assumes <(is_rule_ R_appp D C E»
and «(is_proof S»
and «prefiz (S’ Q [E]) S
and «prefiz (S” @ [C]) S
shows «is_proof (S @ [D])»
proof —
define ic :: nat where (ic = length S’
define ie :: nat where («ie = length S"

have «<is_proof S»
using assms(2) by auto

have <ic < length S»

by (metis assms(4) ic_def length__append__singleton less_eq Suc_le prefiz_length_le)
have <S ! ic = O

using assms(4) ic_def prefixrE by fastforce
have e < length S»

using assms(8) ie_def prefiz_length_le by fastforce
have S ! ie = E»

by (smt (verit, del insts) append.assoc append__Cons

assms(3) ie_def nth__append_length prefiz_def)

have «is_rule_R_app p D C E»

using assms(1) by auto
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show ?%thesis
using rule_R__app__appended_to__proof _is_proof[of S ic Cie E p D]
using S ! ic = C» «S ! ie = E» <ic < length Sy <ie < length S) assms(1,2) by linarith
qed

definition <vars, (S::form list) = vars (List.set S)»

lemma is_proof const__subst:
assumes <is_proof P»
and <c ¢ logical _names»
and «(z, 8) ¢ vars, P>
shows (is_proof (Scp (¢, B) z P)
using assms
proof (induction rule: is_proof induct)
case p_ nil
then show ?case
by simp
next
case (p_aziom A P)
have «(z, 8) ¢ vars, P»
using p_aziom.prems(2) unfolding vars, def by auto
have <is_proof (Scp (¢, B) z P)»
using «(z, B) ¢ vars, P> p_aziom.IH p_aziom.prems(1) by blast
have «(z, 3) ¢ vars A»
using p_aziom unfolding vars,__ def
by auto
have (S. (¢, B) z A € azioms»
using const__subst__azxiom «(z, 3) ¢ vars Ay p__axiom.hyps(1) p__axiom.prems(1) by auto
have <is_proof ((Scp (¢, 8) z P) @Q [Sc¢ (¢, B) z A])»
by (metis <S¢ (¢, 8) ¢ A € azioms> <is_proof (Scp (¢, B) z P)»
azxiom__appended__to__proof _is_proof)
then show ?case
using p_axiom by auto
next
case (p_rule RP P ' EP" CpD)
let ?C = «S. (¢, ) =z C»
let ?D = «S. (¢, B) = D»
let ?E = <S. (¢, B) z E»

let 2P = <Scp (¢, B) = P>

let 2P’ = «S.p (¢, B) = P’

let ?P'E = (S¢p (¢, B) z (P’ Q@ [E])
let ?P" = «S¢p (¢, B) = P')

let ?P"'C = «S¢p (¢, B) z (P @ [C])

have <is_proof ?P»
using p_rule R.IH p_rule_ R.prems(1,2) vars,__def by auto

have «prefiz ?P"'C ?P»

by (metis const__subst__proof.simps map_mono_ prefix p_rule_R.hyps(3))
have <prefiz ?P'E 2P

by (metis const__subst_proof.simps map_mono_prefix p_rule_R.hyps(2))
have pre”: <prefiz (?P' @ [?E]) ?P»

using «prefiz (?P'E) ?P> by fastforce

have pre’’: «prefix (7P @ [?C]) ?P>
using «prefiz (?P''C) ?P> by force

have (is_proof ?P"'C»
by (metis <is_proof ?P>»
<prefiz (?P"'C) P> prefizE
proof _prefir_is_proof)

have <is_proof ?P'E>»
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by (metis <is_proof ?P>»
<prefiz (?P'E) ?P> prefizE
proof _prefir_is_proof)

have varsD: «(z, B) ¢ vars D>
using p_rule R unfolding vars,__def by auto

have varsP: «(z, 8) ¢ vars, (P Q [D])»
by (simp add: p_rule_R.prems(2))

have «vars C C vars, P>
unfolding vars,__def
by auto
(metis append.assoc append__Cons in__set__conv_decomp p_rule_R.hyps(3) prefizE)
then have varsC: «(z, 3) ¢ vars C»
using varsP unfolding vars,__def by auto

have (vars E C vars, P>
unfolding vars,__def
by auto
(metis UnCI in_mono list.set_intros(1) p_rule_R.hyps(2) set__append set_mono_ prefix)
then have varsE: «(z, 8) ¢ vars E»
using varsP unfolding vars,__def by auto

have varsDCE: «(z, 8) ¢ vars D U vars C U vars E»
by (simp add: varsC varsD varsE)

have <is_rule _R__app p ?D ?C ?E»
using is_rule_R_app_ const_subst[OF p_rule_R(6) varsDCE p_rule_R(4)]
by auto

show ?case
using is_proof R__intro|OF <is_rule_R_app p ?D 2C ?E> <is_proof ¢P», of ¢P' 2P, OF pre’ pre’’]
by simp
qed

lemma finite_varsp: <finite (vars, S)»
proof (induction S)
case Nil
then show %case
unfolding vars,__def by auto
next
case (Cons a S)
then show ?case
unfolding vars,__def using vars_form__finiteness by auto
qed

lemma fresh_free _wvars_const__subst:
assumes «(z, 7) ¢ vars A»
shows «(free_wvars (Sc (¢, 7) # A) = free_vars AV free_vars (S¢ (¢, 7) © A) = free_vars A U {(z, 7))}
using assms
proof (induction A)
case (FVar y)
then show ?case
by (metis const_subst.simps(1) surj_pair)
next
case (FCon y)
then show ?case
by (metis Un__empty Un__insert_right const__subst.simps(2) form.distinct(1,7,9)
free_vars_form.simps(1) vars_form.elims vars_is_free__and_bound__vars)
next
case (FApp A B)
then show ?case
by (smt (verit) UnCI const__subst.simps(3) free_vars_form.simps(3) sup.idem sup__assoc sup__commute
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vars_form.simps(3))
next
case (FAbs y3 A)
define y where <y = fst yf3»
define 3 where <3 = snd yf3»
have y3_def: «yB3 = (y,6)
unfolding y_def B_def by auto

then have «(z, 7) ¢ vars A»
using FAbs.prems by fastforce

have «<free_vars (S¢ (¢, 7) © A) = free_vars AV free_vars (Sc (¢, 7) # A) = free_vars A U {(z, 7)}>
using FAbs.IH «(z, 7) ¢ vars Ay by linarith

then show “case
unfolding y3_ def by auto
qed

lemma const_subst_binders at:
shows (binders_at (S (¢, 7) z C) p = binders_at C p»
proof (induction rule: binders__at.induct)
case (1 A B p)
then show %case
by auto
next
case (2 A B p)
then show ?case by auto
next
case (3 a A p)
then show ?case by auto
next
case (4 A)
then show ?case by auto
next
case (“5_17 v va vb)
then show ?case
by (metis const__subst.simps(1) old.prod.exhaust)
next
case (“5_27 v va vb)
then show ?case
by (metis binders__at.simps(5,6) const__subst.simps(2) surj_pair)
next
case (“5_37 v va vc)
then show ?Zcase
by (metis binders__at.simps(7) const__subst.simps(4) surj_pair)
next
case (“5_47 v va)
then show ?case
by (metis const__subst.simps(1) old.prod.exhaust)
next
case (“5_57 v va)
then show ?case
by (metis binders__at.simps(5,9) const__subst.simps(2) old.prod.ezhaust)
next
case (“5_67 v vb va)
then show “case
by (metis binders__at.simps(7) const__subst.simps(4) surj_pair)
qed

lemma in_binders at_in_wvars:
assumes «(z, 7) € binders_at C p»
shows «(z, 7) € vars C»
using assms
by (induction rule: binders__at.induct) auto
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lemma const_subst_preserves binders__at:
assumes «C' =S, (¢, 7) z O»
shows (binders_at C p = binders_at C' p»
by (simp add: assms const__subst_binders__at)

lemma capture exposed__vars _at__const_substl:
assumes <p € positions C)
and «C’' =S (¢, B) z C»
shows «capture__exposed_vars _at p C H = capture_exposed_wvars_at p C' H>
proof —
have a: <p € positions C’
by (metis assms(1,2) is_replacement__at__existence is_replacement__at_implies_in__positions
is_replacement__at__const__subst)

have <binders_at C p = binders_at C' p
using assms const__subst__preserves_binders__at by metis
then show ?thesis
using capture__exposed_vars__at_alt__def[OF assms(1), of H]
capture__exposed_vars__at_alt_def[OF a, of H] by auto
qed

lemma capture exposed_wvars _at_const__subst2:
assumes (p € positions C»
and «C' =S, (¢, B) z C»
and «<E'=S. (¢, B8) = E»
and «(z, 8) ¢ vars C U vars E»
shows (capture_exposed_wvars _at p C E = capture_exposed_vars_at p C' E'
proof —
have a: <p € positions C’»
by (metis assms(1,2) is_replacement__at__existence is__replacement__at__implies_in__positions is_replacement__at__const__subst)

have «free_vars E' = free_vars E V free_vars E' = free_vars E U {(z, 8)}
using assms fresh__free _vars__const__subst by auto
moreover
have ((z, 3) ¢ binders_at C' p»
using assms in__binders__at_in_vars const_subst_binders _at by auto
moreover
have «(z, 3) ¢ binders_at C p»
using assms in__binders _at_in_wvars by auto
moreover
have <binders_at C p = binders_at C' p»
using assms const__subst_preserves binders__at by metis
ultimately
show ?thesis
using capture__exposed_vars__at_alt_def[OF assms(1), of E|
capture__exposed_vars_at_alt_def[OF a, of E'| by auto
qed

lemma capture__exposed_vars__at_intersection__const__subst:

assumes (p € positions C»
and <capture__exposed_vars_at p C E N capture__exposed_vars_at p C As = {}
and <«C'=S; (¢, 7) z C»
and <E'=S. (¢, 7) z B>
and «(z, 7) ¢ vars C U vars E»

shows «capture__exposed_vars_at p C' E' N capture__exposed_vars_at p C' As = {}

using assms capture__exposed__vars__at_const _substl capture__exposed_wvars__at__const_subst2 by metis

lemma is_rule. R’ _app_const_subst:
assumes «C' = (S. (¢, 7) z C)»
and <D’ = (S. (¢, 7) z D)»
and <E' = (S. (¢, 7) z E)»
and «is_rule R' app Asp D C E)»
and <is__hyps As»
and <c ¢ logical _names>
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and «(z, 7) ¢ vars D U vars C U vars E»
and <«c ¢ P.params As»

shows (is_rule R’ app Asp D' C' E'

proof —

from assms have <is_rule. R_app p D C E>»
using assms by blast

then have «is_rule R _app p D' C' E'
unfolding is rule_ R__app_ def
using is_rule R __app_const__subst
using assms(1,2,8,6,7) by blast

from assms have «rule_ R’ side condition As p D C E»
using assms by blast

then have «rule_ R’ side condition As p D’ C' E'
unfolding rule_ R’ side_ condition__def
using assms(1,2,3,7,8)
using capture__exposed_vars__at_intersection__ const_subst
using <is_rule_R_app p D C E» is_replacement__at_implies_in__positions is_rule_R__app_ def
by (metis (no__types, lifting) UnCI sup.assoc)

show ?thesis
using «is_rule_R_app p D' C' E'» <rule_R'_side_condition As p D' C' E'y by blast
qed

lemma is_hyp_ proof _induct [consumes 1, case_names hp_nil hp__hyp hp_seq hp_rule_R'):
assumes <is_hyp_proof H P1 P>
and P [
and <AA P2. A € H = is_hyp_proof H P1 P = P P, = P (P2 @Q [A])»
and (A\A P2. A € Iset P1 = is_hyp_proof H P1 P2 = P Py = P (P2 Q [A])»
and <A\S' E P2 S” C p D. prefiz (S’ Q [E]) P2 = prefiz (S"” @ [C]) P2
= is_rule_ R’ _app Hp D C E = is_hyp_proof H P1 P2 = P P2 = P (P> Q [D])
shows <P Psy»

proof (cases <Pz = []»)

case True

then show ?%thesis using assms by auto
next

case False

then have <Py # [|» and <is_hyp_proof H P1 P2
using assms by auto
then show ?thesis
proof (induction <length P2» arbitrary: P2 rule: less_induct)
case less
let %’ = <length P2 — 1>
define A where (A = last P2»
from <P; # > and <A = last P2> have Pz | 2’ = A»
by (simp add: last__cony_nth)
from <is_hyp_proof H P1 P2» and P2 # [)» have <is_hyp_proof_step H P1 P2 %
by simp
then consider
(hyp) P2 ! %' € H>
| (seq) P2 ! 2’ € Iset P>
| (rule_R’) Ipjk. {j, k} C{0..<%'} Nis_rule R _app H p (P2! %) (P2!j) (P2! k)
by force
then show ?case
proof cases
case hyp
then have <4 € H)»
using <A = last P2> <P2 ! (length P2 — 1) = A> by simp
moreover
have butlast_Po__proof: <is_hyp_proof H P1 (butlast P2)>
by (metis append__butlast_last_id hyp__proof prefix_is_hyp_proof less.prems(1,2))
moreover
have «P (butlast P2)»
using assms(2) butlast_Po__proof less.prems(1) less.hyps[of <butlast P2>]
by (metis diff _less length__butlast length__greater__0__conv zero__less__one)
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ultimately
show %thesis
using assms(3)[of A <butlast P2>] P2 ! %' = A
by (metis A__def append__butlast_last_id less.prems(1))
next
case seq
then have (A € [set P1»
using P3| (length P2 — 1) = A> by blast
moreover
have butlast_Po__proof: <is_hyp_proof H P1 (butlast Ps)»
by (metis append_butlast_last_id hyp__proof _prefiz_is_hyp_ proof less.prems(1,2))
moreover
have <P (butlast P2)»
using assms(2) butlast_Po__proof less.prems(1) less.hyps[of <butlast P2>]
by (metis diff _less length__butlast length__greater _0__conv zero__less _one)
ultimately
show %thesis
using A_ def less.prems(1) assms(4)[of A <butlast P2>)
by (metis append__butlast_last_id)
next
case rule R’
then obtain p and j and &
where «{j, k} C {0..<?%'}> and R": «is_rule_R'_app H p (P2! %) (P2!4) (P2! k)
by force
let ?P; = <take (Suc j) P2> and 7P = <take (Suc k) P2»
obtain P;’ and P, where (P> = ?P; @ P;’ and (P2 = ?Py, Q Py
by (metis append__take _drop_id)
from <Py # [> have (?P; # [|» and %Py # [
by simp__all

have length_P;: <length ?P; < length P2> and length Py: <length ?Pi < length P2»
using «{j, k} C {0..<length P2 — 1}> by force+
then have last_P;: <last ?P; = P2 ! j» and last_Py: <last 7P, = P2 | k»
by (metis Suc_lessD last_snoc linorder_not_le nat_neq__iff
take__Suc__conv__app__nth take__all_iff)+

have is_hyp__proof butlast: <is_hyp__proof H P1 (butlast P2)»
using less.prems(1,2) hyp_proof prefiz_is_hyp_proof[of H P1 <butlast P2y [A]D] A__def
by (metis append__butlast_last_id)

have <prefiz (butlast 7P, Q [P3 ! k]) (butlast P2)»
by (metis <P2 = 2P, Q Py, " (PP # [
append__butlast_last_id length_ Py last_Pi less.prems(1) order_less_irrefl prefix]
prefiz__snoc)
moreover
have «prefix (butlast ?P; Q [P ! j]) (butlast P2)»
by (metis P2 = ?P; Q@ P;"» «?P; # [|> append_butlast_last_id
length_P; last _P; less.prems(1) order_less irrefl prefiz] prefix_snoc)
moreover
have «P (butlast P2)»
using less.prems(1)
is_hyp__proof _butlast
less.hyps[of <butlast P2>]
assms(2)
by (metis append_butlast_last_id length__append__singleton lessI)
moreover
have «is_hyp_proof H P1 (butlast P2)>
using less.prems(2) less.prems(1)
by (metis append__butlast_last_id hyp__proof prefix_is_hyp_proof)
ultimately
have <P (butlast P2 Q [Pz ! (length P2 — 1)])
using R’
assms(5)[of <butlast ?Pr> P2 | k» <butlast P2> <butlast ?P;» <Pz ! j» p «(P2 ! %))
by metis
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then show ?thesis
using less.prems(1) by (metis append_butlast_last_id last_conv_nth)
qed
qed
qed

lemma is_hyp_proof R’ _intro:
assumes <is_rule_ R’ _app Hp D C E)»
and «<is_hyp_proof H S1 S»
and «prefiz (S’ @ [E]) S»
and <prefiz (S @ [C]) S»
shows «is_hyp_proof H S1 (S @ [D])»
proof —
define ic :: nat where <ic = length S
define ie :: nat where «ie = length S

have <ic < length S»
by (metis assms(4) ic_def length__append__singleton less_eq Suc_le prefiz_length_le)
moreover
have <S ! ic = C»
using assms(4) ic_def prefixE by fastforce
moreover
have <ie < length S»
using assms(3) ie_def prefixz_length_le by fastforce
moreover
have <S ! ie = E»
using assms(3) ie_def prefixE by fastforce
ultimately
show ?thesis
using assms(1,2) rule_R’_app_appended_to__hyp_proof _is_hyp_proof[of H S1 S ic Cie E p D]
by simp
qed

lemma is_hyp_ proof const_subst:
assumes <is_hyp_proof H P1 Pa2»
and «is_hyps H»
and <c ¢ logical _names»
and «(z, 8) ¢ vars, P2)
and <«c ¢ P.params H)>
shows «is_hyp proof H (Scp (¢, B) z P1) (Sep (¢, B) = P2)»
using assms proof (induction rule: is_hyp_proof _induct)
case hp_nil
then show ?case
by simp
next
case (hp_hyp A P2)
from hp_hyp(6) have «(z, 8) ¢ vars, P2>
unfolding vars,__def by auto
from this hp__hyp have <is_hyp_proof H (Scp (¢, B) z P1) (Secp (¢, B)  P2)»
by auto
then have <is_hyp proof H (Scp (¢, B) £ P1) ((Sep (¢, B) z P2) @Q [Sc (¢, B) = A])»
using hyp__appended__to__hyp__proof_is_hyp__proof|of
H «(Sep (¢, B) z P1)» «(Sep (¢, B) z P2)» <S¢ (¢, B) = A>
]
by (metis UN_I hp__hyp.hyps(1) hp__hyp.prems(2,4) idemp__const__subst)
then show ?case
by simp
next
case (hp_seq A P2)
from this(6) have «(z, 3) ¢ vars, P2>
unfolding vars,__def by auto
from this hp__seq have <is_hyp_proof H (Scp (¢, B) z P1) (Sep (¢, B) z P2)»
by auto
then have <is_hyp proof H (Scp (¢, B) z P1) ((Sep (¢, B)  P2) @Q [Sc (¢, B) = A])»
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using thm__appended__to__hyp__proof _is_hyp__proof|of
H «(Sep (¢, B)  P1)» <(Secp (¢, B) x P2)» <Se (¢, B) z A»
]

by (metis const__subst_proof.simps hp__seq.hyps(1) image__eql list.set_map)
then show ?case

by simp
next
case (hp_rule_R'P'E P, P Cp D)
let ?C = <S¢ (¢, B) z C»
let 2D = «S. (¢, B) = D»
let ?E = <S. (¢, B) z E»

let ?Py; = «S¢p (¢, B) = P2

let ?P2D = <S¢, (¢, B) z (P2 @ [D])»
let 2P’ = <S¢p (¢, B) = P

let ?P'E = «S.p (¢, B) =z (P’ Q [E])
let ?P" = «S¢p (¢, B) = P')

let ?P"'C = «Scp (¢, B) z (P @ [C])»
let ?P1 = «(S¢p (¢, B) = P>

have «<is_hyp_ proof H ?P1 ?P2»
using hp_rule_ R'.TH hp_rule_R'.prems vars,_def by auto

have <prefiz 2P’ C ?P2»
by (metis const_subst_proof.simps hp_rule_R' hyps(2) map_mono_ prefiz)

have (prefiz ?P'E ?P2)>
by (metis const_subst__proof.simps hp_rule_R'hyps(1) map_mono_ prefiz)

have P1: «prefix ((Se¢p (¢, B) z P’) @ [?E]) ?P2»
using «prefiz ?P'E ?P2»
by fastforce

have P2: «prefiz ((Scp (¢, B) = P') @ [2C]) ?P2»
using «prefiz ?P''C ?P2> by force

have <is_hyp_proof H ?P1 ?P"'C>»
by (metis <is_hyp__proof H ?P1 ?P2)
<prefiz ?P"'C ?Pa> hyp__proof_prefiz_is_hyp_ proof prefiz_def)

have (is_hyp_proof H ?P1 ?P'E)
by (metis <is_hyp_proof H ?P1 ?P2»
<prefiz ?P'E ?P2» hyp__proof_prefiz_is_hyp__proof prefiz_def)

have varsD: «(z, 3) ¢ vars D)
using hp_rule_ R’ unfolding vars,__def by auto

have varsPq: «(z, B) ¢ vars, (P2 Q [D])»
using hp_rule_ R’.prems by auto

have «vars C C vars, P2>
unfolding vars,__ def
by clarsimp
(metis append.assoc append_Cons hp__rule_R'.hyps(2) in_set_conv_decomp prefiz_def)
then have varsC: «(z, 8) ¢ vars C»
using varsP2 unfolding vars,__def by auto

have <vars E C vars, P2»
unfolding vars,__def
by clarsimp
(metis append.assoc append__Cons hp_rule_R'.hyps(1) in__set_conv_decomp prefiz_def)

then have varsE: «(z, 8) ¢ vars E»
using varsP2 unfolding vars,__def by auto

22



have varsDCE: «(z, 8) ¢ vars D U vars C U vars E»
by (simp add: varsC varsD varsE)

have <c ¢ P.params H>
using hp_rule_ R’.prems(4) by blast

have <is_rule. R’ _app H p ?D ?C ?E)
using is_rule_ R’ _app_ const_subst hp_rule_R'(4) _ hp_rule_R'(6) varsDCE
using «is_hyps H> hp_rule_R'.prems(4)
by (metis hp_rule_R’.hyps(3) hp_rule_R'.prems(2))

show ?case
using is_hyp_proof R’ _intro[OF <is_rule_ R’ _app H p ?D ?C ?E>
<is_hyp_proof H ?P1 ?P2», of 2P’ ?P", OF P1 P2]
by simp
qed

lemma is_hyp_ proof of const_subst:
assumes <P’ = S, (¢, a) = P>
and «Ts' = S, (¢, a) = Ts»
and (form’ = S. (¢, @) z A
and <is_hyp_proof _of As Ts P A»
and «(z, a) ¢ vars As
and «(z, o) ¢ vars By
and <c ¢ logical _names>
and «(z, ) ¢ varsp, Ts
and «(z, ) ¢ varsp, P»
and <«c ¢ P.params As»
shows (is_hyp proof of As Ts' P’ form’
proof —
from assms(4) have <is_hyps As»
unfolding is _hyp_proof of def by auto
from assms(4) have <is_proof Ts
unfolding is hyp_proof of def by auto
from assms(4) have <P # [|»
unfolding is _hyp_proof of def by auto
from assms(4) have <is_hyp_proof As Ts P»
unfolding is _hyp_proof of def by auto
from assms(4) have <last P = A»
unfolding is hyp_proof of def by auto

have «<is_hyps As»
by (simp add: <is_hyps As»)
moreover
have <is_proof Ts"
using <is_proof Ts» unfolding assms(2)
using is_proof _const_subst[of Ts ¢ z o]
using assms(7,8) by auto
moreover
have <P’ # [
by (simp add: <P # []> assms(1))
moreover
have <is_hyp_proof As Ts' P’
using «is_hyp_ proof As Ts P> unfolding assms(1)
using assms(8,10)
using is_hyp_ proof _const_subst[of As Ts P ¢ z q]
using «is_proof Tsy assms(2,7,9) calculation(1) by presburger
moreover
have <last P’ = form”
by (simp add: <P # [ <last P = Ay assms(1,3) last_map)
ultimately
show ?%thesis
unfolding is _hyp_proof of def by auto
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qed

end

theory Derivational _Consistency imports
Constant__Substitution
“Q0__Metatheory. Consistency”

begin

3 Derivational Consistency

lemma inconsistent_imp__ hyps:
assumes <is_inconsistent__set H»
shows «<is_hyps H>»
using assms is__derivable_from__hyps.cases by blast

Instead of introducing derivations from infinite sets of hypotheses, we consider all subsets of possibly infinite consistent
sets.

definition is_consistent_set :: <form set = bool> where
<is__consistent_set G = VH C G. — is_inconsistent__set H»

lemma is_consistent__dest [dest]:
assumes <is__consistent__set G»
and «(H C G»
shows <= is_inconsistent set H)»
using assms unfolding is consistent__set_def by blast

lemma is_consistent__intro [intro]:
assumes <ANH. H C G = is_hyps H = — is_inconsistent_set H>
shows «<is consistent_set G»
using assms unfolding is_consistent set__def by (metis inconsistent__imp__hyps)

lemma is inconsistent set insert:
assumes <is__inconsistent_set ({A} U H)»
and <H F A»
shows <is _inconsistent_set H»
using assms by (metis thm__5240 is_inconsistent_set_def MP inf sup__aci(5) is_derivable_from__hyps.simps)

lemma is consistent set insert:
assumes G: «is_consistent set G»
and H: <(H C Gy <HE A
shows «(is__consistent_set ({A} U G)»
proof (rule ccontr)
assume <~ is_consistent_set ({A} U G)»
then obtain H where H: <H C G) <is_inconsistent_set ({A} U H)»
using G unfolding is consistent_set_ def
by (metis subset__UnE subset__singleton__iff sup__bot_left)
then have <is_hyps H»
using inconsistent__imp__hyps by blast
moreover have <«is_hyps H»
using H by (meson is__derivable_from__hyps.cases)
ultimately have <is_hyps (H U H)»
by fast

then have «is_hyps ({A} U (H U H))»
using «is_hyps (H U H)» H(2) hyp_derivable_form_is wffso by blast
moreover have «({A} U H C {A} U (H U H)»
by fast
ultimately have <is_inconsistent_set ({A} U (H U H))»
using H(2) prop_5241 by simp
moreover have <H U H - A»
using <is_hyps (H U H)» H(2) prop__5241 by blast
ultimately have <is_inconsistent_set (H U H)»
using is_inconsistent_set_insert by blast
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then show Fulse
using H H(1) G is_consistent_dest by auto
qed

lemma is consistent set union:
assumes X: (finite X»
and G: (is_consistent_set G»
and H: (HC G «VAe X. HF A
shows (is_consistent_set (X U G)»
using assms
proof (induct X rule: finite_induct)
case empty
then show ?case
by simp
next
case (insert z X)
then show ?case
using is_consistent__set_insert
by (metis Un__insert_left insertCI insert_is_Un subset_trans sup.cobounded2)
qed

lemma is inconsistent_set _mono:
assumes <is__inconsistent_set H»
and <H C &>
and <is_hyps G»
shows <is_inconsistent set G»
using assms prop__5241 by blast

3.1 Conflicts

interpretation DC: Derivational _Confl map__con cons_form is__param confl class is__consistent_set
proof
fix H ps qs q
assume (ps ~x ¢s» and *: <lset ps C H) «q € lset gs» <q € >
then show <— is consistent set H»
proof cases
case CFualse
then have <F, € H»
using * by simp
then show ?%thesis
using dv_hyp
by (meson ID.set_finite empty__subset] false_ wjff
insert__subset is__consistent__set__def
is_inconsistent_set_def order_refl)
next
case (CNot A)
show ?thesis
proof
assume H: «is consistent set H)
from CNot have «(~2 A € Hy <A € H»
using * by simp__all
then obtain H' where H: <H' C H) <H'F ~2 A (H'F 4
using dv_hyp H
by (metis bot.extremum empty_set insert_subset
list.set_ finite list.set_intros(1,2)
list.simps(15) local. CNot(3) neg_wff)
then have <H' F Fo»
using H prop_5201__1 prop_5201__2
by (metis equality__of type_def equivalence _def neq_def)
then show Fulse
using H H' by blast
qged
qed
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qed

3.2 Conjunctive Consistency

lemma pre is taut:
assumes (A € pwffs
and B € puwffs

shows <is_tautology ((NQ (A o< B)) o2 A)
and «(is_tautology ((NQ A D< B)) o2 < B)»
and «<is_tautology ((A D2 Fo) D2 ~2 A)
and <is_tautology (~2 A D2 (A D2 Fo))
and <is_tautology (A V€ ~2 A)
and «is_tautology (~2~2A D2 A)

proof—

have val _eq:
Ve o (~2(A22B) 22 A4) =(~ Ve AD Vs ¢ B) D Vs p A
Ve @ (~2 (AD9B) D2 ~2 B)=((~ (Vs ¢ AD Vs ¢ B)) D~ Vs ¢ B
Ve (AD2 Fo) D2 ~2A) =((VeBp ADF) D~ Vg p A
Vg (~2AD2(AD2Fo)=(~Vep AD Ve p ADF))
Vo (AVI AT A) = (Ve AV (~ (Vs ¢ A))

Vg @ (~2~2 AD2 A) = (~~ VB 0 AD Vg p A
if <is_tv_assignment @» for ¢
using assms that
by (simp__all only: Vp__simps)

show (is_tautology ((~2 (A D2 B)) D2 A)
using val_eq(1)
unfolding is_tautology_ def
by (safe; (intro assms)?) force

show «(is_tautology ((~2 (A D¢ B)) 22 ~2 B)
using val_eq(2)
unfolding is tautology_def
by (safe; (intro assms)?) force

show «(is_tautology (A D2 Fo) D2 ~2 A)»
using val_eq(3)
unfolding is_tautology def
by (safe; (intro assms)?) force

show (is_tautology (~2 A D2 (A D2 Fo))»
using val_eq(4)
unfolding is_tautology_ def
by (safe; (intro assms)?) force

have eq true: (VB ¢y AVVB @ B) D~ (~Vp o AN~V ¢ B)) =T for ¢
by simp (smt (verit))

show <is_tautology (A VS ~2 A))
using val eq(5)
unfolding is_tautology_ def
by (safe; (intro assms)?) force

show <is_tautology (~9~2 A D2 A)
using val_eq(6)
unfolding is tautology_def
by (safe; (intro assms)?) force

qed

lemma is taut:
assumes <A € wffso»
and B € wffso>

shows <is_tautologous ((~2 (A D2 B)) D2 A)
and <is_ tautologous (NQ A D2 B)) D2 ~2 B)
and <is__tautologous ((A oe Fo) 52 A9 A)»

(A D2 Fo))

proof—
obtain p r where ((p, 0) ¢ vars (A AC B D2 A)
and «(r, 0) ¢ vars (A A® B D2 A) and p #
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using fresh__var__existence[of <vars A U vars B»|
by (metis ID.set_finite UnCI finite_Un
fresh__var_existence insert_iff vars_form__finiteness)
let 20 = «{(p, 0) — A, (r,0) — B}
have theta_is pwff: <is_pwff substitution 79>
using assms
by simp
have tauts:
dis_tautology ((~2 (po D2 70))
¢is_tautology ((~2 (po D2 70)) ~= o)
<is_tautology ((po D2 Fo) D2 ~2 po)
<is__tautology (NQ po D (po o< Fo))
<is_tautology (po VE ~2 po)»
<is_tautology (~2~2 po D2 po)
by (intro pre_is_taut[of <po> <rod] pwffs.intros)+

DQpa>
DQ Q

have «((~2 (A 22 B) D2 A) = S 29 ((~2 (po D2 70)) D2 po)
using p #
by simp
thus «is_ tautologous ((~< (A D2 B)) D2 A)
using theta_is_pwff tauts(1)
by blast
have «((~2 (A D2 B) D2 ~2 B) = 8 29 ((~2 (po D2 10)) D2 ~2 7o)
using p #
by simp
thus «is_tautologous ((~< (A D2 B)) D2 ~2 B)
using theta_is pwff tauts(2)
by blast
have «(((A D2 Fy) D2 ~2 A) =S 2 ((po D2 Fo) D2 ~2 po)
using p #
by simp
thus «is_tautologous ((A D2 Fo) D2 ~2 A)
using theta_is pwff tauts(3)
by blast
have (~2 A D2 (A D2 Fy)) =8 2 (~2 po D2 (po D2 Fo))»
using p #
by simp
thus «is_tautologous (~2 A D2 (A D2 Fo))
using theta_is_pwff tauts(4)
by blast
have (A Ve ~2 A =8 29 (po VS ~2 po)
using p #
by simp
thus <is_tautologous (A VC ~2 A)
using theta is pwff tauts(5)
by blast
have (~2~2 A D2 A =8 29 (~2~2 po D2 po)
using p #
by simp
thus «is_tautologous (~2~2 A D2 A)
using theta is pwff tauts(6)
by blast
qed

lemma aziom__5_ wff:
assumes A: <A € wffsy
shows - ¢« (Q; + A) =; A
proof —
let 2v = «{(y, ©) — A}
let Zorig = <« (Q; * i) =; v

have 1: <is_substitution %v»

using A unfolding is substitution_def by simp
have «is_free_for A (v, i) Zorig»
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unfolding Q) _constant_of type def Q__def iota_ constant__def iota__def
by (metis is_free_for_in_con is_free_for_in_equality is_free_for__in_wvar is_free_for_to_app)
then have Y vefmdom’ ?v. is_free_for (?v $3$! v) v Porigy
by (metis empty_iff fmdom’_empty fmdom’_fmupd fmupd_lookup insert_iff option.sel)
moreover have Vvefmdom’ ?v. var_name v ¢ free_var_names ({} :: form set)
by simp
ultimately have 2: <V vefmdom’ ?v. var_name v ¢ free_var_names ({} :: form set) A is_free for (?v $$! v) v Porigs
by meson
have 3: <%0 # {$$}>
by simp

have <~ ?orig
using aziom__5 axiom__is__derivable_from__no__hyps by blast
then have - S %v ?orig»
using Sub 1 2 3 by blast
then show ?thesis
by simp
qed

interpretation DA: Derivational _Alpha map__con cons_form is_param alpha__class is_consistent_set
proof
fix Hs and ps q¢s :: <form list»
assume (ps ~q (s
and sub: <lset ps C Hs»
and consistent: <is__consistent_set Hs»

from (ps ~q ¢s»
have hyps: <is_hyps (Iset ps)»
by cases auto

from <ps ~q s
have «V F' € Iset gs. lset ps = F»
proof cases
case (CBool A)
then show ?thesis
using dv__hyp hyps prop__5219 2 by auto
next
case (CTrans A a B C)
then show ?%thesis
using prop_ 5201 _2 prop__5201__3 hyps dv__hyp
by (metis list.set_intros(1,2) set_ConsD)
next
case (CCong A o B C )
then show ?thesis using consistent hyps prop_ 5201_6
by (metis dv_hyp list.set_intros(1,2) set_ConsD)
next
case (Clota A)
then show ?%thesis
using axiom__5_wff by simp
next
case (CSubst A o B (3 x)
then show %thesis
using prop_ 5207 by simp
next
case (CRefl A o)
then show ?%thesis
using hyp_prop_ 5200 by auto
qed
then show <is_consistent_set (Iset gs U Hs)»
using is_consistent_set__union consistent sub by blast
qed
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3.3 Disjunctive Consistency

lemma prop_ LEM:
assumes <is__hyps H)»
and <A € wffso
shows (H - A v¢ ~2 A)
using assms
by (meson empty__subsetl finite.emptyl is_taut(5) tautologous_is_hyp_ derivable)

lemma Qdouble_negk:

assumes <is__hyps H»
and <A € wffso>
and (H F ~2 ~2 4)

shows <H + A»

using assms MP[OF assms(3)]
tautologous__is_hyp_ derivable]OF __ is_taut(6)]

by blast

lemma QnegD:

assumes <is__hyps H»
and <A € wffso>
and <H - ~2 A)

shows (H - A D2 Fo»

using MP[OF assms(8)] is_taut(4)[of A <Fo)]
tautologous__is_hyp__derivable[OF assms(1)]

by (meson assms(2) false_wff)

lemma Qnegl:
assumes <is__hyps H»
and <A € wffso>
and <H U {A} F Fo»
shows (H - ~< 4)
using is_taut(3)[of A <Fo)]
tautologous_is_hyp derivable[OF assms(1)]
by (meson Deduction__Theorem assms(1,2,3) false__wff prop__5224)

interpretation DB: Derivational Beta map__con cons__form is_param beta__class is__consistent__set
proof
fix Hs and ps ¢s
assume beta: <ps ~g ¢s»
and sub: <lset ps C Hs»
and consistent: <is_consistent_set Hs»

from (ps ~g gqs»
have hyps: <is_hyps (lset ps)»
by cases auto

from «ps ~g gs
show (3 g€lset gs. is__consistent_set ({q} U Hs)»
proof cases
next
case (CLEM A)
show ?thesis
proof (rule ccontr)
assume <~ (3 g€lset gs. is__consistent_set ({q} U Hs))»
then have - is_consistent_set ({A} U Hs)» <= is_consistent_set ({~< A} U Hs)»
using CLEM by auto
then obtain H! H2 where
H1: <H1 C Hs» <is_inconsistent_set ({A} U HI)> and
H2: <H2 C Hs» <is_inconsistent_set ({~Q A} U H2)»
using consistent unfolding is consistent__set_def
by (metis subset__UnE subset__singleton__iff sup__bot_left)
then have <is_hyps H1» <is_hyps H2»
using inconsistent__imp__hyps by fast+
then have
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<is_hyps (lset ps U HI U H2)»
<is_hyps ({A} U (lset ps U HI U H2))»
cis_hyps ({~2 A} U (Iset ps U H1 U H2))»
using hyps H1(2) H2(2) inconsistent__imp__hyps by blast+
moreover have
{A} U HI C {A} U (Iset ps U H1 U H2)»
d~2 A} U H2 C {~2 A} U (Iset ps U H1 U H2)
by blast+
ultimately have
<is__inconsistent _set ({A} U (lset ps U HI U H2))»
<is_inconsistent_set ({~< A} U (Iset ps U HI U H2))»
using HI(2) H2(2) is_inconsistent_set_mono by meson+

moreover have set ps - A Ve ~2 A
using hyps local. CLEM(8) prop_LEM by blast

then have <iset ps U HI U H2 F A Ve ~2 4
using prop_ 5241 <is_hyps (lset ps U HI U H2)) by blast

ultimately have <is_inconsistent_set (lset ps U HI U H2)»
using CLEM (3) «is_hyps (Iset ps U H1 U H2)»
by (metis Qnegl inf _sup__aci(5) is_inconsistent_set_def

is_inconsistent_set_insert local. CLEM(8))

moreover have «lset ps U H1 U H2 C Hs»
using HI(1) H2(1) sub by simp

ultimately show Fulse
using consistent by blast

qged
qed
qed

3.4 Universal Consistency

interpretation DG: Derivational _Gamma map__con map__con
cons__form is_param gamma__class is__consistent__set
proof
fix As ps F qs t
assume (ps ~~ (F, gs)
and sub: <lset ps C Asy» and t: <t € F As»
and consistent: <is_consistent_set As»

from <ps ~, (F, gs)> t
have hyps: <is_hyps (Iset (gs t))»
by cases auto

from «ps ~ (F, gs)
have V F € Iset (gs t). lset ps = F)
proof cases
case (CEzt A o B B)
then show %thesis
using prop_ 5201_5
by (metis (lifting) List.set__empty bot.extremum dv_hyp equality_wff insert__subset
list.set_ finite list.simps(15) singleton__iff t)
qed

then show «<is_consistent_set (Iset (gs t) U As)»
using consistent is__consistent__set__union sub by auto
qed

3.5 Existential Consistency

lemma aziom 5 _z: ¢ (fog =a—p 8a—p) =2 Vzq. (famp * Ta =g 8a—g * Ta)
proof (cases «x = 1)
case True
then show ?%thesis
using aziom__ 8 axiom__is_derivable_ from__mno__hyps by blast
next
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case False
then have «(z, a) ¢ free_vars (f, . g *ta =g 8q — g * ta)
by auto
moreover have ., _, g-ta =g 8o — g * fa € wffso
by auto
moreover have «is_free_for (za) (t, @) (fo — g " ta =3 84 — g = ta)
using is_free_ for_in__app is_free_for_in_ equality is_free for in_var by presburger
ultimately have
= (Mta- (fo — g " ta =8 80 — g * ta))
—x — 0
(Aza. S {(r, @) — za} (fo — g " ta =3 8o — g * Fa))
using prop_ 5206 unfolding forall def by fast

then have - (A\ra. (fo, — B ta =38 —3" fa)) =a — o

(A"ECY- (fa — BT =3 8a — 3" ‘TCY))>
by simp

then show ?thesis
using axiom__8 axiom__is_derivable_from_mo__hyps pi_wff prop_5201__8 prop_5201_6
unfolding equivalence__def forall _def by blast
qged

lemma aziom__ 3 wff:
assumes A: (A € wffs,_,3> and B: <B € wifsq 3
and z: «(z, o) ¢ free_vars A> «(z, ) ¢ free_vars B»
shows «+ (A =,_.3 B) =2 Vo (A - 2o =g B+ za)
proof —
let v = ({(f, a—B) — A, (g, a—3) — B}
let ?orig = «(fo—pg =a—p 9a—p) =2 Vzq. (famp * Ta =g 8a—p * Ta)

have 1: <is_substitution ?v»
using A B unfolding is_substitution__def by simp
have «is_free_for A (f, a—B) %orig> <is_free_for B (g, a—f3) %orig
unfolding equivalence def using z
by (metis is_free_for_in__equality is_free_ for_in_ forall is_free_for in_war is_free_for to_app)+
then have Y vefmdom’ ?v. is_free_for (?v $3$! v) v Porigy
by (metis empty_iff fmdom’_empty fmdom’_fmupd fmupd_lookup insert_ iff option.sel)
moreover have <V vEfmdom’ ?v. var_name v ¢ free_var_names ({} :: form set)
by simp
ultimately have 2: Vvefmdom’ ?v. var_name v ¢ free_var_names ({} :: form set) A is_free_for (?v $$! v) v Porig>
by meson
have 3: <%0 # {$$}
by simp

have <~ ?orig
using aziom_3 .
then have <~ S 2v Zorig
using Sub 1 2 3 by blast
then show %thesis
by simp
qed

lemma aziom__ 3 right to_left:
assumes (A € wffs,_, 3
and <B € uwffs,_,g’
and (S F Vza. (A -z =3 B+ zq)
and «(z, ) ¢ free_vars A»
and «(z, a) ¢ free_vars B>
shows «S - (A =,_3 B)
proof —
have az: «+ (A =,_,3 B) =2 Vg (A za =g B+ za)
using aziom__ 3 wff assms by blast

show S+ (A =,_.5 B)
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using rule_ RR[where D=«A =a—pg B
where H = 5,
where C=Vzq. (A * za =5 B+ zq),
where a=o,
where B=«(A =,_3 B),
where A=V zq. (A * za =3 B« zq),
where p=«[]]
using az assms unfolding equivalence def by auto
qed

lemma is_subform__at_vars:
assumes <A <p B
shows <vars A C vars B)
using assms by (induction rule: is__subform__at.induct) auto

lemma is_subform__ vars:
assumes (A < B)
shows <vars A C wvars B>
using is_subform__at_wvars assms
by auto

lemma is_hyps_from__derivable:
assumes <H F A»
shows «is__hyps H»
by (blast intro: Proof _System.is__derivable_from__hyps.cases|OF assms))

lemma fresh__var__derivable__from__derivable__const__eq:
assumes H = (A« {cfa =g B+ {cfta) (is <H & Zform)
and <c ¢ P.params H» and <c ¢ logical _names»
shows Jz. (z,a) ¢ vars A A (z,a) ¢ vars B A (z,) ¢ vars H AN H = Sc (¢, @) z (A - {cfa =g B+ {clta)
proof—
from <H + ?formy
obtain Ts P where <is_hyp_proof of H Ts P ?form>
using hypothetical _derivability proof _existence__equivalence by metis

obtain z where z_not_in_prf: «(z,a) ¢ varsp P A (z,a) ¢ varsp Ts A (z,) & vars H»
proof (atomize__elim)
have <is_hyps H»
using is_hyps_from_ derivable]OF assms(1)] .
hence notin_wvars: «(3z. (z,) ¢ (vars H) U vars, P U varsp Ts) A finite (vars H)»
by (metis finite_Un finite__vars, fresh__var_existence vars_form__set_ finiteness)
from <is_hyp_proof of H Ts P ?form)
show «Jz. (z, a) ¢ vars, P A (z, a) ¢ varsy, Ts A (z, a) ¢ vars H»
using notin__vars
by auto
qed

define P’ where <P’ = S., (¢, a) z P>
define Ts’ where <Ts' = S., (¢, a) z Ts
define form’ where form’ = (S. (¢, o) z ?form)>

have <P # [
using «is_hyp_proof of H Ts P (A + {cfa =g B - {c}a)
by auto

have z_not_in_H: «(z,a) ¢ vars H»
using «(z,a) ¢ varsp P A (z,a) ¢ varsp Ts A (z,0) ¢ vars H»
by blast

have z_not_in_A: «(z,a) ¢ vars A>
proof —
have <A <X ?form»
by simp
(meson is__subform__at.simps(1,2,3))
then have <A < last P»
using «is_hyp_proof of H Ts P (A + {c}ta =g B - {c}a)> by auto
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then have (vars A C vars (last P)»
using is_subform__vars by simp
then have (vars A C vars, P>
unfolding vars,__def
using <P # [
by (auto introl: bexI[of _ <last P)])
then show «(z,a) ¢ vars A»
using «(z,) ¢ vars, P A (z,a) ¢ vars, Ts A (z,) ¢ vars Hy by blast
qed

have z_not_in_B: «(z,a) ¢ vars B»
proof —
have «B < ?form»
by simp
(meson is_subform__at.simps(1,2,3))
then have (B < last P>
using «is_hyp_proof of H Ts P (A + {c}ta =g B - {c}a)> by auto
then have (vars B C vars (last P)»
using is_subform__vars by simp
then have <vars B C vars, P»
unfolding vars,__def
using <P # [
by (auto intro!: bexI[of _ <last P»])
then show «(z,a) ¢ vars B)
using «(z,a) ¢ varsp P N (z,a) ¢ varsp, Ts A (z,0)) ¢ vars H» by blast
qged

have <is_hyp proof of H Ts' P’ form”
using
x_mnot_in_prf
z not _in A
z_not_in_B
<c ¢ logical_names)
is_hyp__proof_of _const__subst[OF
P’ _def Ts'_def form’_def <is_hyp_proof of H Ts P ?form»
77777 <c ¢ P.params H))
by metis
then have (H + form”
using hypothetical _derivability proof _existence__equivalence by metis

then have fromH_ Ac Be:
(HESc (¢, a) z (A-{cta =g B+ {cla)
using form’_def by fastforce

thus ?thesis
using x_not_in_H x _not_in_A x_not_in_B
by blast
qed

lemma fresh__const _on__subset_remains__inconsistent:
assumes <p € Asy <is_param ¢ <c¢ ¢ P.params As»
and consistent: <is_consistent_set As»
and wff_p: <p € wffso»
and p_eq: <p =~ (4 =a -3 B)»
and H: <H C Asy <is_inconsistent_set ((Iset (delta p ¢)) U H)»
shows (- Iset (delta p ¢) U H F Fo»
proof (rule notl)

First, some simple conclusions from the assumptions

have delta_eq: «delta p ¢ = [ ~2 (A « {c}a =g B - {c}a) ]

by (metis delta p__eq wff _p wffs_from__equality(1,2) wffs_from__neg)
have H_is hyps: <is_hyps (lset (delta p ¢) U H)»

by (metis assms(8) inconsistent_imp__hyps)
have fromH_p: <{p} U H - p
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using prop_ 5241 <p € As» dv_hyp consistent
by (metis H_is_hyps finite_Un finite__insert wff_p
insert_is_ Un insert__subset le__sup_iff
sup.coboundedl)
have logc: <— is_logical _name c»
using <is_param c¢> is_param__def by auto

Then, the proof

assume <lset (delta p ¢) U H - Fo»
hence «set [~2 (A« {c}a =g B+ {cla)] U HF Fo» (is dset [~C 2form] U H + Fo»)
unfolding delta_eq .
hence <H + ?form»
using Qnegl delta_eq H_is_hyps Qdouble__negE consistent
unfolding is_consistent_set__def
by (metis empty_set finite__Un inf_sup__aci(5)
insert__subset list.simps(15) sup.bounded_iff
wffs_from__neg)

have «(V A€As. ¢ ¢ cons_form A)»
using «¢ ¢ P.params As» by auto

have «c¢ ¢ cons_form p»
using <c ¢ P.params As» <p € Asy
using «V A€ As. ¢ ¢ cons_form A»
by blast
then have cAB: «c ¢ cons_form (~< (A =, _, g B)
using p_eq
by auto
from <H + ?form» obtain z
where z_not_in_H: «(z,a) ¢ vars H»
and z_not_in_A: «(z,0) ¢ vars A»
and z_not_in_ B: «(z,o) ¢ vars B»
and fromH _Ac_Be: <H & Sc (¢, a) 2 (A« {cfa =g B+ {cla)
using fresh__var__derivable_from__derivable__const_eq logc
by (metis (no__types, lifting) HOL.ext UN_Un Un__iff assms(3,7) sup.order_iff)

from cAB have <c ¢ cons_form A»
by auto
then have a: <S¢ (¢, a) z A = A
by (simp add: idemp__const__subst logc)
from cAB have <c ¢ cons_form B»
by auto
then have b: <S; (¢, a) z B = B»
by (simp add: idemp__const__subst logc)

have free_z: «(z, a) ¢ free_vars H»
by (metis dual_order.refl equalityl free_vars_in__all_vars_set insert_subset z_not_in_H)

from fromH_Ac_Bc have (H F (A + za =3 B zq)
unfolding const__subst_laws[of ¢, OF <= is_logical_name c»] const_subst.simps a b
by auto
then have <H F Vza. ((4 + za) =g (B - za))
using Gen[of H (A + za =g B+ za)) T o]
using free_z by auto
then have <H F (A =, _, g B)
using p_ eq equality__of type def axiom__3_right_to_ left
wff_p neg_def wffs_from__equality(1,2) ©_not_in_A x_not_in_B
by (metis Un__iff vars_is_free__and__bound__vars)
then have «{p} U H - Fo»
using fromH__p[unfolded p__eq]
by (metis p_eq QnegD wff_p
is__derivable__from__hyps.cases prop__ 522/
prop__5241 sup.cobounded?
wffs__from__neg)
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thus Fualse
using consistent H(1) <p € As»
unfolding comp_ def is_consistent_set def is_inconsistent_set def
by auto
qed

lemma ineq remains_consistent:
assumes <p € As) <is_param ¢ <c ¢ P.params As»
and consistent: <is__consistent_set As»
and wff_p: <p € wffso>
and ez_ineq: «<3a B A B. ineq_match p (o, B, A, B)»
shows (is_consistent_set (Iset (delta p ¢) U As)>
proof (rule ccontr)
obtain A B a (8
where p_ def: <ineq_match p (o, B, A, B)»
and delta_eq: <delta p c = [ ~2 (A + {c}a =g B+ {cla) ]
and p_eq: «p = ~2 (A=, _, g B)
using ez_ineq ineq_match__delta]OF wff_p] ineq_matchD
by blast
moreover assume (— is_consistent_set (lset (delta p ¢) U As)»
then obtain H where
H: (H C As) «is_inconsistent_set ({~< (A + {c}a =g B+ {cla)} U H)
using consistent unfolding delta__eq is_consistent set def
by (metis (no_types, lifting) empty_set list.simps(15)
subset__UnkE subset__singletonD sup__bot__left)
have H_is_hyps: <is_hyps (lset (delta p ¢) U H)»
unfolding delta__eq
using assms(1) p__eq consistent
wffs_from__equality[of A < — B+ B]
wffs_from_mneglof <A =, _, g B]
by (metis H(2) empty_ set inconsistent_imp__hyps list.simps(15))
have «— Iset (delta p ¢) U H - Fo»
using fresh__const_on__subset_remains_inconsistent|OF assms(1—5) p_eq H(1)]
by blast
thus «<False
using H_is_hyps
by (metis H(2) delta__eq empty__set
is__inconsistent__set__def
list.simps(15))
qed

interpretation DD: Derivational _Delta map__con cons_form is_param delta is__consistent__set
proof
fix As p ¢
assume <(p € As»
and <is_param ¢ <c ¢ P.params As)
and consistent: <is_consistent_set As»
hence neg_case: <= (p € wffso N (Ja B A B. ineq_match p (o, 8, A, B)))
= is_consistent_set (Iset (delta p c) U As)»
by (simp only: CDelta)
fastforce

moreover note ineq_’r’emains_consistent[
OF <p € As» <is_param ¢ <¢ ¢ P.params As)> consistent]

ultimately show <is_consistent_set (Iset (delta p ¢) U As)»
by blast
qed

interpretation Derivational Consistency map__con cons_form is_param Kinds is__consistent__set
proof
show <infinite UNIV = P.propg Kinds {A. P.enough_new A A is_consistent_set A}»
using propg_ Kinds|[OF DC .kind DA.kind DB.kind DG.kind DD.kind] inf _univ
by blast
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qed

end

theory Model FEzistence imports
Consistency__ Property
“Q0_Metatheory.Soundness”

begin

4 Prelude

instance type :: countable
by countable_datatype

instance form :: countable
by countable__datatype

instance type :: small ..
instance type :: embeddable ..
instance form :: small ..
instance form :: embeddable ..

definition is_frugal :: <model structure = bool> where
<is_frugal M = case M of (D, J, V) = Va. |elts (D a)| <o |UNIV :: form set|s

lemma is_frugal countable: <is_frugal (D, J, V) «— (Va. |elts (D a)| <o |UNIV ::

unfolding is frugal def case__prod__conv
by (meson UNIV_I card_of ordLeql countable_class.ex_inj inf univ
infinite__iff _card__of _nat ordLeq _transitive)

definition extensionally complete _membership :: <form set = bool> where
cextensionally__complete__membership H «——
(VA B «a . is_closed_wff of type A (B — a) —
is_closed_wff _of type B (8 — o) —
(3 C. is_closed_wff_of type C B A
(A+C)=a (B~ C) € H— (A=5 _, 4 B) € )

lemma substitute__cong:
assumes <A € wffsa>
and «Vz € free vars A. F $$ 2 = G $$
shows <substitute F A = substitute G A»
using assms
proof (induct A arbitrary: F G rule: wffs_of type induct)
case (abs_is_wff B8 A o z)
show ?case
proof (cases «(z, o) ¢ fmdom’ G A (z, &) & fmdom’ F»)
case True
then show ?%thesis
using abs_is_ wff
by (metis fmdom’_notD free_vars_form.simps(4)
insert_Diff _single insert_iff substitute.simps(4))
next
case False
then show ?%thesis
using abs_is_wff by auto
qed
qed simp__all

lemma fmran’_fmdrop_subset: <fmran’ (fmdrop (z, a) 9) C fmran’ 9
by (induct 9) (simp__all add: fmdrop_ fmupd subset_iff)

lemma free_vars_substitute: <free_vars (substitute ¢ A)
C (free_vars A — fmdom' ¢) U | (free_vars  fmran’ ¢)»
proof (induct ¢ A rule: substitute.induct)
case (1 9 z )
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then show ?case
by (cases <9 $$ (z, a)») (auto simp: fmran’l fmdom’_notl)
next
case (2 9 ¢ «)
then show “case
by simp
next
case (3 9 A B)
then show ?case
by auto
next
case (4 9 z a A)
then show ?case
proof (cases «(z, a) € fmdom’ )
case True
then have ind: <free_vars (S (fmdrop (z, o) 9) A) C
free_vars A — fmdom’ (fmdrop (z, ) )
UU (free_wvars ¢ fmran’ (fmdrop (z, o) 9))»
using 4 by auto
{
fixy g
assume yQ_ free: «(y,0) € free_wvars (S (fmdrop (z, o)) ¥) A) — {(z, &)}
then have y8_ free" «(y,8) € free_vars (S (fmdrop (z, a) 9) A)>
by auto
have not: «(y,8) # (z,a)»
using yB_ free by auto
from yB_free’ have «(y,3) € free_vars A — fmdom’ (fmdrop (z, ) 9)
U U (free_vars ¢ fmran’ (fmdrop (z, a) 9))>
using ind by auto
then have «(y,8) € ((free_vars A — {(z, @)}) — fmdom’ 9) U J (free_vars ‘ fmran’ 9)
proof
assume ind_I: «(y, B) € free_vars A — fmdom’ (fmdrop (z, o) 9)>
then have fv: «(y, 8) € (free_vars A — {(z, a)})»
using not by blast
then have «(y, 3) ¢ fmdom’ $
using ind_[ by force
then show «(y,8) € ((free_vars A — {(z, a)}) — fmdom’ 9) U (free_vars ¢ fmran’ 9)»
using fv by auto
next
assume ((y, 8) € U (free_vars ¢ fmran’ (fmdrop (z, o) 9))>
then have «(y,8) € |J (free_vars < fmran’ 9)»
by (meson Union_mono fmran’_fmdrop__subset image_mono subsetD)
then show «(y, 8) € ((free_vars A — {(z, @)}) — fmdom’ 9) U |J (free_wars ¢ fmran’ 9)»
by blast
qed
}
then have «<free_vars (S (fmdrop (z, o) ¥) A) — {(z, @)}
C free_vars A — {(z, &)} — fmdom’ 9 U | (free_vars ‘ fmran’ 9)
by (metis subsetl surj_pair)
then show ?thesis
using True by auto
next
case Fulse
then show ?thesis
using 4 by auto
qed
qed

5 Hintikka

locale MyHintikka = Hintikka map__con cons_form is_param Kinds H
for H :: <form set>
begin
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lemmas confl = satg|of C.kind)
and alpha = saty[of A.kind)
and beta = saty[of B.kind)
and gamma = satg[of G.kind]
and delta = saty[of D.kind]

theorem consistent:
assumes <A € wffsor
shows <A ¢ HV ~2 A¢ H)
using assms confl by (force intro: CNot[of A])

lemma cFualse: <Fo ¢ H»
using confl by (force intro: CFalse)

lemma cBool:
assumes <A € wffso»
and (A € H»
shows <A =, Ty € H»
using assms alpha by (fastforce introl: CBool|of A])

lemma cTrans:
assumes <A € wffsa> B € wffsa> «C € wffsa>r
and (A =q B € Hy «<B=q C € H»
shows <A =o C € H»
using assms alpha by (force intro: CTrans[of A «a B))

lemma cCong:
assumes <A € wffsa> (B € wffsa> «C € wffs, _, 8’
and (A =q B € H»
shows<C-A:ﬁ C-BeH
using assms alpha by (force intro: CConglof A o B C f])

lemma clota:
assumes <A € wffs;
shows (¢« (Q;+ A) =; A) € H»
using assms alpha by (force intro: Clota[of A])

lemma cSubst:
assumes <A € wffsar <B € wﬁ‘sw
and <free_vars A = {}>
shows «(Aza. B) + A =g substitute {(z, «) — A} B € I
using assms alpha by (fastforce introl: CSubstjof A a B (3 z])

lemma cFExt:
assumes <A € wffs, _, B B € wffsq, B8 «C € wffsa>
and (A=, _, g B) € )
shows «((A- C =5 B-C) € H»
using assms gamma by (force intro: CEzt[of A a])

lemma clneq:
assumes <A € wffs, _, g B € wifsq, B8
and «~2 (A=, _, g B) € >
shows Jc. is_param ¢ A ~2 (A« {c}a =g B+ {clta) € H>
proof —
have «(~© (A =, _, 3 B) € wffso A ineq_match (~2 (A=, _ g B) (o, B, A, B)
using assms(1—2) by blast
then have «delta (~< (A =, _, g B)c=| ~2 (A cha =g B+ {cla) ] for c
using ineq match__delta by fast
then show %thesis
using delta assms(8) by (metis list.set_intros(1,2) saty_ WitsE subset__code(1))
qed

lemma complete:
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assumes (A € wffso>
shows <A € HV ~2 A e H»
using assms beta by (fastforce introl: CLEM|[of A])

lemma cRefl:
assumes <A € wffsa>
shows (A =q A € H»
using assms alpha by (force intro: CRefljof A a])

lemma clrr:
assumes <A € wffsa>
shows (~2 (A =q A) ¢ H»
using assms by (metis consistent cRefl equality_wff)

lemma cTop: «<To € H»
using cRefl by auto

lemma cSym:
assumes (A € wffsa> <B € wffsa>
and <A =q B € H»
shows <B =q A € H»
using assms cConglof A o B __ o] clIrrof B «a] cTrans[of <Fo> o] complete false__wff Q_wff
by (metis neg_def equality _of type_def wffs _of type intros(3))

lemma cEqu:
assumes <A € wffso» <B € wffso»
and <A € H) <B € H»
shows <4 =° B e H»
using assms cBool cSym cTrans consistent complete unfolding equivalence__def
by (metis true_wff)

lemma extensionally complete__membership: <extensionally complete__membership H»
unfolding extensionally complete__membership__def
proof (intro alll impI)
fix ABap
assume *: <is_closed_wff of type A (8 — «)» <is_closed_wff of type B (8 — a)»
then consider (pos) <A =g _, , B € ) | (neg) «~2 (4 =3 -aB) e
using complete by blast
then show 3 C. is_closed_wff of type C BN ((A+-C=a B-C)€H — (A=g_, o, B)€ H)
proof cases
case pos
then show ?%thesis
by force
next
case neg
then obtain ¢ where ¢is_param ¢ «~2 (A + {cbg =a B - {clg) € H»
using * cIneq unfolding is closed wff of type_def by meson
then show ?%thesis
using * consistent unfolding is_closed_wff of type_def
by (metis equality _wff free_vars_form.simps(2) wffs_of type_intros(2,3))
qed
qed

6 The universe of Sets

definition V_of form :: (form = V) where
«V_of form = SOME V_of. inj V_of»

definition V_of form_set :: <form set = V> where
«V_of _form_set As = set (V_of_form © As)»

fun

D :: <type = V) and
V i «form = type = V) and
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get_rep :: <V = type = form> where
<D o =B»
| <D i =set {V Ai| A is_closed_wff of type A i}»
| <D (B— ) =set {VAPB— a)l| A is_closed_wff of type A (8 — o)}
| <V Ao=(if A€ Hthen T else F)»
| <V Ai=V_of form_set {B. is_closed_wff of type Bi N A=; B€ H}»
| VAB—a)=AVCE:D . (let C =get_rep VCBBinYV (A C) o))
| <get_rep VCB B = (SOME C.V C B = VCB A is_closed_wff_of type C B)»

lemma one_o: <D o = set {V A o| A. is_closed_wff_of type A o}»
proof —
have «{bool_to__V True, bool_to_V False} C {V A o |A. is_closed_wff of type A o}
using cFalse cTop false _wff true_wff by fastforce
moreover have <{bool_to_V True, bool_to_V False} D {V A o |A. is_closed_wff _of type A o}»
by auto
ultimately show ?thesis
by (metis (lifting) D.simps(1) bottom__def set__eq subset top__ def
two__valued__boolean__algebra__universe__def)
qed

lemma bool_to_V__distinct: <bool _to V False # bool_to_V True»
by (simp add: inj_eq)

lemma two o:
assumes (A € wffso) «B € wffso»
shows WAo=VBo+«— A=°Bc H
proof
show VWAo=VBo= A=°BeH
using assms cEqu ¢Sym cTrans complete
by (metis V.simps(1) bool _to__V__distinct bottom__def equality_ of type def
equivalence__def false__wff neg__def top__def)
next
show (A=2°Be H=V Ao=V Bo
unfolding equivalence__def V.simps
using assms consistent cSym cTrans complete
by (metis equality_of type def false__wff neg_def)
qed

lemma one_i: <D i = set {V A i| A. is_closed_wff _of type A i}»
by simp

lemma inj V_of form: <inj V_of form»
by (metis V_of _form__def embeddable _class.ex_inj somel _ex)

lemma V_of form_set_inj:
assumes ¢ V_of form_set As = V__of form__set Bs»
shows (As = Bs)

proof —
have «small (V_of_form ‘ As)»
by simp
have <small (V_of form  Bs)»
by simp

show ?thesis
using V_of form_set def inj V_of form assms inj _image__eq iff by fastforce
qed

lemma two i:
assumes <is_closed__wff _of type A 0>
and <is_closed__wff of type B i
shows W Ai=V Bi+«—— A=;,Bec H
proof —
have A: «<small {A. is_closed_wff of type A i NA=; Be€ H}
by (simp add: setcompr_eq _image)
have B: <small {B. is_closed_wff_of type Bi N A =; B € H}»
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by (simp add: setcompr_eq _image)

show ?thesis
proof
assume <V Ai=YV B0
then have «({B’. is_closed_wff of type B'i N A =; B'€ H} = {A'. is_closed_wff_of type A'i N B=; A’ € H}»
using V_of form__set_inj by simp
then have {B’. is_closed_wff _of type B'i N A =; B' € H} = {A'. is_closed_wff_of type A'i N A'=; B€ H}»
using assms c¢Sym by auto
then have vV C. is_closed_wff of type Ci — A=; C € H+— C =; B€ H»
by blast
moreover have (B =; B € H»
using assms cRefl by blast+
ultimately show <A =; B € H»
using assms cTrans by blast
next
assume (A =; B € H»
then have «V C. is_closed_wff of type Ci — A =; C € H+— B=; C € H»
using assms c¢Sym cTrans unfolding is_closed_wff of type_def by meson
then show <V Ai=V B
using assms by (metis (mono__tags, lifting) Collect_cong V.simps(2))
qed
qed

lemma one_ fun:
D (B— a)=set{V A(B— a)| A. is_closed_wff_of type A (8 — a)}p
by simp

lemma fun_ ext uvfuncset:
assumes <f € elts (A — B)» «g € elts (A — B)»
and (A\z. z € elts A => app fz = app g
shows «f = ¢
using assms ZFC _Cardinals.fun__ext by auto

lemma well typed:
assumes <is_closed__wff of type A ~»
shows <V A v € elts (D v)»
using assms by (induct v) (auto simp: setcompr_eq image)

6.1 1y

lemma one__gamma: <D v = set {V A | A. is_closed_uwff_of type A v}»
using one_i one_o one_fun by (cases v) auto

lemma wff for_elts:
assumes <z € elts (D a)»
shows <3 A. is_closed_wff of type Aa ANV Aa=ux
proof —
have «Vz € elts (D a). 3C.V C a =z A is_closed_wff_of type C o
using one__gamma by auto
then show %thesis
using assms by fast
qed

lemma fun_ typed:

shows <elts (D (8 — «)) C elts (D B — D a)»
proof

fix f

assume f: «f € elts (D (8 — o))

have sma: <small {AVCB:D 3.V (A« (SOME C.V C 3= VCB A is_closed_wff_of type C B)) e |A. is_closed_wff _of type
A (8 — )

by (simp add: setcompr_eq _image)

from f obtain A where A:
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= (AVCBD B .V (A (SOME C.V C = VOB A is_closed_uff_of type C ) a)»
<is_closed_wff of type A (B — a)»
using sma by auto

{
fix VOB

assume (VCp € elts (D )
then have (3C. V C B = VCB A is_closed_wff _of type C 5>
using wff for_elts by blast
then obtain C where C: «(SOME C. V C g = VCB A is_closed_wff_of type C B) = C» <V C 3 = VOB
<is__closed_wff _of type C B>
by (metis (mono__tags, lifting) somel)
have «is__closed_wff_of _type (A + C) v
using A(2) C(3) by auto
then have V (A« C) «a € elts (D a)»
using well_typed by blast
then have <V (A« (SOME C.V C 3 = VCB A is_closed_wff_of type C 3)) a € elts (D a)»
using C by meson
}
then show «f € elts (D § —— D a)»
unfolding A(1) is_closed_wff of type_def by (simp add: VPi_I)
qed

6.2 2v

lemma two__gamma:
assumes <is_closed__wff _of type A v>
and <is_closed_wff of type B v»
shows WV Ay=VBy+«— A=y Bel
using assms
proof (induction v arbitrary: A B)
case TInd
then show ?case
using two_7 by blast
next
case TBool
then show ?case
using two__o by simp
next
case (TFun (3 «)

fix ABC

assume <is__closed__wff_of type A (B — a)»
<is__closed_wff _of type B (3>
<is__closed_wff of type C (B>
WVBpB=VC/BH

then have <V (A B)a=V (A:-C) @
using cCong wffs_of type_intros(8) TFun.IH(1,2)
by auto

}

note unambiguity = this

show VA (B —a)=VBB—a)c— A=g_, ,Bel
proof
assume <A =g _, , B€
then have nice: <\C. is_closed_wff of type C 3 = A+ C = B+ C € H»
using <is_closed_wff _of type A (B — a)
<is__closed_wff _of type B (8 — a)» cExt
by blast
{
fix C
assume C': <is_closed_wff _of type C B
then have rep: <V (get_rep (V C B) 8) 8=V C B
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by (metis (mono__tags, lifting) get_rep.simps some__eq__ex)

moreover have VC: <V C 3 € elts (D B)»
using C by (simp add: well__typed)

moreover have <V (A« (SOME Ca.V Ca 3=V C B A is_closed_wff_of type Ca B)) a =V (A+ C) aw
using TFun(3) C unambiguity by (metis (mono__tags, lifting) tfl_some)

ultimately have «(V A (8 — «)) - YV CB) =V (4:-C) v
by simp

moreover have <is_closed_wff_of type (B« C)
using TFun(4) C by auto

then have WV (A C)a=V (B:C) »
using nice[OF C] TFun(3) C TFun(2)[of <A« Cs «<B« C] by auto

moreover have <V (B: C) a =V (B (SOME Ca.V Ca 3=V C A is_closed_wff of type Ca (3)) a»
using TFun(4) C unambiguity by (metis (mono__tags, lifting) tfl_some)

then have <V (B- C)a=(V B (8 — «a)) - (V C B)
using rep VC by simp

ultimately have «(V A (8 — «)) - V CB) =V B (f—a)) - (V C B
by simp

}

note C __application = this

show WA (8 —a)=V B (8 — a)
proof (rule fun__ext_uvfuncset[of _ «D By <D w))
show <V A (8 — «) € elts (D 8 — D a)
using fun_ typed well _typed TFun(8) unambiguity by (metis subsetD)
next
show <V B (8 — «) € elts (D  — D a)»
using fun_ typed well _typed TFun(4) unambiguity by (metis subsetD)
next
fix VCpB
assume (VO € elts (D §)»
then obtain C where <V C = VOB A is_closed_wff of type C [»
using wff for_elts by blast
then show W A (8 - «a) - VCB=V B (8 — a) - VCB
using C__application by blast
qged
next
assume <V A (B - a)=V B (8 — a)
{
fix C
assume C: <is_closed_wff_of type C 3
then have rep: <V (get_rep (V C B) B) 8=V C B
by (metis (mono__tags, lifting) get_rep.simps some__eq__ex)
moreover have VC: <V C 8 € elts (D ()
using C by (simp add: well__typed)
moreover have <V (A« (SOME Ca.V Ca 3=V C B A is_closed_wff_of type Ca B)) a =V (A+ C) aw
using TFun(3) C unambiguity by (metis (mono__tags, lifting) tfl_some)
ultimately have <V (A C)a=V A (B — a)) - (V C B
by simp
then have WV (A C)a=V B (B —«a)) - (V C p)
using <V A (8 — a) =V B (8 — a)» by presburger

moreover have <V (B« C)a =V (B+ (SOME Ca.V Ca 3=V C B A is_closed_wff_of type Ca 3)) o
using TFun(4) C unambiguity by (metis (mono__tags, lifting) tfl_some)
then have <V (B- C)a=(V B (f — «a)) - (V C B)
using rep VC by simp
ultimately have <V (A C)a =V (B+ C) w
by simp
then have <A - C = B+« C € H)
using TFun.IH(2) TFun(3,4) C wffs_of type_ intros(8) by force
}
then show (A =8 5« B e H
using TFun(3,4) extensionally__complete_membership
unfolding extensionally complete__membership__def is_closed__wff of type def
by meson
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qed
qed

lemma unambiguity:
assumes <is__closed_wff _of type A (8 — a)»
and <is_closed_wff of type B [
and <is__closed_wff _of type C B>
and <V Bp =YV C 5
shows WV (A-B)a=V (4. C) w»
using assms cCong wffs_of _type _intros(8) two_gamma by auto

6.3 M is interpretation

fun J :: <nat x Syntaz.type = V» where
«J (e,7) =V (FCon (c,T)) T

lemma non__logical__constant__denotation_V:
assumes < is_logical__constant (c, a))
shows (V (FCon (¢, a)) a € elts (D a)»
using assms well__typed
by fastforce

lemma non__logical _constant__denotation_ J:
assumes < is_logical__constant (c, a))
shows «J (¢, o) € elts (D a)»
using assms non__logical__constant__denotation_V
unfolding J.simps by auto

lemma function_domain: <D (o« — ) < D a+— D B
using fun__typed by blast

lemma domain_nonemptiness: <D o # 0>
by (metis wffs_of _type_intros(2) well typed
is_closed__wff _of type_def elts 0 all_not_in__conv free_vars_form.simps(2))

lemma domain__frame: <frame D>
using D.simps(1) domain__nonemptiness frame.intro function__domain by blast

lemma distrib_V__app:
assumes <is__closed_wff _of type A (o — B)» <is__closed_wff _of type B >
shows (V (A+B) =V A(a—6)-V Bw

proof —

have *: «<VLambda (D a) b+ V Ba=1b (V B a)) for b
using assms(2) well_typed ZFC_Cardinals.beta by meson

have W Ba=VCa=V((A-B)g=VA4-C)p
if <is_closed_wff _of type C ay for C
using assms that unambiguity by blast

moreover have (3C. V C a =V B a A is_closed_wff _of type C
using assms(2) by blast

ultimately show #%thesis
using assms(2) unfolding V.simps get__rep.simps Let__def x
by (metis (mono__tags, lifting) somel _ex)

qed

lemma @) _denotation_V__ two:
assumes <z € elts (D a)) <y € elts (D a)»
shows (V (Qa) (x—a—o) -z - y = (an)
proof —
obtain A B where A: «is_closed__wff of type A a» <V A a = z»
and B: «is_closed_wff of type B o <V Ba =y
using wff_for_elts assms by meson

.:E.y)
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have Q:
<is__closed_wff_of _type (Qa) (a—a—o)»
<is__closed_wff _of _type (Qa + A) (a—o)»
using A unfolding is closed _wff of type def by auto

have (W Aa=V Ba+— A=q Be H
using A B two__gamma by blast
also have (... — V (Qa+ A+ B) o =T
by (simp add: bool to__V__distinct)
also have ... «— V (Qa) (a—a—0) - VAa-VBa=T
using distrib_V__app A B Q by metis
finally have <V (Qq) (a—a—o0) - VAa-VBa=T««— VAa=VBw .
then show ?thesis
using A(2) B(2) assms(1,2) domain__frame frame.identity_relation__def
frame.one__element__function__def
by fastforce
qed

lemma () _denotation_)V__one:
assumes <z € elts (D a)»
shows (V (Qa) (a—a—o) - z = (an) -
proof (rule fun__ext)
show <V Qo (a« = a — 0) - z € elts (VPi (D a) (A_. D o))
using assms by (simp add: VPi_I)
next
show <(an) -z € elts (VPi (D o) (A_. D o))
using assms
by (metis VPi_D domain_frame frame.identity_relation__is__domain_ respecting)
next
show <Ay. y€elts(Da) =V Qa (a > a—0) -z -y = (qa
using ) _denotation_V__two assms .
qed

Py z.p

lemma @) denotation V: <V (Qqa) (a—a—o0) = L
proof (rule fun__ext)
show ¥V Qa (o — a — 0) € elts (VPi (D «) (A_. VPi (D ) (A_. D o)))»
by (simp add: VPi_I)
next
show <qo D € elts (VPi (D o) (A_. VPi (D o) (A_. D o))
using domain__frame frame.identity_relation__is_domain__respecting by blast
next
show «(A\z. z € elts (D a) = V Qa (@ > a — 0) + z = (qu
using @ _denotation_)V__one .
qed

D)-:m

lemma @ _denotation_J: «J (Q_constant_of type o) = an>
using @ denotation_)V by auto

lemma ¢ denotation_V: <frame.is_unique_member_selector D (V v ((i—o0)—1))»
unfolding frame.is_unique__member_selector__def[OF domain__frame]
proof safe
fix z
assume *: <z € elts (D i)
then obtain A where A: <is_closed_wff _of type A i» <V A i =
by (meson wff _for__elts)
then have « « (Q;+ A) =; A€ H»
using clota by blast
moreover have <is_closed_wff of type v ((i — 0) — i)
by auto
moreover have <is_closed_wff _of type (Q;) (i—i—o)>
by auto
moreover have <is_closed_wff _of type (Q; + A) (i—o)»
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using A by auto

moreover have <is_closed_wff_of type (v (Q; + A)) D
using A by auto

ultimately show <V ¢ ((i — o) — 1) - {z}zD = o
using A x two__gamma
by (metis distrib_V__app Q_denotation_V ZFC _Cardinals.beta

domain__frame frame.identity_relation__def)
qed

lemma ¢ _denotation_J: <frame.is_unique__member_selector D (J iota__constant)»
by (metis J.simps t__denotation_V iota__constant__def iota__def)

sublocale premodel D J
using function__domain domain_nonemptiness ()__denotation_J ¢_ denotation_J
non__logical__constant__denotation_J
by unfold__locales auto

6.4 M is general model

definition fun FE :: «(var = V) = (var = form)»
where <fun_E ¢ = A(,0). (SOME A. ¢ (2,0) =V A0 A is_closed_wff _of type A 0)»

definition map FE :: <var set = (var = V) = (var — form)»
where <map_E zs ¢ = map__restrict_set xs (Some o fun_E ¢)»

definition subst E :: <var set = (var = V) = substitution>
where (subst_F xs ¢ = Abs_fmap (map_E zs ¢)»

definition 9g :: <(var = V) = form = substitution»
where (Vg ¢ C = subst_E (free_vars C) >

definition close E :: (form = (var = V) = form»
where <close. EC o =S (Vg ¢ C) C»

definition type of :: <form = typer
where (type_of A = (SOME ~. A € wffsy)»

definition Vo :: «(var = V) = form = V) (xV_)»)
where (Vy C =V (close_E C ¢) (type_of C)»

lemma fmdom’ map_ restrict_set:
assumes (finite s>
and «z € fmdom’ (Abs_fmap (map_restrict_set zs (Some o f)))
shows <z € zs)
using assms
proof (induction)
case empty
have None: (\g. (map_filter (Aa. False) (Aa. Some (g a))) = (Aa. None)»
by (simp add: Finite_Map.map__filter__def)
from empty show ?Zcase
unfolding map_ restrict_set_def None
by (metis (no__types, lifting) HOL.ext Finite_ Map.map__ filter__def empty_iff fmdom’_empty fmempty__def)
next
case (insert y F')
have None: «A\g. (map_ filter (Aa. False) (Aa. Some (g a))) = (Aa. None)»
by (simp add: Finite_Map.map__filter__def)
show ?case
proof (cases <z = y»)
case True
then show ?Zthesis
by auto
next
case Fulse
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have «finite (dom (map_restrict_set F (Some o f)))»
by (metis Finite_Map.map__ filter__def domlIff finite_ subset
insert.hyps(1) map__restrict__set_def subsetl)
have finite _dom_mapr_insert: <finite (dom (map_restrict_set (insert y F) (Some o f)))
by (metis Finite_Map.map__filter _def domlIff finite__insert
finite__subset insert.hyps(1) map__restrict_set__def subsetl)
from insert(4) have «z € dom (map_ restrict_set (insert y F) (Some o f))»
by (metis finite_dom__mapr_insert eq_onp__same__args fmdom’.abs__eq)
then have «z € dom (map_ restrict_set F' (Some o f))»
by (simp add: False Finite_Map.map__filter _def domIff map__restrict_set_def)
then have <z € fmdom’ (Abs_fmap (map_restrict_set F (Some o f)))»
by (simp add: <finite (dom (map_restrict_set F (Some o f)))» eq_onp_same_args fmdom’.abs_eq)
then show %thesis
using insert by blast
qged
qed

lemma 9 is substitution:

assumes (@ ~ D)

shows (is_substitution (Vg ¢ C)»
proof safe

fix z 3

assume a: ((z, 8) € fmdom’ (Vg ¢ C)

have x: (3A. ¢ (z,8) =V A B A is_closed_wff_of _type A B
using assms by (metis wff_for_elts frame.is_assignment__def frame__azioms)

have fe: «finite (free_vars C)»
by (simp add: free_vars_form__finiteness)

have «dom (map_FE (free_vars C) ¢) = free_vars C»
unfolding map_E_def by (auto simp: Finite_ Map.map_ filter__def map__restrict_set_def split: if _splits)

from a have b: «(z, 8) € free_vars C»
unfolding Vg_ def subst_F_ def map_ FE__def
by (metis fmdom’_map_ restrict_set free_vars__form__finiteness)

have <fun_E ¢ (z, B) € wffsp
using * unfolding case prod__conv fun_E_def is_closed _wff of type_def
by (metis (mono__tags, lifting) tfl_some)

then have «(map_E (free_vars C) ) (z, B) € Some ‘ wffsg
using b unfolding fun_E def map_E_def
by (simp add: Finite_Map.map__filter__def map__restrict_set_def)

then have
Jza. za € wifsg A map_E (free_vars C) ¢ (z, ) = Some za)
by blast

then have
3 za. subst_E (free_vars C) ¢ $$ (z, B) = Some za A za € wffsg
unfolding image_ def subst_E_ def using <dom (map_E (free_vars C) ) = free_vars C»
by (metis Abs_fmap__inverse free_vars_form_ finiteness mem__ Collect__eq)

then have
Jza. subst_E (free_vars C) ¢ $8 (z, B) = Some za A za € wffsg
unfolding subst _F_def by auto

then have «subst_E (free_vars C) ¢ $8! (z, B) € wffsp
by auto

then show (Ve ¢ C) 88! (z, B)) € wffsp
using Yg_ def by auto

qed

lemma assignment__some_ wff:
assumes @: <p ~ D)
obtains £ where
(SOME A. ¢ (z, @) =V A a A is_closed_wff_of type A o) = E»
<is__closed_wff_of type E a» <o (z,0) =V E v
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proof —
have <3A. ¢ (z, @) =V A a A is_closed_wff_of type A o
using assms unfolding is_assignment_def by (metis wff_for_elts)
then show ?thesis
using that by (metis (mono__tags, lifting) somel _ex)
qed

no-notation substitute («S _ _» [51, 51])

lemma finite_ dom__map_E:
assumes (finite zs»
shows «finite (dom (map_E zs ¢))»
using assms unfolding map_ F_ def fun_FE_ def
by (metis (no__types, lifting) Finite_Map.map__filter__def
map__restrict__set__def domlff rev_finite__subset subsetl)

lemma finite__dom__map_E_ free_wvars:
fixes C :: form
shows «(finite (dom (map_E (free_vars C) ¢))»
using finite_dom__map_ FE free_wvars_form__finiteness
by simp

lemma Yg_ lookup: <0 ¢ C $$ © = map_FE (free_vars C) ¢ x>
by (simp add: Abs_fmap__inverse 9g__def finite_dom__map_E_ free_vars subst_E__def)

lemma subst E Some:
assumes <finite s
and (subst _E zs ¢ $3$ (z, a) = Some A>

shows <A = fun_F ¢ (z, a)

using assms

by (metis (mono__tags, lifting) Abs_fmap__inverse Finite_ Map.map_ filter _def
comp__apply finite_dom_map_ E map_E__def map__restrict_set__def mem__Collect__eq
option.distinct(1) option.inject subst_E__def)

lemma closed fmran’_subst_E:
assumes <A € fmran’ (subst_E zs @)
and «finite xs»
and ¢ ~ D>
shows «(free_vars A = {}
using assms(1)
proof
fix za
assume *: <subst_F xs ¢ $$ za = Some A»
moreover obtain z o where (za = (z, a)»
by fastforce
ultimately have <A = (SOME A. ¢ (z, @) =V A a A is_closed_wff _of type A a)»
using * assms(2) subst_E_Some unfolding fun_E_def by simp
then show %thesis
using assignment__some_wff assms(3) by blast
qed

lemma dom__map_ restrict_set: <dom (map_ restrict_set zs (Some o f)) = x5
unfolding map_ restrict_set__def map__filter__def using domlff by fastforce

lemma fmdom’_Yg: fmdom’ (9 ¢ A) = free_vars A>
using dom__map_restrict_set finite_dom__map_ E _free wvars
unfolding Yg_ def map__E_def subst_F__ def
by (metis Abs_fmap__inverse dom__fmlookup mem__Collect_eq )

lemma close FE closes:

assumes @: <@ ~ Dy

shows «free_vars (close_E A ¢) = {}
proof —
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have «free_vars (close_E A ¢) C (free_vars A — fmdom’ (Ve ¢ A)) U | (free_vars ¢ fmran’ (95 ¢ A))
unfolding close E_ def using assms free__vars__substitute by meson

moreover have «J (free_vars ‘ fmran’ (Vg ¢ A)) = {b

unfolding ¥g_ def using assms closed _fmran’_subst_E free_vars form_ finiteness by auto
moreover have «fmdom’ (Vg ¢ A) = free_vars A>
using fmdom’ 9g .
ultimately show ?thesis
by blast
qed

lemma close E_wff:
assumes ¢: (p ~ D)
and A: <A € wffsa>
shows «close_E A ¢ € wffsa>
unfolding close E_ def

using ¢ A substitution__preserves__typing Og__is_substitution by simp

lemma close E_ closes wff:
assumes ¢: (p ~ D)
and A: (A € wffsa»
shows «<is_closed__wff _of _type (close_E A ¢) a»
using assms close_ E_ closes close_E__wff by fast

lemma g¢:
assumes ¢: (p ~ D)
and A: (A € wffsa»
shows (Vy A € elts (D a)»
unfolding V¢ _ def using A close FE_ closes _wff
by (metis ¢ somel _ex type_of def well _typed wff _has_unique__type)

lemma denotation_function_a:
assumes ¢: «p ~ D)

shows Vo (za) = ¢ (2, )
proof —

(E € wffsa) <p (z,0) =V E

obtain E where E: ((SOME A. ¢ (z, @) =V A a A is_closed_wff_of type A o) = E)»
using assms assignment__some__wff by blast

have <map_FE (free_vars (za)) ¢ (z, o) = Some E»

unfolding map_E_def fun_E_def map_restrict_set_def Finite_ Map.map__filter _def using E(1) by simp
then have <close_FE (za) ¢ = E»

unfolding close E_def using 9g_ lookup by simp
moreover have Vy (za) =V (close_E (za) ¢) a»

unfolding Vy_ def type_of _def by (metis somel _ex wff _has_unique__type wffs_of type_intros(1))
ultimately show ?%thesis

using F(3) by simp
qed

lemma denotation_function_b: Vy ({c}a) = T (¢, a)
proof —

have <map_E (free_vars ({c}a)) ¢ (¢, &) = None»

unfolding map_E_def fun_ E_def map_restrict_set__def map_ filter__def by simp
then have <close_ E ({c}a) ¢ = {cf}a>

using Yg_ lookup unfolding close E_def by simp
moreover have WV, ({cfa) =V (close_E ({c}a) @) o
unfolding V¢ _ def type of def

by (metis wff_has_unique__type wffs_of type intros(2) somel _ex)
ultimately show ?thesis

by simp
qed
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lemma denotation_ function_ c:
assumes ¢: (p ~ D)
and A: <A € wﬁ55 oo
and B: «<B € wffsg
shows (Vy (A+ B) =Vyp A - Vyp B
proof —
have <close_E (A « B) ¢ = (substitute (Og ¢ (A« B)) A) » (substitute (Or ¢ (A - B)) B)»
unfolding close FE__def by simp
also have «... = (substitute (Vg ¢ A) A) « (substitute (95 ¢ B) B)»
using substitute__cong Yg_ lookup A B
by (simp add: map__filter__def map__E__def map__restrict_set__def)
also have «... = (close_E A ¢) « (close_E B ¢)»
unfolding close E_def by simp

finally have <close_E (A + B) ¢ = (close_E A ¢) « (close_E B ¢)» .

moreover have (Vo (A B) =V (close_E (A - B) ¢) w
using A B unfolding V¢_ def
by (metis somel _ex type_of _def wff _has_unique__type wffs_of type_intros(3))

ultimately have Vy (A« B) =V ((close_E A ¢) + (close_E B ¢)) a»
by simp

moreover have <is_closed_wff _of type (close_E A ¢) (8 — «a)» <is_closed_wff _of type (close_E B ¢) B>
using A B ¢ close_E__closes_wff by blast+

ultimately have (Vo (A« B) =V (close_E A ¢) (8 — «a) -V (close_E B ¢)
using A B distrib_V__app by metis

then show ?thesis
unfolding Vy_ def by (metis A B somel__ex type_of _def wff _has_unique__type)

qed

lemma fmdom’_9g__lam: «(z, &) & fmdom’ (g ¢ (M\za. B))>
by (simp add: fmdom’_Vg)

lemma empty_subst E:
assumes <free_vars C = {}
shows «subst_E (free_vars C) o = {$$}
using assms unfolding map_ E def subst_FE__def
by (metis emptyE finite.emptyl fmap__ext fmdom’_empty fmdom’_map_ restrict_set fmdom’_notD)

lemma empty_close FE:
assumes <free_vars A = {}
shows «close_ E A ¢ = A»
using assms unfolding close_ E def 9g_ def using empty subst E empty_ substitution_neutrality by metis

lemma close_E_lam: <close_FE (Aza. B) ¢ = Azq. substitute (subst_E (free_vars B — {(z, a)}) ) B>
using fmdom’_9g_ lam unfolding close E_def 9g_ def by (simp add: fmdom’ 9g_ lam)

lemma substitute__id__disjoint:
assumes <free_vars A N fmdom’ p = {}
shows <substitute ¢ A = A»
using assms by (induct ¢ A rule: substitute.induct) auto

corollary substitute id_closed:
assumes <free_vars A = {}
shows <substitute p A = Ay
using assms substitute_id__disjoint by simp

lemma map_E_ fun_ upd:
assumes «(z, @) € z$
and <fun_F (¢((z, o) := A)) (z, a) = E>
shows «map_FE s (¢((z, a) := A)) = ((map_E (zs — {(z, a)}) ¢)((z, a) — E))»
using assms unfolding map_ E def map_restrict_set_def map_ filter _def fun_F_def by auto
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lemma substitute fm_ upd:
assumes B: (B € wffsg)
and E: (E € wffsa> free_vars E = {} <fun_FE (¢((z, a) :=V E a)) (z, a) = E»
and ¢: «p ~ D)
shows (substitute ((subst_FE (free_vars B — {(z, a)}) ,
substitute (subst_E (free_vars B) (¢((z, @) :=V E «))) B
using B
proof (rule substitute__cong)
show <V za€free_vars B. subst_E (free_vars B — {(z, @)}) ¢((z, @) — E) $$ za = subst_F (free_vars B) (¢((z, a) :=V
E a)) 8% za»
proof safe
fix y ¢
assume <(y, 8) € free_vars By
then have «((map_F (free_vars B — {(z, @)}) ¢)((z, @) — E)) (y, 8) = (map_FE (free_vars B) (¢((z, o) :=V E «)))
(v, B)
using assms(4) map__E__fun_upd unfolding fun_E__ def map_ filter _def map__restrict_set_def map__E__def by simp
moreover have «finite (dom (map_E (free_vars B — {(z, a)}) ¥))» «finite (dom (map_FE (free_vars B) (¢((z, a) :==V
E )
by (simp__all add: finite_dom__map_E free_vars_form__finiteness)
ultimately show «(subst_E (free_vars B — {(z, @)}) ¢)((z, ) — E) $3$ (y, B) = subst_E (free_vars B) (¢((z, a) :=V
E a)) 88 (y, B)
by (metis Yp__def Yp__lookup exists_fv fmupd_lookup fun__upd_apply)
qged
qed
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lemma cSubst close E:
assumes B: «B € wffsg
and E: (E € wffsar <free_vars E = {} <fun_E (¢((z, a) :=V E a)) (z, a) = E»
and ¢: «p ~ D)
shows «close_E (Aza. B) ¢ + E =g close_E B (¢p((z, a) :==V E ) € H»
proof —
let %v = «subst_FE (free_vars B — {(z, a)}) ¢
let B = <substitute ?v B»

have v: (is_substitution ?v»
using ¢ Yg__is_substitution unfolding Yg_ def by (metis free_vars_form.simps(4))

have <substitute {(z, o) — E} ?B = substitute ({(z, o) — E} ++ fmmap (substitute {(z, o) — E}) %v) B>
proof (rule substitution__consolidation)
show «(z, a) ¢ fmdom’ ?v»
using Yg_ def fmdom’_9g_ lam by auto
next
show «Vv'€fmdom’ ?v. is_free_for (?v $$! v') v’ B>
by (metis ¢ closed_fmran’_subst_E closed_is_free_for exists_fv fmlookup dom’ iff
fmran'I free__vars_form__ finiteness option.sel)
qed
moreover have <fmmap (substitute {(z, o) — E}) %v = v
using substitute_id_ closed
by (meson Diff _subset closed_fmran’_subst_E ¢ finite__subset
fmap.map__ident_strong free__vars_form__ finiteness)
moreover have {(z, o) — E} ++5 20 = %v((z, @) — E)
by (metis Yg__def fmadd_empty(2) fmadd_fmupd fmap__singleton__comm fmdom’_9g__lam fmdom’_notD
free_vars_form.simps(4))
ultimately have <substitute {(z, o) — E} ?B = substitute (?v((z, ) — E)) B»
by simp

moreover have «(Aza. ?B) - E =g substitute {(z, a) — E} ?B € H»
using B FE ¢ cSubst
by (metis Vp__def Yp__is_substitution exists_fv substitution__preserves_ typing)
then have <close E (Aza. B) ¢ » E =g substitute {(z, o) — E} ?B € >
unfolding close E_lam .
ultimately have (close_E (Aza. B) ¢ » E =g substitute (?v((z, a) — E)) B € I
by simp
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moreover have <substitute (?v((z, o) — E)) B =
substitute (subst_FE (free_vars B) (p((z, @) ==V E «))) B
using assms substitute_fm__upd by blast

ultimately show ?thesis
unfolding close E_def 9g_ def by simp
qed

lemma denotation_ function_ d:
assumes ¢: (p ~ D)
and B: (B € wﬁ‘s@
shows (Vo (Aza. B) = (AzD o . Vo((
proof —
have x: (Vo (Azq. B) =V (close_E (Azq. B) ¢) (o — B)»
using B unfolding Vy_ def is_closed _wff of type def
by (metis somel _ex type_of _def wff _has_unique__type wffs_of type_intros(4))

B)»

z, a) = z)

fix y
assume <y € elts (D a)»
then obtain £ where E: <is_closed_wff _of type E a» <V E o =

fun_E (o((z, o) ==V E «a)) (z, a) = E»
using wff_for_elts fun_FE__def fun__upd_apply using ¢ unfolding is_assignment__def
by (smt (verit, del insts) fun_FE_def fun_upd_apply mem__Collect__eq prod.case somel _ex)

have B": <is_closed_wff_of _type (close_E (Aza. B) ¢) (@ — ()
using ¢ B close_ E_closes_wff by blast

have <close_E (Aza. B) ¢ » E =g close_E B (¢p((z, ) ==V E o)) € H>
using cSubst_close_FE assms E by blast
moreover have <is_closed_wff of type (close_E (Aza. B) ¢ + E) B
using B’ E by auto
moreover have <is_closed_wff of type (close_E B (¢((z, o) :==V E «))) B>
using B F close_E__closes_wff <y € elts (D «)» ¢ by auto
ultimately have <V (close_ E (Azq. B) ¢ = E) 8 =V (close_E B (p((z, @) :=V E «))) B
using two__gamma by blast

moreover have <V (close_E (Azq. B) ¢) (a — ) -V E o=V (close_E (Aza. B) ¢ + E) B
using B’ distrib_V__app E by metis

ultimately have (Vy (Azq. B) - y = V<p((x, a) =) B
using B E x unfolding Vy_ def is_closed_wff of type def
by (metis somel _ex type_of _def wff _has_unique__type)

}

then show ?thesis
using * vlambda__extensionality by fastforce
qed

lemma denotation_function: <is_wff _denotation__function V>
unfolding is wff denotation_ function__def
using g denotation__function__a denotation__function__b denotation_function__c denotation_ function_ d
by auto

sublocale M: general _model D J Vo
using denotation__function
by unfold_locales auto

lemma sat_closed__formulas:
assumes A: <A € wffso> «free_vars A = {}
and H: <A € H»
shows (Vy, A =T
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proof —
have (Vy A =V (close_E A ¢) o
using A by (metis Vo__def somel _ex type_of _def wff _has_unique__type)
also have <V (close. EA ) o=V A o
using H A empty_close_E by simp
also have «... =T «— A€ H»
by (simp add: bool to__V__distinct)
finally show ?%thesis
using H by meson
qed

lemma canon_model_for: <is_model_for (D,J,Vy) {A € H. A € wffso A free_vars A = {}p
using sat_closed_ formulas by blast+

lemmas is_general _model = M.general _model _azioms

lemma V¢ _ consistent:
assumes A: (A € wffso> <free_vars A = {}
shows (= (Vp A =T A Vy (~2 A) =T)
proof —
have Vpy A=V A o
using A empty_close_E by (metis Vo__def somel _ex type_of _def wff _has_unique__type)
moreover have (Vy, (~2 A) =V (~2 A) o
using A empty close_E
by (metis Vp__def type__of _def neg_wff somel _ex neg_fv diff _types__implies_diff _wffs)
ultimately show ?thesis
by (metis V.simps(1) A(1) bool _to_V_ distinct bottom__def consistent top_ def)
qed

lemma model consistent:
assumes A: (A € wffso) <free_vars A = {}»
shows - ((D,J,Vy) = A A (D,TVy) = ~2 A)
using Vo _ consistent[OF assms]
by (metis (mono__tags, lifting) J.simps well _typed free_vars_form.simps(2)
is_assignment__def is__closed_wff _of type _def old.prod.case wffs_of type intros(2))

lemma elts _in_wffs: <elts (D a) C (AA. V A a) ‘ wffsa>
proof (induct o)
case T'Bool
then show ?Zcase
using cTop cFalse by auto
qed auto

lemma frugal _wffs: <|elts (D a)| <o |wffsal>
using elts_in_ wffs by (meson surj_imp__ordLeq)

theorem is_frugal: <is_frugal (D,J, V)
unfolding is_frugal def
using frugal _wffs card_of UNIV ordLeq transitive by blast

end

7 Model Existence

theorem model existence:
fixes S :: <form set»
assumes cprop: (P.propg Kinds C»
and S: <S € C» <P.enough_new S»
shows <3 M. is_general _model M A is_frugal M N
(VA € S. is_sentence A — M = A) A
(VA. is_sentence A — = (M = AAM = ~2 A)
proof —
have *: «MyHintikka (mk_mcs C S)»
proof
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show «P.propy Kinds (mk_mcs C S)»
using mk_mecs_Hintikka[|OF cprop S| Hintikka.hintikka by blast
qed
then show ?thesis
using MyHintikka.canon__model_for[OF x| MyHintikka.is_general_model[OF ]
MyHintikka.model__consistent|OF x| MyHintikka.is_frugal[OF ]
FExtend__subset by blast
qed

end

theory Q0 _Completeness imports
Derivational _Consistency
Model FExistence

begin

8 Completeness

theorem strong__completeness:
assumes mod: <\M. is_general model M = is_frugall M = VB € G. M = B= M | A
and A: (is_sentence A»
and G: VB € G. is_sentence B) (P.enough__new G»
shows «(3H C G. H + A
proof (rule ccontr)
assume - (AH C G. HF A)

have VH C G. - {~2 AAUHF Fp
proof safe
fix H
assume *: (H C G ({~2 AV UHF Fo
then have hyps: «is_hyps ({~< A} U H)»
by (metis is_derivable__from__hyps.cases)
then have (H - ~° ~2 A,
using %(2) A Qnegl neg_wff by auto
then have (H + A»
using hyps A Qdouble_negE by simp
then show False
using *(1) <= (3HCG. H + A)» by blast
qged
then have *: ¢is_consistent_set ({~< A} U G)»
using A <= (3HCG. HF A)
by (metis (no__types, lifting) is_closed_wff of type def
is__consistent__intro is__inconsistent_set__def
is_sentence__def principle_of _explosion
subset__UnkE subset__singleton__iff
sup__bot__left)

let 2S = ({~¢ A} UG
let 2C = «{S. P.enough_new S A is_consistent_set S}»

have p: «P.propg Kinds ?C)»
using Consistency by blast

have new: (P.enough_new ¢S)
using G A by (metis params_left list.simps(15) empty__set)

have s: <25 € ¢2C)
using * new by blast

obtain M where M:
<is__general _model M) <is_frugal M>
V Ae{~2 A} U G. is_sentence A — M = A
VA is_sentence A — = (M |E AANM | ~2 A)
unfolding is_closed _wff of type def
using model__existence[OF p s new]
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by force

have «is_sentence (~2 A)»
using A by auto

then have VB € G. M = B) <M = ~2 A
using M(8) G by auto

then have (M | A»
using mod[OF M(1-2)] by fast

moreover from <M = ~2 A have (- M = A»
using A M(4) by meson

ultimately show False
by meson

qed

lemma infinite_params: <infinite (Collect is_param)>
proof —
have <Collect is_param = UNIV — {cq, ¢.}>
unfolding is_param__def logical _names__def
by fast
then show ?thesis
by simp
qed

lemma is_hyps enough__new:
assumes <is__hyps H»
shows «P.enough__new H>
proof —
have «inj (to_nat :: form = nat))
using inj to_nat by blast
then show ?thesis
using assms P.enough__new__countable P.finite_params_fm
by (metis finite_ Diff2 finite_ UN__I infinite__params)
qed

corollary completeness:
assumes <AM. is_general _model M = is_frugal M = M = A <is_sentence A»
shows - A»
using assms strong__completenessijwhere G=«{}» and A=A] is_hyps_enough_new
by simp

9 Addendum

hyp__derivability_implies_validity in Q0_Metatheory.Soundness mechanizes Andrews’ 5402 Soundness Theorem (b).
However, unlike Andrews’, it assumes the set G to be finite by assuming is_hyps G. On page 229, Andrews lifts
derivability to infinite sets by simply requiring derivability from a finite subset. We state this version of the theorem
(all of the work having been done already).

theorem hyp_derivability_implies_validity__general:
assumes <is_model_for M G
and <3H C G. HF A
and <is_general _model M)
shows (M = A»
proof —
from <3 H C G. H - A) obtain ‘H where H: <is_hyps H» <H C G» <H F A
by (metis is_derivable_ from__hyps.cases)
moreover from this obtain hs where hs: <lset hs = H»
using finite_list by blast
ultimately have - hs D2, A»
using generalized__deduction__theorem by force
with assms(8) have <M |= hs D9, A
using derivability _from__no__hyps_theoremhood__equivalence and theoremhood__implies validity
by meson
moreover from H C G assms(1) have <M = H» if <H € H» for H
using that by blast
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moreover from H <lset hs = H)> have «<iset hs C wffso>
by meson

moreover have <A € wffsp
using H hyp__derivable_form__is_wffso by blast

ultimately show ?thesis
using assms <lset hs = H> generalized__semantic_modus__ponens
by auto

qed

model__existence implies set_consistency in Q0__Metatheory. Consistency assumes is__hyps G for the set of formulas
G. This limits the result to finite sets. Andrews does not make this assumption in his Consistency Theorem (5403).
We give a version without this finiteness assumption by once again taking derivability from an infinite set to mean
derivability from a finite subset. Consistency of a set then means that no subset proves falsity. Similarly, we remove
this finiteness assumption from the principle of explosion.

lemma is consistent set: <is_consistent set G
<—>(£H.’H§Q/\ﬁnite7—l/\?—{§wﬁsoAHFFo)>
unfolding is consistent_set_def
using inconsistent _imp__hyps by blast

corollary model__existence implies_set consistency__general:
assumes <is__general _model M> <is_model_for M G»
shows «<is consistent_set G»
using assms model _existence__implies set__consistency inconsistent_imp__hyps
unfolding is consistent__set__def
by (meson subset__eq)

corollary principle_of explosion__general:
<is__inconsistent_set G «—— (VA € (wffso). G F A)»
by (metis false__wff inconsistent_imp__hyps is_inconsistent__set__def
principle_of _explosion)

We note that infinite sets are always consistent under Diaz’s formulation, since nothing can be derived from them.
This is again, why we take subsets above.

lemma infinite_sets_underivable: <infinite G = -~ G F A»
using is_ derivable_from__hyps.cases by blast

lemma infinite_sets_consistent: <infinite G => — is_inconsistent_set G)
using infinite__sets underivable by blast

We might finally remark, that even if we stick to finite sets, then hyp derivability implies wvalidity in
Q0 _Metatheory.Soundness carries a redundant assumption s hyps G since this follows from the derivation G
F A. Likewise, model__existence__implies_set consistency in Q0__Metatheory. Consistency needlessly assumes is_hyps
G since when proving — is_inconsistent_set G we get to assume G F F, and the same argument as above applies. To
showcase these redundancies, we remove the extra assumptions for strong soundness and consistency.

lemma hyp_ derivability__implies validity2:
assumes “is_model_for M G”
and “GF A”
and “is_general _model M”
shows “M |= A”
proof—
have <is_hyps G»
using assms(2)
by (metis is_derivable_from__hyps.cases)
thus %thesis
using thm_5402(2)[OF <is_hyps G> assms]
by blast
qed

lemma model__existence implies_set consistency2:
assumes “is__general _model M7 “is_model_for M G”
shows “— is_inconsistent set G”

proof
assume “is_inconsistent_set G”
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moreover from this have <is_hyps G»
using inconsistent__imp__hyps by blast
ultimately show False
using assms model__existence__implies_set_consistency by meson

qed

end
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