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Abstract

We verify two algorithms for which modular arithmetic plays an
essential role: Storjohann’s variant of the LLL lattice basis reduction
algorithm and Kopparty’s algorithm for computing the Hermite nor-
mal form of a matrix. To do this, we also formalize some facts about
the modulo operation with symmetric range. Our implementations
are based on the original papers, but are otherwise efficient. For ba-
sis reduction we formalize two versions: one that includes all of the
optimizations/heuristics from Storjohann’s paper, and one excluding a
heuristic that we observed to often decrease efficiency. We also provide
a fast, self-contained certifier for basis reduction, based on the efficient
Hermite normal form algorithm.
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1 Signed Modulo Operation

theory Signed-Modulo
imports
Berlekamp-Zassenhaus. Poly-Mod
Sqrt-Babylonian.Sqrt- Babylonian- Auziliary
begin

The upcoming definition of symmetric modulo is different to the HOL-
Library-Signed Division.smod, since here the modulus will be in range
{—m/2,...,m/2}, whereas there -1 symmod m = m - 1.

The advantage of have range {—m/2, ..., m/2} is that small negative numbers
are represented by small numbers.

One limitation is that the symmetric modulo is only working properly, if the
modulus is a positive number.

definition sym-mod :: int = int = int (infixl <symmod> 70) where
sym-mod z y = poly-mod.inv-M y (z mod y)

lemma sym-mod-code|code]: sym-mod x y = (let m = x mod y
inif m + m < y then m else m — y)

(proof)

lemma sym-mod-zero[simp|: n symmod 0 = nn > 0 = 0 symmod n = 0
{proof)

lemma sym-mod-range:
x symmod y € {— ((y — 1) div 2) .. y div 2} if <y > O»



(proof)

The range is optimal in the sense that exactly y elements can be represented.

lemma card-sym-mod-range: y > 0 = card {— ((y — 1) div 2) .. y div 2} =y
{proof)

lemma sym-mod-abs: y > 0 = |z symmod y| < y
y > 1 = |z symmod y| < y div 2
(proof)

lemma sym-mod-sym-mod[simp]: x symmod y symmod y = x symmod (y :: int)
(proof )

lemma sym-mod-diff-eq: (a symmod ¢ — b symmod c) symmod ¢ = (a — b) symmod
c
{proof)

lemma sym-mod-sym-mod-cancel: ¢ dvd b = a symmod b symmod ¢ = a symmod
c

{proof)

lemma sym-mod-diff-right-eq: (a — b symmod ¢) symmod ¢ = (a — b) symmod c
(proof )

lemma sym-mod-mult-right-eq: a * (b symmod ¢) symmod ¢ = a * b symmod ¢

{proof)

lemma dvd-imp-sym-mod-0 [simp]:
b symmod a = 0 if a > 0 a dvd b
{proof )

lemma sym-mod-0-imp-dvd [dest!]:
b dvd a if a symmod b = 0
{proof)

definition sym-div :: int = int = int (infix] <symdivy 70) where
sym-div z y = (let d = z div y; m = z mod y in
if m+ m < ythen delse d + 1)

lemma of-int-mod-integer: (of-int (x mod y) :: integer) = (of-int x :: integer) mod
(of-int y)
(proof)

lemma sym-div-code[code]:
sym-div x y = (let yy = integer-of-int y in
(case divmod-integer (integer-of-int x) yy
of (d, m) = if m + m < yy then int-of-integer d else (int-of-integer (d + 1))))
(proof)



lemma sym-mod-sym-div: assumes y: y > 0 shows x symmod y = © — sym-div
Ty *xy
(proof)

lemma dvd-sym-div-mult-right [simp:
(a symdiv b) x b= a if b > 0 b dvd a
{proof )

lemma dvd-sym-div-mult-left [simp]:
bx (asymdivd) =aif b> 00 dvd a
(proof )

end

2 Storjohann’s Lemma 13

This theory contains the result that one can always perform a mod-operation
on the entries of the du-matrix.

theory Storjohann-Mod-Operation
imports
LLL-Basis-Reduction. LLL-Certification
Signed-Modulo
begin

lemma map-vec-map-vec: map-vec f (map-vec g v) = map-vec (f o g) v
(proof)

context semiring-hom
begin

lemma mat-hom-add: assumes A: A € carrier-mat nr nc and B: B € carrier-mat
nr ne
shows maty, (A + B) = mat, A + mat, B

(proof )
end

We now start to prove lemma 13 of Storjohann’s paper.

context
fixes A I :: 'a :: field mat and n :: nat
assumes A: A € carrier-mat n n
and det: det A # 0
and I: I = the (mat-inverse A)
begin
lemma inverse-via-det: [ * A= 1,, nAx I =1,, nlI € carrier-mat n n
I = mat nn (X (i,j). det (replace-col A (unit-vec n j) i) / det A)
(proof)



lemma matriz-for-singleton-entry: assumes i: ¢ < n and
jii<mn
and Rdef: R = mat nn (X ij. if ij = (4,j) then ¢ :: 'a else 0)
shows mat n n
(N(@', §)). if i’ = i then ¢ * det (replace-col A (unit-vec n j') j) / det A
else 0) x A= R

(proof)
end

lemma (in gram-schmidi-fs-Rn) det-M-1: det (M m) = 1
(proof)

context gram-schmidt-fs-int
begin
lemma assumes IM: IM = the (mat-inverse (M m))
shows inv-mu-lower-triangular: N ki. k < i = i< m = IM $$ (k,9) = 0
and inv-mu-diag: \ k. k < m = IM $3$ (k, k) = 1
and d-inv-mu-integer: \ ij. i <m = j<m = dix IM 3% (i,j) € Z
and inv-mu-inverse: IM « M m = 1,, m M m x IM = 1,, m IM € carrier-mat
m m

(proof)

definition inv-mu-ij-mat :: nat = nat = int = int mat where
inv-mu-ij-mat 1 j ¢ = (let
B = mat m m (X ij. if ij = (4,f) then c else 0);
C = mat m m (X (4,j). the-inv (of-int :: - = 'a) (d i x the (mat-inverse (M
m) 88 (i,)))
inBx C+ 1, m)

lemma inv-mu-ij-mat: assumes i: ¢ < m and ji: j <
shows

map-mat of-int (inv-mu-ij-mat i j ¢) *x M m =
mat m m (Nij. if ij = (i, §) then of-int ¢ x d j else 0) + M m

A € carrier-mat mn = ¢ mod p = 0 = map-mat (A z. £ mod p) (inv-mu-ij-mat
ijex A) =
(map-mat (A z. x mod p) A)

nv-mu-ij-mat ¢ j ¢ € carrier-mat m m
i’ < j = j' < m = inv-mu-ij-mat i j ¢ $$ (i’j") = 0
k < m = inv-mu-ij-mat i j c $$ (k.k) = 1

(proof)

end

lemma Gramian-determinant-of-int: assumes fs: set fs C carrier-vec n
and j: j < length fs
shows of-int (gram-schmidt. Gramian-determinant n fs j)



= gram-schmidt. Gramian-determinant n (map (map-vec rat-of-int) fs) j

(proof)

context LLL
begin

lemma multiply-invertible-mat: assumes lin: lin-indep fs
and len: length fs = m
and A: A € carrier-mat m m
and A-invertible: 3 B. B € carrier-mat m m AN Bx A= 1,, m
and fs'-prod: fs' = Matriz.rows (A x mat-of-rows n fs)
shows lattice-of fs' = lattice-of fs
lin-indep fs'
length fs' = m
(proof )

This is the key lemma.

lemma change-single-element: assumes lin: lin-indep fs

and len: length fs = m

and i: ¢ < mand ji: j < ¢

and A: A = gram-schmidt-fs-int.inv-mu-ij-mat n (RAT fs) — the transforma-
tion matrix A

and fs’-prod: fs' = Matriz.rows (A ij ¢ * mat-of-rows n fs) — s’ is the new basis

and latt: lattice-of fs = L
shows lattice-of fs' = L

¢ mod p = 0 = map (map-vec (A z. £ mod p)) fs' = map (map-vec (A . z mod
p)) s

lin-indep fs'

length fs' = m

Nk kE<m= gsofs'k=gsofsk

NkkE<m=dfs’k=dfsk

< m=j <m=—

wfs i’ = (if (i'j") = (i,j) then rat-of-int (¢ *x d fs j) + u fs i’ j" else u fs i’

7"

i'<m=j <m=

du fs'i' i = (if (i'3") = (i,j) then ¢ = d fs j = d fs (Suc j) + dp fs i’ j' else

dp fs i’ j")
{proof)

Eventually: Lemma 13 of Storjohann’s paper.

lemma mod-single-element: assumes lin: lin-indep fs
and len: length fs = m
and i: 7 < mand ji: j < @
and latt: lattice-of fs = L
and pgtz: p > 0
shows 3 fs'. lattice-of fs' = L N
map (map-vec (A z. x mod p)) fs' = map (map-vec (A z. £ mod p)) fs A
map (map-vec (A z. x symmod p)) fs' = map (map-vec (A z. x symmod p)) fs A



lin-indep fs' A

length fs' = m A

(V k< m. gso fs'" k= gsofsk)A

VE<mdfs'k=dfsk)A

Vi'<m. Vi <m. dufs' i j = (if (i'.j") = (i,)) then du fs i j' symmod (p
x d fsj' % d fs (Suc j") else du fs i’ j"))
(proof)

A slight generalization to perform modulo on arbitrary set of indices I.

lemma mod-finite-set: assumes lin: lin-indep fs

and len: length fs = m

and I: I C {(ij). i <m A j < i}

and latt: lattice-of fs = L

and pgtz: p > 0
shows 3 fs'. lattice-of fs' = L A

map (map-vec (A . T mod p)) fs' = map (map-vec (A z. z mod p)) fs A

map (map-vec (A z. x symmod p)) fs’ = map (map-vec (A z. x symmod p)) fs A

lin-indep fs' A

length fs' = m A

(V k< m. gso fs' k= gso fs k) A

VE<mdfs'k=dfsk)A

Vi'<mV j ' <m. dufs'ij =

(if (¢'j7) € Ithen dp fs i’ j' symmod (p * d fs j' * d fs (Suc j')) else du fs i’

i)
(proof)
end

end

3 Storjohann’s basis reduction algorithm (abstract
version)

This theory contains the soundness proofs of Storjohann’s basis reduction
algorithms, both for the normal and the improved-swap-order variant.

The implementation of Storjohann’s version of LLL uses modular operations
throughout. It is an abstract implementation that is already quite close to
what the actual implementation will be. In particular, the swap operation
here is derived from the computation lemma for the swap operation in the
old, integer-only formalization of LLL.

theory Storjohann
imports
Storjohann-Mod-Operation
LLL-Basis-Reduction. LLL-Number-Bounds
Sqrt-Babylonian. NthRoot-Impl
begin



3.1 Definition of algorithm

In the definition of the algorithm, the first-flag determines, whether only
the first vector of the reduced basis should be computed, i.e., a short vector.
Then the modulus can be slightly decreased in comparison to the required
modulus for computing the whole reduced matrix.

fun maz-list-rats-with-index :: (int * int % nat) list = (int * int * nat) where
maz-list-rats-with-index [x] = z |
maz-list-rats-with-index ((n1,d1,il) # (n2,d2,i2) # xs)
= maaz-list-rats-with-index ((if n1 * d2 < n2 x dI then (n2,d2,i2) else
(n1,d1,i1)) # zs)

context LLL
begin

definition log-base = (10 :: int)

definition bound-number :: bool = nat where
bound-number first = (if first AN m # 0 then 1 else m)

definition compute-mod-of-maz-gso-norm :: bool = rat = int where
compute-mod-of-maz-gso-norm first mn = log-base ~ (log-ceiling log-base (mazx 2

(

root-rat-ceiling 2 (mn * (rat-of-nat (bound-number first) + 3)) + 1)))

definition g-bnd-mode :: bool = rat = int vec list = bool where
g-bnd-mode first b fs = (if first A m # 0 then sg-norm (gso fs 0) < b else g-bnd
b fs)

definition d-of where d-of dmu i = (if i = 0 then 1 :: int else dmu $$ (i — 1, 1

- 1))

definition compute-maz-gso-norm :: bool = int mat = rat x nat where
compute-maz-gso-norm first dmu = (if m = 0 then (0,0) else
case maz-list-rats-with-index (map (X i. (d-of dmu (Suc i), d-of dmu 1, 7)) [0
< (if first then 1 else m)])
of (num, denom, i) = (of-int num / of-int denom, 7))

context
fixes p :: int — the modulus
and first :: bool — only compute first vector of reduced basis
begin

definition basis-reduction-mod-add-row ::
int vec list = int mat = nat = nat = (int vec list X int mat) where
basis-reduction-mod-add-row mfs dmu i j =
(let ¢ = round-num-denom (dmu $$ (i,5)) (d-of dmu (Suc j)) in
(if ¢ = 0 then (mfs, dmu)



else (mfs[ i := (map vec (A z. symmod p)) (mfs Vi — c - mfs! ),
mat mm (i3 (if (7 —w <)
then (if j'=j then (dmu $$ (i,j) — ¢ * dmu $$ (4,5))
else (dmu $$ (4,5") — ¢ * dmu $$ (4,5))
symmod (p * d-of dmu j' * d-of dmu (Suc j")))
else (dmu 33 (i',j')))))))

fun basis-reduction-mod-add-rows-loop where
basis-reduction-mod-add-rows-loop mfs dmu i 0 = (mfs, dmu)
| basis-reduction-mod-add-rows-loop mfs dmu i (Suc j) = (
let (mfs’, dmu') = basis-reduction-mod-add-row mfs dmu i j
in basis-reduction-mod-add-rows-loop mfs’ dmu’ i j)

definition basis-reduction-mod-swap-dmu-mod :: int mat = nat = int mat where
basis-reduction-mod-swap-dmu-mod dmu k = mat m m (\(%, j). (
fj<iA(G=FkVj=k— 1) then
dmu $$ (i, j) symmod (p * d-of dmu j * d-of dmu (Suc j))
else dmu $$ (i, 7)))

definition basis-reduction-mod-swap where
basis-reduction-mod-swap mfs dmu k =
(mfslk :=mfs ! (k— 1),k — 1 := mfs! k],
basis-reduction-mod-swap-dmu-mod (mat m m (A(%,5). (
if j < i then
ifi =k — 1 then
dmu $$ (k, j)
elseifi =k Nj#k— 1then
dmu $$ (k — 1, j)
else if i > k N j = k then
((d-of dmu (Suc k)) * dmu $$ (i, k — 1) — dmu $$ (k, k — 1) * dmu $$
(4, 1))
div (d-of dmu k)

elseif i >k Nj=k — 1then
(dmu $$ (k, k — 1) * dmu $$ (7, j) + dmu $$ (i, k) * (d-of dmu (k—1)))
div (d-of dmu k)
else dmu $$ (i, 7)
else if i = j then
ifi =k — 1 then
((d-of dmu (Suc k)) * (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$
(kb — 1))
div (d-of dmu k)
else (d-of dmu (Suc 7))
else dmu $$ (4, §))
) k)

fun basis-reduction-adjust-mod where
basis-reduction-adjust-mod mfs dmu =
(let (b,g-idz) = compute-maz-gso-norm first dmu;
p’ = compute-mod-of-max-gso-norm first b



inif p’ < p then
let mfs’ = map (map-vec (Az. z symmod p’)) mfs;
d-vec = vec (Suc m) (X i. d-of dmu 7);
dmu’ = mat m m (X (i,j). if j < i then dmu $$ (i,7)
symmod (p’ * d-vec $ j * d-vec $ (Suc j)) else
dmu $$ (4,5))
in (p', mfs’, dmu', g-idx)
else (p, mfs, dmu, g-idz))

definition basis-reduction-adjust-swap-add-step where
basis-reduction-adjust-swap-add-step mfs dmu g-idx i = (
letil =1 — 1;
(mfs1, dmul) = basis-reduction-mod-add-row mfs dmu i i1;
(mfs2, dmu2) = basis-reduction-mod-swap mfsl dmul i
in if il = g-idz then basis-reduction-adjust-mod mfs2 dmu2
else (p, mfs2, dmu2, g-idr))

definition basis-reduction-mod-step where
basis-reduction-mod-step mfs dmu g-idz ¢ (§ :: int) = (if i = 0 then (p, mfs, dmu,
g-idz, Suc i, j)
else let di = d-of dmu 1,
(num, denom) = quotient-of «
in if di x di *x denom < num * d-of dmu (i — 1) * d-of dmu (Suc 7) then
(p, mfs, dmu, g-idz, Suc i, j)
else let (p', mfs’, dmu', g-idz') = basis-reduction-adjust-swap-add-step mfs
dmu g-idz i
in (p’, mfs’, dmu', g-ida’, i — 1,5+ 1))

primrec basis-reduction-mod-add-rows-outer-loop where
basis-reduction-mod-add-rows-outer-loop mfs dmu 0 = (mfs, dmu) |
basis-reduction-mod-add-rows-outer-loop mfs dmu (Suc i) =
(let (mfs’, dmu') = basis-reduction-mod-add-rows-outer-loop mfs dmu i in
basis-reduction-mod-add-rows-loop mfs’ dmu’ (Suc ©) (Suc 7))
end

the main loop of the normal Storjohann algorithm

partial-function (tailrec) basis-reduction-mod-main where
basis-reduction-mod-main p first mfs dmu g-idx i (j :: int) = (
(ifi<m
then
case basis-reduction-mod-step p first mfs dmu g-idx i j
of (p', mfs’, dmu’, g-idz’, i’, j') =
basis-reduction-mod-main p’ first mfs’ dmu’ g-idz’ i’ j'
else
(p, mfs, dmu))

definition compute-maz-gso-quot:: int mat = (int % int * nat) where
compute-max-gso-quot dmu = max-list-rats-with-index

10



(map (Ni. ((d-of dmu (i+1)) * (d-of dmu (i+1)), (d-of dmu (i+2)) x (d-of dmu
i), Suc 7)) [0..<(m—1)])

the main loop of Storjohann’s algorithm with improved swap order

partial-function (tailrec) basis-reduction-iso-main where
basis-reduction-iso-main p first mfs dmu g-idz (j = int) = (
(if m > 1 then
(let (max-gso-num, max-gso-denum, indr) = compute-maz-gso-quot dmu;
(num, denum) = quotient-of « in
(if (max-gso-num * denum > num % maz-gso-denum) then
case basis-reduction-adjust-swap-add-step p first mfs dmu g-idz indz of
(p’, mfs', dmu’, g-idx’) =
basis-reduction-iso-main p’ first mfs’ dmu’ g-ide’ (j + 1)
else
(p, mfs, dmu)))
else (p, mfs, dmu)))

definition compute-initial-mfs where
compute-initial-mfs p = map (map-vec (Az. x symmod p)) fs-init

definition compute-initial-dmu where
compute-initial-dmu p dmu = mat m m (N3 j"). if j < i’
then dmu $$ (i’, j') symmod (p * d-of dmu j' x d-of dmu (Suc j'))
else dmu $$ (¢', j"))

definition dmu-initial = (let dmu = dp-impl fs-init
in mat m m (A (4,).
if j < i then du-impl fs-init ! i ! j else 0))

definition compute-initial-state first =
(let dmu = dmu-initial;
(b, g-idr) = compute-maz-gso-norm first dmu;
p = compute-mod-of-maz-gso-norm first b
in (p, compute-initial-mfs p, compute-initial-dmu p dmu, g-idz))

Storjohann’s algorithm

definition reduce-basis-mod :: int vec list where
reduce-basis-mod = (
let first = Fulse;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p’, mfs’, dmu') = basis-reduction-mod-main p0 first mfs0 dmu0 g-idz 0 0;
(mfs”, dmu'") = basis-reduction-mod-add-rows-outer-loop p’ mfs’ dmu’
(m—1)
in mfs")

Storjohann’s algorithm with improved swap order

definition reduce-basis-iso :: int vec list where
reduce-basis-iso = (
let first = Fualse;

11



(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p’, mfs’; dmu’) = basis-reduction-iso-main p0 first mfs0 dmul g-idz 0;
(mfs”, dmu'") = basis-reduction-mod-add-rows-outer-loop p’ mfs’ dmu’
(m—1)
in mfs')

Storjohann’s algorithm for computing a short vector

definition
short-vector-mod = (
let first = True;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p'y mfs’; dmu’) = basis-reduction-mod-main p0 first mfs0 dmu0 g-idz 0 0
in hd mfs”)

Storjohann’s algorithm (iso-variant) for computing a short vector

definition
short-vector-iso = (
let first = True;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p'y mfs’; dmu’) = basis-reduction-iso-main p0 first mfs0 dmu0 g-idz 0
in hd mfs")
end

3.2 Towards soundness of Storjohann’s algorithm

lemma maz-list-rats-with-index-in-set:
assumes maz: maz-list-rats-with-index s = (nm, dm, im)
and len: length xs > 1

shows (nm, dm, im) € set xs

{proof)

lemma maz-list-rats-with-indez: assumes A\ n d i. (n,d,i) € set s = d > 0
and max: maz-list-rats-with-index xs = (nm, dm, im)
and (n,d,i) € set zs

shows rat-of-int n / of-int d < of-int nm / of-int dm
(proof)

context LLL
begin

lemma log-base: log-base > 2 (proof)

definition LLL-invariant-weak’ :: nat = int vec list = bool where
LLL-invariant-weak’ i fs = (
gs.lin-indpt-list (RAT fs) A
lattice-of fs = L A
weakly-reduced fs i N
i< mA
length fs = m

12



)

lemma LLL-invD-weak: assumes LLL-invariant-weak’ i fs
shows
lin-indep fs
length (RAT fs) = m
set fs C carrier-vec n
N i i <m= fs!ie€ carrier-vec n
N i. i < m = gso fsi € carrier-vec n
length fs = m
lattice-of fs = L
weakly-reduced fs i
1< m
(proof)

lemma LLL-invl-weak: assumes
set fs C carrier-vec n
length fs = m
lattice-of fs = L
1< m
lin-indep fs
weakly-reduced fs i
shows LLL-invariant-weak’ i fs

{proof)

lemma LLL-invw’-imp-w: LLL-invariant-weak’ i fs = LLL-invariant-weak fs
(proof)

lemma basis-reduction-add-row-weak:
assumes Linvw: LLL-invariant-weak’ i fs
and i: 1 < m and j: j < ¢
and fs”: fs' = fs[i:=fsli— c- fs!]]
shows LLL-invariant-weak’ i fs’
g-bnd B fs = g-bnd B fs’
(proof)

lemma LLL-inv-weak-m-impl-i:
assumes inv: LLL-invariant-weak’ m fs
and i: 1 < m

shows LLL-invariant-weak’ i fs

(proof)

definition mod-invariant where
mod-invariant b p first = (b < rat-of-int (p — 1)72 / (rat-of-nat (bound-number
first) + 3)
A (3 e. p = log-base " e))

lemma compute-mod-of-max-gso-norm: assumes mn: mn > 0
and m: m = 0 = mn =0

13



and p: p = compute-mod-of-max-gso-norm first mn
shows

p > 1

mod-invariant mn p first
(proof)

lemma g-bnd-mode-cong: assumes \ i. i < m = gso fs i = gso fs' i
shows g-bnd-mode first b fs = g-bnd-mode first b fs’
(proof )

definition LLL-invariant-mod :: int vec list = int vec list = int mat = int =
bool = rat = nat = bool where
LLL-invariant-mod fs mfs dmu p first b i = (
length fs = m A
length mfs = m A
1< mA
lattice-of fs = L A
gs.lin-indpt-list (RAT fs) A
weakly-reduced fs i N\
(map (map-vec (Az. & symmod p)) fs = mfs) A
(Vi'<m.V ji<i' |dufsi'j'| <pxdfsj xdfs(Suci)) A
Vi'<m.Vji'<m. du fsi'j = dmu $$ (i'j") A
p>1A
g-bnd-mode first b fs A
mod-invariant b p first

)

lemma LLL-invD-mod: assumes LLL-invariant-mod fs mfs dmu p first b i
shows

length mfs = m

1< m

length fs = m

lattice-of fs = L

gs.lin-indpt-list (RAT fs)

weakly-reduced fs i

(map (map-vec (Ax. T symmod p)) fs = mfs)

(Vi'<m. Vi< i |dufsi'j| <pxdfsj «dfs(Sucj))

(Vi'<m.Vi'"<m.du fsi’'j' = dmu $$ (i',j")

N i.i<m= fs!ie€ carrier-vec n

set fs C carrier-vec n

N i. i < m = gso fsi € carrier-vec n

N i. i< m= mfs! i€ carrier-vec n

set mfs C carrier-vec n

p>1

g-bnd-mode first b fs

mod-invariant b p first

{(proof)

lemma LLL-invl-mod: assumes
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length mfs = m
i< m
length fs = m
lattice-of fs = L
gs.lin-indpt-list (RAT fs)
weakly-reduced fs i
map (map-vec (Az. x symmod p)) fs = mfs
Vi’ <m.Vj' < i |du fsi'§| < px*dfsj' = dfs(Sucj’))
(Vi'<m.Vj' < m.dp fsi'j’ = dmu $$ (i',j"))
p>1
g-bnd-mode first b fs
mod-invariant b p first
shows LLL-invariant-mod fs mfs dmu p first b i

{proof)

definition LLL-invariant-mod-weak :: int vec list = int vec list = int mat = int
= bool = rat = bool where
LLL-invariant-mod-weak fs mfs dmu p first b = (
length fs = m A
length mfs = m A
lattice-of fs = L A
gs.lin-indpt-list (RAT fs) A
(map (map-vec (A\z. z symmod p)) fs = mfs) A
(Vi'<m.V j' < i |du fsi'j| <pxdfsj *dfs(Sucj’)) A
(Vi'<m.Vi'"< m.du fsi'j" = dmu $$ (i',j) A
p>1A
g-bnd-mode first b fs A
mod-invariant b p first

)

lemma LLL-invD-modw: assumes LLL-invariant-mod-weak fs mfs dmu p first b
shows

length mfs = m

length fs = m

lattice-of fs = L

gs.lin-indpt-list (RAT fs)

(map (map-vec (Ax. T symmod p)) fs = mfs)

(Vi'<m. Vi <i' |ldu fsi'j'| <p=*dfsj «dfs (Sucj’))

(Vi'<m.Vi'<m.du fsi’j' = dmu $3$ (')

N i i <m= fs!ie€ carrier-vec n

set fs C carrier-vec n

N i. i< m = gso fsi € carrier-vec n

N i. i< m= mfs! i€ carrier-vec n

set mfs C carrier-vec n

p>1

g-bnd-mode first b fs

mod-invariant b p first

(proof)
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lemma LLL-invl-modw: assumes
length mfs = m
length fs = m
lattice-of fs = L
gs.lin-indpt-list (RAT fs)
map (map-vec (Az. x symmod p)) fs = mfs
(Vi'<m. Vi< i |dufsi'j| <p=xdfsj «dfs(Sucj’))
(Vi'<m.Vj' < m. du fsi'j' = dmu $$ (i'j")
p>1
g-bnd-mode first b fs
mod-invariant b p first
shows LLL-invariant-mod-weak fs mfs dmu p first b

{proof)

lemma ddu:

assumes i: i < m

shows d fs (Suc i) = du fsii
(proof)

lemma d-of-main: assumes (Vi' < m. dyp fs i’ i’ = dmu $$ (i',i’))
and i1 < m

shows d-of dmu i = d fs i

(proof )

lemma d-of: assumes inv: LLL-invariant-mod fs mfs dmu p b first j
and 1 < m

shows d-of dmu i = d fs i
(proof)

lemma d-of-weak: assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and i < m

shows d-of dmu i = d fs i
(proof)

lemma compute-maz-gso-norm: assumes dmu: (Vi' < m. du fs i’ i’ = dmu $$
(i)
and Linv: LLL-invariant-weak fs
shows g-bnd-mode first (fst (compute-maz-gso-norm first dmu)) fs
fst (compute-maz-gso-norm first dmu) > 0
m = 0 = fst (compute-maz-gso-norm first dmu) = 0
(proof)

lemma increase-i-mod:

assumes Linv: LLL-invariant-mod fs mfs dmu p first b i

and i: i < m

and red-i: i # 0 = sg-norm (gso fs (i — 1)) < a * sg-norm (gso fs i)
shows LLL-invariant-mod fs mfs dmu p first b (Suc i) LLL-measure i fs > LLL-measure
(Suc i) fs
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(proof)

lemma basis-reduction-mod-add-row-main:
assumes Linvmw: LLL-invariant-mod-weak fs mfs dmu p first b
and i: i < m and j: j <1
and ¢: ¢ = round (u fs i j)
and mfs": mfs’ = mfs| i ;== (map-vec (A x. x symmod p)) (mfs ! i — ¢ -, mfs ! j)]
and dmu’s dmu’ = mat m m (A(i"G7). (if ("= N j <J)
then (if j'=j then (dmu $$ (i,j') — ¢ * dmu $$ (4,5"))
else (dmu $$ (i,j') — ¢ * dmu $$ (4,5"))
symmod (p * (d-of dmu j') = (d-of dmu (Suc j"))))
else (dmu $$ (4',7%))))
shows (3 fs’. LLL-invariant-mod-weak fs' mfs’ dmu’ p first b A
LLL-measure i fs' = LLL-measure 1 fs
A (p-small-row i fs (Suc j) — p-small-row i fs' j)
AN (VEk < m. gsofs'k = gsofsk)
ANV < m.dfs'ii=dfsii)
A fs'ifl <1/ 2
ANV jLi'<i—ji<i—ufs'i'j=ufsij)
A (LLL-invariant-mod fs mfs dmu p first b i — LLL-invariant-mod fs' mfs’
dmu’ p first b))
(proof)

definition D-mod :: int mat = nat where D-mod dmu = nat (I ¢ < m. d-of
dmu 1)

definition logD-mod :: int mat = nat

where logD-mod dmu = (if a = 4/3 then (D-mod dmu) else nat (floor (log (1
/ of-rat reduction) (D-mod dmu))))
end

locale fs-int’-mod =

fixes n m fs-init « © fs mfs dmu p first b

assumes LLL-inv-mod: LLL.LLL-invariant-mod n m fs-init o fs mfs dmu p first
bi

context LLL-with-assms
begin

lemma basis-reduction-swap-weak’: assumes Linvw: LLL-invariant-weak’ i fs
and it i < m
and i0: i # 0
and mu-F1-i: |p fsi (i—1)] <1/ 2
and norm-ineq: sqg-norm (gso fs (i — 1)) > a * sg-norm (gso fs i)
and fs'-def: fs' = fs[i:==fs! (i — 1),i — 1 := fs ! ]
shows LLL-invariant-weak’ (i — 1) fs’

{(proof)

lemma basis-reduction-add-row-done-weak:
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assumes Linv: LLL-invariant-weak’ i fs

and it i < m

and mu-small: p-small-row i fs 0
shows p-small fs i

(proof)

lemma LLL-invariant-mod-to-weak-m-to-i: assumes
inv: LLL-invariant-mod fs mfs dmu p first b m
and 7: 1 < m

shows LLL-invariant-mod fs mfs dmu p first b @
LLL-invariant-weak’ m fs
LLL-invariant-weak’ i fs

(proof)

lemma basis-reduction-mod-swap-main:
assumes Linvmw: LLL-invariant-mod-weak fs mfs dmu p first b
and k: k< m
and k0: k # 0
and mu-F1-i: |p fsk (k—=1)| <1/ 2
and norm-ineq: sg-norm (gso fs (k — 1)) > « * sg-norm (gso fs k)
and mfs’-def: mfs’ = mfs[k := mfs ! (k — 1), k — 1 := mfs | k]
and dmu’-def: dmu’ = (mat m m (A(i,f). (
if j < i then
ifi =k — 1 then
dmu $$ (k, j)
elseifi=kNj#k— 1then
dmu $$ (k — 1, j)
else if i > k N j =k then
((d-of dmu (Suc k)) * dmu $$ (i, k — 1) — dmu $3 (k, k — 1) * dmu $3
(i, 7))
div (d-of dmu k)

elseif i > kNj=k — 1then
(dmu $$ (k, k — 1) * dmu $$ (7, j) + dmu $$ (i, k) * (d-of dmu (k—1)))
div (d-of dmu k)
else dmu $$ (i, j)
else if i = j then
ifi =k — 1 then
((d-of dmu (Suc k)) * (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$
(k, k — 1))
div (d-of dmu k)
else (d-of dmu (Suc 7))
else dmu $$ (i, 7))
)
and dmu’-mod-def: dmu’-mod = mat m m (A(4, ). (
ifj<iN({G=kVji=k—1) then
dmu’ $$ (i, §) symmod (p * (d-of dmu’ j) * (d-of dmu’ (Suc 7)))
else dmu' $$ (i, j)))
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’-mod p first b A
LLL-measure (k—1) fs' < LLL-measure k fs N
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(LLL-invariant-mod fs mfs dmu p first b k — LLL-invariant-mod fs' mfs’
dmu’-mod p first b (k—1)))
(proof )

lemma dmu-quot-is-round-of-u:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b i’
and c: ¢ = round-num-denom (dmu $$ (4,5)) (d-of dmu (Suc j))
and it i < m

and j: j < i
shows ¢ = round(u fs i j)
(proof)

lemma dmu-quot-is-round-of-p-weak:
assumes Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and c: ¢ = round-num-denom (dmu $$ (4,5)) (d-of dmu (Suc 7))
and i: i < m

and j: j < i
shows ¢ = round(p fs i j)
(proof)

lemma basis-reduction-mod-add-row: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-add-row p mfs dmu i j = (mfs’, dmu’)
and i: i < m
and j: j < ¢
and igtz: 7 # 0
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’ p first b A
LLL-measure i fs' = LLL-measure i fs N\
(p-small-row i fs (Suc j) — p-small-row i fs’ j) A
i fs'ijl <1/ 2 A
Vi'jhi'<i— 3 <i'—pfs'i'j =pfsi’j) A
(LLL-invariant-mod fs mfs dmu p first b ¢ — LLL-invariant-mod fs' mfs’
dmu’ p first b i) A
Vit < m. dfs' it =dfsii))
(proof)

lemma basis-reduction-mod-swap: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and mu: |p fsk (k—1)| <1/ 2
and res: basis-reduction-mod-swap p mfs dmu k = (mfs’, dmu’-mod)
and cond: sg-norm (gso fs (k — 1)) > a * sg-norm (gso fs k)
and i: k< mk#0
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’-mod p first b A
LLL-measure (k — 1) fs’ < LLL-measure k fs A
(LLL-invariant-mod fs mfs dmu p first b k — LLL-invariant-mod fs’ mfs
dmu’-mod p first b (k—1)))
(proof )

/

lemma basis-reduction-adjust-mod: assumes
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Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-mod p first mfs dmu = (p’, mfs’, dmu’, g-idz’)
shows (3 fs’ b’. (LLL-invariant-mod fs mfs dmu p first b i — LLL-invariant-mod
fs" mfs" dmu’ p’ first b’ i) A
LLL-invariant-mod-weak fs' mfs’ dmu’ p’ first b’ A
LLL-measure i fs’ = LLL-measure i fs)
(proof)

lemma alpha-comparison: assumes

Linv: LLL-invariant-mod-weak fs mfs dmu p first b

and alph: quotient-of o = (num, denom)

and i: i < m

and i0: i # 0
shows (d-of dmu @ x d-of dmu ¢ * denom < num x d-of dmu (i — 1) * d-of dmu
(Suc 1))

= (sg-norm (gso fs (i — 1)) < a * sqg-norm (gso fs i))

(proof)

lemma basis-reduction-adjust-swap-add-step: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-swap-add-step p first mfs dmu g-idz i = (p’, mfs’,
dmu’, g-idz)
and alph: quotient-of o = (num, denom)
and ineq: - (d-of dmu i x d-of dmu i * denom
< num * d-of dmu (i — 1) % d-of dmu (Suc 1))
and it i < m
and i0: i # 0
shows dfs’ b'. LLL-invariant-mod-weak fs' mfs’ dmu’ p’ first b’ A
LLL-measure (i — 1) fs’ < LLL-measure i fs A
LLL-measure (m — 1) fs’ < LLL-measure (m — 1) fs A
(LLL-invariant-mod fs mfs dmu p first b i —
LLL-invariant-mod fs'" mfs’ dmu’ p’ first b’ (i — 1))
(proof)

lemma basis-reduction-mod-step: assumes

Linv: LLL-invariant-mod fs mfs dmu p first b i

and res: basis-reduction-mod-step p first mfs dmu g-idz i j = (p’, mfs’, dmu’,
g—id:L’/, il? ]/)

and i: i < m
shows 3fs’ b’. LLL-measure i’ fs' < LLL-measure i fs N LLL-invariant-mod fs'
mfs’ dmu’ p’ first b’ i’
(proof)

lemma basis-reduction-mod-main: assumes LLL-invariant-mod fs mfs dmu p first
b

and res: basis-reduction-mod-main p first mfs dmu g-ide i j = (p’, mfs’, dmu’)
shows dfs’ b'. LLL-invariant-mod fs' mfs’ dmu’ p’ first b’ m

(proof)
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lemma compute-maz-gso-quot-alpha:
assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and max: compute-maz-gso-quot dmu = (msg-num, msq-denum, idx)
and alph: quotient-of a = (num, denum)
and cmp: (msg-num * denum > num * msqg-denum) = cmp
and m: m > 1
shows cmp = idz # 0 A ide < m A = (d-of dmu idz * d-of dmu idz * denum
< num * d-of dmu (ide — 1) * d-of dmu (Suc idz))
and - ¢cmp = LLL-invariant-mod fs mfs dmu p first b m

(proof)

lemma small-m:
assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and m: m < 1

shows LLL-invariant-mod fs mfs dmu p first b m

(proof)

lemma basis-reduction-iso-main: assumes LLL-invariant-mod-weak fs mfs dmu p
first b

and res: basis-reduction-iso-main p first mfs dmu g-ide j = (p’, mfs’, dmu’)
shows 3 fs’ b’. LLL-invariant-mod fs’ mfs’ dmu’ p’ first b’ m

(proof)

lemma basis-reduction-mod-add-rows-loop-inv’: assumes
fsinv: LLL-invariant-mod fs mfs dmu p first b m
and res: basis-reduction-mod-add-rows-loop p mfs dmu i i = (mfs’, dmu’)
and i: i < m
shows 3 fs’. LLL-invariant-mod fs' mfs' dmu’ p first b m A
Vi'jhi'<i— 3 <i'—pfsi'"j =pfs’i"j) A
w-small fs' i
(proof)

lemma basis-reduction-mod-add-rows-outer-loop-inv:
assumes inv: LLL-invariant-mod fs mfs dmu p first b m
and (mfs’, dmu’) = basis-reduction-mod-add-rows-outer-loop p mfs dmu i
and i: i < m
shows (3 fs’. LLL-invariant-mod fs" mfs’ dmu’ p first b m A
(Vj. j < i —> p-small fs' j))
(proof)

lemma basis-reduction-mod-fs-bound:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b k
and mu-small: p-small fs i
and i: i < m
and nFirst: — first
shows fs ! i = mfs! 1

(proof)
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lemma basis-reduction-mod-fs-bound-first:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b k
and m0: m > 0
and first: first

shows fs ! 0 = mfs! 0

(proof)

lemma dmu-initial: dmu-initial = mat m m (X (4,f). dp fs-init i 7)

{(proof)

lemma LLL-initial-invariant-mod: assumes res: compute-initial-state first = (p,
mfs, dmu’, g-idz)

shows 3 fs b. LLL-invariant-mod fs mfs dmu’ p first b 0

(proof)

3.3 Soundness of Storjohann’s algorithm

For all of these abstract algorithms, we actually formulate their sound-
ness proofs by linking to the LLL-invariant (which implies that fs is re-
duced (LLL-invariant True m fs) or that the first vector of fs is short
(LLL-invariant-weak fs A\ gram-schmidt-fs.weakly-reduced n (map of-int-hom.vec-hom

fs) a m).
Soundness of Storjohann’s algorithm

lemma reduce-basis-mod-inv: assumes res: reduce-basis-mod = fs
shows LLL-invariant True m fs

(proof)

Soundness of Storjohann’s algorithm for computing a short vector.

lemma short-vector-mod-inv: assumes res: short-vector-mod = v
and m: m > 0
shows 3 fs. LLL-invariant-weak fs N weakly-reduced fs m N v = hd fs

(proof)

Soundness of Storjohann’s algorithm with improved swap order

lemma reduce-basis-iso-inv: assumes res: reduce-basis-iso = fs
shows LLL-invariant True m fs

(proof)

Soundness of Storjohann’s algorithm to compute short vectors with im-
proved swap order

lemma short-vector-iso-inv: assumes res: short-vector-iso = v
and m: m > 0
shows 3 fs. LLL-invariant-weak fs N weakly-reduced fs m N v = hd fs

(proof)

end
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From the soundness results of these abstract versions of the algorithms, one
just needs to derive actual implementations that may integrate low-level
optimizations.

end

4 Storjohann’s basis reduction algorithm (concrete
implementation)

We refine the abstract algorithm into a more efficient executable one.

theory Storjohann-Impl
imports
Storjohann
begin

4.1 Implementation
We basically store four components:

o The f-basis (as list, all values taken modulo p)
o The dpu-matrix (as nested arrays, all values taken modulo d;d;1p)

o The d-values (as array)

The modulo-values d;d;+1p (as array)

type-synonym state-impl = int vec list X int iarray iarray X int tarray X int
iarray

fun di-of :: state-impl = int iarray where
di-of (mfsi, dmui, di, mods) = di

context LLL
begin

fun state-impl-inv :: - = - = - = state-impl = bool where
state-impl-inv p mfs dmu (mfsi, dmui, di, mods) = (mfsi = mfs N di = TAr-
ray.of-fun (d-of dmu) (Suc m)
A dmui = IArray.of-fun (X i. TArray.of-fun (A j. dmu $3$ (i,5)) ) m
A mods = [Array.of-fun (A j. p * di ' j % di !! (Suc j)) (m — 1))

definition state-iso-inv :: (int x int) iarray = int iarray = bool where
state-iso-inv prods di = (prods = IArray.of-fun

(N (di 1) (i41) % di W (i+1), di I (i+2) % di 11 §)) (m — 1))

definition perform-add-row :: int = state-impl = nat = nat = int = int iarray
= int = int = state-impl where
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perform-add-row p state i j ¢ rowi muij dijl = (let
(mfsi, dmui, di, mods) = state;

fsj = mfsi ! j;
rowj = dmui 1! j
m

(case split-at i mfsi of (start, fsi # end) = start Q vecn (A k. (fsi $ k — ¢
x fsj $ k) symmod p) # end,
IArray.of-fun (X . if i = ii then
IArray.of-fun (X jj. if jj < j then
(rowi ! 45 — ¢ * rowj ! jj) symmod (mods !! jj)
else if jj = j then muij — c * dijl
else rowi ! jj) i
else dmui ! ii) m,
di, mods))

definition LLL-add-row :: int = state-impl = nat = nat = state-impl where
LLL-add-row p state i j = (let
(-, dmui, di, -) = state;
rowi = dmui !! 1;
dij1 = di ! (Suc j);
muij = rowi !! j;
¢ = round-num-denom muij dijl
in if ¢ = 0 then state
else perform-add-row p state i j ¢ rowi muij dij1)

definition LLL-swap-row :: int = state-impl = nat = state-impl where
LLL-swap-row p state k = (case state of (mfsi, dmui, di, mods) = let
ki =Fk— 1;
kS1 = Suc k;
muk = dmui ! k;
mukl = dmui ! k1;
mukkl = muk ! k1;

dk1 = di 1! k1;
dkS1 = di ! kS1;
dk = di 1 k;

dk’ = (dkS1 = dk1 + mukkl * mukkl) div dk;
modl = p x dk1 * dk’
modk = p * dk’ x dkS1
m
(case split-at k1 mfsi
of (start, fsk1 # fsk # end) = start Q fsk # fsk1 # end,
TArray.of-fun (X i.
if i < kI then dmui ! {
else if i > k then
let row-i = dmut ! i; muik = row-i !! k; muikl = row-i ! kI in
TArray.of-fun
(AN j.if j = k1 then ((mukkl x muikl + muik * dk1) div dk) symmod
mod1
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else if j = k then ((dkS1 x muikl — mukkl * muik) div dk)
symmod modk
else row-i ! ) ¢
else if i = k then IArray.of-fun (X j. if j = k1 then mukkl symmod mod1
else mukl ! j) i
else TArray.of-fun (1) muk) @
) m,
IArray.of-fun (X 4. if i = k then dk’ else di ! ©) (Suc m),
IArray.of-fun (X j. if j = k1 then modl else if j = k then modk else mods !
j) (m — 1)))

definition perform-swap-add where perform-swap-add p state k k1 ¢ row-k mukk1
dk =
(let (fs, dmu, dd, mods) = state;

row-k1 = dmu ! k1,

kS1 = Suc k;
mukkl’ = mukkl — c * dk;
dk1 = dd ! k1;

dkS1 = dd ! kS1;
dk’ = (dkS1 * dk1 + mukkl' x mukk1') div dk;
modl = p x dk1 * dk",
modk = p * dk’ * dkS1
m
(case split-at k1 fs of (start, fsk1 # fsk # end) =
start @ vec n (\k. (fsk $ k — ¢ = fsk1 $ k) symmod p) # fsk1 # end,
TArray.of-fun
(Ni. if i < ki
then dmu ! §
else if k < 1
then let row-i = dmu ! 7;
mutkl = row-i ! k1;
muik = row-i !l k
in TArray.of-fun
(N\j. if § = k1 then (mukkl’ * muikl + muik x dk1) div dk
symmod mod1
else if j = k then (dkS1 % muikl — mukkl’ * muik) div
dk symmod modk
else row-i ! §)
i
else if i = k then IArray.of-fun (N\j. if j = k1 then mukkl’ symmod
mod1 else row-k1 ! §) k
else IArray.of-fun (Aj. (row-k 1! j — ¢ x row-k1 1! §) symmod mods
1) i)

m7

TArray.of-fun (X\i. if i = k then dk’ else dd ! i) (Suc m),

IArray.of-fun (Nj. if j = k1 then modl else if j = k then modk else mods !! j)
(m — 1)
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definition LLL-swap-add where
LLL-swap-add p state i = (let

il =1—1;
(-, dmui, di, -) = state;
rowi = dmui ! i;
dii = di ! 4
muij = rowi ! i1;
¢ = round-num-denom muij dii
in if ¢ = 0 then LLL-swap-row p state i
else perform-swap-add p state i il ¢ rowi muij dii)

definition LLL-maz-gso-norm-di :: bool = int iarray = rat X nat where
LLL-mazx-gso-norm-di first di =
(if first then (of-int (di !l 1), 0)
else case maz-list-rats-with-index (map (A i. (di ! (Suc 4), di 1! 4, 7)) [0 ..<
m])

of (num, denom, i) = (of-int num / of-int denom, 7))

definition LLL-maz-gso-quot:: (int * int) tarray = (int % int * nat) where
LLL-maz-gso-quot di-prods = max-list-rats-with-index
(map (Ni. case di-prods ! i of (I,r) = (I, r, Suc 7)) [0..<(m—1)])

definition LLL-maz-gso-norm :: bool = state-impl = rat X nat where
LLL-maz-gso-norm first state = (case state of (-, -, di, mods) = LLL-maz-gso-norm-di

first di)

definition perform-adjust-mod :: int = state-impl = state-impl where
perform-adjust-mod p state = (case state of (mfsi, dmui, di, -) =
let mfsi’ = map (map-vec (Ax. x symmod p)) mfsi;
mods = TArray.of-fun (X j. p x di ! j = di !l (Suc j)) (m — 1);
dmui’ = IArray.of-fun (X i. let row = dmui ! i in IArray.of-fun (X j.
row !! j symmod (mods ! §)) i) m
m
((mfsi’, dmui’, di, mods)))

definition mod-of-gso-norm :: bool = rat = int where
mod-of-gso-norm first mn = log-base ~ (log-ceiling log-base (maz 2 (
root-rat-ceiling 2 (mn x (rat-of-nat (if first then 4 else m + 3))) + 1)))

definition LLL-adjust-mod :: int = bool = state-impl = int X state-impl X nat
where
LLL-adjust-mod p first state = (

let (b', g-ide) = LLL-maz-gso-norm first state;

p’ = mod-of-gso-norm first b’

in if p’ < p then (p’, perform-adjust-mod p' state, g-idz)

else (p, state, g-idx)
)
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definition LLL-adjust-swap-add where
LLL-adjust-swap-add p first state g-ide i = (
let statel = LLL-swap-add p state ©
inifi — 1 = g-idz then
LLL-adjust-mod p first statel else (p, statel, g-idz))

definition LLL-step :: int = bool = state-impl = nat = nat = int = (int x
state-impl X nat) x nat X int where

LLL-step p first state g-ide ¢ j = (if i = 0 then ((p, state, g-idx), Suc i, 7)

else let
il =i— 1
1S = Suc i

(-, -, di, -) = state;
(num, denom) = quotient-of «;

d-i = di ! i;
d-il = di ! il
d-Si = di 1! iS

in if d-i % d-i x denom < num * d-il * d-Si then
((p, state, g-idz), iS, j)
else (LLL-adjust-swap-add p first state g-idz i, i1, j + 1))

partial-function (tailrec) LLL-main :: int = bool = state-impl = nat = nat =
int = int X state-impl
where
LLL-main p first state g-idzx i (j :: int) = (
(ifi<m
then case LLL-step p first state g-idx i j of
((p/a State/, g_idxl)a Z'Ia Jl) =
LLL-main p' first state’ g-idx’ i’ j'
else
(p, state)))

partial-function (tailrec) LLL-iso-main-inner where
LLL-iso-main-inner p first state di-prods g-idz (j :: int) = (
case state of (-, -, di, -) =
(
(let (max-gso-num, mazx-gso-denum, indzx) = LLL-maz-gso-quot di-prods;
(num, denum) = quotient-of « in
(if maz-gso-num * denum > num x maz-gso-denum then
case LLL-adjust-swap-add p first state g-idx indz of
(p’, state’, g-idz') = case state’ of (-, -, di’, -) =
let di-prods’ = IArray.of-fun (X i. case di-prods ! i of Ir =
if i > indx V i + 2 < indx then Ir
else case lr of (l,r)
= if i + 1 = indx then let d-ide = di’ ! indz in (d-idz * d-idx, r)
else (I, di’ W (i + 2) = di’ N %)) (m — 1)
in LLL-iso-main-inner p’ first state’ di-prods’ g-ide’ (j + 1)
else
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(p; state)))))

definition LLL-iso-main where
LLL-iso-main p first state g-ide § = (if m > 1 then
case state of (-, -, di, -) =
let di-prods = IArray.of-fun (A i. (di 1! (i+1) = di ! (i+1), di 1! (i+2) * di !l
i) (m — 1)

in LLL-iso-main-inner p first state di-prods g-idz j else (p,state))

definition LLL-initial :: bool = int X state-impl X nat where
LLL-initial first = (let init = du-impl fs-init;

di = IArray.of-fun (X i. if i = 0 then 1 else let il = i — 1 in init V! i1 ! i1)
(Suc m);

(b,g-idx) = LLL-max-gso-norm-di first di;

p = mod-of-gso-norm first b,

mods = IArray.of-fun (X j. p = di 1! j % di V! (Suc j)) (m — 1);

dmui = TArray.of-fun (X i. let row = init ! ¢ in IArray.of-fun (X j. row !! j
symmod (mods !! §)) i) m

in (p, (compute-initial-mfs p, dmui, di, mods), g-idz))

primrec LLL-add-rows-loop where
LLL-add-rows-loop p state i 0 = state
| LLL-add-rows-loop p state i (Suc j) = (
let state’ = LLL-add-row p state i j
in LLL-add-rows-loop p state’ i j)

primrec LLL-add-rows-outer-loop where
LLL-add-rows-outer-loop p state 0 = state |
LLL-add-rows-outer-loop p state (Suc i) =
(let state’ = LLL-add-rows-outer-loop p state i in
LLL-add-rows-loop p state’ (Suc i) (Suc 7))

definition
LLL-reduce-basis = (if m = 0 then || else
let first = Fulse;
(p0, state0, g-idx0) = LLL-initial first;
(p, state) = LLL-main p0 first state0 g-idz0 0 0;
(mfs,-,~,-) = LLL-add-rows-outer-loop p state (m — 1)
in mfs)

definition
LLL-reduce-basis-iso = (if m = 0 then [] else
let first = Fualse;
(p0, state0, g-ide0) = LLL-initial first;
(p, state) = LLL-iso-main p0 first state0 g-idz0 0,
(mfs,-,-,-) = LLL-add-rows-outer-loop p state (m — 1)
in mfs)
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definition
LLL-short-vector = (
let first = True;
(p0, state0, g-idz0) = LLL-initial first;
(p, (mfs,-,~,-)) = LLL-main p0 first state0 g-idz0 0 0
in hd mfs)

definition
LLL-short-vector-iso = (
let first = True;
(p0, state0, g-ide0) = LLL-initial first;
(p, (mfs,-,~,-)) = LLL-iso-main p0 first state0 g-idz0 0
in hd mfs)

end

declare LLL.LLL-short-vector-def|code]
declare LLL.LLL-short-vector-iso-def[code]
declare LLL.LLL-reduce-basis-def|code]
declare LLL.LLL-reduce-basis-iso-def[code]
declare LLL.LLL-iso-main-def[code]
declare LLL.LLL-iso-main-inner.simps|code]
declare LLL.LLL-initial-def[code]

declare LLL.LLL-main.simps|code]
declare LLL.LLL-adjust-mod-def]code]
declare LLL.LLL-maz-gso-norm-def[code]
declare LLL.perform-adjust-mod-def]code]
declare LLL.LLL-maz-gso-norm-di-def|code]
declare LLL.LLL-maz-gso-quot-def]|code]
declare LLL.LLL-step-def|code]

declare LLL.LLL-add-row-def|code]
declare LLL.perform-add-row-def|code]
declare LLL.LLL-swap-row-def[code]
declare LLL.LLL-swap-add-def[code]
declare LLL.LLL-adjust-swap-add-def|code]
declare LLL.perform-swap-add-def[code]
declare LLL.mod-of-gso-norm-def|code]
declare LLL.compute-initial-mfs-def[code]
declare LLL.log-base-def|code]

4.2 Towards soundness proof of implementation

context LLL
begin
lemma perform-swap-add: assumes k: k # 0 k < m and fs: length fs = m
shows LLL-swap-row p (perform-add-row p (fs, dmu, di, mods) k (k — 1) ¢ (dmu
WE) (dnu M EN (K= 1)) (diN k) k
= perform-swap-add p (fs, dmu, di, mods) k (k — 1) ¢ (dmu ' k) (dmu ! k!
(k—1)) (diNk)
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(proof)

lemma LLL-swap-add-eq: assumes i: i # 0 ¢ < m and fs: length fs = m
shows LLL-swap-add p (fs,dmu,di,mods) i = (LLL-swap-row p (LLL-add-row p

(fs,dmu,di,mods) i (i — 1)) ©)

{proof)

end

context LLL-with-assms
begin

lemma LLL-mod-inv-to-weak: LLL-invariant-mod fs mfs dmu p first b i = LLL-invariant-mod-weak
fs mfs dmu p first b

(proof)

declare [Array.of-fun-def[simp del]

lemma LLL-swap-row: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-swap p mfs dmu k = (mfs’, dmu’)
and res”: LLL-swap-row p state k = state’
and k: k<mk#0
shows state-impl-inv p mfs’ dmu’ state’

(proof)

lemma LLL-add-row: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-add-row p mfs dmu i j = (mfs’, dmu’)
and res”: LLL-add-row p state i j = state’
and i: i < m
and j: j < 1@

shows state-impl-inv p mfs’ dmu’ state’

(proof)

lemma LLL-maz-gso-norm-di: assumes di: di = IArray.of-fun (d-of dmu) (Suc
m)

and m: m # 0
shows LLL-maz-gso-norm-di first di = compute-maz-gso-norm first dmu

(proof)

lemma LLL-maz-gso-quot: assumes di: di = IArray.of-fun (d-of dmu) (Suc m)
and prods: state-iso-inv di-prods di
shows LLL-maz-gso-quot di-prods = compute-max-gso-quot dmu

(proof)
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lemma LLL-maz-gso-norm: assumes impl: state-impl-inv p mfs dmu state
and m: m # 0
shows LLL-maz-gso-norm first state = compute-maz-gso-norm first dmu

(proof)

lemma mod-of-gso-norm: m # 0 = mod-of-gso-norm first mn =
compute-mod-of-max-gso-norm first mn
(proof)

lemma LLL-adjust-mod: assumes impl: state-impl-inv p mfs dmu state
and res: basis-reduction-adjust-mod p first mfs dmu = (p’, mfs’, dmu’, g-idzx)
and res”s LLL-adjust-mod p first state = (p"', state’, g-idz’)
and m: m # 0

shows state-impl-inv p’ mfs’ dmu’ state’ A p"' = p' A\ g-idz’ = g-idz

(proof)

lemma LLL-adjust-swap-add: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-swap-add-step p first mfs dmu g-ide k = (p’, mfs’,
dmu’, g-idz’)
and res”. LLL-adjust-swap-add p first state g-idz k = (p'',state’, G-idz’)
and k: k < mand k0: k # 0
shows state-impl-inv p’ mfs’ dmu’ state’ p”’ = p’ G-idz' = g-idz’
i < m = i+# k= di-of state’ ! i = di-of state ! i
(proof)

lemma LLL-step: assumes impl: state-impl-inv p mfs dmu state

and Linv: LLL-invariant-mod-weak fs mfs dmu p first b

and res: basis-reduction-mod-step p first mfs dmu g-ide k j = (p’, mfs’, dmu’,
g-idz' k', §")

and res”s LLL-step p first state g-idz k j = ((p”,state’, g-idz'"), k", j")

and k: k< m
shows state-impl-inv p’ mfs’ dmu’ state’ N k" = k' AN p"” = p' N i = j' N g-idx
= g-idx’
{proof)

1

lemma LLL-main: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p first b i
and res: basis-reduction-mod-main p first mfs dmu g-ide i k = (p’, mfs’, dmu’)
and res”s LLL-main p first state g-idz i k = (pi’, state’)
shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’
(proof)

lemma LLL-iso-main-inner: assumes impl: state-impl-inv p mfs dmu state

and di-prods: state-iso-inv di-prods (di-of state)
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
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and res: basis-reduction-iso-main p first mfs dmu g-ide k = (p’, mfs’, dmu’)
and res”: LLL-iso-main-inner p first state di-prods g-idz k = (pi’, state’)
and m: m > 1

shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’
(proof )

lemma LLL-iso-main: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-iso-main p first mfs dmu g-ide k = (p’, mfs’, dmu’)
and res”s LLL-iso-main p first state g-ide k = (pi’, state”)

shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’

(proof)

lemma LLL-initial: assumes res: compute-initial-state first = (p, mfs, dmu, g-idz)

and res”: LLL-initial first = (p', state, g-idz’)

and m: m # 0
shows state-impl-inv p mfs dmu state A p' = p A g-ide' = g-idz
(proof)

lemma LLL-add-rows-loop: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p b first i
and res: basis-reduction-mod-add-rows-loop p mfs dmu i j = (mfs’, dmu’)
and res”: LLL-add-rows-loop p state i j = state’
and j: j < ¢
and i: i < m

shows state-impl-inv p mfs’ dmu’ state’
(proof)

lemma LLL-add-rows-outer-loop: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p first b m
and res: basis-reduction-mod-add-rows-outer-loop p mfs dmu i = (mfs’, dmu’)
and res”: LLL-add-rows-outer-loop p state ¢ = state’
and i: 1 < m — I

shows state-impl-inv p mfs’ dmu’ state’
(proof)

4.3 Soundness of implementation

We just prove that the concrete implementations have the same input-
output-behaviour as the abstract versions of Storjohann’s algorithms.

lemma LLL-reduce-basis: LLL-reduce-basis = reduce-basis-mod
(proof)

lemma LLL-reduce-basis-iso: LLL-reduce-basis-iso = reduce-basis-iso

(proof)

lemma LLL-short-vector: assumes m: m # 0
shows LLL-short-vector = short-vector-mod
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(proof)

lemma LLL-short-vector-iso: assumes m: m # 0
shows LLL-short-vector-iso = short-vector-iso

(proof)

end

end

5 Generalization of the statement about the unique-
ness of the Hermite normal form

theory Uniqueness-Hermite
imports Hermite. Hermite
begin

instance int :: bezout-ring-div

(proof)

lemma map-matriz-rat-of-int-mult:

shows map-matriz rat-of-int (AxxB) = (map-matriz rat-of-int A)xx(map-matriz
rat-of-int B)

(proof)

lemma det-map-matrix:
fixes A :: int"'n:mod-type 'n::mod-type
shows det (map-matriz rat-of-int A) = rat-of-int (det A)
(proof)

lemma inv-Z-imp-inv-Q:
fixes A :: int 'n::mod-type 'n::mod-type
assumes inv-A: invertible A
shows invertible (map-matriz rat-of-int A)

(proof)

lemma upper-triangular-Z-eq-Q:
upper-triangular (map-matriz rat-of-int A) = upper-triangular A

(proof )

lemma invertible-and-upper-diagonal-not0:

fixes H :: int " 'n::mod-type 'n::mod-type

assumes inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular
H

shows H$ i$i+#0

(proof)

33



lemma diagonal-least-nonzero:
fixes H :: int " 'n::mod-type 'n::mod-type
assumes H: Hermite associates residues H
and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H
shows (LEAST n. H$ i$n#0) =1
(proof)

lemma diagonal-in-associates:
fixes H :: int 'n::mod-type 'n::mod-type
assumes H: Hermite associates residues H
and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H
shows H $ ¢ $ i € associates
(proof)

lemma above-diagonal-in-residues:
fixes H :: int 'n::mod-type 'n::mod-type
assumes H: Hermite associates residues H
and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H
and j-i: j<i
shows H $j$ (LEAST n. HS$ (3% n +# 0) € residues (H$ (3% (LEAST n. H $
i$n#£0))
(proof)

lemma Hermite-unique-generalized:
fixes K::int 'n:mod-type 'n::mod-type
assumes A-PH: A = P xx H
and A-QK: A= Q *x K
and inv-A: invertible (map-matriz rat-of-int A)
and inv-P: invertible P
and inv-Q: invertible Q
and H: Hermite associates residues H
and K: Hermite associates residues K
shows H = K

(proof)

end

6 Uniqueness of Hermite normal form in JNF

This theory contains the proof of the uniqueness theorem of the Hermite
normal form in JNF, moved from HOL Analysis.

theory Uniqueness-Hermite-JNF
imports
Hermite. Hermite
Uniqueness-Hermite
Smith-Normal-Form.SNF-Missing-Lemmas
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Smith-Normal-Form.Mod- Type-Connect
Smith-Normal-Form. Finite- Field-Mod- Type- Connection
begin

hide-const (open) residues

We first define some properties that currently exist in HOL Analysis, but
not in JNF, namely a predicate for being in echelon form, another one for
being in Hermite normal form, definition of a row of zeros up to a concrete
position, and so on.

definition is-zero-row-upt-k-JNF :: nat => nat =>'a::{zero} mat => bool
where is-zero-row-upt-k-JNF i k A = (Vj. j < k — A $$ (i,j) = 0)

definition is-zero-row-JNF' :: nat =>"a::{zero} mat => bool
where is-zero-row-JNF i A = (Vj<dim-col A. A $$ (i, j) = 0)

lemma echelon-form-def":
echelon-form A = (
(Vi. is-zero-row i A — — (3. j>i A = is-zero-row j A))
A
(Vij.i<j A = (is-zero-row © A) A\ = (is-zero-row j A)
S ((LEASTn. AS$i$n+ 0) < (LEASTn. A$j$n#0))
(proof )

definition
echelon-form-JNF :: 'a::{bezout-ring} mat = bool
where
echelon-form-JNF A = (
(Vi<dim-row A. is-zero-row-JNF i A — = (3j. j < dim-row A A j>i N\ —
is-zero-row-JNF' j A))
A
(Vij. i<j A j<dim-row A N = (is-zero-row-JNF i A) A = (is-zero-row-JNF j
4)
— ((LEAST n. A 8% (i, n) # 0) < (LEAST n. A 8% (4, n) # 0))))

Now, we connect the existing definitions in HOL Analysis to the ones just
defined in JNF by means of transfer rules.

context includes lifting-syntax
begin

lemma HMA-is-zero-row-mod-type[transfer-rule]:

((Mod-Type-Connect. HMA-I) ===> (Mod-Type-Connect. HMA-M :: - = 'a
comm-ring-1 ~ 'n :: mod-type " 'm :: mod-type = -)

===> (=)) is-zero-row-JNF is-zero-row

lemma HMA-echelon-form-mod-type[transfer-rule]:
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((Mod-Type-Connect. HMA-M :: - = 'a ::bezout-ring ~ 'n :: mod-type ~ 'm ::

mod-type = -) ===> (=))
echelon-form-JNF' echelon-form
(proof )

definition Hermite-JNF :: 'a:{bezout-ring-div,normalization-semidom} set = ('a
= 'a set) = 'a mat = bool

where Hermite-JNF associates residues A = (

Complete-set-non-associates associates A (Complete-set-residues residues) A ech-
elon-form-JNF A

A (YVi<dim-row A. = is-zero-row-JNF ¢ A — A $$ (i, LEAST n. A 83 (i, n) #
0) € associates)

A (Vi<dim-row A. = is-zero-row-JNF i A — (Vj. j<i — A $$ (j, (LEAST n.
A $$ (i, n) #£ 0))

€ residues (A $$ (i,(LEAST n. A $$ (i,n) # 0)))
)

lemma HMA-LEAST [transfer-rule]:

assumes AA": (Mod-Type-Connect. HMA-M :: - = 'a = comm-ring-1 ~ 'n =
mod-type ~ 'm :: mod-type = -) A A’

and . Mod-Type-Connect. HMA-I i i’ and zero-i: = is-zero-row-JNF i A
shows Mod-Type-Connect. HMA-I (LEAST n. A $$ (i, n) # 0) (LEAST n. in-
dex-hma A’ i’ n # 0)
(proof)

lemma element-least-not-zero-eq-HMA-JNF':

fixes A”: 'a :: comm-ring-1 ~ 'n :: mod-type " 'm :: mod-type

assumes AA": Mod-Type-Connect. HMA-M A A’ and jj": Mod-Type-Connect. HMA-T
jj’

and it Mod-Type-Connect. HMA-I i i’ and zero-i": = is-zero-row i’ A’

shows A $$ (j, LEAST n. A $$ (i, n) # 0) = A’ $h j' $h (LEAST n. A’ $h i’
$h n # 0)
(proof)

lemma HMA-Hermite[transfer-rule]:
shows ((Mod-Type-Connect. HMA-M :: - = 'a :: {bezout-ring-div,normalization-semidom}

“'n i mod-type " 'm :: mod-type = -) ===> (=))
(Hermite-JNF associates residues) (Hermite associates residues)
(proof )

corollary HMA-Hermite2[transfer-rule]:

shows ((=) ===> (=) ===> (Mod-Type-Connect. HMA-M :: -

= 'a :: {bezout-ring-div,normalization-semidom} ~ 'n :: mod-type " 'm :: mod-type
57y ===> (=)
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(Hermite-JNF) (Hermite)
{proof)

Once the definitions of both libraries are connected, we start to move the
theorem about the uniqueness of the Hermite normal form (stated in HOL
Analysis, named Hermite-unique) to JNF.

Using the previous transfer rules, we get an statement in JNF. However,
the matrices have CARD('n::mod-type) rows and columns. We want to get
rid of that type variable and just state that they are of dimension n x n
(expressed via the predicate carrier-mat

lemma Hermite-unique-JNF:
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}
mat
assumes A € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
P € carrier-mat CARD('n::mod-type) CARD('n::mod-type)

H € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
Q € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
K € carrier-mat CARD('n::mod-type) CARD('n::mod-type)

assumes A = P« H
and A = Q x K and invertible-mat A and invertible-mat P
and invertible-mat @@ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K

(proof)

Since the mod-type restriction relies on many things, the shortcut is to use
the mod-ring typedef developed in the Berlekamp-Zassenhaus development.
This type definition allows us to apply local type definitions easily. Since
mod-ring is just an instance of mod-type, it is straightforward to obtain the
following lemma, where CARD('n::mod-type) has now been substituted by
CARD('n::nontriv mod-ring)

corollary Hermite-unique-JNF-with-nontriv-mod-ring:
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}
mat
assumes A € carrier-mat CARD('n) CARD('n::nontriv mod-ring)
P € carrier-mat CARD('n) CARD('n)
H € carrier-mat CARD('n) CARD('n)
Q € carrier-mat CARD('n) CARD('n)
K € carrier-mat CARD('n) ('n)
assumes A = P x H
and A = @ * K and invertible-mat A and invertible-mat P
and invertible-mat @) and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K (proof)

CARD

Now, we assume in a context that there exists a type text ‘b of cardinality
n and we prove inside this context the lemma.
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context

fixes n::nat

assumes local-typedef: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<n
iint}

and p: n>1
begin

private lemma type-to-set:
shows class.nontriv TYPE('b) (is %a) and n=CARD(’D) (is #b)

{(proof)

lemma Hermite-unique-JNF-auz:
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}
mat
assumes A € carrier-mat n n
P € carrier-mat n n
H € carrier-mat n n
Q € carrier-mat n n
K € carrier-mat n n
assumes A = P x H
and A = @Q x K and invertible-mat A and invertible-mat P
and invertible-mat @) and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K

(proof)
end

Now, we cancel the local type definition of the previous context. Since the
mod-type restriction imposes the type to have cardinality greater than 1, the
cases n = 0 and n = 1 must be proved separately (they are trivial)

lemma Hermite-unique-JNF":
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}
mat
assumes A: A € carrier-mat n n and P: P € carrier-mat n n and H: H €
carrier-mat n n
and @Q: Q € carrier-mat n n and K: K € carrier-mat n n
assumes A-PH: A= P x« Hand A-QK: A= Q x K
and inv-A: invertible-mat A and inv-P: invertible-mat P and inv-Q: invert-
ible-mat ()
and HNF-H: Hermite-JNF associates res H and HNF-K: Hermite-JNF asso-
ciates res K
shows H = K

(proof)
end

From here on, we apply the same approach to move the new generalized
statement about the uniqueness Hermite normal form, i.e., the version re-

38



stricted to integer matrices, but imposing invertibility over the rationals.

lemma HMA-map-matriz [transfer-rulel:

((=) ===> Mod-Type-Connect. HUA-M ===> Mod-Type-Connect. HMA-M)
map-mat map-matric
{proof)

lemma Hermite-unique-generalized-JNF'":
fixes A::int mat
assumes A € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
P € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
H € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
Q € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
K € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
assumes A = P x H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
P
and invertible-mat @@ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K

(proof)

corollary Hermite-unique-generalized-JNF-with-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('n) CARD('n::nontriv mod-ring)
P € carrier-mat CARD('n) CARD('n)
H € carrier-mat CARD('n) CARD('n)
Q € carrier-mat CARD('n) CARD('n)
K € carrier-mat CARD('n) CARD('n)
assumes A = P x H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
P
and invertible-mat @ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K (proof)

context

fixes p::nat

assumes local-typedef: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<p
iint}

and p: p>1
begin

private lemma type-to-set2:
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shows class.nontriv TYPE('b) (is %a) and p=CARD('D) (is ?b)
(proof)

lemma Hermite-unique-generalized-JNF-auz:
fixes A::int mat
assumes A € carrier-mat p p
P € carrier-mat p p
H € carrier-mat p p
Q € carrier-mat p p
K € carrier-mat p p
assumes A = P« H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
P
and invertible-mat Q and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K

(proof )
end

lemma HNF-unique-generalized-JNF"

fixes A::int mat

assumes A: A € carrier-mat n n and P: P € carrier-mat n n and H: H €
carrier-mat n n

and Q: Q € carrier-mat n n and K: K € carrier-mat n n
assumes A-PH: A= P x Hand A-QK: A= Q x K

and inv-A: invertible-mat (map-mat rat-of-int A) and inv-P: invertible-mat P
and inv-Q: invertible-mat @

and HNF-H: Hermite-JNF associates res H and HNF-K: Hermite-JNF' asso-
ciates res K

shows H = K

(proof)

end

7 Formalization of an efficient Hermite normal form
algorithm

We formalize a version of the Hermite normal form algorithm based on reduc-

tions modulo the determinant. This avoids the growth of the intermediate
coeflicients.
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7.1 Implementation of the algorithm using generic modulo
operation

Exception on generic modulo: currently in Hermite-reduce-above, ordinary
div/mod is used, since that is our choice for the complete set of residues.

theory HNF-Mod-Det-Algorithm
imports

Jordan-Normal-Form. Gauss-Jordan-IArray-Impl
Show.Show-Instances
Jordan-Normal-Form.Determinant-Impl
Jordan-Normal-Form.Show-Matriz
LLL-Basis-Reduction.LLL-Certification
Smith-Normal-Form.SNF-Algorithm-Euclidean-Domain
Smith-Normal-Form.SNF-Missing-Lemmas
Uniqueness-Hermite-JNF

begin

7.1.1 Echelon form algorithm

fun make-first-column-positive :: int mat = int mat where
make-first-column-positive A = (
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions

(A(4,9). if A $3(4,0) < 0 then — A $3(7,5) else A $$(7.j)
)

locale mod-operation =
fixes generic-mod :: int = int = int (infix] <gmod) 70)
and generic-div :: int = int = int (infix] <gdivy 70)
begin

Version for reducing all elements

fun reduce :: nat = nat = int = int mat = int mat where
reduce a b D A = (let Aaj = A$%(a,0); Abj = A $$ (b,0)
n
if Aaj = 0 then A else
case euclid-ext?2 Aaj Abj of (p,q,u,v,d) = — p*Aaj + q * Abj = d, u = - Abj/d,
v = Aaj/d
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions
(\(3,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if k = 0 then if D dvd r then D else r else v gmod D —
Row a is multiplied by p and added row b multiplied by q, modulo D
else if i = b then let r = u * A$$(a,k) + v * A$$(b,k) in
if k = 0 then r else r gmod D — Row b is multiplied by v
and added row a multiplied by u, modulo D
else A$$(i,k) — All the other rows remain unchanged
)
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Version for reducing, with abs-checking

fun reduce-abs :: nat = nat = int = int mat = int mat where
reduce-abs a b D A = (let Aaj = A$3(a,0); Abj = A $$ (b,0)
in
if Aaj = 0 then A else
case euclid-ext2 Aaj Abj of (p,q,u,v,d) = — p*Aaj + q * Abj =d, u = - Abj/d,
v = Aaj/d
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions
(A(i,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if abs r > D then if k = 0 N D dvd r then D else r gmod D
else r
else if i = b then let r = u x A$$(a,k) + v x A$$(b,k) in
if abs v > D then r gmod D else r
else A$$(i,k) — All the other rows remain unchanged

)

definition reduce-impl :: nat = nat = int = int mat = int mat where

reduce-impl a b D A = (let

row-a = Matrixz.row A a;

Aaj = row-a $v 0
mn
if Aaj = 0 then A else let

row-b = Matrixz.row A b;

Abj = row-b $v 0 in
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =

let row-a’ = (X k ak. let r = (p * ak + ¢ x row-b $v k) in

if k = 0 then if D dvud r then D else r else r gmod D);
row-b’ = (XA k bk. let r = u % row-a $v k + v * bk in
if k = 0 then r else r gmod D)
in change-row a row-a’ (change-row b row-b' A)

)

definition reduce-abs-impl :: nat = nat = int = int mat = int mat where

reduce-abs-impl a b D A = (let

row-a = Matriz.row A a;

Aaj = row-a $v 0
m
if Aaj = 0 then A else let

row-b = Matriz.row A b;

Abj = row-b $v 0 in
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =

let row-a’ = (X k ak. let r = (p * ak + ¢ x row-b $v k) in

if abs v > D then if k = 0 A D dvd r then D else r gmod D else r);
row-b' = (XA k bk. let r = u % row-a $v k + v * bk in
if abs v > D then r gmod D else r)
in change-row a row-a’ (change-row b row-b' A)

)
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lemma reduce-impl: a < nr = b < nr = 0 < nc = a # b = A € carrier-mat
nr ne
= reduce-impl a b D A = reduce a b D A

{proof)

lemma reduce-abs-impl: a < nr = b < nr = 0 < nc = a #b = A €
carrier-mat nr nc
= reduce-abs-impl a b D A = reduce-abs a b D A

(proof)

fun reduce-below :: nat = nat list = int = int mat = int mat
where reduce-below a [| D A = A
| reduce-below a (x # xs) D A = reduce-below a xs D (reduce a © D A)

fun reduce-below-impl :: nat = nat list = int = int mat = int mat
where reduce-below-impl a [ D A = A

| reduce-below-impl a (z # xs) D A = reduce-below-impl a xs D (reduce-impl a x
D A)

lemma reduce-impl-carrier|simp,intro]: A € carrier-mat m n = reduce-impl a b
D A € carrier-mat m n

{proof)

lemma reduce-below-impl: a < nr = 0 < nc = (\ b. b € set bs = b < nr)
= a ¢ set bs

= A € carrier-mat nr nc = reduce-below-impl a bs D A = reduce-below a bs
DA

{(proof)

fun reduce-below-abs :: nat = nat list = int = int mat = int mat
where reduce-below-abs a [| D A = A
| reduce-below-abs a (z # xs) D A = reduce-below-abs a xs D (reduce-abs a © D

4)

fun reduce-below-abs-impl :: nat = nat list = int = int mat = int mat
where reduce-below-abs-impl a [| D A = A

| reduce-below-abs-impl a (x # xs) D A = reduce-below-abs-impl a xs D (reduce-abs-impl
axDA)

lemma reduce-abs-impl-carrier[simp,intro|: A € carrier-mat m n = reduce-abs-impl
abD A € carrier-mat m n

(proof)

lemma reduce-abs-below-impl: a < nr = 0 < nc = (\ b. b € set bs = b <
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nr) = a ¢ set bs
= A € carrier-mat nr nc = reduce-below-abs-impl a bs D A = reduce-below-abs
absDA

(proof)

This function outputs a matrix in echelon form via reductions modulo the
determinant

function FindPreHNF :: bool = int = int mat = int mat
where FindPreHNF abs-flag D A =
(let m = dim-row A; n = dim-col A in
if m < 2V n=0then A else — No operations are carried out if m = 1
let non-zero-positions = filter (Ai. A 83 (4,0) # 0) [1..<dim-row A];
A" = (if A$$(0,0) # 0 then A
else let i = non-zero-positions | 0 — Select the first non-zero position
below the first element
in swaprows 01 A
);

Reduce = (if abs-flag then reduce-below-abs else reduce-below)
in
if n < 2 then Reduce 0 non-zero-positions D A’ — If n = 1, then we have to
reduce the column
else
let
(A-UL,A-UR,A-DL,A-DR) = split-block (Reduce 0 non-zero-positions D
(make-first-column-positive A')) 1 1;
sub-PreHNF = FindPreHNF abs-flag D A-DR in
four-block-mat A-UL A-UR A-DL sub-PreHNF)

(proof)

termination
(proof)

lemma FindPreHNF-code: FindPreHNF abs-flag D A =
(let m = dim-row A; n = dim-col A in
ifm< 2V n=0then A else
let non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A];
A" = (if A$$(0,0) # O then A
else let © = non-zero-positions | 0 in swaprows 0 i A
)i
Reduce-impl = (if abs-flag then reduce-below-abs-impl else reduce-below-impl)
in
if n < 2 then Reduce-impl 0 non-zero-positions D A’
else
let
(A-UL,A-UR,A-DL,A-DR) = split-block (Reduce-impl 0 non-zero-positions
D (make-first-column-positive A')) 1 1;
sub-PreHNF = FindPreHNF abs-flag D A-DR in
four-block-mat A-UL A-UR A-DL sub-PreHNF) (is ?lhs = ?rhs)

(proof)
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end

declare mod-operation. FindPre HNF-code[code]

declare mod-operation.reduce-below-impl.simps|code]
declare mod-operation.reduce-impl-def|code]

declare mod-operation.reduce-below-abs-impl.simps|code]
declare mod-operation.reduce-abs-impl-def|code]

7.1.2 From echelon form to Hermite normal form

From here on, we define functions to transform a matrix in echelon form into
its Hermite normal form. Essentially, we are defining the functions that are
available in the AFP entry Hermite (which uses HOL Analysis + mod-type)
in the JNF matrix representation.

definition find-fst-non0-in-row :: <nat = 'a::comm-ring-1 mat = nat option>
— Find the first nonzero element of row 1 if A is upper triangular
where «find-fst-non0-in-row | A = find (\j. A 8% (I, ) # 0) [l ..< dim-col A]>

primrec Hermite-reduce-above
where Hermite-reduce-above (A::int mat) 0ij = A
| Hermite-reduce-above A (Suc n) i j = (let
Aij = A $8$ (i,9);
Anj = A $$ (n,j)
n
Hermite-reduce-above (addrow (— (Anj div Aij)) n i A) n ij)

definition Hermite-of-row-i :: int mat = nat = int mat
where Hermite-of-row-i A i = (
case find-fst-non0-in-row i A of None = A | Some j =
let Aij = A $8(i.j) in
if Agj < 0 then Hermite-reduce-above (multrow i (—1) A) i ij
else Hermite-reduce-above A i i j)

primrec Hermite-of-list-of-rows

where

Hermite-of-list-of-rows A [| = A |

Hermite-of-list-of-rows A (a#xs) = Hermite-of-list-of-rows (Hermite-of-row-i A
a) s

We combine the previous functions to assemble the algorithm

definition (in mod-operation) Hermite-mod-det abs-flag A =
(let m = dim-row A; n = dim-col A;
D = abs(det-int A);
A'=AQ,. D ., 1, n;
E = FindPreHNF abs-flag D A’
H = Hermite-of-list-of-rows E [0..<m+n]
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in mat-of-rows n (map (Matriz.row H) [0..<m]))

7.1.3 Some examples of execution

declare mod-operation. Hermite-mod-det-def|code]

value let B = mat-of-rows-list 4 ([[0,3,1,4],[7,1,0,0],[8,0,19,16],(2,0,0,3::int]))
m
show (mod-operation. Hermite-mod-det (mod) True B)

value let B = mat-of-rows-list 7 (|
1, 17, —-41, -1, 1, 0, 0],
0, —1, 2, 0. -6, 2, 1],
9, 23 Za 13 727 2) 75]3
, =3, —1, 0, =9, 0, 0],

, —1, 0, =2, —1, —1, 0:int]]) in
show (mod-operation. Hermite-mod-det (mod) True B)

end

7.2 Soundness of the algorithm

theory HNF-Mod-Det-Soundness
imports
HNF-Mod-Det-Algorithm
Signed-Modulo
begin

hide-const(open) Determinants.det Determinants2.upper-triangular
Finite-Cartesian-Product.row Finite-Cartesian-Product.rows
Finite-Cartesian-Product.vec

7.2.1 Results connecting lattices and Hermite normal form

The following results will also be useful for proving the soundness of the
certification approach.

lemma of-int-mat-hom-int-id[simp]:
fixes A::int mat
shows of-int-hom.mat-hom A = A (proof)

definition is-sound-HNF algorithm associates res
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= (VA. let (P,H) = algorithm A; m = dim-row A; n = dim-col A in
P € carrier-mat m m AN H € carrier-mat m n A invertible-mat P N A = P
x H
A Hermite-JNF associates res H)

lemma HNF-A-eq-HNF-PA:
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring }
mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat A
and inv-P: invertible-mat P and P: P € carrier-mat n n
and sound-HNF": is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (PxA)
and P2-H2: (P2,H2) = HNF A
shows HI = H2
(proof)

context vec-module
begin

lemma mat-mult-invertible-lattice-eq:
assumes fs: set fs C carrier-vec n
and gs: set gs C carrier-vec n
and P: P € carrier-mat m m and invertible-P: invertible-mat P
and length-fs: length fs = m and length-gs: length gs = m
and prod: mat-of-rows n fs = (map-mat of-int P) x mat-of-rows n gs
shows lattice-of fs = lattice-of gs

(proof)

end

context
fixes n :: nat
begin

interpretation vec-module TYPE(int) (proof)

lemma lattice-of-HNF":
assumes sound-HNF": is-sound-HNF HNF associates res
and PI-HI: (P,H) = HNF (mat-of-rows n fs)
and fs: set fs C carrier-vec n and len: length fs = m
shows lattice-of fs = lattice-of (rows H)

(proof)

end

context LLL-with-assms
begin
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lemma certification-via-eq-HNF'":
assumes sound-HNF': is-sound-HNF HNF associates res
and PI-HI: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and Hi-H2: H1 = H2
and gs: set gs C carrier-vec n and len-gs: length gs = m
shows lattice-of gs = lattice-of fs-init LLL-with-assms n m gs «

{(proof)

end

context vec-space
begin

lemma lin-indpt-cols-imp-det-not-0:

fixes A::'a mat

assumes A: A € carrier-mat n n and li: lin-indpt (set (cols A)) and d: distinct
(cols A)

shows det A # 0

{proof)

corollary lin-indpt-rows-imp-det-not-0:

fixes A::’a mat

assumes A: A € carrier-mat n n and li: lin-indpt (set (rows A)) and d: distinct
(rows A)

shows det A # 0

(proof)
end

context LLL
begin

lemma eg-lattice-imp-mat-mult-invertible-cols:
assumes fs: set fs C carrier-vec n
and gs: set gs C carrier-vec n and ind-fs: lin-indep fs
and length-fs: length fs = n and length-gs: length gs = n
and [: lattice-of fs = lattice-of gs
shows 3 @Q € carrier-mat n n. invertible-mat Q@ A mat-of-cols n fs = mat-of-cols n
gs * @
{proof )

corollary eq-lattice-imp-mat-mult-invertible-rows:
assumes fs: set fs C carrier-vec n
and gs: set gs C carrier-vec n and ind-fs: lin-indep fs
and length-fs: length fs = n and length-gs: length gs = n
and [: lattice-of fs = lattice-of gs

48



shows 3 P € carrier-mat n n. invertible-mat P N\ mat-of-rows n fs = P % mat-of-rows
n gs

(proof)

end

7.2.2 Missing results

This is a new definition for upper triangular matrix, valid for rectangular
matrices. This definition will allow us to prove that echelon form implies
upper triangular for any matrix.

definition upper-triangular’ A = (Vi < dim-row A. V j<dim-col A. j < i — A
$$ (i.j) = 0)

lemma upper-triangular’'D[elim] :
upper-triangular’ A = j<dim-col A = j < i = i < dim-row A — A $$
(proof)

lemma upper-triangular’I[intro] :

(Ai j. j<dim-col A = j < i = i < dim-row A = A $$ (i,j) = 0) =
upper-triangular’ A

(proof)

lemma prod-list-abs:
fixes zs:: int list
shows prod-list (map abs zs) = abs (prod-list xs)
{proof)

lemma euclid-ext2-works:

assumes euclid-ext2 a b = (p,q,u,v,d)

shows pxa+qxb = d and d = ged a band gcd a b x u = —band ged a b x v =
a

and v = —b div gcd a b and v = a div ged a b

(proof)

lemma res-function-euclidean2:
res-function (A\b n::’a::{unique-euclidean-ring}. n mod b)
(proof)

lemma mult-row-1-id:
fixes A:: 'a::semiring-1""n""'m
shows mult-row A b 1 = A (proof)

Results about appending rows

lemma row-append-rows1:
assumes A: A € carrier-mat m n
and B: B € carrier-mat p n
assumes i: 1 < dim-row A
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shows Matriz.row (A Q, B) i = Matriz.row A i
(proof)

lemma row-append-rows2:
assumes A: A € carrier-mat m n
and B: B € carrier-mat p n
assumes i: i € {m..<m+p}
shows Matriz.row (A @, B) i = Matriz.row B (i — m)

(proof)

lemma rows-append-rows:
assumes A: A € carrier-mat m n
and B: B € carrier-mat p n
shows Matriz.rows (A Q, B) = Matriz.rows A Q Matriz.rows B

(proof)

lemma append-rows-nth2:
assumes A2 A’ € carrier-mat m n
and B: B € carrier-mat p n
and A-def: A = (A"Q, B)
and a: a<m and ap: ¢ < p and j: j<n
shows A $$ (a + m, j) = B $% (a.j)
{proof )

lemma append-rows-nthS3:
assumes A’ A’ € carrier-mat m n
and B: B € carrier-mat p n
and A-def: A = (A’ Q, B)
and a: a>m and ap: a < m + p and j: j<n
shows A $$ (a, j) = B $$ (a—m.j)
(proof)

Results about submatrices

lemma pick-first-id: assumes i: i<n shows pick {0..<n} i =i

(proof)

lemma submatriz-index-id:
assumes H: H € carrier-mat m n and i: i<kl and j: j<k2
and k1: kI1<m and k2: k2<n
shows (submatriz H {0..<k1} {0..<k2}) $$ (i,j) = H $$ (i,j)
(proof )

lemma submatriz-carrier-first:
assumes H: H € carrier-mat m n
and k1: kI < mand k2: k2 < n
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showssubmatriz H {0..<k1} {0..<k2} € carrier-mat k1 k2
(proof)

lemma Units-eg-invertible-mat:

assumes A € carrier-mat n n

shows A € Group. Units (ring-mat TYPE('a::comm-ring-1) n b) = invertible-mat
A (is ?lhs = ?rhs)
(proof)

lemma map-first-rows-index:
assumes A € carrier-mat M n and m < M and i<m and ja<n
shows map (Matriz.row A) [0..<m] ! i $vja = A $$ (4, ja)
(proof )

lemma matriz-append-rows-eq-if-preserves:
assumes A: A € carrier-mat (m+p) n and B: B € carrier-mat p n
and eq: Vie{m..<m+p}.Vji<n. A$$(i.j) = B $$ (i—m,j)
shows A = mat-of-rows n [Matriz.row A i. { < [0..<m]] Q, B (is - = ?4’ Q,
-)
(proof)

lemma invertible-mat-first-column-not0:
fixes A::'a :: comm-ring-1 mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat A and n0: 0<n
shows col A 0 # (0, n)

(proof)

lemma invertible-mat-mult-int:
assumes A = P x B
and P € carrier-mat n n
and B € carrier-mat n n
and invertible-mat P
and invertible-mat (map-mat rat-of-int B)
shows invertible-mat (map-mat rat-of-int A)

(proof)

lemma echelon-form-JNF-intro:
assumes (Vi<dim-row A. is-zero-row-JNF i A — — (3j. j < dim-row A N\ j>i
A = is-zero-row-JNF j A))
and (Vij. i<j A j<dim-row A A — (is-zero-row-JNF i A) A — (is-zero-row-JNF
j 4)
— ((LEAST n. A 88 (i, n) # 0) < (LEAST n. A $$ (4, n) # 0)))
shows echelon-form-JNF A (proof)

lemma echelon-form-submatriz:
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assumes ef-H: echelon-form-JNF H and H: H € carrier-mat m n
and k: k< minmn
shows echelon-form-JNF (submatriz H {0..<k} {0..<k})

(proof)

lemma HNF-submatriz:
assumes HNF-H: Hermite-JNF associates res H and H: H € carrier-mat m n
and k: £k < minmn
shows Hermite-JNF associates res (submatriz H {0..<k} {0..<k})

(proof)

lemma HNF-of-HNF-id:
fixes H :: int mat
assumes HNF-H: Hermite-JNF associates res H
and H: H € carrier-mat n n
and H-P1-HI1: H = P1 %= Hi
and inv-P1: invertible-mat P1
and HI: H1 € carrier-mat n n
and PI: P1 € carrier-mat n n
and HNF-H1: Hermite-JNF associates res H1
and inv-H: invertible-mat (map-mat rat-of-int H)
shows HI = H
(proof)

context
fixes n :: nat
begin

interpretation vec-module TYPE(int) (proof)

lemma lattice-is-monotone:
fixes S T
assumes S: set S C carrier-vec n
assumes 71 set T C carrier-vec n
assumes subs: set S C set T
shows lattice-of S C lattice-of T

(proof)

lemma lattice-of-append:

assumes fs: set fs C carrier-vec n

assumes gs: set gs C carrier-vec n

shows lattice-of (fs Q gs) = lattice-of (gs @ fs)
(proof)

lemma lattice-of-append-cons:
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assumes fs: set fs C carrier-vec n and v: v € carrier-vec n
shows lattice-of (v # fs) = lattice-of (fs @ [v])
(proof)

lemma already-in-lattice-subset:
assumes fs: set fs C carrier-vec n and inlattice: v € lattice-of fs
and v: v € carrier-vec n
shows lattice-of (v # fs) C lattice-of fs

(proof)

lemma already-in-lattice:
assumes fs: set fs C carrier-vec n and inlattice: v € lattice-of fs
and v: v € carrier-vec n
shows lattice-of fs = lattice-of (v # [s)

(proof )

lemma already-in-lattice-append:
assumes fs: set fs C carrier-vec n and inlattice: lattice-of gs C lattice-of fs
and gs: set gs C carrier-vec n

shows lattice-of fs = lattice-of (fs @Q gs)
(proof)

lemma zero-in-lattice:
assumes fs-carrier: set fs C carrier-vec n
shows 0, n € lattice-of fs

(proof)

lemma lattice-zero-rows-subset:
assumes H: H € carrier-mat a n
shows lattice-of (Matriz.rows (0, m n)) C lattice-of (Matriz.rows H)

(proof)

lemma lattice-of-append-zero-rows:
assumes H": H' € carrier-mat m n
and H: H = H' Q, (0, m n)
shows lattice-of (Matriz.rows H) = lattice-of (Matriz.rows H')

(proof)
end

Lemmas about echelon form

lemma echelon-form-JNF-1zn:
assumes A€carrier-mat m n and m<2

shows echelon-form-JNF A
(proof)
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lemma echelon-form-JNF-mzx1:
assumes A€ carrier-mat m n and n<2
and Vi € {1..<m}. A$$(4,0) = 0
shows echelon-form-JNF A
(proof)

lemma echelon-form-maz0:
assumes A € carrier-mat m 0
shows echelon-form-JNF A {proof)

lemma echelon-form-JNF-first-column-0:
assumes eA: echelon-form-JNF A and A: A € carrier-mat m n
and i0: 0<i and im: i<m and n0: 0<n
shows A $$ (,0) =0
(proof)

lemma is-zero-row-JNF-multrow|simp]:
fixes A::'a::comm-ring-1 mat
assumes (<dim-row A
shows is-zero-row-JNF i (multrow j (— 1) A) = is-zero-row-JNF i A
(proof)

lemma echelon-form-JNF-multrow:
assumes A : carrier-mat m n and i<m and eA: echelon-form-JNF A
shows echelon-form-JNF (multrow ¢ (— 1) A)

(proof)

thm echelon-form-imp-upper-triagular

lemma echelon-form-JNF-least-position-ge-diagonal:
assumes eA: echelon-form-JNF A
and A: A: carrier-mat m n
and nz-iA: — is-zero-row-JNF i A
and im: i<m
shows i<(LEAST n. A $$ (i,n) # 0)
(proof )

lemma echelon-form-JNF-imp-upper-triangular:
assumes eA: echelon-form-JNF A
shows upper-triangular A

(proof)
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lemma echelon-form-JNF-imp-upper-triangular:
assumes eA: echelon-form-JNF A
shows upper-triangular’ A

(proof)

lemma upper-triangular-append-zero:

assumes uH: upper-triangular’ H

and H: H € carrier-mat (m+m) n and mn: n<m

shows H = mat-of-rows n (map (Matriz.row H) [0..<m]) @, 0, m n (is - =
?H' Q. 0,, m n)
(proof)

7.2.3 The algorithm is sound

lemma find-fst-non0-in-row-None":

assumes [<m

shows find-fst-non0-in-row | A = None +— (Vje{l..<dim-col A}. A $$ (1,j)
0) (is ?lhs = ?rhs)

(proof)

lemma find-fst-non0-in-row-None:

assumes A: A € carrier-mat m n

and ut-A: upper-triangular’ A

and Im: I<m

shows find-fst-non0-in-row | A = None <— is-zero-row-JNF | A (is ?lhs = ?rhs)
(proof)

lemma
assumes res: find-fst-non0-in-row | A = Some j
shows find-fst-non0-in-row: A $$ (1,j) # 01 < jj < dim-col A
and find-fst-non0-in-row-zero-before: ¥Vj' € {l..<j}. A 8% (I,7) =0
(proof)

corollary find-fst-non0-in-row-zero-before’:
assumes res: find-fst-non0-in-row | A = Some j
and j’ € {l..<j}
shows A $$ (1,j) = 0 (proof)

lemma find-fst-non0-in-row-LEAST:
assumes A: A € carrier-mat m n
and ut-A: upper-triangular’ A
and res: find-fst-non0-in-row | A = Some j
and [m: I<m
shows j = (LEAST n. A $$ (I,n) # 0)
(proof)
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lemma make-first-column-positive-preserves-dimensions:
shows [simp|: dim-row (make-first-column-positive A) = dim-row A
and [simp]: dim-col (make-first-column-positive A) = dim-col A
(proof )

lemma make-first-column-positive-works:

assumes Accarrier-mat m n and i: i<m and 0<n

shows make-first-column-positive A $$ (i,0) > 0

and j<n = A $$ (¢,0) < 0 = (make-first-column-positive A) $$ (i,j) = — A
$$ (i.j)

and j<n = A $$ (4,0) > 0 = (make-first-column-positive A) $$ (i,7) = A $3
(4.4)

(proof)

lemma make-first-column-positive-invertible:
shows 3 P. invertible-mat P A P € carrier-mat (dim-row A) (dim-row A)
A make-first-column-positive A = P x A

(proof)

locale proper-mod-operation = mod-operation +
assumes dvd-gdiv-mult-right[simp]: b > 0 = b dvd a = (a gdiv b) x b = a
and gmod-gdiv: y > 0 = x gmod y = = — = gdiv y * y
and dvd-imp-gmod-0: 0 < a = a dvd b = b gmod a = 0
and gmod-0-imp-dvd: a gmod b = 0 = b dvd a
and gmod-0[simpl: n gmod 0 = nn >0 = 0 gmod n = 0
begin
lemma reduce-alt-def-not0:
assumes A $$ (a,0) # 0 and pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A $$
(6,0))
shows reduce a b D A =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if k = 0 then if D dvd r then D else r else v gmod D
else if i = b then let = u * A$$(a,k) + v x A$3(b,k) in
if k = 0 then r else v gmod D
else A$$(i,k)) (is - = ?rhs)
and
reduce-abs a b D A =
Matriz.mat (dim-row A) (dim-col A)
(\(3,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if abs > D then if k = 0 N D dvd r then D else r gmod

D else r
else if i = b then let r = u * A$$(a,k) + v * A$$(b,k) in
if abs v > D then r gmod D else r
else A$$(i,k)) (is - = ?rhs-abs)
(proof)
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lemma reduce-preserves-dimensions:
shows [simp]: dim-row (reduce a b D A) = dim-row A
and [simp]: dim-col (reduce a b D A) = dim-col A
and [simp]: dim-row (reduce-abs a b D A) = dim-row A
and [simp]: dim-col (reduce-abs a b D A) = dim-col A
{proof )

lemma reduce-carrier:
assumes A € carrier-mat m n
shows (reduce a b D A) € carrier-mat m n
and (reduce-abs a b D A) € carrier-mat m n

{proof)

lemma reduce-gcd:

assumes A: A € carrier-mat m n and a: a<m and j: 0<n

and Aaj: A 33 (a,0) # 0
shows (reduce a b D A) $3 (a,0) = (let r = ged (A$3%(a,0)) (A$8(b,0)) in if D dvd
r then D else 1) (is ?lhs = ?rhs)

and (reduce-abs a b D A) $$ (a,0) = (let r = gcd (A$$(a,0)) (A$$(0,0)) in if D
< r then

if D dvd r then D else r gmod D else 1) (is ?lhs-abs = ?rhs-abs)

(proof)

lemma reduce-preserves:

assumes A: A € carrier-mat m n and j: j<n

and Aaj: A 3% (a,0) # 0 and ib: i#b and ia: i#a and im: i<m
shows (reduce a b D A) $$ (i,7) = A $8 (i,j) (is Pthesisl)
and (reduce-abs a b D A) $$ (i,j) = A $$ (i,4) (is ?thesis2)
(proof)

lemma reduce-0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a £ b
and Aaj: A $$ (a,0) # 0
and D: D > 0
shows (reduce a b D A) $$ (b,0) = 0 (is ?thesisl)
and (reduce-abs a b D A) $$ (b,0) = 0 (is ?thesis2)
(proof)

end

Let us show the key lemma: operations modulo determinant don’t modify
the (integer) row span.

context LLL-with-assms
begin
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lemma lattice-of-kld-subset-fs-init:
assumes k-det: k = Determinant.det (mat-of-rows n fs-init)
and mn: m=n
shows lattice-of (Matriz.rows (k -m (1, m))) C lattice-of fs-init
(proof)

end

context LLL-with-assms
begin

lemma lattice-of-append-det-preserves:
assumes k-det: k = abs (Determinant.det (mat-of-rows n fs-init))
and mn: m =n
and A: A = (mat-of-rows n fs-init) Q. (k - (1, m))

shows lattice-of (Matriz.rows A) = lattice-of fs-init

(proof)

This is another key lemma. Here, A is the initial matrix (mat-of-rows n
fs-init) augmented with m rows (k,0,...,0),(0,%,0,...,0),...,(0,...,0,k)
where k is the determinant of (mat-of-rows n fs-init). With the algorithm
of the article, we obtain H = H' @, (0,, m n) by means of an invertible
matrix P (which is computable). Then, H is the HNF of A. The lemma
shows that H' is the HNF of (mat-of-rows n fs-init) and that there exists
an invertible matrix to carry out the transformation.

lemma Hermite-append-det-id:
assumes k-det: k = abs (Determinant.det (mat-of-rows n fs-init))
and mn: m = n
and A: A = (mat-of-rows n fs-init) Q, (k -, (1., m))
and H: H'e carrier-mat m n
and H-append: H = H' Q,. (0,,, m n)
and P: P € carrier-mat (m-+m) (m+m)
and inv-P: invertible-mat P
and A-PH: A=P « H
and HNF-H: Hermite-JNF associates res H
shows Hermite-JNF associates res H'
and (3 P’. invertible-mat P’ N P’ € carrier-mat m m A (mat-of-rows n fs-init)
= P'x H)
(proof)
end

context proper-mod-operation
begin
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definition reduce-element-mod-D (A::int mat) a j D m =

(if j = 0 then if D dvd A$$(a,j) then addrow (—((A$$(a,j) gdiv D)) + 1) a (j +
m) A else A

else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)

definition reduce-element-mod-D-abs (A::int mat) a j D m =

(if i = 0 AN D dvd A$$(a,j) then addrow (—((A$$(a,j) gdiv D)) + 1) a (j + m)
A

else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)

lemma reduce-element-mod-D-preserves-dimensions:
shows [simp]: dim-row (reduce-element-mod-D A a j D m) = dim-row A
and [simp]: dim-col (reduce-element-mod-D A a j D m) = dim-col A
and [simp]: dim-row (reduce-element-mod-D-abs A a j D m) = dim-row A
and [simp]: dim-col (reduce-element-mod-D-abs A a j D m) = dim-col A
(proof)

lemma reduce-element-mod-D-carrier:
shows reduce-element-mod-D A a j D m € carrier-mat (dim-row A) (dim-col A)

and reduce-element-mod-D-abs A a j D m € carrier-mat (dim-row A) (dim-col

A) (proof)

lemma reduce-element-mod-D-invertible-mat:
assumes A-def: A= A"Q, (D -, (1., n))
and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D A a j D m = P %= A (is ?thesisl)
and 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D-abs A a j D m = P x A (is ?thesis2)

{proof)

lemma reduce-element-mod-D-append:

assumes A-def: A= A"Q, (D -, (1, n))

and A A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows reduce-element-mod-D A a j D m

= mat-of-rows n [Matriz.row (reduce-element-mod-D A a j D m) i. i < [0..<m]]
Q. (D - (I n)) (is ?lhs = ?A’ Q, ?D)
and reduce-element-mod-D-abs A a j D m

= mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a j D m) i. i «+
[0..<m]] Q. (D -, (I n)) (is ?lhs-abs = ?A’-abs Q, ?D)

(proof)

lemma reduce-append-rows-eq:
assumes A’ A’ € carrier-mat m n
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and A-def: A= A"Q, (D -, (1, n)) and a: a<m and zm: z<m and 0<n

and Aaj: A 3% (a,0) # 0

shows reduce a x D A

= mat-of-rows n [Matriz.row ((reduce a D A)) i. i < [0..<m]] Q. D -, 1, 0
(is ?thesisl)

and reduce-abs a x D A

= mat-of-rows n [Matriz.row ((reduce-abs a x D A)) i. i < [0..<m]] Q. D -,
1, n (is thesis2)

{proof)

fun reduce-row-mod-D
where reduce-row-mod-D A a [| Dm = A |
reduce-row-mod-D A a (z # xs) D m = reduce-row-mod-D (reduce-element-mod-D
AazxDm)azsDm

fun reduce-row-mod-D-abs
where reduce-row-mod-D-abs A a [] D m = A |
reduce-row-mod-D-abs A a (z # zs) D m = reduce-row-mod-D-abs (reduce-element-mod-D-abs
AazxzDm)azsDm

lemma reduce-row-mod-D-preserves-dimensions:
shows [simp|: dim-row (reduce-row-mod-D A a zs D m) = dim-row A
and [simp]: dim-col (reduce-row-mod-D A a xs D m) = dim-col A
{proof)

lemma reduce-row-mod-D-preserves-dimensions-abs:
shows [simp|: dim-row (reduce-row-mod-D-abs A a xs D m) = dim-row A
and [simp]: dim-col (reduce-row-mod-D-abs A a s D m) = dim-col A
{proof)

lemma reduce-row-mod-D-invertible-mat:
assumes A-def: A= A"Q, (D -, (I 1))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set zs. j<n and mn:
m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a s D m = P x A

{proof)

lemma reduce-row-mod-D-abs-invertible-mat:
assumes A-def: A= A"Q, (D -, (1, n))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set zs. j<n and mn:
m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a xs D m = P x A

(proof)

end
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context proper-mod-operation

begin

lemma dvd-gdiv-mult-left[simp]: assumes b > 0 b dvd a shows b x (a gdiv b) =
a

(proof)

lemma reduce-element-mod-D:
assumes A-def: A= A'"Q,. (D, (1, n))
and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
and D: D > 0
shows reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col A)
(A(,k). if i = a ANk = j then if j = 0 then if D dvd A$3(ik)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k)) (is - = 24)
and reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
1)
(AN@k). ifi=aNk=jthenifj= 0 N D dvd A$3(i,k) then D else A$$(i,k)
gmod D else A$$(i,k)) (is - = ?A-abs)
(proof)

lemma reduce-row-mod-D:
assumes A-def: A = A'Q, (D -, (1,, n))
and A": A’ € carrier-mat m n and a: a<m and j: Vj€set xs. j<n
and d: distinct xs and m>n
and D > 0
shows reduce-row-mod-D A a xs D m = Matriz.mat (dim-row A) (dim-col A)
(A(Gk). if i = a Nk € set xs then if k = 0 then if D dvd A$$(i,k)
then D else A$3(i.k) else A$$(¢,k) gmod D else A$$(i,k))
(proof )

lemma reduce-row-mod-D-abs:
assumes A-def: A= A" Q. (D -, (Im n))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set xs. j<n
and d: distinct zs and m>n
and D > 0
shows reduce-row-mod-D-abs A a xs D m = Matriz.mat (dim-row A) (dim-col
4)
(A(k). if i = a Nk € set xs then if k = 0 A D dvd A$$(i,k)
then D else A$$(i,k) gmod D else A$$(ik))

(proof )
end

Now, we prove some transfer rules to connect Bézout matrices in HOL Anal-
ysis and JNF

lemma HMA-bezout-matriz[transfer-rule]:
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shows ((Mod-Type-Connect. HMA-M :: - = 'a :: {bezout-ring} ~ 'n :: mod-type
~'m :: mod-type = -)

===> (Mod-Type-Connect. HMA-I :: - = 'm = -) ===> (Mod-Type-Connect. HMA-I
t-='m=> -)

===> (Mod- Type-Connect. HMA-I :: - = 'n = -) ===> (=) ===> (Mod-Type-Connect. HMA-M))

(bezout-matriz-JNF') (bezout-matriz)
(proof)

context
begin

private lemma invertible-bezout-matriz- JNF-mod-type:
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes b: is-bezout-ext bezout
and a-less-b: a < b and b: b<CARD('m) and j: j<CARD('n)
and aj: A 33 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
(proof) lemma invertible-bezout-matriz-JNF-nontriv-mod-ring:
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<CARD(’'m) and j: j<CARD('n)
and aj: A 33 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
(proof)

lemmas invertible-bezout-matriz-JNF-internalized =
invertible-bezout-matriz-JNF-nontriv-mod-ring|unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'c::nontrivl

context
fixes m::nat and n::nat
assumes local-typedef1: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<m

iint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n
iint}

and m: m>1

and n: n>1
begin

lemma type-to-setl:
shows class.nontriv TYPE('b) (is ?a) and m=CARD('b) (is ?b)

(proof)
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lemma type-to-set2:
shows class.nontriv TYPE('c) (is ?a) and n=CARD('c) (is ?b)

(proof)

lemma invertible-bezout-matriz-JNF-nontriv-mod-ring-aux:
fixes A::’a::{bezout-ring-div} mat
assumes A € carrier-mat m n
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<m and j: j<n
and aj: A 39 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)

(proof )
end

context
begin

private lemma invertible-bezout-matriz-JNF-cancelled-first:
I Rep Abs. type-definition Rep Abs {0..<int n} = {0..<int m} # {} =
I<m=1<n=
(A::'a::bezout-ring-div mat) € carrier-mat m n = is-bezout-ext bezout
= a<b=b<m=j<n= A8 (a, j) # 0 = invertible-mat
(bezout-matriz-JNF A a b j bezout)

(proof) lemma invertible-bezout-matriz-JNF-cancelled-both:
{0.<intn} #{} ={0.<intm}#{} =1<m=1<n=
I<m=1<n=
(A::'a::bezout-ring-div mat) € carrier-mat m n = is-bezout-ext bezout
= a<b=b<m=j<n= A% (a6 j) # 0 = invertible-mat
(bezout-matriz-JNF A a b j bezout)

{proof)

lemma invertible-bezout-matriz-JNF':
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat m n
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<m and j: j<n
and n>1
and aj: A %9 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
(proof )

lemma invertible-bezout-matriz-JNF-n1:
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fixes A::'a::{bezout-ring-div} mat

assumes A: A € carrier-mat m n

assumes b: is-bezout-ext bezout

and a-less-b: a < b and b: b<m and j: j<n

and nl: n=1

and aj: A %9 (a,j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
(proof)

corollary invertible-bezout-matriz-JNF':
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat m n
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<m and j: j<n
and aj: A 83 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
(proof)

end
end

We continue with the soundness of the algorithm

lemma bezout-matriz-JNF-mult-eq:
assumes A’ A’ € carrier-mat m n and a: a<m and b: b<m and ab: a # b
and A-def: A= A’ Q, B and B: B € carrier-mat n n
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,j)) (A$$(b,5))
shows Matriz.mat (dim-row A) (dim-col A)
(X(i,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u x A$$(a,k) + v x A$$(b,k)
else A$$(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) « A (is ?A = YBM * A)
(proof)

context proper-mod-operation
begin

lemma reduce-invertible-mat:

assumes A A’ € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a £ b

and A-def: A= A"Q. (D - (Im 1))

and Aaj: A 38 (a,0) £ 0

and a-less-b: a < b

and mn: m>n

and D-ge0: D > 0
shows 3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A (reduce a b D
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A) = P x A (is Zthesisl)
(proof)

lemma reduce-abs-invertible-mat:

assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a # b

and A-def: A= A"Q,. (D - (Im 1))

and Aaj: A $$ (a,0) # 0

and a-less-b: a < b

and mn: m>n

and D-ge0: D > 0
shows 3 P. invertible-mat P A P € carrier-mat (m+n) (m+n) A (reduce-abs a b
D A) =P x A (is ?thesisl)
(proof)

lemma reduce-element-mod-D-case-m':
assumes A-def: A = A’ Q, B and B: B&carrier-mat n n
and A" A’ € carrier-mat m n and a: a<m and j: j<n
and mn: m>=n and BI: B $$ (j, j) = D and B2: (Vj'’e{0..<n}—{j}. B $% (j,
i =0)
and D0: D > 0
shows reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col A)
(A(k). if i = a Nk = jthen if j = 0 then if D dvd A$$(i,k) then D
else A$$(i,k) else A$$(ik) gmod D else A$$(i,k)) (is - = 24)
(proof)

lemma reduce-element-mod-D-abs-case-m':

assumes A-def: A = A’ Q. B and B: Becarrier-mat n n

and A" A’ € carrier-mat m n and a: a<m and j: j<n

and mn: m>=n and BI: B $$ (j, j) = D and B2: (Vj'e{0..<n}—{j}. B $$ (j,
i =0)

and D0O: D > 0

shows reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
4)

(A(@k). if i = a ANk =jthenifj= 0 A D dvd A$3(i,k) then D else

A$8(i,k) gmod D else A$3(ik)) (is - = ?A)
(proof)

lemma reduce-row-mod-D-case-m":
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A2 A’ € carrier-mat m n and a < m
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and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vji'e{0..<n}—{j}. B 3% (4, j)
= 0)
and d: distinct xs and m>n
and D: D > 0
shows reduce-row-mod-D A a s D m = Matriz.mat (dim-row A) (dim-col A)
(N,k). if i = a N k € set xs then if k = 0 then if D dvd A$$(i,k) then D
else A$$(ik) else A$3(i,k) gmod D else A$3(i.k))
(proof)

lemma reduce-row-mod-D-abs-case-m:
assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)
= 0)
and d: distinct zs and m>n
and D: D > 0
shows reduce-row-mod-D-abs A a xs D m = Matriz.mat (dim-row A) (dim-col
4)
(A(Lk). if i = a Ak € set xs then if k = 0 A D dvd A$$(i,k) then D
else A$$(i,k) gmod D else A$$(i,k))
(proof)

lemma

assumes A-def: A = A’ Q, B and B: B € carrier-mat n n

and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows reduce-element-mod-D-invertible-mat-case-m:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D
AajDm=P=x A (is ?thesisl)

and reduce-element-mod-D-abs-invertible-mat-case-m:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A

reduce-element-mod-D-abs A a j D m = P x A (is ?thesis2)

(proof)

lemma reduce-row-mod-D-invertible-mat-case-m:
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A’ A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $$ (4, j)
=0)
and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a xs D m = P x A

(proof)
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lemma reduce-row-mod-D-abs-invertible-mat-case-m:
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A A’ € carrier-mat m n and a: a < m
and j: Vjeset xs. j<n A (B $$ (4, j) =
=0)

D) A (Vj'e{0..<n}—{j}. B $$ (j, j")
and mn: m>n

shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a zs D m = P x A

{proof)

lemma reduce-row-mod-D-case-m'":

assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A”: A’ € carrier-mat m n and a < m

and j: Vje€set zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)

and d: distinct s and m>n and 0 ¢ set xs
and D > 0
shows reduce-row-mod-D A a s D m = Matriz.mat (dim-row A) (dim-col A)

(A(i,k). if i = a A k € set xs then if k = 0 then if D dvd A$$(i,k) then D
else A$3(ik) else A$8$(i,k) gmod D else A$3(i,k))
(proof)

lemma reduce-row-mod-D-abs-case-m'":

assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A”: A’ € carrier-mat m n and a < m

D) A (Vj'e{0..<n}—{j}. B 83 (j, j')
and d: distinct s and m>n and 0 ¢ set xs
and D > 0

and j: Vj€set zs. j<n A (B $$ (j, j)

shows reduce-row-mod-D-abs A a xs D m = Matriz.mat (dim-row A) (dim-col
4)

(A(k). if i = a ANk € set xs then if k = 0 A D dvd A$$(i,k) then D
else A$3(i,k) gmod D else A$$(i,k))
(proof)

lemma
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assumes A-def: A = A’ Q. B and B: B € carrier-mat n n

and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n and ;0:
J#0
shows reduce-element-mod-D-invertible-mat-case-m .

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D
AajDm=P=x A (is ?thesisl)

and reduce-element-mod-D-abs-invertible-mat-case-m’:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D-abs
AajDm=Px A (is ?thesis2)
(proof)

lemma reduce-row-mod-D-invertible-mat-case-m’:
assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)
=0)
and d: distinct xs and mn: m>n and 0¢ set zs
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a xs D m = P x A

(proof)

lemma reduce-row-mod-D-abs-invertible-mat-case-m':
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vji'e{0..<n}—{j}. B 3% (4, j)
=0)
and d: distinct zs and mn: m>n and 0¢ set s
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a xs D m = P x A

{proof)

lemma reduce-invertible-mat-case-m:
assumes A2 A’ € carrier-mat m n and B: B € carrier-mat n n
and a: a<m and ab: a # m
and A-def: A= A'Q, B
and j: Vj€set zs. j<n A (B $$ (j, j) = D) A (Vj'e{0..<n}—{j}. B $$ (4, 7')
= 0)
and Aaj: A $$ (a,0) # 0
and mn: m>n
and n0: 0<n
and pquvd: (p,q,u,v,d) = euclid-ext2 (A$%(a,0)) (A$$(m,0))
and A2-def: A2 = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$3(a,k) + q+xA$$(m,k))
else if i = m then u * A$$(a,k) + v * A$$(m,k)
else A$$(i,k)
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)
and wzs-def: xs = [1..<n]
and ys-def: ys = [1..<n]
and j-ys: Vjeset ys. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $$ (4,
i) = 0)
and DO: D > 0
and Am0-D: A $$ (m, 0) € {0,D}
and Am0-D2: A $$ (m, 0) = 0 — A $$ (a, 0) = D
shows 3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A (reduce a m D
A)=P=x A
(proof )

lemma reduce-abs-invertible-mat-case-m:
assumes A2 A’ € carrier-mat m n and B: B € carrier-mat n n
and a: a<m and ab: a # m
and A-def: A= A'Q, B
and j: Vje€set zs. j<n A (B $$ (j, j) = D) A (Vj'e{0..<n}—{j}. B $% (4, 7'
=0)
and Aaj: A 33 (a,0) # 0
and mn: m>n
and n0: 0<n
and pquvd: (p,q,u,v,d) = euclid-ext2 (A$%(a,0)) (A$$(m,0))
and A2-def: A2 = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$3(a,k) + qxA$$(m,k))
else if i = m then u * A$$(a,k) + v * A$S$
else A$$(i,k)

(m,k)
)

and zs-def: xzs = filter (\i. abs (A2 8% (a,i)) > D) [0..<n]
and ys-def: ys = filter (Xi. abs (A2 $$ (m,i)) > D) [0..<n]
and j-ys: Vj€set ys. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $$ (j,

i) =0)
and DO: D > 0
shows 3 P. invertible-mat P A P € carrier-mat (m+n) (m+n) A (reduce-abs a m
DA =Px A
(proof)

lemma reduce-not0:
assumes A: A € carrier-mat m n and a: a<m and a-less-b: a<b and j: 0<n
and b: b<m
and Aaj: A 33 (a,0) # 0 and DO: D # 0
shows reduce a b D A $$ (a, 0) # 0 (is ?reduce $$ (a,0) # -)
and reduce-abs a b D A $$ (a, 0) # 0 (is Zreduce-abs $$ (a,0) # -)
{proof )
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lemma reduce-below-not0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A 38 (a,0) # 0
and distinct zs and Vz € setxzs. z < m A a <<z
and D# 0
shows reduce-below a xs D A $$ (a, 0) # 0 (is ?R $$ (a,0) # -)
(proof)

lemma reduce-below-abs-not0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A $$ (a,0) # 0
and distinct xs and Vz € setzs. z < m A a <z
and D# 0
shows reduce-below-abs a zs D A $$ (a, 0) # 0 (is ?R $$ (a,0) # -)
(proof)

lemma reduce-below-not0-case-m:
assumes A’ A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 38 (a,0) # 0
and mn: m>n
and Vz € setxzs. z < mAa<cz
and D # 0
shows reduce-below a (zs@[m]) D A $$ (a, 0) # 0 (is ?R $$ (a,0) # -)
(proof)

lemma reduce-below-abs-not0-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
and Vx € setzs. z < mA a<x
and D # 0
shows reduce-below-abs a (zs@Q[m]) D A $$ (a, 0) # 0 (is 7R $3 (a,0) # -)
(proof)

lemma reduce-below-invertible-mat:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and distinct xzs and Vo € setxzs. z < m A a <
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and m>n
and D>0
shows (3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A reduce-below
axs DA=PxA)

(proof)

lemma reduce-below-abs-invertible-mat:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and distinct xs and Vo € setxs. z < m A a <
and m>n
and D>0
shows (3 P. invertible-mat P A P € carrier-mat (m+n) (m—+n) A reduce-below-abs
axs DA=P=xA)

(proof)

lemma reduce-below-preserves:

assumes A" A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 38 (a,0) # 0
and mn: m>n

assumes i ¢ set rs and distinct s and Vzx € set 5. x < m A a < x
and i#a and i<m+n

and D>0

shows reduce-below a xzs D A $$ (i,5) = A $% (4.,))

{proof)

lemma reduce-below-abs-preserves:

assumes A2 A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D -, (1n n))
and Aaj: A $$ (a,0) # 0
and mn: m>n

assumes i ¢ set xs and distinct xs and Vo € setzs. x < m A a < z
and i#a and i<m+n

and D>0

shows reduce-below-abs a zs D A $$ (i,5) = A $$ (i,5)

{proof)

lemma reduce-below-0:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
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and A-def: A= A"Q, (D -, (1;m n))

and Aaj: A $$ (a,0) # 0

and mn: m>n
assumes i € set xs and distinct xs and Vx € set zs. x < m A a <
and D>0
shows reduce-below a zs D A $$ (4,0) = 0

{proof)

lemma reduce-below-abs-0:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set xs and distinct xs and Vx € set zs. x < m A a < x
and D>0
shows reduce-below-abs a zs D A $$ (i,0) = 0

(proof)

lemma reduce-below-preserves-case-m:

assumes A’ A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n

assumes i ¢ set xs and distinct xs and Vo € setxs. x < m A a < T
and i#a and i<m+n and i# m

and D>0

shows reduce-below a (zs @ [m]) D A $$ (i,j) = A $$ (i,j)

(proof )

lemma reduce-below-abs-preserves-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 38 (a,0) # 0
and mn: m>n
assumes i ¢ set xs and distinct xs and Yz € setzs. x < m A a < T
and i#a and i<m+n and i# m
and D>0
shows reduce-below-abs a (zs @ [m]) D A $$ (i,j) = A $$ (4,))
(proof)

lemma reduce-below-0-case-m1:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
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and Aaj: A $$ (a,0) # 0
and mn: m>n

assumes distinct xs and Vz € setzs. x < m A a < x
and m#a

and D>0

shows reduce-below a (zs @ [m]) D A $% (m,0) = 0

{proof)

lemma reduce-below-abs-0-case-m1:

assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and mn: m>n

assumes distinct xs and Vz € setzs. x < m A a < x
and m#a

and D>0

shows reduce-below-abs a (xs @ [m]) D A $$ (m,0) = 0

{proof)

lemma reduce-below-preserves-case-m2:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set xs and distinct zs and Vz € setzs. x < m AN a < x
and i#a and i<m+n
and D>0
shows reduce-below a (zs @ [m]) D A $$ (4,0) = reduce-below a s D A $$ (4,0)

(proof)

lemma reduce-below-abs-preserves-case-m2:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 38 (a,0) # 0
and mn: m>n
assumes i € set xs and distinct xs and Vz € setzs. x < m A a < x
and i#a and i<m+n
and D>0
shows reduce-below-abs a (zs @ [m]) D A 8% (4,0) = reduce-below-abs a xs D A
$3$ (4,0)
(proof)

lemma reduce-below-0-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
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and Aaj: A $$ (a,0) # 0

and mn: m>n
assumes i € set (vs Q [m]) and distinct xs and Vo € set xs. 2 < m A a < x
and D>0
shows reduce-below a (zs @ [m]) D A $$ (,0) = 0

(proof)

lemma reduce-below-abs-0-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set (vs Q [m]) and distinct xs and Vz € set xs. 2 < m A a < z
and D>0
shows reduce-below-abs a (xs Q [m]) D A $$ (4,0) = 0

(proof)

lemma reduce-below-0-case-m-complete:
assumes A2 A’ € carrier-mat m n and a: 0<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (0,0) # 0
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct xs and zs: Vz € set zs. x < m A 0
<z
and ia: i#0
and wzs-def: xs = filter (Xi. A $$ (4,0) # 0) [1..<dim-row A]
and D: D>0
shows reduce-below 0 (zs Q [m]) D A $$ (i,0) = 0

{(proof)

lemma reduce-below-abs-0-case-m-complete:
assumes A’ A’ € carrier-mat m n and a: 0<m and j: 0<n
and A-def: A= A"Q, (D -, (1n n))
and Aaj: A $$ (0,0) # 0
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct xs and zs: Vz € set zs. x < m A 0
<z
and ia: 1#0
and wxs-def: xs = filter (Ni. A $$ (4,0) # 0) [1..<dim-row A]
and D: D>0
shows reduce-below-abs 0 (zs @ [m]) D A $$ (4,0) = 0

(proof)
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lemma reduce-below-invertible-mat-case-m:
assumes A”: A’ € carrier-mat m n and a: a<m and n0: 0<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n and distinct rsand Vz € set zs. z < m A a <
and D0: D>0
shows (3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A reduce-below
a (zsQ[m]) D A =P % A)
(proof )

lemma reduce-below-abs-invertible-mat-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and n0: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n and distinct zs and Vx € setzs. t < m A a < x
and D0: D>0
shows (3 P. invertible-mat P A P € carrier-mat (m+n) (m—+n) A reduce-below-abs
a (zs@Q[m]) D A= P x A)
(proof)

end
hide-const (open) C

This lemma will be very important, since it will allow us to prove that the
output matrix is in echelon form.

lemma echelon-form-four-block-mat:
assumes A: A € carrier-mat 1 1
and B: B € carrier-mat 1 (n—1)
and D: D € carrier-mat (m—1) (n—1)
and H-def: H = four-block-mat A B (0, (m—1) 1) D
and A00: A $$ (0,0) # 0
and e-D: echelon-form-JNF D
and m: m>0 and n: n>0
shows echelon-form-JNF H

(proof)

context mod-operation
begin

lemma reduce-below:
assumes A € carrier-mat m n
shows reduce-below a xs D A € carrier-mat m n

{proof)
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lemma reduce-below-preserves-dimensions:
shows [simp|: dim-row (reduce-below a xs D A) = dim-row A
and [simp]: dim-col (reduce-below a xs D A) = dim-col A
(proof )

lemma reduce-below-abs:
assumes A € carrier-mat m n
shows reduce-below-abs a xs D A € carrier-mat m n

(proof)

lemma reduce-below-abs-preserves-dimensions:
shows [simp]: dim-row (reduce-below-abs a zs D A) = dim-row A
and [simp]: dim-col (reduce-below-abs a s D A) = dim-col A
(proof )

lemma FindPreHNF-1xzn:
assumes A: A € carrier-mat m n and m<2 V n = 0
shows FindPreHNF abs-flag D A € carrier-mat m n (proof)

lemma FindPreHNF-mzx1:
assumes A: A € carrier-mat m n and m>2 and n # 0 n<2
shows FindPreHNF abs-flag D A € carrier-mat m n

(proof)

lemma FindPreHNF-mxn2:
assumes A: A € carrier-mat m n and m: m>2 and n: n>2
shows FindPreHNF abs-flag D A € carrier-mat m n

(proof)

lemma FindPreHNF":
assumes A: A € carrier-mat m n
shows FindPreHNF abs-flag D A € carrier-mat m n

(proof)
end

lemma make-first-column-positive-append-id:

assumes A" A’ € carrier-mat m n

and A-def: A= A"Q, (D -, (1;n n))

and D0: D>0

and n0: 0<n

shows make-first-column-positive A

= mat-of-rows n (map (Matriz.row (make-first-column-positive A)) [0..<m]) Q,
(D m (1m n))
(proof)
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lemma A’-swaprows-invertible-mat:

fixes A::int mat

assumes A: A€carrier-mat m n

assumes A'-def: A’ = (if A $$ (0, 0) # 0 then A else let i = non-zero-positions
0 in swaprows 0 i A)

and nz-def: non-zero-positions = filter (Ai. A $$ (i,0) # 0) [1..<dim-row A]
and nz-empty: A$$(0,0) =0 = non-zero-positions # |]

and m0: 0<m

shows 3 P. P € carrier-mat m m A invertible-mat P N A’ = P % A

(proof)

lemma swaprows-append-id:

assumes A" A’ € carrier-mat m n

and A-def: A= A"Q, (D -, (1, n))

and i:i<m

shows swaprows 0 i A

= mat-of-rows n (map (Matriz.row (swaprows 0 i A)) [0..<m]) @, (D -, (I,
n))
(proof )

lemma non-zero-positions-rs-m:
fixes A::'a::comm-ring-1 mat
assumes A-def: A=A'"Q. D -, 1, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0: D # 0
shows 3 xs. non-zero-positions = xs Q [m] A distinct zs N (Vz€set zs. z < m A 0
< )
(proof)

lemma non-zero-positions-zs-m’:
fixes A::'a::comm-ring-1 mat
assumes A-def: A=A'"Q. D -, 1,, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0: D # 0
shows non-zero-positions = (filter (Ai. A $$ (i,0) # 0) [1..<m]) @ [m)]
A distinct (filter (Mi. A $$ (4,0) # 0) [1..<m))
A (Vzeset (filter (Ai. A 88 (4,0) # 0) [1..<m]). z < m A 0 < z)
(proof)
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lemma A-A'D-eq-first-n-rows:
assumes A-def: A=A'"Q. D -, 1,, n
and A" A’ € carrier-mat m n
and mn: m>n
shows (mat-of-rows n (map (Matriz.row A') [0..<n]))
= (mat-of-rows n (map (Matriz.row A) [0..<n])) (is ?lhs = ?rhs)

(proof)

lemma non-zero-positions-rs-m-invertible:
assumes A-def: A=A'"Q. D -, 1, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0: D # 0
and inv-A"": invertible-mat (map-mat rat-of-int (mat-of-rows n (map (Matriz.row
A7) [0..<n))))
and A'00: A’ $$ (0,0) = 0
and mn: m>n
shows length non-zero-positions > 1

(proof)

corollary non-zero-positions-length-zs:
assumes A-def: A=A'"Q. D -, 1, n
and A": A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0O: D # 0
and inv-A"": invertible-mat (map-mat rat-of-int (mat-of-rows n (map (Matriz.row
A7) [0..<n])))
and A'00: A’ $$% (0,0) = 0
and mn: m>n
and nz-zs-m: non-zero-positions = xs Q [m)]
shows length zs > 0
(proof)

lemma make-first-column-positive-nz-conv:
assumes i<dim-row A and j<dim-col A
shows (make-first-column-positive A $3$ (i, j) # 0) = (A $$ (¢, j) # 0)
(proof)

lemma make-first-column-positive-00:
assumes A-def: A=A"Q. D -, 1, n
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and A" A" : carrier-mat m n
assumes nz-def: non-zero-positions = filter (Mi. A $3$ (4,0) # 0) [1..<dim-row
A
and A’-def: A’ = (if A 3% (0, 0) # 0 then A else let i = non-zero-positions !
0 in swaprows 0 i A)
and m0: 0<m and n0: 0<n and D0: D # 0 and mn: m>n
shows make-first-column-positive A’ $$ (0, 0) # 0

(proof)

context proper-mod-operation
begin
lemma reduce-below-0-case-m-make-first-column-positive:
assumes A2 A’ € carrier-mat m n and m0: 0<m and n0: 0<n
and A-def: A= A"Q, (D -, (1, n))
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct xs and zs: Vz € set zs. x < m A 0
<z
and ia: i#0
and A"-def: A” = (if A 3% (0, 0) # 0 then A else let i = non-zero-positions
0 in swaprows 0 i A)
and D0: D>0
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
shows reduce-below 0 non-zero-positions D (make-first-column-positive A') $$
(,0) = 0
{proof )

lemma reduce-below-abs-0-case-m-make-first-column-positive:
assumes A" A’ € carrier-mat m n and m0: 0<m and n0: 0<n
and A-def: A= A"Q, (D -, (1, n))
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct xs and zs: Vx € set zs. x < m A 0
<z
and ia: i#0
and A"-def: A” = (if A 3% (0, 0) # 0 then A else let i = non-zero-positions
0 in swaprows 0 i A)
and D0: D>0
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
shows reduce-below-abs 0 non-zero-positions D (make-first-column-positive A'')
$$ (1,0) = 0
(proof)

lemma FindPreHNF-invertible-mat-2xn:

assumes A: A € carrier-mat m n and m<2

shows 3 P. P € carrier-mat m m A invertible-mat P N\ FindPreHNF abs-flag D
A=Px A

(proof)
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lemma FindPreHNF-invertible-mat-mz2:

assumes A-def: A= A"Q,. D ., 1,, n

and A”: A" € carrier-mat m n and n2: n<2 and n0: 0<n and D-g0: D>0
and mn: m>n
shows 3P. P € carrier-mat (m+n) (m+n) A invertible-mat P N FindPreHNF
abs-flag D A =P x A
(proof)

corollary FindPreHNF-echelon-form-mz0:
assumes A € carrier-mat m 0
shows echelon-form-JNF (FindPreHNF abs-flag D A)

(proof)

lemma FindPreHNF-echelon-form-mz1:

assumes A-def: A= A"Q,. D ., 1,, n

and A’": A" € carrier-mat m n and n2: n<2 and D-g0: D>0 and mn: m>n
shows echelon-form-JNF (FindPreHNF abs-flag D A)

(proof)

lemma FindPreHNF-works-n-ge2:

assumes A-def: A= A"Q,. D, 1, n

and A': A" € carrier-mat m n and n>2 and m-le-n: m>n and D>0
shows 3P. P € carrier-mat (m+n) (m+n) A invertible-mat P N FindPreHNF
abs-flag D A = P x A A echelon-form-JNF (FindPreHNF abs-flag D A)

{proof)

lemma

assumes A-def: A= A"Q. D -, 1, n

and A": A" € carrier-mat m n and n>2 and m-le-n: m>n and D>0
shows FindPreHNF-invertible-mat-n-ge2: 3 P. P € carrier-mat (m+n) (m+n) A
invertible-mat P N\ FindPreHNF abs-flag D A = P x A
and FindPreHNF-echelon-form-n-ge2: echelon-form-JNF (FindPreHNF abs-flag D
4)

(proof)

lemma FindPreHNF-invertible-mat:
assumes A-def: A= A"Q,. D ., 1, n
and A': A" € carrier-mat m n and n0: 0<n and mn: m>n and D: D>0
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P N FindPreHNF
abs-flag D A =P x A
(proof)

lemma FindPreHNF-echelon-form:
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assumes A-def: A=A"Q. D -, 1, n
and A’": A" € carrier-mat m n and mn: m>n and D: D>0
shows echelon-form-JNF (FindPreHNF abs-flag D A)
{proof)

end

We connect the algorithm developed in the Hermite AFP entry with ours.
This would permit to reuse many existing results and prove easily the sound-
ness.

thm Hermite. Hermite-reduce-above.simps
thm Hermite. Hermite-of-row-i-def

thm Hermite. Hermite-of-upt-row-i-def
thm Hermite. Hermite-of-def

thm Hermite-reduce-above.simps

thm Hermite-of-row-i-def

thm Hermite-of-list-of-rows.simps

thm mod-operation. Hermite-mod-det-def

thm Hermite. Hermite-reduce-above.simps Hermite-reduce-above.simps

context includes lifting-syntax
begin

definition res-int = (A\b n::int. n mod b)

lemma res-function-res-int:
res-function res-int

{proof)

lemma HMA-Hermite-reduce-above[transfer-rule]:

assumes n<CARD('m)

shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=)

===> (Mod-Type-Connect. HMA-I) ===> (Mod-Type-Connect. HMA-I) ===>
(Mod-Type-Connect. HMA-M))

(M i j. Hermite-reduce-above A n i j)

(AA i j. Hermite. Hermite-reduce-above A n i j res-int)

(proof)

corollary HMA-Hermite-reduce-above’:

assumes n<CARD('m)

and Mod-Type-Connect. HMA-M A (A": int ~ 'n :: mod-type ~ 'm :: mod-type)

and Mod-Type-Connect. HMA-I i i" and Mod-Type-Connect. HMA-I j j'

shows Mod- Type-Connect. HMA-M (Hermite-reduce-above A n i j) (Hermite. Hermite-reduce-above
A’ n i’ j' res-int)
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{proof)

lemma HMA-Hermite-of-row-i[transfer-rule]:
assumes upt-A: upper-triangular’ A
and AA’": Mod-Type-Connect. HMA-M A (A”: int ~ 'n :: mod-type ~ 'm :: mod-type)
and . Mod-Type-Connect. HMA-I i i’
shows Mod- Type-Connect. HMA-M (Hermite-of-row-i A 1)
(Hermite. Hermite-of-row-i ass-function-euclidean res-int A’ i’)

{(proof)

lemma Hermite-of-list-of-rows-append:
Hermite-of-list-of-rows A (xs Q [z]) = Hermite-of-row-i (Hermite-of-list-of-rows A
x8) T

(proof )

lemma Hermite-reduce-above[simp|: Hermite-reduce-above A n i j € carrier-mat
(dim-row A) (dim-col A)
(proof)

lemma Hermite-of-row-i: Hermite-of-row-i A i € carrier-mat (dim-row A) (dim-col
4)
(proof)

end

We now move more lemmas from HOL Analysis (with mod-type restrictions)
to the JNF matrix representation.

context
begin

private lemma echelon-form-Hermite-of-row-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes eA: echelon-form-JNF A
and i: i <CARD('m)
shows echelon-form-JNF (Hermite-of-row-i A 1)
(proof ) lemma echelon-form-Hermite-of-row-nontriv-mod-ring:
fixes A::int mat

assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)

assumes eA: echelon-form-JNF A
and i<CARD('m)
shows echelon-form-JNF (Hermite-of-row-i A 1)

(proof)
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lemmas echelon-form-Hermite-of-row-nontriv-mod-ring-internalized =
echelon-form-Hermite-of-row-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

context
fixes m::nat and n::nat
assumes local-typedef1: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<m

iint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n
iint}

and m: m>1

and n: n>1
begin

lemma echelon-form-Hermite-of-row-nontriv-mod-ring-auz:
fixes A::int mat

assumes A € carrier-mat m n

assumes eA: echelon-form-JNF A

and i<m
shows echelon-form-JNF (Hermite-of-row-i A )

(proof)

end

context
begin

private lemma echelon-form-Hermite-of-row-i-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0..<intn} = 1 <m =1 <n
= A € carrier-mat m n => echelon-form-JNF A — i < m
= echelon-form-JNF (HNF-Mod-Det-Algorithm.Hermite-of-row-i A 1)
(proof) lemma echelon-form-Hermite-of-row-i-cancelled-both:
1 <m=1<n= A € carrier-mat m n = echelon-form-JNF A = i < m
= echelon-form-JNF (HNF-Mod-Det-Algorithm.Hermite-of-row-i A )

{proof)

lemma echelon-form-JNF-Hermite-of-row-1":
fixes A::int mat

assumes A € carrier-mat m n

assumes eA: echelon-form-JNF A

and i<m

and I <mand I <n
shows echelon-form-JNF (Hermite-of-row-i A 1)

{proof)
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corollary echelon-form-JNF-Hermite-of-row-i:
fixes A::int mat
assumes eA: echelon-form-JNF A
and i: i<dim-row A
shows echelon-form-JNF (Hermite-of-row-i A 1)
(proof)

lemma Hermite-of-list-of-rows:
(Hermite-of-list-of-rows A xs) € carrier-mat (dim-row A) (dim-col A)
(proof)

lemma echelon-form-JNF-Hermite-of-list-of-rows:
assumes A€ carrier-mat m n

and Vzeset xs. z < m
and echelon-form-JNF A

shows echelon-form-JNF (Hermite-of-list-of-rows A xs)

(proof)

lemma HMA-Hermite-of-upt-row-i[transfer-rule]:
assumes zs = [0..<{]
and Vzeset xs. v < CARD('m)
assumes Mod-Type-Connect. HMA-M A (A":: int ~'n :: mod-type ~'m :: mod-type)

and echelon-form-JNF A
shows Mod- Type-Connect. HMA-M (Hermite-of-list-of-rows A xs)
(Hermite. Hermite-of-upt-row-i A’ i ass-function-euclidean res-int)
(proof)

lemma Hermite-Hermite-of-upt-row-i:
assumes a: ass-function ass
and r: res-function res
and eA: echelon-form A
shows Hermite (range ass) (Ac. range (res ¢)) (Hermite-of-upt-row-i A (nrows
A) ass res)

(proof)

lemma Hermite-of-row-i-0:
Hermite-of-row-i A 0 = AV Hermite-of-row-i A 0 = multrow 0 (— 1) A
(proof)
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lemma Hermite-JNF-intro:
assumes
Complete-set-non-associates associates (Complete-set-residues res) echelon-form-JNF
A
(Vi<dim-row A. = is-zero-row-JNF i A — A $$ (i, LEAST n. A $$ (i, n) # 0)
€ associates)
(Vi<dim-row A. = is-zero-row-JNF i A — (Vj. j<i — A 88 (4, (LEAST n. A
$$ (4, n) # 0))
€ res (A $8 (i,(LEAST n. A $$ (i,n) # 0)))))

shows Hermite-JNF' associates res A
(proof )

lemma least-multrow:
assumes A € carrier-mat m n and i<m and eA: echelon-form-JNF A
assumes ia: ia < dim-row A and nz-ia-mrA: = is-zero-row-JNF ia (multrow i
(= 1) 4)
shows (LEAST n. multrow i (— 1) A $$ (ia, n) # 0) = (LEAST n. A $$ (ia,
n) # 0)
(proof)

lemma Hermite-Hermite-of-row-i:

assumes A: A € carrier-mat 1 n

shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-row-i
A 0)
(proof)

lemma Hermite-of-row-i-0-eq-0:
assumes A: A€carrier-mat m n and i: i>0 and eA: echelon-form-JNF A and
m: 1<m
and n0: 0<n
shows Hermite-of-row-i A 0 $$ (i, 0) = 0
(proof)

lemma Hermite-Hermite-of-row-i-mx1 :

assumes A: A € carrier-mat m 1 and eA: echelon-form-JNF A

shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-row-i
A 0)
(proof)

lemma Hermite-of-list-of-rows-1xn:
assumes A: A € carrier-mat 1 n
and eA: echelon-form-JNF A
and 2: Vo € set zs. x < 1 and zs: zs#£]|
shows Hermite-JNF (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A xs)
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{proof)

lemma Hermite-of-row-i-id-mz1:
assumes H': Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢))
A
and z: z<dim-row A and A: A€carrier-mat m 1
shows Hermite-of-row-i A z = A
(proof)

lemma Hermite-of-row-i-id-mz1 "
assumes eA: echelon-form-JNF A
and z: z<dim-row A and A: A€carrier-mat m 1
shows Hermite-of-row-i A x = A vV Hermite-of-row-i A © = multrow 0 (— 1) A

(proof)

lemma Hermite-of-list-of-rows-mx1:
assumes A: A € carrier-mat m 1
and eA: echelon-form-JNF A
and z: Vo € set zs. x < m and zs: xs=[0..<i| and i: i>0
shows Hermite-JNF (range ass-function-euclidean)
(Ae. range (res-int ¢)) (Hermite-of-list-of-rows A xs)
(proof)

lemma invertible- Hermite-of-list-of-rows-1zn:

assumes A € carrier-mat 1 n

shows 3 P. P € carrier-mat 1 1 A invertible-mat P N Hermite-of-list-of-rows A
[0.<1]=P=x A

(proof)

lemma invertible- Hermite-of-list-of-rows-mx1 "
assumes A: A € carrier-mat m 1 and eA: echelon-form-JNF A
and zs-i: s = [0..<i] and xs-m: Vz€set xs. £ < m and i: i>0
shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
Azs=Px A

{proof)

corollary invertible- Hermite-of-list-of-rows-mx1

assumes A € carrier-mat m 1 and eA: echelon-form-JNF A

shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
A0.<m|=Px A
{proof )

86



lemma Hermite-of-list-of-rows-mz0:

assumes A: A € carrier-mat m 0

and xs: zs = [0..<i{] and z: Vz€ set xs. © < m
shows Hermite-of-list-of-rows A xs = A

{proof)

Again, we move more lemmas from HOL Analysis (with mod-type restric-
tions) to the JNF matrix representation.

context
begin

private lemma Hermite- Hermite-of-list-of-rows-mod-type:

fixes A::int mat

assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)

assumes eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean)

(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..< CARD('m)])
(proof) lemma invertible- Hermite-of-list-of-rows-mod-type:

fixes A::int mat

assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)

assumes eA: echelon-form-JNF A

shows 3 P. P € carrier-mat CARD('m) CARD('m) A

invertible-mat P A Hermite-of-list-of-rows A [0..<CARD('m)] = P x A

(proof ) lemma Hermite- Hermite-of-list-of-rows-nontriv-mod-ring:

fixes A::int mat

assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)

assumes eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean)

(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..< CARD('m)])
(proof ) lemma invertible- Hermite-of-list-of-rows-nontriv-mod-ring:

fixes A::int mat

assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)

assumes eA: echelon-form-JNF A

shows 3 P. P € carrier-mat CARD('m) CARD('m) A

invertible-mat P A Hermite-of-list-of-rows A [0..<CARD('m)] = P x A

(proof)

lemmas Hermite- Hermite-of-list-of-rows-nontriv-mod-ring-internalized =
Hermite- Hermite-of-list-of-rows-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

lemmas invertible- Hermite-of-list-of-rows-nontriv-mod-ring-internalized =

invertible- Hermite-of-list-of-rows-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)
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context

fixes m::nat and n::nat

assumes local-typedef1: 3 (Rep :: (b = int)) Abs. type-definition Rep Abs {0..<m
iint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n

int}
and m: m>1
and n: n>1
begin

lemma Hermite-Hermite-of-list-of-rows-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
assumes eA: echelon-form-JNF A
shows Hermite-JNF' (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..<m))
(proof)

lemma invertible- Hermite-of-list-of-rows-nontriv-mod-ring-auz:

fixes A::int mat

assumes A € carrier-mat m n

assumes eA: echelon-form-JNF A

shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
A0.<m|=P=x A
(proof)

end

context
begin

private lemma invertible- Hermite-of-list-of-rows-cancelled-first:

I Rep Abs. type-definition Rep Abs {0..<int n}

= 1 <m=1<n= A € carrier-mat m n = echelon-form-JNF A

= 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows A
[0.<m] =P x A

(proof ) lemma invertible- Hermite-of-list-of-rows-cancelled-both:

1 <m=1<n= A € carrier-mat m n => echelon-form-JNF A

= 3P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows A
[0..<m] =P« A

(proof) lemma Hermite- Hermite-of-list-of-rows-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0..<int n} =

1 <m=

1 <n=

A € carrier-mat m n =
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echelon-form-JNF A

= Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-list-of-rows
A [0..<m])

(proof ) lemma Hermite- Hermite-of-list-of-rows-cancelled-both:
1 <m=—

1 <n=

A € carrier-mat m n =

echelon-form-JNF A

= Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int c)) (Hermite-of-list-of-rows
A [0..<m))

(proof)

lemma Hermite-Hermite-of-list-of-rows’:
fixes A::int mat
assumes A € carrier-mat m n
and echelon-form-JNF A
and I <mand I <n
shows Hermite-JNF (range ass-function-euclidean)
(Ae. range (res-int ¢)) (Hermite-of-list-of-rows A [0..<m))
(proof)

corollary Hermite-Hermite-of-list-of-rows:
fixes A::int mat
assumes A: A € carrier-mat m n
and eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean)
(Ac. range (res-int ¢)) (Hermite-of-list-of-rows A [0..<m])

{(proof)

lemma invertible- Hermite-of-list-of-rows:
assumes A: A € carrier-mat m n
and eA: echelon-form-JNF A
shows 3 P. P € carrier-mat m m A invertible-mat P N\ Hermite-of-list-of-rows A
[0.<m] =P« A
(proof)
end
end
end
end

Now we have all the required stuff to prove the soundness of the algorithm.

context proper-mod-operation
begin
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lemma Hermite-mod-det-mz0:
assumes A € carrier-mat m 0
shows Hermite-mod-det abs-flag A = A

{proof)

lemma Hermite-JNF-mz0:
assumes A: A € carrier-mat m 0
shows Hermite-JNF' (range ass-function-euclidean) (Ac. range (res-int c)) A

{proof)

lemma Hermite-mod-det-soundness-mz0:
assumes A: A € carrier-mat m n
and n0: n=0
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)
and (3 P. invertible-mat P N P € carrier-mat m m A (Hermite-mod-det abs-flag
A) = P x A)
(proof)

lemma Hermite-mod-det-soundness-man:
assumes mn: m = n
and A: A € carrier-mat m n
and n0: 0<n
and inv-RAT-A: invertible-mat (map-mat rat-of-int A)
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)
and (3 P. invertible-mat P AN P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)
(proof)

lemma Hermite-mod-det-soundness:

assumes mn: m = n

and A-def: A € carrier-mat m n

and i: invertible-mat (map-mat rat-of-int A)
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)

and (3 P. invertible-mat P AN P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)

(proof )
We can even move the whole echelon form algorithm echelon-form-of from
HOL Analysis to JNF and then we can combine it with Hermite-of-list-of-rows

to have another HNF algorithm which is not efficient, but valid for arbitrary
matrices.

lemma reduce-D0:
reduce a b 0 A = (let Aaj = A$3%(a,0); Abj = A $$ (b,0)
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in
if Aaj = 0 then A else
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + q+xA$3(b,k))
else if i = b then u * A$$(ak) + v x A$$(b,k)
else A$$(i,k)

) (is 2lhs = 2rhs)
{(proof)

lemma bezout-matriz-JNF-mult-eq:
assumes A’ A’ € carrier-mat m n and a: a<m and b: b<m and ab: a # b
and A-def: A= A'Q, B and B: B € carrier-mat t n
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,j)) (A$$(b,5))
shows Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u * A$$(a.k) + v * A$$(b,k)
else A$3(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) x A (is ?A = YBM x A)
(proof)

lemma bezout-matriz-JNF-mult-eq2:
assumes A: A € carrier-mat m n and a: a<m and b: b<m and ab: a # b
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,j)) (A$$(b,5))
shows Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + q+xA$$(b,k))
else if i = b then u x A$$(a,k) + v x A$3(b.k)
else A$$(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) x A (is ?A = YBM * A)
(proof)

lemma reduce-invertible-mat-D0-BM:
assumes A: A € carrier-mat m n
and a: a < m
and b: b < m
and ab: a # b
and Aa0: A3$%(a,0) # 0
shows reduce a b 0 A =
(proof)

(bezout-matriz-JNF A a b 0 euclid-ext2) x A

lemma reduce-invertible-mat-DO0:
assumes A: A € carrier-mat m n
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and a: a < m

and b: b < m

and n0: 0<n

and ab: a # b

and a-less-b: a<b

shows 3 P. invertible-mat P N P € carrier-mat m m A reduce a b 0 A = P x A

(proof)

lemma reduce-below-invertible-mat-DO0:
assumes A" A € carrier-mat m n and a: a<m and j: 0<n
and distinct zs and Vo € set xs. c < m A a < z
and D=0
shows (3 P. invertible-mat P N P € carrier-mat m m A reduce-below a xs D A =
P x A)
(proof )

lemma reduce-not0’:
assumes A: A € carrier-mat m n and a: a<m and a-less-b: a<b and j: 0<n
and b: b<m
and Aaj: A $$ (a,0) # 0
shows reduce a b 0 A $$ (a, 0) # 0 (is ?reduce-ab $$ (a,0) # -)
(proof)

lemma reduce-below-preserves-D0:

assumes A’ A € carrier-mat m n and a: a<m and j: j<n
and Aaj: A $$ (a,0) # 0

assumes i ¢ set zs and distinct zs and Vo € set xs. t < m A a < x
and i#a and i<m

and D=0

shows reduce-below a s D A $$ (i,5) = A 33 (i,5)

(proof)

lemma reduce-below-0-D0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A 38 (a,0) # 0
assumes i € set xs and distinct xs and Vx € set zs. x < m A a < x
and D=0
shows reduce-below a zs D A $$ (7,0) = 0
(proof)

end

Definition of the echelon form algorithm in JNF

primrec bezout-iterate-JNF
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where bezout-iterate-JNF A 0 i j bezout = A
| bezout-iterate-JNF A (Suc n) i j bezout =
(if (Suc n) < ithen A else
bezout-iterate-JNF (bezout-matriz-JNF A i ((Suc n)) j bezout x A) n i
j bezout)

definition
echelon-form-of-column-k-JNF bezout A’ k =
(let (A, i) = A’
in if (i = dim-row A) VvV (Ym € {i..<dim-row A}. A $$ (m, k) = 0) then (4,
i) else
if (Yme{i+1..<dim-row A}. A $$ (m,k) = 0) then (4, i + 1) else
let n = (LEAST n. A $$ (n,k) # 0 N i < n);
interchange-A = swaprows i n A
m
(bezout-iterate-JNF (interchange-A) (dim-row A — 1) i k bezout, i + 1))

definition echelon-form-of-upt-k-JNF A k bezout = (fst (foldl (echelon-form-of-column-k-JNF
bezout) (A,0) [0..<Suc k]))

definition echelon-form-of-JNF A bezout = echelon-form-of-upt-k-JNF A (dim-col

A — 1) bezout

context includes lifting-syntax
begin

lemma HMA-bezout-iterate[transfer-rule]:

assumes n<CARD('m)

shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
-

===> (Mod-Type-Connect. HMA-I) ===> (Mod- Type-Connect. HMA-I) ===>

(=) ===> (Mod-Type-Connect. HMA-M))

(AA i j bezout. bezout-iterate-JNF A n i j bezout)

(MA@ j bezout. bezout-iterate A n i j bezout)

(proof)

corollary HMA-bezout-iterate’[transfer-rule]:

fixes A’:int ~ 'n :: mod-type " 'm :: mod-type

assumes n: n<CARD('m)

and Mod-Type-Connect. HMA-M A A’

and Mod-Type-Connect. HMA-I i i’ and Mod-Type-Connect. HMA-I j j'
shows Mod-Type-Connect. HMA-M (bezout-iterate-JNF A n i j bezout) (bezout-iterate
A’ n i’ j bezout)

(proof )
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lemma snd-echelon-form-of-column-k-JNF-le-dim-row:
assumes i<dim-row A
shows snd (echelon-form-of-column-k-JNF bezout (A,i) k) < dim-row A

(proof)

lemma HMA-echelon-form-of-column-k[transfer-rule]:
assumes k: k<CARD('n)
shows ((=) ===> rel-prod (Mod-Type-Connect. HMA-M :: - = int ~ 'n ::
mod-type ~ 'm :: mod-type = -) (Aa b. a=b A a<CARD('m))
===> (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b N a<CARD('m))))
(Abezout A. echelon-form-of-column-k-JNF bezout A k)
(Abezout A. echelon-form-of-column-k bezout A k)

(proof)

corollary HMA-echelon-form-of-column-k’[transfer-rule]:

assumes k: k<CARD('n) and i<CARD('m)

and (Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type =
A A

shows (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b A a<CARD('m)))

(echelon-form-of-column-k-JNF bezout (A7) k)

(echelon-form-of-column-k bezout (A7) k)

(proof )

lemma HMA-foldl-echelon-form-of-column-k:
assumes k: k<CARD('n)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=) ===> ()
===> (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b A a<CARD('m))))
(AA bezout. (foldl (echelon-form-of-column-k-JNF bezout) (A,0) [0..<k]))
(AA bezout. (foldl (echelon-form-of-column-k bezout) (A,0) [0..<k]))

(proof)

lemma HMA-echelon-form-of-upt-k[transfer-rule]:
assumes k: k<CARD('n)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
50 === (=)
===> (Mod-Type-Connect. HMA-M))
(A bezout. echelon-form-of-upt-k-JNF A k bezout)
(AA bezout. echelon-form-of-upt-k A k bezout)

{(proof)
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lemma HMA-echelon-form-of [transfer-rule]:
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=) ===> (=)
===> (Mod-Type-Connect. HMA-M))
(A bezout. echelon-form-of-JNF A bezout)
(AA bezout. echelon-form-of A bezout)

(proof)
end

context
begin

private lemma echelon-form-of-euclidean-invertible-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
shows 3 P. invertible-mat P \ P € carrier-mat (CARD('m::mod-type)) (CARD('m::mod-type))

A P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
(proof) lemma echelon-form-of-euclidean-invertible-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
shows 3 P. invertible-mat P A\ P € carrier-mat (CARD('m)) (CARD('m))
A P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)

{proof)

lemmas echelon-form-of-euclidean-invertible-nontriv-mod-ring-internalized =
echelon-form-of-euclidean-invertible-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv]

context
fixes m::nat and n::nat
assumes local-typedef1: 3 (Rep :: (b = int)) Abs. type-definition Rep Abs {0..<m

int}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n
iint}

and m: m>1

and n: n>1
begin

lemma echelon-form-of-euclidean-invertible-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
shows 3 P. invertible-mat P A P € carrier-mat m m
A P x A = echelon-form-of-JNF A euclid-ext2
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A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
(proof )

end

context
begin

private lemma echelon-form-of-euclidean-invertible-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0.<intn} = 1 <m = 1 < n =

A € carrier-mat m n => 3 P. invertible-mat P N P € carrier-mat m m

A P x (A:int mat) = echelon-form-of-JNF A euclid-ext2 A echelon-form-JNF
(echelon-form-of-JNF A euclid-ext2)

(proof) lemma echelon-form-of-euclidean-invertible-cancelled-both:
1 <m=1<n= A € carrier-mat m n = 3 P. invertible-mat P N P €
carrier-mat m m

A P x (A:int mat) = echelon-form-of-JNF A euclid-ext2 A echelon-form-JNF
(echelon-form-of-JNF A euclid-ext2)

{proof)

lemma echelon-form-of-euclidean-invertible’:
fixes A::int mat
assumes A € carrier-mat m n
and I <mand I <n
shows 3 P. invertible-mat P A
P € carrier-mat m m A P % A = echelon-form-of-JNF' A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
(proof)
end
end

context mod-operation
begin

definition FindPreHNF-rectangular A
= (let m = dim-row A; n = dim-col A in
ifm < 2V n=0then A else — No operations are carried out if m = 1
if n = 1 then
let non-zero-positions = filter (Ai. A 3% (¢,0) # 0) [1..<dim-row A] in
if non-zero-positions = || then A
else let A" = (if A$3(0,0) # 0 then A else let i = non-zero-positions | 0 in
swaprows 0 i A)
in reduce-below-impl 0 non-zero-positions 0 A’
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else (echelon-form-of-JNF A euclid-ext2))

This is the (non-efficient) HNF algorithm obtained from the echelon form
and Hermite normal form AFP entries

definition HNF-algorithm-from-HA A
= Hermite-of-list-of-rows (FindPre HNF-rectangular A) [0..<(dim-row A)]

Now we can combine FindPreHNF-rectangular, FindPreHNF and Hermite-of-list-of-rows
to get an algorithm to compute the HNF of any matrix (if it is square and
invertible, then the HNF is computed reducing entries modulo D)

definition HNF-algorithm abs-flag A =
(let m = dim-row A; n = dim-col A in
if m # n then Hermite-of-list-of-rows (FindPreHNF-rectangular A) [0..<m)
else
let D = abs (det-int A) in
if D = 0 then Hermite-of-list-of-rows (FindPre HNF-rectangular A) [0..<m)]
else
let A'=A@Q. D -, 1,, m;
E = FindPreHNF abs-flag D A’
H = Hermite-of-list-of-rows E [0..<m+n]
in mat-of-rows n (map (Matriz.row H) [0..<m]))

end

declare mod-operation. FindPre HNF-rectangular-def[code]
declare mod-operation. HNF-algorithm-from-HA-def[code]
declare mod-operation. HNF-algorithm-def|code]

context proper-mod-operation
begin

lemma FindPreHNF-rectangular-soundness:
fixes A::int mat
assumes A: A € carrier-mat m n
shows 3 P. invertible-mat P A P € carrier-mat m m A P x A = FindPreHNF-rectangular
A
A echelon-form-JNF (FindPreHNF-rectangular A)

(proof)

lemma HNF-algorithm-from-HA-soundness:
assumes A: A € carrier-mat m n
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm-from-HA
4)
A (3P. P € carrier-mat m m A invertible-mat P N (HNF-algorithm-from-HA
A) =P x A)
(proof)

Soundness theorem for any matrix
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lemma HNF-algorithm-soundness:

assumes A: A € carrier-mat m n

shows Hermite-JNF' (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm
abs-flag A)

A (3P. P € carrier-mat m m A invertible-mat P N (HNF-algorithm abs-flag A)

=P x A)
(proof)
end

New predicate of soundness of a HNF algorithm, without providing explicitly
the transformation matrix.

definition is-sound-HNF' algorithm associates res
= (VA. let H = algorithm A; m = dim-row A; n = dim-col A in Hermite-JNF
associates res H
A H € carrier-mat m n A (3P. P € carrier-mat m m A invertible-mat P A

A =P x H))

lemma is-sound-HNF-conv:
assumes s: is-sound-HNF' algorithm associates res
shows is-sound-HNF (AA. let H = algorithm A in (SOME P. P € carrier-mat
(dim-row A) (dim-row A)
A invertible-mat P N A = P x H, H)) associates res
(proof)

context proper-mod-operation
begin
corollary is-sound-HNF'-HNF-algorithm:
is-sound-HNF' (HNF-algorithm abs-flag) (range ass-function-euclidean) (Ac.
range (res-int c))

(proof)

corollary is-sound-HNF'-HNF-algorithm-from-HA:
is-sound-HNF' (HNF-algorithm-from-HA) (range ass-function-euclidean) (Ac.
range (res-int c))

(proof)

end

Some work to make the algorithm executable

definition find-non0’:: <nat = nat = 'a::comm-ring-1 mat = nat option> where
find-non0’ i k A = find (Nj. A $$ (j, k) # 0) [i ..< dim-row A]»

lemma
assumes res: find-non0’ i k A = Some j
shows find-non0": A $$ (j, k) # 0i < jj < dim-row A
and find-non0’-w-zero-before: Vj'e{i..<j}. A $$ (', k) = 0
(proof)

lemma find-non0’-LEAST:
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assumes res: find-non0’ i k A = Some j
shows j = (LEAST n. A $$ (n,k) # 0 A i<n)
(proof )

lemma echelon-form-of-column-k-JNF-code[code]:
echelon-form-of-column-k-JNF' bezout (A7) k =
(if (i = dim-row A) V (Ym € {i..<dim-row A}. A $$ (m, k) = 0) then (A4, i)
else
if (Yme{i+1..<dim-row A}. A $% (m,k) = 0) then (A, i + 1) else
let n = the (find-non0’ i k A);
interchange-A = swaprows i n A
mn
(bezout-iterate-JNF' (interchange-A) (dim-row A — 1) i k bezout, i + 1))
(proof)

7.3 Instantiation of the HNF-algorithm with modulo-operation

We currently use a Boolean flag to indicate whether standard-mod or sym-
metric modulo should be used.

lemma sym-mod: proper-mod-operation sym-mod sym-div

(proof)

lemma standard-mod: proper-mod-operation (mod) (div)
(proof)

definition HNF-algorithm :: bool = int mat = int mat where

HNF-algorithm use-sym-mod = (if use-sym-mod

then mod-operation. HNF-algorithm sym-mod False else mod-operation. HNF-algorithm
(mod) True)

definition HNF-algorithm-from-HA :: bool = int mat = int mat where

HNF-algorithm-from-HA use-sym-mod = (if use-sym-mod

then mod-operation. HNF-algorithm-from-HA sym-mod else mod-operation. HNF-algorithm-from-HA
(mod))

corollary is-sound-HNF'-HNF-algorithm:
is-sound-HNF' (HNF-algorithm use-sym-mod) (range ass-function-euclidean)
(Ae. range (res-int ¢))
(proof)

corollary is-sound-HNF'-HNF-algorithm-from-HA:

is-sound-HNF' (HNF-algorithm-from-HA use-sym-mod) (range ass-function-euclidean)
(Ae. range (res-int ¢))

(proof )
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value [code]let A = mat-of-rows-list 4 (
10,5,1,4],
(7,1,0,0),
8,0,19,16),
[2,0,0,3::int],
[9,-3,2,5],
[6,5,2,4]]) in
show (HNF-algorithm True A)

value [code]let A = mat-of-rows-list 6 (
[[0’3’174v857]7
(7,1,0,0,4.,1),
18,0,19,16,33,5],
(2,0,0,3::int,—5,8]]) in
show (HNF-algorithm False A)

value [code]let A = mat-of-rows-list 6 (
[00,3,1,4,8,7],
[7,1,0,0,4,1],
8,0,19,16,33,5),
[0,3,1,4,8,7],
[2,0,0,3::int,—5,8],
(2,4,6,8,10,12]]) in
show (Determinant.det A, HNF-algorithm True A)

value [code]let A = mat-of-rows-list 6 (
[[07331747857]3
[7,1,0,0,4,1),
8,0,19,16,33,5),
(5,6,1,2,8,7],
[2,0,0,3::int,—5,8],
12,4,6,8,10,12]]) in
show (Determinant.det A, HNF-algorithm True A)

end

8 LLL certification via Hermite normal forms

In this file, we define the new certified approach and prove its soundness.

theory LLL-Certification-via-HNF
imports
LLL-Basis-Reduction.LLL-Certification
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Jordan-Normal-Form.DL-Rank
HNF-Mod-Det-Soundness
begin

context LLL-with-assms
begin

lemma m-le-n: m<n

{(proof)

end

This lemma is a generalization of the theorem named HNF-A-eq-HNF-PA,
using the new uniqueness statement of the HNF. We provide two versions,
one assuming the existence and the other one obtained from a sound algo-
rithm.

lemma HNF-A-eq-HNF-PA’-exist:
fixes A::int mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat (map-mat rat-of-int
4)
and inv-P: invertible-mat P and P: P € carrier-mat n n
and HNF-H1: Hermite-JNF associates res H1
and H1: H1 € carrier-mat n n
and HNF-H2: Hermite-JNF associates res H2
and H2: H2 € carrier-mat n n
and sound-HNF1: 3P1. P1 € carrier-mat n n A invertible-mat P1 N (P % A)
= P1 x H1
and sound-HNF2: 3 P2. P2 € carrier-mat n n A invertible-mat P2 N A = P2
x H2
shows HI = H2

(proof)

corollary HNF-A-eq-HNF-PA':
fixes A::int mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat (map-mat rat-of-int
A)
and inv-P: invertible-mat P and P: P € carrier-mat n n
and sound-HNF": is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (PxA)
and P2-H2: (P2,H2) = HNF A
shows HI = H2
(proof)

context LLL-with-assms
begin
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lemma certification-via-eq- HNF2-exist:
assumes HNF-HI1: Hermite-JNF associates res H1
and H1: H1 € carrier-mat n n
and HNF-H2: Hermite-JNF associates res H2
and H2: H2 € carrier-mat n n
and sound-HNF1: 3 P1. P1 € carrier-mat nn A invertible-mat P1 A (mat-of-rows
n fs-init) = P1 % H1
and sound-HNF2: 3 P2. P2 € carrier-mat nn A invertible-mat P2 A (mat-of-rows
n gs) = P2 x H2
and gs: set gs C carrier-vec n
and [: lattice-of fs-init = lattice-of gs
and mn: m = n and len-gs: length gs = n
shows HI = H2
(proof)

lemma certification-via-eq-HNF2:
assumes sound-HNF": is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and gs: set gs C carrier-vec n
and [: lattice-of fs-init = lattice-of gs
and mn: m = n and len-gs: length gs = n
shows HI = H2
(proof)

corollary lattice-of-eq-via-HNF":
assumes sound-HNF": is-sound-HNF HNF associates res
and PI-HI: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and gs: set gs C carrier-vec n
and mn: m = n and len-gs: length gs = n
shows (HI = H2) «— (lattice-of fs-init = lattice-of gs)
(proof)
end

context
begin

interpretation vec-module TYPE(int) n (proof)

lemma [attice-of-eq-via- HNF-paper:
fixes F' G :: int mat and HNF :: int mat = int mat
assumes sound-HNF': is-sound-HNF' HNF A R
and inv-F-Q: invertible-mat (map-mat rat-of-int F)
and FG: {F,G} C carrier-mat n n
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shows (HNF F = HNF G) <— (lattice-of (rows F') = lattice-of (rows G))

(proof)
end

We define a new const similar to external-lll-solver, but now it only returns
the reduced matrix.

consts external-lll-solver’ :: integer X integer = integer list list = integer list list

hide-type (open) Finite-Cartesian-Product.vec

The following definition is an adaptation of reduce-basis-external

definition reduce-basis-external’ :: (int mat = int mat) = rat = int vec list =
int vec list where
reduce-basis-external’ HNF o fs = (case fs of Nil = [| | Cons f - = (let
rb = reduce-basis «;
fsi = map (map integer-of-int o list-of-vec) fs;
n = dim-vec f;
m = length fs;
gsi = external-lll-solver’ (map-prod integer-of-int integer-of-int (quotient-of «))
Jsi;
gs = (map (vec-of-list o map int-of-integer) gsi) in
if = (length gs = m A (Y gi € set gs. dim-vec gi = n)) then
Code.abort (STR "error in external LLL invocation: dimensions of reduced
basis do not fit] <= linput to external solver: "'
+ String.implode (show fs) + STR '"T<=]<]") (A -. 1b fs)
else
let F's = mat-of-rows n fs;
Gs = mat-of-rows n gs;
H1 = HNF Fs;
H2 = HNF Gs in
if (H1 = H2) then rb gs
else Code.abort (STR "'the reduced matriz does not span the same lat-
ticd <= |f,9,P1,P2,H1,H2 are as follows <"
+ String.implode (show Fs) + STR '"[< ]+ ]"
+ String.implode (show Gs) + STR "+ ]« 1"
+ String.implode (show H1) + STR '+ "
+ String.implode (show H2) + STR '[+

) (0 - b f5))

1

Tt

)

locale certification = LLL-with-assms +
fixes HNF'::int mat = int mat and associates res
assumes sound-HNF': is-sound-HNF' HNF associates res
begin

lemma reduce-basis-external’: assumes res: reduce-basis-external’ HNF o fs-init

= fs

shows reduced fs m LLL-invariant True m fs
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(proof)

end

context LLL-with-assms
begin

We interpret the certification context using our formalized HNF-algorithm

interpretation efficient-cert: certification n m fs-init « HNF-algorithm use-sym-mod
range ass-function-euclidean \c. range (res-int c)

{proof)

thm efficient-cert.reduce-basis-external’

Same, but applying the naive HNF algorithm, moved to JNF library from
the echelon form and Hermite normal form AFP entries

interpretation cert: certification n m fs-init o« HNF-algorithm-from-HA use-sym-mod
range ass-function-euclidean A\c. range (res-int c)

(proof )
thm cert.reduce-basis-external’

lemma RBE-HNF-algorithm-efficient:
assumes reduce-basis-external’ (HNF-algorithm use-sym-mod) « fs-init = fs
shows gram-schmidt-fs.reduced n (map of-int-hom.vec-hom fs) o m
and LLL-invariant True m fs {proof)

lemma RBE-HNF-algorithm-naive:
assumes reduce-basis-external’ (HNF-algorithm-from-HA use-sym-mod) « fs-init

= fs
shows gram-schmidt-fs.reduced n (map of-int-hom.vec-hom fs) a m
and LLL-invariant True m fs {proof)

end

lemma external-lll-solver’-code|code]:
external-lll-solver’ = Code.abort (STR ''require proper implementation of exter-
nal-lll-solver’) (X -. external-lll-solver’)

(proof)

end
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