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Abstract

We formalise the pi-calculus using the nominal datatype package,
based on ideas from the nominal logic by Pitts et al., and demonstrate
an implementation in Isabelle/HOL. The purpose is to derive powerful
induction rules for the semantics in order to conduct machine check-
able proofs, closely following the intuitive arguments found in manual
proofs. In this way we have covered many of the standard theorems
of bisimulation equivalence and congruence, both late and early, and
both strong and weak in a uniform manner. We thus provide one of
the most extensive formalisations of a the pi-calculus ever done inside
a theorem prover.

A significant gain in our formulation is that agents are identified
up to alpha-equivalence, thereby greatly reducing the arguments about
bound names. This is a normal strategy for manual proofs about the pi-
calculus, but that kind of hand waving has previously been difficult to
incorporate smoothly in an interactive theorem prover. We show how
the nominal logic formalism and its support in Isabelle accomplishes
this and thus significantly reduces the tedium of conducting completely
formal proofs. This improves on previous work using weak higher order
abstract syntax since we do not need extra assumptions to filter out
exotic terms and can keep all arguments within a familiar first-order

logic.
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1 Overview

The following results of the pi-calculus meta-theory are formalised, where
the notation (e) means that the results cover the early operational semantics
and (1) the late one.



« strong bisimilarity is preserved by all operators except the input-prefix
(e/1)

« strong equivalence is a congruence (e/l)

o weak bisimilarity is preserved by all operators except the input-prefix
and sum (e/1)

» weak congruence is a congruence (e/1)
o strong equivalence respect the laws of structural congruence (1)

« all strongly equivalent agents are also weakly congruent which in turn
are weakly bisimilar. Moreover, strongly equivalent agents are also
strongly bisimilar (e/l)

o all late equivalences are included in their early counterparts.

e as a corollary of the last three points, all mentioned equivalences re-
spect the laws of structural congruence

o the axiomatisation of the finite fragment of strong late bisimilarity is
sound and complete

o The Hennessy lemma (1)

The file naming convention is hopefully self-explanatory, where the pre-
fixes Strong and Weak denote that the file covers theories required to for-
malise properties of strong and weak bisimilarity respectively; if the file
name contians Farly or Late the theories work with the early or the late op-
erational semantics of the pi-calculus respectively; if the file name contains
Sim the theories cover simulation, file names containing Bisim cover bisimu-
lation, and file names containing Cong cover weak congruence; files with the
suffix Pres deal with theories that reason about preservation properties of
operators such as a certain simulation or bisimulation being preserved by a
certain operator; files with the suffix SC reason about structural congruence.

For a complete exposition of all of theories, please consult Bengtson’s Ph.
D. thesis [1]. A shorter presentation can be found in our LMCS article 'For-
malising the pi-calculus using nominal logic’ from 2009 [3]. A recollection of
the axiomatisation results can be found in the SOS article A completeness
proof for bisimulation in the pi-calculus using Isabelle’ from 2007 [2].

2 Formalisation

theory Agent
imports HOL— Nominal. Nominal



begin

lemma pt-id:
fixes z :: 'a

and a :: 'z

assumes pt: pt TYPE('a) TYPE('z)
and  at: at TYPE('z)
shows [(a, a)] - z =z
proof —
have z = ([]::"z prm) - z
by (simp add: pt1[OF pt])
also have [(a, a)] - z = ([J::'z prm) -
by (simp add: pt3[OF pt] at-ds1[OF at])
finally show ?thesis by simp
qed

lemma pt-swap:
fixes z :: 'a
and a :: 'z

and b :: 'z

assumes pt: pt TYPE('a) TYPE('z)
and  at: at TYPE('z)

shows [(a, b)] - z = [(b, a)] - z
proof —

show ?thesis by(simp add: pt3[OF pt] at-ds5[OF at))
qed

atom-decl name

lemmas name-fresh-abs = fresh-abs-fun-iff[OF pt-name-inst, OF at-name-inst,
OF fs-namel |

lemmas name-bij = at-bij|OF at-name-inst

lemmas name-supp-abs = abs-fun-supp[OF pt-name-inst, OF at-name-inst, OF
fs-namel]

lemmas name-abs-eq = abs-fun-eq(OF pt-name-inst, OF at-name-inst]

lemmas name-supp = at-supp|OF at-name-inst]

lemmas name-cale = at-calc[OF at-name-inst]

lemmas name-fresh-fresh = pt-fresh-fresh|OF pt-name-inst, OF at-name-inst]
lemmas name-fresh-left = pt-fresh-left|OF pt-name-inst, OF at-name-inst)
lemmas name-fresh-right = pt-fresh-right| OF pt-name-inst, OF at-name-inst]
lemmas name-id[simp] = pt-id|OF pt-name-inst, OF at-name-inst]

lemmas name-swap-bij[simp] = pt-swap-bij|OF pt-name-inst, OF at-name-inst]
lemmas name-swap = pt-swap|OF pt-name-inst, OF at-name-inst]

lemmas name-rev-per = pt-rev-pi|OF pt-name-inst, OF at-name-inst]

lemmas name-per-rev = pt-pi-rev| OF pt-name-inst, OF at-name-inst]

lemmas name-exists-fresh = at-exists-fresh|OF at-name-inst, OF fs-namel]



lemmas name-perm-compose = pt-perm-compose| OF pt-name-inst, OF at-name-inst]

nominal-datatype pi = PiNil (<0»)
| Output name name pi  («-{-}.-» [120, 120, 110] 110)
| Tau pi («r.-» [120] 110)

| Input name «namex» pi («-<->.-» [120, 120, 110] 110)
| Match name name pi  (<[-—~-]-» [120, 120, 110] 110)
| Mismatch name name pi («[-#-]-» [120, 120, 110] 110)

| Sum pi pi (infixr <®> 90)

| Par pi pi (infixr <||> 85)

| Res «name» pi (x<v->-» [100, 100] 100)
| Bang pi (1= [110] 110)

lemmas name-fresh[simp] = at-fresh[OF at-name-inst)

lemma alphalnput:
fixes a :: name
and <z :: name
and P :: pi
and c¢ :: name

assumes Al: cf P

shows a<z>.P = a<c>.([(z, ¢)] - P)
proof(cases x = ¢)

assume r=c

thus ?thesis by (simp)
next

assume z # ¢

with A1 show ?thesis

by (simp add: pi.inject alpha name-fresh-left name-calc)

qed

lemma alphaRes:
fixes a :: name
and P : pi
and c¢ :: name

assumes Al: cf P

shows <va>P = <ve>([(a, ¢)] - P)
proof(cases a=c)

assume a=c

thus ?thesis by simp
next

assume a # ¢

with A1 show ?thesis

by (simp add: pi.inject alpha fresh-left name-calc)

qed



definition subst-name :: name = name = name = name («-[-:=-]» [110, 110,
110] 110)
where

alb:=c] = if (a = b) then c else a

declare subst-name-def[simp]

lemma subst-name-equt[equt]:
fixes p :: name prm
and a :: name
and b :: name
and c¢ :: name

shows p - (albi=c]) = (p- )(p - b)=(p - )]
by (auto simp add: at-bij|OF at-name-inst])

nominal-primrec (freshness-context: (c::name, d::name))

subs :: pi = name = name = pi (-[-:=-] [100,100,100] 100)

where
O[c:=d] =0

| 7.(P)[c::=d] = 7.(P[e:=d))

| a{b}.Plc:=d] = (a[c:=d]){(b[e::=d])}.(P[c:=d])

| [t # a; ¢ # ¢; x # d] = (a<z>.P)[c:=d] = (a[c:=d])<z>.(Ple::=d))
[a—~b]P[c::=d] = c.:.::d])/\(b c::=d))](Ple::=d])

|

| (P & Q)lez=d] = (Ple:=d]) ®
| (P || @)[e:=d] = (Pcz=d]) || (Qc

| [t # ¢ x # d] = (<ve>P)[c:=d] = <vz>(P[c::=d)])
| !P[c::=d] = !(P[c::=d))

apply(simp-all add: abs-fresh)

apply/(finite-guess)+

by (fresh-guess)+

lemma forget:
fixes a :: name
and P : pi
and b :: name

assumes a § P

shows Pla:=b] = P

using assms

by(nominal-induct P avoiding: a b rule: pi.strong-induct)
(auto simp add: name-fresh-abs)



lemma fresh-fact2[rule-format]:
fixes P :: pi
and a :: name
and b :: name

assumes a # b

shows a § Pla::=b)

using assms

by(nominal-induct P avoiding: a b rule: pi.strong-induct)
(auto simp add: name-fresh-abs)

lemma subst-identity[simp]:
fixes P :: pi
and a :: name

shows Pla::=a] = P
by (nominal-induct P avoiding: a rule: pi.strong-induct) auto

lemma renaming:
fixes P :: pi
and «a :: name
and b :: name
and c¢ :: name

assumes c ff P

shows Pla:=b] = ([(¢, a)] - P)[c:=b]

using assms

by (nominal-induct P avoiding: a b ¢ rule: pi.strong-induct)
(auto simp add: name-calc name-fresh-abs)

lemma fresh-fact1:
fixes P :: pi
and a :: name
and b :: name
and c¢ :: name

assumes a { P
and a# ¢

shows a § P[b::=(]

using assms

by (nominal-induct P avoiding: a b ¢ rule: pi.strong-induct)
(auto simp add: name-fresh-abs)

lemma equt-subs|equt]:



fixes p :: name prm
and P :: pi

and ¢ :: name
and b :: name

shows p - (Pla:=b]) = (p - P)[(p - a):=(p - b)]
by (nominal-induct P avoiding: a b rule: pi.strong-induct)
(auto simp add: name-bij)

lemma substInput[simp]:
fixes = :: name

and b :: name
and c¢ :: name
and a :: name
and P :: pi

assumes z # b
and =z #c

shows (a<z>.P)[b::=c| = (alb:=c])<z>.(P[b::=¢])
proof —
obtain y::name wherey # a and y f Pand y # b and y # ¢
by (generate-fresh name) (auto simp add: fresh-prod)
from <y § P> have a<z>.P = a<y>.([(z, y)] - P) by(simp add: alphalnput)
moreover have (a[b::=c])<z>.(P[b::=c]) = (a[b:=c])<y>.(([(z, y)] - P)[b::=c])
(is 2LHS = ?RHS)
proof —
from <y § P> <y # ¢ have y § P[b::=c| by(rule fresh-fact1)
hence ?LHS = (a[b:=c])<y>.([(z, y)] - (P[b::=¢])) by(simp add: alphalnput)
moreover with <z # by <z # ¢ y # b <y # ¢» have ... = RHS
by (auto simp add: equt-subs name-calc)
ultimately show ¢thesis by simp
qed
ultimately show ?thesis using <y # a» <y # b» <y # ¢ by simp
qed

lemma injPermSubst:
fixes P :: pi
and ¢ :: name
and b :: name

assumes b § P

shows [(a, b)] -+ P = Pla:=b]

using assms

by(nominal-induct P avoiding: a b rule: pi.strong-induct)
(auto simp add: name-calc name-fresh-abs)



lemma substRes2:
fixes P :: pi
and a :: name
and b :: name

assumes b § P

shows <va>P = <vb>(Pla:=b])
proof(case-tac a = b)
assume a = b
thus ?thesis by auto
next
assume a # b
moreover with <b § Py show ?thesis
apply(simp add: pi.inject abs-fun-eq[OF pt-name-inst, OF at-name-inst])
apply auto
apply(simp add: renaming)
apply(simp add: pt-swap|OF pt-name-inst, OF at-name-inst))
apply(simp add: renaming)
apply(simp add: pt-fresh-left|OF pt-name-inst, OF at-name-inst])
by (force simp add: at-calc[OF at-name-inst))
qged

lemma freshRes:
fixes P :: pi
and a :: name

shows a §f <va>P
by (simp add: name-fresh-abs)

lemma substRes3:
fixes P :: pi
and a :: name
and b :: name

assumes b f P

shows (<va>P)[a:=b] = <vb>(Pla:=b])
proof —
have (<va>P)[a:=b] = <va>P
using freshRes by(simp add: forget)
thus ?thesis using <b § P» by(simp add: substRes2)
qed

lemma suppSubst:
fixes P :: pi
and a :: name
and b :: name



shows supp(P[a::=b]) C insert b ((supp P) — {a})
apply(nominal-induct P avoiding: a b rule: pi.strong-induct,
stmp-all add: pi.supp name-supp-abs name-supp supp-prod)
by (blast)+

primrec seqSubs :: pi = (name x name) list = pi («-[<->]» [100,100] 100)
where

Pl<[]>] =P
| P[<(z#0)>] = (P[(fst z)::=(snd z)])[<o>]

primrec seg-subst-name :: name = (name X name) list = name where
seg-subst-name a [ = a
| seg-subst-name a (z#0) = seq-subst-name (a[(fst z)::=(snd z)]) o

lemma freshSeqSubstName:
fixes z :: name
and a :: name
and s : (name x name) list

assumes z # a
and zfs

shows z # seq-subst-name a s
using assms
apply(induct s arbitrary: a)
apply simp
apply(case-tac aa = fst(a))
by (force simp add: fresh-list-cons fresh-prod)+

lemma segSubstZero[simp]:
fixes o :: (name X name) list

shows 0[<o>] =0
by (induct o, auto)

lemma segSubstTau]simp]:
fixes P :: pi
and o :: (name x name) list

shows (7.(P))[<o>] = 7.(P[<o>])
by (induct o arbitrary: P, auto)

lemma seqgSubstOutput|simp):
fixes a :: name
and b :: name
and P :: pi



and o :: (name X name) list

shows (a{b}.P)[<o>] = (seg-subst-name a o){(seg-subst-name b o)}.(P[<o>])
by (induct o arbitrary: a b P, auto)

lemma segSubstInput[simp]:
fixes a :: name
and z : name
and P :: pi
and o :: (name x name) list

assumes z ff o

shows (a<z>.P)[<o>] = (seg-subst-name a 0)<z>.(P[<o>])
using assms
by (induct o arbitrary: a x P) (auto simp add: fresh-list-cons fresh-prod)

lemma segSubstMatch[simp]:
fixes a :: name
and b :: name
and P :: pi
and o :: (name x name) list

shows ([a—~b]P)[<o>] = [(seg-subst-name a o)~(seq-subst-name b o)](P[<o>])
by (induct o arbitrary: a b P, auto)

lemma segSubstMismatch[simp]:
fixes a :: name
and b :: name
and P : pi
and o :: (name x name) list

shows ([a#b]P)[<o>] = [(seq-subst-name a 0)#(seq-subst-name b o)](P[<o>])
by (induct o arbitrary: a b P, auto)

lemma segSubstSum[simp):
fixes P :: pi
and Q@ : pi
and o :: (name X name) list

shows (P & Q)[<o>] = (P[<o>]) & (Q[<o>])
by (induct o arbitrary: P Q , auto)

lemma segSubstPar|[simp]:
fixes P :: pi
and Q@ : pi

and o :: (name x name) list

shows (P | Q)[<o>] = (P[<o>]) || (Q[<o>])
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by (induct o arbitrary: P Q, auto)

lemma seqSubstRes|simp):
fixes x :: name
and P :: pi
and o :: (name x name) list

assumes z ff o

shows (<vz>P)[<o>] = <vz>(P[<o>])
using assms
by (induct o arbitrary: x P) (auto simp add: fresh-list-cons fresh-prod)

lemma seqSubstBang[simpl:
fixes P :: pi
and s :: (name X name) list

shows (IP)[<o>] = I(P[<o>])
by (induct o arbitrary: P, auto)

lemma seqSubstEqut[equt, simp]:
fixes P :: pi
and o :: (name X name) list
and p :: name prm

shows p - (P<o>]) = (p - P)[<(p - 0)>]
by (induct o arbitrary: P, auto simp add: equt-subs)

lemma seqSubstAppend|simp]:
fixes P :: pi
and o : (name X name) list
and o' :: (name x name) list

shows P[<(cQc’)>] = (Pl<o>])[<c">]
by (induct o arbitrary: P, auto)

lemma freshSubstChainlintro]:
fixes P :: pi
and o :: (name X name) list
and a :: name

assumes a § P
and afo

shows a § P[<o>]
using assms

by (induct o arbitrary: a P, auto simp add: fresh-list-cons fresh-prod fresh-fact1)

end
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theory Late-Semantics
imports Agent
begin

nominal-datatype subject = InputS name
| BoundOutputS name

nominal-datatype freeRes = OutputR name name («-[-]> [130, 150]
110)

| TauR («m> 130)
nominal-datatype residual = BoundR subject «namey pi (<-«-» < -» [80, 80,
80] 80)

| FreeR freeRes pi («- < - [80, 80] 80)

lemmas residuallnject = residual.inject freeRes.inject subject.inject

abbreviation Transitions-Inputjudge :: name = name = pi = residual (-<->
=< -y [80, 80, 80] 80)
where a<z> < P’ = ((InputS a)«z» < P’)

abbreviation Transitions-BoundQutputjudge :: name = name = pi = residual
(x-<v-> < - [80, 80, 80] 80)
where a<vi> < P’ = (BoundR (BoundOutputS a) x P’)

inductive transitions :: pi = residual = bool (¢- — - [80, 80] 80)
where

Tau: T(P)— 7T <P
| Input: T # a = a<z>.P+— a<z> < P
| Output: a{b}.P — a[b] < P
| Match: [P — Rs] = [b—~b]P — Rs
| Mismatch: [P — Rs; a # b] = [a#b]P — Rs
| Open: [P+ alb] < P a# b = <vb>P — a<vb> < P’
| Sum1: [P— Rs] = (P ® Q) — Rs
| Sum2: [Q+— Rs] = (P ® Q) — Rs
| ParlB: [P— asaz» < Pzt Pz Qzta]l = P| Q+— akzy
=< (P Q)
| ParlF: [P—a<P]=P| Qr— a=<(P'| Q)
| Par2B: [Q+— a¢z» < Qi z 8 Pz Q;zta] = Pl Q+ akz»
< (Pl Q)
| Par2F": [Q— a<Q]=P| Q@r— a=<(P]| Q)
| Comm1: [P— a<az> < P35 Q+—alb) < Qs zt P;zf Q;z+# a; x
#bry Q)= P Q— 7 < Pla==b] || Q
| Comm2: [P—alb) < P Qr— a<z><Qz8 Pz Qiz#a;z
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#bct P]l= P|| Q+— 7 < P'| Qz:=b]

| Closel: [P— a<a> < P; Qr— a<vy> < Qs z 8 P;zt Q; yt P;
yiQr# i Qiy#FaytPiaty =P Q+—1<

<vy>(Plez=y] || Q)

| Close2: [P— a<vy> < P; Q — a<a> < Qs z 8 P;z 4 Q; yt P;
yiQr#FariPiy#ayiQiatyl =P Q+—1<

<vy>(P' | Q'z:=y])

| ResB: [Pr— akzy < Phyta;y#£a;28 P;afa = <vy>Pr—
akry < <vy>P’

| ResF": [P— a<Piyta = <vy>P +— a < <vy>P’

| Bang: [P||'P+— Rs] = P+ Rs

equivariance transitions
nominal-inductive transitions
by (auto simp add: abs-fresh fresh-fact2)

lemma alphaBoundResidual:
fixes a :: subject
and =z : name
and P :: pi

and z’:: name

assumes Al: z'f P

shows a«z» < P = a«z’» < ([(z, )] - P)
proof(cases x=z")

assume 1=z’

thus ?thesis by simp
next

assume z # z’

with A1 show ?thesis

by (simp add: residuallnject alpha name-fresh-left name-calc)

qed

lemma freshResidual:
fixes P :: pi
and Rs :: residual
and <z : name

assumes P —— Rs
and x4 P

shows z § Rs

using assms

by (nominal-induct rule: transitions.strong-induct)
(auto simp add: abs-fresh fresh-fact2 fresh-fact1)
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lemma freshBoundDerivative:
assumes P —a«z» < P’
and yt P

shows y { a
and y#z=—= yft P’
apply —
using assms
by (fastforce dest: freshResidual simp add: abs-fresh)+

lemma freshFreeDerivative:

fixes P :: pi
and « : freeRes
and P’: pi

and y : name

assumes P —a < P’

and yt P

shows y # «

and yf P’
apply —

using assms
by (fastforce dest: freshResidual)+

lemma substTrans[simp:
fixes b :: name
and P :: pi
and a :: name
and c¢ :: name

assumes b § P

shows (P[a::=b])[b::=c| = Pla:=(]
using assms
apply(simp add: injPermSubst| THEN sym])
apply(simp add: renaming)
by (simp add: pt-swap|OF pt-name-inst, OF at-name-inst])

lemma Input:
fixes a :: name
and z :: name
and P :: pi

shows a<z>.P —a<z> < P
proof —
obtain y::name where y # a and y § P
by (generate-fresh name, auto simp add: fresh-prod)
from «y § P> have a<z>.P = a<y>.([(z, y)] - P) and a<z> < P = a<y> <
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((z, v)] - P)
by (auto simp add: alphaBoundResidual alphalnput)
with <y # a)> show ?thesis by(force intro: Input)
qed

declare perm-fresh-fresh|simp] name-swap[simp| fresh-prod|simp]

lemma ParlB:
fixes P :: pi
and a :: subject
and =z : name
and P’: pi
and @ :: pi

assumes P —a«z» < P’
and z4@Q

shows P || Q —a«z» < P'| Q
proof —
obtain y::name where y f Pand y P'and y f Q and y £ a
by (generate-fresh name, auto)
from <P — a«z» < P) <yt P» have P —a«y» < ([(z, y)] - P’)
by (simp add: alphaBoundResidual)
hence P || Q —ra«y» < ([(z, y)] - P) || Q using <y § P> <y @ v § @
by (rule ParlB)
with <z § Q> <y § P’ <y Q> show ?thesis
by (subst alphaBoundResidual[where z'=y]) auto
qed

lemma Par2B:
fixes @ :: pi
and a :: subject
and z :: name
and Q’: pi
and P :pi

assumes QTrans: Q —a«z» < Q'
and x4 P

shows P || Q —a«z» < P || Q'
proof —

obtain y::name where y f Qand y 4 Q'and y# Pand y f a
by (generate-fresh name, auto simp add: fresh-prod)

from QTrans <y § Q" have Q —a«y» < ([(z, v)] - Q")
by (simp add:alphaBoundResidual)

hence P || Q —a«y» < P || ([(z, y)] - Q') using <y §t P> <y @ <yt o
by (rule Par2B)

moreover have a«y» < P || ([(z, y)] - Q') = aka» < P | Q'

proof —
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from <y § @» <zt P> have z § P || ([(z, v)] - Q) by(auto simp add: calc-atm
fresh-left)
with «x § Py <y § P> show %thesis by(simp only: alphaBoundResidual, auto
simp add: name-swap name-fresh-fresh)
qed
ultimately show ?thesis by simp
qed

lemma Comml:
fixes P :: pi
and a : name
and <z :: name

and P’: pi
and @ :: pi
and b : name
and Q': pi

assumes PTrans: P —sa<z> < P’
and QTrans: Q —alb] < Q'

shows P || Q —7 < P'lz::=b] || Q'
proof —
obtain y::name where y f Pand y f P'and y  Q and y # a and y # b and
yiQ
by (generate-fresh name, auto simp add: fresh-prod)
from PTrans <y § P’ have P —a<y> < ([(z, y)] - P’)
by(simp add: alphaBoundResidual)
hence P || Q —7 < ([(z, )] - P)ly:=t] || Q'
using QTrans <y §t P> <yt @ <y # o> <y # b <y § Q"
by (rule Comm1)

with «y § P’ show ?thesis by(simp add: renaming name-swap)
qed

lemma Comm2:
fixes P : pi
and a : name
and b :: name

and P': pi
and @ :: pi
and =z : name
and Q': pi

assumes PTrans: P —alb] < P’
and QTrans: Q —a<z> < Q'

shows P | Q —7 < P’ || (Q'[z::=0])
proof —

obtain y::name where y f Pand y f P'and y § Q and y # a and y # b and
yiQ
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by (generate-fresh name, auto simp add: fresh-prod)
from QTrans <y § Q" have Q —a<y> < ([(z, v)] - Q)
by (simp add: alphaBoundResidual)
with PTrans have P | Q —7 < P’ || (([(z, y)] - Q))[y::=b])
using <y P> <yt @ <y # a> <y £ b <y § Ph
by (rule Comm2)
with <y £ Q" show ?thesis by (simp add: renaming name-swap)
qed

lemma Closel:

fixes P : pi
and a :: name
and =z : name
and P’: pi
and @ :: pi
and y :: name
and Q': pi

assumes PTrans: P —sa<z> < P’
and  QTrans: Q —ra<vy> < Q'
and yiP

shows P || Q —7 < <vy>(P'lzz=y] || Q)
proof —
obtain z’::name where 2’ Pand 2z’ P'and 2z’ Q and 2z’ § Q' and z’ # a
by (generate-fresh name, auto simp add: fresh-prod)
obtain y’::name where y’'ff P and y'# Q' and y' § Q
and y' 4 P'and y' # 2z’ and y' # y and y' # «a
by (generate-fresh name, auto simp add: fresh-prod)
from PTrans <z’ § P> have P —a<z’> < ([(z, z”)] - P’
by (simp add: alphaBoundResidual)
moreover from QTrans <y’ § Q" have Q —a<vy™> < ([(y, v')] - Q)
by(simp add: alphaBoundResidual)
ultimately have P || Q —7 < <vy’>(([(z, )] - P)la’=y] || (5, 9] - @)
using <y’ Py <y’ @ <z’ § Py <z’ Q@ <y’ # z <y # o 2’ # w
't Phy' 8 QY «a’ 4 P’ Q)
apply (rule-tac Closel)
by assumption (auto simp add: fresh-left calc-atm)
moreover have <vy’>(([(z, 2')] - P)[z"=y | ([(5, 4")] - Q) = <vy>(Pw=y]
I @)
proof —
from <z’ ¢ P’ have ([(z, z/)] - P))[z":=y'] = P'[z:=y'] by(simp add: renaming
name-swap)
moreover have y t (Pls:=y] || ([(v, 3] - Q")
proof (case-tac y = x)
assume y = z
with «y'§ Q" <y’ # y» show ?thesis by (auto simp add: fresh-fact2 fresh-left
calc-atm)
next
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assume y # x
with <y § P> PTrans have y § P’ by(force dest: freshBoundDerivative)
with <y’ § Q" <y’ # y> show ?thesis by(auto simp add: fresh-left calc-atm
fresh-factl)
qed
ultimately show ?thesis using <y’ § P’y apply(simp only: alphaRes)
by (auto simp add: name-swap equt-subs calc-atm renaming)
qed
ultimately show ?thesis by simp
qed

lemma Close2:

fixes P : pi
and a :: name
and y : name
and P': pi
and @ :: pi
and =z : name
and Q': pi

assumes PTrans: P —a<vy> < P’
and  QTrans: Q —a<z> < Q'
and yiQ

shows P || Q —7 < <vy>(P'| (Q'lz:=y]))
proof —
obtain z":name where 2z’ Pand z’' 4§ Q' and 2z’ Q and z' § P'and 2’ # a
by (generate-fresh name, auto simp add: fresh-prod)
obtain y"::name where y’'ff P and y'# P’ and ¢y’ Q
and ¢y’ Q' and y’' # 2z’ and y’' # y and 3y’ # a
by (generate-fresh name, auto simp add: fresh-prod)
from PTrans <y’ § P» have P —a<vy’™> < ([(y, ¥')] - P’)
by(simp add: alphaBoundResidual)
moreover from QTrans <z’ Q" have Q —a<z’> < ([(z, )] - Q)
by (simp add: alphaBoundResidual)
ultimately have P || @ —7 < <vy">(([(y, )] - P) || (([(z, 2')] - Q)]z":=y"))
using <y’ Py <y’ Q> <z’ § Py <z’ @ <y # zh 2’ £ oy £ o
' Pha'd Q) «y't Phy't Q)
by (rule-tac Close2) (assumption | auto simp add: fresh-left calc-atm)+
moreover have <vy”>(([(y, y')] - P') || (([(z, z)] - @)[z":=yT)) = <vy>(P’
| Q=)
proof —
from <z’ Q" have ([(z, z)] - Q))[z"=:=y'] = Q'[z::=y’] by(simp add: renaming
name-swap)
moreover have y t (s, 3] - P') || (@z==y1))
proof(case-tac y = )
assume y = z
with <y’ # P’ <y’ # v show ?thesis by(auto simp add: fresh-fact2 fresh-left
calc-atm)
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next
assume y # x
with «y § @ QTrans have y § Q' by(force dest: freshBoundDerivative)
with <y’ § P) <y’ # v show ?thesis by(auto simp add: fresh-left calc-atm
fresh-factl)
qed
ultimately show ?thesis using <y’ § Q" apply(simp only: alphaRes)
by (auto simp add: name-swap equt-subs calc-atm renaming)
qed
ultimately show “thesis by simp
qged

lemma ResB:
fixes P :: pi
and a :: subject
and =z : name
and P’: pi
and vy :: name

assumes PTrans: P —sa«xz» < P’
and yta
and yF£x

shows <vy>P ——a«z» < <vy>P’
proof —
obtain z where 2 Pand 2 a and 2z # y and 2z § P’
by (generate-fresh name, auto simp add: fresh-prod)
from PTrans <z § P» have P ——a«z» < ([(z, 2)] -+ P’) by(simp add: al-
phaBoundResidual)
with <z § P <z § @ <z # y <y £ @ have <vy>P r—ra«z» < <vy>([(z, 2)] -
P’) by(rule-tac ResB) auto
moreover have a«z» < <vy>([(z, z)] - P’) = akz» < <vy>P’
proof —
from <z § P’ <y # 2> have z § <vy>([(z, 2)] - P’') by(auto simp add: abs-fresh
fresh-left calc-atm)
with «y # 2> <z # y» show ?thesis by (simp add: alphaBoundResidual name-swap
calc-atm)
qed
ultimately show ?thesis by simp
qed

lemma outputinduct[consumes 1, case-names Output Match Mismatch Sum1 Sum?2
Parl Par2 Res Bang|:

fixes P :: pi

and a :: name

and b : name

and P': pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C : 'a:fs-name
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assumes Trans: P —a[b] < P’
and AabP C.FC (afb}.P)abP
and APabP' c¢C.[P+—OutputRab < P; N\C.FCPabP]= FC
([e~c]P) a b P’
and APabP' c¢cdC.[P—OutputRab < P; NC. FCPabPc#d
— F C ([c£d]P) a b P’
and APabP' QC.[P+—OutputRab<P;NC. FCPabP]|= FC
(P& Q) abP
and ANQabQ PC.[Q+—OutputR ab< Q5 NC.FCQabQ]=F
C(PDQ)ab@
and APabP’'QC.[P+—OutputRab <P \NC.FCPabP]|= FC
(P @ ab (P Q
and ANQabQ PC.[Q+—OutputR ab< Q5 N\C.FCQabQ]=F
CPQab(PlQ)
and AP abP zC.[P—OutputR ab < Pixz#a,z# bzt C; N\C. F
CPabP]=

F C (<vz>P) a b (<vz>P’)
and APabP' C.[P|!P+—OutputR ab <P ANC. FC (P|!P)abP]
— FC(P)abP

shows F C Pab P’
proof —
from Trans show ?thesis
by(nominal-induct 2 == OutputR a b < P’ avoiding: C arbitrary: P’ rule:
transitions.strong-induct,
auto simp add: residuallnject freeRes.inject intro: assms)
qed

lemma inputInduct[consumes 2, case-names Input Match Mismatch Suml Sum?2
Parl Par2 Res Bang|:

fixes P : pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool

and C : ’a:fs-name

assumes a: P —ra<z> < P’

and z 4P

and clnput: Aaxz P C.F C (a<z>.P)azP

and  cMatch: APaxzP’'bC.[P+r—a<z><P; N\C.FCPazP]—=
F C ([b~b]P) az P’

and  cMismatch: APax P'b ¢ C. [P+——a<z> < P53 ANC.FCPaxzP;b
# ] = F C ([b#c]P) a z P’

and cSuml: AP QaxzP' C.[P+—a<z><P;NC.FCPazxP|=
FC(P® Q) azxzP’

and c¢Sum2: AP QazQ C.[Qr—a<z>< Qi ANC.FCQaz Q] =
FCP®d Q) azxQ
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and cPar1B: AP P' Qaxz C.[Pvr—a<z><Phizt Pzt Q;z# a
NC.FCPazP|=
FC(P|Qaz(P]Q
and cPar2B: AP Q Q' azC.[Qv+—a<a> < Qx4 Pzt Q; z+# g
NC.FCQaz Q] =
FC(P|Qaz(P| Q)
and cResB: AP P axyC.[Pr—a<az><Piy#ay#uzytC;
NC. FCPaxP|= FC (<vy>P) az (<vy>P’)
and cBang: APaz P’ C.[P|!P+—a<z><P;\NC.FC(P|'P)a

z P =
FC(P)azxP
shows F C P az P’
proof —
from a <z §f P> show ?thesis
proof (nominal-induct 2 == a<z> < P’ avoiding: C a x P’ rule: transi-

tions.strong-induct)
case(Tau P)
thus ?case by(simp add: residuallnject)
next
case(Input x a P C a’ ' P)
have z { 2’ by fact hence = # z’ by simp
moreover have a<z> < P = a’<z’> < P’ by fact
ultimately have aeqa”: a = o’ and PegP": P = [(z, z’)] - P’
by (simp add: residuallnject freeRes.inject subject.inject name-abs-eq)+

have F C (a<z’>.([(z, ")] - P)) a 2’ ([(z, 2')] - P) by(rule cInput)

moreover have z § P’ by fact

ultimately show ?case using PeqP’ aeqa’ by(simp add: alphalnput name-swap)
next

case(Output P a b)

thus ?case by(simp add: residuallnject)
next

case(Match P b Rs a x)

thus ?case

by (force intro: cMatch simp add: residuallnject)

next

case(Mismatch P Rs a b C a )

thus Zcase

by (force intro: cMismatch simp add: residuallnject)

next

case(Open P P’ a b Ca’ z P')

thus ?case by(simp add: residuallnject)
next

case(Sumi P Q Rs C)

thus ?case by/(force intro: ¢cSuml)
next

case(Sum2 P @ Rs ()

thus ?case by(force intro: c¢Sum2)
next
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case(ParlBPax P'Q Ca’z' P")
have z £ 2’ by fact hence zineqz”: x # z’ by simp
moreover have Fq: a«z» < (P'|| Q) = a’<z’> < P" by fact
hence aeqa’”: a = InputS o’ by(simp add: residuallnject)
have z' § P || Q by fact
hence z' § P and z’ § Q by simp+
have P"eq: P = (s, 2] - P') || @
proof —

from FEq zineqz’ have (P'| Q) = [(z, /)] - P"

by (simp add: residuallnject name-abs-eq)

hence (((z, 2')] - (P’ || Q) = P" by simp

with <z’ § Qv <z £ Q> show ?thesis by(simp add: name-fresh-fresh)
qed

have z § P" by fact
with P"eq <x # z'» have z' § P’ by(simp add: name-fresh-left name-calc)

have PTrans: P —a«z» < P’ by fact
with <z’ § P’ aega’ have P —a'<z’> < ([(z, z)] - P’)
by (simp add: alphaBoundResidual)
moreover have AN\C. FF C P o’ 2’ ([(z, )] - P)
proof —
fix C
have AC a' 2’ P". Jakz» < P'=a'<a’> < P"; 2’4 Pl= FCPa'z' P"
by fact
moreover with aega’ zineqz’ <z’ § P’y have a«z»y < P’ = a'<z’> < ([(z,
w0 - P
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)
ultimately show F C P a’ 2’ ([(z, )] - P’) using <z’ § P> by blast
qed
moreover from PTrans <z’ § P> have z'§ a by(auto dest: freshBoundDeriva-
tive)
ultimately have F C (P || Q) a’ 2’ (([(z, z")] - P') || Q) using <z’ { Q>aeqa’
<z’ f P>
by (rule-tac cParlB) auto
with P'’eq show ?case by simp
next
case(ParlF P P’ Q «)
thus ?case by(simp add: residuallnject)
next
case(Par2B Qaxz Q' P Ca' z' Q")
have z { 2’ by fact hence zineqr”: © # x’ by simp
moreover have Eq: a«z» < (P || Q) = a'<z’> < Q" by fact
hence aeqa’”: a = InputS o’ by(simp add: residuallnject)
have z § P by fact
have z' § P || Q by fact
hence z'# P and z’ § Q by simp+
have Q"eq: Q" = P || ([(z, z')] - @)

proof —

22



from Fq zinegz’ have (P || Q) = [(z, )] - Q"
by (simp add: residuallnject name-abs-eq)
hence ([(z, 2')] - (P || Q) = Q" by simp
with «z’ § P> <z § P» show ?thesis by(simp add: name-fresh-fresh)
qed

have z § Q" by fact
with Q"’eq <z # z'» have z' § Q' by(simp add: name-fresh-left name-calc)

have QTrans: Q —a«z» < Q' by fact
with <z’ § Q" aeqa’ have Q —a'<z’> < ([(z, )] - Q)
by (simp add: alphaBoundResidual)
moreover have AC. F C Q o’ 2z’ ([(z, z')] - Q)
proof —
fix C
have AC a' 2z’ Q". Jakzy < Q' =a'<z’> < Q" 2’4 Q) = F C Q a’ 2’
Q" by fact
moreover with aeqa’ zinegz’ <z’ § Q> have a«z» < Q' = a’<z’> < ([(=,
) - Q)
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)
ultimately show F C Q o’ 2’ ([(z, )] - Q') using «z’ £ Qaeqa’ by blast
qed
moreover from QTrans <z’ f @Q» have =’ § a by(force dest: freshBoundDeriva-
tive)
ultimately have F C (P || Q) a’ 2’ (P || ([(z, 2')] - Q")) using <z’ § P> aeqa’
't Q
by (rule-tac ¢Par2B) auto
with Q"eq show ?case by simp
next
case(Par2F P P’ Q «)
thus ?case by(simp add: residuallnject)
next
case(Comml PP’ Q Q' a b x)
thus ?case by(simp add: residuallnject)
next
case(Comm2 PP’ Q Q' a b x)
thus ?case by(simp add: residuallnject)
next
case(Closel P P' Q Q' a z y)
thus ?case by(simp add: residuallnject)
next
case(Close2 PP’ Q Q' a x y)
thus ?case by(simp add: residuallnject)
next
case(ResBP axz Py Ca’ z' P
have z { 2’ by fact hence zineqr”: © # z’ by simp
moreover have Eq: a«z» < (<vy>P') = a’<z’> < P" by fact
hence aeqa’”: a = InputS o’ by (simp add: residuallnject)
have y £ 2’ by fact hence yineqz” y # z’ by simp
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moreover have =’ <vy>P by fact
ultimately have =’ § P by(simp add: name-fresh-abs)
have y # z and yineqa: y § a and yFreshC: y § C by fact+

have P'’eq: P" = <vy>([(z, z')] - P’)
proof —
from Eq zineqz’ have <vy>P’' = [(z, z')] -+ P”
by (simp add: residuallnject name-abs-eq)
hence ([(z, )] - (<vy>P’)) = P" by simp
with yineqz’ <y # x> show ?thesis by (simp add: name-fresh-fresh)
qed

have z § P" by fact
with Peq <y # x) <z # x'» have z’ § P’/ by(simp add: name-fresh-left name-calc
name-fresh-abs)

have P —a«z» < P’ by fact
with <z’ P aega’ have P —a'<z’> < ([(z, z)] - P)
by (simp add: alphaBoundResidual)
moreover have ANC. FF C P o’ 2’ ([(z, z)] - P)
proof —
fix C
have ACa’ 2’ P”. Jakz» < P'=a'<as’> < P"; 2’4 Pl = F CPa'z' P"
by fact
moreover with aega’ zinegr’ <z’ § P> have a«ax» < P' = a'<z’> < ([(=,
2] - P
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)
ultimately show F C P o’ z’ ([(z, )] - P’) using <z’ § P> aeqa’ by blast
qed
ultimately have F C (<vy>P) o’ 2’ (<vy>([(z, z')] - P’)) using yineqz
yineqa yFreshC aeqa’
by (force intro: cResB)
with P’’eq show ?case by simp
next
case(ResF P P’ a y)
thus ?case by(simp add: residuallnject)
next
case(Bang P Rs)
thus ?case by(force intro: cBang)
qed
qed

/

lemma boundOutputInduct[consumes 2, case-names Match Mismatch Open Sum1
Sum?2 Parl Par2 Res Bang:

fixes P :: pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool
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and C : 'a:fs-name

assumes a: P —ra<vz> < P’

and g P

and  c¢cMatch: APaxzP'bC.[P+—a<ve><P; ANC.FCPazP| =
F C ([b—~b]P) a z P’

and cMismatch: NP az P'bc C. [P —a<vz> < P, NC. F C P az P
b#c] = F C ([b#c]P) a z P’

and cOpen:  APaxz P’ C. [Pr—(OutputR az) < Pia+#z] = FC
(<vz>P) axz P’

and cSuml: AP QazxP' C.[Pr—a<vz> < P NC. FCPaazP]
= FC(P® Q) axP’

and cSum2: AP QazQ C.[Qvr—a<vz>< Q3 NC. FCQazQ]
= FCPaQ) azQ

and cPariB: APP' QazC.[Pr—a<va> <Pzt Q;NC.FCPazx
Pl =

FCPIQaz(PQ)

and cPar2B: AP Q Q' azC.[Q+—a<vz><Q5z8P; NC. FCQa

z Q] =
FCP|QasP|Q)
and cResB:  APP'azyC.[Pr—a<vz><Phiy#ay#uzytC
NC.FCPazxP|= FC (<vy>P) az (<vy>P’)

and c¢Bang: APazP' C.[P|Pv+—a<vz> <P ANC.FC(P|!P)a

z P =

FC(P)axP’
shows FC P ax P’
proof —
from a <z § P> show ?thesis
proof (nominal-induct 2 == a<vz> < P’ avoiding: C a z P’ rule: transi-

tions.strong-induct)

case(Tau P)

thus ?case by(simp add: residuallnject)
next

case(Input P a x)

thus ?case by(simp add: residuallnject)
next

case(Output P a b)

thus ?case by(simp add: residuallnject)
next

case(Match P Rs b C a )

thus ?case

by (force intro: cMatch simp add: residuallnject)

next

case(Mismatch P Rs a b C ¢ )

thus ?case

by (force intro: cMismatch simp add: residuallnject)

next

case(Sumi P @ Rs C)

thus ?Zcase by/(force intro: ¢cSuml)
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next
case(Sum2 P Q Rs C)
thus ?case by/(force intro: cSum2)

next
case(Open P a b P' Ca’ z P”)
have b £ = by fact hence bineqx: b # = by simp
moreover have a<vb> < P’ = a'<vz> < P" by fact
ultimately have aeqa”: a=a’ and P’eqP’: P = [(b, z)] - P’

by (simp add: residuallnject name-abs-eq)+

have z § <vb>P by fact
with binegr have x § P by(simp add: name-fresh-abs)
have aineqb: a # b by fact

have PTrans: P —a[b] < P’ by fact
with «x § P> have zineqa: © # a by(force dest: freshFreeDerivative)
from PTrans have ([(b, z)] - P) —[(b, z)] - (a[b] < P’) by(rule transi-
tions.equt)
with P’eqP" zineqa ainegb have Trans: ([(b, z)] + P) —az] < P
by (auto simp add: name-calc)
hence F C (<va>([(b, )] - P)) a x P using zineqa by (blast intro: ¢cOpen)
with «x § P> aeqa’ show ?case by(simp add: alphaRes)
next
case(ParlBPax P'Q Ca’z' P")
have z £ 2’ by fact hence zineqz’: x # z’ by simp
moreover have Eq: a«z» < (P'|| Q) = a’<va’> < P" by fact
hence aeqa”: a = BoundOutputS o’ by(simp add: residuallnject)
have z § Q by fact
have z' £ P || @ by fact
hence z' # P and 2’ § Q by simp+
have Peq: P = ([(z, 2')] - P) || @
proof —
from FEq zineqgz’ have (P'|| Q) = [(z, /)] - P"
by (simp add: residuallnject name-abs-eq)
hence (((z, +/)] - (P' | Q) = P" by simp
with «z’ § Qy«x § @ show ?thesis by(simp add: name-fresh-fresh)
qed

have z § P" by fact
with P"eq <x # z'» have z' § P’ by(simp add: name-fresh-left name-calc)

have P —a«z» < P’ by fact
with <z’ § P’ aeqa’ have P —a'<vz’> < ([(z, z')] - P)
by (simp add: alphaBoundResidual)
moreover have AN\C. FF C P o’ 2’ ([(z, )] - P)
proof —
fix C
have AC a’' 2/ P”. Jakz» < P' = a’<vz’> < P"; 2’4 Pl= F CPa' 2’
P” by fact
moreover with aeqa’ zineqz’ <z’ § P"» have a«z» < P’ = a’<vz’> < ([(z,

26



2] - P
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)

ultimately show F C P a’ 2’ ([(z, /)] - P’) using «z' § P> aeqa’ by blast

qed

ultimately have F C (P || Q) a’ z’ (([(z, z")] - P') || Q) using <z’ { Q>aeqa’
by (blast intro: cParlB)

with P’’eq show ?case by simp

next
case(ParlF P P’ Q «)
thus ?case by(simp add: residuallnject)
next

case(Par2B Q az Q' P Ca' 2’ Q")

have z £ 2’ by fact hence zineqz’: x # z’ by simp

moreover have Eq: a«z» < (P || Q) = a’<va’> < Q" by fact

hence aeqa”s a = BoundOutputS o’ by (simp add: residuallnject)

have z § P by fact

have z' § P || @ by fact

hence z' # P and 2’ § Q by simp+

have Q"eq: Q" = P || ([(z, 2)] - Q")

proof —
from FEq zineqz’ have (P || Q') = [(z, /)] - Q"

by (simp add: residuallnject name-abs-eq)

hence ([(z, +/)] - (P || @) = Q"' by simp
with <z’ § P> «<x § P)> show %thesis by(simp add: name-fresh-fresh)

qed

have z § Q" by fact
with Q'’eq <z # z'» have z’ §f Q' by(simp add: name-fresh-left name-calc)

have ) —a«z» < Q' by fact
with <z’ Q" aega’ have Q —a'<vz’™> < ([(z, z')] - Q)
by (simp add: alphaBoundResidual)
moreover have ANC. FF C Q o’ z’ ([(z, )] - Q)
proof —
fix C
have AC o’ 2’/ Q". Jakazy < Q' = a'<vz’> < Q";2'§ Q] = F C Q o’ 2’
Q" by fact
moreover with aega’ zinegr’ <z’ § Q" have a«zy < Q' = a'<vz’> < ([(«,
) - Q)
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)
ultimately show F C Q o’ z’ ([(z, )] - Q') using «z’ £ Q)aeqa’ by blast
qed
ultimately have F C (P || Q) o’ 2’ (P || ([(z, /)] - Q') using <zt P>
by (blast intro: cPar2B)
with Q’’eq show ?case by simp
next
case(Par2F P P’ Q «)
thus ?case by(simp add: residuallnject)
next
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case(Comml PP’ Q Q' a b x)
thus ?case by(simp add: residuallnject)
next
case(Comm2 PP’ Q Q' a b x)
thus ?case by(simp add: residuallnject)
next
case(Closel P P' Q Q' a z y)
thus ?case by(simp add: residuallnject)
next
case(Close2 PP’ Q Q' a x y)
thus ?case by(simp add: residuallnject)
next
case(ResBP axz Py Ca' z' P
have z { 2’ by fact hence zineqr”: © # z’ by simp
moreover have Eq: a«z» < (<vy>P’) = a’<vz’> < P" by fact
hence aeqa”: a = BoundOutputS o’ by(simp add: residuallnject)
have y # 2’ by fact hence yinegz”: y # z’ by simp
moreover have 1’ { <vy>P by fact
ultimately have z’ § P by(simp add: name-fresh-abs)
have y # z and y § a and yFreshC: y § C by fact+

have P'’eq: P = <vy>([(z, z)] - P’)
proof —
from Eq zineqz’ have <vy>P' = [(z, z')] - P"
by (simp add: residuallnject name-abs-eq)
hence ([(z, )] - (<vy>P")) = P" by simp
with yinegz’ <y # x> show ?thesis by (simp add: name-fresh-fresh)
qed

have z § P" by fact
with P”eq <y # x» <x # x'» have z' § P/ by(simp add: name-fresh-left name-calc
name-fresh-abs)

have P —a«z» < P’ by fact
with <z’ P aega’ have P —a'<vz’> < ([(z, z')] - P’)
by (simp add: alphaBoundResidual)
moreover have ANC. FF C P o’ 2’ ([(z, z)] - P)
proof —
fix C
have AC a’' 2/ P". Jakz» < P' = a’<vz’™> < P"; 2’4 Pl= F CPa' 2’
P’ by fact
moreover with aeqa’ zineqr’ <z’ § P"» have a«z» < P’ = a'<vz’> < ([(z,
w0 - P
by (simp add: residuallnject name-abs-eq name-fresh-left name-calc)
ultimately show F C P a’ 2’ ([(z, )] - P’) using «z' § P> aeqa’ by blast
qed
ultimately have F C (<vy>P) a’ 2’ (<vy>([(z, z')] - P’)) using yinegz’ <y
# a> yFreshC aeqa’
by (force intro: cResB)
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with P'’eq show ?case by simp
next
case(ResF P P’ a y)
thus ?case by(simp add: residuallnject)
next
case(Bang P Rs)
thus ?case by(force intro: cBang)
qed
qed

lemma taulnduct[consumes 1, case-names Tau Match Mismatch Sum1 Sum?2 Parl
Par2 Comm1 Comm2 Closel Close2 Res Bang:

fixes P : pi

and P’: pi

and F : 'a:fs-name = pi = pi = bool

and C : ’a:fs-name

assumes Trans: P ——7 < P’

and APC.FC (r.(P)) P

and APP'cC. [P <P \C.FCPP] = FC ([c~dP) P’

and APP c¢cdC.[P—1<Pi;A\NC.FCPP;c+#d = FC ([c£d]P)
P/

and APP' QC.[P—s7<Ps\NC.FCPP]= FC (P& Q)P

and AQQ PC.[Qr—1<Q 3 NC.FCQQ]=FC (P& Q) Q'

and APP' QC.[P—17<P;ANC.FCPP]|=FC(P| Q) (P Q)

and  NQQ'PC.[Q—7<Q NC.FCQQI— FC(P| Q) (PIQ)

and APazP Qb Q C.[P+——(BoundR (InputS a) z P’); Q — OutputR
ab<QietPiat QutCl— FC(P|Q (Pl=i | Q)

and APabP QzQ C.[P+—OutputR a b < P’; Q —(BoundR (InputS
W2 Q) rtPiatQatC) = FC(P|Q (P Qa=b)

and APazP Qy Q' C.[P+——(BoundR (InputS a) x P'); Q —a<vy>
< Qi P Qaet Ciyt Pyl QuiCiao#yl = FC(P| Q)
(<oy>(Plamy] | Q)

and APayP' Qz Q' C.[P+—a<vy> < P’; Q —(BoundR (InputS a) z
ﬁ?’g/[ﬂ?ﬁP;})ﬂ;ﬁ QriCiyt Pyt Qyt Cia#yl= FC (P Q) (<vy>(P’

ri=y
and APP zC.[P+—7T <Pzt C,\NC.FCPP]|=
F C (<vaz>P) (<vz>P’)
and APP' C.[P|IPv+——s1 <P \C.FC(P|IP)P]= FC(P) P

shows FF C P P’
proof —
from Trans show ?thesis
by (nominal-induct x2==1 < P’ avoiding: C arbitrary: P’ rule: transitions.strong-induct,
auto simp add: residuallnject intro: assms)
qed

inductive bangPred :: pi = pi = bool
where
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auxl: bangPred P (!P)
| auz2: bangPred P (P || |P)

inductive-cases nilCases’[simplified pi.distinct residual.distinct]: 0 — Rs
inductive-cases tauCases’[simplified pi.distinct residual.distinct]: 7.(P) — Rs
inductive-cases inputCases’[simplified pi.inject residuallnject]: a<b>.P — Rs
inductive-cases outputCases’[simplified pi.inject residuallnject]: a{b}.P — Rs
inductive-cases matchCases’[simplified pi.inject residuallnject]: [a—~b]P — Rs
inductive-cases mismatchCases’[simplified pi.inject residuallnject]: [a#£b]P +——
Rs

inductive-cases sumCases'[simplified pi.inject residuallnject]: P & Q —— Rs
inductive-cases parCasesB’[simplified pi.distinct residual.distinct]: P || Q@ ——
bay» < P’

inductive-cases parCasesF'[simplified pi.distinct residual.distinct]: P || Q — «
< P’

inductive-cases resCases’[simplified pi.distinct residual.distinct]: <vx>P +—— Rs
inductive-cases resCasesB’[simplified pi.distinct residual.distinct]: <vaz’>P +——
asy’» < P’

inductive-cases resCasesF'[simplified pi.distinct residual.distinct]): <vz>P — «
< P’

inductive-cases bangCases[simplified pi.distinct residual.distinct]: |P — Rs

lemma tauCases[consumes 1, case-names cTau):

fixes P : pi
and « :: freeRes
and P': pi

assumes 7.(P) —a < P’
and [« = 7; P =P = Prop (1) P

shows Prop o P’
using assms
by (erule-tac tauCases’, auto simp add: pi.inject residuallnject)

lemma outputCases[consumes 1, case-names cOutput]:
fixes a :: nmame
and b : name

and P :: pi
and « : freeRes
and P’: pi

assumes a{b}.P —a < P’
and [o = a[b]; P = P'] = Prop (a[b]) P

shows Prop o P’
using assms

by (erule-tac outputCases’, auto simp add: residuallnject)

lemma zero Trans|dest]:
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fixes Rs :: residual
assumes 0 — Rs
shows Fulse

using assms

by (induct rule: nilCases’, auto)

lemma resZero Trans|dest):
fixes z :: name
and Rs :: residual
assumes <vz>0 +— Rs
shows Fulse

using assms

by (induct rule: resCases’, auto simp add: pi.inject alpha’)

lemma matchTrans|dest]:

fixes a :: name
and b :: name
and P : pi

and Rs :: residual

assumes [a—~b|P — Rs
and a#b

shows Fulse
using assms
by (induct rule: matchCases’, auto)

lemma mismatchTrans|dest]:
fixes a :: name
and P :pi
and Rs :: residual

assumes [a#a]P — Rs

shows Fulse
using assms
by (induct rule: mismatchCases’, auto)

lemma inputCases|[consumes 4, case-names cInput]:
fixes a :: name
and <z : name
and P :pi
and P': pi

assumes Input: a<z>.P — by» < yP’

31



and y #£ a
and yF£x
and Y
and  A: [b= InputS a; yP' = ([(z, y)| - P)] = Prop (InputS a) y ([(z,
y)l - P)

shows Prop b y yP’
proof —
note assms
moreover from Input <y # a> <y # x> <y § P> have y § b
by (force dest: freshBoundDerivative simp add: abs-fresh)
moreover obtain z::name where 2z # y and 2z # z and 2z § P and 2z # a and
24 band 2z § yP’
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain z”":name where 2’ # y and 2’ # z and 2’ # z and 2’ § P
and 2z’ # a and 2’ § b and 2’ § yP’
by (generate-fresh name, auto simp add: fresh-prod)
ultimately show ?thesis
by(cases rule: transitions.strong-cases[where z=y and b=z and za=z and
zb=z and zc=z and zd=z and ze=z
and zf=z and zg=z and y=z' and ya=2z'
and yb=y and yc=z")
(auto simp add: pi.inject residuallnject alpha abs-fresh fresh-prod fresh-left
calc-atm)+
qed

lemma tauBound Trans[dest]:
fixes P :: pi
and a :: subject
and z : name
and P': pi

assumes 7.(P) —a«z» < P’

shows Fulse
using assms
by — (ind-cases 7.(P) —a«z» < P’)

lemma tauOutputTrans|[dest]:
fixes P : pi
and a :: name
and b : name
and P': pi

assumes 7.(P) —a[b] < P’
shows Fulse

using assms
by — (ind-cases T.(P) —a[b] < P’, auto simp add: residuallnject)
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lemma inputFreeTrans|dest]:
fixes a :: name
and =z : name

and P :: pi
and « : freeRes
and P’: pi

assumes a<z>.P —a < P’

shows Fulse
using assms
by — (ind-cases a<z>.P —a < P’)

lemma inputBoundOutput Trans|dest):
fixes a :: name
and 1z : name

and P : pi
and b : name
and y : name
and P': pi

assumes a<r>.P —b<vy> < P’

shows Fulse
using assms
by — (ind-cases a<z>.P ——b<vy> < P’, auto simp add: residuallnject)

lemma outputTauTrans|dest):
fixes a :: name
and b : name
and P :: pi
and P’: pi

assumes a{b}.P —7 < P’

shows Fulse
using assms
by — (ind-cases a{b}.P —71 < P’, auto simp add: residuallnject)

lemma outputBoundTrans|dest]:
fixes a :: name
and b : name
and P : pi
and c¢ :: subject
and =z : name
and P': pi

assumes a{b}.P —c«z» < P’
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shows Fulse
using assms
by — (ind-cases a{b}.P —c4z» < P

lemma outputIneqTrans|[dest]:
fixes a :: name

and b : name
and P :pi
and c¢ : name
and d : name
and P’: pi

assumes a{b}.P —c[d] < P’
and a#cVb#d

shows Fulse
using assms
by — (ind-cases a{b}.P —c[d] < P’, auto simp add: residuallnject pi.inject al-
pha’)

lemma outputFreshTrans|[dest]:
fixes a :: name
and b : name

and P :pi
and « :: freeRes
and P': pi

assumes a{b}.P —ra < P’
and attaVbta

shows Fulse
using assms
by — (ind-cases a{b}.P —a < P’, auto simp add: residuallnject pi.inject alpha’)

lemma inputineqTrans|dest]:
fixes a :: name
and =z : name
and P : pi
and b :: subject
and vy :: name
and P': pi

assumes a<r>.P —b«y» < P’
and ald

shows Fulse

using assms
by — (ind-cases a<z>.P ——b«y» < P’ auto simp add: residuallnject pi.inject)
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lemma resTauBoundTrans|dest]:
fixes z :: name
and P : pi
and a :: subject
and y : name
and P’: pi

assumes <vz>71.(P) —agy» < P’

shows Fulse
using assms
by — (ind-cases <vz>7.(P) —a«y» < P’ auto simp add: residuallnject pi.inject
alpha’)

lemma resTauOutput Trans|dest]:
fixes x :: name
and P : pi
and a :: name
and b : name
and P': pi

assumes <vz>7.(P) —a[b] < P’

shows Fulse
using assms
by — (ind-cases <va>T1.(P) —a[b] < P/, auto simp add: residuallnject pi.inject
alpha)

lemma resInputFree Trans|dest]:
fixes z :: name
fixes a :: name
and y :: name

and P ::pi
and « : freeRes
and P’: pi

assumes <vz>a<y>.P —a < P’

shows Fulse
using assms
by — (ind-cases <vaz>a<y>.P —a < P’, auto simp add: pi.inject residuallnject
alpha’)

lemma resinputBoundOutput Trans|dest]:
fixes z :: name
and a : name
and y :: name
and P :pi
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and b :: name
and =z : name
and P': pi

assumes <vz>a<y>.P —b<vz> < P’

shows Fulse
using assms
by — (ind-cases <vz>a<y>.P —b<vz> < P’/ auto simp add: pi.inject residu-
allnject alpha’)

lemma resOutput TauTrans|dest]:
fixes = :: name
and a : name
and b : name
and P :: pi
and P’: pi

assumes <vz>a{b}.P —7 < P’

shows Fulse
using assms
by — (ind-cases <vz>a{b}.P —7 < P’ auto simp add: residuallnject pi.inject
alpha’)

lemma resOutputinputTrans|dest]:
fixes x :: name

and a : name
and b :: name
and P :pi
and c¢ : name
and y :: name
and P’: pi

assumes <vz>a{b}.P —sc<y> < P’

shows Fulse
using assms
by — (ind-cases <vz>a{b}.P —c<y> < P’, auto simp add: pi.inject residualln-
ject alpha’)

lemma resOutputOutput Trans|dest]:
fixes x :: name

and a : name
and P : pi
and b : name
and y : name
and P': pi
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assumes <vz>a{z}.P —b[y] < P’

shows Fulse
using assms
by — (ind-cases <vz>a{z}.P —bly] < P’, auto simp add: pi.inject residuallnject
alpha’ calc-atm)

lemma resTrans|dest]:
fixes x :: name
and b :: name
and Rs :: residual
and vy :: name

shows <vz>z{b}.P — Rs = Fulse

and <vr>zx<y>.P —— Rs = Fulse
apply (ind-cases <va>z{b}.P — Rs, auto simp add: pi.inject alpha’ calc-atm)
by (ind-cases <vx>z<y>.P —— Rs, auto simp add: pi.inject alpha’ calc-atm abs-fresh
fresh-left)

lemma matchCases[consumes 1, case-names cMatch):
fixes a :: name
and b :: name
and P ::pi
and Rs :: residual
and F :: name = name = bool

assumes [a—~b]P — Rs
and [P—— Rs;a=b= Faa

shows F a b
using assms
by (induct rule: matchCases’, auto)

lemma mismatchCases[consumes 1, case-names cMismatch):
fixes a :: name
and b : name
and P :: pi
and Rs :: residual
and F : name = name = bool

assumes Trans: [a#b]P — Rs
and  cMatch: [P+— Rs;a # b = Fabd

shows F a b
using assms

by (induct rule: mismatchCases’, auto)

lemma sumCases[consumes 1, case-names cSumi cSum2]:
fixes P :: pi
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and @ :: pi
and Rs :: residual

assumes Trans: P ® Q — Rs
and cSuml: P — Rs — Prop
and cSum2: () — Rs = Prop

shows Prop
using assms
by (induct rule: sumCases’, auto)

lemma name-abs-alpha:
fixes a :: name
and b :: name
and P :: pi

assumes b ff P

shows [a].P = [b].([(a, )] - P)
proof(cases a=b, auto)
assume a # b
with assms show ?thesis
by (force intro: abs-fun-eq3[OF pt-name-inst, OF at-name-inst]
stmp add: name-swap name-calc name-fresh-left)

qed
lemma parCasesB[consumes 3, case-names cParl cPar2]:
fixes P :: pi
and @ :: pi
and a :: subject
and =z : name
and PQ’: pi
and C : 'a:fs-name

assumes P || Q — a«z» < PQ’

and x4 P

and zdQ

and AP P+ a«az» < P'= Prop (P'| Q)
and AQ. Qv+ a«z» < Q' = Prop (P | Q)

shows Prop PQ’
proof —
note assms
moreover from (P || Q —a«z» < PQ" <z i P> <z § @ have z § a
by (force dest: freshBoundDerivative)
moreover obtain y::name where y # rand yf Pand y f Q and y ff a and
y i PQ’
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain z::name where z # yand z # x and z § P and z § @) and
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zftaand z § PQ’

by (generate-fresh name, auto simp add: fresh-prod)

ultimately show ?thesis

by(cases rule: transitions.strong-casesjwhere z=y and b=y and ze=2 and

zb=z and zc=y and zd=y and ze=y
and zf=y and zg=y and y=z and ya = 2
and yb=z and yc=z|)
(auto simp add: pi.inject residuallnject alpha abs-fresh fresh-prod)+

qed

lemma parCasesF[consumes 1, case-names cParl cPar2 cComm1 cComm?2 cClosel

cClose2]:

fixes P :: pi
and @ :: pi
and « : freeRes
and P’: pi

and C :: 'a:fs-name
and F : freeRes = pi = bool

assumes Trans: P || Q — a < PQ’

and  icParlF: AP [P— a <P = F o (P'| Q)

and  icPar2F: NQ. [Q+— a < Q] = Fa (P Q)

and icComml1: AP’ Q" abz. [P+ a<z> < P’; Q@ — alb] < Q'; z ¢ P;
W QrFarEbat Qg Cia=1]= F(r) (Pla==b] || Q)

and icComm2: AP’ Q" abz. [P+ a[b] < P; Q — a<z> < Q' z tf P;
s Qirz#ax#b st Piot Cia=1] = F (1) (P'| Qz::=b])

and icClosel: AP’ Q" azy. [P+— a<z> < P’; Q — a<vy> < Q' = 4
PiagQe#ar#y st Q iyt Piyt Qy#ayiPiagCiyt Cia=r]
.

F () (<vy>(Plzz=y] || Q)

and icClose2: AP’ Q' axy. [P — a<vy> < P, Q — a<z> < Q'; z §

PiozfgQe#az#y s Pyt Pyt Qu#ayi Q28 Ciyt Cia=r]

—
F (1) (<vy>(P" || Q'z:=y]))

shows F a PQ’
proof —
note assms
moreover obtain z::name where z § P and z § Q and z ff « and z §f PQ’
and z § C
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain y::name where y f Pand y #f Q and y f o and y § PQ’ and
yf Candzx #y
by (generate-fresh name, auto simp add: fresh-prod)
ultimately show ?thesis
by(cases rule: transitions.strong-casesjwhere z=z and b=z and ze=2z and
zb=z and zc=z and zd=z and ze=z
and zf=z and zg=z and y=y and ya=y
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and yb=y and yc=y])
(auto simp add: pi.inject residuallnject alpha abs-fresh fresh-prod)+
qed

lemma resCasesF[consumes 1, case-names cRes]:
fixes z :: name

and P :pi
and « : freeRes
and P’: pi

and C : 'a:fs-name

assumes <vz>P — a < =P’
and AP.[P+— a<Pizfa] = F (<vz>P)

shows F zP’
proof —
note assms
moreover from (<vz>P ——a < zP’y have z § o and = £ zP’
by (force dest: freshFreeDerivative simp add: abs-fresh)+
moreover obtain y::name where y # rand y § P and y {f « and y § zP’
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain z::name where z # y and z # r and z § P and z § o and
z t zP’
by (generate-fresh name, auto simp add: fresh-prod)
ultimately show ?thesis
by(cases rule: transitions.strong-casesjwhere z=y and b=y and za=y and
zb=y and zc=y and zd=y and ze=y
and zf=y and zg=y and y=z and ya=z
and yb=z and yc=z])
(auto simp add: pi.inject residuallnject alpha abs-fresh fresh-prod)+
qed

lemma resCasesB[consumes 3, case-names cOpen cRes]:
fixes = :: name
and P :pi
and a :: subject
and y :: name
and yP’: pi
and C : ‘a:fs-name

assumes Trans: <vy>P —a«zy < yP’

and Tineqy: T # y

and  wineqy: x § P

and rcOpen: \b P'. [P —bly] < P’; b # y; a = BoundOutputS b] = F
(BoundOutputS b) ([(z, y)] - P’

and  rcResB: AP’ [P +— a«z» < Py y§ a] = F a (<vy>P’)

shows F a yP’
proof —
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note assms
moreover from (<vy>P ——a«x» < yP’ «x # y have y f a and y § yP’
by (force dest: freshBoundDerivative simp add: abs-fresh)+
moreover from (<vy>P ——a«z» < yP» <z § P> have z § a
by (force dest: freshBoundDerivative simp add: abs-fresh)+
moreover obtain z::name where z # y and z # z and z § P and z § a and
2t yP’
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain z’::name where 2z’ # y and 2z’ # z and 2’ # z and 2z’ { P
and z'# a and 2’ ¢ yP’
by (generate-fresh name, auto simp add: fresh-prod)
ultimately show ?thesis
by(cases rule: transitions.strong-casesjwhere z=z and b=y and za=z and
zb=z and zc=z and zd=z and ze=z
and zf=z and zg=z and y=z' and ya=z'
and yb=y and yc=z"))
(auto simp add: pi.inject residuallnject alpha abs-fresh fresh-prod fresh-left
calc-atm)+
qed

lemma bangInduct[consumes 1, case-names cPar1B cParlF cPar2B cPar2F ¢Comm1
cComm2 cClosel cClose2 cBang:

fixes F' :: 'a::fs-name = pi = residual = bool

and P :: pi

and Rs :: residual

and C : ’a:fs-name

assumes Trans: !P — Rs

and cPar1B: Naz P’ C. [P+ a«zy < P24 P,z C] = F C (P |
'P) (akx» < P'| 'P)

and  cParlF: N\a P’ C.[P— a <P = FC (P | !P) (a < P'| IP)

and  cPar2B: Naz P’ C. [IP — akz» < Pz 84 Pzt C; NC. F C (IP)
(akz» < P)] =

FC (P 'P) (akz» < P || P)

and  cPar2F: N\a P' C. [\/P+— a < PS5 ANC. FC (IP) (a < P)] = F C
(PIP) (a <P P

and cCommlI: Naz P'b P" C. [P +— a<z> < P'; |P — (OutputR a b)
<Pzt C

NC. F C (!P) ((OutputR a b) < P")] =
FC(P|'P)(r < (Pa==b]) | P")
and  c¢cComm2: Na b P’z P"” C. [P — (OutputR a b) < P} |\P — a<zx>

<Pzt C
AC. F C (IP) (a<z> < P")] =
FC (P|'P)(r <P (P'z:=b]))
and  cClosel: Naz P’y P" C. [P — a<az> < P’; |P — a<vy> < Py
f Pzt Ciyt G
ANC. F C (IP) (a<vy> < P")] =
FC(P|!'P) (1 < <vy>((Plz==y]) | P"))
and  cClose2: Nay P’z P" C. [P — a<vy> < P’} |IP +— a<z> < P y
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EPet Gyt G
AC. F C (IP) (a<z> < P")] =
FC (P 'P) (r < <vy>(P" | (P"[z::=y])))
and  cBang: ARs C. [P || /P — Rs; N\C. FC (P || !P) Rs] = F C (!P)
Rs

shows F C (!P) Rs
proof —
have A X YC.[X — Y; bangPred PX] = FCXY
proof —
fix XYC
assume X —— Y and bangPred P X
thus FCXY
proof (nominal-induct avoiding: C rule: transitions.strong-induct)
case(Tau Pa)
thus ?Zcase
apply —
by (ind-cases bangPred P (1.(Pa)))
next
case(Input z a Pa)
thus Zcase
apply —
by (ind-cases bangPred P (a<z>.Pa))
next
case(Output a b Pa)
thus Zcase
apply —
by (ind-cases bangPred P (a{b}.Pa))
next
case(Match Pa Rs b)
thus Zcase
apply —
by (ind-cases bangPred P ([b—~b]Pa))
next
case(Mismatch Pa Rs a b)
thus Zcase
apply —
by (ind-cases bangPred P ([a#b]Pa))
next
case(Open Pa a b Pa’)
thus Zcase
apply —
by (ind-cases bangPred P (<vb>Pa))
next
case(Suml! Pa Rs Q)
thus Zcase
apply —
by (ind-cases bangPred P (Pa & Q))

next
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case(Sum2 @ Rs Pa)
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa & Q))
next
case(PariB Pa a x Pa’ Q)
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cParlB simp add: pi.inject)
next
case(ParlF Pa o Pa’ Q)
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cParlF simp add: pi.inject)
next
case(Par2B Qa a © Qa’ Pa)
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa | Qa), auto intro: cPar2B auzl simp add:
pi.inject)
next
case(Par2F Qa o Qa’ Pa)
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa || Qa), auto intro: cPar2F auxl simp add:
pi.inject)
next
case(Comml Pa a z Pa’ Q b Q')
thus ?Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cComml auxl simp add:
pi.inject)
next
case(Comm?2 Pa a b Pa’ Q z Q')
thus Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cComm2 auxl simp add:
pi.inject)
next
case(Closel Pa az Pa' Qy Q)
thus Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cClosel auxl simp add:
pi.inject)
next
case(Close2 Pa a y Pa’ Q z Q')
thus Zcase
apply —
by (ind-cases bangPred P (Pa || Q), auto intro: cClose2 auxl simp add:
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pi.inject)
next
case(ResB Pa a z P’ y)
thus Zcase
apply —
by (ind-cases bangPred P (<vy>Pa))
next
case(ResF Pa o P’ y)
thus Zcase
apply —
by (ind-cases bangPred P (<vy>Pa))
next
case(Bang Pa Rs)
thus Zcase
apply —
by (ind-cases bangPred P (!Pa), auto intro: cBang auz2 simp add: pi.inject)
qed
qed

with Trans show ?thesis by(force intro: bangPred.auxl)
qed

end

theory Late-Semanticsl
imports Late-Semantics
begin

free-constructors case-subject for
InputS
| BoundOutputS
by (auto simp add: subject.inject)
(metis Rep-subject-inverse subject.constr-rep(1,2) subject-Rep.exhaust)

free-constructors case-freeRes for
OutputR
| TauR
by (auto simp add: freeRes.inject)
(metis Abs-freeRes-cases Abs-freeRes-inverse freeRes.constr-rep(1,2) freeRes-Rep.exhaust)

end
theory Rel
imports Agent

begin

definition equt :: ((‘a::pt-name) x (‘a::pt-name)) set = bool
where equt Rel = (Vz (perm::name prm). x € Rel — perm « x € Rel)
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lemma equtRell:
fixes Rel :: (‘a:pt-name X 'a) set
and P :'a
and Q :'a
and perm :: name prm

assumes equt Rel
and (P, Q) € Rel

shows (perm - P, perm - Q) € Rel
using assms
by (auto simp add: equt-def)

lemma equtRelE:
fixes Rel :: (‘a:pt-name X 'a) set
and P :'a
and Q :'a
and perm :: name prm

assumes equt Rel
and (perm - P, perm - Q) € Rel

shows (P, Q) € Rel
proof —
have rev perm - (perm - P) = P and rev perm - (perm - Q) = @
by (simp add: pt-rev-pi]OF pt-name-inst, OF at-name-inst])+
with assms show ?thesis
by (force dest: equtRell[of - - - rev perm)])
qed

lemma equtTrans[intro):
fixes Rel :: (‘a::pt-name x 'a) set
and Rel’:: ('a x 'a) set

assumes FEqutRel: equt Rel
and  EqutRel’: equt Rel’

shows equt (Rel O Rel’)
using assms
by (force simp add: equt-def)
lemma equtUnion[intro:

fixes Rel :: (‘a::pt-name x 'a) set

and Rel’:: ('a x 'a) set

assumes EqutRel: equt Rel
and EqutRel’: equt Rel’

shows equt (Rel U Rel’)
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using assms
by (force simp add: equt-def)

definition substClosed :: (pi x pi) set = (pi x pi) set where
substClosed Rel = {(P, Q) | P Q. Vo. (P[<o>], Q[<o>]) € Rel}

lemma equtSubstClosed:
fixes Rel :: (pi x pi) set

assumes equtRel: equt Rel

shows equt (substClosed Rel)
proof(simp add: equt-def substClosed-def, auto)
fix P Q perm s

assume Vs. (P[<s>], Q[<s>]) € Rel
hence (P[<(rev (perm::name prm) « s)>|, Q[<(rev perm - s)>]) € Rel by simp
with equiRel have (perm « (P[<(rev perm - s)>]), perm - (Q[<(rev perm « s)>]))
€ Rel
by (rule equtRell)
thus ((perm - P)[<s>], (perm - Q)[<s>]) € Rel
by (simp add: name-per-rev)
qed

lemma substClosedSubset:
fixes Rel :: (pi x pi) set

shows substClosed Rel C Rel
proof(auto simp add: substClosed-def)

fix P Q

assume Vs. (P[<s>], Q[<s>]) € Rel

hence (P[<[]>], Q[<[]>]) € Rel by blast

thus (P, Q) € Rel by simp

qed
lemma partUnfold:
fixes P :: pi
and @ :: pi
and o : (name x name) list

and Rel :: (pi x pi) set
assumes (P, Q) € substClosed Rel

shows (P[<o>], Q[<o>]) € substClosed Rel
using assms
proof(auto simp add: substClosed-def)
fix o’
assume Vo. (P[<o>], Q[<o>]) € Rel
hence (P[<(c@Qc’)>], Q[<(c@c’)>]) € Rel by blast
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thus ((P[<o>])[<c’>], (Q[<o>])[<c">]) € Rel
by simp
qed

inductive-set bangRel :: (pi X pi) set = (pi x pi) set
for Rel :: (pi x pi) set
where
BRBang: (P, @) € Rel = (1P, Q) € bangRel Rel
| BRPar: (R, T) € Rel = (P, Q) € (bangRel Rel) => (R || P, T || Q) € (bangRel
Rel)
| BRRes: (P, Q) € bangRel Rel = (<va>P, <va>(Q) € bangRel Rel

inductive-cases BRBangCases”: (P, Q) € bangRel Rel
inductive-cases BRParCases”: (P, Q || !Q) € bangRel Rel
inductive-cases BRResCases’”: (P, <vz>(Q)) € bangRel Rel

lemma equtBangRel:
fixes Rel :: (pi x pi) set

assumes equtRel: equt Rel

shows equt(bangRel Rel)
proof(simp add: equt-def, auto)
fix P Q perm
assume (P, Q) € bangRel Rel
thus ((perm:name prm) - P, perm - Q) € bangRel Rel
proof (induct)
fix P Q
assume (P, Q) € Rel
with equtRel have (perm - P, perm - Q) € Rel
by (rule equtRell)
thus (perm - P, perm - !Q) € bangRel Rel
by (force intro: BRBanyg)
next
fix PQR T
assume R: (R, T) € Rel
assume BR: (perm - P, perm - Q) € bangRel Rel

from equtRel R have (perm - R, perm - T) € Rel
by (rule equtRell)

with BR show (perm - (R || P), perm - (T || Q)) € bangRel Rel
by (force intro: BRPar)
next
fix PQa
assume (perm - P, perm - Q) € bangRel Rel
thus (perm - <va>P, perm - <va>Q) € bangRel Rel
by (force intro: BRRes)
qed

47



qed

lemma BRBangCases[consumes 1, case-names BRBang|:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and F : pi = bool

assumes (P, !Q) € bangRel Rel
and AP. (P, Q) € Rel = F (IP)

shows F' P
using assms
by (induct rule: BRBangCases’, auto simp add: pi.inject)

lemma BRParCases[consumes 1, case-names BRPar):
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and F : pi = bool

assumes (P, Q || 'Q) € bangRel Rel
and APR.[(P, Q) € Rel; (R,!Q) € bangRel Rel] = F (P || R)

shows F' P
using assms
by (induct rule: BRParCases’; auto simp add: pi.inject)

lemma bangRelSubset:
fixes Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes (P, Q) € bangRel Rel
and AP Q. (P, Q) € Rel = (P, Q) € Rel’

shows (P, @) € bangRel Rel’
using assms
by (induct rule: bangRel.induct) (auto intro: BRBang BRPar BRRes)

lemma bangRelSymetric:
fixes P :: pi
and @ :: pi
and Rel :: (pi X pi) set

assumes A: (P, Q) € bangRel Rel
and  Sym: AP Q. (P, Q) € Rel = (Q, P) € Rel

shows (Q, P) € bangRel Rel
proof —
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from A show ?thesis
proof (induct)
fix P Q
assume (P, Q) € Rel
hence (Q, P) € Rel by(rule Sym)
thus (!Q, !P) € bangRel Rel by(rule BRBang)
next
fix PQR T
assume RRelT: (R, T) € Rel
assume [H: (@, P) € bangRel Rel
from RRelT have (T, R) € Rel by(rule Sym)
thus (T || @, R || P) € bangRel Rel using IH by(rule BRPar)
next
fix PQa
assume (@, P) € bangRel Rel
thus (<va>Q, <va>P) € bangRel Rel by(rule BRRes)
qed
qed

primrec resChain :: name list = pi = pi where
base: resChain [| P = P
| step: resChain (z#xs) P = <ve>(resChain s P)

lemma resChainPerm[simp):
fixes perm :: name prm
and Ist :: name list
and P :pi

shows perm - (resChain Ist P) = resChain (perm - Ist) (perm - P)
by (induct-tac Ilst, auto)

lemma resChainFresh:

fixes a :: name
and st :: name list
and P :pi

assumes a f§ (Ist, P)

shows a t (resChain Ist P)
using assms apply (induct-tac Ist)
apply(simp add: fresh-prod)
by (simp add: fresh-prod name-fresh-abs)

end
theory Strong-Late-Sim

imports Late-Semanticsl Rel
begin
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definition derivative :: pi = pi = subject = name = (pi X pi) set = bool where
derivative P @ a © Rel = case a of InputS b = (Y u. (Plz::=ul, Qlz:=u]) € Rel)
| BoundOutputS b = (P, Q) € Rel

definition simulation :: pi = (pi x pi) set = pi = bool (- ~>[-] -» [80, 80, 80]
80) where
P ~[Rell] Q= (NVaz Q. Qr—aczy < Q" ANzf P — (3P P+—akz» < P’
A derivative P' Q' a x Rel)) A
Va Q. Q—a < Q' — (IP. Pr—a < P'A (P, Q) € Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :pi
and P': pi

assumes P ~~[A] P’

and ACB

shows P ~-[B] P’
using assms
apply(auto simp add: simulation-def derivative-def)
by (case-tac a) fastforce+

lemma derivativeMonotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :: pi
and Q : pi
and a :: subject
and z : name

assumes derivative P Q a x A
and ACRB

shows derivative P QQ a = B
using assms

by (case-tac a, auto simp add: derivative-def)

lemma derivative Equtl:

fixes P :: pi
and @ :pi
and a :: subject
and z : name

and Rel :: (pi x pi) set
and perm :: name prm

assumes Der: derivative P Q a = Rel
and Equt: equt Rel
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shows derivative (perm - P) (perm - Q) (perm - a) (perm - z) Rel
using assms
apply(case-tac a, auto simp add: derivative-def)
apply(erule-tac z=rev perm - u in allE)
apply (drule-tac perm=perm in equtRell)
apply(blast)
apply (force simp add: equt-subs name-per-rev)
by (force simp add: equt-def)

A~ N

lemma derivative Equtl2:

fixes P :: pi

and @ :pi
and a :: subject
and =z : name

and Rel :: (pi x pi) set
and perm :: name prm

assumes Der: derivative P () a = Rel
and Equt: equt Rel

shows derivative (perm - P) (perm - Q) a (perm - x) Rel
using assms
apply(case-tac a, auto simp add: derivative-def)
apply(erule-tac z=rev perm - u in allF)
apply (drule-tac perm=perm in equtRell)
apply(blast)
apply (force simp add: equt-subs name-per-rev)
by (force simp add: equt-def)

A~ S

lemma freshUnit[simp]:
fixes y :: name

shows y # ()
by (auto simp add: fresh-def supp-unit)

lemma simCasesCont[consumes 1, case-names Bound Free]:

fixes P :: pi

and @ :: pi

and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes FEqut: equt Rel

and Bound: Na z Q' [Q — akzy < Q28 Pz Q;zfazf C] =
3P’ P+ a«xz» < P’ A derivative P' Q' a z Rel

and Free: Na Q. Qr— a<Q = IP.Pr— a <P A (P, Q) € Rel

shows P ~~[Rel] Q
using Free
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proof(auto simp add: simulation-def)
fix a z Q'
assume (z::name) § P
assume Trans: Q — a«z» < Q'

obtain y::name where y f Pand y f Qand yf aand y  C and y { Q' and
y#u

by (generate-fresh name) auto

from Trans <y § Q" have Q — a«y» < [(z, y)] - Q' by(simp add: alphaBound-
Residual)
hence 3 P’. P — a«y» < P’ A derivative P’ ([(z, y)] -+ Q') a y Rel
using <yt Pr <y @ <y o <yt C»
by (rule Bound)
then obtain P’ where PTrans: P — a«y» < P’ and PDer: derivative P’ ([(z,
y)l - Q") ay Rel
by blast

from PTrans «x § Py <y # x> have z § P’ by(force intro: freshBoundDerivative)
with PTrans have P — a«z» < [(z, y)] - P’ by(simp add: alphaBoundResidual
name-swap)
moreover have derivative ([(z, y)] - P') Q' a = Rel
proof —
from PDer Equt have derivative ([(z, y)] - P’) ([(z, v)] - [(z, v)] - Q") a ([(=,
)l - y) Rel
by (rule derivativeEqutI2)
with <y # 2> show ?thesis by(simp add: name-calc)
qed
ultimately show 3 P’. P ——a«z» < P’ A derivative P’ Q' a x Rel by blast
qed

lemma simCases[case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes Bound: Aa y Q" [Q — a«y» < Q' y§ Pl = IP". P — axy» <
P’ A derivative P’ Q' a y Rel
and Free: Na Q. Qr— a<Q = IP. P+— a<P' AN (P, Q) € Rel

shows P ~~[Rel] Q
using assms
by (auto simp add: simulation-def)

lemma resSimCases[consumes 1, case-names BoundOutput BoundR FreeR):
fixes z :: name

and P :pi
and Rel :: (pi x pi) set
and @ :: pi
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and C : 'a:fs-name

assumes Equt:  equt Rel

and BoundO: AQ' a. [Q —alz] < Q' a # 2] = I P’ P —a<vz> <
P’ A (P, Q) € Rel

and  BR: AQ ay. [Q —acy» < Qs zfa;z#y,yt C] = IP. P
—ay» < P’ A derivative P' (<va>Q’) a y Rel

and BF: ANQ a. [Qr—a < Qs zta] = FP. Pr—a <P A (P,
<vz>Q') € Rel

shows P ~~[Rel|] <vaz>Q
using Fqut
proof (induct rule: simCasesContlwhere C=(C, z, Q)])
case(Bound a y Q)
have y § (C, z, Q) by fact
hence yFreshC: y § C and yineqz: y # z and y § Q
by (simp add: fresh-prod)+
have <vz>Q ——a«y» < Q' by fact
thus ?case using yineqr <y § Q>
proof (induct rule: resCasesB)
case(cOpen a’ Q')
have @ —a'[z] < Q' and o’ # z by fact+
then obtain P’ where PTrans: P —a'’<vz> < P’ and P’RelQ" (P, Q') €
Rel by(force dest: BoundO)

from PTrans <y § P> yineqr have y § P’ by(force dest: freshBoundDerivative)
with PTrans have P —sa’<vy> < ([(z, y)] - P’) by(simp add: alphaBound-
Residual)
moreover from P’'RelQ’ Equt have ([(z, y)] - P/, [(z, y)] - Q") € Rel by(auto
stmp add: equt-def)
ultimately show ?case by(force simp add: derivative-def name-swap)
next
case(cRes Q')
have @ —a«y» < Q' and z § a by fact+
with yinegr yFreshC show ?case by(force dest: BR)
qed
next
case(Free a Q)
have <vz>Q —a < Q' by fact
thus ?case
proof (induct rule: resCasesF)
case(cRes Q')
have Q —a < Q' and z § a by fact+
thus ?case by(rule BF)
qed
qed

lemma simFE:
fixes P :: pi
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and Rel :: (pi x pi) set

and @ :: pi
and a :: subject
and =z : name
and Q' :: pi

assumes P ~~[Rel] Q

shows Q — a«z» < Q' = z § P = 3 P’. P+ a«x» < P’ A (derivative P’
Q' a x Rel)

and Qr— a<Q = 3IP. Pr——a <P A (P, Q') € Rel
using assms by(simp add: simulation-def)+

lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~~[Rel] Q
and RelRel”: Rel C Rel’
and  EqutRel’: equt Rel’

shows (perm - P) ~~[Rel’] (perm - Q)
proof (induct rule: simCases)
case(Bound a y Q)
have QTrans: (perm - Q) — a«y» < Q' and yFreshP: y § perm - P by fact+

from QTrans have (rev perm - (perm - Q)) — rev perm - (acy» < Q)
by (rule transitions.equt)
hence Q — (rev perm - a)«(rev perm - y)» < (rev perm - Q)
by(simp add: name-rev-per)
moreover from yFreshP have (rev perm - y) § P by(simp add: name-fresh-left)
ultimately have 3 P’. P —— (rev perm - a)«rev perm - y» < P’ A derivative
P’ (rev perm - Q') (rev perm - a) (rev perm - y) Rel using Sim
by (force intro: simFE)
then obtain P’ where PTrans: P — (rev perm - a)«rev perm - y» < P’ and
Pderivative: derivative P' (rev perm - Q') (rev perm - a) (rev perm - y) Rel by
blast

from PTrans have (perm - P) — perm - ((rev perm - a)«rev perm - y» < P’)
by (rule transitions.equt)
hence L1: (perm « P) — a«y» < (perm « P’) by(simp add: name-per-rev)
from Pderivative RelRel’ have derivative P' (rev perm « Q') (rev perm - a) (rev
perm - y) Rel’
by (rule derivativeMonotonic)
hence derivative (perm - P') (perm - (rev perm - Q') (perm - (rev perm - a))
(perm - (rev perm - y)) Rel’ using EqutRel’
by (rule derivative Equtl)
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hence derivative (perm - P') Q' a y Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
next
case(Free a Q)
have (perm - Q) — a < Q' by fact

hence (rev perm - (perm « Q)) — rev perm » (o < Q)
by (rule transitions.equt)
hence Q — (rev perm - a) < (rev perm - Q)
by (simp add: name-rev-per)
with Sim have 3 P’. P — (rev perm + o) < P’ A (P’ (rev perm - Q")) € Rel
by (force intro: simFE)
then obtain P’ where PTrans: P — (rev perm « @) < P’ and PRel: (P’ (rev
perm - Q")) € Rel
by blast

from PTrans have (perm - P) — perm - ((rev perm « o)< P’) by(rule transi-
tions.equt)

hence L1: (perm - P) — « < (perm - P’) by(simp add: name-per-rev)

from PRel EqutRel’ RelRel’ have ((perm - P’), (perm - (rev perm - Q))) € Rel’

by (force intro: equtRell)

hence ((perm - P’), Q') € Rel’ by(simp add: name-per-rev)

with L1 show 3P’ (perm - P) —a < P' A (P', Q) € Rel’ by blast
qed

lemma derivative Reflexive:

fixes P :: pi
and a :: subject
and =z : name

and Rel :: (pi x pi) set
assumes Id C Rel

shows derivative P P a x Rel
using assms

apply(cases a)
by (auto simp add: derivative-def)

lemma refiezive:
fixes P :: pi
and Rel :: (pi X pi) set

assumes Id C Rel
shows P ~-[Rel] P

using assms
by (auto simp add: simulation-def derivativeReflexive)
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lemma transitive:
fixes P ol
and @ :pi

and R =i

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~~[Rel] Q
and  QSimR: Q ~[Rell R
and Equt’”: equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~~[Rel”] R

using Equt’

proof (induct rule: simCasesContlwhere C=(Q)])
case(Bound a © R’)
have RTrans: R — a«z» < R’ by fact

from <z § @» QSimR RTrans obtain Q' where QTrans: Q — a«z» < Q'
and QDer: derivative Q' R' a = Rel’

by (blast dest: simE)

with QTrans <z § P> PSim(Q obtain P’ where PTrans: P — a«z» < P’

and PDer: derivative P’ Q' a = Rel

by (blast dest: simE)

moreover from PDer QDer Trans have derivative P’ R’ a x Rel”’
by (cases a) (auto simp add: derivative-def)

ultimately show ?case by blast

next

case(Free a R

have RTrans: R — a < R’ by fact

with QSimR obtain Q' where QTrans: Q — a < Q'

and Q'RelR": (Q', R") € Rel’

by (blast dest: simE)

from QTrans PSim(@ obtain P’ where PTrans: P — o < P’

and P’Rel@": (P’, Q') € Rel

by (blast dest: simE)

from P’RelQ’ Q'RelR’ Trans have (P’, R’) € Rel” by blast

with PTrans show ?case by blast

qed

end
theory Strong-Late-Bisim
imports Strong-Late-Sim

begin

lemma monoAur: A C B = P ~~[A] @ — P ~[B] Q
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by (auto intro: Strong-Late-Sim.monotonic)

coinductive-set bisim :: (pi x pi) set
where

step: [P ~[bisim] Q; (Q, P) € bisim] = (P, Q) € bisim
monos monoAux

abbreviation
strongBisimJudge (infixr «~» 65) where P ~ Q = (P, Q) € bisim

lemma monotonic: mono(AS. {(P, Q) |P Q. P ~[S] @ A @ ~~[S] P})
apply(rule monol)
by (auto dest: monoAux)

lemma monotonic: mono(Ap z1 z2.
IP Q. z1 =P A
22 = Q AN P ~[{(za, ). p za z}] Q@ N Q ~[{(za, ). p za z}| P)
apply(rule monol)
by (auto intro: Strong-Late-Sim.monotonic)

lemma bisimCoinduct|case-names ¢Sim cSym , consumes 1]:
assumes p: (P, Q) € X
and  rSim: AR S. (R, S) € X = R ~[(X U bisim)] S
and rSym: ARS.(R,S)e X = (5,R) e X

shows P ~ (@)
proof —
have auz: X U bisim = {(P, Q). (P, Q) € X V P ~ @} by blast

from p show ?thesis
apply(coinduct, auto)
apply (fastforce dest: rSim simp add: auz)
by (fastforce dest: rSym)
qed

lemma bisimFE:
fixes P :: pi
and @ : pi

assumes P ~ @)

shows P ~~[bisim] Q
using assms
by (auto intro: bisim.cases)
lemma bisiml:

fixes P :: pi
and Q@ : pi
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assumes P ~[bisim| Q)
and Q~P

shows P ~ @)
using assms
by (rule bisim.intros)

definition old-bisim :: (pi x pi) set = bool where
old-bisim Rel =V (P, Q) € Rel. P ~[Rel] Q N (Q, P) € Rel

lemma oldBisimBisimFEq:
shows (|J{Rel. (old-bisim Rel)}) = bisim (is YLHS = ?RHS)
proof
show ?LHS C ?RHS
proof auto
fix P @Q Rel
assume (P, @) € Rel and old-bisim Rel
thus P ~ @
proof (coinduct rule: bisimCoinduct)
case(cSim P Q)
with <old-bisim Rel> show ?case
by (fastforce simp add: old-bisim-def intro: Strong-Late-Sim.monotonic)
next
case(cSym P Q)
with <old-bisim Rel> show ?case
by (auto simp add: old-bisim-def)
qed
qed
next
show ?RHS C ?LHS
proof auto
fix P Q)
assume P ~ (@)
moreover hence old-bisim bisim
by (auto simp add: old-bisim-def dest: bisim.cases)
ultimately show 3 Rel. old-bisim Rel A (P, Q) € Rel
by blast
qed
qed

lemma refiezive:
fixes P :: pi

shows P ~ P
proof —
have (P, P) € Id by simp
thus ?thesis
by (coinduct rule: bisimCoinduct, auto intro: Strong-Late-Sim.reflexive)
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qed

lemma symmetric:
fixes P :: pi
and Q@ : pi

assumes P ~ (@

shows Q@ ~ P
using assms
by (auto dest: bisim.cases)

lemma bisimClosed:
fixes P :: pi
and Q@ : pi
and p : name prm

assumes P ~ (@

shows (p - P) ~ (p - Q)
proof —
let 2 X ={(p-P,p- Q)| P Q (p::name prm). P ~ Q}
from (P ~ @ have (p- P, p- Q) € ?X by blast
thus ?thesis
proof (coinduct rule: bisimCoinduct)
case(cSim pP pQ)
from «(pP, p@) € ?X) obtain P @ p where P ~ @Q and pP = (p::name prm)
- Pand pQ =p- (@
by auto
from (P ~ @» have P ~~[bisim] Q by(rule bisimFE)
moreover have bisim C 72X
proof
fix z
assume z € bisim
moreover have z = (([J::name prm) - z) by auto
ultimately show z € ?X
apply(case-tac x)
by (clarify, simp only: equts) metis
qed
moreover have equt ?X
proof (auto simp add: equt-def)
fix P Q
fix perml::name prm
fix perm2::name prm

assume P ~ @

moreover have perml - perm2 - P = (perml @ perm2) - P by(simp add:
pt2|OF pt-name-inst])

moreover have perml - perm2 - Q = (perml Q perm2) - Q by(simp add:

99



pt2[OF pt-name-inst])

ultimately show 3P’ Q. (3 (perm::name prm). perml - perm2 - P = perm
- P'A
perml - perm2 - Q = perm - Q') AN P/~ Q'
by blast
qed
ultimately have (p - P) ~[?X] (p - Q)
by (rule Strong-Late-Sim.equtl)
with <pP =p - Py «pQ = p - Q> show Zcase
by (force intro: Strong-Late-Sim.monotonic)
next
case(cSym P Q)
thus ?case by(auto intro: symmetric)
qed
qed

lemma bisimEqut[simp]:
shows equt bisim

by (auto simp add: equt-def bisimClosed)

lemma transitive:

fixes P :: pi

and Q : pi

and R : pi

assumes P ~ (@

and Q~R

shows P ~ R
proof —

let ?X = bisim O bisim
from assms have (P, R) € ?X by blast
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim P R)
thus Zcase
by (fastforce intro: Strong-Late-Sim.transitive dest: bisimE simp add: equtTrans)
next
case(cSym P R)
thus ?case
by (auto dest: symmetric)
qed
qed

lemma bisim TransitiveCoinduct|case-names cSim cSym, case-conclusion bisim step,
consumes 2]:

assumes (P, Q) € X

and equt X
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and rSim: AR S. (R, S) € X = R ~[(bisim O (X U bisim) O bisim)] S
and rSym: AR S. (R, S) € X = (S, R) € bisim O (X U bisim) O bisim

shows P ~ ()
proof —
let ?X = bisim O (X U bisim) O bisim
from «(P, Q) € X» have (P, Q) € ?X by(auto intro: reflexive)
thus ?thesis
proof (coinduct rule: bisimCoinduct)
case(cSim P Q)

{
fix PP Q' Q

assume P ~ P’and (P’, Q') € X U bisim and Q' ~ @
have P ~~[(?X U bisim)] Q
proof(cases (P, Q') € X)
case True
from «P ~ P’y have P ~[bisim] P’ by(rule bisimFE)
moreover from «(P’, Q') € X»> have P’ ~[(?X)] Q' by(rule rSim)
moreover from <equt X» bisimEqut have equt(?X U bisim) by blast
moreover have bisim O ?X C ?X U bisim by(auto dest: transitive)
ultimately have P ~~[(?X U bisim)] Q' by(rule Strong-Late-Sim.transitive)
moreover from <Q’ ~ > have Q' ~~[bisim] @ by(rule bisimFE)
moreover note <equt(?X U bisim)»
moreover have (X U bisim) O bisim C ¢X U bisim
by auto (blast dest: transitive)+
ultimately show ?thesis by (rule Strong-Late-Sim.transitive)
next
case Fulse
from «(P’, Q') ¢ X» «(P', Q) € X U bisim)» have P’ ~ Q' by simp
with <P ~ P «Q' ~ Q> have P ~ @ by(blast dest: transitive)
hence P ~[bisim| Q by(rule bisimE)
moreover have bisim C X U bisim by auto
ultimately show ¢thesis by (rule Strong-Late-Sim.monotonic)
qed

with «(P, Q) € ?X» show ?case by auto
case(cSym P Q)

{
fix PP Q' Q

assume P ~ P’and (P’, Q') € X U bisim and Q' ~ @
have (Q, P) € bisim O (X U bisim) O bisim
proof(cases (P, Q') € X)

case True

from «(P’, Q') € X> have (Q', P’) € ?X by(rule rSym)

then obtain Q"' P" where Q' ~ Q" and (Q", P"") € X U bisim and P"”

~ P’
by auto
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from Q' ~ @ «Q' ~ Q" have @ ~ Q' by(metis transitive symmetric)
moreover from (P ~ P’y <P" ~ P’y have P" ~ P by(metis transitive
symmetric)

ultimately show ?thesis using «(Q”, P'") € X U bisim» by blast

next
case Fulse
from (P, Q") ¢ X» «(P’, Q') € X U bisim) have P’ ~ Q' by simp
with <P ~ P’ «Q' ~ Q> have @ ~ P by(metis transitive symmetric)
thus ?thesis by(blast intro: reflexive)

qed

with (P, Q) € ?X» show Zcase by blast
qed
qed

end

theory Strong-Late-Bisim-Subst
imports Strong-Late-Bisim
begin

abbreviation
StrongEqJudge (infixr «~*y 65) where P ~* Q) = (P, Q) € (substClosed bisim)

lemma congBisim:
fixes P :: pi
and @ :: pi

assumes P ~° @)

shows P ~ (@)
using assms substClosedSubset by blast

lemma equt:
shows equt (substClosed bisim)
by (rule equtSubstClosed[OF Strong-Late-Bisim.bisimEqut))

lemma eqClosed:
fixes P :: pi
and Q : pi
and perm :: name prm

assumes P ~° ()
shows (perm - P) ~* (perm - Q)

using assms
by (rule equtRell[OF equt])
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lemma refiezive:
fixes P :: pi

shows P ~* P
by (force simp add: substClosed-def intro: Strong-Late-Bisim.reflexive)

lemma symmetric:
fixes P :: pi
and Q : pi

assumes P ~% ()

shows @ ~° P
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim.symmetric)

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~% ()
and Q~°R

shows P ~° R
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim.transitive)

end

theory Strong-Late-Sim-Pres
imports Strong-Late-Sim
begin

lemma tauPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~[Rel] 7.(Q)
proof —
show 7.(P) ~[Rel] 7.(Q)
proof (induct rule: simCases)
case(Bound a z Q')
have 7.(Q) — a«z» < Q' by fact
hence Fulse by auto
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thus ?case by simp
next

case(Free a Q')

have 7.(Q) — a < Q' by fact

thus ?case

proof (induct rule: tauCases)
case clau
have 7.(P) — 7 < P by(rule Late-Semantics. Tau)
with PRel@ show ?case by blast

qed

qed
qed
lemma inputPres:
fixes P :: pi
and z : name
and @ = pi
and a :: name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y|, Qlz::=y]) € Rel
and Equt: equt Rel

shows a<x>.P ~~[Rel] a<z>.Q

using Fqut

proof (induct rule: simCasesContlwhere C=(z, a, P, Q)])
case(Bound b y Q')
from <y § (z, a, P, Q) have y Zxy # ayf Pyt Q by simp+
from (a<z>.Q —bsy» < Q" <y # a» <y # v <y Q> show ?case
proof (induct rule: inputCases)

case clnput

have a<z>.P — a<z> < P by(rule Input)
hence a<z>.P — a<y> < ([(z, y)] + P) using <y § P>
by (simp add: alphaBoundResidual)

moreover have derivative ([(z, y)] - P) ([(z, y)] - Q) (InputS a) y Rel
proof (auto simp add: derivative-def)
fix u
show (([(z, )] - P)ly=ul, (((#, 9)] - Q)ly==u]) € Rel
proof (cases y=u)
assume y = u
moreover have ([(y, z)] - P, [(y, )] - Q) € Rel
proof —
from PRel@) have (P[z:=z|, Q[z::=z]) € Rel by blast
hence (P, Q) € Rel by simp
with Equt show ?thesis by(rule equtRell)
qged
ultimately show ?thesis by simp
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next
assume yinequ: y # u
show ?thesis
proof(cases x = u)
assume = u
moreover have (([(y, z)] - P)[y::=x], ([(y, 2)] - Q)[y::=z]) € Rel
proof —
from PRel() have (P[z:=y|, Q[z::=y]) € Rel by blast
with Equt have ([(y, z)] - (Plz==y]), [(y, 2)] - (Q[z::=y])) € Rel
by (rule equtRell)
with <y # 2> show ?thesis
by (simp add: equt-subs name-calc)
qed
ultimately show ?thesis by simp
next
assume zinequ: T # u
hence (([(y 2)] - P)ly==ul, (3 2)] - Qly=u]) € Rel
proof —
from PRel() have (P[z:=u], Q[z::=u]) € Rel by blast
with Equt have ([(y, z)] - (Plz:=u)), [(y, z)] - (Q[z::=u])) € Rel
by (rule equtRell)
with <y # > zinequ yinequ show ?thesis
by (simp add: equt-subs name-calc)
qed
thus ?thesis by simp
qged
qed
qed

ultimately show ?case by blast
qed
next
case(Free a Q')
have a<z>.Q — a < Q' by fact
hence Fualse by auto
thus ?case by blast
qed

lemma outputPres:

fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows a{b}.P ~~[Rel] a{b}.Q
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proof —
show ?thesis
proof (induct rule: simCases)
case(Bound ¢ z Q')
have a{b}.Q — c«x» < Q' by fact
hence Fulse by auto
thus ?case by simp
next
case(Free a Q')
have a{b}.Q — a < Q' by fact
thus “case
proof (induct rule: outputCases)
case cOutput
have a{b}.P — a[b] < P by(rule Late-Semantics. Output)
with PRel@ show ?case by blast

qed

qed
qed
lemma matchPres:
fixes P :: pi
and @ < pi
and a : name
and b :: name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and Rel C Rel’

shows [a—~b]P ~>[Rel’] [a—~b]Q
proof —
show ?thesis
proof (induct rule: simCases)
case(Bound ¢ z Q')
have z §f [a—~b]P by fact
hence zFreshP: x § P by simp
have [a—~b]Q — c«z» < Q' by fact
thus ?case
proof (induct rule: matchCases)
case cMatch
have  —c«z» < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P —c«x» < P’
and Pderivative: derivative P’ Q' ¢ x Rel
by (blast dest: simFE)

from PTrans have [a—~a]P — c«x» < P’ by(rule Late-Semantics. Match)

moreover from Pderivative <Rel C Rel’> have derivative P’ Q' ¢ © Rel’
by(cases ¢) (auto simp add: derivative-def)
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ultimately show ?case by blast
qed
next
case(Free a Q')
have [a~0]Q —a < Q' by fact
thus “case
proof (induct rule: matchCases)
case cMatch
have Q — a < Q' by fact
with PSim(@ obtain P’ where PTrans: P — o < P’
and PRel: (P’, Q') € Rel
by (blast dest: simE)
from PTrans have [a—~a|P —a < P’ by(rule Late-Semantics. Match)
with PRel «Rel C Rel’s show ?case by blast

qed

qged
qed
lemma mismatchPres:
fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes PSim@Q: P ~~[Rel] Q
and Rel C Rel’

shows [a#£b]P ~~[Rel’] [a#£b]Q
proof (induct rule: simCases)
case(Bound ¢ z Q)
have z £ [a£b]P by fact
hence zFreshP: z §f P by simp
from «[a#£b]Q — c«z» < Q"> show Zcase
proof (induct rule: mismatchCases)
case cMismatch
have Q ——c«z» < Q' by fact
with PSimQ@ zFreshP obtain P’ where PTrans: P —c«x» < P’
and Pderivative: derivative P’ Q' ¢ = Rel
by (blast dest: simE)

from PTrans <a # b> have [a#b|P — c«x» < P’ by(rule Late-Semantics. Mismatch)

moreover from Pderivative <Rel C Rel’s have derivative P’ Q' ¢ x Rel’
by (cases c) (auto simp add: derivative-def)
ultimately show ?case by blast
qed
next
case(Free a Q')
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have [a#£b|Q —a < Q' by fact
thus Zcase
proof (induct rule: mismatchCases)
case cMismatch
have Q — «a < Q' by fact
with PSim@ obtain P’ where PTrans: P — o < P’
and PRel: (P', Q') € Rel
by (blast dest: simFE)
from PTrans <a # b> have [a#b|P —«a < P’ by(rule Late-Semantics. Mismatch)
with PRel <Rel C Rel’s show ?case by blast

qed

qed

lemma sumPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes PSim@Q: P ~[Rel] Q
and Id C Rel’
and Rel C Rel’

shows P @ R ~~[Rell Q & R
proof —
show ?thesis
proof (induct rule: simCases)
case(Bound a © QR)
have z P ® R by fact
hence zFreshP: z § P and xFreshR: z § R by simp+
have QQ ® R —a«xz» < QR by fact
thus ?case
proof (induct rule: sumCases)
case cSuml
have @ —a«z» < QR by fact
with zFreshP PSim(@Q obtain P’ where PTrans: P —sa«z» < P’
and Pderivative: derivative P’ QR a = Rel
by (blast dest: simFE)

from PTrans have P & R ——a«z» < P’ by(rule Late-Semantics.Suml)
moreover from Pderivative <Rel C Rel’» have derivative P’ QR a x Rel’
by(cases a) (auto simp add: derivative-def)

ultimately show ?case by blast

next
case cSum?2
from (R ——a«z» < QR» have P @ R —a«z» < QR by(rule Sum2)
thus ?case using <Id C Rel’y by(blast intro: derivativeReflexive)

qed

next
case(Free o QR)
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have @ ® R —a < @R by fact
thus ?case
proof (induct rule: sumCases)
case cSuml
have @ —a < QR by fact
with PSim(@ obtain P’ where PTrans: P —a < P’ and PRel: (P’, QR)
€ Rel
by (blast dest: simFE)
from PTrans have P & R —«a < P’ by(rule Late-Semantics.Suml)
with PRel <Rel C Rel’s show ?case by blast
next
case cSum?2
from (R —a < QR» have P @ R —a < QR by(rule Sum2)
thus ?case using <Id C Rel’y by(blast intro: derivativeReflexive)
qed
qged
qed

lemma parCompose:
fixes P = opl

and @ =i
and R 2 opi
and T :pi
and Rel : (pi x pi) set

(
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~~[Rel] Q

and  RSimT: R ~[Rel| T

and  PRelQ: (P, Q) € Rel

and RRel'T: (R, T) € Rel’

and Par: AP QRT.[(P,Q) € Rel; (R, T) € Rel] = (P| R, Q| T)
€ Rel”

and  Res: AP Q a. (P, Q) € Rel” = (<va>P, <va>Q) € Rel”

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

and EqutRel'": equt Rel”

shows P || R ~[Rel”] Q | T
using EqutRel”
proof (induct rule: simCasesCont[where C=()])
case(Bound a z Q)
have z § P || Rand z  Q || T by fact+
hence zFreshP: z § P and zFreshR: x § R and z § Q and z § T by simp+
have QTTrans: Q | T — a«z» < Q' by fact
thus ?case using <z f§ Q> <z § T
proof (induct rule: parCasesB)
case(cParl Q)
have QTrans: Q — a«x» < Q' and zFreshT: z § T by fact+
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from zFreshP PSimQ@Q QTrans obtain P’ where PTrans:P — a«z» < P’
and Pderivative: derivative P’ Q' a z Rel
by (blast dest: simE)
from PTrans xFreshR have P || R — a«z» < P’ || R by(rule Late-Semantics. ParlB)
moreover from Pderivative zFreshR zFreshT RRel’T have derivative (P’ ||
R)(Q'|| T) a z Rel”
by (cases a, auto intro: Par simp add: derivative-def forget)
ultimately show ?case by blast
next
case(cPar2 T')
have TTrans: T — a«x» < T’ and xFreshQ: = § Q by fact+

from xFreshR RSimT TTrans obtain R’ where RTrans:R — a«z» < R’
and Rderivative: derivative R’ T' a © Rel’
by (blast dest: simE)
from RTrans zFreshP have ParTrans: P || R — a«z» < P || R’ by(rule
Late-Semantics. Par2B)
moreover from Rderivative zFreshP xFresh@ PRelQ have derivative (P || R')
(Q T)) ax Rel”
by(cases a, auto intro: Par simp add: derivative-def forget)
ultimately show ?case by blast
qed
next
case(Free a QT)
have QTTrans: Q || T — a < QT' by fact
thus ?case using PSim@Q) RSimT PRelQ RRel'T
proof (induct rule: parCasesF[where C=(P, R)])
case(cParl Q)
have RRel'T: (R, T) € Rel’ by fact
have P ~~[Rel] Q and Q — a < Q' by fact+
then obtain P’ where PTrans: P — « < P’ and PRel: (P’, Q') € Rel
by (blast dest: simE)
from PTrans have Trans: P || R— a < P'|| R by(rule Late-Semantics.ParlF')
moreover from PRel RRel’T have (P' | R, Q' || T) € Rel” by(blast intro:
Par)
ultimately show ?case by blast
next
case(cPar2 T')
have PRelQ: (P, Q) € Rel by fact
have R ~[Rel'| T and T — o < T' by fact+
then obtain R’ where RTrans: R — o < R’ and RRel: (R’, T') € Rel’
by (blast dest: simE)
from RTrans have Trans: P || R— o < P || R’ by(rule Late-Semantics. Par2F)
moreover from PRelQ RRel have (P | R, Q || T') € Rel” by(blast intro:
Par)
ultimately show ?case by blast
next
case(cComm1 Q' T' a b x)
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from <z § (P, R))> have z § P by simp
with (P ~[Rel] @ <Q — a<z> < Q) <z § P»
obtain P’ where PTrans: P —sa<z> < P’
and Pderivative: derivative P’ Q' (InputS a) x Rel
by (blast dest: simE)
from Pderivative have PRel: (P'[z::=b], Q'[z::=b]) € Rel by (simp add: deriva-
tive-def)

have R ~»[Rel'| T and T — a[b] < T’ by fact+
then obtain R’ where RTrans: R —alb] < R’ and RRel: (R’, T') € Rel’
by (blast dest: simE)

from PTrans RTrans have P || R — 7 < P'[z::=b] | R’ by(rule Late-Semantics. Comm1)

moreover from PRel RRel have (P'[z:=b] | R/, Q'[z:=b] | T') € Rel”
by (blast intro: Par)

ultimately show ?case by blast

next
case(cComm2 Q' T' a b )
have P ~~[Rel] Q and Q —a[b] < Q' by fact+
then obtain P’ where PTrans: P —sa[b] < P’ and PRel: (P’, Q') € Rel

by (blast dest: simE)

from <z § (P, R)> have z § R by simp
with (R ~~[Rel'] T) «T —sa<z> < T
obtain R’ where RTrans: R —a<z> < R’
and Rderivative: derivative R’ T' (InputS a) x Rel’
by (blast dest: simE)
from Rderivative have RRel: (R'[z::=b], T'[x::=b]) € Rel’ by(simp add: deriva-
tive-def)

from PTrans RTrans have P | R — 7 < P’ || R'[z::=b] by(rule Late-Semantics. Comm2)
moreover from PRel RRel have (P’ | R'[z:=b], Q' || T'[z::=b]) € Rel”
by (blast intro: Par)
ultimately show 3P". P | R+—— 7 < P' A (P, Q' || T'[z:=b]) € Rel” by
blast
next
case(cClosel Q' T a z y)
from «z § (P, R)» have z § P by simp
with (P ~[Rel] @ «Q —ra<z> < Q)
obtain P’ where PTrans: P —a<x> < P’
and Pderivative: derivative P' Q' (InputS a) x Rel
by (blast dest: simE)
from Pderivative have PRel: (P'lz::=y], Q'[z::=y]) € Rel by(simp add: deriva-
tive-def)

from <y § (P, R)» have y t R and y £ P by simp+
from (R ~~[Rel’] T) «T —a<vy> < Th <y § R
obtain R’ where RTrans: R —a<vy> < R’
and Rderivative: derivative R’ T' (BoundOutputS a) y Rel’
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by (blast dest: simE)
from Rderivative have RRel: (R’, T') € Rel’ by(simp add: derivative-def)

from PTrans RTrans <y § P> have Trans: P || R — 7 < <vy>(P'[z::=y] |
R’
by (rule Late-Semantics.Closel)
moreover from PRel RRel have (<vy>(P'lz:=y] || R), <vy>(Q'[z:=y] ||
T")) € Rel”
by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' T' a z y)
from <y § (P, R)> have y t P and y £ R by simp+
from (P ~~[Rel] @) <Q —ra<vy> < Q) <y § P»
obtain P’ where PTrans: P —a<vy> < P’ and P'RelQ": (P, Q') € Rel
by (force dest: simE simp add: derivative-def)

from <z § (P, R))> have z § R by simp+
with (R ~~[Rel’] T) «T —sa<z> < T"
obtain R’ where RTrans: R —a<z> < R’
and R'Rel'T" (R'[z::=y|, T'[x::=y]) € Rel’
by (force dest: simE simp add: derivative-def)

from PTrans RTrans <y § R» have Trans: P || R —— 7 < <vy>(P'|| R'[z::=y])
by (rule Close2)
moreover from P'RelQ’ R'Rel’T’ have (<vy>(P’ || R'|z:=y]), <vy>(Q’ |
T'[z::=y])) € Rel”
by (blast intro: Par Res)
ultimately show ?case by blast
qed
qed

lemma parPres:

fixes P :: pi
and @ :: pi
and R : pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and  PRelQ: (P, Q) € Rel

and  Par: AP QR. (P, Q) € Rel = (P|| R, Q] R) € Rel
and  Res: AP Q a. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows P || R ~[Rel] Q || R
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proof —

note PSim@)

moreover have RSimR: R ~~[Id] R by(auto intro: reflezive)

moreover note PRelQ moreover have (R, R) € Id by auto

moreover from Par have AP Q R T. [(P, Q) € Rel; (R, T) € Id] = (P ||
R, Q| T) € Rel

by auto

moreover note Res <equt Rel»

moreover have equt Id by (auto simp add: equt-def)

ultimately show ?thesis using EqutRel’ by(rule parCompose)
qed

lemma resDerivative:

fixes P :: pi
and @ :pi
and a :: subject
and = : name
and  name

y oo
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes Der: derivative P ) a = Rel

and  Rel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<vz>P, <vz>(Q) €
Rel’

and Equ: equt Rel

shows derivative (<vy>P) (<vy>Q) a = Rel’
proof —
from Der Rel show ?thesis
proof(cases a, auto simp add: derivative-def)
fix u
assume A1: Vu. (Plz:=u], Qz::=u]) € Rel
show ((<vy>P)[z::=u], (<vy>Q)[z:=u]) € Rel’
proof(cases z=y)
assume zeqy: 1=y

from A1 have (P[z::=z], Q[z::=z]) € Rel by blast
hence L1: (<vy>P, <vy>Q) € Rel’ by(force intro: Rel)

have y § <vy>P and y § <vy>Q by(simp only: freshRes)+
hence (<vy>P)[y:=u] = <vy>P and (<vy>Q)[y:=u] = <vy>Q by(simp
add: forget)+

with L1 zeqy show ?thesis by simp
next

assume zineqy: r#y

show ?thesis
proof(cases y=u)
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assume yequ: y=u

have 3 (c::name). ¢ § (P, Q, z, y) by(blast intro: name-exists-fresh)
then obtain ¢ where cFreshP: ¢ § P and cFresh@Q: ¢t Q and cineqz: ¢ #
z and cineqy: y # ¢
by (force simp add: fresh-prod name-fresh)

from A1 have (Plz::=c|, Q[z::=c]) € Rel by blast
with Equ have ([(y, ¢)] - (Plz:=c]), [(y, ¢)] - (Q[z::=c])) € Rel by(rule
equtRell)
with sinegy cinegs cineqy have (([(y, )] - P)zs=yl, (3, o)] - Q)[z=])
€ Rel
by (simp add: equt-subs name-calc)
hence (<ve>(([(y, ¢)] - P)lzz=y]), <ve>(([(y, )] - Q)[z:=y])) € Rel’
by (rule Rel)
with cinegr cineqy have ((<ve>(([(y, ¢)] + P)))[z:=y], (<ve>(([(y, )] -
Q@)))[z::=y])€ Rel’ by simp
moreover from cFreshP cFresh@ have <ve>([(y, ¢)] + P) = <vy>P and
<ve>([(y, o)] - Q) = <vy>Q
by (simp add: alphaRes)+
ultimately show ?thesis using yequ by simp
next
assume yinequ: y # u
from A1 have (Plz::=u|, Q[z::=u]) € Rel by blast
hence (<vy>(P[z:=u]), <vy>(Q[z::=u])) € Rel’ by(rule Rel)
with zineqy yinequ show ?thesis by simp

qed
qed
qed
qed
lemma resPres:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and =z : name

and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~[Rel] Q

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<va>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows <va>P ~[Rel’] <vz>Q

using EqutRel’

proof (induct rule: resSimCases|of - - - - (P, x)])
case(BoundOutput Q' a)
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have QTrans: Q —a[z] < Q' and ainegz: a # x by fact+

from PSim@Q QTrans obtain P’ where PTrans: P — a[z] < P’
and P’RelQ": (P’, Q') € Rel
by (blast dest: simE)

from PTrans ainegr have <vz>P ——a<va> < P'by(rule Late-Semantics. Open)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by force
ultimately show ?case by blast
next
case(BoundR Q' a y)
have QTrans: Q —a«y» < Q' and zFresha: x § a by fact+
have y £ (P, z) by fact
hence yFreshP: y § P and yineqr: y # x by(simp add: fresh-prod)+

from PSim@Q yFreshP QTrans obtain P’ where PTrans: P —a«y» < P’
and Pderivative: derivative P’ Q' a y Rel
by (blast dest: simE)
from PTrans xFresha yineqr have ResTrans: <vaz>P ——a«y» < <vz>P’
by (blast intro: Late-Semantics. ResB)
moreover from Pderivative ResRel EqutRel have derivative (<va>P’) (<vz>Q’)
a y Rel’
by (rule resDerivative)

ultimately show ?case by blast
next
case(FreeR Q' «)
have QTrans: Q — o« < Q' and zFreshAlpha: (z::name) § « by fact+

from QTrans PSim(@ obtain P’ where PTrans: P — o < P’
and P’RelQ": (P’, Q') € Rel
by (blast dest: simE)

from PTrans zFreshAlpha have <vxz>P —a < <vz>P'by(rule Late-Semantics. ResF)
moreover from P’RelQ’ have (<vaz>P’, <vz>Q’) € Rel’ by(rule ResRel)
ultimately show ?case by blast

qed

lemma resChainl:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and ws :: name list

assumes PRelQ: P ~~[Rel] Q
and equtRel: equt Rel
and Res: AP Qz. (P, Q) € Rel = (<va>P, <vz>(Q)) € Rel

shows (resChain zs) P ~[Rel] (resChain zs) Q
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proof (induct xs)

from PRel() show resChain [| P ~[Rel] resChain [| Q by simp
next

fix z zs

assume IH: (resChain xs P) ~~[Rel] (resChain zs Q)

moreover note Res

moreover have Rel C Rel by simp

ultimately have <vz>(resChain xs P) ~~[Rel] <vz>(resChain zs Q) using
equtRel

by (rule-tac resPres)

thus resChain (z # xs) P ~»[Rel] resChain (z # xs) Q

by simp
qed
lemma bangPres:
fixes P :: pi
and @ :pi

and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel
and  Sim: AP Q. (P, Q) € Rel = P ~~[Rel] Q
and equtRel: equt Rel

shows | P ~»[bangRel Rel] 'Q
proof —
let 2Sim = AP Rs. Vaz Q. Rs = a«az» < Q' — z § P — (P’ P —axa»
< P’ A derivative P’ Q' a x (bangRel Rel))) A
Va Q. Rs=a<Q — (3P. Pr—a <P N(P, Q)€
bangRel Rel))
from equtRel have EqutBangRel: equt(bangRel Rel) by (rule equtBangRel)

{
fix Pa Rs

assume Q) — Rs and (Pa, 'Q) € bangRel Rel
hence ?Sim Pa Rs using PRelQ)
proof (nominal-induct avoiding: Pa P rule: bangInduct)
case(cParlB a z Q' Pa P)
have QTrans: Q — a«z» < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel and z § Pa by fact+
thus 25im Pa (a«z» < (Q' | Q)
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel by fact
have PBRQ: (R, !Q) € bangRel Rel by fact
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x § R by simp+
show ?Zcase
proof(auto simp add: residual.inject alpha’)
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from PRel@ have P ~~[Rel] Q by(rule Sim)

with QTrans zFreshP obtain P’ where PTrans: P — a«z» < P’ and
P'RelQ’: derivative P’ Q' a = Rel
by (blast dest: simE)

from PTrans zFreshR have P | R — a«z» < (P’ || R)
by (force intro: Late-Semantics. ParlB)
moreover from P’'Rel@’ PBRQ <z § @ <z § R» have derivative (P’ ||
R) (Q' || 'Q) a z (bangRel Rel)
by (cases a) (auto simp add: derivative-def forget intro: Rel. BRPar)
ultimately show 3 P’. P | R —a«z» < P’ A derivative P' (Q' ] Q) a
z (bangRel Rel) by blast
next
fix y
assume (y:name) § @' and yf Pand y f Rand y £ Q
from QTrans <y § Q" have Q —a«y» < ([(z, y)] - Q)
by (simp add: alphaBoundResidual)
moreover from PRel() have P ~~[Rel] @ by(rule Sim)
ultimately obtain P’ where PTrans: P —a«y» < P’ and P’RelQ"
derivative P’ ([(z, y)] - Q') a y Rel
using y § P>
by (blast dest: simE)
from PTrans <y § Ry have P | R —a«y» < (P'| R) by(force intro:
Late-Semantics.Par1B)
moreover from P’Rel)’ PBRQ <y § @ <y § R» have derivative (P’ | R)

(([(z, »)] - Q) [1'Q) a y (bangRel Rel)
by (cases a) (auto simp add: derivative-def forget intro: Rel. BRPar)

with @ £ Q» £ Q have derivative (P’ || ) (([(5, )] - @) | '[(y =)]
- @) ay (bangRel Rel)
by (simp add: name-fresh-fresh name-swap)
ultimately show 3 P’. P || R —a«y» < P’ A derivative P’ (([(y, z)] *
Q) Il (((3: )] - Q)) a y (bangRel Rel)
by blast
qed
qed
next
case(cParlF o Q' Pa P)
have QTrans: Q —a < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and BR: (R, Q) € bangRel Rel by fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with QTrans obtain P’ where PTrans: P — « < P’ and RRel: (P/,
Q") € Rel
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by (blast dest: simE)

from PTrans have P || R — o < P’|| R by(rule ParlF')
moreover from RRel BR have (P’ || R, Q' || 'Q) € bangRel Rel by(rule
Rel.BRPar)
ultimately show 3P P | R+— a < P' A (P’, Q' || 'Q) € bangRel Rel
by blast
qed
qed
next
case(cPar2B a x Q' Pa P)
hence IH: A\Pa. (Pa,!Q) € bangRel Rel = ¢Sim Pa (a«z» < Q') by simp
have (Pa, Q || 'Q) € bangRel Rel and z § Pa by fact+
thus 2Sim Pa (a«z» < (Q || Q")
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z § P || R by fact
hence zFreshP: © § P and xzFreshR: x § R by simp+

from EqutBangRel <z § Q> show ?Sim (P || R) (a«z» < (Q | Q)
proof(auto simp add: residual.inject alpha’ name-fresh-fresh)
from RBRQ have ?Sim R (a«z» < Q') by(rule IH)
with zFreshR obtain R’ where RTrans: R — a«z» < R’ and R'BRQ"
derivative R’ Q" a x (bangRel Rel)
by (auto simp add: residual.inject)
from RTrans zFreshP have P || R — a«z» < (P || R) by(auto intro:
Par2B)
moreover from PRelQ R'BRQ’ <z § @Q» <z § P» have derivative (P || R’)
(Q || @) a z (bangRel Rel)
by(cases a) (auto simp add: derivative-def forget intro: Rel. BRPar)
ultimately show 3P’". P | R — a«z» < P’ A derivative P' (Q || Q') a
z (bangRel Rel) by blast
next
fix y
assume (y:name) § Qand y§ Q’and yf Pand y f R
from RBRQ have ?Sim R (a«z» < Q') by(rule IH)
with <y § Q" have 25im R (a«y» < ([(z, v)] - Q') by(simp add:
alphaBoundResidual)
with <y § R)> obtain R’ where RTrans: R — a«y» < R’ and R’'BRQ"
derivative R’ ([(z, y)] - Q') a y (bangRel Rel)
by (auto simp add: residual.inject)
from RTrans <y § P> have P || R — a«y» < (P || R’) by(auto intro:
Par2B)
moreover from PRelQ R'BRQ’ <y § P) <y @ have derivative (P || R’
(@1 (. )] - @) a y (bangRel Rel)
by(cases a) (auto simp add: derivative-def forget intro: Rel. BRPar)
hence derivative (P || R") (Q || ([(y, )] - Q") a y (bangRel Rel)
by (simp add: name-swap)
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ultimately show 3P’ P | R — a«y» < P’ A derivative P’ (Q || ([(v,
z)] - Q") a y (bangRel Rel) by blast
qed
qed
next
case(cPar2F o Q' Pa P)
hence IH: A\Pa. (Pa, Q) € bangRel Rel = ?Sim Pa (o < Q') by simp
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show ?Zcase
proof(auto simp add: residual.inject)
from RBRQ IH have 3R’ R+—— a < R’ A (R, Q') € bangRel Rel
by(metis simFE)
then obtain R’ where RTrans: R — o < R’ and R’RelQ": (R’, Q') €
bangRel Rel
by blast

from RTrans have P || R — «a < P || R’ by(rule Par2F)
moreover from PRelQ R'RelQ’ have (P || R, Q || Q') € bangRel Rel
by (rule Rel. BRPar)
ultimately show IP. P || R+—— a < P'A (P, Q| Q) € bangRel Rel
by blast
qged
qed
next
case(cComml az Q' b Q" Pa P)
hence [H: A\Pa. (Pa, Q) € bangRel Rel = 2Sim Pa (a[b] < Q") by simp
have QTrans: Q —a<z> < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?case using «x § Pa»
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
from <z § P || R» have z § P and z f R by simp+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] @ by(rule Sim)
with QTrans <z § P) obtain P’ where PTrans: P — a<z> < P’ and
P'Rel@": (P’[x::=0], Q'[z::=b]) € Rel
by (drule-tac simFE) (auto simp add: derivative-def)

from [H RBRQ have RTrans: 3R'. R — a[b] < R’ A (R, Q") € bangRel
Rel
by (auto simp add: derivative-def)
then obtain R’ where RTrans: R — a[b] < R’ and R'RelQ’: (R’, Q")
€ bangRel Rel
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by blast

from PTrans RTrans have P | R —7 < P’[z::=b] | R’ by(rule Comm1)
moreover from P'Rel@’ R'RelQ’ have (P'[z::=b] | R', Q'[z::=0b] || Q")
€ bangRel Rel by(rule Rel. BRPar)
ultimately show 3P P || R+— 7 < P' A (P/, Q'[z:=b] | Q") €
bangRel Rel by blast
qed
qed
next
case(cComm2 a b Q' z Q" Pa P)
hence IH: A\Pa. (Pa, Q) € bangRel Rel = 2Sim Pa (a<z> < Q') by simp
have QTrans: Q — a[b] < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?case using «x § Pa>
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
from <z § P || R» have z § P and z § R by simp+
show Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with @QTrans obtain P’ where PTrans: P — a[b] < P’ and P’RelQ"
(P, Q) € Rel
by (blast dest: simE)

from IH RBRQ <z § R» have RTrans: 3R’ R — a<z> < R’ A (R'[z::=}],
Q"'[z::=b]) € bangRel Rel
by (fastforce simp add: derivative-def residual.inject)
then obtain R’ where RTrans: R — a<z> < R’ and R’RelQ":
(R'[z::=0b], Q"[z::=b]) € bangRel Rel
by blast

from PTrans RTrans have P | R — 7 < P’ || R'[z::=b] by(rule Comm2)
moreover from P’Rel@’ R'RelQ’ have (P’ || R'[z:=b], Q| Q"[z::=b])
€ bangRel Rel by(rule Rel. BRPar)
ultimately show 3P P || R— 7 < P' A (P, Q' || (Q"[z::=D])) €
bangRel Rel by blast
qed
qed
next
case(cClosel a z Q' y Q" Pa P)
hence IH: APa. (Pa, !Q) € bangRel Rel — 2Sim Pa (a<vy> < Q') by
stmp
have QTrans: Q — a<z> < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
moreover have xFreshPa: © § Pa by fact
ultimately show Zcase using <y # Pa»
proof (induct rule: BRParCases)
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case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z f P || Rand y § P | R by fact+
hence zFreshP: x § P and zFreshR: x4 Rand y § R and y § P by simp+
show ?Zcase
proof(auto simp add: residual.inject)

from PRel@ have P ~~[Rel] Q by(rule Sim)

with QTrans zFreshP obtain P’ where PTrans: P —sa<x> < P’ and

P'Rel@": (P’'[z::=y], Q'[x::=y]) € Rel
by (fastforce dest: simE simp add: derivative-def)

from RBRQ «y § R» IH have 3R’. R —a<vy> < R' A (R, Q") €
bangRel Rel
by (auto simp add: residual.inject derivative-def)
then obtain R’ where RTrans: R —a<vy> < R’ and R'RelQ": (R/,
Q') € bangRel Rel
by blast

from PTrans RTrans <y § P> have P | R —1 < <vy>(P’[z:=y| | R
by (rule Closel)
moreover from P'RelQ’ R'RelQ” have (<vy>(P'[z:=y] || R,
<vy>(Q'lz::=y] || Q")) € bangRel Rel
by (force intro: Rel. BRPar BRRes)
ultimately show 3P". P || R— 7 < P/ A (P/, <vy>(Q'[z:=y] | Q"))
€ bangRel Rel by blast
qged
qed
next
case(cClose2 a z Q' y Q" Pa P)
hence IH: A\ Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a<y> < Q') by simp
have QTrans: Q — a<vz> < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel and z §f Pa and y  Pa by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z f P || Rand y £ P | R by fact+
hence xzFreshP: © § P and xFreshR: x § R and y R by simp+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with QTrans zFreshP obtain P’ where PTrans: P —sa<vz> < P’ and
P’Rel@Q" (P, Q') € Rel
by (fastforce dest: simE simp add: derivative-def)

from RBRQ IH <y £ B> have 3R’. R +—a<y> < R’ A (R'[y:=x],
Q"ly::=z]) € bangRel Rel
by (fastforce simp add: derivative-def residual.inject)
then obtain R’ where RTrans: R —a<y> < R'and R'RelQ": (R'ly::=z],
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Q"'y::=x]) € bangRel Rel
by blast

from PTrans RTrans xFreshR have P | R — 7 < <vz>(P' || R'[y::=x])
by (rule Close2)
moreover from P'RelQ’ R'RelQ’ have (<vz>(P' | R'|y:=x]), <vz>(Q’
| @"[y::==])) € bangRel Rel
by (force intro: Rel. BRPar BRRes)
ultimately show 3P’ P | R+— 7 < P' A (P/, <va>(Q' || Q"[y::=x]))
€ bangRel Rel by blast
ged
qed
next
case(cBang Rs Pa P)
hence IH: APa. (Pa, Q || !Q) € bangRel Rel = ?Sim Pa Rs by simp
have (Pa, !Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, !Q) € bangRel Rel by(rule Rel. BRBang)
with PRel@ have (P || |P, Q || 'Q) € bangRel Rel by(rule BRPar)
with IH have ?Sim (P || !P) Rs by simp
thus ?case by(force intro: Bang)
qed
qged

}

moreover from PRel@ have (1P, Q) € bangRel Rel by(rule BRBang)
ultimately show ?thesis by (auto simp add: simulation-def)
qed

end

theory Strong-Late-Bisim-Pres
imports Strong-Late-Bisim Strong-Late-Sim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q : pi

assumes P ~ (@

shows 7.(P) ~ 7.(Q)
proof —

let ?X = {(7.(P), 7.(Q)), (7-(Q), 7.(P))}
have (7.(P), 7.(Q)) € ?X by auto
thus ?thesis using <P ~ @
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by (coinduct rule: bisimCoinduct)
(auto intro: Strong-Late-Sim-Pres.tauPres dest: symmetric)
qed

lemma inputPres:
fixes P :: pi
and Q@ : pi
and a :: name
and z : name

assumes PSimQ: Vy. Plz:=y] ~ Q[z:=y]

shows a<z>.P ~ a<z>.Q

proof —
let X = {(a<z>.P, a<2>.Q) | a z P Q. Vy. Plz:=y] ~ Qz::=y]}

fix azP axQ p
assume (azP, azQ) € ?X
then obtain a z P @ where A: Vy. Plz:=y] ~ Q[z::=y| and B: azP =
a<z>.P and C: ax@ = a<z>.Q
by auto
have Ay. ((p::name prm) - P)[(p - z):=y] ~ (p - Q)[(p - z):=y]
proof —
fix y
from A have Plz:=(rev p - y)] ~ Qz::=(rev p - y)]
by blast
hence (p - (Plz::=(rev p - y)])) ~ p + (Qz::=(rev p - y)])
by (rule bisimClosed)
thus (p - P)[(p - z)u=y] ~ (p - Q)[(p - 2):=y]
by (simp add: equts pt-pi-rev][OF pt-name-inst, OF at-name-inst))
qed
hence ((p::name prm) « azP, p + az@) € ?X using B C
by auto
}

hence equt ?X by(simp add: equt-def)

from PSim@ have (a<z>.P, a<z>.Q) € ?X by auto
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim P Q)
thus ?case using <equt ?X)»
by (force intro: inputPres)
next
case(cSym P Q)
thus Zcase
by (blast dest: symmetric)
qed
qed
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lemma outputPres:
fixes P :: pi
and Q : pi
and ¢ :: name
and b :: name

assumes P ~ (@

shows a{b}.P ~ a{b}.Q
proof —

let ?X = {(a{b}.P, a{b}.Q), (a{b}.Q, a{b}.P)}

have (a{b}.P, a{b}.Q) € ?X by auto

thus ?thesis using <P ~ @

by (coinduct rule: bisimCoinduct)
(auto intro: Strong-Late-Sim-Pres.outputPres dest: symmetric)

qed

lemma matchPres:
fixes P :: pi
and @ : pi
and a :: name
and b :: name

assumes P ~ (@)

shows [a—~b]P ~ [a—~b]Q
proof —

let 2X = {([a~b]P, [a~H]Q), ([a~H]Q, [a~b]P)}

have ([a—~b]P, [a—~b]Q) € ?X by auto

thus ?thesis using <P ~ @

by (coinduct rule: bisimCoinduct)
(auto intro: Strong-Late-Sim-Pres.matchPres dest: symmetric bisimE)

qed

lemma mismatchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~ @)

shows [a#£b]P ~ [a#b]Q
proof —
let 72X = {([ab]P, [a£b]Q), ([a£b]Q, [t P)}
have ([a#b]P, [a#b]Q) € ?X by auto
thus ?thesis using (P ~ ()
by (coinduct rule: bisimCoinduct)
(auto intro: Strong-Late-Sim-Pres.mismatchPres dest: symmetric bisimE)
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qed

lemma sumPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ (@)

shows P® R~ Q ® R
proof —

let X ={(P® R, Q& R),(Q® R, P& R)}

have (P & R, @ & R) € ?X by auto

thus ?thesis using <P ~

by (coinduct rule: bisimCoinduct)
(auto intro: Strong-Late-Sim-Pres.sumPres reflexive dest: symmetric bisimE)

qed

lemma resPres:
fixes P :: pi
and Q@ : pi
and 1z : name

assumes P ~ (@)

shows <vz>P ~ <vz>Q
proof —
let X ={z. 3P Q. P~ QA (Fa. ¢z = (<va>P, <va>Q))}
from (P ~ @ have (<vz>P, <vaz>(Q) € ?X by blast
thus ?thesis
proof (coinduct rule: bisimCoinduct)
case(cSim zP zQ))

fix PQa
assume PSim@Q): P ~[bisim]| Q
moreover have AP Q a. P ~ Q = (<va>P, <va>Q) € ?X U bisim by
blast
moreover have bisim C ¢X U bisim by blast
moreover have equt bisim by simp
moreover have equt ?X
by (auto simp add: equt-def) (blast intro: bisimClosed)
hence equt (X U bisim) by auto
ultimately have <va>P ~[(?X U bisim)] <va>Q
by (rule Strong-Late-Sim-Pres.resPres)
}

with «(zP, zQ) € ?X» show ?case
by (auto dest: bisimFE)
next
case(cSym xP zQ))
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thus ?case by(auto dest: symmetric)

qed

qed

lemma parPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ @

shows P | R~ Q || R
proof —
let X = {(resChain Ist (P || R), resChain Ist (Q || R)) | Ist PR Q. P ~ @}
have EmptyChain: AP Q. P | Q = resChain [| (P || @) by auto
with <P ~ @ have (P | R, Q || R) € ?X by blast
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim PR QR)

fix P Q R Ist
assume P ~ (@)

hence P ~~[bisim| Q by(rule bisimFE)
moreover note (P ~ ()
moreover have AP Q R. P~ Q= (P || R, Q|| R) € ?X
by auto (blast intro: EmptyChain)
moreover
{
fix zP zQ z
assume (zP, zQ) € ?X
then obtain P Q R Ist
where P ~ @ and zP = resChain Ist (P || R) and zQeq: ©Q = resChain
st (Q || R)
by auto
moreover hence (resChain (z#lst) (P || R), resChain (z#lst) (Q || R)) €
?X
by blast
ultimately have (<vaz>zP, <vaz>z(Q) € ?X by auto
}
note ResPres = this
moreover have equt bisim by simp
moreover have equt ?X
by (auto simp add: equt-def) (blast intro: bisimClosed)
ultimately have P || R ~[(?X)] @ || R by(rule parPres)
hence resChain Ist (P || R) ~[?X] (resChain Ist (Q || R)) using <equt #X)»
ResPres
by (rule resChainl)

86



hence resChain Ist (P || R) ~[(?X U bisim)] (resChain Ist (Q || R))
by (force intro: Strong-Late-Sim.monotonic)

with «(PR, QR) € ?X> show ?case
by auto
next
case(cSym PR QR)
thus ?case by(blast dest: symmetric)
qed
qed

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes PBiSim@: P ~ @

shows P ~ Q)
proof —
let ?X = bangRel bisim
from PBiSim@ have (P, !Q) € ?X by(rule Rel. BRBang)
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim bP bQ)

fix P Q
assume (P, Q) € ?X
hence P ~[?X] Q
proof (induct)
fix P Q)
assume P ~ (@
thus |P ~[?X] |Q using bisimFE bisimFEqut
by (rule Strong-Late-Sim-Pres.bangPres)
next
fix PQRT
assume RBiSimT: R~ T
assume PBangRelQ: (P, Q) € ?X
assume PSim@: P ~~[?X] Q
from RBiSimT have R ~[bisim] T by(blast dest: bisimE)
thus R | P ~[?X] T || Q using PSim@Q RBiSimT PBangRelQ Rel. BRPar
Rel.BRRes bisimEqut equtBangRel
by (blast intro: Strong-Late-Sim-Pres.parCompose)
next
fix PQa
assume P ~[?2X] Q
moreover from equtBangRel bisimEqut have equt ?X by blast
ultimately show <va>P ~~[?X] <va>(Q using Rel. BRRes by(blast intro:
Strong-Late-Sim-Pres.resPres)
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qed
hence P ~~[((bangRel bisim) U bisim)] @ by (rule-tac Strong-Late-Sim.monotonic)
auto
}
with «(bP, bQ) € ?X» show ?case by auto
next
case(cSym bP bQ)
thus ?case by(metis bangRelSymetric symmetric)
qed
qed

end

theory Strong-Late-Bisim-Subst-Pres
imports Strong-Late-Bisim-Subst Strong-Late-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and @ : pi

assumes P ~% ()

shows 7.(P) ~* 7.(Q)
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.tauPres)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z :: name

assumes P ~% ()

shows a<z>.P ~% a<x>.Q
proof (auto simp add: substClosed-def)
fix o :: (name x name) list
{
fix PQazxzo
assume P ~° ()
then have P[<o>] ~* Q[<o>] by(rule partUnfold)
then have Vy. (P[<o>])[z:=y| ~ (Q[<o>])[z:=y]
apply(auto simp add: substClosed-def)
by (erule-tac z=[(z, y)] in allE) auto
moreover assume z ff o
ultimately have (a<z>.P)[<o>] ~ (a<z>.Q)[<0o>] using bisimEqut
by (force intro: Strong-Late-Bisim-Pres.inputPres)
}
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note Goal = this

obtain y::name where y f Pand y §f Q and y f o
by (generate-fresh name) auto
from <P ~* @ have ([(z, y)] - P) ~* ([(z, y)] - @) by(rule eqClosed)
hence (a<y>.([(z, y)] - P))[<o>] ~ (a<y>.([(z, y)] + Q))[<o>] using <y { o>
by (rule Goal)
moreover from «y § P> <y § @ have a<z>.P = a<y>.([(z, y)] - P) and

a<z>.Q = a<y>.([(z, y)] - Q)
by (simp add: alphalnput)+

ultimately show (a<z>.P)[<o>] ~ (a<z>.Q)[<o>] by simp
qed

lemma outputPres:
fixes P :: pi
and @ : pi

assumes P ~° @

shows a{b}.P ~* a{b}.Q
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.outputPres)

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~% ()

shows [a—~b|P ~* [a—~b]Q
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.matchPres)

lemma mismatchPres:
fixes P :: pi
and @ : pi
and a :: name
and b :: name

assumes P ~% ()
shows [a#b]P ~* [a#£b]Q
using assms

by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.mismatchPres)

lemma sumPres:
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fixes P :: pi
and Q : pi
and R : pi

assumes P ~% ()
shows P& R ~° Q & R
using assms

by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.sumPres)

lemma parPres:

fixes P :: pi
and Q : pi
and R : pi

assumes P ~% ()

shows P | R~ Q|| R
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.parPres)

lemma resPres:
fixes P :: pi
and Q : pi
and z : name

assumes PeqQ): P ~° @

shows <vz>P ~° <vz>(Q
proof(auto simp add: substClosed-def)
fix s::(name x name) list

have Res: AP Q z s. [P[<s>] ~ Q[<s>]; z § s] = (<vz>P)[<s>] ~ (<vz>Q)[<s>]
by (force intro: Strong-Late-Bisim-Pres.resPres)

have Jc:iname. ¢ § (P, Q, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFresh@: c § () and cFreshs:
cts
by (force simp add: fresh-prod)

from Peq() have P[<([(z, ¢)] - s)>] ~ Q[<([(z, ¢)] - s)>] by(simp add: subst-
Closed-def)

hence ([(z, ¢)] - P[<([(z, ¢]] - )>]) ~ ([(z, ¢)] - Q[<([(z, ¢)] - 5)>]) by(rule
bisimClosed)

hence ([(z, )] - P)[<s>] ~ ([(z, o)] - Q)[<s>] by simp

hence (<ve>([(z, ¢)] - P))[<s>] ~ (<ve>([(z, ¢)] - Q))[<s>] using cFreshs
by (rule Res)

moreover from cFreshP cFresh@ have <vz>P = <vc>([(z, ¢)] - P) and
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<vz>Q = <ve>([(z, ¢)] - Q)
by (simp add: alphaRes)+

ultimately show (<vz>P)[<s>] ~ (<vz>Q)[<s>] by simp
qed

lemma bangPres:
fixes P :: pi
and Q : pi

assumes P ~% ()

shows P ~5 1Q)
using assms
by (force simp add: substClosed-def intro: Strong-Late-Bisim-Pres.bangPres)

end
theory Late-Tau-Chain
imports Late-Semanticsl

begin

abbreviation tauChain-judge :: pi = pi = bool (- =, - [80, 80] 80)
where P =, P'= (P, Py € {(P, P) | P P". P 7 < P/} %

lemma single TauChain:
fixes P : pi
and P’: pi

assumes P —7 < P’

shows P —_ P’
using assms by (simp add: r-into-rtrancl)

lemma tauChainAddTau|dest):

fixes P :: pi
and P’ : pi
and P : pi

shows P —, P/ — P'+—7 < P =— P —>_ P/
and P+—7 < P/= P'=, P'"= P =, P"
by (auto dest: single TauChain)

lemma tauChainlnduct[consumes 1, case-names id ih]:
fixes P :: pi
and P’: pi

assumes P —, P’
and FP
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and AP’ P". [P =, P, P'—1 < P", FP| = FP"

shows F P’
using assms
by (drule-tac rtrancl-induct) auto

lemma equtChainl[equt]:
fixes P :: pi
and P’ : pi
and perm :: name prm

assumes P —>, P’

shows (perm - P) =, (perm - P

using assms

proof (induct rule: tauChainInduct)
case id
thus ?case by simp

next
case(ih P P""")
have P =, P and P" +— 7 < P" by fact+
hence (perm - P") —1 < (perm - P'") by(force dest: transitions.equt)
moreover have (perm - P) =, (perm - P") by fact
ultimately show ?case by auto

qed

lemma equtChaink:
fixes perm :: name prm
and P :pi
and P’ : pi

assumes Trans: (perm « P) =, (perm - P’)

shows P —, P’
proof —

have rev perm - (perm - P) = P by(simp add: pt-rev-pi[OF pt-name-inst, OF
at-name-inst])

moreover have rev perm - (perm - P’) = P’ by(simp add: pt-rev-pi| OF pt-name-inst,
OF at-name-inst])

ultimately show ¢thesis using assms

by (drule-tac perm=rev perm in equtChainl, simp)

qed

lemma equtChainFEq:
fixes P :: pi
and P’ : pi
and perm :: name prm
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shows P =, P'= (perm - P) =, (perm + P’)
by (blast intro: equtChainE equtChainl)

lemma freshChain:
fixes P :: pi
and P': pi
and =z : name

assumes P =, P’
and zf§P

shows =z P’
using assms
proof (induct rule: tauChainInduct)
case id
thus “case by simp
next
case(ih P’ P")
have z f Pand z § P = z P’ by fact+
hence z § P’ by simp
moreover have P’ — 7 < P" by fact
ultimately show ?case by(force intro: freshFreeDerivative)
qed

lemma matchChain:
fixes b :: name
and P :: pi
and P’: pi

assumes P =, P’
and P # P’

shows [b—~b]P =, P’
using assms
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(ih P P"")
have P"TransP’"". P" ——1 < P’ by fact
show [b—~b|P =, P’
proof(cases P = P')
assume P=P"
moreover with P"'TransP'" have [b—~b]P ——1 < P’ by(force intro: Match)
thus [b~b]P =, P’ by(rule single TauChain)
next
assume P # P
moreover have P # P'' —> [b~b]P =, P" by fact
ultimately show [b—~b]P =, P'"" using P’ TransP""’ by(blast)
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qed
qed

lemma mismatchChain:
fixes a :: name
and b :: name
and P : pi
and P': pi

assumes PChain: P —,. P’
and ainegb: a #£ b
and  PineqP’: P # P’

shows [a#b|P =, P’
using PChain PineqP’
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P P""")
have P''TransP'’. P" ——71 < P'" by fact
show [a#b|P =, P
proof(cases P = P'')
assume P=P"
moreover with ainegb P"'TransP’"’ have [a#£b|P —1 < P" by(force intro:
Mismatch)
thus [a#b|P =, P'" by(rule singleTauChain)
next
assume P # P
moreover have P # P' = [a#£b]P =, P" by fact+
ultimately show [a#b]|P =, P'" using P''TransP'" by (blast)
qed

qed

lemma sumIChain|[rule-format):
fixes P :: pi
and P': pi
and @ :: pi

assumes P —>, P’
and P # P’

shows P ® Q =, P’
using assms
proof (induct rule: tauChainlnduct)
case id
thus “case by simp
next
case(ih P P"")
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have P"'TransP’". P" +——71 < P’ by fact

show P ® Q =, P""

proof(cases P = P")
assume P=P"
moreover with P"'TransP'" have P @ Q ——7 < P"" by(force intro: Sum1)
thus P & Q =, P"" by(force intro: singleTauChain)

next
assume P # P
moreover have P # P = P @& @ =, P' by fact
ultimately show P & @ =, P'" using P''TransP'" by(force)

qed

qed

lemma sum2Chain[rule-format):

fixes P : pi
and @ : pi
and Q' :: pi

assumes Q =, Q'

and  Q# Q'

shows P ® Q =, Q'
using assms
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(ih Q" Q")
have Q"' TransQ"": Q" 7 < Q""" by fact
show P @ Q =, Q"'
proof(cases @ = Q")
assume Q=Q"
moreover with Q"' TransQ'"’ have P & Q —1 < Q" by(force intro: Sum2)
thus P & Q =, Q" by(force intro: singleTauChain)
next
assume Q # Q"
moreover have Q # Q"' =— P & Q —, Q' by fact
ultimately show P & Q =, Q' using Q''TransQ'"’ by blast

qed

qed

lemma PariChain:
fixes P :: pi
and P’: pi
and @ :: pi

assumes P —, P’
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shows P | Q =, P'| Q
using assms
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(ih P P’)
have P"TransP": P" —7 < P’ Dby fact
have IH: P || Q =, P" || Q by fact

have P" || Q —7 < P’ || Q using P''TransP’ by(force intro: ParlF')
thus P || @ =, P’ || Q using IH by(force)
qed

lemma Par2Chain:
fixes P : pi
and @ :: pi
and Q’: pi

assumes Q =, Q'

shows P | Q =, P | Q'
using assms
proof (induct rule: tauChainlnduct)
case id
thus “case by simp
next
case(ih Q" Q)
have Q"' TransQ”: Q" ——7 < Q' by fact
have IH: P || Q =, P || Q" by fact

have P || Q"' —7 < P || Q' using Q"' TransQ’ by(force intro: Par2F)
thus P || @ =, P || Q' using IH by(force)

qed

lemma chainPar:
fixes P :: pi
and P': pi
and @ :: pi
and Q’: pi

assumes P =—>, P’
and Q =, Q'

shows P | Q =, P' || Q'
proof —
from <P =, P» have P | Q =, P'|| Q by(rule ParlChain)
moreover from «Q =, Q" have P’ || Q =, P’ | Q' by(rule Par2Chain)
ultimately show ?thesis by auto
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qed

lemma ResChain:
fixes P :: pi
and P': pi
and a :: name

assumes P —>, P’

shows <va>P =, <va>P’
using assms
proof (induct rule: tauChainlInduct)
case id
thus ?case by simp
next
case(ih P P""")
have P” ——7 < P by fact
hence <va>P" ——7 < <va>P'"" by(force intro: ResF)
moreover have <va>P =, <va>P'' by fact
ultimately show “case by force
qed

lemma substChain:
fixes P : pi
and <z : name
and b :: name
and P': pi

assumes PTrans: Plz:=b] =, P’

shows Plz:=b] =, P'[z:=0]
proof(cases x=b)
assume r = b
with PTrans show ?thesis by simp
next
assume x # b
hence z § P[z::=b] by(simp add: fresh-fact2)
with PTrans have z § P’ by(force intro: freshChain)
hence P’ = P'[z::=b] by(simp add: forget)
with PTrans show ?thesis by simp

qed

lemma bangChain:
fixes P :: pi
and P’: pi

assumes PTrans: P || |P =, P’
and  Plineq: P'# P || |P
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shows |P —_ P’
using assms
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(ih P’ P")
show ?Zcase
proof(cases P’ = P || |P)
case True
from <P’ +——7 < P’y <P'= P || |P»> have |P ——7 < P’ by(blast intro: Bang)
thus ?thesis by auto
next
case Fulse
from <P’ # P || |P» have |P = P’ by(rule ih)
with (P’ ——71 < P’y show ?thesis by auto
qed
qed

end

theory Weak-Late-Step-Semantics
imports Late- Tau-Chain
begin

definition inputTransition :: pi = name = pi = name = name = pi = bool (x-
= in -—-<-> < - [80, 80, 80, 80, 80] 80)

where P =—>u in P" —a<az> < P'=3P". P =, P N P"' ——a<ax> < P"
A P'[z:=u] =, P’

definition transition :: (pi x Late-Semantics.residual) set where
transition = {x. 3P P' a« P P"". P =, PN P'+—a < P" AN P! =, P""
ANz =(P,a<P'")} U
{z. 3PP ayP"P". P =, P'AN (P +—(a<vy> < P")) A P"
=, P"" Nz = (P, (a<vy> < P""))}

abbreviation weakTransition-judge :: pi = Late-Semantics.residual = bool (x-
= - [80, 80] 80)
where P = Rs = (P, Rs) € transition

lemma weakNonInput|dest]:
fixes P :: pi
and a : name
and =z : name
and P’: pi

assumes P —>a<z> < P’

shows Fulse
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using assms
by (auto simp add: transition-def residual.inject)

lemma transitionl:

fixes P :: pi

and P : pi

and «a : freeRes
and P" : pi
and P’ : pi
and a : name
and z :: name
and u :: name

shows [P =, P"; P —a < P"; P/ =, P'| = P =a < P’
and [P =, P"; P +——a<vaz> < P"; P! =, P| = P = ja<va> <
P/
and [P =, P"; P +——a<a> < P"; P'[z:=u] =, P] = P = uin
P'"—a<x> < P’
proof —
assume P —,. P""and P+ o < P” and P" —, P’
thus P =, a < P’
by (force simp add: transition-def)
next
assume P —>. P"""and P"’ ——sa<vz> < P" and P" —>, P’
thus P —ja<vz> < P’
by (force simp add: transition-def)
next
assume P =, P’ and P'" —a<z> < P" and P"[z:=u] =, P’
thus P = u in P""—a<z> < P’/
by (force simp add: input Transition-def)
qed

lemma transitionE:

fixes P :: pi

and « : freeRes
and P’ :pi
and P : pi
and a :: name
and u : name
and z :: name

shows P —s;a < P! = 3P P"". P —s_ P A P —sa < P"' A P" —>,
P’ (is - = ?thesisl)

and [P =>ja<vz> < P% 2§ P] = 3P" P". P =>_ P"" A P"' —sa<vz>
< P"AN P =, P’

and [P = uin P'"wa<z> < P| = 3P". P =, P AN P" —a<a> <
P" N P"[zi=u] =, P’
proof —

assume P — o < P’
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thus ?thesisl by(auto simp add: transition-def residual.inject)
next
assume P = ja<vz> < P'and z § P
thus 3P" P". P —_ P"" A P" +—a<vz> < P A P" —, P’
using [[hypsubst-thin = true]]
apply(auto simp add: transition-def residuallnject name-abs-eq)
apply(rule-tac z=[(z, y)] + P in exl)
apply (rule-tac z=P" in exl)
apply(clarsimp)
apply (auto)
apply(subgoal-tac x § P")
apply(simp add: alphaBoundResidual name-swap)
using freshChain
apply(force dest: freshBoundDerivative)
using equtChainl
by simp
next
assume PTrans: P =>ju in P""—a<z> < P’
thus 3P". P =, P"" A P"' +— a<az> < P"" A P"[z::=u] =, P’
by (auto simp add: inputTransition-def)
qed

lemma alphalnput:

fixes P : pi
and u :: name
and P : pi
and a :: name
and z :: name
and P’ : pi
and y :: name

assumes PTrans: P = u in P'"—a<z> < P’
and yFreshP: y # P

shows P = u in ([(z, y)] - P")—a<y> < P’
proof(cases x=y)
assume =y
with PTrans show ?thesis by simp
next
assume zineqy: t#y
from PTrans obtain P’ where PChain: P =, P'"
and P""'Trans: P'" —a<z> < P"
and P"'Chain: P"[z::=u] =, P’
by (blast dest: transitionFE)

from PChain yFreshP have y #§ P by(rule freshChain)

with P’ Trans zineqy have yFreshP': y § P' by(blast dest: freshBoundDeriva-
tive)
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with P’"'Trans have P""' ——a<y> < [(z, y)] - P" by(simp add: alphaBound-
Residual)
moreover from P''Chain yFreshP'' have ([(z, y)] - P")[y:=u] =, P’
by (simp add: renaming name-swap)
ultimately show ?thesis using PChain by (blast intro: transitionl)
qed

lemma tauActionChain:
fixes P :: pi
and P': pi

shows P =7 < P/ = P —, P’
and P# P — P—, P'=— P =7 < P’
proof —
assume P =7 < P’
then obtain P” P’ where P —>, P"
and P ~—7 < P"
and P =, P’
by (blast dest: transitionFE)
thus P =, P’ by auto
next
assume P =—>. P’ and P # P’
thus P =7 < P’
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(th P P'")
have P =, P and P" +—— 7 < P'"’ by fact+
moreover have P = P"" by simp
ultimately show ?case by(rule transitionl)

qed

qed

lemma singleActionChain:
fixes P :: pi

and a : name

and =z : name

and « : freeRes

and wu : name

shows P —a<vz> < P' = P = ja<vz> < P’
and [P —a<z> < P'] = P = ju in P'—wa<z> < P'lzu=4]
and Pr—a < P = P =—a < P’
proof —
assume P ——a<vz> < P’
moreover have P —>. P by simp
moreover have P’ =, P’ by simp
ultimately show P = ja<vz> < P’ by(blast intro: transitionl)
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next

assume P —a<z> < P’

moreover have P —>, P by simp

moreover have P'[z:=u] =, P’[z::=u] by simp

ultimately show P = u in P'—a<z> < P'[z::=u] by(blast intro: transitionl)
next

assume P —a < P’

moreover have P —>, P by simp

moreover have P’ =, P’ by simp

ultimately show P —>;a < P’ by/(blast intro: transitionl)
qed

lemma Tau:
fixes P :: pi

shows 7.(P) =; 7 < P
proof —
have 7.(P) =, 7.(P) by simp
moreover have 7.(P) —7 < P by(rule transitions. Tau)
moreover have P —>. P by simp
ultimately show ?thesis by (rule transitionl)
qed

lemma Input:
fixes a :: name
and z :: name
and wu :: name
and P :: pi

shows a<x>.P =>u in P—a<z> < P[r:=u]

proof —
have a<z>.P =, a<z>.P by simp
moreover have a<z>.P — a<z> < P by(rule Input)
moreover have Plz:=u] =, Plz::=u] by simp
ultimately show ?thesis by (rule transitionl)

qed

lemma Output:
fixes a :: name
and b :: name
and P :: pi

shows a{b}.P =>a[b] < P
proof —
have a{b}.P =, a{b}.P by simp
moreover have a{b}.P —a[b] < P by(rule transitions. Output)
moreover have P —>. P by simp
ultimately show ?thesis by (rule transitionl)
qed
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lemma Match:
fixes P : pi
and Rs :: residual
and a :: name
and wu : name
and b : name
and <z : name
and P’: pi

shows P = Rs = [a—~a]P = Rs
and P = uin P'"-»b<z> < P/ = [a—~a]P = ju in P"—b<z> < P’
proof —
assume PTrans: P = Rs
thus [a—~a]P = Rs
proof(nominal-induct avoiding: P rule: residual.strong-inducts)
case(BoundR b z P’)
have PTrans: P = b«x» < P’ and zFreshP: z P by fact+
from PTrans obtain b’ where beq: b = BoundOutputS b’ by(cases b) auto
with PTrans xFreshP obtain P' P'"" where PTrans: P —>, P
and P''Trans: P" —b'<vz> < P
and P""'Trans: P'"' =, P’
by (blast dest: transitionFE)
show ?case
proof(cases P = P
assume P = P
moreover have [a—~a]P =, [a—~a]P by simp
moreover from P’'Trans have [a—~a|P" — b'<vz> < P'" by(rule Match)
ultimately show ?thesis using beq P’ Trans by(blast intro: transitionl)
next
assume P # P
with PTrans have [a—~a|P =>; P'' by(rule matchChain)
thus ?thesis using beq P''Trans P’ Trans by (blast intro: transitionl)
qed
next
case(FreeR a P
have P =, a < P’ by fact

then obtain P P where PTrans: P —>, P"
and P"Trans: P — a < P’
and P'"Trans: P'"' =, P’
by (blast dest: transitionE)
show ?Zcase
proof(cases P = P")
assume P = P”/
moreover have [a—~a]P =, [a—~a]P by simp
moreover from P’Trans have [a—~a]P" — a < P’ by(rule transi-
tions. Match)
ultimately show ?thesis using P’'Trans by (blast intro: transitionl)
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next
assume P # P’
with PTrans have [a—~a|P =, P’ by(rule matchChain)
thus ?thesis using P’ Trans P'"'Trans by(rule transitionl)
qed
qed
next
assume P =—;u in P""—b<z> < P’
then obtain P’ where PChain: P =, P’
and P"'Trans: P"' —b<ax> < P"
and P"'Chain: P"[z::=u] =, P’
by (blast dest: transitionFE)
show [a—~a]P = u in P""—b<ax> < P’
proof(cases P=P"")
assume P=P'"
moreover have [a—~a]P =, [a—~a]P by simp
moreover from P’"'Trans have [a—~a]P'""’ ——b<z> < P by(rule Late-Semantics. Match)
ultimately show ?thesis using P’ Chain by(blast intro: transitionl)
next
assume P # P’
with PChain have [a—~a]P =, P'" by(rule matchChain)
thus ?thesis using P’"’Trans P'' Chain by (rule transitionl)

qed

qed

lemma Mismatch:
fixes P : pi
and Rs :: residual
and a : name
and c¢ : name
and wu : name
and b : name
and 1z : name
and P’: pi

shows [P = Rs; a # ¢] = [a#c]P = Rs
and [P = juin P"—=b<a> < P’; a # ¢] = [a#c]P = ju in P'"—b<z> <
P/
proof —
assume PTrans: P =—>; Rs
and aineqgc: a # ¢
thus [a#c]|P = Rs
proof(nominal-induct avoiding: P rule: residual.strong-inducts)
case(BoundR b z P’)
have PTrans: P = b«x» < P’ and zFreshP: z P by fact+
from PTrans obtain b’ where beq: b = BoundOutputS b’ by(cases b, auto)
with PTrans xFreshP obtain P" P'"" where PTrans: P —>, P
and P''Trans: P" —b'<vz> < P
and P"'Trans: P'"' —, P’
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by (blast dest: transitionFE)
show ?Zcase
proof(cases P = P
assume P = P
moreover have [a#£c|P =, [a#c|P by simp
moreover from P’ Trans aineqc have [a#c]|P" —b'<vz> < P’ by(rule
transitions. Mismatch)
ultimately show ?thesis using beq P’’’ Trans by(blast intro: transitionl)
next
assume P # P
with PTrans aineqc have [a#£c]|P =, P by(rule mismatchChain)
thus ?thesis using beq P''Trans P’ Trans by(blast intro: transitionl)
qed
next
case(FreeR a P
have P —; a < P’ by fact

then obtain P’ P where PTrans: P =, P’
and P"Trans: P — a < P’
and P''Trans: P""' =, P’
by (blast dest: transitionFE)
show ?Zcase
proof(cases P = P")
assume P = P”/
moreover have [a#c|P =, [a#c|P by simp
moreover from P’'Trans <a # ¢» have [a#c]P” — a < P'" by(rule
transitions. Mismatch)
ultimately show ?thesis using P’"'Trans by (blast intro: transitionl)
next
assume P # P"
with PTrans aineqc have [a#£c]|P =, P'" by(rule mismatchChain)
thus ?thesis using P’ Trans P'"'Trans by(rule transitionl)
qed
qed
next
assume aineqc: a # ¢
assume P =>u in P""—=b<z> < P’
then obtain P’/ where PChain: P —, P
and P"'Trans: P"" —b<ax> < P"
and P''Chain: P"[x::=u] =, P’
by (blast dest: transitionFE)
show [a#c]|P = ju in P"—b<ax> < P’
proof(cases P=P'")
assume P=P'"
moreover have [a#c|P =, [a#c|P by simp
moreover from P'"'Trans aineqc have [a##c]P"" —b<z> < P’ by(rule
Late-Semantics. Mismatch)
ultimately show ?thesis using P’ Chain by (blast intro: transitionl)
next
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assume P # P’
with PChain ainegc have [a#c]P =, P'" by(rule mismatchChain)
thus ?thesis using P'"'Trans P''Chain by(rule transitionl)
qed
qed

lemma Open:
fixes P : pi
and a : name
and b :: name
and P': pi

assumes Trans: P =>ja[b] < P’
and alnEqb: a # b

shows <vb>P =—a<vb> < P’
proof —
from Trans obtain P’ P'"" where A: P —>, P"
and B: P" ——a[b] < P
and C: P —,. P’/
by (force dest: transitionE)
from A have <vb>P =, <vb>P" by(rule ResChain)
moreover from B alnEqb have <vb>P" ——a<vb> < P’ by(rule Open)
ultimately show ?thesis using C by(force simp add: transition-def)
qed

lemma Sumi1:

fixes P :: pi

and Rs :: residual
and @ :: pi

and u :: name
and P : pi

and a : name
and z :: name
and P’ : pi

shows P —; Rs — P ® Q —>; Rs
and P = juin P'"—a<z> < P'=— P & Q = u in P"—sa<z> < P’
proof —
assume P —>; Rs
thus P & Q = Rs
proof (nominal-induct avoiding: P rule: residual.strong-inducts)
case(BoundR a z P’ P)
have PTrans: P =>ja4z» < P’
and zFreshP: z § P by fact+
from PTrans obtain a’ where aeq: a = BoundOutputS a’ by(cases a, auto)
with PTrans xFreshP obtain P" P'"" where PTrans: P —>, P
and P Trans: P —sa'<vz> < P
and P"'Trans: P'"' —, P’
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by (blast dest: transitionFE)
show ?case
proof(cases P = P
assume P = P
moreover have P & Q =, P & @ by simp
moreover from P’”Trans have P @& Q ——a'<vz> < P’ by(rule transi-
tions.Sum1)
ultimately show ?thesis using P’''Trans aeq by(blast intro: transitionl)
next
assume P # P
with PTrans have P & Q =, P’ by(rule sum1Chain)
thus %thesis using P’ Trans P'"'Trans aeq by(blast intro: transitionl)
qed
next
case(FreeR a P
have P —; a < P’ by fact

then obtain P’ P where PTrans: P =, P’
and P"'Trans: P — o < P’
and P''Trans: P""' =, P’
by (blast dest: transitionFE)
show ?case
proof(cases P = P")
assume P = P
moreover have P & Q =, P ® @ by simp
moreover from P”Trans have P” & Q —— « < P’ by(rule transi-
tions.Sum1)
ultimately show ?thesis using P’"'Trans by (blast intro: transitionl)
next
assume P # P"
with PTrans have P & Q =, P by(rule sum1Chain)
thus ?thesis using P’ Trans P'"'Trans by(rule transitionl)
qed
qed
next
assume P =>;u in P""—a<z> < P’
then obtain P’"’ where PChain: P =, P'"
and P'’'Trans: P""' —sa<z> < P"
and P”Chain: P"[z::=u] =, P’
by (blast dest: transitionFE)
show P & Q = ju in P""—a<az> < P’
proof(cases P = P'")
assume P = P’
moreover have P & Q =, P & @ by simp
moreover from P’'Trans have P & Q ——a<z> < P" by(rule transi-
tions.Sum1)
ultimately show ?thesis using P’ Chain by(blast intro: transitionl)
next
assume P # P’
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with PChain have P & Q =, P’"" by(rule sum1Chain)
thus %thesis using P’/ Trans P''Chain by(blast intro: transitionl)
qed

qed

lemma Sum2:
fixes Q) :: pi
and Rs :: residual
and P :pi
and wu : name
and Q" : pi
and a : name
and <z : name
and Q’: pi

shows ) = Rs = P ©&® Q = Rs
and Q = uin Q'"—ae<z> < Q' = P ® Q = juin Q'"—a<z> < Q’
proof —
assume () = Rs
thus P & Q = Rs
proof (nominal-induct avoiding: Q rule: residual.strong-inducts)
case(BoundR a z Q' Q)
have QTrans: Q = jasz» < Q'
and zFresh@Q: z § @ by fact+
from QTrans obtain a’ where aeq: a = BoundOutputS o’ by(cases a, auto)
with QTrans zFresh@ obtain Q" Q' where QTrans: Q —, Q"
and Q" Trans: Q" —a'<vz> < Q"'
and Q""" Trans: Q" =, Q'
by (blast dest: transitionFE)
show ?case
proof(cases @ = Q")
assume Q = Q"
moreover have P & Q =, P & @ by simp
moreover from Q"' Trans have P & Q" ——a'<vz> < Q' by(rule transi-
tions.Sum?2)
ultimately show ?thesis using Q'"'Trans aeq by(blast intro: transitionl)
next
assume Q # Q"
with QTrans have P ® Q =, Q" by(rule sum2Chain)
thus ?thesis using Q"' Trans Q'''Trans aeq by(blast intro: transitionl)
qed
next
case(FreeR a Q)
have Q =, a < Q' by fact

then obtain Q" Q' where QTrans: Q =, Q"'
and Q"Trans: Q" — a < Q"
and Q"'Trans: Q"' =, Q’
by (blast dest: transitionE)
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show ?case
proof(cases Q@ = Q")
assume @ = Q"
moreover have P & Q =, P & @Q by simp
moreover from Q' Trans have P & Q" —— «a < Q' by(rule transi-
tions.Sum?2)
ultimately show ?thesis using Q'''Trans by (blast intro: transitionl)
next
assume ) # Q"
with QTrans have P & Q =, Q' by(rule sum2Chain)
thus ?thesis using Q"' Trans Q'''Trans by(rule transitionI)
qed
qed
next
assume Q = ju in Q"—a<z> < Q'
then obtain Q' where QChain: Q —, Q'
and Q''Trans: Q" —sa<z> < Q"
and Q"'Chain: Q"[x:=u] =, Q’
by (blast dest: transitionFE)
show P @ Q = ju in Q""—a<z> < Q'
proof(cases Q = Q')
assume Q = Q'
moreover have P & Q =, P & @ by simp
moreover from Q'’Trans have P & Q"' ——a<z> < Q" by(rule transi-
tions.Sum?2)
ultimately show ?thesis using Q''Chain by (blast intro: transitionl)
next
assume Q # Q'
with QChain have P & Q =, Q' by(rule sum2Chain)
thus ?thesis using Q'''Trans Q''Chain by (blast intro: transitionl)
qed
qed

lemma ParlB:
fixes P : pi
and a : name
and =z :: name

and P': pi
and wu : name
and P : pi

shows [P = ja<vz> < Pzt Q] = P || Q = 1a<vz> < (P'|| Q)

and [P = uin P"—a<z> <Pzt Q] = P | Q = uin (P"| Q)—a<z>
<P Q
proof —

assume PTrans: P —>; a<vz> < P’

assume zFreshQ: z § Q

have Goal: AP a ¢ P’ Q. [P = ja<vaz> < Pz 4 P,z 4 Q] = P | @
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= ja<vz> < (P'] Q)
proof —
fix Paz P'Q
assume PTrans: P = ja<vz> < P’
assume zFreshP: z § P
assume zFreshQ: z £ (Q::pi)

from PTrans zFreshP obtain P' P'"" where PTrans: P —>, P
and P"Trans: P" —sa<vz> < P’
and P"'Trans: P'"' =, P’
by (blast dest: transitionFE)
from PTrans have P | Q =, P"' || Q by(rule Par1Chain)
moreover from P''Trans zFresh@Q have P" || Q —a<vz> < (P || Q)
by(rule ParlB)
moreover from P’'Trans have P | @ =, P’ || Q by(rule PariChain)
ultimately show P || Q = ja<vz> < (P’ || Q) by(rule transitionl)
qed

have Jc:iname. ¢ § (P, P’, Q) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ f P and cFreshP’ ¢ § P’ and cFreshQ:

ct @
by (force simp add: fresh-prod)

from cFreshP'have a<vz> < P’ = a<ve> < ([(z, ¢)] - P’) by(rule alphaBound-
Residual)
moreover have a<vz> < (P'| Q) = a<ve> < (([(z, ¢)] - P) || Q)
proof —
from cFreshP’ cFresh@ have ¢ § P’ | Q by simp
hence a<vz> < (P'|| Q) = a<ve> < ([(z, ¢)] - (P’ || @)) by(rule alphaBound-
Residual)
with cFresh@ xFresh@ show ?thesis by(simp add: name-fresh-fresh)
qed
ultimately show P || @ = a<vz> < P’ || Q using PTrans cFreshP cFreshQ
by (force intro: Goal)
next
assume PTrans: P =>ju in P""—a<z> < P’
and zFresh@: =z § Q
from PTrans obtain P"’ where PChain: P —, P’
and P""'Trans: P"' —a<z> < P
and P''Chain: P"[x::=u] =, P’
by (blast dest: transitionFE)
from PChain have P || Q =, P’ || Q by(rule ParlChain)
moreover from P'"'Trans tFresh@ have P || Q —a<z> < (P || Q) by(rule
Par1B)
moreover have (P | Q)[z:=u] =, P’ Q
proof —
from P’Chain have P"[z:=u] | @ =, P’ | Q by(rule PariChain)
with zFresh@Q show ?thesis by (simp add: forget)
qed
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ultimately show P | Q@ = ju in (P || Q)—a<z> < (P’ Q) by(rule transi-

tionlI)

qed

lemma PariF:
fixes P : pi
and « : freeRes
and P': pi

assumes PTrans: P =>;a0 < P’

shows P | Q =1 < (P || Q)
proof —
from PTrans obtain P’ P""" where PTrans: P —>,. P
and P"Trans: P —a < P
and P''Trans: P —,. P’
by (blast dest: transitionFE)
from PTrans have P | @ =, P" || Q by(rule ParlChain)
moreover from P''Trans have P” || Q —a < (P" || Q) by(rule transi-
tions.Par1F)
moreover from P’'Trans have P || Q =, P’ || @ by(rule PariChain)
ultimately show ?thesis by (rule transitionl)

qed

lemma Par2B:
fixes Q) :: pi
and a :: name
and <z : name
and Q’: pi
and P :pi
and wu : name
and Q" : pi

shows @ = ja<ve> < Q' = 24 P = P | Q = ja<vz> < (P || Q)

and @ =uin Q"—a<z> < Q' =z P = P || Q =uin (P |
Q")—a<z> < P || Q'
proof —

assume QTrans: Q = a<vz> < Q'

assume zfreshP: © § P

have Goal: ANQ a x Q' P. [Q = ja<vz> < Q24 Q; 24 Pl = P | Q
= a<vz> < (P || Q)
proof —
fix Qaz Q' P
assume QTrans: Q = ja<vz> < Q'
assume zFreshQ: z § Q
assume zFreshP: © § (P::pi)

from QTrans xFresh@ obtain Q" Q' where QTrans: Q@ =, Q"
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and Q" Trans: Q" —sa<vz> < Q'
and Q"'Trans: Q" =, Q'
by (blast dest: transitionFE)
from QTrans have P | Q =, P || Q" by(rule Par2Chain)
moreover from Q''Trans zFreshP have P | Q" ——a<vz> < (P || Q")
by (rule Par2B)
moreover from Q'"'Trans have P | Q"' =, P || Q' by(rule Par2Chain)
ultimately show P || Q = ja<vz> < (P || Q') by(rule transitionl)
qed

have Jc:iname. ¢t (Q, Q', P) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshQ: ¢ f Q and cFreshQ” ¢ 4 Q' and cFreshP:
ct P
by (force simp add: fresh-prod)

from cFresh@’ have a<vi> < Q' = a<ve> < ([(z, ¢)] - Q) by(rule al-
phaBoundResidual)
moreover have a<vz> < (P || Q') = a<ve> < (P || ([(z, ¢)] - Q)
proof —
from cFresh@’ cFreshP have c § P | Q' by simp
hence a<vz> < (P || Q') = a<ve> < ([(z, ¢)] - (P || Q")) by(rule alphaBound-
Residual)
with cFreshP zFreshP show ?thesis by(simp add: name-fresh-fresh)
qed
ultimately show P | Q = a<vz> < P || Q' using QTrans cFreshQ cFreshP
by (force intro: Goal)
next
assume QTrans: Q = ju in Q"—a<z> < Q'
and zFreshP: z § P
from QTrans obtain Q' where QChain: Q =, Q'
and Q""'Trans: Q"' —sa<z> < Q"
and Q"'Chain: Q"[z:=u] =, Q'
by (blast dest: transitionFE)
from QChain have P | Q =, P | Q" by(rule Par2Chain)
moreover from Q'"'Trans zFreshP have P || Q" —a<z> < (P || Q") by(rule
Par2B)
moreover have (P || Q")[zu=u] =, P | Q'
proof —
from @Q''Chain have P || (Q"[z::=u]) =, P || Q' by(rule Par2Chain)
with zFreshP show ?thesis by(simp add: forget)

qed

ultimately show P || Q = uin (P || Q")—a<z> < (P | Q') by(rule transi-
tionI)
qed
lemma Par2F:

fixes @ :: pi

and « : freeRes

and Q': pi
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assumes QTrans: Q = o < Q'

shows P | Q =1 < (P || Q)
proof —
from QTrans obtain Q" Q' where QTrans: Q —, Q"
and Q" Trans: Q" —a < Q'
and Q"'Trans: Q" =, Q'
by (blast dest: transitionFE)
from QTrans have P | Q =, P || Q" by(rule Par2Chain)
moreover from Q"Trans have P | Q" —a < (P || Q") by(rule transi-
tions.Par2F)
moreover from Q''Trans have P || Q"' =, P || Q' by(rule Par2Chain)
ultimately show ?thesis by (rule transitionl)
qed

lemma Comml1:

fixes P :: pi
and b : name
and P : pi

and a : name
and =z :: name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =;b in P" —a<x> < P’
and QTrans: Q@ =>afb] < Q'

shows P | Q =7 < P'|| Q'
proof —
from PTrans obtain P"’ where PChain: P —>, P’
and P'’'Trans: P""' —sa<z> < P
and P’'Chain: P"[x::=b] =, P’
by (blast dest: transitionFE)
from QTrans obtain Q" Q' where QChain: Q =, Q'
and Q"' Trans: Q"' —alb] < Q"
and Q"'Chain: Q" =, Q'
by (blast dest: transitionFE)

from PChain QChain have P || Q =, P'" | Q" by(rule chainPar)
moreover from P’"'Trans Q"'Trans have P"" || Q"' —1 < P"[z:=b] || Q"
by (rule Comm1)
moreover from P''Chain Q"' Chain have P"[z::=b] | Q"' =, P’ | Q' by(rule
chainPar)
ultimately show %thesis by (rule transitionl)
qed

lemma Comm?2:
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fixes P :: pi
and a : name
and b :: name

and P’: pi
and @ :: pi
and =z : name
and Q" : pi
and Q': pi

assumes PTrans: P =>jalb] < P’
and QTrans: Q@ =b in Q"—a<z> < Q'

shows P | Q =7 < P'|| Q'
proof —
from PTrans obtain P’ P'"" where PChain: P =, P'"”
and P'"'Trans: P'""' —alb] < P”'
and P”Chain: P" =, P’
by (blast dest: transitionFE)
from QTrans obtain Q' where QChain: Q =, Q'
and Q"'Trans: Q"' —a<z> < Q"
and Q"'Chain: Q"[z:=b] =, Q'
by (blast dest: transitionFE)

from PChain QChain have P || Q@ =, P"" | Q" by(rule chainPar)
moreover from P'"'Trans Q''Trans have P || Q"' —71 < P" || (Q"[z::=1])
by (rule Comm2)

moreover from P’'Chain Q"' Chain have P || (Q"[z::=b]) =, P’ | Q' by(rule
chainPar)

ultimately show ?thesis by (rule transitionl)
qed

lemma Closel:

fixes P :: pi
and vy :: name
and P : pi

and a : name
and 1z : name

and P': pi
and @ :: pi
and Q’: pi

assumes PTrans: P =y in P'"—a<z> < P’
and  QTrans: Q = ja<vy> < Q'

and yFreshP: y # P

and yFresh@: y ¢ Q

shows P || Q =7 < <vy>(P'| Q)

proof —
from PTrans obtain P"’ where PChain: P —, P’
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and P'"'Trans: P""' —a<z> < P
and P'"'Chain: P"[x:=y] =, P’
by (blast dest: transitionFE)
from QTrans yFresh@Q obtain Q" Q"' where QChain: Q =, Q'
and Q"'Trans: Q"' —a<vy> < Q"
and Q"' Chain: Q" =, Q'
by (blast dest: transitionFE)

from PChain yFreshP have yFreshP'"": y § P'’ by(rule freshChain)

from PChain QChain have P | Q@ =, P || Q" by(rule chainPar)
moreover from P’ Trans Q""" Trans yFreshP'"’ have P"' || Q"' 7 < <vy>(P'[z:=y]
I Q")
by (rule Closel)
moreover have <vy>(P"[z:=y] || Q") =, <vy>(P'| Q"
proof —
from P''Chain Q' Chain have P"[z::=y| | Q"' =, P’ || Q' by(rule chainPar)
thus ?thesis by(rule ResChain)
qed
ultimately show P || Q =7 < <vy>(P' || Q') by(rule transitionl)
qed

lemma Close2:
fixes P : pi
and vy :: name
and a :: name
and =z

i name
and P’: pi
and @ :: pi
and Q' : pi
and Q': pi

assumes PTrans: P —ja<vy> < P’

and QTrans: Q =1y in Q""—a<z> < Q'
and yFreshP: y § P

and yFresh@: y £ Q

shows P || Q@ =7 < <vy>(P'| Q)
proof —
from PTrans yFreshP obtain P'’ P""' where PChain: P =, P'"
and P'"Trans: P —sa<vy> < P"
and P"'Chain: P" =, P’
by (blast dest: transitionE)

from Q7Trans obtain Q' where QChain: Q —, Q'
and Q"'Trans: Q" —a<az> < Q"
and Q"' Chain: Q"[x:=y] =, Q'
by (blast dest: transitionF)
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from QChain yFresh@ have yFreshQ'": y & Q" by(rule freshChain)

from PChain QChain have P || Q@ =, P'" | Q" by(rule chainPar)
moreover from P""'Trans Q""" Trans yFresh@''' have P' | Q""" ——1 < <vy>(P"
I (Q"[zz:=y]))
by (rule Close2)
moreover have <vy>(P" || (Q"[z:=y])) =+ <vy>(P'|| Q)
proof —
from P”Chain Q" Chain have P" || (Q"[z::=y]) =, P’ || Q' by(rule chain-
Par)
thus ?thesis by (rule ResChain)
qed
ultimately show P || Q =7 < <vy>(P’ || Q) by(rule transitionl)
qed

lemma ResF':

fixes P :: pi
and « : freeRes
and P’: pi

and <z :: name

assumes PTrans: P = a0 < P’
and  zFreshAlpha: z §f «

shows <vz>P — o0 < <vz>P’'
proof —
from PTrans obtain P P""" where PChain: P —>, P"
and P Trans: P" —a < P’
and P’'Chain: P =, P’
by (blast dest: transitionFE)

from PChain have <vz>P =, <vz>P'" by(rule ResChain)
moreover from P''Trans xFreshAlpha have <vz>P' ——a < <vz>P'""’
by (rule transitions. ResF)
moreover from P'"’Chain have <vz>P'"' =, <vz>P’ by(rule ResChain)
ultimately show ?thesis by(rule transitionl)
qed

lemma ResB:

fixes P : pi
and a : name
and =z :: name
and P': pi

and y :: name
and u : name
and P : pi

shows [P = ja<vz> < P; y # a; y # x; ¢ § P] = <vy>P = ja<vz> <
(<vy>P’)
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and [P =y juin P"—a<z> < Py +# a;y # z; y # u] = <vy>P = juin
(<vy>P")—a<z> < (<vy>P’)
proof —
assume PTrans: P = ja<vz> < P’
and yineqa: y # a
and yineqr: y #
and xzFreshP: z §f P

from PTrans zFreshP obtain P’ P'"" where PChain: P =, P"
and P"'Trans: P" —a<vz> < P'"
and P'"'Chain: P"" —, P’
by (blast dest: transitionFE)

from PChain have <vy>P =, <vy>P'' by(rule ResChain)
moreover from P’ Trans yineqa yineqr have <vy>P" —a<vz> < (<vy>P"")
by (force intro: ResB)
moreover from P'"’Chain have <vy>P"' =, <vy>P’ by(rule ResChain)
ultimately show <vy>P = a<vz> < <vy>P’' by(rule transitionI)
next
assume PTrans: P =>u in P'"—a<a> < P’
and yineqa: y # a
and yineqr: y £ x
and yinequ: y # u

from PTrans obtain P’ where PChain: P =, P'"
and P'"'Trans: P —a<z> < P
and P"'Chain: P"[z:=u] =, P’
by (blast dest: transitionFE)

from PChain have <vy>P =, <vy>P'" by(rule ResChain)
moreover from P’ Trans yinega yinegr have <vy>P'"’ —a<z> < (<vy>P")
by (force intro: ResB)
moreover have (<vy>P")[z:=u] =, <vy>P’
proof —
from P''Chain have <vy>(P"[z:=u]) =, <vy>P’ by(rule ResChain)
with yinegzr yinequ show ?thesis by(simp add: equt-subs| THEN sym])
qged
ultimately show <vy>P = ju in (<vy>P")—a<z> < <vy>P’'by(rule tran-
sitionl)
qed

lemma Bang:
fixes P : pi
and Rs :: residual
and wu : name
and P : pi
and a : name
and =z :: name
and P’: pi

117



shows P || |P = Rs = |P = Rs
and P ||!P = u in P'"—a<z> < P’ = |P = ju in P""—a<z> < P’
proof —
assume P || |P = Rs
thus |P =—; Rs
proof(nominal-induct avoiding: P rule: residual.strong-inducts)
case(BoundR a z P' P)
assume zFreshP: ¢ § P
assume PTrans: P || |P = ja«z» < P’
from PTrans obtain o’ where aeq: a = BoundOutputS o’ by(cases a, auto)

with PTrans xFreshP obtain P"" P"" where PChain: P || |\P =, P"
and P"'Trans: P" —sa'<vaz> < P""
and P'"Chain: P =, P’
by (force dest: transitionE)

show |P = a«z» < P’
proof(cases P"" = P || |P)
assume P = P | IP
moreover with P''Trans have |P ——a'<vz> < P"’ by(blast intro: transi-
tions. Bang)
ultimately show ?thesis using PChain P'"'Chain aeq by(simp, rule-tac
transitionl, auto)
next
assume P"' # P || P
with PChain have |P =, P’ by(rule bangChain)
with P Trans P'"'Chain aeq show ?thesis by(blast intro: transitionI)
qed
next
fixa P'P
assume P || |P = < P’

then obtain P” P’ where PChain: P || |P =, P”
and P"'Trans: P —sa < P
and P''Chain: P"' =, P’
by (force dest: transitionE)

show |P —> ;o0 < P’
proof(cases P = P || |P)
assume P = P | IP
moreover with P’"Trans have |P ——«a < P’ by(blast intro: transi-
tions. Bang)
ultimately show ?thesis using PChain P'''Chain by(rule-tac transitionl,
auto)
next
assume P"' # P || IP
with PChain have |P =, P’ by(rule bangChain)
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with P Trans P'"'Chain show ?thesis by (blast intro: transitionl)
qed
qed
next
assume P || |P = ju in P'"—wa<z> < P’

then obtain P’/ where PChain: P || |P =, P""’
and P"'Trans: P'" —a<z> < P"
and P'"'Chain: P"[z::=u] =, P’
by (force dest: transitionE)

show !|P = u in P"—a<z> < P’
proof(cases P = P || |P)
assume P = P || IP
moreover with P’'Trans have |P —a<x> < P’ by(blast intro: transi-
tions. Bang)
ultimately show ?thesis using PChain P'' Chain by (rule-tac transitionl, auto)
next
assume P’ #£ P || P
with PChain have |P —>. P'"" by(rule bangChain)
with P""'Trans P Chain show ?thesis by (blast intro: transitionl)
qed
qed

lemma tauTransitionChain:
fixes P :: pi
and P': pi
assumes P —>;7 < P’
shows P —>_ P’

using assms

by (auto simp add: transition-def residuallnject)

lemma chainTransitionAppend:

fixes P :: pi

and P’ : pi

and Rs :: residual
and a : name
and z :: name
and P : pi

and u : name
and P : pi

and « : freeRes

shows P —>, P/ = P' =, Rs =—> P —>; Rs

and P=—, P"=— P" = juin P""—wa<z> < P'=— P = juin P'""—a<a>
< P’

and P —ja<vi> < P'"— P'—, P'=— 1z} P — P —ja<vz> < P’
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and P =—uin P""—wa<z> < P"=— P —, P'=— P —juin P""—a<z>
< P’
and P —o < P'"=— P"—=—, P'=— P —o0 < P’
proof —
assume P =—>, P’ and P’ = Rs
thus P —; Rs
by(auto simp add: transition-def residuallnject) (blast dest: rtrancl-trans)+
next
assume P —>. P" and P" = u in P""—a<z> < P’
thus P = ju in P""—a<x> < P’
apply(auto simp add: inputTransition-def residuallnject)
by (blast dest: rtrancl-trans)+
next
assume PTrans: P —>; a<vz> < P"
assume P''Chain: P =, P’
assume zFreshP: © § P

from PTrans zFreshP obtain P’ P'"" where PChain: P =—>, P’
and P'"'Trans: P —sa<vz> < P
and P'"'Chain: P""" =, P"
by (blast dest: transitionF)

from P"""'Chain P Chain have P'" —. P’ by auto

with PChain P'"'Trans show P = ja<vz> < P’ by(rule transitionl)
next

assume PTrans: P =>ju in P'"—a<ax> < P"

assume P''Chain: P' =, P’

from PTrans obtain P’’’ where PChain: P =, P'""’
and P Trans: P"" —sa<z> < P'"
and P’"'Chain: P""[z:=u] =, P”
by (blast dest: transitionF)

from P'"Chain P''Chain have P"'[z::=u] =, P’ by auto

with PChain P'""Trans show P = u in P""—a<z> < P’ by(blast intro:
transitionl )
next

assume PTrans: P = a0 < P"’

assume P''Chain: P —>, P’

from PTrans obtain P’ P""" where PChain: P =, P'"
and P'"Trans: P""' —a < P!
and P""'Chain: P"" —,. P"
by (blast dest: transitionFE)

from P"""'Chain P’ Chain have P"""' =, P’ by auto

with PChain P'"'Trans show P = a0 < P’ by(rule transitionl)
qed
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lemma freshInputTransition:
fixes P :: pi
and a : name
and <z : name
and wu : name
and P : pi
and P’: pi
and c¢ : name

assumes PTrans: P =>u in P'"—a<az> < P’
and cFreshP: c § P
and cinequ: ¢ # u

shows c f P’
proof —

from PTrans obtain P"’ where PChain: P —, P’
and P""'Trans: P —sa<z> < P"
and P''Chain: P"[x::=u] =, P’
by (blast dest: transitionE)

from PChain cFreshP have cFreshP'"": ¢ § P""' by(rule freshChain)
show c ff P’
proof(cases x=c)
assume zeqc: T=c
from cinequ have ¢ § P'[c::=u] apply — by(rule fresh-fact2)
with P”Chain zeqc show ?thesis by(force intro: freshChain)
next
assume zineqc: T#c
with P’"'Trans cFreshP’’ have ¢ § P" by(blast dest: freshBoundDerivative)
with cinequ have ¢ § P"[z::=u]
apply —
apply(rule fresh-factl)
by simp
with P’ Chain show ?thesis by(rule freshChain)
qed
qed

lemma freshBoundQutputTransition:
fixes P : pi
and a : name
and =z :: name
and P': pi
and ¢ : name

assumes PTrans: P =—>ja<vz> < P’

and cFreshP: ¢ § P
and cineqr: ¢ £ x
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shows c ff P’
proof —
have Goal: AP az P’ ¢c. [P =rja<vaz> < Pz # P;ct P;c#z] = ct P’
proof —
fix Paz P'c
assume PTrans: P = ja<vz> < P’
assume zFreshP: z § P
assume cFreshP: (c::name) § P
assume cineqr: ¢ # x

from PTrans xFreshP obtain P' P'"" where PTrans: P —, P
and P"Trans: P" —sa<vz> < P’
and P'"'Trans: P'"' =, P’
by (blast dest: transitionFE)

from PTrans cFreshP have ¢ § P by(rule freshChain)

with P"Trans cineqr have ¢ §f P'" by(blast dest: Late-Semantics.freshBoundDerivative)
with P""’Trans show ¢ § P’ by(rule freshChain)

qed

have Jd::name. d f§ (P, P’, ¢) by(blast intro: name-exists-fresh)
then obtain d::name where dFreshP: d § P and dFreshP" d § P’ and cineqd:
c#d
by (force simp add: fresh-prod)

from PTrans dFreshP’ have P = ja<vd> < ([(z, d)] - P’) by(simp add: al-
phaBoundResidual)

hence c { [(z, d)] - P’ using dFreshP cFreshP cineqd by (rule Goal)

with cineqd cinegr show ?thesis by(simp add: name-fresh-left name-calc)
qed

lemma freshTauTransition:
fixes P :: pi
and ¢ :: name

assumes PTrans: P =7 < P’
and cFreshP: ¢ § P

shows ¢ f P’

proof —
from PTrans have P =, P’ by(rule tauTransitionChain)
thus ?thesis using cFreshP by(rule freshChain)

qed

lemma freshOutput Transition:
fixes P :: pi
and a :: name
and b : name
and P’: pi
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and ¢ :: name

assumes PTrans: P =>jalb] < P’
and cFreshP: ¢ § P

shows ¢ f P’
proof —
from PTrans obtain P’ P""" where PTrans: P —>, P
and P"Trans: P —alb] < P’
and P''Trans: P —. P’
by (blast dest: transitionFE)

from PTrans cFreshP have ¢ §f P" by(rule freshChain)
with P"'Trans have ¢ § P by(blast dest: Late-Semantics.freshFreeDerivative)
with P’"'Trans show ?thesis by(rule freshChain)

qed
lemma equtl:
fixes P : pi
and Rs :: residual
and perm :: name prm
and u : name
and P" :pi
and a : name
and z :: name

and P’ : pi

shows P = Rs = (perm + P) = (perm - Rs)
and P = u in P"—a<z> < P’ = (perm - P) =>(perm - u) in (perm -
P"Y—(perm - a)<(perm - z)> < (perm « P')
proof —
assume P —; Rs
thus (perm - P) = (perm - Rs)
proof(nominal-induct Rs avoiding: P rule: residual.strong-inducts)
case(BoundR a © P' P)
have PTrans: P =>ja«x» < P’ by fact
moreover then obtain b where aeqb: a = BoundOutputS b by(cases a, auto)
moreover have z § P by fact
ultimately obtain P’/ P""' where PTrans: P —, P
and P''Trans: P" —sb<vz> < P""’
and P'"Trans: P'"' =, P’
by (blast dest: transitionE)

from PTrans have (perm - P) =, (perm « P"") by(rule equtChainl)
moreover from P’"'Trans have (perm - P') — (perm - (b<vz> < P'"))
by (rule equts)
moreover from P'"’Trans have (perm - P'’) =, (perm - P’) by(rule
equtChainl)
ultimately show ?case using aegb by (force intro: transitionl)
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next
case(FreeR o P’ P)
have P =« < P’ by fact
then obtain P P where PTrans: P —>,. P’
and P''Trans: P" —sa < P’
and P'"'Trans: P""' —,_ P’
by (blast dest: transitionFE)

from PTrans have (perm - P) =, (perm - P'") by(rule equtChainlI)
moreover from P’'Trans have (perm - P') — (perm - (a < P'"))
by (rule equts)
moreover from P'"Trans have (perm - P'') =, (perm - P’) by(rule
equtChainl)
ultimately show ?case by(force intro: transitionI)
qed
next
assume P —ju in P'"—a<z> < P’

then obtain P’/ where PChain: P —>, P'"
and P""'Trans: P'"" —a<az> < P"
and P”'Chain: P"[z:=u] =, P’
by (blast dest: transitionE)

from PChain have (perm « P) =, (perm - P""") by(rule equtChainlI)
moreover from P'"'Trans have (perm - P"') — (perm - (a<z> < P"'))
by (rule equts)
moreover from P’'Chain have (perm - P'[z:=u]) =, (perm - P’) by(rule
equtChainl)
ultimately show (perm - P) =>(perm - u) in (perm - P'")—(perm - a)<(perm
- z)> < (perm - P’)
by (force intro: transitionl simp add: equt-subs| THEN sym] perm-bij)
qed

lemmas freshTransition = freshBoundQutputTransition freshOutputTransition
freshinput Transition freshTauTransition
end
theory Weak-Late-Semantics
imports Weak-Late-Step-Semantics
begin
definition weakTransition :: (pi x residual) set
where weakTransition = Weak-Late-Step-Semantics.transition U {z. 3P. © =
(P, 7 < P)}
abbreviation weakLate Transition-judge :: pi = residual = bool («- =, - [80,

80] 80)
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where P =, Rs = (P, Rs) € weakTransition

lemma transitionl:

fixes P :: pi
and Rs :: residual
and P': pi

shows P = Rs = P =>; Rs

and P=—;7<P
proof —

assume P —>; Rs

thus P =>; Rs by(simp add: weakTransition-def)
next

show P =, 7 < P by(simp add: weak Transition-def)
qed

lemma transitionCases[consumes 1, case-names Step Stay]:

fixes P :: pi
and Rs :: residual
and P’: pi

assumes P =—>; Rs
and P —; Rs = F Rs
and Rs=7<P=F (1<P)

shows F Rs
using assms

by (auto simp add: weakTransition-def)

lemma singleActionChain:

fixes P :: pi
and « : freeRes
and P’: pi

assumes P —a < P’

shows P =, (a < P’

using assms

by (auto intro: Weak-Late-Step-Semantics.singleActionChain
simp add: weakTransition-def)

lemma Tau:
fixes P :: pi

shows 7.(P) =, 7 < P
by (auto intro: Weak-Late-Step-Semantics. Tau

simp add: weakTransition-def)

lemma OQOutput:
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fixes a :: name
and b :: name
and P : pi

shows a{b}.P = a[b] < P
by (auto intro: Weak-Late-Step-Semantics. Output
simp add: weakTransition-def)

lemma Maich:
fixes a :: name

and P :: pi
and b :: name
and =z : name
and P’: pi
and « :: freeRes

shows P =, b<vz> < P' = [a—~a]P = b<vz> < P’
and P = a <P = P+# P = [a~a]P =, a < P’
by (auto simp add: residual.inject weak Transition-def intro: Weak-Late-Step-Semantics. Match)

lemma Mismatch:
fixes a :: name

and ¢ : name
and P :: pi
and b : name
and =z :: name
and P': pi
and « : freeRes

shows [P =, b<vz> < P’; a # c] = [a#c]P = b<va> < P’
and P=,a <P = P#P = a# c= [a#c]P =, a < P’
by (auto simp add: residual.inject weak Transition-def intro: Weak-Late-Step-Semantics. Mismatch)

lemma Open:
fixes P : pi
and a : name
and b :: name
and P': pi

assumes Trans: P =>; a[b] < P’
and alnEqb: a # b

shows <vb>P =, a<vb> < P’

using assms

by (auto intro: Weak-Late-Step-Semantics. Open
simp add: weakTransition-def residual.inject)

lemma ParlB:
fixes P :: pi
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and a : name
and =z :: name
and P': pi

assumes PTrans: P =>; a<vz> < P’
and zFreshQ: z § Q

shows P || Q =, a<vz> < (P'| Q)

using assms

by (auto intro: Weak-Late-Step-Semantics. ParlB
simp add: weak Transition-def residual.inject)

lemma ParlF:

fixes P :: pi
and « :: freeRes
and P': pi

assumes PTrans: P =, a < P’

shows P || Q = a < (P'|| Q)

using assms

by (auto intro: Weak-Late-Step-Semantics. ParlF
simp add: weakTransition-def residual.inject)

lemma Par2B:
fixes Q) :: pi
and a : name
and <z : name
and Q’: pi

assumes QTrans: Q = a<vz> < Q'
and zFreshP: z § P

shows P || Q =, a<vaz> < (P || Q)

using assms

by (auto intro: Weak-Late-Step-Semantics. Par2B
simp add: weak Transition-def residual.inject)

lemma Par2F'

fixes Q :: pi
and « :: freeRes
and Q': pi

assumes QTrans: Q = a < Q'

shows P || Q = a < (P | Q)

using assms

by (auto intro: Weak-Late-Step-Semantics. Par2F
simp add: weakTransition-def residual.inject)
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lemma Comml1:

fixes P ::
and a ::
and b :
and P :
and P':
and @
and Q':

j
name

o name

i
pi

T pi

j

assumes PTrans: P =;b in P""—a<z> < P’

and QTrans: Q =>; alb] < Q'

shows P || Q =, 7 < P'| Q'

using assms

by (auto intro: Weak-Late-Step-Semantics. Comm1
simp add: weakTransition-def residual.inject)

lemma Comm2:

fixes P : pi
and a :: name
and b :: name
and Q" : pi
and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =>; a[b] < P’
and

shows P || Q =, 7 < P'| Q'
using assms

QTrans: Q@ =>1b in Q"—a<a> < Q'

by (auto intro: Weak-Late-Step-Semantics. Comm?2
simp add: weakTransition-def residual.inject)

lemma Closel:

fixes P :: pi

and y : name

and P : pi

and a :: name

and =z : name

and P': pi

and @ :: pi

and Q': pi

assumes PTrans: P =y in P""—a<ax> < P’
and QTrans: Q = a<vy> < Q'
and  zFreshP: y 4 P

and  zFresh@: y i Q
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shows P || Q =, 7 < <vy>(P'| Q)
using assms
by (auto intro: Weak-Late-Step-Semantics. Closel
simp add: weak Transition-def residual.inject)

lemma Close2:
fixes P : pi
and a : name
and =z :: name

and P’: pi
and @ :: pi
and vy :: name
and Q' : pi
and Q': pi

assumes PTrans: P =, a<vy> < P’

and QTrans: Q@ =1y in Q"—a<z> < Q'
and zFreshP: y § P

and zFresh@: y £ Q

shows P || Q =, 7 < <vy>(P'| Q)
using assms
by (auto intro: Weak-Late-Step-Semantics.Close2
sitmp add: weakTransition-def residual.inject)

lemma ResF':

fixes P :: pi
and « : freeRes
and P’: pi

and <z :: name

assumes PTrans: P =>, a < P’
and  zFreshAlpha: z §f «

shows <vz>P =, a < <vz>P’

using assms

by (auto intro: Weak-Late-Step-Semantics. ResF
simp add: weakTransition-def residual.inject)

lemma ResB:
fixes P :: pi
and a : name
and <z :: name
and P’: pi
and vy :: name

assumes PTrans: P =>; a<vz> < P’
and yineqa: y # a
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and yineqr: y # x
and zFreshP: ¢ § P

shows <vy>P =, a<va> < (<vy>P’)
using assms
by (auto intro: Weak-Late-Step-Semantics. ResB
simp add: weakTransition-def residual.inject)

lemma Bang:
fixes P :: pi
and Rs :: residual

assumes P | |P =, Rs
and Rs#7<P]|!IP

shows |P =, Rs

using assms

by (auto intro: Weak-Late-Step-Semantics. Bang
simp add: weakTransition-def residual.inject)

lemma tauTransitionChain:
fixes P : pi
and P’: pi

assumes P =, 7 < P’
shows P —, P’
using assms
by (auto intro: Weak-Late-Step-Semantics.tauTransitionChain

sitmp add: weakTransition-def residual.inject transition-def)

lemma chainTransitionAppend:

fixes P :: pi

and P’ : pi

and Rs :: residual
and a : name
and =z : name
and P : pi

and «a : freeRes

shows P =, P/ — P' =, Rs = P —>; Rs

and P = a<vz> < P’/ —= P"—=_, P' = 14 P —= P —; a<vz> <
P/

and P—, a<P'=— P'—, P = P =, a< P’
proof —

assume P =, P’ and P’ =; Rs

thus P —, Rs

by (auto intro: Weak-Late-Step-Semantics.chain TransitionAppend
Weak- Late-Step-Semantics.tauActionChain

130



stmp add: weakTransition-def residual.inject)
next
assume P =, a<vz> < P”and P’ =, P'and z { P
thus P = a<vz> < P’
by (auto intro: Weak-Late-Step-Semantics.chain TransitionAppend
stmp add: weakTransition-def residual.inject)
next
assume P =, a < P and P" =, P’
thus P =, a < P’
apply(case-tac P''=P’)
by(auto dest: Weak-Late-Step-Semantics.chainTransitionAppend
Weak- Late-Step-Semantics.tauActionChain
stmp add: weakTransition-def residual.inject)

qed
lemma weakEqWeakTransitionAppend:
fixes P :: pi
and P’ : pi
and « : freeRes
and P : pi

assumes PTrans: P =7 < P’
and P'Trans: P =, o < P"

shows P = o0 < P"
proof(cases a=r)
assume alphaFEqTau: o« = 7
with P’Trans have P’ =, P’ by(blast intro: tauTransitionChain)
with PTrans alphaFEqTau show ?thesis
by (blast intro: Weak-Late-Step-Semantics.chainTransitionAppend)
next
assume alphalneqTau: o # T
from PTrans have P =, P’ by(rule Weak-Late-Step-Semantics.tauTransition Chain)
moreover from P’'Trans alphalneqTau have P’ =« < P
by (auto simp add: weakTransition-def residual.inject)
ultimately show ?thesis
by (rule Weak-Late-Step-Semantics.chain TransitionAppend)
qged

lemma freshBoundQutput Transition:
fixes P :: pi
and a :: name
and =z : name
and P’: pi
and c¢ : name

assumes PTrans: P =, a<vz> < P’

and cFreshP: c § P
and cineqr: ¢ £ x
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shows c ff P’

using assms

by (auto intro: Weak-Late-Step-Semantics.freshBoundOutput Transition
simp add: weak Transition-def residual.inject)

lemma fresh TauTransition:
fixes P :: pi
and c¢ :: name

assumes PTrans: P =>, 7 < P’
and cFreshP: ¢ § P

shows c f P’

using assms

by (auto intro: Weak-Late-Step-Semantics.fresh TauTransition
simp add: weakTransition-def residual.inject)

lemma freshOutput Transition:
fixes P : pi
and a :: name
and b :: name
and P’: pi
and c¢ : name

assumes PTrans: P = a[b] < P’
and cFreshP: ¢ § P

shows c f P’

using assms

by (auto intro: Weak-Late-Step-Semantics. freshOutput Transition
simp add: weak Transition-def residual.inject)

lemma equtl:
fixes P :: pi
and Rs :: residual
and perm :: mame prm

assumes P =>; Rs

shows (perm - P) =, (perm - Rs)

using assms

by (auto intro: Weak-Late-Step-Semantics.equtl
simp add: weakTransition-def residual.inject)

lemma freshInputTransition:
fixes P :: pi
and a : name
and b :: name
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and P’: pi
and c¢ :: name

assumes PTrans: P =, a<b> < P’
and cFreshP: ¢ § P
and cineqb: ¢ # b

shows c f P’

using assms

by (auto intro: Weak-Late-Step-Semantics. freshInput Transition
simp add: weak Transition-def residual.inject)

lemmas fresh Transition = freshBoundOutputTransition freshOutput Transition
freshInput Transition freshTauTransition

end

theory Weak-Late-Sim
imports Weak-Late-Semantics Strong-Late-Sim
begin

definition weakSimAct :: pi = residual = (‘a::fs-name) = (pi X pi) set = bool
where
weakSimAct P Rs C Rel = (VQ' a z. Rs = a<vz> < Q' — z§ C — (3P’

P = a<vz> < P' A (P', Q') € Rel)) A

VQ azx. Rs=a<z>~<Q — 24 C — 3P Vu. 3P. P
= u in P"—a<z> < P' A (P, Q[z::=u]) € Rel)) A

VQ a.Rs=a < Q' — 3P.P=, a<P' NP, Q)€
Rel))

definition weakSimAuz :: pi = (pi X pi) set = pi = bool where
weakSimAux P Rel Q = (V Q' a z. (Q — a<vz> < Q'"ANzt P)— (3P . P
= a<vz> < P' A (P', Q') € Rel)) A
VQ azx (Q— a<az>< Q' Nz f P)— (3P Vu. 3P
P = uin P"—a<z> < P' A (P', Q'z:=ul]) € Rel)) A
VQ a. Qr—a=<Q — 3P.P=a<P' AP, Q)
€ Rel))

definition weakSimulation :: pi = (pi x pi) set = pi = bool (- ~ <-> -» [80,
80, 80] 80) where
P ~ <Rel> Q = (VRs. Q — Rs — weakSimAct P Rs P Rel)

lemmas simDef = weakSimAct-def weakSimulation-def

lemma weakSimAuz P Rel Q) = weakSimulation P Rel @
by (auto simp add: weakSimAua-def simDef)

lemma monotonic:
fixes A :: (pi x pi) set
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and B : (pi x pi) set
and P :: pi
and P': pi

assumes P ~ <A> P’
and ACB

shows P ~ <B> P’
using assms
apply(auto simp add: simDef)
apply blast
apply(erule-tac z=a<z> < Q' in allF)
apply/(clarsimp)
apply(rotate-tac 4)
apply (erule-tac z=Q" in allF)
apply(erule-tac z=a in allE)
apply(erule-tac z=x in allE)

by blast+
lemma simCasesCont[consumes 1, case-names Bound Input Free):
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Fqut: equt Rel

and  Bound: NQ'az. [zt C; Q —ra<vr> < Q'] = I P". P =, a<vz>
< P'A (P, Q") € Rel

and Input: ANQ' az. [z 8 C; Q —ra<z> < Q] = IP".Vu. IP". P = u
in P'"—sa<z> < P' A (P’, Q'[z::=u]) € Rel

and Free: NQ'a. Q— a < Q' = (3P.P=, a<P' A (P, Q)¢
Rel)

shows P ~» <Rel> Q
using Free
proof(auto simp add: simDef)
fix Q' ax
assume zFreshP: (z::name) § P
assume Trans: Q — a<vz> < Q'
have J c:iname. ¢ § (P, Q', z, C) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ’ ¢ 4 Q' and cFreshC:
ct C
and cineqx: ¢ # T
by (force simp add: fresh-prod)

from Trans cFresh@' have Q — a<ve> < ([(z, ¢)] - Q') by(simp add: al-
phaBoundResidual)
with cFreshC have 3P'. P =, a<vc> < P' A (P/, [(z, ¢)] - Q') € Rel
by (rule Bound)
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then obtain P’ where PTrans: P = a<vc> < P’and P'RelQ": (P, [(z, )]
- Q') € Rel
by blast

from PTrans xFreshP cineqr have xFreshP": x P’ by(force dest: freshTransi-
tion)
with PTrans have P =, a<vz> < ([(z, ¢)] - P’) by(simp add: alphaBound-
Residual name-swap)
moreover have ([(z, ¢)] - P/, Q) € Rel (is ?goal)
proof —
from Equt P'Rel@’ have ([(z, ¢)] + P’, [(z, ¢)] - [(z, ¢)] - Q) € Rel
by (rule equtRell)
with cinegr show ?goal by (simp add: name-calc)
qed
ultimately show 3 P". P =, a<vz> < P’ A (P’, Q') € Rel by blast
next
fix Q' azu
assume QTrans: Q —a<z> < (Q":pi)and zFreshP: z P

have Jc:iname. ¢ § (P, Q', C, x) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: c f P and cFreshQ': ¢ 4 Q' and cFreshC:
ct C
and cineqx: ¢ # x
by (force simp add: fresh-prod)

from QTrans cFresh@’ have @ —a<c> < ([(z, ¢)] + Q) by(simp add: al-
phaBoundResidual)
with c¢FreshC have 3 P". Vu. 3P'. P = ju in P"—a<c> < P' A (P’, ([(z, ¢)]
- QN[e:i=u]) € Rel
by (rule Input)

then obtain P’ where L1: Vu. 3P'. P = ju in P""—wa<c> < P' A (P, ([(=,
c)] « Q")c:=u]) € Rel by blast

have Vu. 3P". P = uin ([(¢, z)] - P")—a<z> < P’ A (P’ Q'|z::=u]) € Rel
proof (auto)
fix u
from L1 obtain P’ where PTrans: P = ju in P'"—a<c> < P’ and P’RelQ":
(P, ([(x, 0)] - @)[c=u]) € Rel
by blast

from PTrans xFreshP have P =>u in ([(¢, z)] - P")—a<z> < P’ by(rule
alphalnput)

moreover from P'Rel@’ cFresh@’ have (P’, Q'[z::=u]) € Rel by(simp add:
renaming| THEN sym| name-swap)

ultimately show 3 P". P = juin ([(¢, z)] - P"")—a<z> < P’ A (P, Q'[z:=u])

€ Rel by blast
qed
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thus 3P Vu. 3P P = u in P"—wa<z> < P' A (P/, Q'[z::=u]) € Rel by
blast

qed
lemma simCases|[case-names Bound Input Freel:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Bound: \NQ' a z. [Q —a<vz> < Q'; x4 P] = IP'. P = a<va>
< P'A (P, Q') € Rel

and Input: ANQ' az. [Q —a<z> < Q52§ Pl = IP".Vu. IP". P =u
in P'"—a<x> < P' A (P’, Q'lz::=u]) € Rel

and Free: NQ'a. Q— a < Q' = (3P. P =, a<P' A (P, Q)¢
Rel)

shows P ~s <Rel> Q
using assms

by (auto simp add: simDef)

lemma simActBoundCases|[consumes 1, case-names Input BoundOutput]:

fixes P :: pi

and a :: subject
and =z : name

and Q' : pi

and C :: a:fs-name

and Rel :: (pi x pi) set

assumes FqutRel: equt Rel

and  Derlnput: Ab. a = InputS b = (3P".Vu. IP". (P = juin P'"—b<z>
< P) A (P, Q'lz::=u]) € Rel)

and  DerBoundOutput: \b. a = BoundOutputS b = (3 P'. (P = b<va>
< P A (P, Q) € Rel)

shows weakSimAct P (asz» < Q) P Rel
proof(simp add: weakSimAct-def fresh-prod, auto)

fix Q" by

assume Eq: a«z» < Q' = b<vy> < Q"

assume yFreshP: y f§ P

from FEq have a = BoundOutputS b by (simp add: residual.inject)

from yFreshP DerBoundOutput|OF this] Eq show 3 P'. P = b<vy> < P’ A
(P, Q") € Rel
proof(cases x=y, auto simp add: residual.inject name-abs-eq)
fix P’
assume PTrans: P =, b<vz> < P’
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assume P'RelQ": (P’ ([(z, y)] - Q")) € Rel
assume zineqy: T # y

with PTrans yFreshP have yFreshP’: y § P’
by (force intro: freshTransition)

hence b<vz> < P’ = b<vy> < [(z, y)] - P’ by(rule alphaBoundResidual)
moreover have ([(z, y)] - P’, Q") € Rel
proof —
from EqutRel P'RelQ’ have ([(z, y)] - P, [(z, y)] - ([(z, y)] - Q")) Rel
by (rule equtRell)
thus %thesis by (simp add: name-calc)
qed

ultimately show 3 P’. P =, b<vy> < P’ A (P', Q") € Rel using PTrans
by auto
qed
next
fix Q" byu
assume Fq: asz» < Q' = b<y> < Q"
assume yFreshP: y § P

from Eq have a = InputS b by(simp add: residual.inject)
from DerInput|OF this] obtain P" where L1: Vu. 3P’ P = u in P""—b<z>
< P"A
(P, Q'|z::=u]) € Rel
by blast
have Vu. 3P". P = ju in ([(z, y)] - P")—=b<y> < P’ A (P’, Q"[y::=u]) € Rel
proof(rule alll)
fix u
from LI Eq show 3P P = u in ([(z, y)] - P")=b<y> < P’ N (P,
Q"ly::=u]) € Rel
proof(cases x=y, auto simp add: residual.inject name-abs-eq)
assume Der: Yu. 3P P = u in P'"—b<az> < P' N (P, ([(=, y)] -
Q") [z::=u]) € Rel

assume zFreshQ': z § Q"

from Der obtain P’ where PTrans: P =—>ju in P'"—b<z> < P’
and P'RelQ" (P’, ([(z, v)] - Q")[x::=u]) € Rel
by force

from PTrans yFreshP have P = u in ([(z, y)] - P"")—=b<y> < P’ by(rule
alphalnput)
moreover from zFresh@' P'RelQ’ have (P’, Q"[y::=u]) € Rel
by (simp add: renaming)
ultimately show ?thesis by force
qed

qged
thus 3P”. Vu. 3P P = ju in P'"=b<y> < P' N (P’, Q"[y::=u]) € Rel

137



by blast

qed

lemma simActFreeCases[consumes 0, case-names Der]:
fixes P :: pi
and «a : freeRes
and Q' :: pi

and Rel :: (pi x pi) set
assumes 3P". (P =, a < P') A (P’, Q') € Rel
shows weakSimAct P (o« < Q') P Rel

using assms

by (simp add: residual.inject weakSimAct-def fresh-prod)

lemma simkE:

fixes P :: pi

and Rel :: (pi x pi) set
and @ :: pi

and a : name

and =z : name

and u : name

and Q' :: pi

assumes P ~» <Rel> Q

shows Q —a<vz> < Q' = 14§ P = 3P’ P =, a<vz> < P' A (P', Q)
€ Rel

and Qr—a<z> < Q' = z 4§ P = IP". VYu. AP P = juin P'—a<z>
< P'A (P, Q'[z::=u]) € Rel

and Q+—a < Q' = (3P. P = a<P' A (P, Q") € Rel)
using assms by(simp add: simDef)+

lemma weakSimTauwChain:

fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and Q' : pi

assumes QChain: Q =, Q'
and  PRelQ: (P, Q) € Rel
and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q

shows 3P". P =, P' A (P, Q') € Rel
proof —
from QChain show ?thesis
proof (induct rule: tauChainInduct)
case id
have P —, P by simp
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with PRel@) show ?case by blast
next

case(ih Q' Q")

have IH: 3P'. P =, P' A (P’; Q) € Rel by fact

then obtain P’ where PChain: P =, P’ and P'RelQ": (P’, Q') € Rel by
blast

from P’RelQ’ have P’ ~ <Rel> Q' by(rule Sim)

moreover have Q'Trans: Q' ——7 < Q' by fact

ultimately have 3P". P/ =, 7 < P"" A (P", Q") € Rel by(rule simE)

then obtain P"' where P'Trans: P' =; 7 < P" and P"'RelQ": (P", Q") €
Rel by blast

from P’Trans have P’ =, P’ by(rule tauTransitionChain)

with PChain have P =, P by auto

with P"'RelQ)’ show ?case by blast

qed
qed
lemma simE2:
fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and a :: name
and z : name
and Q' :: pi

assumes PSimQ: P ~ <Rel> Q

and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and Equt: equt Rel

and PRelQ: (P, Q) € Rel

shows Q = a<vr> < Q' = z 4 P = 3P’ P = a<vz> < P' A (P/,

Q") € Rel
and Q =, a<Q = IP. P =, a <P A (P, Q") € Rel
proof —

assume QTrans: Q =>; a<vz> < Q'
assume zFreshP: ¢ § P
have Goal: AP Q ax Q'. [P ~ <Rel> Q; Q =, a<vz> < Q24 P;z 4 Q;
(P, Q) € Rel] =
JP'. P =, a<vz> < P' A (P, Q') € Rel

proof —

fixPQaz Q'

assume PSimQ: P ~ <Rel> Q

assume QTrans: Q =>; a<vz> < Q'

assume zFreshP: z § P

assume zFresh@Q: z § Q

assume PRelQ: (P, Q) € Rel

from QTrans xFresh@ obtain Q" Q"' where QChain: Q —, Q"
and Q" Trans: Q" —a<vz> < Q"'
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and Q'"'Chain: Q"' =, Q'
by (force dest: Weak-Late-Step-Semantics.transitionE simp add: weakTransi-
tion-def)

from QChain PRelQ Sim have 3P". P = P"" A (P, Q") € Rel
by (rule weakSimTauChain)
then obtain P’ where PChain: P =—>, P’ and P”RelQ": (P, Q") € Rel
by blast
from PChain zFreshP have zFreshP’: x § P by(rule freshChain)

from P"'RelQ’ have P ~~ <Rel> Q' by(rule Sim)
hence 3P"". P =, a<vaz> < P"" A (P"', Q") € Rel using Q''Trans
zFreshP’’
by (rule simFE)
then obtain P’ where P''Trans: P' =, a<vz> < P’ and P'"RelQ’"":
(P///7 Q///) E Rel
by blast

from P'"'RelQ' have P'" ~~ <Rel> Q' by(rule Sim)
have 3P’ P =, P' A (P’, Q') € Rel using Q'"'Chain P'"RelQ""" Sim
by (rule weakSimTauChain)
then obtain P’ where P’'Chain: P =, P’ and P’'RelQ" (P’, Q') € Rel
by blast

from PChain P" Trans P""'Chain zFreshP' have P =, a<vz> < P’
by (blast dest: chainTransitionAppend)
with P'RelQ’ show 3 P'. P =, a<vz> < P’ A (P', Q') € Rel by blast
qed

have Jc:iname. ¢ § (Q, Q', P, z) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshQ: ¢ § Q and cFreshQ’ ¢ 4 Q' and cFreshP:
ct P
and zineqc: x # ¢
by (force simp add: fresh-prod)

from QTrans cFreshQ' have Q =, a<vc> < ([(z, ¢)] - Q') by(simp add:
alphaBoundResidual)
with PSimQ have 3P'. P = a<vc> < P’ A (P’, [(z, ¢)] -+ Q') € Rel using
cFreshP cFresh@ «(P, Q) € Rel
by (rule Goal)
then obtain P’ where PTrans: P =, a<vc> < P’ and P'RelQ": (P, [(, c)]
- Q') € Rel
by force
have P =, a<vz> < ([(z, ¢)] - P’
proof —
from PTrans xFreshP zinegc have x § P’ by(rule freshTransition)
with PTrans show ?thesis by(simp add: alphaBoundResidual name-swap)
qged
moreover have ([(z, ¢)] - P’, Q') € Rel
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proof —
from Equt P'Rel@’ have ([(z, ¢)] - P’, [(z, ¢)] - [(z, ¢)] - Q) € Rel
by (rule equtRell)
thus ?thesis by simp
qed

ultimately show 3 P’. P =, a<vz> < P' A (P’, Q') € Rel by blast
next
assume QTrans: Q = o < Q’
thus 3P. P = a < P' A (P', Q') € Rel
proof (induct rule: transitionCases)
case Step
have Q = < Q' by fact
then obtain Q" Q' where QChain: Q =, Q"
and Q"Trans: Q" —a < Q"
and Q"'Chain: Q"' =, Q'
by (blast dest: Weak-Late-Step-Semantics.transitionE)

from QChain PRel@ Sim have 3P". P =, P" A (P, Q") € Rel
by (rule weakSimTauChain)
then obtain P’ where PChain: P =, P’ and P”RelQ": (P, Q") € Rel
by blast
from P''RelQ’ have P ~~ <Rel> Q' by(rule Sim)
hence 3P"". P = a < P"" A (P, Q") € Rel using Q"' Trans
by (rule simFE)
then obtain P’’’ where P''Trans: P" =, a < P"" and P'"RelQ'": (P"",
Q") € Rel
by blast

from P'"'RelQ' have P'" ~~ <Rel> Q""" by(rule Sim)
have 3P’ P =, P' A (P’, Q') € Rel using Q'"'Chain P'"RelQ""’ Sim
by (rule weakSimTauChain)
then obtain P’ where P''Chain: P""" =, P’ and P’'RelQ" (P’, Q') € Rel
by blast

from PChain P Trans P'’Chain have P =, o« < P’
by (blast dest: chainTransitionAppend)

with P'RelQ’ show ?case by blast

next
case Stay
have o« < Q' =7 < Q by fact
hence @ = Q' and o = 7 by(simp add: residual.inject)+
moreover have P =>; 7 < P by(simp add: weakTransition-def)
ultimately show Zcase using PRel() by blast

qed

qed

lemma equtl:
fixes P :: pi
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and @ ::pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~ <Rel> Q
and RelRel”: Rel C Rel’
and EqutRel’: equt Rel’

shows (perm - P) ~ <Rel"> (perm - Q)
proof —
from FEqutRel’ show ?thesis
proof (induct rule: simCasesCont|of - (perm - P)])
case(Bound Q' a )
have Trans: (perm - Q) — a<vz> < Q' and zFreshP: z { perm - P by fact+

from Trans have (rev perm - (perm « Q)) — rev perm - (a<vz> < Q)
by (rule equts)
hence Q — (rev perm - a)<v(rev perm - z)> < (rev perm - Q)
by (simp add: name-rev-per)
moreover from zFreshP have (rev perm - z) § P by(simp add: name-fresh-left)
ultimately have 3 P'. P =, (rev perm - a)<v(rev perm - z)> < P’ A (P’
rev perm - Q') € Rel using Sim
by (force intro: simE)
then obtain P’ where PTrans: P =, (rev perm - a)<v(rev perm - z)> <
P’ and P’RelQ” (P’, rev perm - Q') € Rel by blast

from PTrans have (perm - P) =>; perm - ((rev perm - a)<v(rev perm - z)>
< P’
by (rule Weak-Late-Semantics.equtl)
hence L1: (perm - P) =, a<vz> < (perm - P’) by(simp add: name-per-rev)
from P’RelQ’ RelRel’ have (P’, rev perm - Q') € Rel’ by blast
with FEqutRel’ have (perm - P’, perm - (rev perm - Q')) € Rel’
by (rule equtRell)
hence (perm - P’, Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
next
case(Input Q' a x)
have Trans: (perm - Q) —ra<z> < Q' and xFreshP: = § perm - P by fact+

from Trans have (rev perm - (perm - Q)) — rev perm - (a<z> < Q')
by (rule equts)
hence Q — (rev perm - a)<(rev perm - z)> < (rev perm - Q)
by (simp add: name-rev-per)
moreover from zFreshP have zFreshP: (rev perm - z) § P by(simp add:
name-fresh-left)
ultimately have 3P". Vu. 3P". P = ju in P""—(rev perm - a)<(rev perm -
z)> < P’ A (P, (rev perm - Q')[(rev perm - z)::=u]) € Rel using Sim
by (force intro: simkE)
then obtain P” where L1: Vu. 3P’. P = ju in P'"—(rev perm « a)<(rev
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perm - z)> < P’ A (P, (rev perm « Q')[(rev perm « x)::=u]) € Rel
by blast
have Vu. 3P’ (perm - P) = u in (perm - P')—a<z> < P' A (P’, Q'lz::=u])
€ Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P =>(rev perm « u) in P"—(rev perm
- a)<(rev perm - z)> < P’
and P'RelQ@": (P’, (rev perm - Q")[(rev perm - z)::=(rev perm
- u)]) € Rel by blast
from PTrans have (perm - P) =>(perm - (rev perm - w)) in (perm -
P'"\—(perm « rev perm - a)<(perm - rev perm « x)> < (perm + P’)
by (rule-tac Weak-Late-Step-Semantics.equtl, auto)
hence L2: (perm - P) = u in (perm - P')—a<z> < (perm - P') by(simp
add: name-per-rev)
from P’RelQ’ RelRel’ have (P’, (rev perm - Q')[(rev perm - x)::=(rev perm
- u)]) € Rel’ by blast
with EqutRel’ have (perm - P’ perm - ((rev perm - Q")[(rev perm - x)::=(rev
perm - u)])) € Rel’
by (rule equtRell)
hence (perm - P, Q'[z::=u]) € Rel’ by(simp add: name-per-rev equt-subs| THEN
sym] name-calc)
with L2 show 3 P’ (perm - P) =>u in (perm « P")—a<z> < P’ A (P/,
Q'[z::=u]) € Rel’ by blast
qed

thus ?case by blast
next
case(Free Q' )
have Trans: (perm - Q) — a < Q' by fact

from Trans have (rev perm - (perm « Q)) — rev perm - (a < Q)
by (rule equts)
hence Q — (rev perm - a) < (rev perm - Q')
by (simp add: name-rev-per)
with Sim have (3P’. P =, (rev perm - a) < P’ A (P’, (rev perm - Q') €
Rel)
by (rule simFE)
then obtain P’ where PTrans: P =, (rev perm - a) < P’ and PRel: (P’
(rev perm - Q")) € Rel by blast
from PTrans have (perm - P) =, perm - ((rev perm + o)< P’)
by (rule Weak-Late-Semantics.equtl)
hence L1: (perm - P) =, « < (perm - P') by(simp add: name-per-rev)
from PRel EqutRel’ RelRel’ have ((perm - P’), (perm - (rev perm « Q")) €
Rel’
by (force intro: equtRell)
hence ((perm - P’), Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?Zcase by blast
qed
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qed

lemma refiezive:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel
shows P ~ <Rel> P
using assms
by (auto intro: Weak-Late-Step-Semantics.singleActionChain

stmp add: simDef weakTransition-def)

lemma transitive:

fixes P = opi
and (@ nopi
and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes QSimR: Q ~ <Rel’> R

and Equt: equt Rel

and Equt’: equt Rel”

and Trans: Rel O Rel’ C Rel”

and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and PRelQ: (P, Q) € Rel

shows P ~ <Rel'”> R
proof —
from PRelQ have PSimQ: P ~ <Rel> Q by(rule Sim)
from Equt’ show ?thesis
proof (induct rule: simCasesContlof - (P, Q)])
case(Bound R’ a z)
have RTrans: R — a<vz> < R’ by fact
have z £ (P, Q) by fact
hence zFreshP: z § P and zFresh@: = § Q by(simp add: fresh-prod)+

from QSimR RTrans zFreshQ have 3Q’. Q = a<vz> < Q' A (Q', R') €
Rel’
by (rule simFE)
then obtain Q' where QTrans: Q =, a<vz> < Q' and Q'RelR": (Q’, R')
€ Rel’ by blast
from PSimQ Sim Equt PRelQ QTrans zFreshP have 3 P'. P = a<vz> <
P'A (P, Q') € Rel
by (rule simE2)
then obtain P’ where PTrans: P =>; a<vz> < P’ and P'RelQ": (P’, Q')
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€ Rel by blast
moreover from P’RelQ’ Q'RelR’' Trans have (P’, R') € Rel”’ by blast
ultimately show ?case by blast

next

case(Input R’ a x)
have RTrans: R — a<z> < R’ by fact
have z £ (P, Q) by fact
hence zFreshP: z § P and zFresh@Q: = § Q by(simp add: fresh-prod)+

from @QSimR RTrans zFresh) obtain @’ where Vu. 3Q'. Q = u in
Q'"—a<z> < Q' N (Q, R'[z::=u]) € Rel’
by (blast dest: simFE)
hence 3Q". Q =, Q""" N Q""—a<z> < Q" N Vu. 3Q". Q"[z:=ul=-
Q' N (Q', R'[z:=u]) € Rel"
by (simp add: input Transition-def, blast)
then obtain Q' where QChain: Q —, Q"
and Q''Trans: Q"' —sa<az> < Q"
and L1:Vu. 3Q" Q"zi=ul=—, Q' A (Q', R'[z::=u]) € Rel’
by blast
from QChain PRel@ Sim have 3P'". P =, P"" N (P"', Q") € Rel
by (rule weakSimTauChain)
then obtain P’ where PChain: P =, P'"" and P'"RelQ"". (P, Q") €
Rel by blast
from PChain zFreshP have zFreshP’": z § P'" by(rule freshChain)
from P'"'RelQ’ have P'" ~~ <Rel> Q""" by(rule Sim)
hence 3P"". Vu. 3P". P" = juin P""—a<az> < P A (P", Q"[z::=u]) €
Rel using Q'"'Trans zFreshP'"’
by (rule simFE)
then obtain P’ where L2: Vu. 3P'. P"' =u in P""—=a<z> < P"" A
(P, Q"[z::=u]) € Rel
by blast
have Yu. 3P’ Q". P = ju in P""""—a<z> < P’ A (P’, R'[z::=u]) € Rel”
proof (rule alll)
fix u
from LI obtain Q' where Q’'Chain: Q"[z::=u] =, Q' and Q'RelR" (Q’,
R'[z::=u]) € Rel’
by blast
from L2 obtain P’ where P'''Trans: P"' —ju in P""""—a<z> < P"
and P"Rel@": (P", Q"[z::=u]) € Rel
by blast
from P''RelQ" have P"' ~~ <Rel> Q"[z:=u] by(rule Sim)
have 3P P =, P’ A (P, Q') € Rel using Q"'Chain P"'RelQ’ Sim
by (rule weakSimTauChain)
then obtain P’ where P''Chain: P'" =, P’ and P'Rel@": (P’, Q') € Rel
by blast
from PChain P'"’'Trans P''Chain have P =—>;u in P""""—a<x> < P’
by (blast dest: Weak-Late-Step-Semantics.chainTransitionAppend)
moreover from P’RelQ’ Q'RelR’' have (P’, R'[z::=u]) € Rel"” by(insert
Trans, auto)
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ultimately show 3P’ Q'. P =>u in P""""—a<z> < P' A (P’, R'[z:=u]) €

Rel’” by blast

qed

thus ?case by force

next

case(Free R’ )

have RTrans: R — a < R’ by fact

with QSimR have 3Q". Q =, a < Q' A (Q’, R') € Rel’ by(rule simE)

then obtain Q' where QTrans: @ =>; a < Q' and Q'RelR": (Q', R') € Rel’
by blast

from PSimQ Sim Equt PRelQ QTrans have 3P". P =, a < P' A (P, Q') €
Rel by (rule simE2)

then obtain P’ where PTrans: P =>; a < P’ and P'RelQ": (P, Q') € Rel
by blast

from P’RelQ’ Q'RelR’ Trans have (P’, R') € Rel” by blast

with PTrans show 3P’. P = a < P' A (P’, R') € Rel" by blast

qed

qed

lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q

shows P ~» <Rel> Q
proof (induct rule: simCases)
case(Bound Q' a z)
have Q —a<vz> < Q' and z f P by fact+
with PSim@ obtain P’ where PTrans: P —a<vz> < P’ and P’RelQ": (P/,
Q") € Rel
by (force dest: Strong-Late-Sim.simE simp add: derivative-def)

from PTrans have P =, a<vz> < P’
by (force intro: Weak-Late-Step-Semantics.single ActionChain simp add: weak-
Transition-def)
with P’RelQ’ show ?case by blast
next
case(Input Q' a z)
assume @ —a<z> < Q'and z { P
with PSim(@ obtain P’ where PTrans: P —sa<z> < P’ and PDer: derivative
P’ Q' (InputS a) x Rel
by (blast dest: Strong-Late-Sim.simE)

have Vu. 3P". P = ju in P'—wa<ax> < P" A (P", Q'lz::=u]) € Rel
proof (rule alll)
fix u
from PTrans have P =>ju in P'—a<x> < P’[x::=u] by (blast intro: Weak-Late-Step-Semantics.singleActio
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moreover from PDer have (P'[z::=u|, Q'[z::=u]) € Rel by(force simp add:
derivative-def)
ultimately show 3 P". P = u in P'—a<z> < P"" A (P, Q'[x::=u]) € Rel
by auto
qed
thus ?case by blast
next
case(Free Q' )
have @ —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P —a < P’ and P'RelQ": (P, Q') €
Rel
by (blast dest: Strong-Late-Sim.simE)
from PTrans have P =, o < P'by(rule Weak-Late-Semantics.singleActionChain)
with P’'RelQ)’ show ?case by blast
qed

lemma strongAppend:
fixes P i
and @ 2ot

and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q
and  QSimR: Q ~~[Rell R
and  Equt’: equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~ <Rel”’> R
proof —

from Fqut'’ show ?thesis

proof (induct rule: simCasesContlof - (P, Q)])
case(Bound R’ a x)
have z § (P, Q) by fact
hence zFreshP: z § P and xFreshQ: = § Q by(simp add: fresh-prod)+
have RTrans: R —a<vz> < R’ by fact
from zFresh) QSimR RTrans obtain Q' where QTrans: Q —a<vz> < Q'

and Q'Rel’R": (Q’, R’) € Rel’
by (force dest: Strong-Late-Sim.simE simp add: derivative-def)

with PSimQ QTrans xFreshP have 3P’. P =, a<vz> < P' A (P', Q') €

Rel
by (blast intro: simFE)

then obtain P’ where PTrans: P =, a<vz> < P’and P'RelQ" (P, Q')
€ Rel by blast

moreover from P’RelQ’ Q'Rel’R’ Trans have (P’, R') € Rel” by blast

ultimately show ?case by blast

next
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case(Input R’ a x)

have RTrans: R — a<z> < R’ by fact

have z § (P, Q) by fact

hence zFreshP: z § P and xFreshQ: = § Q by(simp add: fresh-prod)+

from QSimR RTrans xFreshQ obtain Q' where QTrans: Q —a<z> < Q'
and Q'Der: derivative Q' R’ (InputS a) = Rel’
by (blast dest: Strong-Late-Sim.simE)
from QTrans PSimQ zFreshP obtain P’ where L2: Vu. 3P’ P = u in
P'—a<x> < P' A (P’, Q'z::=u]) € Rel
by (blast dest: simE)
have Vu. 3P'. P =ju in P'"—wa<ax> < P’ A (P’, R'[z::=u]) € Rel”
proof (rule alll)
fix u
from L2 obtain P’ where PTrans: P =>;u in P""—a<x> < P’
and P’Rel@": (P’, Q'[z::=u]) € Rel
by blast
moreover from @Q'Der have (Q’[z::=u], R'[z::=u]) € Rel’ by(simp add:
derivative-def)
ultimately show 3 P’. P = ju in P""—wa<x> < P’ A (P’, R'[z::=u]) € Rel”
using Trans by blast
qed
thus ?case by force
next
case(Free R’ )
have RTrans: R — « < R’ by fact
with QSimR obtain @’ where QTrans: Q —a < Q' and Q'RelR" (Q', R
€ Rel’
by (blast dest: Strong-Late-Sim.simE)
from PSimQ QTrans have 3P". P =, a < P' A (P’, Q') € Rel
by (blast intro: simFE)
then obtain P’ where PTrans: P =>; a < P’and P'RelQ": (P', Q') € Rel
by blast
from P’RelQ’ Q'RelR’ Trans have (P’, R’) € Rel” by blast
with PTrans show ?case by blast
qed
qed

end
theory Weak-Late-Bisim

imports Weak-Late-Sim Strong-Late-Bisim
begin

lemma monoAuz: A C B= P ~» <A> Q) — P ~» <B> @
by (auto intro: Weak-Late-Sim.monotonic)

coinductive-set weakBisim :: (pi X pi) set
where
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step: [P ~ <weakBisim> Q; (Q, P) € weakBisim] = (P, Q) € weakBisim
monos monoAuz

abbreviation
weakBisimJudge (infixr =) 65) where P = Q = (P, Q) € weakBisim

lemma weakBisimCoinductAuz|case-names weakBisim, case-conclusion weakBisim
step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~ <(X U weakBisim)> Q A ((Q, P) € X
V @ ~ P)

shows P ~ ()
proof —
have auz: X U weakBisim = {(P, Q). (P, Q) € X V P =~ Q} by blast

from p show ?thesis
by (coinduct, force dest: step simp add: auzx)
qed

lemma weakBisimCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and Q@ : pi

assumes (P, Q) € X
and AP Q. (P, Q) € X = P~ <(X U weakBisim)> Q
and APQ. (P,Q) eX = (Q,P)eX

shows P ~ ()
using assms
by (coinduct rule: weakBisimCoinductAuz) auto

lemma weak-coinduct|case-names weakBisim, case-conclusion weakBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P~ <X> QA (Q,P)c X

shows P ~ ()
using p
proof(coinduct rule: weakBisimCoinductAuz)

case (weakBisim P Q)

from step| OF this] show ?Zcase using Weak-Late-Sim.monotonic by blast
qed

lemma weakBisim WeakCoinduct[consumes 1, case-names cSim cSym|:
fixes P :: pi
and Q : pi

assumes (P, Q) € X
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and AP Q. (P,Q) € X =P~ <X>Q
and APQ.(P,Q eX = (Q, P)eX

shows P ~ ()
using assms
by (coinduct rule: weak-coinduct) auto
lemma monotonic: mono(Ap 1 2. 3P Q. x1 = P AN 22 = Q A P ~ <{(za, z).
praz}> QA Q~ <{(za, z). p va z}> P)
by (auto intro: monol Weak-Late-Sim.monotonic)

lemma unfoldE:
fixes P :: pi
and Q : pi

assumes P ~ @)

shows P ~ <weakBisim> @
and Q=P

using assms

by (auto intro: weakBisim.cases)

lemma unfoldl:
fixes P :: pi
and Q : pi

assumes P ~ <weakBisim> Q
and Q~P

shows P ~ ()
using assms
by (auto intro: weakBisim.cases)

lemma equt:
shows equt weakBisim
proof(auto simp add: equt-def)
let ?X = {z. 3P Q (perm::name prm). P = Q A z = (perm - P, perm - Q)}
fix P Q
fix perm::name prm
assume PBiSim@: P =~ @

hence (perm - P, perm - Q) € ?X by blast
moreover have AP Q perm::name prm. [P ~ <weakBisim> Q] = (perm -
P) ~ <2X> (perm - Q)
proof —
fix P Q
fix perm::name prm
assume P ~» <weakBisim> Q

moreover have weakBisim C ¢X
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proof (auto)
fix P Q
assume P ~ ()
moreover have P = ([J::name prm) - P and Q = ([]::name prm) - Q by
auto
ultimately show 3P’ Q'. P' =~ Q' A (3 (perm::name prm). P = perm - P’
A Q= perm - Q)
by blast
qed

moreover have equt 7X
proof (auto simp add: equt-def)
fix P Q
fix perml::name prm
fix perm2::name prm

assume P ~ @)

moreover have perml! - perm2 - P = (perml @Q perm2) - P by(simp add:
pt2[OF pt-name-inst])

moreover have perml - perm2 - Q = (perml Q perm2) - @ by(simp add:
pt2|OF pt-name-inst])

ultimately show 3P’ Q". P’ = Q' A (3 (perm::name prm). perml - perm?2
- P =perm - P' A
perml - perm2 - Q = perm - Q)
by blast
qed

ultimately show (perm - P) ~ <?X> (perm - Q)
by (rule Weak-Late-Sim.equtl)
qed

ultimately show (perm - P) = (perm - Q) by(coinduct rule: weak-coinduct,
blast dest: unfoldE)
qed

lemma equtl:
fixes P :: pi
and @ : pi
and perm :: name prm

assumes P ~ @)
shows (perm - P) = (perm - Q)
using assms

by (rule equtRell[OF equt])

lemma weakBisimEqut[simp):
shows equt weakBisim
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by (auto simp add: equt-def equtl)

lemma strongBisim WeakBisim:
fixes P :: pi
and Q@ : pi

assumes PSim@): P ~ @

shows P ~ @)
proof —
have AP Q. P ~[bisim] Q = P ~ <(bisim U weakBisim)> Q
proof —
fix P Q
assume P ~»[bisim] Q
hence P ~ <bisim> Q by(rule strongSim WeakSim)
thus P ~ <(bisim U weakBisim)> Q
by (blast intro: Weak-Late-Sim.monotonic)
qed

with PSim(@Q show ?thesis
by (coinduct rule: weakBisimCoinductAux, force dest: Strong-Late-Bisim.bisimE
symmetric)
qed

lemma refiezive:
fixes P :: pi

shows P ~ P

proof —
have (P, P) € Id by simp
then show ?thesis

proof (coinduct rule: weak-coinduct)
case (weakBisim P Q)
have (P, @) € Id by fact
thus ?case by(auto intro: Weak-Late-Sim.reflexive)
qged
qed

lemma symmetric:
fixes P :: pi
and Q : pi
assumes P ~ @)
shows Q ~ P

using assms
by (auto dest: unfoldE intro: unfoldI)
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lemma transitive:

fixes P :: pi
and Q : pi
and R : pi

assumes PBiSim@Q: P ~ @
and @BiSimR: Q ~ R

shows P~ R
proof —
let ?X = weakBisim O weakBisim
from assms have (P, R) € ?X by blast
moreover have AP Q R. [Q ~ <weakBisim> R; P ~ Q] =
P ~ <(?X U weakBisim)> R
proof —
fix PQR
assume PBiSim@: P ~ @
assume @ ~ <weakBisim> R
moreover have equt weakBisim by(rule equt)
moreover from equt have equt (?X U weakBisim) by(auto simp add: equt-
Trans)
moreover have weakBisim O weakBisim C ?X U weakBisim by auto
moreover have AP Q. P ~ Q = P ~ <weakBisim> Q by(rule unfoldE)

ultimately show P ~ <(?X U weakBisim)> R using PBiSimQ
by (rule Weak-Late-Sim.transitive)
qed

ultimately show ?thesis
apply(coinduct rule: weakBisimCoinduct, auto)
by (blast dest: unfoldE symmetric)+
qed

lemma transitive-coinduct-weak|case-names WeakBisimEarly, case-conclusion Weak-
BisimEarly step, consumes 2]:

assumes p: (P, Q) € X

and FEqut: equt X

and step: AP Q. (P, Q) € X = P ~ <(bisim O X O bisim)> Q A (Q, P) €
X

shows P ~ ()
proof —
let ?X = bisim O X O bisim

have Sim: AP P’ Q' Q. [P ~ P’; P'~» <?X> Q'; Q' ~|bisim] Q] =
P " <?2X> Q
proof —
fix PP' Q' Q
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assume PBisimP’. P ~ P’
assume P'SimQ" P’ ~ <?X> Q'
assume Q'Sim@Q: Q' ~~[bisim] Q

show P ~ <?X> @
proof —
have P’ ~ <?X> @
proof —
have ?X O bisim C ?X by(blast intro: Strong-Late-Bisim.transitive)
moreover from Strong-Late-Bisim.bisimEqut Equt have equt ?X by blast
ultimately show ?thesis using P’Sim@Q’ Q'Sim@ by (blast intro: strongAp-
pend)
qed
moreover have equt bisim by(rule Strong-Late-Bisim.bisimEqut)
moreover from Strong-Late-Bisim.bisimEqut Equt have equt ?X by blast
moreover have bisim O ?X C ?2X by(blast intro: Strong-Late-Bisim.transitive)
moreover have AP Q. P ~ Q = P ~ <bisim> Q by(blast dest: Strong-Late-Bisim.bisimE
strongSim WeakSim)
ultimately show ?thesis using PBisimP’ by(rule Weak-Late-Sim.transitive)
qed
qged

from p have (P, Q) € ?X by(blast intro: Strong-Late-Bisim.reflexive)
moreover from step Sim have AP Q. (P, Q) € ?X = P ~ <?X> Q A (Q,
P) e ?2X
by (blast dest: Strong-Late-Bisim.bisimE Strong-Late-Bisim.symmetric)

ultimately show ?thesis by (rule weak-coinduct)
qed

lemma weakBisim Transitive Coinduct[case-names cSim cSym, consumes 2]:
assumes p: (P, Q) € X
and FEqut: equt X
and rSim: AP Q. (P, Q) € X = P ~~» <(bisim O X O bisim)> Q
and rSym: AP Q. (P, Q) € X = (@, P) e X

shows P ~ @)
using assms
by (coinduct rule: transitive-coinduct-weak) auto

end
theory Weak-Late-Step-Sim
imports Weak-Late-Step-Semantics Weak-Late-Sim Strong-Late-Sim
begin
definition weakStepSimAct :: pi = residual = (‘a::fs-name) = (pi x pi) set =

bool where
weakStepSimAct P Rs C Rel = (VQ' a z. Rs = a<va> < Q' — z §f C —
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(3P'. P =ja<vz> < P' A (P, Q') € Rel)) A

VQ ax. Rs=a<z><Q — x4 C — (3P Vu. 3P
P = uin P"—a<z> < P' A (P', Q'z:=ul]) € Rel)) A

VQ a.Rs=a<Q — (AP. P=1a < P'N (P, Q)€
Rel))

definition weakStepSimAuz :: pi = (pi X pi) set = pi = bool where
weakStepSimAuz P Rel Q = (V Q' a z. (Q —a<vz> < Q'ANz § P)— (3P'.
P =sja<vz> < P' A (P', Q') € Rel)) A
V@' az (Q —a<z>~<Q" AzfP)— (3P Vu IP"
P = u in P"—a<z> < P’ A (P, Q[z::=u]) € Rel)) A
VQ a. Qr—a < Q — 3P, P =0 < P' A (P, Q)
€ Rel))

definition weakStepSim :: pi = (pi x pi) set = pi = bool (- ~<-> - [80, 80,
80] 80) where
P ~~»<Rel> @ = (VRs. Q —> Rs — weakStepSimAct P Rs P Rel)

lemmas weakStepSimDef = weakStepSimAct-def weakStepSim-def
lemma weakStepSimAux P Rel Q = weakStepSim P Rel Q
by (auto simp add: weakStepSimDef weakStepSimAuz-def)

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :: pi
and P': pi

assumes P ~»<A> P’
and ACB

shows P ~»<B> P’
using assms
apply(auto simp add: weakStepSimDef)
apply blast
apply (erule-tac z=a<z> < Q' in allE)
apply/(clarsimp)
apply(rotate-tac 4)
apply(erule-tac z=Q" in allF)
apply(erule-tac z=a in allE)
apply(erule-tac =z in allE)

by blast+
lemma simCasesCont[consumes 1, case-names Bound Input Free]:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name
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assumes FEqut: equt Rel

and Bound: ANQ’ a x. [z § C; Q —a<vz> < Q] = IP'. P = ja<vz>
< P'A (P, Q) € Rel

and Input: ANQ' az. [z §f C; Q —a<z> < Q] = IP".Vu. IP. P =u
in P'"—wa<x> < P’ A (P’, Q'lz::=u]) € Rel

and Free: NQ' a. Q— a < Q' = (3P. P =, a < P'A (P, Q) € Rel)

shows P ~»<Rel> @
using Free
proof(auto simp add: weakStepSimDef)
fix Q' ax
assume zFreshP: (z::name) § P
assume Trans: Q — a<vz> < Q'
have Jc:iname. ¢ § (P, Q', z, C) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ’ ¢ 4 Q' and cFreshC:
ct C
and cineqx: ¢ # x
by (force simp add: fresh-prod)

from Trans cFresh@’ have Q — a<ve> < ([(z, ¢)] - Q') by(simp add: al-
phaBoundResidual)
with cFreshC have 3P'. P =, a<ve> < P' A (P, [(z, ¢)] - Q') € Rel
by (rule Bound)
then obtain P’ where PTrans: P = a<vc> < P’ and P'RelQ": (P, [(z, ¢)]
- Q') € Rel
by blast

from PTrans xFreshP cineqr have xFreshP’: x § P' by(force dest: Weak-Late-Step-Semantics.fresh Transition)
with PTrans have P = a<vz> < ([(z, ¢)] - P’) by(simp add: alphaBound-
Residual name-swap)
moreover have ([(z, ¢)] - P’, Q) € Rel (is ?goal)
proof —
from Equt P'Rel@’ have ([(z, ¢)] + P’, [(z, ¢)] « [(z, ¢)] - Q) € Rel
by (rule equtRell)
with cinegr show ?goal by(simp add: name-calc)
qed
ultimately show 3 P’. P —=ja<vz> < P’ A (P’, Q') € Rel by blast
next
fix Q' azu
assume QTrans: Q —a<z> < (Q:pi)
and zFreshP: © § P

have Fc::name. ¢t (P, Q', C, x) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ”: ¢ § Q' and cFreshC:
ct C
and cineqx: ¢ # ¢
by (force simp add: fresh-prod)

from QTrans cFresh@’' have @ ——a<c> < ([(z, ¢)] - Q') by(simp add: al-
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phaBoundResidual)
with cFreshC have 3P”. Vu. 3P'. P = u in P'"—a<c> < P’ A (P, ([(z, ¢)]
- QN[e=u]) € Rel
by (rule Input)

then obtain P’ where L1: Vu. 3P’. P = ju in P""—wa<c> < P’ A (P, ([(=,
c)] « Q")c:=u]) € Rel by blast

have Vu. 3P". P =uin ([(¢, z)] - P")—a<z> < P’ A (P’ Q'lz::=u]) € Rel
proof (auto)
fix u
from LI obtain P’ where PTrans: P =—>;u in P""—a<c> < P’ and P’'RelQ"
(P, ([(z, )] - Q)[czi=u]) € Rel
by blast

from PTrans xFreshP have P =>u in ([(¢, z)] -+ P")—a<z> < P’ by(rule
alphalnput)

moreover from P'RelQ’ cFreshQ’ have (P’, Q'[z::=u]) € Rel by(simp add:
renaming THEN sym| name-swap)

ultimately show 3 P". P = ju in ([(¢c, )| - P"")—a<z> < P' A (P', Q'[z::=u])
€ Rel by blast
qed

thus 3P”. Vu. 3P P = u in P"—wa<z> < P' A (P/, Q'[z::=u]) € Rel by
blast

qged
lemma simCases[consumes 0, case-names Bound Input Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi X pi) set
and C : 'a:fs-name

assumes Bound: AQ' a z. [Q —ra<vz> < Q'; 2 § P] = I P’. P = ja<vz>
< P'A (P, Q') € Rel

and Input: ANQ' az. [Q —a<z> < Q; 2§ Pl = IP".Vu. IP". P =u
in P"—a<z> < P' A (P’ Q|z::=u]) € Rel

and Free: NQ' . Q— a < Q' = (IP. P =, a < P'N (P, Q) € Rel)

shows P ~»<Rel> @
using assms
by (auto simp add: weakStepSimDef)

lemma simActBoundCases|consumes 1, case-names Input BoundOQutput]:
fixes P :: pi

and a :: subject
and =z : name
and Q' : pi
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and C : 'a:fs-name
and Rel :: (pi x pi) set

assumes FqutRel: equt Rel

and  Derlnput: Ab. a = InputS b = (3P".Vu. IP". (P = juin P'"=b<z>
< PY A (P, Q'|z::=u]) € Rel)

and DerBoundOutput: \b. a = BoundOutputS b = (I P’. (P = b<vz>
< P A (P, Q) € Rel)

shows weakStepSimAct P (a«z» < Q') P Rel
proof(simp add: weakStepSimAct-def fresh-prod, auto)

fix Q" by

assume Eq: a«z» < Q' = b<vy> < Q"

assume yFreshP: y f§ P

from FEq have a = BoundOutputS b by (simp add: residual.inject)

from yFreshP DerBoundOutput|OF this] Eq show 3P’. P =b<vy> < P’ A
(P, Q") € Rel
proof(cases x=y, auto simp add: residual.inject name-abs-eq)
fix P’
assume PTrans: P = b<vz> < P’
assume P'RelQ’: (P’ ([(z, y)] - Q")) € Rel
assume zineqy: T % y

with PTrans yFreshP have yFreshP’: y § P’
by (force intro: Weak-Late-Step-Semantics. fresh Transition)

hence b<vz> < P’ = b<vy> < [(z, y)] - P’ by(rule alphaBoundResidual)
moreover have ([(z, y)] - P’, Q") € Rel
proof —
from EqutRel P'Rel@Q’ have ([(z, y)] - P/, [(z, v)] - ([(z, y)] - Q""))E Rel
by (rule equtRell)
thus %thesis by (simp add: name-calc)
qed

ultimately show 3 P’. P = b<vy> < P’ A (P’, Q") € Rel using PTrans
by auto
qed
next
fix Q" byu
assume Eq: asz» < Q' = b<y> < Q"
assume yFreshP: y § P

from Eq have a = InputS b by(simp add: residual.inject)
from DerInput|OF this] obtain P" where L1: Vu. 3P’ P = u in P""—b<z>
< P'A
(P, Q'|z::=u]) € Rel
by blast
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have Vu. 3P". P = ju in ([(z, y)] - P")—=b<y> < P’ A (P’, Q"[y::=u]) € Rel
proof(rule alll)
fix u
from LI Eq show 3P P = u in ([(z, y)] - P")=b<y> < P’ N (P,
Q"ly::=u]) € Rel
proof(cases x=y, auto simp add: residual.inject name-abs-eq)
assume Der: Vu. 3P, P = u in P"—=b<az> < P’ AN (P/, ([(z, y)] -
Q") [z::=u]) € Rel

assume zFreshQ': z § Q"

from Der obtain P’ where PTrans: P =>;u in P''—b<x> < P’
and P'RelQ": (P', ([(z, y)] - Q")[x::=u]) € Rel
by force

from PTrans yFreshP have P =>ju in ([(z, y)] - P')—=b<y> < P’ by(rule
alphalnput)
moreover from zFreshQ’ P'RelQ’ have (P’, Q"[y::=u]) € Rel
by(simp add: renaming)
ultimately show ?thesis by force

qed
qed
thus 3P”. Vu. 3P P = u in P"—b<y> < P’ A (P’, Q"[y::=u]) € Rel
by blast
qed
lemma simActFreeCases[consumes 0, case-names Free]:
fixes P :: pi
and « :: freeRes
and C : 'a:fs-name

and Rel :: (pi x pi) set
assumes Der: 3P (P =-ja < P') A (P/, Q') € Rel
shows weakStepSimAct P (o < Q') P Rel

using assms

by (simp add: weakStepSimAct-def residual.inject)

lemma simkE:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and z :: name

and u :: name

and Q' :: pi

assumes P ~»<Rel> ()
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shows Q —a<ve> < Q' = 2z P = 3P’ P =ja<vz> < P' A (P', Q)
€ Rel

and Qr—a<z> < Q' = z 4§ P = IP". Vu. IP. P = uin P'—a<z>
< P'A (P, Q'[z::=u]) € Rel

and Qr—a < Q' = (IP. P=a<P' A (P, Q) € Rel)
using assms by (simp add: weakStepSimDef)+

lemma weakSimTauChain:

fixes P :: pi
and Rel :: (pi x pi) set
and @ :: pi
and Q' :: pi

assumes QChain: Q =, Q'
and PRel@: (P, Q) € Rel
and  Sim: AP Q. (P, Q) € Rel = P ~~»<Rel> Q

shows 3P’. P =, P' A (P’, Q') € Rel
proof —
from QChain show ?thesis
proof (induct rule: tauChainlnduct)
case id
have P —, P by simp
with PRel@) show ?case by blast
next
case(ih Q' Q")
have [H: 3P’ P =, P' A (P', Q') € Rel by fact
then obtain P’ where PChain: P =—>, P’ and P'RelQ": (P’, Q') € Rel by
blast
from P’Rel@’ have P’ ~~<Rel> Q' by(rule Sim)
moreover have Q'Trans: Q' —7 < Q' by fact
ultimately have 3 P". P’ =7 < P"" A (P”, Q") € Rel by(rule simFE)
then obtain P'’ where P’'Trans: P’ =7 < P" and P"RelQ": (P", Q") €
Rel by blast
from P'Trans have P' =, P' by(rule Weak-Late-Step-Semantics.tauTransition Chain)
with PChain have P =, P'' by auto
with P"'RelQ’ show ?case by blast

qed

qed

lemma strongSim WeakEqSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q
shows P ~»<Rel> @

proof(auto simp add: weakStepSimDef)
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fix Q' ax
assume @ —ra<vr> < Q' and z ff P
with PSim@ have 3 P’. P —a<vz> < P’ A derivative P’ Q' (BoundOutputS
a) = Rel
by (rule Strong-Late-Sim.simE)
then obtain P’ where PTrans: P —a<vz> < P’ and P'RelQ”: (P', Q') €
Rel
by (force simp add: derivative-def)

from PTrans have P = a<vz> < P’ by(rule Weak-Late-Step-Semantics.single ActionChain)
thus 3P’. P = ja<vaz> < P’ A (P’, Q') € Rel using P'RelQ@’ by blast
next
fix Q' azu
assume @ —a<z> < Q'and z { P
with PSim@Q have L1: 3P’'. P —a<a> < P’ A derivative P' Q' (InputS a)
Rel
by (blast intro: Strong-Late-Sim.simFE)
then obtain P’ where PTrans: P —a<z> < P’ and PDer: derivative P’ Q'
(InputS a) = Rel
by blast

have Vu. 3P". P = ju in P'—wa<z> < P A (P", Q'lz::=u]) € Rel
proof(rule alll)
fix u
from PTrans have P = u in P'—a<z> < P'[z:=u] by(blast intro: Weak-Late-Step-Semantics.singleActio
moreover from PDer have (P'[z:=u], Q'[z::=u]) € Rel by(force simp add:
derivative-def)
ultimately show 3 P”. P = ju in P'—wa<z> < P A (P", Q'[z::=u]) € Rel
by auto
qed
thus 3P”. Vu. 3P P = u in P"—wa<z> < P' A (P', Q'[z::=u]) € Rel by
blast
next
fix Q' o
assume Q —a < Q'
with PSim@Q have 3 P'. P—a < P'A (P, Q') € Rel by(rule Strong-Late-Sim.simE)
then obtain P’ where PTrans: P —«a < P’ and P’RelQ": (P’, Q') € Rel by
blast

from PTrans have P =, < P’ by(rule Weak-Late-Step-Semantics.singleActionChain)
thus 3P". P =-ja < P’ A (P/, Q) € Rel using P’'RelQ’ by blast
qged

lemma weakSim WeakEqSim:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set

assumes P ~»<Rel> ()
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shows P ~» <Rel> Q
using assms
by (force simp add: weakStepSimDef simDef weak Transition-def)

lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set
and perm :: name prm

assumes Sim: P ~<Rel> @
and RelRel”: Rel C Rel’
and  EqutRel’: equt Rel’

shows (perm - P) ~><Rel”> (perm - Q)

using EqutRel’

proof (induct rule: simCasesContlof - perm + P])
case(Bound Q' a z)
have QTrans: (perm - Q) — a<vz> < Q' by fact
have zFreshP: x § perm - P by fact

from QTrans have (rev perm - (perm - Q)) — rev perm + (a<vz> < Q)

by (rule equts)
hence Q — (rev perm - a)<v(rev perm - z)> < (rev perm - Q)

by (simp add: name-rev-per)
moreover from zFreshP have (rev perm - z) § P by (simp add: name-fresh-left)
ultimately obtain P’ where PTrans: P = (rev perm - a)<v(rev perm - x)>

< P’
and P’RelQ": (P, rev perm - Q') € Rel using Sim
by (blast dest: simE)

from PTrans have (perm - P) = perm - ((rev perm - a)<v(rev perm - x)> <
P’
by (rule Weak-Late-Step-Semantics.equtl)
hence (perm - P) = a<vz> < (perm - P’) by(simp add: name-per-rev)
moreover have (perm - P, Q") € Rel’
proof —
from P’RelQ’ RelRel’ have (P, rev perm - Q') € Rel’ by blast
with EqutRel’ have (perm - P’, perm - (rev perm - Q) € Rel’
by (rule equtRell)
thus ?thesis by(simp add: name-per-rev)
qed
ultimately show ?case by blast
next
case(Input Q' a )
have QTrans: (perm - Q) —a<z> < Q' by fact
have zFreshP: x § perm - P by fact
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from QTrans have (rev perm - (perm - Q)) — rev perm « (a<z> < Q)
by (rule equts)
hence Q — (rev perm - a)<(rev perm - x)> < (rev perm - Q')
by (simp add: name-rev-per)
moreover from zFreshP have zFreshP: (rev perm - z) § P by(simp add:
name-fresh-left)
ultimately obtain P’/
where L1: Vu. 3P". P =>u in P""—(rev perm - a)<(rev perm - £)> < P’ A
(P, (rev perm - Q")[(rev perm - x)::=u]) € Rel using Sim
by (blast dest: simE)
have Yu. 3 P’. (perm - P) = ju in (perm - P")—a<z> < P’ A (P', Q'[z::=u])
€ Rel’
proof(rule alll)
fix u
from LI obtain P’ where PTrans: P =>(rev perm - u) in P""—(rev perm -
a)<(rev perm - z)> < P’
and P’'RelQ@": (P’, (rev perm - Q")[(rev perm « z):=(rev perm -
u)]) € Rel by blast
from PTrans have (perm - P) =(perm - (rev perm -« u)) in (perm -
P"Y—(perm - rev perm - a)<(perm - rev perm - z)> < (perm - P’)
by (rule-tac Weak-Late-Step-Semantics.equtl, auto)
hence (perm « P) = u in (perm - P")—a<xz> < (perm - P’) by(simp add:
name-per-rev)
moreover have (perm - P’, Q'[z::=u]) € Rel’
proof —
from P’RelQ’ RelRel’ have (P’, (rev perm - Q')[(rev perm - x)::=(rev perm
- u)]) € Rel’ by blast
with EqutRel’ have (perm - P’, perm - ((rev perm - Q")[(rev perm - x)::=(rev
perm - u)])) € Rel’
by (rule equtRell)
thus ?thesis by(simp add: name-per-rev equt-subs| THEN sym| name-calc)
qed
ultimately show 3 P’. (perm - P) = ju in (perm « P")—a<z> < P’ A (P,
Q'[z::=u]) € Rel’ by blast
qed
thus ?case by blast
next
case(Free Q' )
have QTrans: (perm - Q) — « < Q' by fact

from QTrans have (rev perm - (perm - Q)) — rev perm - (o < Q)
by (rule equts)
hence Q — (rev perm « a) < (rev perm - Q)
by(simp add: name-rev-per)
with Sim obtain P’ where PTrans: P =, (rev perm - o) < P’ and PRel: (P’,
(rev perm - Q")) € Rel
by (blast dest: simE)
from PTrans have (perm - P) =>; perm - ((rev perm - a)< P’)
by (rule Weak-Late-Step-Semantics.equtl)
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hence (perm - P) =, a < (perm - P’) by(simp add: name-per-rev)
moreover have ((perm - P’), Q) € Rel’
proof —
from PRel EqutRel’ RelRel’ have ((perm - P’), (perm - (rev perm - Q'))) €
Rel’
by (force intro: equtRell)
thus %thesis by (simp add: name-per-rev)
qed
ultimately show ?case by blast
qed

lemma simE?2:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and z : name

and Q' :: pi

assumes PSimQ: P ~<Rel> Q

and  Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and Equt: equt Rel

and  PRelQ: (P, Q) € Rel

shows ) = ja<vz> < Q' = 2§ P = 3P’ P =ja<vz> < P' A (P, Q)
€ Rel
and Q=0 < Q' = IP. P=a < P' N (P, Q') € Rel
proof —
assume QTrans: Q = ja<va> < Q'
assume zFreshP: ¢ § P
have Goal: AP Q a z Q. [P ~<Rel> @; Q = ja<vz> < Qs z 4 P,z § Q;
(P, Q) € Rel] =
dP'. P = ja<vz> < P' N (P', Q') € Rel
proof —
fixPQaz Q'
assume PSimQ: P ~~<Rel> @Q
assume QTrans: Q = ja<vz> < Q'
assume zFreshP: z f P
assume zFresh@: z § Q
assume PRelQ: (P, Q) € Rel

from QTrans xFresh@ obtain Q" Q"' where QChain: Q =, Q"
and Q"'Trans: Q" —sa<vz> < Q'
and Q"'Chain: Q"' —,. Q'
by (force dest: transitionE simp add: weakTransition-def)

from QChain PRel@ Sim have 3P". P =, P" A (P”, Q") € Rel

by (rule Weak-Late-Sim.weakSim TauChain)
then obtain P’ where PChain: P =—>, P’ and P”RelQ": (P, Q") € Rel
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by blast
from PChain xFreshP have zFreshP': z f P" by(rule freshChain)

from P"'RelQ’ have P ~ <Rel> Q" by(rule Sim)
hence 3 P"". P" = a<vz> < P"" A (P", Q") € Rel using Q'"'Trans
xFreshP'!
by (rule Weak-Late-Sim.simE)
then obtain P’’’ where P''Trans: P" =sja<vz> < P’ and P’’RelQ’":
(—P///7 Q///) 6 Rel
by (force simp add: weakTransition-def)

have 3P’ P =, P' A (P’, Q') € Rel using Q'"'Chain P""'RelQ""" Sim
by (rule Weak-Late-Sim.weakSimTauChain)
then obtain P’ where P’"/Chain: P =, P’ and P’'RelQ": (P’, Q') € Rel
by blast

from PChain P Trans P’ Chain zFreshP' have P —ja<vz> < P’
by (blast dest: Weak-Late-Step-Semantics.chainTransitionAppend)
with P’RelQ’ show 3 P’. P =, a<vz> < P’ A (P’, Q') € Rel by blast
qed

have Jc:iname. ¢t (Q, Q', P, z) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshQ: ¢ f Q and cFreshQ” ¢ 4 Q' and cFreshP:
ct P
and zineqc: x # ¢
by (force simp add: fresh-prod)

from QTrans cFresh@Q' have Q = ja<ve> < ([(z, ¢)] + Q') by(simp add: al-
phaBoundResidual)
with PSim(@ have 3P'. P = ja<vc¢> < P' A (P, [(z, ¢)] - Q') € Rel using
cFreshP cFresh( PRelQ
by (rule Goal)
then obtain P’ where PTrans: P =>ja<vc> < P’ and P'RelQ" (P’, [(z, c)]
- Q') € Rel
by force
have P = ja<vz> < ([(z, ¢)] - P’)
proof —
from PTrans zFreshP zineqc have x § P’ by(rule Weak-Late-Step-Semantics.fresh Transition)
with PTrans show ?thesis by (simp add: alphaBoundResidual name-swap)
qed
moreover have ([(z, ¢)] - P/, Q') € Rel
proof —
from Equt P'Rel@’ have ([(z, ¢)] + P’, [(z, ¢)] - [(z, ¢)] - Q) € Rel
by (rule equtRell)
thus ?thesis by simp
qed

ultimately show 3 P’. P =, a<vz> < P’ A (P’, Q') € Rel by blast
next
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assume QTrans: Q =0 < Q'

then obtain Q"' Q' where QChain: Q =, Q"
and Q"' Trans: Q" —a < Q"'
and Q""'Chain: Q""" =, Q’
by (blast dest: transitionF)

thus 3P. P = a < P' A (P, Q') € Rel
proof (induct arbitrary: o Q" Q' rule: tauChainInduct)
case(id a Q')
from PSim@Q «Q —a < Q"> have 3P’ P = o < P' A (P’, Q") € Rel
by (blast dest: simFE)
then obtain P’ where PTrans: P = a < P""" and P’'RelQ""": (P, Q")
€ Rel
by blast

have 3P’ P =, P' A (P’, Q') € Rel using <Q""" =, Q" P'RelQ"" Sim
by (rule Weak-Late-Sim.weakSimTauChain)
then obtain P’ where P’"'Chain: P""" =, P’ and P’'RelQ": (P’, Q') € Rel
by blast

from P'''Chain PTrans have P —> o0 < P’
by (blast dest: Weak-Late-Step-Semantics.chainTransitionAppend)

with P'Rel()’ show ?case by blast
next

case(ih Q""" Q" a Q" Q')

have Q"' =, Q" by simp

with «Q"" —=7 < Q'» obtain P’ where PTrans: P —>;7 < P"" and

P RelQ"": (P/N, Q”I) c Rel

by (drule-tac ih) auto

from P"""Rel@" <Q"’ —a < Q"> obtain P" where
P""Trans: P""" =, a < P'" and P""RelQ"": (P", Q"") € Rel
by (blast dest: Weak-Late-Sim.simE Sim)

from P""RelQ" «Q" =, Q' Sim obtain P’ where
P"'Chain: P"" =, P’ and P'RelQ": (P’', Q)€ Rel
by (drule-tac Weak-Late-Sim.weakSim TauChain) auto

from PTrans P""'Trans P" Chain have P —> o« < P’
apply(auto simp add: weakTransition-def residual.inject)
apply (drule-tac Weak-Late-Step-Semantics.tauw TransitionChain, auto)
apply (drule-tac Weak-Late-Step-Semantics.chain TransitionAppend, simp)
apply(rule Weak-Late-Step-Semantics.chainTransitionAppend, auto)
by (drule-tac Weak-Late-Step-Semantics.chainTransitionAppend, auto)

with «(P’, Q') € Rel> show ?case by blast

qed
qed
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lemma reflexive:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~~»<Rel> P
using assms
by (auto intro: Weak-Late-Step-Semantics.singleActionChain simp add: weakStep-
SimDef)

lemma transitive:
fixes P :: pi
and @ i
and R = opi
and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set
and Rel” :: (pi x pi) set

assumes PSim(@Q): P ~<Rel> Q

and QSimR: @Q ~<Rel’> R

and Equt:  equt Rel

and  Equt”: equt Rel”

and Trans: Rel O Rel’ C Rel’

and Sim: AP Q. (P, Q) € Rel = P ~» <Rel> Q
and  PRelQ@: (P, Q) € Rel

shows P ~»<Rel""> R
using Equt’
proof (induct rule: simCasesContlof - (P, Q)])
case(Bound R’ a x)
have RTrans: R — a<vz> < R’ by fact
have z § (P, Q) by fact
hence zFreshP: z § P and zFreshQ: z § Q by(simp add: fresh-prod)+

from QSimR RTrans zFresh( obtain Q' where QTrans: Q = ja<vz> < Q'
and Q'RelR": (Q', R") € Rel’
by (blast dest: simE)
from PSimQ Sim Equt PRelQ QTrans zFreshP obtain P’ where PTrans: P
= a<vz> < P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE2)
moreover from P’RelQ’ Q'RelR’ Trans have (P’, R’) € Rel” by blast
ultimately show ?case by blast
next
case(Input R’ a x)
have RTrans: R — a<z> < R’ by fact
have z § (P, Q) by fact
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hence zFreshP: z § P and zFreshQ: z § Q by(simp add: fresh-prod)+

from QSimR RTrans zFresh( obtain Q'
where Vu. 3Q". Q = juin Q"—a<z> < Q' A (Q', R'[x::=u]) € Rel’
by (blast dest: simE)
hence 3Q". Q@ =, Q""" N Q"—a<z> < Q"N Vu. Q" Q"[z:=ul—, Q'
A (Q'; R'x:=u]) € Rel’)
by (simp add: inputTransition-def, blast)
then obtain Q"' where QChain: Q =, Q"
and Q""'Trans: Q"' —sa<z> < Q"
and L1:Vu. 3Q". Q"z:=u=—, Q' A (Q', R'[x::=u]) € Rel’
by blast
from QChain PRelQ Sim obtain P’ where PChain: P —>, P and P’"RelQ"":
(‘F)///7 Q///) 6 Rel
by (drule-tac Weak-Late-Sim.weakSim TauChain) auto
from PChain zFreshP have xzFreshP'": z § P’ by(rule freshChain)
from P’"'RelQ'" have P'" ~~ <Rel> Q' by(rule Sim)
with zFreshP’"’ Q''Trans obtain P’""' where L2: Yu. 3P". P"' = u in
P"—a<z> < P" N (P, Q"|z::=u]) € Rel
by (blast dest: Weak-Late-Sim.simE)
have Vu. 3P’ Q'. P = ju in P""—a<z> < P’ A (P', R'[z::=u]) € Rel”
proof (rule alll)
fix u
from L1 obtain Q' where Q''Chain: Q"[z::=u] =, Q' and Q'RelR": (Q’,
R'[z::=u]) € Rel’
by blast
from L2 obtain P’ where P'"'Trans: P'"' =>u in P""""—a<a> < P
and P"Rel@': (P”, Q"[x::=u]) € Rel
by blast
from P"RelQ" have P" ~» <Rel> Q"[z::=u] by(rule Sim)
have 3P’ P =, P' A (P’, Q) € Rel using Q"' Chain P"'RelQ" Sim
by (rule Weak-Late-Sim.weakSim TauChain)
then obtain P’ where P''Chain: P"" =, P’ and P’Rel@": (P’, Q') € Rel
by blast
from PChain P'"’Trans P''Chain have P =—>ju in P""""—a<x> < P’
by (blast dest: Weak-Late-Step-Semantics.chain TransitionAppend)
moreover from P’'RelQ)’ Q'RelR’' have (P’, R'[z::=u]) € Rel’” by(insert Trans,
auto)
ultimately show 3P’ Q'. P =»ju in P""""—a<z> < P’ A (P, R'[z:=u]) €
Rel’” by blast
qed
thus “case by force
next
case(Free R’ )
have RTrans: R — o < R’ by fact
with QSimR obtain Q' where QTrans: Q@ = < Q' and Q'RelR” (Q’, R
€ Rel’
by (blast dest: simE)
from PSimQ Sim Equt PRel@Q QTrans obtain P’ where PTrans: P —»ja < P’
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and P’RelQ": (P', Q') € Rel
by (blast dest: simE2)
from P’RelQ’ Q'RelR’ Trans have (P’, R’) € Rel” by blast
with PTrans show ?case by blast
qed

end

theory Weak-Late-Cong
imports Weak-Late-Bisim Weak-Late-Step-Sim Strong-Late-Bisim
begin

definition congruence :: (pi x pi) set where

congruence = {(P, Q) |P Q. P ~»<weakBisim> Q N Q ~»<weakBisim> P}
abbreviation congruenceJudge (infixr <~ 65) where P ~ Q = (P, Q) € con-
gruence

lemma unfoldE:
fixes P :: pi
and @ : pi
and s :: (name x name) list

assumes P ~ (@)

shows P ~»<weakBisim> @

and @ ~<weakBisim> P
proof —

from assms show P ~»<weakBisim> @ by(force simp add: congruence-def)
next

from assms show @ ~»<weakBisim> P by(force simp add: congruence-def)
qed

lemma unfoldl:
fixes P :: pi
and Q : pi

assumes P ~»<weakBisim> @
and Q ~<weakBisim> P

shows P ~ ()
using assms by(force simp add: congruence-def)

lemma equt:
shows equt congruence
proof —
have AP Q (perm::name prm). P ~»<weakBisim> Q = (perm - P) ~><weakBisim>

(perm - Q)

proof —
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fix P Q) perm
assume P ~»><weakBisim> @
thus ((perm::name prm) + P) ~»<weakBisim> (perm - Q)
apply —
by (blast intro: Weak-Late-Step-Sim.equt] Weak-Late-Bisim.equt)
qed
thus ?thesis
by (simp add: congruence-def equt-def)
qed

lemma equtl:
fixes P :: pi
and Q : pi
and perm :: name prm

assumes P ~ (@

shows (perm - P) ~ (perm - Q)
using assms
by (rule equtRell[OF equt])

lemma strongBisim WeakEq:
fixes P :: pi
and Q : pi

assumes P ~ @

shows P ~ (@)
proof —
have AP Q. P ~[bisim]| Q = P ~~<weakBisim> Q
proof —
fix P Q)
assume P ~~[bisim] Q
hence P ~<bisim> Q by(rule strongSimWeakEqSim)
moreover have bisim C weakBisim
by (auto intro: strongBisim WeakBisim)
ultimately show P ~~<weakBisim> Q by(rule Weak-Late-Step-Sim.monotonic)
qed
with assms show ?thesis
by (blast intro: unfoldl dest: Strong-Late-Bisim.bisimFE Strong-Late-Bisim.symmetric)
qed

lemma congruence WeakBisim:
fixes P :: pi
and Q : pi

assumes P ~ @

shows P ~ ()
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proof —
let 72X = {(P, Q) | P Q. P ~ Q}
from assms have (P, Q) € ?X by auto
thus ?thesis
proof (coinduct rule: weakBisimCoinduct)
case(cSim P Q)
{
fix P Q
assume P ~ @
hence P ~»<weakBisim> Q by(simp add: congruence-def)
hence P ~~<(?X U weakBisim)> Q by(rule-tac Weak-Late-Step-Sim.monotonic)
auto
hence P ~ <(?X U weakBisim)> Q by(rule Weak-Late-Step-Sim.weakSim WeakEqSim)
}
with «((P, Q) € ?X» show ?case by auto
next
case(cSym P Q)
thus ?case by(auto simp add: congruence-def)
qed
qed

lemma congruenceSubset WeakBisim:
shows congruence C weakBisim

by (auto intro: congruence WeakBisim)

lemma refiezive:

fixes P :: pi
shows P ~ P
proof —

from Weak-Late-Bisim.reflexive have AP. P ~»<weakBisim> P
by (blast intro: Weak-Late-Step-Sim.reflexive)
thus ?thesis
by (force simp add: substClosed-def congruence-def)
qed

lemma symetric:
fixes P :: pi
and @ : pi

assumes P ~ @)

shows @) ~ P
using assms
by (force simp add: substClosed-def congruence-def)
lemma transitive:

fixes P :: pi
and Q@ : pi
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and R : pi

assumes P ~ @)

and Q~R
shows P ~ R
proof —

have Goal: AP Q R. [P ~<weakBisim> @; Q ~»<weakBisim> R; P ~ Q] =
P ~»<weakBisim> R
using Weak-Late- Bisim.equt Weak-Late- Bisim.unfoldE Weak- Late- Bisim.transitive
by (blast intro: Weak-Late-Step-Sim.transitive)
from assms show ?thesis
apply(simp add: congruence-def) using assms
by (blast intro: Goal dest: congruence WeakBisim symetric)
qed

end

theory Weak-Late-Bisim-Subst
imports Weak-Late-Bisim Strong-Late-Bisim-Subst
begin

consts weakBisimSubst :: (pi x pi) set
abbreviation

weakBisimSubstJudge (infixr <~y 65) where P ~* @ = (P, Q) € (substClosed
weakBisim)

lemma congBisim:
fixes P :: pi
and Q : pi

assumes P ~° @)

shows P ~ ()
proof —
from assms substClosedSubset show ?thesis
by blast
qged

lemma strongBisim WeakBisim:
fixes P :: pi
and Q : pi

assumes P ~° ()

shows P ~° @
using assms
by (auto simp add: substClosed-def intro: strongBisim WeakBisim,)
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lemma equt:
shows equt (substClosed weakBisim)
by (rule equtSubstClosed| OF Weak-Late-Bisim.equt])

lemma equtl:
fixes P :: pi
and Q@ : pi
and perm :: name prm

assumes P =% ()

shows (perm - P) ~*° (perm - Q)
using assms
by (rule-tac equtRell[OF equt])

lemma refiezive:
fixes P :: pi

shows P ~° P
by (force simp add: substClosed-def intro: Weak-Late-Bisim.reflexive)

lemma symetric:
fixes P :: pi
and Q : pi
assumes P =% ()
shows @ ~° P
using assms

by (force simp add: substClosed-def intro: Weak-Late-Bisim.symmetric)

lemma transitive:

fixes P :: pi
and @ : pi
and R : pi

assumes P =% ()
and Q~°R

shows P =° R
using assms
by (force simp add: substClosed-def intro: Weak-Late-Bisim.transitive)

lemma partUnfold:
fixes P :: pi
and Q : pi
and s :: (name X name) list
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assumes P ~° ()

shows P[<s>] =% Q[<s>]
using assms
proof(auto simp add: substClosed-def)
fix s’
assume Vs. P[<s>] = Q[<s>]
hence P[<(sQs")>] = Q[<(s@s")>] by blast
moreover have P[<(s@s’)>] = (P[<s>])[<s>]
by (induct s', auto)
moreover have Q[<(sQs")>] = (Q[<s>])[<s">]
by (induct s', auto)

ultimately show (P[<s>])[<s>] ~ (Q[<s>])[<s">]
by simp
qed

end

theory Weak-Late-Cong-Subst
imports Weak-Late-Cong Weak-Late-Bisim-Subst Strong-Late-Bisim-Subst
begin

definition congruenceSubst :: pi = pi= bool (infixr «~°» 65) where
P~ Q= (P, Q) € (substClosed congruence)

lemmas congruenceSubstDef = congruenceSubst-def congruence-def substClosed-def

lemma unfoldE:
fixes P :: pi
and Q@ : pi
and s :: (name X name) list

assumes P ~° ()

shows P[<s>] ~»<weakBisim> Q[<s>]

and Q[<s>] ~<weakBisim> P[<s>]
proof —

from assms show P[<s>] ~»<weakBisim> Q[<s>] by(force simp add: congru-
enceSubstDef)
next

from assms show Q[<s>| ~»<weakBisim> P[<s>] by(force simp add: congru-
enceSubstDef)
qed

lemma unjfoldl:

fixes P :: pi
and Q@ : pi
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assumes V s. P[<s>] ~»<weakBisim> Q[<s>] A Q[<s>] ~<weakBisim> P[<s>]

shows P ~° @
proof —

from assms show ?thesis by (force simp add: congruenceSubstDef)
qed

lemma weakEqSubset:

shows substClosed congruence C weakBisim
proof(auto simp add: substClosed-def)

fix P Q

assume Vs. P[<s>| ~ Q[<s>]

hence P[<[]>] ~ Q[<[]>] by blast

thus P =~ @

by (force dest: congruence WeakBisim intro: Weak-Late-Bisim.unfoldI)

qed

lemma weakCongWeakEq:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows P ~ @)
using assms
apply(auto simp add: substClosed-def congruenceSubst-def)
apply(erule-tac z=[] in allE)
by auto

lemma equt:
shows equt (substClosed congruence)
by (rule equtSubstClosed|OF Weak-Late-Cong.equt])

lemma equtl:
fixes P :: pi
and Q@ :: pi
and perm :: mame prm

assumes P ~° @)

shows (perm - P) ~° (perm - Q)
using assms
by (simp add: congruenceSubst-def) (rule equtRell[OF equt])
lemma strongEqWeakCong:

fixes P :: pi
and Q@ : pi
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assumes P ~% ()

shows P ~° @
using assms
by (force intro: strongBisimWeakEq simp add: substClosed-def congruenceSubst-def)

lemma congSubstBisimSubst:
fixes P :: pi
and Q : pi

assumes P ~° ()

shows P ~° @
using assms
by (force simp add: congruenceSubst-def substClosed-def intro: congruence Weak-
Bisim)

lemma refiexive:

fixes P :: pi
shows P ~° P
proof —

from Weak-Late-Bisim.reflexive have AP. P ~»<weakBisim> P
by (blast intro: Weak-Late-Step-Sim.reflexive)
thus ?thesis
by (force simp add: congruenceSubstDef)
qed

lemma symetric:
fixes P :: pi
and Q@ : pi
assumes P ~° ()
shows @ ~° P
using assms

by (force simp add: congruenceSubstDef)

lemma transitive:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~° @)
and Q~R

shows P ~° R
using assms
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by (force simp add: congruenceSubst-def substClosed-def intro: Weak-Late-Cong.transitive)

lemma partUnfold:
fixes P :: pi
and Q@ : pi
and s :: (name X name) list

assumes P ~° @)

shows P[<s>] ~° Q[<s>]
using assms
proof(auto simp add: congruenceSubst-def substClosed-def)
fix s’
assume Vs. (P[<s>], Q[<s>]) € congruence
hence (P[<(s@s’)>], Q[<(s@s")>]) € congruence by blast
moreover have P[<(s@s’)>] = (P[<s>])[<s">]
by (induct s', auto)
moreover have Q[<(sQs")>] = (Q[<s>])[<s">]
by (induct s’, auto)

ultimately show ((P[<s>])[<s">], (Q[<s>])[<s>]) € congruence
by simp
qed

end

theory Strong-Late-Sim-SC
imports Strong-Late-Sim
begin

lemma nilSim[dest]:
fixes a :: name
and b :: name
and z : name
and P :: pi
and Q@ : pi

shows 0 ~~[Rel] 7.(P) = False
and 0 ~»[Rel] a<z>.P = Fualse
and O ~[Rel] a{b}.P = False
by (fastforce simp add: simulation-def intro: Tau Input Output)+

lemma nilSimRight:
fixes P :: pi
and Rel :: (pi x pi) set

shows P ~~[Rel] 0
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by (auto simp add: simulation-def)

lemma matchldLeft:
fixes a :: mame
and P ::pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows [a—~a]P ~~[Rel] P
using assms
by (force simp add: simulation-def dest: Match derivativeReflexive)

lemma matchldRight:
fixes P :: pi
and a :: name
and Rel :: (pi x pi) set

assumes IdRel: Id C Rel

shows P ~»[Rel] [a—~a]P
using assms
by (fastforce simp add: simulation-def elim: matchCases intro: derivativeReflexive)

lemma matchNilLeft:
fixes a :: name
and b :: name
and P : pi

assumes g # b
shows 0 ~~[Rel] [a—~b]P

using assms
by (auto simp add: simulation-def)

lemma mismatchldLeft:

fixes a :: name
and b :: name
and P : pi

and Rel :: (pi x pi) set

assumes Id C Rel
and a#b

shows [a#b]P ~~[Rel] P
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using assms
by (fastforce simp add: simulation-def intro: Mismatch dest: derivativeReflexive)

lemma mismatchldRight:

fixes P :: pi
and a : name
and b :: name

and Rel :: (pi x pi) set

assumes IdRel: Id C Rel
and ainegb: a #£ b

shows P ~~[Rel| [a#b]|P
using assms
by (fastforce simp add: simulation-def elim: mismatchCases intro: derivativeReflex-
ive)

lemma mismatchNilLeft:
fixes a :: name
and P : pi

shows 0 ~~[Rel] [a#a]P
by (auto simp add: simulation-def)

lemma sumSym:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows P & @ ~»[Rel] Q & P
using assms
by (fastforce simp add: simulation-def elim: sumCases intro: Suml Sum2 deriva-
tiveReflerive)

lemma sumlIdempLeft:
fixes P :: pi
and Rel :: (pi x pi) set
assumes Id C Rel
shows P ~~[Rel] P & P
using assms

by (fastforce simp add: simulation-def elim: sumCases intro: derivativeReflexive)

lemma sumlIdempRight:
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fixes P :: pi
and Rel :: (pi x pi) set

assumes [: Id C Rel
shows P @ P ~~[Rel] P
using assms

by (fastforce simp add: simulation-def intro: Suml derivativeReflexive)

lemma sumAssocLeft:

fixes P :: pi
and @ ::pi
and R = pi

and Rel :: (pi x pi) set
assumes Id: Id C Rel

shows (P & Q) & R ~[Rel] P & (Q & R)
using assms
by (fastforce simp add: simulation-def elim: sumCases intro: Suml1 Sum?2 deriva-
tiveReflerive)

lemma sumAssocRight:

fixes P : pi
and @ :: pi
and R :: pi

and Rel :: (pi x pi) set
assumes Id: Id C Rel

shows P @ (Q ® R) ~[Rel] (P ® Q) ® R
using assms
by (fastforce simp add: simulation-def elim: sumCases intro: Sumi1 Sum?2 deriva-
tiveReflexive)

lemma sumZeroLeft:
fixes P :: pi
and Rel :: (pi X pi) set

assumes Id: Id C Rel

shows P @ 0 ~>[Rel] P
using assms
by (fastforce simp add: simulation-def intro: Suml derivativeReflexive)
lemma sumZeroRight:

fixes P :: pi
and Rel :: (pi x pi) set
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assumes Id: Id C Rel
shows P ~[Rel] P ® 0
using assms

by (fastforce simp add: simulation-def elim: sumCases intro: derivativeReflexive)

lemma sumResLeft:

fixes ¢ :: name
and P :pi
and @ :: pi

assumes Id: Id C Rel
and Equt: equt Rel

shows (<vz>P) & (<vz>Q) ~[Rel] <vz>(P & Q)
using Equt
proof (induct rule: simCasesContlwhere C=(z, P, Q)])
case(Bound a y PQ)
from «y f (z, P, @) have y # zand y § P and y § Q by(simp add: fresh-prod)+
hence y f P & @ by simp
with «<vz>(P @& Q) —a«y» < PQ) <y # o show ?case
proof (induct rule: resCasesB)
case(cOpen a PQ)
from (P & Q ——alz] < PQ> <y § P> <y # @ have y § PQ by(force dest:
freshFreeDerivative)
from <P & Q —afz] < PQ> show Zcase
proof (induct rule: sumCases)
case cSuml
from (P ——alz] < PQ> <a # x> have <vz>P ——a<vz> < PQ by(rule
Open)
hence (<vz>P) & (<vz>Q) —ra<vz> < PQ by(rule Sum1)
with <y § PQ> have (<vz>P) & (<vz>Q) —ra<vy> < ([(y, )] - PQ)
by (simp add: alphaBoundResidual)
moreover from Id have derivative ([(y, z)] - PQ) ([(y, z)] + PQ) (BoundOutputS
a) y Rel
by (force simp add: derivative-def)
ultimately show Zcase by blast
next
case cSum2
from <@ —alz] < PQ> <a # » have <vz>Q —a<vz> < PQ by(rule
Open)
hence (<vz>P) & (<vz>Q) —ra<vz> < PQ by(rule Sum?2)
with <y § PQ> have (<vz>P) & (<vz>Q) —ra<vy> < ([(y, z)] - PQ)
by (simp add: alphaBoundResidual)
moreover from Id have derivative ([(y, z)] - PQ) ([(y, z)] + PQ) (BoundOutputS
a) y Rel
by (force simp add: derivative-def)
ultimately show Zcase by blast
qed
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next
case(cRes PQ)
from <P & @Q ——a«y» < PQ> show Zcase
proof (induct rule: sumCases)
case cSuml
from (P —a«y» < PQ» <zt a» <y # x> have <vz>P ——a«y» < <vz>PQ
by (rule-tac ResB) auto
hence (<vz>P) & (<vz>Q) —ra«y» < <vz>PQ by(rule Suml)
moreover from Id have derivative (<vaz>PQ) (<vz>PQ) a y Rel
by(cases a) (auto simp add: derivative-def)
ultimately show Zcase by blast
next
case cSum?2
from «Q —a«y» < PQy <z a> <y # x> have <vz>Q —ra«y» < <vz>PQ
by (rule-tac ResB) auto
hence (<vz>P) & (<vz>Q) —raky» < <vz>PQ by(rule Sum2)
moreover from Id have derivative (<vz>PQ) (<vz>PQ) a y Rel
by(cases a) (auto simp add: derivative-def)
ultimately show ?case by blast
qed
qged
next
case(Free a PQ)
from «<vz>(P & Q) —a < PQ» show ?case
proof (induct rule: resCasesF)
case(cRes PQ)
from <P & @ —a < P@» show Zcase
proof (induct rule: sumCases)
case cSuml
from <P —a < PQ> «z t a» have <vz>P ——a < <vz>PQ by(rule ResF')
hence (<vz>P) & (<vz>Q) —ra < <ve>PQ by(rule Sum1)
with Id show ?case by blast
next
case cSum2
from «Q —a < PQ» «x § a» have <vz>Q —a < <vz>P(Q by(rule ResF)
hence (<vz>P) & (<vz>Q) —ra < <ve>PQ by(rule Sum?2)
with Id show ?case by blast

qed

qed
qed
lemma sumResRight:
fixes © :: name
and P :pi
and @ :: pi

assumes Id: Id C Rel
and Equt: equt Rel
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shows <vaz>(P @& Q) ~[Rel] (<va>P) & (<vz>Q)
using <equt Rel»
proof (induct rule: simCasesCont[where C=(z, P, Q)])
case(Bound a y PQ)
from <y ¢ (z, P, @) have y # z and y § P and y § Q by(simp add: fresh-prod)+
from «(<vz>P) & (<vaz>Q) —a«y» < PQ> show Zcase
proof (induct rule: sumCases)
case cSuml
from «<vz>P ——a«y» < PQ» show ?Zcase using <y # x> <y § P»
proof (induct rule: resCasesB)
case(cOpen a P
from <P ——alz] < P <y t P> have y P’ by(rule freshFreeDerivative)

from (P —afz] < P’y have P & Q ——a[z] < P’ by(rule Suml)
hence <vz>(P @ Q) —ra<va> < P’ using <a # x> by(rule Open)
with <y § P’ have <vz>(P & Q) —a<vy> < [(y, z)] - P’ by(simp add:
alphaBoundResidual)
moreover from Id have derivative ([(y, z)] - P') ([(y, )] - P’) (BoundOutputS
a) y Rel
by (force simp add: derivative-def)
ultimately show Zcase by blast
next
case(cRes P’)
from (P —a«y» < P» have P & Q —a«y» < P’ by(rule Suml)
hence <vz>(P & Q) —a«y» < <vz>P’using «x § a» <y # x> by(rule-tac
ResB) auto
moreover from Id have derivative (<vz>P') (<vz>P’) a y Rel
by(cases a) (auto simp add: derivative-def)
ultimately show Zcase by blast
qed
next
case cSum?2
from «<vz>Q —a«y» < PQ> show ?case using <y # =) <y §
proof (induct rule: resCasesB)
case(cOpen a Q)
from «Q —alz] < Q" <y § @ have y § Q' by(rule freshFreeDerivative)

from «Q ——alz] < Q" have P & @ ——alz] < Q' by(rule Sum2)
hence <vz>(P ® Q) —a<vz> < Q' using <a # ) by(rule Open)
with <y § Q@ have <vz>(P & Q) —a<vy> < [(y, z)] - Q' by(simp add:
alphaBoundResidual)
moreover from Id have derivative ([(y, )] - Q') ([(y, z)] - Q') (BoundOutputS
a) y Rel
by (force simp add: derivative-def)
ultimately show ?case by blast
next
case(cRes Q)
from (Q —a«y» < Q" have P & Q —axy» < Q' by(rule Sum?2)
hence <vz>(P @ Q) —raky» < <vaz>Q’ using x § &> (y # 2 by(rule-tac
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ResB) auto
moreover from Id have derivative (<vz>Q') (<vz>Q’) a y Rel
by(cases a) (auto simp add: derivative-def)
ultimately show ?case by blast
qed
qed
next
case(Free o PQ)
from ((<vz>P) & (<vz>Q) —ra < PQ> show ?Zcase
proof (induct rule: sumCases)
case cSuml
from «<vz>P —a < PQ) show ?case
proof (induct rule: resCasesF)
case(cRes P’)
from (P —a < P’ have P & Q —«a < P’ by(rule Sum1l)
hence <vz>(P & Q) —a < <vz>P’ using «r { o> by(rule ResF)
with Id show ?case by blast
qed
next
case cSum?2
from «<vz>Q —a < PQ» show Zcase
proof (induct rule: resCasesF)
case(cRes Q')
from «Q —a < Q" have P & Q —a < Q' by(rule Sum?2)
hence <vz>(P @& Q) —a < <vz>Q' using <z § a» by(rule ResF')
with Id show ?case by blast
qed
qed
qed

lemma parZeroLeft:
fixes P :: pi
and Rel :: (pi x pi) set

assumes ParZero: \Q. (Q || 0, Q) € Rel

shows P || 0 ~~[Rel] P
proof —

fix PQacz
from ParZero have derivative (P || 0) P a z Rel
by (case-tac a) (auto simp add: derivative-def)

thus ?thesis using assms

by (fastforce simp add: simulation-def intro: ParlB ParlF)
qed
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lemma parZeroRight:
fixes P :: pi
and Rel :: (pi x pi) set

assumes ParZero: \Q. (Q, Q|| 0) € Rel

shows P ~~[Rel] P | O
proof —
{
fix PQacz
from ParZero have derivative P (P || 0) a x Rel
by (case-tac a) (auto simp add: derivative-def)

thus ?thesis using assms
by (fastforce simp add: simulation-def elim: parCasesF parCasesB)+
qed

lemma parSym:
fixes P : pi
and @ :pi
and Rel :: (pi x pi) set

assumes Sym: AR S. (R || S, S || R) € Rel
and  Res: AR Sz. (R, S) € Rel = (<vaz>R, <vz>S) € Rel

shows P || @ ~[Rel] Q || P
proof (induct rule: simCases)
case(Bound a z QP)
from <z § (P | Q) have z §f Q and z § P by simp+
with «Q || P — a«z» < QP> show Zcase
proof (induct rule: parCasesB)
case(cParl Q)
from «Q —a«z» < Q@) have P || Q —a«z» < P || Q' using «x  P» by(rule
Par2B)
moreover have derivative (P || Q) (Q'|| P) a x Rel
by(cases a, auto simp add: derivative-def intro: Sym)
ultimately show ?case by blast
next
case(cPar2 P’
from <P —a«z» < P have P || Q —a«z» < P’ || Q using <z § @ by(rule
Par1B)
moreover have derivative (P’ | Q) (Q || P") a = Rel
by (cases a, auto simp add: derivative-def intro: Sym)
ultimately show ?case by blast
qed
next
case(Free a QP)
from <Q || P — o < QP> show ?case
proof (induct rule: parCasesF[where C=()])
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case(cParl Q)
from <Q — a < Q" have P | @ — a < P || Q' by(rule Par2F)
moreover have (P || Q’, Q' | P) € Rel by(rule Sym)
ultimately show ?case by blast
next
case(cPar2 P’
from (P — a < P» have P | Q — a < P’ || Q by(rule ParlF)
moreover have (P’ | Q, Q || P’) € Rel by(rule Sym)
ultimately show ?case by blast
next
case(cComml1 Q" P'a b 1)
from (P —a[b] < P» «Q ——a<az> < Q)
have P || Q@ — 7 < P’ || (Q'[z::=0b]) by(rule Comm2)
moreover have (P’ | Q'[z::=b], Q'[z::=0b] || P’) € Rel by(rule Sym)
ultimately show ?case by blast
next
case(cComm2 Q' P' a b 1)
from <P —a<z> < P) «Q —a[b] < @)
have P || Q — 7 < (P'[z::=0)) || Q' by(rule CommI)
moreover have (P’[z::=b] || Q', Q' || P’[x::=b]) € Rel by(rule Sym)
ultimately show ?case by blast
next
case(cClosel Q' P' a x y)
from (P — a<vy> < PH» «Q — a<z> < Q" <y i @
have P || Q — 7 < <vy>(P’| (Q'[z:=y])) by(rule Close2)
moreover have (<vy>(P'| Q'[z::=y]), <vy>(Q'[z::=y] || P)) € Rel by(metis
Res Sym)
ultimately show ¢case by blast
next
case(cClose2 Q' P' a x y)
from (P — a<z> < P «Q — a<vy> < QH «y § P»
have P || Q@ — 7 < <vy>((P'lz::=y]) || Q') by(rule Closel)
moreover have (<vy>(P'lz:=y] || Q'), <vy>(Q'| P'lz::=y])) € Rel by(metis
Res Sym)
ultimately show ?case by blast
qed
qed

lemma parAssocLeft:
fixes P :: pi
and @ :pi
and R :: pi
and Rel :: (pi x pi) set

assumes Ass: NSTU. (S| T)|U,S|(T] U)) € Rel

and  Res: NS Tz (S, T) € Rel = (<vz>S, <ve>T) € Rel

and  FreshExt: NST Uz 24 S = (<ve>((S || T) || U), S || <va>(T |
U)) € Rel

and  FreshExt" NS T Uz 2§ U= ((<ve>(S || T)) | U, <vz>(S || (T |
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U))) € Rel

shows (P || Q) | R ~[Rel] P || (Q || R)
proof (induct rule: simCases)
case(Bound a x PQR)
from«zx § (P | Q) || R» have 2 f P and z § Q and z § R by simp+
hence z £ (Q || R) by simp
with <P || (Q || R) — a«z» < PQR» <z § P> show ?case
proof (induct rule: parCasesB)
case(cParl P’)
from (P —— a«a» < P’ have P || Q@ — a«a» < P’ | Q using <z § O
by(rule Par1B)
hence (P || Q) || R — a«z» < (P’ Q) | R using <z § R» by(rule Par1B)
moreover have derivative (P’ | Q) || R) (P’ || (Q | R)) a = Rel
by(cases a, auto intro: Ass simp add: derivative-def)
ultimately show ?case by blast
next
case(cPar2 QR)
from «Q | R — a«a» < QR) <z § @ <z § R show ?case
proof (induct rule: parCasesB)
case(cPar! Q)
from (Q — a«xz» < @ have P | Q — a«z» < P || Q' using <z § P>
by (rule Par2B)
hence (P || Q) | R — a«z» < (P || Q) || R using <z § Ryby(rule ParlB)
moreover have derivative (P || Q') || R) (P || (Q' || R)) a z Rel
by(cases a, auto intro: Ass simp add: derivative-def)
ultimately show ¢case by blast
next
case(cPar2 R’
from (R — a«z» < R have (P || Q) || R — a«z» < (P | Q) | R using
g Pyxt @
by (rule-tac Par2B) auto
moreover have derivative (P || Q) || R) (P || (Q || R)) a z Rel
by (cases a, auto intro: Ass simp add: derivative-def)
ultimately show ?case by blast
qed
qged
next
case(Free a PQR)
from «P || (Q || R) — o < PQR» show ?case
proof (induct rule: parCasesF|where C=(@))
case(cParl P’)
from <P — a < P» have P || Q — a < P’| Q by(rule ParlF)
hence (P || Q) || R— a < (P'|| Q) || R by(rule ParlF)
moreover from Ass have ((P'| Q) || R, P'|| (Q || R)) € Rel by blast
ultimately show ?case by blast
next
case(cPar2 QR)
from «@Q | R — a < QR» show ?case

187



proof (induct rule: parCasesF|where C=P))
case(cParl Q)
from <Q — a < Q" have (P || Q) — a < P || Q' by(rule Par2F)
hence (P || Q) || R— a < (P || Q') || R by(rule ParlF)
moreover from Ass have (P || Q') || R, P || (Q' || R)) € Rel by blast
ultimately show ¢case by blast
next
case(cPar2 R’
from <R— a < R have (P || Q) || R— a < (P | Q) || R by(rule
Par2F)
moreover from Ass have (P || Q) || R, P || (Q || R)) € Rel by blast
ultimately show ?case by blast
next
case(cComml Q' R' a b z)
from «Q —a<z> < Q" <z § P> have P | Q —a<z> < P || Q' by(rule
Par2B)
hence (P || Q) || R+— 7 < (P || Q))[z::=b] || R’ using <R ——a[b] < R’
by (rule Comm1)
with <z § P> have (P || Q) || R— 7 < (P || (Q'[z:=b])) || R’ by(simp add:
forget)
moreover from Ass have ((P || (Q'[z::=b])) || R, P || (Q[z=:=b] || R)) €
Rel by blast
ultimately show ?case by blast
next
case(cComm2 Q' R' a b x)
from «Q —a[b] < @ have P || Q —a[b] < P || Q' by(rule Par2F)
with «z § Py <z § @ (R +——a<z> < R"» have (P || Q) || R— 7 < (P ||
Q) || Rlw:=t)
by (force intro: Comm?2)
moreover from Ass have ((P || Q') || R[z:=b], P || (Q"| R'[z::=b])) € Rel
by blast
ultimately show Zcase by blast
next
case(cClosel Q' R' a z y)
from «Q —ra<z> < Q" <z £ P> have P | Q —a<z> < P | Q' by(rule
Par2B)
with <y § P> <y @ @z § P> <R —a<vy> < R»have (P | Q)| R— 7
< <uy>((P | Q)a==y) || R
by (rule-tac Closel) auto
with <z £ P» have (P || Q) || R — 7 < <vy>((P || (Qlz==y]))) || R
by (simp add: forget)
moreover from <y f P> have (<vy>((P || Q'[z::=y]) || R'), P || <vy>(Q'[z:=y]
| R") € Rel
by (rule FreshExt)
ultimately show ?case by blast
next
case(cClose2 Q' R' a x y)
from «Q —a<vy> < Q" <y £ P> have P | Q —a<vy> < P || Q' by(rule
Par2B)
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hence Act: (P || Q) | R — 7 < <vy>((P || Q) || R'[z::=y]) using <R
—ra<z> < R’ <y § R by(rule Close2)
moreover from <y § P> have (<vy>((P || Q') || R'[z:=y]), P || <vy>(Q’
|| R'[z::=y])) € Rel
by (rule FreshExt)
ultimately show ¢case by blast
qed
next
case(cComml P’ QR a b z)
from «Q || R — a[b] < QR> show ?case
proof (induct rule: parCasesF[where C=()])
case(cParl Q)
from (P ——a<z> < P» <«Q —a[b] < Q" have P || Q —> 7 < P'[z::=b]
I Q' by(rule Comm1)
hence (P || Q) || R+— 7 < (
moreover from Ass have ((P'[x:
by blast
ultimately show ?case by blast
next
case(cPar2 R’)
from (P —a<z> < P <z § @ have P || Q — a<z> < P’ || Q by(rule
Par1B)
hence (P || Q) || R+— 7 < (P | Q)[z==b] | R’ using <R — a[b] < R’
by (rule Comm1)
with <z § @ have (P || Q) || R — 7 < (P’[z=:=b] || Q) || R’ by(simp add:
forget)
moreover from Ass have ((P'[z::=b] || Q) || R', P/lz::=b] || (Q || R)) € Rel
by blast
ultimately show Zcase by blast
next
case(cComm1 Q' R
from <a[b] = 7» have Fualse by simp thus ?case by simp
next
case(cComm2 Q' R")
from (a[b] = 7» have Fualse by simp thus ?case by simp
next
case(cClosel Q' R)
from <a[b] = 7» have Fulse by simp thus ?case by simp
next
case(cClose2 Q' R)
from (a[b] = 7» have Fualse by simp thus ?case by simp
qed
next
case(cComm2 P’ QR a b )
from <z § Q || R have z § @ and z § R by simp+
with <Q || R — a<z> < QR»> show ?Zcase
proof (induct rule: parCasesB)
case(cPar! Q)
from (P +——a[b] < P» «Q — a<z> < @» have P || Q — 7 < P’ ||

P'lz::=b] || Q) || R by(rule ParlF)
<t || Q) | B, Plwz=1] | (Q' || B)) € Rel
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(Q'[x::=0]) by(rule Comm2)
hence (P || Q) || R+— 7 < (P || Q'[z::=b]) || R by(rule ParlF)
moreover from Ass have ((P' || Q'[z:=b]) || R, P’ || Q'[z::=b] || R) € Rel
by blast
with <z § R» have ((P'| Q'[z::=b]) || R, P’ || (Q' || R)[z::=b]) € Rel by(force
stmp add: forget)
ultimately show ?case by blast
next
case(cPar2 R’)
from (P ——alb] < P» have P | Q — a[b] < P’ || Q by(rule ParlF)
hence (P || Q) || R— 7 < (P'|| Q) || (R[z::=b]) using (R —a<z> <
R’y by (rule Comm2)
moreover from Ass have (P’ || Q) || R[z:=0b], P’ | Q|| (R[z::=b])) € Rel
by blast
hence ((P' || Q) || R'[z:=b], P' || (Q || R")[z::=b]) € Rel using <z § @
by (force simp add: forget)
ultimately show ?case by blast
qed
next
case(cClosel P' QR a x y)
from <z § @ | R> have z §f Q by simp
from <y § @ || B> have y f @ and y f R by simp+
from <Q | R — a<vy> < QR <y tt @ <y § R» show Zcase
proof (induct rule: parCasesB)
case(cParl Q)
from (P —a<z> < P «Q — a<vy> < @) <y f P»have P || Q —> T
< <vy>(P'lz:=y] || Q') by(rule Closel)
hence (P || Q) || R+— 7 < (<vy>(P'lzz=y] || Q")) || R by(rule ParlF)
moreover from <y § R have ((<vy>(P'lz:=y] || @) || R, <vy>(P'[z::=y]
I Q"I R)) € Rel
by(rule FreshEaxt’)
ultimately show Zcase by blast
next
case(cPar2 R')
from (P —a<z> < P <z 4 Q> have P || Q — a<z> < P’ || Q by(rule
ParlB)
with (R — a<vy> < Rh <y Pr <y § @ have (P || Q) || R — 7 <
<oy (P' | Q)lz=y) || B
by (rule-tac Closel) auto
with <z f @ have (P | Q) || R — 7 < <vy>((P'lzz=y] || Q) || R) by(simp
add: forget)
moreover have (<vy>((P'lz==y] | Q) || R, <vy>(Ple=y] || (@ || RY))
€ Rel by(metis Ass Res)
ultimately show ?case by blast
qed
next
case(cClose2 P' QR a x y)
from <y £ @ || B> have y § @ and y f R by simp+
from <z £ @ || R have z § @ and z § R by simp+
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with «Q | R — a<z> < QR» show ?case
proof (induct rule: parCasesB)
case(cParl Q)
from (P —a<vy> < P’ <Q —a<z> < Q" have P || Q — 7 < <vy>(P’
| Qzs=y]) using £ @
by (rule Close2)
hence (P || Q) || R+— 7 < (<vy>(P' || Q[z::=y])) || R by(rule ParlF)
moreover from <y § R have ((<vy>(P' || Q'[z==y])) || R, <vy>(P'|
(Qz=y] || R))) € Rel
by (rule FreshExt')
with @ ¢ R have (<vy>(P' | Qs=y))) | B, <vy>(P'| (Q'|| R)z==y)))
€ Rel
by (simp add: forget)
ultimately show ?case by blast
next
case(cPar2 R')
from <P —sa<vy> < P <yt @ have P || Q — a<vy> < P’ Q by(rule
PariB)
hence (P || Q) || R— 7 < <vy>((P'|| Q) || R'[z::=y]) using (R — a<z>
< R’ <y § R» by(rule Close2)
moreover have (P’ | Q) || R/[z::=y], P’ || (Q || R'[x::=y])) € Rel by(rule
Ass)
hence (<vy>((P' || Q) || Rls:=y]), <vy>(P' | (@ || R'z==y)))) € Rel
by (rule Res)
hence (<vy>((P" [ Q) || R'zz=y]), <vy>(P" || (@ || B')[z:=y])) € Rel
using x §
by (simp add: forget)
ultimately show ?case by blast
qed
qed
qed

lemma substRes3:
fixes a :: name
and P : pi
and z : name

shows (<va>P)[z:=a] = <vz>([(z, a)] - P)
proof —
have a § <va>P by(simp add: name-fresh-abs)
hence (<va>P)[z:=a] = [(z, a)] - <va>P by(rule injPermSubst| THEN sym])
thus (<va>P)[z::=a] = <vz>([(z, a)] - P) by(simp add: name-calc)
qed

lemma scopeExtParLeft:

fixes P :: pi
and @ :: pi
and a : name

and st :: name list
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and Rel :: (pi x pi) set

assumes z f P

and Id: Id C Rel
and EqutRel:  equt Rel
and  Res: AR Sy yt R= (<vy>(R || 9), R | <vy>S) € Rel

and ScopeExt: AR Sy z yt R = (<vy><vz>(R || ), <vz>(R ||
<vy>S)) € Rel

shows <va>(P || Q) ~[Rel] P || <va>Q
using <equt Rel»
proof (induct rule: simCasesContlwhere C=(z, P, Q)])
case(Bound a y PzQ)
from <y § (z, P, Q) have y # z and y £ P and y § @ by simp+
hence y £ P and y § <va>Q by(simp add: abs-fresh)+
with (P || <vz>Q — a«y» < Pz@> show ?Zcase
proof (induct rule: parCasesB)
case(cParl P
from <P —a«y» < P «x ff P> <y # 7> have z f a and z §f P’
by (force intro: freshBoundDerivative)+

from (P ——a«y» < P <y § @ have P || Q ——a«y» < P’ || @ by(rule
PariB)
with <z § a> <y # 2» have <vz>(P || Q) — a«y» < <vz>(P'| Q) by(rule-tac
ResB) auto
moreover have deriative (<vz>(P’| Q)) (P’ <vz>Q) a y Rel
proof(cases a, auto simp add: derivative-def)
fix u

show ((<vaz>(P'| @))[y:=u], Ply==u]| ((<vz>Q)[y:=u])) € Rel
proof(cases z=u)
case True
have (<va>(P' || Q)ly=1] = <vy>(([(s )] - P) || (3 2)] - Q)
by (simp add: substRes3)
moreover from <z § P’ have P’ly:=z| = [(y, z)] - P’ by(rule in-
jPermSubst| THEN sym)])
moreover have (<vz>Q)[y:=z] = <vy>([(y, z)] - Q) by(rule substRes3)
moreover from <z § P <y # x> have y t [(y, z)] - P’ by(simp add:
name-fresh-left name-calc)
ultimately show ?thesis using <z = wby(force intro: Res)
next
case Fulse
with «y # 2 have (<va>(P’' | Q))[y:=u] = <ve>(P'ly:=u] || Q[y::=u])
by (simp add: fresh-prod name-fresh)
moreover from «z # w <y # o> have (<vz>Q)[y:=u] = <va>(Q[y:=ul)
by (simp add: fresh-prod name-fresh)
moreover from «z § P «z # w have = § P'ly::=u] by(simp add: fresh-fact1)
ultimately show ?thesis by (force intro: Res)
qed
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next
from <z § P’ show (<vz>(P'| Q), P'| <vaz>Q) € Rel by(rule Res)
qed

ultimately show ?case by blast
next

case(cPar2 z(Q)

from «<vr>Q —axy» < z@Q> <y # v <y § Q> show ?Zcase

proof (induct rule: resCasesB)

case(cOpen a Q)
from <Q ——afz] < Q) <y # Q> have yFreshQ”" y § Q' by(force intro:

freshFreeDerivative)

from <Q — a[z] < Q" have P || Q — a[z] < P || Q' by(rule Par2F)
hence <vz>(P || Q) — a<vz> < P || Q' using <a # 2> by(rule Open)
with <y § P> <y § @" have <vz>(P || Q) — a<vy> < [(z, y)] - (P | Q)
by (subst alphaBoundResidual[where z'=z]) (auto simp add: fresh-left
calc-atm)
with <y § P> «z § P> have <vz>(P || Q) — a<vy> < P || ([(z, )] - Q")
by (simp add: name-fresh-fresh)

moreover have derivative (P || ([(z, y)] - @) (P || ([(y, z)] - @)
(BoundOutputS a) y Rel using Id
by (auto simp add: derivative-def name-swap)

ultimately show ?case by blast
next

case(cRes Q')

from <Q — a«y» < Q" <yt P> have P | Q — a«y» < P || Q' by(rule
Par2B)
hence <vz>(P | Q) — a«y» < <vz>(P || Q') using <z § &> <y #
by (rule-tac ResB) auto
moreover have derivative (<vz>(P || Q")) (P || <vz>Q’) a y Rel
proof(cases a, auto simp add: derivative-def)
fix u
show ((<vz>(P || Q")[y==u], Ply:=u]| (<vz>Q")[y:=u]) € Rel
proof(cases x=u)
case True
from <z f P> <y § P> have (<vz>(P || Q)[y:=z] = <vy>(P | ([(y, z)]
- Q)
by (simp add: substRes3 perm-fresh-fresh)
moreover from <y § P> have P[y:=z] = P by(simp add: forget)
moreover have (<vz>Q’)[y:=z] = <vy>([(y, z)] - Q') by(rule substRes3)
ultimately show ?thesis using (x=u> <y § P> by(force intro: Res)
next
case Fualse
with «y # © have (<vz>(P | Q)[y:=u] = <va>((P || Q")[y:=u])
by (simp add: fresh-prod name-fresh)
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moreover from «y # ) <z # w have (<vz>Q’)[y:=u] = <vz>(Q'ly:=u])
by (simp add: fresh-prod name-fresh)
moreover from <z £ P> <z # w» have z § P[y:=u| by(force simp add:
fresh-factl)
ultimately show ?thesis by(force intro: Res)
qged
next
from <z § P> show (<vz>(P || Q'), P || <vz>Q’) € Rel by(rule Res)
qed
ultimately show ?case by blast
qed
qed
next
case(Free a Pz())
from <P || <vz>Q —ra < Pz@)> show ?case
proof (induct rule: parCasesF[where C=z])
case(cParl P’)
from <P — o < P’y <z § P>have z {f a and =z P’ by(force intro: freshFreeD-
erivative)+
from (P — a < P» have P | Q — a < P’ || Q by(rule ParlF)
hence <vz>(P || Q) — a < <vz>(P'| Q) using <z § a» by(rule ResF)
moreover from <z § P have (<vz>(P'| Q), P'| <vz>Q) € Rel by(rule
Res)
ultimately show ?case by blast
next
case(cPar2 Q)
from «<vz>Q — a < @ show ?case
proof (induct rule: resCasesF)
case(cRes Q)
from <Q — a < Q" have P | Q@ — a < P || Q' by(rule Par2F)
hence <vz>(P || Q) —ra < <vaz>(P || Q') using «z § @ by(rule ResF)
moreover from <z § Py have (<va>(P || Q), P || <vz>Q’) € Rel by(rule
Res)
ultimately show ?case by blast
qed
next
case(cComml P’ zQ a b y)
from <y § 2> have y # z by simp
from (P — a<y> < P <z § Py <y # o have z § P’ by(force intro:
freshBoundDerivative)
from <<vz>Q —a[b] < Q> show Zcase
proof (induct rule: resCasesF)
case(cRes Q)
from <z £ a[b]> have x # b by simp
from <P — a<y> < P» «Q — a[b] < @"» have P | Q — 7 < P'[y::=]
| @ by(rule Comml)
hence <vz>(P || Q) — 7 < <va>(P’[y:=b] || Q') by(rule-tac ResF) auto
moreover from <z § P’ <z # b have z § P'[y::=b] by(force intro: fresh-fact1)
hence (<vz>(P'ly:=b] | Q7), P'ly::=b] || <vz>Q’) € Rel by(rule Res)
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ultimately show ?case by blast
qed
next
case(cComm2 P’ zQ a b y)
from <y § » <y § <vz>Q@> have y # = and y § Q by(simp add: abs-fresh)+
with «<vz>Q —a<y> < z@)» show Zcase
proof (induct rule: resCasesB)
case(cOpen b Q)
from <InputS a = BoundOutputS b> have Fulse by simp
thus “case by simp
next
case(cRes Q)
from <P —a[b] < P» «<Q —a<y> < Q" have P | Q —> 7 < P’ |
Q'Ty::=b] by(rule Comm2)
hence <vz>(P || Q) — 7 < <va>(P’| Q'[y::=b]) by(rule-tac ResF) auto
moreover from (P —a[b] < P’ «z § P> have z § P’ and z # b by(force
dest: freshFreeDerivative)+
from <z § P have (<vz>(P' || Qly==b]), P’ || <vz>(Q'[y::=0b])) € Rel
by (rule Res)
with <y # o> «x # b have (<vz>(P' | Q'ly::=0b]), P’ || (<va>Q")|y::=b])
€ Rel by simp
ultimately show Zcase by blast
qed
next
case(cClosel P' Q' a y 2)
from <y # z> have y # z by simp
from <z § x> <z § <vz>@Q> have z § Q and z # z by(simp add: abs-fresh)+
from (P —a<y> < P’ <z § P» have z # a by(force dest: freshBoundDeriva-
tive)
from «<vz>Q — a<vz> < Q) <z # x 2§ Q> show ?case
proof (induct rule: resCasesB)
case(cOpen b Q)
from <BoundOutputS a = BoundQutputS b> have a = b by simp
with «Q — b[z] < Q" have ([(z, z)] - Q) — [(z, z)] - (a[z] < Q)
by (rule-tac transitions.equt) simp
with <b # 2 <z # @ <a = b <z # o have ([(z, 2)] - Q) — a[z] < ([(2, z)]
. Q’)
by (simp add: name-calc equts)
with <P —a<y> < P’ have P || ([(z, z)] + Q) —7 < P'ly==2] || ([(2, z)]
- Q)
by (rule Comm1)
hence <vz>(P | ([(z, 2)] - Q)) — 7 < <vz>(P'ly==2] || ([(2, )] - Q7))
by (rule-tac ResF) auto
hence <vz>(P || Q) — 7 < <vz>(P'ly:=2] || ([(2, z)] - Q') using <z 4
Py <z4 @ <zt P>
by (subst alphaRes[where c=z]) auto
with Id show ?case by force
next

case(cRes Q)
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from <P —a<y> < P» <Q —a<vz> < Q@ <z Pyhave P || Q —> 7 <
<vs>(Ply:=] || @)
by (rule Closel)
hence <vz>(P | Q) — 7 < <vz><vz>(P'ly:=z] || Q') by(rule-tac ResF')
auto
moreover from (P —a<y> < P" «y # © «x § P> have z § P’
by (force dest: freshBoundDerivative)
with <z # o> have z § P'[y::=2] by(simp add: fresh-factl)
hence (<vz><vz>(P'ly:=z] | Q'), <vz>(P'ly:==z] | <ve>Q’)) € Rel
by (rule ScopeEat)
ultimately show Zcase by blast
qed
next
case(cClose2 P' zQ a y z)
from <z § o <z f <vz>Q> have z # z and z § Q by(auto simp add: abs-fresh)
from <y f »» <y ff <vaz>@> have y # z and y £ Q by(auto simp add: abs-fresh)
with «<vz>Q —a<y> < z@)» show Zcase
proof (induct rule: resCasesB)
case(cOpen b Q)
from <InputS a = BoundOutputS b> have Fualse by simp
thus “case by simp
next
case(cRes Q')
from <P —a<vz> < P «Q —a<y> < Q» <z Q> have P || Q — T
< <vz>(P' || Q'ly::=2])
by (rule Close2)
hence <vz>(P || Q) — 7 < <vz><vz>(P' | (Q'ly::=2]))
by (rule-tac ResF') auto
moreover from (P —sa<vz> < P’y <z § Py <z # ) have z § P’ by(force
dest: freshBoundDerivative)
hence (<vz><vz>(P' | (Q'ly:=2])), <vz>(P' || (<vz>(Q'ly::=2])))) € Rel
by (rule ScopeExt)
with <z # © «y # » have (<ve><vz>(P' | (Q'ly:=z])), <vz>(P' |
(<vz>Q")]y:=z2])) € Rel

by simp
ultimately show ?case by blast
qged

qed
qed
lemma scopeExtParRight:

fixes P :: pi

and @ :: pi

and a :: name

and Rel :: (pi x pi) set
assumes z f P

and 1d: Id C Rel
and equt Rel
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and  Res: AR Sy yt R= (R| <vy>S, <vy>(R || S)) € Rel
and  ScopeErt: AR Syz yt R= (<vz>(R | <vy>S), <vy><vz>(R ||
S)) € Rel

shows P || <vz>Q ~+[Rel] <vaz>(P || Q)
using <equt Rel»
proof (induct rule: simCasesContlwhere C=(z, P, Q)])
case(Bound a y PQ)
from «y £ (z, P, @) have y # z and y § P and y § @ by simp+
hence y # z and y § P || Q by(auto simp add: abs-fresh)
with «<vaz>(P || Q) —aky» < zPQ)> show Zcase
proof (induct rule: resCasesB)
case(cOpen a PQ)
from <P || Q —a[z] < PQ> show ?case
proof (induct rule: parCasesF[where C=()])
case(cParl P’)
from <P ——alz] < P <zt P> have z # z by(force dest: freshFreeDerivative)
thus ?case by simp
next
case(cPar2 Q)
from <Q —afz] < Q" <yt @ have y t Q' by(force dest: freshFreeDerivative)
from <Q —alz] < Q) <a # » have <vz>Q ——a<vz> < Q' by(rule
Open)
hence P || <vz>Q —a<vz> < P || Q' using <z § P» by(rule Par2B)
with <y § P> <y § Q" <z § P) have P || <vz>Q —a<vy> < ([(y, z)] - (P
Q)
by (subst alphaBoundResidual[where z'=z]) (auto simp add: fresh-left
calc-atm)
moreover with Id have derivative ([(y, z)] - (P | Q")
([(y, ©)] - (P || Q")) (BoundOutputS a) y Rel
by (auto simp add: derivative-def)
ultimately show Zcase by blast
next
case(cComml P' Q' b cy)
from <alz] = 7> show ?Zcase by simp
next
case(cComm2 P’ Q' b c y)
from <af[z] = 7> show ?case by simp
next
case(cClosel P' Q' b y z)
from <alz] = 7> show ?Zcase by simp
next
case(cClose2 P’ Q' b y 2)
from <alz] = 7> show %case by simp
qed
next
case(cRes PQ)
from <P || Q —a«y» < PQ) <y tt P> <yt Q>
show ?case
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proof (induct rule: parCasesB)
case(cParl P’)

from <y # 2 <z § P> <P —a«y» < P’y have z § P’ by(force dest: fresh-
BoundDerivative)

from (P —a«y» < P <yt @ have P | <vz>Q —asy» < P'|| <vz>Q
by (rule-tac Par1B) (auto simp add: abs-fresh)
moreover have derivative (P’ || <vz>Q) (<vz>(P'| Q)) a y Rel
proof(cases a, auto simp add: derivative-def)
fix u:name
obtain z::name where 2z Q and y # zand 2 # vand z § P and z § P’
by (generate-fresh name) auto

thus (Ply:=u] || (<vz>Q)[y::=u|, (<vz>(P'| Q))[y::=u]) € Rel using

<z f P’
by (subst alphaRes[where c=z and a=z], auto)
(subst alphaResjwhere c=z and a=z], auto intro: Res simp add:
fresh-factl)
next

from <z § P’y show (P’ || <vz>Q, <vaz>(P’|| Q)) € Rel
by (rule Res)
qed

ultimately show ?case by blast
next
case(cPar2 Q)
from <Q —a«y» < Q" have <vr>Q —a«y» < <vz>Q’ using «z { a»
Y F
by (rule-tac ResB) auto
hence P || <vz>Q —asy» < P || <vaz>Q’' using <y {§ P> by(rule Par2B)

moreover have derivative (P | <vz>Q’) (<vz>(P || Q) a y Rel
proof(cases a, auto simp add: derivative-def)
fix u::name
obtain z::name where 2 Qand z # yand 2z # uvand zf Pand 2 f Q'
by (generate-fresh name) auto

thus (Ply:=u] || (<ve>Q)[y:=u], (<vz>(P || Q'))[y::=u]) € Rel using
i P
by (subst alphaRes[where a=z and c=z|, auto)
(subst alphaRes[where a=z and c=z|, auto intro: Res simp add:
fresh-fact1)
next
from «z f P» show (P || <vz>Q', <vz>(P || Q) € Rel
by (rule Res)
qed

ultimately show ?case by blast

qed
qed
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next
case(Free a zPQ)
from «<vz>(P || @) —a < zPQ» show ?case
proof (induct rule: resCasesF)
case(cRes PQ)
from <P || Q@ —a < PQ> show Zcase
proof (induct rule: parCasesF[where C=z])
case(cParl P’)
from (P —a < P’y have P || <vz>Q —a < P'|| <vz>Q by(rule ParlF')
moreover from <P —a < P’ <z § P> have z § P’ by(rule freshFreeD-
erivative)
hence (P’ | <vz>Q, <vz>(P'| Q)) € Rel by(rule Res)
ultimately show ?case by blast
next
case(cPar2 Q)
from <Q —a < Q) <z § a» have <vz>Q —a < <vz>Q' by(rule ResF)
hence P || <vz>Q +—a < P || <va>Q' by(rule Par2F)
moreover from <z § Py have (P || <vz>Q’, <vz>(P || Q') € Rel by(rule
Res)
ultimately show ?case by blast
next
case(cComm! P’ Q' a b y)
from «x § P> <y § ©» <P —a<y> < P> have z # a and z § P’ by(force
dest: freshBoundDerivative)+
show Zcase
proof(cases b=z)
case True
from «Q ——a[b] < Q" «x # a» <b = » have <vz>Q —a<va> < Q'
by (rule-tac Open) auto
with <P —a<y> < Py have P || <vz>Q +—7 < <va>(P'y==2] || Q')
using <z £ P> by(rule Closel)
moreover from Id have (<vz>(P'ly:=b] | QF), <vz>(Ply:=b] | Q) €
Rel by blast
ultimately show ?thesis using (b=xz> by blast
next
case Fulse
from <Q ——a[b] < Q" <z # @ b # z have <vz>Q ——alb] < <vz>Q’
by (rule-tac ResF) auto
with <P —a<y> < P’» have P || <vz>Q 7 < (P’[y:=b] || <vz>Q’)
by (rule Comm1)
moreover from <z § P’ b # x> have (P'[y:=b] || <vz>Q’, <vz>(P'[y:=1]
| @) € Rel
by (force intro: Res simp add: fresh-fact1)
ultimately show ?thesis by blast
qed
next
case(cComm?2 P’ Q' a b y)
from <P —a[b] < P» <z § P> have z # a and = # b and z § P’ by(force
dest: freshFreeDerivative)~+
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from «Q —a<y> < Q) «y i © <z # @ have <vz>Q —a<y> < <vz>Q’
by (rule-tac ResB) auto
with <P ——a[b] < P have P || <vz>Q 7 < P’ || (<ve>Q')|y:=0]
by (rule Comm2)
moreover from <z § P’ have (P’ || <vz>(Q'[y::=b]), <vz>(P'| Q'ly::=b]))
€ Rel by(rule Res)
ultimately show Zcase using <y ff x> «x # b by force
next
case(cClosel P’ Q' a y 2)
from (P —a<y> < P» <z § P> <y # 2> have = # a and z § P’ by(force
dest: freshBoundDerivative)+
from <Q ——a<vz> < Q) <z § » <z # @ have <vz>Q —a<vz> <
<vz>Q’ by(rule-tac ResB) auto
with <P —a<y> < P’y have P || <vz>Q 1 < <vz>(P'ly==2] ||
<vz>Q") using «z § P» by(rule Closel)
moreover from <z § P’ <z § > have (<vz>(P'ly:=2] | <vz>Q’), <vz>(<vz>(P'|y:=7]
| Q7)) € Rel
by (rule-tac ScopeFExt) (auto simp add: fresh-factl)
ultimately show ?case by blast
next
case(cClose2 P’ Q' a y 2)
from (P —a<vz> < P <z P> <z 4 2 have x # a and z § P’ by(force
dest: freshBoundDerivative)+
from «Q —a<y> < Q" <y § > <x # &> have <vz>Q ——a<y> < <vz>Q’
by (rule-tac ResB) auto
with <P —a<vz> < P have P || <vz>Q —7 < <vz>(P'|| (<va>Q')[y::=2])
using <z § @
by (rule-tac Close2) (auto simp add: abs-fresh)
moreover from «z § P’ have (<vz>(P' | <vz>(Q'[y:=2])), <vaz><vz>(P’
| Q'ly::=2])) € Rel by(rule ScopeExt)
ultimately show ?case using <z ff z» <y > by force
qed
qed
qed

lemma resNilRight:
fixes z :: name

and Rel :: (pi X pi) set

shows 0 ~~[Rel] <vz>0
by (fastforce simp add: simulation-def pi.inject alpha’ elim: resCasesB’ resCasesF)

lemma resComm:

fixes a :: mame
and b :: name
and P :pi

and Rel :: (pi x pi) set

assumes ResComm: N\c d Q. (<ve><vd>Q, <vd><vc>Q) € Rel
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and 1d: Id C Rel
and EqutRel: equt Rel

shows <va><vb>P ~[Rel] <vb><va>P
proof(cases a=b)
assume a=>b
with Id show ?thesis by(force intro: Strong-Late-Sim.reflexive)
next
assume ainegb: a # b
from FEqutRel show ?thesis
proof (induct rule: simCasesCont[where C=(a, b, P)])
case(Bound ¢ = baP)
from <z § (a, b, P)» have = # a and = # b and z § P by simp+
from <z § P> have z § <va>P by(simp add: abs-fresh)
with «<<vb><va>P —— c«z» < baP)> <x # b> show Zcase
proof (induct rule: resCasesB)
case(cOpen ¢ aP)
from (<va>P ——c[b] < aP»
show ?Zcase
proof (induct rule: resCasesF)
case(cRes P’)
from <a § ¢[b]> have a # ¢ and a # b by simp+
from «z § Py <P ——¢[b] < P"» have z # c and z § P’ by(force dest:
freshFreeDerivative)+
from (P — ¢[b] < P’ have ([(z, b)] - P) — [(x, b)] - (c[b] < P’) by(rule
transitions.equt)
with <z # o «¢ # b « # b have ([(z, b)] - P) — c[z] < [(z, b)] - P’
by (simp add: equts calc-atm)
hence <vz>([(z, b)] - P) — c<vz> < [(z, b)] - P’ using <z # ©
by (rule-tac Open) auto
with <z § P> have <vb>P — c<vz> < [(z, b)] - P’ by(simp add:
alphaRes)
hence <va><vb>P — c<vz> < <va>([(z, b)] - P’) using <a # © <=
#+ w
by (rule-tac ResB) auto
moreover from Id have derivative (<va>([(z, b)] - P’)) (<va>([(z, b)] -
P") (BoundOutputS c) x Rel
by (force simp add: derivative-def)
ultimately show Zcase using <a # by «x # a) <a # ¢ by(force simp add:
equts calc-atm)
qed
next
case(cRes aP)
from «<va>P —— c«x» < aP> <z # a> <z § Py <b § ¢» show ?case
proof (induct rule: resCasesB)
case(cOpen ¢ P’)
from <P ——cla] < P’ <x § P» have z § P’ by(force intro: freshFreeDeriva-
tive)
from «b §f BoundOutputS ¢» have b # ¢ by simp
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with <P ——c[a] < P <a # b> have <vb>P +— c[a] < <vb>P’' by(rule-tac
ResF') auto
with (¢ # a) have <va><vb>P — c<va> < <vb>P’ by(rule-tac Open)
auto
hence <va><vb>P —c<ve> < <vb>([(z, a)] - P’) using <z # b <a #
by <x § P)
apply (subst alphaBoundResidual[where z'=a]) by(auto simp add: abs-fresh
fresh-left calc-atm)
moreover have derivative (<vb>([(z, a)] - P’)) (<vb>([(z, a)] - P)
(BoundOutputS ¢) x Rel using Id
by (force simp add: derivative-def)
ultimately show ?case by blast
next
case(cRes P’)
from <P ——c«x» < P’ <b o <x # b have <vb>P —— c«x» < <vb>P’'
by (rule-tac ResB) auto
hence <va><vb>P — ckz» < <va><vb>P’ using «a § o> «x # @
by (rule-tac ResB) auto
moreover have derivative (<va><vb>P') (<vb><va>P’) ¢ x Rel
proof(cases ¢, auto simp add: derivative-def)
fix u:name
show ((<va><vb>P')[z:=u], (<vb><va>P')[z:=u|) € Rel
proof(cases u=a)
case True
from <u = a) <a # b> show ?thesis
by (subst injPermSubst[symmetric], auto simp add: abs-fresh)
(subst injPermSubst[symmetric], auto simp add: abs-fresh calc-atm
intro: ResComm,)
next
case Fulse
show ?thesis
proof (cases u=b)
case True
from (u = b <u # a> show ?thesis
by (subst injPermSubst[symmetric|, auto simp add: abs-fresh)
(subst injPermSubst[symmetric], auto simp add: abs-fresh calc-atm
intro: ResComm,)

next
case Fulse
from (u # @ <u # b «x # @ «x # by show Zthesis by(auto intro:
ResComm)
qed
qed
next
show (<va><vb>P', <vb><va>P’) € Rel by(rule ResComm)
qed
ultimately show ?case by blast
qed
qed
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next
case(Free o baP)
from «<vb><va>P —— a < baP> show ?case
proof (induct rule: resCasesF)
case(cRes aP)
from «<va>P — a < aP> show ?case
proof (induct rule: resCasesF)
case(cRes P’)
from (P — a < P’ <b § @ have <vb>P —— o < <vb>P’by(rule ResF)
hence <va><vb>P —— a < <va><vb>P' using <a § a» by(rule ResF)
moreover have (<va><vb>P’, <vb><va>P’) € Rel by(rule ResComm)
ultimately show ?case by blast
qed
qed
qed
qed

lemma bangLeftSC':
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~»[Rel] P || |P
using assms
by (force simp add: simulation-def dest: Bang derivativeReflexive)

lemma bangRightSC"
fixes P :: pi
and Rel :: (pi X pi) set

assumes IdRel: Id C Rel
shows P || |P ~~[Rel] |P
using assms

by (fastforce simp add: pi.inject simulation-def intro: derivativeReflexive elim: bang-
Cases)

lemma resNilLeft:

fixes ¢ :: name

and y : name

and P :pi

and Rel :: (pi x pi) set
and b : name

shows 0 ~~[Rel] <vz>(z<y>.P)
and 0 ~[Rel] <vz>(z{b}.P)
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by (auto simp add: simulation-def)

lemma resInputLeft:
fixes z :: name
and a :: name
and y :: name
and P : pi
and Rel :: (pi x pi) set

assumes xineqa: T # a
and  zineqy: © #£ y
and Equt: equt Rel
and Id: Id C Rel

shows <va>a<y>.P ~~[Rel] a<y>.(<vz>P)
using Equt
proof (induct rule: simCasesCont|where C=(z, y, a, P)])
case(Bound b z P')
from <z § (2, y, a, P)» have z # z and 2z # y and 2z § P and z # a by simp+
from <z § P> have z § <vz>P by(simp add: abs-fresh)
with (a<y>.(<vz>P) —b«z» < P <z # a» <z # y> show Zcase
proof (induct rule: inputCases)
case clnput
have a<y>.P —a<y> < P by(rule Input)
with «z # ¥ <z # @ have <vz>a<y>.P —a<y> < <vz>P by(rule-tac
ResB) auto
hence <vz>a<y>.P —a<z> < [(y, 2)] - <vz>P using ¢z § P»
by (subst alphaBoundResidual[where x'=y]) (auto simp add: abs-fresh fresh-left
calc-atm)
moreover from Id have derivative ([(y, z)] -+ <vz>P) ([(y, z)] - <va>P)
(InputS a) z Rel
by (rule derivativeReflexive)
ultimately show ?case by blast
qed
next
case(Free o P’)
from <a<y>.(<vz>P) —a < P’ have Fualse by auto
thus ?case by simp
qed

lemma resInputRight:
fixes a :: name
and y :: name
and z :: name
and P : pi
and Rel :: (pi x pi) set

assumes xineqa: T # a
and  zineqy: © #£ y
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and Equt: equt Rel
and Id: Id C Rel

shows a<y>.(<va>P) ~~[Rel] <vz>a<y>.P
using Fqut
proof (induct rule: simCasesContlwhere C=(z, y, a, P)])
case(Bound b z zP)
from <z § (z, y, a, P)» have 2z # z and z # y and z § P and z # a by simp+
from <z # > <z § P» have z §f a<y>.P by(simp add: abs-fresh)
with (<ve>a<y>.P —b«zy < P> <z # x> show Zcase
proof (induct rule: resCasesB)
case(cOpen b P’)
from <a<y>.P —b[z] < Py have Fulse by auto
thus ?case by simp
next
case(cRes P’)
from <a<y>.P ——b«z» < Pz # a <z # ¢ <z § P> show ?case
proof (induct rule: inputCases)
case clnput
have a<y>.(<vaz>P) —a<y> < (<vz>P) by(rule Input)
with <z § P> <z # y» <z # o have a<y>.(<vz>P) —ra<z> < (<ve>([(y,
2] - P)
by (subst alphaBoundResidual[where z'=y]) (auto simp add: abs-fresh
calc-atm fresh-left)
moreover from Id have derivative (<vz>([(y, )] - P)) (<va>([(y, 2)] -
P)) (InputS a) z Rel
by (rule derivativeReflexive)
ultimately show ?case by blast
qed
qed
next
case(Free o P’)
from (<vz>a<y>.P —>a < P’ have Fualse by auto
thus ?case by simp

qed

lemma resQutputLeft:
fixes x :: name
and a : name
and b :: name
and P :pi

and Rel :: (pi x pi) set
assumes zineqa: T £ a
and  zinegb: x # b
and Id: Id C Rel

shows <vz>a{b}.P ~»[Rel] a{b}.(<vz>P)
using assms
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by (fastforce simp add: simulation-def elim: outputCases intro: Output ResF)

lemma resOutputRight:

fixes x :: name
and a :: name
and b :: name
and P ::pi

and Rel :: (pi x pi) set

assumes xineqa: T # a
and  minegb: x £ b
and Id: Id C Rel
and Equt: equt Rel

shows a{b}.(<va>P) ~~[Rel] <vz>a{b}.P
using assms
by (erule-tac simCasesCont|where C=z))

(force simp add: abs-fresh elim: resCasesB resCasesF outputCases intro: ResF
Output)+

lemma resTaulLeft:
fixes z :: name
and P :pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows <va>(1.(P)) ~[Rel] T.(<vz>P)
using assms
by (force simp add: simulation-def elim: tauCases resCasesF intro: Tau ResF')

lemma resTauRight:

fixes x :: name

and P :pi

and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows 7.(<vz>P) ~~[Rel] <vz>(7.(P))
using assms
by (force simp add: simulation-def elim: tauCases resCasesF intro: Tau ResF)
end
theory Strong-Late-Bisim-SC

imports Strong-Late-Bisim-Pres Strong-Late-Sim-SC
begin

lemma nilBisim[dest]:
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fixes a :: name
and b :: name
and z : name
and P : pi

shows 7.(P) ~ 0 = Fulse
and a<z>.P ~ 0 = Faulse
and a{b}.P ~ 0 = Fulse
and O ~ 7.(P) = Fulse
and O ~ a<z>.P = Fualse
and O ~ a{b}.P = Fulse
by (auto dest: bisimE symmetric)

lemma matchld:
fixes a :: name
and P : pi

shows [a—~a]P ~ P
proof —

let ?X = {([a—~a]P, P), (P, [a—~a]P)}

have ([a—~a]P, P) € ?X by simp

thus ?thesis

by (coinduct rule: bisimCoinduct) (auto intro: matchldLeft matchlIdRight reflex-

ive)
qed

lemma matchNil:
fixes a :: name
and b :: name

assumes a # b

shows [a—~b]P ~ 0
proof —
let ?X = {([a—~0b]P, 0), (O, [a—~D]P)}
have ([a—~b]P, 0) € ?X by simp
thus ?thesis using <a # b
by (coinduct rule: bisimCoinduct) (auto intro: matchNilLeft nilSimRight reflex-
ive)
qed
lemma mismatchld:
fixes a :: name
and b :: name

and P : pi

assumes a # b
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shows [a#b|P ~ P
proof —

let ?X = {([a#b]P, P), (P, [a#b]P)}

have ([a#£b]P, P) € ?X by simp

thus ?thesis using <a # b

by (coinduct rule: bisimCoinduct) (auto intro: mismatchldLeft mismatchIdRight

reflexive)
qed

lemma mismatchNil:
fixes a :: name
and P :: pi

shows [a#a|P ~ 0
proof —

let ?X = {([a#a]P, 0), (0, [a£a]P)}

have ([a#a]P, 0) € ?X by simp

thus ?thesis

by (coinduct rule: bisimCoinduct) (auto intro: mismatchNilLeft nilSimRight re-

flexive)
qged

lemma nilRes:
fixes z :: name

shows <vz>0 ~ 0
proof —
let ?X = {(<vz>0, 0), (0, <vz>0)}
have (<vz>0, 0) € ?X by simp
thus ?thesis
by (coinduct rule: bisimCoinduct) (auto intro: nilSimRight resNilRight)
qed

lemma resComm:
fixes z :: name
and y :: name
and P :: pi

shows <vr><vy>P ~ <vy><vz>P
proof —
let ?X = {(<va><vy>P, <vy><vz>P) | z y P. True}
have (<vz><vy>P, <vy><vz>P) € ?X by auto
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim zyP yzP)
{

fixzxy P
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have Az y P. (<va><vy>P, <vy><vz>P) € ?X U bisim by auto
moreover have Id C ?X U bisim by(auto intro: reflexive)
moreover have equt ?X by(force simp add: equt-def)
hence equt(?X U bisim) by auto
ultimately have <vaz><vy>P ~~[(¢X U bisim)] <vy><vz>P by(rule
resComm)
}
with «(zyP, yzP) € ?X> show ?case by auto
next
case(cSym xyP yzP)
thus ?case by auto
qed
qed

lemma sumSym:
fixes P :: pi
and Q : pi

shows P® Q ~ Q ® P
proof —
let X ={(P®Q Qo P),(Qo P, PdQ)}
have (P ® @, Q ® P) € ?X by simp
thus %thesis
by (coinduct rule: bisimCoinduct) (auto intro: reflexive sumSym)
qged

lemma sumldemp:
fixes P :: pi

shows P@® P ~ P
proof —
let X = {(P® P, P), (P, P ® P)}
have (P @ P, P) € ?X by simp
thus ?thesis
by (coinduct rule: bisimCoinduct) (auto intro: reflexive sumIdempLeft sumIdem-

pRight)

qed

lemma sumAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P ® Q) ® R~ P & (Q ® R)

proof —

let 2X = {(P® Q) ® R. P& (Q @& B). (P& (Q& ). (P& Q & R)
have (P& Q) @ R, P& (Q & R)) € ?X by simp
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thus ?thesis
by (coinduct rule: bisimCoinduct) (auto intro: reflexive sumAssocLeft sumAs-
socRight)
qed

lemma sumZero:
fixes P :: pi

shows P® 0 ~ P
proof —

let X ={(P®O0,P), (P, P®0)}

have (P @ 0, P) € ?X by simp

thus ?thesis

by (coinduct rule: bisimCoinduct) (auto intro: reflexive sumZeroLeft sumZeroR-

ight)
qed

lemma parZero:
fixes P :: pi

shows P || 0 ~ P
proof —
let X ={(P | 0, P)| P. True} U {(P, P || 0)| P. True}
have (P || 0, P) € ?X by blast
thus ?thesis
by (coinduct rule: bisimCoinduct, auto intro: parZeroRight parZeroLeft)
qed

lemma parSym:
fixes P :: pi
and @ : pi

shows P || Q~ Q| P

proof —
let X = {(resChain Ist (P || Q), resChain Ist (Q || P)) | ist P Q. True}
have (P || @, Q || P) € ?X by(blast intro: resChain.base[ THEN sym])
thus ?thesis

proof(coinduct rule: bisimCoinduct)
case(cSim PQ QP)

fix Ist P Q
have AP Q. (P || @, Q|| P) € ?X U bisim by(blast intro: resChain.base] THEN
sym])
moreover have Res: Az P Q. (P, Q) € ?X U bisim = (<va>P, <vz>Q)
€ ?X U bisim
by (auto intro: resPres resChain.step| THEN sym))
ultimately have P || Q ~[(?X U bisim)] @ || P by(rule parSym)
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moreover have equt ?X by(force simp add: equt-def)
hence equt(?X U bisim) by auto
ultimately have resChain Ist (P || Q) ~[(?X U bisim)] resChain Ist (Q ||
P) using Res
by (rule resChainl)
}

with ((PQ, QP) € ?X» show ?case by auto
next
case(cSym PQ QP)
thus ?case by auto
qed
qed

lemma scopeEztPar:
fixes P :: pi
and Q@ : pi
and z :: name

assumes z f P

shows <va>(P || Q) ~ P || <vz>Q
proof —
let ?X = {(resChain Ist (<ve>(P || Q)), resChain Ist (P || <vz>Q)) | Ist z P
Q. zt P} U
{(resChain Ist (P || <vz>Q), resChain Ist (<vz>(P || Q))) | Ist z P Q.
z § P}
let ?Y = bisim O (X U bisim) O bisim

have Res: AP Q z. (P, Q) € ?X = (<va>P, <vz>Q) € ?X by(blast intro:
resChain.step] THEN sym))

from «z § P> have (<vz>(P || Q), P || <vz>Q) € ?X by(blast intro: resChain.base[ THEN

syml)
moreover have EqutX: equt X by(fastforce simp add: equt-def name-fresh-left
name-rev-per)
ultimately show ?thesis
proof (coinduct rule: bisim TransitiveCoinduct)
case(cSim P Q)
{
fix P Q Ist x
assume (z:name) § (P::pi)
moreover have Id C ?Y by(blast intro: reflexive)
moreover from <equt ?X) bisimEqut have equt ?Y by blast
moreover have AP Q z. 2§ P = (<va>(P || @), P || <va>Q) € ?Y
by (blast intro: resChain.base] THEN sym| reflexive)
moreover {
fix PQuzy
have <ve><vy>(P || Q) ~ <vy><vz>(P | Q) by(rule resComm)
moreover assume z f P
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hence (<vz>(P || Q), P || <va>Q) € ?X by(fastforce intro: resChain.base][ THEN
sym])
hence (<vy><ve>(P || Q), <vy>(P || <vz>Q)) € ?X by(rule Res)
ultimately have (<vi><vy>(P | Q), <vy>(P || <vz>Q)) € ?Y by(blast
intro: reflexive)
}
ultimately have <vz>(P || Q) ~[?Y] (P || <vz>Q) by(rule scopeExtPar-
Left)
moreover note <equt 7Y
moreover from Res have AP Q z. (P, Q) € ?Y = (<vz>P, <vz>Q) €
2y
by (blast intro: resChain.step] THEN sym] dest: resPres)
ultimately have resChain Ist (<vz>(P || Q)) ~[?Y] resChain Ist (P ||
<vz>Q)
by (rule resChainl)
}

moreover {
fix PQlIstx
assume (z::name) § (P::pt)
moreover have Id C ?Y by(blast intro: reflexive)
moreover from <equt ?X> bisimEqut have equt ?Y by blast
moreover have AP Qz. 2 § P = (P || <va>Q, <vz>(P || Q)) € ?Y
by (blast intro: resChain.base] THEN sym| reflexive)
moreover {
fix PQuxy
have <vy><ve>(P || Q) ~ <vz><vy>(P || Q) by(rule resComm)
moreover assume z f P
hence (P | <vz>Q, <vz>(P | Q)) € ?X by(fastforce intro: resChain.base][ THEN
sym])
hence (<vy>(P || <va>Q), <vy><vz>(P || Q)) € ?X by(rule Res)
ultimately have (<vy>(P | <vz>Q), <vz><vy>(P | Q)) € ?Y by(blast
intro: reflexive)

ultimately have (P || <vz>Q) ~[?Y] <va>(P || Q)
by (rule scopeExtParRight)
moreover note <equt ?Y»
moreover from Res have AP Q z. (P, Q) € ?Y = (<vz>P, <vz>Q) €
2y
by (blast intro: resChain.step] THEN sym] dest: resPres)
ultimately have resChain Ist (P || <vaz>Q) ~[?Y] resChain Ist (<vz>(P

@)
}

ultimately show ?case using (P, Q) € ?X> by auto
next
case(cSym P Q)
thus ?case
by auto (blast dest: symmetric transitive intro: resChain.base] THEN sym)]
reflexive)+

by (rule resChainl)
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qed
qed

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and z :: name

assumes zfreshQ: z  Q

shows <va>(P || Q) ~ (<vz>P) || Q
proof —
have <vz>(P || Q) ~ <vz>(Q || P)
proof —
have P | Q@ ~ Q || P by(rule parSym)
thus ?thesis by (rule resPres)
qed
moreover from zFresh@ have <vaz>(Q || P) ~ @ | (<vz>P) by(rule scope-
EztPar)
moreover have @ || <ve>P ~ (<vz>P) || Q by(rule parSym)
ultimately show ?thesis by(blast intro: transitive)
qged

lemma parAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P || Q) | R~ P [ (Q R)
proof —

let ?X = {(resChain Ist ((P || Q) || R), resChain Ist (P || (Q || R))) | Ist P Q R.
True}
let ?2Y = bisim O (?X U bisim) O bisim

have ResX: AP Q z. (P, Q) € ?X = (<vz>P, <vz>Q) € ?X
by (blast intro: resChain.step|symmetric])

hence ResY: AP Q z. (P, Q) € ?Y = (<vz>P, <vz>Q) € ?Y
by (blast intro: resChain.step[symmetric] dest: resPres)

have (P || Q) || R, P || (Q || R)) € ?X by(blast intro: resChain.base[symmetric])
moreover have equt ?X by(fastforce simp add: equi-def)
ultimately show “thesis
proof(coinduct rule: bisim TransitiveCoinduct)
case(cSim P Q)

{
fix P Q R Ist

have AP QR. (P | Q) || R, P || (Q || R)) € ?Y by(blast intro: reflexive
resChain.base[symmetric])
moreover have AP Q z. (P, Q) € ?Y = (<va>P, <vz>Q) € ?Y by(blast
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intro: resChain.step[symmetric] resPres)
moreover {
fix PQR=zx
have (<vz>((P || Q) || R), <va>(P || (Q || R))) € ?X by(rule-tac ResX)
(blast intro: resChain.base[symmetric])
moreover assume z f P
hence <vz>(P || (@ || R)) ~ P || <va>(Q || R) by(rule scopeExtPar)
ultimately have (<vz>((P || Q) || R), P || <vz>(Q || R)) € ?Y by(blast
intro: reflexive)
}
moreover {
fix PQR=x
have (<vz>((P || Q) || R), <vaz>(P || (Q || R))) € ?X by(rule-tac ResX)
(blast intro: resChain.base[symmetric])
moreover assume z f R
hence <vz>(P || Q) | R ~ <vz>((P || @) | R) by(metis scopeExtPar’
symmetric)
ultimately have (<vz>(P || Q) || R, <va>(P || (Q || R))) € ?Y by(blast
intro: reflexive)

ultimately have (P || Q) || R ~[?Y] P || (@ || R) by(rule parAssocLeft)
moreover from <equt ?X» bisimEqut have equt ?Y by blast
ultimately have resChain Ist (P || Q) || R) ~[?Y] resChain Ist (P || (Q ||
R)) using ResY
by (rule resChainl)

with (P, Q) € ?X» show ?Zcase by auto
next
case(cSym P Q)
{
fix P QR Ist
have P || (Q || R) ~ (R || Q) || P by(metis parPres parSym transitive)
moreover have (R | Q) || P, R || (Q || P)) € ?X by(blast intro: resChain.base[symmetric])
moreover have R || (Q || P) ~ (P || Q) || R by(metis parPres parSym
transitive)
ultimately have (P || (Q || R), (P || @) || R) € ?Y by blast
hence (resChain Ist (P || (Q || R)), resChain Ist (P || Q) || R)) € ?Y using
ResY
by (induct lst) auto
}
with «(P, Q) € ?X) show ?case by blast
qed
qed

lemma scopeFresh:
fixes z :: name

and P : pi

assumes z f P
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shows <vz>P ~ P
proof —
have <vz>P ~ <vz>P || 0 by(rule parZero]l THEN symmetric])

moreover have <vz>P || 0 ~ 0 || <vaz>P by(rule parSym)
moreover have 0 || <vz>P ~ <vz>(0 || P) by(rule scopeExtPar|THEN sym-
metric]) auto
moreover have <vz>(0 || P) ~ <vz>(P || 0) by(rule resPres|OF parSym])
moreover from <z § P> have <vz>(P || 0) ~ P || <vz>0 by(rule scopeExtPar)
moreover have P || <vz>0 ~ <vz>0 || P by(rule parSym)
moreover have <vz>0 | P ~ 0 || P by(rule parPres|OF nilRes])
moreover have 0 || P ~ P || 0 by(rule parSym)
moreover have P || 0 ~ P by(rule parZero)
ultimately show ?thesis by(metis transitive)
qed

lemma sumRes:
fixes z :: name
and P : pi
and Q@ : pi

shows <vaz>(P @ Q) ~ (<va>P) @ (<vz>Q)
proof —

let ?X = {(<va>(P @ Q), <vz>P @ <vz>Q) | P Q. True} U

{(<vz>P & <vz>Q, <vz>(P ® Q)) | z P Q. True}

have (<vz>(P & Q), <vz>P @& <vz>Q) € ?X by auto

moreover have equt ?X by(fastforce simp add: equt-def)

ultimately show ?thesis

by (coinduct rule: bisimCoinduct) (fastforce intro: sumResLeft sumResRight

reflexive)+
qed

lemma scopeExtSum:
fixes P :: pi
and Q@ :: pi
and =z : name

assumes z f P

shows <vz>(P @ Q) ~ P & <vz>Q
proof —
have <vz>(P @& Q) ~ <vz>P & <vz>Q by(rule sumRes)
moreover from <z § Py have <vz>P & <vz>Q ~ P & <vz>(Q
by (rule sumPres|OF scopeFresh))
ultimately show ?thesis by(rule transitive)
qed
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lemma bangSC:
fixes P :: pi

shows |P ~ P || P
proof —

let 2X = {(!P, P || 'P), (P | 'P,!P)}

have (IP, P || IP) € ?X by simp

thus ?thesis

by (coinduct rule: bisimCoinduct) (auto intro: bangLeftSC bangRightSC reflexive)
qed

lemma resNil:
fixes z :: name
and vy :: name
and P :: pi
and b :: name

shows <vz>z<y>.P ~ 0
and <vz>z{b}.P ~ 0
proof —
let ?X = {(<vz>z<y>.P, 0), (0, <vz>z<y>.P)}
have (<vz>z<y>.P, 0) € ?X by simp
thus <vz>z<y>.P ~ 0
by (coinduct rule: bisimCoinduct) (auto simp add: simulation-def)
next
let X = {(<va>z{b}.P, 0), (0, <vz>z{b}.P)}
have (<vz>z{b}.P, 0) € ?X by simp
thus <vz>z{b}.P ~ 0
by (coinduct rule: bisimCoinduct) (auto simp add: simulation-def)
qed

lemma resInput:
fixes z :: name
and «a :: name
and vy :: name
and P : pi

assumes z # a
and z#y

shows <va>a<y>.P ~ a<y>.(<vz>P)
proof —

let X = {(<vaz>a<y>.P, a<y>.(<vz>P)) |z ay P. x # a Nz # y} U

{(a<y>.(<vaz>P), <vz>a<y>.P) |z ay P.x # a Nz # y}

from assms have (<vz>a<y>.P, a<y>.(<vz>P)) € ?X by auto

moreover have equt ?X by(fastforce simp add: equt-def pt-bij|OF pt-name-inst,
OF at-name-inst))

ultimately show ?thesis

by (coinduct rule: bisimCoinduct) (fastforce intro: resInputLeft reflexive resIn-
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putRight)+
qed

lemma resQutput:
fixes z :: name
and a :: name
and b :: name
and P : pi

assumes r # a
and z#b

shows <va>a{b}.P ~ a{b}.(<vz>P)
proof —

let X = {(<va>a{b}.P, a{b}.(<ve>P)) |z abP.z# a Nz # b} U

{(a{b}.(<vz>P), <vz>a{b}.P) |z a b P.z# a Nz # b}

from assms have (<vz>a{b}.P, a{b}.(<vz>P)) € ?X by blast

moreover have equt X by(fastforce simp add: equt-def pt-bij[OF pt-name-inst,
OF at-name-inst])

ultimately show ?thesis

by (coinduct rule: bisimCoinduct) (fastforce intro: resOutputLeft resOutputRight

reflexive)+
qed

lemma resTau:
fixes z :: name
and P :: pi

shows <va>71.(P) ~ 7.(<vaz>P)
proof —

let ?X = {(<vz>7.(P), 7.(<vz>P)), (1.(<ve>P), <vz>7.(P))}

have (<vz>7.(P), 7.(<vz>P)) € ?X by auto

thus ?thesis

by (coinduct rule: bisimCoinduct) (fastforce intro: resTauLeft resTauRight re-

flezive)+
qed

inductive structCong :: pi = pi = bool (- =5 - [70, 70] 70)
where
Refl: P =, P
| Sym: P=; Q = Q =5 P
| Trans: [P =5 Q; Q@ =s R] = P =; R

| SumComm: P & Q =5 Q & P
| SumAssoc: (P& Q) ® R=; P& (Q & R)
| SumlId: P & 0 =, P

| ParComm: P || Q =5 Q|| P
| ParAssoc: (P || Q) || R=s P | (Q | R)
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| Parld: P || 0 =5 P
| Matchld: [a—~a]P =5 P

| ResNil: <vz>0 =, 0

| ResComm: <vax><vy>P =, <vy><vz>P

| ResSum: <vz>(P & Q) =5 <vz>P & <vz>Q

| ScopeExtPar: ¢ § P = <va>(P || Q) =5 P || <vz>Q

| InputRes: [z # a; x # y] = <va>a<y>.P =; a<y>.(<vz>P)
| OutputRes: [z # a; x # b] = <vz>a{b}.P =, a{b}.(<vz>P)
| TauRes: <vz>7.(P) =5 7.(<va>P)

| BangUnfold: |\P =, P || |P

lemma structCongBisim:
fixes P :: pi
and @ : pi

assumes P =, )

shows P ~ @)
using assms
by (induct rule: structCong.induct)
(auto intro: reflexive symmetric transitive sumSym sumAssoc sumZero parSym
parAssoc parZero
nilRes resComm resInput resOutput resTau sumRes scopeErtPar bangSC
matchld mismatchld)

end

theory Strong-Late-Bisim-Subst-SC
imports Strong-Late- Bisim-Subst-Pres Strong-Late-Bisim-SC
begin

lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~* P
by (auto simp add: substClosed-def intro: Strong-Late-Bisim-SC.matchld)

lemma mismatchNil:
fixes a :: name

and P :: pi

shows [a#£a|P ~* 0
by (auto simp add: substClosed-def intro: Strong-Late-Bisim-SC.mismatchNil)

lemma scopeFresh:
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fixes P :: pi
and <z :: name

assumes zFreshP: z § P

shows <vz>P ~° P
proof(auto simp add: substClosed-def)
fix s :: (name x name) list

have Jc:iname. ¢ § (P, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshs: ¢ § s by(force simp
add: fresh-prod)

have <vz>P = <vc>P

proof —
from cFreshP have <vi>P = <ve>([(z, ¢)] - P) by(simp add: alphaRes)
with cFreshP zFreshP show ?thesis by(simp add: name-fresh-fresh)

qed

with cFreshP cFreshs show (<vz>P)[<s>] ~ P[<s>]
by (force intro: Strong-Late-Bisim-SC.scopeFresh)
qed

lemma resComm:
fixes P :: pi
and z :: name
and y :: name

shows <vr><vy>P ~° <vy><vz>P
proof (cases z=y)
assume zeqy: r=y
have P ~* P by(rule Strong-Late-Bisim-Subst.reflexive)
hence <vz>P ~° <vz>P by(rule resPres)
hence <vz><vz>P ~* <vz><vz>P by(rule resPres)
with zeqy show ?thesis by simp
next
assume xineqy: T # y
show ?thesis
proof(auto simp add: substClosed-def)
fix s::(name x name) list

have Jc:iname. ¢ ff (P, s, y) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ f P and cFreshs: ¢ § s and cineqy: c

#y
by (force simp add: fresh-prod)

have Jd::name. d § (P, s, ¢, z, y) by (blast intro: name-exists-fresh)

then obtain d::name where dFreshP: d §f P and dFreshs: d § s and dineqc:
d+# ¢
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and dinegz: d # x and dineqy: d £ y
by (force simp add: fresh-prod)

have <vi><vy>P = <ve><vd>([(z, ¢)] - [(y, d)] - P)
proof —
from cineqy cFreshP have cFreshyP: ¢ § <vy> P by(simp add: name-fresh-abs)
from dFreshP have <vy>P = <vd>([(y, d)] - P) by(rule alphaRes)
moreover from cFreshyP have <vz><vy>P = <ve>([(z, ¢)] - (<vy>P))
by (rule alphaRes)
ultimately show ?thesis using dinegc dineqz by (simp add: name-calc)
qed
moreover have <vy><vz>P = <vd><vc>([(z, ¢)] « [(y, d)] - P)
proof —
from dineqz dFreshP have dFreshzP: d § <vaz>P by(simp add: name-fresh-abs)
from cFreshP have <vi>P = <ve>([(z, ¢)] - P) by(rule alphaRes)
moreover from dFreshzP have <vy><vz>P = <vd>([(y, d)] - (<vaz>P))
by (rule alphaRes)
ultimately have <vy><vz>P = <vd><vc>([(y, d)] - [(z, ¢)] - P) using
dinegc cineqy
by (simp add: name-calc)
thus “thesis using dineqr dineqc cineqy wineqy
by (subst name-perm-compose, simp add: name-calc)
qed

ultimately show (<vaz><vy>P)[<s>| ~ (<vy><vz>P)[<s>] using cFreshs
dFreshs
by (force intro: Strong-Late-Bisim-SC.resComm)
qed
qed

lemma sumZero:
fixes P :: pi

shows P ¢ 0 ~° P
by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC.sumZero)

lemma sumSym:
fixes P :: pi
and @ : pi

shows P® Q ~°* Q& P
by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC'.sumSym)

lemma sumAssoc:

fixes P :: pi
and Q@ : pi
and R : pi

shows (P® Q) ® R~* P @ (Q ® R)
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by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC.sumAssoc)

lemma sumRes:
fixes P :: pi
and Q@ : pi
and z :: name

shows <vaz>(P @ Q) ~° <vz>P @ <vz>Q
proof(auto simp add: substClosed-def)
fix s :: (name x name) list

have Jc::name. ¢t (P, @, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ: ¢ § Q and cFreshs:
cts
by (force simp add: fresh-prod)

have <vi>(P & Q) = <ves(([(z, ¢)] - P) & (s, o)] - @)

proof —
from cFreshP cFresh@ have ¢ § P & @Q by simp
hence <vz>(P @ Q) = <ve>([(z, ¢)] - (P & Q)) by(simp add: alphaRes)
thus ?thesis by(simp add: name-fresh-fresh)

qed

moreover from cFreshP have <vz>P = <vc>([(z, ¢)] - P) by(simp add:
alphaRes)

moreover from cFresh@ have <vz>Q = <ve>([(z, ¢)] - Q) by(simp add:
alphaRes)

ultimately show (<vz>(P & Q))[<s>] ~ (<vz>P)[<s>] & (<vz>Q)[<s>]
using cFreshs
by (force intro: Strong-Late-Bisim-SC'.sumRes)
qed

lemma scopeExtSum:
fixes P :: pi
and Q@ : pi
and =z :: name

assumes xFreshP: © § P

shows <vaz>(P @ Q) ~* P & <vz>Q
proof(auto simp add: substClosed-def)
fix s :: (name X name) list

have Jciiname. ¢t (P, @, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFresh@: c § ) and cFreshs:
cts
by (force simp add: fresh-prod)
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have <vz>(P & Q) = <ve>(P @ ([(z, ¢)] -+ Q))

proof —
from cFreshP cFresh@ have ¢ § P & @ by simp
hence <vz>(P @ Q) = <ve>([(z, ¢)] - (P & Q)) by(simp add: alphaRes)
with zFreshP cFreshP show ?thesis by(simp add: name-fresh-fresh)

qed

moreover from cfresh@) have <vz>Q = <ve>([(z, ¢)] - Q) by(simp add:
alphaRes)

ultimately show (<vz>(P @ Q))[<s>] ~ P[<s>] & (<va>Q)[<s>] using
cFreshs cFreshP
by (force intro: Strong-Late-Bisim-SC.scopeExtSum)
qed

lemma parZero:
fixes P :: pi

shows P || 0 ~* P
by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC.parZero)

lemma parSym:
fixes P :: pi
and Q : pi

shows P || Q ~° Q| P
by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC .parSym)

lemma parAssoc:

fixes P :: pi
and Q@ : pi
and R : pi

shows (P [| Q) | R ~* P || (Q | R)
by (force simp add: substClosed-def intro: Strong-Late-Bisim-SC.parAssoc)

lemma scopeExtPar:
fixes P :: pi
and @ : pi
and z : name

assumes zFreshP: © § P
shows <vz>(P || Q) ~° P | <va>Q
proof(auto simp add: substClosed-def)

fix s :: (name x name) list

have Jc:iname. ¢ § (P, Q, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFresh@: c § @) and cFreshs:
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cts
by (force simp add: fresh-prod)

have <vz>(P || Q) = <ve>(P || ([(=, ¢)] - Q))

proof —
from cFreshP cFresh@ have ¢ § P || @ by simp
hence <vz>(P || Q) = <ve>([(z, ¢)] - (P || Q)) by(simp add: alphaRes)
with zFreshP cFreshP show ?thesis by(simp add: name-fresh-fresh)

qed

moreover from cFresh@ have <vz>Q = <ve>([(z, ¢)] - Q) by(simp add:
alphaRes)

ultimately show (<va>(P || Q))[<s>] ~ P[<s>] || (<vz>Q)[<s>] using
cFreshs cFreshP

by (force intro: Strong-Late-Bisim-SC.scopeExtPar)
qed

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and =z :: name

assumes zFreshP: z § Q

shows <va>(P || Q) ~* (<va>P) || @
proof —
have <vz>(P | Q) ~* <vz>(Q || P) by(blast intro: parSym resPres)
moreover from zFreshP have <vz>(Q || P) ~° Q || <vz>P by(rule scope-
EztPar)
moreover have Q) || <ve>P ~* (<vz>P) || Q by(rule parSym)
ultimately show ?thesis by (blast intro: transitive)
qed

lemma bangSC":
fixes P :: pi

shows |P ~* P || !P
by (auto simp add: substClosed-def intro: Strong-Late-Bisim-SC.bangSC')

lemma nilRes:
fixes z :: name

shows <vz>0 ~° 0
proof(auto simp add: substClosed-def)
fix o::(name x name) list
obtain y::name where y f o
by (generate-fresh name) auto
have <vy>0 ~ 0 by (rule Strong-Late-Bisim-SC.nilRes)
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with <y £ o» have (<vy>0)[<oc>] ~ 0 by simp
thus (<vz>0)[<o>] ~ 0
by (subst alphaRes[where c=y]) auto
qed

lemma resTau:
fixes z :: name
and P : pi

shows <va>(7.(P)) ~* 7.(<vaz>P)
proof(auto simp add: substClosed-def)
fix o::(name x name) list
obtain y::name where y f P and y § o
by (generate-fresh name, auto)
have <vy>(7.(([(z, y)] - P)[<o>])) ~ 7.(<vy>(([(z, y)] - P)[<o>]))
by (rule resTau)
with <y £ 0> have (<vy>(7.([(z, y)] - P)))[<o>] ~ (7.(<vy>([(z, y)] - P)))[<o>]
by simp
with <y § P> show (<vz>7.(P))[<o>] ~ 7.((<vz>P)[<o>])
apply (subst alphaRes[where c=y])
apply simp
apply(subst alphaRes[where c=y and a=z])
by simp+
qed

lemma resQutput:
fixes z :: name
and a :: name
and b :: name
and P : pi

assumes z # a
and z#b

shows <va>(a{b}.(P)) ~* a{b}.(<vz>P)
proof(auto simp add: substClosed-def)
fix o::(name x name) list
obtain y::name where y f Pand yf o and y # a and y # b
by (generate-fresh name, auto)
have <vy>((seq-subst-name a o){seq-subst-name b o}.(([(z, y)] - P)[<o>])) ~
seg-subst-name a o{seq-subst-name b o}.(<vy>(([(z, y)] - P)[<o>]))
using <y # a> <y # b <y t o> freshSeqSubstName
by (rule-tac resOutput) auto
with « ¢ o have (<vy>(a{b}.((z, 9)] - P))<o>] ~ (a{B}.(<vy>([(2 9)] -
P))l<o>]
by simp
with <y § Py <y # a> <y # b «x # & «x # b show (<vz>a{b}.(P))[<o>] ~
seq-subst-name a o{seq-subst-name b o}.((<vz>P)[<o>])
apply (subst alphaRes[where c=y])
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apply simp
apply(subst alphaRes|where c=y and a=z])
by simp+

qed

lemma resInput:
fixes z :: name
and a :: name
and b :: name
and P :: pi

assumes z # a
and z#y

shows <vz>(a<y>.(P)) ~* a<y>.(<vz>P)
proof(auto simp add: substClosed-def)
fix o::(name x name) list
obtain z’::name where 2z’ P and 2z’ 0 and 2’ # a and 2’ # z and z' # y
by (generate-fresh name, auto)
obtain y’:name where y'f Pand y'f c and y'# aand y' # z and y' # y
and z’ # vy’
by (generate-fresh name, auto)
have <vz’>((seg-subst-name a o)<y>.(([(y, v")] - (=, z')] + P)[<o>])) ~
seg-subst-name a o<y'>.(<vz’>(([(y, v))] - [(z, 2")] - P)[<o>]))
using <z’ # @ <z’ # y» <z’ § o» <y’ § o> freshSeqSubstName
by (rule-tac resInput) auto
with <z’ § o <y’ § o> have (<vz'>(a<y>.([(y, ¥')] - [(z, z')] - P)))[<o>] ~
(a<y’>(<va>(((y, 4] - (3, 2] - P)))[<o>]
by simp
with <z’ § Py «y' £ o x' # v 't P’ £y ' # o # o x# o
# y» show (<va>a<y>.(P))[<o>] ~ a<y>.(<vaz>P)[<o>]
apply (subst alphaInput[where c=y’)
apply simp
apply(subst alphaReswhere c=z")
apply(simp add: abs-fresh fresh-left calc-atm)
apply(simp add: equts calc-atm)
apply (subst alphaRes[where c=z’ and a=x))
apply simp
apply(subst alphalnput|where c=y’ and z=y])
apply(simp add: abs-fresh fresh-left calc-atm)
apply(simp add: equts calc-atm)
apply (subst perm-compose)
by (simp add: equts calc-atm)
qed

lemma bisimSubstStructCong:

fixes P :: pi
and Q@ : pi
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assumes P =, ()
shows P ~° @

using assms
apply (induct rule: structCong.induct)
by (auto intro: reflexive symmetric transitive sumSym sumAssoc sumZero parSym
parAssoc parZero

nilRes resComm resInput resOutput resTau sumRes scopeEztPar bangSC
matchld mismatchld)

end

theory Weak-Late-Cong-Subst-SC
imports Weak-Late-Cong-Subst Strong-Late-Bisim-Subst-SC
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~° <vb><va>P
proof —
have <va><vb>P ~° <vb><va>P
by (rule Strong-Late-Bisim-Subst-SC.resComm;)
thus ?thesis by(rule strongEqWeakCong)
qed

lemma matchld:
fixes a :: name
and P : pi

shows [a—~a]P ~° P

proof —
have [a—~a]P ~* P by(rule Strong-Late-Bisim-Subst-SC.matchld)
thus ?thesis by (rule strongEqWeakCong)

qged

lemma matchNil:
fixes a :: name
and P :: pi
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shows [a#£a]P ~* 0

proof —
have [a#a]P ~* 0 by(rule Strong-Late-Bisim-Subst-SC.mismatchNil)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma sumSym:
fixes P :: pi
and Q@ :: pi

shows P Q ~°* Q& P

proof —
have P @ Q ~* Q & P by(rule Strong-Late-Bisim-Subst-SC.sumSym)
thus ?thesis by (rule strongEqWeakCong)

qed

lemma sumAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P® Q) ® R~ P& (Q & R)

proof —
have (P @ Q) @ R ~* P @ (Q & R) by(rule Strong-Late-Bisim-Subst-SC.sumAssoc)
thus ?thesis by (rule strongEqWeakCong)

qed

lemma sumZero:
fixes P :: pi

shows P ¢ 0 ~° P

proof —
have P @ 0 ~° P by(rule Strong-Late-Bisim-Subst-SC.sumZero)
thus ?thesis by (rule strongEqWeakCong)

qed

lemma parZero:
fixes P :: pi

shows P || 0 ~* P

proof —
have P || 0 ~* P by(rule Strong-Late-Bisim-Subst-SC.parZero)
thus ?thesis by(rule strongEqWeakCong)

qed
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lemma parSym:
fixes P :: pi
and Q : pi

shows P || Q~° Q| P

proof —
have P || @ ~° @ || P by(rule Strong-Late-Bisim-Subst-SC.parSym)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma scopeFExtPar:
fixes P :: pi
and Q : pi
and =z :: name

assumes z f P

shows <va>(P || Q) =~ P || <vz>Q

proof —
from assms have <va>(P || Q) ~* P || <vz>Q by(rule Strong-Late-Bisim-Subst-SC'.scopeExtPar)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and x :: name

assumes zFresh@: x  Q

shows <va>(P || Q) =* (<va>P) || Q

proof —
from assms have <vz>(P || Q) ~* (<vz>P) || Q by(rule Strong-Late-Bisim-Subst-SC.scopeExtPar’)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma parAssoc:
fixes P :: pi
and @ : pi
and R : pi

shows (P | Q) || R~ P || (@ || R)

proof —
have (P || Q) || R ~* P || (Q || R) by(rule Strong-Late-Bisim-Subst-SC .parAssoc)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma scopeFresh:
fixes P :: pi

228



and a :: name
assumes aFreshP: a § P

shows <va>P ~° P

proof —
from assms have <va>P ~° P by(rule Strong-Late-Bisim-Subst-SC'.scopeFresh)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma scopeEztSum:
fixes P :: pi
and Q : pi
and «z : name

assumes z f P

shows <va>(P & Q) ~°* P & <vz>Q

proof —
from assms have <vz>(P @ Q) ~°* P & <va>(Q by(rule Strong-Late- Bisim-Subst-SC.scope ExtSum)
thus ?thesis by(rule strongEqWeakCong)

qed

lemma bangSC:
fixes P

shows |P ~* P || |P

proof —
have |P ~* P | |P by(rule Strong-Late-Bisim-Subst-SC.bangSC')
thus ?thesis by (rule strongEqWeakCong)

qed

end

theory Weak-Late-Step-Sim-Pres
imports Weak-Late-Step-Sim

begin

lemma tauPres:
fixes P :: pi
and @ :pi

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel
shows 7.(P) ~»<Rel> 7.(Q)

proof (induct rule: simCases)
case(Bound Q' a y)
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have 7.(Q) —a<vy> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Input Q' a x)
have 7.(Q) —a<z> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Free Q' «)
have 7.(Q) — a < Q' by fact
thus ?case using PRelQ
proof (induct rule: tauCases, auto simp add: pi.inject residual.inject)
have 7.(P) =7 < P by(rule Weak-Late-Step-Semantics. Tau)
moreover assume (P, Q) € Rel
ultimately show 3 P’. 7.(P) =7 < P’ A (P’, Q') € Rel by blast
qed

qed

lemma inputPres:
fixes P :: pi
and @ < pi
and a :: name
and z : name

and Rel :: (pi X pi) set

assumes PRelQ: Vy. (Plz:=y|, Qlz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~~<Rel> a<z>.0Q
proof —
show ?thesis using Equt
proof (induct rule: simCasesCont|of - (P, a, z, Q)])
case(Bound Q' b y)
have a<z>.Q —b<vy> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Input Q' b y)
have y £ (P, a, z, Q) by fact
hence yFreshP: (y::name) § P and yineqr: y # z and y # a and y § Q
by (simp add: fresh-prod)+
have a<z>.Q —b<y> < Q' by fact
thus ?Zcase using <y # a> <y £ o <y §
proof (induct rule: inputCases, auto simp add: subject.inject)
have Vu. 3P’ a<az>.P = u in ([(z, y)] - P)—a<y> < P’ A (P, ([(=, y)]
- Q)|y::=u]) € Rel
proof (rule alll)
fix u
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have a<z>.P = u in ([(z, y)] - P)—a<y> < ([(z, v)] - P)|y::=u] (is
?goal)
proof —
from yFreshP have a<z>.P = a<y>.([(z, y)] - P) by(rule Agent.alphalnput)
moreover have a<y>.([(z, y)] -+ P) = u in ([(z, y)] -+ P)—a<y> < ([(z,
Yl - P)ly:=ul
by (rule Weak-Late-Step-Semantics. Input)
ultimately show ?goal by(simp add: name-swap)
qed

moreover have (([(z, y)] - P)[y:=u], ([(z, v)] - Q)[y::=u]) € Rel
proof —

from PRel@) have (P[z:=u], Q[z:=u]) € Rel by auto

with <y § P> <y § @ show ?thesis by(simp add: renaming)
qed

ultimately show 3 P’. a<z>.P = u in ([(z, y)] - P)—a<y> < P' A (P’
([(z, 9)] - Q)y==u]) € Rel
by blast
qed

thus 3P”. Vu. AP a<z>.P = ju in P"—a<y> < P' A (P!, ([(z, y)] -
Q)[y::=u]) € Rel by blast
qed
next
case(Free Q' a)
have a<z>.Q —a < Q' by fact
hence Fualse by auto
thus ?case by simp
qed
qed

lemma outputPres:

fixes P :: pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows a{b}.P ~»<Rel> a{b}.Q
proof (induct rule: simCases)
case(Bound Q' ¢ x)
have a{b}.Q —c<vz> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
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case(Input Q' ¢ x)

have a{b}.Q —c<z> < Q' by fact

hence Fualse by auto

thus “case by simp

next

case(Free Q' )

have a{b}.Q —a < Q' by fact

thus ?case using PRelQ

proof (induct rule: outputCases, auto simp add: pi.inject residual.inject)
have a{b}.P =>;a[b] < P by(rule Weak-Late-Step-Semantics. Output)
moreover assume (P, Q') € Rel
ultimately show 3 P’. a{b}.P =>a[b] < P’ A (P’, Q') € Rel by blast

qed

qed

lemma matchPres:
fixes P :: pi
and @ ::pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ@Q: P ~~<Rel> @
and RelRel”: Rel C Rel’

shows [a—~b]P ~»<Rel"> [a—~b]Q
proof (induct rule: simCases)

case(Bound Q' ¢ x)

have z § [a—~b]P by fact

hence xFreshP: (z::name) § P by simp

have [a—~b]Q — c<vz> < Q' by fact

thus ?case

proof (induct rule: matchCases)
case cMatch
have Q —c<vz> < Q' by fact
with PSimQ xFreshP obtain P’ where PTrans: P =—>jc<vz> < P’

and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)

from PTrans have [a—~a|P =>c<vz> < P’ by(rule Weak-Late-Step-Semantics. Match)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ?case by blast

qed

next

case(Input Q' ¢ )

have z f [a—~b]P by fact

hence xFreshP: (z::name) § P by simp

have [a~0]Q —c<z> < Q' by fact

thus ?case
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proof (induct rule: matchCases)
case cMatch
have Q — c¢<z> < Q' by fact
with PSimQ zFreshP obtain P’ where L1:Vu. 3P’ P = ju in P''—c<z>
< P’ A (P, Q'[x::=u]) € Rel
by (blast dest: simE)
have Vu. 3P’ [a~a]|P = ju in P"—c<z> < P' A (P, Q'[z::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P =>ju in P""—c<z> < P’and P'RelQ":
(P, Q'|z::=u]) € Rel
by blast
from PTrans have [a—~a|P = ju in P""—c<az> < P’ by(rule Weak-Late-Step-Semantics. Match)
with P’RelQ’ RelRel’ show 3P’. [a—~a]P = u in P"—c<z> < P’ A (P/,
Q'[z::=u]) € Rel’
by blast
qed
thus ?case by blast
qed
next
case(Free Q' «)
have [a—~b]Q —a < Q' by fact
thus Zcase
proof (induct rule: matchCases)
case cMatch
have Q —a < Q' by fact
with PSim(@) obtain P’ where PTrans: P = < P’ and PRel: (P’, Q') €
Rel
by (blast dest: simE)
from PTrans have [a—~a]|P =& < P’ by(rule Weak-Late-Step-Semantics. Match)
with PRel RelRel’ show ?case by blast

qed

qed

lemma mismatchPres:
fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes PSim@Q: P ~<Rel> Q
and RelRel”: Rel C Rel’

shows [a#b]P ~»<Rel"™> [a#b]Q
proof(cases a=b)

assume a=b

thus ?thesis
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by (auto simp add: weakStepSimDef)
next
assume ainegb: a#b
show ?thesis
proof (induct rule: simCases)
case(Bound Q' ¢ x)
have z £ [a#b]P by fact
hence zFreshP: (z::name) § P by simp
have [a#£b]Q — c<vz> < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case cMismatch
have Q —c<vz> < Q' by fact
with PSimQ xzFreshP obtain P’ where PTrans: P = c<vz> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans ainegb have [a#b|P =>jc<vz> < P’ by(rule Weak-Late-Step-Semantics. Mismatch)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ?case by blast
qed
next
case(Input Q' ¢ x)
have z £ [a#b]P by fact
hence zFreshP: (z::name) § P by simp
have [a#£b|Q —c<z> < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case cMismatch
have Q — c<z> < Q' by fact
with PSim@ xzFreshP obtain P’ where L1:Vu.3P’. P =>ju in P""—c<z>
< P’ A (P, Q'|x::=u]) € Rel
by (blast dest: simFE)
have Vu. 3P’ [a#b]P = ju in P'"—c<z> < P' A (P, Q'[z::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P =>u in P'""—c<z> < P’ and
P'Rel@": (P’, Q'[z::=u]) € Rel
by blast
from PTrans ainegb have [a#b]P = ju in P""—c<z> < P’ by(rule
Weak-Late-Step-Semantics. Mismatch)
with P’RelQ’ RelRel’ show 3 P'. [a#£b|P = u in P""—c<z> < P' N (P/,
Q'[z::=u]) € Rel’
by blast
qed
thus ?case by blast
qed
next
case(Free Q' a)
have [a#£b|Q —a < Q' by fact
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thus Zcase

proof (induct rule: mismatchCases)
case cMismatch
have Q —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P =>;a < P’ and PRel: (P’, Q")

€ Rel
by (blast dest: simFE)

from PTrans <a # b> have [a#b|P =« < P’ by(rule Weak-Late-Step-Semantics. Mismatch)

with PRel RelRel’ show ?case by blast

qed
qed
qed
lemma sumCompose:
fixes P :: pi
and Q@ : pi
and R : pi
and T : pi

assumes PSimQ: P ~<Rel> Q
and RSimT: R ~<Rel> T
and RelRel”: Rel C Rel’

shows P ® R ~<Rel’> Q& T
proof (induct rule: simCases)
case(Bound Q' a x)
have z §f P & R by fact
hence zFreshP: (z::name) § P and zFreshR: x § R by simp+
have Q ® T —a<vz> < Q' by fact
thus ?case
proof (induct rule: sumCases)
case cSuml
have Q ——a<vz> < Q' by fact
with zFreshP PSim(@ obtain P’ where PTrans: P —sja<vz> < P’ and
P'RelQ": (P, Q') € Rel
by (blast dest: simE)
from PTrans have P ® R —=>ja<va> < P’ by(rule Weak-Late-Step-Semantics.Sum1)
moreover from P’RelQ)’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ¢case by blast
next
case cSum2
have T ——a<vz> < Q' by fact
with zFreshR RSimT obtain R’ where RTrans: R —>ja<vz> < R’ and
R'Rel@Q” (R, Q') € Rel
by (blast dest: simE)
from RTrans have P & R =>ja<vz> < R’ by(rule Weak-Late-Step-Semantics.Sum?2)
moreover from R’'RelQ’ RelRel’ have (R’, Q') € Rel’ by blast
ultimately show ?thesis by blast
qed
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next
case(Input Q' a )
have z f P & R by fact
hence xzFreshP: (z::name) £ P and xFreshR: z § R by simp+
have Q ® T ——a<z> < Q' by fact
thus Zcase
proof (induct rule: sumCases)
case cSuml
have Q —a<z> < Q' by fact
with zFreshP PSim(@ obtain P" where L1:Vu. 3P'. P = u in P'"—a<z>
< P'A (P, Q'lz:=u]) € Rel
by (blast dest: simFE)
have Vu. 3P". P ® R = u in P"—a<z> < P' A (P/, Q'|z::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P = ju in P""—a<z> < P’
and P’RelQ’: (P’, Q'[z::=u]) € Rel by blast
from PTrans have P ® R =—>u in P""—a<z> < P'by(rule Weak-Late-Step-Semantics.Suml)
with P’RelQ’ RelRel’ show 3P’ P & R = u in P""—a<z> < P’ A (P/,
Q'[z::=u]) € Rel’ by blast
qed
thus ?case by blast
next
case cSum2
have T ——a<z> < Q' by fact
with zFreshR RSimT obtain R’ where L1:Vu. 3R R = ju in R"—a<z>
< R'A (R, Q'[x::=u]) € Rel
by (blast dest: simFE)
have Vu. 3P". P ® R = u in R"—a<z> < P' A (P', Q'z:=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain R’ where RTrans: R =>ju in R""—a<z> < R’
and R’'RelQ": (R’, Q'[z::=u]) € Rel by blast
from RTrans have P & R = ju in R""—a<z> < R'by(rule Weak-Late-Step-Semantics.Sum?2)
with R’RelQ’ RelRel’ show IP’. P & R = ju in R"—a<z> < P’ A (P/,
Q'[z::=u]) € Rel’ by blast
qged
thus ?case by blast
qed
next
case(Free Q' )
have Q ® T —a < Q' by fact
thus Zcase
proof (induct rule: sumCases)
case cSuml
have Q —a < Q' by fact
with PSim(@Q obtain P’ where PTrans: P =« < P’ and PRel: (P’, Q') €
Rel
by (blast dest: simE)
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from PTrans have P & R = o0 < P’ by(rule Weak-Late-Step-Semantics.Sum1)
with RelRel’ PRel show ?case by blast
next
case cSum2
have T —a < Q' by fact
with RSimT obtain R’ where RTrans: R =—»ja < R’ and RRel: (R’, Q') €
Rel
by (blast dest: simFE)
from RTrans have P & R =& < R’ by(rule Weak-Late-Step-Semantics.Sum?2)
with RelRel’ RRel show ?case by blast

qed

qed

lemma sumPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes PSimQ@Q: P ~<Rel> @
and Id: Id C Rel
and RelRel”: Rel C Rel’

shows P & R ~»<Rel’> Q & R
proof —

from Id have Refl: R ~~<Rel> R by(rule reflexive)

from PSimQ Refl RelRel’ show ?thesis by (rule sumCompose)
qed

lemma parPres:
fixes P :: pi
and @ i
and R = opi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~~<Rel> @

and PRelQ: (P, Q) € Rel

and  Par: AP QR. (P, Q) € Rel = (P || R, QI R) € Rel
and  Res: AP Q a. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows P || R ~<Rel’”> Q || R

using EqutRel’

proof (induct rule: simCasesCont|where C=(P, Q, R)])
case(Bound Q' a z)
have z § (P, @, R) by fact
hence zFreshP: z § P and xzFreshR: z § R and z § @ by simp+
from <Q | R — a<vz> < Q) «x @ <z § R» show Zcase
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proof (induct rule: parCasesB)
case(cParl Q)
have QTrans: Q — a<vz> < Q' by fact

from zFreshP PSim(Q QTrans obtain P’ where PTrans:P —>; a<vz> < P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)
from PTrans xFreshR have P | R = a<vz> < (P'|| R) by(rule Weak-Late-Step-Semantics. Par1B)
moreover from P'Rel@’ have (P’ || R, Q' || R) € Rel’ by(rule Par)
ultimately show ?case by blast
next
case(cPar2 R
have RTrans: R — a<vz> < R’ by fact
hence R —>; a<vz> < R’
by (auto simp add: weak Transition-def dest: Weak-Late-Step-Semantics.single ActionChain)
with xFreshP zFreshR have ParTrans: P || R = ja<vz> < P || R’
by (blast intro: Weak-Late-Step-Semantics.Par2B)
moreover from PRel() have (P | R/, Q|| R’) € Rel’ by(rule Par)
ultimately show ?case by blast
qed
next
case(Input Q' a x)
have z § (P, Q, R) by fact
hence zFreshP: z § P and xFreshR: z § R and z § @ by simp+
from «Q || R—a<z> < Q) «x §f @ <z § R
show Zcase
proof (induct rule: parCasesB)
case(cParl Q)
have QTrans: Q —a<z> < Q' by fact
from zFreshP PSim@Q QTrans obtain P
where L1: Vu. 3P’ P = ju in P"—=a<z> < P' A (P/, Q'[x::=u]) € Rel
by (blast dest: simE)
have Yu. 3P". P || R =~ u in (P" || R)—a<z> < P’ A (P/, Q'[z::=u] ||
R[z::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans:P =>;u in P'"—a<ax> < P’
and P’RelQ": (P’, Q'[z::=u]) € Rel by blast
from PTrans zFreshR have P | R = ju in (P" || R)—a<z> < (P’ || R)
by (rule Weak-Late-Step-Semantics.ParlB)
moreover from P'Rel@’ have (P’ | R, Q'lz::=u] || R) € Rel’
by (rule Par)
ultimately show 3P’ P | R = u in (P" || R)—a<z> < P’ A (P/,
Q'lz::=u] | (Rlz::=u])) € Rel’
using zFreshR
by (force simp add: forget)
qed
thus ?case by force
next
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case(cPar2 R
have RTrans: R —a<z> < R’ by fact
have Vu. 3P P || R = uin (P || R)—a<az> < P' A (P, Q || R'[z::=u])
€ Rel’
proof
fix u
from RTrans have R = ju in R'—a<z> < R'[z:=u]
by (rule Weak-Late-Step-Semantics.singleActionChain)
hence P || R = u in P || R'—a<z> < P || R[z:=u] using «z § P>
by (rule Weak-Late-Step-Semantics. Par2B)
moreover from PRel@ have (P || R[z::=u], Q || R'[z:=u]) € Rel’ by(rule
Par)
ultimately show 3P’ P || R = uin (P | R)—a<z> < P' A
(P, Q || R'[x::=u]) € Rel’ by blast
qed
thus ?case using <z § Q> by(fastforce simp add: forget)
qed
next
case(Free QR' o)
have Q | R — a < QR’ by fact
thus “case
proof (induct rule: parCasesF[of - - - - - (P, R)])
case(cParl Q)
have Q — a < Q' by fact
with PSim(@) obtain P’ where PTrans: P = o < P’ and PRel: (P, Q) €
Rel
by (blast dest: simE)
from PTrans have Trans: P | R = < P’ || R by(rule Weak-Late-Step-Semantics. Par1F')
moreover from PRel have (P’ | R, Q' || R) € Rel’ by(blast intro: Par)
ultimately show ?case by blast
next
case(cPar2 R
have R — a < R’ by fact
hence R = < R’
by (rule Weak-Late-Step-Semantics.single ActionChain)
hence P || R = < (P || R’) by(rule Weak-Late-Step-Semantics.Par2F)
moreover from PRelQ have (P || R’, Q | R’) € Rel’ by(blast intro: Par)
ultimately show ?case by blast
next
case(cComm! Q' R’ a b )
have QTrans: Q — a<z> < Q' and RTrans: R — a[b] < R’ by fact+
have z § (P, R) by fact
hence zFreshP: z § P by(simp add: fresh-prod)

from PSimQ QTrans zFreshP obtain P’ P’ where PTrans: P = b in
P'"—a<x> < P’
and P’Rel@": (P’, Q'[z::=b]) € Rel
by (blast dest: simE)
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from RTrans have R = a[b] < R’
by (rule Weak-Late-Step-Semantics.single ActionChain)

with PTrans have P | R =7 < P’|| R’ by(rule Weak-Late-Step-Semantics. Comm1)
moreover from P’Rel@’ have (P'| R’, Q'[z::=b] | R’) € Rel’ by(rule Par)
ultimately show ?case by blast

next
case(cComm2 Q' R' a b )
have QTrans: Q —a[b] < Q' and RTrans: R —sa<z> < R’ by fact+
have z § (P, R) by fact
hence zFreshR: x § R by(simp add: fresh-prod)

from PSim@Q QTrans obtain P’ where PTrans: P =>a[b] < P’
and PRel: (P’, Q') € Rel
by (blast dest: simE)
from RTrans have R =>b in R'—a<z> < R'[z::=D]
by (rule Weak-Late-Step-Semantics.singleActionChain)
with PTrans have P || R =7 < P'|| R'[z::=b] by(rule Weak-Late-Step-Semantics. Comm2)
moreover from PRel have (P’ || R'[z:=b], Q' || R'[x::=b]) € Rel’ by(rule
Par)
ultimately show ?case by blast
next
case(cClosel Q' R' a x y)
have QTrans: Q —a<z> < Q' and RTrans: R —a<vy> < R’ by fact+
have z § (P, R) and y § (P, R) by fact+
hence zFreshP: z § P and yFreshR: y § R and yFreshP: y § P by(simp add:
fresh-prod)+

from PSimQ QTrans xFreshP obtain P’ P' where PTrans: P =y in
P'"—a<x> < P’
and P’RelQ": (P', Q'lz::=y]) € Rel
by (blast dest: simE)
from RTrans have R —ja<vy> < R’
by (auto simp add: weakTransition-def dest: Weak-Late-Step-Semantics.singleActionChain)
with PTrans have Trans: P || R =7 < <vy>(P' | R’) using yFreshP
yFreshR
by (rule Weak-Late-Step-Semantics.Closel)
moreover from P’RelQ’ have (<vy>(P'| R'), <vy>(Q’[z::=y] | R')) € Rel’
by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' R' a x y)
have QTrans: Q —a<vy> < Q' and RTrans: R —a<z> < R’ by fact+
have z £ (P, R) and y { (P, R) by fact+
hence zFreshR: = § R and yFreshP: y § P and yFreshR: y § R by(simp add:
fresh-prod)+

from PSim@Q) QTrans yFreshP obtain P’ where PTrans: P =-ja<vy> < P’
and P’'RelQ": (P’, Q') € Rel
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by (blast dest: simE)

from RTrans have R =y in R'—a<z> < R'[z:=y]
by (rule Weak-Late-Step-Semantics.singleActionChain)
with PTrans have P || R =7 < <vy>(P’ || R'lz::=y|) using yFreshP
yFreshR
by (rule Weak-Late-Step-Semantics.Close2)
moreover from P'RelQ’ have (<vy>(P' || R'[z::=y]), <vy>(Q' || R'[z::=y]))
€ Rel’
by (blast intro: Par Res)
ultimately show ?case by blast

qed
qed
lemma resPres:
fixes P :: pi
and @ = pi
and Rel :: (pi x pi) set
and z : name

and Rel’ :: (pi x pi) set

assumes PSimQ@Q: P ~<Rel> @

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<va>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <vz>P ~~<Rel> <vz>Q
proof —
from EqutRel’ show ?thesis
proof (induct rule: simCasesContlof - (P, Q, z)])
case(Bound Q' a y)
have Trans: <vz>Q ——a<vy> < Q' by fact
have y £ (P, Q, z) by fact
hence yineqr: y # x and yFreshP: y § P and y § Q by(simp add: fresh-prod)+
from Trans <y # x> <y § Q> show ?case
proof (induct rule: resCasesB)
case(cOpen a Q)
have QTrans: Q —alz] < Q' and aineqr: a # z by fact+

from PSim@Q QTrans obtain P’ where PTrans: P = ja[z] < P’
and P'Rel@": (P’, Q') € Rel
by (blast dest: simFE)

have <vz>P = ja<vy> < ([(y, z)] - P’

proof —

from PTrans ainegr have <vz>P = ja<vz> < P’by(rule Weak-Late-Step-Semantics. Open)
moreover from PTrans yFreshP have y § P’ by(force intro: Weak-Late-Step-Semantics.fresh Transition)
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ultimately show ?thesis by (simp add: alphaBoundResidual name-swap)
qed
moreover from EqutRel P'RelQ’ RelRel’ have ([(y, z)] - P, [(y, )] - Q') €
Rel’
by (blast intro: equtRell)
ultimately show ¢case by blast
next
case(cRes Q')
have QTrans: Q —a<vy> < Q' by fact
from <z § BoundOutputS a)> have © # a by simp

from PSimQ yFreshP QTrans obtain P’ where PTrans: P —ja<vy> <
Pl
and P'RelQ": (P', Q') € Rel
by (blast dest: simFE)
from PTrans <x # a» yineqr yFreshP have ResTrans: <ve>P = ja<vy> <
(<vz>P’)
by (blast intro: Weak-Late-Step-Semantics. ResB)
moreover from P’Rel@’ have ((<vz>P’), (<vz>Q’)) € Rel’
by(rule ResRel)
ultimately show Zcase by blast
qed
next
case(Input Q' a y)
have y ¢ (P, @, z) by fact
hence yineqr: y # x and yFreshP: y § P and y § Q by(simp add: fresh-prod)+

have <vz>Q —a<y> < Q' by fact
thus ?case using yineqr <y § @
proof (induct rule: resCasesB)
case(cOpen a Q)
thus ?case by simp
next
case(cRes Q)
have QTrans: Q —a<y> < Q' by fact
from <z § InputS o> have © # a by simp

from PSimQ QTrans yFreshP obtain P’
where L1: Vu. 3P. P = ju in P"—a<y> < P' A (P’, Q'[y::=u]) € Rel
by (blast dest: simFE)
have Vu. 3P’ <va>P = juin (<ve>P')—a<y> < P' A (P/, (<vz>Q")[y::=u])
€ Rel’
proof (rule alll)
fix u
show 3P’ <vz>P = juin <vz>P'"—wa<y> < P' A (P, (<vz>Q')|y:=u])
€ Rel’
proof(cases z=u)
assume zrequ: T=1u
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have J c::name. ¢ § (P, P”, Q’, z, y, a) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ f P and cFreshP’: ¢ 4 P" and
cFreshQ” ¢4 Q'
and cineqz: ¢ # x and cineqy: ¢ # y and cineqa: ¢ # a
by (force simp add: fresh-prod)

from LI obtain P’ where PTrans: P =>c in P""—a<y> < P’
and P'RelQ": (P', Q'ly::=c]) € Rel
by blast
have <vz>P = u in (<vz>P")—a<y> < <ve>([(z, ¢)] - P’
proof —
from PTrans yineqr <x # a> cineqr have <vz>P = cin (<vz>P")—a<y>
< <vz>P’'
by (blast intro: Weak-Late-Step-Semantics. ResB)
hence ([(z, ¢)] - <vz>P) =([(z, ¢)] - ¢) in ([(z, ¢)] - <va>P")—([(x,
Ol - <([(, 0] - 9> < [(z, )] - <ve>P’
by (rule Weak-Late-Step-Semantics.equtl)
moreover from cFreshP have <vc¢>([(z, ¢)] -+ P) = <vaz>P by(simp
add: alphaRes)
moreover from cFreshP' have <ve>([(z, ¢)] - P') = <va>P'" by(simp
add: alphaRes)
ultimately show ?thesis using <z # a) cineqa yineqr cineqy cineqr requ
by (simp add: name-calc)
qed
moreover have (<ve>([(z, ¢)] - P), (<vz>Q")[y::=u]) € Rel’
proof —
from P'Rel@’ have (<vaz>P’', <va>(Q'|y::=c])) € Rel’ by(rule ResRel)
with EqutRel’ have ([(z, ¢)] - <va>P’, [(z, ¢)] - <vz>(Q'[y::=¢])) €
Rel” by(rule equiRell)
with cineqy yinege cinegr have (<ve>([(z, ¢)] - P'), (<ve>([(z, ¢)] -
Q))ly:=a]) € Rel’
by (simp add: name-calc equt-subs)
with cFresh@’ zequ show ?thesis by (simp add: alphaRes)
qed
ultimately show ¢thesis by blast
next
assume xinequ: T #* u
from LI obtain P’ where PTrans: P =>u in P"—a<y> < P’
and P’RelQ": (P’, Q'ly::=u]) € Rel by blast

from PTrans <z # a> yineqr zinequ have <vz>P = ju in (<vz>P")—a<y>
< <vg>P’
by (blast intro: Weak-Late-Step-Semantics. ResB)
moreover from P’RelQ’ zinequ yineqr have (<vax>P’' (<vz>Q')[y::=u])
€ Rel’
by (force intro: ResRel)
ultimately show ¢thesis by blast
qged
qed
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thus ?case by blast
qed
next
case(Free Q' )
have <vz>Q —— a < Q' by fact
thus Zcase
proof (induct rule: resCasesF)
case(cRes Q')
have Q —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P —ja < P’
and P'Rel@": (P’, Q') € Rel
by (blast dest: simFE)

have <vz>P — o0 < <vz>P’
proof —
have xzFreshAlpha: x § « by fact
with PTrans show ?thesis by (rule Weak-Late-Step-Semantics. ResF)
qed
moreover from P’Rel@’ have (<vz>P’, <vz>Q') € Rel’ by(rule ResRel)
ultimately show ?case by blast

qed
qed
qed
lemma bangPres:
fixes P :: pi
and @ < pi

and Rel :: (pi x pi) set

assumes PSim@Q: P ~<Rel’> Q

and PRel@Q: (P, Q) € Rel

and  Sim: AP Q. (P, Q) € Rel = P ~~<Rel"™> @
and  RelRel”: AP Q. (P, Q) € Rel = (P, Q) € Rel’
and equtRel’: equt Rel’

shows P ~»<bangRel Rel’> 1Q
proof —
from equtRel’ have EqutBangRel’: equt(bangRel Rel’) by(rule equtBangRel)
from RelRel’ have BRelRel: AP Q. (P, Q) € bangRel Rel = (P, Q) € bangRel
Rel’
by (auto intro: bangRelSubset)

have ARs P. [!Q — Rs; (P, !Q) € bangRel Rel] = weakStepSimAct P Rs P
(bangRel Rel’)
proof —
fix Rs P
assume !Q — Rs and (P, !Q) € bangRel Rel
thus weakStepSimAct P Rs P (bangRel Rel’)
proof (nominal-induct avoiding: P rule: bangInduct)
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case(cParlB aa x Q' P)
have QTrans: Q —aa«z» < Q" and zFreshQ: z ff Q by fact+
have (P, @ || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
from PRel@ have PSim@Q: P ~~<Rel”> @ by(rule Sim)
from FqutBangRel’ show ?case
proof (induct rule: simActBoundCases)
case(Input a)
have aa = InputS a by fact
with PSimQ QTrans xFreshP obtain P
where L1: Vu. 3P'. P = u in P'"—a<a> < P' A (P/, Q'lz:=u]) €
Rel’
by (blast dest: simFE)
have Vu. 3P". P || R =-u in (P" || R)—a<z> < P’ A (P, (Q' |
'Q)[x::=u]) € bangRel Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P =—>;u in P""—a<z> < P’
and P’RelQ": (P’, Q'[z::=u]) € Rel’
by blast
from PTrans xFreshR have P || R =~ ju in (P" || R)—a<z>< P'|| R
by (rule Weak-Late-Step-Semantics.ParlB)
moreover have (P’ | R, (Q'| 'Q)[z::=u]) € bangRel Rel’
proof —
from P’RelQ’ RBangRel@ have (P’ || R, Q'[z::=u] || Q) € bangRel
Rel’
by (blast intro: BRelRel’ Rel. BRPar)
with zFresh@ show ?thesis by(force simp add: forget)
qed
ultimately show 3P’ P || R = uin (P" || R)—»a<z> < P’ A
(P, (Q" ]| 'Q)[z::=u]) € bangRel Rel’
by blast
qed
thus ?case by blast
next
case(BoundOQutput a)
have aa = BoundQutputS a by fact
with PSim@Q QTrans tFreshP obtain P’ where PTrans: P = ja<vz>
< P"and P'RelQ": (P, Q') € Rel’
by (force dest: simE)
from PTrans zFreshR have P | R =ja<va>< P’ || R
by (rule Weak-Late-Step-Semantics.ParlB)
moreover from P’RelQ’ RBangRel@ have (P’ || R, Q' || !Q) € bangRel
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Rel’
by (blast intro: Rel. BRPar BRelRel’)
ultimately show ?case by blast
qed
qed
next
case(cParlF o Q' P)
have QTrans: Q — « < Q' by fact
have (P, @ || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
show ?Zcase
proof (induct rule: simActFreeCases)
case Free
from PRel@Q have P ~~<Rel> Q by(rule Sim)
with QTrans obtain P’ where PTrans: P = o < P’ and P'RelQ": (P’,
Q") € Rel’
by (blast dest: simE)

from PTrans have P | R =& < P'|| R by(rule Weak-Late-Step-Semantics. ParlF)
moreover from P’RelQ’ RBangRelQ have (P’ || R, Q' || !Q) € bangRel
Rel’
by (blast intro: BRelRel' Rel. BRPar)
ultimately show ?case by blast
qed
qed
next
case(cPar2B aa z Q' P)
have [H: AP. (P, Q) € bangRel Rel = weakStepSimAct P (aa«z» < Q)
P (bangRel Rel’) by fact
have zFresh@: = @ by fact
have (P, @ || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
from RBangRelQ have IH: weakStepSimAct R (aa«xz» < Q') R (bangRel
Rel’) by (rule IH)
from EqutBangRel’ show Zcase
proof (induct rule: simActBoundCases)
case(Input a)
have aa = InputS a by fact
with zFreshR IH obtain R" where L1:Vu. 3R R = ju in R""—a<z>

246



< R'A
(R, Q'[z::=u]) € bangRel Rel’

by (simp add: weakStepSimAct-def, blast)

have Vu. 3P". P || R = u in (P || R")—a<az> < P' A (P’, (Q ||
QN[z::=u]) € bangRel Rel’

proof (rule alll)
fix u
from L1 obtain R’ where RTrans: R =—>u in R'""—a<z> < R’
and R’BangRelT” (R’, Q'[x::=u]) € bangRel Rel’
by blast

from RTrans zFreshP have P | R =ju in (P || R")—a<z> < P || R’
by (rule Weak-Late-Step-Semantics. Par2B)
moreover have (P || R’, (Q || Q))[z::=u]) € bangRel Rel’
proof —
from PRel@ R’'BangRelT’ have (P || R/, Q || Q'|z::=u]) € bangRel
Rel’
by (blast intro: RelRel’ Rel. BRPar)
with zFresh@ show ?thesis by (simp add: forget)
qed
ultimately show 3P’". P | R =u in (P || R")—a<z> < P’ A (P/,
(Q || Q)[x::=u]) € bangRel Rel’
by blast
qed
thus ?case by blast
next
case(BoundOQutput a)
have aa = BoundQOutputS a by fact
with IH zFreshR obtain R’ where RTrans: R =—>ja<vz> < R’
and R’BangRelT" (R’, Q') € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)

from RTrans xFreshP have P || R = ja<vz> < P || R’
by (auto intro: Weak-Late-Step-Semantics. Par2B)
moreover from PRel@ R'BangRelT' have (P || R, Q || Q') € bangRel
Rel’
by (blast intro: RelRel’ Rel. BRPar)
ultimately show ?case by blast
qed
qed
next
case(cPar2F o Q)
have IH: AP. (P, !Q) € bangRel Rel — weakStepSimAct P (a < Q') P
(bangRel Rel’) by fact+
have (P, @ || 'Q) € bangRel Rel by fact
thus Zcase
proof (induct rule: BRParCases)
case(BRPar P R)

have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
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fact+
show ?Zcase
proof (induct rule: simActFreeCases)
case Free
from RBangRel@ have weakStepSimAct R (o < Q') R (bangRel Rel’)
by (rule IH)
then obtain R’ where RTrans: R —> ;o < R’ and R’BangRelQ": (R’
Q") € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)

from RTrans have P | R =>;a < P || R' by(rule Weak-Late-Step-Semantics. Par2F)
moreover from PRel@ R'BangRel@’ have (P | R', Q || Q') € bangRel
Rel’
by (blast intro: RelRel’ Rel. BRPar)
ultimately show ?case by blast
qged
qed
next
case(cComml axz Q' b Q" P)
have QTrans: Q — a<z> < Q' by fact
have IH: \P. (P, !Q) € bangRel Rel = weakStepSimAct P (a[b] < Q") P
(bangRel Rel’) by fact+
have (P, @ || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: z § P by simp
show ?Zcase
proof (induct rule: simActFreeCases)
case Free
from PRel@ have P ~~<Rel’”> @Q by(rule Sim)
with QTrans xFreshP obtain P’ P" where PTrans: P =>b in P""—a<x>
< P’
and P’RelQ": (P', Q'[z::=b]) € Rel’
by (blast dest: simE)

from RBangRel@ have weakStepSimAct R (a[b] < Q") R (bangRel Rel’)
by (rule IH)
then obtain R’ where RTrans: R =>a[b] < R’
and R'RelT’”: (R, Q') € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)
from PTrans RTrans have P || R =7 < (P'|| R’
by (rule Weak-Late-Step-Semantics.Comm1)
moreover from P’'RelQ’ R'RelT’ have (P’ | R', Q'lz=:=b] | Q") €
bangRel Rel’
by (blast intro: RelRel’ Rel. BRPar)
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ultimately show ?case by blast
qged
qed
next
case(cComm2 a b Q' z Q" P)
have QTrans: Q —alb] < Q' by fact
have IH: AP. (P, Q) € bangRel Rel = weakStepSimAct P (a<z> < Q")
P (bangRel Rel’)
by fact
have (P, Q || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshR: x § R by simp
show ?Zcase
proof (induct rule: simActFreeCases)
case Free

from PRel@ have P ~~<Rel”> @Q by(rule Sim)
with QTrans obtain P’ where PTrans: P =>ja[b] < P’
and P'RelQ": (P’, Q') € Rel’
by (blast dest: simE)

from RBangRel@Q have weakStepSimAct R (a<z> < Q") R (bangRel Rel’)
by (rule IH)
with zFreshR obtain R’ R where RTrans: R =>;b in R""—a<z> < R’
and R’BangRelQ": (R, Q"[z::=b]) € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)

from PTrans RTrans have P | R =7 < (P’ || R
by (rule Weak-Late-Step-Semantics. Comm?2)
moreover from P’RelQ)’ R'BangRelQ' have (P'| R’, Q' || Q"[z:=b])
€ bangRel Rel’
by (rule Rel. BRPar)
ultimately show ?case by blast
qed
qed
next
case(cClosel a z Q' y Q" P)
have QTrans: Q — a<z> < Q' by fact
have IH: AP. (P,!Q) € bangRel Rel =—> weakStepSimAct P (a<vy> < Q')
P (bangRel Rel’)
by fact
have (P, Q || 'Q) € bangRel Rel and z § P and y § P by fact+
thus ?Zcase
proof (induct rule: BRParCases)
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case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have 2 §f P || Rand y § P | R by fact+
hence zFreshP: x § P and yFreshR: y § R and yFreshP: y § P by simp+
show ?Zcase
proof (induct rule: simActFreeCases)
case Free
from PRel@ have P ~~<Rel”> @Q by(rule Sim)
with QTrans zFreshP obtain P’ P where PTrans: P =y in P''—a<x>
< P’
and P’RelQ": (P', Q'|z::=y]) € Rel’
by (blast dest: simE)

from RBangRel@ have weakStepSimAct R (a<vy> < Q') R (bangRel
Rel’) by(rule IH)
with yFreshR obtain R’ where RTrans: R = ja<vy> < R’
and R’'BangRelQ": (R’, Q") € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)
from PTrans RTrans yFreshP yFreshR have P | R =7 < <vy>(P’ ||
R’
by (rule Weak-Late-Step-Semantics.Closel)
moreover from P’'Rel@’ R'BangRel@' have (<vy>(P'|| R'), <vy>(Q'[z::=y]
| Q")) € bangRel Rel’
by (force intro: Rel. BRPar Rel. BRRes)
ultimately show ?case by blast
ged
qed
next
case(cClose2 a y Q' z Q")
have QTrans: Q — a<vy> < Q' by fact
have IH: \P. (P, Q) € bangRel Rel = weakStepSimAct P (a<z> < Q")
P (bangRel Rel’)
by fact
have (P, Q || 'Q) € bangRel Rel and z § P and y t P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have 2 f P || Rand y § P | R by fact+
hence zFreshR: x § R and yFreshR: y £ R and yFreshP: y § P by simp+
show Zcase
proof (induct rule: simActFreeCases)
case Free
from PRel@ have P ~~<Rel”> @Q by(rule Sim)
with QTrans yFreshP obtain P’ where PTrans: P —ja<vy> < P’
and P'RelQ": (P’, Q) € Rel’
by (blast dest: simE)
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from RBangRel@ have weakStepSimAct R (a<z> < Q") R (bangRel Rel’)
by (rule IH)
with zFreshR obtain R’ R’ where RTrans: R =y in R''—a<z> < R’
and R’'BangRelT" (R', Q"[z::=y]) € bangRel Rel’
by (simp add: weakStepSimAct-def, blast)

from PTrans RTrans yFreshP yFreshR have P | R =17 < <vy>(P' ||
R’
by (rule Weak-Late-Step-Semantics.Close2)
moreover from P’RelQ’ R'BangRelT’ have (<vy>(P'| R'), <vy>(Q’
| @"[z::=y])) € bangRel Rel’
by (force intro: Rel. BRPar Rel. BRRes)
ultimately show ?case by blast
qed
qed
next
case(cBang Rs)
have IH: AP. (P, Q || !'Q) € bangRel Rel = weakStepSimAct P Rs P
(bangRel Rel’)
by fact
have (P, !Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, !Q) € bangRel Rel by(rule Rel. BRBang)
with PRelQ have (P || |P, Q || 'Q) € bangRel Rel by(rule Rel. BRPar)
hence weakStepSimAct (P || !P) Rs (P || |P) (bangRel Rel’) by(rule IH)
thus Zcase
proof(simp (no-asm) add: weakStepSimAct-def, auto)
fix Q' ax
assume weakStepSimAct (P || |P) (a<vz> < Q") (P || !P) (bangRel Rel’)
and z ff P
then obtain P’ where PTrans: (P | |P) = a<vz> < P’
and P’RelQ": (P’, Q') € (bangRel Rel’)
by (simp add: weakStepSimAct-def, blast)
from PTrans have !|P —a<vz> < P’
by (rule Weak-Late-Step-Semantics. Bang)
with P’Rel@’ show 3 P’. |P = ja<vz> < P’ A (P, Q') € bangRel Rel’
by blast
next
fix Q' ax
assume weakStepSimAct (P || 'P) (a<z> < Q') (P || 'P) (bangRel Rel’)
and z § P
then obtain P” where L1:Vu. 3P’ P || |P = u in P"—a<z> < P’
A (P'y Q'lz:=u]) € (bangRel Rel’)
by (simp add: weakStepSimAct-def, blast)
have Vu. 3P |P = ju in P"—a<z> < P' A (P/, Q'[z::=u]) € (bangRel
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Rel’)
proof (rule alll)
fix u
from LI obtain P’ where PTrans: P || |P = u in P""—a<z> < P’
and P’RelQ": (P', Q'[z::=u]) € (bangRel Rel’)
by blast
from PTrans have |P = ju in P""—a<z> < P’by(rule Weak-Late-Step-Semantics. Bang)
with P’Rel@’ show 3P’ |P = juin P'"—a<z> < P' A (P', Q'[z:=u])
€ (bangRel Rel’) by blast
qged
thus 3P". Yu. 3P |P = ju in P"—a<z> < P' A (P, Q'lz:=u]) €
(bangRel Rel’) by blast
next
fix Q' «
assume weakStepSimAct (P || !P) (a« < Q') (P || !P) (bangRel Rel’)
then obtain P’ where PTrans: (P || |P) =ja < P’
and P’Rel@": (P’, Q') € (bangRel Rel’)
by (simp add: weakStepSimAct-def, blast)
from PTrans have !|P —>;a0 < P’
by (rule Weak-Late-Step-Semantics. Bang)
with P’Rel@’ show 3P’ |P = o < P’ A (P, Q') € (bangRel Rel’) by
blast
qged
qed
qed
qged
moreover from PRel@ have (!P, Q) € bangRel Rel by(rule Rel. BRBang)
ultimately show ?thesis by (simp add: weakStepSim-def)
qed

end

theory Weak-Late-Bisim-SC
imports Weak-Late-Bisim Strong-Late-Bisim-SC
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~ <vb><va>P

proof —
have <va><vb>P ~ <vb><va>P by(rule Strong-Late-Bisim-SC.resComm,)
thus ?thesis by(rule strongBisim WeakBisim)

qed
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lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~ P

proof —
have [a—~a]P ~ P by(rule Strong-Late-Bisim-SC.matchld)
thus ?thesis by(rule strongBisim WeakBisim)

qged

lemma mismatchld:
fixes a :: name
and b :: name
and P : pi

assumes g # b

shows [a#b]P ~ P

proof —
from assms have [a#b]P ~ P by(rule Strong-Late-Bisim-SC.mismatchld)
thus ?thesis by (rule strongBisim WeakBisim)

qged

lemma mismatchZero:
fixes a :: name
and P : pi

shows [a#a|P ~ 0

proof —
have [a#a]P ~ 0 by(rule Strong-Late-Bisim-SC.mismatchNil)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma sumSym:
fixes P :: pi
and Q : pi

shows P Q~ Q ©& P

proof —
have P & Q ~ @ ® P by(rule Strong-Late-Bisim-SC.sumSym)
thus ?thesis by(rule strongBisim WeakBisim)

qed
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lemma sumAssoc:

fixes P :: pi
and Q : pi
and R : pi

shows (P® Q) ® R~ P @ (Q & R)

proof —
have (P & Q) @ R ~ P @ (Q & R) by(rule Strong-Late-Bisim-SC.sumAssoc)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma sumZero:
fixes P :: pi

shows P & 0 =~ P

proof —
have P @ 0 ~ P by(rule Strong-Late-Bisim-SC.sumZero)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma parZero:
fixes P :: pi

shows P | 0 ~ P

proof —
have P || 0 ~ P by(rule Strong-Late-Bisim-SC.parZero)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma parSym:
fixes P :: pi
and @ : pi

shows P || Q~ Q|| P

proof —
have P || @ ~ Q || P by(rule Strong-Late-Bisim-SC.parSym)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma scopeExtPar:
fixes P :: pi
and @ :: pi
and «z : name

assumes z f P

shows <vz>(P || Q) = P | <vz>Q
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proof —
from assms have <vz>(P || Q) ~ P || <vz>Q by(rule Strong-Late-Bisim-SC.scopeExtPar)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma scopeFExtPar’:
fixes P :: pi
and Q : pi
and z : name

assumes zFresh@: z  Q

shows <va>(P || Q) = (<vz>P) || Q

proof —
from assms have <vz>(P || Q) ~ (<vz>P) || Q by(rule Strong-Late-Bisim-SC.scopeExtPar’)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma parAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P | Q) | R~ P | (Q || B)

proof —
have (P || Q) || R ~ P || (Q || R) by(rule Strong-Late-Bisim-SC.parAssoc)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma freshRes:
fixes P :: pi
and a :: name

assumes aFreshP: a § P

shows <va>P ~ P

proof —
from assms have <va>P ~ P by(rule Strong-Late-Bisim-SC.scopeFresh)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma scopeExrtSum:
fixes P :: pi
and @ :: pi
and «z : name

assumes z f P

shows <va>(P ® Q) = P & <vz>Q
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proof —
from assms have <vz>(P ® Q) ~ P ® <vz>(Q by(rule Strong-Late-Bisim-SC.scope ExtSum)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma bangSC":
fixes P

shows |P ~ P || |P

proof —
have |P ~ P || |P by(rule Strong-Late-Bisim-SC.bangSC)
thus ?thesis by (rule strongBisim WeakBisim)

qed

end

theory Weak-Late-Sim-Pres
imports Weak-Late-Sim
begin

lemma tauPres:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes PRel@: (P, Q) € Rel

shows 7.(P) ~ <Rel> 7.(Q)
proof (induct rule: simCases)
case(Bound Q' a x)
have 7.(Q) —a<vz> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Input Q' a )
have 7.(Q) —ra<z> < Q' by fact
hence Fulse by auto
thus ?case by simp
next
case(Free Q' )
have 7.(Q) —(a < Q') by fact
thus ?case using PRelQ
proof (induct rule: tauCases, auto simp add: pi.inject residual.inject)
have 7.(P) =, 7 < P by(rule Tau)
moreover assume (P, Q') € Rel
ultimately show 3 P". 7.(P) =, 7 < P' A (P, Q') € Rel by blast
qged
qed
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lemma inputPres:

fixes P : pi
and @ :pi
and a :: name
and z :: name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz::=y|, Qz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~ <Rel> a<z>.Q
proof —
show ?thesis using Equt
proof (induct rule: simCasesCont|of - (P, a, z, Q)])
case(Bound Q' b y)
have a<z>.Q —b<vy> < Q' by fact
hence False by auto
thus ?case by simp
next
case(Input Q' b y)
have y £ (P, a, z, Q) by fact
hence yFreshP: (y::name) § P and yineqe: y # x and y # a and y § Q
by (simp add: fresh-prod)+
have a<z>.Q —b<y> < Q' by fact
thus ?case using <y # @ <y # o> <y §
proof (induct rule: inputCases, auto simp add: subject.inject)
have Vu. 3P’ a<z>.P = ju in ([(z, y)] - P)—a<y> < P’ A (P’, ([(z, y)]
- Q)ly:=u]) € Rel
proof (rule alll)
fix u
have a<z>.P = u in ([(z, y)] - P)—a<y> < ([(z, y)] - P)[y::=u] (is
?goal)
proof —
from yFreshP have a<z>.P = a<y>.([(z, y)] - P) by(rule Agent.alphalnput)
moreover have a<y>.([(z, y)] -+ P) = u in ([(z, y)] -+ P)—a<y> < ([(z,
v - Plyi=u)
by (rule Weak-Late-Step-Semantics. Input)
ultimately show ?goal by(simp add: name-swap)
qed

moreover have (([(z, y)] - P)[y:=u], ([(z, v)] - Q)[y::=u]) € Rel
proof —

from PRel@) have (P[z:=u], Q[z::=u]) € Rel by auto

with <y § P> <y § @ show ?thesis by(simp add: renaming)
qed

ultimately show 3 P'. a<z>.P = u in ([(z, y)] -+ P)—a<y> < P’ A (P’
([(z, )] - Qly==u]) € Rel
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by blast
qed

thus 3P". Vu. 3P’ a<z>.P = ju in P'"—a<y> < P' A (P, ([(z, v)] -
Q)|y::=u]) € Rel by blast
qed
next
case(Free Q' )
have a<z>.Q —a < Q' by fact
hence Fulse by auto
thus ?case by simp

qed

qed

lemma outputPres:
fixes P :: pi
and @ = pi
and a :: name
and b : name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~ <Rel> a{b}.Q
proof (induct rule: simCases)
case(Bound Q' ¢ x)
have a{b}.Q —c<vz> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Input Q' ¢ x)
have a{b}.Q —c<z> < Q' by fact
hence Fualse by auto
thus ?case by simp
next
case(Free Q' «)
have a{b}.Q —a < Q' by fact
thus 3P a{b}.P =, a < P' A (P, Q') € Rel using PRelQ
proof (induct rule: outputCases, auto simp add: pi.inject residual.inject)
have a{b}.P =; a[b] < P by(rule Output)
moreover assume (P, Q') € Rel
ultimately show 3 P’. a{b}.P =, a[b] < P’ A (P', Q') € Rel by blast
qed

qed

lemma matchPres:
fixes P :: pi
and @ ::pi
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and a : name
and b :: name
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q
and  RelStay: AP Q a. (P, Q) € Rel = ([a—~a]P, Q) € Rel
and RelRel”: Rel C Rel’

shows [a—~b]P ~ <Rel’> [a—~b]Q
proof (induct rule: simCases)
case(Bound Q' ¢ z)
have z § [a—~b]P by fact
hence zFreshP: (z::name) § P by simp
have [a~0]Q — c<vz> < Q' by fact
thus Zcase
proof (induct rule: matchCases)
case cMatch
have Q —c<vz> < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P =, c<vz> < P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)
from PTrans have [a—~a|P =, c<vz> < P'by(rule Weak-Late-Semantics. Match)
with P’RelQ’ RelRel’ show ?case by blast
qed
next
case(Input Q' ¢ )
have z § [a—~b]P by fact
hence zFreshP: z §f P by simp
have [a—~b]Q —c<z> < Q' by fact
thus ?case
proof (induct rule: matchCases)
case cMatch
have Q — c<z> < Q' by fact
with PSimQ zFreshP obtain P where L1:Vu. 3P'. P = ju in P""—c<a>
< P’ A (P, Q'|x::=u]) € Rel
by (force intro: simFE)
have Vu. 3P’ [a~a]|P = u in P"—c<z> < P' A (P, Q'[z::=u]) € Rel’
proof (rule alll)
fix u
from LI obtain P’ where PTrans: P =>u in P""—c<xz> < P’and P'RelQ"
(P’ Q'|z::=u]) € Rel
by blast
from PTrans have [a—~a|P = ju in P""—c<z> < P’ by(rule Weak-Late-Step-Semantics. Match)
with P’RelQ’ RelRel’ show 3P’. [a—~a]P = u in P"—c<z> < P’ A (P’
Q'[z::=u]) € Rel’
by blast
qed
thus ?case by blast
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qed
next
case(Free Q' )
have [a~0]Q — a < Q' by fact
thus Zcase
proof (induct rule: matchCases)
case cMatch
have Q — a < Q' by fact
with PSim(Q obtain P’ where PTrans: P =>; o < P’ and PRel: (P’, Q) €
Rel
by (blast dest: simE)
from PTrans show ?case
proof (induct rule: transitionCases)
case Step
have P =, < P’ by fact
hence [¢~a]P = ja < P’ by(rule Weak-Late-Step-Semantics. Match)
with PRel RelRel’ show ?case by(force simp add: weakTransition-def)
next
case Stay
have a < P' =7 < P by fact
hence alphaFEqTau: « = 7 and PeqP’: P = P’ by(simp add: residual.inject)+
have [a—~a]P =, 7 < [a—~a]P by(simp add: weakTransition-def)
moreover from PeqP’ PRel have ([a—~a]P, Q') € Rel by(blast intro: RelStay)
ultimately show ?case using RelRel’ alphaEqTau by blast

qed

qged
qed
lemma mismatchPres:
fixes P :: pi

and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q
and RelStay: AP Q a b. [(P, Q) € Rel; a # b] = ([a#b]P, Q) € Rel
and RelRel”: Rel C Rel’

shows [a#£b]P ~ <Rel’> [a#b]Q
proof(cases a = b)

assume a = b

thus ?thesis by(auto simp add: weakSimulation-def)
next

assume ainegb: a # b

show ?thesis

proof (induct rule: simCases)

case(Bound Q' ¢ z)
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have z £ [a#£b]P by fact
hence zFreshP: (z::name) § P by simp
have [a#£b]Q — c<vzi> < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case cMismatch
have Q —c<vz> < Q' by fact
with PSim(Q zFreshP obtain P’ where PTrans: P =>; c<vz> < P’
and P’RelQ": (P’, Q") € Rel
by (blast dest: simFE)
from PTrans ainegb have [a#b|P =, c<vz> < P’by(rule Weak-Late-Semantics. Mismatch)
with P’RelQ’ RelRel’ show ?case by blast
qed
next
case(Input Q' ¢ x)
have z § [a#b]P by fact
hence zFreshP: x § P by simp
have [a#£b]Q —c<z> < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case cMismatch
have Q — c<z> < Q' by fact
with PSim@ zFreshP obtain P' where L1:Vu. 3P’. P = ju in P'"—c<z>
< P'A (P, Q'[z::=u]) € Rel
by (force intro: simFE)
have Vu. 3P’ [a#bP = ju in P"—c<z> < P' A (P, Q'lz::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P = ju in P""—c<z> < P’ and
P'RelQ": (P’, Q'[z::=u]) € Rel
by blast
from PTrans ainegb have [a#b]P = ju in P'"—c<z> < P’ by(rule
Weak-Late-Step-Semantics. Mismatch)
with P’Rel@’ RelRel’ show 3 P’. [a£b]|P = ju in P"—c<z> < P’ A (P,
Q'lz::=u]) € Rel’
by blast
qed
thus ?case by blast
qed
next
case(Free Q' )
have [a#£b]Q — a < Q' by fact
thus Zcase
proof (induct rule: mismatchCases)
case cMismatch
have a # b by fact
have Q —a < Q' by fact
with PSim( obtain P’ where PTrans: P =>; o < P’ and PRel: (P’, Q')
€ Rel
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by (blast dest: simFE)
from PTrans show ?case
proof (induct rule: transitionCases)
case Step
have P = < P’ by fact
hence [a#£b|P =>;a < P’ using <a # b by(rule Weak-Late-Step-Semantics. Mismatch)
with PRel RelRel’ show ?case by(force simp add: weakTransition-def)
next
case Stay
have a < P' =7 < P by fact
hence alphaEqTau: o = 7 and PeqP’: P = P’ by(simp add: residual.inject)+
have [a#b|P =, 7 < [a#b] P by(simp add: weak Transition-def)
moreover from PeqP’ PRel ainegb have ([a#b]P, Q') € Rel by(blast intro:

RelStay)
ultimately show ?case using alphaEqTau RelRel’ by blast
qed
qed

qed

qed

lemma parCompose:
fixes P ol
and (@ opi
and R ot
and T :pi
and

and
and

Rel :: (pi x pi) set
Rel’ :: (
Rel" :: (pi x pi) set

pi X pi) set

assumes PSimQ: P ~» <Rel> Q

and
and
and
and
€ Rel”
and
and
and
and

RSimT: R~ <Rel’> T

PRelQ: (P, Q) € Rel

RRel'T: (R, T) € Rel’

Par: APQRT.[(P,Q) € Rel; (R, T)€ Rell = (P|| R, Q| T)

Res: AP Q a. (P, Q) € Rel” = (<va>P, <va>Q) € Rel”
EqutRel: equt Rel

EqutRel’: equt Rel’

EqutRel'": equt Rel’

shows P || R~ <Rel”> Q| T
using <equt Rel’’s
proof (induct rule: simCasesContlwhere C=(P, Q, R, T)])
case(Bound Q' a x)
from «z § (P, Q, R, T)» have z f Pand 2§ Rand z §f @ and z § T by simp+
from «Q | T — a<vz> < Qh «x § @ «x § T»
show ?Zcase
proof (induct rule: parCasesB)
case(cPar!l Q')
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from PSim@Q «Q — a<vz> < Q" <z § P> obtain P’ where PTrans:P —>;
a<vz> < P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)
from PTrans <z § B> have P | R =, a<vz> < (P'|| R) by(rule Weak-Late-Semantics.Par1B)
moreover from P'RelQ’ RRel’T have (P'|| R, Q' || T) € Rel” by(rule Par)
ultimately show ¢case by blast
next
case(cPar2 T')
from RSimT «T — a<vaz> < T’ «x § R obtain R’ where RTrans:R —>;
a<vz> < R’
and R'Rel’T" (R', T') € Rel’
by (blast dest: simE)
from RTrans <z f P> <z § R> have ParTrans: P | R =>; a<vz> < (P || R’
by (blast intro: Weak-Late-Semantics.Par2B)
moreover from PRelQ R'Rel’T'have (P | R, Q|| T') € Rel” by(rule Par)
ultimately show ?case by blast
qed
next
case(Input Q' a x)
from <z § (P, Q, R, T havez f Pand 2§ Rand z § Q and z § T by simp+
from «Q | T — a<z> < Q) <z Q@ «x i T»
show Zcase
proof (induct rule: parCasesB)
case(cParl Q)
from PSimQ «Q —a<z> < Q" <z § P> obtain P”
where L1: Vu. 3P’ P = ju in P"—wa<z> < P' A (P/, Q'[z::=u]) € Rel
by (blast dest: simFE)
have Vu. 3P’ P || R =u in (P" | R)—a<az> < P’ A (P!, Q'lz:=u] ||
T[z:=u]) € Rel”
proof (rule alll)
fix u
from L1 obtain P’ where PTrans:P =>;u in P""—a<z> < P’
and P’RelQ’: (P’, Q'[z::=u]) € Rel by blast
from PTrans <z § R» have P | R = u in (P" || R)—a<z> < (P’| R)
by (rule Weak-Late-Step-Semantics.ParlB)
moreover from P’RelQ’ RRel’T have (P' | R, Q[z:=u] || T) € Rel”
by(rule Par)
ultimately show 3P’. P | R = juin (P" | R)—a<z> < P’ A
(P, Q'lzz=u] || (T[z::=u])) € Rel” using <z § T
by (force simp add: forget)
qed
thus ?case by force
next
case(cPar2 T")
from RSimT «T ——a<z> < T’ «x § R» obtain R”
where L1: Vu. 3R’ R = ju in R"—a<z> < R’ A (R, T'[z::=u]) € Rel’
by (blast dest: simE)
have Vu. 3P P || R = u in (P || R")—a<z> < P’ A (P’, Q[z:=u] |
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T'[z::=u]) € Rel”
proof (rule alll)
fix u
from L1 obtain R’ where RTrans:R = ju in R""—a<z> < R’
and R'Rel’T". (R, T'[z::=u]) € Rel’ by blast

from RTrans <x § Py have ParTrans: P | R = u in (P || R")—a<a> <

(P || R
by (rule Weak-Late-Step-Semantics. Par2B)

moreover from PRelQ) R'Rel’T’ have (P | R, Q | T’[z:=u]) € Rel”
by(rule Par)

ultimately show 3P’ P || R = uin (P || R")—a<az> < P’ A
(P, Qlzz:=u] | T'[z::=u]) € Rel” using «x § O
by (force simp add: forget)
qed
thus ?case by force
qed
next
case(Free QT' )
have Q | T — a < QT' by fact
thus ?case
proof (induct rule: parCasesF[of - - - - - (P, R)))
case(cParl Q)
have Q — a < Q' by fact
with PSim(Q) obtain P’ where PTrans: P =>; o < P’ and PRel: (P’, Q')
€ Rel
by (blast dest: simFE)
from PTrans have Trans: P || R =, a < P'| R by(rule Weak-Late-Semantics. Par1F)
moreover from PRel RRel’T have (P' | R, Q' || T) € Rel” by(blast intro:
Par)
ultimately show ?case by blast
next
case(cPar2 T')
have T — a < T' by fact
with RSimT obtain R’ where RTrans: R =, « < R’ and RRel: (R', T")
€ Rel’
by (blast dest: simE)
from RTrans have Trans: P || R =>; « < P || R' by(rule Weak-Late-Semantics. Par2F)
moreover from PRelQ RRel have (P | R', Q || T') € Rel” by(blast intro:
Par)
ultimately show ?case by blast
next
case(cComml1 Q' T' a b x)
have QTrans: Q — a<z> < Q' and TTrans: T — a[b] < T’ by fact+
have z § (P, R) by fact
hence zFreshP: z § P by(simp add: fresh-prod)

from PSimQ QTrans zFreshP obtain P’ P" where PTrans: P =—b in
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P'"—a<z> < P’
and P'RelQ": (P', Q'[z::=b]) € Rel
by (blast dest: simE)

from RSimT TTrans obtain R’ where RTrans: R =>; a[b] < R’
and RRel: (R’, T') € Rel’
by (blast dest: simE)

from PTrans RTrans have P || R =, 7 < P'|| R’ by(rule Weak-Late-Semantics.Comm1)

moreover from P'RelQ’ RRel have (P’ || R', Q'[z::=b] || T') € Rel” by(rule
Par)

ultimately show ?case by blast

next
case(cComm2 Q' T' a b x)
have QTrans: Q —alb] < Q' and TTrans: T —a<z> < T' by fact+
have z § (P, R) by fact
hence zFreshR: x R by(simp add: fresh-prod)

from PSimQ QTrans obtain P’ where PTrans: P =, a[b] < P’
and PRel: (P', Q') € Rel
by (blast dest: simE)

from RSimT TTrans zFreshR obtain R’ R" where RTrans: R = b in
R"—a<z> < R’
and R'Rel’T". (R, T'|z::=b]) € Rel’
by (blast dest: simE)

from PTrans RTrans have P | R =>;, 7 < P'|| R’ by(rule Weak-Late-Semantics. Comm2)
moreover from PRel R'Rel’T’ have (P’ || R’, Q' | T'[x::=b]) € Rel” by(rule
Par)
ultimately show ?case by blast
next
case(cClosel Q' T' a z y)
have QTrans: Q —a<z> < Q' and TTrans: T —a<vy> < T’ by fact+
have z §f (P, R) and y § (P, R) by fact+
hence zFreshP: z § P and yFreshR: y § R and yFreshP: y § P by(simp add:
fresh-prod)+

from PSimQ QTrans xFreshP obtain P’ P" where PTrans: P =y in
P'"—a<x> < P’
and P'RelQ": (P’, Q'[z::=y]) € Rel
by (blast dest: simE)
from RSimT TTrans yFreshR obtain R’ where RTrans: R :>lha<1/y> < R’

and R'Rel'T" (R', T') € Rel’
by (blast dest: simE)

from PTrans RTrans yFreshP yFreshR have Trans: P | R =, 7 < <vy>(P’
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| B
by (rule Weak-Late-Semantics.Closel)
moreover from P'RelQ’ R'Rel’T’ have (<vy>(P’ || R"), <vy>(Q'[z:=y] |
T") € Rel"
by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' T' a z y)
have QTrans: Q —a<vy> < Q' and TTrans: T —a<z> < T’ by fact+
have z § (P, R) and y § (P, R) by fact+
hence zFreshR: z § R and yFreshP: y f P and yFreshR: y § R by(simp add:
fresh-prod)+

from PSim(@Q QTrans yFreshP obtain P’ where PTrans: P = a<vy> < P’
and P’RelQ": (P’, Q') € Rel
by (blast dest: simE)

from RSimT TTrans zFreshR obtain R’ R” where RTrans: R =y in
R"—a<z> < R’
and R'Rel'T". (R, T'[z::=y]) € Rel’
by (blast dest: simE)

from PTrans RTrans yFreshP yFreshR have Trans: P || R =, 7 < <vy>(P’
I R)
by (rule Weak-Late-Semantics.Close2)
moreover from P’RelQ’ R'Rel’T' have (<vy>(P'|| R'), <vy>(Q’ | T'[z:=y]))
€ Rel"
by (blast intro: Par Res)
ultimately show ?case by blast
qed
qed

lemma parPres:

fixes P :: pi
and @ :: pi
and R : pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~» <Rel> Q

and  PRelQ: (P, Q) € Rel

and  Par: AP QR. (P, Q) € Rel = (P|| R, Q] R) € Rel
and  Res: AP Q a. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows P || R ~» <Rel> Q | R
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proof —

note PSim@)

moreover have RSimR: R ~ <Id> R by(auto intro: reflexive)

moreover note PRelQ moreover have (R, R) € Id by auto

moreover from Par have AP Q R T. [(P, Q) € Rel; (R, T) € Id] = (P ||
R, Q| T) € Rel

by auto

moreover note Res <equt Rel»

moreover have equt Id by (auto simp add: equt-def)

ultimately show ?thesis using EqutRel’ by(rule parCompose)

qed
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and z :: name

and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<va>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <vz>P ~» <Rel'> <vz>Q
proof —
from FEqutRel’ show ?thesis
proof (induct rule: simCasesContlof - (P, Q, z)])
case(Bound Q' a y)
have Trans: <vz>Q —a<vy> < Q' by fact
have y £ (P, @, z) by fact
hence yineqz: y # x and yFreshP: y § P and y § Q by(simp add: fresh-prod)+
from Trans <y # = <y § Q> show ?case
proof (induct rule: resCasesB)
case(cOpen a Q)
have QTrans: Q —alz] < Q' and aineqr: a # z by fact+

from PSimQ QTrans obtain P’ where PTrans: P =, a[z] < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simFE)

have <vz>P =, a<vy> < ([(y, )] - P’)

proof —

from PTrans ainegr have <vz>P =, a<vz> < P'by(rule Weak-Late-Semantics. Open)

moreover from PTrans yFreshP have y § P’ by(force intro: fresh Transition)
ultimately show ?thesis by (simp add: alphaBoundResidual name-swap)

qed
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moreover from FEqutRel P'RelQ’ RelRel’ have ([(y, z)] - P/, [(y, z)] - Q') €
Rel’
by (blast intro: equtRell)
ultimately show ?case by blast
next
case(cRes Q)
have QTrans: Q —ra<vy> < Q' by fact
from <z § BoundOutputS a)> have x # a by simp

from PSim(Q yFreshP QTrans obtain P’ where PTrans: P = a<vy> <
P/
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans <x # a> yineqr yFreshP have ResTrans: <ve>P =>; a<vy>
< (<vz>P)
by (blast intro: Weak-Late-Semantics. ResB)
moreover from P’Rel@’ have ((<vz>P’), (<vz>Q’)) € Rel’
by (rule ResRel)
ultimately show ?case by blast
qed
next
case(Input Q" a y)
have y £ (P, Q, z) by fact
hence yineqz: y # = and yFreshP: y § P and y § Q by(simp add: fresh-prod)+

have <vz>Q ——a<y> < Q' by fact
thus Zcase using yineqr <y § Q»
proof (induct rule: resCasesB)
case(cOpen a Q)
thus ?case by simp
next
case(cRes Q)
have QTrans: Q —ra<y> < Q' by fact
from «x § InputS o> have = # a by simp

from PSim@ QTrans yFreshP obtain P’
where L1: Vu. 3P P = u in P"—a<y> < P' A (P’, Q'[y::=u]) € Rel
by (blast dest: simFE)
have Vu. 3P’. <ve>P = juin (<ve>P")—a<y> < P' N (P’, (<vz>Q")|y::=u])
€ Rel’
proof (rule alll)
fix u
show 3 P’. <vz>P = juin <vz>P"—a<y> < P' N\ (P', (<vz>Q")[y::=u])
€ Rel’
proof(cases x=u)
assume zrequ: r=u

have J c::name. ¢ § (P, P”, Q', z, y, a) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshP': ¢ 4 P" and
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cFreshQ”: ¢ 4 Q'
and cineqz: ¢ # x and cineqy: ¢ # y and cineqa: ¢ # a
by (force simp add: fresh-prod)

from LI obtain P’ where PTrans: P =>;c in P'""—a<y> < P’
and P'RelQ": (P, Q'ly::=c]) € Rel
by blast
have <vz>P = u in (<vz>P")—a<y> < <ve>([(z, ¢)] - P)
proof —
from PTrans yineqz <x # a> cineqx have <vz>P = ;c in (<va>P')—a<y>
< <vaz>P’
by (blast intro: Weak-Late-Step-Semantics. ResB)
hence ([(z, ¢)] - <va>P) = ([(z, ¢)] - ¢) in ([(z, ¢)] - <vz>P")—([(z,
Al - a)<((z, o) - y)> < [(x, ¢)] - <va>P’
by (rule Weak-Late-Step-Semantics.equtl)
moreover from cFreshP have <vc>([(z, ¢)] - P) = <vz>P by(simp
add: alphaRes)
moreover from cFreshP’ have <ve>([(z, ¢)] + P") = <vaz>P" by(simp
add: alphaRes)
ultimately show ?thesis using <x # a) cineqa yineqx cineqy cineqx requ
by (simp add: name-calc)
qed
moreover have (<ve>([(z, )] - P'), (<va>Q')|y::=u]) € Rel’
proof —
from P’RelQ’ have (<vaz>P’, <vz>(Q'ly::=c])) € Rel’ by(rule ResRel)
with EqutRel’ have ([(z, ¢)] - <va>P’, [(z, ¢)] - <vz>(Q'[y::=¢])) €
Rel’ by(rule equiRell)
with cineqy yineqr cineqr have (<ve>([(z, ¢)] « P'), (<ve>([(z, ¢)] -
Q))ly:=1]) € Rel
by (simp add: name-calc equt-subs)
with cFreshQ’ zequ show ?thesis by(simp add: alphaRes)
qed
ultimately show ¢thesis by blast
next
assume zinequ: T # u
from LI obtain P’ where PTrans: P =>u in P"—a<y> < P’
and P’'RelQ’: (P’, Q'ly::=u]) € Rel by blast

from PTrans <x # a) yineqz rinequ have <vz>P = ju in (<vz>P")—a<y>
< <vz>P’
by (blast intro: Weak-Late-Step-Semantics. ResB)
moreover from P’RelQ’ zinequ yineqr have (<vz>P’, (<vz>Q')[y::=u])
€ Rel’
by (force intro: ResRel)
ultimately show ¢thesis by blast
qed
qed
thus ?case by blast
qed
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next
case(Free Q' )
have <vz>Q — a < Q' by fact
thus ?case
proof (induct rule: resCasesF')
case(cRes Q)
have Q —a < Q' by fact
with PSim( obtain P’ where PTrans: P =>; o < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simFE)

have <vz>P =, o < <vz>P’

proof —
have zFreshAlpha: x § o by fact
with PTrans show ?thesis by(rule ResF)

qed

moreover from P’'Rel@’ have (<vz>P’, <vx>Q’) € Rel’ by(rule ResRel)

ultimately show ?case by blast

qed
qed
qed

lemma resChainl:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Res: AP Qua. (P, Q) € Rel = (<va>P, <va>Q) € Rel
and PRelQ: P ~» <Rel> Q

shows (resChain Ist) P ~~ <Rel> (resChain lst) Q
proof —
show ?thesis
proof (induct lst)
from PRelQ show resChain [| P ~» <Rel> resChain [| Q by simp
next
fix a lst
assume [H: (resChain Ist P) ~ <Rel> (resChain lst Q)
moreover from Res have AP Q a. (P, Q) € Rel = (<va>P, <va>Q) €
Rel
by simp
moreover have Rel C Rel by simp
ultimately have <va>(resChain lst P) ~ <Rel> <va>(resChain Ist Q)
using equtRel
by (rule-tac resPres)
thus resChain (a # Ist) P ~ <Rel> resChain (a # Ist) Q
by simp
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qed

qed
lemma bangPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
assumes PSimQ: P ~ <Rel> Q
and  PRelQ: (P, Q) € Rel
and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and  ParComp: AP QRT.[(P, Q) € Rel; (R, T) € Rel] = (P || R, Q
| T) € Rel’
and  Res: AP Qz. (P, Q) € Rel'! = (<va>P, <vz>(Q) € Rel’
and  RelStay: AP Q. (P || P, Q) € Rel'’ = (IP, Q) € Rel’
and  BangRelRel': (bangRel Rel) C Rel’
and equtRel”:  equt Rel’

shows |P ~ <Rel’> 1Q
proof —
have ARs P. ['Q — Rs; (P, !Q) € bangRel Rel] = weakSimAct P Rs P Rel’
proof —
fix Rs P
assume !Q — Rs and (P, !Q) € bangRel Rel
thus weakSimAct P Rs P Rel’
proof (nominal-induct avoiding: P rule: bangInduct)
case(cParlB aa z Q')
have QTrans: Q —aa«z» < Q' and zFreshQ: z § Q by fact+
have (P, @ || !'Q) € bangRel Rel and z { P by fact+
thus ?case
proof (induct rule: BRParCases)

fact+

Rel

1Q)[a:

case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelT: (R, !Q) € bangRel Rel by

have z § P || R by fact
hence xFreshP: © § P and xFreshR: x § R by simp+
from PRel() have PSimQ: P ~ <Rel> Q by(rule Sim)
from equtRel’ show ?case
proof (induct rule: simActBoundCases)

case(Input a)

have aa = InputS a by fact

with PSimQ QTrans xFreshP obtain P’

where L1: Vu. 3P P = u in P"—a<z> < P' A (P/, Q'[z::=u]) €

by (blast dest: simE)
have YVu. 3P P || R =u in (P" || R)—a<z> < P’ N (P, (Q' ||

=u]) € Rel’
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proof (rule alll)
fix u
from L1 obtain P’ where PTrans: P =—>;u in P""—a<z> < P’
and P’RelQ": (P’, Q'[z::=u]) € Rel
by blast

from PTrans xFreshR have P || R = ju in (P" || R)—a<az>< P'|| R
by (rule Weak-Late-Step-Semantics.ParlB)

moreover have (P’ || R, (Q' || 'Q)[z::=u]) € Rel’

proof —
from P’RelQ’ RBangRelT have (P’ || R, Q'[z::=u] || Q) € bangRel

Rel
by (rule Rel. BRPar)
with xzFresh@) BangRelRel’ show ?thesis by (auto simp add: forget)
qed
ultimately show 3P’. P || R = ju in (P” || R)—a<z> < P’ A
(P, (Q" ]| 'Q)[z::=u]) € Rel’ by blast
qed
thus ?case by blast
next
case(BoundOutput a)
have aa = BoundQOutputS a by fact
with PSimQ QTrans zFreshP obtain P’ where PTrans: P =, a<vz>
< P’

and P’RelQ": (P’, Q") € Rel
by (blast dest: simE)
from PTrans zFreshR have P | R =, a<vz>< P'|| R
by (rule Weak-Late-Semantics. ParlB)
moreover from P’Rel@’ RBangRelT BangRelRel’ have (P’ || R, Q' |
'Q) € Rel’
by (blast intro: Rel. BRPar)
ultimately show ?case by blast
qed
qed
next
case(cParlF o Q' P)
have QTrans: Q —a < Q' by fact
have (P, @ || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ@: (R, !Q) € bangRel Rel by
fact+
show Zcase
proof (induct rule: simActFreeCases)
case Der
from PRelQ have P ~~ <Rel> Q by(rule Sim)
with QTrans obtain P’ where PTrans: P =—>; o < P’ and P’RelQ":
(P, @) € Rel
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by (blast dest: simE)

from PTrans have P | R =, o < P'|| R by(rule Weak-Late-Semantics. Par1F')
moreover from P’RelQ’ RBangRelQ have (P’ || R, Q' || !Q) € bangRel
Rel
by (rule Rel. BRPar)
ultimately show ?case using BangRelRel’ by blast
qed
qed
next
case(cPar2B aa z Q' P)
have IH: AP. (P, !Q) € bangRel Rel = weakSimAct P (aasz» < Q') P
Rel’ by fact
have zFreshQ: = § Q by fact
have (P, Q || !Q) € bangRel Rel and z § P by fact+
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence xzFreshP: © § P and xzFreshR: x § R by simp+
from equtRel’ show ?case
proof (induct rule: simActBoundCases)
case(Input a)
have aa = InputS a by fact
with RBangRel@ IH have weakSimAct R (a<z> < Q') R Rel’ by blast
with zFreshR obtain R’ where L1:Vu. 3R’ R = ju in R"—a<z> <
R'A (R, Q'|z::=u]) € Rel’
by (force simp add: weakSimAct-def)
have Vu. 3P". P || R =y u in (P || R")—a<az> < P' A (P, (Q ||
QN[z::=u]) € Rel’
proof (rule alll)
fix u
from L1 obtain R’ where RTrans: R =—>u in R'""—a<z> < R’
and R'Rel’Q": (R’, Q'lz::=u]) € Rel’
by blast

from RTrans zFreshP have P | R = ju in (P || R")—a<z> < P || R’
by (rule Weak-Late-Step-Semantics. Par2B)
moreover have (P || R, (Q || Q))[z::=u]) € Rel’
proof —
from PRelQ) R'Rel’Q’ have (P || R/, Q || Q'[z::=u]) € Rel’
by (rule ParComp)
with zFresh@ show ?thesis by (simp add: forget)
qed
ultimately show 3P’. P | R = u in (P || R")—a<z> < P’ A (P/,
(Q || Q)fw:=u]) & Rel
by blast
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qed
thus ?case by blast
next
case(BoundOutput a)
have aa = BoundQOutputS a by fact
with IH RBangRel@ have weakSimAct R (a<vz> < Q') R Rel’ by blast
with zFreshR obtain R’ where RTrans: R = a<vz> < R’ and
R'BangRelQ": (R, Q') € Rel’
by (simp add: weakSimAct-def, blast)

from RTrans zFreshP have P | R = a<vz> < P || R’
by (auto intro: Weak-Late-Semantics. Par2B)
moreover from PRel() R'BangRel@’ have (P || R, Q || Q) € Rel’
by (rule ParComp)
ultimately show ?case by blast
qged
qed
next
case(cPar2F o Q' P)
have IH: AP. (P, !Q) € bangRel Rel = weakSimAct P (o < Q') P Rel’ by
fact
have (P, @ || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ@: (R, !Q) € bangRel Rel by
fact+
show ?Zcase
proof (induct rule: simActFreeCases)
case Der
from RBangRelQ have weakSimAct R (a < Q') R Rel’ by(rule IH)
then obtain R’ where RTrans: R =>; a < R’ and R'RelQ": (R’, Q')
Rel’
by (simp add: weakSimAct-def, blast)

from RTrans have P | R =>; a < P || R’ by(rule Weak-Late-Semantics. Par2F)
moreover from PRelQ R'Rel@’ have (P || R, Q || Q') € Rel’ by(rule
ParComp)
ultimately show ?case by blast
qed
qed
next
case(cComml az Q' b Q" P)
have QTrans: Q — a<z> < Q' by fact
have IH: A\P. (P, Q) € bangRel Rel —> weakSimAct P (a[b] < Q") P Rel’
by fact
have (P, @ || !Q) € bangRel Rel and z § P by fact+
thus “case
proof (induct rule: BRParCases)
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case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: x § P by simp
show ?Zcase
proof (induct rule: simActFreeCases)
case Der
from PRelQ have P ~ <Rel> Q by(rule Sim)
with QTrans zFreshP obtain P’ P where PTrans: P =b in P"'—a<z>
< P’
and P’Rel@": (P’, Q'[z::=b]) € Rel
by (blast dest: simE)

from RBangRelQ have weakSimAct R (a[b] < Q') R Rel’ by(rule IH)
then obtain R’ where RTrans: R =, a[b] < R’
and R'RelQ": (R', Q") € Rel’
by (simp add: weakSimAct-def, blast)

from PTrans RTrans have P || R =>; 7 < (P'| R’)
by (rule Weak-Late-Semantics.Comm1)
moreover from P'Rel@’ R'RelQ” have (P’ || R, Q'[z::=b] || Q") € Rel’
by (rule ParComp)
ultimately show ?case by blast
qed
qed
next
case(cComm2 a b Q' z Q" P)
have QTrans: @ —a[b] < Q' by fact
have [H: \P. (P, Q) € bangRel Rel = weakSimAct P (a<z> < Q') P
Rel’ by fact
have (P, Q || 'Q) € bangRel Rel and z f P by fact+
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ@: (R, !Q) € bangRel Rel by
fact+
have z £ P || R by fact
hence zFreshR: x § R by simp
show Zcase
proof (induct rule: simActFreeCases)
case Der
from PRelQ have P ~ <Rel> Q by(rule Sim)
with QTrans obtain P’ where PTrans: P =, a[b] < P’ and P'RelQ":
(P, Q) € Rel
by (blast dest: simE)

from RBangRel@ have weakSimAct R (a<z> < Q") R Rel’ by(rule IH)
with zFreshR obtain R’ R” where RTrans: R =—>;b in R""—a<z> < R’
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and R’BangRelQ": (R’, Q"[z::=b]) € Rel’
by (simp add: weakSimAct-def, blast)

from PTrans RTrans have P || R =, 7 < (P'| R’)
by (rule Weak-Late-Semantics.Comm?2)
moreover from P’RelQ)’ R'BangRel@' have (P'| R’, Q' || Q"[z:=b])
€ Rel’
by (rule ParComp)
ultimately show ?case by blast
qged
qed
next
case(cClosel az Q' y Q" P)
have QTrans: Q — a<z> < Q' by fact
have IH: AP. (P, Q) € bangRel Rel = weakSimAct P (a<vy> < Q') P
Rel’ by fact
have (P, Q || 'Q) € bangRel Rel and z § P and y P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRel@: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: © § P by simp
have y £ P | R by fact
hence yFreshR: y § R and yFreshP: y § P by simp+
show ?case
proof (induct rule: simActFreeCases)
case Der
from PRel@ have P ~ <Rel> Q by(rule Sim)
with QTrans zFreshP obtain P’ P where PTrans: P =y in P''—a<x>

and P'RelQ": (P’, Q'|z::=y]) € Rel
by (blast dest: simE)

from RBangRel@ have weakSimAct R (a<vy> < Q') R Rel’ by(rule IH)
with yFreshR obtain R’ where RTrans: R = a<vy> < R’
and R'RelQ": (R', Q') € Rel’
by (simp add: weakSimAct-def, blast)

from PTrans RTrans yFreshP yFreshR have P | R =, 7 < <vy>(P' ||
R’
by (rule Weak-Late-Semantics.Closel)
moreover from P’Rel@’ R'RelQ’ have (<vy>(P’| R'), <vy>(Q'[z::=y]
| Q") € Rel’
by (force intro: ParComp Res)
ultimately show ?case by blast
qged
qed
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next
case(cClose2 a y Q' z Q" P)
have QTrans: Q — a<vy> < Q' by fact
have IH: \P. (P, Q) € bangRel Rel = weakSimAct P (a<z> < Q') P
Rel’ by fact
have (P, Q || 'Q) € bangRel Rel and z § P and y P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ@: (R, !Q) € bangRel Rel by
fact+
have z £ P || R by fact
hence zFreshR: z § R by simp
have y § P | R by fact
hence yFreshP: y § P and yFreshR: y §f R by simp+
show ?Zcase
proof (induct rule: simActFreeCases)
case Der
from PRelQ have P ~ <Rel> Q by(rule Sim)
with QTrans yFreshP obtain P’ where PTrans: P =, a<vy> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simE)

from RBangRel@ have weakSimAct R (a<z> < Q") R Rel’ by(rule IH)
with zFreshR obtain R’ R where RTrans: R =y in R""—a<z> < R’
and R'RelQ": (R, Q"[z::=y]) € Rel’
by (simp add: weakSimAct-def, blast)

from PTrans RTrans yFreshP yFreshR have P | R =, 7 < <vy>(P' ||
R
by (rule Weak-Late-Semantics.Close2)
moreover from P’'RelQ’ R'RelQ'" have (<vy>(P'| R'), <vy>(Q’ ||
Q"[z::=y])) € Rel’
by (force intro: ParComp Res)
ultimately show ?case by blast
qed
qed
next
case(cBang Rs)
have IH: AP. (P, Q| !Q) € bangRel Rel —> weakSimAct P Rs P Rel’ by
fact
have (P, !Q) € bangRel Rel by fact
thus “case
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, !Q) € bangRel Rel by(rule Rel. BRBang)
with PRelQ have (P || |P, Q || 'Q) € bangRel Rel by(rule Rel. BRPar)
hence weakSimAct (P || !P) Rs (P || |P) Rel’ by(rule IH)
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thus ?case
proof(simp (no-asm) add: weakSimAct-def, auto)
fix Q' ax
assume weakSimAct (P || 'P) (a<vz> < Q') (P || !P) Rel’and z § P
then obtain P’ where PTrans: (P || |P) =, a<vz> < P’
and P'RelQ": (P’, Q) € Rel’
by (simp add: weakSimAct-def, blast)
from PTrans have |P = a<vz> < P’
by (force intro: Weak-Late-Step-Semantics.Bang simp add: weakTransi-
tion-def)
with P'RelQ’ show 3 P’ |P =, a<vz> < P’ A (P’, Q') € Rel’ by blast
next
fix Q' ax
assume weakSimAct (P || !P) (a<z> < Q') (P || !P) Rel’ and z § P
then obtain P’ where LI: Vu. 3P’ P || |P =u in P""—a<z> < P’
A (P, Q'lz::=u]) € Rel’
by(simp add: weakSimAct-def, blast)
have Vu. 3P". |P = ju in P"—a<z> < P' A (P', Q'z::=u]) € Rel’
proof (rule alll)
fix u
from LI obtain P’ where PTrans: P || |P = u in P""—a<z> < P’
and P'RelQ" (P’, Q'[x::=u]) € Rel’
by blast
from PTrans have !|P =>u in P""—a<x> < P’ by(rule Weak-Late-Step-Semantics. Bang)
with P'Rel@’ show 3 P'. |P = u in P""—a<z> < P’ A (P, Q'lz:=u])
€ Rel’ by blast
qed
thus 3P". Vu. 3P |P = ju in P"—a<z> < P' A (P!, Q'[z:=u]) €
Rel’ by blast
next
fix Q' «
assume weakSimAct (P || 'P) (a« < Q") (P || |P) Rel’
then obtain P’ where PTrans: (P || |P) =>; a < P’
and P'RelQ": (P’, Q') € Rel’
by (simp add: weakSimAct-def, blast)
from PTrans show 3P’ |P =, a < P' A (P’, Q') € Rel’
proof (induct rule: transitionCases)
case Step
have P || |P = o < P’ by fact
hence |P =)o < P’ by(rule Weak-Late-Step-Semantics. Bang)
with P’Rel@’ show ?case by(force simp add: weakTransition-def)
next
case Stay
have a < P/ =7 < P || |P by fact
hence aeqr: « = 7 and P’eqP: P’ = P || | P by(simp add: residual.inject)+
have !|P =, 7 < |P by(simp add: weakTransition-def)
moreover from P’egP P’Rel@’ have (IP, Q") € Rel’ by(blast intro:
RelStay)
ultimately show Zcase using aeqr by blast
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qed
qged
qed
qed

qed

moreover from PRel@ have (!P, Q) € bangRel Rel by(rule Rel. BRBang)
ultimately show ?thesis by (simp add: simDef)

qed

end

theory Weak-Late-Bisim-Pres
imports Weak-Late-Bisim-SC Weak-Late-Sim-Pres Strong-Late-Bisim-SC
begin

lemma tauPres:
fixes P :: pi
and @ : pi

assumes P ~ @)

shows 7.(P) ~ 7.(Q)
proof —
let X = {(r.(P), 7.(Q)) | P Q. P~ Q}
from assms have (7.(P), 7.(Q)) € ?X by auto
thus ?thesis
by (coinduct rule: weakBisimCoinduct)
(auto simp add: pi.inject intro: Weak-Late-Sim-Pres.tauPres symmetric)

qed

lemma inputPres:
fixes P :: pi
and @ : pi
and a :: name
and z : name

assumes PSimQ: Vy. Plz:=y] = Q[z:=y]

shows a<z>.P =~ a<x>.Q)
proof —
let ?X = {(a<z>.P, a<2>.Q) | a © P Q. Vy. Plz:=y] = Qlz:=y|}
{
fix azP axQ p
assume (azP, azQ) € ?X
then obtain a z P @ where A: Vy. Plz:=y] ~ Q[z:=y] and B: azP =
a<z>.P and C: az@) = a<z>.Q
by auto
have Ay. ((p::name prm) - P)[(p - z):=y] = (p - Q)[(p - z)::=y]
proof —
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fix y
from A have Plz:=(rev p - y)] = Q[z::=(rev p - y)]
by blast
hence (p - (P[z:=(rev p - y)])) = p - (Qz:=(rev p - y)])
by (rule equtl)
thus (p - P)[(p - z)u=y] = (p - Q)[(p - z):=y]
by (simp add: equts pt-pi-rev|OF pt-name-inst, OF at-name-inst))
qed
hence ((p::name prm) - azP, p - azQ) € ?X using B C
by auto
}

hence equt ?X by(simp add: equt-def)

from PSim@ have (a<z>.P, a<z>.Q) € ?X by auto
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim P Q)
thus ?case using <equt ?X)
by (force intro: inputPres)
next
case(cSym P Q)
thus ?case
by (blast dest: symmetric)
qed
qed

lemma outputPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows a{b}.(P) ~ a{b}.(Q)
proof —

let X = {(a{b}.(P), a{b}.(Q)) | a b P Q. P~ Q}

from assms have (a{b}.(P), a{b}.(Q)) € ?X by auto

thus ?thesis

by (coinduct rule: weakBisimCoinduct)
(auto simp add: pi.inject intro: Weak-Late-Sim-Pres.outputPres symmetric)

qged

lemma resPres:
fixes P :: pi
and Q@ : pi

and z :: name

assumes PBiSim@Q: P ~ @
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shows <vz>P =~ <vz>(Q
proof —
let X = {2z. 3P Q. P~ QA (3a. z = (<va>P, <va>Q))}
from PBiSim@ have (<vz>P, <vz>Q) € ?X by blast
moreover have AP Q a. P ~ <weakBisim> Q = <va>P ~ <(?X U weak-
Bisim)> <va>Q
proof —
fix PQa
assume PSimQ: P ~ <weakBisim> Q
moreover have AP Q a. P = Q = (<va>P, <va>Q) € ?X U weakBisim
by blast
moreover have weakBisim C ¢X U weakBisim by blast
moreover have equt weakBisim by(rule equt)
moreover have equt (?X U weakBisim)
by (auto simp add: equt-def dest: equtl )+
ultimately show <va>P ~~ <(?X U weakBisim)> <va>Q
by (rule Weak-Late-Sim-Pres.resPres)
qed

ultimately show %thesis using PBiSimQ
by (coinduct rule: weakBisimCoinductAuz, blast dest: unfoldE)
qed

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~ @)

shows [a—~b|P ~ [a—~b]Q

proof —
let X = {([a—~b]P, [a—~b]Q) | ab P Q. P~ Q}
from assms have ([a—~b]P, [a—~b]Q) € ?X by auto
thus “thesis

proof (coinduct rule: weakBisimCoinduct)
case(cSim P Q)
{
fix PQab
assume P = ()
hence P ~ <weakBisim> @Q by(rule unfoldE)
moreover {
fix PQa
assume P ~ ()
moreover have [a—~a]P ~ P by(rule matchld)
ultimately have [a—~a]P ~ Q by(blast intro: transitive)

}
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moreover have weakBisim C ?X U weakBisim by blast
ultimately have [a—~b]P ~ <(?X U weakBisim)> [a—~b]Q
by (rule matchPres)

with «((P, Q) € ?X» show ?case by auto
next
case(cSym P Q)
thus ?case by(auto simp add: pi.inject dest: symmetric)
qed
qed

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a£b]P =~ [a#b]Q
proof —
let X = {([a#b]P, [a#£b]Q) | a b P Q. P ~ Q}
from assms have ([a#£b]P, [a#£b]Q) € ?X by auto
thus ?thesis
proof (coinduct rule: weakBisimCoinduct)
case(cSim P Q)

fix PQab
assume P ~ ()
hence P ~ <weakBisim> Q by(rule unfoldE)
moreover {
fix PQab
assume P =~ @ and (a::name) # b
note <P ~ )
moreover from <a # b have [a#£b]P ~ P by(rule mismatchld)
ultimately have [a£b]P ~ @ by(blast intro: transitive)
}
moreover have weakBisim C ?X U weakBisim by blast
ultimately have [a#b]P ~ <(?X U weakBisim)> [a#b]Q
by (rule mismatchPres)

with «((P, Q) € ?X» show ?case by auto
next
case(cSym P Q)
thus ?case by(auto simp add: pi.inject dest: symmetric)
qed
qed

lemma parPres:
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fixes P :: pi
and Q : pi
and R : pi

assumes P ~ @

shows P | R~ Q || R
proof —

let ?ParSet = {(resChain Ist (P || R), resChain Ist (Q || R)) | Ist P Q R. P =
Q}

have BC: AP Q. P || @ = resChain [ (P || Q) by auto

from assms have (P | R, Q || R) € ?ParSet by(blast intro: BC)

thus ?thesis

proof(coinduct rule: weakBisimCoinduct)

case(cSim PR QR)

fix P Q R Ist
assume P ~ @)

from equtl have equt (?ParSet U weakBisim)
by (auto simp add: equt-def, blast)
moreover have AP Q a. (P, Q) € ?ParSet U weakBisim —> (<va>P,
<va>Q) € ?ParSet U weakBisim
by (blast intro: resChain.step| THEN sym)| resPres)
moreover {
from (P ~ > have P ~ <weakBisim> @ by(rule unfoldE)
moreover note (P ~ ()
moreover {
fix PQR
assume P ~ @)
moreover have P | R = resChain [| (P || R) by simp
moreover have Q || R = resChain [] (Q || R) by simp
ultimately have (P || R, Q || R) € ?ParSet U weakBisim by blast

}

moreover {
fix PQa
assume A: (P, Q) € ?ParSet U weakBisim
hence (<va>P, <va>Q) € ?ParSet U weakBisim (is ?goal)
apply(auto intro: resPres)
by (rule-tac z=a#lst in exl) auto
}
ultimately have (P || R) ~ <(?ParSet U weakBisim)> (Q || R) using
equt <equt(?ParSet U weakBisim)»
by (rule Weak-Late-Sim-Pres.parPres)

}

ultimately have resChain Ist (P || R) ~ <(?ParSet U weakBisim)> resChain

Ist (Q || R)
by (rule resChainl)
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}
with (PR, QR) € ?ParSet» show ?case by blast

next
case(cSym PR QR)
thus ?case by(auto dest: symmetric)
qed
qed

lemma bangPres:
fixes P :: pi
and Q@ :: pi

assumes PBisim@Q): P ~ @

shows P ~ Q)
proof —
let ?X = (bangRel weakBisim)
let ?Y = Strong-Late-Bisim.bisim O (bangRel weakBisim) O Strong-Late-Bisim.bisim

from equt Strong-Late-Bisim.bisimEqut have equtY: equt Y by(blast intro: equt-
BangRel)
have XsubY: ?X C ?2Y by(auto intro: Strong-Late-Bisim.reflexive)

have RelStay: AP Q. (P || P, Q) € ?Y = (1P, Q) € ?Y
proof (auto)
fix PQRT
assume PBisim@: P || |1P ~ @
and QBRR: (@, R) € bangRel weakBisim
and RBisimT: R ~ T
have !P ~ @
proof —
have |P ~ P || |P by(rule Strong-Late-Bisim-SC.bangSC')
thus ?thesis using PBisim(@) by(rule Strong-Late-Bisim.transitive)
qed
with QBRR RBisimT show (1P, T) € ?Y by blast
qed

have ParCompose: AP Q R T. [P~ Q; (R, T) e ?Y] = (P || R, Q|| T) €
Yy
proof —

fix PQR T

assume PBisim@Q: P ~ @
and RYT: (R, T) € ?Y

thus (P || R, Q || T) € ?Y

proof (auto)
fix T' R’
assume T'BisimT: T' ~ T and RBisimR": R ~ R’

and R'BRT". (R', T') € bangRel weakBisim

have P || R~ P | R’
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proof —
from RBisimR'have R || P ~ R'|| P by(rule Strong-Late-Bisim-Pres.parPres)

moreover have P | R~ R || Pand R'| P ~ P || R' by(rule Strong-Late-Bisim-SC.parSym)-+

ultimately show ?thesis by(blast intro: Strong-Late-Bisim.transitive)
qed
moreover from PBisim@Q R'BRT ' have (P || R’, Q || T') € bangRel weakBisim
by (rule BRPar)
moreover have Q | T/~ Q || T

proof —
from T'BisimT have T'|| @ ~ T || Q by(rule Strong-Late-Bisim-Pres.parPres)

moreover have Q | T/ ~ T’ || Q and T | Q@ ~ Q || T by(rule
Strong-Late-Bisim-SC .parSym)+
ultimately show ?thesis by (blast intro: Strong-Late-Bisim.transitive)
qed
ultimately show ?thesis by blast
qed
qed

have ResCong: AP Q z. (P, Q) € ?Y = (<vz>P, <vz>Q) € ?Y
by (auto intro: BRRes Strong-Late-Bisim-Pres.resPres transitive)

from PBisim@ have (P, Q) € ?X by(rule BRBang)
moreover from equt have equt (bangRel weakBisim) by(rule equtBangRel)
ultimately show ?thesis
proof (coinduct rule: weakBisim TransitiveCoinduct)
case(cSim P Q)
from «(P, Q) € ?X»
show P ~ <?2Y> Q
proof (induct)
case(BRBang P Q)
have P ~ () by fact
moreover hence P ~ <weakBisim> () by(blast dest: unfoldE)
moreover have AP Q. P ~ Q = P ~ <weakBisim> @ by(blast dest:
unfoldE)
moreover from Strong-Late-Bisim.bisimEqut equt have equt ?Y by(blast
intro: equtBangRel)

ultimately show !P ~ <?Y> !Q using ParCompose ResCong RelStay
XsubY
by (rule-tac Weak-Late-Sim-Pres.bangPres, simp-all)
next
case(BRPar PQ R T)
have PBiSimQ): P ~ @ by fact
have RBangRelT: (R, T) € ?X by fact
have RSimT: R ~ <?Y> T by fact
moreover from PBiSim(@) have P ~ <weakBisim> Q by(blast dest: un-

foldE)

moreover from RBangRelT have (R, T) € ?Y by(blast intro: Strong-Late-Bisim.reflexive)

ultimately show P || R ~ <?Y> Q || T using ParCompose ResCong equt
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equtY <P =~ Q)
by (rule-tac Weak-Late-Sim-Pres.parCompose)
next
case(BRRes P Q) x)
have P ~ <?Y> Q by fact
thus <vz>P ~ <?Y> <vz>(Q using ResCong equtY XsubY
by (rule-tac Weak-Late-Sim-Pres.resPres, simp-all)
qed
next
case(cSym P Q)
thus ?case by(metis symmetric bangRelSymetric)
qed
qed

end

theory Weak-Late-Cong-Pres
imports Weak-Late-Cong Weak-Late-Step-Sim-Pres Weak-Late-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q@ : pi

assumes P ~ @)

shows 7.(P) ~ 7.(Q)
using assms
by (blast intro: unfoldl Weak-Late-Step-Sim-Pres.tauPres dest: congruence WeakBisim
symetric)

lemma outputPres:
fixes P :: pi
and @ : pi

assumes P ~ @

shows a{b}.P ~ a{b}.Q
using assms
by (blast intro: unfold] Weak-Late-Step-Sim-Pres.outputPres dest: congruence Weak-
Bisim symetric)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z : name

assumes PSimQ: Vy. Plz:=y| ~ Q[z:=y]
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shows a<z>.P ~ a<x>.Q)
using assms
apply (rule-tac unfoldl)
apply (rule-tac Weak-Late-Step-Sim-Pres.inputPres, auto intro: congruence Weak-
Bisim)
by (rule-tac Weak-Late-Step-Sim-Pres.inputPres, auto intro: congruence WeakBisim
Weak-Late- Bisim.symmetric)

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~ (@

shows [a—~b|P ~ [a—~b]Q
using assms
by (blast intro: unfoldl Weak-Late-Step-Sim-Pres.matchPres dest: unfoldE symet-
ric)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)
shows [a£b]P ~ [a#b]Q
using assms
by (blast intro: unfold] Weak-Late-Step-Sim-Pres.mismatchPres dest: unfoldE sy-

metric)

lemma sumPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ @)

shows P& R~ Q @& R
using assms
by (blast intro: Weak-Late-Bisim.reflexive unfold] Weak-Late-Step-Sim-Pres.sumPres
dest: unfoldE symetric)

lemma parPres:
fixes P :: pi
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and Q@ : pi
and R : pi

assumes P ~ ()

shows P | R~ Q || R
proof —
have AP Q R. [P ~<weakBisim> Q; P ~ Q] = P | R ~~<weakBisim> Q ||
R
proof —
fix PQR
assume P ~~»<weakBisim> @ and P ~ @)
thus P || R ~»<weakBisim> @Q || R
using Weak-Late-Bisim-Pres.parPres Weak-Late- Bisim-Pres.resPres Weak-Late-Bisim.reflexive
Weak-Late- Bisim. equt
by (blast intro: Weak-Late-Step-Sim-Pres.parPres)
qed
with assms show ?thesis
by (blast intro: unfoldl dest: congruence WeakBisim unfoldE symetric)
qed

lemma resPres:
fixes P :: pi
and Q : pi
and z : name

assumes PeqQ): P ~ @

shows <vz>P ~ <vz>(Q
proof —
have AP Q z. P ~~<weakBisim> @ — <vz>P ~~<weakBisim> <vz>(Q
proof —
fix PQx
assume P ~»<weakBisim> @
with Weak-Late-Bisim.equt Weak-Late-Bisim-Pres.resPres show <vz>P ~»<weakBisim>
<vz>Q
by (blast intro: Weak-Late-Step-Sim-Pres.resPres)
qed
with assms show ?thesis
by (blast intro: unfoldl dest: congruence WeakBisim unfoldE symetric)
qed

lemma congruenceBang:
fixes P :: pi
and Q : pi

assumes P ~ @

shows P ~ ()
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proof —
have AP Q. [P ~~<weakBisim> @; P ~ Q] = P ~~»<weakBisim> !Q
proof —
fix P ()
assume P ~»<weakBisim> @ and P ~ @
hence | P ~~»<bangRel weakBisim> Q) using unfoldE(1) congruence WeakBisim
Weak- Late- Bisim.equt
by (rule Weak-Late-Step-Sim-Pres.bangPres)
moreover have bangRel weakBisim C weakBisim
proof auto
fix a b
assume (a, b) € bangRel weakBisim
thus a~ b
apply (induct rule: bangRel.induct)
apply (metis Weak-Late-Bisim-Pres.bangPres)
apply (metis Weak-Late-Bisim.reflexive Weak-Late-Bisim.symmetric
Weak- Late- Bisim.transitive Weak- Late-Bisim-Pres.parPres Weak- Late-Bisim-SC.parSym)
by (metis Weak-Late-Bisim-Pres.resPres)
qed
ultimately show!P ~»<weakBisim> !Q
by (rule Weak-Late-Step-Sim.monotonic)
qed

with assms show ?thesis
by (blast intro: unfoldl dest: unfoldE symetric congruence WeakBisim)
qged
end
theory Farly-Semantics
imports Agent
begin

declare name-fresh[simp del]

nominal-datatype freeRes = InputR mame name (x-<->» [110, 110]
110)

| OutputR name name («-[-]> [110, 110] 110)

| TauR (xm> 110)

nominal-datatype residual = BoundOulputR name «name» pi (<-<v-> < -
(110, 110, 110] 110)
| FreeR freeRes pi

lemma alphaBoundOutput:
fixes a :: name
and <z : name
and P :: pi

and z’:: name
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assumes Al: 2’ P

shows a<vz> < P = a<vz’> < ([(z, z)] - P)
proof(cases x=z")

assume =z’

thus ?thesis by simp
next

assume z # z’

with A1 show ?thesis

by (simp add: residual.inject alpha name-fresh-left name-calc)

qed

declare name-fresh[simp)

abbreviation Transitions-Freejudge (<- < -» [80, 80] 80) where o < P’ = (FreeR
a P

inductive TransitionsEarly :: pi = residual = bool (- — -» [80, 80] 80)
where

Tauw: T(P)— T <P
| Input: [ # a; z # u] = a<z>.P — a<u> < (Plz:=u])
| Output: a{b}.P — a[b] < P
| Match: [P —s V] = [b—~b]P —s V
| Mismatch: [P— V;a# b = [a#bP — V
| Open: [P+ a[b] < P; a # b] = <vb>P +—— a<vb> < P’
| Suml: [P— V= (P& Q) +—V
| Sum2: [Q— V]= (P® Q) — V
| ParlB: [P a<vz> <Pz Pz Qzr#a = P Q+—
a<vz> < (P'| Q)
| Par1F: [P—a=<P]=P| Q—a=<(P| Q)
| Par2B: [Q+— a<vz> < Qs z8 P28 Q;z#a] = P Q+—
a<vz> < (P || Q)
| Par2F: [Q— a<Q]=P|| Q— a=<(P| Q)
| Comm1: [P— a<b> <P Qr—alb) < Q] = P || Q+— 7 < P’
| @
| Comm?2: [P— alb] < P Qr— a<b>< Q] = P || Q— 17 <P’
I Q'
| Closet: [P— a<z> < P'; Q — a<ve> < Qs P;z 4 Q; « # d]
= P || Qr— 7 < <vz>(P'| Q)
| Close2: [Pr— a<vz> < Py Qv+— a<z> < Qs z 4 P; z 4 Q; z # d

= P| Qr— 7 < <va>(P'|| Q)

| ResB: [P+— a<vi> < Py #a,y#z, 24 P;x# a = <vy>P
— a<vz> < (<vy>P’)
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| ResF: [P— a<Phyla = <vy>P — a < <vy>P’
| Bang: [P|P— V]=IP—V

equivariance TransitionsEarly
nominal-inductive TransitionsEarly
by (auto simp add: abs-fresh fresh-fact?2)

lemmas [simp] = freeRes.inject

lemma freshOutputAction:
fixes P :: pi
and a : name
and b : name
and P': pi
and c¢ : name

assumes P — qa[b] < P’
and ct P

shows ¢ # aand c # band c f P’
proof —

from assms have ¢ 2 a AN c# b A ct P’

by (nominal-induct 2==a[b] < P’ arbitrary: P’ rule: TransitionsEarly.strong-induct)
(fastforce simp add: residual.inject abs-fresh freeRes.inject)+

thus ¢ # aand c # band c f P’

by blast+
qed

lemma freshInputAction:
fixes P :: pi
and a :: name
and b : name
and P’: pi
and c¢ : name

assumes P — a<b> < P’
and ct P

shows ¢ # a
using assms
by (nominal-induct 12==a<b> < P’ arbitrary: P’ rule: TransitionsEarly.strong-induct)
(auto simp add: residual.inject abs-fresh)

lemma freshBoundQutputAction:
fixes P :: pi
and a :: name
and =z : name
and P’: pi
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and ¢ :: name

assumes P — a<vz> < P’
and ct P

shows ¢ # a
using assms
by(nominal-induct z2==a<vz> < P’ avoiding: x arbitrary: P’ rule: Transition-
sEarly.strong-induct) (auto simp add: residual.inject abs-fresh fresh-left calc-atm
dest: freshOutputAction)

lemmas freshAction = freshOutputAction freshinputAction freshBoundOutputAc-
tion

lemma freshinputTransition:
fixes P : pi
and a :: name
and wu : name
and P’: pi
and c¢ : name

assumes P — a<u> < P’/
and ct P
and c#u

shows ¢ ff P’

using assms

by (nominal-induct x2==a<u> < P’ arbitrary: P’ rule: TransitionsFEarly.strong-induct)
(fastforce simp add: residual.inject name-fresh-abs fresh-factl fresh-fact2)+

lemma freshBoundQOutputTransition:
fixes P : pi
and a :: name
and =z : name
and P': pi
and c¢ : name

assumes P — a<vz> < P’
and ct P
and c#z

shows ¢ ff P’
using assms
apply(nominal-induct z2==a<vz> < P’ avoiding: x arbitrary: P’ rule: Transi-
tionsEarly.strong-induct)
apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’
calc-atm)
apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
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dest: freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’
calc-atm)

apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’
calc-atm)

apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (force simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction | simp | auto simp add: abs-fresh residual.inject alpha’ calc-atm)
apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction)

apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction)

apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction)

apply (fastforce simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm
dest: freshOutputAction)

apply (auto simp add: residual.inject name-fresh-abs alpha’ fresh-left calc-atm dest:
freshOutputAction)

done

lemma freshTauTransition:
fixes P :: pi
and P': pi
and c¢ : name

assumes P — 7 < P’
and ct P

shows ¢ f P’
using assms
apply (nominal-induct t2==1 < P’ arbitrary: P’ rule: TransitionsEarly.strong-induct)
by (fastforce simp add: residual.inject abs-fresh dest: freshOutputAction freshInput-
Transition freshBoundOutput Transition)+
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lemma freshFree Transition:

fixes P :: pi
and « : freeRes
and P’: pi

and c¢ : name

assumes P —a < P’

and ct P
and ct«
shows ¢ ff P’

using assms
by (nominal-induct o rule: freeRes.strong-inducts)
(auto dest: freshInputTransition freshOutputAction freshTauTransition)

lemmas freshTransition = freshinputTransition freshOutputAction freshFree Tran-
sition
freshBoundQutputTransition freshTauTransition

lemma substTrans[simpl: b § P = ((P::pi)[a::=b])[b::=c] = Pla::=c]
apply(simp add: injPermSubst| THEN sym])

apply(simp add: renaming)

by(simp add: pt-swap|OF pt-name-inst, OF at-name-inst))

lemma Input:
fixes a :: name
and z : name
and wu :: name
and P : pi

shows a<x>.P —ra<u> < Plz:=u]
proof —
obtain y::name where y # a and y # w and y § P
by (generate-fresh name) (auto simp add: fresh-prod)
from <y # a» <y # w have a<y>.([(z, y)] - P) —ra<u> < ([(z, y)] - P)[y::=u]
by (rule Input)
with <y § P> show ?Zthesis by (simp add: alphalnput renaming name-swap)
qged

lemma ParlB:
fixes P :: pi
and a :: name
and =z : name
and P’: pi
and @ :: pi

assumes P —a<vz> < P’
and z4@Q

294



shows P || Q — a<vz> < (P'|| Q)
proof —
obtain y::name where y f Pand y f Q and y # a and y § P’
by (generate-fresh name) (auto simp add: fresh-prod)
from (P —a<vz> < P’y «y § P’ have P —a<vy> < ([(z, y)] - P’)
by (simp add: alphaBoundOutput)
hence P || Q —a<vy> < (([(z, y)] -+ P) || Q) using <y § P> <y § @ <y # @
by (rule ParlB)
with <z Q> <y § @ <yt P> show ?thesis
by (subst alphaBoundOutput) (auto simp add: name-fresh-fresh)
qged

lemma Par2B:
fixes Q :: pi
and a : name
and =z :: name
and Q': pi
and P : pi

assumes @ —a<vi> < Q'
and zf§P

shows P || Q — a<vz> < (P || Q)
proof —
obtain y::name where y f Pand y§ Q and y # a and y § Q’
by (generate-fresh name) (auto simp add: fresh-prod)
from «Q —ra<vz> < Q) «y § @ have Q —ra<vy> < ([(z, y)] - Q)
by (simp add: alphaBoundOutput)
hence P || Q —ra<vy> < (P || ([(=, y)] - Q) using <y § P> <y § @ <y # @
by (rule Par2B)
with <z § P> <yt P> <y Q" show ?thesis
by (subst alphaBoundOutput|[of y]) (auto simp add: name-fresh-fresh)
qed

lemma inputinduct[consumes 1, case-names clnput cMatch cMismatch cSuml
cSum@ cParl cPar2 cRes cBang]:

fixes P :: pi

and a : name

and u : name

and P’: pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C : ’a:fs-name

assumes Trans: P —a<u> < P’

and ANazPuC.[z8C;z# u;z# a] = F C (a<z>.P) a u (Plz:=u])
and APauP'bC.[P+—a<u><P;\NC.FCPauP|= FC ([b—~0]P)
au P’

and APauP'bcC.[P+—a<u><P; ANC. FCPauPb#tc] = F
C ([b#c]P) a u P’
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and APauP' QC.[P+—a<u><P3;NC. FCPauP|= FC (P&
Q) au P’

and ANQau@ PC.[Q+—a<u>< Q3 ANC.FCQauQ] = FC (P
® Q) au@’

and APauP' QC.[Pr—a<u>~<P;N\NC.FCPauP]|= FC(P]
Q) au (P Q)

and AQauQ PC.[Q+—a<u>< Q3 NC.FCQauQ]= FC(P]
Q) au (P Q)

and APauP'zC.[P+—a<u><Piz#az#u 2z C;\NC.FCPa
u P = F C (<vz>P) a u (<vz>P’)

and APauP' C.[P|'P+—a<u><Pi; ANC.FC (P|!'P)auP]=
FC(P)auP’

shows FC P a u P’
using assms
by (nominal-induct x2==a<u> < P’ avoiding: C arbitrary: P’ rule: Transition-
sEarly.strong-induct)

(auto simp add: residual.inject)

lemma inputAlpha:
assumes P —a<u> < P’
and ut P
and r g P’

shows P —a<r> < ([(u, r)] - P’
using assms
proof(nominal-induct avoiding: r rule: inputInduct)
case(cInput a P u r)
from z # w (u f a<z>.Prhave u # a and u § P by(simp add: abs-fresh)+
have a<z>.P —a<r> < Plz:=r]
by (rule Input)
thus ?case using ¢r § Plz:=u]» <u § P»
by (simp add: injPermSubst substTrans)
next
case(cMatch P a uw P'br)
thus ?case by(force intro: Match)
next
case(cMismatch P a w P' b cr)
thus ?case by(force intro: Mismatch)
next
case(cSuml Pau P Qr)
thus ?case by(force intro: Suml)
next
case(cSum2 Q a u Q' P r)
thus Zcase by(force intro: Sum?2)
next
case(cParl Pau P’ Q1)
thus ?case by(force intro: ParlF simp add: equts name-fresh-fresh)
next
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case(cPar2 Q au Q' Pr)

thus ?case by(force intro: Par2F simp add: equts name-fresh-fresh)
next

case(cRes P a u P’ zr)

thus ?case by(force intro: ResF simp add: equts calc-atm abs-fresh)
next

case(cBang P a u P' R)

thus ?case by(force intro: Bang)
qed

lemma Closel:
fixes P :: pi
and a : name
and <z : name

and P': pi
and @ :: pi
and Q': pi

assumes P —a<z> < P’
and Qr——a<vr> < Q'
and zf§P

shows P || Q —7 < <vz>(P'| Q)
proof —
obtain y::name where y f Pand y 4 Qand y # aand y § Q"' and y § P’
by (generate-fresh name) (auto simp add: fresh-prod)
from (P ——a<z> < P’ <z § P> <y § P» have P —a<y> < ([(z, y)] - P)
by (rule inputAlpha)
moreover from (Q —ra<vz> < Q" «y t Q" have Q —a<vy> < ([(z, y)] -
Q')
by (simp add: alphaBoundOutput)

ultimately have P || Q —7 < <vy>(([(z, v)] - P)) || ([(z, y)] - Q) using <y

Pyt Qy+#a
by (rule Closel)

with <y § P" <y § Q" show ?thesis by(subst alphaRes) (auto simp add: name-fresh-fresh)
qed

lemma Close2:

fixes P : pi
and a : name
and =z :: name
and P': pi
and @ :: pi
and Q’: pi

assumes P —a<vz> < P’
and Qr—a<z> < Q'
and =z @
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shows P | Q —7 < <vz>(P'| Q")
proof —
obtain y::name where y f Pand y Qand y # caand y § Q" and y § P’
by (generate-fresh name) (auto simp add: fresh-prod)
from <P ——a<vz> < P’ <y § P» have P —a<vy> < ([(z, y)] - P’)
by (simp add: alphaBoundOutput)
moreover from <Q —a<z> < Q" <z § @ <y f Q" have Q —ra<y> < ([(=,
y)] - Q)
by (rule inputAlpha)

ultimately have P || Q —7 < <vy>(([(z, v)] - P)) || ([(z, v)] - Q')) using «y
Pyt Qy+#a
by (rule Close2)
with <y § P" <y § Q" show ?thesis by(subst alphaRes) (auto simp add: name-fresh-fresh)
qed

lemma ResB:
fixes P : pi
and a : name
and =z :: name
and P': pi
and vy :: name

assumes P —a<vz> < P’
and Y F a
and yF£x

shows <vy>P —a<vz> < (<vy>P’)
proof —
obtain z :: name where z § Pand z 4§ P'and z # a and z # y
by (generate-fresh name) (auto simp add: fresh-prod)
from <P —a<va> < P <z § P"» have P —a<vz> < ([(z, 2)] - P’)
by (simp add: alphaBoundOutput)
hence <vy>P ——a<vz> < (<vy>([(z, 2)] - P')) using <y # a» <z # y <z §
Py <z # w
by (rule-tac ResB) auto
thus ?thesis using <z # y <y # x <z § P
by (subst alphaBoundOutput[where z'=z]) (auto simp add: equts calc-atm abs-fresh)
qed

lemma outputinduct[consumes 1, case-names Output Match Mismatch Sum1 Sum?2
Parl Par2 Res Bang|:

fixes P :: pi

and a :: name

and b : name

and P': pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C : 'a:fs-name
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assumes Trans: P —a[b] < P’

and AabP C.FC (afb}.P)abP

and APabP' c¢C.[P+—OutputRab < P; N\C.FCPabP]= FC
([e~c]P) a b P’

and AP abP' cdC.[P+——OutputR a b < P NC. F C P ab P’; c#d]
— F C ([c£d]P) a b P’

and APabP' QC.[P+—OutputRab<P;NC. FCPabP]|= FC
(P& Q) abP

and ANQabQ PC.[Q+—OutputR ab< Q5 NC.FCQabQ]=F
C(PDQ)ab@

and APabP’'QC.[P+—OutputRab <P \NC.FCPabP]|= FC
(P @ ab (P Q

and ANQabQ PC.[Q+—OutputR ab< Q5 N\C.FCQabQ]=F
CPQab(PlQ)

and AP abP zC.[P—OutputR ab < Pixz#a,z# bzt C; N\C. F
CPabP]=

F C (<vz>P) a b (<vz>P’)

and APabP' C.[P|!P+—OutputR ab <P ANC. FC (P|!P)abP]

— FC(P)abP

shows F C Pab P’

using assms

by(nominal-induct 12==a[b] < P’ avoiding: C arbitrary: P’ rule: TransitionsFarly.strong-induct)
(auto simp add: residual.inject)

lemma boundOutputInduct[consumes 2, case-names Match Mismatch Open Sum1
Sum?2 Parl Par2 Res Bang:

fixes P :: pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool

and C :: 'a:fs-name

assumes a: P —ra<vz> < P’

and  zFreshP: x4 P

and  cMatch: APaxzP'bC.[Pvr—a<vz> <P ANC. FCPazP| =
F C ([b~b]P) a z P’

and  cMismatch: APazP'bcC.[P+—a<vz> <P \NC. FCPauzP/
b# c] = F C ([b#c]P) az P’

and  c¢Open: APaxzP’' C. [P+—(OutputR az) < P;a+# 2] = FC
(<vz>P) axz P’

and c¢Suml: AP QazxzP'C.[Pv+—a<vz><P;A\NC.FCPazP]|—=
FC(P® Q) az P’

and eSum2: AP Qaz Q' C.[Qvr—a<vz> < Q3 NC. FCQazQ]
= FC(P® Q) axQ

and cPariB: APP QazC.[P+—a<v> <Pz Q;NC. FCPacx
P =
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FC(P| Q) az (P Q)
and cPar2B: APQ Q' azC.[Qvr—a<vz>< Qx4 P;N\C.FCQaz

Q] =
FCPQazP| Q)
and cResB: AP P axyC.[P—a<vz><Phiy#ay#uzytC
NC.FCPaxzP| = FC (<vy>P) az (<vy>P’)
and c¢Bang: APaz P’ C.[P|!P+—a<vz> <P ANC.FC (P | !P)a
z P =
FC(P)axP’
shows F C P ax P’
using assms
proof —
have Goal: AP Rs a x P' C. [P — Rs; Rs = a<vaz> < Pz 4 P]=— FCP
az P’
proof —
fix PRsax P'C
assume P — Rs and Rs = a<vz> < P'and z P
thus FCPazx P’
proof (nominal-induct avoiding: C a z P’ rule: TransitionsFEarly.strong-induct)
case(Tau P)
thus ?case by(simp add: residual.inject)
next
case(Input P a z)
thus ?case by(simp add: residual.inject)
next
case(OQutput P a b)
thus ?case by(simp add: residual.inject)
next
case(Match P Rs b C a z P’)
thus ?case
by (force intro: cMatch simp add: residual.inject)
next
case(Mismatch P Rs b ¢ C a x P’)
thus ?case
by (force intro: cMismatch simp add: residual.inject)
next
case(Sum! P Q Rs C)
thus ?case by(force intro: c¢Suml)
next
case(Sum2 P Q Rs C)
thus ?case by(force intro: cSum2)
next
case(Open P a b P’ Ca’ z P")
have b § = by fact hence bineqx: b # = by simp
moreover have a<vb> < P’ = a'<vz> < P by fact
ultimately have aeqa”: a=a’ and P’egP': P"' = [(b, z)] - P’
by (simp add: residual.inject name-abs-eq)+
have z § <vb>P by fact
with bineqr have xzFreshP: z § P by(simp add: name-fresh-abs)
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have aineqb: a # b by fact

have PTrans: P —a[b] < P’ by fact
with xFreshP have xineqa: x # a by(force dest: freshAction)
from PTrans have ([(b, z)] - P) —[(b, )] - (a[b] < P’) by(rule Transition-
sEarly.equt)
with P’eqP” zineqa aineqb have Trans: ([(b, z)] « P) —alz] < P”
by (auto simp add: name-calc)
hence F' C (<vz>([(b, z)] - P)) a = P" using zineqa by(blast intro: cOpen)
with zFreshP aeqa’ show ?case by(simp add: alphaRes)
next
case(ParlBP axz P' Q Ca' 2z’ P
have z £ 2’ by fact hence zineqz”: z # z’ by simp
moreover have Eq: a<vz> < (P'| Q) = a’<vz’> < P" by fact
hence aeqa”: a = a’ by(simp add: residual.inject)
have zFreshQ: = § Q by fact
have z' # P || @ by fact
hence z'FreshP: z' { P and x'FreshQ: =’ § Q by simp+
have P"eq: P = ([(z, z')] - P) || @
proof —
from Eq zinegz’ have (P’ | Q) = [(z, )] - P”
by(simp add: residual.inject name-abs-eq)
hence (((z, 2/)] - (P' | Q) = P" by simp
with z'FreshQ zFreshQ show ?thesis by(simp add: name-fresh-fresh)
qed

have z § P" by fact
with P"’eq have z'FreshP’: z' § P’ by(simp add: name-fresh-left name-calc)

have P —a<vz> < P’ by fact
with x'FreshP’ aeqa’ have P —sa'<va’> < ([(z, z')] - P’)
by (simp add: alphaBoundOutput)
moreover have AN\C. FF C P a z’' ([(z, )] - P’)
proof —
fix C
have AC o’ 2’ P”. Ja<va> < P' = a'<va’> < P"; 2’4 Pl = F CPa’
z' P" by fact
moreover with aeqa’ zineqr’ z'FreshP’ have a<vz> < P’ = a'<vz’> <
(s, )] - P
by (simp add: residual.inject name-abs-eq name-fresh-left name-calc)
ultimately show F C P a 2z’ ([(z, z')] - P’) using z'FreshP aeqa’ by blast
qed
ultimately have F C (P || Q) o’ =’ (([(=, z')] - P') || Q) using z'Fresh@
aeqa’
by (blast intro: cParlB)
with P'’eq show ?case by simp
next
case(ParlF P P’ Q «)
thus ?case by(simp add: residual.inject)
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next
case(Par2B Qaz Q' P Ca' z' Q")
have z £ 2’ by fact hence zineqz”: x # z’ by simp
moreover have Eq: a<vz> < (P || Q') = a’<vz’> < Q" by fact
hence aega”: a = a’ by (simp add: residual.inject)
have zFreshP: x § P by fact
have z' # P || @ by fact
hence z'FreshP: ©' § P and x'FreshQ: =’ § Q by simp+
have Q"eq: Q" = P || ([(z, )] - Q')
proof —
from Eq zinegz’ have (P || Q') = [(z, )] - Q"
by(simp add: residual.inject name-abs-eq)
hence ([(z, 2] - (P || @) = Q" by simp
with z'FreshP zFreshP show ?thesis by(simp add: name-fresh-fresh)
qed

have z § Q' by fact
with Q'’eq have z'FreshQ": =z’ § Q' by(simp add: name-fresh-left name-calc)

have Q —a<vz> < Q' by fact
with z'Fresh@’ aeqa’ have Q —a'<va’™> < ([(z, /)] - Q')
by (simp add: alphaBoundOutput)
moreover have AC. FF C Q a 2’ ([(z, )] -+ Q")
proof —
fix C
have ANC o'z’ Q. Ja<vz> < Q' =a'<ve’™> < Q" 2’4 Q) = FC Qa’
z’ Q" by fact
moreover with aega’ zineqr’ z'Fresh@’ have a<vz> < Q' = a'<vz’> <
(I, +] - @)
by(simp add: residual.inject name-abs-eq name-fresh-left name-calc)
ultimately show F C Q a z’ ([(z, )] - Q') using x'FreshQ aeqa’ by blast
qed
ultimately have F C (P || Q) o’ ' (P || ([(z, 2")] - Q')) using x'FreshP
aeqa’
by (blast intro: cPar2B)
with Q''eq show ?case by simp
next
case(Par2F P P’ Q) )
thus ?case by(simp add: residual.inject)
next
case(Comml PP’ Q Q' a b x)
thus ?case by(simp add: residual.inject)
next
case(Comm2 PP’ Q Q' a b x)
thus ?case by(simp add: residual.inject)
next
case(Closel PP' Q Q' a x y)
thus ?case by(simp add: residual.inject)
next
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case(Close2 PP’ Q Q' a z y)
thus ?case by(simp add: residual.inject)
next
case(ResB Pax P'y Ca' 2z’ P”)
have z # 2’ by fact hence zineqz”. © # z' by simp
moreover have Eq: a<vz> < (<vy>P’) = a’<vz’> < P" by fact
hence aega’”: a = a’ by (simp add: residual.inject)
have y £ 2’ by fact hence yineqz”: y # z’ by simp
moreover have z' § <vy>P by fact
ultimately have z'FreshP: z’ § P by(simp add: name-fresh-abs)
have yinegz: y # = and yineqa: y # a and yFreshC: y § C by fact+

have P'eq: P = <vy>([(z, )] - P’
proof —
from FEq zineqz’ have <vy>P' = [(z, /)] - P"
by(simp add: residual.inject name-abs-eq)
hence ([(z, )] - (<vy>P")) = P" by simp
with yinegx’ yineqr show ?thesis by (simp add: name-fresh-fresh)
qed

have z § P" by fact
with P”eq yineqr have z'FreshP’. z' § P’ by(simp add: name-fresh-left
name-calc name-fresh-abs)

have P —a<vz> < P’ by fact
with x'FreshP’ aeqa’ have P —a'<va’> < ([(z, z')] - P’)
by (simp add: alphaBoundOutput)
moreover have A\C. FF C P a z’' ([(z, )] - P’)
proof —
fix C
have AC o’ 2’ P”. Ja<va> < P' = a'<va’> < P"; 2’4 Pl = F CPa’
z' P" by fact
moreover with aeqa’ zineqr’ z'FreshP’ have a<vz> < P’ = a'<vz’> <
(s, )] - P
by (simp add: residual.inject name-abs-eq name-fresh-left name-calc)
ultimately show F C P a 2’ ([(z, )] - P’) using z'FreshP aeqa’ by blast
qed
ultimately have F C (<vy>P) o’ 2’ (<vy>([(z, z')] - P’)) using yinegz’
yineqa yFreshC aeqa’
by (force intro: cResB)
with P'’eq show ?case by simp
next
case(ResF P P’ a y)
thus ?case by(simp add: residual.inject)
next
case(Bang P Rs)
thus ?case by(force intro: cBang)
qed
qed
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with a zFreshP show ?thesis by simp
qed

lemma taulnduct[consumes 1, case-names Tau Match Mismatch Sum1 Sum2 Parl
Par2 Comm1 Comm@ Closel Close2 Res Bang]:

fixes P :: pi

and P': pi

and F : 'a:fs-name = pi = pi = bool

and C : 'a:fs-name

assumes Trans: P ——7 < P’

and APC.FC (r.(P)P

and APP aC.[P—7 <P;A\NC.FCPP]|= FC (la~a]P) P’

and APP abC.[P+—7<P;ANC.FCPP;a+#b = FC ([ab]P)
P/

and APP' QC.[P—s7<P;\NC.FCPP]= FC (P&

and AQQ PC.[Qr—1<Q;NC.FCQQ]=FC (P& Q) Q'

and APP QC.[P—sr <P, \C.FCPP]|= FC(P| Q)

and  NQQ'PC. Q1< Q AC.FCQQI— FC(P| Q) (P Q

and APabP' QQ' C.[Pr—a<b> <P Q+—OutputRabdb < Q]| = F
C(PIQ (P Q)

and APabP' @ Q' C.[P+—OutputR a b < P, Q@ —ra<b> < Q] = F
C(P| QP Q)

and APazxzP' QQ' C.[Pr—a<z> <P’ Qr—a<vz><Q;z4 P; x4
QGr#azryCl= FC(P| Q) (<va>(P'| Q)

and APazP' QQ C.[Pr—a<vz><P;Qvr—a<z>< Qx4 P; x4
QiotantCl= FC(P| Q) (<vu>P| Q)

and APP zC.[P—7<PiztC;\NC.FCPP]|=

F C (<vaz>P) (<vz>P’)
and APP'C.[P|IPv+—s1 <P, \C.FC(P|IP)P]= FC (P) P

shows FF C P P’

using <P ——71 < P

by (nominal-induct 12==1 < P’ avoiding: C arbitrary: P’ rule: TransitionsEarly.strong-induct)
(auto simp add: residual.inject intro: assms)+

inductive bangPred :: pi = pi = bool
where

auxl: bangPred P (IP)
| aux2: bangPred P (P || !P)

inductive-cases tauCases’[simplified pi.distinct residual.distinct]: 7.(P) — Rs
inductive-cases inputCases’[simplified pi.inject residual.inject]: a<b>.P — Rs
inductive-cases outputCases’[simplified pi.inject residual.inject]: a{b}.P — Rs
inductive-cases matchCases’[simplified pi.inject residual.inject]: [a—~b]P — Rs
inductive-cases mismatchCases’[simplified pi.inject residual.inject]: [a£b|P —
Rs

inductive-cases sumCases’[simplified pi.inject residual.inject]: P & @ — Rs
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inductive-cases parCasesB'[simplified pi.distinct residual.distinct]: A | B ——
b<vy> < A’

inductive-cases parCasesF'[simplified pi.distinct residual.distinct]: P || Q — «
< P’

inductive-cases resCasesB’[simplified pi.distinct residual.distinct]: <va’>A —
a<vy’> < A’

inductive-cases resCasesF [simplified pi.distinct residual.distinct]: <va>A — «
< A’

lemma tauCases:

fixes P : pi
and « : freeRes
and P’: pi

assumes 7.(P) —a < P’
and Prop (1) P

shows Prop o P’
using assms
by (cases rule: tauCases’) (auto simp add: pi.inject residual.inject)

lemma inputCases[consumes 1, case-names cInput]:
fixes a :: name
and <z : name
and P :pi
and P': pi

assumes Input: a<z>.P —a < P’
and  A: Au. Prop (a<u>) (Plz:=ul)

shows Prop o P’
proof —
{
fix z P
assume a<z>.P —a < P’
moreover assume (z:name) § « and z § P’ and z # a
moreover assume Au. Prop (a<u>) (P[z::=u])
moreover obtain z:name where z # z and z § P and 2z § « and 2z § P’
and z # a
by (generate-fresh name, auto simp add: fresh-prod)
moreover obtain z"::name where 2z’ # r and 2z’ # zand 2’ P and 2z’ § o
and z'§ P'and 2’ # a
by (generate-fresh name, auto simp add: fresh-prod)
ultimately have Prop o P’
by (cases rule: TransitionsEarly.strong-cases[where z=z and b=z and za=z
and zb=z and zc=z and zd=z and ze=z
and y=z' and ya=z")
(auto simp add: pi.inject residual.inject abs-fresh alpha)
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note Goal = this
obtain y::name where y f Pand y f c« and y f P'and y # a
by (generate-fresh name) (auto simp add: fresh-prod)
from Input <y § P> have a<y>.([(z, y)] - P) —a < P’ by(simp add: alphaln-
put)
moreover note <y f a» <y § P <y # w
moreover from A <y § Py have Au. Prop (a<u>) (([(z, y)] - P)[y::=u])
by (simp add: renaming name-swap)
ultimately show ?thesis by(rule Goal)
qed

lemma outputCases:

fixes P : pi
and « :: freeRes
and P': pi

assumes a{b}.P —a < P’
and  Prop (OutputR a b) P

shows Prop a P’
using assms
by (cases rule: outputCases’) (auto simp add: pi.inject residual.inject)

lemma zeroTrans|dest]:
fixes Rs :: residual

assumes 0 — ¢ Rs

shows Fulse
using assms
by — (ind-cases 0 — e Rs)

lemma mismatchTrans|dest]:
fixes a :: name
and P :pi
and Rs :: residual

assumes [a#a]P — Rs

shows Fulse
using assms
by (erule-tac mismatchCases’) auto

lemma matchCases[consumes 1, case-names Match):
fixes a :: name
and b : name
and P :pi
and Rs :: residual
and F : name = name = bool
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assumes Trans: [a—~b]P — Rs
and cMatch: P— Rs = F aa

shows F a b
using assms
by (erule-tac matchCases’, auto)

lemma mismatchCases[consumes 1, case-names Mismatch):
fixes a :: name
and b :: name
and P :pi
and Rs :: residual
and F :: name = name = bool

assumes Trans: [a#b]P — Rs
and cMatch: [P — Rs; a # b = Fab

shows F' a b
using assms
by (erule-tac mismatchCases’) auto

lemma sumCases[consumes 1, case-names Suml Sum2]:
fixes P : pi
and @ :: pi
and Rs :: residual

assumes Trans: P & @ — Rs
and cSuml: P— Rs = F
and cSum2: Q — Rs = F

shows F
using assms
by (erule-tac sumCases’) auto

lemma parCasesB[consumes 1, case-names cParl cPar2):
fixes P :: pi

and @ :: pi
and a : name
and z :: name
and PQ’: pi

assumes Trans: P || Q — a<vz> < PQ’
and  icPariB: AP [P+ a<vz> < P z8 Q] = F (P'| @
and  icPar2B: NQ'. [Q — a<vz> < Qs z§ P] = F (P || Q)

shows F PQ’

proof —
from Trans show ?thesis
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proof (induct rule: parCasesB’, auto simp add: pi.inject residual.inject)
fix P’y
assume PTrans: P — a<vy> < P’
assume yFreshQ: y § (Q::p7)
assume absEq: [z].PQ' = [y].(P' || Q)

have Jciiname. ¢ §f (P', z, y, Q) by(blast intro: name-exists-fresh)
then obtain ¢ where cFreshP”: ¢ § P’ and cineqr: z # ¢ and cineqy: ¢ # y
and cFresh@: c f @
by (force simp add: fresh-prod name-fresh)

from cFreshP’ PTrans have Trans: P — a<ve> < ([(y, ¢)] - P’) by(simp
add: alphaBoundOutput)

from cFreshP’ cFresh@ have ¢ § P’ || Q by simp

hence [y].(P" || Q) = [c].([(y, o)] - (P' ]| Q))
by (auto simp add: alpha fresh-left calc-atm)

with yFresh@ cFreshQ have [y].(P" || Q) = [c].(([(y, c)] - P") || Q)
by (simp add: name-fresh-fresh)

with cineqz absEq have L1: PQ’' = [(z, ¢)] - (([(y, ¢)] - P') || Q) and L2: z §

([(y, )] - P) || Q
by (simp add: name-abs-eq)+

from L2 have zFreshQ: = § Q and zFreshP": z § [(y, ¢)] - P’ by simp+
with cFresh@ L1 have L3: PQ' = ([(z, ¢)] - [(y, ¢)] - P') || @ by(simp add:
name-fresh-fresh)

from Trans zFreshP’ have P — a<vz> < ([(z, ¢)] « [(y, ¢)] - P’) by(simp
add: alphaBoundOutput name-swap)

thus ?thesis using xFresh@ L3
by (blast intro: icPar1B)
next
fix Q" y
assume QTrans: Q — a<vy> < Q'
assume yFreshP: y § (P::pi)
assume absEq: [z].PQ' = [y].(P || Q")

have Jc:iname. ¢ (Q, x, y, P) by(blast intro: name-exists-fresh)
then obtain ¢ where cFreshQ’: ¢ § Q' and cineqr: * # ¢ and cineqy: ¢ # y
and cFreshP: ¢ § P
by (force simp add: fresh-prod name-fresh)

from cFresh@’ QTrans have Trans: Q — a<vc> < ([(y, ¢)] - Q') by(simp
add: alphaBoundOutput)

from cFresh@’ cFreshP have c § P | Q' by simp
hence [y].(P || Q') = [c].([(y, )] - (P || @)
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by (auto simp add: alpha fresh-left calc-atm)
with yFreshP cFreshP have [y].(P || Q") = [c].(P || ([(y, ¢)] - @)
by (simp add: name-fresh-fresh)

with cineqz absEq have L1: PQ’' = [(z, ¢)] - (P || ([(y, ¢)] - Q') and L2: z §

Pl ([(y, )] - Q)
by (simp add: name-abs-eq)+

from L2 have zFreshP: z § P and zFreshQ" = § [(y, ¢)] - Q' by simp+
with cFreshP L1 have L3: PQ' = P || ([(z, ¢)] - [(y, ¢)] -+ Q) by(simp add:
name-fresh-fresh)

from Trans zFreshQ’ have Q — a<vz> < ([(z, ¢)] - [(y, ¢)] - Q") by(simp
add: alphaBoundOutput name-swap)

thus ?thesis using xFreshP L3
by (blast intro: icPar2B)

qed

qed

lemma parCasesOutput[consumes 1, case-names Parl Par2]:
fixes P : pi
and @ :: pi

and a : name
and b :: name
and P': pi

assumes P | Q —a[b] < PQ’
and AP [Pv+—a[b] < P] = F (P'| Q)
and AQ' [Q+—alb] < Q= F (P | Q)

shows F PQ’
using assms
by (erule-tac parCasesF’, auto simp add: pi.inject residual.inject)

lemma parCasesInput[consumes 1, case-names Parl Par2):
fixes P :: pi
and @ :: pi
and a :: name
and b : name
and P': pi

assumes Trans: P || Q —ra<b> < PQ’
and  icParlF: AP’ [P —a<b> < P| = F (P'| Q)
and  icPar2F: ANQ'. [Q —a<b> < Q]| = F (P || Q)

shows F PQ’

using assms
by (erule-tac parCasesF"’) (auto simp add: pi.inject residual.inject)
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lemma parCasesF[consumes 1, case-names cParl cPar2 cComm1 cComm?2 cClosel
cClose2):

fixes P :: pi
and @ :: pi
and « : freeRes
and P’: pi

and C : 'a:fs-name

assumes Trans: P || Q — a < PQ’

and  icParlF: AP [P— a <P = F o (P'| Q)

and  icPar2F: NQ. [Q+— a < Q= Fa (P Q)

and  icComml: AP’ Q" ab. [P+— a<b> < P'; Q — a[b] < Q'] = F (1)
(P Q)

and  icComm2: AP’ Q" ab. [P+ a[b] < P’; Q@ — a<b> < Q'] = F (1)
(P Q)

and  icClosel: AP’ Q' az. [P — a<z> < P’; Q — a<vz> < Q' z § P;
2§ Cl = F (7) (<va>(P'| Q)

and  icClose2: AP’ Q' a z. [P — a<vz> < P'; Q — a<z> < Q; z § @Q;
2§ Ol = F (7) (<va>(P'| Q)

shows F a PQ’
proof —

from Trans show ?thesis

proof (rule parCasesF’, auto)
fix Pa Pa’ Qa o'
assume Trans: Pa — a’ < Pa’
assume Fq: P || Q = Pa | Qa
assume Fq: o < PQ'=a’ < Pa' || Qa

from Fq have P = Pa and ) = Qa
by (simp add: pi.inject)+

moreover with Fq’ have a« = o’ and PQ' = Pa’ || Q
by (simp add: residual.inject)+

ultimately show ?thesis using icParlF Trans’
by simp
next
fix Pa Qa Qa’ o'
assume Trans”: Qa — o' < Qa’
assume Fq: P || Q = Pa || Qa
assume Fq" a < PQ'=a’ < Pa | Qa’

from Fq have P = Pa and Q = Qa

by (simp add: pi.inject)+
moreover with F¢’ have o« = o’ and PQ' = P || Qa’
by (simp add: residual.inject)+
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ultimately show ?thesis using icPar2F Trans’
by simp
next
fix Pa Pa’ Qa Qa’ a b
assume TransP: Pa — a<b> < Pa’
assume Trans@: Qa — alb] < Qa’
assume Eq: P || Q = Pa | Qa
assume Fq: o < PQ'=71 < Pa’ || Qa’

from TransP TransQ Eq Eq’ icComm1 show ?thesis

by (simp add: pi.inject residual.inject)
next

fix Pa Pa’ Qa Qa’' a b x

assume TransP: Pa — (a::name)[b] < Pa’

assume TransQ: Qa — a<b> < Qa’

assume Fq: P || Q = Pa || Qa

assume Fq: o < PQ'=71 < Pa’ || Qa’

from TransP TransQ Eq Eq’ icComm2 show ?thesis

by (simp add: pi.inject residual.inject)
next

fix Pa Pa’ Qa Qa’ a x

assume TransP: Pa — a<z> < Pa’

assume TransQ: Qa — a<vz> < Qa’

assume zFreshPa: = § Pa

assume FEq: P || Q = Pa || Qa

assume Fq" a < PQ' =71 < <vz>(Pa’ | Qa’)

have 3 (c::name). ¢ § (Pa, Pa’, z, Qa’, a, C)
by (blast intro: name-exists-fresh)
then obtain c::name where cFreshPa: ¢ § Pa and cFreshPa’: ¢ § Pa’ and
cineqy: ¢ # = and cFreshQa’: ¢ t Qa’ and cFreshC: ¢ § C and cineqa: ¢ # a
by (force simp add: fresh-prod name-fresh)

from cFreshQa’ have L1: a<vz> < Qa’ = a<ve> < ([(z, ¢)] - Qa’)
by (simp add: alphaBoundOutput)

with cFreshQa’ cFreshPa’ have ¢ § (Pa’ || Qa’)
by simp

then have Lj: <vaz>(Pa’ || Qa’) = <ve>(([(z, ¢)] - Pa') || ([(z, ¢)] - Qa))
by (simp add: alphaRes)

have TransP: Pa — a<c> < [(z, ¢)] - Pa’
proof —
from zFreshPa TransP have zinega: z#a by(force dest: freshAction)
from TransP have ([(z, ¢)] - Pa) — [(z, ¢)] - (a<z> < Pa’)
by (rule TransitionsEarly.equt)
with zineqa xFreshPa cFreshPa cineqa show ?thesis
by (simp add: name-fresh-fresh name-calc)
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qed

with TransQ L1 L4 icClosel Eq Eq' cFreshPa cFreshC show ?thesis
by (simp add: residual.inject, simp add: pi.inject)
next
fix Pa Pa’ Qa Qa’ ax
assume TransP: Pa — a<vz> < Pa’
assume TransQ: Qa — a<z> < Qa’
assume zFreshQa: = f§ Qa
assume Fq: P || Q@ = Pa || Qa
assume Eq" a < PQ' =1 < <vz>(Pa’ || Qa’)

have 3 (c::name). ¢ § (Qa, Pa’, z, Qa’, a, C)
by (blast intro: name-exists-fresh)
then obtain c::name where cFreshQa: c § Qa and cFreshPa’: ¢ § Pa’ and
cineqy: ¢ # z and cFreshQa’: ¢ t Qa’ and cFreshC: ¢ § C and cineqa: ¢ # a
by (force simp add: fresh-prod name-fresh)

from cFreshPa’ have L1: a<vz> < Pa' = a<ve> < ([(z, ¢)] - Pa’)
by (simp add: alphaBoundOutput)

with cFreshQa’ cFreshPa’ have ¢ ff (Pa’ || Qa’)
by simp

then have Lj: <vz>(Pa' | Qa’) = <ve>(([(z, ¢)] « Pa’) || ([(z, ¢)] - Qa’))
by (simp add: alphaRes)

have TransQ: Qa — a<c> < [(z, ¢)] - Qa’
proof —
from zFreshQa Trans@ have zineqa: x#a by(force dest: freshAction)
from Trans@ have ([(z, ¢)] - Qa) — [(z, ¢)] - (a<z> < Qa’)
by (rule TransitionsEarly.equt)
with zinega xFreshQa cFreshQa cinega show ?thesis
by (simp add: name-fresh-fresh name-calc)
qed

with TransP L1 L/ icClose2 Eq Eq’ cFreshQa cFreshC show ?thesis
by (simp add: residual.inject, simp add: pi.inject)
qged
qged

lemma resCasesF[consumes 2, case-names Res:
fixes z :: name

and P :: pi
and «a : freeRes
and P’: pi

assumes Trans: <vz>P — a < RP’
and zFreshAlpha: x o
and  rcResF: AP P+— a < P' = F (<va>P’)
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shows F RP’'
proof —

from Trans show ?thesis

proof (induct rule: resCasesF', auto)
fix Pa Pa’ B y
assume PTrans: Pa — 3 < Pa’
assume yFreshBeta: (y::name) §
assume TermFEq: <va>P = <vy>Pa
assume ResEq: « < RP' = 8 < <vy>Pa’

hence alphaegbeta: o = 8 and L2: RP' = <vy>Pa’ by(simp add: resid-
ual.inject)+

have 3 (c::name). ¢ § (Pa, o, Pa’, z, y) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshPa: ¢ § Pa and cFreshAlpha: ¢ § o and
cFreshPa’: ¢ § Pa’ and cineqr: x # ¢ and cineqy: ¢ # y
by (force simp add: fresh-prod name-fresh)

from cFreshPa have <vy>Pa = <vc>([(y, ¢)] - Pa) by(rule alphaRes)
with TermEq cineqr have Peq: P = [(z, ¢)] - [(y, ¢)] - Pa and zeq: z § [(y, ¢)]
+ Pa
by (simp add: pi.inject name-abs-eq)+

from PTrans have ([(y, ¢)] - Pa) — [(y, ¢)] - (B8 < Pa’) by(rule Transition-
sEarly.equt)
with yFreshBeta cFreshAlpha alphaeqbeta have PTrans”: ([(y, ¢)] - Pa) — «

=< ([(y, ©)] - Pa’)
by (simp add: name-fresh-fresh)

from PTrans’ have ([(z, ¢)] - [(y, ¢)] - Pa) — [(z, ¢)] -+ (o < [(y, ¢)] - Pa’)
by (rule TransitionsEarly.equt)
with zFreshAlpha cFreshAlpha Peq have PTrans’: P — a < [(z, ¢)] - [(y, ¢)]
. Pa’
by (simp add: name-fresh-fresh)

from PTrans’ zeq xFreshAlpha have zeq”: z § [(y, ¢)] - Pa’
by (nominal-induct « rule: freeRes.strong-induct)
(auto simp add: fresh-left calc-atm equts dest: freshTransition)

from cFreshPa’ have <vy>Pa’' = <ve>([(y, ¢)] - Pa’) by(rule alphaRes)
moreover from zeq’ have <ve>([(y, ¢)] - Pa’) = <vz>([(¢, z)] - [(y, ¢)] -
Pa’)
by (rule alphaRes)
ultimately have RP’' = <vz>([(z, ¢)] - [(y, ¢)] - Pa’) using ResEq
by (simp add: residual.inject name-swap)

with PTrans'’ zFreshAlpha show ?thesis
by (blast intro: rcResF')
qed
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qed

lemma resCasesB[consumes 2, case-names Open Res]:
fixes x :: name
and P :: pi
and a : name
and vy :: name
and RP’: pi

assumes Trans: <vy>P — a<vz> < RP’

and  zineqy: © #£ y

and  rcOpen: AP’. [P —(OutputR a y) < Py a # y] = F ([(z, y)] - P)
and  rcResB: AP’ [P —a<vz> < P’; y # o] = F (<vy>P’)

shows F RP’
proof —

from Trans show ?thesis

proof (induct rule: resCasesB’, auto)
fix Pa Pa’ aa b
assume PTrans: Pa — (aa::name)[b] < Pa’
assume aainegb: aa#b
assume TermEq: <vy>P = <vb>Pa
assume ResFq: a<vz> < RP’' = aa<vb> < Pa’

have 3 (c:name). ¢ § (z, a, aa, y, Pa, Pa’, b) by(blast intro: name-exists-fresh)

then obtain ¢ where cineqr: c#x and cFresha: ¢ § a and cineqy: ¢ # y and

cineqaa: ¢ # aa and cFreshPa: ¢ § Pa and cFreshPa’: ¢ § Pa’ and cinegb: ¢ # b
by (force simp add: fresh-prod name-fresh)

from cFreshPa have <vb>Pa = <ve>([(b, ¢)] - Pa) by(rule alphaRes)
with cineqy TermEq have PEq: P = [(y, ¢)] - [(b, ¢)] - Pa and yFreshPa: y
[(b’ C)] - Pa
by (simp add: pi.inject name-abs-eq)+

from PTrans have ([(b, ¢)] - Pa) — ([(b, ¢)] - (aa[b] < Pa’)) by(rule Tran-
sitionsFEarly.equt)
with aainegb cineqaa have L1: ([(b, ¢)] - Pa) — aalc] < [(b, ¢)] - Pa’ by(simp
add: name-calc)
with yFreshPa have yineqaa: y # aa by(force dest: freshAction)
from L1 yFreshPa cineqy have yFreshPa’ y t [(b, ¢)] - Pa’ by(force intro:
freshTransition)

from L1 have ([(y, ¢)] - [(b, ¢)] - Pa) — [(y, ¢)] + (aa[c] < [(b, ¢)] - Pa’)
by (rule TransitionsEarly.equt)
with cinegaa yinegaa cineqy PEq have PTrans: P — aaly] < [(y, ¢)] - [(b,
c)] - Pa’
by (simp add: name-calc)
moreover from cFreshPa’ have aa<vb> < Pa’ = aa<ve> < ([(b, ¢)] - Pa’)
by (rule alphaBoundOutput)
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with ResEq cineqr have ResEq": RP' = [(z, ¢)] - [(b, ¢)] - Pa’ and z § [(b, ¢)]
- Pa’
by (simp add: residual.inject name-abs-eq)+
with zineqy cineqy cineqx yFreshPa’' have RP' = [(z, vy)] - [(y, ¢)] - [(b, ¢)] -
Pa’
by (subst pt-perm-compose[OF pt-name-inst, OF at-name-inst], simp add:
name-calc name-fresh-fresh)
moreover from ResEq have a=aa by(simp add: residual.inject)
ultimately show ?thesis using yineqaa rcOpen
by blast
next
fix Pa Pa’ aa za ya
assume PTrans: Pa — aa<vza> < Pa’
assume yaFreshaa: (ya::name) # aa
assume yaineqra: ya # xa
assume EqTrans: <vy>P = <vya>Pa
assume FqRes: a<vz> < RP' = aa<vza> < (<vya>Pa’)

hence aeqaa: a = aa by(simp add: residual.inject)
with yaFreshaa have yaFresha: ya § a by simp

have 3 (c::name). ¢ (Pa’, y, za, ya, x, Pa, aa) by(blast intro: name-exists-fresh)
then obtain ¢ where cFreshPa’: ¢ § Pa’ and cineqy: ¢ # y and cineqza: ¢ #
za and cineqya: ¢ # ya and cineqz: ¢ # x and cFreshP: ¢ § Pa and cFreshaa: ¢
i aa
by (force simp add: fresh-prod name-fresh)

have 3 (d::name). d § (Pa, a, z, Pa’, ¢, za, ya, y) by (blast intro: name-exists-fresh)
then obtain d where dFreshPa: d § Pa and dFresha: d  a and dineqx: d #
z and dFreshPa’”. d § Pa’ and dineqc: d#c and dineqra: d # za and dineqya: d

# ya and dineqy: d # y
by (force simp add: fresh-prod name-fresh)

from dFreshPa have <vya>Pa = <vd>([(ya, d)] « Pa) by(rule alphaRes)
with EqTrans dineqy have PEq: P = [(y, d)] - [(va, d)] - Pa
and yFreshPa: y £ [(ya, d)] - Pa
by (simp add: pi.inject name-abs-eq)+

from dFreshPa’ have L1: <vya>Pa’'= <vd>([(ya, d)] - Pa’) by(rule alphaRes)
from cFreshPa’ dinegc cineqya have ¢ § <vd>([(ya, d)] - Pa’)
by (simp add: name-fresh-abs name-calc name-fresh-left)
hence aa<vza> < (<vd>([(ya, d)] - Pa’)) = aa<ve> < ([(za, ¢)] » <vd>([(ya,
d)] - Pa’)) (is ?LHS = -)
by (rule alphaBoundOutput)
with dinegza dineqc have ?LHS = aa<ve> < (<vd>([(za, ¢)] « [(ya, d)] -
Pa’)
by (simp add: name-calc)
with L1 EqRes cineqx dineqc dineqr have
RP'Eq: RP' = <vd>([(z, ¢)] - [(za, ¢)] - [(ya, d)] + Pa’)
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and zFreshPa’”: z § [(za, ¢)] - [(ya, d)] - Pa’
by (simp add: residual.inject name-abs-eq name-fresh-abs name-calc)+

from PTrans aeqaa have ([(ya, d)] - Pa) — [(ya, d)] - (a<vza> < Pa’)
by (blast intro: TransitionsEarly.equt)
with yaineqra yaFresha dineqra dFresha have L1:
([(ya, d)] + Pa) — a<vza> < ([(ya, d)] - Pa’) by(simp add: name-calc
name-fresh-fresh)
with yFreshPa have yinega: y # a by(force dest: freshAction)
from dineqc cineqya cFreshPa’ have c § [(ya, d)] - Pa’
by (simp add: name-fresh-left name-calc)
hence a<vza> < ([(ya, d)] + Pa’) = a<ve> < ([(za, ¢)] + [(ya, d)] + Pa’) (is
PLHS = -)
by (rule alphaBoundQutput)
with zFreshPa’ have L2: ?LHS = a<vz> < ([(¢, z)] - [(za, ¢)] - [(ya, d)] -
Pa’)
by (simp add: alphaBoundOutput)
with L1 PEq have P — [(y, d)] - (a<vz> < ([(¢, 2)] * [(za, ¢)] + [(ya, d)] *
Pa’)
by (force intro: TransitionsEarly.equt simp del: residual.perm,)
with yineqa dFresha zineqy dinegr have Trans: P — a<va> < ([(y, d)] - [(c,
z)] - [(za, ¢)] - [(ya, )] - Pa’)

by (simp add: name-calc name-fresh-fresh)

from L1 L2 yFreshPa zineqy have y t (¢, z)] - [(za, ¢)] - [(ya, d)] - Pa’
by (force intro: freshTransition)

with RP'Eq have RP' = <vy>([(y, d)] -+ [(¢, z)] - [(za, ¢)] + [(ya, d)] -+ Pa’)
by (simp add: alphaRes name-swap)

with Trans yinega show ?thesis
by (blast intro: rcResB)
qed
qed

lemma banglnduct[consumes 1, case-names Par1B ParlF Par2B Par2F Comml
Comm2 Closel Close2 Bang|:

fixes F :: 'a::fs-name = pi = residual = bool

and P :: pi

and Rs :: residual

and C :: 'a:fs-name

assumes Trans: !P —— Rs

and cParlB: Naz P' C. [P — a<vz> <Pz 8 Pzt O] = F C (P |
P) (a<vaz> < (P 'P))

and cPar1F: N(o:freeRes) (P'upi) C. [P — o < P = F C (P || 'P)
(. < P"||'P)

and  cPar2B: Naxz P' C. [!P — a<vz> < Pzt P,z 4 C; NC. F C (IP)
(a<vz> < P)] = F C (P ||!P) (a<vaz> < (P || P")

and  cPar2F: Aa P' C.['\P+— a < P ANC. FC (IP) (¢ < P)] = F C

316



(P [ 'P) (e < P || P")

and  cCommlI: Na P'b P" C. [P — a<b> < P’ |P —— (OutputR a b) <

P ANC. F C (!P) ((OutputR a b) < P")] =
FC(P|P) (< P"|| P")
and  cComm2: Na b P' P" C. [P — (OutputR a b)

P" NC. F C (IP) (a<b> < P”)]] —

¢ (P || IP) (r < P"|| P")

< P IP — a<b> <

and  cClosel: Na z P’ P” C. [P+ a<z> < P} |P+—— a<vaz> < P"; z {
P,z 8 C; NC. F C (IP) (a<u:1:> < P"] =
C (P |['P) (r < <ve>(P'| P"))
and  cClose2: Na z P’ P” C. [P+ a<vaz> < P |P+—— a<z> < P"; z

P;xt C; NC. F C (IP) (a<a> < P")] —

FC(P|!P)(r < <vz>(P"| P"))
and  cBang: ARs C. [P || /P — Rs; N\C. FC (P || 'P) Rs] = F C (!P)

Rs

shows F C (!P) Rs
proof —

have AX Y C. [X — Y; bangPred P X] = F CX Y

proof —
fix XY C
assume X — Y and bangPred P X
thus FC XY

proof (nominal-induct avoiding: C rule: TransitionsEarly.strong-induct)

case(Tau Pa)
thus Zcase
apply —
by (ind-cases bangPred P (1.(Pa)))
next
case(Input x a u Pa C)
thus Zcase

by — (ind-cases bangPred P (a<z>.Pa))

next
case(Output a b Pa C)
thus “case
by — (ind-cases bangPred P (a{b}.Pa))
next
case(Match Pa Rs b C)
thus “case

by — (ind-cases bangPred P ([b—~b]Pa))

next
case(Mismatch Pa Rs a b C)
thus Zcase

by — (ind-cases bangPred P ([a # b]Pa))

next
case(Open Pa a b Pa’)
thus Zcase

by — (ind-cases bangPred P (<vb>Pa))

next
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case(Suml! Pa Rs Q)
thus ?Zcase
by — (ind-cases bangPred P (Pa ® Q))
next
case(Sum?2 @ Rs Pa)
thus “case
by — (ind-cases bangPred P (Pa ® Q))
next
case(PariB Pa a x P’ Q C)
thus Zcase
by — (ind-cases bangPred P (Pa || @), auto simp add: pi.inject cParlB)
next
case(ParlF Pa o P' Q C)
thus Zcase
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject cParlF)
next
case(Par2B Q a z Q' Pa)
thus ?Zcase
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject auzl cPar2B)
next
case(Par2F Q o Q' Pa)
thus “case
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject intro: cPar2F
auzxl)
next
case(Comm1 Pa a b Pa’ Q Q' C)
thus “case
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject intro: cComm1
auzxl)
next
case(Comm2 Pa a b Pa’ Q P" C)
thus “case
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject intro: cComm?2
auzxl)
next
case(Closel Pa a z Pa’ Q Q" C)
thus Zcase
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject auxl cClosel)
next
case(Close2 Pa a © Pa’ Q Q' C)
thus Zcase
by — (ind-cases bangPred P (Pa || Q), auto simp add: pi.inject auxl cClose?2)
next
case(ResB Pa a © Pa’ y)
thus ?Zcase
by — (ind-cases bangPred P (<vy>Pa))
next
case(ResF Pa a Pa’ y)
thus ?Zcase
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by — (ind-cases bangPred P (<vy>Pa))

next
case(Bang Pa Rs)
thus ?case
by — (ind-cases bangPred P ('Pa), auto simp add: pi.inject intro: aux2
cBang)
qed
qed
with Trans show ?thesis by(force intro: bangPred.auzl)
qed
end

theory Strong-Early-Sim
imports Farly-Semantics Rel
begin

definition strongSimEarly :: pi = (pi X pi) set = pi = bool («- ~[-] -» [80, 80,
80] 80) where
P~[Rel) Q= Vay Q. Q —ra<vy> < Q' — y#4 P — (P P—ra<vy>
< P'A (P, Q') € Rel)) A
Va Q. Qr—a<Q — (IP. Pr—a < P'A (P, Q) € Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :: pi
and P’: pi
assumes P ~~[A] P’
and ACB

shows P ~~[B] P’
using assms

by (fastforce simp add: strongSimEarly-def)

lemma freshUnit[simp]:
fixes y :: name

shows y # ()
by (auto simp add: fresh-def supp-unit)

lemma simCasesCont[consumes 1, case-names Bound Free]:

fixes P :: pi

and @ :: pi

and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes FEqut: equt Rel

319



and Bound: Nay Q" [Q — a<vy> < Q3 y#4 Pyt @yt C] = 3P
P+ a<vy> < P'A (P, Q') € Rel
and Free: Na Q. Qr— a< Q' = IP.Pr— a <P A (P, Q) € Rel

shows P ~~[Rel] Q
proof —
from Free show ?thesis
proof(auto simp add: strongSimEarly-def)
fix Q' ay
assume yFreshP: (y:name) § P
assume Trans: Q — a<vy> < Q'
have Jc:iname. ¢t (P, Q', y, Q, C) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ” ¢ Q' and cFreshC:
ct C
and cineqy: ¢ # yand cf @
by (force simp add: fresh-prod name-fresh)

from Trans cFresh@’ have Q — a<ve> < ([(y, ¢)] - Q) by(simp add:
alphaBoundOutput)
hence 3P’. P — a<ve> < P’ A (P, [(y, ¢)] - Q') € Rel using <«c § P» <c {
@Q <cf O
by (rule Bound)
then obtain P’ where PTrans: P — a<vce> < P’ and P'RelQ": (P’, [(y,
c)] - Q') € Rel
by blast

from PTrans yFreshP cineqy have yFreshP': y t P’ by(force intro: freshTran-
sition)
with PTrans have P — a<vy> < ([(y, ¢)] - P’) by(simp add: alphaBound-
Output name-swap)
moreover have ([(y, ¢)] - P’, Q') € Rel (is ?goal)
proof —
from Equt P'Rel@’ have ([(y, ¢)] - P’, [(y, ¢)] - [(y, ¢)] -+ Q) € Rel
by (rule equtRell)
with cineqy show ?goal by (simp add: name-calc)
qed
ultimately show 3 P’. P —a<vy> < P’ A (P’, Q') € Rel by blast
qed

qed
lemma simCases[consumes 0, case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Bound: Nay Q. [Q — a<vy> < Qs y§ Pl = IP’. P — a<vy>
< P'A (P, Q) € Rel
and Free: Na Q. Qr— a<Q = IP. P+— a < P' AN (P, Q) € Rel
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shows P ~~[Rel] @
using assms
by (auto simp add: strongSimFEarly-def)

lemma elim:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and =z : name

and Q' :: pi

assumes P ~~[Rel] Q

shows Q — a<vz> < Q'= z P = AP’ P+ a<va> < P' AN (P, Q"
€ Rel

and Q+— a<Q = 3IP. P+— a <P AN (P, Q) € Rel
using assms by (simp add: strongSimEarly-def)+

lemma equtl:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~~[Rel] Q
and RelRel”: Rel C Rel’
and  EqutRel” equt Rel’

shows (perm - P) ~[Rel’] (perm - Q)
proof (induct rule: simCases)
case(Bound a y Q)
have Trans: (perm - Q) — a<vy> < Q' by fact
have yFreshP: y § perm - P by fact

from Trans have (rev perm - (perm + Q)) — rev perm - (a<vy> < Q')
by (rule TransitionsEarly.equt)
hence Q — (rev perm « a)<v(rev perm - y)> < (rev perm + Q)
by (simp add: name-rev-per)
moreover from yFreshP have (rev perm - y) § P by(simp add: name-fresh-left)
ultimately have 3 P’. P — (rev perm - a)<v(rev perm - y)> < P’ A (P, rev
perm - Q') € Rel using Sim
by (force intro: elim)
then obtain P’ where PTrans: P — (rev perm - a)<v(rev perm - y)> < P’
and P’RelQ": (P’, rev perm - Q') € Rel
by blast

from PTrans have (perm « P) — perm - ((rev perm - a)<v(rev perm - y)> <
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P’) by(rule TransitionsEarly.equt)
hence L1: (perm - P) — a<vy> < (perm « P’) by(simp add: name-per-rev)
from P’RelQ’ RelRel’ have (P’, rev perm - Q') € Rel’ by blast
with EqutRel’ have (perm - P’ perm - (rev perm - Q')) € Rel’
by (rule equtRell)
hence (perm - P, Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
next
case(Free a Q)
have Trans: (perm - Q) — a < Q' by fact

from Trans have (rev perm - (perm « Q)) — rev perm « (a < Q)
by (rule TransitionsEarly.equt)

hence Q — (rev perm - «) < (rev perm - Q')
by (simp add: name-rev-per)

with Sim have 3 P’. P — (rev perm « o) < P’ A (P’, (rev perm - Q")) € Rel
by (force intro: elim)

then obtain P’ where PTrans: P — (rev perm + @) < P’ and PRel: (P’ (rev

perm - Q') € Rel by blast

from PTrans have (perm - P) — perm - ((rev perm - a)< P’) by(rule Tran-
sitionsEarly.equt)

hence L1: (perm - P) — a < (perm - P’) by(simp add: name-per-rev)

from PRel EqutRel’ RelRel’ have ((perm - P'), (perm - (rev perm - Q'))) € Rel’

by (force intro: equtRell)

hence ((perm - P’), Q') € Rel’ by(simp add: name-per-rev)

with L1 show ?case by blast
qed

lemma refiezive:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~»[Rel] P
using assms
by (auto simp add: strongSimFEarly-def)

lemmas fresh-prod|simp]

lemma transitive:
fixes P :: pi
and @ i
and R )
and Rel :: (pi x pi) set
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and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and  QSimR: Q ~~[Rell R
and  Equt’: equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~~[Rel”] R
proof —
from Fqut’ show ?thesis
proof (induct rule: simCasesCont[where C=Q)])
case(Bound a y R)
have RTrans: R — a<vy> < R’ by fact

from QSimR RTrans <y £ Q> have 3Q’. Q — a<vy> < Q' A (Q', R) € Rel’
by (rule elim)
then obtain @’ where QTrans: Q — a<vy> < Q' and Q'Rel’R": (Q', R
€ Rel’ by blast
from PSim@ QTrans <y § P» have 3P’". P — a<vy> < P’ A (P’, Q') € Rel
by (rule elim)
then obtain P’ where PTrans: P — a<vy> < P’ and P’RelQ" (P', Q') €
Rel by blast

moreover from P’RelQ’ Q'Rel’R’ Trans have (P’, R') € Rel” by blast

ultimately show ?case by blast
next
case(Free a R)
have RTrans: R — o < R’ by fact
with QSimR have 3Q". Q — a < Q' A (Q', R") € Rel’ by(rule elim)
then obtain Q' where QTrans: Q — o < Q' and Q'RelR" (Q', R') € Rel’
by blast
from PSim@Q QTrans have 3P". P —— o < P’ A (P, Q') € Rel by(rule elim)
then obtain P’ where PTrans: P — « < P’ and P’'RelQ": (P’, Q') € Rel
by blast
from P’RelQ’ Q'RelR’ Trans have (P’, R') € Rel” by blast
with PTrans show 3P’. P+—— o < P' A (P', R') € Rel” by blast
qed
qed

end

theory Strong-FEarly-Bisim
imports Strong-Farly-Sim

begin

lemma monoAuz: A C B= P ~~[A] Q — P ~[B] Q
by (auto intro: Strong-Early-Sim.monotonic)
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coinductive-set bisim :: (pi x pi) set
where

step: [P ~~[bisim] Q; (Q, P) € bisim] = (P, Q) € bisim
monos monoAuz

abbreviation strongBisimJudge (infixr <~ 65) where P ~ Q = (P, Q) € bisim

lemma bisimCoinductAuz|case-names bisim, case-conclusion StrongBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~[(X U bisim)] Q@ A (Q, P) € bisim U X

shows P ~ ()
proof —
have auz: X U bisim = {(P, Q). (P, Q) € X V P ~ Q} by blast

from p show ?thesis
by (coinduct, force dest: step simp add: auz)
qed

lemma bisimCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and Q : pi

assumes (P, Q) € X
and AR S. (R, S) € X = R ~[(X U bisim)] S
and ARS (R, S)eX = (S,R)e X

shows P ~ ()
using assms
by (coinduct rule: bisimCoinductAuz) auto

lemma weak-coinduct|[case-names bisim, case-conclusion StrongBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P ~[X] QA (Q, P)e X

shows P ~ @)
using p
proof(coinduct rule: bisimCoinductAuz)

case (bisim P)

from step|OF this] show ?case using Strong-FEarly-Sim.monotonic by blast
qed

lemma bisim WeakCoinduct[consumes 1, case-names cSim cSym|:

fixes P :: pi
and Q@ : pi
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assumes (P, Q) € X
and AP Q. (P, Q) e X = P ~[X] Q
and APQ. (P,Q eX = (Q,P)eX

shows P ~ (@)
using assms
by (coinduct rule: weak-coinduct) auto

lemma monotonic: mono(Ap z1 z2.
JPQ.z1 =PA
22 = Q AN P ~[{(za, ). p za z}] Q@ N Q ~[{(za, z). p za z}| P)
apply(rule monol)
by (auto intro: Strong-FEarly-Sim.monotonic)

lemma bisimkFE:
fixes P :: pi
and @ : pi

assumes P ~ @

shows P ~~[bisim] Q
and @ ~ P

using assms

by (auto intro: bisim.cases)

lemma bisimClosed|[equt]:
fixes P :: pi
and Q : pi
and p :: name prm

assumes P ~ (@

shows (p - P) ~ (p - Q)
proof —
let ?2X ={(p-P,p- Q)| (p::name prm) P Q. P ~ Q}
from assms have (p - P, p - Q) € ?X by auto
thus ?thesis
proof(coinduct rule: bisim WeakCoinduct)
case(cSim P Q)
moreover {
fix P Q
fix p::name prm
assume P ~>[bisim] Q

moreover have bisim C ¢X
by (auto, rule-tac =[] in exl) auto
moreover have equt 7X
by (auto simp add: equt-def pt2[OF pt-name-inst, THEN sym]) blast
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ultimately have (p - P) ~[?X] (p - Q)
by (rule Strong-Early-Sim.equtl)
}

ultimately show ?case by(blast dest: bisimFE)
next
case(cSym P Q)
thus ?case by(blast dest: bisimE)
qed
qed

lemma equt[simp]:
shows equt bisim

by (auto simp add: equt-def equts)

lemma refiezive:

fixes P :: pi
shows P ~ P
proof —

have (P, P) € Id by simp
then show ?thesis
by (coinduct rule: bisimWeakCoinduct) (auto intro: Strong-FEarly-Sim.reflexive)
qed

lemma transitive:

fixes P :: pi
and Q@ :: pi
and R : pi

assumes PBiSimQ: P ~ @
and @QBiSTmR: Q ~ R

shows P ~ R
proof —
let ?X = bisim O bisim
from assms have (P, R) € ?X by blast
thus ?thesis
proof(coinduct rule: bisimWeakCoinduct)
case(cSim P Q)
moreover {
fix PQR
assume P~ Q and Q ~ R
hence P ~~[bisim] Q and @ ~-[bisim] R
by (metis bisimE)+
moreover from equt have equt ?X by(auto simp add: equtTrans)
moreover have bisim O bisim C ¢X by auto

ultimately have P ~[?X] R
by (rule Strong-Early-Sim.transitive)
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}

ultimately show ¢case by auto
next
case(cSym P Q)
thus ?case by(auto dest: bisimFE)
qed
qed

end

theory Strong-FEarly-Bisim-Subst
imports Strong-FEarly-Bisim
begin

abbreviation StrongCongFEarlyJudge (infixr <~*» 65) where P ~° Q= (P, Q)
€ (substClosed bisim)

lemma congBisim:
fixes P :: pi
and @ : pi

assumes P ~% ()

shows P ~ @)
using assms substClosedSubset by blast

lemma equt:
shows equt (substClosed bisim)
by (rule equtSubstClosed[OF Strong-FEarly-Bisim.equt])

lemma equtl:
fixes P :: pi
and @ : pi
and perm :: name prm

assumes P ~° @)
shows (perm - P) ~* (perm - Q)
using assms

by (rule equtRell[OF equt])

lemma refiezive:
fixes P :: pi

shows P ~° P
by (force simp add: substClosed-def intro: Strong-Early-Bisim.reflexive)

lemma symetric:
fixes P :: pi
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and Q@ : pi

assumes P ~° @)

shows @ ~° P
using assms

by (force simp add: substClosed-def intro: Strong-Early-Bisim.bisimE)

lemma transitive:

fixes P :: pi
and Q@ :: pi
and R : pi

assumes P ~° @)
and Q ~°R

shows P ~° R
using assms
by (force simp add: substClosed-def intro: Strong-Early-Bisim.transitive)

lemma partUnfold:
fixes P :: pi
and Q@ : pi
and s :: (name x name) list

assumes P ~% ()

shows P[<s>] ~* Q[<s>]
using assms
proof(auto simp add: substClosed-def)
fix s’
assume V5. P[<s>] ~ Q[<s>]
hence P[<(sQs’)>] ~ Q[<(sQs)>] by blast
moreover have P[<(sQs’)>] = (P[<s>])[<s">]
by (induct s’, auto)
moreover have Q[<(sQs")>] = (Q[<s>])[<s">]
by (induct s', auto)

ultimately show (P[<s>])[<s>] ~ (Q[<s>])[<s">]
by simp
qed
end
theory Strong-FEarly-Sim-Pres
imports Strong-Farly-Sim
begin

lemma tauPres:
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fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~~[Rel] 7.(Q)
proof (induct rule: simCases)
case(Bound a y Q)
have 7.(Q) — a<vy> < Q' by fact
hence Fulse by(induct rule: tauCases’, auto)
thus ?case by simp
next
case(Free a Q)
have 7.(Q) — a < Q' by fact
thus 3P’ 7.(P) — a < P'A (P', Q) € Rel
proof (induct rule: tauCases’, auto simp add: pi.inject residual.inject)
have 7.(P) — 7 < P by(rule TransitionsEarly. Tau)
with PRel@ show 3P’ 7.(P) — 7 < P’ A (P, Q) € Rel by blast
qed
qed

lemma inputPres:

fixes P :: pi
and z : name
and @ < pi
and a : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Qlz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~»[Rel] a<z>.Q
using Fqut
proof (induct rule: simCasesContlwhere C=(z, a, P, Q)])
case(Bound b y Q)
from <y § (z, a, P, Q) have y Zxy # ay Pyt Q by simp+
from (a<z>.Q —b<vy> < Q" <y # @ Yy # o <y § Q> show ?case
by (erule-tac inputCases’) auto
next
case(Free a Q)
from <a<z>.Q — a < Q)
show Zcase
proof (induct rule: inputCases)
case(cInput u)
have a<z>.P —a<u> < P[z::=u] by(rule Input)
moreover from PRel() have (P[z:=u|, Q[z::=u]) € Rel by auto
ultimately show ?case by blast
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qed

qed

lemma outputPres:
fixes P :: pi
and @ :pi
and a :: name
and b : name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~~[Rel] a{b}.Q
proof (induct rule: simCases)
case(Bound c y Q')
have a{b}.Q — c<vy> < Q' by fact
hence False by(induct rule: outputCases’, auto)
thus 3P’ a{b}.P — c<vy> < P’ A (P, Q') € Rel by simp
next
case(Free a Q)
have a{b}.Q — o < Q' by fact
thus 3P’ a{b}.P — a < P' A (P, Q') € Rel
proof (induct rule: outputCases’, auto simp add: pi.inject residual.inject)
have a{b}.P — a[b] < P by(rule TransitionsEarly. Output)
with PRel@ show 3P’ a{b}.P — a[b] < P’ A (P, Q) € Rel by blast
qed

qed

lemma matchPres:
fixes P :: pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~[Rel] Q
and RelRel”: Rel C Rel’
shows [a—~b]P ~~[Rel’] [a—~b]Q
proof (induct rule: simCases)
case(Bound ¢ y Q')
have (y::name) § [a—~b]P by fact
hence yFreshP: y § P by simp
have [a—~b]Q — c<vy> < Q' by fact
thus Zcase
proof (induct rule: matchCases)
case Match
have Q ——c<vy> < Q' by fact
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with PSimQ yFreshP obtain P’ where PTrans: P —c<vy> < P’ and
P'Rel@": (P’, Q') € Rel
by (blast dest: elim)

from PTrans have [a—~a]P — c<vy> < P’ by(rule Early-Semantics. Match)
moreover from P’'RelQ)’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ¢case by blast
qed
next
case(Free a Q)
assume [a—~b]Q — o < Q'
thus ?case
proof (induct rule: matchCases)
case Match
have Q — «a < Q' by fact
with PSim(@ obtain P’ where PTrans: P — a < P’ and P'RelQ": (P’, Q')
€ Rel
by (blast dest: elim)

from PTrans have [a—~a]P —a < P’ by(rule TransitionsEarly. Match)
moreover from P’'RelQ’ RelRel’ have (P', Q') € Rel’ by blast
ultimately show ?case by blast

qed

qed

lemma mismatchPres:
fixes P :: pi
and @ ::pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~[Rel] Q
and RelRel”: Rel C Rel’

shows [a#b]P ~~[Rel’] [a#£b]Q
proof(cases a = b)
assume a = b
thus ?thesis
by (auto simp add: strongSimFEarly-def)
next
assume ainegh: a # b
show ?thesis
proof (induct rule: simCases)
case(Bound ¢ z Q')
have z § [a#£b]P by fact
hence zFreshP: x § P by simp
have [a#£b]Q — c<vz> < Q' by fact
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thus ?case
proof (induct rule: mismatchCases)
case Mismatch
have Q —c<vz> < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P —sc<vz> < P’
and P'Rel@": (P’, Q') € Rel
by (blast dest: elim)

from PTrans ainegb have [a#b]| P — c<vz> < P'by(rule Early-Semantics. Mismatch)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show Zcase by blast
qed
next
case(Free a Q')
have [a#£b|Q —a < Q' by fact
thus Zcase
proof (induct rule: mismatchCases)
case Mismatch
have Q — a < Q' by fact
with PSimQ@ obtain P’ where PTrans: P — o < P’
and PRel: (P’, Q') € Rel
by (blast dest: elim)
from PTrans <a # b> have [a#b|P —a < P’ by(rule TransitionsEarly. Mismatch)
with RelRel’ PRel show ?case by blast
qed
qged
qed

lemma sumPres:
fixes P :: pi
and @ i
and R = opi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes P ~~[Rel] Q
and C1: Id C Rel’
and Rel C Rel’

shows P ® R ~~[Rel] Q ® R
proof (induct rule: simCases)
case(Bound a y Q)
have y § P @ R by fact
hence (y::name) § P and y £ R by simp+
from (Q ® R ——a<vy> < Q' show ?case
proof (induct rule: sumCases)
case Suml
from <P ~~[Rel] @ «Q —a<vy> < Q" <y § P> obtain P’ where PTrans:
P —a<vy> < P'and P’'RelQ" (P’, Q') € Rel
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by (blast dest: elim)

from PTrans have P & R —a<vy> < P’ by(rule Early-Semantics.Sum1)
moreover from P’RelQ’ <Rel C Rel’y have (P’, Q') € Rel’ by blast
ultimately show ?case by blast
next
case Sum2
from (R —a<vy> < Q" have P & R —ra<vy> < Q' by(rule Early-Semantics.Sum?2)
moreover from CI have (Q’, Q') € Rel’ by auto
ultimately show ?case by blast
qed
next
case(Free a Q)
from «Q & R —a < @ show 3P. P® R+— a < P'A (P, Q") € Rel’
proof (induct rule: sumCases)
case Suml
have Q —a < Q' by fact
with <P ~»[Rel] @ obtain P’ where PTrans: P —a < P’ and P'RelQ"
(P, Q) € Rel
by (blast dest: elim)

from PTrans have P @& R —a < P’ by(rule TransitionsEarly.Sum1)
moreover from P’'RelQ’ «Rel C Rel”y have (P’, Q') € Rel’ by blast
ultimately show ?case by blast

next
case Sum2
from (R —a < @) have P ® R —a < Q' by(rule TransitionsEarly.Sum2)
moreover from C1 have (Q', Q') € Rel’ by blast
ultimately show ?case by blast

qed

qed

lemma parCompose:
fixes P =i
and @ 2ot
and R ot
and T  :: pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and RSimT: R ~~[Rel S

and  PRelQ: (P, Q) € Rel

and  RRel'T: (R, S) € Rel’

and  Par: AP’ Q'R S" [(P, Q) € Rel; (R, S') € Rel] = (P' || R/,
Q'] S) € Rel”

and  Res: NS Tz (S, T) € Rel" = (<vz>S, <vz>T) € Rel”
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shows P || R ~[Rel”] Q|| S
proof (induct rule: simCases)
case(Bound a = Q)
have z §f P || R by fact
hence zFreshP: z § P and xzFreshR: x § R by simp+
have @ || S — a<vz> < Q' by fact
thus ?case
proof (induct rule: parCasesB)
case(cParl Q)
have @ — a<vz> < Q' by fact
with PSimQ xFreshP obtain P’ where PTrans:P —— a<vz> < P’ and
P’Rel@Q" (P, Q') € Rel
by (blast dest: elim)

from PTrans xFreshR have P || R — a<vz> < (P'|| R) by(rule Early-Semantics.Par1B)
moreover from P'Rel@’ RRel’T have (P' || R, Q' | S) € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cPar2 S’)
have S — a<vz> < S’ by fact
with RSimT xzFreshR obtain R’ where RTrans:R — a<vz> < R’ and
R'Rel'T" (R', S") € Rel’
by (blast dest: elim)

from RTrans zFreshP have ParTrans: P | R — a<va> < (P || R’) by(rule
Early-Semantics. Par2B)
moreover from PRelQ R'Rel’T' have (P || R, Q|| S’) € Rel” by(rule Par)
ultimately show ¢case by blast
qed
next
case(Free o QT)
have Q || S — a < QT' by fact
thus “case
proof (induct rule: parCasesF[of - - - - - (P, R)))
case(cParl Q)
have Q — «a < Q' by fact
with PSim(@ obtain P’ where PTrans: P — « < P’ and PRel: (P’, Q') €
Rel
by (blast dest: elim)

from PTrans have P || R — o < P’ || R by(rule Early-Semantics.Par1F)
moreover from PRel RRel’T have (P’ | R, Q' || S) € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cPar2 S’)
have S — a < S’ by fact
with RSimT obtain R’ where RTrans: R — o < R’ and RRel: (R, S') €
Rel’
by (blast dest: elim)
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from RTrans have P | R — o < P || R’ by(rule Early-Semantics. Par2F')
moreover from PRel() RRel have (P || R', Q || S’) € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cComm1 Q' S' a b)
have Q — a<b> < Q' by fact
with PSim(@ obtain P’ where PTrans: P —sa<b> < P’ and P'RelQ": (P’,
Q") € Rel
by (blast dest: elim)

have S — alb] < S’ by fact
with RSimT obtain R’ where RTrans: R —a[b] < R’ and RRel: (R', S') €
Rel’
by (blast dest: elim)

from PTrans RTrans have P | R — 7 < P’ || R’ by(rule Early-Semantics. Comm1 )
moreover from P'RelQ’ RRel have (P’ || R/, Q' || S") € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cComm2 Q' S’ a b)
have @ — (OutputR a b) < Q' by fact
with PSim(@ obtain P’ where PTrans: P —a[b] < P’ and PRel: (P', Q') €
Rel
by (blast dest: elim)

have S — a<b> < S’ by fact
with RSimT obtain R’ where RTrans: R —a<b> < R’ and R'Rel’T": (R,
S’) € Rel’
by (blast dest: elim)

from PTrans RTrans have P | R — 7 < P’ || R’ by(rule Early-Semantics. Comm2)
moreover from PRel R'Rel’T’ have (P’ | R’, Q' | S’) € Rel” by(rule Par)
ultimately show ?case by blast

next
case(cClosel Q' S’ a x)
have z § (P, R) by fact
hence zFreshP: z § P and xzFreshR: x § R by simp+

have Q — a<z> < Q' by fact
with PSim(@ obtain P’ where PTrans: P —sa<z> < P’ and P’RelQ": (P/,
Q") € Rel
by (blast dest: elim)

have S — a<vz> < S’ by fact
with RSimT zFreshR obtain R’ where RTrans: R —a<vz> < R’ and
R'Rel'T" (R', 8") € Rel’
by (blast dest: elim)
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from PTrans RTrans xFreshP have P | R — 7 < <vz>(P'| R
by (rule Early-Semantics.Closel)
moreover from P’RelQ’ R'Rel’T’ have (<va>(P’ || R'), <vz>(Q'| S)) €
Rel”
by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' S’ a x)
have z § (P, R) by fact
hence zFreshP: z § P and xFreshR: x § R by simp+

have Q — a<vz> < Q' by fact
with PSim@ zFreshP obtain P’ where PTrans: P —sa<vz> < P’ and
P'RelQ": (P, Q') € Rel
by (blast dest: elim)

have S — a<z> < S’ by fact
with RSimT obtain R’ where RTrans: R —a<x> < R’and R'Rel’T" (R’
S’) € Rel’
by (blast dest: elim)

from PTrans RTrans xFreshR have P | R — 7 < <vaz>(P'| R
by (rule Early-Semantics.Close2)
moreover from P’RelQ’ R'Rel’T’ have (<va>(P’ || R'), <vz>(Q’ | S)) €
Rel”
by (blast intro: Par Res)
ultimately show ?case by blast

qed

qed

lemma parPres:
fixes P :: pi
and @ :: pi
and R :pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@: P ~[Rel] Q

and  PRelQ: (P, Q) € Rel

and  Par: ANSTU. (S, T)e Rel= (S| U, T| U)€ Rel
and  Res: NS Tz (S, T) € Rel! = (<vz>S, <vz>T) € Rel’

shows P | R ~[Rel] Q | R
proof —
note PSimQ
moreover have RSimR: R ~~[Id] R by(auto intro: reflexive)
moreover note PRel@) moreover have (R, R) € Id by auto
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moreover from Par have AP Q R T. [(P, Q) € Rel; (R, T) € Id] = (P ||
R, Q|| T) € Rel’
by auto
ultimately show ?thesis using Res by(rule parCompose)
qed

lemma resPres:

fixes P :: pi

and @ :pi

and Rel :: (pi X pi) set
and z : name

and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and  ResSet: \(R::pi) (S::pi) (y::name). (R, S) € Rel = (<vy>R, <vy>S9)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EquiRel” equt Rel’

shows <va>P ~~[Rel’] <vaz>Q
proof —
from EqutRel’ show ?thesis
proof (induct rule: simCasesCont[where C = (P, z)])
case(Bound a y Q)
have Trans: <vz>Q —a<vy> < Q' by fact
have y £ (P, z) by fact
hence yineqr: y # x and yFreshP: y t (P::pi) by simp+
from Trans yineqr show ?case
proof (induct rule: resCasesB)
case(Open Q)
have QTrans: @ —(a::name)[z] < Q' by fact
with PSim(@ obtain P’ where PTrans: P — alz] < P’ and P'RelQ": (P,
Q') € Rel
by (blast dest: elim)

have <vz>P ——a<vy> < ([(y, z)] - P’)
proof —
have aineqr: a # x by fact
with PTrans have <vaz>P ——a<vz> < P’ by(rule TransitionsEarly. Open)
moreover have a<vz> < P’ = a<vy> < ([(y, z)] - P’
proof —
from PTrans yFreshP have yFreshP': y § P’ by(force intro: fresh Transition)
thus ?thesis by (simp add: alphaBoundOutput name-swap)
qed
ultimately show ?thesis by simp
qed
moreover from FqutRel P'RelQ’ RelRel’ have ([(y, z)] - P, [(y, )] - Q') €
Rel’
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by (blast intro: equtRell)
ultimately show ?case by blast
next
case(Res Q)
have QTrans: Q —a<vy> < Q' by fact

with PSimQ yFreshP obtain P’ where PTrans: P —a<vy> < P’ and
P'Rel@": (P’, Q') € Rel
by (blast dest: elim)

have zinega: © # a by fact

with PTrans yinegr have ResTrans: <vz>P —a<vy> < (<vz>P’)
by (blast intro: ResB)

moreover from P’Rel@’ have ((<vz>P’), (<vz>Q’)) € Rel’
by(rule ResSet)

ultimately show 3P’ <va>P +— a<vy> < P’ A (P/, (<vz>Q’)) € Rel’
by blast
qed
next
case(Free a Q')
have Trans: <vz>Q — a < Q' by fact
have Jc:iname. ¢ ff (P, @, Q', @) by(blast intro: name-exists-fresh)
then obtain c::name where cFresh@: ¢ § @ and cFreshAlpha: ¢ § o and
cFreshQ”. ¢t Q' and cFreshP: c ff P
by (force simp add: fresh-prod)
from cFreshP have <vi>P = <ve>([(z, ¢)] - P) by(simp add: alphaRes)
moreover have 3 P .<ve>([(z, ¢)] + P) —> o < P' A (P’, Q') € Rel’
proof —
from Trans cFresh@ have <ve>([(z, ¢)] - Q) —a < Q' by(simp add:
alphaRes)
moreover from EqutRel PSim@ have ([(z, ¢)] - P) ~[Rel] ([(z, ¢)] - Q)
by (blast intro: equtl)
ultimately show ?thesis using cFreshAlpha
apply —
apply (erule resCasesF)
apply auto
by (blast intro: ResF ResSet dest: elim)
qed

ultimately show 3 P .<vz>P — a < P’ A (P’, Q') € Rel’ by auto
qed

qed

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
and st :: name list
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assumes equtRel: equt Rel
and Res: AR Sz (R, S) € Rel = (<vz>R, <vz>S) € Rel
and  PRelQ: P ~[Rel] Q

shows (resChain Ist) P ~+[Rel] (resChain Ist) Q
proof —
show ?thesis
proof (induct lst)
from PRel) show resChain [| P ~~[Rel] resChain [| Q by simp
next
fix a lst
assume [H: (resChain Ist P) ~~[Rel] (resChain lst Q)
moreover from Res have AP Q a. (P, Q) € Rel = (<va>P, <va>Q) €
Rel
by simp
moreover have Rel C Rel by simp
ultimately have <va>(resChain Ist P) ~~[Rel] <va>(resChain Ist )) using
equtRel
by (rule-tac resPres)
thus resChain (a # Ist) P ~~[Rel] resChain (a # Ist) Q
by simp
qed
qed

lemma bangPres:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel
and  Sim: AR S. (R, S) € Rel = R ~~[Rel] S
and equtRel: equt Rel

shows |P ~[bangRel Rel] !Q
proof —
let ?Sim = AP Rs. (Va z Q. Rs = a<vz> < Q' — z 4 P — (3P P
—a<vz> < P' A (P’, Q) € bangRel Rel)) A
(Va Q. Rs=a < Q' —s (3P. P —a < P' A (P, Q') €
bangRel Rel))
from equtRel have EqutBangRel: equt(bangRel Rel) by (rule equtBangRel)

{
fix Pa Rs

assume ! — Rs and (Pa, 'Q) € bangRel Rel
hence ?Sim Pa Rs using PRel@Q
proof (nominal-induct avoiding: Pa P rule: bangInduct)
case(PariB a z Q' Pa P)
have QTrans: Q — a<vz> < Q' by fact
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have (Pa, Q || 'Q) € bangRel Rel and z § Pa by fact+
thus 29im Pa (a<vz> < (Q'] Q)
proof (induct rule: BRParCases)

case(BRPar P R)

have PRelQ: (P, Q) € Rel by fact

have PBRQ: (R, !Q) € bangRel Rel by fact

have z £ P || R by fact

hence zFreshP: z § P and zFreshR: © § R by simp+

show Zcase

proof(auto simp add: residual.inject alpha’)

from PRel@ have P ~~[Rel] Q by(rule Sim)

with QTrans xFreshP obtain P’ where PTrans: P — a<vz> < P’ and
P'RelQ": (P, Q') € Rel
by (blast dest: elim)

from PTrans zFreshR have P | R — a<vz> < (P’ || R)
by (force intro: Early-Semantics.ParlB)
moreover from P’'RelQ)’ PBRQ have (P'|| R, Q' || !Q) € bangRel Rel
by (rule Rel. BRPar)
ultimately show 3P’ P | R —a<vz> < P' A (P, Q' || 'Q) € bangRel
Rel by blast
next
fix y
assume (y:name) § Q’and y f Pand y § Rand y § Q
from QTrans <y § Q" have Q —ra<vy> < ([(z, y)] - Q)
by (simp add: alphaBoundOutput)
moreover from PRel() have P ~~[Rel] Q by(rule Sim)
ultimately obtain P’ where PTrans: P —a<vy> < P’ and P’RelQ"
(P, (3, )] - @) € Rel
using «y § P>
by (blast dest: elim)
from PTrans <y § R» have P || R —a<vy> < (P'|| R) by(force intro:
FEarly-Semantics. Par1B)
moreover from P’Rel@’ PBRQ have (P’ || R, ([(z, v)] - @) | !Q) €
bangRel Rel by (rule Rel. BRPar)
with @ 2 Q) (g ¢ @ have (P || &, ([(s. 0)] - Q) || N[(y. 2)] - @) €
bangRel Rel
by (simp add: name-fresh-fresh name-swap)
ultimately show 3P’ P || R —ra<vy> < P' A (P, ([(y, )] - Q) |
([(y, )] - Q)) € bangRel Rel
by blast
qged
qed
next
case(ParlF a Q' Pa P)
have QTrans: Q —a < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
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proof (induct rule: BRParCases)

case(BRPar P R)
have PRelQ: (P, Q) € Rel and BR: (R, !Q) € bangRel Rel by fact+
show Zcase
proof(auto simp add: residual.inject)

from PRel@ have P ~~[Rel] Q by(rule Sim)

with @QTrans obtain P’ where PTrans: P — « < P’ and RRel: (P/,

Q') € Rel
by (blast dest: elim)

from PTrans have P || R— « < P’ || R by(rule TransitionsEarly. Par1F')
moreover from RRel BR have (P’ || R, Q' || Q) € bangRel Rel by(rule
Rel.BRPar)
ultimately show 3P". P || R— a < P’ A (P, Q'] 'Q) € bangRel Rel
by blast
qged
qed
next
case(Par2B a z Q' Pa P)
hence IH: APa. (Pa, !Q) € bangRel Rel => 2Sim Pa (a<vz> < Q') by
stmp
have (Pa, Q || 'Q) € bangRel Rel and z § Pa by fact+
thus 25im Pa (a<vz> < (Q | Q)
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z § P || R by fact
hence zFreshP: z § P and xzFreshR: © § R by simp+

from EqutBangRel show ?Sim (P || R) (a<vz> < (Q || @)
proof(auto simp add: residual.inject alpha’)
from RBRQ have ?Sim R (a<vz> < Q') by(rule IH)
with zFreshR obtain R’ where RTrans: R — a<vz> < R’and R'BRQ":
(R, Q') € (bangRel Rel)
by (metis elim)
from RTrans zFreshP have P | R — a<vz> < (P || R’) by(auto intro:
Early-Semantics. Par2B)
moreover from PRelQ R'BRQ’ have (P || R, Q || Q') € (bangRel Rel)
by (rule Rel. BRPar)
ultimately show 3P’ P | R — a<vz> < P' A (P, Q|| Q') € bangRel
Rel by blast
next
fix y
assume (y:name) § Qand y§ Q' and y§ P and y § R
from RBRQ have ?Sim R (a<vz> < Q') by(rule IH)
with <y £ @" have ?5im R (a<vy> < ([(z, y)] - Q') by(simp add:
alphaBound Output)
with <y § R) obtain R’ where RTrans: R — a<vy> < R’ and R'BRQ":

(R’ ([(z, y)] - Q) € (bangRel Rel)
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by (metis elim)
from RTrans <y ¢ P» have P || R — a<vy> < (P || R’) by(auto intro:
FEarly-Semantics. Par2B)
moreover from PRelQ R'BRQ' have (P || R/, Q || ([(z, v)] - Q) €
(bangRel Rel) by(rule Rel. BRPar)
with < £ @ @ ¢ Q have (P || B, (s, 9)] - @) | (3 2)] - Q) €
(bangRel Rel)
by(simp add: name-swap name-fresh-fresh)
ultimately show 3P’ P | R — a<vy> < P’ A (P’, ([(y, )] - Q) ||
([(y, z)] - Q") € bangRel Rel by blast
ged
qed
next
case(Par2F a Q' Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a < Q') by simp
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show Zcase
proof(auto simp add: residual.inject)
from RBRQ IH have 3R R+— a < R’ A (R’, Q') € bangRel Rel
by (metis elim)
then obtain R’ where RTrans: R — o < R’ and R’RelQ’: (R’, Q') €
bangRel Rel
by blast

from RTrans have P || R — a < P || R’ by(rule TransitionsEarly. Par2F)
moreover from PRelQ R'RelQ’ have (P | R/, Q || Q') € bangRel Rel
by (rule Rel. BRPar)
ultimately show IP. P|| R— a < P' A (P, Q| Q') € bangRel Rel
by blast
qed
qed
next
case(Comml1 a Q' b Q" Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = ?25im Pa (a[b] < Q") by simp
have QTrans: Q —a<b> < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with QTrans obtain P’ where PTrans: P — a<b> < P’ and P’RelQ":
(P, @) € Rel
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by (blast dest: elim)

from IH RBR(@ have RTrans: 3R'. R — a[b] < R’ A (R, Q") € bangRel
Rel
by (metis elim)
then obtain R’ where RTrans: R — a[b] < R’ and R'RelQ’: (R’, Q")
€ bangRel Rel
by blast

from PTrans RTrans have P || R —71 < P’ || R’ by(rule Transition-
sEarly.Comm1)
moreover from P’RelQ’ R'RelQ” have (P’ || R/, Q' | Q") € bangRel
Rel by(rule Rel. BRPar)
ultimately show 3P’ P || R+— 7 < P' A (P’, Q| Q") € bangRel Rel
by blast
qged
qed
next
case(Comm2a b Q' Q")
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = ?Sim Pa (a<b> < Q') by simp
have QTrans: Q — a[b] < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show ?case
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with QTrans obtain P’ where PTrans: P — a[b] < P’ and P'RelQ":
(P, Q') € Rel
by (blast dest: elim)

from [H RBRQ have RTrans: 3R’. R — a<b> < R’ A (R/, Q") €
bangRel Rel

by (metis elim)

then obtain R’ where RTrans: R — a<b> < R’ and R'Rel@'": (R’
Q') € bangRel Rel

by blast

from PTrans RTrans have P | R — 7 < P’ || R’ by(rule Transition-
sEarly.Comm2)
moreover from P’RelQ’ R'RelQ" have (P’ || R’, Q' | Q") € bangRel
Rel by(rule Rel. BRPar)
ultimately show 3P’ P || R— 7 < P'A (P’, Q| Q") € bangRel Rel
by blast
qed
qed
next
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case(Closel a x Q' Q" Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel — 2Sim Pa (a<vz> < Q') by
stmp
have QTrans: Q — a<z> < Q' by fact
have zFreshQ: z § Q by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
moreover have xFreshPa: © § Pa by fact
ultimately show Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z £ P || R by fact
hence zFreshP: z § P and xzFreshR: © § R by simp+
show ?case
proof(auto simp add: residual.inject)
from PRel@ have P ~~[Rel] Q by(rule Sim)
with QTrans zFreshP obtain P’ where PTrans: P —a<z> < P’ and
P'RelQ": (P’, Q') € Rel
by (blast dest: elim)

from RBRQ zFreshR IH have 3R’ R —a<vz> < R’ A (R, Q") €
bangRel Rel
by (metis elim)
then obtain R’ where RTrans: R —a<vz> < R’ and R'RelQ": (R’
Q') € bangRel Rel
by blast

from PTrans RTrans xFreshP have P | R —71 < <vz>(P'| R’)
by (rule Early-Semantics.Closel)
moreover from P’Rel@’ R'RelQ" have (<vz>(P’ || R), <vz>(Q’ ||
Q') € bangRel Rel
by (force intro: Rel. BRPar BRRes)
ultimately show 3P P || R— 7 < P’ A (P, <vz>(Q' || Q")) €
bangRel Rel by blast
qed
qed
next
case(Close2 a © Q' Q" Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a<z> < Q') by simp
have QTrans: Q — a<vz> < Q' by fact
have zFreshQ: ¢ § Q by fact
have (Pa, Q || Q) € bangRel Rel and z § Pa by fact+
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z £ P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
show Zcase
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proof(auto simp add: residual.inject)
from PRel@) have P ~~[Rel] Q by(rule Sim)
with QTrans xFreshP obtain P’ where PTrans: P —a<vz> < P’ and
P'Rel@": (P’, Q') € Rel
by (blast dest: elim)

from RBRQ IH have 3R’ R +—a<z> < R'A (R/, Q") € bangRel Rel
by auto
then obtain R’ where RTrans: R — a<xz> < R’ and R’RelQ’: (R’
Q') € bangRel Rel
by blast

from PTrans RTrans zFreshR have P | R — 7 < <vz>(P' | R)
by (rule Early-Semantics.Close2)
moreover from P'RelQ’ R’Rel@" have (<vz>(P'| R'), <vz>(Q’ ||
Q")) € bangRel Rel
by (force intro: Rel. BRPar BRRes)
ultimately show 3P P | R— 7 < P' A (P/, <vaz>(Q' || Q")) €
bangRel Rel by blast
qed
qed
next
case(Bang Rs Pa P)
hence [H: A\Pa. (Pa, Q || !Q) € bangRel Rel = ?Sim Pa Rs by simp
have (Pa, !Q) € bangRel Rel by fact
thus Zcase
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, |Q) € bangRel Rel by(rule Rel. BRBang)
with PRel@ have (P || |P, Q || 'Q) € bangRel Rel by(rule BRPar)
with IH have ?Sim (P || !P) Rs by simp
thus ?case by(force intro: TransitionsEarly. Bang)
qed
qed

}

moreover from PRel@ have (IP, Q) € bangRel Rel by(rule BRBang)
ultimately show ?thesis by(auto simp add: strongSimEarly-def)
qed

end
theory Strong-Early-Bisim-Pres

imports Strong-Farly-Bisim Strong-FEarly-Sim-Pres
begin
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lemma tauPres:
fixes P :: pi
and Q : pi

assumes P ~ @

shows 7.(P) ~ 7.(Q)
proof —
let ?X = {(r.(P), 7.(Q)) | P Q. P ~ Q}
from <P ~ @ have (7.(P), 7.(Q)) € ?X by auto
thus ?thesis
by (coinduct rule: bisimCoinduct) (auto intro: tauPres dest: bisimE)

qed

lemma inputPres:
fixes P :: pi
and @ : pi
and a :: name
and <z : name

assumes PSimQ: Vy. Plz:=y] ~ Q[z:=y]

shows a<z>.P ~ a<x>.Q)

proof —
let ?X = {(a<z>.P, a<2>.Q) | a © P Q. Vy. Plz:=y] ~ Qlz:=y|}

fix azP axQ p
assume (azP, azQ) € ?X
then obtain a z P @ where A: Vy. Plz:=y] ~ Qz:=y] and B: azP =
a<z>.P and C: az@) = a<z>.Q
by auto
have Ay. ((p::name prm) - P)[(p - z):=y] ~ (p - Q)[(p - z)::=y]
proof —
fix y
from A have Plz:=(rev p - y)] ~ Qz::=(rev p - y)]
by blast
hence (p - (Plz::=(rev p - y)])) ~ p + (Qz::=(rev p - y)])
by (rule bisimClosed)
thus (p - P)[(p - z)u=y] ~ (p - Q)[(p - 2):=y]
by (simp add: equts pt-pi-rev|OF pt-name-inst, OF at-name-inst))
qed
hence ((p::name prm) - azP, p - azQ) € ?X using B C
by auto
}
hence equt ?X by(simp add: equt-def)
from PSim(@ have (a<z>.P, a<z>.Q) € ?X by auto
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim P Q)
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thus ?case using <equt ?X)»
by (force intro: inputPres)
next
case(cSym P Q)
thus Zcase
by (blast dest: bisimE)
qed
qed

lemma outputPres:
fixes P :: pi
and Q@ :: pi
and «a :: name
and b :: name

assumes P ~ (@

shows a{b}.P ~ a{b}.Q
proof —
let ?X = {(a{b}.P, a{b}.Q) | a b P Q. P ~ Q}
from <P ~ @ have (a{b}.P, a{b}.Q) € ?X by auto
thus ?thesis
by (coinduct rule: bisimCoinduct) (blast intro: outputPres dest: bisimE)+
qed

lemma matchPres:
fixes P :: pi
and @ :: pi
and a :: name
and b :: name

assumes P ~ (@

shows [a—~b|P ~ [a—~b]Q
proof —
let X ={z. 3P Qab. P~ QA z=(a~bP, [a—~bQ)}
from assms have ([a—~b]P, [a—~b]Q) € ?X by blast
thus ?thesis
by (coinduct rule: bisimCoinduct) (blast intro: matchPres dest: bisimE)+
qed

lemma mismatchPres:
fixes P :: pi
and @ :: pi
and a :: name
and b :: name

assumes P ~ @

347



shows [a#£b|P ~ [a#£b]Q
proof —
let X ={z.3PQab. P~ QANz=
from assms have ([a#b]P, [a#£b]Q) €
thus ?thesis
by (coinduct rule: bisimCoinduct) (blast intro: mismatchPres dest: bisimFE)+
qed

([a7b]P, [a7#b]Q)}
?X by blast

lemma sumPres:

fixes P :: pi
and Q@ :: pi
and R : pi

assumes P ~ @

shows P& R~ Q @& R
proof —
let X = {(P® R, Q& R) | PQR. P~ Q}
from assms have (P ® R, Q ® R) € ?X by blast
thus %thesis
by (coinduct rule: bisimCoinduct) (auto dest: bisimE intro: reflexive sumPres)
qed

lemma resPres:
fixes P :: pi
and Q@ : pi
and z : name

assumes P ~ (@)

shows <vz>P ~ <vz>Q
proof —
let X ={z. 3P Q. P~ QA (Fa. ¢z = (<va>P, <va>Q))}
from assms have (<va>P, <vz>Q) € ?X by blast
thus ?thesis
proof (coinduct rule: bisimCoinduct)
case(cSim zP zQ)
moreover {
fix P Q a
assume P ~ ()
hence P ~~[bisim| Q by(rule bisimFE)
moreover have AP Q a. P ~ Q = (<va>P, <va>Q) € ?X U bisim by
blast
moreover have bisim C X U bisim by blast
moreover have equt bisim by (rule equt)
moreover have equt (?X U bisim) using equts
by (auto simp add: equt-def) blast
ultimately have <va>P ~[(?X U bisim)] <va>Q
by (rule Strong-Early-Sim-Pres.resPres)

348



}

ultimately show ¢case by auto
next

case(cSym P xQ)

thus ?case by(auto dest: bisimFE)

qed

qed

lemma parPres:
fixes P :: pi
and Q@ :: pi
and R : pi
and T : pi

assumes P ~ @

shows P | R~ Q || R
proof —
let ?X = {(resChain Ist (P || R), resChain lst (Q || R)) | Ist P Q R. P ~ Q}
have BC: AP Q. P || Q = resChain [] (P || Q) by auto
from assms have (P || R, Q || R) € ?X by(blast intro: BC)
thus ?thesis
proof(coinduct rule: bisim WeakCoinduct)
case(cSim PR QR)
moreover {
fix Ist P Q R
assume P ~ (@
have equt ?X using equts by(auto simp add: equt-def) blast
moreover have Res: AP Q z. (P, Q) € ?X = (<vaz>P, <vz>Q) € ?X
by (auto, rule-tac x=z#lst in exl) auto
moreover {
from <P ~ @ have P ~[bisim] Q by(rule bisimFE)
moreover note (P ~ ()
moreover have AP QR. P~ Q= (P || R, Q|| R) € ?X
by (blast intro: BC')
ultimately have P | R ~[?X] Q || R using Res
by (rule parPres)

}

ultimately have resChain Ist (P || R) ~[?X] resChain Ist (Q || R)
by (rule resChainl)

ultimately show ?case by auto
next
case(cSym P Q)
thus ?case by(auto dest: bisimFE)
qed
qed

349



lemma bangRelBisimFE:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes A: (P, Q) € bangRel Rel
and  Sym: AP Q. (P, Q) € Rel = (Q, P) € Rel

shows (Q, P) € bangRel Rel
proof —
from A show ?thesis
proof (induct)
fix P Q
assume (P, Q) € Rel
hence (Q, P) € Rel by(rule Sym)
thus (1Q, !P) € bangRel Rel by(rule BRBang)
next
fix PQR T
assume RRelT: (R, T) € Rel
assume [H: (@, P) € bangRel Rel
from RRelT have (T, R) € Rel by(rule Sym)
thus (T || @, R || P) € bangRel Rel using IH by(rule BRPar)
next
fix PQa
assume (Q, P) € bangRel Rel
thus (<va>Q, <va>P) € bangRel Rel by(rule BRRes)
qed
qed

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes PBiSim@Q: P ~ @

shows |P ~ 1@
proof —
let ?X = bangRel bisim
from PBiSim@ have (IP, !Q) € ?X by(rule BRBang)
thus ?thesis
proof (coinduct rule: bisimWeakCoinduct)

case(cSim bP bQ)
{
fix P Q
assume (P, Q) € 7X
hence P ~~[?X] @
proof (induct)
fix P Q)
assume P ~ (@
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thus P ~[?X] !Q using bisimE(1) equt
by (rule Strong-Early-Sim-Pres.bangPres)
next
fix PQRT
assume RBiSimT: R ~ T
assume PBangRelQ: (P, Q) € ?X
assume PSim@: P ~~[?X] Q
from RBiSimT have R ~[bisim] T by(blast dest: bisimE)
thus R | P ~[?X] T || Q using PSimQ RBiSimT PBangRelQ BRPar
BRRes equt equtBangRel
by (blast intro: Strong-Early-Sim-Pres.parCompose)
next
fix PQa
assume P ~[?X] Q
moreover from equiBangRel equt have equt ?X by blast
ultimately show <va>P ~~[?X] <va>(Q using BRRes by(blast intro:
Strong-Early-Sim-Pres.resPres)
qed
}
with «(bP, bQ) € ?X» show ?case by blast
next
case(cSym bP bQ)
thus ?case by(metis bangRelSymetric bisimFE)
qed
qed

end

theory Strong-Early-Bisim-Subst-Pres
imports Strong-Farly-Bisim-Subst Strong-Farly-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q : pi

assumes P ~% ()

shows 7.(P) ~* 7.(Q)
using assms
by (force simp add: substClosed-def intro: Strong-FEarly-Bisim-Pres.tauPres)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z : name

assumes P ~% ()
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shows a<z>.P ~% a<z>.Q
proof(auto simp add: substClosed-def)
fix o :: (name x name) list
{
fix PQazxo
assume P ~° ()
then have P[<o>] ~* Q[<o>] by(rule partUnfold)
then have Vy. (P[<o>])[z:=y| ~ (Q[<o>])[z::=y]
apply(auto simp add: substClosed-def)
by (erule-tac z=[(z, y)] in allE) auto
moreover assume z f o
ultimately have (a<z>.P)[<o>] ~ (a<z>.Q)[<0o>]
by (force intro: Strong-Early-Bisim-Pres.inputPres)

note Goal = this

obtain y::name where y f Pand y ff Q and y § o
by (generate-fresh name) auto
from «P ~* @ have ([(z, y)] - P) ~* ([(z, y)] - Q) by(rule equtl)
hence (a<y>.([(z, y)] - P))[<o>] ~ (a<y>.([(z, y)] - Q))[<o>] using y f§ o>
by (rule Goal)
moreover from «y § P> <y § @ have a<z>.P = a<y>.([(z, y)] - P) and

a<z>.Q = a<y>.([(z, )] - Q)
by (simp add: alphalnput)+

ultimately show (a<z>.P)[<o>] ~ (a<z>.Q)[<o>| by simp
qed

lemma outputPres:
fixes P :: pi
and Q@ : pi

assumes P ~% ()

shows a{b}.P ~* a{b}.Q
using assms
by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.outputPres)

lemma matchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° @)
shows [a—~b]P ~° [a—~b]Q

using assms
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by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.matchPres)

lemma mismatchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~° @
shows [a#b]P ~*° [a#b]Q
using assms

by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.mismatchPres)

lemma sumPres:

fixes P :: pi
and @ : pi
and R : pi

assumes P ~° @)
shows P® R ~* Q & R
using assms

by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.sumPres)

lemma parPres:

fixes P :: pi
and @ :: pi
and R : pi

assumes P ~% ()

shows P || R~ Q|| R
using assms
by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.parPres)

lemma resPres:
fixes P :: pi
and @ : pi
and z : name

assumes PeqQ: P ~° Q
shows <vz>P ~* <vz>(Q
proof(auto simp add: substClosed-def)

fix s::(name x name) list

have Res: AP Q zs. [P[<s>] ~ Q[<s>]; 2§ s] = (<vz>P)[<s>] ~ (<vz>Q)[<s>]
by (force intro: Strong-Early-Bisim-Pres.resPres)
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have Jciiname. ¢t (P, @, s) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ: c t Q and cFreshs:
cts
by (force simp add: fresh-prod)

from PeqQ) have P[<([(z, ¢)] - s)>] ~ Q[<([(z, ¢)] + s)>] by(simp add: subst-
Closed-def)

hence ([(z, ¢)] - P[<([(z, ¢)] - 5)>]) ~ ([(z, )] - QI<([(z, ¢)] - $)>]) by(rule
Strong-Early-Bisim.bisimClosed)

hence ([(z, ¢)] - P)[<s>] ~ ([(z, ¢)] + Q)[<s>] by simp

hence (<ve>([(z, ¢)] - P))[<s>] ~ (<ve>([(z, )] + @Q))[<s>] using cFreshs
by (rule Res)

moreover from cFreshP cFresh@ have <vx>P = <vc>([(z, ¢)] - P) and
<vr>Q = <ve>([(z, ¢)] - Q)
by(simp add: alphaRes)+

ultimately show (<vz>P)[<s>] ~ (<vz>Q)[<s>] by simp
qed

lemma bangPres:
fixes P :: pi
and Q : pi

assumes P ~% ()

shows P ~* 1Q)
using assms
by (force simp add: substClosed-def intro: Strong-Early-Bisim-Pres.bangPres)

end
theory Farly-Tau-Chain
imports Early-Semantics

begin

abbreviation tauChain :: pi = pi = bool (<- =, -» [80, 80] 80)
where P =, P'= (P, P)e {(P,P)| PP P—7 < P'} %

lemma tauActTauChain:
fixes P :: pi
and P': pi
assumes P —7 < P’
shows P —>_ P’

using assms
by auto
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lemma tauChainAddTau[intro):

fixes P : pi
and P’ :pi
and P : pi

shows P —, P/ =— P'+—7 < P =— P =, P
and P+—7 < P'— P' =, P''=— P =, P”
by (auto dest: tauActTauChain)

lemma tauChainInduct[consumes 1, case-names id ih]:
fixes P :: pi
and P’: pi

assumes P =, P’
and FP
and AP"P".[P=>, P", P71 < P", FP"| = FP"

shows F P’
using assms
by (drule-tac rtrancl-induct) auto

lemma equtChainl:
fixes P : pi
and P’ : pi
and perm :: name prm

assumes P —>, P’

shows (perm - P) =, (perm - P
using assms
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P P"")
have P =, P and P"+— 7 < P"" by fact+
hence (perm - P'") —7 < (perm - P'") by(drule-tac TransitionsFEarly.equt)
auto
moreover have (perm - P) =, (perm - P") by fact
ultimately show ?case by(force dest: tauActTauChain)
qed

lemma equtChaink:
fixes perm :: name prm
and P :pi
and P’ : pi

assumes Trans: (perm -+ P) =, (perm - P’)
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shows P —, P’
proof —

have rev perm - (perm - P) = P by(simp add: pt-rev-pi[OF pt-name-inst, OF
at-name-inst])

moreover have rev perm - (perm « P’) = P’ by(simp add: pt-rev-pi| OF pt-name-inst,
OF at-name-inst))

ultimately show ¢thesis using assms

by (drule-tac perm=rev perm in equtChainl, simp)

qed

lemma equtChainEq:
fixes P : pi
and P’ : pi
and perm :: name prm

shows P =, P’ = (perm - P) =, (perm « P’)
by (blast intro: equtChainE equtChainl)

lemma freshChain:
fixes P :: pi
and P': pi
and z :: name

assumes P =, P’
and zf§P

shows =z P’
using assms
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P’ P")
have z f Pand z § P = z P’ by fact+
hence z § P’ by simp
moreover have P’ — 7 < P" by fact
ultimately show ?case by(force intro: freshTransition)
qed

lemma matchChain:
fixes b :: name
and P :: pi
and P’: pi

assumes P —>, P’
and P # P’

shows [b—~b]P =, P’
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using assms
proof (induct rule: tauChainlnduct)
case id
thus “case by simp
next
case(ih P P""")
have P"'TransP'’. P" ——1 < P" by fact
show [b—~b|P =, P’
proof(cases P = P")
assume P=P"
moreover with P TransP'" have [b—~b]P ——1 < P'" by(force intro: Match)
thus [b~b]P =, P"" by(rule tauActTauChain)
next
assume P # P
moreover have P # P'" — [b~b|P =, P" by fact
ultimately show [b~b]P =, P'" using P"'TransP'" by(blast)
qed
qed

lemma mismatchChain:
fixes a :: name
and b :: name
and P :: pi
and P’: pi

assumes PChain: P —,. P’
and ainegb: a #£ b
and  PineqP”: P # P’

shows [a#b|P =, P’
proof —
from PChain PineqP’ show ?thesis
proof (induct rule: tauChainlnduct)
case id
thus ?case by simp
next
case(ih P P'")
have P"TransP"": P" ——7 < P’ by fact
show [a#b|P =, P
proof(cases P = P
assume P=P"
moreover with aineghb P TransP’" have [a#b]P —1 < P'" by(force intro:
Mismatch)
thus [a#£bP =, P'" by(rule tauActTauChain)
next
assume P # P"
moreover have P # P' = [a#b]P =, P" by fact
ultimately show [a#b|P =, P'" using P''TransP'" by (blast)
qed
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qed

qed

lemma sum1Chain:
fixes P :: pi
and P': pi
and @ :: pi

assumes P =, P’
and P # P’

shows P & Q —, P’
using assms
proof (induct rule: tauChainInduct)
case id
thus “case by simp
next
case(ih P P"")
have P"TransP’"": P" ——1 < P’ by fact
show P ® Q =, P""’
proof(cases P = P'’)
assume P=P"
moreover with P"'TransP’’ have P & @ ——71 < P’ by(force intro: Sum1)
thus P & Q =, P"" by(force intro: tauActTauChain)
next
assume P # P
moreover have P # P = P @& Q =, P'' by fact
ultimately show P @& @Q =, P'"' using P"TransP'"" by(force dest: tauAct-
TauChain)
qed
qed

lemma sum2Chain:

fixes P :: pi
and Q : pi
and Q' :pi

assumes Q =, Q'

and  Q# Q'

shows P @& Q =, Q'
using assms
proof (induct rule: tauChainlInduct)
case id
thus ?case by simp
next
case(ih Q" Q"""
have Q"' TransQ'": Q" —1 < Q" by fact
show P Q =, Q"
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proof(cases Q@ = Q")
assume Q=0Q"
moreover with Q"' TransQ'"’ have P & Q —1 < Q" by(force intro: Sum2)
thus P & Q =, Q" by(force intro: tauActTauChain)

next
assume Q # Q"
moreover have Q # Q"' =— P & Q —,. Q" by fact
ultimately show P & Q =, Q' using Q"' TransQ’"’ by blast

qed

qed

lemma ParlChain:

fixes P : pi
and P’: pi
and @ :: pi

assumes P —, P’

shows P | Q =, P'|| Q
using assms
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P P’)
have P''TransP’".: P'" ——7 < P’ by fact
have IH: P || @ =, P" | Q by fact

have P" || Q —7 < P’ || Q using P TransP’ by(force intro: ParlF)
thus P | @ =, P’ || Q using IH by(force dest: tauActTauChain)
qed

lemma Par2Chain:

fixes P :: pi
and @ :: pi
and Q': pi

assumes Q =, Q'

shows P | Q =, P | Q'
using assms
proof (induct rule: tauChainlInduct)
case id
thus ?case by simp
next
case(ih Q" Q)
have Q"' TransQ": Q" —71 < Q' by fact
have IH: P || Q =, P || Q" by fact
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have P | Q" ——7 < P || Q' using Q"' TransQ’ by(force intro: Par2F)
thus P || Q =, P || Q' using IH by(force dest: tauActTauChain)
qed

lemma chainPar:

fixes P : pi
and P’: pi
and @ :: pi
and Q': pi

assumes P —, P’
and Q =, Q'

shows P | Q =, P'| Q'
proof —
from (P =, P’ have P | Q =, P’ || Q by(rule Par1Chain)
moreover from «Q =, Q" have P’ || Q =, P’ || Q' by(rule Par2Chain)
ultimately show ?thesis by auto

qed

lemma ResChain:
fixes P : pi
and P’: pi

and a : name
assumes P =, P’

shows <va>P =, <va>P’
using assms
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P P"")
have P” ——1 < P by fact
hence <va>P" 1 < <va>P'"’ by(force intro: ResF)
moreover have <va>P =, <va>P' by fact
ultimately show ?case by(force dest: tauActTauChain)
qed

lemma substChain:
fixes P :: pi
and 1z : name
and b : name
and P’: pi

assumes PTrans: P[z:=b] =, P’

shows P[z:=b] =, P'[z::=0]
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proof(cases x=b)
assume r = b
with PTrans show ?thesis by simp
next
assume x # b
hence = § P[x::=b] by(simp add: fresh-fact2)
with PTrans have z § P’ by(force intro: freshChain)
hence P’ = P’[z::=b] by(simp add: forget)
with PTrans show ?thesis by simp
qed

lemma bangChain:
fixes P : pi
and P’: pi

assumes PTrans: P || |P =, P’
and  Plineq: P'# P || P

shows |P —>_ P’
using assms
proof (induct rule: tauChainInduct)
case id
thus ?case by simp
next
case(ih P’ P")
show Zcase
proof(cases P’ = P || |P)
case True
from (P'——7 < P’y <P'= P || |P) have |P —7 < P" by(blast intro: Bang)
thus ?thesis by auto
next
case Fulse
from <P’ # P || |P» have |P =, P’ by(rule ih)
with <P’ —7 < P’y show ?thesis by (auto dest: tauActTauChain)
qed
qed

end

theory Weak-Early-Step-Semantics
imports Farly- Tau-Chain

begin

lemma inputSupportDerivative:
assumes P —a<z> < P’

shows (supp P’) — {z} C supp P

using assms
apply(nominal-induct rule: inputinduct)
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apply(auto simp add: pi.supp abs-supp supp-atm)
apply(rule ccontr)

apply(simp add: fresh-def[symmetric))
apply (drule-tac fresh-fact1)

apply (rotate-tac 4)

apply assumption

apply(simp add: fresh-def)

apply force

apply(case-tac z § P)

apply (drule-tac fresh-fact1)
apply(rotate-tac 2)

apply assumption

apply(simp add: fresh-def)

apply force

apply (rotate-tac 2)

apply (drule-tac fresh-fact2)
apply(simp add: fresh-def)

by force

lemma outputSupportDerivative:
fixes P :: pi
and a : name
and b :: name
and P’: pi

assumes P —a[b] < P’

shows (supp P’) C ((supp P)::name set)
using assms
by (nominal-induct rule: outputInduct) (auto simp add: pi.supp abs-supp)

lemma boundQutputSupportDerivative:
assumes P —a<vz> < P’
and zfP

shows (supp P’) — {z} C supp P
using assms
by (nominal-induct rule: boundOutputInduct) (auto simp add: pi.supp abs-supp supp-atm
dest: outputSupportDerivative)

lemma tauSupportDerivative:

assumes P —7 < P’

shows ((supp P')::name set) C supp P
using assms
proof (nominal-induct rule: taulnduct)

case(Tau P)
thus ?case by(force simp add: pi.supp)
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next
case(Match P)
thus ?case by(force simp add: pi.supp)
next
case(Mismatch P)
thus ?case by(force simp add: pi.supp)
next
case(Sumli P)
thus ?case by(force simp add: pi.supp)
next
case(Sum2 P)
thus ?case by(force simp add: pi.supp)
next
case(Parl P)
thus ?case by(force simp add: pi.supp)
next
case(Par2 P)
thus ?case by(force simp add: pi.supp)
next
case(Comml Pab P’ Q Q)
from <P —a<b> < P’ have (supp P’) — {b} C supp P by(rule inputSupport-
Derivative)
moreover from «@Q — a[b] < Q" have ((supp Q')::name set) C supp @ by(rule
outputSupportDerivative)
moreover from (Q — a[b] < Q" have b € supp Q
by (nominal-induct rule: outputInduct) (auto simp add: pi.supp abs-supp supp-atm)
ultimately show ?case by(auto simp add: pi.supp)
next
case(Comm2 P ab P’ Q Q)
from <P —— a[b] < P’ have ((supp P’):name set) C supp P by(rule output-
SupportDerivative)
moreover from <Q —a<b> < @’ have (supp Q') — {b} C supp @ by(rule
inputSupportDerivative)
moreover from <P — a[b] < P"» have b € supp P
by (nominal-induct rule: outputinduct) (auto simp add: pi.supp abs-supp supp-atm)
ultimately show ?case by(auto simp add: pi.supp)
next
case(Closel Paz P' Q Q)
thus ?case by(auto dest: inputSupportDerivative boundOutputSupportDerivative
stmp add: abs-supp pi.supp)
next
case(Close2 Pax P' Q Q)
thus ?case by(auto dest: inputSupportDerivative boundOutputSupportDerivative
stmp add: abs-supp pi.supp)
next
case(Res P P’ z)
thus ?case by(force simp add: pi.supp abs-supp)
next
case(Bang P P’)
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thus ?case by(force simp add: pi.supp)
qed

lemma tauChainSupportDerivative:
fixes P :: pi
and P': pi

assumes P —>, P’

shows ((supp P')::name set) C (supp P)
using assms
by (induct rule: tauChainInduct) (auto dest: tauSupportDerivative)

definition outputTransition :: pi = name = name = pi = bool (- =-<v-> <
-» [80, 80, 80, 80] 80)

where P =—>a<vz> < P'=3P"' P". P =, P'"" AN P"' ——a<vz> < P""' A
P/’ —_. P’

definition freeTransition :: pi = freeRes= pi = bool (\- =-- < - [80, 80, 80]
80)
where P —a < P'=3P" P P—_ P""ANP"+—a < P"ANP'"=—, P’

lemma transitionl:

fixes P :: pi

and P : pi

and «a : freeRes
and P : pi
and P’ : pi
and a :: name
and =z : name

shows [P =, P""; P +—a < P"; P! =, P| = P =a < P’
and [P =, P"; P +——a<vz> < P"; P! =, P'| = P =a<vz> < P’
by (auto simp add: outputTransition-def free Transition-def)

lemma transitionkE:

fixes P :: pi

and «a : freeRes
and P’: pi
and a : name
and <z : name

shows P —=a < P/ = (3P" P". P =, P"ANP"+—a < P"" NP =,
P

and P —a<vz> < P'= 3P" P'"' P =, P"" AN P"' ——sa<vz> < P"" A
P’ =_ P’
by (auto simp add: outputTransition-def free Transition-def)

lemma weak TransitionAlpha:

364



fixes P :: pi
and a :: name
and =z : name
and P’: pi
and y :: name

assumes PTrans: P =a<vz> < P’
and ytt P

shows P =a<vy> < ([(z, y)] - P’
proof (cases y=r)
case True
with PTrans show ?thesis by simp
next
case Fulse
from PTrans obtain P P""" where PChain: P —>, P'"
and P""'Trans: P"' —a<vz> < P”
and P’'Chain: P" =, P’
by (force dest: transitionE)
note PChain
moreover from PChain <y § P> have y §f P""’ by(rule freshChain)
with P""'Trans have y § P'' using «y # x» by(rule freshTransition)
with P'""Trans have P""' ——a<vy> < ([(z, y)] - P") by(simp add: alphaBound-
Output name-swap)
moreover from P''Chain have ([(z, y)] - P") =+ ([(=, y)] - P’)
by (rule equtChainl)
ultimately show ?thesis by (rule transitionl)
qed

lemma singleActionChain:
fixes P :: pi
and Rs :: residual

shows P ——a<vz> < P/ = P =—sa<vz> < P’
and Pr—a <P = P=—a <P’
proof —
have P =, P by simp
moreover assume P —a<vz> < P’
moreover have P’ =—>, P’ by simp
ultimately show P =—-a<vz> < P’
by (rule transitionl)
next
have P —, P by simp
moreover assume P —a < P’
moreover have P’ =, P’ by simp
ultimately show P =« < P’
by (rule transitionl)
qed
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lemma Tau:
fixes P :: pi

shows 7.(P) = 7 < P
proof —
have 7.(P) =, 7.(P) by simp
moreover have 7.(P) —7 < P by(rule Early-Semantics. Tau)
moreover have P —>, P by simp
ultimately show ?thesis by(rule transitionl)
qed

lemma Input:
fixes a :: name
and z : name
and u :: name
and P :: pi

shows a<z>.P = a<u> < Plz:=u]
proof —
have a<x>.P =, a<z>.P by simp
moreover have a<z>.P — a<u> < P[z::=u] by(rule Farly-Semantics.Input)
moreover have Plr:=u] =, Plz::=u] by simp
ultimately show ?thesis by (rule transitionl)
qed

lemma Output:
fixes a :: name
and b :: name
and P : pi

shows a{b}.P =-alb] < P
proof —
have a{b}.P =, a{b}.P by simp
moreover have a{b}.P ——a[b] < P by(rule Early-Semantics. Output)
moreover have P —-, P by simp
ultimately show ?thesis by(rule transitionl)
qed

lemma Match:
fixes P : pi
and b : name
and =z :: name
and a : name
and P’: pi
and « :: freeRes

shows P =b<vz> < P' = [a—~a]P =-b<vz> < P’

and P =a < P' = [o—~a|]P =a < P’
proof —
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assume P = b<vz> < P’
then obtain P’ P where PChain: P —>, P'"
and P'"'Trans: P" —b<vz> < P
and P"Chain: P =, P’
by (force dest: transitionE)
show [a—~a]P = b<vz> < P’
proof(cases P = P'")
case True
have [a—~a]P =, [a—~a]P by simp
moreover from <P = Py P"'Trans have [a—~a]P — b<vz> < P”
by (rule-tac Early-Semantics.Match) auto
ultimately show ?thesis using P’/ Chain by(rule transitionl)
next
case Fulse
from PChain <P # P’y have [a—~a]P =, P'" by(rule matchChain)
thus ?thesis using P’"’Trans P'' Chain by (rule transitionl)
qed
next
assume P —a < P’
then obtain P P’ where PChain: P =, P'"
and P""Trans: P" —a < P
and P’ Chain: P —, P’
by (force dest: transitionE)
show [a—~a]P =« < P’
proof(cases P = P'")
case True
have [a—~a]P =, [a—~a]P by simp
moreover from <P = P""y P'"'Trans have [a—~a]P —a < P
by (rule-tac Early-Semantics.Match) auto
ultimately show ?thesis using P’'Chain by(rule transitionl)
next
case Fulse
from PChain <P # P’y have [a—~a]P =, P"" by(rule matchChain)
thus ?thesis using P’/ Trans P''Chain by(rule transitionl)
qed
qed

lemma Mismatch:
fixes P :: pi
and c¢ : name
and <z : name
and a :: name
and b : name
and P’: pi
and « :: freeRes

shows [P = c<va> < P’; a # V] = [a#£b]P = c<va> < P’

and [P =a < P’ a # b] = [a#bP —=a < P’
proof —
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assume P —=c<vz> < P’
then obtain P’ P where PChain: P —>, P'"
and P"'Trans: P"" —sc<vz> < P"
and P"Chain: P =, P’
by (force dest: transitionE)
assume a # b
show [a#b|P = c<vz> < P’
proof(cases P = P'")
case True
have [a#b|P =, [a#b]P by simp
moreover from (P = Py <a # b P'"Trans have [a#b|P — c<vz> < P
by (rule-tac Early-Semantics. Mismatch) auto
ultimately show ?thesis using P’'Chain by(rule transitionl)
next
case Fulse
from PChain <a # by <P # P'"y have [a#b|P =, P'" by(rule mismatchChain)
thus ?thesis using P’"'Trans P'' Chain by (rule transitionI)
qed
next
assume P —=a < P’
then obtain P’ P""" where PChain: P —, P'"’
and P""Trans: P"" —a < P
and P"Chain: P" =, P’
by (force dest: transitionE)
assume a # b
show [a#b]P —a < P’
proof(cases P = P'")
case True
have [a#b|P =, [a#b]P by simp
moreover from (P = P’y <a # b> P"'Trans have [a#£b]P —a < P”
by (rule-tac Early-Semantics. Mismatch) auto
ultimately show ?thesis using P’/ Chain by(rule transitionl)
next
case Fulse
from PChain <a # by <P # P'"y have [a#b|P =, P"" by(rule mismatchChain)
thus ?thesis using P’"'Trans P'' Chain by(rule transitionI)
qged
qed

lemma Open:
fixes P :: pi
and a :: name
and b :: name
and P’: pi

assumes PTrans: P =a[b] < P’
and a#b

shows <vb>P =a<vb> < P’
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proof —
from PTrans obtain P P""" where PChain: P =—>, P’
and P'"Trans: P""' —a[b] < P"
and P"Chain: P =, P’
by (force dest: transitionE)
from PChain have <vb>P =, <vb>P'"” by(rule ResChain)
moreover from P'"’Trans <a # b> have <vb>P""' —a<vb> < P" by(rule
Open)
ultimately show ?thesis using P’ Chain by(rule transitionl)
qed

lemma Sumi:
fixes P : pi
and a : name
and <z : name
and P': pi
and @ :: pi
and « : freeRes

shows P =—a<vz> < P/ = P @& Q =a<vz> < P’
and P—a <P —= P& Q —a <P’
proof —
assume P —-a<vz> < P’
then obtain P’ P where PChain: P —>, P'"
and P""'Trans: P"' —a<vz> < P
and P"Chain: P" =, P’
by (force dest: transitionE)
show P & Q =—a<vz> < P’
proof(cases P = P'")
case True
have P & Q =, P ® @ by simp
moreover from P’'Trans <P = P'"y have P ® @ — a<vz> < P’ by(blast
intro: Suml)
ultimately show ?thesis using P’'Chain by(rule transitionl)
next
case False
from PChain <P # P'"”y have P & Q =, P'"" by(rule sum1Chain)
thus ?thesis using P’"Trans P'' Chain by (rule transitionl)
qed
next
assume P =—a < P’
then obtain P’ P""" where PChain: P =, P'"
and P'"Trans: P""' —a < P
and P"”Chain: P" =, P’
by (force dest: transitionE)
show P ® Q =—a < P’
proof(cases P = P'")
case True
have P & Q =, P & @ by simp
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moreover from P'’Trans <P = P""y have P & @ —a < P’ by(blast intro:
Sum1)
ultimately show ?thesis using P’ Chain by(rule transitionl)
next
case Fulse
from PChain <P # P’y have P & Q =, P'" by(rule sum1Chain)
thus ?thesis using P’"'Trans P''Chain by (rule transitionI)
qed

qed

lemma Sum2:
fixes Q) :: pi
and a : name
and <z : name
and Q': pi
and P :: pi

and «a : freeRes

shows Q —a<vi> < Q' = P & Q —a<vz> < Q’
and Q=—=a<Q = P& Q=a< Q'
proof —
assume Q —-a<vr> < Q'
then obtain Q' Q' where QChain: Q —,. Q"'
and Q"'Trans: Q"' —a<vz> < Q"
and Q"' Chain: Q" =, Q'
by (force dest: transitionE)
show P @ Q =—a<vz> < Q'
proof(cases Q = Q')
case True
have P& Q =, P ® Q by simp
moreover from Q"'Trans <Q = Q"> have P & Q —a<vz> < Q" by(blast
intro: Sum?2)
ultimately show ?thesis using Q''Chain by(rule transitionl)
next
case Fulse
from QChain <Q # Q"> have P & Q =, Q"' by(rule sum2Chain)
thus ?thesis using Q'''Trans Q''Chain by (rule transitionl)
qed
next
assume Q —a < Q'
then obtain Q" Q' where QChain: Q =, Q"'
and Q'"'Trans: Q"' —a < Q"
and Q"' Chain: Q" =, Q'
by (force dest: transitionE)
show P @ Q —a < Q'
proof(cases Q = Q')
case True
have P & Q =, P & @ by simp
moreover from Q"'Trans <Q = Q' have P ® Q —a < Q"' by(blast intro:
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Sum?2)
ultimately show ?thesis using Q''Chain by (rule transitionl)
next
case Fualse
from QChain «Q # Q" have P & Q =, Q' by(rule sum2Chain)
thus ?thesis using Q'"'Trans Q''Chain by (rule transitionl)
qed
qed

lemma ParlB:
fixes P : pi
and a : name
and <z : name
and P’: pi
and @ :: pi

assumes PTrans: P =a<vz> < P’
and z§ @

shows P | Q =a<vz> < (P'| Q)
proof —
from PTrans obtain P P""" where PChain: P —>, P’
and P'""Trans: P"" —a<va> < P”
and P’"'Chain: P' —>, P’
by (blast dest: transitionFE)
from PChain have P || Q =, P"" || Q by(rule ParlChain)
moreover from P’ Trans <z § @> have P"" || Q —sa<vz> < (P" | Q) by(rule
FEarly-Semantics. Par1B)
moreover from P''Chain have P" || Q =, P’ || Q by(rule Par1Chain)
ultimately show P || Q =a<vz> < (P’ || Q) by(rule transitionl)
qed

lemma ParlF:

fixes P :: pi
and « : freeRes
and P’: pi
and @ :: pi

assumes PTrans: P =>a < P’

shows P | Q =a < (P’ Q)
proof —
from PTrans obtain P P""" where PChain: P —>, P’
and P""'Trans: P"" —a < P
and P’'Chain: P" =, P’
by (blast dest: transitionFE)
from PChain have P || Q =, P’ || Q by(rule PariChain)
moreover from P’'Trans have P""' || Q@ —a < (P || Q) by(rule Early-Semantics. Par1F')
moreover from P’'Chain have P" || Q =, P’ | Q by(rule PariChain)
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ultimately show ?thesis by (rule transitionl)
qed

lemma Par2B:
fixes Q :: pi
and a :: name
and <z : name
and Q': pi
and P :pi

assumes QTrans: Q =—a<vz> < Q'
and zfP

shows P || Q =a<vz> < (P || Q)
proof —
from QTrans obtain Q" Q""" where QChain: Q —, Q'
and Q'"'Trans: Q"' —sa<vz> < Q"
and Q''Chain: Q" =, Q'
by (blast dest: transitionFE)
from QChain have P | Q =, P || Q" by(rule Par2Chain)
moreover from Q'"'Trans «x § P> have P || Q"' —a<va> < (P || Q") by(rule
Early-Semantics. Par2B)
moreover from Q''Chain have P || Q" =, P || Q' by(rule Par2Chain)
ultimately show P || Q =a<vz> < (P || Q') by(rule transitionl)
qed

lemma Par2F:

fixes Q) :: pi
and « : freeRes
and Q’: pi
and P :pi

assumes QTrans: Q —>a < Q'

shows P | Q =a < (P || Q)
proof —
from QTrans obtain Q' Q""" where QChain: Q —, Q'
and Q''Trans: Q" —a < Q"
and Q"' Chain: Q" =, Q'
by (blast dest: transitionFE)
from QChain have P || Q =, P || Q" by(rule Par2Chain)
moreover from Q' Trans have P || Q"' —a < (P || Q") by(rule Early-Semantics. Par2F)
moreover from @Q''Chain have P | Q" =, P || Q' by(rule Par2Chain)
ultimately show ?thesis by (rule transitionl)
qed

lemma Comml1:

fixes P : pi
and a : name
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and b :: name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =>a<b> < P’
and QTrans: @ =>a[b] < Q'

shows P | Q =7 < P'|| Q'
proof —
from PTrans obtain P P""" where PChain: P —, P’
and P''Trans: P""' —a<b> < P’
and P’'Chain: P" =, P’
by (blast dest: transitionFE)
from QTrans obtain Q' Q""" where QChain: Q —, Q'
and Q""'Trans: Q"' ——alb] < Q"
and Q"' Chain: Q" =, Q'
by (blast dest: transitionFE)

from PChain QChain have P | Q =, P’ | Q"' by(rule chainPar)
moreover from P’'Trans Q''Trans have P || Q"' —1 < P" || Q"
by (rule Early-Semantics.Comm1)
moreover from P’'Chain Q' Chain have P" || Q" =, P’ | Q' by(rule chain-
Par)
ultimately show ?thesis by(rule transitionl)
qed

lemma Comm2:
fixes P :: pi
and a : name
and b : name

and P’: pi
and @ :: pi
and Q’: pi

assumes PTrans: P =>a[b] < P’
and QTrans: Q =>a<b> < Q'

shows P | Q =7 < P'| Q'
proof —
from PTrans obtain P’ P""" where PChain: P —>, P’
and P'"'Trans: P'""' —alb] < P"'
and P’ Chain: P —, P’
by (blast dest: transitionFE)
from QTrans obtain Q" Q' where QChain: Q —, Q"'
and Q"'Trans: Q"' —a<bd> < Q"
and Q' Chain: Q" =, Q'
by (blast dest: transitionF)
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from PChain QChain have P | @ =, P | Q"' by(rule chainPar)
moreover from P'"'Trans Q''Trans have P || Q""" —7 < P" || Q"
by (rule Early-Semantics. Comm?2)
moreover from P’”'Chain Q" Chain have P" || Q"' =, P’ | Q' by(rule chain-
Par)
ultimately show ?thesis by(rule transitionl)
qed

lemma Closel:
fixes P :: pi
and a :: name
and <z :: name
and P’: pi

and @ :: pi
and Q': pi

assumes PTrans: P =—a<z> < P’
and QTrans: Q =—a<vz> < Q'
and z 4P

shows P | Q =7 < <vaz>(P'|| Q)
proof —
from PTrans obtain P’ P' where PChain: P =, P'"”
and P""Trans: P"' —a<z> < P
and P'Chain: P =, P’
by (blast dest: transitionF)
from QTrans obtain Q" Q""" where QChain: Q —, Q'
and Q'"'Trans: Q"' —sa<vz> < Q"
and Q"' Chain: Q" =, Q'
by (blast dest: transitionFE)

from PChain QChain have P | @ =, P | Q"' by(rule chainPar)

moreover from PChain <z § P> have z § P"" by(rule freshChain)

with P"'Trans Q"' Trans have P"" || Q" —1 < <vz>(P" | Q")

by (rule Early-Semantics.Closel)

moreover from P’'Chain Q' Chain have P" || Q"' =, P’ | Q' by(rule chain-
Par)

hence <vz>(P" || Q") =, <vz>(P'| Q') by(rule ResChain)

ultimately show %thesis by (rule transitionl)
qed

lemma Close2:

fixes P :: pi
and a : name
and <z : name
and P': pi
and @ :: pi
and Q': pi
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assumes PTrans: P =>a<vz> < P’
and  QTrans: Q =—ra<z> < Q’
and zFresh@: z § Q

shows P | Q =7 < <vz>(P'| @)
proof —
from PTrans obtain P P""" where PChain: P —>, P'"
and P'"'Trans: P"" —sa<va> < P"
and P’ Chain: P" =, P’
by (blast dest: transitionF)
from QTrans obtain Q" Q"' where QChain: Q —, Q'
and Q"'Trans: Q" —a<z> < Q"
and Q"' Chain: Q" =, Q'
by (blast dest: transitionE)

from PChain QChain have P | @ =, P | Q"' by(rule chainPar)
moreover from QChain <z § @ have z £ Q"' by(rule freshChain)

with P"'Trans Q"' Trans have P"" || Q"' 7 < <vz>(P" | Q")
by (rule Early-Semantics.Close2)
moreover from P’'Chain Q"' Chain have P" || Q" =, P’ || Q' by(rule chain-
Par)
hence <vz>(P" || Q") =, <vz>(P’ | Q') by(rule ResChain)
ultimately show ?thesis by(rule transitionl)
qed

lemma ResF':

fixes P :: pi
and « :: freeRes
and P': pi

and =z :: name

assumes PTrans: P =>a < P’
and zfa

shows <vz>P —a < <vz>P’
proof —
from PTrans obtain P’ P'"" where PChain: P =, P'"
and P'’'Trans: P"' —sa < P
and P'Chain: P =, P’
by (blast dest: transitionF)

from PChain have <ve>P =, <vz>P'" by(rule ResChain)
moreover from P’'Trans <z § a» have <vz>P'"' +——a < <vz>P"
by (rule Early-Semantics. ResF)
moreover from P''Chain have <vz>P' = <vx>P' by(rule ResChain)
ultimately show ?thesis by (rule transitionl)
qed
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lemma ResB:
fixes P : pi
and a : name
and =z :: name
and P': pi
and vy :: name

assumes PTrans: P =>a<vz> < P’
and Y F a
and yF£x

shows <vy>P —-a<vz> < (<vy>P’)
proof —
from PTrans obtain P’ P'"" where PChain: P =, P'"”
and P''Trans: P —a<vz> < P
and P”Chain: P" =, P’
by (blast dest: transitionFE)

from PChain have <vy>P =, <vy>P'" by(rule ResChain)
moreover from P'"'Trans <y # a» <y # x have <vy>P'" ——a<vi> <
(<vy>P")
by (rule Early-Semantics. ResB)
moreover from P’ Chain have <vy>P" =, <vy>P' by(rule ResChain)
ultimately show ?thesis by(rule transitionl)
qed

lemma Bang:
fixes P :: pi
and Rs :: residual

shows P || |P =-a<vz> < P/ = |P =a<vz> < P’
and P||!P=a <P = !P=a <P

proof —
assume PTrans: P || |P = a<vz> < P’

from PTrans obtain P P'"" where PChain: P || |\P =, P
and P""'Trans: P"' —a<vz> < P”
and P’'Chain: P" =, P’
by (force dest: transitionE)

show |P —-a<vz> < P’
proof(cases P'" = P || |P)
case True
have |P =, |P by simp
moreover from P'"’Trans <P""" = P || |P» have |P —a<vz> < P’ by(blast
intro: Early-Semantics. Bang)
ultimately show ?thesis using P’/ Chain by(rule transitionl)
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next
case Fulse
from PChain <P’ # P || |P) have |P =, P'" by(rule bangChain)
with P"'Trans P' Chain show ?thesis by(blast intro: transitionl)

qed

next
fix a P’ P
assume P || |P =a < P’

then obtain P P’ where PChain: P || |P =, P"
and P"Trans: P ——a < P
and P"’Chain: P" =, P’
by (force dest: transitionE)

show |P —a < P’
proof(cases P"" = P || |P)
assume P = P || |P
moreover with P Trans have |P ——a < P'" by(blast intro: Bang)
ultimately show ?thesis using PChain P’"’Chain by(rule-tac transitionl,
auto)
next
assume P # P || |P
with PChain have |P =, P’ by(rule bangChain)
with P"'Trans P"'Chain show ?thesis by(blast intro: transitionl)
qed
qed

lemma tauTransitionChain:
fixes P :: pi
and P’: pi
assumes P =7 < P’
shows P —>, P’

using assms

by (force dest: transitionE tauActTauChain)

lemma chainTransitionAppend:

fixes P : pi

and P’ : pi

and Rs :: residual
and a :: name
and =z : name
and P : pi

and « :: freeRes

shows P =—=a<vz> < P = P =—, P' = P =—a<vz> < P’
and P—a < P'— P'—, P — P —a < P’
and P —, P — P' —a<vr> < P' =— P —a<vz> < P’
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and P —, P'— P'—a <P — P —=—a <P’
proof —

assume PTrans: P — a<vz> < P"

assume P''Chain: P =, P’

from PTrans obtain P’ P"""" where PChain: P —>, P""’
and P""Trans: P"" ——a<vz> < P’
and P''Chain: P =, P
by (blast dest: transitionFE)

from P'"'Chain P’ Chain have P'' =, P’ by auto

with PChain P""'Trans show P =>a<vz> < P’ by(rule transitionI)
next

assume PTrans: P =a < P"

assume P''Chain: P =, P’

from PTrans obtain P’ P""" where PChain: P —>, P""’
and P'"'Trans: P"" ——a < P
and P'’Chain: P =, P
by (blast dest: transitionE)

from P'"'Chain P’ Chain have P’ =, P’ by auto

with PChain P'"'Trans show P =>a < P’ by(rule transitionl)
next

assume PChain: P =, P

assume P''Trans: P = a<vz> < P’

from P''Trans obtain P’ P'"" where P’ Chain: P'' =, P""’
and P Trans: P"" ——sa<vz> < P’
and P'’'Chain: P —,. P’
by (blast dest: transitionE)

from PChain P''Chain have P —>, P"""' by auto

thus P =—-a<vz> < P’ using P"""'Trans P"'Chain by(rule transitionl)
next

assume PChain: P —, P

assume P''Trans: P —a < P’

from P''Trans obtain P’ P'""" where P’ Chain: P'' —>,. P"""’
and P""Trans: P""" —sa < P’
and P'’'Chain: P —,. P’
by (blast dest: transitionF)

from PChain P''Chain have P =, P"""' by auto

thus P =« < P’ using P"""'Trans P""'Chain by(rule transitionl)
qed
lemma freshBoundOutputTransition:

fixes P :: pi
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and a : name
and <z : name
and P': pi

and c¢ : name

assumes PTrans: P =a<vz> < P’

and ct P

and c#

shows ¢ ff P’
proof —

from PTrans obtain P’ P'"" where PChain: P =, P'"”
and P''Trans: P"' —sa<vz> < P
and P’'Chain: P" =, P’
by (blast dest: transitionE)

from PChain <c § P» have ¢ f P'"’ by(rule freshChain)
with P Trans have c ff P' using «c # x> by(rule Early-Semantics.fresh Transition)
with P’Chain show ¢ £ P’ by(rule freshChain)

qed

lemma freshTauTransition:
fixes P :: pi

and c¢ :: name

assumes PTrans: P =71 < P’

and ct P
shows c f P’
proof —

from PTrans have P =, P’ by(rule tauTransitionChain)
thus ?thesis using «c § P> by(rule freshChain)
qed

lemma freshOutput Transition:
fixes P :: pi
and a :: name
and b :: name
and P’: pi
and c¢ : name

assumes PTrans: P =>a[b] < P’

and ct P
shows c f P’
proof —

from PTrans obtain P P""" where PChain: P —>, P'"
and P'""Trans: P'""' —alb] < P"'
and P Chain: P" =, P’

379



by (blast dest: transitionFE)

from PChain <c § P» have ¢ § P"" by(rule freshChain)
with P""'Trans have ¢ § P" by(rule Early-Semantics.fresh Transition)
with P"'Chain show ?thesis by (rule freshChain)

qed

lemma equtl|equt]:
fixes P :: pi
and a : name
and =z : name
and P’: pi
and p :: name prm
and « :: freeRes

shows P —=a<vz> < P = (p+ P) =(p - a)<v(p - z)> < (p - P’)
and P=a <P = (p:-P)=(p-a)<(p-P)
proof —
assume P =—sa<vz> < P’
then obtain P P’ where PChain: P =, P'"
and P'"Trans: P"' —sa<vz> < P"
and P’ Chain: P —, P’
by (blast dest: transitionFE)

from PChain have (p - P) =, (p - P"") by(rule equtChainl)
moreover from P'"’Trans have (p - P""") — (p - (a<vz> < P"))
by (rule TransitionsEarly.equt)
hence (p - P") — (p - a)<v(p - )> < (p - P")
by (simp add: equts)
moreover from P''Chain have (p - P") =, (p - P’) by(rule equtChainl)
ultimately show (p - P) =(p - a)<v(p - ©)> < (p - P’)
by (rule transitionI)
next
assume P =—a < P’
then obtain P’ P’ where PChain: P —>, P'"
and P"'Trans: P""' —a < P
and P"Chain: P" =, P’
by (blast dest: transitionF)

from PChain have (p - P) =, (p - P'") by(rule equtChainl)
moreover from P'"'Trans have (p - P""') — (p - (o < P"))
by (rule TransitionsEarly.equt)
hence (p - P"') +— (p+a) < (p - P
by(simp add: equts)
moreover from P''Chain have (p - P') =, (p - P’) by(rule equtChainl)
ultimately show (p - P) =(p-a) < (p- P
by (rule transitionl)
qed
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lemma freshInputTransition:
fixes P :: pi
and a : name
and b : name
and P': pi
and c¢ : name

assumes PTrans: P =-a<b> < P’

and ct P

and c#b

shows c ff P’
proof —

from PTrans obtain P’ P""" where PChain: P —>, P'"
and P''Trans: P —a<b> < P’
and P’"'Chain: P =, P’
by (blast dest: transitionFE)

from PChain <c § P> have c § P"’ by(rule freshChain)
with P"'Trans have ¢ § P' using <c # b> by(rule Early-Semantics.freshInput Transition)
with P"'Chain show ?thesis by(rule freshChain)

qged

lemmas fresh Transition = freshBoundOutputTransition freshOQutput Transition
freshInput Transition freshTauTransition

end

theory Weak-Early-Semantics
imports Weak-FEarly-Step-Semantics
begin

definition weakFreeTransition :: pi = freeRes = pi = bool (- = - < - [80,
80, 80] 80)
where P = a < P'=P=a<P'V(a=17AP=P)

lemma weakTransitionl:

fixes P :: pi
and « : freeRes
and P’: pi

shows P —a < P' = P = a < P’
and P=—7<P
by (auto simp add: weakFree Transition-def)

lemma transitionCases[consumes 1, case-names Step Stayl:

fixes P :: pi
and « : freeRes
and P’: pi
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assumes P — «a < P’
and P—=a <P = FaP
and F ()P

shows F o P’
using assms

by (auto simp add: weakFree Transition-def)

lemma single ActionChain:

fixes P : pi
and « : freeRes
and P’: pi

assumes P —a < P’

shows P = o < P’
using assms
by (auto dest: singleActionChain intro: weakTransitionI)

lemma Tau:
fixes P :: pi

shows 7.(P) = 7 < P
by (auto intro: Weak-Early-Step-Semantics. Tau
simp add: weakFree Transition-def)

lemma Input:
fixes a :: name
and <z : name
and u :: name
and P :: pi

shows a<z>.P = a<u> < P[r:=1]
by (auto intro: Weak-FEarly-Step-Semantics.Input
simp add: weakFree Transition-def)

lemma Output:
fixes a :: name
and b :: name
and P :: pi

shows a{b}.P = a[b] < P
by (auto intro: Weak-FEarly-Step-Semantics. Output
simp add: weakFree Transition-def)

lemma PariF":

fixes P :: pi
and « : freeRes
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and P’: pi
and @ :: pi

assumes P = o < P’
shows P || Q = a < (P'|| Q)
using assms
by (auto intro: Weak-Early-Step-Semantics.ParlF

simp add: weakFree Transition-def residual.inject)

lemma Par2F:

fixes @ :: pi

and « : freeRes
and Q’: pi
and P :pi

assumes QTrans: Q = a < Q'

shows P | Q = a < (P Q)

using assms

by (auto intro: Weak-Early-Step-Semantics. Par2F
simp add: weakFree Transition-def residual.inject)

lemma ResF':

fixes P :: pi
and « : freeRes
and P’: pi

and =z :: name

assumes P =— « < P’
and bl e

shows <vz>P =— o < <vz>P’

using assms

by (auto intro: Weak-FEarly-Step-Semantics. ResF
simp add: weakFree Transition-def residual.inject)

lemma Bang:
fixes P : pi
and Rs :: residual

assumes P | |P = a < P’
and P'#P|!'P

shows |P = o < P’

using assms

by (auto intro: Weak-FEarly-Step-Semantics. Bang
simp add: weakFree Transition-def residual.inject)
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lemma tauTransitionChain[simp]:
fixes P :: pi
and P’: pi

shows P— 7 < P'= P —_ P’
apply(auto dest: Weak-FEarly-Step-Semantics.tauTransitionChain
stmp add: weakFree Transition-def)
by (erule rtrancl.cases) (auto intro: transitionl)

lemma tauStep TransitionChain|simp]:
fixes P :: pi
and P’: pi

assumes P # P’

shows P =—=7 < P'= P —, P’
using assms
apply(auto dest: Weak-FEarly-Step-Semantics.tauTransitionChain
simp add: weakFree Transition-def)
by (erule rtrancl.cases) (auto intro: transitionl)

lemma chainTransitionAppend:

fixes P : pi

and P’ : pi

and Rs :: residual
and a :: name
and z :: name
and P : pi

and « :: freeRes

shows P —, P/ — P"—="a < P/ = P = a < P’
and P— a<P'=—=P'—, P —= P="a< P’
by (auto intro: chainTransitionAppend simp add: weakFree Transition-def dest: Weak-Early-Step-Semantics.tau’]

lemma freshTauTransition:
fixes P :: pi
and ¢ :: name

assumes P =— 7 < P’
and ct P

shows ¢ ff P’

using assms
by (auto intro: Weak-FEarly-Step-Semantics.fresh TauTransition
simp add: weakFreeTransition-def residual.inject)

lemma freshOutputTransition:
fixes P :: pi
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and a : name
and b :: name
and P': pi

and c¢ : name

assumes P = a[b] < P’
and ct P

shows c ff P’

using assms

by (auto intro: Weak-FEarly-Step-Semantics.freshOutput Transition
simp add: weakFree Transition-def residual.inject)

lemma equtl:

fixes P :: pi
and « : freeRes
and P’: pi

and p : name prm
assumes P = o < P’

shows (p - P) = (p-a) < (p- P

using assms

by (auto intro: Weak-Early-Step-Semantics.equtl
simp add: weakFree Transition-def residual.inject)

lemma freshInputTransition:
fixes P :: pi
and a :: name
and b : name
and P': pi
and c¢ : name

assumes P = a<b> < P’
and ct P
and c#b

shows ¢ ff P’

using assms

by (auto intro: Weak-Early-Step-Semantics.freshInput Transition
simp add: weakFree Transition-def residual.inject)

lemmas freshTransition = freshBoundQutput Transition freshOutputTransition
freshInputTransition freshTauTransition

end

theory Weak-Early-Sim
imports Weak-FEarly-Semantics Strong-Early-Sim-Pres
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begin

definition weakSimulation :: pi = (pi x pi) set = pi = bool (- ~><-> - [80,
80, 80] 80)
where P ~w<Rel> Q = Vaz Q. Q —ra<vz> < Q' Nz ¢ P — (IP. P
=—a<vz> < P'A (P, Q) € Rel)) A
Va Q. Qr—a < Q' — 3P.P= a<P AN(P,Q)c
Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P : pi
and P’: pi

assumes P ~»<A> P’
and ACB

shows P ~»<B> P’
using assms

by (simp add: weakSimulation-def) blast

lemma simCasesCont[consumes 1, case-names Bound Free]:

fixes P : pi

and @ :: pi

and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes FEqut: equt Rel

and Bound: Naz Q. [Q — a<vz> < Qs z 8 P;zt Q2 # a; 28 C] =
JP". P =a<vz> < P' A (P', Q') € Rel

and Free: N\a Q. Q+— a < Q' = 3P.P= a <P A (P, Q) € Rel

shows P ~~»<Rel> @
proof(auto simp add: weakSimulation-def)

fix a z Q'

assume QTrans: Q — a<vz> < Q' and z § P

obtain c::name where ¢ f Pand cff Q and ¢ # aand ¢ @' and ¢ { C and
c#x

by (generate-fresh name) auto

from QTrans <¢ § @» have Q — a<ve> < ([(z, ¢)] - Q) by(simp add:
alphaBound Output)
then obtain P’ where PTrans: P =>a<vc> < P’ and P'RelQ": (P’ [(z, ¢)]
- Q') € Rel
using «c f P> <cf @ <c# @ <c§ O
by (drule-tac Bound) auto

from PTrans <z § P> <¢c # »» have P =—=-a<vz> < ([(z, ¢)] - P)
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by (force intro: weakTransitionAlpha simp add: name-swap)

moreover from Equt P'RelQ’ have ([(z, ¢)] - P/, [(z, ¢)] - [(z, ¢)] - Q) € Rel
by (rule equtRell)

hence ([(z, ¢)] - P/, Q') € Rel by simp

ultimately show 3 P’. P —=ra<vz> < P’ A (P’, Q') € Rel

by blast
next
fix a Q'

assume Q —a < Q'
thus 3P. P = a < P' A (P', Q') € Rel
by (rule Free)

qed
lemma simCases[case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes AQ' a z. [Q — a<vz> < Qs z 4 P = 3P’ P =ra<vaz> < P’ A
(P, Q) € Rel
and ANQ a. Q— a< Q' = IP.P= a < P'A(P, Q) € Rel

shows P ~»<Rel> @
using assms

by (auto simp add: weakSimulation-def)

lemma simkE:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and = : name

and Q' :: pi

assumes P ~»<Rel> @

shows Q —a<vz> < Q' = 2§ P = 3P’ P =a<va> < P'AN (P, Q') €
Rel

and Q+—a < Q' = IP. P= a <P’ A (P, Q') € Rel

using assms by(simp add: weakSimulation-def)+

lemma weakSimTauChain:
fixes P :: pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and @ :: pi
and Q' :: pi
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assumes QChain: Q =, Q'
and  PRelQ: (P, Q) € Rel
and PSimQ: AR S. (R, S) € Rel = R ~~<Rel> S

shows 3P’. P =, P' A (P’, Q') € Rel
proof —
from QChain show ?thesis
proof (induct rule: tauChainlnduct)
case id
moreover have P =, P by simp
ultimately show ?case using PSim(@Q) PRelQ by blast
next
case(ih Q' Q")
have 3P P =, P' A (P’, Q') € Rel by fact
then obtain P’ where PChain: P =, P’ and P’Rel’Q". (P’, Q') € Rel by
blast
from P’Rel’Q’ have P’ ~~<Rel> Q' by(rule PSimQ)
moreover have Q'Trans: Q' —7 < Q' by fact
ultimately obtain P’ where P'Trans: P’ = 7 < P' and P"'RelQ": (P",
Q") € Rel
by (blast dest: simE)
from P’Trans have P’ —>. P’ by simp
with PChain have P —>, P'' by auto
with P"'RelQ" show ?case by blast
qed
qed

lemma simE2:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and = : name

and Q' :: pi

assumes Sim: AR S. (R, §) € Rel = R ~»<Rel> S
and Equt: equt Rel
and PRelQ: (P, Q) € Rel

shows ) =ra<vz> < Q' = 2§ P = 3P". P =a<vz> < P'AN (P, Q') €
Rel
and Q=— a < Q' = IP.P=a <P A (P, Q) € Rel
proof —
assume QTrans: Q —a<vz> < Q' and z § P
from QTrans obtain Q" Q' where QChain: Q —, Q"'
and Q"'Trans: Q"' —a<vz> < Q"
and Q' Chain: Q" =, Q'
by (blast dest: transitionF)
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from QChain PRelQ Sim obtain P'"’ where PChain: P =, P"""and P""'RelQ""":
(-P///7 Q///) G Rel
by (blast dest: weakSimTauChain)

from PChain <z § P> have x § P"’ by(rule freshChain)

from P""Rel@"" have P'" ~~<Rel> Q"' by(rule Sim)
with Q'"'Trans <z § P'"y obtain P’ where P'"'Trans: P =—>a<vz> < P
and P"RelQ'": (P”, Q") € Rel
by (blast dest: simE)

from Q''Chain P"RelQ" Sim obtain P’ where P''Chain: P —, P’ and
P'RelQ" (P', Q') € Rel
by (blast dest: weakSimTauChain)
from PChain P"'Trans P"Chain have P =—>a<vz> < P’
by (blast dest: Weak-Early-Step-Semantics.chain TransitionAppend)
with P'Rel@’ show 3 P’. P —=sa<va> < P’ A (P’, Q') € Rel by blast
next
assume Q = a < Q'
thus 3P. P = a < P' A (P', Q') € Rel
proof (induct rule: transitionCases)
case Step
have Q —-a < Q' by fact
then obtain Q" Q' where QChain: Q —, Q"
and Q" Trans: Q" —a < Q'
and Q""'Chain: Q"' =, Q'
by (blast dest: transitionFE)

from QChain PRel@ Sim have 3P". P = P" A (P”, Q") € Rel

by (rule weakSimTauChain)
then obtain P’ where PChain: P =, P’ and P"RelQ": (P", Q") € Rel

by blast
from P"'RelQ’ have P"' ~~<Rel> Q" by(rule Sim)
with Q''Trans obtain P’ where P''Trans: P = o < P'"
and P""RelQ"": (P, Q") € Rel
by (blast dest: simE)

have 3P’ P =, P’ A (P’, Q') € Rel using Q'"'Chain P"""RelQ""" Sim
by (rule weakSimTauChain)
then obtain P’ where P’"/Chain: P =, P’ and P’'RelQ": (P’, Q') € Rel
by blast

from PChain P''Trans P'"'Chain have P = o < P’
by (blast dest: chainTransitionAppend)
with P’RelQ’ show ?case by blast
next
case Stay
have P = 7 < P by simp
thus ?case using PRelQ by blast
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qed
qed

lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes PSimQ): P ~<Rel> Q
and RelRel”: Rel C Rel’
and EqutRel’: equt Rel’

shows (perm - P) ~<Rel"> (perm - Q)
proof (induct rule: simCases)
case(Bound Q' a z)
have xFreshP: z § perm - P by fact
have QTrans: (perm « Q) — a<vz> < Q' by fact

hence (rev perm - (perm - Q)) — rev perm - (a<vz> < Q') by(rule equts)
hence Q — (rev perm - a)<v(rev perm - x)> < (rev perm - Q)

by (simp add: name-rev-per)
moreover from zFreshP have (rev perm - z) § P by(simp add: name-fresh-left)
ultimately obtain P’ where PTrans: P =>(rev perm - a)<v(rev perm - z)>

< P’
and P’RelQ": (P, rev perm - Q') € Rel using PSimQ
by (blast dest: simE)

from PTrans have (perm - P) =>(perm - rev perm « a)<v(perm - rev perm -
z)> < perm - P’
by (rule equts)
hence (perm - P) =-a<va> < (perm - P’) by(simp add: name-per-rev)
moreover from P’RelQ’ RelRel’ have (P’, rev perm - Q') € Rel’ by blast
with FqutRel’ have (perm - P’ perm - (rev perm - Q')) € Rel’
by (rule equtRell)
hence (perm - P’, Q') € Rel’ by(simp add: name-per-rev)
ultimately show ?case by blast
next
case(Free Q' «)
have QTrans: (perm - Q) — «a < Q' by fact

hence (rev perm - (perm - Q)) — rev perm - (a < Q') by(rule equts)
hence Q — (rev perm - a) < (rev perm - Q') by(simp add: name-rev-per)
with PSim(Q obtain P’ where PTrans: P = (rev perm - o) < P’
and PRel: (P, (rev perm - Q') € Rel
by (blast dest: simE)

from PTrans have (perm - P) = (perm - rev perm - ) < perm - P’
by (rule Weak-Early-Semantics.equtl)
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hence L1: (perm - P) = « < (perm - P') by(simp add: name-per-rev)
from PRel EqutRel’ RelRel’ have ((perm - P'), (perm - (rev perm - Q'))) € Rel’
by (force intro: equtRell)
hence ((perm - P’), Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
qed

lemma refiezive:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel
shows P ~»<Rel> P
using assms
by (auto intro: Weak-Early-Step-Semantics.single ActionChain

simp add: weakSimulation-def weakFree Transition-def)

lemma transitive:

fixes P ol
and (@ opi
and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes QSimR: Q ~<Rel”> R

and Equt: equt Rel

and Equt'": equt Rel”

and Trans: Rel O Rel’ C Rel”

and  Sim: \S T. (S, T) € Rel = S ~<Rel> T
and  PRelQ: (P, Q) € Rel

shows P ~»<Rel'> R
proof —
from FEqut'’ show ?thesis
proof (induct rule: simCasesCont[where C=Q)])
case(Bound a © R’)
have RTrans: R —a<vz> < R’ by fact
from <z § @» QSimR RTrans obtain Q' where QTrans: Q =—-a<vz> < Q'
and Q'Rel’R": (Q’, R’) € Rel’
by (blast dest: simE)

from Sim Equt PRel@ QTrans <x § P»

obtain P’ where PTrans: P =>a<vz> < P’ and P’'RelQ" (P’, Q') € Rel
by (drule-tac simE2) auto
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moreover from P’'RelQ’ Q'Rel’R’ Trans have (P’, R') € Rel’ by blast
ultimately show ?case by blast
next
case(Free a R’)
have RTrans: R — « < R’ by fact
with QSimR obtain Q' where QTrans: Q = o < Q' and Q'RelR": (Q’,
R") € Rel’
by (blast dest: simFE)
from Sim Equt PRelQ QTrans have 3P'. P = «a < P’ A (P, Q') € Rel
by (blast intro: simE2)
then obtain P’ where PTrans: P = «a < P’ and P'RelQ": (P', Q") € Rel
by blast
from P’RelQ’ Q'RelR’ Trans have (P’, R') € Rel’’ by blast
with PTrans show ?case by blast
qed
qed

lemma strongAppend:
fixes P i
and @ :pi
and R =i
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q): P ~<Rel> Q
and  QSimR: Q ~~[Rell R
and Equt’": equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~»<Rel'> R
proof —
from Equt’’ show ?thesis
proof (induct rule: simCasesCont[where C=Q)])
case(Bound a © R’)
have RTrans: R —a<vz> < R’ by fact
from QSimR RTrans <z § Q> obtain Q' where QTrans: Q —a<vz> < Q'
and Q'Rel’R": (Q’, R’) € Rel’
by (blast dest: Strong-FEarly-Sim.elim)

with PSimQ QTrans <z § P> obtain P’ where PTrans: P —-a<vz> < P’
and P'RelQ" (P', Q') € Rel
by (blast dest: simE)
moreover from P’'RelQ’ Q'Rel’R’ Trans have (P’, R') € Rel’ by blast
ultimately show ?case by blast
next
case(Free a R’)
have RTrans: R — « < R’ by fact
with QSimR obtain @’ where QTrans: Q —a < Q' and Q'RelR" (Q', R
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€ Rel’
by (blast dest: Strong-FEarly-Sim.elim)
from PSim@Q QTrans obtain P’ where PTrans: P = « < P’ and P'RelQ"
(P, Q") € Rel
by (blast dest: simE)
from P’RelQ’ Q'RelR’ Trans have (P’, R') € Rel” by blast
with PTrans show ?case by blast

qed

qed

lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q

shows P ~~»<Rel> @
proof (induct rule: simCases)
case(Bound Q' a x)
have Q —a<vz> < Q' by fact
with PSimQ <z § Py obtain P’ where PTrans: P —a<vz> < P’'and P’'RelQ":
(P, Q') € Rel
by (blast dest: Strong-FEarly-Sim.elim)
from PTrans have P =-a<vz> < P’
by (force intro: Weak-Early-Step-Semantics.singleActionChain simp add: weak-
FreeTransition-def)
with P’RelQ’ show ?case by blast
next
case(Free Q' )
have @ —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P —«a < P’ and P'RelQ’: (P’, Q') €
Rel
by (blast dest: Strong-FEarly-Sim.elim)
from PTrans have P = «a < P'by(rule Weak-Early-Semantics.singleActionChain)
with P’'RelQ)’ show ?case by blast
qed

end
theory Weak-FEarly-Bisim

imports Weak-Early-Sim Strong-FEarly-Bisim
begin

lemma monoAuzr: A C B=— P ~<A> Q — P ~<B> (@
by (auto intro: Weak-Early-Sim.monotonic)

coinductive-set weakBisim :: (pi X pi) set
where
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step: [P ~»<weakBisim> Q; (Q, P) € weakBisim] = (P, Q) € weakBisim
monos monoAuz

abbreviation weakEarlyBisimJudge (infixr <= 65) where P = Q = (P, Q) €
weakBisim

lemma weakBisimCoinductAuz|case-names weakBisim, case-conclusion weakBisim
step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~»<(X U weakBisim)> Q N (Q, P) € X
U weakBisim

shows P ~ ()
proof —
have auz: X U weakBisim = {(P, Q). (P, Q) € X V P =~ Q} by blast

from p show ?thesis
by (coinduct, force dest: step simp add: auzx)
qed

lemma weakBisim WeakCoinductAuz|[case-names weakBisim, case-conclusion weak-
Bisim step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P ~<X> QAN (Q,P)e X

shows P ~ ()
using p
proof(coinduct rule: weakBisimCoinductAuz)

case (weakBisim P)

from step| OF this] show ?Zcase using Weak-Early-Sim.monotonic by blast
qed

lemma weakBisimCoinduct[consumes 1, case-names c¢Sim cSym]:
fixes P :: pi
and Q : pi
and X :: (pi x pi) set

assumes (P, Q) € X
and ARS. (R, S) € X = R ~<(X U weakBisim)> S
and ARS (R, S)eX = (S,R)e X

shows P ~ ()
using assms
by (coinduct rule: weakBisimCoinductAuz) auto

lemma weakBisim WeakCoinduct[consumes 1, case-names cSim cSym):
fixes P :: pi
and Q@ : pi
and X :: (pi x pi) set
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assumes (P, Q) € X
and APQ. (P, Q)€ X = P~<X>Q
and APQ. (P,Q eX = (Q,P)eX

shows P ~ ()
using assms
by (coinduct rule: weakBisim WeakCoinductAuz) auto

lemma weakBisimE:
fixes P :: pi
and Q@ :: pi

assumes P ~ @)

shows P ~»<weakBisim> @
and Q= P

using assms

by (auto dest: weakBisim.cases)

lemma weakBisiml:
fixes P :: pi
and Q@ : pi

assumes P ~»<weakBisim> (@
and Q=~P

shows P ~ ()
using assms
by (auto intro: weakBisim.intros)

lemma egut[simp]:
shows equt weakBisim
proof(auto simp add: equt-def)
let ?X = {z. 3P Q (perm::name prm). P = Q N = = (perm - P, perm - Q)}
fix P Q
fix perm::name prm
assume PBiSimQ): P ~ @

hence (perm - P, perm - Q) € ?X by blast
moreover have AP Q perm::name prm. [P ~»<weakBisim> Q] = (perm - P)
~<ZX> (perm - Q)
proof —
fix P Q)
fix perm::name prm
assume P ~»<weakBisim> @

moreover have weakBisim C ¢X
proof (auto)
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fix P Q

assume P =~ ()

moreover have P = ([J::name prm) - P and Q = ([]::name prm) - Q by
auto

ultimately show 3P’ Q’. P’ = Q' A (3 (perm::name prm). P = perm - P’
A Q = perm - Q')

by blast
qed

moreover have equt ?X
proof (auto simp add: equt-def)
fix P Q
fix permI::name prm
fix perm2::name prm

assume P ~ @)

moreover have perml! - perm2 - P = (perml @Q perm2) - P by(simp add:
pt2[OF pt-name-inst])

moreover have perml - perm2 - Q = (perml Q perm2) - @ by(simp add:
pt2|OF pt-name-inst])

ultimately show 3P’ Q'. P’ =~ Q' A (3 (perm::name prm). perml - perm?2
- P = perm - P’ A
perml - perm2 - Q = perm - Q)
by blast
qged

ultimately show (perm - P) ~»<?X> (perm - Q)
by (rule Weak-Early-Sim.equtl)
qed

ultimately show (perm - P) =~ (perm - Q) by(coinduct rule: weakBisim Weak-
CoinductAuz, blast dest: weakBisimE)
qed

lemma equtl|equt]:
fixes P :: pi
and Q@ : pi
and perm :: name prm

assumes P ~ @)

shows (perm « P) =~ (perm - Q)
using assms
by (rule equtRell[OF equt])
lemma strongBisim WeakBisim:

fixes P :: pi
and Q@ : pi
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assumes P ~ (@

shows P ~ ()
proof —
from (P ~ > show ?%thesis
proof(coinduct rule: weakBisim WeakCoinduct)
case(cSim P Q)
from (P ~ @ have P ~~[bisim] Q by(rule bisimFE)
thus P ~»<bisim> @ by(rule strongSimWeakSim)
next
case(cSym P Q)
thus ?case by(rule bisimFE)
qed
qed

lemma refiezive:

fixes P :: pi
shows P ~ P
proof —

have (P, P) € Id by simp
thus ?thesis
by (coinduct rule: weakBisimCoinduct) (auto intro: Weak-Early-Sim.reflexive)
qed

lemma symetric:
fixes P :: pi
and Q : pi
assumes P ~ @)
shows ) =~ P

using assms

by (auto dest: weakBisimFE)

lemma transitive:

fixes P :: pi

and @ : pi

and R : pi

assumes P ~ @)

and Q~R

shows P =~ R
proof —

let ?X = weakBisim O weakBisim
from assms have (P, R) € ?X by blast
thus ?2thesis
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proof (coinduct rule: weakBisimCoinduct)
case(cSim P R)
from (P, R) € ?X» obtain () where P =~  and @ ~ R by auto
from «Q ~ R» have Q ~~<weakBisim> R by(rule weakBisimE)
moreover have equt ?X by auto
moreover have ?X C ?X by simp
ultimately show P ~»<(?X U weakBisim)> R using weakBisimE(1) <P =~
o
by (rule-tac Weak-Early-Sim.transitive) auto
next
case(cSym P R)
thus ?case by(auto dest: symetric)
qed
qed

lemma weakBisim WeakUpto|case-names cSim cSym, consumes 1]:
assumes p: (P, Q) € X
and FEqut: equt X
and rSim: AP Q. (P, Q) € X = P ~<(weakBisim O X O bisim)> @
and rSym: A P Q. (P, Q) e X = (Q, P) e X

shows P ~ ()
proof —
let ?X = weakBisim O X O weakBisim
let ?Y = weakBisim O X O bisim
from FEqut equt have equt ?X by blast
from Strong-Farly-Bisim.equt Equt equt have equt ?Y by blast

from (P, Q) € X» have (P, Q) € ?X by(blast intro: Strong-FEarly-Bisim.reflexive
reflezive)
thus ?thesis
proof(coinduct rule: weakBisim WeakCoinduct)
case(cSim P Q)
{
fix PP’ Q' Q
assume P ~ P’and (P/, Q') € X and Q' = @
from «Q' =~ Q> have Q' ~~<weakBisim> Q by(rule weakBisimFE)
moreover note <equt ?Y) <equt ?2X)
moreover have ?Y O weakBisim C ?X by(blast dest: strongBisim WeakBisim
transitive)
moreover {
fix P Q)
assume (P, Q) € ?Y
then obtain P’ Q' where P ~ P’ and (P’, Q') € X and Q' ~ @ by auto
from «(P’, Q') € X) have P’ ~~<?Y> Q' by(rule rSim)
moreover from Q' ~ @ have Q' ~~[bisim] Q by(rule bisimE)
moreover note <equt ?Y>
moreover have ?Y O bisim C ?Y by(auto dest: Strong-Early-Bisim.transitive)
ultimately have P’ ~~<?Y> @ by(rule strongAppend)
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moreover note <P ~ P’
moreover have weakBisim O ?Y C ?Y by(blast dest: transitive)
ultimately have P ~~<?Y> () using weakBisimE(1) equt <equt ?Y>
by (rule-tac Weak-Early-Sim.transitive)
}
moreover from ((P’, Q) € X»> have (P’, Q') € ?Y by(blast intro: reflexive
Strong-Early-Bisim.reflexive)
ultimately have P’ ~~<?X> Q by(rule Weak-Early-Sim.transitive)
moreover note (P ~ P’
moreover have weakBisim O ?X C ?X by(blast dest: transitive)
ultimately have P ~~<?X> @) using weakBisimE(1) equt <equt ?X>
by (rule-tac Weak-Early-Sim.transitive)

with «(P, Q) € ?X» show ?case by auto
next
case(cSym P Q)
thus Zcase
apply auto
by (blast dest: bisimE rSym weakBisimE)
qed
qed

lemma weakBisimUpto[case-names c¢Sim cSym, consumes 1]:

assumes p: (P, Q) € X

and Fqut: equt X

and rSim: AR S. (R, S) € X = R ~<(weakBisim O (X U weakBisim) O
bisim)> S

and rSym: AR S. (R, S) e X = (S, R) € X

shows P ~ ()
proof —
from p have (P, Q) € X U weakBisim by simp
thus ?thesis using Equt
apply(coinduct rule: weakBisim WeakUpto)
apply(auto dest: rSim rSym weakBisimE)
apply(rule Weak-FEarly-Sim.monotonic)
apply (blast dest: weakBisimFE)
apply(auto simp add: relcomp-unfold)
by (metis reflexive Strong-FEarly-Bisim.reflexive transitive)
qed

lemma transitive-coinduct-weak[case-names cSim cSym, consumes 21
assumes p: (P, Q) € X
and Fqut: equt X
and rSim: AP Q. (P, Q) € X = P ~<(bisim O X O bisim)> Q
and rSym: A P Q. (P, Q) € X = (Q, P) € bisim O X O bisim

shows P ~ ()
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proof —
let ?X = bisim O X O bisim
from «(P, Q) € X» have (P, Q) € ?X by(blast intro: Strong-Early-Bisim.reflexive)
thus ?thesis
proof (coinduct rule: weakBisim WeakCoinduct)
case(cSim P Q)
{
fix PP' Q' Q
assume PBisimP’: P ~ P’
assume P'SimQ": P’ ~<?X> Q'
assume Q'Sim@Q: Q' ~~[bisim] Q

have P ~<?X> @
proof —
have P/ ~<?X> @
proof —
have ?X O bisim C ?X by(blast intro: Strong-Early-Bisim.transitive)
moreover from Strong-Farly-Bisim.equt Equt have equt ?X by blast
ultimately show ?thesis using P’SimQ’ Q'Sim@Q
by (rule-tac strongAppend)
qged
moreover have equt bisim by (rule Strong-Early-Bisim.equt)
moreover from Strong-FEarly-Bisim.equt Equt have equt ?X by blast
moreover have bisim O ?X C ?X by(blast intro: Strong-Early-Bisim.transitive)
moreover have AP Q. P ~ Q = P ~<bisim> @ by(blast dest:
Strong-Early-Bisim.bisimE strongSim WeakSim,)
ultimately show ?thesis using PBisimP' by (rule Weak-Early-Sim.transitive)
qed
}
thus ?case using (P, Q) € ?X» rSim by (blast dest: Strong-Early-Bisim.bisimE)
next
case(cSym P Q)
{
fix PP Q' Q
assume P ~ P’'and (P, Q') € X and Q' ~ @
from «(P’, Q') € X» have (Q’, P') € ?X by(rule rSym)
with «(P ~ P «Q' ~ @ have (@, P) € ?X
apply auto
apply(drule-tac Strong-Early-Bisim.bisimE(2))
apply(drule Strong-Early-Bisim.transitivelwhere Q=P’])
apply assumption
apply (drule-tac Strong-Early-Bisim.bisimE(2))
apply(drule Strong-FEarly-Bisim.transitivelwhere Q=Q])
apply assumption
by auto
}
thus ?case using (P, Q) € ?X» by auto
qged
qed
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end

theory Weak-Early-Step-Sim
imports Weak-Early-Sim Strong-FEarly-Sim
begin

definition weakStepSimulation :: pi = (pi X pi) set = pi = bool (- ~>«-» -
[80, 80, 80] 80) where
P ~~¢Rely Q=(VQ az. Q—a<vz>~< Q' — zf P— (IP'. P =a<vz>
< P'AN (P, Q) € Rel)) A
VQ a. Q—a<Q — (IP. P =a <P N (P, Q)€
Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B : (pi x pi) set
and P : pi
and P’: pi

assumes P ~~«A» P’
and ACB

shows P ~»«B» P’
using assms

by (simp add: weakStepSimulation-def) blast

lemma simCasesCont[consumes 1, case-names Bound Free]:

fixes P : pi

and @ :: pi

and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes FEqut: equt Rel

and Bound: Naz Q' [z 8 C; Q — a<vaz> < Q] = IP". P = a<vz>
< P'A (P, Q') € Rel

and Free: Na Q. Q+— a< Q' = IP.P= a <P A (P, Q') € Rel

shows P ~»«Rel» @
proof —
from Free show ?thesis
proof(auto simp add: weakStepSimulation-def)
fix Q' ax
assume zFreshP: (z::name) § P
assume Trans: Q — a<va> < Q'
have J c::name. ¢ § (P, Q', z, C) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ P and cFreshQ': ¢4 Q' and cFreshC:
ct C

and cineqx: ¢ # x
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by (force simp add: fresh-prod)

from Trans cFresh@’ have Q — a<ve> < ([(z, ¢)] - Q) by(simp add:
alphaBound Output)
with cFreshC have 3P’. P = a<ve> < P’ A (P, [(z, ¢)] - Q') € Rel
by (rule Bound)
then obtain P’ where PTrans: P = a<vc¢> < P’ and P'Rel@": (P, [(z,
¢)] - Q') € Rel
by blast

from PTrans <z § Py <¢ # z» have P =ra<vz> < ([(z, ¢)] - P’
by (simp add: weakTransitionAlpha name-swap)

moreover from Equt P'Rel@’ have ([(z, ¢)] - P’, [(z, ¢)] - [(z, ¢)] - Q") € Rel
by (rule equtRell)

with «¢ # z» have ([(z, ¢)] - P/, Q') € Rel

by simp
ultimately show 3 P’. P =sa<vz> < P’ A (P’, Q') € Rel by blast
qed
qed
lemma simCases[consumes 0, case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Aa z Q. [Q — a<vz> < Q; 2§ P] = 3P P = a<vz> < P’
A (P, Q') € Rel
and Ao Q. Q+—a<Q = 3IP.P= a<P' AN(P, Q) € Rel

shows P ~»«Rel» @
using assms

by (auto simp add: weakStepSimulation-def)

lemma simkFE:

fixes P :: pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and z : name

and Q' :: pi

assumes P ~»«Rel» @

shows @ —ra<vz> < Q'= z§ P = 3P". P =a<vz> < P'AN (P, Q') €
Rel

and Qr—a < Q' = IP. P=a <P’ AN (P, Q) € Rel
using assms by(simp add: weakStepSimulation-def )+
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lemma simE2:

fixes P :: pi

and Rel :: (pi x pi) set
and @ = pi

and a :: name

and =z : name

and Q' :: pi

assumes PSim@: P ~«Rel» @

and Sim: AR S. (R, S) € Rel = R ~»<Rel> S
and Equt: equt Rel

and  PRelQ: (P, Q) € Rel

shows ) =—=a<vz> < Q' = 2§ P = 3P P =a<vz> < P'AN (P, Q') €
Rel

and Q =—=a < Q' = IP. P =a < P' AN (P, Q) € Rel
proof —

assume QTrans: Q =—a<vz> < Q'

assume z § P

from QTrans obtain Q' Q"' where QChain: Q —, Q"
and Q" Trans: Q" —a<vz> < Q'
and Q"'Chain: Q"' =, Q'
by (blast dest: transitionFE)

from QChain PRel@ Sim have 3P". P =, P"" A (P, Q") € Rel
by (rule weakSim TauChain)
then obtain P’ where PChain: P =, P’ and P"RelQ": (P", Q") € Rel by
blast
from PChain <z § P) have zFreshP': = § P by(rule freshChain)

from P RelQ’” have P" ~~<Rel> Q" by(rule Sim)
with Q"' Trans zFreshP' obtain P’ where P’ Trans: P —-a<vz> < P'"
by (blast dest: Weak-Early-Sim.simE)

have 3P’ P =, P' A (P, Q') € Rel using Q"'Chain P'"RelQ""" Sim
by (rule weakSim TauChain)
then obtain P’ where P'"'Chain: P""" =, P’'and P'RelQ" (P’, Q') € Rel by
blast

from PChain P Trans P'"'Chain have P =—a<vz> < P’
by (blast dest: Weak-Early-Step-Semantics.chainTransitionAppend)
with P'Rel@’ show 3P’ P — a<vz> < P' AN (P, Q') € Rel
by blast
next
assume Q —a < Q'

then obtain Q" Q' where QChain: Q@ =, Q"'
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and Q"'Trans: Q" ——a < Q"'
and Q''Chain: Q" =, Q'
by (blast dest: transitionFE)
from QChain Q"' Trans Q''Chain show 3P’ P =a < P' A (P’, Q') € Rel
proof (induct arbitrary: o Q""" Q' rule: tauChainInduct)
case id
from PSimQ «Q —a < Q""» have 3P". P =«a < P' A (P', Q") € Rel
by (blast dest: simFE)
then obtain P’ where PTrans: P =>a < P’ and P'RelQ"": (P", Q") €
Rel
by blast

have 3P’ P =, P' A (P, Q') € Rel using «Q""" =, Q"> P'RelQ""" Sim
by (rule Weak-Early-Sim.weakSimTauChain)
then obtain P’ where P'"'Chain: P —>, P’ and P’'RelQ": (P’, Q') € Rel
by blast

from P’’Chain PTrans have P =—a < P’
by (blast dest: Weak-FEarly-Step-Semantics.chainTransitionAppend)

with P'Rel)’ show ?case by blast
next
case(ih Q""" Q" a Q" Q')
have Q"' =, Q' by simp
with <Q""" —7 < Q' obtain P where PChain: P —7 < P’ and
P"RelQ": (P", Q") € Rel
by (drule-tac ih) auto

from P”Rel@" have P' ~~<Rel> Q' by(rule Sim)
hence 3P"". P = a < P"" A (P, Q") € Rel using Q" —a < Q"""
by (rule Weak-FEarly-Sim.simE)
then obtain P'"’ where P''Trans: P —= o < P'"
and P"RelQ"": (P, Q"") € Rel
by blast
from «Q"' =, Q"> P'"RelQ"" Sim have 3P’. P =, P’ A (P’, Q') € Rel
by (rule Weak-FEarly-Sim.weakSim TauChain)
then obtain P’ where P'''Chain: P =, P’
and P'RelQ": (P’, Q) € Rel
by blast
from PChain P''Trans have P =« < P
apply(auto simp add: freeTransition-def weakFree Transition-def)
apply (drule tauActTauChain, auto)
by (rule-tac x=P'"aa in exl) auto
hence P =« < P’ using P'"'Chain
by (rule Weak-Early-Step-Semantics.chainTransitionAppend)
with P’RelQ’ show ?case by blast
qed
qed
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lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set
and perm :: name prm

assumes PSim@Q): P ~»«Rel» @
and RelRel”: Rel C Rel’
and  EqutRel’: equt Rel’

shows (perm - P) ~>«Rel’y (perm - Q)
proof (induct rule: simCases)
case(Bound a = Q)
have zFreshP: x § perm - P by fact
have QTrans: (perm - Q) — a<vz> < Q' by fact

hence (rev perm - (perm - Q)) — rev perm « (a<vz> < Q') by(rule equt)
hence Q — (rev perm « a)<v(rev perm - x)> < (rev perm + Q')

by (simp add: name-rev-per)
moreover from xzFreshP have (rev perm - z) § P by(simp add: name-fresh-left)
ultimately obtain P’ where PTrans: P = (rev perm - a)<v(rev perm - z)>

< P’
and P'RelQ": (P’, rev perm - Q') € Rel using PSimQ)
by (blast dest: simE)

from PTrans have (perm - P) =>(perm - rev perm - a)<v(perm - rev perm -
z)> < perm - P’
by (rule Weak-Early-Step-Semantics.equtl)
hence L1: (perm - P) = a<vz> < (perm - P') by(simp add: name-per-rev)
from P’RelQ’ RelRel’ have (P’, rev perm - Q') € Rel’ by blast
with EqutRel’ have (perm - P’ perm - (rev perm - Q')) € Rel’
by (rule equtRell)
hence (perm - P, Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
next
case(Free a Q)
have QTrans: (perm - Q) — a < Q' by fact

hence (rev perm - (perm - Q)) — rev perm « (o < Q') by(rule equts)
hence Q — (rev perm - a) < (rev perm - Q') by(simp add: name-rev-per)
with PSim(@ obtain P’ where PTrans: P = (rev perm - o) < P’
and PRel: (P, (rev perm - Q")) € Rel
by (blast dest: simE)

from PTrans have (perm - P) =>(perm - rev perm - ) < perm - P’
by (rule Weak-Early-Step-Semantics.equtl)

hence L1: (perm - P) = a < (perm - P’) by(simp add: name-per-rev)

from PRel EqutRel’ RelRel’ have ((perm - P'), (perm - (rev perm - Q’))) € Rel’
by (force intro: equtRell)
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hence ((perm - P’), Q') € Rel’ by(simp add: name-per-rev)
with L1 show ?case by blast
qed

lemma reflexive:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~»«Rel» P

using assms

by (auto intro: Weak-FEarly-Step-Semantics.singleActionChain
simp add: weakStepSimulation-def weakFree Transition-def)

lemma transitive:
fixes P i
and @ :pi

and R =i

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q): P ~~«Rel» @

and QSimR: Q ~~«Rel’» R

and Equt: equt Rel

and  Equt’": equt Rel”

and Trans: Rel O Rel’ C Rel’

and  Sim: AST. (S, T) € Rel = S ~»<Rel> T
and  PRel@: (P, Q) € Rel

shows P ~»«Rel”» R
proof —

from Equt'’ show ?thesis

proof (induct rule: simCasesContlof - (P, Q)])
case(Bound a © R’)
have z £ (P, Q) by fact
hence zFreshP: z § P and zFreshQ: z § Q by(simp add: fresh-prod)+
have RTrans: R —a<vz> < R’ by fact
from zFreshQ) QSimR RTrans obtain @’ where QTrans: Q — a<vz> < Q'

and Q'Rel’R": (Q’, R’) € Rel’
by (blast dest: simE)

with PSimQ Sim Equt PRelQ QTrans xFreshP have 3 P'. P = a<vz> < P’
A (P, Q") € Rel
by (blast intro: simE2)
then obtain P’ where PTrans: P = a<vz> < P’ and P’RelQ" (P, Q') €
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Rel by blast
moreover from P’RelQ’ Q'Rel’R’ Trans have (P’, R') € Rel” by blast
ultimately show ?case by blast
next
case(Free a R’)
have RTrans: R — «a < R’ by fact
with QSimR obtain @' where QTrans: Q — o < Q' and Q'RelR" (Q', R’)
€ Rel’
by (blast dest: simE)
from PSim@Q Sim Equt PRelQ QTrans have 3P'. P — a < P' A (P/, Q') €
Rel
by (blast intro: simE2)
then obtain P’ where PTrans: P = « < P’ and P’'RelQ": (P’, Q') € Rel
by blast
from P’RelQ’ Q'RelR’ Trans have (P’, R') € Rel” by blast
with PTrans show ?case by blast

qed

qed

lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q

shows P ~»«Rel» @
proof (induct rule: simCases)
case(Bound a = Q)
have Q —a<vz> < Q' and z f P by fact+
with PSim@ obtain P’ where PTrans: P —a<vz> < P’ and P’RelQ": (P/,
Q") € Rel
by (blast dest: Strong-FEarly-Sim.elim)
from PTrans have P —-a<vz> < P’
by (force intro: Weak-Early-Step-Semantics.single ActionChain simp add: weak-
FreeTransition-def)
with P’RelQ’ show ?case by blast
next
case(Free a Q')
have Q —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P —a < P’ and P’RelQ’: (P, Q') €
Rel
by (blast dest: Strong-FEarly-Sim.elim)
from PTrans have P =« < P’ by(rule Weak-Early-Step-Semantics.singleActionChain)
with P'RelQ’ show ?case by blast
qed

lemma weakSim WeakEqSim:
fixes P :: pi
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and @ ::pi
and Rel :: (pi x pi) set

assumes P ~~«Rel» Q

shows P ~»<Rel> @
using assms
by (force simp add: weakStepSimulation-def Weak- Early-Sim.weakSimulation-def weak-
FreeTransition-def)

end

theory Weak-Early-Cong
imports Weak-Early-Bisim Weak-FEarly-Step-Sim Strong-FEarly-Bisim
begin

definition weakCongruence :: pi = pi = bool (infixr (>~ 65)
where P ~ @ = P ~~«weakBisim» Q N Q ~>«weakBisim» P

lemma weakConglSym|[consumes 1, case-names cSym cSim]:
fixes P :: pi
and Q@ : pi

assumes Prop P
and ARS. Prop RS = Prop SR
and ARS. Prop RS = (F R) ~«weakBisim» (F S)

shows F P~ F @
using assms
by (auto simp add: weakCongruence-def)

lemma weakCongISym2|[consumes 1, case-names c¢Sim]:
fixes P :: pi
and @ : pi

assumes P ~ @
and ARS. R~ S = (F R) ~«weakBisim» (F S)

shows F P~ F @
using assms
by (auto simp add: weakCongruence-def)

lemma weakCongEFE:
fixes P :: pi
and Q : pi

and s :: (name x name) list

assumes P ~ @)
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shows P ~~«weakBisim» Q
and @ ~«weakBisim» P
using assms
by (auto simp add: weakCongruence-def)

lemma weakCongl:
fixes P :: pi
and Q : pi

assumes P ~»«weakBisim» Q
and Q ~~«weakBisim» P

shows P ~ ()
using assms
by (auto simp add: weakCongruence-def)

lemma equtl[equt]:
fixes P :: pi
and Q : pi
and p :: name prm

assumes P ~ (@

shows (p - P) ~ (p - Q)
using assms
by (auto simp add: weakCongruence-def intro: equtl)

lemma strongBisim WeakCong:
fixes P :: pi
and Q : pi

assumes P ~ (@

shows P ~ ()
proof —
have AP Q. P ~[bisim] Q = P ~~«weakBisim» Q
proof —
fix P Q
assume P ~~[bisim] Q
hence P ~«bisim» @ by(rule Weak-Early-Step-Sim.strongSim WeakSim)
moreover have bisim C weakBisim
by (auto intro: strongBisim WeakBisim)
ultimately show P ~«weakBisim» Q by(rule Weak-Early-Step-Sim.monotonic)
qed
with assms show ?thesis
by (blast intro: weakCongl dest: Strong-FEarly-Bisim.bisimE)
qed

lemma congruence WeakBisim:
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fixes P :: pi
and Q : pi

assumes P ~ ()

shows P ~ ()

using assms

proof —
let ?2X ={(P, Q)| PQ. P~Q}
from assms have (P, Q) € ?X by simp
thus ?thesis
proof (induct rule: weakBisimCoinduct)

case(cSim P Q)

fix P Q
assume P ~ (@)
hence P ~-«weakBisim» @Q by(simp add: weakCongruence-def)
hence P ~~«(?X U weakBisim)» @Q by (rule-tac Weak-Early-Step-Sim.monotonic)
auto
hence P ~<(?X U weakBisim)> @Q by(rule weakSimWeakEqSim)

with (P, Q) € ?2X» show ?Zcase by auto
next
case(cSym P Q)
thus ?case by(auto simp add: weakCongruence-def)

qged

qged

lemma reflexive:
fixes P :: pi
shows P ~ P

proof —

from Weak-Early-Bisim.reflexive have AP. P ~»«weakBisim» P
by (blast intro: Weak-Early-Step-Sim.reflexive)
thus ?thesis
by (force simp add: substClosed-def weakCongruence-def)
qged

lemma symetric:
fixes P :: pi
and Q : pi
assumes P ~ (@
shows @ ~ P

using assms
by (force simp add: substClosed-def weakCongruence-def)
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lemma transitive:

fixes P :: pi

and Q : pi

and R : pi

assumes P ~ (@

and Q~R

shows P ~ R
proof —

have Goal: AP Q R. [P ~«weakBisim» Q; Q ~»«weakBisim» R; P ~ Q] =
P ~s«weakBisim» R
using Weak-FEarly-Bisim.equt Weak-Early-Bisim.weakBisimE Weak-Early-Bisim.transitive
by (blast intro: Weak-Early-Step-Sim.transitive)
from assms show ?thesis
apply(simp add: weakCongruence-def) using assms
by (blast intro: Goal dest: congruence WeakBisim symetric)
qed

end

theory Weak-FEarly-Bisim-Subst
imports Weak-Early-Bisim Strong-Early-Bisim-Subst
begin

consts weakBisimSubst :: (pi x pi) set
abbreviation weakEarlyBisimSubstJudge (infixr <=%) 65) where P ~° @ = (P,
Q) € (substClosed weakBisim)

lemma congBisim:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows P ~ @)
using assms substClosedSubset
by blast

lemma strongBisim WeakBisim:
fixes P :: pi
and Q : pi
assumes P ~° ()
shows P ~° @

using assms
by (auto simp add: substClosed-def intro: strongBisim WeakBisim,)
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lemma equt:
shows equt (substClosed weakBisim)
by (rule equtSubstClosed| OF Weak-Early-Bisim.equt])

lemma equtl|[equt]:
fixes P :: pi
and Q@ : pi
and perm :: name prm

assumes P =% ()

shows (perm - P) ~*° (perm - Q)
using assms
by (rule equtRell[OF equt])

lemma refiezive:
fixes P :: pi

shows P ~° P
by (force simp add: substClosed-def intro: Weak-Early-Bisim.reflexive)

lemma symetric:
fixes P :: pi
and Q : pi
assumes P =% ()
shows @ ~° P
using assms

by (force simp add: substClosed-def intro: Weak-Early-Bisim.symetric)

lemma transitive:

fixes P :: pi
and @ : pi
and R : pi

assumes P =% ()
and Q~°R

shows P =° R
using assms
by (force simp add: substClosed-def intro: Weak-FEarly-Bisim.transitive)

lemma partUnfold:
fixes P :: pi
and Q@ : pi

and s : (name X name) list

assumes P ~° @)
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shows P[<s>] ~° Q[<s>]
using assms
proof(auto simp add: substClosed-def)
fix s’
assume V5. P[<s>] =~ Q[<s>]
hence P[<(sQs")>] = Q[<(sQs")>] by blast
moreover have P[<(sQs’)>] = (P[<s>])[<s">]
by (induct s’, auto)
moreover have Q[<(sQs")>] = (Q[<s>])[<s">]
by (induct s', auto)

ultimately show (P[<s>])[<s">] = (Q[<s>])[<s">]
by simp
qed

end

theory Weak-Early-Cong-Subst
imports Weak-Early-Cong Weak-Early-Bisim-Subst Strong-FEarly-Bisim-Subst
begin

consts congruenceSubst :: (pi X pi) set

definition weakCongruenceSubst (infixr «~*) 65) where P ~°* Q) =Vo. P[<o>]
~ Q[<o>]

lemma unfoldE:
fixes P :: pi
and Q : pi
and s :: (name x name) list

assumes P ~° ()

shows P[<s>] ~«weakBisim» Q[<s>]

and Q[<s>] ~«weakBisimy P[<s>]
proof —

from assms show P[<s>] ~>«weakBisim» Q[<s>] by(simp add: weakCongru-
enceSubst-def weakCongruence-def)
next

from assms show Q[<s>] ~>«weakBisimy» P[<s>] by(simp add: weakCongru-
enceSubst-def weakCongruence-def)
qed

lemma unfoldl:
fixes P :: pi
and Q : pi

assumes \s. P[<s>]| ~»«weakBisim» Q[<s>]
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and  As. Q[<s>] ~«weakBisimy» P[<s>]

shows P ~° @
using assms
by (simp add: weakCongruenceSubst-def weakCongruence-def)

lemma weakCongWeakFEq:
fixes P :: pi
and Q : pi

assumes P ~° ()

shows P ~ ()
using assms
apply(simp add: weakCongruenceSubst-def weakCongruence-def)
apply (erule-tac =[] in allE)
by auto

lemma equtl:
fixes P :: pi
and Q@ : pi
and p :: name prm

assumes P ~° @)

shows (p - P) ~* (p - Q)
proof(simp add: weakCongruenceSubst-def, rule alll)

fix s

from assms have P[<(rev p « 5)>] ~ Q[<(rev p - s)>]| by(auto simp add:
weakCongruenceSubst-def)

thus (p - P)[<s>] =~ (p - Q)[<s>] by(drule-tac p=p in Weak-FEarly-Cong.equtl)
(simp add: equts name-per-rev)

qed

lemma strongEqWeakCong:
fixes P :: pi
and Q@ :: pi

assumes P ~% ()

shows P ~° @
using assms
by (auto intro: strongBisimWeakCong simp add: substClosed-def weakCongruence-
Subst-def)

lemma congSubstBisimSubst:

fixes P :: pi
and Q@ : pi
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assumes P ~° ()

shows P ~° @
using assms
by (auto intro: congruence WeakBisim simp add: substClosed-def weakCongruence-
Subst-def)

lemma refiexive:

fixes P :: pi
shows P ~° P
proof —

from Weak-Early-Bisim.reflexive have AP. P ~»«weakBisim» P
by (blast intro: Weak-Early-Step-Sim.reflexive)
thus ?thesis
by (force simp add: weakCongruenceSubst-def weakCongruence-def)
qed

lemma symetric:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows @ ~° P
using assms by(auto simp add: weakCongruenceSubst-def weakCongruence-def)

lemma transitive:

fixes P :: pi
and Q : pi
and R : pi

assumes P ~° ()
and Q~R

shows P ~° R
using assms by (auto simp add: weakCongruenceSubst-def intro: Weak-Early-Cong.transitive)

lemma partUnfold:
fixes P :: pi
and Q : pi
and s :: (name x name) list

assumes P ~° ()
shows P[<s>] ~° Q[<s>]
using assms

proof(auto simp add: weakCongruenceSubst-def)
fix s’
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assume Vs. P[<s>] >~ Q[<s>]

hence P[<(sQs’)>] ~ Q[<(sQs’)>] by blast

moreover have P[<(sQs’)>] = (P[<s>])[<s">]
by (induct s', auto)

moreover have Q[<(sQs")>] = (Q[<s>])[<s">]
by (induct s', auto)

ultimately show (P[<s>])[<s">] ~ (Q[<s>])[<s">]
by simp
qed

end

theory Weak-FEarly-Step-Sim-Pres
imports Weak-Early-Step-Sim
begin

lemma tauPres:
fixes P : pi
and @ :pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~»«Rel» 7.(Q)
proof (induct rule: simCases)
case(Bound a x Q')
have 7.(Q) —ra<vz> < Q' by fact
hence Fulse by (induct rule: tauCases’, auto)
thus “case by simp
next
case(Free a Q')
have 7.(Q) —(a < Q') by fact
thus Zcase
proof (induct rule: tauCases’, auto simp add: pi.inject residual.inject)
have 7.(P) = 7 < P by(rule Weak-Early-Step-Semantics. Tau)
with PRel@ show 3P’. 7.(P) = 7 < P’ A (P’, Q) € Rel by blast
qed

qed

lemma inputPres:
fixes P :: pi
and z :: name
and @ :pi
and a :: name

and Rel :: (pi X pi) set

assumes PRelQ: Vy. (Plz::=y], Qlz::=y]) € Rel
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and Equt: equt Rel

shows a<z>.P ~~«Rely a<z>.Q
using Fqut
proof (induct rule: simCasesContlwhere C=(z, a, P, Q)])
case(Bound b y Q')
from <y § (z, a, P, Q) have y Zxy #ayf Pyt Q by simp+
from (a<z>.Q —b<vy> < Q) <y # @ Yy # 1 <y § @ show ?case
by (erule-tac inputCases”) auto
next
case(Free a Q)
from <a<z>.Q — a < Q)
show ?Zcase
proof (induct rule: inputCases)
case(cInput u)
have a<z>.P = (a<u>) < (Plr:=ul)
by (rule Weak-Early-Step-Semantics. Input)
moreover from PRel() have (P[z:=u|, Q[z:=u]) € Rel by auto
ultimately show ?case by blast

qed

qed

lemma outputPres:
fixes P : pi
and @ :pi
and a :: name
and b : nmame

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows a{b}.P ~>«Rel» a{b}.Q
proof (induct rule: simCases)
case(Bound ¢ z Q')
have a{b}.Q —c<vz> < Q' by fact
hence Fualse by (induct rule: outputCases’, auto)
thus ?case by simp
next
case(Free a Q)
have a{b}.Q —a < Q' by fact
thus 3P’ a{b}.P = a < P’ A (P’, Q') € Rel
proof (induct rule: outputCases’, auto simp add: pi.inject residual.inject)
have a{b}.P = a[b] < P by(rule Weak-FEarly-Step-Semantics. Output)
with PRel@ show 3P’ a{b}.P = a[b] < P’ A (P’, Q) € Rel by blast
qed
qed

lemma matchPres:
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fixes P :: pi

and @ :pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~»«Rel» @
and RelRel”: Rel C Rel’

shows [a—~b]P ~>«Rel’» [a—~b]Q
proof (induct rule: simCases)

case(Bound ¢ z Q')
have z § [a—~b]P by fact
hence xFreshP: (z::name) § P by simp
have [a—~b]Q —c<vz> < Q' by fact
thus ?case
proof (induct rule: matchCases)

case Match

have Q —c<vz> < Q' by fact

with PSimQ xFreshP obtain P’ where PTrans: P —c<vz> < P’
and P'RelQ": (P’, Q) € Rel

by (blast dest: simE)

from PTrans have [a—~a|P = c<vz> < P’ by(rule Weak-Early-Step-Semantics. Match)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast

ultimately show ?case by blast
qed
next
case(Free a Q)
have [a—~b]Q —a < Q' by fact
thus ?case
proof (induct rule: matchCases)
case Match
have Q — a < Q' by fact

with PSim@ obtain P’ where PTrans: P =—>a < P’ and PRel: (P, Q') €

Rel
by (blast dest: simE)

from PTrans have [a—~a]|P =>a < P’ by(rule Weak-Early-Step-Semantics. Match)

with RelRel’ PRel show ?case by blast

qed

qed

lemma mismatchPres:
fixes P :: pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
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assumes PSim@Q): P ~»«Rel» @
and RelRel”: Rel C Rel’

shows [a#b]P ~«Rel’» [a#£b]Q
proof (induct rule: simCases)
case(Bound ¢ z Q)
have z § [a#b]P by fact
hence xFreshP: (z::name) § P by simp
have [a#b|Q —c<vz> < Q' by fact
thus ?Zcase
proof (induct rule: mismatchCases)
case Mismatch
have aineqb: a # b by fact
have Q —c<vz> < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P =—>c<vz> < P’
and P’'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans ainegb have [a#£b P =>c<va> < P’ by(rule Weak-Early-Step-Semantics. Mismatch)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ?case by blast
qed
next
case(Free a Q)
have [a#£b]Q —a < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case Mismatch
have Q —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P =« < P’ and PRel: (P, Q) €
Rel
by (blast dest: simE)
from PTrans <a # b> have [a#b|P =a < P’ by(rule Weak-Early-Step-Semantics. Mismatch)
with RelRel’ PRel show ?case by blast

qed

qed

lemma sumPres:
fixes P :: pi
and Q : pi
and R : pi

assumes PSim@Q): P ~~«Rel» @
and RelRel”: Rel C Rel’
and C: Id C Rel’

shows P @ R ~«Rel’» Q ® R

proof (induct rule: simCases)
case(Bound a x Q')
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have z §f P ® R by fact
hence zFreshP: (z::name) § P and zFreshR: x § R by simp+
have Q ® R —a<vz> < Q' by fact
thus ?case
proof (induct rule: sumCases)
case Suml
have Q —a<vz> < Q' by fact
with xzFreshP PSim(@Q obtain P’ where PTrans: P =—>a<vz> < P’ and
P'RelQ": (P, Q') € Rel
by (blast dest: simE)
from PTrans have P ® R =>a<vx> < P’ by(rule Weak-Early-Step-Semantics.Sum1)
moreover from P’'RelQ)’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ?case by blast
next
case Sum2
from (R —a<vz> < Q" have P & R —a<vz> < Q' by(rule Early-Semantics.Sum?2)
hence P ® R =a<vz> < Q' by(rule Weak-FEarly-Step-Semantics.singleActionChain)
moreover from C have (Q', Q') € Rel’ by blast
ultimately show ?case by blast
qed
next
case(Free a Q)
have Q ® R —a < Q' by fact
thus ?case
proof (induct rule: sumCases)
case Suml
have Q —a < Q' by fact
with PSim(@ obtain P’ where PTrans: P =—>« < P’ and PRel: (P', Q') €
Rel
by (blast dest: simE)
from PTrans have P & R =« < P’ by(rule Weak-Early-Step-Semantics.Sum1)
with RelRel’ PRel show ?case by blast
next
case Sum2
from (R —a < @ have P & R —a < Q' by(rule Early-Semantics.Sum2)
hence P & R =« < Q' by(rule Weak-Farly-Step-Semantics.single ActionChain)
moreover from C have (Q’, Q) € Rel’ by blast
ultimately show ?case by blast

qed
qed
lemma parPres:
fixes P ol
and (@ 2opi
and R ot
and T :pi
and Rel :: (pi x pi) set

(
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set
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assumes PSim@Q: P ~>«Rel» @

and  PRelQ: (P, Q) € Rel

and  Par: ANSTU. (S, T)e Rel= (S| U, T| U)e€ Rel
and  Res: NS Tz (S, T) € Rel! = (<vz>S, <vz>T) € Rel’

shows P || R ~«Rel’» Q || R
proof —
show ?thesis
proof (induct rule: simCases)
case(Bound a x Q')
have z §f P | R by fact
hence zFreshP: z § P and xFreshR: z § R by simp+
have Q || R —a<vz> < Q' by fact
thus Zcase
proof (induct rule: parCasesB)
case(cParl Q)
have QTrans: Q — a<vz> < Q' by fact
from zFreshP PSim@ QTrans obtain P’ where PTrans:P —> a<vz> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans zFreshR have P || R = a<va> < (P'|| R) by(rule Weak-FEarly-Step-Semantics. Par1B)
moreover from P’'Rel@’ have (P'| R, Q' | R) € Rel’ by(rule Par)
ultimately show ?case by blast
next
case(cPar2 R’)
from (R — a<vz> < R’ «x § P> have P | R —a<vaz> < (P || R
by (rule Early-Semantics. Par2B)
hence P || R = a<vz> < (P || R') by(rule Weak-Early-Step-Semantics.singleActionChain)
moreover from PRel) have (P | R/, Q || R’) € Rel’ by(rule Par)
ultimately show ?case by blast
qed
next
case(Free a QR
have Q | R — a < QR’ by fact
thus Zcase
proof (induct rule: parCasesF[of - - - - - (P, R)))
case(cPar! Q)
have Q — a < Q' by fact
with PSim(@ obtain P’ where PTrans: P =— « < P’ and PRel: (P, Q')
€ Rel
by (blast dest: simFE)
from PTrans have Trans: P || R = a < P'|| R by(rule Weak-Farly-Step-Semantics. Par1F)
moreover from PRel have (P’ || R, Q' || R) € Rel’ by(blast intro: Par)
ultimately show ?case by blast
next
case(cPar2 R’)
from (R —a < R» have P || R—a < (P || R
by (rule Early-Semantics.Par2F)
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hence P || R =>a < (P || R’) by(rule Weak-Early-Step-Semantics.singleActionChain)
moreover from PRelQ) have (P | R/, Q || R’) € Rel’ by(rule Par)
ultimately show ?case by blast
next
case(cComm! Q' R' a b)
have QTrans: Q — a<b> < Q' and RTrans: R — a[b] < R’ by fact+

from PSim@ QTrans obtain P’ where PTrans: P =>a<b> < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simFE)

from RTrans have R =>a[b] < R’ by(rule Weak-FEarly-Step-Semantics.single ActionChain)
with PTrans have P | R = 7 < P’ || R’ by(rule Weak-Early-Step-Semantics. Comm1)

moreover from P’Rel@’ have (P' || R/, Q' || R) € Rel’ by(rule Par)

ultimately show ?case by blast
next

case(cComm2 Q' R' a b)

have QTrans: @ —al[b] < Q' and RTrans: R —a<b> < R’ by fact+

from PSimQ@ QTrans obtain P’ where PTrans: P =>a[b] < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simFE)

from RTrans have R =—>a<b> < R’by(rule Weak-Early-Step-Semantics.single ActionChain)
with PTrans have P | R = 7 < P'|| R’ by(rule Weak-Early-Step-Semantics. Comm?2)
moreover from P’Rel@’ have (P'|| R/, Q' || R) € Rel’ by(rule Par)
ultimately show ?case by blast
next
case(cClosel Q' R’ a x)
have QTrans: Q —a<z> < Q' and RTrans: R —a<vz> < R’ by fact+
have z £ (P, R) by fact
hence zFreshP: z § P and xzFreshR: z § R by(simp add: fresh-prod)+

from PSim@Q QTrans obtain P’ where PTrans: P —>a<z> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)

from RTrans have R =>a<vz> < R’ by(rule Weak-Early-Step-Semantics.singleActionChain)
with PTrans have Trans: P || R = 7 < <vz>(P’| R') using <z § P»
by (rule Weak-Early-Step-Semantics.Closel)
moreover from P’Rel@’ have (<vaz>(P’ || R'), <vz>(Q’ || R’)) € Rel’
by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' R’ a x)
have QTrans: Q —a<vz> < Q' and RTrans: R —sa<x> < R’ by fact+
have z £ (P, R) by fact
hence zFreshR: © § R and zFreshP: z § P by(simp add: fresh-prod)+

from PSimQ QTrans zFreshP obtain P’ where PTrans: P —a<vz> < P’
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and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)

from RTrans have R =>a<z> < R’ by(rule Weak-FEarly-Step-Semantics.single ActionChain)
with PTrans have Trans: P || R =7 < <vz>(P' || R’) using <z § R»
by (rule Weak-Early-Step-Semantics. Close2)
moreover from P'RelQ’ have (<vz>(P'| R'), <va>(Q’ || R’)) € Rel’
by (blast intro: Par Res)
ultimately show ?case by blast

qed
qed
qed
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and z : name

and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~~«Rel» @

and CI1: AR Sz. (R, S) € Rel = (<va>R, <vz>S) € Rel’
and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <vz>P ~«Rel’y <vz>(Q
proof —
from FEqutRel’ show ?thesis
proof (induct rule: simCasesCont|of - (P, )])
case(Bound a y Q)
have Trans: <vz>Q —a<vy> < Q' by fact
have y £ (P, z) by fact
hence yineqz: y # x and yFreshP: y § P by(simp add: fresh-prod)+
from Trans yineqr show ?case
proof (induct rule: resCasesB)
case(Open Q)
have QTrans: Q —alz] < Q' and aineqr: a # z by fact+

from PSimQ@ QTrans obtain P’ where PTrans: P =>a[z] < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simFE)

from PTrans ainegr have <vz>P —>a<vz> < P’ by(rule Weak-Early-Step-Semantics. Open)
hence <vz>P —a<vy> < ([(y, z)] - P’) using <y § P> <y # ©

by (force simp add: weakTransitionAlpha abs-fresh name-swap)

moreover from FqutRel P'RelQ’ RelRel’ have ([(y, z)] - P, [(y, )] - Q') €
Rel’

423



by (blast intro: equtRell)
ultimately show ?case by blast
next
case(Res Q)
have QTrans: Q —a<vy> < Q' and wzineqa: © # a by fact+

from PSimQ yFreshP QTrans obtain P’ where PTrans: P —-a<vy> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans wineqa yineqr yFreshP have ResTrans: <vx>P —a<vy> <
(<vz>P’)
by (blast intro: Weak-Early-Step-Semantics. ResB)
moreover from P’Rel@’ have ((<vz>P’), (<vz>Q’)) € Rel’
by(rule C1)
ultimately show ?case by blast
qed
next
case(Free a Q)
have QTrans: <vz>Q — « < Q' by fact
have Jc:iname. ¢ § (P, Q, Q', @) by(blast intro: name-exists-fresh)
then obtain c::name where cFresh@: ¢ § @ and cFreshAlpha: ¢ § a and
cFreshQ”: ¢t Q' and cFreshP: c ff P
by (force simp add: fresh-prod)
from cFreshP have <vi>P = <ve>([(z, ¢)] - P) by(simp add: alphaRes)
moreover have 3P .<ve>([(z, ¢)] - P) = a < P' A (P’, Q') € Rel’
proof —
from QTrans cFresh@ have <vc>([(z, ¢)] -+ Q) —a < Q' by(simp add:
alphaRes)
moreover have c¢ § a by(rule cFreshAlpha)
moreover from PSim@Q EqutRel have ([(z, ¢)] - P) ~«Rel» ([(z, ¢)] - Q)
by (blast intro: equtl)
ultimately show ?thesis
apply(induct rule: resCasesF, auto simp add: residual.inject pi.inject
name-abs-eq)
by (blast intro: Weak-Early-Step-Semantics. ResF' C1 dest: simFE)
qed

ultimately show Zcase by force

qed

qed

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Ress AR Sz (R, S) € Rel = (<vz>R, <vz>S) € Rel
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and PRelQ: P ~>«Rel» Q

shows (resChain Ist) P ~~«Rel» (resChain lst) Q
proof —
show ?thesis
proof (induct lst)
from PRelQ) show resChain [] P ~>«Rel» resChain [| Q by simp
next
fix a lst
assume IH: (resChain Ist P) ~>«Rel» (resChain lst Q)
moreover from Res have AP Q a. (P, Q) € Rel = (<va>P, <va>Q) €
Rel
by simp
moreover have Rel C Rel by simp
ultimately have <va>(resChain Ist P) ~«Rel» <va>(resChain lst Q)) using
equtRel
by (rule-tac resPres)

thus resChain (a # Ist) P ~~«Rel» resChain (a # Ist) Q
by simp
qged
qged

lemma bangPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

and  Sim: AR S. (R, S) € Rel = R ~~«Rel’» S
and Ci: Rel C Rel’

and equtRel: equt Rel’

shows |P ~»«bangRel Rel’» Q)
proof —
let ?Sim = AP Rs. Va = Q. Rs = a<vz> < Q' — z § P — (3P P
—=a<vz> < P’ A (P’; Q') € bangRel Rel’)) A
Va Q. Rs=a < Q' — (IP. P=a <P AN (P, Q) €
bangRel Rel’))
from equtRel have EqutBangRel: equt(bangRel Rel’) by(rule equtBangRel)
from C1 have BRelRel: AP Q. (P, Q) € bangRel Rel = (P, Q) € bangRel
Rel’
by (auto intro: bangRelSubset)

{
fix Pa Rs

assume !Q — Rs and (Pa, !Q) € bangRel Rel
hence ?Sim Pa Rs using PRelQ
proof (nominal-induct avoiding: Pa P rule: bangInduct)
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case(PariB a x Q' Pa P)
have QTrans: Q — a<vz> < Q' by fact
have (Pa, Q || !Q) € bangRel Rel and z § Pa by fact+
thus 2Sim Pa (a<vz> < (Q' | !Q))
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel by fact
have PBRQ): (R, !Q) € bangRel Rel by fact
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
show ?Zcase

proof(auto simp add: residual.inject alpha’)
from PRel@ have P ~«Rel’» @Q by(rule Sim)

with QTrans zFreshP obtain P’ where PTrans: P =—>a<vz> < P’ and
P’Rel@Q" (P, Q') € Rel’
by (blast dest: simE)

from PTrans xFreshR have P | R =a<vz> < (P’ | R)
by (force intro: Weak-Early-Step-Semantics. Par1B)
moreover from P’'RelQ’ PBRQ BRelRel’ have (P’ || R, Q' || 'Q) €
bangRel Rel’ by(blast intro: Rel. BRPar)
ultimately show 3P’ P | R =a<vz> < P' A (P/, Q' || !Q) € bangRel
Rel’ by blast
next
fix y
assume (y:name) § @' and yf Pand y § Rand y £ @
from QTrans <y § Q" have @ —a<vy> < ([(z, v)] - Q)
by (simp add: alphaBoundOutput)
moreover from PRel@) have P ~~«Rel’» Q by(rule Sim)
ultimately obtain P’ where PTrans: P =—sa<vy> < P’ and P’RelQ"
(P, (3, )] - Q) € Rel’
using y § P>
by (blast dest: simE)
from PTrans <y § B> have P || R =a<vy> < (P’ | R) by(force intro:
Weak-Early-Step-Semantics. Par1B)
moreover from P’'RelQ’ PBRQ BRelRel’ have (P’ || R, ([(z, y)] - Q') |
1Q) € bangRel Rel’ by(metis Rel. BRPar)
with @ § Q <y £ @ have (P' | R, ([(3, )] - @) | (s, )] - Q)) €
bangRel Rel’
by (simp add: name-fresh-fresh name-swap)
ultimately show 3P’ P || R =a<vy> < P' A (P/, ([(y, )] - Q) |
([(y, )] - Q)) € bangRel Rel’
by blast
qed
qed
next
case(ParlF a Q' Pa P)
have QTrans: Q —a < Q' by fact
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have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and BR: (R, !Q) € bangRel Rel by fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~«Rel’» @ by(rule Sim)
with QTrans obtain P’ where PTrans: P =—a < P’ and RRel: (P’
Q') € Rel’
by (blast dest: simE)

from PTrans have P | R =« < P'|| R by(rule Weak-Early-Step-Semantics. Par1F)
moreover from RRel BR BRelRel’ have (P’ || R, Q' | !Q) € bangRel
Rel’ by(metis Rel. BRPar)
ultimately show 3P’ P || R =a < P' A (P, Q' || !Q) € bangRel Rel’
by blast
qed
qed
next
case(Par2B a z Q' Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = ?Sim Pa (a<vz> < Q') by
stmp
have (Pa, Q || !Q) € bangRel Rel and z § Pa by fact+
thus 29im Pa (a<vz> < (Q || Q)
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x R by simp+

from EqutBangRel show 2Sim (P || R) (a<vz> < (Q || Q)
proof(auto simp add: residual.inject alpha’)
from RBRQ have ?Sim R (a<vz> < Q') by(rule IH)
with zFreshR obtain R’ where RTrans: R =>a<vz> < R’and R’'BRQ"
(R, Q") € (bangRel Rel’)
by (metis simFE)
from RTrans xFreshP have P | R =ra<vz> < (P || R’) by(auto intro:
Weak-Early-Step-Semantics. Par2B)
moreover from PRelQ R'BRQ’ C1 have (P || R, Q || Q") € (bangRel
Rel’) by(blast dest: Rel. BRPar)
ultimately show 3P’. P || R =a<vz> < P' A (P, Q|| Q') € bangRel
Rel’ by blast
next
fix y
assume (y:name) § Qand y§ Q’and yf Pand y ff R
from RBRQ have ?Sim R (a<vz> < Q') by(rule IH)
with «y § @" have ?Sim R (a<vy> < ([(z, y)] - Q') by(simp add:
alphaBound Output)
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with <y f R» obtain R’ where RTrans: R —>a<vy> < R’ and R’'BRQ"
(R, ([(z, 9)] - @) € (bangRel el
by(metis simFE)
from RTrans <y § P> have P | R =-a<vy> < (P || R’) by(auto intro:
Weak-Early-Step-Semantics. Par2B)
moreover from PRelQ) R'BRQ’' C1 have (P || R, Q || ([(z, y)] - Q")) €
(bangRel Rel’) by(blast dest: Rel. BRPar)
with y  Q @ ¢ @ have (P || B, ([(5, 2)] - Q) || (s, )] - Q) €
(bangRel Rel’)
by (simp add: name-swap name-fresh-fresh)
ultimately show 3P’ P || R =a<vy> < P' A (P’, ([(y, z)] - Q) |
([(y, )] - Q")) € bangRel Rel’ by blast
qged
qed
next
case(Par2F a Q' Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (o < Q') by simp
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show Zcase
proof(auto simp add: residual.inject)
from RBRQ IH have 3R’ R =a < R’ A (R’, Q') € bangRel Rel’
by (metis simFE)
then obtain R’ where RTrans: R =« < R’ and R'RelQ" (R’, Q') €
bangRel Rel’
by blast

from RTrans have P || R =« < P || R’ by(rule Weak-FEarly-Step-Semantics. Par2F')
moreover from PRelQ) R'Rel@’ C1 have (P || R, Q || Q') € bangRel
Rel’ by(blast dest: Rel. BRPar)
ultimately show IP". P | R=a < P'A (P, Q| Q) € bangRel Rel’
by blast
qed
qed
next
case(Comml a Q' b Q" Pa P)
hence [H: A\Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a[b] < Q") by simp
have QTrans: Q —a<b> < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus “case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~»«Rel’» @ by(rule Sim)
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with QTrans obtain P’ where PTrans: P —>a<b> < P’ and P’'RelQ"
(P, Q') € Rel’
by (blast dest: simE)

from /H RBRQ have RTrans: 3R’. R =>ra[b] < R’ A (R/, Q") € bangRel
Rel’
by(metis simFE)
then obtain R’ where RTrans: R =—>a[b] < R’ and R'RelQ": (R’, Q")
€ bangRel Rel’
by blast

from PTrans RTrans have P || R =7 < P'|| R’ by(rule Weak-Early-Step-Semantics. Comm1)
moreover from P’Rel@’ R'Rel@" have (P’ || R’, Q' | Q") € bangRel
Rel’ by(rule Rel.BRPar)
ultimately show 3P’. P || R =7 < P' A (P', Q' || Q") € bangRel Rel’
by blast
qged
qed
next
case(Comm2a b Q' Q")
hence IH: APa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a<b> < Q") by simp
have QTrans: @ — a[b] < Q' by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~«Rel’» @ by(rule Sim)
with QTrans obtain P’ where PTrans: P =>a[b] < P’ and P'RelQ":
(P, Q') € Rel’
by (blast dest: simE)

from [H RBR@ have RTrans: 3R’ R =ra<b> < R’ A (R, Q") €
bangRel Rel’

by (metis simFE)

then obtain R’ where RTrans: R =>a<b> < R’ and R’RelQ'": (R’
Q') € bangRel Rel’

by blast

from PTrans RTrans have P || R =7 < P'|| R’ by(rule Weak-Early-Step-Semantics. Comm2)
moreover from P’RelQ’ R'RelQ" have (P’ || R’, Q' | Q") € bangRel
Rel’ by(rule Rel.BRPar)
ultimately show 3P’ P || R =7 < P' A (P, Q'] Q") € bangRel Rel’
by blast
qed
qed
next
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case(Closel a x Q' Q" Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel — 2Sim Pa (a<vz> < Q') by
stmp
have QTrans: Q — a<z> < Q' by fact
have zFreshQ: z § Q by fact
have (Pa, Q || 'Q) € bangRel Rel by fact
moreover have xFreshPa: © § Pa by fact
ultimately show Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z £ P || R by fact
hence zFreshP: z § P and xzFreshR: © § R by simp+
show ?case
proof(auto simp add: residual.inject)
from PRel@ have P ~»«Rel’» Q by(rule Sim)
with QTrans zFreshP obtain P’ where PTrans: P —>a<z> < P’ and
P'Rel@": (P’, Q') € Rel’
by (blast dest: simFE)

from RBRQ zFreshR IH have 3R’ R =—sa<vz> < R' A (R, Q") €
bangRel Rel’
by (metis simFE)
then obtain R’ where RTrans: R =>a<vz> < R’ and R'RelQ": (R’
Q") € bangRel Rel’
by blast

from PTrans RTrans xFreshP have P | R =71 < <vz>(P'| R’)
by (rule Weak-Early-Step-Semantics.Closel)
moreover from P’Rel@’ R'RelQ" have (<vz>(P’ || R), <vz>(Q’ ||
Q")) € bangRel Rel’
by (force intro: Rel. BRPar BRRes)
ultimately show 3P’ P || R =7 < P’ A (P, <vz>(Q' || Q")) €
bangRel Rel’ by blast
qed
qed
next
case(Close2 a © Q' Q" Pa P)
hence IH: A\Pa. (Pa, !Q) € bangRel Rel = 2Sim Pa (a<z> < Q') by simp
have QTrans: Q — a<vz> < Q' by fact
have zFreshQ: ¢ § Q by fact
have (Pa, Q || Q) € bangRel Rel and z § Pa by fact+
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBRQ: (R, !Q) € bangRel Rel by fact+
have z £ P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
show ?Zcase
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proof(auto simp add: residual.inject)
from PRel@ have P ~«Rel’» Q by(rule Sim)
with QTrans xFreshP obtain P’ where PTrans: P =—>a<viz> < P’ and
P'Rel@": (P’, Q') € Rel’
by (blast dest: simE)

from RBRQ IH have 3R’. R —ra<z> < R' A (R', Q") € bangRel Rel’
by auto
then obtain R’ where RTrans: R =—a<z> < R’ and R’'RelQ": (R’
Q') € bangRel Rel’
by blast

from PTrans RTrans xFreshR have P | R =7 < <vz>(P’ | R’)
by (rule Weak-Early-Step-Semantics.Close2)
moreover from P'RelQ’ R’Rel@" have (<vz>(P'| R'), <vz>(Q’ ||
Q")) € bangRel Rel’
by (force intro: Rel. BRPar BRRes)
ultimately show 3P". P || R =7 < P' A (P/, <vz>(Q' || Q")) €
bangRel Rel’ by blast
qed
qed
next
case(Bang Rs Pa P)
hence [H: A\Pa. (Pa, Q || !Q) € bangRel Rel = ?Sim Pa Rs by simp
have (Pa, !Q) € bangRel Rel by fact
thus Zcase
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, |Q) € bangRel Rel by(rule Rel. BRBang)
with PRel@ have (P || |P, Q || 'Q) € bangRel Rel by(rule BRPar)
with IH have ?Sim (P || !P) Rs by simp
thus ?case by(force intro: Weak-Early-Step-Semantics. Bang)
qed
qed

}

moreover from PRel@ have (IP, Q) € bangRel Rel by(rule BRBang)
ultimately show ?thesis by (auto simp add: weakStepSimulation-def)
qed

end

theory Weak-FEarly-Sim-Pres
imports Weak-FEarly-Sim

begin

lemma tauPres:

fixes P :: pi
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and @ ::pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~»<Rel> 7.(Q)
proof (induct rule: simCases)
case(Bound Q' a z)
have 7.(Q) —ra<vz> < Q' by fact
hence Fulse by(induct rule: tauCases’, auto)
thus ?case by simp
next
case(Free Q' )
have 7.(Q) —(a < Q') by fact
thus Zcase
proof (induct rule: tauCases’, auto simp only: pi.inject residual.inject)
have 7.(P) = 7 < P by(rule Tau)
with PRelQ show 3P’ 7.(P) = 7 < P' A (P, Q) € Rel by blast
qed
qed

lemma inputPres:

fixes P :: pi
and z :: name
and @ :pi
and a :: name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Qz:=y]) € Rel
and FEqut: equt Rel

shows a<z>.P ~»<Rel> a<z>.Q
using Fqut
proof (induct rule: simCasesCont|where C=(z, a, P, Q)])
case(Bound b y Q)
from <y § (z, a, P, Q) have y Zzy # ay f Pyt Q by simp+
from <a<z>.Q —b<vy> < Q) (y # @ <y # o <y { Q> show ?case
by (erule-tac inputCases’) auto
next
case(Free a Q)
from (a<z>.Q — a < Q"
show ?case
proof (induct rule: inputCases)
case(cInput u)
have a<z>.P = (a<u>) < Plz:=u]
by (rule Input)
moreover from PRel() have (P[z:=u|, Q[z::=u]) € Rel by auto
ultimately show ?case by blast
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qed

qed

lemma outputPres:
fixes P :: pi
and @ :pi
and a :: name
and b : name

and Rel :: (pi X pi) set
assumes PRel@: (P, Q) € Rel

shows a{b}.P ~»<Rel> a{b}.Q
proof (induct rule: simCases)
case(Bound Q' ¢ 1)
have a{b}.Q —c<vz> < Q' by fact
hence Fulse by(induct rule: outputCases’; auto)
thus ?case by simp
next
case(Free Q' )
have a{b}.Q —a < Q' by fact
thus 3P’ a{b}.P = a < P' A (P, Q') € Rel
proof (induct rule: outputCases’, auto simp add: pi.inject residual.inject)
have a{b}.P = a[b] < P by(rule Output)
with PRelQ show 3P’ a{b}.P = a[b] < P’ A (P’, Q) € Rel by blast
qged

qed

lemma matchPres:
fixes P :: pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim(Q): P ~<Rel> Q
and RelRel”: Rel C Rel’
and  RelStay: AR S c. (R, S) € Rel = ([¢c—~¢|R, S) € Rel

shows [a—~b]P ~»<Rel"™> [a—~b]Q
proof (induct rule: simCases)

case(Bound Q' ¢ x)

have z § [a—~b]P by fact

hence zFreshP: (z::name) § P by simp

have [a—~b]Q —c<vz> < Q' by fact

thus Zcase

proof (induct rule: matchCases)

case Match
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have Q ——c<vz> < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P —>c<vz> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simE)
from PTrans have [a—~a]|P = c<vz> < P’ by(rule Weak-Early-Step-Semantics. Match)
moreover from P’'RelQ)’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ¢case by blast
qed
next
case(Free Q' «)
have [a—~b]Q —a < Q' by fact
thus Zcase
proof (induct rule: matchCases)
case Match
have Q — «a < Q' by fact
with PSim() obtain P’ where P =—> o < P’ and (P’, Q') € Rel
by (blast dest: simE)
thus Zcase
proof (induct rule: transitionCases)
case Step
have P =« < P’ by fact
hence [a—~a]P =>a < P’ by(rule Weak-Early-Step-Semantics. Match)
with RelRel’ «(P’, Q') € Rel> show Zcase by(force simp add: weakFree Tran-
sition-def)
next
case Stay
have [a—~a|P = 7 < [a—~a]P by(simp add: weakFree Transition-def)
moreover from (P, Q') € Rel> have ([a—~a]P, Q') € Rel by(blast intro:

RelStay)
ultimately show ?case using RelRel’ by blast
qed
qed
qed
lemma mismatchPres:
fixes P :: pi
and @ :pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes PSim@Q: P ~<Rel> Q
and RelRel”: Rel C Rel’
and  RelStay: AR S ¢ d. [(R, S) € Rel; ¢ # d] = ([¢£d]R, S) € Rel

shows [a£b]P ~~<Rel”> [a#£b]Q

proof (induct rule: simCases)
case(Bound Q' ¢ z)
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have z £ [a£b]P by fact
hence zFreshP: (z::name) § P by simp
have [a#£b|Q —c<vz> < Q' by fact
thus ?case
proof (induct rule: mismatchCases)
case Mismatch
have aineqb: a # b by fact
have Q —c<vz> < Q' by fact
with PSimQ zFreshP obtain P’ where PTrans: P =—>c<vz> < P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)
from PTrans ainegb have [a#£b| P =>c<vx> < P’ by(rule Weak-Early-Step-Semantics. Mismatch)
moreover from P’RelQ’ RelRel’ have (P’, Q') € Rel’ by blast
ultimately show ?case by blast
qed
next
case(Free Q' «)
have [a#b|Q —a < Q' by fact
thus ?Zcase
proof (induct rule: mismatchCases)
case Mismatch
have aineqb: a # b by fact
have Q — a < Q' by fact
with PSim(Q obtain P’ where P = o < P’ and (P’, Q') € Rel
by (blast dest: simE)
thus ?case
proof (induct rule: transitionCases)
case Step
have P =—-a < P’ by fact
hence [a#£b]P =« < P’ using aineqb by (rule Weak-Early-Step-Semantics. Mismatch)
with RelRel’ «(P’, Q') € Rel) show ?case by(force simp add: weakFreeTran-
sition-def)
next
case Stay
have [a#£b|P = 7 < [a#b] P by(simp add: weakFree Transition-def)
moreover from (P, Q') € Rel) aineqgb have ([a#£b|P, Q') € Rel by(blast
intro: RelStay)
ultimately show ?case using RelRel’ by blast

qed

qed

qed

lemma parCompose:
fixes P = opi
and @ ot
and R ot
and S =i

and Rel : (pi x pi) set
and Rel’ :: (pi x pi) set

435



and Rel” :: (pi x pi) set

assumes PSim@: P ~»<Rel> @

and RSimT: R ~<Rel’> S

and  PRelQ: (P, Q) € Rel

and  RRel'T: (R, S) € Rel’

and  Par: AP’ Q"R S" [(P’, Q) € Rel; (R, ) € Rel] = (P’ || R/,
Q' S) € Rel”

and  Res: AT Uz. (T, U) € Rel" = (<vaz>T, <vz>U) € Rel”

shows P || R ~<Rel"”> Q|| S
proof —
show ?thesis
proof (induct rule: simCases)
case(Bound Q' a x)
have z §f P || R by fact
hence zFreshP: z § P and xFreshR: © § R by simp+
have Q || S —a<vz> < Q' by fact
thus ?case
proof (induct rule: parCasesB)
case(cPar! Q)
have QTrans: Q — a<vz> < Q' and zFreshT: x § S by fact+
from zFreshP PSimQ QTrans obtain P’ where PTrans:P —-a<vz> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans xFreshR have P | R =-a<vz> < (P'|| R) by(rule Weak-FEarly-Step-Semantics. Par1B)
moreover from P’RelQ’ RRel’T have (P’ || R, Q' | S) € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cPar2 S')
have STrans: S — a<vz> < S’ and zFreshQ: z § Q by fact+
from zFreshR RSimT STrans obtain R’ where RTrans:R —>a<vz> < R’
and R'Rel'T" (R, S') € Rel’
by (blast dest: simFE)
from RTrans xFreshP xFreshR have ParTrans: P | R =ra<vz> < (P || R)
by (blast intro: Weak-Early-Step-Semantics. Par2B)
moreover from PRelQ R'Rel’T’ have (P || R, Q || S’) € Rel” by(rule
Par)
ultimately show ?case by blast
qed
next
case(Free QT' )
have Q || S — a < QT' by fact
thus ?case
proof (induct rule: parCasesF[of - - - - - (P, R)))
case(cParl Q)
have Q — a < Q' by fact
with PSim(@ obtain P’ where PTrans: P = « < P’and PRel: (P’, Q')
€ Rel
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by (blast dest: simFE)
from PTrans have Trans: P || R =" o < P'| R by(rule Weak-Early-Semantics. Par1F')
moreover from PRel RRel’T have (P’ | R, Q' | S) € Rel” by(blast intro:
Par)
ultimately show Zcase by blast
next
case(cPar2 S’)
have S — a < S’ by fact
with RSimT obtain R’ where RTrans: R = « < R’and RRel: (R’, S’)
€ Rel’
by (blast dest: simFE)
from RTrans have Trans: P || R =" a < P || R’ by(rule Weak-Early-Semantics. Par2F)
moreover from PRel@ RRel have (P || R, Q || S') € Rel” by(blast intro:
Par)
ultimately show ?case by blast
next
case(cComm! Q' S' a b)
have QTrans: Q — a<b> < Q' and STrans: S — a[b] < S’ by fact+

from PSim@ QTrans obtain P’ where PTrans: P =—a<b> < P’
and P'RelQ": (P', Q') € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RSimT STrans obtain R’ where RTrans: R =—>a[b] < R’
and RRel: (R, S) € Rel’
by (fastforce dest: simE simp add: weakFree Transition-def)

from PTrans RTrans have P | R =7 < P'|| R’ by(rule Weak-FEarly-Step-Semantics. Comm1)
hence P || R= 7 < P’ || R’
by (auto simp add: trancl-into-rtrancl dest: Weak-Early-Step-Semantics.tauTransitionChain)

moreover from P'RelQ’ RRel have (P’ || R, Q' || S’) € Rel” by(rule Par)
ultimately show ?case by blast
next
case(cComm2 Q' S’ a b)
have QTrans: Q —alb] < Q' and STrans: S —a<b> < S’ by fact+

from PSim@Q QTrans obtain P’ where PTrans: P =>a[b] < P’
and PRel: (P', Q') € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RSimT STrans obtain R’ where RTrans: R =—>a<b> < R’
and R'Rel'T". (R', S') € Rel’
by (fastforce dest: simE simp add: weakFree Transition-def)

from PTrans RTrans have P || R =7 < P'|| R’ by(rule Weak-Early-Step-Semantics. Comm2)
hence P | R= 7 < P' || R’
by (auto simp add: trancl-into-rtrancl dest: Weak-Early-Step-Semantics.tauTransitionChain)
moreover from PRel R'Rel’T' have (P’ || R, Q" || S’) € Rel” by(rule Par)
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ultimately show ?case by blast
next
case(cClosel Q' S’ a )
have QTrans: Q —a<z> < Q' and STrans: S —a<vz> < S’ by fact+
have z § (P, R) by fact
hence zFreshP: x f P and zFreshR: x § R by(simp add: fresh-prod)+

from PSim@Q QTrans obtain P’ where PTrans: P =>a<x> < P’
and P’'RelQ": (P’, Q") € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RSimT STrans zFreshR obtain R’ where RTrans: R =>a<vz> < R’
and R'Rel'T" (R', S') € Rel’
by (blast dest: simFE)

from PTrans RTrans xFreshP have Trans: P | R =7 < <va>(P’ || R’
by (rule Weak-Early-Step-Semantics.Closel)
hence P || R = 7 < <vz>(P'| R’
by (auto simp add: trancl-into-rtrancl dest: Weak-Early-Step-Semantics.tauTransitionChain)
moreover from P'Rel@’ R'Rel’T’ have (<va>(P’ || R’), <vz>(Q’ || S7))

€ Rel”

by (blast intro: Par Res)
ultimately show ?case by blast
next
case(cClose2 Q' S' a x)
have QTrans: Q —a<vz> < Q' and STrans: S —a<z> < S’ by fact+
have z § (P, R) by fact
hence zFreshR: x f R and zFreshP: x § P by(simp add: fresh-prod)+

from PSim(@Q QTrans xFreshP obtain P’ where PTrans: P =—>a<vz> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)

from RSimT STrans obtain R’ where RTrans: R =—a<z> < R’
and R'Rel'T" (R', S') € Rel’

by (fastforce dest: simE simp add: weakFree Transition-def)
from PTrans RTrans xFreshR have Trans: P | R =1 < <va>(P’| R’)

by (rule Weak-Early-Step-Semantics. Close2)
hence P || R = 7 < <va>(P'| R/
by (auto simp add: trancl-into-rtrancl dest: Weak-Early-Step-Semantics.tauTransitionChain)
moreover from P’RelQ’ R'Rel’T’ have (<vz>(P' | R'), <va>(Q’ || 5))

€ Rel”

by (blast intro: Par Res)
ultimately show ?case by blast
qed
qed

qed

lemma parPres:

438



fixes P : pi

and @ :: pi
and R = pi
and a : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@: P ~»<Rel> @

and  PRelQ: (P, Q) € Rel

and  Par: ANSTU. (S, T)e Rel= (S| U, T| U)e€ Rel
and  Res: NS Tz (S, T) € Rel'! = (<vz>S, <vaz>T) € Rel’

shows P | R ~»<Rel”> Q | R
proof —
note PSimQ
moreover have RSimR: R ~~<Id> R by(auto intro: reflexive)
moreover note PRel@) moreover have (R, R) € Id by auto
moreover from Par have AP Q R T. [(P, Q) € Rel; (R, T) € Id] = (P ||

R, Q|| T) € Rel’
by auto

ultimately show ?thesis using Res by(rule parCompose)
qed
lemma resPres:

fixes P :: pi

and @ :pi

and Rel :: (pi x pi) set

and =z : name

and Rel’ :: (pi x pi) set

assumes PSim(@Q): P ~<Rel> Q

and  ResRel: AR S y. (R, S) € Rel = (<vy>R, <vy>S) € Rel’
and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel” equt Rel’

shows <vz>P ~<Rel’> <vz>(Q
proof —
from EqutRel’ show ?thesis
proof (induct rule: simCasesCont[where C=(P, z)])
case(Bound a y Q)
have Trans: <vz>Q —a<vy> < Q' by fact
have y £ (P, z) by fact
hence yineqr: y # = and yFreshP: y § P by(simp add: fresh-prod)+
from Trans yineqr show ?case
proof (induct rule: resCasesB)
case(Open Q)
have QTrans: Q —alz] < Q' and aineqr: a # z by fact+
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from PSimQ QTrans obtain P’ where PTrans: P = a[z] < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)

from PTrans aineqz have <vr>P —-a<vz> < P’
by (force intro: Weak-Early-Step-Semantics. Open simp add: weakFree Transi-
tion-def)
with <y § P> (y # » have <va>P —a<vy> < ([(y, z)] - P’
by (force intro: weakTransitionAlpha simp add: abs-fresh name-swap)
moreover from FqutRel P'RelQ’ RelRel’ have ([(y, z)] - P/, [(y, )] - Q') €
Rel’
by (blast intro: equtRell)
ultimately show ?case by blast
next
case(Res Q)
have QTrans: Q —a<vy> < Q' and zineqa: * # a by fact+

from PSimQ yFreshP QTrans obtain P’ where PTrans: P =—>a<vy> < P’
and P'RelQ": (P’, Q') € Rel
by (blast dest: simFE)
from PTrans zineqa yineqr yFreshP have ResTrans: <vx>P —a<vy> <
(<vz>P’)
by (blast intro: Weak-Early-Step-Semantics. ResB)
moreover from P’Rel@’ have ((<vz>P’), (<vz>Q’)) € Rel’
by(rule ResRel)
ultimately show ?case by blast
qed
next
case(Free a Q)
have QTrans: <vz>Q — « < Q' by fact
have Jc:iname. ¢ § (P, Q, Q', @) by(blast intro: name-exists-fresh)
then obtain c::name where cFresh@: ¢ § @ and cFreshAlpha: ¢ § a and
cFreshQ”: ¢t Q' and cFreshP: c ff P
by (force simp add: fresh-prod)
from cFreshP have <vi>P = <ve>([(z, ¢)] - P) by(simp add: alphaRes)
moreover have 3 P’ .<ve>([(z, ¢)] - P) = a < P' A (P, Q') € Rel’
proof —
from QTrans cFresh@ have <ve>([(z, ¢)] - Q) —a < Q' by(simp add:
alphaRes)
moreover have c¢ § a by(rule cFreshAlpha)
moreover from PSimQ EqutRel have ([(z, c)] - P) ~<Rel> ([(z, ¢)] - Q)
by (blast intro: equtl)
ultimately show ?Zthesis
apply(induct rule: resCasesF, auto simp add: residual.inject pi.inject
name-abs-eq)
by (blast intro: ResF' ResRel dest: simE)
qed

ultimately show Zcase by force
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qed
qed

lemma resChainl:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Res: AR Sy. (R, S) € Rel = (<vy>R, <vy>S) € Rel
and PRelQ: P ~»<Rel> @

shows (resChain lst) P ~»<Rel> (resChain Ist) @Q
proof —
show ?thesis
proof (induct Ist)
from PRel) show resChain [] P ~<Rel> resChain [| Q by simp
next
fix a lst
assume [H: (resChain Ist P) ~<Rel> (resChain Ist Q)
moreover from Res have AP Q a. (P, Q) € Rel = (<va>P, <va>Q) €
Rel
by simp
moreover have Rel C Rel by simp
ultimately have <va>(resChain lst P) ~»<Rel> <va>(resChain Ist Q) using
equtRel
by (rule-tac resPres)
thus resChain (a # Ist) P ~»<Rel> resChain (a # Ist) Q
by simp
qed
qed

lemma bangPres:

fixes P :: pi

and @ :pi

and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

and  Sim: AR S. (R, S) € Rel = R ~»<Rel> S

and  ParComp: ARSTU.[(R,S)€ Rel; (T, U) € Rel] = (R|| T, S
| U) € Rel’
and  Res: AR S z. (R, S) € Rel'’ = (<vaz>R, <vz>S) € Rel’

and  RelStay: AR S. (R 'R, S) € Rel’= (IR, S) € Rel’

and  BangRelRel”: (bangRel Rel) C Rel’
and equtRel”:  equt Rel’
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shows |P ~~<Rel"> 1Q
proof —
let ?Sim = AP Rs. (Va = Q. Rs = a<vz> < Q' — z t P — (3P. P
—=a<vz> < P’ A (P, Q') € Rel’)) A
Va Q. Rs=a < Q' — (AP. P="a < P'A (P, Q) €
Rel’))
{
fix Rs P
assume !Q — Rs and (P, !Q) € bangRel Rel
hence ?Sim P Rs using PRelQ
proof (nominal-induct avoiding: P rule: bangInduct)
case(ParlB a z Q')
have QTrans: Q —a<vz> < Q' and xzFreshQ: z f Q by fact+
have (P, Q || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelT: (R, !Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshP: x § P and zFreshR: x §f R by simp+
from PRel@) have PSim@Q: P ~~<Rel> @Q by(rule Sim)
from <z # P> <z § Q> show ?case
proof(auto simp add: residual.inject alpha’ name-fresh-fresh)
from PSim@ QTrans xFreshP obtain P’ where PTrans: P —=>a<vz>
< P’
and P'RelQ": (P’, Q) € Rel
by (blast dest: simE)
from PTrans xFreshR have P | R —=a<vz>=< (P’ | R)
by (rule Weak-Early-Step-Semantics. ParlB)
moreover from P’RelQ’ RBangRelT BangRelRel’ have (P’ || R, Q' ||
1Q) € Rel’
by (blast intro: Rel. BRPar)
ultimately show 3P’ P | R =a<vz> < P' A (P, Q' || 1Q) € Rel’
by blast
next
fix y
assume (y:name) § Q' and y§ P and y f R
from QTrans <y § Q@ have Q —a<vy> < ([(z, y)] -+ Q') by(simp add:
alphaBoundOutput)
with PSimQ@ <y # P> obtain P’ where PTrans: P —-a<vy> < P’
and P’RelQ": (P’ [(z, y)] - Q') € Rel
by (blast dest: simE)
from PTrans <y § R» have P | R =-a<vy>=< (P’ || R) by(rule
Weak-Early-Step-Semantics. Par1B)
moreover from P'RelQ)’ RBangRelT BangRelRel’ have (P'| R, ([(y, z)]
- Q) [[1Q) € Rel’
by (fastforce intro: Rel. BRPar simp add: name-swap)
ultimately show 3P’ P || R =a<vy> < P' A (P/, ([(y, )] - Q) |
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1Q) € Rel’ by blast
qged
qed
next
case(ParlF a Q' P)
have QTrans: Q —a < Q' by fact
have (P, @ || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@) have P ~~<Rel> @ by(rule Sim)
with QTrans obtain P’ where PTrans: P =—> o < P’and P'RelQ": (P’,
Q") € Rel
by (blast dest: simE)

from PTrans have P | R = «a < P'|| R by(rule Weak-Early-Semantics. Par1F)
moreover from P’RelQ’ RBangRel@ have (P’ || R, Q' || !Q) € bangRel
Rel
by (rule Rel. BRPar)
ultimately show 3P". P | R = a < P' A (P, Q'] !Q) € Rel’ using
BangRelRel’ by blast
qged
qed
next
case(Par2B a z Q' P)
hence IH: AP. (P, Q) € bangRel Rel = 2Sim P (a<vz> < Q') by simp
have zFreshQ: z § Q by fact
have (P, Q || 'Q) € bangRel Rel and z f P by fact+
thus ?Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRelQ@: (R, !Q) € bangRel Rel by
fact+
have z £ P || R by fact
hence zFreshP: z § P and xzFreshR: © § R by simp+
show ?Zcase using <z § @
proof(auto simp add: residual.inject alpha’ name-fresh-fresh)
from IH RBangRel@ have ?Sim R (a<vz> < Q') by blast
with zFreshR obtain R’ where RTrans: R —a<vz> < R’ and
R’'BangRel@": (R', Q') € Rel’
by (blast dest: simFE)
from RTrans zFreshP have P || R =-a<vz> < (P || R)
by (auto intro: Weak-Early-Step-Semantics. Par2B)
moreover from PRelQ) R'BangRelQ’ have (P || R, Q|| Q) € Rel’
by (rule ParComp)
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ultimately show 3P’ P | R =a<vz> < P’ A (P, Q|| Q') € Rel’ by
blast
next
fix y
assume (y:name) § @’ and y f Rand y f P
from IH RBangRel@ have ?Sim R (a<vz> < Q') by blast
with <y § @ have 25m R (a<vy> < ([(z, y)] -+ Q') by(simp add:
alphaBoundOutput)
with <y # Rrobtain R’ where RTrans: R =—ra<vy> < R’ and
R'BangRel@": (R, [(z, y)] - Q') € Rel’
by (blast dest: simE)
from RTrans <y § P» have P || R =ra<vy> < (P || R)
by (auto intro: Weak-Early-Step-Semantics. Par2B)
moreover from PRel@ R’'BangRel@’ have (P || R’, Q || ([(y, z)] - @)
€ Rel’
by (fastforce intro: ParComp simp add: name-swap)
ultimately show 3P’ P || R =-a<vy> < P' A (P/, Q || ([(v, )] - Q)
€ Rel’ by blast
qed
qed
next
case(Par2F a Q' P)
hence IH: AP. (P,!Q) € bangRel Rel = 2Sim P (o < Q') by simp
have (P, @ || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by

fact+
show Zcase
proof(auto simp add: residual.inject)
from RBangRel@ have ?5im R (o < Q') by(rule IH)
then obtain R’ where RTrans: R = o < R’ and R'RelQ" (R', Q') €
Rel’

by (blast dest: simE)
from RTrans have P || R =« < P || R’ by(rule Weak-Early-Semantics. Par2F)
moreover from PRelQ R'Rel@’ have (P || R, Q || Q') € Rel’ by(rule
ParComp)
ultimately show 3P P || R = a < P' A (P, Q || Q') € Rel’ by blast
qed
qed
next
case(Comml a Q' b Q" P)
hence IH: A\P. (P,!Q) € bangRel Rel => ?Sim P (a[b] < Q") by simp
have QTrans: Q — a<b> < Q' by fact
have (P, @ || 'Q) € bangRel Rel by fact
thus Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
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have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~<Rel> @ by(rule Sim)
with QTrans obtain P’ where PTrans: P —>a<b> < P’ and P’'RelQ"
(P, Q') € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RBangRel@ have 2Sim R (a[b] < Q") by(rule IH)
then obtain R’ where RTrans: R =>a[b] < R’
and R'RelQ": (R', Q") € Rel’
by (fastforce dest: simE simp add: weakFree Transition-def)
from PTrans RTrans have P || R =7 < (P' || R
by (rule Weak-FEarly-Step-Semantics. Comm1)
hence P | R =, P'|| R’
by (auto simp add: trancl-into-rtrancl dest: Weak- Early-Step-Semantics.tauTransitionChain)
moreover from P'RelQ’ R'Rel@Q' have (P'|| R, Q' | Q") € Rel’
by (rule ParComp)
ultimately show 3P’ (P || R, P') € {(P, P)). P — 7 < P'}* A (P,
Q"I Q") € Rel’
by auto
qged
qed
next
case(Comm2a b Q' Q" P)
hence IH: AP. (P, !Q) € bangRel Rel = ?Sim P (a<b> < Q")) by simp
have QTrans: Q —alb] < Q' by fact
have (P, @ || 'Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~<Rel> @ by(rule Sim)
with QTrans obtain P’ where PTrans: P =>a[b] < P’ and P'RelQ":
(P, Q') € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RBangRel@ have 2Sim R (a<b> < Q") by(rule IH)
then obtain R’ where RTrans: R =>a<b> < R’ and R’'BangRelQ""
(R', Q") € Rel’
by (fastforce dest: simE simp add: weakFree Transition-def)

from PTrans RTrans have P | R =7 < (P’ | R’)

by (rule Weak-Early-Step-Semantics. Comm?2)
hence P || R =, P'|| R’
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by (auto simp add: trancl-into-rtrancl dest: Weak- Early-Step-Semantics.tauTransitionChain)
moreover from P'RelQ’ R'BangRelQ" have (P’ | R’, Q'] Q") € Rel’
by (rule ParComp)
ultimately show 3P’ (P || R, P') € {(P, P"). P — 7 < P'}* A (P,
Q'|l Q") € Rel’ by auto
qged
qed
next
case(Closel a x Q' Q" P)
hence IH: AP. (P, !Q) € bangRel Rel => ?Sim P (a<vz> < Q') by simp
have QTrans: Q — a<z> < Q' by fact
have (P, Q || 'Q) € bangRel Rel and z § P by fact+
thus ?case
proof (induct rule: BRParCases)
case(BRPar P R)
have PRel@: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
fact+
have z § P || R by fact
hence zFreshR: z § R and xzFreshP: x § P by simp+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~<Rel> @ by(rule Sim)
with QTrans obtain P’ where PTrans: P —>a<z> < P’ and P’RelQ":
(P, Q) € Rel
by (fastforce dest: simE simp add: weakFree Transition-def)

from RBangRelQ have ?Sim R (a<vz> < Q') by(rule IH)
with zFreshR obtain R’ where RTrans: R —-a<vz> < R’
and R’'RelQ’: (R’, Q') € Rel’
by (blast dest: simE)

from PTrans RTrans xFreshP have P | R =71 < <vz>(P'| R’)
by (rule Weak-Early-Step-Semantics.Closel)
moreover from P’'RelQ’ R'RelQ" have (<vz>(P'| R"), <vz>(Q’ ||
Q")) € Rel’
by (force intro: ParComp Res)
ultimately show 3P". (P || R, P') € {(P, P'). P — 7 < P'}* A (P,
<vz>(Q' | Q")) € Rel’ by auto
qed
qed
next
case(Close2 a x Q' Q" P)
hence IH: AP. (P, !Q) € bangRel Rel = ?Sim P (a<z> < Q') by simp
have QTrans: Q — a<vz> < Q' by fact
have (P, @ || 'Q) € bangRel Rel and z § P by fact+
thus Zcase
proof (induct rule: BRParCases)
case(BRPar P R)
have PRelQ: (P, Q) € Rel and RBangRel@: (R, 'Q) € bangRel Rel by
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fact+
have z § P || R by fact
hence xzFreshP: x § P and zFreshR: x § R by simp+
show ?Zcase
proof(auto simp add: residual.inject)
from PRel@ have P ~~<Rel> @ by(rule Sim)
with QTrans xFreshP obtain P’ where PTrans: P —-a<vz> < P’
and P’'RelQ": (P’, Q") € Rel
by (blast dest: simE)

from RBangRel@ have ?Sim R (a<z> < Q") by(rule IH)
with zFreshR obtain R’ where RTrans: R =—-a<z> < R’
and R’RelQ": (R’, Q") € Rel’
by (fastforce simp add: weakFree Transition-def)
from PTrans RTrans xFreshR have P | R =7 < <vz>(P'| R’
by (rule Weak-Early-Step-Semantics.Close2)
moreover from P'RelQ’ R'RelQ" have (<vz>(P'| R'), <vz>(Q’ ||
Q")) € Rel’
by (force intro: ParComp Res)
ultimately show 3P’ (P || R, P') € {(P, P)). P — 7 < P'}* A (P,
<vz>(Q' || Q")) € Rel’ by auto
qged
qed
next
case(Bang Rs)
hence IH: AP. (P, Q || 'Q) € bangRel Rel = ?Sim P Rs by simp
have (P, !Q) € bangRel Rel by fact
thus ?case
proof (induct rule: BRBangCases)
case(BRBang P)
have PRelQ: (P, Q) € Rel by fact
hence (!P, !Q) € bangRel Rel by(rule Rel. BRBang)
with PRelQ have (P || |P, Q || 'Q) € bangRel Rel by(rule Rel. BRPar)
hence IH: ?Sim (P || |P) Rs by(rule IH)
show ?Zcase
proof (intro congI alll impl)
fix Q' ax
assume Rs = a<vz> < Q' and z { |P
then obtain P’ where PTrans: (P || |P) =a<va> < P’
and P’RelQ": (P', Q) € Rel’ using IH
by (auto simp add: residual.inject)
from PTrans have |P =—>a<vz> < P’
by (force intro: Weak-FEarly-Step-Semantics.Bang simp add: weakFree-
Transition-def)
with P’RelQ’ show 3 P’. |P =a<vz> < P’ A (P’, Q') € Rel’ by blast
next
fix Q' «
assume Rs = a < Q'
then obtain P’ where PTrans: (P || !P) = a < P’
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and P'RelQ" (P’, Q') € Rel’ using IH
by auto

from PTrans show 3P’ |P = a < P' A (P, Q') € Rel’ using P'RelQ’

proof (induct rule: transitionCases)
case Step
have P || |P =« < P’ by fact
hence !|P =« < P’ by(rule Weak-Early-Step-Semantics. Bang)

with P’RelQ’ show ?case by(force simp add: weakFree Transition-def)

next
case Stay
have !|P = "7 < |P by(simp add: weakFree Transition-def)
moreover assume (P || |P, Q') € Rel’
hence (P, Q) € Rel’ by(blast intro: RelStay)
ultimately show ?case by blast
qed
qged
qed
qed
}
moreover from PRel@ have (IP, Q) € bangRel Rel by(rule Rel. BRBang)
ultimately show ?thesis by(auto simp add: weakSimulation-def)
qed

lemma bangRelSim:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and Rel’l :: (pi x pi) set

assumes PBangRelQ: (P, Q) € bangRel Rel

and  Sim: AR S. (R, S) € Rel = R ~»<Rel> S

and  ParComp: ARSTU.[(R,S)€ Rel; (T, U) € Rel] = (R|| T, S
| U) € Rel’

and  Res: AR S z. (R, S) € Rel’ = (<va>R, <vz>S) € Rel’

and  RelStay: AR S. (R | 'R, S) € Rel’= (IR, S) € Rel’

and  BangRelRel” (bangRel Rel) C Rel’
and equtRel”:  equt Rel’
and Equt: equt Rel

shows P ~»<Rel’> Q
proof —

from PBangRel@) show ?thesis

proof (induct rule: bangRel.induct)
case(BRBang P Q)
have PRelQ: (P, Q) € Rel by fact
thus ?case using ParComp Res BangRelRel’ equiRel’ Equt RelStay Sim

by (rule-tac bangPres)
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next
case(BRPar PQ R T)
have (P, Q) € Rel by fact
moreover hence P ~><Rel> @ by(rule Sim)
moreover have R ~~<Rel”> T by fact
moreover have (R, T) € bangRel Rel by fact
ultimately show ?case using ParComp equtRel’ Res Equt BangRelRel’
by (blast intro: parCompose)
next
case(BRRes P Q x)
have P ~»<Rel’> Q by fact
thus ?case using BangRelRel’ equitRel’ Res by (blast intro: resPres)
qed
qed

end

theory Strong-FEarly-Late-Comp
imports Strong-Late-Bisim-Subst-SC Strong-Early-Bisim-Subst
begin

abbreviation TransitionsLate-judge (<- — - [80, 80] 80) where P —; Rs =
transitions P Rs

abbreviation TransitionsEarly-judge (- —. -» [80, 80] 80) where P —. Rs
= TransitionsFarly P Rs

abbreviation Transitions-InputjudgeLate (<-<-> =<; -» [80, 80] 80) where a<z>

<1 P’ = (Late-Semantics.BoundR (Late-Semantics.InputS a) « P’)

abbreviation Transitions-OutputjudgeLate (<-[-] <; -» [80, 80] 80) where a[b] <

P’ = (Late-Semantics.FreeR (Late-Semantics. OutputR a b) P’)

abbreviation Transitions-BoundOutputjudgeLate (<-<v-> =< -» [80, 80] 80) where

a<vr> <; P’ = (Late-Semantics. BoundR (Late-Semantics. BoundQutputS a) x P’)
abbreviation Transitions- TaujudgeLate (<7 <; -» 80) where T <; P’ = (Late-Semantics.FreeR
Late-Semantics. TauR P

abbreviation Transitions-InputjudgeEarly (<-<-> <. -» [80, 80] 80) where a<z>

=< P’ = (Early-Semantics.FreeR (Early-Semantics.InputR a x) P’)

abbreviation Transitions-OutputjudgeEarly (<-[-] <. - [80, 80] 80) where a[b]

<e P! = (Early-Semantics.FreeR (Early-Semantics. OutputR a b) P’)

abbreviation Transitions-BoundOutputjudgeEarly («-<v-> <. - [80, 80] 80)

where a<vi> <. P’ =(Early-Semantics. BoundOutputR a x P’)

abbreviation Transitions- TaujudgeFarly (<7 <. -» 80) where 7 <. P’ = (Early-Semantics.FreeR
Early-Semantics. TauR P’)

lemma earlyLateOutput:
fixes P :: pi
and a :: name
and b : name
and P’: pi
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assumes P —.a[b] <. P’

shows P —alb] <; P’
using assms
proof(nominal-induct rule: Early-Semantics.outputInduct)

case(Output a b P)

show ?Zcase by(rule Late-Semantics. Output)
next

case(Match P a b P’ ¢)

have P ——alb] <; P’ by fact

thus ?case by(rule Late-Semantics. Match)
next

case(Mismatch P a b P’ ¢ d)

from (P +——a[b] <; P <c # d»

show ?case by(rule Late-Semantics. Mismatch)
next

case(Suml P a b P’ Q)

have P ——;a[b] <; P’ by fact

thus ?case by(rule Late-Semantics.Sum1)
next

case(Sum2 Q a b Q' P)

have @ —a[b] <; Q' by fact

thus ?case by(rule Late-Semantics.Sum?2)
next

case(Parl Pa b P' Q)

have P ——alb] <; P’ by fact

thus ?case by(rule Late-Semantics.Par1F)
next

case(Par2 Q a b Q' P)

have Q) —alb] <; Q' by fact

thus ?case by(rule Late-Semantics. Par2F)
next

case(Res Pa b P' 1)

have P —a[b] <; P'and z # a and z # b by fact+

thus ?case by(force intro: Late-Semantics. ResF)
next

case(Bang P a b P’)

have P || |P ——alb] <; P’ by fact

thus ?case by(rule Late-Semantics. Bang)
qed

lemma lateEarlyOutput:
fixes P :: pi
and a :: name
and b : name
and P': pi

assumes P —a[b] <; P’

450



shows P —.a[b] <. P’
using assms
proof (nominal-induct rule: Late-Semantics.outputInduct)

case(Output a b P)

thus ?case by(rule Early-Semantics. Output)
next

case(Match P a b P’ ¢)

have P —.a[b] <. P’ by fact

thus ?case by(rule Early-Semantics. Match)
next

case(Mismatch P a b P' ¢ d)

have P —.a[b] <. P’ and ¢ # d by fact+

thus ?case by(rule Early-Semantics. Mismatch)
next

case(Sumi Pa b P' Q)

have P ——.a[b] <. P’ by fact

thus Zcase by(rule Early-Semantics.Sum1)
next

case(Sum2 Q a b Q' P)

have Q) —.alb] <. Q' by fact

thus ?case by(rule Early-Semantics.Sum2)
next

case(Parl Pa b P’ Q)

have P —.a[b] <. P’ by fact

thus ?case by(rule Early-Semantics. ParlF)
next

case(Par2 Q a b Q' P)

have Q —.a[b] <. Q' by fact

thus ?case by (rule Early-Semantics. Par2F)
next

case(Res Pa b P’ 1)

have P —.a[b] <. P'and z # a and z # b by fact+

thus ?case by(force intro: Early-Semantics. ResF)
next

case(Bang P a b P’)

have P || |P —.a[b] <. P’ by fact

thus ?case by(rule Early-Semantics. Bang)
qed

lemma outputFq:
fixes P :: pi
and a : name
and b : name
and P’: pi

shows P —.a[b] <. P’ = P ——a[b] <; P’
by (auto intro: lateEarlyOutput earlyLate Output)
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lemma lateEarlyBoundOQutput:
fixes P :: pi
and a :: name
and =z : name
and P': pi

assumes P —a<vz> <; P’

shows P . a<ve> <, P’
proof —
have Goal: AP a z P'. [P —ja<vz> <, P’y 2 § P] = P ——.a<vz> <. P’
proof —
fix Pazx P’
assume P —; a<vz> <; P'and z ff P
thus P — . a<vs> <. P’
proof (nominal-induct rule: Late-Semantics.boundOQutputinduct)
case(Match P a x P’ b)
have P —, a<vz> <. P’ by fact
thus ?case by(rule Early-Semantics. Match)
next
case(Mismatch P a x P’ b ¢)
have P —, a<vz> <. P’ and b # ¢ by fact+
thus ?case by(rule Early-Semantics. Mismatch)
next
case(Open P a x P’)
have P ——ja[z] <; P’ by fact
hence P —.a[z] <. P’ by(rule lateFarlyOutput)
moreover have a # = by fact
ultimately show ?case by(rule Early-Semantics.Open)
next
case(Sum! P Q a x P’)
have P —, a<vz> <. P’ by fact
thus ?case by(rule Early-Semantics.Sum1)
next
case(Sum2 P Q a z Q')
have Q —. a<vz> <. Q' by fact
thus ?case by(rule Early-Semantics.Sum2)
next
case(Par! P P' Q) a )
have P —, a<vz> <. P’ and z { Q by fact+
thus ?case by(rule Early-Semantics.ParlB)
next
case(Par2 P Q Q' a 1)
have @ —, a<vz> <. Q' and z { P by fact+
thus ?case by(rule Early-Semantics. Par2B)
next
case(Res P P' a x y)
have P ., a<vz> <. P'and y # a and y # = by fact+
thus ?case by(force intro: Early-Semantics.ResB)
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next
case(Bang P a z P’)
have P || |P . a<vz> <. P’ by fact
thus ?case by(rule Early-Semantics. Bang)
qed
qed

have J c:iname. ¢ § (P, P’, z) by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshP" ¢ P'and c # x
by (force simp add: fresh-prod)
from assms cFreshP’ have P —sja<ve> < ([(z, ¢)] - P)
by(simp add: Late-Semantics.alphaBoundResidual)
hence P —, a<ve> <. ([(z, ¢)] - P') using cFreshP
by (rule Goal)
moreover from cFreshP’ <c # x> have z § [(z, ¢)] - P’ by(simp add: name-fresh-left
name-calc)
ultimately show ?thesis by (simp add: Early-Semantics.alphaBoundOutput name-swap)
qed

lemma earlyLateBoundOutput:
fixes P :: pi
and a : name
and z :: name
and P’: pi

assumes P — a<vr> <., P’

shows P ——a<vz> <; P’
proof —
have Goal: AP a z P'. [P —ca<vz> <. P’; z § P] = P ——ja<vz> <; P’
proof —
fix Pazx P’
assume P —, a<vz> < P'and z P
thus P ——a<vz> <; P’
proof (nominal-induct rule: Early-Semantics.boundOutputInduct)
case(Match P a x P’ b)
have P —; a<vz> < P’ by fact
thus ?case by(rule Late-Semantics. Match)
next
case(Mismatch P a x P’ b ¢)
have P —; a<vz> < P’and b # ¢ by fact+
thus ?case by(rule Late-Semantics. Mismatch)
next
case(Open P a x P’)
have P —.a[z] <. P’ by fact
hence P —a[z] <; P’ by(rule earlyLate Output)
moreover have a # x by fact
ultimately show ?case by(rule Late-Semantics. Open)
next
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case(Sum! P Q a z P’)
have P —; a<vz> <; P’ by fact
thus ?case by(rule Late-Semantics.Sum1)
next
case(Sum2 P Q a z Q')
have @ —; a<vz> <; Q' by fact
thus ?case by(rule Late-Semantics.Sum?2)
next
case(Parl P P' Q a x)
have P —; a<vz> <; P'and z { Q by fact+
thus ?case by(rule Late-Semantics. ParlB)
next
case(Par2 P Q Q' a 1)
have Q —; a<vz> <; Q' and z § P by fact+
thus ?case by(rule Late-Semantics.Par2B)
next
case(Res P P' a x y)
have P —; a<vz> <; P'and y # a and y # z by fact+
thus ?case by(force intro: Late-Semantics. ResB)
next
case(Bang P a x P’)
have P || |P ——; a<vz> < P’ by fact
thus ?case by(rule Late-Semantics. Bang)
qed
qed

have Jc::name. ¢t (P, P’, x) by(blast intro: name-ezists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshP” ¢ P’ and ¢ # x
by (force simp add: fresh-prod)
from assms cFreshP’ have P —.a<ve> <. ([(z, ¢)] - P/
by (simp add: Early-Semantics.alphaBound Output)
hence P —; a<ve> < ([(z, ¢)] - P’) using cFreshP
by (rule Goal)
moreover from cFreshP’ «c # x> have z { [(z, ¢)] - P’ by(simp add: name-fresh-left
name-calc)
ultimately show ?thesis by (simp add: Late-Semantics.alphaBoundResidual name-swap)
qed

lemma BoundOutputEq:
fixes P : pi
and a : name
and =z :: name
and P': pi

shows P . a<vz> <, P/ = P —ja<vz> <; P’
by (auto intro: earlyLate BoundOutput late EarlyBoundOutput)

lemma lateEarlyInput:
fixes P :: pi
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and a : name
and <z : name
and P': pi

and wu : name

assumes PTrans: P —; a<z> <; P’

shows P —.a<u> <. (P'[z:=u])
proof —
have Goal: AP a © P’ u. [P —; a<z> <; P’; 2 § P] = P . a<u> =<,
(P'lz:=u))
proof —
fix Paxz P'u
assume P —; a<z> <; P'and z § P
thus P —, a<u> <. (P'[z:=u])
proof (nominal-induct avoiding: u rule: Late-Semantics.inputInduct)
case(Input a x P)
thus ?case by(rule Early-Semantics.Input)
next
case(Match P a z P’ b u)
have P —c.a<u> <. (P'[z:=u]) by fact
thus ?case by(rule Early-Semantics. Match)
next
case(Mismatch P a x P’ b c u)
have P —.a<u> <. (P'lz::=u]) by fact
moreover have b#c by fact
ultimately show ?case by(rule Early-Semantics. Mismatch)
next
case(Suml P Q a z P’)
have P ——.a<u> <. (P'lz::=u]) by fact
thus ?case by(rule Early-Semantics.Sum1)
next
case(Sum2 P Q a z Q')
have @ —ca<u> <. (Q'[z::=u]) by fact
thus ?case by(rule Early-Semantics.Sum?2)
next
case(Par! P P' Q a x)
have P —c.a<u> <. (P'[z:=u]) by fact
hence P || Q —ca<u> <. (P'[z::=u] || Q) by(rule Early-Semantics.ParlF)
moreover have z § Q) by fact
ultimately show ?case by(simp add: forget)
next
case(Par2 P Q Q' a 1)
have @ —.a<u> <. (Q'[z::=u]) by fact
hence P || Q —ca<u> <. (P || Q'[z::=u]) by(rule Early-Semantics.Par2F')
moreover have z § P by fact
ultimately show Zcase by(simp add: forget)
next
case(Res PP  a xy u)
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have P —.a<u> <. (P’[z::=u]) and y # a and yinequ: y § u by fact+

hence <vy>P ——.a<u> <. <vy>(P'[z:=u]) by(force intro: Early-Semantics. ResF')
moreover have y # z by fact
ultimately show ?case using yinequ by simp

next
case(Bang P a z P’ u)
have P || |P ——ca<u> <. (P'lz::=u]) by fact
thus ?case by(rule Early-Semantics.Bang)

qed

qged

have Jc::name. ¢ § (P, P’) by(blast intro: name-exists-fresh)

then obtain c::name where cFreshP: ¢ § P and cFreshP': ¢ ff P’
by (force simp add: fresh-prod)

from assms cFreshP’ have P —ja<c> < ([(z, ¢)] - P7)
by(simp add: Late-Semantics.alphaBoundResidual)

hence P —, a<u> <. ([(z, ¢)] -+ P')[c::=u] using cFreshP
by (rule Goal)

with cFreshP’ show %thesis by(simp add: renaming name-swap)

qed

lemma earlyLatelnput:
fixes P :: pi
and a :: name
and =z : name
and P': pi

and u : name
and C : ‘a:fs-name

assumes P —.a<u> <, P’
and x4 P

shows 3 P". P —ja<z> <; P AN P' = P'[z::=u]
proof —
{
fix PauP’
assume P — a<u> <, P’
hence 3P" z. P —ja<z> <; P AN P’ = P"[z::=q]
proof (nominal-induct rule: Farly-Semantics.inputInduct)
case(cInput a z P u)
have a<z>.P ——ja<z> < P by(rule Late-Semantics.Input)
thus “case by blast
next
case(cMatch P a u P’ b)
have 3P" z. P —ja<az> < P"" A P’ = P"[z::=u] by fact
then obtain P’ z where PTrans: P —ja<z> < P’ and P'eqP": P' =
P"[z::=u] by blast
from PTrans have [b~b]P —ja<z> < P'' by(rule Late-Semantics. Match)
with P’eqP'’ show ?case by blast
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next
case(cMismatch P a u P' b ¢)
have 3P" . P —ja<az> < P"" A P’ = P"[z::=u] by fact
then obtain P’ x where PTrans: P —ja<z> < P’ and P'eqP'": P’ =
P"[z::=u] by blast
have b # ¢ by fact
with PTrans have [b#c|P —ja<z> < P'' by(rule Late-Semantics. Mismatch)
with P’eqP'’ show ?case by blast
next
case(cSuml P a u P’ Q)
have 3P" z. P ——ja<z> < P'" A P’ = P"[z::=u] by fact
then obtain P'" x where PTrans: P —a<z> < P’ and P’eqP'": P’ =
P"[z::=u] by blast
from PTrans have P & Q ——ja<z> < P’ by(rule Late-Semantics.Sum1)
with P’eqP'’ show ?case by blast
next
case(cSum2 Q a u Q' P)
have 3 Q" z. Q —ja<z> < Q" AN Q' = Q"[z::=u] by fact
then obtain Q" z where QTrans: Q —a<z> < Q" and Q'eqQ": Q' =
Q"'[z::=u] by blast
from QTrans have P ® @ —ja<z> < Q' by(rule Late-Semantics.Sum2)
with Q’eqQ)"’ show ?case by blast
next
case(cParl P a u P' Q)
have 3P"” . P —ja<xz> < P"" A P’ = P"[z::=u] by fact
then obtain P’ z where PTrans: P —a<z> < P’ and P’eqP'". P’ =
P"[z::=u] by blast
have Jc:iname. ¢ § (Q, P") by(blast intro: name-exists-fresh)
then obtain c::name where cFreshQ: ¢ § Q and cFreshP'": ¢ § P" by(force
stmp add: fresh-prod)
from PTrans cFreshP’ have P ——ja<c> < [(z, ¢)] - P" by(simp add:
Late-Semantics.alphaBoundResidual)
hence P || Q —ja<e> < ([(z, ¢)] -+ P”) | Q using <c § @ by(rule
Late-Semantics. ParlB)
moreover from cFresh@Q cFreshP' P'eqgP' have P’ | Q = (([(z, ¢)] - P")
| Q)lei=u)
by (simp add: forget renaming name-swap)
ultimately show Zcase by blast
next
case(cPar2 Q a u Q' P)
have 3 Q" z. Q —ja<z> < Q" N Q' = Q"[z::=u] by fact
then obtain Q' z where QTrans: Q —ja<z> < Q" and Q'eqQ': Q' =
Q"'[z::=u] by blast
have Jc:iname. ¢ § (P, Q") by(blast intro: name-exists-fresh)
then obtain c::name where cFreshP: ¢ § P and cFreshQ’: ¢ § Q" by(force
stmp add: fresh-prod)
from QTrans cFreshQ” have Q —ja<c> < [(z, ¢)] - Q" by(simp add:
Late-Semantics.alphaBoundResidual)
hence P || Q ——ja<e> < P || ([(=, ¢)] - Q") using <«c § P> by(rule
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Late-Semantics. Par2B)
moreover from cFreshP cFreshQ” Q'eqQ’ have P || Q' = (P || ([(z, ¢)] -
Q"))[c:=u]
by (simp add: forget renaming name-swap)
ultimately show Zcase by blast
next
case(cRes P a u P’ y)
have 3P" . P —ja<ax> < P"" A P’ = P"[z::=u] by fact
then obtain P’ x where PTrans: P —ja<z> < P’ and P'eqP'": P’ =
P"[z::=u] by blast
have yinequ: y # u by fact
have 3 c:iname. ¢ § (y, P") by(blast intro: name-exists-fresh)
then obtain c::name where cineqy: ¢ # y and cFreshP'": ¢ § P" by(force
stmp add: fresh-prod)
from PTrans cFreshP’ have P ——ja<c> < [(z, ¢)] - P" by(simp add:
Late-Semantics.alphaBoundResidual)
moreover have y # a by fact
ultimately have <vy>P —ja<c> < <vy>(([(z, ¢)] - P")) using cineqy
by (force intro: Late-Semantics. ResB)
moreover from cineqy cFreshP' P'eqP" yinequ have <vy>P' = (<vy>([(z,
O] - P)[ei=l
by (simp add: renaming name-swap)
ultimately show ?case by blast
next
case(cBang P a u P’)
have 3P" x. P || |P —>a<z> < P"" A P' = P"[z::=u] by fact
then obtain P’ z where PTrans: P || |P —a<z> < P’ and P’eqP'": P’
= P'[z::=u] by blast
from PTrans have |P ——a<z> < P'"' by(rule Late-Semantics. Bang)
with P’eqP'’ show ?case by blast
qed
}
with assms obtain P"’ y where PTrans: P —a<y> < P’ and P’eqP’": P’
= P"[y::=u] by blast
show ?thesis
proof(cases x=y)
case True
from PTrans P'eqP’ <z = y> show ?thesis by blast
next
case Fulse
from PTrans <z # y» <z § P> have z § P by(fastforce dest: freshBoundDeriva-
tive simp add: residual.inject)
with PTrans have P —ja<z> < ([(z, y)] - P")
by (simp add: Late-Semantics.alphaBoundResidual)
moreover from <z § P> have P[y:=u] = ([(z, y)] - P")[z::=u] by(simp
add: renaming name-swap)
ultimately show ?thesis using P’eqP’ by blast
qged
qed
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lemma lateFarlyTau:
fixes P : pi
and P’: pi

assumes P —;7 <; P’

shows P .7 <, P’
using assms
proof (nominal-induct rule: Late-Semantics.taulnduct)
case(Tau P)
thus ?case by(rule Early-Semantics. Taw)
next
case(Match P P’ a)
have P —.7 <. P’ by fact
thus [a—~a]P .7 <. P’ by(rule Farly-Semantics. Match)
next
case(Mismatch P P’ a b)
have P —.7 <. P’ by fact
moreover have a # b by fact
ultimately show [a#b|P — .7 <. P’ by(rule Early-Semantics. Mismatch)
next
case(Suml P P' Q)
have P —.7 <. P’ by fact
thus P @ Q ——.7 <. P’ by(rule Early-Semantics.Sum1)
next
case(Sum2 @ Q' P)
have Q —.7 <. Q' by fact
thus P & Q —.7 <. Q' by(rule Early-Semantics.Sum2)
next
case(Parl P P' Q)
have P — .7 <. P’ by fact
thus P || Q@ —.7 <. P'| @ by(rule Early-Semantics.Par1F')
next
case(Par2 Q Q' P)
have Q —.7 <. Q' by fact
thus P || Q —.7 <. P || Q' by(rule Farly-Semantics.Par2F)
next
case(Comml Paxz P' Qb Q)
have P ——.a<b> <. P'[z:=0]
proof —
have P —; a<z> < P’ Dby fact
thus ?thesis by (rule lateFEarlyInput)
qed
moreover have ) —.alb] <. Q'
proof —
have Q —a[b] <; Q' by fact
thus ?thesis by (rule lateEarlyOutput)
qed
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ultimately show ?case by(rule Early-Semantics.Comm1)
next
case(Comm2 P a b P' Qz Q)
have P —.a[b] <. P’
proof —
have P ——;a[b] <; P’ by fact
thus %thesis by (rule lateEarlyOutput)
qed
moreover have Q) —.a<b> <. Q'[z:=1]
proof —
have Q ——ja<z> <; Q' by fact
thus %thesis by (rule lateEarlyInput)
qed
ultimately show ?case by(rule Early-Semantics. Comm2)
next
case(Closel Paz P' Qy Q")
have P —.a<y> <. P'lz::=y]
proof —
have P —; a<z> < P’ by fact
thus ?thesis by(rule lateEarlyInput)
qged
moreover have Q —.a<vy> < Q’
proof —
have Q —ja<vy> <; Q' by fact
thus ?thesis by(rule lateEarlyBoundOutput)
qged
moreover have y § P by fact
ultimately show ?case by(rule Early-Semantics.Closel)
next
case(Close2 Pay P' Q z Q)
have P —.a<vy> < P’
proof —
have P —a<vy> <; P’ by fact
thus %thesis by (rule lateEarlyBoundOutput)
qed
moreover have Q —.a<y> <. Q'[z:=y]
proof —
have Q ——ja<z> <; Q' by fact
thus %thesis by (rule lateEarlyInput)
qed
moreover have y # Q by fact
ultimately show ?case by(rule Early-Semantics.Close2)
next
case(Res P P’ 1)
have P —.7 <. P’ by fact
thus ?case by(force intro: Early-Semantics. ResF)
next
case(Bang P P
have P || |P .7 <. P’ by fact
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thus Zcase by(rule Early-Semantics. Bang)

qed

lemma earlyLate Tau:
fixes P :: pi
and P': pi

assumes P —.7 <. P’

shows P —7 < P’
using assms
proof (nominal-induct rule: Early-Semantics.taulnduct)
case(Tau P)
thus ?case by(rule Late-Semantics. Tau)
next
case(Match P P’ a)
have P —;7 <; P’ by fact
thus ?case by(rule Late-Semantics. Match)
next
case(Mismatch P P' a b)
have P — ;7 <, P’ by fact
moreover have a # b by fact
ultimately show ?case by(rule Late-Semantics. Mismatch)
next
case(Sumi1 P P' Q)
have P — ;7 <, P’ by fact
thus ?case by(rule Late-Semantics.Suml)
next
case(Sum2 Q Q' P)
have Q —;7 <; Q' by fact
thus ?case by(rule Late-Semantics.Sum?2)
next
case(Parl P P’ Q)
have P — ;7 <; P’ by fact
thus ?case by(rule Late-Semantics.Par1F)
next
case(Par2 Q Q' P)
have Q — 7 <; Q' by fact
thus ?case by(rule Late-Semantics. Par2F)
next
case(Comm! Pab P’ Q Q)
have P —.a<b> <. P’ by fact
moreover obtain z::name where z § P by(generate-fresh name) auto
ultimately obtain P" where PTrans: P —a<z> < P’ and P’eqP’: P' =
P"'[z::=b)
by (blast dest: earlyLatelnput)
have Q) —.alb] <. Q' by fact
hence Q ——alb] <; Q' by(rule earlyLateOutput)
with PTrans P'eqP’ show Zcase
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by (blast intro: Late-Semantics. Comm1)
next
case(Comm2 P a b P' Q Q)
have P ——.a[b] <. P’ by fact
hence QTrans: P —a[b] <; P’ by(rule earlyLateOutput)
have Q ——.a<b> <. Q' by fact
moreover obtain z::name where z £ @ by(generate-fresh name) auto
ultimately obtain Q" z where Q —a<z> < Q" and Q' = Q"'[z::=1]
by (blast dest: earlyLateInput)
with QTrans show ?case
by (blast intro: Late-Semantics. Comm?2)
next
case(Closel Paxz P' Q Q)
have P +—.a<z> <. P'and z { P by fact+
then obtain P’ where P —ja<z> < P and P’ = P'[z:=x]
by (blast dest: earlyLateInput)

moreover have Q —.a<vr> <. Q' by fact
hence Q —a<vz> <; Q' by(rule earlyLateBoundOutput)
moreover have z § P by fact
ultimately show ?case
by (blast intro: Late-Semantics. Closel )
next
case(Close2 P axz P' Q Q)
have P +—.a<vz> <. P’ by fact
hence PTrans: P —a<vz> <; P’ by(rule earlyLateBoundOutput)

have Q —.a<z> <. Q' and z § Q by fact+
then obtain @’ y where Q —ja<z> < Q" and Q' = Q'[z::=1]
by (blast dest: earlyLatelnput)
moreover have z § Q by fact
ultimately show ?case using PTrans
by (blast intro: Late-Semantics. Close2)
next
case(Res P P’ z)
have P+ ;7 <; P’ by fact
thus ?case by(force intro: Late-Semantics. ResF')
next
case(Bang P P’)
have P || !P —— ;7 <, P' by fact
thus ?case by(force intro: Late-Semantics. Bang)
qed

lemma tauFq:

fixes P :: pi

and P’: pi

shows P ——.(Early-Semantics.FreeR Early-Semantics. TauR P') = P ——1 <
P/
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by (auto intro: earlyLate Tau lateEarlyTaw)

abbreviation simLate-judge (¢<- ~[-] -» [80, 80, 80] 80) where P ~+;[Rel] Q =
Strong-Late-Sim.simulation P Rel @
abbreviation simEarly-judge (- ~>¢[-] -» [80, 80, 80] 80) where P ~+.[Rel] Q

= Strong-Farly-Sim.strongSimFEarly P Rel @

lemma lateEarlySim:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

shows P ~~.[Rel] Q
proof (induct rule: Strong-Early-Sim.simCases)
case(Bound a = Q)
have Q —.a<vr> <. Q' by fact
hence Q —ja<vz> <; Q' by(rule earlyLate BoundOutput)
moreover have z § P by fact
ultimately obtain P’ where PTrans: P —ja<vz> <; P’ and P’RelQ" (P,
Q") € Rel using PSimQ
by (force dest: Strong-Late-Sim.simE simp add: derivative-def)
from PTrans have P —.a<va> <. P’ by(rule lateEarlyBoundOutput)
with P’RelQ’ show ?case by blast
next
case(Free a Q)
have Q ——. Early-Semantics.residual. FreeR o Q' by fact
thus ?case
proof(nominal-induct « rule: freeRes.strong-induct)
case(InputR a u)
obtain z::name where z § @ and z § P by(generate-fresh name) auto
with (Q —.a<u> <. Q' obtain Q' where QTrans: Q —a<z> <; Q"
and Q'eqQ": Q' = Q"[z::=u]
by (blast dest: earlyLateInput)
from PSimQ QTrans <z § P> obtain P’ where PTrans: P —ja<z> < P’
and P’Rel@": (P'[z:=u|, Q"|z::=u]) € Rel
by (force dest: Strong-Late-Sim.simE simp add: derivative-def)
from PTrans have P —.a<u> <. P’[z::=u] by(rule lateEarlyInput)
with P’'RelQ’ Q'egQ’ show IP’. P —.a<u> <. P’ A (P’, Q') € Rel by
blast
next
case(OutputR a b)
from «Q —calb] <. Q" have Q —a[b] <; Q' by(rule earlyLateOutput)
with PSim(@) obtain P’ where PTrans: P —a[b] <; P’ and P’'RelQ" (P/,
Q") € Rel
by (blast dest: Strong-Late-Sim.simE)
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from PTrans have P —.a[b] <. P’ by(rule lateEarlyOutput)
with P'RelQ’ show 3 P’. P ——.a[b] <. P’ A (P’, Q') € Rel by blast
next
case TauR
from <Q —.7 <. @) have Q — 7 <; Q' by(rule earlyLateTau)
with PSim( obtain P’ where PTrans: P — ;7 <; P’ and P'RelQ" (P’, Q)
€ Rel
by (blast dest: Strong-Late-Sim.simE)
from PTrans have P — .7 <. P’ by(rule lateEarlyTau)
with P’RelQ’ show 3P’. P —.7 <. P’ A (P’, Q') € Rel by blast
qed
qed

abbreviation bisimLate-judge (<- ~; -» [80, 80] 80) where P ~; Q = (P, Q) €
Strong-Late-Bisim.bisim

abbreviation bisimFEarly-judge (<- ~. -» [80, 80] 80) where P ~, Q = (P, Q)
€ Strong-Early-Bisim.bisim

lemma lateEarlyBisim:
fixes P :: pi
and Q@ : pi

assumes P ~; @

shows P ~, ()
using assms
by (coinduct rule: Strong-Early-Bisim.weak-coinduct)
(auto dest: Strong-Late-Bisim.bisimE Strong-Late-Bisim.symmetric intro: lateEarlySim)

abbreviation congLate-judge (<- ~*; -» [80, 80] 80) where P ~*; Q = (P, Q) €
(substClosed Strong-Late-Bisim.bisim)

abbreviation congEarly-judge (<- ~*. -» [80, 80] 80) where P ~*, Q = (P, Q)
€ (substClosed Strong-Early-Bisim.bisim)

lemma lateFarlyCong:
fixes P :: pi
and Q : pi

assumes P ~°; @)

shows P ~°. @
using assms
by (auto simp add: substClosed-def intro: lateEarlyBisim)
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lemma earlyCongStructCong:
fixes P :: pi
and Q : pi

assumes P =, ()

shows P ~*, @)
using assms lateEarlyCong bisimSubstStructCong
by blast

lemma earlyBisimStructCong:
fixes P :: pi
and Q : pi

assumes P =, ()

shows P ~, ()
using assms lateEarlyBisim structCongBisim
by blast

end

theory Strong-FEarly-Bisim-SC
imports Strong-FEarly-Bisim Strong-Late-Bisim-SC Strong-Early-Late-Comp
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~, <vb><va>P

proof —
have <va><vb>P ~; <vb><va>P by(rule Strong-Late-Bisim-SC.resComm)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma matchld:
fixes a :: name
and P : pi

shows [a—~a]P ~. P

proof —
have [a—~a]|P ~; P by(rule Strong-Late-Bisim-SC.matchld)
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thus ?thesis by(rule lateFarlyBisim)
qed

lemma mismatchld:
fixes a :: name
and b :: name
and P :: pi

assumes a # b

shows [a#b|P ~, P

proof —
from assms have [a#£b]P ~; P by(rule Strong-Late-Bisim-SC.mismatchld)
thus ?thesis by (rule lateEarlyBisim)

qed

lemma mismatchNil:
fixes a :: name
and P :: pi

shows [a#a]P ~. 0

proof —
have [a#a]P ~; 0 by(rule Strong-Late-Bisim-SC.mismatchNil)
thus ?thesis by(rule lateEarlyBisim)

qed

lemma sumSym:
fixes P :: pi
and @ : pi

shows P& Q ~. Q& P

proof —
have P ® Q ~; Q ® P by(rule Strong-Late-Bisim-SC.sumSym)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma sumAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P ® Q) ® R~. P ® (Q ® R)

proof —
have (P ® Q) ® R ~; P & (Q & R) by(rule Strong-Late-Bisim-SC.sumAssoc)
thus ?thesis by (rule lateEarlyBisim)
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qed

lemma sumZero:
fixes P :: pi

shows P & 0 ~, P

proof —
have P @ 0 ~; P by(rule Strong-Late-Bisim-SC.sumZero)
thus ?thesis by (rule lateEarlyBisim)

qed

lemma parZero:
fixes P :: pi

shows P || 0 ~. P

proof —
have P || 0 ~; P by(rule Strong-Late-Bisim-SC.parZero)
thus ?thesis by (rule lateEarlyBisim)

qed

lemma parSym:
fixes P :: pi
and Q : pi

shows P || Q ~. Q|| P

proof —
have P || Q ~; Q || P by(rule Strong-Late-Bisim-SC.parSym)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma scopeEztPar:
fixes P :: pi
and Q : pi
and «z : name

assumes z f P

shows <va>(P || Q) ~. P || <vz>Q

proof —
from assms have <vz>(P || Q) ~; P || <vz>Q by(rule Strong-Late-Bisim-SC .scope ExtPar)
thus ?thesis by (rule lateEarlyBisim)

qed

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and z :: name
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assumes zFresh@: x  Q

shows <va>(P || Q) ~. (<va>P) || Q

proof —
from assms have <vz>(P || Q) ~; (<vz>P) || @ by(rule Strong-Late-Bisim-SC.scopeExtPar’)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma parAssoc:
fixes P :: pi
and Q@ :: pi
and R : pi

shows (P [| Q) || R ~c P || (@ || R)

proof —
have (P || Q) | R ~; P || (Q || R) by(rule Strong-Late-Bisim-SC.parAssoc)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma freshRes:
fixes P :: pi
and a :: name

assumes aFreshP: a § P

shows <va>P ~, P

proof —
from aFreshP have <va>P ~; P by(rule Strong-Late-Bisim-SC'.scopeFresh)
thus ?thesis by(rule lateFarlyBisim)

qed

lemma scopeEzrtSum:
fixes P :: pi
and Q : pi
and «z : name

assumes z f P
shows <va>(P & Q) ~. P & <vz>Q
proof —
from «z § P> have <vz>(P @ Q) ~; P ® <vz>(Q by(rule Strong-Late-Bisim-SC .scope ExtSum)
thus ?thesis by (rule lateEarlyBisim)
qed

lemma bangSC:
fixes P

shows !|P ~, P || !P
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proof —
have |P ~; P || |P by(rule Strong-Late-Bisim-SC.bangSC')
thus ?thesis by(rule lateFarlyBisim)

qed

end

theory Weak-Early-Bisim-SC
imports Weak-Early-Bisim Strong-Early-Bisim-SC
begin

lemma weakBisimStructCong:
fixes P :: pi
and Q@ : pi

assumes P =; ()

shows P ~ @)
using assms
by (metis earlyBisimStructCong strongBisim WeakBisim)

lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~ P

proof —
have [a—~a]P ~. P by(rule Strong-Early-Bisim-SC.matchld)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma mismatchld:
fixes a :: name
and b :: name
and P :: pi

assumes a # b

shows [a#£b]P =~ P

proof —
from <a # b» have [a#b]P ~, P by(rule Strong-Early-Bisim-SC.mismatchld)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma mismatchNil:

fixes a :: name
and P :: pi
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shows [a#a]P ~ 0

proof —
have [a#a]P ~. 0 by(rule Strong-Early-Bisim-SC.mismatchNil)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma resComm:
fixes P :: pi

shows <va><vb>P ~ <vb><va>P

proof —
have <va><vb>P ~, <vb><va>P by(rule Strong-Early-Bisim-SC.resComm)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma sumSym:
fixes P :: pi
and Q@ : pi

shows P® Q~ Q& P

proof —
have P ® Q ~. Q ® P by(rule Strong-FEarly-Bisim-SC.sumSym)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma sumAssoc:
fixes P :: pi
and @ : pi
and R : pi

shows (P® Q) @ R~ P & (Q @ R)

proof —
have (P ® Q) ® R ~. P ® (Q ® R) by(rule Strong-Early-Bisim-SC.sumAssoc)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma sumZero:
fixes P :: pi

shows P& 0 =~ P

proof —
have P @ 0 ~. P by(rule Strong-Early-Bisim-SC.sumZero)
thus ?thesis by (rule strongBisim WeakBisim)

qed
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lemma parZero:
fixes P :: pi

shows P | 0 = P

proof —
have P || 0 ~. P by(rule Strong-Early-Bisim-SC.parZero)
thus ?thesis by(rule strongBisim WeakBisim)

qed

lemma parSym:
fixes P :: pi
and Q@ : pi

shows P || Q= Q|| P

proof —
have P || @ ~. Q || P by(rule Strong-Early-Bisim-SC.parSym)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma scopeEztPar:
fixes P :: pi
and Q : pi
and =z :: name

assumes z f P

shows <va>(P || Q) = P | <vz>Q
proof —
from (z § P> have <vz>(P || Q) ~. P || <vz>Q by(rule Strong-Early-Bisim-SC.scopeExtPar)
thus ?thesis by (rule strongBisim WeakBisim)
qed
lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and z :: name

assumes z § Q
shows <va>(P || Q) = (<vz>P) || Q
proof —
from <z f @ have <vz>(P || Q) ~e (<vz>P) || Q by(rule Strong-Early-Bisim-SC .scopeExtPar’)

thus ?thesis by(rule strongBisim WeakBisim)
qed

lemma parAssoc:
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fixes P :: pi
and Q : pi
and R : pi

shows (P || Q) | R~ P | (Q || B)

proof —
have (P || Q) | R ~. P || (@ || R) by(rule Strong-Early-Bisim-SC.parAssoc)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma freshRes:
fixes P :: pi
and a :: name

assumes a § P

shows <va>P ~ P

proof —
from <a § P> have <va>P ~. P by(rule Strong-FEarly-Bisim-SC.freshRes)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma scopeEzrtSum:
fixes P :: pi
and Q : pi
and =z :: name

assumes z f P

shows <vaz>(P @ Q) = P & <vz>(Q

proof —
from <z # P> have <vz>(P ® Q) ~. P & <va>Q by(rule Strong-Early-Bisim-SC.scope ExtSum)
thus ?thesis by (rule strongBisim WeakBisim)

qed

lemma bangSC:
fixes P

shows |P ~ P || IP

proof —
have |P ~, P | P by(rule Strong-Early-Bisim-SC.bangSC')
thus ?thesis by(rule strongBisim WeakBisim)

qed

end
theory Weak-FEarly-Bisim-Pres

imports Strong-FEarly-Bisim-Pres Weak-Early-Sim-Pres Weak-Early-Bisim-SC
Weak- Early-Bisim
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begin

lemma tauPres:
fixes P :: pi
and Q@ : pi

assumes P ~ @)

shows 7.(P) ~ 7.(Q)
proof —
let X = {(r.(P), 7.(Q)) | P Q. P~ Q}
from <P ~ @ have (7.(P), 7.(Q)) € ?X by auto
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim P Q)
thus ?case
by (force intro: Weak-Early-Sim-Pres.tauPres)
next
case(cSym P Q)
thus ?case by(force dest: Weak-FEarly-Bisim.symetric simp add: pi.inject)
qed
qed

lemma outputPres:
fixes P :: pi
and @ :: pi
and ¢ :: name
and b :: name

assumes P ~ @

shows a{b}.P =~ a{b}.Q
proof —
let X = {(a{b}.(P), a{b}.(Q)) | PQab. P = Q}
from <P = @ have (a{b}.(P), a{b}.(Q)) € ?X by auto
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim P Q)
thus ?case
by (force intro: Weak-Early-Sim-Pres.outputPres)
next
case(cSym P Q)
thus ?case by(force dest: Weak-FEarly-Bisim.symetric simp add: pi.inject)
qed
qed

lemma inputPres:
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fixes P :: pi
and Q : pi
and a :: name
and «z :: name

assumes PSim@Q: Vy. Plz:=y| = Q[z:=y]

shows a<z>.P =~ a<z>.0Q

proof —
let X = {(a<z>.P, a<2>.Q) | a © P Q. Vy. Plz:=y] = Qlz:=y|}

fix azP axQ p
assume (azP, azQ)) € ?X
then obtain a z P @ where A: Vy. Plz:=y] ~ Q[z:=y| and B: azP =
a<z>.P and C: azxQ = a<z>.Q
by auto
have Ay. ((p::name prm) - P)[(p - z):=y| = (p - Q)[(p - z):=y]
proof —
fix y
from A have Plz:=(revp - y)] = Qz::=(rev p - y)]
by blast
hence (p - (Ploz=(rev p - 1)])) ~ p - (Qaz=(rev p - y))
by (rule equts)
thus (p - P)[(p - z)u=y] = (p - Q)[(p - 7):=y]
by (simp add: equts pt-pi-rev[OF pt-name-inst, OF at-name-inst))
qged
hence ((p::name prm) « azP, p + az@) € ?X using B C
by auto
}

hence equt ?X by(simp add: equt-def)

from PSim(@ have (a<z>.P, a<z>.Q) € ?X by auto
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim P Q)
thus ?case using <equt 7X>
by (force intro: Weak-Early-Sim-Pres.inputPres)
next
case(cSym P Q)
thus ?case
by (blast dest: weakBisimE)
qed
qed

lemma resPres:
fixes P :: pi
and Q : pi
and 1z :: name
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assumes P ~ @)

shows <vz>P =~ <vz>(Q
proof —
let X = {(<va>P, <vz>Q) |z P Q. P~ Q}
from (P = @ have (<vz>P, <vaz>(Q) € ?X by blast
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim zP zQ)
{
fix PQzx
assume P ~ @
hence P ~»<weakBisim> @ by(rule weakBisimE)
moreover have AP Q z. P = Q = (<vz>P, <vz>Q) € ?X U weakBisim
by blast
moreover have weakBisim C ?X U weakBisim by blast
moreover have equt weakBisim by simp
moreover have equt (X U weakBisim)
by (auto simp add: equt-def dest: Weak-FEarly-Bisim.equtl )+
ultimately have <vz>P ~~<(?X U weakBisim)> <vz>Q
by (rule Weak-Early-Sim-Pres.resPres)

with «((zP, Q) € ?X» show ?case by blast
next
case(cSym xP xQ)
thus ?case by(blast dest: Weak-FEarly-Bisim.symetric)
qed
qed

lemma matchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a—~b]P =~ [a—~b]Q
proof —
let ?X = {([a—~b]P, [a—~b]Q) | ab P Q. P~ Q}
from <P = @»> have ([a~b]P, [a~b]Q) € ?X by blast
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim abP abQ)
{
fix PQabd
assume P ~ @)
hence P ~~<weakBisim> @Q by(rule weakBisimFE)
moreover have weakBisim C (?X U weakBisim) by blast
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moreover have AP Q a. P~ Q = [a—~a|P = Q
by (metis (full-types) strongBisim WeakBisim Strong-Early-Bisim-SC.matchld
Weak-Early-Bisim.transitive)
ultimately have[a—~b]P ~»<(?X U weakBisim)> [a—~b]Q
by (rule Weak-Early-Sim-Pres.matchPres)
}

with «(abP, abQ) € ?X> show ?case by blast
next
case(cSym abP abQ)
thus ?case by(blast dest: Weak-FEarly-Bisim.symetric)
qed
qed

lemma mismatchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a#£b|P =~ [a#£b]Q
proof —
let X = {([a#b]P, [a#£b]Q)| a b P Q. P =~ Q}
from <P = @»> have ([a#b]P, [a#D]Q) € ?X by blast
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSim abP abQ)
{
fix PQab
assume P = ()
hence P ~~<weakBisim> @Q by(rule weakBisimFE)
moreover have weakBisim C (?X U weakBisim) by blast
moreover have AP Q a b. [P = Q; a # b] = [a#b]P = Q
by (metis (full-types) strongBisim WeakBisim Strong-Early-Bisim-SC.mismatchld
Weak-Early-Bisim.transitive)
ultimately have [a#£b]P ~~<(?X U weakBisim)> [a#£b]Q
by (rule Weak-Early-Sim-Pres.mismatchPres)
}

with ¢(abP, abQ) € ?X> show ?case by blast
next
case(cSym abP abQ)
thus ?case by(blast dest: Weak-Early-Bisim.symetric)
qed
qed

lemma parPres:

fixes P :: pi
and Q@ : pi
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and R : pi
assumes P ~ @)

shows P | R~ Q || R
proof —
let ?X = {(resChain Ist (P || R), resChain Ist (Q || R)) | Ist PR Q. P ~ @}
have BC: AP Q. P || Q = resChain [| (P || Q) by auto
from <P = @ have (P || R, Q | R) € ?X by(blast intro: BC)
thus ?thesis
proof(coinduct rule: weakBisimCoinduct)
case(cSym PR QR)
{
fix P Q R Ist
assume P = ()
moreover hence P ~»<weakBisim> @ by(rule weakBisimE)
moreover have AP Q R. P~ Q= (P | R, Q | R) € ?X using BC
by blast
moreover {
fix PR QR «
assume (PR, QR) € ?X
then obtain Ist P Q R where P ~ Q and A: PR = resChain Ist (P || R)
and B: QR = resChain Ist (Q || R)
by auto
from A4 have <vxz>PR = resChain (z#lst) (P || R) by auto
moreover from B have <vz>QR = resChain (z#lst) (Q || R) by auto
ultimately have (<vaz>PR, <vz>QR) € ?X using (P = ()
by blast
}
note Res = this
ultimately have P || R ~<?X> Q|| R
by (rule-tac Weak-Early-Sim-Pres.parPres)
moreover have equt ?X
by (auto simp add: equt-def) (blast intro: equts)
ultimately have resChain Ist (P || R) ~»<?X> resChain Ist (Q || R) using
Res
by (rule-tac Weak-Early-Sim-Pres.resChainl )
hence resChain Ist (P || R) ~<(?X U weakBisim)> resChain Ist (Q || R)
by (force intro: Weak-Early-Sim.monotonic)

with «(PR, QR) € ?X> show PR ~~<(?X U weakBisim)> QR
by blast
next
case(cSym PR QR)
thus ?case by(blast dest: Weak-Early-Bisim.symetric)
qed
qed

lemma bangPres:
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fixes P :: pi
and Q : pi

assumes PBisimQ: P ~ ()

shows P ~ ()
proof —

let ?X = (bangRel weakBisim)

let ?Y = Strong-Early-Bisim.bisim O (bangRel weakBisim) O Strong-FEarly-Bisim.bisim

from Weak-FEarly-Bisim.equt Strong-Early-Bisim.equt have equtY: equt Y by (blast
intro: equtBangRel)

have XsubY: ?X C ?2Y by(auto intro: Strong-Early-Bisim.reflexive)

have RelStay: AP Q. (P || P, Q) € ?Y = (1P, Q) € ?Y
proof (auto)
fix PQRT
assume PBisim@: P || |P ~. Q
and QBRR: (Q, R) € bangRel weakBisim
and RBisimT: R ~, T
have !P ~, @
proof —
have |P ~, P || |P by(rule Strong-FEarly-Bisim-SC.bangSC')
thus %thesis using PBisim(Q) by (rule Strong-Farly-Bisim.transitive)
qed
with QBRR RBisimT show (IP, T) € ?Y by blast
qed

have ParCompose: AP Q R T. [P~ Q; (R, T) e ¢Y] = (P || R, Q| T) €
Y
proof —
fix PQRT
assume PBisim@Q): P ~ @
and RYT: (R, T) € ?Y
thus (P || R, Q|| T) € ?Y
proof (auto)
fix T' R’
assume 1'BisimT: T' ~, T and RBisimR": R ~. R’
and R'BRT" (R, T') € bangRel weakBisim
have P | R ~. P || R’
proof —
from RBisimR' have R || P ~. R’| P by(rule Strong-Early-Bisim-Pres.parPres)
moreover have P | R ~. R || P and R' || P ~. P || R’ by(rule
Strong-Early-Bisim-SC .parSym)+
ultimately show ?thesis by (blast intro: Strong-FEarly-Bisim.transitive)
qed
moreover from PBisim@Q R'BRT ' have (P || R’, Q || T') € bangRel weakBisim
by(rule BRPar)
moreover have Q || T/ ~. Q|| T
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proof —
from T'BisimT have T || Q ~. T || Q by(rule Strong-Early-Bisim-Pres.parPres)
moreover have Q | T/ ~. T' || Q and T | Q ~. Q || T by(rule
Strong-FEarly-Bisim-SC.parSym)+
ultimately show ?thesis by(blast intro: Strong-Early-Bisim.transitive)
qed
ultimately show ?thesis by blast
qed
qed

have ResCong: AP Q z. (P, Q) € ?Y = (<vz>P, <vz>Q) € ?Y
by (auto intro: BRRes Strong-Early-Bisim-Pres.resPres transitive)

have Sim: AP Q. (P, Q) € ?X = P ~<?Y> Q
proof —
fix P Q)
assume (P, Q) € ?X
thus P ~<?Y> @
proof (induct)
case(BRBang P Q)
have P ~ () by fact
moreover hence P ~<weakBisim> @Q by(blast dest: weakBisimFE)
moreover have AP Q. P ~ Q = P ~~<weakBisim> @ by(blast dest:
weakBisimFE)
moreover from Strong-Farly-Bisim.equt Weak-Farly-Bisim.equt have equt
?Y by(blast intro: equtBangRel)

ultimately show P ~~»<?Y > Q using ParCompose ResCong RelStay XsubY
by (rule-tac Weak-Early-Sim-Pres.bangPres, simp-all)
next
case(BRPar PQ R T)
have PBiSimQ: P ~ @ by fact
moreover have RBangRelT: (R, T) € ?X by fact
have RSimT: R ~<?Y> T by fact
moreover from PBiSim(@) have P ~»<weakBisim> @ by(blast dest: weak-
BisimE)
moreover from RBangRelT have (R, T) € ?Y by(blast intro: Strong-Early-Bisim.reflexive)
ultimately show P || R ~<?Y> @ || T using ParCompose ResCong equt
equtY
by (rule-tac Weak- Early-Sim-Pres.parCompose)
next
case(BRRes P Q) x)
have P ~<?Y> @ by fact
thus <vz>P ~<?Y> <vz>(Q using ResCong equtY XsubY
by (rule-tac Weak-Early-Sim-Pres.resPres, simp-all)
qed
qed

from PBisim@ have (1P, !Q) € ?X by(rule BRBang)
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moreover from Weak-Early-Bisim.equt have equt (bangRel weakBisim) by (rule
equtBangRel)
ultimately show ?thesis
apply (coinduct rule: Weak-Early-Bisim.transitive-coinduct-weak)
apply(blast intro: Sim)
by (blast dest: bangRelSymetric Weak-Early-Bisim.symetric intro: Strong-Early-Bisim.reflexive)
qed

lemma bangRelSubWeakBisim:
shows bangRel weakBisim C weakBisim
proof (auto)
fix abd
assume (a, b) € bangRel weakBisim
thus a = b
proof (induct)
fix P Q)
assume P ~ @)
thus |P =~ !Q by(rule bangPres)
next
fix PQRT
assume R~ T and P =~ ()
thus R || P = T || Q by(metis parPres parSym Weak-Early-Bisim.transitive)
next
fix P Q
fix a::name
assume P =~ ()
thus <va>P ~ <va>Q by(rule resPres)
qed
qed

end

theory Weak-Early-Cong-Pres
imports Weak-FEarly-Cong Weak-Early-Step-Sim-Pres Weak-Early-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and @ : pi

assumes P ~ @)

shows 7.(P) ~ 7.(Q)
proof —

from assms have P ~ @ by(rule congruence WeakBisim,)

thus ?thesis by(force intro: Weak-Early-Step-Sim-Pres.tauPres simp add: weak-
Congruence-def dest: weakBisimE(2))
qed
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lemma outputPres:
fixes P :: pi
and Q : pi

assumes P ~ @

shows a{b}.P ~ a{b}.Q
proof —

from assms have P =~ @Q by(rule congruence WeakBisim)

thus ?thesis by(force intro: Weak-FEarly-Step-Sim-Pres.outputPres simp add:
weakCongruence-def dest: weakBisimE(2))
qed

lemma matchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a—~b]P ~ [a—~b]Q
using assms
by (auto simp add: weakCongruence-def intro: Weak-Early-Step-Sim-Pres.matchPres)

lemma mismatchPres:
fixes P :: pi
and @ :: pi
and a :: name
and b :: name

assumes P ~ (@
shows [a#b|P ~ [a#b]Q
using assms

by (auto simp add: weakCongruence-def intro: Weak-Early-Step-Sim-Pres.mismatchPres)

lemma sumPres:

fixes P :: pi
and Q : pi
and R : pi

assumes P ~ (@

shows P& R~ Q& R
using assms
by (auto simp add: weakCongruence-def intro: Weak-Early-Step-Sim-Pres.sumPres
Weak-Early-Bisim.reflexive)
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lemma parPres:

fixes P :: pi
and Q : pi
and R : pi

assumes P ~ (@

shows P | R~ Q || R
proof —
have AP Q R. [P ~«weakBisim» Q; P =~ Q] = P || R ~~«weakBisim» Q || R
proof —
fix PQR
assume P ~~«weakBisim»  and P ~ @)
thus P || R ~>«weakBisim» Q | R
using Weak-FEarly-Bisim-Pres.parPres Weak-FEarly-Bisim-Pres.resPres Weak-Early-Bisim.reflexive
Weak-Early-Bisim.equt
by (blast intro: Weak-Early-Step-Sim-Pres.parPres)
qed
moreover from assms have P ~ @ by(rule congruence WeakBisim)
ultimately show “thesis using assms
by (auto simp add: weakCongruence-def dest: weakBisimFE)
qed

lemma resPres:
fixes P :: pi
and Q@ : pi
and z : name

assumes PeqQ): P ~ @

shows <vz>P ~ <vz>Q
proof —
have AP Q z. P ~«weakBisim» @ =—> <vz>P ~~»«weakBisim» <vx>(Q
proof —
fix PQx
assume P ~«weakBisim» @
with Weak-FEarly-Bisim.equt Weak-FEarly-Bisim-Pres.resPres show <vz>P
~qweakBisim» <vz>(Q
by (blast intro: Weak-Early-Step-Sim-Pres.resPres)
qed
with assms show ?thesis by (simp add: weakCongruence-def)
qed

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes P ~ @)
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shows P ~ ()
using assms
proof (induct rule: weakConglSym2)
case(cSim P Q)
let ?2X ={(P, Q)| PQ. P~ Q}
from «P ~ @ have (P, Q) € ?X by auto
moreover have AP Q. (P, Q) € X — P ~»«weakBisim» @Q by(auto simp
add: weakCongruence-def)
moreover from congruence WeakBisim have ?X C weakBisim by auto
ultimately have |P ~~«bangRel weakBisim» |Q using Weak-FEarly-Bisim.equt
by (rule Weak-Early-Step-Sim-Pres.bangPres)
moreover have bangRel weakBisim C weakBisim by(rule bangRelSubWeak-
Bisim)
ultimately show !P ~-«weakBisim» Q)
by (rule Weak-Early-Step-Sim.monotonic)
qed

end

theory Weak-Early-Cong-Subst-Pres
imports Weak-Early-Cong-Subst Weak-FEarly-Cong-Pres
begin

lemma weakCongStructCong:
fixes P :: pi
and Q@ : pi

assumes P =; @)

shows P ~° @
using assms
by (metis earlyCongStructCong strongEqWeakCong)

lemma tauPres:
fixes P :: pi
and Q@ :: pi

assumes P ~° ()

shows 7.(P) ~* 7.(Q)
using assms
by (auto simp add: weakCongruenceSubst-def intro: Weak-Early-Cong-Pres.tauPres)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z :: name
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assumes PeqQ): P ~*° @)

shows a<z>.P ~° a<z>.Q)
proof(auto simp add: weakCongruenceSubst-def)
fix s::(name x name) list

from congruence WeakBisim have Input: AP Q a z s. [P[<s>] ~* Q[<s>]; = #
s = (a<z>.P)[<s>] ~ (a<z>.Q)[<s>]
apply (auto simp add: weakCongruenceSubst-def weakCongruence-def)
apply(rule Weak-Early-Step-Sim-Pres.inputPres, auto)
apply(erule-tac z=[(z, y)| in allE, auto)
apply(rule Weak-Early-Step-Sim-Pres.inputPres, auto)
by (erule-tac z=[(z, y)] in allE, auto)

then obtain c::name where cFreshP: ¢ § P and cFresh@: c § () and cFreshs:
cts
by (force intro: name-exists-fresh[of (P, Q, s)])

from Peq@ have P[<([(z, ¢)] - s)>] ~* Q[<([(=, ¢)] - s)>] by(rule partUnfold)

hence ((z, )] - P<(((z, )] - $)>]) = ([(> )] = QI<([(z, )] - 5)>]) by(rule
Weak-Early-Cong-Subst.equtl )

hence ((z, )] + P)[<s>] = ((z, )] - @)[<s>] by simp

hence (a<c>.([(z, ¢)] - P))[<s>] = (a<c>.([(z, ¢)] - Q))[<s>] using cFreshs
by (rule Input)

moreover from cFreshP cFresh@ have a<z>.P = a<c>.([(z, ¢)] - P) and
4<5>.Q = a<e>([(z, )] - Q)
by (simp add: Agent.alphalnput)+

ultimately show (a<z>.P)[<s>] ~ (a<z>.Q)[<s>] by simp
qed

lemma outputPres:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows a{b}.P ~° a{b}.Q
using assms
by (auto simp add: weakCongruenceSubst-def intro: Weak-Early-Cong-Pres.outputPres)

lemma matchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name
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assumes P ~° ()

shows [a—~b]P ~* [a—~b]Q
using assms
by (auto simp add: weakCongruenceSubst-def intro: Weak-Early-Cong-Pres.matchPres)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° @)
shows [a#£b]P ~* [a#£b]Q
using assms

by (auto simp add: weakCongruenceSubst-def intro: Weak-FEarly-Cong-Pres.mismatchPres)

lemma sumPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~° @)
shows P® R ~° Q ® R
using assms

by (auto simp add: weakCongruenceSubst-def intro: Weak-FEarly-Cong-Pres.sumPres)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~° @)

shows P || R~* Q|| R
using assms
by (auto simp add: weakCongruenceSubst-def intro: Weak-Early-Cong-Pres.parPres)

lemma resPres:
fixes P :: pi
and Q@ : pi
and z : name

assumes PeqQ: P ~* @

shows <vz>P ~° <vz>Q
proof(auto simp add: weakCongruenceSubst-def)
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fix s::(name X name) list

have Goal: AP Q z s. [P[<s>] ~«weakBisim» Q[<s>]; z § s] = (<va>P)[<s>]
~«weakBisimy (<vz>Q)[<s>]
by (force intro: Weak-Early-Step-Sim-Pres.resPres Weak-Early-Bisim-Pres.resPres
Weak- Early-Bisim.equt)

then obtain c::name where cFreshP: ¢ § P and cFreshQ: ¢ t Q and cFreshs:
cts
by (force intro: name-exists-fresh[of (P, Q, s)])

from PeqQ) have P[<([(z, ¢)] + s)>] ~>«weakBisim» Q[<([(z, ¢)] + s)>] and
Ql<([(z, ¢)] - 8)>] ~«weakBisim» P[<([(z, ¢)] - 8)>]
by (force simp add: weakCongruenceSubst-def weakCongruence-def)+

)he]?)ce (C[I(J;, o)] - (P[<([(z, ¢)] - 8)>])) ~«weakBisim» ([(z, ¢)] - (Q[<([(z, ¢)] *
s)> an

([(z, o)] - (Q<([(z, ¢)] - 8)>])) ~«weakBisim» ([(z, ¢)] - (P[<([(z, ¢)] -
5)>]))

by (blast intro: Weak-Early-Step-Sim.equt] Weak-Early-Bisim.equt)+

hence ([(z, ¢)] - P)[<s>] ~>«weakBisimy» ([(z, ¢)] + Q)[<s>] and
([(z, ¢)] + Q)[<s>] ~«weakBisimy» ([(z, ¢)] + P)[<s>] by simp+

with cFreshs have (<ve>([(z, ¢)] -+ P))[<s>] ~»«weakBisim» (<ve>([(z, ¢)] -
Q))[<s>] and
(<ve>([(m, 0)] » Q))[<s>] ~«weakBisimy» (<ve>([(z, )] - P))[<s>]
by (blast intro: Goal)+

moreover from cFreshP cFresh@ have <va>P = <vc>([(z, ¢)] - P) and
<vz>Q = <ve>([(z, ¢)] - Q)
by (simp add: alphaRes)+

ultimately show (<vz>P)[<s>] ~ (<vz>Q)[<s>]
by (simp add: weakCongruence-def)
qed
lemma bangPres:
fixes P :: pi
and Q : pi
assumes P ~° ()
shows P ~° 1Q)
using assms

by (auto simp add: weakCongruenceSubst-def intro: Weak-FEarly-Cong-Pres.bangPres)

end
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theory Strong-Late-Expansion-Law
imports Strong-Late-Bisim-SC
begin

nominal-primrec summands :: pi = pi set where
summands 0 = {}
| summands (7.(P)) = {r.(P)}
| 2§ a« = summands (a<z>.P) = {a<z>.P}
| summands (a{b}.P) = {a{b}.P}
| summands ([a—~b]P) = {}
| summands ([a#£b]P) = {}
| summands (P @ Q) = (summands P) U (summands Q)
| summands (P || Q) = {}
| summands (<ve>P) = (if (3a P". a # x N P = a{z}.P’) then ({<vz>P}) else
{H
| summands (1P) = {}
apply(auto simp add: fresh-singleton name-fresh-abs fresh-set-empty fresh-singleton
pi.fresh)
apply (finite-guess)+
by (fresh-guess)+

lemma summandsInput[simp]:
fixes a :: name
and =z :: name
and P :: pi

shows summands (a<z>.P) = {a<z>.P}
proof —
obtain y where yinega: y # a and yFreshP: y § P
by (force intro: name-exists-fresh[of (a, P)] simp add: fresh-prod)
from yFreshP have a<z>.P = a<y>.([(z, y)] - P) by(simp add: alphalnput)
with yineqa show ?thesis by simp
qed

lemma finiteSummands:
fixes P :: pi

shows finite(summands P)
by (induct P rule: pi.induct) auto

lemma boundSummandDest|dest):
fixes = :: name
and y :: name
and P’: pi
and P : pi

assumes <vz>z{y}.P’ € summands P

shows Fulse

487



using assms
by (induct P rule: pi.induct, auto simp add: if-split pi.inject name-abs-eq name-calc)

lemma summandFresh:
fixes P :: pi
and Q@ : pi
and <z : name

assumes P € summands Q

and zdQ

shows z § P
using assms
by(nominal-induct Q avoiding: P rule: pi.strong-induct, auto simp add: if-split)

nominal-primrec hnf :: pi = bool where
hnf 0 = True

| hnf (1.(P)) = True

| 8 a = hnf (a<a>.P) = True

| hnf (a{b}.P) = True

| hnf ([a—~b]P) = False

| hnf ([a#£b]P) = False

| hnf (P'® Q) = ((hnf P) A (hnf Q) A P # 0 A Q #0)

| hnf (P || Q) = False

| hnf (<vz>P) = (3a P'. a # x AN P = a{z}.P’)

| hnf (IP) = False

apply(auto simp add: fresh-bool)

apply (finite-guess)+

by (fresh-guess)+

lemma hnfInput[simp:
fixes a :: name
and z :: name
and P : pi

shows hnf (a<z>.P)
proof —
obtain y where yineqa: y # a and yFreshP: y § P
by (force intro: name-exists-freshlof (a, P)] simp add: fresh-prod)
from yFreshP have a<z>.P = a<y>.([(z, y)] - P) by(simp add: alphalnput)
with yinega show ?thesis by simp
qged

lemma summandTransition:
fixes P :: pi
and a : name
and <z : name
and b : name
and P’: pi
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assumes hnf P

shows P —7 < P’/ = (7.(P') € summands P)

and P ——a<z> < P’ = (a<x>.P’ € summands P)

and P r—afb] < P’ = (a{b}.P’' € summands P)

and a # ¢ = P —a<vz> < P’ = (<vz>a{z}.P’ € summands P)
proof —

from assms show P —7 < P’ = (7.(P’) € summands P)

proof (induct P rule: pi.induct)

case PiNil
show ?case by auto
next

case(Output a b P)
show ?case by auto
next
case(Tau P)
have 7.(P) —7 < P/ = 7.(P’) € summands (7.(P))
by (auto elim: tauCases simp add: pi.inject residual.inject)
moreover have 7.(P’) € summands (1.(P)) = 7.(P) —71 < P’
by (auto simp add: pi.inject intro: transitions. Tau)
ultimately show ?case by blast
next
case(Input a x P)
show ?case by auto
next
case(Match a b P)
have hnf ([a—~b]P) by fact
hence Fualse by simp
thus ?case by simp
next
case(Mismatch a b P)
have hnf ([a#£b]P) by fact
hence Fualse by simp
thus ?case by simp
next
case(Sum P Q)
have hnf (P ® Q) by fact
hence Phnf: hnf P and Qhnf: hnf Q by simp+

have IHP: P —71 < P’ = (7.(P’) € summands P)

proof —
have hnf P = P ——7 < P' = (7.(P’) € summands P) by fact
with Phnf show ?thesis by simp

qed

have IHQ: Q —7 < P’ = (7.(P’) € summands Q)

proof —
have hnf Q = Q ——7 < P’ = (7.(P’) € summands Q) by fact
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with Qhnf show ?thesis by simp
qed

from [HP IHQ@ have P & Q —7 < P/ = 7.(P’) € summands (P & Q)
by (erule-tac sumCases, auto)
moreover from THP IHQ have 7.(P’) € summands (P ® Q) = P ® Q 7
< P’
by (auto dest: Sum1 Sum2)
ultimately show ?case by blast
next
case(Par P Q)
have hnf (P || Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Res z P)
thus ?case by(auto elim: resCasesF')
next
case(Bang P)
have hnf (!P) by fact
hence Fulse by simp
thus ?case by simp
qed
next
from assms show P —a<z> < P’ = (a<z>.P’ € summands P)
proof (induct P rule: pi.induct)

case PiNil
show ?case by auto
next

case(Output ¢ b P)
show ?case by auto
next
case(Tau P)
show ?case by auto
next
case(Input b y P)
have b<y>.P —a<z> < P’ = a<z>.P’ € summands (b<y>.P)
by (auto elim: inputCases’ simp add: pi.inject residual.inject)
moreover have a<z>.P’ € summands (b<y>.P) = b<y>.P —a<z> <
Pl
apply(auto simp add: pi.inject name-abs-eq intro: Late-Semantics.Input)
apply(subgoal-tac b<z> < [(z, y)] - P = (b<y> < [(z, v)] * [(z, v)] + P))
apply(auto intro: Late-Semantics.Input)
by (simp add: alphaBoundResidual name-swap)
ultimately show ?case by blast
next
case(Match a b P)
have hnf ([a—~b]P) by fact
hence Fulse by simp

490



thus ?case by simp
next
case(Mismatch a b P)
have hnf ([a#£b]P) by fact
hence Fulse by simp
thus ?case by simp
next
case(Sum P Q)
have hnf (P & Q) by fact
hence Phnf: hnf P and Qhnf: hnf Q by simp+

have IHP: P —a<z> < P’ = (a<z>.P’ € summands P)

proof —
have hnf P = P ——a<z> < P’ = (a<z>.P’ € summands P) by fact
with Phnf show ?thesis by simp

qed

have IHQ: Q —a<z> < P’ = (a<z>.P' € summands Q)

proof —
have hnf Q = Q ——a<z> < P’ = (a<z>.P’ € summands Q) by fact
with Qhnf show ?thesis by simp

qed

from IHP IHQ have P & Q —a<z> < P’ = a<z>.P’ € summands (P &

Q)
by (erule-tac sumCases, auto)
moreover from /HP IHQ have a<z>.P' € summands (P ® Q) = P @ @
—a<z> < P’
by (auto dest: Sum1 Sum2)
ultimately show ?case by blast
next
case(Par P Q)
have hnf (P || Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Res y P)
have hnf(<vy>P) by fact
thus ?case by(auto simp add: if-split)
next
case(Bang P)
have hnf (!P) by fact
hence Fulse by simp
thus ?case by simp
qed
next
from assms show P ——a[b] < P’ = (a{b}.P’ € summands P)
proof (induct P rule: pi.induct)
case PiNil
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show ?case by auto
next
case(Output ¢ d P)
have c{d}.P —a[b] < P/ = a{b}.P’ € summands (c{d}.P)
by (auto elim: outputCases simp add: residual.inject pi.inject)
moreover have a{b}.P’ € summands (¢{d}.P) = c{d}.P —a[b] < P’
by (auto simp add: pi.inject intro: transitions. Qutput)
ultimately show ?case by blast
next
case(Tau P)
show ?case by auto
next
case(Input c z P)
show ?case by auto
next
case(Match a b P)
have hnf ([a—~b]P) by fact
hence Fualse by simp
thus ?case by simp
next
case(Mismatch a b P)
have hnf ([a#£b]P) by fact
hence Fualse by simp
thus ?case by simp
next
case(Sum P Q)
have hnf (P © Q) by fact
hence Phnf: hnf P and Qhnf: hnf Q by simp+

have IHP: P —a[b] < P’ = (a{b}.P’ € summands P)

proof —
have hnf P = P ——a[b] < P’ = (a{b}.P’ € summands P) by fact
with Phnf show ?thesis by simp

qed

have IHQ: Q —a[b] < P’ = (a{b}.P’' € summands Q)

proof —
have hnf Q@ = Q ——a[b] < P’ = (a{b}.P’ € summands Q) by fact
with Qhnf show ?thesis by simp

qed

from IHP IHQ have P & Q +—a[b] < P/ = a{b}.P’ € summands (P ® Q)
by (erule-tac sumCases, auto)
moreover from [HP IHQ have a{b}.P’ € summands (P & Q) = P @ @
—a[b] < P’
by (auto dest: Sum1 Sum2)
ultimately show ?case by blast
next
case(Par P Q)
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have hnf (P || Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Res z P)
have hnf (<vz>P) by fact
thus Zcase by(force elim: resCasesF outputCases simp add: if-split resid-
ual.inject)
next
case(Bang P)
have hnf (\P) by fact
hence Fualse by simp
thus ?case by simp
qed
next
assume a#zx
with assms show P —a<vz> < P’ = (<vz>a{z}.P’ € summands P)
proof (nominal-induct P avoiding: x P’ rule: pi.strong-induct)
case PiNil
show ?case by auto
next
case(Output a b P)
show ?case by auto
next
case(Tau P)
show ?case by auto
next
case(Input a x P)
show ?case by auto
next
case(Match a b P)
have hnf ([a—~b]P) by fact
hence Fualse by simp
thus ?case by simp
next
case(Mismatch a b P)
have hnf ([a#£b]|P) by fact
hence Fulse by simp
thus ?case by simp
next
case(Sum P Q)
have hnf (P ® Q) by fact
hence Phnf: hnf P and Qhnf: hnf Q by simp+
have aineqx: a # z by fact

have IHP: P —a<vz> < P’ = (<vz>a{z}.P’ € summands P)
proof —
have Az P’. [hnf P; a # 2] = P ——a<va> < P’ = (<vz>a{z}.P’ €
summands P) by fact
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with Phnf aineqr show ?thesis by simp
qed

have IHQ: Q —a<vz> < P’ = (<vz>a{z}.P’ € summands Q)
proof —
have Az Q' [hnf Q; a # 1] = Q —a<vz> < P’ = (<vz>a{z}.P’ €
summands @) by fact
with Qhnf aineqx show ?thesis by simp
qed

from IHP IHQ have P & @ —a<vz> < P’ = <vz>a{z}.P’ € summands
(P& Q)
by (erule-tac sumCases, auto)
moreover from [HP IHQ have <vz>a{z}.P’' € summands (P ® Q) = P
@ Q —a<vr> < P’
by (auto dest: Suml Sum2)
ultimately show ?case by blast
next
case(Par P Q)
have hnf (P || Q) by fact
hence Fulse by simp
thus ?case by simp
next
case(Res y P)
have Phnf: hnf (<vy>P) by fact
then obtain b P'’ where bineqy: b # y and PeqP'": P = b{y}.P"
by auto
have y t = by fact hence zineqy: x # y by simp
have yFreshP". y t P’ by fact
have aineqx: a#x by fact
have <vy>P ——a<vz> < P’ = (<va>a{z}.P’ € summands (<vy>P))
proof —
assume Trans: <vy>P ——a<vz> < P’
hence aegb: a = b using zineqy bineqy PeqP'’
by (induct rule: resCasesB’, auto elim: outputCases simp add: residual.inject
alpha’ abs-fresh pi.inject)

have Goal: Az P'. [<vy>b{y}.P" ——b<vz> < Pz # y; z # b,z t P"]
.
<vz>b{z}.P’ € summands(<vy>b{y}.P")
proof —
fix z P’
assume zFreshP’: (z::name) § P' and zineqb: © # b
assume <vy>b{y}.P" —b<vz> < P’ and zineqy: © # y
moreover from «z # b <z § P") <x # y have z  b{y}.P" by simp
ultimately show <vz>b{z}.P’ € summands (<vy>b{y}.P")
proof (induct rule: resCasesB)
case(cOpen a P'")
have BoundOutputS b = BoundQOutputS a by fact hence beqa: b = a by
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stmp
have Trans: b{y}.P" ——aly] < P"" by fact
with PegP'’ have P''eqP'": P'' = P'"
by (force elim: outputCases simp add: residual.inject)
with bineqy zineqy xFreshP' have y t b{z}.([(z, y)] - P"")
by(simp add: name-fresh-abs name-calc name-fresh-left)
with bineqy Phnf PeqP'" P''eqP'" xinegb show ?case
by (simp only: alphaRes, simp add: name-calc)
next
case(cRes P'")
have b{y}.P"" —b<vaz> < P"" by fact
hence Fualse by auto
thus ?case by simp
qed
qed
obtain z where zineqr: z # x and zineqy: z # y and zFreshP’": z § P"'
and zinegb: z # b and zFreshP': z § P’
by (force intro: name-exists-freshlof (z, y, b, P, P')] simp add: fresh-prod)

from zFreshP’ aegb PeqP'' Trans have Trans” <vy>b{y}.P" —b<vz> <
[(z, z)] - P’
by (simp add: alphaBoundResidual name-swap)
hence <vz>b{z}.([(z, z)] -+ P') € summands (<vy>b{y}.P") using zineqy
zineqb zFreshP''
by (rule Goal)
moreover from bineqy zineqr zFreshP’ aineqr aeqb have z § b{z}.([(2, z)] -
P
by(simp add: name-fresh-left name-calc)
ultimately have <vz>b{z}.P’ € summands (<vy>b{y}.P") using zinegb
by(simp add: alphaRes name-calc)
with aeqb PeqP'' show ?thesis by blast
qed
moreover have <vz>a{z}.P’ € summands(<vy>P) = <vy>P —a<vz>
< P’
proof —
assume <vz>a{z}.P’ € summands(<vy>P)
with PegP'’ have Summ: <vz>a{z}.P' € summands(<vy>b{y}.P"") by
stmp
moreover with bineqy xineqy have aeqb: a = b
by (auto simp add: if-split pi.inject name-abs-eq name-fresh-fresh)
from bineqy zineqy yFreshP' have y § b{z}.P’ by(simp add: name-calc)
with Summ aeqb bineqy aineqr have <vy>b{y}.([(z, y)] - P’) € sum-
mands(<vy>b{y}.P")
by (simp only: alphaRes, simp add: name-calc)
with aeqb PegP' have <vy>P —a<vy> < [(z, y)] - P’
by (auto intro: Open Output simp add: if-split pi.inject name-abs-eq)
moreover from yFreshP’ have z t [(z, y)] - P’ by(simp add: name-fresh-left
name-calc)
ultimately show ?thesis by (simp add: alphaBoundResidual name-swap)
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qed
ultimately show ?case by blast
next
case(Bang P)
have hnf (\P) by fact
hence Fulse by simp
thus ?case by simp
qed
qed

definition ezpandSet :: pi = pi = pi set where
expandSet P Q = {r.(P'|| Q) | P". 7.(P’) € summands P} U
{r(P || @) | Q" 7.(Q") € summands Q} U
{a{b}.(P"|| Q) | a b P". a{b}.P' € summands P} U
{a{b}.(P || @) | ab Q" a{b}.Q" € summands Q} U
{a<z>.(P'|| Q)| az P". a<z>.P' € summands P A z § Q}

U
{a<z>.(P || Q) | az Q" a<z>.Q’ € summands Q N z
P} U
{<vaz>a{z}.(P'|| Q) | a x P'. <va>a{z}.P’ € summands P
Aot QU
{<ve>a{z}.(P || Q') | a z Q. <vz>a{z}.Q" € summands
QANzfPHU

{T.(Plzz:=0b] | @) | z P' b Q. Fa. a<z>.P’' € summands P
A afb}.Q’ € summands Q} U

{T.(P"|| (Qz=:=b])) | b Pz Q" Fa. a{b}.P’ € summands

P A a<z>.Q' € summands Q} U
{r.(<vy>(P'lzz=y] || Q) |
summands P N <vy>a{y}.Q’ € summands Q A y
{r.(<vy>(P" || (Q'lz=y])))
€ summands P A a<z>.Q’ € summands Q N y

z Py Q. Ja. a<az>.P' €
P} U

| y P’z Q" Fa. <vy>a{y}.P’
Q}
lemma finiteErpand:

fixes P :: pi

and Q : pi

shows finite(expandSet P Q)
proof —

have finite {7.(P' || Q) | P". 7.(P’) € summands P}

by (induct P rule: pi.induct, auto simp add: pi.inject Collect-ex-eq conj-disj-distribL
Collect-disj-eq UN-Un-distrib)

moreover have finite {7.(P || Q") | Q" 7.(Q’) € summands Q}

by (induct Q rule: pi.induct, auto simp add: pi.inject Collect-ex-eq conj-disj-distribL
Collect-disj-eq UN-Un-distrib)

moreover have finite {a{b}.(P'|| Q) | a b P'. a{b}.P’ € summands P}

by (induct P rule: pi.induct, auto simp add: pi.inject Collect-ex-eq conj-disj-distribL
Collect-disj-eq UN-Un-distrib)

moreover have finite {a{b}.(P || Q") | a b Q. a{b}.Q’ € summands Q}

by (induct Q rule: pi.induct, auto simp add: pi.inject Collect-ex-eq conj-disj-distribL
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Collect-disj-eq UN-Un-distrib)
moreover have finite {a<z>.(P'|| Q) | a x P". a<z>.P’ € summands P A x §
Q}
proof —
have Auz: Na z P Q. (z::name) § Q@ = {a'<z’>.(P'|| Q) |a’z' P'. a’<z’>.P’
=a<z>P Az’ t Q} = {a<z>.(P || Q)}
by (auto simp add: pi.inject name-abs-eq name-fresh-fresh)
thus ?thesis
by (nominal-induct P avoiding: Q rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
qed
moreover have finite {a<z>.(P || Q') | a z Q" a<z>.Q’ € summands Q N x
4 P)
proof —
have Auz: Naz P Q. (z::name) § P = {a'<z’>.(P || Q') |a'z' Q". a'<z'>.Q’
=a<z>.Q A z'f P} = {a<z>.(P || Q)}
by (auto simp add: pi.inject name-abs-eq name-fresh-fresh)
thus ?thesis
by (nominal-induct Q avoiding: P rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
qed
moreover have finite {<vz>a{z}.(P'| Q) | a z P'. <vz>a{z}.P’' € summands
P Azt Q)
proof —
have Auz: Naz P Q. [z £ Q; a # 2] = {<va'>a{z'}.(P' || Q) |a’ ' P".
<vz'>a{z'}.P' = <ve>a{z}.P N2z’ § Q} =
{<ve>a{z}.(P || Q)}
by (auto simp add: pi.inject name-abs-eq name-fresh-fresh)
thus ?thesis
by (nominal-induct P avoiding: Q rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
qed
moreover have finite {<vz>a{z}.(P | Q') | a z Q. <vz>a{z}.Q’ € summands
QANzt P}
proof —
have Auz: Na z P Q. [z § P; a # z] = {<vz'>a{z'}.(P || Q') |a' =’ Q.
<vz'>a{2'}.Q' = <vz>a{z}.Q N 2’ § P} =
{<va>a{z}.(P || Q)}
by (auto simp add: pi.inject name-abs-eq name-fresh-fresh)
thus ?thesis
by (nominal-induct @ avoiding: P rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
qed
moreover have finite {T.(P'[z:=b] || Q") | 2P’ b Q. a. a<z>.P’ € summands
P A a{b}.Q" € summands Q}
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proof —
have Auz: Aa z P b Q. {7.(Plz":=b] || Q") | o’ 2’ P b' Q' a'<a’>.P' =
a<z>.P A a'{b'}.Q" = a{b}.Q} = {7.(Plz::=0] || Q)}
by (auto simp add: name-abs-eq pi.inject renaming)
have Aa z P Q b:'a::{}. finite {T7.(P[z"=:=b] || Q") | '’ ' P' b Q. a’<x’>.P’
= a<z>.P A o {b}.Q" € summands Q}
apply (induct rule: pi.induct, simp-all)
apply(case-tac a=namel)
apply(simp add: Aux)
apply(simp add: pi.inject)
by (simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
hence finite {T.(P/[z:=b] || Q) | a z P' b Q' a<z>.P’' € summands P A
a{b}.Q' € summands Q}
by (nominal-induct P avoiding: Q rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib name-abs-eq)
thus ?thesis
apply(rule-tac finite-subset)
defer
by blast+
qed
moreover have finite {7.(P' || (Q'[z::=0b])) | b P’z Q. Fa. a{b}.P' € summands
P A a<z>.Q' € summands Q}
proof —
have Auz: Aaz P b Q. {7.(P'| (Q'[z":=b")) | o’ ' P' 2’ Q. a'{b'}.P' =
a{b}.P A a'<z’>.Q" = a<z>.Q} = {7.(P || (Q[z::=0b]))}
by (auto simp add: name-abs-eq pi.inject renaming)
have Aa b P Q z::'a::{}. finite {7.(P' || (Q'|z::=b"])) | a’ b’ P’z Q. a'{b'}.P’
= a{b}.P A a'<z>.Q" € summands Q}
apply (induct rule: pi.induct, simp-all)
apply(case-tac a=namel)
apply(simp add: Aux)
apply(simp add: pi.inject)
by (simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
hence finite {T.(P’' || (Q'[z:=b])) | a b P’ x Q'. a{b}.P’ € summands P A
a<z>.Q' € summands Q}
by (nominal-induct P avoiding: Q rule: pi.strong-induct,
auto simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib name-abs-eq)
thus ?thesis
apply(rule-tac finite-subset) defer by blast+
qed
moreover have finite {7.(<vy>(P'lz:=y] || @) | z P’y Q' Ja. a<z>.P' €
summands P N <vy>a{y}.Q' € summands Q A\ y § P}
proof —
have Aur: Aaz Py Q. y 8 P ANy # a= {r.(<vy>(P'lz":=y" | Q)
!/

|
a" ' Py Q. a'<z’>.P' = a<ax>.P A <vy>a'{y’}.Q" = <vy>a{y}.Q N y' #
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a<z>.P} = {r.(<vy>(Plz:==y] || Q))}
apply(auto simp add: pi.inject name-abs-eq name-fresh-abs name-calc fresh-fact2
fresh-factl equts forget)
apply (subst name-swap, simp add: injPermSubst fresh-factl fresh-fact2)+
by (simp add: name-swap injPermSubst)+

have BC: Naxz P Q. finite {T.(<vy>(P'[z"=:=y] || Q")) | o'z’ P'y Q. a’<a’>.P’
= a<z>.P N <vy>a’{y}.Q’ € summands Q A y t a<z>.P}
proof —
fixaz P Q@
show finite {T.(<vy>(P[z":=y] || Q@) | «’ ¢’ P’y Q. a'<z’>.P' = a<z>.P
A <vy>a'{y}.Q’ € summands Q N y § a<z>.P}
apply(nominal-induct @ avoiding: a P rule: pi.strong-induct, simp-all)
apply(simp add: Collect-ex-eq conj-disj-distribL conj-disj-distribR
Collect-disj-eq UN-Un-distrib)
apply/(clarsimp)
apply(case-tac a=aa)
apply(insert Auz, auto)
by (simp add: pi.inject name-abs-eq name-calc)
qed

have IH: AP P’ Q. {r.(<vy>(P"[z:=y] || Q) | a x P" y Q'. (a<z>.P" €
summands PV a<z>.P" € summands P") A <vy>a{y}.Q' € summands Q A y 4
PAytPY={r(<vy>P"[zz=y] || @) | az P"y Q" a<z>.P" € summands
P A <vy>a{y}.Q' € summands Q ANy P Ayt P} U {r.(<vy>(P"[z:=y] |
QN) | axP"y Q. a<z>.P" € summands P' N <vy>a{y}.Q' € summands Q A
yi P Ayt P}
by blast
have IH" AP Q P’ {r.(<vy>(P"[z::=y] || ") | az P" y Q". a<z>.P'" € sum-
mands P N <vy>a{y}.Q’ € summands Q Ay PAyt P’} C{r.(<vy>(P"[z:=y]
| @) axP”y Q. a<z>.P" € summands P N <vy>a{y}.Q' € summands Q
Ayt P}
by blast
have IH'": AP Q P’ {r.(<vy>(P"[z:=y] | Q") | az P" y Q. a<z>.P'" € sum-
mands P’ N <vy>a{y}.Q’ € summands Q ANy g P Ayt P’} C{r.(<vy>(P"[z:=y]
| @)1 azP"y Q. a<z>.P" € summands P' A <vy>a{y}.Q’ € summands Q
ANyt P}
by blast
have finite {7.(<vy>(P'[z:=y] || Q") | az P' y Q. a<x>.P’' € summands P
A <vy>a{y}.Q' € summands Q A y £ P}
apply (nominal-induct P avoiding: Q rule: pi.strong-induct, simp-all)
apply (insert BC, force)
apply(insert IH, auto)
apply (blast intro: finite-subset| OF TH"))
by (blast intro: finite-subset|OF IH')
thus ?thesis
apply (rule-tac finite-subset) defer by (blast)+
qged
moreover have finite {7.(<vy>(P'|| (Qz::=y]))) | y P’z Q" Fa. <vy>a{y}.P’
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€ summands P N\ a<z>.Q' € summands Q N y t Q}
proof —
have Auz: Nay Pz Q. [y 4 Q; y # o] = {7.(<vy>(P" | (Q'lz":=y1)))
| a"y' P 2’ Q. <vy>a'{y'}.P' = <vy>a{y}.P A a'<z’>.Q" = a<z>.Q N y' §
a<z>.Q} = {r.(<vy>(P || (Q[z::=y])))}
apply(auto simp add: pi.inject name-abs-eq name-fresh-abs name-calc fresh-fact2
fresh-factl forget equts fresh-left renaming[symmetric])
apply (subst name-swap, simp add: injPermSubst fresh-factl fresh-fact2)+
by (simp add: name-swap injPermSubst)+

have IH: AP y a Q Q" {r.(<vy>(P’ || (Q"[z==y"))) | '’ yv' P' = Q".
<vy'>a{y’}.P' = <vy>a{y}.P A (a'<z>.Q" € summands Q V a'<z>.Q" €
summands Q) Ayt Q Ay’ t Q} = {r(<vy'>(P | (Q"lz=y))) | a' y' P’
z Q. <vy>a{y't.P' = <vy>a{y}.P N a'<z>.Q"” € summands Q N y' & Q
Ayt QY U {r(<uy>(P | (Qlz=y]) | o'y’ P’z Q" <vy'>al{y’}.P’ =
<vy>a{y}.P A a’<z>.Q" € summands Q" ANy’ Q ANy’ t Q'}

by blast

have IH: Na y P Q Q' {r.(<vy>(P' || (Q"[z==y"))) | «’ y' P' z Q"
<vy’>a{y'}.P' = <vy>a{y}.P A a'<a>.Q" € summands Q ANy’ Q ANy’ Q'}
C {r(<uy'>(P' | (@Tes=y D)) | 'y’ P’ Q" <vy'>a'{y’}.P' = <wy>a{y}.P
A a'<z>.Q" € summands Q A y'§ Q}

by blast

have IH': Na y P Q Q' {r.(<vy’>(P' || (Q"[z::=y"))) | o’ v’ P' = Q".
<vy’>a{y'}.P' = <vy>a{y}.P N a’<z>.Q" € summands Q' Ny’ § Q ANy’ 1 Q'}
CAr(<vy>(P" || (Q"[z==y)) | 'y’ P'z Q". <vy>a{y’}.P' = <vy>a{y}.P
A a'<z>.Q" € summands Q' ANy’ Q'}

by blast

have BC: Nay P Q. [yt @ y # o] = finite {r-(<vy’>(P' || (Qz==y"))
| o'y’ Pz Q. <vy>a{y’}.P' = <vy>a{y}.P A a'<z>.Q’ € summands Q N y’
Q)
proof —
fixay P Q
assume (y::name) § (Q::pi) and y # a
thus finite {r.(<vy>(P' || (Q'[z==y"))) | o'y’ P’z Q'. <vy">a{y’}.P' =
<vy>a{y}.P N a'<xz>.Q" € summands Q N y'  Q}
apply (nominal-induct Q avoiding: y rule: pi.strong-induct, simp-all)
apply(case-tac a=namel)
apply auto
apply(subgoal-tac ya § (pi::pi))
apply (insert Aux)
apply auto
apply(simp add: name-fresh-abs)
apply(simp add: pi.inject name-abs-eq name-calc)
apply(insert IH)
apply auto
apply(blast intro: finite-subset|OF IH))
by (blast intro: finite-subset[OF IH'])
qed

500



have finite {T.(<vy>(P’ || (Q[z::=y]))) | a y P’ z Q'. <vy>a{y}.P' € sum-
mands P N\ a<z>.Q' € summands Q A y t Q}

apply (nominal-induct P avoiding: Q rule: pi.strong-induct, simp-all)
apply(simp add: Collect-ex-eq conj-disj-distribL cong-disj-distribR name-fresh-abs
Collect-disj-eq UN-Un-distrib)
by (auto intro: BC')
thus ?thesis
apply (rule-tac finite-subset) defer by blast+
qged

ultimately show ?thesis
by (simp add: expandSet-def)
qed

lemma expandHnf:
fixes P :: pi
and Q : pi

shows V R € (expandSet P Q). hnf R
by (force simp add: expandSet-def)

inductive-set sumComposeSet :: (pi X pi set) set
where
empty: (0, {}) € sumComposeSet
| insert: [Q € S; (P, S — {Q}) € sumComposeSet] = (P & Q, S) € sumCom-
poseSet

lemma expandAction:
fixes P :: pi
and Q@ : pi
and S :: pi set

assumes (P, S) € sumComposeSet
and Qes
and Q — Rs

shows P — Rs
using assms
proof (induct arbitrary: Q rule: sumComposeSet.induct)
case empty
have Q € {} by fact
hence Fulse by simp
thus ?case by simp
next
case(insert Q' S P Q)
have QTrans: Q — Rs by fact
show ?Zcase
proof(case-tac @ = Q')
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assume Q = Q'
with QTrans show P @ Q' —— Rs by(blast intro: Sum2)
next
assume QineqQ” Q # Q'
have IH: NQ. [Q € S — {Q'}; Q — Rs] = P — Rs by fact
have QinS: @ € S by fact
with Qineg@’ have Q € S — {Q'} by simp
hence P — Rs using QTrans by(rule IH)
thus ?case by(rule Suml)

qged
qed
lemma expandAction'”:
fixes P :: pi
and Q@ : pi
and R : pi

assumes (R, S) € sumComposeSet
and R +— Rs

shows 3P € S. P — Rs
using assms
proof (induct rule: sumComposeSet.induct)
case empty
have 0 — Rs by fact
hence Fulse by blast
thus ?case by simp
next
case(insert Q S P)
have QinS: ) € S by fact
have P & @ — Rs by fact
thus ?case
proof (induct rule: sumCases)
case cSuml
have P — Rs by fact
moreover have P — Rs = 3P € (S — {Q}). P — Rs by fact
ultimately obtain P where PinS: P € (S — {Q}) and PTrans: P — Rs
by blast
show ?case
proof(case-tac P = Q)
assume P = @
with PTrans QinS show ?case by blast
next
assume PineqQ: P # @
from PinS have P € S by simp
with PTrans show ?thesis by blast
qed
next
case cSum?2
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have ) — Rs by fact
with QinS show ?case by blast

qed

qed

lemma expandTrans:
fixes P :: pi
and Q : pi
and R : pi
and a :: name
and b :: name
and z : name

assumes Fzp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P
and Qhnf: hnf Q

shows (P || Q —7 < P') = (R +—71 < P

and (P || Q —a[b] < P") = (R ——a[b] < P

and (P || Q —a<z> < P’) = (R ——a<z> < P

and (P || @ —a<vz> < P’) = (R —a<vz> < P’)
proof —

show P || Q— 7 < P'=R+— 7 <P’
proof (rule iffI)

assume P | Q —7 < P’

thus R —7 < P’

proof (induct rule: parCasesF[of - - - - - (P, Q)
case(cParl P’)
have P —7 < P’ by fact
with Phnf have 7.(P’) € summands P by(simp add: summandTransition)
hence 7.(P’ || Q) € expandSet P Q by(auto simp add: expandSet-def)
moreover have 7.(P' || Q) —7 < (P’ || Q) by(rule Tau)
ultimately show ?case using Ezxp by(blast intro: expandAction)

next
case(cPar2 Q')
have Q —71 < Q' by fact
with Qhnf have 7.(Q") € summands Q by(simp add: summandTransition)
hence 7.(P || Q') € expandSet P Q by(auto simp add: expandSet-def)
moreover have 7.(P || Q) —7 < (P || Q') by(rule Tau)
ultimately show ?case using Ezxzp by(blast intro: expandAction)

next
case(cComml P’ Q' a b x)
have P —a<z> < P’ and @ —a[b] < Q' by fact+
with Phnf Qhnf have a<xz>.P’ € summands P and a{b}.Q’ € summands

Q by(simp add: summandTransition)+

hence 7.(P'[z::=0b] || Q') € expandSet P Q by(simp add: expandSet-def, blast)
moreover have 7.(P'[z:=0] | Q') —7 < (P'[z::=0] || Q') by(rule Tau)
ultimately show ?case using Fzp by (blast intro: expandAction)

next
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case(cComm2 P’ Q' a b x)
have P ——a[b] < P'and Q —a<z> < Q' by fact+
with Phnf Qhnf have a{b}.P’ € summands P and a<z>.Q' € summands
Q by(simp add: summandTransition)+
hence 7.(P' || (Q'[z::=0b])) € expandSet P Q by(simp add: expandSet-def,
blast)
moreover have 7.(P’ || (Q'[z::=b])) —7 < (P’ || (Q'[z::=0])) by(rule Tau)
ultimately show ?case using Ezxp by(blast intro: expandAction)
next
case(cClosel P' Q' a x y)
have y £ (P, Q) by fact
hence yFreshP: y § P by(simp add: fresh-prod)
have PTrans: P —sa<x> < P’ by fact
with Phnf have PSumm: a<z>.P' € summands P by(simp add: summand-
Transition)
have Q —a<vy> < Q' by fact
moreover from PTrans yFreshP have y # a by(force dest: freshBound-
Derivative)
ultimately have <vy>a{y}.Q’ € summands Q using Qhnf by(simp add:
summand Transition)
with PSumm yFreshP have 7.(<vy>(P'[z:=y] || Q) € expandSet P Q
by (auto simp add: expandSet-def)
moreover have 7.(<vy>(P'[z:=y| || Q) —7 < <vy>(P'lz:=y] || Q)
by (rule Tau)
ultimately show ?case using Fzp by(blast intro: expandAction)
next
case(cClose2 P' Q' a x y)
have y £ (P, Q) by fact
hence yFresh@Q: y § Q by(simp add: fresh-prod)
have QTrans: Q —a<z> < Q' by fact
with Qhnf have QSumm: a<z>.Q’ € summands Q by(simp add: summand-
Transition)
have P —sa<vy> < P’ Dby fact
moreover from QTrans yFresh@ have y # a by(force dest: freshBound-
Derivative)
ultimately have <vy>a{y}.P’ € summands P using Phnf by(simp add:
summand Transition)
with QSumm yFresh@ have 7.(<vy>(P' | (Q'[z::=y]))) € expandSet P Q
by (simp add: expandSet-def, blast)
moreover have 7.(<vy>(P'| (Q'[z::=y]))) —7 < <vy>(P' || (Q'[z:=y]))
by (rule Tau)
ultimately show ?case using Fzp by(blast intro: expandAction)
qed
next
assume R —7 < P’
with Fzp obtain R where R € ezpandSet P @ and R —71 < P’ by(blast
dest: expandAction’)
thus P | @ —7 < P’
proof (auto simp add: expandSet-def)
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fix P
assume 7.(P") € summands P
with Phnf have P —7 < P’ by(simp add: summandTransition)
hence PQTrans: P || Q —7 < P" || Q by(rule ParlF)
assume 7.(P" || Q) —7 < P’
hence P’ = P" || Q by(erule-tac tauCases, auto simp add: pi.inject resid-
ual.inject)
with PQTrans show ?thesis by simp
next
fix Q'
assume 7.(Q') € summands Q
with Qhnf have Q —7 < Q' by(simp add: summandTransition)
hence PQTrans: P | Q —7 < P || Q' by(rule Par2F)
assume 7.(P || Q') —7 < P’
hence P’ = P || Q' by(erule-tac tauCases, auto simp add: pi.inject resid-
ual.inject)
with PQTrans show ?thesis by simp
next
fixaz P"bQ
assume a<z>.P" € summands P and a{b}.Q’' € summands Q
with Phnf Qhnf have P —a<z> < P’ and Q ——a[b] < Q' by(simp add:
summand Transition)+
hence PQTrans: P || Q —7 < P"[z:=b] | Q' by(rule Comm1)
assume 7.(P"[z:=b] | Q) —>7 < P’
hence P’ = P”[z:=b] || Q' by(erule-tac tauCases, auto simp add: pi.inject
residual.inject)
with PQTrans show ?thesis by simp
next
fixabP'zQ
assume a{b}.P” € summands P and a<z>.Q' € summands Q
with Phnf Qhnf have P —alb] < P and Q —a<z> < Q' by(simp add:
summand Transition)+
hence PQTrans: P || Q@ —7 < P" || (Q'[z::=b]) by(rule Comm?2)
assume 7.(P" || (Q'z::=0b])) —7 < P’
hence P’ = P || (Q'[z::=b]) by(erule-tac tauCases, auto simp add: pi.inject
residual.inject)
with PQTrans show ?thesis by simp
next
fixaz Py Q'
assume yFreshP: (y::name) § P
assume a<z>.P" € summands P
with Phnf have PTrans: P —a<z> < P" by(simp add: summandTransi-
tion)
assume <vy>a{y}.Q' € summands Q
moreover from yFreshP PTrans have y # a by(force dest: freshBound-
Derivative)
ultimately have @ —a<vy> < Q' using Qhnf by(simp add: summand-
Transition)
with PTrans have PQTrans: P || Q —7 < <vy>(P"[z::=y] || Q') using

505



yFreshP by (rule Closel)
assume 7.(<vy>(P [x —y} | @) —7 < P’
hence P’ = <vy>(P"[z::=y] | Q') by(erule-tac tauCases, auto simp add:
pi.inject residual.inject)
with PQTrans show ?thesis by simp
next
fixay Pz Q'
assume yFresh@Q: (y::name) § Q
assume a<z>.Q' € summands Q
with Qhnf have QTrans: Q —a<z> < Q' by(simp add: summandTransi-
tion)
assume <vy>a{y}.P" € summands P
moreover from yFresh) QTrans have y # a by(force dest: freshBound-
Derivative)
ultimately have P —a<vy> < P’ using Phnf by(simp add: summand-
Transition)
hence PQTrans: P || Q —7 < <vy>(P"|| Q'[z::=y]) using QTrans yFreshQ
by (rule Close?2)
assume 7.(<vy>(P" || Q'lz:=y])) —7 < P’
hence P’ = <vy>(P" || Q'[x::=y]) by(erule-tac tauCases, auto simp add:
pi.inject residual.inject)
with PQTrans show ?thesis by simp
qed
qed
next
show P || Q — a[b] < P'= R — a[b] < P’
proof (rule iffT)
assume P | Q —alb] < P’
thus R —alb] < P’
proof (induct rule: parCasesF[where C=()])
case(cParl P’)
have P ——a[b] < P’ by fact
with Phnf have a{b}.P’ € summands P by(simp add: summandTransition)
hence a{b}.(P’' || Q) € expandSet P Q by(auto simp add: expandSet-def)
moreover have a{b}.(P' | Q) —a[b] < (P’ | Q) by(rule Output)
ultimately show ?case using Fzp by(blast intro: expandAction)
next
case(cPar2 Q')
have @ —alb] < Q' by fact
with Qhnf have a{b}.Q’ € summands Q by(simp add: summandTransition)
hence a{b}.(P || Q') € expandSet P Q by(simp add: expandSet-def, blast)
moreover have a{b}.(P || Q') —alb] < (P || Q) by(rule Output)
ultimately show ?case using Ezp by(blast intro: expandAction)
next
case cComml
thus “case by auto
next
case cComm2
thus ?case by auto
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next
case c(Closel
thus “case by auto
next
case cClose2
thus “case by auto
qed
next
assume R ——a[b] < P’
with Ezp obtain R where R € expandSet P () and R ——a[b] < P’ by(blast
dest: expandAction’)
thus P || @ —a[b] < P’
proof (auto simp add: expandSet-def)
fix o’ b’ P
assume a'{b’}.P" € summands P
with Phnf have P —a’[b] < P by(simp add: summandTransition)
hence PQTrans: P || Q@ —a’[b)] < P" || @ by(rule ParlF)
assume a'{b’}.(P" || Q) —alb] < P’
hence P'=P” | Q and a = a’and b = b’
by (erule-tac outputCases, auto simp add: pi.inject residual.inject)+
with PQTrans show ?thesis by simp
next
fix a’ b/ Q'
assume a'{b’}.Q’ € summands Q
with Qhnf have Q —a'[b’] < Q' by(simp add: summandTransition)
hence PQTrans: P || Q —a’[b)] < P || Q' by(rule Par2F)
assume a'{b'}.(P || Q) —a[b] < P’
hence P'= P || Q' and ¢ = o’ and b = b’
by (erule-tac outputCases, auto simp add: pi.inject residual.inject)+
with PQTrans show ?thesis by simp
qed
qed
next
show P | Q@ — a<z> < P’ = R +— a<z> < P’
proof (rule iffI)
{
fix x P’
assume P || Q —a<z> < P'and z f Pand z § Q
hence R —a<z> < P’
proof (induct rule: parCasesB)
case(cParl P)
have P —a<z> < P’ by fact
with Phnf have a<z>.P’ € summands P by (simp add: summand Transition)
moreover have z  Q by fact
ultimately have a<z>.(P’ | Q) € expandSet P @Q by(auto simp add:
expandSet-def)
moreover have a<z>.(P'| Q) —ra<z> < (P’ Q) by(rule Input)
ultimately show ?case using Exp by(blast intro: expandAction)
next
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case(cPar2 Q')
have ) —a<z> < Q' by fact
with Qhnf have a<z>.Q' € summands @ by(simp add: summand Transition)
moreover have z § P by fact
ultimately have a<z>.(P || Q') € expandSet P Q by(simp add: expand-
Set-def, blast)
moreover have a<z>.(P || Q') —ra<z> < (P || Q') by(rule Input)
ultimately show ?case using Exp by(blast intro: expandAction)
qed
}
moreover obtain y::name where y f P and y £ Q and y § P’
by (generate-fresh name) auto
assume P | Q —a<z> < P’
with <y § P have P || Q —a<y> < ([(z, y)] - P’)
by (simp add: alphaBoundResidual)
ultimately have R —a<y> < ([(z, y)] - P’) using <y & P» <y § @
by auto
thus R —a<z> < P’ using <y § P"» by(simp add: alphaBoundResidual)
next
assume R —a<z> < P’
with Ezp obtain R where R € expandSet P Q and R ——a<z> < P’ by(blast
dest: expandAction’)
thus P || Q —a<z> < P’
proof(auto simp add: expandSet-def)
fix o' y P"
assume a’'<y>.P" € summands P
with Phnf have P —a'<y> < P by(simp add: summandTransition)
moreover assume y § )
ultimately have PQTrans: P || Q —a'<y> < P"" || Q by(rule ParlB)
assume a'<y>.(P" || Q) —ra<z> < P’
hence a<z> < P' = a'<y> < P" || Q and a = o’
by (erule-tac inputCases’, auto simp add: pi.inject residual.inject)+
with PQTrans show ?thesis by simp
next
fix o’y Q'
assume a'<y>.Q’ € summands Q
with Qhnf have @ —(a’:name)<y> < Q' by(simp add: summandTransi-
tion)
moreover assume y f P
ultimately have PQTrans: P | Q —a’<y> < P || Q' by(rule Par2B)
assume a'<y>.(P || Q") —ra<a> < P’
hence a<z> < P'=a'<y> < P || Q' and a = o’
by (erule-tac inputCases’, auto simp add: pi.inject residual.inject)+
with PQTrans show ?thesis by simp
qed
qed
next
have Goal: AP Q a z P’ R. [(R, expandSet P Q) € sumComposeSet; hnf P; hnf
Q; a# 1] = P | Qv+—a<vz> < P'= R vr—a<vz> < P’
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proof —
fix PQazP' R
assume aineqe: (a:name) #
assume Fzp: (R, expandSet P Q) € sumComposeSet
assume Phnf: hnf P
assume Qhnf: hnf @
show P || Q —a<vz> < P/ = R +—— a<va> < P’
proof (rule iffI)

fix z P’
assume P | Q —a<vaz> < P'and z f Pand z £ Q and a # ¢
hence R —a<vz> < P’
proof (induct rule: parCasesB)
case(cParl P
have P —sa<vz> < P’ by fact
with Phnf <a # z» have <vz>a{z}.P’ € summands P by(simp add:
summand Transition)
moreover have z § Q) by fact
ultimately have <vz>a{z}.(P’'| Q) € expandSet P Q by(auto simp
add: expandSet-def)
moreover have <vz>a{z}.(P'|| Q) —ra<vz> < (P’ | Q) using <a #
x
by (blast intro: Open Output)
ultimately show ?case using Ezp by(blast intro: expandAction)
next
case(cPar2 Q)
have Q —a<vz> < Q' by fact
with Qhnf (a # 2 have <vz>a{z}.Q’' € summands @ by(simp add:
summand Transition)
moreover have z § P by fact
ultimately have <vz>a{z}.(P || Q) € expandSet P Q by(simp add:
expandSet-def, blast)
moreover have <vz>a{z}.(P | Q') —ra<vz> < (P || Q) using <a #

T
by (blast intro: Open Output)
ultimately show ?case using Ezxp by(blast intro: expandAction)
qged
}
moreover obtain y::name where y f Pand yf Qand y § P'and y # «a
by (generate-fresh name) auto
assume P || Q —a<vz> < P’
with <y § P have P || Q —a<vy> < ([(z, y)] - P)
by (simp add: alphaBoundResidual)
ultimately have R —a<vy> < ([(z, y)] - P’) using <y § P> <y § @ <y #
a
by auto
thus R —a<va> < P’ using «y § P by(simp add: alphaBoundResidual)
next

{
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fix R z P’
assume R —a<vz> < P’ and R € expandSet P Q and z f Rand z §f P
and z § @
hence P | Q —ra<va> < P’
proof(auto simp add: expandSet-def)
fix o' y P
assume <vy>a'{y}.P"” € summands P
moreover hence a’ # y by auto
ultimately have P —a'<vy> < P’ using Phnf by(simp add: sum-
mand Transition)
moreover assume y f @
ultimately have PQTrans: P || Q@ —a'<vy> < P'"|| Q by(rule ParlB)
assume ResTrans: <vy>a{y}.(P" | Q) —ra<vz> < P’ and z
[yl.a{y}.(P" || Q)
with ResTrans <a’ # y <z § P> <z § @ have a<vr> < P’ = a'<vy> <
P Q
apply(case-tac z=y)
defer
apply(erule-tac resCasesB)
apply simp
apply(simp add: abs-fresh)
apply(auto simp add: residual.inject alpha’ calc-atm fresh-left abs-fresh
elim: outputCases)
apply(ind-cases <vy>a{y}.(P" || Q) — a<vy> < P’)
apply(simp add: pi.inject alpha’ residual.inject abs-fresh equts calc-atm)
apply (auto elim: outputCases)
apply(simp add: pi.inject residual.inject alpha’ calc-atm)
apply auto
apply(ind-cases <vy>a{y}.(P" || Q) — a<vy> < P’)
apply(auto simp add: pi.inject alpha’ residual.inject abs-fresh equts
calc-atm)
apply(auto elim: outputCases)
apply (erule-tac outputCases)
apply(auto simp add: freeRes.inject)
apply hypsubst-thin
apply (drule-tac pi=[(b, y)] in pt-bij3)
by simp
with PQTrans show ?thesis by simp
next
fix o'y Q'
assume <vy>a'{y}.Q’ € summands Q
moreover hence a’ # y by auto
ultimately have Q —a'<vy> < Q' using Qhnf by(simp add: summand-
Transition)
moreover assume y f P
ultimately have PQTrans: P || Q —a'<vy> < P || Q' by(rule Par2B)
assume ResTrans: <vy>a'{y}.(P | Q") —a<vz> < P'and z { [y].a'{y}.(P
| @)

with ResTrans <a’ # y> have a<vz> < P’ = a'<vy> < P || Q'
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apply(case-tac z=y)
defer
apply(erule-tac resCasesB)
apply simp
apply(simp add: abs-fresh)
apply(auto simp add: residual.inject alpha’ calc-atm fresh-left abs-fresh
elim: outputCases)
apply(ind-cases <vy>a{y}.(P || Q") — a<vy> < P’)
apply(simp add: pi.inject alpha’ residual.inject abs-fresh equts calc-atm)
apply (auto elim: outputCases)
apply(simp add: pi.inject residual.inject alpha’ calc-atm)
apply auto
apply(ind-cases <vy>a{y}.(P || Q") — a<vy> < P’)
apply(auto simp add: pi.inject alpha’ residual.inject abs-fresh equts
calc-atm)
apply(auto elim: outputCases)
apply (erule-tac outputCases)
apply(auto simp add: freeRes.inject)
apply hypsubst-thin
apply (drule-tac pi=[(b, y)] in pt-bij3)
by simp
with PQTrans show ?thesis by simp
qed
}
moreover assume R —a<vz> < P’
with Fzp obtain R where R € expandSet P Q and R ——a<vz> < P’
apply(drule-tac expandAction’) by auto
moreover obtain y::name where y f Pand y 4 Qand y # Rand y § P’
by (generate-fresh name) auto
moreover with <y § P (R —a<vz> < P’» have R —a<vy> < ([(z, y)]
- P’) by(simp add: alphaBoundResidual)
ultimately have P || Q —a<vy> < ([(z, y)] - P’) by auto
thus P || Q@ —a<vz> < P’ using <y § P"» by(simp add: alphaBoundResidual)
qed
qed

obtain y where yineqr: a # y and yFreshP’: y § P’
by (force intro: name-exists-fresh[of (a, P')] simp add: fresh-prod)
from Exzp Phnf Qhnf yineqr have (P || Q —a<vy> < [(z, y)] - P)) = (R
—ra<vy> < [(z, y)] - P’)
by (rule Goal)
moreover with yFreshP’ have z { [(z, y)] - P’ by(simp add: name-fresh-left
name-calc)
ultimately show (P || Q —a<vz> < P') = (R —a<vz> < P’)
by (simp add: alphaBoundResidual name-swap)
qed

lemma expandLeft:
fixes P :: pi
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and @ :: pi
and R :pi
and Rel :: (pi x pi) set

assumes Fzp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P
and Qhnf: hnf Q
and Id: Id C Rel

shows P || Q ~~[Rel] R
proof (induct rule: simCases)

case(Bound a z R)

have R —a«z» < R’ by fact

with Fzp Phnf Qhnf have P | Q —a«x» < R’ by(cases a, auto simp add:
expandTrans)

moreover from Id have derivative R’ R’ a = Rel by(cases a, auto simp add:
derivative-def)

ultimately show ?case by blast
next

case(Free a R’)

have R —a < R’ by fact

with Exp Phnf Qhnf have P || Q@ —a < R’ by(cases «, auto simp add: ex-
pandTrans)

moreover from Id have (R’, R’) € Rel by blast

ultimately show ?case by blast
qed

lemma expandRight:

fixes P : pi
and @ :: pi
and R :: pi

and Rel :: (pi X pi) set

assumes Fzp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P
and Qhnf: hnf Q
and Id: Id C Rel

shows R ~~[Rel] P || @
proof (induct rule: simCases)

case(Bound a = R)

have P || Q@ —a«z» < R’ by fact

with Fzp Phnf Qhnf have R —a«x» < R’ by(cases a, auto simp add: expand-
Trans)

moreover from Id have derivative R’ R’ a z Rel by(cases a, auto simp add:
derivative-def)

ultimately show ?case by blast
next

case(Free o R')
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have P | @ —a < R’ by fact
with Ezp Phnf Qhnf have R —a < R’ by(cases «, auto simp add: expand Trans)
moreover from Id have (R’, R’) € Rel by blast
ultimately show ?case by blast
qed

lemma expandSC:

fixes P :: pi
and Q : pi
and R : pi

assumes (R, ezpandSet P Q) € sumComposeSet
and hnf P
and hnf Q

shows P | Q@ ~ R
proof —
let ?2X ={(P | @, R)| PQR. (R, ezpandSet P Q) € sumComposeSet N\ hnf P
ANhnf QY U{(R, P|| Q)| P QR. (R, expandSet P Q) € sumComposeSet N hnf P
A hnf Q}
from assms have (P || @, R) € ?X by auto
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim P Q)
thus Zcase
by (blast intro: reflexive expandLeft expandRight)
next
case(cSym P Q)
thus ?case by auto
qed
qed

end

theory Strong-Late-Aziomatisation
imports Strong-Late- Expansion-Law
begin

lemma inputSuppPres:
fixes P :: pi
and Q : pi
and =z :: name
and Rel :: (pi x pi) set

assumes PRel@: N\y. y € supp(P, Q, ) = (Plz::=y], Qz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~~[Rel] a<z>.Q
proof —
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from Equt show ?thesis
proof (induct rule: simCasesCont[where C=(z, a, @, P)])
case(Bound b y Q)
have z € supp(P, Q, =) by(simp add: supp-prod supp-atm)
with PRel@ have (P, Q) € Rel by fastforce
have QTrans: a<z>.Q — b«y» < Q' by fact
have y £ (z, a, Q, P) by fact
hence y # a and yineqz: y # z and y § Q and y § P by(simp add: fresh-prod)+
with QTrans show ?case
proof (induct rule: inputCases)
have a<y>.([(z, y)] + P) —ra<y> < ([(z, y)] - P) by(rule Input)
hence a<z>.P —a<y> < ([(z, y)] + P) using <y t P> by(simp add:
alphalnput)
moreover have derivative ([(z, y)] - P) ([(z, y)] - @) (InputS a) y Rel
proof(auto simp add: derivative-def)
fix u
have z € supp(P, Q, =) by(simp add: supp-prod supp-atm)
have (P[z::=u], Q[z::=u]) € Rel
proof(cases u € supp(P, Q, z))
case True
with PRel@ show ?thesis by auto
next
case Fulse
hence v § P and u § @ by(auto simp add: fresh-def supp-prod)
moreover from <equt Rely «(P, Q) € Rel> have ([(z, w)] - P, [(z, u)] -
Q) € Rel
by (rule equtRell)
ultimately show ?thesis by (simp only: injPermSubst)
qed
with ¢ Py ¢ Q show ([(z, y)] - P)ly=al, ([(w 9)] - Qly=u]) €
Rel
by(simp add: renaming)
qed
ultimately show 3P’ a<z>.P — a<y> < P’ A derivative P’ ([(z, y)] *
Q) (InputS a) y Rel
by blast
qged
next
case(Free a Q')
have a<z>.Q — a < Q' by fact
hence False by auto
thus ?case by blast
qed
qed

lemma inputSuppPresBisim:
fixes P :: pi
and Q@ : pi
and z :: name
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assumes PSimQ: N\y. y € supp(P, Q, ) = Plz::=y] ~ Qlz:=y]

shows a<z>.P ~ a<x>.Q
proof —
let ?X = {(a<z>.P, a<z>.Q) | a z P Q. Vy € supp(P, Q, x). Plx:=y] ~
Qlz=yl}
have equt ?X
apply (auto simp add: equt-def)
apply (rule-tac =perm - aa in exl)
apply(rule-tac x=perm - z in exl)
apply(rule-tac z=perm - P in exl)
apply auto
apply(rule-tac z=perm - Q in ezl)
apply auto
apply(drule-tac pi=rev perm in pt-set-bij2[OF pt-name-inst, OF at-name-inst))
apply(simp add: equts pt-rev-pi| OF pt-name-inst, OF at-name-inst))
apply(erule-tac z=rev perm -+ y in ballE)
apply auto
apply (drule-tac p=perm in bisimClosed)
by (simp add: equts pt-pi-rev[OF pt-name-inst, OF at-name-inst])
from assms have (a<z>.P, a<z>.Q) € ?X by fastforce
thus ?thesis
proof(coinduct rule: bisimCoinduct)
case(cSim P Q)
thus ?case using <equt 7X>
by (fastforce intro: inputSuppPres)
next
case(cSym P Q)
thus ?case by(fastforce simp add: supp-prod dest: symmetric)
qed
qed

inductive equiv :: pi = pi = bool (infixr (=.» 80)

where
Refl: P=_P
| Sym: P=.,Q=— Q=P
| Trans: [P= Q; Q=. R] = P=. R
| Match: [a—~a]P =, P
| Match': a# b= [a~bP=.0
| Mismatch: a # b= [a#£b]P =, P
| Mismatch'”: [a#a]lP =, 0
| SumSym: PoQ=QoP
| SumAssoc: (PO Q@& R= P& (QdR)
| SumZero: Po0=P
| SumlIdemp: PpP=P
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| SumRes:

| ResNil:

| ResInput:

| ResInput”:
| ResOutput:

| ResOutput”:

| ResTau:
| ResComm:
| ResFresh:

| Expand:
Q=R

| SumPres:
| ParPres:
| ResPres:
| TauPres:

| OutputPres:

| InputPres:
a<zr>.0Q

<vz>(P & Q) =, (<vz>P) & (<vz>Q)

<vz>0=.0
[ # a; ¢ # y] = <ve>a<y>.P =, a<y>.(<vz>P)
<vz>z<y>.P =0
[z # a; 2 # b] = <vz>a{b}.P =. a{b}.(<va>P)
<vz>z{b}.P =, 0
<vz>1.(P) =, 7.(<vz>P)
<vr><vy>P =, <vy><vz>P
i P= <va>P =, P

[(R, expandSet P Q) € sumComposeSet; hnf P; hnf Q] = P

P=Q— P®R=,Q&R

[P=.P;Q=.Q]=P|| Q=.P'| Q'

P=. Q= <vi>P =, <vz>(Q

P= Q= 1.(P)=.7.(Q)

P= Q= a{b}.P =. a{b}.Q

Vy € supp(P, Q, ). Plz:i=y] =, Qlz:=y]] = a<z>.P =,

lemma Sumldemp’:

fixes P

i
and P': pi

assumes P =, P’

shows P® P' =, P

proof —

have P =, P @ P by(blast intro: Sym Sumldemp)

moreover from assms have P & P =, P’ & P by(rule SumPres)
moreover have P’ ® P =, P @& P’ by(rule SumSym)
ultimately have P =, P & P’ by(blast intro: Trans)

thus ?thesis by (rule Sym)

qed

lemma SumPres”:
i

fixes P

and P’: pi
and @ :: pi
and Q': pi

assumes PegP’: P =, P’

and  QeQ" Q =. Q'

shows P® Q =, P'® Q'

proof —

from PegP’ have P & Q =. P’ ® Q by(rule SumPres)
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moreover have P’ @ @ =. Q@ ® P’ by(rule SumSym)
moreover from QeqQ’ have Q & P’ =, Q' & P’ by(rule SumPres)
moreover have Q' & P’ =, P’ & Q' by(rule SumSym)
ultimately show ?thesis by(blast intro: Trans)

qed

lemma sound:
fixes P :: pi
and Q : pi

assumes P =,

shows P ~ ()
using assms
proof (induct)

case(Refl P)

show ?case by(rule reflexive)
next

case(Sym P Q)

have P ~ @ by fact

thus ?case by(rule symmetric)
next

case(Trans P Q R)

have P ~ @ and @ ~ R by fact+

thus ?case by(rule transitive)
next

case(Match a P)

show ?case by(rule matchld)
next

case(Match' a b P)

have a # b by fact

thus ?case by(rule matchNil)
next

case(Mismatch a b P)

have a # b by fact

thus ?case by(rule mismatchld)
next

case(Mismatch’' a P)

show ?case by(rule mismatchNil)
next

case(SumSym P Q)

show ?Zcase by(rule sumSym)
next

case(SumAssoc P ) R)

show ?case by(rule sumAssoc)
next

case(SumZero P)

show ?case by(rule sumZero)
next

517



case(Sumldemp P)
show ?case by(rule sumldemp)
next
case(SumRes z P Q)
show ?case by(rule sumRes)
next
case(ResNil z)
show ?Zcase by(rule nilRes)
next
case(ResInput x a y P)
have z # a and = # y by fact+
thus ?case by(rule resInput)
next
case(ResInput’ x y P)
show ?Zcase by(rule resNil)
next
case(ResOutput  a b P)
have z # a and z # b by fact+
thus Zcase by(rule resOutput)
next
case(ResOutput’ b P)
show ?case by(rule resNil)
next
case(ResTau z P)
show ?case by(rule resTau)
next
case(ResComm x P)
show ?case by(rule resComm)
next
case(ResFresh z P)
have z § P by fact
thus ?case by(rule scopeFresh)
next
case(Erpand R P Q)
have (R, ezpandSet P Q) € sumComposeSet and hnf P and hnf Q by fact+
thus ?case by(rule expandSC)
next
case(SumPres P Q R)
from (P ~ @) show ?Zcase by(rule sumPres)
next
case(ParPres P P' Q Q)
have P ~ P’ and Q ~ Q' by fact+
thus ?case by(metis transitive symmetric parPres parSym)
next
case(ResPres P Q) x)
from (P ~ ) show ?Zcase by(rule resPres)
next
case(TauPres P Q)
from <P ~ @» show ?case by(rule tauPres)
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next
case(OutputPres P Q) a b)
from <P ~ @) show ?Zcase by(rule outputPres)
next
case(InputPres P Q z a)
have Vy € supp(P, Q, z). Plz:=y] =. Q[z::=y] A Plz:=y] ~ Q[z::=y] by fact
hence Vy € supp(P, @, z). Plz:=y] ~ Q[z::=y] by blast
thus ?case by(rule-tac inputSuppPresBisim) auto
qed

lemma zeroDest[dest]:
fixes a :: name
and b :: name
and z : name
and P :: pi

shows (a{b}.P) =. 0 = Fulse
and (a<z>.P) =, 0 = Fulse
and (7.(P)) =. 0 = False

and 0 =, a{b}.P = Faulse

and 0 =, a<z>.P — Fulse

and 0 =, 7.(P) = Fulse
by (auto dest: sound)

lemma eg-equt:

fixes pi::name prm

and z::’a:pt-name

shows pi-(z=y) = ((pi-z)=(pi-y))
by (simp add: perm-bool perm-bij)

nominal-primrec depth :: pi = nat where
depth 0 = 0

| depth (7.(P)) = 1 + (depth P)

| a t * = depth (a<x>.P) = 1 + (depth P)

| depth (a{b}.P) = 1 + (depth P)

| depth ([a—~b]P) = (depth P)

| depth ([a#b]P) = (depth P)

| depth (P & Q) = max (depth P) (depth Q)

| depth (P | Q) = ((depth P) + (depth Q)

| depth (<vaz>P) = (depth P)

| depth (!P) = (depth P)

apply(auto simp add: fresh-nat)

apply(finite-guess)+

by (fresh-guess)+

lemma depthEqut[simp):

fixes P :: pi
and p :: name prm

519



shows depth(p - P) = depth P
by (nominal-induct P rule: pi.strong-induct, auto simp add: name-bij)

lemma depthInput|[simp]:
fixes a :: name
and <z : name
and P : pi

shows depth (a<x>.P) = 1 + (depth P)
proof —
obtain y where yinega: y # a and yFreshP: y § P
by (force intro: name-exists-freshlof (a, P)] simp add: fresh-prod)
from yFreshP have a<z>.P = a<y>.([(z, y)] - P) by(simp add: alphalnput)
with yinega show ?thesis by simp
qed

nominal-primrec valid :: pi = bool where
valid 0 = True

| valid (7.(P)) = valid P

| 8 a = walid (a<z>.P) = valid P

| valid (a{b}.P) = walid P

| valid ([a—~b]P) = valid P

| valid ([a#£b)P) = valid P

| valid (P & Q) = ((valid P) A (valid @Q))

| valid (P || Q) = ((valid P) A (valid @Q))

| valid (<vz>P) = valid P

| valid (\P) = False

apply(auto simp add: fresh-bool)

apply (finite-guess)+

by (fresh-guess)+

lemma validEqut[simp]:
fixes P :: pi
and p :: name prm

shows walid(p - P) = valid P
by (nominal-induct P rule: pi.strong-induct, auto simp add: name-bij)

lemma validInput[simp):
fixes a :: name
and z :: name
and P :: pi

shows valid (a<z>.P) = valid P
proof —
obtain y where yineqa: y # a and yFreshP: y §f P
by (force intro: name-exists-fresh[of (a, P)] simp add: fresh-prod)
from yFreshP have a<z>.P = a<y>.([(z, y)] + P) by(simp add: alphalnput)

520



with yinega show ?thesis by simp
qed

lemma depthMin[introl:
fixes P

shows 0 < depth P
by (induct P rule: pi.induct, auto)

lemma hnfTransition:
fixes P :: pi

assumes hnf P
and P#0

shows 3 Rs. P — Rs
using assms
by (induct rule: pi.induct, auto intro: Output Tau Input Suml Open)

definition uhnf :: pi = bool where

uhnf P = hnf P A (YR € summands P. VR’ € summands P. R # R’ — (R
=. R")

e

lemma summandsIdemp:
fixes P :: pi
and Q@ : pi

assumes @ € summands P

and Q= Q

shows P @ Q' =, P
using assms
proof(nominal-induct P arbitrary: Q rule: pi.strong-inducts)
case(PiNil Q)
have @ € summands 0 by fact
hence Fulse by simp
thus ?case by simp
next
case(Output a b P Q)
have Q =, Q' by fact
hence a{b}.P & Q' =. a{b}.P & Q by(blast intro: SumPres’ Refl Sym)
moreover have Q = a{b}.P
proof —
have @ € summands (a{b}.P) by fact
thus ?thesis by simp
qed
ultimately show ?case by(blast intro: SumlIdemp Trans)
next
case(Tau P Q)
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have Q =. Q' by fact
hence 7.(P) & Q' =. 7.(P) & Q by(blast intro: SumPres’ Refl Sym)
moreover have ) = 7.(P)
proof —
have @ € summands (7.(P)) by fact
thus ?thesis by simp
qed
ultimately show ?case by(blast intro: SumlIdemp Trans)
next
case(Input a P Q)
have Q =. Q' by fact
hence a<z>.P ® Q' =, a<z>.P & @ by(blast intro: SumPres’ Refl Sym)
moreover have @) = a<z>.P
proof —
have Q € summands (a<z>.P) by fact
thus ?thesis by simp
qed
ultimately show ?case by(blast intro: SumlIdemp Trans)
next
case(Match a b P Q)
have @ € summands ([a—~b]P) by fact
hence Fulse by simp
thus ?case by simp
next
case(Mismatch a b P Q)
have @ € summands ([a#b]P) by fact
hence Fulse by simp
thus ?case by simp
next
case(Sum P Q R)
have IHP: AP'. [P’ € summands P; P'=. Q'] = P @ Q' =. P by fact
have THQ: AQ". [Q" € summands Q; Q"' =, Q] = Q ® Q' =. Q by fact
have ReqQ”: R =. Q' by fact
have R € summands(P & Q) by fact
hence R € summands PV R € summands ) by simp
thus ?Zcase
proof (rule disjE)
assume R € summands P
hence PQ’eqgP: P & Q' =. P using ReqQ’ by(rule IHP)

have (P ¢ Q) @ Q'=. P & (Q & Q') by(rule SumAssoc)

moreover have P & (Q ® Q') =. P & (Q' @ Q) by(blast intro: Refl SumSym
SumPres’)

moreover have P @ (Q' ® Q) = (P ® Q') & Q by(blast intro: SumAssoc
Sym)

moreover from PQ’eqP have (P & Q') & Q =. P @ Q by(blast intro:

SumPres’ Refl)

ultimately show ?case by(blast intro: Trans)

next
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assume R € summands Q
hence QQ’eqQ: Q & Q' =. Q using ReqQ’ by(rule IHQ)

have (P ® Q) ® Q' =. P ® (Q & Q') by(rule SumAssoc)
moreover from QQ’eqQ have P & (Q & Q') =. P © Q by(blast intro: Refl
SumPres")
ultimately show ?case by(rule Trans)
qed
next
case(Par P Q R)
have R € summands (P || Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Res © P Q)
have Q =. Q' by fact
hence (<vz>P) @ Q' =, (<vz>P) & Q by(blast intro: SumPres’ Refl Sym)
moreover have @) = <vz>P
proof —
have @) € summands (<vz>P) by fact
thus ?thesis by(auto simp add: if-split)
qed
ultimately show ?case by(blast intro: SumlIdemp Trans)
next
case(Bang P Q)
have @ € summands(!P) by fact
hence Fulse by simp
thus ?case by simp
qed

lemma uhnfSum:
fixes P :: pi
and @ : pi

assumes Phnf: uhnf P
and Qhnf: uhnf Q

and validP: valid P
and validQ: valid Q

shows I R. uhnf R A valid RAN P ® Q =. R A (depth R) < (depth (P @© @Q))
using assms
proof (nominal-induct P arbitrary: Q rule: pi.strong-inducts)
case(PiNil Q)
have uhnf @) by fact
moreover have valid @ by fact
moreover have 0 & Q =, @ by(blast intro: SumZero SumSym Trans)
moreover have depth @ < depth(0 & Q) by auto
ultimately show ?case by blast
next
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case(Output a b P Q)
show ?Zcase
proof(case-tac @) = 0)
assume () = 0
moreover have uhnf (a{b}.P) by(simp add: uhnf-def)
moreover have valid (a{b}.P) by fact
moreover have a{b}.P ® 0 =, a{b}.P by(rule SumZero)
moreover have depth(a{b}.P) < depth(a{b}.P & 0) by simp
ultimately show ?case by blast
next
assume QineqNil: Q # 0
have Qhnf: uhnf Q by fact
have validQ: valid Q by fact
have validP: valid(a{b}.P) by fact
show ?Zcase
proof (case-tac 3 Q' € summands Q. Q' =. a{b}.P)
assume 3 Q' € summands Q. Q' = a{b}.P
then obtain @’ where Q' € summands Q and Q' =. a{b}.P by blast
hence Q & a{b}.P =. Q by(rule summandsIdemp)
moreover have depth Q < depth(Q @ a{b}.P) by simp
ultimately show ?case using Qhnf validQ by(force intro: SumSym Trans)
next
assume —(3 Q' € summands Q. Q' =. a{b}.P)
hence V Q' € summands Q. —=(Q’ =. a{b}.P) by simp
with Qhnf QinegNil have uhnf (a{b}.P & Q)
by (force dest: Sym simp add: uhnf-def)
moreover from valid@Q validP have valid(a{b}.P ® Q) by simp
moreover have a{b}.P ® Q =. a{b}.P @& Q by(rule Refl)
moreover have depth(a{b}.P ® Q) < depth(a{b}.P & Q) by simp
ultimately show ?case by blast
qed
qed
next
case(Tau P Q)
show ?Zcase
proof(case-tac @ = 0)
assume () = 0
moreover have uhnf (7.(P)) by(simp add: uhnf-def)
moreover have valid (7.(P)) by fact
moreover have 7.(P) & 0 =, 7.(P) by(rule SumZero)
moreover have depth(r.(P)) < depth(r.(P) & 0) by simp
ultimately show ?case by blast
next
assume QineqNil: Q # 0
have Qhnf: uhnf Q by fact
have validP: valid(7.(P)) and valid@: valid Q by fact+
show ?Zcase
proof(case-tac 3 Q' € summands Q. Q' =, 7.(P))
assume 3 Q' € summands Q. Q' =, 7.(P)
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then obtain Q' where Q' € summands @ and Q' =, 7.(P) by blast
hence Q ® 7.(P) =. Q by(rule summandsIdemp)
moreover have depth Q) < depth(Q @ 7.(P)) by simp
ultimately show ?case using Qhnf validQ by(force intro: SumSym Trans)
next
assume —(3 Q' € summands Q. Q' =, 7.(P))
hence V Q' € summands Q. —-(Q' =. 7.(P)) by simp
with Qhnf QinegNil have uhnf (7.(P) @ Q)
by (force dest: Sym simp add: uhnf-def)
moreover from validP valid@Q have valid(7.(P) & Q) by simp
moreover have 7.(P) & Q =, 7.(P) & Q by(rule Refl)
moreover have depth(r.(P) & Q) < depth(r.(P) ® Q) by simp
ultimately show ?case by blast
qed
qed
next
case(Input a x P Q)
show ?Zcase
proof(case-tac @) = 0)
assume Q =0
moreover have uhnf (a<z>.P) by(simp add: uhnf-def)
moreover have valid (a<z>.P) by fact
moreover have a<z>.P @ 0 =, a<z>.P by(rule SumZero)
moreover have depth(a<z>.P) < depth(a<z>.P @ 0) by simp
ultimately show ?case by blast
next
assume QineqNil: Q # 0
have validP: valid(a<z>.P) and validQ: valid Q by fact+
have Qhnf: uhnf Q by fact
show ?case
proof(case-tac 3 Q' € summands Q. Q' =, a<x>.P)
assume 3 Q' € summands Q. Q' =, a<z>.P
then obtain Q' where Q' € summands Q and Q' =, a<xz>.P by blast
hence @ ® a<z>.P =. Q by(rule summandsldemp)
moreover have depth @ < depth(Q ® a<z>.P) by simp
ultimately show ?case using Qhnf validQ by(force intro: SumSym Trans)
next
assume (3 Q' € summands Q. Q' =, a<z>.P)
hence V Q' € summands Q. —(Q' =. a<z>.P) by simp
with Qhnf QinegNil have uhnf (a<z>.P @& Q)
by (force dest: Sym simp add: uhnf-def)
moreover from validP valid@ have valid(a<z>.P & Q) by simp
moreover have a<z>.P & Q =, a<z>.P & Q by(rule Refl)
moreover have depth(a<z>.P @& Q) < depth(a<z>.P & Q) by simp
ultimately show ?case by blast
qed
qed
next
case(Match a b P Q)
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have uhnf ([a—~b]P) by fact
hence Fulse by(simp add: uhnf-def)
thus ?case by simp
next
case(Mismatch a b P Q)
have uhnf ([a#b]P) by fact
hence Fulse by(simp add: uhnf-def)
thus ?case by simp
next
case(Sum P Q R)
have Rhnf: uhnf R by fact
have validR: valid R by fact
have PQhnf: uhnf (P @ Q) by fact
have validPQ: valid(P © Q) by fact
have 3T. uhnf T AN wvalid T AN Q ® R =, T A depth T < depth (Q ® R)
proof —
from PQhnf have uhnf Q by(simp add: uhnf-def)
moreover from validP(Q have valid () by simp+
moreover have AR. [uhnf Q; uhnf R; valid Q; valid R] = 3T. uhnf T A
valid T A Q ® R =, T A depth T < depth(Q & R) by fact
ultimately show ¢thesis using Rhnf validR by blast
qed
then obtain 7 where Thnf: uhnf T and QReqT: Q & R =. T and wvalidT:
valid T
and Tdepth: depth T < depth(Q & R) by blast

have 3S5. uhnf S A valid S AP & T =. S A depth S < depth(P & T)
proof —
from PQhnf have uhnf P by(simp add: uhnf-def)
moreover from validP(Q have valid P by simp
moreover have A\T. [uhnf P; uhnf T; valid P; valid T] = 35. uhnf S A
valid S AP ® T =. S A depth S < depth(P @ T) by fact
ultimately show ?thesis using Thnf validT by blast
qed
then obtain S where Shnf: uhnf S and PTeqS: P @ T =, S and wvalidS: valid
S
and Sdepth: depth S < depth(P & T) by blast

have (P ® Q) @ R=. S
proof —

have (P ¢ Q) @ R=. P @ (Q @ R) by(rule SumAssoc)

moreover from QReqT have P ® (Q ® R)=. P& T

by (blast intro: Refl SumPres’)

ultimately show ?thesis using PTeqS by (blast intro: Trans)
qed
moreover from Tdepth Sdepth have depth S < depth((P ® Q) ® R) by auto

ultimately show ?case using Shnf validS by blast
next
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case(Par P Q R)
have uhnf (P || Q) by fact
hence Fualse by(simp add: uhnf-def)
thus “case by simp
next
case(Res z P Q)
show ?Zcase
proof(case-tac @ = 0)
assume @ =0
moreover have uhnf (<vz>P) by fact
moreover have valid (<vz>P) by fact
moreover have <vz>P @ 0 =, <vz>P by(rule SumZero)
moreover have depth(<vz>P) < depth((<vz>P) & 0) by simp
ultimately show ?case by blast
next
assume QineqNil: Q # 0
have Qhnf: uhnf Q by fact
have validP: valid(<vz>P) and valid@: valid Q by fact+
show ?case
proof(case-tac 3 Q' € summands Q. Q' =, <vz>P)
assume 3 Q' € summands Q. Q' =, <vz>P
then obtain Q' where Q' € summands Q and Q' =, <vz>P by blast
hence Q ® <vz>P =, Q by(rule summandsIdemp)
moreover have depth @ < depth(Q ® <vz>P) by simp
ultimately show ?case using Qhnf validQ by(force intro: SumSym Trans)
next
assume —(3 Q' € summands Q. Q' =, <vz>P)
hence V Q' € summands Q. =(Q’ =. <vz>P) by simp
moreover have uhnf (<vaz>P) by fact
ultimately have uhnf (<vz>P @ Q) using Qhnf QinegNil
by (force dest: Sym simp add: uhnf-def)
moreover from validP valid@ have valid(<vz>P @ Q) by simp
moreover have (<vz>P) & Q =, (<vz>P) & Q by(rule Refl)
moreover have depth((<vz>P) & Q) < depth((<vz>P) & Q) by simp
ultimately show ?case by blast
qed
qged
next
case(Bang P Q)
have uhnf (!P) by fact
hence False by (simp add: uhnf-def)
thus “case by simp
qed

lemma uhnfRes:
fixes z :: name

and P : pi

assumes Phnf: uhnf P
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and validP: valid P

shows 3 P’. uhnf P’ A valid P' N <vz>P =, P’ A depth P’ < depth(<vz>P)
using assms
proof(nominal-induct P avoiding: x rule: pi.strong-inducts)
case(PiNil )
have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have <vz>0 =, 0 by(rule ResNil)
moreover have depth 0 < depth(<vz>0) by simp
ultimately show ?case by blast
next
case(Output a b P)
have valid(a{b}.P) by fact
hence wvalidP: valid P by simp
show Zcase
proof(case-tac x=a)
assume z = a
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <vz>z{b}.P by(blast intro: ResOutput’ Sym)
moreover have depth 0 < depth(<vz>z{b}.P) by simp
ultimately show ?case by(blast intro: Sym)
next
assume zineqa: © # a
show ?Zcase
proof(case-tac z="H)
assume z=b
moreover from zineqa have uhnf(<vz>a{z}.P) by(force simp add: uhnf-def)
moreover from validP have valid(<vz>a{z}.P) by simp
moreover have <vz>a{z}.P =, <vz>a{z}.P by(rule Refl)
moreover have depth(<vz>a{z}.P) < depth(<va>a{z}.P) by simp
ultimately show ?case by blast
next
assume zineqb:  # b
have uhnf(a{b}.(<vz>P)) by(simp add: uhnf-def)
moreover from validP have valid(a{b}.(<vaz>P)) by simp
moreover from zineqa zinegb have a{b}.(<vax>P) =, <vz>a{b}.P by(blast
intro: ResOutput Sym)
moreover have depth(a{b}.(<vz>P)) < depth(<vz>a{b}.P) by simp
ultimately show ?case by(blast intro: Sym)
qed
qed
next
case(Tau P)
have valid(7.(P)) by fact
hence validP: valid P by simp

have uhnf(r.(<vz>P)) by(simp add: uhnf-def)
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moreover from validP have valid(7.(<vx>P)) by simp
moreover have 7.(<vz>P) =, <vz>7.(P) by(blast intro: ResTau Sym)
moreover have depth(r.(<vz>P)) < depth(<vz>7.(P)) by simp
ultimately show ?case by(blast intro: Sym)
next
case(Input a y P z)
have valid(a<y>.P) by fact
hence wvalidP: valid P by simp
have y  z by fact hence yineqzr: y # x by simp
show ?Zcase
proof(case-tac x=a)
assume r = a
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <vz>z<y>.P by(blast intro: ResInput’ Sym)
moreover have depth 0 < depth(<vz>z<y>.P) by simp
ultimately show ?case by(blast intro: Sym)
next
assume zineqa: T # a
have uhnf(a<y>.(<vz>P)) by(simp add: uhnf-def)
moreover from validP have valid(a<y>.(<vxz>P)) by simp
moreover from zineqa yineqr have a<y>.(<vaz>P) =, <vz>a<y>.P by(blast
intro: ResInput Sym)
moreover have depth(a<y>.(<vaz>P)) < depth(<vz>a<y>.P) by simp
ultimately show ?case by(blast intro: Sym)
qged
next
case(Match a b P 1)
have uhnf([a—~0b]P) by fact
hence Fulse by(simp add: uhnf-def)
thus “case by simp
next
case(Mismatch a b P z)
have uhnf([a#£b]P) by fact
hence Fualse by(simp add: uhnf-def)
thus ?case by simp
next
case(Sum P Q )
have valid(P & Q) by fact
hence validP: valid P and validQ: valid @ by simp+
have uhnf(P @ Q) by fact
hence Phnf: uhnf P and Qhnf: uhnf Q by(auto simp add: uhnf-def)

have 3 P’. uhnf P’ A valid P' N P’ =, <vz>P A (depth P') < (depth(<vz>P))
proof —
have [uhnf P; valid P] = 3 P’. uhnf P’ A valid P’ A <vz>P =. P’ A (depth
P’) < (depth (<vxz>P)) by fact
with validP Phnf show ?thesis by(blast intro: Sym)
qed
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then obtain P’ where P’'hnf: uhnf P’ and P’eqP: P’ =, <vz>P and validP":
valid P’
and P'depth: (depth P’) < (depth(<vz>P)) by blast

have 3 Q'. uhnf Q' A valid Q' N Q' =. <vz>Q A (depth Q') < (depth(<vz>Q))
proof —
have [uhnf Q; valid Q] = 3 Q. uhnf Q' A valid Q' N <vz>Q =. Q' A (depth
Q") < (depth(<vz>Q)) by fact
with validQ Qhnf show ?thesis by (blast intro: Sym)
qged

then obtain Q' where Q'hnf: uhnf Q' and Q’eqQ: Q' =. <vz>(Q and validQ":
valid Q'
and Q'depth: (depth Q') < (depth(<vz>Q)) by blast

from P’hnf Q'hnf validP’ valid@’ obtain R where Rhnf: uhnf R and validR:
valid R
and P'Q'eqR: P' ® Q' =. R
and Rdepth: depth R < depth(P' & Q')
apply (drule-tac uhnfSum) apply assumption+ by blast

from P’eqP Q'eqQ P'Q’eqR have <vz>(P & Q) =. R by(blast intro: Sym
SumPres’ SumRes Trans)

moreover from Rdepth P’depth Q)'depth have depth R < depth(<vz>(P & Q))
by auto

ultimately show ?case using validR Rhnf by(blast intro: Sym)
next

case(Par P Q)

have uhnf(P || Q) by fact

hence Fulse by(simp add: uhnf-def)

thus “case by simp
next

case(Res y P )

have valid(<vy>P) by fact hence validP: valid P by simp

have uhnf(<vy>P) by fact

then obtain o P’ where aineqy: a # y and PegP’. P = a{y}.P’

by (force simp add: uhnf-def)

show ?Zcase
proof(case-tac z=y)
assume 1=y
moreover from aineqy have uhnf(<vy>a{y}.P’) by(force simp add: uhnf-def)
moreover from validP PegP’ have valid(<vy>a{y}.P’) by simp
moreover have <vy><vy>a{y}.P’' =. <vy>a{y}.P’
proof —
have y f <vy>a{y}.P' by(simp add: name-fresh-abs)
hence <vy><vy>a{y}.P' =. <vy>a{y}.P’ by(rule ResFresh)
thus ?thesis by(blast intro: Trans)
qed
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moreover have depth(<vy>a{y}.P’) < depth(<vy><vy>a{y}.P’) by simp
ultimately show ¢case using PeqP’ by blast
next
assume zineqy: £y
show ?case
proof(case-tac z=a)
assume r=a
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have <va><vy>a{y}.P' =, 0
proof —
have <va><vy>a{y}.P' =, <vy><va>a{y}.P’ by(rule ResComm)
moreover have <vy><va>a{y}.P' =. 0
by (blast intro: ResOutput’ ResNil ResPres Trans)
ultimately show ?thesis by(blast intro: Trans)
qed
moreover have depth 0 < depth(<va><vy>a{y}.P’) by simp
ultimately show ?case using PeqP’ by blast
next
assume zineqa: T # a
from aineqy have uhnf(<vy>a{y}.(<vaz>P’)) by(force simp add: uhnf-def)
moreover from validP PeqP’ have valid(<vy>a{y}.(<vz>P’)) by simp
moreover have <vz><vy>a{y}.P' =, <vy>a{y}.(<vz>P’)
proof —
have <vz><vy>a{y}.P' =. <vy><vz>a{y}.P’' by(rule ResComm)
moreover from zineqa zineqy have <vy><vzr>a{y}.P’' =, <vy>a{y}.(<vz>P’)
by (blast intro: ResOutput ResPres Trans)
ultimately show ¢thesis by (blast intro: Trans)
qed
moreover have depth(<vy>a{y}.(<ve>P’)) < depth(<vz><vy>a{y}.P")
by simp
ultimately show ?case using PeqP’ by blast
qed
qed
next
case(Bang P )
have valid(!P) by fact
hence Fulse by simp
thus ?case by simp
qed

lemma expandHnf:
fixes P :: pi
and S :: pi set

assumes (P, S) € sumComposeSet
and VP e S. uhnf P A valid P

shows 3 P’. uhnf P’ A valid P’ N P =, P’ A depth P’ < depth P
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using assms
proof (induct rule: sumComposeSet.induct)

case empty

have uhnf 0 by(simp add: uhnf-def)

moreover have valid 0 by simp

moreover have 0 =, 0 by(rule Refl)

moreover have depth 0 < depth 0 by simp

ultimately show ?case by blast
next

case(insert Q S P)

have Shnf: VP € S. uhnf P A valid P by fact

hence VP € (S — {(Q)}). uhnf P A wvalid P by simp

moreover have VP € (S — {(Q)}). uhnf P A valid P = 3 P’. uhnf P’ A valid
P’ AN P =, P'A depth P' < depth P by fact

ultimately obtain P’ where P'hnf: uhnf P’ and validP’: valid P’

and PeqP’: P =, P’ and PP’depth: depth P’ < depth P
by blast

have @ € S by fact
with Shnf have uhnf Q and valid Q) by simp+
with P’hnf validP’ obtain R where Rhnf: uhnf R and validR: valid R
and P’'QeqR: P’ ® Q =. R and P'QRdepth: depth R <
depth (P’ & Q)
by (auto dest: uhnfSum)

from PeqP’ P'QeqR have P @& Q) =. R by(blast intro: SumPres Trans)
moreover from PP’depth P'QRdepth have depth R < depth(P & Q) by simp
ultimately show ?case using Rhnf validR by blast

qed

lemma hnfSummandsRemouve:
fixes P :: pi
and @ : pi

assumes P € summands Q
and uhnf Q

shows (summands Q) — {P'| P'. P’ € summands Q@ N P' =, P} = (summands
Q) - {P}
using assms
by (auto intro: Refl simp add: uhnf-def)

lemma pullSummand:
fixes P :: pi
and @ :: pi

assumes Psumm@: P € summands @

and Qhnf:  uhnf Q
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shows 3Q". P @& Q' =. Q A (summands Q) = ((summands Q) — {z. 3P z
= P’ A P’ e (summands Q) N P' =, P}) A uhnf Q'
proof —
have SumGoal: AP Q R. [P € summands Q; uhnf(Q & R);
AP. [P € summands Q] = 3 Q" P & Q' =. Q A
(summands Q") = ((summands Q) — {P’ |P'. P' €
summands Q@ N P' =, P}) A uhnf Q'
AP. [P € summands R] = 3R’ P ® R'=. R A
(summands R") = ((summands R) — {P’|P'. P' €
summands R A P' =, P}) A uhnf R']
—~3Q. P& Q' = Q&RA
summands Q' = summands (pi.Sum Q R) — {P'|P’. P’ € summands
(Q ® R) A P'=, P} A uhnf Q'
proof —
fix PQR
assume [HR: AP. P € summands R = 3R’ P & R'=. R A
(summands R') = ((summands R) — {P' |P’. P’
€ summands R N P' =, P}) A uhnf R’
assume Psumm(@: P € summands @
moreover assume AP. P € summands Q = 3Q". P ® Q' =, Q A
(summands Q') = ((summands Q) — {P’ |P’. P’ €
summands Q N P’ =, P}) A uhnf Q'

ultimately obtain Q' where PQ’eqQ: P & Q' =. Q
and Q’summ@: (summands Q") = ((summands Q) — {P’
|P’. P' € summands @ N P' =, P})
and Q'hnf: uhnf Q'
by blast
assume QRhnf: uhnf(Q ® R)

show 3Q". P& Q' = Q® R A
summands Q' = summands (pi.Sum Q R) — {P’|P’. P’ € summands
(Q® R) AN P'=, P} A ubnf Q'
proof(cases 3P’ € summands R. P' =, P)
assume 3 P’ € summands R. P' =, P
then obtain P’ where P’summR: P’ € summands R and P’eqP: P’ =, P
by blast
with IHR obtain R’ where PR’eqR: P' ® R' =, R
and R'summR: (summands R') = ((summands R) — {P" |P". P" €
summands R N P" =, P'})
and R'hnf: uhnf R’
by blast

have L1: P® (Q'" @ R =. Q@ R
proof —
from P’eqgP have P & (Q'® R =. (P& P) ® (Q'® R
by (blast intro: SumlIdemp’ SumPres Sym)
moreover have (P @ P') & (Q'® R')=. P® (P’ ® (Q' ® R')) by(rule
SumAssoc)
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moreover have P ¢ (P’ ¢ (Q'"® R') = P& (P'® (R' & Q)
by (blast intro: Refl SumPres’ SumSym)
moreover have P & (P’ ¢ (R'¢ Q)= P& (P& R) & Q'
by (blast intro: Refl SumPres’ Sym SumAssoc)
moreover have P @ (P& R @ Q'=. (P® Q') @ (P'® R
proof —
have P® (PP RV Q'=. P® Q' & (P'® R
by (blast intro: Refl SumPres’ SumSym)
thus ?thesis by(blast intro: Sym SumAssoc Trans)
qged
moreover from PQ’'eq@) PR'eqR have (P & Q) @ (P’ ® R) =. Q@ ® R
by (rule SumPres’)
ultimately show ?thesis by (blast intro!: Trans)
qed

show ?thesis
proof(cases Q' = 0)
assume Q’eqNil: Q' = 0
have P® R'=. Q ® R
proof —
have P @ R' =, P ® (R’ ® 0) by(blast intro: SumZero Refl Trans
SumPres’ Sym)
moreover have P @ (R'"® 0) =, P& (0 @ R)
by (blast intro: SumSym Trans SumPres’ Refl)
ultimately show ?thesis using L1 Q’egNil by(blast intro: Trans)
qged
moreover from R’'summR Q'summ(@ P’eqP Q’eqNil have summands (R’)
= (summands (Q & R) — {P'|P'. P’ € summands(Q ® R) N P’ =, P})
by (auto intro: Sym Trans)
ultimately show ?thesis using R’hnf by blast
next
assume Q’ineqNil: Q' # 0
show ?thesis
proof(case-tac R’ = 0)
assume R'eqNil: R’ = 0
have P® Q'=. Q & R
proof —
have P ® Q' =. P & (Q' ® 0) by(blast intro: SumZero Refl Trans
SumPres' Sym)
with L1 R’eqNil show ?thesis by (blast intro: Trans)
qed
moreover from R’summR Q’summ@ P’eqP R'eqNil have summands (Q")
= (summands (Q & R) — {P'|P'. P’ € summands(Q ® R) N P' =, P})
by (auto intro: Sym Trans)
ultimately show ?thesis using Q’hnf by blast
next
assume R'ineqNil: R’ # 0

from R’summR Q'summ@ P’eqP have summands (Q' ® R') = (summands
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(Q @ R) — {P'|P'. P’ € summands(Q & R) N P' =, P})
by (auto intro: Sym Trans)
moreover from QRhnf Q'hnf R'hnf R'summR Q'summ@ Q'ineqNil
R'inegNil have uhnf(Q’ & R’
by (auto simp add: uhnf-def)

ultimately show ¢thesis using L1 by blast
qed
qed
next
assume —(3 P’ € summands R. P’ =, P)
hence Case: VP’ € summands R. ~(P’' =. P) by simp
show ?thesis
proof(case-tac Q' = 0)
assume Q’eqNil: Q' =0
have P® R=. Q@ ® R
proof —

have P @ R =. (P & 0) & R by(blast intro: SumZero Sym Trans SumPres)
moreover from PQ’eqQ have P @ (Q'® R)=. Q ® R
by (blast intro: SumAssoc Trans Sym SumPres)

ultimately show ?thesis using Q’eqNil by(blast intro: SumAssoc Trans)
qed

moreover from Q’summ@ Q’eqNil Case have summands (R) = (summands
(Q @ R) — {P'|P'. P’ € summands(Q & R) N\ P' =, P})
by auto
moreover from QRhnf have uhnf R by(simp add: uhnf-def)

ultimately show #¢thesis by blast
next
assume Q’ineqNil: Q' # 0
from PQ’eq@Q) have P ® (Q'® R) =. Q@ ® R
by (blast intro: SumAssoc Trans Sym SumPres)

moreover from Q’summ@ Case have summands (Q' ® R) = (summands
(Q @ R) — {P'|P'. P’ € summands(Q & R) N\ P' =, P})

by auto

moreover from QRhnf Q'hnf Q'summ@ Q'ineqNil have uhnf (Q' ® R)
by (auto simp add: uhnf-def)

ultimately show #¢thesis by blast

qged
qed
qed

from assms show ?thesis

proof (nominal-induct Q arbitrary: P rule: pi.strong-inducts)
case PiNil

have P € summands 0 by fact
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hence Fulse by auto
thus ?case by simp
next
case(Output a b Q)
have P € summands (a{b}.Q) by fact
hence PeqQ: P = a{b}.Q by simp
have P ® 0 =, a{b}.Q
proof —
have P & 0 =. P by(rule SumZero)
with PeqQ show ?thesis by simp
qed
moreover have (summands 0) = (summands (a{b}.Q)) — {P'| P". P' €
summands (a{b}.Q) N P' =, P}
proof —
have a{b}.Q =, a{b}.Q by(rule Refl)
with Peq@Q show ?thesis by simp
qed
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?case by blast
next
case(Tau Q)
have P € summands (7.(Q)) by fact
hence PeqQ: P = 7.(Q) by simp
have P ® 0 =, 7.(Q)
proof —
have P & 0 =. P by(rule SumZero)
with Peq@Q show ?thesis by simp
qed
moreover have (summands 0) = (summands (7.(Q))) — {P’' | P". P’ €
summands (7.(Q)) A P’ =, P}
proof —
have 7.(Q) =. 7.(Q) by(rule Refl)
with Peq() show ?thesis by simp
qed
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?case by blast
next
case(Input a = Q)
have P € summands (a<z>.Q) by fact
hence PeqQ: P = a<z>.Q by simp
have P ® 0 =, a<z>.Q
proof —
have P & 0 =, P by(rule SumZero)
with Peq() show ?thesis by simp
qed
moreover have (summands 0) = (summands (a<z>.Q)) — {P'| P'. P’ €
summands (a<z>.Q) A P' =, P}
proof —
have a<z>.Q = a<z>.Q by(rule Refl)
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with Peq() show ?thesis by simp
qed
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?case by blast
next
case(Match a b Q)
have P € summands ([a—~b]Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Mismatch a b Q)
have P € summands ([a#b]Q) by fact
hence Fualse by simp
thus ?case by simp
next
case(Sum Q R)
have QRhnf: uhnf (Q @ R) by fact
hence Qhnf: uhnf Q and Rhnf: uhnf R by(simp add: uhnf-def)+
have AP. [P € summands Q; uhnf Q] = 3Q". P & Q' =. Q A
(summands Q') = ((summands Q) — {P'|P’. P’
€ summands Q A P’ =, P}) A uhnf Q'
by fact
with Qhnf have IHQ: A\P. P € summands Q = 3Q". P ® Q' =. Q A
(summands Q') = ((summands Q) — {P' |P'. P' €
summands @ N P’ =, P}) A uhnf Q'
by simp
have AP. [P € summands R; uhnf R] = 3R P ® R'=. R A
(summands R') = ((summands R) — {P'|P’. P’
€ summands R N P' =, P}) A uhnf R’
by fact
with Rhnf have IHR: AP. P € summands R — 3R’ P ® R' =, R A
(summands R') = ((summands R) — {P' |P'. P' €
summands R N P’ =, P}) A uhnf R’
by simp
have P € summands (Q @ R) by fact
hence P € summands Q V P € summands R by simp
thus ?case
proof (rule disjE)
assume P € summands Q
thus ?case using QRhnf IHQ IHR by(rule SumGoal)
next
assume P € summands R
moreover from QRhnf have uhnf (R @& Q) by(auto simp add: uhnf-def)
ultimately have 3 Q". (pi.Sum P Q') =, (pi.Sum R Q) A
summands Q' = summands (pi.Sum R Q) — {P' |P’. P’ € summands
(pi.Sum R Q) N P’ =, P} A uhnf Q' using THR THQ
by (rule SumGoal)
thus ?case
by (force intro: SumSym Trans)
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qed
next
case(Par @ R P)
have P € summands (Q || R) by fact
hence Fulse by simp
thus ?case by simp
next
case(Res z Q) P)
have P € summands (<vz>Q) by fact
hence PeqQ: P = <vz>(Q by(simp add: if-split)
have P & 0 =, <vz>(Q
proof —
have P @ 0 =. P by(rule SumZero)
with PeqQ) show ?thesis by simp
qed
moreover have (summands 0) = (summands (<vz>Q)) — {P’'| P". P’ €
summands (<vz>Q) N P' =. P}
proof —
have <vz>Q =, <vz>Q by(rule Refl)
with PeqQ) show ?thesis by simp
qed
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?case by blast
next
case(Bang Q P)
have P € summands (1Q) by fact
hence Fulse by simp
thus ?case by simp
qed
qed

lemma nSym:
fixes P :: pi
and @ : pi
assumes —(P =, Q)
shows —(Q =, P)
using assms

by (blast dest: Sym,)

lemma summandsZero:
fixes P :: pi

assumes summands P = {}
and hnf P

shows P =0
using assms
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by (nominal-induct P rule: pi.strong-inducts, auto intro: Refl SumlIdemp SumPres’
Trans)

lemma summandsZero':
fixes P :: pi

assumes summP: summands P = {}
and Puhnf: uhnf P

shows P =0
proof —
from Puhnf have hnf P by(simp add: uhnf-def)
with summP show ?thesis by (rule summandsZero)
qed

lemma summandEquiv:
fixes P :: pi
and @ : pi

assumes Phnf: uhnf P

and Qhnf: uhnf Q

and  PinQ: VP’ € summands P. 3Q' € summands Q. P' =, Q'
and QinP: v Q' € summands Q. 3P’ € summands P. Q' =, P’

shows P =, @
proof —

from finiteSummands assms show ?thesis

proof (induct F==summands P arbitrary: P @ rule: finite-induct)
case(empty P Q)
have PEmpty: {} = summands P by fact
moreover have V Q'esummands Q. 3 P'esummands P. Q' =, P’ by fact
ultimately have QFmpty: summands @ = {} by simp

have P =0
proof —
have uhnf P by fact
with PEmpty show ?thesis by(blast intro: summandsZero’)
qed
moreover have () = 0
proof —
have uhnf Q by fact
with QFmpty show ?thesis by(blast intro: summandsZero’)
qed
ultimately show ?case by(blast intro: Refl)
next
case(insert P’ F P Q)
have Phnf: uhnf P by fact
have Qhnf: uhnf Q by fact
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have IH: AP Q. [F = summands P; uhnf P; uhnf Q; ¥V P’ € summands P.
3Q’ € summands Q. P' =, Q*
vV Q' € summands Q. 3P’ € summands P. Q' =, P'| = P =, Q
by fact
have PeqQ: V P’ € summands P. 3 Q' € summands Q. P' =, Q' by fact
have QeqP: V Q' € summands Q. 3P’ € summands P. Q' =, P’ by fact

have PSumm: insert P' F = summands P by fact
hence P'SummP: P’ € summands P by auto

with Phnf obtain P’ where P'P"'eqP: P' ® P" =, P
and P"Summ: summands P'' = summands P — {P"" |P".
P € summands P A P" =, P’}
and P''hnf: uhnf P"
by (blast dest: pullSummand)

from PeqQ P'SummP obtain Q' where Q'Summ@: Q' € summands ) and
PlegQ’: P' =, Q' by blast

from Q'Summ@ Qhnf obtain Q" where Q'Q"eqQ: Q' ® Q"' =. Q
and Q"'Summ: summands Q" = summands Q — {Q"
Q. Q" € summands Q@ N Q" =. Q'}
and Q"hnf: uhnf Q"'
by (blast dest: pullSummand)

have FeqP": F = summands P’
proof —
have P’ ¢ F by fact
with P"’Summ PSumm hnfSummandsRemove[OF P’'SummP Phnf] show
?thesis by blast
qed

moreover have VP’ € summands P". 3Q’ € summands Q". P' =, Q'
proof (rule balll)
ﬁx P///
assume P'"'Summ: P""" € summands P’
with P"’Summ have P’ € summands P by simp
with PegQ obtain Q' where Q'"'Summ: Q' € summands Q and P""eqQ""":
P =, Q"' by blast
have Q' € summands Q"'
proof —
from P’"’Summ P"Summ have —(P’"" =, P’) by simp
with P’eq@’ P""'eqQ'" have —(Q"' =, Q') by(blast intro: Trans Sym)
with Q”Summ Q''Summ show ?thesis by simp
qed

with P'"eqQ’"" show 3 Q'esummands Q". P'"' =, Q' by blast
qed
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moreover have V Q' € summands Q". AP’ € summands P". Q' =, P’
proof (rule balll)
fix Q"
assume Q'"'Summ: Q' € summands Q"'
with Q”Summ have Q' € summands Q by simp
with QeqP obtain P’"’ where P’'Summ: P’ ¢ summands P
and Q"eqP"": Q""" =, P’ by blast
have P""" € summands P
proof —
from Q""'Summ Q"Summ have —(Q""' =. Q') by simp
with P'eqQ’ Q""’eqP'"' have —(P""" =, P') by(blast intro: Trans)
with P''Summ P’’Summ show ?thesis by simp
qed
with Q'"eqP'"” show 3 P'csummands P". Q" =, P’ by blast
qed

ultimately have P"’eqQ’: P =, Q" using P''hnf Q"'hnf by(rule-tac IH)

from P’'P’’eqP have P =, P’ & P’ by(rule Sym)
moreover from P’eqQ’ P"eqQ' have P'® P" =, Q' ® Q" by(rule SumPres’)
ultimately show ?case using Q'Q"'eqQ by (blast intro: Trans)
qed
qed

lemma validSubst[simp]:
fixes P :: pi
and a :: name
and b :: name
and p : pi

shows valid(Pla::=b]) = valid P

by (nominal-induct P avoiding: a b rule: pi.strong-inducts, auto)

lemma valid Output Transition:
fixes P :: pi
and a : name
and b : name
and P’: pi

assumes P —a[b] < P’
and  walid P

shows valid P’
using assms
by (nominal-induct rule: outputInduct, auto)
lemma validInputTransition:

fixes P :: pi
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and a : name
and =z :: name
and P': pi

assumes PTrans: P —sa<z> < P’
and validP: valid P

shows wvalid P’
proof —
have Goal: AP a z P'. [P —a<z> < P’; P; valid P] = valid P’
proof —
fix Pazx P’
assume P —a<z> < P’ and z § P and valid P
thus valid P’
by (nominal-induct rule: inputInduct, auto)
qged
obtain y::name where yFreshP: y § P and yFreshP’ y § P’
by (rule-tac name-ezists-fresh[of (P, P’)], auto simp add: fresh-prod)
from yFreshP' PTrans have P ——a<y> < [(z, y)] - P’ by(simp add: al-
phaBoundResidual)
hence wvalid ([(z, y)] - P’) using yFreshP validP by (rule Goal)
thus valid P’ by simp
qed

lemma validBoundQutput Transition:
fixes P :: pi
and a : name
and =z : name
and P’: pi

assumes PTrans: P —sa<vz> < P’
and validP: valid P

shows wvalid P’
proof —
have Goal: AP a z P'. [P —a<vz> < P’; x § P; valid P] = valid P’
proof —
fix Pazx P’
assume P —a<vz> < P’ and z § P and valid P
thus valid P’
apply (nominal-induct rule: boundOQutputInduct, auto)
proof —
fix Pax P’
assume P ——(a::name)[z] < P’ and valid P
thus valid P’
by (nominal-induct rule: outputinduct, auto)
qed
qged
obtain y::name where yFreshP: y § P and yFreshP” y t P’
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by (rule-tac name-exists-fresh[of (P, P')], auto simp add: fresh-prod)
from yFreshP’ PTrans have P —a<vy> < [(z, y)] - P’ by(simp add: al-
phaBoundResidual)
hence valid ([(z, y)] - P’) using yFreshP validP by (rule Goal)
thus valid P’ by simp

qed

lemma valid TauTransition:
fixes P :: pi
and P': pi

assumes PTrans: P —s71 < P’
and validP: valid P

shows valid P’
using assms
by (nominal-induct rule: taulnduct, auto dest: validOutputTransition validInput-
Transition validBoundOutput Transition)

lemmas valid Transition = validInput Transition validOutput Transition valid Tau-
Transition validBoundOQutput Transition

lemma validSummand:
fixes P : pi
and P': pi
and a :: name
and b : name
and <z : name

assumes valid P
and hnf P

shows 7.(P’) € summands P = valid P’

and a{b}.P’ € summands P = valid P’

and a<z>.P’ € summands P = valid P’

and [a # z; <vz>a{z}.P’ € summands P] = wvalid P’
proof —

assume 7.(P’) € summands P

with assms show walid P’ by(force intro: validTauTransition simp add: sum-
mandTransition)
next

assume a{b}.P’ € summands P

with assms show valid P’ by(force intro: validOutput Transition simp add: sum-
mandTransition)
next

assume a<z>.P’ € summands P

with assms show wvalid P’ by(force intro: validInputTransition simp add: sum-
mand Transition)
next
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assume <vz>a{z}.P’ € summands P and a # x

with assms show wvalid P’

by (force intro: validBoundOutput Transition simp add: summandTransition| THEN
sym])
qed

lemma validExpand:

fixes P :: pi
and Q : pi
assumes valid P
and valid Q
and uhnf P
and uhnf Q

shows V R € (expandSet P Q). uhnf R A valid R
proof —
from assms have hnf P and hnf @ by(simp add: uhnf-def)+
with assms show ?thesis
apply(auto simp add: expandSet-def)
apply(force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply(force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply (force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply(force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply(force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply (force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply(subgoal-tac a#zx)
apply(force dest: validSummand simp add: uhnf-def)
apply blast
apply (subgoal-tac a#x)
apply (drule-tac validSummand(4)) apply assumption+
apply blast
apply(subgoal-tac a#x)
apply (drule-tac validSummand(4)[where P=Q)]) apply assumption+
apply (force dest: validSummand simp add: uhnf-def)
apply blast
apply(subgoal-tac a#zx)
apply(drule-tac validSummand(4)[where P=Q)]) apply assumption+
apply blast
apply(force dest: validSummand simp add: uhnf-def)
apply(force dest: validSummand)
apply(force dest: validSummand simp add: uhnf-def)
apply(force simp add: uhnf-def)
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apply(force dest: validSummand)
apply(force dest: validSummand)
apply(force simp add: uhnf-def)
apply(force dest: validSummand)
apply(subgoal-tac ay)
apply(drule-tac validSummand(4)[where P=Q)]) apply assumption+
apply blast
apply(force dest: validSummand simp add: uhnf-def)
apply (subgoal-tac a#y)
apply (drule-tac validSummand(4)) apply assumption+
apply blast
by (force dest: validSummand)
qed

lemma expandComplete:
fixes F :: pi set

assumes finite F'

shows 3 P. (P, F) € sumComposeSet
using assms
proof (induct F rule: finite-induct)
case empty
have (0, {}) € sumComposeSet by (rule sumComposeSet.empty)
thus ?case by blast
next
case(insert Q F)
have 3P. (P, F) € sumComposeSet by fact
then obtain P where (P, F) € sumComposeSet by blast
moreover have ) € insert Q F by simp
moreover have Q ¢ F by fact
ultimately have (P @® Q, insert Q F) € sumComposeSet
by (force intro: sumComposeSet.insert)
thus ?case by blast
qed

lemma expandDepth:
fixes F :: pi set
and P :: pi
and Q : pi

assumes (P, F) € sumComposeSet
and F #{}

shows 3 Q € F. depth P < depth Q N (VR € F. depth R < depth Q)
using assms
proof (induct arbitrary: Q rule: sumComposeSet.induct)

case empty

have ({}::pi set) # {} by fact
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hence Fualse by simp
thus ?case by simp
next
case(insert Q S P)
have QinS: Q € S by fact
show ?Zcase
proof(case-tac (S — {Q}) = {})
assume (S — {Q}) = {}
with QinS have SeqQ: S = {Q} by auto
have (P, S — {Q}) € sumComposeSet by fact
with Seq@ have (P, {}) € sumComposeSet by simp
hence P = 0 apply — by(ind-cases (P, {}) € sumComposeSet, auto)
with QinS Seq@Q) show ?case by simp
next
assume (S — {Q}) # {}
moreover have (S — {Q}) # {} = I Q' € (S — {Q}). depth P < depth Q'
AN (VR € (S — {Q}). depth R < depth Q') by fact
ultimately obtain @’ where Q'inS: Q' € S — {Q} and PQ'depth: depth P
< depth Q" and All: VR € (S — {Q}). depth R < depth Q' by auto
show ?case
proof(case-tac Q = Q')
assume Q = Q'
with PQ’depth All QinS show ?case by auto
next
assume QineqQ”" Q # Q'
show ?case
proof (case-tac depth @ < depth Q)
assume depth () < depth Q'
with QineqQ’ PQ'depth All Q'inS show ?thesis by force
next
assume — depth Q < depth Q'
with QineqQ’ PQ’depth All Q'inS QinS show ?thesis apply auto
apply(rule-tac z=Q in bexl)
apply auto
apply(case-tac R=Q)
apply auto
apply(erule-tac z=R in ballE)
by auto
qed
qed
qed
qed

lemma depthSubst[simp]:
fixes P :: pi
and a :: name

and b :: name

shows depth(P[a::=b]) = depth P
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by (nominal-induct P avoiding: a b rule: pi.strong-inducts, auto)

lemma depth Transition:
fixes P :: pi
and a : name
and b : name
and P’: pi

assumes Phnf: hnf P

shows P ——a[b] < P’ = depth P’ < depth P
and P r—a<z> < P’ = depth P’ < depth P
and P r~—7 < P'= depth P’ < depth P
and P r—a<vz> < P’ = depth P’ < depth P
proof —
assume P —aqa[b] < P’
thus depth P’ < depth P using assms
by (nominal-induct rule: outputinduct, auto)
next
assume Trans: P —sa<z> < P’
have Goal: AP a z P'. [P —a<az> < P'; z § P; hnf P] = depth P’ < depth
P
proof —
fix Pazx P’
assume P ——a<z> < P'and z § P and hnf P
thus depth P’ < depth P
by (nominal-induct rule: inputInduct, auto)
qed
obtain y::name where yFreshP: y § P and yFreshP’ y P’
by (rule-tac name-exists-fresh[of (P, P’)], auto simp add: fresh-prod)
from yFreshP’ Trans have P —a<y> < [(z, y)] - P/ by(simp add: alphaBound-
Residual)
hence depth ([(z, y)] + P’) < depth P using yFreshP Phnf by(rule Goal)
thus depth P’ < depth P by simp
next
assume P ——7 < P’
thus depth P’ < depth P using assms
by (nominal-induct rule: taulnduct, auto simp add: uhnf-def)
next
assume Trans: P —a<vz> < P’
have Goal: AP a z P'. [P —sa<vz> < P’; x § P; hnf P] = depth P’ < depth
P
proof —
fix Paxz P’
assume P —a<vz> < P’and z § P and hnf P
thus depth P’ < depth P
by (nominal-induct rule: boundOutputinduct,
auto elim: outputCases simp add: residual.inject)
qed
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obtain y::name where yFreshP: y § P and yFreshP’ y § P’
by (rule-tac name-exists-fresh[of (P, P’)], auto simp add: fresh-prod)
from yFreshP’ Trans have P ——a<vy> < [(z, y)] - P’ by(simp add: al-
phaBoundResidual)
hence depth ([(z, y)] -+ P’) < depth P using yFreshP Phnf by(rule Goal)
thus depth P’ < depth P by simp
qed

lemma maxExpandDepth:
fixes P :: pi
and Q@ :: pi
and R : pi

assumes R € ezpandSet P Q)
and hnf P
and hnf @

shows depth R < depth(P || Q)
using assms
apply (auto simp add: expandSet-def summandTransition| THEN sym)] dest: depth-
Transition)
apply (subgoal-tac a # x)
apply(simp add: summandTransition| THEN sym)])
apply(force dest: depthTransition)
apply blast
apply (subgoal-tac a # x)
apply(simp add: summandTransition| THEN sym))
apply(force dest: depthTransition)
apply blast
apply(force dest: depthTransition)
apply(force dest: depthTransition)
apply(subgoal-tac a # y)
apply(simp add: summandTransition| THEN sym)])
apply(force dest: depthTransition)
apply blast
apply (subgoal-tac a # y)
apply(simp add: summandTransition| THEN sym))
apply(force dest: depthTransition)
by blast

lemma ezpandDepth’:
fixes P :: pi
and Q@ : pi

assumes Phnf: hnf P
and Qhnf: hnf Q

shows 3 R. (R, expandSet P Q) € sumComposeSet A depth R < depth(P || Q)
proof(case-tac expandSet P Q = {})
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assume expandSet P Q = {}

with Phnf Qhnf show ?thesis by(auto intro: sumComposeSet.empty)
next

assume expandSet P Q # {}

moreover from Phnf Qhnf finiteExpand obtain R where TSC: (R, expandSet
P Q) € sumComposeSet
by (blast dest: expandComplete)
ultimately obtain 7 where T € expandSet P @
and depth R < depth T
by (blast dest: expandDepth)
with Phnf Qhnf have depth R < depth(P || Q)
by (force dest: maxEzpandDepth)
with TSC show ?thesis by blast
qed

lemma validToHnf:
fixes P :: pi

assumes valid P

shows 3 Q. uhnf Q A valid Q N Q =. P A (depth Q) < (depth P)
proof —
have MatchGoal: Na b P Q. [uhnf Q; valid Q; Q =. P; depth Q < depth P] =
3Q. uhnf Q A valid Q A Q =, [a—~b]P A depth Q < depth
([a—b]P)
proof —
fixabP Q
assume Qhnf: uhnf Q and validQ: valid Q and QeqP: Q =, P
and QPdepth: depth Q < depth P
show 3 Q. uhnf Q A valid Q A Q =, [a—~b]P A depth Q < depth ([a—~b]P)
proof(case-tac a = b)
assume a = b
with QeqP have @ =. [a—~b]P by(blast intro: Sym Trans equiv.Match)
with Qhnf valid@ QPdepth show ?thesis by force
next
assume a # b
hence 0 =, [a—~b]P by(blast intro: Sym Match’)
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?thesis by force
qed
qed

from assms show ?thesis

proof (nominal-induct P rule: pi.strong-inducts)
case PiNil
have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, 0 by(rule Refl)
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moreover have (depth 0) < (depth 0) by simp
ultimately show ?case by blast
next
case(Output a b P)
have uhnf (a{b}.P) by(simp add: uhnf-def)
moreover have valid(a{b}.P) by fact
moreover have a{b}.P =, a{b}.P by(rule Refl)
moreover have (depth (a{b}.P)) < (depth (a{b}.P)) by simp
ultimately show ?case by blast
next
case(Tau P)
have uhnf (7.(P)) by(simp add: uhnf-def)
moreover have valid (7.(P)) by fact
moreover have 7.(P) =, 7.(P) by(rule Refl)
moreover have (depth (7.(P))) < (depth (7.(P))) by simp
ultimately show ?case by blast
next
case(Input a = P)
have uhnf (a<z>.P) by(simp add: uhnf-def)
moreover have valid (a<z>.P) by fact
moreover have a<z>.P =, a<z>.P by(rule Refl)
moreover have (depth (a<z>.P)) < (depth (a<z>.P)) by simp
ultimately show ?case by blast
next
case(Match a b P)
have valid ([a—~b]P) by fact
hence walid P by simp
moreover have valid P = 3 Q. uhnf Q A valid @ N Q = P A depth @ <
depth P by fact
ultimately obtain ) where Qhnf: vhnf @ and validQ: valid Q and QeqP:
Q=P
and QPdepth: depth @ < depth P by blast
thus ?case by (rule MatchGoal)
next
case(Mismatch a b P)
have valid ([a£b]P) by fact
hence valid P by simp
moreover have valid P = 3 Q. uhnf Q A valid Q@ N Q = P A depth @ <
depth P by fact
ultimately obtain ) where Qhnf: vhnf @ and validQ: valid Q and QeqP:
Q=P
and QPdepth: depth Q < depth P by blast
show ?Zcase
proof(case-tac a = b)
assume a = b
hence 0 =, [a#b]P by(blast intro: Sym Mismatch’)
moreover have uhnf 0 by(simp add: uhnf-def)
ultimately show ?Zcase by force
next
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assume a # b
with QeqP have @ =. [a#b|P by(blast intro: Sym Trans equiv. Mismatch)
with Qhnf validQ) QPdepth show ?case by force

qed

next

case(Sum P Q)

have valid(P & Q) by fact

hence validP: valid P and validQ: valid Q by simp+

have 3 P’. uhnf P’ A valid P’ AN P’ =, P A (depth P’) < (depth P)
proof —
have valid P = 3 P’. uhnf P’ A valid P’ A P' =, P A (depth P’) < (depth
P) by fact
with validP show ?thesis by simp
qed
then obtain P’ where P’'hnf: uhnf P’ and P’eqP: P' =, P and validP" valid
P/
and P’depth: (depth P’) < (depth P) by blast

have 3 Q’. uhnf Q' A valid Q' N Q' =. Q A (depth Q') < (depth Q)
proof —
have valid Q = 3 Q’. uhnf Q' A valid Q' N Q' =. Q A (depth Q') < (depth
Q) by fact
with validQ) show ?thesis by simp
qed

then obtain @’ where Q'hnf: uhnf Q' and Q’eqQ: Q' =, Q and wvalidQ":
valid Q'
and Q'depth: (depth Q') < (depth Q) by blast

from P’hnf Q'hnf validP’ valid@' obtain R where Rhnf: uhnf R and validR:
valid R
and P'Q'eqR: P' & Q' =. R
and Rdepth: depth R < depth(P' ® Q')
apply(drule-tac uhnfSum) apply assumption+ by blast

from wvalidP’ valid@' have valid(P' ® Q') by simp

from P’eqP Q'eqQ) P'Q’eqR have P & Q =. R by(blast intro: Sym SumPres’
Trans)

moreover from Rdepth P'depth Q'depth have depth R < depth(P & Q) by
auto

ultimately show ?case using validR Rhnf by(blast intro: Sym)

next
case(Par P Q)
have wvalid(P || Q) by fact

hence validP: valid P and validQ: valid Q) by simp+

have 3 P’ uhnf P’ A valid P’ N P’ =, P A (depth P’) < (depth P)
proof —
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have valid P = 3 P’. uhnf P’ A valid P’ A P' =, P A (depth P’) < (depth
P) by fact
with validP show ?thesis by simp
qed
then obtain P’ where P'hnf: uhnf P’ and P’eqP: P' =, P and validP": valid
P/
and P'depth: (depth P') < (depth P) by blast

have 3 Q’. uhnf Q' A valid Q' N Q' =. Q A (depth Q') < (depth Q)
proof —
have valid Q = 3 Q’. uhnf Q' A valid Q' N Q' =. Q A (depth Q') < (depth
Q) by fact
with validQ) show ?thesis by simp
qed

then obtain @’ where Q'hnf: uhnf Q' and Q’eqQ: Q' =, Q and wvalidQ":
valid Q'
and Q'depth: (depth Q') < (depth Q) by blast

from P’hnf Q'hnf obtain R where Exp: (R, expandSet P’ Q') € sumCompos-
eSet and Rdepth: depth R < depth(P'| Q)
by (force dest: expandDepth’ simp add: uhnf-def)

from Ezp P’hnf Q'hnf have P'Q’eqR: P’ || Q' =. R by(force intro: Expand
simp add: uhnf-def)

from P’hnf Q'hnf validP’ valid@’ have V P € (expandSet P’ Q'). uhnf P A
valid P by (blast dest: validEzpand)

with Ezp obtain R’ where R’hnf: uhnf R’ and validR’: valid R’

and ReqR" R =. R’
and R'depth: depth R’ < depth R
by (blast dest: expandHnf)

from P’eqP Q’eqQ P'Q’eqR ReqR’ have P || Q =. R’ by(blast intro: Sym
ParPres Trans)

moreover from Rdepth P'depth Q’depth R’depth have depth R’ < depth(P ||
Q) by auto

ultimately show ?case using validR’ R'hnf by(blast dest: Sym)

next

case(Res z P)

have valid (<vz>P) by fact

hence validP: valid P by simp

moreover have valid P = 3 Q. uhnf Q A valid Q N Q =. P A depth Q <
depth P by fact

ultimately obtain @) where Qhnf: uhnf @ and validQ: valid Q and QeqP:
Q=P

and QPDepth: depth Q < depth P by blast

from wvalidP show ?case
proof (nominal-induct P avoiding: x rule: pi.strong-inducts)
case PiNil
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have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <vz>0
proof —
have z f 0 by simp
thus ?thesis by (blast intro: Sym ResFresh)
qed
moreover have depth 0 < depth (<vz>0) by simp
ultimately show ?case by blast
next
case(Output a b P)
have valid(a{b}.P) by fact
hence validP: valid P by simp
show Zcase
proof (case-tac x=a)
assume z = a
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <vz>z{b}.P by(blast intro: ResOutput’ Sym)
moreover have depth 0 < depth(<vz>z{b}.P) by simp
ultimately show Zcase by blast
next
assume zineqa: ¥ # a
show ?case
proof(case-tac z=b)
assume r=0b
moreover from zineqa have uhnf(<vz>a{z}.P) by(force simp add:
uhnf-def)
moreover from validP have valid(<vaz>a{z}.P) by simp
moreover have <vi>a{z}.P =, <vz>a{z}.P by(rule Refl)
moreover have depth(<va>a{z}.P) < depth(<va>a{z}.P) by simp
ultimately show ?case by blast
next
assume zinegh: © # b
have uhnf(a{b}.(<vz>P)) by(simp add: uhnf-def)
moreover from validP have valid(a{b}.(<va>P)) by simp
moreover from zineqa zinegb have a{b}.(<vz>P) =, <va>a{b}.P
by (blast intro: ResOutput Sym)
moreover have depth(a{b}.(<vaz>P)) < depth(<vz>a{b}.P) by simp
ultimately show ?case by blast
qed
qed
next
case(Tau P)
have valid(7.(P)) by fact
hence validP: valid P by simp

have uhnf(r.(<vz>P)) by(simp add: uhnf-def)
moreover from validP have valid(7.(<vax>P)) by simp
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moreover have 7.(<vz>P) =, <vz>7.(P) by(blast intro: ResTau Sym)
moreover have depth(r.(<vz>P)) < depth(<vaz>T1.(P)) by simp
ultimately show ?case by blast
next
case(Input a y P)
have valid(a<y>.P) by fact
hence validP: valid P by simp
have y # z by fact hence yineqzr: y # x by simp
show ?case
proof (case-tac x=a)
assume z = a
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <va>z<y>.P by(blast intro: ResInput’ Sym)
moreover have depth 0 < depth(<vaz>z<y>.P) by simp
ultimately show Zcase by blast
next
assume zineqa: T # a
have uhnf(a<y>.(<vz>P)) by(simp add: uhnf-def)
moreover from validP have valid(a<y>.(<vz>P)) by simp
moreover from zineqa yinegr have a<y>.(<vz>P) =, <vz>a<y>.P
by (blast intro: ResInput Sym)
moreover have depth(a<y>.(<vz>P)) < depth(<vz>a<y>.P) by simp
ultimately show ?case by blast
qed
next
case(Match a b P x)
have valid([a—~b]P) by fact hence valid P by simp
moreover have Az. valid P = 3 Q. uhnf Q A valid Q N Q =. <vz>P A
depth Q < depth(<vz>P)
by fact
ultimately obtain @) where Qhnf: uhnf @ and valid@: valid @
and QeqP: Q =, (<vz>P)
and QPdepth: depth Q < depth(<vz>P)
by blast
show ?case
proof (case-tac a = b)
assume a=b
moreover have @ =, <vz>[a—~a]P
proof —
have P =. [a—~a]P by(blast intro: equiv. Match Sym)
hence <vz>P =, <vz>[a—~a]P by(rule ResPres)
with QegP show ?thesis by (blast intro: Trans)
qed
moreover from @QPdepth have depth @ < depth(<vz>[a—~a]P) by simp
ultimately show Zcase using Qhnf valid@ by blast
next
assume ainegh: a#b
have uhnf 0 by(simp add: uhnf-def)
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moreover have valid 0 by simp
moreover have 0 =, <vz>[a—~b|P
proof —
from ainegb have 0 =, [a—~b]P by(blast intro: Match’ Sym)
hence <vz>0 =, <vz>[a—~b]P by(rule ResPres)
thus ?thesis by (blast intro: ResNil Trans Sym)
qged
moreover have depth 0 < depth(<vz>[a—~b]P) by simp
ultimately show ?case by blast
qed
next
case(Mismatch a b P x)
have valid([a#b]P) by fact hence valid P by simp
moreover have Az. valid P = 3 Q. uhnf Q A valid Q A Q =. <vz>P A
depth Q < depth(<va>P)
by fact
ultimately obtain () where Qhnf: uhnf Q and validQ: valid Q
and QeqP: Q =. (<vz>P)
and QPdepth: depth @ < depth(<vz>P)
by blast
show ?Zcase
proof(case-tac a = b)
assume a=b
moreover have uhnf 0 by(simp add: uhnf-def)
moreover have valid 0 by simp
moreover have 0 =, <vz>[a#a]P
proof —
have 0 =, [a#a]|P by(blast intro: Mismatch’ Sym)
hence <vz>0 =, <vz>[a#a|P by(rule ResPres)
thus ?thesis by(blast intro: ResNil Trans Sym)
qed
moreover have depth 0 < depth(<vz>[a#a]P) by simp
ultimately show ?case by blast
next
assume ainegb: a#b
have Q =, <vz>[a#£b]P
proof —
from ainegb have P =, [a#b]P by(blast intro: equiv. Mismatch Sym)
hence <vz>P =, <vz>[a#b|P by(rule ResPres)
with QegP show ?%thesis by(blast intro: Trans)
qed
moreover from QPdepth have depth Q < depth(<vz>[a#b]P) by simp
ultimately show ?Zcase using Qhnf valid@ by blast
qed
next
case(Sum P Q z)
have valid(P @ Q) by fact
hence validP: valid P and valid@: valid () by simp+
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have 3 P'. uhnf P’ A valid P’ N P’ =, <vz>P A (depth P') < (depth(<vz>P))
proof —

have valid P = 3 P'. uhnf P’ A valid P' N P' =, <vax>P A (depth P') <
(depth (<vz>P)) by fact

with validP show ?thesis by simp

qed

then obtain P’ where P’hnf: uhnf P’ and P’eqP: P’ =, <vz>P and

validP’: valid P’
and P’depth: (depth P’) < (depth(<vz>P)) by blast

have 3 Q’. uhnf Q' A valid Q' N Q' =. <vz>Q A (depth Q") < (depth(<vz>Q))
proof —
have valid Q = 3 Q’. uhnf Q' A valid Q' N Q' =, <vz>Q A (depth Q)
< (depth(<vz>Q)) by fact
with validQ show ?thesis by simp
qed

then obtain Q' where Q’Anf: uhnf Q' and Q'eqQ: Q' =, <vz>Q and
valid@': valid Q'
and Q'depth: (depth Q') < (depth(<va>Q)) by blast

from P’hnf Q'hnf validP’ validQ’ obtain R where Rhnf: uhnf R and validR:
valid R
and P'Q'eqR: P' ® Q' =. R
and Rdepth: depth R < depth(P' & Q)
apply(drule-tac uhnfSum) apply assumption+ by blast

from P’eqP Q'eq@) P'Q’eqR have <vz>(P & Q) =. R by(blast intro: Sym
SumPres’ SumRes Trans)

moreover from Rdepth P'depth Q’'depth have depth R < depth(<vz>(P &
®)) by auto

ultimately show ?case using validR Rhnf by(blast intro: Sym)

next
case(Par P Q x)
have valid(P || Q) by fact

hence validP: valid P and valid@: valid Q) by simp+
have 3 P’. uhnf P’ A valid P’ N P’ =, P A (depth P’) < (depth P)
proof —
obtain z::name where zFreshP: z §f P by(rule name-exists-fresh)
moreover have A\z. valid P = 3 P'. uhnf P’ A valid P' A P' =, (<vz>P)
A (depth P') < (depth(<vz>P)) by fact
with validP obtain P’ where uhnf P’ and valid P’ and P’eqP: P’ =,
(<vz>P) and P'depth: (depth P’') < (depth(<vz>P)) by blast
moreover from zFreshP P'eqP have P’ =. P by(blast intro: Trans
ResFresh)
moreover with P’depth have depth P’ < depth P by simp
ultimately show ?thesis by blast
qed
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then obtain P’ where P’hnf: uhnf P’ and P’eqP: P’ =, P and validP"
valid P’
and P’depth: (depth P’) < (depth P) by blast

have 3 Q'. uhnf Q' A valid Q' N Q' =. Q N (depth Q) < (depth Q)
proof —
obtain z::name where zFreshQ: = £ @ by(rule name-exists-fresh)
moreover have A\z. valid Q = 3 Q. uhnf Q' A valid Q' N Q' =, (<va>Q)
A (depth Q') < (depth(<vz>Q)) by fact
with validQ obtain Q' where uhnf Q' and valid Q' and Q'eqQ: Q' =,
(<vz>Q) and Q'depth: (depth Q') < (depth(<vz>Q)) by blast
moreover from zFreshQ Q'eq@Q have Q' =. Q by(blast intro: Trans
ResFresh)
moreover with Q’depth have depth Q' < depth ) by simp
ultimately show ?thesis by blast
qed

then obtain Q' where Q’hnf: uhnf Q' and Q’eqQ: Q' =, Q and validQ":
valid Q'
and Q'depth: (depth Q') < (depth Q) by blast

from P’hnf Q'hnf obtain R where Ezxp: (R, expandSet P’ Q') € sumCom-
poseSet and Rdepth: depth R < depth(P' | Q)
by (force dest: expandDepth’ simp add: uhnf-def)

from Fzp P’hnf Q’hnf have P'Q’eqR: P’ || Q' =. R by(force intro: Expand
stimp add: uhnf-def)
from P’hnf Q'hnf validP’ validQ’ have V P € (expandSet P’ Q). uhnf P A
valid P by (blast dest: validEzpand)
with Ezp obtain R’ where R’Anf: uhnf R’ and validR’: valid R’
and ReqR" R =. R’
and R'depth: depth R’ < depth R
by (blast dest: expandHnf)

from P’eqP Q’eq@ P'Q’eqR ReqR’ have P || Q =. R’ by(blast intro: Sym
ParPres Trans)

hence ResTrans: <vz>(P || Q) =. <vz>R’' by(rule ResPres)

from validR’ R'hnf obtain R where R"'hnf: uhnf R' and validR': valid
R’ and R’eqR’: <vz>R’' =, R" and R’'depth: depth R" < depth(<vz>R’)

by (force dest: uhnfRes)

from ResTrans R'eqR' have <vz>(P || Q) =. R" by(rule Trans)

moreover from Rdepth P'depth QQ'depth R’'depth R’ depth have depth R" <
depth(<vz>(P || Q)) by auto

ultimately show ?case using validR'" R"hnf by (blast dest: Sym)

next

case(Res y P x)

have valid(<vy>P) by fact hence valid P by simp

moreover have Az. valid P = 3 Q. uhnf Q A valid Q N Q =. <vz>P A
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depth Q < depth(<vz>P)
by fact
ultimately obtain @ where Qhnf: vhnf Q and valid@: valid Q and QeqP:
Q =. <vy>P
and QPdepth: depth @ < depth(<vy>P) by blast

from Qhnf valid@ obtain @’ where Q’hnf: uhnf Q' and validQ’: valid Q'

and QeqQ: <vz>Q =, Q'
and Q'Qdepth: depth Q' < depth(<vz>Q)
by (force dest: uhnfRes)

from QeqP have <vz>Q =, <vz><vy>P by(rule ResPres)
with QeqQ’ have Q' =, <vz><vy>P by(blast intro: Trans Sym)
moreover from Q’'Qdepth QPdepth have depth Q' < depth(<vz><vy>P)
by simp
ultimately show ?case using Q’hnf validQ’ by blast
next
case(Bang P )
have valid(!P) by fact
hence Fulse by simp
thus “case by simp
qed
next
case(Bang P)
have valid(!P) by fact
hence Fulse by simp
thus ?case by simp
qed
qed

lemma depthZero:
fixes P :: pi

assumes depth P = 0
and uhnf P

shows P =0
using assms
apply(nominal-induct P rule: pi.strong-inducts, auto simp add: uhnf-def maz-def
if-split)
apply(case-tac depth pil < depth pi2)
by auto
lemma completeAux:

fixes n :: nat

and P :: pi

and Q : pi

assumes depth P + depth @ < n
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and valid P

and valid Q)
and uhnf P
and uhnf Q
and P~qQ
shows P =, ()

using assms
proof (induct n arbitrary: P Q rule: nat.induct)
case(zero P Q)
have depth P + depth Q < 0 by fact
hence Pdepth: depth P = 0 and Qdepth: depth @ = 0 by auto
moreover have uhnf P and uhnf Q by fact+
ultimately have P = 0 and @Q = 0 by(blast intro: depthZero)+
thus ?case by(blast intro: Refl)
next
case(Suc n P Q)
have validP: valid P and validQ: valid ) by fact+
have Phnf: uhnf P and Qhnf: uhnf Q by fact+
have PBisim@): P ~ @ by fact
have IH: AP Q. [depth P + depth Q < n; valid P; valid Q; uhnf P; uhnf Q; P
~ Q]] = P =0
by fact
have PQdepth: depth P + depth @ < Suc n by fact

have Goal: AP @ Q'. [depth P + depth @ < Suc n; valid P; valid Q; uhnf P;
uhnf Q;
P ~[bisim] @; Q' € summands Q] = I P’ € summands P.
Q' =. P’
proof —
fix PQ Q'
assume PQdepth: depth P + depth @ < Suc n
assume validP: valid P and validQ: valid Q
assume Phnf: uhnf P and Qhnf: uhnf Q
assume PSimQ: P ~[bisim] Q
assume Q'inQ: Q' € summands Q

thus 3 P’ € summands P. Q' =. P’ using PSimQ Phnf validP PQdepth
proof (nominal-induct Q' avoiding: P rule: pi.strong-inducts)
case PiNil
have 0 € summands @ by fact
hence Fualse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
next
case(OQutput a b Q' P)
have validP: valid P and Phnf: uhnf P and PSimQ: P ~~[bisim] Q by fact+
have PQdepth: depth P + depth @Q < Suc n by fact
have a{b}.Q’ € summands Q by fact
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with Qhnf have QTrans: @ —a[b] < Q' by(simp add: summandTransition
uhnf-def)
with PSim(@ obtain P’ where PTrans: P —a[b] < P’ and P'BisimQ’": P’
by (blast dest: simFE)

from Phnf PTrans have a{b}.P’ € summands P by(simp add: summand-
Transition uhnf-def)
moreover have P' =, Q'
proof —
from wvalidP PTrans have validP': valid P’ by(blast intro: valid Transition)
from valid@ QTrans have validQ": valid Q' by(blast intro: validTransition)

from validP’ obtain P’ where P''hnf: uhnf P’ and validP'"": valid P"
and P'’eqP": P =, P’ and P''depth: depth P" <
depth P’
by (blast dest: validToHnf)

from valid@’ obtain Q' where Q”hnf: uhnf Q' and validQ'": valid Q"
and Q"eqQ": Q" =, Q' and Q" depth: depth Q" <
depth Q'
by (blast dest: validToHnf)

have depth P'' + depth Q" < n
proof —
from Phnf PTrans have depth P’ < depth P
by (force intro: depthTransition simp add: uhnf-def)
moreover from Qhnf QQTrans have depth Q' < depth @
by (force intro: depthTransition simp add: uhnf-def)
ultimately show ?thesis using PQdepth P''depth Q''depth by simp
qed

moreover have P ~ Q"
proof —
from P’eqP’ have P’ ~ P’ by(rule sound)
moreover from Q'’eqQ’ have Q"' ~ Q' by(rule sound)
ultimately show ?thesis using P’BisimQ’ by(blast dest: transitive
symmetric)
qed
ultimately have P =, Q"' using validP"' valid@Q" P"hnf Q"hnf by (rule-tac
IH)
with P"eqP’ Q"eqQ’ show ?thesis by(blast intro: Sym Trans)
qed
ultimately show ?case by(blast intro: Sym equiv. OutputPres)
next
case(Tau Q' P)
have validP: valid P and Phnf: uhnf P and PSimQ: P ~~[bisim] Q by fact+
have PQdepth: depth P + depth @Q < Suc n by fact
have 7.(Q’) € summands @ by fact
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with Qhnf have QTrans: Q —7 < Q' by(simp add: summandTransition
uhnf-def)
with PSim(@ obtain P’ where PTrans: P —7 < P’ and P'BisimQ" P’ ~
Q/
by (blast dest: simFE)

from Phnf PTrans have 7.(P’) € summands P by(simp add: summandTran-
sition uhnf-def)
moreover have P' =, Q'
proof —
from wvalidP PTrans have validP': valid P’ by(blast intro: valid Transition)
from valid@ QTrans have validQ": valid Q' by(blast intro: validTransition)

from validP’ obtain P’ where P''hnf: uhnf P’ and validP'"": valid P"
and P'’eqP": P =, P’ and P''depth: depth P" <
depth P’
by (blast dest: validToHnf)

from valid@’ obtain Q' where Q”hnf: uhnf Q' and validQ'": valid Q"
and Q"eqQ": Q" =, Q' and Q" depth: depth Q" <
depth Q'
by (blast dest: validToHnf)

have depth P'' + depth Q" < n
proof —
from Phnf PTrans have depth P’ < depth P
by (force intro: depthTransition simp add: uhnf-def)
moreover from Qhnf QQTrans have depth Q' < depth @
by (force intro: depthTransition simp add: uhnf-def)
ultimately show ?thesis using PQdepth P''depth Q''depth by simp
qed

moreover have P ~ Q"
proof —
from P’eqP’ have P’ ~ P’ by(rule sound)
moreover from Q'’eqQ’ have Q"' ~ Q' by(rule sound)
ultimately show ?thesis using P’BisimQ’ by(blast dest: transitive
symmetric)
qed
ultimately have P =, Q"' using validP"' valid@Q" P"hnf Q"hnf by (rule-tac
IH)
with P"eqP’ Q"eqQ’ show ?thesis by(blast intro: Sym Trans)
qed
ultimately show ?case by(blast intro: Sym equiv. TauPres)
next
case(Input a z Q' P)
have validP: valid P and Phnf: uhnf P and PSimQ: P ~-[bisim] Q and
zFreshP: ¢ § P by fact+
have PQdepth: depth P + depth @ < Suc n by fact
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have a<z>.Q' € summands Q by fact
with Qhnf have QTrans: Q —ra<z> < Q' by(simp add: summandTransition
uhnf-def)
with PSimQ zFreshP obtain P’ where PTrans: P —a<z> < P’
and P'derQ’: derivative P’ Q' (InputS a) z bisim
by (blast dest: simFE)

from Phnf PTrans have a<z>.P’ € summands P by(simp add: summand-
Transition uhnf-def)
moreover have Vy € supp(P’, Q', ). P'lz::=y] =. Q'[z::=y]
proof (rule balll)
fix y::name
assume ysupp: y € supp(P’, Q', )
have validP": valid(P'[x::=y])
proof —
from wvalidP PTrans have validP": valid P’ by (blast intro: valid Transition)
thus ?thesis by simp
qed
have validQ": valid(Q'[z::=y))
proof —
from valid@ QTrans have validQ": valid Q' by (blast intro: valid Transition)
thus ?thesis by simp
qged

from validP’ obtain P’ where P''hnf: uhnf P’ and validP'": valid P"
and P"eqP". P" =, P'[z::=y] and P''depth: depth P"

< depth(P'[z::=y])
by (blast dest: validToHnf)
from valid@’ obtain Q' where Q"hnf: uhnf Q' and validQ'": valid Q"
and Q"eqQ": Q" =. Q'[z::=y] and Q" depth: depth Q"
< depth(Q'z=y))

by (blast dest: validToHnf)

have depth P"' + depth Q" < n
proof —
from Phnf PTrans have depth P’ < depth P
by (force intro: depthTransition simp add: uhnf-def)
moreover from Qhnf QQTrans have depth Q' < depth @
by (force intro: depthTransition simp add: uhnf-def)
ultimately show ?thesis using PQdepth P''depth Q' depth by simp
qged

moreover have P ~ Q"
proof —
from P’derQ’ have P’'BisimQ" P’lz:=y| ~ Q'[z:=y]
by (auto simp add: derivative-def)
from P”eqP’ have P" ~ P’[x::=y] by(rule sound)
moreover from @Q'’eqQ’ have Q" ~ Q'[x::=y] by(rule sound)
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ultimately show ?thesis using P'BisimQ)’ by(blast dest: transitive

symmetric)
qed
ultimately have P =, Q"' using validP" valid@" P"hnf Q" hnf by (rule-tac
IH)
with P'’eqP’ Q''eqQ’ show P’lz:=y] =. Q'[x::=y] by(blast intro: Sym
Trans)

qed

ultimately show ?Zcase
apply —
apply(rule-tac z=a<z>.P’ in bexl)
apply(rule equiv. InputPres)
apply (rule balll)
apply (erule-tac z=y in ballE)
apply(blast dest: Sym)
by (auto simp add: supp-prod)
next
case(Match a b P' P)
have [a—~b]P’ € summands Q by fact
hence Fualse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
next
case(Mismatch a b P’ P)
have [a#£b|P’ € summands Q by fact
hence Fulse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
next
case(Sum P’ Q' P)
have P’ @ Q' € summands @ by fact
hence Fulse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
next
case(Par P’ Q' P)
have P’ || Q' € summands Q by fact
hence Fulse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
next
case(Res z Q"' P)
have xzFreshP: x § P by fact
have validP: valid P and Phnf: uhnf P and PSim@Q: P ~~[bisim] Q by fact+
have PQdepth: depth P + depth @ < Suc n by fact
have Q"summ@Q: <vz>Q'" € summands Q by fact
hence 3a Q. a # z A Q" = a{z}.Q’
by (nominal-induct @ rule: pi.strong-inducts, auto simp add: if-split pi.inject
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name-abs-eq name-calc)
then obtain a Q' where ainegz: a # z and Q'eqQ": Q" = a{z}.Q’
by blast
with Qhnf Q"summ@ have QTrans: Q —a<vz> < Q' by(simp add:
summand Transition uhnf-def)
with PSim(Q zFreshP obtain P’ where PTrans: P —a<vz> < P’ and
P'BisimQ": P' ~ Q'
by (force dest: simE simp add: derivative-def)

from Phnf PTrans ainegx have (<vz>a{z}.P’) € summands P by(simp add:
summand Transition uhnf-def)
moreover have a{z}.P’' =, a{z}.Q’
proof —
have P' =, Q'
proof —
from wvalidP PTrans have validP": valid P’ by (blast intro: valid Transition)
from wvalid@ QTrans have validQ": valid Q' by (blast intro: valid Transition)

from validP’ obtain P’ where P'"hnf: uhnf P and validP'": valid P"
and P'’eqP’. P" =, P’ and P''depth: depth P"" <
depth P’
by (blast dest: validToHnf)

from validQ)’ obtain Q' where Q"hnf: uhnf Q" and validQ'": valid Q"
and Q"eqQ”: Q" =, Q' and Q'"depth: depth Q" <
depth Q'
by (blast dest: validToHnf)

have depth P" + depth Q" < n
proof —
from Phnf PTrans have depth P’ < depth P
by (force intro: depthTransition simp add: uhnf-def)
moreover from Qhnf QTrans have depth Q' < depth Q
by (force intro: depthTransition simp add: uhnf-def)
ultimately show ?thesis using PQdepth P''depth Q'"depth by simp
qed

moreover have P"' ~ Q"
proof —
from P”eqP’ have P" ~ P’ by(rule sound)
moreover from Q'’eqQ’ have Q"' ~ Q' by(rule sound)
ultimately show ?thesis using P’Bisim@’ by(blast dest: transitive
symmetric)
qed
ultimately have P =, Q" using validP'" validQ' P'hnf Q''hnf
by (rule-tac IH)
with P"eqP’ Q"eqQ’ show ?thesis by(blast intro: Sym Trans)
qged
thus ?thesis by(rule OutputPres)
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qed
ultimately show ?case using Q’eqQ"’' by(blast intro: Sym equiv. ResPres)
next
case(Bang P’ P)
have |P’ € summands Q by fact
hence Fulse by(nominal-induct Q rule: pi.strong-inducts, auto simp add:
if-split)
thus ?case by simp
qed
qged

from Phnf Qhnf PQdepth validP validQ) PBisim() show ?case
apply(rule-tac summandEquiv, auto)
apply(rule Goal)
apply auto
apply(blast dest: bisimE symmetric)
by (blast intro: Goal dest: bisimE)
qed

lemma complete:
fixes P :: pi
and Q@ : pi

assumes validP: valid P
and valid@: valid Q
and PBisim@: P ~ @

shows P =, ()
proof —
from validP obtain P’ where validP': valid P’ and P’hnf: uhnf P’ and P’eqP:
P =P
by (blast dest: validToHnf)
from valid@ obtain Q' where validQ': valid Q' and Q'hnf: uhnf Q' and Q’eqQ:
Q' =
by (blast dest: validToHnf)

have dn. depth P’ + depth Q' < n by auto
then obtain n where depth P’ + depth Q' < n by blast
moreover have P’ ~ Q'
proof —
from P’eqP have P’ ~ P by(rule sound)
moreover from Q’eqQ have Q' ~ Q by(rule sound)
ultimately show ?thesis using PBisim@ by (blast intro: symmetric transitive)
qed
ultimately have P’ =, Q' using validP’ validQ’ P’'hnf Q'hnf by (rule-tac com-
pleteAux)
with P’eqP Q'eqQ show ?thesis by(blast intro: Sym Trans)
qed
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end
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