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Abstract

This work formalizes the Myhill-Nerode theorems for G-automata

and nominal G-automata. The Myhill-Nerode theorem for (nominal)
G-automata states that given an orbit finite (nominal) alphabet A and
a G-language L C A* the following are equivalent:

o The set of equivalence classes of L/ =py,with respect to the
Myhill-Nerode equivalence relation, =py, is orbit finite.

o L is recognized by a deterministic (nominal) G-automaton with
an orbit finite set of states.

The proofs formalized are based on those from [1].
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1 Myhill-Nerode Theorem for G-automata

We prove the Myhill-Nerode Theorem for G-automata / nominal G-automata
following the proofs from [1] (The standard Myhill-Nerode theorem is also
proved, as a special case of the G-Myhill-Nerode theorem). Concretely, we
formalize the following results from [1]: lemmas: 3.4, 3.5, 3.6, 3.7, 4.8, 4.9;
proposition: 5.1; theorems: 3.8 (Myhill-Nerode for G-automata), 5.2 (Myhill-
Nerode for nominal G-automata).



Throughout this document, we maintain the following convention for
isar proofs: If we obtain some term t for which some result holds, we name
it H_t. An assumption which is an induction hypothesis is named A_IH
Assumptions start with an "A" and intermediate results start with a "H".
Typically we just name them via indexes, i.e. as A_i and H_j. When en-
countering nested isar proofs we add an index for how nested the assumption
/ intermediate result is. For example if we have an isar proof in an isar proof
in an isar proof, we would name assumptions of the most nested proof A3_i.

theory Nominal-Myhill-Nerode
imports
Main
HOL.Groups
HOL. Relation
HOL.Fun
HOL— Algebra. Group-Action
HOL— Algebra. Elementary-Groups

begin
GMN_simps will contain selection of lemmas / definitions is updated
through out the document.

named-theorems GMN-simps
lemmas GMN-simps

We will use the x-symbol for the set of words of elements of a set, A*, the
induced group action on the set of words ¢* and for the extended transition
function §*, thus we introduce the map star and apply adhoc_overloading
to get the notation working in all three situations:

consts star :: 'typl = "typ2 («-*> [1000] 999)

adhoc-overloading
star = lists

We use ® to convert between the definition of group actions via group
homomoprhisms and the more standard infix group action notation. We
deviate from [1] in that we consider left group actions, rather than right
group actions:

definition
make-op = ("grp = 'X = 'X) = ‘grp = 'X = 'X (infix] (1) 70)
where (© ) = (A\g. (Az. v g 7))

lemmas make-op-def [simp, GMN-simps]

1.1 Extending Group Actions

The following lemma is used for a proof in the locale alt_grp_act:

lemma pre-image-lemma:



[SCTi,xeTANfeBiT,; (restrict fS) *S=8;,fzecS]=z€S

apply (clarsimp simp add: extensional-def subset-eq Bij-def bij-betw-def restrict-def
inj-on-def)

by (metis imageE)

The locale alt_grp_act is just a renaming of the locale group_action.
This was done to obtain more easy to interpret type names and context
variables closer to the notation of [1]:

locale alt-grp-act = group-action G X ¢
for
G :: (‘grp, 'b) monoid-scheme and
X :: 'X set (structure) and

2
begin

lemma alt-grp-act-is-left-grp-act:
shows z € X = 15 ©p 7 = z and
g € carrier G = h € carrier G = 2z € X = (g ®g h) Op = g Op (h Op
x
)
proof—
assume
A-0:z e X
show 15 Oy =1
using group-action-axioms
apply (simp add: group-action-def BijGroup-def)
by (metis A-0 id-eg-one restrict-apply’)
next
assume
A-0: g € carrier G and
A-1: h € carrier G and
A-2: e X
show g @ h ©Op = =g Op (h Op )
using group-action-axioms
apply (simp add: group-action-def group-hom-def group-hom-axioms-def hom-def
BijGroup-def)
using composition-rule A-0 A-1 A-2
by auto
qged

definition
induced-star-map :: ('grp = 'X ='X) = ‘grp = 'X list = 'X list
where induced-star-map func = (Ag€carrier G. (Mst € X*. map (func g) lst))

Because the adhoc overloading is used within a locale, isues will be en-
countered later due to there being multiple instances of the locale alt_grp_act
in a single context:

adhoc-overloading
star = induced-star-map



definition

induced-quot-map ::

"Yset = (lgrp = 'Y ='Y) = ('Y X'Y) set = 'grp = 'Y set = 'Y set ([-]-»
60)

where ([ func |r g) = (Ag€carrier G. (Az € (S // R). R “ {(func g) (SOME z.
z€x)}))

lemmas induced-star-map-def [simp, GMN-simps)
induced-quot-map-def [simp, GMN-simps]

lemma act-maps-n-distrib:
YV g€carrier G. Y weX*. YveX*. (¢*) g (w Q v) = ((¢*) g w) @ ((¢*) g v)
by (auto simp add: group-action-def group-hom-def group-hom-azioms-def hom-def)

lemma triv-act:
ceX = (plp)a=a
using group-hom.hom-onel[of G BijGroup X ¢| group-BijGroup[where S = X|
apply (clarsimp simp add: group-action-def group-hom-def group-hom-azioms-def
BijGroup-def)
by (metis id-eq-one restrict-apply’)

lemma triv-act-map:
VweX*. ((¢*) 1g) w=w
using triv-act
apply clarsimp
apply (rule congl; rule impl)
apply clarify
using map-idl
apply metis
using group.subgroup-self group-hom group-hom.azioms(1) subgroup.one-closed
by blast

proposition lists-a-Gset:
alt-grp-act G (X*) (¢*)
proof—
have H-0: N\g. g € carrier G =
restrict (map (¢ g)) (X*) € carrier (BijGroup (X*))
proof—
fix ¢
assume
A1-0: g € carrier G
from A1-0 have HI-0: inj-on (Az. if x € X* then map (¢ g) = else undefined)
(x*)
apply (clarsimp simp add: inj-on-def)
by (metis (mono-tags, lifting) inj-onD inj-prop list.inj-map-strong)
from A1-0 have HI-1: Ny z. Vacsety. 1 € X = z € sety=— p gz € X
using element-image
by blast
have HI-2: (inv ¢ g) € carrier G



by (meson A1-0 group.inv-closed group-hom group-hom.azioms(1))
have H1-3: N\z. z € X* =
map (comp (¢ g) (¢ (inv G g))) = = map (¢ (9 @¢g (inv g 9))) «
using alt-grp-act-axioms
apply (simp add: alt-grp-act-def group-action-def group-hom-def group-hom-azxioms-def
hom-def
BijGroup-def)
apply (rule meta-mplof A\z. x € carrier G = ¢ = € Bij X|)
apply (metis A1-0 H1-2 composition-rule in-lists-conv-set)
by blast
from HI1-2 have HI-4: A\z. z € X* = map (¢ (inv g g)) v € X*
using surj-prop
by fastforce
have H1-5: \y. Va€sety. 2 € X = y € map (¢ g) * X*
apply (simp add: image-def)
using H1-3 H1-4
by (metis A1-0 group.r-inv group-hom group-hom.azioms(1) in-lists-conv-set
map-idl map-map
triv-act)
show restrict (map (¢ g)) (X*) € carrier (BijGroup (X*))
apply (clarsimp simp add: restrict-def BijGroup-def Bij-def
extensional-def bij-betw-def)
apply (rule conjI)
using H1-0
apply simp
using H1-1 Hi-5
by (auto simp add: image-def)
qed
have H-1: Az y. [z € carrier G; y € carrier G; © ® y € carrier G] =
restrict (map (¢ (z ® g y))) (X*) =
restrict (map (¢ z)) (X*) ® BijGroup (X*)
restrict (map (¢ y)) (X*)
proof—
fix z y
assume
A1-0: z € carrier G and
Al-1: y € carrier G and
Al-2: 2 ®@qg y € carrier G
have H1-0: \z. z € carrier G =
bij-betw (Az. if x € X* then map (p z) = else undefined) (X*) (X*)
using <A\g. g € carrier G = restrict (map (¢ g)) (X*) € carrier (BijGroup
(X))
by (auto simp add: BijGroup-def Bij-def bij-betw-def inj-on-def)
from A1-1 have HI-1: \ist. Ist € X* = (map (¢ y)) Ist € X*
by (metis group-action.surj-prop group-action-azioms lists-image rev-image-eql )
have HI-2: Aa. a € X* = map (A\zb.
ifeb e X
then ¢ = ((¢ y) ab)
else undefined) a = map (p ) (map (p y) a)



by auto
have HI-3: (Aza. if za € X* then map (¢ (¢ ®q y)) za else undefined) =
compose (X*) (Aza. if za € X* then map (¢ z) za else undefined)
(Az. if z € X* then map (¢ y) z else undefined)
using alt-grp-act-axzioms
apply (clarsimp simp add: compose-def alt-grp-act-def group-action-def
group-hom-def group-hom-azioms-def hom-def BijGroup-def restrict-def)
using A1-0 A1-1 H1-2 H1-1 bij-prop0
by auto
show restrict (map (¢ (z ®¢q y))) (X*) =
restrict (map (¢ ) (X*) ® piicroup (X*)
restrict (map (¢ y)) (X*)
apply (clarsimp simp add: restrict-def BijGroup-def Bij-def extensional-def)
apply (simp add: H1-3)
using A1-0 A1-1 H1-0
by auto
qed
show alt-grp-act G (X*) (¢*)
apply (clarsimp simp add: alt-grp-act-def group-action-def group-hom-def group-hom-azioms-def)
apply (intro conjl)
using group-hom group-hom-def
apply (auto)[!]
apply (simp add: group-BijGroup)
apply (clarsimp simp add: hom-def)
apply (intro conjI; clarify)
apply (rule H-0)
apply simp
apply (rule conjl; rule impl)
apply (rule H-1)
apply simp+
apply (rule meta-mplof Nz y. x € carrier G =
y € carrier G = ¢ ®q y € carrier G])
apply blast
by (meson group.subgroup-self group-hom group-hom.azioms(1) subgroup.m-closed)
qged
end

lemma alt-group-act-is-grp-act [simp, GMN-simps]:
alt-grp-act = group-action
using alt-grp-act-def
by blast

lemma prod-group-act:
assumes
grp-act-A: alt-grp-act G A ¢ and
grp-act-B: alt-grp-act G B ¢
shows alt-grp-act G (AxB) (Ag€carrier G. Ma, b) € (A x B). (¢ ga, ¢ g b))
apply (simp add: alt-grp-act-def group-action-def group-hom-def)
apply (intro conjl)



subgoal
using grp-act-A grp-act-B
by (auto simp add: alt-grp-act-def group-action-def group-hom-def)
subgoal
using grp-act-A grp-act-B
by (auto simp add: alt-grp-act-def group-action-def group-hom-def group-BijGroup)
apply (clarsimp simp add: group-hom-azioms-def hom-def BijGroup-def)
apply (intro conjI; clarify)
subgoal for ¢
apply (clarsimp simp add: Bij-def bij-betw-def inj-on-def restrict-def exten-
sional-def)
apply (intro conjl)
using grp-act-A
apply (simp add: alt-grp-act-def group-action-def group-hom-def group-hom-axioms-def
BijGroup-def hom-def Pi-def compose-def Bij-def bij-betw-def inj-on-def)
using grp-act-B
apply (simp add: alt-grp-act-def group-action-def group-hom-def group-hom-axioms-def
BijGroup-def hom-def Pi-def compose-def Bij-def bij-betw-def inj-on-def)
apply (rule meta-mplof ¢ g € Bij A N1 g € Bij B])
apply (clarsimp simp add: Bij-def bij-betw-def)
using grp-act-A grp-act-B
apply (simp add: alt-grp-act-def group-action-def group-hom-def group-hom-axioms-def
BijGroup-def hom-def Pi-def Bij-def)
using grp-act-A grp-act-B
apply (clarsimp simp add: compose-def restrict-def image-def alt-grp-act-def
group-action-def group-hom-def group-hom-azioms-def BijGroup-def hom-def
Pi-def Bij-def
bij-betw-def)
apply (rule subset-antisym)
apply blast+
by (metis alt-group-act-is-grp-act group-action.bij-prop0 grp-act-A grp-act-B)
apply (intro conjI; intro impl)
apply (clarify)
apply (intro conjI; intro impl)
apply (rule conjI)
subgoal for z y
apply unfold-locales
apply (clarsimp simp add: Bij-def compose-def restrict-def bij-betw-def)
apply (rule extensionalityl[where A = A x B])
apply (clarsimp simp add: extensional-def)
using grp-act-A grp-act-B
apply (simp add: alt-grp-act-def group-action-def group-hom-def group-hom-axioms-def
BijGroup-def hom-def Pi-def Bij-def compose-def extensional-def)
apply (simp add: fun-eq-iff; rule conjl; rule impl)
using group-action.composition-rulelof G A ¢| group-action.composition-rule[of
G B ] grp-act-A
grp-act-B
apply force
by blast



apply (simp add: <N\g. g € carrier G = (A (a, b)eA x B. (p ga, Y g b)) €
Bij (A x B)»)
apply (simp add: «Group.group G group.subgroup-self subgroup.m-closed)
by (simp add: <\g. g € carrier G = (A\(a, b)€A x B. (p ga, ¢ g b)) € Bij (A
x B))+

1.2 Equivariance and Quotient Actions

locale eq-var-subset = alt-grp-act G X
for
G :: (‘grp, 'b) monoid-scheme and
X :: 'X set (structure) and
p +
fixes
Y
assumes
is-subset: Y C X and
is-equivar: ¥ g€carrier G. (p g) ‘Y =Y

lemma (in alt-grp-act) eq-var-one-direction:
ANY. Y C X = Vygecarrier G. (p g) ‘Y C Y = eg-var-subset G X ¢ Y
proof—
fix Y
assume
A-0: Y C X and
A-1: Y gecarrier G. (p g) ‘Y C Y
have H-0: A\g. g € carrier G = (invg g) € carrier G
by (meson group.inv-closed group-hom group-hom.azioms(1))
hence H-1: N\gy. g € carrier G = y € Y = (¢ (invg g9)) y € Y
using A-1
by (simp add: image-subset-iff)
have H-2: Ngy. g € carrier G =y € Y = ¢ g ((¢ (invg 9)) y) =y
by (metis A-0 bij-propl orbit-sym-aux subsetD)
show eqg-var-subset G X ¢ Y
apply (simp add: eq-var-subset-def eq-var-subset-axioms-def)
apply (intro conjl)
apply (simp add: group-action-azioms)
apply (rule A-0)
apply (clarify)
apply (rule subset-antisym)
using A-1
apply simp
apply (simp add: image-def)
apply (rule subsetl)
apply clarify
using H-1 H-2
by metis
qed

The following lemmas are used for proofs in the locale eq_var_rel:



lemma some-equiv-class-id:
lequiv X Ry w e X // Ry z € w] = R “{z} = R “{SOME z. z € w}
by (smt (verit) Eps-cong equiv-Eps-in equiv-class-eq-iff quotient-eq-iff’)

lemma nested-somes:

[equiv X R; w € X // R] = (SOME z. z € w) = (SOME z. z € R*{(SOME
2. 2" e w)})

by (metis proj-Eps proj-def)

locale eq-var-rel = alt-grp-act G X ¢
for
G :: ('grp, 'b) monoid-scheme and
X :: 'X set (structure) and
» +
fixes R
assumes
is-subrel:
RC X x X and
is-eq-var-rel:
Nab. (a, b) € R = Vg € carrier G. (9 ©p a, g Op b) € R
begin

lemma is-eq-var-rel’ [simp, GMN-simps|:
Na b. (a,b) € R= Vg € carrier G. ((¢ g) a, (¢ g) b) € R
using is-eq-var-rel
by auto

lemma is-eq-var-rel-rev:
a€ X=bec X = gc¢c carrier G = (9 Op a, g Op b) € R = (a, b) € R
proof —
assume
A-0: (g ©p a, g ©p b) € R and
A-1:a € X and
A-2: b€ X and
A-8: g € carrier G
have H-0: group-action G X ¢ and
H-1: RC X x X and
H-2: Nabg. (a,b) € R= g € carrier G = (p ga, p gb) € R
by (simp add: group-action-azioms is-subrel)+
from H-0 have H-3: group G
by (auto simp add: group-action-def group-hom-def)
have H-4: (¢ (invg g) (¢ g a), ¢ (invg g) (¢ g b)) €R
apply (rule H-2)
using A-0 apply simp
by (simp add: A-3 H-3)
from H-3 A-3 have H-5: (invg g) € carrier G
by auto
hence H-6: N\e. e € X = ¢ (invg g) (p ge) = ¢ ((invg g) ¢ g) e
using H-0 A-3 group-action.composition-rule



by fastforce
hence H-7: Ne.e € X = p (invg g) (pge) =¢ 1lge
using H-3 A-3 group.l-inv
by fastforce
hence H-8: Ne. e € X = ¢ (invg g) (pge) =e
using H-0
by (simp add: A-3 group-action.orbit-sym-aux)
thus (a, b)) € R
using A-1 A-2 H-J
by simp
qged

lemma equiv-equivar-class-some-eq:
assumes
A-0: equiv X R and
A-1: we X // R and
A-2: g € carrier G
shows ([¢]g) gw =R “{(SOME z". z' € ¢ g “w)}
proof—
obtain z where H-z: w = R “{z} Az € w
by (metis A-0 A-1 equiv-class-self quotientFE)
have H-0: N\z. (p gz, 2) e R= 2z € pg ‘{y. (»,y) € R}
proof—
fix y
assume
A1-0: (p gz, y) €ER
obtain y’ where H2-y" y' = ¢ (invg g) y ANy € X
using eq-var-rel-axioms
apply (clarsimp simp add: eq-var-rel-def group-action-def group-hom-def)
by (meson A-0 eq-var-rel-azioms A-2 A1-0 equiv-class-eq-iff eq-var-rel.is-eq-var-rel
group.inv-closed element-image)
from A-1 A-2 H2-y' have H2-0: p gy’ =y
apply (clarsimp simp add: eq-var-rel-def eq-var-rel-axioms-def)
using A-2 A1-0 group-action.bij-propl [where G = G and £ = X and ¢ =
@]
by (metis A-0 alt-group-act-is-grp-act alt-grp-act-azioms equiv-class-eq-iff
orbit-sym-auz)
from A-1 A-2 A1-0 have H2-1: (2, y') € R
by (metis H2-0 A-0 A-2 H2-y' H-z equiv-class-eq-iff is-eq-var-rel-rev
quotient-eg-iff make-op-def)
thus y € ¢ g ‘{v. (2, v) € R}
using H2-0
by (auto simp add: image-def)
qed
have H-1: ¢ g ‘(R “{z}) = R “{¢ g 2}
apply (clarsimp simp add: Relation.Image-def)
apply (rule subset-antisym; simp add: Set.subset-eq; rule alll; rule impl)
using eq-var-rel-axioms A-2 eq-var-rel.is-eq-var-rel
apply simp

10



by (simp add: H-0)
have H-2: p g ‘we X // R

using eq-var-rel-axioms A-1 A-2 H-1

by (metis A-0 H-z equiv-class-eq-iff quotientl quotient-eq-iff element-image)
thus ([¢|g) gw =R “{SOME 2. 2’ € ¢ g ‘ w}

using A-0 A-1 A-2

apply (clarsimp simp add: Image-def)

apply (intro subset-antisym)

apply (clarify)
using A-0 H-z imagel insert-absorb insert-not-empty some-in-eq some-equiv-class-id

apply (smt (verit) A-1 Eps-cong Image-singleton-iff equiv-Eps-in)
apply (clarify)
by (smt (verit) Eps-cong equiv-Eps-in image-iff in-quotient-imp-closed quo-
tient-eq-iff)
qed

lemma ec-er-closed-under-action:
assumes
A-0: equiv X R and
A-1: g € carrier G and

A-2:we X//R
shows ¢ g ‘we X // R
proof—

obtain z where H-z: R “{z} =wAz€e X
by (metis A-2 quotientE)
have H-0: equiv X R = g € carrier G = w € X // R =
{y.- (p gz y) € R} C{y. Jz. (z,2) E RNy =9 gz}
proof (clarify)
fix z
assume
A1-0: equiv X R and
Al-1: g € carrier G and
Al1-2: we X // R and
A1-8: (p gz, z) €R
obtain z’ where H2-z" z = p gx' Az’ € X
using group-action-axioms
by (metis A1-1 is-subrel A1-3 SigmaD2 group-action.bij-prop1 subsetD)
thus 3y. (2, y) E RAz =9 gy
using is-eq-var-rel-rev[where ¢ = g and ¢ = z and b = 2] A1-3
by (auto simp add: eq-var-rel-def eq-var-rel-azioms-def A1-1 A1-2 group-action-azioms
H-z
H2-2")
qed
have H-1: p g ‘R “{z} = R “{¢ g 2}
using A-0 A-1 A-2
apply (clarsimp simp add: eq-var-rel-axioms-def eq-var-rel-def
Image-def image-def)
apply (intro subset-antisym)

11



apply (auto)[1]
by (rule H-0)
thusp g ‘we X // R
using H-1 H-z
by (metis A-1 quotient] element-image)
qed

The following lemma corresponds to the first part of lemma 3.5 from [1]:

lemma quot-act-wd:
[equiv X R; z € X; g € carrier G] = ¢ Olglr (R “A{z}) = (R “{g ©p z})
apply (clarsimp simp add: eg-var-rel-def eq-var-rel-axioms-def)
apply (rule conjI; rule impl)
apply (smt (verit, best) Eps-cong Image-singleton-iff eq-var-rel.is-eq-var-rel’
eq-var-rel-azioms equiv-Eps-in equiv-class-eq)
by (simp add: quotientI)+

The following lemma corresponds to the second part of lemma 3.5 from
[1]:
lemma quot-act-is-grp-act:
equiv X R = alt-grp-act G (X // R) ([¢]r)
proof—
assume A-0: equiv X R
have H-0: \z. Group.group G =
Group.group (BijGroup X) =
RCX x X =
¢ € carrier G — carrier (BijGroup X) =
Vzecarrier G.VyEcarrier G. ¢ (z g y) = ¢ T QBjjGroup X ¢ Y =
z € carrier G = (Aza€X // R. R “{¢ © (SOME z. z € za)}) € carrier
(BijGroup (X // R))
proof—
fix g
assume
A1-0: Group.group G and
Al1-1: Group.group (BijGroup X) and
A1-2: ¢ € carrier G — carrier (BijGroup X) and
A1-8:Va€carrier G. Vy€ecarrier G. ¢ (z ®q y) = ¢ T @BijGroup X ¥ ¥ and
Al-4: g € carrier G
have H-0: group-action G X ¢

apply (clarsimp simp add: group-action-def group-hom-def group-hom-azioms-def)

apply (simp add: A1-0 A1-1)+

apply (simp add: hom-def)

apply (rule conjI)

using A1-2

apply blast

by (simp add: A1-3)
have HI-0: Az y. [t € X // Ryye X // R; R “{p g (SOME z. z € 1)} =

R“{pg(SOME z. z€ y)}] =z Cy

proof (clarify; rename-tac a)

fixzya
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assume
A2-0:z € X // R and
A2-1:ye€ X // R and
A2-2: R “{p g (SOME 2. z€ )} = R “{p g (SOME 2. z € y)} and
A2-8:a € x
obtain b where H2-b: R “{b} =y ANbe X
by (metis A2-1 quotientE)
obtain o’ b’ where H2-a"-b" a’e z ANb'e yAR “{pga’} =R “{pgb}
by (metis A-0 A2-1 A2-2 A2-3 equiv-Eps-in some-eq-imp)
from H2-a’-b' have H2-2: (p ga’, o g b') € R
by (metis A-0 A1-4 A2-1 Image-singleton-iff eq-var-rel.is-eq-var-rel’ eq-var-rel-azioms
quotient-eq-iff)
hence H2-0: (¢ (invg 9) (¢ g a'), ¢ (invg g9) (p gb') € R
by (simp add: A1-0 is-eq-var-rel A1-4)
have H2-1: o’ € X AN b' € X
using A-0 A2-0 A2-1 H2-a'-b’ in-quotient-imp-subset
by blast
hence H2-2: (a’, b') € R
using H2-0
by (metis A1-4 H-0 group-action.orbit-sym-aux)
have H2-3: (a, a") € R
by (meson A-0 A2-0 A2-3 H2-a'-b’ quotient-eq-iff)
hence H2-4: (b, a) € R
using H2-2
by (metis A-0 A2-0 A2-1 A2-3 H2-a’-b' quotient-eql quotient-eq-iff)
thus a € y
by (metis A-0 A2-1 H2-a’-b" in-quotient-imp-closed)
qed
have HI-1: Nz. 2 € X // R = JzacX // R.z =R “{p g (SOME z. z €
za)}
proof —
fix z
assume
A2-0:z2€ X // R
have H2-0: Ne. R “{e} € X // R= R “{e} C R “{p g (¢ (invg g) )}
proof (rule subsetl)
fix ey
assume
A3-0: R “{e} € X // R and
A3-1:y € R “{e}
have H3-0: y € X
using A3-1 is-subrel
by blast
from H-0 have H3-1: ¢ g (¢ (invg g) y) =y
by (metis (no-types, lifting) A1-0 A1-4 H3-0 group.inv-closed group.inv-inv
group-action.orbit-sym-auz)
from A3-1 have H3-2: (e, y) € R
by simp
hence H3-3: ((¢ (invg g) €), (¢ (invg g9) ¥) € R
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using is-eq-var-rel A1-4 A1-0
by simp
hence H3-4: (¢ g (¢ (invg g) €), ¢ g (¢ (invg g) y)) € R
using is-eq-var-rel A1-4 A1-0
by simp
hence H3-5: (¢ g (¢ (invg g) e), y) € R
using H3-1
by simp
thus y € R “{p g (¢ (invg 9) )}
by simp
qed
hence H2-1: N\e. R “{e} € X // R= R “{e} = R “{p g (¢ (invg g)
o)
by (metis A-0 proj-def proj-in-iff equiv-class-eq-iff subset-equiv-class)
have H2-2: Nef. R “{e} € X |/ R= R “{fl € X /| R =
R“{e} =R “{f} = Vfe R “{f}. R “{e} = R “{f%}
by (metis A-0 Image-singleton-iff equiv-class-eq)
have H2-3: 2 € X // R= JecX. z =R “ {e}
by (meson quotientFE)
have H2-/: Ne. R “{e} € X // R= R “{e} =R “{p g (¢ (invg g) )}
N
(¢ (invg g) €) € R “{p (invg g) e}
by (metis A1-0 A1-4 A-0 H2-1 Image-singleton-iff element-image equiv-Eps-in
equiv-class-eq-iff
group.inv-closed)
have H2-5: Ne. R “{e} € X |/ R = VzeR “{¢ (invg g) e}. (¢ (invg
g) e z) €R
by simp
hence H2-6: Ae. R “{e} € X /| R =
VzeR “{o (invg g) e}. (¢ g (¢ (invg g) €), ¢ g2) €R
using is-eq-var-rel’ A1-4 A1-0
by blast
hence H2-7: Ne. R “{e} € X // R =V zeR “{p (invg g) e}. (e, ¥ g 2)
€R
using H2-1
by blast
hence H2-8: Ne. R “{e} € X // R = VzeR “{p (invg g) e}. R “ {e}
=R “{p gz}
by (meson A-0 equiv-class-eq-iff)
have H2-9: Ne. R “{e} € X // R =
R “{e} =R “{p g (SOME z. z € R “{¢ (invg g) e})}
proof—
fix e
assume
A3-0: R “{e} e X // R
show R “{e} = R “{p g (SOME z. z € R “{p (invg g) e})}
apply (rule somel2[where Q = Az. R “{e} = R “{¢ g z} and
P=MXz.z€R “{p (invg g) e} and a = ¢ (invg g) €])
using A3-0 H2-/
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apply blast
using A3-0 H2-8
by auto
qed
have H2-10: Ve. (R “{e} € X // R —
(R “{e} = R “{o g (SOME z. z € R *“{¢ (invg g) €})}))
using H2-9
by auto
hence H2-11:Ve. (R “{e} € X // R —

(JzaeX // R. R “{e} = R “{¢ g (SOME z. z € za)}))

using H2-8

apply clarsimp
by (smt (verit, best) A-0 H2-8 H2-5 H2-J equiv-Eps-in equiv-class-eq-iff
quotientI)

have H2-12: N\z. 2 € X // R = JecX. 2 = R “{e}
by (meson quotientFE)

have H2-13: Nz. 2 € X // R = JzacX // R.z = R “{p g (SOME z. z
€ za)}

using H2-11 H2-12
by blast
show JzaeX // R.z =R “{p g (SOME z. z € za)}
by (simp add: A2-0 H2-13)
qed
show (A\zeX // R. R “{p g (SOME 2. z € z)}) € carrier (BijGroup (X //
R)
apply (clarsimp simp add: BijGroup-def Bij-def bij-betw-def)
apply (clarsimp simp add: inj-on-def)
apply (rule conjI)
apply (clarsimp)
apply (rule subset-antisym)
apply (simp add: HI-0)
apply (simp add: <Ay z. [t € X // R;

yeX// R R“{pg(SOME 2. z € 2)} = R “{p g (SOME z. z € y)}]
=z C )

apply (rule subset-antisym; clarify)
subgoal for z y
by (metis A-0 is-eq-var-rel’ A1-4 Eps-cong equiv-Eps-preserves equiv-class-eq-iff
quotientl)
apply (clarsimp simp add: Set.image-def)
by (simp add: HI-1)
qed
have H-1: Az y. [Group.group G; Group.group (BijGroup X); R C X x X;
€ carrier G — carrier (BijGroup X);
Vazecarrier G. Vyecarrier G. ¢ (t Qg y) =¢ ¢ @ BijGroup X ¥ U
z € carrier Gy y € carrier G; © Qg y € carrier G] =
(\aa€X // R R “{(p © ®picrouy x ¢ 4) (SOME = 2 € za)}) =
(Aza€X // R. R *“{p z (SOME z. z € 20)}) @ Bicroup (X // R)

(AeX // R.R “{py (SOME 2. z € z)})
proof —
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fix zy
assume
Al1-1: Group.group G and
A1-2: Group.group (BijGroup X) and
A1-3: ¢ € carrier G — carrier (BijGroup X) and
Al-4:Va€carrier G. Vy€ecarrier G. ¢ (z ®q y) = ¢ T BijGroup X ¥ ¥ and
Al1-5: z € carrier G and
Al1-6: y € carrier G and
Al-T: 2 ®@g y € carrier G
have H1-0: Nw::'X set. we X // R =
R“{(pz @ BijGroup X ¥ y) (SOME z. z € w)} =
(AweX // R. R “{p z (SOME z. z € v)}) ®piiGroup (X // R)
(MeX // R.R “{py (SOME z. z € z)})) w
proof—
fix w
assume
A2-0:we X // R
have H2-{: oy ‘we X // R
using ec-er-closed-under-action[where w = w and g = y|
by (clarsimp simp add: group-hom-azioms-def hom-def A-0 A1-1 A1-2
is-eq-var-rel’ A1-3 A1-4
Al1-6 A2-0)
hence H2-1: R “ {(¢ = ®pBijGroup x ¢ Y) (SOME 2. z € w)} =
R “{p (z®gy) (SOME z. z € w)}
using A1-4 A1-5 A1-6
by auto
also have H2-2: ... = R “{SOME z. z € ¢ (z Q¢ y) ‘ w}
using A1-7 equiv-equivar-class-some-eqiwhere w = w and g = z ® 3 ]
by (clarsimp simp add: A1-7 A-0 A2-0 group-action-def group-hom-def
group-hom-azxioms-def
hom-def)
also have H2-3: ... = R “{SOME z. z € p x “p y ‘ w}
apply (rule meta-mplof =(z. z € w A z ¢ X)])
using A1-1 is-eq-var-rel’ A1-3 A1-4 A1-5 A1-6 A2-0
apply (clarsimp simp add: image-def BijGroup-def restrict-def compose-def
Pi-def)
apply (smt (verit) Eps-cong)
apply (clarify)
using A-0 A2-0 in-quotient-imp-subset
by auto
also have H2-5: ... = R “{p 2z (SOME z. z € p y ‘ w)}
using equiv-equivar-class-some-eq[where w = ¢ y ‘ w and g = 2]
apply (clarsimp simp add: A-0 group-action-def group-hom-def group-hom-azioms-def
hom-def)
by (simp add: A1-1 A1-2 is-eq-var-rel’ A1-3 A1-4 A1-5 H2-4)
also have H2-6: ... = R “ {p x (SOME z. z € R“{(SOME 2. 2’ € ¢ y ¢
w)})}
using H2-j nested-somesjwhere w = ¢ y ‘wand X = X and R = R] A-0
by presburger
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also have H2-7: ... = R “{p z (SOME z. z € R “{¢ y (SOME z'. 2’ €
W)}
using equiv-equivar-class-some-eq[where g = y and w = w| H2-6
by (simp add: A-0 group-action-def
group-hom-def group-hom-azioms-def hom-def A1-1 A1-2 is-eq-var-rel’
A1-3 A1-4 A2-0 A1-6)

also have H2-9: ... = ((AveX // R. R *“{p x (SOME 2. z € v)}) ® BiiGroup (X // R)
(MeX //R. R “{py (SOME z. z € 2)})) w
proof—
have H3-0: Au. R “{¢ y (SOME z. z € w)} € X // R = u € carrier G
_—
(MeX // R.R “{p u (SOME z. z € v)}) € Bij (X // R)
proof —
fix u
assume

A4-0: R “{py (SOME z. z € w)} € X // R and
A4-1: u € carrier G
have H4-0: Vg € carrier G.
(MeX // R.R “{p g (SOME z. z € x)}) € carrier (BijGroup (X // R))
by (simp add: A-0 A1-1 A1-2 A1-3 A1-4 H-0 is-subrel)
thus (AveX // R. R “{¢p u (SOME z. z € v)}) € Bij (X // R)
by (auto simp add: BijGroup-def A4-1)
qed
have H3-1: R “{p y (SOME z. z € w)} € X // R
proof—
have H{-0: oy ‘we X // R
using ec-er-closed-under-action
by (simp add: H2-4)
hence H/-1: R “{(SOME z. z € oy ‘w)} = p y ‘w
apply (clarsimp simp add: image-def)
apply (rule subset-antisym)
using A-0 equiv-Eps-in in-quotient-imp-closed
apply fastforce
using A-0 equiv-Eps-in quotient-eq-iff
by fastforce
have H{-2: R “{p y (SOME z. z € w)} = R “{(SOME z. z € p y ‘ w)}
using equiv-equivar-class-some-eq[where ¢ = y and w = w]
by (metis A-0 A2-0 H4-0 Hj-1 equiv-Eps-in imagel some-equiv-class-id)
from Hj-0 Hj-1 H4-2 show R “{p y (SOME z. z € w)} € X // R
by auto
qged
show ?thesis
apply (rule meta-mplof R “{¢ y (SOME 2. z € w)} € X // R])
apply (rule meta-mplof Y u € carrier G.
(MAweX // R. R “{p u (SOME z. z € v)}) € Bij (X // R)])
using A2-0 A1-5 A1-6
apply ( simp add: BijGroup-def compose-def)
apply clarify
by (simp add: H3-0 H3-1)+
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qed
finally show R ““ {(¢ z ®pjjcroup x ¥ y) (SOME z. 2 € w)} =

(MeX // R. R *“{p z (SOME z. z € v)}) ®Biicroup (X // R)
(MeX //R. R “{py (SOME z. z € 2)})) w
by simp
qed
have HI-1: Nw::'X set. w¢ X // R =
(AWeX // R. R “{p x (SOME 2. z € v)}) ®@pyiGroup (X // R)
(AeX // R. R “{py (SOME z. z € x)})) w = undefined
proof —
fix w
assume
A2-0:w ¢ X // R
have H2-0: Nu. ue carrier G = (AveX // R. R “{p u (SOME z. z € v)})
€ Bij (X // R)
using H-0
apply (clarsimp simp add: A-0 A1-1 A1-2 is-eq-var-rel’ A1-8 A1-4 is-subrel)
by (simp add: BijGroup-def)
hence H2-1: (\z’eX // R. R “{p y (SOME z. z € z')}) € Bij (X // R)
using A1-6
by auto
from H2-0 have H2-2: (A\z'eX // R. R “ {p z (SOME z. z € z)}) € Bij
(X // R)
by (simp add: A1-5)
thus (\veX // R. R “{p = (SOME z. z € v)}) ®Biicroup (X // R)
(MeX // R. R “{p y (SOME 2. z € z)})) w = undefined
using H2-1 H2-2
by (auto simp add: BijGroup-def compose-def A2-0)
qed
from Hi-0 H1-1 have Aw. (\za€X // R. R “{(¢ = ®@pijGroup x ¢ ) (SOME
z.z €xa)}) w=

(Aza€X // R. R “{p x (SOME z. z € a)}) ® piiGroup (X // R)
(M'eX // R.R “{py (SOME z. z € z)})) w
by auto
thus (Aza€X // R. R “{(¢ = ®pijGroup x ¢ y) (SOME 2. z € za)}) =
(Aza€X // R. R “{p x (SOME z. z € a)}) ® iiGroup (X // R)
(A€X // R.R “{p y (SOME z. z € z)})
by (simp add: restrict-def)
qged
show ?thesis
apply (clarsimp simp add: group-action-def group-hom-def)
using eq-var-rel-axioms
apply (clarsimp simp add: eq-var-rel-def eq-var-rel-azioms-def
group-action-def group-hom-def)
apply (rule conjI)
apply (simp add: group-BijGroup)
apply (clarsimp simp add: group-hom-axioms-def hom-def)
apply (intro conjl)
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apply (rule funcsetl; simp)

apply (simp add: H-0)

apply (clarify; rule conjl; intro impl)

apply (simp add: H-1)

by (auto simp add: group.is-monoid monoid.m-closed)
qed
end

locale eq-var-func = GA-0: alt-grp-act G X ¢ + GA-1: alt-grp-act G Y
for
G :: ('grp, 'b) monoid-scheme and
X :: 'X set and
» and
Y :: 'Y set and
P+
fixes
f'X="Y
assumes
1s-ext-func-bet:
fe(X —-g Y)and
1s-eq-var-func:
Nag.a€ X = g€ carrier G = [ (9 ©p a) = g Oy (fa)
begin

lemma is-eq-var-func’ [simp:
a€X = g€ carrier G = f(pga)=1vg(fa)
using is-eq-var-func
by auto

end

lemma G-set-equiv:
alt-grp-act G A p = eq-var-subset G A ¢ A
by (auto simp add: eq-var-subset-def eq-var-subset-azioms-def group-action-def
group-hom-def group-hom-azioms-def hom-def BijGroup-def Bij-def bij-betw-def)

1.3 Basic (G)-Automata Theory

locale language =
fixes A :: 'alpha set and
L
assumes
is-lang: L C A*

locale G-lang = alt-grp-act G A ¢ + language A L
for
G :: (‘grp, 'b) monoid-scheme and
A :: 'alpha set (structure) and
o L+
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assumes
L-is-equivar:
eq-var-subset G (A*) (induced-star-map o) L
begin
lemma G-lang-is-lang[simp]: language A L
by (simp add: language-azioms)
end

sublocale G-lang C language
by simp

fun give-input :: ('state = ’alpha = 'state) = 'state = 'alpha list = 'state
where give-input trans-func s Nil = s
| give-input trans-func s (a#as) = give-input trans-func (trans-func s a) as

adhoc-overloading
star = give-input

locale det-aut =
fixes
labels :: 'alpha set and
states :: 'state set and
init-state :: 'state and
fin-states :: 'state set and
trans-func :: 'state = 'alpha = 'state (16»)
assumes
init-state-is-a-state:
init-state € states and
fin-states-are-states:
fin-states C states and
trans-func-ext:
(A(state, label). trans-func state label) € (states x labels) — g states
begin

lemma trans-func-well-def:
Nstate label. state € states = label € labels = (§ state label) € states
using trans-func-ext
by auto

lemma give-input-closed:
input € (labels*) = s € states = (0*) s input € states
apply (induction input arbitrary: s)
by (auto simp add: trans-func-well-def)

lemma input-under-concat:
w € labels* = v € labels* = (6*) s (w @ v) = (6*) ((6*) sw) v
apply (induction w arbitrary: s)
by auto

20



lemma eg-pres-under-concat:
assumes
w € labels* and
w’ € labels* and
s € states and
(0*) sw=(6") sw’
shows Vv € labels*. (%) s (w @ v) = (6*) s (w’ Q v)
using input-under-concat[where w = w and s = s| input-under-concat[where
w= w’and s = ] assms
by auto

lemma trans-to-charact:
Ns a w. [s € states; a € labels; w € labels*; s = (6%) i w] = (6%) i (w Q [a])
=dsa
proof—
fix saw
assume
A-0: s € states and
A-1: a € labels and
A-2: w € labels* and
A-8: 8= (6%) iw
have H-0: trans-func s a = (0*) s [d]
by auto
from A-2 A-3 H-0 have H-1: (6*) s [a] = (6%) ((6%) 7 w) [q]
by simp
from A-1 A-2 have H-2: (6*) ((6*) i w) [a] = (0*) i (w Q@ [a])
using input-under-concat
by force
show (6*) i (w @ [a]) =6 s a
using A-1 H-0 A-3 H-1 H-2
by force
qed

end

locale aut-hom = Aut0: det-aut A Sy ig Fo 6¢9 + Autl: det-aut A S1 i1 F1 61 for
A :: 'alpha set and
So :: 'states-0 set and
ip and Fy and §¢ and
S1 :: 'states-1 set and
71 and F; and §; +
fixes [ :: 'states-0 = 'states-1
assumes
hom-is-ext:
f € Sy —r S1 and
pres-init:
f io = il and
pres-final:
s€Fyg+— fse F1 Nse Sy and

21



pres-trans:
so €So=a€ A= [ (dp s0 a) =01 (fso) a
begin

lemma hom-translation:
input € (A*) = s € So = (f ((d0*) s input)) = ((61*) (f s) input)
apply (induction input arbitrary: s)
by (auto simp add: Aut0.trans-func-well-def pres-trans)

lemma recognise-same-lang:
input € A* = ((60*) i input) € Fog +— ((61%) i1 input) € F4
using hom-translation[where input = input and s = ig]
apply (clarsimp simp add: Aut0.init-state-is-a-state pres-init pres-final)
apply (induction input)
apply (clarsimp simp add: Aut0.init-state-is-a-state)
using Aut0.give-input-closed Aut0.init-state-is-a-state
by blast

end

locale aut-epi = aut-hom +
assumes
z's—epi: f ‘ SO = Sl

locale det-G-aut =
is-aut: det-aut A S i F § +
labels-a-G-set:  alt-grp-act G A ¢ +
states-a-G-set:  alt-grp-act G S ¢ +
accepting-is-eq-var: eq-var-subset G S ¢ F +
init-is-eq-var:  eq-var-subset G S ¢ {i} +
trans-is-eq-var: eq-var-func G § x A
Ag€carrier G. A(s, a) € (S x A). (¥ g s, ¢ ga)
S (A(s, a) € (S x A).d sa)
for A :: 'alpha set (structure) and
S :: 'states set and
1 F 0 and
G :: ('grp, 'b) monoid-scheme and
1
begin

adhoc-overloading
star = labels-a-G-set.induced-star-map

lemma give-input-eq-var:
eq-var-func G
(A* x S) (Ag€carrier G. M(w, s) € (A* x S). ((¢*) gw, ¥ gs))
S
Mw, s) € (A* x §). (6*%) s w)

proof—
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have H-0: Na w s g.
Ns.seS=(p)guwe A*NYpgse S =
(6) (1 g 5) (%) g w) = ¥ g ((5) 5 w) —>
seS =
g € carrier G =
a€ A= Vzrcsetw.z € A= gse S = Vaeset (¢*) g (a # w)). z

€ A=
(6°) (¥ 9.5) (¢*) g (a # w) = ¥ g ((0*) (6 5 a) w)
proof—
fixawsg
assume
A-IH: (N\s. s € § =
(P Ygwe A*Npgse S =
(6°) (10 g 5) (¢*) g w) = g (") 5 w)) and
A-0: s € S and
A-1:7 gs € S and
A-2:Vzeset ((¢*) g (a # w)). x € A and
A-8: g € carrier G and
A-4: a € A and
A-5:Vazeset w. z € A
have H-0: ((¢*) g (a # w)) = (¢ g a) # (¢*) gw
using A-4 A-5 A-3
by auto
hence H-1: (5*) (4 g 5) (") g (a # w))
= (0") (¥ g5) (v g a) # (¢*) g w)

by simp

have H-2: .. = (5*) ((6%) (4 g5) [p 9 a]) ((¢") g w)
using is-aut.input-under-concat
by simp

have H-3: (6*) (¥ g s) [pgal =v g (6 s a)
using trans-is-eq-var.eg-var-func-azioms A-4 A-5 A-0 A-1 A-3 apply (clarsimp

simp del:
GMN-simps simp add: eg-var-func-def eg-var-func-azioms-def make-op-def)
apply (rule meta-mplof v gs€ SApgac€ ANseESAac A

apply presburger

apply (clarify)
using labels-a-G-set.element-image

by presburger
have H-4: (6*) (4 g (5 5 a)) ((¢*) g w) = ¥ g ((6*) (5 5 ) w)
apply (rule A-IH[where s1 = § s a])
subgoal
using A-4 A-5 A-0
by (auto simp add: is-aut.trans-func-well-def)
using A-4 A-5 A-0 A-8 § s a € Sy states-a-G-set.element-image
by (metis A-2 Cons-in-lists-iff H-0 in-listsI)
show (6) (12 g 5) (%) g (a # w)) = ¥ g (5*) (0 5 a) w)
using H-0 H-1 H-2 H-3 H-4
by presburger
qed
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show ?thesis
apply (subst eg-var-func-def)
apply (subst eg-var-func-azioms-def)
apply (rule congl)
apply (rule prod-group-actjwhere G = G and A = A* and ¢ = (¢*)
and B=S and ¢ = ¢])
using labels-a-G-set.lists-a-Gset
apply blast
apply (simp add: states-a-G-set.group-action-axioms)
apply (rule conjl)
apply (simp add: states-a-G-set.group-action-axioms)
apply (rule conjI)
apply (subst extensional-funcset-def)
apply (subst restrict-def)
apply (subst Pi-def)
apply (subst extensional-def)
apply (auto simp add: in-listsI is-aut.give-input-closed)[1]
apply (subst restrict-def)
apply (clarsimp simp del: GMN-simps simp add: make-op-def)
apply (rule conjl; intro impl)
subgoal for w s g
apply (induction w arbitrary: s)
apply simp
apply (clarsimp simp del: GMN-simps)
by (simp add: H-0 del: GMN-simps)
apply clarsimp
by (metis (no-types, lifting) image-iff in-lists-conv-set labels-a-G-set.surj-prop
list.set-map
states-a-G-set.element-image)
qed

definition
accepted-words :: 'alpha list set
where accepted-words = {w. w € A* A ((6*) i w) € F}

lemma induced-g-lang:
G-lang G A ¢ accepted-words
proof—
have H-0: Agw. g € carrier G = w e A* AN (§*) iw e F = map (p g) w €
A*
apply (clarsimp)
using labels-a-G-set.element-image
by blast
have H-1: N\g w. g € carrier G = w € A* = (6*) i w € F = (6*) i (map
(¢ g) w) € F
proof —
fix g w
assume
A-0: g € carrier G and
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A-1: w € A* and
A-2: (6*)iweF
have H1-0: ¢ g ((6*) i w) € F
using accepting-is-eq-var.eq-var-subset-arioms
A-0 A-2 accepting-is-eq-var.is-equivar
by blast
have Hi-1: ¢ gi =1
using init-is-eq-var.eq-var-subset-axioms A-0
init-is-eq-var.is-equivar
by auto
have H1-2: Nw g. [g € carrier G; w € A*; (6*) iw € F] = (¢*) g w € A*
using H-0
by auto
from A-1 have HI-3: w € A*
by auto
show (0*) ¢ (map (p g) w) € F
using give-input-eq-var A-0 A-1 Hi-1 H1-8
apply (clarsimp simp del: GMN-simps simp add: eq-var-func-def eq-var-func-azioms-def
make-op-def)
using A-2 HI1-0 is-aut.init-state-is-a-state H1-2
by (smt (verit, best) H1-3 labels-a-G-set.induced-star-map-def restrict-apply)
qed
show ?thesis
apply (clarsimp simp del: GMN-simps simp add: G-lang-def accepted-words-def
G-lang-azioms-def)
apply (rule congl)
using labels-a-G-set.alt-grp-act-axioms
apply (auto)[1]
apply (intro conjl)
apply (simp add: language.intro)
apply (rule alt-grp-act.eq-var-one-direction)
using labels-a-G-set.alt-grp-act-axioms labels-a-G-set.lists-a-Gset
apply blast
apply (clarsimp )
apply (clarsimp)
by (simp add: H-0 H-1 in-listsI)
qed
end

locale reach-det-aut =

det-aut A ST F 6

for A :: 'alpha set (structure) and
S :: 'states set and
1F 6+

assumes
is-reachable:
s € S = Tinput € A*. (6*) 7 input = s

locale reach-det-G-aut =
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det-G-aut A Si F 6 G ¢ b + reach-det-aut A S i F ¢
for A :: 'alpha set (structure) and
S :: 'states set and
i and F and § and
G :: ('grp, 'b) monoid-scheme and
b
begin

To avoid duplicate variant of "star":

no-adhoc-overloading
star = labels-a-G-set.induced-star-map
end

sublocale reach-det-G-aut C reach-det-aut
using reach-det-aut-axioms
by simp

locale G-aut-hom = Aut0: reach-det-G-aut A Sg iy Fo dg G ¢ VYo +
Autl: reach-det-G-aut A Sy iy F1 61 G o 91 +
hom-f: aut-hom A So iqg Fo 09 S1 41 F1 61 f +
eq-var-f: eq-var-func G Sy g S1 1 f for
A :: 'alpha set and
So :: 'states-0 set and
io and F() and (50 and
S1 :: 'states-1 set and
71 and F; and §; and
G :: (grp, 'b) monoid-scheme and

© Yo Y1 f

locale G-aut-epi = G-aut-hom +
assumes
is-epi: f 8o = 51

locale det-aut-rec-lang = det-aut A S 1 F 0 + language A L
for A :: 'alpha set (structure) and
S :: 'states set and
iFoL+
assumes
is-recognised:
weL+— we A" AN((6*) iw) €F

locale det-G-aut-rec-lang = det-G-aut A ST F § G ¢ ¢ + det-aut-rec-lang A S i
FoL
for A :: 'alpha set (structure) and
S :: 'states set and
i F § and
G :: ("grp, 'b) monoid-scheme and
o L
begin
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lemma lang-is-G-lang: G-lang G A ¢ L
proof—
have HO: L = accepted-words
apply (simp add: accepted-words-def)
apply (subst is-recognised [symmetric))
by simp
show G-lang G A ¢ L
apply (subst HO)
apply (rule det-G-aut.induced-g-langlof A Si F 6 G ¢ 9))
by (simp add: det-G-aut-azioms)
qed

To avoid ambiguous parse trees:

no-notation trans-is-eg-var. GA-0.induced-quot-map (<[-]-1> 60)
no-notation states-a-G-set.induced-quot-map (<[-]-1> 60)

end

locale reach-det-aut-rec-lang = reach-det-aut A S i F § + det-aut-rec-lang A S i
FéL
for A :: 'alpha set and
S :: 'states set and
i F § and
L :: 'alpha list set

locale reach-det-G-aut-rec-lang = det-G-aut-rec-lang A Si F 6 G ¢ ¢ L +
reach-det-G-aut A S i F § G ¢ ¢
for A :: 'alpha set and
S :: 'states set and
i F § and
G :: ('grp, 'b) monoid-scheme and
p ¢ and
L :: 'alpha list set

sublocale reach-det-G-aut-rec-lang C det-G-aut-rec-lang
apply (simp add: det-G-aut-rec-lang-def)
using reach-det-G-aut-rec-lang-axioms
by (simp add: det-G-aut-axioms det-aut-rec-lang-azioms)

locale det-G-aut-recog-G-lang = det-G-aut-rec-lang A S ¢ F 6 G ¢ ¥ L + G-lang
GAyplL
for A :: 'alpha set (structure) and
S :: 'states set and
i F § and
G :: ('grp, 'b) monoid-scheme and
p ¥ and
L :: 'alpha list set
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sublocale det-G-aut-rec-lang C det-G-aut-recog-G-lang
apply (simp add: det-G-aut-recog-G-lang-def)
apply (rule conjI)
apply (simp add: det-G-aut-rec-lang-azioms)
by (simp add: lang-is-G-lang)

locale reach-det-G-aut-rec-G-lang = reach-det-G-aut-rec-lang A S i F 6 G ¢ ¢ L
+ G-lang G A ¢ L
for A :: 'alpha set (structure) and
S it 'states set and
i1 F 6 and
G :: ('grp, 'b) monoid-scheme and
p L

sublocale reach-det-G-aut-rec-lang C reach-det-G-aut-rec-G-lang
apply (simp add: reach-det-G-aut-rec-G-lang-def)
apply (rule conjI)
apply (simp add: reach-det-G-aut-rec-lang-axioms)
by (simp add: lang-is-G-lang)

lemma (in reach-det-G-aut)

reach-det-G-aut-rec-lang A S ¢ F § G ¢ ¢ accepted-words

apply (clarsimp simp del: simp add: reach-det-G-aut-rec-lang-def
det-G-aut-rec-lang-def det-aut-rec-lang-azioms-def)

apply (intro conjl)

apply (simp add: det-G-aut-axioms)

apply (clarsimp simp add: reach-det-G-aut-axioms accepted-words-def reach-det-aut-rec-lang-def)

apply (simp add: det-aut-rec-lang-def det-aut-rec-lang-axioms.intro is-aut.det-aut-azioms
language-def)

by (simp add: reach-det-G-aut-azioms)

lemma (in det-G-aut) action-on-input:
N gw g€ carrier G = we A* = ¢ g ((§%) i w) = (6*) 7 ((¢*) g w)
proof—
fix g w
assume
A-0: g € carrier G and
A-1:w e A*
have H-0: (%) (4 g 1) ((¢*) g w) = (%) i (") g w)
using A-0 init-is-eq-var.is-equivar
by fastforce
have H-1: ¢ g ((6*) i w) = (6*) (¢ g4) ((¢*) g w)
using A-0 A-1 give-input-eq-var
apply (clarsimp simp del: GMN-simps simp add: eq-var-func-axioms-def eq-var-func-def
make-op-def)
apply (rule meta-mplof ((¢*) g w) € A* AN gi € S])
using is-aut.init-state-is-a-state A-1
apply presburger
using det-G-aut-axioms
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apply (clarsimp simp add: det-G-aut-def)
apply (rule conjl; rule impI; rule conjI)
using labels-a-G-set.element-image
apply fastforce
using is-aut.init-state-is-a-state states-a-G-set.element-image
by blast+
show ¢ g ((6) i w) = (6) i ((¢*) g w)
using H-0 H-1
by simp
qged

definition (in det-G-aut)
reachable-states :: 'states set (¢Sreqch?)
where Sycqcn = {s.3 we A*. (6*) i w = s}

definition (in det-G-aut)
reachable-trans :: 'states = ‘alpha = 'states (<Oreqch’)
where 6,cqcn s a = (A8, @) € Sreacn X A. 8 8" a’) (s, a)

definition (in det-G-aut)
reachable-action :: 'grp = 'states = 'states (<Wreqcn?)
where V,cocn 95 = (A(g', 8) € carrier G X Speach- ¥ g’ 8") (g, $)

lemma (in det-G-aut) reachable-action-is-restict:
Ng s. g € carrier G = $ € Sreach = Wreach §S =11 ¢ 8
by (auto simp add: reachable-action-def reachable-states-def)

lemma (in det-G-aut-rec-lang) reach-det-aut-is-det-aut-rec-L:
reach-det-G-aut-rec-lang A Sreach © (F 0 Sreach) Oreach G @ Yreach L
proof—
have H-0: (A(z, ¥). 0reach TY) € Sreach X A =E Sreach
proof—
have H1-0: (A(z, y). § z y) € extensional (S x A)
using is-aut.trans-func-ext
by (simp add: PiE-iff)
have H1-1: (A(s', a’) € Srecach X A. 0 8" a’) € extensional (Sreach X A)
using H1-0
by simp
have H1-2: (A(s’, a’)€Sreach X A. 0 s a’) = (Mz, ¥). Oreach T Y)
by (auto simp add: reachable-trans-def)
show ()\(.CL', y) 6reach z y) € Sreach x A —F Sreach
apply (clarsimp simp add: PiE-iff)
apply (rule conjI)
apply (clarify)
using reachable-trans-def
apply (simp add: reachable-states-def)[1]
apply (metis Cons-in-lists-iff append-Nil2 append-in-lists-conv is-aut.give-input-closed
is-aut.init-state-is-a-state is-aut.trans-to-charact)
using Hi-1 HI-2
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by simp
qed
have H-1: N\g. g € carrier G =
(AS. Yreach 9 8 = (if s € Sreach then case (g, s) of (z, za) = ¢ z za else
undefined)) =
bij-betw (wreach g) Sreach Sreach
proof—
fix ¢
assume
A1-0: g € carrier G and
Al1-1: (\S. Vreach 98 =
(’LfS S Sreach
then case (g, s) of (z, za) = ¢ z za
else undefined))
have HI-0: /\7“. T € Sreach - ("/)reach g) re Sreach
using A1-0
apply (clarsimp simp add: reachable-states-def reachable-action-def)
apply (rule meta-mplof Aw. w € A* = ((¢*) g w) € A*])
using action-on-input[where g = ¢
apply (metis in-listsI)
by (metis alt-group-act-is-grp-act group-action.element-image labels-a-G-set.lists-a-Gset)
have H1-1: Af T U. bijbetw fTT = f‘ U =U = U C T = bij-betw
(restrict f U) U U
apply (clarsimp simp add: bij-betw-def inj-on-def image-def)
by (meson in-mono)
have H1-2: Yrcqcn g = restrict (¥ g) Sreach
using reachable-action-def A1-0
by (auto simp add: restrict-def)
have HI-3: bij-betw (¢ g) S S = (Wreach 9) © Sreach = Sreach
- Sreach c S = sz-betw (qpreach 9) Sreach Sreach
by (metis H1-2 bij-betw-imp-inj-on inj-on-imp-bij-betw inj-on-restrict-eq inj-on-subset)
have H1-/: Nw s. s = (6%) i w =
Vzc€set w. x € A =
Jz. (Fwe A*. (") iw=2) A (0*) i W = Yreach § T
proof—
fix w s
assume
A2-0:Vzeset w. € A and
A2-1: s = (6%) i w
have H2-0: (inv g g) € carrier G
apply (rule meta-mplof group G])
using A1-0
apply simp
using det-G-aut-rec-lang-axioms
by (auto simp add: det-G-aut-rec-lang-def
det-aut-rec-lang-azioms-def det-G-aut-def group-action-def group-hom-def)
have H2-1: ¢ (inv ¢ g) s = (0%) i ((¢*) (inv ¢ g) w)
apply (simp del: GMN-simps add: A2-1)
apply (rule action-on-input{where g = (inv ¢ g) and w = w))
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using H2-0 A2-0
by auto
have H2-2: ((¢*) (inv ¢ g) w) € A*
using A2-0 H2-0 det-G-aut-rec-lang-azxioms
apply (clarsimp)
using labels-a-G-set.surj-prop list.set-map
by fastforce
have H2-3: JweA*. (6*) tw =1 (inv ¢ g) s
by (metis H2-1 H2-2)
from H2-3 have H2-4: ¢ (inv ¢ 9) s € Sreach
by (simp add: reachable-states-def)
have H2-5: Yreqcn g (¥ (inv g g) s) =¥ g (¥ (inv g g) s)
apply (rule reachable-action-is-restict)
using A1-0 H2-4
by simp+
have H2-6: (6*) i w = Yreqcn 9 (¥ (inv ¢ g) )
apply (simp add: H2-5 A2-1)
by (metis A1-0 A2-0 in-lists] A2-1 H2-5 is-aut.give-input-closed
is-aut.init-state-is-a-state states-a-G-set.bij-prop1 states-a-G-set.orbit-sym-auz)
show Jz. (Jwed*. (6*) iw=12) A (0*) i W = Yreach g
using H2-3 H2-6
by blast
qed
show bZ]—b@t’U) (wreach g) Sreach Sreach
apply (rule H1-3)
apply (simp add: A1-0 bij-betw-def states-a-G-set.inj-prop states-a-G-set.surj-prop)
apply (clarsimp simp add: image-def H1-0)
apply (rule subset-antisym; simp add: Set.subset-eq; clarify)
using H1-0
apply auto|1]
subgoal for s
apply (clarsimp simp add: reachable-states-def)
by (simp add: H1-4)
apply (simp add: reachable-states-def Set.subset-eq; rule alll; rule impl)
using is-aut. give-input-closed is-aut.init-state-is-a-state
by auto
qged
have H-2: group G
using det- G-aut-rec-lang-axioms
by (auto simp add: det-G-aut-rec-lang-def det-G-aut-def group-action-def
group-hom-def)
have H-3: N\g. g € carrier G = Yreach g € carrier (BijGroup Sreach)
subgoal for ¢
using reachable-action-def[where g = ¢]
apply (simp add: BijGroup-def Bij-def extensional-def)
by (simp add: H-1)
done
have H-4: Az y. z € carrier G = y € carrier G = Yreach (T Q@ Y) = Yreach

T @ BiiGroup Sreach
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wreach Y
proof —

fix g h
assume
A1-0: g € carrier G and
Al-1: h € carrier G
have H1-0: N\g . g € carrier G = Yyeqen g = restrict (¥ g) Sreach
using reachable-action-def
by (auto simp add: restrict-def)
from HI-0 have HI-1: Yreach (9 @ h) = restrict (¥ (9 ®g h)) Sreach
by (simp add: A1-0 A1-1 H-2 group.subgroup-self subgroup.m-closed)
have H1-2: wreach g ®B7,'jGr0up Sreach q/)?"each h =
(restrict (¢ 9) Sreach) ®BijGroup Sreach
(restrict (¥ h) Sreach)
using A1-0 A1-1 H1-0
by simp
have H1-3: N\g. g € carrier G = Yreach g € carrier (BijGroup Sreach)
by (simp add: H-3)
have HI-4: Nz y. z€carrier G = yccarrier G = ¢ (z Rq y) = Y z
®BijGr0up SYy
using det-G-aut-axioms
by (simp add: det-G-aut-def group-action-def group-hom-def group-hom-axioms-def
hom-def)
hence H1-5: ¢ (9 @g h) =¥ 9 ®BjjGroup S ¥ 1
using A1-0 Al1-1
by simp
have H1-6: (Az. if € Sreach
then if (if £ € Sreach
then ¢ h x
else undefined) € Sreqch
then ¢ g (fo € Sreach
then ¢ h x
else undefined)
else undefined
else undefined) =
()\ZL' fo € Sreach
then v g (¥ h z)
else undefined)
apply (rule meta-mplof Ax. £ € Sreach = (¥ h ) € Sreach])
using HI-3[where g1 = h] A1-1 H1-0
by (auto simp add: A1-1 BijGroup-def Bij-def bij-betw-def)
have HI-7: ... = (Az. if £ € Syeach
then if z € S
then ¢ g (¢ h x)
else undefined
else undefined)
apply (clarsimp simp add: reachable-states-def)
by (metis is-aut.give-input-closed is-aut.init-state-is-a-state)
have H1-8: (restrict (¢ g) Sreach) ® BijGroup Sreach (restrict (¥ h) Sreach) =

32



restrict (¥ (9 ® g h)) Sreach
apply (rule meta-mplof N\g. g € carrier G = restrict (¥ g) Sreach € B
Sreach A
¥ g € Bij 5))
apply (clarsimp simp add: H1-5 BijGroup-def; intro conjl; intro impl)
subgoal
using A1-0 A1-1
apply (clarsimp simp add: compose-def restrict-def)
by (simp add: H1-6 HI-7)
apply (simp add: A1-0 A1-1)+
subgoal for g
using HI1-3[where g1 = g| HI1-0[of g]
by (simp add: BijGroup-def states-a-G-set.bij-prop0)
done
show ¢rcach (9 ®g h) =
wreach g ®BijGroup Sreach wreach h
by (simp add: H1-1 H1-2 HI-8)
qed
have H-5: Nw’ w g. g € carrier G =
(0*) iwe F = Vazcset w. ¢ € A = (6*) i w' = (0*) i w = Vz€set
w.r e A=
Jw'e A*. (6%) i w' = g ((6%) i w)
proof —
fix w wg
assume
A1-0: g € carrier G and
Al1-1: (0*) iw € F and
A1-2:Vzeset w. z € A and
A1-3: (6%) i w' = (6*) ¢ w and
Al-4:Vzeset w. x € A
from A1-1 A1-2 have H1-0: ((6*) ¢ w) € Sreach
using reachable-states-def
by auto
have Hi-1: ¥ g ((6%) i w) = ((6%) i (") g w))
using give-input-eq-var
apply (clarsimp simp add: eg-var-func-def eg-var-func-axioms-def simp del:
GMN-simps)
using A1-0 A1-2 action-on-input
by blast
have H1-2: (¢*) gw € A*
using A1-0 A1-2
by (metis in-listsI alt-group-act-is-grp-act group-action.element-image
labels-a-G-set.lists-a-Gset)
show JwacA*. (%) i wa = ¢ g ((6%) i w)
by (metis H1-1 H1-2)
qed
have H-6: alt-grp-act G Sycach Yreach
apply (clarsimp simp add: group-action-def group-hom-def group-hom-axioms-def
hom-def)
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apply (intro conjl)
apply (simp add: H-2)
subgoal
by (simp add: group-BijGroup)
apply clarify
apply (simp add: H-3)
by (simp add: H-4)
have H-7: Ag w. g € carrier G = (0*) iw € F = Vazcset w. z € A =
Jz.z € FA(Fwed* (Fiw=z)A(")iw=¢ gz
proof—
fix g w
assume
A1-0: g € carrier G and
Al-1: (6*) iw € F and
Al-2:Vzeset w. x € A
have HI-0: (inv ¢ g) € carrier G
by (meson A1-0 group.inv-closed group-hom.axioms(1) labels-a-G-set.group-hom)
have HI1-1: ((6%) i w) € Sreach
using A1-1 A1-2 reachable-states-def
by auto
have H1-2: byeacn (inv g 9) ((67) 1w) = ¥ (inv g g) ((6%) 7 w)
apply (rule reachable-action-is-restict)
using H1-0 Hi1-1
by auto
have H1-3: Yreach g9 (¥ (inv ¢ g) ((6%) ¢t w)) = ((6*) @ w)
by (smt (verit) A1-0 H1-1 H-6 H1-2
alt-group-act-is-grp-act group-action.bij-propl group-action.orbit-sym-auz)
have HI-4: ¢ (inv ¢ g) ((6*) i w) € F
using A1-1 HI1-0 accepting-is-eq-var.is-equivar
by blast
have H1-5: ¢ (inv ¢ g) ((6*) iw) € F A (6*) tw=1 g (¥ (inv ¢ g) ((6*) ¢
w))
using Hi1-4 H1-3 A1-0 A1-1 H1-0 HI1-1 reachable-action-is-restict
by (metis H-6 alt-group-act-is-grp-act
group-action.element-image)
have Hi-6: ¥ (inv g g) ((6°) i w) = ((6) i (") (inv G g) )
using give-input-eq-var
apply (clarsimp simp add: eq-var-func-def eq-var-func-axioms-def simp del:
GMN-simps)
using A1-2 HI1-0 action-on-input
by blast
have H1-7: (¢*) (inv ¢ g) w € A*
by (metis A1-2 in-lists] H1-0 alt-group-act-is-grp-act group-action.element-image
labels-a-G-set.lists-a-Gset)
thus 3z. 2 € FA Quwed*. (M iw=z)AN(*)iw=v¢ gz
using H1-5 Hi-6 H1-7
by metis
qged
have H-8: A\ra g .1 € Sreach = 06 € A => Yreach §T € Sreach N p g a €

34



A = g € carrier G =
6reach (wreach g T) (50 g (l) = wreach q (67‘each r (J,)
proof—
fix rag
assume
A1-0: 7 € Sreqcn and
Al-1: a € A and
A1-2: Yreach g7 € Sreach N @ g a € A and
Al1-8: g € carrier G
have HI-0:re SNy gre S
apply (rule conjI)
subgoal
using A1-0
apply (clarsimp simp add: reachable-states-def)
by (simp add: in-lists] is-aut.give-input-closed is-aut.init-state-is-a-state)
using «r € §» A1-3 states-a-G-set.element-image
by blast
have Hi-1: Nabg.a€ SANb€ A= g€ carrier G =
(if v gae SANpgbe Athend (¢ ga) (p gb) else undefined) =
Yg(dab)
using det-G-aut-axioms A1-0 A1-1 A1-3
apply (clarsimp simp add: det-G-aut-def eq-var-func-def eq-var-func-azioms-def)

by presburger+

hence HI-2: ¢ g (6§ ra) =0 (¥ gr) (p ga))
using HI-1[where a! = r and b! = a and g1 = g] HI-0 A1-1 A1-2 A1-3

by simp
have H1-3: Naw. a € A = w € A* = Jw'e A*. (") iw' =6 ((6*) iw) a
proof —
fix a w
assume
A2-0: a € A and
A2-1: w e A*
have H2-0: (w Q [a]) € A* A (w Q [a]) € A" = (6*) @ (w @ [a]) = 0 ((6%)
iw) a

by (simp add: is-aut.give-input-closed is-aut.trans-to-charact
is-aut.init-state-is-a-state)
show Jw'eA*. (6*) i w' =06 ((6*) i w) a
using H2-0
apply clarsimp
by (metis A2-0 A2-1 append-in-lists-conv lists. Cons lists. Nil)
qed
have H1'4: ¢'reach g (57'each r 0,) = w g (6 r 0,)
apply (clarsimp simp add: reachable-action-def reachable-trans-def)
using A1-0 A1-1 A1-3 H1-0 H1-3
using reachable-states-def by fastforce
have H1-5: g r = Yreach g T
using A1-0 A1-3
by (auto simp add: reachable-action-def)
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hence Hi1-6: ¢ g1 € Sreach
using A1-2
by simp
have HI-7: 6reach (wreach g T) (%0 g 0,) =9 W g T) (LP g 0,)
using A1-0 A1-1 A1-2 A1-8
by (auto simp del: simp add:reachable-trans-def reachable-action-def )
show 5reach (wreach ) T’) (90 g a’) = wreach g (5reach r a)
using H1-2 Hi-4 H1-7
by auto
qged
have H-9: Aa w s. [(As. s € Sreach = (0*) s w = (Sreacn”™) s W);
a € AN (Vaeset w. z € A); s € Sreacrh] = (%) (0 s a) w = (Oreacrn™)
(6reach S (l) w
proof—
fix a ws
assume
A1-IH: (\s. s € Sreach = (6%) s w = (0reqcen™) s w) and
A1-0: a € AN (Vzeset w. z € A) and
Al-1: s € Sreach
have H1-0: 6;cqcn Sa =09 s a
using A1-1
apply (clarsimp simp add: reachable-trans-def)
apply (rule meta-mplof det-aut A S i F §))
using det-aut.trans-func-ext[where labels = A and states = S and
init-state = i and fin-states = F and trans-func = §]
apply (simp add: extensional-def)
by (auto simp add: A1-0)
show (6%) (0 s a) w = (0reach) (Oreach $ @) w
apply (simp add: H1-0)
apply (rule A1-IH[where s1 = § s a])
using A1-0 A1-1
apply (simp add: reachable-states-def)
by (metis Cons-in-lists-iff append-Nil2 append-in-lists-conv is-aut.give-input-closed
is-aut.init-state-is-a-state is-aut.trans-to-charact)
qed
show ?thesis
apply (clarsimp simp del: GMN-simps simp add: reach-det-G-aut-rec-lang-def
det-G-aut-rec-lang-def det-G-aut-def det-aut-def)
apply (intro conjl)
subgoal
apply (simp add: reachable-states-def)
by (meson give-input.simps(1) lists.Nil)
apply (simp add: H-0)
using labels-a-G-set.alt-grp-act-axioms
apply (auto)[1]
apply (rule H-0)
subgoal
apply (clarsimp simp add: eq-var-subset-def eq-var-subset-axioms-def)
apply (rule conjI)
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using H-6
apply (auto)[1]
apply (simp del: add: reachable-states-def)[1]
apply (clarify; rule subset-antisym; simp add: Set.subset-eq; clarify)
apply (rule conjI)
subgoal for g - w
apply (clarsimp simp add: reachable-action-def reachable-states-def)
using accepting-is-eq-var.is-equivar
by blast
subgoal for g - w
apply (clarsimp simp add: reachable-action-def reachable-states-def)
apply (rule conjI; clarify)
apply (auto)[2]
by (simp add: H-5)
apply (clarsimp simp add: reachable-states-def Int-def reachable-action-def )
apply (clarsimp simp add: image-def)
by (simp add: H-7)
subgoal
apply (clarsimp simp add: eq-var-subset-def)
apply (rule congl)
using H-6
apply (auto)[1]
apply (clarsimp simp add: eq-var-subset-axioms-def)
apply (simp add: <i € Syeach?)
apply (simp add: reachable-action-def)
using i € Syeqcn) init-is-eq-var.is-equivar
by fastforce
subgoal
apply (clarsimp simp add: eg-var-func-def eg-var-func-axioms-def)
apply (intro conjI)
using H-6 alt-grp-act.azxioms
labels-a-G-set.group-action-axioms prod-group-act labels-a-G-set.alt-grp-act-axioms
apply blast
using H-6
apply (auto)[1]
apply (rule funcsetl; clarsimp)
subgoal for s a
apply (clarsimp simp add: reachable-states-def reachable-trans-def)
by (metis Cons-in-lists-iff append-Nil2 append-in-lists-conv in-lists]
is-aut.give-input-closed is-aut.init-state-is-a-state is-aut.trans-to-charact)
apply (intro alll; clarify; rule conjl; intro impl)
apply (simp add: H-8)
using G-set-equiv H-6 eq-var-subset.is-equivar
labels-a-G-set.element-image
by fastforce
apply (rule meta-mplof Aw s. w € A* => s € Sreach = (%) s w = (dreach™)
s w))
subgoal
using det-G-aut-rec-lang-axioms
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apply (clarsimp simp add: det-aut-rec-lang-axioms-def det-aut-rec-lang-def
det-G-aut-rec-lang-def det-aut-def)
apply (intro conjl)
using <7 € Syeach’
apply blast
using H-0
apply blast
by (metis (mono-tags, lifting) <i € Syeacn> mem-Collect-eq reachable-states-def)
subgoal for w s
apply (induction w arbitrary: s)
apply (clarsimp)
apply (simp add: in-lists-conv-set)
by (simp add: H-9)
apply (clarsimp simp add: reach-det-G-aut-def det-G-aut-def det-aut-def)
apply (intro conjl)
apply (simp add: <i € Syeqen?)
apply (simp add: H-0)
apply (simp add: labels-a-G-set.group-action-axioms)
using <alt-grp-act G Sreach Yreach’
apply (auto)[1]
apply (simp add: <eq-var-subset G Srcach Vreach (F N Sreach)?)
apply (simp add: <eq-var-subset G Sreach Vreach {i}?)
using <eg-var-func G (Sreach X A) (AgEcarrier G. \(s, a)€Sreach X A. (Vreach
g, ¢ ga))
Sreach wreach ()\(.CL', y)ESreach x A. 6reach z y)>
apply blast
apply (simp add: reach-det-aut-azioms-def reach-det-aut-def reachable-states-def)
apply (rule meta-mplof A\s input. s € Sreach = input € A* =
(5reach*) S ZnPUt = (5*) S anUtD
using <1 € Sycach’
apply (metis (no-types, lifting) <(Aw s. [w € A*; s € Sreacn] =
(0%) s w = (Oreach™) s w) = det-aut-rec-lang A Sreach © (F N Sreach) Oreach
L) det-aut-rec-lang-def
reachable-states-def)
by (simp add: <A\w s. [w € A*; $ € Sreach] = (6%) s w = (reach™) s W)
qed

1.4 Syntactic Automaton

context language begin

definition

rel-MN :: ('alpha list x 'alpha list) set (<=prn0)

where rel-MN = {(w, w') € (A*)x(A*). (Vv € A*. (w Q@ v) € L +— (w' Q v)
€ L)}

lemma MN-rel-equival:

equiv (A*) rel-MN
by (auto simp add: rel-MN-def equiv-def refl-on-def sym-def trans-def)
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abbreviation
MN-equiv
where MN-equiv = A* // rel-MN

definition
alt-natural-map-MN :: 'alpha list = 'alpha list set (<[-]pn>)
where [w]y ny = rel-MN “{w}

definition
MN-trans-func :: ('alpha list set) = 'alpha = 'alpha list set (<dprn»)
where MN-trans-func W' a' =
(A(W,a) € MN-equiv x A. rel-MN “ {(SOME w. w € W) Q [a]}) (W', a')

abbreviation
MN-init-state
where MN-init-state = [Nil::'alpha list|pr N

abbreviation
MN-fin-states
where MN-fin-states = {v. JweL. v = [w|pyn}

lemmas
alt-natural-map-MN-def [simp, GMN-simps)
MN-trans-func-def [simp, GMN-simps]
end

context G-lang begin
adhoc-overloading
star = induced-star-map

lemma MN-quot-act-wd:
w' € [wlpyny = Vg € carrier G. (g ® o* w') € [g© o wlp N
proof—
assume A4-0: w’ € [w]yn
have H-0: N\g. [(w, w') € =pn; g € carrier G5 group-hom G (BijGroup A) ;
group-hom G (BijGroup (A*)) (Ag€carrier G. restrict (map (¢ g)) (4%)); L C
A*;
Y g€carrier G. map (¢ g) ‘(L N A*) U (Az. undefined) ‘(LN {z.c ¢ A*}) =1L
Vazeset w. z € A; w' € A*] = (map (v g) w, map (p g) w') € =pynN
proof—
fix g
assume
A1-0: (w, w") € =N and
Al-1: g € carrier G and
A1-2: group-hom G (BijGroup A) ¢ and
A1-8: group-hom G (BijGroup (A*)) (AgE€carrier G. restrict (map (¢ g))
(4*)) and
Al-4: L C A* and
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A1-5:V gecarrier G.
map (¢ g) ‘(L N A*) U (Az. undefined) ‘ (L N {z. = ¢ A*}) = L and
Al-6:Vzeset w. x € A and
A1-7: w' e A*
have H1-0: N\v w w’. [g € carrier G; group-hom G (BijGroup A) ¢;
group-hom G (BijGroup (A*)) (AgE€carrier G. restrict (map (¢ g)) (4*));
L C A*; VY g€ecarrier G.
{y. FzeL N A*. y = map (¢ ¢) 2} U {y. y = undefined N (3z. 2 € LAz ¢
A"} = L;
Vz€set w. x € A; VoeA*. (w Qo € L) = (w' Qv € L); Va€set w'. x € A;
Vzeset v. x € A
map (¢ g) w Qv € L] = map (p g) w' Quv el
proof —
fix v w w’
assume
A2-0: g € carrier G and
A2-1: L C A* and
A2-2: group-hom G (BijGroup A) ¢ and
A2-3: group-hom G (BijGroup (A*)) (Ag€carrier G. restrict (map (¢ g))
(A*)) and
A2-4: ¥ gecarrier G. {y. 3zeL N A*. y = map (¢ g) z} U
{y. y = undefined AN (3z. z € LAz ¢ A*)} = L and
A2-5:Vzeset w. x € A and
A2-6:Vz€set w'. x € A and
A2-T:VveAd*. (w@Quv e L) = (w Qv e L) and
A2-8: Vzeset v. x € A and
A2-9: map (v g) w Qv e L
have H2-0:V gccarrier G. {y. 3z€L N A*. y = map (p g) 2} = L
using A2-1 A2-/ subset-eq
by (smt (verit, ccfv-SIG) Collect-mono-iff sup.orderE)
hence H2-1:V gecarrier G. {y. 3z€L. y = map (p g) } = L
using A2-1 inf.absorb-iff1
by (smt (verit, ccfv-SIG) Collect-cong)
hence H2-2: V g€carrier GNz€L. map (¢ g) © € L
by auto
from A2-2 have H2-3: V hecarrier G.VacA. (p h) a € A
by (auto simp add: group-hom-def BijGroup-def group-hom-axioms-def
hom-def Bij-def
bij-betw-def)
from A2-8 have H2-4: v € A*
by (simp add: in-listsI)
hence H2-5: ¥ h€carrier G. map (¢ h) v € A*
using H2-3
by fastforce
hence H2-6: V hecarrier G. (w @ (map (p h) v) € L) = (w’ Q@ (map (¢ h)
v) € L)
using A2-7
by force
hence H2-7: (w @ (map (¢ (invg g)) v) € L) = (w’ Q (map (¢ (invg g)) v)
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e L)
using A2-0
by (meson A2-7 A2-1 append-in-lists-conv in-mono)
have (map (¢ g9) w) € (4*)
using A2-0 A2-2 A2-5 H2-3
by (auto simp add: group-hom-def group-hom-axioms-def hom-def Bij-
Group-def Bij-def
bij-betw-def)
hence H2-8: Y weA*. Y gecarrier G. map (¢ (invg g)) ((map (¢ g) w) Q v)

w @ (map (¢ (invg 9)) v)
using act-maps-n-distrib triv-act-map A2-0 A2-2 A2-3 H2-
apply (clarsimp)
by (smt (verit, del-insts) comp-apply group-action.intro group-action.orbit-sym-auz
map-idl)
have H2-9: map (¢ (invg g)) ((map (¢ g) w) Q v) € L
using A2-9 H2-1 H2-2 A2-1
apply clarsimp
by (metis A2-0 A2-2 group.inv-closed group-hom.azioms(1) list.map-comp
map-append)
hence H2-10: w Q (map (¢ (invg g)) v) € L
using H2-8 A2-0
by (auto simp add: A2-5 in-listsI)
hence H2-11: w' @ (map (¢ (invg g)) v) € L
using H2-7
by simp
hence H2-12: map (¢ (invg g)) ((map (¢ g) w’) Qv) € L
using A2-0 H2-8 A2-1 subsetD
by (metis append-in-lists-conv)
have H2-13: ¥V gccarrier G. restrict (map (¢ g)) (A*) € Bij (4%)
using alt-grp-act.lists-a-Gsetjwhere G = G and X = A and ¢ = ¢] A1-3
by (auto simp add: group-action-def
group-hom-def group-hom-azioms-def Pi-def hom-def BijGroup-def)
have H2-14:V g€carrier G. restrict (map (¢ g)) L ‘L =1L
using H2-2
apply (clarsimp simp add: Set.image-def)
using H2-1
by blast
have H2-15: map (¢ g) w' € A*
using A2-0 A2-1 H2-13 H2-2
by (metis H2-11 append-in-lists-conv image-eql lists-image subset-eq surj-prop)
have H2-16: invg g € carrier G
by (metis A2-0 A2-2 group.inv-closed group-hom.axioms(1))
thus map (p g) w' Qv e L
using A2-0 A2-1 A2-2 H2-4 H2-12 H2-13 H2-14 H2-15 H2-16 group.inv-closed
group-hom.azioms(1)
alt-grp-act.lists-a-Gsetlwhere G = G and X = A and ¢ = ¢]
pre-image-lemmalwhere S = L and T = A* and f = map (¢ (invg g))
and
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z = ((map (¢ g) w’) @ v)]
apply (clarsimp simp add: group-action-def)
by (smt (verit, best) A2-1 FuncSet.restrict-restrict H2-14 H2-15 H2-16 H2-4
append-in-lists-conv inf.absorb-iff2 map-append map-map pre-image-lemma
restrict-apply’
restrict-apply’)
qed
show (map (¢ g) w, map (¢ g) w') € =un
apply (clarsimp simp add: rel-MN-def Set.image-def)
apply (intro conjI)
using A1-1 A1-6 group-action.surj-prop group-action-azioms
apply fastforce
using A1-1 A1-7 image-iff surj-prop
apply fastforce
apply (clarify; rule iffT)
subgoal for v
apply (rule H1-0[where v! =v and w! = w and w'l = w])
using A1-0 A1-1 A1-2 A1-3 A1-4 A1-5 A1-6 A1-7
by (auto simp add: rel-MN-def Set.image-def)
apply (rule HI-0[where w! = w’ and w'l = w))
using A1-0 A1-1 A1-2 A1-8 A1-4 A1-5 A1-6 A1-7
by (auto simp add: rel-MN-def Set.image-def)
qed
show ?thesis
using G-lang-axioms A-0
apply (clarsimp simp add: G-lang-def G-lang-azioms-def eq-var-subset-def
eq-var-subset-axioms-def alt-grp-act-def group-action-def)
apply (intro conjl; clarify)
apply (rule conjl; rule impl)
apply (simp add: H-0)
by (auto simp add: rel-MN-def)
qed

The following lemma corresponds to lemma 3.4 from [1]:

lemma MN-rel-eq-var:

eq-var-rel G (A*) (p*) =un
apply (clarsimp simp add: eq-var-rel-def alt-grp-act-def eq-var-rel-axioms-def)
apply (intro conjI)
apply (metis L-is-equivar alt-grp-act.azioms eq-var-subset.axioms(1) induced-star-map-def)
using L-is-equivar
apply (simp add: rel-MN-def eg-var-subset-def eq-var-subset-azioms-def)
apply fastforce
apply (clarify)
apply (intro conjl; rule impl; rule conjl; rule impl)

apply (simp add: in-lists-conv-set)

apply (clarsimp simp add: rel-MN-def)

apply (intro conjl)

apply (clarsimp simp add: rel-MN-def)

subgoal for w v g w’
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using L-is-equivar
apply (clarsimp simp add: restrict-def eqg-var-subset-def eq-var-subset-azioms-def)
by (meson element-image)
apply (metis image-mono in-listsI in-mono list.set-map lists-mono subset-code(1)
surj-prop)
apply (clarify; rule iff)
subgoal for w v g u
using G-lang-azioms MN-quot-act-wd[where w = w and w'= v]
by (auto simp add: rel-MN-def G-lang-def G-lang-azioms-def
eq-var-subset-def eg-var-subset-axioms-def Set.subset-eq element-image)
subgoal for wv g u
using G-lang-axzioms MN-quot-act-wd[where w = w and w'= v]
by (auto simp add: rel-MN-def G-lang-def G-lang-azioms-def
eq-var-subset-def eg-var-subset-axioms-def Set.subset-eq element-image)
using G-lang-axioms MN-quot-act-wd
by (auto simp add: rel-MN-def G-lang-def G-lang-azioms-def
eq-var-subset-def eq-var-subset-axioms-def Set.subset-eq element-image)

lemma quot-act-wd-alt-notation:
w € A* = g € carrier G = g O[,*)_y,x o ([wlmn) = (9 ©p* wlmn)
using eq-var-rel.quot-act-wd[where G = G and ¢ = p* and X = A* and R =
=ynyand z = w
and g = g
by (simp del: GMN-simps add: alt-natural-map-MN-def MN-rel-eq-var MN-rel-equival)

lemma MN-trans-func-characterization:
NS (A*) —a€ A= dun ['U]JWN a = [’U Q@ [GHMN
proof—
assume
A-0: v € (A*) and
A-1:a€ A
have H-0: Au. v € [v]yny = (v Q [a]) € [v Q [a]]mu N
by (auto simp add: rel-MN-def A-1 A-0)
hence H-1: (SOME w. (v, w) € =y n) € [vlun = ((SOME w. (v, w) € =pn)
@ [a]) € [v @ [a]lun
by auto
from A-0 have (v, v) € =yn A v € [V|un
by (auto simp add: rel-MN-def)
hence H-2: (SOME w. (v, w) € =yn) € [vlun
apply (clarsimp simp add: rel-MN-def)
apply (rule conjl)
apply (smt (verit, ccfo-SIG) A-0 in-listsD verit-sko-ex-indirect)
by (smt (verit, del-insts) A-0 in-listsI tfl-some)
hence H-3: ((SOME w. (v, w) € =pn) Q [a]) € [v Q [a]]pn
using H-1
by simp
thus oy n [Vluny @ = [v Q [a]]un
using A-0 A-1 MN-rel-equival
apply (clarsimp simp add: equiv-def)
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apply (rule conjI; rule impl)
apply (metis MN-rel-equival equiv-class-eq)
by (simp add: A-0 quotientl)

qed

lemma MN-trans-eq-var-func :
eq-var-func G
(MN-equiv x A) (Ag€carrier G. \(W, a) € (MN-equiv x A). (([(¢*)]=mn 4%) 9
W, ¢ ga))
MN-equiv ([(¢*)]l=mn 4*)
(Mw, a) € MN-equiv X A. Sy N w a)
proof—
have H-0: alt-grp-act G MN-equiv ([¢*|=n N g4*)
using MN-rel-eq-var MN-rel-equival eq-var-rel.quot-act-is-grp-act
alt-group-act-is-grp-act restrict-apply
by fastforce
have H-1: Na b g.
a € MN-equiv =
be A =
(([¢*]l=mn g4%) 9 a € MN-equiv N ¢ gb € A —
g € carrier G — oyn (([¢*]=mn g+) g a) (0 9b) = ([p*]=mnyg*) 9 OunN
a b)) A
(([¢*]=mn4*) 9 @ € MN-equiv — ¢ g b ¢ A) —
g € carrier G — undefined = ([p*]=mn 4*) 9 (Omn a b))
proof —
fix Cag
assume
A1-0: C € MN-equiv and
Al-1:a € A
have HI-0: g € carrier G = p ga € A
by (meson A1-1 element-image)
from A1-0 obtain ¢ where HI-c: [c]yn = C AN c € A*
by (auto simp add: quotient-def)
have HI-1: g € carrier G = dun (([¢*]zmng*) 9 C) (¢ g a) = ([¢*]=un
A*) 9 Gun [dun a)
proof—
assume
A2-0: g € carrier G
have H2-0: p ga € A
using H1-0 A2-0
by simp
have H2-1: (¢*) g € Bij (A*) using G-lang-azioms lists-a-Gset A2-0
apply (clarsimp simp add: G-lang-def G-lang-azioms-def group-action-def
group-hom-def hom-def group-hom-azioms-def BijGroup-def image-def)
by (meson Pi-iff restrict-Pi-cancel)
hence H2-2: (¢*) g c € (A*)
using Hi-c
apply (clarsimp simp add: Bij-def bij-betw-def inj-on-def Image-def im-
age-def)
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apply (rule conjI; rule implI; clarify)
using surj-prop
apply fastforce

using A2-0
by blast
from HI-c have H2-1: ([¢*]=mn 4+) 9 (Emn “{c}) = ([¢*]=mnyg*) 9 C
by auto
also have H2-2: ([p*]l=mny*) 9 C = [(¢*) g clun
using eg-var-rel.quot-act-wd[where R = =y and G = G and X = A*
and ¢ = p*and g =g
and z = (]

by (clarsimp simp del: GMN-simps simp add: alt-natural-map-MN-def
make-op-def MN-rel-eq-var
MN-rel-equival HI-¢ A2-0 H2-1)
: hence H2-5: dmn (([¢*]=zmng+) 9 C) (¢ ga) = dun ([(¢*) g cJun) (v g
a
using H2-2
by simp
also have H2-4: ... = [((¢*) g ¢) Q [(p g a)]lun
using MN-trans-func-characterization[where v = (¢*) g c and a = ¢ ¢ d

Hil-¢c A2-0
G-set-equiv H2-0 eq-var-subset.is-equivar insert-iff lists-a-Gset

by blast
also have H2-5: ... = [(¢*) g (¢ @ [a])|lun
using A2-0 Hi-c A1-1
by auto
also have H2-6: ... = ([¢*]=mun 4*) 9 [(c Q [a])]m N
apply (rule meta-mplof ¢ Q [a] € A*])
using eg-var-rel.quot-act-wdjwhere R = =y and G = G and X = A*

and p =p*and g =g
and z = ¢ @ [a]]
apply (clarsimp simp del: GMN-simps simp add: make-op-def MN-rel-eq-var
MN-rel-equival HI-c
A2-0 H2-1)
using Hi-c A1-1
by auto
also have H2-7: ... = ([¢*]l=mun 4*) 9 OmnN [clun @)
using MN-trans-func-characterization[where v = c and a = a] Hl-c A1-1
by metis
finally show dun (([p*l=mng%) 9 O) (v g a) = ([p*l=un 4+) 9 Gun
[clmn a)
using H2-1
by metis
qed
show (([¢*]=mng*) 9 C € MN-equiv A p ga € A —
g € carrier G —
dun (([p*]=mng*) 9 C) (p ga) =
(e lz=mn a*) 9 Gun Ca)) A
(((l¢*]=mnN 4*) 9 C € MN-equiv — ¢ ga ¢ A) —
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g € carrier G — undefined = ([¢*|=mn 4*) 9 (N C a))
apply (rule conjI; clarify)
using Hi-1 Hl-c
apply blast
by (metis A1-0 H1-0 H-0 alt-group-act-is-grp-act
group-action.element-image)
qed
show ?thesis
apply (subst eg-var-func-def)
apply (subst eq-var-func-axioms-def)
apply (rule conjI)
subgoal
apply (rule prod-group-actjwhere G = G and A = MN-equiv and ¢ =
[(e")]l=mn g*
and B=A4 and ¢ = ¢])
apply (rule H-0)
using G-lang-azioms
by (auto simp add: G-lang-def G-lang-azioms-def)
apply (rule conjI)
subgoal
using MN-rel-eq-var MN-rel-equival eg-var-rel.quot-act-is-grp-act
using alt-group-act-is-grp-act restrict-apply
by fastforce
apply (rule conjI)
subgoal
apply
apply

subst extensional-funcset-def)
subst restrict-def)
apply (subst Pi-def)
apply (subst extensional-def)
apply (clarsimp)
by (metis MN-rel-equival append-in-lists-conv equiv-Eps-preserves lists. Cons
lists. N1l
quotientI)
apply (subst restrict-def)
apply (clarsimp simp del: GMN-simps simp add: make-op-def)
by (simp add: H-1 del: GMN-simps)
qed

A~ N S

lemma MN-quot-act-on-empty-str:
Ng- lg € carrier G; ([, z) € =un] = = € map (¢ g) ‘=un “A{[}
proof—
fix g
assume
A-0: g € carrier G and
A-1: (]}, z) € =un
from A-1 have H-0: z € (A)
by (auto simp add: rel-MN-def)
from A-0 H-0 have H-1: z = (¢*) g ((¢*) (inv ¢ g) z)
by (smt (verit) alt-grp-act-def group-action.bij-prop1 group-action.orbit-sym-aux
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lists-a-Gset)
have H-2: inv ¢ g € carrier G
using A-0 MN-rel-eq-var
by (auto simp add: eq-var-rel-def eq-var-rel-azioms-def group-action-def group-hom-def)
have H-3: ([], (¢*) (inv ¢ g) ©) € =un
using A-0 A-1 H-0 MN-rel-eq-var
apply (clarsimp simp add: eg-var-rel-def eq-var-rel-azioms-def)
apply (rule conjl; clarify)
apply (smt (verit, best) H-0 list.simps(8) lists.Nil)
using H-2
by simp
hence H-4: Iye=yn “ {[}. 2 = map (9 g) v
using A-0 H-0 H-1 H-2
apply clarsimp
by (metis H-0 Image-singleton-iff insert-iff insert-image lists-image surj-prop)
thus = € map (¢ 9) ‘=un “{[}
by (auto simp add: image-def)
qed

lemma MN-init-state-equivar:
eq-var-subset G (A*) (¢*) MN-init-state
apply (rule alt-grp-act.eq-var-one-direction)
using lists-a-Gset
apply (auto)[1]
apply (clarsimp)
subgoal for w a
by (auto simp add: rel-MN-def)
apply (simp add: Set.subset-eq; clarify)
apply (clarsimp simp add: image-def Image-def Int-def)
apply (erule disjE)
subgoal for g w
using MN-rel-eq-var
apply (clarsimp simp add: eg-var-rel-def eq-var-rel-azioms-def)
by (metis (full-types, opaque-lifting) in-listsI list.simps(8) lists. Nil)
by (auto simp add: <N\a w. [([], w) € =pn; a € set w] = a € Ay)

lemma MN-init-state-equivar-v2:
eq-var-subset G (MN-equiv) ([¢*]l=mn g+ ) {MN-init-state}
proof—
have H-0:V gecarrier G. (¢*) g * MN-init-state = MN-init-state =
V gecarrier G. ([p*]=mn g4+) 9 MN-init-state = MN-init-state
proof (clarify)
fix g
assume
A-0: g € carrier G
have H-0: \z. [zlyn = =un {2}

by simp
have H-1: ([¢*|=mn 4#) 9 [[[Junv = [(¢*) g [[]aw
using eq-var-rel.quot-act-wd[where R = =y and G = G and X = A*
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and p =p*and g =g

and z = []] MN-rel-eq-var MN-rel-equival
by (clarsimp simp del: GMN-simps simp add: H-0 make-op-def A-0)
from A-0 H-1 show ([¢*]=mn 2+) 9 [llmn = [[law
by auto

qed
show ?thesis
using MN-init-state-equivar
apply (clarsimp simp add: eq-var-subset-def simp del: GMN-simps)
apply (rule conjl)
subgoal
by (metis MN-rel-eq-var MN-rel-equival eq-var-rel.quot-act-is-grp-act)
apply (clarsimp del: subset-antisym simp del: GMN-simps simp add: eq-var-subset-axioms-def)
apply (rule conjl)
apply (auto simp add: quotient-def)[1]
by (simp add: H-0 del: GMN-simps)
qed

lemma MN-final-state-equiv:
eq-var-subset G (MN-equiv) ([¢*]=mn g+ ) MN-fin-states
proof—
have H-0: \g z w. g € carrier G = w € L = Jwa€cL. ([¢*|l=mn 4+) 9 [W]mN
= [walmn
proof—
fix g w
assume
A1-0: g € carrier G and
Al-1:w e L
have H1-0: A\v.ve L = (p*) gv e L
using A1-0 G-lang-axioms
apply (clarsimp simp add: G-lang-def G-lang-azioms-def eq-var-subset-def
eq-var-subset-axioms-def)
by blast
hence HI-1: (¢*) gw € L
using A1-1
by simp
from A1-1 have HI-2: Av. v € [wljyny = v € L
apply (clarsimp simp add: rel-MN-def)
by (metis lists.simps self-append-conv)
have H1-3: ([¢*]=mn g+) 9 [wlmun = [(¢*) g wlun
using eq-var-rel.quot-act-wd[where R = =y and G = G and X = A*
and p =¢p*and g=g¢g
and z = w] MN-rel-eq-var MN-rel-equival G-lang-azioms
by (clarsimp simp add: A1-0 A1-1 G-lang-azioms-def G-lang-def eq-var-subset-def
eq-var-subset-axzioms-def subset-eq)
show JwacL. ([p*]=mn 4+) 9 [WmN = [wa]lp N
using H1-1 Hi1-3
by blast
qed
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show ?thesis

apply (rule alt-grp-act.eq-var-one-direction)

using MN-init-state-equivar-v2 egq-var-subset.azxioms(1)
apply blast

apply (clarsimp)

subgoal for w
using G-lang-azioms

by (auto simp add: quotient-def G-lang-azioms-def G-lang-def eq-var-subset-def

eq-var-subset-azioms-def)
apply (simp add: Set.subset-eq del: GMN-simps; clarify)
by (simp add: H-0 del: GMN-simps)
qed

interpretation syntac-aut :
det-aut A MN-equiv MN-init-state MN-fin-states MN-trans-func
proof—
have H-0: \state label. state € MN-equiv = label € A = dpn state label €
MN-equiv
proof —
fix state label
assume
A-0: state € MN-equiv and
A-1: label € A
obtain w where H-w: state = [wjpyny A w € A*
by (metis A-0 alt-natural-map-MN-def quotientE)
have H-0: dyn [wlpn label = [w Q [label]]prn
using MN-trans-func-characterization[where v = w and a = label] H-w A-1
by simp
have H-1: A\v. v € A* = [v]un € MN-equiv
by (simp add: in-listsI quotient)
show d,;n state label € MN-equiv
using H-w H-0 H-1
by (simp add: A-1)
qed
show det-aut A MN-equiv MN-init-state MN-fin-states 0nr N
apply (clarsimp simp del: GMN-simps simp add: det-aut-def alt-natural-map-MN-def)
apply (intro conjl)
apply (auto simp add: quotient-def)[1]
using G-lang-axioms
apply (auto simp add: quotient-def G-lang-azioms-def G-lang-def
eq-var-subset-def eq-var-subset-axioms-def)[1]
apply (auto simp add: extensional-def PiE-iff simp del: MN-trans-func-def)[1]
apply (simp add: H-0 del: GMN-simps)
by auto
qed

corollary syth-aut-is-det-aut:

det-aut A MN-equiv MN-init-state MN-fin-states dpr N
using local.syntac-aut.det-aut-azioms
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by simp

lemma give-input-transition-func:
w e (A*) = Vv € (A*) [’U @ w]MN = (61\/[]\]*) ['U]MN w
proof—
assume
A-0: w e A*
have H-0: A a wv. [a € 4; w € A*; VveA*. [v Q wlyny = (Oun”) [V]lun w;
veA] =
vQa# wun = Oun®) Vun (o # w)
proof—
fix a wo
assume
Al-IH: Vve A*. [1) @ w]MN = (5]\/[]\7*) ['U]IMN w and
Al1-0: a € A and
Al-1: v € A* and
Al-2: w e A*
from A1-IH A1-1 A1-2 have HI-1: [v Q@ wlyn = (dmun*) [v)un w
by auto
have H1-2: [(v Q [a]) @ wlyny = (dun™) [v Q [a]]yy w
apply (rule meta-mplof (v @ [a]) € (A*)])
using A1-IH A1-2 H1-1
apply blast
using A1-0 Al1-1
by auto
have H1-3: 0y n [y @ = [v Q [a]]puw
using MN-trans-func-characterization[where a = a] A1-0 A1-1
by auto
hence HI-4: [v @ a # wlpyn = (0un™) [vQ [a]]un w
using H1-2
by auto
also have H1-5: ... = (0 nN*) Opn [y @) w
using Hi1-4 H1-8 A1-1
by auto
thus [v @ a # wlpyy = Opun”) [Vun (a # w)
using calculation
by auto
qed
from A-0 show ?Zthesis
apply (induction w)
apply (auto)[!]
by (simp add: H-0 del: GMN-simps)
qged

lemma MN-unique-init-state:
w e (A*> — [w]MN = (6MN*) [NZl]MN w
using give-input-transition-funclwhere w = w)
by (metis append-self-conv? lists. Nil)
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lemma fin-states-rep-by-lang:
w € A* = [wlpyn € MN-fin-states = w € L
proof—
assume
A-0: w € A* and
A-1: [wlmn € MN-fin-states
from A-1 have H-0: Jw'e[w|yny. w' € L
apply (clarsimp)
by (metis A-0 MN-rel-equival equiv-class-self proj-def proj-in-iff)
from H-0 obtain w’ where H-w” w'e[w|yny AN w’ € L
by auto
have H-1: Av. v € A* = w'Quv e L = w@Qv e L
using H-w’' A-1 A-0
by (auto simp add: rel-MN-def)
show w € L
using H-1 H-w’'
apply clarify
by (metis append-Nil2 lists. Nil)
qed

The following lemma corresponds to lemma 3.6 from [1]:

lemma syntactic-aut-det-G-aut:
det-G-aut A MN-equiv MN-init-state MN-fin-states MN-trans-func G ¢ ([¢*]|=m N
*)
Aapply (clarsimp simp add: det-G-aut-def simp del: GMN-simps)
apply (intro conjI)
using syth-aut-is-det-aut
apply (auto)[!]
using alt-grp-act-axioms
apply (auto)[1]
using MN-init-state-equivar-v2 eq-var-subset.axioms(1)
apply blast
using MN-final-state-equiv
apply presburger
using MN-init-state-equivar-v2
apply presburger
using MN-trans-eq-var-func
by linarith

lemma syntactic-aut-det- G-aut-rec-L:

det-G-aut-rec-lang A MN-equiv MN-init-state MN-fin-states MN-trans-func G ¢
(p*l=pmn 4%) L

apply (clarsimp simp add: det-G-aut-rec-lang-def det-aut-rec-lang-azioms-def

det-aut-rec-lang-def simp del: GMN-simps)
apply (intro conjl)
using syntactic-aut-det-G-aut syth-aut-is-det-aut
apply (auto)[1]
using syntactic-aut-det-G-aut syth-aut-is-det-aut
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apply (auto)[!]
apply (rule alll; rule iffT)
apply (rule conjI)
using L-is-equivar eq-var-subset.is-subset image-iff image-mono insert-image in-
sert-subset
apply blast
using MN-unique-init-state L-is-equivar eq-var-subset.is-subset
apply blast
using MN-unique-init-state fin-states-rep-by-lang in-lists-conv-set
by (smt (verit) mem-Collect-eq)

lemma syntact-aut-is-reach-aut-rec-lang:
reach-det-G-aut-rec-lang A MN-equiv MN-init-state MN-fin-states MN-trans-func
Gy
([¢p*]l=mng*) L
apply (clarsimp simp del: GMN-simps simp add: reach-det-G-aut-rec-lang-def
det-G-aut-rec-lang-def det-aut-rec-lang-azioms-def reach-det-G-aut-def
reach-det-aut-def reach-det-aut-azioms-def det-G-aut-def det-aut-rec-lang-def)
apply (intro conjI)
using syth-aut-is-det-aut
apply blast
using alt-grp-act-axioms
apply (auto)[!]
subgoal
using MN-init-state-equivar-v2 eq-var-subset.axioms(1)
by blast
using MN-final-state-equiv
apply presburger
using MN-init-state-equivar-v2
subgoal
by presburger
using MN-trans-eq-var-func
apply linarith
using syth-aut-is-det-aut
apply (auto)[!]
apply (metis (mono-tags, lifting) G-lang. MN-unique-init-state G-lang-axioms
det-G-aut-rec-lang-def det-aut-rec-lang.is-recognised syntactic-aut-det-G-aut-rec-L)
using syth-aut-is-det-aut
apply (auto)[1]
using alt-grp-act-axioms
apply (auto)[1]
using <alt-grp-act G MN-equiv ([¢*]=nn g% )
apply blast
using <eq-var-subset G MN-equiv ([¢*|=n N g+) MN-fin-states
apply blast
using <eq-var-subset G MN-equiv ([¢*]=nn g4+) { MN-init-state}>
apply blast
using MN-trans-eq-var-func
apply blast
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using syth-aut-is-det-aut

apply auto[1]

by (metis MN-unique-init-state alt-natural-map-MN-def quotientFE)
end

1.5 Proving the Myhill-Nerode Theorem for G-Automata

context det-G-aut begin
no-adhoc-overloading

star = labels-a-G-set.induced-star-map
end

context reach-det-G-aut-rec-lang begin
adhoc-overloading
star = labels-a-G-set.induced-star-map

definition
states-to-words :: 'states = 'alpha list
where states-to-words = (As € S. SOME w. w € A* A ((6*) i w = 9))

definition
words-to-syth-states :: 'alpha list = 'alpha list set
where words-to-syth-states w = [w]pr N

definition
induced-epi:: 'states = 'alpha list set
where induced-epi = compose S words-to-syth-states states-to-words

lemma induced-epi-wdl:
seS=3Jw weA* A()iw=s)
using reach-det-G-aut-rec-lang-axioms is-reachable
by auto

lemma induced-epi-wd?2:
weA = wed = (")iw=(0")iw = [wun = [w]uN
proof—
assume
A-0: w € A* and
A-1: w' € A* and
A-2: (6%) iw=(6%) iw’
have H-0: N\v.ve A* = wQuel+—w Quel
apply clarify
by (smt (verit) A-0 A-1 A-2 append-in-lists-conv is-aut.eq-pres-under-concat
is-aut.init-state-is-a-state is-lang is-recognised subsetD)+
show [W]A{N = [quN
apply (simp add: rel-MN-def)
using H-0 A-0 A-1
by auto
qed
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lemma states-to-words-on-final:
states-to-words € (F' — L)
proof—
have H-0: A\z. 1 € F = 1€ § = (SOME w. w e A* AN (0*) iw=1x) € L
proof—
fix s
assume
Al1-0: s € F
have H1-0: Jw. w € A* A (6*) iw =s
using A1-0 is-reachable
by (metis is-aut.fin-states-are-states subsetD)
have Hi-1: Aw. w e A* AN (") iw=s= we L
using A1-0 is-recognised
by auto
show (SOME w. w € A* A (6*) iw=3s) € L
by (metis (mono-tags, lifting) H1-0 H1-1 somel-ex)
qed
show ?thesis
apply (clarsimp simp add: states-to-words-def)
apply (rule conjI; rule impl)
apply ( simp add: H-0)
using is-aut.fin-states-are-states
by blast
qed

lemma induced-epi-eq-var:
eq-var-func G S ¥ MN-equiv ([(¢*)l=mn g*) induced-epi
proof—
have H-0: \ s g. [s € S; g € carrier G; 9 g s € §] =
words-to-syth-states (states-to-words (¢ g 8)) =
([(e"))=mn 4*) g (words-to-syth-states (states-to-words s))
proof—
fix s g
assume
A1-0: s € S and
Al-1: g € carrier G and
Al1-2:p gse S
have H1-0: ([(¢*)l=mn g*) g (words-to-syth-states (states-to-words s)) =
[(¢*) g (SOME w. w € A* A (6%) i w = $)|unN
apply (clarsimp simp del: GMN-simps simp add: words-to-syth-states-def
states-to-words-def A1-0)
apply (rule meta-mplof (SOME w. w € A* A (0*) i w = s) € A*])
using quot-act-wd-alt-notation[where w = (SOME w. w € A* A (6%) i w =
s)and g = g] AI-1
apply simp
using A1-0
by (metis (mono-tags, lifting) induced-epi-wdl some-eq-imp)
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have Hi-1: Ag s’ w'. [s'e S; w'e A*; g € carrier G; (¢*) gw' € A* AN g s’
€ 9]
— (6% (¥ g ((¢") g w) = ¥ g ((6*) 5" w)
using give-input-eq-var
apply (clarsimp simp del: GMN-simps simp add: eg-var-func-azioms-def
eq-var-func-def
make-op-def)
by (meson in-listsI)
have H1-2: {w. w € A* A (6*) iw =1 g s} =
{w". Jw e A*. (p*) gw =w' A (6%) i w = s}
proof (rule subset-antisym; clarify)
fix w’
assume
A2-0: (6*) iw' =1 g s and
A2-1:Vzeset w' z € A
have H2-0: (inv ¢ g) € carrier G
by (meson A1-1 group.inv-closed group-hom.axioms(1) states-a-G-set.group-hom)
have H2-1: (¢*) g ((¢*) (inv g g) w') = w’
by (smt (verit) A1-1 A2-1 alt-group-act-is-grp-act group-action.bij-propl
group-action.orbit-sym-aux in-listsI labels-a-G-set.lists-a-Gset)
have H2-2: \g w. g € carrier G = w € A* = (6*) © ((¢*) g w) = (6*)
(1 g 1) ((¢*) g w)
using init-is-eq-var. eq-var-subset-axioms init-is-eq-var.is-equivar
by auto
have H2-3: N\g w. g € carrier G = w € A* = (6*) (¥ g 1) ((¢*) g w) =
b g ((6%) i w)
apply (rule H1-1[where s’ = i])
apply (simp add: A2-1 in-lists-conv-set H2-0 is-aut.init-state-is-a-state)+
using is-aut.init-state-is-a-state labels-a-G-set.element-image
states-a-G-set.element-image
by blast
have H2-/: ¢ (inv ¢ g) ((6*) iw') = s
using A2-0 H2-0
by (simp add: A1-0 A1-1 states-a-G-set.orbit-sym-auzx)
have H2-5: (6*) i ((¢*) (inv ¢ g9) w') = s
apply (rule meta-mplof w'e A*])
using H2-0 H2-1 H2-} A2-1 H2-2 H2-3
apply presburger
using A2-1
by auto
have H2-6: (¢*) (invg g) w' € A*
using H2-0 A2-1
by (metis alt-group-act-is-grp-act group-action.element-image in-listsl
labels-a-G-set.lists-a-Gset)
thus JweAd*. (¢*) gw =w' A (0*) iw=s
using H2-1 H2-5 H2-6
by blast
next
fix z w
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assume
A2-0: Vzeset w. x € A and
A2-1: s = (6%) i w
show (%) g w € A* A (6%) i ((¢*) g w) =1 g ((6%) i w)
apply (rule congl)
apply (rule meta-mplof (inv g g) € carrier G])
using alt-group-act-is-grp-act group-action.element-image in-listsl
labels-a-G-set.lists-a-Gset
apply (metis A1-1 A2-0)
apply (meson A1-1 group.inv-closed group-hom.azioms(1) states-a-G-set.group-hom)
apply (rule meta-mplof ¥ g i = 1))
using HI-1[where s'1 = i and g1 = g]
apply (metis A1-1 A2-0 action-on-input in-listsl)
using init-is-eq-var. eq-var-subset-axioms init-is-eq-var.is-equivar
by (simp add: A1-1)
qed
have H1-3: Jw. w € A* A (6*) iw =5
using A1-0 is-reachable
by auto
have HI-/: Jw. w e A* A (%) i w
using A1-2 induced-epi-wdl1
by auto
have H1-5: [(¢*) g (SOME w. w € A* A (%) i w = $)|uyn = [SOME w. w €
AN () 0= g sw
proof (rule subset-antisym; clarify)
fix w’
assume
A2-0: w' € [(¢p*) g (SOME w. w € A* A (6%) i w = 8)|un
have H2-0: Aw. w € A* A (") iw=35= w € [(¢*) g wmun
using A2-0 H1-8 H1-2 H1-4 induced-epi-wd2 mem-Collect-eq tfl-some
by (smt (verit, best))
obtain w’” where H2-w": w’' € [(¢*) g w'|pun N w” € AX AN (6%) iw' =5
using A2-0 H1-3 tfi-some
by (metis (mono-tags, lifting))
from H1-2 H2-w' have H2-1: (6*) i ((¢*) gw”) =1 gs
by blast
have H2-2: Nw. w € A* = (") iw =1 gs = w’' € [w|un
proof —
fix w”’
assume
A3-0: w"” € A* and
A3-1: (%) iw'" =1 gs
have H3-0: (inv gg) € carrier G
by (metis A1-1 group.inv-closed group-hom.azioms(1) states-a-G-set.group-hom)
from A3-0 H3-0 have H3-1: (¢*) (inv g g) w'’ € A*
by (metis alt-grp-act.azioms group-action.element-image
labels-a-G-set.lists-a-Gset)
have H3-2: \g w. g € carrier G = w € A* = (6*) i ((¢*) g w) = (§%)
W 99) (9*) g w)

Y gs
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using init-is-eq-var.eq-var-subset-axioms init-is-eq-var.is-equivar
by auto
have H3-3: \g w. g € carrier G = w € A* = (&*) (¥ g i) ((¢*) g w)
=1 g ((6*) i w)
apply (rule Hi-1[where s'1 = i])
apply (simp add: AS3-1 in-lists-conv-set H2-1 is-aut.init-state-is-a-state)+
using is-aut.init-state-is-a-state labels-a-G-set.element-image
states-a-G-set.element-image
by blast
have H3-4: s = (6*) i ((¢*) (inv ¢ g) w”)
using A8-0 A3-1 H3-0 H3-2 H3-3 A1-0 Al-1 states-a-G-set.orbit-sym-auz
by auto
from HS3-4 show w’ € [w'|yn
by (metis (mono-tags, lifting) Al-1 G-set-equiv H2-1 H2-w'" «(6*) i w" =
Y g sy A3-0
eq-var-subset.is-equivar image-eql induced-epi-wd2
labels-a-G-set.lists-a-Gset)
qed
from H2-2 show w’ € [SOME w. w € A* A (6*) i w =1 ¢ slun
by (smt (verit) H1-4 some-eq-ex)
next
fix w’
assume
A2-0: w' € [SOME w. w € A* A (%) i w =1 g s|un
obtain w’” where H2-w': w' € [(¢*) g w'lun A w' € AX A (6%) iw" =5
using A2-0 H1-3 tfi-some
by (smt (verit) H1-2 mem-Collect-eq)
from H1-2 H2-w' have H2-0: (6*) i ((¢*) gw') = gs
by blast
have H2-1: Aw. w € A* = (0*) iw=s = w’' € [(¢*) g wlun
proof —
fix w”
assume
A3-0: w"” € A* and
A8-1: (%) iw" =s
have H3-0: (inv ¢qg) € carrier G
by (metis A1-1 group.inv-closed group-hom.azioms(1) states-a-G-set.group-hom)
have H3-1: (¢*) (inv ¢ g) w' € A*
using A3-0 H3-0
by (metis alt-group-act-is-grp-act group-action.element-image labels-a-G-set.lists-a-Gset)
have H3-2: \g w. g € carrier G = w € A* = (§%) i ((¢*) g w) =
(6) (@ g 4) (") g )
using init-is-eq-var. eq-var-subset-axioms init-is-eq-var.is-equivar
by auto
have H3-3: A\g w. g € carrier G = w € A* = (6*) (¢ g 1) ((¢*) gw) =
b g ((67) i w)
apply (rule Hi-1[where s'I = i))
apply (simp add: AS3-1 in-lists-conv-set H2-0 is-aut.init-state-is-a-state)+
using is-aut.init-state-is-a-state labels-a-G-set.element-image
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states-a-G-set.element-image
by blast
have H3-/: ¢ (inv ¢ g) s = (%) @ ((¢*) (inv ¢ g) w")
using AS3-0 A3-1 H3-0 H3-2 H3-8
by auto
show w’ € [(¢*) g w"lunN
using H3-4 H3-1
by (smt (verit, del-insts) A1-1 A3-0 A3-1 in-lists] H3-2 H3-3
Nthesis. (Nw”. w' € [(¢*) g wlun A w'” € A A
(6%) i w"” = s = thesis) = thesis»
alt-group-act-is-grp-act group-action.surj-prop image-eql induced-epi-wd2
labels-a-G-set.lists-a-Gset)
qed
show w’ € [(¢*) g (SOME w. w € A* A (6*) i w = s)|unN
using H2-1 H1-3
by (metis (mono-tags, lifting) somel)
qed
show words-to-syth-states (states-to-words (¢ g s)) =
([(¢*)]=mnN 4*) g (words-to-syth-states (states-to-words s))
using H1-5
apply (clarsimp simp del: GMN-simps simp add: words-to-syth-states-def
states-to-words-def)
apply (intro conjI; clarify; rule conjl)
using H1-0
apply (auto del: subset-antisym simp del: GMN-simps simp add: words-to-syth-states-def
states-to-words-def)[1]
using A1-2
apply blast
using A1-0
apply blast
using A1-0
by blast
qed
show ?thesis
apply (clarsimp del: subset-antisym simp del: GMN-simps simp add: eq-var-func-def
eg-var-func-axioms-def)
apply (intro conjl)
subgoal
using states-a-G-set.alt-grp-act-azioms
by auto
apply (metis MN-rel-eq-var MN-rel-equival eg-var-rel.quot-act-is-grp-act)
apply (clarsimp simp add: FuncSet.extensional-funcset-def Pi-def)
apply (rule conjI)
apply (clarify)
subgoal for s
using is-reachable[where s = ]
apply (clarsimp simp add: induced-epi-def compose-def states-to-words-def
words-to-syth-states-def)
by (smt (verit) «s € S = Jinputc A*. (§*) i input = $» alt-natural-map-MN-def
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lists-eg-set quotientl rel-MN-def singleton-conv somel)
apply (clarsimp simp del: GMN-simps simp add: induced-epi-def make-op-def
compose-def)

apply (clarify)

apply (clarsimp simp del: GMN-simps simp add: induced-epi-def compose-def
make-op-def)

apply (rule conjI; rule impl)

apply (simp add: H-0)

using states-a-G-set.element-image

by blast
qged

The following lemma corresponds to lemma 3.7 from [1]:

lemma reach-det-G-aut-rec-lang:
G-aut-epi A Si F § MN-equiv MN-init-state MN-fin-states Sprn G @ ¥ ([(¢*)]zm N
A*) induced-epi
proof—
have H-0: \s. s € MN-equiv = Jinpute A*. (dprn*) MN-init-state input = s
proof—
fix s
assume
A-0: s € MN-equiv
from A-0 have H-0: Jw. w € A* A s = [wlun
by (auto simp add: quotient-def)
show Finputc A*. (0 n*) MN-init-state input = s
using H-0
by (metis MN-unique-init-state)
qed
have H-1: A\sp a. s € S = a € A = induced-epi (§ so a) = dpn (induced-epi
So) a
proof—
fix sp a
assume
A1-0: sp € S and
Al-1:a € A
obtain w where HI-w: w € A* A (0*) i w = s
using A1-0 induced-epi-wd1
by auto
have H1-0: [SOME w. w € A* A (6*) i w = solmun = [w]lmn
by (metis (mono-tags, lifting) H1-w induced-epi-wd2 some-eq-imp)
have H1-1: (6%) i (SOME w. w € A* A (6%) i w =0 sp a) = (6*) i (w Q [a])
using A1-0 A1-1 HI-w is-aut.trans-to-charact[where s = sp and ¢ = ¢ and
w = w|
by (smt (verit, del-insts) induced-epi-wdl is-aut.trans-func-well-def tfl-some)
have H1-2: w Q [a] € A* using Hi-w A1-1 by auto
have H1-3: [(SOME w. w € A* A (6*) i w = $) Q [a]]pn = [w Q [a]]pn
by (metis (mono-tags, lifting) A1-1 H1-0 H1-w MN-trans-func-characterization
somel)
have HI-4: ... = [SOME w. w € A* A (6*) i w =8 so almun
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apply (rule sym)
apply (rule induced-epi-wd2[where w = SOME w. w € A* A (6*) iw =9
So a
and w'= w @ [d]])
apply (metis (mono-tags, lifting) A1-0 A1-1 Hl-w some-eq-imp HI1-2
is-aut.trans-to-charact)
apply (rule H1-2)
using H1-1
by simp
show induced-epi (0 so a) = oy n (induced-epi sp) a
apply (clarsimp del: subset-antisym simp del: GMN-simps simp add: in-
duced-epi-def
words-to-syth-states-def states-to-words-def compose-def is-aut.trans-func-well-def)
using A1-1 Hl-w H1-0 H1-3 H1-4 MN-trans-func-characterization A1-0
is-aut.trans-func-well-def
by presburger
qed
have H-2: induced-epi ¢ S = MN-equiv
proof—
have H1-0: Vs € S. 3ve A*. (6*) iv = s A [SOME w. w € A* A (6%) i w =
slun = [vluw
by (smt (verit) is-reachable tfl-some)
have H1-1: \v. v€ A* = (6*) iveE S
using is-aut. give-input-closed
by (auto simp add: is-aut.init-state-is-a-state)
show ?thesis
apply (clarsimp simp del: GMN-simps simp add: induced-epi-def words-to-syth-states-def
states-to-words-def compose-def image-def)
using H1-0 H1-1
apply (clarsimp)
apply (rule subset-antisym; simp del: GMN-simps add: Set.subset-eq)
apply (metis (no-types, lifting) quotientl)
by (metis (no-types, lifting) alt-natural-map-MN-def induced-epi-wd2 quo-
tientE)
qed
show ?thesis
apply (simp del: GMN-simps add: G-aut-epi-def G-aut-epi-azioms-def)
apply (rule conjI)
subgoal
apply (clarsimp simp del: GMN-simps simp add: G-aut-hom-def aut-hom-def
reach-det-G-aut-def
is-reachable det-G-aut-def reach-det-aut-def reach-det-aut-azioms-def)
apply (intro conjI)
apply (simp add: is-aut.det-aut-axioms)
using labels-a-G-set.alt-grp-act-azioms
apply (auto)[!]
using states-a-G-set.alt-grp-act-azioms
apply blast
apply (simp add: accepting-is-eq-var.eq-var-subset-axioms)
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using init-is-eq-var. eq-var-subset-azxioms
apply (auto)[1]
apply (simp add: trans-is-eq-var.eq-var-func-azioms)
apply (simp add: is-aut.det-aut-azioms)
using syth-aut-is-det-aut
apply simp
using labels-a-G-set.alt-grp-act-axioms
apply (auto)[!]
apply (metis MN-rel-eq-var MN-rel-equival eg-var-rel.quot-act-is-grp-act)
using MN-final-state-equiv
apply presburger
using M N-init-state-equivar-v2
apply presburger
using MN-trans-eq-var-func
apply blast
using syth-aut-is-det-aut
apply auto[1]
apply (clarify)
apply (simp add: H-0 del: GMN-simps)
apply (simp add: is-aut.det-aut-axioms)
using syth-aut-is-det-aut
apply blast
apply (clarsimp del: subset-antisym simp del: GMN-simps simp add: aut-hom-azioms-def
FuncSet.extensional-funcset-def Pi-def extensional-def)[1]
apply (intro conjI)
apply (clarify)
apply (simp add: induced-epi-def)
apply (simp add: induced-epi-def words-to-syth-states-def states-to-words-def
compose-def)
apply (rule meta-mplof (6%) i Nil = i])
using induced-epi-wd2[where w = Nil]
apply (auto simp add: is-aut.init-state-is-a-state del: subset-antisym)[2]
subgoal for z
apply (rule quotientl)
using is-reachablelwhere s = z] somel[where P = Aw. w € A* A (6*) i w
= 1
by blast
apply (auto simp add: induced-epi-def words-to-syth-states-def states-to-words-def
compose-def)[1]
apply (simp add: induced-epi-def states-to-words-def compose-def
is-aut.init-state-is-a-state)
apply (metis (mono-tags, lifting) <Aw’. [[] € A*; w’ € A*;
(6%) i [] = (0%) i w] = MN-init-state = [w'|pr N>
alt-natural-map-MN-def give-input.simps(1) lists.Nil some-eq-imp
words-to-syth-states-def)
apply (clarify)
subgoal for s
apply (rule iffI)
apply (smt (verit) Pi-iff compose-eq in-mono induced-epi-def is-aut.fin-states-are-states
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states-to-words-on-final words-to-syth-states-def)
apply (clarsimp simp del: GMN-simps simp add: induced-epi-def words-to-syth-states-def
states-to-words-def compose-def)
apply (rule meta-mplof (SOME w. w € A* A (6*) i w = s) € L))
apply (smt (verit) induced-epi-wd1 is-recognised somel)
using fin-states-rep-by-lang is-reachable mem-Collect-eq
by (metis (mono-tags, lifting))
apply (clarsimp simp del: GMN-simps)
apply (simp add: H-1)
using induced-epi-eqg-var
by blast
by (simp add: H-2)
qed

end

lemma (in det-G-aut) finite-reachable:
finite (orbits G S 1) = finite (orbits G Srcach Yreach)
proof—
assume
A-0: finite (orbits G S 1)
have H-0: Sycqen € S
apply (clarsimp simp add: reachable-states-def)
by (simp add: in-lists] is-aut.give-input-closed is-aut.init-state-is-a-state)
have H-1: {{¢) g = |g. g € carrier G} |z. © € Syeqen} C
{{ gz |g. g € carrier G} |z. z € S}
by (smt (verit, best) Collect-mono-iff H-0 subsetD)
have H-2: N\z. £ € Syeach =
{Y gz |g. g€ carrier G} = {Vreach 9 T |g. g € carrier G}
using reachable-action-is-restict
by (metis)
hence H-3: {{¢ gz |g. g € carrier G} |x. * € Sreach} =
{{reach gz |g. g € carrier G} |x. x € Sreach}
by blast
show finite (orbits G Sreach Yreach)
using A-0 apply (clarsimp simp add: orbits-def orbit-def)
using Finite-Set.finite-subset H-1 H-3
by auto
qed

lemma (in det-G-aut)
orbs-pos-card: finite (orbits G S ) = card (orbits G S ¢) > 0
apply (clarsimp simp add: card-gt-0-iff orbits-def)
using is-aut.init-state-is-a-state
by auto

lemma (in reach-det-G-aut-rec-lang) MN-B2T:

assumes
Fin: finite (orbits G S )
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shows
finite (orbits G (language. MN-equiv A L) (([(¢*)]l=mn 4%)))
proof—
have H-0: finite {{¢) g z |g. g € carrier G} |z. x € S}
using Fin
by (auto simp add: orbits-def orbit-def)
have H-1: induced-epi ‘S = MN-equiv
using reach-det-G-aut-rec-lang
by (auto simp del: GMN-simps simp add: G-aut-epi-def G-aut-epi-axioms-def)
have H-2: \B f. finite B = finite {f b| b. b € B}
by auto
have H-3: finite {{¢) g z |g. g € carrier G} |z. z € S} =
finite {induced-epi ‘b |b. b € {{ gz |g. g € carrier G} |z. z € S}}
using H-2[where f1 = (A\xz. induced-epi ‘ z) and B1 = {{v gz |g. g € carrier
G} |z. z € S}
by auto
have H-/: A\s. s € S = 3b. {induced-epi (v g s) |g. g € carrier G}
= {y. z€b. y = induced-epi z} A (3z. b ={¢ gz |g. g € carrier G}
ANz €S)
proof—
fix s
assume
A2-0:s€ S
have H2-0: {induced-epi (¢ g s) |g. g € carrier G} = {y. 3z € {Y gslg. g €
carrier G}. y =
induced-epi x}
by blast
have H2-1: (3z. {¢ g s |g. g € carrier G} = {¢ gz |g. g € carrier G} N z €
S)
using A2-0
by auto
show 3b. {induced-epi (v g s) |g. g € carrier G} =
{y. Jz€b. y = induced-epi z} N 3z. b= {¢ gz |g. g € carrier G} Az € S5)
using A2-0 H2-0 H2-1
by meson
qed
have H-5: {induced-epi ‘b |b. b € {{¢ g z |g. g € carrier G} |z. x € S}} =
{{induced-epi (¢ g s) | g . g € carrier G} |s. s € S}
apply (clarsimp simp add: image-def)
apply (rule subset-antisym; simp add: Set.subset-eq; clarify)
apply auto[!]
apply (simp)
by (simp add: H-4)
from H-3 H-5 have H-6: finite {{) g z |g. g € carrier G} |z. z € §} =
finite {{induced-epi (b g s) | g . g € carrier G} |s. s € S}
by metis
have H-7: finite {{induced-epi (¢ g ) |g. g € carrier G} |x. z € S}
apply (rule H-6)
by (simp add: H-0)
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have H-8: A\z. x € S = {induced-epi (¢ g x) |g. g € carrier G} =
{([(¢")]=mn 4*) g (induced-epi x) |g. g € carrier G}

using induced-epi-eq-var

apply (simp del: GMN-simps add: eg-var-func-def eg-var-func-axioms-def make-op-def)

by blast
hence H-9: {{induced-epi (¥ g x) |g. g € carrier G} |z. z € S} =
H{[(¢")]zmn 4*) g (induced-epi z) |g. g € carrier G} |z. © € S}

by blast
have H-10: A\f¢g XBC. g ‘B=(C =

{{fz (g b)|z. zeX}|b. b € B} = {{fzc|z. z € X}|c. c € C}

by auto
have H-11: {{([(¢*)]l=mn g*) g (induced-epi x) |g. g € carrier G} |z. z € S} =
H{(e")]zmn 4%) 9 W |g. g € carrier G} |W. W € MN-equiv}

apply (rule H-10[where f2 = ([(¢*)]=mun 4+) and X2 = carrier G and g2

= induced-epi
and B2 = S and C2 = MN-equiv])

using H-1

by simp
have H-12: {{([(¢*)]lzmun 4*) 9 W |g. g € carrier G} |W. W € MN-equiv} =
orbits G (language. MN-equiv A L) (([(¢*)]l=mn 4*))

by (auto simp add: orbits-def orbit-def)
show finite (orbits G (language. MN-equiv A L) (([(¢*)]z=mn 4*)))

using H-9 H-11 H-12 H-7

by presburger

qed

context det-G-aut-rec-lang begin

To avoid duplicate variant of "star":

no-adhoc-overloading
star = labels-a-G-set.induced-star-map

end

context det-G-aut-rec-lang begin
adhoc-overloading

star = labels-a-G-set.induced-star-map
end

lemma (in det-G-aut-rec-lang) MN-prep:
38736 3F. Y.
(reach-det-G-aut-rec-lang A S" i F'6' G ¢ ' L A
(finite (orbits G S 1) — finite (orbits G S’ "))
by (meson G-lang-azioms finite-reachable reach-det-G-aut-rec-lang.intro
reach-det-aut-is-det-aut-rec-L)

lemma (in det-G-aut-rec-lang) MN-fin-orbs-imp-fin-states:
assumes
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Fin: finite (orbits G S )
shows

finite (orbits G (language. MN-equiv A L) (([(¢*)]=mn 4*)))
using MN-prep
by (metis assms reach-det-G-aut-rec-lang. MN-B2T)

The following theorem corresponds to theorem 3.8 from [1], i.e. the
Myhill-Nerode theorem for G-automata. The left to right direction (see
statement below) of the typical Myhill-Nerode theorem would gantify over
types (if some condition holds, then there exists some automaton accepting
the language). As it is not possible to qantify over types in this way, the
equivalence is spit into two directions. In the left to right direction, the
explicit type of the syntactic automaton is used. In the right to left direction
some type, ’s, is fixed. As the two directions are split, the opertunity was
taken to strengthen the right to left direction: We do not assume the given
automaton is reachable.

This splitting of the directions will be present in all other Myhill-Nerode
theorems that will be proved in this document.

theorem (in G-lang) G-Muyhill-Nerode :
assumes
finite (orbits G A )
shows
G-Myhill-Nerode-LR: finite (orbits G MN-equiv ([(¢*)]l=mn 4*)) =
(3S F :: 'alpha list set set. i :: 'alpha list set. 36. F1p.
reach-det-G-aut-rec-lang A S i F § G ¢ ¢ L A finite (orbits G S 1)) and
G-Myhill-Nerode-RL: (38 F :: 's set. 3i :: 's. 4. .
det-G-aut-rec-lang A S i F 6 G ¢ ¥ L A finite (orbits G S 1))
= finite (orbits G MN-equiv ([(¢*)l=mn 4*))
subgoal
using syntact-aut-is-reach-aut-rec-lang
by blast
by (metis det-G-aut-rec-lang. MN-fin-orbs-imp-fin-states)

1.6 Proving the standard Myhill-Nerode Theorem

Any automaton is a G-automaton with respect to the trivial group and
action, hence the standard Myhill-Nerode theorem is a special case of the
G-Myhill-Nerode theorem.

interpretation triv-act:

alt-grp-act singleton-group (undefined) X (Az € {undefined}. one (BijGroup X))

apply (simp add: group-action-def group-hom-def group-hom-azioms-def)

apply (intro conjl)

apply (simp add: group-BijGroup)

using trivial-hom

by (smt (verit) carrier-singleton-group group.hom-restrict group-BijGroup re-
strict-apply

singleton-group)
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lemma (in det-aut) triv-G-aut:
fixes triv-G
assumes H-triv-G: triv-G = (singleton-group (undefined))
shows det-G-aut labels states init-state fin-states &
triv-G (Az € {undefined}. one (BijGroup labels)) (Ax € {undefined}. one (BijGroup
states))
apply (simp add: det-G-aut-def group-hom-def group-hom-azioms-def
eq-var-subset-def eq-var-subset-axioms-def eq-var-func-def eg-var-func-axioms-def)
apply (intro conjl)
apply (rule det-aut-axioms)
apply (simp add: assms triv-act.group-action-axioms)+
using fin-states-are-states
apply (auto)[!]
apply (clarify; rule conjl; rule impl)
apply (simp add: H-triv-G BijGroup-def image-def)
using fin-states-are-states
apply auto[1]
apply (simp add: H-triv-G BijGroup-def image-def)
apply (simp add: assms triv-act.group-action-azioms)
apply (simp add: init-state-is-a-state)
apply (clarify; rule conjI; rule impl)
apply (simp add: H-triv-G BijGroup-def image-def init-state-is-a-state)+
apply (clarsimp simp add: group-action-def BijGroup-def hom-def group-hom-def
group-hom-azioms-def)
apply (rule congl)
apply (smt (verit) BijGroup-def Bij-imp-funcset Id-compose SigmakFE case-prod-conv
group-BijGroup id-Bij restrict-ext restrict-extensional)
apply (rule meta-mp[of undefined ®singleton-group undefined undefined = un-
defined))
apply (auto)[!]
apply (metis carrier-singleton-group comm-groupE(1) singletonD singletonl
singleton-abelian-group)
apply (simp add: assms triv-act.group-action-axioms)
apply (auto simp add: trans-func-well-def)[1]
by (clarsimp simp add: BijGroup-def trans-func-well-def H-triv-G)

lemma triv-orbits:
orbits (singleton-group (undefined)) S (Az € {undefined}. one (BijGroup S)) =
{{s} |s. s € S}
apply (simp add: BijGroup-def singleton-group-def orbits-def orbit-def)
by auto

lemma fin-triv-orbs:

finite (orbits (singleton-group (undefined)) S (Az € {undefined}. one (BijGroup
S))) = finite S

apply (subst triv-orbits)

apply (rule meta-mplof bij-betw (As € S. {s}) S {{s} |s. s € S}])

using bij-betw-finite
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apply (auto)[1]
by (auto simp add: bij-betw-def image-def)

context language begin

interpretation triv-G-lang:
G-lang singleton-group (undefined) A (Az € {undefined}. one (BijGroup A)) L
apply (simp add: G-lang-def G-lang-azioms-def eq-var-subset-def eq-var-subset-azioms-def)
apply (intro conjl)
apply (simp add: triv-act.group-action-azioms)
apply (simp add: language-azxioms)
using triv-act.lists-a-Gset
apply fastforce
apply (rule is-lang)
apply (clarsimp simp add: BijGroup-def image-def)
apply (rule subset-antisym; simp add: Set.subset-eq; clarify)
using is-lang
apply (auto simp add: map-idI)[1]
using is-lang map-idl
by (metis in-listsD in-mono inf.absorb-iff1 restrict-apply)

definition ¢riv-G :: 'grp monoid
where triv-G = (singleton-group (undefined))

definition triv-act :: ‘grp = ‘alpha = 'alpha
where triv-act = (Az € {undefined}. 1ggicroup A)

corollary standard-Myhill-Nerode:
assumes
H-fin-alph: finite A
shows
standard-Myhill-Nerode-LR: finite MN-equiv —>
(3S F :: 'alpha list set set. i :: 'alpha list set. 3.
reach-det-aut-rec-lang A S i F 6 L A finite S) and
standard-Myhill-Nerode-RL: (3.S F :: 's set. 34 :: 's. 34.
det-aut-rec-lang A S i F 6 L A finite S) = finite MN-equiv
proof—
assume
A-0: finite MN-equiv
have H-0: reach-det-aut-rec-lang A MN-equiv MN-init-state MN-fin-states dp; N
L
using triv-G-lang.syntact-aut-is-reach-aut-rec-lang
apply (clarsimp simp add: reach-det-G-aut-rec-lang-def det-G-aut-rec-lang-def
reach-det-aut-rec-lang-def reach-det-aut-def reach-det-aut-azioms-def det-G-aut-def)
by (smt (verit) alt-natural-map-MN-def quotientE triv-G-lang. MN-unique-init-state)
show 38 F:: ‘alpha list set set. i :: 'alpha list set. 3.
reach-det-aut-rec-lang A S ¢ F § L N finite S
using A-0 H-0
by auto
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next
assume
A-0: 38 F:: ’s set. i :: 's. 0. det-aut-rec-lang A S i F § L A finite S
obtain S F :: s set and i :: 's and §
where H-MN: det-aut-rec-lang A Si F § L A\ finite S
using A-0
by auto
have H-0: det-G-aut A Si F' 6 triv-G (Az€{undefined}. 1picroup A)
(Aze{undefined}. 1piicroup )
apply (rule det-aut.triv-G-aut[of A S i F ¢ triv-G))
using H-MN
apply (simp add: det-aut-rec-lang-def)
by (rule triv-G-def)
have H-1: det-G-aut-rec-lang A S i F' § triv-G (Az€{undefined}. 1iicroup A)
(Aze{undefined}. 1piiqroup 5) L
by (auto simp add: det-G-aut-rec-lang-def H-0 H-MN)
have H-2: (3S F:: 's set. 3i :: 's. 36 9.
det-G-aut-rec-lang A S i F & (singleton-group undefined) (Az€{undefined}.
1Biijup A)
¥ L A finite (orbits (singleton-group undefined) S 1))
using H-1
by (metis H-MN fin-triv-orbs triv-G-def)
have H-3: finite (orbits triv-G A triv-act)
apply (subst triv-G-def; subst triv-act-def; subst fin-triv-orbs[of A])
by (rule H-fin-alph)
have H-/:finite (orbits triv-G MN-equiv (triv-act.induced-quot-map (A*)
(triv-act.induced-star-map A triv-act) =pn))
using H-3
apply (simp add: triv-G-def triv-act-def del: GMN-simps)
using triv-G-lang. G-Myhill-Nerode H-2
by blast
have H-5:triv-act.induced-star-map A triv-act = (Az € {undefined}. 1BiiGroup (A*))
apply (simp add: BijGroup-def restrict-def fun-eg-iff triv-act-def)
by (clarsimp simp add: list.map-ident-strong)
have H-6: (triv-act.induced-quot-map (A*) (triv-act.induced-star-map A
triv-act) =y n) = (Az € {undefined}. 1ByiGroup MN-equiv)
apply (subst H-5)
apply (simp add: BijGroup-def fun-eq-iff Image-def)
apply (rule alll; rule conjl; intro impl)
apply (smt (verit) Collect-cong Collect-mem-eq Eps-cong MN-rel-equival equiv-Eps-in
in-quotient-imp-closed quotient-eq-iff)
using MN-rel-equival equiv-Eps-preserves
by auto
show finite MN-equiv
apply (subst fin-triv-orbs [symmetric]; subst H-6 [symmetric]; subst triv-G-def
[symmetric])
by (rule H-4)
qed
end
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2 Myhill-Nerode Theorem for Nominal G-Automata

2.1 Data Symmetries, Supports and Nominal Actions

The following locale corresponds to the definition 2.2 from [1]. Note that we

let G be an arbitrary group instead of a subgroup of Bi jGroup D, but assume
there is a homomoprhism 7 : G — BijGroupD. By group_hom.img_is_subgroup
this is an equivalent definition:

locale data-symm = group-action G D w
for
G :: ('grp, 'b) monoid-scheme and
D :: 'D set (<Dy) and

e
The following locales corresponds to definition 4.3 from [1]:

locale supports = data-symm G D 7 + alt-grp-act G X ¢
for
G :: (‘grp, 'b) monoid-scheme and
D :: 'D set (<Dy) and
m and
X :: 'X set (structure) and
© +
fixes
C :: 'D set and
T 'X
assumes
15-in-set:
z € X and
is-subset:
C C D and
Supports:
g € carrier G = (Ve.ce C —mgc=c¢) = gOpr =1
begin

The following lemma corresponds to lemma 4.9 from [1]:

lemma image-supports:
Ng. g € carrier G = supports G D7 X ¢ (7 g ‘ C) (9 Op )
proof—
fix g
assume
A-0: g € carrier G
have H-0: Ah. data-symm G D 1 =
group-action G X p =
re X =
CCDh=
Vg. g€ carrier G— NVe.ce C —mge=c¢) —¢pgr=1—
h € carrier G = Vc.ceng ‘C —mhc=c=
phlpgz)=pgu
proof—
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fix h
assume
A1-0: data-symm G D 7 and
Al-1: group-action G X ¢ and
A1-2:¥g. g € carrier G — (Ve.c€ C — mgec=c¢) — ¢ gz =z and
A1-8: h € carrier G and
Al-4:NYec.cemg‘C—mhc=c
have H1-0: N\g. g € carrier G = (NVc.c € C — mgc=c¢) = p gz ==z
using A1-2
by auto
have HI-1:Vc. ce C — 7 ((invg 9) @ h ®g g9) ¢ = ¢ =
e ((invg 9) ®g h®@gg) z =1
apply (rule Hi-0[of ((invg 9) ©q h ©¢ 9)])
apply (meson A-0 A1-3 group.subgroupE(3) group.subgroup-self group-hom
group-hom.axioms(1)
subgroup.m-closed)
by simp
have H2: m (((invg 9) ® g k) ® g g) = compose D (7 ((invg g) @ h)) (7 g)
using A1-0
apply (clarsimp simp add: data-symm-def group-action-def BijGroup-def
group-hom-def
group-hom-azioms-def hom-def restrict-def)
apply (rule meta-mplof m ¢ € Bij D A w ((invg g) ® ¢ h) € Bij DJ)
apply (smt (verit) A-0 A1-3 data-symm.azioms data-symm-azioms group.inv-closed
group.surj-const-mult group-action.bij-prop0 image-eql)
apply (rule congl)
using A-0
apply blast
by (meson A-0 A1-8 data-symm.azioms data-symm-azioms group.subgroupE(3)
group.subgroupE(4)
group.subgroup-self group-action.bij-prop0)
also have HI-3: ... = compose D (compose D (7 (inve g) ) (7 h)) (7 g)
using A1-0
apply (clarsimp simp add: data-symm-def group-action-def BijGroup-def
comp-def
group-hom-def group-hom-azioms-def hom-def restrict-def)
apply (rule meta-mplof © (invg g) € Bij D A m h € Bij D])
apply (simp add: A-0 A1-3)
apply (rule conjI)
apply (simp add: A-0 Pi-iff)
using A1-8
by blast
also have HI-4: ... = compose D ((7 (invg g)) o (7 h)) (7 g)
using A1-0
apply (clarsimp simp add: data-symm-def group-action-def BijGroup-def
comp-def group-hom-def
group-hom-axioms-def hom-def restrict-def compose-def)
using A-0 A1-3
by (meson data-symm.azioms data-symm-azxioms group.inv-closed group-action.element-image)
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also have HI-5: ... = (Ad € D. ((7 (invg g)) o (7 h) o (7 g)) d)
by (simp add: compose-def)
have HI-6: Nc. c€e C = ((rh) o (w g)) c= (7w g) ¢
using A1-4
by auto
have HI-7: Nc. c € C = ((7 (invg g)) o (mh) o (T g)) c=c
using Hi1-6 A1-0
apply (simp add: data-symm-def group-action-def BijGroup-def compose-def
group-hom-def
group-hom-azioms-def hom-def)
by (meson A-0 data-symm.azioms data-symm-azxioms group-action.orbit-sym-auz
is-subset subsetD)
have H1-8:Vec. c € C — 7 ((invg 9) g h ®g g) ¢ = ¢
using Hi1-7 HI-5
by (metis calculation is-subset restrict-apply’ subsetD)
have HI-9: ¢ ((invg 9) ®a h®g g) z ==
using H1-8
by (simp add: HI-1)
hence H1-10: ¢ ((invg 9) ®g h ®q g) = = ¢ ((invg 9) ®g (h ®g 9)) =
by (smt (verit, ccfv-SIG) A-0 A1-8 group.inv-closed group.subgroupE(4)
group.subgroup-self
group-action.composition-rule group-action.element-image group-action-axioms
group-hom
group-hom.axioms(1) is-in-set)
have Hi-11: ... = ((¢ (invg g)) o (¢ (h ®g 9))) ©
using A-0 A1-3 group.subgroupE(4) group.subgroup-self group-action.composition-rule
group-action-axioms group-hom group-hom.azioms(1) is-in-set
by fastforce
have HI-12: ... = ((the-inv-into X (¢ g)) o (¢ (h ®q 9))) =
using A1-1
apply (simp add: group-action-def)
by (smt (verit) A-0 A1-3 group.inv-closed group.subgroupE(4) group.subgroup-self
group-action.element-image group-action.inj-prop group-action.orbit-sym-auz
group-action-azioms group-hom.azioms(1) is-in-set the-inv-into-f-f)
have HI1-13: ((the-inv-into X (¢ g)) o (¢ (h®g g))) v =2
using H1-9 Hi1-10 Hi-11 H1-12

by auto
hence Hi-14: (¢ (h®g g) z=¢p gz
using H1-18

by (metis A-0 A1-3 comp-apply composition-rule element-image f-the-inv-into-f
inj-prop is-in-set
surj-prop)
show o h (pgz) =p g
using A1-8 A1-2 A-0 H1-14 composition-rule
by (simp add: is-in-set)
qed
show supports G D m X ¢ (7 g < C) (9 ©p 1)
using supports-axrioms
apply (clarsimp simp add: supports-def supports-azioms-def)
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apply (intro conjl)
using element-image is-in-set A-0
apply blast
apply (metis A-0 data-symm-def group-action.surj-prop image-mono is-subset)
apply (rule alll; intro impl)
apply (rename-tac h)
by (simp add: H-0)
qed
end

locale nominal = data-symm G D w + alt-grp-act G X ¢
for
G :: (‘grp, 'b) monoid-scheme and
D :: 'D set (<Dy) and
7 and
X :: 'X set (structure) and
P+
assumes
is-nominal:
Ngz. g € carrier G = x € X = 3C. C C D A finite C A supports G D 7
XpCx

locale nominal-det-G-aut = det-G-aut +
nominal G D m A ¢ + nominal G D S ¢
for

D :: 'D set (<D») and
s

The following lemma corresponds to lemma 4.8 from [1]:

lemma (in eq-var-func) supp-el-pres:
supports G D X ¢ Cxz = supports G Dw Y ¢ C (fz)
apply (clarsimp simp add: supports-def supports-azioms-def)
apply (rule conjI)
using eq-var-func-azioms
apply (simp add: eq-var-func-def eg-var-func-azioms-def)
apply (intro conjI)
using is-ext-func-bet
apply blast
apply clarify
by (metis is-eq-var-func’)

lemma (in nominal) support-union-lem:
fixes f sup-C col
assumes H-f: f = (Az. (SOME C. C C D A finite C A supports GD 7w X ¢ C
z))
and H-col: col C X A finite col
and H-sup-C: sup-C = J{Cx. Cx € [ ‘ col}
shows Az. z € col = sup-C C D A finite sup-C' A supports G D m X ¢ sup-C
x
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proof —
fix z
assume A-0: z € col
have H-0: N\z. x € X = 3C. C C D A finite C A supports GD 7w X ¢ Cx
using nominal-axioms
apply (clarsimp simp add: nominal-def nominal-azioms-def)
using stabilizer-one-closed stabilizer-subset
by blast
have H-1: \z. z € col = fax C D A finite (f x) A supports G D X ¢ (fz) x
apply (subst H-f)
using somel-ex H-col H-f H-0
by (metis (no-types, lifting) in-mono)
have H-2: sup-C C D
using H-1
by (simp add: H-sup-C UN-least)
have H-3: finite sup-C
using H-1 H-col H-sup-C
by simp
have H-4: fz C sup-C
using H-1 H-sup-C A-0
by blast
have H-5: A\g c. [g € carrier G; (¢ € sup-C — mgec=c);c€ (fz)]=myg
c=c
using H-4 H-1 A-0
by (auto simp add: image-def supports-def supports-azioms-def)
have H-6: supports G D w X ¢ sup-C x
apply (simp add: supports-def supports-axioms-def)
apply (intro conjl)
apply (simp add: data-symm-azioms)
using A-0 H-1 supports.azioms(2)
apply fastforce
using H-col A-0
apply blast
apply (rule H-2)
apply (clarify)
using supports-axioms-def[of G D © X ¢ sup-C|
apply (clarsimp)
using H-1 A-0
apply (clarsimp simp add: supports-def supports-azioms-def)
using A-0 H-5
by presburger
show sup-C C D A finite sup-C A supports G D © X ¢ sup-C x
using H-2 H-3 H-6 by auto
qed

lemma (in nominal) set-of-list-nom:
nominal G D 7 (X*) (¢*)
proof—
have H-0: \g z. g € carrier G = Va€set . z € X =
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3 CCD. finite C A supports G D w (X*) (¢*) Cz
proof—
fix g w
assume
A1-0: g € carrier G and
Al-1:Vzesetw. v € X
have H1-0: N\z. z € X = JCCD. finite C A supports GD 7 X ¢ Cz
using A1-0 is-nominal by force
define f where HI-f: f = (Az. (SOME C. C C D A finite C A supports G
D7 X Cuz))
define sup-C :: 'D set where HI-sup-C: sup-C = |J{Cz. Cz € f * set w}
have HI-1: Az. x € set w = sup-C C D A finite sup-C A supports G D © X
v sup-C z
apply (rule support-union-lem|where f = f and col = set w])
apply (rule H1-f)
using A1-0
apply (simp add: A1-1 subset-code(1))
apply (rule H1-sup-C)
by simp
have H1-2: supports G D 7 (X*) (¢*) sup-C w
apply (clarsimp simp add: supports-def supports-azioms-def simp del: GMN-simps)
apply (intro conjI)
apply (simp add: data-symm-axioms)
using lists-a-Gset
apply (auto)[1]
apply (simp add: A1-1 in-listsI)
using H1-1 HI-sup-C
apply blast
apply (rule alll; intro impl)
apply clarsimp
apply (rule congl)
using H1-1
by (auto simp add: supports-def supports-axioms-def map-idI)
show 3 CCD. finite C A supports G D 7 (X*) (¢*) Cw
using nominal-axioms-def
apply (clarsimp simp add: nominal-def simp del: GMN-simps)
using H1-1 Hi-2
by (metis Collect-empty-eq H1-sup-C Union-empty empty-iff image-empty
infinite-imp-nonempty
subset-empty subset-emptyl supports.is-subset)
qed
show ?thesis
apply (clarsimp simp add: nominal-def nominal-axioms-def simp del: GMN-simps)
apply (intro conjl)
using group.subgroupE(2) group.subgroup-self group-hom group-hom.azioms(1)
apply (simp add: data-symm-azioms)
apply (rule lists-a-Gset)

apply (clarify)
by (simp add: H-0 del: GMN-simps)
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qed

2.2 Proving the Myhill-Nerode Theorem for Nominal G-Automata

context det-G-aut begin
adhoc-overloading

star = labels-a-G-set.induced-star-map
end

lemma (in det-G-aut) input-to-init-equar:
eq-var-func G (A*) (¢*) S ¥ (AweA*. (6*) i w)
proof—
have H-0: Na g. [Vz€set a. x € A; map (¢ g) a € A*; g € carrier G] =
(6%) i (map (¢ g) a) =¥ g ((6%) i a)
proof—
fix wg
assume
Al1-0: Vzeset w. x € A and
Al-1: map (¢ g) w € A* and
A1-2: g € carrier G
have H1-0: (6*) (¢ g @) (map (¢ g) w) =1 g ((6%) i w)
using give-input-eq-var
apply (clarsimp simp add: eg-var-func-azioms-def eg-var-func-def)
using A1-0 A1-1 A1-2in-listsl is-aut.init-state-is-a-state states-a-G-set.element-image

by (smt (verit, del-insts))
have Hi-1: (¢ gi) =4
using A1-2 is-aut.init-state-is-a-state init-is-eq-var.is-equivar
by force
show (6%) i (map (¢ g) w) =¥ g ((6*) i w)
using HI1-0 HI-1
by simp
qed
show ?thesis
apply (clarsimp simp add: eg-var-func-def eq-var-func-axioms-def)
apply (intro conjl)
using labels-a-G-set.lists-a-Gset
apply fastforce
apply (simp add: states-a-G-set.group-action-azioms del: GMN-simps)
apply (simp add: in-listsI is-aut.give-input-closed is-aut.init-state-is-a-state)
apply clarify
apply (rule conjI; intro impl)
apply (simp add: H-0)
using labels-a-G-set.surj-prop
by fastforce
qed

lemma (in reach-det-G-aut) input-to-init-surj:

(AweA*. (6*) i w) < (A4*) = S
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using reach-det-G-aut-axioms

apply (clarsimp simp add: image-def reach-det-G-aut-def reach-det-aut-def
reach-det-aut-azioms-def)

using is-aut. give-input-closed is-aut.init-state-is-a-state

by blast

context reach-det-G-aut begin
adhoc-overloading

star = labels-a-G-set.induced-star-map
end

The following lemma corresponds to proposition 5.1 from [1]:

proposition (in reach-det-G-aut) alpha-nom-imp-states-nom:
nominal G D m A ¢ = nominal G D 7w S ¢
proof—
assume
A-0: nominal G D A ¢
have H-0: \g z. [g € carrier G; data-symm G D m; group-action G A ¢;
Vz.z € A — (3CCD. finite C A supports G D Ao Cx); x € 5]
= 3 CCD. finite C A supports G D S Czx
proof —
fix g s
assume
A1-0: g € carrier G and
Al-1: data-symm G D 7w and
A1-2: group-action G A ¢ and
A1-8:Vz. 2 € A — (3CCD. finite C A supports G D m A ¢ C z) and
Al-4:s5€ S
have H1-0: \z. z € (A*) = I CCD. finite C' A supports G D 7 (A*) (¢*) C

using nominal.set-of-list-nom[of G D @ A @] A1-2
apply (clarsimp simp add: nominal-def)
by (metis A1-0 A1-1 A1-3 in-lists] labels-a-G-set.induced-star-map-def nomi-
nal-azioms-def)
define f where HI-f: f = (AweA*. (6*) i w)
obtain w where HI-w0: s = fw and HI-wl: w € (A*)
using input-to-init-surj Al-/
apply (simp add: H1-f image-def)
by (metis is-reachable)
obtain C where HI-C: finite C A supports G D w (A*) (labels-a-G-set.induced-star-map
¢) Cw
by (meson H1-0 Hi-w0 HI-wl)
have HI1-2: supports G D S Cs
apply (subst H1-w0)
apply (rule eg-var-func.supp-el-presijwhere X = A* and ¢ = ¢*])
apply (subst HI-f)
apply (rule det-G-aut.input-to-init-equar[of A S i F § G ¢ 9])
using reach-det-G-aut-azioms
apply (simp add: reach-det-G-aut-def)
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using H1-C
by simp
show 3 CCD. finite C A supports G D 7w S Cs
using H1-2 HI-C
by (meson supports.is-subset)
qed
show ?thesis
apply (rule meta-mplof (3 g. g € carrier G)))
subgoal
using A-0 apply (clarsimp simp add: nominal-def nominal-azioms-def)
apply (rule conjI)
subgoal for g
by (clarsimp simp add: states-a-G-set.group-action-axioms)
apply clarify
by (simp add: H-0)
by (metis bot.extrermmum-unique ex-in-conv is-aut.init-state-is-a-state
states-a-G-set.stabilizer-one-closed states-a-G-set.stabilizer-subset)
qed

The following theorem corresponds to theorem 5.2 from [1]:

theorem (in G-lang) Nom-G-Myhill-Nerode:
assumes
orb-fin: finite (orbits G A ) and
nom: nominal G D m A ¢
shows
Nom-G-Myhill-Nerode-LR: finite (orbits G MN-equiv ([(¢*)l=mn 4*)) =
(38 F :: 'alpha list set set. i :: 'alpha list set. 35. 1.
reach-det-G-aut-rec-lang A S i F § G ¢ ¢ L A finite (orbits G S )
A nominal-det-G-aut A S i F 6 G ¢ ¢ D 7) and
Nom-G-Myhill-Nerode-RL: (S F :: 's set. 34 :: 's. 36. .
det-G-aut-rec-lang A S i F 6 G ¢ ¥ L A finite (orbits G S )
A nominal-det-G-aut A S i F § G ¢ D7)
= finite (orbits G MN-equiv ([(¢*)l=mn 4*))
proof—
assume
A-0: finite (orbits G MN-equiv ([p*]=pm N 4*))
obtain S F :: ‘alpha list set set and i :: 'alpha list set and §
where H-MN: reach-det-G-aut-rec-lang A S i F 6§ G ¢ ¢ L A finite (orbits G
S 1)
using A-0 orb-fin G-Myhill-Nerode-LR
by blast
have H-0: nominal G D w S ¢
using H-MN
apply (clarsimp simp del: GMN-simps simp add: reach-det-G-aut-rec-lang-def)
using nom reach-det-G-aut.alpha-nom-imp-states-nom
by metis
show IS F :: ‘alpha list set set. 37 :: 'alpha list set. 5. ).
reach-det-G-aut-rec-lang A ST F § G o L A
finite (orbits G S 1) A nominal-det-G-aut A Si F 6 G D=
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apply (simp add: nominal-det-G-aut-def reach-det-G-aut-rec-lang-def)
using nom H-MN H-0
apply (clarsimp simp add: reach-det-G-aut-rec-lang-def reach-det-G-aut-def
reach-det-aut-azioms-def)
by blast
next
assume AQ: 35 F i § . det-G-aut-rec-lang A Si F § G ¢ ¢ L A finite (orbits
G S )
A nominal-det-G-aut A Si F § Gy Dn
show finite (orbits G MN-equiv ([p*]=n N 4+))
using A0 orb-fin
by (meson G-Myhill-Nerode-RL)
qed
end
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