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Abstract

We formalize the fields Q,, of p-adic numbers within the framework
of the HOL-Algebra library. The p-adic field is defined simply as the
fraction field of the ring of p-adic integers. The valuation, and basic
topological properties of Q, are developed, including deducing Hensel’s
Lemma for Q, from the same theorem for Z,. The theory of semial-
gebraic subsets of Q) and semialgebraic functions is also developed,
as outlined in [1]. In order to formulate these results, general theory
about multivariable polynomial rings and cartesian powers of a ring
must also be developed. This work is done with a view to formaliz-
ing the proof in [1] of Macintyre’s quantifier elimination theorem for
semialgebraic subsets of Q.

theory Fraction-Field
imports HOL— Algebra. UnivPoly
Localization-Ring. Localization
HOL— Algebra.Subrings
Padic-Ints.Supplementary-Ring-Facts
begin



1 The Field of Fractions of a Ring

This theory defines the fraction field of a domain and establishes its basic
properties. The fraction field is defined in the standard way as the local-
ization of a domain at its nonzero elements. This is done by importing the
AFP session Localization_Ring. Choice functions for numerator and de-
nominators of fractions are introduced, and the inclusion of a domain into
its ring of fractions is defined.

1.1 The Monoid of Nonzero Elements in a Domain

locale domain-frac = domain

lemma zero-not-in-nonzero: O ¢ nonzero R
{proof)

lemmal(in domain) nonzero-is-submonoid: submonoid R (nonzero R)

(proof)

lemma(in domain) nonzero-closed:
assumes a € nonzero R
shows a € carrier R

(proof)

lemma(in domain) nonzero-mult-closed:
assumes a € nonzero R
assumes b € nonzero R
shows a ® b € carrier R

(proof)

lemma(in domain) nonzero-one-closed:
1 € nonzero R

(proof)

lemmal(in domain) nonzero-meml:
assumes a € carrier R
assumes a # 0
shows a € nonzero R

(proof )

lemma(in domain) nonzero-memkFE:
assumes a € nonzero R
shows a € carrier R a #0

(proof)

lemma(in domain) not-nonzero-memk:
assumes a ¢ nonzero R
assumes a € carrier R



shows a = 0
(proof )

lemmal(in domain) not-nonzero-meml:
assumes a = 0
shows a ¢ nonzero R

{proof)

lemmal(in domain) one-nonzero:
1 € nonzero R

(proof)

lemma(in domain-frac) eg-obj-rng-of-frac-nonzero:
eq-obj-rng-of-frac R (nonzero R)
(proof )

1.2 Numerator and Denominator Choice Functions

definition(in eg-obj-rng-of-frac) denom where
denom a = (if (a =0 then 1 else ( snd (SOME z. x € a)))

rec-rng-of-fmc)
The choice function for numerators must be compatible with denom:

definition(in eg-obj-rng-of-frac) numer where
numer a = (if (a =0 ) then O else (fst (SOME z. z € a A (snd z =
denom a))))

rec-rng-of-frac

Basic properties of numer and denom:

lemma(in eq-obj-rng-of-frac) numer-denom-facts0:
assumes domain R
assumes 0 ¢ S
assumes a € carrier rec-rng-of-frac
assumes a # Orec-rng-of-fmc
shows a = ((numer a) | (denom a))
(numer a) € carrier R
(denom a) € S
numer a = 0 = a = Orec-mg-of-fmc
@ @ree-rng-of-frac (Tng-to-rng-of-frac(denom a)) = rng-to-rng-of-frac (numer

a)

a)
(proof)

(rng-to-rng-of-frac(denom a)) ®yee_rng-of-frac @ = rng-to-rng-of-frac (numer

lemma(in eq-obj-rng-of-frac) frac-zero:
assumes domain R
assumes 0 ¢ S
assumes a € carrier R
assumes b € S
assumes (a |, b) =0
shows a = 0

rec-rng-of-frac



(proof)

When S does not contain 0, and R is a domain, the localization is a domain.

lemma(in eg-obj-rng-of-frac) rec-rng-of-frac-is-domain:
assumes domain R
assumes 0 ¢ S
shows domain rec-rng-of-frac

(proof)

lemma(in eq-obj-rng-of-frac) numer-denom-facts:
assumes domain R
assumes 0 ¢ S
assumes a € carrier rec-rng-of-frac
shows a = (numer a |, denom a)
(numer a) € carrier R
(denom a) € S
a# Orec—rng—of—fmc = (numer a) #0
@ @ree-rng-of-frac (Tng-to-rng-of-frac(denom a)) = rng-to-rng-of-frac (numer

a)

a)
(proof)

(rng-to-rng-of-frac(denom a)) ®yee_rng-of-frac @ = rng-to-rng-of-frac (numer

lemma(in eg-obj-rng-of-frac) numer-denom-closed:
assumes domain R
assumes 0 ¢ S
assumes a € carrier rec-rng-of-frac
shows (numer a, denom a) € carrier rel

{proof)

Fraction function which suppresses the "rel" argument.

definition(in eg-obj-rng-of-frac) fraction where
fraction z y = (¢ | 1 Y)

lemma(in eg-obj-rng-of-frac) a-is-fraction:
assumes domain R
assumes 0 ¢ S
assumes a € carrier rec-rng-of-frac
shows a = fraction (numer a) (denom a)

{proof)

lemma(in eq-obj-rng-of-frac) add-fraction:
assumes domain R
assumes 0 ¢ S
assumes a € carrier R
assumes b € §
assumes c¢ € carrier R
assumes d € S



shows (fraction a b) @eerng-of-frac (fraction ¢ d) = (fraction ((¢ ® d) & (b ®
¢)) (b @ d))
(proof)

lemmal(in eg-obj-rng-of-frac) mult-fraction:
assumes domain R
assumes 0 ¢ S
assumes a € carrier R
assumes b € S
assumes c¢ € carrier R
assumes d € S
shows (fraction a b) ®yec_rpg-of-frac (fraction ¢ d) = (fraction (a ® c) (b ® d))

(proof)

lemma(in eq-obj-rng-of-frac) fraction-zero:
0 = fraction 0 1

rec-rng-of-frac
{proof)

lemma(in eq-obj-rng-of-frac) fraction-zero”:
assumes a € S
assumes 0 ¢ S
shows 0,cc_rpg-of-frac = fraction 0 a

{proof)

lemma(in eq-obj-rng-of-frac) fraction-one:
lrec-mg-of-fmc = fraction 1 1

{proof)

lemmal(in eq-obj-rng-of-frac) fraction-one:
assumes domain R
assumes 0 ¢ S
assumes a € S
shows fraction a a = 1

{proof)

rec-rng-of-frac

lemmal(in eg-obj-rng-of-frac) fraction-closed:
assumes domain R
assumes 0 ¢ S
assumes a € carrier R
assumes b € S
shows fraction a b € carrier rec-rng-of-frac

(proof)

1.3 Defining the Field of Fractions

definition Frac where
Frac R = eq-obj-rng-of-frac.rec-rng-of-frac R (nonzero R)

lemma(in domain-frac) fraction-field-is-domain:



domain (Frac R)
{proof)

1.3.1 Numerator and Denominator Choice Functions for domain_frac

definition numerator where
numerator R = eq-obj-rng-of-frac.numer R (nonzero R)

abbreviation(in domain-frac)(input) numer where
numer = numerator R

definition denominator where
denominator R = eq-obj-rng-of-frac.denom R (nonzero R)

abbreviation(in domain-frac)(input) denom where
denom = denominator R

definition fraction where
fraction R = eq-obj-rng-of-frac.fraction R (nonzero R)

abbreviation(in domain-frac)(input) frac where
frac = fraction R

1.3.2 The inclusion of R into its fraction field

definition Frac-inc where
Frac-inc R = egq-obj-rng-of-frac.rng-to-rng-of-frac R (nonzero R)

abbreviation(in domain-frac)(input) inc (<v») where
inc = Frac-inc R

lemma(in domain-frac) inc-equation:
assumes a € carrier R
shows ¢t a = frac a 1

(proof)

lemma(in domain-frac) inc-is-hom:
inc € ring-hom R (Frac R)
{proof)

lemma(in domain-frac) inc-is-hom1:
ring-hom-ring R (Frac R) inc

(proof)
Inclusion map is injective:

lemma(in domain-frac) inc-inj0:
a-kernel R (Frac R) inc = {0}
(proof )

lemma(in domain-frac) inc-inj1:

10



assumes a € carrier R
assumes nc ¢ = Opqe R
shows a = 0

(proof)

lemma(in domain-frac) inc-inj2:
assumes a € carrier R
assumes b € carrier R
assumes inc a = inc b
shows a = b

(proof)

Image of inclusion map is a subring;:

lemma(in domain-frac) inc-im-is-subring:
subring (v ‘ (carrier R)) (Frac R)
{proof)

1.3.3 Basic Properties of numer, denom, and frac

lemma(in domain-frac) numer-denom-facts:
assumes a € carrier (Frac R)
shows a = frac (numer a) (denom a)
(numer a) € carrier R
(denom a) € nonzero R
a# Opre p = numer a # 0
& ®prae R (inc (denom a)) = inc (numer a)

{proof)

lemma(in domain-frac) frac-add:
assumes a € carrier R
assumes b € nonzero R
assumes c¢ € carrier R
assumes d € nonzero R
shows (frac a b) @ pre g (frac ¢ d) = (frac (e @ d) & (b ® ¢)) (b @ d))
(proof)

lemma(in domain-frac) frac-mult:
assumes a € carrier R
assumes b € nonzero R
assumes c € carrier R
assumes d € nonzero R
shows (frac a b) ® prge g (frac ¢ d) = (frac (a ® ¢) (b ® d))
{proof)

lemma(in domain-frac) frac-one:
assumes a € nonzero R
shows frac a a = 1. p

{proof)

11



lemma(in domain-frac) frac-closed:
assumes a € carrier R
assumes b € nonzero R
shows frac a b € carrier (Frac R)

(proof)

lemma(in domain-frac) nonzero-fraction:
assumes a € nonzero R
assumes b € nonzero R
shows frac a b # Opue R

(proof)

lemmal(in comm-monoid) UnitsI:
assumes a € carrier G
assumes b € carrier G
assumes ¢ ® b =1
shows a € Units G b € Units G

{proof)

lemmal(in comm-monoid) is-invl:
assumes a € carrier G
assumes b € carrier G
assumes ¢ ® b =1
shows invg b= a invg a = b
(proof )

lemmal(in ring) ring-in-Units-imp-not-zero:
assumes 1 # 0
assumes a € Unils R
shows a # 0

(proof)

lemmal(in domain-frac) in-Units-imp-not-zero:
assumes a € Units R
shows a # 0

{proof)

lemma(in domain-frac) units-of-fraction-field0:
assumes a € carrier (Frac R)
assumes ¢ # Opye R
shows invp,. p @ = frac (denom a) (numer a)

a® Frae R (Ve R @) = 1pac R

(inV Frae R W@ Frac RO = LFre R
(proof)

lemma(in domain-frac) units-of-fraction-field:
Units (Frac R) = carrier (Frac R) — {0pqe R}
(proof)

12



1.4 The Fraction Field as a Field

lemma(in domain-frac) fraction-field-is-field:
field (Frac R)
(proof)

lemma(in domain-frac) frac-inv:
assumes a € nonzero R
assumes b € nonzero R
shows invp,. g (frac a b) = (frac b a)

{proof)

lemma(in domain-frac) frac-inv-id:
assumes a € nonzero R
assumes b € nonzero R
assumes ¢ € nonzero R
assumes d € nonzero R
assumes frac a b = frac c d
shows frac b a = frac d ¢

{proof)

lemma(in domain-frac) frac-uminus:
assumes a € carrier R
assumes b € nonzero R
shows Spe g (frac a b) = frac (& a) b
{(proof)

lemma(in domain-frac) frac-eql:
assumes a € carrier R
assumes b € nonzero R
assumes c € carrier R
assumes d € nonzero R
assumes ¢ @ d O b® ¢ =0
shows frac a b = frac ¢ d

(proof)

lemma(in domain-frac) frac-eql”:
assumes a € carrier R
assumes b € nonzero R
assumes c¢ € carrier R
assumes d € nonzero R
assumes a @ d = b ® c
shows frac a b = frac ¢ d

{proof)

lemma(in domain-frac) frac-cancel-l:
assumes a €nonzero R
assumes b €nonzero R
assumes c €carrier R
shows frac (a ® ¢) (a ® b) = frac ¢ b

13



(proof)

lemma(in domain-frac) frac-cancel-r:
assumes a €nonzero R
assumes b €nonzero R
assumes ¢ €carrier R
shows frac (¢ ® a) (b ® a) = frac ¢ b
(proof)

lemma(in domain-frac) frac-cancel-lr:
assumes a €nonzero R
assumes b €nonzero R
assumes c¢ €carrier R
shows frac (a ® ¢) (b ® a) = frac ¢ b
(proof )

lemma(in domain-frac) frac-cancel-ri:
assumes a €nonzero R
assumes b €nonzero R
assumes ¢ €carrier R
shows frac (¢ ® a) (a ® b) = frac ¢ b
(proof )

lemma(in domain-frac) i-mult:

assumes a € carrier R

assumes c¢ € carrier R

assumes d € nonzero R

shows (¢ a) Qe g (frac ¢ d) = frac (a ® ¢) d
(proof)

lemma (in domain-frac) frac-eqE:
assumes a € carrier R
assumes b € nonzero R
assumes c € carrier R
assumes d € nonzero R
assumes frac a b = frac ¢ d
shows a ® d =0 ® ¢

(proof)

lemma(in domain-frac) frac-add-common-denom:
assumes a € carrier R
assumes b € carrier R
assumes c € nonzero R
shows (frac a ¢) @prge g (frac b ¢) = frac (a & b) ¢
(proof)

lemma (in domain-frac) common-denominator:

assumes z € carrier (Frac R)
assumes y € carrier (Frac R)

14



obtains a b ¢ where
a € carrier R
b € carrier R
¢ € nonzero R
T = frac a c
y = frac b ¢
(proof)

sublocale domain-frac < F': field Frac R
(proof )

Inclusions of natural numbers into (Frac R):

lemmal(in domain-frac) nat-0:
[(0::nat)]1 =0
{proof)

lemmal(in domain-frac) nat-suc:
[Suc n]-1 =1 & [n]-1
{proof)

lemma(in domain-frac) nat-inc-rep:

fixes n::nat

shows (1] froc R 1prac g = frac ([n]-1) 1
(proof)

lemmal(in domain-frac) pow-0:
assumes a € nonzero R
shows a[7](0::nat) = 1
{proof)

lemma(in domain-frac) pow-suc:
assumes a € carrier R
shows a[7](Suc n) = a ®(a[In)
{proof)

lemma(in domain-frac) nat-inc-add:
[((n:nat) + (m:nat))]-1 = [n]-1 & [m]-1
{proof)

lemmal(in domain-frac) int-inc-add:
[((n::int) + (m:int))]-1 = [n]-1 @ [m]-1
{proof)

lemma(in domain-frac) nat-inc-mult:

[((n::nat) * (mznat))]-1 = [n]-1 @ [m]-1
{proof )

lemma(in domain-frac) int-inc-mult:
[((n:zint) * (m:int))]-1 = [n]-1 ® [m]-1
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{proof)

1.5 Facts About Ring Units

lemmal(in ring) Units-nonzero:
assumes u € Units R
assumes 1p # Op
shows u € nonzero R

(proof)

lemmal(in ring) Units-inverse:
assumes u € Units R
shows inv u € Units R

{proof)

lemma(in cring) invl:
assumes z € carrier R
assumes y € carrier R
assumes ¥ Qp y = 1p
shows y = inv g
T=1inv Ry
(proof)

lemmal(in cring) inv-cancelR:

assumes z € Units R
assumes y € carrier R
assumes z € carrier R
assumes y =1 Qp 2
shows invp z ®p y = 2

y Qp (invg z) =z
(proof)

lemma(in cring) inv-cancelL:

assumes z € Units R
assumes y € carrier R
assumes z € carrier R
assumes y = 2 Qp &
shows invp T Qp y = 2

y ®p (invg z) =2z
(proof )

lemma(in domain-frac) nat-pow-nonzero:
assumes x €nonzero R
shows z[7](n::nat) € nonzero R

(proof)
lemmal(in monoid) Units-int-pow-closed:

assumes z € Units G
shows z[J(n::int) € Units G
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{proof)

1.6 Facts About Fraction Field Units

lemmal(in domain-frac) frac-nonzero-Units:
nonzero (Frac R) = Units (Frac R)

{proof)

lemma(in domain-frac) frac-nonzero-inv-Unit:
assumes b € nonzero (Frac R)
shows invp,. p b € Units (Frac R)

{proof)

lemma(in domain-frac) frac-nonzero-inv-closed:
assumes b € nonzero (Frac R)
shows invp,. g b € carrier (Frac R)

{proof)

lemma(in domain-frac) frac-nonzero-inv:
assumes b € nonzero (Frac R)
show§ b ®Frac R ™Y Prac R = 1prac R
iV Frac R Y @Frac R = 1Fac R
(proof )

lemmal(in domain-frac) fract-cancel-right[simp]:
assumes a € carrier (Frac R)
assumes b € nonzero (Frac R)
shows b @ prge R (@ @prgc R MVEae R V) = @
(proof)

lemma(in domain-frac) fract-cancel-left[simp]:
assumes a € carrier (Frac R)
assumes b € nonzero (Frac R)
shows (a @prgc B MVprac R 0) @Frac R 0 =0
{proof)

lemma(in domain-frac) fract-mult-inv:
assumes b € nonzero (Frac R)
assumes d € nonzero (Frac R)
?howi (inv prac R 0) ©Frac R (inVprae R d) = (e B (b @ prge RA))
proof

lemma(in domain-frac) fract-mult:

assumes a € carrier (Frac R)

assumes b € nonzero (Frac R)

assumes c¢ € carrier (Frac R)

assumes d € nonzero (Frac R)

shows (a ®prac R M0 prac R b) ©Frac R (¢ @ Frac R Vprac B @) = (@ @ prac R
)®Frac R MV Frac R (0 @ Frac RA))
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{proof)

lemma(in domain-frac) Frac-nat-pow-nonzero:
assumes z € nonzero (Frac R)
shows z[ ] g p(ninat) € nonzero (Frac R)

{proof)

lemma(in domain-frac) Frac-nonzero-nat-pow:
assumes z € carrier (Frac R)
assumes n > (
assumes z| | e p(niinat) € nonzero (Frac R)
shows = € nonzero (Frac R)

(proof)

lemmal(in domain-frac) Frac-int-pow-nonzero:
assumes z € nonzero (Frac R)
shows z[ ] e p(nitint) € nonzero (Frac R)

{proof)

lemma(in domain-frac) Frac-nonzero-int-pow:
assumes z € carrier (Frac R)
assumes n > 0
assumes z[ | g p(niint) € nonzero (Frac R)
shows = € nonzero (Frac R)

{proof)

lemmal(in domain-frac) numer-denom-frac|simpl:
assumes a € nonzero R
assumes b € nonzero R
shows frac (numer (frac a b)) (denom (frac a b)) = frac a b

(proof)

lemma(in domain-frac) numer-denom-swap:
assumes a € nonzero R
assumes b € nonzero R
shows a ® (denom (frac a b)) = b ® (numer (frac a b))

(proof)

lemma(in domain-frac) numer-nonzero:
assumes a € nonzero (Frac R)
shows numer a € nonzero R

(proof)
lemma(in domain-frac) fraction-zero[simp):

assumes b € nonzero R
shows frac 0 b = Oy R

(proof)

end
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theory Cring-Multivariable-Poly
imports HOL— Algebra.Indexed-Polynomials Padic-Ints.Cring-Poly
begin

2 Multivariable Polynomials Over a Commutative
Ring

This theory extends the content of HOL-Algebra.Indexed_Polynomials,
mainly in the context of a commutative base ring. In particular, the ring of
polynomials over an arbitrary variable set is explicitly witnessed as a ring
itself, which is commutative if the base is commutative, and a domain if
the base ring is a domain. A universal property for polynomial evaluation is
proved, which allows us to embed polynomial rings in a ring of functions over
the base ring, as well as construe multivariable polynomials as univariate
polynomials over a small base polynomial ring.

a monomial = 'a multiset

'b,’a) mvar-poly = 'a multiset = 'b
‘a,’b) ring-hom = 'a = 'b

a u-poly = nat = 'a

type-synonym
type-synonym
type-synonym
type-synonym

~ —~ —~ _~

2.1 Lemmas about multisets

Since multisets function as monomials in this formalization, we’ll need some
simple lemmas about multisets in order to define degree functions and cer-
tain lemmas about factorizations. Those are provided in this section.

lemma count-size:
assumes size m < K
shows count mi < K

{proof)

The following defines the set of monomials with nonzero coefficients for a
given polynomial:

definition monomials-of :: ('a,’c) ring-scheme = (‘a, 'b) mwvar-poly = ('b mono-
mial) set where
monomials-of R P = {m. P m # Op}

context ring
begin

lemma monomials-of-index-free:
assumes index-free P i
assumes m € monomials-of R P
shows count m i = 0

{proof)
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lemma index-freel:
assumes Am. m € monomials-of R P = count m i = 0
shows index-free P i

{proof)

monomials_of R is subadditive

lemma monomials-of-add:
monomials-of R (P @ Q) C (monomials-of R P) U (monomials-of R Q)
(proof)

lemma monomials-of-add-finite:
assumes finite (monomials-of R P)
assumes finite (monomials-of R Q)
shows finite (monomials-of R (P @ Q))
(proof )

lemma monomials-ofE:
assumes m € monomials-of R p
shows p m # 0
(proof )

lemma complement-of-monomials-of:
assumes m ¢ monomials-of R P
shows Pm =0

{proof)

Multiplication by an indexed variable corresponds to adding that index to
each monomial:

lemma monomials-of-p-mult:
monomials-of R (P @ 1) = {m. 3 n € (monomials-of R P). m = add-mset i n}
(proof)

lemma monomials-of-p-mult’:
monomials-of R (p @ i) = add-mset i ‘ (monomials-of R p)
(proof)

lemma monomials-of-p-mult-finite:
assumes finite (monomials-of R P)
shows finite (monomials-of R (P @) 1))
{proof)

Monomials of a constant either consist of the empty multiset, or nothing:

lemma monomials-of-const:
(monomials-of R (indexed-const k)) = (if (k = 0) then {} else {{#}})
(proof)

lemma monomials-of-const-finite:
finite (monomials-of R (indexed-const k))
{proof)
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A polynomial always has finitely many monomials:

lemma monomials-finite:
assumes P € indexed-pset K I
shows finite (monomials-of R P)

(proof)
end

2.2 Turning monomials into polynomials

Constructor for turning a monomial into a polynomial

definition mset-to-IP :: ('a, 'b) ring-scheme = ‘¢ monomial = (’a,’c) mvar-poly
where
mset-to-IP R m n= (if (n = m) then 1p else Op)

definition var-to-IP :: ('a, 'b) ring-scheme = ¢ = (‘a,’c) mwvar-poly (<pvary)
where
var-to-IP R i = mset-to-IP R {#i#}

context ring
begin

lemma mset-to-IP-simp|[simp):
mset-to-IP R m m =1
{proof)

lemma mset-to-1P-simp’[simp]:
assumes n #m
shows mset-to-IP R mn = 0

{proof)

lemma(in cring) monomials-of-mset-to-IP:
assumes 1 #0
shows monomials-of R (mset-to-IP R m) = {m}

(proof)
end

The set of monomials of a fixed P which include a given variable:

definition monomials-with :: ('a, 'b) ring-scheme = "¢ = ('a,’c) mvar-poly = ('c
monomial) set where
monomials-with R i P = {m. m € monomials-of R P N i €# m}

context ring
begin

lemma monomials-withE:

assumes m € monomials-with R i P
shows ¢ €# m
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m € monomials-of R P
{proof )

lemma monomials-withl:
assumes i €# m
assumes m € monomials-of R P
shows m € monomials-with R i P

(proof)
end

Restricting a polynomial to be zero outside of a given monomial set:

definition restrict-poly-to-monom-set ::

("a, 'b) ring-scheme = ('a,’c) mvar-poly = ('c monomial) set =('a,’c) mvar-poly
where
restrict-poly-to-monom-set R P m-set m = (if m € m-set then P m else Op)

context ring
begin

lemma restrict-poly-to-monom-set-coeff:
assumes carrier-coeff P
shows carrier-coeff (restrict-poly-to-monom-set R P Ms)

(proof)

lemma restrict-poly-to-monom-set-coeff .
assumes P € indexed-pset K I
assumes [ # {}
assumes Am. Pm € §
assumes 0 € S
shows Am. (restrict-poly-to-monom-set R P m-set m) € S

{proof)

lemma restrict-poly-to-monom-set-monoms:
assumes P € indexed-pset [ K
assumes m-set C monomials-of R P
shows monomials-of R (restrict-poly-to-monom-set R P m-set) = m-set

(proof)
end
2.3 Degree Functions
2.3.1 Total Degree Function

lemma multi-set-size-count:
fixes m :: 'c monomial
shows size m > count m i

{proof)

Total degree function
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definition total-degree :: ('a, 'b) ring-scheme = ('a, 'c) mwvar-poly = nat where
total-degree R P = (if (monomials-of R P = {}) then 0 else Max (size ‘ (monomials-of
R P)))

context ring
begin

lemma total-degree-ineq:
assumes m € monomials-of R P
assumes finite (monomials-of R P)
shows total-degree R P > size m

{proof)

lemma total-degree-in-monomials-of:
assumes monomials-of R P # {}
assumes finite (monomials-of R P)
obtains m where m € monomials-of R P N size m = total-degree R P

(proof)

lemma total-degreel:
assumes finite (monomials-of R P)
assumes 3Im. m € monomials-of R P A size m = n
assumes A\m. m € monomials-of R P = size m < n
shows n = total-degree R P

(proof)
end

2.3.2 Degree in One Variable

definition degree-in-var ::

('a, 'b) ring-scheme = ('
degree-in-var R P i = (if (
m ) ¢ (monomials-of R P))

a, '¢) mvar-poly = ’'c = nat where
monomials-of R P = {}) then 0 else Max ((Am. count
)

context ring
begin

lemma degree-in-var-ineq:
assumes m € monomials-of R P
assumes finite (monomials-of R P)
shows degree-in-var R P i > count m i

(proof)

lemma degree-in-var-in-monomials-of:
assumes monomials-of R P # {}
assumes finite (monomials-of R P)
obtains m where m € monomials-of R P A\ count m i = degree-in-var R P 1

(proof)
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lemma degree-in-varl:
assumes finite (monomials-of R P)
assumes Im. m € monomials-of R P N\ count m i =
assumes Ac. ¢ € monomials-of R P = count ¢ i < n
shows n = degree-in-var R P i

(proof)

Total degree bounds degree in a single variable:

lemma total-degree-degree-in-var:
assumes finite (monomials-of R P)
shows total-degree R P > degree-in-var R P i

(proof)
end

The set of monomials of maximal degree in variable i:

definition max-degree-monoms-in-var ::

('a, 'b) ring-scheme = ('a, 'c) mvar-poly = 'c¢ = ('c monomial) set where
maz-degree-monoms-in-var R P i = {m. m € monomials-of R P A count m i =
degree-in-var R P i}

context ring
begin

lemma maz-degree-monoms-in-var-meml:
assumes m € monomials-of R P
assumes count m i = degree-in-var R P i
shows m € maz-degree-monoms-in-var R P i

(proof)

lemma maz-degree-monoms-in-var-memk:
assumes m € maz-degree-monoms-in-var R P 1
shows m € monomials-of R P
count m ¢ = degree-in-var R P i

(proof)
end

The set of monomials of P of fixed degree in variable i:

definition fized-degree-in-var ::
('a, 'b) ring-scheme = ('a, 'c) mvar-poly = 'c = nat = ('c monomial) set where
fized-degree-in-var R P in = {m. m € monomials-of R P A count m i = n}

context ring
begin

lemma fized-degree-in-var-subset:
fizxed-degree-in-var R P i n C monomials-of R P

{proof)

lemma fixed-degree-in-var-maz-degree-monoms-in-var:
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maz-degree-monoms-in-var R P i = fixed-degree-in-var R P i (degree-in-var R P 1)
{proof )

lemma fized-degree-in-varl:
assumes m € monomials-of R P
assumes count m ¢ = n
shows m € fized-degree-in-var R P i n

{proof)

lemma fized-degree-in-varkE:
assumes m € fized-degree-in-var R P i n
shows m € monomials-of R P
count m i =n

{proof)

definition restrict-to-var-deg ::
("a,’c) muar-poly = ‘¢ = nat = '¢ monomial = 'a where
restrict-to-var-deg P i n = restrict-poly-to-monom-set R P (fized-degree-in-var R P

lemma restrict-to-var-deg-var-deg:
assumes finite (monomials-of R P)
assumes () = restrict-to-var-deg P i n
assumes monomials-of R Q # {}
shows n = degree-in-var R @Q i
(proof )

lemma index-free-degree-in-var|simpl:
assumes index-free P i
shows degree-in-var R P i = 0

{(proof)

lemma degree-in-var-indez-free:
assumes degree-in-var R P i = 0
assumes finite (monomials-of R P)
shows index-free P i

(proof )
end
2.4 Constructing the Multiplication Operation on the Ring
of Indexed Polynomials

2.4.1 The Set of Factors of a Fixed Monomial

The following function maps a monomial to the set of monomials which
divide it:

definition mset-factors :: 'c monomial = ('c monomial) set where

mset-factors m = {n. n C# m}
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context ring
begin

lemma monom-divides-factors:
n € (mset-factors m)<— n CH# m
(proof)

lemma mset-factors-mono:
assumes n CH# m
shows mset-factors n C mset-factors m
(proof)

lemma mset-factors-size-bound:
assumes n € mset-factors m
shows size n < size m

(proof)

lemma sets-to-inds-finite:
assumes finite [
shows finite S = finite (Pig S (A-. I))
(proof)

end

2.4.2 Finiteness of the Factor Set of a Monomial

This section shows that any monomial m has only finitely many factors.
This is done by mapping the set of factors injectively into a finite extensional
function set. Explicitly, a monomial is just mapped to its count function,
restricted to the set of indices where the count is nonzero.

definition mset-factors-to-fun ::
('a,’d) ring-scheme = 'c monomial = 'c monomial = ('c = nat) where
mset-factors-to-fun R m n = (if (n € mset-factors m) then
(restrict (count n) (set-mset m)) else undefined)
context ring
begin

lemma mset-factors-to-fun-prop:

assumes size m = n

shows mset-factors-to-fun R m € (mset-factors m) — (Pig (set-mset m) (A-.
(proof)

lemma mset-factors-to-fun-inj:
shows inj-on (mset-factors-to-fun R m) (mset-factors m)
(proof)
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lemma finite-target:
finite (Pig (set-mset m) (A-. {0..(n::nat)}))
(proof)

A multiset has only finitely many factors:

lemma mset-factors-finite[simp):
finite (mset-factors m)

(proof)

end

2.4.3 Definition of Indexed Polynomial Multiplication.

context ring
begin

Monomial division:

lemma monom-divide:
assumes n € mset-factors m
shows (THEk.n+k=m)=m —n
(proof )

A monomial is a factor of itself:

lemma m-factor|simp]:
m € mset-factors m
(proof )

end

The definition of polynomial multiplication:

definition P-ring-mult :: ('a, 'b) ring-scheme = ('a,’c) mvar-poly = ('a,’c) mvar-poly
= ‘¢ monomial = 'a

where
P-ring-mult R P Q@ m = (finsum R (Az. (P z) Qg (Q (m — z))) (mset-factors m))

abbreviation(in ring) P-ring-mult-in-ring (infixl «&) ,» 65)where
P-ring-mult-in-ring = P-ring-mult R

2.4.4 Distributivity Laws for Polynomial Multiplication

context ring
begin

lemma P-ring-rdistr:

assumes carrier-coeff a

assumes carrier-coeff b

assumes carrier-coeff ¢

shows ¢ @, (b D ¢) = (e ®, V)D (¢ Qy ¢)
(proof)
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lemma P-ring-ldistr:

assumes carrier-coeff a

assumes carrier-coeff b

assumes carrier-coeff ¢

shows (V@ o) ®, a=(bQ, B (c®, a)
(proof)
end

2.4.5 Multiplication Commutes with indexed_pmult

context ring
begin

This lemma shows how we can write the factors of a monomial m times a
variable ¢ in terms of the factors of m:

lemma mset-factors-add-mset:
mset-factors (add-mset i m) = mset-factors m U add-mset ¢ * (mset-factors m)

(proof)

end

2.4.6 Associativity of Polynomial Multiplication.

context ring
begin

lemma finsum-eq:
assumes f € S — carrier R
assumes g € S — carrier R
assumes Az € S. fz) =Nz € S. gx)
shows finsum R fS = finsum R g S
(proof)

lemma finsum-eg-induct:
assumes f € S — carrier R
assumes g € T — carrier R
assumes finite S
assumes finite T
assumes bij-betw h S T
assumes A\s. s € S = fs=g (hs)
shows finite U = U C S = finsum R f U = finsum R g (h ‘ U)
(proof)

lemma finsum-bij-eq:
assumes f € S — carrier R
assumes g € T — carrier R
assumes finite S
assumes bij-betw h S T
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assumes A\s. s € S = fs =g (hs)
shows finsum R f S = finsum R g T

(proof)

lemma monom-comp:
assumes r CH# m
assumes y CH m — x
shows © C# m — y
(proof)

lemma monom-comp”
assumes r C#H# m
assumes y = m — ¢
shows z =m — y

(proof)

This lemma turns iterated sums into sums over a product set. The first
lemma is only a technical phrasing of double_finsum’ to facilitate an in-
ductive proof, and likely can and should be simplified.

lemma double-finsum-induct:
assumes finite S
assumes As. s € S = finite (F s)
assumes P = (AS. {(s, t). s€ S A t e (Fs)})
assumes A\sy. s€ S =y € (Fs) = gsy € carrier R
shows finite T = T C § = finsum R (As. finsum R (g s) (F's)) T =
finsum R (X c. g (fst¢) (sndc)) (P T)

(proof)

lemma double-finsum:
assumes finite S
assumes As. s € S = finite (F s)
assumes P = {(s, t). s€ S A t € (F s)}
assumes A\sy.s€ S =y € (Fs) = gsy € carrier R
shows finsum R (As. finsum R (g s) (F's)) S =
finsum R (X p. g (fst p) (snd p)) P
(proof)

end

The product index set for the double sums in the coefficients of the ((a ®,
b) ®p c). It is the set of pairs (x,y) of monomials, such that z is a factor of
monomial m, and y is a factor of monomial .

definition right-cuts :: ‘¢ monomial = ('c monomial x 'c monomial) set where
right-cuts m = {(z, y). * C# m N y C# x}

context ring
begin

lemma right-cuts-alt-def:
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right-cuts m = {(z, y). * € mset-factors m A y € mset-factors x}
{proof)

lemma right-cuts-finite:
finite (right-cuts m)
(proof)

lemma assoc-auz0:
assumes carrier-coeff a
assumes carrier-coeff b
assumes carrier-coeff ¢
assumes g = (A\zy. az® (by® c(m —z — y)))
shows As y. s € mset-factors m = y € mset-factors (m — z)
= g sy € carrier R

(proof)

lemma assoc-auzl:
assumes carrier-coeff a
assumes carrier-coeff b
assumes carrier-coeff ¢
assumes g = Az y. (ay @b (z —y) ® ¢ (m — z))
shows As y. s € mset-factors m = y € mset-factors xt => g s y € carrier R

(proof )
end

The product index set for the double sums in the coefficients of the (a ®,
(b®p c)). It is the set of pairs (x,y) such that z is a factor of m and y is a
factor of m/x.

definition left-cuts :: 'c monomial = ('c monomial x ‘¢ monomial) set where
left-cuts m = {(z, y). * CHm A y C# (m — z)}

context ring
begin

lemma left-cuts-alt-def:
left-cuts m = {(z, y). * € mset-factors m A y € mset-factors (m — z)}
(proof )

This lemma witnesses the bijection between left and right cuts for the proof
of associativity:
lemma left-right-cuts-bij:
bij-betw (A (z,y). (z + vy, z)) (left-cuts m) (right-cuts m)
(proof )

lemma left-cuts-sum:
assumes carrier-coeff a
assumes carrier-coeff b
assumes carrier-coeff ¢
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shows (a Q, (b Qp c)) m = (Pp € left-cuts m. a (fst p) ® (b (snd p) ® ¢ (m
<* (f8;>P) — (snd p))))
Proo,

lemma right-cuts-sum:

assumes carrier-coeff a

assumes carrier-coeff b

assumes carrier-coeff ¢

shows (¢ Q, b Q, ¢) m = (Pp € right-cuts m. a (snd p) @ (b ((fst p) —(snd
p) ® c (m— (fst p)))
(proof)

The Associativity of Polynomial Multiplication:

lemma P-ring-mult-assoc:

assumes carrier-coeff a

assumes carrier-coeff b

assumes carrier-coeff ¢

shows ¢ @, (b & ¢) = (a Qp b) @) ¢
(proof)

end

2.4.7 Commutativity of Polynomial Multiplication

context ring
begin

lemma mset-factors-bij:
bij-betw (Az. m — x) (mset-factors m) (mset-factors m)

{proof)

lemmal(in cring) P-ring-mult-comm:
assumes carrier-coeff a
assumes carrier-coeff b
shows a Q, b =bQ, a
(proof)

2.4.8 Closure properties for multiplication

Building monomials from polynomials:

lemma indezed-const- P-mult-eq:
assumes a € carrier R
assumes b € carrier R
shows (indexed-const a) @, (indexed-const b) = indexed-const (a @ b)

(proof)
lemma indexed-const-P-multE:

assumes P € indezed-pset I (carrier R)
assumes c¢ € carrier R
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shows (P Q) , (indexed-const c)) m = (P m) ® c
{proof)

lemma indexed-const-var-mult:
assumes P € indezed-pset I (carrier R)
assumes c¢ € carrier R
assumes i € [
shows P Q i @, indexed-const ¢ = (P @, (indexed-const c)) Q i

(proof)

lemma indezed-const-P-mult-closed:
assumes a € indezed-pset I (carrier R)
assumes c¢ € carrier R
shows a ), (indexed-const ¢) € indexed-pset I (carrier R)

(proof)

lemma monom-add-mset:
mset-to-IP R (add-mset i m) = mset-to-IP R m @) 1
{proof)

Monomials are closed under multiplication:

lemma monom-mult:
mset-to-IP R m Q) ,, mset-to-IP R n = mset-to-IP R (m + n)
(proof)

lemma poly-indez-mult:
assumes a € indezed-pset I (carrier R)
assumes i € [
shows a Q ¢ = a Q) mset-to-IP R {#i#}
(proof)

lemma mset-to-IP-mult-closed:
assumes a € indezed-pset I (carrier R)
shows set-mset m C I = a &), mset-to-IP R m € indezed-pset I (carrier R)

(proof)

A predicate which identifies when the variables used in a given polynomial
P are only drawn from a fixed variable set I.

abbreviation monoms-in where
monoms-in I P = (Y m € monomials-of R P. set-mset m C I)

lemma monoms-of-const:
monomials-of R (indexed-const k) = (if k = 0 then {} else {{#}})

{proof)

lemma const-monoms-in:
monoms-in I (indexed-const k)

{proof)
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lemma mset-to-IP-indices:
shows P € indexed-pset I (carrier R) = monoms-in I P

{proof)

lemma mset-to-IP-indices’:
assumes P € indezed-pset I (carrier R)
assumes m € monomials-of R P
shows set-mset m C I

{proof)

lemma one-mset-to-IP:
mset-to-IP R {#} = indexed-const 1

{proof)

lemma mset-to-IP-closed:
shows set-mset m C I =>mset-to-IP R m € indexed-pset I (carrier R)

(proof)

lemma mset-to-IP-closed”:
assumes P € indexed-pset I (carrier R)
assumes m € monomials-of R P
shows mset-to-IP R m € indexed-pset I (carrier R)

{proof)

This lemma expresses closure under multiplcation for indexed polynomials.

lemma P-ring-mult-closed:
assumes carrier-coeff P
assumes carrier-coeff Q)
shows carrier-coeff (P-ring-mult R P Q)

(proof)

2.5 Multivariable Polynomial Induction

lemma mpoly-induct:

assumes A\Q. Q € indexed-pset I (carrier R) A card (monomials-of R Q) = 0
= P Q

assumes An. (AQ. Q € indexed-pset I (carrier R) A card (monomials-of R Q)
< n= PQ)

= (AQ. Q € indexed-pset I (carrier R) A card (monomials-of R Q)

< (Sucn) = P Q)

assumes @ € indexed-pset I (carrier R)

shows P @)

(proof)

lemma monomials-of-card-zero:
assumes @ € indexed-pset I (carrier R) A\ card (monomials-of R Q) = 0
shows () = indezxed-const 0

(proof)

Polynomial induction on the number of monomials with nonzero coefficient:
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lemma mpoly-induct”:

assumes P (indezed-const 0)

assumes An. (AQ. Q € indexed-pset I (carrier R) A card (monomials-of R Q)
< n=PQ)

= (AQ. Q € indexed-pset I (carrier R) A card (monomials-of R Q)

= (Suc n) = P Q)

assumes @ € indexed-pset I (carrier R)

shows P @

{proof)

lemma monomial-poly-split:

assumes P € indezed-pset I (carrier R)

assumes m € monomials-of R P

shows (restrict-poly-to-monom-set R P ((monomials-of R P) — {m})) @ ((mset-to-IP
R m) Q, (indexed-const (P m))) = P

(proof)

lemma restrict-not-in-monoms:

assumes a ¢ monomials-of R P

shows restrict-poly-to-monom-set R P A = restrict-poly-to-monom-set R P (insert
aA)
(proof)

lemma restriction-closed”:
assumes P € indexed-pset I (carrier R)
assumes finite ms
shows (restrict-poly-to-monom-set R P ms) € indexed-pset I (carrier R)
(proof)

lemma restriction-restrict:

restrict-poly-to-monom-set R P ms = restrict-poly-to-monom-set R P (ms N mono-
mials-of R P)

(proof)

lemma restriction-closed:
assumes P € indexed-pset I (carrier R)
assumes @ = restrict-poly-to-monom-set R P ms
shows @ € indexed-pset I (carrier R)

(proof)

lemma monomial-split-card:
assumes P € indexed-pset I (carrier R)
assumes m € monomials-of R P
shows card (monomials-of R (restrict-poly-to-monom-set R P ((monomials-of R
P) - {m}))=
card (monomials-of R P) —1

{(proof)

lemma P-ring-mult-closed”:
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assumes a € indezed-pset I (carrier R)
assumes b € indexed-pset I (carrier R)
shows a Q) , b € indexed-pset I (carrier R)

{proof)

end

2.6 Subtraction of Polynomials

definition P-ring-uminus :: ('a,’b) ring-scheme = (‘a,’c) mvar-poly = ('a,’c)
muar-poly where
P-ring-uminus R P = (Am. ©p (P m))

context ring

begin

lemma P-ring-uminus-eq:

assumes a € indezed-pset I (carrier R)

shows P-ring-uminus R a = a Q) , (indexed-const (& 1))
(proof)

lemma P-ring-uminus-closed:
assumes a € indezed-pset I (carrier R)
shows P-ring-uminus R a € indexed-pset I (carrier R)

{proof)

lemma P-ring-uminus-add:
assumes a € indezed-pset I (carrier R)
shows P-ring-uminus R a @ a = indexed-const 0

(proof)

multiplication by 1

lemma one-mult-left:
assumes a € indexed-pset I (carrier R)
shows (indexed-const 1) @, a = a

(proof)

end

2.7 The Carrier of the Ring of Indexed Polynomials

abbreviation(input) Pring-set where
Pring-set R I = ring.indexed-pset R I (carrier R)

context ring

begin
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lemma Pring-set-zero:
assumes f € Pring-set R 1
assumes — set-mset m C 1
shows fm = 0p

(proof)

lemma(in ring) Pring-cfs-closed:
assumes P € Pring-set R 1
shows P m € carrier R

(proof)

lemma indezed-pset-mono-aux:
assumes P € indexed-pset I S
shows S C T — P € indexed-pset I T

(proof)

lemma indexed-pset-mono:
assumes S C T
shows indexed-pset I S C indexed-pset I T

(proof)

end

2.8 Scalar Multiplication

definition poly-scalar-mult :: (‘a, 'b) ring-scheme = 'a = ('a,’c) mvar-poly =
('a,’c) muar-poly where
poly-scalar-mult R ¢ P = (A m. ¢ @p P m)

lemma(in cring) poly-scalar-mult-eq:

assumes c € carrier R

shows P € Pring-set R (I :: 'c set) = poly-scalar-mult R ¢ P = indexed-const
cQ®, P
(proof )

lemma(in cring) poly-scalar-mult-const:
assumes c¢ € carrier R
assumes k € carrier R
shows poly-scalar-mult R k (indexed-const ¢) = indexed-const (k & c)

{proof)

lemma(in cring) poly-scalar-mult-closed:
assumes c¢ € carrier R
assumes P € Pring-set R |
shows poly-scalar-mult R ¢ P € Pring-set R I

{proof)

lemmal(in cring) poly-scalar-mult-zero:
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assumes P € Pring-set R |
shows poly-scalar-mult R 0 P = indexed-const 0

(proof)

lemmal(in cring) poly-scalar-mult-one:
assumes P € Pring-set R I
shows poly-scalar-mult R1 P = P

(proof)

lemmal(in cring) times-poly-scalar-mult:
assumes P € Pring-set R |
assumes (@) € Pring-set R |
assumes k € carrier R
shows P Q) , (poly-scalar-mult R k Q) = poly-scalar-mult R k (P @, Q)

(proof)

lemma(in cring) poly-scalar-mult-times:
assumes P € Pring-set R |
assumes @ € Pring-set R I
assumes k € carrier R
shows poly-scalar-mult R k (Q Q p P) = (poly-scalar-mult R k Q) @, P

{proof)

2.9 Defining the Ring of Indexed Polynomials

definition Pring :: (', 'e) ring-scheme = 'a set = ('b, ('b,’a) mvar-poly) module
where

Pring R I = ( carrier = Pring-set R I,
Group.monoid.mult = P-ring-mult R ,
one = ring.indexved-const R 1p,
zero = ring.indexed-const R 0p,
add = ring.indezed-padd R,
smult = poly-scalar-mult R))

context ring
begin

lemma Pring-car:
carrier (Pring R I) = Pring-set R I
(proof )
Definitions of the operations and constants:

lemma Pring-mult:
a®PringRIb: a@®pb
(proof )

lemma Pring-add:
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a®pringRIb =0 b
(proof)

lemma Pring-zero:
0pring R 1 = indexed-const O

(proof)

lemma Pring-one:
1pping g [ = indezed-const 1

{proof)

lemma Pring-smult:
(QPring R ) = (poly-scalar-mult R)
(proof)

lemma Pring-carrier-coeff:
assumes a € carrier (Pring R I)
shows carrier-coeff a

(proof )

lemma Pring-carrier-coeff '[simp]:
assumes a € carrier (Pring R I)
shows a m € carrier R

(proof)

lemma Pring-add-closed:
assumes a € carrier (Pring R I)
assumes b € carrier (Pring R I)
shows a @ pppg g 1 b € carrier (Pring R I)

{proof)

lemma Pring-mult-closed:
assumes a € carrier (Pring R I)
assumes b € carrier (Pring R I)
shows a @ ppipg g 1 b € carrier (Pring R I)

{proof)

lemma Pring-one-closed:
1pping g 1 € carrier (Pring R I)
(proof)

lemma Pring-zero-closed:
Opring R 1 € carrier (Pring R 1)
{proof )

lemma Pring-var-closed:
assumes i € [
shows var-to-IP R i € carrier (Pring R I)

(proof)
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Properties of addition:

lemma Pring-add-assoc:

assumes a € carrier (Pring R I)

assumes b € carrier (Pring R 1)

assumes c¢ € carrier (Pring R 1)

shows a ®pring R 1 (b SPring R 1¢) = (@ @pring R 1) ®Pring R 1 €
(proof)

lemma Pring-add-comm:
assumes a € carrier (Pring R I)
assumes b € carrier (Pring R )
shows a Spring R 1 b=1b SpPring R 10
(proof )

lemma Pring-add-zero:
assumes a € carrier (Pring R I)
shows a EBPm‘ng RI OPm'ng RI— G
Opring R1®PPring R1 0 = 0
(proof)

Properties of multiplication

lemma Pring-mult-assoc:
assumes a € carrier (Pring R I)
assumes b € carrier (Pring R )
assumes c¢ € carrier (Pring R 1)
shows a @ pring R 1 (b ®pring R 1¢) = (@ @pring R 10) ®pPring R 1 €
{proof )

lemma Pring-mult-comm:
assumes cring R
assumes a € carrier (Pring R I)
assumes b € carrier (Pring R I)
shows a @pring R 10 =0 @pring R 1 0
(proof)

lemma Pring-mult-one:
assumes a € carrier (Pring R I)
shows a ®Pring R T 1Pring R 1= @
(proof)

lemma Pring-mult-one':
assumes a € carrier (Pring R I)

shows 1Pring RI OPringR1 = @
(proof )

Distributive laws

lemma Pring-mult-rdistr:
assumes a € carrier (Pring R I)
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assumes b € carrier (Pring R )

assumes c¢ € carrier (Pring R 1)

shows a @ Pring R I (b ©Pring R I c)=(a @ Pring R I b) ©Pring R I (a @ Pring R I
c)
(proof)

lemma Pring-mult-ldistr:

assumes a € carrier (Pring R I)

assumes b € carrier (Pring R I)

assumes ¢ € carrier (Pring R I)

shows (b Dpring R I c) Qpring R1® = (b @ Pring R 1 a) Spring R 1 (¢ @ Pring R I
a)
(proof)

Properties of subtraction:

lemma Pring-uminus:
assumes a € carrier (Pring R I)
shows P-ring-uminus R a € carrier (Pring R I)

(proof)

lemma Pring-subtract:
assumes a € carrier (Pring R I)
shows P-ring-uminus R a ®pring R 1 ¢ = Opping R I
@ D pring R I P-ring-uminus R a = Opring R T
(proof )
Pring R I is a ring
lemma Pring-is-abelian-group:

shows abelian-group (Pring R I)
(proof)

lemma Pring-is-monoid:
Group.monoid (Pring R I)
(proof)

lemma Pring-is-ring:
shows ring (Pring R I)
(proof)

lemma Pring-is-cring:
assumes cring R
shows cring (Pring R I)

{proof)

lemma Pring-a-inv:

assumes P € carrier (Pring R I)

shows ©py g p 1 P = P-ring-uminus R P
(proof)
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end

2.10 Defining the R-Algebra of Indexed Polynomials

context cring
begin

lemma Pring-smult-cfs:
assumes o € carrier R
assumes P € carrier (Pring R I)
shows (¢ ©ppjng g 1 P) m = a ® (P m)
{proof)

lemma Pring-smult-closed:
N\ az. [| a € carrier R; x € carrier (Pring R1I) || ==> a O(Pring R 1) * €
carrier (Pring R I)
(proof)

lemma Pring-smult-I-distr:

Wa bz [| a € carrier R; b € carrier R; © € carrier (Pring R I) |] ==>

(a & b) ®(Pring RINZT= (a G(Pring R1I) z) 69(Pm'ng R1I) (b Q(Pring R1I) z)
(proof )

lemma Pring-smult-r-distr:
"a zy.[| a € carrier R; © € carrier (Pring R I); y € carrier (Pring R I) ||
—_>
@ O(Pring R 1) (z S(Pring R I) y) = (a O(Pring R I) x) D(Pring R I) (a
®(Pm'ng R1I) v)

(proof)

lemma Pring-smult-assocl :
Wa bz [| a € carrier R; b € carrier R; x € carrier (Pring R I) || ==>
(a ® b) OPring RIT = 0 Opping R I (b OPring R I z)

(proof)

lemma Pring-smult-one:
Nz. 2 € carrier (Pring R I) ==> (one R) Oppjng R [T =
{proof)

lemma Pring-smult-assoc2:
"a zy.[| a € carrier R; © € carrier (Pring R I); y € carrier (Pring R I) ||
==>
(a OPring R I x) Qpring RIY = 4 OPring R T (z @ Pring R 1 y)
(proof )

lemma Pring-algebra:
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algebra R (Pring R I)
{proof)

end

2.11 Evaluation of Polynomials and Subring Structure

In this section the aim is to define the evaluation of a polynomial over its
base ring. We define both total evaluation of a polynomial at all variables,
and partial evaluation at only a subset of variables. The basic input for
evaluation is a variable assignment function mapping variables to ring ele-
ments. Once we can evaluate a polynomial P in variables I over a ring R
at an assignment f : I — R, this can be generalized to evaluation of P in
some other ring S, given a variable assignment f : I — S and a ring homo-
morphism ¢ : R — S. We chose to define this by simply applying ¢ to the
coefficients of P, and then using the first evaluation function over S. This
could also have been done the other way around: define general polynomial
evaluation over any ring, given a ring hom ¢, and then defining evaluation
over the base ring R as the specialization of this function to the case there
¢ = idg.

definition remove-monom ::

("a,’d) ring-scheme = 'c monomial = ('a, 'c) mvar-poly = ('a, 'c) mvar-poly
where

remove-monom R m P = ring.indexed-padd R P (poly-scalar-mult R (Sp P m)
(mset-to-IP R m))

context cring
begin

lemma remove-monom-alt-def:
assumes P € Pring-set R |
shows remove-monom R m P n = (if n = m then 0 else P n)

{proof)

lemma remove-monom-zero:
assumes m ¢ monomials-of R P
assumes P € Pring-set R 1
shows remove-monom R m P = P

(proof)

lemma remove-monom-closed:
assumes P € Pring-set R 1
shows remove-monom R m P € Pring-set R 1

(proof)

42



lemma remove-monom-monomials:
assumes P € Pring-set R |
shows monomials-of R (remove-monom R m P) = monomials-of R P — {m}

(proof)

The additive decomposition of a polynomial by a monomial

lemma remove-monom-eq:

assumes P € Pring-set R |

shows P = (remove-monom R a P) @ poly-scalar-mult R (P a) (mset-to-IP R
a)

{proof)

lemma remove-monom-restrict-poly-to-monom-set:
assumes P € Pring-set R |
assumes monomials-of R P = insert a M
assumes a ¢ M
shows (remove-monom R a P) = restrict-poly-to-monom-set R P M

(proof)

end

2.11.1 Nesting of Polynomial Rings According to Nesting of In-
dex Sets

lemmal(in ring) Pring-carrier-subset:
assumes J C [
shows (Pring-set R J) C (Pring-set R I)
(proof)

lemmal(in cring) Pring-set-restrict-induct:
shows finite S = V P. monomials-of R P =S A P € Pring-set RI A (VY m
€ monomials-of R P. set-mset m C J) — P € Pring-set R J

(proof)

lemma(in cring) Pring-set-restrict:
assumes P € Pring-set R 1
assumes (A\m. m € monomials-of R P => set-mset m C J)
shows P € Pring-set R J

{proof)

lemmal(in ring) Pring-mult-eq:
fixes I:: c set
fixes J:: 'c set
shows (® pring R 1) = (®pring R J)
(proof )

lemmal(in ring) Pring-add-eq:

fixes I:: 'c set
fixes J:: 'c set
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shows (B pring R 1) = (P Pring R J)
(proof )

lemma(in ring) Pring-one-eq:
fixes I:: c set
fixes J:: 'c set
shows (lpm'ng RID= (1Pring RJ)
(proof )

lemmal(in ring) Pring-zero-eq:
fixes I:: 'c set
fixes J:: 'c set
shows (OPm'ng RID= (OPring RJ)
(proof )

lemma(in ring) index-subset-Pring-subring:
assumes J C [
shows subring (carrier (Pring R J)) (Pring R I)

{proof)

2.11.2 Inclusion Maps

definition Pring-inc :: (‘a, '¢) mvar-poly = (‘a, '¢) mvar-poly where
Pring-inc = (AP. P)

lemma(in ring) Princ-inc-is-ring-hom:
assumes J C [
shows ring-hom-ring (Pring R J) (Pring R I) Pring-inc
(proof )

2.11.3 Restricting a Multiset to a Subset of Variables

definition restrict-to-indices :: '¢c monomial = 'c set = ‘¢ monomial where
restrict-to-indices m S = filter-mset (\i. i € S) m

lemma restrict-to-indicesE:
assumes | €# restrict-to-indices m S
shows 7 € S

(proof)

lemma restrict-to-indicesI [simp]:
assumes i €# m
assumes [ € S
shows i €# restrict-to-indices m S

{proof)
lemma restrict-to-indices-not-in[simpl:

assumes i €# m
assumes | ¢ S
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shows i ¢# restrict-to-indices m S
{proof)

lemma restrict-to-indices-submultiset[simpl:
restrict-to-indices m S CH m
{proof)

lemma restrict-to-indices-add-element:
restrict-to-indices (add-mset t m) S = (if x € S then (add-mset x (restrict-to-indices
m S))

else (restrict-to-indices m S) )
(proof)

lemma restrict-to-indices-count[simp]:
count (restrict-to-indices m S) i = (if (¢ € S) then (count m i) else 0)
{proof)

lemma restrict-to-indices-subset:
restrict-to-indices m S = restrict-to-indices m (set-mset m N S)

(proof)

Restrict_to_indices only depends on the intersection of the index set
with the set of indices in m:

lemma restrict-to-indices-subset':
assumes (set-mset m) N S = (set-mset m) N S’
shows restrict-to-indices m S = restrict-to-indices m S’

{proof)

lemma mset-add-plus:
assumes m =n + k
shows add-mset x m = (add-mset z n) + k

{proof)

Restricting to S and the complement of S partitions m:

lemma restrict-to-indices-decomp:
m = (restrict-to-indices m S) + (restrict-to-indices m ((set-mset m) — S))
{proof)

definition remove-indices :: '¢c monomial = 'c set = "¢ monomial where
remove-indices m S = (restrict-to-indices m (set-mset m — S))

lemma remove-indices-decomp:
m = (restrict-to-indices m S) + (remove-indices m S)
{proof)

lemma remove-indices-indices[simp):
assumes set-mset m C [
shows set-mset (remove-indices m S) C I — S

{proof)
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2.11.4 Total evaluation of a monomial

We define total evaluation of a monomial first, and then define the partial
evaluation of a monomial in terms of this.

abbreviation(input) closed-fun where
closed-fun R ¢ = g € UNIV — carrier R

definition monom-eval :: ('a, 'b) ring-scheme = ‘¢ monomial = ('c = 'a) = 'a

where
monom-eval R (m:: 'c monomial) g = fold-mset (A x . X\ y. if y € carrier R then

(92) ®p yelse Op) 1p m

context cring
begin

lemma closed-fun-simp:
assumes closed-fun R g
shows g n € carrier R

{proof)

lemma closed-funl:
assumes Az. g x € carrier R
shows closed-fun R g

(proof)

The following are necessary technical lemmas to prove properties of about
folds over multisets:
lemma monom-eval-comp-fun:
fixes g:: 'c = a
assumes closed-fun R g
shows comp-fun-commute (A = . \y. if y € carrier R then (g x) ® y else 0)
(proof)

lemma monom-eval-car:
assumes closed-fun R g
ot : ;
shows monom-eval R (m:: 'c monomial) g € carrier R

(proof)
Formula for recursive (total) evaluation of a monomial:

lemma monom-eval-add:
assumes closed-fun R g
shows monom-eval R (add-mset x M) g = (g ) ® (monom-eval R M g)

(proof)

end

This function maps a polynomial P to the set of monomials in P which,
after evaluating all variables in the set S to values in the ring R, reduce to
the monomial n.
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definition monomials-reducing-to ::

("a,’d) ring-scheme = ¢ monomial = ('a,’c) mvar-poly = 'c set = ('c monomial)
set where

monomials-reducing-to R n P .S = {m € monomials-of R P. remove-indices m S

:n}

lemma monomials-reducing-to-subset[simpl:
monomials-reducing-to R n P s C monomials-of R P

{proof)

context cring
begin

lemma monomials-reducing-to-finite:
assumes P € Pring-set R |
shows finite (monomials-reducing-to R n P s)

(proof)

lemma monomials-reducing-to-disjoint:
assumes nl #* n2
shows monomials-reducing-to R n1 P S N monomials-reducing-to R n2 P S =

{}
(proof )

lemma monomials-reducing-to-submset:
assumes n CH# m
shows n ¢ monomials-reducing-to R m P S

(proof)

end

2.11.5 Partial Evaluation of a Polynomial

This function takes as input a set S of variables, an evaluation function g,
and a polynomial to evaluate P. The output is a polynomial which is the
result of evaluating the variables from the set .S which occur in P, according
to the evaluation function g.

definition poly-eval ::

("a,’b) ring-scheme = 'c set = (‘¢ = 'a) = ('a, 'c) mvar-poly = (
muar-polywhere
poly-eval R S g P m = (finsum R (An. monom-eval R (restrict-to-indices n S) g
®p (P n)) (monomials-reducing-to R m P S))

‘a, /C)

context cring
begin

lemma finsum-singleton:
assumes S = {s}
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assumes f s € carrier R
shows finsum R fS = fs
(proof )

lemma poly-eval-constant:
assumes k € carrier R
shows poly-eval R S g (indezed-const k) = (indexed-const k)

(proof)

lemma finsum-partition:

assumes finite S

assumes f € S — carrier R

assumes T C S

shows finsum R fS = finsum R fT @ finsum Rf (S —T)
(proof)

lemma finsum-eg-parition:
assumes finite S
assumes f € S — carrier R
assumes T C S
assumes A\z. 2 € S - T = fz=0
shows finsum R fS = finsum RfT
(proof)

lemma poly-eval-scalar-mult:
assumes k € carrier R
assumes closed-fun R g
assumes P € Pring-set R I
shows poly-eval R S g (poly-scalar-mult R k P)=
(poly-scalar-mult R k (poly-eval R S g P))

{(proof)

lemma poly-eval-monomial:
assumes closed-fun R g
assumes 1 #0
shows poly-eval R S g (mset-to-IP R m)
= poly-scalar-mult R (monom-eval R (restrict-to-indices m S) g)
(mset-to-IP R (remove-indices m S))

(proof)

lemmal(in cring) poly-eval-monomial-closed:

assumes closed-fun R g

assumes 1 #0

assumes set-mset m C [

shows poly-eval R S g (mset-to-IP R m) € Pring-set R (I — )
(proof)

lemma poly-scalar-mult-iter:
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assumes 1 #0

assumes P € Pring-set R |

assumes k € carrier R

assumes n € carrier R

shows poly-scalar-mult R k (poly-scalar-mult R n P) = poly-scalar-mult R (k ®
n) P

(proof)

lemma poly-scalar-mult-comm:

assumes 1 #0

assumes P € Pring-set R |

assumes a € carrier R

assumes b € carrier R

shows poly-scalar-mult R a (poly-scalar-mult R b P) = poly-scalar-mult R b
(poly-scalar-mult R a P)

(proof)

lemma poly-eval-monomial-term:

assumes closed-fun R g

assumes 1 #0

assumes set-mset m C |

assumes k € carrier R

shows poly-eval R S g (poly-scalar-mult R k (mset-to-IP R m)) = poly-scalar-mult
R (k®(monom-eval R (restrict-to-indices m S) g))

(mset-to-IP R (remove-indices m S))

(proof)

lemma poly-eval-monomial-term-closed:

assumes closed-fun R g

assumes 1 #0

assumes set-mset m C 1

assumes k € carrier R

shows poly-eval R S g (poly-scalar-mult R k (mset-to-IP R m)) € Pring-set R (I
—8)
(proof)

lemma finsum-split:

assumes finite S

assumes f € § — carrier R

assumes g € S — carrier R

assumes k € carrier R

assumes ¢ € S

assumes A\s. s€ SAs#c= fs=gs

assumes gc = fc Pk

shows finsum R ¢ S =k @ finsum R f S
(proof)

lemma poly-monom-induction:
assumes P (indezed-const 0)
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assumes Am k. set-mset m C I A k € carrier R = P (poly-scalar-mult R k
(mset-to-IP R m))

assumes ANQ m k. Q € Pring-set RI N (P Q) A set-mset m C I A k € carrier
R=— P (Q @ (poly-scalar-mult R k (mset-to-IP R m)))

shows AQ. Q € Pring-set RI = P Q

(proof)

lemma Pring-car-induct:

assumes ¢ € carrier (Pring R I)

assumes P Opp;nq g [

assumes /\m k. set-mset m C I A\ k € carrier R = P (k © ppiypg g [(mset-to-IP
R m))

assumes NQ m k. @ € carrier (Pring R I) A (P Q) N set-mset m C I Nk €
carrier R—>

P(Q D (k ©pring g 1 (mset-to-IP R m)))
shows P ¢

(proof)

lemma poly-monom-induction2:

assumes P (indexed-const 0)

assumes Am k. set-mset m C I A k € carrier R = P (poly-scalar-mult R k
(mset-to-IP R m))

assumes AQ m k. Q € Pring-set R I N (P Q) A set-mset m C I A k € carrier R
= P (Q @ (poly-scalar-mult R k (mset-to-IP R m)))

assumes () € Pring-set R I

shows P @

{proof)

lemma poly-monom-induction3:
assumes () € Pring-set R I
assumes P (indexed-const 0)
assumes Am k. set-mset m C I A k € carrier R = P (poly-scalar-mult R k
(mset-to-IP R m))
assumes Ap q. p € Pring-set R I = (P p) = q € Pring-set R I = (P q) =
Pp@® a)
shows P @
(proof)

lemma Pring-car-induct’:
assumes @ € carrier (Pring R I)
assumes P Opppg R T
assumes A\m k. set-mset m C I A k € carrier R = P (k © ppjpg g 1 mset-to-IP
R m)
assumes Ap q. p € carrier (Pring R I) = (P p) = q € carrier (Pring R I)
= (Pq)= P(p D Pring R I q)
shows P @
{proof)

lemma poly-eval-mono:
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assumes P € Pring-set R |

assumes closed-fun R g

assumes finite I’

assumes monomials-reducing-to R m P S C F

assumes An. n € F = remove-indices n S = m

shows poly-eval R S g P m = (@ ne F. monom-eval R (restrict-to-indices n S)
g® Pn)
(proof)

lemma finsum-group:
assumes An. fn € carrier R
assumes An. g n € carrier R
shows finite S = finsum R f S @ finsum R g S = finsum R (An. fn® gn) S
(proof )

lemma poly-eval-add:

assumes P € Pring-set R |

assumes () € Pring-set R |

assumes closed-fun R g

shows poly-eval R S g (P @ Q) = poly-eval R S g P @ poly-eval R S g Q
(proof )

lemma poly-eval-Pring-add:

assumes P € carrier (Pring R I)

assumes @) € carrier (Pring R I)

assumes closed-fun R g

shows poly-eval R S g (P @ppjng r 1 Q@) = poly-eval R S g P @ pping R T
poly-eval R S g @

(proof)

Closure of partial evaluation maps:

lemma(in cring) poly-eval-closed:

assumes closed-fun R g

assumes P € Pring-set R |

shows poly-eval R S g P € Pring-set R (I — S)
(proof)

lemma poly-scalar-mult-indexed-pmult:
assumes P € Pring-set R |
assumes k € carrier R
shows poly-scalar-mult R k (P Q ) = (poly-scalar-mult R k P) Q)

(proof)

lemma remove-indices-add-mset:
assumes i ¢ S
shows remove-indices (add-mset i m) S = add-mset i (remove-indices m S)

{proof)

lemma poly-eval-monom-insert:
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assumes closed-fun R g
assumes 1 #0
assumes i € S
shows poly-eval R S g (mset-to-IP R (add-mset i m))
= poly-scalar-mult R (g 7)
(poly-eval R S g (mset-to-IP R m))
(proof)

lemma poly-eval-monom-insert’:
assumes closed-fun R g
assumes 1 #0
assumes i ¢ S
shows poly-eval R S g (mset-to-IP R (add-mset i m))
= (poly-eval R S g (mset-to-IP R m)) @ i
(proof)

lemma poly-eval-indezed-pmult-monomial:

assumes closed-fun R g

assumes k € carrier R

assumes { € S

assumes 1 # 0

shows poly-eval R S g (poly-scalar-mult R k (mset-to-IP R m) @ i) =

poly-scalar-mult R (g ) (poly-eval R S g (poly-scalar-mult R k (mset-to-IP

R m))
(proof)

lemma poly-eval-indexed-pmult-monomial’:
assumes closed-fun R g
assumes k € carrier R
assumes i ¢ S
assumes 1 # 0
shows poly-eval R S g (poly-scalar-mult R k (mset-to-IP R m) Q i) =
(poly-eval R S g (poly-scalar-mult R k (mset-to-IP R m))) @ 1

(proof)

lemma indezxed-pmult-add:
assumes p € Pring-set R I
assumes q € Pring-set R I
shows p @@ ¢ Q@ i=(pQ 1) D (¢ & 1)
{proof )

lemma poly-eval-indexed-pmult:
assumes P € Pring-set R |
assumes closed-fun R g

shows poly-eval R S g (P @ i) = (if i € S then poly-scalar-mult R (g 1)
(poly-eval R S g P) else (poly-eval R S g P)Q i)
(proof)

lemma poly-eval-index:
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assumes 1 #0

assumes closed-fun R g

shows poly-eval R S g (mset-to-IP R {#i#})= (if i € S then (indexed-const (g
i)) else mset-to-IP R {#i#})
(proof)

lemma poly-eval-indezed-pmult’:

assumes P € Pring-set R 1

assumes closed-fun R g

assumes i € |

shows poly-eval R S g (P @, (mset-to-IP R {#i#})) = poly-eval R S g P
Qp poly-eval R S g (mset-to-IP R {#i#})
(proof)

lemma poly-eval-monom-mult:

assumes P € Pring-set R |

assumes closed-fun R g

shows poly-eval R S g (P @, (mset-to-IP R m)) = poly-eval R S gP @,
poly-eval R S g (mset-to-IP R m)

(proof)

abbreviation mon-term («Mt)) where
Mt k m = poly-scalar-mult R k (mset-to-IP R m)

lemma poly-eval-monom-term-mult:

assumes P € Pring-set R |

assumes closed-fun R g

assumes k € carrier R

shows poly-eval R S g (P @, (Mt km)) = poly-eval R S gP @, poly-eval
RS g (Mtkm)
(proof)

lemma poly-eval-mult:
assumes P € Pring-set R |
assumes @ € Pring-set R I
assumes closed-fun R g
shows poly-eval R S g (P @, Q) = poly-eval R SgP @, poly-eval R S g Q

(proof)

lemma poly-eval-Pring-mult:

assumes P € Pring-set R 1

assumes @ € Pring-set R |

assumes closed-fun R g

shows poly-eval R S g (P ® pring g 1 Q) = poly-eval R S g P @ ppjpg g 1 poly-eval
RSgQ

(proof )

lemma poly-eval-smult:
assumes P € Pring-set R I
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assumes a € carrier R

assumes closed-fun R g

shows poly-eval R S g (a ©pring g [ P) =0 Opping g 1 poly-eval R S g P
(proof)

2.11.6 Partial Evaluation is a Homomorphism

lemma poly-eval-ring-hom:
assumes [ C J
assumes closed-fun R g
assumes J — S C |
shows ring-hom-ring (Pring R J) (Pring R I) (poly-eval R S g)
(proof)

poly_eval R at the zero function is an inverse to the inclusion of polynomial
rings

lemma poly-eval-zero-function:
assumes g = (An. 0)
assumes J — S =1
shows P € Pring-set R I = poly-eval R S g P =P

(proof)

lemma poly-eval-eval-function-eq:
assumes closed-fun R g
assumes closed-fun R g’
assumes restrict g S = restrict g’ S
assumes P € Pring-set R |
shows poly-eval R S g P = poly-eval R S g’ P
(proof)

lemma poly-eval-eval-set-eq:
assumes closed-fun R g
assumes SN I =S5"NI
assumes P € Pring-set R |
assumes 1 #0
shows poly-eval R S g P = poly-eval R S’ g P
(proof )

lemma poly-eval-trivial:
assumes closed-fun R g
assumes P € Pring-set R (I — 5)
shows poly-eval R S g P = P
(proof )

2.11.7 Total Evaluation of a Polynomial

lemma zero-fun-closed:
closed-fun R (An. 0)

{proof)
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lemma deg-zero-cf-eval:
shows P € Pring-set R I = poly-eval R I (An. 0) P = indexed-const (P {#})

{proof)

lemma deg-zero-cf-mult:

assumes P € Pring-set R |

assumes @ € Pring-set R I

shows (P ®, Q) {#} = P {#} ® Q {#}
{(proof)

definition deg-zero-cf :: (‘a, 'c) mvar-poly = 'a where
deg-zero-cf P = P {#}

lemma deg-zero-cf-ring-hom:
shows ring-hom-ring (Pring R I) R (deg-zero-cf)
(proof)

end

definition eval-in-ring :
("a,’b) ring-scheme = 'c set = (‘¢ = 'a) = (‘a, '¢) mvar-poly = 'a where
eval-in-ring R S g P = (poly-eval R S g P) {#}

definition total-eval :
('a,’d) ring-scheme = ('c = 'a) = (‘a, 'c) mvar-poly = 'a where
total-eval R g P = eval-in-ring R UNIV g P

/

context cring
begin

lemma eval-in-ring-ring-hom:
assumes closed-fun R g
shows ring-hom-ring (Pring R I) R (eval-in-ring R S g)
(proof)

lemma eval-in-ring-smult:
assumes P € carrier (Pring R I)
assumes a € carrier R
assumes closed-fun R g
shows eval-in-ring R S g (a ©ppipg g 1 P) = a ® eval-in-ring R S g P
(proof)

lemma total-eval-ring-hom:
assumes closed-fun R g
shows ring-hom-ring (Pring R I) R (total-eval R g)
(proof )
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lemma total-eval-smult:
assumes P € carrier (Pring R I)
assumes a € carrier R
assumes closed-fun R g
shows total-eval R g (a ©pping g 1 P) = a ® total-eval R g P

(proof)

lemma total-eval-const:
assumes k € carrier R
shows total-eval R g (indexed-const k) = k

(proof)

lemma total-eval-var:
assumes closed-fun R g
shows (total-eval R g (mset-to-IP R {#i#})) = g ¢
(proof )

lemma total-eval-indered-pmult:
assumes P € carrier (Pring R I)
assumes i € [
assumes closed-fun R g
shows total-eval R g (P @ i) = total-eval R g P ®p g i

(proof)

lemma total-eval-mult:
assumes P € carrier (Pring R 1)
assumes @ € carrier (Pring R I)
assumes closed-fun R g
shows total-eval R g (P @ pping g 1 Q) = (total-eval R g P) @ pg(total-eval R g

Q)
(proof )

lemma total-eval-add:
assumes P € carrier (Pring R I)
assumes @ € carrier (Pring R I)
assumes closed-fun R g
shows total-eval R g (P @ pping g | Q) = (total-eval R g P) @ g(total-eval R g

Q)
(proof)

lemma total-eval-one:
assumes closed-fun R g
shows total-eval R g 1ppjng g7 =1

{proof)

lemma total-eval-zero:
assumes closed-fun R g
shows total-eval R g Oppjpg p 1= 0

(proof)
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lemma total-eval-closed:
assumes P € carrier (Pring R I)
assumes closed-fun R g
shows total-eval R g P € carrier R

{proof)

2.12 Constructing Homomorphisms from Indexed Polyno-
mial Rings and a Universal Property

The inclusion of R into its polynomial ring

lemma indezed-const-ring-hom:
ring-hom-ring R (Pring R I) (indexed-const)
{proof)

lemma indexed-const-inj-on:
inj-on (indexed-const) (carrier R)
(proof)

end

2.12.1 Mapping R[z] — S[z] along a homomorphism R — S

definition ring-hom-to-IP-ring-hom ::
('a, 'e) ring-hom = ('a, 'c) mvar-poly = 'c monomial = 'e where
ring-hom-to-IP-ring-hom ¢ P m = ¢ (P m)

context cring
begin

lemma ring-hom-to-IP-ring-hom-one:
assumes cring S
assumes ring-hom-ring R S ¢
shows ring-hom-to-IP-ring-hom ¢ 1pping g 1 = 1pping § 1
(proof)

lemma ring-hom-to-IP-ring-hom-constant:

assumes cring S

assumes ring-hom-ring R S ¢

assumes g € carrier R

shows ring-hom-to-IP-ring-hom ¢ ((indexed-const a):: 'c monomial = 'a) =
ring.indezed-const S (¢ a)

(proof)

lemma ring-hom-to-IP-ring-hom-add:
assumes cring S
assumes ring-hom-ring R S ¢
assumes P € carrier (Pring R I)
assumes @) € carrier (Pring R I)
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shows ring-hom-to-IP-ring-hom ¢ (P ©pping g 1 @) =
(ring-hom-to-IP-ring-hom ¢ P) & pping g 1 (ring-hom-to-IP-ring-hom ¢ Q)
(proof)

lemma ring-hom-to-IP-ring-hom-closed:
assumes cring S
assumes ring-hom-ring R S ¢
assumes P € carrier (Pring R I)
shows ring-hom-to-IP-ring-hom ¢ P € carrier (Pring S I)
(proof)

lemma ring-hom-to-IP-ring-hom-monom:

assumes cring S

assumes ring-hom-ring R S ¢

shows ring-hom-to-IP-ring-hom ¢ (mset-to-IP R m) = mset-to-IP S m
(proof)

lemma Pring-morphism:

assumes cring S

assumes ¢ € (carrier (Pring R I)) — (carrier S)

assumes ¢ 1p.jno g 1= 1g

assumes ¢ Oppjpg g 1= 0g

assumes AP Q. P € carrier (Pring R I) = Q € carrier (Pring R I) =

¥ (P@Pm’ngRIQ) =(p P) &g (v Q)
assumes \ i . A P.i €I = P € carrier (Pring RI) = ¢ (P Q i) = (p
P) ®g (¢ (mset-to-IP R {#i#1}))
assumes Ak Q. k € carrier R—=— Q € carrier (Pring R I) = ¢ (poly-scalar-mult
REQ) =
(¢ (indexed-const k)) ®g (¢ Q)
shows ring-hom-ring (Pring R I) S ¢
(proof)

lemma(in cring) indexed-const-Pring-mult:
assumes k € carrier R
assumes P € carrier (Pring R I)
shows (indezed-const k @ pping g 1 P) m =k @ (P m)
(P ®pring R 1 indezed-const k) m =k @g (P m)
{proof)

lemmal(in cring) ring-hom-to-IP-ring-hom-is-hom:

assumes cring S

assumes ring-hom-ring R S ¢

shows ring-hom-ring (Pring R I) (Pring S I) (ring-hom-to-IP-ring-hom ¢)
(proof)

lemma ring-hom-to-IP-ring-hom-smult:
assumes cring S
assumes ring-hom-ring R S ¢
assumes P € carrier (Pring R I)
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assumes a € carrier R
shows ring-hom-to-IP-ring-hom ¢ (a © ppring g [P) =
© a ©pring § 1 (ring-hom-to-IP-ring-hom ¢ P)
(proof)

2.12.2 A Universal Property for Indexed Polynomial Rings

lemma Pring-universal-prop-0:
assumes a-cring: cring S
assumes index-map: closed-fun S g
assumes ring-hom: ring-hom-ring R S ¢
assumes ¢ = (total-eval S g) o (ring-hom-to-IP-ring-hom ¢)
shows (ring-hom-ring (Pring R I) S 1)
(Vi€ I. v (mset-to-IP R {#i#}) = g 1)
(Va € carrier R. v (indexed-const a) = ¢ a)
YV o. (ring-hom-ring (Pring R I) S o) A
(Vi € I. o (mset-to-IP R {#i#}) = g i) A
(Va € carrier R. o (indexed-const a) = ¢ a) —
(Vz € carrier (Pring R1I). o x =1 x)
(proof)

end

definition close-fun :: 'c set = (’e, 'f) ring-scheme = ('c = 'e) = ('c = 'e)
where
close-fun I S g = (Xi. (if i € I then g i else Og))

context cring
begin

lemma close-funkE:
assumes cring S
assumes g € I — carrier S
shows closed-fun S (close-fun IS g)

{proof)

end

definition indezed-poly-induced-morphism ::

‘'c set = ('e, 'f) ring-scheme = ('a, 'e) ring-hom = ('c = 'e) = (('a,’c) mvar-poly,

‘e) ring-hom where

indezed-poly-induced-morphism I S ¢ g = (total-eval S (close-fun IS g)) o (ring-hom-to-IP-ring-hom
©)

context cring
begin

lemma Pring-universal-prop:
assumes a-cring: cring S
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assumes index-map: g € I — carrier S
assumes ring-hom: ring-hom-ring R S ¢
assumes ¢ = indezed-poly-induced-morphism I S ¢ g
shows (ring-hom-ring (Pring R I) S 1)
(Vi € 1.9 (mset-to-IP R {#i#}) = g 1)
(Va € carrier R. ¢ (indexed-const a) = ¢ a)
Y o. (ring-hom-ring (Pring R I) S 0) A
(Vi € I. o (mset-to-IP R {#i#}) = g i) A
(Va € carrier R. o (indexed-const a) = ¢ a) —
(Vz € carrier (Pring R1). o x = x)
(proof)

2.13 Mapping Mulitvariate Polynomials over a Single Vari-
able to Univariate Polynomials

Constructor for multisets which have one distinct element

definition nat-to-mset :: 'c = nat = ’'c monomial where
nat-to-mset i n = Abs-multiset (Aj. if (j = i) then n else 0)

lemma nat-to-msetE: count (nat-to-mset in) i = n
{proof)

lemma nat-to-msetE":
assumes j #
shows count (nat-to-mset in) j = 0

{proof)

lemma nat-to-mset-add: nat-to-mset i (n + m) = (nat-to-mset i n) + (nat-to-mset
im)
{proof)

lemma nat-to-mset-ing:
assumes n # m
shows (nat-to-mset i n) # (nat-to-mset i m)

(proof)

lemma nat-to-mset-zero: nat-to-mset i 0 = {#}
{proof )

lemma nat-to-mset-Suc: nat-to-mset i (Suc n) = add-mset i (nat-to-mset i n)
(proof)

lemma nat-to-mset- Pring-singleton:
assumes cring R
assumes P € carrier (Pring R {i})
assumes m € monomials-of R P
shows m = nat-to-mset i (count m 1)

(proof)
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definition IP-to-UP :: 'd = ('e, 'd) mwvar-poly = 'e u-poly where
IP-to-UP i P = (X (n:nat). P (nat-to-mset i n))

lemma IP-to-UP-closed:
assumes cring R
assumes P € carrier (Pring R {i::'c})
shows IP-to-UP i P € carrier (UP R)
(proof)

lemma IP-to-UP-var:
shows IP-to-UP i (mset-to-IP R {#i#}) = X-poly R
(proof )

end

context UP-cring
begin

lemma IP-to-UP-monom:
shows IP-to-UP i (mset-to-IP R (nat-to-mset i n)) = ((X-poly R)[ Jyp rn)
(proof)

lemma IP-to-UP-one:
IP-to-UP i 1pping g {i = LUP R
(proof)

lemma IP-to-UP-zero:
IP-to-UP i OPring R{i} = Oyp R
(proof)

lemma [P-to-UP-add:
assumes z € carrier (Pring R {i})
assumes y € carrier (Pring R {i})
shows [P-to-UP i (z © Pring R {i} y) =
IP-to-UP i & ®yp g IP-to-UP i y
(proof )

lemma IP-to- UP-indezxed-const:

assumes k € carrier R

shows IP-to-UP i (ring.indexed-const R k) = to-polynomial R k
(proof)

lemma [P-to-UP-indexed-pmult:

assumes p € carrier (Pring R {i})

shows IP-to-UP i (ring.indexed-pmult R p i) = (IP-to-UP i p)  yp g (X-poly
R)
(proof)

lemma IP-to-UP-ring-hom:
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shows ring-hom-ring (Pring R {i{}) (UP R) (IP-to-UP 1)
{proof)

lemma IP-to- UP-ring-hom-inj:
shows inj-on (IP-to-UP i) (carrier (Pring R {i}))
(proof )

lemma IP-to- UP-scalar-mult:
assumes a € carrier R
assumes p € carrier (Pring R {i})
shows (IP-to-UP i (a © Pring R {i} p)) = a®@yp p (IP-to-UP i p)

(proof )
end

Evaluation of indexed polynomials commutes with evaluation of univariate
polynomials:

lemma pvar-closed:
assumes cring R
assumes i € [
shows (pvar R ¢) € carrier (Pring R I)

{proof)

context UP-cring
begin

lemma pvar-mult:

assumes ¢ € [

assumes j € [

shows (pvar R i) @ pripg g 1 (pvar R j) = mset-to-IP R {#1, j#}
(proof)

lemma pvar-pow:

assumes i € |
shows (pvar R 9)[] pping g [(n::nat) = mset-to-IP R (nat-to-mset i n)

(proof)

lemma IP-to- UP-poly-eval:
assumes p € Pring-set R {i}
assumes closed-fun R g
shows total-eval R g p = to-function R (IP-to-UP i p) (g 1)

(proof)
end
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2.14 Mapping Univariate Polynomials to Multivariate Poly-
nomials over a Singleton Variable Set
definition UP-to-IP :: ('a,’b) ring-scheme = 'c = 'a u-poly = ('a, 'c) mvar-poly

where
UP-to-IP R i P = (X m. if (set-mset m) C {i} then P (count m i) else OR)

context UP-cring
begin

lemma UP-to-IP-inv:

assumes p € Pring-set R {i}

shows UP-to-IP R i (IP-to-UP i p) = p
(proof)

lemma UP-to-IP-const:

assumes q € carrier R

shows UP-to-IP R i (to-polynomial R a) = ring.indexed-const R a
(proof)

lemma UP-to-IP-add:
assumes p € carrier (UP R)
assumes @ € carrier (UP R)
shows UP-to-IPR i (p ®pyp g Q) =
UP-to-IP R i p & pying g {1y UP-to-IP R i Q

(proof)

lemma UP-to-IP-var:
shows UP-to-IP R i (X-poly R) = pvar R i
(proof )

lemma UP-to-IP-var-pow:
shows UP-to-IP R i ((X-poly R)[Jyp g (nunat)) = (pvar R i)HPm’ng R {i}"

(proof)

lemma one-var-indexed-poly-monom-simp:

assumes a € carrier R

shows (a ©pping R (i} ((pvar R 1) [A]Pring R {i} n)) ¢ = (if ¢ = (nat-to-mset i
n) then a else 0)
(proof )

lemma UP-to-IP-monom:
assumes o € carrier R
shows UP-to-IP R i (up-ring.monom (UP R) a n) = a Opypg g (i} ((pvar R

Z) [TPm'ng R {i} n)
(proof)

lemma UP-to-IP-monom"
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assumes a € carrier R

shows UP-to-IP R i (up-ring.monom (UP R) a n) = a Opyng g (i} ((pvar R
i)[jPring R {z}n)

{proof)

lemma UP-to-IP-closed:
assumes p € carrier P
shows (UP-to-IP R i p) € carrier (Pring R {i})
(proof )

lemma IP-to-UP-inv:
assumes p € carrier P
shows IP-to-UP i (UP-to-IP R i p) = p
(proof)

lemma UP-to-IP-mult:
assumes p € carrier (UP R)
assumes @ € carrier (UP R)
shows UP-to-IPRi (p Qpuyp g Q) =
UP-to-IP R i p @ ppipg R (i} UP-to-IP R i Q

(proof)

lemma UP-to-1P-ring-hom:
shows ring-hom-ring (UP R) (Pring R {i}) (UP-to-IP R 1)
(proof)

end

2.14.1 The isomorphism R[] U J| ~ R[I|[J], where I and J are
disjoint variable sets

Given a ring R and variable sets I and J, we’d like to construct the canonical
(iso)morphism R[IUJ] — R[I][J]. This can be done with the univeral prop-
erty of the previous section. Let ¢ : R — R[J] be the inclusion of constants,
and f :J — R[I] be the map which sends the variable i to the polynomial
variable i over the ring R[I][J]. Then these are the two basic pieces of input
required to give us a canonical homomoprhism R[I U J| — R[I][J] with the
universal property. The first map ¢ will be "dist_varset_morpshim" below,
and the second map will be "dist_varset_var_ass". The desired induced
isomorphism will be called "var_factor".
definition(in ring) dist-varset-morphism

2 'd set = 'd set =

("a, (("a, 'd) mvar-poly, 'd) mvar-poly) ring-hom where
dist-varset-morphism (I:: 'd set) (J:: 'd set) =
(ring.indezed-const (Pring R J) = ('d multiset = 'a) = 'd multiset = ('d

multiset = 'a))o (ring.indexed-const R ::'a = 'd multiset = 'a)
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definition(in ring) dist-varset-var-ass
i 'd set = 'd set = 'd = (("a, 'd) mvar-poly, 'd) mvar-poly
where
dist-varset-var-ass (I:: 'd set) (J:: 'd set) = (Xi. if i € J then ring.indezed-const
(Pring R J) (pvar R i) else
pvar (Pring R J) i)

context cring
begin

lemma dist-varset-morphism-is-morphism:

assumes (I:: 'd set) C JO U J1

assumes JI C [

assumes ¢ = dist-varset-morphism I J0

shows ring-hom-ring R (Pring (Pring R J0) J1) ¢
(proof )

definition var-factor ::
'd set = 'd set = 'd set =
(("a, 'd) mwvar-poly, (('a, 'd) mvar-poly, 'd) mvar-poly) ring-hom where
var-factor (I:: 'd set) (JO:: 'd set) (J1:: 'd set) = indexed-poly-induced-morphism
I (Pring (Pring R J0O) J1)
(dist-varset-morphism I JO)
(dist-varset-var-ass I J0)

lemma indexed-const-closed:
assumes z € carrier R
shows indexed-const x € carrier (Pring R I)

{proof)

lemma var-factor-morphism:
assumes (I:: 'd set) C JO U J1
assumes JI C [
assumes JI N J0 = {}
assumes g = dist-varset-var-ass I J0
assumes @ = dist-varset-morphism I JO
assumes ¢ = (var-factor I J0 J1)
shows ring-hom-ring (Pring R I) (Pring (Pring R J0) J1) 9
Ni. i€ J0 NI = (pvar R i) = ring.indezed-const (Pring R JO) (pvar
R 1)
Ni. i € JI = ¢ (pvar R i) = pvar (Pring R J0) i
Na. a € carrier (Pring R (JO N 1)) = v a = ring.indexed-const (Pring R
J0) a
(proof)

lemma var-factor-morphism’:
assumes [ = JO U J1
assumes JI C [
assumes JI N J0 = {}
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assumes ¢ = (var-factor I J0 J1)
shows ring-hom-ring (Pring R I) (Pring (Pring R J0) J1) 9
Ni. i € JI = ¢ (pvar R i) = pvar (Pring R JO) i
Na. a € carrier (Pring R (JO N 1)) = v a = ring.indexed-const (Pring R
J0) a
(proof )

Constructing the inverse morphism for var_factor_morphism

lemma pvar-ass-closed:
assumes JI C [
shows pvar R € JI — carrier (Pring R I)

(proof)

The following function gives us the inverse morphism R[I][J] — R[] U J]:

definition var-factor-inv :: 'd set = 'd set = 'd set =
((("a, 'd) mwvar-poly, 'd) mvar-poly, ('a, 'd) mvar-poly) ring-hom where
var-factor-inv (I:: 'd set) (JO:: 'd set) (J1:: 'd set) = indexed-poly-induced-morphism
J1 (Pring R I)
(id:: ('d multiset = 'a) = 'd multiset
= a)
(pvar R)

lemma var-factor-inv-morphism:
assumes [ = J0 U JI
assumes JI C [
assumes JI N JO = {}
assumes ¢ = (var-factor-inv I JO J1)
shows ring-hom-ring (Pring (Pring R J0) J1) (Pring R I)
Ni. i € JI = ¢ (pvar (Pring R J0) i) = pvar R i
Na. a € carrier (Pring R J0) = 4 (ring.indexed-const (Pring R J0) a) =
a

(proof)

lemma var-factor-inv-inverse:
assumes [ = J0 U JI
assumes JI C [
assumes JI N JO = {}
assumes 1 = (var-factor-inv I JO J1)
assumes 0 = (var-factor I JO J1)
assumes P € carrier (Pring R I)
shows 1 (¥0 P) = P
(proof )

lemma var-factor-total-eval:
assumes [ = J0 U J1
assumes JI C [
assumes JI N J0 = {}
assumes ¢ = (var-factor I J0O J1)
assumes closed-fun R g
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assumes P € carrier (Pring R I)

shows total-eval R g P = total-eval R g (total-eval (Pring R JO) (indexed-const
°g) (¥ P))

{proof)

lemma var-factor-closed:
assumes [ = J0 U JI
assumes JI C [
assumes JI N J0 = {}
assumes P € carrier (Pring R I)
shows var-factor I JO J1 P € carrier (Pring (Pring R J0 ) J1)

{proof)

lemma var-factor-add:
assumes [ = J0 U J1
assumes JI C [
assumes JI N J0 = {}
assumes P € carrier (Pring R I)
assumes @) € carrier (Pring R I)
shows var-factor I.J0 J1 (P @ ppypg g 1 Q) = var-factor I.J0 J1 P & ppy,g (Pring R J0) J1
var-factor I JO J1 Q
{proof)

lemma var-factor-mult:
assumes [ = J0 U JI
assumes JI C [
assumes JI N JO = {}
assumes P € carrier (Pring R I)
assumes @ € carrier (Pring R I)
shows var-factor 1.J0 J1 (P ® ppypg g 1 Q) = var-factor I.J0 J1 P ® ppy,g (Pring R J0) J1
var-factor I JO J1 Q
(proof )

2.14.2 Viewing a Mulitvariable Polynomial as a Univariate Poly-
nomial over a Multivariate Polynomial Base Ring

definition multivar-poly-to-univ-poly ::
‘'c set = 'c = (‘a,’c) muar-poly =
(("a,’¢) mvar-poly) u-poly where
multivar-poly-to-univ-poly I i P = ((IP-to-UP i) o (var-factor I (I — {i}) {i})) P

definition univ-poly-to-multivar-poly ::
‘'c set = ¢ = (('a,’c) mvar-poly) u-poly =
('a,’c) muar-poly where
univ-poly-to-multivar-poly I i P =((var-factor-inv I (I — {i}) {i}) o (UP-to-IP
(Pring R (I — {i})) i)) P

lemma multivar-poly-to-univ-poly-is-hom:
assumes i € [
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shows multivar-poly-to-univ-poly I i € ring-hom (Pring R I) (UP (Pring R (I
- {))
{proof)

lemma multivar-poly-to-univ-poly-inverse:
assumes i € [
assumes Y0 = multivar-poly-to-univ-poly I i
assumes 1 = univ-poly-to-multivar-poly I i
assumes P € carrier (Pring R 1)
shows ¢ 1 (Y0 P) = P

(proof)

lemma multivar-poly-to-univ-poly-total-eval:

assumes i € [

assumes ¥ = multivar-poly-to-univ-poly I ©

assumes P € carrier (Pring R I)

assumes closed-fun R g

shows total-eval R g P = total-eval R g (to-function (Pring R (I — {i})) (¢ P)
(indexed-const (g 7)))

(proof)

Induction for polynomial rings. Basically just indexed_pset.induct with
some boilerplate translations removed
lemmal(in ring) Pring-car-induct’”:

assumes @) € carrier (Pring R I)

assumes Ac. ¢ € carrier R = P (indexed-const c)

assumes Ap ¢. p € carrier (Pring R I) = q € carrier (Pring RI1) = P p
= Pq= P (p Dpring R 1 9)

assumes \p i. p € carrier (Pring RI) = i€ 1= Pp= P (p ®pping R I
pvar R 1)

shows P @)

{proof)

2.14.3 Application: A Polynomial Ring over a Domain is a Do-
main

In this section, we use the fact the UP R is a domain when R is a domain
to show the analogous result for indexed polynomial rings. We first prove it
inductively for rings with a finite variable set, and then generalize to infinite
variable sets using the fact that any two multivariable polynomials over
an indexed polynomial ring must also lie in a finitely indexed polynomial
subring.

lemma indexed-const-mult:

assumes a € carrier R

assumes b € carrier R
shows indezed-const a ® pyipg g 1 indexved-const b = indezed-const (a @ b)

{proof)
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lemma(in domain) Pring-fin-vars-is-domain:
assumes finite (I ::'c set)
shows domain (Pring R I)

(proof)

lemma locally-finite:
assumes a € carrier (Pring R I)
shows 3J. J C I A finite J A\ a € carrier (Pring R J)

{(proof)

lemma(in domain) Pring-is-domain:
domain (Pring R I)
(proof)

2.14.4 Relabelling of Variables for Indexed Polynomial Rings

definition relabel-vars :: 'd set = 'e set = ('d = 'e) =

('a, 'd) mvar-poly = ('a, 'e) mvar-poly where
relabel-vars I J g = indexed-poly-induced-morphism I (Pring R J) indezed-const
(Ni. pvar R (g 7))

lemma relabel-vars-is-morphism:
assumes g € I — J
shows ring-hom-ring (Pring R I) (Pring R J) (relabel-vars I J g)
Ni. i € I = relabel-vars I J g (pvar R i) = pvar R (g i)
Ac. ¢ € carrier R => relabel-vars I J g (indexed-const ¢) = indexed-const ¢

{proof)

lemma relabel-vars-add:

assumes g € [ — J

assumes P € carrier (Pring R I)

assumes @ € carrier (Pring R I)

shows relabel-vars I J g (P ©pping g 1 @) = relabel-vars I J g P ©pring g J
relabel-vars I J g Q

(proof)

lemma relabel-vars-mult:

assumes g € [ — J

assumes P € carrier (Pring R I)

assumes @ € carrier (Pring R I)

shows relabel-vars I J g (P ®pping g 1 @) = relabel-vars I J g P ®ppring R J
relabel-vars I J g @

(proof)

lemma relabel-vars-closed:
assumes g € I — J
assumes P € carrier (Pring R I)
shows relabel-vars I J g P € carrier (Pring R J)
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{proof)

lemma relabel-vars-smult:
assumes g € I — J
assumes P € carrier (Pring R I)
assumes a € carrier R
shows relabel-vars I.J g (a ©pring g [) = @ ©pping g jrelabel-vars I.J g P

(proof)

lemma relabel-vars-inverse:
assumes g € I — J
assumes h € J — I
assumes A\i. i € I = h (gi) =1
assumes P € carrier (Pring R I)
shows relabel-vars J I h (relabel-vars I J g P) = P

(proof)

lemma relabel-vars-total-eval:
assumes g € [ — J
assumes P € carrier (Pring R I)
assumes closed-fun R f
shows total-eval R (f o g) P = total-eval R f (relabel-vars I J g P)

(proof)

end

end

theory Indices
imports Main
begin

3 Basic Lemmas for Manipulating Indices and Lists

fun flat-map :: ('a => 'b list) => 'a list => 'b list where
flat-map f [| =[]
|[flat-map f (h#tt) = (f h)Q(flat-map f 1)

abbreviation(input) project-at-indices (¢m.)) where
project-at-indices S as = nths as S

fun insert-at-index :: 'a list =’a = nat = 'a list where
insert-at-index as a n= (take n as) Q (a#(drop n as))

lemma insert-at-index-length:
shows length (insert-at-index as a n) = length as + 1

{proof)

lemma insert-at-indez-eq[simp):
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assumes n < length as
shows (insert-al-index as a n)!n = a
{proof)

lemma insert-at-indez-eq’[simp):
assumes n < length as
assumes k < n
shows (insert-at-inder as a n)lk = as ! k
{proof)

lemma insert-at-indez-eq'’[simp):
assumes n < length as
assumes k£ < n
shows (insert-at-indez as a k)!(Suc n) = as! n

(proof)

Correctness of project_at_ indices

definition indices-of :: 'a list = nat set where
indices-of as = {..<(length as)}

lemma proj-at-indez-list-length|simp]:
assumes S C indices-of as
shows length (project-at-indices S as) = card S

(proof)

A function which enumerates finite sets

abbreviation(input) set-to-list :: nat set = nat list where
set-to-list S = sorted-list-of-set S

lemma set-to-list-set:
assumes finite S
shows set (set-to-list S) = S

{proof)

lemma set-to-list-length:
assumes finite S
shows length (set-to-list S) = card S

{proof)

lemma set-to-list-empty:
assumes card S = 0
shows set-to-list S = []

{proof)

lemma set-to-list-first:
assumes card S > 0
shows Min S = set-to-list S| 0

(proof)
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lemma set-to-list-last:
assumes card S > 0
shows Maz S = last (set-to-list S)

(proof)

lemma set-to-list-insert-Maz:
assumes finite S
assumes A\s. s € S = a > s
shows set-to-list (insert a S) = set-to-list S @Q[a]
(proof )

lemma set-to-list-insert-Min:
assumes finite S
assumes A\s. s € S = a < s
shows set-to-list (insert a S) = a#tset-to-list S
(proof )

fun nth-elem where
nth-elem S n = set-to-list S ! n

lemma nth-elem-closed:
assumes ¢ < card S
shows nth-elem S ¢ € S

{proof)

lemma nth-elem-Min:
assumes card S > 0
shows nth-elem S 0 = Min S

{proof)

lemma nth-elem-Max:
assumes card S > 0
shows nth-elem S (card S — 1) = Maz S

(proof)

lemma nth-elem-Suc:
assumes card S > Suc n
shows nth-elem S (Suc n) > nth-elem S n

{proof)

lemma nth-elem-insert-Min:
assumes card S > 0
assumes a < Min S
shows nth-elem (insert a S) (Suc ©) = nth-elem S i

(proof)
lemma set-to-list-Suc-map:

assumes finite S
shows set-to-list (Suc ©S) = map Suc (set-to-list S)
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(proof)

lemma nth-elem-Suc-im:
assumes i < card S
shows nth-elem (Suc *S) i = Suc (nth-elem S 7)

{proof)

lemma set-to-list-upto:
set-to-list {..<n} = [0..<n]
(proof)

lemma nth-elem-upto:
assumes ¢ < n
shows nth-elem {..<n} i =1

(proof)

Characterizing the entries of project_at_ indices

lemma project-at-indices-append:
project-at-indices S (asQbs) = project-at-indices S as @ project-at-indices {j. j +
length as € S} bs

(proof)

lemma project-at-indices-nth:

assumes S C indices-of as

assumes card S > i

shows project-at-indices S as ! i = as ! (nth-elem S 7)
(proof)

An inverse for nth__elem

definition set-rank where
set-rank S = (THE i. i < card S N\ x = nth-elem S 1)

lemma set-rank-exist:
assumes finite S
assumes z € S
shows 4. i < card S AN © = nth-elem S i

(proof)

lemma set-rank-unique:
assumes finite S
assumes z € S
assumes i < card S N x = nth-elem S i
assumes j < card S N\ x = nth-elem S j
shows i = j

{proof)

lemma nth-elem-set-rank-inv:
assumes finite S
assumes z € S
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shows nth-elem S (set-rank S ) = z
{proof)

lemma set-rank-nth-elem-inv:
assumes finite S
assumes i < card S
shows set-rank S (nth-elem S i) = i

{proof)

lemma set-rank-range:
assumes finite S
assumes z € S
shows set-rank S © < card S

{proof)

lemma project-at-indices-nth':
assumes S C indices-of as
assumes i € S
shows as | ¢ = project-at-indices S as ! (set-rank S 7)

{proof)

fun proj-away-from-index :: nat = 'a list = 'a list (<7r5£_>)where
proj-away-from-index n as = (take n as)Q(drop (Suc n) as)

proj_away_ from_ index is an inverse to insert_at_ index

lemma insert-at-index-project-away|simp:
assumes k < length as
assumes bs = (insert-at-index as a k)
shows 7, t bs = as

{proof)

definition fibred-cell :: 'a list set = ('a list = 'a = bool) = 'a list set where
fibred-cell C P = {as . 3z t. as = (t#z) Nz € C N (Pzxt)}

definition fibred-cell-at-ind :: nat = 'a list set = ('a list = 'a = bool) = 'a list
set where
fibred-cell-at-ind n C P = {as . Iz t. as = (insert-at-index x t n) Nz € C AN (Pz

t)}

lemma fibred-cell-lengths:
assumes A\k. k € C = lengthk =n
shows k € (fibred-cell C' P) = length k = Suc n

(proof)

lemma fibred-cell-at-ind-lengths:
assumes A\k. k € C = lengthk = n
assumes k£ < n
shows ¢ € (fibred-cell-at-ind k C P) = length ¢ = Suc n

(proof)
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lemma project-fibred-cell:
assumes A\k. k € C = length k = n
assumes k < n
assumes Vz € C. 3¢t. Pxt
shows 7w . * (fibred-cell-at-ind k C P) = C

(proof)

definition list-segment where
list-segment i j as = map (nth as) [i..<j]

lemma list-segment-length:
assumes ¢ < j
assumes j < length as
shows length (list-segment i j as) = j — i
(proof )

lemma [list-segment-drop:
assumes i < length as
shows (list-segment i (length as) as) = drop i as
{proof)

lemma [list-segment-concat:
assumes j < k
assumes ¢ < j
shows (list-segment i j as) @Q (list-segment j k as) = (list-segment i k as)
{proof)

lemma list-segment-subset:
assumes j < k
shows set (list-segment ¢ j as) C set (list-segment i k as)
{proof)

lemma list-segment-subset-list-set:
assumes j < length as
shows set (list-segment i j as) C set as

{proof)

definition fun-inv where
fun-inv = inv

end
theory Ring-Powers
imports HOL— Algebra. Chinese-Remainder HOL— Combinatorics. List- Permutation
Padic-Ints. Function-Ring HOL— Algebra. Generated-Rings Cring-Multivariable-Poly
Indices
begin
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type-synonym arity = nat
type-synonym ’a tuple = ’a list

4 Cartesian Powers of a Ring

4.1 Constructing the Cartesian Power of a Ring
Powers of a ring

R_list n R produces the list [R, ..., R] of length n

fun R-list :: nat = (‘a, 'b) ring-scheme = (('a, 'b) ring-scheme ) list where
R-list n R = map (A-. R) [0..<n]

Cartesian powers of a ring

definition cartesian-power :: (‘a, 'b) ring-scheme = nat = ('a list) ring (x- 80)
where
R"™ = RDirProd-list (R-list n R)

lemma R-list-length:
length (R-list n R) = n
{proof)

lemma R-list-nth:
i<n=— R-listnR!i=R
(proof )

lemma cartesian-power-car-meml:
assumes length as = n
assumes set as C carrier R
shows as € carrier (R™)

{proof)

lemma cartesian-power-car-memlI”:
assumes length as = n
assumes Ai. i < n = as!i € carrier R
shows as € carrier (R™)

{proof)

lemma cartesian-power-car-memkFE:
assumes as € carrier (R")
shows length as = n

{proof)

lemma cartesian-power-car-memKE":
assumes as € carrier (R™)
assumes ; < n
shows as! i € carrier R
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{proof)

lemma cartesian-power-car-memE'":

assumes as € carrier (R™)
shows set as C carrier R

{proof)

lemma cartesian-power-car-memlI’":
assumes length as = n + k
assumes take n as € carrier (R™)
assumes drop n as € carrier (RF)
shows as € carrier (R"TF)
(proof)

lemma cartesian-power-cons:
assumes as € carrier (R™)
assumes a € carrier R
shows a#as € carrier (R"H1)

{proof)

lemma cartesian-power-append:
assumes as € carrier (R")
assumes a € carrier R
shows asQ[a] € carrier (R"H1)

{proof)

lemma cartesian-power-head:
assumes as € carrier (RSUC ™)
shows hd as € carrier R

{proof)

lemma cartesian-power-tail:
assumes as € carrier (ROUC ™)
shows tl as € carrier (R™)

{proof)

lemma insert-at-index-closed:
assumes length as = n
assumes as € carrier (R™)
assumes a € carrier R
assumes k£ < n

shows (insert-at-index as a k) € carrier (

(proof)

lemma insert-at-index-pow-not-car:
assumes k <n
assumes length © = n

assumes (insert-at-index x a k) € carrier (

shows z € carrier (R™)
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{proof)

lemma insert-at-index-pow-not-car’:
assumes k <n
assumes length t = n
assumes z ¢ carrier (R")

shows (insert-at-index z a n) ¢ carrier (RO ™)

(proof)

lemma take-closed:
assumes k <n
assumes z € carrier (R™)
shows take k x € carrier (R
{proof)

")

lemma drop-closed:
assumes k < n
assumes z € carrier (R™)

shows drop k € carrier (R™ ~ %)

{proof)

lemma last-closed:
assumes n > (
assumes z € carrier (R™)
shows last © € carrier R

{proof)

lemma cartesian-power-concat:
assumes a € carrier (R™)
assumes b € carrier (R)
shows a@b € carrier (R"F)
bQa € carrier (R"TF)
{proof)

lemma cartesian-power-decomp:
assumes a € carrier (R"TF)
obtains a0 al where a0 € carrier (R") A al € carrier (RF) A a0@al = a
{proof)

lemma [list-segment-pow:
assumes as € carrier (R™)
assumes j < n
assumes ¢ < j ) )
shows list-segment i j as € carrier (RJ ~ %)

(proof)

lemma nth-list-segment:
assumes as € carrier (R™)
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assumes j <n

assumes ¢ < j

assumes k < j — @

shows (list-segment i j as) | k = as ! (i + k)
(proof )

4.2 Mapping the Carrier of a Ring to its 1-Dimensional Carte-
sian Power.

context cring
begin

lemma RI1-carl:
assumes length as = 1
assumes as!0 € carrier R
shows as € carrier (R1)

{proof)

abbreviation(input) to-R1 where
to-R1 a = [d]

abbreviation(input) to-R :: 'a list = 'a where
to-R as = as!0

lemma to-RI1-to-R:
assumes a € carrier (RY)
shows to-R1 (to-R a) = a

(proof)

lemma to-R-to-R1:
shows to-R (to-R1 a) = a
(proof )

lemma to-R1-closed:
assumes a € carrier R
shows to-R1 a € carrier (R1)

(proof)

lemma to-R-pow-closed:
assumes a € carrier (R1)
shows to-R a € carrier R

(proof)

lemma to-RI1-intersection:

assumes A C carrier R

assumes B C carrier R

shows to-R1 ‘(AN B) = to-R1° AN to-RI1 ‘B
(proof)
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lemma to-RI1-finite:
assumes finite A
shows finite (to-R1‘ A)
card A = card (to-R1¢ A)
(proof )

lemma to-R1-carrier:
to-R1¢ (carrier R)= carrier (R)
(proof)

lemma to-R1-diff:
to-R1‘ (A — B) = to-R1‘ A — to-R1‘ B
(proof )

lemma to-R1-complement:
shows to-R1* (carrier R — A) = carrier (R1) — to-R1° A
(proof)

lemma to-R1-subset:
assumes A C B
shows to-R1‘ A C to-R1‘B
(proof)

lemma to-R1-car-subset:
assumes A C carrier R
shows to-R1‘A C carrier (RZ)

(proof)
end

4.3 Simple Cartesian Products

definition cartesian-product :: (‘a list) set = ('a list) set = (a list) set where
cartesian-product A B = {zs. Jas € A. bs € B. zs = asQbs}

lemma cartesian-product-closed:
assumes A C carrier (R™)
assumes B C carrier (R™)
shows cartesian-product A B C carrier (R™ T ™)

(proof)

lemma cartesian-product-closed’:
assumes a € carrier (R™)
assumes b € carrier (R™)
shows (a@b) € carrier (R™ T ™)

(proof)

lemma cartesian-product-carrier:
cartesian-product (carrier (R™)) (carrier (R™)) = carrier (R™ T ™)
(proof )
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lemma cartesian-product-meml:
assumes A C carrier (R™)
assumes B C carrier (R™)
assumes take n a € A
assumes drop n a € B
shows a € cartesian-product A B

(proof)

lemma cartesian-product-meml "
assumes A C carrier (R"™)
assumes B C carrier (R™)
assumes a € A
assumes b € B
shows a@Qb € cartesian-product A B

(proof)

lemma cartesian-product-memkE:
assumes a € cartesian-product A B
assumes A C carrier (R™)
shows take n a € A
dropna € B
(proof)

lemma cartesian-product-intersection:

assumes A C carrier (R™)

assumes B C carrier (R™)

assumes C C carrier (R™)

assumes D C carrier (R™)

shows cartesian-product A B N cartesian-product C' D = cartesian-product (A N
C) (BN D)
(proof)

lemma cartesian-product-subsetl:
assumes C C A
assumes D C B
shows cartesian-product C D C cartesian-product A B

{proof)

lemma cartesian-product-binary-union-right:

assumes C C carrier (R™)

assumes D C carrier (R™)

shows cartesian-product A (C U D) = (cartesian-product A C) U (cartesian-product
A D)
(proof)

lemma cartesian-product-binary-union-left:

assumes C C carrier (R™)
assumes D C carrier (R")
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shows cartesian-product (C U D) A = (cartesian-product C' A) U (cartesian-product
D A)
(proof)

lemma cartesian-product-binary-intersection-right:

assumes C C carrier (R™)

assumes D C carrier (R™)

assumes A C carrier (R™)

shows cartesian-product A (C' N D) = (cartesian-product A C) N (cartesian-product
A D)
(proof)

lemma cartesian-product-binary-intersection-left:

assumes C C carrier (R™)

assumes D C carrier (R™)

assumes A C carrier (R™)

shows cartesian-product (C N D) A = (cartesian-product C' A) N (cartesian-product
D A)
(proof)

lemma cartesian-product-car-complement-right:
assumes A C carrier (R™)
shows carrier (R™ T ™) — cartesian-product (carrier (R™)) A =
cartesian-product (carrier (R™)) ((carrier (R™)) — A)

(proof)

lemma cartesian-product-car-complement-left:
assumes A C carrier (R™)
shows carrier (R™ T ™) — cartesian-product A (carrier (R™)) =
cartesian-product ((carrier (R™)) — A) (carrier (R™))

{(proof)

lemma cartesian-product-complement-right:
assumes B C carrier (R™)
assumes A C carrier (R™)
shows cartesian-product A (carrier (R™)) — (cartesian-product A B) =
cartesian-product A ((carrier (R™)) — B)

(proof)

lemma cartesian-product-complement-left:
assumes B C carrier (R™)
assumes A C carrier (R™)
shows cartesian-product (carrier (R™)) A — (cartesian-product B A) =
cartesian-product ((carrier (R™)) — B) A

(proof)
lemma cartesian-product-empty-right:

assumes A C carrier (R™)
assumes B = {[|}
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shows cartesian-product A B = A
(proof)

lemma cartesian-product-empty-left:
assumes B C carrier (R")
assumes A = {[|}
shows cartesian-product A B = B

(proof)

4.4 Cartesian Products at Arbitrary Indices

definition(in ring) ring-pow-proj :: nat = (nat set) = (‘a list) = (‘a list)
(¢m, ) where
ring-pow-proj n S = restrict (project-at-indices S) (carrier (R™))

The projection at an arbitrary index set

lemma project-at-indices-closed:
assumes a € carrier (R™)
assumes S C indices-of a
shows mg a € carrier (Reard Sy

(proof)

lemmal(in ring) ring-pow-proj-is-map:
assumes S C {..<n}

shows Tp,8 € struct-maps (R™) (RC‘“"d S)

(proof)

lemmal(in ring) project-at-indices-ring-pow-proj:
assumes z € carrier (R™)
shows mg & = m, g x
(proof)

Cartesian products where the first factor A occurs at the entries of some ar-
bitrary index set. Note that this product isn’t completely arbitrary because
the entries of the factor of A still occurs in ascending order.

definition twisted-cartesian-product (<Prod_, .») where
twisted-cartesian-product S S’ A B = {a . length « = card S + card S’ AN wg a €
A A 7'(-51 a € B}

lemma twisted-cartesian-product-mem-length:
assumes card S = n
assumes card S’ = m
assumes a € ProdS’S/ A B

shows length a = n + m

(proof)

lemma twisted-cartesian-product-closed:
assumes A C carrier (R™)
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assumes B C carrier (R™)

assumes card S = n

assumes card S’ = m

assumes S U S’ = {..<n + m}

shows twisted-cartesian-product S 8" A B C carrier (R™ + ™)

(proof)

lemma twisted-cartesian-product-memkE:
assumes a € twisted-cartesian-product S S’ A B
shows rga€ Amgra€ B

(proof)

lemma twisted-cartesian-product-memlI:
assumes 7g a € A
assumes mg/ a € B
assumes length a = card S + card S’
shows a € twisted-cartesian-product S S’ A B

{proof)

lemma twisted-cartesian-product-empty-left-factor:
assumes A = {}
shows twisted-cartesian-product S S' A B = {}

{proof)

lemma twisted-cartesian-product-empty-right-factor:
assumes B = {}
shows twisted-cartesian-product S S" A B = {}

{proof)

lemma twisted-cartesian-project-left:
assumes A C carrier (R™)
assumes B C carrier (R™)
assumes A # {}
assumes B # {}
assumes card S = n
assumes card S’ = m
assumes S U S’ = {.<n + m}
shows 7g * (PT’OdS7sl AB)=A

(proof)

lemma twisted-cartesian-product-swap:
shows (Prodg ¢+ A B) = (Prodg: ¢ B A)

{proof)

lemma twisted-cartesian-project-right:
assumes A C carrier (R™)
assumes B C carrier (R™)
assumes A # {}
assumes B # {}
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assumes card S = n

assumes card S’ = m

assumes S U S’ = {..<n + m}
shows mg/ (ProdS’S/ A B)=1B

(proof)
Cartesian products which send points a = (a1,...,an) and b = (b1, ...
to the point (ai,...,a;,b1,...,bp,Gix1,. .., am)

definition splitting-permutation :: nat = nat = nat =
nat = nat where
splitting-permutation 11 12 1 j = (if j < i then j else
(if i <jNj<l then (12 + j) else
(if j <11 4+ 12 then j — 11 + i else j)))

lemma splitting-permutation-case-1-unique:
assumes ¢ < [1
assumes y < ¢
assumes splitting-permutation 11 12 1j = y
shows j = y
(proof)

lemma splitting-permutation-case-1-exists:
assumes ¢ < []
assumes y < 1
shows splitting-permutation 11 12 iy =y

{proof)

lemma splitting-permutation-case-2-unique:
assumes ¢ < []
assumes i < y Ay <12 + i
assumes splitting-permutation 11 121 j =y
shows j =y + 11 — ¢
(proof )

lemma splitting-permutation-case-2-exists:
assumes 7 < [1
assumes i < y Ay <12 + 1
shows splitting-permutation 11 124 (y + 11 — i) =y
(proof)

lemma splitting-permutation-case-3-unique:
assumes 7 < [1
assumes 12 + i <y Ay <l + 12
assumes splitting-permutation 11 121j =y
shows j =y — [2
(proof)

lemma splitting-permutation-case-3-exists:
assumes 7 < [1
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assumes 2 + i <y Ay <l + 12
shows splitting-permutation 11 124 (y — 12) = y

{proof)

lemma splitting-permutation-case-4-unique:
assumes ¢ < []
assumes I + 12 <y
assumes splitting-permutation 11 121 j =y
shows j =y
(proof )

lemma splitting-permutation-case-4-exists:
assumes 7 < [1
assumes I + 12 <y
shows splitting-permutation 11 121y =y

(proof)

lemma splitting-permutation-permutes:
assumes 7 < [1
shows (splitting-permutation 11 12 7) permutes {..< l1 + 12}

(proof)

lemma splitting-permutation-action:

assumes 7 <[I

assumes length a1l = 11

assumes length a2 = 2

shows permute-list (splitting-permutation 11 12 i) ((take i al) @ a2 Q (drop i
al)) =

al@a?2

(proof)

definition scp-permutation where
scp-permutation 11 12 i = fun-inv (splitting-permutation 11 12 1)

lemma scp-permutation-action:

assumes ¢ <[

assumes length al = [1

assumes length a2 = [2

shows permute-list (scp-permutation 11 12 7) (a1@a2) = ((take i al) @ a2 Q
(drop i al))
(proof)

lemma scp-permutes:
assumes ¢ <[]
shows (scp-permutation 11 12 ©) permutes {..<l1 + 12}

{proof)

definition split-cartesian-product where
split-cartesian-product 11 121 A B = permute-list (scp-permutation 1112 1) ‘ (cartesian-product
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A B)

lemma split-cartesian-product-meml:
assumes a/@Qa2 € A
assumes b € B
assumes A C carrier (RY)
assumes B C carrier (Rl'g)
assumes length al = i
shows a1@QbQa2 € split-cartesian-product 11 127 A B

(proof)

lemma split-cartesian-product-memlI .
assumes a € A
assumes b € B
assumes A C carrier (RM)
assumes B C carrier (ng)
assumes 7 < [1
shows (take i a)QbQ(drop i a) € split-cartesian-product 11 127 A B

{proof)

lemma split-cartesian-product-memKE:
assumes a € split-cartesian-product 11 121 A B
assumes A C carrier (RM)
assumes B C carrier (ng)
assumes ¢ < []
shows (take i a)Q(drop (i + 12) a) € A
(drop i (take (i + 12) a)) € B
(proof)

lemma split-cartesian-product-mem-length:
assumes a € split-cartesian-product 11 127 A B
assumes A C carrier (RM)
assumes B C carrier (R
assumes ¢ < [1
shows length a = 11 + 12

{proof)

lemma split-cartesian-product-memKE":
assumes al @bQa?2 € split-cartesian-product 11 12 ¢ A B
assumes A C carrier (RM)
assumes B C carrier (R
assumes ¢ < []
assumes length al = i
assumes length b = [2
assumes length as = (11 — 1)
shows a1@a2 € A

be B

(proof)
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lemma split-cartesian-product-closed:
assumes A C carrier (RM)
assumes B C carrier (Rl'g)
assumes ¢ < []
shows split-cartesian-product 11 127 A B C carrier (R + 12

(proof)

General function for permuting the elements of a simple cartesian product:

definition intersperse :: (nat = nat) = 'a tuple = 'a tuple = ’a tuple where
intersperse o as bs = permute-list o (asQbs)

lemma interspersek:
assumes o permutes ({..<n})
assumes length as + length bs = n
shows length (intersperse o as bs) = n

(proof)

lemma intersperseE":
assumes o permutes ({..<n})
assumes length as + length bs = n
assumes length as = k
assumes o i < k
shows (intersperse o as bs)! i = as! o i

(proof)

lemma intersperseE'":
assumes o permutes ({..<n})
assumes length as + length bs = n
assumes length as = k
assumes i < n
assumes o 1 > k
shows (intersperse o as bs)! i = bs! ((o i) — k)

(proof)

Some more lemmas about the project_ at_indices function.

lemma project-at-indices-consecutive-ind-length:
assumes (i:nat) < j
assumes j < n
assumes length a = n
shows length (project-at-indices {i..<j} a) = j — i
(proof)

lemma project-at-indices-consecutive-ind-length':
assumes (i:nat) < j
assumes j < n
assumes a € carrier (R")
shows length (project-at-indices {i..<j} a) = j — @
(proof)
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lemma sorted-list-of-set-from-up-to:
assumes (iznat) < j
assumes k < j — @
shows sorted-list-of-set {i.<j} 'k =1+ k
(proof )

lemma nth-elem-consecutive-indices:
assumes (i:nat) < j
assumes k < j — 1@
shows nth-elem {i.<j} k=1 + k
(proof)

lemma project-at-indices-consecutive-indices:
assumes (i:nat) < j
assumes j < n
assumes length a = n
assumes k < j — 1
shows (project-at-indices {i..<j} a) ! k = a! (i + k)
(proof)

lemma project-at-indices-consecutive-indices':
assumes (i:nat) < j
assumes j < n
assumes a € carrier (R™)
assumes k < j — 1@
shows (project-at-indices {i..<j} a) ! k = a! (i + k)
(proof)

lemma tl-as-projection:
assumes a € carrier (R™)
shows tl a = project-at-indices {1::nat..<n} a

(proof)

4.5 Function Rings on Cartesian Powers

Complement operator

definition ring-pow-comp :: ('a, 'b) ring-scheme = arity = 'a tuple set = 'a tuple
set where
ring-pow-comp R n S = carrier (R™) — S

lemma ring-pow-comp-closed:

ring-pow-comp R n S C carrier (R™)
(proof)

lemma ring-pow-comp-disjoint:

ring-pow-comp Rn SN S = {}
(proof )

lemma ring-pow-comp-union:
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assumes S C carrier (R™)
shows (ring-pow-comp R n S) U S = carrier (R™)
{proof)

lemma ring-pow-comp-carrier:
ring-pow-comp R n (carrier (R™)) = {}
(proof )

lemma ring-pow-comp-empty:
ring-pow-comp R n {} = (carrier (R™))
(proof)

lemma ring-pow-comp-demorgans:

assumes A C carrier (R™)

assumes B C carrier (R™)

shows ring-pow-comp R n (A U B) = (ring-pow-comp R n A) N (ring-pow-comp
R n B)

(proof)

lemma ring-pow-comp-demorgans’:

assumes A C carrier (R™)

assumes B C carrier (R™)

shows ring-pow-comp R n (A N B) = (ring-pow-comp R n A) U (ring-pow-comp
R n B)

(proof )

lemma ring-pow-comp-inv:
assumes A C carrier (R™)
shows ring-pow-comp R n (ring-pow-comp R n A) = A
(proof )

The function ring defined on the powers of a ring:

abbreviation(input) ring-pow-function-ring (<Fun. -)) where
ring-pow-function-ring n R = function-ring (carrier (R™)) R

Partial function application. Given a function f(x1,...,2n,+1), an index 4

and a point a € carrier R returns the function (z1, .., x,) — f(x1,...,zi—1,a, 24, . ..

lemma ring-pow-function-ring-car-memk:
assumes f € carrier (Funy R)
shows f € extensional (carrier (R™))
f € carrier (R™) — carrier R

{proof)
definition partial-eval :: (‘a, 'b) ring-scheme = arity = nat = (‘a list = 'a) =
‘a = ('a list = 'a) where

partial-eval R m n f ¢ = restrict (X as. f (insert-at-index as c n)) (carrier (R™))

context ring
begin
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lemma function-ring-car-mem-closed:
assumes f € carrier (function-ring S R)
assumes s € S
shows f s € carrier R

{proof)

lemma function-ring-car-mem-closed’:
assumes f € carrier (Fungy,. . R)
RSuc k)

assumes s € carrier (
shows f s € carrier R

{proof)

lemmal(in ring) partial-eval-domain:
assumes f € carrier (Fungy,. . R)
assumes a € carrier R
assumes n <k
shows (partial-eval R k n f a) € carrier (Funj R)
(proof )

Pullbacks preserve ring power functions

lemma fun-struct-maps:
struct-maps (R™) R = carrier (Funy R)

(proof)

lemma pullback-fun-closed:
assumes [ € struct-maps (R™) (R™)
assumes g € carrier (Funm R)
shows pullback (R™) f g € carrier (Funy R)
(proof )

end

Includes RIS into R™ by pulling back along the projection R" — RIS at
indices S

context ring

begin

definition(in ring) ring-pow-inc :: (nat set) = arity = (‘a tuple = 'a) => ('a
tuple = 'a) where

ring-pow-inc S n f = pullback (R™) (’/Tnys) f

lemma ring-pow-inc-is-fun:
assumes S C {..<n}
assumes f € carrier (Fun g,q s R)
shows ring-pow-inc S n f € carrier (Funy R)
(proof)

The "standard" inclusion of powers of function rings into one another
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abbreviation(input) std-proj:: nat = nat = (‘a list) = (‘a list) where
std-proj n m = ring-pow-proj n ({..<m})

lemma std-proj-id:
assumes m < n
assumes as € carrier (R™)
assumes i < m
shows std-projnmas!i=as!i
(proof)

abbreviation(input) std-inc:: nat = nat = (‘a list = 'a) => (‘a list = 'a)
where
std-inc n m [ = ring-pow-inc ({..<m}) n f

lemma std-proj-is-map|simpl:
assumes m < n
shows std-proj n m € struct-maps (R™) (R™)
(proof)

end

4.6 Coordinate Functions

definition var :: (‘a, 'b) ring-scheme = nat = nat = (’a list = 'a) where
var R n i = restrict (Az. z'7) (carrier (R™))

context ring
begin

lemma var-in-car:
assumes | < n
shows var R n i € carrier (Funy R)

{proof)

lemma varE[simp]:
assumes ¢ < n
assumes z € carrier (R™)
shows var Rnix=z!4

(proof)

lemma std-inc-of-var:
assumes ¢ < n
assumes n <m
shows std-inc m n (var R n i) = (var R m 1)

{proof)

abbreviation variable (<v_)) where
variable n i = var R n
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end

definition var-set :: (‘a, 'b) ring-scheme = nat = (‘a list = 'a) set where
var-set R n = var R n ‘ {..<n}

lemma var-setE:
assumes f € var-set R n
obtains i where f = var R ni A i € {..<n}
(proof)

lemma var-setl:
assumes i € {..<n}
assumes f =wvar Rni
shows f € var-set R n

(proof)

context ring
begin

lemma var-set-in-fun-ring-car:
shows var-set R n C carrier Fun, R
(proof)

end

4.7 Graphs of functions

definition fun-graph:: (‘a, 'b) ring-scheme = nat = ('a list = 'a) = 'a list set
where
fun-graph R n f = {as. (3z € carrier (R™). as = z Q [fz])}

context ring
begin

lemma function-ring-car-memkE:
assumes f € carrier (Funy R)
assumes a € carrier (R")
shows f a € carrier R

{proof)

lemma graph-range:
assumes f € carrier (Funy R)
shows fun-graph R n f C carrier (RS“C ™)

(proof)

lemma fun-graph-memkE:
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assumes [ € carrier (Funy R)
assumes p € fun-graph R n f
shows (take n p) € carrier (R™)

(proof)

lemma fun-graph-memkFE'":
assumes f € carrier (Funn R)
assumes p € fun-graph R n f
shows f (take n p) = pln
(proof )

apply a function f to the tuple consisting of the first n indices, leaving the
remaining indices unchanged

definition partial-image :: arity = ('c list = 'c¢) = 'c list = ’'c list where
partial-image n f as = (f (take n as)) # (drop n as)

lemma partial-image-range:
assumes f € carrier (Funn R)
assumes m > n
assumes as € carrier (R™)
shows partial-image n f as € carrier (R™ — "+ 1)

(proof)

end

5 Coordinate Rings on Cartesian Powers

5.1 Basic Facts and Definitions

locale cring-coord-rings = UP-cring +
assumes one-neq-zero: 1 # 0

coordinate polynomial ring in n variables over a commutative ring

/

definition coord-ring :: ('a, 'b) ring-scheme = nat = (‘a, ('a, nat) mvar-poly)

module
(«<- [X-]> 80) where R[Xp] = Pring R {..< n:nat}

sublocale cring-coord-rings < cring-functions R carrier (R™) Funy R

(proof)

sublocale cring-coord-rings < MP?: cring R[X )
{proof )

sublocale cring-coord-rings < F?: cring Funy R
(proof )

context cring-coord-rings
begin
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lemma coord-cring-cring:

cring (R[Xn]) (proof)

coordinate constant functions

abbreviation(input) coord-const :: 'a = ('a, nat) mvar-poly where
coord-const k = ring.indexed-const R k

lemma coord-const-ring-hom:
ring-hom-ring R (R[Xy]) coord-const
(proof)

coordinate functions

lemma pvar-closed:
assumes ¢ < n
shows pvar R i € carrier (R[Xp))

(proof)

relationship between multiplciation by a variable and index multiplcation

lemma pvar-indezxed-pmult:
assumes p € carrier (R[Xp))

shows (p @ i) =p QRlay) Prar Ri
(proof)

lemma coord-ring-cfs-closed:
assumes p € carrier (R[Xp))
shows p m € carrier R

(proof)

lemma coord-ring-plus:
assumes p € carrier (R[Xp))
assumes @Q € carrier (R[Xy))

shows (p D R[] Q)m=pmedQm
(proof)

lemma coord-ring-uminus:
assumes p € carrier (R[Xp))
shows (GR[Xn] p)m=6 (pm)
(proof)

lemma coord-ring-minus:
assumes p € carrier (R[Xp))
assumes @Q € carrier (R[Xy))

shows (p O R[] Q)m=pmo Qm
(proof)

lemma coord-ring-one:
1gixn m = (if m = {#} then 1 else 0)
(proof)
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lemma coord-ring-zero:
(proof)

Evaluation of a polynomial at a point

end

abbreviation(input) point-to-eval-map where
point-to-eval-map R as = (Xi. (if i< length as then as ! i else 0R))

definition eval-at-point :: ('a, 'b) ring-scheme = 'a list = ('a, nat) mvar-poly =
'a where
eval-at-point R as p = total-eval R (Xi. (if i< length as then as ! i else OR)) p

lemma(in cring-coord-rings) eval-at-point-factored:
eval-at-point R as p = total-eval R (point-to-eval-map R as) p
(proof)

5.2 Total Evaluation of a Polynomial

abbreviation(input) eval-at-poly where
eval-at-poly R p as = eval-at-point R as p

evaluation of coordinate polynomials

context cring-coord-rings
begin

lemma eval-at-point-closed:
assumes a € carrier (R™)
assumes p € carrier (R[Xp))
shows eval-at-point R a p € carrier R

(proof)

lemma eval-pvar:
assumes 7 < (n::nat)
assumes a € carrier (R")
shows eval-at-point R a (pvar R i) = ali

{proof)

lemma eval-at-point-const:
assumes k € carrier R
assumes a € carrier (R™)
shows eval-at-point R a (R.indezed-const k) = k

{proof)

lemma eval-at-point-add:
assumes a € carrier (R™)
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assumes A € carrier (R[Xp))

assumes B € carrier (coord-ring R n)

shows eval-at-point R a (A ®coord-ring R n B) =
eval-at-point R a A ® eval-at-point R a B

(proof )

lemma eval-at-point-mult:
assumes a € carrier (R™)
assumes A € carrier (R[X4p))
assumes B € carrier ((R[X4y]))
shows eval-at-point R a (A ®R[X ) B) =
eval-at-point R a A @ eval-at-point R o B
(proof)

lemma eval-at-point-indexed-pmult:
assumes a € carrier (R™)
assumes A € carrier (R[Xp))
assumes ¢ < n
shows eval-at-point R a (A @ i) =
eval-at-point R a A @p (al?)
(proof)

lemma eval-at-point-ring-hom:
assumes a € carrier (R™)
shows ring-hom-ring (coord-ring R I) R (eval-at-point R a)
(proof )

lemma eval-at-point-scalar-mult:
assumes a € carrier (R™)
assumes A € carrier (R[Xp))
assumes k € carrier R
shows eval-at-point R a (poly-scalar-mult R k A) = k ®p (eval-at-point R a A)
(proof)

lemma eval-at-point-smult:
assumes a € carrier (R™)
assumes A € carrier (R[X4y))
assumes k € carrier R
shows eval-at-point R a (k OR[Xp) A) =k ®p (eval-at-point R a A)

(proof )

lemma eval-at-point-subtract:
assumes a € carrier (R™)
assumes A € carrier (R[X4p))
assumes B € carrier (coord-ring R n)
shows eval-at-point R a (A S coord-ring R n B) =
eval-at-point R a A ©p eval-at-point R a B
(proof)
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lemma eval-at-point-a-inv:
assumes a € carrier (R")
assumes B € carrier (coord-ring R n)
shows eval-at-point R a (GR[Xn] B) = op eval-at-point R a B

{proof)

lemma eval-at-point-nat-pow:
assumes a € carrier (R™)
assumes A € carrier (R[Xp))
shows eval-at-point R a (A[A]R[Xn](k::nat)) = (eval-at-point R a A)[ 1k

(proof)

end

5.3 Partial Evaluation of a Polynomial

definition coord-partial-eval ::

("a, 'b) ring-scheme = nat set = 'a list = ('a, nat) mvar-poly = (‘a, nat)
muar-poly where
coord-partial-eval R S as = poly-eval R S (point-to-eval-map R as)

context cring-coord-rings
begin

lemma point-to-eval-map-closed:
assumes as € carrier (R™)
shows closed-fun R (point-to-eval-map R as)

{proof)

lemma coord-partial-eval-hom:
assumes as € carrier (R™)
shows coord-partial-eval R S as € ring-hom (R[Xy]) (R[Xn])

{proof)

lemma coord-partial-eval-hom':
assumes as € carrier (R™)
shows coord-partial-eval R S as € ring-hom (R[Xy]) (Pring R ({..<n} — 5))

{proof)

lemma coord-partial-eval-closed:
assumes S C {..<n}
assumes {..<n} — § C I
assumes as € carrier (R™)
assumes p € carrier (R[Xp))
shows coord-partial-eval R S as p € carrier (Pring R I)

(proof)

lemma coord-partial-eval-add:
assumes as € carrier (R™)
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assumes p € carrier (R[Xp))
assumes @ € carrier (R[Xp))
shows coord-partial-eval R S as (p S(R[An)) Q) =

(coord-partial-eval R S as p) S(R[Xn)) (coord-partial-eval R S as Q)
(proof)

lemma coord-partial-eval-mult:
assumes as € carrier (R™)
assumes p € carrier (R[Xp))
assumes @ € carrier (R[Xy))
shows coord-partial-eval R S as (p ®(R[Xn]) Q) =

(coord-partial-eval R S as p) D(R[Xn)) (coord-partial-eval R S as Q)
(proof)

lemma coord-partial-eval-pvar:
assumes 1 # 0
assumes as € carrier (R™)
assumes { € S N {..<n}
shows coord-partial-eval R S as (pvar R i) = coord-const (as!i)

(proof)

lemma coord-partial-eval-pvar’:
assumes 1 # 0
assumes as € carrier (R™)
assumes | ¢ S
shows coord-partial-eval R S as (pvar R i) = (pvar R i)

(proof)

5.4 An induction rule for coordinate rings

lemma coord-ring-induct:

assumes A € carrier (R[Xp))

assumes Aa. a € carrier R => p (coord-const a)

assumes A\i Q. Q € carrier (R[Xp)) = pQ = i<n= p (Q ® R[] PYar
R 9)

assumes A\QO Q1. Q0 € carrier (R[Xp)) = QI € carrier (R[Xp]) = p Q0
= p Q1 = p (Q0 DR[A ) Q1)

shows p A

{proof)

end

5.5 Algebraic Sets in Cartesian Powers

5.5.1 The Zero Set of a Single Polynomial

definition zero-set :: ('a, 'b) ring-scheme = nat = ('a, nat) mvar-poly = 'a list
set
(«Vv) where
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zero-set R np = {a € carrier (R™). eval-at-point R a p =0R}

context cring-coord-rings
begin

lemma zero-setl:
assumes a € carrier (R™)
assumes eval-at-point R a p =0p
shows a € zero-set R n p

(proof)

lemma zero-setE:
assumes a € zero-set R n p
shows a € carrier (R™)
eval-at-point B a p =0p
(proof )

lemma zero-set-closed:
zero-set R n p C carrier (R™)
(proof)

end

5.5.2 The Zero Set of a Collection of Polynomials

definition affine-alg-set :: (‘a, 'b) ring-scheme = nat = ('a, nat) mvar-poly set
= 'a list set
where affine-alg-set R n as = {a € carrier (R™). ¥V b € as. a € (zero-set R n

b)}

context cring-coord-rings
begin

lemma affine-alg-set-empty:
affine-alg-set R n {} = carrier (R™)
(proof)

lemma affine-alg-set-subset-zero-set:
assumes b € as
shows affine-alg-set R n as C (zero-set R n b)

{proof)

lemma(in cring-coord-rings) affine-alg-set-memkE:
assumes b € as
assumes a € affine-alg-set R n as
shows eval-at-poly R b a = 0

(proof)

lemma affine-alg-set-subset:
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assumes as C bs
shows affine-alg-set R n bs C affine-alg-set R n as
(proof)

lemma affine-alg-set-empty-set:
assumes as = {}
shows affine-alg-set R n as = carrier (R™)

{proof)

lemma affine-alg-set-closed:
shows affine-alg-set R n as C carrier (R™)

{proof)

lemma affine-alg-set-singleton:
affine-alg-set R n {a} = zero-set R n a
(proof)

lemma affine-alg-set-insert:
affine-alg-set R n (insert a A) = zero-set R n a N (affine-alg-set R n A)

(proof)

lemma affine-alg-set-intersect:
affine-alg-set R n (A U B) = (affine-alg-set R n A) N (affine-alg-set R n B)
{proof)

lemma affine-alg-set-meml:
assumes a € carrier (R™)
assumes Ap. p € B = eval-at-point R a p = 0
shows a € (affine-alg-set R n B)

{proof)

lemma affine-alg-set-not-memFE:
assumes a € carrier (R™)
assumes a ¢ (affine-alg-set R n B)
shows 3b € B. eval-at-poly R b a # 0

{proof)

5.5.3 Finite Unions and Intersections of Algebraic Sets are Al-
gebraic

The product set of two sets in an arbitrary ring. That is, the set {zy | z €
ANy € B} for two sets A, B.

definition(in ring) prod-set :: '‘a set = 'a set = 'a set where
prod-set as bs = (Ax. fst z ® snd z)  (as x bs)

lemmal(in ring) prod-setl:
assumes ¢ € prod-set as bs
shows Ja € as. 3b € bs. c=a ® b

(proof)
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lemma(in ring) prod-set-closed:
assumes as C carrier R
assumes bs C carrier R
shows prod-set as bs C carrier R

(proof)

The set of products of elements from two finite sets is again finite.

lemma(in ring) prod-set-finite:
assumes finite as
assumes finite bs
shows finite (prod-set as bs) card (prod-set as bs) < card as * card bs

(proof)

definition poly-prod-set where
poly-prod-set n as bs = ring.prod-set (R[Xy]) as bs

lemma poly-prod-setE:
assumes c € poly-prod-set n as bs
shows Ja € as. b € bs. ¢ = a ®R[Xn] b

(proof)

lemma poly-prod-setl:
assumes a € as
assumes b € bs
shows a ®R[Xn] b € poly-prod-set n as bs

(proof)

lemma poly-prod-set-closed:
assumes as C carrier (R[Xp))
assumes bs C carrier (R[Xp))
shows poly-prod-set n as bs C carrier (R[Xp))

(proof )

lemma poly-prod-set-finite:
assumes finite as
assumes finite bs

shows finite (poly-prod-set n as bs) card (poly-prod-set n as bs) < card as * card
bs

(proof)
end
locale domain-coord-rings = cring-coord-rings + domain
lemma(in domain-coord-rings) poly-prod-set-algebraic-set:

assumes as C carrier (R[Xp))
assumes bs C carrier (R[Xp))
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shows affine-alg-set R n as U affine-alg-set R n bs = affine-alg-set R n (poly-prod-set
n as bs)

(proof)

definition is-algebraic :: (‘a, 'b) ring-scheme = nat = 'a list set = bool where
is-algebraic R n S = (I ps. finite ps N ps C carrier (R[Xp]) A S = affine-alg-set
R n ps)

context cring-coord-rings
begin

lemma is-algebraick:
assumes is-algebraic R n S
obtains ps where finite ps ps C carrier (R[Xy)) S = affine-alg-set R n ps
(proof )

lemma is-algebraicl:
assumes finite ps
assumes ps C carrier (R[Xp))
assumes S = affine-alg-set R n ps
shows is-algebraic R n S

{proof)

lemma is-algebraicl:
assumes p € carrier (R[Xp)])
assumes S = zero-set R n p
shows is-algebraic R n S

{proof)

end

definition alg-sets :: arity = (‘a, 'b) ring-scheme = ('a list set) set where
alg-sets n R = {S. is-algebraic R n S}

context cring-coord-rings
begin

lemma intersection-is-alg:
assumes is-algebraic R n A
assumes is-algebraic R n B
shows is-algebraic R n (A N B)

(proof)

lemma(in domain-coord-rings) union-is-alg:
assumes is-algebraic R n A
assumes is-algebraic R n B
shows is-algebraic R n (A U B)

(proof)

103



lemma zero-set-zero:
zero-set R n Opx,) = carrier (R™)

{proof)

lemma affine-alg-set-set:
affine-alg-set R n {OR[Xn]} = carrier (R™)
(proof )

lemma car-is-alg:
is-algebraic R n (carrier (R™))
(proof)

lemma zero-set-nonzero-constant:
assumes a #* 0
assumes a € carrier R
shows zero-set R n (coord-const a) = {}

(proof)

lemma zero-set-one:
assumes a # 0
assumes a € carrier R
shows zero-set R n 1pry,1 = {}

{proof)

lemma empty-set-as-affine-alg-set:
affine-alg-set R n {1R[Xn]} ={}
(proof)

lemma empty-is-alg:
is-algebraic R n {}
{proof)

5.5.4 Finite Sets Are Algebraic

the function mapping a point in R™ to the unique linear polynomial vanishing
exclusively at that point

definition pvar-trans :: nat = nat = 'a = ('a, nat) mvar-poly where
pvar-trans n i a = (pvar R 17) SR[An) coord-const a

lemma pvar-trans-closed:
assumes a € carrier R
assumes ¢ < n
shows pvar-trans n i a € carrier (R[Xy)])

(proof)
lemma pvar-trans-eval:

assumes a € carrier R
assumes b € carrier (R"™)
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assumes i < n
shows eval-at-point R b (pvar-trans n i a) = (bli) © a

(proof)

definition point-to-polys :: 'a list = (‘a, nat) mvar-poly list where
point-to-polys as = map (A x. pvar-trans (length as) (snd x) (fst x)) (zip as [0..<length
as))

lemma point-to-polys-length:
length (point-to-polys as) = length as
(proof )

lemma point-to-polyskE:
assumes i < length as
shows (point-to-polys as) | i = (pvar-trans (length as) i (as ! ))

(proof)

lemma point-to-polysE":
assumes as € carrier (R™)
assumes i < n
shows eval-at-point R as ((point-to-polys as) ! i) = 0
(proof )

lemma point-to-polysE'":
assumes as € carrier (R™)
assumes b € set (point-to-polys as)
shows eval-at-point R as b = 0

{proof)

lemma point-to-polys-zero-set:
assumes as € carrier (R™)
assumes b € set (point-to-polys as)
shows as € zero-set R n b

{proof)

lemma point-to-polys-closed:
assumes as € carrier (R™)
shows set (point-to-polys as) C carrier (R[Xp))
(proof)

lemma point-to-polys-affine-alg-set:

assumes as € carrier (R™)

shows affine-alg-set R n (set (point-to-polys as)) = {as}
(proof)

lemma singleton-is-algebraic:
assumes as € carrier (R™)
shows is-algebraic R n {as}

{proof)
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lemma(in domain-coord-rings) finite-sets-are-algebraic:
assumes finite I’
shows F C carrier (R™) — is-algebraic R n F

(proof)

5.6 Polynomial Maps

5.7 The Action of Index Permutations on Polynomials

definition permute-poly-args ::

nat = (nat = nat) = ('a, nat) mvar-poly = ('a, nat) mvar-poly where
permute-poly-args (n::nat) o p = indexed-poly-induced-morphism {..<n} (R[Xp])
coord-const (Xi. pvar R (o ©)) p

lemma permute-poly-args-characterization:
assumes o permutes {..< n}
shows (ring-hom-ring (R[X n]) (R[Xn]) (permute-poly-args (n::nat) o))
(Vi € {..<n}. (permute-poly-args (n::nat) o) (pvar R i) = pvar R (o 1))
(Va € carrier R. permute-poly-args (n::nat) o (coord-const a) = (coord-const
a))
(proof)

lemma permute-poly-args-closed:

assumes o permutes {..<n}

assumes p € carrier (R[Xp))

shows permute-poly-args n o p € carrier (R[Xp))
(proof)

lemma permute-poly-args-constant:
assumes a € carrier R
assumes o permutes {..<n}
shows permute-poly-args n o (coord-const a) = (coord-const a)

{proof)

lemma permute-poly-args-add:

assumes o permutes {..<n}

assumes p € carrier (R[Xp))

assumes q € carrier (R[Xp))

shows permute-poly-args n o (p @ R[x ) q) = (permute-poly-args n o p) SR p]
(permute-poly-args n o q)

(proof)

lemma permute-poly-args-mult:
assumes o permutes {..<n}
assumes p € carrier (R[Xp))
assumes q € carrier (R[Xp))
shows permute-poly-args n o (p QR[] q) = (permute-poly-args n o p) D R[An)
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(permute-poly-args n o q)
(proof )

lemma permute-poly-args-indexed-pmult:

assumes o permutes {..<n}

assumes p € carrier (R[Xp))

assumes i € {..<n}

shows (permute-poly-args n o (p @ 1)) = (permute-poly-args n o p) Q (o 7)
(proof)

lemma permute-list-closed:
assumes a € carrier (R™)
assumes o permutes {..<n}
shows (permute-list o a) € carrier (R™)

(proof)

lemma permute-list-set:
assumes a € carrier (R™)
assumes o permutes {..<n}
shows set (permute-list o a) = set a

(proof)

end

definition perm-map :: (‘a, 'b) ring-scheme = nat = (nat = nat) = 'a list =
'a list where
perm-map R n o = restrict (permute-list o) (carrier (R™))

context cring-coord-rings
begin

lemma perm-map-is-struct-map:
assumes o permutes {..<n}
shows perm-map R n o € struct-maps (R™) (R™)

{proof)

lemma permute-poly-args-eval:

assumes a € carrier (R")

assumes o permutes {..<n}

assumes p € carrier (R[Xp))

shows eval-at-point R a (permute-poly-args n o p) = eval-at-point R (permute-list
oa)p

(proof)

5.8 Inverse Images of Sets by Tuples of Polynomials

definition is-poly-tuple :: nat = ('a, nat) mvar-poly list = bool where
is-poly-tuple (n:nat) fs = (set (fs) C carrier (R[Xp]))
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lemma is-poly-tupleE:
assumes is-poly-tuple n fs
assumes j < length fs
shows fs | j € carrier (R[Xy))
(proof )

lemma is-poly-tuple-Cons:
assumes is-poly-tuple n fs
assumes f € carrier (R[Xp))
shows is-poly-tuple n (f#fs)
(proof)

lemma is-poly-tuple-append:
assumes is-poly-tuple n fs
assumes f € carrier (R[Xp))
shows is-poly-tuple n (fsQ[f])
(proof)

definition poly-tuple-eval :: ('a, nat) mvar-poly list = 'a list = 'a list where
poly-tuple-eval fs as = map (A f. eval-at-poly R f as) fs

lemma poly-tuple-evalE:
assumes is-poly-tuple n fs
assumes length fs = m
assumes as € carrier (R™)
assumes j < m
shows (poly-tuple-eval fs as)\j € carrier R

(proof)

lemma poly-tuple-evalE":
shows length (poly-tuple-eval fs as) = length fs
(proof )

lemma poly-tuple-cvalE":
assumes is-poly-tuple n fs
assumes length fs = m
assumes as € carrier (R™)
assumes j < m
shows (poly-tuple-eval fs as)!j = (eval-at-poly R (fs!j) as)
(proof)

lemma poly-tuple-eval-closed:
assumes is-poly-tuple n fs
assumes length fs = m
assumes as € carrier (R™)
shows (poly-tuple-eval fs as) € carrier (R™)

{(proof)

lemma poly-tuple-eval-Cons:
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assumes is-poly-tuple n fs

assumes length fs = m

assumes as € carrier (R™)

assumes f € carrier (R[Xp))

shows (poly-tuple-eval (f#fs) as) = (eval-at-point R as f)#(poly-tuple-eval fs as)
(proof)

definition poly-tuple-pullback ::
nat = 'a list set = ('a, nat) mvar-poly list = 'a list set where
poly-tuple-pullback n S fs = ((poly-tuple-eval fs) —*S) N (carrier (R™))

lemma poly-pullbackE:
assumes is-poly-tuple n fs
assumes length fs = m
assumes S C carrier (R™)
shows poly-tuple-pullback n S fs C carrier (R™)
(proof)

lemma poly-pullbackE":
assumes is-poly-tuple n fs
assumes length fs = m
assumes S C carrier (R™)
assumes as € poly-tuple-pullback n S fs
shows as € carrier (R™)
poly-tuple-eval fs as € S
(proof )

lemma poly-pullbackl:
assumes is-poly-tuple n fs
assumes length fs = m
assumes S C carrier (R™)
assumes as € carrier (R™)
assumes poly-tuple-eval fs as € S
shows as € poly-tuple-pullback n S fs

(proof)
end

coordinate permutations as pullbacks. The point here is to realize that
permutations of indices are just pullbacks (or pushforwards) by particular
polynomial maps

abbreviation pvar-list where
pvar-list R n = map (pvar R) [0..<n]

lemma pvar-list-elements:

i< n=— pvarlist Rn!i= pvar R i

(proof)

lemma puvar-list-length:
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length (pvar-list R n) = n
{proof)

context cring-coord-rings
begin

lemma puvar-list-is-poly-tuple:
shows is-poly-tuple n (pvar-list R n)
(proof )

lemma permutation-of-poly-list-is-poly-list:
assumes is-poly-tuple k fs
assumes o permutes {..< length fs}
shows is-poly-tuple k (permute-list o fs)
(proof )

lemma permutation-of-poly-listE:
assumes is-poly-tuple k fs
assumes o permutes {..< length fs}
assumes i < length fs
shows (permute-list o fs) ! i = fs ! (o i)
(proof)

lemma pushforward-by-permutation-of-poly-list:

assumes is-poly-tuple k fs

assumes o permutes {..< length fs}

assumes as € carrier (RF)

shows poly-tuple-eval (permute-list o fs) as = permute-list o (poly-tuple-eval fs
as)

(proof)

lemma pushforward-by-pvar-list:
assumes as € carrier (R™)
shows poly-tuple-eval (pvar-list R n) as = as
(proof )

lemma pushforward-by-permuted-pvar-list:
assumes o permutes {..< n}
assumes as € carrier (R™)
shows poly-tuple-eval (permute-list o (pvar-list R n)) as = permute-list o as

{proof)

lemma pullback-by-permutation-of-poly-list:
assumes o permutes {..< n}
assumes S C carrier (R™)
shows poly-tuple-pullback n S (permute-list o (pvar-list R n)) =
permute-list (fun-inv o) © S
(proof)
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lemma pullback-by-permutation-of-poly-list’:
assumes o permutes {..< n}
assumes S C carrier (R™)
shows poly-tuple-pullback n S (permute-list (fun-inv o) (pvar-list R n)) =
permute-list o ¢ S

(proof)

5.9 Composing Polynomial Tuples With Polynomials

composition of a multivaribale polynomial by a list of polynomials

definition poly-compose ::

nat = nat = ('a, nat) mvar-poly list = ('a, nat) mvar-poly = ('a, nat) mvar-poly
where
poly-compose n m fs = indexed-poly-induced-morphism {..<n} (coord-ring R m) (A
s. R.indexed-const s) (\i. fsli)

lemma poly-compose-var:

assumes is-poly-tuple m fs

assumes length fs = n

assumes j < n

shows poly-compose n m fs (pvar R j) = (fsj)
(proof)

lemma Pring-universal-prop-assms:
assumes is-poly-tuple m fs
assumes length fs = n
shows (Ai. fsli) € {..<n} — carrier (coord-ring R m)
ring-hom-ring R (coord-ring R m) coord-const
(proof)

lemma poly-compose-ring-hom:
assumes is-poly-tuple m fs
assumes length fs = n
shows (ring-hom-ring (R[Xn]) (coord-ring R m) (poly-compose n m fs))
(proof )

lemma poly-compose-closed:
assumes is-poly-tuple m fs
assumes length fs = n
assumes f € carrier (R[Xp))
shows (poly-compose n.-m fs f) € carrier (coord-ring R m)

(proof)

lemma poly-compose-add:
assumes is-poly-tuple m fs
assumes length fs = n
assumes f € carrier (R[Xp)])
assumes g € carrier (R[Xy])
shows poly-compose n m fs (f S R[X ) g) = (poly-compose n-m fs f) D coord-ring R m
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(poly-compose n. m fs g)
{proof )

lemma poly-compose-mult:

assumes is-poly-tuple m fs

assumes length fs = n

assumes f € carrier (R[Xy])

assumes g € carrier (R[Xy)])

shows poly-compose n-m fs (f ®R[Xn} g) = (poly-compose n.-m fs f) ® coord-ring R m
(poly-compose n. m fs g)

(proof)

lemma poly-compose-indexed-pmult:

assumes is-poly-tuple m fs

assumes length fs = n

assumes [ € carrier (R[Xy])

assumes i < n

shows poly-compose n.m fs (f @ i) = (poly-compose n.m fs f) @ coord-ring R m
(fs!7)
(proof)

lemma poly-compose-const:
assumes is-poly-tuple m fs
assumes length fs = n
assumes a € carrier R
shows poly-compose n m fs (coord-const a) = coord-const a

{proof)

evaluating polynomial compositions

lemma poly-compose-eval:

assumes is-poly-tuple m fs

assumes length fs = n

assumes f € carrier (R[Xp)])

assumes as € carrier (R™)

shows eval-at-point R (poly-tuple-eval fs as) f = eval-at-point R as (poly-compose
nm fs f)

(proof )

5.10 Extensional Polynomial Maps

Polynomial Maps between powers of a ring

definition poly-map :: nat = (‘a, nat) mvar-poly list = 'a list = 'a list where
poly-map n fs = (Aa € carrier (R™). poly-tuple-eval fs a)

lemma poly-map-is-struct-map:
assumes is-poly-tuple n fs
assumes length fs = m
shows poly-map n fs € struct-maps (R™) (R™)
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{proof)

lemma poly-map-closed:
assumes is-poly-tuple n fs
assumes length fs = m
assumes as € carrier (R™)
shows poly-map n fs as € carrier (R™)
(proof)

definition poly-maps :: nat = nat = (‘a list = 'a list) set where
poly-maps n-m = {F. (3 fs. length fs = m A is-poly-tuple n fs AN F = poly-map n
fs)}

lemma poly-maps-memkE:
assumes F' € poly-maps n m
obtains fs where length fs = m A is-poly-tuple n fs N F = poly-map n fs
(proof)

lemma poly-maps-meml:
assumes is-poly-tuple n fs
assumes length fs = m
assumes F' = poly-map n fs
shows F' € poly-maps n m
(proof)

lemma poly-map-compose-closed:
assumes is-poly-tuple n fs
assumes length fs = m
assumes is-poly-tuple k gs
assumes length gs = n
shows is-poly-tuple k (map (poly-compose n k gs) fs)
(proof )

lemma poly-map-compose-closed”:
assumes is-poly-tuple n fs
assumes length fs = m
assumes is-poly-tuple k gs
assumes length gs = n
shows poly-map k (map (poly-compose n k gs) fs) € poly-maps k m
(proof)

lemma poly-map-pullback-char:
assumes is-poly-tuple n fs
assumes length fs = m
assumes is-poly-tuple k gs
assumes length gs = n
shows (pullback (RF) (poly-map k gs) (poly-map n fs)) =
poly-map k (map (poly-compose n k gs) fs)
(proof)
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lemma poly-map-pullback-closed:
assumes F' € poly-maps n m
assumes G € poly-maps k n
shows (pullback (R*) G F) € poly-maps k m
(proof)

lemma poly-map-cons:
assumes a € carrier (R™)
shows poly-map n (f#fs) a = (eval-at-point R a f)#poly-map n fs a
(proof )

lemma poly-map-append:

assumes a € carrier (R™)

shows poly-map n (fsQgs) a = (poly-map n fs a) Q (poly-map n gs a)
(proof )

6 Nesting of Polynomial Rings

lemma poly-ring-car-mono:
assumes n < m
shows carrier (R[Xp]) C carrier (coord-ring R m)

{proof)

lemma poly-ring-car-mono’[simp]:
shows carrier (R[Xp]) C carrier (R[X gye n))
carrier (R[Xp]) C carrier (R[X p+m])
{proof )

lemma poly-ring-add-mono:
assumes n < m
assumes A € carrier (R[Xp))
assumes B € carrier (R[Xy])
shows A SRlA ) B=A®

{proof)

B

coord-ring R m

lemma poly-ring-add-mono':
assumes A € carrier (R[X4p))
assumes B € carrier (R[Xp))

A Opay B=AOpwy, ) B
(proof)

lemma poly-ring-times-mono:
assumes n < m
assumes A € carrier (R[Xp))
assumes B € carrier (R[Xp))
shows A ®R[Xn] B=A ®coord-ring Rm B
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{proof)

lemma poly-ring-times-mono’:
assumes A € carrier (R[Xp))
assumes B € carrier (R[Xp))

A ®plxn B=A®Rx,, ] B
(proof)

lemma poly-ring-one-mono:
assumes n < m
shows 1R[Xn] = 1coo7“d—m'ng Rm
(proof)

lemma poly-ring-zero-mono:
assumes n < m
shows OR[Xn] =0

(proof )

coord-ring R m

replacing the variables in a polynomial with new variables

definition shift-vars :: nat = nat = (‘a, nat) mvar-poly = ('a, nat) mvar-poly
where

shift-vars n m p = indexed-poly-induced-morphism {..<n} (R[X n+m]) coord-const
(Ai. pvar R (i + m)) p

lemma shift-vars-char:
shows (ring-hom-ring (R[Xp]) (R[X n+m]) (shift-vars n m))
(Vi € {..<n}. (shift-vars n m) (pvar R i) = pvar R (i + m))
(Va € carrier R. (shift-vars n m) (R.indezed-const a) = (coord-const a))
(proof)

lemma shift-vars-constant:
assumes a € carrier R
shows shift-vars n m (coord-const a) = coord-const a

{proof)

lemma shift-vars-pvar:
assumes i € {..<n}
shows shift-vars n m (pvar R i) = pvar R (i + m)

{proof)

lemma shift-vars-add:

assumes p € carrier (R[Xp)])

assumes @ € carrier (R[Xp))

shows shift-vars n m (p S R[xn) Q) = shift-vars n m p DR
m Q

(proof)

X gl shift-vars n
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lemma shift-vars-mult:

assumes p € carrier (R[Xp))

assumes @Q € carrier (R[Xy))

shows shift-vars n m (p QR[] Q) = shift-vars n m p D R[x,
m Q

(proof )

ol shift-vars n

lemma shift-vars-indezed-pmult:
assumes p € carrier (R[Xp))
assumes i € {..<n}
shows shift-vars n m (p @ ) = (shift-vars n m p) QR

(proof)

Xyt (pvar R (i + m))

lemma shift-vars-closed:
assumes p € carrier (R[Xp))
shows shift-vars n m p € carrier (R[X p+m)])

(proof)

lemma shift-vars-eval:
assumes p € carrier (R[Xp))
assumes a € carrier (R™)
assumes b € carrier (R™)
shows eval-at-point R (a@Qb) (shift-vars n m p) = eval-at-point R b p

{proof)

Evaluating a polynomial from a lower poly ring in a higher power:

lemma poly-eval-cartesian-prod:
assumes a € carrier (R™)
assumes b € carrier (R™)
assumes p € carrier (R[Xp))
shows eval-at-point R a p = eval-at-point R (a@b) p

{proof)

Evaluating polynomials at points in higher powers:

lemma eval-at-points-higher-pow:
assumes p € carrier (R[Xp))
assumes k > n
assumes a € carrier (RF)
shows eval-at-point R a p = eval-at-point R (take n a) p

(proof)

6.1 Diagonal sets in even powers of R

In this section, by a diagonal set in R(Qm) we will mean the set of points
(z,z), where z € R™. This is slightly different from the standard defini-
tion. Introducing these sets will be useful for reasoning about multiplicative
inverses of functions later on.

definition diagonal :: nat = 'a list set where
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diagonal m = {z € carrier (R™T"™). take m = = drop m z}

lemma diagonalk:
assumes z € diagonal m
shows = = (take m x)Q(take m z)
z € carrier (R™T™)
take m z € carrier (R™)
Ni. i < m = zli = zl(i + m)

{proof)

lemma diagonall:
assumes z = (take m x)Q(take m x)
assumes take m z € carrier (R™)
shows z € diagonal m

(proof)

definition diag-def-poly :: nat = nat =('a, nat) mvar-poly where
diag-def-poly n i = pvar R © O coord-ring R (n + n) Pvar R (i + n)

lemma diag-def-poly-closed:
assumes i < n
shows diag-def-poly n i € carrier (coord-ring R (n + n))
(proof)

lemma diag-def-poly-eval:
assumes i < n
assumes z € carrier (R"T")
shows eval-at-point R x (diag-def-poly n i) = (z!i) © (2!1(i + n))

{proof)

definition diag-def-poly-set :: nat = ('a, nat) mvar-poly set where
diag-def-poly-set n = diag-def-poly n ‘ {..<n}

lemma diag-def-poly-set-in-coord-ring:
shows diag-def-poly-set n C carrier (coord-ring R (n + n))

(proof)

lemma diag-def-poly-set-finite:
finite (diag-def-poly-set n)
(proof )

lemma diag-def-poly-eval-at-diagonal:

assumes z € diagonal n

assumes ¢ < n

shows eval-at-point R z (diag-def-poly n i) = 0
(proof)

lemma diagonal-as-affine-alg-set:
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shows diagonal n = affine-alg-set R (n + n) (diag-def-poly-set n)
(proof )

lemma diagonal-is-algebraic:
shows is-algebraic R (n + n) (diagonal n)
(proof)

end

6.2 Tuples of Functions

definition is-function-tuple :: (‘a, 'b) ring-scheme = nat = ('a list = 'a) list =
bool where
is-function-tuple R n fs = (set fs C carrier (R™) — carrier R)

lemma is-function-tuplel:
assumes (set fs C carrier (R™) — carrier R)
shows is-function-tuple R n fs

(proof)

lemma is-function-tuple-append:
assumes is-function-tuple R n fs
assumes is-function-tuple R n gs
shows is-function-tuple R n (fsQgs)
(proof)

lemma is-function-tuple-Cons:
assumes is-function-tuple R n fs
assumes f € carrier (R™) — carrier R
shows is-function-tuple R n (f#fs)
(proof)

lemma is-function-tuple-snoc:
assumes is-function-tuple R n fs
assumes f € carrier (R"™) — carrier R
shows is-function-tuple R n (fsQ[f])

{proof)

lemma is-function-tuple-list-update:
assumes is-function-tuple R n fs
assumes f € carrier (R™) — carrier R
assumes ¢ < n
shows is-function-tuple R n (fs[i := f])
(proof )

definition function-tuple-eval :: 'b = 'c = ('d = 'a) list = 'd = 'a list where
function-tuple-eval R n fs x = map (Af. fx) fs

lemma function-tuple-eval-closed:
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assumes is-function-tuple R n fs

assumes z € carrier (R™)

shows function-tuple-eval R n fs © € carrier (R'€"9th [5)
(proof )

definition coord-fun ::
('a, 'c) ring-scheme = nat = ('a list = 'b list) = nat = 'a list = 'b where
coord-fun R n g i = (Az € carrier (R™). (g z) ! 1)

lemma(in cring) map-is-coord-fun-tuple:

assumes g € carrier (R") —g carrier (R™)

shows g = (A z € carrier (R™). function-tuple-eval R n (map (coord-fun R n g)
[0..<m]) z)
(proof )

definition function-tuple-comp ::
'c = ('a = 'd) list = ('d list = 'b) = 'a = 'b where
function-tuple-comp R fs f = f o (function-tuple-eval R (0::nat) fs)

lemma function-tuple-comp-closed:
assumes [ € carrier (R™) — carrier R
assumes length fs = n
assumes is-function-tuple R m fs
shows function-tuple-comp R fs f € carrier (R™) — carrier R

{proof)

fun id-function-tuple where
id-function-tuple (R::('a,’d) partial-object-scheme) 0 = []|
id-function-tuple R (Suc n) = id-function-tuple R n Q [(A(z::'a list). z! n)]

lemma id-function-tuple-is-function-tuple:
Nk. k > n = is-function-tuple R k (id-function-tuple R n)
(proof )

lemma id-function-tuple-is-function-tuple”:
is-function-tuple R n (id-function-tuple R n)
(proof)

lemma id-function-tuple-eval-is-take:
assumes a € carrier (R")
shows k < n = function-tuple-eval R n (id-function-tuple R k) a = take k a

(proof)
lemma id-function-tuple-eval-is-id:

assumes a € carrier (R")

shows function-tuple-eval R n (id-function-tuple R n) a = a

(proof)

Composing a function tuple with a polynomial

119



definition poly-function-tuple-comp ::

(‘a, 'b) ring-scheme = nat = ('a list = 'a) list = ('a, nat) mvar-poly = 'a list
= 'a where
poly-function-tuple-comp R n fs f = eval-at-poly R f o function-tuple-eval R n fs

context cring-coord-rings
begin

lemma poly-function-tuple-comp-closed:

assumes is-function-tuple R n fs

assumes [ € carrier (coord-ring R (length fs))

shows poly-function-tuple-comp R n fs f € carrier (R™) — carrier R
(proof)

lemma poly-function-tuple-comp-eq:

assumes is-function-tuple R n fs

assumes f € carrier (coord-ring R (length fs))

assumes a € carrier (R™)

shows poly-function-tuple-comp R n fs f a = eval-at-poly R f ( function-tuple-eval
R n fs a)

(proof )

lemma poly-function-tuple-comp-constant:
assumes is-function-tuple R n fs
assumes a € carrier R
assumes z € carrier (R™)
shows poly-function-tuple-comp R n fs (coord-const a) © = a

{proof)

lemma poly-function-tuple-comp-add:

assumes is-function-tuple R n fs

assumes k <length fs

assumes p € carrier (coord-ring R k)

assumes @) € carrier (coord-ring R k)

assumes z € carrier (R™)

shows poly-function-tuple-comp R n fs (p SRlxn) Q) =

(poly-function-tuple-comp R n fs p x) & (poly-function-tuple-comp R n fs

Q x)
(proof )

lemma poly-function-tuple-comp-mult:

assumes is-function-tuple R n fs

assumes k <length fs

assumes p € carrier (coord-ring R k)

assumes @ € carrier (coord-ring R k)

assumes z € carrier (R™)

shows poly-function-tuple-comp R n fs (p ®R[Xn] Q) r =

(poly-function-tuple-comp R n fs p x) ® (poly-function-tuple-comp R n fs

Q z)
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(proof)

lemma poly-function-tuple-comp-pvar:

assumes is-function-tuple R n fs

assumes k < length fs

assumes z € carrier (R")

shows poly-function-tuple-comp R n fs (pvar R k) z = (fs ! k)
(proof)

end

The coordinate ring of polynomials indexed by natural numbers

definition Coord-ring :: ('a, 'b) ring-scheme = (‘a, ('a, nat) mvar-poly) module
where
Coord-ring R = Pring R (UNIV :: nat set)

Some general closure lemmas for coordinate rings

context cring-coord-rings
begin
lemma coord-ring-monom-term-closed:
assumes a € carrier (R[Xp))
assumes b € carrier (R[Xp)])
shows a @ gy, b[/\](R[XnD(n::nat) € carrier (R[Xp))
(proof)

lemma coord-ring-monom-term-plus-closed:
assumes a € carrier (R[Xp))
assumes b € carrier (R[Xy])
assumes ¢ € carrier (R[Xp))

shows ¢ @ (pry,]) @ @ (Rlxy)) b[A](R[Xn])(n::nat) € carrier (R[Xp))
{proof)

Xn
Xn

end

6.3 Generic Univariate Polynomials

By a generic univariate polynomial, we mean a polynomial in one variable
whose coefficients are coordinate functions over a ring. That is, a polynomial
of the form:

f(t) =zo+ a1t 4 - + 2pt"

Such a polynomial can be construed as an element of Rz, .., z,](t), or as an
element of Rz, .., T, xpn + 1]. We will intially define the latter version, and
show that it can easily be cast to the former using the function “IP_to_UP".
Such a polynomial can be cast to a univariate polynomial over the ring R
by substituting a tuple of ring elements for the coefficients.

definition generic-poly-lt :: (’a, 'b) ring-scheme = nat = ('a, nat) movar-poly
where
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generic-poly-lt B n = (pvar R (Suc n)) ® coord-ring R (Suc (Suc n)) (pvar R 0)[Tcoord-m‘ng R (Suc (Suc n))
n

fun generic-poly where

generic-poly R (0::nat) = pvar R 1|

generic-poly R (Suc n) = (generic-poly R n) S (coord-ring R (n+3)) generic-poly-lt
R (Suc n)

context cring-coord-rings
begin

lemma generic-poly-lt-closed:
generic-poly-lt R n € carrier (coord-ring R (Suc (Suc n)))

(proof)

lemma generic-poly-lt-eval:

assumes a € carrier (R"?)

shows eval-at-point R a (generic-poly-lt R n) = a!(Suc n) @ (al0)[In
(proof)

lemma generic-poly-closed:
generic-poly R n € carrier (coord-ring R (Suc (Suc n)))

(proof)

lemma generic-poly-closed’:
assumes k <n
shows generic-poly R k € carrier (coord-ring R (Suc (Suc n)))

(proof)

lemma generic-poly-eval-at-point:
assumes a € carrier (R"19)
shows eval-at-point R a (generic-poly R (Suc n)) = (eval-at-point R a (generic-poly
Rn)) &
(al(n + 2)) ® (al0)[7](Suc n)
(proof)

end

We can turn points in R"*! into univariate polynomials with the associated
coefficients via partial evaluation of the generic polynomials of degree n.
definition ring-cfs-to-poly ::

('a, 'b) ring-scheme = nat = 'a list = ('a, nat) mvar-poly where
ring-cfs-to-poly R n as = coord-partial-eval R {1..<n+2} (0g#as) (generic-poly
R n)

context cring-coord-rings
begin
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lemma ring-cfs-to-poly-closed:
assumes as € carrier (RSUC ™)
shows ring-cfs-to-poly R n as € carrier (coord-ring R 1)

(proof)

Variant which maps to the univariate polynomial ring

definition ring-cfs-to-univ-poly :: nat = 'a list = nat = 'a where
ring-cfs-to-univ-poly n as = IP-to-UP (0::nat) (ring-cfs-to-poly R n as)

lemma ring-cfs-to-univ-poly-closed:
assumes as € carrier (ROUC ™)
shows ring-cfs-to-univ-poly n as € carrier (UP R)
(proof )

lemma ring-cfs-to-poly-eq:
assumes as € carrier (RSUC ™)
assumes k <n
shows ring-cfs-to-poly R k as = ring-cfs-to-poly R k (take (Suc k) as)
(proof )

lemma coord-partial-eval-generic-poly-lt:
assumes as € carrier (RSUC ™)
shows coord-partial-eval R {1..<n+2} (0p#as) (generic-poly-lt R n) =
poly-scalar-mult R (as'n) ((pvar R mmcoord-ring R (n+2) n)
(proof )

lemma coord-partial-eval-generic-poly-it’:
assumes as € carrier (RSUC ™)
shows coord-partial-eval R {1..<n+2} (0p#as) (generic-poly-lt R n) =
poly-scalar-mult R (as'n) ((pvar R 0)[coord-ring R 1 ™)
(proof)

lemma ring-cfs-to-poly-decomp:
assumes as € carrier (BRS¢ (Suc ”))
shows ring-cfs-to-poly R (Suc n) as = ring-cfs-to-poly R n as @ coord-ring R 1
poly-scalar-mult R (as!(Suc n)) ((pvar R 0)[]coord-ring R 1 (Suc n))

(proof)

lemma ring-cfs-to-poly-decomp’:
assumes as € carrier (RSUC (Suc ”))
shows ring-cfs-to-poly R (Suc n) as =
ring-cfs-to-poly R n (take (Suc n) as) @ coord-ring R 1
poly-scalar-mult R (as!(Suc n)) ((pvar R 0)[]coord-ring R 1 (Suc n))

(proof)
lemma ring-cfs-to-univ-poly-decomp’:

assuimes as € carrier (RS“C (Suc ”))
shows ring-cfs-to-univ-poly (Suc n) as =
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ring-cfs-to-univ-poly n (take (Suc n) as) Syp R
(as!(Suc n))©yp g (X-poly R [yp g (Suc n))
(proof)

lemma ring-cfs-to-univ-poly-decomp:
assumes as € carrier (ROUC ™)
assumes k < n
shows ring-cfs-to-univ-poly (Suc k) (take (Suc (Suc k)) as) = ring-cfs-to-univ-poly
k (take (Suc k) as)
@yp g (as!(Suc k) Oyp g (X-poly B)["Typ g (Suc k)
(proof )

lemma ring-cfs-to-univ-poly-degree:
assumes as € carrier (ROUC ™)
shows deg R (ring-cfs-to-univ-poly n as) < n
as'n # 0 = deg R (ring-cfs-to-univ-poly n as) = n

(proof)

lemma ring-cfs-to-univ-poly-constant:
assumes as € carrier (R1)
shows ring-cfs-to-univ-poly 0 as = to-polynomial R (as!0)

(proof)

lemma ring-cfs-to-univ-poly-top-coeff:
assumes as € carrier (ROUC ™)
shows (ring-cfs-to-univ-poly n as) n = as! n
(proof )

lemma(in UP-cring) monom-plus-lower-degree-top-coeff:
assumes degree p < n
assumes p € carrier (UP R)
assumes a € carrier R
shows (p @yp g (e Oyp g (X-poly R)[TJyp p n)) n = a
(proof)

lemma(in UP-cring) monom-closed:
assumes a € carrier R
shows a ©p p ((X-poly R)[ 1yp g (n::nat)) € carrier (UP R)
(proof)

lemmal(in UP-cring) monom-bottom-coeff:
assumes a € carrier R
assumes n > 0
shows (¢ ©pyp g (X-poly R)["Typ g (n:nat))) 0 =0
(proof)

lemmal(in UP-cring) monom-plus-lower-degree-bottom-coeff:

assumes (0 < n
assumes p € carrier (UP R)

124



assumes a € carrier R
shows (p ©yp p (a ©Oyp g (X-poly R)[Typ g (nunat))) 0 = p 0
(proof )

lemma ring-cfs-to-univ-poly-bottom-coeff:
; Suc n
assumes as € carrier (R )
shows (ring-cfs-to-univ-poly n as) 0 = as! 0
(proof)

lemma ring-cfs-to-univ-poly-chain:

assumes as € carrier (ROUC ™)

assumes [ < n

shows | < k A k < n = (ring-cfs-to-univ-poly k (take (Suc k) as)) | =
(ring-cfs-to-univ-poly | (take (Suc l) as)) 1

(proof )

lemma ring-cfs-to-univ-poly-coeffs:

assumes as € carrier (ROUC ™)

assumes [ < n

shows (ring-cfs-to-univ-poly n as) 1 = (ring-cfs-to-univ-poly 1 (take (Suc 1) as)) |
(proof )

lemma ring-cfs-to-univ-poly-coeffs”:
assumes as € carrier (ROUC ™)
assumes [ < n
shows (ring-cfs-to-univ-poly n as) | = as! |

(proof)

lemma ring-cfs-to-univ-poly-coeffs’”
assumes as € carrier (ROUC ™)
shows (ring-cfs-to-univ-poly n as) 1 = (if I < n then as! I else 0)
(proof )

end

definition fun-tuple-to-univ-poly where
fun-tuple-to-univ-poly R n m fs x = cring-coord-rings.ring-cfs-to-univ-poly R m
(function-tuple-eval R n fs x)

context cring-coord-rings
begin

lemma fun-tuple-to-univ-poly-closed:
assumes is-function-tuple R n fs
assumes z € carrier (R™)
assumes length fs = Suc m
shows fun-tuple-to-univ-poly R n m fs ¢ € carrier (UP R)

(proof)

lemma fun-tuple-to-univ-poly-degree-bound:
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assumes is-function-tuple R n fs

assumes z € carrier (R™)

assumes length fs = Suc m

shows deg R (fun-tuple-to-univ-poly R n m fs x) < m
(proof )

lemma fun-tuple-to-univ-poly-degree:
assumes is-function-tuple R n fs
assumes z € carrier (R™)
assumes length fs = Suc m
assumes (fs!lm) = #£0
shows deg R (fun-tuple-to-univ-poly R n m fs ©) = m
(proof)

6.4 Factoring a Polynomial as a Univariate Polynomial over
a Multivariable Polynomial Ring

definition pre-to-univ-poly-hom :: nat = nat = (‘a, (('a, nat) mwvar-poly, nat)
muar-poly) ring-hom where
pre-to-univ-poly-hom n i= MP.indexed-const (n—1) o

R.indexed-const

lemma pre-to-univ-poly-hom-is-hom:
assumes i < n
shows ring-hom-ring R (Pring (coord-ring R (n—1)) {i}) (pre-to-univ-poly-hom
(proof)

definition pre-to-univ-poly-var-ass :
nat = nat = nat = ((‘a, nat) mvar-poly, nat) mvar-poly where
pre-to-univ-poly-var-ass n i j =(if j < i then MP.indexed-const (n—1) (pvar R j)
else
(if j = @ then pvar (coord-ring R (n—1)) i else
(if j < n then MP.indezed-const (n—1) (pvar R (j —
1)) else

OPm'ng (coord-ring R (n—1)) {z})))

lemma pre-to-univ-poly-var-ass-closed:
assumes ¢ < n
shows closed-fun (Pring (coord-ring R (n—1)) {i}) (pre-to-univ-poly-var-ass n
i)
(proof)
lemma pre-to-univ-poly-var-ass-closed’:
assumes i < n
shows (pre-to-univ-poly-var-ass n i) € {..<n} — carrier (Pring (coord-ring R

(n—=1)) {i})

{proof)
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definition pre-to-univ-poly ::
nat = nat = (('a, nat) mvar-poly, (('a, nat) mvar-poly, nat) mvar-poly) ring-hom
where
pre-to-univ-poly (n::nat) (i::nat) = indexed-poly-induced-morphism {..<n} (Pring
(coord-ring R (n—1)) {i})
(pre-to-univ-poly-hom n 7)
(pre-to-univ-poly-var-ass n i)

lemma pre-to-univ-poly-is-hom:
assumes i < n
assumes 1 = pre-to-univ-poly n ¢
shows ring-hom-ring (R[Xy)]) (Pring (coord-ring R (n—1)) {i}) ¢
Nj. 7 < i = ¢ (pvar R j) = MP.indexed-const (n—1) (pvar R j)
¥ (pvar R i) = pvar (coord-ring R (n—1)) i
Ni.i<jANj<n= 1 (pvar R j) = MP.indexed-const (n—1) (pvar R (j
1)
Na. a € carrier R = 1) (coord-const a) = MP.indexed-const (n—1)
(coord-const a)
Ap. p € carrier (R[Xp]) = pre-to-univ-poly n i p € carrier (Pring (coord-ring
R (n—1)) {7})

(proof)

lemma insert-at-indez-closed:
assumes a € carrier (R™)
assumes z € carrier R
assumes i < n
shows insert-at-index a z i € carrier (RSUC ™)

{proof)

lemma pre-to-univ-poly-eval:

assumes i < Suc n

assumes p € carrier (R[X gyue nl)

assumes a € carrier (R™)

assumes z € carrier R

assumes as = insert-al-inder a i

shows eval-at-point R as p = eval-at-point R a (total-eval (R[Xp]) (A i. co-
ord-const ) (pre-to-univ-poly (Suc n) i p))

(proof )

definition pre-to-univ-poly-inv-hom ::

nat = nat = (("a, nat) moar-poly,('a, nat) mvar-poly) ring-hom where
pre-to-univ-poly-inv-hom n i = R.relabel-vars {..<(n—1)} {.<n} (Nj. if j < i then
jelsej+ 1)

lemma pre-to-univ-poly-inv-hom-is-hom:

assumes { < Suc n

shows ring-hom-ring (R[X n]) (R[X gy n)) (pre-to-univ-poly-inv-hom (Suc n) )
(proof)
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lemma pre-to-univ-poly-inv-hom-const:
assumes | < Suc n
assumes k € carrier R
shows (pre-to-univ-poly-inv-hom (Suc n) i) (R.indezed-const k) = R.indexed-const

k
(proof)

lemma pre-to-univ-poly-inv-hom-pvar-0:
assumes { < Suc n
assumes j < @
shows pre-to-univ-poly-inv-hom (Suc n) i (pvar R j) =
pvar R j
(proof)

lemma pre-to-univ-poly-inv-hom-pvar-1:
assumes i < Suc n
assumes ¢ < j
assumes j < n
shows pre-to-univ-poly-inv-hom (Suc n) i (pvar R j) =
pvar R (j + 1)
(proof )

definition pre-to-univ-poly-inv-var-ass ::
nat = nat = nat = (’a, nat) muar-poly where
pre-to-univ-poly-inv-var-ass n i j = pvar R @

lemma pre-to-univ-poly-inv-var-ass-closed:
assumes i < Suc n
shows pre-to-univ-poly-inv-var-ass (Suc n) ¢ € {i} — carrier (R[X gue nl)
(proof )

definition pre-to-univ-poly-inv ::
nat = nat = ((('a, nat) mvar-poly, nat) mvar-poly,('a, nat) mvar-poly) ring-hom
where
pre-to-univ-poly-inv n i = indexed-poly-induced-morphism {i} (R[Xp)])
(pre-to-univ-poly-inv-hom n %) (pre-to-univ-poly-inv-var-ass

lemma pre-to-univ-poly-inv-is-hom:

assumes { < Suc n

shows ring-hom-ring (Pring (R[X n]) {i}) (R[X gye n)) (pre-to-univ-poly-inv (Suc
n) i)

{proof)

lemma pre-to-univ-poly-inv-pvar:
assumes { < Suc n
shows (pre-to-univ-poly-inv (Suc n) i) (pvar (R[Xy]) i) = pvar R
(proof )
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lemma pre-to-univ-poly-inv-const:

assumes i < Suc n

assumes p € carrier (R[Xp))

shows (pre-to-univ-poly-inv (Suc n) i) (ring.indexed-const (R[X y]) p) = pre-to-univ-poly-inv-hom
(Sucn) ip

(proof )

lemma pre-to-univ-poly-inverse:
assumes i < Suc n
assumes p € carrier (R[X g, nl)
shows pre-to-univ-poly-inv (Suc n) i (pre-to-univ-poly (Suc n) i p) = p
(proof)

lemma coord-ring-car-induct:

assumes @ € carrier (R[Xy))

assumes Ac. ¢ € carrier R = A (R.indexed-const c)

assumes Ap q. p € carrier (R[Xp]) = q € carrier (R[Xy)) = Ap = A ¢
= A(p DRl q)

assumes A\p i. p € carrier (R[Xp]) = i<n=— Ap= A (p @R[y Pror
R 9)

shows A @

(proof)

lemma pre-to-univ-poly-inverse':

assumes | < Suc n

assumes p € carrier (R[Xp))

shows pre-to-univ-poly (Suc n) i (pre-to-univ-poly-inv (Suc n) i (MP.indezxed-const
n p)) = MP.indexed-const n p

(proof)

definition to-univ-poly :: nat = nat =
(("a, nat) movar-poly , ('a, nat) mvar-poly u-poly) ring-hom where
to-univ-poly n i = IP-to-UP i o (pre-to-univ-poly n 1)

definition from-univ-poly :: nat = nat =
(("a, nat) mvar-poly u-poly , ('a, nat) mvar-poly) ring-hom where
from-univ-poly n i = pre-to-univ-poly-inv n i o (UP-to-IP (coord-ring R (n—1))

i)

lemma to-univ-poly-is-hom:
assumes i < n
shows (to-univ-poly (Suc n) i) € ring-hom (R[X gy n]) (UP (R[X#]))
(proof)

lemma from-univ-poly-is-hom:
assumes i < n
shows (from-univ-poly (Suc n) i) € ring-hom (UP (R[X4n])) (R[X gyc nl)
(proof)
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lemma to-univ-poly-inverse:
assumes ¢ < n
assumes p € carrier (R[X g, nl)
shows from-univ-poly (Suc n) i (to-univ-poly (Suc n) i p) = p

(proof)

lemma to-univ-poly-closed:
assumes 1 < n
assumes p € carrier (R[X g, nl)
shows to-univ-poly (Suc n) i p € carrier (UP (R[X4y]))
(proof )

lemma to-univ-poly-add:
assumes i < n
assumes p € carrier (R[X g, nl)
assumes @ € carrier (R[X gye nl)
shows to-univ-poly (Suc n) i (p DRlvg }Q) =
uc n
to-univ-poly (Suc n) i p ©yp (R[Xn]) to-univ-poly (Suc n) i Q
(proof)

lemma to-univ-poly-mult:
assumes i < n
assumes p € carrier (R[X g, nl)
assumes @ € carrier (R[X gy. nl)
shows to-univ-poly (Suc n) i (p ®R[XS }Q) =
uc n
to-univ-poly (Suc n) i p @ p (R[Xn)]) to-univ-poly (Suc n) i Q
(proof)

lemma from-univ-poly-closed:
assumes 1 < n
assumes p € carrier (UP (R[X4y]))
shows from-univ-poly (Suc n) i p € carrier (R[X gyc nl)
(proof )

lemma from-univ-poly-add:
assumes i < n
assumes p € carrier (UP (R[X4y]))
assumes @ € carrier (UP (R[Xy]))
shows from-univ-poly (Suc n) i (p © p (R[XHDQ) =
from-univ-poly (Suc n) i p EBR[XSUC N from-univ-poly (Suc n) i Q

(proof)

lemma from-univ-poly-mult:
assumes 1 < n
assumes p € carrier (UP (R[X4y]))
assumes @ € carrier (UP (R[Xy]))
shows from-univ-poly (Suc n) i (p @ ;7p (R[Xn})Q) =
from-univ-poly (Suc n) i p ®R[X5uc ol from-univ-poly (Suc n) i Q
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{proof)

lemmal(in UP-cring) monom-as-mult:

assumes a € carrier R

shows up-ring.monom (UP R) a n = to-poly a & pp g up-ring.monom (UP R)
1n

(proof)

lemma cring-coord-rings-coord-ring:
cring-coord-rings (R[X n)])
(proof)

lemma from-univ-poly-monom-inverse:

assumes { < Suc n

assumes a € carrier (R[Xp))

shows to-univ-poly (Suc n) i (from-univ-poly (Suc n) i (up-ring.monom (UP (R
[Xn]) a m)) = up-ring.monom (UP (R [Xp])) a m
(proof)

lemma from-univ-poly-inverse:

assumes 1 < n

assumes p € carrier (UP (R[X4y]))

shows to-univ-poly (Suc n) i (from-univ-poly (Suc n) i p) = p
(proof)

lemma to-univ-poly-eval:

assumes { < Suc n

assumes p € carrier (R[X gye nl)

assumes a € carrier (R™)

assumes z € carrier R

assumes as = insert-at-index a x ©

shows eval-at-point R as p = eval-at-point R a (to-function (R[Xy]) (to-univ-poly
(Suc n) i p) (coord-const x))
{proof)

The function one_over_poly, introduced in the theory Cring_Poly, maps
a polynomial p(z) to the unique polynomial ¢(z) which satisfies the relation
q(x) = 2"p(1/x). This will be used later to show that the function f(x) =
1/x is semialgebraic over the field Q,.

lemma to-univ-poly-one-over-poly:

assumes field R

assumes i < (Suc n)

assumes p € carrier (R[X g, nl)

assumes Q = from-univ-poly (Suc n) i (UP-cring.one-over-poly (R[X p]) (to-univ-poly
(Suc n) ip))

assumes a € carrier (R™)

assumes z € carrier R

assumes z # 0

assumes b = insert-at-inder a x I
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assumes ¢ = insert-at-index a (inv x) i
assumes N = UP-ring.degree (R[Xp]) (to-univ-poly (Suc n) i p)
shows @ € carrier (R[X gy pl)
eval-at-point R b Q = (z[|N) ® (eval-at-point R ¢ p)
(proof)

lemma to-univ-poly-one-over-poly’:

assumes field R

assumes i < (Suc n)

assumes p € carrier (R[X g, nl)

assumes Q = from-univ-poly (Suc n) i (UP-cring.one-over-poly (R[X p]) (to-univ-poly
(Suc ) 1 p))

assumes a € carrier (R™)

assumes z € carrier R

assumes z # 0

assumes b = insert-at-index a x ¢

assumes ¢ = insert-at-index a (inv x) i

assumes N = UP-ring.degree (R[Xp]) (to-univ-poly (Suc n) i p)

assumes ¢ = (pvar R z')[A]R[XSuc n](k::nat)@)R[XSuc ) Q

shows ¢ € carrier (R[X gyc )

eval-at-point R b ¢ = (z[ J(N + k)) ® (eval-at-point R ¢ p)

(proof )

lemma to-univ-poly-one-over-poly’":

assumes field R

assumes i < (Suc n)

assumes p € carrier (R[X gyue nl)

assumes N > UP-ring.degree (R[Xp)) (to-univ-poly (Suc n) i p)

shows 3 ¢ € carrier (R[X gye nl)- (V 2 € carrier R — {0}. (V a € carrier
(R™).

eval-at-point R (insert-at-index a x i) ¢ = (z[7]N) ® (eval-at-point R

(insert-at-index a (inv x) i) p)))

(proof)

7 Restricted Inverse Images and Complements

This section introduces some versions of basic set operations for extensional
functions and sets. We would like a version of the inverse image which
intersects the inverse image of a function with the set carrier (R"), and a
version of the complement of a set which takes the comeplement relative to
carrier (R"). These will have to be defined in parametrized families, with
one such object for each natural number n.

definition evimage (infixr <~11 90) where
evimage n f S = ((f —*8) N carrier (R"))

definition euminus-set :: nat = 'a list set = 'a list set («- 1> 70) where
S¢p = carrier (R™) — S
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lemma extensional-vimage-closed:
f ~'n S C carrier (R™)
(proof)

7.1 Inverse image of a function

lemma evimage-eq [simpl: a € f ~1;, B <+ a € carrier (R") A fa € B
(proof)

lemma evimage-singleton-eq: a € f ~1p, {b} +— a € carrier (R™") A fa=1b
(proof )

lemma evimagel [intro]: a € carrier (R") = fa=b=be B=ac f !y
B
(proof)

lemma evimagel2: a € carrier (R") = fa € A= acf 1y A
(proof)

lemma evimageE [elim!]: a € f "'y B= (A\z. fa=2 = 2€ B= p) = p
{proof)

lemma cvimageD: a € {71y A = fac A
(proof)

lemma evimage-empty [simp]: f 1 =1}
(proof)

lemma evimage-Compl:
assumes [ € carrier (R™) — carrier (R™)
shows (f ~'n(A°m)) = ((f —* A)°n)
(proof)

lemma evimage-Un [simp]: f ~1p (AU B) = (f ~'p A) U (f 'y B)
(proof )

lemma evimage-Int [simp): f ~'p, (AN B) = (f “'p A) N (f 'n B)
(proof )

lemma evimage-Collect-eq [simp]: f ~ty, Collect p = {y € carrier (R™). p (fy)}
(proof)

lemma evimage-Collect: (A\z. x € carrier (R") = p (fz) = Qz) = [ 'y
(Collect p) = Collect Q N carrier (R™)
{proof)

lemma evimage-insert: f ~1y, (insert a B) = (f ~'p, {a}) U (f ~1n B)
— NOT suitable for rewriting because of the recurrence of {a}.
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{proof)

lemma evimage-Diff: f ~'n (A — B) = (f "'n A) — (f “'n B)
(proof)

lemma evimage-UNIV [simp]: f ~1y, UNIV = carrier (R™)
(proof)

lemma evimage-mono: A C B=f ', ACf ', B
— monotonicity
(proof )

lemma evimage-image-eq: (f ~1n, (f “ A)) = {y € carrier (R™). Iz€A. fx = fy}
(proof )

lemma image-evimage-subset: f  (f ~tp, A) C A
(proof )

lemma image-evimage-eq [simp]: f  (f ~'n A) = AN (f ¢ carrier (R™))
(proof)

lemma image-subset-iff-subset-evimage: A C carrier (R") = f‘AC B+— A
Cf'nB
(proof )

lemma evimage-const [simpl: (A\x. ¢) ~1y, A) = (if ¢ € A then carrier (R") else

{H

{proof)

lemma evimage-if [simp]: ((Az. if x € B then c else d) ~'p A) =
(if c € A then (if d € A then carrier (R™) else B N carrier (R™) )
else if d € A then B¢y, else {})

(proof)

lemma evimage-inter-cong: (N w. w € S = fw=gw) = f hynNn S =g
_ln Yy N S
(proof)

lemma evimage-ident [simp]: (\z. z) ~'p, Y = Y N carrier (R™)

(proof)

end

end
theory Padic-Fields
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imports Fraction-Field Padic-Ints. Hensels-Lemma

begin

8 Constructing the p-adic Valued Field

As a field, we can define the field Q, immediately as the fraction field of
Zy,. The valuation can then be extended from to Z, to Q, by defining
val(a/b) = val a — val b where a,b € Z,,.

8.1 A Locale for p-adic Fields

This section builds a locale for reasoning about general p-adic fields for a
fixed p. The locale fixes constants for the ring of p-adic integers (Z,) and
the inclusion map ¢ : Z, — Q,.

type-synonym padic-number = ((nat = int) x (nat = int)) set

locale padic-fields=

fixes @Q)p:: - ring (structure)

fixes Z,:: - ring (structure)

fixes p

fixes ¢

defines 7, = padic-int p

defines @), = Frac Z,

defines ¢ = domain-frac.inc Z,

assumes prime: prime p

sublocale padic-fields < Zp?: domain-frac Z,
(proof)

sublocale padic-fields < Qp?: ring @,
(proof )

sublocale padic-fields < Qp?: cring Qp
(proof )

sublocale padic-fields < Qp?: field Qp
(proof)

sublocale padic-fields < Qp?: domain @),
(proof )

sublocale padic-fields < padic-integers Z,
(proof)

sublocale padic-fields < UPQ? UP-cring @, UP Q,
(proof )
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8.2 The Valuation Ring in Q,

The valuation ring O, is the subring of elements in Q, with positive valua-
tion. It is an isomorphic copy of Z,,.

context padic-fields
begin

abbreviation O, where
J— ¢ .
Op = ‘ carrier Z,

lemma inc-closed:
assumes a € carrier Zy,
shows ¢ a € carrier @,

{proof)

lemma inc-is-hom:
L € ring-hom Z, Qp
(proof )

An alternate formula of the map ¢

lemma inc-def:
assumes a € carrier Zy,
shows ¢t a = frac a 1
f Z,

{proof)

lemma inc-of-nonzero:
assumes a € nonzero Z,
shows ¢ a € nonzero @,

{proof)

lemma inc-of-one:
L 1Zp =1
(proof )

lemma inc-of-zero:
2 Ozp =0
(proof )

lemma inc-of-sum:

assumes a € carrier Zy,

assumes b € carrier Z,

shows ¢ (a ©z, b) = (v a) ® (¢ D)
(proof)

lemma inc-of-prod:
assumes a € carrier Z,
assumes b € carrier Z,
shows ¢ (a ®z, b) = (v a) ® (v D)
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{proof)

lemma inc-pow:
assumes a € nonzero Z,
shows ¢ (a[]z, (n:nat)) = (v a)[] n
(proof )

lemma inc-of-diff:
assumes a € carrier Z,
assumes b € carrier Z,
shows . (a 67 b) = (va) © (v )
(proof )

lemma Units-nonzero-Qp:
assumes u € Units @,
shows u € nonzero @,

{proof)

lemma Units-eqg-nonzero:
Units Qp = nonzero @
(proof)

lemma Units-inverse-Qp:
assumes u € Units Q)
shows invg € Units Qp

{proof)

lemma nonzero-inverse-Qp:
assumes u € nonzero @,
hows ¢
shows invg u € nonzero @

(proof)

lemma frac-add:
assumes a € carrier Zy,
assumes b € nonzero Z,
assumes c¢ € carrier Z,
assumes d € nonzero Z,
shows (frac a b) & (frac ¢ d) = (frac ((a ®z, d) Gz, (b Ry c)) (b @z, d))
{proof)

lemma frac-add-common-denom:
assumes a € carrier Zy,
assumes b € carrier Z,
assumes ¢ € nonzero Zy
shows (frac a ¢) ® (frac b ¢) = frac (a ®z, b) ¢

{proof)

lemma frac-mult:
assumes a € carrier Z,
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assumes b € nonzero Zy,

assumes c € carrier Z,

assumes d € nonzero Z,

shows (frac a b) ® (frac ¢ d) = (frac (a ®z, ) (b ®z, d))
(proof )

lemma frac-one:
assumes a € nonzero Z,
shows frac a a = 1

(proof)

lemma frac-closed:
assumes a € carrier Z
assumes b € nonzero Z,
shows frac a b € carrier @,

{proof)

lemma inv-in-frac:
assumes a € carrier Qp
assumes a #0
shows invg a € carrier Qp
invg, @ #0
nvg, a € nonzero @p

{proof)

lemma nonzero-numer-imp-nonzero-fraction:
assumes a € nonzero Z,
assumes b € nonzero Z,
shows frac a b # 0

(proof)

lemma nonzero-fraction-imp-numer-not-zero:
assumes a € carrier Zy,
assumes b € nonzero Z,
assumes frac a b # 0
shows a # 0
# 0z,

{proof)

lemma nonzero-fraction-imp-nonzero-numer:
assumes a € carrier Z,
assumes b € nonzero Z,
assumes frac a b # 0
shows a € nonzero Z,

{proof)

lemmal(in padic-fields) frac-inv-id:
assumes a € nonzero Zy,
assumes b € nonzero Z,
assumes ¢ € nonzero Z,
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assumes d € nonzero Zy,
assumes frac a b = frac ¢ d
shows frac b a = frac d ¢

{proof)

lemma(in padic-fields) frac-uminus:
assumes a € carrier Zy,
assumes b € nonzero Z,
shows © (frac a b) = frac (©7, a) b
(proof)

lemma(in padic-fields) i-mult:
assumes a € carrier Z,
assumes ¢ € carrier Z,
assumes d € nonzero Z,
shows (v a) ® (frac ¢ d) = frac (a ®z, c) d
{proof)

lemma numer-denom-facts:
assumes a € carrier @
shows (numer a) € carrier Z,
(denom a) € nonzero Z,
a# 0= numera;éOZp
a ® (v (denom a)) = ¢ (numer a)
a = frac (numer a) (denom a)

{proof)

lemma get-common-denominator:

assumes z € carrier @p
assumes y € carrier
obtains a b ¢ where

a € carrier Zy

b € carrier Z,

¢ € nonzero Z,

x = frac a c

y = frac b ¢
(proof)

abbreviation fract :: - = - = - (infixl <+ 50) where
(fract a b) = (a ® (invg, b))
fract generalizes frac

lemma fract-frac:
assumes a € carrier Z,
assumes b € nonzero Zy
shows (frac a b) = (v a + ¢ b)

(proof)

lemma frac-eq:
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assumes a € nonzero Z,
assumes b € nonzero Z,
assumes frac a b =1
shows a = b

(proof)

lemma fract-cancel-right:
assumes a € carrier @
assumes b € nonzero @
shows b ® (a + b) = a
(proof)

lemma fract-cancel-left:
assumes a € carrier Qp
assumes b € nonzero @
shows (¢ + b)) ® b=a
(proof)

lemma fract-mult:
assumes a € carrier Qp
assumes b € nonzero @,
assumes ¢ € carrier @
assumes d € nonzero @
shows (a +b) ® (¢ +~d) = ((a ® ¢)+ (b ® d))
{proof)

lemma Qp-nat-pow-nonzero:
assumes z € nonzero @
shows z[ J(n::nat) € nonzero Qp

{proof)

lemma Qp-nonzero-nat-pow:
assumes z € carrier @p
assumes n > 0
assumes z| |(n::nat) € nonzero Qp
shows = € nonzero @,

(proof)

lemma Qp-int-pow-nonzero:
assumes z € nonzero @,
shows z[J(n::int) € nonzero @,

(proof )

lemma @Qp-nonzero-int-pow:
assumes z € carrier @
assumes n > (
assumes z[ |(n:int) € nonzero @,
shows = € nonzero @,

{proof)
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lemma pow-p-frac-0:

assumes (m:int) > n

assumes n >(

shows (frac (p[]z,m) (p[71z,n)) = ¢ (0[] z,(m—n))
(proof)

lemma pow-p-frac:

assumes (m:int) < n

assumes m >0

shows (frac (p|1z,m) (b 1z,m) = frac 1z, (p[ ]z, (n—m))
(proof)

The copy of the prime p living in Q,:

abbreviation p where

p=1[p g1

lemma(in domain-frac) frac-inc-of-nat:
Frac-inc R ([(n:nat)]- 1) = [n] prge R Frac R
(proof )

lemma inc-of-nat:
( ([(nmat))-z, 17,)) = [n]-, 1
(proof )

lemma(in domain-frac) frac-inc-of-int:
Frac-inc R ([(n:int)]- 1) = [n] prac R Frac R
(proof)

lemma inc-of-int:
(e ([(nzint)]- 7, 17,)) = [n]-@,1
(proof)

lemma p-inc:
p=1tp
(proof)

lemma p-nonzero:
p € nonzero Q)

(proof )

lemma p-natpow-inc:
fixes n::nat
shows p[Jn = ¢ (p []z, n)
(proof )

lemma p-intpow-inc:

fixes n::int
assumes n >(
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shows p[n =1 (p [z, n)
(proof)

lemma p-intpow:

fixes n::int

assumes n < 0

shows p["]n = (frac 17 (p []z, (=n)))
(proof )

lemma p-natpow-closed|simp]:
fixes n:nat
shows (p[7]n) € (carrier Qp)
(p[Jn) € (nonzero Q)
(proof )

lemma nonzero-int-pow-distrib:

assumes g € nonzero @Qp

assumes b € nonzero @

shows (a ® b) [TJ(k::int) = a[ Tk ® bk
(proof)

lemma val-ring-subring:
subring Op Qp
(proof )

lemma val-ring-closed:
O, C carrier @y
(proof)

lemma p-pow-diff:
fixes n::int
fixes m::int
assumes n >(
assumes m >0

shows p [] (n — m) = frac (p[Iz,n) (P[] z,m)
(proof)

lemma Qp-int-pow-add:
fixes n::int
fixes m::int
assumes a € nonzero @
shows a [J(n+m)=(a[]n)® (a[]m)
(proof)

lemma Qp-nat-pow-pow:
fixes n::nat
fixes m::nat
assumes a € carrier @p

shows (a["](n+m)) = ((a[]n)["]m)
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{proof)

lemma Qp-p-nat-pow-pow:
fixes n::nat
fixes m::nat
shows (p [] (nxm)) = ((p["In)[Im)
(proof)

lemma Qp-units-int-pow:
fixes n::int
assumes a € nonzero @,
shows a[ ]n = a[jum'ts-of Q"
(proof )

lemma Qp-int-pow-pow:

fixes n::int

fixes m::int

assumes g € nonzero @Qp

shows (a[](nxm)) = ((a[In)["Im)
(proof)

lemma Qp-p-int-pow-pow:
fixes n::int
fixes m::int
shows (p [7] (nxm)) = ((p["]n)["Im)

(proof )

lemma Qp-int-nat-pow-pow:
fixes n::int
fixes m::nat
assumes a € nonzero @
shows (a[](nxm)) = ((a[]n)["]m)

{proof)

lemma Qp-p-int-nat-pow-pow:
fixes n::int
fixes m::nat
shows (p [7] (nxm)) = ((p["]n)["Im)
{proof )

lemma Qp-nat-int-pow-pow:
fixes n::nat
fixes m::int
assumes a € nonzero @,
shows (a["J(nxm)) = ((a["]n)["]m)
(proof )

lemma Qp-p-nat-int-pow-pow:
fixes n::nat
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fixes m::int

shows (p [7] (nxm)) = ((p["In)[Im)
(proof)

lemma p-intpow-closed:
fixes n:int
shows (p[7n) € (carrier Q)
(p[In) € (nonzero Q)
(proof)

lemma p-intpow-add:
fixes n::int
fixes m::int
shows p [T (n+m) = (p [T n) ® (p []m)
(proof )

lemma p-intpow-inv:
fixes n::int
shows (p[]n)® (p[]-n)=1
(proof )

lemma p-intpow-inv’”:
fixes n::int
shows (p[]-n)® (p[]n) =1
(proof )

lemma p-intpow-inv’”:
fixes n::int
shows (p [] —n) = invgy (p [ 7)
(proof )

lemma p-int-pow-factor-int-pow:
assumes a € nonzero @,
shows (p[7](n:int) ® a)[7J(k:int) = p[7)(nxk) ® a] Nk
(proof)

lemma p-nat-pow-factor-int-pow:
assumes a € nonzero @,
shows (p[7](n:nat) @ a)[7](k::int) = p[|(nxk) @ a] )k
(proof)

lemma p-pow-factor:

p[1((int N)xl + k) = (p[T1D[1(N::nat) @ p[7] k
(proof )

lemma p-nat-pow-factor-nat-pow:
assumes a € carrier @
shows (p[7](n::nat) @ a)[J(k:nat) = p[ J(nxk) ® o[ ]k
{proof )
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lemma p-int-pow-factor-nat-pow:
assumes a € carrier @
shows (p[7](n::int) ® a)[J(k:nat) = p[J(nxk) ® o[k
(proof )

lemma(in ring) r-minus-distr:
assumes a € carrier R
assumes b € carrier R
assumes c € carrier R
shows a @ DO a® c=a® (bO ¢
(proof)

8.3 The Valuation on Q,
8.3.1 Extending the Valuation from Z, to Q,

The valuation of a p-adic number can be defined as the difference of the
valuations of an arbitrary choice of numerator and denominator.

definition ord where
ord x = (ord-Zp (numer z)) — (ord-Zp (denom z))

definition val where
val z = (if £ = 0 then (oco::eint) else eint (ord x))

lemma val-ord[simp]:
assumes a € nonzero @
shows val a = ord a

{proof)

8.3.2 Properties of the Valuation

lemma ord-of-frac:

assumes a € nonzero Z,

assumes b € nonzero Z,

shows ord (frac a b) = (ord-Zp a) — (ord-Zp b)
(proof)

lemma val-zero:
val 0 = oo (proof)

lemma ord-one[simp):
ord 1 =10

{proof)
lemma val-one[simp]:
val (1) =0

(proof )
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lemma val-of-frac:

assumes a € carrier Zy,

assumes b € nonzero Z,

shows wal (frac a b) = (val-Zp a) — (val-Zp b)
(proof)

lemma Z,-division-Qp-0[simp:

assumes u € Units Z,,

assumes v € Units Z,

shows frac (u @z (invy, v)) 1z = frac uv
(proof)

lemma Z,-division-Qp-1:
assumes u € Units Z,,
assumes v € Units Z,
obtains w where w € Units Z,
Lt w = frac u v

(proof)

lemma val-ring-ord-criterion:
assumes a € carrier @
assumes a # 0
assumes ord a > 0
shows a € O,

(proof)

lemma val-ring-val-criterion:
assumes a € carrier @p
assumes val a > 0
shows a € O,

(proof)

lemma ord-of-inv:
assumes a € carrier Q)
assumes a # 0
shows ord (invg a) = — (ord a)

(proof)

lemma val-of-inv:
assumes a € carrier Qp
assumes a # 0
shows wval (ianp a) = — (val a)

(proof)
Zp is a valuation ring in Qp

lemma Z,-mem:
assumes a € carrier @
shows a € O, V (invg, a € Op)

(proof)
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lemma Qp-val-ringl:
assumes a € carrier @
assumes val a > 0
shows a € O,

(proof)

Criterion for determining when an element in Qp is zero

lemma val-nonzero:
assumes a € carrier Qp
assumes s > val a
shows a € nonzero @),

(proof)

lemma val-ineq:
assumes a € carrier @
assumes val 0 < val a
shows a = 0

{proof)

lemma ord-minus:
assumes a € nonzero @
shows ord a = ord (©a)

(proof)

lemma val-minus:
assumes a € carrier ¢,
shows val a = val (Sa)

(proof)

The valuation is multiplicative:

lemma ord-mult:

assumes z € nonzero @

assumes y € nonzero Qp

shows (ord (z ® y)) = (ord x) + (ord y)
(proof)

lemma val-mult0:

assumes z € nonzero @

assumes y € nonzero @

shows (val (z ® y)) = (val z) + (val y)
(proof)

val is multiplicative everywhere

lemma val-mult:
assumes z € carrier Qp
assumes y € carrier @p
shows (val (z ® y)) = (val z) + (val y)
(proof )
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val and ord are compatible with inclusion

lemma ord-of-inc:
assumes z € nonzero Z,
shows ord-Zp z = ord(v x)

(proof)

lemma val-of-inc:
assumes z € carrier Z,
shows wval-Zp © = val (¢ z)

(proof)

lemma Qp-inc-id:
assumes g € nonzero @
assumes ord a >0
obtains b where b € nonzero Z, and a = ¢ b

{proof)

lemma val-ring-memlI:
assumes a € carrier Qp
assumes val a > 0
shows a € O,

{proof)

lemma val-ring-memkE:
assumes ¢ € O,
shows val a > 0 a € carrier @,

{proof)

lemma val-ring-add-closed:
assumes a € O,
assumes b € O,
shows a ® b € O,

{proof)

lemma val-ring-times-closed:
assumes ¢ € O,
assumes b € O,
shows a ® b € O,

{proof)

lemma val-ring-ainv-closed:
assumes a € O,
shows © a € O,

{proof)

lemma val-ring-minus-closed:
assumes ¢ € O,
assumes b € O,
shows ¢ © b € O,
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{proof)

lemma one-in-val-ring:
10,
(proof )

lemma zero-in-val-ring:
0c0O,
(proof )

lemma ord-p:
ord p =1
(proof)

lemma ord-p-pow-nat:

ord (p [7] (nunat)) = n
(proof)

lemma ord-p-pow-int:
ord (p [7] (n:int)) = n
(proof)

lemma ord-nonneg:
assumes z € O,
assumes z #= 0
shows ord z >0

(proof)

lemma val-p:
val p =1
(proof )

lemma val-p-int-pow:
val (p[7(k:int)) = k
(proof)

lemma val-p-int-pow-neg:
val (p[J(—k:int)) = — eint k
(proof )

lemma nonzero-nat-pow-ord:
assumes a € nonzero @
shows ord (a [7] (n:nat)) = n x ord a
(proof)

lemma add-cancel-eint-geq:
assumes (eint a) + = > (eint a ) + y
shows z >y
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{proof)

lemma(in padic-fields) prod-equal-val-imp-equal-val:
assumes a € nonzero @,
assumes b € carrier @
assumes c € carrier @
assumes val (¢ ® b) = val (a ® ¢)
shows wval b = val ¢

(proof)

lemma two-times-eint:
shows 2x(x::eint) =z + z
{proof)

lemma times-cfs-val-mono:
assumes u € Units @,
assumes a € carrier Qp
assumes b € carrier @Qp
assumes val (v ® a) < val (v ® b)
shows val a < val b

(proof)

lemma times-cfs-val-mono’:
assumes u € Units @
assumes a € carrier @
assumes b € carrier @
assumes val (v ® a) < val (v ® b) + «
shows val a < val b + «
(proof)

lemma times-cfs-val-mono’”:
assumes u € Units @,
assumes a € carrier Q)
assumes b € carrier Q)
assumes val a < val b + «
shows wval (v ® a) < val (u ® b) + «
(proof )

lemma val-ineq-cancel-leq:
assumes a € nonzero @,
assumes b € carrier @
assumes c € carrier @
assumes val (¢ ® b) < val (a ® ¢)
shows val b < wval ¢

{proof)

lemma val-ineq-cancel-leg:
assumes a € nonzero @,
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assumes b € carrier @
assumes c¢ € carrier @
assumes val b < val ¢

shows val (a ® b) < val (a ® ¢)
(proof )

lemma val-ineg-cancel-le:
assumes a € nonzero @
assumes b € carrier @
assumes c € carrier @
assumes val (a ® b) < val (a ® ¢)
shows val b < wal ¢

{proof)

lemma val-ineqg-cancel-le’:
assumes a € nonzero @,
assumes b € carrier @
assumes c¢ € carrier @
assumes val b < wval ¢
shows val (a ® b) < val (a ® ¢)
(proof )

lemma finite-val-imp-nonzero:
assumes a € carrier @
assumes val a # 00
shows a € nonzero @),

{proof)

lemma val-ineq-cancel-leq’":
assumes a € nonzero @,
assumes b € carrier Q,
assumes ¢ € carrier @,
assumes val b < wval ¢ + eint N
shows val (a ® b) < wval (a ® ¢) + eint N

(proof)

8.3.3 The Ultrametric Inequality on Q,

lemma ord-ultrametric:
assumes z € nonzero Qp
assumes y € nonzero @
assumes z & y € nonzero @,
shows ord (x ® y) > min (ord z) (ord y)

(proof)

lemma ord-ultrametric’:
assumes z € nonzero @
assumes y € nonzero @
assumes z S Yy € nonzero @p
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shows ord (z ©¢, y) = min (ord z) (ord y)
(proof)

lemma val-ultrametricO:
assumes z € nonzero Qp
assumes y € nonzero @
assumes z & y € nonzero Q)
shows min (val z) (val y) < val (z & y)

{(proof)

lemma val-ultrametric:
assumes z € carrier @
assumes y € carrier @,
shows min (val z) (val y) < val (z @ y)

(proof)

lemma val-ultrametric’”:
assumes z € carrier @,
assumes y € carrier Q,
shows min (val z) (val y) < val (z © y)

{proof)

lemma diff-ord-nonzero:
assumes z € nonzero @
assumes y € nonzero @,
assumes ord x # ord y
shows = @ y € nonzero @

(proof)

lemma ord-ultrametric-noteq:
assumes T € nonzero @
assumes y € nonzero @
assumes ord x > ord y
shows ord (z @ y) = (ord y)
(proof)

lemma ord-ultrametric-noteq”:
assumes z € nonzero @
assumes y € nonzero @
assumes ord x > ord y
shows ord (z © y) = (ord y)
(proof )

lemma ord-ultrametric-noteq'":
assumes z € nonzero @,
assumes y € nonzero Q,
assumes ord y > ord
shows ord (z © y) = (ord z)
(proof)
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lemma val-ultrametric-noteq:
assumes z € carrier )
assumes y € carrier @p
assumes val x > val y
shows val (z ® y) = val y

{proof)

lemma val-ultrametric-noteq’:
assumes z € carrier ()
assumes y € carrier Qp
assumes val x > val y
shows val (z © y) = val y

{proof)

lemma ultrametric-equal-eq:
assumes z € carrier @p
assumes y € carrier @p
assumes val (y © ) > val ©
shows val x = wval y

(proof)

lemma ultrametric-equal-eq’:
assumes z € carrier Qp
assumes y € carrier Qp
assumes val (z © y) > val x
shows val x = val y

{proof)

lemma val-ultrametric-noteq’”:
assumes z € carrier Q,
assumes y € carrier Q,
assumes val x > val y
shows val (y © z) = val y

{proof)

Ultrametric over finite sums:

lemma Min-mono:
assumes finite A
assumes A # {}
assumes \ a. a € A = fa<a
shows Min (f‘A) < Min A
{proof)

lemma Min-mono”
assumes finite A
assumes A (a:'a). a € A = (f:'a = eint) a < ga
shows Min (f‘A) < Min (g ‘A)

(proof)
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lemma eint-ord-trans:
assumes (a:eint) < b
assumes b < ¢
shows a < ¢

{proof)

lemma eint-Min-geq:
assumes finite (A::eint set)
assumes A\z. 2 € A =z > ¢
assumes A # {}
shows Min A > ¢

{proof)

lemma eint-Min-gr:
assumes finite (A::eint set)
assumes A\z. 2 € A =z > ¢
assumes A # {}
shows Min A > ¢

{proof)

lemma finsum-val-ultrametric:

assumes g € A — carrier @

assumes finite A

assumes A # {}

shows wval (finsum Q, g A) > Min (val ‘ (g‘A))
(proof)

lemma (in padic-fields) finsum-val-ultrametric’:
assumes g € A — carrier Q)
assumes finite A
assumes Ai. i € A = wal (g i) > ¢
shows wval (finsum @, g A) >
(proof)

lemma (in padic-fields) finsum-val-ultrametric’”
assumes g € A — carrier Q)
assumes finite A
assumes Ai. i € A = wal (g7) > ¢
assumes ¢ < 00
shows wval (finsum Qp g A) > ¢

(proof)

lemma Qp-diff-diff:
assumes z € carrier @,
assumes ¢ € carrier @,
assumes d € carrier Q)
shows (16 c¢c)e (doc)=206d
(proof)
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This variant of the ultrametric identity formalizes the common saying that
"all triangles in Q, are isosceles":

lemma Qp-isosceles:
assumes z € carrier @,
assumes c € carrier @
assumes d € carrier Qp
assumes val (z © ¢) > v
assumes val (d © ¢) > v
shows val (z © d) > v

(proof)

More variants on the ultrametric inequality

lemma MinFE:
assumes finite (A::eint set)
assumes a = Min A
assumes b € A
shows a < b

(proof)

lemma MinE":
assumes finite (A::eint set)
assumes o = Min A
assumes b € A — {a}
shows a < b

(proof)

lemma MinE'"
assumes finite A
assumes f € A — (UNIV :: eint set)
assumes a = Min (f * A)
assumes b € A
shows a < fb

{proof)

lemma finsum-val-ultrametric-diff:
assumes g € A — carrier @
assumes finite A
assumes A # {}
assumes A\ab.a € A= be A= a# b= wval (ga) # val (gb)
shows wval (finsum Q, g A) = Min (val < g‘A)
(proof)

lemma finsum-val-ultrametric-diff’:
assumes g € A — carrier Q)
assumes finite A
assumes A # {}
assumes A\ab.a € A= be A= a# b= wval (ga) # val (gb)
shows wval (finsum Qp g A) = (MIN a € A. (val (g a)))

(proof)
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8.4 Constructing the Angular Component Maps on Q,
8.4.1 Unreduced Angular Component Map

While one can compute the residue of a p-adic integer mod p', this operation
does not generalize to the p-adic field unless we restrict our attention to the
valuation ring. However, we can still define the angular component maps
on the field Q,, which allows us to take a sort of residue for any element
z € Qp. Given a nonzero element = € Q;, we can normalize it to obtain
p~2"4) - which has of valuation zero, and then computes its residue (viewed
as an element of Z,). The resulting map agrees with the standard residue
map on elements of @, of valuation zero, but not on terms of positive or
negative valuation. For example, the element p? has an order 1 residue of 0,
but its order 1 angular component is 1. In the formalism below, we will use
the term "angular_component' to refer to the unreduced normalization map
z — p~4)x and use the notation "ac n" to refer to the angular component
which has been reduced mod p”. This is line with the terminology used in

[1].
definition angular-component where
angular-component a = (ac-Zp (numer a)) @z = (invy  ac-Zp (denom a))

lemma ac-fract:
assumes c € carrier @
assumes a € nonzero Z,
assumes b € nonzero Z,
assumes ¢ = frac a b
shows angular-component ¢ = (ac-Zp a)®Zp inv Zp(ac-Zp b)

(proof)

lemma angular-component-closed:
assumes a € nonzero @
shows angular-component a € carrier Z,,

(proof)

lemma angular-component-unit:
assumes a € nonzero @,
shows angular-component a € Units Z,,

(proof)

lemma angular-component-factors-x:
assumes z € nonzero @
shows = = (p[](ord z)) ® ¢ (angular-component x)

(proof)

lemma angular-component-mult:
assumes z € nonzero @
assumes y € nonzero @
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shows angular-component (z ® y) = (angular-component ) ® 7 (angular-component

Y)
(proof)

lemma angular-component-inv:
assumes r € nonzero @,
shows angular-component (invg, =) = invy  (angular-component x)

{proof)

lemma angular-component-one:
angular-component 1 = 1Zp

{proof)

lemma angular-component-ord-zero:
assumes ord x =
assumes r € nonzero @,
shows ¢ (angular-component z) = x

(proof)

lemma angular-component-of-inclusion:
assumes r € nonzero Z,
assumes y = L &
shows angular-component y = ac-Zp x

{(proof)

lemma res-uminus:
assumes k > 0
assumes f € carrier Z,
assumes c¢ € carrier (Zp-res-ring k)
assumes ¢ = Sz _res-ring k (f k)
shows ¢ = ((©z, f) k)
(proof )

lemma ord-fract:
assumes a € nonzero Qp
assumes b € nonzero @,
shows ord (a =~ b) = ord a — ord b

{proof)

lemma val-fract:
assumes a € carrier @
assumes b € nonzero @
shows val (a + b) = val a — val b

{proof)

lemma zero-fract:
assumes a € nonzero Qp
shows 0 -~ a =0
(proof)
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lemma fract-closed:
assumes a € carrier @
assumes b € nonzero @
shows (a + b) € carrier @,
(proof)

lemma val-of-power:
assumes a € nonzero @,
shows val (a[|(n:nat)) = nx(val a)

(proof)

lemma val-zero-imp-val-pow-zero:
assumes a € carrier Qp
assumes val a = 0
shows val (a[|(n:nat)) = 0
(proof)

val and ord of powers of p

lemma val-p-nat-pow:
val (p[J(k::nat)) = eint k
(proof)

lemma ord-p-int-pow:
ord (p[ J(k:int)) = k
(proof )

lemma ord-p-nat-pow:
ord (p[7](k:nat)) = k
(proof)

lemma val-nonzero-frac:
assumes a € nonzero @,
assumes b € nonzero @,
assumes val (a + b) = ¢
shows val a = val b + ¢
(proof)

lemma val-nonzero-frac”:
assumes a € nonzero Qp
assumes b € nonzero @
assumes val (a + b) = 0
shows wval a = val b

(proof)

lemma equal-val-imp-equal-ord:
assumes a € nonzero @,
assumes b € carrier @Qp
assumes val a = val b
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shows ord a = ord b b € nonzero @
(proof)

lemma int-pow-ord:

assumes a € nonzero @

shows ord (a]7](i::int)) = ix (ord a)
(proof)

lemma int-pow-val:
assumes a € nonzero @
shows wal (a[7](i::int)) = ix (val a)
(proof)

lemma neg-int-pow-val:
assumes a € nonzero @
shows wal (a[7]—(i::int)) = — (val (a][ 7))
(proof)

lemma int-pow-sum-val:
assumes a € nonzero @,
shows wal (a[7((é::int) + 7)) = (val (a[7)7)) + val (a[7]j)
(proof)

lemma int-pow-diff-val:

assumes a € nonzero @,

shows val (a[((é::int) — 7)) = (val (a][7)7)) — wval (a[7]j)
(proof )

lemma nat-add-pow-mult-assoc:
assumes a € carrier Qp
shows [(n::nat)]-a = [n]-1 ® a
(proof )

lemma(in padic-integers) equal-res-imp-equal-ord-Zp:
assumes N > 0
assumes a € carrier Zp
assumes b € carrier Zp
assumes a N = b N
assumes a N # 0
shows ord-Zp a = ord-Zp b
(proof)

lemma(in padic-integers) equal-res-mod:
assumes N > k
assumes a € carrier Zp
assumes b € carrier Zp
assumes a N = b N
shows a k = b k

(proof)
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lemma Qp-char-0:
assumes (n:nat) # 0
shows [n]-1 # 0
(proof)

lemma Qp-char-0-int:
assumes (n::int) # 0
shows [n]-1 # 0
{(proof)

lemma add-int-pow-inject:
assumes [(k::int)]-1 = [(j::int)]-1
shows k = j

(proof)

lemma val-ord-nat-inc:
assumes (n:nat) > 0
shows ord ([n]-1) = wal([n]-1)
{proof)

lemma val-ord-int-inc:
assumes (n::int) # 0
shows ord ([n]-1) = wal([n]-1)
{proof)

8.4.2 Reduced Angular Component Maps

definition ac :: nat = padic-number = int where
ac nz = (if = 0 then 0 else (angular-component ) n)

lemma ac-in-res-ring:
assumes r € nonzero @
shows ac n x € carrier (Zp-res-ring n)

{proof)

lemma ac-in-res-ring’[simp):
assumes z € carrier @p
shows ac n x € carrier (Zp-res-ring n)

{proof)

lemma ac-mult”:
assumes z € nonzero @,
assumes y € nonzero @
shows ac n (z ® y) = (ac n ) @ Zp-res-ring n (ac ny)
(proof)

lemma ac-mult:
assumes z € carrier Qp
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assumes y € carrier Qp
shows ac n (z ® y) = (ac n ) @ Zp-res-ring n (ac ny)
{proof)

lemma ac-one[simpl:
assumes n > I
shows acn 1 = 1

(proof)

lemma ac-one’:
assumes n > (
shows acn 1 =

{proof)

1Zp-res-m'ng n

lemma ac-units:
assumes z € nonzero Q,
assumes n > 0
shows ac n x € Units (Zp-res-ring n)

(proof)

lemma ac-inv:
assumes z € nonzero @,
assumes n > (
shows ac n (inv z) = iz res ring n (ac 1 T)

(proof)

lemma ac-inv":
assumes z € nonzero @
assumes n > 0
shows ac n (inv x) & Zp-res-ring n (acnz) = 1Zp-res-m’ng n
(proof)

lemma ac-inv’":
assumes z € nonzero @
assumes n > (
shows (ac n ) Q Zp-res-ring n AC M (inv z)= 1Zp-res-m'ng n
(proof )

lemma ac-inv'"":
assumes z € nonzero @,
assumes n > 0
shows (ac n ) ® 7 res_ring n ac n (inv )= 1
ac n (inv z) @ Zp-res-ring n (acnz) =1
(proof)

lemma ac-val:
assumes a € nonzero @
assumes b € nonzero @
assumes val a = val b
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assumes val (a © b) > val a + n
shows acna =acnb

(proof)

lemma angular-component-nat-pow:
assumes g € nonzero Qp
shows angular-component (a [7] (k::nat)) = (angular-component a) [Tz k

{proof)

lemma angular-component-int-pow:
assumes a € nonzero @,
shows angular-component (a [7] (k::int)) = (angular-component a) [7]z  k

{proof)

lemma ac-nat-pow:

assumes a € nonzero @,

shows ac n (a [7] (k:nat)) = (ac n a)” k mod (p™n)
(proof)

lemma ac-nat-pow”:

assumes a € nonzero @,

assumes n #0

shows ac n (a [ (k:nat)) = (ac n a)[ ] zp-res-ring n *
(proof)

lemma ac-int-pow:
assumes a € nonzero @,
assumes n > ()
shows ac n (a [7] (kzint)) = (ac n a)[7] zp-res-ring n &
(proof)

lemma angular-component-p:
angular-component p = 1z,
(proof)

lemma angular-component-p-nat-pow:
angular-component (p [7] (n::nat)) = 17

{proof)

lemma angular-component-p-int-pow:
angular-component (p [7] (nxint)) = 17

(proof )
lemma ac-p-nat-pow:

assumes k > 0
shows ac k (p [7] (nunat)) = 1

(proof)
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lemma ac-p:
assumes k > 0
shows ackp =1

{proof)

lemma ac-p-int-pow:
assumes k > 0
shows ac k (p [7] (nu:int)) = 1
(proof)

lemma angular-component-p-nat-pow-factor:
assumes a € nonzero @,
shows angular-component ((p [7] (n:nat)) ® a) = angular-component a

(proof)

lemma ac-p-nat-pow-factor:
assumes m > (
assumes g € nonzero @Qp
shows ac m ((p [7] (n:nat)) ® a) = ac m a

{proof)

lemma angular-component-p-nat-pow-factor-right:
assumes g € nonzero @Qp
shows angular-component (a ® (p [7] (n::nat))) = angular-component a

(proof)

lemma ac-p-nat-pow-factor-right:
assumes m > (
assumes a € carrier Q)
shows ac m (a ® (p [7] (n::nat))) = ac m a

(proof)

lemma angular-component-p-int-pow-factor:
assumes a € carrier Qp
shows angular-component ((p [7] (n:int)) ® a) = angular-component a

{proof)

lemma ac-p-int-pow-factor:
assumes a € nonzero @,
shows ac m ((p [7] (n:int)) ® a) = ac m a

{proof)

lemma angular-component-p-int-pow-factor-right:
assumes a € carrier @p
shows angular-component (a ® (p [7] (n::int))) = angular-component a

{proof)

lemma ac-p-int-pow-factor-right:
assumes a € carrier @
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shows ac m (a ® (p [7] (n::int))) = ac m a
{proof)

8.5 An Inverse for the inclusion map ¢

definition to-Zp where
to-Zp a = (if (a € Op) then (SOME x. © € carrier Z, N\ v x = a) else 0z )

lemma to-Zp-closed:
assumes a € carrier @p
shows to-Zp a € carrier Z,,

{proof)

lemma to-Zp-inc:
assumes a € O,
shows ¢ (to-Zp a) = a
(proof)

lemma inc-to-Zp:
assumes b € carrier Z,
shows to-Zp (¢ b) = b
(proof)

lemma to-Zp-add:
assumes ¢ € O,
assumes b € O,
shows to-Zp (a @ b) = to-Zp a @z (to-Zp b)

(proof)

lemma to-Zp-mult:
assumes a € O,
assumes b € O,
shows to-Zp (a ® b) = to-Zp a @y (to-Zp b)

(proof)

lemma to-Zp-minus:
assumes o € O,
assumes b € O,
shows to-Zp (a © b) = to-Zp a ©y  (to-Zp b)
(proof)

lemma to-Zp-one:
shows to-Zp 1 =14,

{proof)

lemma to-Zp-zero:
shows to-Zp 0 = 0z,

(proof)
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lemma to-Zp-ominus:

assumes ¢ € O,

shows to-Zp (6 a) = 6z, (to-Zp a)
(proof)

lemma to-Zp-val:
assumes ¢ € O,
shows val-Zp (to-Zp a) = val a
(proof)

lemma val-of-nat-inc:
val ([(k:nat)]-1) > 0
(proof)

lemma val-of-int-inc:
val ([(k::int)]-1) > 0
(proof)

lemma to-Zp-nat-inc:
to-Zp ([(a::nat)]-1) = [a]~Zp1 Z,
(proof)

lemma to-Zp-int-neg:
to-Zp ([(—int (aznat))]-1) = 67 ([int a]- 7,1 7))
(proof)

lemma(in ring) int-add-pow:
[int n] - 1 = [n]1

(proof)
lemma int-add-pow:
[int n] - 1 = [n]-1
(proof)

lemma Zp-int-add-pow:
lintn] -z, 17, =[n]-z,1z7
(proof)

lemma to-Zp-int-inc:
to-Zp ([(azzint)1) = (a]-2,1 7.)
(proof)

lemma to-Zp-nat-add-pow:
assumes a € O,
shows to-Zp ([(n:nat)]-a) = [n]-z to-Zp a
{proof)

lemma val-ring-res:
assumes ¢ € O,
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assumes b € O,
shows to-Zp (a © b) N = to-Zp a N © Zp-res-ring N 10-Zp b N
(proof)

lemma res-diff-in-val-ring-imp-in-val-ring:
assumes a € O,
assumes b € carrier @
assumes ¢ © b € O,
shows b € O,

(proof)

lemma(in padic-fields) equal-res-imp-res-diff-zero:
assumes a € O,
assumes b € O,
assumes to-Zp a N = to-Zp b N
shows to-Zp (a © b) N = 0
(proof)

lemma(in padic-fields) equal-res-imp-val-diff-bound:
assumes o € O,
assumes b € O,
assumes to-Zp a N = to-Zp b N
shows wval (a © b) > N
(proof)

lemmal(in padic-fields) equal-res-equal-val:
assumes ¢ € O,
assumes b € O,
assumes val a < N
assumes to-Zp a N = to-Zp b N
shows wval a = val b

(proof)

lemma(in padic-fields) val-ring-equal-res-imp-equal-val:
assumes ¢ € O,
assumes b € O,
assumes val a < eint N
assumes val b < eint N
assumes to-Zp a N = to-Zp b N
shows val a = wval b

(proof)

end

end

theory Padic-Field-Polynomials
imports Padic-Fields

begin
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9 p-adic Univariate Polynomials and Hensel’s Lemma
type-synonym padic-field-poly = nat = padic-number

type-synonym padic-field-fun = padic-number = padic-number

9.1 Gauss Norms of Polynomials

The Gauss norm of a polynomial is defined to be the minimum valuation
of a coefficient of that polynomial. This induces a valuation on the ring
of polynomials, and in particular it satisfies the ultrametric inequality. In
addition, the Gauss norm of a polynomial f(z) gives a lower bound for the
value val (f(a)) in terms of val (a), for a point a € Q,. We introduce Gauss
norms here as a useful tool for stating and proving Hensel’s Lemma for the
field Q,. We are abusing terminology slightly in calling this the Gauss norm,
rather than the Gauss valuation, but this is just to conform with our decision
to work exclusively with the p-adic valuation and not discuss the equivalent
real-valued p-adic norm. For a detailed treatment of Gauss norms one can
see, for example [2].

context padic-fields
begin

no-notation Zp.to-fun (infixl<-» 70)

abbreviation(input) @Qp-r where

Qp-r = UP @,

definition gauss-norm where
gauss-norm g = Min (val ¢ g ‘ {..degree g})

lemma gauss-normkE:
assumes g € carrier Q,-
shows gauss-norm g < wval (g k)

(proof)

lemma gauss-norm-geql:
assumes g € carrier (UP Q)
assumes An. val (g n) > «
shows gauss-norm g > «

{proof)

lemma gauss-norm-eql:
assumes g € carrier (UP Q)
assumes An. val (g n) > «
assumes val (g 1) = «
shows gauss-norm g = «

(proof)
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lemma nonzero-poly-nonzero-coeff:
assumes g € carrier Qp-z
assumes g # OQp-x

shows Fk. k <degree g A\ g k 7éOQp
(proof)

lemma gauss-norm-prop:
assumes g € carrier Qp-z
assumes g # OQp-:c
shows gauss-norm g # oo

(proof)

lemma gauss-norm-coeff-norm:
In < degree g. (gauss-norm g) = val (g n)

(proof)

lemma gauss-norm-smult-cfs:
assumes g € carrier Q-
assumes a € carrier Q,
assumes gauss-norm g = val (g k)
shows gauss-norm (a OQp-z g) = val a + val (g k)

(proof)

lemma gauss-norm-smult:
assumes g € carrier Q-
assumes a € carrier @
shows gauss-norm (a OQp-z g) = wal a + gauss-norm g

{proof)

lemma gauss-norm-ultrametric:
assumes g € carrier Qp-z
assumes h € carrier Qp-x
shows gauss-norm (g ®¢,_; h) = min (gauss-norm g) (gauss-norm h)

(proof)

lemma gauss-norm-a-inv:
assumes f € carrier (UP Q)
shows gauss-norm (Syp pr) = gauss-norm f

(proof)

lemma gauss-norm-ultrametric’:
assumes f € carrier (UP Qp)
assumes g € carrier (UP @Qp)
shows gauss-norm (f ©p 0, g) > min (gauss-norm f) (gauss-norm g)

(proof)
lemma gauss-norm-finsum:

assumes f € A — carrier Qp-z
assumes finite A
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assumes A # {}
shows gauss-norm (B ,-zi€A. fi) = Min (gauss-norm * (f*A))

(proof)

lemma gauss-norm-monom:
assumes a € carrier @
shows gauss-norm (monom Qp-z a n) = val a

(proof)

lemma val-val-ring-prod:
assumes a € O,
assumes b € carrier @Qp
shows val (a ®¢g b) > val b

(proof)

lemma val-val-ring-prod’:
assumes ¢ € O,
assumes b € carrier Q)
shows val (b ®¢, a) = val b

{proof)

lemma val-ring-nat-pow-closed:
assumes ¢ € O,
shows (a[J(n:nat)) € O,
(proof )

lemma val-ringl:
assumes a € carrier @
assumes val a >0
shows a € O,

{proof)

notation UPQ.to-fun (infixl» 70)

lemma val-gauss-norm-eval:
assumes g € carrier Qp-z
assumes a € O,
shows wval (g + a) > gauss-norm g

(proof)

lemma positive-gauss-norm-eval:
assumes g € carrier Qp-z
assumes gauss-norm g > 0
assumes g € O,
shows (g-a) € O,
(proof )

lemma positive-gauss-norm-valuation-ring-coeffs:
assumes g € carrier Qp-z
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assumes gauss-norm g > 0
shows g n € O,

{proof)

lemma val-ring-cfs-imp-nonneg-gauss-norm:
assumes g € carrier (UP Q)
assumes An. gn € O,
shows gauss-norm g > 0

{proof)

lemma val-of-add-pow:
assumes a € carrier @
shows wval ([(n::nat)]-a) > val a

(proof)

lemma gauss-norm-pderiv:
assumes g € carrier (UP Q)
shows gauss-norm g < gauss-norm (pderiv g)

{proof)

9.2 Mapping Polynomials with Value Ring Coefficients to
Polynomials over Z,

definition to-Zp-poly where
to-Zp-poly g = (An. to-Zp (g n))

lemma to-Zp-poly-closed:
assumes g € carrier QQp-T
assumes gauss-norm g > 0
shows to-Zp-poly g € carrier (UP Z,)

(proof)

definition poly-inc where
poly-inc g = (An:nat. ¢ (g n))

lemma poly-inc-closed:
assumes g € carrier (UP Z,)
shows poly-inc g € carrier Qp-z
(proof )

lemma poly-inc-inverse-right:
assumes g € carrier (UP Z,)
shows to-Zp-poly (poly-inc g) = ¢
(proof )

lemma poly-inc-inverse-left:
assumes g € carrier Qp-v
assumes gauss-norm g >0
shows poly-inc (to-Zp-poly g) = g
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(proof)

lemma poly-inc-plus:

assumes f € carrier (UP Zp)

assumes g € carrier (UP Z))

shows poly-inc (f @yp Z, g) = poly-inc f yp Q, Poly-inc g
(proof)

lemma poly-inc-monom:

assumes a € carrier Z,

shows poly-inc (monom (UP Z,) a m) = monom (UP @) (v a) m
(proof)

lemma poly-inc-times:
assumes f € carrier (UP Z,)
assumes g € carrier (UP Z,)
shows poly-inc (f @ p Z, g) = poly-inc f pp 0, poly-inc g
(proof)

lemma poly-inc-one:
poly-inc (Lyp z,) = 1yp @,
(proof)

lemma poly-inc-zero:
poly-inc (Oyp z,) = Oyp @,
(proof )

lemma poly-inc-hom:
poly-inc € ring-hom (UP Z,) (UP Q,)
(proof)

lemma poly-inc-as-poly-lift-hom:
assumes f € carrier (UP Z,)
shows poly-inc f = poly-lift-hom Z,, Q, ¢ f
(proof )

lemma poly-inc-eval:

assumes g € carrier (UP Z,)

assumes a € carrier Z,

shows to-function @, (poly-inc g) (v a) = v (to-function Z, g a)
{proof)

lemma val-ring-poly-eval:
assumes f € carrier (UP @)
assumes A i. fi € O,
shows A\z. 1€ O, = f-2€ O,

{proof)

lemma Zp-res-of-pow:
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assumes a € carrier Z,

assumes b € carrier Z,

assumes an = bn

shows (a[ ]z, (k:nat)) n = (b[7]z, (k:nat)) n
(proof )

lemma to-Zp-nat-pow:
assumes ¢ € O,
shows to-Zp (a[7|(n:nat)) = (to-Zp a)[7] 7, (n::nat)

{proof)

lemma to-Zp-res-of-pow:
assumes ¢ € O,
assumes b € O,
assumes to-Zp a n = to-Zp b n
shows to-Zp (a]7](k::nat)) n = to-Zp (b J(k::nat)) n
(proof)

lemma poly-eval-cong:

assumes g € carrier (UP Q)

assumes Ai. gi € O,

assumes a € O,

assumes b € O,

assumes to-Zp a k = to-Zp b k

shows to-Zp (g - a) k = to-Zp (g - b) k
(proof)

lemma to-Zp-poly-eval:

assumes g € carrier Qp-x

assumes gauss-norm g > 0

assumes ¢ € O,

shows to-Zp (to-function Q, g a) = to-function Z, (to-Zp-poly g) (to-Zp a)
(proo)

lemma poly-eval-equal-val:
assumes g € carrier (UP Qp)
assumes Az. gz € O,
assumes a € O,
assumes b € O,
assumes val (g - a) < eint n
assumes to-Zp a n = to-Zp b n
shows wval (g + b) = val (g - a)
(proof)

lemma to-Zp-poly-monom:
assumes ¢ € O,
shows to-Zp-poly (monom (UP @Q,) a n) = monom (UP Z,) (to-Zp a) n
(proof)
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lemma to-Zp-poly-add:

assumes f € carrier (UP Qp)

assumes gauss-norm f > 0

assumes g € carrier (UP Q)

assumes gauss-norm g > 0

shows to-Zp-poly (f @ yp Qp g) = to-Zp-poly f ®pyp Zy to-Zp-poly g
(proof)

lemma to-Zp-poly-zero:
to-Zp-poly (Oyp @,) = Opp z,
(proof )

lemma to-Zp-poly-one:
to-Zp-poly (1yp @,) = lyp z,
(proof)

lemma val-ring-add-pow:
assumes a € carrier Qp
assumes val a > 0
shows val ([(n:nat)]-a) > 0

(proof)

lemma to-Zp-poly-pderiv:

assumes g € carrier (UP Q)

assumes gauss-norm g > 0

shows to-Zp-poly (pderiv g) = Zp.pderiv (to-Zp-poly g)
(proof)

lemma val-p-int-pow:

val (p[71k) = eint (k)
(proof)

definition int-gauss-norm where
int-gauss-norm g = (SOME n::int. eint n = gauss-norm g)

lemma int-gauss-norm-eq:
assumes g € carrier (UP Q)

assumes g # 0yp
shows eint (int-gauss-norm g) = gauss-norm g

(proof)

lemma int-gauss-norm-smult:
assumes g € carrier (UP @Qp)

assumes g # Opp Q,
assumes a € nonzero @,

shows int-gauss-norm (a © 7p Q, g) = ord a + int-gauss-norm g
{proof)

definition normalize-poly where
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normalize-poly g = (if g = Oyp ¢, then g else (p[](— int-gauss-norm g)) ©q, 4
9)

lemma normalize-poly-zero:
normalize-poly Oyp ¢, = Oyp @,
(proof)

lemma normalize-poly-nonzero-eq:
assumes g # Opp Q,
assumes g € carrier (UP Q)
shows normalize-poly g = (p["](— int-gauss-norm g)) ©yp @, 9

{proof)

lemma int-gauss-norm-normalize-poly:
assumes g # Oyp Q,
assumes g € carrier (UP @Qp)
shows int-gauss-norm (normalize-poly g) = 0
(proof )

lemma normalize-poly-closed:
assumes g € carrier (UP @Qp)
shows normalize-poly g € carrier (UP Q)

(proof)

lemma normalize-poly-nonzero:
assumes g # 0yp
assumes g € carrier (UP Q)
shows normalize-poly g # 0p Q»

{proof)

lemma gauss-norm-normalize-poly:
assumes g # Oyp Q,
assumes g € carrier (UP Qp)
shows gauss-norm (normalize-poly g) = 0
(proof)

lemma taylor-term-eval-eq:

assumes [ € carrier (UP Q)

assumes z € carrier @,

assumes t € carrier @

assumes \j. { # j = wval (UPQ.taylor-term z fi - t) < val (UPQ.taylor-term
0 fie 1)

shows wal (f - t) = val (UPQ.taylor-term x f i - t)
(proof )

9.3 Hensel’s Lemma for p-adic fields

theorem hensels-lemma:
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assumes f € carrier (UP Q)

assumes ¢ € O,

assumes gauss-norm f > 0

assumes val (f-a) > 2xval ((pderiv f)-a)

shows 3la € O,. fra =0 A val (a © ) > val ((pderiv f)-a)
(proof )

lemma nth-root-poly-root-fized:
assumes (n:nat) > 1
assumes ¢ € O,
assumes val (1 ¢, a) > 2% val ([n]-1
shows (3! b€ Op. (b[In) = a A wval (
(proof)

)
be 1) > wval ([n]1))

lemma mod-zerokE:
assumes (a:int) mod k = 0
shows 31. a = Ixk
(proof )

lemma to-Zp-poly-closed’:
assumes g € carrier (UP Q)
assumes Ai. gi € O,
shows to-Zp-poly g € carrier (UP Z,,)
(proof)

lemma to-Zp-poly-eval-to-Zp:

assumes g € carrier (UP Q)

assumes Ai. gi € O,

assumes g € O,

shows to-function Z, (to-Zp-poly g) (to-Zp a) = to-Zp (g - a)
(proof )

lemma inc-nat-pow:
assumes a € carrier Z,
shows ¢ ([(n:nat)] -z a) = [n]-(v a)
{proof)

lemma poly-inc-pderiv:

assumes g € carrier (UP Z,)

shows poly-inc (Zp.pderiv g) = UPQ.pderiv (poly-inc g)
(proof)

lemma Zp-hensels-lemma:
assumes [ € carrier Zp-z
assumes a € carrier Z,
assumes Zp.to-fun (Zp.pderiv f) a # OZp
assumes Zp.to-fun f a # OZ,,
assumes val-Zp (Zp.to-fun f a) > eint 2 x val-Zp (Zp.to-fun (Zp.pderiv f) a)
obtains o where
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Zp.to-fun f a = 0z, and o € carrier Z,

val-Zp (a oz, ) > val-Zp (Zp.to-fun (Zp.pderiv f) a)

val-Zp (a Sz, ) = val-Zp (divide (Zp.to-fun f a) (Zp.to-fun (Zp.pderiv f)
a))

val-Zp (Zp.to-fun (Zp.pderiv f) «) = val-Zp (Zp.to-fun (Zp.pderiv f) a)
(proof)

end

end

theory Padic-Field-Topology
imports Padic-Fields

begin

10 Topology of p-adic Fields

In this section we develop some basic properties of the topology on the p-
adics. Open and closed sets are defined, convex subsets of the value group
are characterized.

type-synonym padic-univ-poly = nat = padic-number

10.1 p-adic Balls

context padic-fields
begin

definition c-ball :: int = padic-number = padic-number set («B-[-]») where
c-ball n ¢ = {x € carrier Qp. val (x © ¢) > n}

lemma c-balll:
assumes z € carrier @p
assumes val (z © ¢) > n
shows z € c-ball n ¢

(proof)

lemma c-ballE:
assumes z € c-ball n c
shows = € carrier ()
val (x © ¢) > n
(proof )

lemma c-ball-in-Qp:
Bplc] C carrier @,
(proof)

definition
g-ball :: nat = int = int = padic-number = padic-number set where
g-balln km c = {z € carrier Qp. (acn (z & ¢c) =k A (ord (x & ¢)) =m) }
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lemma ¢-balll:
assumes z € carrier Q)
assumes acn (z © ¢) = k
assumes (ord (z © ¢)) = m
shows z € ¢-ball n km ¢
{proof)

lemma ¢-ballE:
assumes z € ¢-balln km c
shows = € carrier @,

{proof)

lemma q¢-ballE":
assumes z € g-balln km c
shows acn (z©c¢) =k
(ord (x ©¢)) =m
(proof)

lemma g¢-ball-in-Qp:
g-ball n k m ¢ C carrier @
(proof )

lemma ac-ord-prop:
assumes a € nonzero @
assumes b € nonzero @
assumes ord a = ord b
assumes ord a = n
assumes ac m a = acm b
assumes m > 0
shows val (a © b) > m + n

(proof)

lemma c-ball-g-ball:
assumes b € nonzero @
assumes n > 0
assumes k = acn b
assumes c € carrier @
assumes d € ¢-ball n km c
shows g-ball n k- m ¢ = c-ball (m + n) d

(proof)

definition is-ball :: padic-number set = bool where
is-ball B = (3 (m::int). 3 ¢ € carrier Qp. (B = Bplc]))

lemma is-ball-imp-in-Qp:
assumes is-ball B
shows B C carrier Q)

{proof)
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lemma c-ball-centers:
assumes is-ball B
assumes B = By](]
assumes d € B
assumes c € carrier @
shows B = By|[d]
(proof)

lemma c-ball-center-in:
assumes is-ball B
assumes B = By|(]
assumes ¢ € carrier @
shows ¢ € B

(proof)

Every point a has a point b of distance exactly n away from it.

lemma dist-nonempty:
assumes a € carrier @
shows 3b € carrier Qp. val (b © a) = eint n

(proof)

lemma dist-nonempty”:
assumes a € carrier @,
shows 3b € carrier Qp. val (b & a) = «

(proof)

lemma ball-rad-0:
assumes is-ball B
assumes By[c] C Bp|(]
assumes c¢ € carrier @
shows n < m

(proof)

lemma ball-rad:
assumes is-ball B
assumes B = By](]
assumes B = Bp|(]
assumes c € carrier @
shows n = m

(proof)

definition radius :: padic-number set = int (<rad>) where
radius B = (SOME n. (3¢ € carrier Q, . B = By|c]))

lemma radius-of-ball:
assumes is-ball B
assumes c € B
shows B = B,,4 glc]
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(proof)

lemma ball-rad’:
assumes is-ball B
assumes B = By](]
assumes B = Bp[d]
assumes ¢ € carrier @
assumes d € carrier Qp
shows n = m

(proof)

lemma nested-balls:
assumes is-ball B
assumes B = By](]
assumes B’ = B[]
assumes ¢ € carrier @
assumes d € carrier Qp
shows n >m +— B C B’

(proof)

lemma nested-balls”:
assumes is-ball B
assumes is-ball B’
assumes B N B’ # {}
shows B C B’V B'C B
(proof )

definition is-bounded:: padic-number set = bool where
is-bounded S = (In. ¢ € carrier Qp. S C Bylc] )

lemma empty-is-bounded:
is-bounded {}
(proof)

10.2 p-adic Open Sets

definition is-open:: padic-number set = bool where
is-open U = (U C carrier Qp) A (Ve € U. In. Bplc]C U)

lemma is-openl:
assumes U Ccarrier Qp
assumes Ac. c € U = 3n. By[c|]C U
shows is-open U

{proof)

lemma ball-is-open:
assumes is-ball B
shows is-open B

{proof)
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lemma is-open-imp-in-Qp:
assumes is-open U
shows U C carrier Q)

(proof)

lemma is-open-imp-in-Qp":
assumes is-open U
assumes z € U
shows = € carrier @,

(proof)

Owing to the total disconnectedness of the p-adic field, every open set can be
decomposed into a disjoint union of balls which are maximal with respect to
containment in that set. This unique decomposition is occasionally useful.

definition is-maz-ball-of ::padic-number set = padic-number set = bool where
is-max-ball-of U B = (is-ball B) A (B C U) A (VB'. ((is-ball BY AN (B'C U) A B
C B') — B'C B)

lemma is-mazx-ball-ofI:
assumes U C carrier @
assumes (Bpc]) C U
assumes ¢ € carrier @
assumes Vm'. m' < m — = B _ic] C U
shows is-maz-ball-of U (Bm|c])
(proof )

lemma int-prop:
fixes P:: int = bool
assumes P n
assumes Vm. m <N — = Pm
shows In. Pn A (Vn'. Pn'— n’ >n)

(proof)

lemma open-maz-ball:
assumes is-open U
assumes U # carrier Qp
assumes c € U
shows 3 B. is-max-ball-of U B N ¢c € B

(proof)

definition interior where
interior U = {a. 3B. is-open BA B C U A a € B}

lemma interior-subset:
assumes U C carrier @
shows interior U C U

(proof)
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lemma interior-open:
assumes U C carrier @Qp
shows is-open (interior U)

(proof)

lemma interiorl:
assumes W C U
assumes is-open W
shows W C interior U

(proof)

lemma maz-ball-interior:
assumes U C carrier Qp
assumes is-maz-ball-of (interior U) B
shows is-mazx-ball-of U B

(proof)

lemma ball-in-max-ball:
assumes U C carrier Qp
assumes U # carrier Qp
assumes c € U
assumes dB. B C U A is-ball BA c € B
shows 3 B’. is-maz-ball-of U B’ A ¢ € B’
(proof)

lemma ball-in-mazx-ball’:

assumes U C carrier Q,

assumes U # carrier Qp

assumes B C U A is-ball B

shows 3 B’. is-maz-ball-of U B’ N B C B’
(proof)

lemma maz-balls-disjoint:
assumes U C carrier @
assumes is-maz-ball-of U B
assumes is-maz-ball-of U B’
assumes B #B’
shows BN B' = {}

{proof)

definition maz-balls :: padic-number set = padic-number set set where
maz-balls U = {B. is-maz-ball-of U B }

lemma maz-balls-interior:
assumes U C carrier @Qp
assumes U # carrier @Qp
shows interior U = {z € carrier Q. (3B € (maz-balls U). z € B)}

(proof)
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lemma maz-balls-interior”:
assumes U C carrier @Qp
assumes U # carrier @Qp
assumes B € mazx-balls U
shows B C interior U

{proof)

lemma maz-balls-interior’”:
assumes U C carrier @
assumes U # carrier Q)
assumes a € interior U
shows 3B € max-balls U. a € B

{proof)

lemma open-interior:
assumes is-open U
shows interior U = U

{proof)

lemma interior-idempotent:
assumes U C carrier @
shows interior (interior U) = interior U
(proof)

10.3 Convex Subsets of the Value Group

The content of this section will be useful for defining and reasoning about
p-adic cells in the proof of Macintyre’s theorem. It is proved that every
convex set in the extended integers is either an open ray, a closed ray, a
closed interval, or a left-closed interval.

definition is-conver :: eint set = bool where
issconver A= ¥V z€ AVye AVeeza<cAhc<y—ceA

lemma is-convezl:
assumes Az yc. 1€ Ad=ycA=zs<cAhc<y=cecd
shows is-convex A

{proof)

lemma is-convezE:
assumes is-conver A
assumes z € A
assumes y € A
assumes z < a
assumes a < y
shows a € A

(proof)

<
<

lemma empty-convex:
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is-convex {}
{proof)

lemma UNIV-convex:
is-convex UNIV

{proof)

definition closed-interval (<I[- -]») where
closed-interval « f ={a .a < a N a< S}

lemma closed-interval-is-convex:
assumes A = closed-interval o 3
shows is-convex A

{proof)

lemma empty-closed-interval:
{} = closed-interval oo (eint 1)

{proof)

definition left-closed-interval where
left-closed-interval o f = {a .o < a A a < S}

lemma left-closed-interval-is-convex:
assumes A = left-closed-interval o 3
shows is-convexr A

(proof)

definition closed-ray where
closed-ray o 8 ={a. a<p}

lemma closed-ray-is-convex:
assumes A = closed-ray o 8
shows is-conver A

{proof)

lemma UNIV-closed-ray:
(UNIV ::eint set)= closed-ray o 0o

{proof)

definition open-ray :: eint = eint = eint set where
open-ray o B ={a. a<p}

lemma open-ray-is-convex:
assumes A = open-ray o 3
shows is-convexr A
(proof )

lemma open-rayFE:
assumes a < 3
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shows a € open-ray a B
(proof)

lemma value-group-is-open-ray:
UNIV — {o0} = open-ray o o0
(proof)

This is a predicate which identifies a certain kind of set-valued function on
the extended integers. Convex conditions will be important in the definition
of p-adic cells later, and it will be proved that every convex set is induced
by a convex condition.

definition is-convez-condition :: (eint = eint = eint set) = bool
where is-convez-condition I =
I = closed-interval vV I = left-closed-interval V I = closed-ray V I =
open-ray

lemma convez-condition-imp-convex:
assumes is-convex-condition 1
shows is-convez (I a )

{proof)

lemma bounded-order:
assumes (a::eint) < oo
assumes b < a
obtains k::nat where a = b + k

(proof)

Every convex set is given by a convex condition

lemma convez-imp-convez-condition:
assumes is-conver A
shows 3 I «a f. is-convex-condition I AN A = (I a f3)

(proof)

lemma ez-val-less:
shows 3 (a:eint). a <
(proof )

lemma ex-dist-less:
assumes ¢ € carrier @
shows 3 a € carrier Q. val (a © ¢) < S
(proof )

end

end

theory Generated-Boolean-Algebra
imports Main

begin
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11 Generated Boolean Algebras of Sets

11.1 Definitions and Basic Lemmas

lemma equalityl”:
assumes A\z. 1 € A = z € B
assumes A\z. 1 € B= 1z € A
shows A = B

{proof)

lemma equalityl "
assumes A\z. Az = Bz
assumes A\z. Bz — Az
shows {z. A z} = {z. Bz}

{proof)

lemma SomekL:
assumes a = (SOME z. P x)
assumes P c
shows P a

{proof)

lemma SomeE":
assumes a = (SOME z. P z)
assumes 1 z. Pz
shows P a

{proof)

12 Basic notions about boolean algebras over a set
S, generated by a set of generators B

Note that the generators B need not be subsets of the set S

inductive-set gen-boolean-algebra

for S and B where

universe: S € gen-boolean-algebra S B

| generator: A € B=— AN S € gen-boolean-algebra S B

| union: [ A € gen-boolean-algebra S B; C € gen-boolean-algebra S B] = A
U C € gen-boolean-algebra S B

| complement: A € gen-boolean-algebra S B = S — A € gen-boolean-algebra S
B

lemma gen-boolean-algebra-subset:
shows A € gen-boolean-algebra S B — A C §

(proof)
lemma gen-boolean-algebra-intersect:

assumes A € gen-boolean-algebra S B
assumes C' € gen-boolean-algebra S B

185



shows A N C € gen-boolean-algebra S B
(proof )

lemma gen-boolean-algebra-diff:
assumes A € gen-boolean-algebra S B
assumes C' € gen-boolean-algebra S B
shows A — C € gen-boolean-algebra S B

(proof)

lemma gen-boolean-algebra-diff-eq:
assumes A € gen-boolean-algebra S B
assumes C € gen-boolean-algebra S B
shows A — C=4AnNn(S - C)
(proof )

lemma gen-boolean-algebra-finite-union:
assumes Aa. a € A = a € gen-boolean-algebra S B
assumes finite A
shows |J A € gen-boolean-algebra S B

(proof)

lemma gen-boolean-algebra-finite-intersection:
assumes Aa. a € A = a € gen-boolean-algebra S B
assumes finite A
assumes A # {}
shows () A € gen-boolean-algebra S B

(proof)

lemma gen-boolean-algebra-generators:
assumes A\b. b€ B=bC S
assumes b € B
shows b € gen-boolean-algebra S B

{proof)

lemma gen-boolean-algebra-generator-subset:
assumes A € gen-boolean-algebra S As
assumes As C Bs
shows A € gen-boolean-algebra S Bs

{proof)

lemma gen-boolean-algebra-generators-union:
assumes A € gen-boolean-algebra S As
assumes C € gen-boolean-algebra S Cs
shows A U C € gen-boolean-algebra S (As U Cs)

(proof)
lemma gen-boolean-algebra-finite-gen-wits:

assumes A € gen-boolean-algebra S B
shows 3 Bs. finite Bs A Bs C B A A € gen-boolean-algebra S Bs
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(proof)

lemma gen-boolean-algebra-univ-mono:
assumes A € gen-boolean-algebra S B
shows gen-boolean-algebra A B C gen-boolean-algebra S B

(proof)

The boolean algebra generated by a collection of elements in another algebra
is contained in the original algebra:

lemma gen-boolean-algebra-subalgebra:
assumes Xs C gen-boolean-algebra S B
shows gen-boolean-algebra S Xs C gen-boolean-algebra S B

(proof)

lemma gen-boolean-algebra-idempotent:
assumes S = |J Xs

shows gen-boolean-algebra S (gen-boolean-algebra S Xs) = (gen-boolean-algebra
S Xs)

{proof)

We can always replace the set of generators Xs with their intersections with
the universe set S, and obtain the same algebra.

lemma gen-boolean-algebra-restrict-generators:
gen-boolean-algebra S Xs =gen-boolean-algebra S ((N) S ¢ Xs)

(proof )
Adding a generator to a generated boolean algebra is redundant if the gen-
erator already lies in the algebra.

lemma add-generators:
assumes A € gen-boolean-algebra S Xs
shows gen-boolean-algebra S Xs = gen-boolean-algebra S (insert A Xs)

{(proof)

12.1 Turning a Family of Sets into a Family of Disjoint Sets

This section outlines the standard construction where sets Ay,..., A, are
n—1

replaced by sets Ag, A; — Ao, A2 — (Ag U A41),..., A, — (|J A4;) to obtain a
i=0

disjoint family of the same cardinality.

fun rec-disjointify where

rec-disjointify 0 f = {}|

rec-disjointify (Suc m) f = insert (f m — |J (rec-disjointify m f)) (rec-disjointify
m f)

lemma card-of-rec-disjointify:

card (rec-disjointify m f) < m
(proof )
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lemma rec-disjointify-finite:
finite (rec-disjointify m f)
(proof )

lemma rec-disjointify-in-gen-boolean-algebra:
assumes f ‘ {..<m} C gen-boolean-algebra S B
shows rec-disjointify m f C gen-boolean-algebra S B

(proof)

lemma rec-disjointify-union:
U (rec-disjointify m f) = (U ¢ € {..<m}. f1)
(proof)

definition enum-rec-disjointify where
enum-rec-disjointify f m = fm — |J (rec-disjointify m f)

lemma rec-disjointify-as-enum-rec-disjointify-image:
rec-disjointify m f = enum-rec-disjointify f ‘{..<m}
(proof )

lemma enum-rec-disjointify-subset:
enum-rec-disjointify f m C fm

(proof)

lemma enum-rec-disjointify-disjoint:

assumes k < m

shows enum-rec-disjointify f m N enum-rec-disjointify f k = {}
(proof)

lemma enum-rec-disjointify-disjoint’:
assumes k # m
shows enum-rec-disjointify f m N enum-rec-disjointify f k = {}
(proof)

lemma rec-disjointify-is-disjoint:
assumes A € rec-disjointify m f
assumes B € rec-disjointify m f
assumes A # B
shows AN B = {}

{proof)

definition enumerates where
enumerates A f = finite AN A= f{.< (card A)} A inj-on f {..< (card A)}

lemma finite-imp-exists-enumeration:
assumes finite A
shows 3 f. enumerates A f

{proof)
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lemma enumeratesE:
assumes enumerates A f
shows finite A A = f “* {..< card A} inj-on f {..< card A}
(proof )

lemma rec-disjointify-finite-set:
assumes enumerates A f
shows |J (rec-disjointify (card A) f) = A
(proof)

definition enumerate where

enumerate A = (SOME f. enumerates A f)

lemma enumerate-enumerates:
assumes finite A
shows enumerates A (enumerate A)

{proof)

lemma enumerateF:
assumes finite A
assumes a € A
shows 3 i < card A. a = (enumerate A) i

{proof)

definition disjointify where
disjointify As = rec-disjointify (card As) (enumerate As)

lemma disjointify-is-disjoint:
assumes finite As
assumes A € disjointify As
assumes B € disjointify As
assumes A # B
shows AN B = {}

{proof)

lemma disjointify-union:
assumes finite As
shows |J (disjointify As) =] As
(proof)

lemma disjointify-gen-boolean-algebra:
assumes finite As
assumes As C gen-boolean-algebra S B
shows disjointify As C gen-boolean-algebra S B

{proof)

lemma disjointify-finite:
assumes finite As
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shows finite (disjointify As)
{proof)

lemma disjointify-card:
assumes finite As
showscard (disjointify As) < card As

{proof)

lemma disjointify-subset:
assumes finite As
assumes A € disjointify As
shows 3B € As. A C B

{proof)

12.2 The Atoms Generated by Collections of Sets

We can also turn a family of sets into a disjoint family by taking the atoms
of the boolean algebra generated by these sets. This will still yield a finite
family if the initial family is finite, but in general will be much larger in size.

12.2.1 Defining the Atoms of a Family of Sets

Here we intend that As is a subset of the collection of sets Xs. This function
associate to each subset As C Xs a set which is contained in each element of
As, and is disjoint from each element of Xs — As. Note that in general this
may yield the empty set, but we will ultimately be interested in the cases
where the result is nonempty.

definition subset-to-atom where
subset-to-atom Xs As = (] As — |J (Xs — As)

lemma subset-to-atom-memlI:
assumes AN\A. A€ As=zc A
assumes NA. A€ Xs=—= A¢ As=z¢ A
shows = € subset-to-atom Xs As

{proof)

lemma subset-to-atom-memKE:
assumes z € subset-to-atom Xs As
shows NA. A€ As=z€ A
NAAeXs=A¢gAs= 2z ¢ A

{proof)

lemma subset-to-atom-closed:
assumes As # {}
assumes As C Xs
shows subset-to-atom Xs As C |J Xs

{(proof)
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lemma subset-to-atom-as-intersection:
assumes As # {}
assumes As C Xs
assumes S = |J Xs
shows subset-to-atom Xs As =] AsN (| X € Xs — As. § — X)

{proof)

definition atoms-of where
atoms-of Xs = (subset-to-atom Xs *((Pow Xs) — {{}})) — {{}}

lemma atoms-nonempty:
assumes A € atoms-of Xs
shows A # {}

(proof)

lemma atoms-of-disjoint:
assumes A € atoms-of Xs
assumes B € atoms-of Xs
assumes A # B
shows AN B = {}

(proof)

The atoms of a family of sets Xs are minimal in the sense that they are
either contained in or disjoint from each element of Xs.

lemma atoms-are-minimal:
assumes A € atoms-of Xs
assumes X € Xs
shows XNA={}VACX

(proof)

12.2.2 Atoms Induced by Types of Points

The set of sets in Xs which contain some point z. In the case where Xs is
some collection of first order formulas, this is just the type of = over these
formulas.

definition point-to-type where
point-to-type Xs z = {X € Xs. x € X}

The type of a point z induces the unique atom of Xs which contains z.

lemma point-in-atom-of-type:
assumes z € |J Xs
shows = € subset-to-atom Xs (point-to-type Xs x)

(proof )
lemma point-to-type-nonempty:

assumes z € |J Xs
shows point-to-type Xs x #{}

191



{proof)

lemma point-to-type-closed:
point-to-type Xs x C Pow (|J Xs)
(proof)

lemma atoms-of-covers:
assumes X = |J Xs
shows |J (atoms-of Xs) = X
{(proof)

lemma atoms-of-covers’:
shows |J (atoms-of Xs) = J Xs
(proof )

Every atom of a collection Xs of sets is realized as the atom generated by
the type of an element in that atom.

lemma nonemtpy-atom-from-point-to-type:
assumes A € atoms-of Xs
assumes a € A
shows A = subset-to-atom Xs (point-to-type Xs a)

(proof)

In light of the previous theorem, a point a and a collection of sets Xs is
enough to recover the the unique atom of Xs which contains a.

definition point-to-atom where
point-to-atom Xs a = subset-to-atom Xs (point-to-type Xs a)

lemma point-to-atom-closed:
assumes z € |J Xs
shows point-to-atom Xs © € atoms-of Xs

{proof)

All atoms of Xs are the atom induced by some point in the union of Xs.

lemma atoms-induced-by-points:
atoms-of Xs = point-to-atom Xs “ (|J Xs)
(proof)

12.2.3 Atoms of Generated Boolean Algebras

lemma atoms-of-gen-boolean-algebra:
assumes Xs C gen-boolean-algebra S B
assumes finite Xs
shows atoms-of Xs C gen-boolean-algebra S B

(proof)

If the generators of a boolean algebra are contained in the universe, the
atoms induced by the generators alone are minimal elements of the entire
algebra.

192



lemma finite-algebra-atoms-are-minimal:
assumes finite Xs
assumes |J Xs C S
assumes A € atoms-of Xs
assumes X € gen-boolean-algebra S Xs
shows XNA={}VACX

{proof)

lemma finite-set-imp-finite-atoms:
assumes finite Xs
shows finite (atoms-of Xs)
(proof)

Every element in the boolean algebra generated by Xs over S is a (disjoint)
union of atoms of generators:

lemma gen-boolean-algebra-elem-uni-of-atoms:
assumes finite Xs
assumes S = |J Xs
assumes X € gen-boolean-algebra S Xs
shows X = J {a € atoms-of Xs. a C X}

(proof)

In fact, every generated boolean algebra is the power set of the atoms of its
generators:

lemma gen-boolean-algebra-generated-by-atoms:
assumes finite Xs
assumes S = |J Xs
shows gen-boolean-algebra S Xs = |J  (Pow (atoms-of Xs))

(proof )

Finitely generated boolean algebras are finite

lemma fin-gens-imp-fin-algebra:
assumes finite Xs
assumes S = |J Xs
shows finite (gen-boolean-algebra S Xs)

(proof)

lemma point-to-atom-equal:
assumes finite Xs
assumes S = |J Xs
assumes € S
shows point-to-atom Xs © = point-to-atom (gen-boolean-algebra S Xs) x

(proof)

When the set Xs of generators covers the universe set S, the atoms of Xs
in the above sense are the same as the atoms of the boolean algebra they
generate over S.
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lemma atoms-of-sets-eq-atoms-of-algebra:
assumes finite Xs
assumes S = |J Xs
shows atoms-of Xs = atoms-of (gen-boolean-algebra S Xs)

(proof)

lemma atoms-closed:
assumes finite Xs
assumes A € atoms-of (gen-boolean-algebra S Xs)
assumes S = |J Xs
shows A € (gen-boolean-algebra S Xs)

(proof)

lemma atoms-finite:
assumes finite Xs
shows finite ((atoms-of (gen-boolean-algebra S Xs)))

(proof)

We can distinguish atoms of a set of generators Cs by finding some element
of Cs which includes one and excludes the other.

lemma distinct-atoms:
assumes Cs # {}
assumes a € atoms-of Cs
assumes b € atoms-of Cs
assumes a # b
shows (3Be€ Cs. bC BAaNB={}))vVv(E4elCs.al ANDNA={})

(proof)

12.3 Partitions of a Set

definition disjoint :: 'a set set = bool where
disjoint Ss = (V A€ Ss.VBe Ss. A#B — AN B={})

lemma disjointE:
assumes disjoint Ss
assumes A € Ss
assumes B € Ss
assumes A #B
shows AN B = {}

(proof)

lemma disjointl:
assumes AN\A B. A€ Ss= Be€ Ss= A# B=— AN B={}
shows disjoint Ss

(proof)

definition is-partition :: 'a set set = 'a set = bool (infix] «partitions> 75) where
S partitions A = (disjoint S A |J S = A)
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lemma is-partitionFE:
assumes S partitions A
shows disjoint S
Us=4
(proof )

lemma is-partitionl:
assumes disjoint S
assumes |J S =4
shows S partitions A

(proof)

If we start with a finite partition of a set A, and each element in that
partition has a finite partition with some property P, then A itself has a
finite partition where each element has property P.

lemma iter-partition:
assumes As partitions A
assumes finite As
assumes Aa. a € As = 3 Bs. finite Bs A Bs partitions a A (Vb € Bs. P b)
shows 3 Bs. finite Bs A Bs partitions A A (Vb € Bs. P b)

(proof)

12.4 Intersections of Families of Sets

definition pairwise-intersect where
pairwise-intersect As Bs = {c. Ja € As. 3b € Bs. ¢ = a N b}

lemma partition-intersection:
assumes As partitions A
assumes Bs partitions B
shows (pairwise-intersect As Bs) partitions (A N B)

(proof)

lemma pairwise-intersect-finite:
assumes finite As
assumes finite Bs
shows finite (pairwise-intersect As Bs)

(proof)

definition family-intersect where
family-intersect parts = atoms-of (|J parts)

lemma family-intersect-partitions:
assumes A Ps. Ps € parts = Ps partitions A
assumes A\ Ps. Ps € parts = finite Ps
assumes finite parts
assumes parts # {}
shows family-intersect parts partitions A

(proof)
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lemma family-intersect-memkE:
assumes A\ Ps. Ps € parts = Ps partitions A
assumes A\ Ps. Ps € parts = finite Ps
assumes finite parts
assumes parts # {}
shows APs a. a € family-intersect parts = Ps € parts = 3P € Ps. a C P

(proof)

lemma family-intersect-mem-inter:
assumes A\ Ps. Ps € (parts:: 'a set set set) = Ps partitions A
assumes A\ Ps. Ps € parts = finite Ps
assumes finite parts
assumes parts # {}
assumes a € family-intersect parts
shows 3f.V Ps € parts. f Ps € Ps A a = ([ Ps € parts. f Ps)

(proof)

If we take a finite family of partitions in a particular generated boolean
algebra, where each partition itself is finite, then their induced partition is
also in the algebra.

lemma family-intersect-in-gen-boolean-algebra:
assumes A € gen-boolean-algebra S B
assumes A Ps. Ps € parts = Ps partitions A
assumes A\ Ps. Ps € parts = finite Ps
assumes A\Ps P. Ps € parts = P € Ps = P € gen-boolean-algebra S B
assumes finite parts
assumes parts # {}
shows AP. P € family-intersect parts = P € gen-boolean-algebra S B

(proof)

end
theory Padic-Field-Powers
imports Ring-Powers Padic-Field-Polynomials Generated-Boolean-Algebra
Padic-Field-Topology

begin

This theory is intended to develop the necessary background on subsets of
powers of a p-adic field to prove Macintyre’s quantifier elimination theo-
rem. In particular, we define semi-algebraic subsets of Qy, semi-algebraic
functions Q) — @, and semi- algebraic mappings Q — Q) for arbitrary
n,m € N. In addition we prove that many common sets and functions are
semi-algebraic. We are closely following the paper [1] by Denef, where an
algebraic proof of Mactinyre’s theorem is developed.

196



13 Cartesian Powers of p-adic Fields

lemma [list-tl:

tl (t#z) =
(proof)

lemma list-hd:

hd (t#zx) =t
(proof )

sublocale padic-fields < cring-coord-rings @, UP @,
(proof)

sublocale padic-fields < Qp: domain-coord-rings @, UP @,
(proof )

context padic-fields

begin

no-notation Zp.to-fun (infixl<-» 70)
no-notation ideal-prod (infixl -1 80)

notation
evimage (infixr <~11 90) and
euminus-set (¢- v 70)

type-synonym padic-tuple = padic-number list

type-synonym padic-function = padic-number = padic-number
type-synonym padic-nary-function = padic-tuple = padic-number
type-synonym padic-function-tuple = padic-nary-function list
type-synonym padic-nary-function-poly = nat = padic-nary-function

13.1 Polynomials over Q, and Polynomial Maps

lemma last-closed”:
assumes zQ[t] € carrier (Q,")
shows ¢ € carrier @,

{proof)

lemma segment-in-car’:
assumes zQ[t] € carrier (QPS”C D)
shows z € carrier (Q,")

(proof)

lemma Qp-zero:

ng = nil-ring
(proof)

lemma Qp-zero-carrier:
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carrier (Q,%) = {[1}
{proof)

Abbreviation for constant polynomials

abbreviation(input) Qp-to-IP where
Qp-to-IP k = Qp.indexed-const k

lemma Qp-to-IP-car:
assumes k € carrier @,
shows Qp-to-IP k € carrier (Qp[Xn))

(proof)

lemma(in cring-coord-rings) smult-closed:
assumes a € carrier R
assumes q € carrier (R[Xp))
shows a Oy, ¢ € carrier (R[Xn])

{proof)

lemma Qp-poly-smult-cfs:
assumes a € carrier @
assumes P € carrier (Qp[Xn])
shows (a OQ,[Xn] P)m=a® (Pm)

{proof)

lemma Qp-smult-r-distr:
assumes a € carrier @
assumes P € carrier (Qp[Xp)])
assumes ¢ € carrier (Qp[Xn))
?hows>a OQuxn] P EQuan] 9 = (0 Og,xa) P) & glan) (@ Og,[xn] 9
proof

lemma Qp-smult-I-distr:
assumes a € carrier Qp
assumes b € carrier Qp
assumes P € carrier (Qp[Xp)])

shows (a & b) OQ,[xn L= (a ©Q,xn) P) o QplX'n] (b ©Qpxn] P)
{(proof)

abbreviation(input) Qp-funs where
Qp-funs n = Funp Q)p

13.2 Evaluation of Polynomials in Q,

abbreviation(input) Qp-ev where
@p-ev P q = (eval-at-point @, q P)

lemma Qp-ev-one:
assumes a € carrier (Qp")
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shows Qp-ev lQp[Xn] a =1 (proof)

lemma Qp-ev-zero:
assumes a € carrier (Qp")

shows Qp-ev OQp[Xn] a = 0(proof)

lemma Qp-eval-pvar-pow:
assumes a € carrier (Qp")
assumes k < n
assumes (m::nat) # 0
shows Qp-ev ((pvar Qp k)me[Xn] m) a = ((alk)[Jm)

{proof)

composition of polynomials over Q,

definition Qp-poly-comp where
Qp-poly-comp m fs = poly-compose (length fs) m fs

lemmas about polynomial maps

lemma Qp-is-poly-tuplel:
assumes Ai. 1 < length fs=> fsli € carrier (Qp[Xm))
shows is-poly-tuple m fs
(proof)

lemma Qp-is-poly-tuple-append:
assumes is-poly-tuple m fs
assumes is-poly-tuple m gs
shows is-poly-tuple m (fsQgs)
(proof)

lemma Qp-poly-mapk:
assumes is-poly-tuple n fs
assumes length fs = m
assumes as € carrier (Qp")
assumes j < m
shows (poly-map n fs as)!j € carrier Q,
(proof)

lemma Qp-poly-mapE":
assumes as € carrier (Qp")
shows length (poly-map n fs as) = length fs
(proof )

lemma Qp-poly-mapE""
assumes is-poly-tuple n fs
assumes length fs = m
assumes n # 0
assumes as € carrier (Q,")
assumes j < m

shows (poly-map n fs as)!lj = (Qp-ev (fsj) as)
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{proof)

lemma poly-map-apply:
assumes as € carrier (Qp")
shows poly-map n fs as = poly-tuple-eval fs as
(proof)

lemma poly-map-pullbackl:
assumes is-poly-tuple n fs
assumes as € carrier (Qp")
assumes poly-map n fs as € S
shows as € poly-map n fs ~'p S
(proof)

lemma poly-map-pullbackl":
assumes is-poly-tuple n fs
assumes as € carrier (Q,")
assumes poly-map n fs as € S
shows as € ((poly-map n fs) —*5)
(proof )

lemmas about polynomial composition

lemma poly-compose-ring-hom:
assumes is-poly-tuple m fs
assumes length fs = n
shows (ringhom-ing (G, 12sl) (G m) (@-poromy m 1)
proof

lemma poly-compose-closed:
assumes is-poly-tuple m fs
assumes length fs = n
assumes f € carrier (Qp[Xn))
shows (Qp-poly-comp m fs f) € carrier (Qp[Xm)])
(proof )

lemma poly-compose-add:
assumes is-poly-tuple m fs
assumes length fs = n
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xn))
shows Qp-poly-comp m fs (f ®¢ (x,] 9) = (Qp-poly-comp m fs ) ©q (x]
(Qp-poly-comp m fs g)
(proof)

lemma poly-compose-mult:
assumes is-poly-tuple m fs
assumes length fs = n
assumes f € carrier (Qp[Xn))
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assumes g € carrier (Qp[Xn])

shows Qp-poly-comp m fs (f @ (x,] 9) = (Qp-poly-comp m fs f) @ 1y,
(@p-poly-comp m. fs g)

{proof)

lemma poly-compose-const:
assumes is-poly-tuple m fs
assumes length fs = n
assumes a € carrier @p
shows Q@p-poly-comp m fs (Qp-to-IP a) = Qp-to-IP a
(proof)

lemma Qp-poly-comp-eval:

assumes is-poly-tuple m fs

assumes length fs = n

assumes f € carrier (Qp[Xn))

assumes as € carrier (Q,™)

shows Qp-ev (Qp-poly-comp m fs f) as = Qp-ev f (poly-map m fs as)
{proof)

13.3 Mapping Univariate Polynomials to Multivariable Poly-
nomials in One Variable

abbreviation(input) to-Qp-x where
to-Qp-z = (IP-to-UP (0::nat) :: (nat multiset = padic-number) = nat = padic-number)

abbreviation(input) from-Qp-zr where
from-Qp-z = UP-to-IP Q, (0::nat)

lemma from-Qp-z-closed:
assumes ¢ € carrier Q-
shows from-Qp-z q € carrier (Qp[X 1])

(proof )

lemma to-Qp-z-closed:
assumes ¢ € carrier (Qp[X 1))
shows to-Qp-z q € carrier Qp-z

{proof)

lemma to-Qp-z-from-Qp-x:
assumes ¢ € carrier (Qp[X 1))
shows from-Qp-z (to-Qp-z q) = ¢
(proof )

lemma from-Qp-z-to-Qp-x:
assumes ¢ € carrier Qp-z
shows to-Qp-z (from-Qp-z q) = ¢
(proof)
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ring hom properties of these maps

lemma to-Qp-z-ring-hom:

to-Qp-z € ring-hom (Qp[X 1]) Qp-
(proof)

lemma from-Qp-z-ring-hom:
from-Qp-z € ring-hom Qp-z (Qp[X 1])
(proof )

lemma from-Qp-z-add:
assumes a € carrier Qp-
assumes b € carrier Qp-z
shows from-Qp-z (a ®Q,-z b) = from-Qp-z a @Qp[X]] from-Qp-x b
(proof)

lemma from-Qp-z-mult:
assumes a € carrier Qp-x
assumes b € carrier Q-
shows from-Qp-z (a ®Q,-z b) = from-Qp-z a ®Qp[X1] from-Qp-z b
(proof)

equivalence of evaluation maps

lemma Qp-poly-Qp-z-eval:

assumes P € carrier (Qp[X 1])

assumes a € carrier ( Qpl)

shows @p-ev P a = (to-Qp-z P)-(Qp.to-R a)
(proof)

lemma Qp-z-Qp-poly-eval:

assumes P € carrier Q-

assumes a € carrier Qp

shows P - a = @Qp-ev (from-Qp-z P) (to-R1 a)
(proof)

13.4 n'"-Power Sets over Q,

definition P-set where
P-set (n:nat) = {a € nonzero @Q,. (3y € carrier Q, . (y[ 1 n) = a)}

lemma P-set-carrier:
P-set n C carrier Qp
(proof)

lemma P-set-meml:
assumes a € carrier @
assumes a # 0
assumes b € carrier @Qp
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assumes b[|(n:nat) = a
shows a € P-set n

{proof)

lemma P-set-nonzero:
P-set n C nonzero @

{proof)

lemma P-set-nonzero”:
assumes a € P-set n
shows a € nonzero Q)
a € carrier @Qp
(proof )

lemma P-set-one:
assumes n # 0
shows 1 € P-set (n:nat)

(proof)

lemma zeroth-P-set:
P-set 0 = {1}
(proof)

lemma P-set-mult-closed:
assumes n # 0
assumes a € P-set n
assumes b € P-set n
shows a ® b € P-set n

(proof)

lemma P-set-inv-closed:
assumes a € P-set n
shows inv a € P-set n

(proof)

lemma P-set-val:

assumes a € P-set (n:nat)
shows (ord a) mod n = 0

(proof)

lemma P-set-pow:
assumes n > (
assumes s € P-set n
shows s[ ]k € P-set (nxk)

{(proof)
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13.5 Semialgebraic Sets

In this section we introduce the notion of a p-adic semialgebraic set. In-
tuitively, these are the subsets of Q) which are definable by first order
quantifier-free formulas in the standard first-order language of rings, with
an additional relation symbol included for the relation val(z) < wval(y),
interpreted according to the definiton of the p-adic valuation on Q. In fact,
by Macintyre’s quantifier elimination theorem for the first-order theory of
Qp in this language, one can equivalently remove the “quantifier-free" clause
from the latter definition. The definition we give here is also equivalent,
and due to Denef in [1]. The given definition here is desirable mainly for its
utility in producing a proof of Macintyre’s theorem, which is our overarching
goal.

13.5.1 Defining Semialgebraic Sets

definition basic-semialg-set where
basic-semialg-set (m::nat) (n:nat) P = {q € carrier (Q,™). 3y € carrier Q.

Qp-ev P q = (y[In)}

lemma basic-semialg-set-zero-set:

assumes P € carrier (Qp[Xm))

assumes q € carrier (Q,™)

assumes Qp-ecv P ¢ =0

assumes n % 0

shows ¢ € basic-semialg-set (m::nat) (n::nat) P
(proof)

lemma basic-semialg-set-def .

assumes n # 0

assumes P € carrier (Qp[Xm])

shows basic-semialg-set (m::nat) (n:nat) P = {q € carrier (Q,™). Qp-ev P q
=0V @Qp-ev P g € (P-set n)}
(proof)

lemma basic-semialg-set-meml:
assumes ¢ € carrier (Q,™)
assumes y € carrier Qp
assumes @p-ev P ¢ = (y[ In)
shows ¢ € basic-semialg-set m n P

(proof)

lemma basic-semialg-set-memkE:
assumes ¢ € basic-semialg-set m n P
shows ¢ € carrier (Q,™)
Jy € carrier Q. Qp-ev P ¢ = (y[In)
(proof)
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definition is-basic-semialg :: nat = ((nat = int) x (nat = int)) set list set =
bool where
is-basic-semialg m S = (3 (nunat) # 0. (3 P € carrier (Qp[Xm]). S = ba-
sic-semialg-set m n P))

abbreviation(input) basic-semialgs where

basic-semialgs m = {S. (is-basic-semialg m S)}

definition semialg-sets where
semialg-sets n = gen-boolean-algebra (carrier (Q,")) (basic-semialgs n)

lemma carrier-is-semialg:
(carrier (Qp™)) € semialg-sets n

{proof)

lemma empty-set-is-semialg:
{} € semialg-sets n
{proof )

lemma semialg-intersect:
assumes A € semialg-sets n
assumes B € semialg-sets n
shows (A N B) € semialg-sets n

{proof)

lemma semialg-union:
assumes A € semialg-sets n
assumes B € semialg-sets n
shows (A U B) € semialg-sets n

{proof)

lemma semialg-complement:
assumes A € semialg-sets n
shows (carrier (Q,") — A) € semialg-sets n
{proof )

lemma semialg-zero:
assumes A € semialg-sets 0
shows A = {[]} V A ={}

{proof)

lemma basic-semialg-is-semialg:
assumes is-basic-semialg n A
shows A € semialg-sets n

(proof)
lemma basic-semialg-is-semialg”:

assumes f € carrier (Qp[Xn))
assumes m #0
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assumes A = basic-semialg-set n m f
shows A € semialg-sets n

{proof)

definition is-semialgebraic where
is-semialgebraic n S = (S € semialg-sets n)

lemma is-semialgebraickE:
assumes is-semialgebraic n S
shows S € semialg-sets n

(proof)

lemma is-semialgebraic-closed:
assumes is-semialgebraic n S
shows S C carrier (Q,™)

(proof)

lemma is-semialgebraicl:
assumes S € semialg-sets n
shows is-semialgebraic n S

(proof)

lemma basic-semialg-is-semialgebraic:
assumes is-basic-semialg n A
shows is-semialgebraic n A

(proof)

lemma basic-semialg-is-semialgebraic’:
assumes f € carrier (Qp[Xn))
assumes m #(
assumes A = basic-semialg-set n m f
shows is-semialgebraic n A

{proof)

13.5.2 Algebraic Sets over p-adic Fields

lemma p-times-square-not-square:

assumes a € nonzero @,

shows p ® (a [7] (2::nat)) ¢ P-set (2::nat)
(proof)

lemma p-times-square-not-square’:
assumes a € carrier @p
shows p ® (a [7] (2:nat)) =0= a =0
(proof)

lemma zero-set-semialg-set:

assumes ¢ € carrier (Qp[Xn])
assumes a € carrier (Q,")
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shows Qp-ev ¢ a = 0 «—( Ty € carrier Qp. p @ ((Qp-ev ¢ a) [7] (2::nat)) =
y[71(2::nat))
(proof)

lemma alg-as-semialg:
assumes P € carrier (Qp[Xp)])
assumes ¢ = p O 1y, (P[A]Qp[Xn] (2::nat))
shows zero-set ), n P = basic-semialg-set n (2::nat) ¢

(proof)

lemma is-zero-set-imp-basic-semialg:
assumes P € carrier (Qp[Xn))
assumes S = zero-set (), n P
shows is-basic-semialg n S

{proof)

lemma is-zero-set-imp-semialg:
assumes P € carrier (Qp[Xn])
assumes S = zero-set , n P
shows is-semialgebraic n S

{proof)

Algebraic sets are semialgebraic

lemma is-algebraic-imp-is-semialg:
assumes is-algebraic QQp n S
shows is-semialgebraic n S

{proof)

13.5.3 Basic Lemmas about the Semialgebraic Predicate

Finite and cofinite sets are semialgebraic

lemma finite-is-semialg:
assumes F' C carrier (Q,")
assumes finite I
shows is-semialgebraic n F

{proof)

definition is-cofinite where
is-cofinite n F' = finite (ring-pow-comp @, n F)

lemma is-cofiniteE:
assumes F C carrier (Q,")
assumes is-cofinite n F
shows finite (carrier (Q,") — F)
(proof)

lemma complement-is-semialg:
assumes is-semialgebraic n F
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shows is-semialgebraic n ((carrier (Q,")) — F)
{proof)

lemma cofinite-is-semialgebraic:
assumes F' C carrier (Q,")
assumes is-cofinite n F
shows is-semialgebraic n F

{proof)

lemma diff-is-semialgebraic:
assumes is-semialgebraic n A
assumes is-semialgebraic n B
shows is-semialgebraic n (A — B)
(proof )

lemma intersection-is-semialg:
assumes is-semialgebraic n A
assumes is-semialgebraic n B
shows is-semialgebraic n (A N B)

{proof)

lemma union-is-semialgebraic:
assumes is-semialgebraic n A
assumes is-semialgebraic n B
shows is-semialgebraic n (A U B)

(proof)

lemma carrier-is-semialgebraic:
is-semialgebraic n (carrier (Qp"))

(proof)

lemma empty-is-semialgebraic:
is-semialgebraic n {}
(proof)

13.5.4 One-Dimensional Semialgebraic Sets

definition one-var-semialg where
one-var-semialg S = ((to-R1 *S) € (semialg-sets 1))

definition univ-basic-semialg-set where
ungv-basic-semialg-set (m::nat) P = {a € carrier Q,. (3y € carrier Qp. (P - a =

(y["Im)))}

Equivalence of univ__basic_semialg sets and semialgebraic subsets of Q!

lemma univ-basic-semialg-set-to-semialg-set:
assumes P € carrier Qp-z
assumes m # 0
shows to-R1 ‘ (univ-basic-semialg-set m P) = basic-semialg-set 1 m (from-Qp-z
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P)
(proof)

definition is-univ-semialgebraic where
is-univ-semialgebraic S = (S C carrier Q, A is-semialgebraic 1 (to-R1 ‘S))

lemma is-univ-semialgebraick:
assumes is-univ-semialgebraic S
shows is-semialgebraic 1 (to-R1 S)
(proof )

lemma is-univ-semialgebraicl:
assumes is-semialgebraic 1 (to-R1 ¢ S)
shows is-univ-semialgebraic S

(proof)

lemma univ-basic-semialg-set-is-univ-semialgebraic:
assumes P ¢ carrier Q-
assumes m # (0
shows is-univ-semialgebraic (univ-basic-semialg-set m P)
(proof )

lemma intersection-is-univ-semialgebraic:
assumes is-univ-semialgebraic A
assumes is-univ-semialgebraic B
shows is-univ-semialgebraic (A N B)
(proof)

lemma union-is-univ-semialgebraic:
assumes is-univ-semialgebraic A
assumes is-univ-semialgebraic B
shows is-univ-semialgebraic (A U B)

{proof)

lemma diff-is-univ-semialgebraic:
assumes is-univ-semialgebraic A
assumes is-univ-semialgebraic B
shows is-univ-semialgebraic (A — B)
(proof)

lemma finite-is-univ-semialgebraic:
assumes A C carrier Q)
assumes finite A
shows is-univ-semialgebraic A

{proof)

13.5.5 Defining the p-adic Valuation Semialgebraically

lemma Qp-square-root-criterion0:

209



assumes p # 2

assumes a € carrier Qp

assumes b € carrier @Qp

assumes val a < val b

assumes a # 0

assumes b # 0

assumes val a > 0

shows 3y € carrier Qp. a[](2::nat) ® ¢ p@[](2::nat) = (y [7] (2::nat))

{(proof)

lemma eint-minus-ineq”:
assumes (a:eint) > b
shows a —b > 0
(proof )

lemma Qp-square-root-criterion:

assumes p # 2

assumes a € carrier @

assumes b € carrier @

assumes ord b > ord a

assumes a # 0

assumes b # 0

shows 3y € carrier Qp. a[7](2::nat) ® g, pRO[7](2::nat) = (y [] (2::nat))

(proof)

lemma Qp-val-ring-alt-def0:
assumes a € nonzero @,
assumes ord a > 0

shows Jy € carrier Qp. 1 @, (p[7](3::nat))® (a[](4::nat)) = (y[](2:nat))
(proof)

Defining the valuation semialgebraically for odd primes

lemma P-set-ord-semialg-odd-p:
assumes p # 2
assumes a € carrier @,
assumes b € carrier Q,
shows vala < val b «— (3y € carrier Qp. (a[](2::nat)) B¢, (p @ (b[7](2::nat)))

= (y[1(2::nat)))
(proof)

Defining the valuation ring semialgebraically for all primes

lemma Qp-val-ring-alt-def:
assumes a € carrier @,
shows a € Op «— (3y € carrier Qp. 1 ®g (p[71(3::nat))® (a[](4::nat)) =

(y[71(2::nat)))
(proof)

lemma Qp-val-alt-def:
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assumes a € carrier @

assumes b € carrier @Qp

shows val b < wval a «— (3y € carrier Qp. (b[7](4::nat)) ©q, (p[1(3:nat))®
(a[](4::nat)) = (y[7](2::nat)))
(proof)

The polynomial in two variables which semialgebraically defines the valua-
tion relation

definition @Qp-val-poly where
@p-val-poly = (pvar Q, 1)[7] Q¥ 2] (4::nat) D QA 4] ([ (3::nat) © Qpl X 4] ((pvar
Qp 0)[ gy 0 (4 nat)

lemma Qp-val-poly-closed:
Qp-val-poly € carrier (Qp[X 2])
{proof)

lemma Qp-val-poly-eval:

assumes a € carrier Q,

assumes b € carrier Q,

shows @p-ev Qp-val-poly [a, b] = (b[7](4::nat)) ® ¢, (p[7](3::nat))® (a[](4::nat))
(proof )

lemma Qp-2I:
assumes a € carrier Qp
assumes b € carrier @
shows [a,b] € carrier (Q,?)
{proof)

lemma pair-id:
assumes length as = 2
shows as = [as!0, as!1]
(proof)

lemma Qp-val-semialg:
assumes a € carrier Qp
assumes b € carrier @
shows val b < wval a «— [a,b] € basic-semialg-set 2 (2::nat) Qp-val-poly

(proof)

definition wval-relation-set where
val-relation-set = {as € carrier (ng). val (as!'1) < wal (as!0)}

lemma val-relation-setE:

assumes as € val-relation-set

shows as!0 € carrier Q, A as!l € carrier Q, N as = [as!0,as!'1] A val (as!l) <
val (as!0)

(proof)

lemma val-relation-setl:
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assumes as!0 € carrier Qp
assumes as!! € carrier Qp
assumes length as = 2
assumes val (as!'1) < val(as!0)
shows as € wval-relation-set

{proof)

lemma val-relation-semialg:
val-relation-set = basic-semialg-set 2 (2::nat) Qp-val-poly

{(proof)

lemma val-relation-is-semialgebraic:
is-semialgebraic 2 val-relation-set

(proof)

lemma Qp-val-ring-is-semialg:
obtains P where P € carrier Q,-z N Op = univ-basic-semialg-set 2 P
(proof )

lemma Qp-val-ring-is-univ-semialgebraic:
is-univ-semialgebraic O,

(proof)

lemma Qp-val-ring-is-semialgebraic:
is-semialgebraic 1 (to-R1°O,)
(proof)

13.5.6 Inverse Images of Semialgebraic Sets by Polynomial Maps

lemma basic-semialg-pullback:
assumes f € carrier (Qp[X])
assumes is-poly-tuple n fs
assumes length fs = k
assumes S = basic-semialg-set k m f
assumes m #0
shows poly-map n fs ~1p S = basic-semialg-set n m (Qp-poly-comp n fs f)

(proof)

lemma basic-semialg-pullback’:

assumes is-poly-tuple n fs

assumes length fs = k

assumes A € basic-semialgs k

shows poly-map n fs ~1y, A € (basic-semialgs n)
(proof)

lemma semialg-pullback:
assumes is-poly-tuple n fs
assumes length fs = k
assumes S € semialg-sets k
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shows poly-map n fs ~1y, S € semialg-sets n
{proof )

lemma pullback-is-semialg:
assumes is-poly-tuple n fs
assumes length fs = k
assumes S € semialg-sets k
shows is-semialgebraic n (poly-map n fs ~'p S)
(proof )

Equality and inequality sets for a pair of polynomials

definition val-ineg-set where
val-ineg-set n f g = {z € carrier (Q,"). val (Qp-ev fz) < val (Qp-ev g z)}

lemma poly-map-length :
assumes length fs = m
assumes as € carrier (Qp")
shows length (poly-map n fs as) = m
(proof )

lemma val-ineq-set-pullback:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xn])
shows val-ineg-set n f g = poly-map n [g,f] ~1n val-relation-set

(proof)

lemma val-ineg-set-is-semialg:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xp])
shows val-ineg-set n f g € semialg-sets n

(proof)

lemma val-ineq-set-is-semialgebraic:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xp])
shows is-semialgebraic n (val-ineg-set n f g)

{proof)

lemma val-ineg-setl:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xn))
assumes z € (val-ineg-set n f g)
shows z € carrier (Q,")
val (Qp-ev fx) < val (Qp-ev g x)
(proof )

lemma val-ineg-setk:

assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xp])
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assumes z € carrier (Q,")

assumes val (Qp-ev fz) < val (Qp-ev g z)
shows z € (val-ineg-set n f g)

(proof )

lemma val-ineq-set-is-semialgebraic’:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xnp])
shows is-semialgebraic n {x € carrier (Q,™). val (Qp-ev fz) < val (Qp-ev g )}
(proof )

lemma val-eq-set-is-semialgebraic:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xn])
shows is-semialgebraic n {x € carrier (Q,™). val (Qp-ev f z) = val (Qp-ev g )}

(proof)

lemma equalityl "
assumes A\z. Az = Bz
assumes A\z. Bz — Az
shows {z. 4 z} = {z. Bz}

{proof)

lemma val-strict-ineq-set-is-semialgebraic:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xn])
shows is-semialgebraic n {z € carrier (Q,"). val (Qp-ev fz) < val (Qp-ev g z)}

(proof)

lemma constant-poly-val-exists:
shows 3¢ € carrier (Qp[Xn]). (V x € carrier (Q,™). val (@Qp-ev g z) = ¢)
(proof)

lemma val-ineqg-set-is-semialgebraic’”:
assumes f € carrier (Qp[Xn))
shows is-semialgebraic n {z € carrier (Q,"). val (Qp-ev fz) < ¢}

(proof)

lemma val-ineq-set-is-semialgebraic’”:

assumes f € carrier (Qp[Xn))

shows is-semialgebraic n {z € carrier (Q,"). ¢ < val (Qp-ev fz)}
(proof)
lemma val-eq-set-is-semialgebraic’:

assumes f € carrier (Qp[Xn))

shows is-semialgebraic n {z € carrier (Q,"). val (Qp-ev fz) = ¢}

{(proof)

lemma val-strict-ineq-set-is-semialgebraic':
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assumes f € carrier (Qp[Xn))
shows is-semialgebraic n {z € carrier (Qp"). val (Qp-ev f z) < c}
(proof)

lemma val-strict-ineq-set-is-semialgebraic’”:
assumes f € carrier (Qp[Xn))
shows is-semialgebraic n {z € carrier (Qp"). ¢ < val (Qp-ev f z)}

(proof)

lemmal(in cring) R1-memE:
assumes = € carrier (R1)
shows z = [(hd z)]

{proof)

lemmal(in cring) R1-memE":
assumes z € carrier (RY)
shows hd = € carrier R

{proof)

lemma univ-val-ineq-set-is-univ-semialgebraic:
is-univ-semialgebraic {z € carrier @Q,. val z < c}

(proof)

lemma univ-val-strict-ineq-set-is-univ-semialgebraic:
is-univ-semialgebraic {x € carrier Qp. val z < c}

(proof)

lemma univ-val-eq-set-is-univ-semialgebraic:
is-univ-semialgebraic {x € carrier Qp. val x = c}
(proof)

13.5.7 One Dimensional p-adic Balls are Semialgebraic

lemma coord-ring-one-def:
Pring Qp {(0::nat)} = (Qp[X'1])
{(proof)

lemma times-p-pow-val:
assumes a € carrier @
assumes b = p[In @ a
shows val b = val a + n

(proof)

lemma times-p-pow-neg-val:
assumes a € carrier @
assumes b = p[]-n @ a
shows val b = val a — n

(proof)
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lemma eint-minus-int-pos:
assumes a — eint n > 0
shows a > n

{proof)

p-adic balls as pullbacks of polynomial maps

lemma balls-as-pullbacks:

assumes ¢ € carrier Q)

shows 3 P € carrier (Qp[X 1]). to-R1‘ Byc] = poly-map 1 [P] ~1; (to-R1 ‘O,)
(proo)

lemma ball-is-semialgebraic:

assumes c € carrier @

shows is-semialgebraic 1 (to-R1‘ By[c])
(proof )

lemma ball-is-univ-semialgebraic:
assumes c € carrier @
shows is-univ-semialgebraic (Bp|c])
{proof )

abbreviation @Qp-to-R1-set where
Q@p-to-R1-set S = to-R1 ° S

13.5.8 Finite Unions and Intersections of Semialgebraic Sets

definition are-semialgebraic where
are-semialgebraic n Xs = (V x. x € Xs — is-semialgebraic n x)

lemma are-semialgebraicl:
assumes A\z. z € Xs = is-semialgebraic n
shows are-semialgebraic n Xs

(proof)

lemma are-semialgebraick:
assumes are-semialgebraic n Xs
assumes z € Xs
shows is-semialgebraic n x

(proof)

definition are-univ-semialgebraic where
are-univ-semialgebraic Xs = (¥ z. x € Xs — is-univ-semialgebraic x)

lemma are-univ-semialgebraicl:

assumes Az. z € Xs = is-univ-semialgebraic
shows are-univ-semialgebraic Xs

{proof)

lemma are-univ-semialgebraick:
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assumes are-univ-semialgebraic Xs
assumes z € Xs
shows is-univ-semialgebraic x

{proof)

lemma are-univ-semialgebraic-semialgebraic:
assumes are-univ-semialgebraic Xs
shows are-semialgebraic 1 (Qp-to-R1-set © Xs)

{proof)

lemma to-RI1-set-union:
to-R1 (U Xs) = U (Qp-to-R1-set * Xs)
(proof )

lemma to-R1-inter:

assumes Xs # {}

shows to-R1 ‘([ Xs) =) (Qp-to-R1-set ‘ Xs)
(proof)

lemma finite-union-is-semialgebraic:
assumes finite Xs
shows Xs C semialg-sets n —» is-semialgebraic n (|J Xs)

{proof)

lemma finite-union-is-semialgebraic’:
assumes finite Xs
assumes Xs C semialg-sets n
shows is-semialgebraic n (|J Xs)

{proof)

lemmal(in padic-fields) finite-union-is-semialgebraic’”
assumes finite S
assumes Az. z € S = is-semialgebraic m (F x)
shows is-semialgebraic m (|J x € S. F x)

{proof)

lemma finite-union-is-univ-semialgebraic’:
assumes finite Xs
assumes are-univ-semialgebraic Xs
shows is-univ-semialgebraic (|J Xs)
(proof)

lemma finite-intersection-is-semialgebraic:
assumes finite Xs
shows Xs C semialg-sets n A Xs #{} — is-semialgebraic n ([ Xs)

{proof)

lemma finite-intersection-is-semialgebraic”:
assumes finite Xs
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assumes Xs C semialg-sets n A Xs #{}
shows is-semialgebraic n ([ Xs)
{proof)

lemma finite-intersection-is-semialgebraic’”:
assumes finite Xs
assumes are-semialgebraic n Xs N Xs #{}
shows is-semialgebraic n ([ Xs)

{proof)

lemma finite-intersection-is-univ-semialgebraic:
assumes finite Xs
assumes are-univ-semialgebraic Xs
assumes Xs # {}
shows is-univ-semialgebraic ([ Xs)

(proof)

13.6 Cartesian Products of Semialgebraic Sets

lemma Qp-times-basic-semialg-right:

assumes a € carrier (Qp[Xn))

shows cartesian-product (basic-semialg-set n k a) (carrier (Qp™)) = basic-semialg-set
(n+ m) ka
(proof)

lemma Qp-times-basic-semialg-right-is-semialgebraic:

assumes k > 0

assumes a € carrier (Qp[Xn))

shows is-semialgebraic (n + m) (cartesian-product (basic-semialg-set n k a)
(carrier (Qp™)))
(proof)

lemma Qp-times-basic-semialg-right-is-semialgebraic’:
assumes A € basic-semialgs n
shows is-semialgebraic (n + m) (cartesian-product A (carrier (Q,™)))

(proof)

lemma cartesian-product-memkE':
assumes z € cartesian-product A B
obtains a b where a € A AN b€ B Az = aQb

{proof)

lemma Qp-times-basic-semialg-left:

assumes a € carrier (Qp[Xn))

shows cartesian-product (carrier (Q,™)) (basic-semialg-set n k a) = basic-semialg-set
(n+m) k (shift-vars n m a)
{proof)

lemma Qp-times-basic-semialg-left-is-semialgebraic:
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assumes k > 0

assumes a € carrier (Qp[Xn))

shows is-semialgebraic (n + m) (cartesian-product (carrier (Qp™)) (basic-semialg-set
nka))

(proof)

lemma Qp-times-basic-semialg-left-is-semialgebraic’:
assumes A € basic-semialgs n
shows is-semialgebraic (n + m) (cartesian-product (carrier (Q,™)) A)

{(proof)

lemma product-of-basic-semialgs-is-semialg:

assumes k > 0

assumes [ > (0

assumes a € carrier (Qp[Xn))

assumes b € carrier (Qp[Xm))

shows is-semialgebraic (n + m) (cartesian-product (basic-semialg-set n k a)
(basic-semialg-set m [ b))

(proof)

lemma product-of-basic-semialgs-is-semialg’:
assumes A € (basic-semialgs n)
assumes B € (basic-semialgs m)
shows is-semialgebraic (n + m) (cartesian-product A B)

(proof)

lemma car-times-semialg-is-semialg:
assumes is-semialgebraic m B
shows is-semialgebraic (n + m) (cartesian-product (carrier (Qp")) B)

{proof)

lemma basic-semialg-times-semialg-is-semialg:
assumes A € basic-semialgs n
assumes is-semialgebraic m B
shows is-semialgebraic (n + m) (cartesian-product A B)

{proof)

Semialgebraic sets are closed under cartesian products

lemma cartesian-product-is-semialgebraic:
assumes is-semialgebraic n A
assumes is-semialgebraic m B
shows is-semialgebraic (n + m) (cartesian-product A B)

{proof)

13.7 Nt Power Residues

definition nth-root-poly where
nth-root-poly (n::nat) a = ((X-poly Qp) [7] Qp-z n) ©Q,-z (to-poly a)
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lemma nth-root-poly-closed:
assumes a € carrier Qp
shows nth-root-poly n a € carrier Q-

{proof)

lemma nth-root-poly-eval:
assumes a € carrier Q)
assumes b € carrier Q)
shows (nth-root-poly n a) - b = (b[7]n) ©¢, a

(proof)

Hensel’s lemma gives us this criterion for the existence of n-th roots

lemma nth-root-poly-root:
assumes (n:nat) > 1
assumes o € O,
assumes a #* 1
assumes val (1 ©¢, a) > 2x val ([n]-1)
shows (3 b € O,. ((b[In) = a))
(proof )

All points sufficiently close to 1 have nth roots

lemma eint-nat-times-2:
2x(n:nat) = 2xeint n
(proof )

lemma P-set-of-one:
P-set 1 = nonzero @,

{proof)

lemma nth-power-fact:

assumes (n::nat) > 1

shows 3 (munat) > 0.V u € carrier Qp. ac mu =1 Avalu=0 — u €
P-set n

(proof)

definition pow-res where
pow-res (nunat) ¢ = {a. a € carrier Qp A (Fy € nonzero Qp. (a =z ® (y[In)))}

lemma nonzero-pow-res:

assumes € nonzero @

shows pow-res (n::nat) x C nonzero Q)
(proof)

lemma pow-res-of-zero:
shows pow-res n 0 = {0}
{proof)

lemma equal-pow-resl:
assumes z € carrier @p
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assumes y € pow-res n T
shows pow-res n © = pow-res n y

(proof)

lemma zeroth-pow-res:
assumes z € carrier @p
shows pow-res 0 x = {z}
{proof)

lemma Zp-car-zero-res: assumes z € carrier Z,
shows z 0 = 0

{proof)

lemma zeroth-ac:
assumes z € carrier ()
shows ac 0z = 0

(proof)

lemma nonzero-ac-imp-nonzero:
assumes z € carrier ()
assumes ac m r # 0
shows = € nonzero @,

{proof)

lemma nonzero-ac-val-ord:
assumes z € carrier ()
assumes ac m ¢ # 0
shows val z = ord z

{proof)

lemma pow-res-equal-ord:

assumes n > 0

shows Im > 0.Vzy. z € nonzero @, A y € nonzero @, A ac mzx = acmy
A ord x = ord y — pow-res n x = pow-res n y
(proof)

lemma pow-res-equal:

assumes n > 0

shows Im> 0.Vzy. x € nonzero @Qp, N\ y € nonzero Qp, AN ac mz = acmy A
ord x = (ord y mod n) — pow-res n x = pow-res n y
(proof)

definition pow-res-classes where
pow-res-classes n = {S. Iz € nonzero Q,. S = pow-res n z }

lemma pow-res-semialg-def:
assumes z € nonzero Qp
assumes n > I
shows 3 P € carrier Qp-x. pow-res n x = (univ-basic-semialg-set n P) — {0}
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(proof)

lemma pow-res-is-univ-semialgebraic:
assumes z € carrier @p
shows is-univ-semialgebraic (pow-res n x)

(proof)

lemma pow-res-is-semialg:
assumes z € carrier Q,
shows is-semialgebraic 1 (to-R1  (pow-res n x))

(proof)

lemma pow-res-refi:
assumes z € carrier @p
shows = € pow-res n x

(proof)

lemma equal-pow-resk:
assumes a € carrier @
assumes b € carrier @,
assumes n > 0
assumes pow-res n a = pow-res n b
shows 3 s € P-setn.a=>b® s

(proof)

lemma pow-res-one:
assumes z € nonzero @,
shows pow-res 1 * = nonzero @,

(proof)

lemma pow-res-zero:
assumes n > 0
shows pow-res n 0 = {0}

(proof)

lemma equal-pow-resl’:
assumes a € carrier @p
assumes b € carrier @Qp
assumes c € P-set n
assumes ¢ = b ® ¢
assumes n > ()
shows pow-res n a = pow-res n b

(proof)
lemma equal-pow-resl’”:

assumes n > 0
assumes a € nonzero @,
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assumes b € nonzero @,
assumes a ® nv b € P-set n
shows pow-res n a = pow-res n b

{proof)

lemma equal-pow-resl’"":
assumes n > 0
assumes a € nonzero @
assumes b € nonzero @
assumes ¢ € nonzero @,
assumes pow-res n (¢ ® a) = pow-res n (¢ @ b)
shows pow-res n a = pow-res n b
(proof)

lemma equal-pow-resl’":
assumes n > 0
assumes a € carrier @
assumes b € carrier @
assumes a = b ® u
assumes u € P-set n
shows pow-res n a = pow-res n b

(proof)

lemma Zp-Units-ord-zero:
assumes a € Units 7,
shows ord-Zp a = 0
(proof)

lemma pow-res-nth-pow:

assumes a € nonzero @,

assumes n > 0

shows pow-res n (a[|n) = pow-res n 1
(proof)

lemma pow-res-of-p-pow:
assumes n > 0
shows pow-res n (p[J((I::int)*n)) = pow-res n 1

(proof )

lemma pow-res-nonzero:
assumes n > 0
assumes a € nonzero Qp
assumes b € carrier @
assumes pow-res n a = pow-res n b
shows b € nonzero @,

(proof)

lemma pow-res-mult:
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assumes n > (

assumes a € carrier Qp

assumes b € carrier @Qp

assumes c¢ € carrier @

assumes d € carrier @p

assumes pow-res n G = Pow-res n c

assumes pow-res n b = pow-res n d

shows pow-res n (a ® b) = pow-res n (¢ ® d)
(proof)

lemma pow-res-p-pow-factor:
assumes n > 0
assumes a € carrier @,
shows pow-res n a = pow-res n (p[7J((L::int)*n) ® a)

(proof)

lemma pow-res-classes-finite:
assumes n > I
shows finite (pow-res-classes n)

(proof)

lemma pow-res-classes-univ-semialg:
assumes S € pow-res-classes n
shows is-univ-semialgebraic S

(proof)

lemma pow-res-classes-semialg:
assumes S € pow-res-classes n
shows is-semialgebraic 1 (to-R1¢S)
(proof )

definition nth-pow-wits where
nth-pow-wits n = (A S. (SOME z. z € (S N Oy)))‘ (pow-res-classes n)

lemma nth-pow-wits-finite:
assumes n > 0
shows finite (nth-pow-wits n)

(proof)

lemma nth-pow-wits-covers:
assumes n > 0
assumes z € nonzero @
shows 3y € (nth-pow-wits n). y € nonzero @, Ny € Op A T € pow-res n y

(proof)

lemma nth-pow-wits-closed:
assumes n > (
assumes € nth-pow-wits n
shows z € carrier @, z € O, © € nonzero @, 3 y € pow-res-classes n. y =
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(proof)

lemma finite-extensional-funcset:
assumes finite A
assumes finite (B::'b set)
shows finite (A —g B)
(proof)

lemma nth-pow-wits-exists:
assumes m > 0
assumes ¢ € pow-res-classes m
shows 3z.z € cN O,

(proof)

lemma pow-res-classes-mem-eq:
assumes m > 0
assumes a € pow-res-classes m
assumes z € a
shows a = pow-res m x

(proof)

lemma nth-pow-wits-neq-pow-res:
assumes m > 0
assumes z € nth-pow-wits m
assumes y € nth-pow-wits m
assumes z # y
shows pow-res m © # pow-res m y

(proof)

lemma nth-pow-wits-disjoint-pow-res:
assumes m > (
assumes z € nth-pow-wits m
assumes y € nth-pow-wits m
assumes r # y
shows pow-res m x N pow-res m y = {}
(proof )

lemma nth-power-fact”:
assumes 0 < (n:nat)
shows 3m>0. Vuccarrier Q. acmu =1 ANvalu =0 — u € P-set n
(proof)

lemma equal-pow-res-criterion:
assumes N > 0
assumes n > 0
assumes V u € carrier Qp. ac Nu =1 Avalu=0 — u € P-set n
assumes a € carrier @p
assumes b € carrier @
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assumes c € carrier @
assumes ¢ = b ® (1 @ ¢)
assumes val ¢ > N

shows pow-res n a = pow-res n b

(proof)

lemma pow-res-nat-pow:
assumes n > (
assumes a € carrier @,
assumes b € carrier @
assumes pow-res n a = pow-res n b
shows pow-res n (a]7](k:nat)) = pow-res n (b[ k)
(proof )

lemma pow-res-mult’:
assumes n > 0
assumes a € carrier @
assumes b € carrier @,
assumes c € carrier @
assumes d € carrier Qp
assumes e € carrier @
assumes f € carrier Qp
assumes pow-res n a = pow-res n d
assumes pow-res n b = pow-res n e
assumes pow-res n ¢ = pow-res n f
shows pow-res n (a ® b ® ¢) = pow-resn (d ® e ® f)

(proof)

lemma pow-res-disjoint:
assumes n > 0
assumes a € nonzero @,
assumes a ¢ pow-res n 1
shows — (Jy € nonzero Q. a = y[ |n)
(proof)

lemma pow-res-disjoint’:
assumes n > 0
assumes a € nonzero @,
assumes pow-res n a # pow-res n 1
shows — (Jy € nonzero Qp. a = y[|n)

(proof)

lemma pow-res-one-imp-nth-pow:
assumes n > 0
assumes a € pow-res n 1
shows 3y € nonzero Qp. a = y[In

{proof)
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lemma pow-res-eq:
assumes n > 0
assumes a € carrier Qp
assumes b € pow-res n a
shows pow-res n b = pow-res n a

(proof)

lemma pow-res-classes-n-eq-one:
pow-res-classes 1 = {nonzero Q,}

(proof)

lemma nth-pow-wits-closed:
assumes n > (
assumes x € nth-pow-wits n
shows z € O, A z € nonzero Q, (proof)

13.8 Semialgebraic Sets Defined by Congruences
13.8.1 p-adic ord Congruence Sets

lemma carrier-is-univ-semialgebraic:
is-univ-semialgebraic (carrier Qp)
(proof)

lemma nonzero-is-univ-semialgebraic:
is-univ-semialgebraic (nonzero Q)

(proof)

definition ord-congruence-set where
ord-congruence-set n a = {z € nonzero Q,. ord x mod n = a}

lemma ord-congruence-set-nonzero:
ord-congruence-set n a C nonzero @y

{proof)

lemma ord-congruence-set-closed:
ord-congruence-set n a C carrier Qp

{proof)

lemma ord-congruence-set-memkE:
assumes x € ord-congruence-set n a
shows = € nonzero @,
ord x mod n = a

{proof)

lemma ord-congruence-set-meml:
assumes z € nonzero @
assumes ord £ mod n = a
shows z € ord-congruence-set n a
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{proof)

We want to prove that ord__congruence_ set is a finite union of semialgebraic
sets, hence is also semialgebraic.

lemma pow-res-ord-cong:
assumes z € carrier Qp
assumes x € ord-congruence-set n a
shows pow-res n x C ord-congruence-set n a

(proof)

lemma pow-res-classes-are-univ-semialgebraic:
shows are-univ-semialgebraic (pow-res-classes n)

{proof)

lemma ord-congruence-set-univ-semialg:

assumes n > (

shows is-univ-semialgebraic (ord-congruence-set n a)
(proof )

lemma ord-congruence-set-is-semialg:
assumes n > (
shows is-semialgebraic 1 (Qp-to-R1-set (ord-congruence-set n a))

(proof)

13.8.2 Congruence Sets for the order of the Evaluation of a Poly-
nomial

lemma poly-map-singleton:
assumes f € carrier (Qp[Xn))
assumes z € carrier (Qp")
shows poly-map n [f] z = [(Qp-ev [ z)]
(proof)

definition poly-cong-set where

poly-cong-set n f m a = {z € carrier (Qp"). (Qp-ev fz) # 0 A (ord (Qp-ev f 1)
mod m = a)}

lemma poly-cong-set-as-pullback:

assumes f € carrier (Qp[Xn))

shows poly-cong-set n f m a = poly-map n [f] ~1n(Qp-to-Ri-set (ord-congruence-set
m a))

(proof)

lemma singleton-poly-tuple:
is-poly-tuple n [f] «— f € carrier (Qp[Xn])
(proof)

lemma poly-cong-set-is-semialgebraic:
assumes m > 0
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assumes f € carrier (Qp[Xn))
shows is-semialgebraic n (poly-cong-set n f m a)

(proof)

13.8.3 Congruence Sets for Angular Components

If a set is a union of n-th power residues, then it is semialgebraic.

lemma pow-res-union-imp-semialg:
assumes n > I
assumes S C nonzero ()
assumes Az. x € S = pow-res nxz C S
shows is-univ-semialgebraic S

(proof)

definition ac-cong-set! where
ac-cong-setl ny = {x € carrier Q. © # 0 A ac nz = acn y}

lemma ac-cong-seti-is-univ-semialg:
assumes n > 0
assumes b € nonzero @
assumes b € O,
shows is-univ-semialgebraic (ac-cong-setl n b)

(proof)

definition ac-cong-set where
ac-cong-set n k = {x € carrier Qp. ¢ # 0 A acnz =k}

lemma ac-cong-set-is-univ-semialg:

assumes n >0

assumes k € Units (Zp-res-ring n)

shows is-univ-semialgebraic (ac-cong-set n k)
(proof)

definition val-ring-constant-ac-set where
val-ring-constant-ac-set n k = {a € Op. val a = 0 A ac n a = k}

lemma val-nonzero:
assumes a € carrier @
assumes val a = eint k
shows a € nonzero Q)

{proof)

lemma val-ord’:
assumes a € carrier Qp
assumes a #0
shows val a = ord a

{proof)

lemma val-ring-constant-ac-set-is-univ-semialgebraic:
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assumes n > 0
assumes k # 0
shows is-univ-semialgebraic (val-ring-constant-ac-set n k)

(proof)

definition wval-ring-constant-ac-sets where
val-ring-constant-ac-sets n = val-ring-constant-ac-set n * (Units (Zp-res-ring n))

lemma val-ring-constant-ac-sets-are-univ-semialgebraic:
assumes n > 0
shows are-univ-semialgebraic (val-ring-constant-ac-sets n)

(proof)

definition ac-cong-set3 where
ac-cong-set3 n = {as. 3 a b. a € nonzero Qp, Nb€ O, Nvalb=0 A (acna=
acnb) A as=a, b }

definition ac-cong-set?2 where
ac-cong-set2 n k = {as. 3 a b. a € nonzero Qp ANb € O, ANvalb =0 A (acn a
=k)A(acnd)=kAas=]la, b}

lemma ac-cong-set2-cartesian-product:

assumes k € Units (Zp-res-ring n)

assumes n > 0

shows ac-cong-set2 n k = cartesian-product (to-R1¢ (ac-cong-set n k)) (to-R1°
(val-ring-constant-ac-set n k))

(proof)

lemma ac-cong-set2-is-semialg:
assumes k € Units (Zp-res-ring n)
assumes n > 0
shows is-semialgebraic 2 (ac-cong-set2 n k)

{proof)

lemma ac-cong-set3-as-union:
assumes n > 0
shows ac-cong-set3 n = |J (ac-cong-set2 n * (Units (Zp-res-ring n)) )

(proof)

lemma ac-cong-set3-is-semialgebraic:
assumes n > 0
shows is-semialgebraic 2 (ac-cong-set3 n)

(proof)
13.9 Permutations of indices of semialgebraic sets

lemma fun-inv-permute:
assumes o permutes {..<n}
shows fun-inv o permutes {..<n}
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o o (fun-inv o) = id
(fun-inv o) o 0 = id
{proof)

lemma poly-tuple-pullback-eq-poly-map-vimage:
assumes is-poly-tuple n fs
assumes length fs = m
assumes S C carrir (Qp™)
shows poly-map n fs ~'n S = poly-tuple-pullback n S fs
(proof )

lemma permutation-is-semialgebraic:
assumes is-semialgebraic n S
assumes o permutes {..<n}
shows is-semialgebraic n (permute-list o © S)

(proof)

lemma permute-list-closed:
assumes a € carrier (Qp")
assumes o permutes {..<n}
shows permute-list 0 a € carrier (Q,")

{proof)

lemma permute-list-closed’:
assumes o permutes {..<n}
assumes permute-list o a € carrier (Q,")
shows a € carrier (Q,")

{proof)

lemma permute-list-compose-inv:
assumes o permutes {..<n}
assumes a € carrier (Q,")
shows permute-list o (permute-list (fun-inv o) a) = a
permute-list (fun-inv o) (permute-list o a) = a
(proof)

lemma permutation-is-semialgebraic-imp-is-semialgebraic:
assumes is-semialgebraic n (permute-list o ©S)
assumes o permutes {..<n}
shows is-semialgebraic n S

(proof)

lemma split-cartesian-product-is-semialgebraic:
assumes i < n
assumes is-semialgebraic n A
assumes is-semialgebraic m B
shows is-semialgebraic (n + m) (split-cartesian-product n m i A B)

(proof)
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definition reverse-val-relation-set where
reverse-val-relation-set = {as € carrier (ng). val (as! 0) < wal (as! 1)}

lemma Qp-2-car-memkE:
assumes z € carrier (Q,2)
shows z = [2!0, 2!1]
(proof)

definition fiip where
flip = (Niznat. (if i = 0 then 1 else (if i = 1 then 0 else 7)))

lemma flip-permutes:
flip permutes {0,1}
(proof)

lemma flip-eval:

flip 0 =1

flip1 =20
{proof )

lemma flip-z:

assumes z € carrier (ng)

shows permute-list flip x = [z!1, 2!0]
(proof )

lemma permute-with-flip-closed:
assumes z € carrier (Q,2710%)
shows permute-list flip © € carrier (Q
(proof)

p?::nat)

lemma reverse-val-relation-set-semialg:
is-semialgebraic 2 reverse-val-relation-set

(proof)

definition strict-val-relation-set where
strict-val-relation-set = {as € carrier (Qy?). val (as ! 0) < val (as ! 1)}

definition val-diag where
val-diag = {as € carrier (ng). val (as ! 0) = val (as! 1)}

lemma val-diag-semialg:
is-semialgebraic 2 val-diag

(proof)

lemma strict-val-relation-set-is-semialg:
is-semialgebraic 2 strict-val-relation-set

(proof)

lemma singleton-length:
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length [a] = 1
{proof)

lemma take-closed”:
assumes m > (
assumes = € carrier (Q,™ 1)
shows take m z € carrier (Q,™)

{proof)

lemma triple-val-ineg-set-semialg:

shows is-semialgebraic 3 {as € carrier (Qp‘?) val (as!0) < wal (as'l) A wval
(as'1) < wal (as!2)}
{proof)

lemma triple-val-ineq-set-semialg”:

shows is-semialgebraic 3 {as € carrier (Qp‘?). val (as!0) < wal (as'l) A wval
(as'1) < wal (as!2)}
(proof)

lemma triple-val-ineq-set-semialg’”:
shows is-semialgebraic 3 {as € carrier (Q,%). val (as'1) < val (as!2)}

(proof)

lemma triple-val-ineq-set-semialg’"":

shows is-semialgebraic 3 {as € carrier (Q,°). val (as'1) < val (as!2)}

(proof)

13.10 Semialgebraic Functions

The most natural way to define a semialgebraic function f : Q) — @,
is a function whose graph is a semialgebraic subset of QZH. However,
the definition given here is slightly different, and devised by Denef in [1] in
order to prove Macintyre’s theorem. As Denef notes, we can use Macintyre’s
theorem to deduce that the given definition perfectly aligns with the intuitive
one.

13.10.1 Defining Semialgebraic Functions

Apply a function f to the tuple consisting of the first n indices, leaving the
remaining indices unchanged

definition partial-image where
partial-image m f xs = (f (take m xs))#(drop m xs)

definition partial-pullback where
partial-pullback m f 1S = (partial-image m f) 71m—|—l S

lemma partial-pullback-memkE:
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assumes as € partial-pullback m f1 .S
shows as € carrier (Q,™ + l) partial-image m f as € S
(proof )

lemma partial-pullback-closed:
partial-pullback m f 1.8 C carrier (Q,™ T l)
(proof )

lemma partial-pullback-meml:
assumes as € carrier (Q,™ T F)
assumes (f (take m as))#(drop m as) € S
shows as € partial-pullback m fk S

{proof)

lemma partial-image-eq:
assumes as € carrier (Qp")
assumes bs € carrier (ka)

assumes ¢ = as @ bs

shows partial-image n f x = (f as)#bs

(proof)

lemma partial-pullback-memE’:
assumes as € carrier (Qp")
assumes bs € carrier (ka)
assumes z = as @ bs
assumes x € partial-pullback n f k S
shows (f as)#bs € S
(proof )

Partial pullbacks have the same algebraic properties as pullbacks

lemma partial-pullback-intersect:
partial-pullback m f1 (S1 N S2) = (partial-pullback m f1 S1) N (partial-pullback
m f1S2)

(proof )

lemma partial-pullback-union:
partial-pullback m f1 (S1 U S2) = (partial-pullback m f1 S1) U (partial-pullback
m f152)

(proof )

lemma cartesian-power-drop:
assumes z € carrier (Qp"+l)

shows drop n x € carrier (Qpl)
{proof)

lemma partial-pullback-complement:

assumes [ € carrier (Q,"") — carrier Qp

shows partial-pullback m f 1 (carrier (stuc by — 8) = carrier (Q,m* b —
(partial-pullback m f1.5)
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{proof)

lemma partial-pullback-carrier:
assumes f € carrier (Q,™) — carrier @,
shows partial-pullback m f1 (carrier (QPS"C hY = carrier (Q,m T l)
(proof )

Definition 1.4 from Denef

definition is-semialg-function where
is-semialg-function m f = ((f € carrier (Q,"") — carrier Q,) A

(V1> 0.VS € semialg-sets (1 + ). is-semialgebraic (m + 1)
(partial-pullback m f1.5)))

lemma is-semialg-function-closed:
assumes is-semialg-function m f
shows [ € carrier (Q,™) — carrier @,
(proof)

lemma is-semialg-functionkE:
assumes is-semialg-function m f
assumes is-semialgebraic (1 + k) S
shows is-semialgebraic (m + k) (partial-pullback m f k S)
(proof)

lemma is-semialg-functionl:

assumes f € carrier (Q,"™) — carrier Q)

assumes Ak S. S € semialg-sets (1 + k) = is-semialgebraic (m + k) (partial-pullback
mfkS)

shows is-semialg-function m f

{proof)

Semialgebraicity for functions can be verified on basic semialgebraic sets

lemma is-semialg-functionl :

assumes f € carrier (Q,™) — carrier @,

assumes Ak S. S € basic-semialgs (1 + k) = is-semialgebraic (m + k)
(partial-pullback m [k S)

shows is-semialg-function m f
(proof)

Graphs of semialgebraic functions are semialgebraic

abbreviation graph where
graph = fun-graph Q)

lemma graph-memkE:
assumes f € carrier (Q,"") — carrier @,
assumes z € graph m f
shows [ (take m z) = x!m
z = (take m z)Q[f (take m z)]
take m z € carrier (Q,™)
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(proof)

lemma graph-meml:
assumes f € carrier (Q,"") — carrier @,
assumes | (take m z) = z!m
assumes z € carrier (Q,™1)
shows z € graph m f

(proof)

lemma graph-mem-closed:
assumes f € carrier (Q,"™) — carrier Q)
assumes z € graph m f
shows z € carrier (Q,™11)

(proof)

lemma graph-closed:
assumes [ € carrier (Q,"") — carrier Q,
shows graph m [ C carrier (me"H)
{proof)

The m-dimensional diagonal set is semialgebraic

notation diagonal (<A »)

lemma diag-is-algebraic:
shows is-algebraic Q, (n + n) (A n)
(proof)

lemma diag-is-semialgebraic:
shows is-semialgebraic (n + n) (A n)
(proof)

Transposition permutations

definition transpose where
transpose i j = (Fun.swap i j id)

lemma transpose-permutes:
assumes < n
assumes j < n
shows transpose i j permutes {..<n}

(proof)

lemma transpose-alt-def:
transpose a b x = (if © = a then b else if x = b then a else x)

{proof)

definition last-to-first where
last-to-first n = (Ni. if i = (n—1) then 0 else if i < n—1 then i + 1 else i)

definition first-to-last where
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first-to-last n = fun-inv (last-to-first n)

lemma last-to-first-permutes:
assumes (n:nat) > 0
shows last-to-first n permutes {..<n}

{proof)

definition graph-swap where
graph-swap n f = permute-list ((first-to-last (n+1))) * (graph n f)

lemma last-to-first-eq:

assumes length as = n

shows permute-list (last-to-first (n+1)) (a#as) = (asQla])
(proof)

lemma first-to-last-eq:

assumes as € carrier (Q,")

assumes a € carrier Q)

shows permute-list (first-to-last (n+1)) (asQ[a]) = (a#as)
(proof)

lemma graph-swapl:
assumes as € carrier (Qp")
assumes f € carrier (Q,") — carrier Qp
shows (f as)#as € graph-swap n f

{proof )

lemma graph-swapk:
assumes x € graph-swap n f
assumes f € carrier (Q,") — carrier Q,
shows hd z = f (tl z)

(proof)

Semialgebraic functions have semialgebraic graphs

lemma graph-as-partial-pullback:
assumes [ € carrier (Q,") — carrier Q)
shows partial-pullback n f 1 (A 1) = graph n f
(proof)

lemma semialg-graph:
assumes is-semialg-function n f
shows is-semialgebraic (n + 1) (graph n f)
(proof )

Functions induced by polynomials are semialgebraic

definition var-list-segment where
var-list-segment 1 j = map (Ai. pvar @y 1) [i..< j]

lemma var-list-segment-length:
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assumes ¢ < j
shows length (var-list-segment i j) = j — @
(proof)

lemma var-list-segment-entry:
assumes k < j — 1@
assumes ¢ < j
shows var-list-segment ¢ j | k = pvar Qp (¢ + k)
(proof )

lemma var-list-segment-is-poly-tuple:
assumes i <j
assumes j < n
shows is-poly-tuple n (var-list-segment i j)

(proof)

lemma map-by-var-list-segment:
assumes as € carrier (Qp")
assumes j < n
assumes ¢ < j

shows poly-map n (var-list-segment i j) as = list-segment i j as

{proof)

lemma map-by-var-list-segment-to-length:
assumes as € carrier (Qp")
assumes i < n
shows poly-map n (var-list-segment i n) as = drop i as
(proof )

lemma map-tail-by-var-list-segment:

assumes as € carrier (Qp")

assumes a € carrier @,

assumes i < n

shows poly-map (n+1) (var-list-segment 1 (n+1)) (a#tas) =
(proof)

lemma Qp-poly-tuple-Cons:
assumes is-poly-tuple n fs
assumes f € carrier (Qp[X))
assumes k <n
shows is-poly-tuple n (f#/s)
(proof )

lemma poly-map-Cons:
assumes is-poly-tuple n fs
assumes f € carrier (Qp[Xn))
assumes a € carrier (Qp")
shows poly-map n (f#/fs) a = (Qp-ev f a)#poly-map n fs a
(proof)
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lemma poly-map-append’:
assumes is-poly-tuple n fs
assumes is-poly-tuple n gs
assumes a € carrier (Qp")
shows poly-map n (fsQgs) a = poly-map n fs a Q poly-map n gs a
(proof)

lemma partial-pullback-by-poly:

assumes f € carrier (Qp[Xn))

assumes S C carrier (QpH'k)

shows partial-pullback n (Qp-ev f) k S = poly-tuple-pullback (n+k) S (f#
(var-list-segment n (n+k)))
(proof)

lemma poly-is-semialg:
assumes f € carrier (Qp[Xn))
shows is-semialg-function n (Qp-ev f)

(proof)

Families of polynomials defined by semialgebraic coefficient functions

lemma semialg-function-on-carrier:
assumes is-semialg-function n f
assumes restrict f (carrier (Q,")) = restrict g (carrier (Qp™))
shows is-semialg-function n g

(proof)

lemma semialg-function-on-carrier’:
assumes is-semialg-function n f
assumes \a. a € carrier (Q,"") = fa=ga
shows is-semialg-function n g
(proof)

lemma constant-function-is-semialg:
assumes n > 0
assumes z € carrier @p
assumes )\ a. a € carrier (Qp,") = fa =1z
shows is-semialg-function n f

(proof)

lemma cartesian-product-singleton-factor-projection-is-semialg:
assumes A C carrier (Qp™)
assumes b € carrier (Q,")
assumes is-semialgebraic (m+n) (cartesian-product A {b})
shows is-semialgebraic m A

(proof)

lemma cartesian-product-factor-projection-is-semialg:
assumes A C carrier (Q,™)
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assumes B C carrier (Q,")

assumes B # {}

assumes is-semialgebraic (m+n) (cartesian-product A B)
shows is-semialgebraic m A

(proof)

lemma partial-pullback-cartesian-product:

assumes & € carrier (Q,"") — carrier @,

assumes S C carrier (Qpl )

shows cartesian-product (partial-pullback m & 0°S) (carrier (Qpl)) = partial-pullback
m & 1 (cartesian-product S (carrier (Qpl)))
(proof )

lemma cartesian-product-swap:
assumes A C carrier (Q,")
assumes B C carrier (Q,™)
assumes is-semialgebraic (m+n) (cartesian-product A B)
shows is-semialgebraic (m+n) (cartesian-product B A)

(proof)

lemma Qp-zero-subset-is-semialg:
assumes S C carrier (Q,7)
shows is-semialgebraic 0 S

(proof)

lemma cartesian-product-empty-list:
cartesian-product A {[|} = A
cartesian-product {[]} A = A

(proof)

lemma cartesian-product-singleton-factor-projection-is-semialg’:
assumes A C carrier (Qp™)
assumes b € carrier (Q,")
assumes is-semialgebraic (m+n) (cartesian-product A {b})
shows is-semialgebraic m A

(proof)

13.11 More on graphs of functions

This section lays the groundwork for showing that semialgebraic functions
are closed under various algebraic operations

The take and drop functions on lists are polynomial maps

lemma function-restriction:
assumes g € carrier (Q,") — S
assumes n < k
shows (g o (take n)) € carrier (ka) — 8

(proof)
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lemma partial-pullback-restriction:
assumes g € carrier (Q,") — carrier @,
assumes n < k
shows partial-pullback k (g o take n) m S =
split-cartesian-product (n + m) (k — n) n (partial-pullback n g m S) (carrier
(@F—™)
(proof)

lemma comp-take-is-semialg:
assumes is-semialg-function n g
assumes n < k
assumes 0 < n
shows is-semialg-function k (g o (take n))

(proof)

Restriction of a graph to a semialgebraic domain

lemma graph-formula:

assumes g € carrier (Q,") — carrier @,

QpSuc n

shows graph n g = {as € carrier ( ). g (take n as) = as'n}

(proof)

definition restricted-graph where
restricted-graph n g S = {as € carrier (stuc ™). take n as € S A g (take n as) =
asln }

lemma restricted-graph-closed:
restricted-graph n g S C carrier (QPS“C ™)
(proof)

lemma restricted-graph-memkFE:
assumes a € restricted-graph n g S
shows a € carrier (Q,°%¢™) take n a € S g (take n a) = aln

{proof)

lemma restricted-graph-mem-formula:
assumes a € restricted-graph n g S
shows a = (take n a)Q[g (take n a)]

(proof)

lemma restricted-graph-meml:
assumes ¢ € carrier (stuC ™)
assumes take n a € S
assumes ¢ (take n a) = aln
shows a € restricted-graph n g S

(proof)
lemma restricted-graph-meml":

assumes a € S
assumes g € carrier (Q,") — carrier @,
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assumes S C carrier (Q,")
shows (aQ[g a]) € restricted-graph n g S

(proof)

lemma restricted-graph-subset:
assumes g € carrier (Q,") — carrier @,
assumes S C carrier (Qp")
shows restricted-graph n g S C graph n g

(proof)

lemma restricted-graph-subset’:
assumes g € carrier (Q,") — carrier @,
assumes S C carrier (Qp")
shows restricted-graph n g S C cartesian-product S (carrier (Q,1))

(proof)

lemma restricted-graph-intersection:
assumes g € carrier (Qp") — carrier @,
assumes S C carrier (Q,")
shows restricted-graph n g S = graph n g N (cartesian-product S (carrier (ij)))

(proof)

lemma restricted-graph-is-semialgebraic:

assumes is-semialg-function n g

assumes is-semialgebraic n S

shows is-semialgebraic (n+1) (restricted-graph n g S)
(proof)

lemma take-closed:
assumes n < k
assumes z € carrier (ka)
shows take n z € carrier (Q,")

{proof)

lemma take-compose-closed:
assumes g € carrier (Q,") — carrier @,
assumes n < k
shows ¢ o take n € carrier (ka) — carrier Qp

(proof)

lemma take-graph-formula:
assumes g € carrier (Q,") — carrier @,
assumes n < k
assumes ( < n
shows graph k (g o (take n)) = {as € carrier (ka+1). g (take n as) = aslk}

(proof)

lemma graph-memlI’:
assumes o € carrier (QpS“C ™
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assumes take n a € carrier (Q,")
assumes ¢ (take n a) = aln
shows a € graph n g

{proof)

lemma graph-memlI'":
assumes a € carrier (Q,")
assumes g € carrier (Qp") — carrier @,
shows (aQ[g a]) € graph n g
(proof )

lemma graph-as-restricted-graph:
assumes f € carrier (Q,") — carrier Qp
shows graph n f = restricted-graph n f (carrier (Q,"))
(proof )

definition double-graph where
double-graph n f g = {as € carrier (Qp"+2). f (take n as) = asln A g (take n as)
=asl(n + 1)}

lemma double-graph-rep:
assumes g € carrier (Q,") — carrier @,
assumes [ € carrier (Q,") — carrier Q)
shows double-graph n f g = restricted-graph (n + 1) (g o take n) (graph n f)

(proof)

lemma double-graph-is-semialg:
assumes n > 0
assumes is-semialg-function n f
assumes is-semialg-function n g
shows is-semialgebraic (n+2) (double-graph n f g)
(proof )

definition add-vars :: nat = nat = padic-tuple = padic-number where
add-vars i j as = asli ®Q, as!j

lemma add-vars-rep:
assumes as € carrier (Q,")
assumes ¢ < n
assumes j < n
shows add-vars i j as = Qp-ev ((pvar @, 7) D Q,[Xn] (pvar Qp 7)) as
(proof)

lemma add-vars-is-semialg:
assumes i < n
assumes j < n
assumes a € carrier (Q,")
shows is-semialg-function n (add-vars i j)

(proof)
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definition mult-vars :: nat = nat = padic-tuple = padic-number where
mult-vars © j as = asli ® as!j

lemma mult-vars-rep:
assumes as € carrier (Q,")
assumes ; < n
assumes j < n

shows mult-vars i j as = Qp-ev ((pvar @, 7) ®Q,[xn] (pvar Qp 7)) as
(proof )

lemma mult-vars-is-semialg:
assumes i < n
assumes j < n
assumes a € carrier (Qp")
shows is-semialg-function n (mult-vars i j)

(proof)

definition minus-vars :: nat = padic-tuple = padic-number where
minus-vars 1 as = 50, asli

lemma minus-vars-rep:
assumes as € carrier (Qp")
assumes i < n
shows minus-vars i as = Qp-ev (er[XTL] (pvar Qp 7)) as

(proof)

lemma minus-vars-is-semialg:
assumes i < n
assumes a € carrier (Qp")
shows is-semialg-function n (minus-vars 7)

(proof)

definition extended-graph where
extended-graph n f g h = {as € carrier (Qpn+3).

f (take n as) = asln A g (take n as) = as! (n + 1) A h [(f (take
n as)),(g (take n as))] = as! (n + 2) }

lemma extended-graph-rep:

extended-graph n f g h = restricted-graph (n + 2) (h o (drop n)) (double-graph n f
9)

{proof )

lemma function-tuple-eval-closed:
assumes is-function-tuple Qp n fs
assumes z € carrier (Qp")
shows function-tuple-eval Q, n fs x € carrier (Qplength fs)
(proof)
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definition k-graph where
k-graph n fs = {z € carrier (Q," T length [s) y = (take n )@ (function-tuple-cval
Qp n fs (take n z)) }

lemma k-graph-meml:
assumes is-function-tuple Qp n fs
assumes z = asQfunction-tuple-eval Qp n fs as
assumes as € carrier (Qp")
shows z € k-graph n fs

{(proof)

composing a function with a function tuple

lemma Qp-function-tuple-comp-closed:
assumes f € carrier (Q,") — carrier Qp
assumes length fs = n
assumes is-function-tuple @, m fs
shows function-tuple-comp Q, fs [ € carrier (Qp,™) — carrier @,
(proof )

13.11.1 Tuples of Semialgebraic Functions

Predicate for a tuple of semialgebraic functions

definition is-semialg-function-tuple where
is-semialg-function-tuple n fs = (V f € set fs. is-semialg-function n f)

lemma is-semialg-function-tuplel:
assumes A f. f € set fs = is-semialg-function n f
shows is-semialg-function-tuple n fs
(proof )

lemma is-semialg-function-tupleE:
assumes is-semialg-function-tuple n fs
assumes i < length fs
shows is-semialg-function n (fs ! 7)
(proof)

lemma is-semialg-function-tupleE:
assumes is-semialg-function-tuple n fs
assumes f € set fs
shows is-semialg-function n f

{proof)

lemma semialg-function-tuple-is-function-tuple:
assumes is-semialg-function-tuple n fs
shows is-function-tuple Q, n fs
(proof)

lemma const-poly-function-tuple-comp-is-semialg:
assumes n > 0
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assumes is-semialg-function-tuple n fs

assumes a € carrier Qp

shows is-semialg-function n (poly-function-tuple-comp @, n fs (Qp-to-IP a))
(proof )

lemma pvar-poly-function-tuple-comp-is-semialg:
assumes n > (
assumes is-semialg-function-tuple n fs
assumes i < length fs
shows is-semialg-function n (poly-function-tuple-comp @, n fs (pvar @, 7))
(proof )

Polynomial functions with semialgebraic coefficients

definition point-to-univ-poly :: nat = padic-tuple = padic-univ-poly where
point-to-univ-poly n a = ring-cfs-to-univ-poly n a

definition tuple-partial-image where
tuple-partial-image m fs v = (function-tuple-eval Q, m fs (take m z))Q(drop m x)

lemma tuple-partial-image-closed:
assumes length fs > 0
assumes is-function-tuple @ n fs
assumes z € carrier (Q," 1)
shows tuple-partial-image n fs © € carrier (Qplength fs + l)
(proof )

lemma tuple-partial-image-indices:

assumes length fs > 0

assumes is-function-tuple Qp n fs

assumes z € carrier (me'l)

assumes i < length fs

shows (tuple-partial-image n fs z) ! i = (fsli) (take n x)
(proof)

lemma tuple-partial-image-indices’:
assumes length fs > 0
assumes is-function-tuple Qp n fs
assumes z € carrier (Qpn'H)
assumes i < [
shows (tuple-partial-image n fs ) | (length fs + ©) = z!(n + 1)
(proof)

definition tuple-partial-pullback where
tuple-partial-pullback n fs | S = ((tuple-partial-image n fs)—*“S) N carrier (Qpn'H)

lemma tuple-partial-pullback-memkE:
assumes as € tuple-partial-pullback m fs 1 S
shows as € carrier (Q," + l) tuple-partial-image m fs as € S

{proof)
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lemma tuple-partial-pullback-closed:
tuple-partial-pullback m fs 1 S C carrier (Q,™ + l)

{proof)

lemma tuple-partial-pullback-meml:
assumes as € carrier (Q,™ T k)
assumes is-function-tuple @, m fs
assumes ((function-tuple-eval @, m fs) (take m as))Q(drop m as) € S
shows as € tuple-partial-pullback m fs k S

(proof)

lemma tuple-partial-image-eq:
assumes as € carrier (Qp")

assumes bs € carrier (ka)

assumes z = as Q bs

shows tuple-partial-image n fs & = ((function-tuple-eval Q, n fs) as)Qbs
(proof)

lemma tuple-partial-pullback-memE":
assumes as € carrier (Qp")

assumes bs € carrier (ka)

assumes r = as @ bs

assumes x € tuple-partial-pullback n fs k S
shows (function-tuple-eval Q, n fs as)@Qbs € S

(proof)

tuple partial pullbacks have the same algebraic properties as pullbacks
lemma tuple-partial-pullback-intersect:
tuple-partial-pullback m f1 (S1 N S2) = (tuple-partial-pullback m f151) N (tuple-partial-pullback
m f182)
(proof )

lemma tuple-partial-pullback-union:
tuple-partial-pullback m f1 (S1 U S82) = (tuple-partial-pullback m f151) U (tuple-partial-pullback
m f152)

(proof)

lemma tuple-partial-pullback-complement:

assumes is-function-tuple @, m fs

shows tuple-partial-pullback m fs | ((carrier (Qplength fs 10y — 9) = carrier
(@™ + l) — (tuple-partial-pullback m fs 1 S)

(proof)

lemma tuple-partial-pullback-carrier:
assumes is-function-tuple @, m fs
shows tuple-partial-pullback m fs | (carrier (Qplength fs + l)) = carrier (Q,™ T l)
(proof )
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definition is-semialg-map-tuple where
is-semialg-map-tuple m fs = (is-function-tuple Qp, m fs A

(V1> 0.V S € semialg-sets ((length fs) + ). is-semialgebraic
(m + 1) (tuple-partial-pullback m fs 1 5)))

lemma is-semialg-map-tuple-closed:
assumes is-semialg-map-tuple m fs
shows is-function-tuple @, m fs
(proof )

lemma is-semialg-map-tupleE:
assumes is-semialg-map-tuple m fs
assumes is-semialgebraic ((length fs) + 1) S
shows is-semialgebraic (m + 1) (tuple-partial-pullback m fs 1 S)
(proof )

lemma is-semialg-map-tuplel:

assumes is-function-tuple Qp, m fs

assumes Ak S. S € semialg-sets ((length fs) + k) = is-semialgebraic (m +
k) (tuple-partial-pullback m fs k S)

shows is-semialg-map-tuple m fs

(proof)

Semialgebraicity for maps can be verified on basic semialgebraic sets
lemma is-semialg-map-tuplel":

assumes is-function-tuple ), m fs

assumes Ak S. S € basic-semialgs ((length fs) + k) = is-semialgebraic (m +
k) (tuple-partial-pullback m fs k S)

shows is-semialg-map-tuple m fs

(proof)

The goal of this section is to show that tuples of semialgebraic functions are
semialgebraic maps.

The function (zg,z,y) — (xo, f(x),y)

definition twisted-partial-image where

twisted-partial-image n m f xs = (take n xs)Q partial-image m f (drop n xs)

The set (xg,z,y) | (zo, f(x),y) € S

Convention: a function which produces a subset of (Qp (i + j +k)) will
receive the 3 arity parameters in sequence, at the very beginning of the
function

definition twisted-partial-pullback where
twisted-partial-pullback n m | f S = ((twisted-partial-image n m f)—*S) N carrier
(Qpn+m+l)

lemma twisted-partial-pullback-memE:
assumes as € twisted-partial-pullback n m 1 f S
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shows as € carrier (Qp"erJrl) twisted-partial-image n m f as € S
(proof )

lemma twisted-partial-pullback-closed:
twisted-partial-pullback n m | f S C carrier (Qp”+m+l)
(proof )

lemma twisted-partial-pullback-memlI:
assumes as € carrier (Qp”+m+l)
assumes (take n as)Q((f (take m (drop n as)))#(drop (n + m) as)) € S
shows as € twisted-partial-pullback n m 1 f S
{proof )

lemma twisted-partial-image-eq:

assumes as € carrier (Qp")

assumes bs € carrier (Q,™)

assumes cs € carrier (Qpl)

assumes z = as @ bs Q cs

shows twisted-partial-image n m fx = asQ((f bs)#cs)
(proof)

lemma twisted-partial-pullback-memE":
assumes as € carrier (Qp")
assumes bs € carrier (Q,")
assumes cs € carrier (Qpl)
assumes ¢ = as @Q bs Q cs
assumes z € twisted-partial-pullback n m 1 f S
shows asQ((f bs)#cs) € S

(proof)
partial pullbacks have the same algebraic properties as pullbacks

permutation which moves the entry at index 7 to 0

definition twisting-permutation where
twisting-permutation (i:nat) = (Aj. if j < { then j + 1 else
(if j = i then 0 else j))

lemma twisting-permutation-permutes:
assumes i < n
shows twisting-permutation i permutes {..<n}

(proof)

lemma twisting-permutation-action:

assumes length as = 1

shows permute-list (twisting-permutation ©) (b#(asQbs)) = asQ(b#bs)
(proof)

lemma twisting-permutation-action’:
assumes length as = i
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shows permute-list (fun-inv (twisting-permutation ©)) (asQ(b#bs)) = (b#(asQbs))

(proof)

lemma twisting-semialg:
assumes is-semialgebraic n S
assumes n > ¢
shows is-semialgebraic n ((permute-list ((twisting-permutation 7)) < S))

(proof)

lemma twisting-semialg”:
assumes is-semialgebraic n S
assumes n > ¢
shows is-semialgebraic n ((permute-list (fun-inv (twisting-permutation 7)) ©S))

{proof)
Defining a permutation that does: (z0,z1,y) — (z1,20,y)

definition ¢p-1 where
tp-1i7 = (X n. (if n<i then j + n else
(ifi <mAn<i+jthenn — ielse
"))
lemma permutes-I:
assumes \z. 2 ¢ S = fz ==
assumes A\y. y€ S = 3lz e S. fa=y
assumes A\z.z € S = fz € S
shows f permutes S

(proof)

lemma tp-1-permutes:
(tp-1 (i:nat) j) permutes {..< i + j}
(proof)

lemma tp-1-permutes’:
(tp-1 (i::nat) j) permutes {..< i + j + k}
(proof)

lemma tp-1-permutation-action:
assumes a € carrier (Qp")
assumes b € carrier (Q,)
assumes ¢ € carrier (Q,")
shows permute-list (tp-1 i j) (bQa@Qc)= a@bQc

(proof)

definition tw where
tw i j = permute-list (tp-1j i)

lemma tw-is-semialg:

assumes n > 0
assumes is-semialgebraic n S
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assumes n > i + j
shows is-semialgebraic n ((tw i 7)“S)
{proof)

lemma twisted-partial-pullback-factored:

assumes [ € (carrier (Q,)) — carrier @,

assumes S C carrier (Q][,er+ b

assumes Y = partial-pullback m f (n + 1) (permute-list (fun-inv (twisting-permutation
n)) *5)

shows twisted-partial-pullback n m 1 f S = (twmn) Y
(proof )

lemma twisted-partial-pullback-is-semialgebraic:

assumes is-semialg-function m f

assumes is-semialgebraic (n + 1 + 1) S

shows is-semialgebraic (n + m + 1)(twisted-partial-pullback n m 1 f S)
(proof)

definition augment where
augment n x = take n x Q take n x Q drop n x

lemma augment-closed:
assumes z € carrier (Qp”+l)

shows augment n x € carrier (Qpn+n+ l)
(proof)

lemma tuple-partial-image-factor:

assumes is-function-tuple @, m fs

assumes f € carrier (Q,"") — carrier Qp

assumes length fs = n

assumes z € carrier (Q,™ * 1)

shows tuple-partial-image m (fsQ[f]) z = twisted-partial-image n m f (tuple-partial-image
m fs (augment m x))
(proof)

definition diagonalize where
diagonalize n m S = S N cartesian-product (A n) (carrier (Qp,™))

lemma diagaonlize-is-semiaglebraic:
assumes is-semialgebraic (n + n + m) S
shows is-semialgebraic (n + n + m) (diagonalize n m S)

(proof)

lemma list-segment-take:
assumes length a >n
shows list-segment 0 n a = take n a

(proof)

lemma augment-inverse-is-semialgebraic:
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assumes is-semialgebraic (n+n+1) S
shows is-semialgebraic (n+1) ((augment n —*S) N carrier (Qpn+l))

(proof)

lemma tuple-partial-pullback-is-semialg-map-tuple-induct:
assumes is-semialg-map-tuple m fs
assumes is-semialg-function m f
assumes length fs = n
shows is-semialg-map-tuple m (fsQ[f])

(proof)

lemma singleton-tuple-partial-pullback-is-semialg-map-tuple:
assumes is-semialg-function-tuple m fs
assumes length fs = 1
shows is-semialg-map-tuple m fs

(proof)

lemma empty-tuple-partial-pullback-is-semialg-map-tuple:
assumes is-semialg-function-tuple m fs
assumes length fs = 0
shows is-semialg-map-tuple m fs
(proof )

lemma tuple-partial-pullback-is-semialg-map-tuple:
assumes is-semialg-function-tuple m fs
shows is-semialg-map-tuple m fs

(proof)

13.11.2 Semialgebraic Functions are Closed under Composition
with Semialgebraic Tuples

lemma function-tuple-comp-partial-pullback:
assumes is-semialg-function-tuple m fs
assumes length fs = n
assumes is-semialg-function n f
assumes S C carrier (Q,11F)
shows partial-pullback m (function-tuple-comp @, fs f) kS =
tuple-partial-pullback m fs k (partial-pullback n f k S)

(proof)

lemma semialg-function-tuple-comp:
assumes is-semialg-function-tuple m fs
assumes length fs = n
assumes is-semialg-function n f
shows is-semialg-function m (function-tuple-comp Q) fs f)

(proof)
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13.11.3 Algebraic Operations on Semialgebraic Functions

Defining the set of extensional semialgebraic functions

definition Qp-add-fun where
Qp-add-fun xs = xs!0 S0, zs!1

definition Qp-mult-fun where
Qp-mult-fun xs = xs!0 ® xs!1

Inversion function on first coordinates of Qp tuples. Arbitrarily redefined
at 0 to map to 0

definition Qp-invert where
Qp-invert xs = (if ((xs10) = 0) then 0 else (inv (zs!0)))

Addition is semialgebraic

lemma addition-is-semialg:
is-semialg-function 2 Qp-add-fun
(proof)

Multiplication is semialgebraic:

lemma multiplication-is-semialg:
is-semialg-function 2 Qp-mult-fun
(proof)

Inversion is semialgebraic:

lemmal(in field) field-nat-pow-inv:
assumes a € carrier R
assumes a # 0
shows inv (a [7] (nunat)) = (inv a) [7] (n 2 nat)
(proof)

lemma Qp-invert-basic-semialg:

assumes is-basic-semialg (1 + k) S

shows is-semialgebraic (1 + k) (partial-pullback 1 Qp-invert k S)
(proof)

lemma Qp-invert-is-semialg:
is-semialg-function 1 Qp-invert

(proof)

lemma Taylor-deg-1-expansion’”
assumes f € carrier Qp-
assumes An. fn e O,
assumes ¢ € O,
assumes b € O,
shows Jc ¢’ ¢”. c=to-funfaNc' =derivfaNceO,Nc €0, N €O,

to-fun f (b)) =c® ¢’ ®@ (b6 a) ® (¢ ® (b6 a)]](2:nat))
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(proof)

end

13.12 Sets Defined by Residues of Valuation Ring Elements

sublocale padic-fields < Res: cring Zp-res-ring (Suc n)
(proof )

context padic-fields
begin

definition Qp-res where
Qp-resxn = to-Zpzxn

lemma Qp-res-closed:
assumes z € O,
shows Qp-res z n € carrier (Zp-res-ring n)

(proof)

lemma Qp-res-add:
assumes z € O,
assumes y € O,
shows Qp-res (z @ y) n = Qp-res T 1 Sz resring n @p-res y n
(proof)

lemma Qp-res-mult:
assumes z € O,
assumes y € O,
shows @Qp-res (z ® y) n = Qp-res T n @z resring n @p-res y n
(proof)

lemma Qp-res-diff:
assumes z € O,
assumes y € O,
shows @Qp-res (z © y) n = Qp-res T 1 Sz resring n @p-res y n
(proof )

lemma Qp-res-zero:
shows Qp-res 0 n = 0

{proof)

lemma Qp-res-one:
assumes n > ()
shows Qp-res 1 n = (1::int)
(proof)

lemma Qp-res-nat-inc:
shows Qp-res ([(n::nat)]-1) n = n mod p™n
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{proof)

lemma Qp-res-int-inc:
shows Qp-res ([(k::int)]-1) n = k mod p™n
{proof)

lemma Qp-poly-res-monom:

assumes ¢ € O,

assumes z € O,

assumes @p-res an = 0

assumes k > 0

shows Qp-res (up-ring.monom (UP Q) a k- z) n=10
(proof)

lemma Qp-poly-res-zero:
assumes q € carrier (UP Q)
assumes Ai. ¢i € O,
assumes Ai. Qp-res (¢i) n =0
assumes z € O,
shows Qp-res (¢ - z) n =0
(proof)

lemma Qp-poly-res-eval-0:

assumes f € carrier (UP Qp)

assumes g € carrier (UP Q)

assumes z € O,

assumes Ai. fi € O,

assumes Ai. gi € O,

assumes Ai. Qp-res (fi) n = Qp-res (g ©) n

shows Qp-res (f - ) n = Qp-res (g - ) n
(proof)

lemma Qp-poly-res-eval-1:

assumes f € carrier (UP Q)

assumes z € O,

assumes y € O,

assumes Ai. fi € O,

assumes Qp-res zn = Qp-res y n

shows Qp-res (f + ) n = Qp-res (f - y) n
(proof)

lemma Qp-poly-res-eval-2:
assumes f € carrier (UP Q)
assumes g € carrier (UP Q)
assumes z € O,
assumes y € O,
assumes Ai. fi € O,
assumes Ai. gi € O,
assumes Ai. Qp-res (fi) n = Qp-res (g i) n
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assumes Qp-res xn = Qp-res y n
shows Qp-res (f - ) n = Qp-res (g - y) n
(proof)

definition poly-res-class where
poly-res-class n d f = {q € carrier (UP Q). deg Qp ¢ < d N (Vi. ¢ € Op A
Qp-res (f ) m= Qp-res (q.) n) }

lemma poly-res-class-closed:
assumes [ € carrier (UP Q)
assumes g € carrier (UP Q)
assumes deg Q, f < d
assumes deg Qp g < d
assumes ¢ € poly-res-class n d f
shows poly-res-class n d f = poly-res-class n d g

(proof)

lemma poly-res-class-memkE:
assumes [ € poly-res-class n d g
shows f € carrier (UP Q)
deg Qp [ < d
fie O,
Qp-res (g i) n = Qp-res (fi) n
(proof)

definition val-ring-polys where
val-ring-polys = {f € carrier (UP Q). (Vi. fi € Op)}

lemma val-ring-polys-closed:
val-ring-polys C carrier (UP @)
(proof )

lemma val-ring-polys-memlI:
assumes f € carrier (UP Q)
assumes A\i. fi € O,
shows f € wval-ring-polys
(proof)

lemma val-ring-polys-memkE:
assumes f € val-ring-polys
shows f € carrier (UP Q)
fie O,
(proof)

definition val-ring-polys-grad where
val-ring-polys-grad d = {f € wval-ring-polys. deg Q, f < d}

lemma val-ring-polys-grad-closed:
val-ring-polys-grad d C wal-ring-polys
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{proof)

lemma val-ring-polys-grad-closed’:
val-ring-polys-grad d C carrier (UP Q)
(proof )

lemma val-ring-polys-grad-meml:
assumes f € carrier (UP Qp)
assumes Ai. fi € O,
assumes deg Q, f < d
shows f € wval-ring-polys-grad d
(proof)

lemma val-ring-polys-grad-memE:
assumes f € val-ring-polys-grad d
shows f € carrier (UP Q)
deg Qp [ < d
fie O,
(proof)

lemma poly-res-classes-in-val-ring-polys-grad:
assumes [ € val-ring-polys-grad d
shows poly-res-class n d f C wval-ring-polys-grad d
(proof)

lemma poly-res-class-disjoint:
assumes [ € val-ring-polys-grad d
assumes f ¢ poly-res-class n d g
shows poly-res-class n d f N poly-res-class n d g = {}

{proof)

lemma poly-res-class-refi:
assumes f € wval-ring-polys-grad d
shows f € poly-res-class n d f
(proof)

lemma poly-res-class-memlI:
assumes f € carrier (UP Q)
assumes deg Q, f < d
assumes Ai. fi € O,
assumes Ai. Qp-res (fi) n = Qp-res (g i) n
shows f € poly-res-class n d g
(proof)

definition poly-res-classes where
poly-res-classes n d = poly-res-class n d * val-ring-polys-grad d

lemma poly-res-classes-disjoint:
assumes A € poly-res-classes n d
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assumes B € poly-res-classes n d
assumes g € A — B
shows AN B = {}

(proof)

definition int-fun-to-poly where
int-fun-to-poly (f::nat = int) i = [(f9)]-1

lemma int-fun-to-poly-closed:
assumes A\i. i > d = fi=10
shows int-fun-to-poly f € carrier (UP Q)
(proof)

lemma int-fun-to-poly-deg:
assumes A\i. i > d = fi=10
shows deg @, (int-fun-to-poly ) < d
(proof)

lemma Qp-res-mod-triv:
assumes ¢ € O,
shows Qp-res anmodp ~n = Qp-resan

{proof)

lemma int-fun-to-poly-is-class-wit:

assumes [ € poly-res-class n d g

shows (int-fun-to-poly (Mi::nat. Qp-res (f i) n)) € poly-res-class n d g
(proof)

lemma finite-support-funs-finite:
finite (({..d} — carrier (Zp-res-ring n)) N {(f::nat = int). Vi > d. fi = 0})
(proof)

lemma poly-res-classes-finite:
finite (poly-res-classes n d)

(proof)

lemma Qp-res-eq-zerol:
assumes ¢ € O,
assumes val a > n
shows Qp-res an = 0

(proof)

lemma Qp-res-eql:
assumes a € O,
assumes b € O,
assumes @Qp-res (a © b) n = 0
shows Qp-res a n = Qp-res b n
(proof )
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lemma Qp-res-eql”:
assumes ¢ € O,
assumes b € O,
assumes val (a © b) > n
shows Qp-res a n = Qp-res b n

{proof)

lemma Qp-res-eqF:
assumes o € O,
assumes b € O,
assumes Qp-res a n = @Qp-res b n
shows val (a © b) > n

(proof)

lemma notin-closed:
(= ((czeint) <z Az <d)=(r<cVd<uz)
(proof )

lemma Qp-res-neql:
assumes ¢ € O,
assumes b € O,
assumes val (a © b) < n
shows Qp-res a n # Qp-res b n

{proof)

lemma Qp-res-equal:
assumes ¢ € O,
assumes | = Qp-res a n
shows Qp-res a n = Qp-res ([[]-1) n
{proof)

definition Q@Qp-res-class where
Qp-res-class n b = {a € O,. Qp-res a n = Qp-res b n}

definition Qp-res-classes where
Qp-res-classes n = Qp-res-class n * O

lemma val-ring-int-inc-closed:
[(kzint)]-1 € O,
(proof)

lemma val-ring-nat-inc-closed:
[(k:nat)]-1 € O,
(proof)

lemma Qp-res-classes-wits:
Qp-res-classes n = (Al:int. Qp-res-class n ([I]-1)) * (carrier (Zp-res-ring n))

(proof)
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lemma Qp-res-classes-finite:
finite (Qp-res-classes n)

(proof)

definition @Qp-cong-set where
Qp-cong-set v a = {z € Op. to-Zp z o = a a}

lemma Qp-cong-set-as-ball:
assumes a € carrier Z,
assumes q o = 0
shows @Qp-cong-set o a = By[0]
(proof)

lemma Qp-cong-set-as-ball”:
assumes a € carrier Zy,
assumes val-Zp a < eint (int «)
shows @Qp-cong-set a a = By[(1 a)]

(proof)

lemma Qp-cong-set-is-univ-semialgebraic:
assumes a € carrier Zy,
shows is-univ-semialgebraic (Qp-cong-set a a)
(proof )

lemma constant-res-set-semialg:
assumes [ € carrier (Zp-res-ring n)
shows is-univ-semialgebraic {z € O,. Qp-res z n = I}

(proof)
end

end

theory Padic-Semialgebraic- Function-Ring
imports Padic-Field-Powers

begin

14 Rings of Semialgebraic Functions

In order to efficiently formalize Denef’s proof of Macintyre’s theorem, it is
necessary to be able to reason about semialgebraic functions algebraically.
For example, we need to consider polynomials in one variable whose coeffi-
cients are semialgebraic functions, and take their Taylor expansions centered
at a semialgebraic function. To facilitate this kind of reasoning, it is neces-
sary to construct, for each arity m, a ring SA(m) of semialgebraic functions
in m variables. These functions must be extensional functions which are
undefined outside of the carrier set of Q.

The developments in this theory are mainly lemmas and defintitions which
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build the necessary theory to prove the cell decomposition theorems of [1],
and finally Macintyre’s Theorem, which says that semi-algebraic sets are
closed under projections.

14.1 Some eint Arithmetic

context padic-fields
begin

lemma eint-minus-ineq':
assumes a < eint N
assumes b — a < ¢
shows b — eint N < ¢

(proof)

lemma eint-minus-plus:
a — (eint b+ eint ¢) = a — eint b — eint ¢
{proof)

lemma eint-minus-plus”:
a — (eint b + eint ¢) = a — eint ¢ — eint b
(proof)

lemma eint-minus-plus’”:
assumes a — eint ¢ — eint b = eint f
shows a — eint ¢ — eint f = eint b
(proof)

lemma uminus-involutive[simp):
—(—z::eint) = x
{proof)

lemma eint-minus:
(a::eint) — (b:eint) = a + (—b)
(proof)

lemma eint-mult-Suc:
eint (Suc k) x a = eintk x a + a
{proof)

lemma eint-mult-Suc-mono:

assumes a < eint b — eint (int k) x a < eint (int k) * eint b

shows a < eint b — eint (int (Suc k)) *x a < eint (int (Suc k)) * eint b
{proof )

lemma eint-nat-mult-mono:
assumes (a:eint) < b
shows eint (k::nat)xa < eint k*b
(proof)
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lemma eint-Suc-zero:
eint (int (Suc 0)) * a = a
(proof)

lemma eint-add-mono:
assumes (a:eint) < b
assumes (c::eint) < d
shows a + ¢ < b+ d
(proof )

lemma eint-nat-mult-mono-rev:
assumes k > 0
assumes eint (k::nat)xa < eint kxb
shows (a::eint) < b

(proof)

14.2 Lemmas on Function Ring Operations

lemma Qp-funs-is-cring:
cring (Funp Qp)
{proof)

lemma Qp-funs-is-monoid:
monoid (Funy Qp)
(proof )

lemma Qp-funs-car-memk:
assumes f € carrier (Funp Qp)
shows f € (carrier (Q,™)) — (carrier Q)
(proof)

lemma Qp-funs-car-meml:
assumes g € carrier (Qp") — carrier Q,
assumes Az. z ¢ (carrier (Q,")) = g © = undefined
shows g € carrier (Funn Qp)

(proof)

lemma Qp-funs-car-meml”:
assumes g € carrier (Qp") — carrier @,
assumes restrict g (carrier (Qp")) = ¢
shows g € carrier (Funn Qp)

{proof)

lemma Qp-funs-car-meml’”:
assumes f € carrier (Qp") — carrier @,
assumes g = (A z € (carrier (Q,")). f )
shows g € carrier (Funn Qp)
(proof)
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lemma Qp-funs-one:
Lpung @, = (A @ € carrier (@p"). 1)
(proof)

lemma Qp-funs-zero:
0 puny, @, = (A @ € carrier (Q"). 0¢)
(proof)

lemma Qp-funs-add:
assumes z € carrier (Q,")
assumes f € (carrier (Qp,")) — carrier @,
assumes g € (carrier (Q,™)) — carrier Q,
shows (f ®pyn, @, 9) 2=z ®g, 9=
{proof)

lemma Qp-funs-add’”:
assumes z € carrier (Qp")
assumes [ € (carrier (Funp @Q)))
assumes g € (carrier (Funy Qp))
shows (f ®pyn, @, 9) 2 =fz®g, 97
{proof )

lemma Qp-funs-add’":
assumes f € (carrier (Funp @Q)))
assumes g € (carrier (Funy Qp))
shows (f ®pyn,, @, 9) = (A z € carrier (@Qy™). fx Dg, 9)
(proof)

lemma Qp-funs-add’"":
assumes z € carrier (Q,")
shows (f © Funn Q, gr=fz ©Q, 97
{proof)

lemma Qp-funs-mult:
assumes z € carrier (Qp")
assumes f € (carrier (Qp,")) — carrier @,
assumes g € (carrier (Q,™)) — carrier Q,
shows (f ®@pyn,, @, 9) z=Ffz @ g
{proof)

lemma Qp-funs-mult’:
assumes z € carrier (Qp")
assumes [ € (carrier (Funyp @Qp))
assumes g € (carrier (Funy Qp))
shows (f @ gy, Q, gJr=fzRgz
{proof )
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lemma Qp-funs-mult’”
assumes f € (carrier (Funp @Qp))
assumes g € (carrier (Funn Qp))
shows (f @ pyn,, @, 9) = (A @ € carrier (Qp"). fz ® g )
{proof)

lemma Qp-funs-mult’":
assumes z € carrier (Qp")
shows (f @pyp, @, 9) 1=fz®@gx
(proof )

lemma Qp-funs-a-inv:
assumes z € carrier (Qp")
assumes [ € (carrier (Funyp @Q)))
shows (S pyp, @, /) © =0 (f2)
{proof )

lemma Qp-funs-a-inv'":

assumes [ € (carrier (Funp @Q)))

shows (S pyp,, @, /) = (A @ € carrier (Qp"). © (f2))
(proof)

abbreviation(input) Qp-const («c--») where
@p-const n ¢ = constant-function (carrier (Q,™")) ¢

lemma Qp-constE:
assumes ¢ € carrier Qp
assumes z € carrier (Qp")
shows Qp-constncz = ¢

(proof)

lemma Qp-funs-Units-memlI:
assumes f € (carrier (Funp Qp))
assumes )\ z. z € carrier (Qy") = fz # 0¢,
shows f € (Units (Funyn Q)p))
M0 pung, @, f = (A @ € carrier (Qp"). invg  (f 7))
(proof )

lemma Qp-funs-Units-memkE:
assumes f € (Units (Funn Qp))
shows f @pyn,, Qp MV Funy, Q = 1puny Qp
i Puny, Qp S S Funn Q, fP: 1 Funy, Qp
N\ .z € carrier (Q,") = fuz # 0q,
(proof)

lemma Qp-funs-m-inv:

assumes z € carrier (Qp")
assumes f € (Units (Funn Q)))
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shows (invpyy,, @, f) © = iwg, (fz)
{proof)

14.3 Defining the Rings of Semialgebraic Functions

definition semialg-functions where
semialg-functions n = {f € (carrier (Q,™)) — carrier Qp. is-semialg-function n f
A f = restrict f (carrier (Qp,™))}

lemma semialg-functions-memkE:
assumes f € semialg-functions n
shows is-semialg-function n f
[ € carrier (Funy Q)
[ € carrier (Qp") — carrier @,
(proof)

lemma semialg-functions-in-Qp-funs:
semialg-functions n C carrier (Funy Qp)

{proof)

lemma semialg-functions-meml:
assumes f € carrier (Fungy Qp)
assumes is-semialg-function n f
shows f € semialg-functions n

{proof)

lemma restrict-is-semialg:
assumes is-semialg-function n f
shows is-semialg-function n (restrict f (carrier (@Qp™)))

(proof)

lemma restrict-in-semialg-functions:
assumes is-semialg-function n f
shows (restrict f (carrier (Q,"))) € semialg-functions n

{proof)

lemma constant-function-is-semialg:
assumes a € carrier Q,
shows is-semialg-function n (constant-function (carrier (Q,")) a)

(proof)

lemma constant-function-in-semialg-functions:
assumes a € carrier @
shows Qp-const n a € semialg-functions n

(proof)

lemma function-one-as-constant:
1 Buny, Q, = Qp-const n 1
(proof )
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lemma function-zero-as-constant:
0 puny Q, = Qp-const n 0q,
(proof )

lemma sum-in-semialg-functions:
assumes [ € semialg-functions n
assumes g € semialg-functions n
shows f @® pyn,, Q,9€ semialg-functions n

(proof)

lemma prod-in-semialg-functions:
assumes [ € semialg-functions n
assumes g € semialg-functions n
shows f @ pyn,, Q, 9 € semialg-functions n

(proof)

lemma inv-in-semialg-functions:
assumes f € semialg-functions n
assumes A z. z € carrier (Q,") = fz # 0q,
shows invpy,,, Q» f € semialg-functions n

(proof)

lemma a-inv-in-semialg-functions:
assumes [ € semialg-functions n
shows Sp,n, Qp f € semialg-functions n

(proof)

lemma semialg-functions-subring:
shows subring (semialg-functions n) (Funy Q)
(proof )

lemma semialg-functions-subcring:
shows subcring (semialg-functions n) (Funy Q)
(proof)

definition SA where
SA n = (Puny Qp)( carrier := semialg-functions n))

lemma SA-is-ring:
shows ring (SA n)
(proof )

lemma SA-is-cring:
shows cring (SA n)
(proof)

lemma SA-is-monoid:
shows monoid (SA n)
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{proof)

lemma SA-is-abelian-monoid:
shows abelian-monoid (SA n)

(proof)

lemma SA-car:
carrier (SA n) = semialg-functions n

(proof)

lemma SA-car-in-Qp-funs-car:
carrier (SA n) C carrier (Funy Qp)
(proof )

lemma SA-car-meml:
assumes f € carrier (Funy Qp)
assumes is-semialg-function n f
shows f € carrier (SA n)

{proof)

lemma SA-car-memkFE:
assumes f € carrier (SA n)
shows is-semialg-function n f
f € carrier (Funp Qp)
[ € carrier (Q,™) — carrier Q,
(proof )

lemma SA-plus:
(P54 n) = (@Funn Qp)
(proof )

lemma SA-times:
(®54 7) = (®Funn Qp)
(proof )

lemma SA-one:
(1SA n) = (1Funn Qp)
(proof )

lemma SA-zero:
(OSA n) = (OFunn Qp)
(proof )

lemma SA-zero-is-function-ring:
(Fung Qp) = SA 0
(proof)

lemma constant-fun-closed:
assumes ¢ € carrier ()
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shows constant-function (carrier (Q,™)) ¢ € carrier (SA m)
{proof)

lemma SA-0-car-meml:
assumes ¢ € carrier (Q,0) — carrier Q,
assumes Az. x ¢ carrier (on) = £ © = undefined
shows ¢ € carrier (SA 0)

(proof)

lemma car-SA-0-mem-imp-const:
assumes a € carrier (SA 0)
shows 3 ¢ € carrier Qp. a = Qp-const 0 c

(proof)

lemma SA-zeroE:
assumes a € carrier (Q,")
shows 0 g4 , a =0

{proof)

lemma SA-onek:
assumes a € carrier (Q,")
shows 1 g4, a=1

(proof)
end

sublocale padic-fields < UPSA? UP-cring SA m UP (SA m)
(proof)

context padic-fields
begin

lemma SA-add:
assumes z € carrier (Qp")
shows (f @54, 9) z=fz D, 9
(proof)

lemma SA-add”:
assumes z ¢ carrier (Q,")
shows (f g4 5, 9) © = undefined

(proof)

lemma SA-mult:
assumes z € carrier (Q,")
shows (f ®g4 p9)z=fs® gz
(proof )

lemma SA-mult”

assumes z ¢ carrier (Q,")
shows (f ®g4 p, 9) © = undefined

268



(proof)

lemma SA-u-minus-eval:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
shows (694 n f) z =6 (f2)
(proof )

lemma SA-a-inv-eval:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
shows (694 », f) z =6 (f2)
(proof )

lemma SA-nat-pow:
assumes z € carrier (Qp")

shows (f [ g4 n (kinat) z = (f2) [, k
(proof)

lemma SA-nat-pow’:
assumes z ¢ carrier (Qp")
shows (f [Jg4  (kunat)) z = undefined

{proof)

lemma SA-add-closed-id:

assumes is-semialg-function n f

assumes is-semialg-function n g

shows restrict f (carrier (Qp")) ®g4 5 restrict g (carrier (Qp™)) = f ®54 n 9
(proof)

lemma SA-mult-closed-id:

assumes is-semialg-function n f

assumes is-semialg-function n g

shows restrict f (carrier (Qp")) ®g4 p restrict g (carrier (Qp™)) = f Qg4 n 9
(proof)

lemma SA-add-closed:
assumes is-semialg-function n f
assumes is-semialg-function n g
shows f ©g4 ,, g € carrier (SA n)

(proof)

lemma SA-mult-closed:
assumes is-semialg-function n f
assumes is-semialg-function n g
shows f ®g4 ,, g € carrier (SA n)

(proof)

lemma SA-add-closed-right:
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assumes is-semialg-function n f
assumes g € carrier (SA n)
shows f ©g4 ,, g € carrier (SA n)

{proof)

lemma SA-mult-closed-right:
assumes is-semialg-function n f
assumes g € carrier (SA n)
shows f ®g4 ,, g € carrier (SA n)

(proof)

lemma SA-add-closed-left:
assumes f € carrier (SA n)
assumes is-semialg-function n g
shows f ©g4 ,, g € carrier (SA n)

(proof)

lemma SA-mult-closed-left:
assumes f € carrier (SA n)
assumes is-semialg-function n g
shows f ®g4 , g € carrier (SA n)

{proof)

lemma SA-nat-pow-closed:
assumes is-semialg-function n f
shows f [g4 p (kiinat) € carrier (SA n)

{proof)

lemma SA-imp-semialg:
assumes f € carrier (SA n)
shows is-semialg-function n f

(proof)

lemma SA-minus-closed:
assumes f € carrier (SA n)
assumes g € carrier (SA n)
shows (f ©g4 5, 9) € carrier (SA n)

{proof)

lemma(in ring) add-pow-closed :
assumes b € carrier R
shows ([(m:nat)]-pb) € carrier R

{proof)

lemmal(in ring) add-pow-Suc:
assumes b € carrier R
shows [(Suc m)]-b = [m]-b & b
(proof )
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lemma(in ring) add-pow-zero:
assumes b € carrier R
shows [(0::nat)]-b = 0
{proof)

lemma Fun-add-pow-apply:

assumes b € carrier (Fungy Qp)

assumes a € carrier (Qp")

shows ([(m::nat)]- pyp, @, b) @ =[m]-(ba)
(proof)

lemma SA-add-pow-apply:
assumes b € carrier (SA n)
assumes a € carrier (Qp")
shows ([(m:nat)]- g4 , b) a = [m]-( b a)
{proof)

lemma Qp-funs-Units-SA-Units:
assumes f € Units (Funyp Qp)

assumes is-semialg-function n f
shows [ € Units (SA n)

(proof)

lemma SA-Units-memE:
assumes f € (Units (SA n))
shows f ®g4 , "vga n f =194 n
vgA n f Og4 nf =154 n
(proof)

lemma SA-Units-closed:
assumes f € (Units (SA n))
shows f € carrier (SA n)

{proof)

lemma SA-Units-inv-closed:
assumes f € (Units (SA n))
shows invgy ,, f € carrier (SA n)
(proof)

lemma SA-Units-Qp-funs-Units:
assumes f € (Units (SA n))
shows f € (Units (Funyn Q)))

(proof)

lemma SA-Units-Qp-funs-inv:
assumes f € (Units (SA n))
shows invgy p, [ = invpyp, @, f

(proof)
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lemma SA-Units-meml:
assumes f € (carrier (SA n))
assumes /\ z. z € carrier (Qy") = fz # 0¢,
shows f € (Units (SA n))
{proof)

lemma SA-Units-memE":
assumes f € (Units (SA n))
shows A z. z € carrier (Qp") = fz # 0g,

{proof)

lemma Qp-n-nonempty:
shows carrier (Q,") # {}
(proof)

lemma SA-one-not-zero:

shows 1g4 , # 0 g4 ¢,
(proof)

lemma SA-units-not-zero:
assumes f € Units (SA n)
shows f # 0 g4
(proof)

lemma SA-Units-nonzero:
assumes [ € Units (SA m)
assumes z € carrier (Qp"™)
shows fz € nonzero @,

{proof)

lemma SA-car-closed:
assumes [ € carrier (SA m)
assumes z € carrier (Qp"™)
shows fz € carrier Q)

{proof)

lemma SA-Units-closed-fun:
assumes f € Units (SA m)
assumes z € carrier (Qp"™)
shows fz € carrier Q,

(proof )

lemma SA-inv-eval:
assumes f € Units (SA n)
assumes z € carrier (Qp")
shows (invgy , f) © = inv (f z)
(proof)

lemma SA-div-eval:
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assumes f € Units (SA n)

assumes h € carrier (SA n)

assumes z € carrier (Qp")

shows (h ®g4 5, (invgy p f)) 2 =hz @ inv (fz)
(proof )

lemma SA-unit-int-pow:

assumes f € Units (SA m)

assumes z € carrier (Q,™)

shows (f[7]g4 m(izint)) z = (f=)[ i
(proof )

lemma restrict-in-SA-car:
assumes is-semialg-function n f
shows restrict f (carrier (Q,™)) € carrier (SA n)

(proof)

lemma SA-smult:
(©g4 n) = (QFunn Qp)
(proof)

lemma SA-smult-formula:
assumes h € carrier (SA n)
assumes q € carrier @,
assumes a € carrier (Qp")
shows (¢ ©g4 p h) a = ¢ ®(h a)
(proof)

lemma SA-smult-closed:
assumes h € carrier (SA n)
assumes ¢ € carrier ()
shows ¢ ©gy ,, h € carrier (SA n)
(proof )

lemma p-mult-function-val:

assumes f € carrier (SA m)

assumes z € carrier (Q,™)

shows val ((p ©g4 pf) ©) = val (fz) + 1
(proof)

lemma Qp-char-0'".
assumes a € carrier ()
assumes a # 0
assumes (k::nat) > 0
shows [k]-a # 0

(proof)

lemma SA-char-zero:
assumes f € carrier (SA m)
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assumes f # 054
assumes n > (

shows [(n:nat)] g4 mf # 054 m
(proof)

14.4 Defining Semialgebraic Maps

We can define a semialgebraic map in essentially the same way that Denef
defines semialgebraic functions. As for functions, we can define the partial
pullback of a set S C Qg“ by a map g : Q" — Q} to be the set

{(z,y) € Q" x QL | (f(z),y) € S}

and say that ¢ is a semialgebraic map if for every [, and every semialgebraic
S C Qg”, the partial pullback of S by g is also semialgebraic. On this
definition, it is immediate that the composition f o g of a semialgebraic
function f : Q) — Q and a semialgebraic map g : Q) — Q) is semialgebraic.
It is also not hard to show that a map is semialgebraic if and only if all of
its coordinate functions are semialgebraic functions. This allows us to build
new semialgebraic functions out of old ones via composition.

Generalizing the notion of partial image partial pullbacks from functions to
maps:

definition map-partial-image where
map-partial-image m fxs = (f (take m xs))Q(drop m xs)

definition map-partial-pullback where
map-partial-pullback m f 1S = (map-partial-image m f) _1m+l S

lemma map-partial-pullback-memkE:
assumes as € map-partial-pullback m f1 S
shows as € carrier (me+l) map-partial-image m f as € S

(proof)

lemma map-partial-pullback-closed:
map-partial-pullback m f1 S C carrier (me+l)
(proof )

lemma map-partial-pullback-meml:
assumes as € carrier (me+k)
assumes (f (take m as))@Q(drop m as) € S
shows as € map-partial-pullback m fk S

{proof)

lemma map-partial-image-eq:
assumes as € carrier (Qp")

assumes bs € carrier (ka)
assumes ¢ = as @Q bs
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shows map-partial-image n f z = (f as)Qbs
(proof )

lemma map-partial-pullback-memE":
assumes as € carrier (Qp")
assumes bs € carrier (ka)
assumes r = as @ bs
assumes x € map-partial-pullback n f k S
shows (f as)@bs € S

(proof )

Partial pullbacks have the same algebraic properties as pullbacks.

lemma map-partial-pullback-intersect:
map-partial-pullback m f1 (S1 N S2) = (map-partial-pullback m f151) N (map-partial-pullback
m f152)

(proof)

lemma map-partial-pullback-union:
map-partial-pullback m f1 (S1 U S2) = (map-partial-pullback m f151) U (map-partial-pullback
m f152)

(proof)

lemma map-partial-pullback-complement:

assumes f € carrier (Q,"™) — carrier (Q,")

shows map-partial-pullback m f 1 (carrier (Qp”+l) — 8) = carrier (meJrl) -
(map-partial-pullback m f15)

(proof)

lemma map-partial-pullback-carrier:
assumes f € carrier (Q,"") — carrier (Q,")
shows map-partial-pullback m f 1 (carrier (Qpn+l)) = carrier (me+l)
(proof)

definition is-semialg-map where
is-semialg-map m n f = (f € carrier (Q,™) — carrier (Qp") A

(V1> 0.VS € semialg-sets (n + 1). is-semialgebraic (m + 1)
(map-partial-pullback m f1.5)))

lemma is-semialg-map-closed:
assumes is-semialg-map m n f
shows f € carrier (Q,"™) — carrier (Q,")
(proof)

lemma is-semialg-map-closed’:
assumes is-semialg-map m n f x € carrier (Q,™)

shows fz € carrier (Q,")
{proof)

lemma is-semialg-mapFE:
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assumes is-semialg-map m n f

assumes is-semialgebraic (n + k) S

shows is-semialgebraic (m + k) (map-partial-pullback m fk S)
(proof )

lemma is-semialg-mapE":
assumes is-semialg-map m n f
assumes is-semialgebraic (n + k) S
shows is-semialgebraic (m + k) (map-partial-image m f _lerk S9)
(proof )

lemma is-semialg-mapl:

assumes f € carrier (Q,"") — carrier (Qp")

assumes \k S. S € semialg-sets (n + k) = is-semialgebraic (m + k) (map-partial-pullback
mfkS)

shows is-semialg-map m n f

(proof)

lemma is-semialg-mapl .

assumes f € carrier (Q,™) — carrier (Q,")

assumes Ak S. S € semialg-sets (n + k) = is-semialgebraic (m + k) (map-partial-image
m f 71m+k S)

shows is-semialg-map m n f

(proof)

Semialgebraicity for functions can be verified on basic semialgebraic sets.

lemma is-semialg-mapl "

assumes f € carrier (Q,™) — carrier (Q,")

assumes Ak S. S € basic-semialgs (n + k) = is-semialgebraic (m + k)
(map-partial-pullback m f k S)

shows is-semialg-map m n f

(proof)

lemma is-semialg-mapl '

assumes [ € carrier (Q,"") — carrier (Q,")

assumes Ak S. S € basic-semialgs (n + k) = is-semialgebraic (m + k)
(map-partial-image m f 71m+k S)

shows is-semialg-map m n f

(proof)

lemma id-is-semialg-map:
is-semialg-map n n (\ z. x)

(proof)

lemma map-partial-pullback-comp:

assumes is-semialg-map m n f

assumes is-semialg-map k m g

shows (map-partial-pullback k (f o g) 1.S) = (map-partial-pullback k g | (map-partial-pullback
mflS))
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(proof)

lemma semialg-map-comp-closed:
assumes is-semialg-map m n f
assumes is-semialg-map k m g
shows is-semialg-map k n (f o g)
(proof)

lemma partial-pullback-comp:

assumes is-semialg-function m f

assumes is-semialg-map k m g

shows (partial-pullback k (f o g) 1 S) = (map-partial-pullback k gl (partial-pullback
m f135))
(proof)

lemma semialg-function-comp-closed:
assumes is-semialg-function m f
assumes is-semialg-map k m g
shows is-semialg-function k (f o g)
(proof)

lemma semialg-map-evimage-is-semialg:
assumes is-semialg-map k m g
assumes is-semialgebraic m S
shows is-semialgebraic k (g ~1} S)

(proof)

14.5 Examples of Semialgebraic Maps

lemma semialg-map-on-carrier:
assumes is-semialg-map n m f
assumes restrict f (carrier (Q,")) = restrict g (carrier (Q,"))
shows is-semialg-map n m g

{(proof)

lemma semialg-function-tuple-is-semialg-map:
assumes is-semialg-function-tuple m fs
assumes length fs = n
shows is-semialg-map m n (function-tuple-eval Q, m fs)
(proof )

lemma indez-is-semialg-function:
assumes n > k
shows is-semialg-function n (Aas. as'k)

(proof)

definition Qp-ith where
Qp-ith m i = (X z € carrier (Qp™). z!7)
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lemma Qp-ith-closed:
assumes ¢ < m
shows Qp-ith m i € carrier (SA m)

(proof)

lemma take-is-semialg-map:
assumes n > k
shows is-semialg-map n k (take k)

(proof)

lemma drop-is-semialg-map:
shows is-semialg-map (k + n) n (drop k)
(proof)

lemma project-at-indices-is-semialg-map:
assumes S C {..<n}
shows is-semialg-map n (card S) wg
(proof)

lemma tl-is-semialg-map:
shows is-semialg-map (Suc n) n tl
(proof)

Coordinate functions are semialgebraic maps.

lemma coord-fun-is-SA:
assumes is-semialg-map n m g
assumes i < m
shows coord-fun Q, n g i € carrier (SA n)

(proof)

lemma coord-fun-map-is-semialg-tuple:
assumes is-semialg-map n m g
shows is-semialg-function-tuple n (map (coord-fun Q, n g) [0..<m])

(proof)

lemma semialg-map-cons:
assumes is-semialg-map n m g
assumes f € carrier (SA n)
shows is-semialg-map n (Suc m) (A xz € carrier (Qp,"). fz # g )

(proof)

Extensional Semialgebraic Maps:

definition semialg-maps where
semialg-maps n m = {f. is-semialg-map n m f A f € struct-maps (Qp") (@)}

lemma semialg-mapsE:
assumes f € (semialg-maps n m)
shows is-semialg-map n m f
[ € struct-maps (Qp") (@Qp™)
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[ € carrier (Q,") — carrier (Q,"™)
{proof)

definition to-semialg-map where
to-semialg-map n m f = restrict f (carrier (Q,™))

lemma to-semialg-map-is-semialg-map:
assumes is-semialg-map n m f
shows to-semialg-map n m f € semialg-maps n m

(proof)

14.6 Application of Functions to Segments of Tuples

definition take-apply where
take-apply m n f = restrict (f o take n) (carrier (Q,™))

definition drop-apply where
drop-apply m n f = restrict (f o drop n) (carrier (Q,™))

lemma take-apply-closed:
assumes f € carrier (Funn Qp)
assumes k > n
shows take-apply k n f € carrier (Funy Q)

(proof)

lemma take-apply-SA-closed:
assumes f € carrier (SA n)
assumes k > n
shows take-apply k n f € carrier (SA k)

(proof)

lemma drop-apply-closed:
assumes f € carrier (Fung _ ,, Qp)
assumes k > n
shows drop-apply k n f € carrier (Fun; Qp)

(proof)

lemma drop-apply-SA-closed:
assumes f € carrier (SA (k—n))
assumes k£ > n
shows drop-apply k n f € carrier (SA k)
(proof)

lemma take-apply-apply:

assumes f € carrier (SA n)

assumes a € carrier (Q,")

assumes b € carrier (ka)

shows take-apply (n+k) n f (a@Qb) = fa
(proof )
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lemma drop-apply-apply:

assumes f € carrier (SA k)

assumes a € carrier (Qp")

assumes b € carrier (Q,")

shows drop-apply (n+k) n f (a@b) = fb
(proof )

lemma drop-apply-add:

assumes f € carrier (SA n)

assumes g € carrier (SA n)

shows drop-apply (n+k) k (f ®g4 ,, 9) = drop-apply (n+k) k f Dga (n + k)
drop-apply (n+k) k g

(proof )

lemma drop-apply-mult:
assumes f € carrier (SA n)
assumes g € carrier (SA n)

shows drop-apply (n+k) k (f ® g4 p 9) = drop-apply (n+k) k f gy (n + k)
drop-apply (n+k) k g
(proof)

lemma drop-apply-one:
shows drop-apply (n+k) k1g4 ,, = 14 (ntk)
(proof)

lemma drop-apply-is-hom:
shows drop-apply (n + k) k € ring-hom (SA n) (SA (n + k))
(proof)

lemma take-apply-add:

assumes f € carrier (SA k)

assumes g € carrier (SA k)

shows take-apply (n+k) k (f ©g4 1 9) = take-apply (n+k) k f ©gy (n + k)
take-apply (n+k) k g

(proof )

lemma take-apply-mult:

assumes f € carrier (SA k)

assumes g € carrier (SA k)

shows take-apply (n+k) k (f ®g4  9) = take-apply (n+k) k f ®@gy (n + k)
take-apply (n+k) k g

{proof )

lemma take-apply-one:
shows take-apply (n+k) k 1gq = 1g4 (n-+k)
(proof)
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lemma take-apply-is-hom:
shows take-apply (n + k) k € ring-hom (SA k) (SA (n + k))
{proof)

lemma drop-apply-units:
assumes f € Units (SA n)
shows drop-apply (n+k) k f € Units (SA (n+k))
{proof)

lemma take-apply-units:
assumes f € Units (SA k)
shows take-apply (n+k) k f € Units (SA (n+k))
{proof )

14.7 Level Sets of Semialgebraic Functions

lemma evimage-is-semialg:
assumes h € carrier (SA n)
assumes is-univ-semialgebraic S
shows is-semialgebraic n (h ~'p, S)
(proof)

lemma semialg-val-ineq-set-is-semialg:
assumes g € carrier (SA k)
assumes f € carrier (SA k)

shows is-semialgebraic k {x € carrier (ka). val (g z) < wal (fz)}

(proof)

lemma semialg-val-ineq-set-is-semialg’:

assumes f € carrier (SA k)

shows is-semialgebraic k {x € carrier (ka). val (fz) < C}
(proof)

lemma semialg-val-ineq-set-is-semialg’”:
assumes f € carrier (SA k)
shows is-semialgebraic k {z € carrier (Q,¥). val (f z) > C}

(proof)

lemma semialg-level-set-is-semialg:
assumes f € carrier (SA k)
assumes ¢ € carrier ()

shows is-semialgebraic k {z € carrier (ka). fz=c}

(proof)

lemma semialg-val-eq-set-is-semialg’:

assumes f € carrier (SA k)

shows is-semialgebraic k {z € carrier (ka). val (fz) = C}
(proof )
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lemma semialg-val-eq-set-is-semialg:

assumes g € carrier (SA k)

assumes f € carrier (SA k)

shows is-semialgebraic k {x € carrier (ka). val (g z) = val (fx)}
(proof)

lemma semialg-val-strict-ineq-set-formula:
{z € carrier (ka). val (g ) < val (f )} = {z € carrier (ka). val (g z) < wal
(fz)} — {x € carrier (ka). val (g x) = val (fz)}

(proof)

lemma semialg-val-ineq-set-complement:
carrier (ka) — {z € carrier (ka). val (g z) < wal (fz)} = {z € carrier (ka).
val (f ) < wal (g z)}

(proof)

lemma semialg-val-strict-ineq-set-complement:
carrier (ka) — {z € carrier (ka). val (g z) < wval (fz)} = {z € carrier (ka).
val (f z) < wal (g z)}

(proof)

lemma semialg-val-strict-ineq-set-is-semialg:
assumes g € carrier (SA k)
assumes f € carrier (SA k)
shows is-semialgebraic k {z € carrier (Q,¥). val (g z) < val (f z)}
(proof)

lemma semialg-val-strict-ineq-set-is-semialg:

assumes f € carrier (SA k)

shows is-semialgebraic k {z € carrier (ka) val (fz) < C}
(proof )

lemma semialg-val-strict-ineq-set-is-semialg’":

assumes f € carrier (SA k)

shows is-semialgebraic k {z € carrier (ka). val (fz) > C}
(proof )

lemma semialg-val-ineg-set-plus:

assumes N > 0

assumes c¢ € carrier (SA N)

assumes o € carrier (SA N)

shows is-semialgebraic N {z € carrier (QPN). val (¢ z) < wal (a z) + eint n}
(proof)

lemma semialg-val-eq-set-plus:
assumes N > 0
assumes c¢ € carrier (SA N)
assumes a € carrier (SA N)
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shows is-semialgebraic N {z € carrier (QI,N) val (¢ z) = wval (a z) + eint n}
(proof)

definition SA-zero-set where
SA-zero-set n f = {z € carrier (Q,"). fz = 0}

lemma SA-zero-set-is-semialgebraic:
assumes f € carrier (SA n)
shows is-semialgebraic n (SA-zero-set n f)

(proof)

lemma SA-zero-set-memFE:
assumes f € carrier (SA n)
assumes z € SA-zero-set n f
shows fz =0
(proof )

lemma SA-zero-set-meml:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
assumes fz =0
shows 1z € SA-zero-set n f

{proof)

lemma SA-zero-set-of-zero:
SA-zero-set m (0g4 ) = carrier (Qp™)
(proof)

definition SA-nonzero-set where
SA-nonzero-set n f = {z € carrier (Q,"). fz # 0}

lemma nonzero-evimage-closed:

assumes f € carrier (SA n)

shows is-semialgebraic n {z € carrier (Q,"). fz # 0}
(proof )

lemma SA-nonzero-set-is-semialgebraic:
assumes f € carrier (SA n)
shows is-semialgebraic n (SA-nonzero-set n f)

{proof)

lemma SA-nonzero-set-memE:
assumes [ € carrier (SA n)
assumes x € SA-nonzero-set n f
shows fz # 0
(proof )

lemma SA-nonzero-set-meml:
assumes f € carrier (SA n)
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assumes z € carrier (Q,")
assumes fx # 0
shows z € SA-nonzero-set n f

{proof)

lemma SA-nonzero-set-of-zero:
SA-nonzero-set m (0g4 ) = {}

{proof)

lemma SA-car-memlI”:

assumes \z. z € carrier (Q,"") = fz € carrier Q,

assumes A\z. ¢ ¢ carrier (Q,"") = fz = undefined

assumes \kn P. n > 0 = P € carrier (Qp [X; 4 ) = is-semialgebraic
(m + k) (partial-pullback m f k (basic-semialg-set (1 + k) n P)

shows f € carrier (SA m)

(proof )

lemma(in padic-fields) SA-zero-set-is-semialg:
assumes a € carrier (SA m)
shows is-semialgebraic m {z € carrier (Q,™). a x = 0}
(proof )

lemma(in padic-fields) SA-nonzero-set-is-semialg:
assumes a € carrier (SA m)
shows is-semialgebraic m {z € carrier (Q,™). a x # 0}

(proof)

lemma zero-set-nonzero-set-covers:
carrier (Qp") = SA-zero-set n f U SA-nonzero-set n f
(proof)

lemma zero-set-nonzero-set-covers':
assumes S C carrier (Q,")
shows S = (S N SA-zero-set n f) U (S N SA-nonzero-set n f)

{proof)

lemma zero-set-nonzero-set-covers-semialg-set:
assumes is-semialgebraic n S
shows S = (S N SA-zero-set n f) U (S N SA-nonzero-set n f)

{proof)

14.8 Partitioning Semialgebraic Sets According to Valua-
tions of Functions

Given a semialgebraic set A and a finite set of semialgebraic functions F's,
a common construction is to simplify one’s understanding of the behaviour
of the functions Fs on A by finitely paritioning A into subsets where the
element f € F for which val(fx) is minimal is constant as = ranges over
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each piece of the parititon. The function Min_set helps construct this by
picking out the subset of a set A where the valuation of a particular element
of F's is minimal. Such a set will always be semialgebraic.

lemma disjointify-semialg:
assumes finite As
assumes As C semialg-sets n
shows disjointify As C semialg-sets n

(proof)

lemma semialgebraic-subalgebra:
assumes finite Xs
assumes Xs C semialg-sets n
shows atoms-of Xs C semialg-sets n

{proof)

lemma(in padic-fields) finite-intersection-is-semialg:
assumes finite Xs
assumes Xs # {}
assumes F ‘ Xs C semialg-sets m
shows is-semialgebraic m ([ i € Xs. F 1)

(proof)

definition Min-set where
Min-set m As a = carrier (Q,") N (N f € As. {z € carrier (Q,™). val (a z) <

val (fz) })

lemma Min-set-memkFE:
assumes z € Min-set m As a
assumes f € As
shows val (a z) < val (f z)

{proof)

lemma Min-set-closed:
Min-set m As a C carrier (Q,™)
(proof)

lemma Min-set-semialg0:
assumes As C carrier (SA m)
assumes finite As
assumes ¢ € As
assumes As # {}
shows is-semialgebraic m (Min-set m As a)

{proof)

lemma Min-set-semialg:
assumes As C carrier (SA m)
assumes finite As
assumes a € As
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shows is-semialgebraic m (Min-set m As a)
{proof)

lemma Min-sets-cover:
assumes As # {}
assumes finite As
shows carrier (Q,™) = (U a € As. Min-set m As a)

(proof)

The sets defined by the function Min_set for a fixed set of functions may
not all be disjoint, but we can easily refine then to obtain a finite partition
via the function "disjointify".

definition Min-set-partition where
Min-set-partition m As B = disjointify (N)B ¢ (Min-set m As ¢ As))

lemma Min-set-partition-finite:
assumes finite As
shows finite (Min-set-partition m As B)
(proof)

lemma Min-set-partition-semialg0:
assumes finite As
assumes As C carrier (SA m)
assumes is-semialgebraic m B
assumes S € ((N)B ‘¢ (Min-set m As ‘ As))
shows is-semialgebraic m S

{proof)

lemma Min-set-partition-semialg:
assumes finite As
assumes As C carrier (SA m)
assumes is-semialgebraic m B
assumes S € (Min-set-partition m As B)
shows is-semialgebraic m S

{(proof)

lemma Min-set-partition-covers0:

assumes finite As

assumes As # {}

assumes As C carrier (SA m)

assumes is-semialgebraic m B

shows |J ((M)B ¢ (Min-set m As ‘ As)) = B
(proof)

lemma Min-set-partition-covers:
assumes finite As
assumes As C carrier (SA m)
assumes As # {}
assumes is-semialgebraic m B
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shows |J (Min-set-partition m As B) = B
{proof)

lemma Min-set-partition-disjoint:
assumes finite As
assumes As C carrier (SA m)
assumes As # {}
assumes is-semialgebraic m B
assumes s € Min-set-partition m As B
assumes s’ € Min-set-partition m As B
assumes s %= s’
shows snN s’ = {}

{proof)

lemma Min-set-partition-memkE:
assumes finite As
assumes As C carrier (SA m)
assumes As # {}
assumes is-semialgebraic m B
assumes s € Min-set-partition m As B
shows 3f € As. Vz € 5. (Vg € As. val (fz) < val (g x)))

(proof)

14.9 Valuative Congruence Sets for Semialgebraic Functions

The set of points z where the values ord f(z) satisfy a congruence are
important basic examples of semialgebraic sets, and will be vital in the
proof of Macintyre’s Theorem. The lemma below is essentially the content
of Denef’s Lemma 2.1.3 from his cell decomposition paper.
lemma pre-SA-unit-cong-set-is-semialg:

assumes k > 0

assumes f € Units (SA n)

shows is-semialgebraic n {z € carrier (Q,"). ord (fz) modk = a }
(proof)
lemma SA-unit-cong-set-is-semialg:

assumes f € Units (SA n)

shows is-semialgebraic n {z € carrier (Q,"). ord (f z) mod k = a}
(proof)

14.10 Gluing Functions Along Semialgebraic Sets

Semialgebraic functions have the useful property that they are closed under
piecewise definitions. That is, if f,g are semialgebraic and C' C Q) is a
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semialgebraic set, then the function:

f(zx) iteeC
h(z) = 4 g(x) ifreQy—-C

undefined otherwise
is again semialgebraic. The function h can be obtained by the definition
h = fun gluem C f g

which is defined below. This closure property means that we can avoid
having to define partial semialgebraic functions which are undefined outside
of some proper subset of Q)', since it usually suffices to just define the
function as some arbitrary constant outside of the desired domain. This is
useful for defining partial multiplicative inverses of arbitrary functions. If f
is semialgebraic, then its nonzero set {x € Q' | fx # 0} is semialgebraic.
By gluing f to the constant function 1 outside of its nonzero set, we obtain
an invertible element in the ring SA(m) which evaluates to a multiplicative
inverse of f(x) on the largest domain possible.

14.10.1 Defining Piecewise Semialgebraic Functions

An important property that will be repeatedly used is that we can define
piecewise semialgebraic functions, which will themselves be semialgebraic
as long as the pieces are semialgebraic sets. An important application of
this principle will be that a function f which is always nonzero on some
semialgebraic set A can be replaced with a global unit in the ring of semi-
algebraic functions. This global unit admits a global multiplicative inverse
that inverts f pointwise on A, and allows us to avoid having to consider
localizations of function rings to locally invert such functions.

definition fun-glue where
fun-glue n S f g = (Az € carrier (Q,"). if x € S then f z else g z)

lemma fun-gluck:
assumes f € carrier (SA n)
assumes g € carrier (SA n)
assumes S C carrier (Qp")
assumes z € S
shows fun-gluen S fgx = fz
(proof)

lemma fun-glueE":
assumes [ € carrier (SA n)
assumes g € carrier (SA n)
assumes S C carrier (Qp")
assumes z € carrier (Q,™) — S
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shows fun-gluen S fgxz =gx
(proof )

lemma fun-glue-evimage:

assumes f € carrier (SA n)

assumes g € carrier (SA n)

assumes S C carrier (Qp")

shows fun-gluen Sfg 'n T=(f n T)NS)U (g *nT) -5
(proof)

lemma fun-glue-partial-pullback:
assumes f € carrier (SA k)
assumes g € carrier (SA k)
assumes S C carrier (ka)
shows partial-pullback k (fun-glue k S fg) n T =
((cartesian-product S (carrier (Qp™))) N partial-pullback k fn T) U
((partial-pullback k g n T)— (cartesian-product S (carrier (Qp™))))

(proof)

lemma fun-glue-eval-closed:
assumes f € carrier (SA n)
assumes g € carrier (SA n)
assumes is-semialgebraic n S
assumes z € carrier (Qp")
shows fun-glue n S f g x € carrier @

{proof)

lemma fun-glue-closed:
assumes f € carrier (SA n)
assumes g € carrier (SA n)
assumes is-semialgebraic n S
shows fun-glue n S f g € carrier (SA n)

{proof)

lemma fun-glue-unit:
assumes f € carrier (SA n)
assumes is-semialgebraic n S
assumes \z. 2 € S = fz #0
shows fun-glue n S f 1g4 ,, € Units (SA n)

(proof)

definition parametric-fun-glue where
parametric-fun-glue n Xs fs = (A\z € carrier (Qp"). let S = (THE S. S € Xs Nz
€ S)in (fs S xz))

lemma parametric-fun-glue-formula:
assumes Xs partitions (carrier (Q,"))
assumes z € S
assumes S € Xs
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shows parametric-fun-glue n Xs fs z = fs Sz
(proof)

definition char-fun where
char-fun n S = (A z € carrier (Q,™). if z € S then 1 else 0)

lemma char-fun-is-semialg:
assumes is-semialgebraic n S
shows char-fun n S € carrier (SA n)

{(proof)

lemma SA-finsum-apply:
assumes finite S
assumes z € carrier (Qp")
shows F € S — carrier (SA n) — finsum (SAn) F Sz = (seS. Fsux)

(proof)

lemma SA-finsum-apply-zero:
assumes finite S
assumes F' € S — carrier (SA n)
assumes z € carrier (Qp")
assumes A\s. s€ S = Fsz =0
shows finsum (SAn) F Sz =0

(proof)

lemma parametric-fun-glue-is-SA:
assumes finite Xs
assumes Xs partitions (carrier (Q,"))
assumes fs € Xs — carrier (SA n)
assumes V S € Xs. is-semialgebraic n S
shows parametric-fun-glue n Xs fs € carrier (SA n)

(proof)

14.10.2 Turning Functions into Units Via Gluing

By gluing a function to the multiplicative unit on its zero set, we can get
a canonical choice of local multiplicative inverse of a function f. Denef’s

proof frequently reasons about functions of the form % with the tacit

understanding that they are meant to be defined on the largest domain of
definition possible. This technical tool allows us to replicate this kind of

reasoning in our formal proofs.

definition to-fun-unit where
to-fun-unit n f = fun-glue n {z € carrier (Q,"). fz # 0} f1g4

lemma to-fun-unit-is-unit:
assumes f € carrier (SA n)
shows to-fun-unit n f € Units (SA n)

{proof)
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lemma to-fun-unit-closed:
assumes f € carrier (SA n)
shows to-fun-unit n f € carrier (SA n)

(proof)

lemma to-fun-unit-eq:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
assumes fz # 0
shows to-fun-unit n fz = fx
{proof )

lemma to-fun-unit-eq”:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
assumes fz =0
shows to-fun-unitn fx =1
(proof)

definition one-over-fun where
one-over-fun n f = invgy , (to-fun-unit n f)

lemma one-over-fun-closed:
assumes f € carrier (SA n)
shows one-over-fun n f € carrier (SA n)

{proof)

lemma one-over-fun-eq:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
assumes fz # 0
shows one-over-fun n fx = inv (f z)
(proof)

lemma one-over-fun-smult-eval:
assumes f € carrier (SA n)
assumes a # 0
assumes a € carrier Qp
assumes z € carrier (Qp")
assumes fzr # 0
shows one-over-fun n (a ©g4 ,f) ¢ = inv (a ® (f z))
(proof )

lemma one-over-fun-smult-eval’:
assumes f € carrier (SA n)
assumes a # 0
assumes a € carrier @p
assumes z € carrier (Q,")
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assumes fz # 0
shows one-over-fun n (a ©gy of) = inv a ® inv (f )
(proof)

lemma SA-add-pow-closed:
assumes f € carrier (SA n)
shows ([(k::nat)]-g4 pnf) € carrier (SA n)

(proof)

lemma one-over-fun-add-pow-eval:

assumes f € carrier (SA n)

assumes z € carrier (Qp")

assumes fzr # 0

assumes (k::nat) > 0

shows one-over-fun n ([k]-g4 nf) © = inv ([k] -f )
(proof)

lemma one-over-fun-pow-closed:
assumes f € carrier (SA n)
shows one-over-fun n (f[ Jga n(k:nat)) € carrier (SA n)

{proof)

lemma one-over-fun-pow-eval:
assumes f € carrier (SA n)
assumes z € carrier (Qp")
assumes fz # 0
shows one-over-fun n (f[ g4 n(k::nat)) ¢ = inv ((fz) [ k)
{proof)

14.11 Inclusions of Lower Dimensional Function Rings

definition fun-inc where
fun-inc m n f = (A z € carrier (Q,™). f (take n x))

lemma fun-inc-closed:
assumes f € carrier (SA n)
assumes m > n
shows fun-inc m n f € carrier (SA m)

(proof)

lemma fun-inc-eval:
assumes z € carrier (Q,™)
shows fun-inc m n fx = f (take n x)

{proof)

lemma ord-congruence-set-univ-semialg-fized:
assumes n > 0
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shows is-univ-semialgebraic (ord-congruence-set n a)
{proof)

lemma ord-congruence-set-SA-function:

assumes n > (

assumes c¢ € carrier (SA (m+1))

shows is-semialgebraic (m~+1) {z € carrier (me+l). cx € nonzero @Qp A ord (¢
z) mod n = a}

(proof)

lemma ac-cong-set-SA:

assumes n > 0

assumes k € Units (Zp-res-ring n)

assumes c¢ € carrier (SA (m+1))

shows is-semialgebraic (m+1) {z € carrier (me+l). ¢z € nonzero Qp, A acn
(c o) = k)
(proof )

lemma ac-cong-set-SA":

assumes n >0

assumes k € Units (Zp-res-ring n)

assumes c¢ € carrier (SA m)

shows is-semialgebraic m {z € carrier (Q,"). ¢ x € nonzero @, N ac n (c z)
Sy

(proof)

lemma ac-cong-set-SA’":

assumes n >0

assumes m > 0

assumes k € Units (Zp-res-ring n)

assumes c¢ € carrier (SA m)

assumes Az. z € carrier (Q,") = cz #0

shows is-semialgebraic m {z € carrier (Q,™). ac n (c z) = k}
(proof)

14.12 Miscellaneous

lemma nth-pow-wits-SA-fun-prep:
assumes n > 0
assumes h € carrier (SA m)
assumes g € nth-pow-wits n
shows is-semialgebraic m (h ~1ppow-res n o)
(proof)

definition kth-rt where
kth-rt m (k::nat) fx = (if © € carrier (Q,™) then (THE b. b € carrier Q, A b[ |k
= (fz) A ac (nat (ord ([k]-1)) + 1) b= 1)

else undefined )

Normalizing a semialgebraic function to have a constant angular component
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lemma ac-res-Unit-inc:
assumes n > 0
assumes t € Units (Zp-res-ring n)
shows ac n ([t]-1) = ¢

(proof)

lemma val-of-res-Unit:
assumes n > 0
assumes t € Units (Zp-res-ring n)
shows wal ([t]-1) = 0

(proof )

lemma(in padic-integers) res-map-is-hom:
assumes N > 0
shows ring-hom-ring Zp (Zp-res-ring N) (A z. z N)
(proof)

lemma ac-of-fraction:
assumes N > (
assumes a € nonzero @
assumes b € nonzero @
shows ac N (a + b) = ac N a @z, res-ring N 0 Zp-res-ring N a¢ N b
(proof)

lemma pow-res-eq-rel:
assumes n > 0
assumes b € carrier @
shows {z € carrier Q,. pow-res n x = pow-res n b} = pow-res n b
(proof)

lemma pow-res-is-univ-semialgebraic’:
assumes n > 0
assumes b € carrier @
shows is-univ-semialgebraic {z € carrier Q,. pow-res n © = pow-res n b}
(proof)

lemma evimage-eql:
assumes c¢ € carrier (SA n)
shows ¢ ~1y, {z € carrier Q,. Pz} = {z € carrier (Q,"). P (c z)}
(proof)

lemma SA-pow-res-is-semialgebraic:
assumes n > 0
assumes b € carrier @
assumes c¢ € carrier (SA N)
shows is-semialgebraic N {z € carrier (QPN). pow-res n (¢ x) = pow-res n b}

(proof)
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lemma eint-diff-imp-eint:
assumes g € nonzero @
assumes b € carrier @Qp
assumes val a = val b + eint ¢
shows b € nonzero @,

{proof)

lemma SA-minus-eval:
assumes f € carrier (SA n)
assumes g € carrier (SA n)
assumes z € carrier (Qp")
shows (f 6g4,9) t=fz6 gz
(proof)

lemma Qp-cong-set-evimage:
assumes | € carrier (SA n)
assumes a € carrier Z,
shows is-semialgebraic n (f ~'p (Qp-cong-set o a))

{proof)

lemma SA-constant-res-set-semialg:
assumes [ € carrier (Zp-res-ring n)
assumes [ € carrier (SA m)
shows is-semialgebraic m {z € carrier (Q,). fz € Op A Qp-res (fz) n =1}

(proof)

lemma val-ring-cong-set:
assumes f € carrier (SA k)
assumes Az. z € carrier (ka) = fz e O,
assumes t € carrier (Zp-res-ring n)
shows is-semialgebraic k {x € carrier (ka). to-Zp (fz) n =t}

(proof)

lemma val-ring-pullback-SA:

assumes N > (

assumes ¢ € carrier (SA N)

shows is-semialgebraic N {z € carrier (QPN). cz e Op}
(proof)

lemmal(in padic-fields) res-eq-set-is-semialg:

assumes k > 0

assumes c¢ € carrier (SA k)

assumes s € carrier (Zp-res-ring n)

shows is-semialgebraic k {z € carrier (ka). cx € Op A to-Zp (¢ z) n=s}
(proof )

lemma SA-constant-res-set-semialg’:

assumes [ € carrier (SA m)
assumes C € Qp-res-classes n
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shows is-semialgebraic m (f ~ty, O)
(proof )

14.13 Semialgebraic Polynomials

lemma UP-SA-n-is-ring:
shows ring (UP (SA n))
(proof)

lemma UP-SA-n-is-cring:
shows cring (UP (SA n))
(proof )

The evaluation homomorphism from Qp_funs to Qp

definition eval-hom where
eval-hom a = (\f. f a)

lemma eval-hom-is-hom:
assumes a € carrier (Qp")
shows ring-hom-ring (Funp, Qp) Qp (eval-hom a)

(proof)

the homomorphism from Fun n Qp [x] to Qp [x] induced by evaluation of
coefficients

definition Qp-fpoly-to-Qp-poly where
Qp-fpoly-to-Qp-poly n a = poly-lift-hom (Funy Qp) @p (eval-hom a)

lemma Qp-fpoly-to-Qp-poly-is-hom:
assumes a € carrier (Qp")
shows (Qp-fpoly-to-Qp-poly n a) € ring-hom (UP (Funyp Qp)) (@p-z)
(proof)

lemma Qp-fpoly-to-Qp-poly-extends-apply:

assumes a € carrier (Q,")

assumes f € carrier (Funn Qp)

shows Qp-fpoly-to-Qp-poly n a (to-polynomial (Funyn Qp) f) = to-polynomial Q,
(fa)

(proof)

lemma Qp-fpoly-to-Qp-poly-X-var:
assumes a € carrier (Q,")
shows Qp-fpoly-to-Qp-poly n a (X-poly (Funy Qp)) = X-poly @,
(proof )

lemma Qp-fpoly-to-Qp-poly-monom:

assumes a € carrier (Qp")

assumes f € carrier (Funy Qp)

shows Qp-fpoly-to-Qp-poly n a (up-ring.monom (UP (Funy, @p)) fm) = up-ring.monom
@Qp-z (fa) m
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{proof)

lemma Qp-fpoly-to-Qp-poly-coeff:
assumes a € carrier (Qp")
assumes [ € carrier (UP (Funyp Q)))
shows Qp-fpoly-to-Qp-poly n a fk = (fk) a
(proof)

lemma Qp-fpoly-to-Qp-poly-eval:

assumes a € carrier (Qp")

assumes P € carrier (UP (Funy Qp))

assumes f € carrier (Fung Qp)

shows (UP-cring.to-fun (Funyn Qp) P f) a = UP-cring.to-fun @, (Qp-fpoly-to-Qp-poly
naP)(fa)

(proof )

lemma Qp-fpoly-to-Qp-poly-sub:

assumes f € carrier (UP (Funp Qp))

assumes g € carrier (UP (Funn Qp))

assumes a € carrier (Qp")

shows Qp-fpoly-to-Qp-poly n a (compose (Funy Qp) fg) = compose Q, (Qp-fpoly-to-Qp-poly
n a f) (Qp-fpoly-to-Qp-poly n a g)

(proof )

lemma Qp-fpoly-to-Qp-poly-taylor-poly:
assumes F € carrier (UP (Funp Qp))
assumes ¢ € carrier (Funy Qp)
assumes a € carrier (Q,")
shows Qp-fpoly-to-Qp-poly n a (taylor-expansion (Funy Qp) ¢ F) =
taylor-expansion @, (¢ a) (Qp-fpoly-to-Qp-poly n a F)
(proof)

lemma SA-is-UP-cring:
shows UP-cring (SA n)
{proof)

lemma eval-hom-is-SA-hom:
assumes a € carrier (Q,")
shows ring-hom-ring (SA n) Qp (eval-hom a)
{proof)

the homomorphism from (SA n) [x] to Qp [x] induced by evaluation of
coefficients

definition SA-poly-to-Qp-poly where
SA-poly-to-Qp-poly n a = poly-lift-hom (SA n) Qp (eval-hom a)

lemma SA-poly-to-Qp-poly-is-hom:
assumes a € carrier (Qp")
shows (SA-poly-to-Qp-poly n a) € ring-hom (UP (SA n)) (Qp-z)

297



{proof)

lemma SA-poly-to-Qp-poly-closed:
assumes a € carrier (Qp")
assumes P € carrier (UP (SA n))
shows SA-poly-to-Qp-poly n a P € carrier Qp-x
(proof)

lemma SA-poly-to-Qp-poly-add:
assumes a € carrier (Qp")
assumes [ € carrier (UP (SA n))
assumes g € carrier (UP (SA n))
shows SA-poly-to-Qp-poly n a (f ©yp (SA n) g) = SA-poly-to-Qp-poly n a f
DQ,-z SA-poly-to-Qp-poly n a g
(proof)

~— —

lemma SA-poly-to-Qp-poly-minus:
assumes a € carrier (Qp")
assumes f € carrier (UP (SA n))
assumes g € carrier (UP (SA n))
shows SA-poly-to-Qp-poly n a (f ©yp (SAn) 9
©Q,-z SA-poly-to-Qp-poly n a g
(proof)

N

= SA-poly-to-Qp-poly n a f

lemma SA-poly-to-Qp-poly-mult:

assumes a € carrier (Q,")

assumes f € carrier (UP (SA n))

assumes g € carrier (UP (SA n))

shows SA-poly-to-Qp-poly n a (f @yp (SA n) g) = SA-poly-to-Qp-poly n a f
®Q,-z SA-poly-to-Qp-poly n a g

(proof)

lemma SA-poly-to-Qp-poly-extends-apply:

assumes a € carrier (Qp")

assumes f € carrier (SA n)

shows SA-poly-to-Qp-poly n a (to-polynomial (SA n) f) = to-polynomial Q, (f
a)

(proof )

lemma SA-poly-to-Qp-poly-X-var:
assumes a € carrier (Qp")
shows SA-poly-to-Qp-poly n a (X-poly (SA n)) = X-poly Qp
(proof)

lemma SA-poly-to-Qp-poly-X-plus:
assumes a € carrier (Qp")
assumes c¢ € carrier (SA n)
shows SA-poly-to-Qp-poly n a (X-poly-plus (SA n) ¢) = UPQ.X-plus (¢ a)
(proof)
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lemma SA-poly-to-Qp-poly-X-minus:
assumes a € carrier (Qp")
assumes ¢ € carrier (SA n)
shows SA-poly-to-Qp-poly n a (X-poly-minus (SA n) ¢) = UPQ.X-minus (c a)
(proof)

lemma SA-poly-to-Qp-poly-monom:

assumes a € carrier (Qp")

assumes f € carrier (SA n)

shows SA-poly-to-Qp-poly n a (up-ring.monom (UP (SA n)) fm) = up-ring.monom
@Qp-z (fa) m

{proof )

lemma SA-poly-to-Qp-poly-coeff:
assumes a € carrier (Q,")
assumes f € carrier (UP (SA n))
shows SA-poly-to-Qp-poly n a fk = (fk) a
(proof)

lemma SA-poly-to-Qp-poly-eval:

assumes a € carrier (Q,")

assumes P € carrier (UP (SA n))

assumes f € carrier (SA n)

shows (UP-cring.to-fun (SA n) P f) a = UP-cring.to-fun Q, (SA-poly-to-Qp-poly
na P)(fa)

(proof)

lemma SA-poly-to-Qp-poly-sub:

assumes f € carrier (UP (SA n))

assumes g € carrier (UP (SA n))

assumes a € carrier (Q,")

shows SA-poly-to-Qp-poly n a (compose (SA n) f g) = compose @, (SA-poly-to-Qp-poly
n a f) (SA-poly-to-Qp-poly n a g)

(proof)

lemma SA-poly-to-Qp-poly-deg-bound:
assumes g € carrier (UP (SA m))
assumes z € carrier (Qp"™)
shows deg @, (SA-poly-to-Qp-poly m = g) < deg (SA m) g
(proof )

lemma SA-poly-to-Qp-poly-taylor-poly:
assumes F € carrier (UP (SA n))
assumes c¢ € carrier (SA n)
assumes a € carrier (Q,")
shows SA-poly-to-Qp-poly n a (taylor-expansion (SA n) ¢ F) =
taylor-expansion Qp (c a) (SA-poly-to-Qp-poly n a F)
(proof)
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lemma SA-poly-to-Qp-poly-comm-taylor-term:
assumes F € carrier (UP (SA n))
assumes ¢ € carrier (SA n)
assumes a € carrier (Qp")
shows SA-poly-to-Qp-poly n a (UP-cring.taylor-term (SA n) ¢ F i) =
UP-cring.taylor-term @, (¢ a) (SA-poly-to-Qp-poly n a F') i
(proof)

lemma SA-poly-to-Qp-poly-comm-pderiv:
assumes F € carrier (UP (SA n))
assumes a € carrier (Q,")
shows SA-poly-to-Qp-poly n a (UP-cring.pderiv (SA n) F) =
UP-cring.pderiv Qp (SA-poly-to-Qp-poly n a F')
(proof )

lemma SA-poly-to-Qp-poly-pderiv:

assumes g € carrier (UP (SA m))

assumes z € carrier (Qp"™)

shows UPQ.pderiv (SA-poly-to-Qp-poly m x g) = (SA-poly-to-Qp-poly m z (pderiv
m g))
(proof)

lemma(in UP-cring) pderiv-deg-lt:
assumes f € carrier (UP R)
assumes deg R f > 0
shows deg R (pderiv f) < deg R f
(proof)

lemma deg-pderiv:
assumes f € carrier (UP (SA m))
assumes deg (SA m) f > 0
shows deg (SA m) (pderiv m f) = deg (SA m) f — 1

(proof)

lemma SA-poly-to-Qp-poly-smult:

assumes a € carrier (SA m)

assumes f € carrier (UP (SA m))

assumes z € carrier (Qp"™)

shows SA-poly-to-Qp-poly m x (a © p (SA m) f)=azoyp g, SA-poly-to-Qp-poly
mx f

(proof)

lemma SA-poly-constant-res-class-semialg:
assumes f € carrier (UP (SA m))
assumes A¢ z. z € carrier (Q,") = fiz € O,
assumes deg (SA m) f < d
assumes C € poly-res-classes n d
shows is-semialgebraic m {x € carrier (Q,™). SA-poly-to-Qp-poly m z f € C}
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(proof)

Maps a polynomial F'(t) € UP(SAn) to a function sending (¢,a) € (Qp(n+
1) = F(a)(t) € Qp
definition SA-poly-to-SA-fun where
SA-poly-to-SA-funn P = (X a € carrier (QPS”C ™). UP-cring.to-fun @, (SA-poly-to-Qp-poly
n (tl a) P) (hd a))

lemma SA-poly-to-SA-fun-is-fun:

assumes P € carrier (UP (SA n))

shows SA-poly-to-SA-fun n P € (carrier (stuc ™) — carrier Qp)
(proof)

lemma SA-poly-to-SA-fun-formula:

assumes P € carrier (UP (SA n))

assumes z € carrier (Qp")

assumes t € carrier @,

shows SA-poly-to-SA-fun n P (t#z) = (SA-poly-to-Qp-poly n x P)-t
{proof )

lemma semialg-map-comp-in-SA:
assumes f € carrier (SA n)
assumes is-semialg-map m n g
shows (A a € carrier (Q,). f (g a)) € carrier (SA m)

(proof)

lemma tl-comp-in-SA:
assumes f € carrier (SA n)
shows (A a € carrier (stuc ™. f (# a)) € carrier (SA (Suc n))
{proof)

lemma SA-poly-to-SA-fun-add-eval:

assumes f € carrier (UP (SA n))

assumes g € carrier (UP (SA n))

assumes a € carrier (Q,UC ™)

shows SA-poly-to-SA-fun n (f ©p (SA n) g) a = SA-poly-to-SA-fun n f a 0,
SA-poly-to-SA-fun n g a

(proof)

lemma SA-poly-to-SA-fun-add:

assumes [ € carrier (UP (SA n))

assumes g € carrier (UP (SA n))

shows SA-poly-to-SA-funn (f @ p (SA n) g) = SA-poly-to-SA-funn f © gy (Suc n)
SA-poly-to-SA-fun n g
(proof)

lemma SA-poly-to-SA-fun-monom:
assumes f € carrier (SA n)
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assumes a € carrier (QpS“C ™

shows SA-poly-to-SA-fun n (up-ring.monom (UP (SA n)) fk) a = (f (tl a))®(hd
a)[ g,k
(proof )

lemma SA-poly-to-SA-fun-monom”:

assumes f € carrier (SA n)

assumes z € carrier (Qp")

assumes t € carrier @,

shows SA-poly-to-SA-fun n (up-ring.monom (UP (SA n)) f k) (t#z) = (f
z)®t[ g, k
(proof )

lemma hd-is-semialg-function:
assumes n > 0
shows is-semialg-function n hd

(proof)

lemma SA-poly-to-SA-fun-monom-closed:

assumes f € carrier (SA n)

shows SA-poly-to-SA-fun n (up-ring.monom (UP (SA n)) f k) € carrier (SA
(Suc n))
{proof)

lemma SA-poly-to-SA-fun-is-SA:
assumes P € carrier (UP (SA n))
shows SA-poly-to-SA-fun n P € carrier (SA (Suc n))

{proof)

lemma SA-poly-to-SA-fun-mult:

assumes f € carrier (UP (SA n))

assumes g € carrier (UP (SA4 n))

shows SA-poly-to-SA-funn (f @ p (SA n) g) = SA-poly-to-SA-funn f @ g4 (Suc n)
SA-poly-to-SA-fun n g
(proof)

lemma SA-poly-to-SA-fun-one:
shows SA-poly-to-SA-fun n (1 7p (54 n)) =1lgy (Suc n)
(proof)

lemma SA-poly-to-SA-fun-ring-hom:
shows SA-poly-to-SA-fun n € ring-hom (UP (SA n)) (SA (Suc n))
{proof)

lemma SA-poly-to-SA-fun-taylor-term:
assumes F' € carrier (UP (SA n))
assumes c¢ € carrier (SA n)
assumes z € carrier (Qp")
assumes t € carrier @,
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assumes f = SA-poly-to-Qp-poly n x F

shows SA-poly-to-SA-fun n (UP-cring.taylor-term (SA n) ¢ F k) (t#z) = (taylor-expansion
Q (ca) [ 1) &(tS e ) g, b
(proof)

lemma SA-finsum-eval:

assumes finite [

assumes F' € I — carrier (SA m)

assumes z € carrier (Qp"™)

shows (D g4 pi€l. F i)z = (Picl. Fix)
(proof)

lemma(in ring) finsum-ring-hom:

assumes ring S

assumes h € ring-hom R S

assumes F' € I — carrier R

assumes finite [

shows h (Picl. Fi) = (P gicl. h (F 1))
(proof)

lemma SA-poly-to-SA-fun-finsum:
assumes finite [
assumes F' € I — carrier (UP (SA m))

assumes [ = (P p (SA m)i€l. F i)

assumes z € carrier (stuc m)
shows SA-poly-to-SA-fun m fx = (@ i€l. SA-poly-to-SA-fun m (F i) x)
(proof)

lemma SA-poly-to-SA-fun-taylor-expansion:

assumes f € carrier (UP (SA m))

assumes c¢ € carrier (SA m)

assumes z € carrier (stuc my

shows SA-poly-to-SA-fun m fz = (P i€{..deg (SA m) f}. taylor-ezpansion (SA
m)cfi(tlz)® (hdz o c(tz) ][] 1)
(proof )

lemma SA-deg-one-eval:
assumes ¢ € carrier (UP (SA m))
assumes deg (SA m) g = 1
assumes & € carrier (Funm Q)
assumes UP-ring.lcf (SA m) g € Units (SA m)
assumes Vz € carrier (Q,™). (SA-poly-to-SA-fun m g) (§ z#z) = 0
shows £ = ©94 (9 0)@54 1 (Vg4 3 (9 1))
(proof)

lemma SA-deg-one-eval’:
assumes g € carrier (UP (SA m))
assumes deg (SA m) g = 1
assumes & € carrier (Funm Qp)
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assumes UP-ring.lcf (SA m) g € Units (SA m)
assumes Vz € carrier (Qp,™). (SA-poly-to-SA-fun m g) (§ z#z) = 0
shows £ € carrier (SA m)

(proof)

lemma Qp-pow-ConslI:
assumes t € carrier @
; m
assumes z € carrier (Qp™)
shows t#x € carrier (Q,,S“C m)

(proof )

lemma Qp-pow-ConsE:
assumes z € carrier (stuc m)
shows tl © € carrier (Q,™)
hd z € carrier @,

(proof)

lemma(in ring) add-monoid-one:

1,dd-monoid R = 0
(proof)

lemma(in ring) add-monoid-carrier:
carrier (add-monoid R) = carrier R

{proof)

lemmal(in ring) finsum-mono-neutral-cong:
assumes F' € I — carrier R
assumes finite [
assumes A\i. i ¢ J = Fi=0
assumes J C [
shows finsum R F I = finsum R F J

(proof)

This lemma helps to formalize statements like "by passing to a partition, we
can assume the Taylor coefficients are either always zero or never zero"

lemma SA-poly-to-SA-fun-taylor-on-refined-set:

assumes f € carrier (UP (SA m))

assumes c¢ € carrier (SA m)

assumes is-semialgebraic m A

assumes \i. A C SA-zero-set m (taylor-expansion (SA m) ¢ fi) V A C SA-nonzero-set
m (taylor-expansion (SA m) c f i)

assumes a = to-fun-unit m o taylor-expansion (SA m) ¢ f

assumes inds = {i. i < deg (SA m) f AN A C SA-nonzero-set m (taylor-expansion
(84 m) c 1)}

assumes z € A

assumes t € carrier Qp

shows SA-poly-to-SA-fun m f (t#z) = (P icinds. (a i 2)R(t © ¢ z)[]7)
(proof)
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lemma SA-poly-to-Qp-poly-taylor-cfs:
assumes f € carrier (UP (SA m))
assumes z € carrier (Qp"™)
assumes c¢ € carrier (SA m)
shows taylor-expansion (SA m) ¢ fiz =
taylor-expansion @, (c z) (SA-poly-to-Qp-poly m z f) i
(proof)

14.13.1 Common Morphisms on Polynomial Rings

Evaluation homomorphism from multivariable polynomials to semialgebraic
functions

definition Qp-ev-hom where
@p-ev-hom n P = restrict (Qp-ev P) (carrier (Q,™))

lemma Qp-ev-hom-ev:
assumes a € carrier (Q,")
shows Qp-ev-hom n P a = Qp-ev P a

{proof)

lemma Qp-ev-hom-closed:
assumes f € carrier (Qp[Xn))
shows Qp-ev-hom n f € carrier (Q,") — carrier Qp

{proof)

lemma Qp-ev-hom-is-semialg-function:
assumes f € carrier (Qp[Xn))
shows is-semialg-function n (Qp-ev-hom n f)

{proof)

lemma Qp-ev-hom-closed:
assumes f € carrier (Qp[Xn)])
shows Qp-ev-hom n f € carrier (Funy Qp)

{proof)

lemma Qp-ev-hom-in-SA:
assumes f € carrier (Qp[Xn))
shows Qp-ev-hom n f € carrier (SA n)

{proof)

lemma Qp-ev-hom-add:
assumes f € carrier (Qp[Xn))
assumes g € carrier (Qp[Xp])
shows Qp-ev-hom n (f SQ,[Xn] g) = (Qp-ev-hom n f) &gy , (Qp-ev-hom n g)

(proof)

lemma Qp-ev-hom-mult:
assumes f € carrier (Qp[Xn))
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assumes g € carrier (Qp[Xn])
shows Qp-ev-hom n (f ®Q,[Xn g) = (Qp-ev-hom n f) ®g4 5 (Qp-ev-hom n g)
(proof)

lemma Qp-ev-hom-one:
shows Qp-ev-hom n 1o,1xn) = 154 n

{proof)

lemma Qp-ev-hom-is-hom:
shows Qp-ev-hom n € ring-hom (Q,[Xn]) (SA n)
(proof)

lemma @Qp-ev-hom-constant:
assumes ¢ € carrier Qp
shows Qp-ev-hom n (Qp.indexed-const ¢) = ¢y, ¢

(proof)

notation Qp.variable (v_ )

lemma Qp-ev-hom-pvar:
assumes ¢ < n
shows Qp-ev-hom n (pvar @ i) = vy 4
(proof)

definition ext-hd where
ext-hd m = (A z € carrier (Q,™). hd z)

lemma hd-zeroth:
length x > 0 = z!0 = hd x

{proof)

lemma ext-hd-pvar:
assumes m > 0
shows ext-hd m = (A\z € carrier (Q,™). eval-at-point Q, = (pvar @, 0) )
(proof)

lemma ext-hd-closed:
assumes m > 0
shows ext-hd m € carrier (SA m)

{proof)

lemma UP-Qp-poly-to-UP-SA-is-hom:

shows poly-lift-hom (Qp[Xn]) (SA n) (@Qp-ev-hom n) € ring-hom (UP (Q,[X4)]))
(UP (SA n))

(proof)

definition coord-ring-to-UP-SA where

coord-ring-to- UP-SA n = poly-lift-hom (Q,[Xn]) (SA n) (@Qp-ev-hom n) o to-univ-poly
(Suc n) 0
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lemma coord-ring-to- UP-SA-is-hom:
shows coord-ring-to-UP-SA n € ring-hom (Qp[X gy nl) (UP (SA n))
(proof)

lemma coord-ring-to-UP-SA-add:
assumes [ € carrier (Qp[X gue n))
assumes g € carrier (Qp[X gue nl)

shows coord-ring-to-UP-SA n (f @Qp[XS ]g) coord-ring-to-UP-SA n f
uc n

SypP (SA n) coord-ring-to-UP-SA n g
(proof )

lemma coord-ring-to- UP-SA-mult:

assumes f € carrier (Qp[X gyue nl)

assumes g € carrier (Qp[X gyue nl)

shows coord-ring-to-UP-SA n (f ®Qp[XSuc n]g) = coord-ring-to-UP-SA n f
Qup (SA n) coord-ring-to-UP-SA n g

{proof)

lemma coord-ring-to-UP-SA-one:
shows coord-ring-to-UP-SA n 1QP[XS | = 1yp (SA n)
uc n

(proof)

lemma coord-ring-to- UP-SA-closed:
assumes f € carrier (Qp[X gyue nl)
shows coord-ring-to-UP-SA n f € carrier (UP (SA n))

(proof)

lemma coord-ring-to- UP-SA-constant:

assumes ¢ € carrier Qp

shows coord-ring-to-UP-SA n (Qp.indezed-const ¢) = to-polynomial (SA n) (cp,
¢)
(proof )

lemma coord-ring-to-UP-SA-pvar-0:

shows coord-ring-to-UP-SA n (pvar Qp 0) = up-ring.monom (UP (SA n)) 1g4
1
(proof)

lemma coord-ring-to- UP-SA-pvar-Suc:

assumes 7 > (

assumes { < Suc n

shows coord-ring-to-UP-SA n (pvar @, i) = to-polynomial (SA n) (vy ;1)
(proof)

lemma coord-ring-to- UP-SA-eval:
assumes f € carrier (Qp[X gyue nl)
assumes a € carrier (Qp")
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assumes t € carrier @

shows Qp-ev f (t#a) = ((SA-poly-to-Qp-poly n a (coord-ring-to-UP-SA n f))) -
t
(proof )

14.13.2 Gluing Semialgebraic Polynomials

definition SA-poly-glue where
SA-poly-glue m S f g = (A n. fun-glue m S (fn) (g n))

lemma SA-poly-glue-closed:
assumes f € carrier (UP (SA m))
assumes g € carrier (UP (SA m))
assumes is-semialgebraic m S
shows SA-poly-glue m S f g € carrier (UP (SA m))

(proof)

lemma SA-poly-glue-deg:
assumes f € carrier (UP (SA m))
assumes g € carrier (UP (SA m))
assumes is-semialgebraic m S
assumes deg (SAm) f < d
assumes deg (SA m) g < d
shows deg (SA m) (SA-poly-glue m S f g) < d

(proof)

lemma UP-SA-cfs-closed:
assumes g € carrier (UP (SA m))
shows g k € carrier (SA m)

{proof)

lemma SA-poly-glue-cfst:
assumes f € carrier (UP (SA m))
assumes ¢ € carrier (UP (SA m))
assumes is-semialgebraic m S
assumes r € S
shows (SA-poly-glue m S fg) nz = fnz
(proof)

lemma SA-poly-glue-cfs2:
assumes f € carrier (UP (SA m))
assumes g € carrier (UP (SA m))
assumes is-semialgebraic m S
assumes z ¢ S
assumes z € carrier (Q,™)
shows (SA-poly-glue m Sfg) nz=gnz
(proof)
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lemma SA-poly-glue-to-Qp-polyl:

assumes f € carrier (UP (SA m))

assumes ¢ € carrier (UP (SA m))

assumes is-semialgebraic m S

assumes z € S

shows SA-poly-to-Qp-poly m x (SA-poly-glue m S f g) = SA-poly-to-Qp-poly m z
f
(proof)

lemma SA-poly-glue-to-Qp-poly2:

assumes f € carrier (UP (SA m))

assumes g € carrier (UP (SA m))

assumes is-semialgebraic m S

assumes ¢ ¢ S

assumes z € carrier (Qp"™)

shows SA-poly-to-Qp-poly m x (SA-poly-glue m S f g) = SA-poly-to-Qp-poly m x
g
(proof)

14.13.3 Polynomials over the Valuation Ring

definition integral-on where
integral-on m B = {f € carrier (UP (SA m)). (Vz € B. Vi. SA-poly-to-Qp-poly m
zfi€ Oy}

lemma integral-on-meml:
assumes f € carrier (UP (SA m))
assumes Az i. z € B = SA-poly-to-Qp-poly mz fi € O,
shows f € integral-on m B
(proof )

lemma integral-on-memkE:
assumes [ € integral-on m B
shows [ € carrier (UP (SA m))
Nz. © € B = SA-poly-to-Qp-poly m z fi € O,
(proof )

lemma one-integral-on:
assumes B C carrier (Q,)
shows 1 ;/p (SA m) € integral-on m B

{proof)

lemma integral-on-plus:
assumes B C carrier (Q,™)
assumes [ € integral-on m B
assumes ¢ € integral-on m B
shows f ©yp (SA m) 9 € integral-on m B

(proof)
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lemma integral-on-times:
assumes B C carrier (Q,)
assumes f € integral-on m B
assumes ¢ € integral-on m B
shows f @ pp (SAm) 9 € integral-on m B

(proof)

lemma integral-on-a-minus:
assumes B C carrier (Q,™)
assumes f € integral-on m B
shows O p (SA m) f € integral-on m B

(proof)

lemma integral-on-subring:
assumes B C carrier (Q,™)
shows subring (integral-on m B) (UP (SA m))

(proof)

lemma val-ring-add-pow:
assumes a € carrier Qp
assumes val a > 0
shows wal ([(n::nat)]-a) > 0

(proof)

lemma val-ring-poly-eval:
assumes f € carrier (UP Q)
assumes A i. fi € O,
shows Az. 2 € O, = f -2 €O,
(proof)

lemma SA-poly-constant-res-class-semialg”:

assumes f € carrier (UP (SA m))

assumes \iz. t € B= fiz e O,

assumes deg (SAm) f < d

assumes C € poly-res-classes n d

assumes is-semialgebraic m B

shows is-semialgebraic m {x € B. SA-poly-to-Qp-poly m x f € C}
(proof)

lemma SA-poly-constant-res-class-decomp:

assumes f € carrier (UP (SA m))

assumes \iz. t € B= fiz € O,

assumes deg (SA m) f < d

assumes is-semialgebraic m B

shows B = (|J C € poly-res-classes n d. {x € B. SA-poly-to-Qp-poly m z [ €
C})
(proof)

end
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context UP-cring
begin

lemma pderiv-deg-bound:
assumes p € carrier P
assumes deg R p < (Suc d)
shows deg R (pderiv p) < d
(proof)

lemmal(in cring) minus-zero:
a € carrier R=aS0=a

{proof)

lemma (in UP-cring) taylor-expansion-at-zero:
assumes g € carrier (UP R)
shows taylor-expansion R 0 g = ¢

(proof)
end

14.14 Partitioning Semialgebraic Sets By Zero Sets of Func-
tion

context padic-fields
begin

definition SA-funs-to-SA-decomp where
SA-funs-to-SA-decomp n Fs S = atoms-of ((N) S ‘ ((SA-zero-set n ‘ F's) U (SA-nonzero-set
n ¢ Fs)))

lemma SA-funs-to-SA-decomp-closed-0:
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
shows (N) S ‘ ((SA-zero-set n ‘ Fs) U (SA-nonzero-set n ‘ F's)) C semialg-sets n

(proof)

lemma SA-funs-to-SA-decomp-closed:
assumes finite F's
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
shows SA-funs-to-SA-decomp n Fs S C semialg-sets n

(proof)

lemma SA-funs-to-SA-decomp-finite:
assumes finite F's
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
shows finite (SA-funs-to-SA-decomp n Fs S)
(proof)
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lemma SA-funs-to-SA-decomp-disjoint:
assumes finite F's
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
shows disjoint (SA-funs-to-SA-decomp n Fs S)
(proof)

lemma pre-SA-funs-to-SA-decomp-in-algebra:

shows ((N) S ‘(SA-zero-set n ‘ Fs U SA-nonzero-set n ¢ F's)) C gen-boolean-algebra
S (SA-zero-set n “ Fs U SA-nonzero-set n ‘ Fs)

(proof )

lemma SA-funs-to-SA-decomp-in-algebra:

assumes finite F's

shows SA-funs-to-SA-decomp n Fs S C gen-boolean-algebra S (SA-zero-set n
Fs U SA-nonzero-set n ‘ Fs)

{proof)

¢

lemma SA-funs-to-SA-decomp-subset:
assumes finite F's
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
assumes A € SA-funs-to-SA-decomp n Fs S
shows A C S

(proof)

lemma SA-funs-to-SA-decomp-memFE:
assumes finite F's
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
assumes A € (SA-funs-to-SA-decomp n Fs S)
assumes f € Fs
shows A C SA-zero-set n f V A C SA-nonzero-set n f

(proof)

lemma SA-funs-to-SA-decomp-covers:
assumes finite F's
assumes Fs # {}
assumes Fs C carrier (SA n)
assumes is-semialgebraic n S
shows S = |J (SA-funs-to-SA-decomp n Fs S)

(proof)

end
end
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