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Abstract

We provide a formal proof within First Order Relativity Theory
that no observer can travel faster than the speed of light. Originally
reported by Stannett and Németi [1].
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theory SpaceTime
imports Main
begin

record ‘a Vector =

tdir :: 'a
zdir 2 'a
ydir :: 'a
2dir 2 'a

record ‘a Point =

tval :: 'a
zval :: 'a
yval =2 'a
al :: 'a

record 'a Line =
basepoint :: 'a Point
direction :: 'a Vector



record ’‘a Plane =
pbasepoint :: 'a Point
directionl :: 'a Vector
direction? :: 'a Vector

record ‘a Cone =
vertex :: 'a Point

slope ::'a

class Quantities = linordered-field

class Vectors = Quantities
begin

abbreviation vecZero :: 'a Vector (0) where
vecZero = (| tdir = (0::'a), xdir = 0, ydir = 0, zdir = 0 )

fun vecPlus :: 'a Vector = 'a Vector = 'a Vector (infixr & 100) where
vecPlus uw v = (| tdir = tdir u + tdir v, zdir = zdir v + zdir v,
ydir = ydir v + ydir v, zdir = zdir v + zdir v |)

fun vecMinus :: 'a Vector = 'a Vector = 'a Vector (infixr © 100) where
vecMinus w v = (| tdir = tdir v — tdir v, zdir = zdir u — xdir v,
ydir = ydir v — ydir v, zdir = zdir v — zdir v |

fun vecNegate :: 'a Vector = 'a Vector (~ -) where
vecNegate w = (| tdir = uminus (tdir v), zdir = uminus (xzdir u),
ydir = uminus (ydir u), zdir = uminus (zdir u) |
fun innerProd :: 'a Vector = 'a Vector = 'a (infix dot 50) where
innerProd w v = (tdir u x tdir v) + (zdir u * zdir v) +
(ydir w * ydir v) + (zdir v * zdir v)
fun sqrien :: 'a Vector = 'a where sqrien u = (u dot u)
fun minkowskiProd :: 'a Vector = 'a Vector = 'a (infix mdot 50) where
minkowskiProd u v = (tdir u * tdir v)
— ((zdir u * xdir v) + (ydir v * ydir v) + (zdir u * zdir v))

fun mSqrLen :: ‘a Vector = ’'a where mSqrLen u = (u mdot u)

fun vecScale :: 'a = 'a Vector = 'a Vector (infix **x 200) where



vecScale k uw = (| tdir = k x tdir u, zdir = k * zdir u, ydir = k * ydir u, zdir
=k * zdir u |

fun orthogonal :: 'a Vector = ’'a Vector = bool (infix L 150) where
orthogonal v v = (u dot v = 0)

lemma lem VecZeroMinus:
shows 0 © u=""u

(proof)

lemma lem VecSelfMinus:
shows u & u = 0

(proof)

lemma lem VecPlusCommute:
shows u @ v=v & u
(proof )

lemma lem VecPlusAssoc:
shows u ® (v® w) = (u B v) ® w
(proof )

lemma lem VecPlusMinus:
shows v @& (Y v) =uSwv
(proof )

lemma lemDotCommute:
shows (u dot v) = (v dot u)

{proof)

lemma lemMDotCommute:
shows (u mdot v) = (v mdot u)

{proof)

lemma lemScaleScale:
shows ax*(bxxu) = (axb)**u

{proof)



lemma lemScalel:
shows 1 *x u = u

{proof)

lemma lemScale0:
shows 0 *x v = 0

(proof)

lemma lemScaleNeg:
shows (—k)xxu = ~ (kxxu)

(proof)

lemma lemScaleOrigin:
shows kxx0 = 0

{proof)

lemma lemScaleOverAdd:
shows kxx(u @ v) = kxxu @ kxxv

(proof)

lemma lemAddOverScale:
shows axxu @ bxxu = (a+b)**u
(proof )

lemma lemScalelnverse:
assumes k # (0::'a)
and v = kxxu
shows u = (inverse k)xxv

(proof)

lemma lemOrthoSym:
assumes u 1 v



shows v L u
(proof )

end

class Points = Quantities + Vectors
begin

abbreviation origin :: ‘a Point where
origin = (| tval = 0, zval = 0, yval = 0, zval = 0 )

fun vectorJoining :: 'a Point = 'a Point = 'a Vector (from - to -) where
vectorJoining p q
= (| tdir = tval ¢ — tval p, zdir = zval ¢ — zval p,
ydir = yval ¢ — yval p, zdir = zval ¢ — zval p |

fun moveBy :: 'a Point = 'a Vector = ’a Point (infixl ~~ 100) where
moveBy p u
= (| tval = tval p + tdir u, zval = zval p + zdir u,
yval = yval p + ydir u, zval = zval p + 2dir u |

fun position Vector :: 'a Point = 'a Vector where
position Vector p = (| tdir = tval p, xdir = zval p, ydir = yval p, zdir = zval p |

fun before :: 'a Point = 'a Point = bool (infixr < 100) where
before p g = (tval p < tval q)

fun after :: 'a Point = ’a Point = bool (infixr > 100) where
after p ¢ = (tval p > tval q)

fun sametime :: 'a Point = 'a Point = bool (infixr ~ 100) where
sametime p q = (tval p = tval q)

lemma lemFromToTo:
shows (from p to q) ® (from q to r) = (from p to r)
(proof)

lemma lemMoveByMove:
shows p ~» u ~ v =p ~ (u ® v)

(proof)

lemma lemScaleLinear:
shows p ~> axku ~ bkxv = p ~ (axxu @ bxxv)

(proof)

end



class Lines = Quantities + Vectors + Points
begin

fun onAzisT :: 'a Point = bool where
onAzisT u = ((zval u = 0) A (yval uw = 0) A (zval u = 0))

fun space2 :: (a Point) = ('a Point) = 'a where
space2 u v
= (zval v — zval v)*(zval u — zval v)
+ (yval u — yval v)x(yval v — yval v)
+ (zval u — zval v)*(zval u — zval v)

fun time2 :: (a Point) = ('a Point) = 'a where
time2 uw v = (tval u — tval vV)x(tval v — tval v)

fun speed :: ('a Point) = ('a Point) = 'a where
speed u v = (space2 uw v / time2 u v)

fun mkLine :: 'a Point => 'a Vector = 'a Line where
mkLine b d = (| basepoint = b, direction = d )

fun lineJoining :: 'a Point = 'a Point = 'a Line (line joining - to -) where
lineJoining p q¢ = ( basepoint = p, direction = from p to q |

fun parallel :: 'a Line = 'a Line = bool (- || ) where
parallel lineA lineB = ((direction lineA = vecZero) V (direction lineB = vecZero)

V (Fk.(k # (0::'a) A direction lineB = kxxdirection
lineA)))

fun collinear :: 'a Point = 'a Point = 'a Point = bool where
collinear p gr = Fa . ((a+B=1) A
positionVector p = axx(positionVector q) @ Bxx(positionVector r) ))

fun inLine :: 'a Point = 'a Line = bool where
inLine p | = collinear p (basepoint 1) (basepoint | ~ direction [)

fun meets :: ‘a Line = 'a Line = bool where
meets linel line2 = (I p.(inLine p linel A inLine p line2))

lemma lemParallelReflexive:
shows lineA || lineA

(proof)



lemma lemParallelSym:
assumes lineA || lineB
shows lineB || lineA

{proof)

lemma lemParallelTrans:
assumes lineA || lineB
and lineB || lineC
and direction lineB # vecZero
shows lineA || lineC

{proof)

lemma (in —) lemLineldentity:
assumes lineA = (| basepoint = basepoint lineB, direction = direction lineB )
shows lineA = lineB

{proof)

lemma lemDirectionJoining:
shows vectorJoining p (p ~ v) = v

{proof)

lemma lemDirectionFromTo:
shows direction (line joining p to (p ~ dir)) = dir
(proof)

lemma lemLineEndpoint:
shows ¢ = p ~ (from p to q)
(proof )

lemma lemNullLine:
assumes direction lineA = vecZero
and inLine z lineA
shows 1 = basepoint lineA

{proof)

lemma lemLineContainsBasepoint:
shows inLine p (line joining p to q)
(proof )

lemma lemLineContainsEndpoint:
shows inLine ¢ (line joining p to q)



{proof)

lemma lemDirectionReverse:
shows from q to p = vecNegate (from p to q)
(proof)

lemma lemParallelJoin:
assumes line joining p to q || line joining q to r
shows line joining p to q || line joining p to r
(proof)

lemma lemDirectionCollinear:
shows collinear u v (v ~ d) +— (IB.(from u to v = (—f)*xd))

{proof)

lemma lemParallelNotMeet:
assumes lineA || lineB
and direction lineA # vecZero
and direction lineB # vecZero
and inLine x lineA
and —(inLine z lineB)
shows —(meets lineA lineB)
(proof)

lemma lemAxislsLine:
assumes onAzisT x
and onAzisT y
and onAxisT z

and =z # y
and y # 2
and z # =z
shows collinear z y z
(proof)

lemma lemSpace2Sym:
shows space2 ¢y = space2 y x

{proof)

lemma lemTime2Sym:
shows time2 x y = time2 y z

(proof)

end



class Planes = Quantities + Lines
begin
fun mkPlane :: 'a Point = 'a Vector = 'a Vector = 'a Plane where
mkPlane b d1 d2 = (| pbasepoint = b, direction! = dI, direction2 = d2 |

fun coplanar :: 'a Point = 'a Point = 'a Point = 'a Point = bool where
coplanar e x y 2
=Fapfy ((a+ B+ y=1) A
position Vector e
= (asxx(positionVector x) @ Bx+(positionVector y) @ y*x(position Vector

2))))

fun inPlane :: 'a Point = 'a Plane = bool where
inPlane e pl = coplanar e (pbasepoint pl) (pbasepoint pl ~ directionl pl)
(pbasepoint pl ~ direction2 pl)

fun samePlane :: 'a Plane = 'a Plane = bool where
samePlane pl pl’ = (inPlane (pbasepoint pl) pl’ A
inPlane (pbasepoint pl ~~ directionl pl) pl’ A
inPlane (pbasepoint pl ~ direction2 pl) pl’)

lemma lemPlaneContainsBasePoint:
shows inPlane (pbasepoint pl) pl

(proof)

end

class Cones = Quantities + Lines + Planes +
fixes

tangentPlane :: 'a Point = 'a Cone = ’a Plane
assumes

AzTangentBase: pbasepoint (tangentPlane e cone) = e
and

AxzTangentVertex: inPlane (vertex cone) (tangentPlane e cone)
and

AzConeTangent: (onCone e cone) —
((inPlane pt (tangentPlane e cone) A onCone pt cone)
+— collinear (vertex cone) e pt)
and



AzParallelCones: (onCone e econe A e # vertex econe A onCone f fcone A f #
vertex fcone
A inPlane f (tangentPlane e econe))
— (samePlane (tangentPlane e econe) (tangentPlane f fcone)
A ((lineJoining (vertex econe) e) || (lineJoining (vertex fecone)

)

and

AzParallelConesE: outsideCone f cone
— (Fe.(onCone e cone N e # vertex cone A inPlane f (tangentPlane e cone)))
and

AuzSlopedLinelIn VerticalPlane: [onAzisT e; onAzisT f; e # f; ~(onAzisT g)]
= (Vs.(3p . (collinear e g p A (space2 p f = (sxs)xtime2 p f))))

begin

fun onCone :: 'a Point = 'a Cone = bool where
onCone p cone
= (space2 (vertex cone) p = (slope cone * slope cone) * time2 (vertex cone)

p)

fun insideCone :: 'a Point = 'a Cone = bool where
insideCone p cone
= (space2 (vertex cone) p < (slope cone * slope cone) * time2 (vertex cone)

p)

fun outsideCone :: 'a Point = 'a Cone = bool where
outsideCone p cone
= (space2 (vertex cone) p > (slope cone * slope cone) * time2 (vertex cone)

p)

fun mkCone :: 'a Point = 'a = 'a Cone where
mkCone v s = ( verter = v, slope = s |

lemma lem VertexOnCone:
shows onCone (vertex cone) cone

{proof)

lemma lemQutsideNotOnCone:
assumes outsideCone f cone
shows - (onCone f cone)

{proof)

end

class SpaceTime = Quantities + Vectors + Points + Lines + Planes + Cones
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end

theory SomeFunc
imports Main
begin

fun someFunc :: ('a = 'b = bool) = 'a = 'b where
someFunc P x = (SOME y. (P z y))

lemma lemSomeFunc:
assumes 3y . Pz y
and f = someFunc P
shows Pz (fz)

(proof)

end

theory Azioms
imports SpaceTime SomeFunc
begin

record Body =
Ph :: bool
10b :: bool

class WorldView = SpaceTime +
fixes

W :: Body = Body = 'a Point = bool (- sees - at -)
and

wot 2 Body = Body = 'a Point = 'a Point
assumes
AzWVT: [ I0b m; I0b k]| = (Wkbz<+— Wmb (wot mkz))
and
AzWVTSym: [ I0b m; IOb k]| = (y=wotkmz +— z = wut mky)
begin
end

class AziomPreds = WorldView

11



begin
fun sqrtTest :: 'a = 'a = bool where
sqrtTest x = ((r > 0) A (rsr = x))

fun cTest :: Body = 'a = bool where

cTestmov=((v>0)AN(Yzy.(
Fp. (Php AN Wmpaz AN Wmpy)) < (space2 z y = (v * v)x(time2

)

T y))

end

class AzFuclidean = AxiomPreds + Quantities +
assumes

AzEuclidean: (x > Groups.zero-class.zero) = (3 r. sqrtTest x r)
begin

abbreviation sqrt :: ‘a = ‘a where
sqrt = someFunc sqrtTest

lemma lemSqrt:
assumes z > (
and r = sqrt x
shows r >0 A r«r =1
(proof )

end

class AzLight = WorldView +
assumes
AzLight: 3m v.( I0b m A (v > (0:'a)) A (VY y.(
Bp(PhpANWmpz A Wmpy)) < (space2 x y = (v * v)xtime2

class AzPh = WorldView + AziomPreds +
assumes

AzPh: I0b m = (Jv. cTest m v)
begin

abbreviation ¢ :: Body = ’a where
¢ = someFunc cTest
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fun lightcone :: Body = 'a Point = 'a Cone where
lightcone m v = mkCone v (¢ m)

lemma lemCProps:
assumes [0b m
and v=-cm
shows (v > 0) A Vz y.(3p. (Php AN Wmpz A Wmpy))
+—— ((space2 x y = (¢ m x ¢ m)xtime2 x y )))

(proof)

lemma lemCCone:
assumes [0b m
and onCone y (lightcone m )
shows Jp. (Php A Wmpz AN Wmpy)

(proof)

lemma lemCPos:
assumes [0b m
shows c¢cm > 0

{proof)

lemma lemCPhoton:

assumes 10b m

shows Vz y. (3p. (Php AN Wmpz A Wmpy)) «— (space2zy = (¢ m % ¢
m)*(time2 x y))

(proof )

end

class AzEv = WorldView +
assumes
AzFEv: [ I0b m; I0b k] = (3y. Vb. (Wmbz <— Wkby)))
begin
end

class AxThExp = WorldView + AxPh +
assumes
AxThEzp: I0b m = (Vz y .(

13



(FE(IOb kAN Wmka AN Wmky)) < (space2zy < (¢ m % ¢ m) x time2

)

begin
end

T y)

class AzSelf = WorldView +
assumes
AzSelf: IOb m = (W m m z) — (ondAxzisT z)
begin
end

class AxzC = WorldView + AxzPh +
assumes
AzC: I0bm = cm =1
begin
end

class AzSym = WorldView +
assumes
AxSym: [ I0b m; I0b k | =
(WmexAWmfyAWkex'N Wkfy' A
tval x = tval y A tval 2’ = tval y')
— (space2 x y = spacel z' y')
begin
end

class AzLines = WorldView +
assumes
AzLines: | I0b m; I0b k; collinear x p q¢ | =
collinear (wvt k m z) (wut k m p) (wvt k m q)
begin
end
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class AzPlanes = WorldView +
assumes
AxPlanes: [ I0b m; I0b k | =
(coplanar e z y z — coplanar (wut k m €) (wot k m z) (wvt k m y) (wut km
z))
begin
end

class AzCones = WorldView + AzPh +
assumes
AxCones: | I0b m; IOb k | =
( onCone z (lightCone m v) — onCone (wuvt k m x) (lightcone k (wvt k m v)))
begin
end

class AzTime = WorldView +
assumes
AxTime: [ I0b m; 10b k
=(zSy—witkmae S witkmy)
begin
end
end
theory SpecRel
imports Azioms

begin

class SpecRel = WorldView + AxzPh + AxEv + AxSelf + AzSym

+ AzFuclidean

+ AzLines + AxzPlanes + AxzCones

begin
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lemma lemZEG:
shows z —e=g— e+ (2 — g)
{proof)

lemma noFTLObserver:

assumes iobm: I10b m

and 1obk: I0b k

and mke: m sees k at e

and mkf: m sees k at f

and enotf: e # f
shows space2 e f < (¢ m *x ¢ m) x time2 e f
(proof)

end

end
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