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Abstract

We verify two algorithms for which modular arithmetic plays an
essential role: Storjohann’s variant of the LLL lattice basis reduction
algorithm and Kopparty’s algorithm for computing the Hermite nor-
mal form of a matrix. To do this, we also formalize some facts about
the modulo operation with symmetric range. Our implementations
are based on the original papers, but are otherwise efficient. For ba-
sis reduction we formalize two versions: one that includes all of the
optimizations/heuristics from Storjohann’s paper, and one excluding a
heuristic that we observed to often decrease efficiency. We also provide
a fast, self-contained certifier for basis reduction, based on the efficient
Hermite normal form algorithm.
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1 Signed Modulo Operation

theory Signed-Modulo
imports
Berlekamp-Zassenhaus. Poly-Mod
Sqrt-Babylonian.Sqrt- Babylonian- Auziliary
begin

The upcoming definition of symmetric modulo is different to the HOL-
Library-Signed Division.smod, since here the modulus will be in range
{—m/2,...,m/2}, whereas there -1 symmod m = m - 1.

The advantage of have range {—m/2, ..., m/2} is that small negative numbers
are represented by small numbers.

One limitation is that the symmetric modulo is only working properly, if the
modulus is a positive number.

definition sym-mod :: int = int = int (infixl <symmod> 70) where
sym-mod z y = poly-mod.inv-M y (z mod y)

lemma sym-mod-code|code]: sym-mod x y = (let m = x mod y
inif m + m < y then m else m — y)
unfolding sym-mod-def poly-mod.inv-M-def Let-def ..

lemma sym-mod-zero[simp|: n symmod 0 = nn > 0 = 0 symmod n = 0
unfolding sym-mod-def poly-mod.inv-M-def by auto

lemma sym-mod-range:
x symmod y € {— ((y — 1) div 2) .. y div 2} if <y > O»



proof —
from that have «x mod y < y»
by (rule pos-mod-bound)
then have <x mod y — y < 0>
by simp
moreover from that have «— ((y — 1) div 2) < 0> <0 < x mod y»
by simp-all
then have <— ((y — 1) div 2) < z mod y»
by (rule order-trans)
ultimately show ?thesis
by (auto simp add: sym-mod-def poly-mod.inv-M-def)
qed

The range is optimal in the sense that exactly y elements can be represented.

lemma card-sym-mod-range: y > 0 = card {— ((y — 1) div 2) .. y div 2} = y
by simp

lemma sym-mod-abs: y > 0 = |z symmod y| < y
y > 1 = |z symmod y| < y div 2
using sym-mod-range[of y x] by auto

lemma sym-mod-sym-mod[simp]: x symmod y symmod y = x symmod (y :: int)
unfolding sym-mod-def using poly-mod.M-def poly-mod. M-inv-M-id by auto

lemma sym-mod-diff-eq: (a symmod ¢ — b symmod ¢) symmod ¢ = (a — b) symmod
c

unfolding sym-mod-def

by (metis mod-diff-cong mod-mod-trivial poly-mod.M-def poly-mod. M-inv-M-id)

lemma sym-mod-sym-mod-cancel: ¢ dvd b = a symmod b symmod ¢ = a symmod
¢

using mod-mod-cancel[of ¢ b] unfolding sym-mod-def

by (metis poly-mod.M-def poly-mod.M-inv-M-id)

lemma sym-mod-diff-right-eq: (a — b symmod ¢) symmod ¢ = (a — b) symmod ¢
using sym-mod-diff-eq by (metis sym-mod-sym-mod)

lemma sym-mod-mult-right-eq: a * (b symmod c) symmod ¢ = a * b symmod ¢
unfolding sym-mod-def by (metis poly-mod. M-def poly-mod. M-inv-M-id mod-mult-right-eq)

lemma dvd-imp-sym-mod-0 [simp]:
b symmod a = 0 if a > 0 a dvd b
unfolding sym-mod-def poly-mod.inv-M-def using that by simp

lemma sym-mod-0-imp-dvd [dest!]:
b dvd a if a symmod b = 0
using that apply (simp add: sym-mod-def poly-mod.inv-M-def not-le split: if-splits)
using pos-mod-bound [of b a] apply auto
done



definition sym-div :: int = int = int (infix] <symdivy 70) where
sym-div z y = (let d = z div y; m = z mod y in
if m+ m < ythen delse d + 1)

lemma of-int-mod-integer: (of-int (x mod y) :: integer) = (of-int x :: integer) mod

(of-int y)
using integer-of-int-eq-of-int modulo-integer.abs-eq by presburger

lemma sym-div-code[code]:
sym-div  y = (let yy = integer-of-int y in
(case divmod-integer (integer-of-int x) yy
of (d, m) = if m + m < yy then int-of-integer d else (int-of-integer (d + 1))))
unfolding sym-div-def Let-def divmod-integer-def split
apply (rule if-cong, subst of-int-le-iff [symmetric], unfold of-int-add)
by (subst (1 2) of-int-mod-integer, auto)

lemma sym-mod-sym-div: assumes y: y > 0 shows z symmod y = © — sym-div
TY Yy
proof —

let 2z =2 — y * (z divy)

let ?u =y * (z div y)

have z = y * (z div y) + = mod y using y by simp

hence id:  mod y = ?z by linarith

have z symmod y = poly-mod.inv-M y ?z unfolding sym-mod-def id by auto

also have ... = (if 72 + 7z < y then ?z else ?z — y) unfolding poly-mod.inv-M-def
also have ... =z — (if (z mod y) + (z mod y) < y then x div y else z div y +
1) xy

by (simp add: algebra-simps id)
also have (if (z mod y) + (z mod y) < y then x div y else x divy + 1) = sym-div
Ty
unfolding sym-div-def Let-def ..
finally show ?thesis .
qed

lemma dvd-sym-div-mult-right [simp:
(a symdiv b) x b= a if b > 0 b dvd a
using sym-mod-sym-div[of b a] that by simp

lemma dvd-sym-div-mult-left [simp]:

bx (asymdivb) =aif b> 00 dvda
using dvd-sym-div-mult-right| OF that] by (simp add: ac-simps)

end



2 Storjohann’s Lemma 13

This theory contains the result that one can always perform a mod-operation
on the entries of the dy-matrix.

theory Storjohann-Mod-Operation
imports
LLL-Basis-Reduction.LLL-Certification
Signed-Modulo
begin

lemma map-vec-map-vec: map-vec f (map-vec g v) = map-vec (f o g) v
by (intro eq-vecl, auto)

context semiring-hom
begin

lemma mat-hom-add: assumes A: A € carrier-mat nr nc and B: B € carrier-mat
nr ne

shows maty, (A + B) = mat, A + mat, B

by (intro eq-matl, insert A B, auto simp: hom-add)
end

We now start to prove lemma 13 of Storjohann’s paper.

context
fixes A I :: 'a :: field mat and n :: nat
assumes A: A € carrier-mat n n
and det: det A # 0
and I: I = the (mat-inverse A)
begin
lemma inverse-via-det: [ x A= 1,, nA*x 1= 1,, nlI € carrier-mat n n
I = mat nn (X (i,j). det (replace-col A (unit-vec n j) i) / det A)
proof —
from det-non-zero-imp-unit{OF A det]
have Unit: A € Units (ring-mat TYPE('a) n n) .
from mat-inverse(1)[OF A, of n] Unit I have mat-inverse A = Some I
by (cases mat-inverse A, auto)
from mat-inverse(2)[OF A this]
show left: I x A = 1,, nand right: A+« [ = 1,, nand I: I € carrier-mat n n
by blast+
{
fix ij
assume i: 1 < nand j: j < n
from 7 ijhave cl: col [j$ i =1 8% (i) by simp
from j have wv: unit-vec n j € carrier-vec n by auto
from j I have col: col I j € carrier-vec n by auto
from col-mult2[OF A I j, unfolded right] j
have A *, col I j = unit-vec n j by simp
from cramer-lemma-mat|OF A col i, unfolded this cI]



have I $$ (i,j) = det (replace-col A (unit-vec n j) i) / det A using det by simp
}
thus I = mat n n (A (4,j). det (replace-col A (unit-vec n j) ©) / det A)
by (intro eqg-matl, use I in auto)
qed

lemma matriz-for-singleton-entry: assumes i: ¢ < n and
jij<mn
and Rdef: R = mat nn (X ij. if ij = (4,j) then ¢ :: 'a else 0)
shows mat n n
(N(@', §)). if i’ = i then ¢ * det (replace-col A (unit-vec n j') j) / det A
else 0) x A=R
proof —
note I = inverse-via-det(3)
have R: R € carrier-mat n n unfolding Rdef by auto
have (R« I) x A= R * (I x A) using I A R by auto
also have I x A = 1,, n unfolding inverse-via-det(1) ..
also have R % ... = R using R by simp
also have R x I = mat n n (X (i',j). row R i’ - col Tj")
using I R unfolding times-mat-def by simp

also have ... = mat nn ( A (i',j). if i’ = i then c x I 83 (4, j') else 0)
(is mat n n 2f = mat n n %g)
proof —
{
fix i’ j’

assume i i’ < nand j: j ' <n
have 7 (i) = % (i)
proof (cases i’ = i)
case Fulse
hence row R i’ = 0, n unfolding Rdef using i’
by (intro eq-vecl, auto simp: Matriz.row-def)
thus ?thesis using False i’ j' I by simp
next
case True
hence row R i’ = ¢ -, unit-vec n j unfolding Rdef using i’ j’ i j
by (intro eg-vecl, auto simp: Matriz.row-def)
with True show ?thesis using ¢’ j' I j by simp
qed
}
thus ?thesis by auto
qed
finally show ?thesis unfolding inverse-via-det(4) using j
by (auto introl: arg-conglof - - A x. x x A])
qed
end

lemma (in gram-schmidt-fs-Rn) det-M-1: det (M m) = 1
proof —
have det (M m) = prod-list (diag-mat (M m))



by (rule det-lower-triangular[of m|, auto simp: u.simps)
also have ... = 1
by (rule prod-list-neutral, auto simp: diag-mat-def p.simps)
finally show ?thesis .
qed

context gram-schmidt-fs-int
begin
lemma assumes IM: IM = the (mat-inverse (M m))
shows inv-mu-lower-triangular: \ ki. k <i= i <m = IM $$ (k, i) = 0
and inv-mu-diag: \ k. k < m = IM $$ (k, k) = 1
and d-inv-mu-integer: N ij. i <m = j<m=— dixIM $$ (i,j) € Z
and inv-mu-inverse: IM «x M m = 1,, m M m x IM = 1,, m IM € carrier-mat
mm
proof —
note *x = inverse-via-det| OF M-dim(3) - IM, unfolded det-M-1]
from * show inv: IM x Mm =1, m M m x IM = 1,, m
and IM: IM € carrier-mat m m by auto
from * have IM-det: IM = mat m m (A\(4, j). det (replace-col (M m) ((unit-vec
m) ) )
by auto
from matriz-equality have IM x FF = IM x ((M m) x Fs) by simp
also have ... = (IM « M m) % Fs using M-dim(3) IM Fs-dim(3)
by (metis assoc-mult-mat)
also have ... = Fs unfolding inv using Fs-dim(3) by simp
finally have equality: IM « FF = Fs .
{
fix i k
assume i: k< ii < m
show IM $$ (k, i) = 0 using ¢ M-dim unfolding IM-det
by (simp, subst det-lower-triangular|of m], auto simp: replace-col-def u.simps
diag-mat-def)
} note IM-lower-triag = this
{
fix k
assume k: kK < m
show IM $$ (k,k) = 1 using & M-dim unfolding IM-det
by (simp, subst det-lower-triangular[of m], auto simp: replace-col-def u.simps
diag-mat-def
intro!: prod-list-neutral)
} note IM-diag-1 = this
{
fix k
assume k: k < m
let 2f = X i. IM 83 (k, @) -, fs !4
let ?sum = M.sumlist (map ?f [0..<m])
let ?sumk = M.sumlist (map ?f [0..<Kk])
have set: set (map ?f [0..<m]) C carrier-vec n using fs-carrier by auto
hence sum: ?sum € carrier-vec n by simp



from set k have setk: set (map ?f [0..<k]) C carrier-vec n by auto

hence sumk: ?sumk € carrier-vec n by simp

from sum have dim-sum: dim-vec ?sum = n by simp

have gso k = row Fs k using k by auto

also have ... = row (IM * FF) k unfolding equality ..

also have IM x FF = mat m n (A (4,j). row IM i - col FF j)
unfolding times-mat-def using IM FF-dim by auto

also have row ... k = vec n (A j. row IM k - col FF j)
unfolding Matriz.row-def using IM FF-dim k by auto

also have ... =wvecn (Aj. Y, i < m. IM $$ (k, i) = fs ! i $ j)

by (intro eg-vecl, insert IM k, auto simp: scalar-prod-def Matriz.row-def intro!:
sum.cong)

also have ... = %sum

by (intro eg-vecl, insert IM, unfold dim-sum, subst sumlist-vec-indez,
auto simp: o-def sum-list-sum-nth intro!: sum.cong)
also have [0..<m] = [0..<k] @ [k] @Q [Suc k ..<m] using k
by (simp add: list-trisect)
also have M.sumlist (map ?f ...) = Zsumk +
(2f k + M.sumlist (map ?f [Suc k ..< m]))
unfolding map-append
by (subst M.sumlist-append; (subst M.sumlist-append)?, insert k fs-carrier,
auto)
also have M.sumlist (map ?f [Suc k ..< m]) = 0, n
by (rule sumlist-neutral, insert IM-lower-triag, auto)
also have IM $$ (k.k) = 1 using IM-diag-1[OF k] .
finally have gso: gso k = %sumk + fs ! k using k by simp
define b where b = vec k (A j. fs ! j - fs 1 k)
{
fix j
assume jk: j < k
with k£ have j: j < m by auto
have fs ! j - gsok = fs!j- (2sumk + fs | k)
unfolding gso by simp
also have fs! j - gso k = 0 using jk k
by (simp add: fi-scalar-prod-gso gram-schmidt-fs.u.simps)
also have fs ! j - (Zsumk + fs | k)
=fslj. %sumk+ fs!j-fslk
by (rule scalar-prod-add-distrib|OF - sumk], insert j k, auto)
also have fs!j - fs! k = b $ j unfolding b-def using jk by simp
finally have b $ j = — (fs ! j - ?sumk) by linarith
} note b-index = this
let %2z = vec k (A i. — IM $$ (k, 7))
have z: %z € carrier-vec k by auto
from k£ have km: k < m by simp
have bGz: b = Gramian-matriz fs k *, (vec k (X i. — IM $$ (k, 1))
unfolding Gramian-matriz-alt-alt-def[OF km)
proof (rule eq-vecl; simp)
fix ¢
assume i: 1 < k



have b $ i = — O 2<[0..<k]. fs! i - (IM $$ (k, z) -, fs! z))
unfolding b-index[OF ]
by (subst scalar-prod-right-sum-distrib, insert setk i k, auto simp: o-def)
also have ... = vec k (Aj. fs ! i - fs!j) - vec k (\i. — IM $$ (k, ©))
by (subst (3) scalar-prod-def, insert i k, auto simp: o-def sum-list-sum-nth
simp flip: sum-negf
introl: sum.cong)
finally show b $ i = vec k (Aj. fs ! i+ fs!j) - veck (Ni. — IM $$ (k, 7)) .
qged (simp add: b-def)
have G: Gramian-matriz fs k € carrier-mat k k
unfolding Gramian-matriz-alt-alt-def[OF km] by simp
from cramer-lemma-mat|OF G z, folded bGz Gramian-determinant-def]
have i < k =
dkxIM $$ (k, i) = — det (replace-col (Gramian-matriz fs k) (vec k (X j. fs
Lj - fs LK) 0)
for 7 unfolding b-def by simp
} note IM-lower-values = this
{
fix ¢ j
assume i: 1 < mand j: j < m
from ¢ have im: i < m by auto
consider (1) j < i|(2)j=1]|(3) < jby linarith
thus d i« IM 83 (i,j) € Z
proof cases
case I
show ?thesis unfolding IM-lower-values|OF i 1] replace-col-def Gramian-matriz-alt-alt-def [ OF
im]
by (intro Ints-minus Ints-det, insert i j, auto introl: Ints-scalar-prod[of - n]
fs-int)
next
case 3
show ?thesis unfolding IM-lower-triag|OF 3 j] by simp
next
case 2
show ?thesis unfolding IM-diag-1[OF 4| 2 using i unfolding Gramian-determinant-def
Gramian-matriz-alt-alt-def[OF im)
by (intro Ints-mult Ints-det, insert i j, auto introl: Ints-scalar-prod|of - n]
fs-int)
qed
}

qed

definition inv-mu-ij-mat :: nat = nat = int = int mat where
inv-mu-ij-mat i j ¢ = (let
B = mat m m (X 4. if ij = (i,j) then c else 0);
C = mat m m (XA (i,j). the-inv (of-int :: - = 'a) (d i x the (mat-inverse (M
m)) $$ (i.7)))
inBx C+ 1,, m)



lemma inv-mu-ij-mat: assumes i: i < m and ji: j < ¢
shows

map-mat of-int (inv-mu-ij-mat ¢ j c) x M m =
mat m m (Nij. if i = (i, j) then of-int ¢ x d j else 0) + M m

A € carrier-mat m n = ¢ mod p = 0 = map-mat (A z. £ mod p) (inv-mu-ij-mat
ijex A) =
(map-mat (A z. x mod p) A)

mu-mu-ij-mat ¢ j ¢ € carrier-mat m m
i'<j = j' < m = inv-mu-ij-mat i j c $$ (i'j") = 0
k < m = inv-mu-ij-mat i j ¢ $$ (k,k) = 1
proof —
obtain IM where IM: IM = the (mat-inverse (M m)) by auto
let 20i = of-int :: - = 'a
let 2C' = mat m m (X 4. if §j = (4,j) then %oi c else 0)
let 2D = mat m m (X (4,j). d i x IM $$ (i,5))
have oi: inj 707 unfolding inj-on-def by auto
have C: ?C € carrier-mat m m by auto
from 7 ji have j: j < m by auto
from j have jm: {0..<m} = {0..<j} U {4} U {Suc j..<m} by auto
note IM-props = d-inv-mu-integer|OF IM] inv-mu-inverse[OF IM]
have mat-oi: map-mat ?0i (inv-mu-ij-mat ¢ j ¢) = ¢C * ?D + 1, m (is ?MM

unfolding inv-mu-ij-mat-def Let-def IM[symmetric]
apply (subst of-int-hom.mat-hom-add, force, force)

apply (rule arg-cong2|of - - - - (+)])
apply (subst of-int-hom.mat-hom-mult, force, force)
apply (rule arg-cong2[of - - - - (x)])

apply force
apply (rule eq-matl, (auto)[3], goal-cases)

proof —
case (1 1j)
from IM-props(1)[OF 1]
show ?case unfolding Ints-def using the-inv-f-f[OF oi] by auto
ged auto
have map-mat 20t (inv-mu-ij-mat i j ¢) x M m = (?C x 2D) x M m + M m
unfolding mat-oi
by (subst add-mult-distrib-mat[of - m m], auto)
also have (?C x ?D) x M m = 2C % (D * M m)
by (rule assoc-mult-mat, auto)
also have ?D = mat m m (A (i,j). if i = j then d j else 0) x IM (is - = 7F x -)
proof (rule eq-matl, insert IM-props(4), auto simp: scalar-prod-def, goal-cases)
case (1 1j)
hence id: {0..<m} = {0..<i} U {i} U {Suc i ..<m}
by (auto simp add: list-trisect)
show ?case unfolding id
by (auto simp: sum.union-disjoint)
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qed
also have ...« M m = ?E x (IM = M m)
by (rule assoc-mult-mat|of - m m], insert IM-props, auto)
also have IM x« M m = 1, m by fact
also have ?E x 1,, m = ?E by simp
also have ?C x ?E = mat m m (A ij. if ij = (4,j) then 20i ¢ x d j else 0)
by (rule eg-matl, auto simp: scalar-prod-def, auto simp: jm sum.union-disjoint)
finally show map-mat 20t (inv-mu-ij-mat i j ¢) x M m =
mat m m (X 4. if ij = (i,j) then 20i c x d jelse 0) + M m .
show carr: inv-mu-ij-mat i j ¢ € carrier-mat m m
unfolding inv-mu-ij-mat-def by auto
{
assume k: k < m
have of-int (inv-mu-ij-mat i j ¢ $$ (k.k)) = ?MM $$ (k.k)
using carr k by auto
also have ... = (?C * ?D) $$ (k.,k) + 1 unfolding mat-oi using k by simp
also have (?C * ?D) $$ (k,k) = 0 using k
by (auto simp: scalar-prod-def, auto simp: jm sum.union-disjoint
inv-mu-lower-triangular|OF IM ji i])
finally show inv-mu-ij-mat i j ¢ $$ (k,k) = 1 by simp
}
{
assume ij: i’ < j' i’ < m
have of-int (inv-mu-ij-mat i j ¢ $$ (i'j')) = 2MM $$ (i’
using carr i’ by auto
also have ... = (2C * ?D) $$ (i',j') unfolding mat-oi using ij’ by simp
also have (?C « ?D) $$ (i',j") = (if i’ = i then %0i ¢ x (d j = IM $$ (4, j'))
else 0)
using i’ i j by (auto simp: scalar-prod-def, auto simp: jm sum.union-disjoint)
also have ... = 0 using inv-mu-lower-triangular|OF IM - #'(2), of j] i’ i ji
by auto
finally show inv-mu-ij-mat i j ¢ $$ (i',j") = 0 by simp
}
{

assume A: A € carrier-mat m n and ¢: ¢ mod p = 0
let ?mod = map-mat (A x. T mod p)
let 2C = mat m m (X 4. if ij = (i,j) then c else 0)
let 2D = mat m m (X ij. if ij = (i,j) then 1 else (0 :: int))
define B where B = mat m m (A (4,5). the-inv ?0i (d i * the (mat-inverse (M
m)) 88 (i)
have B: B € carrier-mat m m unfolding B-def by auto
define BA where BA = B x A
have BA: BA € carrier-mat m n unfolding BA-def using A B by auto
define DBA where DBA = ¢?D x BA
have DBA: DBA € carrier-mat m n unfolding DBA-def using BA by auto
have ?mod (inv-mu-ij-mat i j c x A) =
?mod ((?C * B+ 1, m) x A)
unfolding inv-mu-ij-mat-def B-def by simp
also have (?C« B+ 1,, m)* A=9C+«Bx A+ A

11



by (subst add-mult-distrib-mat, insert A B, auto)
also have ?C' « Bx A = ?C * BA
unfolding BA-def
by (rule assoc-mult-mat, insert A B, auto)
also have ?C = ¢ -, 7D
by (rule eg-matl, auto)
also have ... x BA = ¢ -, DBA using BA unfolding DBA-def by auto
also have ?mod (... + A) = %mod A
by (rule eg-matl, insert DBA A ¢, auto simp: mult.assoc)
finally show ?mod (inv-mu-ij-mat i j c x A) = ?mod A .
}
qed
end

lemma Gramian-determinant-of-int: assumes fs: set fs C carrier-vec n
and j: j < length fs
shows of-int (gram-schmidt. Gramian-determinant n fs j)
= gram-schmidt. Gramian-determinant n (map (map-vec rat-of-int) fs) j
proof —
from j have j: k < j = k < length fs for k by auto
show ?thesis
unfolding gram-schmidt. Gramian-determinant-def
by (subst of-int-hom.hom-det[symmetric|, rule arg-cong[of - - det],
unfold gram-schmidt. Gramian-matriz-def Let-def, subst of-int-hom.mat-hom-mult,
force, force,
unfold map-mat-transpose[symmetric],
rule arg-cong2lof - - - - X\ x y. z * yT], insert fs|unfolded set-conv-nth]
j, (fastforce intro!: eqg-matl)+)
qed

context LLL
begin

lemma multiply-invertible-mat: assumes lin: lin-indep fs
and len: length fs = m
and A: A € carrier-mat m m
and A-invertible: 3 B. B € carrier-mat m m AN Bx A= 1,, m
and fs'-prod: fs' = Matriz.rows (A x mat-of-rows n fs)
shows lattice-of fs' = lattice-of fs
lin-indep fs'
length fs' = m
proof —
let ?Mfs = mat-of-rows n fs
let ?Mfs’ = mat-of-rows n fs’
from A-invertible obtain B where B: B € carrier-mat m m and inv: B x A =
1,, m by auto
from lin have fs: set fs C carrier-vec n unfolding gs.lin-indpt-list-def by auto
with len have Mfs: ?Mfs € carrier-mat m n by auto
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from A Mfs have prod: A x ?Mfs € carrier-mat m n by auto
hence fs: length fs' = m set fs’ C carrier-vec n unfolding fs’-prod
by (auto simp: Matriz.rows-def Matriz.row-def)
have Mfs-prod’: ?Mfs’ = A x ?Mfs
unfolding arg-cong[OF fs'-prod, of mat-of-rows n]
by (intro eqg-matl, auto simp: mat-of-rows-def)
have B * ?Mfs' = B % (A x ?Mfs)
unfolding Mfs-prod’ by simp
also have ... = (B * A) % ?Mfs
by (subst assoc-mult-mat]|OF - A Mfs], insert B, auto)
also have B x A = 1,, m by fact
also have ... x ?Mfs = ?Mfs using Mfs by auto
finally have Mfs-prod: ?Mfs = B x ?Mfs’ ..
interpret LLL: LLL-with-assms n m fs 2
by (unfold-locales, auto simp: len lin)
from LLL.LLL-change-basis[OF fs'(2,1) B A Mfs-prod Mfs-prod’]
show latt”: lattice-of fs' = lattice-of fs and lin" gs.lin-indpt-list (RAT fs)
and len”: length fs' = m
by (auto simp add: LLL-with-assms-def)
qed

This is the key lemma.

lemma change-single-element: assumes lin: lin-indep fs

and len: length fs = m

and i: i < mand ji: j < @

and A: A = gram-schmidt-fs-int.inv-mu-ij-mat n (RAT fs) — the transforma-
tion matrix A

and fs'-prod: fs' = Matriz.rows (A i j ¢ x mat-of-rows n fs) — {s’ is the new basis

and latt: lattice-of fs = L
shows lattice-of fs' = L

¢ mod p = 0 = map (map-vec (A z. z mod p)) fs' = map (map-vec (X z. . mod
p)) fs

lin-indep fs'

length fs' = m

Nk k<m= gsofs'k=gsofsk

Nk k<m=dfs'k=4dfsk

i< m=j <m=—

wfs i’ j = (if (i'j") = (i,j) then rat-of-int (¢ x d fs j) + u fs i’ j' else u fs i’

)

< m=j <m=

du fs"i' "= (if (i'j") = (i,)) then ¢ * d fs j = d fs (Suc j) + du fs i’ j' else

dp fs i’ j")
proof —

let 24 = Aijec

let ?Mfs = mat-of-rows n fs

let ?Mfs’ = mat-of-rows n fs’

from lin have fs: set fs C carrier-vec n unfolding gs.lin-indpt-list-def by auto

with len have Mfs: ?Mfs € carrier-mat m n by auto

interpret gsi: gram-schmidt-fs-int n RAT fs
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rewrites gsi.inv-mu-ij-mat = A using lin unfolding A
by (unfold-locales, insert lin[unfolded gs.lin-indpt-list-def], auto simp: set-conv-nth)
note A = gsi.inv-mu-ij-mat[unfolded length-map len, OF i ji, where ¢ = c]
from A(3) Mfs have prod: ?A x ?Mfs € carrier-mat m n by auto
hence fs': length fs' = m set fs’ C carrier-vec n unfolding fs’-prod
by (auto simp: Matriz.rows-def Matriz.row-def)
have Mfs-prod’: ?Mfs’ = ?A x ?Mjfs
unfolding arg-cong[OF fs'-prod, of mat-of-rows n]
by (intro eqg-matl, auto simp: mat-of-rows-def)
have detA: det ?A = 1
by (subst det-lower-triangular|OF A(4) A(3)], insert A, auto introl: prod-list-neutral

stmp: diag-mat-def)
have 3 B. B € carrier-mat m m A B x A =1,, m
by (intro exI[of - adj-mat ?A], insert adj-mat[OF A(3)], auto simp: detA)
from multiply-invertible-mat[OF lin len A(3) this fs"-prod] latt
show latt”: lattice-of fs' = L and lin": gs.lin-indpt-list (RAT fs)
and len”: length fs' = m by auto
interpret LLL: LLL-with-assms n m fs 2
by (unfold-locales, auto simp: len lin)
interpret fs: fs-int-indpt n fs
by (standard, auto simp: lin)
interpret fs: fs-int-indpt n fs’
by (standard, auto simp: lin’)
{
assume c: ¢ mod p = 0
have id: rows (map-mat f A) = map (map-vec f) (rows A) for f A
unfolding rows-def by auto
have rows-id: set fs C carrier-vec n = rows (mat-of-rows n fs) = fs for fs
unfolding mat-of-rows-def rows-def
by (force simp: Matriz.row-def set-conv-nth introl: nth-equalityl)
from A(2)[OF Mfs |
have rows (map-mat (Az. x mod p) ?Mfs’) = rows (map-mat (Az. x mod p)
¢Mfs) unfolding Mfs-prod’
by simp
from this[unfolded id rows-id[OF fs] rows-id[OF fs'(2)]]
show map (map-vec (A z.  mod p)) fs' = map (map-vec (A x. x mod p)) fs .
}
{
define B where B = 74
have gs-eq: k < m = gso fs' k = gso fs k for k
proof (induct rule: nat-less-induct)
case (1k)
then show ?case
proof(cases k = 0)
case True
then show ?thesis
proof —
have row ?Mfs’ 0 = row ?Mfs 0

14



proof —
have 2: € {0..<m} and 3: {1..<m} = {0..<m} — {0}
and /: finite {0..<m} using 1 by auto
have row ?Mfs’ 0 = vec n (Aj. row B 0 - col ?Mfs j)
using row-mult A(3) Mfs 1 Mfs-prod’ unfolding B-def by simp

also have ... = vec n (Aj. (3] 1e{0..<m}. B $$ (0, 1) = ?Mfs $$ (I, j)))
using Mfs A(3) len 1 B-def unfolding scalar-prod-def by auto
also have ... = vec n (\j. B $$ (0, 0) = ?Mfs $$ (0, j) +

> le{1..<m}. B$3% (0, 1) = ?Mfs $$ (I, 5)))
using Groups-Big.comm-monoid-add-class.sum.remove[OF 4 2] 3
by (simp add: <A\g. sum g {0..<m} = g 0 + sum g ({0..<m} — {0})»)
also have ... = row ?Mfs 0
using A(4—) 1 unfolding B-def[symmetric| by (simp add: row-def)
finally show ?thesis by (simp add: B-def Mfs-prod’)
qed
then show ?thesis using True 1 fs'.f-carrier fs.f-carrier
fs'.gs.fs0-gso0 len’ len gsi.fs0-gso0 by auto
qed
next
case Fulse
then show ?%thesis
proof —
have gsoOkcarr: gsi.gso ‘{0 ..<k} C carrier-vec n
using 1(2) gsi.gso-carrier len by auto
hence gsospancarr: gs.span(gsi.gso ‘{0 ..<k}) C carrier-vec n
using span-is-subset2 by auto

have fs’-gs-diff-span:
(RAT fs') ! k — fs'.gs.gso k € gs.span (gsi.gso ‘{0 ..<k})
proof —
define gs’sum where gs’sum =
98. M .sumlist (map (Ma. fs’.gs.u k ja -, fs’.gs.gso ja) [0..<Kk])
define gssum where gssum =
gs. M .sumlist (map (Nja. fs'.gs.p k ja -, gsi.gso ja) [0..<Kk])
have set (map (Nja. fs'.gs.u k ja -, gsi.gso ja) [0..<K])
C gs.span(gsi.gso ‘{0 ..<k}) using 1(2) gs.span-mem gsoOkcarr
by auto
hence gssumspan: gssum € gs.span(gsi.gso ‘{0 ..<k})
using atLeastLess Than-iff gsoOkcarr imageFE set-map set-upt
vec-space.sumlist-in-span
unfolding gssum-def by (smt subsetD)
hence gssumcarr: gssum € carrier-vec n
using gsospancarr gssum-def by blast
have sumid: gs’sum = gssum
proof —
have map (Aja. fs'.gs.uu k ja -, fs'.gs.gso ja) [0..<k] =
map (Aja. fs'.gs.u k ja -, gsi.gso ja) [0..<K]
using I by simp
thus ?thesis unfolding gs’sum-def gssum-def by argo
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qed

have (RAT fs") | k = fs'.gs.gso k + gssum
using fs’.gs.fs-by-gso-def len’ False 1 sumid
unfolding gs’sum-def by auto

hence (RAT fs’) ! k — fs’.gs.gso k = gssum
using gssumcarr 1(2) len’ by auto

thus ?thesis using gssumspan by simp

qed

define v2 where v2 = sumlist (map (Aja. B $$ (k, ja) -, fs ! ja) [0..< k])
have v2carr: v2 € carrier-vec n
proof —
have set (map (M\ja. B 83 (k, ja) -, fs ! ja) [0..< k]) C carrier-vec n
using len 1(2) fs.f-carrier by auto
thus ?thesis unfolding v2-def by simp
qed
define ratv2 where ratv2 = (map-vec rat-of-int v2)
have ratv2carr: ratv2 € carrier-vec n
unfolding ratv2-def using v2carr by simp
have fs’id: (RAT fs’) | k = (RAT fs) ! k + ratv2
proof —
have zkm: [0..<m] = [0..<(Suc k)] Q [(Suc k)..<m] using 1(2)
by (metis Suc-lessI append-Nil2 upt-append upt-rec zero-less-Suc)
have prep: set (map (Aja. B 88 (k, ja) -, fs ! ja) [0..<m]) C carrier-vec

using len fs.f-carrier by auto

have fs' | k = vec n (A\j. row B k - col ?Mfs j)
using 1(2) Mfs B-def A(3) fs’-prod by simp
also have ... = sumlist (map (Aja. B $$ (k, ja) - fs ! ja) [0..<m])
proof —
{
fix ¢
assume i: ¢ < n
have (vec n (Aj. row B k - col ?Mfs j)) $ i = row B k - col ?Mfs i
using ¢ by auto
also have ... = (3_j = 0..<m. B $$ (k, j) * ?Mfs $3$ (j,7))
using A(3) unfolding B-def[symmetric]
by (smt 1(2) Mfs R.finsum-cong’ i atLeastLessThan-iff carrier-matD
dim-col index-col indez-row(1) scalar-prod-def)
also have ... = (> j = 0..<m. B$$ (k, j) = (fs!j $ 1))
by (metis (no-types, lifting) R.finsum-cong’ atLeastLessThan-iff i
len mat-of-rows-inder)

also have ... =
>oj=0..<m. (map (Aja. B $$ (k, ja) - fs ! ja) [0..<m]) 1 j$ i)
proof —

have Vj<m. Vi<n. B 8% (k, j) = (fs!j $ i) =
(map (Mja. B $$ (k, ja) - fs!ja) [0.<m]) ! j$ i
using 1(2) ¢ A(3) len fs.f-carrier
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unfolding B-def[symmetric] by auto
then show ?thesis using ¢ by auto

qed
also have ... = sumlist (map (Aja. B 83 (k, ja) -, fs ! ja) [0..<m)])
$1
using sumlist-nth i fs.f-carrier carrier-vecD len by simp
finally have (vec n (Aj. row B k « col ?Mfs j)) $ i =
sumlist (map (Mja. B $$ (k, ja) -» fs ! ja) [0..<m]) $ i by auto
then show ?thesis using fs.f-carrier len dim-sumlist by auto
qed
also have ... = sumlist (map (M\ja. B $$ (k, ja) -, fs ! ja)
([0..<(Suc k)] @ [(Suc k)..<m]))
using zkm by simp
also have ... = sumlist (map (Aja. B $$ (k, ja) -, fs ! ja) [0..<(Suc k)])
_|_
sumlist (map (Nja. B 88 (k, ja) -, fs ! ja) [(Suc k)..<m])
(is...= 2L2 + ?L3)
using fs.f-carrier len dim-sumlist sumlist-append prep zkm by auto
also have ?L3 = 0, n
using A(4) fs.f-carrier len sumlist-nth carrier-vecD sumlist-carrier
prep zkm unfolding B-def[symmetric] by auto
also have ?L2 = sumlist (map (Mja. B 8% (k, ja) - fs ! ja) [0..<k]) +
B $$ (k, k) -» fs ! k using prep zkm sumlist-snoc by simp
also have ... = sumlist (map (A\ja. B 88 (k, ja) -, fs ! ja) [0..<Kk]) + fs
'k

using A(5) 1(2) unfolding B-def[symmetric] by simp
finally have fs'! k = fs ! k +
sumlist (map (Aja. B 8% (k, ja) - fs ! ja) [0..<K])
using prep zkm by (simp add: M.add.m-comm)
then have fs'! k= fs! k + v2 unfolding v2-def by simp
then show ?%thesis using v2carr 1(2) len len’ ratv2-def by force
qed
have ratv2span: ratv2 € gs.span (gsi.gso ‘{0 ..<k})
proof —
have rat: ratv2 = gs.M.sumlist
(map (Aj. of-int (B $$ (k, j)) -» (RAT fs) ! ) [0..<k])
proof —
have set (map (Aj. of-int (B $3$ (k, 7)) -» (RAT fs) ! §) [0..<k])
C carrier-vec n
using fs.f-carrier 1(2) len by auto
hence carr: gs.M.sumlist
(map (Aj. of-int (B $$ (k, j)) » (RAT fs) ! j) [0..<k]) € carrier-vec n
by auto
have set (map (Aj. B $$ (k, §) -» fs ! ) [0..<k]) C carrier-vec n
using fs.f-carrier 1(2) len by auto
hence A\ij. i < n = j < k= of-int (B $$ (k, j) » fs!j)$ i)
= (of-int (B 3% (k, j)) -» (RAT fs) 1 4) $ ¢
using 1(2) len by fastforce
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hence Ai. i < n = ratv2 $ i = gs.M.sumlist
(map (Nj. (of-int (B $$ (k, 7)) -» (RAT fs) ! 7)) [0..<Kk]) $ ¢
using fs.f-carrier 1(2) len v2carr gs.sumlist-nth sumlist-nth
ratv2-def v2-def by simp
then show ?thesis using ratv2carr carr by auto
qed
have \i. i < k = (RAT fs) ! i =
98.M .sumlist (map (X j. gsi.u i -, gsi.gso j) [0 ..< Suc i))
using gsi.fi-is-sum-of-mu-gso len 1(2) by auto
moreover have \i. i < k = (A j. gsi.pu i j -, gsi.gso j) ‘{0 ..< Suc i}
C gs.span (gsi.gso ‘{0 ..<k})
using gs.span-mem gsoOkcarr by auto
ultimately have Ai. i < k = (RAT fs) ! i € gs.span (gsi.gso ‘ {0

.<k})

using gsoOkcarr set-map set-upt vec-space.sumlist-in-span subsetD by
smt

then show ?thesis using rat atLeastLessThan-iff set-upt gsoOkcarr
imagel

set-map gs.smult-in-span vec-space.sumlist-in-span by smt
qed
have fs-gs-diff-span:
(RAT fs) ! k — fs'.gs.gso k € gs.span (gsi.gso ‘ {0 ..<k})
proof —
from fs'-gs-diff-span obtain v3 where sp: v3 € gs.span (gsi.gso ‘ {0

.<k})
and eq: (RAT fs) ! k — fs'.gs.gso k = v3 — ratv2
using fs'.gs.gso-carrier len’ 1(2) ratv2carr fs'id by fastforce
have v3+(—ratv2) € gs.span(gsi.gso ‘{0 ..<k})
by (metis sp gs.span-addl gsoOkcarr gram-schmidt.inv-in-span
gsoOkcarr ratv2span)
moreover have v3+(—ratv2) = v3—ratv2 using ratv2carr by auto
ultimately have v3 — ratv2 € gs.span (gsi.gso ‘{0 ..<k}) by simp
then show ?thesis using eq by auto
qed
{
fix ¢
assume i: { < k
hence fs'.gs.gso k + fs'.gs.gso i = 0 using 1(2) fs’.gs.orthogonal len’ by
auto
hence fs’.gs.gso k - gsi.gso i = 0 using 1 i by simp
}
hence Az. x € gsi.gso ‘{0..<k} = fs'.gs.gso k - © = 0 by auto
then show ?thesis
using gsi.oc-projection-unique len len’ fs-gs-diff-span 1(2) by auto
qed
qed
qed
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have A i'j. i'<m=j'<m= pfs'ij =
(map-mat of-int (A ijc) * gsi.M m) $$ (i’,j") and
Nk k<m= gsofs'k=gsofsk
proof —
define B where B = map-mat rat-of-int B
have rBcarr: rB € carrier-mat m m using A(3) unfolding rB-def B-def by
stmp
define rfs where rfs = mat-of-rows n (RAT fs)
have rfscarr: rfs € carrier-mat m n using Mfs unfolding rfs-def by simp

{

fix ¢’
fix j’
assume i i’ < m
assume j": j' < m
have prep:
of-int-hom.vec-hom (row (B * mat-of-rows n fs) i') = row (rB * rfs) i’
using len i’ B-def A(3) rB-def rfs-def by (auto simp: scalar-prod-def)
have prep2: row (rB x rfs) i’ = vec n (Al. row rB i’ - col rfs )
using len fs.f-carrier i’ B-def A(3) scalar-prod-def rB-def
unfolding rfs-def by auto
have prep3: (vec m (X j1. row rfs j1 - gsi.gso j' / ||gsi.gso j'||?)) =
(vec m (X j1. (gsi.M m) $$ (41, j"))
proof —
{
fix zy
assume z: z < mand y: y < m
have (gsi.M m) $$ (z,y) = (if y < = then map of-int-hom.vec-hom fs |
- fs'.gs.gso y / ||fs’.gs.gso y||* else if x = y then 1 else 0)
using gsi.u.simps © y j' len gs-eq gsi.M-index by auto
hence row rfs x - gsi.gso y / | gsi.gso y||*> = (gsi.M m) $$ (z,y)
unfolding rfs-def

by (metis carrier-matD(1) divide-eg-eq fs’.gs.B3-zero fs'.gs.gso-norm-beta

gs-eq gsi.p.simps gsi.fi-scalar-prod-gso gsi.fs-carrier len len’
length-map nth-rows rfs-def rfscarr rows-mat-of-rows x y)
}
then show ?thesis using j’ by auto
qed
have prep4: (1 / | gsi.gso 3'||?) -» (vec m (Ajl. row rfs j1 - gsi.gso j')) =
(vec m (Nj1. row rfs j1 - gsi.gso j' / ||gsi.gso j'||?)) by auto

have map of-int-hom.vec-hom fs' ! i’ - fs'.gs.gso j' | ||fs’.gs.gso j'||?
= map of-int-hom.vec-hom fs' ! i’ + gsi.gso j' / | gsi.gso j'||?
using gs-eq j' by simp

also have ... = row (rB x rfs) i’ - gsi.gso j' / ||gsi.gso j
using prep i’ len’ unfolding rB-def B-def by (simp add: fs'-prod)

also have ... =
(vec n (Al. row rB i’ - col rfs 1)) - gsi.gso j' / | gsi.gso j'||?

/”2
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using prep2 by auto
also have vec n (Al. row rB i’ - col rfs l) =
(vec n (Al. (D2 j1=0..<m. (row rB i’) $ jI * (col rfs 1) $ j1)))
using gsi.gso-carrier
by (metis (no-types) carrier-matD(1) col-def dim-vec rfscarr scalar-prod-def)
also have ... =
(vec n (Al (D2 j1=0..<m. rB $$ (i', j1) * rfs $$ (j1, 1))))
using rBcarr rfscarr i’ by auto
also have ... - gsi.gso j' =
(5>-j42=0..<n. (vec n
(M. (2 j1=0..<m. rB 88 (', j1) * rfs $8 (j1,1)))) $ j2 * (gsi.gso j') $
j2)
using g¢si.gso-carrier len j' scalar-prod-def
by (smt gs.R.finsum-cong’ gsi.gso-dim length-map)
also have ... = (> j2=0..<n.
> j1=0..<m. rB 8% (i', j1) * rfs $$ (j1, j2)) * (gsi.gso j') $ j2)
using gsi.gso-carrier len j' by simp
also have ... = (3 j2=0..<n. (3 jI=0..<m.
rB 88 (i, j1)  fs 88 (j1, 2) * (gsi.gso ') § j2))
by (smt gs.R.finsum-cong’ sum-distrib-right)
also have ... = (}_j1=0..<m. (}_j2=0..<n.
rB $$ (i', j1) * rfs $3$ (j1, j2) * (gsi.gso 7)) $ j2))
using sum.swap by auto
also have ... = (3" j1=0..<m. rB $$ (i/, j1) = (>_j2=0..<n.
rfs $$ (j1, j2) * (gsi.gso j') $ j2))
using gs.R.finsum-cong’ sum-distrib-left by (smt gs.m-assoc)
also have ... = row rB i’ - (vec m (A j1. (D j2=0..<n.
s 88 (j1, j2) * (gsi.gs0 j) $ 72)))
using rBcarr rfscarr i’ scalar-prod-def
by (smt atLeastLess Than-iff carrier-matD(1) carrier-matD(2) dim-vec
gs.R.finsum-cong’ index-row(1) index-vec)
also have (vec m (A jI. (3. j2=0..<n. rfs $$ (j1, j2) * (gsi.gso j') $ j2)))
= (vec m (X jI1. row rfs j1 - gsi.gso j"))
using rfscarr gsi.gso-carrier len j' rfscarr by (auto simp add: scalar-prod-def)
also have row rB i’ - ... / | gsi.gso j'||*> =
row rB i’ - vec m (X j1. row rfs j1 - gsi.gso j' / | gsi.gso §'||?)
using prep4 scalar-prod-smult-right rBearr carrier-matD(2) dim-vec row-def

by (smt gs.l-one times-divide-eq-left)
also have ... = (7B * (gsi.M m)) $$ (i/, j’)
using rBcarr i’ j' prep8 gsi.M-def by (simp add: col-def)
finally have
map of-int-hom.vec-hom fs' ! i’ - fs’.gs.gso j' | ||fs’.gs.gso j
(rB = (gsi.M m)) $$ (', j') by auto
}
then show A i’ j. i'<m=j'<m= pufs'i'j =
(map-mat of-int (A ijc) = gsi.M m) $$ (i',j")
using B-def fs’.gs.[3-zero fs’.gs.fi-scalar-prod-gso fs'.gs.gso-norm-beta
len’ rB-def by auto

/||2 —
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show A k. k < m = gso fs' k = gso fs k using gs-eq by auto
qed
} note mu-gso = this

show A k. k < m = gso fs' k = gso fs k by fact
{
fix k
have k < m = rat-of-int (d fs' k) = rat-of-int (d fs k) for k
proof (induct k)
case (
show ?case by (simp add: d-def)
next
case (Suc k)
hence k: k < m k < m by auto
show ?case
by (subst (1 2) LLL-d-Suc[OF - k(2)], auto simp: Suc(1)[OF k(1)]
mu-gso(2)[OF k(2)]
LL L-invariant-weak-def lin lin' len len’ latt latt’)
qed
thus k < m = d fs'k = d fs k by simp
} note d = this
{
assume i i’ < m and j: ;' <m
have yu fs' i’ j' = (of-int-hom.mat-hom (A i j c) * gsi.M m) $$ (i',j") by (rule
mu-gso(1)[OF i’ j)
also have ... = (if (i,j") = (i,j) then of-int ¢ % gsi.d j else 0) + gsi.M m $$
(i".5")
unfolding A(1) using i’ j' by (auto simp: gsi.M-def)
also have gsi.M m $$ (i'j)) = u fs i’ j’
unfolding gsi.M-def using i’ j' by simp
also have gsi.d j = of-int (d fs j)
unfolding d-def by (subst Gramian-determinant-of-int[OF fs], insert ji i len,
auto)
finally show mu: p fs' i’ j' = (if (i',j") = (i,j) then rat-of-int (c * d fs j) + u
fsi'j' else p fs i’ j")
by simp
let ?2d = d fs (Suc j’)
have d-fs: of-int (du fs i’ j') = rat-of-int 2d x p fs i’ j’
unfolding dyu-def
using fs.fs-int-mu-d-Z-m-m[unfolded len, OF i’ j'|
by (metis LLL.LLL.d-def assms(2) fs.fs-int-mu-d-Z-m-m fs-int.d-def i’
int-of-rat(2) j")
have rat-of-int (du fs' i’ j') = rat-of-int (d fs' (Suc ") * u fs' i’ j’
unfolding dyu-def
using fs'.fs-int-mu-d-Z-m-m[unfolded len’, OF i’ j]
using LLL.LLL.d-def fs'(1) fs’.du fs'.du-def fs-int.d-def i’ j' by auto
also have d fs' (Suc j') = ?d by (rule d, insert j', auto)
also have rat-of-int ... x p fs' i’ j' =
(if (i'3") = (i,j) then rat-of-int (¢ * d fs j * 2d) else 0) + of-int (du fs i’ j')
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unfolding mu d-fs by (simp add: field-simps)

also have ... = rat-of-int ((if (i’,j") = (4,j) then ¢ x d fs j * ?d else 0) + dpu
fsi'j")
by simp
also have ... = rat-of-int ((if (¢'.j") = (i,§) then ¢ x d fs j x d fs (Suc j) + dp
fsi'j" else du fs i’ §"))
by simp

finally show du fs’ i’ j' = (if (i',j") = (i,j) then ¢ x d fs j * d fs (Suc j) + du
fsi'j' else du fs i’ j")
by simp
}

qed

Eventually: Lemma 13 of Storjohann’s paper.

lemma mod-single-element: assumes lin: lin-indep fs

and len: length fs = m

and i: 7 < mand ji: j < ¢

and latt: lattice-of fs = L

and pgtz: p > 0
shows 3 fs'. lattice-of fs' = L N

map (map-vec (A z. x mod p)) fs' = map (map-vec (A z. £ mod p)) fs N

map (map-vec (A z. x symmod p)) fs’ = map (map-vec (A z. x symmod p)) fs A

lin-indep fs' A

length fs' = m A

(V k< m. gso fs' k= gso fs k) A

VE<mdfs'k=dfsk)A

Vi'<m.V j < m. dupfs'ij = (Gf (i) = (i,4) then dp fs i j' symmod (p
x d fsj' x d fs (Suc j") else du fs i’ j'))
proof —

have inv: LLL-invariant-weak fs using LLL-invariant-weak-def assms by simp

let ?mult = d fs j = d fs (Suc j)

define M where M = ?mult

define pM where pM = p x M

then have pMgtz: pM > 0 using pgtz unfolding pM-def M-def using LLL-d-pos|OF
inv] i ji by simp

let 9d = du fsij

define ¢ where ¢ = — (%d symdiv pM)

have d-mod: ?d symmod pM = ¢ * pM + ?d unfolding c-def using pMgtz
sym-mod-sym-div by simp

define A where A = gram-schmidt-fs-int.inv-mu-ij-mat n (RAT fs)

define fs’ where fs": fs' = Matriz.rows (A i j (¢ * p) * mat-of-rows n fs)

note main = change-single-element|OF lin len i ji A-def fs’ latt]

have map (map-vec (Ax. x mod p)) fs’ = map (map-vec (Axz. T mod p)) fs

by (intro main, auto)

from arg-cong|OF this, of map (map-vec (poly-mod.inv-M p))]

have id: map (map-vec (Az. © symmod p)) fs' = map (map-vec (A\x. T symmod
p)) fs

unfolding map-map o-def sym-mod-def map-vec-map-vec .
show ?thesis
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proof (intro exlI|of - fs'] conjl main alll impl id)
fix i’ j’
assume ij: i’ < mj’ < m
have du fs" i’ j' = (if (i, j") = (i, j) then (¢ * p) * M + 2d else du fs i’ j')
unfolding main(8)[OF ij] M-def by simp
also have (¢ * p) * M + 2d = 2d symmod pM
unfolding d-mod by (simp add: pM-def)
finally show dp fs’ i’ j' = (if (i',j') = (i,j) then du fs i j' symmod (p * d fs
J'x d fs (Suc j") else du fs i’ j')
by (auto simp: pM-def M-def ac-simps)
qed auto
qed

A slight generalization to perform modulo on arbitrary set of indices I.

lemma mod-finite-set: assumes lin: lin-indep fs

and len: length fs = m

and I: I C {(ij). i <m A j < i}

and latt: lattice-of fs = L

and pgtz: p > 0
shows 3 fs'. lattice-of fs' = L N

map (map-vec (A z. x mod p)) fs' = map (map-vec (A z. £ mod p)) fs N

map (map-vec (A z. x symmod p)) fs’ = map (map-vec (A z. x symmod p)) fs A

lin-indep fs' A

length fs' = m A

(V k< m. gso fs' k= gso fs k) A

VE<mdfs'k=dfsk)A

Vi'<mV j' <m. dufs'ij =

(if (¢'j7) € Ithen dp fs i’ j' symmod (p * d fs j' * d fs (Suc j')) else du fs i’

i)

proof —
let Zexp = X fs' i’ j'.
du fs' i’ j' = (if (i'j") € Ithen du fs i’ j' symmod (p * d fs j' * d fs (Suc j'))
else dy fs i’ j’)
let ?prop = X\ fs fs'. lattice-of fs' = L A
map (map-vec (A z. z mod p)) fs' = map (map-vec (A z. z mod p)) fs A
map (map-vec (X x. z symmod p)) fs' = map (map-vec (X z.  symmod p)) fs A
lin-indep fs' A
length fs' = m A
(V k< m. gsofs'k=gsofsk)A
VE<m.dfs'k=4dfsk)
have finite I
proof (rule finite-subset|OF I|, rule finite-subset)
show {(4, 7). i <m A j< i} C{0..m} x {0..m} by auto
qed auto
from this I have 3 fs'. Zprop fs fs' A (VY i’ < m.V j' < m. 2exp fs' Ii'j’)
proof (induct I)
case empty
show ?case
by (intro exI[of - fs], insert assms, auto)
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next
case (insert ij I)
obtain i j where ij: ij = (i,j) by force
from ij insert(4) have i: i < m j < i by auto
from insert(3,4) obtain gs where gs: ?prop fs gs
and exp: \ i'j. i’ < m = j < m = fexp gs i j' by auto
from gs have lin-indep gs lattice-of gs = L length gs = m by auto
from mod-single-element[OF this(1,3) i this(2), of p)
obtain hs where hs: ?prop gs hs
and exp A\ i'j.i'<m=j <m=
du hs i j = (if (', j") = (4, )
then du gs i j" symmod (p * d gs j' x d gs (Suc j")) else du gs i’ j')
using pgtz by auto
from gs ¢ have id: d gsj = d fs j d gs (Suc j) = d fs (Suc j) by auto
show ?Zcase
proof (intro exI[of - hs], rule conjl; (intro alll impI)?)
show ?prop fs hs using gs hs by auto
fix i’ j’
assume *: i’ < mj’ ' < m
show ?exp hs (insert ij I) i’ j' unfolding exp’[OF «| ij using exp x i
by (auto simp: id)
qed
qed
thus ?thesis by auto
qed

end

end

3 Storjohann’s basis reduction algorithm (abstract
version)

This theory contains the soundness proofs of Storjohann’s basis reduction
algorithms, both for the normal and the improved-swap-order variant.

The implementation of Storjohann’s version of LLL uses modular operations
throughout. It is an abstract implementation that is already quite close to
what the actual implementation will be. In particular, the swap operation
here is derived from the computation lemma for the swap operation in the
old, integer-only formalization of LLL.

theory Storjohann
imports
Storjohann-Mod-Operation
LLL-Basis-Reduction.LLL-Number-Bounds
Sqrt-Babylonian. NthRoot-Impl
begin
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3.1 Definition of algorithm

In the definition of the algorithm, the first-flag determines, whether only
the first vector of the reduced basis should be computed, i.e., a short vector.
Then the modulus can be slightly decreased in comparison to the required
modulus for computing the whole reduced matrix.

fun maz-list-rats-with-index :: (int * int % nat) list = (int * int * nat) where
maz-list-rats-with-index [x] = z |
maz-list-rats-with-index ((n1,d1,il) # (n2,d2,i2) # xs)
= maaz-list-rats-with-index ((if n1 * d2 < n2 x dI then (n2,d2,i2) else
(n1,d1,i1)) # zs)

context LLL
begin

definition log-base = (10 :: int)

definition bound-number :: bool = nat where
bound-number first = (if first AN m # 0 then 1 else m)

definition compute-mod-of-maz-gso-norm :: bool = rat = int where
compute-mod-of-maz-gso-norm first mn = log-base ~ (log-ceiling log-base (mazx 2

(

root-rat-ceiling 2 (mn * (rat-of-nat (bound-number first) + 3)) + 1)))

definition g-bnd-mode :: bool = rat = int vec list = bool where
g-bnd-mode first b fs = (if first A m # 0 then sg-norm (gso fs 0) < b else g-bnd
b fs)

definition d-of where d-of dmu i = (if i = 0 then 1 :: int else dmu $$ (i — 1, 1

- 1))

definition compute-maz-gso-norm :: bool = int mat = rat x nat where
compute-maz-gso-norm first dmu = (if m = 0 then (0,0) else
case maz-list-rats-with-index (map (X i. (d-of dmu (Suc i), d-of dmu 1, 7)) [0
< (if first then 1 else m)])
of (num, denom, i) = (of-int num / of-int denom, 7))

context
fixes p :: int — the modulus
and first :: bool — only compute first vector of reduced basis
begin

definition basis-reduction-mod-add-row ::
int vec list = int mat = nat = nat = (int vec list X int mat) where
basis-reduction-mod-add-row mfs dmu i j =
(let ¢ = round-num-denom (dmu $$ (i,5)) (d-of dmu (Suc j)) in
(if ¢ = 0 then (mfs, dmu)
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else (mfs[ i := (map vec (A z. symmod p)) (mfs Vi — c - mfs! ),
mat mm (i3 (if (7 —w <)
then (if j'=j then (dmu $$ (i,j) — ¢ * dmu $$ (4,5))
else (dmu $$ (4,5") — ¢ * dmu $$ (4,5))
symmod (p * d-of dmu j' * d-of dmu (Suc j")))
else (dmu 33 (i',j')))))))

fun basis-reduction-mod-add-rows-loop where
basis-reduction-mod-add-rows-loop mfs dmu i 0 = (mfs, dmu)
| basis-reduction-mod-add-rows-loop mfs dmu i (Suc j) = (
let (mfs’, dmu') = basis-reduction-mod-add-row mfs dmu i j
in basis-reduction-mod-add-rows-loop mfs’ dmu’ i j)

definition basis-reduction-mod-swap-dmu-mod :: int mat = nat = int mat where
basis-reduction-mod-swap-dmu-mod dmu k = mat m m (\(%, j). (
fj<iA(G=FkVj=k— 1) then
dmu $$ (i, j) symmod (p * d-of dmu j * d-of dmu (Suc j))
else dmu $$ (i, 7)))

definition basis-reduction-mod-swap where
basis-reduction-mod-swap mfs dmu k =
(mfslk :=mfs ! (k— 1),k — 1 := mfs! k],
basis-reduction-mod-swap-dmu-mod (mat m m (A(%,5). (
if j < i then
ifi =k — 1 then
dmu $$ (k, j)
elseifi =k Nj#k— 1then
dmu $$ (k — 1, j)
else if i > k N j = k then
((d-of dmu (Suc k)) * dmu $$ (i, k — 1) — dmu $$ (k, k — 1) * dmu $$
(4, 1))
div (d-of dmu k)

elseif i >k Nj=k — 1then
(dmu $$ (k, k — 1) * dmu $$ (7, j) + dmu $$ (i, k) * (d-of dmu (k—1)))
div (d-of dmu k)
else dmu $$ (i, 7)
else if i = j then
ifi =k — 1 then
((d-of dmu (Suc k)) * (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$
(kb — 1))
div (d-of dmu k)
else (d-of dmu (Suc 7))
else dmu $$ (4, §))
) k)

fun basis-reduction-adjust-mod where
basis-reduction-adjust-mod mfs dmu =
(let (b,g-idz) = compute-maz-gso-norm first dmu;
p’ = compute-mod-of-max-gso-norm first b
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inif p’ < p then
let mfs’ = map (map-vec (Az. z symmod p’)) mfs;
d-vec = vec (Suc m) (X i. d-of dmu 7);
dmu’ = mat m m (X (i,j). if j < i then dmu $$ (i,7)
symmod (p’ * d-vec $ j * d-vec $ (Suc j)) else
dmu $$ (4,5))
in (p', mfs’, dmu', g-idx)
else (p, mfs, dmu, g-idz))

definition basis-reduction-adjust-swap-add-step where
basis-reduction-adjust-swap-add-step mfs dmu g-idx i = (
letil =1 — 1;
(mfs1, dmul) = basis-reduction-mod-add-row mfs dmu i i1;
(mfs2, dmu2) = basis-reduction-mod-swap mfsl dmul i
in if il = g-idz then basis-reduction-adjust-mod mfs2 dmu2
else (p, mfs2, dmu2, g-idr))

definition basis-reduction-mod-step where
basis-reduction-mod-step mfs dmu g-idz ¢ (§ :: int) = (if i = 0 then (p, mfs, dmu,
g-idz, Suc i, j)
else let di = d-of dmu 1,
(num, denom) = quotient-of «
in if di x di *x denom < num * d-of dmu (i — 1) * d-of dmu (Suc 7) then
(p, mfs, dmu, g-idz, Suc i, j)
else let (p', mfs’, dmu', g-idz') = basis-reduction-adjust-swap-add-step mfs
dmu g-idz i
in (p’, mfs’, dmu', g-ida’, i — 1,5+ 1))

primrec basis-reduction-mod-add-rows-outer-loop where
basis-reduction-mod-add-rows-outer-loop mfs dmu 0 = (mfs, dmu) |
basis-reduction-mod-add-rows-outer-loop mfs dmu (Suc i) =
(let (mfs’, dmu') = basis-reduction-mod-add-rows-outer-loop mfs dmu i in
basis-reduction-mod-add-rows-loop mfs’ dmu’ (Suc ©) (Suc 7))
end

the main loop of the normal Storjohann algorithm

partial-function (tailrec) basis-reduction-mod-main where
basis-reduction-mod-main p first mfs dmu g-idx i (j :: int) = (
(ifi<m
then
case basis-reduction-mod-step p first mfs dmu g-idx i j
of (p', mfs’, dmu’, g-idz’, i’, j') =
basis-reduction-mod-main p’ first mfs’ dmu’ g-idz’ i’ j'
else
(p, mfs, dmu))

definition compute-maz-gso-quot:: int mat = (int % int * nat) where
compute-max-gso-quot dmu = max-list-rats-with-index
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(map (Ni. ((d-of dmu (i+1)) * (d-of dmu (i+1)), (d-of dmu (i+2)) x (d-of dmu
i), Suc 7)) [0..<(m—1)])

the main loop of Storjohann’s algorithm with improved swap order

partial-function (tailrec) basis-reduction-iso-main where
basis-reduction-iso-main p first mfs dmu g-idz (j = int) = (
(if m > 1 then
(let (max-gso-num, max-gso-denum, indr) = compute-maz-gso-quot dmu;
(num, denum) = quotient-of « in
(if (max-gso-num * denum > num % maz-gso-denum) then
case basis-reduction-adjust-swap-add-step p first mfs dmu g-idz indz of
(p’, mfs', dmu’, g-idx’) =
basis-reduction-iso-main p’ first mfs’ dmu’ g-ide’ (j + 1)
else
(p, mfs, dmu)))
else (p, mfs, dmu)))

definition compute-initial-mfs where
compute-initial-mfs p = map (map-vec (Az. x symmod p)) fs-init

definition compute-initial-dmu where
compute-initial-dmu p dmu = mat m m (N3 j"). if j < i’
then dmu $$ (i’, j') symmod (p * d-of dmu j' x d-of dmu (Suc j'))
else dmu $$ (¢', j"))

definition dmu-initial = (let dmu = dp-impl fs-init
in mat m m (A (4,).
if j < i then du-impl fs-init ! i ! j else 0))

definition compute-initial-state first =
(let dmu = dmu-initial;
(b, g-idr) = compute-maz-gso-norm first dmu;
p = compute-mod-of-maz-gso-norm first b
in (p, compute-initial-mfs p, compute-initial-dmu p dmu, g-idz))

Storjohann’s algorithm

definition reduce-basis-mod :: int vec list where
reduce-basis-mod = (
let first = Fulse;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p’, mfs’, dmu') = basis-reduction-mod-main p0 first mfs0 dmu0 g-idz 0 0;
(mfs”, dmu'") = basis-reduction-mod-add-rows-outer-loop p’ mfs’ dmu’
(m—1)
in mfs")

Storjohann’s algorithm with improved swap order

definition reduce-basis-iso :: int vec list where
reduce-basis-iso = (
let first = Fualse;
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(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p’, mfs’; dmu’) = basis-reduction-iso-main p0 first mfs0 dmul g-idz 0;
(mfs”, dmu'") = basis-reduction-mod-add-rows-outer-loop p’ mfs’ dmu’

(m—1)
in mfs')

Storjohann’s algorithm for computing a short vector

definition
short-vector-mod = (
let first = True;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p'y mfs’; dmu’) = basis-reduction-mod-main p0 first mfs0 dmu0 g-idz 0 0
in hd mfs”)

Storjohann’s algorithm (iso-variant) for computing a short vector

definition
short-vector-iso = (
let first = True;
(p0, mfs0, dmu0, g-idz) = compute-initial-state first;
(p'y mfs’; dmu’) = basis-reduction-iso-main p0 first mfs0 dmu0 g-idz 0
in hd mfs")
end

3.2 Towards soundness of Storjohann’s algorithm

lemma maz-list-rats-with-index-in-set:
assumes maz: maz-list-rats-with-index s = (nm, dm, im)
and len: length xs > 1
shows (nm, dm, im) € set xs
using assms
proof (induct xs rule: maz-list-rats-with-index.induct)
case (2 nl dI i1 n2 d2i2 xs)
have 1 < length ((if nl * d2 < n2 x d1 then (n2, d2, i2) else (nl, d1, i1)) #
xs) by simp
moreover have maz-list-rats-with-index ((if n1 * d2 < n2 x d1 then (n2, d2,
i2) else (nl1, d1, i1)) # xs)
= (nm, dm, im) using 2 by simp
moreover have (if nl * d2 < n2 x d1 then (n2, d2, i2) else (nl, d1, il)) €
set ((nl, d1, i1) # (n2, d2, i2) # zs) by simp
moreover then have set ((if n1 * d2 < n2 x dI then (n2, d2, i2) else (nl,
di1, i1)) # xs) C
set ((nl, d1, (1) # (n2, d2, i2) # zs) by auto
ultimately show ?case using 2(1) by auto
qed auto

lemma maz-list-rats-with-index: assumes A n d i. (n,d,i) € set xs = d > 0
and max: maz-list-rats-with-index xs = (nm, dm, im)
and (n,d,i) € set xs

shows rat-of-int n / of-int d < of-int nm / of-int dm
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using assms
proof (induct xs arbitrary: n d i rule: maz-list-rats-with-index.induct)
case (2nl dl i1 n2 d2i2xsn d 1)
let ?r = rat-of-int
from 2(2) have d1 > 0 d2 > 0 by auto
hence d: ?r d1 > 0 ?r d2 > 0 by auto
have (n1 * d2 < n2 xdl) = (%rnl x 9rd2 < %rn2 x r di)
unfolding of-int-mult[symmetric] by presburger
also have ... = (?rnl / ?rdl < 2rn2 / 9r d2) using d
by (smt divide-strict-right-mono leD le-less-linear mult.commaute nonzero-mult-div-cancel-left

not-less-iff-gr-or-eq times-divide-eq-right)
finally have id: (n1 * d2 < n2 xdl) = (%rnl / ?rdl < ?rn2 / ?rd2).
obtain n’ d’ i’ where new: (if n1 x d2 < n2 x dI then (n2, d2, i2) else (nl,
d1, i1)) = (n',d"i’)
by force
have nd" (n',d’i") € {(n1,d1,i1), (n2, d2, i2)} using new[symmetric] by auto
from 2(3) have res: maaz-list-rats-with-index ((n',d’,i") # xzs) = (nm, dm, im)
using new by auto
note 2 = 2[unjfolded new]
show ?case
proof (cases (n,d,i) € set xs)
case True
show ?thesis
by (rule 2(1)[of n d, OF 2(2) res], insert True nd’, force+)
next
case False
with 2(4) have n = nl A d=dl Vn=n2Ad= d2 by auto
hence ?rn / ?rd < ?rn’/ ?r d’ using newlunfolded id]
by (metis linear prod.inject)
also have ?rn’ / ?rd’ < ?rnm / ?r dm
by (rule 2(1)[of n’ d';, OF 2(2) res], insert nd’, force+)
finally show ?thesis .
qed
qed auto

context LLL
begin

lemma log-base: log-base > 2 unfolding log-base-def by auto

definition LLL-invariant-weak’ :: nat = int vec list = bool where
LLL-invariant-weak’ i fs = (
gs.lin-indpt-list (RAT fs) A
lattice-of fs = L A
weakly-reduced fs i N\
1< mA
length fs = m
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lemma LLL-invD-weak: assumes LLL-invariant-weak’ i fs
shows
lin-indep fs
length (RAT fs) = m
set fs C carrier-vec n
N i i<m= fs!ie€ carrier-vec n
N i. i< m = gso fsi € carrier-vec n
length fs = m
lattice-of fs = L
weakly-reduced fs i
1< m
proof (atomize (full), goal-cases)
case I
interpret gs’: gram-schmidt-fs-lin-indpt n RAT fs
by (standard) (use assms LLL-invariant-weak’-def gs.lin-indpt-list-def in auto)
show ?Zcase
using assms gs’.fs-carrier gs'.f-carrier gs’.gso-carrier
by (auto simp add: LLL-invariant-weak’-def gram-schmidt-fs.reduced-def)
qed

lemma LLL-invl-weak: assumes
set fs C carrier-vec n
length fs = m
lattice-of fs = L
1< m
lin-indep fs
weakly-reduced fs i
shows LLL-invariant-weak’ i fs
unfolding LLL-invariant-weak’-def Let-def using assms by auto

lemma LLL-invw’-imp-w: LLL-invariant-weak’ i fs = LLL-invariant-weak fs
unfolding LLL-invariant-weak’-def LLL-invariant-weak-def by auto

lemma basis-reduction-add-row-weak:
assumes Linvw: LLL-invariant-weak’ i fs
and i: i <m and j: j <1
and fs” fs' = fs[i:=fsli — c-y fs!]]
shows LLL-invariant-weak’ i fs’
g-bnd B fs = g-bnd B fs’
proof (atomize(full), goal-cases)
case 1
note Linv = LLL-invw’-imp-w[OF Linvw]
note main = basis-reduction-add-row-main|OF Linv i j fs']
have bnd: g-bnd B fs = g-bnd B fs’ using main(6) unfolding g-bnd-def by
auto
note new = LLL-inv-wD[OF main(1)]
note old = LLL-invD-weak|OF Linvw]
have red: weakly-reduced fs’ i using (weakly-reduced fs ©» main(6) i < m»
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unfolding gram-schmidt-fs.weakly-reduced-def by auto
have inv: LLL-invariant-weak’ i fs’ using LLL-inv-wD[OF main(1)] i < m»
by (intro LLL-invI-weak, auto intro: red)
show ?case using inv red main bnd by auto
qed

lemma LLL-inv-weak-m-impl-i:

assumes inv: LLL-invariant-weak’ m fs

and 7: 1 < m
shows LLL-invariant-weak’ i fs
proof —

have weakly-reduced fs i using LLL-invD-weak(8)[OF inv]

by (meson assms(2) gram-schmidt-fs.weakly-reduced-def le-trans less-imp-le-nat
linorder-not-less)

then show ?thesis

using LLL-invI-weak[of fs i, OF LLL-invD-weak(3,6,7)[OF inv] - LLL-invD-weak(1)[OF
invl]

LLL-invD-weak(2,4,5,8—)[OF inv] i by simp

qed

definition mod-invariant where
mod-invariant b p first = (b < rat-of-int (p — 1) 72 / (rat-of-nat (bound-number
first) + 3)
A (3 e. p = log-base " e))

lemma compute-mod-of-max-gso-norm: assumes mn: mn > 0

and m: m =0 = mn =0

and p: p = compute-mod-of-mazx-gso-norm first mn
shows

p > 1

mod-invariant mn p first
proof —

let ?m = bound-number first

define p’ where p’ = root-rat-ceiling 2 (mn x (rat-of-nat #m + 3)) + 1

define p’’ where p'’ = mazx 2 p’

define ¢ where ¢ = real-of-rat (mn * (rat-of-nat ?m + 3))

have x: —1 < (0 :: real) by simp

also have 0 < root 2 (real-of-rat (mn x (rat-of-nat ?m + 3))) using mn by
auto

finally have p’ > 0 + 1 unfolding p’-def

by (intro plus-left-mono, simp)

hence p”: p’ > 0 by auto

have p’": p’’ > 1 unfolding p'’-def by auto

have pp’": p > p’' unfolding compute-mod-of-maz-gso-norm-def p p’-def [symmetric]
p’'-def [symmetric]

using log-base p'’ log-ceiling-sound by auto
hence pp”: p > p’ unfolding p'’-def by auto
show p > 1 using pp’’ p'’ by auto
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have q0: ¢ > 0 unfolding ¢-def using mn m by auto
have (mn < rat-of-int (p’ — 1) 72 / (rat-of-nat ?m + 3))
= (real-of-rat mn < real-of-rat (rat-of-int (p’ — 1)72 / (rat-of-nat ?m + 3)))
using of-rat-less-eq by blast

also have ... = (real-of-rat mn < real-of-rat (rat-of-int (p’ — 1)72) / real-of-rat
(rat-of-nat m + 3)) by (simp add: of-rat-divide)
also have ... = (real-of-rat mn < ((real-of-int (p’ — 1)) "2) / real-of-rat (rat-of-nat
m + 3))
by (metis of-rat-of-int-eq of-rat-power)
also have ... = (real-of-rat mn < (real-of-int [sqrt q]) "2 / real-of-rat (rat-of-nat
m + 3))
unfolding p’-def sqrt-def g-def by simp
also have ...
proof —

have real-of-rat mn < ¢q / real-of-rat (rat-of-nat ?m + 3) unfolding ¢-def
using m
by (auto simp: of-rat-mult)
also have ... < (real-of-int [sqrt q]) "2 / real-of-rat (rat-of-nat ?m + 3)
proof (rule divide-right-mono)
have ¢ = (sqrt q) "2 using g0 by simp
also have ... < (real-of-int [sqrt q]) "2
by (rule power-mono, auto simp: q0)
finally show ¢ < (real-of-int [sqrt ¢q]) "2 .
qed auto
finally show ?thesis .
qged
finally have mn < rat-of-int (p’ — 1)72 / (rat-of-nat m + 3) .
also have ... < rat-of-int (p — 1)72 / (rat-of-nat ?m + 3)
unfolding power2-eq-square
by (intro divide-right-mono mult-mono, insert p’ pp’, auto)
finally have mn < rat-of-int (p — 1)72 / (rat-of-nat #m + 3) .
moreover have 3 e. p = log-base ~ e unfolding p compute-mod-of-mazx-gso-norm-def
by auto
ultimately show mod-invariant mn p first unfolding mod-invariant-def by
auto
qed

lemma g-bnd-mode-cong: assumes A i. i < m = gso fs i = gso fs' i
shows g-bnd-mode first b fs = g-bnd-mode first b fs’
using assms unfolding g-bnd-mode-def g-bnd-def by auto

definition LLL-invariant-mod :: int vec list = int vec list = int mat = int =
bool = rat = mnat = bool where
LLL-invariant-mod fs mfs dmu p first b i = (

length fs = m A

length mfs = m A

1< mA

lattice-of fs = L A

gs.lin-indpt-list (RAT fs) A
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weakly-reduced fs i N\

(map (map-vec (A\z. z symmod p)) fs = mfs) A

(Vi'<m.V j <i' |dufsi'j'| <pxdfsj xdfs(Suci)) A
(Vi'<m.Vi'"< m.du fsi'j" = dmu $$ (i',j) A

p>1A

g-bnd-mode first b fs A

mod-invariant b p first

)

lemma LLL-invD-mod: assumes LLL-invariant-mod fs mfs dmu p first b ¢
shows
length mfs = m
1< m
length fs = m
lattice-of fs = L
gs.lin-indpt-list (RAT fs)
weakly-reduced fs i
(map (map-vec (Az. T symmod p)) fs = mfs)
(Vi' <m. Vi < i |du fsi'§'| < px*dfsj' = dfs (Sucj’))
(Vi'<m.Vj' < m.du fsi'j’ = dmu $$ (i',j"))
Ni.i<m= fs!ié€ carrier-vec n
set fs C carrier-vec n
N i. i < m = gso fsi € carrier-vec n
N i. i < m= mfs! i€ carrier-vec n
set mfs C carrier-vec n
p>1
g-bnd-mode first b fs
mod-invariant b p first
proof (atomize (full), goal-cases)
case I
interpret gs’: gram-schmidt-fs-lin-indpt n RAT fs
using assms LLL-invariant-mod-def gs.lin-indpt-list-def
by (meson gram-schmidt-fs-Rn.intro gram-schmidt-fs-lin-indpt.intro gram-schmidt-fs-lin-indpt-azioms.intro)
have allfs: Vi < m. fs | i € carrier-vec n using assms gs'.f-carrier
by (simp add: LLL.LLL-invariant-mod-def)
then have setfs: set fs C carrier-vec n by (metis LLL-invariant-mod-def assms
in-set-conv-nth subsetl)
have allgso: (Vi < m. gso fs i € carrier-vec n) using assms gs’.gso-carrier
by (simp add: LLL.LLL-invariant-mod-def)
show ?Zcase
using assms gs’.fs-carrier gs'.f-carrier gs'.gso-carrier allfs allgso
LLL-invariant-mod-def gram-schmidt-fs.reduced-def in-set-conv-nth setfs by
fastforce
qed

lemma LLL-invl-mod: assumes
length mfs = m
1< m
length fs = m
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lattice-of fs = L
gs.lin-indpt-list (RAT fs)
weakly-reduced fs i
map (map-vec (Az. x symmod p)) fs = mfs
(Vi'<m. Vi< i |dufsi’'j| <p=xdfsj «dfs(Sucj))
(Vi'<m.Vi'"<m.du fsi’j' = dmu $$ (i',j")
p>1
g-bnd-mode first b fs
mod-invariant b p first
shows LLL-invariant-mod fs mfs dmu p first b @
unfolding LLL-invariant-mod-def using assms by blast

definition LLL-invariant-mod-weak :: int vec list = int vec list = int mat = int
= bool = rat = bool where
LLL-invariant-mod-weak fs mfs dmu p first b = (
length fs = m A
length mfs = m A
lattice-of fs = L A
gs.lin-indpt-list (RAT fs) A
(map (map-vec (Az. & symmod p)) fs = mfs) A
(Vi'<m.V ji<i' |dufsi'j'| <pxdfsj xdfs(Suci)) A
Vi'<m.Vji'<m. du fsi'j = dmu $$ (i'j") A
p>1A
g-bnd-mode first b fs A
mod-invariant b p first

)

lemma LLL-invD-modw: assumes LLL-invariant-mod-weak fs mfs dmu p first b
shows
length mfs = m
length fs = m
lattice-of fs = L
gs.lin-indpt-list (RAT fs)
(map (map-vec (Az. T symmod p)) fs = mfs)
Vi’ <m. Vi < i |du fsi'§| < px*dfsj' = dfs (Sucj’))
(Vi'<m.Vj' < m.du fsi'j’ = dmu $$ (i',j"))
Ni.i<m= fs!ié€ carrier-vec n
set fs C carrier-vec n
N i. i < m = gso fsi € carrier-vec n
N i. i < m= mfs! i€ carrier-vec n
set mfs C carrier-vec n
p>1
g-bnd-mode first b fs
mod-invariant b p first
proof (atomize (full), goal-cases)
case I
interpret gs’: gram-schmidt-fs-lin-indpt n RAT fs
using assms LLL-invariant-mod-weak-def gs.lin-indpt-list-def
by (meson gram-schmidt-fs-Rn.intro gram-schmidt-fs-lin-indpt.intro gram-schmidt-fs-lin-indpt-azioms.intro)
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have allfs: Vi < m. fs | i € carrier-vec n using assms gs'.f-carrier
by (simp add: LLL.LLL-invariant-mod-weak-def)
then have setfs: set fs C carrier-vec n by (metis LLL-invariant-mod-weak-def
assms in-set-conv-nth subsetl)
have allgso: (Vi < m. gso fs i € carrier-vec n) using assms gs’.gso-carrier
by (simp add: LLL.LLL-invariant-mod-weak-def)
show ?Zcase
using assms gs’.fs-carrier gs'.f-carrier gs'.gso-carrier allfs allgso
LLL-invariant-mod-weak-def gram-schmidt-fs.reduced-def in-set-conv-nth setfs
by fastforce
qged

lemma LLL-invI-modw: assumes
length mfs = m
length fs = m
lattice-of fs = L
gs.lin-indpt-list (RAT fs)
map (map-vec (Az. x symmod p)) fs = mfs
(Vi' <m. Vi < i |du fsi'§'| < px*dfsj' = dfs (Sucj’))
(Vi'<m.Vj' < m.du fsi'j’ = dmu $$ (i',j"))
p>1
g-bnd-mode first b fs
mod-invariant b p first
shows LLL-invariant-mod-weak fs mfs dmu p first b
unfolding LLL-invariant-mod-weak-def using assms by blast

lemma ddu:
assumes i: 1 < m
shows d fs (Suc i) = du fsii
proof—
have u fs i ¢ = 1 using i by (simp add: gram-schmidt-fs.u.simps)
then show ?thesis using du-def by simp
qed

lemma d-of-main: assumes (Vi’' < m. du fs i’ i’ = dmu $$ (i',i))
and i < m
shows d-of dmu i = d fs i
proof (cases i = 0)
case Fulse
with assms have i — I < m by auto
from assms(1)[rule-format, OF this] ddu[OF this, of fs] False
show ?thesis by (simp add: d-of-def)
next
case True
thus ?thesis unfolding d-of-def True d-def by simp
qed

lemma d-of: assumes inv: LLL-invariant-mod fs mfs dmu p b first j
and i < m
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shows d-of dmu i = d fs i
by (rule d-of-main[OF - assms(2)], insert LLL-invD-mod(9)[OF inv], auto)

lemma d-of-weak: assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and i1 < m

shows d-of dmu i = d fs i
by (rule d-of-main[OF - assms(2)], insert LLL-invD-modw(7)[OF inv], auto)

lemma compute-maz-gso-norm: assumes dmu: (Vi' < m. du fs i’ i’ = dmu $$
(i'i")
and Linv: LLL-invariant-weak fs
shows g-bnd-mode first (fst (compute-maz-gso-norm first dmu)) fs
fst (compute-maz-gso-norm first dmu) > 0
m = 0 = fst (compute-maz-gso-norm first dmu) = 0
proof —
show gbnd: g-bnd-mode first (fst (compute-maz-gso-norm first dmu)) fs
proof (cases first A m # 0)
case Fulse
have ?thesis = (g-bnd (fst (compute-maz-gso-norm first dmu)) fs) unfolding
g-bnd-mode-def using False by auto
also have ... unfolding g-bnd-def
proof (intro alll impl)
fix ¢
assume : 1 < M
have id: (if first then 1 else m) = m using False i by auto
define list where list = map (A 4. (d-of dmu (Suc i), d-of dmu i, 7)) [0 ..<
m |
obtain num denom j where ml: maz-list-rats-with-indez list = (num, denom,
7)

by (metis prod-cases3)
have dpos: d fs i > 0 using LLL-d-pos|OF Linv, of i] i by auto
have pos: (n, d, i) € set list = 0 < d for n d i
using LLL-d-pos|OF Linv] unfolding list-def using d-of-main[OF dmul]
by auto
from ¢ have list | i € set list using i unfolding list-def by auto
also have list | i = (d-of dmu (Suc i), d-of dmu i, ) unfolding list-def using
i by auto
also have ... = (d fs (Suc i), d fs i, i) using d-of-main[OF dmu] i by auto
finally have (d fs (Suc i), d fs i, i) € set list .
from maza-list-rats-with-index| OF pos ml this]|
have of-int (d fs (Suc ©)) / of-int (d fs i) < fst (compute-maz-gso-norm first
dmu)
unfolding compute-maz-gso-norm-def list-def [symmetric] ml id split using
i by auto
also have of-int (d fs (Suc ©)) / of-int (d fs i) = sg-norm (gso fs 7)
using LLL-d-Suc[OF Linv i] dpos by auto
finally show sg-norm (gso fs i) < fst (compute-maz-gso-norm first dmu) .
qed
finally show ?%thesis .
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next
case True
thus ?thesis unfolding g-bnd-mode-def compute-maz-gso-norm-def using d-of-main[OF
dmu]
LLL-d-Suc[OF Linv, of 0] LLL-d-pos|OF Linv, of 0] LLL-d-pos|OF Linv, of
1] by auto
qed
show fst (compute-maz-gso-norm first dmu) > 0
proof (cases m = 0)
case True
thus ?thesis unfolding compute-maz-gso-norm-def by simp
next
case Fulse
hence 0: 0 < m by simp
have 0 < sg-norm (gso fs 0) by blast
also have ... < fst (compute-maz-gso-norm first dmu)
using gbnd[unfolded g-bnd-mode-def g-bnd-def] using 0 by metis
finally show ?thesis .
qed
qed (auto simp: LLL.compute-max-gso-norm-def)

lemma increase-i-mod:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b i
and i: i < m
and red-i: ¢ # 0 = sq-norm (gso fs (i — 1)) < a % sg-norm (gso fs i)
shows LLL-invariant-mod fs mfs dmu p first b (Suc i) LLL-measure i fs > LLL-measure
(Suc 1) fs
proof —
note inv = LLL-invD-mod|OF Linv]
from inv have red: weakly-reduced fs i by (auto)
from red red-i i have red: weakly-reduced fs (Suc 7)
unfolding gram-schmidt-fs.weakly-reduced-def
by (intro alll impl, rename-tac ii, case-tac Suc it = i, auto)
show LLL-invariant-mod fs mfs dmu p first b (Suc 7)
by (intro LLL-invI-mod, insert inv red i, auto)
show LLL-measure i fs > LLL-measure (Suc i) fs unfolding LLL-measure-def
using 7 by auto
qed

lemma basis-reduction-mod-add-row-main:

assumes Linvmw: LLL-invariant-mod-weak fs mfs dmu p first b
and i: i < m and j: j < @
and ¢: ¢ = round (u fs i j)
and mfs”s mfs’ = mfs[ i := (map-vec (X z. x symmod p)) (mfs! i — ¢ -, mfs! j)]
and dmu”. dmu’ = mat m m (A(¢"j"). (if (i' =i N <j)

then (if j'=j then (dmu $$ (i,j') — ¢ * dmu $$ (5,5"))

else (dmu $$ (i,j') — ¢ = dmu $$ (5,5))
symmod (p * (d-of dmu j') * (d-of dmu (Suc j"))))
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else (dmu $$ (¢',7%))))
shows (3fs’. LLL-invariant-mod-weak fs' mfs’ dmu’ p first b A
LLL-measure i fs' = LLL-measure 1 fs
A (p-small-row i fs (Suc j) — p-small-row © fs' j)
AN (VEk < m. gsofs' k= gsofsk)
ANVit < m.dfs'i=dfsii)
Mufs'ijl <12
ANV G < i < i = fs i = fs il )
A (LLL-invariant-mod fs mfs dmu p first b i — LLL-invariant-mod fs' mfs’
dmu’ p first b))
proof —
define fs’ where fs' = fs[i:=fs! i — ¢, fs!]]
from LLL-invD-modw[OF Linvmw] have gbnd: g-bnd-mode first b fs and p1: p
> 1 and pgtz: p > 0 by auto
have Linvww: LLL-invariant-weak fs using LLL-invD-modw|[OF Linvmw)] LLL-invariant-weak-def
by simp
have
Linvw”. LLL-invariant-weak fs' and
01: ¢ = round (u fs i j) = p-small-row i fs (Suc j) = p-small-row i fs' j
and
02: LLL-measure i fs' = LLL-measure i fs and
03: N\ i.i<m = gsofs'i= gsofsiand
0 Ni'jli'<m=j <m=
pwis'i' i =(ifi'=iNj <jthen p fsij — of-int ¢ x p fsjj else p fsi’
j’) and
05: N\ ii. i < m = dfs'ii=dfsiiand
06: |p fs'ijl <1/ 2and
061: Vi'j i'<i—j <i'—pufsi'j=npfs"ij
using basis-reduction-add-row-main|OF Linvww i j fs’-def] ¢ i by auto
have 07: lin-indep fs’ and
08: length fs' = m and
09: lattice-of fs’ = L using LLL-inv-wD Linvw’ by auto
have 091: fs-int-indpt n fs’ using 07 using Gram-Schmidt-2.fs-int-indpt.intro
by simp
define I where I = {(i',j)). i’ =i N j' < j}
have 10: I C {(i'j). i’ < m A j' < i'} (i,))¢ I Vi > 4. (i,j) ¢ I using I-def
1 j by auto
obtain fs”’ where
11: lattice-of fs'"" = L and
12: map (map-vec (X z. x symmod p)) fs"' = map (map-vec (A z.  symmod p))
fs’ and
13: lin-indep fs'" and
14: length fs" = m and
15: (V k< m. gso fs"” k = gso fs' k) and
16: (Vv k< m.dfs" k=dfs'k)and
17V ' <m. V¥V j < m.odp fs" i’ j =
(if (i'j") € Ithen du fs' i’ j' symmod (p * d fs' j' = d fs’ (Suc ")) else du fs'
i'j")
using mod-finite-set|OF 07 08 10(1) 09 pgtz] by blast
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have 171: (V' j'. i' < i — j/ < i’ —> p fs'" i’ §' = p fs' i’ §")
proof —
{
fix i’ j'
assume 7’5" ' < ij < i’
have rat-of-int (dp fs” i’ j') = rat-of-int (du fs' i’ j') using 17 I-def i i'j’
by auto
then have rat-of-int (int-of-rat (rat-of-int (d fs” (Suc 7)) = w fs" i’ j')) =
rat-of-int (int-of-rat (rat-of-int (d fs' (Suc j')) * u fs' i’ j'))
using du-def i’j’ j by auto
then have rat-of-int (d fs”’ (Suc j)) * p fs" i’ j' =
rat-of-int (d fs’ (Suc j')) = p fs" i’ j'
by (smt 08 091 13 1/ d-def dual-order.strict-trans fs-int.d-def
fs-int-indpt.fs-int-mu-d-Z fs-int-indpt.intro ¢ i'j'(1) i'j'(2) int-of-rat(2))
then have p fs" i’ j' = p fs' i’ j' by (smt 16
LLL-d-pos|OF Linvw’] Suc-lel int-of-rat(1)
dual-order.strict-trans fs’-def i i'j’ j
le-neg-implies-less nonzero-mult-div-cancel-left of-int-hom.hom-zero)
}
then show ?thesis by simp
qged
then have 172: (Vi'j. i'< i — 7' <i' — pfs"i'j' = p fsi’j') using 061
by simp
have 18: LLL-measure i fs" = LLL-measure i fs' using 16 LLL-measure-def
logD-def D-def by simp
have 19: (Vk < m. gso fs"' k = gso fs k) using 03 15 by simp
have Vj' € {j..(m—1)}. i/ < m using j i by auto
then have 20: Vj' € {j..(m—1)}. du fs" i j' = du fs' i j’
using 10(3) 17 Suc-lessD less-trans-Suc by (meson atLeastAtMost-iff i)
have 21:Vj' € {j.(m—1)}. p fs" ij = fs' ij’
proof —
{
fix j'
assume j": j' € {j..(m—1)}
define p'’ :: rat where p' = p fs' i j’
define p' :: rat where p' = p fs' i j’
have rat-of-int (dy fs'' i j") = rat-of-int (dp fs' i j') using 20 j' by simp
moreover have j' < length fs' using i j' 08 by auto
ultimately have rat-of-int (d fs’ (Suc j')) % gram-schmidt-fs.u n (map
of-int-hom.vec-hom fs’) i j'
= rat-of-int (d fs" (Suc j')) * gram-schmidt-fs.u n (map of-int-hom.vec-hom
fS”) i’
using 20 08 091 13 1/ fs-int-indpt.dp-def fs-int.d-def fs-int-indpt.du du-def
d-def i fs-int-indpt.intro j'
by metis
then have rat-of-int (d fs’ (Suc j')) * p"’ = rat-of-int (d fs' (Suc j) * p’
using 16 i j' p'-def p'’-def unfolding du-def by auto
moreover have 0 < d fs' (Suc j') using LLL-d-pos|OF Linvw’, of Suc j'] i
j' by auto
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ultimately have p fs"' i j' = u fs' i j' using u’-def p'’-def by simp
}
then show #?thesis by simp
qed
then have 22: u fs"' i j = p fs' i j using 7 j by simp
then have 23: |u fs"" i j| < 1 / 2 using 06 by simp
have 24: LLL-measure i fs'"" = LLL-measure i fs using 02 18 by simp
have 25: (V k < m. d fs'"" k = d fs k) using 16 05 by simp
have 26: (V k < m. gso fs" k = gso fs k) using 15 03 by simp
have 27: p-small-row i fs (Suc j) = p-small-row i fs"' j
using 21 01 p-small-row-def i j ¢ by auto
have 28: length fs = m length mfs = m using LLL-invD-modw|OF Linvmw)] by
auto
have 29: map (map-vec (Ax. x symmod p)) fs = mfs using assms LLL-invD-modw
by simp
have 30: N i. i < m = fs | i € carrier-vec n A\ i. i < m = mfs | i €
carrier-vec n
using LLL-invD-modw|OF Linvmw] by auto
have 31: \ i. i < m = fs'! i € carrier-vec n using fs'-def 30(1)
using 08 091 fs-int-indpt.f-carrier by blast
have 32: A\ i. i < m = mfs’! i € carrier-vec n unfolding mfs’ using 30(2)
28(2)
by (metis (no-types, lifting) Suc-lessD j less-trans-Suc map-carrier-vec mi-
nus-carrier-vec
nth-list-update-eq nth-list-update-neq smult-closed)
have 33: length mfs’ = m using 28(2) mfs’ by simp
then have 34: map (map-vec (A\x. x symmod p)) fs' = mfs’
proof —
{
fix i’ j’
have j2: j < m using j ¢ by auto
assume i i’ < m
assume j": j' < n
then have fsij: (fs ! i’ $ j') symmod p = mfs ! i’ $ j' using 30 i’ j' 28 29
by fastforce
have mfs’ ! i $ j' = (mfs ' i $ j'— (c -, mfs ! j) $ 7)) symmod p
unfolding mfs’ using 30(2) j' 28 j2
by (metis (no-types, lifting) carrier-vecD i indez-map-vec(1) index-minus-vec(1)

index-minus-vec(2) indes-smult-vec(2) nth-list-update-eq)
then have mfs’ij: mfs’ 1 i $ 5/ = (mfs i $ j'— cx mfs ! j$ j) symmod p
unfolding mfs’ using 30(2) i’ j' 28 j2 by fastforce
have (fs’! i’ $ j') symmod p = mfs’ ! i’ $ j’
proof(cases i’ = i)
case True
show ?thesis using fs’-def mfs’ True 28 fsij
proof —
have fs'1 i’ $ j' = (fs! i’ — c -, fs ! j) $ j' using fs'-def True i’ j' 28(1)
by simp
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also have ... = fs ! i'$ j' ' — (¢ - fs ! j) $ j/ using i’ j' 30(1)
by (metis Suc-lessD carrier-vecD i indez-minus-vec(1) index-smult-vec(2)
Jj less-trans-Suc)
finally have fs’! i’ $ j'=fs!i'$
then have (fs'! i’ $ j') symmod p =
p by auto
also have ... = ((fs ! i’ $ j") symmod p — ((¢ -» fs ! j) $ j') symmod p)
symmod p
by (simp add: sym-mod-diff-eq)
also have (¢, fs!j)$ i =cx*x(fs!j$j)
using i’ j' True 28 30(1) j
by (metis Suc-lessD carrier-vecD index-smult-vec(1) less-trans-Suc)
also have ((fs!i’$ j’) symmod p — (c * (fs!j $ 7)) symmod p) symmod

i'—= (¢ fs1j)$ 4 by auto
(fs'i'"$j" — (¢ fs14) %)) symmod

((fsti’$ 5" symmod p — c* ((fs !4 $ 7)) symmod p)) symmod p
using i’ j' True 28 30(1) j by (metis sym-mod-diff-right-eq sym-mod-mult-right-eq)
also have ((fs ! j $ j) symmod p) = mfs ! j $ j' using 30 i’ j' 28 29 j2
by fastforce
also have ((fs!i’$ j') symmod p — ¢ * mfs ! j $ j') symmod p =
(mfs ! i’ 8" — cx mfs!j$ j) symmod p using fsij by simp
finally show ?thesis using mfs'ij by (simp add: True)

qged
next

case Fulse

show ?thesis using fs’-def mfs’ False 28 fsij by simp
qed

}
then have Vi’ < m. (map-vec (Az.  symmod p)) (fs’!i’) = mfs’ 1 i’
using 31 32 33 08 by fastforce
then show %thesis using 31 32 33 08 by (simp add: map-nth-eq-conv)
qed
then have 35: map (map-vec (A\z. z symmod p)) fs'' = mfs’ using 12 by simp
have 36: lin-indep fs'' using 13 by simp
have Linvw’: LLL-invariant-weak fs'' using LLL-invariant-weak-def 11 13 14
by simp
have 39: (Vi' < m. Vj' < i’ |du fs"" i’ j'| < px*dfs"j = dfs" (Sucj’))
proof —
{
fix i’ j'
assume i i’ < m
assume ;" j’ < i’
define pdd where pdd = (p * d fs'" j' * d fs" (Suc j"))
then have pddgtz: pdd > 0
using pgtz j' LLL-d-pos|OF Linvw’, of Suc j'| LLL-d-pos|OF Linvw’, of j]
j' i’ 16 by simp
have |du fs" i’ j'| < pxd fs" j' * d fs" (Suc j’)
proof(cases i’ = 1)
case i'i: True
then show ?thesis
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proof (cases j' < §)
case True
then have eq'”: du fs" i’ j' = du fs' i’ j' symmod (p * d fs"' j' x d fs”’
(Suc j'))
using 16 17 10 I-def True i’ j' i"i by simp
have 0 < pdd using pddgtz by simp
then show ?thesis unfolding eq’’ unfolding pdd-def[symmetric] using
sym-mod-abs by blast
next
case fls: Fulse
then have (i',j') ¢ I using I-def i'i by simp
then have dmufs''fs’: du fs'' i’ 7' = du fs' i’ j' using 17 i’ j' by simp
show ?thesis
proof (cases j' = j)
case True
define p'’ where p'" = p fs' i’ j'
define d'" where d”" = d fs"' (Suc j')
have pgel: p > 1 using pgtz by simp
have lh: |p"| < 1 / 2 using 28 True i'i p’’-def by simp
moreover have eq: du fs'' i’ j' = p'’ « d' using du-def i’ j' p'’-def
d"-def
by (smt 14 36 LLL.d-def Suc-lessD fs-int.d-def fs-int-indpt.du
fs-int-indpt.intro
int-of-rat(1) less-trans-Suc mult-of-int-commute of-rat-mult
of-rat-of-int-eq)
moreover have Sj": Suc j' < m j’' < m using True j' i i’ by auto
moreover then have gtz: 0 < d” using LLL-d-pos|OF Linvw'] d''-def
by simp
moreover have rat-of-int |dyp fs'' i' j'| = |p" * (rat-of-int d")|
using eq by (metis of-int-abs of-rat-hom.injectivity of-rat-mult
of-rat-of-int-eq)
moreover then have |’ x rat-of-int d"' | = |u"| * rat-of-int |d
by (metis (mono-tags, opaque-lifting) abs-mult of-int-abs)
moreover have ... = |u"| * rat-of-int d”’ using gtz by simp
moreover have ... < rat-of-int d’’ using Ih gtz by simp
ultimately have rat-of-int |du fs'' i’ j'| < rat-of-int d'' by simp
then have |du fs'' i’ j'| < d fs” (Suc j') using d'’-def by simp
then have |du fs” i’ j'| < p = d fs" (Suc j') using pgel
by (smt mult-less-cancel-right2)
then show ?thesis using pgel LLL-d-pos|OF Linvw'' Sj’(2)] ¢tz unfolding
d''-def

l/|

by (smt mult-less-cancel-left2 mult-right-less-imp-less)
next
case Fulse
have j' < m using i’ j' by simp
moreover have j’' > j using Fulse fls by simp
ultimately have p fs' i’ j' = p fs i’ j/ using i’ 0/ i by simp
then have du fs’' i’ j' = du fs i’ j' using du-def i’ j' 05 by simp
then have du fs" i’ j' = dp fs i’ j' using dmufs'’fs’ by simp
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then show ?thesis using LLL-invD-modw[OF Linvmw] i’ j' 25 by simp
qed
qed
next
case Fulse
then have (i’j") ¢ I using I-def by simp
then have dmufs’/fs”: du fs' i’ j' = dp fs' i’ j' using 17 i’ j' by simp
have p fs' i’ j' = p fs i’ j' using i’ 04 j' False by simp
then have du fs' i’ j' = dp fs i’ j' using du-def i’ j' 05 by simp
moreover then have du fs'' i’ j' = du fs i’ j' using dmufs’'fs’ by simp
then show ?thesis using LLL-invD-modw|OF Linvmw| i’ j' 25 by simp
qed
}
then show #?thesis by simp
qed
have f0: Vi’ < m.Vj' ' <m.i'#iVj >j— dufs'ij = dmu$$ (i'j))
proof —
{
fix i’ j’
assume i i’ < m and j: j' < m
assume assm: i’ # iV j' > j
have dy fs' i’ j' = dmu 3% (i',j")
proof (cases i’ # i)
case True
then show ?thesis using fs’-def LLL-invD-modw|[OF Linvmw] du-def i i’ j

-/

J
04 28(1) LLL-invI-weak basis-reduction-add-row-main(8)[OF Linvww)] by
auto
next
case Fulse

then show ?thesis
using 05 LLL-invD-modw|[OF Linvmuw) du-def i j j' 04 assm by simp
qed
}
then show #?thesis by simp
qed
have 41:Vj' < j. du fs'ij = dmu $$ (i,j") — ¢ * dmu $$ (4,5
proof —
{
let %0i = of-int :: - = rat
fix j'
assume j": j' < j
define dj’ pi pj where dj’ = d fs (Suc j') and pi = p fsij and puj = p fs
JJ
have ?20i (dp fs' ij') = 201 (d fs (Suc j)) * (n fsij' — 20ic* p fsjj’)
using j' 04 du-def
by (smt 05 08 091 Suc-lel d-def diff-diff-cancel fs-int.d-def
fs-int-indpt.fs-int-mu-d-Z i int-of-rat(2) j less-imp-diff-less less-imp-le-nat)
also have ... = (%0i dj’) * (ui — of-int ¢ * pj)
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using dj’-def pi-def pj-def by (simp add: of-rat-mult)

also have ... = (rat-of-int dj’) * ui — of-int ¢ * (rat-of-int dj’) * uj by
algebra
also have ... = rat-of-int (dp fs i j") — ?0i ¢ x rat-of-int (du fs j j') unfolding

dj’-def pi-def pj-def
using i j j’ du-def
using 28(1) LLL.LLL-invD-modw(4) Linvmw d-def fs-int.d-def fs-int-indpt.fs-int-mu-d-Z
fs-int-indpt.intro by auto
also have ... = rat-of-int (dmu $$ (4,j")) — ?0i ¢ * rat-of-int (dmu $$ (j,7'))
using LLL-invD-modw(7)[OF Linvmw] du-def j' i j by auto
finally have %o0i (dp fs’ i j") = rat-of-int (dmu $$ (i,7")) — %0i ¢ * rat-of-int
(dmu $$ (4,7") by simp
then have du fs' i j' = dmu $$ (i,j') — ¢ * dmu $$ (5,5
using of-int-eq-iff by fastforce
}

then show ?thesis by simp
qed
have /2: Vi’ < m.Vj' < m. du fs"" i’ j' = dmu’ $$ (i',j"))
proof —
{
fix i’ j’
assume ¢ i’ < m and j" j' < m
have dy fs"' i’ j' = dmu’ $$ (i7"
proof (cases i’ = i)
case i'i: True
then show ?thesis
proof (cases j' > )
case True
then have (i',j)¢1 using I-def by simp
moreover then have dy fs' i’ j' = du fs i’ 7' using 04 05 True Suc-lel
dp-def i’ j' by simp
moreover have dmu’ $$ (i',j") = dmu $$ (¢',j') using dmu’ True i’ j' by
stmp
ultimately show ?thesis using 17 40 True i’ j' by auto
next
case Fulse
then have j’'lej: j' < j by simp
then have eq”: du fs’ i 7' = dmu $$ (i,j) — ¢ * dmu $$ (j,j') using 41
by simp
have id: d-of dmu j' = d fs j' d-of dmu (Suc j') = d fs (Suc j')
using d-of-weak[OF Linvmw) <j' < m» by auto
show ?thesis
proof (cases j' # j)
case True
then have j'ltj: j/ < j using True False by simp
then have (i',j') € I using I-def True i'i by simp
then have du fs'' i’ j' =
(dmu $$ (i,5") — ¢ * dmu $$ (4,5') symmod (p * d fs’ j' = d fs’ (Suc j'))
using 17 i’ 41 j'lej by (simp add: j' i'i)
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also have ... = (dmu $$ (i,j)) — ¢ * dmu $$ (4,5")) symmod (p * d fs j’

* d fs (Suc j’))
using 05 i j'ltj j by simp
also have ... = dmu’ $$ (i,j)
unfolding dmu’ index-mat(1)[OF i < m» <j’ < m»] split id using

j'lej True by auto

finally show ?thesis using i’i by simp

next

case Fulse

then have j’j: j' = j by simp

then have du fs" i j' = du fs' i j' using 20 j' by simp

also have ... = dmu $$ (i,j') — ¢ * dmu $$ (j,j") using eq’ by simp
also have ... = dmu’ $$ (i,j') using dmu’ j'j i j' by simp
finally show ?thesis using i’i by simp
qed
qged
next
case Fulse

then have (i',j')¢1 using I-def by simp
moreover then have du fs' i’ j' = du fs i’ j' by (simp add: 04 05 False
Suc-lel du-def i’ j')
moreover then have dmu’ $$ (i’,j') = dmu $$ (i',j') using dmu’ False i’
i’ by simp
ultimately show ?thesis using 17 40 False i’ j' by auto
qed
}
then show ?thesis by simp
qed
from gbnd 26 have gbnd: g-bnd-mode first b fs using g-bnd-mode-cong|of fs"
fs] by simp
{
assume Linv: LLL-invariant-mod fs mfs dmu p first b i
have Linvw: LLL-invariant-weak' i fs using Linv LLL-invD-mod LLL-invl-weak
by simp
note Linvww = LLL-invw’-imp-w[OF Linvw)
have 00: LLL-invariant-weak’ i fs' using Linvw basis-reduction-add-row-weak| OF
Linvw i j fs'-def] by auto
have 37: weakly-reduced fs' i using 15 LLL-invD-weak(8)[OF 00] gram-schmidt-fs.weakly-reduced-def

by (smt Suc-lessD i less-trans-Suc)
have 38: LLL-invariant-weak’ i fs'’
using 00 11 14 36 37 ¢ 31 12 LLL-invariant-weak’-def by blast
have LLL-invariant-mod fs'' mfs’ dmu’ p first b i
using LLL-invI-mod[OF 383 - 14 11 13 37 35 39 42 p1 gbnd LLL-invD-mod(17)[OF
Linv]] i by simp
}
moreover have LLL-invariant-mod-weak fs'' mfs’ dmu’ p first b
using LLL-invI-modw[OF 33 14 11 13 35 89 42 p1 gbnd LLL-invD-modw(15)[OF
Linvmuw]] by simp
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ultimately show %thesis using 27 23 2/ 25 26 172 by auto
qed

definition D-mod :: int mat = nat where D-mod dmu = nat (] i < m. d-of
dmu 17)

definition logD-mod :: int mat = nat

where logD-mod dmu = (if o = 4/3 then (D-mod dmu) else nat (floor (log (1
/ of-rat reduction) (D-mod dmu))))
end

locale fs-int’-mod =

fixes n m fs-init o i fs mfs dmu p first b

assumes LLL-inv-mod: LLL.LLL-invariant-mod n m fs-init o fs mfs dmu p first
bi

context LLL-with-assms
begin

lemma basis-reduction-swap-weak’: assumes Linvw: LLL-invariant-weak’ i fs
and i: i < m
and i0: i # 0
and mu-F1-i: |p fsi (i—1)] <1/ 2
and norm-ineq: sg-norm (gso fs (i — 1)) > « * sqg-norm (gso fs i)
and fs'-def: fs' = fs[i:=fs! (i — 1),i — 1 := fs 4]
shows LLL-invariant-weak’ (i — 1) fs’
proof —
note inv = LLL-invD-weak[OF Linvw]
note invw = LLL-invw’-imp-w|[OF Linvw]
note main = basis-reduction-swap-main| OF invw disjI2| OF mu-F1-i] i i0 norm-ineq
fs'-def]
note inv’' = LLL-inv-wD[OF main(1)]
from (weakly-reduced fs i» have weakly-reduced fs (i — 1)
unfolding gram-schmidt-fs.weakly-reduced-def by auto
also have weakly-reduced fs (i — 1) = weakly-reduced fs' (i — 1)
unfolding gram-schmidt-fs.weakly-reduced-def
by (intro all-cong, insert i0 i main(5), auto)
finally have red: weakly-reduced fs’ (i — 1) .
show LLL-invariant-weak’ (i — 1) fs’ using 4
by (intro LLL-invI-weak red inv’, auto)
qed

lemma basis-reduction-add-row-done-weak:
assumes Linv: LLL-invariant-weak’ i fs
and i: i < m
and mu-small: p-small-row i fs 0

shows p-small fs i

proof —
note inv = LLL-invD-weak[OF Linv)]
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from mu-small
have mu-small: p-small fs i unfolding p-small-row-def p-small-def by auto
show ?thesis
using ¢ mu-small LLL-invI-weak|[OF inv(3,6,7,9,1)] by auto
qed

lemma LLL-invariant-mod-to-weak-m-to-i: assumes
inv: LLL-invariant-mod fs mfs dmu p first b m
and 7: 1 < m
shows LLL-invariant-mod fs mfs dmu p first b @
LLL-invariant-weak’ m fs
LLL-invariant-weak’ i fs
proof —
show LLL-invariant-mod fs mfs dmu p first b i
proof —
have LLL-invariant-weak’ m fs using LLL-invD-mod|[OF inv] LLL-invI-weak
by simp
then have LLL-invariant-weak’ i fs using LLL-inv-weak-m-impl-i i by simp
then have weakly-reduced fs i using ¢ LLL-invD-weak(8) by simp
then show ?thesis using LLL-invD-mod|[OF inv] LLL-invI-mod i by simp
qged
then show fsinvwi: LLL-invariant-weak’ i fs using LLL-invD-mod LLL-invI-weak
by simp
show LLL-invariant-weak’ m fs using LLL-invD-mod|OF inv] LLL-invI-weak
by simp
qged

lemma basis-reduction-mod-swap-main:
assumes Linvmw: LLL-invariant-mod-weak fs mfs dmu p first b
and k: k< m
and k0: k # 0
and mu-F1-i: |p fs k (k—1)] <1/ 2
and norm-ineq: sg-norm (gso fs (k — 1)) > a * sg-norm (gso fs k)
and mfs’-def: mfs’ = mfs[k := mfs ! (k — 1), k — 1 := mfs | k]
and dmu’-def: dmu’ = (mat m m (A(4,5). (
if j < i then
ifi =k — 1 then
dmu $$ (k, j)
elseifi =k Nj#k— 1then
dmu $$ (k — 1, j)
else if i > k N j = k then
((d-of dmu (Suc k)) * dmu $$ (i, k — 1) — dmu $$ (k, k — 1) * dmu $3$
(4, 7))
div (d-of dmu k)
elseif i > kNj=k — 1then
(dmu $$ (k, k — 1) x dmu $$ (4, j) + dmu $$ (4, k) * (d-of dmu (k—1)))
div (d-of dmu k)
else dmu $$ (i, j)
else if i = j then
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ifi =k — 1 then
((d-of dmu (Suc k)) * (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$
(k, k — 1))
div (d-of dmu k)
else (d-of dmu (Suc 7))
else dmu 3% (i, j))
)
and dmu’-mod-def: dmu’-mod = mat m m (A\(4, j). (
fj<iA(G=kVj=k— 1) then
dmu’ $$ (i, §) symmod (p * (d-of dmu’ j) * (d-of dmu’ (Suc 7)))
else dmu' $$ (i, j)))
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’-mod p first b A
LLL-measure (k—1) fs' < LLL-measure k fs A
(LLL-invariant-mod fs mfs dmu p first b k — LLL-invariant-mod fs’ mfs’
dmu’-mod p first b (k—1)))
proof —
define fs’ where fs' = fslk:=fs ! (k — 1), k — 1 := fs | k]
have pgtz: p > 0 and p1: p > 1 using LLL-invD-modw[OF Linvmw] by auto
have invw: LLL-invariant-weak fs using LLL-invD-modw|[OF Linvmw)] LLL-invariant-weak-def
by simp
note swap-main = basis-reduction-swap-main(8—)[OF invw disjI2[OF mu-F1-i]
k kO norm-ineq fs’-def]
note ddu-swap = d-dp-swap[OF invw disjI2[OF mu-F1-i] k k0 norm-ineq fs'-def]
have invw’: LLL-invariant-weak fs’ using fs’-def assms invw basis-reduction-swap-main(1)
by simp
have 02: LLL-measure k fs > LLL-measure (k — 1) fs' by fact
have 03: N ij. i<m = j<i=
du fs"ij = (
ifi =k — 1 then
dp fs k j
elseifi=kNj#k— 1then
du fs (k= 1) j
else if i > k N j =k then
(dfs (Suck)«xdufsi(k—1)—dufsk(k—1)xdufsij) divdfsk
elseif i > kNj=k — 1then
(dufsk(k—1)xdufsij+dufsikxdfs(k—1)) divdfsk
else du fs i j)
using ddu-swap by auto
have 031: N\i. i < k—1 = gso fs' i = gso fs i
using swap-main(2) k k0 by auto
have 032: A\ ii. it < m = of-int (d fs' ii) = (if i = k then
sg-norm (gso fs' (k — 1)) / sg-norm (gso fs (k — 1)) = of-int (d fs k)
else of-int (d fs ii))
by fact
have gbnd: g-bnd-mode first b fs’
proof (cases first N m # 0)
case True
have sq-norm (gso fs' 0) < sg-norm (gso fs 0)
proof (cases k — 1 = 0)
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case Fulse

thus ?thesis using 031[of 0] by simp
next

case x: True

have k-1: kK — 1 < m using k by auto

from * k0 have k1: k = 1 by simp

have sq-norm (gso fs' 0) < abs (sg-norm (gso fs’ 0)) by simp
also have ... = abs (sg-norm (gso fs 1) + p fs 1 0 x p fs 1 0 x sg-norm (gso
f50))
by (subst swap-main(3)[OF k-1, unfolded %], auto simp: k1)
also have ... < sg-norm (gso fs 1) + abs (i fs 1 0) x abs (p fs 1 0) * sg-norm
(950 fs 0)
by (simp add: sq-norm-vec-ge-0)
also have ... < sg-norm (gso fs 1) + (1 / 2) = (1 / 2) * sg-norm (gso fs 0)
using mu-F1-i[unfolded k1]
by (intro plus-right-mono mult-mono, auto)
also have ... < I / a * sg-norm (gso fs 0) + (1 / 2) = (1 / 2) % sqg-norm
(950 fs 0)
by (intro add-strict-right-mono, insert norm-ineq[unfolded mult.commute[of
al,
THEN mult-imp-less-div-pos| OF «0(1)]] k1, auto)
also have ... = reduction x sg-norm (gso fs 0) unfolding reduction-def
using a0 by (simp add: ring-distribs add-divide-distrib)
also have ... < 1 * sg-norm (gso fs 0) using reduction(2)
by (intro mult-right-mono, auto)
finally show ?thesis by simp
qed
thus ?thesis using LLL-invD-modw(14)[OF Linvmw| True
unfolding g-bnd-mode-def by auto
next
case Fulse
from LLL-invD-modw(14)[OF Linvmw] False have g-bnd b fs unfolding
g-bnd-mode-def by auto
hence g-bnd b fs' using g-bnd-swap|OF k k0 invw mu-F1-i norm-ineq fs’-def]
by simp
thus ?thesis using False unfolding g-bnd-mode-def by auto
qed
note d-of = d-of-weak[OF Linvmuw]
have 033: N i. i <m = du fs'ii=(
ifi =k — 1 then
((d-of dmu (Suc k)) = (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$
(k, k — 1))
div (d-of dmu k)
else (d-of dmu (Suc 7)))
proof —
fix ¢
assume : i < m
have dup fs" i i = d fs' (Suc i) using ddu i by simp
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also have ... = (if i = k — 1 then
(dfs(Suck)«xdfs(k—1)+dufsk(k—1)xdufsk(k— 1)) divdfs

else d fs (Suc 7))
by (subst ddu-swap, insert ddy k0 i, auto)
also have ... = (if i = k — 1 then
((d-of dmu (Suc k)) x (d-of dmu (k—1)) + dmu $$ (k, k — 1) * dmu $$ (k,
k- 1)
div (d-of dmu k)
else (d-of dmu (Suc ©))) (is - = 2r)
using d-of i k LLL-invD-modw(7)[OF Linvmw] by auto
finally show du fs' ii = %r .
qed
have 04: lin-indep fs' length fs’ = m lattice-of fs' = L using LLL-inv-wD[OF
invw’] by auto
define I where I = {(i,j). i<mAj<iAN(=kVji=k—-1)}
then have Isubs: I C {(i,j). ¢ < m A j < i} using k k0 by auto
obtain fs'’ where
05: lattice-of fs'"" = L and
06: map (map-vec (X z. x symmod p)) fs
fs’ and
07: lin-indep fs'" and
08: length fs" = m and
09: (V k < m. gso fs" k = gso fs' k) and
10: WV k< m.dfs" k=dfs'k)and
11: (V i’ <m. ¥V j'<m. du fs" i’ j =
(if (i',j)) € Ithen du fs' i’ j' symmod (p * d fs' j' * d fs' (Suc j')) else
dp fs" i j'))
using mod-finite-set|OF 04 (1) 04(2) Isubs 04(3) pgtz] by blast
have 13: length mfs’ = m using mfs’-def LLL-invD-modw(1)[OF Linvmw] by
simp
have 1/: map (map-vec (A z. x symmod p)) fs'' = mfs’
using 06 fs'-def k k0 04(2) LLL-invD-modw(5)[OF Linvmuw]
by (metis (no-types, lifting) length-list-update less-imp-diff-less map-update
mfs’-def nth-map)
have LLL-measure (k — 1) fs" = LLL-measure (k — 1) fs’ using 10 LLL-measure-def
logD-def D-def by simp
then have 15: LLL-measure (k — 1) fs" < LLL-measure k fs using 02 by simp

{
fix i/ j’
assume i’j": i'<m j'<i’
and neq: j' £ kj' #£k— 1
hence j'k: j' # k Suc j' # k using k0 by auto
hence d fs" j' = d fs j' d fs"" (Suc j') = d fs (Suc j’)
using <k < m» i'j' kO
10[rule-format, of j'| 032[rule-format, of j'|
10[rule-format, of Suc j'| 032[rule-format, of Suc j']
by auto

"= map (map-vec (X z. x symmod p))
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} note d-id = this

have 16: Vi'<m. Vj'<i' |dp fs" ' j'| < pxdfs’" j x dfs'"" (Sucj’)
proof —
{
fix i’ j’
assume 77" i'<m j'<i’
have |du fs" i’ j'| < pxd fs" j * d fs" (Suc j’)
proof (cases (i',j') € I)
case True
define pdd where pdd = (p x d fs’ j' * d fs' (Suc j"))
have pdd-pos: pdd > 0 using pgtz i’j’ LLL-d-pos|OF invw’] pdd-def by simp
have du fs"' i’ j' = du fs' i’ ' symmod pdd using True 11 i'j' pdd-def by
stmp
then have |du fs" i’ j'| < pdd using True 11 i'j’ pdd-pos sym-mod-abs by
stmp
then show ?thesis unfolding pdd-def using 10 i'j’ by simp
next
case Fulse
from False[unfolded I-def] i’j’ have neg: j' # k j' # k — 1 by auto

consider (1) i'=k—1Vi'=k|(2)-(i'=k—-1Vi=k)
using False i’j’ unfolding I-def by linarith
thus ?thesis
proof cases
case xx*: |
let 2" =ifi’ =k — 1 then k else k —1
from *x neg i’j’ have ' 2" < m j' < %' using k0 k by auto
have du fs"" i’ j' = du fs' i’ j' using 11 False i'j’ by simp
also have ... = du fs %" j' unfolding 03[OF i’ < my ¢j’ < i"]
using *x neg by auto
finally show ?thesis using LLL-invD-modw(6)[OF Linvmw, rule-format,
OF i"] unfolding d-id[OF i’j' neg] by auto

next
case *x: 2
hence neq: j' # k j' # k — 1 using Fualse k k0 i'j’ unfolding I-def by
auto
have dy fs"' i’ j' = du fs' i’ j' using 11 False i'j’ by simp
also have ... = du fs i’ j/ unfolding 03[OF i’ < m» j' < i"}] using *x
neq by auto

finally show ?thesis using LLL-invD-modw(6)[OF Linvmw, rule-format,
OF i'j'] using d-id[OF i'j’ neq] by auto
qged
qed

}

then show ?thesis by simp
qed
have 17: Vi'<m. Vj'<m. du fs"" i’ j' = dmu’-mod $$ (i’, j')
proof —
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{
fix i’ j’
assume 7’5" i'<m j'<i’
have d’'dmu’: Vj' < m. d fs’ (Suc j') = dmu’ $$ (j/, j') using ddu dmu’-def
033 by simp
have eq”: du fs' i’ j' = dmu’ $$ (i', j')
proof —
have t00: du fs k j' = dmu $$ (k, j') and
t01: dp fs (k — 1) j'= dmu $$ (k — 1, j') and
t04: dy fsk (k— 1) = dmu $$ (k, k — 1) and
t05: dp fs i’ k = dmu $$ (i, k)
using LLL-invD-modw(7)[OF Linvmw] ¢'j’ k ddu k0 by auto
have t03: d fs k = du fs (k—1) (k—1) using k0 k by (metis LLL.ddu
Suc-diff-1 lessI not-gr-zero)
have t06: d fs (k — 1) = (d-of dmu (k—1)) using d-of k by auto
have t07: d fs k = (d-of dmu k) using d-of k by auto
have j” j' < m using ¢’j’ by simp
have du fs' i’ j' = (if i’ = k — 1 then
dmu $$ (k, j’)
elseif i’ =k N j' # k — 1 then
dmu $8 (k — 1, 5"
else if i’ > k A j' = k then
(dmu $$ (k, k) * dmu $$ (i', k — 1) — dmu $$ (k, k — 1) * dmu
$$ (i’, 7)) div (d-of dmu k)
elseif i’ > kN j' =k — 1 then
(dmu $$ (k, k — 1) * dmu $$ (i', j') + dmu $$ (i, k) = d fs (k —
1)) div (d-of dmu k)
else dmu $$ (i', 7))
using ddu k 100 101 t03 LLL-invD-modw(7)[OF Linvmw]| k i'j’" j' 03 t07
by simp
then show ?thesis using dmu’-def i'j’ j' t06 t07 by (simp add: d-of-def)
qed
have du fs' i’ j' = dmu’-mod $$ (i’, j')
proof (cases (i'j") € I)
case i'j'I: True
have j": j' < m using i'j’ by simp
show ?thesis
proof —
have dmu’-mod $3$ (i'j') = dmu’ $$ (i',j")
symmod (p * (d-of dmu’ j') x (d-of dmu’ (Suc j")))
using dmu’-mod-def i'j’ i'j'I I-def by simp
also have d-of dmu’ j' = d fs' j’
using j’ d’'dmu’ d-def Suc-diff-1 less-imp-diff-less unfolding d-of-def
by (cases j', auto)
finally have dmu’-mod $$ (i’,j") = dmu’$$ (i’,j') symmod (p * d fs' j' *
a fs' (Suc 1)
using ddp[OF j'] d'dmu’ j' by (auto simp: d-of-def)
then show ?thesis using i’j'[ 11 i'j' eq’ by simp
qged
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next

case Fulse
have du fs'' i’ j' = du fs' i’ j' using Fualse 11 i'j’ by simp
also have ... = dmu’ $$ (i/, j/) unfolding eq’ ..

finally show ?thesis unfolding dmu’-mod-def using False[unfolded I-def]
i}’ by auto
qed
}
moreover have Vi’ j’. i’ < m — j' < m — i’ = j' — dp fs"" i’' j =
dmu’-mod $$ (i’, j')
using ddp dmu’-def 033 10 dmu’-mod-def 11 I-def by simp
moreover {
fix i’ j’
assume i'j": ' < mj < mi <j
then have pz: p fs” i’ j' = 0 by (simp add: gram-schmidt-fs.p.simps)
have dmu’-mod $% (i',j") = dmu’ $$ (i’,j) using dmu’-mod-def i'j"’ by auto

also have ... = du fs i’ j' using LLL-invD-modw(7)[OF Linvmw] 5"
dmu’-def by simp
also have ... = 0 using du-def i’j” by (simp add: gram-schmidt-fs.p.simps)

"z

finally have du fs"' i’ j' = dmu’-mod $$ (i',j') using pz d-def i’j" du-def
by simp
}
ultimately show ?thesis by (meson nat-neg-iff)
qed
from gbnd 09 have g-bnd: g-bnd-mode first b fs’’ using g-bnd-mode-cong[of fs’
fs"] by auto

assume Linv: LLL-invariant-mod fs mfs dmu p first b k
have 00: LLL-invariant-weak’k fs using LLL-invD-mod[OF Linv] LLL-invI-weak
by simp
note swap-weak’ = basis-reduction-swap-weak’'|OF 00 k kO mu-F1-i norm-ineq
fs'-def]
have 01: LLL-invariant-weak’ (k — 1) fs' by fact
have 12: weakly-reduced fs'' (k—1)
using 051 09 k LLL-invD-weak(8)[OF 00] unfolding gram-schmidt-fs.weakly-reduced-def
by simp
have LLL-invariant-mod fs"" mfs’ dmu’-mod p first b (k—1)
using LLL-invl-mod[OF 18- 08 05 07 12 14 16 17 p1 g-bnd LLL-invD-mod(17)[OF
Linv]] k by simp

moreover have LLL-invariant-mod-weak fs'’ mfs’ dmu’-mod p first b

using LLL-invI-modw[OF 18 08 05 07 14 16 17 p1 g-bnd LLL-invD-modw(15)[OF
Linvmuw)] by simp

ultimately show ¢thesis using 15 by auto
qed

lemma dmu-quot-is-round-of-u:

assumes Linv: LLL-invariant-mod fs mfs dmu p first b i’
and c: ¢ = round-num-denom (dmu $$ (4,5)) (d-of dmu (Suc j))
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and i: i < m

and j: j < ¢
shows ¢ = round(u fs ¢ j)
proof —

have Linvw: LLL-invariant-weak’ i’ fs using LLL-invD-mod[OF Linv|] LLL-invI-weak
by simp
have j2: j < m using i j by simp
then have j3: Suc j < m by simp
have p1: u fsjj = 1 using ¢ j by (meson gram-schmidt-fs.u.elims less-irrefl-nat)
have inZ: rat-of-int (d fs (Suc j)) * u fs i j € Z using fs-int-indpt.fs-int-mu-d-Z-m-m
ij
LLL-invD-mod(5)[OF Linv] LLL-invD-weak(2) Linvw d-def fs-int.d-def fs-int-indpt.intro
by auto
have ¢ = round(rat-of-int (dp fs ij) / rat-of-int (dp fs jj)) using LLL-invD-mod(9)
Linvijc
by (simp add: round-num-denom d-of-def)
then show ?thesis using LLL-d-pos|OF LLL-invw’-imp-w|[OF Linvw] j8] j i inZ
du-def pu1 by simp
qed

lemma dmu-quot-is-round-of-p-weak:
assumes Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and c: ¢ = round-num-denom (dmu $$ (4,5)) (d-of dmu (Suc j))
and it i < m

and j: j < ¢
shows ¢ = round(u fs i j)
proof —

have Linvww: LLL-invariant-weak fs using LLL-invD-modw|OF Linv| LLL-invariant-weak-def
by simp

have j2: j < m using ¢ j by simp

then have j3: Suc j < m by simp

have ul: u fsjj= 1 using i j by (meson gram-schmidt-fs.u.elims less-irrefl-nat)

have inZ: rat-of-int (d fs (Sucj)) * u fs i j € Z using fs-int-indpt.fs-int-mu-d-Z-m-m
ij

LLL-invD-modw|OF Linv] d-def fs-int.d-def fs-int-indpt.intro by auto

have ¢ = round(rat-of-int (dp fsij) / rat-of-int (dp fs jj)) using LLL-invD-modw(7)

Linvijec
by (simp add: round-num-denom d-of-def)

then show ?thesis using LLL-d-pos|OF Linvww j3] j i inZ dp-def pl by simp

qed

lemma basis-reduction-mod-add-row: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-add-row p mfs dmu i j = (mfs’, dmu’)
and i: i < m
and j: j < ¢
and igtz: 7 # 0
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’ p first b A
LLL-measure i fs' = LLL-measure i fs N\
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(p-small-row i fs (Suc j) — p-small-row i fs’ j) A
wfs'igl< 1/ 2
Vi'jhi'<i— i <i'—pf'i'ji=pfsi’j)A
(LLL-invariant-mod fs mfs dmu p first b i — LLL-invariant-mod fs’ mfs’
dmu’ p first b i) A
Vit < m.dfs"i=dfsii))
proof —
define ¢ where ¢ = round-num-denom (dmu $$ (4,5)) (d-of dmu (Suc 7))
then have c¢: ¢ = round(p fs i j) using dmu-quot-is-round-of-p-weak|OF Linv
c-def i j] by simp
show ?thesis
proof (cases ¢ = 0)
case True
then have pair-id: (mfs’, dmu’) = (mfs, dmu)
using res c-def unfolding basis-reduction-mod-add-row-def Let-def by auto
moreover have |u fs i j| < inverse 2 using c[symmetric, unfolded True]
by (simp add: round-def, linarith)
moreover then have (u-small-row i fs (Suc j) — p-small-row i fs j)
unfolding p-small-row-def using Suc-lel le-neq-implies-less by blast
ultimately show ?thesis using Linv pair-id by auto
next
case Fulse
then have pair-id: (mfs’, dmu’) = (mfs[i := map-vec (Az. = symmod p) (mfs !
i— ¢ mfs!j),
mat m m (N(i', 7). if i’ =i NG <]
then if j' = j then dmu $$ (4, i) — ¢ * dmu $$ (4, 7°)
else (dmu $$ (i,5") — ¢ * dmu $$ (4,5))
symmod (p * (d-of dmu j') = (d-of dmu (Suc j")))
else dmu $$ (i’ j)))
using res c-def unfolding basis-reduction-mod-add-row-def Let-def by auto
then have mfs”. mfs’ = mfs[i := map-vec (\z. © symmod p) (mfs ! i — ¢ -
mfs ! j)]
and dmu”: dmu’ = mat mm (A(i', §). if i’ =i N jI <]
then if j' = j then dmu $$ (4, ') — ¢ * dmu $$ (4, §°)
else (dmu $$ (i,j') — ¢ * dmu $$ (4,5)
symmod (p * (d-of dmu j') * (d-of dmu (Suc j")))
else dmu $$ (', j')) by auto
show ?thesis using basis-reduction-mod-add-row-main[OF Linv i j ¢ mfs’ dmu/]
by blast
qed
qed

lemma basis-reduction-mod-swap: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and mu: |p fsk (k—1)| <1/ 2
and res: basis-reduction-mod-swap p mfs dmu k = (mfs’, dmu’-mod)
and cond: sg-norm (gso fs (k — 1)) > a * sg-norm (gso fs k)
and i: k< mk#0
shows (3 fs’. LLL-invariant-mod-weak fs’ mfs’ dmu’-mod p first b A
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LLL-measure (k — 1) fs’ < LLL-measure k fs A

(LLL-invariant-mod fs mfs dmu p first b k — LLL-invariant-mod fs’ mfs’
dmu’-mod p first b (k—1)))
using res[unfolded basis-reduction-mod-swap-def basis-reduction-mod-swap-dmu-mod-def)

basis-reduction-mod-swap-main[OF Linv i mu cond]| by blast

lemma basis-reduction-adjust-mod: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-mod p first mfs dmu = (p’, mfs’, dmu’, g-idx’)
shows (3 fs’ b'. (LLL-invariant-mod fs mfs dmu p first b i — LLL-invariant-mod
fs' mfs’ dmu’ p’ first b’ i) A
LLL-invariant-mod-weak fs' mfs’ dmu’ p’ first b’ A
LLL-measure i fs' = LLL-measure i fs)
proof (cases 3 g-idz. basis-reduction-adjust-mod p first mfs dmu = (p, mfs, dmu,
g-idz))
case True
thus ?thesis using res Linv by auto
next
case Fulse
obtain b’ g-ide where norm: compute-maz-gso-norm first dmu = (b, g-idx) by
force
define p”’ where p"’ = compute-mod-of-maz-gso-norm first b’
define d-vec where d-vec = vec (Suc m) (Ai. d-of dmu 7)
define mfs’” where mfs"’ = map (map-vec (Az. x symmod p'’)) mfs
define dmu’’ where dmu'' = mat m m (\(4, 7).
if j < i then dmu $$ (4, j) symmod (p'' * d-vec $ j x d-vec $ Suc j)
else dmu $3 (¢, §))
note res = res False
note res = res[unfolded basis-reduction-adjust-mod.simps Let-def norm split,
folded p"’-def, folded d-vec-def mfs’’-def, folded dmu''-def]
from res have pp”: p”’ < p and id: dmu’ = dmu'’ mfs’ = mfs" p’ = p"’ g-idx
= g-idx
by (auto split: if-splits)
define I where I = {(ij)). i’ < m A j' < i’}
note inv = LLL-invD-modw[OF Linv)
from inv(4) have lin: gs.lin-indpt-list (RAT fs) .
from inv(3) have lat: lattice-of fs = L .
from inv(2) have len: length fs = m .
have weak: LLL-invariant-weak fs using Linv
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-weak-def)
from compute-maz-gso-norm|[OF - weak, of dmu first, unfolded norm] inv(7)
have bnd: g-bnd-mode first b’ fs and b: b’ > 0 m = 0 = b’ = 0 by auto
from compute-mod-of-max-gso-norm[OF b’ p''-def|
have p'": 0 < p” 1 < p'" mod-invariant b’ p"’ first
by auto
obtain fs’ where
01: lattice-of fs’ = L and
02: map (map-vec (A z. © symmod p”’)) fs' = map (map-vec (A z. x symmod

/
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p")) fs and
03: lin-indep fs’ and
04: length fs' = m and
05: (V k< m. gso fs' k= gso fs k) and
06: (V k< m.dfs"k=dfsk)and
07: (V i/ <m.V j' < m.du fs'i'"j =
(if (i'j") € Ithen du fs i’ j' symmod (p" x d fs j' * d fs (Suc j')) else du fs
i’ j"))
using mod-finite-set| OF lin len - lat, of I| I-def p’’ by blast
from bnd 05 have bnd: g-bnd-mode first b’ fs' using g-bnd-mode-conglof fs fs']
by auto
have D: D fs = D fs’ unfolding D-def using 06 by auto

have Linv": LLL-invariant-mod-weak fs' mfs' dmu’ p’’ first b’
proof (intro LLL-invI-modw p”’ 04 03 01 bnd)
{
have mfs’ = map (map-vec (Az. x symmod p’’)) mfs by fact
also have ... = map (map-vec (Az. z symmod p")) (map (map-vec (Az. z
symmod p)) fs)
using inv by simp
also have ... = map (map-vec (\z. x symmod p symmod p”’)) fs by auto
also have (A z. z symmod p symmod p'’) = (X x. x symmod p'’)
proof (intro ext)
fix z
from ¢<mod-invariant b p first>[unfolded mod-invariant-def] obtain e where

p: p = log-base ~ e by auto
from p”/[unfolded mod-invariant-def] obtain e’ where
p'": p'" = log-base ~ e’ by auto
from pp’[unfolded p p”] log-base have e’ < e by simp
hence dvd: p'’ dvd p unfolding p p’’ using log-base by (metis le-imp-power-dvd)
thus z symmod p symmod p"’ = x symmod p"’
by (intro sym-mod-sym-mod-cancel)
qed
finally show map (map-vec (Az. z symmod p')) fs' = mfs’’ unfolding 02 ..
}
thus length mfs"’ = m using 04 by auto
show Vi'<m. Vj'<i’ |du fs" i’ j'| < p” x d fs'j' x d fs' (Sucj’)
proof —
{
fix i’ j'
assume i'j" i’ < mj < i’
then have du fs' i’ j' = dup fs i’ j' symmod (p” = d fs' j' x d fs' (Suc j"))
using 07 06 unfolding I-def by simp
then have |du fs' i’ j/| < p" * d fs' j' = d fs' (Suc j')
using sym-mod-abs p’’ LLL-d-pos|OF weak] mult-pos-pos
by (smt 06 i'j" less-imp-le-nat less-trans-Suc nat-SN.gt-trans)

}

o8



then show ?thesis by simp
qed
from inv(7) have dmu: i’ < m = j' < m = dmu 33 (i, j') = dup fs i’ j’
for i’ j'
by auto
note d-of = d-of-weak|OF Linv]
have dvec: i < m = d-vec $ i = d fs i for i unfolding d-vec-def using d-of
by auto
show Vi'<m. Vj'<m. du fs'" i’ j' = dmu'' $$ (i’, j')
using 07 unfolding dmu'’-def I-def
by (auto simp: dmu dvec)
qed

moreover
{
assume linv: LLL-invariant-mod fs mfs dmu p first b i
note inv = LLL-invD-mod[OF linv)
hence i: i < m by auto
have norm: j < m = ||gso fs j||*> = ||gso fs' j||* for j
using 05 by auto
have weakly-reduced fs i = weakly-reduced fs' i
unfolding gram-schmidt-fs.weakly-reduced-def using i
by (intro all-cong arg-cong2[where f = (<)] arg-cong[where f = X z. - x z
norm, auto)
with inv have weakly-reduced fs' i by auto
hence LLL-invariant-mod fs’ mfs’’ dmu’’ p"’ first b’ i using inv
by (intro LLL-invI-mod LLL-invD-modw[OF Linv'])
}

moreover have LLL-measure i fs' = LLL-measure i fs
unfolding LLL-measure-def logD-def D ..
ultimately show #thesis unfolding id by blast
qed

lemma alpha-comparison: assumes

Linv: LLL-invariant-mod-weak fs mfs dmu p first b

and alph: quotient-of o = (num, denom)

and it i < m

and ¢0: i # 0
shows (d-of dmu @ x d-of dmu i * denom < num x d-of dmu (i — 1) * d-of dmu
(Suc 1))

= (sg-norm (gso fs (i — 1)) < « * sg-norm (gso fs 7))
proof —

note inv = LLL-invD-modw[OF Linv]

interpret fs-indep: fs-int-indpt n fs

by (unfold-locales, insert inv, auto)

from inv(2) ¢ have ifs: i < length fs by auto

note d-of-fs = d-of-weak|OF Linv)

show ?thesis
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unfolding fs-indep.d-sq-norm-comparison| OF alph ifs i0, symmetric]
by (subst (1 2 8 4) d-of-fs, use i d-def fs-indep.d-def in auto)
qed

lemma basis-reduction-adjust-swap-add-step: assumes
Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-swap-add-step p first mfs dmu g-idz i = (p’, mfs’,
dmu’, g-idz’)
and alph: quotient-of a = (num, denom)
and ineq: = (d-of dmu i * d-of dmu i *x denom
< num x d-of dmu (i — 1) * d-of dmu (Suc 7))
and i: i < m
and i0: i # 0
shows 3 fs’ b'. LLL-invariant-mod-weak fs' mfs’ dmu’ p’ first b’ A
LLL-measure (i — 1) fs' < LLL-measure i fs A
LLL-measure (m — 1) fs' < LLL-measure (m — 1) fs A
(LLL-invariant-mod fs mfs dmu p first b i —
LLL-invariant-mod fs' mfs’ dmu’ p’ first b’ (i — 1))
proof —
obtain mfs0 dmu0 where add: basis-reduction-mod-add-row p mfs dmu i (i—1)
= (mfs0, dmu0) by force
obtain mfs! dmul where swap: basis-reduction-mod-swap p mfsO dmu0 i =
(mfs1, dmul) by force
note res = res[unfolded basis-reduction-adjust-swap-add-step-def Let-def add split
swap]
from 70 have ii: 1 — 1 < i by auto
from basis-reduction-mod-add-row[OF Linv add i it i0)
obtain fsO0 where Linv0: LLL-invariant-mod-weak fsO mfs0 dmu0 p first b
and meas0: LLL-measure 1 fsO = LLL-measure i fs
and small: |p fs0i (i — 1) <1/ 2
and Linv0": LLL-invariant-mod fs mfs dmu p first b i = LLL-invariant-mod
fs0 mfsO dmu0 p first b i
by blast
{
have id: d-of dmu0 i = d-of dmu i d-of dmu0 (i — 1) = d-of dmu (i — 1)
d-of dmu0 (Suc i) = d-of dmu (Suc 7)
using i 0 add[unfolded basis-reduction-mod-add-row-def Let-def]
by (auto split: if-splits simp: d-of-def)
from ineq[folded id, unfolded alpha-comparison[OF Linv0 alph i i0]]
have | gso fs0 (i — 1)||> > a * ||gso fs0 i||* by simp
} note ineq = this
from Linv have LLL-invariant-weak fs
by (auto simp: LLL-invariant-weak-def LLL-invariant-mod-weak-def)
from basis-reduction-mod-swap[OF Linv0 small swap ineq i i0, unfolded meas0]
Linv0’
obtain fs! where Linvi: LLL-invariant-mod-weak fs1 mfsl dmul p first b
and meas!: LLL-measure (i — 1) fs1 < LLL-measure i fs
and Linvl". LLL-invariant-mod fs mfs dmu p first b i = LLL-invariant-mod
fs1 mfsl dmul p first b (i — 1)
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by auto
show ?thesis
proof (cases i — 1 = g-idzx)
case Fualse
with res have id: p’ = p mfs’ = mfsl dmu’ = dmul g-idz’ = g-idz by auto
show ?thesis unfolding id using Linvl’ meas! Linvl by (intro exI[of - fs1]
exI[of - b], auto simp: LLL-measure-def)
next
case True
with res have adjust: basis-reduction-adjust-mod p first mfs1 dmul = (p’, mfs’
dmu’, g-idz’) by simp
from basis-reduction-adjust-mod|OF Linvl adjust, of i — 1] Linvl’
obtain fs’ b’ where Linvw: LLL-invariant-mod-weak fs' mfs’ dmu’ p’ first b’
and Linv: LLL-invariant-mod fs mfs dmu p first b i = LLL-invariant-mod
fs" mfs" dmu’ p’ first b’ (¢ — 1)
and meas: LLL-measure (i — 1) fs’ = LLL-measure (i — 1) fs1
by blast
note meas = measl [folded meas]
from meas have meas’: LLL-measure (m — 1) fs’ < LLL-measure (m — 1) fs
unfolding LLL-measure-def using i by auto
show ?thesis
by (intro exl conjl impl, rule Linvw, rule meas, rule meas’, rule Linv)
qed
qed

lemma basis-reduction-mod-step: assumes
Linv: LLL-invariant-mod fs mfs dmu p first b i
and res: basis-reduction-mod-step p first mfs dmu g-idz i j = (p’, mfs’; dmu’,
g-idx’, i’ §')
and i: i < m
shows 3fs’ b’. LLL-measure i’ fs' < LLL-measure i fs A LLL-invariant-mod fs'
mfs’ dmu’ p’ first b’ i’
proof —
note res = res[unfolded basis-reduction-mod-step-def Let-def]
from Linv have Linvw: LLL-invariant-mod-weak fs mfs dmu p first b
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-mod-def)
show ?thesis
proof (cases i = 0)
case True
then have ids: mfs’ = mfs dmu’ = dmu i’ = Suc i p’ = p using res by auto
have LLL-measure i’ fs < LLL-measure i fs A LLL-invariant-mod fs mfs’ dmu
p first b i’
using increase-i-mod[OF Linv i| True res ids inv by simp
then show ?thesis using res ids inv by auto
next
case Fulse
hence id: (i = 0) = False by auto
obtain num denom where alph: quotient-of « = (num, denom) by force

/
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note res = res[unfolded id if-False alph split)
let 2comp = d-of dmu i * d-of dmu i * denom < num x d-of dmu (i — 1) x
d-of dmu (Suc 7)
show ?thesis
proof (cases Zcomp)
case Fulse
hence id: ?comp = False by simp
note res = res[unfolded id if-False]
let ?step = basis-reduction-adjust-swap-add-step p first mfs dmu g-idz i
from res have step: ?step = (p’/, mfs’, dmu’, g-idx’)
and i i’ =i — 1
by (cases ?step, auto)+
from basis-reduction-adjust-swap-add-step[ OF Linvw step alph False i <i #
0>] Linv
show ?thesis unfolding ¢’ by blast
next
case True
hence id: ?comp = True by simp
note res = res[unfolded id if-True]
from res have ids: p’ = p mfs’ = mfs dmu’ = dmu i’ = Suc i by auto
from True alpha-comparison[OF Linvw alph i False]
have ineq: sg-norm (gso fs (i — 1)) < a * sg-norm (gso fs i) by simp
from increase-i-mod[OF Linv i ineq]
show ?thesis unfolding ids by auto
qed
qged
qged

lemma basis-reduction-mod-main: assumes LLL-invariant-mod fs mfs dmu p first
b
and res: basis-reduction-mod-main p first mfs dmu g-ide i j = (p’, mfs’, dmu’)
shows dfs’ b'. LLL-invariant-mod fs' mfs’ dmu’ p’ first b’ m
using assms
proof (induct LLL-measure © fs arbitrary: i mfs dmu j p b fs g-idz rule: less-induct)
case (less i fs mfs dmu j p b g-idz)
hence fsinv: LLL-invariant-mod fs mfs dmu p first b i by auto
note res = less(3)[unfolded basis-reduction-mod-main.simps|of p first mfs dmu
g-idz i j]]
note inv = less(2)
note [H = less(1)
show ?Zcase
proof (cases i < m)
case i: True
obtain p’ mfs’ dmu’ g-idz’ i’ j' where step: basis-reduction-mod-step p first
mfs dmu g-idz i j = (p’, mfs’, dmu’, g-idx’, i’, j')
(is ?step = -) by (cases ?step, auto)
then obtain fs’ b’ where Linv: LLL-invariant-mod fs' mfs’ dmu' p’ first b’ ¢’
and decr: LLL-measure i’ fs' < LLL-measure i fs
using basis-reduction-mod-step| OF fsinv step i] i fsinv by blast
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note res = res[unfolded step split]
from res i show %thesis using IH[OF decr Linv] by auto
next
case Fulse
with LLL-invD-mod[OF fsinv] res have i: i = m p’ = p by auto
then obtain fs’ b’ where LLL-invariant-mod fs' mfs’ dmu’ p first b’ m using
False res fsinv by simp
then show ?thesis using ¢ by auto
qed
qed

lemma compute-maz-gso-quot-alpha:
assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and mazx: compute-maz-gso-quot dmu = (msg-num, msq-denum, idx)
and alph: quotient-of a = (num, denum)
and cmp: (msg-num * denum > num * msqg-denum) = cmp
and m: m > 1
shows cmp = idx # 0 A ide < m A = (d-of dmu idx * d-of dmu idx * denum
< num * d-of dmu (ide — 1) * d-of dmu (Suc idzx))
and - ¢cmp = LLL-invariant-mod fs mfs dmu p first b m
proof —
from inv
have fsinv: LLL-invariant-weak fs
by (simp add: LLL-invariant-mod-weak-def LLL-invariant-weak-def)
define gt where ¢t = (Ai. ((d-of dmu (i + 1)) * (d-of dmu (i + 1)),
(d-of dmu (i + 2)) = (d-of dmu 1), Suc 7))
define Ist where Ist = (map (A\i. gt ©) [0..<(m—1))])
have msqlst: (msg-num, msq-denum, idz) = max-list-rats-with-index st
using max Ist-def gt-def unfolding compute-max-gso-quot-def by simp
have nz: An di. (n, d, i) € setlst = d > 0
unfolding Ist-def qt-def using d-of-weak|[OF inv] LLL-d-pos|OF fsinv] by auto
have geq: V(n, d, i) € set Ist. rat-of-int msqg-num / of-int msq-denum > rat-of-int
n / of-int d
using maaz-list-rats-with-index[of lst] nz msqlst by (metis (no-types, lifting)
case-prodl2)
have len: length Ist > 1 using m unfolding Ist-def by simp
have inset: (msqg-num, msq-denum, idz) € set lst
using maz-list-rats-with-indez-in-set| OF msqlst[symmetric] len| nz by simp
then have idem: ide € {1..<m} using Ist-def[unfolded qt-def] by auto
then have idz0: ide # 0 and idz: idz < m by auto
have 00: (msg-num, msq-denum, idx) = qt (ide — 1) using Ist-def inset qt-def
by auto
then have id-gt: msqg-num = d-of dmu idz * d-of dmu idx msq-denum = d-of
dmu (Suc idz) * d-of dmu (ide — 1)
unfolding q¢t-def by auto
have msq-denum = (d-of dmu (idz + 1)) * (d-of dmu (idz — 1))
using 00 unfolding ¢t-def by simp
then have dengt0: msq-denum > 0 using d-of-weak[OF inv] idem LLL-d-pos|OF
fsinv] by auto
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have adengt0: denum > 0 using alph by (metis quotient-of-denom-pos)
from cmplunfolded id-qt]
have cmp: cmp = (— (d-of dmu idz x d-of dmu idx * denum < num * d-of dmu
(idz — 1) * d-of dmu (Suc idz)))
by (auto simp: ac-simps)
{
assume cmp
from this[unfolded cmp]
show idx # 0 A ide < m A = (d-of dmu idz * d-of dmu idx * denum
< num * d-of dmu (ide — 1) * d-of dmu (Suc idx)) using idz0 idz by
auto
}
{

assume — cmp
from this[unfolded cmp] have small: d-of dmu idx * d-of dmu idz x denum <
num * d-of dmu (idx — 1) x d-of dmu (Suc idz) by auto
note d-pos = LLL-d-pos[OF fsinv]
have gso: k < m = sq-norm (gso fs k) = of-int (d fs (Suc k)) / of-int (d fs
k) for k using
LLL-d-Suc[OF fsinv, of k] d-pos[of k] by simp
have gso-pos: k < m = sq-norm (gso fs k) > 0 for k
using gsolof k] d-pos|of k] d-pos|of Suc k] by auto
from small[unfolded alpha-comparison|OF inv alph idx idz0]]
have alph: sg-norm (gso fs (ide — 1)) < « % sg-norm (gso fs idz) .
with gso-pos|OF idz] have alph: sq-norm (gso fs (idz — 1)) / sg-norm (gso fs
idr) < «
by (metis mult-imp-div-pos-le)
have weak: weakly-reduced fs m unfolding gram-schmidt-fs.weakly-reduced-def
proof (intro alll impl, goal-cases)
case (1 1)
from idz have idzl: idv — 1 < m by auto
from geqg[unfolded Ist-def)
have mem: (d-of dmu (Suc i) * d-of dmu (Suc 7),
d-of dmu (Suc (Suc 7)) * d-of dmu i, Suc i) € set Ist
unfolding Ilst-def qt-def using 1 by auto
have sq-norm (gso fs i) / sqg-norm (gso fs (Suc i)) =
of-int (d-of dmu (Suc i) * d-of dmu (Suc 7)) / of-int (d-of dmu (Suc (Suc
1)) * d-of dmu 1)
using gso idz0 d-of-weak[OF inv] 1 by auto

also have ... < rat-of-int msqg-num / rat-of-int msq-denum
using geq[rule-format, OF mem, unfolded split] by auto
also have ... = sqg-norm (gso fs (ide — 1)) / sg-norm (gso fs idx)

unfolding id-gt gso[OF idz] gso[OF idx1] using idz0 d-of-weak[OF inv] idx
by auto
also have ... < a by fact
finally show sg-norm (gso fs i) < a * sg-norm (gso fs (Suc i)) using
gs0-pos|OF 1]
using pos-divide-le-eq by blast
qed
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with inv show LLL-invariant-mod fs mfs dmu p first b m
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-mod-def)

}

qed

lemma small-m:
assumes inv: LLL-invariant-mod-weak fs mfs dmu p first b
and m: m < 1
shows LLL-invariant-mod fs mfs dmu p first b m
proof —
have weak: weakly-reduced fs m unfolding gram-schmidt-fs.weakly-reduced-def
using m
by auto
with inv show LLL-invariant-mod fs mfs dmu p first b m
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-mod-def)
qed

lemma basis-reduction-iso-main: assumes LLL-invariant-mod-weak fs mfs dmu p
first b
and res: basis-reduction-iso-main p first mfs dmu g-ide j = (p’, mfs’, dmu’)
shows dfs’ b'. LLL-invariant-mod fs' mfs’ dmu’ p’ first b’ m
using assms
proof (induct LLL-measure (m—1) fs arbitrary: fs mfs dmu j p b g-ide rule:
less-induct)
case (less fs mfs dmu j p b g-idx)
have inv: LLL-invariant-mod-weak fs mfs dmu p first b using less by auto
hence fsinv: LLL-invariant-weak fs
by (simp add: LLL-invariant-mod-weak-def LLL-invariant-weak-def)
note res = less(3)[unfolded basis-reduction-iso-main.simps[of p first mfs dmu
g-idz j]
note IH = less(1)
obtain msg-num msq-denum idx where max: compute-maz-gso-quot dmu =
(msg-num, msq-denum, idx)
by (metis prod-cases3)
obtain num denum where alph: quotient-of o = (num, denum) by force
note res = res[unfolded max alph Let-def split]
consider (small) m < 1| (final) m > 1 = (num % msq-denum < msg-num *
denum) | (step) m > 1 num * msq-denum < msg-num * denum
by linarith
thus ?Zcase
proof cases
case x: step
obtain p! mfs! dmul g-idel where step: basis-reduction-adjust-swap-add-step
p first mfs dmu g-idz ide = (p1, mfsl, dmul, g-idzl)
by (metis prod-casess )
from res[unfolded step split] x have res: basis-reduction-iso-main p1 first mfs1
dmul g-idel (j + 1) = (p’, mfs’, dmu’) by auto
from compute-maz-gso-quot-alpha(1)[OF inv max alph refl x|
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have idz0: idx # 0 and idz: ide < m and cmp: = d-of dmu idx % d-of dmu
idx * denum < num * d-of dmu (idz — 1) * d-of dmu (Suc idz) by auto
from basis-reduction-adjust-swap-add-step|OF inv step alph cmp idx idz0] ob-
tain fs1 b1
where invi: LLL-invariant-mod-weak fs1 mfsi dmul pl1 first b1 and meas:
LLL-measure (m — 1) fs1 < LLL-measure (m — 1) fs
by auto
from IH[OF meas invl res| show ?Zthesis .
next
case small
with res small-m[OF inv] show ?thesis by auto
next
case final
from compute-maz-gso-quot-alpha(2)[OF inv max alph refl final]
final show ?thesis using res by auto
qged
qed

lemma basis-reduction-mod-add-rows-loop-inv’: assumes
fsinv: LLL-invariant-mod fs mfs dmu p first b m
and res: basis-reduction-mod-add-rows-loop p mfs dmu i i = (mfs’, dmu’)
and it i < m
shows 3 fs’. LLL-invariant-mod fs' mfs’ dmu’ p first b m A
Vil i <i— §' < i —> pfsi = pfs' i’ ) A
w-small fs' i
proof —
{
fix j
assume j: j < i and mu-small: p-small-row i fs j
and resj: basis-reduction-mod-add-rows-loop p mfs dmu i j = (mfs’, dmu’)
have 3 fs’. LLL-invariant-mod fs' mfs’ dmu’ p first b m A
Vi'jli'<i—j' <i'—ufsi'i =upfs’i’j) A
(u-small fs' ©)
proof (insert fsinv mu-small resj i j, induct j arbitrary: fs mfs dmu mfs’ dmu’)
case (0 fs)
then have (mfs’, dmu') = (mfs, dmu) by simp
then show ?case
using LLL-invariant-mod-to-weak-m-to-i(3) basis-reduction-add-row-done-weak
0 by auto
next
case (Suc j)
hence j: j < i by auto
have in0: ¢ # 0 using Suc(6) by simp
define ¢ where ¢ = round-num-denom (dmu $$ (4,j)) (d-of dmu (Suc j))
have ¢2: ¢ = round (u fs i j) using dmu-quot-is-round-of-u[OF - - i j| c-def
Suc by simp
define mfs’’ where mfs" = (if c=0 then mfs else mfs[ i :== (map-vec (X x.
xz symmod p)) (mfs i — ¢ -, mfs ! j)])
define dmu’ where dmu’ = (if c=0 then dmu else mat m m (A(i'7"). (if
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(i'=inj <]
then (if j'=j then (dmu $$ (i,j') — ¢ * dmu $$ (5,5"))
else (dmu $$ (i,5) — ¢ * dmu $3$ (j,57)) symmod (p * (d-of dmu j') *
(d-of dmu (Suc 7))
else (dmu $$ (i',5))))
have 00: basis-reduction-mod-add-row p mfs dmu i j = (mfs”’, dmu'’)
using mfs’’-def dmu’’-def unfolding basis-reduction-mod-add-row-def
c-def[symmetric] by simp
then have 01: basis-reduction-mod-add-rows-loop p mfs"" dmu'' i j = (mfs’,
dmu’)
using basis-reduction-mod-add-rows-loop.simps(2)[of p mfs dmu i j] Suc
by simp
have fsinvi: LLL-invariant-mod fs mfs dmu p first b ¢ using LLL-invariant-mod-to-weak-m-to-i|OF
Suc(2)] i by simp
then have fsinvmw: LLL-invariant-mod-weak fs mfs dmu p first b using
LLL-invD-mod LLL-invl-modw by simp
obtain fs' where fs''invi: LLL-invariant-mod fs'" mfs' dmu’ p first b i
and
p-small”: (p-small-row i fs (Suc j) — p-small-row i fs'' j) and
ps: (Vi'jli'<i— < — pfs'i i =pfsi’j)
using Suc basis-reduction-mod-add-row|OF fsinvmw 00 i j] fsinvi by auto
moreover then have psm: p-small-row i fs' j using Suc by simp
have fs""invwi: LLL-invariant-weak’ i fs'' using LLL-invD-mod[OF fs''invi]
LLL-invI-weak by simp
have fsinvwi: LLL-invariant-weak’ i fs using LLL-invD-mod|OF fsinvi]
LLL-invI-weak by simp
note invw = LLL-invw’-imp-w[OF fsinvwi]
note invw’’ = LLL-invw’-imp-w[OF fs"'invwi)
have LLL-invariant-mod fs'' mfs’"" dmu'' p first b m
proof —
have (V . Sucl < m — sg-norm (gso fs"' 1) < a x sg-norm (gso fs"

(Suc 1))

proof —
{
fix [
assume I: Suc l < m
have sg-norm (gso fs'' 1) < a * sg-norm (gso fs"' (Suc 1))
proof (cases i < Suc )
case True
have deq: Ak. k < m = d fs (Suc k) = d fs" (Suc k)
using ddp LLL-invD-mod(9)[OF fs'"invi] LLL-invD-mod(9)[OF
Suc(2)] dmu''-def j by simp

fix k
assume k: k < m
then have d fs (Suc k) = d fs” (Suc k)
using ddu LLL-invD-mod(9)[OF fs"'invi] LLL-invD-mod(9)[OF
Suc(2)] dmu''-def j by simp
have d fs 0 = 1 d fs" 0 = 1 using d-def by auto
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moreover have sqid: sg-norm (gso fs'' k) = rat-of-int (d fs'' (Suc
k)) / rat-of-int (d fs"" k)
using LLL-d-Suc[OF invw'] LLL-d-pos[OF invw'| k
by (smt One-nat-def Suc-less-eq Suc-pred le-imp-less-Suc mult-eq-0-iff
less-imp-le-nat
nonzero-mult-div-cancel-right of-int-0-less-iff of-int-hom.hom-zero)
moreover have sg-norm (gso fs k) = rat-of-int (d fs (Suc k)) /
rat-of-int (d fs k)
using LLL-d-Suc|OF invw] LLL-d-pos|OF invw] k
by (smt One-nat-def Suc-less-eq Suc-pred le-imp-less-Suc mult-eq-0-iff
less-imp-le-nat
nonzero-mult-div-cancel-right of-int-0-less-iff of-int-hom.hom-zero)
ultimately have sg-norm (gso fs k) = sg-norm (gso fs” k) using
k deq
LLL-d-pos|OF invw] LLL-d-pos|OF invw"’]
by (metis (no-types, lifting) Nat.lessE Suc-lessD old.nat.inject
zero-less-Suc)
}
then show ?thesis using LLL-invD-mod(6)[OF Suc(2)] by (simp
add: gram-schmidt-fs.weakly-reduced-def 1)
next
case Fulse
then show ?thesis using LLL-invD-mod(6)[OF fs'"invi] gram-schmidi-fs.weakly-reduced-def
by (metis less-or-eg-imp-le nat-neg-iff)
qed
}
then show ?thesis by simp
qed
then have weakly-reduced fs'' m using gram-schmidt-fs.weakly-reduced-def
by blast
then show ?thesis using LLL-invD-mod[OF fs''invi| LLL-invI-mod by
stmp
qed
then show ?case using 01 Suc.hyps i j less-imp-le-nat psm ps by metis
qed
}
then show ?thesis using u-small-row-refl res by auto
qged

lemma basis-reduction-mod-add-rows-outer-loop-inv:
assumes inv: LLL-invariant-mod fs mfs dmu p first b m
and (mfs’, dmu’) = basis-reduction-mod-add-rows-outer-loop p mfs dmu i
and i: i < m
shows (3 fs’. LLL-invariant-mod fs' mfs’ dmu’ p first b m A
(Vj. j < i —> p-small fs' j))
proof (insert assms, induct i arbitrary: fs mfs dmu mfs’ dmu’)
case (0 fs)
then show ?case using p-small-def by auto
next
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case (Suc i fs mfs dmu mfs’ dmu’)
obtain mfs’ dmu'’ where mfs’’'dmu'": (mfs”, dmu”)
= basis-reduction-mod-add-rows-outer-loop p mfs dmu i by (metis surj-pair)
then obtain fs'’ where fs'": LLL-invariant-mod fs'’ mfs’’ dmu'' p first b m
and 00: (Vj. j < i —> p-small fs" j) using Suc by fastforce
have (mfs’, dmu’) = basis-reduction-mod-add-rows-loop p mfs’”" dmu'" (Suc 7)
(Suc 7)
using Suc(3,4) mfs"’dmu’ by (smt basis-reduction-mod-add-rows-outer-loop.simps(2)
case-prod-conv)
then obtain fs’ where 01: LLL-invariant-mod fs' mfs’ dmu’ p first b m
and 02:Vi'j.i' < (Suci) — ' < i — pu fs"” i j = p fs'i’j and 03:
p-small fs' (Suc 7)
using fs" basis-reduction-mod-add-rows-loop-inv’ Suc by metis
moreover have Vj. j < (Suc i) — p-small fs' j using 02 00 03 p-small-def
by (simp add: le-Suc-eq)
ultimately show ?case by blast
qed

lemma basis-reduction-mod-fs-bound:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b k
and mu-small: p-small fs ©
and it i < m
and nFirst: - first
shows fs! i =mfs!i
proof —
from LLL-invD-mod(16—17)[OF Linv] nFirst g-bnd-mode-def
have gbnd: g-bnd b fs and bp: b < (rat-of-int (p — 1))? / (rat-of-nat m + 3)
by (auto simp: mod-invariant-def bound-number-def)
have Linvw: LLL-invariant-weak’ k fs using LLL-invD-mod|OF Linv] LLL-invI-weak
by simp
have fs-int-indpt n fs using LLL-invD-mod(5)[OF Linv] Gram-Schmidt-2.fs-int-indpt.intro
by simp
then interpret fs: fs-int-indpt n fs
using fs-int-indpt.sq-norm-fs-via-sum-mu-gso by simp
have ||gso fs 0]|> < b using gbnd i unfolding g-bnd-def by blast
then have 00: 0 < b using sg-norm-vec-ge-0 dual-order.trans by auto
have 00: of-int ||fs ! i||?> = (3] j«[0..<Suc i]. (p fs i 5)® = |\gso fs j||*)
using fs.sq-norm-fs-via-sum-mau-gso LLL-invD-mod|OF Linv] Gram-Schmidt-2.fs-int-indpt.intro
i by simp
have 01: V5 < i. (u fs i §)% * ||gso fs j||* < (1 / rat-of-int 4) * | gso fs j||?
proof —
{
fix j
assume j: j < ¢
then have |fs.gs.u i j| < 1 / (rat-of-int 2)
using mu-small Power.linordered-idom-class.abs-square-le-1 j unfolding
u-small-def by simp
moreover have |u fs i j| > 0 by simp
ultimately have |u fs i j|> < (1 / rat-of-int 2)?

69



using Power.linordered-idom-class.abs-le-square-iff by fastforce
also have ... = 1 / (rat-of-int 4) by (simp add: field-simps)
finally have |u fs i j|> < 1 / rat-of-int 4 by simp

then show ?thesis using fs.gs.u.simps by (metis mult-right-mono power2-abs
sg-norm-vec-ge-0)
qed
then have 0111: \j. j € set [0..<i] = (1 fs i j)? * ||gso fs j||*> < (1 / rat-of-int
4) * |lgso fs jl?
by simp
{
fix j
assume j: j < n
have 011: (u fs i 4)?  ||gso fs i||> = 1 * ||gso fs i||?
using fs.gs.p.simps by simp
have 02: Vj < Suc i. ||gso fs j||*> < b
using gbnd i unfolding g-bnd-def by simp
have 03: length [0..<Suc i] = (Suc i) by simp
have of-int |fs ! il|? = (X je{0..<il. (u fs )2 * llgso fs %) + llgso fs il
unfolding 00 using 011 by simp
also have (> j«[0..<i]. (u fs i §)% * |lgso fs §||?) < O_j«[0..<d]. ((1 /
rat-of-int 4) * || gso fs j|*))
using Groups-List.sum-list-mono[OF 0111] by fast
finally have of-int ||fs ! i||? < (3 j«[0..<i]. ((1 / rat-of-int 4) * ||gso fs j]|?))
+ llgso fs il]?
by simp
also have (3 j«[0..<i]. ((1 / rat-of-int 4) = ||gso fs j||*)) < (3. j«[0..<i]. (1
/ rat-of-int 4) * b)
by (intro sum-list-mono, insert 02, auto)
also have ||gso fs i||?> < b using 02 by simp
finally have of-int ||fs ! i||> < (3] j«[0..<i]. (1 / rat-of-int 4) * b) + b by
simp

also have ... = (rat-of-nat i) * ((1 / rat-of-int 4) = b) + b
using 03 sum-list-triv[of (1 / rat-of-int 4) x b [0..<i]] by simp

also have ... = (rat-of-nat i) / 4 * b + b by simp

also have ... = ((rat-of-nat ©) / 4 + 1)* b by algebra

also have ... = (rat-of-nat i + 4) / 4 * b by simp

finally have of-int ||fs ! i||* < (rat-of-nati + 4) / 4 * b by simp

also have ... < (rat-of-nat (m + 3)) / 4 * b using 7 b0 times-left-mono by
fastforce

finally have of-int ||fs ! i||> < rat-of-nat (m+3) / 4 * b by simp

moreover have |fs ! i $ j|? < ||fs ! i||? using vec-le-sq-norm LLL-invD-mod(10)[OF
Linv] i j by blast

ultimately have 04: of-int (|fs ! i $ j|?) < rat-of-nat (m+3) / 4 * b using
ge-trans i by linarith

then have 05: real-of-int (|fs ! i $ j|*) < real-of-rat (rat-of-nat (m+38) / 4 *
b)

proof —

from j have rat-of-int (|fs ! i $ j|*) < rat-of-nat (m+3) / 4 * b using 0/
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by simp
then have real-of-int (|fs ! i $ j|?) < real-of-rat (rat-of-nat (m+3) / 4 * b)
using j of-rat-less-eq by (metis of-rat-of-int-eq)
then show ?thesis by simp
qed
define rhs where rhs = real-of-rat (rat-of-nat (m+3) / 4 % b)
have rhs0: rhs > 0 using b0 i rhs-def by simp
have fsij: real-of-int |fs ! i $ j| > 0 by simp
have real-of-int (|fs ! i $ j|*) = (real-of-int |fs ! i $ j|)? by simp
then have (real-of-int |fs ! i $ j|)? < rhs using 05 j rhs-def by simp
then have g1: real-of-int |fs ! i $ j| < sqrt rhs using NthRoot.real-le-rsqrt by
stmp
have pbnd: 2 x |fs i $j| <p
proof —
have rat-of-nat (m+38) / 4 = b < (rat-of-nat (m +3) / 4) * (rat-of-int (p —
1))? / (rat-of-nat m+3)
using bp b0 i times-left-mono SN-Orders.of-nat-ge-zero gs.m-comm times-divide-eq-right

by (smt gs.l-null le-divide-eq-numerall (1))
also have ... = (rat-of-int (p — 1)) / 4  (rat-of-nat (m + 3) / rat-of-nat
(m + 3))
by (metis (no-types, lifting) gs.m-comm of-nat-add of-nat-numeral times-divide-eq-left)
finally have rat-of-nat (m+3) / 4 * b < (rat-of-int (p — 1))? / 4 by simp
then have sqrt rhs < sqrt (real-of-rat ((rat-of-int (p — 1))% / 4))
unfolding rhs-def using of-rat-less-eq by fastforce
then have two-ineq:
2% |fs i $ 4] < 2% sqrt (real-of-rat ((rat-of-int (p — 1))% / 4))
using g1 by linarith
have 2 * sqrt (real-of-rat ((rat-of-int (p — 1))? / 4)) =
sqrt (real-of-rat (4 * ((rat-of-int (p — 1))% / 4)))
by (metis (no-types, opaque-lifting) real-sqrt-mult of-int-numeral of-rat-hom.hom-mult

of-rat-of-int-eq real-sqrt-four times-divide-eq-right)
also have ... = sqrt (real-of-rat ((rat-of-int (p — 1))?)) using i by simp
also have (real-of-rat ((rat-of-int (p — 1))?)) = (real-of-rat (rat-of-int (p —
1)
using Rat.of-rat-power by blast
also have sqrt ((real-of-rat (rat-of-int (p — 1)))?) = real-of-rat (rat-of-int (p
~ 1)
using LLL-invD-mod(15)[OF Linv] by simp
finally have 2 * sqrt (real-of-rat ((rat-of-int (p — 1))? / 4)) =
real-of-rat (rat-of-int (p — 1)) by simp
then have 2 x |fs! i $ j| < real-of-rat (rat-of-int (p — 1))
using two-ineq by simp
then show %thesis by (metis of-int-le-iff of-rat-of-int-eq zle-diff1-eq)
qed
have p!: p > [ using LLL-invD-mod|[OF Linv] by blast
interpret pm: poly-mod-2 p
by (unfold-locales, rule p1)
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from LLL-invD-mod[OF Linv] have len: length fs = m and fs: set fs C
carrier-vec n by auto
from pm.inv-M-rev[OF pbnd, unfolded pm.M-def] have pm.inv-M (fs ! i $ j
modp)=fs!i$j.
also have pm.inv-M (fs! i $ j mod p) = mfs! { $ j unfolding LLL-invD-mod(7)[OF
Linv, symmetric] sym-mod-def
using 7 j len fs by auto
finally have fs!i$j=mfs!i$j..
}
thus fs ! i = mfs ! { using LLL-invD-mod(10,13)[OF Linv i] by auto
qged

lemma basis-reduction-mod-fs-bound-first:
assumes Linv: LLL-invariant-mod fs mfs dmu p first b k
and m0: m > 0
and first: first
shows fs ! 0 = mfs! 0
proof —
from LLL-invD-mod(16—17)[OF Linv] first g-bnd-mode-def m0
have gbnd: sg-norm (gso fs 0) < b and bp: b < (rat-of-int (p — 1))? / 4
by (auto simp: mod-invariant-def bound-number-def)
from LLL-invD-mod[OF Linv] have pl: p > 1 by blast
have Linvw: LLL-invariant-weak’ k fs using LLL-invD-mod[OF Linv] LLL-invI-weak
by simp
have fs-int-indpt n fs using LLL-invD-mod(5)[OF Linv] Gram-Schmidt-2.fs-int-indpt.intro
by simp
then interpret fs: fs-int-indpt n fs
using fs-int-indpt.sq-norm-fs-via-sum-mu-gso by simp
from gbnd have b0: 0 < b using sqg-norm-vec-ge-0 dual-order.trans by auto
have of-int ||fs ! 0||> = (u fs 0 0)* * ||gso fs 0]
using fs.sq-norm-fs-via-sum-mau-gso LLL-invD-mod|OF Linv] Gram-Schmidt-2.fs-int-indpt.intro
m0 by simp
also have ... = ||gso fs 0||*> unfolding fs.gs.u.simps by (simp add: gs.p.simps)
also have ... < (rat-of-int (p — 1))? / 4 using gbnd bp by auto
finally have one: of-int (sg-norm (fs ! 0)) < (rat-of-int (p — 1))* / 4 .
{
fix j
assume j: j < n
have leg: [fs ! 0 $ j|> < ||fs ! 0||* using vec-le-sg-norm LLL-invD-mod(10)[OF
Linv] m0 j by blast
have rat-of-int (2 * |fs ! 0 $ j|)72) = rat-of-int (4 * |fs! 0 $ j|*) by simp
also have ... < / * of-int ||fs ! 0||* using leq by simp
also have ... < / x (rat-of-int (p — 1))? / 4 using one by simp
also have ... = (rat-of-int (p — 1))? by simp
also have ... = rat-of-int ((p — 1)?) by simp
finally have (2 = |fs! 0 $ j|)72 < (p — 1)? by linarith
hence 2 x |fs! 0 $ j| < p — 1 using pI
by (smt power-mono-iff zero-less-numeral)
hence pbnd: 2 * |fs ! 0 $ j| < p by simp
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interpret pm: poly-mod-2 p
by (unfold-locales, rule p1)
from LLL-invD-mod|[OF Linv] m0 have len: length fs = m length mfs = m
and fs: fs ! 0 € carrier-vec n mfs ! 0 € carrier-vec n by auto
from pm.inv-M-rev[OF pbnd, unfolded pm.M-def] have pm.inv-M (fs ! 0 $ j
modp)=fs!08%;j.
also have pm.inv-M (fs! 0 $ j mod p) = mfs! 0 $ j unfolding LLL-invD-mod(7)[OF
Linv, symmetric] sym-mod-def
using m0 j len fs by auto
finally have mfs ! 0 $j=fs!1 0% .

thus fs ! 0 = mfs ! 0 using LLL-invD-mod(10,13)[OF Linv m0] by auto
qed

lemma dmu-initial: dmu-initial = mat m m (X (4,f). dp fs-init ¢ 7)
proof —
interpret fs: fs-int-indpt n fs-init
by (unfold-locales, intro lin-dep)
show ?thesis unfolding dmu-initial-def Let-def
proof (intro cong-mat refl refl, unfold split, goal-cases)
case (1 1i37)
show ?case
proof (cases j < i)
case Fualse
thus %thesis by (auto simp: du-def gs.u.simps)
next
case True
hence id: du-impl fs-init ! i 1! j = fs.dp i j unfolding fs.du-impl
by (subst of-fun-nth, use 1 len in force, subst of-fun-nth, insert True, auto)

also have ... = du fs-init ¢ j unfolding fs.du-def du-def fs.d-def d-def by
simp
finally show ?thesis using True by auto
qed
qed

qed

lemma LLL-initial-invariant-mod: assumes res: compute-initial-state first = (p,
mfs, dmu’, g-idr)
shows 3 fs b. LLL-invariant-mod fs mfs dmu’ p first b 0
proof —

from dmu-initial have dmu: Vi’ < m. Vj’' < m. du fs-init i’ j' = dmu-initial
$$ (i',j")) by auto

obtain b g-idz where norm: compute-maz-gso-norm first dmu-initial = (b,g-idz)
by force

note res = res[unfolded compute-initial-state-def Let-def norm split]

from res have p: p = compute-mod-of-maz-gso-norm first b by auto

then have p0: p > 0 unfolding compute-mod-of-maz-gso-norm-def using
log-base by simp

then have pI: p > 1 by simp
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note res = res[folded p)
from res[unfolded compute-initial-mfs-def]
have mfs: mfs = map (map-vec (Az. x symmod p)) fs-init by auto
from res[unfolded compute-initial-dmu-def)
have dmu’: dmu’ = mat m m (A(¢'7"). if j/ < @’
then dmu-initial 8% (', j') symmod (p * d-of dmu-initial j' * d-of
dmu-initial (Suc j’))
else dmu-initial $$ (i',j')) by auto
have lat: lattice-of fs-init = L by (auto simp: L-def)
define I where I = {(i',j)). i’ < m A j' < i’}
obtain fs where
01: lattice-of fs = L and
02: map (map-vec (A z. x symmod p)) fs = map (map-vec (A z. £ symmod p))
fs-init and
03: lin-indep fs and
04: length fs = m and
05: (VY k < m. gso fs k = gso fs-init k) and
06: (V k< m.dfsk=dfs-init k) and
07: WV i <m.V j'<m.du fsi'j' =
(if (i'j") € Ithen du fs-init i’ j' symmod (p * d fs-init j' * d fs-init (Suc j'))
else du fs-init i’ j'))
using mod-finite-set| OF lin-dep len - lat p0, of I| I-def by blast
have inv: LLL-invariant-weak fs-init
by (intro LLL-inv-wl lat len lin-dep fs-init)
have Vi'<m. dp fs-init i’ i’ = dmu-initial $$ (i’, i’) unfolding dmu-initial by
auto
from compute-maz-gso-norm[OF this inv, of first, unfolded norm] have gbnd:
g-bnd-mode first b fs-init
and b0: 0 < band mb0: m = 0 = b = 0 by auto
from gbnd 05 have gbnd: g-bnd-mode first b fs using g-bnd-mode-conglof fs
fs-init] by auto
have dupdmu’s Vi'<m. Vj'<m. dp fs i’ j' = dmu’ $$ (i, j') using 07 dmu
d-of-main|of fs-init dmu-initial]
unfolding I-def dmu’ by simp
have wred: weakly-reduced fs 0 by (simp add: gram-schmidt-fs.weakly-reduced-def)
have fs-carr: set fs C carrier-vec n using 038 unfolding gs.lin-indpt-list-def by
force
have m0: m > 0 using len by auto
have Linv: LLL-invariant-weak’ 0 fs
by (intro LLL-invI-weak 03 04 01 wred fs-carr m0)
note Linvw = LLL-invw’-imp-w|OF Linv]
from compute-mod-of-maz-gso-norm[OF b0 mb0 p)
have p: mod-invariant b p first p > 1 by auto
from len mfs have len’: length mfs = m by auto
have modbnd: Vi'<m. Vj'<i' |du fs i’ j'| < px d fsj' = d fs (Suc j')
proof —
have V i’ <m.V j' < i’ du fsi'j' = du fs i’ j' symmod (p * d fs j' = d fs
(Suc j))
using I-def 07 06 by simp
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moreover have Vj' < m. p x d fs 7' x d fs (Suc j') > 0 using p(2)
LLL-d-pos[OF Linvw] by simp
ultimately show #thesis using sym-mod-abs
by auto (smt (verit, del-insts) Suc-lessD less-trans-Suc)
qed
have LLL-invariant-mod fs mfs dmu’ p first b 0
using LLL-invl-mod[OF len’ m0 04 01 03 wred - modbnd dudmu’ p(2) gbnd
p(1)] 02 mfs by simp
then show “thesis by auto
qed

3.3 Soundness of Storjohann’s algorithm

For all of these abstract algorithms, we actually formulate their sound-
ness proofs by linking to the LLL-invariant (which implies that fs is re-
duced (LLL-invariant True m fs) or that the first vector of fs is short
(LLL-invariant-weak fs A\ gram-schmidt-fs.weakly-reduced n (map of-int-hom.vec-hom

fs) a m).
Soundness of Storjohann’s algorithm

lemma reduce-basis-mod-inv: assumes res: reduce-basis-mod = fs
shows LLL-invariant True m fs
proof (cases m = 0)

case True
from True have x: fs-init = [] using len by simp
moreover have fs = [| using res basis-reduction-mod-add-rows-outer-loop.simps(1)

unfolding reduce-basis-mod-def Let-def basis-reduction-mod-main.simps|of - - -
-0
compute-initial-mfs-def compute-initial-state-def compute-initial-dmu-def
unfolding True * by (auto split: prod.splits)
ultimately show ?thesis using True LLL-inv-initial-state by blast
next
case Fulse
let ?first = False
obtain p mfs0 dmu0 g-ide0 where init: compute-initial-state ?first = (p, mfs0,
dmu0, g-idz0) by (metis prod-casess)
from LLL-initial-invariant-mod| OF init]
obtain fs0 b where fs0: LLL-invariant-mod fsO mfs0 dmu0 p ?first b 0 by blast
note res = res[unfolded reduce-basis-mod-def init Let-def split]
obtain p! mfs! dmul where mfsidmul: (p1, mfsl, dmul) = basis-reduction-mod-main
p ?first mfs0 dmu0 g-idz0 0 0
by (metis prod.exhaust)
obtain fs1 b1 where Linvl: LLL-invariant-mod fs1 mfsl dmul p1 ?first b1 m
using basis-reduction-mod-main[OF fs0 mfsidmul [symmetric]] by auto
obtain mfs2 dmu2 where mfs2dmu2:
(mfs2, dmu2) = basis-reduction-mod-add-rows-outer-loop p1 mfsl dmul (m—1)
by (metis old.prod.exhaust)
obtain fs2 where fs2: LLL-invariant-mod fs2 mfs2 dmu2 p1 ?first b1 m
and ps: ((Vj. j < m — p-small fs2 §))
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using basis-reduction-mod-add-rows-outer-loop-inv| OF - mfs2dmu2, of fs1 ?first
b1] Linvl False by auto
have rbd: LLL-invariant-weak’ m fs2 Vj < m. u-small fs2 j
using LLL-invD-mod|OF fs2] LLL-invI-weak pus by auto
have redfs2: reduced fs2 m using rbd LLL-invD-weak(8) gram-schmidt-fs.reduced-def
w-small-def by blast
have fs: fs = mfs2
using res[folded mfsidmul, unfolded Let-def split, folded mfs2dmu2, unfolded
split] ..
have Vi < m. fs2 ! i = fs i
proof (intro alll impl)
fix ¢
assume i: 1 < M
then have fs2i: LLL-invariant-mod fs2 mfs2 dmu2 p1 ?first b1 i
using fs2 LLL-invariant-mod-to-weak-m-to-i by simp
have usi: p-small fs2 i using us ¢ by simp
show fs2 | { = fs !4
using basis-reduction-mod-fs-bound(1)[OF fs2i psi i] fs by simp
qed
then have fs2 = fs
using LLL-invD-mod(1,3,10,13)[OF fs2] fs by (metis nth-equalityl)
then show %thesis using redfs2 fs rbd(1) reduce-basis-def res LLL-invD-weak
LLL-invariant-def by simp
qed

Soundness of Storjohann’s algorithm for computing a short vector.

lemma short-vector-mod-inv: assumes res: short-vector-mod = v
and m: m > 0
shows 3 fs. LLL-invariant-weak fs N weakly-reduced fs m N v = hd fs
proof —
let ?first = True
obtain p mfs0 dmu0 g-idz0 where init: compute-initial-state ?first = (p, mfs0,
dmu0, g-idz0) by (metis prod-casess)
from LLL-initial-invariant-mod|OF init]
obtain fs0 b where fs0: LLL-invariant-mod fsO mfs0 dmu0 p ?first b 0 by blast
obtain p1 mfs! dmul where main: basis-reduction-mod-main p ?first mfs0 dmu0
g-idz0 0 0 = (p1, mfsl, dmul)
by (metis prod.exhaust)
obtain fs1 b1 where Linv!: LLL-invariant-mod fs1 mfsl dmul pl ?first b1 m
using basis-reduction-mod-main[OF fs0 main] by auto
have v = hd mfs1 using res[unfolded short-vector-mod-def Let-def init split main]

with basis-reduction-mod-fs-bound-first{OF Linvl m] LLL-invD-mod(1,3)[OF
Linvi] m

have v: v = hd fs1 by (cases fs1; cases mfsl; auto)

from Linvl have Linvl: LLL-invariant-weak fs1 and red: weakly-reduced fs1 m

unfolding LLL-invariant-mod-def LLL-invariant-weak-def by auto
show ?thesis
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by (intro exl|of - fs1] conjl Linvl red v)
qed

Soundness of Storjohann’s algorithm with improved swap order

lemma reduce-basis-iso-inv: assumes res: reduce-basis-iso = fs
shows LLL-invariant True m fs
proof (cases m = 0)

case True
then have *: fs-init = [| using len by simp
moreover have fs = [| using res basis-reduction-mod-add-rows-outer-loop.simps(1)

unfolding reduce-basis-iso-def Let-def basis-reduction-iso-main.simps|of - - - -
0]
compute-initial-mfs-def compute-initial-state-def compute-initial-dmu-def
unfolding True * by (auto split: prod.splits)
ultimately show ?thesis using True LLL-inv-initial-state by blast
next
case Fulse
let ?first = False
obtain p mfs0 dmu0 g-ide0 where init: compute-initial-state ?first = (p, mfs0,
dmu0, g-idz0) by (metis prod-casess)
from LLL-initial-invariant-mod[OF init)
obtain fs0 b where fs0: LLL-invariant-mod fsO mfsO dmu0 p ?first b 0 by blast
have fsOw: LLL-invariant-mod-weak fs0 mfs0 dmu0 p ?first b using LLL-invD-mod|OF
fs0] LLL-invI-modw by simp
note res = res[unfolded reduce-basis-iso-def init Let-def split]
obtain p! mfs! dmul where mfsidmul: (p1, mfsl, dmul) = basis-reduction-iso-main
p ?first mfs0 dmu0 g-idz0 0
by (metis prod.exhaust)
obtain fsi b1 where Linvi: LLL-invariant-mod fs1 mfsi dmul p1 ?first b1 m
using basis-reduction-iso-main[OF fsOw mfs1dmul [symmetric]] by auto
obtain mfs2 dmu2 where mfs2dmu2:
(mfs2, dmu2) = basis-reduction-mod-add-rows-outer-loop p1 mfsl dmul (m—1)
by (metis old.prod.exhaust)
obtain fs2 where fs2: LLL-invariant-mod fs2 mfs2 dmu2 p1 ?first b1 m
and ps: ((Vj. j < m — p-small fs2 j))
using basis-reduction-mod-add-rows-outer-loop-inv| OF - mfs2dmu2, of fs1 ?first
b1] Linvl False by auto
have rbd: LLL-invariant-weak’ m fs2 Vj < m. u-small fs2 j
using LLL-invD-mod[OF fs2] LLL-invI-weak ps by auto
have redfs2: reduced fs2 m using rbd LLL-invD-weak(8) gram-schmidt-fs.reduced-def
w-small-def by blast
have fs: fs = mfs2
using res[folded mfsidmul, unfolded Let-def split, folded mfs2dmu2, unfolded
split] ..
have Vi< m. fs2 1 i=fs!i
proof (intro alll impl)
fix ¢
assume i ¢ < m
then have fs2i: LLL-invariant-mod fs2 mfs2 dmu2 p1 ?first b1 i
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using fs2 LLL-invariant-mod-to-weak-m-to-i by simp
have pusi: p-small fs2 i using ps i by simp
show fs2 | i = fs!i
using basis-reduction-mod-fs-bound(1)[OF fs2i psi i) fs by simp
qed
then have fs2 = fs
using LLL-invD-mod(1,3,10,13)[OF fs2] fs by (metis nth-equalityl)
then show %thesis using redfs2 fs rbd(1) reduce-basis-def res LLL-invD-weak
LLL-invariant-def by simp
qed

Soundness of Storjohann’s algorithm to compute short vectors with im-
proved swap order

lemma short-vector-iso-inv: assumes res: short-vector-iso = v
and m: m > 0
shows 3 fs. LLL-invariant-weak fs N weakly-reduced fs m N v = hd fs
proof —
let ?first = True
obtain p mfs0 dmu0 g-idz0 where init: compute-initial-state ?first = (p, mfs0,
dmu0, g-idz0) by (metis prod-casess)
from LLL-initial-invariant-mod|OF init]
obtain fs0 b where fs0: LLL-invariant-mod fsO mfs0 dmu0 p ?first b 0 by blast
have fsOw: LLL-invariant-mod-weak fs0 mfs0 dmu0 p ?first b using LLL-invD-mod[OF
fs0] LLL-invI-modw by simp
obtain p! mfs! dmul where main: basis-reduction-iso-main p ?first mfs0 dmu0
g-idz0 0 = (p1, mfs1, dmul)
by (metis prod.ezhaust)
obtain fsi b1 where Linvi: LLL-invariant-mod fs1 mfsl dmul p1 ?first b1 m
using basis-reduction-iso-main[OF fsOw main] by auto
have v = hd mfs! using res[unfolded short-vector-iso-def Let-def init split main]

with basis-reduction-mod-fs-bound-firstfOF Linvl m] LLL-invD-mod(1,3)[OF
Linvl] m

have v: v = hd fs1 by (cases fs1; cases mfsl; auto)

from Linvi have Linvl: LLL-invariant-weak fs1 and red: weakly-reduced fs1 m

unfolding LLL-invariant-mod-def LLL-invariant-weak-def by auto
show ?thesis
by (intro exl|of - fs1] conjl Linvl red v)
qed

end

From the soundness results of these abstract versions of the algorithms, one
just needs to derive actual implementations that may integrate low-level
optimizations.

end

78



4 Storjohann’s basis reduction algorithm (concrete
implementation)

We refine the abstract algorithm into a more efficient executable one.

theory Storjohann-Impl
imports
Storjohann
begin

4.1 Implementation

We basically store four components:

o The f-basis (as list, all values taken modulo p)
o The dp-matrix (as nested arrays, all values taken modulo d;d;;1p)
o The d-values (as array)

o The modulo-values d;d;;1p (as array)

type-synonym state-impl = int vec list X int iarray iarray X int iarray X int
iarray

fun di-of :: state-impl = int iarray where
di-of (mfsi, dmui, di, mods) = di

context LLL
begin

fun state-impl-inv :: - = - = - = state-impl = bool where
state-impl-inv p mfs dmu (mfsi, dmui, di, mods) = (mfsi = mfs N di = IAr-
ray.of-fun (d-of dmu) (Suc m)
A dmui = IArray.of-fun (X i. IArray.of-fun (X j. dmu $$ (i,5)) i) m
A mods = IArray.of-fun (A j. p * di ' j % di !! (Suc j)) (m — 1))

definition state-iso-inv :: (int X int) iarray = int iarray = bool where
state-iso-inv prods di = (prods = IArray.of-fun
(Nio (di W (a+1) = di ! (i+1), di 1 (i42) = di ' 4)) (m — 1))

definition perform-add-row :: int = state-impl = nat = nat = int = int iarray
= int = int = state-impl where
perform-add-row p state i j ¢ rowi mugj dij1 = (let
(mfsi, dmui, di, mods) = state;

fsj = mfsi ! j;
rowj = dmui ! j
m
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(case split-at i mfsi of (start, fsi # end) = start Q@ vecn (A k. (fsi $ k — ¢
x fsj $ k) symmod p) # end,
IArray.of-fun (X . if i = ii then
TArray.of-fun (X jj. if jj < j then
(rowi ! 45 — ¢ * rowj ! jj) symmod (mods !! jj)
else if jj = j then muij — c * dijl
else rowi ! jj) 4
else dmui ! i7) m,
di, mods))

definition LLL-add-row :: int = state-impl = nat = nat = state-impl where
LLL-add-row p state i j = (let
(-, dmui, di, -) = state;
rowi = dmui !! 7;
dij1 = di ! (Suc j);
muij = rowi !! j;
¢ = round-num-denom muij dijl
in if ¢ = 0 then state
else perform-add-row p state i j ¢ rowi muij dijl)

definition LLL-swap-row :: int = state-impl = nat = state-impl where
LLL-swap-row p state k = (case state of (mfsi, dmui, di, mods) = let
k1 =k— 1;
kS1 = Suc k;
muk = dmui ! k;
mukl = dmui ! k1;
mukkl = muk ! k1;

dk1 = di 1! k1;
dkS1 = di ! kS1;
dk = di I k;

dk’ = (dkS1 * dk1 + mukkl * mukkl) div dk;
modl = p * dk1 * dk’,
modk = p * dk’ x dkS1
n
(case split-at k1 mfsi
of (start, fsk1 # fsk # end) = start Q fsk # fsk1 # end,
IArray.of-fun (X i.
if i < kI then dmui ! {
else if i > k then
let row-i = dmut ! i; muik = row-i !! k; muikl = row-i ! kI in
TArray.of-fun
(N j. if j = kI then ((mukkl * muikl + muik * dk1) div dk) symmod
mod1
else if j = k then ((dkS1 x muikl — mukkl * muik) div dk)
symmod modk
else row-i ! §) i
else if i = k then IArray.of-fun (X j. if j = k1 then mukkl symmod modl
else muk1 ! j) i
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else IArray.of-fun (1) muk) @
) m,
IArray.of-fun (X 4. if i = k then dk’ else di ! ©) (Suc m),
IArray.of-fun (X j. if j = k1 then modl else if j = k then modk else mods !
j) (m = 1)))

definition perform-swap-add where perform-swap-add p state k k1 ¢ row-k mukk1
dk =
(let (fs, dmu, dd, mods) = state;

row-k1 = dmu ! k1,

kS1 = Suc k;
mukkl’ = mukkl — c * dk;
dk1 = dd ! k1;

dkS1 = dd ! kS1;
dk’ = (dkS1 * dk1 + mukkl' x mukk1') div dk;
modl = p x dk1 * dk",
modk = p * dk’ * dkS1
m
(case split-at k1 fs of (start, fsk1 # fsk # end) =
start @ vec n (Nk. (fsk $ k — ¢ = fsk1 $ k) symmod p) # fsk1 # end,
TArray.of-fun
(\i. if i < kI
then dmu ! §
else if k < 1
then let row-i = dmu ! 1;
mutkl = row-i ! k1;
muik = row-i !l k
in TArray.of-fun
(N\j. if § = k1 then (mukkl’ * muikl + muik x dk1) div dk
symmod mod1
else if j = k then (dkS1 * muikl — mukkl' * muik) div
dk symmod modk
else row-i ! §)
i
else if i = k then IArray.of-fun (N\j. if j = kI then mukkl’ symmod
modl else row-k1 1! §) k
else IArray.of-fun (Aj. (row-k 1! j — ¢ x row-k1 1! §) symmod mods
1) i)

m’
TIArray.of-fun (Mi. if i = k then dk’ else dd !! i) (Suc m),
TArray.of-fun (Aj. if j = k1 then modl else if j = k then modk else mods ! j)
(m — 1))

definition LLL-swap-add where
LLL-swap-add p state i = (let
il =1 — 1;
(-, dmui, di, -) = state;
rowi = dmui !! i;
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dii = di ! i;

muij = rowi ! i1;

¢ = round-num-denom muij dit

in if ¢ = 0 then LLL-swap-row p state i

else perform-swap-add p state i il ¢ rowi muij dii)

definition LLL-maz-gso-norm-di :: bool = int iarray = rat X nat where
LLL-mazx-gso-norm-di first di =
(if first then (of-int (di !l 1), 0)
else case maz-list-rats-with-index (map (A i. (di ! (Suc 4), di 1! 4, 7)) [0 ..<
m )

of (num, denom, i) = (of-int num / of-int denom, 7))

definition LLL-maz-gso-quot:: (int * int) iarray = (int * int * nat) where
LLL-maz-gso-quot di-prods = max-list-rats-with-index
(map (Ni. case di-prods ! i of (I,r) = (I, r, Suc 7)) [0..<(m—1)])

definition LLL-maz-gso-norm :: bool = state-impl = rat X nat where
LLL-maz-gso-norm first state = (case state of (-, -, di, mods) = LLL-maz-gso-norm-di

first di)

definition perform-adjust-mod :: int = state-impl = state-impl where
perform-adjust-mod p state = (case state of (mfsi, dmui, di, -) =
let mfsi’ = map (map-vec (Ax. x symmod p)) mfsi;
mods = TArray.of-fun (X j. p x di ! j = di !l (Suc j)) (m — 1);
dmui’ = IArray.of-fun (X i. let row = dmui ! i in IArray.of-fun (X j.
row ! j symmod (mods !! §)) i) m
m
((mfsi’, dmui’, di, mods)))

definition mod-of-gso-norm :: bool = rat = int where
mod-of-gso-norm first mn = log-base ~ (log-ceiling log-base (maz 2 (
root-rat-ceiling 2 (mn x (rat-of-nat (if first then 4 else m + 3))) + 1)))

definition LLL-adjust-mod :: int = bool = state-impl = int X state-impl X nat
where
LLL-adjust-mod p first state = (

let (b', g-ide) = LLL-maz-gso-norm first state;

p’ = mod-of-gso-norm first b’

in if p’ < p then (p’, perform-adjust-mod p' state, g-idz)

else (p, state, g-idx)
)

definition LLL-adjust-swap-add where
LLL-adjust-swap-add p first state g-ide i = (
let statel = LLL-swap-add p state ©
inif i — 1 = g-idz then
LLL-adjust-mod p first statel else (p, statel, g-idz))
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definition LLL-step :: int = bool = state-impl = nat = nat = int = (int x
state-impl x nat) x nat X int where
LLL-step p first state g-ide ¢ j = (if i = 0 then ((p, state, g-idx), Suc i, 7)

else let
il =i — 1
1S = Suc i;

(-, -, di, -) = state;
(num, denom) = quotient-of «;

d-i = di ! i;
d-il = di ! il;
d-Si = di ! iS

in if d-i % d-i x denom < num * d-il * d-Si then
((p, state, g-idz), iS, j)
else (LLL-adjust-swap-add p first state g-idx i, il, j + 1))

partial-function (tailrec) LLL-main :: int = bool = state-impl = nat = nat =
int = int X state-impl
where
LLL-main p first state g-idx i (j :: int) = (
(ifi<m
then case LLL-step p first state g-idx i j of
((p', state’, g-idz"), i’, ') =
LLL-main p' first state’ g-idx’ i’ j'
else
(p, state)))

partial-function (tailrec) LLL-iso-main-inner where
LLL-iso-main-inner p first state di-prods g-idz (j :: int) = (
case state of (-, -, di, -) =
(
(let (max-gso-num, maz-gso-denum, indzx) = LLL-maz-gso-quot di-prods;
(num, denum) = quotient-of « in
(if maz-gso-num * denum > num * maz-gso-denum then
case LLL-adjust-swap-add p first state g-idx indz of
(p’, state’, g-idz') = case state’ of (-, -, di’, -) =
let di-prods’ = IArray.of-fun (X i. case di-prods ! i of Ir =
if i > indz V i + 2 < indx then Ir
else case lr of (l,r)
= if i + 1 = indz then let d-ide = di’ ! indz in (d-idz * d-idz, )
else (I, di’ W (i + 2) = di’ N %)) (m — 1)
in LLL-iso-main-inner p’ first state’ di-prods’ g-ide’ (j + 1)
else

(p, state)))))

definition LLL-iso-main where
LLL-iso-main p first state g-idz j = (if m > 1 then
case state of (-, -, di, -) =
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let di-prods = IArray.of-fun (A i. (di 1! (i+1) = di ! (i+1), di 1! (i+2) * di !l
i) (m — 1)

in LLL-iso-main-inner p first state di-prods g-idz j else (p,state))

definition LLL-initial :: bool = int X state-impl X nat where
LLL-initial first = (let init = du-impl fs-init;

di = IArray.of-fun (X i. if i = 0 then 1 else let il = i — 1 in init V! 1 1 i1)
(Suc m);

(b,g-idx) = LLL-max-gso-norm-di first di;

p = mod-of-gso-norm first b;

mods = IArray.of-fun (X j. p = di 1! j % di V! (Suc j)) (m — 1);

dmui = TArray.of-fun (X i. let row = init ! ¢ in IArray.of-fun (X j. row !l j
symmod (mods !! j)) i) m

in (p, (compute-initial-mfs p, dmui, di, mods), g-idz))

primrec LLL-add-rows-loop where
LLL-add-rows-loop p state i 0 = state
| LLL-add-rows-loop p state i (Suc j) = (
let state’ = LLL-add-row p state i j
in LLL-add-rows-loop p state’ i j)

primrec LLL-add-rows-outer-loop where
LLL-add-rows-outer-loop p state 0 = state |
LLL-add-rows-outer-loop p state (Suc i) =
(let state’ = LLL-add-rows-outer-loop p state i in
LLL-add-rows-loop p state’ (Suc i) (Suc 7))

definition
LLL-reduce-basis = (if m = 0 then |[] else
let first = Fulse;
(p0, state0, g-idx0) = LLL-initial first;
(p, state) = LLL-main p0 first state0 g-idz0 0 0;
(mfs,-,~,-) = LLL-add-rows-outer-loop p state (m — 1)
in mfs)

definition
LLL-reduce-basis-iso = (if m = 0 then [] else
let first = False;
(p0, state0, g-ide0) = LLL-initial first;
(p, state) = LLL-iso-main p0 first state0 g-idz0 0;
(mfs,-,-,-) = LLL-add-rows-outer-loop p state (m — 1)
in mfs)

definition
LLL-short-vector = (
let first = True;
(p0, state0, g-idx0) = LLL-initial first;
(p, (mfs,-,-,-)) = LLL-main p0 first state0 g-idz0 0 0
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in hd mfs)

definition
LLL-short-vector-iso = (
let first = True;
(p0, state0, g-idx0) = LLL-initial first;
(p, (mfs,-,~,-)) = LLL-iso-main p0 first state0 g-idz0 0
in hd mfs)

end

declare LLL.LLL-short-vector-def|code]
declare LLL.LLL-short-vector-iso-def[code]
declare LLL.LLL-reduce-basis-def|code]
declare LLL.LLL-reduce-basis-iso-def[code]
declare LLL.LLL-iso-main-def[code]
declare LLL.LLL-iso-main-inner.simps|code]
declare LLL.LLL-initial-def[code]

declare LLL.LLL-main.simps|code]
declare LLL.LLL-adjust-mod-def]code]
declare LLL.LLL-max-gso-norm-def[code]
declare LLL.perform-adjust-mod-def|code]
declare LLL.LLL-maz-gso-norm-di-def|code]
declare LLL.LLL-maz-gso-quot-def|code]
declare LLL.LLL-step-def|code]

declare LLL.LLL-add-row-def|code]
declare LLL.perform-add-row-def|code]
declare LLL.LLL-swap-row-def[code]
declare LLL.LLL-swap-add-def[code]
declare LLL.LLL-adjust-swap-add-def|code]
declare LLL.perform-swap-add-def[code]
declare LLL.mod-of-gso-norm-def|code]
declare LLL.compute-initial-mfs-def[code]
declare LLL.log-base-def|code]

4.2 Towards soundness proof of implementation

context LLL
begin
lemma perform-swap-add: assumes k: k # 0 k < m and fs: length fs = m
shows LLL-swap-row p (perform-add-row p (fs, dmu, di, mods) k (k — 1) ¢ (dmu
WE) (dnuV kN (E— 1)) (diNE))k
= perform-swap-add p (fs, dmu, di, mods) k (k — 1) ¢ (dmu ' k) (dmu 1! k!
(k— 1)) (di ' k)
proof —
from k[folded fs
have drop: drop k fs = fs ! k # drop (Suc k) fs
by (simp add: Cons-nth-drop-Suc)
obtain v where v: vec n (Aka. (fs! k$ ka — cx fs! (k — 1) $ ka) symmod p)
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= v by auto
from k[folded fs]
have drop1: drop (k — 1) (take k fs Q@ v # drop (Suc k) fs) = fs! (k — 1) # v
# drop (Suc k) fs
by (simp add: Cons-nth-drop-Suc)
(smt Cons-nth-drop-Suc Suc-diff-Suc Suc-less-eq Suc-pred diff-Suc-less diff-self-eq-0
drop-take less-Sucl take-Suc-Cons take-eq-Nil)
from k[folded fs
have drop2: drop (k — 1) fs=fs ! (k — 1) # fs | k # drop (Suc k) fs
by (metis Cons-nth-drop-Suc One-nat-def Suc-less-eq Suc-pred less-Sucl neq0-conv)
have take: take (k — 1) (take k fs Q xs) = take (k — 1) fs for xs using k[folded
fs] by auto
obtain rowk where rowk: IArray.of-fun
(Nj. ifjj < k — 1then (dmu !l k! jj — ¢ x dmu ! (k —
1) 1 4j) symmod mods ! jj
elseif jj=k — 1 then dmu " kN (k — 1) — ¢ x di !l k else dmu ! k
) k = rowk
by auto
obtain mukkl’ where mukkl’ (di !! Suc k = di !l (k — 1) + rowk !l (k — 1) %
rowk ! (k — 1)) div di ! k = mukk1’
by auto
have kk1: k — 1 < k using k by auto
have mukk1'": (di !l Suc k x di !l (k — 1) +
(dmu M kN (k—1)—cx diNk)x (dnu " kN (k—1)— cx di !l k))
div
di "'k = mukk1’
unfolding mukk! [symmetric] rowk[symmetric] IArray.of-fun-nth[OF kk1] by
auto
have id: (k = k) = True by simp
have rowk!: dmu ! k!l (k — 1) —ecx di !l k = rowk ! (k — 1)
unfolding rowk[symmetric] IArray.of-fun-nth[OF kk1] by simp
show ?thesis
unfolding perform-swap-add-def split perform-add-row-def Let-def split LLL-swap-row-def
split-at-def
unfolding drop list.simps v drop1 take prod.inject drop2 rowk IArray.of-fun-nth|OF
<k < m] id if-True
unfolding rowk1
proof (intro conjl refl iarray-cong, unfold rowk![symmetric], goal-cases)
case i: (1 1)
show ?case unfolding IArray.of-fun-nth[OF i| IArray.of-fun-nth[OF <k < m»]
id if-True mukkl’ mukkl'
rowk1 [symmetric]
proof (intro if-cong[OF refl], force, goal-cases)
case 3
hence i: i = k — 1 by auto
show ?case unfolding i by (intro iarray-cong|OF refl], unfold rowk[symmetric],
subst IArray.of-fun-nth, insert k, auto)
next
case ki: 1
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hence id: (k = i) = False by auto
show ?case unfolding id if-False rowk
by (intro iarray-cong if-cong refl)
next
case 2
show ?case unfolding 2
by (intro iarray-cong if-cong refl, subst IArray.of-fun-nth, insert k, auto)
qed
qed
qed

lemma LLL-swap-add-eq: assumes i: i # 01 < m and fs: length fs = m
shows LLL-swap-add p (fs,dmu,di,mods) i = (LLL-swap-row p (LLL-add-row p
(fs,dmu,di,mods) i (i — 1)) i)
proof —
define ¢ where ¢ = round-num-denom (dmu !l ¢ 1\ (¢ — 1)) (di ! ©)
from ¢ have sil: Suc (i — 1) = i by auto
note res! = LLL-swap-add-def|of p (fs,dmu,di,mods) i, unfolded split Let-def
c-def[symmetric]]
show ?thesis
proof (cases ¢ = 0)
case True
thus ?thesis using i unfolding res! LLL-add-row-def split id c-def Let-def by
auto
next
case Fulse
hence c: (¢ = 0) = Fulse by simp
have add: LLL-add-row p (fs, dmu, di, mods) i (i — 1) =
perform-add-row p (fs, dmu, di, mods) i (i — 1) ¢ (dmu ! ©) (dmu 11 ¢ 1! (i
— 1)) (di 1! 9)
unfolding LLL-add-row-def Let-def split sil c-def[symmetric] ¢ by auto
show ?thesis unfolding res! c if-False add
by (subst perform-swap-add[OF assms|) simp
qed
qed
end

context LLL-with-assms
begin
lemma LLL-mod-inv-to-weak: LLL-invariant-mod fs mfs dmu p first b i = LLL-invariant-mod-weak
fs mfs dmu p first b
unfolding LLL-invariant-mod-def LLL-invariant-mod-weak-def by auto

declare [Array.of-fun-def[simp del]

lemma LLL-swap-row: assumes impl: state-impl-inv p mfs dmu state
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and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-swap p mfs dmu k = (mfs’, dmu’)
and res”: LLL-swap-row p state k = state’
and k: k< mk#0
shows state-impl-inv p mfs’ dmu’ state’
proof —
note inv = LLL-invD-modw[OF Linv]
obtain fsi dmui di mods where state: state = (fsi, dmui, di, mods) by (cases
state, auto)
obtain fsi’ dmui’ di’ mods’ where state”: state’ = (fsi’, dmui’, di’, mods’) by
(cases state’, auto)
from impl[unfolded state, simplified]
have id: fsi = mfs
di = IArray.of-fun (d-of dmu) (Suc m)
dmui = IArray.of-fun (Xi. IArray.of-fun (Aj. dmu $$ (i, j)) i) m
mods = IArray.of-fun (\j. p * di I' j % di !! Suc j) (m — 1)
by auto
have kk1: dmui ' kW' (k — 1) = dmu $$ (k, £ — 1) using k unfolding id
IArray.of-fun-nth|OF k(1))
by (subst IArray.of-fun-nth, auto)
have di: i < m = di !! i = d-of dmu i for ¢
unfolding id by (subst IArray.of-fun-nth, auto)
have dS1: di !! Suc k = d-of dmu (Suc k) using di k by auto
have d1: di!! (k — 1) = d-of dmu (k — 1) using di k by auto
have dk: di !! k = d-of dmu k using di k by auto
define dk’ where dk’ = (d-of dmu (Suc k) * d-of dmu (k — 1) + dmu $$ (k, k
— 1)« dmu 3% (k, k — 1)) div d-of dmu k
define mod! where modl = p * d-of dmu (k — 1) * dk’
define modk where modk = p * dk’ x d-of dmu (Suc k)
define dmu’’ where dmu'’ = (mat m m
(A, 4)-
ifj<i
then if i = k — 1 then dmu $$ (k, j)
else ifi =k Nj#k — 1then dmu $$ (k — 1, j)
else if k < i A j = k then (d-of dmu (Suc k) * dmu $$ (i, k — 1)
— dmu $$ (k, k — 1) * dmu $$ (4, 7)) div d-of dmu k
else if k < i N j=k — 1 then (dmu $$ (k, k — 1) * dmu $$
(i, j) + dmu $$ (i, k) * d-of dmu (k — 1)) div d-of dmu k else dmu $$ (i, j)
else if i = j then if i = k — 1 then (d-of dmu (Suc k) % d-of dmu (k — 1)
+ dmu 38 (k, k — 1) « dmu $$ (k, k — 1)) div d-of dmu k else d-of dmu (Suc ©)
else dmu $$ (4, 7)))
have drop: drop (k — 1) fsi = mfs ! (k — 1) # mfs | k # drop (Suc k) mfs
unfolding id using <length mfs = m» k
by (metis Cons-nth-drop-Suc One-nat-def Suc-less-eq Suc-pred less-Sucl linorder-neqE-nat
not-less0)
have dk’: dk’ = d-of dmu'' k unfolding dk’-def d-of-def dmu'’-def using k by
auto
have mod1: modl = p * d-of dmu'' (k — 1) % d-of dmu'" k unfolding mod1-def
dk’ using k
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by (auto simp: dmu’’-def d-of-def)
have modk: modk = p * d-of dmu'' k % d-of dmu’’ (Suc k) unfolding modk-def
dk’ using k
by (auto simp: dmu''-def d-of-def)
note res = res[unfolded basis-reduction-mod-swap-def, folded dmu'’-def, symmet-
ric]
note res’ = res’[unfolded state state’ split-at-def drop list.simps split LLL-swap-row-def
Let-def kk1 dS1 d1 dk,
folded dk’-def mod1-def modk-def, symmetric]
from res’ have fsi’: fsi’ = take (k — 1) mfs Q mfs | k # mfs ! (k — 1) # drop
(Suc k) mfs unfolding id by simp
from res’ have di’: di’ = IArray.of-fun (Nii. if i = k then dk' else di ! i) (Suc
m) by simp
from res’ have dmui’. dmui’ = IArray.of-fun
(Ni.if i < k — 1 then dmui ! {
else if k < i then IArray.of-fun
Njoifj=k— 1
then (dmu $$ (k, k — 1) x dmui ' ¢ 1! (K — 1) + dmui 1! 4 !!
k x d-of dmu (k — 1))
div d-of dmu k symmod mod1
else if j = k
then (d-of dmu (Suc k) * dmui ! i !l (k — 1) — dmu $$
(k,k— 1)« dmui ' i 1 k)
div d-of dmu k symmod modk
else dmui Il ¢ 1l j)
i
else if i = k then IArray.of-fun (N\j. if j = k — 1 then dmu $$ (k, k —
1) symmod modl
else dmui !l (k — 1) ! j) @ else IArray.of-fun (") (dmui ! k)) ©)
m by auto
from res’ have mods”: mods’ = IArray.of-fun (Njj. if jj = k — 1 then modl else
if 37 = k then modk else mods ! jj) (m — 1)
by auto
from res have dmu’: dmu’ = basis-reduction-mod-swap-dmu-mod p dmu'’ k by
auto
show ?thesis unfolding state’ state-impl-inv.simps
proof (intro conjl)
from res have mfs”. mfs’ = mfs[k := mfs ! (k — 1), k — 1 := mfs | k] by simp
show fsi’ = mfs’ unfolding fsi’ mfs’ using <length mfs = m» k
proof (intro nth-equalityl, force, goal-cases)
case (1 j)
have choice: j =k —1Vj=kVj<k—1Vj>kby linarith
have min (length mfs) (k — 1) = k — 1 using 1 by auto
with 1 choice show ?Zcase by (auto simp: nth-append)
qed
show di’ = IArray.of-fun (d-of dmu’) (Suc m) unfolding di’
proof (intro iarray-cong refl, goal-cases)
case i: (1 1)
hence d-of dmu’ i = d-of dmu’’ i unfolding dmu’ basis-reduction-mod-swap-dmu-mod-def
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d-of-def
by (intro if-cong, auto)

also have ... = ((if i = k then dk’ else di !! i))
proof (cases i = k)
case False

hence d-of dmu'' i = d-of dmu i unfolding dmu’’-def d-of-def using i k
by (intro if-cong refl, auto)
thus ?thesis using Fulse i k unfolding id by (metis iarray-of-fun-sub)
next
case True
thus ?thesis using dk’ by auto
qed
finally show ?case by simp
qed
have dkS1: d-of dmu (Suc k) = d-of dmu’ (Suc k)
unfolding dmu'’-def d-of-def using k by auto
have dk1: d-of dmu (k — 1) = d-of dmu"' (k — 1)
unfolding dmu'’-def d-of-def using k by auto
show dmui’ = IArray.of-fun (Xi. IArray.of-fun (Aj. dmu’ $$ (i, j)) i) m
unfolding dmui’
proof (intro iarray-cong refl, goal-cases)
case i: (1 1)
consider (1) i<k —1|(2)i=k—1|(3)i=k| (4) 7>k Dby linarith
thus ?case
proof (cases)
case I
hence *: (i < k — 1) = True by simp
show ?thesis unfolding x if-True id IArray.of-fun-nth|OF i| using i k 1
by (intro iarray-cong refl, auto simp: dmu' basis-reduction-mod-swap-dmu-mod-def,
auto simp: dmu''-def)
next
case 2
hence x: (i < k — 1) = False (k < i) = False (i = k) = False using k by
auto
show ?thesis unfolding x if-False id using i k 2 unfolding IArray. of-fun-nth[OF
k(1))
by (intro iarray-cong refl, subst IArray.of-fun-nth, auto simp: dmu’
basis-reduction-mod-swap-dmu-mod-def dmu'’-def)
next
case 3
hence x: (i < k — 1) = False (k < i) = False ({ = k) = True using k by
auto
show ?thesis unfolding x if-False if-True id IArray.of-fun-nth|OF k(1)]
proof (intro iarray-cong refl, goal-cases)
case j: (17)
show ?Zcase
proof (casesj =k — 1)
case Fulse
hence *: (j = k — 1) = False by auto
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show ?thesis unfolding x if-False using False j ki 3
by (subst IArray.of-fun-nth, force, subst IArray.of-fun-nth, force, auto
simp: dmu’ basis-reduction-mod-swap-dmu-mod-def dmu''-def)
next
case True
hence *: (j = k — 1) = True by auto
show ?thesis unfolding * if-True unfolding True 3 using k
by (auto simp: basis-reduction-mod-swap-dmu-mod-def dmu’ dk’ mod1
dmu’'-def)
qged
ged
next
case 4
hence *: (i < k — 1) = False (k < i) = True using k by auto
show ?thesis unfolding x if-False if-True id TArray.of-fun-nth[OF k(1))
TArray. of-fun-nth[OF i < my)
proof (intro iarray-cong refl, goal-cases)
case j: (17)
from 4 have kI: k — 1 < i by auto
show ?Zcase unfolding IArray.of-fun-nth|OF j| IArray.of-fun-nth[OF 4]
IArray.of-fun-nth[OF k1]
unfolding modl modk dmu’ basis-reduction-mod-swap-dmu-mod-def
using i j 4 k
by (auto intro!: arg-conglof - - X\ x. © symmod -], auto simp: dmu'’-def)
qed
qed
qed
show mods’ = IArray.of-fun (Nj. p x di’ ' j = di’ IV Suc j) (m — 1)
unfolding mods’ di’ dk’ mod1 modk
proof (intro iarray-cong refl, goal-cases)
case (1 j)
hence j: j < Suc m Suc j < Suc m by auto
show ?case unfolding
IArray.of-fun-nth[OF 1]
IArray.of-fun-nth|OF j(1)]
TArray.of-fun-nth[OF j(2)] id(4) using k di dk1 dkS1
by auto
qed
qed
qed

lemma LLL-add-row: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-add-row p mfs dmu i j = (mfs’, dmu’)
and res”: LLL-add-row p state i j = state’
and i: i < m
and j: j < i

shows state-impl-inv p mfs’ dmu’ state’
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proof —
note inv = LLL-invD-modw[OF Linv]
obtain fsi dmui di mods where state: state = (fsi, dmui, di, mods) by (cases
state, auto)
obtain fsi’ dmui’ di’ mods’ where state’: state’ = (fsi’, dmui’, di’, mods’) by
(cases state’, auto)
from impl[unfolded state, simplified]
have id: fsi = mfs
di = IArray.of-fun (d-of dmu) (Suc m)
dmui = IArray.of-fun (Xi. IArray.of-fun (Aj. dmu $$ (i, j)) i) m
mods = IArray.of-fun (\j. p = di I' j % di !! Suc j) (m — 1)
by auto
let ?c = round-num-denom (dmu $$ (4, 7)) (d-of dmu (Suc 7))
let ?¢’ = round-num-denom (dmui ! i ! §) (di !! Suc j)
obtain ¢ where c: c = ¢ by auto
have ¢": ?¢’ = ¢ unfolding id c[symmetric] using i j
by (subst (1 2) IArray.of-fun-nth, (force+)[2],
subst IArray.of-fun-nth, force+)
have drop: drop i fsi = mfs | ¢ # drop (Suc i) mfs unfolding id using <length
mfs = m»y i
by (metis Cons-nth-drop-Suc)
note res = res[unfolded basis-reduction-mod-add-row-def Let-def ¢, symmetric]
note res’ = res’[unfolded state state’ split LLL-add-row-def Let-def ¢', symmetric]
show ?thesis
proof (cases ¢ = 0)
case True
from res[unfolded True] res’|unfolded True] show f?thesis unfolding state
using id by auto
next
case Fulse
hence Fualse: (¢ = 0) = False by simp
note res = res[unfolded Let-def False if-False]
from res have mfs" mfs’ = mfs[i :== map-vec (A\z. x symmod p) (mfs ! i — ¢
- mfs | j)] by auto
from res have dmu’: dmu’ = mat m m (A\(i', j').
ifi' =i Aj§'<j
then if 5’ = j then dmu $$ (i, j)) — c * dmu $$ (4, 7/
else (dmu $3$ (i, j') — ¢ * dmu 3% (4, 7)) symmod (p % d-of dmu j' *
d-of dmu (Suc j"))
else dmu $$ (i’, ")) by auto
note res’ = res’[unfolded Let-def False if-False perform-add-row-def drop list.simps
split-at-def split)
from res’ have fsi”: fsi’ = take i fsi @ vec n (M\k. (mfs ! i $k — cxmfs!j$
k) symmod p) # drop (Suc i) mfs
by (auto simp: id)
from res’ have di’: di’ = di and mods”: mods’ = mods by auto
from res’ have dmui” dmui’ = IArray.of-fun (\ii. if i = i
then IArray.of-fun
(Njj. if 57 < jthen (dmui " iV jj — ¢ x dmui !! j ! 4j) symmod (mods

/
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i)
else if jj = j then dmui ' i ' j — ¢ % di !l (Suc j) else dmui ! 4
I ji)
i
else dmui !! i) m by auto
show ?thesis unfolding state’ state-impl-inv.simps
proof (intro conjI)
from inv(11) ¢ j have vec: mfs | i € carrier-vec n mfs ! j € carrier-vec n by
auto
hence id": map-vec (Az. © symmod p) (mfs ! i — ¢ -, mfs | j) = vec n (k.
(mfs ' i 8k —cxmfs!j$ k) symmod p)
by (intro eq-vecl, auto)
show mods’ = IArray.of-fun (A\j. p * di’ !l j = di’!! Suc j) (m — 1) using id
unfolding mods’ di’ by auto
show fsi’ = mfs’ unfolding fsi’ mfs’ id unfolding id’ using <length mfs =
my i
by (simp add: upd-conv-take-nth-drop)
show di’ = IArray.of-fun (d-of dmu’) (Suc m)
unfolding dmu’ di’ id d-of-def
by (intro iarray-cong if-cong refl, insert i j, auto)
show dmui’ = IArray.of-fun (Xi. IArray.of-fun (Aj. dmu’ $$ (i, j)) i) m
unfolding dmui’
proof (intro iarray-cong refl)
fix 71
assume 7i: % < m
show (if i = 7
then IArray.of-fun
(Njj. if 7 < j then (dmui V' ¢ 1V jj — ¢ x dmui ! § 1! jj) symmod (mods
I ji)
else if jj = j then dmui ! ¢ 11 j — ¢ x di 1! (Suc j) else dmui !l
1 )
i
else dmui ! i) =
IArray.of-fun (Nj. dmu’ $$ (i, j)) i
proof (cases i = ii)
case Fulse
hence x: (i = i) = False by auto
show ?thesis unfolding * if-False id dmu’ using False i j ii
unfolding IArray.of-fun-nth[OF i)
by (intro iarray-cong refl, auto)
next
case True
hence x: (i = ii) = True by auto
from ¢ j have j < m by simp
show ?thesis unfolding x if-True dmu' id IArray.of-fun-nth[OF i| IAr-
ray.of-fun-nth[OF «j < my)
unfolding True[symmetric]
proof (intro iarray-cong refl, goal-cases)

case jj: (1 jj)
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consider (1) jj <j|(2) 4 =341(3) 4 > jby linarith
thus ?case
proof cases
case I
thus ?thesis using jj ¢ j unfolding id(4)
by (subst (1 2 8 4 5 6) IArray.of-fun-nth, auto)
next
case 2
thus “thesis using jj i j
by (subst (5 6) IArray.of-fun-nth, auto simp: d-of-def)
next
case 3
thus ?thesis using jj i j
by (subst (7) IArray.of-fun-nth, auto simp: d-of-def)
qed
qed
qged
qed
qed
qed
qed

lemma LLL-maz-gso-norm-di: assumes di: di = IArray.of-fun (d-of dmu) (Suc
m)
and m: m # 0
shows LLL-maz-gso-norm-di first di = compute-maz-gso-norm first dmu
proof —
have di: j < m = di !l j = d-of dmu j for j unfolding di
by (subst IArray.of-fun-nth, auto)
have id: (m = 0) = False using m by auto
show ?thesis
proof (cases first)
case Fulse
hence id": first = False by auto
show ?thesis unfolding LLL-maz-gso-norm-di-def compute-maz-gso-norm-def
id id’ if-False
by (intro if-cong refl arg-cong[of - - X xs. case maz-list-rats-with-index xs of
(num, denom, i) = (rat-of-int num / rat-of-int denom, 7)],
unfold map-eq-conv, intro balll, subst (1 2) di, auto)
next
case True
hence id" first = True by auto
show ?thesis unfolding LLL-max-gso-norm-di-def compute-max-gso-norm-def
id id’ if-False if-True
using m di[of 1]
by (simp add: d-of-def)
qged
qed
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lemma LLL-maz-gso-quot: assumes di: di = [Array.of-fun (d-of dmu) (Suc m)
and prods: state-iso-inv di-prods di
shows LLL-maz-gso-quot di-prods = compute-max-gso-quot dmu
proof —
have di: j < m = di !! j = d-of dmu j for j unfolding di
by (subst IArray.of-fun-nth, auto)
show ?thesis unfolding LLL-maz-gso-quot-def compute-maz-gso-quot-def prods[unfolded
state-iso-inv-def]
by (intro if-cong refl arg-conglof - - max-list-rats-with-index], unfold map-eq-conv
Let-def, intro balll,
subst IArray.of-fun-nth, force, unfold split,
subst (1 2 3 4) di, auto)

qed

lemma LLL-maz-gso-norm: assumes impl: state-impl-inv p mfs dmu state
and m: m # 0

shows LLL-maz-gso-norm first state = compute-maz-gso-norm first dmu

proof —

obtain mfsi dmui di mods where state: state = (mfsi, dmui, di,mods)
by (metis prod-casesd)
from impl[unfolded state state-impl-inv.simps]
have di: di = IArray.of-fun (d-of dmu) (Suc m) by auto
show ?thesis using LLL-maz-gso-norm-di]|OF di m| unfolding LLL-maz-gso-norm-def
state split .
qged

lemma mod-of-gso-norm: m # 0 = mod-of-gso-norm first mn =
compute-mod-of-maz-gso-norm first mn
unfolding mod-of-gso-norm-def compute-mod-of-maz-gso-norm-def bound-number-def
by auto

lemma LLL-adjust-mod: assumes impl: state-impl-inv p mfs dmu state
and res: basis-reduction-adjust-mod p first mfs dmu = (p’, mfs’, dmu’, g-idx)
and res”: LLL-adjust-mod p first state = (p"', state’, g-idz’)
and m: m # 0
shows state-impl-inv p’ mfs’ dmu’ state’ A p"' = p' A\ g-idz’ = g-idz
proof —
from LLL-maz-gso-norm[OF impl m]
have id: LLL-max-gso-norm first state = compute-maz-gso-norm first dmu by
auto
obtain b gi where norm: compute-maz-gso-norm first dmu = (b, gi) by force
obtain P where P: compute-mod-of-mazx-gso-norm first b = P by auto
note res = res[unfolded basis-reduction-adjust-mod.simps Let-def P norm split]
note res’ = res’[unfolded LLL-adjust-mod-def id Let-def P norm split mod-of-gso-norm|[OF
m]]
show ?thesis
proof (cases P < p)
case Fulse
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thus ?thesis using res res’ impl by (auto split: if-splits)
next
case True
hence id: (P < p) = True by auto
obtain fsi dmui di mods where state: state = (fsi, dmui, di, mods) by (metis
prod-casesy)
from impl[unfolded state state-impl-inv.simps]
have impl: fsi = mfs di = IArray.of-fun (d-of dmu) (Suc m) dmui = IAr-
ray.of-fun (Ni. TArray.of-fun (Aj. dmu $$ (4, 7)) i) m by auto
note res = res[unfolded id if-True)
from res have mfs”. mfs’ = map (map-vec (Az. z symmod P)) mfs
and p: p'= P
and dmu’: dmu’ = mat m m (\(i, j). if § < i then dmu $$ (4, j) symmod (P
x vec (Suc m) (d-of dmu) $ j * vec (Suc m) (d-of dmu) $ Suc j) else dmu $$ (i,
M)
and gidx: g-ide = gi
by auto
let ?mods = IArray.of-fun (Aj. P x di ! j x di I! Suc j) (m — 1)
let ?dmu = IArray.of-fun (Ai. IArray.of-fun (Aj. dmui ! ¢ 1! j symmod ?mods
j)i)m
note res’ = res’lunfolded id if-True state split impl(1) perform-adjust-mod-def
Let-def]
from res’ have p'": p’’ = P and state”: state’ = (map (map-vec (A\z. x symmod
P)) mfs, 2dmu, di, ?mods)
and gidz": g-idz’ = gi by auto
show ?thesis unfolding state’ state-impl-inv.simps mfs’ p"’ p’ gidx gidz’
proof (intro conjI refl)
show di = IArray.of-fun (d-of dmu’) (Suc m) unfolding impl
by (intro iarray-cong refl, auto simp: dmu' d-of-def)
show 2dmu = IArray.of-fun (Xi. IArray.of-fun (Aj. dmu’$$ (i, j)) i) m
proof (intro iarray-cong refl, goal-cases)
case (1 ij)
hence j < m Suc j < Suc mj < Suc m j < m — 1 by auto
show ?case unfolding dmu’ impl IArray.of-fun-nth[OF < < m»] IAr-
ray.of-fun-nth[OF j < i)
TArray.of-fun-nth[OF <j < m»] IArray.of-fun-nth[OF <Suc j < Suc m»]
TArray.of-fun-nth[OF <j < Suc mv] TArray.of-fun-nth[OF <j < m — 1]
using 1 by auto
qed
qed
qed
qged

lemma LLL-adjust-swap-add: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-adjust-swap-add-step p first mfs dmu g-ide k = (p’, mfs’,
dmu’, g-idz")
and res”: LLL-adjust-swap-add p first state g-ide k = (p"',state’, G-idx")
and k: k < m and k0: k # 0
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shows state-impl-inv p’ mfs’ dmu’ state’ p”’ = p’ G-idz' = g-idz’
i <m = i# k= di-of state’ ! i = di-of state ! i
proof (atomize(full), goal-cases)
case I
from k have m: m # 0 by auto
obtain mfsi dmui di mods where state: state = (mfsi, dmui, di, mods)
by (metis prod-cases3)
obtain state’’ where add’: LLL-add-row p state k (k — 1) = state’’ by blast
obtain mfs"’ dmu’ where add: basis-reduction-mod-add-row p mfs dmu k (k —
1) = (mfs”, dmu'’) by force
obtain mfs3 dmu3 where swap: basis-reduction-mod-swap p mfs"" dmu'' k =
(mfs8, dmud) by force
obtain state3 where swap”. LLL-swap-row p state’’ k = state3 by blast
obtain mfsi2 dmui2 di2 mods2 where state2: state’’ = (mfsi2, dmui2, di2,
mods2) by (cases state', auto)
obtain mfsi8 dmui8 di3 mods3 where state3: stated = (mfsid, dmui3, di3,
mods3) by (cases state3, auto)
have length mfsi = m using impl[unfolded state state-impl-inv.simps] LLL-invD-modw|[OF
Linv] by auto
note res’ = res’unfolded state LLL-adjust-swap-add-def LLL-swap-add-eq[OF k0
k this], folded state, unfolded add’ swap’ Let-def]
note res = res[unfolded basis-reduction-adjust-swap-add-step-def Let-def add split
swap)
from LLL-add-row[OF impl Linv add add’ k] kO
have impl”: state-impl-inv p mfs’’ dmu'’ state’’ by auto
from basis-reduction-mod-add-row[OF Linv add k - k0] k0
obtain fs'’ where Linv’ LLL-invariant-mod-weak fs"' mfs'’ dmu'' p first b by
auto
from LLL-swap-row|OF impl’ Linv’ swap swap’ k k0]
have impl3: state-impl-inv p mfs3 dmu3 state3 .
have di2: di2 = di using add’[unfolded state LLL-add-row-def Let-def split per-
form-add-row-def state2]
by (auto split: if-splits)
have di3: di3 = IArray.of-fun (Xi. if { = k then (di2 ! Suc k * di2 ' (k — 1) +
dmui2 WEW (K — 1) « dmui2 W kN (kK — 1)) div di2 Il k else di2 1! §) (Suc m)
using swap’[unfolded state2 state3]
unfolding LLL-swap-row-def Let-def by simp
have di8: i <m = i# k= di8!'i=di!li
unfolding di2[symmetric] di3
by (subst IArray.of-fun-nth, auto)
show ?Zcase
proof (cases k — 1 = g-idx)
case True
hence id: (k — 1 = g-idx) = True by simp
note res = res[unfolded id if-True]
note res’ = res’[unfolded id if-True]
obtain mfsij dmuij dij mods/ where state’: state’ = (mfsif, dmuij, dij,
mods4) by (cases state’, auto)
from res’[unfolded state3 state’ LLL-adjust-mod-def Let-def perform-adjust-mod-def)
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have dij}: dij = di3
by (auto split: if-splits prod.splits)
from LLL-adjust-mod[OF impl3 res res’ m| di3 state state’ dij res’
show ?thesis by auto
next
case Fulse
hence id: (k — 1 = g-idx) = False by simp
note res = res[unfolded id if-False]
note res’ = res’[unfolded id if-False]
from impl3 res res’ di3 state state3 show ?thesis by auto
qed
qed

lemma LLL-step: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-mod-step p first mfs dmu g-ide k j = (p', mfs’, dmu’,
g-idx’, k', §7)
and res: LLL-step p first state g-ide k j = ((p”,state’, g-idx"), k", j'
and k: k< m
shows state-impl-inv p’ mfs’ dmu’ state’ N k" = k' AN p"" = p' N j'' =4 A g-idz"
= g-idz’
proof (cases k = 0)
case True
thus ?thesis using res res’ impl unfolding LLL-step-def basis-reduction-mod-step-def
by auto
next
case k0: False
hence id: (k = 0) = False by simp
note res = res[unfolded basis-reduction-mod-step-def id if-False]
obtain num denom where alph: quotient-of « = (num,denom) by force
obtain mfsi dmui di mods where state: state = (mfsi, dmui, di, mods)
by (metis prod-cases3)
note res’ = res’[unfolded LLL-step-def id if-False Let-def state split alph, folded
state]
from k0 have kki1: k — 1 < k by auto
note res = res[unfolded Let-def alph split]
obtain state’’ where addi: LLL-swap-add p state k = state’’ by auto
from impl[unfolded state state-impl-inv.simps]
have di: di = IArray.of-fun (d-of dmu) (Suc m) by auto
have id: di ' k = d-of dmu k
di " (Suc k) = d-of dmu (Suc k)
di(k—1)=d-of dnu (k — 1)
unfolding di using k&
by (subst IArray.of-fun-nth, force, force)+
have length mfsi = m using impl[unfolded state state-impl-inv.simps] LLL-invD-modw[OF
Linv] by auto
note res’ = res’[unfolded id]

98



let ?cond = d-of dmu k * d-of dmu k x denom < num * d-of dmu (k — 1) x d-of
dmu (Suc k)

show ?thesis

proof (cases ?cond)
case True
from True res res’ state show ?thesis using impl by auto

next
case Fulse
hence cond: ?cond = False by simp
note res = res[unfolded cond if-False]
note res’ = res’[unfolded cond if-False]
let ?step = basis-reduction-adjust-swap-add-step p first mfs dmu g-idz k
let ?step’ = LLL-adjust-swap-add p first state g-idz k
from res have step: ?step = (p’, mfs’, dmu’, g-idz’) by (cases ?step, auto)
note res = res[unfolded step split)
from res’ have step”: ?step’ = (p'/,state’, g-idz'") by auto
note res’ = res’lunfolded step’]
from LLL-adjust-swap-add|OF impl Linv step step’ k k0]
show ?thesis using res res’ by auto

qed

qed

lemma LLL-main: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p first b i
and res: basis-reduction-mod-main p first mfs dmu g-ide i k = (p’, mfs’, dmu’)
and res”s LLL-main p first state g-idz i k = (pi’, state’)
shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’
using assms
proof (induct LLL-measure i fs arbitrary: mfs dmu state fs p b k i g-idz rule:
less-induct)
case (less fs i mfs dmu state p b k g-idzx)
note impl = less(2)
note Linv = less(3)
note res = less(4)
note res’ = less(5)
note TH = less(1)
note res = res[unfolded basis-reduction-mod-main.simps[of - - - - - - k]|
note res’ = res’[unfolded LLL-main.simps|[of - - - - - K]
note Linvw = LLL-mod-inv-to-weak|OF Linv)
show ?Zcase
proof (cases i < m)
case Fulse
thus ?thesis using res res’ impl by auto
next
case i: True
hence id: (i < m) = True by simp
obtain P’ state’’ I K" G-idz' where step”: LLL-step p first state g-idz i k
= ((P", state", G-idz'"), I"", K"
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by (metis prod-cases3)
obtain p"’ mfs'" dmu'’ i" k' g-idz’’ where step: basis-reduction-mod-step p
first mfs dmu g-idz i k = (p”', mfs”, dmu”’, g-idz", i", k")
by (metis prod-cases3)
from LLL-step[OF impl Linvw step step’ i)
have impl'": state-impl-inv p’’ mfs"’ dmu'’ state’ and ID: 1" = " K" = k"’
P = p" G-idz" = g-idz" by auto
from basis-reduction-mod-step| OF Linv step i] obtain
fs” b" where
Linv’: LLL-invariant-mod fs'' mfs'" dmu’' p' first b"' ¢"" and
decr: LLL-measure i"" fs'" < LLL-measure i fs by auto
note res = res[unfolded id if-True step split]
note res’ = res’[unfolded id if-True step’ split ID)
show ?thesis
by (rule IH[OF decr impl" Linv'" res res’])
qged
qed

lemma LLL-iso-main-inner: assumes impl: state-impl-inv p mfs dmu state

and di-prods: state-iso-inv di-prods (di-of state)

and Linv: LLL-invariant-mod-weak fs mfs dmu p first b

and res: basis-reduction-iso-main p first mfs dmu g-ide k = (p’, mfs’, dmu’)

and res”s LLL-iso-main-inner p first state di-prods g-idz k = (pi’, state’)

and m: m > 1
shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’

using assms(1—95)
proof (induct LLL-measure (m — 1) fs arbitrary: mfs dmu state fs p b k di-prods
g-idz rule: less-induct)

case (less fs mfs dmu state p b k di-prods g-idz)

note impl = less(2)

note di-prods = less(3)

note Linv = less(4)

note res = less(5)

note res’ = less(6)

note IH = less(1)

obtain mfsi dmui di mods where state: state = (mfsi, dmui, di, mods)

by (metis prod-casess)

from di-prods state have di-prods: state-iso-inv di-prods di by auto

obtain num denom idx where quot”. LLL-maz-gso-quot di-prods = (num, denom,
idx)

by (metis prod-cases3)

note inv = LLL-invD-modw[OF Linv]

obtain na da where alph: quotient-of o = (na,da) by force

from impl[unfolded state] have di: di = IArray.of-fun (d-of dmu) (Suc m) by
auto

from LLL-maz-gso-quot|OF di di-prods| have quot: compute-maz-gso-quot dmu
= LLL-maz-gso-quot di-prods ..

obtain c¢mp where cmp: (na x denom < num x da) = cmp by force

have (m > 1) = True using m by auto
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note res = res[unfolded basis-reduction-iso-main.simps|of - - - - - k] this if-True
Let-def quot quot’ split alph cmp)
note res’ = res’[unfolded LLL-iso-main-inner.simps[of - - - - - k] state split
Let-def quot’ alph cmp, folded state]
note cmp = compute-max-gso-quot-alpha|OF Linv quot[unfolded quot’] alph cmp
m]
show ?Zcase
proof (cases cmp)
case Fulse
thus ?thesis using res res’ impl by auto
next
case True
hence id: cmp = True by simp
note cmp = cmp(1)[OF True]
obtain state’ P G-idz' where step’: LLL-adjust-swap-add p first state g-idz
ide = (P state”, G-idx")
by (metis prod.ezhaust)
obtain mfs’’ dmu'’ p'’ g-idz’’ where step: basis-reduction-adjust-swap-add-step
p first mfs dmu g-idz ide = (p”', mfs”’, dmu"’, g-idz'")
by (metis prod-cases3)
obtain mfsi2 dmui2 di2 mods2 where state2: state” = (mfsi2, dmui2, di2,
mods2) by (cases state’’; auto)
note res = res[unfolded id if-True step split]
note res’ = res’[unfolded id if-True step’ state2 split, folded state2)
from cmp have idz0: idz # 0 and idz: idr < m and ineq: - d-of dmu idx *
d-of dmu idx * da < na * d-of dmu (ide — 1) * d-of dmu (Suc idzx)
by auto
from basis-reduction-adjust-swap-add-step| OF Linv step alph ineq idx idz0]
obtain fs’’ b’ where Linv'": LLL-invariant-mod-weak fs'' mfs" dmu'' p'’ first
b and
meas: LLL-measure (m — 1) fs'" < LLL-measure (m — 1) fs by auto
from LLL-adjust-swap-add[OF impl Linv step step’ idz idz0)
have impl’": state-impl-inv p"’ mfs" dmu'’ state’ and P": P" = p' G-idz" =
g-idz"’
and di-prod-upd: \ i.i < m = i # ide = di2 ! i=di !l
using state state2 by auto
have di-prods: state-iso-inv (IArray.of-fun
(M. if ide < i V i+ 2 < idx then di-prods ! i
else case di-prods ! i of (I, r) = if i + 1 = idzx then (di2 ! idx x di2 !
idz, r) else (I, di2 1! (i + 2) = di2 ! ©))
(m — 1)) di2 unfolding state-iso-inv-def
by (intro iarray-cong’, insert di-prod-upd, unfold di-prods[unfolded state-iso-inv-def],
subst (1 2) IArray.of-fun-nth, auto)
show ?thesis
by (rule IH[OF meas impl’ - Linv'’ res res’lunfolded step’ P'')|, insert di-prods
state2, auto)
qed
qed
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lemma LLL-iso-main: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod-weak fs mfs dmu p first b
and res: basis-reduction-iso-main p first mfs dmu g-idz k = (p’, mfs’, dmu’)
and res”: LLL-iso-main p first state g-ide k = (pi’, state’)
shows state-impl-inv p’ mfs’ dmu’ state’ A pi’ = p’
proof (cases m > 1)
case True
from LLL-iso-main-inner[OF impl - Linv res - True, unfolded state-iso-inv-def,
OF refl, of pi’ state’] res’ True
show ?thesis unfolding LLL-iso-main-def by (cases state, auto)
next

case Fulse
thus ?thesis using res res’ impl unfolding LLL-iso-main-def
basis-reduction-iso-main.simps|of - - - - - k] by auto
qed

lemma LLL-initial: assumes res: compute-initial-state first = (p, mfs, dmu, g-idz)

and res”: LLL-initial first = (p’, state, g-idz’)
and m: m # 0
shows state-impl-inv p mfs dmu state A p' = p A g-idz’ = g-idx
proof —
obtain b ¢gi where norm: compute-maz-gso-norm first dmu-initial = (b,gi) by
force
obtain P where P: compute-mod-of-mazx-gso-norm first b = P by auto
define di where di = IArray.of-fun (M\i. if i = 0 then I else du-impl fs-init ! (i
— )N — 1)) (Sucm)
note res = res[unfolded compute-initial-state-def Let-def P norm split]
have di: di = IArray.of-fun (d-of dmu-initial) (Suc m)
unfolding di-def dmu-initial-def Let-def d-of-def
by (intro iarray-cong refl if-cong, auto)
note norm’ = LLL-max-gso-norm-di[OF di m, of first, unfolded norm)
note res’ = res’[unfolded LLL-initial-def Let-def, folded di-def, unfolded norm’
P split mod-of-gso-norm|[OF m]]
from res have p: p = P and mfs: mfs = compute-initial-mfs p and dmu: dmu
= compute-initial-dmu P dmu-initial
and g¢-idx: g-ide = gi
by auto
let ?mods = IArray.of-fun (Aj. P+ di !l j % di ! Suc j) (m — 1)
have di": di = IArray.of-fun (d-of (compute-initial-dmu P dmu-initial)) (Suc m)

unfolding di

by (intro iarray-cong refl, auto simp: compute-initial-dmu-def d-of-def)
from res’ have p”: p’ = P and g-idz": g-idz’ = gi and state:

state = (compute-initial-mfs P, IArray.of-fun (Ai. IArray.of-fun (N\j. du-impl

fs-init 11 ¢ 11 § symmod ?mods ! §) i) m, di, ?mods)

by auto
show ?thesis unfolding mfs p state p’ dmu state-impl-inv.simps g-idz’ g-idz
proof (intro conjl refl di’ iarray-cong, goal-cases)
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case (11j)

hence j < m Suc j < Suc m j < Suc mj < m — 1 by auto

thus ?case unfolding compute-initial-dmu-def di
TArray.of-fun-nth[OF «j < my)
TArray.of-fun-nth[OF <Suc j < Suc my]
IArray.of-fun-nth[OF «j < Suc m»]
IArray.of-fun-nth[OF < < m — 1)]

unfolding dmu-initial-def Let-def using 1 by auto
qed
qed

lemma LLL-add-rows-loop: assumes impl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p b first i
and res: basis-reduction-mod-add-rows-loop p mfs dmu i j = (mfs’, dmu’)
and res”: LLL-add-rows-loop p state i j = state’
and j: j < i
and i: i < m
shows state-impl-inv p mfs’ dmu’ state’
using assms(1—95)
proof (induct j arbitrary: fs mfs dmu state)
case (Suc j)
note impl = Suc(2)
note Linv = Suc(3)
note res = Suc(4)
note res’ = Suc(H)
note TH = Suc(1)
from Suc have j: j < i and ji: j < ¢ by auto
obtain mfsi dmul where add: basis-reduction-mod-add-row p mfs dmu i j =
(mfs1, dmul) by force
note res = res[unfolded basis-reduction-mod-add-rows-loop.simps Let-def add split]
obtain statel where add’: LLL-add-row p state i j = statel by auto
note res’ = res’[unfolded LLL-add-rows-loop.simps Let-def add’]
note Linvw = LLL-mod-inv-to-weak|OF Linv)
from LLL-add-row[OF impl Linvw add add’ i j]
have impl1: state-impl-inv p mfsl dmul statel .
from basis-reduction-mod-add-row|OF Linvw add i j| Linv j
obtain fsi where Linvi: LLL-invariant-mod fs1 mfsl dmul p b first ¢ by auto
show ?Zcase using IH[OF impll Linvl res res’ ji .
qged auto

lemma LLL-add-rows-outer-loop: assumes tmpl: state-impl-inv p mfs dmu state
and Linv: LLL-invariant-mod fs mfs dmu p first b m
and res: basis-reduction-mod-add-rows-outer-loop p mfs dmu i = (mfs’, dmu’)
and res”: LLL-add-rows-outer-loop p state ¢ = state’
and 7: 1 < m — I

shows state-impl-inv p mfs’ dmu’ state’
using assms

proof (induct i arbitrary: fs mfs dmu state mfs’ dmu’ state’)
case (Suc 17)
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note impl = Suc(2)

note Linv = Suc(3)

note res = Suc(4)

note res’ = Suc(H)

note i = Suc(6)

note IH = Suc(1)

from ¢ have im: i < mi < m — 1 Suc i < m by auto

obtain mfs! dmul where add: basis-reduction-mod-add-rows-outer-loop p mfs
dmu i = (mfs1, dmul) by force

note res = res[unfolded basis-reduction-mod-add-rows-outer-loop.simps Let-def
add split]

obtain statel where add’: LLL-add-rows-outer-loop p state i = statel by auto

note res’ = res’[unfolded LLL-add-rows-outer-loop.simps Let-def add’]

from [H[OF impl Linv add add’ im(2)]

have impl1: state-impl-inv p mfsl dmul statel .

from basis-reduction-mod-add-rows-outer-loop-inv| OF Linv add|symmetric] im(1)]

obtain fs! where Linvl: LLL-invariant-mod fs1 mfsl dmul p first b m by auto

from basis-reduction-mod-add-rows-loop-inv'|OF Linvl res im(3)] obtain fs’
where

Linv". LLL-invariant-mod fs’ mfs’ dmu’ p first b m by auto

from LLL-add-rows-loop|OF impll LLL-invariant-mod-to-weak-m-to-i(1)[OF Linv1]
res res’ le-refl im(3)] 4

show ?case by auto
qed auto

4.3 Soundness of implementation
We just prove that the concrete implementations have the same input-
output-behaviour as the abstract versions of Storjohann’s algorithms.

lemma LLL-reduce-basis: LLL-reduce-basis = reduce-basis-mod
proof (cases m = 0)

case True
from LLL-invD[OF reduce-basis-mod-inv[OF refl]] True
have reduce-basis-mod = [| by auto

thus ?thesis using True unfolding LLL-reduce-basis-def by auto
next

case Fulse

hence idm: (m = 0) = Fualse by auto

let ?first = Fualse

obtain p! mfs! dmul g-idel where init: compute-initial-state ?first = (p1, mfsl,
dmul ,g-idzl)

by (metis prod-cases3)
obtain p1’ statel g-idzl’ where init: LLL-initial ?first = (p1’, statel, g-idz1’)

by (metis prod.exhaust)
from LLL-initial[OF init init’ False]
have impll: state-impl-inv pl mfsl dmul statel and id: pl1’' = pl g-idel’ =
g-idxl by auto
from LLL-initial-invariant-mod|[OF init] obtain fs{ b1 where
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invl: LLL-invariant-mod fs1 mfsl dmul p1 ?first b1 0 by auto
obtain p2 mfs2 dmu2 where main: basis-reduction-mod-main p1 ?first mfsi
dmul g-ide1 0 0 = (p2, mfs2, dmu2)
by (metis prod-cases3)
from basis-reduction-mod-main|OF invl main] obtain fs2 b2 where
inv2: LLL-invariant-mod fs2 mfs2 dmu2 p2 ?first b2 m by auto
obtain p2’ state2 where main’. LLL-main p1 ?first statel g-idel 0 0 = (p2’,
state2)
by (metis prod.exhaust)
from LLL-main[OF impll invl main, unfolded id, OF main’]
have impl2: state-impl-inv p2 mfs2 dmu2 state2 and p2: p2’' = p2 by auto
obtain mfs3 dmu3 where outer: basis-reduction-mod-add-rows-outer-loop p2
mfs2 dmu2 (m — 1) = (mfs3, dmu3) by force
obtain mfsi3 dmui3 di3 mods3 where outer’: LLL-add-rows-outer-loop p2 state2
(m — 1) = (mfsi3, dmui3, di3, mods3)
by (metis prod-casess)
from LLL-add-rows-outer-loop[OF impl2 inv2 outer outer’ le-refl]
have state-impl-inv p2 mfs3 dmu3 (mfsi3, dmui3, di8, mods3) .
hence identity: mfs3 = mfsi3 unfolding state-impl-inv.simps by auto
note res = reduce-basis-mod-def [unfolded init main split Let-def outer]
note res’ = LLL-reduce-basis-def[unfolded init’ Let-def main’ id split p2 outer
idm if-False]
show ?thesis unfolding res res’ identity ..
qed

/

lemma LLL-reduce-basis-iso: LLL-reduce-basis-iso = reduce-basis-iso
proof (cases m = 0)

case True
from LLL-invD[OF reduce-basis-iso-inv[OF refl]] True
have reduce-basis-iso = [| by auto

thus %thesis using True unfolding LLL-reduce-basis-iso-def by auto
next

case Fulse

hence idm: (m = 0) = Fualse by auto

let ?first = Fulse

obtain p1 mfsi dmul g-idel where init: compute-initial-state ?first = (p1, mfs1,
dmul, g-idxl)

by (metis prod-casesd)
obtain p1’ statel g-idel’ where init". LLL-initial ?first = (p1’, statel, g-idx1’)

by (metis prod.exhaust)
from LLL-initial[OF init init’ False]
have impll: state-impl-inv pl mfsl dmul statel and id: pl’' = pl g-idzl’ =
g-idx1 by auto
from LLL-initial-invariant-mod| OF init] obtain fsf b1 where
invl: LLL-invariant-mod-weak fs1 mfsl dmul p1 ?first bl
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-mod-def)
obtain p2 mfs2 dmu2 where main: basis-reduction-iso-main p1 ?first mfs1 dmul
g-idzl 0 = (p2, mfs2, dmu?2)
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by (metis prod-cases3)
from basis-reduction-iso-main|OF invl main| obtain fs2 b2 where
inv2: LLL-invariant-mod fs2 mfs2 dmu2 p2 ?first b2 m by auto
obtain p2’ state2 where main’: LLL-iso-main p1 ?first statel g-idzl 0 = (p2’,
state2)
by (metis prod.ezhaust)
from LLL-iso-main]OF impll invl main, unfolded id, OF main’]
have impl2: state-impl-inv p2 mfs2 dmu2 state2 and p2: p2’' = p2 by auto
obtain mfs8 dmu3 where outer: basis-reduction-mod-add-rows-outer-loop p2
mfs2 dmu2 (m — 1) = (mfs3, dmu8) by force
obtain mfsi3 dmui3 di3 mods3 where outer’: LLL-add-rows-outer-loop p2 state2
(m — 1) = (mfsi3, dmui3, di3, mods3)
by (metis prod-casess,)
from LLL-add-rows-outer-loop|OF impl2 inv2 outer outer’ le-refi]
have state-impl-inv p2 mfs3 dmu3 (mfsi3, dmui3, di3, modsS3) .
hence identity: mfs3 = mfsi8 unfolding state-impl-inv.simps by auto
note res = reduce-basis-iso-def [unfolded init main split Let-def outer]
note res’ = LLL-reduce-basis-iso-def|unfolded init’ Let-def main’ id split p2 outer’
idm if-False]
show ?thesis unfolding res res’ identity ..
qed

lemma LLL-short-vector: assumes m: m # 0

shows LLL-short-vector = short-vector-mod
proof —

let ?first = True

obtain p! mfs! dmul g-idcl where init: compute-initial-state ?first = (p1, mfsl,
dmul ,g-idz1)

by (metis prod-cases3)
obtain p1’ statel g-idzl’ where init: LLL-initial ?first = (p1’, statel, g-idz1’)

by (metis prod.ezhaust)
from LLL-initial[OF init init’ m]
have impll: state-impl-inv pl mfsl dmul statel and id: pl’' = pl g-idzl’' =
g-tdxl by auto
from LLL-initial-invariant-mod|OF init] obtain fs{ b1 where
invl: LLL-invariant-mod fs1 mfsl dmul p1 ?first b1 0 by auto
obtain p2 mfs2 dmu2 where main: basis-reduction-mod-main pl ?first mfsi
dmul g-idz1 0 0 = (p2, mfs2, dmu2)
by (metis prod-cases3)
from basis-reduction-mod-main|OF invl main] obtain fs2 b2 where
nw2: LLL-invariant-mod fs2 mfs2 dmu2 p2 ?first b2 m by auto
obtain p2’ mfsi2 dmui2 di2 mods2 where main’: LLL-main pl ?first statel
g-idz1 0 0 = (p2', (mfsi2, dmui2, di2, mods2))
by (metis prod.ezhaust)
from LLL-main[OF impll invl main, unfolded id, OF main']
have impl2: state-impl-inv p2 mfs2 dmu2 (mfsi2, dmui2, di2, mods2) and p2:
p2' = p2 by auto
hence identity: mfs2 = mfsi2 unfolding state-impl-inv.simps by auto
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note res = short-vector-mod-def [unfolded init main split Let-def]
note res’ = LLL-short-vector-def [unfolded init’ Let-def main’ id split p2]
show ?thesis unfolding res res’ identity ..

qed

lemma LLL-short-vector-iso: assumes m: m # 0

shows LLL-short-vector-iso = short-vector-iso
proof —

let ?first = True

obtain p! mfsi dmul g-idel where init: compute-initial-state ?first = (p1, mfs1,
dmul ,g-idz1)

by (metis prod-cases3)
obtain p1’ statel g-idzl’ where init: LLL-initial ?first = (p1’, statel, g-idz1’)

by (metis prod.exhaust)
from LLL-initial[OF init init’ m]
have impll: state-impl-inv pl mfs! dmul statel and id: p1’' = pl g-idel’ =
g-idxl by auto
from LLL-initial-invariant-mod|OF init] obtain fs1 b1 where
invl: LLL-invariant-mod-weak fs1 mfsl dmul pl ?first b1
by (auto simp: LLL-invariant-mod-weak-def LLL-invariant-mod-def)
obtain p2 mfs2 dmu2 where main: basis-reduction-iso-main p1 ?first mfs1 dmul
g-idzl 0 = (p2, mfs2, dmu2)
by (metis prod-cases3)
from basis-reduction-iso-main|OF invl main] obtain fs2 b2 where
nw2: LLL-invariant-mod fs2 mfs2 dmu2 p2 ?first b2 m by auto
obtain p2’ mfsi2 dmui2 di2 mods2 where main’. LLL-iso-main pl ?first statel
g-idzl 0 = (p2’, (mfsi2, dmui2, di2, mods2))
by (metis prod.ezhaust)
from LLL-iso-main[OF impll invl main, unfolded id, OF main’]
have impl2: state-impl-inv p2 mfs2 dmu2 (mfsi2, dmui2, di2, mods2) and p2:
p2' = p2 by auto
hence identity: mfs2 = mfsi2 unfolding state-impl-inv.simps by auto
note res = short-vector-iso-def[unfolded init main split Let-def]
note res’ = LLL-short-vector-iso-def [unfolded init’ Let-def main’ id split p2]
show ?thesis unfolding res res’ identity ..
qed

end

end

5 Generalization of the statement about the unique-
ness of the Hermite normal form
theory Uniqueness-Hermite

imports Hermite. Hermite
begin
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instance int :: bezout-ring-div
proof qed

lemma map-matriz-rat-of-int-mult:

shows map-matriz rat-of-int (AxxB) = (map-matriz rat-of-int A)*xx(map-matric
rat-of-int B)

unfolding map-matriz-def matriz-matriz-mult-def by auto

lemma det-map-matrix:
fixes A :: int 'n::mod-type 'n::mod-type
shows det (map-matriz rat-of-int A) = rat-of-int (det A)
unfolding map-matriz-def unfolding Determinants.det-def by auto

lemma inv-Z-imp-inv-Q:
fixes A :: int"'n::mod-type 'n::mod-type
assumes inv-A: invertible A
shows invertible (map-matriz rat-of-int A)
proof —
have is-unit (det A) using inv-A invertible-iff-is-unit by blast
hence is-unit (det (map-matriz rat-of-int A))
by (simp add: det-map-matriz dvd-if-abs-eq)
thus ?thesis using invertible-iff-is-unit by blast
qged

lemma upper-triangular-Z-eq-Q:
upper-triangular (map-matriz rat-of-int A) = upper-triangular A
unfolding upper-triangular-def by auto

lemma invertible-and-upper-diagonal-not0:
fixes H :: int 'n::mod-type 'n::mod-type
assumes inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular
H
shows H$i$i+#0
proof —
let YRAT-H = (map-matriz rat-of-int H)
have up-RAT-H: upper-triangular ?RAT-H
using up-H unfolding upper-triangular-def by auto
have is-unit (det RAT-H) using inv-H using invertible-iff-is-unit by blast
hence ?RAT-H $ i $ ¢ # 0 using inv-H up-RAT-H is-unit-diagonal
by (metis not-is-unit-0)
thus ?thesis by auto
qed

lemma diagonal-least-nonzero:

fixes H :: int 'n::mod-type 'n::mod-type
assumes H: Hermite associates residues H
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and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H
shows (LEAST n. H$ i$n#0) =1
proof (rule Least-equality)
show H $ i $ i # 0 by (rule invertible-and-upper-diagonal-not0| OF inv-H up-H))
fix y
assume Hiy: H$ 18y # 0
show ¢ < y
using up-H unfolding upper-triangular-def
by (metis (poly-guards-query) Hiy not-less)
qed

lemma diagonal-in-associates:
fixes H :: int 'n::mod-type 'n::mod-type
assumes H: Hermite associates residues H
and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H
shows H $ i $ i € associates
proof —
have H $ ¢ $ ¢ # 0 by (rule invertible-and-upper-diagonal-not0[ OF inv-H up-H|)
hence - is-zero-row ¢ H unfolding is-zero-row-def is-zero-row-upt-k-def ncols-def
by auto
thus ?thesis using H unfolding Hermite-def unfolding diagonal-least-nonzero[ OF
H inv-H up-H|
by auto
qed

lemma above-diagonal-in-residues:

fixes H :: int 'n::mod-type 'n::mod-type

assumes H: Hermite associates residues H

and inv-H: invertible (map-matriz rat-of-int H) and up-H: upper-triangular H

and j-i: j<i

shows H $j$ (LEAST n. H$i$n+# 0) € residues (H$ i $ (LEAST n. H$
i$n#£0))
proof —

have H $ i $ i # 0 by (rule invertible-and-upper-diagonal-not0[OF inv-H up-H|)

hence - is-zero-row ¢ H unfolding is-zero-row-def is-zero-row-upt-k-def ncols-def
by auto

thus ?thesis using H j-i unfolding Hermite-def unfolding diagonal-least-nonzero| OF
H inv-H up-H)|

by auto

qed

lemma Hermite-unique-generalized:
fixes K::int 'n::mod-type 'n::mod-type
assumes A-PH: A = P xx H
and A-QK: A= @ *xx K
and inv-A: invertible (map-matriz rat-of-int A)
and inv-P: invertible P
and inv-Q: invertible @
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and H: Hermite associates residues H
and K: Hermite associates residues K
shows H = K
proof —
let YRAT = map-matrixz rat-of-int
have cs-residues: Complete-set-residues residues using H unfolding Hermite-def

by simp
have inv-H: invertible (YRAT H)
proof —
have PRAT A = ?RAT P xx ?RAT H using A-PH map-matriz-rat-of-int-mult
by blast

thus ?thesis
by (metis inv-A invertible-left-inverse matriz-inv(1) matriz-mul-assoc)
qed
have inv-K: invertible (YRAT K)
proof —
have RAT A = ?RAT @ xx ?RAT K using A-QK map-matriz-rat-of-int-mult
by blast
thus ?thesis
by (metis inv-A invertible-left-inverse matriz-inv(1) matriz-mul-assoc)
qged
define U where U = (matriz-inv P)*Q
have inv-U: invertible U
by (metis U-def inv-P inv-Q invertible-def invertible-mult matriz-inv-left ma-
triz-inv-right)
have H-UK: H = U x+ K using A-PH A-QK inv-P
by (metis U-def matriz-inv-left matriz-mul-assoc matriz-mul-lid)
have Determinants.det K xk U = H *x adjugate K
unfolding H-UK matriz-mul-assoc[symmetric] mult-adjugate-det matriz-mul-mat

have upper-triangular-H: upper-triangular H
by (metis H Hermite-def echelon-form-imp-upper-triagular)
have upper-triangular-K: upper-triangular K
by (metis K Hermite-def echelon-form-imp-upper-triagular)
have upper-triangular-U: upper-triangular U
proof —
have U-H-K: ?RAT U = (?RAT H) *x (matriz-inv (?RAT K))
by (metis H-UK inv-K map-matriz-rat-of-int-mult matriz-inv(2) matriz-mul-assoc
matriz-mul-rid)
have up-inv-RAT-K: upper-triangular (matriz-inv (YRAT K)) using upper-triangular-inverse
by (simp add: upper-triangular-inverse inv-K upper-triangular-K upper-triangular-Z-eq-Q)
have upper-triangular (?RAT U) unfolding U-H-K
by (rule upper-triangular-mult[OF - up-inv-RAT-K],
auto simp add: upper-triangular-H upper-triangular-Z-eq-Q)
thus ?thesis using upper-triangular-Z-eq-Q by auto
qed
have unit-det-U: is-unit (det U) by (metis inv-U invertible-iff-is-unit)
have is-unit-diagonal-U: (V1. is-unit (U $ 1 $ 1))
by (rule is-unit-diagonal| OF upper-triangular-U unit-det-U])
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have Uii-1: (Vi. (U$i$4) = 1) and Hii-Kii: (Vi. (H$i$¢{)=(K$i$1))
proof (auto)
fix 7
have Hii: H $ i $ i € associates
by (rule diagonal-in-associates| OF H inv-H upper-triangular-H))
have Kii: K $ i $ i € associates
by (rule diagonal-in-associates|OF K inv-K upper-triangular-K])
have ass-Hii-Kii: normalize (H $ i $ 7) = normalize (K $ 1 $ 0)
by (metis H-UK is-unit-diagonal-U normalize-mult-unit-left upper-triangular-K
upper-triangular-U upper-triangular-mult-diagonal)
show Hii-eq-Kii: H$ i$i=K$i$i
by (metis Hermite-def Hii K Kii ass-Hii-Kii in-Ass-not-associated)
have H$i$i=US%$:i$ixK$i$i
by (metis H-UK upper-triangular-K upper-triangular- U upper-triangular-mult-diagonal)
thus U $ i $ i = 1 unfolding Hii-eq-Kii mult-cancel-right1
using inv-K invertible-and-upper-diagonal-not0 upper-triangular-K by blast
qed
have zero-above: Vjs. j>1 N j < ncols A — to-nat s — U $ s $ (s + from-nat
H=20
proof (clarify)
fix j s assume 1 < jand j < ncols A — (to-nat (s::'n))
thus U $ s $ (s + from-nat j) = 0
proof (induct j rule: less-induct)
fix p
assume induct-step: (N\y. y < p = 1 <y = y < ncols A — to-nat s =
U$s$(s+ fromnaty) = 0)
and pl: 1 < p and p2: p < ncols A — to-nat s
have s-less: s < s + from-nat p using p! p2 unfolding ncols-def
by (metis One-nat-def add.commute add-diff-cancel-right’ add-lessD1 add-to-nat-def

from-nat-to-nat-id less-diff-conv neg-iff not-le
to-nat-from-nat-id to-nat-le zero-less-Suc)
show U § s § (s + from-nat p) = 0
proof —
have UNIV-rw: UNIV = insert s (UNIV—{s}) by auto
have UNIV-s-rw: UNIV—{s} = insert (s + from-nat p) ((UNIV—{s}) —
{s + from-nat p})
using p1 p2 s-less unfolding ncols-def by (auto simp: algebra-simps)
have sum-rw: (3 k€ UNIV—{s}. U$s$k* K $ kS (s+ from-nat p))
=US%s8 (s+ fromnat p) * K $§ (s + from-nat p) $ (s + from-nat p)
+ O_ke(UNIV—{s})—{s + from-nat p}. U $ s$ kx K$kS$ (s+
from-nat p))
using UNIV-s-rw sum.insert by (metis (erased, lifting) Diff-iff finite
singletonl)
have sum-0: (> ke(UNIV—{s})—{s + from-nat p}. U$ sS bk« K $k$
(s + from-nat p)) = 0
proof (rule sum.neutral, rule)
fix x assume z: z € UNIV — {s} — {s + from-nat p}
show U$s$zx K$z$ (s+ fromnatp) =0
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proof (cases T<s)
case True
thus ?thesis using upper-triangular-U unfolding upper-triangular-def
by auto
next
case Fulse
hence z-g-s: z>s using z by (metis Diff-iff neg-iff singletonl)
show ?thesis
proof (cases z<s+from-nat p)
case True
define a where a = to-nat x — to-nat s
from z-g-s have to-nat s < to-nat z by (rule to-nat-mono)
hence za: z=s+(from-nat a) unfolding a-def add-to-nat-def
by (simp add: less-imp-diff-less to-nat-less-card algebra-simps
to-nat-from-nat-id)
have U $ s $ z =0
proof (unfold za, rule induct-step)
show a-p: a<p unfolding a-def using p2 unfolding ncols-def
proof —
have z < from-nat (to-nat s + to-nat (from-nat p::'n))
by (metis (no-types) True add-to-nat-def)
hence to-nat © — to-nat s < to-nat (from-nat p::'n)
by (simp add: add.commute less-diff-conv2 less-imp-le to-nat-le
x-g-5)
thus to-nat © — to-nat s < p
by (metis (no-types) from-nat-eq-imp-eq from-nat-to-nat-id
le-less-trans
less-imp-le not-le to-nat-less-card)
qed
show 1 < @
by (auto simp add: a-def p1 p2) (metis Suc-lel to-nat-mono x-g-s
zero-less-diff)
show a < ncols A — to-nat s using a-p p2 by auto
qed
thus ?thesis by simp
next
case Fulse
hence z>s+from-nat p using z-g-s x by auto
thus ?thesis using upper-triangular-K unfolding upper-triangular-def
by auto
qed
ged
qged
have H $ s $ (s + from-nat p) = (O k€UNIV. U$ s$Sk+« K$k$ (s+
from-nat p))
unfolding H-UK matriz-matriz-mult-def by auto
also have ... = (> keinsert s (UNIV—{s}). U$ s$k*x K$EkS$ (s+
from-nat p))
using UNIV-rw by simp
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alsohave ... = U$s$s*x K$s$ (s+ fromnat p)
+ O keUNIV—{s}. USs$k*x KS$kS$ (s+ from-nat p))
by (rule sum.insert, simp-all)
also have ... = U$s$ s+ K$s$(s+ fromnat p)
+ US$s$ (s+ fromnat p) x K $ (s + from-nat p) $ (s + from-nat p)
unfolding sum-rw sum-0 by simp
finally have H-s-sp: H $ s $ (s + from-nat p)
=US$s$ (s+ from-nat p) * K $ (s + from-nat p) $ (s + from-nat p) +
K $58$ (s + from-nat p)
using Uii-1 by auto
hence cong-HK: cong (H $ s $ (s + from-nat p)) (K $ s$ (s + from-nat
p)) (K $ (s+from-nat p) $ (s + from-nat p))
unfolding cong-def by auto
have H-s-sp-residues: (H $ s $ (s + from-nat p)) € residues (K $ (s+from-nat
p) $ (s + from-nat p))
using above-diagonal-in-residues| OF H inv-H upper-triangular-H s-less]
unfolding diagonal-least-nonzero[OF H inv-H upper-triangular-H)
by (metis Hii-Kii)
have K-s-sp-residues: (K $ s $ (s + from-nat p)) € residues (K $ (s+from-nat
p) $ (s + from-nat p))
using above-diagonal-in-residues| OF K inv-K upper-triangular-K s-less]
unfolding diagonal-least-nonzero|OF K inv-K upper-triangular-K| .
have Hs-sp-Ks-sp: (H $ s $ (s + from-nat p)) = (K $ s $ (s + from-nat p))

using cong-HK in-Res-not-congruent|OF cs-residues H-s-sp-residues
K-s-sp-residues)
by fast
have K $ (s + from-nat p) $ (s + from-nat p) # 0
using inv-K invertible-and-upper-diagonal-not0 upper-triangular-K by blast
thus ?thesis unfolding from-nat-1 using H-s-sp unfolding Hs-sp-Ks-sp
by auto
qed
qed
qed
have U = mat 1
proof (unfold mat-def vec-eq-iff, auto)
fix ia show U $ ia $ ia = 1 using Uii-1 by simp
fix ¢ assume i-ia: { # ia
show U $i$ia=20
proof (cases ia<i)
case True
thus %thesis using upper-triangular-U unfolding upper-triangular-def by
auto
next
case Fulse
hence i-less-ia: i<ia using i-ia by auto
define a where a = to-nat ia — to-nat i
have ia-eq: ia = i + from-nat a unfolding a-def
by (metis i-less-ia a-def add-to-nat-def dual-order.strict-iff-order from-nat-to-nat-id
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le-add-diff-inverse less-imp-diff-less to-nat-from-nat-id to-nat-less-card
to-nat-mono)
have 1 < @ unfolding a-def
by (metis diff-is-0-eq i-less-ia less-one not-less to-nat-mono)
moreover have a < ncols A — to-nat i
unfolding a-def ncols-def
by (metis False diff-less-mono not-less to-nat-less-card to-nat-mono’)
ultimately show ?thesis using zero-above unfolding ia-eq by blast
qed
qed
thus ?thesis using H-UK matriz-mul-lid by fast
qed

end

6 Uniqueness of Hermite normal form in JNF

This theory contains the proof of the uniqueness theorem of the Hermite
normal form in JNF, moved from HOL Analysis.

theory Uniqueness-Hermite-JNF
imports
Hermite. Hermite
Uniqueness-Hermite
Smith-Normal-Form.SNF-Missing-Lemmas
Smith-Normal-Form. Mod- Type-Connect
Smith-Normal-Form. Finite- Field-Mod- Type- Connection
begin

hide-const (open) residues

We first define some properties that currently exist in HOL Analysis, but
not in JNF, namely a predicate for being in echelon form, another one for
being in Hermite normal form, definition of a row of zeros up to a concrete
position, and so on.

definition is-zero-row-upt-k-JNF :: nat => nat =>'a::{zero} mat => bool
where is-zero-row-upt-k-JNF i k A = (Vj. j <k — A $$ (i,j) = 0)

definition is-zero-row-JNF :: nat =>'a::{zero} mat => bool
where is-zero-row-JNF i A = (Vj<dim-col A. A $$ (i, j) = 0)

lemma echelon-form-def”:
echelon-form A = (
(Vi. is-zero-row i A — — (3. j>i A = is-zero-row j A))
N
(Vij.i<j A = (is-zero-row i A) A = (is-zero-row j A)
— (LEAST n. A$i$n+0)< (LEASTn. A$j$n+0)))
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unfolding echelon-form-def echelon-form-upt-k-def unfolding is-zero-row-def
by auto

definition
echelon-form-JNF :: 'a::{bezout-ring} mat = bool
where
echelon-form-JNF A = (
(Vi<dim-row A. is-zero-row-JNF i A — — (3j. j < dim-row A A j>i N\ —
is-zero-row-JNF j A))
A
(Vij. i<j A j<dim-row A N = (is-zero-row-JNF i A) A\ — (is-zero-row-JNF j
4)
— ((LEAST n. A 83 (i, n) # 0) < (LEAST n. A 8% (4, n) # 0))))

Now, we connect the existing definitions in HOL Analysis to the ones just
defined in JNF by means of transfer rules.

context includes lifting-syntaz
begin

lemma HMA-is-zero-row-mod-type[transfer-rule]:
((Mod-Type-Connect. HMA-T) ===> (Mod-Type-Connect. HMA-M :: - = 'a ::
comm-ring-1 ~ 'n :: mod-type ~ 'm :: mod-type = -)
===> (=)) is-zero-row-JNF is-zero-row
proof (intro rel-funl, goal-cases)
case (1 i7" A A)
note i’ = 1(1)[transfer-rule]
note AA’ = 1(2)[transfer-rule]
have (Vj<dim-col A. A $$ (i, j) = 0) = (Vj. A’ $h i’ $hj = 0)
proof (rule;rule+)
fix j":'n assume Aij-0: Vj<dim-col A. A $$ (i, j) = 0
define j where j = mod-type-class.to-nat j'
have [transfer-rule]: Mod-Type-Connect. HMA-I j j’' unfolding Mod- Type-Connect. HMA-I-def
j-def by auto
have A-40" A $$ (i,j) = 0 using A%j-0 unfolding j-def
by (metis AA" Mod-Type-Connect. HMA-M-def Mod- Type-Connect.from-hma,, -def

dim-col-mat(1) mod-type-class.to-nat-less-card)
hence indez-hma A’ i’ j = 0 by transfer
thus A’ $h i’ $h j' = 0 unfolding index-hma-def by simp
next
fix j assume 1: Vj'. A’ $h i’ $h j' = 0 and 2: j < dim-col A
define j”::'n where j' = mod-type-class.from-nat j
have [transfer-rule]: Mod-Type-Connect. HMA-I j j' unfolding Mod- Type-Connect. HMA-I-def
j'-def
using Mod- Type.to-nat-from-nat-id|of j, where ?'a = 'n| 2
using AA’ Mod-Type-Connect.dim-col-transfer-rule by force
have A’ $h i’ $h j' = 0 using 1 by auto

2! s

hence indez-hma A’ i’ j' = 0 unfolding indez-hma-def by simp
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thus A $3$ (i, j) = 0 by transfer
qed
thus ?case unfolding is-zero-row-def’ is-zero-row-JNF-def by auto
qed

lemma HMA-echelon-form-mod-typeltransfer-rule]:
((Mod-Type-Connect. HMA-M :: - = 'a ::bezout-ring ~ 'n :: mod-type ~ 'm ::
mod-type = -) ===> (=))
echelon-form-JNF echelon-form
proof (intro rel-funl, goal-cases)
case (1 A A
note AA’ = 1(1)[transfer-rule]
have 1: (Vi<dim-row A. is-zero-row-JNF i A — = (3 < dim-row A. j>i A —
is-zero-row-JNF j A))
= (Vi. is-zero-row i A’ — — (3j>i. - is-zero-row j A'))
proof (auto)
fix i’ j' assume 1:Vi<dim-row A. is-zero-row-JNF i A — (Vj>1i. j < dim-row
A — is-zero-row-JNF j A)
and 2: is-zero-row i’ A" and 3: i’ < j’
let 2 = Mod-Type.to-nat i’
let ?j = Mod-Type.to-nat j'
have ii'[transfer-rule]: Mod-Type-Connect. HMA-I 2i i’ and jj'[transfer-rule]:
Mod-Type-Connect. HMA-I %j j'
unfolding Mod-Type-Connect. HMA-I-def by auto
have is-zero-row-JNF ?i A using 2 by transfer’
hence is-zero-row-JNF ?j A using 1 8 to-nat-mono
by (metis AA’" Mod- Type-Connect. HMA-M-def Mod- Type-Connect.from-hma,, -def
dim-row-mat(1) mod-type-class.to-nat-less-card)
thus is-zero-row j' A’ by transfer’
next
fix i j assume 1: Vi’ is-zero-row i’ A" — (Vj’>i’. is-zero-row j' A)
and 2: is-zero-row-JNF i A and 3: { < j and 4: j<dim-row A
let ?2i’ = Mod-Type.from-nat i::'m
let 2§’ = Mod-Type.from-nat j::'m
have i '[transfer-rule]: Mod-Type-Connect. HMA-I i 2i’
unfolding Mod- Type-Connect. HM A-I-def using Mod- Type.to-nat-from-nat-id|of

using 3 4 AA’ Mod-Type-Connect.dim-row-transfer-rule less-trans by fastforce
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I j 2§’
unfolding Mod- Type-Connect. HM A-I-def using Mod- Type.to-nat-from-nat-id[of
7l
using 3 4 AA’ Mod-Type-Connect.dim-row-transfer-rule less-trans by fastforce
have is-zero-row ?i’ A’ using 2 by transfer
moreover have ?i’ < 2j'using 3 4 AA’ Mod- Type-Connect.dim-row-transfer-rule
from-nat-mono by fastforce
ultimately have is-zero-row ?j’ A’ using 1 3 by auto
thus is-zero-row-JNF j A by transfer
qged
have 2: (Vi j. i<j A — (is-zero-row i A’) A = (is-zero-row j A”)

116



— ((LEAST n. A’ $h i $hn # 0) < (LEAST n. A’ $h j $h n # 0))))
= (Vij. i<j A j<dim-row A A = (is-zero-row-JNF i A) A\ = (is-zero-row-JNF
j A)
— ((LEAST n. A 88 (i, n) # 0) < (LEAST n. A $$ (j, n) # 0)))
proof (auto)

fix i j assume 1: Vi’ j' i’ < j' A = is-zero-row i’ A’ N = is-zero-row j' A’
— (LEAST n'. A’$h i’ $hn' # 0) < (LEAST n'. A’ $h j' $hn' # 0)
and #j: i < jand j: j < dim-row A and i0: — is-zero-row-JNF i A
and j0: — is-zero-row-JNF j A

let 2’ = Mod-Type.from-nat i::'m

let ?2j' = Mod-Type.from-nat j::'m

have ii'[transfer-rule]: Mod-Type-Connect. HMA-I i 2i’

unfolding Mod-Type-Connect. HMA-I-def using Mod- Type.to-nat-from-nat-id|of

using ij j AA’ Mod-Type-Connect.dim-row-transfer-rule less-trans by fastforce
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I j 2§’
unfolding Mod- Type-Connect. HMA-I-def using Mod- Type.to-nat-from-nat-id[of

using ij j AA’ Mod-Type-Connect.dim-row-transfer-rule less-trans by fastforce
have i'0: — is-zero-row ?i’ A’ using i0 by transfer
have j'0: — is-zero-row ?j' A’ using j0 by transfer
have i’ 7' < 2§’
using AA’ Mod- Type-Connect.dim-row-transfer-rule from-nat-mono ij j by
fastforce
have [112: (LEAST n'. A’ $h %' $h n’ # 0) < (LEAST n'. A’ $h 2j' $h n' #
0)
using 1 7’0 j'0 i'j' by auto
define I1 where I = (LEAST n’. A’ $h 2’ $h n' # 0)
define /2 where [2 = (LEAST n'. A’ $h 2§’ $hn’ # 0)
let ?least-n1 = Mod-Type.to-nat 1
let ?least-n2 = Mod-Type.to-nat 12
have 1 [transfer-rule]: Mod-Type-Connect. HMA-I ?least-n1 11 and [transfer-rule]:
Mod-Type-Connect. HMA-I ?least-n2 12
unfolding Mod-Type-Connect. HMA-I-def by auto
have (LEAST n. A $8 (i, n) # 0) = ?least-nl
proof (rule Least-equality)
obtain n’ where n'1: A $$ (i,n') # 0 and n’2: n'<dim-col A
using i0 unfolding is-zero-row-JNF-def by auto
let ?n’ = Mod-Type.from-nat n'::'n
have n'n'[transfer-rule]: Mod-Type-Connect. HMA-I n’ ?n’
unfolding Mod-Type-Connect. HMA-I-def using Mod- Type.to-nat-from-nat-id
n'2
using AA’ Mod-Type-Connect.dim-col-transfer-rule by fastforce
have index-hma A’ ?2i’ ?n’ # 0 using n’1 by transfer
hence A'i'n". A’ $h 2i’ $h ?n’ # 0 unfolding index-hma-def by simp
have least-le-n”s (LEAST n. A 8% (i, n) # 0) < n’ by (simp add: Least-le
n'l)
have [1-le-n": 11 < ?n’ by (simp add: A’i'n’ Least-le l1-def)
have A $$ (i, ?least-nl) = indez-hma A" %’ I1 by (transfer, simp)
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also have ... = A’ $h mod-type-class.from-nat i $h 11 unfolding indez-hma-def
by simp
also have ... # 0 unfolding lI1-def by (metis (mono-tags, lifting) LeastI i'0
is-zero-row-def”)
finally show A4 $$ (i, mod-type-class.to-nat 1) # 0 .
fix y assume Adiy: A $$ (4, y) # 0
let 2y’ = Mod-Type.from-nat y::'n
show Mod-Type.to-nat 11 < y
proof (cases y<n’)
case True
hence y: y < dim-col A using n’2 by auto
have yy'[transfer-rule]: Mod-Type-Connect. HMA-I y 2y’ unfolding Mod- Type-Connect. HMA-I-def
apply (rule Mod-Type.to-nat-from-nat-id[symmetric|)
using y Mod- Type-Connect.dim-col-transfer-rule OF AA’] by auto
have Mod-Type.to-nat 11 < Mod-Type.to-nat 7y’
proof (rule to-nat-mono’)
have indez-hma A’ %’ 2y’ # 0 using Ay by transfer
hence A’ $h ?i’ $h 2y’ # 0 unfolding indez-hma-def by simp
thus I1 < ?y’ unfolding l1-def by (simp add: Least-le)
qed
then show ?thesis by (metis Mod-Type-Connect. HMA-I-def yy”)
next
case Fulse
hence n’ < y by auto
then show ?thesis
by (metis False Mod-Type-Connect. HMA-I-def dual-order.trans 11-le-n’
linear n'n’ to-nat-mono’)
qed
qed
moreover have (LEAST n. A 83 (4, n) # 0) = Zleast-n2
proof (rule Least-equality)
obtain n’ where n'1: A $$ (j,n) # 0 and n’2: n'<dim-col A
using j0 unfolding is-zero-row-JNF-def by auto
let ?n’ = Mod-Type.from-nat n'::'n
have n'n'[transfer-rule]: Mod-Type-Connect. HMA-I n’ ?n’
unfolding Mod-Type-Connect. HMA-I-def using Mod- Type.to-nat-from-nat-id

using AA’ Mod-Type-Connect.dim-col-transfer-rule by fastforce

have index-hma A’ 2§’ ?n’ # 0 using n’1 by transfer

hence A'i'n". A’ $h 2§’ $h ?n’ # 0 unfolding index-hma-def by simp

have least-le-n”s (LEAST n. A 8% (j, n) # 0) < n’ by (simp add: Least-le
n'l)

have [1-le-n": 12 < ?n’ by (simp add: A’i'n’ Least-le 12-def)

have A $$ (j, ?least-n2) = index-hma A’ 2§’ 12 by (transfer, simp)

also have ... = A’ $h ?j’ $h 12 unfolding index-hma-def by simp

also have ... # 0 unfolding [2-def by (metis (mono-tags, lifting) Leastl j'0
is-zero-row-def”)

finally show A4 $$ (j, mod-type-class.to-nat 12) # 0 .

fix y assume Aiy: A $$ (4, y) # 0
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let 2y’ = Mod-Type.from-nat y::'n
show Mod-Type.to-nat 12 < y
proof (cases y<n’)
case True
hence y: y < dim-col A using n'2 by auto
have yy'[transfer-rule]: Mod-Type-Connect. HMA-I y 2y’ unfolding Mod- Type-Connect. HMA-I-def
apply (rule Mod-Type.to-nat-from-nat-id[symmetric|)
using y Mod- Type-Connect.dim-col-transfer-rule OF AA’] by auto
have Mod-Type.to-nat 12 < Mod-Type.to-nat %y’
proof (rule to-nat-mono’)
have indez-hma A’ ?2j' 2y’ # 0 using Aiy by transfer
hence A’ $h 7§’ $h 2y’ # 0 unfolding indez-hma-def by simp
thus 12 < ?y’ unfolding [2-def by (simp add: Least-le)
qed
then show ?thesis by (metis Mod-Type-Connect. HMA-I-def yy)
next
case Fulse
hence n’ < y by auto
then show ?thesis
by (metis False Mod-Type-Connect. HMA-I-def dual-order.trans 11-le-n’
linear n'n’ to-nat-mono’)
qged
qed
ultimately show (LEAST n. A $$ (i, n) # 0) < (LEAST n. A $$ (j, n) #
0)
using 1112 unfolding [1-def 12-def by (simp add: to-nat-mono)
next
fix i’ j/assume 1: Vij. i < j A j < dim-row A N = is-zero-row-JNF i A A
= is-zero-row-JNF j A
— (LEAST n. A 8% (i, n) # 0) < (LEAST n. A $$ (4, n) # 0)
and i’j" i’ < j'and i": = is-zero-row i’ A’ and j": — is-zero-row j' A’
let 2 = Mod-Type.to-nat i’
let ?j = Mod-Type.to-nat j'
have [transfer-rule]: Mod-Type-Connect. HMA-I %i i’
and [transfer-rule]: Mod-Type-Connect. HMA-I %j j'
unfolding Mod-Type-Connect. HMA-I-def by auto
have i: = is-zero-row-JNF ?i A using ¢’ by transfer’
have j: = is-zero-row-JNF ?j A using j' by transfer’
have 4j: ?i < ?j using i’j’ to-nat-mono by blast
have j-dim-row: ?j < dim-row A
using AA’ Mod-Type-Connect.dim-row-transfer-rule mod-type-class.to-nat-less-card
by fastforce
have least-ij: (LEAST n. A $$ (%1, n) # 0) < (LEAST n. A $$ (%}, n) # 0)
using i j ij j-dim-row 1 by auto
define /1 where 1 = (LEAST n'. A $$ (%, n’) # 0)
define [2 where (2 = (LEAST n'. A $$ (%), n’) # 0)
let ?least-n1 = Mod-Type.from-nat 11::'n
let ?least-n2 = Mod-Type.from-nat 12::'n
have [1-dim-col: 11 < dim-col A
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by (smt is-zero-row-JNF-def j l1-def lel le-less-trans least-ij less-trans
not-less-Least)
have [2-dim-col: 12 < dim-col A
by (metis (mono-tags, lifting) Least-le is-zero-row-JNF-def j 12-def le-less-trans)
have [transfer-rule]: Mod-Type-Connect. HMA-I 11 ?least-n1 unfolding Mod- Type-Connect. HMA-I-def
using AA’ Mod-Type-Connect.dim-col-transfer-rule 11-dim-col Mod- Type.to-nat-from-nat-id
by fastforce
have [transfer-rule]: Mod-Type-Connect. HMA-I 12 ?least-n2 unfolding Mod- Type-Connect. HMA-I-def
using AA’ Mod-Type-Connect.dim-col-transfer-rule 12-dim-col Mod- Type.to-nat-from-nat-id
by fastforce
have (LEAST n. A’ $h i’ $hn # 0) = ?least-nl
proof (rule Least-equality)
obtain n’ where n’'1: A’ $h i’ $h n’ # 0 using i’ unfolding is-zero-row-def’
by auto
have A’ $h i’ $h ?least-nl = index-hma A’ i’ ?least-n1 unfolding in-
dex-hma-def by simp

also have ... = A$$ (%4, 1) by (transfer, simp)
also have ... # 0 by (metis (mono-tags, lifting) Leastl i is-zero-row-JNF-def
l1-def)
finally show A’ $h i’ $h ?least-nl # 0 .
next

fix y assume y: A’ $h i’ $hy #£ 0

let 2y’ = Mod-Type.to-nat y
have [transfer-rule]: Mod-Type-Connect. HMA-I ?y’ y unfolding Mod- Type-Connect. HMA-I-def

by simp

have ?least-n1 < Mod-Type.from-nat 7y’

proof (unfold l1-def, rule from-nat-mono’)

show Mod-Type.to-nat y < CARD('n) by (simp add: mod-type-class.to-nat-less-card)

have *: A $$ (mod-type-class.to-nat i’, mod-type-class.to-nat y) # 0
using y[unfolded index-hma-def [symmetric]] by transfer’
show (LEAST n'. A $$ (mod-type-class.to-nat i’, n') # 0) < mod-type-class.to-nat

by (rule Least-le, simp add: *)
qed
also have ... = y by simp
finally show ?least-n1 < vy .
qed
moreover have (LEAST n. A’ $h j' $h n # 0) = ?least-n2
proof (rule Least-equality)
obtain n’ where n'1: A’ $h j' $h n’ # 0 using j' unfolding is-zero-row-def’
by auto
have A’ $h j' $h ?least-n2 = index-hma A’ j' ?least-n2 unfolding in-
dex-hma-def by simp

also have ... = A$$ (%}, 12) by (transfer, simp)
also have ... # 0 by (metis (mono-tags, lifting) LeastI j is-zero-row-JNF-def
12-def)
finally show A’ $h j’' $h ?2least-n2 # 0 .
next

fix y assume y: A’ $hj' $hy # 0
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let 2y’ = Mod-Type.to-nat y
have [transfer-rule]: Mod-Type-Connect. HMA-I ?y’ y unfolding Mod- Type-Connect. HMA-I-def
by simp
have ?least-n2 < Mod-Type.from-nat ?y’
proof (unfold 12-def, rule from-nat-mono’)
show Mod-Type.to-nat y < CARD('n) by (simp add: mod-type-class.to-nat-less-card)
have x: A $$ (mod-type-class.to-nat j', mod-type-class.to-nat y) # 0
using y[unfolded index-hma-def [symmetric]| by transfer’
show (LEAST n'. A $$ (mod-type-class.to-nat j', n') # 0) < mod-type-class.to-nat

by (rule Least-le, simp add: *)
qed
also have ... = y by simp
finally show ?least-n2 < y .
qed
ultimately show (LEAST n. A’ $h i’ $hn # 0) < (LEAST n. A’ $h j' $h
n # 0) using least-ij
unfolding [1-def [2-def
using AA’ Mod-Type-Connect.dim-col-transfer-rule from-nat-mono 12-def
12-dim-col
by fastforce
qed
show ?case unfolding echelon-form-JNF-def echelon-form-def’ using 1 2 by
auto
qed

definition Hermite-JNF :: 'a:{bezout-ring-div,normalization-semidom} set = ('a
= 'a set) = 'a mat = bool

where Hermite-JNF associates residues A = (

Complete-set-non-associates associates A (Complete-set-residues residues) A ech-
elon-form-JNF A

A (Vi<dim-row A. = is-zero-row-JNF ¢ A — A $$ (i, LEAST n. A 8% (i, n) #
0) € associates)

A (Vi<dim-row A. = is-zero-row-JNF i A — (Vj. j<i — A $$ (j, (LEAST n.
A S8 (i, n) #0))

€ residues (A $$ (i,(LEAST n. A $$ (i,n) # 0)))
)

lemma HMA-LEAST [transfer-rule]:

assumes AA": (Mod-Type-Connect. HMA-M :: - = 'a :: comm-ring-1 ~ 'n =
mod-type ~ 'm :: mod-type = -) A A’

and . Mod-Type-Connect. HMA-I i i’ and zero-i: = is-zero-row-JNF i A
shows Mod-Type-Connect. HMA-I (LEAST n. A $% (i, n) # 0) (LEAST n. in-
dex-hma A" i' n # 0)
proof —

define [ where | = (LEAST n'. A’ $h i’ $hn' # 0)

let ?least-n2 = Mod-Type.to-nat |
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note AA'[transfer-rule] ii'[transfer-rule]
have [transfer-rule]: Mod-Type-Connect. HMA-I ?least-n2 1
by (simp add: Mod-Type-Connect. HMA-I-def)
have zero-i": = is-zero-row i’ A’ using zero-i by transfer
have (LEAST n. A $$ (i, n) # 0) = ?least-n2
proof (rule Least-equality)
obtain n’ where n'1: A $$ (i,n) # 0 and n’2: n'<dim-col A
using zero-i unfolding is-zero-row-JNF-def by auto
let ?n’ = Mod-Type.from-nat n'::'n
have n'n'[transfer-rule]: Mod-Type-Connect. HMA-I n' ?n’
unfolding Mod-Type-Connect. HMA-I-def using Mod- Type.to-nat-from-nat-id
n'2
using AA’ Mod- Type-Connect.dim-col-transfer-rule by fastforce
have index-hma A’ i’ ?n’ # 0 using n'l by transfer
hence A’i'n": A’ $h i’ $h ?n’ # 0 unfolding index-hma-def by simp
have least-le-n”. (LEAST n. A 8% (i, n) # 0) < n’ by (simp add: Least-le
n'l)
have [1-le-n": | < ?n’ by (simp add: A'i'n' Least-le I-def)
have A $3$ (i, ?least-n2) = index-hma A’ i’ | by (transfer, simp)
also have ... = A’ $h i’ $h | unfolding index-hma-def by simp
also have ... # 0 unfolding I-def by (metis (mono-tags) A’i'n’ LeastI)
finally show A $$ (i, mod-type-class.to-nat 1) # 0 .
fix y assume Aiy: A $3$ (i, y) # 0
let 2y’ = Mod-Type.from-nat y::'n
show Mod-Type.to-nat | < y
proof (cases y<n’)
case True
hence y: y < dim-col A using n’2 by auto
have yy'[transfer-rule]: Mod-Type-Connect. HMA-I y ?y’ unfolding Mod- Type-Connect. HMA-I-def
apply (rule Mod-Type.to-nat-from-nat-id[symmetric))
using y Mod- Type-Connect.dim-col-transfer-rule OF AA’] by auto
have Mod-Type.to-nat | < Mod-Type.to-nat ?y’
proof (rule to-nat-mono’)
have indez-hma A’ i’ ?y’ # 0 using Aiy by transfer
hence A’ $h i’ $h 2y’ # 0 unfolding index-hma-def by simp
thus [ < 2y’ unfolding [-def by (simp add: Least-le)
qged
then show ?thesis by (metis Mod-Type-Connect. HMA-I-def yy”)
next
case Fulse
hence n’ < y by auto
then show ?thesis
by (metis False Mod-Type-Connect. HMA-I-def dual-order.trans 11-le-n’
linear n'n’ to-nat-mono’)
qed
qed
thus “thesis unfolding Mod-Type-Connect. HMA-I-def [-def index-hma-def
by auto
qed
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lemma element-least-not-zero-eq-HMA-JNF":
fixes A": 'a :: comm-ring-1 ~ 'n :: mod-type " 'm :: mod-type
assumes AA": Mod-Type-Connect. HMA-M A A" and jj": Mod-Type-Connect. HMA-T
ii’
and #": Mod-Type-Connect. HMA-I i i’ and zero-i’: = is-zero-row i’ A’
shows A $$ (j, LEAST n. A $$ (i, n) # 0) = A’ $h j' $h (LEAST n. A’ $h i’
$h n # 0)
proof —
note AA'[transfer-rule] jj'[transfer-rule] @'[transfer-rule]
have [transfer-rule]: Mod-Type-Connect. HMA-I (LEAST n. A $$ (i, n) # 0)
(LEAST n. index-hma A’ ' n # 0)
by (rule HMA-LEAST[OF AA' ii'], insert zero-i’, transfer, simp)
have A’ $h j' $h (LEAST n. A’ $h i’ $h n # 0) = indexz-hma A’ j' (LEAST n.
index-hma A’ i’ n # 0)
unfolding index-hma-def by simp
also have ... = A $$ (j, LEAST n. A $$ (i, n) # 0) by (transfer’, simp)
finally show ?thesis by simp
qed

lemma HMA-Hermite[transfer-rule]:
shows ((Mod- Type-Connect. HMA-M :: - = 'a :: {bezout-ring-div,normalization-semidom}
“'n : mod-type " 'm :: mod-type = -) ===> (=))
(Hermite-JNF associates residues) (Hermite associates residues)
proof (intro rel-funl, goal-cases)
case (1 A A
note AA’ = 1(1)[transfer-rule]
have I: echelon-form A’ = echelon-form-JNF A by (transfer, simp)
have 2: (Vi<dim-row A. - is-zero-row-JNF i A — A $$ (i, LEAST n. A $$
(i, n) # 0) € associates) =
(Vi. = is-zero-row i A’ — A’ $h i $h (LEAST n. A’ $h i $hn # 0) € associates)
(is ?lhs = ?rhs)
proof
assume lhs: ?lhs
show ?rhs
proof (rule alll, rule impl)
fix i’ assume zero-i’: = is-zero-row i’ A’
let 2 = Mod-Type.to-nat i’
have i '[transfer-rule]: Mod- Type-Connect. HMA-I ?i i’ unfolding Mod- Type-Connect. HMA-I-def
by simp
have [simp]: ?i < dim-row A using Mod-Type.to-nat-less-card|of i’
using AA’ Mod-Type-Connect.dim-row-transfer-rule by fastforce
have zero-i: — is-zero-row-JNF ?i A using zero-i’ by transfer
have [transfer-rule]: Mod-Type-Connect. HMA-I (LEAST n. A 8% (%i, n) #
0) (LEAST n. index-hma A’ i’ n # 0)
by (rule HMA-LEAST[OF AA’ i), insert zero-i’, transfer, simp)
have A’ $h i’ $h (LEAST n. A’ $h i’ $hn # 0) = A $$ (%, LEAST n. A $$
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(%, n) # 0)
by (rule element-least-not-zero-eq¢-HMA-JNF|OF AA’ ii’ ii’ zero-i’, symmet-

ric])
also have ... € associates using lhs zero-i by simp
finally show A’ $h i’ $h (LEAST n. A’ $h i’ $h n # 0) € associates .
qed
next
assume rhs: ?rhs
show ?lhs

proof (rule alll, rule impl, rule impl)
fix i assume zero-i: = is-zero-row-JNF i A and i: i < dim-row A
let 2" = Mod-Type.from-nat i :: 'm
have i '[transfer-rule]: Mod- Type-Connect. HMA-I i i’ unfolding Mod- Type-Connect. HMA-I-def
using Mod- Type.to-nat-from-nat-id AA’ Mod-Type-Connect.dim-row-transfer-rule
i by fastforce
have zero-i": = is-zero-row ?i’ A’ using zero-i by transfer
have A $3$ (i, LEAST n. A 8% (i, n) # 0) = A’ $h %' $h (LEAST n. A’ $h
2" Shn #+ 0)
by (rule element-least-not-zero-eq-HMA-JNF[OF AA’ i’ ii’ zero-i'])
also have ... € associates using rhs zero-i’ i by simp
finally show A $$ (i, LEAST n. A $$ (i, n) # 0) € associates .
qed
qed
have 3: (Vi<dim-row A. = is-zero-row-JNF i A — (Vj<i. A $$ (j, LEAST n.
A 88 (i, n) £ 0)
€ residues (A $$ (i, LEAST n. A $$ (i, n) # 0)))) =
(Vi. = is-zero-row i A’ — (Vj<i. A’ $h j $h (LEAST n. A’ $h i $h n
#0)
€ residues (A’ $h i $h (LEAST n. A’ $h i $hn # 0)))) (is ?lhs = ?rhs)
proof
assume lhs: ?lhs
show ?rhs
proof (rule alll, rule impl, rule alll, rule impl)
fix i’ j':: 'm
assume zero-i: — is-zero-row i' A’ and j'i": j' < i’
let 2 = Mod-Type.to-nat i’
have i '[transfer-rule]: Mod-Type-Connect. HMA-I ?i i’ unfolding Mod- Type-Connect. HMA-I-def
by simp
have i: ?i < dim-row A
using AA’ Mod- Type-Connect.dim-row-transfer-rule mod-type-class.to-nat-less-card
by fastforce
have zero-i: — is-zero-row-JNF ?i A using zero-i’ by transfer’
let ?j = Mod-Type.to-nat j'
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I ?j j' unfolding Mod- Type-Connect. HMA-I-def
by simp
have ji: ?j<?i using j'i’ to-nat-mono by blast
have eql: A $$ (%j, LEAST n. A $$ (%i, n) # 0) = A’ $h j' $h (LEAST n.
A" $h i’ $hn £ 0)
by (rule element-least-not-zero-eq-HMA-JNF[OF AA' jj'" ii’ zero-i'))

124



have eq2: A $$ (%, LEAST n. A $$ (%i, n) # 0) = A’ $h i’ $h (LEAST n.
A" $h i $h n #£ 0)
by (rule element-least-not-zero-eq-HMA-JNF[OF AA’ i’ ii’ zero-i'])
show A’ $h j' $h (LEAST n. A’ $h i’ $h n # 0) € residues (A’ $h i’ $h
(LEAST n. A’ $h i’ $hn # 0))
using lhs eql eq2 ji i zero-i by fastforce
qed
next
assume rhs: ?rhs
show ?lhs
proof (safe)
fix 7 j assume i: i < dim-row A and zero-i: — is-zero-row-JNF i A and ji: j
<1
let i’ = Mod-Type.from-nat i :: 'm
have i '[transfer-rule]: Mod- Type-Connect. HMA-I i 2’ unfolding Mod- Type-Connect. HMA-I-def
using Mod-Type.to-nat-from-nat-id AA’ Mod-Type-Connect.dim-row-transfer-rule
i by fastforce
have zero-i": — is-zero-row ?i’ A’ using zero-i by transfer
let 2j' = Mod-Type.from-nat j :: 'm
have j'i": ?2j’ < ?i’ using AA’ Mod-Type-Connect.dim-row-transfer-rule
from-nat-mono i ji
by fastforce
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I j 2j' unfolding Mod- Type-Connect. HMA-I-def
using Mod- Type.to-nat-from-nat-id[of j, where ?’a='m] AA’
Mod-Type-Connect.dim-row-transfer-rule| OF AA'] j'i’ i ji by auto
have zero-i": — is-zero-row ?i’ A’ using zero-i by transfer
have eql: A 3% (j, LEAST n. A $$ (i, n) # 0) = A’ $h %j’ $h (LEAST n.
A" $h 2 $Shn # 0)
by (rule element-least-not-zero-eq-HMA-JNF[OF AA’ jj' ii’ zero-i'])
have eq2: A 8% (i, LEAST n. A $$ (i, n) # 0) = A’ $h %’ $h (LEAST n.
A'$h 2" $hon # 0)
by (rule element-least-not-zero-eq-HMA-JNF[OF AA’ i’ ii’ zero-i'))
show A $$ (j, LEAST n. A $$ (i, n) # 0) € residues (A $$ (i, LEAST n. A
$$ (i, n) # 0))
using 7hs eql eq2 j'i’ i zero-i’ by fastforce
qed
qged
show Hermite-JNF associates residues A = Hermite associates residues A’
unfolding Hermite-def Hermite-JNF-def
using 1 2 3 by auto
qed

corollary HMA-Hermite2[transfer-rule]:

shows ((=) ===> (=) ===> (Mod-Type-Connect. HMA-M :: -

= 'a :: {bezout-ring-div,normalization-semidom} ~'n :: mod-type ~ 'm :: mod-type
=) ===> (9))

(Hermite-JNF') (Hermite)

by (simp add: HMA-Hermite rel-funl)
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Once the definitions of both libraries are connected, we start to move the
theorem about the uniqueness of the Hermite normal form (stated in HOL
Analysis, named Hermite-unique) to JNF.

Using the previous transfer rules, we get an statement in JNF. However,
the matrices have CARD('n::mod-type) rows and columns. We want to get
rid of that type variable and just state that they are of dimension n x n
(expressed via the predicate carrier-mat

lemma Hermite-unique-JNF':
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring }
mat
assumes A € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
P € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
H € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
Q € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
K € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
assumes A = P x H
and A = @ x K and invertible-mat A and invertible-mat P
and invertible-mat Q and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K
proof —
define A’ where A’ = (Mod-Type-Connect.to-hma,, A :: 'a ~'n :: mod-type ~'n
it mod-type)
define P’ where P’ = (Mod-Type-Connect.to-hma,, P :: 'a ~'n :: mod-type ~'n
:: mod-type)
define H’ where H' = (Mod-Type-Connect.to-hma,, H :: 'a ~'n :: mod-type ~'n
it mod-type)
define Q' where Q' = (Mod-Type-Connect.to-hma,, @ :: 'a ~'n :: mod-type ~'n
:: mod-type)
define K’ where K’ = (Mod-Type-Connect.to-hma,, K :: 'a “'n :: mod-type ~'n
it mod-type)
have AA'[transfer-rule]: Mod- Type-Connect. HMA-M A A’ unfolding Mod- Type-Connect. HMA-M-def
using assms A'-def by auto
have PP’[transfer-rule]: Mod-Type-Connect. HMA-M P P’ unfolding Mod- Type-Connect. HMA-M-def
using assms P’-def by auto
have HH '[transfer-rule]: Mod-Type-Connect. HMA-M H H' unfolding Mod- Type-Connect. HMA-M-def
using assms H'-def by auto
have QQ'[transfer-rule]: Mod- Type-Connect. HMA-M @ Q' unfolding Mod- Type-Connect. HMA-M-def
using assms Q’-def by auto
have KK '[transfer-rule]: Mod-Type-Connect. HMA-M K K’ unfolding Mod- Type-Connect. HMA-M-def
using assms K'-def by auto
have A-PH: A’ = P’ xx H' using assms by transfer
moreover have A-QK: A’ = Q' xx K' using assms by transfer
moreover have inv-A: invertible A’ using assms by transfer
moreover have inv-P: invertible P’ using assms by transfer
moreover have inv-Q: invertible Q' using assms by transfer
moreover have H: Hermite associates res H' using assms by transfer
moreover have K: Hermite associates res K' using assms by transfer
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ultimately have H' = K’ using Hermite-unique by blast
thus H=K by transfer
qed

Since the mod-type restriction relies on many things, the shortcut is to use
the mod-ring typedef developed in the Berlekamp-Zassenhaus development.
This type definition allows us to apply local type definitions easily. Since
mod-ring is just an instance of mod-type, it is straightforward to obtain the
following lemma, where CARD(’n::mod-type) has now been substituted by
CARD('n::nontriv mod-ring)

corollary Hermite-unique-JNF-with-nontriv-mod-ring:

fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}

mat
assumes A € carrier-mat CARD('n) CARD('n::nontriv mod-ring)
P € carrier-mat CARD('n) CARD('n)
H € carrier-mat CARD('n) CARD('n)
Q € carrier-mat CARD('n) CARD('n
K € carrier-mat CARD('n) CARD('n)
assumes A = P x H
and A = @Q x K and invertible-mat A and invertible-mat P
and invertible-mat @@ and Hermite-JNF' associates res H and Hermite-JNF
associates res K
shows H = K using Hermite-unique-JNF' assms by (smt CARD-mod-ring)

Now, we assume in a context that there exists a type text ‘b of cardinality
n and we prove inside this context the lemma.

context

fixes n::nat

assumes local-typedef: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<n
iint}

and p: n>1
begin

private lemma type-to-set:

shows class.nontriv TYPE('b) (is a) and n=CARD('D) (is b)
proof —

from local-typedef obtain Rep::('b = int) and Abs

where t: type-definition Rep Abs {0..<n :: int} by auto

have card (UNIV :: 'b set) = card {0..<n} using t type-definition.card by
fastforce

also have ... = n by auto

finally show %b ..

then show ?a unfolding class.nontriv-def using p by auto
qed

lemma Hermite-unique-JNF-auz:

fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring }
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mat
assumes A € carrier-mat n n
P € carrier-mat n n
H € carrier-mat n n
Q@ € carrier-mat n n
K € carrier-mat n n
assumes A = P x H
and A = @Q * K and invertible-mat A and invertible-mat P
and invertible-mat @@ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K
using Hermite-unique-JNF-with-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'n::nontriv, where ?'a="0]
unfolding type-to-set(2)[symmetric] using type-to-set(1) assms by blast
end

Now, we cancel the local type definition of the previous context. Since the
mod-type restriction imposes the type to have cardinality greater than 1, the
cases n = 0 and n = 1 must be proved separately (they are trivial)

lemma Hermite-unique-JNF'
fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring }
mat
assumes A: A € carrier-mat n n and P: P € carrier-mat n n and H: H €
carrier-mat n n
and Q: Q € carrier-mat n n and K: K € carrier-mat n n
assumes A-PH: A =P x Hand A-QK: A= Q x K
and inv-A: invertible-mat A and inv-P: invertible-mat P and inv-Q: invert-
ible-mat Q)
and HNF-H: Hermite-JNF associates res H and HNF-K: Hermite-JNF asso-
ciates res K
shows H = K
proof (cases n=0 V n=1)
case True note zero-or-one = True
show ?thesis
proof (cases n=0)
case True
then show ?thesis using assms by auto
next
case Fulse
have CS-A: Complete-set-non-associates associates using HNF-H unfolding
Hermite-JNF-def by simp
have H: H € carrier-mat 1 1 and K: K€ carrier-mat 1 1 using False
zero-or-one assms by auto
have det-P-dvd-1: Determinant.det P dvd 1 using invertible-iff-is-unit-JNF
inv-P P by blast
have det-Q-dvd-1: Determinant.det @ dvd 1 using invertible-iff-is-unit-JNF
inv-Q @ by blast
have PH-QK: Determinant.det P x Determinant.det H = Determinant.det @)
x Determinant.det K
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using Determinant.det-mult assms by metis
hence Determinant.det P «+ H $$ (0,0) = Determinant.det Q = K $$ (0,0)
by (metis H K determinant-one-element)
obtain v where vH-K: u x H $$(0,0) = K $$ (0,0) and unit-u: is-unit u
by (metis (no-types, opaque-lifting) H K PH-QK algebraic-semidom-class. dvd-mult-unit-iff
det-P-dvd-1
det-Q-dvd-1 det-singleton dvdE dvd-mult-cancel-left mult.commute mult.right-neutral
one-dvd)
have H00-not-0: H $$ (0,0) # 0
by (metis A A-PH Determinant.det-mult False H P determinant-one-element
inv-A
invertible-iff-is-unit-JNF mult-not-zero not-is-unit-0 zero-or-one)
hence LEAST-H: (LEAST n. H 3% (0,n) # 0) = 0 by simp
have H00: H $$ (0,0) € associates using HNF-H LEAST-H H H00-not-0
unfolding Hermite-JNF-def is-zero-row-JNF-def by auto
have K00-not-0: K $$ (0,0) # 0
by (metis A A-QK Determinant.det-mult False K @ determinant-one-element
inv-A
invertible-iff-is-unit-JNF mult-not-zero not-is-unit-0 zero-or-one)
hence LEAST-K: (LEAST n. K $$ (0,n) # 0) = 0 by simp
have K00: K $$ (0,0) € associates using HNF-K LEAST-K K K00-not-0
unfolding Hermite-JNF-def is-zero-row-JNF-def by auto
have ass-H00-K00: normalize (H $3 (0,0)) = normalize (K $$ (0,0))
by (metis normalize-mult-unit-left uH-K unit-u)
have H00-eq-K00: H $$ (0,0) = K $% (0,0)
using in-Ass-not-associated|OF CS-A HO0 K00] ass-H00-K00 by auto
show ?thesis by (rule eq-matl, insert H K H00-eq-K00, auto)
qed
next
case Fulse
hence {0..<int n} # {} by auto
moreover have n>1 using Fualse by simp
ultimately show ?thesis using Hermite-unique-JNF-aux[cancel-type-definition]
assms by metis
qed

end

From here on, we apply the same approach to move the new generalized
statement about the uniqueness Hermite normal form, i.e., the version re-
stricted to integer matrices, but imposing invertibility over the rationals.

lemma HMA-map-matriz [transfer-rule]:
((=) ===> Mod-Type-Connect. HMA-M ===> Mod-Type-Connect. HMA-M)
map-mat map-matric
unfolding map-vector-def map-matriz-def|abs-def] map-mat-def[abs-def)
Mod-Type-Connect. HMA-M-def Mod-Type-Connect.from-hma,,-def
by auto

129



lemma Hermite-unique-generalized-JNF' .
fixes A::int mat
assumes A € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
P € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
H € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
Q € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
K € carrier-mat CARD('n::mod-type) CARD('n::mod-type)
assumes A = P x H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
P
and invertible-mat @@ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K
proof —
define A’ where A’ = (Mod-Type-Connect.to-hmay, A :: int ~'n :: mod-type ~'n
:: mod-type)
define P’ where P’ = (Mod-Type-Connect.to-hma,, P ::int ~'n :: mod-type ~'n
it mod-type)
define H' where H' = (Mod-Type-Connect.to-hma,, H :: int ~'n :: mod-type
n 1 mod-type)
define Q' where Q' = (Mod-Type-Connect.to-hma,, Q :: int ~'n :: mod-type ~'n
:: mod-type)
define K’ where K’ = (Mod-Type-Connect.to-hma,, K :: int ~'n :: mod-type
n :: mod-type)
have AA'[transfer-rule]: Mod- Type-Connect. HMA-M A A’ unfolding Mod- Type-Connect. HMA-M-def
using assms A’-def by auto
have PP’[transfer-rule]: Mod-Type-Connect. HMA-M P P’ unfolding Mod- Type-Connect. HMA-M-def
using assms P’-def by auto
have HH '[transfer-rule]: Mod-Type-Connect. HMA-M H H' unfolding Mod- Type-Connect. HMA-M-def
using assms H'-def by auto
have QQ'[transfer-rule]: Mod- Type-Connect. HMA-M @ Q' unfolding Mod- Type-Connect. HMA-M-def
using assms Q’-def by auto
have KK '[transfer-rule]: Mod- Type-Connect. HMA-M K K’ unfolding Mod- Type- Connect. HMA-M-def
using assms K'-def by auto
have A-PH: A’ = P’ xx H' using assms by transfer
moreover have A-QK: A’ = Q' xx K' using assms by transfer
moreover have inv-A: invertible (map-matriz rat-of-int A') using assms by
transfer
moreover have invertible (Finite-Cartesian-Product.map-matriz rat-of-int A’)
using inv-A unfolding Finite- Cartesian-Product.map-matriz-def map-matriz-def
map-vector-def
by simp
moreover have inv-P: invertible P’ using assms by transfer
moreover have inv-Q: invertible Q' using assms by transfer
moreover have H: Hermite associates res H' using assms by transfer
moreover have K: Hermite associates res K' using assms by transfer
ultimately have H' = K’ using Hermite-unique-generalized by blast
thus H=K by transfer

)

)
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qed

corollary Hermite-unique-generalized-JNF-with-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('n) CARD('n::nontriv mod-ring)
P € carrier-mat CARD('n) CARD('n)
H € carrier-mat CARD('n) CARD('n)
Q € carrier-mat CARD('n) CARD('n)
K € carrier-mat CARD('n) CARD('n)
assumes A = P x H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
P
and invertible-mat @) and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K using Hermite-unique-generalized-JNF' assms by (smt CARD-mod-ring)

context

fixes p::nat

assumes local-typedef: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<p
int}

and p: p>1
begin

private lemma type-to-set2:

shows class.nontriv TYPE(’D) (is 2a) and p=CARD('b) (is ?b)
proof —

from local-typedef obtain Rep::('b = int) and Abs

where t: type-definition Rep Abs {0..<p :: int} by auto

have card (UNIV ::'b set) = card {0..<p} using t type-definition.card by
fastforce

also have ... = p by auto

finally show %b ..

then show ?a¢ unfolding class.nontriv-def using p by auto
qged

lemma Hermite-unique-generalized-JNF-aux:

fixes A::int mat

assumes A € carrier-mat p p
P € carrier-mat p p
H € carrier-mat p p
Q € carrier-mat p p
K € carrier-mat p p

assumes A = P x H
and A = @ x K and invertible-mat (map-mat rat-of-int A) and invertible-mat
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P
and invertible-mat @@ and Hermite-JNF associates res H and Hermite-JNF
associates res K
shows H = K
using Hermite-unique-generalized-JNF-with-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'n::nontriv, where ?'a="0]
unfolding type-to-set2(2)[symmetric] using type-to-set2(1) assms by blast
end

lemma HNF-unique-generalized-JNF"

fixes A::int mat

assumes A: A € carrier-mat n n and P: P € carrier-mat n n and H: H €
carrier-mat n n

and Q: Q € carrier-mat n n and K: K € carrier-mat n n
assumes A-PH: A= P x Hand A-QK: A= Q x K

and inv-A: invertible-mat (map-mat rat-of-int A) and inv-P: invertible-mat P
and inv-Q: invertible-mat Q

and HNF-H: Hermite-JNF associates res H and HNF-K: Hermite-JNF asso-
ciates res K

shows H = K
proof (cases n=0 V n=1)

case True note zero-or-one = True

show ?thesis

proof (cases n=0)

case True

then show ?thesis using assms by auto
next

let YRAT = map-mat rat-of-int

case Fulse

hence n: n=1 using zero-or-one by auto
have CS-A: Complete-set-non-associates associates using HNF-H unfolding
Hermite-JNF-def by simp
have H: H € carrier-mat 1 1 and K: K& carrier-mat 1 1 using False
zero-or-one assms by auto
have det-P-dvd-1: Determinant.det P dvd 1 using invertible-iff-is-unit-JNF
inv-P P by blast
have det-Q-dvd-1: Determinant.det @ dvd 1 using invertible-iff-is-unit-JNF
inv-Q @ by blast
have PH-QK: Determinant.det P = Determinant.det H = Determinant.det Q
x Determinant.det K
using Determinant.det-mult assms by metis
hence Determinant.det P «x H $$ (0,0) = Determinant.det Q = K $$ (0,0)
by (metis H K determinant-one-element)
obtain v where uH-K: u x H $$(0,0) = K $$ (0,0) and unit-u: is-unit u
by (metis (no-types, opaque-lifting) H K PH-QK algebraic-semidom-class.dvd-mult-unit-iff
det-P-dvd-1
det-Q-dvd-1 det-singleton dvdE dvd-mult-cancel-left mult. commute mult.right-neutral
one-dvd)
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have H00-not-0: H $% (0,0) # 0
proof —
have ?RAT A = ?RAT P x ?RAT H using A-PH
using P H n of-int-hom.mat-hom-mult by blast
hence det (YRAT H) # 0
by (metis A Determinant.det-mult False H P inv-A invertible-iff-is-unit-JNF

map-carrier-mat mult-eq-0-iff not-is-unit-0 zero-or-one)
thus ?thesis
using H determinant-one-element by force
qed
hence LEAST-H: (LEAST n. H $% (0,n) # 0) = 0 by simp
have H00: H $$ (0,0) € associates using HNF-H LEAST-H H H00-not-0
unfolding Hermite-JNF-def is-zero-row-JNF-def by auto
have K00-not-0: K $$ (0,0) # 0
proof —
have ?RAT A = ?RAT @ = ?RAT K using A-QK
using @ K n of-int-hom.mat-hom-mult by blast
hence det (YRAT K) # 0
by (metis A Determinant.det-mult False Q K inv-A invertible-iff-is-unit-JNF

map-carrier-mat mult-eq-0-iff not-is-unit-0 zero-or-one)
thus ?thesis
using K determinant-one-element by force
qed
hence LEAST-K: (LEAST n. K $$ (0,n) # 0) = 0 by simp
have K00: K $$ (0,0) € associates using HNF-K LEAST-K K K00-not-0
unfolding Hermite-JNF-def is-zero-row-JNF-def by auto
have ass-H00-K00: normalize (H $3$ (0,0)) = normalize (K $$ (0,0))
by (metis normalize-mult-unit-left uwH-K unit-u)
have H00-eq-K00: H $$ (0,0) = K $% (0,0)
using in-Ass-not-associated|OF CS-A HO0 K00] ass-H00-K00 by auto
show ?thesis by (rule eq-matl, insert H K H00-eq-K00, auto)
qed

next

case Fulse

hence {0..<int n} # {} by auto

moreover have n>1 using Fulse by simp

ultimately show ?thesis

using Hermite-unique-generalized-JNF-aux|cancel-type-definition] assms by

metis
qged

end
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7 Formalization of an efficient Hermite normal form
algorithm

We formalize a version of the Hermite normal form algorithm based on reduc-
tions modulo the determinant. This avoids the growth of the intermediate
coefficients.

7.1 Implementation of the algorithm using generic modulo
operation

Exception on generic modulo: currently in Hermite-reduce-above, ordinary
div/mod is used, since that is our choice for the complete set of residues.

theory HNF-Mod-Det-Algorithm
imports

Jordan-Normal-Form. Gauss-Jordan-IArray-Impl
Show.Show-Instances
Jordan-Normal-Form. Determinant-Impl
Jordan-Normal-Form.Show-Matriz
LLL-Basis-Reduction. LLL-Certification
Smith-Normal-Form.SNF-Algorithm- Euclidean-Domain
Smith-Normal-Form.SNF-Missing-Lemmas
Uniqueness-Hermite-JNF

begin

7.1.1 Echelon form algorithm

fun make-first-column-positive :: int mat = int mat where
make-first-column-positive A = (
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions

(A(7,5). if A $3(3,0) < 0 then — A $3(7,j) else A $$(7,j)
)

locale mod-operation =
fixes generic-mod :: int = int = int (infixl <gmod) 70)
and generic-div :: int = int = int (infixl <gdivy 70)
begin

Version for reducing all elements

fun reduce :: nat = nat = int = int mat = int mat where
reduce a b D A = (let Aaj = A$$(a,0); Abj = A $$ (b,0)
in
if Aaj = 0 then A else
case euclid-ext2 Aaj Abj of (p,q,u,v,d) = — p*Aaj + q * Abj =d, u = - Abj/d,
v = Aaj/d
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions
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(A(3,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if k = 0 then if D dvd r then D else r else r gmod D —
Row a is multiplied by p and added row b multiplied by q, modulo D
else if i = b then let r = u x A$$(a,k) + v * A$$(b,k) in
if k = 0 then r else v gmod D — Row b is multiplied by v
and added row a multiplied by u, modulo D
else A$$(i,k) — All the other rows remain unchanged
)

)

Version for reducing, with abs-checking

fun reduce-abs :: nat = nat = int = int mat = int mat where
reduce-abs a b D A = (let Aaj = A$$(a,0); Abj = A $$ (,0)
in
if Aaj = 0 then A else
case euclid-ext?2 Aaj Abj of (p,q,u,v,d) = — p*Aaj + q * Abj = d, u = - Abj/d,
v = Aaj/d
Matriz.mat (dim-row A) (dim-col A) — Create a matrix of the same dimensions
(\(3,k). if i = a then let r = (pxA$$(a,k) + qxA$3(b,k)) in
if abs r > D then if k = 0 AN D dvd r then D else r gmod D
else r
else if i = b then let r = u * A$$(a,k) + v * A$$(b,k) in
if abs v > D then r gmod D else r
else A$$(i,k) — All the other rows remain unchanged

)

definition reduce-impl :: nat = nat = int = int mat = int mat where

reduce-impl a b D A = (let

row-a = Matriz.row A a;

Aaj = row-a $v 0
mn
if Aaj = 0 then A else let

row-b = Matrixz.row A b;

Abj = row-b $v 0 in
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =

let row-a’ = (A k ak. let r = (p * ak + q * row-b $v k) in

if k = 0 then if D dvd r then D else r else r gmod D);
row-b’ = (A k bk. let r = u % row-a $v k + v x bk in
if k = 0 then r else r gmod D)
in change-row a row-a’ (change-row b row-b" A)

)

definition reduce-abs-impl :: nat = nat = int = int mat = int mat where
reduce-abs-impl a b D A = (let
row-a = Matriz.row A a;
Aaj = row-a $v 0
n
if Aaj = 0 then A else let
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row-b = Matriz.row A b;
Abj = row-b $v 0 in
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =
let row-a’ = (A k ak. let r = (p x ak + ¢ * row-b $v k) in
if abs r > D then if k = 0 A D dvd r then D else r gmod D else r);
row-b" = (A k bk. let r = u * row-a $v k + v x bk in

if abs r > D then r gmod D else r)

in change-row a row-a’ (change-row b row-b" A)

)

lemma reduce-impl: a < nr = b < nr = 0 < nc = a # b = A € carrier-mat
nr nc

= reduce-impl a b D A = reduce a b D A

unfolding reduce-impl-def reduce.simps Let-def

apply (intro if-cong[OF - refl], force)

apply (intro prod.case-cong refl, force)

apply (intro eqg-matl, auto)

done

lemma reduce-abs-impl: a < nr = b < nr = 0 < nc = a #b— A €
carrier-mat nr nc

= reduce-abs-impl a b D A = reduce-abs a b D A

unfolding reduce-abs-impl-def reduce-abs.simps Let-def

apply (intro if-cong[OF - refl], force)

apply (intro prod.case-cong refl, force)

apply (intro eqg-matl, auto)

done

fun reduce-below :: nat = nat list = int = int mat = int mat
where reduce-below a [| D A = A
| reduce-below a (z # xzs) D A = reduce-below a xs D (reduce a x D A)

fun reduce-below-impl :: nat = nat list = int = int mat = int mat
where reduce-below-impl a [ D A = A

| reduce-below-impl a (z # xzs) D A = reduce-below-impl a xs D (reduce-impl a x
D A)

lemma reduce-impl-carrier[simp,intro]: A € carrier-mat m n = reduce-impl a b
D A € carrier-mat m n
unfolding reduce-impl-def Let-def by (auto split: prod.splits)

lemma reduce-below-impl: a < nr = 0 < nc = (\ b. b € set bs = b < nr)
= a ¢ set bs

—> A € carrier-mat nr nc = reduce-below-impl a bs D A = reduce-below a bs
DA
proof (induct bs arbitrary: A)
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case (Cons b bs A)
show ?case by (simp del: reduce.simps,
subst reduce-impl[of - nr - nc,
(insert Cons, auto simp del: reduce.simps)[5],
rule Cons(1), insert Cons(2—), auto simp: Let-def split: prod.splits)
qed simp

fun reduce-below-abs :: nat = nat list = int = int mat = int mat
where reduce-below-abs a [ D A = A
| reduce-below-abs a (x # xs) D A = reduce-below-abs a zs D (reduce-abs a x D

A)

fun reduce-below-abs-impl :: nat = nat list = int = int mat = int mat
where reduce-below-abs-impl a [| D A = A
| reduce-below-abs-impl a (x # xs) D A = reduce-below-abs-impl a xs D (reduce-abs-impl

azxDA)

lemma reduce-abs-impl-carrier[simp,intro|: A € carrier-mat m n = reduce-abs-impl
abD A € carrier-mat m n
unfolding reduce-abs-impl-def Let-def by (auto split: prod.splits)

lemma reduce-abs-below-impl: a < nr = 0 < nc = (\ b. b € set bs = b <
nr) = a ¢ set bs
=—> A € carrier-mat nr nc = reduce-below-abs-impl a bs D A = reduce-below-abs
absD A
proof (induct bs arbitrary: A)
case (Cons b bs A)
show ?case by (simp del: reduce-abs.simps,
subst reduce-abs-impl[of - nr - nc],
(insert Cons, auto simp del: reduce-abs.simps)[5],
rule Cons(1), insert Cons(2—), auto simp: Let-def split: prod.splits)
qed simp

This function outputs a matrix in echelon form via reductions modulo the
determinant

function FindPreHNF :: bool = int = int mat = int mat
where FindPreHNF abs-flag D A =
(let m = dim-row A; n = dim-col A in
ifm < 2V n=0then A else — No operations are carried out if m = 1
let non-zero-positions = filter (Ai. A 8% (i,0) # 0) [1..<dim-row A];
A’ = (if A$$(0,0) # 0 then A
else let i = non-zero-positions | 0 — Select the first non-zero position
below the first element
in swaprows 0 i A
);

Reduce = (if abs-flag then reduce-below-abs else reduce-below)
m
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if n < 2 then Reduce 0 non-zero-positions D A’ — If n = 1, then we have to
reduce the column
else
let
(A-UL,A-UR,A-DL,A-DR) = split-block (Reduce 0 non-zero-positions D
(make-first-column-positive A')) 1 1;
sub-PreHNF = FindPreHNF abs-flag D A-DR in
four-block-mat A-UL A-UR A-DL sub-PreHNF)
by pat-completeness auto

termination
proof (relation Wellfounded.measure (A(abs-flag,D,A). dim-col A))
show wf (Wellfounded.measure (A abs-flag,D, A). dim-col A)) by auto
fix abs-flag D A mnnzA' R xd A-UL y A’-UR ya A’-DL A’-DR
assume m: m = dim-row A and n:n = dim-col A
and m2: - (m < 2 V n = 0) and nz-def: nz = filter (\i. A $$ (i, 0) # 0)
[1..<dim-row A]
and A’-def: A’ = (if A $$ (0, 0) # 0 then A else let i = nz! 0 in swaprows 0
i A)
and R-def: R = (if abs-flag then reduce-below-abs else reduce-below)
and n2: - n < 2 and xd = split-block (R 0 nz D (make-first-column-positive
AN 11
and (A’-UL, y) = zd and (A’-UR, ya) = y and (A’-DL, A’-DR) = ya
hence A’-split: (A’-UL, A’-UR, A’-DL, A’-DR)
= split-block (R 0 nz D (make-first-column-positive A')) 1 1 by force
have dr-mk1: dim-row (make-first-column-positive A) = dim-row A for A by
auto
have dr-mk2: dim-col (make-first-column-positive A) = dim-col A for A by auto

have r1: reduce-below a xs D A € carrier-mat m n if A € carrier-mat m n for
A a xs
using that by (induct a zs D A rule: reduce-below.induct, auto simp add: Let-def
euclid-ext2-def)
hence R: (reduce-below 0 nz D (make-first-column-positive A')) € carrier-mat m
n
using A’-def m n
by (metis carrier-matl indez-mat-swaprows(2,3) dr-mkl dr-mk2)
have reduce-below-abs a zs D A € carrier-mat m n if A € carrier-mat m n for
A a xs
using that by (induct a xs D A rule: reduce-below-abs.induct, auto simp add:
Let-def euclid-ext2-def)
hence R2: (reduce-below-abs 0 nz D (make-first-column-positive A’)) € car-
rier-mat m n
using A’-def m n
by (metis carrier-matl indez-mat-swaprows(2,3) dr-mkl dr-mk2)

have A’-DR € carrier-mat (m—1) (n—1)

by (cases abs-flag; rule split-block(4)[OF A’-split|symmetric]],insert m2 n2 m
n R-def R R2, auto)
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thus ((abs-flag, D, A’-DR),abs-flag, D, A) € Wellfounded.measure (A(abs-flag,D,
A). dim-col A) using n2 m2 n m by auto
qed

lemma FindPreHNF-code: FindPreHNF abs-flag D A =
(let m = dim-row A; n = dim-col A in
ifm< 2V n=0then A else
let non-zero-positions = filter (Mi. A $$ (i,0) # 0) [1..<dim-row AJ;
A" = (if A$$(0,0) # O then A
else let i = mon-zero-positions | 0 in swaprows 0 7 A
);
Reduce-impl = (if abs-flag then reduce-below-abs-impl else reduce-below-impl)
in
if n < 2 then Reduce-impl 0 non-zero-positions D A’
else
let
(A-UL,A-UR,A-DL,A-DR) = split-block (Reduce-impl 0 non-zero-positions
D (make-first-column-positive A')) 1 1;
sub-Pre HNF = FindPreHNF abs-flag D A-DR in
four-block-mat A-UL A-UR A-DL sub-PreHNF) (is ?lhs = ?rhs)
proof —
let 2f = AR. (if dim-row A < 2 V dim-col A = 0 then A else if dim-col A < 2
then R 0 (filter (Ai. A 88 (4, 0) # 0) [1..<dim-row A]) D
(if A $$ (0, 0) # 0 then A else swaprows 0 (filter (Ai. A $$ (i, 0) # 0)
[1..<dim-row A] ! 0) A)
else case split-block (R 0 (filter (Ai. A 88 (i, 0) # 0) [1..<dim-row A]) D
(make-first-column-positive (if A $$ (0, 0) # 0 then A else
swaprows 0 (filter (Ai. A 8% (¢, 0) # 0) [1..<dim-row A] ! 0) A))) 1 1 of
(A-UL, A-UR, A-DL, A-DR) = four-block-mat A-UL A-UR A-DL (FindPreHNF
abs-flag D A-DR))
have M-carrier: make-first-column-positive (if A $8 (0, 0) # 0 then A
else swaprows 0 (filter (Ai. A 88 (i, 0) # 0) [1..<dim-row A] ! 0) A)
€ carrier-mat (dim-row A) (dim-col A)
by (smt (verit) index-mat-swaprows(2) index-mat-swaprows(3) make-first-column-positive.simps
mat-carrier)
have : 0 ¢ set (filter (Mi. A $$ (i, 0) # 0) [1..<dim-row A]) by simp
have ?lhs = ?f (if abs-flag then reduce-below-abs else reduce-below)
unfolding FindPreHNF .simps|of abs-flag D A] Let-def by presburger

also have ... = ?rhs
proof (cases abs-flag)
case True

have ?f (if abs-flag then reduce-below-abs else reduce-below) = ?2f reduce-below-abs

using True by presburger
also have ... = ?f reduce-below-abs-impl
by ((intro if-cong refl prod.case-cong arg-cong[of - - X x. split-block x 1 1];
(subst reduce-abs-below-impl[where nr = dim-row A and nc = dim-col A])),
(auto)[9)
(insert M-carrier *, blast+)
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also have ... = 2f (if abs-flag then reduce-below-abs-impl else reduce-below-impl)

using True by presburger

finally show ?thesis using True unfolding FindPreHNF .simps[of abs-flag D

A] Let-def by blast
next

case Fulse

have ?f (if abs-flag then reduce-below-abs else reduce-below) = ?f reduce-below
using Fualse by presburger

also have ... = ?f reduce-below-impl
by ((intro if-cong refl prod.case-cong arg-cong[of - - X x. split-block x 1 1];

(subst reduce-below-impl[where nr = dim-row A and nc = dim-col A])),

(auto)[9])
(insert M-carrier *, blast+)
also have ... = ?f (if abs-flag then reduce-below-abs-impl else reduce-below-impl)

using False by presburger
finally show ?thesis using Fualse unfolding FindPreHNF .simps|of abs-flag D
A] Let-def by blast
qed
finally show ?thesis by blast
qged
end

declare mod-operation. FindPre HNF-code[code]

declare mod-operation.reduce-below-impl.simps|code]
declare mod-operation.reduce-impl-def|code]

declare mod-operation.reduce-below-abs-impl.simps|code]
declare mod-operation.reduce-abs-impl-def|code]

7.1.2 From echelon form to Hermite normal form

From here on, we define functions to transform a matrix in echelon form into
its Hermite normal form. Essentially, we are defining the functions that are
available in the AFP entry Hermite (which uses HOL Analysis + mod-type)
in the JNF matrix representation.

definition find-fst-non0-in-row :: <nat = 'a::comm-ring-1 mat = nat option>
— Find the first nonzero element of row 1 if A is upper triangular
where <find-fst-non0-in-row | A = find (A\j. A $$ (I, §) # 0) [l ..< dim-col A

primrec Hermite-reduce-above
where Hermite-reduce-above (A::int mat) 0ij = A
| Hermite-reduce-above A (Suc n) ij = (let
Aij = A $$ (i.j);
Anj = A 88 (n,j)
mn
Hermite-reduce-above (addrow (— (Anj div Aij)) n i A) n ij)
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definition Hermite-of-row-i :: int mat = nat = int mat
where Hermite-of-row-i A i = (
case find-fst-non0-in-row i A of None = A | Some j =
let Aij = A $8(4,5) in
if Aij < 0 then Hermite-reduce-above (multrow i (—1) A) iij
else Hermite-reduce-above A i i j)

primrec Hermite-of-list-of-rows

where

Hermite-of-list-of-rows A [] = A |

Hermite-of-list-of-rows A (a#xs) = Hermite-of-list-of-rows (Hermite-of-row-i A
a) s

We combine the previous functions to assemble the algorithm

definition (in mod-operation) Hermite-mod-det abs-flag A =
(let m = dim-row A; n = dim-col A;
D = abs(det-int A);
A'=AQ,. D -, 1, n;
E = FindPreHNF abs-flag D A’
H = Hermite-of-list-of-rows E [0..<m+n]
in mat-of-rows n (map (Matriz.row H) [0..<m]))

7.1.3 Some examples of execution

declare mod-operation. Hermite-mod-det-def | code]

value let B = mat-of-rows-list 4 ([[0,3,1,4],]7,1,0,0],[8,0,19,16],(2,0,0,3::int]])
mn
show (mod-operation. Hermite-mod-det (mod) True B)

value let B = mat-of-rows-list 7 (|

1, 17, —41, —1, 1, 0, 0],

0, -1, 2, 0, -6, 2, 1],

9, 2, 1, 1, =2, 2, =5],

-1, =3, -1, 0, -9, 0, 0],

9, 717 793 07 07 07 1]3

1, -1, 1, 0, 1, =8, 0],

1, -1, 0, =2, —1, —1, 0:int]]) in

show (mod-operation. Hermite-mod-det (mod) True B)

end
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7.2 Soundness of the algorithm
theory HNF-Mod-Det-Soundness

imports
HNF-Mod-Det-Algorithm
Signed-Modulo
begin

hide-const(open) Determinants.det Determinants2.upper-triangular
Finite-Cartesian-Product.row Finite-Cartesian-Product.rows
Finite-Cartesian-Product.vec

7.2.1 Results connecting lattices and Hermite normal form

The following results will also be useful for proving the soundness of the
certification approach.

lemma of-int-mat-hom-int-id[simp]:
fixes A::int mat
shows of-int-hom.mat-hom A = A unfolding map-mat-def by auto

definition is-sound-HNF algorithm associates res
= (VA. let (P,H) = algorithm A; m = dim-row A; n = dim-col A in
P € carrier-mat m m N H € carrier-mat m n A invertible-mat P N A = P
x H
A Hermite-JNF associates res H)

lemma HNF-A-eq-HNF-PA:

fixes A::'a::{bezout-ring-div,normalization-euclidean-semiring,unique-euclidean-ring}
mat

assumes A: A € carrier-mat n n and inv-A: invertible-mat A

and inv-P: invertible-mat P and P: P € carrier-mat n n
and sound-HNF': is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (PxA)
and P2-H2: (P2,H2) = HNF A

shows HI = H2
proof —

obtain inv-P where P-inv-P: inverts-mat P inv-P and inv-P-P: inverts-mat
inv-P P

and inv-P: inv-P € carrier-mat n n
using P inv-P obtain-inverse-matrix by blast
have P1: P1 € carrier-mat n n
using PI1-HI sound-HNF unfolding is-sound-HNF-def Let-def
by (metis (no-types, lifting) P carrier-matD(1) index-mult-mat(2) old.prod.case)

have HI: H1 € carrier-mat n n using P1-H1 sound-HNF unfolding is-sound-HNF-def
Let-def

by (metis (no-types, lifting) A P carrier-matD(1) carrier-matD(2) case-prodD
indez-mult-mat(2,3))

have invertible-inv-P: invertible-mat inv-P
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using P-inv-P inv-P inv-P-P invertible-mat-def square-mat.simps by blast
have P-A-P1-H1: P x A = P1 % HI using P1-H! sound-HNF unfolding
is-sound-HNF-def Let-def
by (metis (mono-tags, lifting) case-prod-conv)
hence A = inv-P x (P1 % HI)
by (smt (verit) A P inv-P-P inv-P assoc-mult-mat carrier-matD(1) inverts-mat-def
left-mult-one-mat)
hence A-inv-P-P1-H1: A = (inv-P x P1) x H1
using H1 P1 inv-P by fastforce
have A-P2-H2: A = P2 x H2 using P2-H2 sound-HNF unfolding is-sound-HNF-def
Let-def
by (metis (mono-tags, lifting) case-prod-conv)
have invertible-inv-P-P1: invertible-mat (inv-P * P1)
proof (rule invertible-mult-JNF[OF inv-P P1 invertible-inv-P))
show invertible-mat P1
by (smt (verit) P1-HI is-sound-HNF-def prod.sel(1) sound-HNF split-beta)
qed
show ?thesis
proof (rule Hermite-unique-JNF[OF A - H1 - - A-inv-P-P1-H1 A-P2-H2 inv-A
invertible-inv-P-P1])
show inv-P x P1 € carrier-mat n n
by (metis carrier-matD(1) carrier-matl index-mult-mat(2) inv-P
invertible-inv-P-P1 invertible-mat-def square-mat.simps)
show P2 € carrier-mat n n
by (smt (verit) A P2-H2 carrier-matD(1) is-sound-HNF-def prod.sel(1)
sound-HNF split-beta)
show H2 € carrier-mat n n
by (smt (verit) A P2-H2 carrier-matD(1) carrier-matD(2) is-sound-HNF-def
prod.sel(2) sound-HNF split-beta)
show invertible-mat P2
by (smt (verit) P2-H2 is-sound-HNF-def prod.sel(1) sound-HNF split-beta)
show Hermite-JNF' associates res H1
by (smt (verit) P1-HI is-sound-HNF-def prod.sel(2) sound-HNF split-beta)
show Hermite-JNF' associates res H2
by (smt (verit) P2-H2 is-sound-HNF-def prod.sel(2) sound-HNF split-beta)
qed
qed

context vec-module
begin

lemma mat-mult-invertible-lattice-eq:
assumes fs: set fs C carrier-vec n
and gs: set gs C carrier-vec n
and P: P € carrier-mat m m and invertible-P: invertible-mat P
and length-fs: length fs = m and length-gs: length gs = m
and prod: mat-of-rows n fs = (map-mat of-int P) x mat-of-rows n gs
shows lattice-of fs = lattice-of gs
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proof thm mat-mult-sub-lattice
show lattice-of fs C lattice-of gs
by (rule mat-mult-sub-lattice[OF fs gs - prod],simp add: length-fs length-gs P)
next
obtain inv-P where P-inv-P: inverts-mat P inv-P and inv-P-P: inverts-mat
inv-P P
and inv-P: inv-P € carrier-mat m m
using P invertible-P obtain-inverse-matrix by blast
have of-int-hom.mat-hom (inv-P) % mat-of-rows n fs
= of-int-hom.mat-hom (inv-P) x ((map-mat of-int P) * mat-of-rows n gs)
using prod by auto

also have ... = of-int-hom.mat-hom (inv-P) * (map-mat of-int P) x mat-of-rows
n gs
by (smt (verit) P assoc-mult-mat inv-P length-gs map-carrier-mat mat-of-rows-carrier(1))
also have ... = of-int-hom.mat-hom (inv-P x P) x mat-of-rows n gs
by (metis P inv-P of-int-hom.mat-hom-mult)
also have ... = mat-of-rows n gs

by (metis carrier-matD(1) inv-P inv-P-P inverts-mat-def left-mult-one-mat’
length-gs mat-of-rows-carrier(2) of-int-hom.mat-hom-one)
finally have prod: mat-of-rows n gs = of-int-hom.mat-hom (inv-P) * mat-of-rows
n fs ..
show lattice-of gs C lattice-of fs
by (rule mat-mult-sub-lattice]OF gs fs - prod], simp add: length-fs length-gs
inv-P)
qed

end

context
fixes n :: nat
begin

interpretation vec-module TYPE(int) .

lemma lattice-of-HNF'":
assumes sound-HNF': is-sound-HNF HNF associates res
and P1-HI1: (P,H) = HNF (mat-of-rows n fs)
and fs: set fs C carrier-vec n and len: length fs = m
shows lattice-of fs = lattice-of (rows H)
proof (rule mat-mult-invertible-lattice-eq| OF fs])
have H: H € carrier-mat m n using sound-HNF P1-H1 unfolding is-sound-HNF-def
Let-def
by (metis (mono-tags, lifting) assms(4) mat-of-rows-carrier(2) mat-of-rows-carrier(3)
prod.sel(2) split-beta)
have H-rw: mat-of-rows n (Matriz.rows H) = H using mat-of-rows-rows H by
fast
have PH-fs-init: mat-of-rows n fs = P x H using sound-HNF P1-H1 unfolding
is-sound-HNF-def Let-def
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by (metis (mono-tags, lifting) case-prodD)
show mat-of-rows n fs = of-int-hom.mat-hom P x mat-of-rows n (Matriz.rows
)
unfolding H-rw of-int-mat-hom-int-id using PH-fs-init by simp
show set (Matriz.rows H) C carrier-vec n using H rows-carrier by blast
show P € carrier-mat m m using sound-HNF P1-H1 unfolding is-sound-HNF-def
Let-def
by (metis (no-types, lifting) len case-prodD mat-of-rows-carrier(2))
show invertible-mat P using sound-HNF P1-H1 unfolding is-sound-HNF-def
Let-def
by (metis (no-types, lifting) case-prodD)
show length fs = m using len by simp
show length (Matriz.rows H) = m using H by auto
qed
end

context LLL-with-assms
begin

lemma certification-via-eq-HNF":
assumes sound-HNF": is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and HiI-H2: HI = H2
and gs: set gs C carrier-vec n and len-gs: length gs = m
shows lattice-of gs = lattice-of fs-init LLL-with-assms n m gs a
proof —
have lattice-of fs-init = lattice-of (rows HI)
by (rule lattice-of-HNF[OF sound-HNF P1-HI fs-init], simp add: len)
also have ... = lattice-of (rows H2) using H1-H2 by auto
also have ... = lattice-of gs
by (rule lattice-of-HNF[symmetric, OF sound-HNF P2-H2 gs len-gs))
finally show lattice-of gs = lattice-of fs-init ..
have invertible-P1: invertible-mat P1
using sound-HNF P1-H1 unfolding is-sound-HNF-def
by (metis (mono-tags, lifting) case-prodD)
have invertible-P2: invertible-mat P2
using sound-HNF P2-H2 unfolding is-sound-HNF-def
by (metis (mono-tags, lifting) case-prodD)
have P2: P2 € carrier-mat m m
using sound-HNF P2-H2 unfolding is-sound-HNF-def
by (metis (no-types, lifting) len-gs case-prodD mat-of-rows-carrier(2))
obtain inv-P2 where P2-inv-P2: inverts-mat P2 inv-P2 and inv-P2-P2:
inverts-mat inv-P2 P2
and inv-P2: inv-P2 € carrier-mat m m
using P2 invertible-P2 obtain-inverse-matriz by blast
have P1: P1 € carrier-mat m m
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using sound-HNF P1-H1 unfolding is-sound-HNF-def
by (metis (no-types, lifting) len case-prodD mat-of-rows-carrier(2))
have H1: H1 € carrier-mat m n
using sound-HNF P1-H1 unfolding is-sound-HNF-def
by (metis (no-types, lifting) case-prodD len mat-of-rows-carrier(2) mat-of-rows-carrier(3))
have H2: H2 € carrier-mat m n
using sound-HNF P2-H2 unfolding is-sound-HNF-def
by (metis (no-types, lifting) len-gs case-prodD mat-of-rows-carrier(2) mat-of-rows-carrier(3))
have P2-H2: P2 x H2 = mat-of-rows n gs
by (smt (verit) P2-H2 sound-HNF case-prodD is-sound-HNF-def)
have Pi-Hi-fs: P1 * Hl = mat-of-rows n fs-init
by (smt (verit) P1-H1 sound-HNF case-prodD is-sound-HNF-def)
obtain inv-P! where PI-inv-P1: inverts-mat PI1 inv-P1 and inv-P1-P1:
inverts-mat inv-P1 P1
and inv-PI1: inv-P1 € carrier-mat m m
using P1 invertible-P1 obtain-inverse-matriz by blast
show LLL-with-assms n m gs «
proof (rule LLL-change-basis(2)[OF gs len-gs])
show P1 x inv-P2 € carrier-mat m m using P1 inv-P2 by auto
have mat-of-rows n fs-init = P1 x H1 using sound-HNF P2-H2 unfolding
is-sound-HNF-def
by (metis (mono-tags, lifting) P1-HI1 case-prodD)
also have ... = PI % inv-P2 x P2 %« H1
by (smt (verit) P1 P2 assoc-mult-mat carrier-matD(1) inv-P2 inv-P2-P2
inverts-mat-def right-mult-one-mat)
also have ... = PI x inv-P2 x P2 x H2 using HI1-H2 by blast
also have ... = P1 x inv-P2 % (P2 x H2)
using H2 P2 «P1 * inv-P2 € carrier-mat m m» assoc-mult-mat by blast
also have ... = PI x (inv-P2 x P2 x H2)
by (metis H2 <P1 « Hl = P1 % inv-P2 « P2 « H1) <P1 % inv-P2 * P2 x
H2 = P1 * inv-P2 = (P2 x« H2))

H1-H2 carrier-matD(1) inv-P2 inv-P2-P2 inverts-mat-def left-mult-one-mat)
also have ... = PI x (inv-P2 x (P2 x H2)) using H2 P2 inv-P2 by auto
also have ... = PI x inv-P2 % mat-of-rows n gs

using P2-H2 <P1 x (inv-P2 x P2 x H2) = P1 * (inv-P2 *x (P2 x H2)))
<P1 x inv-P2 % (P2 %+ H2) = P1 x (inv-P2 x P2 x H2)> by auto
finally show mat-of-rows n fs-init = P1 * inv-P2 x mat-of-rows n gs .
show P2 x inv-P1 € carrier-mat m m
using P2 inv-P1 by auto
have mat-of-rows n gs = P2 x H2 using sound-HNF P2-H2 unfolding
is-sound-HNF-def by metis
also have ... = P2 x inv-P1 x P1 x H2
by (smt (verit) P1 P2 assoc-mult-mat carrier-matD(1) inv-P1 inv-P1-P1
inverts-mat-def right-mult-one-mat)
also have ... = P2 x inv-P1 x P1 x H1 using HI-H2 by blast
also have ... = P2 x inv-P1 = (P1 % HI)
using H1 P1 P2 % inv-P1 € carrier-mat m m» assoc-mult-mat by blast
also have ... = P2 x (inv-P1 x P1 % HI)
by (metis H2 «<P2 x H2 = P2 x inv-P1 x P1 = H2> <P2 x inv-P1 * P1 x
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HI = P2 x inv-P1 %= (P1 x H1))

H1-H2 carrier-matD(1) inv-P1 inv-P1-P1 inverts-mat-def left-mult-one-mat)
also have ... = P2 x (inv-P1 % (P1 x H1)) using HI1 P1 inv-P1 by auto
also have ... = P2 x inv-P1 * mat-of-rows n fs-init

using P1-HI-fs <P2 x (inv-P1 x P1 x H1) = P2 * (inv-P1 % (P1 * HI))»

(P2 % inv-P1 % (P1 % H1) = P2 x (inv-P1 x P1 = H1)» by auto
finally show mat-of-rows n gs = P2 % inv-P1 % mat-of-rows n fs-init .

qed
qed

end

context vec-space
begin

lemma lin-indpt-cols-imp-det-not-0:

fixes A::'a mat

assumes A: A € carrier-mat n n and li: lin-indpt (set (cols A)) and d: distinct
(cols A)

shows det A # 0

using A li d det-rank-iff lin-indpt-full-rank by blast

corollary lin-indpt-rows-imp-det-not-0:

fixes A::'a mat

assumes A: A € carrier-mat n n and li: lin-indpt (set (rows A)) and d: distinct
(rows A)

shows det A # 0

using A li d det-rank-iff lin-indpt-full-rank

by (metis (full-types) Determinant.det-transpose cols-transpose transpose-carrier-mat)
end

context LLL
begin

lemma eg-lattice-imp-mat-mult-invertible-cols:
assumes fs: set fs C carrier-vec n
and gs: set gs C carrier-vec n and ind-fs: lin-indep fs
and length-fs: length fs = n and length-gs: length gs = n
and [: lattice-of fs = lattice-of gs
shows 3 @Q € carrier-mat n n. invertible-mat Q@ A mat-of-cols n fs = mat-of-cols n
gs * @
proof (cases n=0)
case True
show ?thesis
by (rule bexI[of - 1, 0], insert True assms, auto)
next
case Fulse
hence n: 0<n by simp
have ind-RAT-fs: gs.lin-indpt (set (RAT fs)) using ind-fs
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by (simp add: cof-vec-space.lin-indpt-list-def)
have fs-carrier: mat-of-cols n fs € carrier-mat n n by (simp add: length-fs car-
rier-matl)
let ?f = (\i. SOME x. xE€carrier-vec (length gs) A (mat-of-cols n gs) *, © = fs
)
let ?cols-Q = map ?f [0..<length fs]
let ?Q) = mat-of-cols n ?cols-Q
show ?thesis
proof (rule bexI[of - ?Q], rule conjI)
show Q: ?Q) € carrier-mat n n using length-fs by auto
show fs-gs-Q: mat-of-cols n fs = mat-of-cols n gs x 2Q
proof (rule mat-col-eql)
fix j assume j: j < dim-col (mat-of-cols n gs x 2Q))
have j2: j<n using j Q length-gs by auto
have fs-j-in-gs: fs | j € lattice-of gs using fs | basis-in-latticel j by auto
have fs-j-carrier-vec: fs'| j € carrier-vec n
using fs-j-in-gs gs lattice-of-as-mat-mult by blast
let o = SOME z. z€carrier-vec (length gs) N (mat-of-cols n gs) x, x = fs ! j
have ?zé€carrier-vec (length gs) A (mat-of-cols n gs) =, %z = fs!j
by (rule somel-ex, insert fs-j-in-gs lattice-of-as-mat-mult[OF gs], auto)
hence z: %z € carrier-vec (length gs)
and gs-x: (mat-of-cols n gs) *, ?x = fs ! j by blast+
have col 7Q j = %cols-Q ! j
proof (rule col-mat-of-cols)
show j < length (map ?f [0..<length fs]) using length-fs j2 by auto
have map ?f [0..<length fs] | j = 2f ([0..<length fs] ! j)
by (rule nth-map, insert j2 length-fs, auto)
also have ... = ?fj by (simp add: length-fs j2)
also have ... € carrier-vec n using z length-gs by auto
finally show map ?f [0..<length fs] ! j € carrier-vec n .

qed
also have ... = 2f ([0..<length fs] ! j)

by (rule nth-map, insert j2 length-fs, auto)
also have ... = %z by (simp add: length-fs j2)

finally have col-Qj-z: col ?Q j = %z .
have col (mat-of-cols n fs) j = fs ! j
by (metis (no-types, lifting) j Q fs length-fs carrier-matD(2) cols-mat-of-cols
cols-nth
index-mult-mat(8) mat-of-cols-carrier(3))

also have ... = (mat-of-cols n gs) *, ¢z using gs-z by auto
also have ... = (mat-of-cols n gs) *, (col ?Q j) unfolding col-Qj-z by simp
also have ... = col (mat-of-cols n gs x ?Q)) j

by (rule col-mult2[symmetric, OF - Q j2], insert length-gs mat-of-cols-def,
auto)
finally show col (mat-of-cols n fs) j = col (mat-of-cols n gs x 2Q)) j .
qged (insert length-gs gs, auto)
show invertible-mat 2Q)

proof —
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let ?f' = (Xi. SOME x. z€carrier-vec (length fs) A (mat-of-cols n fs) *, © =
gs ! 7)
let Zcols-Q' = map ?f' [0..<length gs]
let 2Q' = mat-of-cols n ?cols-Q’
have Q" ?Q’ € carrier-mat n n using length-gs by auto
have gs-fs-Q’: mat-of-cols n gs = mat-of-cols n fs * 2Q’
proof (rule mat-col-eql)
fix j assume j: j < dim-col (mat-of-cols n fs x Q")
have j2: j<n using j Q length-gs by auto
have gs-j-in-fs: gs | j € lattice-of fs using gs [ basis-in-latticel j by auto
have gs-j-carrier-vec: gs | j € carrier-vec n
using gs-j-in-fs fs lattice-of-as-mat-mult by blast
let %2 = SOME xz. z€carrier-vec (length fs) A (mat-of-cols n fs) x, x = gs

lj
have ?x€carrier-vec (length fs) A (mat-of-cols n fs) =, 2z = gs ! j
by (rule somel-ex, insert gs-j-in-fs lattice-of-as-mat-mult[OF fs], auto)
hence z: %z € carrier-vec (length fs)
and fs-z: (mat-of-cols n fs) x, %z = gs ! j by blast+
have col ?Q' j = ?cols-Q’! j
proof (rule col-mat-of-cols)
show j < length (map ?f' [0..<length gs]) using length-gs j2 by auto
have map ?f' [0..<length gs] ! j = 2f' ([0..<length gs] ! j)
by (rule nth-map, insert j2 length-gs, auto)
also have ... = 2f’ j by (simp add: length-gs j2)
also have ... € carrier-vec n using z length-fs by auto
finally show map ?f' [0..<length gs] | j € carrier-vec n .
ged
also have ... = 2f' ([0..<length gs] ! j)
by (rule nth-map, insert j2 length-gs, auto)
also have ... = %z by (simp add: length-gs j2)
finally have col-Qj-z: col ?Q' j = 7z .
have col (mat-of-cols n gs) j = gs ! j by (simp add: length-gs gs-j-carrier-vec
j2)
also have ... = (mat-of-cols n fs) %, ?x using fs-z by auto
also have ... = (mat-of-cols n fs) %, (col ?Q’ j) unfolding col-Qj-z by simp
also have ... = col (mat-of-cols n fs * Q") j
by (rule col-mult2[symmetric, OF - Q' j2], insert length-fs mat-of-cols-def,
auto)

finally show col (mat-of-cols n gs) j = col (mat-of-cols n fs x 2Q7) j .
qged (insert length-fs fs, auto)

have det-fs-not-zero: rat-of-int (det (mat-of-cols n fs)) # 0
proof —
let YA = (of-int-hom.mat-hom (mat-of-cols n fs)):: rat mat
have rat-of-int (det (mat-of-cols n fs)) = det A
by simp
moreover have det ?A # 0
proof (rule gs.lin-indpt-cols-imp-det-not-0]of ?A])
have c-eq: (set (cols ?A)) = set (RAT fs)
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by (metis assms(3) cof-vec-space.lin-indpt-list-def cols-mat-of-cols fs
mat-of-cols-map)

show YA € carrier-mat n n by (simp add: fs-carrier)
show gs.lin-indpt (set (cols ?A)) using ind-RAT-fs c-eq by auto
show distinct (cols ?A)
by (metis ind-fs cof-vec-space.lin-indpt-list-def cols-mat-of-cols fs
mat-of-cols-map)
qed
ultimately show ?thesis by auto
qed
have Q'Q: ?Q’ x ?Q € carrier-mat n n using Q Q' mult-carrier-mat by blast
have fs-fs-Q'Q: mat-of-cols n fs = mat-of-cols n fs x Q' * ?Q using gs-fs-Q’
fs-gs-@Q by presburger
hence 0,, n n = mat-of-cols n fs x Q' x ?Q) — mat-of-cols n fs using length-fs
by auto
also have ...

= mat-of-cols n fs * ?Q’ x 2Q — mat-of-cols n fs x 1, n
using fs-carrier by auto

also have ... = mat-of-cols n fs x (?Q' x ?Q) — mat-of-cols n fs x 1, n
using Q Q' fs-carrier by auto

also have ... = mat-of-cols n fs x (?Q" x 2Q — 1,, n)
by (rule mult-minus-distrib-mat[symmetric, OF fs-carrier Q'Q], auto)

finally have mat-of-cols n fs x (Q"* 2Q — 1,, n) = 0y n 10 ..
have det (?Q' x ?Q) = 1

by (smt (verit) Determinant.det-mult Q Q' Q'Q fs-fs-Q'Q assoc-mult-mat
det-fs-not-zero
fs-carrier mult-cancel-left2 of-int-code(2))
hence det-Q'-Q-1: det ?Q * det 7Q' = 1

by (metis (no-types, lifting) Determinant.det-mult Groups.mult-ac(2) @ Q)
hence det 7Q = 1 V det ?Q = —1 by (rule pos-zmult-eq-1-iff-lemma)
thus ?thesis using invertible-iff-is-unit-JNF[OF Q] by fastforce
qed
qed
qed

corollary eg-lattice-imp-mat-mult-invertible-rows:
assumes fs: set fs C carrier-vec n

and gs: set gs C carrier-vec n and ind-fs: lin-indep fs
and length-fs: length fs = n and length-gs: length gs = n
and [: lattice-of fs = lattice-of gs
shows 3 P € carrier-mat n n. invertible-mat P A mat-of-rows n fs = P x mat-of-rows
n gs
proof —
obtain @ where Q: Q € carrier-mat n n and inv-Q: invertible-mat @
and fs-gs-Q: mat-of-cols n fs = mat-of-cols n gs * Q
using eg-lattice-imp-mat-mult-invertible-cols| OF assms] by auto
have invertible-mat QT by (simp add: inv-Q invertible-mat-transpose)
moreover have mat-of-rows n fs = QT * mat-of-rows n gs using fs-gs-Q

by (metis Matriz.transpose-mult Q) length-gs mat-of-cols-carrier(1) transpose-mat-of-cols)
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moreover have Q7 € carrier-mat n n using Q by auto
ultimately show ?thesis by blast

qed

end

7.2.2 Missing results

This is a new definition for upper triangular matrix, valid for rectangular
matrices. This definition will allow us to prove that echelon form implies
upper triangular for any matrix.

definition upper-triangular’ A = (Vi < dim-row A. V j<dim-col A. j < i — A
$$ (i.j) = 0)

lemma upper-triangular’'D[elim] :

upper-triangular’ A = j<dim-col A = j < i = i < dim-row A — A $$
(i.j) =0
unfolding upper-triangular’-def by auto

lemma upper-triangular’I[intro] :

(Ai j. j<dim-coll A = j < i = i < dimrow A = A 3% (ij) = 0) =
upper-triangular’ A

unfolding upper-triangular’-def by auto

lemma prod-list-abs:
fixes zs:: int list
shows prod-list (map abs zs) = abs (prod-list xs)
by (induct zs, auto simp add: abs-mult)

lemma euclid-ext2-works:

assumes euclid-ext2 a b = (p,q,u,v,d)

shows pxa+qxb = d and d = ged a band gcd a b x u = —band ged a b x v =
a

and v = —b div gcd a b and v = a div ged a b

using assms unfolding euclid-ext2-def

by (auto simp add: bezout-coefficients-fst-snd)

lemma res-function-euclidean?2:
res-function (Ab n::’a::{unique-euclidean-ring}. n mod b)
proof—
have n mod b = n if b=0 for n b::'a :: unique-euclidean-ring using that by auto
hence res-function-euclidean = (\b n::'a. n mod b)
by (unfold fun-eq-iff res-function-euclidean-def, auto)
thus ?thesis using res-function-euclidean by auto
qed

lemma mult-row-1-id:

fixes A:: 'a::semiring-1"n""m
shows mult-row A b 1 = A unfolding mult-row-def by wvector
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Results about appending rows

lemma row-append-rows1:
assumes A: A € carrier-mat m n
and B: B € carrier-mat p n
assumes i: ¢ < dim-row A
shows Matriz.row (A Q, B) i = Matriz.row A i
proof (rule eg-vecl)
have AB-carrier[simp]: (A Q, B) € carrier-mat (m+p) n by (rule carrier-append-rows| OF
4 B)
thus dim-vec (Matriz.row (A @, B) i) = dim-vec (Matriz.row A 1)
using A B by (auto, insert carrier-matD(2), blast)
fix j assume j: j < dim-vec (Matriz.row A 7)
have Matriz.row (A @Q, B) i $vj = (A @, B) $$ (i, j)
by (metis AB-carrier Matriz.row-def j A carrier-matD(2) index-row(2) in-
dez-vec)

also have ... = (if i < dim-row A then A $$ (i, j) else B $$ (i — m, j))
by (rule append-rows-nth, insert assms j, auto)
also have ... = A$$ (i,j) using i by simp

finally show Matriz.row (A @, B) i $v j = Matriz.row A i $v j using ¢ j by
stmp
qged

lemma row-append-rows2:
assumes A: A € carrier-mat m n
and B: B € carrier-mat p n
assumes i: 1 € {m..<m+p}
shows Matriz.row (A @, B) i = Matriz.row B (i — m)
proof (rule eg-vecl)
have AB-carrier[simp]: (A Q, B) € carrier-mat (m+p) n by (rule carrier-append-rows| OF
A BY)
thus dim-vec (Matriz.row (A @, B) i) = dim-vec (Matriz.row B (i—m))
using A B by (auto, insert carrier-matD(2), blast)
fix j assume j: j < dim-vec (Matriz.row B (i—m))
have Matriz.row (A Q, B) i $vj = (A Q, B) $$ (4, j)
by (metis AB-carrier Matriz.row-def j B carrier-matD(2) indez-row(2) in-
dez-vec)

also have ... = (if i < dim-row A then A $$ (i, j) else B $$ (i — m, j))
by (rule append-rows-nth, insert assms j, auto)
also have ... = B 8% (i — m, j) using 7 A by simp

finally show Matriz.row (A Q, B) i $vj = Matriz.row B (i—m) $v j using 7 j
A B by auto
qed

lemma rows-append-rows:

assumes A: A € carrier-mat m n

and B: B € carrier-mat p n
shows Matriz.rows (A Q, B) = Matriz.rows A Q Matriz.rows B
proof —
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have AB-carrier: (A Q, B) € carrier-mat (m+p) n
by (rule carrier-append-rows, insert A B, auto)
hence 1: dim-row (A @, B) = dim-row A + dim-row B using A B by blast
moreover have Matriz.row (A Q, B) i = (Matriz.rows A Q@ Matriz.rows B) ! i
if i: i < dim-row (A @, B) for {
proof (cases i<dim-row A)
case True
have Matriz.row (A Q,. B) i = Matriz.row A ¢ using A True B row-append-rows1
by blast

also have ... = Matriz.rows A ! ¢ unfolding Matriz.rows-def using True by
auto
also have ... = (Matriz.rows A Q Matriz.rows B) ! i using True by (simp

add: nth-append)
finally show ?thesis .
next
case Fulse
have i-mp: i < m + p using AB-carrier A B i by fastforce
have Matriz.row (A @, B) i = Matriz.row B (i—m) using A False B i
row-append-rows2 i-mp
by (smt (verit) AB-carrier atLeastLessThan-iff carrier-matD(1) le-add1
linordered-semidom-class.add-diff-inverse row-append-rows2)

also have ... = Matriz.rows B! (i—m) unfolding Matriz.rows-def using False
i A 1 by auto
also have ... = (Matriz.rows A @ Matriz.rows B) | (i—m-+m)

by (metis add-diff-cancel-right’ A carrier-matD(1) length-rows not-add-less2
nth-append)

also have ... = (Matriz.rows A Q@ Matriz.rows B) | i using False A by auto
finally show ?thesis .
qed

ultimately show ?thesis unfolding list-eq-iff-nth-eq by auto
qed

lemma append-rows-nth2:

assumes A2 A’ € carrier-mat m n

and B: B € carrier-mat p n

and A-def: A = (A’'Q, B)

and a: a<m and ap: a < p and j: j<n

shows A $$ (a + m, j) = B $$ (aj)
proof —

have A $$ (a + m, j) = (if a + m < dim-row A’ then A’ $$ (a + m, j) else B
$$ (a + m — m, j))

unfolding A-def by (rule append-rows-nth[OF A’ B - j|, insert ap a, auto)

also have ... = B $$ (a,j) using ap a A’ by auto
finally show ?thesis .
qed
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lemma append-rows-nths3:
assumes A”: A’ € carrier-mat m n
and B: B € carrier-mat p n
and A-def: A= (A’'Q, B)
and a: a>m and ap: a < m + p and j: j<n
shows A $$ (a, j) = B $$ (a—m,j)
proof —
have A $$ (a, j) = (if a < dim-row A’ then A’ $$ (a, j) else B $$ (a — m, 7))
unfolding A-def by (rule append-rows-nth|OF A’ B - j|, insert ap a, auto)

also have ... = B $$ (a—m,j) using ap a A’ by auto
finally show ?thesis .
qed

Results about submatrices

lemma pick-first-id: assumes i: i<n shows pick {0..<n} { =i
proof —
have i = (card {a € {0..<n}. a < i}) using i
by (auto, smt (verit) Collect-cong card-Collect-less-nat nat-SN.gt-trans)
thus ?thesis using pick-card-in-set i
by (metis atLeastLess Than-iff zero-order(1))
qed

lemma submatriz-indez-id:
assumes H: H € carrier-mat m n and i: i<kl and j: j<k2
and k1: ki<m and k2: k2<n
shows (submatriz H {0..<k1} {0..<k2}) $$ (i,5) = H $$ (i,5)
proof —
let 21 = {0..<k1}
let 27 = {0..<k2}
let ?H = submatriz H 21 2J
have km: k1<m and kn: k2<n using k1 k2 by simp+
then have {i. i <m A i< kl} ={ .<ki} {i.i<nANi<k2}={.<k2} by
auto
then have card-mk: card {i. i < m N i < k1} = kI and card-nk: card {i. i <
nAi<k2}=k2
by auto
show ?thesis
proof—
have pick-j: pick 2J j = j by (rule pick-first-id|OF j])
have pick-i: pick ?I i = i by (rule pick-first-id[OF 1))
have submatriz H 21 ¢J 8% (i, j) = H $$ (pick ?I i, pick ?J j)
by (rule submatriz-index, insert H i j card-mk card-nk, auto)

also have ... = H $$ (i,j) using pick-i pick-j by simp
finally show ?thesis .
qed
qed

lemma submatriz-carrier-first:
assumes H: H € carrier-mat m n
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and k1: k1 < mand k2: k2 < n

showssubmatriz H {0..<k1} {0..<k2} € carrier-mat k1 k2
proof —

have km: k1<m and kn: k2<n using k1 k2 by simp+

then have {i. i < m A i < ki} ={.<ki} {i.i<nAi<k2}={.<k2} by
auto

then have card-mk: card {i. i < m A i < k1} = kI and card-nk: card {i. i <
nAi<k2}=k2

by auto
show %thesis
by (smt (verit) Collect-cong H atLeastLess Than-iff card-mk card-nk carrier-matD

carrier-matl dim-submatriz zero-order(1))
qed

lemma Units-eg-invertible-mat:
assumes A € carrier-mat n n
shows A € Group.Units (ring-mat TYPE('a::comm-ring-1) n b) = invertible-mat
A (is ?lhs = 2rhs)
proof —
interpret m: ring ring-mat TYPE('a) n b by (rule ring-mat)
show ?thesis
proof
assume ?lhs thus ?rhs
unfolding Group. Units-def
by (insert assms, auto simp add: ring-mat-def invertible-mat-def inverts-mat-def)
next
assume ?rhs
from this obtain B where AB: Ax B=1,, nand BA: Bx A= 1,, n and
B: B € carrier-mat n n
by (metis assms carrier-matD(1) inverts-mat-def obtain-inverse-matriz)
hence Jzeccarrier (ring-mat TYPE('a) n b). x D ring-mat TYPE('a) n b A=
1ring—mat TYPE('a) n b
AA O ring-mat TYPE('a) n b ¥ = lring-mat TYPE('a) n b
unfolding ring-mat-def by auto
thus ?lhs unfolding Group.Units-def using assms unfolding ring-mat-def
by auto
qed
qed

lemma map-first-rows-index:
assumes A € carrier-mat M n and m < M and i<m and ja<n
shows map (Matriz.row A) [0..<m] ! i $v ja = A $$ (i, ja)
using assms by auto

lemma matriz-append-rows-eq-if-preserves:
assumes A: A € carrier-mat (m+p) n and B: B € carrier-mat p n
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and eq: Vie{m..<m+p}.Vj<n. A$3(i,j) = B $$ (i—m,j)
shows A = mat-of-rows n [Matriz.row A i. { < [0..<m]] @, B (is - = ?A’ Q,
)
proof (rule eg-matl)
have A" ?A’ € carrier-mat m n by (simp add: mat-of-rows-def)
hence A'B: ?A’ Q,. B € carrier-mat (m+p) n using B by blast
show dim-row A = dim-row (YA’ @, B) and dim-col A = dim-col (YA’ Q,. B)
using A’'B A by auto
fix 7 j assume i: ¢ < dim-row (?4’ Q, B)
and j: j < dim-col (?A’ @, B)
have jn: j<n using A
by (metis append-rows-def dim-col-mat(1) indez-mat-four-block(3) indez-zero-mat(3)

J mat-of-rows-def nat-arith.rule0)
let ?zs = (map (Matriz.row A) [0..<m))
show A 8% (i, j) = (24’ Q,. B) $$ (4, j)
proof (cases i<m)
case True
have (A’ Q, B) $$ (i, j) = ?A’ $$ (¢,))
by (metis (no-types, lifting) Nat.add-0-right True append-rows-def diff-zero i
index-mat-four-block index-zero-mat(3) j length-map length-upt mat-of-rows-carrier(2))
also have ... = ?zs ! 4 $v j
by (rule mat-of-rows-index, insert i True j, auto simp add: append-rows-def)
also have ... = A $$ (i,j)
by (rule map-first-rows-indez, insert assms A True i jn, auto)
finally show ?thesis ..
next
case Fulse
have (A’ @Q, B) $$ (i, j) = B $3$ (i—m,j)
by (smt (verit) A’ carrier-matD(1) False append-rows-def i index-mat-four-block
7 jn length-map
length-upt mat-of-rows-carrier(2,3))
also have ... = A $$ (i,5)
by (metis False append-rows-def B eq atLeastLessThan-iff carrier-matD(1)
diff-zero i
index-mat-four-block(2) index-zero-mat(2) jn le-addl length-map length-upt

linordered-semidom-class.add-diff-inverse mat-of-rows-carrier(2))
finally show ?thesis ..
qed
qed

lemma invertible-mat-first-column-not0:
fixes A::'a :: comm-ring-1 mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat A and n0: 0<n
shows col A 0 # (0, n)
proof (rule ccontr)
assume - col A 0 # 0, n hence col-A0: col A 0 = 0, n by simp
have (det A dvd 1) using inv-A invertible-iff-is-unit-JNF[OF A] by auto
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hence 1: det A # 0 by auto

have det A = (> i<n. A 8% (i, 0) * Determinant.cofactor A i 0)
by (rule laplace-expansion-column[OF A n0)])

also have ... = 0
by (rule sum.neutral, insert col-A0 n0 A, auto simp add: col-def,

metis Matrix.zero-vec-def index-vec mult-zero-left)
finally show Fulse using 1 by contradiction
qed

lemma invertible-mat-mult-int:
assumes A = P x B
and P € carrier-mat n n
and B € carrier-mat n n
and invertible-mat P
and invertible-mat (map-mat rat-of-int B)
shows invertible-mat (map-mat rat-of-int A)
by (metis (no-types, opaque-lifting) assms dvd-field-iff
invertible-iff-is-unit-JNF invertible-mult-JNF map-carrier-mat not-is-unit-0
of-int-hom.hom-0 of-int-hom.hom-det of-int-hom.mat-hom-mult)

lemma echelon-form-JNF-intro:

assumes (Y i<dim-row A. is-zero-row-JNF i A — = (3j. j < dim-row A A j>i
A = is-zero-row-JNF j A))

and (Vij. i<j A j<dim-row A A\ = (is-zero-row-JNF i A) A = (is-zero-row-JNF
jA)

— ((LEAST n. A 88 (i, n) # 0) < (LEAST n. A 83 (4, n) # 0)))

shows echelon-form-JNF A using assms unfolding echelon-form-JNF-def by

simp

lemma echelon-form-submatriz:
assumes ef-H: echelon-form-JNF H and H: H € carrier-mat m n
and k: k< minmn
shows echelon-form-JNF (submatriz H {0..<k} {0..<k})
proof —
let ?2I = {0..<k}
let ?H = submatric H 21 21
have km: k<m and kn: k<n using k by simp+
then have {i. i <m A i < k} = {.<k} {i. i <n A i<k} ={.<k} by auto
then have card-mk: card {i. i < m A i < k} = k and card-nk: card {i. i < n
Ni<k}=k
by auto
have H-ij: H $$ (i,j) = (submatriz H ?2I ?I) $$ (i,j) if i: i<k and j: j<k for i j
proof—
have pick-j: pick ?I j = j by (rule pick-first-id[OF j))
have pick-i: pick ?I i = i by (rule pick-first-id[OF i))
have submatriz H 21 21 $$ (i, j) = H $$ (pick ?I i, pick ?I j)
by (rule submatriz-index, insert H i j card-mk card-nk, auto)
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also have ... = H $$ (i,j) using pick-i pick-j by simp
finally show ?thesis ..
qed
have H'[simp]: ?H € carrier-mat k k
using H dim-submatriz[of H {0..<k} {0..<k}] card-mk card-nk by auto
show ?thesis
proof (rule echelon-form-JNF-intro, auto)
fix i j assume iH'-0: is-zero-row-JNF i ?H and ij: i < j and j: j < dim-row
7H
have jm: j<m
by (metis H' carrier-matD(1) j km le-eg-less-or-eq nat-SN.gt-trans)
show is-zero-row-JNF j ?H
proof (rule ccontr)
assume j-not0-H': — is-zero-row-JNF j ?H
define a where a = (LEAST n. ?H $$ (j,n) # 0)
have H'-ja: ?H $$ (j,a) # 0
by (metis (mono-tags) Leastl j-not0-H' a-def is-zero-row-JNF-def)
have a: a < dim-col ?H
by (smt (verit) j-not0-H' a-def is-zero-row-JNF-def linorder-neqE-nat
not-less-Least order-trans-rules(19))
have j-not0-H: — is-zero-row-JNF j H
by (metis H' H'-ja H-ij a assms(2) basic-trans-rules(19) carrier-matD
is-zero-row-JNF-def j kn le-eq-less-or-eq)
hence i-not0-H: — is-zero-row-JNF ¢ H using ef-H j ij unfolding eche-
lon-form-JNF-def
by (metis H' <= is-zero-row-JNF j Hy assms(2) carrier-matD(1) ij j km
not-less-iff-gr-or-eq order.strict-trans order-trans-rules(21))
hence least-ab: (LEAST n. H $$ (i, n) # 0) < (LEAST n. H $$ (j, n) # 0)
using jm
using j-not0-H assms(2) echelon-form-JNF-def ef-H ij by blast
define b where b = (LEAST n. H $$ (i, n) # 0)
have H-ib: H $$ (i, b) # 0
by (metis (mono-tags, lifting) Leastl b-def i-not0-H is-zero-row-JNF-def)
have b: b < dim-col ?H using least-ab a unfolding a-def b-def
by (metis (mono-tags, lifting) H' H'-ja H-ij a-def carrier-matD dual-order.strict-trans
J nat-neg-iff not-less-Least)
have H'-ib: ?H $$ (i,b) # 0 using H-ib b H-ij H' ij j
by (metis H' carrier-matD dual-order.strict-trans ij j)
hence — is-zero-row-JNF i ?H using b is-zero-row-JNF-def by blast
thus False using iH’-0 by contradiction
qed
next
fix ¢ j assume 4j: i < j and j: j < dim-row 7H
have jm: j<m
by (metis H' carrier-matD(1) j km le-eg-less-or-eq nat-SN.gt-trans)
assume not0-iH" — is-zero-row-JNF i ?H
and not0-jH" - is-zero-row-JNF j ¢H
define a where a = (LEAST n. ?H $$ (i, n) # 0)
define b where b = (LEAST n. ?H $$ (j, n) # 0)
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have H'-ia: ?H $$ (i,a) # 0
by (metis (mono-tags) Leastl-ex a-def is-zero-row-JNF-def not0-iH")
have H'-jb: ?H $$ (j,b) # 0
by (metis (mono-tags) Leastl-ex b-def is-zero-row-JNF-def not0-jH")
have a: a < dim-row ?H
by (smt (verit) H' a-def carrier-matD is-zero-row-JNF-def less-trans linorder-neqE-nat
not0-iH' not-less-Least)
have b: b < dim-row ?H
by (smt (verit) H' b-def carrier-matD is-zero-row-JNF-def less-trans linorder-neqE-nat
not0-jH' not-less-Least)
have a-eq: a = (LEAST n. H 3% (i, n) # 0)
by (smt (verit) H' H'-ia H-ij LeastI-ex a a-def carrier-matD(1) ij j linorder-neqE-nat
not-less-Least order-trans-rules(19))
have b-eq: b = (LEAST n. H $$ (j, n) # 0)
by (smt (verit) H' H'-jb H-ij Leastl-ex b b-def carrier-matD(1) ij j linorder-neqE-nat
not-less-Least order-trans-rules(19))
have not0-iH: — is-zero-row-JNF i H
by (metis H' H'-ia H-ij a H carrier-matD 4 is-zero-row-JNF-def j kn
le-eq-less-or-eq order.strict-trans)
have not0-jH: — is-zero-row-JNF j H
by (metis H' H'-jb H-ij b H carrier-matD is-zero-row-JNF-def j kn le-eq-less-or-eq
order.strict-trans)
show (LEAST n. ?H $$ (i, n) # 0) < (LEAST n. ?H $$ (j, n) # 0)
unfolding a-def[symmetric] b-def [symmetric] a-eq b-eq using not0-iH not0-jH
ef-H ij jm H
unfolding echelon-form-JNF-def by auto
qed
qed

lemma HNF-submatriz:
assumes HNF-H: Hermite-JNF associates res H and H: H € carrier-mat m n
and k: £k < minmn
shows Hermite-JNF' associates res (submatric H {0..<k} {0..<k})
proof —
let 2I = {0..<k}
let ?H = submatriz H 71 71
have km: k<m and kn: k<n using k by simp+
then have {i. i <m A i < k} = {.<k} {i. i <n A i<k} ={.<k} by auto
then have card-mk: card {i. i < m A i < k} = k and card-nk: card {i. i < n
Ni<k}=k
by auto
have H-ij: H $$ (i,j) = (submatriz H ?2I 7I) $$ (i,j) if i: i<k and j: j<k for i j
proof—
have pick-j: pick ?I j = j by (rule pick-first-id[OF j])
have pick-i: pick ?I i = i by (rule pick-first-id[OF 1i))
have submatriz H 21 ?1 $$ (i, j) = H $3$ (pick ?I i, pick ?1 j)
by (rule submatriz-index, insert H i j card-mk card-nk, auto)
also have ... = H $$ (4,j) using pick-i pick-j by simp
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finally show ?thesis ..
qed
have H'[simp]: ?H € carrier-mat k k
using H dim-submatriz[of H {0..<k} {0..<k}] card-mk card-nk by auto
have (CS-ass: Complete-set-non-associates associates using HNF-H unfolding
Hermite-JNF-def by simp
moreover have CS-res: Complete-set-residues res using HNF-H unfolding
Hermite-JNF-def by simp
have ef-H: echelon-form-JNF H using HNF-H unfolding Hermite-JNF-def by
auto
have ef-H': echelon-form-JNF ?H
by (rule echelon-form-submatriz|OF ef-H H k)
have HNF'1: ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) € associates
and HNF2: (Yj<i. ?H $$ (j, LEAST n. 7H $$ (i, n) # 0)
€ res (?H $$ (i, LEAST n. ?H $$ (i, n) # 0)))
if ¢: i<dim-row ?H and not0-iH". — is-zero-row-JNF i ?H for i
proof —
define a where a = (LEAST n. ?H $$ (i, n) # 0)
have im: i<m
by (metis H' carrier-matD(1) km order.strict-trans2 that(1))
have H'-ia: ?H $$ (i,a) # 0
by (metis (mono-tags) LeastI-ex a-def is-zero-row-JNF-def not0-iH')
have a: ¢ < dim-row ?H
by (smt (verit) H' a-def carrier-matD is-zero-row-JNF-def less-trans linorder-neqE-nat
not0-iH' not-less-Least)
have a-eq: a = (LEAST n. H $$ (i, n) # 0)
by (smt (verit) H' H'-ia H-ij Leastl-ex a a-def carrier-matD(1) i linorder-neqE-nat
not-less-Least order-trans-rules(19))
have H'-ia-H-ia: ?H $$ (i, a) = H $$ (i, a) by (metis H' H-ij a car-
rier-matD(1) 1)
have not’-iH: = is-zero-row-JNF i H
by (metis H' H'-ia H'-ia-H-ia a assms(2) carrier-matD(1) carrier-matD(2)
is-zero-row-JNF-def kn order.strict-trans2)
thus ?H $$ (¢, LEAST n. ?H $$ (i, n) # 0) € associates using im
by (metis H'-ia-H-ia Hermite-JNF-def a-def a-eq HNF-H H carrier-matD(1))
show (Vj<i. ?H $$ (j, LEAST n. ?H $$ (i, n) # 0)
€ res (?H $$ (i, LEAST n. ?H $$ (i, n) # 0)))
proof —
{ fix nn :: nat
have ff1: Vn. ?H $$ (n, a) = H $$ (n, a) V - n < k
by (metis (no-types) H' H-ij a carrier-matD(1))
have ff2: i < k
by (metis H' carrier-matD(1) that(1))
then have H $$ (nn, a) € res (H $$ (4, a)) — H 33 (nn, a) € res (?H $$
(i, a))
using ff1 by (metis (no-types))
moreover
{ assume H $$ (nn, a) € res (?H $$ (4, a))
then have ?H $$ (nn, a) = H 33 (nn, a) — ?H $3 (nn, a) € res (?H $$
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by presburger
then have -~ nn < i vV ?H $$ (nn, LEAST n. ?H 33 (i, n) # 0) € res
(?H $$ (i, LEAST n. ?H $$ (i, n) # 0))
using ff2 ff1 a-def order.strict-trans by blast }
ultimately have — nn < ¢ V ?H $$ (nn, LEAST n. ?H 3% (i, n) # 0) €
res (?H $$ (i, LEAST n. ?H $$ (i, n) # 0))
using Hermite-JNF-def a-eq assms(1) assms(2) im not’-iH by blast }
then show ?thesis
by meson
qed
qed
show ?thesis using HNF1 HNF2 ef-H' CS-res CS-ass unfolding Hermite-JNF-def
by blast
qed

lemma HNF-of-HNF-id:
fixes H :: int mat
assumes HNF-H: Hermite-JNF associates res H
and H: H € carrier-mat n n
and H-P1-H1: H = P1 x HI
and inv-P1: invertible-mat P1
and HI: H1 € carrier-mat n n
and PI: P1 € carrier-mat n n
and HNF-HI1: Hermite-JNF associates res H1
and inv-H: invertible-mat (map-mat rat-of-int H)
shows HI = H

proof (rule HNF-unique-generalized-JNF[OF H P1 H1 - H H-P1-H1))
show H = (1,, n) * H using H by auto

qed (insert assms, auto)

context
fixes n :: nat
begin

interpretation vec-module TYPE(int) .

lemma lattice-is-monotone:
fixes S T
assumes S: set S C carrier-vec n
assumes 71 set T C carrier-vec n
assumes subs: set S C set T
shows lattice-of S C lattice-of T
proof —
have 3 fa. lincomb fa (set T) = lincomb f (set S) for f
proof —
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let 2f = \i. if i € set T — set S then 0 else fi

have set-T-eq: set T = set S U (set T — set S) using subs by blast

have [0: lincomb ?f (set T — set S) = 0, n by (rule lincomb-zero, insert T,
auto)

have lincomb ?f (set T) = lincomb ?f (set S U (set T — set S)) using set-T-eq
by simp

also have ... = lincomb ?f (set S) + lincomb ?f (set T — set S)
by (rule lincomb-union, insert S T subs, auto)
also have ... = lincomb ?f (set S) using 10 by (auto simp add: S)
also have ... = lincomb f (set S) using S by fastforce
finally show ?thesis by blast
qed

thus ?thesis unfolding lattice-of-altdef-lincomb[OF S| lattice-of-altdef-lincomb[OF
T
by auto
qed

lemma lattice-of-append:
assumes fs: set fs C carrier-vec n
assumes gs: set gs C carrier-vec n
shows lattice-of (fs @Q gs) = lattice-of (gs Q fs)
proof —
have fsgs: set (fs @ gs) C carrier-vec n using fs gs by auto
have gsfs: set (gs @ fs) C carrier-vec n using fs gs by auto
show ?thesis
unfolding lattice-of-altdef-lincomb[OF fsgs] lattice-of-altdef-lincomb|OF gsfs]
by auto (metis Un-commute)+
qed

lemma [attice-of-append-cons:

assumes fs: set fs C carrier-vec n  and v: v € carrier-vec n

shows lattice-of (v # fs) = lattice-of (fs Q [v])
proof —

have v-fs: set (v # fs) C carrier-vec n using fs v by auto

hence fs-v: set (fs Q [v]) C carrier-vec n by simp

show ?thesis

unfolding lattice-of-altdef-lincomb|OF v-fs] lattice-of-altdef-lincomb[OF fs-v]

by auto
qed

lemma already-in-lattice-subset:

assumes fs: set fs C carrier-vec n and inlattice: v € lattice-of fs

and v: v € carrier-vec n

shows lattice-of (v # fs) C lattice-of fs
proof (cases vEset fs)

case True

then show ?thesis

by (metis fs lattice-is-monotone set-ConsD subset-code(1))

next
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case Fulse note v-notin-fs = Fualse
obtain g where v-g: lincomb g (set fs) = v
using lattice-of-altdef-lincomb[ OF fs] inlattice by auto
have v-fs: set (v # fs) C carrier-vec n using v fs by auto
have 3 fa. lincomb fa (set fs) = lincomb f (insert v (set fs)) for f
proof —
have smult-rw: f v -, (lincomb g (set fs)) = lincomb (Aw. fv x g w) (set fs)
by (rule lincomb-smult[symmetric, OF fs])
have lincomb f (insert v (set fs)) = fv -, v + lincomb f (set fs)
by (rule lincomb-insert2[OF - fs - v-notin-fs v], auto)

also have ... = fv -, (lincomb g (set fs)) + lincomb f (set fs) using v-g by
stmp
also have ... = lincomb (Aw. fv * g w) (set fs) + lincomb [ (set fs)
unfolding smult-rw by auto
also have ... = lincomb (Aw. (Aw. fv x g w) w + fw) (set fs)

by (rule lincomb-sum[symmetric, OF - fs], simp)
finally show ?thesis by auto
qed
thus ?thesis unfolding lattice-of-altdef-lincomb| OF v-fs] lattice-of-altdef-lincomb| OF
fs] by auto
qed

lemma already-in-lattice:
assumes fs: set fs C carrier-vec n and inlattice: v € lattice-of fs
and v: v € carrier-vec n
shows lattice-of fs = lattice-of (v # [s)
proof —
have dir1: lattice-of fs C lattice-of (v # fs)
by (intro lattice-is-monotone, insert fs v, auto)
moreover have dir2: lattice-of (v # fs) C lattice-of fs
by (rule already-in-lattice-subset| OF assms])
ultimately show ?thesis by auto
qed

lemma already-in-lattice-append:
assumes fs: set fs C carrier-vec n and inlattice: lattice-of gs C lattice-of fs
and gs: set gs C carrier-vec n

shows lattice-of fs = lattice-of (fs Q gs)
using assms

proof (induct gs arbitrary: fs)
case Nil
then show ?case by auto

next
case (Cons a gs)
note fs = Cons.prems(1)
note inlattice = Cons.prems(2)
note gs = Cons.prems(3)
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have gs-in-fs: lattice-of gs C lattice-of fs
by (meson basic-trans-rules(23) gs lattice-is-monotone local. Cons(3) set-subset-Cons)
have a: a € lattice-of (fs @Q gs)
using basis-in-latticel fs gs gs-in-fs local. Cons(1) local.Cons(3) by auto
have lattice-of (fs Q a # gs) = lattice-of ((a # gs) Q fs)
by (rule lattice-of-append, insert fs gs, auto)

also have ... = lattice-of (a # (gs Q@ fs)) by auto
also have ... = lattice-of (a # (fs @Q gs))
by (rule lattice-of-eq-set, insert gs fs, auto)
also have ... = lattice-of (fs @ gs)
by (rule already-in-lattice[symmetric, OF - a], insert fs gs, auto)
also have ... = lattice-of fs by (rule Cons.hyps[symmetric, OF fs gs-in-fs], insert
gs, auto)
finally show ?Zcase ..
qed

lemma zero-in-lattice:

assumes fs-carrier: set fs C carrier-vec n

shows 0, n € lattice-of fs
proof —

have Vf. lincomb (Av. 0 * fv) (set fs) = 0, n

using fs-carrier lincomb-closed lincomb-smult lmult-0 by presburger

hence lincomb (Ai. 0) (set fs) = 0, n by fastforce

thus ?thesis unfolding lattice-of-altdef-lincomb[OF fs-carrier] by auto
qed

lemma lattice-zero-rows-subset:
assumes H: H € carrier-mat a n
shows lattice-of (Matriz.rows (0, m n)) C lattice-of (Matriz.rows H)
proof
let ?fs = Matriz.rows (0,, m n)
let ?gs = Matriz.rows H
have fs-carrier: set ?fs C carrier-vec n unfolding Matrixz.rows-def by auto
have gs-carrier: set ?gs C carrier-vec n using H unfolding Matrix.rows-def by
auto
fix x assume z: z € lattice-of (Matriz.rows (0, m n))
obtain f where fz: lincomb (of-int o f) (set (Matriz.rows (0,, m n))) = x
using z lattice-of-altdef-lincomb[OF fs-carrier| by blast
have lincomb (of-int o f) (set (Matriz.rows (0, m n))) = 0, n
unfolding lincomb-def by (rule M.finsum-all0, unfold Matriz.rows-def, auto)
hence z = 0, n using fr by auto
thus z € lattice-of (Matriz.rows H) using zero-in-lattice[OF gs-carrier] by auto

qed

lemma lattice-of-append-zero-rows:
assumes H”: H' € carrier-mat m n
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and H: H = H' Q, (0, m n)
shows lattice-of (Matriz.rows H) = lattice-of (Matriz.rows H')
proof —
have Matriz.rows H = Matriz.rows H' Q Matriz.rows (0, m n)
by (unfold H, rule rows-append-rows|OF H'], auto)
also have lattice-of ... = lattice-of (Matriz.rows H')
proof (rule already-in-lattice-append[symmetric])
show lattice-of (Matriz.rows (0., m n)) C lattice-of (Matriz.rows H')
by (rule lattice-zero-rows-subset|OF H'])
qged (insert H', auto simp add: Matriz.rows-def)
finally show ?thesis .
qed
end

Lemmas about echelon form

lemma echelon-form-JNF-1zn:
assumes A€carrier-mat m n and m<2
shows echelon-form-JNF A
using assms unfolding echelon-form-JNF-def is-zero-row-JNF-def by fastforce

lemma echelon-form-JNF-mzx1:
assumes Accarrier-mat m n and n<2
and Vi € {1..<m}. A$$(i,0) = 0
shows echelon-form-JNF A
using assms unfolding echelon-form-JNF-def is-zero-row-JNF-def
using atLeastLessThan-iff less-2-cases by fastforce

lemma echelon-form-mx0:

assumes A € carrier-mat m 0

shows echelon-form-JNF A using assms unfolding echelon-form-JNF-def is-zero-row-JNF-def
by auto

lemma echelon-form-JNF-first-column-0:
assumes eA: echelon-form-JNF A and A: A € carrier-mat m n
and 0: 0<i and im: i<m and n0: 0<n
shows A $$ (¢,0) =0
proof (rule ccontr)
assume Ai0: A $$ (¢, 0) # 0
hence nz-iA: — is-zero-row-JNF i A using n0 A unfolding is-zero-row-JNF-def
by auto
hence nz-0A: = is-zero-row-JNF 0 A using eA A unfolding echelon-form-JNF-def
using 0 im by auto
have (LEAST n. A $$ (0, n) # 0) < (LEAST n. A $$ (i, n) # 0)
using nz-iA nz-0A eA A unfolding echelon-form-JNF-def using i0 im by
blast
moreover have (LEAST n. A $3$ (i, n) # 0) = 0 using Ai0 by simp
ultimately show Fulse by auto
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qed

lemma is-zero-row-JNF-multrow|simp]:
fixes A::'a::comm-ring-1 mat
assumes (<dim-row A
shows is-zero-row-JNF i (multrow j (— 1) A) = is-zero-row-JNF i A
using assms unfolding is-zero-row-JNF-def by auto

lemma echelon-form-JNF-multrow:
assumes A : carrier-mat m n and i<m and eA: echelon-form-JNF A
shows echelon-form-JNF (multrow ¢ (— 1) A)
proof (rule echelon-form-JNF-intro)
have A $$ (4, ja) = 0 if Vj'<dim-col A. A $$ (ia, j') = 0
and iaj: ia < j and j: j < dim-row A and ja: ja < dim-col A for ia j ja
using assms that unfolding echelon-form-JNF-def is-zero-row-JNF-def
by (meson order.strict-trans)
thus Via<dim-row (multrow i (— 1) A). is-zero-row-JNF ia (multrow i (— 1)
A)
— = (Fj<dim-row (multrow i (— 1) A). ia < j A = is-zero-row-JNF j
(multrow i (— 1) A))
unfolding is-zero-row-JNF-def by simp
have Least-eq: (LEAST n. multrow i (— 1) A $$ (ia, n) # 0) = (LEAST n. A
$$ (ia, n) # 0)
if 4a: ia < dim-row A and nz-ia-mrA: = is-zero-row-JNF ia (multrow ¢ (— 1)
A) for ia
proof (rule Least-equality)
have nz-ia-A: = is-zero-row-JNF ia A using nz-ia-mrA ia by auto
have Least-Aian-n: (LEAST n. A $$ (ia, n) # 0) < dim-col A
by (smt (verit) dual-order.strict-trans is-zero-row-JNF-def not-less-Least
not-less-iff-gr-or-eq nz-ia-A)
show multrow i (— 1) A $$ (ia, LEAST n. A $$ (ia, n) # 0) # 0
by (smt (verit) Least] Least-Aian-n class-cring.cring-simprules(22) equa-
tion-minus-iff ia
index-mat-multrow(1) is-zero-row-JNF-def mult-minusl nz-ia-A)
show Ay. multrow i (— 1) A $$ (ia, y) # 0 = (LEAST n. A $$ (ia, n) #
0) <y
by (metis (mono-tags, lifting) Least-Aian-n class-cring.cring-simprules(22) ia

index-mat-multrow(1) lel mult-minus! order.strict-trans wellorder-Least-lemma(2))
qed
have (LEAST n. multrow i (— 1) A 83 (ia, n) # 0) < (LEAST n. multrow i (—
1) A$$ (G, n) # 0)
if ia-j: ia < j and
jr j < dim-row A
and nz-ia-A: - is-zero-row-JNF ia A
and nz-j-A: = is-zero-row-JNF j A
for ia j
proof —
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have ia: ia < dim-row A using ia-j j by auto
show ?thesis using Least-eq[OF ia] Least-eq[OF j| nz-ia-A nz-j-A
is-zero-row-JNF-multrow|OF ia] is-zero-row-JNF-multrow|OF j| eA ia-j j
unfolding echelon-form-JNF-def by simp
qed
thus Via j.
ia < j A j < dim-row (multrow i (— 1) A) A = is-zero-row-JNF ia (multrow
i(—1)A4)
A = is-zero-row-JNF j (multrow i (— 1) A) —
(LEAST n. multrow i (— 1) A 88 (da, n) # 0) < (LEAST n. multrow i (—
1) A$$ (G, n) # 0)
by auto
qed

thm echelon-form-imp-upper-triagular

lemma echelon-form-JNF-least-position-ge-diagonal:
assumes eA: echelon-form-JNF A
and A: A: carrier-mat m n
and nz-iA: = is-zero-row-JNF i A
and im: i<m
shows i<(LEAST n. A $$ (i,n) # 0)
using nz-iAd im
proof (induct i rule: less-induct)
case (less )
note nz-iA = less.prems(1)
note im = less.prems(2)
show Zcase
proof (cases i=0)
case True show ?thesis using True by blast
next
case Fulse
show ?thesis
proof (rule ccontr)
assume - i < (LEAST n. A $$ (i, n) # 0)
hence i-least: ¢ > (LEAST n. A $$ (i, n) # 0) by auto
have nz-i1A: = is-zero-row-JNF (i—1) A
using nz-iA im Fualse A eA unfolding echelon-form-JNF-def
by (metis Num.numeral-nat(7) Suc-pred carrier-matD(1) gr-implies-not0
lessI linorder-neqE-nat order.strict-trans)
have i—1<(LEAST n. A $$ (i—1,n) # 0) by (rule less.hyps, insert im nz-il A
False, auto)
moreover have (LEAST n. A $$ (i,n) # 0) > (LEAST n. A $$ (i—1,n) #
0)
using nz-ilA nz-iA im False A eA unfolding echelon-form-JNF-def by
auto
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ultimately show Fulse using i-least by auto
qed
qed
qed

lemma echelon-form-JNF-imp-upper-triangular:
assumes eA: echelon-form-JNF A
shows upper-triangular A
proof
fix i j assume ji: j<i and i: i<dim-row A
have A: A € carrier-mat (dim-row A) (dim-col A) by auto
show A4 $3 (¢,j) = 0
proof (cases is-zero-row-JNF i A)
case False
have i< (LEAST n. A $8(i,n) # 0)
by (rule echelon-form-JNF-least-position-ge-diagonal|OF eA A False 1))
then show ?thesis
using ji not-less-Least order.strict-trans2 by blast
next
case True

then show ?thesis unfolding is-zero-row-JNF-def oops

lemma echelon-form-JNF-imp-upper-triangular:
assumes eA: echelon-form-JNF A
shows upper-triangular’ A
proof
fix 7 j assume ji: j<i and i: i<dim-row A and j: j<dim-col A
have A: A € carrier-mat (dim-row A) (dim-col A) by auto
show A4 $$ (i,j) = 0
proof (cases is-zero-row-JNF i A)
case Fulse
have i< (LEAST n. A $$(i,n) # 0)
by (rule echelon-form-JNF-least-position-ge-diagonal| OF eA A False 1))
then show ?thesis
using ji not-less-Least order.strict-trans2 by blast
next
case True
then show ?thesis unfolding is-zero-row-JNF-def using j by auto
qed
qed

lemma upper-triangular-append-zero:
assumes uH: upper-triangular’ H
and H: H € carrier-mat (m+m) n and mn: n<m
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shows H = mat-of-rows n (map (Matriz.row H) [0..<m]) @, 0,, m n (is - =
?H' Q. 0,, m n)
proof
have H”: ?H' € carrier-mat m n using H uH by auto
have H'0: (?H’' Q,. 0,, m n) € carrier-mat (m+m) n by (simp add: H')
thus dr: dim-row H = dim-row (?H' Q,. 0,, m n) using H H' by (simp add:
append-rows-def)
show dc: dim-col H = dim-col (?H' Q,. 0,,, m n) using H H' by (simp add:
append-rows-def)
fix i j assume i: i < dim-row (?H’ Q, 0,, m n) and j: j < dim-col (?H’ Q,
0m m n)
show H $$ (i, j) = (?H' Q, 0,, m n) $$ (4, 7)
proof (cases i<m)
case True
have H $$ (i, j) = ?H' $$ (4,j)
by (metis True H' append-rows-def H carrier-matD indez-mat-four-block(3)
index-zero-mat(3) j
le-addl map-first-rows-index mat-of-rows-carrier(2) mat-of-rows-index
nat-arith.rule0)
then show ?thesis
by (metis (mono-tags, lifting) H' True add.comm-neutral append-rows-def
carrier-matD(1) i indez-mat-four-block index-zero-mat(3) j)
next
case Fulse
have imn: i<m+m using ¢ dr H by auto
have jn: j<n using j dc H by auto
have ji: j<i using j i False mn jn by linarith
hence H $$ (i, j) = 0 using uH unfolding upper-triangular’-def dr imn using
i jn
by (simp add: dc j)
also have ... = (?H’ @, 0,, m n) $$ (i, j)
by (smt (verit) False H' append-rows-def assms(2) carrier-matD(1) car-
rier-matD(2) dc imn
index-mat-four-block(1,3) index-zero-mat j less-diff-conv2 linorder-not-less)
finally show ?thesis .
qed
qed

7.2.3 The algorithm is sound

lemma find-fst-non0-in-row-None:

assumes [<m

shows find-fst-non0-in-row | A = None <— (Vje{l..<dim-col A}. A $$ (1,j) =
0) (is ?lhs = ?rhs)

using assms by (auto simp add: find-fst-non0-in-row-def find-None-iff)

lemma find-fst-non0-in-row-None:

assumes A: A € carrier-mat m n
and ut-A: upper-triangular’ A
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and Im: I<m
shows find-fst-non0-in-row | A = None <— is-zero-row-JNF | A (is ?lhs = ?rhs)
proof —
have <A $$ (I, j) = 0» if <j < I <j < dim-col A for j
using that ut-A A Im unfolding upper-triangular’-def by blast
moreover from find-fst-non0-in-row-None' [of I m A] Im
have «find-fst-non0-in-row | A = None <— (Vje{l..<dim-col A}. A $$ (1,7) =
0)»
by simp
ultimately show ?thesis
by (auto simp add: is-zero-row-JNF-def)
qed

lemma
assumes res: find-fst-non0-in-row | A = Some j
shows find-fst-non0-in-row: A $% (1,j) # 01 < jj < dim-col A
and find-fst-non0-in-row-zero-before: Vj' € {l.<j}. A $$ (I, j/) = 0
proof —
define B where <B = {j. | < j A j < dim-col AN ASS (I,j)# 0}
have «finite B»
by (simp add: B-def)
from res have <B # {}
by (clarsimp simp add: find-fst-non0-in-row-def find-Some-iff less-diff-conv
B-def)
(metis add.commute le-add1)
with res have j = Min B»
apply (simp add: find-fst-non0-in-row-def)
apply (subst (asm) sorted-find-Min)
apply (auto simp add: B-def)
done
with «finite B> «B # {}> have ¢j € B»
by simp
then show [ < jj < dim-col A A $% (I, §) # 0
by (simp-all add: B-def)
show «Vj'e{l..<j}. A$% (I, j) =0
proof
fix j’
assume <j’ € {l..<jh
show <A 33 (I, j)) = O»
proof (rule ccontr)
assume <A $$ ([, j') # O»
with <j’ € {l..<j}» <j < dim-col A> have «j' € B
by (simp add: B-def)
with (finite B> have «j < j’
by (simp add: <j = Min B>)
with <j’ € {l..<j}» show Fualse
by simp
qed
qed
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qed

corollary find-fst-non0-in-row-zero-before”:

assumes res: find-fst-non0-in-row | A = Some j

and j' € {l.<j}

shows A $$ (1,j)) = 0 using find-fst-non0-in-row-zero-before [of | A j] assms by
auto

lemma find-fst-non0-in-row-LEAST:
assumes A: A € carrier-mat m n
and ut-A: upper-triangular’ A
and res: find-fst-non0-in-row | A = Some j
and Im: I<m
shows j = (LEAST n. A $$ (I,n) # 0)
proof (rule Least-equality[symmetric])
show A $$ (I, j) # 0 using res find-fst-non0-in-row(1) by blast
show Ay. A8 (I, y) #0 = j<y
proof (rule ccontr)
fix y assume Aly: A $$ (I, y) # 0 and jy: - j <y
have yn: y < n
by (metis A jy carrier-matD(2) find-fst-non0-in-row(3) lel less-imp-le-nat
nat-SN.compat res)
have A $$(l,y) = 0
proof (cases ye{l..<j})

case True
show ?thesis by (rule find-fst-non0-in-row-zero-before’|OF res True))
next

case Fulse hence y<! using jy by auto
thus ?thesis using ut-A A Im unfolding upper-triangular’-def using yn by
blast
qed
thus Fulse using Aly by contradiction
qed
qed

lemma make-first-column-positive-preserves-dimensions:
shows [simp]: dim-row (make-first-column-positive A) = dim-row A
and [simp]: dim-col (make-first-column-positive A) = dim-col A
by (auto)

lemma make-first-column-positive-works:

assumes A€carrier-mat m n and i: i<m and 0<n

shows make-first-column-positive A $$ (4,0) > 0

and j<n = A $$ (i,0) < 0 = (make-first-column-positive A) $$ (i,j) = — A
$$ (4.7)

and j<n = A $$ (,0) > 0 = (make-first-column-positive A) $$ (i,j) = A $$

(4:4)
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using assms by auto

lemma make-first-column-positive-invertible:
shows 3 P. invertible-mat P A P € carrier-mat (dim-row A) (dim-row A)
A make-first-column-positive A = P x A
proof —
let 7P = Matriz.mat (dim-row A) (dim-row A)
(A(4,9). if i = j then if A $8(i,0) < 0 then — 1 else 1 else 0::int)
have invertible-mat ?P
proof —
have (map abs (diag-mat ?P)) = replicate (length ((map abs (diag-mat ?P))))
1
by (rule replicate-length-same[symmetric], auto simp add: diag-mat-def)
hence m-rw: (map abs (diag-mat ?P)) = replicate (dim-row A) 1 by (auto
simp add: diag-mat-def)
have Determinant.det P = prod-list (diag-mat ¢P) by (rule det-upper-triangular,
auto)

also have abs ... = prod-list (map abs (diag-mat ?P)) unfolding prod-list-abs
by blast

also have ... = prod-list (replicate (dim-row A) 1) using m-rw by simp

also have ... = 1 by auto

finally have |Determinant.det ?P| = 1 by blast
hence Determinant.det P dvd 1 by fastforce
thus ?thesis using invertible-iff-is-unit-JNF mat-carrier by blast
qged
moreover have make-first-column-positive A = ?P x A (is ?M = -)
proof (rule eg-matl)
show dim-row ¢M = dim-row (P * A) and dim-col M = dim-col (?P x A)
by auto
fix i j assume i: i < dim-row (?P x A) and j: j < dim-col (?P * A)
have set-rw: {0..<dim-row A} = insert i ({0..<dim-row A} — {i}) using i by
auto
have rw0: (3 ia € {0..<dim-row A } — {i}. Matriz.row ?P i $v ia x col A j
$via) = 0
by (rule sum.neutral, insert i, auto)
have (?P % A) $$ (i, j) = Matriz.row ?P i - col A j using ¢ j by auto

also have ... = (3 ia = 0..<dim-row A. Matriz.row ?P i $v ia * col A j $v ia)
unfolding scalar-prod-def by auto
also have ... = (3 ia € insert i ({0..<dim-row A} — {i}). Matriz.row ?P i

$v ia * col A j $v ia)

using set-rw by argo

also have ... = Matriz.row ?P i $v i * col A j $v i
+ (> da € {0..<dim-row A } — {i}. Matriz.row ?P i $v ia * col A j $v ia)
by (rule sum.insert, auto)

also have ... = Matriz.row ?P i $v i * col A j $v i unfolding rw0 by simp

finally have x: (7P x A) $$ (i, j) = Matriz.row ?P i $v i * col A j $v i .

also have ... = ?M $$ (i,j)
by (cases A $$ (i, 0) < 0, insert i j, auto simp add: col-def)
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finally show ?M $$ (i, j) = (9P = A) $3 (4, j) ..
qed
moreover have ?P € carrier-mat (dim-row A) (dim-row A) by auto
ultimately show “thesis by blast
qed

locale proper-mod-operation = mod-operation +
assumes dvd-gdiv-mult-right[simp]: b > 0 = b dvd a = (a gdiv b) *x b = a
and gmod-gdiv: y > 0 = x gmod y = = — = gdiv y * y
and dvd-imp-gmod-0: 0 < ¢« = a dvd b = b gmod a = 0
and gmod-0-imp-dvd: a gmod b = 0 = b dvd a
and gmod-0[simpl: n gmod 0 = nn >0 = 0 gmod n = 0
begin
lemma reduce-alt-def-not0:
assumes A $$ (a,0) # 0 and pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A $$
(6,0))
shows reduce a b D A =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if k = 0 then if D dvd r then D else r else v gmod D
else if i = b then let = u * A$$(a,k) + v *x A$3(b,k) in
if k = 0 then r else v gmod D
else A$$(i,k)) (is - = ?rhs)
and
reduce-abs a b D A =
Matriz.mat (dim-row A) (dim-col A)
(\(3,k). if i = a then let r = (pxA$$(a,k) + qxA$3$(b,k)) in
if abs r > D then if k = 0 N D dvd r then D else r gmod

D else r
else if i = b then let r = u * A$$(a,k) + v * A$$(b,k) in
if abs v > D then r gmod D else r
else A$$(i,k)) (is - = ?rhs-abs)
proof —

have reduce a b D A =
(case euclid-ext2 (A$$(a,0)) (A 3% (b,0)) of (p,q,u,v,d) =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
if k = 0 then if D dvd r then D else r else v gmod D
else if i = b then let r = u x A$$(a,k) + v x A$$(b,k) in
if k = 0 then r else r gmod D
else A$$(i,k)
)) using assms by auto
also have ... = ?rhs unfolding reduce.simps Let-def
by (rule eg-matl, insert pquvd) (metis (no-types, lifting) split-conv)+
finally show reduce a b D A = ?rhs .
have reduce-abs a b D A =
(case euclid-ext2 (A$%(a,0)) (A $$ (b,0)) of (p,q,u,v,d) =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then let r = (pxA$$(a,k) + qxA$$(b,k)) in
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if abs r > D then if k = 0 A D dvd r then D else r gmod
D else r
else if i = b then let r = u x A$$(a,k) + v x A$$(b,k) in
if abs r > D then r gmod D else r
else A$$(i,k)
)) using assms by auto
also have ... = ?rhs-abs unfolding reduce.simps Let-def
by (rule eg-matl, insert pquvd) (metis (no-types, lifting) split-conv)+
finally show reduce-abs a b D A = ?rhs-abs .
qged

lemma reduce-preserves-dimensions:
shows [simp]: dim-row (reduce a b D A) = dim-row A
and [simp]: dim-col (reduce a b D A) = dim-col A
and [simp]: dim-row (reduce-abs a b D A) = dim-row A
and [simp]: dim-col (reduce-abs a b D A) = dim-col A
by (auto simp add: Let-def split-beta)

lemma reduce-carrier:
assumes A € carrier-mat m n
shows (reduce a b D A) € carrier-mat m n
and (reduce-abs a b D A) € carrier-mat m n
by (insert assms, auto simp add: Let-def split-beta)

lemma reduce-gcd:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A %3 (a,0) £ 0
shows (reduce a b D A) $3 (a,0) = (let r = ged (A$3%(a,0)) (A$8(b,0)) in if D dvd
r then D else 1) (is ?lhs = 2rhs)
and (reduce-abs a b D A) 3% (a,0) = (let r = ged (A$$(a,0)) (A$$(0,0)) in if D
< r then
if D dvd r then D else r gmod D else r) (is ?lhs-abs = ?rhs-abs)
proof —
obtain p ¢ v v d where pquvd: euclid-ext2 (A$$(a,0)) (A$$(b,0)) = (p,q,u,v,d)
using prod-casesd by blast
have p x A $$ (a, 0) + ¢+ A$$ (b, 0) = d
using Aaj pquud is-bezout-ext-euclid-ext2 unfolding is-bezout-ext-def
by (smt (verit) Pair-inject bezout-coefficients-fst-snd euclid-ext2-def)
also have ... = ged (A%$$(a,0)) (A$3(b,0)) by (metis euclid-ext2-def pquvd
prod.sel(2))
finally have pAaj-qAbj-gcd: p x A $8$ (a, 0) + q * A $$ (b, 0) = ged (A$$(a,0))
(A$3%(b,0)) .
let 2f = (\(i, k). if i = a thenletr = p x A $$ (a, k) + g A $$ (b, k) inif k
= 0 then if D dvd r then D else r else r gmod D
elseif ti="bthenletr =ux A88 (a, k) + v+ AS$S (b, k) inif k=20
then r else r gmod D else A $$ (i, k))
have (reduce a b D A) $$ (a,0) = Matriz.mat (dim-row A) (dim-col A) ?f $$
(a, 0)
using Aaj pquvd by auto
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also have ... = (let r = px A $$ (a, 0) + ¢ A 83 (b, 0) in if (0::nat) = 0
then if D dvd r then D else r else v gmod D)

using A a j by auto

also have ... = (if D dvd ged (A$%(a,0)) (A$$(b,0)) then D else
ged (A$3%(a,0)) (A$%(0,0)))

by (simp add: pAaj-qAbj-ged)
finally show ?lhs = ?rhs by auto
let 29 = (\(i, k). if i = athenletr = px A$$ (a, k) + ¢ x A $$ (b, k) in

if D < |r| then if k = 0 A D dvd r then D else r gmod D else r
else if i = b thenletr = u x A $$ (a, k) + v* A $$ (b, k) in
if D < |r| then r gmod D else r else A $$ (i, k))

have (reduce-abs a b D A) $$ (a,0) = Matriz.mat (dim-row A) (dim-col A) ?g

$3$ (a, 0)
using Aaj pquvd by auto
also have ... = (letr =p* A$$ (a, 0) + ¢ x A $$ (b, 0) inif D < |r| then

if (0:nat) = 0 A D dvd r then D else r gmod D else 1)
using A a j by auto
also have ... = (if D < |gcd (A$$(a,0)) (A$3(,0))| then if D dvd ged (A3$3(a,0))
(A$$(b,0)) then D else
ged (A$%(a,0)) (A$$(b,0)) gmod D else ged (A$$(a,0)) (A$$(,0)))
by (simp add: pAaj-qAbj-ged)
finally show ?lhs-abs = ?rhs-abs by auto
qed

lemma reduce-preserves:
assumes A: A € carrier-mat m n and j: j<n
and Aaj: A 3% (a,0) # 0 and ib: i#b and ia: i#a and im: i<m
shows (reduce a b D A) $$ (i,7) = A $8 (i,j) (is Pthesisl)
and (reduce-abs a b D A) $$ (i,j) = A $$ (i,4) (is ?thesis2)
proof —
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(b,0))
using prod-casesd by metis
show ?thesis! unfolding reduce-alt-def-not0[OF Aaj pquvd] using ia im j A ib
by auto
show ?thesis2 unfolding reduce-alt-def-not0[OF Aaj pquvd] using ia im j A ib
by auto
qed

lemma reduce-0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a # b
and Aaqj: A $$ (a,0) # 0
and D: D > 0
shows (reduce a b D A) $$
and (reduce-abs a b D A) $

(b,0) = 0 (is ?thesisl)
$ (b,0) = 0 (is ?thesis?2)
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proof —
obtain p ¢ u v d where pquvd: euclid-ext2 (A$$(a,0)) (A$%(b,0)) = (p,q,u,v,d)
using prod-casesd by blast
hence u: u = — (A$$(b,0)) div gcd (A$$(a,0)) (A$$(b,0))
using euclid-ext2-works|OF pquvd] by auto
have v: v = A$$(a,0) div ged (A$$(a,0)) (A$3(0,0)) using euclid-ext2-works|OF
pquud] by auto
have wv0: u * A$$(a,0) + v *x A$3(b,0) = 0 using u v
proof —
have Vi ia. ged (ia::int) i * (ia div ged a i) = ia
by (meson dvd-mult-div-cancel ged-dvdl)
then have v x — A 83 (b, 0) = u x A $3 (a, 0)
by (metis (no-types) dvd-minus-iff dvd-mult-div-cancel ged-dvd2 minus-minus
mult.assoc mult.commute u v)
then show ?thesis
by simp
qed
let 2f = (\(i, k). if i = a thenlet r = p x A $$ (a, k) + g A $$ (b, k) in
if k = 0 then if D dvd r then D else r else r gmod D
else if i = bthenletr = ux A $$ (a, k) + v* A $$ (b, k) in
if k = 0 then r else v gmod D else A $$ (i, k))
have (reduce a b D A) $$ (b,0) = Matriz.mat (dim-row A) (dim-col A) ?f $3$ (b,
0)
using Aaj pquvd by auto
also have ... = (let r = u * A$$(a,0) + v * A$3(,0) in r)
using A a j ab b by auto
also have ... = 0 using uv0 D
by (smt (verit) gmod-0(1) gmod-0(2))
finally show ?thesisl .
let 29 = (\(i, k). if i = athenletr =px A$$ (a, k) + ¢« A $$ (b, k) in
if D < |r| then if k = 0 A D dvd r then D else r gmod D else r
else if i = b then let r = u x A $$ (a, k) + v+ A $$ (b, k) in
if D < |r| then r gmod D else r else A $$ (i, k))
have (reduce-abs a b D A) $$ (b,0) = Matriz.mat (dim-row A) (dim-col A) ?g

$$ (b, 0)
using Aaj pquvd by auto
also have ... = (let r = u * A$$(a,0) + v * A$$(b,0) in if D < |r| then r gmod
D else r)
using A a j ab b by auto
also have ... = 0 using w0 D by simp
finally show ?thesis2 .
qged
end

Let us show the key lemma: operations modulo determinant don’t modify
the (integer) row span.

context LLL-with-assms
begin
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lemma lattice-of-kld-subset-fs-init:
assumes k-det: k = Determinant.det (mat-of-rows n fs-init)
and mn: m=n
shows lattice-of (Matriz.rows (k -m (1, m))) C lattice-of fs-init
proof —
let ?Z = (mat-of-rows n fs-init)
let YRAT = of-int-hom.mat-hom :: int mat = rat mat
have RAT-fs-init: ?RAT (mat-of-rows n fs-init) € carrier-mat n n
using len map-carrier-mat mat-of-rows-carrier(1) mn by blast
have det-RAT-fs-init: Determinant.det (YRAT ?Z) # 0
proof (rule gs.lin-indpt-rows-imp-det-not-0[ OF RAT-fs-init])
have rw: Matriz.rows (?RAT (mat-of-rows n fs-init)) = RAT fs-init
by (metis cof-vec-space.lin-indpt-list-def fs-init lin-dep mat-of-rows-map rows-mat-of-rows)
thus gs.lin-indpt (set (Matriz.rows (RAT (mat-of-rows n fs-init))))
by (insert lin-dep, simp add: cof-vec-space.lin-indpt-list-def)
show distinct (Matriz.rows (?RAT (mat-of-rows n fs-init)))
using rw cof-vec-space.lin-indpt-list-def lin-dep by auto
qed
obtain inv-Z where inverts-Z: inverts-mat (?RAT ¢Z) inv-Z and inv-Z: inv-Z
€ carrier-mat m m
by (metis mn det-RAT-fs-init dvd-field-iff invertible-iff-is-unit-JNF
len map-carrier-mat mat-of-rows-carrier(1) obtain-inverse-matriz)
have det-rat-Z-k: Determinant.det (?RAT ?Z) = rat-of-int k
using k-det of-int-hom.hom-det by blast
have ?RAT ?Z x adj-mat (?RAT ?Z) = Determinant.det (?RAT ?7Z) <y 1 1
by (rule adj-mat[OF RAT-fs-init))
hence inv-Z * (?RAT ?Z x adj-mat (?RAT ?Z)) = inv-Z * (Determinant.det
(?RAT ?Z) -y, 1, n) by simp
hence k-inv-Z-eg-adj: (rat-of-int k) -, inv-Z = adj-mat (?RAT ?7)
by (smt (verit) Determinant.mat-mult-left-right-inverse RAT-fs-init adj-mat(1,3)
mn
carrier-matD det-RAT-fs-init det-rat-Z-k gs.det-nonzero-congruence inv-Z
inverts-Z
inverts-mat-def mult-smult-assoc-mat smult-carrier-mat)
have adj-mat-Z: adj-mat (?RAT ?7) $$ (i,j) € Z if i: i<m and j: j<n for i j
proof —
have det-mat-delete-Z: Determinant.det (mat-delete (YRAT ?7Z) ji) € Z
proof (rule Ints-det)
fix ia ja
assume ia: o < dim-row (mat-delete (YRAT ?Z) j i)
and ja: ja < dim-col (mat-delete (?RAT ?Z) j i)
have (mat-delete (YRAT ?7Z) j i) $$ (ia, ja) = (?RAT ?Z) $$ (insert-index
j ia, insert-index i ja)
by (rule mat-delete-index[symmetric|, insert ¢ j mn len ia ja RAT-fs-init,
auto)
also have ... = rat-of-int (?Z $$ (insert-index j ia, insert-indez i ja))
by (rule index-map-mat, insert i j ia ja, auto simp add: insert-indez-def)
also have ... € Z using Ints-of-int by blast
finally show (mat-delete (?RAT ?Z) j i) $$ (ia, ja) € Z .

177



qed

have adj-mat (?RAT ?Z) $% (i,j) = Determinant.cofactor (?RAT ?Z) j i
unfolding adj-mat-def
by (simp add: len i j)

also have ... = (= 1) 7 (j + %) *x Determinant.det (mat-delete (?RAT ?7) j

unfolding Determinant.cofactor-def by auto
also have ... € Z using det-mat-delete-Z by auto
finally show ?thesis .
qged
have kinvZ-in-Z: ((rat-of-int k) -, inv-Z) $$ (i,j) € Z if i: i<m and j: j<n for
0]
using k-inv-Z-eq-adj by (simp add: adj-mat-Z i j)
have ?RAT (k -m (1,, m)) = Determinant.det (YRAT ?Z) -, (inv-Z * ?RAT
?7) (is ?lhs = 2rhs)
proof —
have (inv-Z x YRAT ?Z) = (1,, m)
by (metis Determinant.mat-mult-left-right-inverse RAT-fs-init mn carrier-matD(1)
inv-Z inverts-Z inverts-mat-def)
from this have ?rhs = rat-of-int k -, (1, m) using det-rat-Z-k by auto

also have ... = ?lhs by auto
finally show ?%thesis ..
qed
also have ... = (Determinant.det (?RAT ?Z) -, inv-Z) x YRAT ?Z
by (metis RAT-fs-init mn inv-Z mult-smult-assoc-mat)
also have ... = ((rat-of-int k) -, inv-Z) x ?RAT ?7 by (simp add: k-det)

finally have r”: RAT (k -p, (1., m)) = ((rat-of-int k) -, inv-Z) x ?RAT 27 .
have r: (k -, (1, m)) = ((map-mat int-of-rat ((rat-of-int k) -, inv-2))) x ¢Z
proof —
have ?RAT ((map-mat int-of-rat ((rat-of-int k) -m inv-Z))) = ((rat-of-int k)
“m Tw-7)
proof (rule eq-matl, auto)
fix 7 j assume i: i < dim-row inv-Z and j: j < dim-col inv-Z
have ((rat-of-int k) -, inv-Z) 88 (i,j) = (rat-of-int k = inv-Z $$ (i, j))
using indez-smult-mat i j by auto
hence kinvZ-in-Z': ... € Z. using kinvZ-in-Z ¢ j inv-Z mn by simp
show rat-of-int (int-of-rat (rat-of-int k = inv-Z $$ (4, j))) = rat-of-int k *
inv-Z 8% (i, j)
by (rule int-of-rat, insert kinvZ-in-Z', auto)
qed
hence ?RAT (k -m (1, m)) = ?RAT ((map-mat int-of-rat ((rat-of-int k) -,
inv-Z))) x ?RAT 27
using r’ by simp
also have ... = ?RAT ((map-mat int-of-rat ((rat-of-int k) -p, inv-2)) x ?Z)
by (metis RAT-fs-init adj-mat(1) k-inv-Z-eq-adj map-carrier-mat of-int-hom.mat-hom-mult)
finally show %thesis by (rule of-int-hom.mat-hom-inj)
qed
show ?thesis
proof (rule mat-mult-sub-lattice| OF - fs-init])
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have rw: of-int-hom.mat-hom (map-mat int-of-rat ((rat-of-int k) -, inv-2))
= map-mat int-of-rat ((rat-of-int k) -, inv-Z) by auto
have mat-of-rows n (Matriz.rows (k -y 1, m)) = (k - (11 m))
by (metis mn index-one-mat(3) index-smult-mat(3) mat-of-rows-rows)
also have ... = of-int-hom.mat-hom (map-mat int-of-rat ((rat-of-int k) -
inv-Z)) * mat-of-rows n fs-init
using r rw by auto
finally show mat-of-rows n (Matriz.rows (k -, 1., m))
= of-int-hom.mat-hom (map-mat int-of-rat ((rat-of-int k) -, inv-2)) * mat-of-rows
n fs-init .
show set (Matriz.rows (k - 1, m)) C carrier-vec nusing mn unfolding
Matriz.rows-def by auto
show map-mat int-of-rat (rat-of-int k -, inv-Z) € carrier-mat (length (Matriz.rows
(k -m 1m m))) (length fs-init)
using len fs-init by (simp add: inv-Z)
qged
qed

end

context LLL-with-assms
begin

lemma lattice-of-append-det-preserves:
assumes k-det: k = abs (Determinant.det (mat-of-rows n fs-init))
and mn: m =n
and A: A = (mat-of-rows n fs-init) Q, (k -, (1, m))
shows lattice-of (Matriz.rows A) = lattice-of fs-init
proof —
have Matriz.rows (mat-of-rows n fs-init Q,. k -, 1,,, m) = (Matriz.rows (mat-of-rows
n fs-init) @ Matriz.rows (k - (1, m)))
by (rule rows-append-rows, insert fs-init len mn, auto)
also have ... = (fs-init @ Matriz.rows (k - (1,, m))) by (simp add: fs-init)
finally have rw: Matriz.rows (mat-of-rows n fs-init Q. k -, 1, m)
= (fs-init @ Matriz.rows (k -~ (1 m))) .
have lattice-of (Matriz.rows A) = lattice-of (fs-init @ Matriz.rows (k - (Im

m)))

by (rule arg-congof - - lattice-of], auto simp add: A rw)

also have ... = lattice-of fs-init
proof (cases k = Determinant.det (mat-of-rows n fs-init))
case True

then show ?thesis
by (rule already-in-lattice-append|symmetric, OF fs-init
lattice-of-kld-subset-fs-init[OF - mn]], insert mn, auto simp add:
Matriz.rows-def)
next
case Fulse
hence k2: k = —Determinant.det (mat-of-rows n fs-init) using k-det by auto
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have [: lattice-of (Matriz.rows (— k «m 1, m)) C lattice-of fs-init
by (rule lattice-of-kld-subset-fs-init|OF - mn], insert k2, auto)
have 12: lattice-of (Matriz.rows (— k - 1 m)) = lattice-of (Matriz.rows (k
‘m L m))
proof (rule mat-mult-invertible-lattice-eq)
let 2P = (— 1:int) o 1y m
show P: ?P € carrier-mat m m by simp
have det ?P = 1 V det ?P = —1 unfolding det-smult by (auto simp add:
minus-1-power-even)
hence det ?P dvd 1 by (smt (verit) minus-dvd-iff one-dvd)
thus invertible-mat ?P unfolding invertible-iff-is-unit-JNF[OF P] .
have (— k -+ 1y m) = 2P % (k -py 11y m)
unfolding mat-diag-smult[symmetric] unfolding mat-diag-diag by auto
thus mat-of-rows n (Matriz.rows (— k -m 1 m)) = of-int-hom.mat-hom ?P
x mat-of-rows n (Matriz.rows (k -p 1, m))
by (metis mn index-one-mat(3) index-smult-mat(3) mat-of-rows-rows
of-int-mat-hom-int-id)
show set (Matriz.rows (— k *p, 1, m)) C carrier-vec n
and set (Matriz.rows (k -m, 1, m)) C carrier-vec n
using assms(2) one-carrier-mat set-rows-carrier smult-carrier-mat by blast+
ged (insert mn, auto)
hence 12: lattice-of (Matriz.rows (k -, 1., m)) C lattice-of fs-init using I by
auto
show ?thesis by (rule already-in-lattice-append|[symmetric, OF fs-init 12],
insert mn one-carrier-mat set-rows-carrier smult-carrier-mat, blast)
qged
finally show ?thesis .
qed

This is another key lemma. Here, A is the initial matrix (mat-of-rows n
fs-init) augmented with m rows (k,0,...,0),(0,k,0,...,0),...,(0,...,0,k)
where k is the determinant of (mat-of-rows n fs-init). With the algorithm
of the article, we obtain H = H’ @, (0,, m n) by means of an invertible
matrix P (which is computable). Then, H is the HNF of A. The lemma
shows that H' is the HNF of (mat-of-rows n fs-init) and that there exists
an invertible matrix to carry out the transformation.

lemma Hermite-append-det-id:
assumes k-det: k = abs (Determinant.det (mat-of-rows n fs-init))
and mn: m =n
and A: A = (mat-of-rows n fs-init) Q. (k - (1, m))
and H”: H'e carrier-mat m n
and H-append: H = H' Q, (0,,, m n)
and P: P € carrier-mat (m+m) (m+m)
and inv-P: invertible-mat P
and A-PH: A=Px«x H
and HNF-H: Hermite-JNF associates res H
shows Hermite-JNF associates res H'
and (3 P'. invertible-mat P’ N P’ € carrier-mat m m A (mat-of-rows n fs-init)
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— P« H)
proof —
have A-carrier: A € carrier-mat (m+m) n using A mn len by auto
let A’ = (mat-of-rows n fs-init)
let ?H' = submatriz H {0..<m} {0..<n}
have nm: n<m by (simp add: mn)
have H: H € carrier-mat (m + m) n using H-append H' by auto
have submatriz-carrier: submatriz H {0..<m} {0..<n} € carrier-mat m n
by (rule submatriz-carrier-firstf OF H|, auto)
have H'-eq: H' = ?H’
proof (rule eg-matl)
fix ¢ j assume i: i < dim-row ?H’ and j: j < dim-col ?H’
have im: i<m and jn: j<n using 7 j submatriz-carrier by auto
have ?H’ $$ (i,j) = H $$ (i,j)
by (rule submatriz-index-id[OF H), insert i j submatriz-carrier, auto)

also have ... = (if i < dim-row H' then H' $$ (i, j) else (0, m n) $$ (i —
m, )
unfolding H-append by (rule append-rows-nth|OF H'], insert im jn, auto)
also have ... = H' $$ (i,j) using H' im jn by simp

finally show H'$$ (¢, j) = ?H' $$ (i, j) ..
qged (insert H' submatriz-carrier, auto)
show HNF-H': Hermite-JNF associates res H'
unfolding H'-eq mn by (rule HNF-submatriz| OF HNF-H H], insert nm, simp)
have L-fs-init-A: lattice-of (fs-init) = lattice-of (Matriz.rows A)
by (rule lattice-of-append-det-preserves|symmetric, OF k-det mn A))
have L-H'-H: lattice-of (Matriz.rows H') = lattice-of (Matriz.rows H)
using H-append H' lattice-of-append-zero-rows by blast
have L-A-H: lattice-of (Matriz.rows A) = lattice-of (Matriz.rows H)
proof (rule mat-mult-invertible-lattice-eq[OF' - - P inv-P])
show set (Matriz.rows A) C carrier-vec n using A-carrier set-rows-carrier by
blast
show set (Matriz.rows H) C carrier-vec n using H set-rows-carrier by blast
show length (Matriz.rows A) = m + m using A-carrier by auto
show length (Matriz.rows H) = m + m using H by auto
show mat-of-rows n (Matriz.rows A) = of-int-hom.mat-hom P x mat-of-rows
n (Matriz.rows H)
by (metis A-carrier H A-PH carrier-matD(2) mat-of-rows-rows of-int-mat-hom-int-id)
qed
have L-fs-init-H": lattice-of fs-init = lattice-of (Matriz.rows H')
using L-fs-init-A L-A-H L-H'-H by auto
have exists-P2:
3P2. P2 € carrier-mat n n A invertible-mat P2 A\ mat-of-rows n (Matriz.rows
H') = P2 « H'
by (rule exI[of - 1,, n], insert H' mn, auto)
have ezist-P'": 3 P'ccarrier-mat n n. invertible-mat P’
A mat-of-rows n fs-init = P’ % mat-of-rows n (Matriz.rows H')
by (rule eg-lattice-imp-mat-mult-invertible-rows[OF fs-init - lin-dep len[unfolded
mn] - L-fs-init-H'),
insert H' mn set-rows-carrier, auto)
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thus 3 P’. invertible-mat P’ A P’ € carrier-mat m m A (mat-of-rows n fs-init)
=P'x H'
by (metis mn H' carrier-matD(2) mat-of-rows-rows)
qed
end

context proper-mod-operation
begin

m) A else A
else addrow (—((A%%(a,j) gdiv D))) a (j + m) A)

definition reduce-element-mod-D-abs (A::int mat) a j D m =

(if i = 0 AN D dvd A$$(a,j) then addrow (—((A$$(a,j) gdiv D)) + 1) a (j + m)
A

else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)

lemma reduce-element-mod-D-preserves-dimensions:
shows [simp|: dim-row (reduce-element-mod-D A a j D m) = dim-row A
and [simp]: dim-col (reduce-element-mod-D A a j D m) = dim-col A
and [simp]: dim-row (reduce-element-mod-D-abs A a j D m) = dim-row A
and [simp]: dim-col (reduce-element-mod-D-abs A a j D m) = dim-col A
by (auto simp add: reduce-element-mod-D-def reduce-element-mod-D-abs-def Let-def
split-beta)

lemma reduce-element-mod-D-carrier:
shows reduce-element-mod-D A a j D m € carrier-mat (dim-row A) (dim-col A)

and reduce-element-mod-D-abs A a j D m € carrier-mat (dim-row A) (dim-col
A) by auto

lemma reduce-element-mod-D-invertible-mat:
assumes A-def: A= A'"Q, (D -, (Im n))
and A": A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D A a j D m = P x A (is ?thesisl)
and 3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D-abs A a j D m = P x A (is ?thesis2)
unfolding atomize-conj
proof (rule conjI; cases j = 0 A D dvd A$%(a,j))
case True
let 2P = addrow-mat (m+n) (— (A 33 (a, j) gdiv D) + 1) a (j + m)
have A: A € carrier-mat (m + n) n using A-def A’ mn by auto
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have reduce-element-mod-D A a j D m = addrow (— (A $$ (a, j) gdiv D) + 1)

a(j+m) A
unfolding reduce-element-mod-D-def using True by auto
also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)

finally have reduce-element-mod-D A a j D m = P x A .
moreover have P: ?P € carrier-mat (m+n) (m-+n) by simp
moreover have inv-P: invertible-mat P
by (metis addrow-mat-carrier a det-addrow-mat dvd-mult-right
invertible-iff-is-unit-JNF mult.right-neutral not-add-less2 semiring-ged-class. ged-dvd1)
ultimately show ?thesis! by blast
have reduce-element-mod-D-abs A a j D m = addrow (— (A $$ (a, j) gdiv D) +
1)a(j+m) A
unfolding reduce-element-mod-D-abs-def using True by auto
also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D-abs A a j D m = ¢P x A .
thus ?thesis2 using P inv-P by blast
next
case Fulse note ncl = Fulse
let P = addrow-mat (m+n) (— (A $$ (a, j) gdiv D)) a (j + m)
have A: A € carrier-mat (m + n) n using A-def A’ mn by auto
have P: ?P € carrier-mat (m+n) (m+n) by simp
have inv-P: invertible-mat ?P
by (metis addrow-mat-carrier a det-addrow-mat dvd-mult-right
invertible-iff-is-unit-JNF mult.right-neutral not-add-less2 semiring-ged-class. ged-dvd1)
show ?thesis1
proof (cases j = 0)
case True
have reduce-element-mod-D A a j D m = A
unfolding reduce-element-mod-D-def using True ncl by auto
thus ?thesis!
by (metis A-def A’ carrier-append-rows invertible-mat-one
left-mult-one-mat one-carrier-mat smult-carrier-mat)

next
case Fulse
have reduce-element-mod-D A a j D m = addrow (— (A 3% (a, j) gdiv D)) a
(j+m)A
unfolding reduce-element-mod-D-def using False by auto
also have ... = ?P % A by (rule addrow-mat[OF A], insert j mn, auto)

finally have reduce-element-mod-D A a j D m = ?P % A .
thus ?thesis using P inv-P by blast
qed
have reduce-element-mod-D-abs A a j D m = addrow (— (A $$ (a, j) gdiv D))
a(j+m)A
unfolding reduce-element-mod-D-abs-def using Fulse by auto
also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D-abs A a j D m = ¢P x A .
thus “thesis2 using P inv-P by blast
qed

183



lemma reduce-element-mod-D-append:
assumes A-def: A= A'"Q,. (D -, (1, n))
and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows reduce-element-mod-D A a j D m
= mat-of-rows n [Matriz.row (reduce-element-mod-D A a j D m) i. i < [0..<m]]
@, (D -y (1,4, n)) (is 2lhs = ?A’ @, 2D)
and reduce-element-mod-D-abs A a j D m
= mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a j D m) i. i +
[0..<m]] Q. (D -, (1, n)) (is ?lhs-abs = ?A’-abs @, ?D)
unfolding atomize-conj
proof (rule conjI; rule eq-matl)
let ?zs = (map (Matriz.row (reduce-element-mod-D A a j D m)) [0..<m)])
let ?zs-abs = (map (Matriz.row (reduce-element-mod-D-abs A a j D m)) [0..<m])
have lhs-carrier: ?lhs € carrier-mat (m+n) n
and lhs-carrier-abs: ?lhs-abs € carrier-mat (m+n) n
by (metis (no-types, lifting) add.comm-neutral append-rows-def A-def A’ car-
rier-matD
carrier-mat-triv indez-mat-four-block(2,3) index-one-mat(2) index-smult-mat(2)
indez-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)+
have map-A-carrier[simp|: ?A’ € carrier-mat m n
and map-A-carrier-abs[simp|: ?A’-abs € carrier-mat m n
by (simp add: mat-of-rows-def)+
have AD-carrier[simp]: ?A’ Q,. ?D € carrier-mat (m+n) n
and AD-carrier-abs[simp]: ?A’-abs Q, ?D € carrier-mat (m+n) n
by (rule carrier-append-rows, insert lhs-carrier mn, auto)
show dim-row (?lhs) = dim-row (?A’ Q, ¢D) and dim-col (?lhs) = dim-col
(?A’ @, ?D)
dim-row (?lhs-abs) = dim-row (?A’-abs @, ?D) and dim-col (?lhs-abs) =
dim-col (?A’-abs Q, ?D)
using lhs-carrier lhs-carrier-abs AD-carrier AD-carrier-abs unfolding car-
rier-mat-def by simp+
show ?lhs $$ (i, ja) = (94’ @, ?D) $$ (i, ja) if i: i < dim-row (?A’ Q, ?D)
and ja: ja < dim-col (?A’ Q, ?D) for i ja
proof (cases i<m)
case True
have ja-n: ja < n
by (metis Nat.add-0-right append-rows-def index-mat-four-block(3) indez-zero-mat(3)
ja mat-of-rows-carrier(3))
have (A’ Q, ?D) $$ (¢, ja) = ?A’ $$ (i,ja)
by (metis (no-types, lifting) Nat.add-0-right True append-rows-def diff-zero i
index-mat-four-block index-zero-mat(3) ja length-map length-upt mat-of-rows-carrier(2))

also have ... = 2zs! i $v ja
by (rule mat-of-rows-index, insert © True ja , auto simp add: append-rows-def)
also have ... = ?lhs $$ (ija)

by (rule map-first-rows-index, insert assms lhs-carrier True i ja-n, auto)
finally show ?thesis ..
next
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case Fulse
have ja-n: ja < n
by (metis Nat.add-0-right append-rows-def index-mat-four-block(3) indez-zero-mat(3)
ja mat-of-rows-carrier(3))
have (74’ Q, ?D) $$ (i, ja) =?D $$ (i—m,ja)
by (smt (verit) False Nat.add-0-right map-A-carrier append-rows-def car-
rier-matD ©
index-mat-four-block index-zero-mat(3) ja-n)
also have ... = ?lhs $$ (ija)
by (metis (no-types, lifting) False Nat.add-0-right map-A-carrier append-rows-def
A-def A’ a
carrier-matD ¢ index-mat-addrow(1) index-mat-four-block(1,2) index-zero-mat(3)
ja-n
lhs-carrier reduce-element-mod-D-def reduce-element-mod-D-preserves-dimensions)
finally show ?thesis ..
qged
fix 7 ja assume 7: i < dim-row (?A’-abs Q, ?D) and ja: jo < dim-col (?A’-abs
@, ?D)
have ja-n: ja < n
by (metis Nat.add-0-right append-rows-def index-mat-four-block(3) index-zero-mat(3)
ja mat-of-rows-carrier(3))
show ?lhs-abs $$ (i, ja) = (?A’-abs Q, 2D) $$ (i, ja)
proof (cases i<m)
case True
have (?4’-abs @, ?D) $$ (i, ja) = ?A’-abs $$ (i,ja)
by (metis (no-types, lifting) Nat.add-0-right True append-rows-def diff-zero i
index-mat-four-block index-zero-mat(3) ja length-map length-upt mat-of-rows-carrier(2))
also have ... = ?zs-abs ! i $v ja
by (rule mat-of-rows-index, insert © True ja , auto simp add: append-rows-def)
also have ... = ?lhs-abs $$ (i,ja)
by (rule map-first-rows-index, insert assms lhs-carrier-abs True i ja-n, auto)
finally show ?thesis ..
next
case Fulse
have (?A’-abs Q, ?D) $$ (¢, ja) = ?D $3$ (i—m,ja)
by (smt (verit) False Nat.add-0-right map-A-carrier-abs append-rows-def
carrier-matD 1
indez-mat-four-block index-zero-mat(8) ja-n)
also have ... = ?lhs-abs $$ (i,ja)
by (metis (no-types, lifting) False Nat.add-0-right map-A-carrier-abs ap-
pend-rows-def A-def A’ a
carrier-matD i index-mat-addrow(1) index-mat-four-block(1,2) index-zero-mat(3)
ja-n
lhs-carrier-abs reduce-element-mod-D-abs-def reduce-element-mod-D-preserves-dimensions)
finally show ?thesis ..
qed
qed
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lemma reduce-append-rows-eq:
assumes A": A’ € carrier-mat m n
and A-def: A= A'"Q, (D -, (1, n)) and a: a<m and zm: z<m and 0<n
and Aaj: A $$ (a,0) # 0
shows reduce a x D A
= mat-of-rows n [Matriz.row ((reduce a © D A)) i. i - [0..<m]] Q. D -, 1,, n
(is ?thesisl)
and reduce-abs a © D A
= mat-of-rows n [Matriz.row ((reduce-abs a © D A)) i. i + [0..<m]] Q. D -,
1y n (is ?thesis2)
unfolding atomize-conj
proof (rule conjl; rule matriz-append-rows-eg-if-preserves)
let ?reduce-ax = reduce a x D A
let ?reduce-abs = reduce-abs a x D A
obtain p ¢ u v d where pquud: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
have A: A: carrier-mat (m+n) n by (simp add: A-def A”)
show DI1: D -, 1,, n € carrier-mat nn and D -,, 1, n € carrier-mat n n by
stmp+
show ?Zreduce-ax € carrier-mat (m + n) n Zreduce-abs € carrier-mat (m + n)
n
by (metis Nat.add-0-right append-rows-def A" A-def carrier-matD carrier-mat-triv
index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2) index-zero-mat(3)
reduce-preserves-dimensions)+
show Vie{m..<m + n}. Vja<n. ?reduce-ax $$ (i, ja) = (D -, Im n) $$ (i —
m, ja)
and Vie{m..<m + n}. Vja<n. ?reduce-abs $$ (7, ja) = (D -, 1 n) 33 (i —
m, jo)
unfolding atomize-conj
proof (rule conjI; rule+)
fix i ja assume i: ¢ € {m..<m + n} and ja: ja < n
have ja-dc: ja < dim-col A and i-dr: i < dim-row A using i ja A by auto
have i-not-a: i # a using ¢ a by auto
have i-not-z: i # x using 7 zm by auto
have ?reduce-az $$ (i,ja) = A $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pgquvd] using ja-dc i-dr i-not-a i-not-z
by auto
also have ... = (if i < dim-row A’ then A’ $3(i,ja) else (D -, (1, 1))$$(i—m,ja))
by (unfold A-def, rule append-rows-nth|OF A’ D1 - ja], insert A i-dr, simp)
also have ... = (D -, 1,, n) $8 (i — m, ja) using i A’ by auto
finally show ?reduce-ax $$ (i,ja) = (D -, 1, n) $$ (i — m, ja) .
have ?reduce-abs $$ (i,ja) = A $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using ja-dc i-dr i-not-a i-not-z
by auto
also have ... = (if i < dim-row A’ then A’ $3(i,ja) else (D -, (1, 1))$$(i—m,ja))
by (unfold A-def, rule append-rows-nth|OF A’ D1 - ja], insert A i-dr, simp)
also have ... = (D -, 1,, n) $8 (i — m, ja) using i A’ by auto
finally show ?reduce-abs $$ (i,ja) = (D -y 1 n) $8 (i — m, ja) .
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qed
qed

fun reduce-row-mod-D
where reduce-row-mod-D A a || D m = A |
reduce-row-mod-D A a (z # xs) D m = reduce-row-mod-D (reduce-element-mod-D
AaxDm)axzs Dm

fun reduce-row-mod-D-abs
where reduce-row-mod-D-abs A a [ D m = A |
reduce-row-mod-D-abs A a (x # xs) D m = reduce-row-mod-D-abs (reduce-element-mod-D-abs
AaxDm)axs Dm

lemma reduce-row-mod-D-preserves-dimensions:
shows [simp]: dim-row (reduce-row-mod-D A a xs D m) = dim-row A
and [simp]: dim-col (reduce-row-mod-D A a xs D m) = dim-col A
by (induct A a s D m rule: reduce-row-mod-D.induct, auto)

lemma reduce-row-mod-D-preserves-dimensions-abs:
shows [simp]: dim-row (reduce-row-mod-D-abs A a xs D m) = dim-row A
and [simp]: dim-col (reduce-row-mod-D-abs A a zs D m) = dim-col A
by (induct A a s D m rule: reduce-row-mod-D-abs.induct, auto)

lemma reduce-row-mod-D-invertible-mat:
assumes A-def: A= A"Q, (D -, (11, n))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set zs. j<n and mn:
m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a zs D m = P x A
using assms
proof (induct A a xs D m arbitrary: A’ rule: reduce-row-mod-D.induct)
case (1 A a Dm)
show %case by (rule exI[of - 1,, (m+n)], insert 1.prems, auto simp add: ap-
pend-rows-def)
next
case (2 A axxs Dm)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have I: reduce-row-mod-D A a (z # xzs) D m
= reduce-row-mod-D ?reduce-zs a xs D m by simp
have 3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D A a x D m = P x A
by (rule reduce-element-mod-D-invertible-mat, insert 2.prems, auto)
from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D A a x D m = P x A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A reduce-row-mod-D
?reduce-zs a s D m = P * %reduce-zs
proof (rule 2.hyps)
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let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D A a x D m) i. i
— [0..<m]]
show reduce-element-mod-D A a z D m = 24’ Q, (D -, (1, n))
by (rule reduce-element-mod-D-append, insert 2.prems, auto)
qed (insert 2.prems, auto)
from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D ?reduce-xzs a xs D m = P2 x ?reduce-xs
by auto
have invertible-mat (P2 % P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast
moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto
moreover have reduce-row-mod-D A a (z # xs) D m = (P2 x P) x A
by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
index-mult-mat reduce-row-mod-D-preserves-dimensions)
ultimately show ?case by blast
qed

lemma reduce-row-mod-D-abs-invertible-mat:
assumes A-def: A= A"Q, (D -, (11, n))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set zs. j<n and mn:
m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a xs D m = P x A
using assms
proof (induct A a xs D m arbitrary: A’ rule: reduce-row-mod-D-abs.induct)
case (1 A a Dm)
show %case by (rule exl[of - 1,, (m+n)], insert 1.prems, auto simp add: ap-
pend-rows-def’)
next
case (2 A a xz zs D m)
let ?reduce-zs = (reduce-element-mod-D-abs A a x D m)
have I: reduce-row-mod-D-abs A a (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zrs a xs D m by simp
have 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D-abs A a x D m = P x A
by (rule reduce-element-mod-D-invertible-mat, insert 2.prems, auto)
from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D-abs A a x D m = P x A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A reduce-row-mod-D-abs
?reduce-zs a s D m = P x %reduce-zs
proof (rule 2.hyps)
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a z D m)
i. 1« [0..<m]]
show reduce-element-mod-D-abs A a x D m = ?A" Q,. (D -, (1, 1))
by (rule reduce-element-mod-D-append, insert 2.prems, auto)
qed (insert 2.prems, auto)
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from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D-abs ?reduce-xs a xs D m = P2 % Zreduce-xs
by auto
have invertible-mat (P2 * P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast
moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto
moreover have reduce-row-mod-D-abs A a (x # xs) D m = (P2 x P) x A
by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
indez-mult-mat reduce-row-mod-D-preserves-dimensions-abs)
ultimately show ?case by blast
qed
end

context proper-mod-operation
begin
lemma dvd-gdiv-mult-left[simp]: assumes b > 0 b dvd a shows b x (a gdiv b) =
a
using dvd-gdiv-mult-right[OF assms| by (auto simp: ac-simps)

lemma reduce-element-mod-D:
assumes A-def: A= A'"Q, (D -, (Im n))
and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
and D: D > 0
shows reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a ANk = j then if j = 0 then if D dvd A$3$(ik)
then D else A$$(i.k) else A$$(i,k) gmod D else A$$(i,k)) (is - = ?A)
and reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(A(i,k). if i = a AN k= jthenif j = 0 A D dvd A$$(i,k) then D else A$$(4,k)
gmod D else A$$(i,k)) (is - = 2A-abs)
unfolding atomize-conj
proof (rule conjI; rule eqg-matl)
have A: A € carrier-mat (m+n) n using A-def A’ by simp
have dr: dim-row ?A = dim-row ?A-abs and dc: dim-col ?A = dim-col ?A-abs
by auto
have 1: reduce-element-mod-D A a j D m $$ (i, ja) = ?A $$ (i, ja) (is ?thesisl)
and 2: reduce-element-mod-D-abs A a j D m $$ (i, ja) = ?A-abs $$ (i, ja) (is
?thesis?2)
if i: i < dim-row ?A and ja: ja < dim-col ?A for i ja
unfolding atomize-conj
proof (rule conjI; cases i=a)
case Fulse
have reduce-element-mod-D A a j D m = (if j = 0 then if D dvd A3$3%(a,j) then
addrow (—((A$%(a,j) gdiv D)) + 1) a (j + m) A
else A
else addrow (—((A%$%(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-def by simp
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also have ... 88 (i,ja) = A $$ (4, ja) unfolding mat-addrow-def using False
ja i by auto

also have ... = ?4 33 (i,ja) using False using i ja by auto

finally show ?thesisi .

have reduce-element-mod-D-abs A a j D m $$ (i,ja) = A $$ (4, ja)

unfolding reduce-element-mod-D-abs-def mat-addrow-def using Fualse ja i by
auto

also have ... = ?A4-abs $$ (i,ja) using Fualse using i ja by auto
finally show ?thesis2 .
next

case True note ia = True
have reduce-element-mod-D A a j D m
= (if j = 0 then if D dvd A$$(a,j) then addrow (—((A$3%(a,j) gdiv D)) + 1)
a(j+ m) A else A
else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-def by simp
also have ... $$ (i,ja) = ?A $$ (i,ja)
proof (cases ja = j)
case True note ja-j = True
have A $$ (j + m, ja) = (D -y, (1, n)) $$ (4,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j ja A mn, auto)

also have ... = D * (1,, n) $$ (j,ja) by (rule index-smult-mat, insert ja j A
mn, auto)
also have ... = D by (simp add: True j mn)

finally have A-ja-jaD: A $$ (j + m, ja) = D .
show ?thesis
proof (cases j=0 A D dvd A$%$(a,j))
case True
have 1: reduce-element-mod-D A a j D m = addrow (—((A$$(a,j) gdiv D))
+1)a(j+m)A
using True ia ja-j unfolding reduce-element-mod-D-def by auto
also have ... $3(i,ja) = (— (A 88 (a, j) gdiv D) + 1) * A $$ (j + m, ja) +
A $$ (¢, ja)
unfolding mat-addrow-def using True ja-j ia
using A ¢ j by auto
also have ... = D
proof —
have A $$ (i, ja) + D * — (A $$ (i, ja) gdiv D) = 0
using True ia ja-j D by force
then show ?thesis
by (metis A-ja-jaD ab-semigroup-add-class.add-ac(1) add.commute
add-right-imp-eq ia int-distrib(2)
ja-j more-arith-simps(3) mult.commute mult-cancel-right1)
qed
also have ... = ?A $$ (i,ja) using True ia A i j ja-j by auto
finally show ?thesis
using True 1 by auto
next
case Fulse
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show ?thesis
proof (cases ja=0)
case True
then show ?thesis
using Fulse i ja ja-j by force
next
case Fulse
have ?4 $$ (ija) = A $$ (i, ja) gmod D using True ia A i j False by auto
also have ... = A $$ (i, ja) — ((A $$ (4, ja) gdiv D) * D)
by (subst gmod-gdiv]OF D], auto)
also have ... = — (A $$ (a, j) gdiv D) x A 8% (j + m, ja) + A $$ (4, ja)
unfolding A-ja-jaD by (simp add: True ia)
finally show ?thesis
using A False True i ia j by auto
qed
qed
next
case Fulse
have A4 8% (j + m, ja) = (D -, (I n)) $$ (j,5a)
by (rule append-rows-nth2[OF A’ - A-def |, insert j mn ja A, auto)

also have ... = D x (1,, n) $8 (j,ja) by (rule index-smult-mat, insert ja j A
mn, auto)
also have ... = 0 using Fulse using A a mn ja j by force

finally have A-am-ja0: A $$ (j + m, ja) = 0 .
then show ?thesis using Fulse i ja by fastforce
qged
finally show %thesisl .
have reduce-element-mod-D-abs A a j D m
= (if j = 0 A D dvd A$$(a,j) then addrow (—((A$%(a,j) gdiv D)) + 1) a (§
+m) A
else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-abs-def by simp
also have ... $$ (i,ja) = ?A-abs $$ (i,ja)
proof (cases ja = j)
case True note ja-j = True
have A $$ (j + m, ja) = (D -p, (1, n)) $$ (4,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j ja A mn, auto)

also have ... = D x (1,, n) $$ (j,ja) by (rule index-smult-mat, insert ja j A
mn, auto)
also have ... = D by (simp add: True j mn)

finally have A-ja-jaD: A $$ (j + m, ja) = D .
show ?thesis
proof (cases j=0 A D dvd A$%(a,j))
case True
have I: reduce-element-mod-D-abs A a j D m = addrow (—((A%$$(a,j) gdiv
D)+ 1)a(j+m) A
using True ia ja-j unfolding reduce-element-mod-D-abs-def by auto
also have ... $$(i,ja) = (— (A 33 (a, j) gdiv D) + 1) « A $$ (j + m, ja) +
A $$ (¢, ja)
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unfolding mat-addrow-def using True ja-j ia
using A ¢ j by auto
also have ... = D
proof —
have A $$ (4, ja) + D * — (A $$ (i, ja) gdiv D) = 0
using True ia ja-j D by force
then show ?thesis
by (metis A-ja-jaD ab-semigroup-add-class.add-ac(1) add.commaute
add-right-imp-eq ia int-distrib(2)
ja-j more-arith-simps(3) mult.commute mult-cancel-right1)
ged
also have ... = ?A-abs $$ (i,ja) using True ia A i j ja-j by auto
finally show ?thesis
using True 1 by auto
next
case Fulse
have i: i<dim-row ?A-abs and ja: ja<dim-col ?A-abs using i ja by auto
have ?A-abs $$ (i,ja) = A $$ (i, ja) gmod D using True ia A i j False by

auto
also have ... = A $$ (4, ja) — ((A $$ (4, ja) gdiv D) * D)
by (subst gmod-gdiv]OF D], auto)
also have ... = — (A $$ (a, j) gdiv D) x A 8% (j + m, ja) + A $$ (4, ja)
unfolding A-ja-jaD by (simp add: True ia)
finally show ?thesis
using A False True i ia j by auto
qed
next
case Fulse

have A 83 (j + m, ja) = (D - (Im n)) $$ (j,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j mn ja A, auto)

also have ... = D x (1, n) 88 (j,ja) by (rule index-smult-mat, insert ja j A
mn, auto)
also have ... = 0 using Fulse using A a mn ja j by force

finally have A-am-ja0: A $$ (j + m, ja) = 0 .
then show ?thesis using Fulse i ja by fastforce
qed
finally show ?thesis?2 .
qed
from this
show Ai ja. i<dim-row A = ja < dim-col ?A = reduce-element-mod-D A a
j D m$$ (i, ja) = ?A $$ (i, ja)
and Aija. i<dim-row ?A-abs = ja < dim-col ?A-abs = reduce-element-mod-D-abs
AajDm$$ (i, ja) = ?A-abs $%$ (i, ja)
using dr dc by auto
next
show dim-row (reduce-element-mod-D A a j D m) = dim-row ?A
and dim-col (reduce-element-mod-D A a j D m) = dim-col ?A
dim-row (reduce-element-mod-D-abs A a j D m) = dim-row ?A-abs
and dim-col (reduce-element-mod-D-abs A a j D m) = dim-col ?A-abs
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by auto
qed

lemma reduce-row-mod-D:
assumes A-def: A= A"Q, (D -, (Im n))
and A" A’ € carrier-mat m n and a: a<m and j: VjEset zs. j<n
and d: distinct xs and m>n
and D > 0
shows reduce-row-mod-D A a xs D m = Matriz.mat (dim-row A) (dim-col A)
(A(Gk). if i = a Nk € set xs then if k = 0 then if D dvd A$$(i,k)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k))
using assms
proof (induct A a s D m arbitrary: A’ rule: reduce-row-mod-D.induct)
case (1 A a D m)
then show ?case by force
next
case (2 A a x zs D m)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have I: reduce-row-mod-D A a (z # zs) D m
= reduce-row-mod-D ?reduce-xs a xs D m by simp
have 2: reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col
4)
(A(k). if i = a ANk = j then if j = 0 then if D dvd A$3(i,k)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k)) if j<n for j
by (rule reduce-element-mod-D, insert 2.prems that, auto)
have reduce-row-mod-D ?reduce-zs a xs D m =
Matriz.mat (dim-row ?reduce-xs) (dim-col ?reduce-zs) (A(i,k). if i = a N k €
set s then
if k=0 then if D dvd ?reduce-zs $$ (i, k) then D else ?reduce-zs $$ (i, k)
else ?reduce-zs $$ (i, k) gmod D else ?reduce-zs $$ (i, k))
proof (rule 2.hyps)
let A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D A a x D m) i. i
— [0..<m]]
show reduce-element-mod-D A a z D m = 24" Q, (D -, (1, n))
by (rule reduce-element-mod-D-append, insert 2.prems, auto)
qged (insert 2.prems, auto)
also have ... = Matriz.mat (dim-row A) (dim-col A)
(A(k). if i = a ANk € set (x # xs) then if k = 0 then if D dvd A$$(%,k)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k)) (is ?lhs = 2rhs)
proof (rule eg-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix 7 j assume i: i<dim-row %rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: © < n by (simp add: 2.prems(4))
show ?ihs $$ (i,j) = ?rhs $$ (i,5)
proof (cases i=a A j € set xs)
case True note ia-jrs = True
have j-not-z: j#z
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using 2.prems(5) True by auto
show ?thesis
proof (cases j=0 A D dvd ?reduce-zs $3(i.5))
case True
have ?lhs $$ (i,5) = D
using True i j ia-jzs by auto
also have ... = ?rhs $$ (i,j) using i j j-not-x
by (smt (verit) 2 calculation dim-col-mat(1) dim-row-mat(1) indez-mat(1)
insert-iff list.set(2) prod.simps(2) zn)
finally show ?thesis .
next
case Fulse note ncl = Fulse
show ?thesis
proof (cases j=0)
case True
then show ?thesis
by (smt (verit) 2 False case-prod-conv dim-col-mat(1) dim-row-mat(1) i
index-mat(1) j j-not-x zn)
next
case Fulse
have ?lhs $$ (i,j) = ?reduce-zs $$ (i, j) gmod D
using True Fulse i j by auto
also have ... = A $$ (i,j) gmod D using 2[OF zn] j-not-z i j by auto
also have ... = %rhs $$ (i,j) using ¢ j j-not-z <D > 0»
using False True dim-col-mat(1) dim-row-mat(1) index-mat(1) list.set-intros(2)
old.prod.case
by auto
finally show ?thesis .
qed
qed
next
case Fulse
show ?thesis using 2 i j zn
by (smt (verit) False dim-col-mat(1) dim-row-mat(1) index-mat(1) insert-iff
list.set(2) prod.simps(2))
qed
qged
finally show ?case using 1 by simp
qed

lemma reduce-row-mod-D-abs:
assumes A-def: A= A'Q, (D -, (1,, n))
and A" A’ € carrier-mat m n and a: a<m and j: Vj€set xs. j<n
and d: distinct xs and m>n
and D > 0
shows reduce-row-mod-D-abs A a ©s D m = Matriz.mat (dim-row A) (dim-col
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4)
(A(ik). if i = a ANk € set xs then if k = 0 A D dvd A$8(i,k)
then D else A$3(i,k) gmod D else A$3(i,k))
using assms
proof (induct A a xs D m arbitrary: A’ rule: reduce-row-mod-D-abs.induct)
case (1 A a D m)
then show ?case by force
next
case (24 axxs Dm)
let Zreduce-zs = (reduce-element-mod-D-abs A a © D m)
have 1: reduce-row-mod-D-abs A a (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zs a xs D m by simp
have 2: reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(A(i,k). if i = a Nk =jthenifj =0 N D dvd A$$(i,k) then D
else A$$(i,k) gmod D else A$$(i,k)) if j<n for j
by (rule reduce-element-mod-D, insert 2.prems that, auto)
have reduce-row-mod-D-abs ?reduce-xs a xs D m =
Matriz.mat (dim-row ?reduce-zs) (dim-col ?reduce-xs) (A(i,k). if i = a N k €
set zs then
if k=0 A D dvd ?reduce-zs $$ (i, k) then D
else ?reduce-zs 8% (i, k) gmod D else ?reduce-zs $3$ (i, k))
proof (rule 2.hyps)
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a z D m)
i. 1« [0..<m]]
show reduce-element-mod-D-abs A a x D m = ?A" Q,. (D -, (1., 1))
by (rule reduce-element-mod-D-append, insert 2.prems, auto)
qed (insert 2.prems, auto)
also have ... = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a Nk € set (x # xs) then if k = 0 N D dvd A$$(i,k)
then D else A$$(i,k) gmod D else A$$(ik)) (is 2lhs = ?rhs)
proof (rule eg-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix 7 j assume i: i<dim-row ?rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: © < n by (simp add: 2.prems(4))
show ?lhs $$ (i.j) = ?rhs $$ (i,7)
proof (cases i=a N j € set xs)
case True note ia-jxs = True
have j-not-z: j#z
using 2.prems(5) True by auto
show ?Zthesis
proof (cases j=0 A D dvd ?reduce-zs $$(i,7))
case True
have ?lhs $$ (¢,j) = D
using True i j ia-jxs by auto
also have ... = ?rhs $$ (i,j) using ¢ j j-not-x
by (smt (verit) 2 calculation dim-col-mat(1) dim-row-mat(1) indez-mat(1)
insert-iff list.set(2) prod.simps(2) zn)
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finally show ?thesis .
next
case Fulse
have ?lhs $$ (i,j) = ?reduce-zs $$ (i, j) gmod D
using True Fulse i j by auto
also have ... = A $$ (i,j) gmod D using 2[OF zn] j-not-z i j by auto
also have ... = ?rhs $$ (4,j) using ¢ j j-not-x <D > 0»
using 2 False True dim-col-mat(1) dim-row-mat(1) index-mat(1) list.set-intros(2)

old.prod.case zn by auto
finally show ?thesis .
qed
next
case Fulse
show ?thesis using 2 i j an
by (smt (verit) False dim-col-mat(1) dim-row-mat(1) index-mat(1) insert-iff
list.set(2) prod.simps(2))
qed
qed
finally show ?Zcase using 1 by simp
qed
end

Now, we prove some transfer rules to connect Bézout matrices in HOL Anal-
ysis and JNF

lemma HMA-bezout-matriz[transfer-rule]:

shows ((Mod-Type-Connect. HMA-M :: - = 'a :: {bezout-ring} ~ 'n :: mod-type
“'m :: mod-type = -)

===> (Mod-Type-Connect. HMA-I :: - = 'm = -) ===> (Mod- Type-Connect. HMA-I
n-='m=-)

===> (Mod-Type-Connect. HMA-I :: - = 'n = -) ===> (=) ===> (Mod- Type-Connect. HMA-M))

(bezout-matriz-JNF) (bezout-matrix)
proof (intro rel-funl, goal-cases)
case (1 A A’ aa’ bb'jj bezout bezout')
note HMA-AA'[transfer-rule] = 1(1)
note HMI-aa'[transfer-rule] = 1(2)
note HMI-bb'[transfer-rule] = 1(3)
note HMI-jj'[transfer-rule] = 1(4)
note eg-bezout'[transfer-rule] = 1(5)
show ?case unfolding Mod- Type-Connect. HMA-M-def Mod- Type-Connect.from-hma,, -def

proof (rule eg-matl)
let ?4 = Matriz.mat CARD('m) CARD('m) (A(4, j). bezout-matrix A" a’ b’ j'
bezout’
$h mod-type-class.from-nat i $h mod-type-class.from-nat j)
show dim-row (bezout-matriz-JNF A a b j bezout) = dim-row ?A
and dim-col (bezout-matriz-JNF A a b j bezout) = dim-col ?A
using Mod- Type-Connect.dim-row-transfer-rulel OF HMA-AA']
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unfolding bezout-matriz-JNF-def by auto
fix 7 ja assume i: { < dim-row ?A and ja: ja < dim-col ?A

let 2 = mod-type-class.from-nat i :: 'm

let ?ja = mod-type-class.from-nat ja :: 'm
have i-A: i < dim-row A
using HMA-AA' Mod-Type-Connect.dim-row-transfer-rule i by fastforce
have ja-A: ja < dim-row A
using Mod- Type-Connect.dim-row-transfer-rule] OF HMA-AA'] ja by fastforce
have HMA-I-ii'[transfer-rule]: Mod-Type-Connect. HMA-I i ?i
unfolding Mod-Type-Connect. HMA-I-def using from-nat-not-eq i by auto
have HMA-I-ja'[transfer-rule]: Mod-Type-Connect. HMA-I ja %ja
unfolding Mod-Type-Connect. HMA-I-def using from-nat-not-eq ja by auto
have Aaj: A’ $h o’ $h j' = A $$ (a,j) unfolding index-hma-def[symmetric|] by
(transfer, simp)
have Abj: A’ $h b’ $h j' = A $$ (b, j) unfolding indez-hma-def[symmetric]
by (transfer, simp)
have ?4 $$ (i, ja) = bezout-matriz A’ a’ b’ j' bezout’ $h ?i $h ?ja using i ja
by auto
also have ... = (let (p, q, u, v, d) = bezout’ (A’ $h a’ $h j") (A’ $h b’ $h j')
nif %= a’' N %ja = a’ then p else if %1 = a’ \ ?ja = b’ then q else if ?i
=b'A %a=a’
then u else if 21 = b’ N\ 2ja = b’ then v else if % = Zja then 1 else 0)
unfolding bezout-matriz-def by auto

also have ... = (let
(p, ¢, u, v, d) = bezout (A $$ (a, j)) (A $$ (b, 7))
in
ifi = a N ja = a then p else
ifi = a A ja = b then q else
ifi = b A ja= athen u else
if i = b A ja = b then v else
if © = ja then 1 else 0) unfolding eq-bezout’ Aaj Abj by (transfer, simp)
also have ... = bezout-matriz-JNF A a b j bezout $$ (i,ja)
unfolding bezout-matriz-JNF-def using i-A ja-A by auto
finally show bezout-matriz-JNF A a b j bezout $$ (i, ja) = ?A $$ (4, ja) ..
qed
qed

context
begin

private lemma invertible-bezout-matriz-JNF-mod-type:
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<CARD('m) and j: j<CARD('n)
and aj: A 83 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
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proof —
define A’ where A’ = (Mod-Type-Connect.to-hma,, A :: 'a ~'n :: mod-type ~'m
:: mod-type)
define o’ where o’ = (Mod-Type.from-nat a :: 'm)
define b’ where b’ = (Mod-Type.from-nat b :: 'm)
define j’ where j' = (Mod-Type.from-nat j :: 'n)
have AA[transfer-rule]: Mod-Type-Connect. HMA-M A A’
unfolding Mod- Type-Connect. HMA-M-def using assms A’-def by auto
have aa'[transfer-rule]: Mod-Type-Connect. HMA-I a o’
unfolding Mod-Type-Connect. HMA-I-def a’-def using assms
using from-nat-not-eq order.strict-trans by blast
have bb'[transfer-rule]: Mod-Type-Connect. HMA-I b b’
unfolding Mod- Type-Connect. HMA-I-def b'-def using assms
using from-nat-not-eq order.strict-trans by blast
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I j j'
unfolding Mod-Type-Connect. HMA-I-def j'-def using assms
using from-nat-not-eq order.strict-trans by blast
have [transfer-rule]: bezout = bezout ..
have [transfer-rule]: Mod-Type-Connect. HMA-M (bezout-matriz-JNF A a b j
bezout)
(bezout-matriz A’ a’ b’ j' bezout)
by transfer-prover
have invertible (bezout-matriz A’ a’ b' j' bezout)
proof (rule invertible-bezout-matriz[OF b))
show o’ < b’ using a-less-b by (simp add: a’-def b b'-def from-nat-mono)
show A’ $h o’ $h j' # 0 unfolding indez-hma-def[symmetric] using aj by
(transfer, simp)
qed
thus ?thesis by (transfer, simp)
qed

/,

private lemma invertible-bezout-matriz-JNF-nontriv-mod-ring:
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<CARD('m) and j: j<CARD('n)
and aj: A 33 (a, j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
using assms invertible-bezout-matriz-JNF-mod-type by (smt (verit) CARD-mod-ring)

lemmas invertible-bezout-matriz-JNF-internalized =
invertible-bezout-matriz-JNF-nontriv-mod-ring|unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'c::nontrivl

context
fixes m::nat and n::nat

198



assumes local-typedef1: 3 (Rep :: ('b = int)) Abs. type-definition Rep Abs {0..<m
int}
assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n

iint}
and m: m>1
and n: n>1
begin

lemma type-to-setl:

shows class.nontriv TYPE('b) (is ?a) and m=CARD('b) (is ?b)
proof —

from local-typedefl obtain Rep::('b = int) and Abs

where t: type-definition Rep Abs {0..<m :: int} by auto

have card (UNIV :: 'b set) = card {0..<m} using t type-definition.card by
fastforce

also have ... = m by auto

finally show b ..

then show ?a unfolding class.nontriv-def using m by auto
qed

lemma type-to-set2:
shows class.nontriv TYPE('c) (is %a) and n=CARD('c) (is %b)
proof —
from local-typedef2 obtain Rep::('c = int) and Abs
where t: type-definition Rep Abs {0..<n :: int} by blast
have card (UNIV :: 'c set) = card {0..<n} using t type-definition.card by force
also have ... = n by auto
finally show b ..
then show ?a unfolding class.nontriv-def using n by auto
qed

lemma invertible-bezout-matriz- INF-nontriv-mod-ring-aux:

fixes A::’a::{bezout-ring-div} mat

assumes A € carrier-mat m n

assumes ib: is-bezout-ext bezout

and a-less-b: a < b and b: b<m and j: j<n

and aj: A 39 (a,j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)

using invertible-bezout-matriz-JNF-internalized| OF type-to-set2(1) type-to-set(1),
where ?'aa = 'b]

using assms

using type-to-setl (2) type-to-set2(2) local-typedefl m by blast
end

context
begin
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private lemma invertible-bezout-matriz-JNF-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0..<int n} = {0..<int m} # {} =
I<m=1<n=
(A::'az:bezout-ring-div mat) € carrier-mat m n => is-bezout-ext bezout
= a<b=b<m=j<n= A3 (a j) # 0 = invertible-mat
(bezout-matriz-JNF A a b j bezout)

using invertible-bezout-matriz- JNF-nontriv-mod-ring-auz|cancel-type-definition]
by blast

private lemma invertible-bezout-matriz-JNF-cancelled-both:
{0.<intn} #{} ={0.<intm}#{} =1<m=1<n=
Il<m=1<n=
(A:'a::bezout-ring-div mat) € carrier-mat m n = is-bezout-ext bezout
— e < b=b<m=j<n= A% (a6 j) # 0 = invertible-mat
(bezout-matriz-JNF A a b j bezout)

using invertible-bezout-matriz-JNF-cancelled-first[ cancel-type-definition] by blast

lemma invertible-bezout-matriz-JNF':
fixes A::'a::{bezout-ring-div} mat
assumes A € carrier-mat m n
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<m and j: j<n
and n>1
and aj: A 39 (a, ) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
using invertible-bezout-matriz- JNF-cancelled-both assms by auto

lemma invertible-bezout-matriz-JNF-n1:

fixes A::’a::{bezout-ring-div} mat

assumes A: A € carrier-mat m n

assumes ib: is-bezout-ext bezout

and a-less-b: a < b and b: b<m and j: j<n

and ni: n=1

and aj: A 389 (a,j) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
proof —

let A=A Q. (0, m n)

have (A Q. 0,, m n) 83 (a, j) = (if § < dim-col A then A $$ (a, j) else (0, m
n) $$ (a, j — n))

by (rule append-cols-nth|OF A), insert assms, auto)

also have ... = A $$ (a,j) using assms by auto

finally have Aaj: (A Q. 0,, m n) $$ (a, j) = A $3$ (a,j) .

have (A Q. 0,, mn) $$ (b, j) = (if § < dim-col A then A $$ (b, j) else (0., m
n) $$ (b, j — n))
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by (rule append-cols-nth|OF A], insert assms, auto)
also have ... = A $$ (b,j) using assms by auto
finally have Abj: (4 Q. 0,,, m n) $$ (b, j) = A $$ (b, j) .
have dr: dim-row A = dim-row ?A by (simp add: append-cols-def)
have dc: dim-col ?A = 2
by (metis Suc-1 append-cols-def A nl carrier-matD(2) indez-mat-four-block(8)

index-zero-mat(3) plus-1-eq-Suc)
have bz-eq: bezout-matriz-JNF A a b j bezout = bezout-matriz-JNF ?A a b j
bezout
unfolding bezout-matriz-JNF-def Aaj Abj dr by auto
have invertible-mat (bezout-matriz-JNF ?A a b j bezout)
by (rule invertible-bezout-matriz-JNF’, insert assms Aaj Abj dr de, auto)
thus ?thesis using bz-eq by simp
qed

corollary invertible-bezout-matriz-JNF':
fixes A::’a::{bezout-ring-div} mat
assumes A € carrier-mat m n
assumes ib: is-bezout-ext bezout
and a-less-b: a < b and b: b<m and j: j<n
and aj: A $$ (a, ) # 0
shows invertible-mat (bezout-matriz-JNF A a b j bezout)
using invertible-bezout-matriz-JNF-n1 invertible-bezout-matriz-JNF' assms
by (metis One-nat-def gr-implies-not0 less-Suc0 not-less-iff-gr-or-eq)

end
end

We continue with the soundness of the algorithm

lemma bezout-matriz-JNF-mult-eq:
assumes A’ A’ € carrier-mat m n and a: a<m and b: b<m and ab: a # b
and A-def: A= A’ Q, B and B: B € carrier-mat n n
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,j)) (A$$(b.5))
shows Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u * A$$(a.k) + v * A$$(b,k)
else A$3(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) x A (is ?A = YBM x A)
proof (rule eq-matl)
have A: A € carrier-mat (m+n) n using A-def A’ B by simp
hence A-carrier: ?A € carrier-mat (m+n) n by auto
show dr: dim-row ?A = dim-row (?BM % A) and dc: dim-col ?A = dim-col
(?BM x A)
unfolding bezout-matriz-JNF-def by auto
fix i ja assume i: i < dim-row (¢BM x A) and ja: ja < dim-col (YBM x A)
let 2f = Xia. (bezout-matriz-JNF A a b j euclid-ext2) $$ (i,ia) » A $$ (ia,ja)
have dv: dim-vec (col A ja) = m~+n using A by auto
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have i-dr: i<dim-row A using ¢ A unfolding bezout-matriz-JNF-def by auto
have a-dr: a<dim-row A using A a ja by auto
have b-dr: b<dim-row A using A b ja by auto
show ?4 $$ (i,ja) = (?BM * A) $$ (i,ja)
proof —
have (?BM x A) $$ (i,ja) = Matriz.row BM i - col A ja
by (rule index-mult-mat, insert i ja, auto)
also have ... = (3 ia = 0..<dim-vec (col A ja).
Matriz.row (bezout-matriz-JNF A a b j euclid-ext2) i $v ia * col A ja $v
ia)
by (simp add: scalar-prod-def)
also have ... = (3 da = 0..<m+n. ?f ia)
by (rule sum.cong, insert A i dr dec, auto) (smt (verit) bezout-matriz-JNF-def
carrier-matD(1)
dim-col-mat(1) indez-col indez-mult-mat(3) indez-row(1) ja)
also have ... = (3 ia € ({a,b} U ({0..<m+n} — {a,b})). ?f ia)
by (rule sum.cong, insert a a-dr b A ja, auto)
also have ... = sum ?f {a,b} + sum ?f ({0..<m+n} — {a,b})
by (rule sum.union-disjoint, auto)
finally have BM-A-ija-eq: (?BM x A) $$ (i,ja) = sum ?f {a,b} + sum 2f
({0..<m+n} — {a,b}) by auto
show ?thesis
proof (cases i = a)
case True
have sum0: sum ?f ({0..<m+n} — {a,b}) = 0
proof (rule sum.neutral, rule)
fix x assume z: z € {0..<m + n} — {a, b}
hence zm: © < m+n by auto
have z-not-i: x # i using True x by blast
have z-dr: z < dim-row A using z A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) * A $$ (z, ja) = 0 by
auto
qed
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = p
unfolding bezout-matriz-JNF-def indez-mat(1)[OF i-dr a-dr] using True
pquud
by (auto, metis split-conv)
have fb: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, b) = ¢
unfolding bezout-matriz-JNF-def indexz-mat(1)[OF i-dr b-dr] using True
pquvd ab
by (auto, metis split-conv)
have sum ?f {a,b} + sum ?2f ({0..<m+n} — {a,b}) = ?fa + ?f b using
sum0 by (simp add: ab)
also have ... = p x A 8% (a, ja) + ¢ x A $3$ (b, ja) unfolding fa fb by simp
also have ... = 24 $$ (i,ja) using A True dr i ja by auto
finally show ?thesis using BM-A-ija-eq by simp
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next
case Fulse note i-not-a = Fulse
show ?thesis
proof (cases i=b)
case True
have sum0: sum ?f ({0..<m+n} — {a,b}) = 0
proof (rule sum.neutral, rule)
fix z assume 2: z € {0..<m + n} — {a, b}
hence zm: r < m+n by auto
have z-not-i: x # i using True z by blast
have z-dr: © < dim-row A using = A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) * A 88 (z, ja) = 0
by auto
qged
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = u
unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr a-dr] using True
i-not-a pquud
by (auto, metis split-conv)
have fb: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, b) = v
unfolding bezout-matriz-JNF-def indez-mat(1)[OF i-dr b-dr] using True
i-not-a pquvd ab
by (auto, metis split-conv)
have sum ?f {a,b} + sum ?f ({0.<m+n} — {a,b}) = ?f a + ?f b using
sum0 by (simp add: ab)
also have ... = u x A $$ (a, ja) + v x A $$ (b, ja) unfolding fa fb by simp

also have ... = ?A $$ (i,ja) using A True i-not-a dr i ja by auto
finally show ?thesis using BM-A-ija-eq by simp
next

case Fualse note i-not-b = False
have sum0: sum ?f ({0..<m+n} — {a,b} — {i}) =0
proof (rule sum.neutral, rule)
fix z assume 2: z € {0..<m + n} — {a, b} — {i}
hence zm: r < m+n by auto
have z-not-i: x # i using = by blast
have z-dr: © < dim-row A using = A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) * A 88 (z, ja) = 0
by auto
qed
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = 0
unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr a-dr] using False
i-not-a pquud
by auto
have fb: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, b) = 0

203



unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr b-dr] using False
i-not-a pquud

by auto

have sum ?f ({0..<m+n} — {a,b}) = sum ?f (insert ¢ ({0..<m+n} —
{a,0} = {i}))

by (rule sum.cong, insert i-dr A i-not-a i-not-b, auto)

also have ... = ?f i + sum ?f ({0..<m+n} — {a,b} — {i}) by (rule
sum.insert, auto)
also have ... = ?f ¢ using sum0 by simp
also have ... = 24 $$ (i,ja)

unfolding bezout-matriz-JNF-def using i-not-a i-not-b A dr i ja by
fastforce
finally show ?thesis unfolding BM-A-ija-eq by (simp add: ab fa fb)
qed
qed
qged
qed

context proper-mod-operation
begin

lemma reduce-invertible-mat:

assumes A”: A’ € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a £ b

and A-def: A= A"Q, (D -, (1, n))

and Aaj: A 33 (a,0) # 0

and a-less-b: a < b

and mn: m>n

and D-ge0: D > 0
shows 3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A (reduce a b D
A) = P x A (is ?thesisl)
proof —

obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(b,0))

by (metis prod-cases5)
let YA = Matriz.mat (dim-row A) (dim-col A)
(A(4,k). if i = a then (pxA$$(a.k) + qxAS$$(b,k))
else if i = b then u * A$$(a,k) + v * A$$(b,k)
else A$$(i,k)
)

have D: D -, 1,, n € carrier-mat n n by auto

have A: A € carrier-mat (m+n) n using A-def A’ by simp

hence A-carrier: YA € carrier-mat (m+n) n by auto

let 2BM = bezout-matriz-JNF A a b 0 euclid-ext2

have A-BZ-A: ?A = ?BM x A
by (rule bezout-matriz-JNF-mult-eq{OF A’ - - ab A-def D pquvd], insert a b,
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auto)
have invertible-bezout: invertible-mat ?BM
by (rule invertible-bezout-matriz-JNF[OF A is-bezout-ext-euclid-ext2 a-less-b -
insert a-less-b b, auto)
have BM: ?BM € carrier-mat (m+n) (m+n) unfolding bezout-matriz-JNF-def
using A by auto

define zs where zs = [0..<n]
let ?reduce-a = reduce-row-mod-D ?A a xs D m
let A’ = mat-of-rows n [Matriz.row ?A i. i < [0..<m]]
have A-A'-D: ?A = 24’ Q, D -,, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF A-carrier D], rule+)
fix i j assume i: i € {m..<m 4+ n}and j: j < n
have 74 $$ (i,j) = A $$ (i,j) using i a b A j by auto
also have ... = (if i < dim-row A’ then A’ $$(4,5) else (D -y, (1, n))$$(i—m,j))
by (unfold A-def, rule append-rows-nth|OF A’ D - j], insert i, auto)

also have ... = (D -, 1., n) $$ (i — m, j) using i A’ by auto
finally show 74 $$ (i,j) = (D -, 1,, n) $$ (i — m, j) .
qed

have reduce-a-eq: ?reduce-a = Matriz.mat (dim-row ?A) (dim-col ?A)
(N4, k). if i = a N k € set xs then if k = 0 then if D dvd ?A$$(i.k) then D
else 2A $$ (i, k) else 2A 88 (i, k) gmod D else ?A $$ (i, k))
by (rule reduce-row-mod-D[OF A-A'-D - a -], insert zs-def mn D-ge0, auto)
have reduce-a: ?reduce-a € carrier-mat (m+n) n using reduce-a-eq A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A ?reduce-a =
P x 24
by (rule reduce-row-mod-D-invertible-mat[OF A-A'-D - al, insert zs-def mn,
auto)
from this obtain P where P: P € carrier-mat (m + n) (m + n) and inv-P:
invertible-mat P
and reduce-a-PA: ?reduce-a = P x ?A by blast
define ys where ys = [1..<n]
let ?reduce-b = reduce-row-mod-D ?reduce-a b ys D m
let ?B’ = mat-of-rows n [Matriz.row ?reduce-a i. i + [0..<m]]
have reduce-a-B’-D: ?reduce-a = ?B’' Q, D -, 1., n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-a D], rule+)
fix i ja assume i: ¢ € {m..<m + n} and ja: ja < n
have i-not-a:i#a and i-not-b: i#b using 7 a b by auto
have ?reduce-a $$ (i,ja) = ?A $$ (i, ja)
unfolding reduce-a-eq using ¢ i-not-a i-not-b ja A by auto
also have ... = A 83 (i,ja) using i i-not-a i-not-b ja A by auto
also have ... = (D -, 1,,, n) $$ (1 — m, ja)
by (smt (verit) D append-rows-nth A" A-def atLeastLess Than-iff
carrier-matD(1) i ja less-irrefl-nat nat-SN.compat)
finally show ?reduce-a $$ (i,ja) = (D -, 1., n) $$ (i — m, ja) .
qed
have reduce-b-eq: ?reduce-b = Matriz.mat (dim-row ?reduce-a) (dim-col ?reduce-a)
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(A(i, k). if i = b A k € set ys then if k = 0 then if D dvd ?reduce-a$$(i,k) then
D else ?reduce-a $$ (i, k)
else ?reduce-a $$ (i, k) gmod D else ?reduce-a $% (i, k))
by (rule reduce-row-mod-D][OF reduce-a-B’-D - b - - mn], unfold ys-def, insert
D-ge0, auto)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N ?reduce-b =
P % ?reduce-a
by (rule reduce-row-mod-D-invertible-mat[OF reduce-a-B’-D - b - mn], insert
ys-def, auto)
from this obtain @ where Q: Q € carrier-mat (m + n) (m + n) and inv-Q:
invertible-mat Q
and reduce-b-Q-reduce: ?reduce-b = Q * ?reduce-a by blast
have reduce-b-eq-reduce: ?reduce-b = (reduce a b D A)
proof (rule eg-matl)
show dr-eq: dim-row ?reduce-b = dim-row (reduce a b D A)
and dc-eq: dim-col ?reduce-b = dim-col (reduce a b D A)
using reduce-preserves-dimensions by auto
fix i ja assume i: i<dim-row (reduce a b D A) and ja: ja< dim-col (reduce a
b D A)
have im: i<m+n using A i reduce-preserves-dimensions(1) by auto
have ja-n: ja<n using A ja reduce-preserves-dimensions(2) by auto
show ?Zreduce-b $%$ (i,ja) = (reduce a b D A) $$ (i,ja)
proof (cases (i#a A i#b))
case True
have ?reduce-b $$ (i,ja) = ?reduce-a $3$ (i,ja) unfolding reduce-b-eq
by (smt (verit) True dr-eq dc-eq i index-mat(1) ja prod.simps(2) re-
duce-row-mod-D-preserves-dimensions)
also have ... = 24 $$ (i,ja)
by (smt (verit) A True carrier-matD(2) dim-col-mat(1) dim-row-mat(1) 4
indez-mat(1) ja-n
reduce-a-eq reduce-preserves-dimensions(1) split-conv)

also have ... = A $$ (i,ja) using A True im ja-n by auto
also have ... = (reduce a b D A) $$ (i,ja) unfolding reduce-alt-def-not0[OF
Aaj pquvd)

using im ja-n A True by auto
finally show ?thesis .
next
case Fulse note a-or-b = Fulse
show ?thesis
proof (cases i=a)
case True note ia = True
hence i-not-b: i#b using ab by auto
show ?thesis
proof —
have ja-in-zs: ja € set s
unfolding zs-def using True ja-n im a A unfolding set-filter by auto
have 1: ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
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prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions(2))
show ?thesis
proof (cases ja = 0 A D dvd pxA$$(a,ja) + qxA$$(b,ja))
case True
have ?reduce-a $$ (i,ja) = D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-zs
False by auto
also have ... = (reduce a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd)]
using True a-or-b i-not-b ja-n im A False
by auto
finally show ?thesis using 1 by simp
next
case Fualse note ncl = False
show ?thesis
proof (cases ja=0)
case True
then show ?thesis
by (smt (verit) 1 A assms(8) assms(7) dim-col-mat(1) dim-row-mat(1)
euclid-ext2-works i ia im indez-mat(1)
ja ja-in-zs old.prod.case pquvd reduce-gcd reduce-preserves-dimensions
reduce-a-eq)
next
case Fulse
have ?reduce-a $$ (i,ja) = ?A $$ (4, ja) gmod D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A
ja-in-xs False by auto
also have ... = (reduce a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using True a-or-b i-not-b
ja-n im A False by auto
finally show ?thesis using 1 by simp
qed
qed
qed
next
case Fulse note i-not-a = Fulse
have i-drb: i<dim-row ?reduce-b
and i-dra: i<dim-row ?reduce-a
and ja-drb: ja < dim-col ?reduce-b
and ja-dra: ja < dim-col ?reduce-a using reduce-carrier|OF A] i ja A dr-eq
dc-eq by auto
have ib: i=b using Fulse a-or-b by auto
show ?thesis
proof (cases ja € set ys)
case True note ja-in-ys = True
hence ja-not0: ja # 0 unfolding ys-def by auto
have ?reduce-b $$ (i,ja) = (if ja = 0 then if D dvd ?reduce-a$$(i,ja) then
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else ?reduce-a $$ (i, ja) else ?reduce-a $$ (i, ja) gmod D)
unfolding reduce-b-eq using i-not-a True ja ja-in-ys
by (smt (verit) i-dra ja-dra a-or-b index-mat(1) prod.simps(2))
also have ... = (if ja = 0 then if D dvd ?reduce-a$$(i,ja) then D else ?A
$$ (i, ja) else ?A $$ (i, ja) gmod D)
unfolding reduce-a-eq using True ab a-or-b ib False ja-n im a A ja-in-ys
by auto
also have ... = (reduce a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquud] using True ja-not0 False
a-or-b ib ja-n im A
using i-not-a by auto
finally show ?thesis .
next
case Fulse
hence ja0:ja = 0 using jo-n unfolding ys-def by auto
have rw0: u x A $$ (a, ja) + v x A 3% (b, ja) = 0
unfolding euclid-ext2-works[OF pquvd|symmetric]] ja0
by (smt (verit) euclid-ext2-works[OF pquvd[symmetric]] more-arith-simps(11)
mult.commute mult-minus-left)
have ?reduce-b 3% (i,ja) = ?reduce-a $3$ (i,ja) unfolding reduce-b-eq

by (smt (verit) False a-or-b dc-eq dim-row-mat(1) dr-eq i index-mat(1)

ja
prod.simps(2) reduce-b-eq reduce-row-mod-D-preserves-dimensions(2))
also have ... = ?4 $$ (4, ja)
unfolding reduce-a-eq using False ab a-or-b i-not-a ja-n im a A by
auto

also have ... = u x A $$ (a, ja) + v * A $$ (b, ja)
by (smt (verit, ccfo-SIG) A ja = 0> assms(3) assms(5) carrier-matD(2)
i ib indez-mat(1)
old.prod.case reduce-preserves-dimensions(1))
also have ... = (reduce a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquuvd)
using Fualse a-or-b i-not-a ja-n im A ja0 by auto
finally show ?thesis .
qed
qed
qed
qed
have inv-QPBM: invertible-mat (Q * P * ?BM)
by (meson BM P @Q inv-P inv-Q invertible-bezout invertible-mult-JNF mult-carrier-mat)
moreover have (Q«Px?BM) € carrier-mat (m + n) (m + n) using BM P Q
by auto
moreover have (reduce a b D A) = (QxPx?BM) x A
proof —
have ?BM x A = ?A using A’-BZ-A by auto
hence P x (?BM % A) = ?reduce-a using reduce-a-PA by auto
hence @ * (P % (?BM * A)) = ?reduce-b using reduce-b-Q-reduce by auto
thus ?thesis using reduce-b-eq-reduce
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by (smt (verit) A A-BZ-A A-carrier BM P @ assoc-mult-mat mn mult-carrier-mat
reduce-a-PA)
qed
ultimately show “thesis by blast
qed

lemma reduce-abs-invertible-mat:

assumes A”: A’ € carrier-mat m n and a: a<m and j: 0<n and b: b<m and
ab: a # b

and A-def: A= A"Q, (D -, (Im 1))

and Aaj: A $$ (a,0) # 0

and a-less-b: a < b

and mn: m>n

and D-ge0: D > 0
shows 3 P. invertible-mat P A P € carrier-mat (m+n) (m+n) A (reduce-abs a b
D A) =P x A (is Zthesisl)
proof —

obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(b,0))

by (metis prod-cases5)
let ?A = Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a then (pxAS$3$(a,k) + qxA$3(D,k))
else if i = b then u x A$$(a.k) + v * A$$(b,k)
else A$$(i,k)
)

have D: D -, 1,, n € carrier-mat n n by auto

have A: A € carrier-mat (m+n) n using A-def A’ by simp

hence A-carrier: YA € carrier-mat (m+n) n by auto

let YBM = bezout-matriz-JNF A a b 0 euclid-ext2
have A’-BZ-A: ?A = ?BM x A
by (rule bezout-matriz-JNF-mult-eq|OF A’ - - ab A-def D pquvd], insert a b,
auto)
have invertible-bezout: invertible-mat ?BM
by (rule invertible-bezout-matriz-JNF[OF A is-bezout-ext-euclid-ext2 a-less-b -
insert a-less-b b, auto)
have BM: ?BM € carrier-mat (m+n) (m+n) unfolding bezout-matriz-JNF-def
using A by auto

define zs where zs = filter (\i. abs (?4 $$ (a,7)) > D) [0..<n]
let ?reduce-a = reduce-row-mod-D-abs ?A a xs D m
let A’ = mat-of-rows n [Matriz.row ?A i. i < [0..<m]]
have A-A'-D: ?A = 24’ Q, D -,, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF A-carrier D], rule+)
fix i j assume i: i € {m..<m 4+ n}and j: j < n
have 74 $$ (i,j) = A $$ (i,j) using i a b A j by auto
also have ... = (if i < dim-row A’ then A’ $$(4,5) else (D -y, (1, n))$$(i—m,j))
by (unfold A-def, rule append-rows-nth|OF A’ D - j], insert i, auto)
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also have ... = (D -, 1., n) $8 (i — m, j) using ¢ A’ by auto
finally show 24 $$ (i,5) = (D -y 1 n) $8 (i — m, j) .
qed
have reduce-a-eq: ?reduce-a = Matriz.mat (dim-row ?A) (dim-col ?A)
(A4, k). if i = a A k € set xs then
if k=0 AN D dvd ?A8%(i,k) then D else ?A $$ (i, k) gmod D else ?A $$ (i,
)

by (rule reduce-row-mod-D-abs|OF A-A'-D - a -], insert zs-def mn D-ge0, auto)

have reduce-a: ?reduce-a € carrier-mat (m+n) n using reduce-a-eq A by auto
have 3 P. P € carrier-mat (m + n) (m 4+ n) A invertible-mat P A ?reduce-a =
P x 24
by (rule reduce-row-mod-D-abs-invertible-mat[OF A-A'-D - a], insert xs-def mn,
auto)
from this obtain P where P: P € carrier-mat (m + n) (m + n) and inv-P:
invertible-mat P
and reduce-a-PA: ?reduce-a = P x ?A by blast
define ys where ys = filter (A\i. abs (?A $$ (b,7)) > D) [0..<n]
let ?reduce-b = reduce-row-mod-D-abs ?reduce-a b ys D m
let ?B’ = mat-of-rows n [Matriz.row ?reduce-a i. i < [0..<m]]
have reduce-a-B’-D: ?reduce-a = ?B’' Q, D -, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-a D], rule+)
fix i ja assume i: i € {m..<m + n} and ja: ja < n
have i-not-a:i#a and i-not-b: i#b using 7 a b by auto
have ?reduce-a $$ (i,ja) = ?A $$ (i, ja)
unfolding reduce-a-eq using i i-not-a i-not-b ja A by auto
also have ... = A $$ (i,ja) using i i-not-a i-not-b ja A by auto
also have ... = (D -, 1., n) $8 (i — m, ja)
by (smt (verit) D append-rows-nth A’ A-def atLeastLess Than-iff
carrier-matD(1) @ ja less-irrefl-nat nat-SN.compat)
finally show ?reduce-a $$ (i,ja) = (D -, 1., n) $$ (i — m, ja) .
qed
have reduce-b-eq: ?reduce-b = Matriz.mat (dim-row ?reduce-a) (dim-col ?reduce-a)

(A, k). if i =b ANk € set ys then if k = 0 A D dvd ?reduce-a$$(i,k) then D
else ?reduce-a $$ (i, k) gmod D else ?reduce-a $$ (i, k))
by (rule reduce-row-mod-D-abs|OF reduce-a-B'-D - b - - mn], unfold ys-def,
insert D-ge0, auto)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N ?reduce-b =
P % ?reduce-a
by (rule reduce-row-mod-D-abs-invertible-mat| OF reduce-a-B’-D - b - mn], insert
ys-def, auto)
from this obtain @ where Q: Q € carrier-mat (m + n) (m + n) and inv-Q:
invertible-mat Q
and reduce-b-Q-reduce: ?reduce-b = @Q * ?reduce-a by blast
have reduce-b-eq-reduce: ?reduce-b = (reduce-abs a b D A)
proof (rule eq-matl)
show dr-eq: dim-row ?reduce-b = dim-row (reduce-abs a b D A)
and dc-eq: dim-col ?reduce-b = dim-col (reduce-abs a b D A)
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using reduce-preserves-dimensions by auto
fix i ja assume i: i<dim-row (reduce-abs a b D A) and ja: ja< dim-col
(reduce-abs a b D A)
have im: i<m+n using A i reduce-preserves-dimensions(3) by auto
have ja-n: ja<n using A ja reduce-preserves-dimensions(4) by auto
show ?Zreduce-b $3$ (i,ja) = (reduce-abs a b D A) $$ (7,ja)
proof (cases (i#a A i#b))
case True
have ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq
by (smt (verit) True dr-eq dc-eq i indez-mat(1) ja prod.simps(2) re-
duce-row-mod-D-preserves-dimensions-abs)
also have ... = 24 $$ (i,ja)
by (smt (verit) A True carrier-matD(2) dim-col-mat(1) dim-row-mat(1) 4
index-mat(1) ja-n
reduce-a-eq reduce-preserves-dimensions(3) split-conv)
also have ... = A $$ (i,ja) using A True im ja-n by auto
also have ... = (reduce-abs a b D A) $$ (i,ja) unfolding reduce-alt-def-not0[OF
Aaj pquvd)
using im ja-n A True by auto
finally show ?thesis .
next
case Fulse note a-or-b = Fulse
show ?thesis
proof (cases i=a)
case True note ia = True
hence i-not-b: i#b using ab by auto
show ?thesis
proof (cases abs((pxA$3(a,ja) + qxA$$(b,ja))) > D)
case True note ge-D = True
have ja-in-zs: ja € set s
unfolding zs-def using True ja-n im a A unfolding set-filter by auto
have 1: %reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions-abs(2))
show ?thesis
proof (cases ja = 0 A D dvd pxAS$3$(a,ja) + qxA$$(b,ja))
case True
have ?reduce-a $$ (i,ja) = D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-zs
Fualse by auto
also have ... = (reduce-abs a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquuvd]
using True a-or-b i-not-b ja-n im A False ge-D
by auto
finally show ?thesis using 1 by simp
next
case Fulse
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have ?reduce-a $3$ (i,ja) = ?4 $$ (i, ja) gmod D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-zs
False by auto
also have ... = (reduce-abs a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using True a-or-b i-not-b
ja-n im A False by auto
finally show ?thesis using 1 by simp
qed
next
case Fulse
have ja-in-zs: ja ¢ set zs
unfolding zs-def using Fulse ja-n im a A unfolding set-filter by auto
have ?reduce-b 3% (i,ja) = ?reduce-a $% (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions-abs(2))
also have ... = 24 $$ (4, ja)
unfolding reduce-a-eq using False ab a-or-b i-not-b ja-n im a A ja-in-xs
by auto
also have ... = (reduce-abs a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using False a-or-b i-not-b
ja-n im A by auto
finally show ?thesis .
qed
next
case Fulse note i-not-a = Fulse
have i-drb: i<dim-row ?reduce-b
and i-dra: i<dim-row ?reduce-a
and ja-drb: ja < dim-col ?reduce-b
and ja-dra: jo < dim-col ?reduce-a using reduce-carrier|OF A] i ja A dr-eq
dc-eq by auto
have ib: i=>b using Fulse a-or-b by auto
show ?thesis
proof (cases abs((uxA$$(a,ja) + v x A$$(b,ja))) > D)
case True note ge-D = True
have ja-in-ys: ja € set ys
unfolding ys-def using True False ib ja-n im a b A unfolding set-filter
by auto
have ?reduce-b $$ (i,ja) = (if ja = 0 A D dvd ?reduce-a$$(i,ja) then D
else ?reduce-a $3$ (7, ja) gmod D)
unfolding reduce-b-eq using i-not-a True ja ja-in-ys
by (smt (verit) i-dra ja-dra a-or-b index-mat(1) prod.simps(2))

also have ... = (if ja = 0 A D dvd ?reduce-a$$(i,ja) then D else ?A $$ (i,
ja) gmod D)
unfolding reduce-a-eq using True ab a-or-b ib False ja-n im a A ja-in-ys
by auto
also have ... = (reduce-abs a b D A) $$ (i,ja)

proof (cases ja = 0 A D dvd ?reduce-a$$(i,ja))
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case True
have ja0: ja=0 using True by auto
have u x A $$ (a, ja) + v = A $3 (b, ja) = 0
unfolding euclid-ext2-works[OF pquvd[symmetric]] ja0
by (smt (verit) euclid-ext2-works|OF pquvd[symmetric]] more-arith-simps(11)
mult.commute mult-minus-left)
hence abs-0: abs((uxA3$3$(a,ja) + v * A$$(d,ja))) = 0 by auto
show ?thesis using abs-0 D-ge0 ge-D by linarith
next
case Fulse
then show ?thesis
unfolding reduce-alt-def-not0[OF Aaj pquvd] using True ge-D False
a-or-b ib ja-n im A
using i-not-a by auto
qed
finally show ?thesis .
next
case Fulse
have ja-in-ys: ja ¢ set ys
unfolding ys-def using i-not-a False ib ja-n im a b A unfolding set-filter
by auto
have ?reduce-b 3% (i,ja) = %reduce-a $3$ (i,ja) unfolding reduce-b-eq

using i-dra ja-dra ja-in-ys by auto
also have ... = ?4 $$ (4, ja)
unfolding reduce-a-eq using False ab a-or-b i-not-a ja-n im a A by
auto
also have ... = u x A $$ (a, ja) + v * A $$ (b, ja)
unfolding reduce-a-eq using False ab a-or-b i-not-a ja-n im a A ja-in-ys
by auto
also have ... = (reduce-abs a b D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd)
using False a-or-b i-not-a ja-n im A by auto
finally show ?thesis .
qed
qed
qged
qed
have inv-QPBM: invertible-mat (Q * P x ?BM)
by (meson BM P @ inv-P inv-Q invertible-bezout invertible-mult-JNF mult-carrier-mat)
moreover have (Q*Px?BM) € carrier-mat (m + n) (m + n) using BM P Q
by auto
moreover have (reduce-abs a b D A) = (Q«xPx?BM) x A
proof —
have ?BM x A = ?A using A’-BZ-A by auto
hence P x (YBM x A) = %reduce-a using reduce-a-PA by auto
hence @ * (P x (YBM * A)) = ?reduce-b using reduce-b-Q-reduce by auto
thus ?thesis using reduce-b-eq-reduce
by (smt (verit) A A’-BZ-A A-carrier BM P Q assoc-mult-mat mn mult-carrier-mat
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reduce-a-PA)

qed

ultimately show ¢thesis by blast
qed

lemma reduce-element-mod-D-case-m':
assumes A-def: A = A’ Q, B and B: B&carrier-mat n n
and A" A’ € carrier-mat m n and a: a<m and j: j<n
and mn: m>=n and BI: B $$ (j, j) = D and B2: (Vj'’e{0..<n}—{j}. B $3 (j,
i) =0)
and DO: D > 0
shows reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col A)
(A(k). if i = a ANk = jthen if j = 0 then if D dvd A$$(i,k) then D
else A$$(i,k) else A$$(ik) gmod D else A$$(i,k)) (is - = ?24)
proof (rule eq-matl)
have jm: j<m using mn j by auto
have A: A € carrier-mat (m+n) n using A-def A’ B mn by simp
fix ¢ jo assume i: { < dim-row ?A and ja: ja < dim-col A
show reduce-element-mod-D A a j D m $$ (i, ja) = ?A $$ (4, ja)
proof (cases i=a)
case Fulse
have reduce-element-mod-D A a j D m = (if j = 0 then if D dvd A$$(a,j)
then addrow (—((A$%(a,j) gdiv D)) + 1) a (j + m) A else A
else addrow (—((A$%%(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-def by simp
also have ... $3$ (i,ja) = A $$ (i, ja) unfolding mat-addrow-def using False

ja © by auto
also have ... = ?4 3% (i,ja) using False using i ja by auto
finally show ?thesis .
next

case True note ia = True
have reduce-element-mod-D A a j D m
= (if j = 0 then if D dvd A$$(a.j) then addrow (—((A$$(a,j) gdiv D)) + 1)
a(j+ m) A else A
else addrow (—((A$%(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-def by simp
also have ... $$ (i,ja) = 74 $$ (i,ja)
proof (cases ja = j)
case True note ja-j = True
have A 83 (j + m, ja) = B $$ (j,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j ja A B mn, auto)
also have ... = D using True j mn Bl B2 B by auto
finally have A-ja-jaD: A $$ (j + m, ja) = D .

show ?thesis
proof (cases j=0 A D dvd A$3(a,j))
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case True
have 1: reduce-element-mod-D A a j D m = addrow (—((A$$(a,j) gdiv D))
+1)a(j+m)A
using True ia ja-j unfolding reduce-element-mod-D-def by auto
also have ... $3(i,ja) = (— (A4 %8 (a, j) gdiv D) + 1) * A $$ (j + m, ja) +
A 3% (i, ja)
unfolding mat-addrow-def using True ja-j ia
using A ¢ j by auto
also have ... = D
proof —
have A $$ (i, ja) + D * — (A $$ (i, ja) gdiv D) = 0
using True ia ja-j using D0 by force
then show ?thesis
by (metis A-ja-jaD ab-semigroup-add-class.add-ac(1) add.commute
add-right-imp-eq ia int-distrib(2)
ja-j more-arith-simps(3) mult.commute mult-cancel-right1)
qged
also have ... = ?A $$ (i,ja) using True ia A i j ja-j by auto
finally show ?thesis
using True 1 by auto
next
case Fulse
show ?thesis
proof (cases j=0)
case True
then show “thesis
using Fulse i ja by auto
next
case Fulse
have ?A $$ (ija) = A $$ (4, ja) gmod D using True ia A i j False by
auto
also have ... = A $3 (4, ja) — ((4 $$ (4, ja) gdiv D) x D)
by (subst gmod-gdiv|OF D0], auto)
also have ... = — (A $$ (a, ) gdiv D) x A $$ (j + m, ja) + A $$ (4, ja)
unfolding A-ja-jaD by (simp add: True ia)
finally show ?thesis
using A False True i ia j by auto
qed
qed
next
case Fulse
have A $$ (j + m, ja) = B $$ (j,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j mn ja A B, auto)
also have ... = 0 using Fualse using A a mn ja j B2 by force
finally have A-am-ja0: A $$ (j + m, ja) = 0 .
then show ?thesis using Fulse i ja by fastforce
qed
finally show ?thesis .
qed
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next
show dim-row (reduce-element-mod-D A a j D m) = dim-row ?A
and dim-col (reduce-element-mod-D A a j D m) = dim-col ?A
using reduce-element-mod-D-def by auto
qed

lemma reduce-element-mod-D-abs-case-m':
assumes A-def: A = A’ Q, B and B: BE€carrier-mat n n
and A”: A’ € carrier-mat m n and a: a<m and j: j<n
and mn: m>=n and BI: B $$ (j, j) = D and B2: (Vj'’e{0..<n}—{j}. B $3 (j,
i =0)
and D0: D > 0
shows reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
4)
(A(@k). if i =a ANk =jthenifj= 0 AN D dvd A$3(i,k) then D else
A$$(i,k) gmod D else A$$(i,k)) (is - = ?A)
proof (rule eq-matl)
have jm: j<m using mn j by auto
have A: A € carrier-mat (m+n) n using A-def A’ B mn by simp
fix 7 ja assume i: { < dim-row ?A and ja: ja < dim-col ?A
show reduce-element-mod-D-abs A a j D m $$ (i, ja) = ?A $$ (4, ja)
proof (cases i=a)
case Fulse
have reduce-element-mod-D-abs A a 5 D m = (if j = 0 N D dvd A$$(a,j)
then addrow (—((A%$3(a,j) gdiv D)) + 1) a (j + m) A
else addrow (—((A$%(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-abs-def by simp
also have ... $$ (i,ja) = A $$ (4, ja) unfolding mat-addrow-def using False

ja i by auto
also have ... = ?4 $$ (i,ja) using False using i ja by auto
finally show ?thesis .
next

case True note ia = True
have reduce-element-mod-D-abs A a j D m
= (ifj = 0 N D dvd A$$(a,j) then addrow (—((A$$(a,j) gdiv D)) + 1) a (j
+m) A
else addrow (—((A$$(a,j) gdiv D))) a (j + m) A)
unfolding reduce-element-mod-D-abs-def by simp
also have ... $3$ (i,ja) = 74 $$ (i,ja)
proof (cases ja = j)
case True note ja-j = True
have A 8% (j + m, ja) = B $$ (j,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j ja A B mn, auto)
also have ... = D using True j mn B1 B2 B by auto
finally have A-ja-jaD: A 8% (j + m, ja) = D .
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show ?thesis
proof (cases j=0 A D dvd A$3(a,j))
case True
have 1: reduce-element-mod-D-abs A a j D m = addrow (—((A$$(a,j) gdiv
D)+ 1)a(j+m) A
using True ia ja-j unfolding reduce-element-mod-D-abs-def by auto
also have ... $3(i,ja) = (— (A $8 (a, j) gdiv D) + 1) * A $$ (j + m, ja) +
A $$ (i, ja)
unfolding mat-addrow-def using True ja-j ia
using A i j by auto
also have ... = D
proof —
have A $$ (i, ja) + D * — (A $$ (i, ja) gdiv D) = 0
using True ia ja-j using DO by force
then show ?thesis
by (metis A-ja-jaD ab-semigroup-add-class.add-ac(1) add.commute
add-right-imp-eq ia int-distrib(2)
ja-j more-arith-simps(3) mult.commute mult-cancel-right1)
qed
also have ... = ?A $$ (i,ja) using True ia A i j ja-j by auto
finally show ?thesis
using True 1 by auto
next
case Fulse
have 24 $$ (i,ja) = A $$ (4, ja) gmod D using True ia A i j False by
auto
also have ... = A4 $% (4, ja) — ((4 $$ (4, ja) gdiv D) x D)
by (subst gmod-gdiv|OF D0], auto)
also have ... = — (A $$ (a, ) gdiv D) x A $$ (j + m, ja) + A $$ (4, ja)
unfolding A-ja-jaD by (simp add: True ia)
finally show ?thesis
using A False True i ia j by auto
qed
next
case Fulse
have A $$ (j + m, ja) = B $$ (j,ja)
by (rule append-rows-nth2[OF A’ - A-def |, insert j mn ja A B, auto)
also have ... = 0 using Fualse using A a mn ja j B2 by force
finally have A-am-ja0: A $$ (j + m, ja) = 0 .
then show ?thesis using Fulse i ja by fastforce
qed
finally show ?thesis .
qed
next
show dim-row (reduce-element-mod-D-abs A a j D m) = dim-row ?A
and dim-col (reduce-element-mod-D-abs A a j D m) = dim-col A
using reduce-element-mod-D-abs-def by auto
qed
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lemma reduce-row-mod-D-case-m:
assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A" A’ € carrier-mat m n and o < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)
= 0)
and d: distinct zs and m>n
and D: D > 0
shows reduce-row-mod-D A a xs D m = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a N k € set xs then if k = 0 then if D dvd A$$(i,k) then D
else A$$(ik) else A$$(i,k) gmod D else A$$(i,k))
using assms
proof (induct A a zs D m arbitrary: A’ B rule: reduce-row-mod-D.induct)
case (1 A aDm)
then show ?Zcase by force
next
case (2 A a x zs D m)
note A-A'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have reduce-zs-carrier: ?reduce-xs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) indez-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)
have I: reduce-row-mod-D A a (z # xs) D m
= reduce-row-mod-D ?reduce-xs a xs D m by simp
have 2: reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(A(,k). if i = a ANk = jthen if j = 0 then if D dvd A$3(i,k)
then D else A$$(i,k) else A$$(i,k) gmod D else A$$(i,k)) if jeset (v#xs)
for j
by (rule reduce-element-mod-D-case-m'|OF A-A'B B A'], insert 2.prems that,
auto)
have reduce-row-mod-D ?reduce-xs a xs D m =
Matriz.mat (dim-row ?reduce-zs) (dim-col ?reduce-xs) (A\(i,k). if i = a N k €
set xs
then if k = 0 then if D dvd ?reduce-zs $%$ (i, k) then D else ?reduce-zs $%$ (i, k)
else
Zreduce-zs $$ (i, k) gmod D else ?reduce-zs $$ (i, k))
proof (rule 2.hyps[OF - B - a - - mn])
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D A a x D m) i. i
+— [0..<m]]
show reduce-element-mod-D A a x D m = ?A’ Q, B
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proof (rule matriz-append-rows-eq-if-preserves| OF reduce-xs-carrier B])
show Vie{m..<m + n}. Vji<n. reduce-element-mod-D A a x D m $$ (i, j)
= B $$ (i — m, j)
by (smt (verit) A-A'B A’ B a Metric-Arith.nnf-simps(7) add-diff-cancel-left’
atLeastLess Than-iff
carrier-matD index-mat-addrow(1) index-row(1) le-add-diff-inverse2
less-diff-conv
reduce-element-mod-D-def reduce-element-mod-D-preserves-dimensions
reduce-zs-carrier
row-append-rows2)

qed
qed (insert 2.prems, auto simp add: mat-of-rows-def)
also have ... = Matriz.mat (dim-row A) (dim-col A)

(A(3,k). if i = a Nk € set (x # xs) then if k = 0 then if D dvd A$$(ik)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k)) (is ?lhs = ?rhs)
proof (rule eg-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix 7 j assume i: i<dim-row ?rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: z < n
by (simp add: 2.prems(5))
show ?lhs $$ (i,5) = ?rhs $$ (i,5)
proof (cases i=a A j € set zs)
case True note ia-jzs = True
have j-not-z: j#z using d True by auto
show ?thesis
proof (cases j=0 A D dvd ?reduce-zs $$(i,7))
case True
have ?lhs $$ (i,j) = D
using True i j ia-jxs by auto
also have ... = ?rhs $$ (i,j) using ¢ j j-not-x
by (smt (verit) 2 calculation dim-col-mat(1) dim-row-mat(1) index-mat(1)
insert-iff list.set(2) prod.simps(2) zn)
finally show ?thesis .
next
case Fulse
show ?thesis
proof (cases j=0)
case True
then show ?thesis
by (smt (verit) 2 dim-col-mat(1) dim-row-mat(1) i index-mat(1) insert-iff
j list.set(2) old.prod.case)
next
case Fulse
have ?lhs $$ (i,j) = ?reduce-zs $$ (i, j) gmod D
using True False i j by auto
also have ... = A $$ (i,j) gmod D using 2[OF | j-not-z i j by auto
also have ... = ?rhs $$ (i,j) using i j j-not-z
using Fualse True dim-col-mat(1) dim-row-mat(1) indez-mat(1)
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list.set-intros(2) old.prod.case by auto
finally show ?thesis .
qed
qed
next
case Fulse
show ?thesis using 2 i j zn
by (smt (verit) False dim-col-mat(1) dim-row-mat(1) index-mat(1) insert-iff
list.set(2) prod.simps(2))
qed
qed
finally show ?case using 1 by simp
qed

lemma reduce-row-mod-D-abs-case-m’:
assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a < m
and j: Vje€set zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)
- 0)
and d: distinct zs and m>n
and D: D > 0
shows reduce-row-mod-D-abs A a xs D m = Matriz.mat (dim-row A) (dim-col
A)
(A(k). if i = a ANk € set xs then if k = 0 A D dvd A$$(i,k) then D
else A$$(i,k) gmod D else A$$(i,k))
using assms
proof (induct A a s D m arbitrary: A’ B rule: reduce-row-mod-D-abs.induct)
case (1 A a D m)
then show ?case by force
next
case (2 A a x zs D m)
note A-A'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
let ?reduce-zs = (reduce-element-mod-D-abs A a © D m)
have reduce-xs-carrier: ?reduce-zs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) indez-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)
have 1: reduce-row-mod-D-abs A o (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zs a xs D m by simp
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have 2: reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(\(i,k). if i = a Nk =jthenifj= 0 A D dvd A$$(i,k)
then D else A$$(i,k) gmod D else A$$(i,k)) if jEset (z#ws) for j
by (rule reduce-element-mod-D-abs-case-m’[OF A-A'B B A'], insert 2.prems
that, auto)
have reduce-row-mod-D-abs ?reduce-xs a xs D m =
Matriz.mat (dim-row ?reduce-zs) (dim-col ?reduce-xs) (A(i,k). if i = a N k €
set xs
then if k = 0 A D dvd ?reduce-zs $$ (i, k) then D else
Zreduce-xs $% (i, k) gmod D else ?reduce-zs $$ (i, k))
proof (rule 2.hyps[OF - B - a - - mn])
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a z D m)
i1+ [0..<m]]
show reduce-element-mod-D-abs A a x D m = ?A’ Q, B
proof (rule matriz-append-rows-eg-if-preserves| OF reduce-zs-carrier B))
show Vie{m..<m + n}. Vj<n. reduce-element-mod-D-abs A a © D m $$ (i,
j) = B$S (i —m, )
by (smt (verit) A-A'B A’ B a Metric-Arith.nnf-simps(7) add-diff-cancel-left’
atLeastLess Than-iff
carrier-matD index-mat-addrow(1) index-row(1) le-add-diff-inverse2
less-diff-conv
reduce-element-mod-D-abs-def reduce-element-mod-D-preserves-dimensions
reduce-xs-carrier
row-append-rows2)

qged
qed (insert 2.prems, auto simp add: mat-of-rows-def)
also have ... = Matriz.mat (dim-row A) (dim-col A)

(A(i,k). if i = a Nk € set (z # xs) then if k = 0 N D dvd A$$(4,k)
then D else A$$(i,k) gmod D else A$$(ik)) (is 2lhs = ?rhs)
proof (rule eq-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix ¢ j assume i: i<dim-row ?rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: ¢ < n
by (simp add: 2.prems(5))
show ?lhs $$ (i.j) = ?rhs $$ (i,7)
proof (cases i=a N j € set xs)
case True note ia-jxs = True
have j-not-z: j#z using d True by auto
show ?thesis
proof (cases j=0 A D dvd ?reduce-xs $$(i.j))
case True
have ?lhs $$ (¢,j) = D
using True i j ia-jzs by auto
also have ... = ?rhs $$ (i,j) using ¢ j j-not-x
by (smt (verit) 2 calculation dim-col-mat(1) dim-row-mat(1) indez-mat(1)
insert-iff list.set(2) prod.simps(2) xn)
finally show ?thesis .
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next
case Fulse
have ?lhs $$ (i,j) = ?reduce-zs $$ (i, j) gmod D
using True False i j by auto
also have ... = A $$ (i,j) gmod D using 2[OF | j-not-z i j by auto
also have ... = ?rhs $$ (i,j) using i j j-not-x
by (smt (verit) False True <Matriz.mat (dim-row ?reduce-xs)
(dim-col ?reduce-xs) (A(%, k). if i = a A k € set xs
then if k = 0 A D dvd ?reduce-zs $$ (i, k)
then D else ?reduce-zs $$ (i, k) gmod D
else ?reduce-ts $$ (i, k)) $$ (i, j) = ?reduce-zs $$ (i, j) gmod D>
caleulation dim-col-mat(1) dim-row-mat(1) dvd-imp-gmod-0[OF <D >
0»] index-mat(1)
insert-iff list.set(2) gmod-0-imp-dvd prod.simps(2))
finally show ?thesis .
qed
next
case Fulse
show ?thesis using 2 i j zn
by (smt (verit) False dim-col-mat(1) dim-row-mat(1) index-mat(1) insert-iff
list.set(2) prod.simps(2))
qed
qed
finally show ?case using 1 by simp
qed

lemma

assumes A-def: A = A’ Q, B and B: B € carrier-mat n n

and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n
shows reduce-element-mod-D-invertible-mat-case-m:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D
AajDm=Px A (is ?thesisl)

and reduce-element-mod-D-abs-invertible-mat-case-m:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A

reduce-element-mod-D-abs A a j D m = P x A (is ?thesis2)

unfolding atomize-conj
proof (rule conjl; cases j = 0 A D dvd A$$(a,j))

case True

let P = addrow-mat (m+n) (— (A $$ (a, j) gdiv D) + 1) a (j + m)

have A: A € carrier-mat (m + n) n using A-def A’ B mn by auto

have reduce-element-mod-D-abs A a j D m = addrow (— (A $$ (a, j) gdiv D)
+1)a(j+m)A

unfolding reduce-element-mod-D-abs-def using True by auto

also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)

finally have rw: reduce-element-mod-D-abs A a j D m = P x A .

have reduce-element-mod-D A a j D m = addrow (— (A $8$ (a, j) gdiv D) + 1)
a(j+m)A
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unfolding reduce-element-mod-D-def using True by auto
also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D A a j D m = P x A .
moreover have ?P € carrier-mat (m+n) (m+n) by simp
moreover have invertible-mat ?P
by (metis addrow-mat-carrier a det-addrow-mat dvd-mult-right
invertible-iff-is-unit-JNF mult.right-neutral not-add-less2 semiring-ged-class. ged-dvd1)
ultimately show ?thesis] and ?thesis?2 using rw by blast+
next
case Fulse
show ?thesis1
proof (cases j=0)
case True
have reduce-element-mod-D A a j D m = A unfolding reduce-element-mod-D-def
using Fualse True by auto
then show ?thesis
by (metis A-def assms(2) assms(3) carrier-append-rows invertible-mat-one
left-mult-one-mat one-carrier-mat)
next
case Fulse
let P = addrow-mat (m+n) (— (A $$ (a, §) gdiv D)) a (j + m)
have A: A € carrier-mat (m + n) n using A-def B A’ mn by auto
have reduce-element-mod-D A a j D m = addrow (— (A 8% (a, j) gdiv D)) a
(j+m) A
unfolding reduce-element-mod-D-def using False by auto
also have ... = ?P % A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D A a j D m = 9P x A .
moreover have ?P € carrier-mat (m+n) (m+n) by simp
moreover have invertible-mat ?P
by (metis addrow-mat-carrier a det-addrow-mat dvd-mult-right
invertible-iff-is-unit-JNF mult.right-neutral not-add-less2 semiring-ged-class.ged-dvd1)
ultimately show ?thesis by blast
qed
show ?thesis2
proof —
let P = addrow-mat (m+n) (— (A $$ (a, §) gdiv D)) a (j + m)
have A: A € carrier-mat (m + n) n using A-def B A’ mn by auto
have reduce-element-mod-D-abs A a j D m = addrow (— (A $$ (a, j) gdiv D))
a(j+m) A
unfolding reduce-element-mod-D-abs-def using Fualse by auto
also have ... = ?P % A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D-abs A a j D m = ?P x A .
moreover have 7P € carrier-mat (m+n) (m+n) by simp
moreover have invertible-mat ?P
by (metis addrow-mat-carrier a det-addrow-mat dvd-mult-right
invertible-iff-is-unit-JNF mult.right-neutral not-add-less2 semiring-gcd-class. ged-dvd1)
ultimately show ?thesis by blast
qged
qed
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lemma reduce-row-mod-D-invertible-mat-case-m:
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $% (4, 7/
= 0)
and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a xs D m = P x A
using assms
proof (induct A a xs D m arbitrary: A’ B rule: reduce-row-mod-D.induct)
case (1 A a Dm)
show ?case by (rule exl[of - 1,, (m+n)], insert I.prems, auto simp add: ap-
pend-rows-def)
next
case (2 A a x zs D m)
note A-def = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(6)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have I: reduce-row-mod-D A a (z # zs) D m
= reduce-row-mod-D ?reduce-xs a xs D m by simp
have 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D A a x D m = P x A
by (rule reduce-element-mod-D-invertible-mat-case-m, insert 2.prems, auto)
from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D A a x D m = P x A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P
A reduce-row-mod-D ?reduce-xzs a s D m = P % Zreduce-xs
proof (rule 2.hyps)
let ?A’ = mat-of-rows n [Matriz.row ?reduce-xs i. i + [0..<m]]
let B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<m+n]]

show reduce-zs-A'B": ?reduce-zs = ?A’ Q, ?B’
by (smt (verit) 2(2) 2(4) P R-P add.comm-neutral append-rows-def ap-
pend-rows-split carrier-matD
index-mat-four-block(3) indez-mult-mat(2) index-zero-mat(3) le-addl
reduce-element-mod-D-preserves-dimensions(2))
show Vjeset zs. j < n A 2B’ 83 (j, j) = D A (Vj'e{0..<n} — {j}. B’ $$ (j,
i =10)
proof
fix j assume j-in-zs: j € set xs
have jn: j<n using j-in-zs j by auto
have 7B’ $$ (j, j) = ?reduce-zs $$ (m-+j,j)
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using 2(7) add-diff-cancel-left’  jn length-map length-upt
by (smt (verit, ccfo-SIG) 1 2(4) A-def B P inv-P R-P add-strict-left-mono
carrier-append-rows carrier-matD(1)
carrier-matD(2) index-mult-mat(2) indez-row(1) mat-of-rows-index
nth-map-upt reduce-row-mod-D-preserves-dimensions(2))
also have ... = B $$ (j,4)
by (smt (verit) 2(2) 2(5) A’ P R-P add-diff-cancel-left’ append-rows-def
carrier-matD
group-cancel.rule0 indez-mat-addrow(1) index-mat-four-block(1) in-
dez-mat-four-block(2,3)
index-mult-mat(2) index-zero-mat(3) jn le-add1 linorder-not-less nat-SN .plus-gt-right-mono

reduce-element-mod-D-def reduce-element-mod-D-preserves-dimensions(1))
also have ... = D using j j-in-zs by auto
finally have B'-jj: ?B’$$ (j, j) = D by auto
moreover have Vj'e{0..<n} — {j}. ?B'$$ (j, j') = 0
proof
fix j/ assume j" j' €{0..<n} — {j}
then have ?B’ $$ (j, j") = ?reduce-zs $$ (m—+7,j’)
by (smt (23) mn Diff-iff add.commute add-diff-cancel-left’
append-rows-nth2 atLeastLess Than-iff diff-zero jn length-map length-upt

mat-of-rows-carrier(1) nat-SN.compat reduce-zs-A'B’)
also have ... = B $$ (j,j')
by (smt (verit) 2(2) 2(5) A’ Diff-iff P R-P j' add.commute add-diff-cancel-left’
append-rows-def atLeastLess Than-iff carrier-matD group-cancel.rule0
indez-mat-addrow(1)

index-mat-four-block index-mult-mat(2) indez-zero-mat(8) jn nat-SN .plus-gt-right-mono

not-add-less2 reduce-element-mod-D-def reduce-element-mod-D-preserves-dimensions(1))

also have ... = 0 using j j-in-zs j' by auto
finally show ?B’$$ (j, j)) =0 .
qed

ultimately show j < n A ?B'$$ (j, j) = D A (Vj'e{0..<n} — {j}. ?B’ $3
G. ) = 0)
using jn by blast
qed
show ?A’: carrier-mat m n by auto
show ?B’: carrier-mat n n by auto
show a<m using 2.prems by auto
show n<m using 2.prems by auto
qed
from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D ?reduce-xs a xs D m = P2 x ?reduce-xs
by auto
have invertible-mat (P2 * P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast
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moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto
moreover have reduce-row-mod-D A a (z # xs) D m = (P2 x P) x A
by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
index-mult-mat reduce-row-mod-D-preserves-dimensions)
ultimately show ?case by blast
qed

lemma reduce-row-mod-D-abs-invertible-mat-case-m:
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (j, j) = D) A (Vji'e{0..<n}—{j}. B $% (4, 7')
- 0)
and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a xs D m = P x A
using assms
proof (induct A a s D m arbitrary: A’ B rule: reduce-row-mod-D-abs.induct)
case (1 A a Dm)
show %case by (rule exI[of - 1,, (m+n)], insert 1.prems, auto simp add: ap-
pend-rows-def)
next
case (24 axxs Dm)
note A-def = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(6)
let ?reduce-xs = (reduce-element-mod-D-abs A a x D m)
have 1: reduce-row-mod-D-abs A a (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zs a xs D m by simp
have 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D-abs A a x D m = P x A
by (rule reduce-element-mod-D-abs-invertible-mat-case-m, insert 2.prems, auto)
from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D-abs A a x D m = P x A by auto
have 3P. P € carrier-mat (m + n) (m + n) A invertible-mat P
A reduce-row-mod-D-abs ?reduce-zs a s D m = P x ?reduce-zs
proof (rule 2.hyps)
let ?A’ = mat-of-rows n [Matriz.row ?reduce-zs i. i + [0..<m]]
let B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<m+n]]

show reduce-zs-A'B": ?reduce-zs = ?A’ Q,. ?B’

by (smt (verit) 2(2) 2(4) P R-P add.comm-neutral append-rows-def ap-
pend-rows-split carrier-matD
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index-mat-four-block(3) indez-mult-mat(2) index-zero-mat(3) le-addl
reduce-element-mod-D-preserves-dimensions(4))
show Vjeset zs. j < n A ?B'$$ (j, j) = D A (Vj'e{0..<n} — {j}. ?B’' $$ (j,
i =10)
proof
fix j assume j-in-zs: j € set xs
have jn: j<n using j-in-zs j by auto
have ?B’ $$ (4, j) = Zreduce-zs $$ (m+j,5)
by (smt (23) 2(7) Groups.add-ac(2) jn reduce-zs-A'B’ add-diff-cancel-left’
append-rows-nth?2
diff-zero length-map length-upt mat-of-rows-carrier(1) nat-SN.compat)
also have ... = B $$ (j,4)
by (smt (verit) 2(2) 2(5) A’ P R-P add-diff-cancel-left’ append-rows-def
carrier-matD
group-cancel.rule0 indez-mat-addrow(1) index-mat-four-block(1) in-
dez-mat-four-block(2,3)

index-mult-mat(2) index-zero-mat(3) jn le-add1 linorder-not-less nat-SN .plus-gt-right-mono

reduce-element-mod-D-abs-def reduce-element-mod-D-preserves-dimensions(3))
also have ... = D using j j-in-zs by auto
finally have B'-jj: ?B’ $$ (4, j) = D by auto
moreover have Vj'e{0..<n} — {j}. ?B'$$ (j, j)) =0

proof
fix j/ assume j" j' €{0..<n} — {j}
then
have 7B’ $$ (j, j') = ?reduce-zs $$ (m+j,j’)
apply simp

by (metis (mono-tags, lifting) 2(4) A-def B P R-P add-less-cancel-left car-
rier-append-rows carrier-matD(1) carrier-matD(2) diff-add-inverse indez-mult-mat(2)
index-mult-mat(3) index-row(1) jn length-map length-upt mat-of-rows-index nth-map-upt)
also have ... = B $$ (j,j)
by (smt (verit) 2(2) 2(5) A’ Diff-iff P R-P j' add.commute add-diff-cancel-left’

append-rows-def atLeastLessThan-iff carrier-matD group-cancel.rule0
indez-mat-addrow(1)

index-mat-four-block index-mult-mat(2) indez-zero-mat(8) jn nat-SN.plus-gt-right-mono

not-add-less2 reduce-element-mod-D-abs-def reduce-element-mod-D-preserves-dimensions(3))

also have ... = 0 using j j-in-xs j' by auto
finally show ?B’$$ (j, j)) = 0 .
qed

ultimately show j < n A ?B'$$ (j, j) = D A (Vj'e{0..<n} — {j}. ?B’ $3
(4, 4) = 0)
using jn by blast

qed

show ?A’: carrier-mat m n by auto

show ?B’: carrier-mat n n by auto

show a<m using 2.prems by auto

show n<m using 2.prems by auto
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qed
from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D-abs ?reduce-xs a xs D m = P2 % ?reduce-xs
by auto
have invertible-mat (P2 * P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast
moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto
moreover have reduce-row-mod-D-abs A a (x # xs) D m = (P2 x P) « A
by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
indez-mult-mat reduce-row-mod-D-preserves-dimensions-abs)
ultimately show ?case by blast
qed

lemma reduce-row-mod-D-case-m'":
assumes A-def: A = A’ Q, B and B € carrier-mat n n
and A”: A’ € carrier-mat m n and a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $% (4, 7/
= 0)
and d: distinct zs and m>n and 0 ¢ set xs
and D > 0
shows reduce-row-mod-D A a xs D m = Matriz.mat (dim-row A) (dim-col A)
(A(Gk). if i = a N Kk € set xs then if k = 0 then if D dvd A$$(i,k) then D
else A$$(i,k) else A$$(i,k) gmod D else A$$(i,k))
using assms
proof (induct A a s D m arbitrary: A’ B rule: reduce-row-mod-D.induct)
case (1 A a D m)
then show ?case by force
next
case (2 A a x zs D m)
note A-A'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
note zero-not-rs = 2.prems(8)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have reduce-zs-carrier: ?reduce-vs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) index-zero-mat(2,3)

reduce-element-mod-D-preserves-dimensions)
have A: A:carrier-mat (m+n) n using A’ B A-A'B by blast
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have 1: reduce-row-mod-D A a (x # xzs) D m
= reduce-row-mod-D ?reduce-zs a xs D m by simp
have 2: reduce-element-mod-D A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(A(i,k). if i = a N k = j then if j = 0 then if D dvd A$$(i,k)
then D else A$$(i,k) else A$$(i,k) gmod D else A$3(ik)) if jeset (x#wxs)
for j
by (rule reduce-element-mod-D-case-m'[OF A-A'B B A'], insert 2.prems that,
auto)
have reduce-row-mod-D ?reduce-xs a s D m =
Matriz.mat (dim-row ?reduce-xs) (dim-col ?reduce-zs) (A(i,k). if i = a N k €
set xs
then if k=0 then if D dvd ?reduce-zs 3% (%, k) then D else ?reduce-zs $3$ (¢, k)
else ?reduce-zs $$ (i, k) gmod D else ?reduce-zs $$ (i, k))
proof (rule 2.hyps|OF - - - a - - mn])
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D A a x D m) i. i
+— [0..<m]]
define B’ where B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<dim-row
All
show A'": ?A’ . carrier-mat m n by auto
show B’: B’ : carrier-mat n n unfolding B’-def using mn A by auto
show reduce-split: ?reduce-zs = ?A’ Q,. B’
by (metis B'-def append-rows-split carrier-matD
reduce-element-mod-D-preserves-dimensions(1) reduce-zs-carrier le-addl)
show Vjeset zs. j<n A (B’ $$ (j, j) = D) A (Vj'e{0..<n}—{j}. B’ $$ (4, 7')
- 0)
proof
fix j assume j-zs: jEset s
have B $$ (j,j") = B’ $$ (5,5 if j" j'<n for j’
proof —
have B $$ (j,j') = A $$ (m+7,j)
by (smt (verit) A-A’B A A’ Groups.add-ac(2) j-zs add-diff-cancel-left’
append-rows-def carrier-matD j’
indez-mat-four-block(1) index-mat-four-block(2,3) insert-iff j less-diff-conv
list.set(2) not-add-less?)
also have ... = ?reduce-zs $$ (m+j,j’)
by (smt (verit, ccfv-threshold) A" diff-add-zero index-mat-addrow(3)
neq0-conv
a j zero-not-s A add.commute add-diff-cancel-left’ reduce-element-mod-D-def
cancel-comm-monoid-add-class.diff-cancel carrier-matD indez-mat-addrow(1)

./

J
J-xzs le-eq-less-or-eq less-diff-conv less-not-refl2 list.set-intros(2)
nat-SN.compat)
also have ... = B'$$ (j,5')
by (smt (verit) BA A’ A-A’'B B’ A" reduce-split add.commute add-diff-cancel-left’
i’ not-add-less1
append-rows-def carrier-matD index-mat-four-block j j-xs less-diff-conv
list.set-intros(2))
finally show ?thesis .
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qed
thus j < n A B'$$ (4, j) = D A (Vji'e{0..<n} — {j}. B"$$ (j, j)) = 0)
using j
by (metis Diff-iff atLeastLessThan-iff insert-iff j-zs list.simps(15))
qed
qed (insert 2.prems, auto simp add: mat-of-rows-def)
also have ... = Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a N k € set (x # xs) then if k = 0 then if D dvd A$$(i,k)
then D else A$33(i,k) else A$$(i,k) gmod D else A$$(i,k)) (is ?lhs = 2rhs)
proof (rule eq-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix 7 j assume i: i<dim-row ?rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: ¢ < n
by (simp add: 2.prems(5))
show ?lhs $$ (i,j) = ?rhs $$ (4,5)
proof (cases i=a A j € set xs)
case True note ia-jxs = True
have j-not-z: j#z using d True by auto
show ?thesis
proof (cases j=0 A D dvd ?reduce-xs $$(i.j))
case True
have ?lhs $$ (¢,j) = D
using True i j ia-jxs by auto
also have ... = ?rhs $$ (i,j) using ¢ j j-not-x
by (metis 2.prems(8) True ia-jus list.set-intros(2))
finally show ?thesis .
next
case Fulse
show ?thesis
by (smt (verit) 2 2.prems(8) dim-col-mat(1) dim-row-mat(1) i indez-mat(1)
insert-iff j j-not-x list.set(2) old.prod.case)
qed
next
case Fulse
show ?thesis using 2 ¢ j an
by (smt (verit) 2.prems(8) False carrier-matD(2) dim-row-mat(1) in-
dex-mat(1)
insert-iff jn list.set(2) old.prod.case reduce-element-mod-D-preserves-dimensions(2)
reduce-xs-carrier)
qed
qed
finally show ?case using 1 by simp
qed
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lemma reduce-row-mod-D-abs-case-m'":
assumes A-def: A = A’ Q,. B and B € carrier-mat n n
and A”: A’ € carrier-mat m n and a < m
and j: Vjeset zs. j<n A (B $$ (j, j) = D) A (Vj'e{0..<n}—{j}. B $% (4, 7'
- 0)
and d: distinct zs and m>n and 0 ¢ set xs
and D > 0
shows reduce-row-mod-D-abs A a xs D m = Matriz.mat (dim-row A) (dim-col
4)
(A(i,k). if i = a Nk € set xs then if k = 0 A D dvd A$$(i.k) then D
else A$$(i,k) gmod D else A$$(i,k))
using assms
proof (induct A a zs D m arbitrary: A’ B rule: reduce-row-mod-D-abs.induct)
case (1 A aDm)
then show ?Zcase by force
next
case (2 A a x zs D m)
note A-A'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
note zero-not-rs = 2.prems(8)
let ?reduce-zs = (reduce-element-mod-D-abs A a © D m)
have reduce-xs-carrier: ?reduce-zs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) index-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)
have A: A:carrier-mat (m+n) n using A’ B A-A'B by blast
have 1: reduce-row-mod-D-abs A a (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zs a xs D m by simp
have 2: reduce-element-mod-D-abs A a j D m = Matriz.mat (dim-row A) (dim-col
A)
(A(3,k). if i = a ANk =jthenifj =0 A D dvd A$$(i,k)
then D else A$$(i,k) gmod D else A$$(i,k)) if jeset (x#xs) for j
by (rule reduce-element-mod-D-abs-case-m’'|OF A-A'B B A'], insert 2.prems
that, auto)
have reduce-row-mod-D-abs ?reduce-zs a xs D m =
Matriz.mat (dim-row ?reduce-zs) (dim-col ?reduce-xs) (A(i,k). if i = a N k €
set xs
then if k=0 N D dvd ?reduce-zs $3$ (i, k) then D
else ?reduce-xs $$ (i, k) gmod D else ?reduce-xs $3$ (i, k))
proof (rule 2.hyps[OF - - - a - - mn])
let ?A’ = mat-of-rows n [Matriz.row (reduce-element-mod-D-abs A a x D m)
i. 7+ [0..<m]]
define B’ where B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<dim-row
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)
show A'": 2A’: carrier-mat m n by auto
show B’: B’ : carrier-mat n n unfolding B’-def using mn A by auto
show reduce-split: ?reduce-zs = ?A’' Q, B’
by (metis B'-def append-rows-split carrier-matD
reduce-element-mod-D-preserves-dimensions(3) reduce-zs-carrier le-addl)
show V jeset zs. j<n A (B'$3 (4, j) = D) A (Vji'e{0..<n}—{j}. B’ $$ (j, j)
= 0)
proof
fix j assume j-zs: jEset xs
have B $$ (j,j") = B’ $$ (4,5 if j" j'<n for j’
proof —
have B $$ (j,j") = A $$ (m+j,j")
by (smt (verit) A-A’'B A A’ Groups.add-ac(2) j-xs add-diff-cancel-left’
append-rows-def carrier-matD j'
indez-mat-four-block(1) index-mat-four-block(2,3) insert-iff j less-diff-conv
list.set(2) not-add-less?)
also have ... = ?reduce-zs $$ (m+j,j’)
by (smt (verit, ccfv-threshold) A" diff-add-zero index-mat-addrow(3)
neq0-conv
a j zero-not-rs A add.commute add-diff-cancel-left’ reduce-element-mod-D-abs-def
cancel-comm-monoid-add-class. diff-cancel carrier-matD index-mat-addrow(1)

=/

J
J-zs le-eq-less-or-eq less-diff-conv less-not-refl2 list.set-intros(2)
nat-SN.compat)
also have ... = B’$$ (j,5/)
by (smt (verit) BA A" A-A'B B’ A" reduce-split add.commute add-diff-cancel-left’
j' not-add-less1
append-rows-def carrier-matD index-mat-four-block j j-xs less-diff-conv
list.set-intros(2))
finally show ?thesis .
qed
thus j < n A B'8$3% (4, j)) = D A (Vj'e{0..<n} — {j}. B' 8% (4, j/) = 0)
using j
by (metis Diff-iff atLeastLessThan-iff insert-iff j-xs list.simps(15))
qed
qged (insert 2.prems, auto simp add: mat-of-rows-def)
also have ... = Matriz.mat (dim-row A) (dim-col A)
(A(k). if i = a ANk € set (x # xs) then if k = 0 then if D dvd A$$(%,k)
then D else A$3(i,k) else A$$(i,k) gmod D else A$$(i,k)) (is ?lhs = 2rhs)
proof (rule eg-matl)
show dim-row ?lhs = dim-row ?rhs and dim-col ?lhs = dim-col ?rhs by auto
fix 7 j assume i: i<dim-row %rhs and j: j < dim-col ?rhs
have jn: j<n using j 2.prems by (simp add: append-rows-def)
have zn: z < n
by (simp add: 2.prems(5))
show ?ihs $$ (i.j) = ?rhs $$ (i.5)
proof (cases i=a A j € set xs)
case True note ia-jzs = True
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have j-not-z: j#z using d True by auto
show ?thesis
proof (cases j=0 A D dvd ?reduce-zs $3(i.5))
case True
have ?lhs $$ (i,5) = D
using True i j ia-jzs by auto
also have ... = ?rhs $$ (i,j) using i j j-not-x
by (metis 2.prems(8) True ia-jus list.set-intros(2))
finally show ?thesis .
next
case Fulse
show ?thesis
by (smt (verit) 2 2.prems(8) dim-col-mat(1) dim-row-mat(1) i indez-mat(1)
insert-iff j j-not-x list.set(2) old.prod.case)
qed
next
case Fulse
show ?thesis using 2 i j zn
by (smt (verit) 2.prems(8) Fulse carrier-matD(2) dim-row-mat(1) in-
dex-mat(1)
insert-iff jn list.set(2) old.prod.case reduce-element-mod-D-preserves-dimensions(4)
reduce-zs-carrier)
qed
qed
finally show ?case using 1
by (smt (verit, ccfv-SIG) 2.prems(8) cong-mat split-conv)
qged

lemma

assumes A-def: A = A’ Q,. B and B: B € carrier-mat n n

and A" A’ € carrier-mat m n and a: a<m and j: j<n and mn: m>n and j0:
J#0
shows reduce-element-mod-D-invertible-mat-case-m":

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D
AajDm=Px A (is ?thesisl)

and reduce-element-mod-D-abs-invertible-mat-case-m”:

3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A reduce-element-mod-D-abs
AajDm=Px A (is ?thesis2)
proof —

let ?P = addrow-mat (m+n) (— (A $$ (a, j) gdiv D)) a (j + m)

have jm: j+m #a using j0 a by auto

have A: A € carrier-mat (m + n) n using A-def A’ B mn by auto

have rw: reduce-element-mod-D A a j D m = reduce-element-mod-D-abs A a j D
m

unfolding reduce-element-mod-D-def reduce-element-mod-D-abs-def using j0

by auto

have reduce-element-mod-D A a j D m = addrow (— (A $3 (a, j) gdiv D)) a (j
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+m) A
unfolding reduce-element-mod-D-def using jO by auto
also have ... = ?P x A by (rule addrow-mat[OF A], insert j mn, auto)
finally have reduce-element-mod-D A a j D m = P x A .
moreover have ?P € carrier-mat (m+n) (m+n) by simp
moreover have invertible-mat ?P
by (metis addrow-mat-carrier det-addrow-mat dvd-mult-right jm
invertible-iff-is-unit-JNF mult.right-neutral semiring-gcd-class.gced-dvd1)
ultimately show “thesis] and ?thesis2 using rw by metis+
qged

lemma reduce-row-mod-D-invertible-mat-case-m’:
assumes A-def: A = A’ Q. B and B € carrier-mat n n
and A" A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vj'€{0..<n}—{j}. B $$ (4, j)
- 0)
and d: distinct xs and mn: m>n and 0¢ set zs
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D A a zs D m = P x A
using assms
proof (induct A a xs D m arbitrary: A’ B rule: reduce-row-mod-D.induct)
case (1 A a Dm)
show ?case by (rule exl[of - 1,, (m+n)], insert I.prems, auto simp add: ap-
pend-rows-def)
next
case (2 A a xz zs D m)
note A-A'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
note zero-not-zs = 2.prems(8)
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have reduce-xs-carrier: ?reduce-zs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) indez-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)
have A: A:carrier-mat (m+n) n using A’ B A-A'B by blast
let ?reduce-zs = (reduce-element-mod-D A a x D m)
have I1: reduce-row-mod-D A a (x # xzs) D m
= reduce-row-mod-D ?reduce-zs a xs D m by simp
have 3P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D A a x D m = P x A
by (rule reduce-element-mod-D-invertible-mat-case-m'[OF A-A'B B A’ a - mn],
insert zero-not-s j, auto)
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from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D A a x D m = P x A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P
A reduce-row-mod-D ?reduce-zs a ©s D m = P x ?reduce-zs
proof (rule 2.hyps)
let 24’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [0..<m]]
let B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<m+n]]
show B'": ?B’ € carrier-mat n n by auto
show A': ?A’ . carrier-mat m n by auto
show reduce-split: ?reduce-zs = ?A’ Q, ¢?B’
by (smt (verit) 2(2) 2(4) P R-P add.comm-neutral append-rows-def ap-
pend-rows-split carrier-matD
index-mat-four-block(8) indez-mult-mat(2) index-zero-mat(3) le-addl
reduce-element-mod-D-preserves-dimensions(2))
show Vjeset zs. j < n A 2B’ $$ (j, j) = D A (Vj'e{0..<n} — {j}. B’ $$ (4,
i =0)
proof
fix j assume j-zs: jeset xs
have B $$ (j,j") = ?B’ $$ (4,j/) if j" j'<n for j’
proof —
have B $$ (j,j)) = A $$ (m+j,7')
by (smt (verit) A-A’B A A’ Groups.add-ac(2) j-xs add-diff-cancel-left’
append-rows-def carrier-matD j'
index-mat-four-block(1) index-mat-four-block(2,3) insert-iff j less-diff-conv
list.set(2) not-add-less?)
also have ... = ?reduce-zs $$ (m+j,j’)
by (smt (verit, ccfv-SIG) not-add-less1
a j zero-not-rs A add.commute add-diff-cancel-left’ reduce-element-mod-D-def
cancel-comm-monoid-add-class.diff-cancel carrier-matD indez-mat-addrow(1)

-/

J
j-zs le-eq-less-or-eq less-diff-conv less-not-refl2 list.set-intros(2)
nat-SN.compat)
also have ... = ?B'$$ (j,7")
by (smt (verit) BA A’ A-A’B B’ A" reduce-split add.commute add-diff-cancel-left’
7' not-add-less1
append-rows-def carrier-matD index-mat-four-block j j-xs less-diff-conv
list.set-intros(2))
finally show ?thesis .
qed
thus j < n A ?B’$$ (j, j) = D A (Vj'e{0..<n} — {j}. ?B'$$ (4, j') = 0)
using j
by (metis Diff-iff atLeastLessThan-iff insert-iff j-xs list.simps(15))
qed
qed (insert d zero-not-zs a mn, auto)
from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D ?reduce-xs a xs D m = P2 x ?reduce-xs
by auto
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have invertible-mat (P2 % P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast

moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto

moreover have reduce-row-mod-D A a (v # zs) D m = (P2 « P) x A

by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
indez-mult-mat reduce-row-mod-D-preserves-dimensions)

ultimately show ?case by blast

qed

lemma reduce-row-mod-D-abs-invertible-mat-case-m':
assumes A-def: A = A’ Q,. B and B € carrier-mat n n
and A”: A’ € carrier-mat m n and a: a < m
and j: Vjeset zs. j<n A (B $$ (j, j) = D) A (Vji'e{0..<n}—{j}. B $% (4, 7'
- 0)
and d: distinct xs and mn: m>n and 0¢ set zs
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-row-mod-D-abs A a xs D m = P x A
using assms
proof (induct A a s D m arbitrary: A’ B rule: reduce-row-mod-D-abs.induct)
case (1 A a D m)
show %case by (rule exI[of - 1,, (m+n)], insert 1.prems, auto simp add: ap-
pend-rows-def)
next
case (2 A axxs Dm)
note A-A’'B = 2.prems(1)
note B = 2.prems(2)
note A’ = 2.prems(3)
note a = 2.prems(4)
note j = 2.prems(5)
note mn = 2.prems(7)
note d = 2.prems(6)
note zero-not-zs = 2.prems(8)
let ?reduce-zs = (reduce-element-mod-D-abs A a x D m)
have reduce-zs-carrier: ?reduce-xs € carrier-mat (m + n) n
by (metis 2.prems(1) 2.prems(2) 2.prems(3) add.right-neutral append-rows-def

carrier-matD carrier-mat-triv index-mat-four-block(2,3) indez-zero-mat(2,3)
reduce-element-mod-D-preserves-dimensions)
have A: A:carrier-mat (m+n) n using A’ B A-A'B by blast
let ?reduce-zs = (reduce-element-mod-D-abs A a © D m)
have 1: reduce-row-mod-D-abs A a (x # xs) D m
= reduce-row-mod-D-abs ?reduce-zs a xs D m by simp
have 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A
reduce-element-mod-D-abs A a x D m = P x A
by (rule reduce-element-mod-D-abs-invertible-mat-case-m'[OF A-A'B B A’ a -
mn,
insert zero-not-s j, auto)
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from this obtain P where P: P € carrier-mat (m+n) (m+n) and inv-P:
invertible-mat P
and R-P: reduce-element-mod-D-abs A a x D m = P x A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P
A reduce-row-mod-D-abs ?reduce-zs a xs D m = P * ?reduce-zs
proof (rule 2.hyps)
let 24’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [0..<m]]
let B’ = mat-of-rows n [Matriz.row ?reduce-zs i. i < [m..<m+n]]
show B'": ?B’ € carrier-mat n n by auto
show A': ?A’ . carrier-mat m n by auto
show reduce-split: ?reduce-zs = ?A’ Q, ¢?B’
by (smt (verit) 2(2) 2(4) P R-P add.comm-neutral append-rows-def ap-
pend-rows-split carrier-matD
index-mat-four-block(8) indez-mult-mat(2) index-zero-mat(3) le-addl
reduce-element-mod-D-preserves-dimensions(4))
show Vjeset zs. j < n A 2B’ $$ (j, j) = D A (Vj'e{0..<n} — {j}. B’ $$ (4,
i =0)
proof
fix j assume j-zs: jeset xs
have B $$ (j,j") = ?B’ $$ (4,j/) if j" j'<n for j’
proof —
have B $$ (j,j)) = A $$ (m+j,7')
by (smt (verit) A-A’B A A’ Groups.add-ac(2) j-xs add-diff-cancel-left’
append-rows-def carrier-matD j'
index-mat-four-block(1) index-mat-four-block(2,3) insert-iff j less-diff-conv
list.set(2) not-add-less?)
also have ... = ?reduce-zs $$ (m+j,j’)
by (smt (verit, ccfv-SIG) not-add-less1
a j zero-not-rs A add.commute add-diff-cancel-left’ reduce-element-mod-D-abs-def
cancel-comm-monoid-add-class.diff-cancel carrier-matD indez-mat-addrow(1)

-/

J
j-zs le-eq-less-or-eq less-diff-conv less-not-refl2 list.set-intros(2)
nat-SN.compat)
also have ... = ?B'$$ (j,7")
by (smt (verit) BA A’ A-A’B B’ A" reduce-split add.commute add-diff-cancel-left’
7' not-add-less1
append-rows-def carrier-matD index-mat-four-block j j-xs less-diff-conv
list.set-intros(2))
finally show ?thesis .
qed
thus j < n A ?B’$$ (j, j) = D A (Vj'e{0..<n} — {j}. ?B'$$ (4, j') = 0)
using j
by (metis Diff-iff atLeastLessThan-iff insert-iff j-xs list.simps(15))
qed
qed (insert d zero-not-zs a mn, auto)
from this obtain P2 where P2: P2 € carrier-mat (m + n) (m + n) and
inv-P2: invertible-mat P2
and R-P2: reduce-row-mod-D-abs ?reduce-xs a xs D m = P2 % ?reduce-xs
by auto
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have invertible-mat (P2 % P) using P P2 inv-P inv-P2 invertible-mult-JNF by
blast

moreover have (P2 x P) € carrier-mat (m+n) (m+n) using P2 P by auto

moreover have reduce-row-mod-D-abs A a (v # xs) D m = (P2 « P) « A

by (smt (verit) P P2 R-P R-P2 1 assoc-mult-mat carrier-matD carrier-mat-triv
indez-mult-mat reduce-row-mod-D-preserves-dimensions-abs)

ultimately show ?case by blast

qed

lemma reduce-invertible-mat-case-m:
assumes A" A’ € carrier-mat m n and B: B € carrier-mat n n
and a: a<m and ab: a # m
and A-def: A= A'Q, B
and j: Vjeset zs. j<n A (B $$ (j, j) = D) A (Vji'e{0..<n}—{j}. B $% (4, 7'
- 0)
and Aaj: A 33 (a,0) # 0
and mn: m>n
and n0: 0<n
and pquvd: (p,q,u,v,d) = euclid-ext2 (A$%(a,0)) (A$$(m,0))
and A2-def: A2 = Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a then (pxAS$$(ak) + g+ A$$(m,k))
else if i = m then u * A$8$(a,k) + v x A$$(m,k)
else A$$(i,k)
)
and axs-def: xs = [1..<n]
and ys-def: ys = [1..<n]
and j-ys: Vj€set ys. j<n A (B $$ (4, j) = D) A (Vj'e{0..<n}—{j}. B $$ (j,
i =0)
and D0: D > 0
and Am0-D: A $$ (m, 0) € {0,D}
and Am0-D2: A $$ (m, 0) = 0 — A $$ (a, 0) = D
shows 3 P. invertible-mat P A P € carrier-mat (m+n) (m+n) A (reduce a m D
A)=Px A
proof —
let ?A = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$3(a,k) + qxA$$(m,k))
else if i = m then u * A$$(a,k) + v * A$$(m,k)
else A$$(i,k)
)
have D: D -, 1,, n € carrier-mat n n using mn by auto
have A: A € carrier-mat (m+n) n using A-def A’ B mn by simp
hence A-carrier: YA € carrier-mat (m+n) n by auto

let 2BM = bezout-matriz-JNF A a m 0 euclid-ext2

have A’-BZ-A: ?A = ?BM x A
by (rule bezout-matriz-JNF-mult-eq[OF A’ - - ab A-def B pquvd], insert a, auto)
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have invertible-bezout: invertible-mat ?BM
by (rule invertible-bezout-matriz-JNF[OF A is-bezout-ext-euclid-ext2 a - - Aaj],
insert a n0, auto)
have BM: ?BM € carrier-mat (m+n) (m+n) unfolding bezout-matriz-JNE-def
using A by auto
let ?reduce-a = reduce-row-mod-D ?A a s D m
define A’ where A’l = mat-of-rows n [Matriz.row ?A i. { < [0..<m]]
define A’2 where A'2 = mat-of-rows n [Matriz.row ?A i. i < [m..<dim-row
All
have A-A’-D: ?A = A’1 Q, A’2 using append-rows-split A
by (metis (no-types, lifting) A’1-def A’2-def A-carrier carrier-matD le-addl)
have j-A'1-A’2: Vjeset xs. j < n A A2 88 (j, j) = D A (Vj'e{0..<n} — {j}.
A2 88 (j, ) = 0)
proof (rule balll)
fix ja assume ja: ja€set zs
have ja-n: ja < n using je unfolding xs-def by auto
have ja2: ja < dim-row A — m using A mn ja-n by auto
have ja-m: ja < m using ja-n mn by auto
have ja-not-0: ja # 0 using ja unfolding zs-def by auto
show ja < n A A2 $$ (ja, ja) = D A (Vj'€{0..<n} — {ja}. A’2 $$ (ja, j')
- 0)
proof —
have A’2 $$ (ja, ja) = [Matriz.row ?A i. i < [m..<dim-row A]] ! ja $v ja
by (metis (no-types, lifting) A A’2-def add-diff-cancel-left’ carrier-matD(1)

ja-n length-map length-upt mat-of-rows-inder)

also have ... = 24 8% (m + ja, ja) using A mn ja-n by auto

also have ... = A $$ (m+ja, ja) using A a mn ja-n ja-not-0 by auto
also have ... = (A’ @, B) $$ (m + ja, ja) unfolding A-def ..

also have ... = B $$ (ja, ja)

by (metis B Groups.add-ac(2) append-rows-nth2 assms(1) ja-n mn
nat-SN.compat)
also have ... = D using j ja by blast
finally have A2-D: A’2 $$ (ja, ja) = D .

moreover have (Vj'e{0..<n} — {ja}. A'2 $$ (ja, j') = 0)
proof (rule balll)
fix j’ assume j" j: {0..<n} — {ja}
have A’2 8% (ja, j') = [Matriz.row ?A i. i < [m..<dim-row A]] ! ja $v j’
unfolding A’2-def by (rule mat-of-rows-indez, insert j' ja-n ja2, auto)

also have ... = ?A 8% (m + ja, j’) using A mn ja-n j’' by auto
also have ... = A $$ (m+ja, j') using A a mn ja-n ja-not-0 j' by auto
also have ... = (4’ @, B) $$ (ja + m, j') unfolding A-def

by (simp add: add.commute)
also have ... = B $$ (ja, ")
by (rule append-rows-nth2[OF A’ B - ja-m ja-n|, insert j', auto)

also have ... = 0 using mn j’ ja-n j ja by auto
finally show A’2 $$ (ja, i) =0 .
qged
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ultimately show ?thesis using ja-n by simp
qed
qed
have reduce-a-eq: ?reduce-a = Matriz.mat (dim-row ?A) (dim-col ?A)
(M, k). if i = a A k € set xs then if k = 0 then if D dvd ?A $$ (i, k) then D
else A $$ (i, k) else 2A $$ (i, k) gmod D else ?A $$ (i, k))
proof (rule reduce-row-mod-D-case-m'|[OF A-A’-D - - a j-A'1-A’2 - mn DO0))
show A’2 € carrier-mat n n using A A’2-def by auto
show A’l € carrier-mat m n by (simp add: A'1-def mat-of-rows-def)
show distinct rs using distinct-filter distinct-upt xs-def by blast
qed
have reduce-a: ?reduce-a € carrier-mat (m+n) n using reduce-a-eq A by auto
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N ?reduce-a =
P x 24
by (rule reduce-row-mod-D-invertible-mat-case-m|[OF A-A'-D - - - j-A'1-A’2
mn,
insert a A A'2-def A'1-def, auto)
from this obtain P where P: P € carrier-mat (m + n) (m + n) and inv-P:
invertible-mat P
and reduce-a-PA: ?reduce-a = P x ?A by blast
let ?reduce-b = reduce-row-mod-D ?reduce-a m ys D m
let B’ = mat-of-rows n [Matriz.row ?reduce-a i. i < [0..<m]]
define reduce-al where reduce-al = mat-of-rows (dim-col ?reduce-a) [Matriz.row
Zreduce-a i. i + [0..<m]]
define reduce-a2 where reduce-a2 = mat-of-rows (dim-col ?reduce-a) [Matriz.row
Preduce-a i. { < [m..<dim-row ?reduce-al)
have reduce-a-split: ?reduce-a = reduce-al Q, reduce-a2
by (unfold reduce-al-def reduce-a2-def, rule append-rows-split, insert mn A,
auto)
have zero-notin-ys: 0 ¢ set ys
proof —
have m: m<dim-row A using A n0 by auto
have ?4 3% (m,0) = uw* A $$ (a, 0) + v A $$ (m, 0) using m n0 a A by
auto
also have ... = 0 using pquvd
by (smt (verit) dvd-mult-div-cancel euclid-ext2-def euclid-ext2-works(3) more-arith-simps(11)
mult.commute mult-minus-left prod.sel(1) prod.sel(2) semiring-ged-class.ged-dvd1)
finally show ?%thesis using D0 unfolding ys-def by auto
qed
have reduce-a2: reduce-a2 € carrier-mat n n unfolding reduce-a2-def using A
by auto
have reduce-al: reduce-al € carrier-mat m n unfolding reduce-al-def using A
by auto
have j2: Vjeset ys. j < n A reduce-a2 $$ (4, j) = D A (Vj'e{0..<n} — {j}.
reduce-a2 $% (j, j') = 0)
proof
fix j assume j-in-ys: j € set ys
have a-jm: a # j+m using a by auto
have m-not-jm: m # j + m using zero-notin-ys j-in-ys by fastforce
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have jm: j+m < dim-row ?A using A-carrier j-in-ys unfolding ys-def by
auto

have jn: j < dim-col ?A using A-carrier j-in-ys unfolding ys-def by auto
have jm”. j+m < dim-row A using A-carrier j-in-ys unfolding ys-def by auto
have jn’. j < dim-col A using A-carrier j-in-ys unfolding ys-def by auto
have reduce-a2 $$ (4, i) = B $$ (4,57 if j": j'<n for j’
proof —

have reduce-a2 $$ (j, j') = ?reduce-a $$ (j+m,j’)

by (rule append-rows-nth2[symmetric, OF reduce-al reduce-a2 reduce-a-split],

insert j-in-ys mn j', auto simp add: ys-def)

also have ... = 24 $$ (j+m, j) using reduce-a-eq jm jn a-jm j' A-carrier
by auto

also have ... = A $$ (j+m, j’) using a-jm m-not-jm jm’ jn’ j' A-carrier by
auto

also have ... = B $$ (j,5)

using assms(1) assms(2) assms(H) assms(8,14) unfolding A-def
by (meson append-rows-nth2 less-le-trans j' j-in-ys)
finally show ?thesis .
qed
thus j < n A reduce-a2 $$ (4, j) = D A (Vj'e{0..<n} — {j}. reduce-a2 $$ (j,
i) =0)
using j-ys j-in-ys by auto
qed
have reduce-b-eq: ?reduce-b = Matriz.mat (dim-row ?reduce-a) (dim-col ?reduce-a)

(A(i, k). if i = m A k € set ys then if k = 0 then if D dvd ?reduce-a $$ (i, k)
then D
else ?reduce-a $3$ (i, k) else ?reduce-a $$ (i, k) gmod D else ?reduce-a $% (4,
k)

by (rule reduce-row-mod-D-case-m"|OF reduce-a-split reduce-a2 reduce-al - j2
- mn zero-notin-ys|,
insert DO, auto simp add: ys-def)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A ?reduce-b =
P % ?reduce-a
by (rule reduce-row-mod-D-invertible-mat-case-m'|OF reduce-a-split reduce-a2
reduce-al - j2 - mn zero-notin-ys|,
auto simp add: ys-def)
from this obtain @ where Q: Q € carrier-mat (m + n) (m + n) and inv-Q:
invertible-mat @
and reduce-b-Q-reduce: ?reduce-b = @Q * ?reduce-a by blast
have reduce-b-eg-reduce: ?reduce-b = (reduce a m D A)
proof (rule eq-matl)
show dr-eq: dim-row ?reduce-b = dim-row (reduce a m D A)
and dc-eq: dim-col ?reduce-b = dim-col (reduce a m D A)
using reduce-preserves-dimensions by auto
fix ¢ ja assume i: i<dim-row (reduce a m D A) and ja: ja< dim-col (reduce a
m D A)
have im: i<m+n using A i reduce-preserves-dimensions(1) by auto
have ja-n: ja<n using A ja reduce-preserves-dimensions(2) by auto
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show ?Zreduce-b $3$ (i,ja) = (reduce a m D A) $$ (i,ja)
proof (cases (i#a A i#m))
case True
have ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq
by (smt (verit) True dr-eq dc-eq i index-mat(1) ja prod.simps(2) re-
duce-row-mod-D-preserves-dimensions)
also have ... = 24 $$ (i,ja)
by (smt (verit) A True carrier-matD(2) dim-col-mat(1) dim-row-mat(1) 4
index-mat(1) ja-n
reduce-a-eq reduce-preserves-dimensions(1) split-conv)

also have ... = A $$ (i,ja) using A True im ja-n by auto
also have ... = (reduce a m D A) $$ (i,ja) unfolding reduce-alt-def-not0[OF
Aaj pquvd)

using im ja-n A True by auto
finally show ?thesis .
next
case Fulse note a-or-b = Fulse
have ged-pg: p * A 8% (a, 0) + ¢ x A 88 (m, 0) = ged (A $$ (a, 0)) (A $$
(m, 0))
by (metis assms(10) euclid-ext2-works(1) euclid-ext2-works(2))
have gcd-le-D: ged (A $$ (a, 0)) (A 8% (m, 0)) < D
by (metis Am0-D D0 assms(17) empty-iff gcd-lel-int ged-le2-int insert-iff)
show ?thesis
proof (cases i=a)
case True note ia = True
hence i-not-b: i#m using ab by auto
have 1: Zreduce-b $$ (i,ja) = ?reduce-a $% (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions(2))
show ?thesis
proof (cases ja=0)
case True note ja0 = True
hence ja-notin-zs: ja ¢ set zs unfolding zs-def by auto
have ?reduce-a $$ (i,ja) = p x A $$ (a, 0) + g A $$ (m, 0)
unfolding reduce-a-eq using True ja0 ab a-or-b i-not-b ja-n im a A Fulse
ja-notin-zs
by auto
also have ... = (reduce a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquud)
using True a-or-b i-not-b ja-n im A Fulse
using gcd-le-D ged-pg Am0-D Am0-D2 by auto
finally show ?thesis using 1 by auto
next
case Fulse
hence ja-in-zs: ja € set xs
unfolding zs-def using True ja-n im a A unfolding set-filter by auto
have ?reduce-a $$ (i,ja) = ?A $$ (i, ja) gmod D
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unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-xs
False by auto
also have ... = (reduce a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using True a-or-b i-not-b
ja-n im A False by auto
finally show ?thesis using 1 by simp
qged
next
case Fulse note i-not-a = Fulse
have i-drb: i<dim-row ?reduce-b
and i-dra: i<dim-row ?reduce-a
and ja-drb: ja < dim-col ?reduce-b
and ja-dra: ja < dim-col ?reduce-a using i ja reduce-carrier|OF A] A ja-n
im by auto
have ib: i=m using Fulse a-or-b by auto
show ?thesis
proof (cases ja = 0)
case True note ja0 = True
have wv: u * A $$ (a, ja) + v x A $$ (m, ja) = 0
unfolding euclid-ext2-works|OF pquvd[symmetric]] True
by (smt (verit) euclid-ext2-works[OF pquvd[symmetric]] more-arith-simps(11)
mult.commute mult-minus-left)
have ?reduce-b $% (i,ja) = u x A $3$ (a, ja) + v * A $$ (m, ja)
by (smt (verit) A A-carrier True assms(4) carrier-matD i ib indez-mat(1)
reduce-a-eq
ja-dra old.prod.case reduce-preserves-dimensions(1) zero-notin-ys

reduce-b-eq
reduce-row-mod-D-preserves-dimensions)
also have ... = 0 using wv by blast
also have ... = (reduce a m D A) $$ (i,ja)

unfolding reduce-alt-def-not0[OF Aaj pquvd] using True False a-or-b ib
ja-n im A
using i-not-a uv by auto
finally show ?thesis by auto
next
case Fulse
have ja-in-ys: ja € set ys
unfolding ys-def using Fulse ib ja-n im a A unfolding set-filter by
auto

have ?reduce-b $$ (i,ja) = (if ja = 0 then if D dvd ?reduce-a$$(i,ja) then

else ?reduce-a $$ (i, ja) else ?reduce-a $$ (i, ja) gmod D)

unfolding reduce-b-eq using i-not-a ja ja-in-ys

by (smt (verit) i-dra ja-dra a-or-b index-mat(1) prod.simps(2))
also have ... = (if ja = 0 then if D dvd ?reduce-a$$(i,ja) then D

else ?A $$ (i, ja) else ?A $$ (i, ja) gmod D)
unfolding reduce-a-eq using ab a-or-b ib Fulse ja-n im a A ja-in-ys by
auto

also have ... = (reduce a m D A) $$ (i,ja)
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unfolding reduce-alt-def-not0[OF Aaj pquvd] using False a-or-b ib ja-n
im A
using i-not-a by auto
finally show ?thesis .
qged
qed
qed
qed
have r: ?reduce-a = (Px?BM) x A using A A’-BZ-A BM P reduce-a-PA by
auto
have @ x P x ?BM : carrier-mat (m+n) (m+n) using P BM @ by auto
moreover have invertible-mat (Q * Px?BM)
using inv-P invertible-bezout BM P invertible-mult-JNF inv-Q Q by (metis
mult-carrier-mat)
moreover have (reduce a m D A) = (Q x P x ?BM) x A using reduce-a-eq r
reduce-b-eq-reduce
by (smt (verit) BM P @ assoc-mult-mat carrier-matD carrier-mat-triv
dim-row-mat(1) indez-mult-mat(2,3) reduce-b-Q-reduce)
ultimately show #¢thesis by auto
qed

lemma reduce-abs-invertible-mat-case-m:
assumes A2 A’ € carrier-mat m n and B: B € carrier-mat n n
and a: a<m and ab: a # m
and A-def: A= A'"Q, B
and j: Vjeset zs. j<n A (B $$ (4, j) = D) A (Vji'e{0..<n}—{j}. B 3% (4, j)
= 0)
and Aaqj: A $$ (a,0) # 0
and mn: m>n
and n0: 0<n
and pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(m,0))
and A2-def: A2 = Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + qxA$$(m,k))
else if i = m then u * A$3(a,k) + v x A$3(m,k)
else A$$(i,k)
)
and wzs-def: xs = filter (\i. abs (A2
and ys-def: ys = filter (\i. abs (A2
and j-ys: Vj€set ys. j<n A (B $$ (4, j) = D)
i =0)
and D0: D > 0
shows 3 P. invertible-mat P A P € carrier-mat (m+n) (m+n) A (reduce-abs a m
DA)=Px A
proof —
let ?A = Matriz.mat (dim-row A) (dim-col A)
(\(4,k). if i = a then (pxA$$(a.k) + qxA$$(m,k))
else if i = m then u x A$$(a.k) + v *x A$$(m,k)

$$ (a,7)) > D) [0..<n]
$$ (m,i)) > D) [0..<n]
A (Vji'e{0..<n}—{j}. B $$ (j,
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else A$$(i,k)
)
note zs-def = xs-def[unfolded A2-def]
note ys-def = ys-def[unfolded A2-def]
have D: D -, 1,, n € carrier-mat n n using mn by auto
have A: A € carrier-mat (m+n) n using A-def A’ B mn by simp
hence A-carrier: YA € carrier-mat (m+n) n by auto

let 2BM = bezout-matriz-JNEF A a m 0 euclid-ext2

have A-BZ-A: ?A = ?BM x A
by (rule bezout-matriz-JNF-mult-eqOF A’ - - ab A-def B pquvd), insert a, auto)

have invertible-bezout: invertible-mat ?BM
by (rule invertible-bezout-matriz-JNF[OF A is-bezout-ext-euclid-ext2 a - - Aaj],
insert a n0, auto)
have BM: ?BM € carrier-mat (m+n) (m+n) unfolding bezout-matriz-JNF-def
using A by auto
let ?reduce-a = reduce-row-mod-D-abs ?A a xs D m
define A’'1 where A’l = mat-of-rows n [Matriz.row ?A i. i + [0..<m]]
define A’2 where A'2 = mat-of-rows n [Matriz.row ?A i. i + [m..<dim-row
4]
have A-A’-D: ?A = A’1 Q, A’2 using append-rows-split A
by (metis (no-types, lifting) A’l-def A'2-def A-carrier carrier-matD le-addl)
have j-A'1-A'2: Vjeset zs. j < n N A'2 $$ (j, j) = D A (Vji'e{0..<n} — {j}.
A'2 88 (j, j) = 0)
proof (rule balll)
fix jo assume ja: ja€set xs
have ja-n: ja < n using je unfolding xs-def by auto
have ja2: ja < dim-row A — m using A mn ja-n by auto
have ja-m: ja < m using ja-n mn by auto
have abs-A-a-ja-D: |(?4 $$ (a,ja))| > D using ja unfolding zs-def by auto
have ja-not-0: ja # 0
proof (rule ccontr, simp)
assume ja-a: jo = 0
have A-mja-D: A$$(m.ja) = D

proof —
have A$$(m,ja) = (A’ Q, B) $$ (m, ja) unfolding A-def ..
also have ... = B $$ (m—m,ja)

by (metis B append-rows-nth A’ assms(9) carrier-matD(1) ja-a
less-add-same-cancell less-irrefl-nat)

also have ... = B $$ (0,0) unfolding ja-a by auto

also have ... = D using mn unfolding ja-a using ja-n ja j ja-a by auto
finally show ?thesis .

qed

have ?4 $$ (a, ja) = pxA$$(a,ja) + q+xA$8(m,ja) using A-carrier ja-n a A
by auto
also have ... = d using pquvd A assms(2) ja-n ja-a
by (simp add: bezout-coefficients-fst-snd euclid-ext2-def)
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also have ... = ged (A%3%(a,ja)) (A$$(m,ja))
by (metis euclid-ext2-works(2) ja-a pquvd)
also have abs(...) < D using A-mja-D by (simp add: D0O)
finally have abs (74 $$ (q, ja)) < D .
thus False using abs-A-a-ja-D by auto
qed
show ja < n A A’2 88 (ja, ja) = D A (Vj'e{0..<n} — {ja}. A’2 38 (ja, j’)
= 0)
proof —
have A’2 $$ (ja, ja) = [Matriz.row ?A i. i + [m..<dim-row A]] ! ja $v ja
by (metis (no-types, lifting) A A’'2-def add-diff-cancel-left’ carrier-matD(1)

ja-n length-map length-upt mat-of-rows-indezr)

also have ... = 24 $$ (m + ja, ja) using A mn ja-n by auto

also have ... = A $$ (m+ja, ja) using A a mn ja-n ja-not-0 by auto
also have ... = (A’ @, B) $$ (m + ja, ja) unfolding A-def ..

also have ... = B $$ (ja, ja)

by (metis B Groups.add-ac(2) append-rows-nth2 assms(1) ja-n mn
nat-SN.compat)
also have ... = D using j ja by blast
finally have A2-D: A’2 $$ (ja, ja) = D .

moreover have (Vj'e{0..<n} — {ja}. A2 88 (ja, j) = 0)
proof (rule balll)
fix j’ assume j" j: {0..<n} — {ja}
have A’2 $$ (ja, j) = [Matriz.row ?A i. i + [m..<dim-row A]] ! ja $v j'
unfolding A’2-def by (rule mat-of-rows-index, insert j' ja-n ja2, auto)

also have ... = ?A $$ (m + ja, j’) using A mn ja-n j’' by auto
also have ... = 4 $$ (m+ja, j’) using A a mn ja-n ja-not-0 j’' by auto
also have ... = (A’ @, B) $$ (ja + m, j') unfolding A-def
by (simp add: add.commute)
also have ... = B $$ (ja, ")
by (rule append-rows-nth2[OF A’ B - ja-m ja-n|, insert j', auto)
also have ... = 0 using mn j’ ja-n j ja by auto
finally show A’2 $$ (ja, j') = 0 .
qed
ultimately show ?thesis using ja-n by simp
qed
qed

have reduce-a-eq: ?reduce-a = Matriz.mat (dim-row ?A) (dim-col ?A)
(A(i, k). if i = a Nk € set asthen if k=0 N D dvd ?A 3% (4, k) then D else
?A $$ (i, k) gmod D else ?A $$ (i, k))
proof (rule reduce-row-mod-D-abs-case-m’[OF A-A'-D - - a j-A'1-A'2 - mn D0))

show A’2 € carrier-mat n n using A A’2-def by auto
show A’l € carrier-mat m n by (simp add: A'1-def mat-of-rows-def)
show distinct xs using distinct-filter distinct-upt xs-def by blast
qged
have reduce-a: ?reduce-a € carrier-mat (m+n) n using reduce-a-eq A by auto

246



have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A ?reduce-a =
P x 24
by (rule reduce-row-mod-D-abs-invertible-mat-case-m[OF A-A'-D - - - -A'1-A’2
mn,
insert a A A'2-def A'1-def, auto)
from this obtain P where P: P € carrier-mat (m + n) (m + n) and inv-P:
invertible-mat P
and reduce-a-PA: ?reduce-a = P x ?A by blast
let ?reduce-b = reduce-row-mod-D-abs ?reduce-a m ys D m
let ?B’ = mat-of-rows n [Matriz.row ?reduce-a i. i < [0..<m]]
define reduce-al where reduce-a1 = mat-of-rows (dim-col ?reduce-a) [Matriz.row
Preduce-a i. i < [0..<m]]
define reduce-a2 where reduce-a2 = mat-of-rows (dim-col ?reduce-a) [Matriz.row
Zreduce-a i. i < [m..<dim-row ?reduce-al]
have reduce-a-split: ?reduce-a = reduce-al Q, reduce-a2
by (unfold reduce-al-def reduce-a2-def, rule append-rows-split, insert mn A,
auto)
have zero-notin-ys: 0 ¢ set ys
proof —
have m: m<dim-row A using A n0 by auto
have ?4 8% (m,0) = ux A $$ (a, 0) + v A $$ (m, 0) using m n0 a A by
auto
also have ... = 0 using pquvd
by (smt (verit) dvd-mult-div-cancel euclid-ext2-def euclid-ext2-works(3) more-arith-simps(11)
mult.commute mult-minus-left prod.sel(1) prod.sel(2) semiring-ged-class.ged-dvd1)
finally show ?thesis using D0 unfolding ys-def by auto
qed
have reduce-a2: reduce-a2 € carrier-mat n n unfolding reduce-a2-def using A
by auto
have reduce-al: reduce-al € carrier-mat m n unfolding reduce-al-def using A
by auto
have j2: Vjeset ys. j < n A reduce-a2 3% (4, j) = D A (Vji'e{0..<n} — {j}.
reduce-a2 $% (4, 7') = 0)
proof
fix j assume j-in-ys: j € set ys
have a-jm: a # j+m using a by auto
have m-not-jm: m # j + m using zero-notin-ys j-in-ys by fastforce
have jm: j+m < dim-row ?A using A-carrier j-in-ys unfolding ys-def by
auto
have jn: j < dim-col ?A using A-carrier j-in-ys unfolding ys-def by auto
have jm”: j+m < dim-row A using A-carrier j-in-ys unfolding ys-def by auto
have jn’. j < dim-col A using A-carrier j-in-ys unfolding ys-def by auto
have reduce-a2 $$ (4, i) = B $$ (4,5) if j": j'<n for j’
proof —
have reduce-a2 33 (4, j') = %reduce-a $$ (j+m,j’)
by (rule append-rows-nth2[symmetric, OF reduce-al reduce-a2 reduce-a-split],
insert j-in-ys mn j', auto simp add: ys-def)
also have ... = 24 $$ (j+m, j) using reduce-a-eq jm jn a-jm j' A-carrier
by auto
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also have ... = A $$ (j+m, j') using a-jm m-not-jm jm’ jn’ j' A-carrier by
auto
also have ... = B $$ (j,j’)
unfolding A-def
by (meson B append-rows-nth2 assms(1) j-in-ys j-ys mn nat-SN.compat

that)
finally show ?thesis .
qed
thus j < n A reduce-a2 $$ (4, j) = D A (Vj'e{0..<n} — {j}. reduce-a2 $$ (j,
i) =0)
using j-ys j-in-ys by auto
qed

have reduce-b-eq: ?reduce-b = Matriz.mat (dim-row ?reduce-a) (dim-col ?reduce-a)

(A4, k). if i = m AN k € set ys then if k = 0 A D dvd ?reduce-a $$ (i, k) then
D else ?reduce-a $$ (i, k) gmod D else ?reduce-a $$ (i, k))
by (rule reduce-row-mod-D-abs-case-m'[OF reduce-a-split reduce-a2 reduce-al
- j2 - mn zero-notin-ys|,
insert DO, auto simp add: ys-def)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P A\ ?reduce-b =
P x ?reduce-a
by (rule reduce-row-mod-D-abs-invertible-mat-case-m'[ OF reduce-a-split reduce-a2
reduce-al - j2 - mn zero-notin-ys|,
auto simp add: ys-def)
from this obtain @ where Q: Q € carrier-mat (m + n) (m + n) and inv-Q:
invertible-mat Q
and reduce-b-Q-reduce: ?reduce-b = Q * ?reduce-a by blast
have reduce-b-eq-reduce: ?reduce-b = (reduce-abs a m D A)
proof (rule eg-matl)
show dr-eq: dim-row ?reduce-b = dim-row (reduce-abs a m D A)
and dc-eq: dim-col ?reduce-b = dim-col (reduce-abs a m D A)
using reduce-preserves-dimensions by auto
fix ¢ ja assume i: i<dim-row (reduce-abs a m D A) and ja: ja< dim-col
(reduce-abs a m D A)
have im: i<m+n using A i reduce-preserves-dimensions(3) by auto
have ja-n: ja<n using A ja reduce-preserves-dimensions(4) by auto
show ?Zreduce-b 3% (i,ja) = (reduce-abs a m D A) $$ (i,ja)
proof (cases (i#£a A i£m))
case True
have ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq
by (smt (verit) True dr-eq dc-eq i indez-mat(1) ja prod.simps(2) re-
duce-row-mod-D-preserves-dimensions-abs)
also have ... = 2?4 $$ (i,ja)
by (smt (verit) A True carrier-matD(2) dim-col-mat(1) dim-row-mat(1) i
index-mat(1) ja-n
reduce-a-eq reduce-preserves-dimensions(3) split-conv)
also have ... = A $$ (i,ja) using A True im ja-n by auto
also have ... = (reduce-abs a m D A) $$ (i,ja) unfolding reduce-alt-def-not0[OF
Aaj pquud)
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using im ja-n A True by auto
finally show ?thesis .
next
case Fulse note a-or-b = Fulse
show ?thesis
proof (cases i=a)
case True note ia = True
hence i-not-b: i#m using ab by auto
show ?thesis
proof (cases abs((pxA$$(a,ja) + ¢qxA$$(m.ja))) > D)
case True note ge-D = True
have ja-in-xs: ja € set xs
unfolding zs-def using True ja-n im a A unfolding set-filter by auto
have 1: ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions-abs(2))
show ?thesis
proof (cases ja = 0 A D dvd pxA$$(a,ja) + qxA$$(m,ja))
case True
have ?reduce-a $$ (i,ja) = D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-zs
False by auto
also have ... = (reduce-abs a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd)]
using True a-or-b i-not-b ja-n im A False ge-D
by auto
finally show ?thesis using 1 by simp
next
case Fulse
have ?reduce-a $$ (i,ja) = ?A $$ (i, ja) gmod D
unfolding reduce-a-eq using True ab a-or-b i-not-b ja-n im a A ja-in-xs
False by auto
also have ... = (reduce-abs a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using True a-or-b i-not-b
ja-n im A False by auto
finally show ?thesis using 1 by simp
qed
next
case Fulse
have ja-in-xs: ja ¢ set xs
unfolding zs-def using Fulse ja-n im a A unfolding set-filter by auto
have ?reduce-b $$ (i,ja) = ?reduce-a $$ (i,ja) unfolding reduce-b-eq

by (smt (verit) ab dc-eq dim-row-mat(1) dr-eq i ia index-mat(1) ja
prod.simps(2)
reduce-b-eq reduce-row-mod-D-preserves-dimensions-abs(2))
also have ... = 24 $$ (4, ja)
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unfolding reduce-a-eq using False ab a-or-b i-not-b ja-n im a A ja-in-xs
by auto
also have ... = (reduce-abs a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using False a-or-b i-not-b
ja-n im A by auto
finally show ?thesis .
qged
next
case Fulse note i-not-a = Fulse
have i-drb: i<dim-row ?reduce-b
and i-dra: i<dim-row ?reduce-a
and ja-drb: ja < dim-col ?reduce-b
and ja-dra: ja < dim-col ?reduce-a using i ja reduce-carrier|OF A] A ja-n
im by auto
have b: i=m using Fulse a-or-b by auto
show ?thesis
proof (cases abs((uxA$$(a,ja) + v * A$$(m,ja))) > D)
case True note ge-D = True
have ja-in-ys: ja € set ys
unfolding ys-def using True False ib ja-n im a A unfolding set-filter
by auto
have ?reduce-b $$ (i,ja) = (if ja = 0 N D dvd ?reduce-a$3$(i,ja) then D
else ?reduce-a $$ (¢, ja) gmod D)
unfolding reduce-b-eq using i-not-a True ja ja-in-ys
by (smt (verit) i-dra ja-dra a-or-b index-mat(1) prod.simps(2))

also have ... = (if ja = 0 A D dvd ?reduce-a$$(i,ja) then D else ?A $$ (i,
ja) gmod D)
unfolding reduce-a-eq using True ab a-or-b ib False ja-n im a A ja-in-ys
by auto
also have ... = (reduce-abs a m D A) $$ (i ja)
proof (cases ja = 0 A D dvd ?reduce-a$$(i,ja))

case True
have ja0: ja=0 using True by auto
have u *x A $8 (a, ja) + v * A 33 (m, ja) = 0
unfolding euclid-ext2-works[OF pquvd[symmetric]] ja0
by (smt (verit) euclid-ext2-works|OF pquvd[symmetric]] more-arith-simps(11)
mult.commute mult-minus-left)
hence abs-0: abs((uxA$$(a,ja) + v * A$$(m,ja))) = 0 by auto
show ?thesis using abs-0 D0 ge-D by linarith
next
case Fulse
then show ?thesis
unfolding reduce-alt-def-not0[OF Aaj pgquvd] using True ge-D False
a-or-b ib ja-n im A
using i-not-a by auto
qed
finally show ?thesis .
next
case Fulse
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have ja-in-ys: ja ¢ set ys
unfolding ys-def using i-not-a False ib ja-n im a A unfolding set-filter
by auto
have ?reduce-b 3% (i,ja) = %reduce-a 3% (i,ja) unfolding reduce-b-eq

by (smt (verit) False a-or-b dc-eq dim-row-mat(1) dr-eq i index-mat(1)
ja ja-in-ys
prod.simps(2) reduce-b-eq reduce-row-mod-D-preserves-dimensions-abs(2))
also have ... = ?4 $$ (4, ja)
unfolding reduce-a-eq using Fualse ab a-or-b i-not-a ja-n im a A ja-in-ys
by auto
also have ... = (reduce-abs a m D A) $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using False a-or-b i-not-a
ja-n im A by auto
finally show ?thesis .
qged
qed
qed
qed
have r: ?reduce-a = (Px?BM) x A using A A’-BZ-A BM P reduce-a-PA by
auto
have Q x P x ?BM : carrier-mat (m+n) (m+n) using P BM Q by auto
moreover have invertible-mat (Q * Px?BM)
using inv-P invertible-bezout BM P invertible-mult-JNF inv-Q Q by (metis
mult-carrier-mat)
moreover have (reduce-abs a m D A) = (Q x P x ?BM) x A using reduce-a-eq
r reduce-b-eq-reduce
by (smt (verit) BM P @ assoc-mult-mat carrier-matD carrier-mat-triv
dim-row-mat(1) indez-mult-mat(2,3) reduce-b-Q-reduce)
ultimately show #¢thesis by auto
qed

lemma reduce-not0:
assumes A: A € carrier-mat m n and a: a<m and a-less-b: a<b and j: 0<n
and b: b<m
and Aaj: A $$ (a,0) # 0 and D0O: D # 0
shows reduce a b D A $$ (a, 0) # 0 (is ?reduce $$ (a,0) # -)
and reduce-abs a b D A $$ (a, 0) # 0 (is Zreduce-abs $$ (a,0) # -)
proof —
have ?reduce $$ (a,0) = (let r = gcd (A $$ (a, 0)) (A $$ (b, 0)) inif D dvd r
then D else )
by (rule reduce-gcd|OF A - j Aaj], insert a, simp)
also have ... # 0 unfolding Let-def using D0
by (smt (verit) Aaj ged-eq-0-iff gmod-0-imp-dvd)
finally show reduce a b D A $$ (a, 0) # 0 .
have ?reduce-abs $$ (a,0) = (let r = gcd (A 3% (a, 0)) (A $$ (b, 0)) in
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if D < r then if D dvd r then D else r gmod D else )
by (rule reduce-gcd|OF A - j Aaj], insert a, simp)
also have ... # 0 unfolding Let-def using D0
by (smt (verit) Aaj ged-eq-0-iff gmod-0-imp-dvd)
finally show reduce-abs a b D A 8% (a, 0) # 0 .
qed

lemma reduce-below-not0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A $$ (a,0) # 0
and distinct xzs and Vz € set xs. x < m A a < x
and D# 0
shows reduce-below a s D A $$ (a, 0) # 0 (is 7R $$ (a,0) # -)
using assms
proof (induct a xs D A arbitrary: A rule: reduce-below.induct)
case (1 a D A)
then show ?case by auto
next
case (2 azzs D A)
note A = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note Aaj = 2.prems(4)
note d = 2.prems(5)
note D0 = 2.prems(7)
note z-less-zxs = 2.prems(6)
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a x D A
have reduce-az: ?reduce-ax € carrier-mat m n
by (metis (no-types, lifting) A carrier-matD carrier-mat-triv reduce-preserves-dimensions)
have h: reduce-below a s D (reduce a z D A) $$ (a,0) # 0
proof (rule 2.hyps)
show reduce a © D A $$ (a, 0) # 0
by (rule reduce-not0[OF A a - j xm Aaj D0, insert x-less-xxs, simp)
qed (insert A a j Aaj d z-less-zzs xm reduce-ax DO, auto)
thus ?case by auto
qed

lemma reduce-below-abs-not0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A 38 (a,0) # 0
and distinct zs and Vz € setzs. z < m A a <<z
and D# 0
shows reduce-below-abs a xs D A $$ (a, 0) # 0 (is 7R $$ (a,0) # -)
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using assms
proof (induct a xs D A arbitrary: A rule: reduce-below-abs.induct)
case (1 a D A)
then show ?Zcase by auto
next
case (2 azzs D A)
note A = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note Aaj = 2.prems(4)
note d = 2.prems(5)
note DO = 2.prems(7)
note z-less-zxs = 2.prems(6)
have zm: x < m using 2.prems by auto
have DI1: D -, 1,, n € carrier-mat n n by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce-abs a © D A
have reduce-ax: ?reduce-ax € carrier-mat m n
by (metis (no-types, lifting) A carrier-matD carrier-mat-triv reduce-preserves-dimensions)
have h: reduce-below-abs a xs D (reduce-abs a x D A) $$ (a,0) # 0
proof (rule 2.hyps)
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A a - j m Aaj D0], insert x-less-xxs, simp)
qged (insert A a j Aaj d x-less-xxs xm reduce-ax DO, auto)
thus ?case by auto
qged

lemma reduce-below-not0-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
andVz € setzs.z<mAa<cz
and D # 0
shows reduce-below a (zs@Q[m]) D A $$ (a, 0) # 0 (is ?R $$ (a,0) # -)
using assms
proof (induct a zs D A arbitrary: A A’ rule: reduce-below.induct)
case (1 a D A)
note A’ = 1.prems(1)
note a = 1.prems(2)
note n = 1.prems(3)
note A-def = 1.prems(4)
note Aaj = 1.prems(5)
note mn = 1.prems(6)
note all-less-xxs = 1.prems(7)
note DO = 1.prems(8)
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have A: A € carrier-mat (m+n) n using A’ A-def by auto
have reduce-below o ([] @ [m]) D A $8 (a, 0) = reduce-below a [m] D A $3$ (a,
0) by auto
also have ... = reduce a m D A $$ (a, 0) by auto
also have ... # 0
by (rule reduce-not0[OF A - a n - Aaj DO], insert a n, auto)
finally show ?Zcase .
next
case (2azazs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note n = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note z-less-zxs = 2.prems(7)
note D0= 2.prems(8)
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by simp
have A: A € carrier-mat (m+n) n using A’ A-def by auto
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ar = reduce a x D A
have reduce-azx: ?reduce-ax € carrier-mat (m+n) n
by (metis (no-types, lifting) A carrier-matD carrier-mat-triv reduce-preserves-dimensions)
have h: reduce-below a (zs@Q[m]) D (reduce a x D A) $$ (a,0) # 0
proof (rule 2.hyps)
show reduce a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - - - - D0, insert z-less-xxs j Aaj, auto)
let ?reduce-axz’ = mat-of-rows n (map (Matriz.row ?reduce-azx) [0..<m)])
show ?reduce-ax = ?reduce-az’ Q. D -, 1, n by (rule reduce-append-rows-eq[ OF
A" A-def a zm n Aaj])
qed (insert A a j Aaj z-less-zxs xm reduce-ax mn DO, auto)
thus ?case by auto
qed

lemma reduce-below-abs-not0-case-m:
assumes A’ A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1;m n))
and Aaj: A 38 (a,0) # 0
and mn: m>n
and Vz € setzs.z <mAa<zx
and D # 0
shows reduce-below-abs a (zs@[m]) D A $$ (a, 0) # 0 (is ?R $$ (a,0) # -)
using assms
proof (induct a xs D A arbitrary: A A’ rule: reduce-below-abs.induct)
case (1 a D A)
note A’ = 1.prems(1)
note a = 1.prems(2)
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note n = 1.prems(3)
note A-def = 1.prems(4)
note Aaj = 1.prems(5)
note mn = 1.prems(6)
note all-less-xxs = 1.prems(7)
note D0 = 1.prems(8)
have A: A € carrier-mat (m+n) n using A’ A-def by auto
have reduce-below-abs a ([] @ [m]) D A $$ (a, 0) = reduce-below-abs a [m] D A
$$ (a, 0) by auto
also have ... = reduce-abs a m D A $$ (a, 0) by auto
also have ... # 0
by (rule reduce-notO[OF A - a n - Aaj DO], insert a n, auto)
finally show ?Zcase .
next
case (2 azazs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note n = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note z-less-zxs = 2.prems(7)
note D0= 2.prems(8)
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by simp
have A: A € carrier-mat (m+n) n using A’ A-def by auto
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ar = reduce-abs a x D A
have reduce-az: ?reduce-ax € carrier-mat (m+n) n
by (metis (no-types, lifting) A carrier-matD carrier-mat-triv reduce-preserves-dimensions)
have h: reduce-below-abs a (xsQ[m]) D (reduce-abs a x D A) $$ (a,0) # 0
proof (rule 2.hyps)
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - - - - D0), insert x-less-zxs j Aaj, auto)
let ?reduce-ax’ = mat-of-rows n (map (Matriz.row ?reduce-ax) [0..<m))
show ?reduce-ax = ?reduce-az’ Q. D -, 1, n by (rule reduce-append-rows-eq[ OF
A" A-def a zm n Aaj])
qed (insert A a j Aaj z-less-xxs xm reduce-ax mn DO, auto)
thus ?case by auto
qed

lemma reduce-below-invertible-mat:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
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and Aaj: A $$ (a,0) # 0
and distinct zs and Vo € set xs. c < m A a < z
and m>n
and D>0
shows (3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A reduce-below
axs DA=PxA)
using assms
proof (induct a zs D A arbitrary: A’ rule: reduce-below.induct)
case (1 a D A)
then show “case
by (metis append-rows-def carrier-matD(1) index-mat-four-block(2) reduce-below.simps(1)
index-smult-mat(2) index-zero-mat(2) invertible-mat-one left-mult-one-mat’
one-carrier-mat)
next
case (2 azazs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note d = 2.prems(6)
note z-less-zxs = 2.prems(7)
note mn = 2.prems(8)
note D-ge0 = 2.prems(9)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a x D A
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2,3) reduce-preserves-dimensions)
have h: (3 P. invertible-mat P A P € carrier-mat (m + n) (m + n)
A reduce-below a zs D (reduce a © D A) = P x reduce a © D A)
proof (rule 2.hyps|OF - a j - -])
let 24’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce a t D A = ?4'Q, D -,, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm j Aaj])
show reduce a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj), insert 2.prems, auto)
qed (insert mn d z-less-zzs D-gel, auto)
from this obtain P where inv-P: invertible-mat P and P: P € carrier-mat (m
+n) (m+ )
and rb-Pr: reduce-below a xs D (reduce a © D A) = P x reduce a © D A by blast
have *: reduce-below a (z # zs) D A = reduce-below a xs D (reduce a x D A) by
simp
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have 3 Q. invertible-mat Q@ N Q € carrier-mat (m+n) (m+n) A (reduce a x D
A)=Q = A
by (rule reduce-invertible-mat[OF A’ a j xm - A-def Aaj |, insert 2.prems, auto)
from this obtain @) where inv-Q: invertible-mat Q and Q: Q € carrier-mat (m
+n) (m+ n)
and m-QA: reduce a x D A = @ * A by blast
have invertible-mat (Px (@) using inv-P inv-Q P Q invertible-mult-JNF by blast
moreover have P x () € carrier-mat (m+n) (m+n) using P @ by auto
moreover have reduce-below a (x # xs) D A = (PxQ) * A
by (smt (verit) P Q % assoc-mult-mat carrier-matD(1) carrier-mat-triv in-
dez-mult-mat(2)
r-QA rb-Pr reduce-preserves-dimensions(1))
ultimately show ?case by blast
qed

lemma reduce-below-abs-invertible-mat:
assumes A’ A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A %3 (a,0) # 0
and distinct zs and Vo € set xs. c < m A a < z
and m>n
and D>0
shows (3 P. invertible-mat P A P € carrier-mat (m~+n) (m—+n) A reduce-below-abs
axsDA=PxA)
using assms
proof (induct a xzs D A arbitrary: A’ rule: reduce-below-abs.induct)
case (1 a D A)
then show ?case
by (metis carrier-append-rows invertible-mat-one left-mult-one-mat one-carrier-mat
reduce-below-abs.simps(1) smult-carrier-mat)
next
case (2 azzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note d = 2.prems(6)
note z-less-zxs = 2.prems(7)
note mn = 2.prems(8)
note D-ge0 = 2.prems(9)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce-abs a © D A
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have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have h: (3 P. invertible-mat P A P € carrier-mat (m + n) (m + n)
A reduce-below-abs a xs D (reduce-abs a © D A) = P * reduce-abs a x D A)
proof (rule 2.hyps|OF - a j - -])
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-azx) [0..<m])
show reduce-abs a x D A = ?A'Q, D -,,, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm j Aaj])
show reduce-abs a t D A 8% (a, 0) # 0
by (rule reduce-notO0[OF A - - j - Aqaj|, insert 2.prems, auto)
qed (insert mn d z-less-zzs D-gel, auto)
from this obtain P where inv-P: invertible-mat P and P: P € carrier-mat (m
+n) (m + n)
and rb-Pr: reduce-below-abs a xs D (reduce-abs a x D A) = P x reduce-abs a x
D A by blast
have *: reduce-below-abs a (z # xs) D A = reduce-below-abs a xs D (reduce-abs
az D A) by simp
have 3 Q. invertible-mat Q@ A Q € carrier-mat (m+n) (m+n) A (reduce-abs a x

DA)=Qx« A
by (rule reduce-abs-invertible-mat|OF A" a j xm - A-def Aaj |, insert 2.prems,
auto)
from this obtain @ where inv-Q: invertible-mat @ and Q: Q € carrier-mat (m
+ n) (m + n)

and mQA: reduce-abs a t D A = Q % A by blast
have invertible-mat (P*@Q) using inv-P inv-Q P Q invertible-mult-JNF by blast
moreover have P x @ € carrier-mat (m+n) (m+n) using P Q by auto
moreover have reduce-below-abs a (z # xs) D A = (PxQ) x A
by (smt (verit) P @ * assoc-mult-mat carrier-matD(1) carrier-mat-triv in-
dex-mult-mat(2)
r-QA rb-Pr reduce-preserves-dimensions(3))
ultimately show ?case by blast
qed

lemma reduce-below-preserves:
assumes A’ A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i ¢ set xs and distinct xs and Vo € setzs. x < m A a < T
and i#a and i<m+n
and D>0
shows reduce-below a s D A $$ (i,j) = A $$ (i,))
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below.induct)
case (1 a D A)
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then show ?case by auto
next
case (2 axzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-zxs = 2.prems(7)
note d = 2.prems(8)
note zxs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(12)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce a x D A)
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below a (z # xzs) D A $$ (i, j) = reduce-below a xs D (reduce a x D
A) 83 (¢, 4)
by auto
also have ... = reduce a x D A 3% (i, j)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm D-ge0])
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduceazx D A= %?A"Q. D -, 1,, n
by (rule reduce-append-rows-eqOF A’ A-def a xm - Aaj], insert j, auto)
show i ¢ set zs using i-set-zxs by auto
show distinct xs using d by auto
show Vze€set zs. © < m A a < z using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0

by (rule reduce-not0[OF A - - - - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qed
also have ... = 4 $$ (i,j) by (rule reduce-preserves|OF A j Aaj], insert 2.prems,
auto)
finally show ?Zcase .
qed
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lemma reduce-below-abs-preserves:
assumes A’ A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i ¢ set xs and distinct xs and Vo € setxs. x < m A a < T
and i#a and i<m+n
and D>0
shows reduce-below-abs a xs D A $$ (i.j) = A $$ (4,j)
using assms
proof (induct a xzs D A arbitrary: A’ i rule: reduce-below-abs.induct)
case (1 a D A)
then show ?case by auto
next
case (2 azazs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-rxs = 2.prems(7)
note d = 2.prems(8)
note zxs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(12)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce-abs a © D A)
have reduce-az: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
indez-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below-abs a (z # xs) D A $3% (i, j) = reduce-below-abs a zs D
(reduce-abs a z D A) $$ (i, j)
by auto
also have ... = reduce-abs a x D A $$ (i, j)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm D-ge0])
let 24’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a x D A = ?2A4'Q, D -,, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm - Aaj), insert j, auto)
show i ¢ set zs using i-set-zzs by auto
show distinct s using d by auto
show Vzeset zs. © < m A a < z using zzs-less-m by auto
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show reduce-abs a x D A $$ (a, 0) # 0

by (rule reduce-not0[OF A - - - - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qed
also have ... = 4 $$ (i,j) by (rule reduce-preserves|OF A j Aaj], insert 2.prems,
auto)
finally show ?Zcase .

qed

lemma reduce-below-0:
assumes A”: A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A'Q, (D - (1m n))
and Aaj: A %3 (a,0) # 0
and mn: m>n
assumes i € set xs and distinct s and Vz € setzs. . < m A a < x
and D>0
shows reduce-below a s D A $$ (i,0) = 0
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below.induct)
case (1 a D A)
then show ?case by auto
next
case (2azazs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-rxs = 2.prems(7)
note d = 2.prems(8)
note zrs-less-m = 2.prems(9)
note D-ge0 = 2.prems(10)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: r < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(x,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a x D A
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2,3) reduce-preserves-dimensions)
show ?Zcase
proof (cases i=x)
case True
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have reduce-below a (z # zs) D A $3$ (i, 0) = reduce-below a zs D (reduce a x
D A) $$ (i, 0)
by auto
also have ... = (reduce a x D A) $$ (i, 0)
proof (rule reduce-below-preserves|OF - a j - - mn )
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-ax) [0..<m])
show reduce ax D A = %24"Q, D -,, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm j Aaj])
show distinct xs using d by auto
show Vzeset xs. © < m A a < z using zzrs-less-m by auto
show reduce a z D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i ¢ set zs using True d by auto
show ¢ # a using 2.prems by blast
show i < m + n
by (simp add: True trans-less-add1 zm)
qed (insert D-ge0)
also have ... = 0 unfolding True by (rule reduce-0[OF A - j - - Aqj], insert
2.prems, auto)
finally show ?thesis .
next
case Fulse note i-not-r = Fulse
have h: reduce-below a zs D (reduce a © D A) $$ (i, 0) = 0
proof (rule 2.hyps|OF - a j - - mn))
let A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m))
show reduce azx D A= %?4"Q. D -, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-ax D1])
show Vie{m..<m + n}. Vja<n. ?reduce-az $$ (i, ja) = (D - 1 n) $$
(i - m, .70’)
proof (rule+)
fix i ja assume i: ¢ € {m..<m + n} and ja: ja < n
have ja-dc: ja < dim-col A and i-dr: ¢ < dim-row A using 7 ja A by auto
have i-not-a: i # a using ¢ a by auto
have i-not-z: i # x using i zm by auto
have ?reduce-az $$ (i,ja) = A $$ (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using ja-dc i-dr i-not-a
i-not-x by auto
also have ... = (if i < dim-row A’ then A’ $$(i,ja) else (D -, (Im
7))$8(i—m.ja))
by (unfold A-def, rule append-rows-nth|OF A’ D1 - ja|, insert A i-dr,

simp)
also have ... = (D -, 1,, n) $3 (i — m, ja) using i A’ by auto
finally show ?reduce-ax $$ (i,ja) = (D -m 1m n) $$ (i — m, ja) .
qed
qed

show ¢ € set zs using i-set-xxs i-not-r by auto
show distinct zs using d by auto
show Vzeset xs. © < m A a < z using zzrs-less-m by auto
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show reduce a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qed (insert D-ge0)
have reduce-below a (z # xzs) D A $$ (i, 0) = reduce-below a zs D (reduce a x

D A) $$ (i, 0)
by auto
also have ... = 0 using h .
finally show ?thesis .
qged
qged

lemma reduce-below-abs-0:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set xs and distinct xs and Vo € setzs. . < m A a < x
and D>0
shows reduce-below-abs a zs D A $$ (1,0) = 0
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below-abs.induct)
case (1 a D A)
then show ?case by auto
next
case (2azxs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-zxs = 2.prems(7)
note d = 2.prems(8)
note zzs-less-m = 2.prems(9)
note D-ge0 = 2.prems(10)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let reduce-ax = reduce-abs a v D A
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
show ?case
proof (cases i=x)
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case True
have reduce-below-abs a (x # zs) D A $$ (i, 0) = reduce-below-abs a zs D
(reduce-abs a z D A) $$ (i, 0)
by auto
also have ... = (reduce-abs a x D A) $$ (i, 0)
proof (rule reduce-below-abs-preserves|OF - a j - - mn |)
let A" = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a x D A = ?2A4'Q,. D -, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm j Aaj])
show distinct zs using d by auto
show Vz€set zs. © < m A a < = using zzs-less-m by auto
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i ¢ set zs using True d by auto
show i # a using 2.prems by blast
show i < m + n
by (simp add: True trans-less-add1 zm)
qed (insert D-ge0)
also have ... = 0 unfolding True by (rule reduce-0[OF A - j - - Aqj], insert
2.prems, auto)
finally show ?%thesis .
next
case Fualse note i-not-r = False
have h: reduce-below-abs a xs D (reduce-abs a x D A) $$ (i, 0) = 0
proof (rule 2.hyps[OF - a j - - mn])
let A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a t D A = 24’ Q,. D -, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-ax D1])
show Vie{m..<m + n}. Vja<n. ?reduce-ax $$ (i, ja) = (D -p, 1m n) $$
(7: - m, ](1)
proof (rule+)
fix i ja assume i: i € {m..<m + n} and ja: ja < n
have ja-dc: ja < dim-col A and i-dr: i < dim-row A using i ja A by auto
have i-not-a: i # a using i a by auto
have i-not-x: | # z using 7 zm by auto
have ?reduce-ax $$ (i,ja) = A $% (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using ja-dc i-dr i-not-a
i-not-x by auto
also have ... = (if i < dim-row A’ then A’ $$(i,ja) else (D -p (11
n))$$(i—m.ja))
by (unfold A-def, rule append-rows-nth|OF A’ D1 - ja|, insert A i-dr,

simp)
also have ... = (D «, 1., n) $$ (i — m, ja) using i A’ by auto
finally show ?Zreduce-axz $$ (i,ja) = (D - 1 n) $$ (i — m, ja) .
qed
qed

show ¢ € set xs using i-set-zxs i-not-r by auto
show distinct zs using d by auto
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show Vzeset xs. © < m A a < z using zzs-less-m by auto
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aqj|, insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qed (insert D-ge0)
have reduce-below-abs a (x # zs) D A $$ (i, 0) = reduce-below-abs a xs D
(reduce-abs a z D A) $$ (i, 0)

by auto
also have ... = 0 using h .
finally show ?thesis .
qed

qed

lemma reduce-below-preserves-case-m:
assumes A’ A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A %3 (a,0) # 0
and mn: m>n
assumes i ¢ set xs and distinct xs and Yz € setxs. x < m A a < T
and i#a and i<m+n and i#* m
and D>0
shows reduce-below a (zs @ [m]) D A $$ (i,j) = A $$ (i,))
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below.induct)
case (1 a D A)
have reduce-below a ([] @ [m]) D A $$ (i, j) = reduce-below a [m] D A $$ (i, 7)
by auto
also have ... = reduce a m D A $$ (i,j) by auto
also have ... = A $$ (i,9)
by (rule reduce-preserves, insert 1, auto)
finally show ?Zcase .
next
case (2 azxzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-rxs = 2.prems(7)
note d = 2.prems(8)
note zrs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(13)
have D0: D#0 using D-ge0 by simp
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have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce a x D A)
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) A’ A-def add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below a ((x # xs) Q [m]) D A $$ (4, j)
= reduce-below a (xsQ[m]) D (reduce a x D A) $$ (i, j)
by auto
also have ... = reduce a x D A 3% (i, j)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm - D-ge0))
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce a x D A = 24’ Q, D -, 1., n
by (rule reduce-append-rows-eq[OF A’ A-def a xm - Aaj], insert j, auto)
show i ¢ set zs using i-set-zzs by auto
show distinct xs using d by auto
show Vz€set zs. © < m A a < z using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - - - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i#m using 2.prems by auto

qged

also have ... = 4 $$ (7,j) by (rule reduce-preserves|OF A j Aaj], insert 2.prems,
auto)

finally show ?Zcase .
qed

lemma reduce-below-abs-preserves-case-m:
assumes A’ A’ € carrier-mat m n and a: a<m and j: j<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 33 (a,0) # 0
and mn: m>n
assumes i ¢ set xs and distinct xs and Yz € setxs. x < m A a < T
and i#a and i<m+n and i# m
and D>0
shows reduce-below-abs a (vs @ [m]) D A $$ (i,5) = A $$ (4,5)
using assms
proof (induct a xzs D A arbitrary: A’ i rule: reduce-below-abs.induct)
case (1 a D A)
have reduce-below-abs o ([] @ [m]) D A $$ (4, j) = reduce-below-abs a [m] D A
$$ (4, j) by auto
also have ... = reduce-abs a m D A $$ (i,j) by auto
also have ... = A $$ (7,j)

by (rule reduce-preserves, insert 1, auto)
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finally show ?Zcase .
next
case (2 axzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-zxs = 2.prems(7)
note d = 2.prems(8)
note zxs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(13)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce-abs a © D A)
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) A’ A-def add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below-abs a ((z # zs) Q [m]) D A $$ (4, j)
= reduce-below-abs a (zsQ[m]) D (reduce-abs a = D A) $$ (i, j)
by auto
also have ... = reduce-abs a © D A $$ (i, j)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm - D-ge0))
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a x D A = ?2A'Q, D -, 1,, n
by (rule reduce-append-rows-eqOF A’ A-def a xm - Aaj], insert j, auto)
show i ¢ set zs using i-set-zxs by auto
show distinct xs using d by auto
show Vze€set zs. © < m A a < z using zzs-less-m by auto
show reduce-abs a t D A 8% (a, 0) # 0
by (rule reduce-not0[OF A - - - - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i#m using 2.prems by auto

qed

also have ... = 4 $$ (i,j) by (rule reduce-preserves|OF A j Aaj], insert 2.prems,
auto)

finally show ?Zcase .
qed

267



lemma reduce-below-0-case-m1:
assumes A’ A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes distinct s and Vo € setzs. z < m A a < x
and m#a
and D>0
shows reduce-below a (zs @ [m]) D A $% (m,0) = 0
using assms
proof (induct a xs D A arbitrary: A’ rule: reduce-below.induct)
case (1 a D A)
have A: A € carrier-mat (m+n) n using 1 by auto
have reduce-below a ([] @ [m]) D A $$ (m, 0) = reduce-below a [m] D A $$ (m,

0) by auto
also have ... = reduce a m D A $$ (m,0) by auto
also have ... = 0 by (rule reduce-0[OF A], insert 1.prems, auto)
finally show ?Zcase .

next

case (2 azxzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note d = 2.prems(7)
note zxs-less-m = 2.prems(8)
note ma = 2.prems(9)
note D-ge0 = 2.prems(10)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce a x D A)
have reduce-az: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indezx-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below a ((x # zs) @ [m]) D A $$ (m, 0) = reduce-below a (zs@Q[m])
D (reduce a x D A) $$ (m, 0)
by auto
also have ... = 0
proof (rule 2.hyps[OF |)
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m))
show reduceax D A= %?A"Q. D -, 1,, n
by (rule reduce-append-rows-eq[OF A" A-def a xm j Aaj])
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show distinct zs using d by auto
show Vzeset zs. © < m A a < z using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj], insert 2.prems, auto)

show ?A’ € carrier-mat m n by auto

qed (insert 2.prems, auto)

finally show ?Zcase .

qed

lemma reduce-below-abs-0-case-m1:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes distinct s and Vz € setzs. < m A a < x
and m#a
and D>0
shows reduce-below-abs a (xzs @ [m]) D A $$ (m,0) = 0
using assms
proof (induct a xs D A arbitrary: A’ rule: reduce-below-abs.induct)
case (1 a D A)
have A: A € carrier-mat (m+n) n using 1 by auto
have reduce-below-abs a ([] @ [m]) D A $$ (m, 0) = reduce-below-abs a [m] D
A $$ (m, 0) by auto

also have ... = reduce-abs a m D A $$ (m,0) by auto
also have ... = 0 by (rule reduce-0[OF Al insert 1.prems, auto)
finally show ?case .

next

case (2 azzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note d = 2.prems(7)
note xzrs-less-m = 2.prems(8)
note ma = 2.prems(9)
note D-ge0 = 2.prems(10)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce-abs a v D A)
have reduce-az: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
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index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below-abs a ((x # zs) @ [m]) D A $$ (m, 0) = reduce-below-abs a
(zs@[m]) D (reduce-abs a x D A) $$ (m, 0)
by auto
also have ... = 0
proof (rule 2.hyps[OF 1)
let 24’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a xt D A = ?2A4'Q, D -,,, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm j Aaj])
show distinct s using d by auto
show Vze€set zs. © < m N a < z using zzs-less-m by auto
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aqj|, insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qged (insert 2.prems, auto)
finally show ?case .
qed

lemma reduce-below-preserves-case-m2:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 38 (a,0) # 0
and mn: m>n
assumes | € set zs and distinct zs and Vo € set xs. x < m A a < x
and i#a and i<m+n
and D>0
shows reduce-below a (zs @ [m]) D A $% (4,0) = reduce-below a zs D A $% (4,0)
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below.induct)
case (1 a D A)
then show ?case by auto
next
case (2 axzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note i-set-zxs = 2.prems(7)
note d = 2.prems(8)
note zxs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(12)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
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have zm: x < m using 2.prems by auto
have D1: D -, 1, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce a x D A)
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) A-def A" add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indezx-zero-mat(2,3) reduce-preserves-dimensions)
show Zcase
proof (cases i=x)
case True
have reduce-below a ((z # zs) Q [m]) D A $$ (i, 0)
= reduce-below a (zs @ [m]) D (reduce a z D A) $$ (i, 0)

by auto
also have ... = (reduce a z D A) $$ (i, 0)
proof (rule reduce-below-preserves-case-m[OF - a j - - mn - - - - - - D-ge0))

let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m])
show reduce a t D A = ?4'Q,. D -, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-az D1])
show Vie{m..<m + n}. Vja<n. ?reduce-ax $$ (i, ja) = (D -, 1m n) $$
(i -m, ja)
proof (rule+)
fix i ja assume i: i € {m..<m + n} and ja: ja < n
have ja-dc: ja < dim-col A and i-dr: i < dim-row A using i ja A by auto
have i-not-a: i # a using 7 a by auto
have i-not-z: i # = using ¢ zm by auto
have ?reduce-ax $3$ (i,ja) = A $% (7,ja)
unfolding reduce-alt-def-not0|OF Aaj pquvd] using ja-dc i-dr i-not-a
i-not-x by auto
also have ... = (if i < dim-row A’ then A’ $%(i,ja) else (D -p (1
n))$$(i—m.ja))
by (unfold A-def, rule append-rows-nth[OF A’ D1 - ja], insert A i-dr,

stmp)
also have ... = (D -, 1,, n) $8 ({ — m, ja) using i A’ by auto
finally show ?reduce-ax $$ (i,ja) = (D -m 1m n) $$ (i — m, ja) .
qged
qed

show distinct xs using d by auto
show Vzeset rs. © < m A a < x using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (rule reduce-notO[OF A - - - - Aaj), insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i ¢ set zs using True d by auto
show i # a using 2.prems by blast
show i < m + n
by (simp add: True trans-less-add1 xm)
show i # m by (simp add: True less-not-refl3 xm)
qed
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also have ... = 0 unfolding True by (rule reduce-0[OF A - - - - Aqj], insert
2.prems, auto)
also have ... = reduce-below a (x # zs) D A $$ (i, 0)
unfolding True by (rule reduce-below-0[symmetric], insert 2.prems, auto)
finally show ?thesis .
next
case Fulse
have reduce-below a ((z # zs) Q [m]) D A $$ (i, 0)
= reduce-below a (zs@[m]) D (reduce a x D A) $$ (i, 0)
by auto
also have ... = reduce-below a zs D (reduce a x D A) $$ (i, 0)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm D-ge0])
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m])
show reduce a t D A = 24’ Q,. D -, 1., n
by (rule reduce-append-rows-eq[OF A" A-def a xm j Aaj])
show ¢ € set xs using i-set-zxs False by auto
show distinct zs using d by auto
show Vzeset rs. £ < m A a < x using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aqj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
qed
also have ... = reduce-below a (z # xs) D A $$ (i, 0) by auto
finally show ?thesis .
qed
qged

lemma reduce-below-abs-preserves-case-m2:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set xs and distinct xs and Vz € setzs. x < m A a < x
and i#a and i<m+n
and D>0
shows reduce-below-abs a (zs @ [m]) D A 83 (4,0) = reduce-below-abs a xs D A
$$ (4,0)
using assms
proof (induct a xs D A arbitrary: A’ i rule: reduce-below-abs.induct)
case (1 a D A)
then show ?case by auto
next
case (2 azzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
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note mn = 2.prems(6)
note i-set-zxs = 2.prems(7)
note d = 2.prems(8)
note zxs-less-m = 2.prems(9)
note ia = 2.prems(10)
note imm = 2.prems(11)
note D-ge0 = 2.prems(12)
have D0: D#0 using D-ge0 by simp
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce-abs a v D A)
have reduce-az: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) A-def A" add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
show Zcase
proof (cases i=x)
case True
have reduce-below-abs a ((x # xs) Q [m]) D A $$ (4, 0)
= reduce-below-abs a (zs @ [m]) D (reduce-abs a x D A) $$ (3, 0)

by auto
also have ... = (reduce-abs a z D A) $$ (i, 0)
proof (rule reduce-below-abs-preserves-case-m[OF - a j - - mn - - - - - - D-ge0))

let A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m)])
show reduce-abs a t D A = 24’ Q,. D -, 1,, n
proof (rule matriz-append-rows-eq-if-preserves| OF reduce-ax D1])
show Vie{m..<m + n}. Vja<n. ?reduce-ax $$ (i, ja) = (D -p, 1m n) $$
(7: - m, ](1)
proof (rule+)
fix i ja assume i: i € {m..<m + n} and ja: ja < n
have ja-dc: ja < dim-col A and i-dr: i < dim-row A using i ja A by auto
have i-not-a: i # a using i a by auto
have i-not-x: | # z using 7 zm by auto
have ?reduce-ax $$ (i,ja) = A $% (i,ja)
unfolding reduce-alt-def-not0[OF Aaj pquvd] using ja-dc i-dr i-not-a
i-not-x by auto
also have ... = (if i < dim-row A’ then A’ $$(i,ja) else (D -p (11
n))$$(i—m,ja))
by (unfold A-def, rule append-rows-nth|OF A’ D1 - ja|, insert A i-dr,

simp)
also have ... = (D «, 1., n) $$ (i — m, ja) using i A’ by auto
finally show ?Zreduce-axz $$ (i,ja) = (D - 1 n) $$ (i — m, ja) .
qed
qed

show distinct zs using d by auto
show Vzeset xs. © < m A a < z using zzrs-less-m by auto
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show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-notO[OF A - - - - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto
show i ¢ set zs using True d by auto
show ¢ # a using 2.prems by blast
show i < m + n
by (simp add: True trans-less-add1 zm)
show i # m by (simp add: True less-not-refl3 zm)
qed
also have ... = 0 unfolding True by (rule reduce-0[OF A - - - - Aqj], insert
2.prems, auto)
also have ... = reduce-below-abs a (z # zs) D A $$ (i, 0)
unfolding True by (rule reduce-below-abs-0[symmetric], insert 2.prems, auto)
finally show ?thesis .
next
case Fulse
have reduce-below-abs a ((z # zs) Q [m]) D A $$ (i, 0)
= reduce-below-abs a (zsQ[m]) D (reduce-abs a = D A) $$ (i, 0)
by auto
also have ... = reduce-below-abs a xs D (reduce-abs a x D A) $$ (i, 0)
proof (rule 2.hyps|OF - a j - - mn - - - ia imm D-ge0])
let YA’ = mat-of-rows n (map (Matriz.row ?reduce-ax) [0..<m])
show reduce-abs a t D A = 24’ Q,. D -, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a zm j Aaj])
show i € set xs using i-set-zxs False by auto
show distinct zs using d by auto
show Vze€set rs. © < m A a < x using zzs-less-m by auto
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - j - Aaj], insert 2.prems, auto)
show ?A’ € carrier-mat m n by auto

qed
also have ... = reduce-below-abs a (z # xs) D A $$ (i, 0) by auto
finally show ?thesis .
qed
qed

lemma reduce-below-0-case-m:
assumes A’ A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set (zs @Q [m]) and distinct s and Vz € setzs. < m A a < x
and D>0
shows reduce-below a (zs @ [m]) D A $$ (i,0) = 0
proof (cases i=m)
case True
show ?thesis by (unfold True, rule reduce-below-0-case-m1, insert assms, auto)
next
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case Fulse
have reduce-below a (zs @ [m]) D A $$ (¢,0) = reduce-below a (zs) D A $3 (4,0)
by (rule reduce-below-preserves-case-m2[OF A’ a j A-def Aaj mn], insert assms

False, auto)

also have ... = 0 by (rule reduce-below-0, insert assms False, auto)
finally show ?thesis .
qed

lemma reduce-below-abs-0-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and j: 0<n
and A-def: A= A"Q, (D -, (1 n))
and Aaj: A $$ (a,0) # 0
and mn: m>n
assumes i € set (zs @Q [m]) and distinct s and Vz € set xs. . < m A a < x
and D>0
shows reduce-below-abs a (xs Q [m]) D A $$ (i,0) = 0
proof (cases i=m)
case True
show ?thesis by (unfold True, rule reduce-below-abs-0-case-ml1, insert assms,
auto)
next
case Fulse
have reduce-below-abs a (zs @ [m]) D A $$ (i,0) = reduce-below-abs a (zs) D A
$$ (4,0)
by (rule reduce-below-abs-preserves-case-m2[OF A’ a j A-def Aaj mn], insert
assms False, auto)

also have ... = 0 by (rule reduce-below-abs-0, insert assms False, auto)
finally show ?thesis .
qed

lemma reduce-below-0-case-m-complete:
assumes A2 A’ € carrier-mat m n and a: 0<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 3% (0,0) # 0
and mn: m>n
assumes i-mn: ¢ < m~+n and d-zs: distinct s and zs: Vz € set zs. z < m A 0
<z
and ida: i#0
and zs-def: xs = filter (A\i. A $$ (4,0) # 0) [1..<dim-row A]
and D: D>0
shows reduce-below 0 (zs @Q [m]) D A $$ (i,0) = 0
proof (cases i € set (xzs Q [m]))
case True
show ?thesis by (rule reduce-below-0-case-m[OF A’ a j A-def Aaj mn True d-zs
xs D))
next
case Fulse

275



have A: A € carrier-mat (m+n) n using A’ A-def by simp
have reduce-below 0 (xs @ [m]) D A $$ (i,0) = A $$ (,0)
by (rule reduce-below-preserves-case-m[OF A’ a j A-def Aaj mn - - - - - - D,
insert i-mn d-zs xs ia False, auto)
also have ... = 0 using Fulse ia i-mn A unfolding zs-def by auto
finally show ?thesis .
qed

lemma reduce-below-abs-0-case-m-complete:
assumes A’ A’ € carrier-mat m n and a: 0<m and j: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A 3% (0,0) # 0
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct s and zs: Vz € set zs. z < m A 0
<z
and da: i#0
and zs-def: xs = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and D: D>0
shows reduce-below-abs 0 (zs Q [m]) D A $$ (,0) = 0
proof (cases i € set (xzs @ [m]))
case True
show ?thesis by (rule reduce-below-abs-0-case-m[OF A’ a j A-def Aaj mn True
d-xs zs D))
next
case Fulse
have A: A € carrier-mat (m+n) n using A’ A-def by simp
have reduce-below-abs 0 (zs @ [m]) D A $$ (i,0) = A $$ (4,0)
by (rule reduce-below-abs-preserves-case-m[OF A’ a j A-def Aaj mn - - - - - -

DJ,
insert i-mn d-zs s ia False, auto)
also have ... = 0 using Fulse ia i-mn A unfolding zs-def by auto
finally show ?thesis .
qed

lemma reduce-below-invertible-mat-case-m:
assumes A": A’ € carrier-mat m n and a: a<m and n0: 0<n
and A-def: A= A"Q, (D - (1m n))
and Aaj: A $$ (a,0) # 0
and mn: m>n and distinct xs and Vz € setxs. c < m A a < x
and D0: D>0
shows (3 P. invertible-mat P N P € carrier-mat (m+n) (m+n) A reduce-below
a (zsQ[m]) D A =P % A)
using assms
proof (induct a xs D A arbitrary: A’ rule: reduce-below.induct)
case (1 a D A)
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obtain p q u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$3(a,0)) (A$$(m,0))
by (metis prod-cases5)
have D: D -, (1,, n) : carrier-mat n n by auto
note A’ = 1.prems(1)
note a = 1.prems(2)
note j = 1.prems(3)
note A-def = 1.prems(4)
note Aaj = 1.prems(5)
note mn = 1.prems(6)
note DO = 1.prems(9)
have Am0-D: A $% (m, 0) = D
proof —
have 4 $% (m, 0) = (D -y, (L1 n)) $$ (m—m,0)
unfolding 1(4)
by (meson 1(1) 1(8) D append-rows-nth3 less-add-same-cancell order.refl)

also have ... = D by (simp add: n0)
finally show ?thesis .
qed

have reduce-below a ([|@[m]) D A = reduce a m D A by auto
let ?A = Matriz.mat (dim-row A) (dim-col A)
(AN, k). if i = athenpx AS$S (a, k) + g * A 83 (m, k) else
if i = mthen ux A $$ (a, k) + v+ AS$S (m, k) else A $$ (7, k))
let %zs = [1..<n]
let 2ys = [1..<n]
have 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n) A reduce a m
DA=Px A
by (rule reduce-invertible-mat-case-m[OF A’ D a - A-def - Aaj mn n0 pquvd, of
frs - - 2ys],
insert a DO Am0-D, auto)
then show “case by auto
next
case (2 azxzs D A)
note A’ = 2.prems(1)
note a = 2.prems(2)
note n0 = 2.prems(3)
note A-def = 2.prems(4)
note Aaj = 2.prems(5)
note mn = 2.prems(6)
note d = 2.prems(7)
note zrs-less-m = 2.prems(8)
note D0 = 2.prems(9)
have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
have zm: x < m using 2.prems by auto
have D1: D -, 1,, n € carrier-mat n n by (simp add: mn)
have Am0-D: A $$ (m, 0) = D
proof —
have A $$ (m, 0) = (D -, (1,, n)) $$ (m—m,0)
unfolding 2(5)
by (meson 2(2) 2(4) D1 append-rows-nth3 less-add-same-cancell verit-comp-simplify(2))
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also have ... = D by (simp add: n0)
finally show ?thesis .
qed
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a © D A
have reduce-azx: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)

index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)

have h: (3 P. invertible-mat P A P € carrier-mat (m + n) (m + n)
A reduce-below a (zsQ[m]) D (reduce a © D A) = P x reduce a © D A)
proof (rule 2.hyps|OF - a n0 - - ])
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-azx) [0..<m])
show reduceax D A= ?A4"Q. D -, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm n0 Aaj))
show reduce a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - n0 - Aaj|, insert 2.prems, auto)
qed (insert d zxs-less-m mn n0 DO, auto)
from this obtain P where inv-P: invertible-mat P and P: P € carrier-mat (m
+n) (m + n)
and rb-Pr: reduce-below a (xsQ[m]) D (reduce a x D A) = P x reduce a D A
by blast
have *: reduce-below a ((z # zs)@Q[m]) D A = reduce-below a (zsQ[m]) D (reduce
az D A) by simp
have 3 Q. invertible-mat Q@ A Q € carrier-mat (m+n) (m+n) A (reduce a D
A)=Q* A
by (rule reduce-invertible-mat|OF A’ a n0 xzm - A-def Aaj - mn DO], insert
xzs-less-m, auto)
from this obtain @ where inv-Q: invertible-mat Q and Q: Q € carrier-mat (m
+n) (m + n)
and r-QA: reduce a t D A = Q x A by blast
have invertible-mat (Px(@Q) using inv-P inv-Q P Q invertible-mult-JNF by blast
moreover have P x () € carrier-mat (m+n) (m+n) using P Q by auto
moreover have reduce-below a ((z # zs)Q[m]) D A = (PxQ) = A
by (smt (verit) P Q * assoc-mult-mat carrier-matD(1) carrier-mat-triv in-
dex-mult-mat(2)
r-QA rb-Pr reduce-preserves-dimensions(1))
ultimately show ?case by blast
qed

lemma reduce-below-abs-invertible-mat-case-m:
assumes A" A’ € carrier-mat m n and a: a<m and n0: 0<n
and A-def: A= A"Q, (D -, (1, n))
and Aaj: A $$ (a,0) # 0
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and mn: m>n and distinct xs and Vz € setxs. t < m A a < x
and D0: D>0
shows (3 P. invertible-mat P A P € carrier-mat (m~+n) (m—+n) A reduce-below-abs
a (zsQ[m]) D A =P % A)
using assms
proof (induct a xzs D A arbitrary: A’ rule: reduce-below-abs.induct)
case (1 a D A)
obtain p q u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,0)) (A$$(m,0))
by (metis prod-cases5)
have D: D -, (1, n) : carrier-mat n n by auto
note A’ = 1.prems(1)
note a = 1.prems(2)
note j = 1.prems(3)
note A-def = 1.prems(4)
note Aaj = 1.prems(5)
note mn = 1.prems(6)
note DO = 1.prems(9)
have Am0-D: A $$ (m, 0) = D
proof —
have A $$ (m, 0) = (D -, (1, n)) $$ (m—m,0)
unfolding 1(4)
by (meson 1(1) 1(8) D append-rows-nth3 le-refl less-add-same-cancell )

also have ... = D by (simp add: n0)
finally show ?thesis .
qed

have reduce-below-abs a ([|@Q[m]) D A = reduce-abs a m D A by auto
let YA = Matriz.mat (dim-row A) (dim-col A)
(A(i, k). if i = a then p x A $$ (a, k) + ¢ x A 88 (m, k) else
if i=mthen ux A 88 (a, k) + v A8 (m, k) else A $$ (i, k))

let %zs = filter (A\i. D < |24 $$ (a, i)|) [0..<n]

let ?ys = filter (\i. D < |?A $$ (m, ©)|) [0..<n]

have 3 P. invertible-mat P A P € carrier-mat (m + n) (m + n) A reduce-abs a
mDA=PxA

by (rule reduce-abs-invertible-mat-case-m[OF A’ D a - A-def - Aaj mn n0 pquvd,
of %xs - - ?ys|,

insert a DO Am0-D, auto)

then show ?case by auto
next

case (2 azzs D A)

note A’ = 2.prems(1)

note a = 2.prems(2)

note n0 = 2.prems(3)

note A-def = 2.prems(4)

note Aaj = 2.prems(5)

note mn = 2.prems(6)

note d = 2.prems(7)

note zxs-less-m = 2.prems(8)

note D0 = 2.prems(9)

have A: A € carrier-mat (m+n) n using A’ mn A-def by auto
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have zm: x < m using 2.prems by auto
have D1: D -, 1, n € carrier-mat n n by (simp add: mn)
have Am0-D: A $$ (m, 0) = D
proof —
have A $$ (m, 0) = (D -, (1,, n)) $$ (m—m,0)
unfolding 2(5)
by (meson 2(2) 2(4) D1 append-rows-nth3 less-add-same-cancell order-refl)

also have ... = D by (simp add: n0)
finally show ?thesis .
qged

obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$%(z,0))
by (metis prod-cases5)
let ?reduce-ar = reduce-abs a v D A
have reduce-az: ?reduce-ax € carrier-mat (m + n) n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have h: (3 P. invertible-mat P A P € carrier-mat (m + n) (m + n)
A reduce-below-abs a (xs@[m]) D (reduce-abs a © D A) = P * reduce-abs a x D
A)
proof (rule 2.hyps|OF - a n0 - - ])
let ?A’ = mat-of-rows n (map (Matriz.row ?reduce-az) [0..<m))
show reduce-abs a t D A = 24’ Q,. D -, 1,, n
by (rule reduce-append-rows-eq[OF A’ A-def a xm n0 Aaj))
show reduce-abs a x D A $$ (a, 0) # 0
by (rule reduce-not0[OF A - - n0 - Aaj), insert 2.prems, auto)
qed (insert d zxs-less-m mn n0 DO, auto)
from this obtain P where inv-P: invertible-mat P and P: P € carrier-mat (m
T+ n) (m+ )
and rb-Pr: reduce-below-abs a (zsQ[m]) D (reduce-abs a © D A) = P * reduce-abs
ax D A by blast
have x: reduce-below-abs a ((z # xs)@[m]) D A = reduce-below-abs a (xsQ[m])
D (reduce-abs a x D A) by simp
have 3 Q. invertible-mat Q AN Q € carrier-mat (m+n) (m+n) A (reduce-abs a x
DA)=Qx A
by (rule reduce-abs-invertible-mat[OF A’ a n0 xm - A-def Aaj - mn D0], insert
xxs-less-m, auto)
from this obtain @ where inv-Q: invertible-mat @ and Q: Q € carrier-mat (m
T n) (m+ )
and r-QA: reduce-abs a x D A = @ * A by blast
have invertible-mat (Px()) using inv-P inv-Q P Q invertible-mult-JNF by blast
moreover have P x () € carrier-mat (m+n) (m+n) using P @ by auto
moreover have reduce-below-abs a ((x # xs)@[m]) D A = (PxQ) * A
by (smt (verit) P @ * assoc-mult-mat carrier-matD(1) carrier-mat-triv in-
dex-mult-mat(2)
r-QA rb-Pr reduce-preserves-dimensions(3))
ultimately show ?case by blast
qed
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end
hide-const (open) C

This lemma will be very important, since it will allow us to prove that the
output matrix is in echelon form.

lemma echelon-form-four-block-mat:
assumes A: A € carrier-mat 1 1
and B: B € carrier-mat 1 (n—1)
and D: D € carrier-mat (m—1) (n—1)
and H-def: H = four-block-mat A B (0,, (m—1) 1) D
and A00: A $$ (0,0) # 0
and e-D: echelon-form-JNF D
and m: m>0 and n: n>0
shows echelon-form-JNF H
proof (rule echelon-form-JNF-intro)
have H: H € carrier-mat m n
by (metis H-def Num.numeral-nat(7) A D m n carrier-matD carrier-mat-triv
indez-mat-four-block(2,3) linordered-semidom-class.add-diff-inverse not-less-eq)
have Hij-Dij: H $$ (i+1,j+1) = D $$ (i,j) if i: i<m—1 and j: j<n—1 for i j
proof —
have H $$ (i+1,j+1) = (if (i+1) < dim-row A then if (j+1) < dim-col A
then A $$ ((i+1), (j+1))
else B $$ ((i+1), (j+1) — dim-col A) else if (j+1) < dim-col A then
(O (m—1) 1) $$ ((i+1) — dim-row A, (j+1)) else D $$ ((i+1) — dim-row
A, (j+1) — dim-col A))
unfolding H-def by (rule index-mat-four-block, insert A D i j, auto)

also have ... = D $$ ((i+1) — dim-row A, (j+1) — dim-col A) using A D i j
B m n by auto
also have ... = D $$ (i,j) using A by auto
finally show ?thesis .
qged

have Hij-Dij: H $$ (i,j) = D $$ (i—1,j—1)
if i: i<m and j: j<n and i0: >0 and j0: j>0 for i j
by (metis (no-types, lifting) H H-def Num.numeral-nat(7) A carrier-matD
indez-mat-four-block less-SucO less-not-refl3 i j i0 j0)
have Hi0: H$$(i,0) = 0 if i: ie{1..<m} for i
proof —
have H $$ (i,0) = (if i < dim-row A then if 0 < dim-col A then A $$ (i, 0)
else B $$ (i, 0 — dim-col A) else if 0 < dim-col A then
(O (m—1) 1) 8$$ (i — dim-row A, 0) else D $$ (i — dim-row A, 0 — dim-col

4))
unfolding H-def by (rule index-mat-four-block, insert A D i, auto)
also have ... = (0,, (m—1) 1) $$ (i — dim-row A, 0) using A D i m n by
auto
also have ... = 0 using 7 A n by auto
finally show ?thesis .
qged
have A00-H00: A $$ (0,0) = H $$ (0,0) unfolding H-def using A by auto
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have is-zero-row-JNF j H if zero-iH: is-zero-row-JNF i H and 4j: ¢ < j and j:
j < dim-row H
for i j
proof —
have - is-zero-row-JNF 0 H unfolding is-zero-row-JNF-def using m n H A00
A00-HOO by auto
hence i-not0: i#0 using zero-iH by meson
have is-zero-row-JNF (i—1) D using zero-iH i-not0 Hij-Dij m n D H unfold-
ing is-zero-row-JNF-def
by (auto, smt (verit) Suc-lel carrier-matD(1) le-add-diff-inverse2 Hij-Dij
One-nat-def Suc-pred carrier-matD(1) j le-add-diff-inverse2
less-diff-conv less-imp-add-positive plus-1-eq-Suc that(2) trans-less-addl)
hence is-zero-row-JNF (j—1) D using ij e-D D j m i-not0 unfolding eche-
lon-form-JNF-def
by (auto, smt (verit) H Nat.lessE Suc-pred carrier-matD(1) diff-Suc-1 diff-Suc-less
order.strict-trans)
thus ?thesis
by (smt (verit) A H H-def Hi0 D atLeastLessThan-iff carrier-matD in-
dez-mat-four-block(1)
is-zero-row-JNF-def le-add1 less-one linordered-semidom-class. add-diff-inverse
not-less-eq
plus-1-eq-Suc 4 j zero-order(3))
qed
thus Vi<dim-row H. is-zero-row-JNF { H — — (j<dim-row H. i < j N\ —
is-zero-row-JNF j H)
by blast
have (LEAST n. H $$ (i, n) # 0) < (LEAST n. H $$ (4, n) # 0)
if 7j: i < jand j: j < dim-row H and not-zero-iH: — is-zero-row-JNF i H
and not-zero-jH: — is-zero-row-JNF j H for i j
proof (cases i = 0)
case True
have (LEAST n. H $$ (i, n) # 0) = 0 unfolding True using A00-H00 A00
by auto
then show ?thesis
by (metis (mono-tags) H Hi0 Least] True atLeastLessThan-iff carrier-matD(1)

is-zero-row-JNF-def lel less-one not-gr0 ij j not-zero-jH)
next
case Fulse note i-not0 = Fulse
let ?least-H = (LEAST n. H $$ (i, n) # 0)
let ?least-Hj = (LEAST n. H $$ (4, n) # 0)

have least-not0: (LEAST n. H $% (i, n) # 0) # 0
proof —
have <dim-row H = m»
using H by auto
with < < j» 4 < dim-row H)> have < < m)
by simp
then have <H $% (¢, 0) = 0»
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using i-not0 by (auto simp add: Suc-le-eq intro: Hi0)
moreover from is-zero-row-JNF-def [of i H| not-zero-iH
obtain n where <H $$ (i, n) # 0>
by blast
ultimately show ?thesis
by (metis (mono-tags, lifting) Leastl)
qed
have least-not0j: (LEAST n. H $$ (j, n) # 0) # 0
proof —
have 3n. H $$ (j, 0) = 0 A H $$ (j, n) # 0
by (metis (no-types) H Hi0 Leastl-ex Num.numeral-nat(7) atLeastLess Than-iff
carrier-matD(1)
is-zero-row-JNF-def linorder-neqE-nat not-gr0 not-less-Least not-less-eq
order-trans-rules(19)
ij § not-zero-jH wellorder-Least-lemma(2))
then show ?thesis
by (metis (mono-tags, lifting) LeastI-ex)
qed
have least-n: ?least-H<n
by (smt (verit) H carrier-matD(2) dual-order.strict-trans is-zero-row-JNF-def

not-less-Least not-less-iff-gr-or-eq not-zero-iH )
have Hil: H $$ (i,%least-H) # 0 and In:(Vn'. (H $3$ (i, n') # 0) — ?least-H
<)
by (metis (mono-tags, lifting) is-zero-row-JNF-def that(8) wellorder-Least-lemma)+
have Hil-Dil: H $$ (i,?least-H) = D $$ (i—1,%least-H — 1)
proof —
have H $$ (i,%least-H) = (if i < dim-row A then if ?least-H < dim-col A
then A $$ (i, ?least-H)
else B 8% (i, ?least-H — dim-col A) else if ?least-H < dim-col A then
(0 (m—1) 1) $$ (i — dim-row A, ?least-H) else D $$ (i — dim-row A,
?least-H — dim-col A))
unfolding H-def
by (rule indexz-mat-four-block, insert False j ij H A D n least-n, auto simp
add: H-def)
also have ... = D $$ (i — 1, %least-H — 1)
using False j ij H A D n least-n B Hi0 Hil by auto
finally show ?thesis .
qed
have not-zero-iD: — is-zero-row-JNF (i—1) D
by (metis (no-types, lifting) Hil Hil-Dil D carrier-matD(2) is-zero-row-JNF-def
le-add1
le-add-diff-inverse2 least-n least-not0 less-diff-conv less-one
linordered-semidom-class.add-diff-inverse)
have not-zero-jD: — is-zero-row-JNF (j—1) D
by (smt (verit) H Hij-Dij’ One-nat-def Suc-pred D m carrier-matD diff-Suc-1
1j is-zero-row-JNF-def j
least-not0j less-SucO less-Suc-eq-0-disj less-one neq0-conv not-less-Least
not-less-eq
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plus-1-eg-Suc not-zero-jH zero-order(3))
have ?least-H — 1 = (LEAST n. D $$ (i—1, n) # 0 A n<dim-col D)
proof (rule Least-equality[symmetric], rule)
show D $$ (i — 1, ?least-H — 1) # 0 using Hil Hil-Dil by auto
show (LEAST n. H $$ (i, n) # 0) — 1 < dim-col D using least-n least-not0
H D n by auto
fix n’ assume D $$ (i — 1, n’) # 0 A n’ < dim-col D
hence Diin'l: D 8% (i — 1, n') # 0 and n”: n’ < dim-col D by auto
have (LEAST n. H $$ (i, n) # 0) < n' + 1
proof (rule Least-le)
have H $$ (i, n'+1) =D $$ (i —1, (n'+1)—1)
by (rule Hij-Dij’, insert i-not0 False H A ij j n' D, auto)
thus Hin’: H 8% (i, n'+1) # 0 using False Diln’1 Hij-Dij’ by auto
qed
thus (LEAST n. H 8% (i, n) # 0) —1 < n’ using least-not0 by auto
qed
also have ... = (LEAST n. D $$ (i—1, n) # 0)
proof (rule Least-equality)
have D $$ (i — 1, LEAST n. D$$ (i — 1, n) # 0) # 0
by (metis (mono-tags, lifting) Hil Hil-Dil Leastl-ex)
moreover have leastD: (LEAST n. D $$ (i — 1, n) # 0) < dim-col D
by (smt (verit) dual-order.strict-trans is-zero-row-JNF-def linorder-neqE-nat
not-less-Least not-zero-iD)
ultimately show D $$ (i — 1, LEAST n. D $$ (i — 1, n) # 0) # 0
A (LEAST n. D 8% (i — 1, n) # 0) < dim-col D by simp
fix y assume D $$ (i — 1, y) # 0 A y < dim-col D
thus (LEAST n. D$$ (i — 1, n) # 0) < y by (meson wellorder-Least-lemma(2))
qed
finally have leastHi-eq: ?least-H — 1 = (LEAST n. D $$ (i—1, n) # 0) .
have least-nj: ?least-Hj<n
by (smt (verit) H carrier-matD(2) dual-order.strict-trans is-zero-row-JNF-def

not-less-Least not-less-iff-gr-or-eq not-zero-jH )
have Hjl: H $$ (j,%least-Hj) # 0 and In":(Vn'. (H $$ (4, n') # 0) — 2least-Hj
<n')
by (metis (mono-tags, lifting) is-zero-row-JNF-def not-zero-jH wellorder- Least-lemma)+
have Hjl-Djl: H $$ (j,?least-Hj) = D $$ (j—1,%least-Hj — 1)
proof —
have H $$ (j,%least-Hj) = (if j < dim-row A then if ?least-Hj < dim-col A
then A $$ (j, ?least-Hj)
else B $$ (4, ?least-Hj — dim-col A) else if ?least-Hj < dim-col A then
(O (m—1) 1) $$ (j — dim-row A, ?least-Hj) else D $$ (j — dim-row A,
?least-Hj — dim-col A))
unfolding H-def
by (rule index-mat-four-block, insert False j ij H A D n least-nj, auto simp
add: H-def)
also have ... = D $$ (j — 1, ?least-Hj — 1)
using False j ij H A D n least-n B Hi0 Hjl by auto
finally show ?thesis .
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qed
have (LEAST n. H $$ (j, n) # 0) — 1 = (LEAST n. D $$ (j—1, n) # 0 A
n<dim-col D)
proof (rule Least-equality[symmetric], rule)
show D $$ (j — 1, ?least-Hj — 1) # 0 using Hil Hil-Dil
by (smt (verit) H Hij-Dij’ LeastI-ex carrier-matD is-zero-row-JNF-def j
least-not0j
linorder-neqE-nat not-gr0 not-less-Least order.strict-trans ¢j not-zero-jH)
show (LEAST n. H $$ (j, n) # 0) — 1 < dim-col D using least-nj least-not0j
H D n by auto
fix n’ assume D $$ (j — 1, n’) # 0 A n’ < dim-col D
hence Diin’1: D$$ (j — 1, n’) # 0 and n": n’ < dim-col D by auto
have (LEAST n. H $$ (j, n) # 0) < n' + 1
proof (rule Least-le)
have H $$ (j, n'+1) =D $$ (j —1, (n'+1)—1)
by (rule Hij-Dij’, insert i-not0 False H A ij j n' D, auto)
thus Hin: H $$ (j, n'+1) # 0 using False Diln’l Hij-Dij’ by auto

qed

thus (LEAST n. H 8% (j, n) # 0) —1 < n’ using least-not0 by auto
qed
also have ... = (LEAST n. D $$ (j—1, n) # 0)

proof (rule Least-equality)
have D $$ (j — 1, LEASTn. D$$ (j — 1,n) # 0) # 0
by (metis (mono-tags, lifting) Hjl Hjl-Djl Leastl-ex)
moreover have leastD: (LEAST n. D $$ (j — 1, n) # 0) < dim-col D
by (smt (verit) dual-order.strict-trans is-zero-row-JNF-def linorder-neqE-nat
not-less-Least not-zero-jD)
ultimately show D $$ (j — 1, LEAST n. D$$ (j — 1, n) # 0) # 0
AN (LEAST n. D$$ (j — 1, n) # 0) < dim-col D by simp
fix y assume D 8% (j — 1, y) # 0 A y < dim-col D
thus (LEAST n. D $$ (j — 1, n) # 0) < y by (meson wellorder-Least-lemma(2))

qed
finally have leastHj-eq: (LEAST n. H 8% (j, n) # 0) — 1 = (LEAST n. D $$
(jfl’ TL) 7é 0) .

have ij" i—1 < j—1 using ij False by auto

have j—1 < dim-row D wusing D H ij j by auto

hence (LEAST n. D $$ (i—1, n) # 0) < (LEAST n. D $$ (j—1, n) # 0)
using e-D echelon-form-JNF-def ij’ not-zero-jD order.strict-trans by blast

thus ?thesis using leastHj-eq leastHi-eq by auto

qed
thusVij. ¢« <jAj<dim-row HA — is-zero-row-JNF i H N\ — is-zero-row-JNF

i H
— (LEAST n. H $$ (i, n) # 0) < (LEAST n. H $$ (j, n) # 0) by blast
qed

context mod-operation
begin
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lemma reduce-below:
assumes A € carrier-mat m n
shows reduce-below a xs D A € carrier-mat m n
using assms
by (induct a zs D A rule: reduce-below.induct, auto simp add: Let-def euclid-ext2-def)

lemma reduce-below-preserves-dimensions:
shows [simp]: dim-row (reduce-below a xs D A) = dim-row A
and [simp]: dim-col (reduce-below a xs D A) = dim-col A
using reduce-below[of A dim-row A dim-col A] by auto

lemma reduce-below-abs:

assumes A € carrier-mat m n

shows reduce-below-abs a xs D A € carrier-mat m n

using assms

by (induct a zs D A rule: reduce-below-abs.induct, auto simp add: Let-def eu-
clid-ext2-def)

lemma reduce-below-abs-preserves-dimensions:
shows [simp]: dim-row (reduce-below-abs a s D A) = dim-row A
and [simp]: dim-col (reduce-below-abs a xs D A) = dim-col A
using reduce-below-abs[of A dim-row A dim-col A] by auto

lemma FindPreHNF-1xn:
assumes A: A € carrier-mat m n and m<2 V n =0
shows FindPreHNF abs-flag D A € carrier-mat m n using assms by auto

lemma FindPreHNF-max1:
assumes A: A € carrier-mat m n and m>2 and n # 0 n<2
shows FindPreHNF abs-flag D A € carrier-mat m n
proof (cases abs-flag)
case True
let ?nz = (filter (Xi. A 88 (4, 0) # 0) [1..<m)])
have FindPreHNF abs-flag D A = (let non-zero-positions = filter (\i. A $$ (4,
0) # 0) [Suc 0..<m]
in reduce-below-abs 0 non-zero-positions D (if A $$ (0, 0) # 0 then A else
let i = non-zero-positions | 0 in swaprows 0 i A))
using assms True by auto
also have ... = reduce-below-abs 0 ?nz D (if A $$ (0, 0) # 0 then A
else let i = ?nz ! 0 in swaprows 0 ¢ A) unfolding Let-def by auto
also have ... € carrier-mat m n using A by auto
finally show ?thesis .
next
case Fulse
let ?nz = (filter (\i. A $$ (i, 0) # 0) [1..<m))
have FindPreHNF abs-flag D A = (let non-zero-positions = filter (Ai. A $$ (i,
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0) # 0) [Suc 0..<m]
in reduce-below 0 non-zero-positions D (if A $$ (0, 0) # 0 then A else
let i = non-zero-positions | 0 in swaprows 0 i A))
using assms Fualse by auto
also have ... = reduce-below 0 ?nz D (if A $$ (0, 0) # 0 then A
else let i = %nz ! 0 in swaprows 0 ¢ A) unfolding Let-def by auto
also have ... € carrier-mat m n using A by auto
finally show ?thesis .
qed

lemma FindPreHNF-man2:
assumes A: A € carrier-mat m n and m: m>2 and n: n>2
shows FindPreHNF abs-flag D A € carrier-mat m n
using assms
proof (induct abs-flag D A arbitrary: m n rule: FindPreHNF .induct)
case (1 abs-flag D A)
note A = 1.prems(1)
note m = 1.prems(2)
note n = 1.prems(3)
define non-zero-positions where non-zero-positions = filter (Ai. A $$ (4,0) #
0) [1..<dim-row A]
define A’ where A’ = (if A $$ (0, 0) # 0 then A else let i = non-zero-positions
10 in swaprows 0 i A)
define Reduce where [simp]: Reduce = (if abs-flag then reduce-below-abs else
reduce-below)
obtain A’-UL A’-UR A’-DL A’-DR where A’-split: (A’-UL, A’-UR, A’-DL,
A'-DR)
= split-block (Reduce 0 non-zero-positions D (make-first-column-positive A')) 1
1
by (metis prod-casess)
define sub-PreHNF where sub-PreHNF = FindPreHNF abs-flag D A’-DR
have A": A’ € carrier-mat m n unfolding A’-def using A by auto
have A’-DR: A’-DR € carrier-mat (m —1) (n—1)
by (cases abs-flag; rule split-block(4)[OF A’-split[symmetric]], insert Reduce-def
A A" m n, auto)
have sub-PreHNF: sub-PreHNF € carrier-mat (m — 1) (n—1)
proof (cases m—1<2)
case True
show ?thesis using A’-DR True unfolding sub-Pre HNF-def by auto
next
case Fulse note m’ = False
show ?thesis
proof (cases n—1<2)
case True
show ?thesis
unfolding sub-Pre HNF-def by (rule FindPreHNF-mxz1[OF A’-DR - - True],
insert n. m’, auto)
next
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case Fulse
show ?thesis
by (unfold sub-PreHNF-def, rule 1.hyps
[of m n, OF - - - non-zero-positions-def A’-def Reduce-def - A’-split - - -
A'-DR),
insert A False n m' Reduce-def, auto)
qed
qed
have A’-UL: A’-UL € carrier-mat 1 1
by (cases abs-flag; rule split-block(1)[OF A’-split[symmetric], of m—1 n—1],
insert n m A’, auto)
have A’-UR: A’-UR € carrier-mat 1 (n—1)
by (cases abs-flag; rule split-block(2)[OF A’-split[symmetric], of m—1], insert
nm A’ auto)
have A’-DL: A’-DL € carrier-mat (m — 1) 1
by (cases abs-flag; rule split-block(3)[OF A’-split|symmetric], of - n—1], insert
nm A', auto)
have *: (dim-col A = 0) = Fualse using 1(2—) by auto
have FindPreHNF-as-fom: FindPreHNF abs-flag D A = four-block-mat A’-UL
A’-UR A’-DL sub-PreHNF
unfolding FindPreHNF .simps|of abs-flag D A] using A’-split m n A
unfolding Let-def sub-Pre HNF-def A’-def non-zero-positions-def *
apply (cases abs-flag)
by (smt (verit) Reduce-def carrier-matD(1) carrier-matD(2) linorder-not-less
prod.simps(2))+
also have ... € carrier-mat m n
by (smt (verit) m A’-UL One-nat-def add.commute carrier-matD carrier-mat-triv
index-mat-four-block(2,3)
le-add-diff-inverse2 le-eq-less-or-eq lessI n nat-SN.compat numerals(2)
sub-PreHNF')
finally show ?case .
qed

lemma FindPreHNF":
assumes A: A € carrier-mat m n
shows FindPreHNF abs-flag D A € carrier-mat m n
using assms FindPreHNF-man2[OF A] FindPre HNF-mx1[OF A] FindPreHNF-1zn|OF
4]
using linorder-not-less by blast
end

lemma make-first-column-positive-append-id:
assumes A" A’ € carrier-mat m n
and A-def: A= A"Q, (D -, (1n n))
and D0: D>0
and n0: 0<n
shows make-first-column-positive A
= mat-of-rows n (map (Matriz.row (make-first-column-positive A)) [0..<m]) Q,
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(D m (Im n))
proof (rule matriz-append-rows-eq-if-preserves)
have A: A € carrier-mat (m+n) n using A’ A-def by auto
thus make-first-column-positive A € carrier-mat (m + n) n by auto
have make-first-column-positive A 8% (i, j) = (D s 1m n) $8 (i — m, j)
if j: j<n and 4: ¢ € {m..<m + n} for ¢ j
proof —
have i-mn: i<m+n using ¢ by auto
have A $$ (i,0) = (D -p, 1, n) $$ (¢ — m, 0) unfolding A-def
by (smt (verit) A append-rows-def assms(1) assms(2) atLeastLess Than-iff
carrier-matD
index-mat-four-block less-irrefl-nat nat-SN.compat j i n0)
also have ... > 0 using D0 mult-not-zero that(2) by auto
finally have Ai0: A$$(i,0)>0 .
have make-first-column-positive A $$ (i, j) = A$3(i,5)
using make-first-column-positive-works|OF A i-mn n0] j Ai0 by auto
also have ... = (D -, 1,, n) $8 (i — m, j) unfolding A-def
by (smt (verit) A append-rows-def A’ A-def atLeastLessThan-iff carrier-matD

index-mat-four-block less-irrefl-nat nat-SN.compat i j)
finally show ?thesis .
qed
thus Vie{m..<m + n}. Vj<n. make-first-column-positive A $$ (i, j) = (D ‘m
1, n) 88 (0 — m, j)
by simp
qed (auto)

lemma A’-swaprows-invertible-mat:

fixes A::int mat

assumes A: A€carrier-mat m n

assumes A’-def: A" = (if A $$ (0, 0) # 0 then A else let i = non-zero-positions
10 in swaprows 0 i A)

and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]

and nz-empty: A$$(0,0) =0 = non-zero-positions # ||

and m0: 0<m
shows A P. P € carrier-mat m m A invertible-mat P N A’ = P x A
proof (cases A$$(0,0) # 0)

case True

then show ?thesis

by (metis A A’-def invertible-mat-one left-mult-one-mat one-carrier-mat)

next

case Fulse

have nz-empty: non-zero-positions # [| using nz-empty False by simp

let i = non-zero-positions | 0

let ?M = (swaprows-mat m 0 ?i) :: int mat

have i-set-nz: i € set (non-zero-positions) using nz-empty by auto

have im: 20 < m using A nz-def i-set-nz by auto

have i-not0: ?i # 0 using A nz-def i-set-nz by auto
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have A’ = swaprows 0 ?i A using False A’-def by simp
also have ... = ?M x A
by (rule swaprows-mat|OF A), insert nz-def nz-empty False A m0 im, auto)
finally have 1: A’ = ?M % A .
have 2: ?M € carrier-mat m m by auto
have Determinant.det ?M = — 1
by (rule det-swaprows-mat[OF m0 im i-not0[symmetric]))
hence 3: invertible-mat ?M using invertible-iff-is-unit-JNF[OF 2| by auto
show ?thesis using 1 2 3 by blast
qed

lemma swaprows-append-id:
assumes A”: A’ € carrier-mat m n
and A-def: A= A'Q, (D - (1m n))
and i:i<m
shows swaprows 0 i A
= mat-of-rows n (map (Matriz.row (swaprows 0 i A)) [0..<m]) Q. (D -, (1,
")
proof (rule matriz-append-rows-eq-if-preserves)
have A: A € carrier-mat (m+n) n using A’ A-def by auto
show swap: swaprows 01 A € carrier-mat (m + n) n by (simp add: A)
have swaprows 0 i A $$ (ia, j) = (D - 1 n) 38 (ia — m, j)
if ia: ia € {m..<m + n} and j: j<n for ia j

proof —
have swaprows 01 A $$ (ia, j) = A $$ (ia,j) using i ia j A by auto
also have ... = (D -, 1,,, n) $8 (ia — m, j)

by (smt (verit) A append-rows-def A’ A-def atLeastLessThan-iff carrier-matD

indez-mat-four-block less-irrefl-nat nat-SN.compat ia j)
finally show swaprows 0 i A $$ (ia, j) = (D -, 1., n) $$ (ia — m, j) .
qed
thus Viae{m..<m + n}. Vj<n. swaprows 0 i A $3$ (ia, j) = (D - 1m n) 33 (ia
— m, j) by simp
qed (simp)

lemma non-zero-positions-zs-m:
fixes A::'a::comm-ring-1 mat
assumes A-def: A=A'"Q. D -, 1,, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0: D # 0
shows Js. non-zero-positions = xs Q [m] A distinct zs A (Yz€set xs. z < m A 0
< 1)
proof —
have A: A € carrier-mat (m+n) n using A’ A-def by auto
let %zs = filter (Ai. A $$ (4,0) # 0) [1..<m)]

290



have l-rw: [1..<dim-row A] = [1..<m+1]Q[m+1..<dim-row A] using A m0 n0
by (auto, metis Suc-lel less-add-same-cancell upt-add-eq-append upt-conv-Cons)
have f0: filter (Ai. A $$ (i,0) # 0) ([m+1..<dim-row A]) = |]
proof (rule filter-False)

have A 83 (¢,0) = 0 if i: i€set [m + 1..<dim-row A] for ¢

proof —

have A4 $3% (4,0) = (D -y, 1;n n) $$ (i—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0), insert i A, auto)

also have ... = 0 using ¢ A by auto
finally show ?thesis .
qed

thus Vzeset [m + 1..<dim-row A]. = A $$ (z, 0) # 0 by blast
qed
have fm: filter (Xi. A $$ (¢,0) # 0) [m] = [m]
proof —
have A $$ (m, 0) = (D -yy 1n n) $$ (m—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0], insert n0, auto)
also have ... = D using m0 n0 by auto
finally show ?thesis using D0 by auto
qed
have non-zero-positions = filter (Ai. A $$ (¢,0) # 0) ([1..<m+1]Q[m+1..<dim-row
)
using nz-def I-rw by auto
also have ... = filter (Xi. A $$ (i,0) # 0) [1..<m+1] Q filter (Xi. A $$ (4,0) #
0) ([m+1..<dim-row A])
by auto
also have ... = filter (\i. A $$ (4,0)

# 0) [1..<m+1] using f0 by auto
also have ... = filter (\i. A $$ (4,0) # 0

# 0

s

)
) ([1..<m]@[m]) using m0 by auto
also have ... = filter (\i. A $$ (i,0) ) [1..<m] Q [m] using fm by auto
finally have non-zero-positions = ?zs Q [m] .

moreover have distinct ?zs by auto

moreover have (Vze€set %zs. ¢ < m A 0 < z) by auto

ultimately show ?thesis by blast
qed

lemma non-zero-positions-zs-m’:
fixes A::'a::comm-ring-1 mat
assumes A-def: A=A'"Q. D -, 1,, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n

and D0: D # 0
shows non-zero-positions = (filter ()\ A 88 (4,0) # 0) [1..<m]) Q [m]
A distinct (filter (Mi. A $$ (4,0) # 0) [1..<m))
A (Vzeset (filter (Ai. A 88 (4,0) # 0) [1..<m]). z < m A 0 < z)
proof —
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have A: A € carrier-mat (m+n) n using A’ A-def by auto
let %zs = filter (Ai. A $$ (4,0) # 0) [1..<m)
have l-rw: [1..<dim-row A] = [1..<m+1]Q[m+1..<dim-row A] using A m0 n0
by (auto, metis Suc-lel less-add-same-cancell upt-add-eq-append upt-conv-Cons)
have f0: filter (\i. A $$ (:,0) # 0) ([m+1..<dim-row A]) = |]
proof (rule filter-False)

have 4 $$ (i,0) = 0 if i: i€set [m + 1..<dim-row A] for i

proof —

have A $$ (7,0) = (D -y 1 n) $$ (i—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0), insert i A, auto)

also have ... = 0 using 7 A by auto
finally show ?thesis .
qed

thus Vzeset [m + 1..<dim-row A]. = A $$ (z, 0) # 0 by blast
qed
have fm: filter (M\i. A 88 (4,0) # 0) [m] = [m]
proof —
have 4 $% (m, 0) = (D -y, 1, n) $8 (m—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0], insert n0, auto)
also have ... = D using m0 n0 by auto
finally show ?thesis using D0 by auto
qed
have non-zero-positions = filter (Ai. A $$ (4,0) # 0) ([1..<m~+1]Q[m+1..<dim-row
A])
using nz-def l-rw by auto
also have ... = filter (\i. A $$ (i,0) # 0) [1..<m+1] Q filter (Xi. A $$ (4,0) #
0) ([m+1..<dim-row A)
by auto
also have ... = filter (\i. A $$ (4,0)

#+0 .<m+1] using f0 by auto
also have ... = filter (Ai. A $$ (4,0) # 0

%0

s

) 11,
) ([1..<m]@[m]) using m0 by auto
also have ... = filter (\i. A $$ (4,0) ) [1.
finally have non-zero-positions = ?zs Q |

moreover have distinct ?zs by auto

moreover have (Vzeset ?zs. © < m A 0 < z) by auto

ultimately show #¢thesis by blast
qed

.<m] @ [m] using fm by auto

lemma A-A'D-eq-first-n-rows:
assumes A-def: A=A"Q. D -, 1., n
and A" A’ € carrier-mat m n
and mn: m>n
shows (mat-of-rows n (map (Matriz.row A’) [0..<n]))
= (mat-of-rows n (map (Matriz.row A) [0..<n])) (is ?lhs = ?rhs)
proof (rule eq-matl)
show dr: dim-row ?lhs = dim-row ?rhs and dc: dim-col ?lhs = dim-col ?rhs by
auto
have D: D -, 1., n: carrier-mat n n by simp
fix 7 j assume i: i<dim-row ?rhs and j: j<dim-col ?rhs
have ?lhs $$ (i,j) = A’ $$ (¢,7) using i j dr dc A’ mn by (simp add: mat-of-rows-def)
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also have ... = A $$ (4,j) using append-rows-nth|OF A’ D] i j dr dc A’ mn A-def
by auto
also have ... = ?rhs $$ (i,j) using i j dr dc A’ A-def mn
by (metis D calculation carrier-matD(1) diff-zero gr-implies-not0 length-map
length-upt
linordered-semidom-class. add-diff-inverse mat-of-rows-carrier(2,3)
mat-of-rows-index nat-SN.compat nth-map-upt row-append-rows1)
finally show ?ihs $$ (i,j) = ?rhs $$ (i,5) .
qed

lemma non-zero-positions-rs-m-invertible:
assumes A-def: A=A"Q. D -, 1, n
and A" A’ € carrier-mat m n
and nz-def: non-zero-positions = filter (Ai. A $$ (i,0) # 0) [1..<dim-row A]
and m0: 0<m and n0: 0<n
and D0: D # 0
and inv-A"": invertible-mat (map-mat rat-of-int (mat-of-rows n (map (Matriz.row
A7) [0..<n])))
and A’00: A’ $$ (0,0) = 0
and mn: m>n
shows length non-zero-positions > 1
proof —
have A: A € carrier-mat (m+n) n using A’ A-def by auto
have D: D -, 1,, n: carrier-mat n n by auto
let 2RAT = map-mat rat-of-int
let A" = (mat-of-rows n (map (Matriz.row A') [0..<n]))
have A': ?A'" € carrier-mat n n by auto
have RAT-A": ?RAT ?A" € carrier-mat n n by auto
let ?ys = filter (Ai. A 83 (4,0) # 0) [1..<m)
let %zs = filter (Ai. A $$ (4,0) # 0) [1..<n]
have zs-not-empty: ?zs # ||
proof (rule ccontr)

assume — ?zs # [] hence zs0: ?zs = || by simp
have A00: A $$ (0,0) = 0
proof —

have A $$ (0,0) = A’$%(0,0) unfolding A-def using append-rows-nth|OF
A" D] m0 n0 A" by auto
thus ?thesis using A’00 by simp
qed
hence (Vi€set [1..<n]. A $$ (i,0) = 0)
by (metis (mono-tags, lifting) empty-filter-conv xzs0)
hence *: (Vi<n. A $$ (¢,0) = 0) using A00 n0 using linorder-not-less by
force
have col 2A" 0 = 0, n
proof (rule eq-vecl)
show dim-vec (col ?A" 0) = dim-vec (0,n) using A’ by auto
fix ¢ assume i: ¢ < dim-vec (0, n)
have col ?A" 0 $v i = 24" $$ (i,0) by (rule indez-col, insert i A’ n0, auto)
also have ... = 4 $$ (i,0)
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unfolding A-def using i A append-rows-nth[OF A’ D - n0] A’ mn
by (metis A" n0 carrier-matD(1) indez-zero-vec(2) le-add2 map-first-rows-index
mat-of-rows-carrier(2) mat-of-rows-index nat-SN.compat)

also have ... = 0 using * i by auto
finally show col ?A"” 0 $v i = 0, n $v i using ¢ by auto
qed

hence col (YRAT ?A") 0 = 0, n by auto
hence — invertible-mat (?RAT ?A")
using invertible-mat-first-column-not0|OF RAT-A"" - n0] by auto
thus Fulse using inv-A’' by contradiction
qed
have l-rw: [1..<dim-row A] = [1..<m+1]Q[m+1..<dim-row A] using A m0 n0
by (auto, metis Suc-lel less-add-same-cancell upt-add-eq-append upt-conv-Cons)
have f0: filter (Mi. A $$ (i,0) # 0) ([m+1..<dim-row A]) = |]
proof (rule filter-False)
have A4 $$ (¢,0) = 0 if i: i€set [m + 1..<dim-row A] for ¢
proof —
have A4 $3$ (4,0) = (D -y, 11n n) $$ (i—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0), insert i A, auto)

also have ... = 0 using 7 A by auto
finally show ?thesis .
qed

thus Vzeset [m + 1..<dim-row A]. = A $$ (z, 0) # 0 by blast
qed
have fm: filter (Xi. A $$ (¢,0) # 0) [m] = [m]
proof —
have A $% (m, 0) = (D yy 11n n) $$ (m—m,0)
by (rule append-rows-nth3[OF A’ - A-def - - n0], insert n0, auto)
also have ... = D using m0 n0 by auto
finally show ?thesis using D0 by auto
qed
have non-zero-positions = filter (Ai. A $$ (4,0) # 0) ([1..<m+1]Q[m+1..<dim-row
)
using nz-def l-rw by auto
also have ... = filter (Xi. A $$ (i,0) # 0) [1..<m+1] Q filter (Xi. A $$ (4,0) #
0) ([m+1..<dim-row A))

by auto
also have ... = filter (Ai. A $$ (4,0) # 0) [1..<m+1] using f0 by auto
also have ... = filter (Ai. A $% (4,0) # 0) ([1..<m]Q[m]) using m0 by auto
also have ... = filter (Mi. A 88 (4,0) # 0) [1..<m] Q [m] using fm by auto

finally have nz: non-zero-positions = ?ys Q [m] .

moreover have ys-not-empty: ?ys # || using zs-not-empty mn

by (metis (no-types, lifting) atLeastLess Than-iff empty-filter-conv nat-SN.compat
set-upt)

show ?thesis unfolding nz using ys-not-empty by auto
qed
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corollary non-zero-positions-length-zs:

assumes A-def: A=A"Q. D -, 1, n

and A" A’ € carrier-mat m n

and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]

and m0: 0<m and n0: 0<n

and D0: D # 0

and inv-A"": invertible-mat (map-mat rat-of-int (mat-of-rows n (map (Matriz.row
A7) [0..<n)))

and A'00: A" $$ (0,0) = 0

and mn: m>n

and nz-zs-m: non-zero-positions = s Q [m)]
shows length zs > 0
proof —

have length non-zero-positions > 1

by (rule non-zero-positions-zs-m-invertible] OF A-def A’ nz-def m0 n0 DO inv-A"
A'00 mn))

thus ?thesis using nz-zs-m by auto
qed

lemma make-first-column-positive-nz-conv:
assumes i<dim-row A and j<dim-col A
shows (make-first-column-positive A $3% (i, j) # 0) = (A $$ (i, j) # 0)
using assms unfolding make-first-column-positive.simps by auto

lemma make-first-column-positive-00:
assumes A-def: A= A"Q,. D ., 1,, n
and A" A" : carrier-mat m n
assumes nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row
A
and A’-def: A’ = (if A 83 (0, 0) # 0 then A else let i = non-zero-positions !
0 in swaprows 0 i A)
and m0: 0<m and n0: 0<n and D0: D # 0 and mn: m>n
shows make-first-column-positive A’ $$ (0, 0) # 0
proof —
have A: A € carrier-mat (m+n) n using A-def A" by auto
hence A’: A’ € carrier-mat (m+n) n unfolding A’-def by auto
have (make-first-column-positive A’ $$ (0, 0) # 0) = (A" $$ (0, 0) # 0)
by (rule make-first-column-positive-nz-conv, insert m0 n0 A’, auto)
moreover have A’ $$ (0, 0) # 0
proof (cases A $$ (0, 0) # 0)
case True
then show ?thesis unfolding A’-def by auto
next
case Fulse
have A $$ (0, 0) = A" $$ (0, 0)
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by (smt (verit) add-gr-0 append-rows-def A-def A" carrier-matD indez-mat-four-block(1)
mn n0 nat-SN.compat)
hence A”00: A”$3(0,0) = 0 using Fualse by auto
let 2 = non-zero-positions ! 0
obtain zs where non-zero-positions-rs-m: non-zero-positions = xs @Q [m] and
d-zs: distinct xs
and all-less-m: Va€set zs. z < m A 0 < z
using non-zero-positions-zs-m[OF A-def A" nz-def m0 n0] using D0 by fast

have Ai0: A $$ (%i,0) # 0
by (smt (verit, ccfu-threshold) add-gr-0 length-append less-numeral-extra(1)
list.size(4) local.non-zero-positions-xs-m mem-Collect-eq nth-mem nz-def plus-1-eq-Suc
set-filter)
have 4’ $$ (0, 0) = swaprows 0 ?i A $$ (0,0) using False A'-def by auto
also have ... # 0 using A Ai0 n0 by auto
finally show ?thesis .
qed
ultimately show ?thesis by blast
qed

context proper-mod-operation
begin
lemma reduce-below-0-case-m-make-first-column-positive:
assumes A" A’ € carrier-mat m n and m0: 0<m and n0: 0<n
and A-def: A= A'Q, (D -, (1 n))
and mn: m>n
assumes i-mn: ¢ < m+n and d-zs: distinct xs and zs: Vz € set zs. x < m A 0
<z
and ia: i#0
and A"-def: A” = (if A 3% (0, 0) # 0 then A else let i = non-zero-positions
0 in swaprows 0 i A)
and D0: D>0
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
shows reduce-below 0 non-zero-positions D (make-first-column-positive A') $$
(i,0) = 0
proof —
have A: A € carrier-mat (m+n) n using A’ A-def by auto
define zs where zs = filter (Ai. A $$ (4,0) # 0) [1..<m]
have nz-zs-m: non-zero-positions = xs Q [m| and d-zs: distinct xs
and all-less-m: Vzeset xzs. z < m A 0 < z
using non-zero-positions-rs-m'|OF A-def A’ nz-def m0 n0] using D0 A un-
folding nz-def xzs-def by auto
have A”: A" € carrier-mat (m+n) n using A’ A-def A"-def by auto
have D-not0: D#0 using D0 by auto
have A4i0: A $$ (i, 0) = 0 if im: i>m and imn: i<m-+n for ¢
proof—
have D: (D -, (1, n)) € carrier-mat n n by simp
have A4 $3% (i, 0) = (D -, (11, n)) 88 (i—m, 0)
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unfolding A-def using append-rows-nth[OF A’ D imn n0] im A’ by auto

also have ... = 0 using im imn n0 by auto
finally show ?thesis .
qed
let ?M’ = mat-of-rows n (map (Matriz.row (make-first-column-positive A'))
[0..<m])

have M": ?M’ € carrier-mat m n using A" by auto
have mk0: make-first-column-positive A" $% (0, 0) # 0
by (rule make-first-column-positive-00[OF A-def A’ nz-def A"”'-def m0 n0 D-not0
mn])
have M-M'D: make-first-column-positive A" = ¢M' Q,. D -,, 1,, n if zs-empty:
s # ||
proof (cases A$$(0,0) # 0)
case True
then have *: make-first-column-positive A" = make-first-column-positive A
unfolding A'-def by auto
show ?thesis
by (unfold *, rule make-first-column-positive-append-id| OF A’ A-def DO n0])
next
case Fulse
then have *: make-first-column-positive A"’
= make-first-column-positive (swaprows 0 (non-zero-positions ! 0)
4)
unfolding A"-def by auto
show ?thesis
proof (unfold x, rule make-first-column-positive-append-id)
let 2S5 = mat-of-rows n (map (Matriz.row (swaprows 0 (non-zero-positions !
0) A)) [0..<m)])
show swaprows 0 (non-zero-positions ! 0) A = 25 Q. (D -, (1 1))
proof (rule swaprows-append-id|OF A’ A-def])
have A'00: A’ $$ (0, 0) = 0
by (metis (no-types, lifting) A False add-pos-pos append-rows-def A" A-def
carrier-matD indez-mat-four-block m0 n0)
have length-zs: length xs > 0 using zs-empty by auto
have non-zero-positions | 0 = zs! 0 unfolding nz-zs-m
by (meson length-zs nth-append)
thus non-zero-positions ! 0 < m using all-less-m length-xs by simp
qed
qed (insert n0 DO, auto)
qed
show ?thesis
proof (cases zs = |])
case True note zs-empty = True
have reduce-below 0 non-zero-positions D (make-first-column-positive A"')
= reduce 0 m D (make-first-column-positive A"
unfolding nz-zs-m True by auto

also have ... $$ (i, 0) =0
proof (cases i=m)
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case True
from DO have D > 1 D > 0 by auto
then show ?thesis using D0 True
by (metis A add-sign-intros(2) A'-def carrier-matD(1) carrier-matD(2)
carrier-matl
index-mat-swaprows(2) index-mat-swaprows(3) less-add-same-cancell m0

make-first-column-positive-preserves-dimensions mk0 n0 neq0-conv re-
duce-0)
next
case Fulse note i-not-m = Fulse
have nz-m: non-zero-positions ! 0 = m unfolding nz-xs-m True by auto
let 2M = make-first-column-positive A"’
have M: ?M € carrier-mat (m+n) n using A" by auto
show ?thesis
proof (cases A$$(0,0) = 0)
case True
have reduce 0 m D ?M $$ (i, 0) = ?M $$ (4,0)
by (rule reduce-preserves| OF M n0 mk0 False ia i-mn))
also have Mi0: ... = abs (A" $$ (i,0))
by (smt (verit) M carrier-matD(1) carrier-matD(2) i-mn index-mat(1)
make-first-column-positive.simps
make-first-column-positive-preserves-dimensions n0 prod.simps(2))

also have Mi02: ... = abs (A $$ (¢,0)) unfolding A''-def nz-m
using True A False i-mn ia n0 by auto

also have ... = 0

proof —

have filter (An. A 8% (n, 0) # 0) [1..<m] = |]
using zs-empty xs-def by presburger
then have Vn. A $$ (n, 0) = 0 V n ¢ set [1..<m] using filter-empty-conv
by fast
then show ?thesis
by (metis (no-types) Ai0 False arith-simps(43) assms(9) atLeast-
LessThan-iff i-mn
le-eg-less-or-eq less-one linorder-neqE-nat set-upt)
qed
finally show ?thesis .
next
case Fulse hence A00: A $$ (0,0) # 0 by simp
have reduce 0 m D ?M $$ (i, 0) = ?M $$ (i,0)
by (rule reduce-preserves|OF M n0 mk0 i-not-m ia i-mn))
also have Mi0: ... = abs (A" $$ (i,0))
by (smt (verit) M carrier-matD(1) carrier-matD(2) i-mn index-mat(1)
make-first-column-positive.simps
make-first-column-positive-preserves-dimensions n0 prod.simps(2))
also have Mi02: ... = abs (swaprows 0 m A $$ (i,0)) unfolding A’'-def
nz-m
using A00 A i-not-m i-mn ia n0 by auto
also have ... = abs (4 $$ (¢,0)) using False ia A00 Mi0 A''-def calculation
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Mi02 by presburger
also have ... = 0
proof —
have filter (An. A $$ (n, 0) # 0) [1..<m] = |]
using True zs-def by presburger
then have Vn. A $3 (n, 0) = 0 V n ¢ set [1..<m]| using filter-empty-conv
by fast
then show ?thesis
by (metis (no-types) Ai0 i-not-m arith-simps(43) ia atLeastLess Than-iff
-mn
le-eg-less-or-eq less-one linorder-neqE-nat set-upt)
qed
finally show ?thesis .
qed
qed
finally show ?thesis .
next
case Fulse note xs-not-empty = False
note M-M'D = M-M’'D|OF zs-not-empty]
show ?thesis
proof (cases i € set (xs Q [m]))
case True
show ?thesis
by (unfold nz-xzs-m, rule reduce-below-0-case-m[OF M’ m0 n0 M-M'D mk0
mn True d-zs all-less-m DO0])
next
case Fulse note i-notin-zs-m = False
have 1: reduce-below 0 (zs @ [m]) D (make-first-column-positive A’") $3$ (4,0)

= (make-first-column-positive A”') $$ (i,0)
by (rule reduce-below-preserves-case-m[OF M’ m0 n0 M-M'D mk0 mn - d-xs
all-less-m ia i-mn - DO],
insert False, auto)
have ((make-first-column-positive A') $$ (i,0) # 0) = (A" $$ (i,0) # 0)
by (rule make-first-column-positive-nz-conv, insert A" i-mn n0, auto)
hence 2: ((make-first-column-positive A'") $$ (i,0) = 0) = (A" $$ (4,0) =
0) by auto
have 3: (A" $$ (i,0) = 0)
proof (cases A$%(0,0) # 0)
case True
then have A" $$ (i, 0) = A $3$ (i, 0) unfolding A"-def by auto
also have ... = 0 using Fulse ia i-mn A nz-zs-m Ai0 unfolding nz-def
zs-def by auto
finally show ?thesis by auto
next
case False hence A00: A $$ (0,0) = 0 by simp
let ?i = non-zero-positions ! 0
have i-noti: i#%i
using i-notin-zs-m unfolding nz-zs-m
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by (metis Nil-is-append-conv length-greater-0-conv list.distinct(2) nth-mem)
have A"$$(7,0) = (swaprows 0 ?i A) $3$ (i,0) using False unfolding A''-def
by auto

also have ... = A $$ (¢,0) using i-notin-zs-m ia i-mn A i-noti n0 unfolding
zs-def by fastforce
also have ... = 0 using i-notin-xs-m ia i-mn A i-noti n0 unfolding xs-def

by (smt (verit) nz-def atLeastLessThan-iff carrier-matD(1) less-one
linorder-not-less
mem-Collect-eq nz-xs-m set-filter set-upt xs-def)
finally show ?thesis .
qed
show ?thesis using 1 2 8 nz-zs-m by argo
qed
qed
qed

lemma reduce-below-abs-0-case-m-make-first-column-positive:
assumes A”: A’ € carrier-mat m n and m0: 0<m and n0: 0<n
and A-def: A= A"Q, (D -, (1, n))
and mn: m>n
assumes i-mn: ¢ < m~+n and d-zs: distinct s and zs: Vz € set zs. . < m A 0
<z
and ia: i#0
and A”-def: A" = (if A $$ (0, 0) # 0 then A else let i = non-zero-positions !
0 in swaprows 0 i A)
and D0: D>0
and nz-def: non-zero-positions = filter (Ai. A $$ (4,0) # 0) [1..<dim-row A]
shows reduce-below-abs 0 non-zero-positions D (make-first-column-positive A'')
$$ (4,0) = 0
proof —
have A: A € carrier-mat (m+n) n using A’ A-def by auto
define zs where zs = filter (Ai. A $$ (¢,0) # 0) [1..<m]
have nz-zs-m: non-zero-positions = xs @ [m| and d-zs: distinct s
and all-less-m: Vzeset xzs. z < m A 0 < z
using non-zero-positions-zs-m'|OF A-def A’ nz-def m0 n0] using D0 A un-
folding nz-def xzs-def by auto
have A": A" € carrier-mat (m+n) n using A’ A-def A"-def by auto
have D-not0: D#0 using D0 by auto
have A4i0: A $$ (i, 0) = 0 if im: i>m and imn: i<m-+n for ¢
proof—
have D: (D -, (1, n)) € carrier-mat n n by simp
have A4 $$ (i, 0) = (D -, (11 1)) $$ (i—m, 0)
unfolding A-def using append-rows-nth[OF A’ D imn n0] im A’ by auto

also have ... = 0 using im imn n0 by auto
finally show ?thesis .
qed

let 2M’ = mat-of-rows n (map (Matriz.row (make-first-column-positive A'))
[0..<m])
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have M. ?M’ € carrier-mat m n using A" by auto
have mk0: make-first-column-positive A" $$ (0, 0) # 0
by (rule make-first-column-positive-00[OF A-def A’ nz-def A”-def m0 n0 D-not0
mn])
have M-M'D: make-first-column-positive A" = ¢M' Q,. D -,, 1,, n if zs-empty:
s # ||
proof (cases A$$(0,0) # 0)
case True
then have *: make-first-column-positive A" = make-first-column-positive A
unfolding A"-def by auto
show ?thesis
by (unfold *, rule make-first-column-positive-append-id|OF A’ A-def DO n0])
next
case Fulse
then have *: make-first-column-positive A"’
= make-first-column-positive (swaprows 0 (non-zero-positions ! 0)
4)
unfolding A'"-def by auto
show ?thesis
proof (unfold x, rule make-first-column-positive-append-id)
let 2S = mat-of-rows n (map (Matriz.row (swaprows 0 (non-zero-positions !
0) A)) [0..<m)])
show swaprows 0 (non-zero-positions ! 0) A = 25 Q. (D -, (I 1))
proof (rule swaprows-append-id|OF A’ A-def])
have A'00: A’ $$ (0, 0) = 0
by (metis (no-types, lifting) A False add-pos-pos append-rows-def A’ A-def
carrier-matD index-mat-four-block m0 n0)
have length-zs: length xs > 0 using zs-empty by auto
have non-zero-positions | 0 = zs! 0 unfolding nz-zs-m
by (meson length-zs nth-append)
thus non-zero-positions ! 0 < m using all-less-m length-xs by simp
qed
qed (insert n0 DO, auto)
qed
show ?thesis
proof (cases zs = |])
case True note zs-empty = True
have reduce-below-abs 0 non-zero-positions D (make-first-column-positive A'")
= reduce-abs 0 m D (make-first-column-positive A"
unfolding nz-xzs-m True by auto

also have ... 33 (¢, 0) =0
proof (cases i=m)
case True
from D0 have D > 1 D > 0 by auto
then show ?thesis using D0 True
by (metis A add-sign-intros(2) A''-def carrier-matD(1) carrier-matD(2)
carrier-matl
index-mat-swaprows(2) indez-mat-swaprows(3) less-add-same-cancell m0
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make-first-column-positive-preserves-dimensions mk0 n0 neq0-conv re-
duce-0)
next
case Fulse note i-not-m = Fulse
have nz-m: non-zero-positions | 0 = m unfolding nz-zs-m True by auto
let ?M = make-first-column-positive A"’
have M: ?M € carrier-mat (m+n) n using A" by auto
show ?thesis
proof (cases A$3(0,0) = 0)
case True
have reduce-abs 0 m D ?M $$ (i, 0) = ?M $$ (4,0)
by (rule reduce-preserves|OF M n0 mk0 False ia i-mn])
also have Mi0: ... = abs (A" $$ (i,0))
by (smt (verit) M carrier-matD(1) carrier-matD(2) i-mn index-mat(1)
make-first-column-positive.simps
make-first-column-positive-preserves-dimensions n0 prod.simps(2))

also have Mi02: ... = abs (A $$ (i,0)) unfolding A''-def nz-m
using True A False i-mn ia n0 by auto

also have ... = 0

proof —

have filter (An. A 8% (n, 0) # 0) [1..<m] = |]
using zs-empty xs-def by presburger
then have Vn. A $$ (n, 0) = 0 V n ¢ set [1..<m] using filter-empty-conv
by fast
then show ?thesis
by (metis (no-types) Ai0 False arith-simps(43) assms(9) atLeast-
LessThan-iff i-mn
le-eg-less-or-eq less-one linorder-neqE-nat set-upt)
qed
finally show ?thesis .
next
case Fulse hence A00: A $$ (0,0) # 0 by simp
have reduce-abs 0 m D ?M $$ (i, 0) = ?M $$ (i,0)
by (rule reduce-preserves| OF M n0 mk0 i-not-m ia i-mn])
also have Mi0: ... = abs (A" $$ (i,0))
by (smt (verit) M carrier-matD(1) carrier-matD(2) i-mn index-mat(1)
make-first-column-positive.simps
make-first-column-positive-preserves-dimensions n0 prod.simps(2))
also have Mi02: ... = abs (swaprows 0 m A $$ (i,0)) unfolding A''-def
nz-m
using A00 A i-not-m i-mn ia n0 by auto
also have ... = abs (4 $$ (¢,0)) using False ia A00 Mi0 A''-def calculation
Mi02 by presburger
also have ... = 0
proof —
have filter (An. A $$ (n, 0) # 0) [1..<m] = |]
using True zs-def by presburger
then have Vn. A $$ (n, 0) = 0 V n ¢ set [1..<m)] using filter-empty-conv
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by fast
then show ?thesis
by (metis (no-types) Ai0 i-not-m arith-simps(43) ia atLeastLessThan-iff
-mn
le-eq-less-or-eq less-one linorder-neqE-nat set-upt)
qged
finally show ?thesis .
qed
qed
finally show ?thesis .
next
case Fualse note xs-not-empty = False
note M-M'D = M-M'D|OF zs-not-empty]
show ?thesis
proof (cases i € set (xs @Q [m]))
case True
show ?thesis
by (unfold nz-xzs-m, rule reduce-below-abs-0-case-m[OF M’ m0 n0 M-M'D
mk0 mn True d-zs all-less-m DO))
next
case Fulse note i-notin-rs-m = False
have 1: reduce-below-abs 0 (xs @ [m]) D (make-first-column-positive A'') $$
(1,0)
= (make-first-column-positive A’") $$ (i,0)
by (rule reduce-below-abs-preserves-case-m[OF M’ m0 n0 M-M'D mk0 mn
- d-zs all-less-m ia i-mn - DO],
insert False, auto)
have ((make-first-column-positive A"') $$ (i,0) # 0) = (A" $$ (4,0) # 0)
by (rule make-first-column-positive-nz-conv, insert A" i-mn n0, auto)
hence 2: ((make-first-column-positive A'') $$ (i,0) = 0) = (A" $$ (i,0) =
0) by auto
have 3: (A" $$ (¢,0) = 0)
proof (cases A$$(0,0) # 0)
case True
then have A" $$ (i, 0) = A $$ (4, 0) unfolding A"-def by auto
also have ... = 0 using Fulse ia i-mn A nz-zs-m Ai0 unfolding nz-def
zs-def by auto
finally show ?thesis by auto
next
case Fulse hence A00: A $3% (0,0) = 0 by simp
let 2 = non-zero-positions | 0
have i-noti: i#7%i
using i-notin-rs-m unfolding nz-zs-m
by (metis Nil-is-append-conv length-greater-0-conv list.distinct(2) nth-mem)
have A"$$(,0) = (swaprows 0 ?i A) $3$ (i,0) using False unfolding A''-def
by auto

also have ... = A $$ (¢,0) using i-notin-zs-m ia i-mn A i-noti n0 unfolding
zs-def by fastforce
also have ... = 0 using i-notin-xs-m ia i-mn A i-noti n0 unfolding xs-def
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by (smt (verit) nz-def atLeastLessThan-iff carrier-matD(1) less-one
linorder-not-less
mem-Collect-eq nz-zs-m set-filter set-upt xs-def)
finally show ?thesis .
qed
show ?thesis using 1 2 3 nz-zs-m by argo
qed
qed
qed

lemma FindPreHNF-invertible-mat-2zn:

assumes A: A € carrier-mat m n and m<2

shows 3 P. P € carrier-mat m m A invertible-mat P N\ FindPreHNF abs-flag D
A=P=x A

using assms

by (auto, metis invertible-mat-one left-mult-one-mat one-carrier-mat)

lemma FindPreHNF-invertible-mat-mz2:
assumes A-def: A= A"Q. D, 1, n
and A" A" € carrier-mat m n and n2: n<2 and n0: 0<n and D-g0: D>0
and mn: m>n
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P N FindPreHNF
abs-flag D A = P x A
proof —
have A: A € carrier-mat (m+n) n using A-def A" by auto
have m0: m>0 using mn n2 n0 by auto
have D0: D#0 using D-g0 by auto
show ?thesis
proof (cases m+n<2)
case True
show ?thesis by (rule FindPre HNF-invertible-mat-2xn[OF A True])
next
case Fulse note mn-le-2 = Fulse
have dr-A: dim-row A >2 using False n2 A by auto
have dc-A: dim-col A < 2 using n2 A by auto
let ?non-zero-positions = filter (Ai. A 8% (i, 0) # 0) [Suc 0..<dim-row A]
let ?A’ = (if A $$ (0, 0) # 0 then A else let i = ?non-zero-positions ! 0 in
swaprows 0 i A)
define zs where zs = filter (Ai. A $$ (i,0) # 0) [1..<m]
let ?Reduce = (if abs-flag then reduce-below-abs else reduce-below)
have nz-zs-m: ?non-zero-positions = xs Q [m| and d-zs: distinct xs
and all-less-m: Vzeset xs. . < m A 0 < x
using non-zero-positions-zs-m'|OF A-def A’ - m0 n0 D0] using D0 A un-
folding zs-def by auto
have x: FindPreHNF abs-flag D A = (if abs-flag then reduce-below-abs 0
?non-zero-positions D ?A’
else reduce-below 0 ?non-zero-positions D ?A’)
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using dr-A dc-A by (auto simp add: Let-def)
have [: length ?non-zero-positions > 1 if xs#[] using that unfolding nz-zs-m
by auto
have inv: 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n)
A reduce-below 0 ?non-zero-positions D ?A' = P x 24’
proof (cases A $$ (0,0) #0)
case True
show ?thesis
by (unfold nz-zs-m, rule reduce-below-invertible-mat-case-m
[OF A" m0 n0 - - mn d-zs all-less-m], insert A-def True D-g0, auto)
next
case Fulse hence A00: A $$ (0,0) = 0 by auto
let 7S = swaprows 0 (?non-zero-positions ! 0) A
have rw: (if A $$ (0, 0) # 0 then A else let i = ?non-zero-positions | 0 in
swaprows 0 i A)
= 75 using Fulse by auto
show ?thesis
proof (cases zs = [])
case True
have nz-m: ?non-zero-positions = [m] using True nz-zs-m by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A
$$ (0, 0)) (swaprows 0 m A $$ (m, 0))
by (metis prod-cases5)
have Am0: A $$ (m,0) = D
proof —
have A $$ (m,0) = (D -, 1, n) $$ (m—m, 0)
unfolding A-def
by (meson append-rows-nth3 assms(2) assms(4) less-add-same-cancell
one-carrier-mat order-refl smult-carrier-mat)

also have ... = D by (simp add: n0)
finally show ?thesis .
ged

have Sm0: (swaprows 0 m A) $8 (m,0) = 0 using A False n0 by auto
have S00: (swaprows 0 m A) $$ (0,0) = D using A Am0 n0 by auto
have pquvd2: (p,q,u,v,d) = euclid-ext2 (A $$ (m, 0)) (A $$ (0, 0))
using pquvd Sm0 S00 Am0 A00 by auto
have reduce-below 0 ?non-zero-positions D ?A’ = reduce 0 m D ?A’ unfolding
nz-m by auto
also have ... = reduce 0 m D (swaprows 0 m A) using True False rw nz-m
by auto
have 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n) A
reduce 0 m D (swaprows 0 m A) = P * (swaprows 0 m A)
proof (rule reduce-invertible-mat-case-m[OF - - m0 - - - - mn n0])
show swaprows 0 m A $$ (0, 0) # 0 using S00 DO by auto
define S’ where S’ = mat-of-rows n (map (Matriz.row 25) [0..<m])
define S where S’ = mat-of-rows n (map (Matriz.row 2S) [m..<m+n])
define A2 where A2 = Matriz.mat (dim-row (swaprows 0 m A)) (dim-col
(swaprows 0 m A))
(A, k). if i = Othenpx AS$% (m, k) + ¢ = A $$ (0, k)
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elseif i = m thenu x A$$ (m, k) + v AS$$ (0, k) else A 33 (3, k))
show S-S'-S8'": swaprows 0 m A = S’ @, S" unfolding S'-def S"'-def
by (metis A append-rows-split carrier-matD indez-mat-swaprows(2,3)
le-add1 nth-Cons-0 nz-m)
show S': S’ € carrier-mat m n unfolding S’-def by fastforce
show S'": S € carrier-mat n n unfolding S'’-def by fastforce
show 0 # m using m0 by simp
show (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A $$ (0, 0)) (swaprows 0
m A $3$ (m, 0))
using pquvd by simp
show A2 = Matriz.mat (dim-row (swaprows 0 m A)) (dim-col (swaprows
0 m A))
(A\(i, k). if i = 0 then p * swaprows 0 m A $$ (0, k) + q * swaprows 0 m
A 8% (m, k)
else if i = m then u * swaprows 0 m A $3% (0, k) + v * swaprows 0 m A $$
(m, k) else swaprows 0 m A $$ (i, k))
(is - = ?rhs) using A A2-def by auto
define zs’ where zs’ = [1..<n]
define ys’ where ys' = [I..<n]
show zs’ = [1..<n] unfolding zs’-def by auto
show ys’ = [1..<n] unfolding ys’-def by auto
have S”D: (8" $$ (j, j) = D) A (Vj'e{0..<n}—{j}. S” $$ (4, j') = 0)
if jn: j<n and j0: j>0 for j
proof —
have 5" $$ (j, i) = (D - 1 n) $$ (4,i) if i-n: i<n for i
proof —
have S $$ (j, i) = swaprows 0 m A $$ (j+m,i)
by (metis S’ S 5-S’-S'"" append-rows-nth2 mn nat-SN.compat i-n jn)
also have ... = A $$ (j+m,i) using A jn jO i-n by auto
also have ... = (D -, 1,, n) $$ (4,9
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-addl)
finally show ?thesis .
qed
thus ?thesis using jn j0 by auto
qed
have 0 ¢ set xs’
proof —
have A2 $$ (0,0) =p+x A $$ (m, 0) + ¢ = A $3 (0, 0)
using A A2-def n0 by auto
also have ... = ged (A $$ (m, 0)) (A $$ (0, 0))
by (metis euclid-ext2-works(1) euclid-ext2-works(2) pquvd?2)
also have ... = D using Am0 A00 D-g0 by auto
finally have A2 $$ (0,0) = D .
thus ?thesis unfolding zs’-def using D-g0 by auto
qed
thus Vjeset zs’. j<n A (S 8% (4, 7)) = D) A (Vji'e{0..<n}—{j}. S"" $$
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(4, J) = 0)
using S''D zs’-def by auto
have 0 ¢ set ys’
proof —
have A2 $$ (m,0) = ux A $$ (m, 0) + v+ A $$ (0, 0)
using A A2-def n0 m0 by auto
also have ... = — A 8% (0, 0) div ged (A 3% (m, 0)) (A 3% (0, 0)) x A
$$ (m, 0)
+ A $8$ (m, 0) div ged (A $$ (m, 0)) (A $$ (0, 0)) « A$3$ (0, 0)
by (simp add: euclid-ext2-works|OF pquvd2[symmetric]])
also have ... = 0 using A00 Am0 by auto
finally have A2 $$ (m,0) =0 .
thus ?thesis unfolding ys’-def using D-g0 by auto
qed
thus Vjeset ys'. j<n A (S" 8% (4, 7)) = D) A (Vj'e{0..<n}—{j}. " $$
(4, 4) = 0)
using S'"'D ys'-def by auto
show swaprows 0 m A $% (m, 0) € {0, D} using Sm0 by blast
thus swaprows 0 m A $$ (m, 0) = 0 — swaprows 0 m A $$ (0, 0) = D
using S00 by linarith
qged (insert D-g0)
then show ?%thesis by (simp add: False nz-m)
next
case Fulse note zs-not-empty = False
show ?thesis
proof (unfold nz-zs-m, rule reduce-below-invertible-mat-case-m[OF - m0 n0 -
- mn d-zs all-less-m D-g0])
let 25’ = mat-of-rows n (map (Matriz.row 25) [0..<m])
show 2S5’ € carrier-mat m n by auto
have [: length ?non-zero-positions > 1 using [ False by blast
hence nz0-less-m: ?non-zero-positions ! 0 < m
by (metis One-nat-def add.commute add.left-neutral all-less-m append-Cons-nth-left

length-append less-add-same-cancell list.size(3,4) nth-mem nz-zs-m)
have 25 = 25'Q,. D -, 1,, n by (rule swaprows-append-id|OF A" A-def
nz0-less-m))
thus (if A $$ (0, 0) # 0 then A else let i = (zs @ [m]) ! 0 in swaprows 0 i
A)= 25" Q, D -y 1y 1
using rw nz-zs-m by argo
have A $$ (filter (Ni. A $$ (i, 0) # 0) [Suc 0..<dim-row A] ! 0, 0) # 0
by (metis (mono-tags, lifting) Cons-eq-filterD 1 length-nth-simps(1)
length-nth-simps(3) list.exhaust not-one-less-zero)
then have 25 $$ (0, 0) # 0
by (metis A add-sign-intros(2) carrier-matD(1) carrier-matD(2) in-
dex-mat-swaprows(1) mo no)
thus (if A $$ (0, 0) # 0 then A else let i = (xzs Q [m]) ! 0 in swaprows 0 i
A)$$ (0,0)#0
using rw nz-rs-m by algebra
qed
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qed
qed
have inv2: 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n)
A reduce-below-abs 0 ?non-zero-positions D ?A' = P x ?A’
proof (cases A $$ (0,0) #0)
case True
show ?thesis
by (unfold nz-zs-m, rule reduce-below-abs-invertible-mat-case-m
[OF A" m0 n0 - - mn d-zs all-less-m], insert A-def True D-g0, auto)
next
case Fulse hence A00: A $$ (0,0) = 0 by auto
let 2S = swaprows 0 (?non-zero-positions ! 0) A
have rw: (if A $$ (0, 0) # 0 then A else let i = ?non-zero-positions | 0 in
swaprows 0 i A)
= 25 using Fualse by auto
show ?thesis
proof (cases zs = [])
case True
have nz-m: ?non-zero-positions = [m] using True nz-zs-m by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A
$$ (0, 0)) (swaprows 0 m A $$ (m, 0))
by (metis prod-cases5)
have Am0: A $$ (m,0) = D
proof —
have A $$ (m,0) = (D -, 1, n) $$ (m—m, 0)
unfolding A-def
by (meson append-rows-nth3 assms(2) assms(4) less-add-same-cancell
one-carrier-mat order.refl smult-carrier-mat)

also have ... = D by (simp add: n0)
finally show ?thesis .
qed

have Sm0: (swaprows 0 m A) $$ (m,0) = 0 using A False n0 by auto
have S00: (swaprows 0 m A) $$ (0,0) = D using A Am0 n0 by auto
have pquvd2: (p,q,u,v,d) = euclid-ext2 (A $$ (m, 0)) (A $$ (0, 0))
using pquvd Sm0 S00 Am0 A00 by auto
have reduce-below 0 ?non-zero-positions D ?A’ = reduce 0 m D ?A’ unfolding
nz-m by auto
also have ... = reduce 0 m D (swaprows 0 m A) using True False rw nz-m
by auto
have 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n) A
reduce-abs 0 m D (swaprows 0 m A) = P x (swaprows 0 m A)
proof (rule reduce-abs-invertible-mat-case-m[OF - - m0 - - - - mn n0])
show swaprows 0 m A $$ (0, 0) # 0 using S00 DO by auto
define S’ where S’ = mat-of-rows n (map (Matriz.row ?S) [0..<m])
define S where S'' = mat-of-rows n (map (Matriz.row 2S) [m..<m+n])
define A2 where A2 = Matriz.mat (dim-row (swaprows 0 m A)) (dim-col
(swaprows 0 m A))
(A(i, k). ifi = 0thenp*x A$S (m, k) + g+ A$$ (0, k)
elseif i = m thenu x A$$ (m, k) + v* AS$$ (0, k) else A 33 (7, k))
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show S-S'-8"": swaprows 0 m A = S’ Q,. S unfolding S’-def S''-def
by (metis A append-rows-split carrier-matD indez-mat-swaprows(2,3)
le-add1 nth-Cons-0 nz-m)
show S': S’ € carrier-mat m n unfolding S’-def by fastforce
show S'": S € carrier-mat n n unfolding S'-def by fastforce
show 0 # m using m0 by simp
show (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A $$ (0, 0)) (swaprows 0
m A $$ (m, 0))
using pquvd by simp
show A2 = Matriz.mat (dim-row (swaprows 0 m A)) (dim-col (swaprows
0m A))
(A4, k). if i = 0 then p x swaprows 0 m A $$ (0, k) + q * swaprows 0 m
A 33 (m, k)
else if i = m then u * swaprows 0 m A $$ (0, k) + v * swaprows 0 m A $$
(m, k) else swaprows 0 m A $$ (i, k))
(is - = ?rhs) using A A2-def by auto
define zs’ where zs’ = filter (\i. abs (A2 $$ (0,i)) > D) [0..<n]
define ys’ where ys' = filter (Ai. abs (A2 $$ (m,i)) > D) [0..<n]
show zs’ = filter (Ai. abs (A2 $$ (0,i)) > D) [0..<n] unfolding zs’-def
by auto
show ys’ = filter (Ai. abs (A2 $$ (m,i)) > D) [0..<n] unfolding ys’-def
by auto
have S”D: (8" $$ (j, j) = D) A (Vj'e{0..<n}—{j}. S” $$ (4, j/) = 0)
if jn: j<n and j0: j>0 for j
proof —
have S’ $$ (j, 1) = (D - 1m n) $$ (j,4) if i-n: i<n for i
proof —
have S” $$ (4, i) = swaprows 0 m A $$ (j+m,i)
by (metis S’ S"" §5-5'-8"" append-rows-nth2 mn nat-SN.compat i-n jn)
also have ... = A $$ (j+m,i) using A4 jn jO i-n by auto
also have ... = (D -, 1,, n) $$ (j,9)
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-addl)
finally show ?thesis .
qed
thus ?thesis using jn jO by auto
qed
have 0 ¢ set s’
proof —
have A2 $$ (0,0) = px A $$ (m, 0) + ¢ = A $3$ (0, 0)
using A A2-def n0 by auto
also have ... = ged (A $$ (m, 0)) (A $$ (0, 0))
by (metis euclid-ext2-works(1) euclid-ext2-works(2) pquvd?2)
also have ... = D using Am0 A00 D-g0 by auto
finally have A2 $$ (0,0) = D .
thus ?thesis unfolding zs’-def using D-g0 by auto
qed
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thus Vjeset xs’. j<n A (5" $$ (j, j) = D) A (Vj'e{0..<n}—{j}. S"" $$
(4,7 =0)
using S''D zs’-def by auto
have 0 ¢ set ys’
proof —
have A2 $$ (m,0) = ux A$$ (m, 0) + v+ A $3$ (0, 0)
using A A2-def n0 m0 by auto
also have ... = — A $$ (0, 0) div gcd (A $$ (m, 0)) (A $3$ (0, 0)) x A
$$ (m, 0)
+ A 88 (m, 0) div ged (A $$ (m, 0)) (A $$ (0, 0)) x A$3$ (0, 0)
by (simp add: euclid-ext2-works|OF pquvd2[symmetric]])
also have ... = 0 using A00 Am0 by auto
finally have A2 $$ (m,0) = 0 .
thus ?thesis unfolding ys’-def using D-g0 by auto
qed
thus Vjeset ys'. j<n A (8" 88 (4, j) = D) A (Vji'€{0..<n}—{j}. S $$
(4, J) = 0)
using S''D ys’-def by auto
qed (insert D-g0)
then show ?thesis by (simp add: False nz-m)
next
case Fulse note zs-not-empty = Fulse
show ?thesis
proof (unfold nz-zs-m, rule reduce-below-abs-invertible-mat-case-m[OF - m0
n0 - - mn d-zs all-less-m D-g0])
let 25’ = mat-of-rows n (map (Matriz.row 25) [0..<m])
show 7S’ € carrier-mat m n by auto
have [: length ?non-zero-positions > 1 using | False by blast
hence nz0-less-m: ?non-zero-positions ! 0 < m
by (metis One-nat-def add.commute add.left-neutral all-less-m append-Cons-nth-left

length-append less-add-same-cancell list.size(3,4) nth-mem nz-zs-m)
have 75 = 25’ @, D -, 1,, n by (rule swaprows-append-id[OF A" A-def
nz0-less-m))
thus (if A $$ (0, 0) # 0 then A else let i = (zs Q [m]) ! 0 in swaprows 0 i
A)=258'"Q. D -y Iy n
using rw nz-zs-m by argo
have 25 8% (0, 0) # 0
by (smt (verit) A | add-pos-pos carrier-matD index-mat-swaprows(1)
le-eg-less-or-eq length-greater-0-conv
less-one linorder-not-less list.size(8) m0 mem-Collect-eq n0 nth-mem
set-filter)
thus (if A $$ (0, 0) # 0 then A else let i = (zs @ [m]) ! 0 in swaprows 04
A) $$ (0, 0) #0
using rw nz-xs-m by algebra
qed
qed
qged
show ?thesis
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proof (cases abs-flag)
case Fulse
from inv obtain P where inv-P: invertible-mat P and P: P € carrier-mat
(m +n) (m + n)
and r-PA": reduce-below 0 ?non-zero-positions D ?A’ = P x ?A’ by blast
have Find-rw: FindPreHNF abs-flag D A = reduce-below 0 ?non-zero-positions
D ?A’
using n0 A dr-A dc-A False x by (auto simp add: Let-def)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N ?A’ = P
A
by (rule A’-swaprows-invertible-mat[OF A], insert non-zero-positions-zs-m n0
m0 | nz-zs-m, auto)
from this obtain ) where Q: Q € carrier-mat (m + n) (m + n)
and inv-Q: invertible-mat Q and A’-QA: ?A’ = Q * A by blast
have reduce-below 0 ?non-zero-positions D A’ = (P * Q) * A using Q A’-QA
P r-PA’ A by auto
moreover have invertible-mat (Px Q) using P Q inv-P inv-Q invertible-mult-JNF
by blast
moreover have (P+Q) € carrier-mat (m + n) (m + n) using P @ by auto
ultimately show ?thesis using Find-rw by metis
next
case True
from inv2 obtain P where inv-P: invertible-mat P and P: P € carrier-mat
(m + ) (m + n)
and r-PA’: reduce-below-abs 0 ?non-zero-positions D ?A' = P x ?A’ by blast
have Find-rw: FindPreHNF abs-flag D A = reduce-below-abs 0 ?non-zero-positions
D ?A’
using n0 A dr-A dc-A True % by (auto simp add: Let-def)
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N 24" = P
A
by (rule A’-swaprows-invertible-mat[OF A], insert non-zero-positions-zs-m n0
m0 1 nz-zs-m, auto)
from this obtain @ where Q: Q € carrier-mat (m + n) (m + n)
and inv-Q: invertible-mat @ and A’-QA: ?A’ = Q * A by blast
have reduce-below-abs 0 ?non-zero-positions D ?A’ = (P * Q) x A using Q
A'-QA P r-PA’' A by auto
moreover have invertible-mat (Px Q) using P Q inv-P inv-Q invertible-mult-JNF
by blast
moreover have (Px(Q) € carrier-mat (m + n) (m + n) using P @ by auto
ultimately show ¢thesis using Find-rw by metis
qed
qed
qed

corollary FindPreHNF-echelon-form-mz0:
assumes A € carrier-mat m 0
shows echelon-form-JNF (FindPreHNF abs-flag D A)
by (rule echelon-form-mx0, rule FindPre HNF[OF assms])
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lemma FindPreHNF-echelon-form-mzl1:
assumes A-def: A= A"Q,. D ., 1,, n
and A": A" € carrier-mat m n and n2: n<2 and D-g0: D>0 and mn: m>n
shows echelon-form-JNF (FindPreHNF abs-flag D A)
proof (cases n=0)
case True
have A: A € carrier-mat m 0 using A-def A" True
by (metis add.comm-neutral append-rows-def carrier-matD carrier-matl in-
dez-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2,3))
show ?Zthesis unfolding True by (rule FindPreHNF-echelon-form-mz0, insert
A, auto)
next
case Fulse hence n0: 0<n by auto
have A: A € carrier-mat (m+n) n using A-def A" by auto
have m0: m>0 using mn n2 n0 by auto
have D0: D#0 using D-g0 by auto
show ?thesis
proof (cases m+n<2)
case True
show ?thesis by (rule echelon-form-JNF-1xn[OF - True], rule FindPre HNF[OF
A))
next
case Fulse note mn-le-2 = False
have dr-A: dim-row A >2 using False n2 A by auto
have dc-A: dim-col A < 2 using n2 A by auto
let ?non-zero-positions = filter (Ai. A 3% (¢, 0) # 0) [Suc 0..<dim-row A]
let 24" = (if A $$ (0, 0) # 0 then A else let i = ?non-zero-positions ! 0 in
swaprows 0 i A)
define zs where zs = filter (Ai. A $$ (i,0) # 0) [1..<m]
let ?Reduce = (if abs-flag then reduce-below-abs else reduce-below)
have nz-zs-m: ?non-zero-positions = zs @Q [m| and d-zs: distinct xs
and all-less-m: Vzeset zs. c < m A 0 < x
using non-zero-positions-rs-m'|OF A-def A’ - m0 n0 D0] using D0 A un-
folding zs-def by auto
have *: FindPreHNF abs-flag D A = (if abs-flag then reduce-below-abs 0
?non-zero-positions D ?A’
else reduce-below 0 ?non-zero-positions D 2A”)
using dr-A dc-A by (auto simp add: Let-def)
have I: length ?non-zero-positions > 1 if zs#[] using that unfolding nz-zs-m
by auto
have e: echelon-form-JNF' (reduce-below 0 ?non-zero-positions D ?A’)
proof (cases A $$ (0,0) #0)
case True note A00 = True
have 1: reduce-below 0 ?non-zero-positions D ?A’ = reduce-below 0 ?non-zero-positions
DA
using True by auto
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have echelon-form-JNF (reduce-below 0 ?non-zero-positions D A)
proof (rule echelon-form-JNF-mxz1[OF - n2])
show reduce-below 0 ?non-zero-positions D A € carrier-mat (m+n) n using
A by auto
show Vie{l..<m + n}. reduce-below 0 ?non-zero-positions D A $$ (i, 0)
=0
proof
fix i assume i: ¢ € {I..<m + n}
show reduce-below 0 ?non-zero-positions D A $$ (i, 0) =0
proof (cases i€set ?non-zero-positions)
case True
show ?thesis unfolding nz-zs-m
by (rule reduce-below-0-case-m[OF A" m0 n0 A-def A00 mn - d-zs
all-less-m D-g0],
insert nz-xzs-m True, auto)
next
case Fulse note i-notin-set = False
have reduce-below 0 ?non-zero-positions D A $$ (i, 0) = A $$ (i, 0)
unfolding nz-xs-m
by (rule reduce-below-preserves-case-m[OF A" m0 n0 A-def A00 mn -
d-xs all-less-m - - - D-g0],
insert ¢ nz-xrs-m i-notin-set, auto)
also have ... = 0 using i-notin-set ¢ A unfolding set-filter by auto
finally show “thesis .
qed
qged
qed
thus ?thesis using 1 by argo
next
case Fulse hence A00: A $$ (0,0) = 0 by simp
let % = ((xs @ [m]) ! 0)
let 25 = swaprows 0 ?i A
let 25’ = mat-of-rows n (map (Matriz.row (swaprows 0 ?i A)) [0..<m)])
have rw: (if A$8(0, 0) # 0 then A else let i = ?non-zero-positions!0 in
swaprows 01 A) = 28
using A00 nz-zs-m by auto
have S: 25 € carrier-mat (m+n) n using A by auto
have A00-eq-A'00: A $$ (0, 0) = A" $$ (0, 0)
by (metis A" A-def add-gr-0 append-rows-def n0 carrier-matD index-mat-four-block(1)
m0)
show ?thesis
proof (cases xs=[])
case True
have nz-m: ?non-zero-positions = [m| using True nz-zs-m by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A
$$ (0, 0)) (swaprows 0 m A $$ (m, 0))
by (metis prod-casess)
have Am0: A $$ (m,0) = D
proof —
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have 4 $% (m,0) = (D -y, 1y n) $$ (m—m, 0)
by (smt (verit) A append-rows-def A-def A" n0 carrier-matD diff-self-eq-0
index-mat-four-block
less-add-same-cancell less-diff-conv ordered-cancel-comm-monoid-diff-class. diff-add
nat-less-le)

also have ... = D by (simp add: n0)
finally show ?thesis .
qed

have Sm0: (swaprows 0 m A) $$ (m,0) = 0 using A False n0 by auto
have S00: (swaprows 0 m A) $$ (0,0) = D using A Am0 n0 by auto
have pquvd2: (p,q,u,v,d) = euclid-ext2 (A $$ (m, 0)) (A $$ (0, 0))
using pquvd Sm0 S00 Am0 A00 by auto
have reduce-below 0 ?non-zero-positions D ?A’ = reduce 0 m D ?A’ unfolding
nz-m by auto

also have ... = reduce 0 m D (swaprows 0 m A) using True False rw nz-m
by auto
finally have x: reduce-below 0 ?non-zero-positions D ?A’ = reduce 0 m D

(swaprows 0 m A) .
have echelon-form-JNF (reduce 0 m D (swaprows 0 m A))
proof (rule echelon-form-JNF-mz1[OF - n2])
show reduce 0 m D (swaprows 0 m A) € carrier-mat (m+n) n
using A n2 reduce-carrier by (auto simp add: Let-def)
show Vie{l..<m+n}. reduce 0 m D (swaprows 0 m A) $$ (¢, 0) = 0
proof
fix { assume i: ¢ € {I..<m+n}
show reduce 0 m D (swaprows 0 m A) $$ (i, 0) = 0
proof (cases i=m)
case True
show ?thesis
proof (unfold True, rule reduce-0[OF - - n0])
show swaprows 0 m A € carrier-mat (m+n) n using A by auto
qed (insert m0 n0 SO0 D-g0, auto)

next
case Fulse
have reduce 0 m D (swaprows 0 m A) $$ (i, 0) = (swaprows 0 m A)
$$ (4, 0)
proof (rule reduce-preserves|OF - n0])
show swaprows 0 m A € carrier-mat (m+n) n using A by auto
qed (insert m0 n0 SO0 D-g0 False i, auto)
also have ... = A $$ (i, 0) using i False A n0 by auto
also have ... = 0
proof (rule ccontr)
assume A $$ (i, 0) # 0 hence i € set ?non-zero-positions using i
A by auto
hence i=m using nz-zs-m True by auto
thus Fulse using Fualse by contradiction
qed
finally show ?thesis .
qed
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qed
qged
then show ?thesis using * by presburger
next
case Fulse
have [: length ?non-zero-positions > 1  using False nz-zs-m by auto
hence [-zs: length xs > 0 using nz-zs-m by auto
hence zs-m-less-m: (zs@Q[m]) ! 0 < m by (simp add: all-less-m nth-append)
have A $$ ((zs @ [m]) ! 0, 0) # 0
by (metis (mono-tags, lifting) Cons-eq-filterD List.min-list.cases append-is-Nil-conv
nth-Cons-0 nz-xs-m)
then have S00: 25 $$ (0,0) # 0
using A n0 by auto
have S’: 25’ € carrier-mat m n using A by auto
have S-S'D: S = 25’ @, D -, 1,, n by (rule swaprows-append-id|OF A"
A-def xs-m-less-m])
have 2: reduce-below 0 ?non-zero-positions D ?A’ = reduce-below 0 ?non-zero-positions
D 28
using A00 nz-zs-m by algebra
have echelon-form-JNF (reduce-below 0 ?non-zero-positions D ?5)
proof (rule echelon-form-JNF-mx1[OF - n2])
show reduce-below 0 ?non-zero-positions D 2S € carrier-mat (m+n) n using
A by auto
show Vie{l..<m + n}. reduce-below 0 ?non-zero-positions D 25 $$ (i, 0)
=0
proof
fix ¢ assume i: ¢ € {I..<m + n}
show reduce-below 0 ?non-zero-positions D 25 $$ (i, 0) =0
proof (cases i€set ?non-zero-positions)
case True
show ?thesis unfolding nz-zs-m
by (rule reduce-below-0-case-m[OF S’ m0 n0 S-S'D S00 mn - d-zs
all-less-m D-g0],
insert True nz-zs-m, auto)
next
case Fualse note i-notin-set = Fulse
have reduce-below 0 ?non-zero-positions D 25 $$ (i, 0) = 25 $$ (4, 0)
unfolding nz-zs-m
by (rule reduce-below-preserves-case-m[OF S’ m0 n0 S-S'D S00 mn, -
d-zs all-less-m - - - D-g0],
insert i nz-xs-m i-notin-set, auto)
also have ... = 0 using i-notin-set ¢ A S00 n0 unfolding set-filter by
auto
finally show ¢thesis .
qed
qed
qed
thus ?thesis using 2 by argo
qed
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qed
have e2: echelon-form-JNF (reduce-below-abs 0 ?non-zero-positions D ?A")
proof (cases A $$ (0,0) #0)
case True note A00 = True
have 1: reduce-below-abs 0 ?non-zero-positions D ?A’ = reduce-below-abs 0
?non-zero-positions D A
using True by auto
have echelon-form-JNF (reduce-below-abs 0 ?non-zero-positions D A)
proof (rule echelon-form-JNF-mx1[OF - n2])
show reduce-below-abs 0 ?non-zero-positions D A € carrier-mat (m—+n) n
using A by auto
show Vie{1l..<m + n}. reduce-below-abs 0 ?non-zero-positions D A $3$ (i,
0)=20
proof
fix ¢ assume i: ¢ € {I..<m + n}
show reduce-below-abs 0 ?non-zero-positions D A $$ (i, 0) =0
proof (cases i€set ?non-zero-positions)
case True
show ?thesis unfolding nz-xzs-m
by (rule reduce-below-abs-0-case-m[OF A" m0 n0 A-def A00 mn - d-zs
all-less-m D-g0],
insert nz-xs-m True, auto)
next
case Fulse note i-notin-set = Fulse
have reduce-below-abs 0 ?non-zero-positions D A $$ (i, 0) = A $$ (4, 0)
unfolding nz-zs-m
by (rule reduce-below-abs-preserves-case-m[OF A" m0 n0 A-def A00
mn - d-zs all-less-m - - - D-g0],
insert i nz-xrs-m i-notin-set, auto)

also have ... = 0 using i-notin-set ¢ A unfolding set-filter by auto
finally show ?thesis .
qed
qed
qed
thus ?thesis using 1 by argo
next

case Fulse hence A00: A $$ (0,0) = 0 by simp
let %0 = ((xs @ [m]) ! 0)
let 25 = swaprows 0 %i A
let 25’ = mat-of-rows n (map (Matriz.row (swaprows 0 %i A)) [0..<m])
have rw: (if A$$(0, 0) # 0 then A else let i = ?non-zero-positions!0 in
swaprows 01 A) = 28
using A00 nz-rs-m by auto
have S: 25 € carrier-mat (m+n) n using A by auto
have A00-eq-A'00: A $$ (0, 0) = A" 8% (0, 0)
by (metis A" A-def add-gr-0 append-rows-def n0 carrier-matD index-mat-four-block(1)
m0)
show ?thesis
proof (cases s=[])
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case True
have nz-m: ?non-zero-positions = [m| using True nz-zs-m by simp
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (swaprows 0 m A
$$ (0, 0)) (swaprows 0 m A $$ (m, 0))
by (metis prod-cases5)
have Am0: A $$ (m,0) = D
proof —
have A $$ (m,0) = (D -, 1, n) $$ (m—m, 0)
by (smt (verit) A append-rows-def A-def A" n0 carrier-matD diff-self-eq-0
indez-mat-four-block
less-add-same-cancell less-diff-conv ordered-cancel-comm-monoid-diff-class. diff-add
nat-less-le)

also have ... = D by (simp add: n0)
finally show ?thesis .
qed

have Sm0: (swaprows 0 m A) $$ (m,0) = 0 using A False n0 by auto
have S00: (swaprows 0 m A) $8 (0,0) = D using A Am0 n0 by auto
have pquvd2: (p,q,u,v,d) = euclid-ext2 (A $$ (m, 0)) (A $$ (0, 0))
using pquvd Sm0 S00 Am0 A00 by auto
have reduce-below-abs 0 ?non-zero-positions D ?A’ = reduce-abs 0 m D ?A’
unfolding nz-m by auto
also have ... = reduce-abs 0 m D (swaprows 0 m A) using True False rw
nz-m by auto
finally have x: reduce-below-abs 0 ?non-zero-positions D ?A’ = reduce-abs
0 m D (swaprows 0 m A) .
have echelon-form-JNF (reduce-abs 0 m D (swaprows 0 m A))
proof (rule echelon-form-JNF-mz1[OF - n2])
show reduce-abs 0 m D (swaprows 0 m A) € carrier-mat (m+n) n
using A n2 reduce-carrier by (auto simp add: Let-def)
show Vie{1..<m+n}. reduce-abs 0 m D (swaprows 0 m A) $$ (i, 0) = 0
proof
fix ¢ assume i: ¢ € {I..<m+n}
show reduce-abs 0 m D (swaprows 0 m A) $$ (¢, 0) = 0
proof (cases i=m)
case True
show ?thesis
proof (unfold True, rule reduce-0[OF - - n0])
show swaprows 0 m A € carrier-mat (m+n) n using A by auto
qed (insert m0 n0 SO0 D-g0, auto)
next
case Fulse
have reduce-abs 0 m D (swaprows 0 m A) $$ (i, 0) = (swaprows 0 m
A) 83 (¢, 0)
proof (rule reduce-preserves|OF - n0])
show swaprows 0 m A € carrier-mat (m+n) n using A by auto
qed (insert m0 n0 SO0 D-g0 False i, auto)
also have ... = A $$ (i, 0) using ¢ False A n0 by auto
also have ... = 0
proof (rule ccontr)
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assume A $$ (i, 0) # 0 hence i € set ?non-zero-positions using i
A by auto
hence i=m using nz-zs-m True by auto
thus Fulse using Fulse by contradiction
qged
finally show ?thesis .
qed
qed
qed
then show ?thesis using * by presburger
next
case Fulse
have [: length ?non-zero-positions > 1  using False nz-zs-m by auto
hence [-zs: length xs > 0 using nz-zs-m by auto
hence zs-m-less-m: (zs@[m]) | 0 < m by (simp add: all-less-m nth-append)
have A 83 ((zs @ [m]) ! 0, 0) # 0
by (smt (verit) append-Cons-nth-left I-xs mem-Collect-eq nth-mem set-filter
xs-def)
then have S00: 25 $$ (0,0) # 0
using A n0 by auto
have S’: 25’ € carrier-mat m n using A by auto
have S-S'D: 25 = 25’ @, D -, 1,, n by (rule swaprows-append-id|OF A"
A-def xs-m-less-m))
have 2: reduce-below-abs 0 ?non-zero-positions D ?A’ = reduce-below-abs 0
?non-zero-positions D 25
using A00 nz-zs-m by algebra
have echelon-form-JNF (reduce-below-abs 0 ?non-zero-positions D ¢5)
proof (rule echelon-form-JNF-mxz1[OF - n2])
show reduce-below-abs 0 ?non-zero-positions D 25 € carrier-mat (m+n) n
using A by auto
show Vie{1..<m + n}. reduce-below-abs 0 ?non-zero-positions D 25 $% (i,
0)=10
proof
fix i assume i: { € {1{..<m + n}
show reduce-below-abs 0 ?non-zero-positions D 25 $$ (i, 0) =0
proof (cases i€set ?non-zero-positions)
case True
show ?thesis unfolding nz-zs-m
by (rule reduce-below-abs-0-case-m[OF S’ m0 n0 S-S'D S00 mn - d-zs
all-less-m D-g0)],
insert True nz-zs-m, auto)
next
case Fulse note i-notin-set = False
have reduce-below-abs 0 ?non-zero-positions D 25 $$ (i, 0) = 25 $$ (4,
0) unfolding nz-zs-m
by (rule reduce-below-abs-preserves-case-m[OF S’ m0 n0 S-S'D S00 mn
- d-zs all-less-m - - - D-g0],
insert ¢ nz-xrs-m i-notin-set, auto)
also have ... = 0 using i-notin-set i A S00 n0 unfolding set-filter by
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auto
finally show ¢thesis .
qed
qed
qed
thus ?thesis using 2 by argo
qed
qed
thus ?thesis using * e by presburger
qged
qged

lemma FindPreHNF-works-n-ge2:
assumes A-def: A= A"Q,. D ., 1, n
and A’ A" € carrier-mat m n and n>2 and m-le-n: m>n and D>0
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P N FindPreHNF
abs-flag D A = P x A A echelon-form-JNF (FindPreHNF abs-flag D A)
using assms
proof (induct abs-flag D A arbitrary: A" m n rule: FindPreHNF .induct)
case (1 abs-flag D A)
note A-def = 1.prems(1)
note A" = 1.prems(2)
note n = 1.prems(3)
note m-le-n = 1.prems(4)
note DO = 1.prems(5)
let YRAT = map-mat rat-of-int
have A: A € carrier-mat (m+n) n using A-def A" by auto
have mn: 2<m+n using n by auto
have m0: 0<m using n m-le-n by auto
have n0: 0<n using n by simp
have D-not0: D#0 using D0 by auto
define non-zero-positions where non-zero-positions = filter (\i. A $$ (i,0) #
0) [1..<dim-row A]
define A’ where A’ = (if A 88 (0, 0) # 0 then A else let i = non-zero-positions
' 0 in swaprows 0 i A)
let ?Reduce = (if abs-flag then reduce-below-abs else reduce-below)
obtain A’-UL A’-UR A’-DL A’-DR where A’-split: (A’-UL, A’-UR, A’-DL,
A’-DR)
= split-block (?Reduce 0 non-zero-positions D (make-first-column-positive A’))
11
by (metis prod-casess)
define sub-PreHNF where sub-PreHNF = FindPreHNF abs-flag D A’-DR
obtain zs where non-zero-positions-zs-m: non-zero-positions = zs @ [m] and
d-xs: distinct zs
and all-less-m: Vzeset xzs. z < m A 0 < z
using non-zero-positions-xs-m[OF A-def A’ non-zero-positions-def m0 n0] us-
ing DO by fast
define M where M = (make-first-column-positive A’)
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have A”: A’ € carrier-mat (m+n) n unfolding A’-def using A by auto
have mk-A’-not0:make-first-column-positive A’ $% (0,0) # 0
by (rule make-first-column-positive-00| OF A-def A" non-zero-positions-def
A’-def m0 n0 D-not0 m-le-n))
have M: M € carrier-mat (m+n) n using A’ M-def by auto
let M’ = mat-of-rows n (map (Matriz.row (make-first-column-positive A'))
[0..<m])
have M. ?M’ € carrier-mat m n by auto
have M-M'D: make-first-column-positive A’ = ¢M’' Q,. D -, 1,, n if zs-empty:
s # ]
proof (cases A$$(0,0) # 0)
case True
then have *: make-first-column-positive A’ = make-first-column-positive A
unfolding A’-def by auto
show ?thesis
by (unfold , rule make-first-column-positive-append-id[OF A" A-def DO n0])
next
case Fulse
then have *: make-first-column-positive A’
= make-first-column-positive (swaprows 0 (non-zero-positions ! 0)
4)
unfolding A’-def by auto
show ?thesis
proof (unfold *, rule make-first-column-positive-append-id)
let 2S = mat-of-rows n (map (Matriz.row (swaprows 0 (non-zero-positions !
0) A)) [0..<m])
show swaprows 0 (non-zero-positions ! 0) A = 25 Q, (D -, (1, n))
proof (rule swaprows-append-id|OF A" A-def)])
have A”00: A" $$ (0, 0) = 0
by (metis (no-types, lifting) A A" A-def False add-sign-intros(2) ap-
pend-rows-def
carrier-matD index-mat-four-block m0 n0)
have length-zs: length s > 0 using zs-empty by auto
have non-zero-positions | 0 = zs ! 0 unfolding non-zero-positions-zs-m
by (meson length-zs nth-append)
thus non-zero-positions ! 0 < m using all-less-m length-xs by simp
qed
qed (insert n0 DO, auto)
qed
have A’-DR: A’-DR € carrier-mat (m + (n—1)) (n—1)
by (rule split-block(4)[OF A’-split[symmetric]], insert n M M-def, auto)
have sub-PreHNF: sub-PreHNF € carrier-mat (m + (n —1)) (n—1)
unfolding sub-PreHNF-def by (rule FindPreHNF|OF A'-DR])
hence sub-PreHNF": sub-PreHNF € carrier-mat (m+n — 1) (n—1) using n by
auto
have A’-UL: A’-UL € carrier-mat 1 1
by (rule split-block(1)[OF A’-split[symmetric], of m+n—1 n—1], insert n A’
auto)
have A’-UR: A’-UR € carrier-mat 1 (n—1)

320



by (rule split-block(2)[OF A’-split[symmetric], of m+n—1], insert n A’, auto)
have A’-DL: A’-DL € carrier-mat (m + (n — 1)) 1
by (rule split-block(3)[OF A’-split[symmetric], of - n—1], insert n A’, auto)

show Zcase
proof (cases abs-flag)
case True note abs-flag = True
hence A’-split: (A’-UL, A’-UR, A’-DL, A’-DR)
= split-block (reduce-below-abs 0 non-zero-positions D (make-first-column-positive
A')) 11 wusing A’-split by auto
let ?R = reduce-below-abs 0 non-zero-positions D (make-first-column-positive
A')
have fom-R: four-block-mat A’-UL A'-UR A’-DL A’-DR
= reduce-below-abs 0 non-zero-positions D (make-first-column-positive A")
by (rule split-block(5)[symmetric, OF A’-split[symmetric], of m4+n—1 n—1],
insert A’ n, auto)
have A’-DL0: A’-DL = (0, (m + (n — 1)) 1)
proof (rule eg-matl)
show dim-row A’-DL = dim-row (0, (m + (n — 1)) 1)
and dim-col A’-DL = dim-col (0, (m + (n — 1)) 1) using A’-DL by auto

fix 7 j assume i: i < dim-row (0, (m + (n — 1)) 1) and j: j < dim-col (0.,
(m+ (n— 1)) 1)
have j0: j=0 using j by auto
have 0 = ?R $$ (i+1,j)
proof (unfold M-def non-zero-positions-xs-m j0,
rule reduce-below-abs-0-case-m-make-first-column-positive[symmetric,
OF A" m0 n0 A-def m-le-n - d-zs all-less-m - - DO - ])
show A’ = (if A $$ (0, 0) # 0 then A else let i = (zs @ [m]) ! 0 in swaprows
0iA)
using A’-def non-zero-positions-def non-zero-positions-rs-m by presburger
show xs @Q [m] = filter (Ai. A $$ (4, 0) # 0) [1..<dim-row A]
using A’-def non-zero-positions-def non-zero-positions-rs-m by presburger
qed (insert i n0, auto)
also have ... = four-block-mat A’-UL A’-UR A’-DL A’-DR $$ (i+1,j) unfold-
ing fbm-R ..
also have ... = (if i+1 < dim-row A’-UL then if j < dim-col A’-UL
then A’-UL $$ (i+1, j) else A’-UR $$ (i+1, j — dim-col A’-UL)
else if j < dim-col A’-UL then A’-DL $$ (i+1 — dim-row A’-UL, j)
else A'-DR $$ (i+1 — dim-row A’-UL, j — dim-col A’-UL))
by (rule index-mat-four-block, insert A’-UL A’-DR i j, auto)
also have ... = A’-DL $$ (i, j) using A’-UL A’-UR i j by auto
finally show A’-DL $$ (i, j) = 0., (m + (n — 1)) 1 $$ (4, j) using i j by
auto
qed

let ?A’-DR-m = mat-of-rows (n—1) [Matriz.row A’-DR i. i + [0..<m]]

have A’-DR-m: ?A’-DR-m € carrier-mat m (n—1) by auto
have A’DR-A’'DR-m-D: A-DR = ?A’-DR-m Q, D -, 1,, (n — 1)
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proof (rule eg-matl)
show dr: dim-row A’-DR = dim-row (?A’-DR-m Q,. D -, 1,,, (n — 1))
by (metis A’-DR A’-DR-m append-rows-def carrier-matD(1) index-mat-four-block(2)

index-one-mat(2) index-smult-mat(2) indez-zero-mat(2))
show dc: dim-col A’-DR = dim-col (?A-DR-m Q,. D -, 1,, (n — 1))
by (metis A’-DR A’-DR-m add.comm-neutral append-rows-def
carrier-matD(2) index-mat-four-block(8) index-zero-mat(3))
fix i j assume i: i < dim-row(?A’-DR-m Q. D -, 1., (n — 1))
and j: j<dim-col (?A-DR-m @Q, D -, 1., (n — 1))
have jnl: j<n—1 using dc j A’-DR by auto
show A’-DR $$ (i,j) = (?A-DR-m @, D -, 1,,, (n — 1)) $$ (i,9)
proof (cases i<m)
case True
have A’-DR $$ (i,j) = ?A’-DR-m $$ (i.j)
by (metis A-DR A’-DR-m True dc carrier-matD(1) carrier-matD(2) j
le-add1
map-first-rows-index mat-of-rows-carrier(2) mat-of-rows-index)
also have ... = (?A"-DR-m @, D -, 1,, (n — 1)) $$ (i,j)
by (metis (mono-tags, lifting) A’-DR A’-DR-m True append-rows-def
carrier-matD dc i index-mat-four-block j)
finally show ?thesis .
next
case Fualse note i-ge-m = Fulse
let ?reduce-below = reduce-below-abs 0 non-zero-positions D (make-first-column-positive
A"
have 1: (A"-DR-m @, D -1y 1., (n — 1)) $$ (i,5) = (D -y I (n — 1)) $$
(iimvj)
by (smt (verit) A-DR A’-DR-m Fualse append-rows-nth carrier-matD car-
rier-mat-triv dc dr ¢
index-one-mat(2) index-one-mat(3) index-smult-mat(2,3) j)
have ?reduce-below = four-block-mat A’-UL A’-UR A’-DL A’-DR using fom-R

also have ... $$ (i+1,j+1) = (if i+1 < dim-row A’-UL then if j+1 < dim-col
A-UL
then A’-UL $$ (i+1, j+1) else A-UR $$ (i+1, j+1 — dim-col A’-UL)
else if j+1 < dim-col A’-UL then A’-DL $$ (i+1 — dim-row A’-UL,
1)
else A"-DR $$ (i+1 — dim-row A’-UL, j+1 — dim-col A’-UL))
by (rule index-mat-four-block, insert i j A’-UL A’-DR dr dec, auto)
also have ... = A’-DR $$ (i,j) using A’-UL by auto
finally have 2: Zreduce-below $$ (i+1,j+1) = A’-DR $$ (¢,5) .
show ?thesis
proof (cases zs = [])
case True note zs-empty = True
have il-m: ¢ + 1 # m
using False less-add-one by blast
have jin: j+1<n
using jnl less-diff-conv by blast
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have il-mn: i+1<m + n
using i i-ge-m
by (metis A’-DR carrier-matD(1) dr less-diff-conv sub-Pre HNF sub-PreHNF'')
have ?reduce-below = reduce-abs 0 m D M
unfolding non-zero-positions-rs-m zs-empty M-def by auto
also have ... $$ (i+1,j+1) = M $$ (i+1, j+1)
by (rule reduce-preserves| OF M jIn - il-m - i1-mn], insert M-def mk-A’-not0,
auto)
also have ... = (D -, 1,, n) $$ ((i+1)—m, j+1)
proof (cases A $$ (0,0) = 0)
case True
let 2S5 = (swaprows 0 m A)
have S: 25 € carrier-mat (m+n) n using A by auto
have 5i10: 25 $$ (i+1,0) = 0

proof —
have 25 $$ (i+1,0) = A $3$ (i+1,0) using il-m n0 il-mn S by auto
also have ... = (D, 1,,, n) 88 (i+1 — m,0)

by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD
diff-add-inverse2 i1-mn
index-mat-four-block less-imp-diff-less n0)

also have ... = 0 using i-ge-m n0 il-mn by auto
finally show ?thesis .
qed

have M $$ (i+1, j+1) = (make-first-column-positive 2S) $$ (i+1,j+1)
by (simp add: A’-def M-def True non-zero-positions-xs-m xs-empty)
also have ... = (if 25 $$ (i+1,0) < 0 then — 25 $$ (i+1,j+1) else 2S
$8 (i+1,5+1))
unfolding make-first-column-positive.simps using S i1-mn jIn by auto

also have ... = 25 $$ (i+1,j+1) using Si10 by auto
also have ... = A $$ (i+1,j+1) using il-m n0 il-mn S jni by auto
also have ... = (D, 1,, n) $8 (i+1 — m,j+1)

by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD il-mn
index-mat-four-block(1,3)
index-one-mat(2) index-smult-mat(2) indes-zero-mat(2) jin
less-imp-diff-less add-diff-cancel-right’)
finally show ?thesis .
next
case Fulse
have Ai10: A $$ (i+1,0) = 0
proof —
have A $$ (i+1,0) = (D -y 1 n) $$ (i+1 — m,0)
by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD
diff-add-inverse2 il-mn
index-mat-four-block less-imp-diff-less n0)

also have ... = 0 using i-ge-m n0 il-mn by auto
finally show #%thesis .
qed

have M $$ (i+1, j+1) = (make-first-column-positive A) $$ (i+1,j+1)
by (simp add: A’-def M-def False True non-zero-positions-xs-m)
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also have ... = (if A 88 (i+1,0) < 0 then — A $8 (i+1,j+1) else A $$
(i+1.,j+1))

unfolding make-first-column-positive.simps using A il-mn jin by auto
also have ... = A $$ (i+1,j+1) using Ai10 by auto
also have ... = (D -, 1,, n) $8 (i+1 — m,j+1)

by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD il-mn
index-mat-four-block(1,3)
index-one-mat(2) index-smult-mat(2) indes-zero-mat(2) jin
less-imp-diff-less add-diff-cancel-right”)
finally show ?thesis .

ged
also have ... = D x (1, n) $$ ((i+1)—m, j+1)
by (rule index-smult-mat, insert i jn1 A’-DR False dr, auto)
also have ... = D %(1,, (n — 1)) $$ (i—m,j) using dc dr i j A-DR i-ge-m

by (smt (verit) Nat.add-diff-assoc2 carrier-matD(1) index-one-mat(1) jnl
less-diff-conv
linorder-not-less add-diff-cancel-right’ add-diff-cancel-right” add-diff-cancel-left)
also have ... = (D -, 1., (n — 1)) $$ (i—m.j)
by (rule index-smult-mat[symmetric], insert i jnl A’-DR Fualse dr, auto)
finally show ?thesis using 1 2 by auto
next
case Fulse
have ?reduce-below $$ (i+1, j+1) = M $3$ (i+1, j+1)
proof (unfold non-zero-positions-zrs-m M-def,
rule reduce-below-abs-preserves-case-m[OF M' m0 - M-M'D mk-A’-not0
m-le-n - d-zs all-less-m - - - DO))
show j + 1 < n using jnl by auto
show i + 1 ¢ set zs using all-less-m i-ge-m non-zero-positions-zs-m by
auto
show ¢ + 1 # 0 by auto
show i + 1 < m + n using i-ge-m i dr A’-DR by auto
show ¢ + 1 # m using i-ge-m by auto
qged (insert Fualse)
also have ... = (?M'Q, D -,,, 1,, n) $3$ (i+1, j+1) unfolding M-def using
False M-M'D by argo
also have ... = (D -, 1,, n) $$ ((i+1)—m, j+1)
proof —
have fi: 1 +j<n
by (metis Groups.add-ac(2) jnl less-diff-conv)
have f2: Vn. - n+i<m
by (meson i-ge-m linorder-not-less nat-SN.compat not-add-less2)
have i < m + (n — 1)
by (metis (no-types) A’-DR carrier-matD(1) dr i)
then have 1 + i< m + n
using fI by linarith
then show ?thesis
using f2 f1 by (metis (no-types) Groups.add-ac(2) M’ append-rows-def
carrier-matD(1)
dim-col-mat(1) index-mat-four-block(1) index-one-mat(2) index-smult-mat(2)
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index-zero-mat(2,3) mat-of-rows-def nat-arith.rule0)

qed
also have ... = D x (1,, n) $$ ((i+1)—m, j+1)
by (rule index-smult-mat, insert i jnl A’-DR False dr, auto)
also have ... = D (1, (n — 1)) $$ (i—m,j) using dc dr i j A’-DR i-ge-m

by (smt (verit) Nat.add-diff-assoc2 carrier-matD(1) index-one-mat(1) jnl
less-diff-conv
linorder-not-less add-diff-cancel-right’ add-diff-cancel-left")
also have ... = (D -, 1,, (n — 1)) $8 (i—m,j)
by (rule index-smult-mat[symmetric], insert ¢ jn1 A’-DR False dr, auto)
finally have 3: Zreduce-below 88 (i+1,j+1) = (D -y, 11 (n — 1)) $$ (i—m,j)

show ?thesis using 1 2 8 by presburger
qed
qged
qed
let ?A’-DR-n = mat-of-rows (n — 1) (map (Matriz.row A’-DR) [0..<n — 1])
have hyp: 3 P. Pecarrier-mat (m + (n—1)) (m + (n—1)) A invertible-mat P A
sub-PreHNF = P x A’-DR
A echelon-form-JNF sub-Pre HNF
proof (cases 2 < n — 1)
case True
show ?thesis
by (unfold sub-PreHNF-def, rule 1.hyps|OF - - - non-zero-positions-def A’-def

(insert A n DO m-le-n True A’DR-A'DR-m-D A A’-split abs-flag, auto)
next
case Fulse
have 3 P. Pecarrier-mat (m + (n—1)) (m + (n—1)) A invertible-mat P A
sub-PreHNF = P = A’-DR
by (unfold sub-PreHNF-def, rule FindPreHNF-invertible-mat-mx2
[OF A'DR-A'DR-m-D A’-DR-m - - D0 -])
(insert False m-le-n n0 m0 1(4), auto)
moreover have echelon-form-JNF sub-PreHNF unfolding sub-Pre HNF-def
by (rule FindPre HNF-echelon-form-mxz1[OF A’'DR-A’'DR-m-D A’-DR-m - D0
_]7
insert False n0 m-le-n, auto)
ultimately show ¢thesis by simp
qed
from this obtain P where P: P € carrier-mat (m + (n — 1)) (m + (n — 1))
and inv-P: invertible-mat P and sub-PreHNF-P-A’-DR: sub-PreHNF = P x
A'-DR by blast
define P’ where P’ = (four-block-mat (1, 1) (0, 1 (m+(n—1))) (04, (m+(n—1))
1) P)
have P": P’ € carrier-mat (m+n) (m+n)
proof —
have P’ € carrier-mat (1 + (m+(n—1))) (1 + (m+(n—1)))
unfolding P’-def by (rule four-block-carrier-mat[OF - P|, simp)
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thus ?thesis using n by auto
qed
have inv-P’: invertible-mat P’
unfolding P’-def by (rule invertible-mat-four-block-mat-lower-right[ OF P inv-P))
have dr-A2: dim-row A > 2 using A m0 n by auto
have dc-A2: dim-col A > 2 using n A by blast
have x: (dim-col A = 0) = False using dc-A2 by auto
have FindPreHNF-as-fom: FindPreHNF abs-flag D A = four-block-mat A’-UL
A'-UR A’-DL sub-PreHNF
unfolding FindPreHNF.simps[of abs-flag D A] using A’-split mn n A dr-A2
dc-A2 abs-flag
unfolding Let-def sub-PreHNF-def M-def A’-def non-zero-positions-def *
by (smt (verit) linorder-not-less split-conv)
also have ... = P’ % (reduce-below-abs 0 non-zero-positions D M)
proof —
have P’ x (reduce-below-abs 0 non-zero-positions D M)
= four-block-mat (1, 1) (O 1 (m + (n — 1)) (Opy (m +(n — 1)) 1) P
* four-block-mat A'-UL A’-UR A’-DL A’-DR
unfolding P’-def fbm-R[unfolded M-def[symmetric], symmetric] ..
also have ... = four-block-mat
(1 1)« A-UL + (0, 1 (m + (n — 1)) * A’-DL))
(1, 1) x A”-UR + (0, 1 (m + (n — 1))) * A’-DR)
(O (m + (n— 1)) 1) % A-UL + P x A’-DL)
(O, (m + (n—1))1)* A-UR + P x A’-DR)
by (rule mult-four-block-mat[OF - - - P A’-UL A’-UR A’-DL A’-DR), auto)
also have ... = four-block-mat A’-UL A’-UR (P « A’-DL) (P * A’-DR)
by (rule cong-four-block-mat, insert A-UL A’-UR A’-DL A’-DR P, auto)
also have ... = four-block-mat A’-UL A’-UR (0, (m + (n — 1)) 1) sub-PreHNF
unfolding A’-DL0 sub-PreHNF-P-A’-DR using P by simp
also have ... = four-block-mat A’-UL A’-UR A’-DL sub-PreHNF
unfolding A’-DL0 by simp
finally show ?thesis ..
qed
finally have Find-P’-reduceM: FindPreHNF abs-flag D A = P’x (reduce-below-abs
0 non-zero-positions D M) .
have 3 Q. invertible-mat Q A Q € carrier-mat (m + n) (m + n)
A reduce-below-abs 0 (xs Q [m]) DM = Q x M
proof (cases zs = [])
case True note zs-empty = True
have rw: reduce-below-abs 0 (zs @ [m]) D M = reduce-abs 0 m D M using
True by auto
obtain p ¢ u v d where pquvd: (p, q, u, v, d) = euclid-ext2 (M $$ (0, 0)) (M
$$ (m, 0))
by (simp add: euclid-ext2-def)
have 3 P. invertible-mat P N P € carrier-mat (m + n) (m + n) A reduce-abs
OmDM=PxM
proof (rule reduce-abs-invertible-mat-case-m[OF - - m0 - - - - m-le-n n0 pquvd))
show M $% (0, 0) # 0
using M-def mk-A’-not0 by blast
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define M’ where M' = mat-of-rows n (map (Matriz.row M) [0..<m])
define M where M" = mat-of-rows n (map (Matriz.row M) [m..<m+n])
define A2 where A2 = Matriz.mat (dim-row M) (dim-col M)
(A(4, k). if i = O then p x M $$ (0, k) + ¢ * M $$ (m, k)
else if i = m then ux M $$ (0, k) + v x M $$ (m, k)
else M $$ (i, k))
show M-M'-M'": M = M’ @, M' unfolding M’-def M''-def
by (metis M append-rows-split carrier-matD le-addl)
show M M' € carrier-mat m n unfolding M'-def by fastforce
show M': M" € carrier-mat n n unfolding M "'-def by fastforce
show 0 # m using m0 by simp
show A2 = Matriz.mat (dim-row M) (dim-col M)
(A(4, k). if i = O then p x M $$ (0, k) + ¢« M $$ (m, k
else if i = m then u x M $$ (0, k) + v« M $$ (
else M $$ (i, k))
(is - = ?rhs) using A A2-def by auto
define zs’ where s’ = filter (Xi. abs (A2 $$ (0,49)) > D) [0..<n)]
define ys’ where ys' = filter (Ai. abs (A2 $$ (m,i)) > D) [0..<n]
show zs’ = filter (Ai. abs (A2 $$ (0,i)) > D) [0..<n] unfolding zs’-def
by auto
show ys’ = filter (Ai. abs (A2 $$ (m,i)) > D) [0..<n] unfolding ys’-def
by auto
have M""D: (M" $$ (4, j) = D) A (Vj'e{0..<n}—{j}. M"" 83 (4, ') = 0)
if jn: j<n and j0: j>0 for j
proof —
have Ajm0: A $$ (j+m,0) = 0
proof —
have A 8% (j+m,0) = (D 'y 1 n) $8 (j+m—m,0)
by (smt (verit) 1(2) 1(3) M M' M" M-M'-M'"" add.commute
append-rows-def carrier-matD
diff-add-inverse2 index-mat-four-block index-one-mat(2) in-
dez-smult-mat(2)
le-add?2 less-diff-conv2 n0 not-add-less2 that(1))

also have ... = 0 using jn jO by auto
finally show ?thesis .
qed

have M" $$ (j, i) = (D -m
proof (cases A$$(0,0) = 0)
case True
have M"' $$ (4, i) = make-first-column-positive (swaprows 0 m A) $%$

1m n) $$ (j,4) if i-n: i<n for i

(+m,0)
using M’ M" M-M’-M" unfolding M-def A-def
by (metis (no-types, lifting) 1(2) 1(5) A’-def True append.simps(1)
append-rows-nth2 i-n jn
non-zero-positions-rs-m nat-SN.compat nth-Cons-0 xs-emply)
also have ... = A $$ (j+m,i) using A jn jO i-n Ajm0 by auto
also have ... = (D -, 1,, n) $$ (4,9
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
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carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-add1)
finally show ?Zthesis .
next
case Fulse
have A’ = A unfolding A’-def non-zero-positions-zs-m using False
True by auto
hence M 8% (j, i) = make-first-column-positive A $$ (j+m,i)
using M’ M'" M-M'-M'" unfolding M-def
by (metis (no-types, opaque-lifting) 1(5) append-rows-nth2 jn
nat-SN.compat that)
also have ... = A $$ (j+m,i) using A jn j0 i-n Ajm0 by auto
also have ... = (D -, 1., n) $$ (j,4)
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-addl)
finally show ?thesis .

qed

thus ?thesis using jn j0 by auto
qed
have Am0D: A$$(m,0) = D
proof —

have A$$(m,0) = (D -y, 11 n) $$ (m—m,0)
by (smt (verit) 1(2) 1(3) M M’ M" M-M'-M" append-rows-def
carrier-matD
diff-less-mono2 diff-self-eq-0 index-mat-four-block index-one-mat(2)
index-smult-mat(2) less-add-same-cancell n0 semiring-norm(137))

also have ... = D using m0 n0 by auto
finally show #“thesis .
qed

hence S00D: (swaprows 0 m A) $% (0,0) = D using n0 m0 A by auto
have Sm00: (swaprows 0 m A) $$ (m,0) = A$3(0,0) using n0 m0 A by
auto
have M00D: M $$ (0, 0) = D if A00: A$$(0,0) = 0
proof —
have M $$ (0,0) = (make-first-column-positive (swaprows 0 m A)) $$
(0,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if (swaprows 0 m A) $$ (0,0) < 0 then — (swaprows 0
m A) $$(0,0)

else (swaprows 0 m A) $3(0,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto

also have ... = (swaprows 0 m A) $3(0,0) using S00D D0 by auto
also have ... = D using S00D by auto
finally show ?thesis .

qed

have Mm00: M $$ (m, 0) = 0 if A00: A$$(0,0) = 0
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proof —
have M $3$ (m,0) = (make-first-column-positive (swaprows 0 m A)) $$

(m,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-xs-m)
also have ... = (if (swaprows 0 m A) $$ (m,0) < 0 then — (swaprows 0
m A) $8(m,0)

else (swaprows 0 m A) $$(m,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto

also have ... = (swaprows 0 m A) $$(m,0) using Sm00 A00 DO by auto
also have ... = 0 using Sm00 A00 by auto
finally show ¢thesis .
qed
have M000: M $$ (0, 0) = abs (A$$(0,0)) if A00: A$$(0,0) # 0
proof —

have M $$ (0,0) = (make-first-column-positive A) $$ (0,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if A $$ (0,0) < 0 then — A $3(0,0)
else A $$(0,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto

also have ... = abs (43%(0,0)) using Sm00 A00 by auto
finally show ¢thesis .
qed
have Mm0D: M $$ (m, 0) = D if A00: A $$ (0,0) # 0
proof —

have M $$ (m,0) = (make-first-column-positive A) $$ (m,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if A $$ (m,0) < 0 then — A $$(m,0)
else A $8(m,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto
also have ... = A $$(m,0) using S00D DO Am0OD by auto
also have ... = D using Am0D D0 by auto
finally show #?thesis .
qed
have 0 ¢ set zs’
proof —
have A2 $$ (0,0) =p+ M $$ (0, 0) + q¢ x M 3% (m, 0)
using A A2-def n0 M by auto
also have ... = ged (M $3$ (0, 0)) (M $$ (m, 0))
by (metis euclid-ext2-works(1,2) pquvd)
also have abs ... < D using M00D Mm00 M000 Mm0D using gcd-0-int
D0 by fastforce
finally have abs (A2 $$ (0,0)) < D .
thus ?thesis unfolding xs’-def using D0 by auto
qed
thus Vjeset zs'. j<n A (M $$ (4, j) = D) A (Vji'e{0..<n}—{j}. M $$
(4,70 =0)
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using M"'D zs’-def by auto
have 0 ¢ set ys’
proof —
have A2 $$ (m,0) = u x M $$ (0, 0) + v« M $3$ (m, 0)
using A A2-def n0 m0 M by auto
also have ... = — M $$ (m, 0) div ged (M $$ (0, 0)) (M $$ (m, 0)) =
M $$ (0, 0)
+ M $$ (0, 0) div ged (M $$ (0, 0)) (M $$ (m, 0)) *
by (simp add: euclid-ext2-works|OF pquud|symmetric]])
also have ... = 0 using M00D Mm00 M000 Mm0OD
by (smt (verit) dvd-div-mult-self euclid-ext2-works(3) euclid-ext2-works(5)
more-arith-simps(11) mult.commute mult-minus-left pquvd semir-
ing-gcd-class.ged-dvd1)
finally have A2 $$ (m,0) = 0 .
thus ?thesis unfolding ys’-def using D0 by auto
qed
thus Vjeset ys'. j<n A (M" $$ (4, j) = D) A (Vj'e{0..<n}—{j}. M $$
(4,3 =0)
using M"'D ys'-def by auto
qed (insert DO)
then show ?thesis using rw by auto
next
case Fulse
show ?thesis
by (unfold M-def, rule reduce-below-abs-invertible-mat-case-m[OF M’ m0 n0
M-M'D[OF False]
mk-A'"-not0 m-le-n d-zs all-less-m DO0])

M $$ (m, 0)

qed

from this obtain @ where inv-Q: invertible-mat Q and Q: Q € carrier-mat (m
+n) (m + n)
and reduce-QM: reduce-below-abs 0 (zs @ [m]) D M = @ = M by blast
have 3 R. invertible-mat R
A R € carrier-mat (dim-row A') (dim-row A’) N M = R x A’
by (unfold M-def, rule make-first-column-positive-invertible)
from this obtain R where inv-R: invertible-mat R
and R: R € carrier-mat (dim-row A') (dim-row A’) and M-RA" M = R x A’
by blast
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N A’ =P x A
by (rule A’-swaprows-invertible-mat|OF A A’-def non-zero-positions-def],
insert non-zero-positions-rs-m n m0, auto)
from this obtain S where inv-S: invertible-mat S
and S: S € carrier-mat (dim-row A) (dim-row A) and A’-SA: A’ =8 x A
using A by auto
have (P'«Q*RxS) € carrier-mat (m+n) (m+n) using P’ Q R S A’ A by auto
moreover have FindPre HNF abs-flag D A = (P'+Q+RxS) x A using Find-P'-reduce M
reduce-QM
unfolding M-RA’ A’-SA M-def
by (smt (verit) A’ A’-SA P" Q R S assoc-mult-mat carrier-matD carrier-mat-triv

330



index-mult-mat(2,3)
non-zero-positions-rs-m)
moreover have invertible-mat (P'+«@Q+RxS) using inv-P’ inv-Q inv-R inv-S
using P’ QRS A" A
by (metis carrier-matD carrier-mat-triv index-mult-mat(2,3) invertible-mult-JNF)
ultimately have exists-inv: 3P. P € carrier-mat (m + n) (m + n) A invert-
ible-mat P
A FindPreHNF abs-flag D A = P x A by blast
moreover have echelon-form-JNF (FindPreHNF abs-flag D A)
proof (rule echelon-form-four-block-mat|OF A'-UL A'-UR sub-PreHNF' )
show FindPreHNF abs-flag D A = four-block-mat A’-UL A’-UR (0., (m + n
— 1) 1) sub-PreHNF
using A’-DL0 FindPreHNF-as-fom sub-PreHNF sub-Pre HNF' by auto
have A’-UL $$ (0, 0) = ?R $% (0,0)
by (metis (mono-tags, lifting) A A’-DR A’-UL Find-P'-reduceM M-def
<FindPreHNF abs-flag D A = P’ x Q * R x S x A add-Suc-right
add-sign-intros(2) carrier-matD fom-R
index-mat-four-block(1,3) index-mult-mat(3) m0 n0 plus-1-eq-Suc
zero-less-one-class.zero-less-one)
also have ... # 0
proof (cases zs=[])
case True
have ?R $3 (0,0) = reduce-abs 0 m D M $$ (0,0)
unfolding non-zero-positions-xs-m True M-def by simp
also have ... # 0
by (metis D-not0 M M-def add-pos-pos less-add-same-cancell m0 mk-A’-not0
n0 reduce-not0)
finally show ?thesis .
next
case Fulse
show ?thesis
by (unfold non-zero-positions-xs-m,
rule reduce-below-abs-not0-case-m[OF M’ m0 n0 M-M'D[OF False]
mk-A'-not0 m-le-n all-less-m D-not0])
qed
finally show A’-UL $$ (0, 0) # 0 .
qged (insert mn n hyp, auto)
ultimately show ?thesis by blast
next
case Fulse
hence A’-split: (A’-UL, A’-UR, A’-DL, A’-DR)
= split-block (reduce-below 0 non-zero-positions D (make-first-column-positive
A")) 11 wusing A’-split by auto
let ?R = reduce-below 0 non-zero-positions D (make-first-column-positive A’')
have fom-R: four-block-mat A’-UL A'-UR A’-DL A’-DR
= reduce-below 0 non-zero-positions D (make-first-column-positive A”)
by (rule split-block(5)[symmetric, OF A’-split[symmetric], of m4+n—1 n—1],
insert A’ n, auto)
have A’-DL0: A’-DL = (0, (m + (n — 1)) 1)

331



proof (rule eg-matl)
show dim-row A’-DL = dim-row (0, (m + (n — 1)) 1)
and dim-col A-DL = dim-col (0, (m + (n — 1)) 1) using A’-DL by auto

fix ¢ j assume i: ¢ < dim-row (0, (m + (n — 1)) 1) and j: j < dim-col (0,
(m+ (n— 1)) 1)
have j0: j=0 using j by auto
have 0 = ?R $$ (i+1.j)
proof (unfold M-def non-zero-positions-zs-m j0,
rule reduce-below-0-case-m-make-first-column-positive[ symmetric,
OF A" m0 n0 A-def m-le-n - d-zs all-less-m - - DO - ])
show A’ = (if A $$ (0, 0) # 0 then A else let { = (xs Q [m]) ! 0 in swaprows
0iA)
using A’-def non-zero-positions-def non-zero-positions-rs-m by presburger
show zs @ [m] = filter (Xi. A 88 (4, 0) # 0) [1..<dim-row A]
using A’-def non-zero-positions-def non-zero-positions-rs-m by presburger
qed (insert i n0, auto)
also have ... = four-block-mat A’-UL A’-UR A'-DL A’-DR $$ (i+1,j) unfold-
ing fbm-R ..
also have ... = (if i+1 < dim-row A’-UL then if j < dim-col A’-UL
then A’-UL $$ (i+1, j) else A-UR $$ (i+1, j — dim-col A’-UL)
else if j < dim-col A’-UL then A’-DL $$ (i+1 — dim-row A’-UL, j)
else A’-DR $$ (i+1 — dim-row A’-UL, j — dim-col A’-UL))
by (rule index-mat-four-block, insert A’-UL A’-DR i j, auto)
also have ... = A’-DL $$ (i, j) using A’-UL A’-UR i j by auto
finally show A’-DL $$ (i, j) = 0, (m + (n — 1)) 1 $$ (i, j) using i j by
auto
qed

let ?A’-DR-m = mat-of-rows (n—1) [Matriz.row A’-DR i. i < [0..<m]]
have A’-DR-m: ?A’-DR-m € carrier-mat m (n—1) by auto
have A'DR-A'DR-m-D: A"-DR = ?A"-DR-m @, D -, 1, (n — 1)
proof (rule eg-matl)
show dr: dim-row A’-DR = dim-row (?A’-DR-m Q,. D -, 1., (n — 1))
by (metis A’-DR A’-DR-m append-rows-def carrier-matD(1) index-mat-four-block(2)

index-one-mat(2) index-smult-mat(2) indez-zero-mat(2))
show dc: dim-col A’-DR = dim-col (?A-DR-m Q,. D -, 1,, (n — 1))
by (metis A’-DR A’-DR-m add.comm-neutral append-rows-def
carrier-matD(2) index-mat-four-block(8) index-zero-mat(3))
fix i j assume i: i < dim-row(?A’-DR-m Q. D -, 1., (n — 1))
and j: j<dim-col (?A-DR-m @, D -, 1., (n — 1))
have jnl1: j<n—1 using dc j A’-DR by auto
show A’-DR $$ (i,j) = (?A-DR-m @, D -, 1,,, (n — 1)) $$ (i,9)
proof (cases i<m)
case True
have A’-DR $$ (i,j) = ?A’-DR-m $$ (i.j)
by (metis A-DR A’-DR-m True dc carrier-matD(1) carrier-matD(2) j
le-add1
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map-first-rows-index mat-of-rows-carrier(2) mat-of-rows-index)
also have ... = (?4’-DR-m @, D -, 1., (n — 1)) $3 (4.j)
by (metis (mono-tags, lifting) A’-DR A’-DR-m True append-rows-def
carrier-matD dc © index-mat-four-block j)
finally show ?thesis .
next
case Fulse note i-ge-m = Fulse
let ?reduce-below = reduce-below 0 non-zero-positions D (make-first-column-positive
A"
have 1: (?A’-DR-m @, D -, 1, (n — 1)) $$ (i,j) = (D -y 1,5, (n — 1)) $$
(i_mvj)
by (smt (verit) A’-DR A'-DR-m False append-rows-nth carrier-matD car-
rier-mat-triv dc dr i
indez-one-mat(2) index-one-mat(3) index-smult-mat(2,3) j)
have ?reduce-below = four-block-mat A’-UL A’-UR A’-DL A’-DR using fom-R

also have ... $8 (i+1,j+1) = (if i+1 < dim-row A’-UL then if j+1 < dim-col
A'-UL
then A’-UL $$ (i+1, j+1) else A-UR $$ (i+1, j+1 — dim-col A’-UL)
else if j+1 < dim-col A’-UL then A’-DL $$ (i+1 — dim-row A’-UL,
1)
else A-DR $$ (i+1 — dim-row A’-UL, j+1 — dim-col A’-UL))
by (rule index-mat-four-block, insert ¢ j A’-UL A’-DR dr dc, auto)
also have ... = A’-DR $$ (i,j) using A’-UL by auto
finally have 2: ?reduce-below $$ (i+1,j+1) = A’-DR $$ (i,j) .
show ?thesis
proof (cases xs = [])
case True note zs-empty = True
have if-m: i + 1 # m
using Fulse less-add-one by blast
have jIn: j+1<n
using jnl less-diff-conv by blast
have il-mn: i+1<m + n
using i i-ge-m
by (metis A’-DR carrier-matD(1) dr less-diff-conv sub-Pre HNF sub-PreHNF'')
have ?reduce-below = reduce 0 m D M
unfolding non-zero-positions-rs-m xs-empty M-def by auto
also have ... $$ (i+1,j+1) = M $$ (i+1, j+1)
by (rule reduce-preserves|OF M jIn - i1-m - i1-mn], insert M-def mk-A’-not0,
auto)
also have ... = (D -, 1,, n) $$ ((i+1)—m, j+1)
proof (cases A $$ (0,0) = 0)
case True
let 2S5 = (swaprows 0 m A)
have S: 25 € carrier-mat (m+n) n using A by auto
have Si10: 25 $$ (i+1,0) = 0

proof —
have 25 $$ (i+1,0) = A $$ (i+1,0) using il-m n0 il-mn S by auto
also have ... = (D, 1,,, n) 88 (i+1 — m,0)
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by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD
diff-add-inverse2 i1-mn
index-mat-four-block less-imp-diff-less n0)

also have ... = 0 using i-ge-m n0 i1-mn by auto
finally show ?thesis .
qed

have M 88 (i+1, j+1) = (make-first-column-positive 2S) $$ (i+1,j+1)
by (simp add: A’-def M-def True non-zero-positions-xs-m xs-empty)
also have ... = (if 25 $$ (i+1,0) < 0 then — 2S5 $$ (i+1,j+1) else 25
$$ (i+1,j+1))
unfolding make-first-column-positive.simps using S i1-mn jIn by auto

also have ... = 25 $3 (i+1,j+1) using Si10 by auto
also have ... = A $$ (i+1,j+1) using il-m n0 il-mn S jnl by auto
also have ... = (D -, 1,, n) $$ (i+1 — m,j+1)

by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD il-mn
index-mat-four-block(1,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2) jin
less-imp-diff-less add-diff-cancel-right’)
finally show ?thesis .
next
case Fulse
have Ai10: A $$ (i+1,0) = 0
proof —
have A $$ (i+1,0) = (D -p 11 n) $$ (i+1 — m,0)
by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD
diff-add-inverse2 il-mn
index-mat-four-block less-imp-diff-less n0)

also have ... = 0 using i-ge-m n0 il-mn by auto
finally show ¢thesis .
qed

have M $$ (i+1, j+1) = (make-first-column-positive A) $$ (i+1,j+1)
by (simp add: A’-def M-def False True non-zero-positions-xs-m)

also have ... = (if A 88 (i+1,0) < 0 then — A $$ (i4+1,j+1) else A $$
(i+1,j+1))
unfolding make-first-column-positive.simps using A il-mn jin by auto
also have ... = A $$ (i+1,j+1) using Ai10 by auto
also have ... = (D, 1,, n) $8 (i+1 — m,j+1)

by (smt (verit) A-def A" A i-ge-m append-rows-def carrier-matD il-mn
index-mat-four-block(1,3)
index-one-mat(2) index-smult-mat(2) indes-zero-mat(2) jin
less-imp-diff-less add-diff-cancel-right”)
finally show ?thesis .

qged
also have ... = D x (1, n) $$ ((i+1)—m, j+1)
by (rule index-smult-mat, insert i jn1 A’-DR False dr, auto)
also have ... = D *(1,, (n — 1)) $$ (i—m,j) using dc dr i j A’-DR i-ge-m

by (smt (verit) Nat.add-diff-assoc2 carrier-matD(1) index-one-mat(1) jnl
less-diff-conv

linorder-not-less add-diff-cancel-right’ add-diff-cancel-right” add-diff-cancel-left)
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also have ... = (D -, 1., (n — 1)) $$ (i—m.j)
by (rule index-smult-mat[symmetric], insert i jnl A’-DR False dr, auto)
finally show ?thesis using 1 2 by auto
next
case Fulse
have ?reduce-below $$ (i+1, j+1) = M $3$ (i+1, j+1)
proof (unfold non-zero-positions-zs-m M-def,
rule reduce-below-preserves-case-m[OF M’ m0 - M-M'D mk-A'-not0 m-le-n
- d-zs all-less-m - - - D0])
show j 4+ I < n using jn! by auto
show i + 1 ¢ set zs using all-less-m i-ge-m non-zero-positions-rs-m by
auto
show ¢ + 1 # 0 by auto
show ¢+ 1 < m + n using i-ge-m i dr A’-DR by auto
show ¢ + 1 # m using i-ge-m by auto
qed (insert False)

also have ... = (?M'Q, D -, 1,,, n) $3 (i+1, j+1) unfolding M-def using
False M-M'D by argo

also have ... = (D +, 1,, n) $$ ((i+1)—m, j+1)

proof —

have f1: 1 +j<n
by (metis Groups.add-ac(2) jnl less-diff-conv)
have f2: Vn. = n+ i< m
by (meson i-ge-m linorder-not-less nat-SN.compat not-add-less2)
have i <m + (n — 1)
by (metis (no-types) A’-DR carrier-matD(1) dr 7)
then have I + i< m+n
using f1 by linarith
then show ?thesis
using f2 f1 by (metis (no-types) Groups.add-ac(2) M’ append-rows-def
carrier-matD(1)
dim-col-mat(1) index-mat-four-block(1) index-one-mat(2) index-smult-mat(2)

index-zero-mat(2,3) mat-of-rows-def nat-arith.rule0)

qed
also have ... = D x (1,, n) $$ ((i+1)—m, j+1)
by (rule index-smult-mat, insert i jnl A’-DR False dr, auto)
also have ... = D x(1,, (n — 1)) $$ (i—m,j) using dc dr i j A"-DR i-ge-m

by (smt (verit) Nat.add-diff-assoc2 carrier-matD(1) indez-one-mat(1) jnl
less-diff-conv
linorder-not-less add-diff-cancel-right’ add-diff-cancel-left")
also have ... = (D -, 1,, (n — 1)) $8 (i—m,j)
by (rule index-smult-mat[symmetric], insert ¢ jn1 A’-DR False dr, auto)
finally have 3: Zreduce-below $$ (i+1,j+1) = (D -y, 11 (n — 1)) $$ (i—m,j)

show ?thesis using 1 2 3 by presburger
qed
qged
qed
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let ?A’-DR-n = mat-of-rows (n — 1) (map (Matriz.row A’-DR) [0..<n — 1])
have hyp: 3 P. Pecarrier-mat (m + (n—1)) (m + (n—1)) A invertible-mat P A
sub-PreHNF = P x A’-DR
A echelon-form-JNF sub-Pre HNF
proof (cases 2 < n — 1)
case True
show ?thesis

by (unfold sub-PreHNF-def, rule 1.hyps|OF - - - non-zero-positions-def A’-def

(insert A n DO m-le-n True A'DR-A’DR-m-D A A’-split False, auto)
next

case Fulse
have 3 P. Pecarrier-mat (m + (n—1)) (m + (n—1)) A invertible-mat P A
sub-PreHNF = P x A’-DR
by (unfold sub-PreHNF-def, rule FindPre HNF-invertible-mat-mx2
[OF A'DR-A’DR-m-D A’-DR-m - - D0 -))
(insert False m-le-n n0 m0 1(4), auto)
moreover have echelon-form-JNF sub-Pre HNF unfolding sub-Pre HNF-def
by (rule FindPreHNF-echelon-form-mz1[OF A’DR-A'DR-m-D A'-DR-m - D0
_]7
insert False n0 m-le-n, auto)
ultimately show ?thesis by simp
qed
from this obtain P where P: P € carrier-mat (m + (n — 1)) (m + (n — 1))
and inv-P: invertible-mat P and sub-PreHNF-P-A'-DR: sub-PreHNF = P x
A’-DR by blast
define P’ where P’ = (four-block-mat (1, 1) (0, 1 (m+(n—1))) (0., (m+(n—1))
1) P)
have P": P’ € carrier-mat (m+n) (m+n)
proof —
have P’ € carrier-mat (1 + (m+(n—1))) (1 + (m+(n—1)))
unfolding P’-def by (rule four-block-carrier-mat[OF - P], simp)
thus ?thesis using n by auto
qed
have inv-P’: invertible-mat P’
unfolding P’-def by (rule invertible-mat-four-block-mat-lower-right[ OF P inv-P))
have dr-A2: dim-row A > 2 using A m0 n by auto
have dc-A2: dim-col A > 2 using n A by blast
have x: (dim-col A = 0) = False using dc-A2 by auto
have FindPreHNF-as-fom: FindPreHNF abs-flag D A = four-block-mat A’-UL
A'-UR A’-DL sub-PreHNF
unfolding FindPreHNF.simps[of abs-flag D A] using A’-split mn n A dr-A2
dc-A2 False
unfolding Let-def sub-PreHNF-def M-def A’-def non-zero-positions-def *
by (smt (verit) linorder-not-less split-conv)
also have ... = P’ x (reduce-below 0 non-zero-positions D M)
proof —
have P’ x (reduce-below 0 non-zero-positions D M)
= four-block-mat (1, 1) (O 1 (m + (n — 1)) (0py (m +(n — 1)) 1) P
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* four-block-mat A’-UL A’-UR A’-DL A’-DR
unfolding P’-def fbm-Rlunfolded M-def[symmetric], symmetric] ..
also have ... = four-block-mat
(1, 1)« A-UL + (0, 1 (m + (n — 1)) * A’-DL))
(1, 1)« A-UR + (0, 1 (m + (n — 1))) * A’-DR)
((0py (m+ (n—1)) 1) % A-UL + P x A’-DL)
(O (m+(n—1)) 1) A-UR + P x A’-DR)
by (rule mult-four-block-mat[OF - - - P A’-UL A’-UR A’-DL A’-DR], auto)
also have ... = four-block-mat A’-UL A’-UR (P « A’-DL) (P = A’-DR)
by (rule cong-four-block-mat, insert A’-UL A’-UR A’-DL A’-DR P, auto)
also have ... = four-block-mat A’-UL A’-UR (0, (m + (n — 1)) 1) sub-PreHNF
unfolding A’-DL0 sub-Pre HNF-P-A’-DR using P by simp
also have ... = four-block-mat A’-UL A’-UR A’-DL sub-PreHNF
unfolding A’-DL0 by simp
finally show ?thesis ..
qged
finally have Find-P'-reduceM: FindPreHNF abs-flag D A = P’ x (reduce-below
0 non-zero-positions D M) .
have 3 Q. invertible-mat Q AN Q € carrier-mat (m + n) (m + n)
A reduce-below 0 (xs Q@ [m]) DM = Q + M
proof (cases zs = |])
case True note zs-empty = True
have rw: reduce-below 0 (zs Q [m]) D M = reduce 0 m D M using True by
auto
obtain p ¢ u v d where pquvd: (p, q, u, v, d) = euclid-ext2 (M $$ (0, 0)) (M
$$ (m, 0))
by (simp add: euclid-ext2-def)
have 3 P. invertible-mat P N P € carrier-mat (m + n) (m 4+ n) A reduce 0 m
DM=Px«xM
proof (rule reduce-invertible-mat-case-m[OF - - m0 - - - - m-le-n n0 pquvd))
show M $$ (0, 0) # 0
using M-def mk-A'-not0 by blast
define M’ where M' = mat-of-rows n (map (Matriz.row M) [0..<m])
define M where M’ = mat-of-rows n (map (Matriz.row M) [m..<m+n])
define A2 where A2 = Matriz.mat (dim-row M) (dim-col M)
(A(4, k). if i = O then p x M $$ (0, k) + ¢ * M $$ (m, k)
else if i = m then uw x M $$ (0, k) + v M $$ (m, k)
else M $$ (i, k))
show M-M'-M'": M = M’ @, M' unfolding M’-def M''-def
by (metis M append-rows-split carrier-matD le-add1)
show M M' € carrier-mat m n unfolding M'-def by fastforce
show M': M" € carrier-mat n n unfolding M "'-def by fastforce
show 0 # m using m0 by simp
show A2 = Matriz.mat (dim-row M) (dim-col M)
(A(4, k). if i = O then p x M $$ (0, k) + ¢« M $$ (m, k
else if i = m then u x M $$ (0, k) + v« M $$ (
else M $$ (i, k))
(is - = ?rhs) using A A2-def by auto
define zs’ where xs’ = [1..<n]

)
m, k)
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define ys’ where ys’ = [1..<n)]
show zs’ = [1..<n| unfolding zs’-def by auto
show ys’ = [1..<n] unfolding ys’-def by auto
have M"D: (M" $$ (j, j) = D) A (Vj'e{0..<n}—{j}. M" $$ (4, j') = 0)
if jn: j<n and j0: j>0 for j
proof —
have Ajm0: A $$ (j+m,0) = 0
proof —
have A $$ (j+m,0) = (D » 1 n) $$ (j+m—m,0)
by (smt (verit) 1(2) 1(8) M M’ M" M-M'-M"" add.commute
append-rows-def carrier-matD
diff-add-inverse2 index-mat-four-block indez-one-mat(2) in-
dex-smult-mat(2)
le-add? less-diff-conv2 n0 not-add-less2 that(1))

also have ... = 0 using jn j0 by auto
finally show ?thesis .
qed

have M" $$ (4, i) = (D -m
proof (cases A$$(0,0) = 0)
case True
have M" $$ (4, i) = make-first-column-positive (swaprows 0 m A) $3$

1 n) 88 (j,2) if i-n: i<n for ¢

(j+m.i)
using M’ M" M-M'-M"
by (simp add: M-def A’-def True append-rows-nth3 i-n jn lo-
cal.non-zero-positions-rs-m rs-empty)
also have ... = A $$ (j+m,i) using A jn jO i-n Ajm0 by auto
also have ... = (D -, 1., n) $$ (5,7)
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-add1)
finally show ?thesis .
next
case Fulse
have A’ = A unfolding A’-def non-zero-positions-zs-m using False
True by auto
hence M"' $$ (j, i) = make-first-column-positive A $$ (j+m,i)
using M’ M" M-M'-M'" unfolding M-def
by (metis (no-types, opaque-lifting) 1(5) append-rows-nth2 jn
nat-SN.compat that)
also have ... = A $$ (j+m,i) using A jn jO i-n Ajm0 by auto
also have ... = (D -, 1,, n) $$ (4,9
by (smt (verit) A Groups.add-ac(2) add-mono-thms-linordered-field(1)
append-rows-def A-def A" i-n
carrier-matD index-mat-four-block(1,2) add-diff-cancel-right’
not-add-less2 jn trans-less-add1)
finally show ?thesis .
qed
thus ?thesis using jn jO by auto
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qed
have Am0D: A$$(m,0) = D
proof —
have A$$(m,0) = (D -y 1m n) $$ (m—m,0)
by (smt (verit) 1(2) 1(3) M M’ M" M-M'-M" append-rows-def
carrier-matD
diff-less-mono2 diff-self-eq-0 index-mat-four-block index-one-mat(2)
index-smult-mat(2) less-add-same-cancell n0 semiring-norm(137))
also have ... = D using m0 n0 by auto
finally show ?thesis .
qed
hence S00D: (swaprows 0 m A) $3 (0,0) = D using n0 m0 A by auto
have Sm00: (swaprows 0 m A) $$ (m,0) = A$3(0,0) using n0 m0 A by
auto
have M00D: M $$ (0, 0) = D if A00: A$$(0,0) = 0
proof —
have M $$ (0,0) = (make-first-column-positive (swaprows 0 m A)) $$
(0,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if (swaprows 0 m A) $$ (0,0) < 0 then — (swaprows 0
m A) $$(0,0)
else (swaprows 0 m A) $3(0,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto
also have ... = (swaprows 0 m A) $$(0,0) using S00D D0 by auto
also have ... = D using S00D by auto
finally show ?thesis .
qed
have Mm00: M $$ (m, 0) = 0 if A00: A$$(0,0) = 0
proof —
have M $3$ (m,0) = (make-first-column-positive (swaprows 0 m A)) $$
(m,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if (swaprows 0 m A) $$ (m,0) < 0 then — (swaprows 0
m A) $8(m,0)
else (swaprows 0 m A) $$(m,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto
also have ... = (swaprows 0 m A) $$(m,0) using Sm00 A00 DO by auto

also have ... = 0 using Sm00 A00 by auto

finally show #%thesis .
ged
have M000: M $$ (0, 0) = abs (A$3(0,0)) if A00: A$$(0,0) # 0
proof —

have M $$ (0,0) = (make-first-column-positive A) $$ (0,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if A $$ (0,0) < 0 then — A $%(0,0)
else A $%(0,0))

339



unfolding make-first-column-positive.simps using m0 n0 A by auto

also have ... = abs (4%8(0,0)) using Sm00 A00 by auto
finally show #“thesis .
qed
have Mm0D: M $$ (m, 0) = D if A00: A $$ (0,0) # 0
proof —

have M $$ (m,0) = (make-first-column-positive A) $$ (m,0)
unfolding M-def A’-def using A00
by (simp add: True non-zero-positions-zs-m)
also have ... = (if A $$ (m,0) < 0 then — A $$(m,0)
else A $$(m,0))
unfolding make-first-column-positive.simps using m0 n0 A by auto
also have ... = A $3(m,0) using S00D D0 Am0D by auto
also have ... = D using Am0D D0 by auto
finally show ?thesis .
qed
have 0 ¢ set xs’
proof —
have A2 $$ (0,0) =p+« M 83 (0, 0) + ¢ x M $$ (m, 0)
using A A2-def n0 M by auto
also have ... = ged (M $$ (0, 0)) (M $$ (m, 0))
by (metis euclid-ext2-works(1,2) pquvd)
also have abs ... < D using M00D Mm00 M000 Mm0D using gcd-0-int
D0 by fastforce
finally have abs (42 $$ (0,0)) < D .
thus ?thesis unfolding zs’-def using D0 by auto
qed
thus Vjeset as’. j<n A (M”33 (4, j) = D) A (Vji'e{0..<n}—{j}. M $$
(4, §) = 0)
using M "D zs'-def by auto
have 0 ¢ set ys’
proof —
have A2 $$ (m,0) = ux M $$ (0, 0) + v* M $$ (m, 0)
using A A2-def n0 m0 M by auto
also have ... = — M 88 (m, 0) div ged (M $$ (0, 0)) (M $$ (m, 0)) =
M $$ (0, 0)
+ M $$ (0, 0) div ged (M $$ (0, 0)) (M $$ (m, 0)) *
by (simp add: euclid-ext2-works|OF pquvd[symmetric]])
also have ... = 0 using M00D Mm00 M000 MmO0OD
by (smt (verit) dvd-div-mult-self euclid-ext2-works(3) euclid-ext2-works(5)
more-arith-simps(11) mult.commute mult-minus-left pquud semir-
ing-gcd-class.ged-dvdl)
finally have A2 $$ (m,0) = 0 .
thus ?thesis unfolding ys’-def using D0 by auto
qed
thus Vjeset ys'. j<n A (M $$ (j, j) = D) A (Vj'e{0..<n}—{j}. M $$
G, ) = 0)
using M"'D ys'-def by auto
show M $$ (m, 0) € {0,D} using Mm00 Mm0D by blast

M $$ (m, 0)
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show M $$ (m, 0) = 0 — M $$ (0, 0) = D wusing Mm00 Mm0OD
D-not0 M00OD by blast
qed (insert DO)
then show ?thesis using rw by auto
next
case Fulse
show ?thesis
by (unfold M-def, rule reduce-below-invertible-mat-case-m[OF M’ m0 n0
M-M'D|OF False]
mk-A'-not0 m-le-n d-zs all-less-m DO0])
qed

from this obtain @ where inv-Q: invertible-mat @ and Q: Q € carrier-mat (m
T n) (m+ )
and reduce-QM: reduce-below 0 (zs @ [m]) D M = Q = M by blast
have 3 R. invertible-mat R
A R € carrier-mat (dim-row A') (dim-row A') N M = R = A’
by (unfold M-def, rule make-first-column-positive-invertible)
from this obtain R where inv-R: invertible-mat R
and R: R € carrier-mat (dim-row A') (dim-row A’) and M-RA" M = R x A’
by blast
have 3 P. P € carrier-mat (m + n) (m + n) A invertible-mat P N A’= P x A
by (rule A’-swaprows-invertible-mat[OF A A’-def non-zero-positions-def],
insert non-zero-positions-rs-m n m0, auto)
from this obtain S where inv-S: invertible-mat S
and S: S € carrier-mat (dim-row A) (dim-row A) and A’-SA: A'= 85 x A
using A by auto
have (P*QxRxS) € carrier-mat (m+n) (m+n) using P’ Q R S A’ A by auto
moreover have FindPreHNF abs-flag D A = (P'+Q+RxS) x A using Find-P'-reduceM
reduce- QM
unfolding M-RA’ A’-SA M-def
by (smt (verit) A’ A’-SA P’ Q R S assoc-mult-mat carrier-matD carrier-mat-triv
index-mult-mat(2,3)
non-zero-positions-rs-m)
moreover have invertible-mat (P'+«@Q+RxS) using inv-P’ inv-Q inv-R inv-S
using P" QR S A" A
by (metis carrier-matD carrier-mat-triv index-mult-mat(2,3) invertible-mult-JNF)
ultimately have exists-inv: 3P. P € carrier-mat (m + n) (m + n) A invert-
ible-mat P
A FindPreHNF abs-flag D A = P x A by blast
moreover have echelon-form-JNF (FindPreHNF abs-flag D A)
proof (rule echelon-form-four-block-mat|OF A’-UL A'-UR sub-PreHNF' )
show FindPreHNF abs-flag D A = four-block-mat A’-UL A’-UR (0., (m + n
— 1) 1) sub-PreHNF
using A’-DL0 FindPreHNF-as-fom sub-PreHNF sub-Pre HNF' by auto
have A’-UL $$ (0, 0) = ?R $$ (0,0)
by (metis (mono-tags, lifting) A A’-DR A’-UL Find-P'-reduceM M-def
<FindPreHNF abs-flag D A = P’ x Q * R x S x A add-Suc-right
add-sign-intros(2) carrier-matD fom-R
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index-mat-four-block(1,3) index-mult-mat(3) m0 n0 plus-1-eq-Suc
zero-less-one-class.zero-less-one)
also have ... # 0
proof (cases zs=[])
case True
have ?R $3$ (0,0) = reduce 0 m D M $$ (0,0)
unfolding non-zero-positions-rs-m True M-def by simp
also have ... # 0
by (metis D-not0 M M-def add-pos-pos less-add-same-cancell m0 mk-A’-not0
n0 reduce-not0)
finally show ?thesis .
next
case Fulse
show ?thesis
by (unfold non-zero-positions-zs-m,
rule reduce-below-not0-case-m[OF M’ m0 n0 M-M'D[OF False] mk-A'-not0
m-le-n all-less-m D-not0])
qed
finally show A’-UL $$ (0, 0) # 0 .
qged (insert mn n hyp, auto)
ultimately show ?thesis by blast
qged
qed

lemma

assumes A-def: A= A"Q,. D, 1, n

and A': A" € carrier-mat m n and n>2 and m-le-n: m>n and D>0
shows FindPreHNF-invertible-mat-n-ge2: 3 P. P € carrier-mat (m+n) (m+n) A
invertible-mat P N\ FindPreHNF abs-flag D A = P x A
and FindPreHNF-echelon-form-n-ge2: echelon-form-JNF (FindPreHNF' abs-flag D
)

using FindPreHNF-works-n-ge2[OF assms| by blast+

lemma FindPreHNF-invertible-mat:
assumes A-def: A= A"Q,. D ., 1,, n
and A': A" € carrier-mat m n and n0: 0<n and mn: m>n and D: D>0
shows 3 P. P € carrier-mat (m+n) (m+n) A invertible-mat P A FindPreHNF
abs-flag D A =P x A
proof —
have A: A € carrier-mat (m+n) n using A-def A" by auto
show ?thesis
proof (cases m+n<2)
case True
show ?thesis by (rule FindPre HNF-invertible-mat-2xn[OF A True])
next
case Fulse note m-ge2 = False
show ?thesis
proof (cases n<2)
case True
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show ?thesis by (rule FindPreHNF-invertible-mat-mz2[OF A-def A" True
n0 D mn))
next
case Fulse
show ?thesis
by (rule FindPreHNF-invertible-mat-n-ge2[OF A-def A" - mn D), insert
False, auto)
qed
qed
qed

lemma FindPreHNF-echelon-form:
assumes A-def: A= A"Q,. D ., 1,, n
and A': A" € carrier-mat m n and mn: m>n and D: D>0
shows echelon-form-JNF (FindPreHNF abs-flag D A)
proof —
have A: A € carrier-mat (m+n) n using A-def A" by auto
have FindPreHNF: (FindPreHNF abs-flag D A) € carrier-mat (m+n) n by (rule
FindPreHNF[OF A))
show ?thesis
proof (cases m+n<2)
case True
show ?thesis by (rule echelon-form-JNF-1zn|OF FindPreHNF True])
next
case Fulse note m-ge2 = Fulse
show ?thesis
proof (cases n<2)
case True
show ?thesis by (rule FindPreHNF-echelon-form-mx1[OF A-def A" True D
mn])
next
case Fulse
show ?thesis
by (rule FindPreHNF-echelon-form-n-ge2[OF A-def A" - mn D], insert
False, auto)
qged
qed
qed
end

We connect the algorithm developed in the Hermite AFP entry with ours.
This would permit to reuse many existing results and prove easily the sound-
ness.

thm Hermite. Hermite-reduce-above.simps
thm Hermite. Hermite-of-row-i-def

thm Hermite. Hermite-of-upt-row-i-def
thm Hermite. Hermite-of-def
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thm Hermite-reduce-above.simps

thm Hermite-of-row-i-def

thm Hermite-of-list-of-rows.simps

thm mod-operation. Hermite-mod-det-def

thm Hermite. Hermite-reduce-above.simps Hermite-reduce-above.simps

context includes lifting-syntax
begin

definition res-int = (A\b n::int. n mod b)

lemma res-function-res-int:
res-function res-int
using res-function-euclidean? unfolding res-int-def by auto

lemma HMA-Hermite-reduce-above[transfer-rule]:
assumes n<CARD('m)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=)
===> (Mod-Type-Connect. HMA-I) ===> (Mod-Type-Connect. HMA-I) ===>
(Mod-Type-Connect. HMA-M))
(MA i j. Hermite-reduce-above A n i j)
(MA i j. Hermite. Hermite-reduce-above A n i j res-int)
proof (intro rel-funl, goal-cases)
case (1 A A" ii'jj)
then show ?case using assms
proof (induct n arbitrary: A A')
case (
then show ?case by auto
next
case (Suc n)
note AA’[transfer-rule] = Suc.prems(1)
note ii'[transfer-rule] = Suc.prems(2)
note jj'[transfer-rule] = Suc.prems(3)
note Suc-n-less-m = Suc.prems(4)

let ?H-JNF = HNF-Mod-Det-Algorithm. Hermite-reduce-above

let YH-HMA = Hermite. Hermite-reduce-above

let ?from-nat-rows = mod-type-class.from-nat :: - = 'm

have nn[transfer-rule]: Mod-Type-Connect. HMA-I n ( 2from-nat-rows n)
unfolding Mod-Type-Connect. HMA-I-def
by (simp add: Suc-lessD Suc-n-less-m mod-type-class.from-nat-to-nat)

have Anj: A’ $h (?from-nat-rows n) $h j' = A $$ (n,j)

by (unfold index-hma-def[symmetric], transfer, simp)
have Aij: A’ $h i’ $h j' = A $$ (i,j) by (unfold index-hma-def[symmetric],

344



transfer, simp)
let 2s = (— (A $$ (n, j) div A $$ (i, j)))
let 2s’ = ((res-int (A’ $h i’ $h j') (A’ $h Zfrom-nat-rows n $h j')
— A’ $h ?from-nat-rows n $h j') div A’ $h i’ $h ;')
have ss’[transfer-rule]: ?s = ?s’ unfolding res-int-def Anj Aij
by (metis (no-types, opaque-lifting) Groups.add-ac(2) add-diff-cancel-left’
div-by-0
minus-div-mult-eq-mod more-arith-simps(7) nat-arith.rule0 nonzero-mult-div-cancel-right
uminus-add-conv-diff)
have H-JNF-eq: ?H-JNF A (Suc n) ij = ?H-JNF (addrow (— (A $$ (n, j) div
AS$%(i,5))niA)nij
by auto
have H-HMA-eq: ?H-HMA A’ (Suc n) i’ j' res-int = ?H-HMA (row-add A’
(?from-nat-rows n) i’ 2s’) n i’ j' res-int
by (auto simp add: Let-def)
have Mod-Type-Connect. HMA-M (?H-JNF (addrow ?s n i A) n i j)
(?H-HMA (row-add A’ (?from-nat-rows n) i’ 2s’) n i’ j' res-int)
by (rule Suc.hyps|OF - ii’ jj'|, transfer-prover, insert Suc-n-less-m, simp)
thus ?case using H-JNF-eq H-HMA-eq by auto
qed
qed

corollary HMA-Hermite-reduce-above’:

assumes n<CARD('m)

and Mod-Type-Connect. HMA-M A (A": int ~ 'n :: mod-type ~ 'm :: mod-type)

and Mod-Type-Connect. HMA-I i i" and Mod-Type-Connect. HMA-I j j'

shows Mod- Type-Connect. HMA-M (Hermite-reduce-above A n i j) (Hermite. Hermite-reduce-above
A’ n i’ j' res-int)

using HMA-Hermite-reduce-above assms unfolding rel-fun-def by metis

lemma HMA-Hermite-of-row-i[transfer-rule]:
assumes upt-A: upper-triangular’ A
and AA" Mod-Type-Connect. HMA-M A (A”:: int ~'n :: mod-type ~'m :: mod-type)
and 7. Mod-Type-Connect. HMA-I i i’
shows Mod- Type-Connect. HMA-M (Hermite-of-row-i A 1)
(Hermite. Hermite-of-row-i ass-function-euclidean res-int A’ i’)
proof —
note AA'[transfer-rule)
note ii'[transfer-rule
have i: i<dim-row A
by (metis (full-types) AA’ i' Mod-Type-Connect. HMA-I-def
Mod-Type-Connect.dim-row-transfer-rule mod-type-class.to-nat-less-card)
show ?thesis
proof (cases is-zero-row i’ A’)
case True
hence is-zero-row-JNF i A by (transfer, simp)
hence find-fst-non0-in-row i A = None using find-fst-non0-in-row-None[OF -
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upt-A i] by auto
thus ?thesis using True AA’ unfolding Hermite. Hermite-of-row-i-def Her-
mite-of-row-i-def by auto
next
case Fulse
have nz-iA: = is-zero-row-JNF i A using Fulse by transfer
hence find-fst-non0-in-row i A # None using find-fst-non0-in-row-None[OF -
upt-A 1] by auto
from this obtain j where j: find-fst-non0-in-row i A = Some j by blast
have j-eq: j = (LEAST n. A $$ (i,n) # 0)
by (rule find-fst-non0-in-row-LEAST[OF - upt-A j i, auto)
have H-JNF-rw: (Hermite-of-row-i A i) =
(if A 8% (4, j) < O then Hermite-reduce-above (multrow ¢ (— 1) A) iij
else Hermite-reduce-above A i i j) unfolding Hermite-of-row-i-def using j by
auto
let YH-HMA = Hermite. Hermite-of-row-i
let ?j' = (LEAST n. A’ $h i’ $hn # 0)
have '2: (mod-type-class.to-nat i’) = i using i’
by (simp add: Mod-Type-Connect. HMA-I-def)
have jj'[transfer-rule]: Mod-Type-Connect. HMA-I j 2§’
unfolding j-eq index-hma-def[symmetric] by (rule HMA-LEAST[OF AA’ i’
nz-iA])
have Aij: A 88 (¢, j) = A’ $h i’ $h (LEAST n. A’ $h i’ $h n # 0)
by (subst indez-hma-def [symmetric], transfer’, simp)
have H-HMA-rw: ?H-HMA ass-function-euclidean res-int A’ i’ =
Hermite. Hermite-reduce-above (mult-row A" i' (|A" $h i’ $h 25/
div A" $h i’ $h 27))
(mod-type-class.to-nat i’) i’ 9§’ res-int
unfolding Hermite. Hermite-of-row-i-def Let-def ass-function-euclidean-def
by (auto simp add: False)
have im: i < CARD(’'m) using #’ unfolding Mod- Type-Connect. HMA-I-def
using mod-type-class.to-nat-less-card by blast
show ?thesis
proof (cases A $$ (i, j) < 0)
case True
have A'i’j’-le-0: A’ $h i’ $h ?j’ < 0 using Aij True by auto
hence 1: (JA' $h i’ $h ?j'| div A’ $h i’ $h 2§
= —1 using div-pos-neg-trivial by auto
have [transfer-rule]: Mod-Type-Connect. HMA-M (multrow i (— 1) A)
(mult-row A’ i’ (JA' $h i’ $h 25|
div A’ $h i’ $h ?2j’)) unfolding 1 by transfer-prover
have H-HMA-rw2: Hermite-of-row-i A i = Hermite-reduce-above (multrow i
(—1)A)iij
using True H-JNF-rw by auto
have x: Mod-Type-Connect. HMA-M (Hermite-reduce-above (multrow i (— 1)
) i)
(Hermite. Hermite-reduce-above (mult-row A’ i’ (|A’' $h i’ $h %j/|
div A’ $h i’ $h 2§"))
(mod-type-class.to-nat i) i’ 2j’ res-int)
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unfolding 1 ii’2
by (rule HMA-Hermite-reduce-above'|OF im - ii’ jj'], transfer-prover)
show ?Zthesis unfolding H-JNF-rw H-HMA-rw unfolding H-HMA-rw?2
using True x by auto
next

case Fulse

have Aij-not0: A $$ (i, j) # 0 using j-eq nz-iA
by (metis (mono-tags) Leastl is-zero-row-JNF-def)

have A'i’j’-le-0: A’ $h i’ $h ?j’ > 0 using False Aij-not0 Aij by auto

hence 1: (JA' $h i’ $h 2§'| div A’ $h i’ $h 2j') = 1 by auto

have H-HMA-rw2: Hermite-of-row-i A i = Hermite-reduce-above A i i j
using False H-JNF-rw by auto

have *: 2H-HMA ass-function-euclidean res-int A’ i’ =

(Hermite. Hermite-reduce-above A’ (mod-type-class.to-nat i’) i’ 2§’ res-int)
using H-HMA-rw unfolding ! unfolding mult-row-1-id by simp

have Mod-Type-Connect. HMA-M (Hermite-reduce-above A i i §)
(Hermite. Hermite-reduce-above A’ (mod-type-class.to-nat i') i’ 2j' res-int)
unfolding 1 ii’2
by (rule HMA-Hermite-reduce-above|OF im AA’ i’ jj'))

then show ?%thesis using H-HMA-rw x H-HMA-rw2 by presburger

qed
qed
qed

lemma Hermite-of-list-of-rows-append:
Hermite-of-list-of-rows A (xzs Q [z]) = Hermite-of-row-i (Hermite-of-list-of-rows A
xs) x

by (induct zs arbitrary: A, auto)

lemma Hermite-reduce-above[simp|: Hermite-reduce-above A n i j € carrier-mat
(dim-row A) (dim-col A)
proof (induct n arbitrary: A)
case (
then show “case by auto
next
case (Suc n)
let ?A = (addrow (— (A 3% (n, j) div A 8% (4, 7)) ni A)
have Hermite-reduce-above A (Suc n) i j = Hermite-reduce-above A n i j
by (auto simp add: Let-def)
also have ... € carrier-mat (dim-row ?A) (dim-col ?A) by(rule Suc.hyps)
finally show ?case by auto
qed

lemma Hermite-of-row-i: Hermite-of-row-i A i € carrier-mat (dim-row A) (dim-col
4)

proof —
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have Hermite-reduce-above (multrow i (— 1) A) iia
€ carrier-mat (dim-row (multrow i (— 1) A)) (dim-col (multrow i (— 1) A))
for a by (rule Hermite-reduce-above)
thus ?thesis
unfolding Hermite-of-row-i-def using Hermite-reduce-above
by (cases find-fst-non0-in-row i A, auto)
qed

end

We now move more lemmas from HOL Analysis (with mod-type restrictions)
to the JNF matrix representation.

context
begin

private lemma echelon-form-Hermite-of-row-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes eA: echelon-form-JNF A
and i: i<CARD('m)
shows echelon-form-JNF (Hermite-of-row-i A 1)
proof —
have uA: upper-triangular’ A by (rule echelon-form-JNF-imp-upper-triangular| OF
eA])
define A’ where A’ = (Mod- Type-Connect.to-hma,, A :: int ~'n :: mod-type ~'m
it mod-type)
define ¢’ where i’ = (Mod-Type.from-nat i :: 'm)
have AA'[transfer-rule]: Mod-Type-Connect. HMA-M A A’
unfolding Mod- Type-Connect. HMA-M-def using assms A’-def by auto
have #i'[transfer-rule]: Mod-Type-Connect. HMA-I i i’
unfolding Mod- Type-Connect. HMA-I-def i'-def using assms
using from-nat-not-eq order.strict-trans by blast
have eA’[transfer-rule]: echelon-form A’ using eA by transfer
have [transfer-rule]: Mod-Type-Connect. HMA-M
(HNF-Mod-Det-Algorithm. Hermite-of-row-i A )
(Hermite. Hermite-of-row-i ass-function-euclidean res-int A’ i)
by (rule HMA-Hermite-of-row-i]OF uA AA' ii'])
have echelon-form (Hermite. Hermite-of-row-i ass-function-euclidean res-int A’
')
by (rule echelon-form-Hermite-of-row[ OF ass-function-euclidean res-function-res-int
eA’])
thus ?thesis by (transfer, simp)
qed

private lemma echelon-form-Hermite-of-row-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
assumes eA: echelon-form-JNF A
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and i<CARD('m)
shows echelon-form-JNF (Hermite-of-row-i A 1)
using assms echelon-form-Hermite-of-row-mod-type by (smt (verit) CARD-mod-ring)

lemmas echelon-form-Hermite-of-row-nontriv-mod-ring-internalized =
echelon-form-Hermite-of-row-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

context
fixes m::nat and n::nat
assumes local-typedef1: 3 (Rep :: (b = int)) Abs. type-definition Rep Abs {0..<m

oint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n
iint}

and m: m>1

and n: n>1
begin

lemma echelon-form-Hermite-of-row-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
assumes eA: echelon-form-JNF A
and i<m
shows echelon-form-JNF (Hermite-of-row-i A )
using echelon-form-Hermite-of-row-nontriv-mod-ring-internalized
[OF type-to-set2(1)[OF local-typedef1 local-typedef2)
type-to-set (1)[OF local-typedef! local-typedef2]]
using assms
using type-to-setl(2) local-typedefl local-typedef2 n m by metis

end

context
begin

private lemma echelon-form-Hermite-of-row-i-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0..<intn} — 1 <m =1 <n

= A € carrier-mat m n => echelon-form-JNF A — i < m

= echelon-form-JNF (HNF-Mod-Det-Algorithm.Hermite-of-row-i A 1)

using echelon-form-Hermite-of-row-nontriv-mod-ring-aux|cancel-type-definition,
of mn A i

by auto
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private lemma echelon-form-Hermite-of-row-i-cancelled-both:

1 <m=1<n= A € carrier-mat m n = echelon-form-JNF A = i < m

= echelon-form-JNF (HNF-Mod-Det-Algorithm. Hermite-of-row-i A 1)

using echelon-form-Hermite-of-row-i-cancelled-first| cancel-type-definition, of n m

A i] by simp

lemma echelon-form-JNF-Hermite-of-row-i":
fixes A::int mat
assumes A € carrier-mat m n
assumes eA: echelon-form-JNF A
and i<m
and I <mand I <n
shows echelon-form-JNF (Hermite-of-row-i A )
using echelon-form-Hermite-of-row-i-cancelled-both assms by auto

corollary echelon-form-JNF-Hermite-of-row-i:
fixes A::int mat
assumes eA: echelon-form-JNF A
and i: i<dim-row A
shows echelon-form-JNF (Hermite-of-row-i A 1)
proof (cases dim-row A < 2)
case True
show ?thesis
by (rule echelon-form-JNF-1zn|OF Hermite-of-row-i True])
next
case Fulse note m-ge2 = False
show ?thesis
proof (cases 1<dim-col A)
case True

show ?thesis by (rule echelon-form-JNF-Hermite-of-row-i'|OF - eA i - True],

insert m-ge2, auto)
next
case Fulse
hence dc-01: dim-col A € {0,1} by auto
show ?thesis
proof (cases dim-col A = 0)
case True
have H: Hermite-of-row-i A i € carrier-mat (dim-row A) (dim-col A)
using Hermite-of-row-i by blast
show %thesis by (rule echelon-form-mx0, insert True H, auto)
next
case Fulse
hence dc-1: dim-col A = 1 using dc-01 by simp
then show ?Zthesis
proof (cases i=0)
case True
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have eA”: echelon-form-JNF (multrow 0 (— 1) A)
by (rule echelon-form-JNF-multrow|OF - - eA], insert m-ge2, auto)
show ?thesis using True unfolding Hermite-of-row-i-def
by (cases find-fst-non0-in-row 0 A, insert eA eA’, auto)
next
case Fulse
have all-zero: (Vje{i..<dim-col A}. A $$ (i, j) = 0) unfolding dc-1 using
False by auto
hence find-fst-non0-in-row i A = None using find-fst-non0-in-row-None'|OF
i] by blast
hence Hermite-of-row-i A i = A unfolding Hermite-of-row-i-def by auto
then show ?thesis using eA by auto
qed
qed
qed
qed

lemma Hermite-of-list-of-rows:

(Hermite-of-list-of-rows A xs) € carrier-mat (dim-row A) (dim-col A)
proof (induct xs arbitrary: A rule: rev-induct)

case Nil

then show ?case by auto
next

case (snoc z 1s)

let YA = (Hermite-of-list-of-rows A xs)

have hyp: (Hermite-of-list-of-rows A xs) € carrier-mat (dim-row A) (dim-col A)
by (rule snoc.hyps)

have Hermite-of-list-of-rows A (xzs @ [z]) = Hermite-of-row-i ?A x

using Hermite-of-list-of-rows-append by auto

also have ... € carrier-mat (dim-row ?A) (dim-col ?A) using Hermite-of-row-i
by auto

finally show ?case using hyp by auto
qed

lemma echelon-form-JNF-Hermite-of-list-of-rows:
assumes A€carrier-mat m n
and Vzeset xs. z < m
and echelon-form-JNF A
shows echelon-form-JNF (Hermite-of-list-of-rows A xs)
using assms
proof (induct xs arbitrary: A rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc z zs)
have hyp: echelon-form-JNF (Hermite-of-list-of-rows A xs)
by (rule snoc.hyps, insert snoc.prems, auto)
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have H-Azs: (Hermite-of-list-of-rows A xs) € carrier-mat (dim-row A) (dim-col
A)
by (rule Hermite-of-list-of-rows)
have (Hermite-of-list-of-rows A (zs @ [z])) = Hermite-of-row-i (Hermite-of-list-of-rows
A xs) x
using Hermite-of-list-of-rows-append by simp
also have echelon-form-JNF ...
proof (rule echelon-form-JNF-Hermite-of-row-i] OF hyp))
show z < dim-row (Hermite-of-list-of-rows A zs) using snoc.prems H-Axs by
auto
qed
finally show ?Zcase .
qed

lemma HMA-Hermite-of-upt-row-i[transfer-rule]:
assumes zs = [0..<i]
and Vzeset xs. ¢ < CARD('m)
assumes Mod-Type-Connect. HMA-M A (A":: int ~ 'n :: mod-type ~'m :: mod-type)

and echelon-form-JNF A
shows Mod- Type-Connect. HMA-M (Hermite-of-list-of-rows A xs)
(Hermite. Hermite-of-upt-row-i A’ i ass-function-euclidean res-int)
using assms
proof (induct xs arbitrary: A A’ i rule: rev-induct)
case Nil
have (=0 using Nil by (metis le-0-eq upt-eq-Nil-conv)
then show ?case using Nil unfolding Hermite-of-upt-row-i-def by auto
next
case (snoc z zs)
note xs-z-eq = snoc.prems(1)
note all-zm = snoc.prems(2)
note AA’ = snoc.prems(3)
note upt-A = snoc.prems(4)
let 2z’ = (mod-type-class.from-nat x::'m)
have zm: x < CARD('m) using all-zm by auto
have zz'[transfer-rule]: Mod- Type-Connect. HMA-I = %z’
unfolding Mod-Type-Connect. HMA-I-def using from-nat-not-eq xm by blast
have last-i1: last [0..<i] = i—1
by (metis append-is-Nil-conv last-upt list.simps(3) neq0-conv xs-x-eq upt.simps(1))
have last (zs Q [z]) = i—1 using zs-z-eq last-il by auto
hence z-i1: ©z = i—1 by auto
have zs-eq: zs = [0..<z| using zs-z-eq z-i1
by (metis add-diff-inverse-nat append-is-Nil-conv append-same-eq less-one list.simps(3)
plus-1-eq-Suc upt-Suc upt-eq-Nil-conv)
have list-rw: [0..<i] = 0 #[1..<i]
by (auto, metis append-is-Nil-conv list.distinct(2) upt-rec xs-z-eq)
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have 1: Hermite-of-list-of-rows A (zs Q [z]) = Hermite-of-row-i (Hermite-of-list-of-rows
A xs) x
unfolding Hermite-of-list-of-rows-append by auto
let ?H-upt-HA = Hermite. Hermite-of-upt-row-i
let YH-HA = Hermite. Hermite-of-row-i ass-function-euclidean res-int
have (Hermite-of-upt-row-i A’ i ass-function-euclidean res-int) =
foldl H-HA A’ (map mod-type-class.from-nat [0..<i])
unfolding Hermite-of-upt-row-i-def by auto
also have ... = foldl ?H-HA A’ ((map mod-type-class.from-nat [0..<i—1])Q[?z"])
by (metis list.simps(8) list.simps(9) map-append z-il xs-eq xs-z-€q)
also have ... = foldl ?H-HA (?H-upt-HA A’ (i — 1) ass-function-euclidean
res-int) [?z’]
unfolding foldl-append unfolding Hermite-of-upt-row-i-def[symmetric] by
auto
also have ... = ?H-HA (Hermite-of-upt-row-i A’ (i — 1) ass-function-euclidean
res-int) %z’ by auto
finally have 2: ?H-upt-HA A’ i ass-function-euclidean res-int =
H-HA (Hermite-of-upt-row-i A’ (i — 1) ass-function-euclidean res-int) %z’ .

have hyp[transfer-rule]: Mod-Type-Connect. HMA-M (Hermite-of-list-of-rows A
zs)
(Hermite-of-upt-row-i A’ (i — 1) ass-function-euclidean res-int)
by (rule snoc.hyps|OF - - AA’ upt-A], insert zs-eq z-i1 zm, auto)

have upt-H-Axs:upper-triangular’ (Hermite-of-list-of-rows A xs)
proof (rule echelon-form-JNF-imp-upper-triangular,
rule echelon-form-JNF-Hermite-of-list-of-rows|OF - - upt-A])
show A€ carrier-mat (CARD('m)) (CARD('n))
using Mod-Type-Connect.dim-col-transfer-rule
Mod-Type-Connect.dim-row-transfer-rule snoc(4) by blast
show Vzeset xs. © < CARD('m) using all-tm by auto
qed
show ?case unfolding 1 2
by (rule HMA-Hermite-of-row-i| OF upt-H-Axs hyp xzz'])
qed

lemma Hermite-Hermite-of-upt-row-i:
assumes a: ass-function ass
and 7: res-function res
and eA: echelon-form A
shows Hermite (range ass) (Ac. range (res c¢)) (Hermite-of-upt-row-i A (nrows
A) ass res)
proof —
let YH = (Hermite-of-upt-row-i A (nrows A) ass res)
show ?thesis
proof (rule Hermite-intro, auto)
show Complete-set-non-associates (range ass)
by (simp add: ass-function-Complete-set-non-associates a)
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show Complete-set-residues (Ac. range (res c))
by (simp add: r res-function-Complete-set-residues)
show echelon-form ?H
by (rule echelon-form-Hermite-of-upt-row-i[OF eA a 1))
fix ¢
assume i: - is-zero-row i ?H
show ?H $ ¢ $ (LEAST n. ?H $i$ n # 0) € range ass
proof —
have non-zero-i-eA: = is-zero-row i A
using Hermite-of-upt-row-preserves-zero-rows|OF - - a r] i eA by blast
have least: (LEAST n. ?H $h i $hn # 0) = (LEAST n. A$h i $hn # 0)
by (rule Hermite-of-upt-row-i-Least| OF non-zero-i-eA eA a r], simp)
have ?H $ i $ (LEAST n. A$ i $ n # 0) € range ass
by (rule Hermite-of-upt-row-i-in-range] OF non-zero-i-eA eA a ], auto)
thus “thesis unfolding least by auto
qed
next
fix 7 j assume i: = is-zero-row ¢ H and j: j < i
show ?H $ j$ (LEAST n. YH$i$n#0)
€ range (res (?H $ i $ (LEAST n. ?2H $ i $ n # 0)))
proof —
have non-zero-i-eA: — is-zero-row i A
using Hermite-of-upt-row-preserves-zero-rows|OF - - a r] i eA by blast
have least: (LEAST n. ?H $h i $hn # 0) = (LEAST n. A$h i $hn # 0)
by (rule Hermite-of-upt-row-i-Least| OF non-zero-i-eA eA a r], simp)
have ?H $ j § (LEAST n. A$ i $ n +# 0) € range (res (?H $ i $ (LEAST
n.A$i$n#0))
by (rule Hermite-of-upt-row-i-in-range-res| OF non-zero-i-eA eA a r - - jl,
auto)
thus ?thesis unfolding least by auto
qed
qed
qed

lemma Hermite-of-row-i-0:
Hermite-of-row-i A 0 = AV Hermite-of-row-i A 0 = multrow 0 (— 1) A
by (cases find-fst-non0-in-row 0 A, unfold Hermite-of-row-i-def, auto)

lemma Hermite-JNF-intro:
assumes
Complete-set-non-associates associates (Complete-set-residues res) echelon-form-JNF
A
(Vi<dim-row A. = is-zero-row-JNF { A — A $$ (i, LEAST n. A $$ (i, n) # 0)
€ associates)
(Vi<dim-row A. = is-zero-row-JNF i A — (Vj. j<i — A 88 (j, (LEAST n. A
$3 (i, n) # 0))
€ res (A 88 (i,(LEAST n. A $$ (i,n) # 0)))))

shows Hermite-JNF associates res A
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using assms unfolding Hermite-JNF-def by auto

lemma least-multrow:

assumes A € carrier-mat m n and i<m and eA: echelon-form-JNF A

assumes ia: ia < dim-row A and nz-ia-mrA: - is-zero-row-JNF ia (multrow i
(— 1) 4)

shows (LEAST n. multrow i (— 1) A $$ (ia, n) # 0) = (LEAST n. A $$ (ia,
n) # 0)
proof (rule Least-equality)

have nz-ia-A: — is-zero-row-JNF ia A using nz-ia-mrA ia by auto

have Least-Aian-n: (LEAST n. A $$ (ia, n) # 0) < dim-col A

by (smt (verit) dual-order.strict-trans is-zero-row-JNF-def not-less-Least not-less-iff-gr-or-eq
nz-ia-A)

show multrow i (— 1) A $$ (ia, LEAST n. A $$ (ia, n) # 0) # 0

by (smt (verit) Leastl Least-Aian-n class-cring.cring-simprules(22) equation-minus-iff
ia

index-mat-multrow(1) is-zero-row-JNF-def mult-minusl nz-ia-A)

show Ay. multrow i (— 1) A $$ (ia, y) # 0 = (LEAST n. A 8% (ia, n) # 0)

<y
by (metis (mono-tags, lifting) Least-Aian-n class-cring.cring-simprules(22) ia
index-mat-multrow(1) lel mult-minus! order.strict-trans wellorder-Least-lemma(2))

qged

lemma Hermite-Hermite-of-row-1:
assumes A: A € carrier-mat 1 n
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-row-i
A 0)
proof (rule Hermite-JNF-intro)
show Complete-set-non-associates (range ass-function-euclidean)
using ass-function-Complete-set-non-associates ass-function-euclidean by blast
show Complete-set-residues (Ac. range (res-int c))
using res-function-Complete-set-residues res-function-res-int by blast
show echelon-form-JNF (HNF-Mod-Det-Algorithm. Hermite-of-row-i A 0)
by (metis (full-types) assms carrier-matD(1) echelon-form-JNF-Hermite-of-row-i
echelon-form-JNF-def less-one not-less-zero)
let ?H = Hermite-of-row-i A 0
show Vi<dim-row ?H. = is-zero-row-JNF i H
— ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) € range ass-function-euclidean
proof (auto)
fix 7 assume i: i<dim-row ?H and nz-iH: — is-zero-row-JNF i ?H
have nz-iA: = is-zero-row-JNF i A
by (metis (full-types) Hermite-of-row-i Hermite-of-row-i-0 carrier-matD(1)
i is-zero-row-JNF-multrow nz-iH)
have ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) > 0
proof (cases find-fst-non0-in-row 0 A)
case None
then show ?thesis using nz-iH unfolding Hermite-of-row-i-def
by (smt (verit) HNF-Mod-Det-Algorithm. Hermite-of-row-i-def upper-triangular’-def
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assms
carrier-matD(1) find-fst-non0-in-row-None i less-one not-less-zero
option.simps(4))
next
case (Some a)
have upA: upper-triangular’ A using A unfolding upper-triangular’-def by
auto
have eA: echelon-form-JNF A by (metis A Suc-1 echelon-form-JNF-1xn lessI)
have i0: i=0 using Hermite-of-row-i[of A 0] A i by auto
have Aia: A $$ (i,a) # 0 and a0: 0 < a and an: a<n
using 0 Some assms find-fst-non0-in-row [of 0 A a] by auto
have I: (LEAST n. A $$ (i, n) # 0) = (LEAST n. multrow 0 (— 1) A $$
(i, n) # 0)
by (rule least-multrow[symmetric, OF A - eA -], insert nz-iA i A i0, auto)
have al: a = (LEAST n. A $$ (i, n) # 0)
by (rule find-fst-non0-in-row-LEAST[OF A upA], insert Some i0, auto)
hence a2: a = (LEAST n. multrow 0 (— 1) A $$ (i, n) # 0) unfolding |
by simp
have m1: multrow 0 (— 1) A $$ (i, LEAST n. multrow 0 (— 1) A $$ (i, n)
£ 0)
=(—1)* AS$S$ (i, LEAST n. A$$ (i, n) # 0)
by (metis Hermite-of-row-i-0 al a2 an assms carrier-matD(2) i i0 in-
dez-mat-multrow(1,4))
then show ?thesis using nz-iH Some al Aia a2 i0 unfolding Hermite-of-row-i-def
by auto
qged
thus ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) € range ass-function-euclidean
using ass-function-int ass-function-int-UNIV by auto
qed
show V i<dim-row ?H. — is-zero-row-JNF i H — (Vj<i. ?H $$ (j, LEAST
n. ?H $$ (i, n) # 0)
€ range (res-int (?H $$ (i, LEAST n. ?H $$ (i, n) # 0))))
using Hermite-of-row-i[of A 0] A by auto
qed

lemma Hermite-of-row-i-0-eq-0:
assumes A: A€carrier-mat m n and i: i>0 and eA: echelon-form-JNF A and
m: 1<m
and n0: 0<n
shows Hermite-of-row-i A 0 $$ (i, 0) = 0
proof —
have Ai0: A $$ (i, 0) = 0 by (rule echelon-form-JNF-first-column-0[OF eA A
i im n0))
show ?thesis
proof (cases find-fst-non0-in-row 0 A)
case None
thus ?thesis using Ai0 unfolding Hermite-of-row-i-def by auto
next
case (Some a)
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have A $3$ (0, a) # 0 and a0: 0 < @ and an: a<n
using find-fst-non0-in-row[OF Some] A by auto
then show ?thesis using Some Ai0 A an a0 im unfolding Hermite-of-row-i-def
mat-multrow-def by auto
qed
qed

lemma Hermite-Hermite-of-row-i-mx1 :
assumes A: A € carrier-mat m 1 and eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-row-i
A 0)
proof (rule Hermite-JNF-intro)
show Complete-set-non-associates (range ass-function-euclidean)
using ass-function-Complete-set-non-associates ass-function-euclidean by blast
show Complete-set-residues (Ac. range (res-int c))
using res-function-Complete-set-residues res-function-res-int by blast
have H: Hermite-of-row-i A 0 : carrier-mat m 1 using A Hermite-of-row-i[of
A] by auto
have upA: upper-triangular’ A
by (simp add: eA echelon-form-JNF-imp-upper-triangular)
show eH: echelon-form-JNF (Hermite-of-row-i A 0)
proof (rule echelon-form-JNF-mz1[OF H])
show Vie{1..<m}. HNF-Mod-Det-Algorithm. Hermite-of-row-i A 0 $$ (i, 0) =
0
using Hermite-of-row-i-0-eq-0 assms by auto
qed (simp)
let YH = Hermite-of-row-i A 0
show Vi<dim-row ?H. = is-zero-row-JNF i ?H
— ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) € range ass-function-euclidean
proof (auto)
fix ¢ assume i: i<dim-row ?H and nz-iH: — is-zero-row-JNF i ¢H
have nz-iA: = is-zero-row-JNF i A
by (metis (full-types) Hermite-of-row-i Hermite-of-row-i-0 carrier-matD(1)
i is-zero-row-JNF-multrow nz-iH)
have ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) > 0
proof (cases find-fst-non0-in-row 0 A)
case None
have is-zero-row-JNF i A
by (metis H upper-triangular’-def None assms(1) carrier-matD find-fst-non0-in-row-None
i is-zero-row-JNF-def less-one linorder-neqE-nat not-less0 upA)
then show ?thesis using nz-iH None unfolding Hermite-of-row-i-def by
auto
next
case (Some a)
have Aia: A $$ (0,a) # 0 and a0: 0 < a and an: a<1I
using find-fst-non0-in-row|OF Some] A by auto
have nz-j-mA: is-zero-row-JNF j (multrow 0 (— 1) A) if jO: j>0 and jm:
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j<m for j
unfolding is-zero-row-JNF-def using A j0 jm upA by auto
show ?thesis
proof (cases i=0)
case True
then show ?thesis
using nz-iH Some nz-j-mA A H i Aia an unfolding Hermite-of-row-i-def
by auto
next
case Fulse
have nz-iA: is-zero-row-JNF i A
by (metis False H Hermite-of-row-i-0 carrier-matD(1) i is-zero-row-JNF-multrow
not-gr0 nz-iH nz-j-mA)
hence is-zero-row-JNF i (multrow 0 (— 1) A) using 4 H i by auto
then show ?thesis using nz-iH Some nz-j-mA Fualse nz-iA
unfolding Hermite-of-row-i-def by fastforce
qed
qed
thus ?H $$ (i, LEAST n. ?H $$ (i, n) # 0) € range ass-function-euclidean
using ass-function-int ass-function-int-UNIV by auto
qed
show Vi<dim-row ?H. = is-zero-row-JNF i ¢H — (Vj<i. H $$ (j, LEAST
n. ?H $$ (i, n) # 0)
€ range (res-int (?H $$ (i, LEAST n. ?H $$ (i, n) # 0))))
proof auto
fix 7 j assume i i<dim-row ?H and nz-iH: — is-zero-row-JNF i ?H and ji:
Jj<i
have =0
by (metis H upper-triangular’-def One-nat-def nz-iH eH i carrier-matD(2)
nat-neq-iff
echelon-form-JNF-imp-upper-triangular is-zero-row-JNF-def less-SucO
not-less-zero)
thus ?H $$ (j, LEAST n. ?H $$ (i, n) # 0)
€ range (res-int (YH $$ (i, LEAST n. ?H 3% (i, n) # 0))) using ji by
auto
qed
qed

lemma Hermite-of-list-of-rows-1zn;:
assumes A: A € carrier-mat 1 n
and eA: echelon-form-JNF A
and 2: V € set zs. x < 1 and zs: zs#]|
shows Hermite-JNF' (range ass-function-euclidean)
(Ae. range (res-int ¢)) (Hermite-of-list-of-rows A xs)
using z s
proof (induct zs rule: rev-induct)
case Nil
then show ?case by auto
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next
case (snoc z zs)
have z0: =0 using snoc.prems by auto
show ?Zcase
proof (cases zs = |])
case True
have Hermite-of-list-of-rows A (xs Q [z]) = Hermite-of-row-i A 0
unfolding Hermite-of-list-of-rows-append x0 using True by auto
then show ?thesis using Hermite- Hermite-of-row-i[OF A] by auto
next
case Fulse
have z0: =0 using snoc.prems by auto
have hyp: Hermite-JNF (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A xs)
by (rule snoc.hyps, insert snoc.prems False, auto)
have Hermite-of-list-of-rows A (zs Q [z]) = Hermite-of-row-i (Hermite-of-list-of-rows
A xs) 0
unfolding Hermite-of-list-of-rows-append hyp 0 ..
thus ?thesis
by (metis A Hermite- Hermite-of-row-i Hermite-of-list-of-rows carrier-matD(1))
qged
qged

lemma Hermite-of-row-i-id-mx1:
assumes H': Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int c¢))
A
and z: z<dim-row A and A: A€carrier-mat m 1
shows Hermite-of-row-i A z = A
proof (cases find-fst-non0-in-row z A)
case None
then show ?thesis unfolding Hermite-of-row-i-def by auto
next
case (Some a)
have eH: echelon-form-JNF A using H' unfolding Hermite-JNF-def by simp
have ut-A: upper-triangular’ A by (simp add: eH echelon-form-JNF-imp-upper-triangular)
have a-least: a = (LEAST n. A $$ (z,n) # 0)
by (rule find-fst-non0-in-row-LEAST[OF - ut-A Some], insert xz, auto)
have Aza: A 33 (z, a) # 0 and za: z<a and a: a<dim-col A
using find-fst-non0-in-row[OF Some] unfolding a-least by auto
have nz-zA: — is-zero-row-JNF z A using Aza za x o unfolding is-zero-row-JNF-def
by blast
have a0: a = 0 using a A by auto
have z0: =0 using echelon-form-JNF-first-column-0[OF eH A] Aza a0 za by
blast
have A $$ (z, a) € (range ass-function-euclidean)
using nz-zA H' z unfolding a-least unfolding Hermite-JNF-def by auto
hence A $$ (z, a) > 0 using Aza unfolding image-def ass-function-euclidean-def
by auto
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then show ?thesis unfolding Hermite-of-row-i-def using Some z0 by auto
qed

lemma Hermite-of-row-i-id-mzx1 "
assumes eA: echelon-form-JNF A
and z: z<dim-row A and A: A€carrier-mat m 1
shows Hermite-of-row-i A x = A V Hermite-of-row-i A © = multrow 0 (— 1) A
proof (cases find-fst-non0-in-row z A)
case None
then show ?thesis unfolding Hermite-of-row-i-def by auto
next
case (Some a)
have ut-A: upper-triangular’ A by (simp add: eA echelon-form-JNF-imp-upper-triangular)
have a-least: a = (LEAST n. A $$ (z,n) # 0)
by (rule find-fst-non0-in-row-LEAST|[OF - ut-A Some], insert z, auto)
have Aza: A 3% (z, a) # 0 and za: z<a and a: a<dim-col A
using find-fst-non0-in-row[OF Some|] unfolding a-least by auto
have nz-zA: - is-zero-row-JNF z A using Aza xa x a unfolding is-zero-row-JNF-def
by blast
have a0: a = 0 using a A by auto
have z0: =0 using echelon-form-JNF-first-column-0[OF eA A] Aza a0 za by
blast
show ?thesis by (cases A $$(z,a)>0, unfold Hermite-of-row-i-def, insert Some
z0, auto)
qed

lemma Hermite-of-list-of-rows-mzx1:
assumes A: A € carrier-mat m 1
and eA: echelon-form-JNF A
and 2: Vo € set zs. x < m and zs: xs=[0..<i| and 4: i>0
shows Hermite-JNF (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A xs)
using z zs @
proof (induct xs arbitrary: i rule: rev-induct)
case Nil
then show ?Zcase by (metis neq0-conv not-less upt-eq-Nil-conv)
next
case (snoc z xs)
note all-n-zs-x = snoc.prems(1)
note zs-z = snoc.prems(2)
note i0 = snoc.prems(3)
have i-list-rw:[0..<i] = [0..<i—1] Q [{—1] using i0 less-imp-Suc-add by fastforce
hence zs: s = [0..<i—1] using xs-z by force
hence z: x=i—1 using i-list-rw zs-x by auto
have H: Hermite-of-list-of-rows A xs € carrier-mat m 1
using A Hermite-of-list-of-rows[of A xs] by auto
show Zcase
proof (cases i—1=0)
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case True
hence zs-empty: s = [] using zs by auto
have *: Hermite-of-list-of-rows A (xs Q [z]) = Hermite-of-row-i A 0
unfolding Hermite-of-list-of-rows-append xs-empty © True by simp
show ?thesis unfolding * by (rule Hermite-Hermite-of-row-i-mz1[OF A eA])
next
case Fulse
have hyp: Hermite-JNF (range ass-function-euclidean)
(Ae. range (res-int ¢)) (Hermite-of-list-of-rows A xs)
by (rule snoc.hyps[OF - xs], insert False all-n-zs-z, auto)
have Hermite-of-list-of-rows A (zs Q [z])
= Hermite-of-row-i (Hermite-of-list-of-rows A xs) x
unfolding Hermite-of-list-of-rows-append ..
also have ... = (Hermite-of-list-of-rows A xs)
by (rule Hermite-of-row-i-id-mx1[OF hyp - H|, insert snoc.prems H z, auto)
finally show ?thesis using hyp by auto
qed
qed

lemma invertible- Hermite-of-list-of-rows-1zn:
assumes A € carrier-mat 1 n
shows 3 P. P € carrier-mat 1 1 N invertible-mat P N Hermite-of-list-of-rows A
[0.<1]=Px A
proof —
let ?H = Hermite-of-list-of-rows A [0..<1]
have ?H = Hermite-of-row-i A 0 by auto
hence H-or: YH = AV ?H = multrow 0 (— 1) A
using Hermite-of-row-i-0 by simp
show ?thesis
proof (cases ?H = A)
case True
then show ?thesis
by (metis assms invertible-mat-one left-mult-one-mat one-carrier-mat)
next
case Fulse
hence H-mr: ?H = multrow 0 (— 1) A using H-or by simp
let ?M = multrow-mat 1 0 (—1):int mat
show ?thesis
proof (rule exI[of - ?M))
have ?M € carrier-mat 1 1 by auto
moreover have invertible-mat ?M
by (metis calculation det-multrow-mat det-one dvd-mult-right invertible-iff-is-unit-JNF
invertible-mat-one one-carrier-mat square-eq-1-iff zero-less-one-class.zero-less-one)
moreover have ?H= ?M x A
by (metis H-mr assms multrow-mat)
ultimately show ?M € carrier-mat 1 1 A invertible-mat (?M)
A Hermite-of-list-of-rows A [0..<1] = ?M % A by blast
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qed
qed
qed

lemma invertible- Hermite-of-list-of-rows-mx1":
assumes A: A € carrier-mat m 1 and eA: echelon-form-JNF A
and zs-i: s = [0..<i] and xs-m: Vz€set xs. < m and i: i>0
shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
Azs=Px A
using zs-i zs-m i
proof (induct xs arbitrary: i rule: rev-induct)
case Nil
then show ?Zcase by (metis diff-zero length-upt list.size(3) zero-order(3))
next
case (snoc z 1s)
note all-n-xzs-x = snoc.prems(2)
note zs-z = snoc.prems(1)
note i0 = snoc.prems(3)
have i-list-rw:[0..<i] = [0..<i—1] Q [i— 1] using {0 less-imp-Suc-add by fastforce
hence zs: s = [0..<i—1] using xs-z by force
hence z: x=i—1 using i-list-rw zs-x by auto
have H: Hermite-of-list-of-rows A xzs € carrier-mat m 1
using A Hermite-of-list-of-rows[of A xs] by auto
show ?Zcase
proof (cases i—1=0)
case True
hence zs-empty: s = [] using zs by auto
let ?H = Hermite-of-list-of-rows A (xzs Q [z])
have x: Hermite-of-list-of-rows A (xs Q [z]) = Hermite-of-row-i A 0
unfolding Hermite-of-list-of-rows-append xs-empty = True by simp
hence H-or: ?H = AV ?H = multrow 0 (— 1) A using Hermite-of-row-i-0
by simp
thus ?Zthesis
proof (cases YH=A)
case True
then show ?thesis unfolding *
by (metis A invertible-mat-one left-mult-one-mat one-carrier-mat)
next
case Fulse
hence H-mr: ?H = multrow 0 (— 1) A using H-or by simp
let M = multrow-mat m 0 (—1)::int mat
show ?thesis
proof (rule exI[of - ?M])
have ?M € carrier-mat m m by auto
moreover have invertible-mat ?M
by (metis (full-types) det-multrow-mat dvd-mult-right invertible-iff-is-unit-JNF
invertible-mat-zero more-arith-simps(10) mult-minus1-right multrow-mat-carrier
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neq0-conv)
moreover have ?H = ?M % A unfolding H-mr using A multrow-mat by
blast
ultimately show ?M € carrier-mat m m A invertible-mat M N ?H = ?M
x A by blast
qed
qed
next
case Fulse
let ?A = (Hermite-of-list-of-rows A xs)
have A" A € carrier-mat m 1 using A Hermite-of-list-of-rows[of A xs] by
stmp
have hyp: 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
Azs=Px A
by (rule snoc.hyps[OF zs], insert False all-n-zs-x, auto)
have rw: Hermite-of-list-of-rows A (zs Q [z])
= Hermite-of-row-i (Hermite-of-list-of-rows A xs) x
unfolding Hermite-of-list-of-rows-append ..
have *: Hermite-of-row-i ?A © = ¢?A V Hermite-of-row-i 24 © = multrow 0 (—
1) 24
proof (rule Hermite-of-row-i-id-mz1'[OF - - A'])
show echelon-form-JNF ?A
using A eA echelon-form-JNF-Hermite-of-list-of-rows snoc(3) by auto
show z < dim-row ?A using A’ z i A by (simp add: snoc(3))
qed
show ?thesis
proof (cases Hermite-of-row-i ?A x = %A)
case True
then show ?thesis
by (simp add: hyp rw)
next
case Fulse
let ?M = multrow-mat m 0 (—1)::int mat
obtain P where P: P € carrier-mat m m
and inv-P: invertible-mat P and H-PA: Hermite-of-list-of-rows A ©s = P %

using hyp by auto
have M: ?M € carrier-mat m m by auto
have inv-M: invertible-mat ?M
by (metis (full-types) det-multrow-mat dvd-mult-right invertible-iff-is-unit-JNF
invertible-mat-zero more-arith-simps(10) mult-minus1-right multrow-mat-carrier
neq0-conw)
have H-MA': Hermite-of-row-i YA © = ?M *x ?A using False * H multrow-mat
by metis
have inv-MP: invertible-mat (?M*P) using M inv-M P inv-P invertible-mult-JNF
by blast
moreover have MP: (?MxP) € carrier-mat m m using M P by fastforce
moreover have Hermite-of-list-of-rows A (zs Q [z]) = (?M*P) x A
by (metis A H-MA' H-PA M P assoc-mult-mat rw)
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ultimately show ?thesis by blast
qed
qed
qed

corollary invertible- Hermite-of-list-of-rows-mx1

assumes A € carrier-mat m 1 and eA: echelon-form-JNF A

shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
A0.<m|=P=x A
proof (cases m=0)

case True

then show ?thesis

by (auto, metis assms(1) invertible-mat-one left-mult-one-mat one-carrier-mat)
next

case Fulse

then show ?thesis using invertible- Hermite-of-list-of-rows-mxz1’ assms by simp
qed

lemma Hermite-of-list-of-rows-mz0:
assumes A: A € carrier-mat m 0
and zs: zs = [0..<i] and z: Vz€ set zs. x < m
shows Hermite-of-list-of-rows A zs = A
using zs x
proof (induct zs arbitrary: i rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc z zs)
note all-n-xs-x = snoc.prems(2)
note xs-z = snoc.prems(1)
have i0: i>0 using neq0-conv snoc(2) by fastforce
have i-list-rw:[0..<i] = [0..<i—1] Q [i— 1] using {0 less-imp-Suc-add by fastforce
hence zs: zs = [0..<i—1] using xs-z by force
hence z: x=i—1 using i-list-rw zs-x by auto
have H: Hermite-of-list-of-rows A xs € carrier-mat m 0
using A Hermite-of-list-of-rows[of A xs] by auto
define A’ where A’ = (Hermite-of-list-of-rows A xs)
have A'A: A’ = A by (unfold A’-def, rule snoc.hyps, insert snoc.prems xs, auto)
have Hermite-of-list-of-rows A (xs @ [z]) = Hermite-of-row-i A’ x
using Hermite-of-list-of-rows-append A’-def by auto
also have ... = 4
proof (cases find-fst-non0-in-row z A’)
case None
then show ?thesis unfolding Hermite-of-row-i-def using A’A by auto
next
case (Some a)
then show ?thesis
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by (metis (full-types) A’A A carrier-matD(2) find-fst-non0-in-row(3) zero-order(3))
qed
finally show ?Zcase .
qed

Again, we move more lemmas from HOL Analysis (with mod-type restric-
tions) to the JNF matrix representation.

context
begin

private lemma Hermite- Hermite-of-list-of-rows-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes eA: echelon-form-JNF A
shows Hermite-JNF' (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..< CARD('m)])
proof —
define A’ where A’ = (Mod-Type-Connect.to-hmay, A :: int ~'n :: mod-type ~'m
it mod-type)
have AA[transfer-rule]: Mod-Type-Connect. HMA-M A A’
unfolding Mod- Type-Connect. HMA-M-def using assms A’-def by auto
have eA'[transfer-rule]: echelon-form A’ using eA by transfer
have [transfer-rule]: Mod-Type-Connect. HMA-M (Hermite-of-list-of-rows A [0..< CARD('m))])

(Hermite-of-upt-row-i A" (CARD('m)) ass-function-euclidean res-int)
by (rule HMA-Hermite-of-upt-row-i[OF - - AA’ eA], auto)
have [transfer-rule]: (range ass-function-euclidean) = (range ass-function-euclidean)

have [transfer-rule]: (Ac. range (res-int ¢)) = (Ac. range (res-int c)) ..
have n: CARD('m) = nrows A’ using AA’ unfolding nrows-def by auto
have Hermite (range ass-function-euclidean) (Ac. range (res-int c))
(Hermite-of-upt-row-i A" (CARD('m)) ass-function-euclidean res-int)
by (unfold n, rule Hermite-Hermite-of-upt-row-i[OF ass-function-euclidean
res-function-res-int eA'])
thus ?thesis by transfer
qed

private lemma invertible- Hermite-of-list-of-rows-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
assumes eA: echelon-form-JNF A
shows 3 P. P € carrier-mat CARD('m) CARD('m) A
invertible-mat P A Hermite-of-list-of-rows A [0..<CARD('m)] = P % A
proof —
define A’ where A’ = (Mod-Type-Connect.to-hma,, A :: int ~'n :: mod-type ~'m
it mod-type)
have AA[transfer-rule]: Mod-Type-Connect. HMA-M A A’
unfolding Mod- Type-Connect. HMA-M-def using assms A’-def by auto
have eA’[transfer-rule]: echelon-form A’ using eA by transfer
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have [transfer-rule]: Mod-Type-Connect. HMA-M (Hermite-of-list-of-rows A [0..< CARD('m)])

(Hermite-of-upt-row-i A" (CARD('m)) ass-function-euclidean res-int)
by (rule HMA-Hermite-of-upt-row-i[OF - - AA’ eA], auto)
have [transfer-rule]: (range ass-function-euclidean) = (range ass-function-euclidean)

have [transfer-rule]: (Ac. range (res-int ¢)) = (Ac. range (res-int c)) ..
have n: CARD('m) = nrows A’ using AA’ unfolding nrows-def by auto
have 3 P. invertible P A\ Hermite-of-upt-row-i A’ (CARD('m)) ass-function-euclidean
res-int
= P xx A’ by (rule invertible- Hermite-of-upt-row-i[ OF ass-function-euclidean))
thus ?thesis by (transfer, auto)
qed

private lemma Hermite- Hermite-of-list-of-rows-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
assumes eA: echelon-form-JNF A
shows Hermite-JNF' (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..< CARD('m)])
using assms Hermite- Hermite-of-list-of-rows-mod-type by (smt (verit) CARD-mod-ring)

private lemma invertible- Hermite-of-list-of-rows-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
assumes eA: echelon-form-JNF A
shows 3 P. P € carrier-mat CARD('m) CARD('m) A
invertible-mat P A Hermite-of-list-of-rows A [0..<CARD('m)] = P x A
using assms invertible- Hermite-of-list-of-rows-mod-type by (smt (verit) CARD-mod-ring)

lemmas Hermite- Hermite-of-list-of-rows-nontriv-mod-ring-internalized =
Hermite- Hermite-of-list-of-rows-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

lemmas invertible- Hermite-of-list-of-rows-nontriv-mod-ring-internalized =
invertible- Hermite-of-list-of-rows-nontriv-mod-ring[unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

context

fixes m::nat and n::nat

assumes local-typedef1: 3 (Rep :: (b = int)) Abs. type-definition Rep Abs {0..<m
iint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n
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int}
and m: m>1
and n: n>1
begin

lemma Hermite-Hermite-of-list-of-rows-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
assumes eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean)
(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..<m))
using Hermite- Hermite-of-list-of-rows-nontriv-mod-ring-internalized
[OF type-to-set2(1)[OF local-typedef1 local-typedef2)
type-to-setl (1)[OF local-typedef1 local-typedef?2])
using assms
using type-to-setl (2) local-typedef! local-typedef2 n m by metis

lemma invertible- Hermite-of-list-of-rows-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
assumes eA: echelon-form-JNF A
shows 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows
A0.<m]=Px A
using invertible- Hermite-of-list-of-rows-nontriv-mod-ring-internalized
[OF type-to-set2(1)[OF local-typedef1 local-typedef2]
type-to-set (1)[OF local-typedef! local-typedef2]]
using assms
using type-to-setl(2) local-typedef! local-typedef2 n m by metis
end

context
begin

private lemma invertible- Hermite-of-list-of-rows-cancelled-first:

3 Rep Abs. type-definition Rep Abs {0..<int n}

= 1 <m = 1< n= A € carrier-mat m n => echelon-form-JNF A

= 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows A
[0.<m] =P« A

using invertible- Hermite-of-list-of-rows-nontriv-mod-ring-auz| cancel-type-definition,
of mn A

by auto

private lemma invertible- Hermite-of-list-of-rows-cancelled-both:
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1 <m=—1<n=— A € carrier-mat m n = echelon-form-JNF A

= 3 P. P € carrier-mat m m A invertible-mat P N Hermite-of-list-of-rows A
[0.<m] =P x A

using invertible- Hermite-of-list-of-rows-cancelled-first[ cancel-type-definition, of n
m A] by simp

private lemma Hermite- Hermite-of-list-of-rows-cancelled-first:
I Rep Abs. type-definition Rep Abs {0..<int n} =

1 <m=

1 <n=

A € carrier-mat m n =

echelon-form-JNF A

= Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-list-of-rows
A [0..<m])

using Hermite- Hermite-of-list-of-rows-nontriv-mod-ring-auz | cancel-type-definition,
of m n A

by auto

private lemma Hermite- Hermite-of-list-of-rows-cancelled-both:
1 <m=
1 <n=
A € carrier-mat m n =
echelon-form-JNF A
= Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-of-list-of-rows
A [0..<m])
using Hermite- Hermite-of-list-of-rows-cancelled-first[ cancel-type-definition, of n
m A] by simp

lemma Hermite-Hermite-of-list-of-rows':
fixes A::int mat
assumes A € carrier-mat m n
and echelon-form-JNF A
and I <mand I <n
shows Hermite-JNF' (range ass-function-euclidean)
(Ae. range (res-int c)) (Hermite-of-list-of-rows A [0..<m))
using Hermite-Hermite-of-list-of-rows-cancelled-both assms by auto

corollary Hermite-Hermite-of-list-of-rows:
fixes A::int mat
assumes A: A € carrier-mat m n
and eA: echelon-form-JNF A
shows Hermite-JNF (range ass-function-euclidean)
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(Ac. range (res-int c)) (Hermite-of-list-of-rows A [0..<m))
proof (cases m=0 V n=0)
case True
then show ?thesis
by (auto, metis Hermite- Hermite-of-row-i Hermite-JNF-def A eA carrier-matD(1)
one-carrier-mat zero-order(3))
(metis Hermite-Hermite-of-row-i Hermite-JNF-def Hermite-of-list-of-rows A
carrier-matD(2)
echelon-form-mz0 is-zero-row-JNF-def mat-carrier zero-order(3))
next
case Fulse note not-m0-or-n0 = False
show ?thesis
proof (cases m=1 V n=1)
case True
then show ?thesis
by (metis False Hermite-of-list-of-rows-1zn Hermite-of-list-of-rows-mz1 A eA

atLeastLess Than-iff linorder-not-less neq0-conv set-upt upt-eq-Nil-conv)
next
case Fulse
show ?thesis
by (rule Hermite- Hermite-of-list-of-rows'|OF A eA], insert not-m0-or-n0 False,
auto)
qed
qed

lemma invertible- Hermite-of-list-of-rows:
assumes A: A € carrier-mat m n
and eA: echelon-form-JNF A
shows 3 P. P € carrier-mat m m A invertible-mat P N\ Hermite-of-list-of-rows A
[0.<m] =P« A
proof (cases m=0 V n=0)
case True
have x: Hermite-of-list-of-rows A [0..<m] = A if n: n=0
by (rule Hermite-of-list-of-rows-mz0, insert A n, auto)
show ?thesis using True
by (auto, metis assms(1) invertible-mat-one left-mult-one-mat one-carrier-mat)
(metis (full-types) * assms(1) invertible-mat-one left-mult-one-mat one-carrier-mat)
next
case Fulse note mn = Fulse
show ?thesis
proof (cases m=1V n=1)
case True
then show ?thesis
using A eA invertible- Hermite-of-list-of-rows-1xn invertible- Hermite-of-list-of-rows-mx1
by blast
next
case Fulse
then show ?thesis
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using invertible- Hermite-of-list-of-rows-cancelled-both[OF - - A eA] False mn
by auto
qed
qed
end
end
end
end

Now we have all the required stuff to prove the soundness of the algorithm.

context proper-mod-operation
begin

lemma Hermite-mod-det-mz0:
assumes A € carrier-mat m 0
shows Hermite-mod-det abs-flag A = A
unfolding Hermite-mod-det-def Let-def using assms by auto

lemma Hermite-JNF-mx0:
assumes A: A € carrier-mat m 0
shows Hermite-JNF' (range ass-function-euclidean) (Ac. range (res-int ¢)) A
unfolding Hermite-JNF-def using A echelon-form-mx0 unfolding is-zero-row-JNF-def

using ass-function-Complete-set-non-associates| OF ass-function-euclidean]
using res-function-Complete-set-residues| OF res-function-res-int] by auto

lemma Hermite-mod-det-soundness-mz0:

assumes A: A € carrier-mat m n

and n0: n=0
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)
and (3 P. invertible-mat P N P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)
proof —

have A: A € carrier-mat m 0 using A n0 by blast

then show Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int c))
(Hermite-mod-det abs-flag A)

using Hermite-JNF-mz0[OF A] Hermite-mod-det-mz0[OF A] by auto

show (3 P. invertible-mat P N P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)

by (metis A Hermite-mod-det-mx0 invertible-mat-one left-mult-one-mat one-carrier-mat)
qed

lemma Hermite-mod-det-soundness-mzn:
assumes mn: m = n
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and A: A € carrier-mat m n
and n0: 0<n
and inv-RAT-A: invertible-mat (map-mat rat-of-int A)
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)
and (3 P. invertible-mat P N\ P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)
proof —
define D A’ E H H' where D-def: D = |Determinant.det A|
and A'-def: A’=AQ, D -, 1,, n and E-def: E = FindPreHNF abs-flag D A’
and H-def: H = Hermite-of-list-of-rows E [0..<m+n]
and H'-def: H' = mat-of-rows n (map (Matriz.row H) [0..<m])
have A”: A’ € carrier-mat (m—+n) n using A A A’-def by auto
let PRAT = of-int-hom.mat-hom :: int mat = rat mat
have RAT-A: ?RAT A € carrier-mat n n
using A map-carrier-mat mat-of-rows-carrier(1) mn by auto
have det-RAT-fs-init: det (?RAT A) # 0
using inv-RAT-A unfolding invertible-iff-is-unit-JNF|OF RAT-A] by auto
moreover have mat-of-rows n (map (Matriz.row A") [0..<n]) = A
proof
let ?A’ = mat-of-rows n (map (Matriz.row A’) [0..<n])
show dr: dim-row ?A’ = dim-row A and dc: dim-col ?A’ = dim-col A using
A mn by auto
fix 7 j assume i: { < dim-row A and j: j < dim-col A
have D: D -, 1,, n € carrier-mat n n using mn by auto
have ?4’ $$ (i,j) = (map (Matriz.row A’) [0..<n]) ! i $v j
by (rule mat-of-rows-index, insert i j dr dc A, auto)
also have ... = A’ $$ (4,j) using A’ mn i j A by auto
also have ... = A $$ (i,j) unfolding A’-def using i append-rows-nth|OF A D]
mn j A by auto
finally show 74’ $$ (i, j) = A $$ (¢, j) .
qed
ultimately have inv-RAT-A'n:
invertible-mat (map-mat rat-of-int (mat-of-rows n (map (Matriz.row A’) [0..<n])))

using inv-RAT-A by auto
have eE: echelon-form-JNF E

by (unfold E-def, rule FindPreHNF-echelon-form[OF A’-def A - -],

insert mn D-def det-RAT-fs-init, auto)
have E: E € carrier-mat (m+n) n unfolding E-def by (rule FindPre HNF[OF
A')
have 3P. P € carrier-mat (m + n) (m + n) A invertible-mat P N E = P = A’
by (unfold E-def, rule FindPre HNF-invertible-mat[OF A'-def A n0 - -],
insert mn D-def det-RAT-fs-init, auto)

from this obtain P where P: P € carrier-mat (m + n) (m + n)

and inv-P: invertible-mat P and F-PA: E = P x A’

by blast
have 3 Q. @ € carrier-mat (m+n) (m+n) A invertible-mat Q N H = Q x E

by (unfold H-def, rule invertible-Hermite-of-list-of-rows[OF E eE))
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from this obtain ) where Q: Q € carrier-mat (m+n) (m+n)
and inv-Q: invertible-mat Q and H-QF: H = @ x E by blast
let Zass =(range ass-function-euclidean)
let ?res = (Ac. range (res-int c))
have Hermite-H: Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int
c)) H
by (unfold H-def, rule Hermite-Hermite-of-list-of-rows|OF E eFE))
hence eH: echelon-form-JNF H unfolding Hermite-JNF-def by auto
have H”: H' € carrier-mat m n using H'-def by auto
have H-H'0: H = H' @, 0,, m n
proof (unfold H'-def, rule upper-triangular-append-zero)
show upper-triangular’ H using eH by (rule echelon-form-JNF-imp-upper-triangular)
show H € carrier-mat (m + m) n
unfolding H-def using Hermite-of-list-of-rows[of E] E mn by auto
qged (insert mn, simp)
obtain P’ where PP’ inverts-mat P P’
and P’P: inverts-mat P’ P and P P’ € carrier-mat (m+n) (m+n)
using P inv-P obtain-inverse-matriz by blast
obtain Q' where QQ": inverts-mat Q Q'
and Q'Q: inverts-mat Q' Q and Q" Q' € carrier-mat (m+n) (m+n)
using @ nv-Q obtain-inverse-matriz by blast
have P'Q": (P'xQ’) € carrier-mat (m + m) (m + m) using P’ Q' mn by simp
have A-P'Q'H: A’ =P'x Q'+« H
proof —
have QP: Q) * P € carrier-mat (m + m) (m + m) using Q P mn by auto
have H = @ % (P = A') using H-QE E-PA’ by auto
also have ... = (Q * P) x A’ using A’ P Q by auto
also have (P'* Q') x ... = ((P'* Q') * (Q = P)) * A’ using A’ P'Q' QP mn
by auto

also have ... = (P’ (Q'x Q) x P) x A’
by (smt (verit) P P’ P'Q’" Q Q' assms(1) assoc-mult-mat)
also have ... = (P’s«P) x A’

by (metis P' Q' Q'Q carrier-matD(1) inverts-mat-def right-mult-one-mat)
also have ... = A4’
by (metis A’ P’ P'P carrier-matD(1) inverts-mat-def left-mult-one-mat)
finally show A’ = P’ % Q' * H ..
qged
have inv-P’'Q" invertible-mat (P’ x Q)
by (metis P’ P'P PP’ Q' Q'Q QQ' carrier-matD(1) carrier-matD(2) invert-
ible-mat-def
invertible-mult-JNF square-mat.simps)
interpret vec-module TYPE(int) .
interpret B: cof-vec-space n TYPE(rat) .
interpret A: LLL-with-assms n m (Matriz.rows A) 4/3
proof
show length (rows A) = m using A unfolding Matriz.rows-def by simp
have s: set (map of-int-hom.vec-hom (rows A)) C carrier-vec n
using A unfolding Matriz.rows-def by auto
have rw: (map of-int-hom.vec-hom (rows A)) = (rows (RAT A))
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by (metis A s carrier-matD(2) mat-of-rows-map mat-of-rows-rows rows-mat-of-rows
set-rows-carrier subsetl)
have B.lin-indpt (set (map of-int-hom.vec-hom (rows A)))
unfolding rw by (rule B.det-not-0-imp-lin-indpt-rows| OF RAT-A det-RAT-fs-init])
moreover have distinct (map of-int-hom.vec-hom (rows A)::rat Matriz.vec list)
proof (rule ccontr)
assume - distinct (map of-int-hom.vec-hom (rows A)::rat Matriz.vec list)
from this obtain i j where row (?RAT A) i = row (RAT A) j and i # j
and i < nand j < n
unfolding rw
by (metis Determinant.det-transpose RAT-A add-0 cols-transpose det-RAT-fs-init

not-add-less2 transpose-carrier-mat vec-space. det-rank-iff vec-space.non-distinct-low-rank)
thus False using Determinant.det-identical-rows|OF RAT-A] using det-RAT-fs-init
RAT-A by auto
qed
ultimately show B.lin-indpt-list (map of-int-hom.vec-hom (rows A))
using s unfolding B.lin-indpt-list-def by auto
qed (simp)
have A-eq: mat-of-rows n (Matriz.rows A) = A using A mat-of-rows-rows by
blast
have D-A: D = |det (mat-of-rows n (rows A))| using D-def A-eq by auto
have Hermite-H': Hermite-JNF ?ass ?res H'
by (rule A.Hermite-append-det-id(1)[OF - mn - H' H-H'0 P'Q’ inv-P'Q’
A’-P'Q'H Hermite-H|,
insert D-def A’-def mn A inv-RAT-A D-A A-eq, auto)
have dc: dim-row A = m and dr: dim-col A = n using A by auto
have Hermite-mod-det-H': Hermite-mod-det abs-flag A = H'
unfolding Hermite-mod-det-def Let-def H'-def H-def E-def A'-def D-def dc dr
det-int by blast
show Hermite-JNF ?ass ?res (Hermite-mod-det abs-flag A) using Hermite-mod-det-H'
Hermite-H' by simp
have 3 R. invertible-mat R AN R € carrier-mat m m AN A = R x H'
by (subst A-eq[symmetric],
rule A.Hermite-append-det-id(2)[OF - mn - H' H-H'0 P'Q’ inv-P'Q’
A’-P'Q'H Hermite-H|,
insert D-def A’-def mn A inv-RAT-A D-A A-eq, auto)
from this obtain R where inv-R: invertible-mat R
and R: R € carrier-mat m m and A-RH": A= R x H'
by blast
obtain R’ where inverts-R: inverts-mat R R’ and R": R’ € carrier-mat m m
by (meson R inv-R obtain-inverse-matriz)
have inv-R’: invertible-mat R’ using inverts-R unfolding invertible-mat-def
inverts-mat-def
using R R’ mat-mult-left-right-inverse by auto
moreover have H' = R’ x A

proof —
have R’ + A = R’ x (R x H') using A-RH' by auto
also have ... = (R’*R) * H' using H' R R’ by auto
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also have ... = H’
by (metis H' R R’ mat-mult-left-right-inverse carrier-matD(1)
inverts-R inverts-mat-def left-mult-one-mat)
finally show ?thesis ..
qged
ultimately show 3 S. invertible-mat S A S € carrier-mat m m A Hermite-mod-det
abs-flag A = S x A
using R’ Hermite-mod-det-H' by blast
qed

lemma Hermite-mod-det-soundness:

assumes mn: m = n

and A-def: A € carrier-mat m n

and i: invertible-mat (map-mat rat-of-int A)
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (Hermite-mod-det
abs-flag A)

and (3 P. invertible-mat P N P € carrier-mat m m A (Hermite-mod-det abs-flag
A) =P x A)

using A-def Hermite-mod-det-soundness-mx0(1) Hermite-mod-det-soundness-man(1)
mn i

by blast (insert Hermite-mod-det-soundness-mz0(2) Hermite-mod-det-soundness-man(2)
assms, blast)

We can even move the whole echelon form algorithm echelon-form-of from
HOL Analysis to JNF and then we can combine it with Hermite-of-list-of-rows
to have another HNF algorithm which is not efficient, but valid for arbitrary
matrices.

lemma reduce-D0:
reduce a b 0 A = (let Aaj = A$$(a,0); Abj = A $$ (b,0)
in
if Aaj = 0 then A else
case euclid-ext2 Aaj Abj of (p,q,u,v,d) =
Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA3$3(ak) + qxA3$3(D,k))
else if i = b then u * A$8(a,k) + v x A$$(b,k)
else A$$(i,k)

)
) (is 2lhs = 2rhs)
proof
obtain p q u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A $$ (a, 0)) (4 $$ (b,
0))
by (simp add: euclid-ext2-def)
have x: Matriz.mat (dim-row A) (dim-col A)
(A(7, k).
ifi=athenletr =px A$S (a, k) + g+ A3 (b, k) inif 0 < |r| then
if k=0 A 0 dvd r then 0 else v mod 0 else r
else if i = b thenletr = ux A $$ (a, k) + v+ A 3$$ (b, k) in
if 0 < |r| then r mod 0 else r else A $$ (i, k))
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= Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a then (pxA$$(a.k) + qxA$$(b,k))
else if i = b then u * A$8(a,k) + v x A$$(b,k)
else A$$(i,k)
)
by (rule eg-matl, auto simp add: Let-def)
show dim-row ?lhs = dim-row ?rhs
unfolding reduce.simps Let-def by (smt (verit) dim-row-mat(1) pquvd prod.simps(2))
show dim-col ?lhs = dim-col ?rhs
unfolding reduce.simps Let-def by (smt (verit) dim-col-mat(1) pquvd prod.simps(2))
fix 7 j assume i: i<dim-row ?rhs and j: j<dim-col ?rhs
show ?lhs $$ (i,j) = ?rhs $$ (i,7)
by (cases A $$ (a, 0) = 0, insert x pquvd i j, auto simp add: case-prod-beta
Let-def)
qed

lemma bezout-matriz-JNF-mult-eq’:
assumes A’ A’ € carrier-mat m n and a: a<m and b: b<m and ab: a # b
and A-def: A= A’ Q, B and B: B € carrier-mat t n
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,j)) (A$$(b.j))
shows Matriz.mat (dim-row A) (dim-col A)
(A(i,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u * A$$(a.k) + v * A$$(b,k)
else A$3(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) x A (is ?A = YBM x A)
proof (rule eq-matl)
have A: A € carrier-mat (m+t) n using A-def A’ B by simp
hence A-carrier: 7A € carrier-mat (m+t) n by auto
show dr: dim-row ?A = dim-row (?BM % A) and dc: dim-col ?A = dim-col
(?BM x A)
unfolding bezout-matriz-JNF-def by auto
fix i ja assume i: i < dim-row (¢BM x A) and ja: ja < dim-col (YBM * A)
let 2f = Xia. (bezout-matriz-JNF A a b j euclid-ext2) $$ (i,ia) * A $$ (ia,ja)
have dv: dim-vec (col A ja) = m+t using A by auto
have i-dr: i<dim-row A using i A unfolding bezout-matriz-JNF-def by auto
have a-dr: a<dim-row A using A a ja by auto
have b-dr: b<dim-row A using A b ja by auto
show 7?4 $$ (i,ja) = (?BM * A) $$ (i,ja)
proof —
have (?BM x A) $$ (i,ja) = Matriz.row ¢BM i - col A ja
by (rule index-mult-mat, insert i ja, auto)
also have ... = (3> ia = 0..<dim-vec (col A ja).
Matriz.row (bezout-matriz-JNF A a b j euclid-ext2) i $v ia * col A ja $v
ia)
by (simp add: scalar-prod-def)
also have ... = (D ia = 0..<m+t. ?f ia)
by (rule sum.cong, insert A i dr dec, auto) (smt (verit) bezout-matriz-JNF-def
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carrier-matD(1)
dim-col-mat(1) indez-col indez-mult-mat(3) indez-row(1) ja)
also have ... = (3 ia € ({a,b} U ({0..<m+t} — {a,b})). ?f ia)
by (rule sum.cong, insert a a-dr b A ja, auto)
also have ... = sum ?f {a,b} + sum ?f ({0..<m+t} — {a,b})
by (rule sum.union-disjoint, auto)
finally have BM-A-ija-eq: (?BM x A) $3$ (i,ja) = sum ?f {a,b} + sum ?f
({0..<m+t} — {a,b}) by auto
show ?thesis
proof (cases i = a)
case True
have sum0: sum ?f ({0..<m+t} — {a,b}) = 0
proof (rule sum.neutral, rule)
fix r assume z: z € {0..<m + t} — {a, b}
hence tm: © < m+t by auto
have z-not-i: x # i using True x by blast
have z-dr: x < dim-row A using z A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) * A $$ (z, ja) = 0 by
auto
qed
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = p
unfolding bezout-matriz-JNF-def indez-mat(1)[OF i-dr a-dr] using True
pquvd
by (auto, metis split-conv)
have fb: bezout-matriz-JNF A a b j euclid-ext2 $3$ (i, b) = ¢
unfolding bezout-matriz-JNF-def indez-mat(1)[OF i-dr b-dr] using True
pquvd ab
by (auto, metis split-conv)
have sum ?f {a,b} + sum ?f ({0.<m+t} — {a,b}) = ?f a + ?f b using
sum0 by (simp add: ab)
also have ... = p x A $$ (a, ja) + ¢ x A $$ (b, ja) unfolding fa fb by simp

also have ... = ?A 3% (i,ja) using A True dr i ja by auto
finally show ?thesis using BM-A-ija-eq by simp
next

case Fulse note i-not-a = Fulse
show ?thesis
proof (cases i=b)
case True
have sum0: sum ?f ({0..<m+t} — {a,b}) = 0
proof (rule sum.neutral, rule)
fix z assume z: z € {0..<m + t} — {a, b}
hence zm: © < m~+t by auto
have z-not-i: x # i using True z by blast
have 2-dr: © < dim-row A using z A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
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unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) * A 88 (z, ja) = 0
by auto
qed
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = u
unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr a-dr] using True
i-not-a pquud
by (auto, metis split-conv)
have fb: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, b) = v
unfolding bezout-matriz-JNF-def indez-mat(1)[OF i-dr b-dr] using True
i-not-a pquvd ab
by (auto, metis split-conv)
have sum ?f {a,b} + sum ?f ({0..<m+t} — {a,b}) = ?fa + ?f b using
sum0 by (simp add: ab)
also have ... = u x A $$ (a, ja) + v *x A $$ (b, ja) unfolding fa fbo by simp

also have ... = 24 $$ (i,ja) using A True i-not-a dr i ja by auto
finally show ?thesis using BM-A-ija-eq by simp
next

case Fulse note i-not-b = False
have sum0: sum ?f ({0..<m+t} — {a,b} — {i}) =0
proof (rule sum.neutral, rule)
fix z assume z: z € {0..<m + t} — {a, b} — {i}
hence zm: x < m+t by auto
have z-not-i: © # i using z by blast
have z-dr: ¢ < dim-row A using x A by auto
have bezout-matriz-JNF A a b j euclid-ext2 $$ (i, z) = 0
unfolding bezout-matriz-JNF-def
unfolding indez-mat(1)[OF i-dr z-dr] using z-not-i x by auto
thus bezout-matriz-JNF A a b j euclid-ext2 $3$ (i, z) * A 88 (z, ja) = 0
by auto
qed
have fa: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, a) = 0
unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr a-dr] using False
i-not-a pquud
by auto
have fb: bezout-matriz-JNF A a b j euclid-ext2 $$ (i, b) = 0
unfolding bezout-matriz-JNF-def index-mat(1)[OF i-dr b-dr] using False
i-not-a pquud
by auto
have sum ?2f ({0..<m+t} — {a,b}) = sum ?f (insert i ({0..<m+t} — {a,b}
- {1})

by (rule sum.cong, insert i-dr A i-not-a i-not-b, auto)

also have ... = ?f i + sum ?f ({0..<m+t} — {a,b} — {i}) by (rule
sum.insert, auto)
also have ... = ?f ¢ using sum0 by simp
also have ... = ?4 $$ (i ja)

unfolding bezout-matriz-JNF-def using i-not-a i-not-b A dr i ja by
fastforce
finally show ?thesis unfolding BM-A-ija-eq by (simp add: ab fa fb)
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qed
qed
qed
qed

lemma bezout-matriz-JNF-mult-eq2:
assumes A: A € carrier-mat m n and a: a<m and b: b<m and ab: a # b
assumes pquvd: (p,q,u,v,d) = euclid-ext2 (A$3$(a,j)) (A$$(b,j5))
shows Matriz.mat (dim-row A) (dim-col A)
(X(i,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u x A$$(a.k) + v = A$$(b,k)
else A$$(i,k)
) = (bezout-matriz-JNF A a b j euclid-ext2) x A (is ?A = ?BM * A)
proof (rule bezout-matriz-JNF-mult-eq'[OF A a b ab - - pquvd])
show A = A Q, (0,, 0 n) by (rule eg-matl, unfold append-rows-def, auto)
show (0, 0n) € carrier-mat 0 n by auto
qed

lemma reduce-invertible-mat-D0-BM:
assumes A: A € carrier-mat m n
and a: a < m
and b: b < m
and ab: a # b
and Aa0: A3$%(a,0) # 0
shows reduce a b 0 A =
proof —
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(b,0))
by (simp add: euclid-ext2-def)
let YBM = bezout-matriz-JNF A a b 0 euclid-ext2
let YA = Matriz.mat (dim-row A) (dim-col A)
(A(3,k). if i = a then (pxA$$(a,k) + qxA$$(b,k))
else if i = b then u * A$8(a,k) + v x A$$(b,k)
else A$$(3,k))
have A’-BZ-A: ?A = ?BM x A
by (rule bezout-matriz-JNF-mult-eq2[OF A - - ab pquud], insert a b, auto)
moreover have ?A = reduce a b 0 A using pquvd Aa0 unfolding reduce-D0
Let-def
by (metis (no-types, lifting) split-conv)
ultimately show “thesis by simp
qed

(bezout-matriz-JNF A a b 0 euclid-ext2) x A

lemma reduce-invertible-mat-DO0:
assumes A: A € carrier-mat m n
and a: a < m
and b: b < m
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and n0: 0<n
and ab: a # b
and a-less-b: a<b
shows 3 P. invertible-mat P N P € carrier-mat m m A reduce a b 0 A = P % A
proof (cases A$$(a,0) = 0)
case True
then show ?thesis
by (smt (verit) A invertible-mat-one left-mult-one-mat one-carrier-mat re-
duce.simps)
next
case Fulse
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(b,0))
by (simp add: euclid-ext2-def)
let YBM = bezout-matriz-JNF A a b 0 euclid-ext2
have reduce a b 0 A = ?BM x A by (rule reduce-invertible-mat-D0-BM[OF A
a b ab False])
moreover have invertible-bezout: invertible-mat ?BM
by (rule invertible-bezout-matriz-JNF[OF A is-bezout-ext-euclid-ext2 a-less-b -
n0 False],
insert a-less-b b, auto)
moreover have BM: ?BM € carrier-mat m m unfolding bezout-matriz-JNF-def
using A by auto
ultimately show ¢thesis by blast
qed

lemma reduce-below-invertible-mat-DO0:
assumes A2 A € carrier-mat m n and a: a<m and j: 0<n
and distinct zsand Vz € setzs. < m A a <

and D=0
shows (3 P. invertible-mat P N P € carrier-mat m m A reduce-below a zs D A =
P x A)

using assms
proof (induct a xzs D A arbitrary: A rule: reduce-below.induct)
case (1 a D A)
then show ?case
by (auto, metis invertible-mat-one left-mult-one-mat one-carrier-mat)
next
case (2 azzs D A)
note A = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note d = 2.prems(4)
note z-zs = 2.prems(9)
note DO = 2.prems(6)
have zm: x < m using 2.prems by auto
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a © D A
have reduce-az: ?reduce-ax € carrier-mat m n
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by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) indez-zero-mat(2,3) reduce-preserves-dimensions)
have h: (3 P. invertible-mat P N P € carrier-mat m m
A reduce-below a zs D (reduce a © D A) = P x reduce a © D A)
by (rule 2.hyps[OF - a j - - |,insert d z-zs DO reduce-az, auto)
from this obtain P where inv-P: invertible-mat P and P: P € carrier-mat m
m
and rb-Pr: reduce-below a s D (reduce a © D A) = P x reduce a © D A by blast
have x: reduce-below a (z # xs) D A = reduce-below a xs D (reduce a x D A) by
stmp
have 3 Q. invertible-mat Q@ A Q € carrier-mat m m A (reduce ax D A) = @ * A
by (unfold DO, rule reduce-invertible-mat-DO[OF A a xzm j], insert 2.prems,
auto)
from this obtain () where inv-Q: invertible-mat Q and Q: @ € carrier-mat m
m
and m-QA: reduce a t D A = @ * A by blast
have invertible-mat (Px (@) using inv-P inv-Q P Q invertible-mult-JNF by blast
moreover have P x ) € carrier-mat m m using P @Q by auto
moreover have reduce-below a (z # zs) D A = (PxQ) * A
by (smt (verit) P Q x assoc-mult-mat carrier-matD(1) carrier-mat-triv in-
dez-mult-mat(2)
r-QA rb-Pr reduce-preserves-dimensions(1))
ultimately show ?case by blast
qed

lemma reduce-not0":
assumes A: A € carrier-mat m n and a: a<m and a-less-b: a<b and j: 0<n
and b: b<m
and Aaj: A $$ (a,0) # 0
shows reduce a b 0 A $$ (a, 0) # 0 (is ?reduce-ab $$ (a,0) # -)
proof —
have ?reduce-ab $3$ (a,0) = (let r = ged (A %3 (a, 0)) (A $$ (b, 0)) in if 0 dvd
r then 0 else r)
by (rule reduce-gcd[OF A - j Aaj), insert a, simp)
also have ... # 0 unfolding Let-def
by (simp add: assms(6))
finally show ?thesis .
qed

lemma reduce-below-preserves-D0:
assumes A2 A € carrier-mat m n and a: a<m and j: j<n
and Aaj: A 38 (a,0) # 0
assumes i ¢ set xs and distinct zs and Vo € setxs. x < m A a < &
and i#a and i<m
and D=0

380



shows reduce-below a s D A $$ (i,5) = A 33 (i,5)
using assms
proof (induct a xs D A arbitrary: A i rule: reduce-below.induct)
case (1 a D A)
then show ?case by auto
next
case (2 azzs D A)
note A = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note Aaj = 2.prems(4)
note i-set-zxs = 2.prems(5)
note d = 2.prems(6)
note xzs-less-m = 2.prems(7)
note ia = 2.prems(8)
note im = 2.prems(9)
note DO = 2.prems(10)
have zm: x < m using 2.prems by auto
obtain p ¢ u v d where pquvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = (reduce a x D A)
have reduce-ax: ?reduce-az € carrier-mat m n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
have reduce-below a (z # xs) D A $3$ (4, j) = reduce-below a xs D (reduce a D
A) 88 (¢, 5)
by auto
also have ... = reduce a x D A 3% (i, j)
proof (rule 2.hyps|[OF - a j--1])
show i ¢ set zs using i-set-zzs by auto
show distinct s using d by auto
show Vzeset zs. £ < m A a < z using zzs-less-m by auto
show reduce a x D A $$ (a, 0) # 0
by (unfold D0, rule reduce-not0'|OF A - - - - Aaj], insert 2.prems, auto)
show reduce a x D A € carrier-mat m n using reduce-az by linarith
qged (insert 2.prems, auto)

also have ... = 4 $$ (7,j) by (rule reduce-preserves|OF A j Aaj], insert 2.prems,
auto)

finally show ?Zcase .
qed

lemma reduce-below-0-D0:
assumes A: A € carrier-mat m n and a: a<m and j: 0<n
and Aaj: A %3 (a,0) # 0
assumes i € set xs and distinct xs and Vz € set xs. x < m A a <
and D=0
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shows reduce-below a zs D A $$ (i,0) = 0
using assms
proof (induct a xs D A arbitrary: A i rule: reduce-below.induct)
case (1 a D A)
then show ?case by auto
next
case (2 azzs D A)
note A = 2.prems(1)
note a = 2.prems(2)
note j = 2.prems(3)
note Aaj = 2.prems(4)
note i-set-zxs = 2.prems(5)
note d = 2.prems(6)
note xzs-less-m = 2.prems(7)
note DO = 2.prems(8)
have zm: x < m using 2.prems by auto
obtain p ¢ u v d where pquuvd: (p,q,u,v,d) = euclid-ext2 (A$$(a,0)) (A$$(z,0))
by (metis prod-cases5)
let ?reduce-ax = reduce a x D A
have reduce-az: ?reduce-ax € carrier-mat m n
by (metis (no-types, lifting) 2 add.comm-neutral append-rows-def
carrier-matD carrier-mat-triv index-mat-four-block(2,3)
index-one-mat(2) index-smult-mat(2) index-zero-mat(2,3) reduce-preserves-dimensions)
show Zcase
proof (cases i=z)

case True
have reduce-below a (z # zs) D A $3$ (i, 0) = reduce-below a zs D (reduce a x
D A) $$ (4, 0)
by auto
also have ... = (reduce a x D A) $$ (i, 0)
proof (rule reduce-below-preserves-DO[OF - a j - - ])

show reduce a © D A € carrier-mat m n using reduce-ax by linarith
show distinct zs using d by auto
show Vzeset rs. £ < m A a < x using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (unfold D0, rule reduce-not0’|OF A - - j - Aaj), insert 2.prems, auto)

show i ¢ set zs using True d by auto
show i # q using 2.prems by blast
show i < m by (simp add: True trans-less-addl xm)

qed (insert DO)

also have ... = 0 unfolding True by (rule reduce-0[OF A - j - - Aqaj], insert

2.prems, auto)
finally show ?%thesis .
next

case Fulse note i-not-r = False

have h: reduce-below a xs D (reduce a © D A) $$ (i, 0) = 0

proof (rule 2.hyps|OF - a j - -])
show reduce a © D A € carrier-mat m n using reduce-ax by linarith
show i € set xs using i-set-zxs i-not-r by auto
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show distinct zs using d by auto
show Vzeset rs. £ < m A a < x using zzs-less-m by auto
show reduce a © D A $$ (a, 0) # 0
by (unfold D0, rule reduce-not0’[OF A - - j - Aaj), insert 2.prems, auto)
qed (insert D0)
have reduce-below a (z # xs) D A $$ (i, 0) = reduce-below a xzs D (reduce a x
D A) $$ (i, 0)
by auto
also have ... = 0 using h .
finally show ?thesis .
qed
qed

end

Definition of the echelon form algorithm in JNF

primrec bezout-iterate-JNF
where bezout-iterate-JNF A 0 i j bezout = A
| bezout-iterate-JNF A (Suc n) i j bezout =
(if (Suc n) < ithen A else
bezout-iterate- JNF' (bezout-matriz-JNF A i ((Suc n)) j bezout x A) n i
j bezout)

definition
echelon-form-of-column-k-JNF bezout A" k =
(let (A, 7)) = A’
inif (i = dim-row A) Vv (Vm € {i.<dim-row A}. A 8% (m, k) = 0) then (A,
i) else
if (Vme{i+1..<dim-row A}. A 8% (m,k) = 0) then (4, i + 1) else
let n = (LEAST n. A $$ (n,k) # 0 A i < n);
interchange-A = swaprows i n A
mn
(bezout-iterate-JNF' (interchange-A) (dim-row A — 1) i k bezout, i + 1))

definition echelon-form-of-upt-k-JNF A k bezout = (fst (foldl (echelon-form-of-column-k-JNF
bezout) (A,0) [0..<Suc k]))

definition echelon-form-of-JNF A bezout = echelon-form-of-upt-k-JNF A (dim-col

A — 1) bezout

context includes lifting-syntax
begin

lemma HMA-bezout-iterate[transfer-rule]:
assumes n<CARD('m)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=)
===> (Mod-Type-Connect. HMA-I) ===> (Mod-Type-Connect. HMA-I) ===>
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(=) ===> (Mod-Type-Connect. HMA-M))
(AA i j bezout. bezout-iterate-JNF A n i j bezout)
(MA@ j bezout. bezout-iterate A n i j bezout)

proof (intro rel-funl, goal-cases)

case (1 A A" i i’ jj’ bezout bezout’)

then show ?case using assms

proof (induct n arbitrary: A A')
case (
then show ?case by auto

next
case (Suc n)
note AA’[transfer-rule] = Suc.prems(1)
note ii'[transfer-rule] = Suc.prems(2)
note jj'[transfer-rule] = Suc.prems(3)
note bb'[transfer-rule] = Suc.prems(4)
note Suc-n-less-m = Suc.prems(5)
let ?BI-JNF = bezout-iterate-JNF
let ?BI-HMA = bezout-iterate

let ?from-nat-rows = mod-type-class.from-nat :: - = 'm
have Sucn[transfer-rule]: Mod-Type-Connect. HMA-I (Suc n) (Zfrom-nat-rows
(Suc n))

unfolding Mod-Type-Connect. HMA-I-def
by (simp add: Suc-lessD Suc-n-less-m mod-type-class.from-nat-to-nat)
have n: n < CARD('m) using Suc-n-less-m by simp
have [transfer-rule]:
Mod-Type-Connect. HMA-M (¢BI-JNF (bezout-matriz-JNF A i (Suc n) j bezout
x A) nij bezout)
(?BI-HMA (bezout-matriz A’ i' (2from-nat-rows (Suc n)) j' bezout’ xx A’) n
i’ j’ bezout”)
by (rule Suc.hyps[OF - ii’ jj’' bb’ n], transfer-prover)
moreover have Suc n < i = Suc n < mod-type-class.to-nat 1’
and Suc n > i = Suc n > mod-type-class.to-nat i’
by (metis 1(2) Mod-Type-Connect. HMA-I-def )+
ultimately show ?case using AA’ by auto
qed
qed

corollary HMA-bezout-iterate’[transfer-rule]:

fixes A’:int ~ 'n :: mod-type " 'm :: mod-type

assumes n: n<CARD('m)

and Mod-Type-Connect. HMA-M A A’

and Mod-Type-Connect. HMA-I i i’ and Mod-Type-Connect. HMA-I j j'
shows Mod-Type-Connect. HMA-M (bezout-iterate-JNF A n i j bezout) (bezout-iterate
A’ n i’ j bezout)

using assms HMA-bezout-iterate[ OF n] unfolding rel-fun-def by force
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lemma snd-echelon-form-of-column-k-JNF-le-dim-row:
assumes i<dim-row A
shows snd (echelon-form-of-column-k-JNF bezout (A,i) k) < dim-row A
using assms unfolding echelon-form-of-column-k-JNF-def by auto

lemma HMA-echelon-form-of-column-k[transfer-rule]:
assumes k: k<CARD('n)
shows ((=) ===> rel-prod (Mod-Type-Connect. HMA-M :: - = int ~ 'n ::
mod-type ~ 'm :: mod-type = -) (Aa b. a=b A a<CARD('m))
===> (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b N a<CARD('m))))
(Abezout A. echelon-form-of-column-k-JNF bezout A k)
(Abezout A. echelon-form-of-column-k bezout A k)

proof (intro rel-funl, goal-cases)
case (1 bezout bezout’ za ya )
obtain A ¢ where za: za = (A,i) using surjective-pairing by blast
obtain A’ i’ where ya: ya = (A’)i') using surjective-pairing by blast
have i '[transfer-rule]: i=i’ using 1(2) za ya by auto
have i-le-m: i(<CARD('m) wusing 1(2) za ya by auto
have AA'[transfer-rule]: Mod-Type-Connect. HMA-M A A’ using 1(2) za ya by
auto
have bb'[transfer-rule]: bezout=bezout’ using 1 by auto
let ?from-nat-rows = mod-type-class.from-nat :: - = 'm
let ?from-nat-cols = mod-type-class.from-nat :: - = 'n
have kk'[transfer-rule]: Mod-Type-Connect. HMA-I k (2from-nat-cols k)
by (simp add: Mod-Type-Connect. HMA-I-def assms mod-type-class.to-nat-from-nat-id)
have cl-eq: (i = dim-row A) = (i = nrows A’)
by (metis AA" Mod- Type-Connect.dim-row-transfer-rule nrows-def)
have c2-eq: (Vm € {i..<dim-row A}. A $$ (m, k) = 0)
= (VY m>?from-nat-rows i. A’ $ m $ ?from-nat-cols k = 0) (is ?lhs = %rhs) if
i-not: i£dim-row A
proof
assume lhs: ?lhs
show ?rhs
proof (rule+)
fix m
assume im: ?from-nat-rows i < m
have im”" i< CARD('m) using i-le-m i-not
by (simp add: c1-eq dual-order.order-iff-strict nrows-def)
let ?m’ = mod-type-class.to-nat m
have mm/[transfer-rule]: Mod-Type-Connect. HMA-I ?m’ m
by (simp add: Mod-Type-Connect. HMA-I-def)
from im have mod-type-class.to-nat (?from-nat-rows i) < ?m’
by (simp add: to-nat-mono’)
hence ?m’ >= i using im im’ by (simp add: mod-type-class.to-nat-from-nat-id)
hence ?m’ € {i..<dim-row A}
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using AA’ Mod-Type-Connect.dim-row-transfer-rule mod-type-class.to-nat-less-card
by fastforce
hence A $$ (?m’, k) = 0 using lhs by auto
moreover have 4 $$ (?m’, k) = A’ $h m $h ?from-nat-cols k unfolding
index-hma-def [symmetric] by transfer-prover
ultimately show A’ $h m $h ?from-nat-cols k = 0 by simp
qed
next
assume rhs: ?rhs
show ?lhs
proof (rule)
fix m assume m: m € {i..<dim-row A}
let ?m = ?from-nat-rows m
have mm/[transfer-rule]: Mod-Type-Connect. HMA-I m ?m
by (metis AA’ Mod-Type-Connect. HMA-I-def Mod- Type-Connect. dim-row-transfer-rule
atLeastLess Than-iff m mod-type-class.from-nat-to-nat)
have m-ge-i: ?m> ?from-nat-rows i
using AA’ Mod-Type-Connect.dim-row-transfer-rule from-nat-mono’ m by
fastforce
hence A’ $h ?m $h ?from-nat-cols k = 0 using rhs by auto
moreover have A $$ (m, k) = A’ $h ?m $h ?from-nat-cols k
unfolding index-hma-def[symmetric] by transfer-prover
ultimately show A $$ (m, k) = 0 by simp
qed
qed
show ?Zcase
proof (cases (i = dim-row A) Vv (Vm € {i..<dim-row A}. A $$ (m, k) = 0))
case True
hence *: (Y m>?from-nat-rows i. A’ $ m $ ?from-nat-cols k = 0) V (i = nrows
A"
using cl-eq c2-eq by auto
have echelon-form-of-column-k-JNF bezout za k = (A,i)
unfolding echelon-form-of-column-k-JNF-def using True xza by auto
moreover have echelon-form-of-column-k bezout ya k = (A’)i’)
unfolding echelon-form-of-column-k-def Let-def using * ya ii’' by simp
ultimately show ?thesis unfolding za ya rel-prod.simps using AA’ i’ bb’
i-le-m by blast
next
case Fulse note not-c1 = False
hence im” i<CARD('m)
by (metis c1-eq dual-order.order-iff-strict i-le-m nrows-def)
have x: (Vme{i+1..<dim-row A}. A $$ (m.k) = 0)
= (Vm>?from-nat-rows i. A’ $ m $ Zfrom-nat-cols k = 0) (is ?lhs = ?rhs)
proof
assume lhs: ?lhs
show ?rhs
proof (rule+)
fix m
assume im: from-nat-rows i < m
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let ?m’ = mod-type-class.to-nat m
have mm/[transfer-rule]: Mod-Type-Connect. HMA-I ?m’' m
by (simp add: Mod-Type-Connect. HMA-I-def)
from im have mod-type-class.to-nat (?from-nat-rows i) < ?m’
by (simp add: to-nat-mono)
hence ?m’ > i using im im’ by (simp add: mod-type-class.to-nat-from-nat-id)
hence ?m’ € {i+1..<dim-row A}
using AA’ Mod- Type-Connect.dim-row-transfer-rule mod-type-class.to-nat-less-card
by fastforce
hence A $$ (¢m’, k) = 0 using lhs by auto
moreover have A $8 (?m’, k) = A’ $h m $h ?from-nat-cols k unfolding
index-hma-def[symmetric] by transfer-prover
ultimately show A’ $h m $h ?from-nat-cols k = 0 by simp
qed
next
assume rhs: ?rhs
show ?lhs
proof (rule)
fix m assume m: m € {i+1..<dim-row A}
let ?m = ?from-nat-rows m
have mm/[transfer-rule]: Mod-Type-Connect. HMA-I m ?m
by (metis AA" Mod-Type-Connect. HMA-I-def Mod- Type-Connect.dim-row-transfer-rule
atLeastLess Than-iff m mod-type-class.from-nat-to-nat)
have m-ge-i: ?m> ?from-nat-rows i
by (metis Mod-Type-Connect. HMA-I-def One-nat-def add-Suc-right atLeast-
LessThan-iff from-nat-mono
le-simps(3) m mm’ mod-type-class.to-nat-less-card nat-arith.rule0)
hence A’ $h ?m $h ?from-nat-cols k = 0 using rhs by auto
moreover have A $$ (m, k) = A’ $h ?m $h ?from-nat-cols k
unfolding indez-hma-def [symmetric] by transfer-prover
ultimately show A $$ (m, k) = 0 by simp
qed
qed
show ?thesis
proof (cases (Vme{i+1..<dim-row A}. A $$ (m,k) = 0))
case True
have echelon-form-of-column-k-JNF bezout za k = (A,i+1)
unfolding echelon-form-of-column-k-JNF-def using True za not-c1 by auto
moreover have echelon-form-of-column-k bezout ya k = (A';i’'+1)
unfolding echelon-form-of-column-k-def Let-def using ya ii’ * True cl-eq
c2-eq not-c1 by auto
ultimately show ?thesis unfolding za ya rel-prod.simps using AA’ i1’ bb’
i-le-m im’
by auto
next
case Fulse
hence x: = (Vm> ?from-nat-rows i. A’ $ m $ ?from-nat-cols k = 0) using x*
by auto
have xx: = ((Y m> 2from-nat-rows i. A’ $h m $h ?from-nat-cols k = 0) V i =
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nrows A')
using c1-eq c2-eq not-c1 by auto
define n where n=(LEAST n. A 88 (n,k) # 0 A i < n)
define n’ where n'=(LEAST n. A’$ n $ ?from-nat-cols k # 0 N ?from-nat-rows
i <mn)
let Zinterchange-A = swaprows i n A
let ?interchange-A' = interchange-rows A’ (?from-nat-rows i’) n'
have nn'[transfer-rule]: Mod-Type-Connect. HMA-I n n’
proof —
let ?n’ = mod-type-class.to-nat n’
have exist: 3n. A’ $ n $ ?from-nat-cols k # 0 N ?from-nat-rows i < n
using * by auto
from this obtain a where c¢: A’ $ a $ ?from-nat-cols k # 0 A ?from-nat-rows
i < a by blast
have n = ?n’
proof (unfold n-def, rule Least-equality)
have n'n'[transfer-rule]: Mod-Type-Connect. HMA-I ?n' n’
by (simp add: Mod-Type-Connect. HMA-I-def)
have e: (A’ $ n’$ 2from-nat-cols k # 0 A ?from-nat-rows i < n’)
by (metis (mono-tags, lifting) Leastl c2-eq n'-def not-c1)
hence i < mod-type-class.to-nat n'
using im’ mod-type-class.from-nat-to-nat to-nat-mono’ by fastforce
moreover have A’ $ n’ $ 2from-nat-cols k = A $$ (?n’', k)
unfolding indez-hma-def [symmetric] by (transfer’, auto)
ultimately show A 8% (?n', k) # 0 AN i < ?n’
using e by auto
show Ay. A $$ (y, k) # 0 A i < y = mod-type-class.to-nat n’ < y
unfolding n’-def
by (smt (verit, del-insts) AA’ Mod- Type-Connect. HMA-M-def Mod- Type- Connect.from-hma,, -def
assms from-nat-mono
from-nat-mono’ indez-mat(1) less-trans mod-type-class.from-nat-to-nat-id
mod-type-class.to-nat-less-card
not-le prod.simps(2) wellorder-Least-lemma(2))
qed
thus ?thesis unfolding Mod-Type-Connect. HMA-I-def by auto
qed
have dri[transfer-rule]: (nrows A’ — 1) = (dim-row A — 1) unfolding
nrows-def
using AA’ Mod-Type-Connect.dim-row-transfer-rule by force
have ii'2[transfer-rule]: Mod-Type-Connect. HMA-I i (?from-nat-rows i’)
by (metis xx Mod-Type-Connect. HMA-I-def i-le-m i’ le-neg-implies-less
mod-type-class.to-nat-from-nat-id nrows-def)
have '3 [transfer-rule]: Mod-Type-Connect. HMA-I i’ ( 2from-nat-rows i")
using i’ 77’2 by blast
let ?BI-JNF = (bezout-iterate-JNF (Zinterchange-A) (dim-row A — 1) i k
bezout)
let ?BI-HA = (bezout-iterate ( Zinterchange-A’) (nrows A’ — 1) (?from-nat-rows
i) (?from-nat-cols k) bezout)
have e-rw: echelon-form-of-column-k-JNF bezout xa k = (?BI-JNF,i+1)
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unfolding echelon-form-of-column-k-JNF-def n-def using Fulse xza not-c1
by auto
have e-rw2: echelon-form-of-column-k bezout ya k = (YBI-HA,i+1)
unfolding echelon-form-of-column-k-def Let-def n’-def using * ya ** ii’ by
auto
have s[transfer-rule]: Mod-Type-Connect. HMA-M (swaprows i’ n A) (interchange-rows
A’ (?from-nat-rows i’) n')
by transfer-prover
have n-CARD: (nrows A’ — 1) < CARD('m) unfolding nrows-def by auto
note a[transfer-rule] = HMA-bezout-iterate]OF n-CARD)
have Bl [transfer-rule]: Mod- Type-Connect. HMA-M ?BI-JNF ?BI-HA unfold-
ing 4’ drl
by (rule HMA-bezout-iterate’|OF - s #i'3 kk'], insert n-CARD, transfer’,
stmp)
thus ?thesis using e-rw e-rw2 bb’
by (metis (mono-tags, lifting) AA’ False Mod- Type-Connect.dim-row-transfer-rule

atLeastLess Than-iff dual-order.trans order-less-imp-le rel-prod-inject)
qed
qed
qed

corollary HMA-echelon-form-of-column-k'[transfer-rule]:

assumes k: k<CARD('n) and i<CARD('m)

and (Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type =
DA A

shows (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b A a<CARD('m)))

(echelon-form-of-column-k-JNF bezout (A7) k)

(echelon-form-of-column-k bezout (A7) k)

using assms HMA-echelon-form-of-column-k[OF k] unfolding rel-fun-def by
force

lemma HMA-foldl-echelon-form-of-column-k:
assumes k: k<CARD('n)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=) ===> ()
===> (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b A a<CARD('m))))
(AA bezout. (foldl (echelon-form-of-column-k-JNF bezout) (A,0) [0..<k]))
(AA bezout. (foldl (echelon-form-of-column-k bezout) (A,0) [0..<k]))
proof (intro rel-funl, goal-cases)
case (1 A A’ bezout bezout’)
then show ?case using assms
proof (induct k arbitrary: A A")
case (
then show ?case by auto
next
case (Suc k)
note AA'[transfer-rule] = Suc.prems(1)
note bb’[transfer-rule] = Suc.prems(2)
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note Suc-k-less-m = Suc.prems(3)
let ?foldl-JNF = foldl (echelon-form-of-column-k-JNF bezout) (A,0)
let ?foldl-HA = foldl (echelon-form-of-column-k bezout’) (A’,0)
have set-rw: [0..<Suc k] = [0..<k] @ [k] by auto
have f-JNF: ?foldl-JNF [0..<Suc k] = echelon-form-of-column-k-JNF bezout
(?foldl-JNF [0..<k]) k
by auto
have f-HA: ?foldl-HA [0..<Suc k] = echelon-form-of-column-k bezout’ ( ?foldl-HA
[0..<K]) Kk
by auto
have hyp[transfer-rule]: rel-prod Mod-Type-Connect. HMA-M (Aa b. a=b A
a< CARD('m)) (2foldl-JNF [0..<K]) (?foldl-HA [0..<k))
by (rule Suc.hyps|OF AA'], insert Suc.prems, auto)
show ?case unfolding f-JNF unfolding f-HA bb’ using HMA-echelon-form-of-column-k’
by (smt (verit) 1(2) Suc-k-less-m Suc-le-lessD hyp rel-prod.cases)
qged
qed

lemma HMA-echelon-form-of-upt-k[transfer-rule]:
assumes k: k<CARD('n)
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=) ===> (=)
===> (Mod-Type-Connect. HMA-M))
(A bezout. echelon-form-of-upt-k-JNF A k bezout)
(AA bezout. echelon-form-of-upt-k A k bezout)

proof (intro rel-funl, goal-cases)
case (1 A A’ bezout bezout’)
have k" Suc k < CARD(’n) using k by auto
have rel-foldl: (rel-prod (Mod-Type-Connect. HMA-M) (Aa b. a=b A a<CARD('m)))

(foldl (echelon-form-of-column-k-JNF bezout) (A,0) [0..<Suc k])
(foldl (echelon-form-of-column-k bezout) (A’,0) [0..<Suc k])
using HMA-foldl-echelon-form-of-column-k[OF k'] by (smt (verit) 1(1) rel-fun-def)
then show ?case using assms unfolding echelon-form-of-upt-k-JNF-def eche-
lon-form-of-upt-k-def
by (metis (no-types, lifting) 1(2) prod.collapse rel-prod-inject)
qed

lemma HMA-echelon-form-of [transfer-rule]:
shows ((Mod-Type-Connect. HMA-M :: - = int ~ 'n :: mod-type ~ 'm :: mod-type
=) ===> (=)
===> (Mod-Type-Connect. HMA-M))
(AA bezout. echelon-form-of-JNF A bezout)
(AA bezout. echelon-form-of A bezout)
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proof (intro rel-funl, goal-cases)
case (1 A A’ bezout bezout’)
note AA'[transfer-rule] = 1(1)
note bb'[transfer-rule] = 1(2)
have #: (dim-col A — 1) < CARD('n) using 1
using Mod-Type-Connect.dim-col-transfer-rule by force
note xx[transfer-rule] = HMA-echelon-form-of-upt-k[OF x|
have [transfer-rule]: (ncols A’ — 1) = (dim-col A — 1)
by (metis 1(1) Mod-Type-Connect.dim-col-transfer-rule ncols-def)
have [transfer-rule]: (dim-col A — 1) = (dim-col A — 1) ..
show ?case unfolding echelon-form-of-def echelon-form-of-JNF-def bb’
by (metis (mono-tags) xx 1(1) <ncols A’ — 1 = dim-col A — 15 rel-fun-def)
qed
end

context
begin

private lemma echelon-form-of-euclidean-invertible-mod-type:
fixes A::int mat
assumes A € carrier-mat CARD('m::mod-type) CARD('n::mod-type)
shows 3 P. invertible-mat P A\ P € carrier-mat (CARD('m::mod-type)) (CARD('m::mod-type))

A P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
proof —
define A’ where A’ = (Mod-Type-Connect.to-hmay, A :: int ~'n :: mod-type ~'m
:: mod-type)
have AA[transfer-rule]: Mod-Type-Connect. HMA-M A A’
unfolding Mod-Type-Connect. HMA-M-def using assms A’-def by auto
have [transfer-rule]: Mod-Type-Connect. HMA-M
(echelon-form-of-JNF A euclid-ext2) (echelon-form-of A’ euclid-ext2)
by transfer-prover
have 3 P. invertible P N PxxA' = (echelon-form-of A’ euclid-ext2)
A echelon-form (echelon-form-of A’ euclid-ext2)
by (rule echelon-form-of-euclidean-invertible)
thus ?thesis by (transfer, auto)
qed

private lemma echelon-form-of-euclidean-invertible-nontriv-mod-ring:
fixes A::int mat
assumes A € carrier-mat CARD('m::nontriv mod-ring) CARD('n::nontriv mod-ring)
shows 3 P. invertible-mat P A\ P € carrier-mat (CARD('m)) (CARD('m))
A P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
using assms echelon-form-of-euclidean-invertible-mod-type by (smt (verit) CARD-mod-ring)
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lemmas echelon-form-of-euclidean-invertible-nontriv-mod-ring-internalized =
echelon-form-of-euclidean-invertible-nontriv-mod-ring|unfolded CARD-mod-ring,
internalize-sort 'm::nontriv, internalize-sort 'b::nontriv)

context

fixes m::nat and n::nat

assumes local-typedef1: 3 (Rep :: (b = int)) Abs. type-definition Rep Abs {0..<m
iint}

assumes local-typedef2: 3 (Rep :: ('c = int)) Abs. type-definition Rep Abs {0..<n

i int}
and m: m>1
and n: n>1
begin

lemma echelon-form-of-euclidean-invertible-nontriv-mod-ring-auz:
fixes A::int mat
assumes A € carrier-mat m n
shows 3 P. invertible-mat P A P € carrier-mat m m
A P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
using echelon-form-of-euclidean-invertible-nontriv-mod-ring-internalized
[OF type-to-set2(1)[OF local-typedef1 local-typedef2)
type-to-setl (1)[OF local-typedef1 local-typedef2])
using assms
using type-to-setl(2) local-typedefl local-typedef2 n m by metis

end

context
begin

private lemma echelon-form-of-euclidean-invertible-cancelled-first:
3 Rep Abs. type-definition Rep Abs {0.<intn} = 1 <m = 1 < n =

A € carrier-mat m n => 3 P. invertible-mat P N P € carrier-mat m m

A P % (A:int mat) = echelon-form-of-JNF A euclid-ext2 A echelon-form-JNF
(echelon-form-of-JNF A euclid-ext2)

using echelon-form-of-euclidean-invertible-nontriv-mod-ring-auz|cancel-type-definition,
of mn A

by force

private lemma echelon-form-of-euclidean-invertible-cancelled-both:
1 <m=1<n= A € carrier-mat m n =—> 3 P. invertible-mat P N P €
carrier-mat m m
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A P x (A:int mat) = echelon-form-of-JNF A euclid-ext2 A echelon-form-JNF
(echelon-form-of-JNF A euclid-ext2)

using echelon-form-of-euclidean-invertible-cancelled-first[ cancel-type-definition, of
n m A]

by force

lemma echelon-form-of-euclidean-invertible’:
fixes A::int mat
assumes A € carrier-mat m n
and I <mand 1 <n
shows 3 P. invertible-mat P A
P € carrier-mat m m N P x A = echelon-form-of-JNF A euclid-ext2
A echelon-form-JNF (echelon-form-of-JNF A euclid-ext2)
using echelon-form-of-euclidean-invertible-cancelled-both assms by auto
end
end

context mod-operation
begin

definition FindPreHNF-rectangular A
= (let m = dim-row A; n = dim-col A in
ifm < 2V n=0then A else — No operations are carried out if m = 1

if n = 1 then
let non-zero-positions = filter (Ai. A 8% (¢,0) # 0) [1..<dim-row A] in
if non-zero-positions = || then A

else let A" = (if A$3(0,0) # 0 then A else let i = non-zero-positions | 0 in
swaprows 0 i A)
in reduce-below-impl 0 non-zero-positions 0 A’
else (echelon-form-of-JNF A euclid-ext2))

This is the (non-efficient) HNF algorithm obtained from the echelon form
and Hermite normal form AFP entries

definition HNF-algorithm-from-HA A
= Hermite-of-list-of-rows (FindPre HNF-rectangular A) [0..<(dim-row A)]

Now we can combine FindPreHNF-rectangular, FindPre HNF and Hermite-of-list-of-rows
to get an algorithm to compute the HNF of any matrix (if it is square and
invertible, then the HNF is computed reducing entries modulo D)
definition HNF-algorithm abs-flag A =
(let m = dim-row A; n = dim-col A in
if m # n then Hermite-of-list-of-rows (FindPreHNF-rectangular A) [0..<m)
else
let D = abs (det-int A) in
if D = 0 then Hermite-of-list-of-rows (FindPre HNF-rectangular A) [0..<m)]

else
let A'=AQ. D -, 1,, 1
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E = FindPreHNF abs-flag D A’
H = Hermite-of-list-of-rows E [0..<m+n]
in mat-of-rows n (map (Matriz.row H) [0..<m]))

end

declare mod-operation. FindPre HNF-rectangular-def[code]
declare mod-operation. HNF-algorithm-from-HA-def[code]
declare mod-operation. HNF-algorithm-def[code]

context proper-mod-operation
begin

lemma FindPreHNF-rectangular-soundness:
fixes A::int mat

a

ssumes A: A € carrier-mat m n

shows 3 P. invertible-mat P \ P € carrier-mat m m A\ P x A = FindPreHNF-rectangular

A

A echelon-form-JNF (FindPreHNF-rectangular A)

proof (casesm < 2 V n = 0)

case True

then show ?thesis

by (smt (verit) A FindPreHNF-rectangular-def carrier-matD echelon-form-JNF-1zn
echelon-form-mz0

invertible-mat-one left-mult-one-mat one-carrier-mat)

next
case Fulse
have m1: m>1 using Fulse by auto
have n0: n>0 using Fualse by auto
show ?thesis
proof (cases n=1)

ml

[

by

case True note nl = True

let ?nz = filter (Ni. A $$ (,0) # 0) [1..<dim-row A]

let ?A’ = (if A$3(0,0) # 0 then A else let i = ?nz | 0 in swaprows 0 i A)

have A": ?A’ € carrier-mat m n using A by auto

have A'00: ?A’ $$ (0,0) # 0 if ?nz # ||

by (smt (verit) True assms carrier-matD index-mat-swaprows(1) length-greater-0-conv

mem-Collect-eq nat-SN . gt-trans nth-mem set-filter that zero-less-one-class.zero-less-one)
have e-r: echelon-form-JNF (reduce-below 0 ?nz 0 ?A") if nz-not-empty: ?nz #

proof (rule echelon-form-JNF-mx1)
show (reduce-below 0 ?nz 0 ?A’) € carrier-mat m n using A reduce-below
auto
have (reduce-below 0 ?nz 0 ?A") $8 (i,0) = 0 if i: i € {1..<m} for {
proof (cases i € set ?nz)
case True
show ?thesis
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by (rule reduce-below-0-DO[OF A’ - - A'00 True], insert m1 n0 True A
nz-not-empty, auto)
next
case Fulse
have (reduce-below 0 ?nz 0 ?A") 8% (i,0) = 24’ 8% (,0)
by (rule reduce-below-preserves-DO[OF A’ - - A'00 False], insert m1 n0
True A i nz-not-empty, auto)

also have ... = 0 using Fulse n1 assms that by auto
finally show ?thesis .

qed

thus Vi € {1..<m}. (reduce-below 0 ?nz 0 ?A’) $$ (¢,0) = 0
by simp

qed (insert True, simp)
have 3 P. invertible-mat P A P € carrier-mat m m A reduce-below 0 ?nz 0 ?A’
=P x 24’
by (rule reduce-below-invertible-mat-DO[OF A'], insert m1 n0 True A, auto)
moreover have 3 P. invertible-mat P N\ P € carrier-mat m m N ¢A' =P x A
if %nz # ||
using A A’-swaprows-invertible-mat m1 that by blast
ultimately have e-inv: 3 P. invertible-mat P N P € carrier-mat m m A
reduce-below 0 %nz 0 A’ =P x A
if ?nz # ]
by (smt (verit) that A assoc-mult-mat invertible-mult-JNF mult-carrier-mat)
have e-r1: echelon-form-JNF A if nz-empty: ?nz = []
proof (rule echelon-form-JNF-mz1[OF A)
show Vie{l..<m}. A $3 (i, 0) = 0 using nz-empty
by (metis (mono-tags, lifting) A carrier-matD(1) empty-filter-conv set-upt)
qed (insert ni, simp)
have e-inv1: 3 P. invertible-mat P N P € carrier-mat m m N A = P % A
by (metis A invertible-mat-one left-mult-one-mat one-carrier-mat)
have FindPreHNF-rectangular A = (if 9nz = [| then A else reduce-below-impl
0 ?nz 0 ?A")
unfolding FindPreHNF-rectangular-def Let-def using m1 ni1 A True by auto
also have reduce-below-impl 0 ?nz 0 ?A’ = reduce-below 0 ?nz 0 ?A’

by (rule reduce-below-impl[OF - - - - A'], insert m1 n0 A, auto)
finally show ?thesis using e-inv e-r e-rl e-invl by metis
next
case Fulse

have f-rw: FindPreHNF-rectangular A = echelon-form-of-JNF A euclid-ext2
unfolding FindPreHNF-rectangular-def Let-def using m1 n0 A False by auto
show ?thesis unfolding f-rw
by (rule echelon-form-of-euclidean-invertible’|OF A], insert False n0 m1, auto)
qed
qed

lemma HNF-algorithm-from-HA-soundness:

assumes A: A € carrier-mat m n

shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm-from-HA
A)
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A (3P. P € carrier-mat m m A invertible-mat P A (HNF-algorithm-from-HA
A) = P x A)
proof —
have m: dim-row A = m using A by auto
have (3 P. P € carrier-mat m m A invertible-mat P A (HNF-algorithm-from-HA
A) = P «x (FindPreHNF-rectangular A))
unfolding HNF-algorithm-from-HA-def m
proof (rule invertible- Hermite-of-list-of-rows)
show FindPreHNF-rectangular A € carrier-mat m n
by (smt (verit) A FindPreHNF-rectangular-soundness mult-carrier-mat)
show echelon-form-JNF (FindPreHNF-rectangular A)
using FindPreHNF-rectangular-soundness by blast
qed
moreover have (3 P. P € carrier-mat m m A invertible-mat P A (FindPreHNF-rectangular
A) =P« A)
by (metis A FindPreHNF-rectangular-soundness)
ultimately have (3 P. P € carrier-mat m m A invertible-mat P A (HNF-algorithm-from-HA
A) = P x A)
by (smt (verit) assms assoc-mult-mat invertible-mult-JNF mult-carrier-mat)
moreover have Hermite-JNF (range ass-function-euclidean) (Xc. range (res-int
¢)) (HNF-algorithm-from-HA A)
by (metis A FindPreHNF-rectangular-soundness HNF-algorithm-from-HA-def
m
Hermite- Hermite-of-list-of-rows mult-carrier-mat)
ultimately show ?thesis by simp
qged

Soundness theorem for any matrix

lemma HNF-algorithm-soundness:
assumes A: A € carrier-mat m n
shows Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm
abs-flag A)
A (3P. P € carrier-mat m m A invertible-mat P N (HNF-algorithm abs-flag A)
=P x A)
proof (cases m#n V Determinant.det A = 0)
case True
have H-rw: HNF-algorithm abs-flag A = Hermite-of-list-of-rows (Find PreHNF-rectangular
A) [0..<m]
using True A unfolding HNF-algorithm-def Let-def by auto
have (3 P. P € carrier-mat m m A invertible-mat P A\ (HNF-algorithm abs-flag
A) = P x (FindPreHNF-rectangular A))
unfolding H-rw
proof (rule invertible- Hermite-of-list-of-rows)
show FindPreHNF-rectangular A € carrier-mat m n
by (smt (verit) A FindPreHNF-rectangular-soundness mult-carrier-mat)
show echelon-form-JNF (FindPre HNF-rectangular A)
using FindPreHNF-rectangular-soundness by blast
qed
moreover have (3 P. P € carrier-mat m m A invertible-mat P A (FindPreHNF-rectangular
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A) =P x A)
by (metis A FindPre HNF-rectangular-soundness)
ultimately have (3 P. P € carrier-mat m m A invertible-mat P A (HNF-algorithm
abs-flag A) = P x A)
by (smt (verit) assms assoc-mult-mat invertible-mult-JNF mult-carrier-mat)
moreover have Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int
¢)) (HNF-algorithm abs-flag A)
by (metis A FindPre HNF-rectangular-soundness H-rw Hermite- Hermite-of-list-of-rows
mult-carrier-mat)
ultimately show “thesis by simp
next
case Fulse
hence mn: m=n and det-A-not0:(Determinant.det A) # 0 by auto
have inv-RAT-A: invertible-mat (map-mat rat-of-int A)
proof —
have det (map-mat rat-of-int A) # 0 using det-A-not0 by auto
thus ?thesis
by (metis False assms dvd-field-iff invertible-iff-is-unit-JNF map-carrier-mat)
qed
have HNF-algorithm abs-flag A = Hermite-mod-det abs-flag A
unfolding HNF-algorithm-def Hermite-mod-det-def Let-def using False A by
stmp
then show ?thesis using Hermite-mod-det-soundness|OF mn A inv-RAT-A] by
auto
qed
end

New predicate of soundness of a HNF algorithm, without providing explicitly
the transformation matrix.

definition is-sound-HNF' algorithm associates res
= (VA. let H = algorithm A; m = dim-row A; n = dim-col A in Hermite-JNF
associates res H
A H € carrier-mat m n A (3P. P € carrier-mat m m A invertible-mat P N\
A=Px H))

lemma is-sound-HNF-conv:
assumes s: is-sound-HNF' algorithm associates res
shows is-sound-HNF (A\A. let H = algorithm A in (SOME P. P € carrier-mat
(dim-row A) (dim-row A)
A invertible-mat P N A = P x H, H)) associates res
proof (unfold is-sound-HNF-def Let-def prod.case, rule alll)
fix A::'a mat
define m where m = dim-row A
obtain P where P: P € carrier-mat m m A invertibleemat P N A = P x
(algorithm A)
using s unfolding is-sound-HNF'-def Let-def m-def by auto
let ?some-P = (SOME P. P € carrier-mat m m A invertible-mat P N A = P x
algorithm A)
have some-P: ?some-P € carrier-mat m m A invertible-mat ?some-P N A =
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?some-P x algorithm A
by (metis (mono-tags, lifting) P somel-ex)
moreover have algorithm A € carrier-mat (dim-row A) (dim-col A)
and Hermite-JNF associates res (algorithm A) using s unfolding is-sound-HNF'-def
Let-def by auto
ultimately show ?some-P € carrier-mat m m A algorithm A € carrier-mat m
(dim-col A)
A invertible-mat ?some-P N A = %2some-P x algorithm A A Hermite-JNF
associates res (algorithm A)
unfolding is-sound-HNF-def Let-def m-def by (auto split: prod.split)
qged

context proper-mod-operation
begin
corollary is-sound-HNF'-HNF-algorithm:
is-sound-HNF' (HNF-algorithm abs-flag) (range ass-function-euclidean) (Ac.
range (res-int c))
proof —
have Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm
abs-flag A) for A
using HNF-algorithm-soundness by blast
moreover have HNF-algorithm abs-flag A € carrier-mat (dim-row A) (dim-col
A) for A
by (metis HNF-algorithm-soundness carrier-matl mult-carrier-mat)
moreover have 3 P. P € carrier-mat (dim-row A) (dim-row A) A invertible-mat
P N A = P x HNF-algorithm abs-flag A for A
proof —
have 3 P. P € carrier-mat (dim-row A) (dim-row A) A invertible-mat P A
HNF-algorithm abs-flag A = P« A
using HNF-algorithm-soundness by blast
from this obtain P where P: P € carrier-mat (dim-row A) (dim-row A) and
inv-P: invertible-mat P
and H-PA: HNF-algorithm abs-flag A = P x A by blast
obtain P’ where PP’ inverts-mat P P’ and P’P: inverts-mat P’ P
using inv-P unfolding invertible-mat-def by auto
have P": P’ € carrier-mat (dim-row A) (dim-row A)
by (metis P PP' P'P carrier-matD carrier-mat-triv indez-mult-mat(3) in-
dez-one-mat(3) inverts-mat-def)
moreover have inv-P": invertible-mat P’
by (metis P' P'P PP’ carrier-matD(1) carrier-matD(2) invertible-mat-def
square-mat.simps)
moreover have A = P’ x HNF-algorithm abs-flag A
by (smt (verit) H-PA P P'P assoc-mult-mat calculation(1) carrier-matD(1)
carrier-matl inverts-mat-def left-mult-one-mat’)
ultimately show ?thesis by auto
qed
ultimately show “thesis
unfolding is-sound-HNF'-def Let-def by auto
qed
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corollary is-sound-HNF'-HNF-algorithm-from-HA:
is-sound-HNF' (HNF-algorithm-from-HA) (range ass-function-euclidean) (Ac.
range (res-int c))
proof —
have Hermite-JNF (range ass-function-euclidean) (Ac. range (res-int ¢)) (HNF-algorithm-from-HA
A) for A
using HNF-algorithm-from-HA-soundness by blast
moreover have HNF-algorithm-from-HA A € carrier-mat (dim-row A) (dim-col
A) for A
by (metis HNF-algorithm-from-HA-soundness carrier-matl mult-carrier-mat)
moreover have 3 P. P € carrier-mat (dim-row A) (dim-row A) N invertible-mat
P AN A = P x HNF-algorithm-from-HA A for A
proof —
have 3 P. P € carrier-mat (dim-row A) (dim-row A) A invertible-mat P A
HNF-algorithm-from-HA A = P x A
using HNF-algorithm-from-HA-soundness by blast
from this obtain P where P: P € carrier-mat (dim-row A) (dim-row A) and
inv-P: invertible-mat P
and H-PA: HNF-algorithm-from-HA A = P x A by blast
obtain P’ where PP’ inverts-mat P P’ and P'P: inverts-mat P’ P
using inv-P unfolding invertible-mat-def by auto
have P": P’ € carrier-mat (dim-row A) (dim-row A)
by (metis P PP’ P'P carrier-matD carrier-mat-triv indez-mult-mat(8) in-
dex-one-mat(3) inverts-mat-def)
moreover have inv-P’: invertible-mat P’
by (metis P’ P'P PP’ carrier-matD(1) carrier-matD(2) invertible-mat-def
square-mat.simps)
moreover have A = P’ x HNF-algorithm-from-HA A
by (smt (verit) H-PA P P’'P assoc-mult-mat calculation(1) carrier-matD(1)
carrier-matl inverts-mat-def left-mult-one-mat’)
ultimately show ¢thesis by auto
qed
ultimately show ?thesis
unfolding is-sound-HNF'-def Let-def by auto
qed
end

Some work to make the algorithm executable

definition find-non0’:: <nat = nat = 'a::comm-ring-1 mat = nat option> where
<find-non0' i k A = find (\j. A 8% (4, k) # 0) [i ..< dim-row A

lemma
assumes res: find-non0’ i k A = Some j
shows find-non0": A $$ (j, k) # 0i < jj < dim-row A
and find-non0’-w-zero-before: Vj'e{i..<j}. A $$ (', k) = 0
proof —
define B where «<B = {j. i < j A j < dim-row AN A$$ (j, k) # 0O}
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have «finite B)
by (simp add: B-def)
from res have <B # {}
by (clarsimp simp add: find-non0’-def find-Some-iff less-diff-conv B-def ac-simps)
(metis add.commute le-addl)
with res have j = Min B>
apply (simp add: find-non0’-def)
apply (subst (asm) sorted-find-Min)
apply (auto simp add: B-def)
done
with «finite B> <B # {}> have «j € B
by simp
then show A $$ (j, k) # 04i < jj < dim-row A
by (simp-all add: B-def)
show Vj'e{i.<j}. A$$ (j/, k) =0
proof
fix j’
assume <j' € {i..<jp
show <4 $% (', k) = O»
proof (rule ccontr)
assume <A $$ (j, k) £ O
with ' € {i.<j}» j < dim-row A> have «j' € B»
by (simp add: B-def)
with «finite B> have (j < j’
by (simp add: <j = Min B))
with <j’ € {i..<j} show Fulse
by simp
qed
qed
qed

lemma find-non0’-LEAST:
assumes res: find-non0’ i k A = Some j
shows j = (LEAST n. A $$ (n,k) # 0 A i<n)
proof (rule Least-equality[symmetric])
show A $$ (j, k) 0 Ni<j
using res find-non0’ by auto
show Ay. A8 (y, k) AO0Ni<y=—j<y
by (meson res atLeastLessThan-iff find-non0’-w-zero-before linorder-not-le)
qed

lemma echelon-form-of-column-k-JNF-code[code]:
echelon-form-of-column-k-JNF bezout (A7) k =
(if (i = dim-row A) v (Vm € {i..<dim-row A}. A $$ (m, k) = 0) then (A4, 7)
else
if (Vme{i+1..<dim-row A}. A 8% (m,k) = 0) then (A4, i + 1) else
let n = the (find-non0’ i k A);
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interchange-A = swaprows i n A
in
(bezout-iterate-JNF' (interchange-A) (dim-row A — 1) i k bezout, i + 1))
proof (cases = ((i = dim-row A) V (Ym € {i.<dim-row A}. A 8% (m, k) = 0))
A = (Yme{it+1..<dim-row A}. A $% (m,k) = 0))
case True
then have <find-non0’ i k A # None>
by (auto simp add: find-non0’'-def sorted-find-Min)
then obtain j where j: <find-non0’ i k A = Some }»
by auto
let Zinterchange-A = swaprows i j A
have f-rw: (the (find-non0’ i k A)) = (LEAST n. A 8% (n, k) # 0 AN i < n)
by (rule find-non0’-LEAST) (simp add: 7)
show ?thesis unfolding echelon-form-of-column-k-JNF-def Let-def f-rw using
True by auto
next
case Fulse
then show ?thesis unfolding echelon-form-of-column-k-JNF-def by auto
qed

7.3 Instantiation of the HNF-algorithm with modulo-operation

We currently use a Boolean flag to indicate whether standard-mod or sym-
metric modulo should be used.

lemma sym-mod: proper-mod-operation sym-mod sym-div
by (unfold-locales, auto simp: sym-mod-sym-div)

lemma standard-mod: proper-mod-operation (mod) (div)
by (unfold-locales, auto, intro HOL.nitpick-unfold(7))

definition HNF-algorithm :: bool = int mat = int mat where

HNF-algorithm use-sym-mod = (if use-sym-mod

then mod-operation. HNF-algorithm sym-mod False else mod-operation. HNF-algorithm
(mod) True)

definition HNF-algorithm-from-HA :: bool = int mat = int mat where

HNF-algorithm-from-HA use-sym-mod = (if use-sym-mod

then mod-operation. HNF-algorithm-from-HA sym-mod else mod-operation. HNF-algorithm-from-HA
(mod))

corollary is-sound-HNF'-HNF-algorithm:
is-sound-HNF' (HNF-algorithm use-sym-mod) (range ass-function-euclidean)
(Ae. range (res-int ¢))
using proper-mod-operation.is-sound-HNF'-HNF-algorithm[OF sym-mod]
proper-mod-operation.is-sound-HNF'-HNF-algorithm|[OF standard-mod)
unfolding HNF-algorithm-def by (cases use-sym-mod, auto)

corollary is-sound-HNF'-HNF-algorithm-from-HA:
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is-sound-HNF' (HNF-algorithm-from-HA use-sym-mod) (range ass-function-euclidean)
(Ae. range (res-int c))
using proper-mod-operation.is-sound-HNF'- HNF-algorithm-from-HA[OF sym-mod)
proper-mod-operation.is-sound-HNF'- HNF-algorithm-from-HA[OF standard-mod)
unfolding HNF-algorithm-from-HA-def by (cases use-sym-mod, auto)

value [code]let A = mat-of-rows-list 4 (
10,5,1,4],
(7,1,0,0],
8,0,19,16),
[2,0,0,3::int],
[9,—3,2,5],
[6,5,2,4]]) in
show (HNF-algorithm True A)

value [code]let A = mat-of-rows-list 6 (
[[07331 4 a837]a
(7,1,0,0,4,1],
8,0,19,16,33,5),
(2,0,0,3::int,—5,8]]) in
show (HNF-algorithm False A)

value [code]let A = mat-of-rows-list 6 (
[[0,3,1,4,8,7],
[7,1,0,0,4,1],
8,0,19,16,53,5),
[0,3,1,4,8,7],
[2,0,0,3::int,—5,8],
(2,4,6,8,10,12]]) in
show (Determinant.det A, HNF-algorithm True A)

value [code]let A = mat-of-rows-list 6 (
[[073’]7478’7]’
[7,1,0,0,4,1],
(8,0,19,16,33,5),
[5,6,1,2,8,7],
[2,0,0,3::int,—5,8],
(2,4,6,8,10,12]]) in
show (Determinant.det A, HNF-algorithm True A)

end
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8 LLL certification via Hermite normal forms

In this file, we define the new certified approach and prove its soundness.

theory LLL-Certification-via-HNF
imports
LLL-Basis-Reduction.LLL-Certification
Jordan-Normal-Form.DL-Rank
HNF-Mod-Det-Soundness

begin

context LLL-with-assms
begin

lemma m-le-n: m<n
proof —
have gs.lin-indpt (set (RAT fs-init))
using cof-vec-space.lin-indpt-list-def lin-dep by blast
moreover have gs.dim = n
by (simp add: gs.dim-is-n)
moreover have card (set (RAT fs-init)) = m
using LLL-invD(2) LLL-inv-initial-state cof-vec-space.lin-indpt-list-def dis-
tinct-card lin-dep
by blast
ultimately show %thesis using gs.li-le-dim
by (metis cof-vec-space.lin-indpt-list-def gs.fin-dim lin-dep)
qed

end

This lemma is a generalization of the theorem named HNF-A-eq-HNF-PA,
using the new uniqueness statement of the HNF. We provide two versions,
one assuming the existence and the other one obtained from a sound algo-
rithm.

lemma HNF-A-eq-HNF-PA'-exist:
fixes A::int mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat (map-mat rat-of-int
4)
and inv-P: invertible-mat P and P: P € carrier-mat n n
and HNF-H1: Hermite-JNF associates res H1
and HI: H1 € carrier-mat n n
and HNF-H2: Hermite-JNF associates res H2
and H2: H2 € carrier-mat n n
and sound-HNF1: 3P1. P1 € carrier-mat n n A invertible-mat P1 N (P % A)
= P1 % Hi
and sound-HNF2: A P2. P2 € carrier-mat n n A invertible-mat P2 N A = P2
x H2
shows HI = H2
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proof —
obtain inv-P where P-inv-P: inverts-mat P inv-P and inv-P-P: inverts-mat
inv-P P
and inv-P: inv-P € carrier-mat n n
using P inv-P obtain-inverse-matriz by blast
obtain P! where P1: P1 € carrier-mat n n and inv-P1: invertible-mat P1 and
Pi1-H1: Px A = P1 x HI
using sound-HNF1 by auto
obtain P2 where P2: P2 € carrier-mat n n and inv-P2: invertible-mat P2 and
P2-H2: A = P2 x H2
using sound-HNF2 by auto
have invertible-inv-P: invertible-mat inv-P
using P-inv-P inv-P inv-P-P invertible-mat-def square-mat.simps by blast
have P-A-P1-H1: P« A = P1 % HI using P1-H1 P2-H2 unfolding is-sound-HNF-def
Let-def
by (metis (mono-tags, lifting) case-prod-conv)
hence A = inv-P x (P1 x HI)
by (smt A P inv-P-P inv-P assoc-mult-mat carrier-matD(1) inverts-mat-def
left-mult-one-mat)
hence A-inv-P-P1-H1: A = (inv-P * P1) « H1 using P P1-HI assoc-mult-mat
inv-P H1 P1 by auto
have invertible-inv-P-P1: invertible-mat (inv-P * P1)
by (rule invertible-mult-JNF[OF inv-P P1 invertible-inv-P inv-P1])
show ?thesis
proof (rule HNF-unique-generalized-JNF[OF A - HI P2 H2 A-inv-P-P1-HI
P2-H2
inv-A invertible-inv-P-P1 inv-P2 HNF-H1 HNF-H2])
show inv-P % P1 € carrier-mat n n
by (metis carrier-matD(1) carrier-matl indez-mult-mat(2) inv-P
invertible-inv-P-P1 invertible-mat-def square-mat.simps)
qed
qed

corollary HNF-A-eq-HNF-PA’:
fixes A::int mat
assumes A: A € carrier-mat n n and inv-A: invertible-mat (map-mat rat-of-int
4)
and inv-P: invertible-mat P and P: P € carrier-mat n n
and sound-HNF': is-sound-HNF HNF associates res
and PI-HI: (P1,H1) = HNF (PxA)
and P2-H2: (P2,H2) = HNF A
shows HI = H2
proof —
have H1: H1 € carrier-mat n n
by (smt P1-H1 A P carrier-matD index-mult-mat is-sound-HNF-def prod.sel(2)
sound-HNF split-beta)
have H2: H2 € carrier-mat n n
by (smt P2-H2 A carrier-matD index-mult-mat is-sound-HNF-def prod.sel(2)
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sound-HNF split-beta)
have HNF-H1: Hermite-JNF associates res H1
by (smt P1-H1 is-sound-HNF-def prod.sel(2) sound-HNF' split-beta)
have HNF-H2: Hermite-JNF' associates res H2
by (smt P2-H2 is-sound-HNF-def prod.sel(2) sound-HNF split-beta)
have sound-HNF1: 3P1. P1 € carrier-mat n n A invertible-mat P1 N (P x A)
= PI1 % Hi
using sound-HNF P1-H1 unfolding is-sound-HNF-def Let-def
by (metis (mono-tags, lifting) P carrier-matD(1) index-mult-mat(2) old.prod.simps(2))
have sound-HNF2: 3P2. P2 € carrier-mat n n A invertible-mat P2 N A = P2
*x H2
using sound-HNF P1-H1 unfolding is-sound-HNF-def Let-def
by (metis (mono-tags, lifting) A P2-H2 carrier-matD(1) old.prod.simps(2))
show ?thesis
by (rule HNF-A-eq-HNF-PA'-exist|OF A inv-A inv-P P HNF-H1 H1 HNF-H2
H2 sound-HNF1 sound-HNF2])
qed

context LLL-with-assms
begin

lemma certification-via-eq- HNF2-exist:
assumes HNF-H1: Hermite-JNF associates res H1
and Hi1: H1 € carrier-mat n n
and HNF-H2: Hermite-JNF associates res H2
and H2: H2 € carrier-mat n n
and sound-HNF1: 3 P1. P1 € carrier-mat nn A invertible-mat P1 A (mat-of-rows
n fs-init) = P1 % H1
and sound-HNF2: 3 P2. P2 € carrier-mat nn A invertible-mat P2 A (mat-of-rows
n gs) = P2 « H2
and gs: set gs C carrier-vec n
and [: lattice-of fs-init = lattice-of gs
and mn: m = n and len-gs: length gs = n
shows HI = H2
proof —
have 3P € carrier-mat n n. invertible-mat P N\ mat-of-rows n fs-init = P %
mat-of-rows n gs
by (rule eg-lattice-imp-mat-mult-invertible-rows| OF fs-init gs lin-dep len[unfolded
mn)] len-gs [])
from this obtain P where P: P € carrier-mat n n and inv-P: invertible-mat P
and fs-P-gs: mat-of-rows n fs-init = P * mat-of-rows n gs by auto
obtain P! where PI: PI € carrier-mat n n and inv-P1: invertible-mat P1
and P1-HI1: (mat-of-rows n fs-init) = P1 x H1
using sound-HNF1 by auto
obtain P2 where P2: P2 € carrier-mat n n and inv-P2: invertible-mat P2 and
P2-H2: (mat-of-rows n gs) = P2 % H2
using sound-HNF2 by auto
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have P1-H1-2: P x mat-of-rows n gs = P1 = H1
using PI1-H1 fs-P-gs by auto
have gs-carrier: mat-of-rows n gs € carrier-mat n n by (simp add: len-gs car-
rier-matl)
show ?thesis
proof (rule HNF-A-eq-HNF-PA’-exist| OF gs-carrier - inv-P P HNF-H1 H1 HNF-H2
H2 - sound-HNF2))
from inv-P obtain P’ where PP’ inverts-mat P P’ and P'P: inverts-mat P’
P
using invertible-mat-def by blast
let YRAT = of-int-hom.mat-hom :: int mat = rat mat
have det-RAT-fs-init: det (?RAT (mat-of-rows n fs-init)) # 0
proof (rule gs.lin-indpt-rows-imp-det-not-0)
show ?RAT (mat-of-rows n fs-init) € carrier-mat n n
using len map-carrier-mat mat-of-rows-carrier(1) mn by blast
have rw: Matriz.rows (?RAT (mat-of-rows n fs-init)) = RAT fs-init
by (metis cof-vec-space.lin-indpt-list-def fs-init lin-dep mat-of-rows-map
rows-mat-of-rows)
thus gs.lin-indpt (set (Matriz.rows (?RAT (mat-of-rows n fs-init))))
by (insert lin-dep, simp add: cof-vec-space.lin-indpt-list-def)
show distinct (Matriz.rows (?RAT (mat-of-rows n fs-init)))
using rw cof-vec-space.lin-indpt-list-def lin-dep by auto
qed
hence d: det (RAT (mat-of-rows n fs-init)) dvd 1 using dvd-field-iff by blast
hence inv-RAT-fs-init: invertible-mat (?RAT (mat-of-rows n fs-init))
using invertible-iff-is-unit-JNF by (metis mn len map-carrier-mat mat-of-rows-carrier(1))
have invertible-mat (?RAT P)
by (metis P dvd-field-iff inv-P invertible-iff-is-unit-JNF map-carrier-mat
not-is-unit-0 of-int-hom.hom-0 of-int-hom.hom-det)
have det (?RAT (mat-of-rows n fs-init)) = det (?RAT P) x det (?RAT
(mat-of-rows n gs))
by (metis Determinant.det-mult P fs-P-gs gs-carrier of-int-hom.hom-det
of-int-hom.hom-mult)
hence det (?RAT (mat-of-rows n gs)) # 0 using d by auto
thus invertible-mat (YRAT (mat-of-rows n gs))
by (meson dvd-field-iff gs-carrier invertible-iff-is-unit-JNF map-carrier-mat)
show 3 P1. P1 € carrier-mat n n A invertible-mat P1 N P % mat-of-rows n gs
= P1 x HI
using P! P1-HI1-2 inv-P1 by blast
qed
qed

lemma certification-via-eq-HNF2:
assumes sound-HNF": is-sound-HNF HNF associates res
and P1-H1: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and gs: set gs C carrier-vec n
and [: lattice-of fs-init = lattice-of gs
and mn: m = n and len-gs: length gs = n
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shows HI = H2
proof —
have 3P € carrier-mat n n. invertible-mat P N\ mat-of-rows n fs-init = P x
mat-of-rows m gs
by (rule eg-lattice-imp-mat-mult-invertible-rows[ OF fs-init gs lin-dep len[unfolded
mn)] len-gs 1))
from this obtain P where P: P € carrier-mat n n and inv-P: invertible-mat P
and fs-P-gs: mat-of-rows n fs-init = P * mat-of-rows n gs by auto
have P1-H1-2: (P1,H1) = HNF (P % mat-of-rows n gs) using fs-P-gs P1-H1
by auto
have gs-carrier: mat-of-rows n gs € carrier-mat n n by (simp add: len-gs car-
rier-matl)
show ?thesis
proof (rule HNF-A-eq-HNF-PA'|OF gs-carrier - inv-P P sound-HNF P1-H1-2
P2-H2])
from inv-P obtain P’ where PP’ inverts-mat P P’ and P’'P: inverts-mat P’
P
using invertible-mat-def by blast
let YRAT = of-int-hom.mat-hom :: int mat = rat mat
have det-RAT-fs-init: det (?RAT (mat-of-rows n fs-init)) # 0
proof (rule gs.lin-indpt-rows-imp-det-not-0)
show ?RAT (mat-of-rows n fs-init) € carrier-mat n n
using len map-carrier-mat mat-of-rows-carrier(1) mn by blast
have rw: Matriz.rows (?RAT (mat-of-rows n fs-init)) = RAT fs-init
by (metis cof-vec-space.lin-indpt-list-def fs-init lin-dep mat-of-rows-map
rows-mat-of-rows)
thus gs.lin-indpt (set (Matriz.rows (RAT (mat-of-rows n fs-init))))
by (insert lin-dep, simp add: cof-vec-space.lin-indpt-list-def)
show distinct (Matriz.rows (?RAT (mat-of-rows n fs-init)))
using rw cof-vec-space.lin-indpt-list-def lin-dep by auto
qed
hence d: det (RAT (mat-of-rows n fs-init)) dvd 1 using dvd-field-iff by blast
hence inv-RAT-fs-init: invertible-mat (?RAT (mat-of-rows n fs-init))
using invertible-iff-is-unit-JNF by (metis mn len map-carrier-mat mat-of-rows-carrier(1))
have invertible-mat (?RAT P)
by (metis P dvd-field-iff inv-P invertible-iff-is-unit-JNF map-carrier-mat
not-is-unit-0 of-int-hom.hom-0 of-int-hom.hom-det)
have det (YRAT (mat-of-rows n fs-init)) = det (?RAT P) % det (?RAT
(mat-of-rows n gs))
by (metis Determinant.det-mult P fs-P-gs gs-carrier of-int-hom.hom-det
of-int-hom.hom-mult)
hence det (?RAT (mat-of-rows n gs)) # 0 using d by auto
thus invertible-mat (?RAT (mat-of-rows n gs))
by (meson dvd-field-iff gs-carrier invertible-iff-is-unit-JNF map-carrier-mat)
qed
qed

corollary lattice-of-eq-via-HNF':
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assumes sound-HNF': is-sound-HNF HNF associates res
and P1-HI1: (P1,H1) = HNF (mat-of-rows n fs-init)
and P2-H2: (P2,H2) = HNF (mat-of-rows n gs)
and gs: set gs C carrier-vec n
and mn: m = n and len-gs: length gs = n
shows (HI = H2) <— (lattice-of fs-init = lattice-of gs)
using certification-via-eq-HNF certification-via-eq-HNF2 assms by metis
end

context
begin

interpretation vec-module TYPE(int) n .

lemma lattice-of-eq-via-HNF-paper:
fixes F' G :: int mat and HNF :: int mat = int mat
assumes sound-HNF': is-sound-HNF' HNF A R
and inv-F-Q: invertible-mat (map-mat rat-of-int F)
and FG: {F,G} C carrier-mat n n
shows (HNF F = HNF G) <— (lattice-of (rows F) = lattice-of (rows G))
proof —
define HNF'’
where HNF' = (AA. let H = HNF A
in (SOME P. P € carrier-mat (dim-row A) (dim-row A) A invertible-mat P A
A=PxH, H)
have sound-HNF'": is-sound-HNF HNF' A R by (unfold HNF'-def, rule is-sound-HNF-conv[OF
sound-HNF'))
have F-eq: F' = mat-of-rows n (rows F) and G-eq: G = mat-of-rows n (rows G)
using FG by auto
interpret L: LLL-with-assms n n (rows F) 4 /8
proof
interpret gs: cof-vec-space n TYPE(rat) .
thm gs.upper-triangular-imp-lin-indpt-rows
let 2RAT =map-mat rat-of-int
have m-rw: (map (map-vec rat-of-int) (rows F)) = rows (?RAT F)
unfolding Matriz.rows-def by auto
show gs.lin-indpt-list (map (map-vec rat-of-int) (rows F))
proof —
have det-RAT-F: det (?RAT F) # 0
by (metis inv-F-Q carrier-mat-triv invertible-iff-is-unit-JNF
invertible-mat-def not-is-unit-0 square-mat.simps)
have d-RAT-F: distinct (rows (YRAT F))
proof (rule ccontr)
assume - distinct (rows (RAT F))
from this obtain i j
where ij: row (?RAT F) i = row (?RAT F) j
and 7: i<dim-row (?RAT F) and j: j<dim-row (YRAT F)

408



and i-not-j: i#£j
unfolding Matriz.rows-def distinct-conv-nth by auto
have det (?RAT F) = 0 using ij ¢ j i-not-j
by (metis Determinant.det-def Determinant.det-identical-rows carrier-mat-triv)
thus Fulse using inv-F-Q
by (metis carrier-mat-triv invertible-iff-is-unit-JNF invertible-mat-def
not-is-unit-0 square-mat.simps)
qed
moreover have — gs.lin-dep (set (rows (?RAT F)))
using gs.det-not-0-imp-lin-indpt-rows|OF - det-RAT-F] using FG by auto
ultimately show ?Zthesis
unfolding gs.lin-indpt-list-def m-rw using FG unfolding Matriz.rows-def
by auto
qed
qed (insert FG F-eq, auto)
show ?thesis
proof (rule L.lattice-of-eq-via-HNF[OF sound-HNF'])
show (fst (HNF' F), HNF F) = HNF' (mat-of-rows n (rows F))
unfolding HNF'-def Let-def using F-eq by auto
show (fst (HNF' G), HNF G) = HNF' (mat-of-rows n (rows G))
unfolding HNF'-def Let-def using G-eq by auto
show length (rows G) = n using FG by auto
show set (rows G) C carrier-vec n using FG
by (metis G-eq mat-of-rows-carrier(3) rows-carrier)
qged (simp)
qged
end

We define a new const similar to external-lll-solver, but now it only returns
the reduced matrix.

consts external-lll-solver’ :: integer X integer = integer list list = integer list list

hide-type (open) Finite-Cartesian-Product.vec

The following definition is an adaptation of reduce-basis-external

definition reduce-basis-external’ :: (int mat = int mat) = rat = int vec list =
int vec list where
reduce-basis-external’ HNF « fs = (case fs of Nil = || | Cons f - = (let
rb = reduce-basis «;
fsi = map (map integer-of-int o list-of-vec) fs;
n = dim-vec f;
m = length fs;
gsi = external-lll-solver’ (map-prod integer-of-int integer-of-int (quotient-of «))
st
gs = (map (vec-of-list o map int-of-integer) gsi) in
if = (length gs = m A (VY gi € set gs. dim-vec gi = n)) then
Code.abort (STR "error in external LLL invocation: dimensions of reduced
basis do not fit < linput to external solver: "
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+ String.implode (show fs) + STR '"T<=]<]") (X -. 1b fs)

else
let F's = mat-of-rows n fs;
Gs = mat-of-rows n gs;
H1 = HNF Fs;
H2 = HNF Gs in
if (H1 = H2) then rb gs
else Code.abort (STR ''the reduced matriz does not span the same lat-
ticd <= |f,9,P1,P2,H1,H2 are as follows| < ]"
+ String.implode (show Fs) + STR '« ]«]"
+ String.implode (show Gs) + STR "« ]« 1"
+ String.implode (show H1) + STR '+ "
+ String.implode (show H2) + STR '[+
) (A - b f5))

1

Tt

)

locale certification = LLL-with-assms +
fixes HNF'::int mat = int mat and associates res
assumes sound-HNF': is-sound-HNF' HNF associates res
begin

lemma reduce-basis-external’. assumes res: reduce-basis-external’ HNF o fs-init
= fg
shows reduced fs m LLL-invariant True m fs
proof (atomize(full), goal-cases)
case I
show ?Zcase
proof (cases LLL-Impl.reduce-basis « fs-init = fs)
case True
from reduce-basis|OF this| show ?Zthesis by simp
next
case Fulse note a = Fulse
show ?thesis
proof (cases fs-init)
case Nil
with res have fs = [| unfolding reduce-basis-external’-def by auto
with False Nil have Fulse by (simp add: LLL-Impl.reduce-basis-def)
thus ?thesis ..
next
case (Cons f rest)
from Cons fs-init len have dim-fs-n: dim-vec f = n by auto
let ?ext = external-lll-solver’ (map-prod integer-of-int integer-of-int (quotient-of
a))
(map (map integer-of-int o list-of-vec) fs-init)
note res = res[unfolded reduce-basis-external’-def Cons Let-def list.case
Code.abort-def dim-fs-n,
folded Cons]
define gs where gs = map (vec-of-list 0 map int-of-integer) ?ext
define Fs where Fs = mat-of-rows n fs-init

410



define Gs where Gs = mat-of-rows n gs
define H! where Hi = HNF Fs
define H2 where H2 = HNF Gs
note res = res[unfolded ext option.simps split len dim-fs-n, folded gs-def]
from res False have not: (= (length gs = m A (V gi€set gs. dim-vec gi = n)))
= Fulse
by (auto split: if-splits)
note res = res[unfolded this if-False]
from not have gs: set gs C carrier-vec n
and len-gs: length gs = m by auto
show ?thesis
proof (cases Hl = H2)
case True
hence HI-eq-H2: Hl = H2 by auto
let HNF = (M\A. let H = HNF A in (SOME P. P € carrier-mat (dim-row
A) (dim-row A) A invertible-mat P AN A = P x H, H))
obtain P! where PI-H1: (P1,H1) = ?HNF Fs by (metis HI-def)
obtain P2 where P2-H2: (P2,H2) = ?HNF Gs by (metis H2-def)
have sound-HNF': is-sound-HNF ?HNF associates res
by (rule is-sound-HNF-conv[OF sound-HNF'))
have laticce-gs-fs-init: lattice-of gs = lattice-of fs-init
and gs-assms: LLL-with-assms n m gs «
by (rule certification-via-eq-HNF[OF sound-HNF P1-H1[unfolded Fs-def]
P2-H2[unfolded Gs-def] H1-eq-H2 gs len-gs])+
from res a True
have gs-fs: LLL-Impl.reduce-basis o gs = fs by (auto split: prod.split)
have lattice-gs-fs: lattice-of gs = lattice-of fs
and gram-schmidt-fs.reduced n (map of-int-hom.vec-hom fs) o m
and gs.lin-indpt-list (map of-int-hom.vec-hom fs)
and length fs = length gs
using LLL-with-assms.reduce-basis gs-fs gs-assms laticce-gs-fs-init gs-assms

using LLL-with-assms-def len-gs unfolding LLL.L-def by fast+
from this show ?thesis
using laticce-gs-fs-init gs-assms LLL-with-assms-def lattice-gs-fs
unfolding LLL-invariant-def L-def by auto
next
case Fulse
then show ?thesis
using a Fs-def Gs-def res Hil-def H2-def by auto
qed
qed
qed
qed
end

context LLL-with-assms
begin

We interpret the certification context using our formalized HNF-algorithm
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interpretation efficient-cert: certification n m fs-init « HNF-algorithm use-sym-mod
range ass-function-euclidean \c. range (res-int c)
by (unfold-locales, rule is-sound-HNF'-HNF-algorithm)

thm efficient-cert.reduce-basis-external’

Same, but applying the naive HNF algorithm, moved to JNF library from
the echelon form and Hermite normal form AFP entries

interpretation cert: certification n m fs-init o« HNF-algorithm-from-HA use-sym-mod
range ass-function-euclidean Ac. range (res-int c)

by (unfold-locales, rule is-sound-HNF'-HNF-algorithm-from-HA)
thm cert.reduce-basis-external’

lemma RBE-HNF-algorithm-efficient:
assumes reduce-basis-external’ (HNF-algorithm use-sym-mod) « fs-init = fs
shows gram-schmidt-fs.reduced n (map of-int-hom.vec-hom fs) a m
and LLL-invariant True m fs using efficient-cert.reduce-basis-external’ assms
by blast+

lemma RBE-HNF-algorithm-naive:
assumes reduce-basis-external’ (HNF-algorithm-from-HA use-sym-mod) « fs-init
= fS
shows gram-schmidt-fs.reduced n (map of-int-hom.vec-hom fs) a m
and LLL-invariant True m fs using cert.reduce-basis-external’ assms by blast+

end

lemma external-lll-solver’-code|code):

external-lll-solver’ = Code.abort (STR ''require proper implementation of exter-
nal-lll-solver’) (X -. external-lll-solver)

by simp
end
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