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Abstract

MiniSail is a kernel language for Sail [1], an instruction set architecture (ISA) specification
language. Sail is an imperative language with a light-weight dependent type system similar to
refinement type systems such as [2]. From an ISA specification, the Sail compiler can generate
theorem prover code and C (or OCaml) to give an executable emulator for an architecture. The
idea behind MiniSail is to capture the key and novel features of Sail in terms of their syntax,
typing rules and operational semantics, and to confirm that they work together by proving
progress and preservation lemmas. We use the Nominal2 library to handle binding.
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Chapter 1

Prelude

Some useful Nominal lemmas. Many of these are from Launchbury.Nominal-Utils.

1.1 Lemmas helping with equivariance proofs

lemma perm-rel-lemma:
assumes Amzy. r(m-z)(rm-y) = rzy
shows r (7w - z) (m - y) «— rzy (is 9l +— or)
by (metis (full-types) assms permute-minus-cancel(2))

lemma perm-rel-lemma2:
assumes Amzy. ray=r (r-2) (7-y)
shows rz y «— r (7 - z) (7 - y) (is 7l +— ?r)
by (metis (full-types) assms permute-minus-cancel(2))

lemma fun-equtl:

assumes f-equt[equt]: (A pz.p- (fz)=f (p- 2))
shows p - f = f by perm-simp rule

lemma equt-at-apply:
assumes equit-at f x
shows (p- f)z=fz
by (metis (opaque-lifting, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma equt-at-apply’”:
assumes equt-at f x
shows p-fz=f(p- 1)
by (metis (opaque-lifting, no-types) assms equt-at-def)

lemma equt-at-apply’”
assumes equt-at f
shows (p- f) (p-2)=f (p- )
by (metis (opaque-lifting, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma size-list-equt[equt]: p - size-list f x = size-list (p - f) (p - z)
proof (induction x)
case (Cons z zs)



have fz = p - (f x) by (simp add: permute-pure)

also have ... = (p - f) (p - z) by simp

with Cons

show ?case by (auto simp add: permute-pure)
qed simp

1.2 Freshness via equivariance

lemma equt-fresh-congl: (Ap z. p- (fz)=f(p-2)) = afz = affz
apply (rule fresh-fun-equt-applof f1)
apply (rule equtl)
apply (rule eg-reflection)
apply (rule ext)
apply (metis permute-fun-def permute-minus-cancel(1))
apply assumption
done

lemma equt-fresh-cong2:
assumes cqut: (Ap 7 9. p - (fzy) = (p - 7) (p - 9))
and freshl: o § = and fresh2: a § y
shows a § fz y
proof—
have equt (A (z,y). fz y)
using equt
apply (— , auto simp add: equt-def)
by (rule ext, auto, metis permute-minus-cancel(1))
moreover
have a £ (z, y) using freshl fresh2 by auto
ultimately
have a § (A (z,y). fz y) (z, y) by (rule fresh-fun-equt-app)
thus %thesis by simp
qed

lemma equt-fresh-star-congl:
assumes equt: (Apz.p- (fz)=f (p- x))
and freshl: a fi* x
shows a i fz
by (metis fresh-star-def equt-fresh-congl assms)

lemma equi-fresh-star-cong2:
assumes equt: (\p zy. p - (fz ) = f (9 2) (p - 1)
and freshl: a §* z and fresh2: a fix y
shows a % fz y
by (metis fresh-star-def equt-fresh-cong2 assms)

lemma equt-fresh-cong3:
assumes cqut: (Ap 2y 2 p- (foy2) =f (p-2) (0 9) (p - 2)
and freshl: a § x and fresh2: a § y and fresh3: a § z
shows a § fzx y 2
proof—
have equt (A (z,y,2). fz y 2)
using equt



apply (— , auto simp add: equit-def)
by (rule ext, auto, metis permute-minus-cancel(1))
moreover
have a § (z, y, z) using fresh! fresh2 freshd by auto
ultimately
have a § (A (z,y,2). fz y 2) (z, y, 2) by (rule fresh-fun-equt-app)
thus ?thesis by simp
qed

lemma equt-fresh-star-cong3:
assumes equt: (Apzyz.p- (fzyz)=f(p-2)(p-y) (p-2)
and freshl: a §* z and fresh2: a fix y and fresh3: a f* z
shows a fix fz y 2
by (metis fresh-star-def equt-fresh-cong3 assms)

1.3 Additional simplification rules

lemma not-self-fresh[simp): atom z § x <— False
by (metis fresh-at-base(2))

lemma fresh-star-singleton: { = } fx e «+— x f e
by (simp add: fresh-star-def)

1.4 Additional equivariance lemmas

lemma equt-cases:
fixes fz
assumes equi: Az. 7+ fz = f (7 - )
obtains fz f (- 2) |~ fz —f (7 - x)
using assms|[symmetric]
by (cases f x) auto

lemma range-equt: © - range Y = range (7w - Y)
unfolding image-equt UNIV-equt ..

lemma case-option-equt[equt]:
7 - case-option d f x = case-option (7w - d) (7 - f) (7 - x)
by(cases z)(simp-all)

lemma supp-option-equt:
supp (case-option d fz) C supp d U supp f U supp z
apply (cases z)
apply (auto simp add: supp-Some )
apply (metis (mono-tags) Un-iff subsetCE supp-fun-app)
done

lemma funpow-equt[simp,equt]:
m-((f'a="Tazpt) T"n)=(n-f) " (7-n)

by (induct n,simp, rule ext, simp, perm-simp,simp)

lemma delete-equt|equt]:



7 - AList.delete ¢ T' = AList.delete (w - z) (w - T)
by (induct T, auto)

lemma restrict-equt[equt]:
7 - AList.restrict S T' = AList.restrict (x - S) (w - T)
unfolding AList.restrict-eq by perm-simp rule

lemma supp-restrict:
supp (AList.restrict S T') C supp T’
by (induction T') (auto simp add: supp-Pair supp-Cons)

lemma clearjunk-equt]equt]:
7 - AList.clearjunk T' = AList.clearjunk (m - T')
by (induction T' rule: clearjunk.induct) auto

lemma map-ran-equt|equt]:
7w« map-ran f T' = map-ran (7 - f) (7 - T)
by (induct T', auto)

lemma dom-perm:
dom (w « f) =7 -« (dom f)
unfolding dom-def by (perm-simp) (simp)

lemmas dom-perm-rev[simp,equt] = dom-perm[symmetric]

lemma ran-perm][simp):
7 - (ran f) = ran (7 - f)
unfolding ran-def by (perm-simp) (simp)

lemma map-add-equt]equt]:
7w (ml +4+ m2) = (7 - ml) ++ (7 - m2)
unfolding map-add-def
by (perm-simp, rule)

lemma map-of-equt|equt]:
7+ map-of | = map-of (7 - 1)
by (induct l, simp add: permute-fun-def,simp,perm-simp,auto)

lemma concat-equt[equt]: 7 - concat | = concat (m + 1)
by (induction I)(auto simp add: append-equt)

lemma tranclp-equt[equt]: m « tranclp P vy vy = tranclp (m - P) (7w - v1) (7 + vg)
unfolding tranclp-def by perm-simp rule

lemma rtranclp-equtequt]: © « rtranclp P vy va = rtranclp (7 + P) (7« v1) (7 + vg)
unfolding rtranclp-def by perm-simp rule

lemma Set-filter-equt[equt]: 7 - Set.filter P S = Set.filter (w - P) (7 - 5)
by simp

lemma Sigma-equt’lequt]: m + Sigma = Sigma
apply (rule ext)



apply (rule ext)

apply (subst permute-fun-def)
apply (subst permute-fun-def)
unfolding Sigma-def

apply perm-simp

apply (simp add: permute-self)
done

lemma override-on-equt[equt]:
7« (override-on m1 m2 S) = override-on (w - m1) (w - m2) (w « S)
by (auto simp add: override-on-def )

lemma card-equt]equt]:
7« (card S) = card (7 - S)
by (cases finite S, induct rule: finite-induct) (auto simp add: card-insert-if mem-permute-iff permute-pure)

lemma Projl-permute:

assumes a: Jy. f = Inly

shows (p - (Sum-Type.projl f)) = Sum-Type.projl (p - f)
using a by auto

lemma Projr-permute:

assumes a: 3y. f = Inr y

shows (p - (Sum-Type.projr f)) = Sum-Type.projr (p - f)
using a by auto

1.5 Freshness lemmas

lemma fresh-list-elem:
assumes a § I’
and e € set T
shows a f e
using assms
by (induct T')(auto simp add: fresh-Cons)

lemma set-not-fresh:
x € set L = —(atom x § L)
by (metis fresh-list-elem not-self-fresh)

lemma pure-fresh-star[simp|: a fx (z :: 'a :: pure)
by (simp add: fresh-star-def pure-fresh)

lemma supp-set-mem: x € set L = supp © C supp L
by (induct L) (auto simp add: supp-Cons)

lemma set-supp-mono: set L C set L2 =—> supp L C supp L2
by (induct L)(auto simp add: supp-Cons supp-Nil dest:supp-set-mem)

lemma fresh-star-at-base:
fixes z :: ‘a :: at-base



shows S #x  «— atomz ¢ S
by (metis fresh-at-base(2) fresh-star-def)

1.6 Freshness and support for subsets of variables

lemma supp-mono: finite (B::'a::fs set) = A C B = supp A C supp B
by (metis infinite-super subset-Un-eq supp-of-finite-union)

lemma fresh-subset:
finite B=> x § (B :: ‘a::at-base set) = AC B=z 4 A
by (auto dest:supp-mono simp add: fresh-def)

lemma fresh-star-subset:
finite B=> x #{x (B :: ‘a::at-base set) = A C B= z fx A
by (metis fresh-star-def fresh-subset)

lemma fresh-star-set-subset:
z #x (B :: 'a:at-base list) = set A C set B = z tx A
by (metis fresh-star-set fresh-star-subset[OF finite-set])

1.7 The set of free variables of an expression

definition fv :: 'a::pt = ’b::at-base set
where fv e = {v. atom v € supp e}

lemma fu-equt[simp,equt]: © - (fve) = fu (7w - €)
unfolding fv-def by simp

lemma fu-Nil[simp]: fu [| = {}
by (auto simp add: fo-def supp-Nil)

lemma fu-Cons[simp]: fo (z # xs) = fuo x U fu s
by (auto simp add: fo-def supp-Cons)

lemma fv-Pair[simp]: fo (z, y) = foax U foy
by (auto simp add: fo-def supp-Pair)

lemma fv-append[simp]: fo (z Q y) = fox U foy
by (auto simp add: fo-def supp-append)

lemma fu-at-base[simp]: fv a = {a::'a::at-base}
by (auto simp add: fo-def supp-at-base)

lemma fv-pure[simp|: fv (a::’a::pure) = {}
by (auto simp add: fo-def pure-supp)

lemma fu-set-at-base[simp): fo (I :: (‘e :: at-base) list) = set |
by (induction 1) auto

lemma flip-not-fv: a ¢ foxe —= b ¢ fvx = (a <> b) -z =1
by (metis flip-def fresh-def fu-def mem-Collect-eq swap-fresh-fresh)

lemma fu-not-fresh: atom z § e +— z ¢ fve
unfolding fv-def fresh-def by blast

lemma fresh-fu: finite (fv e :: 'a set) = atom (x = (‘a:at-base)) § (fv e :: 'a set) «— atom z § e

10



unfolding fv-def fresh-def
by (auto simp add: supp-finite-set-at-base)

lemma finite-fo[simp]: finite (fv (e::'a::fs) = ('b::at-base) set)
proof—
have finite (supp e) by (metis finite-supp)
hence finite (atom —* supp e :: 'b set)
apply (rule finite-vimagel)
apply (rule inj-onlI)
apply (simp)
done
moreover
have (atom —* supp e :: 'b set) = fv e unfolding fuv-def by auto
ultimately
show ?thesis by simp
qed

definition fv-list :: 'a::fs = 'b::at-base list
where fv-list e = (SOME I. set | = fv e)

lemma set-fo-list[simp]: set (fv-list €) = (fv e :: ('b::at-base) set)
proof—

have finite (fv e :: 'b set) by (rule finite-fv)

from finite-list[OF finite-fv]

obtain [ where set | = (fv e :: 'b set)..

thus ?thesis

unfolding fv-list-def by (rule somel)

qed

lemma fresh-fv-list[simp]:
a tt (fv-list e :: 'b::at-base list) +— a ft (fv e :: 'b::at-base set)
proof—
have a § (fo-list e :: 'b::at-base list) <— a 4 set (fv-list e :: 'b::at-base list)
by (rule fresh-set[symmetric))
also have ... «— a # (fv e :: 'b::at-base set) by simp
finally show ?thesis.
qed

1.8 Other useful lemmas

lemma pure-permute-id: permute p = (A z. (z::'a::pure))
by rule (simp add: permute-pure)

lemma supp-set-elem-finite:
assumes finite S
and (m::’a::fs) € S
and y € supp m
shows y € supp S
using assms supp-of-finite-sets
by auto

lemmas fresh-star-Cons = fresh-star-list(2)

11



lemma mem-permute-set:
showsze€p:-S+— (—p-2)€Ss
by (metis mem-permute-iff permute-minus-cancel(2))

lemma flip-set-both-not-in:
assumes z ¢ S and 2z’ ¢ S
shows ((z' <> z) - S) =S
unfolding permute-set-def
by (auto) (metis assms flip-at-base-simps(3))+

lemma inj-atom: inj atom by (metis atom-eq-iff injl)
lemmas image-Int[OF inj-atom, simp]

lemma equt-uncurry: equt f = equt (case-prod f)
unfolding equt-def
by perm-simp simp

lemma supp-fun-app-equt2:
assumes a: equt f
shows supp (f z y) C supp x U supp y

proof—
from supp-fun-app-equt[OF equt-uncurry [OF al]
have supp (case-prod f (z,y)) C supp (z,y).
thus ?thesis by (simp add: supp-Pair)

qed

lemma supp-fun-app-equt3:
assumes a: equt f
shows supp (fz y z) C supp x U supp y U supp z
proof—
from supp-fun-app-equt2[OF equt-uncurry [OF a]
have supp (case-prod f (z,y) z) C supp (z,y) U supp z.
thus %thesis by (simp add: supp-Pair)
qed

lemma permaute-0[simpl: permute 0 = (X z. x)
by auto
lemma permute-comp[simp|: permute x o permute y = permute (z + y) by auto

lemma map-permute: map (permute p) = permute p
apply rule
apply (induct-tac x)
apply auto
done

lemma fresh-star-restrictA[intro]: a fx I' = a #x AList.restrict V. T'
by (induction T') (auto simp add: fresh-star-Cons)

lemma Abs-lst-Nil-eq[simp]: [[|]lst. (z::'a::fs) = [zs]lst. z’ +— (([l,z) = (s, ')

12



apply rule

apply (frule Abs-lst-fcb2[where f = XA zy - . (z,y) and as = [] and bs = xs and ¢ = ()])
apply (auto simp add: fresh-star-def)

done

lemma Abs-lst-Nil-eq2[simp]: [xs]lst. (z::'a::fs) = [[|)ist. 2’ +— ((zs,2) = ([], z'))
by (subst eg-commute) auto

lemma prod-cases8 [cases type]:
obtains (fields) a b c d e fgh where y = (a, b, ¢, d, e, f, g,h)
by (cases y, case-tac g) blast

lemma prod-induct8 [case-names fields, induct type]:
(Aabcdefgh P(a, b c,d e f,g, h)=— Pz
by (cases x) blast

lemma prod-cases9 [cases type]:
obtains (fields) a bcde fghiwherey = (a,b,c, d, e f, g,hi)
by (cases y, case-tac h) blast

lemma prod-induct9 [case-names fields, induct type]:
(NAabecdefghi.P(a, b, ¢, d e f, g h i) —=— Pz
by (cases x) blast

named-theorems nominal-prod-simps
named-theorems ms-fresh Facts for helping with freshness proofs

lemma fresh-prod2[nominal-prod-simps,ms-fresh]: £ (a,b) = (x f a Az £ b)
using fresh-def supp-Pair by fastforce

lemma fresh-prod3[nominal-prod-simps,ms-fresh|: z  (a,b,c) = (zfa ANz b Nztc)
using fresh-def supp-Pair by fastforce

lemma fresh-prods [nominal-prod-simps,ms-fresh]: (a,b,c,d) = (xfa Nzt b ANzfc ANzxfd)
using fresh-def supp-Pair by fastforce

lemma fresh-prod5[nominal-prod-simps,ms-fresh]: = § (a,b,c,dye) = (xfaAz b Naffc ANxtdA
ze)
using fresh-def supp-Pair by fastforce

lemma fresh-prod6[nominal-prod-simps,ms-fresh): « § (a,b,c,d,e,f) = (xfaNx b ANztc ANz g dA
zhenaxtf)
using fresh-def supp-Pair by fastforce

lemma fresh-prod7[nominal-prod-simps,ms-fresh]: x § (a,b,c,d,e,f,g) = (xaANz b ANztec Nztd
NzteNztfAztyg)
using fresh-def supp-Pair by fastforce

lemma fresh-prod8[nominal-prod-simps,ms-fresh|: « t (a,b,c,d,e,f,g.h) = (xfaNz b ANzdc Nzt

dNzteNztfAxztdgAzth)
using fresh-def supp-Pair by fastforce
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lemma fresh-prod9[nominal-prod-simps,ms-fresh]: = § (a,b,c,d,e,f,g.,h, i) = (xa Nzt b Nzfc ANz
gfdAhzfenztfAztgNhTcthAzdi)
using fresh-def supp-Pair by fastforce

lemma fresh-prod10[nominal-prod-simps,ms-fresh]: « § (a,b,c,d,e,f,g,h,i,j) = (xfaANx b ANzfc A
zfdANzieNcfAztigNhzthAzEiAzl))
using fresh-def supp-Pair by fastforce

lemma fresh-prod12[nominal-prod-simps,ms-fresh]: = § (a,b,c,d,e.f,g,h,i,j.k,1) = (xfaANax b ANzt
NefdNhazfeNcstfAztghaethAztiAnctiAnacthkAz]l)
using fresh-def supp-Pair by fastforce

lemmas fresh-prodN = fresh-Pair fresh-prod3 fresh-prod4 fresh-prods fresh-prod6 fresh-prod7 fresh-prod8
fresh-prod9 fresh-prod10 fresh-prod12

lemma fresh-prod2I:
fixes z and z! and z2
assumes z f z! and z § z2
shows z f (z1,22) using fresh-prod2 assms by auto

lemma fresh-prod3I:
fixes z and z! and z2 and z3
assumes z § 2! and z § z2 and z § z3
shows z f (z1,22,23) using fresh-prod3 assms by auto

lemma fresh-prodI:
fixes z and z1 and z2 and z3 and z/
assumes z f z! and z § 22 and z f z8 and z § z/
shows z t (z1,22,23,2/) using fresh-prod/ assms by auto

lemma fresh-prod5I:
fixes z and z1 and z2 and z3 and z/ and z5
assumes z f z1 and z f 22 and z § 28 and z { ©/ and z § z5
shows z f (z1,22,23,24,25) using fresh-prod5 assms by auto

lemma flip-collapse[simp]:
fixes b1::'a::pt and bvl::'b::at and bv2::'b::at
assumes atom bv2 § b1 and atom ¢ § (bvl,bv2,b1) and bvl # bv2
shows (bv2 < ¢) - (bvl <> bv2) - b1 = (bvl > ¢) - bl
proof —
have ¢ # bvl and bv2 # bvl using assms by auto+
hence (bv2 < ¢) + (bvl + bv2) + (bv2 < ¢) = (bvl > ¢) using flip-triple[of ¢ bvl bv2] flip-commute
by metis
hence (bv2 < ¢) - (bvl <> bv2) - (w2 < ¢) - bl = (bvl <> ¢) + bl using permute-plus by metis
thus ?thesis using assms flip-fresh-fresh by force
qed

lemma triple-equt[simpl:
pe(z,be)y=(@p-z, p-b,p-c)
proof —
have (z,b,c) = (z,(b,c)) by simp
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thus ?thesis using Pair-equt by simp
qed

lemma Ist-fst:
fixes z::’a::at and t1::'b::fs and z'::'a::at and t2::/c::fs
assumes ([[atom z]]lst. (t1,t2) = [[atom z')]lst. (¢1',t2))
shows ([[atom z]]ist. t1 = [[atom z']]Ist. t1”)
proof —
have (Vc. atom ¢ ¢ (12,t2") — atom ¢ § (z, 2/, t1, t1') — (x < ¢) - t1 = (z' < ¢) - t17)
proof (rule,rule,rule)
fix c::'a
assume atom ¢ § (t2,t2") and atom c £ (z, =/, t1, t17)
hence atom ¢ § (z, =/, (t1,t2), (t1',t2")) using fresh-prod2 by simp
thus (z <> ¢)« t1 = (z/ <> ¢) « t1’ using assms Absi-eq-iff-all(3) Pair-equt by simp
qed
thus ?thesis using Absi-eq-iff-all(3)[of z t1 z' t1' (t2,t27)] by simp
qed

lemma Ist-snd:
fixes z::’a::at and t1::'b::fs and z”:’a::at and t2::c::fs
assumes ([[atom z]|lst. (t1,t2) = [[atom z']]lst. (¢1',t2))
shows ([[atom z]]lst. t2 = [[atom z]]Ist. t27)
proof —
have (V. atom ¢ § (t1,t17) — atom ¢ § (z, =/, t2, t2) — (z <> ¢) - 12 = (z' <> ¢) - t27)
proof (rule,rule,rule)
fix c::'a
assume atom ¢ § (t1,t1') and atom c § (z, z’, t2, t2)
hence atom c  (z, z/, (¢t1,t2), (t1',t2')) using fresh-prod2 by simp
thus (z < ¢) -« t2 = (z/ < ¢) - t2' using assms Abs1-eq-iff-all(3) Pair-equt by simp
qged
thus ?thesis using Absi-eg-iff-all(3)[of = t2 z' 2’ (t1,t1")] by simp
qed

lemma Ist-head-cons-pair:
fixes y1::'a ::at and y2::’a::at and x1::'b::fs and x2::'b::fs and xs1:('b::fs) list and zs2::('b::fs) list
assumes [[atom y1]]lst. (x1 # xs1) = [[atom y2]|lst. (22 # 52)
shows [[atom y1]]lst. (z1,xs1) = [[atom y2]]lst. (22,252)
proof (subst Absi-eq-iff-all(3)[of y1 (x1,xs1) y2 (22,x52)],rule,rule,rule)
fix c::'a
assume atom ¢ § (z1#xsl,x2#xs2) and atom c § (y1, y2, (z1, xs1), 22, 1s2)
thus (yI < ¢) - (21, zs1) = (y2 < c) + (22, xs2) using assms Absl-eq-iff-all(3) by auto
qed

lemma [st-head-cons-neq-nil:
fixes y1::'a ::at and y2::’a::at and x1::'b::fs and x2::'b::fs and xs1:('b::fs) list and xs2::("b::fs) list
assumes [[atom y1]]lst. (1 # zs1) = [[atom y2]]lst. (xs2)
shows zs2 # ||
proof
assume as:zs2 = ||
thus Fulse using AbsI-eq-iff (3)[of y1 x1#uxsl y2 Nil] assms as by auto
qed
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lemma Ist-head-cons:
fixes y1::'a ::at and y2::’a::at and x1::'b::fs and x2::'b::fs and xs1::('b::fs) list and xs2::("b::fs) list
assumes [[atom y1]]lst. (z1 # xs1) = [[atom y2]|lst. (22 # zs2)
shows [[atom y1]]lst. z1 = [[atom y2]]lst. 2 and [[atom yl1]]lst. xs] = [[atom y2]]lst. xs2
using Ist-head-cons-pair lst-fst Ist-snd assms by metis+

lemma Ist-pure:
fixes x1::'a ::at and t1::'b::pure and z2::'a ::at and t2::'b::pure
assumes [[atom z1]]lst. t1 = [[atom z2]]lst. 12
shows t1=t2
using assms Absi-eq-iff-all(3) pure-fresh flip-fresh-fresh
by (metis Absl-eq(3) permute-pure)

lemma Ist-supp:

assumes [[atom z1]]lst. t1 = [[atom z2]]lst. t2
shows supp t1 — {atom z1} = supp t2 — {atom z2}
proof —

have supp ([[atom x1]]lst.t1) = supp ([[atom z2]]lst.t2) using assms by auto
thus ?thesis using Abs-finite-supp

by (metis assms empty-set list.simps(15) supp-lst.simps)
qed

lemma Ist-supp-subset:
assumes [[atom z1]]lst. t1 = [[atom z2]]lst. t2 and supp t1 C {atom z1} U B
shows supp t2 C {atom 22} U B
using assms lst-supp by fast

lemma projl-inl-equt:

fixes 7 :: perm

shows 7 - (projl (Inl z)) = projl (Inl (7 - z))
unfolding projl-def Inl-equt by simp

end
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Chapter 2

Syntax

Syntax of MiniSail programs and the contexts we use in judgements.

2.1 Program Syntax

2.1.1 AST Datatypes

type-synonym num-nat = nat

atom-decl z
atom-decl u
atom-decl bv

type-synonym f = string
type-synonym dc = string
type-synonym tyid = string

Basic types. Types without refinement constraints

nominal-datatype b =
B-int | B-bool | B-id tyid

| B-pair b b (<[ -, -]»)
| B-unit | B-bitvec | B-var bv
| B-app tyid b

nominal-datatype bit = BitOne | BitZero

Literals

nominal-datatype [ =
L-num int | L-true | L-false | L-unit | L-bitvec bit list

Values. We include a type identifier, tyid, in the literal for constructors to make typing and
well-formedness checking easier

nominal-datatype v =
V-lit 1 (<[ -1")
| V-var z (<[ -]")
| Vepair v (<[ -, - 1)
| V-cons tyid dc v
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| V-consp tyid dc b v
Binary Operations
nominal-datatype opp = Plus ( «plus)) | LEq (<leqy) | Eq (<eq»)

Expressions

nominal-datatype e =
AE-val v (<-1% )

| AB-app fvo  (<[-(-)]9)

| AE-appP fbo (<[-[-](-)]%)

| AE-op opp v v («[---] )

| AE-concat v v (([-@@-]%)
| AE-fst v (J#I-1 )

| AE-snd v (<[#2-1 )

| AE-mvar u (<[ -] )

| AE-len v (-1 )

| AE-splitvv (<« -/-1% )

Expressions for constraints

nominal-datatype ce =

CE-val v (<[ -] )

| CE-op opp ce ce (<[ - --] > )

| CE-concat ce ce («-@@ -1 )

| CE-fst ce ( <[#1]°® )

| CE-snd ce ( <[#2-]°® )

| CE-len ce (<[] -1 )
Constraints

nominal-datatype ¢ =
C-true («TRUE» [] 50)
| C-false ( <FALSE» [] 50 )
| C-conj c ¢ («- AND - [50, 50] 50)
| C-disj c ¢ («- OR - > [50,50] 50)
| C-not ¢ («—->1]50)
| C-imp c c (- IMP - [50, 50] 50)
| C-eq ce ce (x- == - [50, 50] 50)

Refined types
nominal-datatype 7 =

T-refined-type x:x b c:c binds zinc ( -:- | - [ [50, 50] 1000)
Statements

nominal-datatype

S =

AS-val v (<[]%»)

| AS-let x::x e si:sbinds zins  ( «(LET -=-IN -)»)

| AS-let2 x::x 7 ssusbinds zin s («((LET -:-= - 1IN -)»)

| AS-ifvs s ( «(IF - THEN - ELSE -)) [0, 61, 0] 61)
| AS-var vi:u 7 vs:s binds uins ( (VAR -:-=-1IN-)»)

| AS-assign u v («(-u= -)>)

| AS-match v branch-list («(MATCH - WITH { - })»)
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| AS-while s s («(WHILE - DO { -} )» [0, 0] 61)
| AS-seq s s (<«(-3-) [1000, 61] 61)
| AS-assert ¢ s ( <(ASSERT - IN - )» )
and branch-s =
AS-branch dc z::x si:sbinds zins («(--=-))
and branch-list =
AS-final branch-s (q{-p)
| AS-cons branch-s branch-list («(-1-)»n)

Function and union type definitions
nominal-datatype fun-typ =

AF-fun-typ x::x b ci:c 77 sus binds z in ¢ T s

nominal-datatype fun-typ-q =
AF-fun-typ-some buv::bv ft::fun-typ binds bv in ft
| AF-fun-typ-none fun-typ

nominal-datatype fun-def = AF-fundef f fun-typ-q

nominal-datatype type-def =
AF-typedef string (string * 7) list
| AF-typedef-poly string bv::bv dclist::(string * 7) list binds bv in dclist

lemma check-typedef-poly:
AF-typedef-poly "option’ bv [ (""None', { zz : B-unit | TRUE |}), (""Some", {| zz : B-var bv | TRUE

H1=
AF-typedef-poly "option’ bv2 | (""None', { zz : B-unit | TRUE |}), (""Some"”, { 2z : B-var bv2 |
TRUE }) |
by auto

nominal-datatype var-def = AV-defu T v

Programs

nominal-datatype p =
AP-prog type-def list fun-def list var-def list s ({\PROG - - - -»)

declare l.supp [simp] v.supp [simp] e.supp [simp] s-branch-s-branch-list.supp [simp] T.supp [simp]
c.supp [simp] b.supp|simp]

2.1.2 Lemmas

These lemmas deal primarily with freshness and alpha-equivalence

Atoms

lemma z-not-in-u-atoms[simp):
fixes u:u and z::z and us::u set
shows atom x ¢ atom‘us
by (simp add: image-iff)

lemma z-fresh-u[simp]:
fixes u:u and z::x
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shows atom = § u
by auto

lemma z-not-in-b-set[simpl:
fixes z::xz and bs:bv fset
shows atom z ¢ supp bs
by (induct bs,auto, simp add: supp-finsert supp-at-base)

lemma z-fresh-b[simp):
fixes z::z and b::b
shows atom = § b
apply (induct b rule: b.induct, auto simp: pure-supp)
using pure-supp fresh-def by blast+

lemma z-fresh-bv[simp):
fixes z::x and bv:bv
shows atom z § bv
using fresh-def supp-at-base by auto

lemma u-not-in-z-atoms[simpl:
fixes ui:w and z::x and zs:z set
shows atom u ¢ atom‘cs
by (simp add: image-iff)

lemma bv-not-in-z-atoms[simpl:
fixes bv::bv and z::x and zs:z set
shows atom bv ¢ atom‘xs
by (simp add: image-iff)

lemma u-not-in-b-atoms[simpl:
fixes b :: b and u::u
shows atom u ¢ supp b
by (induct b rule: b.induct,auto simp: pure-supp supp-at-base)

lemma u-not-in-b-set[simp):
fixes wu::u and bs::bv fset
shows atom u ¢ supp bs
by (induct bs, auto simp add: supp-at-base supp-finsert)

lemma u-fresh-b[simp]:
fixes z::u and b::b
shows atom z £ b
by (induct b rule: b.induct, auto simp: pure-fresh )

lemma supp-b-v-disjoint:
fixes z::x and bv::bv
shows supp (V-var z) N supp (B-var bv) = {}
by (simp add: supp-at-base)

lemma supp-b-u-disjoint[simp):

fixes b::b and u::u
shows supp u N supp b = {}
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by(nominal-induct b rule:b.strong-induct,(auto simp add: pure-supp b.supp supp-at-base)+)

lemma u-fresh-bv[simp]:
fixes wu:w and b::bv
shows atom u t b
using fresh-at-base by simp

Basic Types

nominal-function b-of :: 7 = b where
bof {z:b|cl=0b
apply(auto,simp add: equt-def b-of-graph-auz-def )
by (meson T.exhaust)
nominal-termination (equt) by lexicographic-order

lemma supp-b-empty|simp]:
fixes b :: b and z::x
shows atom x ¢ supp b
by (induct b rule: b.induct, auto simp: pure-supp supp-at-base x-not-in-b-set)

lemma flip-b-id[simp]:
fixes z::x and b::b
shows (z <> z’) - b =0
by (rule flip-fresh-fresh, auto simp add: fresh-def)

lemma flip-2-b-cancel[simpl:
fixes z::x and y::z and b::b and bv::bv
shows (z <> y) - b= b and (z < y) - bv = bv
using flip-b-id apply simp
by (metis b.eq-iff (7) b.perm-simps(7) flip-b-id)

lemma flip-bv-a-cancel[simp):
fixes bv::bv and z::bv and z::z
shows (bv « 2) - © = x using flip-fresh-fresh|of bv z 2] fresh-at-base by auto

lemma flip-bu-u-cancel[simp]:
fixes bv::bv and z::bv and z::u
shows (bv ¢ z) - © = z using flip-fresh-fresh|of bv z 2] fresh-at-base by auto

Literals

lemma supp-bitvec-empty:

fixes bv::bit list

shows supp bv = {}
proof (induct bv)

case Nil

then show ?case using supp-Nil by auto
next

case (Cons a bv)

then show ?case using supp-Cons bit.supp

by (metis (mono-tags, opaque-lifting) bit.strong-ezhaust l.supp(5) sup-bot.right-neutral)

qed

21



lemma bitvec-pure[simpl:
fixes bv::bit list and z::x
shows atom z f bv using fresh-def supp-bitvec-empty by auto

lemma supp-l-empty[simp):
fixes I:: [
shows supp (V-lit [) = {}
by (nominal-induct  rule: l.strong-induct,
auto simp add: l.strong-exhaust pure-supp v.fv-defs supp-bitvec-empty)

lemma type-l-nosupp|simpl:
fixes z::z and [::]
shows atom x ¢ supp ({ z: b | [[2]"]°® == [[]"]°° |})
using supp-at-base supp-l-empty ce.supp(1) c.supp T.supp by force

lemma flip-bitvecO:
fixes z::bit list
assumes atom ¢ i (2, z, 2')
shows (z & ¢)-z=(2"<¢) -z
proof —
have atom z ff z and atom 2z’ { x
using flip-fresh-fresh assms supp-bitvec-empty fresh-def by blast+
moreover have atom c ff = using supp-bitvec-empty fresh-def by auto
ultimately show ?thesis using assms flip-fresh-fresh by metis
qed

lemma flip-bitvec:
assumes atom c t (z, L-bitvec x, 2')
shows (z < ¢)cz=(2" < ¢) -z
proof —
have atom z § z and atom 2’ f x
using flip-fresh-fresh assms supp-bitvec-empty fresh-def by blast+
moreover have atom c ff © using supp-bitvec-empty fresh-def by auto
ultimately show ?thesis using assms flip-fresh-fresh by metis
qed

lemma type-l-eq:
shows { z: b | [[z]]c == [V-litl]c } = ({ 2":b | [[2]"]°c == [V-lit ]]°c |})
by (auto,nominal-induct | rule: l.strong-induct,auto, metis permute-pure, auto simp add: flip-bitvec)

lemma flip-i-eq:
fixes x::l
shows (z < ¢)-z=(2"<¢) -z
proof —
have atom z ff x and atom c f x and atom 2z’ § x
using flip-fresh-fresh fresh-def supp-l-empty by fastforce+
thus ?thesis using flip-fresh-fresh by metis
qed

lemma flip-l-eq1:
fixes z::l

assumes (z ¢ ¢)-z= (2" ¢) -z’
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shows 2z’ =z
proof —
have atom z ff x and atom ¢ f ' and atom ¢ §f x and atom 2’ § =
using flip-fresh-fresh fresh-def supp-l-empty by fastforce+
thus “thesis using flip-fresh-fresh assms by metis
qed

!

Types

lemma flip-base-eq:
fixes b::b and z::xz and y::x
shows (z <> y) - b=0
using b.fresh by (simp add: flip-fresh-fresh fresh-def)

Obtain an alpha-equivalent type where the bound variable is fresh in some term t

lemma has-fresh-z0:
fixes t::'b:fs
shows Jz. atom z § (¢;)N{z" b | P ={z:0|(z¢2"):-c])
proof —
obtain z::z where fr: atom z f (¢’,t) using obtain-fresh by blast
moreover hence ({ z': b | /) ={z:0|(ze2)-c}})
using 7.eq-iff Absl-eq-iff
by (metis flip-commute flip-fresh-fresh fresh-PairD(1))
ultimately show ?thesis by fastforce
qed

lemma has-fresh-z:
fixes ¢::'b::fs
shows Jzbc. atomzttANT={z:b]|c]|

proof —
obtain 2z’ and b and ¢’ where teq: 7 = ({ z': b | ¢’ |}) using 7.ezhaust by blast
obtain z::z where fr: atom z § (t,¢’) using obtain-fresh by blast
hence ({z':b | ') ={ z:b| (24 2)-c'|}) using 7.eq-iff Absi-eq-iff

flip-commute flip-fresh-fresh fresh-PairD(1) by (metis fresh-PairD(2))

hence atom z § t A7 = ({ 2:b| (24 2') - ¢'|}) using fr teq by force
thus “thesis using teq fr by fast

qed

lemma obtain-fresh-z:
fixes t::'b::fs
obtains z and b and ¢ where atom z§t AT ={z:b]|c}
using has-fresh-z by blast

lemma has-fresh-z2:
fixes t::'b::fs
shows 3z c. atomzft A7 ={z:b-of 7| c|
proof —
obtain z and b and ¢ where atom z § t A7 ={ z:b| c | using obtain-fresh-z by metis
moreover then have b-of 7 = b using 7.eq-iff by simp
ultimately show ?thesis using obtain-fresh-z T.eq-iff by auto
qed

lemma obtain-fresh-z2:
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fixes t::'b:fs
obtains z and ¢ where atom z § t AT ={ z:b-of T|c|
using has-fresh-z2 by blast

Values

lemma u-notin-supp-v[simp):

fixes u::u and v::v

shows atom u ¢ supp v
proof (nominal-induct v rule: v.strong-induct)

case (V-lit I)

then show ?case using supp-l-empty by auto
next

case (V-var z)

then show ?Zcase

by (simp add: supp-at-base)

next

case (V-pair vl v2)

then show ?Zcase by auto
next

case (V-cons tyid list v)

then show ?case using pure-supp by auto
next

case (V-consp tyid list b v)

then show ?Zcase using pure-supp by auto
qed

lemma u-fresh-zv[simpl:
fixes u::u and z::z and v::v
shows atom u § (z,v)
proof —
have atom u § = using fresh-def by fastforce
moreover have atom u § v using fresh-def u-notin-supp-v by metis
ultimately show ?thesis using fresh-prod2 by auto
qed

Part of an effort to make the proofs across inductive cases more uniform by distilling the non-
uniform parts into lemmas like this

lemma v-flip-eq:
fixes v::v and va::v and z::z and c:z
assumes atom ¢ § (v, va) and atom c § (z, za, v, va) and (z < ¢) + v = (
shows ((v= V-litl — 3. va= V-lit ' N (x4 ¢)-1=(za+ c) 1))
((v=V-vary — (Fy". va=Vwary' A (z < ¢)-y=(za+c)-y"))) A
((v = V-pair vone vtwo — (Fvl’ v2'. va = V-pair vi’ v2' A (z < ¢) - vone = (za <> ¢) - v1’
A (x> ¢) - vtwo = (za + ¢) - v2'))) A
((v = V-cons tyid dc vone — (Jvl'. va = V-cons tyid dc vI'A (x <> ¢) - vone = (za <> ¢) -
01)) A
((v = V-consp tyid dc b vone — (Fvl’. va = V-consp tyid dc b vI’A (z < ¢) - vone = (za
c) + vl)))
using assms proof(nominal-induct v rule:v.strong-induct)
case (V-lit I)
then show Zcase using assms v.perm-simps
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empty-iff flip-def fresh-def fresh-permute-iff supp-l-empty swap-fresh-fresh v.fresh
by (metis permute-swap-cancel2 v.distinct)
next
case (V-var z)
then show ?case using assms v.perm-simps
empty-iff flip-def fresh-def fresh-permute-iff supp-l-empty swap-fresh-fresh v.fresh
by (metis permute-swap-cancel2 v.distinct)
next
case (V-pair vl v2)
have (V-pair vl v2 = V-pair vone vtwo — (Fv1’ v2'. va = V-pair v’ v2’' A (z <> ¢) - vone = (za
< c)-vl’'A(z 4 ) - vtwo = (za + ¢) - v2')) proof
assume V-pair v1 v2= V-pair vone vtwo
thus (Jv1’ v2'". va = V-pair v’ v2' A (z < ¢) - vone = (za <> ¢) « v1' A (z ¢ ¢) » viwo = (za
~c) - v2)
using V-pair assms
by (metis (no-types, opaque-lifting) flip-def permute-swap-cancel v.perm-simps(3))
ged
thus ?case using V-pair by auto
next
case (V-cons tyid dc vl)
have (V-cons tyid dc vi = V-cons tyid dc vone — (3 vl'. va = V-cons tyid dc vl’' A (z + ¢) -
vone = (za < ¢) - vl’)) proof
assume as: V-cons tyid dc vl = V-cons tyid dc vone
hence (z <> ¢) + (V-cons tyid dc vone) = V-cons tyid dc ((z <> ¢) + vone) proof —
have (z + ¢) - dc = dc using pure-permute-id by metis
moreover have (z < ¢) - tyid = tyid using pure-permute-id by metis
ultimately show ?thesis using v.perm-simps(4) by simp
qed
then obtain v!’ where (za <> ¢) - va = V-cons tyid dc v1' A (z <> ¢) - vone = v1’ using assms
V-cons
using as by fastforce
hence wva = V-cons tyid de ((za < ¢) - v1’) A (z + ¢) - vone = vl’ using permute-flip-cancel
empty-iff flip-def fresh-def supp-b-empty swap-fresh-fresh
by (metis pure-fresh v.perm-simps(4))

thus (Jv1’. va = V-cons tyid dc v’ A (z <> ¢) - vone = (za <> ¢) - v1’)
using V-cons assms by simp
qed
thus ?case using V-cons by auto
next
case (V-consp tyid dc b v1)
have (V-consp tyid dc b vi = V-consp tyid dc b vone — (3 vl’. va = V-consp tyid de b vi’' A (z
< ¢) - vone = (za + ¢) - vl’)) proof
assume as: V-consp tyid dc b vl = V-consp tyid dc b vone
hence (z + ¢) + (V-consp tyid dc b vone) = V-consp tyid dc b ((z < ¢) - vone) proof —
have (z > ¢) - dc = dc using pure-permute-id by metis
moreover have (z « ¢) - tyid = tyid using pure-permute-id by metis
ultimately show ?thesis using v.perm-simps(4) by simp
qged
then obtain v!’ where (za <+ ¢) - va = V-consp tyid dc b v1’ A (z <> ¢) - vone = v1’ using assms
V-consp
using as by fastforce
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hence wva = V-consp tyid dc b ((za <> ¢) - v1') A (z <> ¢) - vone = v’ using permute-flip-cancel
empty-iff flip-def fresh-def supp-b-empty swap-fresh-fresh
pure-fresh v.perm-simps
by (metis (mono-tags, opaque-lifting))
thus (Jvl’. va = V-consp tyid dc b vl’ A (z < ¢) - vone = (za < ¢) - v1')
using V-consp assms by simp
qged
thus ?case using V-consp by auto
qed

lemma flip-eq:

fixes z::x and za::x and s::’a::fs and sa::'a:fs

assumes (Vc. atom c § (s, sa) — atom ¢ § (z, za, s, sa) — (z <> ¢) + s = (za <> ¢) - sa) and z
#+ za

shows (z <> za) - s = sa
proof —

have ([[atom z]]lst. s = [[atom za]]lst. sa) using assms Absi-eq-iff-all by simp

hence (za =2 A sa=sV za# z A sa= (za<> x) s A atom za § s) using assms AbsI-eq-iff[of
za sa z S| by simp

thus ?thesis using assms

by (metis flip-commute)

qed

lemma swap-v-supp:

fixes v::v and d::z and z::z

assumes atom d f v

shows supp ((z <> d ) - v) C supp v — { atom z } U { atom d}

using assms
proof(nominal-induct v rule:v.strong-induct)

case (V-lit )

then show ?Zcase using [.supp by (metis supp-l-empty empty-subsetl [.strong-exhaust pure-supp
supp-equt v.supp)
next

case (V-var x)

hence d # x using fresh-def by fastforce

thus ?case apply(cases z = z) using supp-at-base V-var «d#x» by fastforce+
next

case (V-cons tyid dc v)

show ?case using v.supp(4) pure-supp

using V-cons.hyps V-cons.prems fresh-def by auto

next

case (V-consp tyid dc b v)

show ?case using v.supp(4) pure-supp

using V-consp.hyps V-consp.prems fresh-def by auto

qed(force+)

Expressions

lemma swap-e-supp:
fixes e::e and d::x and z::z
assumes atom d § e
shows supp ((z > d ) - e) C supp e — { atom z } U { atom d}
using assms
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proof (nominal-induct e rule:e.strong-induct)
case (AE-val v)
then show ?Zcase using swap-v-supp by simp
next
case (AFE-app f v)
then show ?case using swap-v-supp by (simp add: pure-supp)
next
case (AE-appP b f v)
hence df: atom d § v using fresh-def e.supp by force
have supp ((z <> d ) - (AE-appP b fv)) = supp (AE-appP b f ((z <> d ) - v)) using e.supp
by (metis b.eq-iff (3) b.perm-simps(3) e.perm-simps(3) flip-b-id)
also have ... = supp b U supp f U supp ((z <> d ) - v) using e.supp by auto
also have ... C supp b U supp f U supp v — { atom z } U { atom d} using swap-v-supp[OF df]
pure-supp by auto
finally show ?case using e.supp by auto
next
case (AE-op opp vl v2)
hence df: atom d § vl A atom d § v2 using fresh-def e.supp by force
have ((z <» d ) - (AE-op opp vl v2)) = AE-op opp ((z <> d) - vl) ((z > d ) - v2) using
e.perm-simps flip-commute opp.perm-simps AE-op opp.strong-exhaust pure-supp
by (metis (full-types))

hence supp ((z <> d) - AE-op opp vl v2) = supp (AE-op opp ((z <> d) -v1) ((z > d) -v2)) by simp
also have ... = supp ((z > d) -v1) U supp ((z <> d) -v2) using e.supp
by (metis (mono-tags, opaque-lifting) opp.strong-exhaust opp.supp sup-bot.left-neutral)
also have ... C (supp v — { atom z } U { atom d}) U (supp v2 — { atom z } U { atom d}) using
swap-v-supp AE-op df by blast
finally show ?case using e.supp opp.supp by blast
next
case (AE-fst v)
then show ?case using swap-v-supp by auto
next
case (AE-snd v)
then show ?case using swap-v-supp by auto
next
case (AE-mvar u)
then show ?case using
Diff-empty Diff-insert0 Un-upperl atom-z-sort flip-def flip-fresh-fresh fresh-def set-eq-subset supp-equt
swap-set-in-eq
by (metis sort-of-atom-eq)
next
case (AE-len v)
then show Zcase using swap-v-supp by auto
next
case (AE-concat vl v2)
then show ?case using swap-v-supp by auto
next
case (AE-split vl v2)
then show Zcase using swap-v-supp by auto
qed

lemma swap-ce-supp:
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fixes e::ce and d::z and z:z
assumes atom d § e
shows supp ((z <» d ) - €) C supp e — { atom z } U { atom d}
using assms
proof (nominal-induct e rule:ce.strong-induct)
case (CE-val v)
then show ?case using swap-v-supp ce.fresh ce.supp by simp
next
case (CE-op opp vl v2)
hence df: atom d § vl A atom d § v2 using fresh-def e.supp by force
have ((z <+ d ) - (CE-op opp vl v2)) = CE-op opp ((z > d ) - vl) ((z > d ) - v2) using
ce.perm-simps flip-commute opp.perm-simps CE-op opp.strong-exhaust x-fresh-b pure-supp
by (metis (full-types))

hence supp ((z ¢+ d) - CE-op opp vl v2) = supp (CE-op opp ((z <> d) -v1) ((z ¢ d) -v2)) by simp
also have ... = supp ((z & d) -v1) U supp ((z < d) -v2) using ce.supp
by (metis (mono-tags, opaque-lifting) opp.strong-exhaust opp.supp sup-bot.left-neutral)
also have ... C (supp v — { atom z } U { atom d}) U (supp v2 — { atom z } U { atom d}) using
swap-v-supp CE-op df by blast
finally show ?case using ce.supp opp.supp by blast
next
case (CE-fst v)
then show ?case using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-snd v)
then show Zcase using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-len v)
then show ?case using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-concat vl v2)
then show ?Zcase using ce.supp ce.fresh swap-v-supp ce.perm-simps
proof —
have Vz v za. = atom (x::z) § (viiv) V supp ((za < z) + v) C supp v — {atom za} U {atom z}
by (meson swap-v-supp)
then show ?thesis
using CE-concat ce.supp by auto
qed
qed

lemma swap-c-supp:
fixes c::c and d::z and z::z
assumes atom d § ¢
shows supp ((z <> d ) - ¢) C supp ¢ — { atom z } U { atom d}
using assms
proof (nominal-induct ¢ rule:c.strong-induct)
case (C-eq el e2)
then show ?Zcase using swap-ce-supp by auto
qged(auto+)

lemma type-e-eq:
assumes atom z § e and atom 2z’ { e
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shows § 2 b | [[)¢ == e} = (1 25 b | [2F] == e })
by (auto,metis (full-types) assms(1) assms(2) flip-fresh-fresh fresh-PairD(1) fresh-PairD(2))

lemma type-e-eq2:
assumes atom z £ e and atom 2z’ f e and b=0b’
shows { z:b | [[2]']“==¢e[f=({2":0" | [2]']“==¢])

using assms type-e-eq by fast

lemma e-flip-eq:
fixes e::e and ea::e
assumes atom c f (e, ea) and atom c § (z, za, e, ea) and (z <> ¢) - e = (za < ¢) - ea
shows (e = AE-val w — (Jw’. ea = AFE-val w' A (z <> ¢) - w = (za + ¢) - w')) V
(e = AE-op opp vl v2 — (vl v2'. ea = AS-0p opp v1' v2' A (z + ¢) - vl = (za + ¢) - v1’)
ANz c)v2=(za<>c):v2)V
(e = AE-fst v — (v’ ea = AE-fst v/ A (z < ¢) - v = (za + ¢) - V') V
(e = AE-snd v — (v’ ea = AE-snd v/ A (x > ¢) - v = (za < ¢) - v)) V
(e = AE-len v — (Jv’. ea = AE-len v/ A (x > ¢) - v = (za < ¢) - v)) V
(e = AE-concat vl v2 — (vl v2'. ea = AS-concat v1' v2' A (x < ¢) + vl = (za < ¢) - v1’)
ANz c)v2=(za<c) v2)V
(e = AE-app fv — (3v'. ea = AE-app f v' A (z <> ¢) - v = (za < ¢) - V')
by (metis assms e.perm-simps permute-flip-cancel2)

lemma fresh-opp-all:
fixes opp::opp
shows z § opp
using e.fresh opp.exhaust opp.fresh by metis

lemma fresh-e-opp-all:
shows (z § v A 2z v2) = 2§ AE-op opp vl v2
using e.fresh opp.exhaust opp.fresh fresh-opp-all by simp

lemma fresh-e-opp:
fixes z::x
assumes atom z § vl A atom z § v2
shows atom z § AFE-op opp vl v2
using e.fresh opp.ezhaust opp.fresh opp.supp by (metis assms)

Statements

lemma branch-s-flip-eq:
fixes v::v and wva::v
assumes atom ¢ £ (v, va) and atom ¢ § (x, za, v, va) and (z > ¢) - s = (za < ¢) - sa
shows (s = AS-val w — (3w’ sa = AS-val w' A (z < ¢) - w = (za + ¢) - w')) V
(s = AS-seq s1 s2 — (s1’ 2’ sa = AS-seq s1' s2' N (x <> ¢) » s1 = (wa < ¢) - s1') A (z
“—c)-82=(za>c)-s2)V
(s = AS-if v sl s2 — (Fv' s1' s2'. sa = AS-if seq s1' s2' N (z <> ¢) - s1 = (za <> ¢) - s1') A
(zc)-s2=(rarc)-s2'N(x¢c):c=(za$c)-0)
by (metis assms s-branch-s-branch-list.perm-simps permute-flip-cancel2)
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2.2 Context Syntax

2.2.1 Datatypes

Type and function/type definition contexts

type-synonym & = fun-def list
type-synonym O = type-def list
type-synonym B = bv fset

datatype I' =
GNil
| GCons zxbxc T (infixr «#r> 65)

datatype A =
DNil («[]a»)
| DCons uxt A (infixr #a> 65)

2.2.2 Functions and Lemmas

lemma TI'-induct [case-names GNil GCons| : P GNil = (Az b c¢T'. PT' = P ((z,b,c) #r T'')) =
pPT
proof (induct T' rule:T.induct)
case GNil
then show ?Zcase by auto
next
case (GCons x1 z2)
then obtain z and b and ¢ where z1=(xz,b,c) using prod-cases3 by blast
then show ?case using GCons by presburger
qed

instantiation A :: pt
begin

primrec permute-A
where
DNil-equt: p - DNil = DNil
| DCons-equt: p - (x #a x8) = p + x #a p - (z5:A)

instance by standard (induct-tac [\] z, simp-all)
end

lemmas [equt] = permute-A.simps

lemma A-induct [case-names DNil DCons] : P DNil = (Aut A". P A’ = P ((u,t) #a A')) = P
A
proof (induct A rule: A.induct)
case DNil
then show ?Zcase by auto
next
case (DCons x1 22)
then obtain v and ¢ where z1=(u,t) by fastforce
then show ?case using DCons by presburger
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qed

lemma ®-induct [case-names PNil PConsNone PConsSome] : P [| = (AfzbecT s ®. PO = P
((AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ 7 s'))) # ®')) =
(ANfbvzber s'®. PO = P ((AF-fundef f
(AF-fun-typ-some bv (AF-fun-typ x b ¢ T s)) # ®')) — P P
proof (induct ® rule: list.induct)
case Nil
then show ?Zcase by auto
next
case (Cons z1 z2)
then obtain f and ¢ where ft: 1 = (AF-fundef f t)
by (meson fun-def.exhaust)
then show Zcase proof(nominal-induct t rule:fun-typ-q.strong-induct)
case (AF-fun-typ-some bv ft)
then show ?case using Cons ft
by (metis fun-typ.ezhaust)
next
case (AF-fun-typ-none ft)
then show ?case using Cons ft
by (metis fun-typ.ezhaust)
qed
qed

lemma ©-induct [case-names TNil AF-typedef AF-typedef-poly] : P [| = (A\tid dclist ©'. P ©' = P
((AF-typedef tid dclist) # ©')) =
(A\tid bv dclist ©'. P ©' = P ((AF-typedef-poly

tid bv dclist ) # ©')) = P ©
proof (induct © rule: list.induct)

case Nil

then show ?Zcase by auto
next

case (Cons td T)

show ?case by(cases td rule: type-def.exhaust, (simp add: Cons)+)
qed

instantiation I' :: pt
begin

primrec permute-I"
where
GNil-equt: p + GNil = GNil
| GCons-equt: p - (x #r xs) = p - x #r p - (zs:T)

instance by standard (induct-tac [\] x, simp-all)
end

lemmas [equt] = permute-T".simps
lemma G-cons-equt][simp]:

fixes I'::T
shows p - (2,b,¢) #0 T) = ((p- @, p-b,p-c) #r (p-T ) (is 74 = 7B
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using Cons-equt triple-equt supp-b-empty by simp

lemma G-cons-flip[simp]:
fixes z::x and I'::T

shows (z<z') - ((z")b,c) #r T) = ((ze2') - 2, b, (z2)) - ¢) #r ((zez)) -

using Cons-equt triple-equt supp-b-empty by auto

lemma G-cons-flip-fresh[simp]:
fixes z:z and I':T
assumes atom z § (¢,I') and atom z' § (¢,I)
shows (zez') - ((z/,b,e) #r T) = ((z, b,c) #r T)
using G-cons-flip flip-fresh-fresh assms by force

lemma G-cons-flip-fresh?2[simp]:
fixes z:z and I':T
assumes atom z § (¢,I') and atom z' § (¢,T)
shows (z<z') - ((z,b,c) #r T) = ((&/;, b, c) #r 1)
using G-cons-flip flip-fresh-fresh assms by force

lemma G-cons-flip-fresh3|[simp]:
fixes z:z and I':T
assumes atom z f I and atom z' § T
shows (z¢z') - ((z,b,c) #1r T) = ((z, b, (x<z) - ¢) #r T)
using G-cons-flip flip-fresh-fresh assms by force

lemma negq-GNil-conv: (xs # GNil) = (3y ys. zs = y #r ys)
by (induct xs) auto

nominal-function toList :: I' = (axbxc) list where
toList GNil = ||
| toList (GCons xzbc G) = xbc#(toList G)
apply (auto, simp add: equt-def toList-graph-auz-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt)
by lexicographic-order

nominal-function toSet :: I' = (zxbxc) set where
toSet GNil = {}
| toSet (GCons xzbc G) = {xbc} U (toSet G)
apply (auto,simp add: equt-def toSet-graph-auz-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt)
by lexicographic-order

nominal-function append-g :: ' = I' = T (infixr <@) 65) where
append-g GNil g = g
| append-g (zbe #r g1) g2 = (zbe #r (91Qg2))
apply (auto,simp add: equt-def append-g-graph-aux-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt) by lexicographic-order

nominal-function dom :: I' = z set where
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dom T' = (fst‘ (toSet T'))
apply auto
unfolding equt-def dom-graph-aux-def Ifp-equt toSet.equt by simp
nominal-termination (equt) by lexicographic-order

Use of this is sometimes mixed in with use of freshness and support for the context however it
makes it clear that for immutable variables, the context is ‘self-supporting’

nominal-function atom-dom :: T' = atom set where
atom-dom I' = atom‘(dom T)
apply auto

unfolding equt-def atom-dom-graph-auz-def lfp-equt toSet.equt by simp
nominal-termination (equt) by lexicographic-order

2.2.3 Immutable Variable Context Lemmas

lemma append-GNil[simp]:
GNil@ G =G
by simp

lemma append-g-toSetU [simp]: toSet (G1QG2) = toSet G1 U toSet G2
by (induct G1, auto+)

lemma supp-GNil:
shows supp GNil = {}
by (simp add: supp-def)

lemma supp-GCons:
fixes zs:I'
shows supp (z #r xs) = supp U supp zs
by (simp add: supp-def Collect-imp-eq Collect-neg-eq)

lemma atom-dom-eq[simp]:
fixes G::T’
shows atom-dom ((z, b, ¢) #r G) = atom-dom ((z, b, ¢') #r G)
using atom-dom.simps toSet.simps by simp

lemma dom-append|simpl:
atom-dom (I'QI'") = atom-dom T’ U atom-dom T’
using image-Un append-g-toSetU atom-dom.simps dom.simps by metis

lemma dom-cons[simp):
atom-dom ((z,b,c) #r G) = { atom z } U atom-dom G
using image-Un append-g-toSetU atom-dom.simps by auto

lemma fresh-GNil[ms-fresh):
shows a # GNil
by (simp add: fresh-def supp-GNil)

lemma fresh-GCons[ms-fresh]:
fixes zs:I'
shows a # (z #r zs) «— attz A af zs
by (simp add: fresh-def supp-GCons)
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lemma dom-supp-g[simp):
atom-dom G C supp G
apply(induct G rule: T'-induct,simp)
using supp-at-base supp-Pair atom-dom.simps supp-GCons by fastforce

lemma fresh-append-g[ms-fresh):
fixes zs::I"
shows a # (zs @ ys) «— af xs A atf ys
by (induct xs) (simp-all add: fresh-GNil fresh-GCons)

lemma append-g-assoc:
fixes xs::I'
shows (zs @ ys) @Q zs = s @ (ys @ zs)
by (induct zs) simp-all

lemma append-g-inside:
fixes zs::I"
shows zs Q (z #r ys) = (zs Q (z #r GNil)) Q ys
by (induct zs,auto+)

lemma finite-I":
finite (toSet T)
by (induct T rule: T-induct,auto)

lemma supp-T':
supp T' = supp (toSet T')
proof (induct T' rule: T'-induct)
case GNil
then show ?case using supp-GNil toSet.simps
by (simp add: supp-set-empty)
next
case (GCons z b ¢ TV)
then show ?case using supp-GCons toSet.simps finite-I' supp-of-finite-union
using supp-of-finite-insert by fastforce
qed

lemma supp-of-subset:
fixes G::('a::fs set)
assumes finite G and finite G’ and G C G’
shows supp G C supp G’
using supp-of-finite-sets assms by (metis subset-Un-eq supp-of-finite-union)

lemma supp-weakening:
assumes toSet G C toSet G’
shows supp G C supp G’
using supp-I' finite-I' by (simp add: supp-of-subset assms)

lemma fresh-weakening[ms-fresh):
assumes toSet G C toSet G'and z § G’
shows z § G

proof (rule ccontr)
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assume -z f G
hence z € supp G using fresh-def by auto
hence z € supp G’ using supp-weakening assms by auto
thus Fulse using fresh-def assms by auto
qed

instance I :: fs
by (standard, induct-tac x, simp-all add: supp-GNil supp-GCons finite-supp)

lemma fresh-gamma-elem:
fixes I'::T
assumes a f I’
and e € toSet I’
shows a f e
using assms by (induct T';auto simp add: fresh-GCons)

lemma fresh-gamma-append:
fixes zs::I'
shows a # (zs @ ys) «+— af xs A atf ys
by (induct zs, simp-all add: fresh-GNil fresh-GCons)

lemma supp-triple[simp):
shows supp (z, y, z) = supp x U supp y U supp z
proof —
have supp (z,y,2) = supp (z,(y,2)) by auto
hence supp (z,y,2) = supp z U (supp y U supp z) using supp-Pair by metis
thus “thesis by auto
qed

lemma supp-append-g:
fixes xs::T'
shows supp (xs Q ys) = supp xs U supp ys
by (induct zs,auto simp add: supp-GNil supp-GCons )

lemma fresh-in-g[simp]:

fixes I':T" and z':z

shows atom z' § T/ Q (z, b0, c0) #r T' = (atom 2’ & supp T" U supp x U supp b0 U supp c0 U supp
r)
proof —

have atom z' TV Q (z, b0, c0) #r T = (atom z’ ¢ supp (I’ Q((z,b0,c0) #r I)))

using fresh-def by auto

also have ... = (atom x’ ¢ supp T'" U supp ((,b0,c0) #r T')) using supp-append-g by fast

also have ... = (atom z' ¢ supp T U supp x U supp b0 U supp ¢0 U supp T') using supp-GCons
supp-append-g supp-triple by auto

finally show ?thesis by fast
qed

lemma fresh-suffiz[ms-fresh]:
fixes I'::T
assumes atom z f§ I''QT
shows atom z § T’
using assms by (induct T/ rule: T-induct, auto simp add: append-g.simps fresh-GCons)
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lemma not-GCons-self [simp]:
fixes zs::I’
shows zs # z #r s
by (induct zs) auto

lemma not-GCons-self2 [simp]:
fixes zs::I'
shows x #r xs # zs
by (rule not-GCons-self [symmetric])

lemma fresh-restrict:
fixes y::xz and I'::T"
assumes atom y t (I''Q (x, b, ¢) #r I)
shows atom y £ (I''QT)
using assms by(induct T/ rule: T'-induct, auto simp add:fresh-GCons fresh-GNil )

lemma fresh-dom-free:
assumes atom z f I’
shows (z,b,c) ¢ toSet T’
using assms proof (induct I' rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b’ ¢' T)
hence z#z’ using fresh-def fresh-GCons fresh-Pair supp-at-base by blast
moreover have atom z § T'' using fresh-GCons GCons by auto
ultimately show ?case using toSet.simps GCons by auto
qed

lemma I'-set-intros: © € toSet ( © #r zs) and y € toSet s => y € toSet (x #r zs)
by simp+

lemma fresh-dom-free2:
assumes atom = ¢ atom-dom T’
shows (z,b,c) ¢ toSet T’
using assms proof (induct I' rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b' ¢' T)
hence z#z’ using fresh-def fresh-GCons fresh-Pair supp-at-base by auto
moreover have atom x ¢ atom-dom T/ using fresh-GCons GCons by auto
ultimately show ?case using toSet.simps GCons by auto
qed

2.2.4 Mutable Variable Context Lemmas

lemma supp-DNil:
shows supp DNil = {}
by (simp add: supp-def)

lemma supp-DCons:
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fixes zs::A
shows supp (z #a zs) = supp = U supp xs
by (simp add: supp-def Collect-imp-eq Collect-neg-eq)

lemma fresh-DNil[ms-fresh]:
shows a # DNil
by (simp add: fresh-def supp-DNil)

lemma fresh-DCons|ms-fresh]:
fixes xs::A
shows a f (x #a xs) +— afx A af xs
by (simp add: fresh-def supp-DCons)

instance A :: fs
by (standard, induct-tac x, simp-all add: supp-DNil supp-DCons finite-supp)

2.2.5 Lookup Functions

nominal-function lookup :: I' = = = (bxc) option where

lookup GNil z = None
| lookup ((z,b,c)#rG) y = (if =y then Some (b,c) else lookup G y)

by (auto,simp add: equit-def lookup-graph-auz-def, metis neq-GNil-conv surj-pair)
nominal-termination (equt) by lexicographic-order

nominal-function replace-in-g : I' = ¢ = ¢ = ' («-[++——-]» [1000,0,0] 200) where
replace-in-g GNil - - = GNil
| replace-in-g ((z,b,c)#rG) =’ ¢/ = (if z=xz' then ((z,b,c")#r G) else (z,b,c)#r(replace-in-g G z' ¢’))
apply(auto,simp add: equt-def replace-in-g-graph-aux-def)
using surj-pair I'.erhaust by metis
nominal-termination (equt) by lexicographic-order

Functions for looking up data-constructors in the Pi context

nominal-function lookup-fun :: ® = f = fun-def option where
lookup-fun [| g = None
| lookup-fun ((AF-fundef f ft)#1I1) g = (if (f=g) then Some (AF-fundef f ft) else lookup-fun II g)
apply(auto,simp add: equt-def lookup-fun-graph-auz-def )
by (metis fun-def.exhaust neq-Nil-conv)
nominal-termination (equt) by lexicographic-order

nominal-function lookup-td :: © = string = type-def option where

lookup-td [] ¢ = None
| lookup-td ((AF-typedef s Ist ) # (©::0)) g = (if (s = g) then Some (AF-typedef s Ist ) else lookup-td
© 9)
| lookup-td ((AF-typedef-poly s bv lst ) # (©::0)) g = (if (s = g) then Some (AF-typedef-poly s bv st
) else lookup-td © g)

apply(auto,simp add: equt-def lookup-td-graph-auz-def )

by (metis type-def.exhaust neg-Nil-conv)

nominal-termination (equt) by lexicographic-order

nominal-function name-of-type ::type-def = f where
name-of-type (AF-typedef f-) = f
| name-of-type (AF-typedef-poly f - -) = f
apply (auto,simp add: equt-def name-of-type-graph-auz-def )
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using type-def.exhaust by blast
nominal-termination (equt) by lexicographic-order

nominal-function name-of-fun ::fun-def = f where
name-of-fun (AF-fundef f ft) = f
apply(auto,simp add: equi-def name-of-fun-graph-auz-def )
using fun-def.ezhaust by blast
nominal-termination (equt) by lexicographic-order

nominal-function remove2 :: ‘a::pt = ‘a list = 'a list where

remove2 x || =[] |

removel x (y # xs) = (if © = y then zs else y # remove2 x xs)

by (simp add: equt-def remove2-graph-auz-def,auto+,meson list.exhaust)
nominal-termination (equt) by lexicographic-order

nominal-function base-for-lit :: | = b where
base-for-lit (L-true) = B-bool
| base-for-lit (L-false) = B-bool
| base-for-lit (L-num n) = B-int
| base-for-lit (L-unit) = B-unit
| base-for-lit (L-bitvec v) = B-bitvec
apply (auto simp: equt-def base-for-lit-graph-auz-def )
using [.strong-exhaust by blast
nominal-termination (equt) by lexicographic-order

lemma neg-DNil-conv: (xs # DNil) = (Jy ys. s = y #a ys)
by (induct xs) auto

nominal-function setD :: A = (uxT) set where
setD DNil = {}
| setD (DCons zbe G) = {zbc} U (setD G)
apply (auto,simp add: equt-def setD-graph-auz-def )
using neq-DNil-conv surj-pair by metis
nominal-termination (equt) by lexicographic-order

lemma equt-triple:
fixes y::’a::at and ya::'a::at and za::'c::at and va::'d::fs and s::s and sa::s and fisx'cx'd = s
assumes atom y § (za, va) and atom ya § (za, va) and
V. atom c § (s, sa) — atom ¢ § (y, ya, s, sa) — (y <> ¢) - s = (ya <> ¢) + sa
and equt-at [ (s,za,va) and equt-at [ (sa,za,va) and
atom ¢ § (s, va, za, sa) and atom c § (y, ya, f (s, za, va), f (sa, za, va))
shows (y <> ¢) - f (s, za, va) = (ya <> ¢) - f (sa, za, va)

proof —
have (y <> ¢) - f (s, za, va) = f ( (y ¢ ¢) - (s,za,va)) using assms equt-at-def by metis
also have ... = f ((y & ¢) + s, (y <> ¢) - za ,(y < ¢) - va) by auto
also have ... = f ( (ya < ¢) - sa, (ya <> ¢) + za ,(ya < ¢) - va) proof —

have (y <> ¢) - s = (ya < ¢) + sa using assms Abs1-eg-iff-all by auto

moreover have ((y < ¢) - za) = ((ya ¢ ¢) - za) using assms flip-fresh-fresh fresh-prodN by
metis

moreover have ((y <> ¢) - va) = ((ya < ¢) - va) using assms flip-fresh-fresh fresh-prodN by
metis

ultimately show ?thesis by auto
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qged

also have ... = f ( (ya < ¢) - (sa,za,va)) by auto

finally show ?thesis using assms equt-at-def by metis
qed

2.3 Functions for bit list/vectors

inductive split :: int = bit list = bit list * bit list = bool where
split 0 xs ([], xs)

| split m xs (ys,zs) = split (m~+1) (z#xs) ((z # ys), 25)

equivariance split

nominal-inductive split .

lemma split-concat:
assumes split n v (v1,v2)
shows v = append vl v2
using assms proof (induct (v1,v2) arbitrary: vl v2 rule: split.inducts)
case I
then show ?Zcase by auto
next
case (2 m zs ys zs T)
then show ?case by auto
qed

lemma split-n:
assumes split n v (vl,v2)
shows 0 < n A n < int (length v)
using assms proof (induct rule: split.inducts)
case (1 zs)
then show ?Zcase by auto
next
case (2 m s ys 28 x)
then show ?case by auto
qed

lemma split-length:
assumes split n v (v1,v2)
shows n = int (length v1)
using assms proof (induct (v1,v2) arbitrary: vl v2 rule: split.inducts)
case (1 zs)
then show ?Zcase by auto
next
case (2 m s ys zs x)
then show ?Zcase by auto
qed

lemma obtain-split:
assumes 0 < n and n < int (length bv)
shows 3 bul bv2. split n bv (bvl , bv2)
using assms proof (induct bv arbitrary: n)
case Nil
then show ?Zcase using split.intros by auto

39



next
case (Cons b bv)
show ?Zcase proof(cases n = 0)
case True
then show ?thesis using split.intros by auto
next
case Fulse
then obtain m where m:n=m+1 using Cons
by (metis add.commute add-minus-cancel)
moreover have 0 < m using Fualse m Cons by linarith
then obtain bv! and bv2 where split m bv (bvl , bv2) using Cons m by force
hence split n (b # bv) ((b#bvl), bv2) using m split.intros by auto
then show ?thesis by auto
qed
qed

end
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Chapter 3

Immutable Variable Substitution

Substitution involving immutable variables. We define a class and instances for all of the term
forms

3.1 Class

class has-subst-v = fs +
fixes subst-v :: ‘a:fs = x = v = ‘anfs  («-[-n=-]y» [1000,50,50] 1000)
assumes fresh-subst-v-if: y t (subst-v a zv) «— (atomzfaAyfa)V(yfovA(ytaVy=atom

z))

and  forget-subst-v[simp]: atom x § a = subst-va T v =a

and  subst-v-id[simp]: subst-v a © (V-var z) = a
and  equt[simp,equt]: (p::perm) - (subst-v a x v) = (subst-v (p + a) (p -z) (p -v))
and  flip-subst-v[simp]: atom z § ¢ = ((z ¢ 2) - ¢) = c[z::=[2]"]»

and  subst-v-simple-commute[simp]: atom z § ¢ =>(c[z::=[x]"]y)[x::=b], = ¢[z:=b]y
begin

lemma subst-v-flip-eq-one:
fixes z1::z and 22::z and z1::z and z2:z
assumes [[atom z1]]lst. ¢cI = [[atom 22]]lst. c2
and atom x1 § (21,22,c1,c2)
shows (cI[z1:=[z1]"]y) = (c2[22:=[z1]"],)
proof —
have (cI[z1:=[z1]"],) = (21 <> z1) - ¢l using assms flip-subst-v by auto
moreover have (c2[z2:=[z1]"],) = (x1 < 22) - ¢2 using assms flip-subst-v by auto
ultimately show ?thesis using AbsI-eq-iff-all(3)[of 21 c1 22 ¢2 z1] assms
by (metis AbsI-eq-iff-fresh(3) flip-commute)
qed

lemma subst-v-flip-eq-two:
fixes z1::2z and 22::x and z!::xz and z2::x

assumes [[atom z1]]lst. ¢cI = [[atom 22]]lst. c2
shows (c1[z1:=b],) = (c2[22::=b],)
proof —

obtain z::x where x:atom z f (21,22,c1,c2) using obtain-fresh by metis
hence (c![z1:=[z]"],) = (c2[22::=[z]"],) using subst-v-flip-eq-one| OF assms, of x| by metis
hence (cI[z1:=[x]"],)[x::=b], = (c2[22::=[2]"],)[z::=b], by auto
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thus ?thesis using subst-v-simple-commute * fresh-prod4 by metis

qed

lemma subst-v-flip-eq-three:
assumes [[atom z1]]lst. ¢cI = [[atom z1))ist. ¢1’' and atom z § ¢1 and atom =’ § (z,21,21', c1, c1”)
shows (z < z') - (cl[z1:=[2]"]y) = cl'[z1":=[z]"],

proof —
have atom z'f c1[z1::=[z]"], using assms fresh-subst-v-if by simp

hence (z < z’) « (cl[z1:=[z]")y) = cl[z1:=[z]"][z:=[2]"], using flip-subst-v[of z' c1[z1:=[z]"],
z] flip-commute by metis

also have ... = c1[z1::=[z"]"], using subst-v-simple-commute fresh-prod4 assms by auto
also have ... = c1/[z1":=[z']"], using subst-v-flip-eg-one[of z1 c1 z1' c1' z'] using assms by auto
finally show ?thesis by auto

qed

end

3.2 Values

nominal-function
subst-vv :: v = ¥ = v = v where
subst-vv (V-lit l) x v = V-lit |
| subst-vv (V-var y) v = (if £ = y then v else V-var y)
| subst-vv (V-cons tyid ¢ v') z v = V-cons tyid ¢ (subst-vv v' z v)
| subst-vv (V-consp tyid ¢ b v') z v = V-consp tyid ¢ b (subst-vv v’ z v)
| subst-vo (V-pair v1 v2) x v = V-pair (subst-vv v1 z v ) (subst-vv v2 z v )
by (auto simp: equt-def subst-vv-graph-aux-def, metis v.strong-exhaust)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-vv-abbrev :: v = & = v = v ((-[-:=-]yy» [1000,50,50] 1000)
where
v[z:=v"yy = subst-vv vz v’

lemma fresh-subst-vv-if [simp]:
Jitli=x]py = ((atom it AjEO)V Gtz AGHELEV = atomi)))
using supp-l-empty apply (induct t rule: v.induct,auto simp add: subst-vv.simps fresh-def, auto)
by (simp add: supp-at-base |metis b.supp supp-b-empty )+

lemma forget-subst-vv [simp: atom a § tm = tm[a::=x],, = tm
by (induct tm rule: v.induct) (simp-all add: fresh-at-base)

lemma subst-vv-id [simp]: tm[a::=V-var al,, = tm
by (induct tm rule: v.induct) simp-all

lemma subst-vv-commute [simp):
atom j 8 tm = tm[iz=t]yy[j:=ulpy = tmiz=t[j:=ulvy]ve
by (induct tm rule: v.induct) (auto simp: fresh-Pair)

lemma subst-vv-commute-full [simp]:

atom j# t = atom { § u = i # j = tm[in=t]ps[Ji=U|ps = tM[Jr=U]py[i:=1]pe
by (induct tm rule: v.induct) auto
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lemma subst-vv-var-flip[simp]:
fixes v::v
assumes atom y f v
shows (y < z) - v = v [zz=V-var yly,
using assms apply (induct v rule:v.induct)
apply auto

using

l.fresh l.perm-simps l.strong-exhaust supp-l-empty permute-pure permute-list.simps fresh-def

flip-fresh-fresh apply fastforce
using permute-pure apply blast+

done

instantiation v :: has-subst-v

begin

definition
subst-v = subst-vv

instance proof
fix j::atom and ::x and z::v and t::v
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-vv-if [of j t © x] subst-v-v-def by metis

fix a::xz and tm::v and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-vv subst-v-v-def by simp

fix a::z and tm::v
show subst-v tm a (V-var a) = tm using subst-vv-id subst-v-v-def by simp

fix p::perm and x1::x and v::v and t1:v

show p
using

- subst-v t1 z1 v = subst-v (p-tl) (p-xzl) (p - v)

subst-v-v-def by simp

fix z::x and c::v and z:z
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"],

using

subst-v-v-def by simp

fix z::x and c::v and 22
show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],

using
qed

end

subst-v-v-def by simp

3.3 Expressions

nominal-function subst-ev :: e = © = v = e where
subst-ev ( (AF-val v') ) z v = ( (AE-val (subst-vv v’ z v)) )

| subst-ev
| subst-ev
| subst-ev

((AE-app fv') ) zv = ( (AFE-app [ (subst-vv v’ xv)) )
( (AE-appP fbv') ) z v = ( (AE-appP f b (subst-vv v' zv)) )
( (AE-op opp v1v2) )z v = ( (AE-op opp (subst-vv vl x v ) (subst-vv v2x v )) )
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| subst-ev [#1 v]® xv = [#1 (subst-vv v' z v )|°
| subst-ev [#2 v']® x v = [#2 (subst-vv v" z v )|°
| subst-ev ( (AE-mvar u)) x v = AE-mvar u
| subst-ev [| v'|]¢ z v = (subst-vv v zv) |]
| subst-ev ( AE-concat vl v2) z v = AE-concat (subst-vv vl z v ) (subst-vv v2 x v )
| subst-ev ( AE-split vl v2) z v = AE-split (subst-vv v1 z v ) (subst-vv v2 z v )

by (simp add: equi-def subst-ev-graph-auz-def,auto)(meson e.strong-exhaust)

€

nominal-termination (equt) by lexicographic-order

abbreviation
subst-ev-abbrev :: e = x = v = e (-[-:=-]¢» [1000,50,50] 500)
where
el::=v"ley, = subst-ev ez v’

lemma size-subst-ev [simp]: size ( subst-ev A i x) = size A
apply (nominal-induct A avoiding: i x rule: e.strong-induct)
by auto

lemma forget-subst-ev [simp]: atom a § A = subst-ev A azx = A
apply (nominal-induct A avoiding: a x rule: e.strong-induct)
by (auto simp: fresh-at-base)

lemma subst-ev-id [simp]: subst-ev A a (V-var a) = A
by (nominal-induct A avoiding: a rule: e.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-ev-if [simp]:
jt (subst-ev Aiz )= ((atomif ANFjEAV Gz AGEAVF=atomi)))
apply (induct A rule: e.induct)
unfolding subst-ev.simps fresh-subst-vv-if apply auto+
using pure-fresh fresh-opp-all apply metis+
done

lemma subst-ev-commute [simp]:
atom j # A = (A[i::=t]ev)[J1:=Ulew = Alin=t[j::=1t]v0]en
by (nominal-induct A avoiding: i j t u rule: e.strong-induct) (auto simp: fresh-at-base)

lemma subst-ev-var-flip[simp]:
fixes e::e and y::z and z::z
assumes atom y f e
shows (y <> z) + e = e [z::=V-var y|e,
using assms apply(nominal-induct e rule:e.strong-induct)
apply (simp add: subst-v-v-def)
apply (metis (mono-tags, lifting) b.eq-iff b.perm-simps e.fresh e.perm-simps flip-b-id subst-ev.simps
subst-vv-var-flip)
apply (metis (mono-tags, lifting) b.eg-iff b.perm-simps e.fresh e.perm-simps flip-b-id subst-ev.simps
subst-vv-var-flip)
subgoal for x
apply (rule-tac y=x in opp.strong-exhaust)
using subst-vv-var-flip flip-def by (simp add: flip-def permute-pure)+
using subst-vv-var-flip flip-def by (simp add: flip-def permute-pure)+
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lemma subst-ev-flip:
fixes e::e and ea::e and c::z
assumes atom ¢ § (e, ea) and atom ¢ t (x, za, e, ea) and (z <> ¢) - e = (za <> ¢) + ea
shows e[z:=v"]., = ea[za:=v,,

proof —
have e[z::=v"., = (e[z::=V-var c|ey)[c::=v"]¢, using subst-ev-commute assms by simp
also have ... = ((¢ ¢ z) - e)[c::=0"]¢r using subst-ev-var-flip assms by simp
also have ... = ((¢ > za) - ea)[c::=v"]¢, using assms flip-commute by metis
also have ... = ea[za::=v']., using subst-ev-var-flip assms by simp
finally show ?thesis by auto
qed

lemma subst-ev-var|simp]:
(AE-val (V-var z))[z::=[2]"]ev = AE-val (V-var z)
by auto

instantiation e :: has-subst-v
begin

definition
subst-v = subst-ev

instance proof
fix j::atom and i::x and z::v and t::e
show (jff subst-vtiz)= ((atomiftAjit)V (GdaA(GttVj= atomi)))
using fresh-subst-ev-if [of j t i x] subst-v-e-def by metis

fix a::xz and tm::e and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-ev subst-v-e-def by simp

fix a::x and tm::e
show subst-v tm a (V-var a) = tm using subst-ev-id subst-v-e-def by simp

fix p::perm and x1::x and v::v and t1::e
show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
using subst-ev-commute subst-v-e-def by simp

fix z::z and c::e and z::x
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"]s
using subst-v-e-def by simp

fix z::2 and c::e and z::z
show atom z § ¢ = clzi:=[z]"]y[2:=0], = c[z::=0],
using subst-v-e-def by simp
qed
end

lemma subst-ev-commute-full:
fixes e::e and w::v and v::v
assumes atom z § v and atom z § w and = # 2
shows subst-ev (e[z::=w|e,) T v = subst-ev (e[z::=0]cy) 2z W
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using assms by(nominal-induct e rule: e.strong-induct,simp+)

lemma subst-ev-v-flip1 [simp]:
fixes e::e
assumes atom zI § (z,e) and atom z1'{ (z,e)
shows(zl < z1') - e[zu:=0]cy, = e[zi= ((21 © 217) - V)]ew
using assms proof(nominal-induct e rule:e.strong-induct)
qed (simp add: flip-def fresh-Pair swap-fresh-fresh)+

3.4 Expressions in Constraints

nominal-function subst-cev :: ce = © = v = ce where
subst-cev ( (CE-val v’) ) z v = ( (CE-val (subst-vv v' zv)) )

| subst-cev ( (CE-op opp vl v2) ) z v = ( (CE-op opp (subst-cev vl x v ) (subst-cev v2z v)))
| subst-cev ( (CE-fst v')) x v = CE-fst (subst-cev v’ zv)

| subst-cev ( (CE-snd v")) x v = CE-snd (subst-cev v’ x v )

| subst-cev ( (CE-len v")) x v = CE-len (subst-cev v’z v)

| subst-cev ( CE-concat vl v2) x v = CE-concat (subst-cev vl x v ) (subst-cev v2 x v )

apply (simp add: equt-def subst-cev-graph-auz-def ,auto)
by (meson ce.strong-exhaust)

nominal-termination (equt) by lexicographic-order

abbreviation
subst-cev-abbrev 1 ce = x = v = ce (4-[-:="]cer> [1000,50,50] 500)
where
e[z::=0v"cer = subst-cev ez v’

lemma size-subst-cev [simp): size ( subst-cev A iz ) = size A
by (nominal-induct A avoiding: i z rule: ce.strong-induct,auto)

lemma forget-subst-cev [simp]: atom a § A = subst-cev A ax = A
by (nominal-induct A avoiding: a x rule: ce.strong-induct, auto simp: fresh-at-base)

lemma subst-cev-id [simp]: subst-cev A a (V-var a) = A
by (nominal-induct A avoiding: a rule: ce.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-cev-if [simp]:

jtt (subst-cev Aiz )= ((atomid ANFLEANV (GitaA(GEAV = atomi)))
proof(nominal-induct A avoiding: i x rule: ce.strong-induct)

case (CE-op opp vl v2)

then show Zcase using fresh-subst-vv-if subst-ev.simps e.supp pure-fresh opp.fresh

fresh-e-opp
using fresh-opp-all by auto

qed(auto)+

lemma subst-cev-commute [simp]:
atom j f A => (subst-cev (subst-cev A it ) j u) = subst-cev A i (subst-vv ¢t j u )

by (nominal-induct A avoiding: i j t u rule: ce.strong-induct) (auto simp: fresh-at-base)

lemma subst-cev-var-flip[simp):
fixes e::ce and y::x and z::z
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assumes atom y f e
shows (y <> z) - e = e [z:=V-var y|cey
using assms proof(nominal-induct e rule:ce.strong-induct)
case (CE-val v)
then show ?Zcase using subst-vv-var-flip by auto
next
case (CE-op opp vl v2)
hence yf: atom y § v A atom y § v2 using ce.fresh by blast
have (y <> z) + (CE-op opp vl1 v2 ) = CE-op ((y <> z) - opp) ( (y <> z) - vl ) ((y > z) - v2)
using opp.perm-simps ce.perm-simps permute-pure ce.fresh opp.strong-exhaust by presburger
also have ... = CE-op ((y <> ) - opp) (v1[x::=V-var yleey) (V2 [x:=V-var ylee,) using yf
by (simp add: CE-op.hyps(1) CE-op.hyps(2))
finally show ?case using subst-cev.simps opp.perm-simps opp.strong-exhaust
by (metis (full-types))
qged( (auto simp add: permute-pure subst-vv-var-flip)+)

lemma subst-cev-flip:
fixes e::ce and ea::ce and c::z
assumes atom c § (e, ea) and atom ¢ t (x, za, e, ea) and (z <> ¢) - e = (za <> ¢) + ea
shows e[z:=v"]cc, = ealza::=0v"]ceo

proof —
have e[z:=v"cc, = (e[zi:=V-var c|cey)[c::=0"cer using subst-ev-commute assms by simp
also have ... = ((¢ ¢ 1) - e)[c::=0"|cer using subst-ev-var-flip assms by simp
also have ... = ((¢ > za) - ea)[c::=0"]ccr using assms flip-commute by metis
also have ... = ea[za::=v'|¢cer, using subst-ev-var-flip assms by simp
finally show ?thesis by auto
qed

lemma subst-cev-var|[simp):
fixes z::z and z::x
shows [[z]"]* [z::=[2]"]cco = [[2]"]*
by auto

instantiation ce :: has-subst-v
begin

definition
subst-v = subst-cev

instance proof
fix j::atom and i::x and z::v and t:ce
show (jf subst-vitiz)= ((atomiftAjdt)V (itazA(GHEtVj= atomi)))
using fresh-subst-cev-if [of j t i x] subst-v-ce-def by metis

fix a::x and tm::ce and z::v
show atom a § tm = subst-v tm a x = tm

using forget-subst-cev subst-v-ce-def by simp

fix a::x and tm::ce
show subst-v tm a (V-var a) = tm using subst-cev-id subst-v-ce-def by simp

fix p::perm and x1::x and v::v and t1::ce
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show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-cev-commute subst-v-ce-def by simp

fix z::z and c::ce and z::z
show atom z f ¢ = ((z <> 2) - ¢) = ¢ [z::=V-var z],
using subst-v-ce-def by simp

fix z::z and c::ce and z::z
show atom z § ¢ = ¢ [zu=V-var z],[z::=v], = c[z:=v],
using subst-v-ce-def by simp
qed

end

lemma subst-cev-commute-full:
fixes e::ce and w::v and v::v
assumes atom z § v and atom z § w and z # 2
shows subst-cev (e[z::=w]cey) T v = subst-cev (e[T:=V]cer) 2 W
using assms by (nominal-induct e rule: ce.strong-induct,simp+)

lemma subst-cev-v-flip1[simp]:

fixes e::ce
assumes atom z1 £ (z,e) and atom 21’ 4§ (z,€)
shows(z1 <> z1') - e[z:=V]cer = elzii= ((21 + 217) + V)]cew

using assms apply(nominal-induct e rule:ce.strong-induct)
by (simp add: flip-def fresh-Pair swap-fresh-fresh)+

3.5 Constraints

nominal-function subst-cv :: ¢ = © = v = ¢ where
subst-cv (C-true) z v = C-true

| subst-cv (C-false) x v = C-false

| subst-cv (C-conj cl ¢2) z v = C-conj (subst-cv ¢l x v ) (subst-cv c2 z v )
| subst-cv (C-disj ¢l ¢2) z v = C-disj (subst-cv ¢1 x v ) (subst-cv c2 z v )
| subst-cv (C-imp c1 c2) © v = C-imp (subst-cv c1 z v ) (subst-cv c2 z v )
| subst-cv (el == e2) z v = ((subst-cev el z v ) == (subst-cev e2 x v ))

| subst-cv (C-not ¢) x v = C-not (subst-cv ¢ z v )

apply (simp add: equt-def subst-cv-graph-auz-def ,auto)
using c.strong-exhaust by metis
nominal-termination (equt) by lexicographic-order

abbreviation
subst-cv-abbrev :: ¢ = x = v = ¢ (-[-i=-]e> [1000,50,50] 1000)
where
clzi=v"ey, = subst-cv ¢ z v’

lemma size-subst-cv [simpl: size ( subst-cv A i x ) = size A
by (nominal-induct A avoiding: i x rule: c.strong-induct,auto)

lemma forget-subst-cv [simpl: atom a § A = subst-cv A az = A
by (nominal-induct A avoiding: a = rule: c.strong-induct, auto simp: fresh-at-base)
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lemma subst-cv-id [simp]: subst-cv A a (V-var a) = A
by (nominal-induct A avoiding: a rule: c.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-cv-if [simp]:
jt(subst-cvAiz)«— (atomif ANFEA)V (GtaAGHE AV = atomi))
by (nominal-induct A avoiding: i x rule: c.strong-induct, (auto simp add: pure-fresh)+)

lemma subst-cv-commute [simp):
atom j § A = (subst-cv (subst-cv A it ) ju) = subst-cv A i (subst-vv tju )
by (nominal-induct A avoiding: i j t u rule: c.strong-induct) (auto simp: fresh-at-base)

lemma let-s-size [simp]: size s < size (AS-let x e s)
apply (nominal-induct s avoiding: e x rule: s-branch-s-branch-list.strong-induct(1))
apply auto
done

lemma subst-cv-var-flip[simp]:
fixes c::c
assumes atom y § ¢
shows (y + z) - ¢ = c[zuz=V-var y]e,
using assms by(nominal-induct ¢ rule:c.strong-induct,(simp add: flip-subst-v subst-v-ce-def)+)

instantiation c :: has-subst-v
begin

definition
subst-v = subst-cv

instance proof
fix j::atom and ::x and z::v and t:c
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-cv-if [of j t © x] subst-v-c-def by metis

fix a::z and tm::c and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-cv subst-v-c-def by simp

fix a::x and tm::c
show subst-v tm a (V-var a) = tm using subst-cv-id subst-v-c-def by simp

fix p::perm and z1::x and v::v and t1::c
show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-cv-commute subst-v-c-def by simp

fix z::z and c::c and z:x
show atom z ff ¢ = ((z <> 2) - ¢) = clzu=[z]"]»
using subst-cv-var-flip subst-v-c-def by simp

fix z::2z and c::c and z::z

show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],
using subst-cv-var-flip subst-v-c-def by simp
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qed
end

lemma subst-cv-var-flip1 [simp]:
fixes c::c
assumes atom y f ¢
shows (z < y) + ¢ = c[zu=V-var y]c,
using subst-cv-var-flip flip-commute
by (metis assms)

lemma subst-cv-v-flip3[simp):

fixes c::c

assumes atom z1 § ¢ and atom z1' 4§ ¢

shows(z1 < z1') - c[z:=[21]"]co = c[z::=[21"]"]cw
proof —

consider z1' =z | z1 = z | atom z1 § z A atom z1' § z by force
then show ?thesis proof(cases)

case I

then show ?thesis using 1 assms by auto
next

case 2

then show ?thesis using 2 assms by auto
next

case 3

then show ?thesis using assms by auto
qed

qed

lemma subst-cv-v-flip[simp]:
fixes c::c
assumes atom z § ¢
shows ((z <> 2) - ¢)[z:=V]ey = ¢ [2::=0]cy
using assms subst-v-c-def by auto

lemma subst-cv-commute-full:

fixes c::c

assumes atom z v and atom = § w and z#z

shows (clzii=w]ey)[2::=0]cr = (c[z:=0]c0) [2:=W]

using assms proof(nominal-induct ¢ rule: c.strong-induct)

case (C-eq el e2)

then show ?Zcase using subst-cev-commute-full by simp
qged(force+)

lemma subst-cv-eq[simp]:
assumes atom z1 f el

shows (CE-val (V-var z1) == el )[z1:=[x]"]¢cv = (CE-val (V-var z) == el ) (is A = ?B)
proof —
have ?A = (((CE-val (V-var z1))[z1 :=[z]"]cev) == el) using subst-cv.simps assms by simp
thus ?thesis by simp
qed
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3.6 Variable Context

The idea of this substitution is to remove x from the context. We really want to add the
condition that x is fresh in v but this causes problems with proofs.

nominal-function subst-gv :: I' = z = v = ' where

subst-gv GNil =z v = GNil
| subst-gv ((y,b,¢) #r T') zv = (if z = y then T else ((y,b,c[z::=v]ey)#r (subst-gv T zv)))
proof(goal-cases)

case I

then show %case by(simp add: equi-def subst-gu-graph-auz-def )
next

case (3 P x)

then show ?Zcase by (metis neq-GNil-conv prod-cases3)
qed(fast+)
nominal-termination (equt) by lexicographic-order
abbreviation

subst-gu-abbrev :: T = & = v = T («-[-:=-|p,» [1000,50,50] 1000)

where

glz::=v|r, = subst-gv g x v

lemma size-subst-gv [simp]: size ( subst-gv G iz ) < size G
by (induct G,auto)

lemma forget-subst-gv [simp]: atom a § G = subst-gv G a z = G
apply (induct G ,auto)
using fresh-GCons fresh-PairD(1) not-self-fresh apply blast
apply (simp add: fresh-GCons)+
done

lemma fresh-subst-guv: atom a § G = atom a § v => atom a § subst-gv G z v
proof (induct G)
case GNil
then show ?case by auto
next
case (GCons zbc Q)
obtain z’ and b’ and ¢’ where zbc: zbc = (z’,b’,c’) using prod-cases3 by blast
show ?case proof(cases z=x")
case True
have atom a § G using GCons fresh-GCons by blast
thus ?thesis using subst-gv.simps(2)[of z' b’ ¢’ G] GCons zbc True by presburger
next
case Fulse
then show ?thesis using subst-gv.simps(2)[of z' b’ ¢’ G] GCons xbc False fresh-GCons by simp
ged
qed

lemma subst-gv-flip:

fixes z::z and za::xz and z::z and c::c and b::b and I'::T

assumes atom za § ((z, b, c[z::=[z]"]cy) #r T') and atom za § T and atom z § T and atom z § (z,
¢) and atom za £ (z, ¢)

shows (z <> za) -+ ((z, b, c[z::=[2]"]cv) #r T) = (20, b, c[zu=V-var zale,) #r T
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proof —
have (z < za) - ((z, b, c[zi:=[2]"]co) #r T) = (((z <> 2a) + z, b, (z > za) - c[z:=[z]"]cv) #r
((z < za) - T))
using subst Cons-equt flip-fresh-fresh using G-cons-flip by simp

also have ... = ((za, b, (z < za) - c[z:=[2]"]cv) #r ((z < za) - T)) using assms by fastforce
also have ... = ((za, b, c[z:=V-var za)e,) #r ((z < za) - T)) using assms subst-cv-var-flip by
fastforce
also have ... = ((za, b, c[z:=V-var za].,) #r T') using assms flip-fresh-fresh by blast
finally show ?thesis by simp
qed
3.7 Types

nominal-function subst-tv :: 7 = x = v = 7 where
atom z 4 (z,0) = subst-tv { z:b|clzv ={2z:0b]| clz=v]e |}
apply (simp add: equt-def subst-tv-graph-aux-def )
apply auto
subgoal for P a aa b
apply(rule-tac y=a and c=(aa,b) in 7.strong-exhaust)
by (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
proof —
fix z::zand ¢ :: cand za :: z and za :: x and va :: v and ca :: c and ¢b :: x
assume al: atom za § va and a2: atom z § va and a3: ¥V cb. atom ¢b §f ¢ A atom ¢b f ca — cb #
z A cb # za — clzu=V-var cb|e, = calza::=V-var cble,
assume a4: atom cb §f ¢ and a5: atom cb § ca and a6: cb # z and a7: cb # za and atom cb § va
and a8: za # za and a9: z # za
assume al0:cb # za
note assms = al0 a9 a8 a7 ab ad a4 a3 a2 al

have c[z:=V-var cb]., = calza::=V-var cbl., using assms by auto
hence c[z::=V-var ¢bl.y[za::=val., = calza:=V-var cb)e,[za::=valq, by simp
moreover have c[z::=V-var cb]q, [za::=valey = c[Ta::=va)cy[2::= V-var ¢bl., using  subst-cv-commute-full|of
z va xza V-var c¢b ] assms fresh-def v.supp by fastforce
moreover have ca[za::=V-var cbl.y[ra:=va|., = caza:=valcy[za::=V-var cble,
using  subst-cv-commute-full[of za va za V-var ¢b| assms fresh-def v.supp by fastforce

ultimately show c[za::=va]c,[2::=V-var cbl., = calza::=va]qy[2a::=V-var cbl., by simp
qed

nominal-termination (equt) by lexicographic-order

abbreviation
subst-tv-abbrev :: T = x = v = T (-[-1=-]+> [1000,50,50] 1000)
where
tz:=v];y = subst-tvtz v

lemma size-subst-tv [simp]: size ( subst-tv A iz ) = size A
proof (nominal-induct A avoiding: i x rule: T.strong-induct)
case (T-refined-type z' b’ ¢')
then show ?Zcase by auto
qed
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lemma forget-subst-tv [simp]: atom a § A = subst-tv A azxz = A
apply (nominal-induct A avoiding: a x rule: T.strong-induct)
apply(auto simp: fresh-at-base)
done

lemma subst-tv-id [simp]: subst-tv A a (V-var a) = A
by (nominal-induct A avoiding: a rule: T.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-tv-if [simp]:
jt(subst-tv Aiz)+— (atomig ANjEA) NV (GHazA(GHEAVJ= atomi))
apply (nominal-induct A avoiding: i x rule: T.strong-induct)
using fresh-def supp-b-empty z-fresh-b by auto

lemma subst-tv-commute [simp):
atom y § 7 = (T[zi:= t]ro)[Y::=0]70 = T[zi= tyn=0]pe]r0
by (nominal-induct T avoiding: = y t v rule: T.strong-induct) (auto simp: fresh-at-base)

lemma subst-tv-var-flip [simp]:
fixes z::xz and za::x and 77
assumes atom za f T
shows (z < za) - 7 = 7[x::=V-var za|,
proof —
obtain z::z and b and ¢ where zbc: atom z £ (z,za, V-var za) AT ={z:b]c}
using obtain-fresh-z by (metis prod.inject subst-tv.cases)
hence atom za ¢ supp ¢ — { atom z } using 7.supplof z b c| fresh-def supp-b-empty assms
by auto
moreover have za # z using zbc fresh-prod3 by force
ultimately have zaf: atom za f§ ¢ using fresh-def by auto
have (z <> za) - 7={ 2z:b| (z < za) - c}
by (metis T.perm-simps empty-iff flip-at-base-simps(3) flip-fresh-fresh fresh-PairD(1) fresh-PairD(2)
fresh-def not-self-fresh supp-b-empty v.fresh(2) zbc)
also have ... = { z: b | c[z::=V-var za]., | using subst-cv-v-flip zaf
by (metis permute-flip-cancel permute-flip-cancel2 subst-cv-var-flip)
finally show ?thesis using subst-tv.simps zbc
using fresh-PairD(1) not-self-fresh by force
qed

instantiation 7 :: has-subst-v
begin

definition
subst-v = subst-tv

instance proof
fix j::atom and i::x and z::v and t::7
show (jff subst-vtiz)= ((atomiftANjit)Vv(GdaA(@ttVj= atomi)))

proof (nominal-induct t avoiding: i x rule:T.strong-induct)
case (T-refined-type z b ¢)
hence jt#{z:b | c}lin=z]y, = 78 2:b | clin=x]co | using subst-tv.simps subst-v-T-def
fresh-Pair by simp
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alsohave ... = (atom it {z:b |cfAjt{z:b |chpVidan(Gt{z:b|cl}Vj=atomi))
unfolding 7.fresh using subst-v-c-def fresh-subst-v-if
using T-refined-type.hyps(1) T-refined-type.hyps(2) z-fresh-b by auto
finally show ?case by auto
qed

fix a::x and tm::7 and x::v
show atom a § tm = subst-v tm a x = tm
apply(nominal-induct tm avoiding: a x rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix a::x and tm:T
show subst-v tm a (V-var a) = tm
apply(nominal-induct tm avoiding: a rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix p::perm and z!::x and v::v and t1::7

show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
apply(nominal-induct tm avoiding: a x rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix z::x and c:7 and z:x
show atom z § ¢ = ((z + 2) - ¢) = c[z:=[z]"],
apply(nominal-induct ¢ avoiding: z x rule:T.strong-induct)
using subst-v-c-def flip-subst-v subst-tv.simps subst-v-T-def fresh-Pair by auto

fix z::x and c:7 and z:x
show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[z::=0],
apply(nominal-induct ¢ avoiding: x v z rule:T.strong-induct)
using subst-v-c-def subst-tv.simps subst-v-T-def fresh-Pair
by (metis flip-commute subst-tv-commute subst-tv-var-flip subst-v-t-def subst-vv.simps(2))
qed

end

lemma subst-tv-commute-full:
fixes cuT
assumes atom z v and atom = § w and z#z
shows (clzi:=w];y)[z::=0]7y = (c[T::=0]7y)[2::=W] 7y
using assms proof(nominal-induct ¢ avoiding: x v z w rule: T.strong-induct)
case (T-refined-type xla x2a x3a)
then show ?Zcase using subst-cv-commute-full by simp
qed

lemma type-eq-subst-eq:
fixes v::v and c1::c
assumes { 21 : b1 | el f={22:02 | 2}
shows cI[z1:=v]¢y = ¢2[22::=0]¢,
using subst-v-flip-eq-twolof z1 c1 22 c2 v] T.eq-iff assms subst-v-c-def by simp

Extract constraint from a type. We cannot just project out the constraint as this would mean
alpha-equivalent types give different answers
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nominal-function c-of :: 7 = z = ¢ where
atom z § £ => c-of (T-refined-type z b ¢) © = c[z:=[z]"]cv
proof(goal-cases)
case I
then show ?Zcase using equt-def c-of-graph-auz-def by force
next
case (2 z y)
then show ?case using equt-def c-of-graph-aux-def by force
next
case (3 P x)
then obtain z/::7 and z2::z where x:z = (z1,22) by force
obtain 2z’ and b’ and ¢’ where z1 = { 2’ : b’ | ¢’ } A atom 2’ § x2 using obtain-fresh-z by metis
then show ?case using 3 x by auto
next
case (4 z1 x1 b1 ¢l 22 22 b2 c2)
then show Zcase using subst-v-flip-eq-two 7.eg-iff by (metis prod.inject type-eq-subst-eq)
qed

nominal-termination (equt) by lexicographic-order

lemma c-of-eq:
shows cof {z:b|clz=c

proof (nominal-induct { = : b | ¢ | avoiding: x rule: T.strong-induct)
case (T-refined-type z' ¢’)
moreover hence c-of { z':b| ¢’ |} x = ¢'[z':=V-var z]., using c-of .simps by auto
moreover have { z': b | ¢’} ={ z:0b | ¢ |} using T-refined-type T7.eq-iff by metis
moreover have ¢’[z":=V-var z]., = ¢ using T-refined-type Absi-eq-iff flip-subst-v subst-v-c-def

by (metis subst-cv-id)

ultimately show ?Zcase by auto

qed

lemma obtain-fresh-z-c-of
fixes t::'b:fs
obtains z where atom z § t A7 ={ z:b-of 7| cof T 2 |
proof —
obtain z and ¢ where atom z § t A7 ={ z: b-of 7| ¢ | using obtain-fresh-z2 by metis
moreover hence ¢ = c-of 7 z using c-of .simps using c-of-eq by metis
ultimately show ?thesis
using that by auto
qed

lemma c-of-fresh:
fixes z::x
assumes atom z § (¢,2)
shows atom = § c-of t 2
proof —
obtain 2z’ and ¢’ where z:t = {| 2’ : b-of t | ¢’ } A atom z'§ (x,2) using obtain-fresh-z-c-of by metis
hence *:c-of t z = ¢/[z':=V-var z]., using c-of .simps fresh-Pair by metis
have (atom = § ¢’ V atom x € set [atom 2]) A atom z § b-of t using 7.fresh assms z fresh-Pair by
metis
hence atom z 4 ¢’ using fresh-Pair z fresh-at-base(2) by fastforce
moreover have atom z ff V-var z using assms fresh-Pair v.fresh by metis
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ultimately show ?thesis using assms fresh-subst-v-if [of atom z ¢’ 2’ V-var z] subst-v-c-def x by
metis
qed

lemma c-of-switch:
fixes z::x
assumes atom z f t
shows (c-of t z)[z::=V-var ], = c-of t x
proof —
obtain 2z’ and ¢’ where z:t = {| 2’ : b-of t | ¢’ } A atom z'§ (x,z) using obtain-fresh-z-c-of by metis
hence (atom z § ¢’ V atom z € set [atom 2']) A atom z § b-of t using .fresh|of atom z z’ b-of t ¢/]
assms by metis
moreover have atom z ¢ set [atom 2’| using z fresh-Pair by force
ultimately have xx:atom z f ¢’ using fresh-Pair z fresh-at-base(2) by metis

have (c-of t z)[z:=V-var z]e, = '[2":=V-var z]ey[2:=V-var )., using c-of .simps fresh-Pair z by
metis

also have ... = ¢/[z":=V-var 1], using subst-v-simple-commute subst-v-c-def assms c-of .simps z *x
by metis

finally show ?thesis using c-of .simps[of z’ = b-of t ¢/] fresh-Pair z by metis
qed

lemma type-eq-subst-eql:
fixes v::v and c1::c
assumes { z1 : b1 | ¢l f=({22:02 | ¢2|) and atom z1 § c2
shows c1[z1:=v]c, = ¢2[22:=v]., and bI1=02 and c¢I = (21 + 22) - 2
proof —
show c1[z1:=0]cy, = ¢2[22:=0|., using type-eq-subst-eq assms by blast
show b1=5b2 using 7.eq-iff assms by blast
have z1 = 22 ANel =2V 21 # 22 A cl = (21 < 22) - ¢2 A atom 21 § ¢2
using 7.eq-iff Absi-eq-iff[of z1 c1 22 c2] assms by blast
thus ¢l = (21 < 22) - ¢2 by auto
qed

lemma type-eq-subst-eq2:

fixes v::v and cl::c

assumes { z1 : b1 | ¢l f=({22:02 | 2}

shows c1[z1::=v]sy, = c2[22::=0]., and bI=>b2 and [[atom z1]]lst. cI = [[atom z2]]lst. c2
proof —

show c1[z1:=v]., = ¢2[22::=v]., using type-eq-subst-eq assms by blast

show b1=02 using 7.eq-iff assms by blast

show [[atom z1]]lst. c1 = [[atom 22]]Ist. c2
using 7.eq-iff assms by auto
qed

lemma type-eq-subst-eq3:
fixes v::v and cl::c
assumes { z1 : b1 | ¢l }=({22:02 | ¢2|) and atom zI § c2
shows ¢l = ¢2[22:=V-var z1]., and b1=>2
using type-eq-subst-eql assms subst-v-c-def
by (metis subst-cv-var-flip)+
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lemma type-eq-flip:
assumes atom ¢ f ¢
shows {z:b0 |cf}={z:b|(z2)-c}
using 7.eq-iff Abs1-eq-iff assms
by (metis (no-types, lifting) flip-fresh-fresh)

lemma c-of-true:
c-of { 2z’ B-bool | TRUE |} © = C-true
proof (nominal-induct { z': B-bool | TRUE |} avoiding: x rule:T.strong-induct)
case (T-refined-type zla z3a)
hence { z’: B-bool | TRUE |} = { zla : B-bool | x3a |} using 7.eq-iff by metis
then show ?case using subst-cv.simps c-of .simps T-refined-type
type-eq-subst-eq3
by (metis type-eq-subst-eq)
qed

lemma type-eq-subst:
assumes atom ¢ f ¢
shows {z:0 | c}={z:b]| clze=[z]"]co |}
using 7.eq-iff Abs1-eq-iff assms
using subst-cv-var-flip type-eq-flip by auto

lemma type-e-subst-fresh:
fixes z::x and z::z
assumes atom z § (z,v) and atom z § e
shows { z : b | CE-val (V-var z) == e [}au=vl;y ={ 2:b | CE-val (V-var z) == e |
using assms subst-tv.simps subst-cv.simps forget-subst-cev by simp

lemma type-v-subst-fresh:

fixes z::x and z::2

assumes atom z { (z,v) and atom = £ v’

shows { z : b | CE-val (V-var z) == CE-val v’ [Hz:=v];p, = { 2:b | CE-val (V-var z) ==
CE-val v' |}

using assms subst-tv.simps subst-cv.simps by simp

lemma subst-tbase-eq:
b-of T = b-of T[x::=0]74
proof —
obtain z and b and ¢ where zbc: 7 = { z:b|c} A atom z § (x,v) using T.ezhaust
by (metis prod.inject subst-tv.cases)
hence b-of { z:b|c} = b-of { z:b|c}[z::=v],, using subst-tv.simps by simp
thus “thesis using zbc by blast
qed

lemma subst-tv-if:
assumes atom zI § (z,v) and atom 2’ § (z,v)
shows { z1 : b | CE-val (v'[z::=v]yy) == CE-val (V-lit1) IMP (c'[z:=0]cy)[z":=[21]"]co | =
{21:b | CE-val v’ == CF-val (V-litl) IMP c'[z":=[21]"]cv [}z:=0]r0
using subst-cv-commute-full[of 2z’ v & V-var z1 ¢/| subst-tv.simps subst-vv.simps(1) subst-ev.simps
subst-cv.simps assms
by simp
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lemma subst-tv-tid:
assumes atom za § (z,v)
shows { za : B-id tid | TRUE || = { za : B-id tid | TRUE [[z:=0],
using assms subst-tv.simps subst-cv.simps by presburger

lemma b-of-subst:
b-of (t[z::=0]ry) = b-of T

proof —
obtain z b ¢ where x:7 = { z: b | ¢ | A atom z § (z,v) using obtain-fresh-z by metis
thus %thesis using subst-tv.simps * by auto

qed

lemma subst-tv-flip:
assumes 7'[z::=v];, = 7 and atom z § (v,7) and atom z' § (v,7)
shows ((z' < z) - 7)[z":=0];y = T
proof —
have (z' <> z) - v=v A (¢' <> x) - 7 = 7 using assms flip-fresh-fresh by auto
thus ?thesis using subst-tv.equt[of (z' <> z) 7'z v ] assms by auto
qed

lemma subst-cu-true:
{z:B-idtid | TRUE | = { z: B-id tid | TRUE [}[z::=0]+y
proof —
obtain za::z where atom za § (z,v) using obtain-fresh by auto
hence { z : B-id tid | TRUE || = { za: B-id tid | TRUE |} using 7.eq-iff AbsI-eq-iff by fastforce
moreover have { za: B-id tid | TRUE |} = { za : B-id tid | TRUE [}[z::=0],
using subst-cv.simps subst-tv.simps by (simp add: <atom za § (z, v)»)
ultimately show ?thesis by argo
qed

lemma t-eq-supp:
assumes ({ z:b|cf})=({ 21 :01|cl|)
shows supp ¢ — { atom z } = supp ¢! — { atom z1 }
proof —
have supp ¢ — { atom z } U supp b = supp c1 — { atom z1 } U supp bl using 7.supp assms
by (metis list.set(1) list.simps(15) sup-bot.right-neutral supp-b-empty)
moreover have supp b = supp b1 using assms T.eq-iff by simp
moreover have atom z1 ¢ supp bl A atom z ¢ supp b using supp-b-empty by simp
ultimately show ?thesis
by (metis T.eq-iff T.supp assms b.supp(1) list.set(1) list.set(2) sup-bot.right-neutral)
qed

lemma fresh-t-eq:
fixes z::z
assumes ({z:0 |c})={ 22:b]| cc]}) and atom z § ¢ and z # zz
shows atom z £ cc
proof —
have supp ¢ — { atom z } U supp b = supp cc — { atom zz } U supp b using 7.supp assms
by (metis list.set(1) list.simps(15) sup-bot.right-neutral supp-b-empty)
moreover have atom z ¢ supp ¢ using assms fresh-def by blast
ultimately have atom z ¢ supp cc — { atom zz } U supp b by force
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hence atom z ¢ supp cc using assms by simp
thus ?thesis using fresh-def by auto
qed

3.8 Mutable Variable Context

nominal-function subst-dv :: A = z = v = A where
subst-dv DNil x v = DNil
| subst-dv ((u,t) #a A) zv = ((u,t[z:=0]r) #a (subst-dv A zv))
apply (simp add: equt-def subst-dv-graph-auz-def,auto )
using delete-aux.elims by (metis A.exhaust surj-pair)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-dv-abbrev :: A = . = v = A (-[-:=-]a» [1000,50,50] 1000)
where
Alz::=v]a, = subst-dv A z v

nominal-function dmap :: (ux7 = ux7) = A = A where
dmap f DNil = DNil
| dmap f ((u,t)#ad) = (f (ut) #a (dmap [ A))
apply (simp add: equt-def dmap-graph-auz-def,auto )
using delete-auz.elims by (metis A.ezhaust surj-pair)
nominal-termination (equt) by lexicographic-order

lemma subst-dv-iff:
Alz:=v]a, = dmap (Mu,t). (u, tfz:=0v];,)) A
by (induct A, auto)

lemma size-subst-dv [simp)]: size ( subst-dv G i z) < size G
by (induct G,auto)

lemma forget-subst-dv [simp]: atom a § G = subst-dv G a x = G
apply (induct G ,auto)
using fresh-DCons fresh-PairD(1) not-self-fresh apply fastforce
apply (simp add: fresh-DCons)+
done

lemma subst-dv-member:
assumes (u,7) € setD A
shows (u, T[z::=v],,) € setD (Alz:=v]ay)
using assms by(induct A rule: A-induct,auto)

lemma fresh-subst-dv:
fixes z::z
assumes atom za § A and atom xa § v
shows atom za $A[z::=v]a,
using assms proof (induct A rule:A-induct)
case DNil
then show ?Zcase by auto
next
case (DCons ut A)
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then show ?case using subst-dv.simps subst-v-7-def fresh-DCons fresh-Pair by simp
qed

lemma fresh-subst-dv-if:

fixes j::atom and i:x and z::v and :A

assumes j it A ji

shows (j # subst-dv t i x)

using assms proof (induct t rule: A-induct)

case DNil

then show ?case using subst-gv.simps fresh-GNil by auto
next

case (DCons u' t' D)

then show ?case unfolding subst-dv.simps using fresh-DCons fresh-subst-tv-if fresh-Pair by metis
qed

3.9 Statements

Using ideas from proofs at top of AFP /Launchbury/Substitution.thy. Subproofs borrowed from
there; hence the apply style proofs.

nominal-function (default case-sum (Az. Inl undefined) (case-sum (Az. Inl undefined) (Az. Inr unde-
fined)))
subst-sv i s =T = v = s
and subst-branchv :: branch-s = z = v = branch-s
and subst-branchlv :: branch-list = © = v = branch-list where
subst-sv ( (AS-val v') ) z v = (AS-val (subst-vv v’ z v ))
| atom y § (z,0) = subst-sv (AS-let y e s) zv= (AS-let y (e[z::=0]ey) (subst-sv s T v ))
| atom y § (x,0) => subst-sv (AS-let2 y t s1 s2) x v = (AS-let2 y (t[z::=v];,) (subst-sv s1 x v ) (subst-sv
s2xv))
| subst-sv (AS-match v’ cs) © v = AS-match (v'[z:=v]y,) (subst-branchlv cs z v )
| subst-sv (AS-assign y v') z v = AS-assign y (subst-vv v’ z v )
| subst-sv ( (AS-if v’ s1 s2) ) xz v = (AS-if (subst-vv v’ z v ) (subst-sv s1 v ) (subst-svs2zv ) )
| atom u § (z,v) = subst-sv (AS-var u 7 v’ s) x v = AS-var u (subst-tv T z v ) (subst-vv v’ x v )
(subst-sv s x v )
| subst-sv (AS-while s1 s2) x v = AS-while (subst-sv s1 z v ) (subst-sv s2 z v )
| subst-sv (AS-seq s1 s2) x v = AS-seq (subst-sv s1 x v ) (subst-sv s2zv)
| subst-sv (AS-assert ¢ s) © v = AS-assert (subst-cv ¢ x v) (subst-sv s z v)
| atom z1 § (z,0) = subst-branchv (AS-branch dc x1 s1 ) x v = AS-branch dc x1 (subst-sv s1 z v )

| subst-branchlv (AS-final cs) z v = AS-final (subst-branchv cs x v)

| subst-branchlv (AS-cons cs css) x v = AS-cons (subst-branchv cs x v ) (subst-branchlv css z v )
apply (auto,simp add: equt-def subst-sv-subst-branchv-subst-branchlv-graph-auz-def )

proof(goal-cases)

have equt-at-proj: )\ s za va . equt-at subst-sv-subst-branchv-subst-branchlv-sumC (Inl (s, za, va)) =

equt-at (Aa. projl (subst-sv-subst-branchv-subst-branchlv-sumC (Inl a))) (s, za, va)
apply(simp add: equt-at-def)
apply(rule)
apply(subst Projl-permute)
apply(thin-tac -)+
apply (simp add: subst-sv-subst-branchv-subst-branchlv-sumC-def)
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apply (simp add: THE-default-def)
apply (case-tac Exl (subst-sv-subst-branchv-subst-branchlv-graph (Inl (s,za,va))))
apply simp
apply (auto)[1]
apply (erule-tac z=z in allF)
apply simp
apply(cases rule: subst-sv-subst-branchv-subst-branchlv-graph.cases)
apply (assumption)
apply(rule-tac z=Sum-Type.projl = in exl,clarify,rule thel-equality,blast,simp (no-asm)
only: sum.sel)+
apply blast +

apply (simp)+
done

case (1 P z')
then show ?case proof(cases z')
case (Inl a) thus P
proof (cases a)
case (fields aa bb cc)
thus P using Inl 1 s-branch-s-branch-list.strong-exhaust fresh-star-insert by metis
qed
next
case (Inr b) thus P
proof (cases b)
case (Inl a) thus P proof(cases a)
case (fields aa bb cc)
then show ?thesis using Inr Inl 1 s-branch-s-branch-list.strong-exhaust fresh-star-insert by
metis
qed
next
case Inr2: (Inr b) thus P proof(cases b)
case (fields aa bb cc)
then show ?thesis using Inr Inr2 1 s-branch-s-branch-list.strong-echaust fresh-star-insert by
metis
qed
qed
qed
next
case (2 y s ya za va sa c)
thus ?case using equit-triple equt-at-proj by blast
next
case (3 y s2 ya za va sla s2a c)
thus ?case using equi-triple equt-at-proj by blast
next
case (4 u za va s ua sa c)
moreover have atom u § (za, va) A atom ua § (za, va)
using fresh-Pair u-fresh-zv by auto
ultimately show ?case using equt-triple[of u za va ua s sa] subst-sv-def equt-at-proj by metis
next
case (5 z1 sl zla za va sla c)
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thus ?2case using equi-triple equt-at-proj by blast
}
qed
nominal-termination (equt) by lexicographic-order

abbreviation
subst-sv-abbrev :: s = T = v = 5 («-[-11=-]5> [1000,50,50] 1000)
where
s[xi=v]s, = subst-sv s z v
abbreviation
subst-branchv-abbrev :: branch-s = © = v = branch-s («-[-::=-]s,> [1000,50,50] 1000)
where
s[x:=v]s, = subst-branchv s x v

lemma size-subst-sv [simp|: size (subst-sv A i x ) = size A and size (subst-branchv B i z ) = size B
and size (subst-branchlv C' iz ) = size C
by (nominal-induct A and B and C avoiding: i x rule: s-branch-s-branch-list.strong-induct,auto)

lemma forget-subst-sv [simp]: shows atom a § A = subst-sv A a ¢ = A and atom a § B =
subst-branchv B a x = B and atom a § C = subst-branchlv Ca xz = C

by (nominal-induct A and B and C avoiding: a x rule: s-branch-s-branch-list.strong-induct,auto simp:
fresh-at-base)

lemma subst-sv-id [simp]: subst-sv A a (V-var a) = A and subst-branchv B a (V-var a) = B and
subst-branchlv C a (V-var a) = C
proof (nominal-induct A and B and C avoiding: a rule: s-branch-s-branch-list.strong-induct)
case (AS-let x option e s)
then show ?case
by (metis (no-types, lifting) fresh-Pair not-None-eq subst-ev-id subst-sv.simps(2) subst-sv.simps(3)
subst-tv-id v.fresh(2))
next
case (AS-match v branch-s)
then show ?Zcase using fresh-Pair not-None-eq subst-ev-id subst-sv.simps subst-sv.simps subst-tv-id
v.fresh subst-vv-id
by metis
qged(auto)+

lemma fresh-subst-sv-if-ri:
shows
(atomz gt sAjds)VEtovA(GHsVj=atomz)) = ji (subst-sv sz v ) and
(atomz g esANjtes)V(EitoA(GEesVj=atomz)) = ji (subst-branchv cs z v) and
(atom z f ess ANjtess) V(oA (Gt cssV j= atomx)) = jt (subst-branchlv css z v )
apply(nominal-induct s and cs and css avoiding: v z rule: s-branch-s-branch-list.strong-induct)
using pure-fresh by force+

lemma fresh-subst-sv-if-r:
shows j ff (subst-sv s xv) = (atomz s Ajts)V (v
J # (subst-branchv cs © v) = (atom x § cs N j§ cs) vV (j 4
j t (subst-branchlv css x v ) = (atom x § css A j i css) V
proof(nominal-induct s and cs and css avoiding: v © rule: s-
case (AS-branch list x s )

A (Gt sVj=atomx)) and

vA(jfesVj= atom z)) and
(GEuvA (Gt essVj= atom z))
branch-s-branch-list.strong-induct)
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then show ?case using s-branch-s-branch-list.fresh fresh-Pair list.distinct(1) list.set-cases pure-fresh
set-ConsD subst-branchv.simps by metis
next
case (AS-let y e s')
thus ?case proof(cases atom x § (AS-let y e s'))
case True
hence subst-sv (AS-let y e s’) xv = (AS-let y e s') using forget-subst-sv by simp
hence j§f (AS-let y e s’) using AS-let by argo
then show %thesis using True by blast
next
case False
have subst-sv (AS-let y e s') v v = AS-let y (e[x::=v]ey) (8[2::=0]5,) using subst-sv.simps(2)
AS-let by force
hence ((j § s'[z::=v]s V j € set [atom y]) A j§ None A j i e[z::=v]¢,) using s-branch-s-branch-list.fresh
AS-let
by (simp add: fresh-None)
then show ?thesis using AS-let fresh-None fresh-subst-ev-if list.discl list.set-cases s-branch-s-branch-list.fresh
set-ConsD
by metis
qed
next
case (AS-let2 y T s1 s2)
thus ?case proof(cases atom x § (AS-let2 y T s1 s2))
case True
hence subst-sv (AS-let2 y 7 s1 s2) xzv = (AS-let2 y 7 s1 s2) using forget-subst-sv by simp
hence j ff (AS-let2 y 7 sl s2) using AS-let2 by argo
then show %thesis using True by blast
next
case Fulse
have subst-sv (AS-let2 y 7 s1 s2) v = AS-let2 y (T[x:=0]ry) (s1[T::=0]sy) (s2][x::=1]5,) using
subst-sv.simps AS-let2 by force
then show #%thesis using AS-let2
fresh-subst-tv-if list.discl list.set-cases s-branch-s-branch-list.fresh(4) set-ConsD by auto
qed
qged(auto)+

lemma fresh-subst-sv-if [simp]:
fixes z::x and v:iv
shows j #f (subst-sv s zv) «— (atomz 8 sAjtts) V(v A(GtsVj= atomz)) and
J # (subst-branchv cs © v) «— (atomx fcs ANjhes)V (v A (G esVj= atom x))
using fresh-subst-sv-if-Ir fresh-subst-sv-if-rl by metis+

lemma subst-sv-commute [simp]:
fixes A::s and t::v and j:z and iz
shows atom j§ A = (subst-sv (subst-sv A i t) ju ) = subst-sv A i (subst-vv tj u ) and
atom j B = (subst-branchv (subst-branchv B it ) ju ) = subst-branchv B i (subst-vv ¢t j u ) and
atom j § C = (subst-branchlv (subst-branchlv C i t) ju ) = subst-branchlv C i (subst-vv tju )
apply(nominal-induct A and B and C avoiding: i j t u rule: s-branch-s-branch-list.strong-induct)
by (auto simp: fresh-at-base)

lemma c-eq-perm:
assumes ( (atom z) = (atom 2')) - ¢ = ¢’ and atom 2z’ § ¢

63



shows {z:b|cl={2":b]|c}
using 7.eq-iff AbsI-eq-iff (3)
by (metis Nominal2-Base.swap-commute assms(1) assms(2) flip-def swap-fresh-fresh)

lemma subst-sv-flip:

fixes s::s and sa::s and v'::v

assumes atom ¢ § (s, sa) and atom ¢ § (v',z, za, s, sa) atom z § v/ and atom za § v/ and (z < ¢) -
s = (za <> ¢) - sa

shows s[z::=v']s, = sa[ra:=0v"]s,
proof —

have atom z § (s[z::=v"5,) and zafr: atom za § (salza:=v"s,)

and atom c § ( s[z::=v"]s,, salza::=v"]s,) using assms using fresh-subst-sv-if assms by( blast+

Jorce)

hence s[z:=v"]s, = (z & ¢) « (s[z::=0"]5,) by (simp add: flip-fresh-fresh fresh-Pair)
(

alsohave ...=((z < ¢) - s)[ ((z < ¢) - x) == ((z ¢ ¢) - v') |50 using subst-sv-subst-branchv-subst-branchlv.equt
by blast

also have ... = ((za <> ¢) - sa)[ ((z <> ¢) - z) == ((z + ¢) - V') |5, using assms by presburger

also have ... = ((za < ¢) - sa)] ((za + ¢) + za) == ((za < ¢) - v') |5, using assms

by (metis flip-at-simps(1) flip-fresh-fresh fresh-PairD(1))

also have ... = (za < ¢) - (salza::=v"]s,) using subst-sv-subst-branchv-subst-branchlv.equt by pres-
burger

also have ... = sa[za::=v'];, using zafr assms by (simp add: flip-fresh-fresh fresh-Pair)

finally show ?thesis by simp
qed

lemma if-type-eq:
fixes I'::I' and v::v and z1::x
assumes atom z1'§ (v, ca, (2, b, ¢) #r I, (CE-val v == CE-val (V-lit Il) IMP ca[za::=[21]"]cy
)) and atom z1 £ v
and atom zI § (za,ca) and atom z1'§ (za,ca)

shows ({ z1': ba | CE-val v == CE-val (V-litll) IMP calza:=[z1"]"]¢v [}) =4 21 : ba | CE-val
v == CE-val (V-lit ll) IMP calza:=[z1]"]cv |}
proof —
have atom z1'§ (CE-val v == CE-val (V-lit ll) IMP caza::=[21]"]¢y ) using assms fresh-prod4 by
blast
moreover hence (CE-val v == CE-val (V-lit ll) IMP ca[za:=[21"]"]cy) = (21’ < 21) - (CE-val
v == CE-val (V-lit ll) IMP calza:=[21]"]cy )
proof —
have (z1' <> z1) « (CE-val v == CE-val (V-lit ll) IMP calza:=[21]"]cy ) = ( (21’ > 21) -
(CE-val v == CE-val (V-lit 1)) IMP ((21' <> z1) - calza:=[21]"]cv ))
by auto
also have ... = ((CE-val v == CE-val (V-lit ll)) IMP ((z21' 4 z1) - calza:=[21]"]cy ))

using <atom zI1 § v» assms
by (metis (mono-tags) <atom 21’4 (CE-val v == CE-val (V-lit ll) IMP calza::=[21]"]cy )> c.fresh(6)
c.fresh(7) ce.fresh(1) flip-at-simps(2) flip-fresh-fresh fresh-at-base-permute-iff fresh-def supp-l-empty v.fresh(1))
also have ... = ((CE-val v == CE-val (V-lit ll)) IMP (ca[za:=[21"]"]cy ))
using assms by fastforce
finally show ?thesis by auto
qged
ultimately show ?thesis
using 7.eq-iff AbsI-eq-iff (8)[of 21’ CE-val v == CE-val (V-lit ll) IMP calza::=[21"]"]cv
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z1 CE-val v == CE-val (V-lit ll) IMP ca[za::=[21]"]cv] by blast
qed

lemma subst-sv-var-flip:
fixes z::z and s::s and z::z
shows atom z § s = ((z + 2) - ) = s[z:=[z]"]s,» and
atom z § cs = ((z < 2) + ¢s) = subst-branchv cs z [z]’ and
atom x § css = ((x <> z) + ¢ss) = subst-branchlv css z [z]¥
apply(nominal-induct s and cs and css avoiding: z x rule: s-branch-s-branch-list.strong-induct)
using [[simproc del: alpha-lst])
apply (auto )
using subst-tv-var-flip flip-fresh-fresh v.fresh s-branch-s-branch-list.fresh
subst-v-T-def subst-v-v-def subst-vv-var-flip subst-v-e-def subst-ev-var-flip pure-fresh apply auto
defer 1
using z-fresh-u  apply blast
defer 1
using z-fresh-u  apply blast
defer 1
using z-fresh-u AbsI-eq-iff '(3) flip-fresh-fresh
apply (simp add: subst-v-c-def)
using z-fresh-u Abs1-eq-iff (3) flip-fresh-fresh
by (simp add: flip-fresh-fresh)

v

instantiation s :: has-subst-v
begin

definition
subst-v = subst-sv

instance proof
fix j::atom and i::x and z::v and t::s
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-sv-if subst-v-s-def by auto

fix a::z and tm:s and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-sv subst-v-s-def by simp

fix a::x and tm::s
show subst-v tm a (V-var a) = tm using subst-sv-id subst-v-s-def by simp

fix p::perm and z1::z and v::v and t1::s
show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-sv-commute subst-v-s-def by simp

fix z::z and c::s and z::z
show atom z ff ¢ = ((z <> 2) - ¢) = clzu=[z]"]»
using subst-sv-var-flip subst-v-s-def by simp

fix z::2z and c::s and z:x

show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],
using subst-sv-var-flip subst-v-s-def by simp
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qed
end

3.10 Type Definition

nominal-function subst-ft-v :: fun-typ = = = v = fun-typ where
atom z § (z,v) = subst-ft-v ( AF-fun-typ z b ¢ t (s::8)) x v = AF-fun-typ z b c[x:=0]cy t[T:=0]ry
slx=v]s0
apply(simp add: equt-def subst-ft-v-graph-aua-def )
apply(simp add:fun-typ.strong-ezhaust )
apply (auto)
apply(rule-tac y=a and c=(aa,b) in fun-typ.strong-exhaust)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)

proof(goal-cases)
case (1 zza va ¢ t s za ca ta sa cb)

hence clz:=[ cb |"]co = calza:=[ ¢b ]"]co
by (metis flip-commute subst-cv-var-flip)
hence c[z::=] ¢b |"]co[za:=va]cy = calzai:=[ cb |*]cp[Ta:=va]c, by auto

then show ?case using subst-cv-commute atom-eq-iff fresh-atom fresh-atom-at-base subst-cv-commute-full
v.fresh
using 1 subst-cv-var-flip flip-commute by metis

next
case (2 zza va ¢ t s za ca ta sa cb)
hence t[z::=] ¢b |"];o = ta[za::=[ ¢b Y]+, by melis
hence t[z:=[ ¢b |"];y[za::=va];, = ta[za::=[ ¢b |*];y[Ta::=va], by auto

then show ?case using subst-tv-commute-full 2
by (metis atom-eq-iff fresh-atom fresh-atom-at-base v.fresh(2))
qed

nominal-termination (equt) by lexicographic-order

nominal-function subst-ftq-v :: fun-typ-¢ = = = v = fun-typ-¢ where
atom bv § (z,0) => subst-ftg-v (AF-fun-typ-some bv ft) x v = (AF-fun-typ-some bv (subst-ft-v ft x v))
| subst-ftg-v (AF-fun-typ-none ft) x v = (AF-fun-typ-none (subst-ft-v ft x v))
apply(simp add: equt-def subst-ftq-v-graph-auz-def )
apply(simp add:fun-typ-q.strong-exhaust )
apply (auto)
apply(rule-tac y=a and c¢=(aa,d) in fun-typ-q.strong-exhaust)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
proof(goal-cases)
case (I bv ft bva fta za va c)
then show ?Zcase using subst-ft-v.simps by (simp add: flip-fresh-fresh)
qed
nominal-termination (equt) by lexicographic-order

lemma size-subst-ft[simp|: size (subst-ft-v A z v) = size A
by(nominal-induct A avoiding: x v rule: fun-typ.strong-induct,auto)

lemma forget-subst-ft [simp]: shows atom x § A = subst-ft-v A x a = A
by (nominal-induct A avoiding: a x rule: fun-typ.strong-induct,auto simp: fresh-at-base)
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lemma subst-ft-id [simp]: subst-ft-v A a (V-var a) = A
by (nominal-induct A avoiding: a rule: fun-typ.strong-induct,auto)

instantiation fun-typ :: has-subst-v
begin

definition
subst-v = subst-ft-v

instance proof

fix j::atom and i::x and z::v and ¢:fun-typ
show (jff subst-vtiz)= ((atomiftAjit)V (GtaA(GttVj= atomi)))
apply(nominal-induct t avoiding: i x rule:fun-typ.strong-induct)
apply(simp only: subst-v-fun-typ-def subst-ft-v.simps )
using fun-typ.fresh fresh-subst-v-if apply simp
by auto

fix a::x and tm:: fun-typ and z::v
show atom a § tm = subst-v tm a x = tm
proof (nominal-induct tm avoiding: a z rule: fun-typ.strong-induct)
case (AF-fun-typ xla x2a ©3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
qed

fix a::x and tm::fun-typ
show subst-v tm a (V-var a) = tm
proof(nominal-induct tm avoiding: a x rule:fun-typ.strong-induct)
case (AF-fun-typ zla z2a x3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
ged

fix p::perm and x1::x and v::v and t1::fun-typ
show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
proof (nominal-induct t1 avoiding: x1 v rule:fun-typ.strong-induct)
case (AF-fun-typ xla x2a x3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
qed

fix z::xz and c:fun-typ and z::z
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"],
apply(nominal-induct ¢ avoiding: x z rule:fun-typ.strong-induct)
by (auto simp add: subst-v-c-def subst-v-s-def subst-v-T-def subst-v-fun-typ-def)

fix z::xz and c:fun-typ and z::z
show atom x § ¢ = clzi:=[z]"]y[2:=0], = c[zi:=0],
apply(nominal-induct ¢ avoiding: z x v rule:fun-typ.strong-induct)
apply auto
by (auto simp add: subst-v-c-def subst-v-s-def subst-v-T-def subst-v-fun-typ-def )
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qed
end

instantiation fun-typ-q :: has-subst-v
begin

definition
subst-v = subst-ftq-v

instance proof
fix j::atom and i::x and z::v and t::fun-typ-q
show (jff subst-vtiz)= ((atomiftANjit)V(itaA(GttVj= atomi)))
apply(nominal-induct t avoiding: i x rule: fun-typ-q.strong-induct,auto)
apply(auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-T-def subst-v-fun-typ-q-def
fresh-subst-v-if )
by (metis (no-types) fresh-subst-v-if subst-v-fun-typ-def)+

fix i::x and t:fun-typ-q and z::v
show atom i § t = subst-vtiz =t
apply(nominal-induct t avoiding: i x rule:fun-typ-q.strong-induct,auto)
by (auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-T-def subst-v-fun-typ-q-def fresh-subst-v-if

)

fix i::x and t::fun-typ-q
show subst-v t i (V-var i) = ¢ using subst-cv-id subst-v-fun-typ-def
apply(nominal-induct t avoiding: i & rule: fun-typ-q.strong-induct,auto)
by (auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-T-def subst-v-fun-typ-q-def fresh-subst-v-if

)

fix p::perm and x1::x and v::v and t1::fun-typ-q
show p - subst-v t1 1 v = subst-v (p - t1) (p - x1) (p - v)
apply(nominal-induct t1 avoiding: v x1 rule:fun-typ-q.strong-induct,auto)
by (auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-t-def subst-v-fun-typ-q-def fresh-subst-v-if

)

fix z::x and c::fun-typ-q and z:z
show atom z ff ¢ = ((z <> 2) - ¢) = clzu=[z]"]»
apply (nominal-induct ¢ avoiding: x z rule:fun-typ-q.strong-induct,auto)
by (auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-t-def subst-v-fun-typ-q-def fresh-subst-v-if

)

fix z::xz and c:fun-typ-q¢ and z:x

show atom x § ¢ = clzi:=[z]"]y[2:=0], = c[zi:=0],
apply(nominal-induct ¢ avoiding: z x v rule:fun-typ-q.strong-induct,auto)
apply (auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-T-def subst-v-fun-typ-q-def fresh-subst-v-if

)
by (metis subst-v-fun-typ-def flip-bv-z-cancel subst-ft-v.equt subst-v-simple-commute v.perm-simps )+
qed

end
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3.11 Variable Context

lemma subst-dv-fst-eq:
fst < setD (Alz::=v]ay) = fst ¢ setD A
by (induct A rule: A-induct,simp,force)

lemma subst-gv-member-iff:
fixes z":z and x::z and v::v and c¢":c
assumes (z’,b',¢’) € toSet T and atom = ¢ atom-dom T
shows (z',b’,c'[z::=v].y) € toSet T'[z::=v]p,
proof —
have z’ # z using assms fresh-dom-free2 by metis
then show ?thesis using assms proof(induct T' rule: T-induct)
case GNil
then show ?case by auto
next
case (GCons x1 bl c1 T)
show ?case proof(cases (xz',b',c’) = (z1,b1,c1))
case True
hence ((z1, b1, c1) #r T')[z:=v|r, = (21, b1, cl]z::=v]cy) #r (T'[z::=0]1ry)) using subst-gv.simps
«z'#z>y by auto
then show ?thesis using True by auto
next
case Fulse
have x1+#x using fresh-def fresh-GCons fresh-Pair supp-at-base GCons fresh-dom-free2 by auto
hence (z/, b', ¢’) € toSet I' using GCons False toSet.simps by auto
moreover have atom z ¢ atom-dom T’ using fresh-GCons GCons dom.simps toSet.simps by
stmp
ultimately have (z’, b/, ¢[z::=v].,) € toSet T''[z::=v|r, using GCons by auto
hence (z/, b/, ¢/[z::=v]c,) € toSet ((z1, b1, cl[r:=v]cy) #r (T'[z::=v]ry)) by auto
then show ?thesis using subst-gv.simps <xl1Z£x> by auto
qed
qed
qed

lemma fresh-subst-gv-if:

fixes j::atom and i:x and z::v and ¢:T’

assumes j it A jiz

shows (j t subst-gv t i x)

using assms proof (induct t rule: T-induct)

case GNil

then show ?case using subst-gv.simps fresh-GNil by auto
next

case (GCons z' b’ ¢' T)

then show ?case unfolding subst-gv.simps using fresh-GCons fresh-subst-cv-if by auto
qed

3.12 Lookup

lemma set-GConsD: y € toSet (z #r 1s) = y=x V y € toSet s
by auto
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lemma subst-g-assoc-cons:
assumes z # 1z’
shows (((z’/, b/, ¢/) #r T)[z::=v]ry, @ G) = ((z/, b/, c[z::=V]cn) #r (T[z:=2|ry) Q G))
using subst-gv.simps append-g.simps assms by auto

end
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Chapter 4

Basic Type Variable Substitution

4.1 Class
class has-subst-b = fs +
fixes subst-b :: 'a::fs = bv = b = ‘aufs («-[-n=-]p [1000,50,50] 1000)
assumes fresh-subst-if: j§ (tlin=z]y ) «— (atom i t ANjE )V Gt A GtV j= atomi))
and  forget-subst[simp]: atom a § tm = tmla:=zx], = tm
and  subst-id[simp]: tm[a::=(B-var a)ly = tm
and  equt[simp,equt]: (p::perm) - (subst-b t1 1 v ) = (subst-b (p +t1) (p -z1) (p +v))

and  flip-subst[simp]:  atom bv § ¢ = ((bv < 2) - ¢) = c[z::=B-var bvl,
and  flip-subst-subst[simp]: atom bv § ¢ = ((bv ¢ 2) - ¢)[bv:=0v], = c[z:=1]p
begin

lemmas flip-subst-b = flip-subst-subst

lemma subst-b-simple-commute:
fixes z::bv
assumes atom z § ¢
shows (c[z::=B-var z]p)[z::=b]p, = c[z:=b]p
proof —
have (c[z::=B-var z]p)[z:=bly = (( > 2) - ¢)[z:=b]p using flip-subst assms by simp
thus “thesis using flip-subst-subst assms by simp
qed

lemma subst-b-flip-eq-one:
fixes z1::bv and 22::bv and z1::bv and z2::bv
assumes [[atom z1]]lst. ¢cI = [[atom 22]]lst. c2
and atom z1 § (21,22,c1,c2)
shows (cl[z1:=B-var z1]p) = (c2[22:=B-var z1]p)
proof —
have (c1[z1::=B-var z1];) = (21 + z1) - ¢l using assms flip-subst by auto
moreover have (c2(z2::=B-var x1]y) = (21 + 22) - ¢2 using assms flip-subst by auto
ultimately show ?thesis using AbsI-eq-iff-all(3)[of 21 c1 22 ¢2 z1] assms
by (metis AbsI-eq-iff-fresh(3) flip-commute)
qed

lemma subst-b-flip-eq-two:
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fixes z1::bv and z2::bv and zI::bv and z2::bv

assumes [[atom z1]]ist. ¢1 = [[atom 22]]lst. c2
shows (c1[z1:=b]p) = (c2[22:=b]p)
proof —

obtain z::bv where x:atom = § (21,22,c1,c2) using obtain-fresh by metis
hence (c1[z1::=B-var z]p) = (c2[22::=B-var z],) using subst-b-flip-eq-one| OF assms, of x| by metis
hence (cI[z1:=B-var zlp)[x::=b]p = (c2[22::=B-var z|p)[z::=Db]p by auto
thus ?thesis using subst-b-simple-commute * fresh-prod4 by metis
qed

lemma subst-b-fresh-z:
fixes tm::'a::fs and x::x
shows atom x § tm = atom z § tm[bv::=b"]
using fresh-subst-if [of atom x tm bv b’] using a-fresh-b by auto

lemma subst-b-z-flip[simp]:
fixes z’:z and z::z and buv::bv
shows ((z' <> z) - tm)[bv:=b"]y = (z’ > ) - (tm[bv::=b"])

proof —
have (z’ < z) - bv = bv using pure-supp flip-fresh-fresh by force
moreover have (z' < z) - b’ = b’ using a-fresh-b flip-fresh-fresh by auto
ultimately show ?thesis using equt by simp

qed

end

4.2 Base Type

nominal-function subst-bb :: b = bv = b = b where
subst-bb (B-var bv2) bvl b = (if bvl = bv2 then b else (B-var bv2))
| subst-bb B-int bvl b = B-int
| subst-bb B-bool bvl b = B-bool
| subst-bb (B-id s) bvl b = B-id s
| subst-bb (B-pair b1 b2) bvl b = B-pair (subst-bb b1 bul b) (subst-bb b2 bul b)
| subst-bb B-unit bvl b = B-unit
| subst-bb B-bitvec bvl b = B-bitvec
| subst-bb (B-app s b2) bvl b = B-app s (subst-bb b2 bvl b)
apply (simp add: equt-def subst-bb-graph-aux-def )
apply (simp add: equt-def subst-bb-graph-auz-def )
by (auto,meson b.strong-exhaust)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-bb-abbrev :: b = bv = b = b (s-[-:=-|pp> [1000,50,50] 1000)
where
b[bv::=b"lpy = subst-bb b bv b’

instantiation b :: has-subst-b
begin
definition subst-b = subst-bb

instance proof
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fix j::atom and i::bv and x::b and t::b
show jff subst-btiz= (atomifftANjitVitaA(GttVji=atomi))
proof (induct t rule: b.induct)

case (B-id 1)

then show ?case using subst-bb.simps fresh-def pure-fresh subst-b-b-def by auto
next

case (B-var x)

then show ?case using subst-bb.simps fresh-def pure-fresh subst-b-b-def by auto
next

case (B-app z1 22)

then show ?case using subst-bb.simps fresh-def pure-fresh subst-b-b-def by auto
qed(auto simp add: subst-bb.simps fresh-def pure-fresh subst-b-b-def)+

fix a::bv and tm::b and x::b
show atomn a § tm = tm[a:=z], = tm
by (induct tm rule: b.induct, auto simp add: fresh-at-base subst-bb.simps subst-b-b-def)

fix a::bv and tm::b
show subst-b tm a (B-var a) = tm using subst-bb.simps subst-b-b-def
by (induct tm rule: b.induct, auto simp add: fresh-at-base subst-bb.simps subst-b-b-def)

fix p::perm and z1::bv and v::b and t1::b
show p - subst-b t1 1 v = subst-b (p - t1) (p - x1) (p - v)
by (induct tm rule: b.induct, auto simp add: fresh-at-base subst-bb.simps subst-b-b-def)

fix bv::bv and c::b and z::bv
show atom bv § ¢ = ((bv <> 2) - ¢) = c[z::=B-var bvly
by (induct ¢ rule: b.induct, (auto simp add: fresh-at-base subst-bb.simps subst-b-b-def permute-pure
pure-supp )+)

fix bv::bv and c::b and z::bv and v::b
show atom bv § ¢ = ((bv ¢ 2) - ¢)[bvu=v]p, = c[z::=0]p
by (induct ¢ rule: b.induct, (auto simp add: fresh-at-base subst-bb.simps subst-b-b-def permute-pure
pure-supp )+)
qed
end

lemma subst-bb-inject:
assumes b1 = b2[bv::=bly, and b2 # B-var bv
shows
b1 = B-int = b2 = B-int and
b1 = B-bool = b2 = B-bool and
b1 = B-unit = b2 = B-unit and
b1 = B-bitvec = b2 = B-bitvec and
bl = B-pair b11 b12 = (3b11' b12'. b11 = b11'[bv:i=b]py A b12 = b12'[bv::=blp, A b2 = B-pair
b11' b12’) and
b1 = B-var bv’ = b2 = B-var bv’ and
b1 = B-id tyid —> b2 = B-id tyid and
b1 = B-app tyid b11 = (3b11". b11= b11'[bv::=blp, A b2 = B-app tyid bi1’)
using assms by (nominal-induct b2 rule:b.strong-induct,auto+)

lemma flip-b-subst/:

73



fixes b1::b and bv!::bv and c::bv and b::b
assumes atom c f (b1,bvl)
shows b1 [bvl::=blp, = ((bvl < ¢) - b1)[c ::= blpsp
using assms proof(nominal-induct b1 rule: b.strong-induct)
case B-int
then show ?Zcase using subst-bb.simps b.perm-simps by auto
next
case B-bool
then show ?Zcase using subst-bb.simps b.perm-simps by auto
next
case (B-id z)
hence atom bvl § x A atom c § x using fresh-def pure-supp by auto
hence ((bv! + ¢) » B-id x) = B-id = using fresh-Pair b.fresh(3) flip-fresh-fresh b.perm-simps fresh-def
pure-supp by metis
then show ?Zcase using subst-bb.simps by simp
next
case (B-pair z1 ©2)
hence z1[bvl:=blpp, = ((bvl < ¢) - x1)[c::=Dblpp, using b.perm-simps(4) b.fresh(4) fresh-Pair by
metis
moreover have z2[bvl:=blp, = ((bvl < ¢) + 22)[c::=blpy, using b.perm-simps(4) b.fresh(4)
fresh-Pair B-pair by metis
ultimately show Zcase using subst-bb.simps(5) b.perm-simps(4) b.fresh(4) fresh-Pair by auto
next
case B-unit
then show ?Zcase using subst-bb.simps b.perm-simps by auto
next
case B-bitvec
then show ?case using subst-bb.simps b.perm-simps by auto
next
case (B-var x)
then show ?case proof(cases z=bv1)
case True
then show %thesis using B-var subst-bb.simps b.perm-simps by simp
next
case Fulse
moreover have z#c using B-var b.fresh fresh-def supp-at-base fresh-Pair by fastforce
ultimately show ?thesis using B-var subst-bb.simps(1) b.perm-simps(7) by simp
qed
next
case (B-app z1 z2)
hence z2[bvi::=blp, = ((bvl > ¢) + z2)[c::=bpy, using b.perm-simps b.fresh fresh-Pair by metis
thus “case using subst-bb.simps b.perm-simps b.fresh fresh-Pair B-app
by (simp add: permute-pure)
qed

lemma subst-bb-flip-sym:
fixes b1::b and b2::b
assumes atom ¢ £ b and atom ¢ § (bvl,bv2, b1, b2) and (bvl + ¢) - bl = (bv2 < ¢) - b2
shows b1 [bvl::=bp, = b2[bv2::=Db|pp
using assms flip-b-subst/[of ¢ b1 bvl b]  flip-b-subst4 [of ¢ b2 bv2 b] fresh-prod4 fresh-Pair by simp
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4.3 Value

nominal-function subst-vb :: v = bv = b = v where
subst-vb (V-lit 1) z v = V-lit |
| subst-vb (V-var y) z v = V-vary
| subst-vb (V-cons tyid ¢ v') x v = V-cons tyid ¢ (subst-vb v’ z v)
| subst-vb (V-consp tyid ¢ b v") v = V-consp tyid ¢ (subst-bb b x v) (subst-vb v’ x v)
| subst-vb (V-pair vl v2) z v = V-pair (subst-vb vl z v ) (subst-vb v2 x v )
apply (simp add: equt-def subst-vb-graph-auz-def)
apply auto
using v.strong-exhaust by meson
nominal-termination (equt) by lexicographic-order

abbreviation
subst-vb-abbrev :: v = bv = b = v (-[-:=-]up [1000,50,50] 500)
where
e[bvi:=blyp = subst-vb e bv b

instantiation v :: has-subst-b
begin
definition subst-b = subst-vb

instance proof
fix j::atom and i::bv and z::b and t::v
show jff subst-btixz= (atomifftANjitVitaA(GttVj= atomi))
proof (induct t rule: v.induct)
case (V-lit I)
have j f subst-b (V-lit 1) i x = j § (V-lit l) using subst-vb.simps fresh-def pure-fresh
subst-b-v-def v.supp v.fresh has-subst-b-class.fresh-subst-if subst-b-b-def subst-b-v-def by auto
also have ... = True using fresh-at-base v.fresh l.fresh supp-l-empty fresh-def by metis
moreover have (atom i § (V-lit ) Aj (V-lit D)V ijitaz A (Gt (V-litl) V= atomi)) = True
using fresh-at-base v.fresh l.fresh supp-l-empty fresh-def by metis
ultimately show ?case by simp
next
case (V-var y)
then show ?case using subst-b-v-def subst-vb.simps pure-fresh by force
next
case (V-pair zla z2a)
then show ?case using subst-b-v-def subst-vb.simps by auto
next
case (V-cons zla r2a x3)
then show ?case using V-cons subst-b-v-def subst-vb.simps pure-fresh by force
next
case (V-consp zla x2a x3 14)
then show ?case using subst-b-v-def subst-vb.simps pure-fresh — has-subst-b-class.fresh-subst-if
subst-b-b-def subst-b-v-def by fastforce
qed

fix a::bv and tm::v and z::b
show atom a §f tm = subst-b tm a x = tm
apply (induct tm rule: v.induct)
apply(auto simp add: fresh-at-base subst-vb.simps subst-b-v-def)
using has-subst-b-class.fresh-subst-if subst-b-b-def e.fresh
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using has-subst-b-class.forget-subst by fastforce

fix a::bv and tm::v
show subst-b tm a (B-var a) = tm using subst-bb.simps subst-b-b-def
apply (induct tm rule: v.induct)
apply(auto simp add: fresh-at-base subst-vb.simps subst-b-v-def)
using has-subst-b-class. fresh-subst-if subst-b-b-def e.fresh
using has-subst-b-class.subst-id by metis

fix p::perm and zI::bv and v::b and t1::v
show p - subst-b t1 x1 v = subst-b (p - t1) (p - z1) (p - v)
apply (induct tm rule: v.induct)
apply(auto simp add: fresh-at-base subst-bb.simps subst-b-b-def )
using has-subst-b-class.equt subst-b-b-def e.fresh
using has-subst-b-class.equt
by (simp add: subst-b-v-def)+

fix bv:bv and c::v and z:bv
show atom bv § ¢ = ((bv <> 2) « ¢) = c[z::=B-var bv]
apply (induct ¢ rule: v.induct, (auto simp add: fresh-at-base subst-vb.simps subst-b-v-def per-
mute-pure pure-supp )+)

apply (metis flip-fresh-fresh flip-l-eq permute-flip-cancel2)

using fresh-at-base flip-fresh-fresh[of bv x z

apply (simp add: flip-fresh-fresh)

using subst-b-b-def by argo

fix bv::bv and c::v and z::bv and v::b
show atom bv § ¢ = ((bv <> 2) - ¢)[bv:i=v]p, = c[zi:=v]p
apply (induct ¢ rule: v.induct, (auto simp add: fresh-at-base subst-vb.simps subst-b-v-def per-
mute-pure pure-supp )+)

apply (metis flip-fresh-fresh flip-l-eq permute-flip-cancel?)

using fresh-at-base flip-fresh-fresh[of bv x 2]

apply (simp add: flip-fresh-fresh)

using subst-b-b-def flip-subst-subst by fastforce

qed
end
4.4 Constraints Expressions

nominal-function subst-ceb :: ce = bv = b = ce where
subst-ceb ( (CE-val v’) ) bv b = ( CE-val (subst-vb v’ bu b))

| subst-ceb ( (CE-op opp vl v2) ) bv b = ( (CE-op opp (subst-ceb v1 bv b)(subst-ceb v2 bv b)) )
| subst-ceb ( (CE-fst v’)) bv b = CE-fst (subst-ceb v’ bv b)

| subst-ceb ( (CE-snd v")) bv b = CE-snd (subst-ceb v’ bv b)

| subst-ceb ( (CE-len v")) bv b = CE-len (subst-ceb v bv b)

| subst-ceb ( CE-concat vl v2) bv b = CE-concat (subst-ceb vl bv b) (subst-ceb v2 bv b)

apply (simp add: equt-def subst-ceb-graph-aux-def)
apply auto
by (meson ce.strong-exhaust)
nominal-termination (equt) by lexicographic-order
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abbreviation

subst-ceb-abbrev :: ce = bv = b = ce (¢-[-:=-]cer [1000,50,50] 500)
where
ce[bvi:=b)cer = subst-ceb ce bv b

instantiation ce :: has-subst-b
begin
definition subst-b = subst-ceb

instance proof
fix j::atom and i::bv and z::b and t::ce
show jf subst-btiz= (atomiftANjEtVitaA(ttVj= atomi))
proof (induct t rule: ce.induct)
case (CE-val v)
then show ?Zcase using subst-ceb.simps fresh-def pure-fresh subst-b-ce-def ce.supp v.supp ce.fresh
has-subst-b-class.fresh-subst-if subst-b-b-def subst-b-v-def
by metis
next
case (CE-op opp vl v2)

have (j § v1[i:=x]cep A j 8 v2[i::=2]cer) = ((atom i § vI A atom if v2) Ajovl ANjiv2Vijita
AGtovl AjE w2V j= atom 1))
using has-subst-b-class. fresh-subst-if subst-b-v-def
using CFE-op.hyps(1) CE-op.hyps(2) subst-b-ce-def by auto

thus ?case unfolding subst-ceb.simps subst-b-ce-def ce.fresh
using fresh-def pure-fresh opp.fresh subst-b-v-def opp.exhaust fresh-e-opp-all
by (metis (full-types))
next
case (CE-concat zla ©2)
then show ?case using subst-ceb.simps subst-b-ce-def e.supp v.supp has-subst-b-class. fresh-subst-if
subst-b-v-def ce.fresh by force
next
case (CE-fst x)
then show ?case using subst-ceb.simps subst-b-ce-def e.supp v.supp has-subst-b-class. fresh-subst-if
subst-b-v-def ce.fresh by metis

next
case (CE-snd z)
then show ?case using subst-ceb.simps subst-b-ce-def e.supp v.supp has-subst-b-class. fresh-subst-if
subst-b-v-def ce.fresh by metis
next
case (CE-len x)
then show ?case using subst-ceb.simps subst-b-ce-def e.supp v.supp has-subst-b-class.fresh-subst-if
subst-b-v-def ce.fresh by metis
qed

fix a::bv and tm::ce and z::b
show atom a §f tm = subst-b tm a x = tm
apply (induct tm rule: ce.induct)
apply( auto simp add: fresh-at-base subst-ceb.simps subst-b-ce-def)
using has-subst-b-class. fresh-subst-if subst-b-b-def e.fresh
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using has-subst-b-class.forget-subst subst-b-v-def apply metis+
done

fix a::bv and tm::ce
show subst-b tm a (B-var a) = tm using subst-bb.simps subst-b-b-def
apply (induct tm rule: ce.induct)
apply(auto simp add: fresh-at-base subst-ceb.simps subst-b-ce-def)
using has-subst-b-class.fresh-subst-if subst-b-b-def e.fresh
using has-subst-b-class.subst-id subst-b-v-def apply metis+
done

fix p::perm and z1::bv and v::b and t1::ce
show p - subst-b t1 x1 v = subst-b (p - t1) (p - z1) (p - v)
apply(induct tm rule: ce.induct)
apply( auto simp add: fresh-at-base subst-bb.simps subst-b-b-def )
using has-subst-b-class.equt subst-b-b-def ce.fresh
using has-subst-b-class.equt
by (simp add: subst-b-ce-def )+

fix bv::bv and c::ce and z::bv
show atom bv § ¢ = ((bv > 2) - ¢) = c[z::=B-var bv,
apply (induct ¢ rule: ce.induct, (auto simp add: fresh-at-base subst-ceb.simps subst-b-ce-def per-
mute-pure pure-supp )+)
using flip-fresh-fresh flip-l-eq permute-flip-cancel?2 has-subst-b-class.flip-subst subst-b-v-def apply
metis
using flip-fresh-fresh flip-l-eq permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-v-def
by (simp add: flip-fresh-fresh fresh-opp-all)

fix bv::bv and c::ce and z::bv and v::b
show atom bv § ¢ = ((bv <> 2) « ¢)[bv:=v]p, = c[zi:=v]p
proof (induct ¢ rule: ce.induct)
case (CE-val x)
then show “case using flip-subst-subst subst-b-v-def subst-ceb.simps using subst-b-ce-def by fast-
force
next
case (CE-op zla 22 ©3)
then show ?case unfolding subst-ceb.simps subst-b-ce-def ce.perm-simps using flip-subst-subst
subst-b-v-def opp.perm-simps opp.strong-exhaust
by (metis (full-types) ce.fresh(2))
next
case (CE-concat zla ©2)
then show ?case using flip-subst-subst subst-b-v-def subst-ceb.simps using subst-b-ce-def by fast-
force
next
case (CE-fst x)
then show ?case using flip-subst-subst subst-b-v-def subst-ceb.simps using subst-b-ce-def by fast-
force
next
case (CE-snd z)
then show ?case using flip-subst-subst subst-b-v-def subst-ceb.simps using subst-b-ce-def by fast-
force
next
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case (CE-len x)
then show ?case using flip-subst-subst subst-b-v-def subst-ceb.simps using subst-b-ce-def by fast-
force
qed
qed
end

4.5 Constraints

nominal-function subst-cb :: ¢ = bv = b = c where
subst-cb (C-true) z v = C-true
| subst-cb (C-false) x v = C-false
| subst-cb (C-conj c1 c2) x v = C-conj (subst-cb c¢1 x v ) (subst-cb c2z v )
| subst-cb (C-disj c1 ¢2) x v = C-disj (subst-cb c1 v ) (subst-cb c2x v )
| subst-cb (C-imp c1 ¢2) x v = C-imp (subst-cb c1 x v ) (subst-cb c2 zxv)
| subst-cb (C-eq el e2) z v = C-eq (subst-ceb el z v ) (subst-ceb e2 z v )
| subst-cb (C-not ¢) x v = C-not (subst-cb ¢ z v )
apply (simp add: equt-def subst-cb-graph-auz-def)
apply auto
using c.strong-exhaust apply metis
done
nominal-termination (equt) by lexicographic-order

abbreviation
subst-cb-abbrev :: ¢ = bv = b = ¢ (-[-:=-]> [1000,50,50] 500)
where
c[bvi:=b]ey = subst-cb ¢ bv b

instantiation c :: has-subst-b
begin
definition subst-b = subst-cb

instance proof
fix j::atom and i::bv and x::b and t::c
show jf subst-btiz = (atomifftANjitVitaA({titVji=atomi))
by (induct t rule: c.induct, unfold subst-cb.simps subst-b-c-def c.fresh,
(metis has-subst-b-class.fresh-subst-if subst-b-ce-def c.fresh)+

)

fix a::bv and tm::c and z::b
show atom a f§ tm = subst-b tm a x = tm
by (induct tm rule: c.induct, unfold subst-cb.simps subst-b-c-def c.fresh,
(metis has-subst-b-class.forget-subst subst-b-ce-def)+)

fix a::bv and tm::c
show subst-b tm a (B-var a) = tm using subst-bb.simps subst-b-c-def
by (induct tm rule: c.induct, unfold subst-cb.simps subst-b-c-def c.fresh,
(metis has-subst-b-class.subst-id subst-b-ce-def)+)

fix p::perm and z1::bv and v::b and t1::c

show p - subst-b t1 1 v = subst-b (p - t1) (p - x1) (p - v)
apply(induct tm rule: c.induct,unfold subst-cb.simps subst-b-c-def c.fresh)
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by( auto simp add: fresh-at-base subst-bb.simps subst-b-b-def )

fix bv::bv and c::c and z::bv
show atom bv § ¢ = ((bv ¢ 2) - ¢) = c[z::=B-var bv],
apply (induct ¢ rule: c.induct, (auto simp add: fresh-at-base subst-cb.simps subst-b-c-def per-
mute-pure pure-supp )+)
using flip-fresh-fresh flip-l-eq permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-ce-def apply
metis
using flip-fresh-fresh flip-l-eq permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-ce-def
apply (metis opp.perm-simps(2) opp.strong-ezhaust)+
done

fix bv::bv and c::c and z::bv and v::b
show atom bv § ¢ = ((bv <> 2) « ¢)[bv:=v]p = c[zi:=v]p
apply (induct ¢ rule: c.induct, (auto simp add: fresh-at-base subst-cb.simps subst-b-c-def per-
mute-pure pure-supp )+)
using flip-fresh-fresh flip-l-eq permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-ce-def
using flip-subst-subst apply fastforce
using flip-fresh-fresh flip-l-eq permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-ce-def
opp.perm-simps(2) opp.strong-exhaust
proof —
fix zla :: ce and z2 :: ce
assume al: atom bv f§ 2
then have ((bv <> 2) - 22)[bv::=v]p, = 22[z::=0]p
by (metis flip-subst-subst)
then show z2[z::=B-var bvp[bv::=0]cer = 22[2::=0]cep
using al by (simp add: subst-b-ce-def)
qged

qed
end

4.6 Types

nominal-function subst-tb :: 7 = bv = b = 7 where
subst-th ({ z:02 | ¢ }) bvl b1 = { z: b2[bvl=:=bl]pp | c[bvl::=b1]cp |}
proof(goal-cases)
case 1
then show ?case using equt-def subst-tb-graph-auz-def by force
next
case (2 z y)
then show ?Zcase by auto
next
case (3 P x)
then show ?case using equt-def subst-tb-graph-auz-def 7.strong-exhaust
by (metis b-of .cases prod-cases3)
next
case (4 z' b2' ¢ bvl’' b1’ 2z b2 ¢ bul bl)
show ?case unfolding 7.eq-iff proof
have x:[[atom 2']|ist. ¢/ = [[atom z]]lst. ¢ using T.eg-iff 4 by auto
show [[atom z')]lst. ¢/[bvl’::=b1"]. = [[atom z]]lst. c[bvl::=b1].p
proof (subst Abs1-eq-iff-all(3),rule,rule,rule)
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fix ca:x
assume atom ca § z and 1:atom ca § (', z, ¢'[bvl":=b1"]cp, c[bvl::=b1]cp)
hence 2:atom ca  (c¢’,c) using fresh-subst-if subst-b-c-def fresh-Pair fresh-prods fresh-at-base
subst-b-fresh-x by metis
hence (z' <> ca) - ¢/ = (z > ca) - ¢ using 1 2 = AbsI-eq-iff-all(3) by auto
hence ((z’ + ca) - ¢)[bvl":=b1"]cp = ((z ¢ ca) - ¢)[bvl':=b1")cp by auto
hence (z/ ¢ ca) - ¢[(z' < ca) - bvl'=:=(2" < ca) - b1'lcp = (2 <> ca) - c[(z <> ca) - bvl"==(z <
ca) - b1'lcy by auto
thus (z/ < ca) - ¢/[bvl":=b1"].p = (2 ¢ ca) « c[bvl::=b1]., using / flip-x-b-cancel by simp
qed
show b2'[bv1"::=b1")pp, = b2[bvl::=b1]y, using 4 by simp
qged
qed

nominal-termination (equt) by lexicographic-order

abbreviation
subst-tb-abbrev :: T = bv = b = 7 (s-[-:=-|.p> [1000,50,50] 1000)
where
t[bv::=b"];p = subst-th t bv b’

instantiation 7 :: has-subst-b
begin
definition subst-b = subst-tb

instance proof
fix j::atom and ¢::bv and z::b and t::7
show jf subst-btixz= (atomifftAjtVitaA(GitVj= atomi))
proof (nominal-induct t avoiding: i x j rule: T.strong-induct)
case (T-refined-type z b ¢)
then show ?case
unfolding subst-b-T-def subst-tb.simps T.fresh
using fresh-subst-if[of j b i x| subst-b-b-def subst-b-c-def
by (metis has-subst-b-class. fresh-subst-if list.distinct(1) list.set-cases not-self-fresh set-ConsD)
qed

fix a::bv and tm::7 and z::b
show atom a § tm = subst-b tm a x = tm
proof (nominal-induct tm avoiding: a z rule: T.strong-induct)
case (T-refined-type xzx bb cc )
moreover hence atom a § bb A\ atom a § cc using 7.fresh by auto
ultimately show ?case
unfolding subst-b-T-def subst-tb.simps
using forget-subst subst-b-b-def subst-b-c-def forget-subst 7.fresh by metis
qed

fix a::bv and tm:T
show subst-b tm a (B-var a) = tm
proof (nominal-induct tm rule: T.strong-induct)
case (T-refined-type xz bb cc)
thus ?case
unfolding subst-b-T-def subst-tb.simps
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using subst-id subst-b-b-def subst-b-c-def by metis
qged

fix p::perm and x1::bv and v::b and t1::7
show p - subst-b t1 x1 v = subst-b (p - t1) (p - z1) (p - v)
by (induct tm rule: T.induct, auto simp add: fresh-at-base subst-tb.simps subst-b-7-def subst-bb.simps
subst-b-b-def)

fix bv::bv and c::7 and z::bv
show atom bv § ¢ = ((bv > 2) - ¢) = c[z::=B-var bv,
apply (induct ¢ rule: T.induct, (auto simp add: fresh-at-base subst-ceb.simps subst-b-ce-def per-
mute-pure pure-supp )+)
using flip-fresh-fresh permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-c-def subst-b-b-def
by (simp add: flip-fresh-fresh subst-b-t-def)

fix bv::bv and c::7 and z::bv and v::b
show atom bv § ¢ = ((bv < 2) - ¢)[bv:i=v]p, = c[zi:=v]p
proof (induct ¢ rule: T.induct)
case (T-refined-type zla x2a x3a)
hence atom bv § x2a A atom bv § x3a N atom bv § zla using fresh-at-base T.fresh by simp
then show ?case
unfolding subst-th.simps subst-b-T-def T.perm-simps
using fresh-at-base flip-fresh-fresh[of bv x1a z] flip-subst-subst subst-b-b-def subst-b-c-def T-refined-type

proof —
have atom z § zla
by (metis b.fresh(7) fresh-at-base(2) z-fresh-b)
then show { (bv <> 2) - zla : ((bv < 2) - 22a)[bv:=v]pp | (bv ¢ 2) - z3a)[bv=v]e [} = { zla :
z2a[z:=vpp | x3a[z:=v]p |
by (metis <Jatom bv § zla; atom z § zla] = (bv <> 2) + xla = zla> <atom bv § x2a A atom bv
g z3a A atom bv § xla> flip-subst-subst subst-b-b-def subst-b-c-def)
qed
ged

qed
end

lemma subst-bb-commute [simp]:
atom j §# A = (subst-bb (subst-bb A it ) ju ) = subst-bb A i (subst-bb t j u)
by (nominal-induct A avoiding: i j t u rule: b.strong-induct) (auto simp: fresh-at-base)

lemma subst-vb-commute [simp]:
atom j § A => (subst-vb (subst-vb A it )) ju = subst-vb A i (subst-bb tju )
by (nominal-induct A avoiding: i j t u rule: v.strong-induct) (auto simp: fresh-at-base)

lemma subst-ceb-commute [simp]:
atom j § A = (subst-ceb (subst-ceb A it)) j u = subst-ceb A i (subst-bb tj u)
by (nominal-induct A avoiding: i j t u rule: ce.strong-induct) (auto simp: fresh-at-base)

lemma subst-cb-commute [simp]:

atom j # A = (subst-cb (subst-cb A i t)) ju = subst-cb A i (subst-bb tju)
by (nominal-induct A avoiding: i j t u rule: c.strong-induct) (auto simp: fresh-at-base)
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lemma subst-tb-commute [simp):

atom j #f A = (subst-tb (subst-tb A it)) ju = subst-tb A i (subst-bb tju )
proof (nominal-induct A avoiding: i j t u rule: T.strong-induct)

case (T-refined-type z b ¢)

then show ?Zcase using subst-tb.simps subst-bb-commute subst-cb-commute by simp
qed

4.7 Expressions

nominal-function subst-eb :: e = bv = b = ¢ where
subst-eb ( (AE-val v')) bv b = ( AE-val (subst-vb v’ b b))

| subst-eb ( (AE-app fv') ) bv b = ( (AE-app [ (subst-vb v’ bv b)) )

| subst-eb ( (AE-appP fb' v") ) bv b = ( (AE-appP f (b'[bv::=0blpp) (subst-vb v’ bv b)))

| subst-eb ( (AE-op opp vl v2) ) bv b= ( (AE-op opp (subst-vb vl bv b) (subst-vb v2 bv b)) )
| subst-eb ( (AE-fst v’)) bv b = AE-fst (subst-vb v’ bv b)

| subst-eb ( (AE-snd v")) bv b = AE-snd (subst-vb v’ bv b)

| subst-eb ( (AE-mvar w)) bv b = AE-mvar u

| subst-eb ( (AE-len v")) bv b = AE-len (subst-vb v’ bv b)

| subst-eb ( AE-concat vl v2) bv b = AE-concat (subst-vb vl bv b) (subst-vb v2 bv b)

| subst-eb ( AE-split v1 v2) bv b = AE-split (subst-vb vl bv b) (subst-vb v2 bv b)

apply (simp add: equt-def subst-eb-graph-auz-def)
apply auto
by (meson e.strong-exhaust)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-eb-abbrev :: e = bv = b = e (-[-:=-]ep» [1000,50,50] 500)
where
e[bvi:=blep, = subst-eb e bv b

instantiation e :: has-subst-b
begin
definition subst-b = subst-eb

instance proof
fix j::atom and ¢::bv and z::b and t::e
show jf subst-btixz= (atomifftAjtVitaA(GitVj= atomi))
proof (induct t rule: e.induct)
case (AE-val v)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp
e.fresh has-subst-b-class.fresh-subst-if subst-b-e-def subst-b-v-def
by metis
next
case (AE-app fv)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def
e.supp v.supp has-subst-b-class.fresh-subst-if subst-b-v-def
by (metis (mono-tags, opaque-lifting) e.fresh(2))
next
case (AE-appP f b’ v)
then show ?case unfolding subst-eb.simps subst-b-e-def e.fresh using
fresh-def pure-fresh subst-b-e-def e.supp v.supp
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e.fresh has-subst-b-class.fresh-subst-if subst-b-b-def subst-vb-def by (metis subst-b-v-def)
next
case (AE-op opp vl v2)
then show ?case unfolding subst-eb.simps subst-b-e-def e.fresh using
fresh-def pure-fresh subst-b-e-def e.supp v.supp fresh-e-opp-all
e.fresh has-subst-b-class.fresh-subst-if subst-b-b-def subst-vb-def by (metis subst-b-v-def)
next
case (AE-concat zla 12)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp
has-subst-b-class. fresh-subst-if subst-b-v-def
by (metis subst-vb.simps(5))
next
case (AE-split x1la z2)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp
has-subst-b-class.fresh-subst-if subst-b-v-def
by (metis subst-vb.simps(5))
next
case (AE-fst x)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp has-subst-b-class.fresh-subst-if
subst-b-v-def by metis
next
case (AE-snd x)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp using has-subst-b-class.fresh-su
subst-b-v-def by metis
next
case (AE-mvar x)
then show ?case using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp by auto
next
case (AE-len x)
then show ?Zcase using subst-eb.simps fresh-def pure-fresh subst-b-e-def e.supp v.supp  using
has-subst-b-class.fresh-subst-if subst-b-v-def by metis
qed

fix a::bv and tm::e and z::b
show atom a § tm = subst-b tm a x = tm
apply(induct tm rule: e.induct)
apply( auto simp add: fresh-at-base subst-eb.simps subst-b-e-def)
using has-subst-b-class. fresh-subst-if subst-b-b-def e.fresh
using has-subst-b-class.forget-subst subst-b-v-def apply metis+
done

fix a::bv and tm::e
show subst-b tm a (B-var a) = tm using subst-bb.simps subst-b-b-def
apply (induct tm rule: e.induct)
apply(auto simp add: fresh-at-base subst-eb.simps subst-b-e-def)
using has-subst-b-class.fresh-subst-if subst-b-b-def e.fresh
using has-subst-b-class.subst-id subst-b-v-def apply metis+
done

fix p::perm and z1::bv and v::b and t1::e

show p - subst-b t1 z1 v = subst-b (p - t1) (p - x1) (p - v)
apply(induct tm rule: e.induct)
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apply( auto simp add: fresh-at-base subst-bb.simps subst-b-b-def )
using has-subst-b-class.equt subst-b-b-def e.fresh
using has-subst-b-class.equt
by (simp add: subst-b-e-def)+

fix bv::bv and c::e and z::bv
show atom bv ¢ = ((bv <> 2) - ¢) = c[z::=B-var bv]y
apply (induct ¢ rule: e.induct)
apply(auto simp add: fresh-at-base subst-eb.simps subst-b-e-def subst-b-v-def permute-pure
pure-supp )
using flip-fresh-fresh permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-v-def subst-b-b-def
flip-fresh-fresh subst-b-T-def apply metis
apply (metis (full-types) opp.perm-simps opp.strong-exhaust)
done

fix bv::bv and c::e and z::bv and v::b
show atom bv § ¢ = ((bv < 2) - ¢)[bv:i=v]p, = c[zi:=v]p
apply (induct ¢ rule: e.induct)
apply(auto simp add: fresh-at-base subst-eb.simps subst-b-e-def subst-b-v-def permute-pure
pure-supp )
using flip-fresh-fresh permute-flip-cancel2 has-subst-b-class.flip-subst subst-b-v-def subst-b-b-def
flip-fresh-fresh subst-b-T-def apply simp

apply (metis (full-types) opp.perm-simps opp.strong-exhaust)
done

qed

end

4.8 Statements

nominal-function (default case-sum (Az. Inl undefined) (case-sum (Az. Inl undefined) (Az. Inr unde-
fined)))

subst-sb :: s = bv = b= s

and subst-branchb :: branch-s = bv = b = branch-s

and subst-branchlb :: branch-list = bv = b = branch-list

where

subst-sb (AS-val v’) bv b = (AS-val (subst-vb v’ bv b))

| subst-sb (AS-lety es) bvb = (AS-lety (e[bv:i=blep) (subst-sb s bv b))

| subst-sb (AS-let2 y t s1 s2) bv b = (AS-let2 y (subst-th t bv b) (subst-sb s1 bv b ) (subst-sb s2 bv b))

| subst-sb (AS-match v’ cs) bv b = AS-match (subst-vb v’ bv b) (subst-branchlb cs bv b)

| subst-sb (AS-assign y v’) bv b = AS-assign y (subst-vb v’ bv b)

| subst-sb (AS-if v’ s1 s2) buv b = (AS-if (subst-vb v’ bv b) (subst-sb s1 bv b ) (subst-sb s2 bv b ) )

| subst-sb (AS-var u T v’ s) bvb = AS-var u (subst-tb T bv b) (subst-vb v’ bv b) (subst-sb s bv b )

| subst-sb (AS-while s1 s2) bv b = AS-while (subst-sb s1 bv'b ) (subst-sb s2 bv b))

| subst-sb (AS-seq s1 s2) bvb = AS-seq (subst-sb s1 bv b ) (subst-sb s2 bv b))

| subst-sb (AS-assert ¢ s) bvb = AS-assert (subst-cb ¢ bv b ) (subst-sb s bv b )

| subst-branchb (AS-branch de x1 s") bv b = AS-branch dc x1 (subst-sb s’ bv b)

| subst-branchlb (AS-final sb) bvb = AS-final (subst-branchb sb bv b )
| subst-branchlb (AS-cons sb ssb) bvb = AS-cons (subst-branchb sb bv b) (subst-branchlb ssb bv b)
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apply (simp add: equi-def subst-sb-subst-branchb-subst-branchlb-graph-aux-def )

apply (auto,metis s-branch-s-branch-list.ezhaust s-branch-s-branch-list.exhaust(2)
old.sum.exhaust surj-pair)

proof(goal-cases)
have equt-at-proj: \ s za va . equt-at subst-sb-subst-branchb-subst-branchlb-sumC (Inl (s, za, va)) =

equt-at (Aa. projl (subst-sb-subst-branchb-subst-branchlb-sumC (Inl a))) (s, za, va)

apply(simp only: equt-at-def)
apply(rule)
apply(subst Projl-permute)

apply(thin-tac -)+

apply(simp add: subst-sb-subst-branchb-subst-branchlb-sumC-def)

apply(simp add: THE-default-def)

apply(case-tac Exl (subst-sb-subst-branchb-subst-branchlb-graph (Inl (s,xza,va))))

apply simp

apply (auto)[1]

apply(erule-tac z=x in allE)

apply simp

apply(cases rule: subst-sb-subst-branchb-subst-branchlb-graph.cases)

apply (assumption)
apply(rule-tac z=Sum-Type.projl = in exl,clarify,rule thel-equality,blast,simp (no-asm)
only: sum.sel)+
apply(blast)+
apply(simp)+
done
{

case (1 y s bv b ya sa ¢)
moreover have atom y f (bv, b) A atom ya § (bv, b) using z-fresh-b x-fresh-bv fresh-Pair by simp

ultimately show Zcase
using equt-triple equt-at-proj by metis
next
case (2 y sl s2 bv b ya s2a c)
moreover have atom y i (bv, b) A atom ya f (bv, b) using a-fresh-b z-fresh-bv  fresh-Pair by
simp
ultimately show Zcase
using equt-triple equt-at-proj by metis
next
case (3 u s bv b ua sa c)
moreover have atom u § (bv, b) A atom ua § (bv, b) using z-fresh-b z-fresh-bv  fresh-Pair by
stmp
ultimately show Zcase using equit-triple equt-at-proj by metis
next
case (4 z1 s’ bv b zla s'a ¢)
moreover have atom x1 £ (bv, b) A atom zla § (bv, b) using z-fresh-b z-fresh-bv  fresh-Pair by
stmp
ultimately show Zcase using equt-triple equt-at-proj by metis
}
qed
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nominal-termination (equt) by lezicographic-order

abbreviation
subst-sb-abbrev :: s = bv = b = s («-[-u=-]s» [1000,50,50] 1000)
where
b[bv::=b"lsp = subst-sb b bv b’

lemma fresh-subst-sb-if [simp]:

(8 (subst-sbAiz ) =((atomif ANFjEAV Gtz A (Gt AV = atomi))) and

(4 8 (subst-branchb Bixz )) = ((atomi§ BAjt B)V itz A (j§ BV j=atomi))) and

(5 £ (subst-branchlb Ciz )) = ((atom it CAjE C)V Gz A (] CVj= atomi)))
proof (nominal-induct A and B and C avoiding: i x rule: s-branch-s-branch-list.strong-induct)

case (AS-branch z1 z2 x3)

have (j § subst-branchb (AS-branch x1 22 23) iz ) = (j § (AS-branch x1 z2 (subst-sb x3 i x))) by
auto

also have ... = ((j § z3[i:=x]sp V j € set [atom x2]) A j § x1) using s-branch-s-branch-list.fresh by
auto
also have ... = ((atom i § AS-branch x1 2 28 A j £ AS-branch 1 22 z3) V j § = A (j § AS-branch

xl 22 3 V j = atom 1))
using subst-branchb.simps(1) s-branch-s-branch-list.fresh(1) fresh-at-base has-subst-b-class.fresh-subst-if
list.distinct list.set-cases set-ConsD subst-b-T-def
v.fresh AS-branch
proof —
have f1: V ¢s b. atom (b::bv) t (cs::char list) using pure-fresh by auto

then have j f z A atom i = j — ((j § 3[in=x]sp V j € set [atom z2]) N j § z1) = (atom i {§
AS-branch 1 z2 3 N j # AS-branch x1 223 V j# © A (j § AS-branch x1 2 28 V j = atom 1))
by (metis (full-types) AS-branch.hyps(3))
then have j§ z — ((j § 23[i=x]sp V j € set [atom z2]) A j § x1) = (atom i § AS-branch z1 x2
x8 A j§ AS-branch 1 z2 28 V j i x A (j § AS-branch x1 22 3 V j = atom 1))
using AS-branch.hyps s-branch-s-branch-list.fresh by metis
moreover
{ assume = jf z
have ?thesis
using f1 AS-branch.hyps(2) AS-branch.hyps(3) by force }
ultimately show #thesis
by satz
qged
finally show ?case by auto
next
case (AS-cons cs css i x)
show ?Zcase
unfolding subst-branchlb.simps s-branch-s-branch-list.fresh
using AS-cons by auto
next
case (AS-val zx)
then show ?case using subst-sb.simps(1) s-branch-s-branch-list.fresh has-subst-b-class. fresh-subst-if
subst-b-b-def subst-b-v-def by metis
next
case (AS-let z1 x2 x3)
then show ?case using subst-sb.simps s-branch-s-branch-list.fresh fresh-at-base has-subst-b-class.fresh-subst-if
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list.distinct list.set-cases set-ConsD subst-b-e-def
by fastforce
next
case (AS-let2 x1 x2 23 ©4)
then show ?case using subst-sb.simps s-branch-s-branch-list.fresh fresh-at-base has-subst-b-class.fresh-subst-if
list.distinct list.set-cases set-ConsD subst-b-T-def
by fastforce
next
case (AS-if x1 z2 z3)
then show ?case unfolding subst-sb.simps s-branch-s-branch-list.fresh using
has-subst-b-class.fresh-subst-if subst-b-v-def by metis
next
case (AS-var u t v s)

have (((atom i sAjt sVjitlaz A (GisVji=atomi))VjeE set [atom u]) A jit t[iz=x]p A j 4
v[iz=x]yp) =
(((atom it sANjtsVitaA(GtsVi=atomi))VjeE setatom u]) A
((atom it ANjEtV iz A(GELV = atomi))) A
((atomifoAjtoViteA(GtoVj=atomi))))
using  has-subst-b-class.fresh-subst-if subst-b-v-def subst-b-T-def by metis
also have ... = (((atom i § s V atom i € set [atom u]) A atom i § t A atom i § v) A
(jtsvjesetfatomul) NjEtAjEoVitaA((ftsVjeEset[atomul) N\jEEtNjRo
V j = atom 1))
using u-fresh-b by auto
finally show ?case using subst-sb.simps s-branch-s-branch-list.fresh AS-var
by simp
next
case (AS-assign v v)
then show ?case unfolding subst-sb.simps s-branch-s-branch-list.fresh using
has-subst-b-class.fresh-subst-if subst-b-v-def by force
next
case (AS-match v cs)
have j § (AS-match v cs)[iz=x]sp = j § (AS-match (subst-vb v i z) (subst-branchlb cs i x )) using
subst-sb.simps by auto

also have ... = (j & (subst-vb v i ) A j § (subst-branchlb cs i x )) using s-branch-s-branch-list.fresh
by simp

also have ... = (j £ (subst-vb viz) A ((atom it cs ANjhes)Vitta A(jtesV j= atomi))) using
AS-match[of i z] by auto

also have ... = (atom i § AS-match v es A j# AS-matchvesV jfxz A (j§ AS-match ves V j =
atom 7))

by (metis (no-types) s-branch-s-branch-list.fresh has-subst-b-class.fresh-subst-if subst-b-v-def)
finally show ?case by auto
next
case (AS-while z1 x2)
then show ?Zcase by auto
next
case (AS-seq x1 x2)
then show ?Zcase by auto
next
case (AS-assert z1 z2)
then show ?case unfolding subst-sb.simps s-branch-s-branch-list.fresh
using fresh-at-base has-subst-b-class. fresh-subst-if list.distinct list.set-cases set-ConsD subst-b-e-def
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by (metis subst-b-c-def)
qed(auto+)

lemma
forget-subst-sb[simp]: atom a § A = subst-sb A a x = A and
forget-subst-branchb [simp]: atom a § B = subst-branchb B a © = B and
forget-subst-branchib[simp|: atom a § C = subst-branchlb C a x = C
proof (nominal-induct A and B and C avoiding: a © rule: s-branch-s-branch-list.strong-induct)
case (AS-let z1 z2 x3)
then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next
case (AS-let2 x1 z2 x3 ©4)
then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-T-def by force
next
case (AS-var x1 z2 z3 x4)
then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def using subst-b-T-def
proof —
have f1: (atom a § 4 V atom a € set [atom z1]) A atom a § 2 A atom a § 23
using AS-var.prems s-branch-s-branch-list.fresh by simp
then have atom a f z4
by (metis (no-types) Nominal— Utils.fresh-star-singleton AS-var.hyps(1) empty-set fresh-star-def
list.simps(15) not-self-fresh)
then show ?thesis
using f1 by (metis AS-var.hyps(3) has-subst-b-class.forget-subst subst-b-r-def subst-b-v-def subst-sb.simps(7))

qed
next

case (AS-branch z1 z2 x3)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-cons x1 22 x3 ©4)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-val z)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-if x1 22 z3)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-assign ©1 z2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-match 1 ©2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
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subst-b-v-def by force
next

case (AS-while x1 z2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-seq x1 z2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst
subst-b-v-def by force
next

case (AS-assert c )

then show ?case unfolding subst-sb.simps using

s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.forget-subst subst-b-v-def subst-b-c-def

subst-cb.simps by force
qged(auto+)

lemma subst-sb-id: subst-sb A a (B-var a) = A and

subst-branchb-id [simp]: subst-branchb B a (B-var a) = B and

subst-branchlb-id: subst-branchlb C a (B-var a) = C
proof(nominal-induct A and B and C avoiding: a rule: s-branch-s-branch-list.strong-induct)

case (AS-branch z1 z2 z3)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
subst-b-v-def

by simp

next

case (AS-cons 1 22 )

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
subst-b-v-def by simp
next

case (AS-val z)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-if x1 22 z3)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-T-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-assign z1 x2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-1-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-match z1 ©2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-while x1 z2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-seq 1 z2)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b--def has-subst-b-class.subst-id
subst-b-v-def by metis
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next

case (AS-let z1 22 x3)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-e-def has-subst-b-class.subst-id
by metis
next

case (AS-let2 x1 x2 x3 ©4)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-7-def has-subst-b-class.subst-id
by metis
next

case (AS-var 1 22 z3 x4)

then show ?case using subst-sb.simps s-branch-s-branch-list.fresh subst-b-1-def has-subst-b-class.subst-id
subst-b-v-def by metis
next

case (AS-assert ¢ s )

then show ?case unfolding subst-sb.simps using s-branch-s-branch-list.fresh subst-b-c-def has-subst-b-class.subst-id
by metis
qed (auto)

lemma flip-subst-s:
fixes bv::bv and s::s and cs::branch-s and z::bv
shows atom bv § s = ((bv > 2) + s) = s[z::=B-var bv],, and
atom bv §f cs = ((bv + z) - ¢s) = subst-branchb cs z (B-var bv) and
atom bv § css = ((bv <> 2) - css) = subst-branchlb css z (B-var bv)

proof(nominal-induct s and cs and css rule: s-branch-s-branch-list.strong-induct)
case (AS-branch z1 z2 x3)
hence ((bv + z) - 1) = z1 using pure-fresh fresh-at-base flip-fresh-fresh by metis
moreover have ((bv < z) - 22) = z2 using fresh-at-base flip-fresh-fresh[of bv x2 z] AS-branch by
auto
ultimately show ?case unfolding s-branch-s-branch-list.perm-simps subst-branchb.simps using
s-branch-s-branch-list.fresh(1) AS-branch by auto
next
case (AS-cons 1 22 )
hence ((bv <> 2) - 1) = subst-branchb z1 z (B-var bv) using pure-fresh fresh-at-base flip-fresh-fresh
s-branch-s-branch-list.fresh(13) by metis
moreover have ((bv <> z) - 22) = subst-branchlb z2 z (B-var bv) using fresh-at-base flip-fresh-fresh[of
bv 22 z] AS-cons s-branch-s-branch-list.fresh by metis
ultimately show ?case unfolding s-branch-s-branch-list.perm-simps subst-branchb.simps using
s-branch-s-branch-list.fresh(1) AS-cons by auto
next
case (AS-val x)
then show ?case unfolding s-branch-s-branch-list.perm-simps subst-branchb.simps using flip-subst
subst-b-v-def by simp
next
case (AS-let z1 x2 x3)
moreover hence ((bv + 2) - z1) = z1 using fresh-at-base flip-fresh-fresh|of bv z1 z] by auto
ultimately show ?Zcase
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def s-branch-s-branch-list.fresh by auto
next
case (AS-let2 x1 x2 23 ©4)
moreover hence ((bv <> 2) - z1) = z1 using fresh-at-base flip-fresh-fresh|of bv x1 z] by auto
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ultimately show ?Zcase
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst s-branch-s-branch-list.fresh(5) subst-b-T-def by auto
next
case (AS-if 1 z2 z3)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-var 1 22 z3 x4)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def subst-b-T-def s-branch-s-branch-list.fresh fresh-at-base
flip-fresh-freshlof bv z1 z] by auto
next
case (AS-assign z1 z2)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh fresh-at-base flip-fresh-fresh|of
bv z1 2] by auto
next
case (AS-match 1 z2)
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-while x1 x2)
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-seq x1 z2)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-assert z1 z2)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-c-def subst-b-v-def s-branch-s-branch-list.fresh by simp
ged(auto)

lemma flip-subst-subst-s:
fixes bv::bv and s::s and cs::branch-s and z:bv
shows atom bv ff s = ((bv <> 2) - s)[bv:=v]sp = s[z::=v]s, and
atom bv § ¢s = subst-branchb ((bv <> z) + ¢s) bv v = subst-branchb cs z v and
atom bv § css = subst-branchlb ((bv <> z) « css) bv v = subst-branchlb css z v
proof (nominal-induct s and cs and css rule: s-branch-s-branch-list.strong-induct)
case (AS-branch x1 x2 x3)
hence ((bv > 2) - 1) = x1 using pure-fresh fresh-at-base flip-fresh-fresh by metis
moreover have ((bv <> 2) - £2) = 22 using fresh-at-base flip-fresh-fresh|of bv ©2 z] AS-branch by
auto
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ultimately show ?case unfolding s-branch-s-branch-list.perm-simps subst-branchb.simps using
s-branch-s-branch-list.fresh(1) AS-branch by auto
next
case (AS-cons x1 22 )
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-branchlb.simps
using s-branch-s-branch-list.fresh(1) AS-cons by auto

next
case (AS-val x)
then show ?case unfolding s-branch-s-branch-list.perm-simps subst-branchb.simps using flip-subst
subst-b-v-def by simp
next
case (AS-let z1 x2 x3)
moreover hence ((bv + z) - 1) = z1 using fresh-at-base flip-fresh-freshof bv x1 z] by auto
ultimately show Zcase
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst-subst subst-b-e-def s-branch-s-branch-list.fresh by force
next
case (AS-let2 x1 z2 23 ©4)
moreover hence ((bv + z) - 1) = z1 using fresh-at-base flip-fresh-freshof bv x1 z] by auto
ultimately show ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst s-branch-s-branch-list.fresh(5) subst-b-T-def by auto
next
case (AS-if x1 z2 z3)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-var x1 x2 z3 x4)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def subst-b-T-def s-branch-s-branch-list.fresh fresh-at-base
flip-fresh-fresh|of bv z1 z] by auto
next
case (AS-assign z1 z2)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh fresh-at-base flip-fresh-fresh|of
bv z1 2] by auto
next
case (AS-match 1 z2)
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-while x1 z2)
thus “case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
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case (AS-seq x1 12)
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-v-def s-branch-s-branch-list.fresh by auto
next
case (AS-assert x1 z2)
thus ?case
unfolding s-branch-s-branch-list.perm-simps subst-sb.simps
using flip-subst subst-b-e-def subst-b-c-def s-branch-s-branch-list.fresh by auto
ged(auto)

instantiation s :: has-subst-b
begin
definition subst-b = (\s bv b. subst-sb s bv b)

instance proof
fix j::atom and ¢::bv and z::b and t::s
show jf subst-btiz= ((atom it ANjEt)V (itaA(GHtVj= atomi)))
using fresh-subst-sb-if subst-b-s-def by metis

fix a::bv and tm::s and z::b

show atom a §f tm = subst-b tm a x = tm using subst-b-s-def forget-subst-sb by metis

fix a::bv and tm::s
show subst-b tm a (B-var a) = tm using subst-b-s-def subst-sb-id by metis

fix p::perm and z1::bv and v::b and t1::s

show p - subst-b t1 z1 v = subst-b (p-t1) (p-xl) (p - v) using subst-b-s-def subst-sb-subst-branchb-subst-branchlb.equt

by metis

fix bv:bv and c::s and z:bv
show atom bv § ¢ = ((bv > 2) - ¢) = c[z::=B-var bv],
using subst-b-s-def flip-subst-s by metis

fix bv::bv and c::s and z::bv and v::b
show atom bv § ¢ = ((bv <> 2) « ¢)[bv:=v]p = c[zi:=v]p
using flip-subst-subst-s subst-b-s-def by metis
qed
end

4.9 Function Type

nominal-function subst-ft-b :: fun-typ = bv = b = fun-typ where

subst-ft-b ( AF-fun-typ z b ¢ t (s::8)) z v = AF-fun-typ z (subst-bb b x v) (subst-cb ¢ x v) t[x:=v]p

slz=v]gp
apply(simp add: equt-def subst-ft-b-graph-aua-def )
apply(simp add:fun-typ.strong-ezhaust,auto )
apply(rule-tac y=a and c=(a,b) in fun-typ.strong-exhaust)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
done

nominal-termination (equt) by lexicographic-order
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nominal-function subst-ftg-b :: fun-typ-¢ = bv = b = fun-typ-q where
atom bv § (z,0) = subst-ftg-b (AF-fun-typ-some bv ft) x v = (AF-fun-typ-some bv (subst-ft-b ft x v))

| subst-ftg-b (AF-fun-typ-none ft) x v = (AF-fun-typ-none (subst-ft-b ft x v))
apply(simp add: equt-def subst-ftq-b-graph-auz-def )
apply(simp add:fun-typ-q.strong-ezhaust,auto )
apply(rule-tac y=a and c¢=(aa,d) in fun-typ-q.strong-exhaust)
by (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
nominal-termination (equt) by lexicographic-order

instantiation fun-typ :: has-subst-b
begin
definition subst-b = subst-ft-b

Note: Using just simp in the second apply unpacks and gives a single goal whereas auto gives
43 non-intuitive goals. These goals are easier to solve and tedious, however they that it clear
if a mistake is made in the definition of the function. For example, I saw that one of the goals
was going through with metis and the next wasn’t. It turned out the definition of the function
itself was wrong

instance proof
fix j::atom and i::bv and z::b and t::fun-typ
show jff subst-btixz= (atomifftANjitVitaA(GtitVj= atomi))
apply(nominal-induct t avoiding: i x rule:fun-typ.strong-induct)
apply(auto simp add: subst-b-fun-typ-def )
by (metis fresh-subst-if subst-b-s-def subst-b-T-def subst-b-b-def subst-b-c-def)+

fix a::bv and tm::fun-typ and x::b
show atom a § tm = subst-b tm a x = tm
apply (nominal-induct tm avoiding: a x rule: fun-typ.strong-induct)
apply(simp add: subst-b-fun-typ-def Abs1-eq-iff’)
using subst-b-b-def subst-b-fun-typ-def subst-b-T-def subst-b-c-def subst-b-s-def
forget-subst fresh-at-base list.set-cases neq-Nil-conv set-ConsD
subst-ft-b.simps by metis

fix a::bv and tm::fun-typ
show subst-b tm a (B-var a) = tm
apply (nominal-induct tm rule: fun-typ.strong-induct)
apply(simp add: subst-b-fun-typ-def Absi-eq-iff’,auto)
using subst-b-b-def subst-b-fun-typ-def subst-b-T-def subst-b-c-def subst-b-s-def
forget-subst fresh-at-base list.set-cases neg-Nil-conv set-ConsD
subst-ft-b.simps
by (metis has-subst-b-class.subst-id)+

fix p::perm and z1::bv and v::b and t1::fun-typ

show p - subst-b t1 x1 v = subst-b (p - t1) (p - z1) (p + v)
apply (nominal-induct t1 avoiding: x1 v rule: fun-typ.strong-induct)
by (auto simp add: subst-b-fun-typ-def Abs1-eq-iff " fun-typ.perm-simps)

fix buv:bv and c::fun-typ and z::bv

show atom bv § ¢ = ((bv <> 2) + ¢) = c[z::=B-var bv],
apply (nominal-induct ¢ avoiding: z bv rule: fun-typ.strong-induct)
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by(auto simp add: subst-b-fun-typ-def Absl-eq-iff " fun-typ.perm-simps subst-b-b-def subst-b-c-def
subst-b-T-def subst-b-s-def)

fix bv::bv and c::fun-typ and z:bv and v::b
show atom bv § ¢ = ((bv ¢ 2) - ¢)[bv:=v]p, = c[z::=0]p
apply (nominal-induct ¢ avoiding: bv v z rule: fun-typ.strong-induct)
apply(auto simp add: subst-b-fun-typ-def AbsI-eq-iff’ fun-typ.perm-simps subst-b-b-def subst-b-c-def
subst-b-T-def subst-b-s-def flip-subst-subst flip-subst)
using subst-b-fun-typ-def Absl-eq-iff’ fun-typ.perm-simps subst-b-b-def subst-b-c-def subst-b-T-def
subst-b-s-def flip-subst-subst flip-subst
using flip-subst-s(1) flip-subst-subst-s(1) by auto
qed
end

instantiation fun-typ-q :: has-subst-b
begin
definition subst-b = subst-ftq-b

instance proof

fix j::atom and ¢::bv and z::b and t::fun-typ-q

show jf subst-btixz= (atomifftAjttVitaA(GHtVj= atomi))

apply (nominal-induct t avoiding: i x j rule: fun-typ-q.strong-induct,auto simp add: subst-b-fun-typ-q-def
subst-ftg-b.simps)

using fresh-subst-if subst-b-fun-typ-q-def subst-b-s-def subst-b--def subst-b-b-def subst-b-c-def subst-b-fun-typ-def
apply metis+

done

fix a::bv and t:fun-typ-q and z::b
show atom a §f t = subst-btax =1t
apply (nominal-induct t avoiding: a © rule: fun-typ-q.strong-induct)
apply(auto simp add: subst-b-fun-typ-q-def subst-ftq-b.simps Absi-eq-iff ")
using forget-subst subst-b-fun-typ-q-def subst-b-s-def subst-b-7-def subst-b-b-def subst-b-c-def subst-b-fun-typ-def
equt by metis+

fix p::perm and x1::bv and v::b and t::fun-typ-q

show p - subst-b t ©1 v = subst-b (p - t) (p - z1) (p + v)
apply (nominal-induct ¢t avoiding: x1 v rule: fun-typ-q.strong-induct)
by (auto simp add: subst-b-fun-typ-q-def subst-ftq-b.simps Abs1-eq-iff ")

fix a::bv and tm::fun-typ-q
show subst-b tm a (B-var a) = tm
apply (nominal-induct tm avoiding: a rule: fun-typ-q.strong-induct)
apply(auto simp add: subst-b-fun-typ-q-def subst-ftq-b.simps Abs1-eq-iff’)
using subst-id subst-b-b-def subst-b-fun-typ-def subst-b-T-def subst-b-c-def subst-b-s-def
forget-subst fresh-at-base list.set-cases neq-Nil-conv set-ConsD
subst-ft-b.simps by metis+

fix bv::bv and c:fun-typ-q and z::bv
show atom bv ¢ = ((bv <> 2) - ¢) = c[z::=B-var bv)y
apply (nominal-induct ¢ avoiding: z bv rule: fun-typ-q.strong-induct)
apply(auto simp add: subst-b-fun-typ-q-def subst-ftq-b.simps Absi-eq-iff ")
using forget-subst subst-b-fun-typ-q-def subst-b-s-def subst-b-7-def subst-b-b-def subst-b-c-def subst-b-fun-typ-def
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equt by metis+

fix bv::bv and c::fun-typ-q and z::bv and v::b
show atom bv § ¢ = ((bv ¢ 2) - ¢)[bvi=v]p, = c[z::=0]p
apply (nominal-induct ¢ avoiding: z v bv rule: fun-typ-q.strong-induct)
apply(auto simp add: subst-b-fun-typ-q-def subst-ftq-b.simps Abs1-eq-iff ")
using flip-subst flip-subst-subst forget-subst subst-b-fun-typ-q-def subst-b-s-def subst-b-T-def subst-b-b-def
subst-b-c-def subst-b-fun-typ-def equt by metis+

qed
end

4.10 Contexts

4.10.1 Immutable Variables

nominal-function subst-gb :: I’ = bv = b = I where

subst-gb GNil - - = GNil
| subst-gb ((y,b',c)#rT) bv b = ((y,b'[bv::=0b]pp,c[bv::=blcp)F#r (subst-gb T bv b))

apply (simp add: equt-def subst-gb-graph-aux-def )+
apply auto

apply (insert I".ezhaust neq-GNil-conv, force)

done
nominal-termination (equt) by lexicographic-order

abbreviation
subst-gb-abbrev :: T = bv = b = T («-[-::=-|rp» [1000,50,50] 1000)
where
glbv::=b"lry = subst-gb g bv b’

instantiation I' :: has-subst-b
begin
definition subst-b = subst-gb

instance proof
fix j::atom and i::bv and z::b and t:I
show jff subst-btixz= (atomiftANjEtVitaA(GttVj= atomi))
proof (induct t rule: I'-induct)
case GNil
then show ?case using fresh-GNil subst-gb.simps fresh-def pure-fresh subst-b-I"-def has-subst-b-class. fresh-subst-if
fresh-GNil fresh-GCons by metis
next
case (GCons z' b' ¢' T
have *: atom i ff ' using fresh-at-base by simp

have j § subst-b ((z/, b, ¢/) #r ') iz = j & ((z/, b'[iz:=x]pp, c'[iz:=x]cp) #r (subst-b T’ i x)) using
subst-gb.simps subst-b-I'-def by auto

also have ... = (j & (&', b'[i:==x]pp, ¢[i=x]cp)) A (j & (subst-b I'' i z))) using fresh-GCons by
auto

also have ... = (((j $#2)) A (J 8 b'lin=xlos) A (J § c'lin=2]ep)) A (j 8 (subst-b T/ ix))) by auto

also have ... = (((j £ 2) A ((atom i § 0" ANjHEOV Vit z A(GED V= atomi))) A

((atom it ' Njte'Vigdaz NGt Vi=atomi))) A
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((atom i § T/ AN jET'V iz A(GET'V j= atomi)))))
using fresh-subst-if [of j b’ i x] fresh-subst-if [of j ¢’ i ] GCons subst-b-b-def subst-b-c-def by simp
also have ... = ((atom i § (2, b/, ) #r T/ Aja (2, b, )Y #r )V Gtz A (G ] (z, b, ) #r
T’V j = atom i))) using * fresh-GCons fresh-prod3 by metis

finally show ?case by auto
qged

fix a::bv and tm::I" and z::b
show atom a § tm = subst-b tm a x = tm
proof (induct tm rule: T-induct)
case GNil
then show ?case using subst-gb.simps subst-b-I'-def by auto
next
case (GCons z' b' ¢' T
have «:b'[a::=z]p, = b’ A ¢[a:i=1x]cp = ¢’ using GCons fresh-GCons|of atom a] fresh-prod3[of atom
a] has-subst-b-class.forget-subst subst-b-b-def subst-b-c-def by metis
have subst-b ((z', b/, ¢') #r T') a x = ((z/, b'[a:=x]pp, c'[a::=1]cp) #r (subst-b T/ a z)) using
subst-b-I'-def subst-gb.simps by auto
also have ... = ((z/, b’, ¢) #r ') using x GCons fresh-GCons|of atom a] by auto
finally show ?case using has-subst-b-class.forget-subst fresh-GCons fresh-prod3 GCons subst-b-I'-def
has-subst-b-class. forget-subst[of a b x] fresh-prod3[of atom a] by argo
qged

fix a::bv and tm::T’
show subst-b tm a (B-var a) = tm
proof (induct tm rule: T-induct)
case GNil
then show ?case using subst-gb.simps subst-b-I'-def by auto
next
case (GCons z' b' ¢’ T")
then show Zcase using  has-subst-b-class.subst-id subst-b-I'-def subst-b-b-def subst-b-c-def subst-gb.simps
by metis
qed

fix p::perm and x1::bv and v::b and t1::.T'
show p - subst-b t1 x1 v = subst-b (p - t1) (p - z1) (p - v)
proof (induct tm rule: T-induct)
case GNil
then show ?case using subst-b-I"-def subst-gb.simps by simp
next
case (GCons z' b' ¢' T
then show ?case using subst-b-I'-def subst-gb.simps has-subst-b-class.equt by argo
qed

fix bv:bv and c:I' and z::bv
show atom bv § ¢ = ((bv ¢ 2) - ¢) = c[z::=B-var bv],
proof (induct ¢ rule: T'-induct)

case GNil

then show ?case using subst-b-I"-def subst-gb.simps by auto
next

case (GCons z b ¢ I')

98



have *:(bv < 2) - (z, b, ¢) = (z, (bv & 2) - b, (bv & 2) - ¢) using flip-bv-x-cancel by auto
then show ?case
unfolding subst-gb.simps subst-b-1"-def permute-I'.simps *
using GCons subst-b-I"-def subst-gb.simps flip-subst subst-b-b-def subst-b-c-def fresh-GCons by auto
qed

fix bv::bv and c::I' and z::bv and v::b
show atom bv § ¢ = ((bv <> 2) « ¢)[bv:=v]p = c[zi:=v]p
proof (induct ¢ rule: T'-induct)
case GNil
then show ?case using subst-b-I'-def subst-gb.simps by auto
next
case (GCons x b ¢ T)
have x:(bv <> 2) - (z, b, ¢) = (z, (bv <> 2) - b, (bv + 2) + ¢) using flip-bv-z-cancel by auto
then show ?case
unfolding subst-gb.simps subst-b-I'-def permute-I".simps *
using GCons subst-b-I'-def subst-gb.simps flip-subst subst-b-b-def subst-b-c-def fresh-GCons by auto
qged
qed
end

lemma subst-b-base-for-lit:
(base-for-lit 1)[bv::=b]pp = base-for-lit |
using base-for-lit.simps l.strong-exhaust
by (metis subst-bb.simps(2) subst-bb.simps(3) subst-bb.simps(6) subst-bb.simps(7))

lemma subst-b-lookup:
assumes Some (b, ¢) = lookup T z
shows Some (b[bv::=b"lpp, c[bv::=b"|cp) = lookup T[bv::=b"lpp x
using assms by(induct T' rule: T-induct, auto)

lemma subst-g-b-z-fresh:
fixes z::x and b::b and I'::T" and bv::bv
assumes atom ¢ f I’
shows atom z § T'[bv::=b|ry
using subst-b-fresh-z subst-b-I"-def assms by metis

4.10.2 Mutable Variables

nominal-function subst-db :: A = bv = b = A where
subst-db []a - - =[]a
| subst-db ((u,t) #a A) bv b = ((u,t[bv::=b]+p) #a (subst-db A bv b))
apply (simp add: equt-def subst-db-graph-auz-def ,auto )
using list.exhaust delete-aux.elims
using neq-DNil-conv by fastforce
nominal-termination (equt) by lexicographic-order
abbreviation
subst-db-abbrev :: A = bv = b = A («-[-:=-]ap> [1000,50,50] 1000)
where

Albv::=blap = subst-db A bv b

instantiation A :: has-subst-b
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begin
definition subst-b = subst-db

instance proof
fix j::atom and i::bv and z::b and t::A
show jf subst-btixz= (atomifftAjtVitaA(GitVj=atomi))
proof (induct t rule: A-induct)
case DNil
then show ?case using fresh-DNil subst-db.simps fresh-def pure-fresh subst-b-A-def has-subst-b-class.fresh-subst-if
fresh-DNil fresh-DCons by metis
next
case (DCons u t T)
have j § subst-b ((u, t) #a T) iz = jt ((u, t[iz=x]rp) #a (subst-b T'' i x)) using subst-db.simps
subst-b-A-def by auto

also have ... = (j # ((u, t[iz=z]rp)) A (j § (subst-b T'' i z))) using fresh-DCons by auto
also have ... = (((j fu) A (§ 8§ t[iz=2]p)) A (j £ (subst-b T’ iz))) by auto
alsohave ... = ((j tuw) A ((atom it ANjEt)V (GHazA(GELV = atomi))) A (atomitT'A

JET'Vjta A GET'V j = atom i)))
using has-subst-b-class. fresh-subst-if [of j t i x| subst-b-T-def DCons subst-b-A-def by auto
also have ... = (atom i §f (u, t) #FA T ' Ajl(u, t) #FAT'Vitaz A (Gt (u, t) #a TV j= atom i)
using DCons subst-db.simps(2) has-subst-b-class.fresh-subst-if fresh-DCons subst-b-A-def pure-fresh
fresh-at-base by auto
finally show ?case by auto
qed

fix a::bv and tm::A and z::b
show atom a §f tm = subst-b tm a x = tm
proof (induct tm rule: A-induct)
case DNil
then show ?case using subst-db.simps subst-b-A-def by auto
next
case (DCons u t T")
have x:t[a::=1z],p = t using DCons fresh-DCons|of atom a] fresh-prod2[of atom a] has-subst-b-class.forget-subst
subst-b-T-def by metis
have subst-b ((u,t) #a T') a © = ((u,tla:=1z]rp) #a (subst-b T/ a x)) using subst-b-A-def
subst-db.simps by auto
also have ... = ((u, t) #a I'') using * DCons fresh-DCons|of atom a] by auto
finally show ?case using
has-subst-b-class.forget-subst fresh-DCons fresh-prod3
DCons subst-b-A-def has-subst-b-class.forget-subst[of a t x] fresh-prod3[of atom a] by argo
qed

fix a::bv and tm::A
show subst-b tm a (B-var a) = tm
proof (induct tm rule: A-induct)
case DNil
then show ?case using subst-db.simps subst-b-A-def by auto
next
case (DCons u t T)
then show ?case using  has-subst-b-class.subst-id subst-b-A-def subst-b-T-def subst-db.simps by
metis
qged
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fix p::perm and z1::bv and v::b and t1::A
show p - subst-b t1 z1 v = subst-b (p - t1) (p - x1) (p - v)
proof (induct tm rule: A-induct)

case DNil

then show ?case using subst-b-A-def subst-db.simps by simp
next

case (DCons z' b’ T)

then show ?case by argo
qed

fix bv::bv and c::A and z::bv
show atom bv § ¢ = ((bv <> 2) - ¢) = c[z::=B-var bv]
proof (induct ¢ rule: A-induct)

case DNil

then show ?case using subst-b-A-def subst-db.simps by auto
next

case (DCons u t')

then show ?case

unfolding subst-db.simps subst-b-A-def permute-A.simps
using DCons subst-b-A-def subst-db.simps flip-subst subst-b-T-def flip-fresh-fresh fresh-at-base
fresh-DCons flip-bv-u-cancel by simp

qged

fix bv::bv and c::A and z::bv and v::b
show atom bv § ¢ = ((bv ¢ 2) - ¢)[bvu=v]p = c[z::=0]p
proof (induct ¢ rule: A-induct)
case DNil
then show ?case using subst-b-A-def subst-db.simps by auto
next
case (DCons u t')
then show ?case
unfolding subst-db.simps subst-b-A-def permute-A.simps
using DCons subst-b-A-def subst-db.simps flip-subst subst-b-T-def flip-fresh-fresh fresh-at-base
fresh-DCons flip-bv-u-cancel by simp
qed
qed
end

lemma subst-d-b-member:
assumes (u, 7) € setD A
shows (u, T[bv::=b],,) € setD A[bv::=b]ap
using assms by (induct A, auto)

lemmas ms-fresh-all = e.fresh s-branch-s-branch-list.fresh 7.fresh c.fresh ce.fresh v.fresh l.fresh fresh-at-base
opp.fresh pure-fresh ms-fresh

lemmas fresh-intros|intro| = fresh-GNil x-not-in-b-set z-not-in-u-atoms z-fresh-b u-not-in-z-atoms bu-not-in-z-atoms
u-not-in-b-atoms

lemmas subst-b-simps = subst-tb.simps subst-cb.simps subst-ceb.simps subst-vb.simps subst-bb.simps
subst-eb.simps subst-branchb.simps subst-sb.simps
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lemma subst-d-b-z-fresh:
fixes z::x and b::b and A::A and bv::bv
assumes atom z § A
shows atom z § A[bv:=b]ap
using subst-b-fresh-z subst-b-A-def assms by metis

lemma subst-b-fresh-z:
fixes z:x
shows atom = § v => atom z § v[bv:=b"],, and
atom x § ce = atom z § ce[bv::=b"].cp and
atom x § e = atom z § e[bv::=b"].p and
atom z § ¢ = atom z ¢ c[bv::=b"],, and
atom z § t = atom z ¢ t[bv::=0b"];, and
atom z § d = atom z § d[bv:=b'|a, and
atom x § ¢ = atom z § g[bv:=b"]r, and
atom x § s = atom x § s[bv::=b"5
using fresh-subst-if x-fresh-b subst-b-v-def subst-b-ce-def subst-b-e-def subst-b-c-def subst-b-1-def subst-b-s-def
subst-g-b-x-fresh subst-d-b-x-fresh
by metis+

lemma subst-b-fresh-u-cls:
fixes tm::'a::has-subst-b and z::u
shows atom z § tm = atom z f tm[bv::=b"];
using fresh-subst-if [of atom z tm bv b’] using u-fresh-b by auto

lemma subst-g-b-u-fresh:
fixes z::v and b::b and I'::I" and bv::bv
assumes atom z § I’
shows atom z § T'[bv::=b|ry
using subst-b-fresh-u-cls subst-b-I'-def assms by metis

lemma subst-d-b-u-fresh:
fixes z::u and b::b and T'::A and bv::bv
assumes atom z f I’
shows atom z § T'[bv:=b]ap
using subst-b-fresh-u-cls subst-b-A-def assms by metis

lemma subst-b-fresh-u:
fixes z::u
shows atom z § v = atom = § v[bv::=b"],; and
atom x § ce = atom z § ce[bv::=b"].cp and
atom x § e = atom z ¢ e[bv::=b"]., and
atom x § ¢ = atom z ¢ c[bv::=b"];, and
atom z § t = atom z § t[bv::=b"];;, and
atom z § d = atom z § d[bv::=b"]ap and
atom z § ¢ = atom z § g[bv:=b']r, and
atom z §f s = atom z § s[bv:=b"s
using fresh-subst-if u-fresh-b subst-b-v-def subst-b-ce-def subst-b-e-def subst-b-c-def subst-b-1-def subst-b-s-def
subst-g-b-u-fresh subst-d-b-u-fresh
by metis+
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lemma subst-db-u-fresh:
fixes u::u and b::b and D:A
assumes atom u § D
shows atom u § D[bv:=b]ap
using assms proof (induct D rule: A-induct)
case DNil
then show ?Zcase by auto
next
case (DCons u’ t' D)
then show ?case using subst-db.simps fresh-def fresh-DCons fresh-subst-if subst-b-t-def
by (metis fresh-Pair u-not-in-b-atoms)
qed

lemma flip-bt-substs:
fixes t::7 and bv::bv
assumes atom bv § t
shows t[bv'::=b],, = ((bv' <> bv) - t)[bv::=b];p
using flip-subst-subst[OF assms,of bv’ b]
by (simp add: flip-commute subst-b-7-def)

lemma subst-bt-flip-sym:
fixes t1::7 and t2::7
assumes atom bv §f b and atom bv § (bvl, bv2, t1, t2) and (bvl < bv) - t1 = (bv2 + bv) - 2
shows ¢1[bvl::=b];p = t2[bv2::=bp
using assms flip-bt-subst4 [of bv t1 bvl b | flip-bt-subst) fresh-prod4 fresh-Pair by metis

end
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Chapter 5

Wellformed Terms

We require that expressions and values are well-formed. This includes a notion of well-sortedness.
We identify a sort with a basic type and define the judgement as two clusters of mutually re-
cursive inductive predicates. Some of the proofs are across all of the predicates and although
they seemed at first to be daunting, they have all worked out well.

named-theorems ms-wb Fuacts for helping with well—sortedness

5.1 Definitions

inductive wfV : © = B=T = v= 0= bool (< -;-;-Fyuys-:->[50,50,50] 50) and

wfC 20 =B=T=c= bool (<-;-;- Fur-»[50,50] 50) and

wfG@ :: © = B =T = bool (« -;- Fyus-»1[50,50] 50) and

wfl :© =B=T= 7= bool (< -;-;- Fyus->[50,50] 50) and

wfTs :: © = B =T = (stringst) list = bool (< -; - ; -Fuy - [50,50] 50) and
wfTh :: © = bool (< bty - [50] 50) and

wfB ::© = B = b= bool (< -;- Fyuy->»[50,50] 50) and

wfCE :: © = B=T = ce= b= bool (< -;-;-Fuws-:->[50,50,50] 50) and
wfTD :: © = type-def = bool (¢ - by - [50,50] 50)

where

wfB-intl: Fu5 © = O; By B-int

| wfB-booll: Fyp © = O; B s B-bool

| wfB-unitl: F,; © = O; By B-unit

| wfB-bitvecl: Fup © = O; Bk, B-bitvec

| wfB-pairl: [ ©; Blyy b1 5 0; Bty b2 ] = O; By B-pair b1 b2

| wfB-consI: [

'_wf @;

(AF-typedef s dclist) € set ©
| =

©; Bty B-id s

| wfB-appl: |

I_'uuf @7

O; B ks b;

(AF-typedef-poly s bv dclist) € set ©
=
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O; Blys B-app s b

| wfV-varl: [ ©; B by IT'; Some (b,c) = lookup T' z | = ©; B; ' -y V-var z :
| wfV-litl: ©; Blyy I' = ©; B; T by V-lit I : base-for-lit |

| wfV-pairl:
O; B; ' by vl 2 b1
O; B; I' by v2 1 b2
| =
©; B; T' k5 (V-pair vl v2) : B-pair b1 b2

| wfV-consI: |
AF-typedef s dclist € set ©;
(de, { z:b" | c]}) € set dclist ;
©; BT byyv:d
| =
O; B; I' s V-cons s dc v : B-id s

| wfV-conspI: |
AF-typedef-poly s bv dclist € set O;
(de, { z:0b" | c|) € set dclist ;
O B bys b
atom bv § (©, B, T, b, v);
©; B; T Fyy v b'[bui=b]p
=
©; B; I' by V-consp s dc b v : B-app s b

| wfCE-vall : |
O;B; T'Fyrv : b
| =

©; B;I' Fyy CE-valv : b

| wfCE-plusl: |
O; B; I' -y vl : B-int;
O; B; I' by v2 @ B-int
| =
©; B; I' s CE-op Plus vl v2 : B-int

| wfCE-legI:|
O; B; I' by vl : B-int;
©; B; I' by v2 @ B-int
=
©; B; I' by CE-op LEq vl v2 : B-bool

| wfCE-eql:]
©; B; ' by vl 2 b
O; B; 'y v2: b
=
O; B; I' k¢ CE-0p Eq vl v2 : B-bool

| wfCE-fstI: |
©; B; I' by v1 @ B-pair b1 b2
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| =
O; B; I' Fyy CE-fst vl : bl

| wfCE-sndl: |

©; B; I by v1 @ B-pair b1 b2
| =

O; B; I' Fyy CE-snd vl : b2

| wfCE-concatl: |
©; B; I by v1 @ B-bitvec ;
©; B; I' ks v2 @ B-bitvec
=
©; B; I' Fyy CE-concat v1 v2 : B-bitvec

| wfCE-lenl: |
©; B; I' ks vl : B-bitvec
| =
©; B; I' k¢ CE-len vl : B-int

| wfTI : |

atom z ¢4 (0, B, T) ;

©; B Fyy b

©; B ; (2,b,C-true) #r I' by c
=

©;B;Tkyr{z:b]cl

| wfC-eql: |
O; B;T' Fyyrel 1 b
©; B;T Fyre2 1 b | =
O; B; ' by C-eq el e2
| wfC-truel: ©; Bty ' = ©; B; T’ k5 C-true
| wfC-falsel: ©; Bty ' = ©; B; T k- C-false

| wfC-conjI: [ ©; B; T by cl 3 0; B; T yyp 2] = O; B; T by C-conj cl ¢2
| wfC-disjl: [ ©; B; T by el ;0; B; T by c2] = ©; B; T by C-disj cl c2
| wfC-notl: [ ©; B; ' Fyy cl | = 0; B; T Fyy C-not cl
| wfC-impl: [ ©; B; T by el ;

©; B;T Fyp 2] = 0; B; T Fyyp C-imp cl 2

| wfG-nill: Fpp © = ©; By GNil
| wfG-consil: [ ¢ ¢ { TRUE, FALSE } ;
@; B '_wf T ]
atomzx § T ;
© ;B ; (z,b,C-true)#rl Fyy c; wfBO Bb
| = ©6;B Fuy ((zb,c)#rT)
| wfG-cons2I: | ¢ € { TRUE, FALSE } ;
@; B '_wf r N
atomz § T ;
wfB© Bb
] = ©; Btyus ((z,b,c)#r])

| wfTh-emptyl: by ]
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| wfTh-consI: |
(name-of-type tdef) ¢ name-of-type ‘ set © ;
Fur ©
O Fuwy tdef | = Fuwys tdef#0

| wfTD-simplel: |
©; {||}; GNil Fyy st
| =
O by (AF-typedef s Ist )

| wfTD-poly: |
© ; {|bv|} ; GNil Fyy st
] =
O by (AF-typedef-poly s bv Ist)

| wfTs-nil: ©; By I = O; B; T by []::(string+T) list
| wfTs-cons: [ ©; B; T by T
dc ¢ fst © set ts;
©; B; I' by 5 ts::(stringst) list | = ©; B; T’ by s ((de,m)#ts)

inductive-cases wfC-elims:
O; B; I' by 5 C-true
O; B; I' by C-false
O; B; ' by C-eq el e2
O; B; I' by C-conj cl c2
©; B; I' by C-disj cl c2
O; B; I' by 5 C-not cl
O; B; I' by C-imp cl c2

inductive-cases wfV-elims:
O; B; ' by V-var o2 b
O; B; I by V-iLL: b
O; B; I' by V-pair vl v2 : b
O; B; I' by V-cons tyid dc v : b
©; B; I' by V-consp tyid dc b v : b’

inductive-cases wfCFE-elims:
O; B; ' by CE-val v : b
O; B; I' by 5 CE-o0p Plus v v2 : b
©; B; ' by CE-op LEq vl v2 : b
i By Dby CE-fst vl @b
; I'kyy CE-snd vi : b

B

B; I' - ¢ CE-concat vl v2 : b
3 By T by p CE-len vl @ b

B

B

b

s I'Fwy CE-op opp v1 v2 : b
i D bwy CE-op Eq vl v2 : b

)
©
S)
S)
S)
S)

inductive-cases wfT-elims:
O; BT yyp miir
©;B;Tkyr{z:0]c}
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inductive-cases wfG-elims:
©; Bty GNil
@; B wa (I,b,c)#pF
©; Bl (2,0, TRUE)#rT
©; Bty (2,0,FALSE)#rT

inductive-cases wfTh-elims:

Fug [
Fug td#TT

inductive-cases wfTD-elims:
© by (AF-typedef s Ist )
© by (AF-typedef-poly s bv st )

inductive-cases wfTs-elims:
©; B ; GNil 5 ([::((string=T) list))
©; B ; GNil by p ((t#ts)::((stringsT) list))

inductive-cases wfB-elims:
©; By B-pair b1 b2
©; Bty B-id s
©; Bty B-app s b

equivariance wfV

This setup of ’avoiding’ is not complete and for some of lemmas, such as weakening, do it the
hard way

nominal-inductive wfV

avoids wfV-conspl: bv | wfTI: 2
proof(goal-cases)

case (I s bv dclist © dex b’ ¢ Bb T v)

moreover hence atom bv § V-consp s dc b v using v.fresh fresh-prodN pure-fresh by metis
moreover have atom bv §f B-app s b using b.fresh fresh-prodN pure-fresh 1 by metis
ultimately show ?Zcase using b.fresh v.fresh pure-fresh fresh-star-def fresh-prodN by fastforce
next
case (2 s bu dclist © dex b’ ¢ BbT v)
then show ?Zcase by auto
next
case (32T © B bc)
then show ?Zcase using 7.fresh fresh-star-def fresh-prodN by fastforce
next
case (4 z' O Bbc)
then show ?case by auto

qed

inductive

wfE :0=>®=>B=>T=A=e=>0b=bool (<-;-;-;-;-Fuys-:->[50,50,50] 50) and
wfS$ 0 =>0=>B=T=A=s=b=bool (<-;-;-;-;-Fys-:->[50,50,50] 50) and

wfCS :0 = &= B=T= A= tyid= string = 7 = branch-s = b = bool (< -; -;-;-;-;-;
-5 - bFwyp -0 -0 [50,50,50,50,50] 50) and
wfCSS : 0 = ® = B=T= A= tyid = (string * 7) list = branch-list = b = bool (x -; -; -; -
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oyt Fwg -t [50,50,50,50,50] 50) and
wfPhi :: © = & = bool (¢ - Fyyp - [50,50] 50) and

wfD::0 =B=T= A= bool (< -;-;-Fyyr->[50,50] 50) and
wfFTQ :: © = ® = fun-typ-q¢ = bool (< - ; -ty - [50] 50) and

wfFT :: © = ® = B = fun-typ = bool (< -;-; -ty -» [50] 50) where
wfE-vall : |

®wa (I)a

0; B, I' by A;

O;B;I'kFyrv t b
=

©; ¢; B; I, A Fyy AEB-valv = b

| wfE-plusl: |
O Fus ®;
0; By I' by A
O; B; I' by vl ¢ B-int;
O; B; I' by v2 @ B-int
] =
0; ®; B; I'; A Fywy AE-op Plus vl v2 : B-int

| wfE-legl:|
0; B; ' Fys A
©; B; I' by vl @ B-int;
©; B; ' s v2 : B-int
=
©; ©; B; I'; A Fyy AE-op LEq vl v2 : B-bool

| wfE-eql:]
O ks ®;
0; By I' by A
O; B; Iy vl @ by
O; B; I' by v2 1 b
b € { B-bool, B-int, B-unit }
=
0; ®; B; I'; A Fywy AE-op Eq vl v2 : B-bool

| wfE-fstl: |
@ wa (I);
0; B; ' by A;
©; B; I' by vl @ B-pair b1 b2
| =
©; ©; B; I'; A by AE-fst vl : bl

| wfE-sndl: [

O Fur ®;

0; B ' by A;

O; B; I' by vl ¢ B-pair b1 b2
=

0; ©; B; I'; A by AE-snd vl : b2
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| wfE-concatl: |
(C] '_'wf P N
O; B; ' by A
©; B; I by v1 @ B-bitvec;
©; B; I' Fyy v2 : B-bitvec
| =
©;®;B;IA by AE-concat vl v2 : B-bitvec

| wfE-splitl: |
O ks ®;
O; B, ' by A
O; B; I' by 5 v1 ¢ B-bitvec;
O; B; I' by v2 @ B-int
=
;B A Fuy AE-split v1 v2 : B-pair B-bitvec B-bitvec

| wfE-lenl: |
@ '_'wf (I) 3
O; B; ' by A;
©; B; I' Fyy v1 @ B-bitvec
| =
©; ®; B; I'; A by AE-len vi : B-int

| wfE-appl: |
@ '_wf d N
0; B, I' by A
Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ b ¢ T 8))) = lookup-fun ® f ;
O;B; I'Fyrv:h
=
©; ©; B; I'; Abyys AE-app fv: b-of T

| wfE-appPI: |
© '_wf (0] ;
©; B; ' Fyyr A
6; B wa b/;
atom bv §f (@, 0, B, T, A, b, v, (b-of 7)[bv::=b"]p);
Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 8))) = lookup-fun ® f;
©; BT Fyyp v (b[bu=0b")
] =
©; @; B; T'; A by (AE-appP f b v) : ((b-of 7)[bv:=b")

| wfE-muarl: |
O Fur @
O; B; ' Fyr A;
(u,7) € setD A
| =
0; ®; B; I'; A Fyy AE-mvar u : b-of T

| wfS-vall: |
S '_'wf P y
O; B; T Fyyv:b;
©; B; ' Fyy A
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| =
©; ®; B;T; Abyy (AS-val v) : b

| wfS-letl: |
wfE© ®BT A eb ;
©;D;B; (x,b,C-true) #r T ; Abyy s b;
©; B; T by A
atom z (P, 0, B, T, A, e, b)
=
0;®; B, I'; Abyy LETx =eINs:b

| wfS-assertl: |
©; 0 ; B; (z,B-bool,c) #r ' ; Ay s b;
©; B; ' by cs
O; B; ' Fyy A
atomz § (D, ©, B, T, A, ¢, b, s)
=
©; ©; B; I'; Ay ASSERT ¢ IN s : b

| wfS-let2l: |
0; ®; B; I'; A by sl b-of T 3
O; B; I bys 73
©; ;B (x,b-of 7,C-true) #r T ; A by s2 1 b;
atom z § (®, ©, B, T', A, s, b,T)
=
0; ;B ' Abyy LETx : 7 =3s1INs2:b

B; 'y v : B-bool;
©; ©; B; I'; Abyy sl:b;
D B; Iy Abyyps2:b

O; ®; B; I'; Aty IF v THEN s1 ELSE s2 : b

| wfS-varl : |
wfT © BT 7
©; B; ' by v ot b-of T,
atom u § (D, ©, B, T, A, 7, v, b);
©;9;8B;T; (un)#aAbFyyps:b
=
0; ¢, B; I Abyy VARu:7=vINs:b

| wfS-assignI: |
(u,7) € setD A ;
©; B; ' Fyy A
C] wa d y
©; B; ' Fyyv tb-of T
=
0; ®; B, I'; Abys u = v : B-unit

| wfS-whilel:
0; ®; B; I'; A by sl : B-bool ;
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;P B, ' Ay s2:b
| =
©; ®; B;T'; Abyy WHILE s1 DO {s2 } : b

| wfS-seql: |
O; ®; B; I'; A by s1 2 B-unit
O; ©; B; T Ay s2:b

] =
0; ®; B; Iy Abyy sl 82:b

| wfS-matchl: |

wfV O BT v (B-id tid) ;

(AF-typedef tid dclist ) € set O

wfDO® BT A

OFur ®;

©;®;B;I'; A tid; dclist =y cs: b
=

0; ©; B; I'; A by AS-match v cs: b

| wfS-branchl: |

©;®; B; (z,b-of 7,C-true) #r I'; Abyps:b;
atom z § (¢, ©, B, T, A, T',7);

O; B; 'y A

] =

©;®:;B;1'; Ajtid;dc; 7 Fwy dex=s:b

| wfS-finall:

©; Q; B; I A tid 5 de ;¢ Fypest

| =

©;0;8B;T; A;tid; [(det)] Fus AS-final cs : b

| wfS-cons: [

®; B; I Ay tid s de; t Fyp cs: by
®; B; I'; A tid ; delist Fyp css 0 b
| =

©;0;B;T; A;tid; (de,t)#dclist by AS-cons cs css -

O;
O;

| wfD-emptyl: ©; Bl I' =0 ;B; T Fyuyla

| wfD-cons: |
© ;B; I Fup AuAj
O ;B Fyy ;s
u & fst “setD A
| =
©; B; T Fuy ((u7) #a A)

| wfPhi-emptyl: F,p © = O Fyuy ||
| wfPhi-consl: |
| & name-of-fun ¢ set ®;

© 5 @ wa ftv
O byy ®
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| =
O buys ((AF-fundef f ft)#P)

| wfFTNone: © ; ® ; {||} Fuws ft = O ; @ by AF-fun-typ-none ft
| wfFTSome: © ; @ ; {| bv |} oy ft = © ; @ by AF-fun-typ-some bo ft

| wfFTI: |
S} ; B wa b;
supp s C {atom z} U supp B ;
supp ¢ € { atom z } ;
© ; B; (z,b,c) #r GNil Fyy T3
O by @
| =
©;P; Blyys (AF-funtypx b c T s)

inductive-cases wfE-elims:
@;CID B; s Abys AE-val v @ b
i Iy A by AE-op Plus vl v2 : b
i A fAEopLEqvl v2 b
s A by AE-fst vl
i A by AE-snd vl : b
i A by AE-concat vl v2 : b
i A by AE-len vl @ b
i A by AE-0p opp vI v2 : b
i A byyr AE-app fu: b
i Abyy AE-appP fb' v: b
s A byy AE-muvar u b
i A by AE-op Eq vl v2 : b

POPDPDDDDDDD
AR A S S S S LS LS
O 03 03 03 03 05 O3 O3 O3 O3 O

rReReirieieieReieRe i

inductive-cases wfCS-elims:
©; &; B; T, A tid 5 de 5 ¢ by (esibranch-s) @ b
©; ®; B; I'; A tid ; de by (cs:branch-list) : b

inductive-cases wfPhi-elims:
© Fuy |
© Fuws ((AF-fundef f ft)#II)
O Fuy (fd#P:®)

declare][ simproc del: alpha-lst]]
inductive-cases wfF'TQ-elims:
O ;@ Fyuy AF-fun-typ-none ft
O ;@ ks AF-fun-typ-some bv ft
©; D k5 AF-fun-typ-some bv (AF-fun-typ © b ¢ T )

inductive-cases wfFT-elims:
O;,P;B Fyr AF-fun-typz b cT s

declare|[ simproc add: alpha-lst]]

inductive-cases wfD-elims:

IT; B; (T:T) Fuys [Ja
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IT; B; (T:T) Fyy (u,m) #a AzA
equivariance wfF

nominal-inductive wfE
avoids wfE-appPI: bv | wfS-varl: u | wfS-letl: x | wfS-let2I: © | wfS-branchl: z | wfS-assertl:

proof(goal-cases)
case (1 O P BT Ab bvvr fzbcs)
moreover hence atom bv f AFE-appP f b’ v using pure-fresh fresh-prodN e.fresh by auto
ultimately show ?case using fresh-star-def by fastforce
next
case (20 P BT Ab bvvrT frbcs)
then show ?Zcase by auto
next
case (3 PO BT Aebd zsb)
moreover hence atom =z § LET x = e IN s using fresh-prodN by auto
ultimately show ?case using fresh-prodN fresh-star-def by fastforce
next
case ({ PO BT Aeb zsbh)
then show ?Zcase by auto
next
case (5 O P Bzcl' A sb)
hence atom x § ASSERT ¢ IN s using s-branch-s-branch-list.fresh by auto
then show ?case using fresh-prodN fresh-star-def 5 by fastforce
next
case (6 © D Bz cT' A sb)
then show ?case by auto
next
case (7P O BT A sl Txs2b)
hence atom xz § 7 A atom z § s1 using fresh-prodN by metis
moreover hence atom ¢ § LET z : 7 = s1 IN s2
using s-branch-s-branch-list.fresh(3)[of atom x © 7 s1 s2 | fresh-prodN by simp
ultimately show ?Zcase using fresh-prodN fresh-star-def 7 by fastforce
next
case (8 PO BT A sl Txs2b)
then show ?Zcase by auto
next
case (9O BT 7TovudAbs)
moreover hence atom u § AS-var u 7 v s using fresh-prodN s-branch-s-branch-list.fresh by simp
ultimately show ?case using fresh-star-def fresh-prodN s-branch-s-branch-list.fresh by fastforce
next
case (10 O BT tovu® Abs)
then show ?case by auto
next
case (11 @O Bz 7T A sb tid de)
moreover have atom z § (dc ¢ = s) using pure-fresh s-branch-s-branch-list.fresh by auto
ultimately show ?case using fresh-prodN fresh-star-def pure-fresh by fastforce
next
case (12 DO Bz 7T A sb tid de)
then show ?Zcase by auto
qed
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inductive wfVDs :: var-def list = bool where
wfVDs-nill: wfVDs ||

| wfVDs-conslI: |
atom u § ts;
wfV ([:0) ([} GNil v (b-of 7);
wfT (:0) {l} GNi
wfVDs ts
] = wfVDs ((AV-def u T v)#ts)

equivariance wfVDs
nominal-inductive wfVDs .

end

hide-const Syntaz.dom
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Chapter 6

Refinement Constraint Logic

Semantics for the logic we use in the refinement constraints. It is a multi-sorted, quantifier free
logic with polymorphic datatypes and linear arithmetic. We could have modelled by using one
of the encodings to FOL however we wanted to explore using a more direct model.

6.1 Evaluation and Satisfiability
6.1.1 Valuation

Refinement constraint logic values. SUt is a value for the uninterpreted sort that corresponds
to basic type variables. For now we only need one of these universes. We wrap an smt_ val
inside it during a process we call ’boxing’ which is introduced in the RCLogicLi theory

nominal-datatype rcl-val = SBitvec bit list | SNum int | SBool bool | SPair rcl-val rcl-val |
SCons tyid string rcl-val | SConsp tyid string b rcl-val |
SUnit | SUt rcl-val

RCL sorts. Represent our domains. The universe is the union of all of the these. S_Ut is
the single uninterpreted sort. These map almost directly to basic type but we have them to
distinguish syntax (basic types) and semantics (RCL sorts)

nominal-datatype rcl-sort = S-bool | S-int | S-unit | S-pair rcl-sort rcl-sort | S-id tyid | S-app tyid
rel-sort | S-bitvec | S-ut

type-synonym valuation = (z,rcl-val) map

type-synonym type-valuation = (bv,rcl-sort) map

Well-sortedness for RCL values

inductive wfRCV:: © = rcl-val = b = bool ( < - F -: - [50,50] 50) where
wfRCV-BBitvecl: P + (SBitvec bv) : B-bitvec
| wfRCV-BIntl: P+ (SNum n) : B-int
| wfRC'V-BBooll: P+ (SBool b) : B-bool
| wfRCV-BPairl: [ P+ sl : bl ; Pt s2:02] = P+ (SPair sl s2) : (B-pair bl b2)
| wfRCV-BConsI: [ AF-typedef s dclist € set ©;
(de, {z:b | c¢|) € set dclist ;
OFsl:b] = ©F(SCons s dc st) : (B-id s)
| wfRCV-BConsPI:[ AF-typedef-poly s bv dclist € set ©;
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(de, {z:b | c|) € set dclist ;
atom bu £ (0, SConsp s dc b’ s1, B-app s b");
O F s1:b[bv:=bTp, | = © H(SConsp s dc b’ s1) : (B-app s b')
| wfRCV-BUnitl: P+ SUnit : B-unit
| wfRCV-BVarl: P+ (SUt n) : (B-var bv)
equivariance wfRCV
nominal-inductive wfRCV
avoids wfRCV-BConsPI: bvu
proof(goal-cases)
case (1 s bu dclist © dc z b ¢ b’ s1)
then show ?case using fresh-star-def by auto
next
case (2 s bu dclist © dc z b ¢ s1b)
then show ?Zcase by auto
qed

inductive-cases wfRCV-elims :
wfRCV P s B-bitvec
wfRCV P s (B-pair bl b2)
wfRCV P s (B-int)
wfRCV P s (B-bool)
wfRCV P s (B-id ss)
wfRCV P s (B-var bv)
wfRCV P s (B-unit)
wfRCV P s (B-app tyid b)
wfRCV P (SBitvec bv) b
wfRCV P (SNum n) b
wfRCV P (SBool n) b
wfRCV P (SPair s1 s2) b
wfRCV P (SCons s dc s1) b
wfRCV P (SConsp s dc b’ s1) b
wfRCV P SUnit b
wfRCV P (SUt s1) b

Sometimes we want to assert P = s ~ b[bv=b"] and we want to know what b is however sub-
stitution is not injective so we can’t write this in terms of wfRCV. So we define a relation that
makes the components of the substitution explicit.

inductive wfRCV-subst:: © = rcl-val = b = (buxb) option = bool where
wfRCV-subst-BBitvecl: wfRCV-subst P (SBitvec bv) B-bitvec sub
| wfRCV-subst-BIntl: wfRCV-subst P (SNum n) B-int sub
| wfRCV-subst-BBooll: wfRCV-subst P (SBool b) B-bool sub
| wfRCV-subst-BPairl: | wfRCV-subst P s1 bl sub ; wfRCV-subst P s2 b2 sub | = wfRCV-subst P
(SPair s1 s2) (B-pair bl b2) sub
| wfRCV-subst-BConsl: [ AF-typedef s dclist € set O;
(de, {z:b | c|) € set dclist ;
wfRCV-subst © s1 b None | = wfRCV-subst © (SCons s dc s1) (B-id s) sub
| wfRCV-subst-BConspl: [ AF-typedef-poly s bv dclist € set ©;
(de, {z:b | cl}) € setdclist ;
wfRCV-subst © s1 (b[bv::=b"lpp) sub | = wfRCV-subst © (SConsp s dc b’ s1) (B-app s b’) sub
| wfRCV-subst-BUnitl: wfRCV-subst P SUnit B-unit sub
| wfRCV-subst-BVarll: bvar # bv = wfRCV-subst P (SUt n) (B-var bv) (Some (bvar,bin))
| wfRCV-subst-BVar2l: [ bvar = bv; wfRCV-subst P s bin None | = wfRCV-subst P s (B-var bv)
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(Some (bvar,bin))

| wfRCV-subst-BVar3Il: wfRCV-subst P (SUt n) (B-var bv) None
equivariance wfRCV-subst

nominal-inductive wfRCV-subst .

6.1.2 Evaluation base-types

~

inductive eval-b :: type-valuation = b = rcl-sort = bool («-[ -]~ -» ) where
v [ B-bool | ~ S-bool

| v [ B-int ]~ S-int

| Some s =vbv = v [ Bwvarbv] ™~ s

equivariance eval-b

nominal-inductive eval-b .

6.1.3 Wellformed vvaluations

definition wfl :: © = T' = valuation = bool ( < -; -+ -» ) where
O;TFi= (Y (2,b,c) € toSet T'. Is. Somes=ix AOF s:b)

6.1.4 Evaluating Terms

nominal-function eval-l :: | = rcl-val (<[ -] » ) where
[ L-true | = SBool True
| [ L-false ] = SBool False
| [ L-num n] = SNum n
| [ L-unit | = SUnit
| [ L-bitvec n | = SBitvec n
apply(auto simp: equt-def eval-l-graph-auax-def)
by (metis l.ezhaust)
nominal-termination (equt) by lexicographic-order

inductive eval-v :: valuation = v = rcl-val = bool («-[ -]~ -» ) where
eval-v-litl: ¢ [ V-lie 1]~ [ 1]

| eval-v-varl: Some sv =iz = i [ V-varz ]~ sv

| eval-v-pairl: [ i [ vl ]~ sl ;i[v2] "~ s2] = i[ V-pair vl v2 ]~ SPair sl s2

| eval-v-consI: i [v] ~ s = i [ V-cons tyid dc v] ~ SCons tyid dc s

| eval-v-conspI: i [v] ~ s = i [ V-consp tyid dc b v ] ~ SConsp tyid dc b s

equivariance eval-v

nominal-inductive eval-v .

inductive-cases eval-v-elims:
Q[ VL]~ s
i Vowarz] ™ s
i [ V-pair viv2] "~ s
i [ V-cons tyid de v ] ™~ s
i [ V-consp tyid dcbv] ™~ s

inductive eval-e :: valuation = ce = rcl-val = bool («-[ -]~ -»>) where

eval-e-vall: i [v] ~ sv =i [ CE-valv] "~ sv
| eval-e-plusl: [ i [ vl ]~ SNum nl;i[v2]~ SNumn2 | = i [ (CE-op Plus v1 v2) ]~ (SNum
(n1+n2))
| eval-e-legl: [ ¢ [ vl ]~ (SNum n1); i [v2 ]~ (SNum n2)] = ¢ [ (CE-op LEq vi v2) ] ~ (SBool
(n1 < n2))
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| eval-e-eql: [ i vl ]~ sl;i[v2] ™~ s2] = i[ (CE-op Eq vl v2)] "~ (SBool (s1 = s2))
| eval-e-fstI: [[ i [[ ]~ SPair vl v2 | = i [ (CE-fst v) ]| ~ vl

| eval-e-sndl: v ]~ SPair vi v2 | = i [ (CE-snd v) ]| ™~ v2

| eval-e- concat][[ [ v ]~ (SBitvec bul); i [ v2 ]| ~ (SBitvec bv2) | = i [ (CE-concat vl v2) ] "~
(SBitvec (bvl1@Qbv2))

| eval-e-lenI:[ i [ v] ~ (SBitvec bv) | = i [ (CE-len v) ]| ~ (SNum (int (List.length bv)))
equivariance eval-e

nominal-inductive eval-e .

inductive-cases eval-e-elims:
i [ (CE-valv) ]~ s

i [ (CE-op Plus vl v2) ]~

i [ (CE-op LEq v1 v2) ]]

i [ (CE-op Eq vl v2)] "™

i [ (CE-fstv)] ™~ s

i[ (CE-snd v) ]~

i (CE-concat vl 1)2) 1~

i[(

inductive eval-c :: valuation = ¢ = bool = bool (< -[ -]~ -») where
eval-c-truel: i [ C-true | ~ True

| eval-c-falsel:i | C-false | ~ False

| eval-c-congl: [ i cl ]~ b1 ;i]c2]~b2] = i[(C-conjeclc2)]™ (b1 A b2)

| eval-c-disjl: [i [ el ]~ bl ;i[c2]~b2] = (] (C-disjclc2)] ™ (b1 V b2)

| eval-c-impl:[ i [ el |~ b1 ;8] c2]~ 02 ] = i[(C-impeclc2)] ™ (b1 — b2)

| eval-c-notl:[i[c]~b] = i [ (C-notec)] ™~ (— )

| eval-c-eql:[ i [ el |~ svl;i[e2] ™~ sv2] = i [ (C-eqel e2)] ™ (svi=s02)

equivariance eval-c

nominal-inductive eval-c .

inductive-cases ecval-c-elims:
i[ C-true] ™~ True
i [ C-false | ~ False
i [ (C-conj cl c2)] ~
i [ (C-disj ¢l c2)] ~
i [ (C-imp cl c2)] ™~
i[ (C-note)] ™~ s
i [ (C-eqel e2)] ™
i C-true] ™ s
i [ C-false ] ~ s

6.1.5 Satisfiability

inductive is-satis :: valuation = ¢ = bool ( < - = -» ) where
ile]™ True=ifEc

equivariance is-satis

nominal-inductive is-satis .

nominal-function is-satis-g :: valuation = ' = bool ( < - = - > ) where
i = GNil = True
|Z.':(('T=b7c)#f‘ G):(i):C/\ Z':G)
apply(auto simp: equt-def is-satis-g-graph-auz-def)
by (metis T'.exhaust old.prod.exhaust)

119



nominal-termination (equt) by lexicographic-order

6.2 Validity

nominal-function wvalid :: © = B =T = ¢ = bool («-;-;- [ -»[50, 50] 50) where
P;B;GEc=((P;B;Glrysc)ANNVi.(P;GF)AN iEG—1ifEc0)
by (auto simp: equt-def wfl-def valid-graph-auz-def)

nominal-termination (equt) by lexicographic-order

6.3 Lemmas

Lemmas needed for Examples

lemma valid-truel [introl:
fixes G::I
assumes P ; B, G
shows P ; B; G = C-true

proof —
have Vi. i = C-true using is-satis.simps eval-c-truel by simp
moreover have P ; B ; G ¢ C-true using wfC-truel assms by simp
ultimately show ?thesis using valid.simps by simp

qed

end
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Chapter 7

Syntax Lemmas

7.1 Support, lookup and contexts

lemma supp-v-tau [simp]:
assumes atom z f v
shows supp ({ z : b | CE-val (V-var z) == CFE-valv [}) = supp v U supp b
using assms T.supp c.supp ce.supp
by (simp add: fresh-def supp-at-base)

lemma supp-v-var-tau [simp):
assumes z # T
shows supp ({ z: b | CE-val (V-var z) == CE-val (V-varz) [}) = { atom z } U supp b
using supp-v-tau assms
using supp-at-base by fastforce

Sometimes we need to work with a version of a binder where the variable is fresh in something
else, such as a bigger context. I think these could be generated automatically

lemma obtain-fresh-fun-def:
fixes t::'b:fs
shows Jy:x. atom y i (s,¢,7,t) A (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7 s)) = AF-fundef
f (AP-fun-typ-none (AF-funtyp y b ((y < 2) - ¢ ) ((y © 2) - 7) ((y  2) - )
proof —
obtain y::z where y: atom y t (s,c,7,t) using obtain-fresh by blast
moreover have AF-fundef f (AF-fun-typ-none (AF-fun-typ y b ((y <> z) - ¢) ((y < z) - 7) ((y <
x)+8))) = (AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ 7 s)))
proof(cases z=y)
case True
then show ?thesis using fun-def.eq-iff Absi-eq-iff (3) flip-commute flip-fresh-fresh fresh-PairD by
auto
next
case Fulse

have (AF-fun-typydb ((y<z)-¢) ((y+ z)-7) ((y < z) - 8)) =(AF-fun-typ x b ¢ T s) proof (subst
fun-typ.eq-iff, subst Absl-eq-iff (%))
show «(y =2 A ((y+2)-¢, (yez)-7), (ye )-8 = (¢, 7), 8V
Ly PEEAED (0D 0 65 )= 0 (619 A dony (o),
s)) A
b = by using Fulse flip-commute flip-fresh-fresh fresh-PairD y by auto
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qed
thus ?thesis by metis
qed
ultimately show ?thesis using y fresh-Pair by metis
qed

lemma lookup-fun-member:

assumes Some (AF-fundef f ft) = lookup-fun @ f

shows AF-fundef f ft € set ®

using assms proof (induct )

case Nil

then show ?case by auto
next

case (Cons a ®)

then show ?Zcase using lookup-fun.simps

by (metis fun-def.exhaust insert-iff list.simps(15) option.inject)

qed

lemma rig-dom-eq:
dom (G[z — ¢]) = dom G
proof (induct G rule: I'.induct)
case GNil
then show ?case using replace-in-g.simps by presburger
next
case (GCons xbc ')
obtain z’ and b’ and ¢’ where zbc: zhe=(z’,b’,c’) using prod-cases3 by blast
then show ?case using replace-in-g.simps GCons by simp
qed

lemma lookup-in-rig-eq:

assumes Some (b,c) = lookup T

shows Some (b,¢’) = lookup (T[z—c']) z

using assms proof (induct T’ rule: T-induct)

case GNil

then show ?Zcase by auto
next

case (GCons x b ¢ T)

then show ?Zcase using replace-in-g.simps lookup.simps by auto
qed

lemma lookup-in-rig-neq:

assumes Some (b,c) = lookup I' y and z#y

shows Some (b,c) = lookup (Tlz—c’]) y

using assms proof (induct T' rule: T-induct)

case GNil

then show ?Zcase by auto
next

case (GCons z' b’ ¢' T)

then show ?Zcase using replace-in-g.simps lookup.simps by auto
qed

lemma lookup-in-rig:
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assumes Some (b,c) = lookup T' y

shows J¢”. Some (b,c”) = lookup (T[z—c']) y
proof (cases z=y)

case True

then show ?thesis using lookup-in-rig-eq using assms by blast
next

case Fulse

then show ?thesis using lookup-in-rig-neq using assms by blast
qed

lemma lookup-inside[simp]:
assumes z ¢ fst ‘ toSet T’
shows Some (b1,c1) = lookup (I''Q(x,b1,c1)#rT')
using assms by (induct T'/,auto)

lemma lookup-inside2:
assumes Some (b1,c1) = lookup (T'Q((x,b0,c0)#rT")) y and z#y
shows Some (b1,c1) = lookup (T'Q((z,00,c0")#rT)) y
using assms by (induct T' rule: T.induct,auto+)

fun tail:: 'a list = ’'a list where
tail [| = ]
| tail (z#zs) = xs

lemma lookup-options:
assumes Some (b,c) = lookup (zt#rG) =
shows ((z,b,¢) = xzt) V (Some (b,c) = lookup G z)
by (metis assms lookup.simps(2) option.inject surj-pair)

lemma lookup-x:
assumes Some (b,c) = lookup G z
shows z € fst ‘ toSet G
using assms
by (induct G rule: T.induct ,auto+)

lemma GCons-eq-appendl:
fixes xsl:I’
shows [| z #r xsl = ys; xs = xs1 Q zs || ==> x #r s = ys Q zs
by (drule sym) simp

lemma split-G: x : toSet xs = Jys zs. xs = ys Q z #r zs
proof (induct xs)
case GNil thus ?case by simp
next
case GCons thus ?case using GCons-eq-appendl
by (metis Un-iff append-g.simps(1) singletonD toSet.simps(2))
qed

lemma lookup-not-empty:
assumes Some 7 = lookup G x
shows G # GNil
using assms by auto
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lemma lookup-in-g:
assumes Some (b,c) = lookup T x
shows (z,b,c) € toSet T’
using assms apply(induct T', simp)
using lookup-options by fastforce

lemma lookup-split:
fixes I'::T’
assumes Some (b,c) = lookup "
shows 3G G'.T = G'Q(z,b,c)#rG
by (meson assms(1) lookup-in-g split-G)

lemma toSet-splitU[simp]:
(z',b%,¢") € toSet (T’ Q (z, b, ¢) #r T') «— (2,b',c’) € (toSet T' U {(z, b, ¢)} U toSet T')
using append-g-toSetU toSet.simps by auto

lemma toSet-splitP[simp]:

(V(z', b, ¢)etoSet (T Q (z, b, ¢) #r ). P2’ b’ ') «— (¥ (2, b/, ¢')€toSet T'. P’ b' ¢’y AN Pz b
e N (VY (2, b, ¢)etoSet T. Pz’ b' ¢) (is A «— ?B)

using toSet-splitU by force

lemma lookup-restrict:
assumes Some (b',¢’) = lookup (I'Q(x,b,c)#rl) y and = # y
shows Some (b',¢’) = lookup (I''QT) y
using assms proof (induct T/ rule:T-induct)
case GNil
then show ?case by auto
next
case (GCons z1 b1 c1 TV)
then show ?Zcase by auto
qed

lemma supp-list-member:
fixes z::'a::fs and I::'a list
assumes t € set [
shows supp © C supp [
using assms apply(induct I, auto)
using supp-Cons by auto

lemma GNil-append:
assumes GNil = G1QG2
shows G1 = GNil N G2 = GNil
proof (rule ccontr)
assume - (GI = GNil A G2 = GNil)
hence G1QG2 # GNil using append-g.simps by (metis I'.distinct(1) T'.exhaust)
thus False using assms by auto
qed

lemma G Cons-eq-append-conv:

fixes zs:I'
shows z#rxs = ysQzs = (ys = GNil A z#trzs = zs V (Fys’. z#rys’ = ys A zs = ys'Qzs))

124



by(cases ys) auto

lemma dclist-distinct-unique:

assumes (dc, const) € set dclist?2 and (cons, constl) € set dclist?2 and dc=cons and distinct
(List.map fst dclist2)

shows (const) = constl1
proof —

have (cons, const) = (dc, constl)

using assms by (metis (no-types, lifting) assms(3) assms(4) distinct.simps(1) distinct.simps(2)

empty-iff insert-iff list.set(1) list.simps(15) list.simps(8) list.simps(9) map-of-eq-Some-iff)

thus “thesis by auto
qed

lemma fresh-d-fst-d:
assumes atom u £
shows u ¢ fst ‘ set §
using assms proof (induct §)
case Nil
then show ?Zcase by auto
next
case (Cons ut ¢)
obtain »’ and t’ where x:ut = (u',t") by fastforce
hence atom u f ut A atom u f 6’ using fresh-Cons Cons by auto
moreover hence atom u # fst ut using * fresh-Pair[of atom u u’ t] Cons by auto
ultimately show ?Zcase using Cons by auto
qed

lemma bv-not-in-bset-supp:
fixes bv::bv
assumes bv |¢| B
shows atom bv ¢ supp B
proof —
have x:supp B = fset (fimage atom B)
by (metis fimage.rep-eq finite-fset supp-finite-set-at-base supp-fset)
thus ?thesis using assms
by fastforce
qed

lemma u-fresh-d:
assumes atom u D
shows u ¢ fst ¢ setD D
using assms proof (induct D rule: A-induct)
case DNil
then show ?case by auto
next
case (DCons u’ t" A')
then show ?case unfolding setD.simps
using fresh-DCons fresh-Pair by (simp add: fresh-Pair fresh-at-base(2))
qed
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7.2 Type Definitions

lemma exist-fresh-buv:
fixes tm::'a:fs
shows T bva2 dclist2. AF-typedef-poly tyid bva dclist = AF-typedef-poly tyid bva2 dclist2 N
atom bva2 § tm
proof —
obtain bva2::bv where *:atom bva2 § (bva, dclist,tyid,tm) using obtain-fresh by metis
moreover hence bva2 # bva using fresh-at-base by auto
moreover have dclist = (bva < bva2) - (bva2 < bva) « dclist by simp
moreover have atom bva § (bva2 < bva) - dclist proof —
have atom bva2 t dclist using * fresh-prodN by auto
hence atom ((bva2 « bva) - bva2) § (bva2 < bva) - dclist using fresh-equt True-equt
proof —
have (bva2 < bva) - atom bva2 § (bva2 < bva) - dclist
by (metis True-equt <atom bva2 t dclist) fresh-equt)
then show ?thesis

by simp
qed
thus ?thesis by auto
qged

ultimately have AF-typedef-poly tyid bva dclist = AF-typedef-poly tyid bva2 ((bva2 <> bva ) - dclist)

unfolding type-def.eq-iff Absl-eq-iff by metis
thus ?thesis using x fresh-prodN by metis
qed

lemma obtain-fresh-bv:
fixes tm::'a:fs
obtains bva2::bv and dclist2 where AF-typedef-poly tyid bva dclist = AF-typedef-poly tyid bva2
dclist2 N
atom bva2 § tm
using ezist-fresh-bv by metis

7.3 Function Definitions

lemma fun-typ-flip:
fixes bvil::bv and c::bv
shows (bvl + ¢) - AF-fun-typ x1 b1 c1 71 s1 = AF-fun-typ 1 ((bvl < ¢) - b1) ((bvl < ¢) - cl)
((bvl + ¢) - 71) ((bvl < ¢) - s1)
using fun-typ.perm-simps flip-fresh-fresh supp-at-base fresh-def
flip-fresh-fresh fresh-def supp-at-base
by (simp add: flip-fresh-fresh)

lemma fun-def-eq:

assumes AF-fundef fa (AF-fun-typ-none (AF-fun-typ za ba ca Ta sa)) = AF-fundef f (AF-fun-typ-none
(AF-fun-typ x b c T 8))

shows f = fa and b = ba and [[atom za]|lst. sa = [[atom z]]lst. s and [[atom za]]lst. Ta = [[atom
z])lst. 7 and

[[atom za)]lst. ca = [[atom z]]lst. ¢
using fun-def.eq-iff fun-typ-q.eq-iff fun-typ.eq-iff Ist-snd lst-fst using assms apply metis
using fun-def.eq-iff fun-typ-q.eq-iff fun-typ.eq-iff lst-snd Ist-fst using assms apply metis
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proof —
have ([[atom za]]lst. ((ca, Ta), sa) = [[atom z]]lst. ((¢, T), $)) using assms fun-def.eq-iff fun-typ-q.eq-iff
fun-typ.eq-iff by auto
thus [[atom za]]lst. sa = [[atom z]]lst. s and [[atom za]]lst. Ta = [[atom z]]lst. T and
[[atom za)]lst. ca = [[atom z]]lst. ¢ using Ist-snd Ist-fst by metis+
qed

lemma fun-arg-unique-aux:
assumes AF-fun-typ x1 b1 c1 71’ s1’ = AF-fun-typ x2 b2 c2 72’ 52’
shows { z1 : b1 | ¢l |} ={ 22 : 02| 2|}

proof —
have ([[atom z1]]ist. cI = [[atom z2]]Ist. c2) using fun-def-eq assms by metis
moreover have b1 = b2 using fun-typ.eq-iff assms by metis
ultimately show ?thesis using 7.eq-iff by fast

qed

lemma fresh-z-neq:
fixes z::x and y::z
shows atom z § y = (z # y)
using fresh-at-base fresh-def by auto

lemma obtain-fresh-z3:

fixes tm::'b::fs

obtains z::x where { z:b | c} = {2:b | cl[zn=V-var z]c, | A atom z § tm A atom z § (z,c)
proof —

obtain z:z and c¢:cwhere z:{z:b |c}= {z:b]|c' |} A atom z 4 (tm,z,c) using obtain-fresh-z2
b-of .simps by metis

hence ¢’ = ¢[z::=V-var z]., proof —

have ([[atom z]]lst. ¢/ = [[atom z]]lst. ¢) using z T.eq-iff by metis
hence ¢’ = (z <> z) - ¢ using AbsI-eq-iff[of z ¢’ x ¢] fresh-z-neq fresh-prodN by fastforce
also have ... = c[z:=V-var z]c,

using subst-v-c-def flip-subst-v]of z ¢ x| z fresh-prod3 by metis
finally show ?thesis by auto
qed
thus ?thesis using z fresh-prodN that by metis
qed

lemma u-fresh-v:
fixes u::u and t::v
shows atom u § t
by (nominal-induct t rule:v.strong-induct,auto)

lemma u-fresh-ce:
fixes u::u and t::ce
shows atom u § t
apply(nominal-induct t rule: ce.strong-induct)
using u-fresh-v pure-fresh
apply (auto simp add: opp.fresh ce.fresh opp.fresh opp.exhaust)
unfolding ce.fresh opp.fresh opp.exhaust by (simp add: fresh-opp-all)

lemma u-fresh-c:
fixes u::u and t::c
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shows atom u f ¢
by (nominal-induct t rule:c.strong-induct,auto simp add: c.fresh u-fresh-ce)

lemma u-fresh-g:
fixes u:u and t:T
shows atom u f ¢
by (induct t rule:T-induct, auto simp add: u-fresh-b u-fresh-c fresh-GCons fresh-GNil)

lemma u-fresh-t:
fixes u:u and tiT
shows atom u f ¢
by (nominal-induct t rule:T.strong-induct,auto simp add: 7.fresh u-fresh-c u-fresh-b)

lemma b-of-c-of-eq:
assumes atom z § T
shows {|{ z:b-of 7| ccof Tz} =1
using assms proof(nominal-induct T avoiding: z rule: T.strong-induct)
case (T-refined-type xla x2a x3a)

hence { z: b-of { zla: 225 |23a | | cof {zla:22 |23al 2z} ={ z: 22a | z3a[zla:=V-var
Z]ew [}
using b-of .simps c-of .simps c-of-eq by auto
moreover have { z : 22a | z3alzla::=V-var z]c, } = { zla : 22a | 23a |} using T-refined-type T.fresh
by auto
ultimately show ?case by auto
qed

lemma fresh-d-not-in:
assumes atom u2 f A’
shows u2 ¢ fst “ setD A’
using assms proof (induct A’ rule: A-induct)
case DNil
then show ?case by simp
next
case (DCons u t A')
hence x: atom u2 § A’ A atom u2 f (u,t)
by (simp add: fresh-def supp-DCons)
hence u2 ¢ fst ‘ setD A’ using DCons by auto
moreover have u2 # u using * fresh-Pair
by (metis eq-fst-iff not-self-fresh)
ultimately show ?case by simp
qed

end
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Chapter 8

Wellformedness Lemmas

8.1 Prelude

lemma b-of-subst-bb-commute:
(b-of (T[bv::=b]rp)) = (b-of T)[bv::=b]ps
proof —
obtain z’ and b’ and ¢’ where 7 = { 2’ : b’ | ¢’ |} using obtain-fresh-z by metis
moreover hence (b-of (7[bv::=b]p)) = b-of { 2’ : b'[bv:=blppy | ¢’ |} using subst-th.simps by simp
ultimately show ?thesis using subst-tv.simps subst-tb.simps by simp
qed

lemmas wf-intros = wfV-wfC-wfG-wfT-wfTs-wfTh-wfB-wfCE-wfTD.intros wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfF

lemmas freshers = fresh-prodN b.fresh c.fresh v.fresh ce.fresh fresh-GCons fresh-GNil fresh-at-base

8.2 Strong Elimination

Inversion/elimination for well-formed polymorphic constructors

lemma wf-strong-elim:
fixes I':T" and T:T" and v::v and e::e and c::c and 7:7 and ts::(stringst) list
and A::A and b::b and fig::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and s::s
and tm::a:fs
and cs::branch-s and css::branch-list and ©::0
shows ©; B; I' k¢ (V-consp tyid dc b v) : b = (3 bv dclist z b" c. b" = B-app tyid b A
AF-typedef-poly tyid bv dclist € set © A
(de, {z:b" | c]) € set delist N
©; B Fupb ANatombuv g (©, B, T,b,v) A ©; B; T by v b[bvi=blpy A atom bv  tm)

and
;B I' Fyy c — True and
O; Blys I = True and
O; B; T Fyyp T —> True and
O; B; ' s ts = True and
Fowr © = True and

©; Btywy b = True and
©; B;T Fypce: b = True and
O Fyrtd = True

proof (nominal-induct
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V-consp tyid dc b v b" and ¢ and T" and 7 and ¢s and © and b and b’ and td
avoiding: tm

rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-conspl bv dclist © z b’ ¢ BT)
then show ?Zcase by force

qed(auto+)

8.3 Context Extension

definition wfEzt : © = B =T =T = bool (« -; - Fyus - < ->[50,50,50] 50) where
wfExt T B G1 G2 = (wfG T B G2 AN wfG T B G1 A toSet G1 C toSet G2)

8.4 Context

lemma wfG-cons[ms-wb]:
fixes I'::T"
assumes P; B t, 5 (z,b,c) #rl
shows P; Bl I' Aatomz 4T AN wfBP Bb
using wfG-elims(2)[OF assms| by metis

lemma wfG-cons2[ms-wb]:
fixes I'::"
assumes P; B b5 2bc #rD
shows P; B, T
proof —
obtain z and b and ¢ where zbc: zbc=(2,b,c) using prod-cases3 by blast
hence P; B Fy; (2,b,c) #rI using assms by auto
thus ?thesis using zbc wfG-cons assms by simp
qed

lemma wf-g-unique:
fixes I'::T
assumes O; B F,; T and (z,b,c) € toSet I and (z,b',c’) € toSet T
shows b=b’ A c=c’
using assms proof (induct T' rule: I'.induct)
case GNil
then show ?case by simp
next
case (GCons a T)
consider (z,b,c)=a A (z,b',c)=a | (z,b,c)=a A (z,b',¢")#a | (z,b,¢)#a N (z,b",c")=a | (z,b,c)# a A
(z,b',¢"Y#a by blast
then show ?Zcase proof(cases)
case I
then show ¢thesis by auto
next
case 2
hence atom z § T' using wfG-elims(2) GCons by blast
moreover have (z,b',c’) € toSet T’ using GCons 2 by force
ultimately show %thesis using forget-subst-gv fresh-GCons fresh-GNil fresh-gamma-elem T'.distinct
subst-gv.simps 2 GCons by metis
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next
case 3
hence atom z § I' using wfG-elims(2) GCons by blast
moreover have (z,b,c) € toSet I using GCons 3 by force
ultimately show #thesis
using forget-subst-gv fresh-GCons fresh-GNil fresh-gamma-elem T.distinct subst-gv.simps 8
GCons by metis
next
case 4
then obtain z’’ and b" and ¢::c where zbc: a=(x",b",c"’)
using prod-cases3 by blast
hence ©; B 5 ((z",b",¢") #rT') using GCons wfG-elims by blast
hence ©; BF,; ' A (2, b, ¢) € toSet T' A (z, b', ¢/) € toSet T' using GCons wfG-elims 4 zbe
prod-cases3 set-GConsD  using forget-subst-gv fresh-GCons fresh-GNil fresh-gamma-elem
T'.distinct subst-gv.simps 4 GCons by meson
thus ?thesis using GCons by auto
ged
qed

lemma lookup-if1:
fixes I'::T"
assumes O; B+, ¢ I'and Some (b,c) = lookup I' =
shows (z,b,c) € toSet T A (Vb' ¢’ (z,b',c”) € toSet T — b'=b A ¢'=c¢)
using assms proof (induct T rule: T.induct)
case GNil
then show ?Zcase by auto
next
case (GCons zbc T)
then obtain z’ and b’ and c¢”::c where zbe: zbe=(z',b’,c’)
using prod-cases3 by blast
then show ?case using wf-g-unique GCons lookup-in-g xbc
lookup.simps set-GConsD wfG.cases
insertE insert-is-Un toSet.simps wfG-elims by metis
qed

lemma lookup-if2:
assumes wfG P BT and (z,b,c) € toSet T' A (Vb ¢’ (z,b',¢') € toSet T' — b'=b A ¢'=c¢)
shows Some (b,¢) = lookup T x
using assms proof (induct T rule: T.induct)
case GNil
then show ?Zcase by auto
next
case (GCons xzbc T)
then obtain z’ and b’ and c¢”:c where zbc: zbe=(z",b’,c")
using prod-cases3 by blast
then show Zcase proof(cases z=x")
case True
then show ?thesis using lookup.simps GCons zbc by simp
next
case Fulse
then show ?thesis using lookup.simps GCons zbc toSet.simps Un-iff set-GConsD wfG-cons2
by (metis (full-types) Un-iff set-GConsD toSet.simps(2) wfG-cons?2)
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qged
qed

lemma lookup-iff:
fixes ©::0 and I':T’
assumes O; B, ¢ I’
shows Some (b,c) = lookup T © <— (z,b,c) € toSet T' A (Vb ¢'. (z,b',¢’) € toSet T' — b'=b A ¢'=c¢)
using assms lookup-if1 lookup-if2 by meson

lemma wfG-lookup-wf:
fixes ©::0 and I'::T" and b::b and B::B
assumes O; Bk, s I' and Some (b,c) = lookup T" z
shows ©; B -, b
using assms proof (induct T’ rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b’ ¢' T)
then show Zcase proof(cases z=z")
case True
then show ?thesis using lookup.simps wfG-elims(2) GCons by fastforce
next
case Fulse
then show %thesis using lookup.simps wfG-elims(2) GCons by fastforce
qed
qed

lemma wfG-unique:
fixes I'::T
assumes wfG B © ((z, b, ¢) #r T') and (z1,b1,c1) € toSet ((z, b, ¢) #r I') and z1=z
shows b1 = b A cl =c¢
proof —
have (z, b, ¢) € toSet ((z, b, ¢) #r I') by simp
thus ?thesis using wf-g-unique assms by blast
qed

lemma wfG-unique-full:
fixes I'::T
assumes wfG © B (I''Q(z, b, ¢) #r I') and (z1,b1,c1) € toSet (I''Q(z, b, ¢) #r T') and zi=zx
shows b1 = b A cl =c¢
proof —
have (z, b, ¢) € toSet (I''Q(z, b, ¢) #r I') by simp
thus “thesis using wf-g-unique assms by blast
qed

8.5 Converting between wb forms

We cannot prove wfB properties here for expressions and statements as need some more facts
about ® context which we can prove without this lemma. Trying to cram everything into a
single large mutually recursive lemma is not a good idea

lemma wfX-wfY1:
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fixes I':T" and T'::T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s
and css::branch-list
shows wfV-wf: ©; B;I' Fypv:b= O; Bty Abyr © and
wfC-wf: ©; B;I'Fyyc= 0; Blyy I' AFyy © and
wfG-wf :0; BFys I' = +F,r © and
wfT-wf: ©; By Ty 7= O;Blys ' A Fyr ©®© AO; B Fyy b-of T and
wfTs-wf:0; B; ' Fyr ts = O; Blyr I' Ay © and
Fof © = True and
wfB-wf: ©; BFyy b = Iy O and
wfCE-wf: ©; B; 'y ce: b= 0; BFy,; ' A Fuy © and
wfTD-wf: © by td = Fyp O
proof(induct  rule:wfV-wfC-wfG-wfT-wfTs-wf Th-wfB-wfCE-wfTD.inducts)

case (wfV-varl © BT b ¢ z)

hence (z,b,c) € toSet T using lookup-iff lookup-in-g by presburger

hence b € fst‘snd‘toSet T' by force

hence wfB © B b using wfV-varl using wfG-lookup-wf by auto

then show ?case using wfV-varl wfV-elims wf-intros by metis
next

case (wfV-litI © BT )

moreover have wfTh © using wfV-lit] by metis

ultimately show ?case using wf-intros base-for-lit.simps l.exhaust by metis
next

case (wfV-pairl] © BT vl b1 v2 b2)

then show ?Zcase using wfB-pairl by simp
next

case (wfV-consl s delist © dcx b ¢ BT v)

then show ?case using wf-intros by metis
next

case (wfTI 2T © B b ¢)

then show ?Zcase using wf-intros b-of .simps wfG-cons2 by metis
qed(auto)

lemma wfX-wfY2:
fixes I':" and T':I" and v::v and e::e and c::c and 7::7 and ts::(string«7) list and A::A and s::s
and b::b and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s
and css::branch-list
shows
wfb-wf: ©; ©; B; I Abyre: b= 0;Bby, s T NO; By AN Fus OANO FHyy @ and
wfS-wf: 0; @; B I Ay s: b= 0;Bby I ANO;B;I'Fuf AN FyppOANO Fyyp® and
;0 B; I Astid;desthbwres: b= O; Bl I ANO; B Iy AN Fur ©ANO Fyuy
® and
©; ©; B; I'; A tid ; delist Fyyp css 1 b= O; Blyr I NO; BTk AN Fyp ©ANO Fyp
¢ and
wfPhi-wf: © bk (2:0) = k4 © and
wfD-wf: ©; B; 'y A= 0; By I' A Fyy © and
wfFTQ-wf: © ; @ Fuy flg = 0O Fupr ® AFyy © and
wfFT-wf: © ;@ ;Blyusft=0 Fur ®PA Fur O
proof(induct  rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfFT.inducts)
case (wfS-varl © BT T vu A ® s b)
then show ?Zcase using wfD-elims by auto
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next
case (wfS-assignl u T A © BT ® v)
then show ?Zcase using wf-intros by metis

next
case (wfD-emptyl © B T)
then show ?case using wfX-wfY1 by auto

next
case (wfS-assertl © ® Bz cI' A sb)
then have ©; B s I' using wfX-wfY1 by auto
moreover have O; B; I' -,y A using wfS-assert] by auto
moreover have -,y © A © bk, ® using wfS-assert] by auto
ultimately show ?case by auto

qed(auto)

lemmas wfX-wfY=wfX-wfY1 wfX-wfY2

lemma setD-ConsD:
ut € setD (ut’ #a D) = (ut = ut’ V ut € setD D)
proof (induct D rule: A-induct)
case DNil
then show ?Zcase by auto
next
case (DCons u' t' 12)
then show ?Zcase using setD.simps by auto
qed

lemma wfD-wfT:
fixes A:A and 7::7
assumes O; B; I' F, 5 A
shows V(u,7) € setD A. ©; B; ' by 7
using assms proof (induct A rule: A-induct)
case DNil
then show ?case by auto
next
case (DCons u' t' 12)
then show ?case using wfD-elims DCons setD-ConsD
by (metis case-prodI2 set-ConsD)
qed

lemma subst-b-lookup-d:
assumes u ¢ fst ‘ setD A
shows u ¢ fst ‘ setD Albv::=b|ay
using assms proof (induct A rule: A-induct)
case DNil
then show ?Zcase by auto
next
case (DCons u’ t' z2)
hence u#u’ using DCons by simp
show ?case using DCons subst-db.simps by simp
qed

lemma wfG-cons-splitl:
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fixes ®::® and I'::T"
assumes O; B k¢ I' and atom = § I' and wfB © B b and
c € { TRUE, FALSE } — ©; B, I' and
c ¢ { TRUE, FALSE } — © ;B ; (z,b,C-true) #rI Fyuy ¢
shows ©; B by ¢ ((z,b,c) #rT)
using wfG-cons1l wfG-cons2l assms by metis

lemma wfG-consI:
fixes ®::® and I'::T" and c::c
assumes O; B -,y I' and atom = § I' and wfB © B b and
© ; B; (z,b,C-true) #rl Fyy5 c
shows © ; B F,r ((z,b,c) #rI)
using wfG-cons1l wfG-cons2I wfG-cons-split] wfC-truel assms by metis

lemma wfG-elim2:
fixes c::c
assumes wfG P B ((z,b,c) #rI)
shows P; B ; (z, b, TRUE) #r T bFypcAwfBPBb
proof(cases ¢ € {TRUE,FALSE})
case True
have P; Bt,s ' Aatomz §T A wfB P B b using wfG-elims(2)[OF assms] by auto
hence P; Bty ((2,0,TRUE) #rI') A wfB P B b using wfG-cons2I by auto
thus ?thesis using wfC-truel wfC-falsel True by auto
next
case Fulse
then show ?thesis using wfG-elims(2)[OF assms| by auto
qed

lemma wfG-cons-wfC'"
fixes I'::' and c:c
assumes O ; B Fy,5 (2,0, ¢) #r T
shows © ; B; ((z, b, TRUE) #r T) by c
using assms wfG-elim2 by auto

lemma wfG-wfB:
assumes wfG P BT and b € fst‘snd‘toSet T’
shows wfB P B b
using assms proof (induct T' rule:T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b' ¢' T")
show ?Zcase proof(cases b=b")
case True
then show ?thesis using wfG-elim2 GCons by auto
next
case Fulse
hence b € fst‘snd‘toSet T'' using GCons by auto
moreover have wfG P B T'' using wfG-cons GCons by auto
ultimately show ?thesis using GCons by auto
qed
qed
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lemma wfG-cons-TRUE:
fixes I'::' and b::b
assumes P; B,y I"and atom z § I' and P; Bt b
shows P ; BFyf (2,0, TRUE) #r T
using wfG-cons2l wfG-wfB assms by simp

lemma wfG-cons-TRUE2:
assumes P; B by ¢ (2,b,¢c) #rI' and atom z § T'
shows P; B by (2, b, TRUE) #r T
using wfG-cons wfG-cons2l assms by simp

lemma wfG-suffiz:
fixes I'::T"
assumes wfG P B (I'Qr’)
shows wfG P BT
using assms proof (induct T/ rule: T-induct)
case GNil
then show ?Zcase by auto
next
case (GCons x b ¢ T)
hence P; B, I' QT using wfG-elims by auto
then show ?case using GCons wfG-elims by auto
qed

lemma wfV-wfCE:
fixes v::v
assumes O; B; I' F,r v : b
shows ©; B;I' b5 CE-valv: b

proof —
have O F, ([::®) wusing wfPhi-emptyl wfV-wf wfG-wf assms by metis
moreover have ©; B; I' F, ¢ [|a using wfD-emptyl wfV-wf wfG-wf assms by metis
ultimately show ?thesis using wfCE-vall assms by auto

qed

8.6 Support

lemma wf-suppl:

fixes I':" and T':T" and v::v and e:e and c::c and 7::7 and ts:(string+7) list and A:A and
s::s and b::b and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s and css
branch-list

shows wfV-supp: ©; B; T' by r v: b= supp v C atom-dom I' U supp B and
wfC-supp: ©; B; I' k¢ ¢ = supp ¢ C atom-dom I' U supp B and
wfG-supp: ©; B b5 I' = atom-dom I' C supp I' and
wfT-supp: ©; B; I' w7 = supp 7 C atom-dom I' U supp B and
wfTs-supp: ©; B; I' by ¢ ts = supp ts C atom-dom I' U supp B and
wfTh-supp: Fyf © = supp © = {} and
wfB-supp: ©; B¢ b = supp b C supp B and
wfCE-supp: ©; B; I' k5 ce : b = supp ce C atom-dom I' U supp B and
wfTD-supp: © k5 td = supp td C {}

proof(induct  rule:wfV-wfC-wfG-wfT-wfTs-wf Th-wfB-wfCE-wfTD.inducts)
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case (wfB-consl © s dclist B)
then show Zcase by(auto simp add: b.supp pure-supp)
next
case (wfB-appl © B b s bv dclist)
then show Zcase by(auto simp add: b.supp pure-supp)
next
case (wfV-varl © BT b ¢ x)
then show ?case using v.supp wfV-elims
empty-subsetl insert-subset supp-at-base
fresh-dom-free2 lookup-if1
by (metis sup.coboundedll)
next
case (wfV-litI © BT )
then show ?Zcase using supp-l-empty v.supp by simp
next
case (wfV-pairl © BT vl bl v2 b2)
then show Zcase using v.supp wfV-elims by (metis Un-subset-iff)
next
case (wfV-consI s dclist © dc z b ¢ BT v)
then show ?case using v.supp wfV-elims
Un-commute b.supp sup-bot.right-neutral supp-b-empty pure-supp by metis
next
case (wfV-conspl typid bv dclist © dec z b’ ¢ BT v b)
then show ?case unfolding v.supp
using wfV-elims
Un-commute b.supp sup-bot.right-neutral supp-b-empty pure-supp
by (simp add: Un-commute pure-supp sup.coboundedll)
next
case (wfC-eql © BT el b e2)
hence supp el C atom-dom I' U supp B using c.supp wfC-elims
image-empty list.set(1) sup-bot.right-neutral by (metis Int] UnE empty-iff subsetCE subsetl)
moreover have supp e2 C atom-dom I' U supp B using c.supp wfC-elims
image-empty list.set(1) sup-bot.right-neutral Intl UnE empty-iff subsetCE subset]
by (metis wfC-eql .hyps(4))
ultimately show ?case using c.supp by auto
next
case (wfG-consll ¢ © BT zb)
then show ?case using atom-dom.simps dom-supp-g supp-GCons by metis
next
case (wfG-cons2l ¢ © BT z b)
then show ?case using atom-dom.simps dom-supp-g supp-GCons by metis
next
case wfTh-emptyl
then show Zcase by (simp add: supp-Nil)
next
case (wfTh-consl O lst)
then show ?case using supp-Cons by fast
next
case (wfTD-simplel © st s)
then have supp (AF-typedef s lst ) = supp lst U supp s using type-def.supp by auto
then show ?case using wfTD-simplel pure-supp
by (simp add: pure-supp supp-Cons supp-at-base)
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next
case (wfTD-poly © bv Ist s)
then have supp (AF-typedef-poly s bv lst ) = supp Ist — { atom bv } U supp s using type-def.supp
by auto
then show ?Zcase using wfTD-poly pure-supp
by (simp add: pure-supp supp-Cons supp-at-base)
next
case (wfTs-nil © BT)
then show ?Zcase using supp-Nil by auto
next
case (wfTs-cons © BT 7 dc ts)
then show ?Zcase using supp-Cons supp-Pair pure-supp|of dc] by blast
next
case (wfCE-vall © BT v b)
thus ?case using ce.supp wfCE-elims by simp
next
case (wfCE-plusl © BT vl v2)
hence supp (CE-op Plus vl v2) C atom-dom T’ U supp B using ce.supp pure-supp
by (simp add: wfCE-plusl opp.supp)
then show ?case using ce.supp wfCE-elims UnCI subsetCE subsetl z-not-in-b-set by auto
next
case (wfCE-legl © BT vl v2)
hence supp (CE-op LEq vl v2) C atom-dom T’ U supp B using ce.supp pure-supp
by (simp add: wfCE-plusl opp.supp)
then show ?case using ce.supp wfE-elims UnCI subsetCE subset] x-not-in-b-set by auto
next
case (wfCE-eql © BT vl bv2)
hence supp (CE-op Eq v1 v2) C atom-dom T' U supp B using ce.supp pure-supp
by (simp add: wfCE-eql opp.supp)
then show ?case using ce.supp wfE-elims UnCI subsetCE subsetl x-not-in-b-set by auto
next
case (wfCE-fstI © BT vl bl b2)
thus “case using ce.supp wfCE-elims by simp
next
case (wfCE-sndl © BT vl b1 b2)
thus ?case using ce.supp wfCE-elims by simp
next
case (wfCE-concatl © BT vl v2)
thus ?case using ce.supp wfCE-elims by simp
next
case (wfCE-len] © BT vl)
thus ?case using ce.supp wfCE-elims by simp
next
case (wfTI 2 © BT b ¢)
hence supp ¢ C supp z U atom-dom I' U supp B using supp-at-base dom-cons by metis
moreover have supp b C supp B using wfTI by auto
ultimately have supp { z:b | ¢ } C atom-dom T' U supp B using 7.supp supp-at-base by force
thus ?case by auto
qged(auto)

lemma wf-supp2:
fixes I':I' and TI'’:I' and v::v and e::e and c::c and 7::7 and

138



ts::(string=7) list and A::A and s::s and b::b and ftg:: fun-typ-¢g and
ftifun-typ and ce::ce and td::type-def and cs::branch-s and css ::branch-list
shows
wfE-supp: ©; ®; B; I'; A by e: b= (supp e C atom-dom I' U supp B U atom  fst ‘ setD A)
and
wfS-supp: ©; ®; B; I'; A byr s: b = supp s C atom-dom I' U atom * fst * setD A U supp B
and
O; ®; B; ' A tid 5 de ; tbwyp s 1 b= supp cs C atom-dom I' U atom * fst ‘ setD A U supp
B and
©; ®; B; I'; A tid ; dclist by css : b = supp css C atom-dom I' U atom * fst * setD A U
supp B and
wfPhi-supp: © by (2:®) = supp ® = {} and
wfD-supp: ©; B; ' by A = supp A C atom‘fst(setD A) U atom-dom IT' U supp B and
©;® byuf ftg = supp ftg = {} and
©;P ; Blyys ft = supp ft C supp B
proof (induct  rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfF T .inducts)
case (wfE-vall © ® BT A v b)
hence supp (AE-val v) C atom-dom T' U supp B using e.supp wf-suppl by simp
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-plusl © ® BT A vl v2)
hence supp (AE-op Plus vl v2) C atom-dom T U supp B
using wfE-plusl opp.supp wf-suppl e.supp pure-supp Un-least
by (metis sup-bot.left-neutral)

then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-legl © ® BT A vl v2)
hence supp (AE-op LEq vl v2) C atom-dom T' U supp B using e.supp pure-supp Un-least
sup-bot.left-neutral using opp.supp wf-suppl by auto
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-eql © ® BT A vl b v2)
hence supp (AE-op Eq vl v2) C atom-dom T' U supp B using e.supp pure-supp Un-least
sup-bot.left-neutral using opp.supp wf-suppl by auto
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-fstI © ® BT A vl bl b2)
hence supp (AE-fst v1 ) C atom-dom I' U supp B using e.supp pure-supp sup-bot.left-neutral using
opp.supp wf-suppl by auto
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-sndl © ® BT A vl bl b2)
hence supp (AE-snd vl ) C atom-dom T' U supp B using e.supp pure-supp wfE-plusl opp.supp
wf-suppl by (metis Un-least)
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-concatl © ® BT A vl v2)
hence supp (AE-concat vl v2) C atom-dom T' U supp B using e.supp pure-supp
wfE-plusl opp.supp wf-suppl by (metis Un-least)
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
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case (wfE-splitl © ® BT A vl v2)
hence supp (AE-split vl v2) C atom-dom T' U supp B using e.supp pure-supp
wfE-plusl opp.supp wf-suppl by (metis Un-least)
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-len] © ® BT A v1)
hence supp (AE-len v1 ) C atom-dom T' U supp B using e.supp pure-supp
using e.supp pure-supp sup-bot.left-neutral using opp.supp wf-suppl by auto
then show ?case using e.supp wfE-elims UnCI subsetCE subsetl z-not-in-b-set by metis
next
case (wfE-appl © ® BT A fzbcT sw)
then obtain b where ©; B; I' -, v : b using wfE-elims by metis
hence supp v C atom-dom I" U supp B using wfE-appl wf-suppl by metis
hence supp (AE-app fv) C atom-dom T' U supp B using e.supp pure-supp by fast
then show ?Zcase using e.supp(2) UnCI subsetCE subset] wfE-appl using b.supp(3) pure-supp
x-not-in-b-set by metis
next
case (wfE-appPI © ® BT A b' bv v 7 fxa ba ca s)
then obtain b where O; B; T' -, ¢ v : ( b[bv::=b"];) using wfE-elims by metis
hence supp v C atom-dom I U supp B using wfE-appPI wf-suppl by auto
moreover have supp b’ C supp B using wf-supp1(7) wfE-appPI by simp
ultimately show ?case unfolding e.supp using wfE-appPI pure-supp by fast
next
case (wfE-mvarl © ® BT A u )
then obtain 7 where (u,7) € setD A using wfE-elims(10) by metis
hence atom u € atom‘fst‘setD A by force
hence supp (AE-mvar v ) C atom‘fst‘setD A using e.supp
by (simp add: supp-at-base)
thus ?case using UnCI subsetCFE subsetl e.supp wfE-muvarl supp-at-base subsetCE supp-at-base u-not-in-b-set

by (simp add: supp-at-base)

next

case (wfS-vall © ® BT v b A)

then show ?case using wf-supp1

by (metis s-branch-s-branch-list.supp(1) sup.coboundedI2 sup-assoc sup-commute)

next

case (wfS-letl © ® BT A e b’ z s b)

then show ?case by auto
next

case (wfS-let2] © ® BT A s1 7 z 52 b)

then show ?case unfolding s-branch-s-branch-list.supp (3) using wf-suppl (4)[OF wfS-let21(3)] by
auto
next

case (wfS-ifl © BT v ® A s1 b s2)

then show %case using wf-supp1(1)[OF wfS-if[(1)] by auto
next

case (wfS-varl © BT T vu A ® sb)

then show ?Zcase using wf-suppl(1)[OF wfS-varl(2)] wf-suppl(4)[OF wfS-varl(1)] by auto
next
next

case (wfS-assignl u T A © BT & v)

hence supp u C atom ‘ fst ‘ setD A proof (induct A rule:A-induct)
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case DNil
then show ?case by auto
next
case (DCons u’ t' A')
show ?case proof(cases u=u")
case True
then show ?thesis using toSet.simps DCons supp-at-base by fastforce
next
case Fulse
then show ?thesis using toSet.simps DCons supp-at-base wfS-assignl
by (metis empty-subsetl fstl image-eql insert-subset)
qed
qed
then show ?case using s-branch-s-branch-list.supp(8) wfS-assignl wf-supp1(1)[OF wfS-assignl(6)]
by auto
next
case (wfS-matchl © BT v tid dclist A ® cs b)
then show ?Zcase using wf-supp1(1)[OF wfS-matchI(1)] by auto
next
case (wfS-branchl © ® Bz 7 T' A s b tid dc)
moreover have supp s C supp z U atom-dom I' U atom * fst ‘ setD A U supp B
using dom-cons supp-at-base wfS-branchl by auto
moreover hence supp s — set [atom z] C atom-dom T' U atom * fst ‘ setD A U supp B using
supp-at-base by force
ultimately have
(supp s — set [atom x]) U (supp dc ) C atom-dom T' U atom * fst ‘ setD A U supp B
by (simp add: pure-supp)
thus ?case using s-branch-s-branch-list.supp(2) by auto
next
case (wfD-emptyl © B T)
then show ?Zcase using supp-DNil by auto
next
case (wfD-cons © BT A 7 u)
have supp ((u, 7) #a A) = supp u U supp 7 U supp A using supp-DCons supp-Pair by metis
also have ... C supp u U atom ‘ fst ‘ setD A U atom-dom T" U supp B
using wfD-cons wf-suppl (4 )[OF wfD-cons(3)] by auto
also have ... C atom ‘ fst ‘ setD ((u, 7) #a A) U atom-dom T' U supp B using supp-at-base by auto
finally show ?case by auto
next
case (wfPhi-emptyl O)
then show ?Zcase using supp-Nil by auto
next
case (wfPhi-consl f © ® ft)
then show ?case using fun-def.supp
by (simp add: pure-supp supp-Cons)
next
case (wfFTI © B'bsxzcT ®)
have supp (AF-fun-typ £ b ¢ 7 8) = supp ¢ U (supp 7 U supp s) — set [atom x] U supp b using
fun-typ.supp by auto
thus ?case using wfFTI wf-suppl
proof —
have f1: supp 7 C {atom x} U atom-dom GNil U supp B’
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using dom-cons wfFTI.hyps wf-suppl(4) by blast
have supp b C supp B’
using wfF'TI.hyps(1) wf-supp1(7) by blast
then show ?thesis
using f1 <supp (AF-fun-typ b ¢ 7 s) = supp ¢ U (supp 7 U supp s) — set [atom x| U supp b
wfFTI.hyps(4) wfFTI.hyps by auto
qged
next
case (wfFTNone © @ ft)
then show Zcase by (simp add: fun-typ-q.supp(2))
next
case (wfFTSome © ® b ft)
then show ?case using fun-typ-q.supp
by (simp add: supp-at-base)
next
case (wfS-assert] © ® Bz cI' A sb)
then have supp ¢ C atom-dom I' U atom ‘ fst ‘ setD A U supp B using wf-suppl
by (metis Un-assoc Un-commute le-supl2)
moreover have supp s C atom-dom I' U atom ° fst ‘ setD A U supp B proof
fix z
assume *:z € supp §
have xx:atom x ¢ supp s using wfS-assertl fresh-prodN fresh-def by metis
have z € atom-dom ((z, B-bool, ¢) #r T') U atom ‘ fst * setD A U supp B using wfS-assert] * by
blast
have z € atom-dom ((x, B-bool, ¢) #r I') = z € atom-dom T" using x *x by auto
thus 2z € atom-dom I' U atom © fst ‘ setD A U supp B using * xx
using <z € atom-dom ((x, B-bool, ¢) #r T') U atom  fst ‘ setD A U supp B> by blast
qged
ultimately show ?Zcase by auto
ged(auto)

lemmas wf-supp = wf-suppl wf-supp2

lemma wfV-supp-nil:
fixes v
assumes P ; {||} ; GNil by v b
shows supp v = {}
using wfV-supp[of P {||} GNil v b] dom.simps toSet.simps
using assms by auto

lemma wfT-TRUE-auz:

assumes wfG P BT and atom z § (P, B, ") and wfB P B b

shows wfT P BT ({ z:b | TRUE |})
proof (rule)

show ¢ atom z # (P, B, T')) using assms by auto

show < P; B s b using assms by auto

show « P;B; (z, b, TRUE) #r ' Fy; TRUE ) using wfG-cons2I wfC-truel assms by auto
qed

lemma wfT-TRUE:

assumes wfG P BT and wfBP B b
shows wfT P BT ({ z: b | TRUE |})
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proof —
obtain z"::z where x:atom 2z’ § (P, B, I') using obtain-fresh by metis
hence { z:b | TRUE |} ={ 2 :b | TRUE || by auto
thus ?thesis using wfT-TRUFE-auz assms x by metis

qed

lemma phi-flip-eq:
assumes wfPhi T P
shows (z <> za) - P =P
using wfPhi-supp|OF assms] flip-fresh-fresh fresh-def by blast

lemma wfC-supp-cons:
fixes c¢’i:c and G::T’
assumes P; B ; (z/, b', TRUE) #rG Fyy ¢’
shows supp ¢’ C atom-dom G U supp z' U supp B and supp ¢’ C supp G U supp z' U supp B
proof —
show supp ¢’ C atom-dom G U supp =’ U supp B
using wfC-supp|OF assms] dom-cons supp-at-base by blast
moreover have atom-dom G C supp G
by (meson assms wfC-wf wfG-cons wfG-supp)
ultimately show supp ¢’ C supp G U supp ' U supp B using wfG-supp assms wfG-cons wfC-wf by
fast
qed

lemma wfG-dom-supp:

fixes z::z

assumes wfG P B G

shows atom © € atom-dom G <— atom = € supp G
using assms proof (induct G rule: T-induct)

case GNil

then show ?Zcase using dom.simps supp-of-atom-list

using supp-GNil by auto

next

case (GCons z' b' ¢’ G)

show ?Zcase proof(cases ' = x)
case True
then show “thesis using dom.simps supp-of-atom-list supp-at-base
using supp-GCons by auto
next
case Fulse
have (atom z € atom-dom ((z', b', ¢') #r G)) = (atom = € atom-dom G) using atom-dom.simps
False by simp
also have ... = (atom z € supp G) using GCons wfG-elims by metis
also have ... = (atom z € (supp (z’, b’, ¢') U supp G)) proof
show atom z € supp G = atom = € supp (z', b’, ¢') U supp G by auto
assume atom x € supp (z’, b’, ¢) U supp G
then consider atom z € supp (z', b’, ¢) | atom x € supp G by auto
then show atomn z € supp G proof(cases)
case I
assume atom x € supp (z', b’, ¢’)
hence atom z € supp ¢’ using supp-triple False supp-b-empty supp-at-base by force

143



moreover have P; B ; (z/, b, TRUE) #rG Fys ¢’ using wfG-elim2 GCons by simp
moreover hence supp ¢’ C supp G U supp z’' U supp B using wfC-supp-cons by auto
ultimately have atom x € supp G U supp ' using z-not-in-b-set by auto

then show ?thesis using False supp-at-base by (simp add: supp-at-base)

next
case 2
then show ?thesis by simp
qed
qed
also have ... = (atom x € supp ((x’, b’, ¢/) #r G)) using supp-at-base False supp-GCons by simp
finally show ?thesis by simp
qed
qed

lemma wfG-atoms-supp-eq :
fixes z::x
assumes wfG P B G
shows atom x € atom-dom G +— atom x € supp G
using wfG-dom-supp assms by auto

lemma beta-flip-eq:
fixes z::x and za::x and B::B
shows (z <> za) - B =18
proof —
have atom = § B A atom za § B using x-not-in-b-set fresh-def supp-set by metis
thus ?thesis by (simp add: flip-fresh-fresh fresh-def)
qed

lemma theta-flip-eq2:
assumes 5 ©
shows (24 2¢)-0=0
proof —
have supp © = {} using wfTh-supp assms by simp
thus ?thesis
by (simp add: flip-fresh-fresh fresh-def)
qed

lemma theta-flip-eq:
assumes wfTh ©
shows (z <> za) - © = 0O
using wfTh-supp flip-fresh-fresh fresh-def
by (simp add: assms theta-flip-eq2)

lemma wfT-wfC":

fixes c::c

assumes O; B; T k¢ { z: 0| ¢ |} and atom 2 § T

shows ©; B; (2,0, TRUE) #vI k5 ¢
proof —

obtain za ba ca where x:{ z: b | ¢} ={za:ba | ca |} A atom za § (©,BT) A O; B; (za, ba,
TRUE) #r‘ r wa ca

using wfT-elims|OF assms(1)] by metis
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hence c1: [[atom z]]lst. ¢ = [[atom za]]lst. ca using T.eq-iff by meson
show ?thesis proof(cases z=za)
case True
hence ca = ¢ using cI by (simp add: Absi-eq-iff(3))
then show f?thesis using * True by simp
next
case Fulse
have F,; © using wfT-wf wfG-wf assms by metis
moreover have atom za § I using * fresh-prodN by auto
ultimately have ©; B; (2 <> za ) « (za, ba, TRUE) #r T byp (24 20) - ca
using wfC'.equt theta-flip-eq2 beta-flip-eq * GCons-equt assms flip-fresh-fresh by metis
moreover have atom z § ca
proof —
have supp ca C atom-dom I" U { atom za } U supp B using x wfC-supp atom-dom.simps toSet.simps
by fastforce
moreover have atom z ¢ atom-dom T' using assms fresh-def wfT-wf wfG-dom-supp wfC-supp
by metis
moreover hence atomn z ¢ atom-dom T' U { atom za } using False by simp
moreover have atom z ¢ supp B using z-not-in-b-set by simp
ultimately show ?thesis using fresh-def False by fast
qed
moreover hence (z < za ) - ca = c using type-eq-subst-eql (3) * by metis
ultimately show ?thesis using assms G-cons-flip-fresh x by auto
qed
qed

lemma u-not-in-dom-g:
fixes u::u
shows atom u ¢ atom-dom G
using toSet.simps atom-dom.simps u-not-in-z-atoms by auto

lemma bv-not-in-dom-g:
fixes bv::bv
shows atom bv ¢ atom-dom G
using toSet.simps atom-dom.simps u-not-in-z-atoms by auto

An important lemma that confirms that I' does not rely on mutable variables

lemma u-not-in-g:
fixes u::u
assumes wfG © B G
shows atom u ¢ supp G
using assms proof (induct G rule: T-induct)
case GNil
then show ?case using supp-GNil fresh-def
using fresh-set-empty by fastforce
next
case (GCons z b ¢ TV)
moreover hence atom u ¢ supp b using
wfB-supp wfC-supp u-not-in-z-atoms wfG-elims wfX-wfY by auto
moreover hence atom u ¢ supp x using u-not-in-z-atoms supp-at-base by blast
moreover hence atom u ¢ supp ¢ proof —
have © ; B ; (z, b, TRUE) #r I’ ks c using wfG-cons-wfC GCons by simp
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hence supp ¢ C atom-dom ((z, b, TRUE) #r T'') U supp B using wfC-supp by blast
thus ?thesis using u-not-in-dom-g u-not-in-b-atoms
using u-not-in-b-set by auto
qed
ultimately have atom u ¢ supp (x,b,c) using supp-Pair by simp
thus “case using supp-GCons GCons wfG-elims by blast
qed

An important lemma that confirms that types only depend on immutable variables

lemma u-not-in-t:
fixes u::u
assumes wfT © B G 7
shows atom u ¢ supp T
proof —
have supp 7 C atom-dom G U supp B using wfT-supp assms by auto
thus ?thesis using u-not-in-dom-g u-not-in-b-set by blast
qed

lemma wfT-supp-c:
fixes B::B and z::z
assumes wfT P BT ({z:b | c])
shows supp ¢ — { atom z } C atom-dom T" U supp B
using wf-supp T.supp assms
by (metis Un-subset-iff empty-set list.simps(15))

lemma wfG-wfC[ms-wb]:
assumes wfG P B ((z,b,c) #rI')
shows wfC P B ((z,b,TRUE) #rTI') ¢
using assms proof(cases ¢ € {TRUE,FALSE})
case True
have atom z § I' A wfG P BT A wfB P B b using wfG-cons assms by auto
hence wfG P B ((z,b,TRUE) #rI") using wfG-cons2I by auto
then show ?thesis using wfC-truel wfC-falsel True by auto
next
case Fulse
then show ?thesis using wfG-elims assms by blast
qed

lemma wfT-wf-cons:
assumes wfT P BT {z:b | ¢} and atom z § T
shows wfG P B ((z,b,c) #rI)
using assms proof(cases ¢ € { TRUE,FALSE })
case True
then show ?thesis using wfT-wfC wfC-wf wfG-wfB wfG-cons2l assms wfT-wf by fastforce
next
case Fulse
then show ?thesis using wfT-wfC wfC-wf wfG-wfB wfG-cons1l wfT-wf wfT-wfC assms by fastforce
qed

lemma wfV-b-fresh:

fixes b::b and v::v and bv::bv
assumes O; B; 'k, v: b and bv |¢| B

146



shows atom bv § v
using wfV-supp bv-not-in-dom-g fresh-def assms bv-not-in-bset-supp by blast

lemma wfCE-b-fresh:
fixes b::b and ce::ce and bv::bv
assumes O; B; ' b, ce: b and bv |¢| B
shows atom bv { ce
using bv-not-in-dom-g fresh-def assms bv-not-in-bset-supp wf-suppl(8) by fast

8.7 Freshness

lemma wfG-fresh-x:
fixes I'::' and z::x
assumes O; B ¢ I' and atom z § I’
shows atom z § (0,8, T')
unfolding fresh-prodN apply (intro congl)
using wf-suppl wfX-wfY assms fresh-def z-not-in-b-set by(metis empty-iff )+

lemma wfG-wfT":
assumes wfG P B ((z, b, c[z::=V-var z|.,) #r G) and atom z § c
shows P; B; Glyr{z:b]cl|

proof —
have P; B ; (z, b, TRUE) #r G by clzu=V-var z]c, A wfB P B b using assms

using wfG-elim2 by auto

moreover have atom z § (P ,B,G) using wfG-elims assms wfG-fresh-x by metis
ultimately have wfT P B G { z : b | ¢[z::=V-var z]., | using wfTI assms by metis
moreover have { z : b | c[zz:=V-var 2], } = { z: b | ¢ |} using type-eg-subst <atom z § ¢» by auto
ultimately show ?thesis by auto

qed

lemma wfT-wfT-if:

assumes wfT © BT ({ 22 : b | CE-val v == CFE-val (V-lit L-false) IMP clz::=V-var z2]c, |})
and atom 22 t (¢,I)

shows wfT @ BT {z:b| ¢}
proof —

have *: atom 22 § (0, B, I') using wfG-fresh-z wfX-wfY assms fresh-Pair by metis

have wfB © B b using assms wfT-elims by metis

have ©; B; (GCons (22,6,TRUE) T') ks (CE-val v == CE-val (V-lit L-false) IMP c[z::=V-var
22]cy) using wfT-wfC assms fresh-Pair by auto

hence O; B; ((22,b,TRUE) #rT') Fyy c[zii=V-var 22]., using wfC-elims by metis

hence wfT © BT ({ 22 : b | ¢c[z::=V-var 22].,|}) using assms fresh-Pair wfTI <wfB © B by * by
auto

moreover have { z: b | ¢} ={ 22 : b | c[z:=V-var 22]., | using type-eq-subst assms fresh-Pair
by auto

ultimately show ?thesis using wfTI assms by argo
qed

lemma wfT-fresh-c:
fixes z::z
assumes wfT PBTL {z:b|c| and atom z § T and = # 2
shows atom z £ ¢

proof (rule ccontr)
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assume — atom z f ¢

hence x:atom = € supp c using fresh-def by auto

moreover have supp ¢ — set [atom z] U supp b C atom-dom T' U supp B

using assms wfT-supp T.supp by blast

moreover hence atom x € supp ¢ — set [atom z| using assms * by auto

ultimately have atom x € atom-dom I' using z-not-in-b-set by auto

thus Fulse using assms wfG-atoms-supp-eq wfT-wf fresh-def by metis
qed

lemma wfG-z-fresh [simp]:
fixes z::x
assumes wfG P B G
shows atom x ¢ atom-dom G <— atomz § G
using wfG-atoms-supp-eq assms fresh-def by metis

lemma wfD-z-fresh:
fixes z::x
assumes atom z § I and wfD P BT A
shows atom z § A
using assms proof (induct A rule: A-induct)
case DNil
then show ?case using supp-DNil fresh-def by auto
next
case (DCons u’ t' A')
have wfg: wfG P B T" using wfD-wf DCons by blast
hence wfd: wfD P BT A’ using wfD-elims DCons by blast
have supp t' C atom-dom T' U supp B using wfT-supp DCons wfD-elims by metis
moreover have atom z ¢ atom-dom T using DCons(2) fresh-def wfG-supp wfg by blast
ultimately have atom z f t’ using fresh-def DCons wfG-supp wfg z-not-in-b-set by blast
moreover have atom z § v’ using supp-at-base fresh-def by fastforce
ultimately have atom x § (u',t’) using supp-Pair by fastforce
thus ?case using DCons fresh-DCons wfd by fast
qed

lemma wfG-fresh-x2:
fixes I':I' and z::z and A::A and ®::®
assumes O; B; ' -,y Aand © F,; ® and atom 2z § I’
shows atom z  (©,9,B, T',A)
unfolding fresh-prodN apply (intro conjl)
using wfG-fresh-z assms fresh-prod3 wfX-wfY apply metis
using wf-supp2(5) assms fresh-def apply blast
using assms wfG-fresh-z wfX-wfY fresh-prod3 apply metis
using assms wfG-fresh-x wfX-wfY fresh-prod3 apply metis
using wf-supp2(6) assms fresh-def wfD-z-fresh by metis

lemma wfV-z-fresh:
fixes v::v and b::b and T':I" and z:z
assumes O; B; I' -,y v:band atomz § I
shows atom = § v
proof —
have supp v C atom-dom I' U supp B using assms wfV-supp by auto
moreover have atom z ¢ atom-dom T" using fresh-def assms
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dom.simps subsetCE wfG-elims wfG-supp by (metis dom-supp-g)
moreover have atom z ¢ supp B using z-not-in-b-set by auto
ultimately show ?thesis using fresh-def by fast
qed

lemma wfFE-z-fresh:
fixes e::e and b::b and T'::T" and A::A and ¢::® and z::z
assumes O; ®; B; ' ; A by e: band atomaz § 1
shows atom z § e
proof —
have wfG © B T' using assms wfE-wf by auto
hence supp e C atom-dom T' U supp B U atom‘fst‘setD A using wfE-supp dom.simps assms by auto
moreover have atom z ¢ atom-dom T" using fresh-def assms
dom.simps subsetCE <«wfG © BTy wfG-supp by (metis dom-supp-g)
moreover have atom z ¢ atom‘fst‘setD A by auto
ultimately show ?thesis using fresh-def z-not-in-b-set by fast
qed

lemma wfT-z-fresh:
fixes 7i:7 and I'::I' and z::2
assumes O; B; I' b,y 7 and atom z § I’
shows atom z § 7

proof —
have wfG © B T' using assms wfX-wfY by auto
hence supp 7 C atom-dom I' U supp B using wfT-supp dom.simps assms by auto
moreover have atom x ¢ atom-dom T using fresh-def assms

dom.simps subsetCE «wfG © BTy wfG-supp by (metis dom-supp-g)

moreover have atom z ¢ supp B using z-not-in-b-set by simp
ultimately show ?thesis using fresh-def by fast

qed

lemma wfS-z-fresh:
fixes s::s and A::A and z:z
assumes O; ®; B; I'; A Fyr s: band atom z § T
shows atom z § s
proof —
have supp s C atom-dom I" U atom * fst ‘ setD A U supp B using wf-supp assms by metis
moreover have atom z ¢ atom ‘ fst ‘ setD A by auto
moreover have atom z ¢ atom-dom T using assms fresh-def wfG-dom-supp wfX-wfY by metis
moreover have atom z ¢ supp B using supp-b-empty supp-fset
by (simp add: z-not-in-b-set)
ultimately show ?thesis using fresh-def by fast
qed

lemma wfTh-fresh:
fixes z
assumes wfTh T
shows atom = § T
using wf-suppl assms fresh-def by fastforce

lemmas wfTh-z-fresh = wfTh-fresh
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lemma wfPhi-fresh:
fixes z
assumes wfPhi T P
shows atom = § P
using wf-supp assms fresh-def by fastforce

lemmas wfPhi-z-fresh = wfPhi-fresh
lemmas wb-z-fresh = wfTh-z-fresh wfPhi-z-fresh wfD-x-fresh wfT-x-fresh wfV-z-fresh

lemma wfG-inside-fresh|ms-fresh):
fixes I'::" and z::z
assumes wfG P B (I''Q((z,b,c) #rI))
shows atom x ¢ atom-dom T/
using assms proof (induct T/ rule: T-induct)
case GNil
then show ?Zcase by auto
next
case (GCons x1 b1 ¢1 T'1)
moreover hence atom x ¢ atom ‘ fst ({(z1,b1,c1)}) proof —
have x: P; B F,y (I'1 @ (2, b, ¢) #r I') using wfG-elims append-g.simps GCons by metis
have atom z1 § (T'1 @Q (z, b, ¢) #r I') using GCons wfG-elims append-g.simps by metis
hence atom z1 ¢ atom-dom (I'1l @ (z, b, ¢) #r I') using wfG-dom-supp fresh-def x by metis
thus ?thesis by auto
qed
ultimately show ?case using append-g.simps atom-dom.simps toSet.simps wfG-elims dom.simps
by (metis image-insert insert-iff insert-is-Un)
qed

lemma wfG-inside-z-in-atom-dom:
fixes c::c and z::z and I'::T’
shows atom z € atom-dom ( I''Q (z, b, c[z::=V-var z].y) #r I)
by(induct T rule: T-induct, (simp add: toSet.simps atom-dom.simps)+)

lemma wfG-inside-z-neq:
fixes c::c and z::z and I'::I' and G::I" and za::x
assumes G=(1'Q (z, b, c[z::=V-var z].,) #r T') and atom za § G and O; Bl G
shows za # x

proof —
have atom za ¢ atom-dom G using fresh-def wfG-atoms-supp-eq assms by metis
moreover have atom z € atom-dom G using wfG-inside-z-in-atom-dom assms by simp
ultimately show ?thesis by auto

qed

lemma wfG-inside-z-fresh:
fixes c::c and z::z and I'::I' and G::I" and za::x
assumes G=(I'Q (z, b, c[z:=V-var z]c,) F#r ') and atom za § G and O; B+, G
shows atom za § x
using fresh-def supp-at-base wfG-inside-z-neq assms by auto

lemma wfT-nil-supp:

fixes t::7
assumes O ; {||} ; GNil b5 ¢
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shows supp t = {}
using wfT-supp atom-dom.simps assms toSet.simps by force

8.8 Misc

lemma wfG-cons-append:
fixes b"::b
assumes O; Bl (¢, 0, ¢) #rT)Q(z,b,¢) #rT
shows ©; Bt (I'"Q (z,b,¢) #r ) ANatomz'§ (T’ Q (z,b,¢) #rT)ANO;Blysb Na'#x
proof —
have ((z/, b, ¢/) #r T)Q (2, b, ¢) #r T = (z/,b,¢) #r (I"Q (z,b, ¢) #r ') using
append-g.simps by auto
hence x:0; Bty (I''Q (z, b, ¢) #rI) Aatomz'§ (T'Q (z,b,¢) #rT)AO; B, b using
assms wfG-cons by metis
moreover have atom z’ § z proof (rule wfG-inside-z-fresh[of (I'' @ (z, b, ¢) F#r T)])
show I’ Q (z, b, ¢) #r T =T'Q (z, b, clz:=V-var z],,) #r I by simp
show atom z' $ T/ Q (z, b, ¢) #r I using x by auto
show ©; B F,; IV Q (2, b, ¢) #r I wusing * by auto
qed
ultimately show ?thesis by auto
qed

lemma flip-u-eq:

fixes w:wu and u'::u and ©::0 and T:7

assumes O; B; I' b5 7

shows (u & u')-7=7and (u+< u) -T=T and (u+< v)-©=0and (u+ u)-B=8B
proof —

show (u <> u') - 7 = 7 using wfT-supp flip-fresh-fresh

by (metis assms(1) fresh-def u-not-in-t)

show (u <> u') -+ T' = T using u-not-in-g wfX-wfY assms flip-fresh-fresh fresh-def by metis

show (u < ') - © = O using theta-flip-eq assms wfX-wfY by metis

show (u < u’) - B = B using u-not-in-b-set flip-fresh-fresh fresh-def by metis
qed

lemma wfT-wf-cons-flip:
fixes c::c and z::x
assumes wfT P BT { z:b | ¢} and atom z § (¢,I")
shows wfG P B ((z,b,c[z::=V-var x]¢y) #rl)
proof —
have { z : b | c[z:=V-var z]e, [ = { 2: b | ¢ |} using assms freshers type-eq-subst by metis
hence x:wfT' P BT { z:b| c[z::=V-var z]., |} using assms by metis
show ?thesis proof (rule wfG-consI)
show « P; B I I' » using assms wfl-wf by auto
show <atom x § I'» using assms by auto
show « P; B k5 b) using assms wfX-wfY b-of .simps by metis
show <« P; B; (z, b, TRUE) #r T byy clzi=V-var z]e, » using wfT-wfC * assms fresh-Pair by
metis
qed
qed
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8.9 Context Strengthening

We can remove an entry for a variable from the context if the variable doesn’t appear in the
term and the variable is not used later in the context or any other context

lemma fresh-restrict:

fixes y::'a::at-base and T'::T"

assumes atom y § (I''Q (z, b, ¢) #rT)

shows atom y £ (I''QT)
using assms proof (induct T/ rule: T-induct)

case GNil

then show ?case using fresh-GCons fresh-GNil by auto
next

case (GCons z' b’ ¢’ T'")

then show ?case using fresh-GCons fresh-GNil by auto
qed

lemma wf-restrict!:
fixes I':" and T'::T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s:s
and b::b and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows ©; B;T' F,rv:b = I'=T1Q((z,b",¢') #r[3) = atom z § v = atomz § '} =
©; B; I'@QI'y -, v:band

©; B;T Fyuy c = I'=I1Q((z,b",¢") #r[3) = atom z § c= atomz § 1 = O ;
B;IhQl'y k¢ cand

O; Blyy I = I'=InQ((z,b',c') #rl'2) = atomz 1 = ©; B, I'1QI'% and

©; B;T' bFyy T = I'=I1Q((z,b',¢") #rl3) = atom z § 7—> atom z § I} = ©;

B; Fl@rg l_wf 7 and
O; B; ' k¢ ts = True and
Fwf © = True and

©; Btywr b = True and

©; B; T Fypce:b = T=I1Q((z,b,c') #r['2) = atom z § ce = atomz §T'1 = O; B;
I'Q@ry Fuf ce: b and
O Fyr td = True
proof (induct arbitrary: 'y and I'y and T'; and T’y and T’y and T'; and I'; and I’y and I'; and
I'N'and I'y and I'; and I'; and I'y and I'; and I’y
rule:wfV-wfC-wfG-wfT-wf Ts-wfTh-wfB-wfCE-wfTD.inducts)
case (wfV-varl © BT b ¢ y)
hence y#x using v.fresh by auto
hence Some (b, ¢) = lookup (I'1QT2) y using lookup-restrict wfV-varl by metis
then show ?case using wfV-varl wf-intros by metis
next
case (wfV-litI © T 1)
then show ?case using e.fresh wf-intros by metis
next
case (wfV-pair] © BT vl b1 v2 b2)
show ?case proof
show ©; B; I'y @QI'y ¢ vl : bl using wfV-pairl by auto
show ©; B; I'y Q I'y k¢ v2 : b2 using wfV-pairl by auto
qed
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next
case (wfV-consl s delist © de z b ¢ BT v)
show ?case proof
show AF-typedef s dclist € set © using wfV-consl by auto
show (de, { z : b | ¢ |}) € set dclist using wfV-consl by auto
show ©; B; I'y QI'y k¢ v : b using wfV-consl by auto
qged
next
case (wfV-conspl s bv delist © de z b’ ¢ B b T v)
show ?case proof
show AF-typedef-poly s bv dclist € set © using wfV-conspl by auto
show (de, { z: b’ | ¢ |}) € set dclist using wfV-conspl by auto
show ©; B s b using wfV-conspl by auto
show O; B; Ty QT by p v : b[bv::=b]y, using wfV-conspl by auto
show atom bv § (O, B, I';y @ I'y, b, v) unfolding fresh-prodN fresh-append-g using wfV-conspl
fresh-prodN fresh-GCons fresh-append-g by metis
ged
next
case (wfCE-vall © BT v b)
then show ?Zcase using ce.fresh wf-intros by metis
next
case (wfCE-plusl © BT vl v2)
then show ?case using ce.fresh wf-intros by metis
next
case (wfCE-legl © BT vl v2)
then show ?Zcase using ce.fresh wf-intros by metis
next
case (wfCE-eql © BT vl v2)
then show ?case using ce.fresh wf-intros by metis
next
case (wfCE-fstI © BT vl bl b2)
then show ?case using ce.fresh wf-intros by metis
next
case (wfCE-sndl © BT vl bl b2)
then show ?Zcase using ce.fresh wf-intros by metis
next
case (wfCE-concatl © BT vl v2)
then show ?Zcase using ce.fresh wf-intros by metis
next
case (wfCE-len] © BT vl)
then show ?Zcase using ce.fresh wf-intros by metis
next
case (wfTI 2z © BT b ¢)
hence z # z using wfTI
fresh-GCons fresh-prodN fresh-PairD(1) fresh-gamma-append not-self-fresh by metis
show ?case proof
show <atom z § (0, B, 'y @Q I'y)» using wfTI fresh-restrict|of z] using wfG-fresh-z wfX-wfY wfTI
fresh-prodN by metis
show ¢« ©; B ¢ b using wfTI by auto
have ©; B; ((z, b, TRUE) #r I'1) QT3 kg ¢ proof(rule wfTI(5)[of (2, b, TRUE) #r T'1])
show «(z, b, TRUE) #r I' = ((2, b, TRUE) #r I'1) Q (z, b', ¢/) #r 'y using wfTI by auto
show <atom x t ¢ using wfTI 7.fresh <z # 2y by auto
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show <atom z § (z, b, TRUE) #r T'1» using wfTI «x # 2> fresh-GCons by simp
qed
thus «©; B; (2, b, TRUE) #r I'1 QT3 Fyuyp ¢» by auto
qed
next
case (wfC-eql © BT el b e2)
show ?case proof
show ©; B; I'y QTI'y kyf el : b using wfC-eql c.fresh fresh-Nil by auto
show ©; B; I't @Iy byyf €2 : b using wfC-eql c.fresh fresh-Nil by auto
qed
next
case (wfC-truel © T)
then show ?case using c.fresh wf-intros by metis
next
case (wfC-falsel © T')
then show ?case using c.fresh wf-intros by metis
next
case (wfC-conjl © T cl ¢2)
then show ?Zcase using c.fresh wf-intros by metis
next
case (wfC-disjl © T' ¢l c2)
then show ?Zcase using c.fresh wf-intros by metis
next
case (wfC-notl O T cl)
then show ?Zcase using c.fresh wf-intros by metis
next
case (wfC-impI © T cl ¢2)
then show ?case using c.fresh wf-intros by metis
next
case (wfG-nill ©)
then show ?case using wfV-varl wf-intros
by (meson GNil-append T.simps(3))
next
case (wfG-consll c1 © B G z1 b1)
show ?case proof(cases I'y=GNil)
case True
then show #?thesis using wfG-cons1l wfG-consl by auto
next
case Fulse
then obtain G':I" where *:(z1, b1, c1) #r G’ =T, using GCons-eg-append-conv wfG-cons1l
by auto
hence *xx:G=G' Q (z, b/, ¢') #r 'y using wfG-conslI by auto

have O; B F, s (21, b1, c1) #r (G’ QT9) proof(rule Wellformed.wfG-cons1I)

show «c1 ¢ {TRUE, FALSE})> using wfG-cons1l by auto

show <atom z1 § G’ @ T'yy using wfG-cons1I(4) *x fresh-restrict by metis

have atom z # G’ using wfG-consll * using fresh-GCons by blast

thus < ©; Bty G' QT3 using wfG-cons1I(3)[of G'] ** by auto

have atom z ff ¢c1 A atom z § (x1, b1, TRUE) #r G’ using fresh-GCons <atom x § T'1» * by auto

thus <« ©; B; (z1, b1, TRUE) #r G' QT k5 cl» using wfG-cons1I(6)[of (z1, b1, TRUE)
#r G’ *x x wfG-consll by auto

show « ©; B s b1 » using wfG-consil by auto
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qed
thus ?thesis using * by auto
qed
next
case (wfG-cons2l c1 © B G z1 b1)
show ?case proof(cases I'y=GNil)
case True
then show ?thesis using wfG-cons2l wfG-consl by auto
next
case Fulse
then obtain G':T" where x:(z1, b1, ¢I) #r G’ =T, using GCons-eq-append-conv wfG-cons2l
by auto
hence xx:G=G’ Q (z, b, ¢/) #r Ty using wfG-cons2l by auto

have ©; Bty (21, b1, c1) #r (G’ QI'y) proof(rule Wellformed.wfG-cons2I)
show «c1 € {TRUE, FALSE}) using wfG-cons2I by auto
show <atom z1 § G’ @ T'yy using wfG-cons2l xx fresh-restrict by metis
have atom z § G’ using wfG-cons2l * using fresh-GCons by blast
thus «©; Bty G' QT ) using wfG-cons2l +x by auto
show « ©; B ks b1 » using wfG-cons2l by auto

qed

thus ?thesis using * by auto

qged
qged(auto)+

lemma wf-restrict2:
fixes I':T' and T':T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows ;0 B, T ;Abype: b = I'=INQ((z,0',¢)) #r['2) = atom z § e = atom z f

I'N = atomz§ A= 0;®; B; IQI'y ; AFy,s e: band

0;®;, B;I'; Abyys: b = True and

O;®; B, I'; A tid; de; typ cs: b= True and

©; ©; B; ' ; A tid ; delist Fyy css : b = True and

O Fyyp (2:9) = True and

©; BT Fyr A = I'=I"Q((z,b',¢) #r['2) = atom z § I'y = atom z § A = O; B; I'1QI',
For A an

d
©;® Fyuy ftg = True and
©;® ;Blyyr ft = True

proof(induct arbitrary: 'y and I'y and T'; and T’y and T’y and T'; and I’y and I’y and I'; and
I'Nand I'y and 'y and I'y and I'y and I'y and I';
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfF T .inducts)
case (wfE-vall © ® T A v b)
then show ?case using e.fresh wf-intros wf-restrict! by metis
next
case (wfE-plusl © & T' A vl v2)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-legl © ® T' A vl v2)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
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case (wfE-eql © ® T' A vl b v2)
then show ?case using e.fresh wf-intros wf-restrict! by metis
next
case (wfE-fstI © ® T' A v1 bl b2)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-sndl © ® T' A vl b1 b2)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-concat] © @ T' A v1 v2)
then show Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-splitl © ® T' A vl v2)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-len] © ® " A v1)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-appl © @ T A fxbcT s v)
then show ?Zcase using e.fresh wf-intros wf-restrictl by metis
next
case (wfE-appPI © @ BT A b bvvr fazbcs)
show ?case proof
show « © s ® ) using wfE-appPI by auto
show <« ©; B; I'y Q I'y by A using wfE-appPI by auto
show « ©; B F, s b'» using wfE-appPI by auto

have atom bv § T'y @ I'y using wfE-appPI fresh-prodN fresh-restrict by metis
thus <atom bv £ (P, ©, B, Ty @Q Ty, A, b/, v, (b-of 7)[bv::=b"]p)»
using wfE-appPI fresh-prodN by auto

show «Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 s))) = lookup-fun ® f» using
wfE-appPI by auto
show < ©; B; Ty @Q Ty by v b[bv:=b"]y » using wfE-appPI wf-restrict! by auto
qed
next
case (wfE-mvarl © ® T' A u 1)
then show ?Zcase using e.fresh wf-intros by metis
next
case (wfD-emptyl © T')
then show ?Zcase using c.fresh wf-intros wf-restrictl by metis
next
case (wfD-cons © BT' A 7 u)
show ?case proof
show ©; B; I't @QTI'y Fyr A using wfD-cons fresh-DCons by metis
show ©; B; I't @QTI'y k7 using wfD-cons fresh-DCons fresh-Pair wf-restrict] by metis
show u ¢ fst ‘ setD A using wfD-cons by auto
qed
next
case (wfFTNone © ft)
then show ?Zcase by auto
next
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case (wfFTSome © bo ft)

then show ?Zcase by auto
next

case (WfFTI © Bb® xcs )

then show ?case by auto
qed(auto)+

lemmas wf-restrict=wf-restrictl wf-restrict2

lemma wfT-restrict2:

fixes 7::7

assumes wfT © B ((z, b, ¢) #r T') 7 and atom z § 7

shows ©; B; I' ¢ 7

using wf-restrict1 (4)[of © B ((z, b, ¢) #r I') 7 GNil z b ¢ T'] assms fresh-GNil append-g.simps by
auto

lemma wfG-intros2:
assumes wfC P B ((z,b,TRUE) #rT') ¢
shows wfG P B ((z,b,c) #rT)
proof —
have wfG P B ((z,b,TRUE) #rI') using wfC-wf assms by auto
hence x:wfG P BT A atom z § T’ A wfB P B b using wfG-elims by metis
show ?thesis using assms proof (cases ¢ € {TRUE,FALSE})
case True
then show ?thesis using wfG-cons2l = by auto
next
case Fulse
then show ?thesis using wfG-consil * assms by auto
qed
qed

8.10 Type Definitions

lemma wf-theta-weakening1:
fixes I'::T" and I'’:T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and B :: B and fitq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list and t::7

shows O; B;T by v:b= by O = s5et© Cset © = O’ ;B;T Fyyv:band
O; B;T bFypec=Fyur© = set© Cset © = ©';B;T' ks cand
O;Blyf ' =y O = set © Cset O = ©'; B I and
©; BT FyyT ="ty O = set©@ Cset ® = O';B;I s 7and
e;B;T
Fw

B

;T Fupts = by O = s5et © Cset ©' = O'; B; I' by ts and
P = True and
O;Blyrb =ty 0 = set©@ Cset @ = 0O'; B Fyuy b and
©;B;T Fypce:b= 1ty 0 = set © C set O = O'; B;T Fyy ce: band
O Fyftd = tyur O = set © C set ©' = O’ k5 td
proof (nominal-induct b and ¢ and " and 7 and ¢s and P and b and b and td
avoiding: ©'
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-consl s dclist © dc x b ¢ BT v)
show ?case proof
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show <A F-typedef s dclist € set ©'y using wfV-consl by auto
show «(de, { z : b | ¢ |}) € set dclisty using wfV-consI by auto
show <« ©'; B; Ty v: b using wfV-consI by auto
qed
next
case (wfV-conspl s bv dclist © dex b’ ¢ BbT v)
show ?case proof
show <A F-typedef-poly s bv dclist € set ©' using wfV-conspl by auto
show «(de, { © : b' | ¢ |}) € set dclist) using wfV-conspl by auto
show «©"; B ;T bk v : b'[bvi=blp, » using wfV-conspl by auto
show ©'; B ks b using wfV-conspl by auto
show atom bv § (©', B, T, b, v) using wfV-conspl fresh-prodN by auto
qed
next
case (wfTI 2 © BT b ¢)
thus ?case using Wellformed.wfTI by auto
next
case (wfB-consl © s dclist)
show ?case proof
show « F, ©') using wfB-consl by auto
show (AF-typedef s dclist € set ©' using wfB-consl by auto
qed
next
case (wfB-appl © B b s bv dclist)
show ?case proof
show ¢ ¢ ©') using wfB-appl by auto
show <AF-typedef-poly s bv dclist € set ©' using wfB-appl by auto
show ©'; B F,; b using wfB-appl by simp
qed
qged(metis wf-intros)+

lemma wf-theta-weakening2:
fixes I':T" and T'::T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and B :: B and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list and t::7

shows
©;, ;BT ;Abyre: b=ty 0 = set @ Cset @ = 0';®;B;T;AF,se:band
O, 0, BT ;Abyss:b=Fru;0 = set© Cset @ = 0';®;B;T;Ab,fs:band
©;®; B; T A tid;de;thypes: b=ty 0 = 5s5et©@Cset® =0";®,;8;;A;

tid ; dc; t Fyyp cs:band
;@ By Ty A tid 5 delist Fyypocss 1 b= Fup O = set © Cset @' = 0'; & ; B;'; A
tFwy css: band
Fuwf (Pu®) = Fyp O = set © C set ©' = O' k¢ (P:®) and
T Py A= Fuy O = s5et©® Cset ® = 0O';B;I'F,; Aand
i by ftg= bty O = set © Cset O = O'; @ t, ftg and
O Blyrft= Fur© = s5et © Cset © = O’ ; & ; Blyy ft

@

[V

tid ; deli

OO D

?

proof (nominal-induct b and b and b and b and ® and A and ftq and ft
avoiding: ©'
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfF T .strong-induct)
case (wfE-appPI © ® BT A b bvov T fazbcs)
show ?case proof
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show < ©' s ® > using wfE-appPI by auto
show < ©'; B; Ty A using wfE-appPI by auto
show < ©'; B k¢ b'» using wfE-appPI wf-theta-weakeningl by auto
show <atom bu  (®, ©', B, T, A, b’, v, (b-of 7)[bv::=b"]y)> using wfE-appPI by auto
show <«Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ b ¢ 7 8))) = lookup-fun ® f» using
wfE-appPI by auto
show < ©'; B ; T by v blbv::=0b"]y » using wfE-appPI wf-theta-weakeningl by auto
qed
next
case (wfS-matchl © BT v tid dclist A ® ¢s b)
show ?case proof
show <« ©'; B; T by v: B-id tid » using wfS-matchl wf-theta-weakeningl by auto
show (AF-typedef tid dclist € set ©') using wfS-matchl by auto
show <« ©'; B; T' k.5 A using wfS-matchl by auto
show « ©’ F,; ® ) using wfS-matchl by auto
show ©'; ®; B; I'; A; tid; dclist 5 cs : b > using wfS-matchl by auto
ged
next
case (wfS-varl © BT T vu ® A bs)
show ?case proof
show « ©'; B;T' ks 7 using wfS-varl wf-theta-weakeningl by auto
show « ©'; B ;T 5 v : b-of 7 using wfS-varl wf-theta-weakeningl by auto
show <atom u § (®, ©', B, T, A, 7, v, b)> using wfS-varl by auto
show < ©'; ®; B; T ; (u, 7) #a AbFyy s: b using wfS-varl by auto
qed
next
case (wfS-letl © ® BT A e b’ z s b)
show ?case proof
show < ©'; & ; B; I ; Al e: b using wfS-letl by auto
show <« ©'; & ; B; (z, b/, TRUE) #r I'; AFyy s: b using wfS-let] by auto
show « ©’; B ;T -,y A using wfS-let] by auto
show <atom z § (®, O/, B, T, A, e, b)> using wfS-let] by auto
ged
next
case (wfS-let2] © ® BT A s1 7 z 52 b)
show ?case proof
show « ©'; @ ; B; T ; Abyys sl :b-of 7> using wfS-let2] by auto
show « ©'; B;I' ks 7 using wfS-let2] wf-theta-weakeningl by auto
show <« ©'; @ ; B ; (z, b-of 7, TRUE) #r I' ; Ak s2: b using wfS-let2] by auto
show <atom z § (®, ©', B, T', A, s1, b, 7)» using wfS-let2] by auto
qed
next
case (wfS-branchl © ® Bz 7 T' A s b tid dc)
show ?case proof
show <« ©'; & ; B ; (z, b-of 7, TRUE) #r I' ; A by s: b using wfS-branchl by auto
show <atom z £ (®, ©/, B, T, A, T, 7)) using wfS-branchl by auto
show « ©'; B ; I' b,y A using wfS-branchl by auto
qed
next
case (wfPhi-consl f ® © ft)
show ?case proof
show f ¢ name-of-fun ‘ set ® using wfPhi-consl by auto
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show ©'; ® -, ft using wfPhi-consl by auto
show ©' ¢ ® using wfPhi-consl by auto
qed
next
case (wfFTNone © ft)
then show Zcase using wf-intros by metis
next
case (wfFTSome © b ft)
then show ?Zcase using wf-intros by metis
next
case (WfFTI© Bb® xcsT)
thus ?case using Wellformed.wfFTI wf-theta-weakeningl by simp
next
case (wfS-assertl © ® Bz cI' A sb)
show ?case proof
show « ©'; @ ; B ; (z, B-bool, ¢c) #r I' ; A Fyys s: b using wfS-assert] wf-theta-weakeningl by
auto
show <« ©'; B; T Fyys ¢ using wfS-assert] wf-theta-weakeningl by auto
show < ©'; B ; T' Fyy Ay using wfS-assert] wf-theta-weakeningl by auto
have atom z § ©' using wf-supp(6)[OF <,y ©')] fresh-def by auto
thus <atom z § (P, ©', B, T, A, ¢, b, s)» using wfS-assert] fresh-prodN fresh-def by simp
qed
qed(metis wf-intros wf-theta-weakeningl )+

lemmas wf-theta-weakening = wf-theta-weakeningl wf-theta-weakening2

lemma lookup-wfTD:
fixes td::type-def
assumes td € set © and -,y O
shows © k¢ td
using assms proof(induct © )
case Nil
then show ?case by auto
next
case (Cons td’ ©')
then consider td = td’ | td € set ©' by auto
then have O’ |, td proof (cases)
case I
then show ?thesis using Cons using wfTh-elims by auto
next
case 2
then show ?thesis using Cons using wfTh-elims by auto
qed
then show Zcase using wf-theta-weakening Cons by (meson set-subset-Cons)
qed

8.10.1 Simple

lemma wfTh-dclist-unique:
assumes wfTh © and AF-typedef tid dclist] € set © and AF-typedef tid dclist2 € set ©
shows dclist1 = dclist2

using assms proof (induct © rule: ©-induct)
case TNil
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then show ?case by auto
next

case (AF-typedef tid’ dclist’ ©')

then show ?Zcase using wfTh-elims

by (metis image-eql name-of-type.simps(1) set-ConsD type-def.eq-iff (1))

next

case (AF-typedef-poly tid bv dclist ©7)

then show ?Zcase using wfTh-elims by auto
qed

lemma wfTs-ctor-unique:
fixes dclist::(stringxT) list
assumes O ; {||} ; GNil b, dclist and (¢, t1) € set dclist and (c,t2) € set dclist
shows t1 = t2
using assms proof (induct dclist rule: list.inducts)
case Nil
then show ?case by auto
next
case (Cons z1 z2)
consider z1 = (¢,t1) | 1 = (¢,t2) | 21 # (¢,t1) A 1 # (¢,12) by auto
thus “case proof (cases)
case I
then show ?thesis using Cons wfTs-elims set-ConsD
by (metis fst-conv image-eql prod.inject)
next
case 2
then show ?thesis using Cons wfTs-elims set-ConsD
by (metis fst-conv image-eql prod.inject)
next
case 3
then show %thesis using Cons wfTs-elims by (metis set-ConsD)
qed
qed

lemma wfTD-ctor-unique:
assumes O b, ¢ (AF-typedef tid dclist) and (c, t1) € set dclist and (c,t2) € set dclist
shows t1 = t2
using wfTD-elims wfTs-elims assms wfTs-ctor-unique by metis

lemma wfTh-ctor-unique:
assumes wfTh © and AF-typedef tid dclist € set © and (¢, t1) € set dclist and (c,t2) € set dclist

shows t1 = t2
using lookup-wfTD wfTD-ctor-unique assms by metis

lemma wfTs-supp-t:
fixes dclist::(stringT) list
assumes (¢,t) € set dclist and © ; B ; GNil b, ¢ dclist
shows supp t C supp B

using assms proof (induct dclist arbitrary: c t rule:list.induct)
case Nil
then show ?Zcase by auto
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next
case (Cons ct dclist’)
then consider ct = (c,t) | (¢,t) € set dclist’ by auto
then show Zcase proof(cases)
case I
then have © ; B ; GNil k¢ t using Cons wfTs-elims by blast
thus ?thesis using wfT-supp atom-dom.simps by force
next
case 2
then show ?thesis using Cons wfTs-elims by metis
qed
qed

lemma wfTh-lookup-supp-empty:
fixes t:T
assumes AF-typedef tid dclist € set © and (c,t) € set dclist and b, ¢ ©
shows supp t = {}

proof —
have © ; {||} ; GNil 5 dclist using assms lookup-wfTD wfTD-elims by metis
thus ?thesis using wfTs-supp-t assms by force

qed

lemma wfTh-supp-b:
assumes AF-typedef tid dclist € set © and (de,{ z: b | ¢ | ) € set delist and 5 O
shows supp b = {}
using assms wfTh-lookup-supp-empty 7.supp by blast

lemma wfTh-b-eq-iff:
fixes bval::bv and bva2::bv and dc::string
assumes (dc, { z1 : b1 | ¢l |}) € set dclist] and (dc, { 22 : b2 | ¢2 |}) € set dclist2 and
wfTs P {|bval|} GNil dclistl and wfTs P {|bva2|} GNil dclist?2
[[atom bvalllst.dclist] = [[atom bva2]]lst.dclist2
shows [[atom bval]]lst. (de,{ x1 : b1 | c1 |}) = [[atom bva2]]ist. (de,{ 22 : b2 | c2 |})
using assms proof (induct dclistl arbitrary: dclist2)
case Nil
then show ?Zcase by auto
next
case (Cons dctl1’ dclist1”)
show ?Zcase proof(cases dclist2 = [])
case True
then show ?thesis using Cons by auto
next
case Fulse
then obtain dct2’ and dclist2’ where cons:dct2’ # dclist2’ = dclist2 using list.exhaust by metis
hence *:[[atom bvall]lst. dclistl’ = [[atom bva2]]lst. dclist2’ A [[atom bvall]lst. dctl’ = [[atom
bva2]]lst. dct2’
using Cons Ist-head-cons Cons cons by metis
hence xx: fst detl’ = fst dct2’ using lst-fst[ THEN Ist-pure]
by (metis (no-types) «[[atom bvall]lst. dclistl’ = [[atom bva2]]lst. dclist2’ A [[atom bval]]lst. detl’
= [[atom bva?2]]lst. dct2’
<N\z2 x1 127 t2a t2 t1. [[atom x1]]ist. (11, t2a) = [[atom x2]]lst. (t2, t2') = t1 = t2) fst-conv
surj-pair)
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show ?thesis proof (cases fst detl’ = dc)
case True
have dc ¢ fst ‘ set dclist1’ using wfTs-elims Cons by (metis True fstl)
hence I:(dc, { z1 : b1 | ¢l |}) = dct1’ using Cons by (metis fst] image-iff set-ConsD)
have dc ¢ fst ‘ set dclist2’ using wfTs-elims Cons cons
by (metis *x True fstl)
hence 2:(dc, { 2 : b2 | c2 |}) = dct2’ using Cons cons by (metis fst-conv image-eql set-ConsD)
then show ?thesis using Cons * 1 2 by blast
next
case Fulse
hence fst dct2’ # dc using *x by auto
hence (dc, { z1 : b1 | ¢l |}) € set dclist1’ A (de, { 2 : b2 | ¢2 }) € set dclist2’ using Cons
cons False
by (metis fstI set-ConsD)
moreover have [[atom bval]]lst. dclist]’ = [[atom bva2]]lst. dclist2’ using * False by metis
ultimately show ?thesis using Cons xx
using cons wfTs-elims(2) by blast
qed
qed
qed

8.10.2 Polymorphic

lemma wfTh-wfTs-poly:
fixes dclist::(string * 7) list
assumes AF-typedef-poly tyid bva dclist € set P and ¢ P
shows P ; {|bval} ; GNil b dclist
proof —
have x:P b, AF-typedef-poly tyid bva dclist using lookup-wfT'D assms by simp

obtain bv Ist where x:P ; {|bv|} ; GNil by f Ist A
(V. atom ¢ § (dclist, lst) — atom ¢ § (bva, bu, dclist, Ist) — (bva <> ¢) - dclist = (bv < ¢) -
Ist)
using wfTD-elims(2)[OF %] by metis

obtain c::bv where xx:atom c  ((dclist, Ist),(bva, bv, dclist, lst)) using obtain-fresh by metis
have P ; {|bv|} ; GNil -, Ist using * by metis
hence wfTs ((bv <> ¢) + P) ((bv <> ¢) - {|bv]}) ((bv <> ¢) « GNil) ((bv <> ¢) - Ist) using *x wfTS.equt
by metis
hence wfTs P {|c|} GNil ((bva > ¢) - dclist) using * theta-flip-eq fresh-GNil assms
proof —
have Vb ba. (ba::bv <+ b) « P = P by (metis < P> theta-flip-eq)
then show ?thesis
using * sx (bv <> ¢) + P ; (bv <> ¢) - {|bv]} ; (bv <> ¢) - GNil ¢ (bv <> ¢) - Ist> by fastforce
qed
hence wfTs ((bva < ¢) - P) ((bva + ¢) - {|bva|}) ((bva < ¢) - GNil) ((bva < ¢) - dclist)
using wfTs.equt fresh-GNil
by (simp add: assms(2) theta-flip-eq2)

thus ?thesis using wfTs.equt permute-flip-cancel by metis
qed

lemma wfTh-dclist-poly-unique:
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assumes wfTh © and AF-typedef-poly tid bva dclistl € set © and AF-typedef-poly tid bva2 dclist2
€ set ©

shows [[atom buval]lst. dclist] = [[atom bva2]]lst.dclist2
using assms proof (induct © rule: ©-induct)

case TNil

then show ?case by auto
next

case (AF-typedef tid’ dclist’ ©')
then show ?Zcase using wfTh-elims by auto
next
case (AF-typedef-poly tid bv dclist ©’)
then show ?case using wfTh-elims image-eql name-of-type.simps set-ConsD type-def .eq-iff
by (metis Absl-eq(3))
qed

lemma wfTh-poly-lookup-supp:
fixes t::7
assumes AF-typedef-poly tid bv dclist € set © and (c,t) € set dclist and by, ; ©
shows supp t C {atom bv}
proof —
have supp dclist C {atom bv} using assms lookup-wfTD wf-suppl type-def.supp
by (metis Diff-single-insert Un-subset-iff list.simps(15) supp-Nil supp-of-atom-list)
then show ?thesis using assms(2) proof (induct dclist)
case Nil
then show ?case by auto
next
case (Cons a dclist)
then show ?case using supp-Pair supp-Cons
by (metis (mono-tags, opaque-lifting) Un-empty-left Un-empty-right pure-supp subset-Un-eq sub-
set-singletonD supp-list-member)
qed
qed

lemma wfTh-poly-supp-b:
assumes AF-typedef-poly tid bv dclist € set © and (de,{ z: b | ¢ |} ) € set dclist and +, 5 ©
shows supp b C {atom bv}
using assms wfTh-poly-lookup-supp T.supp by force

lemma subst-g-inside:
fixes z::z and c:c and I'::T' and I'::T
assumes wfG P B (I Q (z, b, c[z::=V-var z]cy,) #r T
shows (I Q@ (z, b, c[z:z:=V-var z]ey) #r D)[zi=v|p, = (T'[z::=v|p,QT")
using assms proof (induct T/ rule: T-induct)
case GNil
then show ?case using subst-gb.simps by simp
next
case (GCons z' b' ¢’ G)
hence wfg:wfG P B (G @ (z, b, c[z:=V-var z]c,) #r ) A atom 2’ § (G Q (z, b, c[z::=V-var x.y)
#r ') using wfG-elims(2)
using GCons.prems append-g.simps by metis
hence atom z ¢ atom-dom ((z’, b', ¢') #r G) using GCons wfG-inside-fresh by fast
hence z#z’
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using GCons append-Cons wfG-inside-fresh atom-dom.simps toSet.simps by simp

hence ((GCons (z', b’, ¢') G) @ (GCons (x, b, c[z::=V-var z]c,) T'))[z:=v]p, =
(GCons (z', b', ¢") (G @ (GCons (z, b, c[z::=V-var x]ey) T")))[z::=v|ry by auto
also have ... = GCons (z/, b, ¢/[x::=v]¢y) (G @ (GCons (z, b, c[z:=V-var z]cy) I))[x::=0]py)
using subst-guv.simps <x#z"y by simp
also have ... = (z/, b/, ¢/[z::=0]ey) F#r (G[z::=v]p, @ T) using GCons wfg by blast
also have ... = ((z/, b/, ¢/) #r G)[z:=v|r, QT using subst-gv.simps <x£z’> by simp
finally show ?case by auto
qed

lemma wfTh-td-eq:
assumes tdl € set (td2 # P) and wfTh (td2 # P) and name-of-type td1 = name-of-type td2
shows td1 = td2
proof (rule ccontr)
assume as: tdl # td2
have name-of-type td2 ¢ name-of-type ¢ set P using wfTh-elims(2)[OF assms(2)] by metis
moreover have tdl € set P using assms as by simp
ultimately have name-of-type td1 # name-of-type td2
by (metis rev-image-eql)
thus False using assms by auto
qed

lemma wfTh-td-unique:
assumes tdl € set P and td2 € set P and wfTh P and name-of-type td1 = name-of-type td2
shows td1 = td2
using assms proof (induct P rule: list.induct)
case Nil
then show ?case by auto
next
case (Cons td ©7)
consider td = tdl | td = td2 | td # td1 A td # td2 by auto
then show ?case proof(cases)
case I
then show ?thesis using Cons wfTh-elims wfTh-td-eq by metis
next
case 2
then show #?thesis using Cons wfTh-elims wfTh-td-eq by metis
next
case 3
then show ?thesis using Cons wfTh-elims by auto
qed
qed

lemma wfTs-distinct:

fixes dclist::(string * 7) list

assumes O ; B ; GNil -, dclist

shows distinct (map fst delist)

using assms proof (induct dclist rule: list.induct)
case Nil
then show ?Zcase by auto

next
case (Cons z1 12)
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then show ?case
by (metis Cons.hyps Cons.prems distinct.simps(2) fst-conv list.set-map list.simps(9) wfTs-elims(2))

qed

lemma wfTh-dclist-distinct:
assumes AF-typedef s dclist € set P and wfTh P
shows distinct (map fst dclist)
proof —
have wfTD P (AF-typedef s dclist) using assms lookup-wfTD by auto
hence wfTs P {||} GNil dclist using wfTD-elims by metis
thus ?thesis using wfTs-distinct by metis
qed

lemma wfTh-dc-t-unique2:

assumes AF-typedef s dclist’ € set P and (dc,tc’ ) € set dclist’ and AF-typedef s dclist € set P and
wfTh P and

(de, tc) € set dclist
shows tc= tc’

proof —

have dclist = dclist’ using assms wfTh-td-unique name-of-type.simps by force

moreover have distinct (map fst dclist) using wfTh-dclist-distinct assms by auto

ultimately show ?thesis using assms

by (meson eg-key-imp-eq-value)

qed

lemma wfTh-dc-t-unique:
assumes AF-typedef s dclist’ € set P and (de, { ' : b" | ¢’ |} ) € set dclist’ and AF-typedef s dclist
€ set P and wfTh P and
(de, {x:b |c|) € setdclist
shows {z': 0" | J={z:b |c]}
using assms wfTh-dc-t-unique2 by metis

lemma wfTs-wfT:
fixes dclist::(string 1) list and t:7
assumes O; B; GNil k5 dclist and (de,t) € set dclist
shows ©; B; GNil 5 t
using assms proof (induct dclist rule:list.induct)
case Nil
then show ?Zcase by auto
next
case (Cons z1 z2)
thus ?case using wfTs-elims(2)[OF Cons(2)] by auto
qed

lemma wfTh-wfT":
fixes t:7
assumes wfTh P and AF-typedef tid dclist € set P and (dc,t) € set dclist
shows P ; {||} ; GNil b5t

proof —
have P F; AF-typedef tid dclist using lookup-wfTD assms by auto
hence P ; {||} ; GNil by dclist using wfTD-elims by auto
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thus ?thesis using wfTs-wfT assms by auto
qed

lemma td-lookup-eq-iff:
fixes dc :: string and bval::bv and bva2::bv
assumes [[atom bval]]lst. dclistl = [[atom bva2]]lst. dclist2 and (de, { z: b | ¢ |}) € set dclist1
shows 322 b2 c2. (dc, { 2 : b2 | c2 |}) € set dclist2
using assms proof (induct dclistl arbitrary: dclist2)
case Nil
then show ?Zcase by auto
next
case (Cons dct1’ dclist1”)
then obtain dct2’ and dclist2’ where cons:dct2’ # dclist2’ = dclist2 using lst-head-cons-neg-nil|OF
Cons(2)] list.exhaust by metis
hence x:[[atom buvall|lst. dclist1’ = [[atom bva2]|lst. dclist2’ A [[atom bval]llst. dctl’ = [[atom
bva2]]lst. det2’
using Cons Ist-head-cons Cons cons by metis
show ?case proof(cases de=fst dct1’)
case True
hence dc = fst dct2’ using * Ist-fst[ THEN Ist-pure |
proof —
show ?%thesis
by (metis (no-types) local.x True <\z2 x1 t2' t2a t2 t1. [[atom x1]]lst. (t1, t2a) = [[atom x2]]lst.
(t2, t2") = t1 = 12> prod.ezhaust-sel)
qed
obtain 22 b2 and ¢2 where snd dct2’ = { 22 : b2 | c2 |} using obtain-fresh-z by metis
hence (dc, { 22 : b2 | ¢2 |}) = dct2’ using <dc = fst dct2”
by (metis prod.exhaust-sel)
then show ?thesis using cons by force
next
case Fulse
hence (de, { z: b | ¢ [}) € set dclist]’ using Cons by auto
then show ?thesis using Cons
by (metis local.x cons list.set-intros(2))
qed
qed

lemma [st-t-b-eq-iff:
fixes bval::bv and bva2::bv
assumes [[atom bvall]]lst. { =1 : b1 | c1 } = [[atom bva2]]lst. { 2 : b2 | 2 |}

shows [[atom bval]]lst. b1 = [[atom bva2]]lst.b2
proof (subst AbsI-eg-iff-all(3)[of bval b1 bva2 b2),rule,rule,rule)
fix c::bv

assume atom cf (o1 : b1 | el |}, {22:02 | c2|}) and atom c § (bval, bva2, b1, b2)

show (bval <> ¢) - b1 = (bva2 < ¢) + b2 using assms AbsI-eq-iff (3) assms
by (metis Abs1-eq-iff-fresh(3) <atom c § (bval, bva2, b1, b2)> 7.fresh T.perm-simps type-eq-subst-eq2(2))
qed

lemma wfTh-typedef-poly-b-eq-iff:

assumes AF-typedef-poly tyid bval delist] € set P and (dc, { «1 : b1 | ¢l |}) € set dclistl
and AF-typedef-poly tyid bva2 dclist2 € set P and (dc, { 22 : b2 | ¢2 |}) € set dclist2 and +, 5 P
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shows b1 [bval::=blp, = b2[bva2::=Dblp
proof —
have [[atom bval]]lst. dclistl = [[atom bva2]]lst.dclist2 using assms wfTh-dclist-poly-unique by metis
hence [[atom bval]]lst. (de,{ 1 : b1 | ¢l |}) = [[atom bva2]]ist. (de,{ 22 : b2 | ¢2 |}) using
wfTh-b-eq-iff assms wfTh-wfTs-poly by metis
hence [[atom bval]]lst. { z1 : b1 | ¢l | = [[atom bva2]]lst. { 22 : b2 | ¢2 |} using Ist-snd by metis
hence [[atom bvall]ist. b1 = [[atom bva2]]|lst.b2 using Ist-t-b-eq-iff by metis
thus ?thesis using subst-b-flip-eq-two subst-b-b-def by metis
qed

8.11 Equivariance Lemmas

lemma z-not-in-u-set[simp]:
fixes z::z and us::u fset
shows atom x ¢ supp us
by (induct us,auto, simp add: supp-finsert supp-at-base)

lemma wfS-flip-eq:

fixes s/::s and z1::z and s2::s and z2::z and A::A

assumes [[atom z1]]lst. s1 = [[atom x2]]lst. s2 and [[atom z1]]lst. t1 = [[atom z2]ist. t2 and [[atom
x1]]lst. ¢l = [[atom x2]]lst. ¢2 and atom z2 § T and

©; B; ' -, A and
©;0 ;B;(z1,b,cl) #r T ; Abyy sl boft!
shows © ;& ; B; (22,0, ¢c2) #rI'; A Fyyp s2: b-of t2

proof(cases x1=12)

case True

hence s = s2 AN t1 = t2 A c1 = c2 using assms Absl-eq-iff by metis

then show ?thesis using assms True by simp
next

case Fulse

have -, © AN O Fyr @ A O; B; I' by s A using wfX-wfY assms by metis

moreover have atom z1 § I' using wfX-wfY wfG-elims assms by metis

moreover hence atom z1 § A A atom z2 § A using wfD-z-fresh assms by auto

ultimately have © ; ® ; B; (22 <> z1) - ((z1, b, cl) #r T); A Fyyp (22 <> x1) - s1: (22 <
x1) - b-of t1

using wfS.equt theta-flip-eq phi-flip-eq assms flip-base-eq beta-flip-eq flip-fresh-fresh supp-b-empty by
metis

hence ©;® ;B; ((22,b, (22 <> z1)-cl) #r (22 <> x1) 1)) ; A Fyy (22 <> 1) - sl :
b-of ((z2 <> x2) - t1) by fastforce

thus ?thesis using assms Abs1-eq-iff

proof —

have f1: 22 =21 ANt2 =t1 V 22 # 21 N2 = (22 < x1) - t1 N atom 22 § L1

by (metis (full-types) Absi-eq-iff (3) <[[atom x1]]ist. t1 = [[atom x2]]lst. t2>)
then have 22 # x1 A s2 = (22 <> x1) - s1 A atom z2 § s1 —> b-of t2 = (22 <> z1) - b-of t1
by (metis b-of .equt)
then show ?thesis
using fI by (metis (no-types) Absi-eq-iff (3) G-cons-flip-fresh3 «[[atom x1]]lst. c1 = [[atom z2]]lst.

c2> ([[atom z1]]lst. s1 = [[atom x2]]lst. s2) <O ; & ; B; (21, b, c¢l) #r T ; Abyyp sl :b-of t1) O ;
O ;B (22« xl) ((x1,b,¢cl) #rT); Abyys (22 < xl) - 51 : (22 <> x1) - b-of t1» <atom z1 § T
<atom z2 4 T))

qed
qed
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8.12 Lookup

lemma wf-not-in-prefiz:
assumes O ; B 5 (I''Q(z,b1,c1) #rI)
shows z ¢ fst ‘ toSet I
using assms proof (induct T rule: T.induct)
case GNil
then show ?case by simp
next
case (GCons zbc T)
then obtain z’ and b’ and c¢’::c where zbc: zbe=(z',b’,c’)
using prod-cases3 by blast
hence x:(zbc #r I'') Q (z, b1, c1) #r T = ((2",b',c)) #r(T'Q ((z, b1, c1) #r T))) by simp
hence atom z’ f (T''Q(z,b1,c1) #rI') using wfG-elims(2) GCons by metis

moreover have © ; B by (I Q (z, b1, c1) #r I') using GCons wfG-elims * by metis
ultimately have atom z’ ¢ atom-dom (I''Q(z,b1,c1) #rI') using wfG-dom-supp GCons append-g.simps
zbc fresh-def by fast
hence z’ # z using GCons fresh-GCons zbc by fastforce
then show ?case using GCons zbc toSet.simps
using Un-commute <O ; B, 5 ' Q (z, b1, c1) #r I atom-dom.simps by auto
qed

lemma lookup-inside-wf[simp]:
assumes O ; B 5 (I''Q(z,b1,c1) #rI)
shows Some (b1,c1) = lookup (I'"Q(x,b1,c1) #rT')
using wf-not-in-prefix lookup-inside assms by fast

lemma lookup-weakening:
fixes ©::0 and I'::T" and T'::T
assumes Some (b,c) = lookup I'  and toSet I' C toSet I'' and ©; B+, I''and O; B, T’
shows Some (b,c¢) = lookup I'' x
proof —
have (z,b,c) € toSet T N (Vb' ¢’ (z,b',¢') € toSet T — b'=b A c¢'=c) using assms lookup-iff
toSet.simps by force
hence (z,b,c) € toSet I'’ using assms by auto
moreover have (Vo' ¢’ (z,b',c’) € toSet I'' — b'=b A ¢’=c) using assms wf-g-unique
using calculation by auto
ultimately show ?thesis using lookup-iff
using assms(3) by blast
qed

lemma wfPhi-lookup-fun-unique:
fixes ¢::P
assumes O -,y ® and AF-fundef f fd € set @
shows Some (AF-fundef f fd) = lookup-fun ® f
using assms proof (induct ® rule: list.induct )
case Nil
then show ?Zcase using lookup-fun.simps by simp
next
case (Cons a )
then obtain f’ and fd’ where a:a = AF-fundef f' fd’ using fun-def.ezhaust by auto
have wf: © Fyp ©' A f/ ¢ name-of-fun ‘ set &’ using wfPhi-elims Cons a by metis
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then show ?case using Cons lookup-fun.simps using Cons lookup-fun.simps wf a
by (metis image-eql name-of-fun.simps set-ConsD)
qed

lemma lookup-fun-weakening:
fixes ®"::®
assumes Some fd = lookup-fun ® f and set ® C set &' and O F,,; D’
shows Some fd = lookup-fun ®' f
using assms proof (induct ® )
case Nil
then show ?Zcase using lookup-fun.simps by simp
next
case (Cons a @)
then obtain f’ and fd’ where a: a = AF-fundef ' fd’ using fun-def.exhaust by auto
then show ?case proof(cases f=f")
case True
then show %thesis using lookup-fun.simps Cons wfPhi-lookup-fun-unique a
by (metis lookup-fun-member subset-iff)
next
case Fulse
then show %thesis using lookup-fun.simps Cons
using <a = AF-fundef f' fd» by auto
qged
qed

lemma fundef-poly-fresh-buv:
assumes atom bv2 t (bvl,b1,c1,71,s1)
shows x : (AF-fun-typ-some bv2 (AF-fun-typ z1 ((bvl<bv2) - b1) ((bvi+bv2) -cl) ((bvl<>bv2) -
71) (bvl+bv2) - s1)) = (AF-fun-typ-some bvl (AF-fun-typ x1 b1 ¢l 71 s1)))
(is (AF-fun-typ-some ?bv 2fun-typ = AF-fun-typ-some ?bva ?fun-typa))
proof —
have I:atom bv2 ¢ set [atom x1] using bv-not-in-z-atoms by simp
have 2:bvl # bv2 using assms by auto
have 3:(bv2 < bvl) - x1 = z1 using pure-fresh flip-fresh-fresh
by (simp add: flip-fresh-fresh)
have AF-fun-typ x1 ((bvl < bv2) « b1) ((bvl <> bv2) - c1) ((bvl < bv2) - 71) ((bvl  bv2) - s1)
= (bv2 < bvl) - AF-fun-typ z1 b1 ¢l 71 sl
using 1 2 8 assms by (simp add: flip-commute)
moreover have (atom bv2 t cI A atom bv2 § 71 A atom bv2 § s1 V atom bv2 € set [atom z1]) A
atom bv2 § b1
using 1 2 3 assms fresh-prod5 by metis
ultimately show ?thesis unfolding fun-typ-q.eq-iff Absi-eq-iff (8) fun-typ.fresh 1 2 by fastforce
qed

It is possible to collapse some of the easy to prove inductive cases into a single proof at the qed
line but this makes it fragile under change. For example, changing the lemma statement might
make one of the previously trivial cases non-trivial and so the collapsing needs to be unpacked.
Is there a way to find which case has failed in the ged line?

lemma wb-b-weakeningl :
fixes I':T" and T':I" and v::v and e::e and c::c and 7::7 and ts::(string«7) list and A::A and s::s
and B::B and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
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show

I

BT Fyrv:b=B|C|B' = ©; B ;T F,;v:band
fe=BI|C|B" = 6;B";T'F,; cand

w

B H
: B ¥ =B |C|B" = 0; B'lys ' and
B Fwf T = B|C|B'= ©;B';T'Fys 7and
i BT bFyypts = BIC|B'= 0;B';T s tsand
wf P = True and
wfBO® Bb= B|C| B'"= wfB© B'band
©;B; T Fypece:b= B|C|B'= 0;B"; T'lyys ce:band
O byy td = True
proof (nominal-induct b and ¢ and " and 7 and ¢s and P and b and b and td
avoiding: B’
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-conspl s bv dclist © de z b’ ¢ BbT v)
show ?case proof
show (A F-typedef-poly s bv dclist € set ©» using wfV-conspl by metis
show «(de, { z : b’ | ¢ |}) € set dclisty using wfV-conspl by auto
show <« © ; B’ F,; b» using wfV-conspl by auto
show <atom bv § (O, B, T, b, v)» using fresh-prodN wfV-conspl by auto
thus « ©; B’ ; T’ by v 2 b'[bvi=blp, » using wfV-conspl by simp
qed
next
case (wfTI z© BT b c)
show ?case proof
show atom z § (©, B’, T') using wfTI by auto
show ©; B’ k¢ b using wfTI by auto
show ©; B'; (z, b, TRUE) #r T' Fus ¢ using wfTI by auto
qged
qed( (auto simp add: wf-intros | metis wf-intros)+ )

w

)

r
|_
; T
r

UNCRONORORS

lemma wb-b-weakening2:
fixes I':I" and T':T" and v::v and e::e and c::c and 7::7 and ts::(string«7) list and A::A and s::s
and B::B and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list

shows

0,9, BT ;Abyre:b=DBI|C|B = 0©;®;B"; I';AF,;e:band

0,9, B;T';Abyrs:b=B|C|B'=©;9;B"; T';Aby,ss:band

©;2:;B ;T;A;tid;de;t Fyppes:b=B|C|B' = 0O©;%;B';T;A; tid;dc;t
Fwf cs: band

©;®;B ;T';A; tid; dclist oy css : b= B|C|B'= O ;@ ;B ;T ;A tid ; dclist

Fwyp css: b and
O Fys (9:®) = True and
;BT by A= BI|C|B'= ©;B';Tt,; Aand
©;® Fu¢ ftg = True and
©;0 ;Bryrft=B|C|B' = 0;0 ;B'lyusft
proof(nominal-induct b and b and b and b and ® and A and ftq and ft
avoiding: B’
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfFT.strong-induct)
case (wfE-vall © ® BT A v b)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
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case (wfE-plusl © ® BT A vl v2)

then show ?case using wf-intros wb-b-weakeningl by metis
next

case (wfE-legl © ® BT A vl v2)

then show ?Zcase using wf-intros wb-b-weakeningl by metis
next

case (wfE-eql © ® BT A vl b v2)

then show ?case using wf-intros wb-b-weakeningl

by meson

next

case (wfE-fstI © ® BT A vl bl b2)

then show ?case using Wellformed.wfE-fstI wb-b-weakeningl by metis
next

case (wfE-sndl © ® BT A vl b1 b2)

then show ?Zcase using wf-intros wb-b-weakeningl by metis
next

case (wfE-concat]l © ® BT A vl v2)

then show ?case using wf-intros wb-b-weakeningl by metis
next

case (wfE-splitl © ® BT A vl v2)

then show ?Zcase using wf-intros wb-b-weakeningl by metis
next

case (wfE-len] © ® BT A vl)

then show ?case using wf-intros wb-b-weakeningl by metis
next

case (wfE-appl © ® BT A f ft v)

then show ?Zcase using wf-intros using wb-b-weakeningl by meson
next

case (wfE-appPI © ® B1 T' A b’ bvl vl 71 f1 1 bl ¢l s1)

have © ; ® ; B'; T ; Aty AE-appP f1 b’ vl : (b-of 71)[bvl==b",
proof
show © k., ¢ ® using wfE-appPI by auto
show ©; B’ ;T' -,y A using wfE-appPI by auto
show ©; B’ F,; b’ using wfE-appPI wb-b-weakeningl by auto
thus atom bvl § (@, ©, B, T, A, b', v, (b-of 71)[bvl:=b"]y)
using wfE-appPI fresh-prodN by auto

show Some (AF-fundef f1 (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1 71 s1))) = lookup-fun @ f1
using wfE-appPI by auto
show ©; B’ ; T' by ¢ vl : b1[bvl::=b"], using wfE-appPI wb-b-weakeningl by auto
qed
then show ?Zcase by auto
next
case (wfE-mvarl © ® BT A u 1)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
case (wfS-vall © ® BT v b A)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
case (wfS-letl © ® BT' A e b’ z s b)
show ?case proof
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show < © ;@ ;B ;T ; Aky,se: b using wfS-letl by auto
show < © ; & ; B'; (z, b, TRUE) #r I'; Aty s: b using wfS-let] by auto
show < ©; B'; T' i,y A using wfS-let] by auto
show <atom z f (®, ©, B/, T, A, e, b) using wfS-let] by auto
qed
next
case (wfS-let2 © ® BT A s1 7z s2b)
then show ?case using wb-b-weakeningl Wellformed.wfS-let2] by simp
next
case (wfS-ifl © BT v & A s1 b s2)
then show Zcase using wb-b-weakeningl Wellformed.wfS-ifl by simp
next
case (wfS-varl © BT 1 vu A ® s b)
then show ?case using wb-b-weakeningl Wellformed.wfS-varl by simp
next
case (wfS-assignl u T A © BT & v)
then show ?case using wb-b-weakeningl Wellformed.wfS-assignl by simp
next
case (wfS-whilel © ® BT A s1s2b)
then show ?case using wb-b-weakeningl Wellformed.wfS-whilel by simp
next
case (wfS-seql © ® BT A sl s2b)
then show ?case using Wellformed.wfS-seql by metis
next
case (wfS-matchl © BT v tid dclist A ® cs b)
then show ?case using wb-b-weakeningl Wellformed.wfS-matchl by metis
next
case (wfS-branchl © ® Bz 7 T' A s b tid dc)
then show ?case using Wellformed.wfS-branchl by auto
next
case (wfS-finall © ® BT A tid dclist’ cs b dclist)
then show Zcase using wf-intros by metis
next
case (wfS-cons © ® BT A tid dclist’ cs b css dclist)
then show ?Zcase using wf-intros by metis
next
case (wfD-emptyl © B T)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
case (wfD-cons © BT A 7 u)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
case (wfPhi-emptyl O©)
then show ?case using wf-intros wb-b-weakeningl by metis
next
case (wfPhi-consI f © ® ft)
then show ?Zcase using wf-intros wb-b-weakeningl by metis
next
case (wfFTSome © bo ft)
then show ?case using wf-intros wb-b-weakeningl by metis
next
case (WfFTI © BbszcT ®)
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show ?case proof
show ©; B’ F,; b using wfFTI wb-b-weakeningl by auto

show supp ¢ C {atom z} using wfFTI wb-b-weakeningl by auto
show ©; B’ ; (z, b, ¢) #r GNil F,¢ 7 using wfFTI wb-b-weakeningl by auto
show © F, ¢ ® using wfFTI wb-b-weakeningl by auto
from « B |C| B"» have supp B C supp B’ proof(induct B)
case empty
then show ?case by auto
next
case (insert z B)
then show ?case
by (metis fsubset-funion-eq subset-Un-eq supp-union-fset)
qed
thus supp s C {atom z} U supp B’ using wfFTI by auto
qed
next
case (wfS-assertl © ® BxcT A sb)
show ?case proof
show < © ; @ ; B'; (z, B-bool, ¢) #r I' ; Ay s: b using wb-b-weakeningl wfS-assert] by simp
show « ©; B'; T' Fyy ¢» using wb-b-weakeningl wfS-assert] by simp
show ¢ ©; B'; T k¢ A using wb-b-weakeningl wfS-assert] by simp
have atom z § B’ using z-not-in-b-set fresh-def by metis
thus <atom z ¢ (9, ©, B/, T, A, ¢, b, s)» using wfS-assertl fresh-prodN by simp
qed
qged(auto)

lemmas wb-b-weakening = wb-b-weakeningl wb-b-weakening2

lemma wfG-b-weakening:
fixes I'::T"
assumes B |[C| B’and ©; B ¢ I’
shows ©; B’ F,; T
using wb-b-weakening assms by auto

lemma wfT-b-weakening:
fixes I':I' and ©::0 and 7::7
assumes B |[C| B’and ©; B; T’ k¢ 7
shows ©; B'; ' k7

using wb-b-weakening assms by auto

lemma wfB-subst-wfB:
fixes 7::7 and b”:b and b::b
assumes O ; {|bv]} F,r band ©; B Fp b’
shows O; B ¢ b[bv::=b"]pp
using assms proof(nominal-induct b rule:b.strong-induct)
case B-int
hence © ; {||} Fuws B-int using wfB-int] wfX-wfY by fast
then show ?Zcase using subst-bb.simps wb-b-weakening by fastforce
next
case B-bool
hence © ; {||} Fus B-bool using wfB-booll wfX-wfY by fast
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then show ?Zcase using subst-bb.simps wb-b-weakening by fastforce
next
case (B-id z )
hence ©; B ks (B-id z) using wfB-consl wfB-elims wfX-wfY by metis
then show ?case using subst-bb.simps(4) by auto
next
case (B-pair z1 ©2)
then show ?Zcase using subst-bb.simps
by (metis wfB-elims(1) wfB-pairl)
next
case B-unit
hence O ; {||} ks B-unit using wfB-unit] wfX-wfY by fast
then show ?case using subst-bb.simps wb-b-weakening by fastforce
next
case B-bitvec
hence © ; {||} Fus B-bitvec using wfB-bitvecl wfX-wfY by fast
then show ?Zcase using subst-bb.simps wb-b-weakening by fastforce
next
case (B-var x)
then show ?case
proof —
have Fulse
using B-var.prems(1) wfB.cases by fastforce
then show ¢thesis by metis
qed
next
case (B-app s b)
then obtain bv’ dclist where x:AF-typedef-poly s bv’ dclist € set © A © ; {|bv|]} Fuy b using
wfB-elims by metis
show ?case unfolding subst-b-simps proof
show -,y © using B-app wfX-wfY by metis
show © ; Bt blbv::=b"ly, using * B-app forget-subst wfB-supp fresh-def
by (metis ex-in-conv subset-empty subst-b-b-def supp-empty-fset)
show AF-typedef-poly s bv’ dclist € set © using * by auto
qed
qed

lemma wfT-subst-wfB:
fixes 7::7 and b’:b
assumes O ; {|bv|} ; (2, b, ¢) #r GNil Fy,p 7and ©; B F,f b’
shows ©; Bt s (b-of T)[bv::=b"p
proof —
obtain b where O ; {|bv|} Fyyf b A b-of T = b using wfT-elims b-of .simps assms by metis
thus ?thesis using wfB-subst-wfB assms by auto
qed

lemma wfG-cons-unique:
assumes (z1,b1,c1) € toSet (((z,b,c) #rl')) and wfG © B (((x,b,c) #rI')) and z = !
shows bl = b A cl =c¢
proof —
have z1 ¢ fst ‘ toSet T’
proof —
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have atom z1 § I' using assms wfG-cons by metis
then show ?thesis
using fresh-gamma-elem
by (metis assms(2) atom-dom.simps dom.simps rev-image-eql wfG-cons2 wfG-z-fresh)
qed
thus “thesis using assms by force
qed

lemma wfG-member-unique:
assumes (z1,b1,cl1) € toSet (I''Q((z,b,c¢) #rI')) and wfG © B (I''Q((z,b,¢) #rI')) and z = 21
shows b = b Acl =c¢
using assms proof (induct T’ rule: T-induct)
case GNil
then show ?case using wfG-suffiz wfG-cons-unique append-g.simps by metis
next
case (GCons z' b’ ¢' T)
moreover hence (z1, b1, c1) € toSet (I'' Q (z, b, ¢) #r I') using wf-not-in-prefiz by fastforce
ultimately show ?case using wfG-cons by fastforce
qed

8.13 Function Definitions

lemma wb-phi-weakening:
fixes I'::T" and TI'’:T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and B::B and ftq:fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list and ®::®
shows
;0BT ;Abyre:b=0 Fu; ' =5t ® Cset ®'=0;P";B; I';Aby,re:d
and
©; ;BT ;Abyrs:b =0 by @' = set® Cset ' = 0;P";B; I';Abyrs:b
and
©;9;B ;T;Atid;de;thyres:b=0 by P = set ® Cset ' = ©;P';B;
I'; Astid; dest Fypoes: band
©;0:;8 ;T ;A;tid; dclistypcss: b= 0 Fu; &' = set ® Cset @' = ©;D'; B ;
I'; Ay tid ;5 delist ¢ css @ b and
O Fyys (9:9) = True and
0; B;I' -y A = True and
;P Fysftg=0 Fyy @ = set ® C set &' = O ; &’ +, ftg and
©;D;BFyrft= O Fy;®' = set ® Cset &'= 0 ;Q'; Blyys ft
proof (nominal-induct
band b and b and b and ® and A and ftq and ft
avoiding: @'
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfFT.strong-induct)
case (wfE-vall © ® BT A v b)
then show ?Zcase using wf-intros by metis
next
case (wfE-plusl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-legl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
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case (wfE-eql © ® BT A vl b v2)
then show ?case using wf-intros by metis
next
case (wfE-fstI © ® BT' A vl b1 b2)
then show ?Zcase using wf-intros by metis
next
case (wfE-sndl © ® BT A vl bl b2)
then show ?Zcase using wf-intros by metis
next
case (wfE-concatl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-splitl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-len] © ® BT A vl)
then show ?Zcase using wf-intros by metis
next
case (wfE-appl © @ BT A fzbcT sv)
then show ?Zcase using wf-intros lookup-fun-weakening by metis
next
case (wfE-appPI © @ BT A b bvvr fazbcs)
show ?case proof
show < © ¢ ®' > using wfE-appPI by auto
show « ©; B; I' b,y A using wfE-appPl by auto
show « ©; B F, ¢ b'» using wfE-appPI by auto
show <atom bu § (', ©, B, T, A, b’, v, (b-of 7)[bv::=b"]y)> using wfE-appPI by auto
show «Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ T 5))) = lookup-fun @’ f>
using wfE-appPI lookup-fun-weakening by metis
show < ©; B; T' k5 v @ b[bvu=b") » using wfE-appPI by auto
qed
next
case (wfE-mvar] © ® BT A u 1)
then show ?case using wf-intros by metis
next
case (wfS-vall © ® BT v b A)
then show ?Zcase using wf-intros by metis
next
case (wfS-letl © ® BT A eb' zsb)
then show ?case using Wellformed.wfS-letl by fastforce
next
case (wfS-let2] © ® BT A s1b' zs2b)
then show Zcase using Wellformed.wfS-let2I by fastforce
next
case (wfS-ifl © BT v ® A s1 b s2)
then show ?Zcase using wf-intros by metis
next
case (wfS-varl © BI' T vu ® A b s)
show ?case proof
show « ©; B; I' Ik, 7 using wfS-varl by simp
show « ©; B; I' -, v : b-of 7 using wfS-varl by simp
show <atom u t (&', ©, B, T, A, 7, v, b)) using wfS-varl by simp
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show < © ;&' ; B ;T ; (u, 7) #a Abyy s: b> using wfS-varl by simp
qged
next
case (wfS-assignl u T A © BT ® v)
then show ?Zcase using wf-intros by metis
next
case (wfS-whilel © ® BT A s1 s2b)
then show ?Zcase using wf-intros by metis
next
case (wfS-seql © ® BT A s1s2b)
then show Zcase using wf-intros by metis
next
case (wfS-matchl © BT v tid dclist A ® cs b)
then show ?Zcase using wf-intros by metis
next
case (wfS-branchl © ® Bz 7 T' A s b tid dc)
then show ?case using Wellformed.wfS-branchl by fastforce
next
case (wfS-assertl © ® Bz cI' A sb)
show ?case proof
show « © ; ®'; B ; (z, B-bool, ¢) #r I' ; Aty s: b> using wfS-assert] by auto
next
show « ©; B; I' k¢ c» using wfS-assert] by auto
next
show « ©; B; I' b,y A using wfS-assert] by auto
have atom z § ®' using wfS-assertl wfPhi-supp fresh-def by blast
thus <atom z § (®/, ©, B, T, A, ¢, b, s)» using fresh-prodN wfS-assert] wfPhi-supp fresh-def by
auto
qed
next
case (WfFTI © BbszcT ®)
show ?case proof
show « © ; B k5 b using wfFTI by auto
next
show <supp ¢ C {atom z}> using wfF'TI by auto
next
show « © ; B ; (z, b, ¢) #r GNil F5 7> using wfFTI by auto
next
show < © 5 @' using wfFTI by auto
next
show <supp s C {atom z} U supp B> using wfFTI by auto
qed
qed (auto|metis wf-intros)+

lemma wfT-fun-return-t:

fixes Ta’:7 and 77

assumes O; B; (za, b, ca) #r GNil Fy ¢ Ta’and (AF-fun-typ z b ¢ 7' s") = (AF-fun-typ za b ca Ta’
sa’)

shows ©; B; (z, b, ¢) #r GNil k5 7’
proof —

obtain cb::z where zf: atom cb § (¢, 7/, 8/, sa’, Ta’, ca, z , Ta) using obtain-fresh by blast
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hence atom c¢b § (¢, 7/, 8', sa’, Ta’, ca) A atom cb § (z, za, ((¢, 77), '), (ca, Ta"), sa’) using
fresh-prod6 fresh-prod4 fresh-prod8 by auto

hence x:c[z:=V-var cb]e, = ca[ra:=V-var cbley, A T'[x=V-var cbl;, = Ta’[va::=V-var cb],, using
assms T.eq-iff Absl-eq-iff-all by auto

have *x: ©; B; (za < ¢b ) - ((za, b, ca) #r GNil) tFyu5 (za <> ¢b ) - 7o’ using assms True-equt
beta-flip-eq theta-flip-eq wfG-wf
by (metis GCons-equt GNil-equt wfT.equt wfT-wf)

have ©; B; (z <> ¢b ) + ((z, b, ¢) #r GNil) Fyf (z <> ¢b) - 7/ proof —
have (za <> ¢b) - za = (z <> ¢b ) - & using zf by auto
hence (z < ¢b ) - ((z, b, ¢) F#r GNil) = (za <> ¢b ) - ((za, b, ca) #r GNil) using * xx xf
G-cons-flip fresh-GNil by simp
thus ?thesis using ** x zf by simp
qed
thus “thesis using beta-flip-eq theta-flip-eq wfT-wf wfG-wf * xx True-equt wfT.equt permute-flip-cancel
by metis
qed

lemma wfFT-wf-aux:
fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q and s::s and A::A
assumes O ; & ; Bty (AF-fun-typ x b c 7 s)
shows O ; B ; (z,b,c) #r GNil by T A O Fyyp © A supp s C { atomz } U supp B
proof —
obtain za and ce and sa and 7/ where 0 ; B Fy,p b A (O Fur @ ) A
supp sa C {atom za} U supp B A (© ; B ; (za, b, ca) #r GNil Fyu5 1) A
AF-fun-typ x b ¢ 7 s = AF-fun-typ za b ca 7’ sa
using wfFT.simps[of © ® B AF-fun-typ b ¢ 7 s] assms by auto

moreover hence xx: (AF-fun-typ x b ¢ 7 s) = (AF-fun-typ xa b ca 7' sa) by simp

ultimately have © ; B ; (z,b,c) #rGNil 5 7 using wfT-fun-return-t by metis

moreover have (O F, ¢ ® ) using x by auto

moreover have supp s C { atom z } U supp B proof —
have [[atom z]]lst.s = [[atom za]]lst.sa using ** fun-typ.eq-iff Ist-fst lst-snd by metis
thus ?thesis using Ist-supp-subset * by metis

qed

ultimately show ?thesis by auto

qed

lemma wfFT-simple-wf:
fixes 7::7 and ©::0 and ¢::® and [t :: fun-typ-q and s::s and A::A
assumes O ; & ¢ (AF-fun-typ-none (AF-fun-typ b ¢ T s))
shows O ; {||} ; (z,b,¢) #rGNil by T AN O by @ A supp s C { atom = }
proof —
have 0 ; ® ; {||} Fus (AF-fun-typ b ¢ T s) using wfFTQ-elims assms by auto
thus ?thesis using wfFT-wf-aux by force
qed

lemma wfFT-poly-wf:
fixes 7::7 and ©::0 and ®::® and ftq :: fun-typ-q and s::s and A::A
assumes O ; & ¢ (AF-fun-typ-some bv (AF-fun-typ © b ¢ T s))
shows O ; {|bv|} ; (2,b,¢) #rGNil by TA Oy @ANO ;O ;5 {|bv|]} Fuy (AF-fun-typ x b c 7 s)
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proof —
obtain bv! ft1 where =0 ; ® ; {|bv1|} Fyy ft1 A [[atom bul]]ist. ft1 = [[atom bv]]lst. AF-fun-typ
rbeTs
using wfFTQ-elims(3)[OF assms] by metis

show ?thesis proof (cases bvl = bv)

case True

then show ?thesis using * fun-typ-q.eq-iff Absl-eq-iff by (metis (no-types, opaque-lifting)

wfFT-wf-auzx)

next

case False

obtain z1 b1 cl t1 s1 where *x: ft1 = AF-fun-typ x1 bl c1 t1 s1 using fun-typ.eq-iff

by (meson fun-typ.exhaust)

hence equ: (bv <> bvl) « AF-fun-typ x1 b1 c1 t1 s1 = AF-fun-typ x b ¢ 7 s A atom bvl § AF-fun-typ
zbcT s using
Abs1-eq-iff (3) * False by metis

have (bv <> bv1) - O ; (bv <> bvl) « @ ; (bv <> bvl) - {|bvl|} Fwy (bv <> bul) - ft1 using wfFT.equt
* by metis

moreover have (bv < bvl) - & = & using phi-flip-eq wfX-wfY * by metis

moreover have (bv <> bvl) - © =0 using wfX-wfY * theta-flip-eq2 by metis

moreover have (bv <> bul) - ft1 = AF-fun-typ x b ¢ T s using equ *x by metis

ultimately have © ; & ; {|bv|} by AF-fun-typ x b ¢ 7 s by auto

thus ?thesis using wfF T-wf-auz by auto

qed

qed

lemma wfFT-poly-wfT:
fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q
assumes O ; & ¢ (AF-fun-typ-some bv (AF-fun-typ © b ¢ T s))
shows O ; {| bv |} ; (z,b,¢) #rGNil Fyyp T
using wfF T-poly-wf assms by simp

lemma b-of-supp:
supp (b-of t) C supp t

proof (nominal-induct t rule:T.strong-induct)
case (T-refined-type x b ¢)
then show ?Zcase by auto

qed

lemma wfPhi-f-simple-wf:

fixes 7::7 and ©::0 and ®::® and [t :: fun-typ-q¢ and s::s and ®"::®

assumes AF-fundef f (AF-fun-typ-none (AF-fun-typ t b c 7 s)) € set & and © k,,; ¢ and set P
C set ' and O ¢ @’

shows O ; {||}; (z,b,c) #r GNil by T AN O Fyy & A supp s C { atom z }
using assms proof (induct ® rule: P-induct)

case PNil

then show ?case by auto
next

case (PConsSome f1 bv x1 bl ¢l 71 s’ ®")

hence AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ T 8)) € set ®"' by auto
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moreover have © I, ®" A set @ C set @' using wfPhi-elims(3) PConsSome by auto
ultimately show ?case using PConsSome wfPhi-elims wfFT-simple-wf by auto
next
case (PConsNone f' 2’ b’ ¢/ 7" s" ®")
show ?case proof(cases f=f")
case True
have AF-fun-typ-none (AF-fun-typ =’ b’ ¢’ 7’ s') = AF-fun-typ-none (AF-fun-typ x b ¢ 7 s)
by (metis PConsNone.prems(1) PConsNone.prems(2) True fun-def.eq-iff image-eql name-of-fun.simps
set-ConsD wfPhi-elims(2))
hence *:© ; ®"" F,, s AF-fun-typ-none (AF-fun-typ © b ¢ 7 s) using wfPhi-elims(2)[OF PCon-
sNone(3)] by metis
hence © ; @ ; {||} Fuws (AF-fun-typ z b ¢ 7 s) using wfFTQ-elims(1) by metis
thus ?thesis using wfFT-simple-wf[OF *] wb-phi-weakening PConsNone by force
next
case Fulse
hence AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ T s)) € set ®'' using PConsNone by simp
moreover have O b,y ®" A set @' C set @' using wfPhi-elims(3) PConsNone by auto
ultimately show ?thesis using PConsNone wfPhi-elims wfFT-simple-wf by auto
qed
qed

lemma wfPhi-f-simple-wfT":

fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b c T 5))) = lookup-fun ® f and ©
P

shows O ; {||} ; (z,b,¢) #rGNil by T

using wfPhi-f-simple-wf assms using lookup-fun-member by blast

lemma wfPhi-f-simple-supp-b:
fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q
assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ b ¢ 7 5))) = lookup-fun ® f and © ¢
P
shows supp b = {}
proof —
have © ; {||} ; (z,b,¢) #r GNil -5 T using wfPhi-f-simple-wfT assms by auto
thus ?thesis using wfT-wf wfG-cons wfB-supp by fastforce
qed

lemma wfPhi-f-simple-supp-t:

fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ b ¢ T 5))) = lookup-fun ® f and © ¢
P

shows supp 7 C { atom z }

using wfPhi-f-simple-wfT wfT-supp assms by fastforce

lemma wfPhi-f-simple-supp-c:

fixes 7::7 and 0::0 and ¢::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ T s))) = lookup-fun ® f and © F,
(0]

shows supp ¢ C { atom z }
proof —

have O ; {||} ; (z,b,¢) #r GNil -5 T using wfPhi-f-simple-wfT assms by auto
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thus ?thesis using wfG-wfC wfC-supp wfT-wf by fastforce
qed

lemma wfPhi-f-simple-supp-s:

fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7 5))) = lookup-fun ® f and © ¢
(0]

shows supp s C {atom z}
proof —

have AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ 7 s)) € set ® using lookup-fun-member assms
by auto

hence supp s C { atom x } using wfPhi-f-simple-wf assms by blast

thus ?thesis using wf-supp(3) atom-dom.simps toSet.simps z-not-in-u-set z-not-in-b-set setD.simps

using wf-supp2(2) by fastforce

qed

lemma wfPhi-f-poly-wf:

fixes 7::7 and 0::0 and ®::® and ft :: fun-typ-q¢ and s::s and ®":: P

assumes AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 s)) € set & and © k,,y ® and set
® C set ' and © k5 D

shows O ; {|bv|} ; (z,b,¢) #rGNil by T AO bFyy ®'ANO ;@' {|bv]} Fyy (AF-fun-typ z b c 7 s)
using assms proof (induct ® rule: ®-induct)

case PNil

then show ?Zcase by auto
next

case (PConsNone fz b cT s’ @)

moreover have © 5 ®" A set @' C set ' using wfPhi-elims(3) PConsNone by auto

ultimately show ?case using PConsNone wfPhi-elims wfFT-poly-wf by auto
next

case (PConsSome f1 bvl x1 b1 ¢l 71 s1 ®”)

show ?case proof(cases f=f1)

case True

have AF-fun-typ-some bvl (AF-fun-typ 1 b1 c1 71 s1) = AF-fun-typ-some bv (AF-fun-typ x b ¢ T

s)

by (metis PConsSome.prems(1) PConsSome.prems(2) True fun-def.eq-iff list.set-intros(1) op-
tion.inject wfPhi-lookup-fun-unique)
hence «:0 ; ®" 5 AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 s) using wfPhi-elims PConsSome
by metis
thus ?thesis using wfFT-poly-wf * wb-phi-weakening PConsSome
by (meson set-subset-Cons)
next
case Fulse
hence AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 s)) € set ®' using PConsSome
by (meson fun-def.eq-iff set-ConsD)
moreover have O .,y ®" A set @' C set &' using wfPhi-elims(3) PConsSome
by (meson dual-order.trans set-subset-Cons)
ultimately show ?thesis using PConsSome wfPhi-elims wfF T-poly-wf
by blast
qged
qed

lemma wfPhi-f-poly-wfT:
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fixes 7::7 and 0::0 and ®::® and ft :: fun-typ-q
assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 s))) = lookup-fun ® f and ©
Fuwp @
shows O ; {| bv |} ; (,b,c) #rGNil s T
using assms proof (induct ® rule: ®-induct)
case PNil
then show ?Zcase by auto
next
case (PConsSome fI bvl z1 bl ¢l 71 s’ ®’)
then show Zcase proof(cases f1=f)
case True
hence lookup-fun (AF-fundef f1 (AF-fun-typ-some bvl (AF-fun-typ x1 b1 ¢l 71 s")) # ®') f =
Some (AF-fundef f1 (AF-fun-typ-some bvl (AF-fun-typ x1 bl c1 71 s’))) using
lookup-fun.simps using PConsSome.prems by simp
then show ?thesis using PConsSome.prems wfPhi-elims wfFT-poly-wfT
by (metis option.inject)
next
case Fulse
then show ?thesis using PConsSome using lookup-fun.simps
using wfPhi-elims(3) by auto
qed
next
case (PConsNone f' z' b ¢’ 77 s’ ®)
then show Zcase proof(cases f'=f)
case True
then have «0 ; ®' s AF-fun-typ-none (AF-fun-typ z’ b' ¢’ 7' s’) using lookup-fun.simps
PConsNone wfPhi-elims by metis
thus ?thesis using PConsNone wfFT-poly-wfT wfPhi-elims lookup-fun.simps
by (metis fun-def.eq-iff fun-typ-q.distinct(1) option.inject)
next
case Fulse
thus ?thesis using PConsNone wfPhi-elims
by (metis False lookup-fun.simps(2))
qed
qed

lemma wfPhi-f-poly-supp-b:
fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q
assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 s))) = lookup-fun ® f and ©
Fwp @
shows supp b C supp bv
proof —
have © ; {|bv|} ; (z,b,c) #r GNil by T using wfPhi-f-poly-wfT assms by auto
thus ?thesis using wfT-wf wfG-cons wfB-supp by fastforce
qed

lemma wfPhi-f-poly-supp-t:

fixes 7::7 and ©::0 and ®::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 8))) = lookup-fun ® f and ©
Fwr @

shows supp 7 C { atom z , atom bv }

using wfPhi-f-poly-wfT[OF assms, THEN wfT-supp] atom-dom.simps supp-at-base by auto
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lemma wfPhi-f-poly-supp-b-of-t:
fixes 7::7 and 0::0 and ®::® and ft :: fun-typ-q
assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 8))) = lookup-fun ® f and ©
Fwy @
shows supp (b-of ) C { atom bv }
proof —
have atom z ¢ supp (b-of 7) using z-fresh-b by auto
moreover have supp (b-of 7) C { atom = , atom bv } using wfPhi-f-poly-supp-t
using supp-at-base b-of .simps wfPhi-f-poly-supp-t T.supp b-of-supp assms by fast
ultimately show ?thesis by blast
qed

lemma wfPhi-f-poly-supp-c:

fixes 7::7 and 0::0 and ¢::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 8))) = lookup-fun ® f and ©
s @

shows supp ¢ C { atom z, atom bv }
proof —

have © ; {|bv|} ; (z,b,c) #r GNil by T using wfPhi-f-poly-wfT assms by auto

thus %thesis using wfG-wfC wfC-supp wfT-wf

using supp-at-base by fastforce

qed

lemma wfPhi-f-poly-supp-s:

fixes 7::7 and 0::0 and ¢::® and ft :: fun-typ-q

assumes Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b ¢ 7 s))) = lookup-fun ® f and ©
Fwr @

shows supp s C {atom z, atom bv}
proof —

have AF-fundef f (AF-fun-typ-some bv (AF-fun-typ © b ¢ 7 s)) € set ® using lookup-fun-member
assms by auto
hence x:© ; & ; {|bv|} Fuy (AF-fun-typ x b ¢ T s) using assms wfPhi-f-poly-wf by simp

thus ?thesis using wfFT-wf-auz[OF %] using supp-at-base by auto
qed

lemmas wfPhi-f-supp = wfPhi-f-poly-supp-b wfPhi-f-simple-supp-b wfPhi-f-poly-supp-c
wfPhi-f-simple-supp-t wfPhi-f-poly-supp-t wfPhi-f-simple-supp-t wfPhi-f-poly-wfT wfPhi-f-simple-wfT
wfPhi-f-poly-supp-s wfPhi-f-simple-supp-s

lemma fun-typ-eq-ret-unique:
assumes (AF-fun-typ x1 b1 c¢1 71’ s1") = (AF-fun-typ 2 b2 c2 72’ s2')
shows 71'[z]:=0],, = 72'[22::=0],
proof —
have [[atom z1]]lst. 71" = [[atomn z2]]lst. T2’ using assms Ist-fst fun-typ.eq-iff lst-snd by metis
thus ?thesis using subst-v-flip-eq-twolof x1 71" 2 72" v] subst-v-T-def by metis
qed

lemma fun-typ-eq-body-unique:
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fixes v::v and z1::z and 22::x and s1':s and s2":s
assumes (AF-fun-typ x1 b1 c¢1 71’ s1") = (AF-fun-typ 2 b2 c2 72’ s2')
shows s1'[z1:=v]s, = $2'[22::=0]5y
proof —
have [[atom z1]]lst. s1’ = [[atom x2]]lst. s2’ using assms Ist-fst fun-typ.eq-iff lst-snd by metis
thus ?thesis using subst-v-flip-eq-two[of x1 s1’ 2 s2' v] subst-v-s-def by metis
qed

lemma fun-ret-unique:

assumes Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ z1 b1 ¢l 71’ s1"))) = lookup-fun ® f and
Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x2 b2 ¢2 72’ s2"))) = lookup-fun ® f

shows 71'[x1:=v];, = T2'[22::=0] 74
proof —

have x: (AF-fundef f (AF-fun-typ-none (AF-fun-typ 1 b1 c1 71’ s1"))) = (AF-fundef f (AF-fun-typ-none
(AF-fun-typ z2 b2 c2 72’ s2'))) using option.inject assms by metis

thus “thesis using fun-typ-eq-ret-unique fun-def.eq-iff fun-typ-q.eq-iff by metis
qed

lemma fun-poly-arg-unique:

fixes bvi::bv and bv2::bv and b::b and 71::7 and 72::7

assumes [[atom bul]]lst. (AF-fun-typ x1 b1 c1 71 s1) = [[atom bv2]|lst. (AF-fun-typ z2 b2 c¢2 T2 s2)
(is [[atom 2z]]lst. 2a = [[atom ?y]]lst. ?b)

shows { z1 : b1[bvl::=blpy | c1[bvl:=blep [} = { 22 : b2[bv2:=Dblpp | c2[bv2:=Db]p |t
proof —

obtain c:bv where *:atom ¢ § (b,b1,02,c1,c2) A atom c¢ § (bvl, bv2, AF-fun-typ x1 b1 c1 71 s1,
AF-fun-typ z2 b2 c¢2 72 s2) using oblain-fresh fresh-Pair by metis

hence (bvl < ¢) - AF-fun-typ z1 b1 c1 71 s1 = (bv2 « ¢) - AF-fun-typ 22 b2 c2 72 s2 using
Abs1-eq-iff-all(3)[of %z %a ?y ?b] assms by metis

hence AF-fun-typ 1 ((bvl < ¢) - b1) ((bvl <> ¢) - c1) ((bvl <> ¢) - 71) ((bvl < ¢) - s1) =
AF-fun-typ 2 ((bv2 < ¢) « b2) ((bv2 <> ¢) + ¢2) ((bv2 <> ¢) - 72) ((bv2 > ¢) + s2)

using fun-typ-flip by metis

hence x«:{ z1 :((bvl < ¢) - b1) | (bvl <> ¢) - cl) = 22 : ((bv2 < ¢) - b2) | (w2 < ¢) - ¢2)
b (is{al: 21| 2ct }={22: 22| 22 |}) using fun-arg-unique-auz by metis

hence { z1 :((bvl <> ¢) - b1) | ((bvl <> ¢) - 1) Hez=blrp = { 22 : ((bv2 <> ¢) - b2) | (w2 < ¢) -
c2) Hen=blrp by metis

hence { z1 :((bvl < ¢) + bI)[c::=bpp | ((bvl <> ¢) - cI)[c::=blep | = { 22 : (bv2 < ¢) - b2)[c:=b]wp
| ((bv2 < ¢) - c2)[c::=b]ep |} using subst-th.simps by metis

thus “thesis using x flip-subst-subst subst-b-c-def subst-b-b-def fresh-prodN flip-commute by metis
qed

lemma fun-poly-ret-unique:

assumes Some (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 ¢l 71’ s1'))) = lookup-fun ®
f and Some (AF-fundef f (AF-fun-typ-some bv2 (AF-fun-typ x2 b2 c¢2 72’ s2"))) = lookup-fun ® f

shows 71'[bvl:=b]p[zl::=0]ry = T2/ [b02:=b],p[22::=0] 1,
proof —

have x: (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1 71's1"))) = (AF-fundef f (AF-fun-typ-some
bv2 (AF-fun-typ x2 b2 ¢2 72’ s2"))) using option.inject assms by metis

hence AF-fun-typ-some bvl (AF-fun-typ x1 bl ¢l 71’ s1’) = AF-fun-typ-some bv2 (AF-fun-typ z2
b2 c2 72’ s27)

(is AF-fun-typ-some bvl 2ft1 = AF-fun-typ-some bv2 ?ft2) using fun-def.eq-iff by metis
hence xx:[[atom bul]]lst. ?2ft1 = [[atom bv2]]lst. ?ft2 using fun-typ-q.eq-iff (1) by metis

185



hence *:subst-ft-b 2ft1 bvl b = subst-ft-b ?ft2 bv2 b using subst-b-flip-eq-two subst-b-fun-typ-def by
metis
have [[atom x1]]lst. T71'[bvl::=b].p, = [[atom x2]]lst. T2 [bv2::=b]p
apply (rule Ist-snd[of - c1[bvl::=b]cp - - c2[bv2:=Db]))
apply(rule lst-fst[of - - s1'[bvl::=b]sp - - $2'[bv2::=b]4p))
using x subst-ft-b.simps fun-typ.eq-iff by metis
thus ?thesis using subst-v-flip-eq-two subst-v-T-def by metis
qed

lemma fun-poly-body-unique:

assumes Some (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 ¢l 71’ s1'))) = lookup-fun ®
f and Some (AF-fundef f (AF-fun-typ-some bv2 (AF-fun-typ z2 b2 c¢2 72’ s2"))) = lookup-fun ® f

shows s1'[bvl::=b]sp[r]::=0]sy = $2[bV2::=D]sp[22::=0]ss
proof —

have x: (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1 71's1"))) = (AF-fundef f (AF-fun-typ-some
bv2 (AF-fun-typ 22 b2 ¢2 72’ s2")))

using option.inject assms by metis

hence AF-fun-typ-some bvl (AF-fun-typ x1 b1 c¢1 71’ s1') = AF-fun-typ-some bv2 (AF-fun-typ z2

b2 c2 72’ s2')
(is AF-fun-typ-some bvl ?ft1 = AF-fun-typ-some bv2 ?ft2) using fun-def.eq-iff by metis
hence xx:[[atom bul]]lst. ?ft1 = [[atom bv2]]lst. ?ft2 using fun-typ-q.eq-iff (1) by metis

hence *:subst-ft-b 2ft1 bvl b = subst-ft-b 2ft2 bv2 b using subst-b-flip-eq-two subst-b-fun-typ-def by
metis
have [[atom z1]]ist. s1'[bvl::=b]s, = [[atom x2]]lst. s2'[bv2:=Db]sp
using Ist-snd Ist-fst subst-ft-b.simps fun-typ.eq-iff
by (metis local.x)

thus ?thesis using subst-v-flip-eq-two subst-v-s-def by metis
qed

lemma funtyp-eq-iff-equalities:
fixes s”:s and s::s

assumes [[atom z]]ist. ((¢/, 77), 8') = [[atom z]]Ist. ((¢, T), 3)
shows {z':b | 'f={z:b |c} AN sa=v]s = s[z:=0]sp A T[2":=0]7y = T[T:=0]1y
proof —
have [[atom z]|lst. s’ = [[atom z]]lst. s and [[atom z']]lst. T/ = [[atom z]]lst. 7 and
[[atom x)]ist. ¢! = [[atom x]]lst. ¢ using Ist-snd lst-fst assms by metis+

thus ?thesis using  subst-v-flip-eq-two 7.eq-iff
by (metis assms fun-typ.eq-iff fun-typ-eq-body-unique fun-typ-eq-ret-unique)
qed

8.14 Weakening

lemma wfX-wfB1:
fixes I'::T" and I'’w:T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and B::B and ®::® and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows wfV-wfB: ©; B; ' Fy,rv:b= 0O; BF,s band
O; B; I' s ¢ = True and
;B Fyf ' = True and
wfT-wfB: ©; B; I' by T = O; Blyy b-of 7 and
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O; B; I' by ts = True and
Fwf © = True and
©; B Fyy b = True and
wfCE-wfB: ©; B; I' -y ce : b = ©; B 4 b and
O by td = True
proof (induct  rule:wfV-wfC-wfG-wf T-wfTs-wf Th-wfB-wfCE-wfTD.inducts)
case (wfV-varl © BT b ¢ z)
hence (z,b,c) € toSet T using lookup-iff wfV-wf using lookup-in-g by presburger
hence b € fst‘snd‘toSet T’ by force
hence wfB © B b using wfG-wfB wfV-varl by metis
then show ?Zcase using wfV-elims wfG-wf wf-intros by metis
next
case (wfV-litI © T' 1)
moreover have wfTh © using wfV-wf wfG-wf wfV-lit] by metis
ultimately show ?case using wfV-wf wfG-wf wf-intros base-for-lit.simps l.exhaust by metis
next
case (wfV-pairl] © T vl bl v2 b2)
then show ?case using wfG-wf wf-intros by metis
next
case (wfV-consl s dclist © dc x b ¢ BT v)
then show ?case
using wfV-wf wfG-wf wfB-consl by metis
next
case (wfV-conspl s bv dclist © de x b’ ¢ BbT v)
then show ?case
using wfV-wf wfG-wf using wfB-appl by metis
next
case (wfCE-vall © BT v b)
then show ?case using wfB-elims by auto
next
case (wfCE-plus] © BT vl v2)
then show ?case using wfB-elims by auto
next
case (wfCE-leql © BT vl v2)
then show ?case using wfV-wf wfG-wf wf-intros wfX-wfY by metis
next
case (wfCE-eql © BT vl b v2)
then show ?Zcase using wfV-wf wfG-wf wf-intros wfX-wfY by metis
next
case (wfCE-fstI © BT vl bl b2)
then show ?case using wfB-elims by metis
next
case (wfCE-sndl © BT vl bl b2)
then show ?case using wfB-elims by metis
next
case (wfCE-concatl © BT vl v2)
then show ?case using wfB-elims by auto
next
case (wfCE-len]l © BT vl)
then show ?case using wfV-wf wfG-wf wf-intros wfX-wfY by metis
qed(auto | metis wfV-wf wfG-wf wf-intros )+
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lemma wfX-wfB2:
fixes I'::T" and T'’:T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and b::b and B::B and ®::® and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows
wfEB-wfB: ©; ®; B; I'; Abyre: b= 0;B ks b and
wfS-wfB: ©; ®; B; I'; Abyrs: b= 0; B F,¢ band
wfCS-wfB: ©; ®; B; I'; A s tid 5 de s tbywyp cs: b= ©; B k¢ band
wfCSS-wfB: ©; ®; B; I'; A tid ; dclist =y css : b = O; B k¢ band
O Fyr ® = True and
0; B;I' by A = True and
©;® F,¢ ftg = True and
©;0 ;Bryrft=B|C|B' = 0;0 ;B'lysft
proof (induct  rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfF T .inducts)
case (wfE-vall © ® BT A v b)
then show ?Zcase using wfB-elims wfX-wfB1 by metis
next
case (wfE-plusl © ® BT A vl v2)
then show ?case using wfB-elims wfX-wfB1 by metis
next
case (wfE-eql © ® BT A vl b v2)
then show ?case using wfB-booll wfX-wfY by metis
next
case (wfE-fstI © ® T' A v1 bl b2)
then show ?case using wfB-elims wfX-wfB1 by metis
next
case (wfE-sndl © ® T' A vl bl b2)
then show ?case using wfB-elims wfX-wfB1 by metis
next
case (wfE-concat] © ® BT A vl v2)
then show ?Zcase using wfB-elims wfX-wfB1 by metis
next
case (wfE-splitl © ® BT A vl v2)
then show ?case using wfB-elims wfX-wfB1
using wfB-pairl by auto
next
case (wfE-lenl © ® BT A vl)
then show ?case using wfB-elims wfX-wfB1
using wfB-intl wfX-wfY1(1) by auto
next
case (wfE-appl © @ BT A fzbcT sv)
hence O; B;(z,b,c) #r GNil ks 7 using wfPhi-f-simple-wfT wfT-b-weakening by fast
then show ?case using b-of.simps using wfT-b-weakening
by (metis b-of .cases bot.extremum wfT-elims(2))
next
case (wfE-appPI © ® BT A b’ bvov T fazbcs)
hence O ; {| bv |} ;(z,b,c) #r GNil t,5 7 using wfPhi-f-poly-wfT wfX-wfY by blast
then show ?Zcase using wfE-appPI b-of.simps using wfT-b-weakening wfT-elims wfT-subst-wfB
subst-b-b-def by metis
next
case (wfE-mvarl © ® BT A u )
hence ©; B; I' k5 7 using wfD-wfT by fast
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then show ?case using wfT-elims b-of .simps by metis
next

case (wfFTNone © ft)

then show ?Zcase by auto
next

case (wfFTSome © bu ft)

then show ?Zcase by auto
next

case (wfS-vall © ® BT v b A)

then show ?Zcase using wfX-wfB1 by auto
next

case (wfS-letI © ® BT A eb' zsb)

then show ?case using wfX-wfB1 by auto
next

case (wfS-let2] © ® BT A s1 7 z 52 b)

then show ?case using wfX-wfB1 by auto
next

case (wfS-ifl © BT v ® A s1 b s2)

then show ?Zcase using wfX-wfB1 by auto
next

case (wfS-varl © BT' 7T vu ® A b s)

then show ?case using wfX-wfB1 by auto
next

case (wfS-assignl u T A © BT ® v)

then show ?Zcase using wfX-wfB1

using wfB-unit] wfX-wfY2(5) by auto

next

case (wfS-whilel © ® BT A s1 s2b)

then show ?case using wfX-wfB1 by auto
next

case (wfS-seql © ® BT A s1s2b)

then show ?case using wfX-wfB1 by auto
next

case (wfS-matchl © BT v tid dclist A ® cs b)

then show ?Zcase using wfX-wfB1 by auto
next

case (wfS-branchl © ® Bz 7 T' A s b tid dc)

then show ?case using wfX-wfB1 by auto
next

case (wfS-finall © ® BT A tid dc t cs b)

then show ?Zcase using wfX-wfB1 by auto
next

case (wfS-cons © ® BT A tid dc t cs b dclist css)

then show ?case using wfX-wfB1 by auto
next

case (wfD-emptyl © B T)

then show ?Zcase using wfX-wfB1 by auto
next

case (wfD-cons © BT A 7 u)

then show ?case using wfX-wfB1 by auto
next

case (wfPhi-emptyl ©)
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then show ?case using wfX-wfB1 by auto
next

case (wfPhi-consI f © @ ft)

then show ?Zcase using wfX-wfB1 by auto
next

case (WFTI©® Bb® zcsT)

then show ?case using wfX-wfB1

by (meson Wellformed.wfFTI wb-b-weakening2(8))

qed(metis wfV-wf wfG-wf wf-intros wfX-wfB1)

lemmas wfX-wfB = wfX-wfB1 wfX-wfB2

lemma wf-weakening1:
fixes I'::T" and I'’:T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and B::B and ftq:fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list

shows wfV-weakening: ©; B; I’ Fy,fv:b= 0; Bl,;I''= toSet T' C toSet I'' = ©; B; I/
Fwf v:band
wfC-weakening: ©; B; I' Fyp ¢ = ©; Blys IV = toSet T' C toSet I'' = O; B; I k¢ ¢
and
©; B Fys ' = True and
wfT-weakening: ©; B;T' Fyr 7= 0; Blyy I = toSet ' C toSet I'" = ©; B; T Fyy 7
and
0; B; ' Fyyts = True and
Fwp P = True and
wfB-weakening: wfB © Bb = B |C| B'’=— wfB © B b and
wfCE-weakening: ©; B; T’ Fyyp ce: b= 0; By I''" = toSet T' C toSet ' = O; B; I/
Fwf ce: b and
O Fyr td = True
proof (nominal-induct
band cand I' and 7 and ¢s and P and b and b and td
avoiding: T/
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-varl © BT b ¢ )
hence Some (b, ¢) = lookup T'' z using lookup-weakening by metis
then show ?Zcase using Wellformed.wfV-varl wfV-varl by metis
next
case (wfTIzO© B T bc)
show ?case proof
show <atom z £ (0, B, I'')» using wfTI by auto
show <« ©; Bty b using wfll by auto
have x:toSet ((z, b, TRUE) #r I') C toSet ((z, b, TRUE) #r T'') using toSet.simps wfTI by auto
thus <« ©; B; (2, b, TRUE) #r T’ bty ¢ using wfTI(8)[OF - ] wfTI wfX-wfY
by (simp add: wfG-cons-TRUFE)
qed
next
case (wfV-conspl s bv dclist © de x b' ¢ BbT v)
show ?case proof
show <AF-typedef-poly s bv dclist € set ©» using wfV-conspl by auto
show «(dc, { z : b’ | ¢ |}) € set dclisty using wfV-conspl by auto
show « ©; Bty b using wfV-conspl by auto
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show <atom bv § (0, B, T/, b, v)> using wfV-conspl by simp
show < ©; B; T by v @ b[bvi:=b]pp, » using wfV-conspl by auto
qed
qged(metis wf-intros)+

lemma wf-weakening2:
fixes I'::T" and T'’:T and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and B::B and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows
wfE-weakening: ©; ®; B; T ; Abyre: b= 0;BF,s "= toSet T' C toSet I'' = O; ¥;
B; TV, Abyype:band
wfS-weakening: ©; ®; B; T ; Abyps: b= 0; Bly,; "= toSet T C toSet I'' = ©O; ; 5;
I'; Abyys:band
©;P;B ;T ;A tid;de;thyfes: b= 0; Bl "= toSet T C toSet I'' = ©; P;
B; T A tid ; de; t oy cs: b and
©;P;8B ;T';A;tid; delist byyp css: b= 0; Bly; I'"= toSet T C toSet I'' = ©O; ®;
B; T A tid ; delist by css @ b and
O Fyyr (2:9) = True and
wfD-weakning: ©; B; ' by A = 0; Bl I = toSet ' C toSet T' = ©; B; ',y A
and
O;® Fyu,¢ ftg = True and
O;® ;Blyys ft = True
proof (nominal-induct
band b and b and b and ® and A and ftq and ft
avoiding: T/
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfFT.strong-induct)
case (wfE-appPI © ® BT A b bvov 7t fzbcs)
show ?case proof
show « © s ® ) using wfE-appPI by auto
show « ©; B; T'' -, A » using wfE-appPI by auto
show « ©; B F, ¢ b'» using wfE-appPI by auto
show <atom bv § (P, ©, B, T, A, b’, v, (b-of 7)[bv::=b"]y)> using wfE-appPI by auto
show («Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ z b ¢ T 8))) = lookup-fun ® f» using
wfE-appPI by auto
show « ©; B; T'' 5 v : b[bv::=b"]y » using wfE-appPI wf-weakeningl by auto
qed
next
case (wfS-letl © ® BT A eb' zsb)
show ?case proof(rule)
show « ©;® ; B;I'; Ablys e: b using wfS-let] by auto
have toSet ((z, b', TRUE) #r I') C toSet ((z, b', TRUE) #r I'') using wfS-let] by auto
thus <« © ; @ ; B; (z, b, TRUE) #r I''; Abyy s: by using wfS-letl by (meson wfG-cons
wfG-cons-TRUE wfS-wf)
show < ©; B; Tk, A » using wfS-let] by auto
show <atom z £ (®, ©, B, T/, A, e, b)) using wfS-let] by auto
qed
next
case (wfS-1et2 © ® BT A sl 7 xs2b)
show ?case proof
show < © ;& ; B;T'; Alyy sl : b-of 7> using wfS-let2] by auto
show « ©; B; TVt 7> using wfS-let2] wf-weakeningl by auto
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have toSet ((z, b-of 7, TRUE) #r T') C toSet ((z, b-of 7, TRUE) #r I'') using wfS-let2] by
auto
thus <« © ; & ; B; (z, b-of 7, TRUE) #r T'; Abyy s2: b using wfS-let?2l by (meson
wfG-cons wfG-cons-TRUE wfS-wf)
show <atom z § (®, ©, B, T/, A, s1, b, 7)» using wfS-let2] by auto
qed
next
case (wfS-varl © BT 1 vu ® A bs)
show ?case proof
show ©; B; I'' b 7 using wfS-varl wf-weakeningl by auto
show ©; B; I'' -,y v : b-of 7 using wfS-varl wf-weakeningl by auto
show atom u § (®, ©, B, T/, A, 7, v, b) wusing wfS-varl by auto
show © ; & ; B;T'; (u,7) #a A Fyyp s: b using wfS-varl by auto
qed
next
case (wfS-branchl © ® Bz 1 T A sb tid dc)
show ?case proof
have toSet ((x, b-of 7, TRUE) #r T') C toSet ((z, b-of 7, TRUE) #r T'') using wfS-branchl
by auto
thus < ©;® ; B; (z, b-of 7, TRUE) #r I'; Alyys s: b using wfS-branchl by (meson wfG-cons
wfG-cons-TRUE wfS-wf)
show <atom z § (®, ©, B, T/, A, T, 7)) using wfS-branchl by auto
show < ©; B; Tk, ; A » using wfS-branchl by auto
qed
next
case (wfS-finall © ® BT A tid dclist’ ¢s b dclist)
then show ?Zcase using wf-intros by metis
next
case (wfS-cons © ® BT A tid dclist’ cs b css dclist)
then show ?Zcase using wf-intros by metis
next
case (wfS-assert] © ® Bz cI' A sb)
show ?case proof(rule)
show < ©; B; T'" ks ¢» using wfS-assert] wf-weakeningl by auto
have ©; B F, (z, B-bool, ¢) #r I'' proof(rule wfG-consI)
show « ©; B ks I''» using wfS-assert] by auto
show <atom z § T’y using wfS-assert] by auto
show « ©; B I, B-bool » using wfS-assertl wfB-booll wfX-wfY by metis
have ©; B ks (z, B-bool, TRUE) #r I'’ proof
show (TRUE) € {TRUE, FALSE} by auto
show « ©; B F, s I'') using wfS-assert] by auto
show (atom z § Ty using wfS-assertl by auto
show « ©; By B-bool » using wfS-assert] wfB-booll wfX-wfY by metis
qed
thus « ©; B; (z, B-bool, TRUE) #r I'' Fyys ¢
using wf-weakeningl (2)[OF <« ©; B; I'' Fyyp ¢» < ©; B by (z, B-bool, TRUE) #r I''»] by
force
qed
thus « ©; ®; B; (z, B-bool, ¢) #r I''; A by s : b using wfS-assert] by fastforce
show < ©; B; Ik, A » using wfS-assert] by auto
show <atom z £ (®, ©, B, T, A, ¢, b, s)» using wfS-assert] by auto
qged

192



qed(metis wf-intros wf-weakeningl )+
lemmas wf-weakening = wf-weakeningl wf-weakening?

lemma wfV-weakening-cons:
fixes I'::I' and T'’:I" and v::v and c::c
assumes O; B; T b,y v: b and atom y § T and ©; B; ((y,b,TRUE) #r T') Fyy ¢
shows O; B; (y,b',c) #rI' Fyy v: b

proof —
have wfG © B ((y,b’,c) #rI') using wfG-intros2 assms by auto
moreover have toSet I' C toSet ((y,b’,c) #rl') using toSet.simps by auto
ultimately show ?thesis using wf-weakening using assms(1) by blast

qed

lemma wfG-cons-weakening:
fixes I'"::T°
assumes O; BF, s ((z, b, ¢) #rT')and O; Bt,; I'' and toSet ' C toSet I'' and atom z § I'’
shows ©; By ((z, b, ¢) #r ')
proof(cases ¢ € {TRUE,FALSE})
case True
then show ?thesis using wfG-wfB wfG-cons2l assms by auto
next
case Fulse
hence x:0; Bty I' ANatomz §T A ©; B; (2, b, TRUE) #r T Fyufc
using wfG-elims(2)[OF assms(1)] by auto
have a1:0; Bty (z, b, TRUE) #r I'' using wfG-wfB wfG-cons2I assms by simp
moreover have a2:toSet ((z, b, TRUE) #r T') C toSet ((z, b, TRUE) #r I'') using toSet.simps
assms by blast
moreover have O; Bt (z, b, TRUE) #r I' proof
show (TRUFE) € {TRUE, FALSE} by auto
show ©; B k., ¢ I'' using assms by auto
show atom z § T'' using assms by auto
show ©; B ¢ b using assms wfG-elims by metis
qed
hence ©; B; (z, b, TRUE) #r I'' ks c using wf-weakening al a2 * by auto
then show ?thesis using wfG-consiI[of ¢ © BT’ z b, OF False | wfG-wfB assms by simp
qed

lemma wfT-weakening-aux:
fixes I'::T" and T'’:T" and c:c
assumes O; B; T’ ks {z:b0]c} and ©; Bl,; I'" and toSet T' C toSet I'' and atom z § '’/
shows ©; B; T/ Fyyp {z:0]c|
proof
show <atom z £ (6, B, T'')»
using wf-supp wfX-wfY assms fresh-prodN fresh-def z-not-in-b-set wfG-fresh-r by metis
show < ©; Bty b using assms wfl-elims by metis
show « ©; B; (z, b, TRUE) #r I'" k., c» proof —
have x:0; B; (2,0, TRUE) #rI' by ¢ using wfT-wfC fresh-weakening assms by auto
moreover have a1:0; B+, (2, b, TRUE) #r I'/ using wfG-cons2I assms <©; B b, b by
simp
moreover have a2:toSet ((z, b, TRUE) #r T') C toSet ((z, b, TRUE) #r I'') using toSet.simps
assms by blast
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moreover have O; B ks (2, b, TRUE) #r I'' proof
show (TRUFE) € {TRUE, FALSE} by auto
show ©; B k. I'' using assms by auto
show atom z # '/ using assms by auto
show ©; B, b using assms wfT-elims by metis

qed

thus ?thesis using wf-weakening al a2 * by auto

qed
qed

lemma wfT-weakening-all:
fixes I':I' and T'’:I" and 7::7
assumes O; B; T F,; 7 and ©; B'F,; I''and toSet I' C toSet I'' and B |C| B’
shows ©; B ; I' by 7
using wb-b-weakening assms wfT-weakening by metis

lemma wfT-weakening-nil:
fixes I'::" and T'’:I" and 7::7
assumes O ; {||} ; GNil 7 and ©; B/, p T
shows ©; B’ ; I by 7
using wfT-weakening-all
using assms(1) assms(2) toSet.simps(1) by blast

lemma wfTh-wfT2:
fixes z::x and v::v and 7::7 and G:T'
assumes wfTh © and AF-typedef s dclist € set © and
(dc, T) € set dclist and © ; Bty G
shows supp 7 = {} and 7[z::=v|,, = 7 and wfT © B G 7
proof —
show supp 7 = {} proof(rule ccontr)
assume al: supp 7 # {}
have supp © # {} proof —
obtain dclist where dc: AF-typedef s dclist € set © A (de, T) € set dclist
using assms by auto
hence supp (de,7) # {}
using al by (simp add: supp-Pair)
hence supp dclist # {} using dc supp-list-member by auto
hence supp (AF-typedef s dclist) # {} using type-def.supp by auto
thus ?thesis using supp-list-member dc by auto
qed
thus Fulse using assms wfTh-supp by simp
qed
thus 7[z:=v|,, = 7 by (simp add: fresh-def)
have wfT © {||} GNil T using assms wfTh-wfT by auto
thus wfT © B G 7 using assms wfT-weakening-nil by simp
qed

lemma wf-d-weakening:
fixes I':T" and T'::T" and v::v and e::e and c::c and 7::7 and ts::(string=7) list and A::A and s::s
and B::B and ftq:fun-typ-q and ft::fun-typ and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows
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;0 B;T ;Abyre:b=0;B,Tt,; A= setD AC setD A'=0; ®; B; T'; A’k
e: band
©;0; BT ; Abyps:b=0;B; T Fyy A= setD A CsetD A'= 0; ®; B; T'; Al 5
s: band
©;P;B ;T ;A tid;de;t Fypes: b= 0;B;TFy; A= setD A C setD A’ = ©;
®; B; T ; A'; tid ; de s t Fyy cs: band
©;0;8B ;T ;A; tid; dclist by css: b= 0; B; 'y A’ = setD A C setD A' = ©;
®; B; ' ; A tid ; delist by css : b and
O Fyys (9:9) = True and
©; B; T Fywr A = True and
©;® Fyuy ftg = True and
O;® ;Blyys ft = True
proof (nominal-induct
band b and b and b and ® and A and ftq and ft
avoiding: A’
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF' TQ-wfF T . strong-induct)
case (wfE-vall © ® BT A v b)
then show ?case using wf-intros by metis
next
case (wfE-plusl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-legl © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-eql © ® BT A vl b v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-fstI © ® BT A vl bl b2)
then show ?Zcase using wf-intros by metis
next
case (wfE-sndl © ® BT A vl bl b2)
then show ?Zcase using wf-intros by metis
next
case (wfE-concat] © ® BT A vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfE-splitl © ® BT A vl v2)
then show ?case using wf-intros by metis
next
case (wfE-len] © ® BT A vl)
then show ?Zcase using wf-intros by metis
next
case (wfE-appl © @ BT A fxbcT sv)
then show ?case using wf-intros by metis
next
case (wfE-appPI © @ BT A b bvv T fzbcs)
show ?case proof(rule, (rule wfE-appPI)+)
show <atom bv § (P, ©, B, T, A, b, v, (b-of 7)[bv::=b")> using wfE-appPI by auto
show (Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ z b ¢ 7 8))) = lookup-fun ® f) using
wfE-appPI by auto
show « ©; B; T' by v @ blbv:=b" » using wfE-appPI by auto
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qged
next
case (wfE-mvarl © ® BT A u )
show ?case proof
show < © Ik, ®» using wfE-mvarl by auto
show < ©; B; T -,y A" using wfE-mvarl by auto
show «((u, 7) € setD A"y using wfE-mvarl by auto
qed
next
case (wfS-vall © ® BT v b A)
then show ?Zcase using wf-intros by metis
next
case (wfS-letI © ® BT A eb' zsb)
show ?case proof(rule)
show « ©; ®; B; T'; A’ 5 e : b using wfS-let] by auto
have ©; B Fy ¢ (z, b, TRUE) #r I' using wfG-cons2l wfX-wfY wfS-let] by metis
hence ©; B; (z, b/, TRUE) #r T ks A’ using wf-weakening2(6) wfS-letI by force
thus < © ;@ ; B; (z, b/, TRUE) #r T ; A'tFyy s: b using wfS-let] by metis
show <« ©; B; T' -,y A" using wfS-let] by auto
show <atom z { (®, ©, B, T', A/, e, b)) using wfS-let] by auto
qed
next
case (wfS-assertl © ® BxcT A sb)
show ?case proof
have O; B; (z, B-bool, ¢) #r I by A’ proof (rule wf-weakening2(6))
show « ©; B; I b,y A" using wfS-assert] by auto
next
show <« ©; B t s (z, B-bool, ¢) #r I' » using wfS-assert] wfX-wfY by metis
next
show <toSet T' C toSet ((z, B-bool, ¢) #r I')) using wfS-assert] by auto
qed
thus < ©; ®; B; (z, B-bool, ¢) #r I' ; A’ Fyy s : b using wfS-assert] wfX-wfY by metis
next
show « ©; B; I' |k, ¢ using wfS-assert] by auto
next
show « ©; B; T' b,y A" using wfS-assert] by auto
next
show <atom z § (@, ©, B, T', A/, ¢, b, s)» using wfS-assert] by auto
qged
next
case (wfS-let2] © ® BT A s1 7 z 52 b)
show ?case proof
show « ©; ®; B; T'; A’ b5 s1 : b-of 7 using wfS-let2] by auto
show « ©; B; I' Ik, 7 using wfS-let2] by auto
have ©; B s (z, b-of 7, TRUE) #r I' using wfG-cons2l wfX-wfY wfS-let2] by metis
hence ©; B; (z, b-of 7, TRUE) #r I' 5 A’ using wf-weakening2(6) wfS-let2] by force
thus <©;® ; B; (z, b-of 7, TRUE) #r ' ; A'Fyy s2 : b using wfS-let2] by metis
show <atom z § (®, ©, B, T', A/, s1, b,7)» using wfS-let2] by auto
qged
next
case (wfS-ifl © BT v ® A s1 b s2)
then show ?Zcase using wf-intros by metis
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next
case (wfS-varl © BT 7 vu ® A b s)
show ?case proof
show <« ©; B; I' ks 7 using wfS-varl by auto
show <« ©; B; I' by v : b-of 7 using wfS-varl by auto
show <atom u § (®, ©, B, T, A', 7, v, b)> using wfS-varl setD.simps by auto
have ©; B; T' by (u, 7) #a A’ using wfS-varl wfD-cons setD.simps u-fresh-d by metis
thus «©;® ;B;T; (u,7) #a A'Fyy s: b using wfS-varl setD.simps by blast
qed
next
case (wfS-assignl u T A © BT & v)
show ?case proof
show ((u, 7) € setD A"y using wfS-assignl setD.simps by auto
show ¢« ©; B; T' 5y A" using wfS-assignl by auto
show « © Ik ® using wfS-assignl by auto
show < ©; B; I' by v : b-of 7> using wfS-assign! by auto
ged
next
case (wfS-whilel © ® BT A s1 52 b)
then show ?Zcase using wf-intros by metis
next
case (wfS-seql © ® BT A sl s2b)
then show ?case using wf-intros by metis
next
case (wfS-matchl © BT v tid dclist A ® cs b)
then show ?Zcase using wf-intros by metis
next
case (wfS-branchl © ® Bz 7 T' A s b tid dc)
show ?case proof
have ©; B F,; (z, b-of 7, TRUE) #r I' using wfG-cons2l wfX-wfY wfS-branchl by metis
hence ©; B; (z, b-of 7, TRUE) #r I by A’ using wf-weakening?2(6) wfS-branchl by force
thus <©;® ; B; (z, b-of 7, TRUE) #r ' ; A'Fyys s: b using wfS-branchl by simp
show <« atom z § (®, ©, B, T, A, T, 7)) using wfS-branchl by auto
show < ©; B; T 5 A"» using wfS-branchl by auto
qed
next
case (wfS-finall © ® BT A tid dclist’ cs b dclist)
then show ?Zcase using wf-intros by metis
next
case (wfS-cons © ® BT A tid dclist’ cs b css dclist)
then show ?Zcase using wf-intros by metis
qged(auto+)

8.15 Useful well-formedness instances

Well-formedness for particular constructs that we will need later

lemma wfC-e-eq:

fixes ce::ce and T'::T’

assumes O ; B ;' Fyy ce: band atomaz g

shows © ; B; ((z, b, TRUE) #r T) Fus (CE-val (V-var z) == ce)
proof —
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have ©; B -, ¢ b using assms wfX-wfB by auto
hence wbg: ©; B ¢ I' using wfX-wfY assms by auto
show ?thesis proof
show «:0 ; B; (2, b, TRUE) #r ' Fyy CE-val (V-varz) : b
proof (rule)
show © ; B; (z, b, TRUE) #r T Fyy V-var z : b proof
show © ; Bty (z, b, TRUE) #r I’ using wfG-cons2I wfX-wfY assms «<O; B by b by auto
show Some (b, TRUE) = lookup ((z, b, TRUE) #r T') z using lookup.simps by auto
qed
qed
show © ; B; (z, b, TRUE) #r T Fypce:bd
using assms wf-weakeningl (8)[OF assms(1), of (z, b, TRUE) #r I' ] % toSet.simps wfX-wfY
by (metis Un-subset-iff equalityFE)
qed
qed

lemma wfC-e-eq2:
fixes el::ce and e2::ce
assumes © ;B;I'Fy,pel :b and © ;B;I'F,re2:b and F,y © and atom 2z § I
shows O; B; (z, b, (CE-val (V-var z)) == el) #r ' Fyy (CE-val (V-var z)) == e2
proof (rule wfC-eql)
have *x: ©; B F,r (z, b, CE-val (V-var ) == el ) #r I proof(rule wfG-consiI )
show (CE-val (V-var ) == el ) ¢ {TRUE, FALSE} by auto
show ©; B I, I' using assms wfX-wfY by metis
show x:atom z # T’ using assms by auto

show ©; B; (z, b, TRUE) #r I' Fyus CE-val (V-var z) == el using wfC-e-eq assms * by auto
show ©; B+, b using assms wfX-wfB by auto
qged
show ©; B; (z, b, CE-val (V-var z) == el ) #r ' Fyy CE-val (V-var z) : b using assms x*
wfCE-vall wfV-varl by auto
show ©; B; (z, b, CE-val (V-var ©) == el ) #r ' by e2 : b proof(rule wf-weakening1(8))
show ©; B; I' -, ¢ €2 : b using assms by auto
show ©; B F, (z, b, CE-val (V-var x) == el ) #r I using * by auto
show toSet T' C toSet ((z, b, CE-val (V-var ) == el ) #r I') by auto
qed
qed

lemma wfT-wfT-if-rev:
assumes wfV P BT v (base-for-lit l) and wfT P BT t and <atom 21 § T
shows wfT P BT ({ 21 : b-of t | CE-val v == CE-val (V-lit [) IMP (c-of t z1) [})
proof
show < P; B ¢ b-of t ) using wfX-wfY assms by meson
have wfg: P; B Fyf (21, b-of t, TRUE) #rv T using assms wfV-wf wfG-cons2I wfX-wfY
by (meson wfG-cons-TRUE)
show ¢« P; B ; (21, b-of t, TRUE) #r ' Fyyplv]® == [[1]"]*® IMP c-oftz1 > proof
show *: < P; B ; (21, b-of t, TRUE) #r T Fyr[v]®® == [[1]V] >
proof (rule wfC-eql [where b=base-for-lit ])
show P; B ; (21, b-of t, TRUE) #r I Fyy [ v]° : base-for-lit |
using assms wf-intros wf-weakening wfg by (meson wfV-weakening-cons)
show P; B ; (21, b-of t, TRUE) #r T Fyy [ [ 1]V ]°° : base-for-lit | using wfg assms wf-intros
wf-weakening wfV-weakening-cons by meson
qed
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have t = { z1 : b-of t | c-of t z1 |} using c-of-eq
using assms(2) assms(3) b-of-c-of-eq wfT-z-fresh by auto
thus < P; B; (21, b-of t, TRUE) #r I' tyu5 c-of t 21 » using wfT-wfC assms wfG-elims * by
stmp
qed
show <atom z1 § (P, B, T')» using assms wfG-fresh-z wfX-wfY by metis
qed

lemma wfT-eg-imp:
fixes zz::z and [l::] and 7'::7
assumes base-for-lit Il = B-bool and © ; {||} ; GNil -,y 7" and
© ; {||} Fwy (z, b-of { 2’ : B-bool | TRUE |}, c-of { 2z’ : B-bool | TRUE |} z) #r GNil and
atom zz §
shows © ; {||} ; (z, b-of { 2’ : B-bool | TRUE |}, c-of { z': B-bool | TRUE |} ) #r
GNil bFyp{zz:bof 7/ |[[z]V]® == [[U]"]*® IMP c-of 7’2z |}
proof (rule wfT-wfT-if-rev)
show < © ; {||} ; (z, b-of { 2’ : B-bool | TRUE |}, c-of { z’: B-bool | TRUE |} ) #r GNil by [z
1” : base-for-lit 1l »
using wfV-varl lookup.simps base-for-lit.simps assms by simp
show « © ; {||} ; (z, b-of { 2’ : B-bool | TRUE |}, c-of { 2z’ : B-bool | TRUE |} ) #r GNil by
7'
using wf-weakening assms toSet.simps by auto
show <atom zz § (z, b-of { 2z’ : B-bool | TRUE |}, c-of { z': B-bool | TRUE |} =) #r GNil»
unfolding fresh-GCons fresh-prod3 b-of .simps c-of-true
using z-fresh-b fresh-GNil c-of-true c.fresh assms by metis
qed

lemma wfC-v-eq:
fixes ce::ce and I'::I" and v::v
assumes O ; B; I Fy,rv:band atomz f I
shows O ; B; ((z, b, TRUE) #r T') Fuwy (CE-val (V-var ) == CE-val v )
using wfC-e-eq wfCE-vall assms wfX-wfY by auto

lemma wfT-e-eq:
fixes ce::ce
assumes O ; B ;I ce: band atom 2z § I’
shows ©; B; T' k¢ { 2z : b | CE-val (V-var z) == ce |}
proof
show O; B k¢ b using wfX-wfB assms by auto
show atom z § (0, B, I') using assms wfG-fresh-x wfX-wfY by metis

show © ; B; (2, b, TRUE) #r ' Fy5 CE-val (V-var z) == ce
using wfTI wfC-e-eq assms wfTI by auto
qed

lemma wfT-v-eq:
assumes wfB © B band wfV © BT v band atom z § T’
shows wfT © BT { z: b | C-eq (CE-val (V-var z)) (CE-val v)}
using wfT-e-eq wfE-vall assms wfX-wfY
by (simp add: wfCE-vall)

lemma wfC-wfG:
fixes I'::I' and c::c and b::b
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assumes O ; B; ', cand © ; B k5 band atomz § T
shows O ; Bty (z,b,c)#r T

proof —
have O ; B 5 (2, b, TRUE) #r T using wfG-cons2l assms wfX-wfY by fast
hence © ; B; (z, b, TRUE) #r T' ks ¢ using wfC-weakening assms by force
thus “thesis using wfG-consl assms wfX-wfY by metis

qed

8.16 Replacing the constraint on a variable in a context

lemma wfG-cons-fresh2:
fixes I'"::T
assumes wfG P B (( (z';b',¢") #r T'Q (z, b, ¢) #r I))
shows z'#zx
proof —
have atom z’ § (T @ (2, b, ¢) #r T)
using assms wfG-elims(2) by blast
thus ?thesis
using fresh-gamma-append|of atom x’' T (z, b, ¢) F#r I'| fresh-GCons fresh-prod3[of atom z' z b (]
by auto
qed

lemma replace-in-g-inside:

fixes I'::T

assumes wfG P B (I''Q((z,b0,c0") #rT))

shows replace-in-g (T'Q((z,b0,c0") #rT)) z c0 = (T'Q((z,b0,c0) #rI"))
using assms proof (induct T/ rule: T-induct)

case GNil

then show ?case using replace-in-g.simps by auto
next

case (GCons z' b' ¢’ T'")

hence P; B by ((z/, 0/, ¢') #r (IQ (z, b0, c0') #r T')) by simp

hence z # z’ using wfG-cons-fresh2 by metis

then show Zcase using replace-in-g.simps GCons by (simp add: wfG-cons)
qed

lemma wfG-supp-rig-eq:

fixes I'::T

assumes wfG P B (T @ (z, b0, c0) #r T) and wfG P B (I'" @ (z, b0, c0') #r T)

shows supp (I'" Q (z, b0, c0’) #r ') U supp B = supp (I'" @ (z, b0, c0) #r T') U supp B
using assms proof (induct T'")

case GNil

have supp (GNil Q (z, b0, c0') #r T) U supp B = supp ((z, b0, c0’) #r T') U supp B using
supp-Cons supp-GNil by auto

also have ... = supp z U supp b0 U supp c0’' U supp T' U supp B using supp-GCons by auto

also have ... = supp = U supp b0 U supp c0 U supp I' U supp B wusing GNil wfG-wfC[THEN
wfC-supp-cons(2) | by fastforce

also have ... = (supp ((z, b0, c0) #r I')) U supp B using supp-GCons by auto

finally have supp (GNil Q (z, b0, c0’) #r T') U supp B = supp (GNil Q (z, b0, c0) #r T') U supp
B using supp-Cons supp-GNil by auto

then show ?case using supp-GCons wfG-cons2 by auto
next
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case (GCons zbc T'1)

moreover have (zbc #r T'1) Q (z, b0, c0) #r T = (xbc #r (T'1 Q (z, b0, c0) #r T')) by simp

moreover have (zbc #r I'1) @ (z, b0, c0') #r T' = (zbc #r (I'1 Q (z, b0, c0') #r T)) by
simp

ultimately have (P; B F,;I'1 Q ((z, b0, c0) #rT)) A P;B Fuwy 'l @ ((z, 00, c0') #r T)
using wfG-cons2 by metis

thus ?case using GCons supp-GCons by auto
qed

lemma fresh-replace-inside[ms-fresh):
fixes y::x and I'::T"
assumes wfG P B (I'"Q (z,b, ¢) #r T)and wfG P B (I'"Q (z, b, ¢/) #r )
shows atom y § (" Q (z, b, ¢) #r ') = atom y § (T Q (z, b, ¢/) #r T)
unfolding fresh-def using wfG-supp-rig-eq assms z-not-in-b-set by fast

lemma wf-replace-insidel :
fixes I'::" and @::® and ©::0 and TI'’:I" and v::v and e::e and c::c and ¢'"::c and c¢”:c and 7::7
and ts:(stringt) list and A::A and b”":b and b::b and s:s
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s and css::branch-list

shows wfV-replace-inside: ©; B; G tyrv:b' = G= (I''Q (z,b, ¢') #rT') = ©; B; ((¢,b, TRUE)
#r)Fprec=0; B;(I'"Q (z,b,¢) #rT)Fywsv:b and
wfC-replace-inside: ©; B; G Fyyp ¢ = G = (I"Q (2, b, ¢/) #r T) = ©; B; ((z,b,TRUE)
#rD)Fyre=0; B;(I'Q (z,b,¢) #rT)Fys ¢’ and
wfG-replace-inside: ©; Bty G = G = (I'Q (2, b, ¢/) #r ') = 0O; B; ((z,b, TRUE) #rT)
Fwfc= ©;BlFyuy (I"Q (2,0, ¢) #r ') and
wfT-replace-inside: ©; B; G by 7= G = (I''Q (2, b, ¢) #rT) = ©; B; ((2,b, TRUE) #rT")
Forec= ©; B;T'Q(z,b,¢c) #rT)kFys 7and
0; B;T' s ts = True and
Fwf P = True and
©; Bbys b = True and
wfCE-replace-inside: © ; B ; G Fyfpce: b = G = (I'Q (2,0, ¢) #r T) = 0O; B;
((2,6,TRUE) #1I') byg c = ©; B; (T Q (z, b, ¢) #r ) Fyy ce: b’ and
O Fyrtd = True
proof (nominal-induct
b’and c¢” and G and 7 and ¢s and P and b and b’ and td
avoiding: T ¢’
rule:wfV-wfC-wfG-wf T-wfTs-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-varl © BT2 b2 c2 x2)
then show Zcase using wf-intros by (metis lookup-in-rig-eq lookup-in-rig-neq replace-in-g-inside)
next
case (wfV-conspl s bv delist © dc z1 b’ ¢l B b1 T'1 v)
show ?case proof
show <A F-typedef-poly s bu dclist € set ©» using wfV-conspl by auto
show «(dec, { z1 : b" | c1 |}) € set dclist> using wfV-conspl by auto
show « © ; Bty b1 » using wfV-conspl by auto
show x: « ©; B; IV Q (z, b, ¢) #r I' bFyy v b[bui=0b1]yp > using wfV-conspl by auto
moreover have O; B F,; I''Q (z, b, ¢/) #r I' using wfV-wf wfV-conspl by simp
ultimately have atom bv § T/ Q (z, b, ¢) #r I’ unfolding fresh-def using wfV-wf wfG-supp-rig-eq
wfV-conspl
by (metis Un-iff fresh-def)
thus <atom bv £ (0, B, T’ Q (x, b, ¢) #r T, b1, v)
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unfolding fresh-prodN using fresh-prodN wfV-conspl by metis
qged
next
case (wfTl 2 © B G b1 cl)
show ?case proof
show « ©; B k¢ b1 » using wfTl by auto

have ©; By (z, b, ¢) #r T’ using wfG-cons] wfTI wfG-cons wfX-wfY by metis
moreover hence x:wfG © B (T''Q (z, b, ¢) #r I') using wfX-wfY

by (metis append-g.simps(2) wfG-cons2 wfTI.hyps wfTI.prems(1) wfTI.prems(2))
hence «atom z § TV Q (z, b, ¢) #r Ib

using fresh-replace-inside[of © BT/ z b ¢ T ¢’ 2,0F x| wfTI wfX-wfY wfG-elims by metis
thus <atom z § (©, B, T/ @ (z, b, ¢) #r I')» using wfG-fresh-z[OF *] by auto

have (z, b1, TRUE) #r G = ((2, b1, TRUE) #rT') Q (2, b, ¢') #r T
using wfTI append-g.simps by metis
thus < ©; B; (2, b1, TRUE) #r ' Q (z,b,¢) #r T Fyycl>
using wfTI(9)[OF - wfTI(11)] by fastforce
qed
next
case (wfG-nill ©)
hence GNil = (x, b, ¢/) #r T using append-g.simps T.distinct GNil-append by auto
hence Fulse using I'.distinct by auto
then show ?Zcase by auto
next
case (wfG-consll c1 © B G z1 b1)
show ?case proof(cases I''=GNil)
case True
then show ?thesis using wfG-cons1l wfG-consl by auto
next
case Fulse
then obtain G':T" where x:(z1, b1, c1) #r G'=T'using wfG-cons1I wfG-cons1I(7) GCons-eq-append-conv
by auto
hence xx: G = G’ Q (z, b, ¢/) #r T using wfG-consil by auto
hence ©; B F,; G' Q@ (z, b, ¢) #r I' using wfG-consil by auto
have ©; B ks (21, b1, c1) #r G'Q (z, b, ¢) #r T proof(rule Wellformed.wfG-cons1I)
show c1 ¢ {TRUE, FALSE} using wfG-cons1I by auto
show ©; B F,¢ G'Q (z, b, ¢) #r ' using wfG-cons1I(3)[of G',OF sx| wfG-cons1I by auto
show atom z1 § G’ Q (z, b, ¢) #r T' using wfG-consll * *x fresh-replace-inside by metis
show ©; B; (z1, b1, TRUE) #r G'Q (z, b, ¢) #r ' Fyy cl using wfG-cons1I(6)[of (z1, b1,
TRUE) #r G'] wfG-cons1l xx by auto
show O; B -,y b1 using wfG-cons1l by auto
qed
thus ?thesis using * by auto
qed
next
case (wfG-cons2l c1 © B G z1 b1)
show ?case proof(cases T''=GNil)
case True
then show ?thesis using wfG-cons2I wfG-consl by auto
next
case Fulse
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then obtain G':T" where x:(z1, b1, c1) #r G’ =T using wfG-cons2I GCons-eq-append-conv
by auto

hence xx: G = G’ Q (z, b, ¢/) #r T using wfG-cons2I by auto

moreover have O; B,y G'Q (z, b, ¢) #r I using wfG-cons2I * %+ by auto

moreover hence atom z1 § G’ Q (z, b, ¢) #r T using wfG-cons2l % xx fresh-replace-inside by
metis

ultimately show ?thesis using Wellformed.wfG-cons2I[OF wfG-cons2I(1), of © B G'Q (z, b, c)
#r Tzl b1] wfG-cons2l * xx by auto

qed

qed(metis wf-intros )+

lemma wf-replace-inside2:
fixes I'::T" and @::® and ©::0 and T'’:T" and v::v and e::e and c::c and ¢'"::c and c¢”:c and 7::7
and ts:(string=T) list and A::A and b”:b and b::b and s::s
and ftq:: fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s and css::branch-list
shows
©:;d; B;G:;D l—wf e:b'= G= T'Q (2, b, ¢ #r T) = ©; B; ((2,b, TRUE) #rT)
l—u,fc:> ;@5 B ('@ (z,b,¢) #rT); Dbyype: b’ and
O; F Ahufszb:>Trueand
O; s Dy A tid s de s thyy cs: b= True and
O; s Iy A tid 5 dclist =y css @ b = True and
() l—wf 2 True and
;B G Fyyf A= G= (I"Q(z,b,¢) #rT) = 06; B; ((¢,b,TRUE) #rT') Fyyy ¢ = O ;
r'a (l‘, s C) #1’* F) wa A and
(C] Fuws ftg = True and
©;® ;Blyy ft = True
proof (nominal-induct
b'and b and b and b and ® and A and fiq and ft
avoiding: T/ ¢’
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfF T .strong-induct)
case (wfE-vall © ® BT A v b)
then show ?Zcase using wf-replace-insidel Wellformed.wfE-vall by auto
next
case (wfE-plusl © ® BT A vl v2)
then show ?case using wf-replace-insidel Wellformed.wfE-plusl by auto
next
case (wfE-legl © ® BT A vl v2)
then show ?Zcase using wf-replace-insidel Wellformed.wfE-leql by auto
next
case (wfE-eql © ® BT A vl b v2)
then show ?case using wf-replace-insidel Wellformed.wfE-eql by metis
next
case (wfE-fstI © ® BT A vl bl b2)
then show ?case using wf-replace-insidel Wellformed.wfE-fstl by metis
next
case (wfE-sndl © ® BT A vl b1 b2)
then show ?case using wf-replace-insidel Wellformed.wfE-sndl by metis
next
case (wfE-concat]l © ® BT A vl v2)
then show ?case using wf-replace-insidel Wellformed.wfE-concatl by auto

next
case (wfE-splitl © ® BT A vl v2)

oA
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then show ?case using wf-replace-insidel Wellformed.wfE-split] by auto
next
case (wfE-len] © ® BT A vl)
then show ?case using wf-replace-insidel Wellformed.wfE-lenl by metis
next
case (wfE-appl © ® BT A fzbcT sv)
then show ?case using wf-replace-insidel Wellformed.wfE-appl by metis
next
case (wfE-appPI © ® BT A b  bvv T fzl bl cl s)
show ?case proof
show < © Ik, ®» using wfE-appPI by auto
show < ©; B; T/ Q (z, b, ¢) #r I Fwy A using wfE-appPI by auto
show < ©; B t,; b’ using wfE-appPI by auto
show *:« ©; B; IV Q (z, b, ¢) #r I Fywy v: b1[bv:=b"] » using wfE-appPI wf-replace-insidel by
auto

moreover have ©; B F,; 'V Q (z, b, ¢/) #r I using wfV-wf wfE-appPI by metis
ultimately have atom bv § T/ Q (z, b, ¢) #r T
unfolding fresh-def using wfV-wf wfG-supp-rig-eq wfE-appPI Un-iff fresh-def by metis

thus <atom bv § (®, 0, B, T/ Q (2, b, ¢) #r T, A, b, v, (b-of 7)[bv::=b"p)»
using wfE-appPI fresh-prodN by metis
show «Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x1 b1 c1 7 s))) = lookup-fun ® f) using
wfE-appPI by auto
qed
next
case (wfE-mvarl © ® BT A u 1)
then show ?case using wf-replace-insidel Wellformed.wfE-mvarl by metis
next
case (wfD-emptyl © B T)
then show ?case using wf-replace-insidel Wellformed.wfD-emptyl by metis
next
case (wfD-cons © BT A 7 u)
then show ?case using wf-replace-insidel Wellformed.wfD-emptyl
by (simp add: wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfFT.wfD-cons)
next
case (wfFTNone © @ ft)
then show ?Zcase using wf-replace-insidel Wellformed.wfD-emptyl by metis
next
case (wfFTSome © ® bv fi)
then show ?case using wf-replace-insidel Wellformed.wfD-emptyl by metis
qged(auto)

lemmas wf-replace-inside = wf-replace-insidel wf-replace-inside2

lemma wfC-replace-cons:
assumes wfG P B ((z,b,c1) #rI') and wfC P B ((z,b,TRUE) #rI") c2
shows wfC' P B ((z,b,c1) #rT) ¢2
proof —
have wfC P B (GNil@Q((x,b,c1) #rTI')) ¢2 proof(rule wf-replace-insidel (2))
show P; B ; (z, b, TRUE) #r T Fys ¢2 using wfG-elim2 assms by auto
show «(z, b, TRUE) #r I' = GNil Q (z, b, TRUE) #r I') using append-g.simps by auto
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show <P; B ; (z, b, TRUE) #r I' Fyyp cl » using wfG-elim2 assms by auto
qged
thus ?thesis using append-g.simps by auto
qed

lemma wfC-refi:
assumes wfG © B ((z, b, ¢/) #rT)
shows wfC © B ((z, b, ¢’) #rT') ¢’
using wfG-wfC assms wfC-replace-cons by auto

lemma wfG-wfC-inside:
assumes (z, b, ¢) € toSet G and wfG © B G
shows wfC © B G ¢
using assms proof (induct G rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b’ ¢' T)
then consider (hd) (z, b, ¢) = (z',b",¢’) | (tail) (z, b, ¢) € toSet T'' using toSet.simps by auto
then show Zcase proof(cases)
case hd
then show ?thesis using GCons wf-weakening
by (metis wfC-replace-cons wfG-cons-wfC)
next
case tail
then show ?thesis using GCons wf-weakening
by (metis insert-iff insert-is-Un subsetl toSet.simps(2) wfG-cons2)
qged
qed

lemma wfT-wf-cons3:
assumes O; B; T' ¢ { 2: 0| ¢ | and atom y § (¢,I')
shows ©; By (y, b, c[zn=V-var yle,) #r T

proof —
have {z:b|c}t={y:b] (y+ 2) - c| using type-eq-flip assms by auto
moreover hence (y < 2) - ¢ = c[z::=V-var y|., using assms subst-v-c-def by auto
ultimately have { z: b | c} ={ y: b| c[z::i=V-var yle, |} by metis
thus ?thesis using assms wfT-wf-cons[of © B T y b] fresh-Pair by metis

qed

lemma wfT-wfC-cons:

assumes wfT PBT {z1 :b | cl fand wfTPBT {22:0b | c2| and atom z § (cI,c2,T)

shows wfC' P B ((z,b,c1[z1::=V-var z],) #rT') (c2[22::=V-var z],) (is wfC P B ?G %c)
proof —

have eg: { 22 :b | c2 = { z:b| c2[22:=V-var z]., |} using type-eq-subst assms fresh-prod3 by
stmp

have eq2: {21 : b | cl [} ={ z:b| cl[zl:=V-var x]., | using type-eq-subst assms fresh-prod3 by
stmp

moreover have wfT P BT { z:b | cl[zl:=V-var x|, |} using assms eq2 by auto

moreover hence wfG P B ((z,b,c1[z1::=V-var z].,) #rI') using wfT-wf-cons fresh-prod3 assms by
auto

moreover have wfT P BT { z:b | c2[22:=V-var z]., |} using assms eq by auto
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moreover hence wfC P B ((z,b, TRUE) #rI') (c2[22::=V-var z].,) using wfT-wfC assms fresh-prod3
by simp

ultimately show ?thesis using wfC-replace-cons subst-v-c-def by simp
qed

lemma wfT-wfC2:
fixes c::c and z::z
assumes O; B; Ty, {z: 0| c | and atomz § T
shows O; B; (2,0, TRUE)#rT Fyy clzi=[z]"]y
proof(cases z=z)
case True
then show ?thesis using wfT-wfC assms by auto
next
case Fulse
hence atom z § ¢ using wfT-fresh-c assms by metis
hence { z:b | clzz=[z ]y f={2:0]|c]
using 7.eq-iff Absi-eq-iff (3)[of x c[z:=[ z |"], 2 ]
by (metis flip-subst-v type-eq-flip)
hence ©; B;T' by {z:0b | clzi=[2z]"], [ using assms by metis
thus ?thesis using wfT-wfC assms by auto
qed

lemma wfT-wfG:
fixes z::x and I'::T" and z::z and c::c and b::b
assumes O; B; T k¢ { z: 0| ¢ | and atom z § T
shows ©; Bt (z,b, c[zi=[ 2 ]"],) #r T
proof —
have ©; B; (z, b, TRUE) #r T' Fyy clzi:=[ z |"], using wfT-wfC2 assms by metis
thus ?thesis using wfG-consl assms wfT-wfB b-of .simps wfX-wfY by metis
qed

lemma wfG-replace-inside2:
fixes I'::T
assumes wfG P B (I @ (z, b, ¢/) #r T') and wfG P B ((z,b,¢) #rI)
shows wfG P B (I'" Q (z, b, ¢) #r I

proof —
have wfC P B ((z,b,TRUE) #rT') ¢ using wfG-wfC assms by auto
thus ?thesis using wf-replace-inside! (3)[OF assms(1)] by auto

qed

lemma wfG-replace-inside-full:
fixes I'::T"
assumes wfG P B (I @Q (z, b, ¢/) #r I') and wfG P B (I''Q((z,b,c) #rI"))
shows wfG P B (I'" Q (z, b, ¢) #r I
proof —
have wfG P B ((z,b,c) #rI') using wfG-suffiz assms by auto
thus ?thesis using wfG-replace-inside assms by auto
qed

lemma wfT-replace-inside2:

assumes wfT © B (I Q (z, b, ¢/) #r I') t and wfG © B (I''Q((z,b,c) #rI'))
shows wfT © B (I Q (z,b,¢) #r )t
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proof —
have wfG © B (((x,b,c) #rI')) using wfG-suffiz assms by auto
hence wfC © B ((z,b,TRUE) #rI') ¢ using wfG-wfC by auto
thus “thesis using wf-replace-inside assms by metis

qed

lemma wfD-unique:
assumes wfD P BT A and (u,7’) € setD A and (u,7) € setD A
shows 7'=1
using assms proof(induct A rule: A-induct)
case DNil
then show ?case by auto
next
case (DCons u' t' D)
hence x: wfD P BT ((u',t') #a D) using Cons by auto
show ?case proof(cases u=u')
case True
then have u ¢ fst ‘ setD D using wfD-elims * by blast
then show ?thesis using DCons by force
next
case Fulse
then show ?thesis using DCons wfD-elims = by (metis fst-conv setD-ConsD)
qged
qed

lemma replace-in-g-forget:
fixes z::z
assumes wfG P B G
shows atom z ¢ atom-dom G = (Glz—¢]) = G and
atom z ff G = (Gz—c]) = G
proof —
show atom = ¢ atom-dom G = Glz—c] = G by (induct G rule: T'-induct,auto)
thus atom z § G = (Glz—c]) = G using wfG-z-fresh assms by simp
qed

lemma replace-in-g-fresh-single:
fixes G::I" and z::z
assumes <O; B b, ¢ Glz'—c"]) and atom = § G and ©; Bty G
shows atom z § G[z'—c"
using rig-dom-eq wfG-dom-supp assms fresh-def atom-dom.simps dom.simps by metis

8.17 Preservation of well-formedness under substitution

lemma wfC-cons-switch:
fixes c::c and c’:c
assumes O; B; (z, b, ¢) #r ' Fyup ¢’
shows ©; B; (z, b, ¢/) #r T Fuyc
proof —
have «:0; BF,; (z, b, ¢) #r T using wfC-wf assms by auto
hence atom z § I' A wfG © BT A ©; B k¢ b using wfG-cons by auto
hence ©; B; (z, b, TRUE) #r I' Fy; TRUE using wfC-truel wfG-cons2l by simp
hence ©; B;(z, b, TRUE) #r T’ Fyup ¢’
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using wf-replace-inside1 (2)[of © B (z, b, ¢) #r T ¢’ GNil x b ¢ T TRUE] assms by auto
hence wfG © B ((z,b,c’) #rI') using wf-replace-insidel (3)[OF x, of GNil z b ¢ T' ¢/] by auto
moreover have wfC © B ((z,b,TRUE) #rT') ¢ proof(cases ¢ € { TRUE, FALSE })
case True
have ©; Blys T' Aatomz § T A ©; B ly5 b using wfG-elims(2)[OF *] by auto
hence ©; B+, (z,0,TRUE) #r T using wfG-cons-TRUE by auto
then show ?thesis using wfC-truel wfC-falsel True by auto
next
case Fulse
then show ?Zthesis using wfG-elims(2)[OF *] by auto
qed
ultimately show ?thesis using wfC-replace-cons by auto
qed

lemma subst-g-inside-simple:
fixes I'1::I' and I's::T
assumes wfG P B (T'1Q((z,b,¢) #rI'2))
shows (I'1Q((z,b,¢) #rI'2))[z::=v]r, = I'1[z::=0]|r, Q5
using assms proof (induct T'y rule: T-induct)
case GNil
then show ?Zcase using subst-gv.simps by simp
next
case (GCons z' b’ ¢’ G)
hence «:P; B by (2/, 0, ¢/) #r (G Q (z, b, ¢) #r I'2) by auto
hence z#z’
using GCons append-Cons wfG-cons-fresh2[OF %] by auto
hence ((GCons (z/, b’, ¢') G) @ (GCons (x, b, ¢) Ty))[x::=v|r, =
(GCons (z', b', ¢") (G @ (GCons (z, b, ¢) T'a)))[z::=v]r, by auto
also have ... = GCons (2, b', ¢'[x::=0]cy) (G @ (GCons (z, b, ¢) T'2))[z:=v|ry)
using subst-guv.simps <xF£z"y by simp
also have ... = (z/, b/, ¢/[z:=v]cy) #r (Glz::=v|r, @ Ty) using GCons x wfG-elims by metis
also have ... = ((z/, b/, ¢/) #r G)[z:=v|r, @ T3 using subst-gv.simps <x£x’> by simp
finally show ?case by blast
qed

lemma subst-c-TRUE-FALSE:
fixes c:c
assumes ¢ ¢ {TRUE,FALSE}
shows c[z:=v"]., ¢ {TRUE, FALSE}

using assms by (nominal-induct ¢ rule:c.strong-induct,auto simp add: subst-cv.simps)

lemma lookup-subst:
assumes Some (b, ¢) = lookup T z and = # '
shows J¢’. Some (b,¢’) = lookup Tz":=v"|r, z
using assms proof (induct T rule: T-induct)
case GNil
then show ?Zcase by auto
next
case (GCons x1 b1 ¢1 T'1)
then show ?case proof(cases x1=x")
case True
then show ?thesis using subst-gv.simps GCons by auto

208



next
case Fulse
hence *:((z1, b1, c1) #r T'l)[z"=:=vr, = ((z1, b1, cl[z’:=0")cp) F#r T'l[z":=v']r,) using
subst-gv.simps by auto
then show ?thesis proof(cases ©1=x)
case True
then show ?thesis using lookup.simps *
using GCons.prems(1) by auto
next
case Fulse
then show ?Zthesis using lookup.simps *
using GCons.prems(1) by (simp add: GCons.hyps assms(2))
qed
qed
qed

lemma lookup-subst2:
assumes Some (b, ¢) = lookup (I''Q((z',b1,c0[20::=[z"]"]cv)#r]")) = and z # z’ and
©; B Fyr (T'Q((27,b1,c0[20::=[2"]"]co ) #rT))
shows 3 ¢’. Some (b,¢’) = lookup (I''[z":=v'|p,QL") z
using assms lookup-subst subst-g-inside by metis

lemma wf-subst1:
fixes I':T" and I'’:T" and v::v and e::e and c::c and 7::7 and ts::(string+7) list and A:A and b::b
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def

shows wfV-subst: ©; B; T' Fyp v b = I'=IQ((z,b",¢') #rT'2) = ©; By Fyyp v' 1 b =
©; B ;T[z:=vry Fuwy v[zi=0v"y, : b and
wfC-subst: ©; B; T k5 ¢ = I'=T1Q((z,b,¢') #rT'2) = ©; B; Ty by v’ b = ©;
B; Tz:=v'py Fuwy clzi=v"., and
wfG-subst: ©; By T = I'=I"Q((z,b,¢') #r['2) = ©; B ;Tabyy v’ : b =
©; Bty Ilz:=vr, and
wfT-subst: ©; B; T' Foyp 7 = I'=IQ((z,b",¢') #1'2) = 6; B ;Tobyy v’ 1 b/ =

©; B; T'[z:=v"lpy Fuy 7Tlz:=2";, and
O; B; I' ¢ ts = True and
Fwf © = True and
©; BlFywy b = True and
wfCE-subst: ©; B; T by ce: b = I'=I'1Q((z,b',¢') #rT'2) = ©; B ;To by v’ b =
©; B ;T[zu:=vry Fws ce[z:=0v"ce, : band
O Fyrtd = True
proof (nominal-induct
band cand I" and 7 and ¢ts and © and b and b and td
avoiding: T v’
arbitrary: 'y and I'y and T'; and T'y and T'y and T'y and I'y and 'y and I'; and T'; and T4
and I'y and I'; and I'; and I'; and 'y
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-varl © BT bl cl z1)

show ?Zcase proof(cases x1=z)
case True
hence (V-var z1)[z::=v"],, = v’ using subst-vv.simps by auto
moreover have b’ = b1 using wfV-varl True lookup-inside-wf
by (metis option.inject prod.inject)
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moreover have O; B ; I'[z::=v"|p, by v’ : b using wfV-varl subst-g-inside-simple wf-weakening

append-g-toSetU sup-ge2 wfV-wf by metis
ultimately show ?thesis by auto
next
case Fulse
hence (V-var z1)[z:=v"],, = (V-var x1) using subst-vv.simps by auto
moreover have ©; B ¢ I'[z::=v'r, using wfV-varl by simp
moreover obtain ¢!’ where Some (b1, c¢1') = lookup I[z::=v"|p, zI using  wfV-varl False
lookup-subst by metis
ultimately show ?thesis using Wellformed.wfV-varl[of © B T[z:=vlr, bl c1’ z1] by metis
qged
next
case (wfV-litI © T' 1)
then show ?Zcase using subst-vv.stimps wf-intros by auto
next
case (wfV-pairl] © T vl bl v2 b2)
then show ?case using subst-vv.simps wf-intros by auto
next
case (wfV-consl s dclist © dc x b ¢ T v)
then show ?Zcase using subst-vv.simps wf-intros by auto
next
case (wfV-conspl s bv dclist © dc x’ b' ¢ B b T wa)
show ?case unfolding subst-vv.simps proof
show (A F-typedef-poly s bu dclist € set ©) and «(dc, { z': b’ | ¢ |}) € set dclist> using wfV-conspl
by auto
show « © ;B kb using wfV-conspl by auto
have atom bv § T'[z::=v'|p, using fresh-subst-guv-if wfV-conspl by metis
moreover have atom bv § va[z::=v"],, using wfV-conspl fresh-subst-if by simp
ultimately show <atom bv  (©, B, T'[z::=v"]ry, b, va[z::=v"],,)> unfolding fresh-prodN using
wfV-conspl by auto
show « ©; B; T'[z::=0v"]py Fuyf valz:i=0v"]y, : b[bvi:=b]pp » using wfV-conspl by auto
ged
next
case (wfTI z© BT bc)
have ©; B; I'[z:=vry, Fuwp{ z:0b | clzi=0v"]., [} proof
have <«O; B; ((z, b, TRUE) #r I')[z:=0vry Fuwys c[zi=0"cy >
proof (rule wfTI(9))
show ¢(z, b, TRUE) #r T = ((2, b, TRUE) #r T'1) Q (z, b, ¢/) #r Ty using wfTI append-g.simps
by simp
show « ©; B; T's by v’ b'» using wfTI by auto
qed
thus *:<0; B; (2, b, TRUE) #r DUlzz=v'lr, Fuyf clza=0]c >
using subst-gv.simps subst-cv.simps wfTI fresh-z-neq by auto

have atom z § T'[z::=v']r, using fresh-subst-gu-if wfTI by metis
moreover have O; B F,; I'[z:=vr, using wfTT wfX-wfY wfG-elims subst-gv.simps x by metis
ultimately show <atom z § (0, B, I'[z::=v']r,)> using wfG-fresh-z by metis
show ¢« ©; B k4 b » using wfTI by auto
qged
thus ?case using subst-tv.simps wfTI by auto
next
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case (wfC-truel © T)

then show ?case using subst-cv.simps wf-intros by auto
next

case (wfC-falsel © T')

then show ?Zcase using subst-cv.simps wf-intros by auto
next

case (wfC-eql © BT el b e2)

show ?case proof (subst subst-cv.simps,rule)

show ©; B; I'z:=v'lr, Fuy el[z:=0"cey : b using wfC-eql subst-dv.simps by auto
show ©; B; I'z::=v"lry, Fuy e2[z:=0"ccy : b using wfC-eql by auto

qed
next

case (wfC-conjl © T cl ¢2)

then show ?Zcase using subst-cv.simps wf-intros by auto
next

case (wfC-disjl © T' ¢l c2)

then show ?case using subst-cv.simps wf-intros by auto
next

case (wfC-notl O T cl)

then show ?Zcase using subst-cv.simps wf-intros by auto
next

case (wfC-impI © T cl ¢2)

then show ?case using subst-cv.simps wf-intros by auto
next

case (wfG-nill ©)

then show ?Zcase using subst-cv.simps wf-intros by auto
next

case (wfG-consll ¢ © BT yb)

show ?case proof(cases z=y)
case True
hence ((y, b, ¢) #r I')[z:=v]r, =T using subst-gv.simps by auto
moreover have ©; B F,¢ I' using wfG-consll by auto
ultimately show #thesis by auto
next
case Fulse
have I'y # GNil using wfG-consl1l False by auto
then obtain G where I'y = (y, b, ¢) #r G using GCons-eq-append-conv wfG-cons1l by auto
hence xI' = G @Q (z, b/, ¢/) #r 'y using wfG-cons1l by auto
hence ((y, b, ¢) #r D)[z:=vr, =(y, b, c[z:=0")cv) #rl[z::=0"]r, using subst-gv.simps False
by auto
moreover have O; B ¢ (y, b, c[z::=v"]cy) #rT[z::=0v"]p, proof(rule Wellformed.wfG-consiI)
show «c[z::=v]., ¢ {TRUE, FALSE}> using wfG-cons1I subst-c-TRUE-FALSE by auto
show < ©; B ks T'[z:=v"]r, » using wfG-conslI x by auto
have I' = (G @ ((z, b/, ¢) #rGNil)) @Q I'y using * append-g-assoc by auto
hence atom y £ I's using fresh-suffiz <atom y £ I') by auto
hence atom y # v’ using wfG-cons1I wfV-z-fresh by metis
thus <atom y § T[z::=v|r,» using fresh-subst-gv wfG-cons1l by auto
have ((y, b, TRUE) #r DI)[z:=v'lry, = (y, b, TRUE) #r Tlz:=v"]r, using subst-gv.simps
subst-cv.simps False by auto
thus < ©; B; (y, b, TRUE) #r I'[z:=v'lry Fuy clz:=v"]c, » using wfG-cons1I(6)]of (y,b,TRUE)
#r G] x subst-gv.simps
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wfG-cons1l by fastforce
show ©; B s b using wfG-consil by auto
qed
ultimately show ?thesis by auto
qed
next
case (wfG-cons2l ¢ © BT y b)
show ?case proof(cases z=y)
case True
hence ((y, b, ¢) #r I')[z:=v]r, =T using subst-gv.simps by auto
moreover have ©; B,y I' using wfG-cons2l by auto
ultimately show ?thesis by auto
next
case Fulse
have I'y # GNil using wfG-cons2l False by auto
then obtain G where I'y = (y, b, ¢) #r G using GCons-eq-append-conv wfG-cons2I by auto
hence «I" = G Q (z, b’, ¢/) #r T'2 using wfG-cons2I by auto
hence ((y, b, ¢) #r D)[z:=v"r, =(y, b, c[z:=0"]cy) #rT[2z::=0"]r, using subst-gv.simps False
by auto
moreover have O; B k¢ (y, b, c[z::=v"]cy) #rT[z::=0v"]p, proof(rule Wellformed.wfG-cons2I)
show «c|z::=v., € {TRUE, FALSE})> using subst-cv.simps wfG-cons2l by auto
show « ©; B ¢ I'[z:=vp, » using wfG-cons2l * by auto
have I' = (G Q ((z, b’, ¢/) #rGNil)) Q T'y using * append-g-assoc by auto
hence atom y § I's using fresh-suffix wfG-cons2l by metis
hence atom y # v’ using wfG-cons2l wfV-z-fresh by metis
thus <atom y § T[z::=v|r,» using fresh-subst-gv wfG-cons2l by auto
show O; B -, b using wfG-cons2l by auto
qed
ultimately show #thesis by auto
qged
next
case (wfCE-vall © BT v b)
then show ?Zcase using subst-vv.simps wf-intros by auto
next
case (wfCE-plus] © BT vl v2)
then show ?Zcase using subst-vv.simps wf-intros by auto
next
case (wfCE-legl © BT vl v2)
then show ?case using subst-vv.simps wf-intros by auto
next
case (wfCE-eql © BT vl b v2)
then show ?case unfolding subst-cev.simps
using Wellformed.wfCE-eql by metis
next
case (wfCE-fstI © BT vl b1 b2)
then show ?case using Wellformed. wfCE-fstl subst-cev.simps by metis
next
case (wfCE-sndl © BT vl bl b2)
then show ?case using subst-cev.simps wf-intros by metis
next
case (wfCE-concatl © BT vl v2)
then show ?Zcase using subst-vv.simps wf-intros by auto
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next

case (wfCE-len] © BT vl)

then show ?Zcase using subst-vv.simps wf-intros by auto
qged(metis subst-sv.simps wf-intros)+

lemma wf-subst2:
fixes I'::T" and T'’i:T and v::v and e::e and c::c and 7::7 and ts::(string+7) list and A:A and b::b
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def
shows ©;®; B, ; Abype:b = TI=InQ((z,b,¢)) #rT'2) = 0; B ;Tabypv': b = O
®; B ;Dza=vry; Alzu=v]ay Fws elzi=0v", : b and
©; P, B, ; Abyys:b = I'=INQ((z,b',c)) #rT2) = OB ;Tobysv': b = 0;®;
B ; Dlze=v"]r, ; Alzi=vay Fuws s[z:=0v"s, : b and
©; 8, B; T ; Ay tid; de; tFyy es: b= I'=INQ((z,b',c') #rI'2) = O; B; Ty Fyp v’ 1 b
= 0; ®; B; I'z:=v"]ry ; Alz=v"lay ; tid ; dec 5 t by subst-branchv cs z v’ : b and
©; @; B; T ; A tid ; delist by css @ b = I'=T1Q((z,b',¢) #rT2) = ©; B; Ty Fyyp v’ 1 b
= 0; ®; B; I'[z:=v]r, ; Alzu=v"]a, ; tid ; delist -y p  subst-branchlv ¢ss z v’ : b and
© Fys (9:@) = True and
;BT Fyr A = T=I1Q((z,b",c) #rI'2) = 0; B ;T3 Fyrv': b= 0; B;Tz:=0vr,
Fuwr Alzi=v]a, and
©;® Furftqg = Trueand
©;P ;Blyy ft = True
proof (nominal-induct
band b and b and b and ® and A and ftq and ft
avoiding: © v’
arbitrary: 'y and I'y and T'; and T'y and Ty and Ty and I'y and I'y and I'y and T'; and Ty
and I'y and I'y and I'y and I'y and I'y
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfFT.strong-induct)
case (wfE-vall © T v b)
then show ?case using subst-vv.simps wf-intros wf-subst1
by (metis subst-ev.simps(1))
next
case (wfE-plus] © I' vl v2)
then show ?case using subst-vv.simps wf-intros wf-substl by auto
next
case (wfE-legl © @ T' A vl v2)
then show ?case
using subst-vv.simps subst-ev.simps subst-ev.simps wf-substl Wellformed.wfE-leql
by auto
next
case (wfE-eql © ® T" A vl b v2)
then show ?case
using subst-vv.simps subst-ev.simps subst-ev.simps wf-subst1 Wellformed.wfE-eql
proof —
show ?thesis
by (metis (no-types) subst-ev.simps(4) wfE-eql .hyps(1) wfE-eql .hyps(4) wfE-eql .hyps(5) wfE-eql .hyps(6)
wfE-eql .hyps(7) wfE-eql .prems(1) wfE-eql.prems(2) wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfFT . wfE-eql
wfV-subst)
qed
next
case (wfE-fstI © T vl b1 b2)
then show ?case using subst-vv.simps subst-ev.simps wf-substl Wellformed.wfE-fst]
proof —
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show ?thesis
by (metis (full-types) subst-ev.simps(5) wfE-fstl.hyps(1) wfE-fstl.hyps(4) wfE-fstI.hyps(5) wfE-fstI.prems(1)
wfE-fstl.prems(2) wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfEF'T .wfE-fstI wf-subst1 (1))
qed
next
case (wfE-sndl © T vl b1 b2)
then show ?case
by (metis (full-types) subst-ev.simps wfE-sndl Wellformed.wfE-sndI wf-subst1(1))
next
case (wfE-concat] © @ T' A v1 v2)
then show ?Zcase
by (metis (full-types) subst-ev.simps wfE-sndl Wellformed.wfE-concatl wf-subst1 (1))
next
case (wfE-splitl © ® T' A vl v2)
then show ?case
by (metis (full-types) subst-ev.simps wfE-sndl Wellformed.wfE-split] wf-subst1 (1))
next
case (wfE-lenl © ® T" A vl)
then show ?case
by (metis (full-types) subst-ev.simps wfE-sndl Wellformed.wfE-lenI wf-subst1(1))
next
case (wfE-appl © T A fzbcT s v)
then show ?case
by (metis (full-types) subst-ev.simps wfE-sndl Wellformed.wfE-appl wf-subst (1))
next
case (wfE-appPI © ® BT A b’ bul vl 71 f1 21 bl ¢l s1)
show ?Zcase proof(subst subst-ev.simps, rule)
show © k¢ ® using wfE-appPI wfX-wfY by metis
show ©; B; T'[z::=vry Fws Alz:i=0v"a, using wfE-appPI by auto
show Some (AF-fundef f1 (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1 71 s1))) = lookup-fun @ f1
using wfE-appPI by auto
show ©; B; I'z:=v'lp, by vl[zi=0"y, : b1[bvl:=b", using wfE-appPI wf-substl by auto
show ©; B F, b’ using wfE-appPI by auto
have atom bvl f T'[z::=v'|r, using fresh-subst-gv-if wfE-appPI by metis
moreover have atom bvl § vl[z::=v"]y, using wfE-appPI fresh-subst-if by simp
moreover have atom bvl § Alz::=v'|a, using wfE-appPI fresh-subst-dv-if by simp
ultimately show atom bvi § (®, ©, B, T'[z::=v"]ry, Alz:=0"]Av, b, v1[22:=0"4y, (b-of T1)[bv1::=b";)

using wfE-appPlI fresh-prodN by metis
qed
next
case (wfE-mvarl © ® BT' A u )
have ©; ® ; B; I'z:u=v'r, ; Alz=0ay Fuwf (AE-mvar u) : b-of 7[z:=v"];, proof
show © F,¢ ® using wfE-mvar] by auto
show ©; B ; T'[z:=vry Fuws Alz:=0v]a, using wfE-mvarl by auto
show (u, T[z:=v"];,) € setD Alz::=v']a, using wfE-mvarl subst-dv-member by auto
qed
thus ?case using subst-ev.simps b-of-subst by auto
next
case (wfD-emptyl © T')
then show ?Zcase using subst-dv.simps wf-intros wf-substl by auto
next
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case (wfD-cons © BT A 1 u)

moreover hence u ¢ fst ‘ setD Alz:=v|a, using subst-dv.simps subst-dv-iff using subst-dv-fst-eq
by presburger

ultimately show ?Zcase using subst-dv.simps Wellformed.wfD-cons wf-substl by auto
next

case (wfPhi-emptyl O)

then show ?Zcase by auto
next

case (wfPhi-consI f © @ ft)

then show ?Zcase by auto
next

case (wfS-assert]l © ® Bz2¢T A sb)

show ?case unfolding subst-sv.simps proof

show < ©; ®; B; (22, B-bool, c[z:=0"]cy) #r Tz:=0ry ; Alzu=0"]a0 Fws s[zi=0v"sy 1 0>
using wfS-assertl (4)[of (22, B-bool, ¢) #r T'1 ©] wfS-assert] by auto

show < ©; B; T'[z::=v']p, Fuy clzii=0¢, » using wfS-assert] wf-substl by auto
show < ©; B; T'[z:=v']py, Fuwyp Alzi=0v]a, » using wfS-assert] wf-substl by auto
show <atom 22 § (®, ©, B, I'[z::=v"]py, Alz:i=0v"|ay, c[z:=0"]cy, b, s[z:=0"]50)>
apply (unfold fresh-prodN jintro conjI)
apply(simp add: wfS-assert] )+
apply(metis fresh-subst-guv-if wfS-assertl)
apply(simp add: fresh-prodN fresh-subst-dv-if wfS-assertl)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-e-def wfS-assertl)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-7-def wfS-assertl)
by (simp add: fresh-prodN fresh-subst-v-if subst-v-s-def wfS-assertl)
qed
next
case (wfS-letI © ® BT A e bl y s b2)
have © ; & ; B ; T'[z:=v'lry ; Alz:=0ay Fws LET y = (e[z::=0"]cy) IN (s[z:=0"s,) : b2
proof
show « © ; & ; B; I'zu=v'lp, ; Alzi=0]ay Fuy elz=0"cy : b1 » using wfS-let] by auto
have «© ;® ; B; ((y, b1, TRUE) #r DI)[z:=0v"lpy ; Alze:=0"ay Fuwy s[z=0"s, 1 82
using wfS-letl(6) wfS-let] append-g.simps by metis
thus < ©; ® ; B; (y, b1, TRUE) #r I'[zu=v'lpry ; Alze=0"ay Fuwy slzi=0s, 1 82
using wfS-let] subst-gv.simps by auto
show « ©; B; T'[z::=0v"]py Fuws Alz:=0"|a, » using wfS-let] by auto
show <atom y § (®, ©, B, T'[z::=v"]ry, Alz::=0"av, e[z:=0"]cy, b2)
apply (unfold fresh-prodN jintro conjl)
apply(simp add: wfS-letl )+
apply(metis fresh-subst-guv-if wfS-letl)
apply(simp add: fresh-prodN fresh-subst-dv-if wfS-letl)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-e-def wfS-letl)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-7-def wfS-letl)
done
qed
thus ?case using subst-sv.simps wfS-letl by auto
next
case (wfS-1et2I © ® BT A s1 7y s2b)
have © ; @ ; B ; I'[z:=0vry ; Alze:=vlay Fws LET y @ T[z::=0"7 = (s1[z:=0"]5,) IN (s2[z::=0"50)
: b
proof
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show « © ; @ ; B; [[z:=v"lry ; Alz:=0ay Fuy s1[z:=0"sy : b-of (T[z:=0"];,) > using wfS-let2]
b-of-subst by simp
have « © ; ® ; B; ((y, b-of 7, TRUE) #v I)[z:=0"lpy ; Alzt=0"]ay Fuyp s2[z:=0"s, : b
using wfS-let2] append-g.simps by metis
thus « © ;@ ; B; (y, b-of T[z::=v]7, TRUE) #r Tlz:=0v"ry ; Alz:=0"lay Fwf s2[z:=0", 1 b

using wfS-let2] subst-gv.simps append-g.simps using b-of-subst by simp
show < ©; B; I'[z:=v']ry, Fuwy T[z=0;, » using wfS-let2] wf-substl by metis
show <atom y # (®, O, B, I'[z:=v"|ry, Alz:=0"|av, $1[z:=0"s0, b, T[z::=0";4 )
apply (unfold fresh-prodN jintro conjl)
apply(simp add: wfS-let2l )+
apply (metis fresh-subst-gu-if wfS-let2I)
apply(simp add: fresh-prodN fresh-subst-dv-if wfS-let2I)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-e-def wfS-let2I)
apply(simp add: fresh-prodN fresh-subst-v-if subst-v-T-def wfS-let2l )+
done
ged
thus ?case using subst-sv.simps(3) subst-tv.simps wfS-let2] by auto
next
case (wfS-varl © BT T vu ® A bs)
show ?case proof(subst subst-sv.simps, auto simp add: u-fresh-zv,rule)
show « ©; B; T'[z::=v"]ry,  Fuyf T[z:=0"7, » using wfS-varl wf-subst! by auto
have b-of (r[z::=v"];,) = b-of T using b-of-subst by auto
thus < O; B; T'[z:=0v"lry Fuyr v[zu=0"yy 1 b-of T[zu=0"];, » using wfS-varl wf-substl by auto
have x:atom u # v’ using wfV-supp wfS-varl fresh-def by metis
show <atom u f (®, ©, B, T'[z:=v"lpy, Alz::=0" Ay, T[20:=0"]74, v[z:=0"T40, b)
unfolding fresh-prodN apply(auto simp add: wfS-varl)
using wfS-varl fresh-subst-gv x fresh-subst-dv by metis+
show <« © ; @ ; B ; I'lzu=0vry ; (u, T[z:=0"ry) #a Alzi=0ay Fuyr slzu=0v"s, : b using
wfS-varl by auto
qed
next
case (wfS-assignl u ™ A © BT & v)
show ?case proof(subst subst-sv.simps, rule wf-intros)
show «((u, T[z::=v"];,) € setD Alz::=v'|a,> using subst-dv-iff wfS-assignl using subst-dv-fst-eq
using subst-dv-member by auto
show « ©; B; T'[z::=0v"]ry Fuwyp Alzii=v]a, » using wfS-assignl by auto
show « ©; B; T'[z::=v"|py Fuwy v[z:=0"yy 1 b-of T[z:=0"]+, » using wfS-assignl b-of-subst wf-subst1
by auto
show © F,¢ ® using wfS-assignl by auto
qed
next
case (wfS-matchl © BT v tid dclist A ® cs b)
show ?case proof(subst subst-sv.simps, rule wf-intros)
show < ©; B; T'[z:=v'lpy, by v[z:i=0"yy : B-id tid » using wfS-matchl wf-subst! by auto
show <A F-typedef tid dclist € set ©) using wfS-matchl by auto
show « © ; @ ; B ; T'zi=0v"]pry ; Alz=0ay ; tid ; delist ‘5 subst-branchlv ¢s z v' : b using
wfS-matchl by simp
show ©; B; T'[z::=vry, Fuy Alz:=0va, using wfS-matchl by auto
show © F,¢ ® using wfS-matchl by auto
qed
next
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case (wfS-branchl © ® By 7 T' A s b tid dc)
have ©; ® ; B ; I[z:=0vry ; Alzi=vay ; tid ; de; 7 byy dey = (s[zu=0v"]sy) 1 b
proof
have « © ; ® ; B; ((y, b-of 7, TRUE) #r D)[z:=0ry ; Alzz=0v"ay Fuwy slzi=0"s 1 b
using wfS-branchl append-g.simps by metis
thus < © ;@ ; B; (y, b-of 7, TRUE) #r Tlz:=v'py ; Alz:=v"]a0 Fwr s[z:=0"sp : >
using subst-gv.simps b-of-subst wfS-branchl by simp
show <atom y  (®, O, B, T[x::=v"]ry, Alz:=v" Ay, T[z::=0"]py, 7)
apply (unfold fresh-prodN jintro conjl)
apply(simp add: wfS-branchl )+
apply (metis fresh-subst-gu-if wfS-branchl)
apply(simp add: fresh-prodN fresh-subst-dv-if wfS-branchI)
apply(metis fresh-subst-guv-if wfS-branchl)+

done
show « ©; B; T'[z::=0v"]ry Fuws Alz:=0"a, > using wfS-branchl by auto
qed
thus “case using subst-branchv.simps wfS-branchl by auto
next

case (wfS-finall © ® BT A tid dclist’ cs b dclist)

then show ?Zcase using subst-branchlv.simps wf-intros by metis
next

case (wfS-cons © ® BT A tid dclist’ cs b css dclist)

then show ?case using subst-branchlv.simps wf-intros by metis

qged(metis subst-sv.simps wf-substl wf-intros)—+
lemmas wf-subst = wf-subst! wf-subst2

lemma wfG-subst-wfV:
assumes O; B,y 'V Q (z, b, c0[20::=V-var z]sy) #r I and wfV © BT v b
shows ©; Bty ¢ I'[z:=v]p, QT
using assms wf-subst subst-g-inside-simple by auto

lemma wfG-member-subst:
assumes (z1,b1,c1) € toSet (I''QT") and wfG © B (I''Q((z,b,c) #rI')) and = # =1
shows Jcl1’. (z1,b1,c1’) € toSet ((I''[z::=v]p,)QI)
proof —
consider (lhs) (x1,b1,c1) € toSet TV | (rhs) (x1,b1,c1) € toSet T using append-g-toSetU assms
by auto
thus ?thesis proof(cases)
case lhs
hence (21,b1,cl1[z:=v|cy) € toSet (I'[z::=v|r,) using wfG-inside-fresh[ THEN subst-gu-member-iff [ OF
Ihs]] assms by metis
hence (z1,b1,c1[x::=0]cy) € toSet (I'[x::=v]r,QI") using append-g-toSetU by auto
then show ?thesis by auto
next
case rhs
hence (z1,b1,c1) € toSet (I'[z::=v]r,QT") using append-g-toSetU by auto
then show %thesis by auto
qged
qed
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lemma wfG-member-subst2:
assumes (z1,b1,c1) € toSet (I''Q((x,b,¢) #rl')) and wfG © B (I''Q((x,b,c) #rI')) and z # z1
shows Jc1’. (z1,b1,c1’) € toSet ((I''[z::=v]p,)QI")
proof —
consider (lhs) (z1,b1,cl) € toSet T'' | (rhs) (x1,b1,c1) € toSet T’ using append-g-toSetU assms
by auto
thus ?thesis proof(cases)
case lhs
hence (z1,b1,c1[z:=v|cy) € toSet (I'[z::=v|r,) using wfG-inside-fresh[ THEN subst-gu-member-iff [ OF
Ihs]] assms by metis
hence (z1,b1,c1[x:=0]cy) € toSet (I'[x::=v]r,QT") using append-g-toSetU by auto
then show ?thesis by auto
next
case rhs
hence (z1,b1,c1) € toSet (I''[z::=v]p,QL') using append-g-toSetU by auto
then show %thesis by auto
ged
qed

lemma wbc-subst:
fixes I':I" and I'"::T" and v::v
assumes wfC' O B (I''Q((z,b,¢’) #rI')) ¢ and ©; B; T Fyp v: b
shows O; B; ((T'[z::=v|ry)QT") by s c[z::=0]cy
proof —
have (I''Q((z,b,¢’) #rT))[z::=v|ry, = ((I'/[z::=0|r,)QT") using assms subst-g-inside-simple wfC-wf by
metis
thus ?thesis using wf-substl (2)[OF assms(1) - assms(2)] by metis
qed

lemma wfG-inside-fresh-suffiz:
assumes wfG P B (I''Q(x,b,c) #rT')
shows atom z § T
proof —
have wfG P B ((z,b,¢) #rI') using wfG-suffiz assms by auto
thus ?thesis using wfG-elims by metis
qed

lemmas wf-b-subst-lemmas = subst-eb.simps wf-intros
forget-subst subst-b-b-def subst-b-v-def subst-b-ce-def fresh-e-opp-all subst-bb.simps wfV-b-fresh ms-fresh-all(6)

lemma wf-b-subst1:
fixes I':" and T':T" and v::v and e::e and c::c and 7::7 and ts::(string*7) list and A::A and b::b
and ftq::fun-typ-q and ft::fun-typ and s::s and b"::b and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows ©; B ;T byupv:b = {|bv]} =B = 0 ; B Fyurb = O ; B;T[bvi=blry Fur
v[bv:=b]yp = b[bv::=b]p, and

©;B'; T Fyf c = {|v|} =B'= 0O ; Blys b= 0; B; T'[bv:=blry Fuy
c[bv::=b].p an

©; B'lysT = {|bv|} = B’ = O ;Bly; b= 0; Bhry,s; I'bvu=blry, and

©; B';T Fyyr = {|bv|]} =B = © ;B kyy b= 0; B ; T'[bv:=blrp Fus

7[bv::=b], and
0; B;I' Fyy ts = True and
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Fwf © = True and
©; B Fypbd = {|v]} =B'= ©O; B Fyy b= ©; B Fyy b[bv:=0b]s;, and
©; B'; Thyree:d ={|llv]} =B'=0©; B Fyy b = O ; B ;T[bvu=blry Fus
ce[bv:i=b]cep : b[bv:=b]p, and
© byytd = True
proof (nominal-induct
b’and c and I" and 7 and ¢s and © and b’ and b’ and td
avoiding: bv b B
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfB-int] © B)
then show ?Zcase using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfB-booll © B)
then show ?Zcase using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfB-unitl © B)
then show ?Zcase using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfB-bitvecI © B)
then show ?Zcase using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfB-pair] © B b1 b2)
then show ?case using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfB-consI © s dclist B)
then show ?Zcase using subst-bb.simps Wellformed.wfB-consl by simp
next
case (wfB-appl © ba s bva dclist B)
then show ?case using subst-bb.simps Wellformed.wfB-appl forget-subst wfB-supp
by (metis bot.extremum-uniquel ex-in-conv fresh-def subst-b-b-def supp-empty-fset)
next
case (wfV-varl © B1 T bl ¢ z)
show ?case unfolding subst-vb.simps proof
show © ; B s I'[bv:=b]ry, using wfV-varl by auto
show Some (b1[bv::=Dblpp, c[bv::=b]cp) = lookup T'[bv:=b]ry = using subst-b-lookup wfV-varl by
stmp
qed
next
case (wfV-litI © BT )
then show ?case using Wellformed.wfV-lit] subst-b-base-for-lit by simp
next
case (wfV-pairl] © B1 T vl b1 v2 b2)
show ?Zcase unfolding subst-vb.simps proof (subst subst-bb.simps,rule)
show © ; B ; T'[bv::=b|ry oy vI[bv:i=Db]yp : b1 [bv::=b]y, using wfV-pairl by simp
show © ; B ; T'[bv::=b|ry oy v2[bvii=D]yp : b2[bv::=b]y, using wfV-pair] by simp
qed
next
case (wfV-consl s dclist © dc z b' ¢ B'T v)
show ?Zcase unfolding subst-vb.simps proof (subst subst-bb.simps, rule Wellformed.wfV-consI)
show 1:AF-typedef s dclist € set © using wfV-consl by auto
show 2:(de, { z: b | ¢ }) € set dclist using wfV-consI by auto
have O ; B ; T'[bv::=b]ry s v[bv:=b]yp : b[bv:=bly, using wfV-consI by auto
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moreover hence supp b’ = {} using 1 2 wfTh-lookup-supp-empty T.supp wfX-wfY by blast
moreover hence b'[bv::=b]y, = b’ using forget-subst subst-bb-def fresh-def by (metis empty-iff
subst-b-b-def)
ultimately show © ; B ; I'[bv:=Db|r by s v[bv:=Db],p : b’ using wfV-consl by simp
qed
next
case (wfV-conspl s bva dclist © dc x b’ ¢ B’ ba T v)
have x:atom bv § b’ using wfTh-poly-supp-blof s bva dclist © dc x b’ c] fresh-def wfX-wfY <atom bva
f bu
by (metis insert-iff not-self-fresh singleton-insert-inj-eq’ subsetl subset-antisym wfV-conspl wfV-conspl.hyps(4)
wfV-conspl.prems(2))
show ?Zcase unfolding subst-vb.simps subst-bb.simps proof
show <A F-typedef-poly s bva dclist € set ©) using wfV-conspl by auto
show «(dc, { z : b’ | ¢ |}) € set dclisty using wfV-conspl by auto
thus « © ; B by balbv::=b]y, > using wfV-conspl by metis
have atom buva f§ T'[bv::=b]r using fresh-subst-if subst-b-T'-def wfV-conspl by metis
moreover have atom bva f balbv::=b]p, using fresh-subst-if subst-b-b-def wfV-conspl by metis
moreover have atom bva § v[bv::=b],, using fresh-subst-if subst-b-v-def wfV-conspl by metis
ultimately show <atom bva £ (©, B, T'[bv::=b|rp, ba[bv::=>b]pp, v[bv::=b]yp)
unfolding fresh-prodN using wfV-conspl fresh-def supp-fset by auto
show « © ; B ; T'[bv:=b]rp Fuws v[bv:=blyp : b [bva:=ba[bv::=blpp]ps >
using wfV-conspl subst-bb-commute[of bv b’ bva ba b] * wfV-conspl by metis
qged
next
case (wfTI 2 © B'T' b’ ¢)
show ?case proof (subst subst-th.simps, rule Wellformed.wfTI)
show atom z § (©, B, T''[bv::=b|rp) using wfTI subst-g-b-z-fresh by simp
show © ; B ks b'[bv:=bly, using wfTI by auto
show © ; B ; (z, b/[bv:=blpy,, TRUE) #r T'[bv:=blry Fuwys c[bv::=b]., using wfTI by simp
qged
next
case (wfC-eq] © B'T el b’ e2)
thus “case using Wellformed.wfC-eql subst-db.simps subst-cb.simps wfC-eql by metis
next
case (wfG-nill © B
then show ?case using Wellformed.wfG-nill subst-gb.simps by simp
next
case (wfG-cons1ll ¢’ © B'T' z b’
show ?case proof(subst subst-gb.simps, rule Wellformed.wfG-cons1I)
show c'[bv::=bl.p ¢ {TRUE, FALSE} using wfG-cons1I(1)
by (nominal-induct ¢’ rule: c.strong-induct,auto+)
show © ; B by I'[bv:=b]ry using wfG-consll by auto
show atom z § T'/[bv::=b]rp using wfG-conslI subst-g-b-z-fresh by auto
show © ; B (z, b'[bv::=blpy, TRUE) #r T'[bv:=blry tuys c'[bv:i=b]cp using wfG-consll by
auto
show © ; B k5 b/lbvi:=bly, using wfG-consil by auto
qed
next
case (wfG-cons2I ¢' © B'T' z b’)
show ?case proof(subst subst-gb.simps, rule Wellformed.wfG-cons2I)
show c'[bv::=bl., € {TRUE, FALSE} using wfG-cons2l by auto
show © ; B by I'[bv:=blry using wfG-cons2l by auto
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show atom z § T'[bv::=b]ry using wfG-cons2I subst-g-b-z-fresh by auto
show © ; B ks b/[bv:=bly, using wfG-cons2I by auto
qed
next
case (wfCE-vall © BT v b)
then show ?Zcase using subst-ceb.simps wf-intros wfX-wfY
by (metis wf-b-subst-lemmas wfCE-b-fresh)
next
case (wfCE-plus] © BT vl v2)
then show ?Zcase using subst-bb.simps subst-ceb.simps wf-intros wfX-wfY
by metis
next
case (wfCE-leql © BT vl v2)
then show ?Zcase using subst-bb.simps subst-ceb.simps wf-intros wfX-wfY
by metis
next
case (wfCE-eql © BT vl b v2)
then show ?case using subst-bb.simps subst-ceb.simps wf-intros wfX-wfY
by metis
next
case (wfCE-fstI © BT vl bl b2)
then show ?case
by (metis (no-types) subst-bb.simps(5) subst-ceb.simps(3) wfCE-fstI.hyps(2)
wfCE-fstl.prems(1) wfCE-fstl.prems(2) Wellformed.wfCE-fstI)
next
case (wfCE-sndl © BT vl b1 b2)
then show ?case
by (metis (no-types) subst-bb.simps(5) subst-ceb.simps wfCE-sndl.hyps(2)
wfCE-sndl wfCE-sndl.prems(2) Wellformed.wfCE-sndl)
next
case (wfCE-concatl © BT vl v2)
then show ?case using subst-bb.simps subst-ceb.simps wf-intros wfX-wfY wf-b-subst-lemmas wfCE-b-fresh

proof —
show ?thesis
using wfCE-concatl .hyps(2) wfCE-concatl .hyps(4) wfCE-concatl.prems(1) wfCE-concatl.prems(2)

Wellformed.wfCE-concat] by auto
qed
next
case (wfCE-len] © BT vl)
then show ?case using subst-bb.simps subst-ceb.simps wf-intros wfX-wfY wf-b-subst-lemmas wfCE-b-fresh
by metis
qed(auto simp add: wf-intros)

lemma wf-b-subst2:
fixes I':" and T:T" and v::v and e::e and c::c and 7::7 and ts::(string*7) list and A::A and b::b
and ftq::fun-typ-q and ft::fun-typ and s::s and b"::b and ce::ce and td::type-def
and cs::branch-s and css::branch-list
shows ©;®; B'; I';Abyre:d = {|v)}=B"= 0O ;B tyy b =0;0; B ;
Clbv::=blry ; Albvi=blap Fwy e[bvi=b]ep : b'[bv::=b]p, and
©;®; B;I';Abyrs:b = Trueand
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©;P; B;T;A;tid; de;t Fyycs: b= True and

©;®; B;I'; A tid; delist Fyy css : b = True and

© Fys (9:9) = True and

©; B';T by A = {|v]} =B'= 0 ;B btus b= 0; B;T'[bv:=blrs Fus Albv:=b]as

O;® Fyu,¢ ftg = True and
O;® ; Blyys ft = True
proof (nominal-induct
b'and b and b and b and ® and A and ftq and ft
avoiding: bv b B
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfFTQ-wfFT.strong-induct)
case (wfE-vall ©' &' B'T' A’ v' b)
then show ?case unfolding subst-vb.simps subst-eb.simps using wf-b-subst1 (1) Wellformed.wfE-vall
by auto
next
case (wfE-plusl © ® BT A vl v2)
then show ?case unfolding subst-eb.simps
using wf-b-subst-lemmas wf-b-subst1 (1) Wellformed.wfE-plusl
proof —
have Vb ba v g fts. ((‘ts; f; glbvi=balrs Fwy v[bvi=balyp : blbvii=balps) V — ts ; B 5 g Fwys v :
b))V ts; flurba
using wfE-plusl.prems(1) wf-b-subst! (1) by force
then show O ; & ; B ; T'[bv:=blry ; Albvu=blap Fuwys [ plus v1[bv:=Dbl,, v2[bv:i=bly, ]° :
B-int[bv::=Dblpp

by (metis wfE-plusl.hyps(1) wfE-plusl.hyps(4) wfE-plusl.hyps(5) wfE-plusl.hyps(6) wfE-plusl.prems(1)
wfE-plusl.prems(2) wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF T Q-wfFT.wfE-plusl wf-b-subst-lemmas(86))
qed
next
case (wfE-legl © ® BT A vl v2)
then show ?case unfolding subst-eb.simps
using wf-b-subst-lemmas wf-b-substl Wellformed.wfE-leql
proof —
have Ats fbba gv. = (ts; f Fwyp d) V = (ts; {|bal} ; g Fwy v: B-int) V (ts; f; glba::=blry Fuwy
v[ba::=b|yp = B-int)
by (metis wf-b-substl (1) wf-b-subst-lemmas(86))
then show O ; @ ; B ; T'[bv::=b]ry ; Albv::=b]ap Fuw s [ leg v1[bv=D],p v2[bv:i=b]yp |¢ : B-bool[bv::=b]pp
by (metis (no-types) wfE-leql .hyps(1) wfE-leqI .hyps(4) wfE-leql .hyps(5) wfE-leql .hyps(6) wfE-leql .prems(1)
wfE-legl .prems(2) wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfFT.wfE-legl wf-b-subst-lemmas(87))
qed
next
case (wfE-eql © ® BT' A vl bb v2)
show ?case unfolding subst-eb.simps subst-bb.simps proof
show « © I, ® ) using wfX-wfY wfE-eql by metis
show < © ; B ; T'[bv::=b]rp by Albvi=b]ap » using wfX-wfY wfE-eql by metis
show <« © ; B ; T[bv::=b|ry by v1[bv:i=blyp : bb > using subst-bb.simps wfE-eql
by (metis (no-types, opaque-lifting) empty-iff insert-iff wf-b-subst1 (1))
show « © ; B ; T'[bv:=0b]ry Fuws v2[bvii=b]y : bb > using wfX-wfY wfE-eql
by (metis insert-iff singleton-iff wf-b-subst1(1) wf-b-subst-lemmas(86) wf-b-subst-lemmas(87)
wf-b-subst-lemmas(90))
show «bb € {B-bool, B-int, B-unit}> using wfE-eql by auto
qged
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next

case (wfE-fstI © ® BT A vl bl b2)

then show ?case unfolding subst-eb.simps using wf-b-subst-lemmas(84) wf-b-subst1 (1) Well-
formed.wfE-fst

by (metis wf-b-subst-lemmas(89))

next

case (wfE-sndl © ® BT A vl bl b2)

then show ?case unfolding subst-eb.simps using wf-b-subst-lemmas(86) wf-b-subst1 (1) Well-
formed.wfE-sndl

by (metis wf-b-subst-lemmas(89))
next

case (wfE-concat]l © ® BT A vl v2)
then show ?Zcase unfolding subst-eb.simps using wf-b-subst-lemmas(86) wf-b-subst1 (1) Wellformed.wfE-concatl

by (metis wf-b-subst-lemmas(91))
next
case (wfE-splitl © ® BT A vl v2)
then show ?case unfolding subst-eb.simps using wf-b-subst-lemmas(86) wf-b-subst1 (1) Well-
formed.wfE-split]
by (metis wf-b-subst-lemmas(89) wf-b-subst-lemmas(91))
next
case (wfE-len] © ® BT A v1)
then show ?case unfolding subst-eb.simps using wf-b-subst-lemmas(86) wf-b-subst1 (1) Well-
formed.wfE-lenl
by (metis wf-b-subst-lemmas(91) wf-b-subst-lemmas(89))
next
case (wfE-appl © ® B'T A fzb' c1 sv)
hence bf: atom bv # b’ using wfPhi-f-simple-wfT wfT-supp bv-not-in-dom-g wfPhi-f-simple-supp-b
fresh-def by fast
hence bseq: b'[bv::=b]y, = b’ using subst-bb.simps wf-b-subst-lemmas by metis
have © ; ® ; B ; I'[bv::=b|ry ; Albv::=blap Fwys (AE-app f (v[bv::=blyp)) : (b-of (T[bv::=b];))
proof
show © ., ¢ ® using wfE-appl by auto
show © ; B ; T'[bv::=b|rp by Albvi=bla, using wfE-appl by simp
have atom bv £ 7 using wfPhi-f-simple-wfT|OF wfE-appl (5) wfE-appl(1), THEN wfT-supp] bv-not-in-dom-g
fresh-def by force
hence T7[bv::=b];, = 7 using forget-subst subst-b-T-def by metis
thus Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ = b’ ¢ 7[bv::=0bl,p 8))) = lookup-fun ® f
using wfE-appl by simp
show © ; B ; T'[bv::=b|ry by v[bvi=Dbly : b’ using wfE-appl bseq wf-b-substl by metis
qed
then show ?Zcase using subst-eb.simps b-of-subst-bb-commute by simp
next
case (wfE-appPI © ® BT A b’ bvl vl 71 fxl bl ¢l s1)
then have *: atom bv §f b1 using wfPhi-f-supp(1) wfE-appPI(7,11)
by (metis fresh-def fresh-finsert singleton-iff subsetD fresh-def supp-at-base wfE-appPI.hyps(1))
have © ; ® ; B ; T'[bvz=blry ; Albv:i=blap Fuwys AE-appP f b'bv:=Dblp, (vI[bv::=blyp) : (b-of
71)[bvl::=b"[bv::=b]pp]p
proof
show « © ks ® ) using wfE-appPI by auto
show ¢ O ; B ; T[bv:i=blr} Fy s Albv:i=b]a, » using wfE-appPI by auto
show « © ; B b5 b/[bv:i=b]pp > using wfE-appPI wf-b-substl by auto
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have atom bvl f T[bv::=b]r using fresh-subst-if subst-b-T'-def wfE-appPI by metis

moreover have atom bvl f b'[bv::=b]p, using fresh-subst-if subst-b-b-def wfE-appPI by metis

moreover have atom bvl § vl[bv::=b],;, using fresh-subst-if subst-b-v-def wfE-appPI by metis

moreover have atom bvl § A[bv::=b]ap using fresh-subst-if subst-b-A-def wfE-appPI by metis

moreover have atom bvl t (b-of 71)[bvl::=b'[bv::=b|pp]pp using fresh-subst-if subst-b-b-def wfE-appPI
by metis

ultimately show atom bvl § (®, ©, B, T'[bv::=b]ry, Albv::=b]ap, b'[bv::=Db]yp, v1[bv::=b]ys, (b-of
71)[bvl::=b"[bv::=0blpp]p)

using wfE-appPI using fresh-def fresh-prodN subst-b-b-def by metis

show «Some (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1 71 s1))) = lookup-fun ® f»

using wfE-appPI by auto

have « © ; B ; I'[bv::=b]ry s v1[bv:i=b]yp 1 b1[bvl==b"][bv::=b]pp »
using wfE-appPIl subst-b-b-def x wf-b-substl by metis
thus < © ; B ; T'[bvi=b]ry Fy s vI[bvi=blyp : b1[bvl::=b"[bv::=D]pp]p »
using subst-bb-commute subst-b-b-def x by auto
ged
moreover have atom bv § b-of 71 proof —
have supp (b-of 71) C { atom bvl } using wfPhi-f-poly-supp-b-of-t
using b-of .simps wfE-appPI wfPhi-f-supp(5) by simp
thus ?thesis using wfE-appPI
fresh-def fresh-finsert singleton-iff subsetD fresh-def supp-at-base wfE-appPI.hyps by metis
qged
ultimately show ?case using subst-eb.simps(3) subst-bb-commute subst-b-b-def * by simp
next
case (wfE-mvarl © ® B'T A u 1)

have © ; ® ; B ; subst-gb T bv b ; subst-db A bv bty (AE-muar u)[bv::=blep, : (b-of (T[bv:=b];s))

proof (subst subst-eb.simps,rule Wellformed.wfE-mvarl)
show © F,; ® using wfE-mvarl by simp
show © ; B ; I'[bv::=blrp Fuwys Albvi:=blap using wfE-mvarl by metis
show (u, T[bv::=b],p) € setD Al[bv::=b]ap
using wfE-mvarl subst-db.simps set-insert subst-d-b-member by simp
qed
thus ?Zcase using b-of-subst-bb-commute by auto

next
case (wfS-seql © ® BT A s s2b)
then show ?Zcase using subst-bb.simps wf-intros wfX-wfY by metis
next
case (wfD-emptyl © B'T)
then show ?Zcase using subst-db.simps Wellformed.wfD-emptyl wf-b-subst! by simp
next
case (wfD-cons © B'T' A 7 u)
show ?case proof (subst subst-db.simps, rule Wellformed.wfD-cons )
show © ; B ; I'[bv:=Db|ry Fws Albv:=b]a, using wfD-cons by auto
show © ; B ; I'[bv:=blry twys T[bv::=b];p, using wfD-cons wf-b-substl by auto
show u ¢ fst ¢ setD A[bv::=b]ap using wfD-cons subst-b-lookup-d by metis
qged
next
case (wfS-assertl © ® Bz cI' A sb)
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show ?case by auto
qged(auto)

lemmas wf-b-subst = wf-b-subst1 wf-b-subst2

lemma wfT-subst-wfT":

fixes 7::7 and b"::b and bv::bv

assumes O ; {|bv|} ; (z,b,¢) #rGNil Fypp 7and © ; By b’

shows © ; B ; (z,b[bv:=0b"lpp,c[bv::=b"]cp) #rGNil s (T[bv:i=b"1p)
proof —

have ©; B ; ((z,b,c) #r GNil)[bv:=bry Fwys (T[bv:=b"rp)

using wf-b-subst assms by metis

thus ?thesis using subst-gb.simps wf-b-subst-lemmas wfCE-b-fresh by metis

qed

lemma wf-trans:
fixes I':I" and T'::T" and v::v and e::e and c::c and 7::7 and ts:(string*7) list and A:A and b::b
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and s::s
and cs::branch-s and css::branch-list and ©::0

shows ©; B; ' v b’ =T =(z,0,¢2) #r G = O; B; (z, b, cl) #r G Fuy c2
= 0;B;(z,b,cl) #r G Fuy v: b and
0; B;T Fyuy c =T =(z,b,c2) #r G = 0O; B; (2, b, c1) #r G Fyy 2 =
©; B; (z,b,¢cl) #r G Fyy cand
O; Blys T — True and
O; B, Fyy T = True and

0; B; I' Fyy ts = True and
Fowr © = True and
O; BFys b = True and
O;B;Thypee:d) =T =(z,bc2) #r G=0;B; (2, b,cl) #r G Fyy c2 = 06;
B; (z, b, c1) #r G Fyuy ce:d’ and
O byytd = True
proof (nominal-induct
b’and c and I" and 7 and ts and © and b and b’ and td
avoiding: cl
arbitrary: I'y and I'y and T'y and 'y and 'y and I'y and T'y and I'y and I'; and I'; and Ty
and I'y and I'y and I'y and I'y and I'y
rule:wfV-wfC-wfG-wf T-wf Ts-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfV-varl © BT b’ ¢’ z')
have wbg: ©; B bk (z, b, c1) #r G using wfC-wf wfV-varl by simp
show ?case proof(cases z=z’)
case True
have Some (b, c1) = lookup ((z, b, ¢1) #r G) z' using lookup.simps wfV-varl using True by
auto
then show ?thesis using Wellformed.wfV-varl wbg by simp
next
case Fulse
then have Some (b’, ¢’) = lookup ((x, b, c1) #r G) z’ using lookup.simps wfV-varl
by simp
then show %thesis using Wellformed.wfV-varl wbg by simp
qged
next
case (wfV-conspl s bv delist © dc x1 b’ ¢ B b1 T v)
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show ?case proof
show <A F-typedef-poly s bv dclist € set ©» using wfV-conspl by auto
show «(dc, { z1 : b" | ¢ |}) € set dclist> using wfV-conspl by auto
show «O; B ks b1 » using wfV-conspl by auto
show <atom bv § (©, B, (z, b, ¢c1) H#r G, bl, v)> unfolding fresh-prodN fresh-GCons using
wfV-conspl fresh-prodN fresh-GCons by simp
show <©; B; (z, b, c1) #r G Fyy v: b[bvi=b1]p» using wfV-conspl by auto
qed
qed( (auto | metis wfC-wf wf-intros) +)

end

226



Chapter 9

Type System

The MiniSail type system. We define subtyping judgement first and then typing judgement for
the term forms

9.1 Subtyping

Subtyping is defined on top of refinement constraint logic (RCL). A subtyping check is converted
into an RCL wvalidity check.

inductive subtype :: © = B =T =7 =7 = bool (4-;-;- F-< - [50, 50, 50] 50) where
subtype-basel: [
atom z § (©, B, T, z,¢,2",¢") ;
©;B; T Fyr {2z:0]cl
©;B; Ty {2 0] [
©; B; (2,b, c[z:=[z]"]y) #r T |= ¢/[z":=[a]"]s
| =
O;B;,TF {z:b|c}pS {2/:b]c}

equivariance subtype
nominal-inductive subtype
avoids subtype-basel: x
proof(goal-cases)
case (1 © BT zbcz' ¢ x)
then show ?case using fresh-star-def 1 by force
next
case (20 BT zbcz' ¢ 1)
then show ?case by auto
qed

inductive-cases subtype-elims:
BT F{z:b|c}p S {2z:0b]|c}
O;B;,TF71 < 79

9.2 Literals

The type synthesised has the constraint that z equates to the literal
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inductive infer-l :: l = 7 = bool (« F - = -» [50, 50] 50) where

infer-truel: + L-true = { z : B-bool | [[2]"]°® == [[L-true]’]°¢ |}
| infer-falsel: + L-false = { z : B-bool | [[2]"]¢¢ == [[L-false]’]¢¢ }
| infer-natl: b L-num n = { z: B-int | [[2]"]°® == [[L-num n]"]*¢ |}
| infer-unitl: & L-unit = { z : B-unit | [[2]"]°® == [[L-unit]’]°¢ |}
| infer-bitvecl: + L-bitvec bv = { z : B-bitvec | [[2]"]°® == [[L-bitvec bv]"]°¢ |}

nominal-inductive infer-l .
equivariance infer-I

inductive-cases infer-l-elims[elim!]:
F L-true = 7
F L-false = 7
F L-numn =71
F L-unit = 7
F L-bitvec v = 7
Fil=r1

lemma infer-I-form2[simpl:

shows 3z. F 1 = ({ z: base-for-lit I | [[2]"]°¢ == [[{]°]° })
proof (nominal-induct I rule: l.strong-induct)

case (L-num z)

then show ?case using infer-l.intros base-for-lit.simps has-fresh-z by metis
next

case L-true

then show ?Zcase using infer-l.intros base-for-lit.simps has-fresh-z by metis
next

case L-false

then show ?case using infer-l.intros base-for-lit.simps has-fresh-z by metis
next

case L-unit

then show ?Zcase using infer-l.intros base-for-lit.simps has-fresh-z by metis
next

case (L-bitvec z)

then show ?Zcase using infer-l.intros base-for-lit.simps has-fresh-z by metis
qed

9.3 Values
inductive infer-v :: © = B=T = v =7 = bool (x -;-;-F -= - [50, 50, 50] 50) where

infer-v-varl: |
@; B l—wf T )
Some (b,c) = lookup T z;
atom z § = ; atom z ¢ (©, B, T

=

©; By L'E [z]" = { 2: b | [[2]']°° == [[z]"]*° }
| infer-v-litl: |

@; B '_wf I )

Fil=rT
=
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O;B,TH["=T1

| infer-v-pairl:
atom z § (v, v2); atom z § (©, B, T) ;
O; B; T F (vl:v) = t1 ;
0; B; TF (v2:0) = t2
] =
O; B; T' = V-pair v1 v2 = ({ z : B-pair (b-of t1) (b-of t2) | [[2]"]°¢ == [[v1,v2]"]°° |})

| infer-v-consl: |
AF-typedef s dclist € set ©;
(de, te) € set dclist
O; B;I'Fv= tv;
O; B, I'Ftv < te
atom z § v; atom z 4 (0, B, ")
=
O; B;T F V-cons sdcv= ({ z: B-ids| [[2]"]° == [ V-cons s dc v ]°® |})

| infer-v-conspI: [
AF-typedef-poly s bv dclist € set O;
(dc, te) € set dclist ;
O, B, TFv= tu
O; B; T F tv < te[bv:=b],p ;
atom z 4 (©, B, T, v, b);
atom bv § (0, B, T, v, b);
@; B '_wf b
| =
O; B; Tk V-consp sdcbv= ({ z: B-app s b | [[2]"]°® == (CE-val (V-consp s dc b v)) |})

equivariance infer-v
nominal-inductive infer-v

avoids infer-v-conspl: bv and z | infer-v-varl: z | infer-v-pairl: z | infer-v-consl: z
proof(goal-cases)

case (1 © BT bcx2)

hence atom z 4 { z:b |[[2]"]® == [[z]"]® |} using 7.fresh by simp
then show ?case unfolding fresh-star-def using 1 by simp
next

case (20 BT bcuxz)
then show ?Zcase by auto

next
case (3 zvlv2 © BT t112)
hence atom z § { z: [ b-of t1 , b-of t21® |[[2]"]°® == [[vl ,v2]"|°® | using 7.fresh by simp
then show ?case unfolding fresh-star-def using 8 by simp

next

case (4 zvl v2 © BT t11t2)
then show ?Zcase by auto

next

case (5 s dclist © dc te BT v tv 2)

hence atom z 4 { z: B-ids | [[z]"]°® == [ V-cons s dc v]°® |} using 7.fresh b.fresh pure-fresh
by auto

moreover have atom z ff V-cons s dc v using v.fresh 5 using v.fresh fresh-prodN pure-fresh by
metis
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then show ?case unfolding fresh-star-def using 5 by simp
next
case (6 s dclist © dcte BT v tv 2)
then show ?Zcase by auto
next
case (7 s bv dclist © detc BT v tv b 2)
hence atom bv § V-consp s dc b v using v.fresh fresh-prodN pure-fresh by metis
moreover then have atom bv tf { z: B-ids |[[ 2]V ]°® == [ V-consp sde bv ] |
using 7.fresh ce.fresh v.fresh by auto
moreover have atom z § V-consp s dc b v using v.fresh fresh-prodN pure-fresh 7 by metis
moreover then have atom z § { z: B-ids |[[ 2]V ]°® == [ V-consp sdc bv] |}
using 7.fresh ce.fresh v.fresh by auto
ultimately show ?case using fresh-star-def 7 by force
next
case (8 s bv dclist © de tc BT vitv b 2)
then show ?Zcase by auto
qed

inductive-cases infer-v-elims[elim!]:
O;B; '+ Vwarz =1
O, B, TFVIitl=r
©; B; T+ V-pair vl v2 = 1
O;B; TF V-cons sdcv=r1
O; B, T F Vpairviv2 = ({z:b| ¢ |})
(61,02 | [[2]]°e == [[o1,02)"]e* )

©; B; T+ V-pair vl v2 = ({ z :
O;B; ' V-conspsdcbv =71
inductive check-v : © = B=T=0v= 7= bool («-;-;- F-< - [50, 50, 50] 50) where

check-v-subtypel: | ©; B;TF71 <72,0; B, TFv=71]=6;8; Tk v<r712
equivariance check-v
nominal-inductive check-v .

inductive-cases check-v-elims[elim!]:
;B TFv<T

9.4 Expressions

Type synthesis for expressions

inductive infer-e:: @ =>d=>B=>T=A=e=7=bool (<-;-;-;-;-F-=-1[50,50,50,50]
50) where

infer-e-vall: [
(©; B; T Fyy A)
(O Fuyy (9:9)) ;
OB Trv=1)] =
0;®; B;T; A+ (AE-val v) = 7

| infer-e-plusI: [
0; B, I'Fyyr A
O Fyy (9:®) ;
O; B;T'Fwl = {21:B-int]|cl}];
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O; B;T'F v2={22: B-int | c2 |;
atom z3 § (AE-op Plus vl v2); atom z3 § I' | =
O; ®; B; T'; A+ AE-op Plus vl v2 = { 28 : B-int | [[23]"]°® == (CFE-op Plus [v1]°® [v2]°®) |}

| infer-e-leql: |
O; B ' Fyp A
O Fyys (9:9) ;
O;B;T'Fwl = {21:B-int]|cl];
©; B; T Fv2 = { 22: B-int | c2 |};
atom z3 § (AE-op LEq vl v2); atom 23 § T’
=
O; ; B;T; A+ AE-op LEq vl v2 = { 23 : B-bool | [[23]"]°® == (CFE-op LEq [v1]°® [v2]°¢) |}

| infer-e-eql: |
0; B I' by A
O Fyy (D) ;
;BT Fwvl ={z21:b|cll;
O;B;,THFv2={22:b]c2]
atom z3 § (AE-op Eq vl v2); atom z3 § T ;
b € { B-bool, B-int, B-unit }
| =
O; ; B;T; A+ AE-op Eq vl v2 = { 28 : B-bool | [[23]V]°® == (CE-op Eq [v1]°® [v2]°¢) |}

| infer-e-appl: [
O; B, Iy A
O Fyyr (9:9);
Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7’ s'))) = lookup-fun ® f;
O;B;TFv<={ z:b|cl;
atomz § (0, ®, B, T, Ajv, 7);
Tee=v], =7
=
;0 B; T, AF AE-app fv=7

| infer-e-appPI: |
O; B; 'y A
O Fyyr (9:9) ;
©; Blys b
Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7’ s'))) = lookup-fun @ f;
O; B, TFv<{ z:bbvu=by | c[bv::=b"]y }; atom z ¢ T
(1 Tov:=b"lp|z:=0]y) = T ;
atom bv £ (©, ®, B, T, A, b', v, 1)
| =
0; 9, B;T; Ar AE-appP fb' v =1

| infer-e-fstl: |
O; B, I'Fyyr A
O Fyyr (9:9) ;
O;B;T o= {z:[b1,b2]°]| c];
atom z § AE-fst v ; atom z 4 T | =
O; ; B; T AR AE-fst v = { z: b1 | [[2]V]°® == ((CE-fst [v]°®)) |}

| infer-e-sndl: |
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O; B; T Fys A

O Fyyr (2:9) ;

O;B;TFuv={2:[bl,b2]°| ¢l

atom z § AE-snd v ; atom z § T' | =

©; ®; B;T; AL AE-snd v = { z: b2 | [[2]"]°® == ((CE-snd [v]°¢)) |}

| infer-e-lenI: |
O; B; 'y A
O Fyy (2:9) ;
©; B;T'Fv={ z": B-bitvec | ¢ [};
atom z § AE-len v ; atom z § T] =
O; ; B;T; AF AE-len v = { z: B-int | [[2]"]°® == ((CE-len [v]°?)) |}

| infer-e-mvarl: |
@; B l_wf I ;
O Fyy (D) ;
O; B; I by A
(u,7) € setD A | =
0; 0, B; T, A AE-mvar u = T

| infer-e-concatl: |
O; B, Iy A
O Fyys (2:9) ;
O; B;T'F vl = { 21 : B-bitvec | ¢l } ;
©; B; T+ 92 = { 22 : B-bitvec | c2 |};
atom 28 # (AE-concat vl v2); atom 28 § ' | =
©; ®; B; T; A+ AE-concat vl v2 = { 23 : B-bitvec | [[23]V]°¢ == (CE-concat [v1]°¢ [v2]°¢) |}

| infer-e-splitl: [
O; B, 'y A
O Fyyr (2:0);
©;B;T'F vl = {2zl : B-bitvec | ¢l |} ;
O©;B;TFwv2<{22: B-int | (CE-op LEq (CE-val (V-lit (L-num 0))) (CE-val (V-var 22)))
== (CFE-val (V-lit L-true)) AND
(CE-op LEq (CE-val (V-var 22)) (CE-len (CE-val (v1)))) == (CE-val
(V-lit L-true)) |};
atom z1 § (AE-split vl v2); atom z1 § T;
atom z2 § (AE-split vl v2); atom 22 § T;
atom 23  (AE-split v1 v2); atom 23 § T
| =
©; ®; B; T; A+ (AE-split vl v2) = { 28 : B-pair B-bitvec B-bitvec |
((CE-val v1) == (CE-concat (CE-fst (CE-val (V-var 23))) (CE-snd (CE-val (V-var
23)))))

AND (((CE-len (CE-fst (CE-val (V-var 23))))) == (CE-val ( v2))) |}

equivariance infer-e
nominal-inductive infer-e

avoids infer-e-appl: x |infer-e-appPI: bv | infer-e-splitl: 28 and z1 and 22
proof(goal-cases)

case (1 O BT A® fzber' s'vT)

moreover hence atom x f [ f v ]¢ using fresh-prodN pure-fresh e.fresh by force

ultimately show ?case unfolding fresh-star-def using fresh-prodN e.fresh pure-fresh by simp
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next
case (20 BT A® fzber' s'vT)
then show ?Zcase by auto
next
case (SO BT ADV fovzber' s'vT)
moreover hence atom bv §f AE-appP fb' v using fresh-prodN pure-fresh e.fresh by force
ultimately show ?case unfolding fresh-star-def using fresh-prodN e.fresh pure-fresh fresh-Pair by
auto
next
case ({ O BT ADb fovzber' s"vT)
then show ?case by auto

next

case (5 O BT A ® vl z1 c1 v2 22 23)

have atom 23 4 { 28 : [ B-bitvec , B-bitvec |* | [ vl |°¢ == [ [#1[[ 28 ]° |°¢]© Q@ [#2[ [ 23 ]*
e e AND [ 1] [ 23 10 I I == (o2 ] )

using 7.fresh by simp
then show ?case unfolding fresh-star-def fresh-prod7 using wfG-fresh-z2 5 by auto
next
case (6 © BT A ® vl z1 c1 v2 22 23)
then show ?Zcase by auto
qed

inductive-cases infer-e-elims|elim!]:
©; ¢; B; T'; A+ (AE-op Plus vl v2 28 1 B-int | [[23]"]°¢ == (CE-op Plus [v1]°® [v2]°°)

I
: B-bool | [[28]"]¢¢ == (CE-op LEq [v1]°¢ [v2]°¢) |

) =
; ®: B; T AE-op LEq vl v2) = { 28
; ©; B T AE-op Plus vl v2) = { 23 : B-int | ¢ |}
; @ B; T AE-op Plus vl v2) = {28 :b | c|
: @ B; T AE-op LEqul v2) = {23:b|c|

(

(

(

(

(AE-app fv) =1
(AE-val v) = 7
(AE-fst v) = 1

(AE-snd v) = 1
(

(

(

(

(

(

(

TS O DD D O D D D D O K D D D S D D 1D 1D D I

ﬂ'ﬂ'ﬂﬂﬂﬁﬂﬂﬂﬂﬁﬂ:ﬂﬂﬂﬂﬁﬂﬂﬂﬂﬁﬂﬂ
vl vl v v " > >l gl el P Mgl Mgl gl - P >l >l >l >l Pl Pl Mgl g

AE-mvar u) = T
AFE-op Plus vl v2) = 7
AF-op LEq vl v2) = 7
AE-op LEq vl v2) = {
AE-app fv) = tlzu=
AE-op opp vl v2) = T
AE-len v) = 1

(AE-len v) = { z : B-int | [[2]"]°® == ((CE-len [v]°®))}

AFE-concat vl v2 = T

AE-concat viv2 = ({ z:b| ¢ |})

AE-concat vl v2 = ({ z : B-bitvec | [[2]"]°® == (CE-concat [v1]°¢ [v1]°®) [})
(AE-appP fbv) =71

AE-split vl vV2 = T

(AE-op Equl v2) = {23 :b]|c}

(AE-op Eq vl v2) = { 23 : B-bool | ¢ |}

; F (AE-op Eq vl v2) = T

nomlnal termination (equt) by lexicographic-order

28 : B-bool | ¢ |}

}_
}_
}_
}_
}_
F
}_
}_
}_
}_
F
}_
}_
}_
}_
F
}_
}_
}_
}_
}_
F
}_
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9.5 Statements

inductive check-s : © = =B =>T=A=s=717=bool («-;-;-;-;- F-< 1[50, 50,
50,50,50] 50) and
check-branch-s :: © = ® = B =T = A = tyid = string = 7 = v = branch-s = 7 = bool (« -
Sy -5 -5 - - - B =[50, 50, 50,50,50] 50) and
check-branch-list :: © = ® = B =T = A = tyid = (string * 7) list = v = branch-list = 7 =
bool (< -5 -5-5-3-5-3-5-F-<-[50,50,50,50,50] 50) where
check-vall: |
O; B, 'y A
O ks ®;
O:;B;T+wv= 71/
O;B,THr<S7T] =
0;P; B;T; A (AS-valv) < 7

| check-letl: |

atomz § (0, ®, B, ', A, e, 7);
atom z § (z, ©, ®, B, T, A, e, 7, 8);
0;0; BT AFe={z:b|cl;

z
0; @ ; B; ((z,b,c[z: Vvar:z:]v)#pF) AR s< T
| =
O;®; B; T, Ak (AS-letzes) <1

| check-assertl: |
atomz § (0, @, B, T, A, ¢, 7, 8);
0; @ ; B; ((z,B-bool,c)#1T) ; AL s <715
0;B;T E ¢
;B I' Fyyr A
| =
0; ®; B; T; A (AS-assert ¢ s) < 7

|check-branch-s-branchl: |

;B 'y A

l_wf ] )

O; B;I' by 75

©; {||} ; GNil g const;

atom z § (©, ®, B, ', A, tid, cons , const, v, T);

©; ©; B; ((z,b-of const, ([v]ce == [ V-cons tid cons [z]"]°® ) AND (c-of const z))#rl) ; A F s <
-
| =

O; ®; B; T'; A ; tid ; cons ; const ; v (AS-branch cons x ) < T

|check-branch-list-consI: |
O; ®; B; T'; A; tid; cons; const; v cs < 7 ;
O; ®; B; I'; A; tid; dclist; vF css < 1
| =
0; ®; B; I'; A ; tid ; (cons,const)#dclist ; v AS-cons cs css < T

|check-branch-list-finall: |
O; O:B; I'; A; tid ; cons ; const ; vk cs <=1
=
0; ®; B; T'; A ; tid ; [(cons,const)] ; v+ AS-final cs < 1
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| check-ifI: |
Ay v, sl ,s82,71);
B

(©; B; T+ v« ({ z: B-bool | TRUE |})) ;
©; ®; B; T, AF st < ({ z: b-of 7 ([v]°¢ == [[L-true]’]°¢) IMP (c-of T z) |}) ;
]] O; O; B;T; AF s2 < ({ z: b-of 7| ([v]°® == [[L-false]”|°¢) IMP (c-of T 2) |})
[

| check-let2I: |
atomz § (0, ®, B, G, A, t, s1,7T);
0;d;B; G AL sl <t
0; @ ; B; ((z,b-of tyc-of t 2)#1rG) ; AF s2 <1
=
0;P;B;G;AF(LETz:t =s1INs2)<r

| check-varl: |
atom u § (0, ®, B, T, A, 7/, v, 7) ;
O:;B; '+ ver1/
;P B;T; (u,r) #a A) Fs <=1
| =
0;0; B;T;AF (VARu:7'=v INs) < 7

| check-assignl: |

@ wa @ 3

0; B, I'Fyy A

(u, ) € setD A ;

O, B, TF v«

O; B; T+ ({ z: B-unit | TRUE }}) < 7'
| =

0,9, B, ;AL (un=v) <71’

| check-whilel: |
O; ®; B;T; AF sl <« { z: B-bool | TRUE [;
0; ®; B;T; AF s2 < { z: B-unit | TRUE [;
O; B, T+ ({ z: B-unit | TRUE |}) < 7’
=
©; &; B;T; AF WHILE s1 DO { s2 } < 7/

| check-seql: |
0; ®; B; T, AF s1 < { z: B-unit | TRUE [;
0; P, BT, Ak s2 <7

| =
O, P, B; T, Ak sl ;82 <=7

| check-casel: |
O; ®; B; I'; A; tid ; delist ; v cs < 7
(AF-typedef tid dclist ) € set O ;
©; B;TFv<{z:B-idtid | TRUE [};
Fuwr ©

| =
O; ®; B; T'; A+ AS-match v es < 7
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equivariance check-s

We only need avoidance for cases where a variable is added to a context

nominal-inductive check-s
avoids check-letl: x and z | check-branch-s-branchl: x | check-let2I: x | check-varl: w | check-ifI: z
| check-assertl: x
proof(goal-cases)
case (12©@ P BT Aetzsbec)
hence atom z § AS-let x e s using s-branch-s-branch-list.fresh(2) by auto
moreover have atom z § AS-let x e s using s-branch-s-branch-list.fresh(2) 1 fresh-prod8 by auto
then show ?case using fresh-star-def 1 by force
next
case (3z©@ PBT AcrTs)
hence atom x § AS-assert ¢ s using fresh-prodN s-branch-s-branch-list.fresh pure-fresh by auto
then show ?case using fresh-star-def 3 by force
next
case (5 © BT A 7 const x ® tid cons v s)
hence atom x § AS-branch cons x s using fresh-prodN s-branch-s-branch-list.fresh pure-fresh by auto

then show ?case using fresh-star-def 5 by force
next
case (720 ® BT Avsls2T)
hence atom z § AS-if v s1 s2 using s-branch-s-branch-list.fresh by auto
then show ?case using 7 fresh-prodN fresh-star-def by fastforce
next
case (92 © & B G A tslTs2)
hence atom x § AS-let2 x t s1 s2 using s-branch-s-branch-list.fresh by auto
thus ?case using fresh-star-def 9 by force
next
case (11uO©® BT AT vT3)
hence atom u § AS-var v 7’ v s using s-branch-s-branch-list.fresh by auto
then show ?case using fresh-star-def 11 by force

qged(auto+)

inductive-cases check-s-elims|elim!]:
;0 B, T, A AS-wal v < 7

6, <I>, B;T; AF AS-letxes <1

O; P, B; T, AF AS-if vsl s2 = 1

O; @, B; T, AL AS-let2 x t s1 s2 < 1
O; &; B; I'; A+ AS-while s1 s2 < 7
;P B; T, AF AS-warutvs <7
O; &; B; T'; A AS-seq sl s2 < 1

0; ¢, B; T'; A+ AS-assign u v < T
O; ®; B; T'; A+ AS-match v cs < 71
O; ¢, B; T'; A+ AS-assert c s < 1

b

inductive-cases check-branch-s-elims[elim!]:
O; ®; B; I'; A; tid ; dclist ; v+ (AS-final cs) < 7
©; ®; B; T'; A; tid ; delist ; v (AS-cons cs css) < 7
©; ®; B; T'; A; tid ; cons ; const ; v (AS-branch dex s ) < 1
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9.6 Programs

Type check function bodies

inductive check-funtyp :: © = ® = B = fun-typ = bool ( <« -; -; -+ -» ) where
check-funtypl: |
atomz § (0, ®, B, b);
©; ®; B; ((zbe) #r GNil) ; [[aFs< T
] =
©; ®; BF (AF-fun-typ z b c 7 3)

equivariance check-funtyp
nominal-inductive check-funtyp
avoids check-funtypl: x
proof(goal-cases)
case (12©dBbecst )
hence atom z § (AF-fun-typ x b ¢ 7 s) using fun-def.fresh fun-typ-q.fresh fun-typ.fresh by simp
then show ?Zcase using fresh-star-def 1 fresh-prodN by fastforce
next
case (20 PxbcsTf)
then show ?case by auto
qed

inductive check-funtypq :: © = ® = fun-typ-¢ = bool (< -; -F -» ) where
check-fundefq-simplel: |
©; @ {||} F (AF-fun-typ x b c t s)
_—
0; ® - ((AF-fun-typ-none (AF-fun-typ x b ¢ t s)))

|check-funtypg-polyl: |
atom bv § (0, ®, (AF-fun-typ £ b c t s));
©; O; {|bv|} F (AF-fun-typ £ b c t s)
—
0; ® - (AF-fun-typ-some bv (AF-fun-typ © b ¢ t s))

equivariance check-funtypq
nominal-inductive check-funtypq

avoids check-funtypg-polyl: bv
proof(goal-cases)

case (1bvO Pxbcts)

hence atom bv § (AF-fun-typ-some bv (AF-fun-typ = b c t s)) wusing fun-def.fresh fun-typ-q.fresh
fun-typ.fresh by simp

thus ?case using fresh-star-def 1 fresh-prodN by fastforce
next

case (2bv© @ ft)

then show ?Zcase by auto
qed

inductive check-fundef :: © = ® = fun-def = bool ( < -; -F - ) where
check-fundefI: |
O; o+ ft

] =
©; © + (AF-fundef f ft)
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equivariance check-fundef
nominal-inductive check-fundef .

Temporarily remove this simproc as it produces untidy eliminations

declare[[ simproc del: alpha-lst])

inductive-cases check-funtyp-elims|elim!]:
check-funtyp © ® B ft

inductive-cases check-funtypq-elims[elim!]:
check-funtypg © ® (AF-fun-typ-none (AF-fun-typ © b ¢ 7 s))
check-funtypg © ® (AF-fun-typ-some bv (AF-fun-typ x b ¢ T 5))

inductive-cases check-fundef-elims[elim!]:
check-fundef © ® (AF-fundef f ftq)

declare|[ simproc add: alpha-lst]]

nominal-function A-of :: var-def list == A where
A-of [] = DNil
| A-of ((AV-def u t v)#vs) = (u,t) #a (A-of vs)
apply auto
using equt-def A-of-graph-auz-def neq-Nil-conv old.prod.exhaust apply force
using equt-def A-of-graph-aux-def neq-Nil-conv old.prod.exhaust
by (metis var-def .strong-exhaust)
nominal-termination (equt) by lexicographic-order

inductive check-prog :: p = 7 = bool ( <+ - < -») where

O; ®; {||}; GNil ; A-of GFs< T
]= F (AP-prog® ® G s) < 7

inductive-cases check-prog-elims|elim!]:
F (AP-prog ® ® G s) < 7

end
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Chapter 10

Operational Semantics

Here we define the operational semantics in terms of a small-step reduction relation.

10.1 Reduction Rules

The store for mutable variables

type-synonym § = (uxv) list

nominal-function update-d :: § = v = v = § where
update-d [| - - =[]

| update-d ((u',v)#5) uw v = (if u = u’ then ((u,v)#9) else ((u',v")# (update-d § u v)))
by (auto,simp add: equt-def update-d-graph-auz-def ,metis neq-Nil-conv old.prod.ezhaust)

nominal-termination (equt) by lexicographic-order

Relates constructor to the branch in the case and binding variable and statement

inductive find-branch :: dc = branch-list = branch-s = bool where

find-branch-finall: dc’ = dc = find-branch dc¢' (AS-final (AS-branch dc x
s)) (AS-branch dc z s)
| find-branch-branch-eql: de¢’ = dc = find-branch dc’ (AS-cons (AS-branch dc

zs) css)  (AS-branch dc x s)

| find-branch-branch-neql: [ dc # dc'; find-branch dc’ css cs | = find-branch dc¢’ (AS-cons (AS-branch
dc x 8) c¢ss) cs

equivariance find-branch

nominal-inductive find-branch .

inductive-cases find-branch-elims[elim!]:
find-branch dc (AS-final cs’) cs
find-branch dc (AS-cons cs’ css) cs

nominal-function lookup-branch :: dc = branch-list = branch-s option where
lookup-branch dec (AS-final (AS-branch de¢' z s)) = (if dc = dc’ then (Some (AS-branch de’ z s)) else
None)
| lookup-branch dec (AS-cons (AS-branch dc’ x s) css) = (if de = dc’ then (Some (AS-branch dc' x s))
else lookup-branch dc css)
apply(auto,simp add: equt-def lookup-branch-graph-auz-def)
by (metis neg-Nil-conv old.prod.ezhaust s-branch-s-branch-list.strong-exhaust)
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nominal-termination (equt) by lexicographic-order

Reduction rules

inductive reduce-stmt :: ® = § = s = 3§ = s = bool (x - F {(-,-)— ( -, - [50, 50, 50] 50)
where
reduce-if-truel: @ & (0, AS-if [L-true]” sl s2) — (9, s1)
| reduce-if-falsel: ® F (6, AS-if [L-false]” sl s2) — (0, s2)
| reduce-let-vall: @+ (6, AS-let x (AE-val v) s) — (3, s[x::=0]sy)
| reduce-let-plusl: ® & (0, AS-let x (AE-op Plus ((V-lit (L-num n1))) ((V-lit (L-num n2)))) s) —
(0, AS-let x (AE-val (V-lit (L-num ( (( n1)+(n2)))))) s )
| reduce-let-leql: b = (if (n1 < n2) then L-true else L-false) =
& - (0, AS-let  ((AE-op LEq (V-lit (L-num nl)) (V-lit (L-num n2)))) s) —
(0, AS-let x (AE-val (V-lit b)) s)
| reduce-let-eqI: b = (if (nl = n2) then L-true else L-false) =
® + (0, AS-let x ((AE-op Eq (V-lit n1) (V-lit n2))) s) —
(0, AS-let x (AE-val (V-lit b)) s)
| reduce-let-appI: Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ 7 s'))) = lookup-fun ® f =

O - (6, AS-let x ((AE-app fv)) s) — (6, AS-let2 x T[z::=v];, §[z::=0]sp )

| reduce-let-appPI: Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ z b ¢ 7 s'))) = lookup-fun ®
f=

® F (5, AS-let x ((AE-appP f b’ v)) s) — (6, AS-let2 z 7[bv:=b"l p[z::=0]y
s'[bvi:=b"5p]2::=0] 50 8)
| reduce-let-fstl: ® - (5, AS-let © (AE-fst (V-pair v1 v2)) s) — (d§, AS-let © (AE-val v1) s)
| reduce-let-sndl: ® & (0, AS-let x (AE-snd (V-pair v1 v2)) s) — (0, AS-let x (AE-val v2) s)
| reduce-let-concatl: ® = (5, AS-let © (AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))) s) —

(0, AS-let x (AE-val (V-lit (L-bitvec (v1@Qu2)))) s)
| reduce-let-splitl: splitnv (vl , v2 ) = ® & (5, AS-let © (AE-split (V-lit (L-bitvec v)) (V-lit (L-num
n)) s) —
(6, AS-let & (AE-val (V-pair (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2)))) s)
| reduce-let-lenl: ® - (6, AS-let x (AE-len (V-lit (L-bitvec v))) s) —
(0, AS-let x (AE-val (V-lit (L-num (int (List.length v))))) s)
| reduce-let-mvar: (u,v) € set § = &+ (3§, AS-let x (AE-mvar u) s) — (3, AS-let x (AE-val v) s)
| reduce-assertll: ® &+ (8, AS-assert ¢ (AS-val v)) — (§, AS-val v)
| reduce-assert2l: @ + (5, s) — (4§, 8"y = & F (§, AS-assert ¢ s) — (&', AS-assert ¢ s’)
| reduce-varl: atom v ff 6 = ® + (0, AS-var u 7 vs) — { ((u,v)#9) , s)
| reduce-assignl: @ + (§, AS-assign u v ) — ( update-d 6 v v , AS-val (V-lit L-unit))
| reduce-seq1I: ® + (0, AS-seq (AS-val (V-lit L-unit )) s ) — (9, s)
| reduce-seq2I: [s1 # AS-valv ; ® + (4, s1) — (¢, s1) | =
O+ (6, AS-seq s1 s2) — (0', AS-seq s1’ s2)

| reduce-let2-vall: ® b (5, AS-let2 x t (AS-val v) s) — (d, s[x::=0]sy)
| reduce-let2l: @ + (5, s1 ) — ( 0/, s1") = & F (§, AS-let2 x t s1 s2) — (&', AS-let2 x t s1’ s2)

| reduce-casel: [ Some (AS-branch dec z' s') = lookup-branch dc ¢s | = @+ (d, AS-match (V-cons
tyid dec v) cs) — (3, s'[z':=v]s,)
| reduce-whilel: | atom x § (s1,s2); atom z § © ] =
& - (0, AS-while s1 s2 ) —
(6, AS-let2 x ({ z : B-bool | TRUE }}) s1 (AS-if (V-var z) (AS-seq s2 (AS-while s1 s2))
(AS-val (V-lit L-unit))) )

equivariance reduce-stmt
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nominal-inductive reduce-stmt .

inductive-cases reduce-stmt-elims[elim!]:

O - (0, AS-if (V-lit L-true) sl s2) — (§ , s1)

O+ (6, AS-if (V-lit L-false) s1 s2) — (4,s2)

O+ (0, AS-let x (AE-val v) s) — (d,s")

O+ (0, AS-let x (AE-op Plus ((V-lit (L-num n1))) ((V-lit (L-num n2)))) s) —

(0, AS-let x (AE-val (V-lit (L-num ( (( n1)+(n2)))))) s )

O - (0, AS-let © ((AE-op LEq (V-lit (L-num n1)) (V-lit (L-num n2)))) s) — (§, AS-let ¢ (AFE-val
(V-lit b)) s)

O+ (0, AS-let x ((AE-app fv)) s) — (6, AS-let2 x 7 (subst-sv 8" x v ) s)

O+ (0, AS-let x ((AE-len v)) s) — (0, AS-let x v’ s)

O (0, AS-let z ((AE-concat vl v2)) s) — (3§, AS-let z v’ s)

O (0, AS-seq s1 s2) — (' ,s")

O+ (5, AS-let © ((AE-appP fbv)) s) — (0, AS-let2 z T (subst-sv s’ z v) s)

O (0, AS-let x ((AE-split vl v2)) s) — (5, AS-let z v’ s)

O (0, AS-assert ¢ s ) — (4, s')

O+ (5, AS-let x ((AE-op Eq (V-lit (n1)) (V-lit (n2)))) s) — (5, AS-let z (AE-val (V-lit b)) s)

inductive reduce-stmt-many :: & = 0 = s =0 = s = bool («-F (-, -y —*( -, -» [50, 50, 50]
50) where

reduce-stmt-many-onel: ® F (8, s) — (§', 8"y = P+ (§ ,s) —* (0, s
| reduce-stmt-many-manyl: [ ® F (5, s) — (8, 8 ; & (8, s) —* (0", s") ] = @+ (4, )
—>* <5//7 S//>

nominal-function convert-fds :: fun-def list = (fxfun-def) list where

convert-fds [| = |]
| convert-fds ((AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7 5)))#fs) = ((f,AF-fundef f (AF-fun-typ-none
(AF-fun-typ b ¢ T s)))#convert-fds fs)
| convert-fds ((AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x b ¢ 7 5)))#fs) = ((f,AF-fundef f (AF-fun-typ-some
bv (AF-fun-typ x b ¢ T 8)))#convert-fds fs)

apply (auto)

apply (simp add: equt-def convert-fds-graph-auz-def )

using fun-def.exhaust fun-typ.erhaust fun-typ-q.echaust neq-Nil-conv

by metis
nominal-termination (equt) by lexicographic-order

nominal-function convert-tds :: type-def list = (fxtype-def) list where
convert-tds [| = []
| convert-tds ((AF-typedef s dclist)#fs) = ((s,AF-typedef s dclist)# convert-tds fs)
| convert-tds ((AF-typedef-poly s bv dclist)#fs) = ((s,AF-typedef-poly s bv dclist)# convert-tds fs)
apply(auto)
apply (simp add: equt-def convert-tds-graph-auz-def )
by (metis type-def.exhaust neq-Nil-conv)
nominal-termination (equt) by lezicographic-order

inductive reduce-prog :: p = v = bool where
[ reduce-stmt-many @ [] s § (AS-val v) | = reduce-prog (AP-prog © @ [] s) v

10.2 Reduction Typing

Checks that the store is consistent with A
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inductive delta-sim :: © = § = A = bool («- F -~ - [50,50] 50 ) where

delta-sim-nill: © F [| ~ [|a
| delta-sim-consI: [OF§ ~ A ;0 {||}; GNill-v<=71;u¢ fst ‘setd | = OF ((u,v)#I) ~
((w,T)#aA)

equivariance delta-sim
nominal-inductive delta-sim .

inductive-cases delta-sim-elims[elim!]:
Ok [ ~[a
O+ ((u7v)#ds) ~ (U?T) #A D
O F ((u,v)#ds) ~ D

A typing judgement that combines typing of the statement, the store and the condition that
definitions are well-typed

inductive config-type :: © = = A= §=s=7= bool («-;-;-F(-,-)<-»][50,50,50]
50) where
config-typel: [ © ; ® ; {||} ; GNil ; A+ s < T
(V fd € set . © ; O F fd) ;
© Féi~A]
= 0;P;AF (0 ,8)<= T
equivariance config-type
nominal-inductive config-type .

inductive-cases config-type-elims [elim!]:
;P ;AF(0 ,5 <= T

nominal-function é-of :: var-def list = § where
d-of [| = 1]
| 6-of ((AV-def u t v)#vs) = (u,v) # (0-of vs)
apply auto
using equt-def §-of-graph-auz-def neq-Nil-conv old.prod.exhaust apply force
using equt-def d-of-graph-auz-def neq-Nil-conv old.prod.exhaust
by (metis var-def.strong-exhaust)
nominal-termination (equt) by lexicographic-order

inductive config-type-prog :: p = 7 = bool (< F { -) < -») where

[
O;P;A0of GFH{b-0f G ,8) < T
]=F (AP-prog® ® G s) < 1

inductive-cases config-type-prog-elims [elim!]:
F (AP-prog© ® G s) <7

end
theory SubstMethods

imports [VSubst Wellformed, HOL— Eisbach.FEisbach-Tools
begin

See Eisbach/Examples.thy as well as Eisbach User Manual.
Freshness for various substitution situations. It seems that if undirected and we throw all the
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facts at them to try to solve in one shot, the automatic methods are *sometimes* unable to
handle the different variants, so some guidance is needed. First we split into subgoals using
fresh_ prodN and intro conjl

The ’add’, for example, will be induction premises that will contain freshness facts or freshness
conditions from prior obtains

Use different arguments for different things or just lump into one bucket

method fresh-subst-mth-auz uses add = (
(match conclusion in atom z § (I':T)[z:=v|p, for 2z v T' = <auto simp add: fresh-subst-gv-if [of

atom z T v z] add»)

| (match conclusion in atom z § (v'::v)[z::=1],, for z z v v' = (auto simp add: v.fresh fresh-subst-v-if
pure-fresh subst-v-v-def add> )

| (match conclusion in atom z § (ce::ce)[r::=v]cey fOr z v ce = <auto simp add: fresh-subst-v-if
subst-v-ce-def add) )

| (match conclusion in atom z § (AzA)[z::=v]a, for z 2 v A = <auto simp add: fresh-subst-v-if
fresh-subst-dv-if add» )

| (match conclusion in atom z § I''[z::=v]p, QT for zz v I''T' = (metis add » )

| (match conclusion in atom z § (7:7)[z::=v],, for z x v 7 = <auto simp add: v.fresh fresh-subst-v-if
pure-fresh subst-v-T-def add> )

| (match conclusion in atom z § ({||} :: bv fset) for z = <auto simp add: fresh-empty-fset))

| (auto simp add: add z-fresh-b pure-fresh)
method fresh-mth uses add = (

(unfold fresh-prodN, intro congl)?,
(fresh-subst-mth-aux add: add)+)

notepad
begin

fix I'::I" and z:z and z::z and v::v and ©::0 and v":v and w::z and tyid::string and dc::string
and b::b and ce::ce and bv::bv

assume as:atom z § (T',v",0, v,w,ce) A atom bv § (T',v',0, v,w,ce,b)

have atom z § T'[z::=v|r,
by (fresh-mth add: as)

hence atom z § v'[z:=v]y,
by (fresh-mth add: as)

hence atom z § T
by (fresh-mth add: as)

hence atom z f ©
by (fresh-mth add: as)

hence atom z § (CE-val v == ce)[x::=0]cy
using as by auto

hence atom bv § (CE-val v == ce)[z::=0)]cy
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using as by auto
have atom z § (©,I'[x::=v]ry,v'[T:=V]yy,w, V-pair v v, V-consp tyid dc b v, (CE-val v == ce)[x::=0]cy)
by (fresh-mth add: as)

have atom bv § (O,T'[z:=v|ry,v[z::=0]yy,w, V-pair v v, V-consp tyid dc b v)
by (fresh-mth add: as)

end

end

hide-const Syntaz.dom
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Chapter 11

Refinement Constraint Logic
Lemmas

11.1 Lemmas

lemma wfl-doms:
assumes O ; ' I ¢
shows fst ‘ toSet I' C dom 1
using wfl-def toSet.simps assms by fastforce

lemma wfl-lookup:
fixes G::I" and b::b
assumes Some (b,c) = lookup Gz and P ; G+ iand Somes=izand P; BF,; G
shows PFs: b
proof —
have (z,b,c) € toSet G using lookup.simps assms
using lookup-in-g by blast
then obtain s’ where *:Some s’ = iz A wfRCV P s’ b using wfl-def assms by auto

hence s’ = s using assms by (metis option.inject)
thus ?thesis using * by auto
qed

lemma wfl-restrict-weakening:
assumes wfl © T " and i = restrict-map i’ (fst toSet T') and toSet T' C toSet T’
shows O ;T'F i
proof —
{ fix z
assume z € toSet I'
have case = of (z, b, ¢) = Js. Some s =iz A O F s: b using assms wfl-def
proof —
have case z of (z, b, ¢) = Js. Somes =i 2 AOF s:b
using <z € toSet I') assms wfl-def by auto
then have Js. Some s = i (fst ) A wfRCV © s (fst (snd z))
by (simp add: <z € toSet Ty assms(2) case-prod-unfold)
then show ?thesis
by (simp add: case-prod-unfold)
qed
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thus “thesis using wfl-def assms by auto
qed

lemma wfl-suffiz:
fixes G::T’
assumes wfl P (G'QG) iand P ; Bty G
shows P ; G+ i
using wfl-def append-g.simps assms toSet.simps by simp

lemma wfl-replace-inside:
assumes wfl © (T'Q (z, b, ¢) #r T) ¢
shows wfl © (" Q (z, b, ¢') #r T) 4
using wfl-def toSet-splitP assms by simp

11.2 Existence of evaluation

lemma eval-l-base:
OF[!] : (base-for-lit )
apply(nominal-induct [ rule:l.strong-induct)
using wfRCV .intros eval-l.simps base-for-lit.simps by auto+

lemma obtain-fresh-bv-dclist:
fixes tm::'a:fs
assumes (dc, { z: b | ¢ |}) € set dclist
obtains bvl::bv and dclist] x1 b1 c1 where AF-typedef-poly tyid bv dclist = AF-typedef-poly tyid
bvl dclist1
A (de, { x1 : b1 | ¢l |}) € set dclist] A atom bvl § tm

proof —
obtain bvl dclistl where AF-typedef-poly tyid bv dclist = AF-typedef-poly tyid bvl dclistl N atom
bvl § tm
using obtain-fresh-bv by metis
moreover hence [[atom bv]]lst. dclist = [[atom bvl]]lst. dclist] using type-def.eq-iff by metis

moreover then obtain z1 b! ¢! where (de, { x1 : b1 | ¢l |}) € set dclist] using td-lookup-eq-iff
assms by metis

ultimately show ?thesis using that by blast
qed

lemma obtain-fresh-bv-dclist-b-iff :

fixes tm::'a:fs

assumes (dc, { z: b | ¢ [}) € set dclist and AF-typedef-poly tyid bv dclist € set P and F,, 5 P

obtains bvl::bv and dclist] x1 b1 c1 where AF-typedef-poly tyid bv dclist = AF-typedef-poly tyid
bvl dclist1

A (de, { z1 : b1 | ¢l |}) € set dclist] A atom bvl § tm A b[bv::=b"lpp=0b1[bv1::=b"]ps

proof —

obtain bv! dclist! x1 b1 c1 where *:AF-typedef-poly tyid bv dclist = AF-typedef-poly tyid bvl dclist1
A atom bvl § tm

A (de, {21 : b1 | ¢l |}) € set dclist] using obtain-fresh-bv-dclist assms by metis

hence AF-typedef-poly tyid bvl dclist] € set P using assms by metis

hence b[bv::=b"]pp, = b1[bvl::=b"]p
using wfTh-typedef-poly-b-eq-iff [OF assms(2) assms(1) - - assms(3),0f bvl dclistl x1 bl c1 b *
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by metis

from this that show ?thesis using * by metis
qed

lemma eval-v-exist:

fixes I'::I" and v::v and b::b

assumes P ;' Fiand P; BT Fyfv:b

shows 3s. i [v] ™~ sAPkFs:b

using assms proof(nominal-induct v arbitrary: b rule:v.strong-induct)

case (V-lit z)

then show Zcase using eval-I-base eval-v.intros eval-1.simps wfV-elims rcl-val.supp pure-supp by metis
next

case (V-var z)

then obtain ¢ where x:Some (b,c) = lookup T z using wfV-elims by metis

hence z € fst ‘ toSet I using lookup-z by blast

hence z € dom i using wfl-domi using assms by blast

then obtain s where ¢ x = Some s by auto

moreover hence P F s : b using wfRCV .intros wfl-lookup * V-var

by (metis wfV-wf)

ultimately show ?case using eval-v.intros rcl-val.supp b.supp by metis
next

case (V-pair vl v2)

then obtain b1 and b2 where x:P ; B ;' vl : b1 AN P BT by v2: 02 A b= B-pair
b1 b2 using wfV-elims by metis

then obtain s/ and s2 where eval-v i v1 s1 A wfRCV P s1 bl A eval-v i v2 s2 N wfRCV P s2 b2
using V-pair by metis

thus Zcase using eval-v.intros wfRCV .intros * by metis
next

case (V-cons tyid dc v)

then obtain s and b':b and dclist and z::z and c::c where (wfV P B T v b)ANiJv] ™ sA
Pt s:b' ANb= B-id tyid A

AF-typedef tyid dclist € set P A (de, { : b | ¢ }) € set dclist using wfV-elims(4) by

metis

then show ?Zcase using eval-v.intros(4) wfRCV .intros(5) V-cons by metis
next

case (V-consp tyid dc b’ v)

obtain b’a::b and bv and dclist and z:z and c::c where x:(wfV P B T' v bla[bv::=b"lp,) A b =
B-app tyid b’ A
AF-typedef-poly tyid bv dclist € set P A (de, { = : b'a | ¢ |}) € set delist A
atom bv § (P, B-app tyid b',B) using wjf-strong-elim(1)[OF V-consp(3)] by metis

then obtain s where xx:i [v] ~ s A P F s: ba[bv::=b")y, using V-consp by auto

have ., ; P using wfX-wfY V-consp by metis
then obtain bvi::bv and dclist] x1 b1 c1 where 3:AF-typedef-poly tyid bv dclist = AF-typedef-poly
tyid bvl dclist1
A (de, { o1 : b1 | c1 |}) € set dclist] A atom bvl § (P, SConsp tyid dc b’ s, B-app tyid b’)
A blalbv:=b"pp = b1 [bvl:=b"lpp
using * obtain-fresh-bv-dclist-b-iff by blast
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have i [ V-consp tyid dc b' v ] ~ SConsp tyid dc b’ s using eval-v.intros by (simp add: *x)

moreover have P + SConsp tyid dc b’ s : B-app tyid b’ proof
show <A F-typedef-poly tyid bvl dclist! € set P> using 3 * by metis
show «(dec, { «1 : b1 | ¢l |}) € set dclistl» using 3 by auto
thus <atom bvl § (P, SConsp tyid dc b’ s, B-app tyid b')) using * 3 fresh-prodN by metis
show ¢ P F s: b1[bvl::=b"ly» using & xx by auto
qed

ultimately show ?Zcase using eval-v.intros wfRCV .intros V-consp * by auto
qed

lemma eval-v-uniqueness:

fixes v::v

assumes i [v ]~ sandi[v] "~ s

shows s=s’

using assms proof(nominal-induct v arbitrary: s s’ rule:v.strong-induct)

case (V-lit z)

then show ?Zcase using eval-v-elims eval-1.simps by metis
next

case (V-var z)

then show ?case using eval-v-elims by (metis option.inject)
next

case (V-pair vl v2)

obtain s/ and s2 where s:i [ vl |~ sI Adi[v2] ™ s2 A s = SPair sl s2 using eval-v-elims
V-pair by metis

obtain s/’ and s2’ where s":i [ vl |~ s1’ Ni[v2] "~ s2' A s’ = SPair s1’ s2’ using eval-v-elims
V-pair by metis

then show ?case using eval-v-elims using V-pair s s’ by auto
next

case (V-cons tyid dec vl)

obtain svl where 1:i [ vl | ~ svl A s = SCons tyid dc svl using eval-v-elims V-cons by metis

moreover obtain sv2 where 2:¢ [ vl | ~ sv2 A s’ = SCons tyid dc sv2 using eval-v-elims V-cons
by metis

ultimately have svl = sv2 using V-cons by auto

then show ?case using 1 2 by auto
next

case (V-consp tyid dec b vl)

then show ?case using eval-v-elims by metis

qed

lemma eval-v-base:
fixes I'::I' and v::v and b::b
assumes P;I' Fiand P; B;'Fyyv:bandio] ™ s
shows P+ s: b
using eval-v-exist eval-v-uniqueness assms by metis

lemma eval-e-uniqueness:
fixes e::ce

assumes i [e] Y sand i e] ~ s’

248



shows s=s’
using assms proof(nominal-induct e arbitrary: s s’ rule:ce.strong-induct)
case (CE-val x)
then show ?Zcase using eval-v-uniqueness eval-e-elims by metis
next
case (CE-op opp x1 x2)
consider opp = Plus | opp = LEq | opp = Eq using opp.exhaust by metis
thus ?Zcase proof(cases)
case I
hence al:eval-e i (CE-op Plus 21 x2) s and a2:eval-e i (CE-op Plus x1 z2) s’ using CE-op by auto
then show ?thesis using eval-e-elims(2)[OF al] eval-e-elims(2)[OF a2]
CE-op eval-e-plusl
by (metis rcl-val.eq-iff (2))
next
case 2
hence al:eval-e i (CE-op LEq z1 22) s and a2:eval-e i (CE-op LEq x1 x2) s’ using CE-op by auto
then show ?thesis using eval-v-uniqueness eval-e-elims(3)[OF al] eval-e-elims(3)[OF a2)
CE-op eval-e-plusl
by (metis rcl-val.eq-iff (2))
next
case 3
hence al:eval-e i (CE-op Eq x1 22) s and a2:eval-e i (CE-op Eq x1 z2) s’ using CE-op by auto
then show ?thesis using eval-v-uniqueness eval-e-elims(4)[OF al] eval-e-elims(4)[OF a2]
CE-op eval-e-plusl
by (metis rcl-val.eq-iff (2))
qed
next
case (CE-concat x1 z2)
hence al:eval-e i (CE-concat x1 z2) s and a2:eval-e i (CE-concat 1 x2) s’ using CE-concat by
auto
show Zcase using eval-e-elims(7)[OF al] eval-e-elims(7)[OF a2] CE-concat eval-e-concatl rcl-val.eg-iff

proof —
assume AP. (Abvl bv2. [s' = SBitvec (bvl Q bv2); ¢ [ x1 | ~ SBitvec bvl ;i [ 22 ] ~ SBitvec bv2
]=P) =P
obtain bbs :: bit list and bbsa :: bit list where
i [ 22 ] ~ SBitvec bbs A i [ x1 | ~ SBitvec bbsa A SBitvec (bbsa @Q bbs) = s’
by (metis < \AP. (Abvl bv2. [s' = SBitvec (bvl Q bv2); i [ x1 | ~ SBitvec bvl ;i [ 22 ] ~ SBitvec
b2 ]| = P) = P»)
then have s’ = s
by (metis (no-types) < \AP. (Abvl bv2. [s = SBitvec (bvl @ bv2); i [ 1 | ~ SBitvec bvl ;i [ 22 ]
~ SBitvec bv2 | = P) = Py« A\s's. [i[al |~ s;i[al ]|~ '] = s=s» AN\s's. [i[22] "~ s;
ifx2] "~ s'] = s=s" rcl-val.eg-iff (1))
then show ?thesis
by metis
qed
next
case (CE-fst z)
then show ?case using eval-v-uniqueness by (meson eval-e-elims rcl-val.eq-iff)
next
case (CE-snd 1)
then show Zcase using eval-v-uniqueness by (meson eval-e-elims rcl-val.eq-iff)
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next
case (CE-len x)
then show ?Zcase using eval-e-elims rcl-val.eq-iff
proof —
obtain bbs :: rcl-val = ce = (x = rcl-val option) = bit list where
V0 x1 2. (Jv3. 20 = SNum (int (length v8)) A z2 [ «1 | ~ SBitvec v8 ) = (0 = SNum (int
(length (bbs x0 x1 22))) A x2 [ =1 | ~ SBitvec (bbs 0 z1 z2) )
by moura
then have Vicr. = f [ [ c|]*“] "~ r VvV r = SNum (int (length (bbs r ¢ f))) A f [ ¢] ™~ SBitvec
(bbs 7 ¢ f)
by (meson eval-e-elims(8))
then show “thesis
by (metis (no-types) CE-len.hyps CE-len.prems(1) CE-len.prems(2) rcl-val.eg-iff (1))
qed

qed

lemma wfV-eval-bitvec:
fixes v
assumes P ; B ;I Fy5 v: B-bitvecand P ;T' i
shows 3 bv. eval-v i v (SBitvec bv)

proof —
obtain s where i [ v ] ~ s A wfRCV P s B-bitvec using eval-v-exist assms by metis
moreover then obtain bv where s = SBitvec bv using wfRCV-elims(1)[of P s] by metis
ultimately show ?thesis by metis

qed

lemma wfV-eval-pair:
fixes v::v
assumes P ; B ;I by5 v: B-pair bl b2 and P;T' ¢
shows 31 s2. eval-v i v (SPair s1 s2)

proof —
obtain s where i [ v ]~ s A wfRCV P s (B-pair bl b2) using eval-v-exist assms by metis
moreover then obtain s/ and s2 where s = SPair sI s2 using wfRCV-elims(2)[of P s| by metis
ultimately show ?thesis by metis

qed

lemma wfV-eval-int:
fixes v::v
assumes P; B;I'bFy,fv:B-intand P;I" ¢
shows 3 n. eval-v i v (SNum n)

proof —
obtain s where i [ v ]~ s A wfRCV P s (B-int) using eval-v-ezist assms by metis
moreover then obtain n where s = SNum n using wfRCV-elims(3)[of P s] by metis
ultimately show ?thesis by metis

qed

Well sorted value with a well sorted valuation evaluates

lemma wfl-wfV-eval-v:
fixes v::v and b::b
assumes O ; B; ',y v:band wfl © I'i
shows 3s. i [v] ™~ sAOFs:b
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using eval-v-exist assms by auto

lemma wfl-wfCE-eval-e:
fixes e::ce and b::b
assumes wfCEPB Geband P; GF ¢
shows Js. i[e] “sAPFs:b
using assms proof(nominal-induct e arbitrary: b rule: ce.strong-induct)
case (CE-val v)
obtain s where i [v] ~ s A P+ s: b using wfl-wfV-eval-vjof P B G v b i| assms wfCE-elims(1)
[of P B G v b] CE-val by auto
then show ?Zcase using CE-val eval-e.intros(1)[of i v s ] by auto
next
case (CE-op opp vl v2)

consider opp =Plus | opp=LEq | opp=Eq using opp.ezhaust by auto

thus ?case proof(cases)
case I
hence wfCE P B G vl B-int A wfCE P B G v2 B-int using wfCE-elims(2) CE-op

by blast
then obtain s! and s2 where *: eval-e ¢ vl s1 N wfRCV P s1 B-int A\ eval-e i v2 s2 N\ wfRCV P
52 B-int
using wfl-wfV-eval-v CE-op by metis
then obtain n!/ and n2 where *x:s2=SNum n2 A s1 = SNum nl1 using wfRCV-elims by meson
hence eval-e i (CE-op Plus v1 v2) (SNum (n1+4n2)) using eval-e-plusl * xx by simp
moreover have wfRCV P (SNum (n1+n2)) B-int using wfRCV .intros by auto
ultimately show ?thesis using 1
using CE-op.prems(1) wfCE-elims(2) by blast
next
case 2
hence wfCE P B G vl B-int A wfCE P B G v2 B-int using wfCE-elims(3) CE-op
by blast
then obtain si/ and s2 where *: eval-e i vl s1 N wfRCV P s1 B-int A eval-e i v2 s2 N\ wfRCV P
s2 B-int
using wfl-wfV-eval-v CE-op by metis
then obtain n! and n2 where xx:s2=SNum n2 A s1 = SNum nl using wfRCV-elims by meson
hence eval-e i (CE-op LEq v1 v2) (SBool (n1 < n2)) using eval-e-leql * xx by simp
moreover have wfRCV P (SBool (n1<n2)) B-bool using wfRCV .intros by auto
ultimately show #thesis using 2
using CFE-op.prems wfCE-elims by metis

next
case 3
then obtain b2 where wfCE P B G vl b2 AN wfCE P B G v2 b2 using wfCE-elims(9) CE-op
by blast
then obtain s/ and s2 where *: eval-e i vI s1 N wfRCV P s1 b2 A eval-e i v2 s2 N wfRCV P s2
b2

using wfl-wfV-eval-v CE-op by metis
hence eval-e i (CE-op Eq vl v2) (SBool (s1 = s2)) using eval-e-leql *

by (simp add: eval-e-eql)
moreover have wfRCV P (SBool (s1 = s2)) B-bool using wfRCV .intros by auto
ultimately show %thesis using 3
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using CFE-op.prems wfCE-elims by metis
qged
next
case (CE-concat vl v2)
then obtain s! and s2 where x:b = B-bitvec A eval-e ¢ v1 s1 N eval-e t v2 s2 N
wfRCV P s1 B-bitvec AN wfRCV P s2 B-bitvec using
CE-concat
by (meson wfCE-elims(6))
thus ?case using eval-e-concatl wfRCV .intros(1) wfRCV-elims
proof —
obtain bbs :: type-def list = rcl-val = bit list where
Vits s. = ts b s : B-bitvec V s = SBitvec (bbs ts s)
using wfRCV-elims(1) by moura
then show ?thesis
by (metis (no-types) local.x+ wfRCV-BBitvecl eval-e-concatl)
qed
next
case (CE-fst vl)
thus ?case using eval-e-fstl wfRCV .intros wfCE-elims wfl-wfV-eval-v
by (metis wfRCV-elims(2) rcl-val.eg-iff (4))
next
case (CE-snd vl)
thus ?case using eval-e-sndl wfRCV .intros wfCE-elims wfl-wfV-eval-v
by (metis wfRCV-elims(2) rcl-val.eg-iff (4))
next
case (CE-len x)
thus “case using eval-e-lenl wfRCV .intros wfCE-elims wfl-wfV-eval-v wfV-eval-bitvec
by (metis wfRCV-elims(1))
qed

lemma eval-e-exist:

fixes I'::" and e::ce

assumes P;I' Fiand P; B;I Fyre:d

shows Js. i e] ~ s

using assms proof(nominal-induct e arbitrary: b rule:ce.strong-induct)

case (CE-val v)

then show ?Zcase using eval-v-exist wfCE-elims eval-e.intros by metis
next

case (CE-op op vl v2)

show ?case proof(rule opp.exhaust)
assume <op = Plus»
hence P; B ;' vl : B-int AP B;I' by v2: B-int A b= B-int using wfCE-elims CE-op
by metis
then obtain n! and n2 where eval-e¢ i vI (SNum ni) A eval-e i v2 (SNum n2) using CFE-op
eval-v-exist wfV-eval-int
by (metis wfl-wfCE-eval-e wfRCV-elims(3))
then show «Ja. eval-e i (CE-op op vl v2) a» using eval-e-plusl[of i v1 - v2] <op=Plus> by auto
next
assume <op = LEq¢)
hence P; B;T' by vl :B-int ANP; B;T Fyrv2: B-int A b= B-bool using wfCE-elims CE-op
by metis
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then obtain n! and n2 where eval-e i vI (SNum nl) A eval-e i v2 (SNum n2) using CE-op

eval-v-exist wfV-eval-int
by (metis wfl-wfCE-eval-e wfRCV-elims(3))

then show «Ja. eval-e i (CE-op op vl v2) a using eval-e-legl[of i vl - v2] eval-v-exist <op=LEq

CE-op by auto
next

assume <op = Eq

then obtain b7 where P ; B ;I F,p vl : 01 AP ; B;T Fypv2: b1 Ab= B-bool using
wfCE-elims CE-op by metis

then obtain s/ and s2 where eval-e i v1 s1 A eval-e i v2 s2 using CFE-op eval-v-exist wfV-eval-int

by (metis wfl-wfCE-eval-e wfRCV-elims(3))
then show «Ja. eval-e i (CE-op op vl v2) a> using eval-e-eql[of i vl - v2] eval-v-exist <op=Eq
CE-op by auto
qed
next
case (CE-concat vl v2)
then obtain bv! and bv2 where eval-e i v1 (SBitvec bul) A eval-e i v2 (SBitvec bv2)
using wfV-eval-bitvec wfCE-elims(6)
by (meson eval-e-elims(7) wfl-wfCE-eval-e)
then show ?Zcase using eval-e.intros by metis
next
case (CE-fst ce)
then obtain 02 where b0:P ; B ; I' k¢ ce : B-pair b b2 using wfCE-elims by metis
then obtain s where s:i [ ce | ~ s using CE-fst by auto
then obtain s/ and s2 where s = (SPair sI s2) using eval-e-elims(4) CE-fst wfl-wfCE-eval-e[of
P BT ce B-pair b b2 i,0F b] wfRCV-elims(2)[of P s b b2]
by (metis eval-e-uniqueness)
then show ?case using s eval-e.intros by metis
next
case (CE-snd ce)
then obtain b1 where b:P ; B ; I' by ce : B-pair b1 b using wfCE-elims by metis
then obtain s where s:i [ ce | ~ s using CE-snd by auto
then obtain s/ and s2 where s = (SPair s1 s2)
using eval-e-elims(5) CE-snd wfl-wfCE-eval-e[of P B T' ce B-pair bl b i,0F b] wfRCV-elims(2)[of
Psbbi]
eval-e-uniqueness
by (metis wfRCV-elims(2))
then show ?case using s eval-e.intros by metis
next
case (CE-len v1)
then obtain bv! where eval-e ¢ v1 (SBitvec bvl)
using wfV-eval-bitvec CE-len wfCE-elims eval-e-uniqueness
by (metis eval-e-elims(7) wfCE-concat] wfl-wfCE-eval-¢)
then show ?Zcase using eval-e.intros by metis
qed

lemma eval-c-exist:
fixes I'::T" and c::¢
assumes P ;' Fiand P; B ;I k5 c

shows Js. i [ c] ™ s
using assms proof(nominal-induct ¢ rule: c.strong-induct)
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case C-true

then show ?case using eval-c.intros wfC-elims by metis
next

case C-false

then show ?Zcase using eval-c.intros wfC-elims by metis
next

case (C-conj c1 c2)

then show ?case using eval-c.intros wfC-elims by metis
next

case (C-disj x1 ©2)

then show ?case using eval-c.intros wfC-elims by metis
next

case (C-not z)

then show ?case using eval-c.intros wfC-elims by metis
next

case (C-imp z1 z2)

then show ?case using eval-c.intros eval-e-exist wfC-elims by metis
next

case (C-eq x1 22)

then show ?case using eval-c.intros eval-e-exist wfC-elims by metis
qed

lemma eval-c-uniqueness:

fixes c::c

assumes i [ ¢~ sand i [ c] ™~ s’

shows s=s’

using assms proof (nominal-induct ¢ arbitrary: s s’ rule:c.strong-induct)

case C-true

then show ?case using eval-c-elims by metis
next

case C-false

then show ?Zcase using eval-c-elims by metis
next

case (C-conj x1 z2)

then show ?Zcase using eval-c-elims(3) by (metis (full-types))
next

case (C-disj x1 z2)

then show ?case using eval-c-elims(4) by (metis (full-types))
next

case (C-not z)

then show ?Zcase using eval-c-elims(6) by (metis (full-types))
next

case (C-imp z1 z2)

then show ?case using eval-c-elims(5) by (metis (full-types))
next

case (C-eq x1 22)

then show Zcase using eval-e-uniqueness eval-c-elims(7) by metis
qed

lemma wfl-wfC-eval-c:

fixes c::c
assumes wfC P B Gcand P; GF ¢
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shows Js. i [ c] ™~ s
using assms proof(nominal-induct ¢ rule: c.strong-induct)
qed(metis wfC-elims wfl-wfCE-eval-e eval-c.intros)+

11.3 Satisfiability

lemma satis-refil:
fixes c::c
assumes i |= ((z, b, ¢) #r G)
shows i | ¢
using assms by auto

lemma is-satis-mp:
fixes cl::c and c2::c
assumes i |= (¢! IMP ¢2) and i = cI
shows i | ¢2
using assms proof —
have eval-c i (c1 IMP ¢2) True using is-satis.simps using assms by blast
then obtain b1 and b2 where True = (b1 — b2) A eval-c i c¢1 b1 A eval-c i c2 b2
using eval-c-elims(5) by metis
moreover have eval-c ¢ cI True using is-satis.simps using assms by blast
moreover have b1 = True using calculation eval-c-uniqueness by blast
ultimately have eval-c i ¢2 True by auto
thus ?thesis using is-satis.intros by auto
qed

lemma is-satis-imp:

fixes c1::c and c2::c

assumes i =cl — if=c2andicl ]|~ blandi[c2] "™ b2

shows ¢ |= (¢1 IMP ¢2)
proof(cases bl)

case True

hence i |= ¢2 using assms is-satis.simps by simp

hence b2 = True using is-satis.simps assms

using eval-c-uniqueness by blast

then show ?thesis using eval-c-impl is-satis.simps assms by force
next

case Fulse

then show ?thesis using assms eval-c-impl is-satis.simps by metis
qed

lemma is-satis-iff:
iE G =Mzbec (z,bc) € toSet G — i = ¢)
by (induct G,auto)

lemma is-satis-g-append:

i (G1QG2) = (i = GI Ail G2)

using is-satis-g.simps is-satis-iff by auto
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11.4 Substitution for Evaluation

lemma eval-v-i-upd:
fixes v::v
assumes atomz fvand i [v] "~ s’
shows eval-v ((i (z +—s))) v s’
using assms proof (nominal-induct v arbitrary: s’ rule:v.strong-induct)
case (V-lit z)
then show Zcase by (metis eval-v-elims(1) eval-v-lit])
next
case (V-var y)
then obtain s where *: Some s = i y A s=s’ using eval-v-elims by metis
moreover have z # y using <atom x  V-var y» v.supp by simp
ultimately have (i ( z —s)) y = Some s
by (simp add: <Some s = iy N s = sh)
then show ?case using eval-v-varl x <z # y»
by (simp add: eval-v.eval-v-varl)
next
case (V-pair vl v2)
hence atom z f v A atom z § v2 using v.supp by simp
moreover obtain s/ and s2 where x: eval-v i vl s1 A eval-v i v2 s2 N s’ = SPair s1 s2 using
eval-v-elims V-pair by metis
ultimately have eval-v ((i ( z —5))) v1 s1 A eval-v ((i ( z +—$))) v2 s2 using V-pair by blast
thus ?case using eval-v-pairl * by meson
next
case (V-cons tyid dc vl)
hence atom z § vl using v.supp by simp
moreover obtain s! where *: eval-v i vi s1 A s’ = SCons tyid dc s1 using eval-v-elims V-cons by
metis
ultimately have eval-v ((i ( £ —s))) vl s1 using V-cons by blast
thus ?case using eval-v-consl * by meson
next
case (V-consp tyid dec b1 v1)

hence atom z § vl using v.supp by simp

moreover obtain s! where *: eval-v i vl s1 A\ s’ = SConsp tyid dc bl sl using eval-v-elims V-consp
by metis

ultimately have eval-v ((¢ ( z —s))) v1 s1 using V-consp by blast

thus ?case using eval-v-conspl * by meson
qed

lemma eval-e-i-upd:
fixes e::ce
assumes i [ e ] ~ s’ and atom x § e
shows (i (z—s))[e] ™ s
using assms apply (induct rule: eval-e.induct) using eval-v-i-upd eval-e-elims
by (meson ce.fresh eval-e.intros)+

~

lemma eval-c-i-upd:
fixes c::c
assumes i [ ¢ ] ~ s’ and atom x § ¢
shows ((i (z—s))) [ c] ™~ ¢
using assms proof (induct rule:eval-c.induct)

~
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case (eval-c-eql i el svl e2 sv2)
then show ?case using RCLogic.eval-c-eql eval-e-i-upd c.fresh by metis
qed(simp add: eval-c.intros)+

lemma subst-v-eval-v[simp]:
fixes v::v and v":v
assumes i [v ]~ sand i [ (vzi=0v]p,) ]~ s’
shows (i (z+—s))[v'] "~ s
using assms proof(nominal-induct v’ arbitrary: s’ rule:v.strong-induct)
case (V-lit z)
then show ?case using subst-vv.simps
by (metis eval-v-elims(1) eval-v-lit])
next
case (V-var z’)
then show ?case proof(cases z=x")
case True
hence (V-var z’)[z::=v]y, = v using subst-vv.simps by auto
then show ?thesis using V-var eval-v-elims eval-v-varl eval-v-uniqueness True
by (simp add: eval-v.eval-v-varl)
next
case Fulse
hence atom x § (V-var z') by simp
then show ?thesis using eval-v-i-upd False V-var by fastforce
qed
next
case (V-pair vl v2)
then obtain s/ and s2 where x:eval-v i (v1[x:=0]yy) $I A eval-v i (V2[x::=0]yy) $2 A 8’ = SPair
sl s2 using V-pair eval-v-elims subst-vv.simps by metis
hence (i (z+— s))[vI ]~ st AN(Ei(x—s))[v2] "™ s2 using V-pair by metis
thus fZcase using eval-v-pairl subst-vv.simps * V-pair by metis
next
case (V-cons tyid dec vl)
then obtain s/ where eval-v i (v1[z::=]y,) I using eval-v-elims subst-vv.simps by metis
thus ?case using eval-v-consl V-cons
by (metis eval-v-elims subst-vv.simps)
next
case (V-consp tyid dec b1 v1)

then obtain s! where *:eval-v i (vI[z:=V]yy) s1 A 8" = SConsp tyid dc bl sI using eval-v-elims
subst-vv.simps by metis

hence i (z+— s ) [ vl ]~ sl using V-consp by metis

thus “case using * eval-v-conspl by metis
qed

lemma subst-e-eval-v[simp):
fixes y::xz and e::ce and v::v and e’::ce
assumes i [ e’ ]~ s’ and e'=(e[y:=v]eer) and i [v ]~ s
shows (i (y+—s))[e] ™ s
using assms proof (induct arbitrary: e rule: eval-e.induct)
case (eval-e-vall i vl sv)
then obtain v!’ where x:e = CE-val v1’' A vl = v1'[y::=v]yy
using assms by (nominal-induct e rule:ce.strong-induct,simp+)
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hence eval-v i (v1'[y::=v]yy) sv using eval-e-vall by simp
hence eval-v (i (y +— s)) vl’ sv using subst-v-eval-v eval-e-vall by simp
then show ?case using RCLogic.eval-e-vall * by meson
next
case (eval-e-plusl i vl nl v2 n2)
then obtain v/’ and v2’ where *:e = CE-op Plus v1' v2' A vl = v1'[y::=0]cer A 02 = 02 [y::=0]cen
using assms by (nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=v]cev) (SNum n1) A eval-e i (vV2'[y::=v]cer) (SNum n2) using eval-e-plusl
by simp
hence eval-e¢ (i (y— s)) v1’ (SNum nl) A eval-e (i (y— s)) v2' (SNum n2) using subst-v-eval-v
eval-e-plusl
using local.x by blast
then show ?case using RCLogic.eval-e-plusl * by meson
next
case (eval-e-leql i vl nl v2 n2)
then obtain v/’ and v2’ where x:e = CE-op LEqvl' v2' A vl = vl '|y:=0]cer A ¥2 = v2'[y::=0]cey
using assms by(nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=v]cer) (SNum nl) A eval-€ i (v2'[y::=0]cer) (SNum n2) using eval-e-leql by
simp
hence eval-e (i (y— s)) v1’ (SNum nl) A eval-e (i (y— s)) v2' (SNum n2) using subst-v-eval-v
eval-e-leql
using * by blast
then show ?case using RCLogic.eval-e-leql * by meson
next
case (eval-e-eql i v1 nl v2 n2)
then obtain v1’ and v2’ where *:e = CE-op Eq vl’ v2’' A vl = vl'[y::=0]cer N V2 = 027[y::=0]cew
using assms by(nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=0]cer) N1 A eval-€ i (V2'[y::=0]cer) n2 using eval-e-eql by simp
hence eval-e (i (y— s)) vi’'nl A eval-e (i (y — s)) v2' n2 using subst-v-eval-v eval-e-eql
using * by blast
then show ?case using RCLogic.eval-e-eql * by meson
next
case (eval-e-fstl i vl sl s2)
then obtain v!’ and v2’ where x:e = CE-fst v1’ A vl = v1'[y::=0v]ces
using assms by (nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=v]cev) (SPair s1 s2) using eval-e-fstI by simp
hence eval-e (i (y+— s)) vl’ (SPair sl s2) using eval-e-fstI x by metis
then show ?case using RCLogic.eval-e-fstl x by meson
next
case (eval-e-sndl i vl s1 s2)
then obtain v!’ and v2’ where *:e = CE-snd v1’ A vl = v1'[y::=0]cen
using assms by (nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=0]cer) (SPair s1 s2) using eval-e-sndl by simp
hence eval-¢ (i ( y — s)) vl’ (SPair s1 s2) using subst-v-eval-v eval-e-sndl * by blast
then show ?case using RCLogic.eval-e-sndl x by meson
next
case (eval-e-concatl i vl bvl v2 bv2)
then obtain v/’ and v2’ where x:e = CE-concat v1’ v2' A vl = v1'[y:=v]cer A V2 = V2[Y::=0]cew
using assms by(nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=0]cey) (SBitvec bul) A eval-e i (vV2'[y::=]cer) (SBitvec bv2) using eval-e-concatl
by simp
moreover hence eval-e (i ( y+— s )) vl’ (SBitvec bvl) N eval-e (i (y — s)) v2' (SBitvec bv2)
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using subst-v-eval-v eval-e-concatl * by blast
ultimately show ?case using RCLogic.eval-e-concatl * eval-v-uniqueness by (metis eval-e-concatl .hyps(1))
next
case (eval-e-lenl i v1 bv)
then obtain v!’ where x:e = CE-len v1’ A vl = vl '[y:=0]ces
using assms by(nominal-induct e rule:ce.strong-induct,simp+)
hence eval-e i (v1'[y::=v]cer) (SBitvec bv) using eval-e-lenl by simp
hence eval-e (i (y — s)) vl (SBitvec bv) using subst-v-eval-v eval-e-lenl * by blast
then show ?case using RCLogic.eval-e-lenl * by meson
qed

lemma subst-c-eval-v[simp]:
fixes vi:v and ¢ :: ¢
assumes i [ v ]~ sand i [ c[z:=v], | ~ sI and
(i(z—38)[c] ™ s2
shows sI = s2
using assms proof(nominal-induct ¢ arbitrary: s1 s2 rule: c.strong-induct)
case C-true

hence s1 = True A s2 = True using eval-c-elims subst-cv.simps by auto
then show ?Zcase by auto
next

case C-false
hence s! = False N\ s2 = Fualse using eval-c-elims subst-cv.simps by metis
then show ?Zcase by auto
next
case (C-conj c1 c2)
hence x:eval-c i (c1[x::=0]cy AND c2[z::=0].,,) s1 using subst-cv.simps by auto
then obtain s/1 and s12 where (s1 = (s11 A s12)) A eval-c i c1[z:=]ey $11 A eval-c © c2[x::=0]cy
512 using
eval-c-elims(3) by metis
moreover obtain s21 and s22 where eval-c (i (z — s)) ¢l s21 A eval-c (i (x — s)) c2 522 A
(s2 = (821 A s22)) using
eval-c-elims(3) C-conj by metis
ultimately show ?case using C-conj by (meson eval-c-elims)
next
case (C-disj c1 ¢2)
hence x:eval-c i (c1[x::=0]cy, OR c2[2:=0]cy) $1 using subst-cv.simps by auto
then obtain s/1 and s12 where (s1 = (s11 V s12)) A eval-c i c1[z:=]ey s11 A eval-c © c2[x:=0]cy
512 using
eval-c-elims(4) by metis
moreover obtain s21 and s22 where eval-c (i (x — 5)) ¢l s21 A eval-¢ (i (z — s)) c2 522 A
(s2 = (s21 V s22)) using
eval-c-elims(4) C-disj by metis
ultimately show ?case using C-disj by (meson eval-c-elims)
next
case (C-not c1)
then obtain s/1 where (s1 = (- s11)) A eval-c i c1[z:=v], s11 using
eval-c-elims(6) by (metis subst-cv.simps(7))
moreover obtain s2! where eval-c (i ( z+— s)) ¢l s21 A (s2 = (—s21)) using
eval-c-elims(6) C-not by metis
ultimately show ?case using C-not by (meson eval-c-elims)
next
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case (C-imp cl ¢2)
hence x:eval-c i (c1[x:=v]cy, IMP c2[x::=0]cy,) s1 using subst-cv.simps by auto
then obtain s// and s12 where (s! = (s11 — s12)) A eval-c i cl[z::=v]c, s11 A eval-c i
c2[z::=0]cy $12 using
eval-c-elims(5) by metis
moreover obtain s2/ and s22 where eval-c (i (x — 5)) ¢l $21 A eval-¢ (i (2 — s)) c2 522 A
(s2 = (821 —> s22)) using
eval-c-elims(5) C-imp by metis
ultimately show ?case using C-imp by (meson eval-c-elims)

next
case (C-eq el e2)
hence x:eval-c i (el[x:=0]cer == €2[2::=0]cey) $1 using subst-cv.simps by auto

then obtain s/! and s12 where (sI = (s11 = s12)) A eval-e { (el[x:=0]cer) 11 A eval-e i
(e2[x::=0]cer) $12 using
eval-c-elims(7) by metis
moreover obtain s2/ and s22 where eval-e (i (x — 5)) el 21 A eval-e (i (2 — s)) e2 522 A
(s2 = (s21 = s22)) using
eval-c-elims(7) C-eq by metis
ultimately show ?case using C-eq subst-e-eval-v by (metis eval-e-uniqueness)
qed

lemma wfl-upd:
assumes wfl © T' i and wfRCV O s b and wfG © B ((z, b, ¢) #r T
shows wfl © ((z, b, ¢) #r I') (i(z — 3))
proof (subst wfl-def ,rule)
fix za
assume as:za € toSet ((z, b, ¢) #r I

then obtain z1::z and b1::b and c1::c where za: za = (x1,b1,c1) using toSet.simps
using prod-cases3 by blast

have 3 sa. Some sa = (i(x — s)) 21 A wfRCV © sa bl proof(cases x=x1)
case True
hence b=01 using as za wfG-unique assms by metis
hence Some s = (i(z — s)) 21 AN wfRCV O s bl using assms True by simp
then show ?thesis by auto

next
case False
hence (z1,b1,c1) € toSet T using za as by auto
then obtain sa where Some sa = ¢ xI N wfRCV © sa bl using assms wfl-def as za by auto
hence Some sa = (i(z — s)) 21 A wfRCV © sa bl using Fualse by auto
then show ?thesis by auto

qed

thus case za of (za, ba, ca) = Jsa. Some sa = (i(z — 8)) za A wfRCV O sa ba using za by auto
qed

lemma wfl-upd-full:

fixes v::v

assumes wfl © Giand G = ((I'[z::=v]r,)Ql') and wfRCV © s band wfG © B (I''Q((z,b,c)#rI"))
and © ; B ;T'lFyrv:b

shows wfl © (I'Q((z,b,c)#rI)) (i(z — s))
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proof (subst wfl-def ,rule)
fix za
assume as:za € toSet (I'Q((x,b,c)#rI"))

then obtain z/::xz and b1::b and cI::c where za: za = (21,b1,c1) using toSet.simps
using prod-cases3 by blast

have Jsa. Some sa = (i(z — s)) 21 N wfRCV © sa bl
proof(cases x=z1)
case True
hence b=0b1 using as ra wfG-unique-full assms by metis
hence Some s = (i(z +— s)) 1 A wfRCV O s bl using assms True by simp
then show ?thesis by auto
next
case Fulse
hence (z1,b1,c1) € toSet (I''QT") using as za by auto
then obtain ¢!’ where (21,b1,c1’) € toSet (I'[z::=v]p,QT") using za as wfG-member-subst assms
False by metis
then obtain sa where Some sa = ¢ I N wfRCV © sa bl using assms wfl-def as za by blast
hence Some sa = (i(z — s)) 21 A wfRCV © sa bl using Fualse by auto
then show ?thesis by auto
qed

thus case za of (za, ba, ca) = Jsa. Some sa = (i(z — s)) za A wfRCV O sa ba using za by auto
qed

lemma subst-c-satis[simp):
fixes v::v
assumes i [ v ]~ sand wfC © B ((z,b,¢)#rl') cand wfl ©T ¢and © ; B ;T v:d
shows i | (c[z:=v]p) «— (¢ (2= 3)) | ¢
proof —
have wfl © ((z, b, ¢’) #r I') (i(z — s)) using wfl-upd assms wfC-wf eval-v-base by blast
then obtain s/ where sl:eval-c (i(z — s)) ¢ sI using eval-c-ezist[of © ((z,b,c")#rT) (i (z —
s)) B ¢ ] assms by auto

have © ; B ; I' Fy5 clzi=v], using wf-substl(2)[OF assms(2) - assms(4) , of GNil z |
subst-guv.simps by simp

then obtain s2 where s2:eval-c i c[z::=v]., $2 using eval-c-exist[of © T i B c[z::=v]., | assms by
auto

show ?thesis using s1 s2 subst-c-eval-v|OF assms(1) s2 s1] is-satis.cases
using eval-c-uniqueness is-satis.simps by auto
qed

Key theorem telling us we can replace a substitution with an update to the valuation

lemma subst-c-satis-full:

fixes v::v and I'"::T

assumes i [ v |~ sand wfC © B (I'"Q((z,b,¢)#rT)) ¢ and wfl © ((I''[z::=v]p,)QT") { and © ;
B ;Tkyrv:bd

shows i E (¢c[z::=v]ey) +— (i (21— 8)) E ¢
proof —

have wfl © (T'Q((z, b, ¢) #r ) (i(x — s)) using wfl-upd-full assms wfC-wf eval-v-base wfl-suffiz
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wfl-def wfV-wf by fast
then obtain s! where sI:eval-c (i(z — $)) ¢ s using eval-c-ezist[of © (I''Q(z,b,c')#rT) (i (. —
s)) B ¢ ] assms by auto

have © ; B ; ((I'[z::=v]r,)QT") Fy s clz::=0]c, using wbc-subst assms by auto

then obtain s2 where s2:eval-c i c[x::=v]., $2 using eval-c-existjof © ((I'[z::=v]r,)QT") { B
clx::=v]ey | assms by auto

show ?thesis using si s2 subst-c-eval-v[OF assms(1) s2 s1] is-satis.cases
using eval-c-uniqueness is-satis.simps by auto
qed

11.5 Validity

lemma validI[intro]:
fixes c::c
assumes wfCPBGcandVi.P; GFHiANIiEG—ilEc
shows P; B; G E ¢
using assms valid.simps by presburger

lemma valid-g-wf:
fixes c::c and G::I'
assumes P ; B; G E ¢
shows P ; BF,s G
using assms wfC-wf valid.simps by blast

lemma wvalid-refll [intro]:
fixes b::b
assumes P ; B ; ((z,b,c1)#rG) Fywy cl and c1 = c2
shows P ; B; ((z,b,c1)#rG) = c2
using satis-refll assms by simp

11.5.1 Weakening and Strengthening

Adding to the domain of a valuation doesn’t change the result

lemma eval-v-weakening:
fixes c::v and B::bv fset
assumes i = i'|‘ d and supp ¢ C atom ‘d U supp B and i c] ™ s
shows i’ [ c¢] ™~ s
using assms proof(nominal-induct ¢ arbitrary:s rule: v.strong-induct)
case (V-lit z)
then show ?case using eval-v-elims eval-v-lit] by metis
next
case (V-var z)
have atom z € atom ‘ d using z-not-in-b-set[of = B] assms v.supp(2) supp-at-base
proof —
show ?thesis
by (metis UnE V-var.prems(2) <atom z ¢ supp B> singletonl subset-iff supp-at-base v.supp(2))
qed
moreover have Some s = i z using assms eval-v-elims(2)
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using V-var.prems(3) by blast
hence Some s= i’ z using assms insert-subset restrict-in
proof —
show ?thesis
by (metis (no-types) «<i = i’ |* d> <Some s = i x> atom-eq-iff calculation imageF restrict-in)
qed
thus ?case using eval-v.eval-v-varl by simp

next
case (V-pair vl v2)
then show ?Zcase using eval-v-elims(8) eval-v-pairl v.supp
by (metis assms le-sup-iff)
next
case (V-cons dc vl)
then show Zcase using eval-v-elims(4) eval-v-consl v.supp
by (metis assms le-sup-iff)
next
case (V-consp tyid dec b1 v1)
then obtain sv! where *:¢ [ v1 | ~ svl A s = SConsp tyid dc bl svl using eval-v-elims by metis
hence i’ [ vl | ~ svl using V-consp by auto
then show ?Zcase using * eval-v-conspl v.supp eval-v.simps assms le-sup-iff by metis
qed

lemma eval-v-restrict:
fixes c::v and B::bv fset
assumes | = i’ |
shows i [ c¢] ™~ s
using assms proof(nominal-induct ¢ arbitrary:s rule: v.strong-induct)
case (V-lit z)
then show ?Zcase using eval-v-elims eval-v-lit] by metis
next
case (V-var )
have atom z € atom ¢ d using z-not-in-b-set[of © B] assms v.supp(2) supp-at-base
proof —
show ?thesis
by (metis UnE V-var.prems(2) <atom x ¢ supp B) singletonl subset-iff supp-at-base v.supp(2))
qed
moreover have Some s = i’ z using assms eval-v-elims(2)
using V-var.prems(8) by blast
hence Some s= i z using assms insert-subset restrict-in
proof —
show ?thesis
by (metis (no-types) <i = i’ | d> <Some s = i’ xy atom-eq-iff calculation imageE restrict-in)
qed
thus ?case using eval-v.eval-v-varl by simp
next
case (V-pair vl v2)
then show ?Zcase using eval-v-elims(8) eval-v-pairl v.supp
by (metis assms le-sup-iff)
next
case (V-cons dc vl)

~

d and supp ¢ C atom ‘d U supp B and i’ [ c¢] ™~ s
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then show Zcase using eval-v-elims(4) eval-v-consl v.supp
by (metis assms le-sup-iff)
next
case (V-consp tyid dec b1 v1)
then obtain sv! where *:¢' [ vl | ~ svl A s = SConsp tyid dc bl svl using eval-v-elims by metis
hence i [ vl | ~ svl using V-consp by auto
then show ?case using * eval-v-conspl v.supp eval-v.simps assms le-sup-iff by metis
qed

lemma eval-e-weakening:
fixes e::ce and B::bv fset
assumes ([ e] ~ sand i =14'|‘d and supp e C atom ‘ d U supp B
shows i’ [ e] ™~ s
using assms proof (induct rule: eval-e.induct)
case (eval-e-vall i v sv)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by auto
next
case (eval-e-plusl i vl nl v2 n2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by auto
next
case (eval-e-leql i vl n1 v2 n2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by auto
next
case (eval-e-eql i v1 nl v2 n2)
then show ?case using ce.supp eval-e.intros
using eval-v-weakening by auto
next
case (eval-e-fstl i v vl v2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by metis
next
case (eval-e-sndl i v vl v2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by metis
next
case (eval-e-concatl i vl bv2 v2 bul)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-weakening by auto
next
case (eval-e-lenl i v bv)
then show ?case using ce.supp eval-e.intros
using eval-v-weakening by auto
qed

lemma eval-e-restrict :
fixes e::ce and B::bv fset
assumes ¢’ [ e] ~ sand i =i'|‘d and supp e C atom ‘d U supp B

shows i[e] ~ s
using assms proof (induct rule: eval-e.induct)
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case (eval-e-vall i v sv)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
next
case (eval-e-plusl i vl nl v2 n2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
next
case (eval-e-leql i vl n1 v2 n2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
next
case (eval-e-eql i v1 nl v2 n2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
next
case (eval-e-fstl i v vl v2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by metis
next
case (eval-e-sndl i v vl v2)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by metis
next
case (eval-e-concatl i vl bv2 v2 bul)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
next
case (eval-e-lenl i v bv)
then show ?Zcase using ce.supp eval-e.intros
using eval-v-restrict by auto
qed

lemma eval-c-i-weakening:
fixes c::c and B::bv fset
assumes ([ c] ~ sand i =14"|‘d and supp ¢ C atom ‘d U supp B
shows i’ [ ¢] ™~ s
using assms proof (induct rule:eval-c.induct)
case (eval-c-eql i el svl e2 sv2)
then show ?case using eval-c.intros eval-e-weakening by auto

qged(auto simp add: eval-c.intros)+

lemma eval-c-i-restrict:
fixes c::c and B::bv fset
assumes ' [ c¢] ™~ sand i =i'|‘d and supp ¢ C atom ‘ d U supp B
shows i [ c] ™~ s
using assms proof (induct rule:eval-c.induct)
case (eval-c-eql i el svl e2 sv2)
then show ?Zcase using eval-c.intros eval-e-restrict by auto

qged(auto simp add: eval-c.intros)+

lemma is-satis-i-weakening:
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fixes c::c and B::bv fset

assumes i = i’ | d and supp ¢ C atom ‘d U supp B and i = ¢
shows i’ = ¢

using is-satis.simps eval-c-i-weakening[OF - assms(1) assms(2) ]
using assms(3) by auto

lemma is-satis-i-restrict:
fixes c::c and B::bv fset
assumes i = i’ | d and supp ¢ C atom ‘d U supp Band i’ = ¢
shows i | ¢
using is-satis.simps eval-c-i-restrict[OF - assms(1) assms(2) ]
using assms(3) by auto

lemma is-satis-g-restrictl:
fixes I'::I" and T:T
assumes toSet I' C toSet T/ and i E T’
shows i =T
using assms proof (induct T’ rule: T.induct)
case GNil
then show ?Zcase by auto
next
case (GCons zbc Q)
obtain z and b and c::¢c where zbc: zbe=(z,b,c)
using prod-cases3 by blast
hence i = G using GCons by auto
moreover have ¢ = ¢ using GCons
1s-satis-iff toSet.simps subset-iff
using zbc by blast
ultimately show ?Zcase using is-satis-g.simps GCons
by (simp add: zbc)
qed

lemma is-satis-g-restrict2:
fixes I'::I" and TI::T
assumes i =T and i’ =i |‘d and atom-dom I' C atom ‘d and © ; B ¢ T
shows i T
using assms proof (induct I' rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z b ¢ G)

hence i’ = G proof —
have | = G using GCons by simp
moreover have atom-dom G C atom ‘ d using GCons by simp
ultimately show ?thesis using GCons wfG-cons2 by blast

qed

moreover have i’ |= ¢ proof —
have i = ¢ using GCons by auto
moreover have © ; B ; (z, b, TRUE) #r Gty ¢ using wfG-wfC GCons by simp
moreover hence supp ¢ C atom ‘ d U supp B using wfC-supp GCons atom-dom-eq by blast
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ultimately show ?thesis using is-satis-i-restrict[of i’ i d ¢] GCons by simp
qged

ultimately show ?case by auto
qed

lemma is-satis-g-restrict:
fixes I'':T" and I'::T"
assumes toSet I' C toSet I and i’ =T"and i= i'|‘(fst ‘toSetT) and © ; B,y T
shows i T
using assms is-satis-g-restrict] [OF assms(1) assms(2)] is-satis-g-restrict2|OF - assms(8)] by simp

11.5.2 Updating valuation

lemma is-satis-c-i-upd:
fixes c:c
assumes atom z § c and i | ¢

shows ((i (z —s))) E ¢
using assms eval-c-i-upd is-satis.simps by simp

lemma is-satis-g-i-upd:
fixes G::T'
assumes atom z § G and i = G
shows ((i (z+—9))) E G
using assms proof (induct G rule: T-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b’ ¢’ G')

hence *:atom z § G’ A atom z f ¢’
using fresh-def fresh-GCons GCons by force
moreover hence is-satis ((i ( z +—s))) ¢’
using is-satis-c-i-upd GCons is-satis-g.simps by auto
moreover have is-satis-g (i(z — s)) G’ using GCons x by fastforce
ultimately show ?case
using G Cons is-satis-g.simps(2) by metis
qed

lemma valid-weakening:
assumes O ; B; T' = ¢ and toSet T' C toSet I'' and wfG © B T
shows O ; B;T'E ¢
proof —
have wfC © B T ¢ using assms valid.simps by auto
hence sp: supp ¢ C atom ‘(fst ‘toSet ") U supp B using wfX-wfY wfG-elims
using atom-dom.simps dom.simps wf-supp(2) by metis
have wfg: wfG © B T using assms valid.simps wfC-wf by auto

moreover have al: (Vi. wfl ©T' i AN i |=T' — i |= ¢) proof(rule alll, rule impI)
fix 7
assume as: wfl O T i ANi =T’
hence as!: fst ‘ toSet I' C dom i using assms wfl-domi by blast
obtain i’ where idash: i’ = restrict-map i (fst ‘toSet T') by blast
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hence as2: dom i’ = (fst ‘toSet T') using dom-restrict asl by auto

have id2: © ;T F i’ A i’ ET proof —
have wfl © T i’ using as2 wfl-restrict-weakening[of © T/ i i’ T'] as assms
using idash by blast
moreover have i’ = T using is-satis-g-restrict| OF assms(2)] wfg as idash by auto
ultimately show ?thesis using idash by auto
qed
hence i’ = ¢ using assms valid.simps by auto
thus i = ¢ using assms valid.simps is-satis-i-weakening idash sp by blast
qed
moreover have wfC © B I'’ ¢ using wf-weakening assms valid.simps
by (meson wfg)
ultimately show ?thesis using assms valid.simps by auto
qed

lemma is-satis-g-suffiz:

fixes G::T'

assumes i = (G'QG)

shows i = G

using assms proof (induct G’ rule:I'.induct)

case GNil

then show ?Zcase by auto
next

case (GCons zbc x2)

obtain z and b and c::c where zbc: zbe=(z,b,c)

using prod-cases3 by blast

hence i = (zbc #r (22 @ G)) using append-g.simps GCons by fastforce

then show ?case using is-satis-g.simps GCons xbc by blast
qed

lemma wfG-inside-valid2:
fixes z::x and T'::T" and c0::c and c0'::c
assumes wfG © B (I''Q((z,b0,c0")#rI")) and
O ; B ; I'Q(z,b0,c0)#rT = c0’
shows wfG © B (I''Q((x,b0,c0)#rI))
proof —
have wfG © B (I''Q(x,b0,c0)#rT") using valid.simps wfC-wf assms by auto
thus ?thesis using wfG-replace-inside-full assms by auto
qed

lemma valid-trans:

assumes O ;B ;T E c0[z:=v], and O ; B; (2,b,c0)#rI E cI and atom z § T and wfV © B
Tvb

shows O ; B ;T = cl[z:=v],
proof —

have x:wfC © B ((2,b,c0)#rI') c1 using valid.simps assms by auto

hence wfC © BT (cl[z:=v],) using wf-subst! (2)[OF * , of GNil | assms subst-gv.simps subst-v-c-def
by force

moreover have Vi. wfl © T i A is-satis-g i T — is-satis i (c1[z::=v]y)
proof (rule,rule)
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fix ¢
assume as: wfl O ' i A is-satis-g i I’
then obtain sv where sv: eval-v i v sv A wfRCV © sv b using eval-v-exist assms by metis
hence is-satis i (c0[z::=v],) using assms valid.simps as by metis
hence is-satis (i(z — sv)) c0 using subst-c-satis sv as assms valid.simps wfC-wf wfG-elim2
subst-v-c-def by metis
moreover have is-satis-g (i(z — sv)) T
using is-satis-g-i-upd assms by (simp add: as)
ultimately have is-satis-g (i(z — sv)) ((2,b,c0)#rT")
using is-satis-g.simps by simp
moreover have wfl © ((z,b,c0)#rT) (i(z — sv)) using as wfl-upd sv assms valid.simps wfC-wf by
metis
ultimately have is-satis (i(z — sv)) ¢l using assms valid.simps by auto
thus is-satis i (c1[z::=v],) using subst-c-satis sv as assms valid.simps wfC-wf wfG-elim2 subst-v-c-def
by metis
qed

ultimately show ?thesis using valid.simps by auto
qed

lemma valid-trans-full:
assumes O ; B ; ((z, b, cl[zl:=V-var z],) #r T) | ¢2[22::=V-var z], and
©;B; (= b, c2[22::=V-var z],) #r T') E ¢3[23:=V-var z],
shows O ; B ; ((z, b, c1[zl:=V-var z],) #r ') = ¢3[28::=V-var z],
unfolding wvalid.simps proof
show © ; B ; (z, b, cl[zl:=V-var z],) #r I' Fuf c3[23:=V-var z], using wf-trans valid.simps
assms by metis

show Vi. (wfl © ((x, b, cl[z1::=V-var x],) #r L) i A (is-satis-g i ((x, b, cl[z1::=V-var z],) #r
') — (is-satis i (c3[23::=V-var z],)) )
proof (rule,rule)
fix i
assume as: O ; (x, b, cl[zl1:=V-var z|,) #r T+ i A i = (2, b, cl[z1:=V-var z],) #r T
have i = ¢2[22::=V-var ], using is-satis-g.simps as assms by simp
moreover have ¢ = I' using is-satis-g.simps as by simp
ultimately show i |= ¢3[z23::=V-var z], using assms is-satis-g.simps valid.simps
by (metis append-g.simps(1) as wfl-replace-inside)
qed
qed

lemma eval-v-weakening-z:
fixes c::v
assumes ¢’ [ ¢] "~ sand atom z § cand i = i’ (x — s’
shows i [ c¢] ™~ s
using assms proof (induct rule: eval-v.induct)
case (eval-v-lit] i 1)
then show ?Zcase using eval-v.intros by auto
next
case (eval-v-varl sv il x1)
hence x # z1 using v.fresh fresh-at-base by auto
hence i 1 = Some sv using eval-v-varl by simp
then show ?Zcase using eval-v.intros by auto

269



next

case (eval-v-pairl i vl sl v2 s2)

then show ?case using eval-v.intros by auto
next

case (eval-v-consl i v s tyid dc)

then show ?case using eval-v.intros by auto
next

case (eval-v-conspl i v s tyid dc b)

then show ?Zcase using eval-v.intros by auto
qed

lemma eval-e-weakening-z:

fixes c::ce

assumes ¢'[c¢] "~ sand atom z § cand i = i’ (z — §')

shows i [ c] ™~ s

using assms proof (induct rule: eval-e.induct)

case (eval-e-vall i v sv)

then show ?case using eval-v-weakening-z eval-e.intros
next

case (eval-e-plusl i vl nl v2 n2)

then show ?Zcase using eval-v-weakening-x eval-e.intros
next

case (eval-e-leql i vl n1 v2 n2)

then show ?case using eval-v-weakening-z eval-e.intros
next

case (eval-e-eql i v1 nl v2 n2)

then show Zcase using eval-v-weakening-x eval-e.intros
next

case (eval-e-fstl i v vl v2)

then show ?Zcase using eval-v-weakening-z eval-e.intros
next

case (eval-e-sndl i v vl v2)

then show ?case using eval-v-weakening-x eval-e.intros
next

case (eval-e-concatl i vl bvl v2 bv2)

then show ?Zcase using eval-v-weakening-z eval-e.intros
next

case (eval-e-lenl i v bv)

then show ?case using eval-v-weakening-z eval-e.intros
qed

lemma eval-c-weakening-z:

fixes c::c

assumes i’ [ c¢] ™~ sand atom z § cand i = i’ (x — s’

shows i [ c] ™~ s

using assms proof (induct rule: eval-c.induct)

case (eval-c-truel 7)

then show ?Zcase using eval-c.intros by auto
next

case (eval-c-falsel 7)

then show ?case using eval-c.intros by auto
next
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case (eval-c-conjl i c¢1 bl c2 b2)

then show ?case using eval-c.intros by auto
next

case (eval-c-disjl i c1 b1 c2 b2)

then show ?case using eval-c.intros by auto
next

case (eval-c-impl i c1 b1 c2 b2)

then show ?case using eval-c.intros by auto
next

case (eval-c-notl i c b)

then show ?case using eval-c.intros by auto
next

case (eval-c-eql i el svl e2 sv2)

then show ?Zcase using eval-e-weakening-z c.fresh eval-c.intros by metis
qed

lemma is-satis-weakening-z:
fixes c::c
assumes i’ = cand atom z § cand i = i’ (z — s)
shows i = ¢
using eval-c-weakening-r assms is-satis.simps by simp

lemma is-satis-g-weakening-z:

fixes G::I'
assumes i’ = G and atom z § G and i = i’ (z — 3)
shows i = G
using assms proof (induct G rule: T-induct)
case GNil
then show ?Zcase by auto
next

case (GCons z' b’ ¢' T)

hence atom z § ¢’ using fresh-GCons fresh-prodN by simp

moreover hence i |= ¢’ using is-satis-weakening-z is-satis-g.simps(2) GCons by metis

then show ?Zcase using is-satis-g.simps(2)[of i ' b’ ¢’ T'] GCons fresh-GCons by simp
qed

11.6 Base Type Substitution

The idea of boxing is to take an smt val and its base type and at nodes in the smt val that
correspond to type variables we wrap them in an SUt smt val node. Another way of looking at
it is that s’ where the node for the base type variable is an ’any node’. It is needed to prove
subst__b_ valid - the base-type variable substitution lemma for validity.

The first rcl-val is the expanded form (has type with base-variables replaced with base-type
terms) ; the second is its corresponding form

We only have one variable so we need to ensure that in all of the bs-bozed-BVarl cases, the s
has the same base type.

For example is an SMT value is (SPair (SInt 1) (SBool true)) and it has sort (BPair (BVar x)
BBool)[x::=BInt| then the boxed version is SPair (SUt (SInt 1)) (SBool true) and is has sort
(BPair (BVar x) BBool). We need to do this so that we can obtain from a valuation i, that
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gives values like the first smt value, to a valuation i’ that gives values like the second.

inductive bozed-b :: © = rcl-val = b = bv = b = rclwal = bool (< - F -~ -[-u=-]\-»
[50,50] 50) where
bozed-b-BVarll: [ bv = bv'; wfRCV P sb ] = boxed-b P s (B-var bv’) bv b (SUt s)
| boxed-b-BVar2l: [ bv # bv'; wfRCV P s (B-var bv’) | = boxzed-b P s (B-var bv’) bv b s
| boxed-b-BIntl:wfRCV P s B-int = bozed-b P s B-int - - s
| boxed-b-BBooll:wfRCV P s B-bool = boxed-b P s B-bool - - s
| bozed-b-BUnitl:wfRCV P s B-unit = bozed-b P s B-unit - - s
| bozed-b-BPairl:[ boxed-b P sl bl bv b s1'; bozed-b P s2 b2 bv b s2' | = bozed-b P (SPair sl s2)
(B-pair b1 b2) bv b (SPair s1’ s2’)

| boxed-b-BConsl:|
AF-typedef tyid dclist € set P;
(de, {z:b | c|) € set dclist ;
bozed-b P s1 b bv b’ s1’
=
boxed-b P (SCons tyid dc s1) (B-id tyid) bv b’ (SCons tyid dc s1”)

| boxed-b-BConspl:[ AF-typedef-poly tyid bva dclist € set P;
atom bva § (b1,bv,b’s1,s1");
(de, {z:b | c|) € set dclist ;
bozed-b P s1 (b[bva::=b1]pp) bv b’ s1’
=
bozed-b P (SConsp tyid de b1 [bv:=b"lpp s1) (B-app tyid b1) bv b' (SConsp tyid dc b1 s1”)

| boxed-b-Bbitvec: wfRCV P s B-bitvec = bozed-b P s B-bitvec bv b s

equivariance bozed-b
nominal-inductive boxed-b .

inductive-cases boxed-b-elims:
bozed-b P s (B-var bv) bv' b s’
bozed-b P s B-int bu b s’
bozed-b P s B-bool bv b s’
bozed-b P s B-unit bv b s’
bozed-b P s (B-pair b1 b2) bv b s’
bozed-b P s (B-id dc) bv b s’
bozed-b P s B-bitvec bv b s’
boxed-b P s (B-app dc b’) bv b s’

lemma bozed-b-wfRCV:
assumes bozed-b P sbbvb' s’ and b,y P
shows wfRCV P s b[bv::=b"]pp, A wfRCV P s" b
using assms proof (induct rule: bozed-b.inducts)
case (boxed-b-BVaril bv bv’ P sb)
then show ?case using wfRCV .intros by auto
next
case (boxed-b-BVar2I bv bv’ P s)
then show ?case using wfRCV .intros by auto
next
case (bozed-b-BPairl P s1 bl bv b s1’ s2 b2 s2)
then show ?case using wfRCYV .intros rcl-val.supp by simp
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next
case (boxed-b-BConsI tyid dclist P dc b ¢ s1 bv b’ s1”)
hence supp b = {} using wfTh-supp-b by metis
hence b [ bv := b’ |y, = b using fresh-def subst-b-b-def forget-subst[of bv b b’] by auto
hence P + SCons tyid dc s1 : (B-id tyid) using wfRCV .intros rcl-val.supp subst-bb.simps boxed-b-BConsl
by metis
moreover have P + SCons tyid dc s1’: B-id tyid using boxed-b-BConsl
using wfRCYV .intros rcl-val.supp subst-bb.simps bozed-b-BConsl by metis
ultimately show ?case using subst-bb.simps by metis
next
case (boxed-b-BConspl tyid bva dclist P b1 bv b’ s1 s1’ dc z b ¢)

obtain bva?2 and dclist2 where x: A F-typedef-poly tyid bva dclist = AF-typedef-poly tyid bva?2 dclist2
A
atom bva2 § (bv,(P, SConsp tyid dc b1[bv::=b"|pp s1, B-app tyid bl[bv::=b"|ps))
using obtain-fresh-bv by metis

then obtain z2 and b2 and c¢2 where #x:((dc, { 22 : b2 | c2 |}) € set dclist2»
using bozed-b-BConspl td-lookup-eq-iff type-def.eq-iff by metis

have P + SConsp tyid dc b1[bv::=b"lpy s1 : (B-app tyid b1[bv::=b"]y) proof
show 1: <AF-typedef-poly tyid bva2 dclist2 € set Py using boxed-b-BConspl * by auto
show 2: «(dc, { 22 : b2 | c2 |}) € set dclist2) using bozed-b-BConspl using *x by simp

hence atom bv t b2 proof —
have supp b2 C { atom bva2 } using wfTh-poly-supp-b 1 2 bozed-b-BConspl by auto
moreover have bv # bva2 using * fresh-Pair fresh-at-base by metis
ultimately show ?thesis using fresh-def by force
qed
moreover have b[bva::=b1]y, = b2[bva2::=b1]y, using wfTh-typedef-poly-b-eq-iff * 2 boxed-b-BConspl
by metis
ultimately show « P+ s1 : b2[bva2:=b1[bv::=b"]pp]pp> using bozed-b-BConspl subst-b-b-def
subst-bb-commute by auto
show atom bva2 § (P, SConsp tyid dc b1 [bv::=b"lpp s1, B-app tyid bl [bv::=b"]pp) using * fresh-Pair
by metis
qed

moreover have P + SConsp tyid dc b1 s1’: B-app tyid bl proof
show <A F-typedef-poly tyid bva dclist € set P> using bozed-b-BConspl by auto
show «(dc, { z : b | ¢ |}) € set dclisty using bozed-b-BConspl by auto
show « P  s1’: b[bva::=bl]pp> using boxed-b-BConspl by auto
have atom bva § P using bozed-b-BConspl wfTh-fresh by metis
thus atom bva § (P, SConsp tyid dc bl s1’, B-app tyid bl) using boxed-b-BConspl rcl-val.fresh
b.fresh pure-fresh fresh-prodN by metis
qed

ultimately show ?case using subst-bb.simps by simp
qed(auto)+

lemma subst-b-var:

assumes B-var bv2 = b[bv::=0b"y
shows (b = B-var bv A b’ = B-var bv2) V (b=B-var bv2 A bv # bv2)
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using assms by(nominal-induct b rule: b.strong-induct,auto+)

Here the valuation i’ is the conv wrap version of i. For every x in G, i’ x is the conv wrap
version of i x. The next lemma for a clearer explanation of what this is. i produces values of
sort b[bv::=b’] and i’ produces values of sort b

inductive bozed-i :: © = T' = b = bv = valuation = valuation = bool (< - ;-;-,-F -2 - [50,50]
50) where

bozed-i-GNill: © ; GNil ; b, bv Fi~1
| boxzed-i-GConsI: [ Some s = i x; boxed-b © sbbvd’'s’; ©;T ;b ,buvkimi']= ©; ((x,bc)#r)
;0 vk i (P — )
equivariance bozred-i
nominal-inductive bozxed-i .

inductive-cases bozed-i-elims:
©;GNil ;b,bvki~i
O ; ((z,b,e)#rl) ; b, bv b i =i’

lemma wfRCV-poly-elims:
fixes tm::'a::fs and b::b
assumes T + SConsp typid dc bdc s : b
obtains bva dclist z1 b1 c1 where b = B-app typid bdc N
AF-typedef-poly typid bva dclist € set T A (de, { x1 : b1 | ¢l |}) € set delist A T+ s: b1 [bva:=bdc]pp
A atom bva § tm
using assms proof(nominal-induct SConsp typid dc bdc s b avoiding: tm rule:wfRCV .strong-induct)
case (wfRCV-BConsPI bv dclist © z b c)
then show ?case by simp
qed

lemma boxed-b-ex:
assumes wfRCV T s b[bv::=b"ly, and wfTh T
shows Js’. boxed-b T s b bv b’ s’
using assms proof(nominal-induct s arbitrary: b rule: rcl-val.strong-induct)
case (SBitvec )
have *:b[bv::=b"]y;, = B-bitvec using wfRCV-elims(9)[OF SBitvec(1)] by metis
show ?case proof (cases b = B-var bv)
case True
moreover have T + SBitvec x : B-bitvec using wfRCV .intros by simp
moreover hence b’ = B-bitvec using True SBitvec subst-bb.simps * by simp
ultimately show ?thesis using boxed-b.intros wfRCYV .intros by metis
next
case Fulse
hence b = B-bitvec using subst-bb-inject x by metis
then show ?thesis using x SBitvec boxed-b.intros by metis
qed
next
case (SNum z)
have x:b[bv::=b"]p, = B-int using wfRCV-elims(10)[OF SNum(1)] by metis
show ?case proof (cases b = B-var bv)
case True
moreover have T+ SNum z : B-int using wfRCV .intros by simp
moreover hence b’ = B-int using True SNum subst-bb.simps(1) = by simp
ultimately show ?thesis using bozxed-b-BVaril wfRCYV .intros by metis
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next
case Fulse
hence b = B-int using subst-bb-inject(1) x by metis
then show ?thesis using x SNum boxed-b-BIntl by metis
qed
next
case (SBool )
have x:b[bv::=b"]pp, = B-bool using wfRCV-elims(11)[OF SBool(1)] by metis
show ?case proof (cases b = B-var bv)
case True
moreover have T + SBool x : B-bool using wfRCV .intros by simp
moreover hence b’ = B-bool using True SBool subst-bb.simps * by simp
ultimately show ?thesis using boxed-b.intros wfRCYV .intros by metis
next
case Fulse
hence b = B-bool using subst-bb-inject * by metis
then show “thesis using x SBool boxed-b.intros by metis
qged
next
case (SPair sl s2)
then obtain b1 and b2 where *:b[bv::=b"]p, = B-pair b1 b2 A wfRCV T s1 b1 N wfRCV T s2 b2
using wfRCV-elims(12) by metis
show ?case proof (cases b = B-var bv)
case True
moreover have T + SPair sl s2 : B-pair b1 b2 using wfRCV .intros * by simp
moreover hence b’ = B-pair b1 b2 using True SPair subst-bb.simps(1) = by simp
ultimately show ?thesis using bozxed-b-BVaril by metis
next
case Fulse
then obtain b1’ and b2’ where b = B-pair b1’ b2’ A b1=b1"Tbv::=b"]pp A b2=02'[bv::=b"]; using
subst-bb-inject(5)[OF - False | * by metis
then show %thesis using *x SPair boxed-b-BPairl by blast
ged
next
case (SCons tyid dc s1)
have *:b[bv::=b"]y;, = B-id tyid using wfRCV-elims(13)[OF SCons(2)] by metis
show ?case proof (cases b = B-var bv)
case True
moreover have T + SCons tyid dc s1 : B-id tyid using wfRCV .intros
using local.x SCons.prems by auto
moreover hence b’ = B-id tyid using True SCons subst-bb.simps(1) * by simp
ultimately show %thesis using boxed-b-BVaril wfRCYV .intros by metis
next
case Fulse
then obtain b1’ where beq: b = B-id tyid using subst-bb-inject * by metis
then obtain b2 dclist ¢ where xx: AF-typedef tyid dclist € set T A (de, { = : b2 | ¢ |}) € set dclist
A wfRCV T s1 b2 using wfRCV-elims(18) * SCons by metis
then have atom bv § b2 using «wfTh T» wfTh-lookup-supp-empty|of tyid dclist T de { = : b2 | ¢ }]
7.fresh fresh-def by auto
then have b2 = b2[ bv ::= b’y using forget-subst subst-b-b-def by metis
then obtain s/’ where s1:T F s1 ~ b2 [ bv == b'] \ s1’ using SCons xx by metis
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have T F SCons tyid dc s1 ~ (B-id tyid) [ bv == b"] \ SCons tyid dc s1’ proof(rule boxed-b-BConsI)
show AF-typedef tyid dclist € set T using ** by auto

show (dc, { z : b2 | ¢ |}) € set dclist using ** by auto
show T s1 ~ b2 [bv == b"]\ s1’ using sI *x by auto

qed

thus ?thesis using beq by metis
qed
next

case (SConsp typid dc bdc s)

obtain bva dclist ©1 b1 c1 where xx:b[bv::=b"lp, = B-app typid bdc A

AF-typedef-poly typid bva dclist € set T A (de, { 21 : b1 | ¢l |}) € set delist A T+ s: b1 [bva:=bdc]pp
A atom bva § bv

using wfRCV-poly-elims|OF SConsp(2)] by metis

then have *:B-app typid bdc = b[bv::=b"]pp using wfRCV-elims(14)[OF SConsp(2)] by metis
show ?case proof (cases b = B-var bv)

case True

moreover have T+ SConsp typid dc bdc s : B-app typid bdc using wfRCYV .intros
using local.x SConsp.prems(1) by auto

moreover hence b’ = B-app typid bdc using True SConsp subst-bb.simps * by simp

ultimately show #thesis using boxed-b.intros wfRCYV .intros by metis
next

case Fulse

then obtain bdc’ where bdc: b = B-app typid bde’ A bde = bdce'[bv::=b"]pp using x subst-bb-inject(8)[OF
x| by metis

have atom bv b1 proof —
have supp b1 C { atom bva } using wfTh-poly-supp-b xx SConsp by metis
moreover have bv # bva using *x by auto

ultimately show ?thesis using fresh-def by force
qged

have T F s: b1[bva::=bdc]p, using ** by auto

moreover have b1 [bva::=bdc'|pp[bv::=b"]py = b1[bva::=bdc]p, using bdc subst-bb-commute <atom bv
f b1> by auto
ultimately obtain s’ where s T F s~ bl[bva:=bdc'|pp [ bv

m=0"1\ ¢
using SConsp(1)[of b1 [bva::=bdc'|pp] bde SConsp by metis

have T + SConsp typid dc bdc'[bv::=b"lpp s ~ (B-app typid bdc’) | bv
5/

b" ]\ SConsp typid dc bdc’
proof —

obtain bva8 and dclist3 where 3:AF-typedef-poly typid bva3d dclist3
dclist A

AF-typedef-poly typid bva

atom bva3 § (bdc’, bu, b, s, s’) using obtain-fresh-bv by metis
then obtain z3 b3 ¢3 where 4:(dc, { 28 : b3 | ¢3 |}) € set dclist3

using bozed-b-BConspl td-lookup-eq-iff type-def.eq-iff
by (metis #x)

show ?thesis proof

show <A F-typedef-poly typid bva3 dclist3 € set T using 3 xx by metis
show <atom bva3 t (bdc’, bu, b', s, s’)» using 3 by metis
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show 4:¢«(de, { 23 : b3 | ¢8 |}) € set dclist3» using 4 by auto
have b3[bva3::=bdc’|pp = b1 [bva::=bdc'|p, proof (rule wfTh-typedef-poly-b-eq-iff)
show <A F-typedef-poly typid bva8 dclist3 € set T using 3 xx by metis
show «(de, { 3 : b8 | ¢3 |}) € set dclist3) using 4 by auto
show <A F-typedef-poly typid bva dclist € set T» using *x by auto
show «(dec, { z1 : b1 | ¢l [}) € set dclisty using *x by auto
qed(simp add: *x SConsp)
thus < T F s ™ b3[bval:=bdc'|py [ bv == b"] \ s’ > using s’ by auto
qed
qed
then show %thesis using bdc by auto

qed
next
case SUnit
have x:b[bv::=b"]p, = B-unit using wfRCV-elims SUnit by metis
show ?Zcase proof (cases b = B-var bv)
case True
moreover have T + SUnit : B-unit using wfRCV .intros by simp
moreover hence b’ = B-unit using True SUnit subst-bb.simps * by simp
ultimately show ¢thesis using bozxed-b.intros wfRCV .intros by metis
next
case Fulse
hence b = B-unit using subst-bb-inject * by metis
then show ?thesis using x SUnit boxed-b.intros by metis
qed
next
case (SUt )
then obtain bv’ where *:b[bv::=b"|y,= B-var bv’ using wfRCV-elims by metis
show ?case proof (cases b = B-var bv)
case True
then show %thesis using boxed-b-BVaril
using local.x wfRCV-BVarl by fastforce
next
case Fulse
then show ?thesis using boxed-b-BVarll boxed-b-BVar2l
using local.x+ wfRCV-BVarl by (metis subst-b-var)
qed
qed

lemma boxed-i-ex:

assumes wfl T T[bv:=blr, i and wfTh T

shows 3¢ T ;T ;b,bvk i~

using assms proof (induct T' arbitrary: i rule:T-induct)

case GNil

then show ?case using bozed-i-GNill by metis
next

case (GCons z' b’ ¢' T)

then obtain s where 1:Some s = i 2’ A wfRCV T s b'[bv::=blpp using wfl-def subst-gb.simps by
auto

then obtain s’ where 2: boxed-b T s b’ bv b s’ using bozed-b-ex GCons by metis

then obtain i’ where 3: bozed-i T ' b bv i i’ using GCons wfl-def subst-gb.simps by force
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have bozed-i T ((z', b, ¢') #r T') b bv i (i'(z' — s’)) proof
show Some s = i ' using 1 by auto
show boxed-b T s b’ bv b s’ using 2 by auto
show T ;T/;b,bvt i~ i using 3 by auto
qed
thus ?case by auto
qed

lemma boxed-b-eq:
assumes bozed-b © s1 b bv b’ s1'and b, ©
shows wfTh © = bozed-b © s2bbv b’ s2' = (sl =82 )= (s1'"=3s2")
using assms proof (induct arbitrary: s2 s2' rule: boxed-b.inducts )
case (boxed-b-BVaril bv bv’ P sb)
then show ?case
using bozed-b-elims(1) rcl-val.eq-iff by metis
next
case (boxed-b-BVar2l bv bv' P s b)
then show ?case using bozed-b-elims(1) by metis
next
case (boxed-b-BIntl P s uu uv)
hence s2 = 52’ using boxed-b-clims by metis
then show ?case by auto
next
case (boxed-b-BBooll P s uw ux)
hence s2 = s2' using bozed-b-elims by metis
then show ?Zcase by auto
next
case (boxed-b-BUnitl P s uy uz)
hence s2 = s2’ using bozxed-b-elims by metis
then show ?Zcase by auto
next
case (boxed-b-BPairl P s1 bl bv b s1' s2a b2 s2a’)
then show ?case
by (metis boxed-b-elims(5) rcl-val.eq-iff (4))
next
case (bozed-b-BConsl tyid dclist P de x b ¢ s1 bv b’ s1”)
obtain 522 and s22' dclist2 dc2 z2 b2 c2 where x:s2 = SCons tyid dc2 s22 N s2' = SCons tyid dc2
$22" A boxed-b P s22 b2 bv b’ s22'
N AF-typedef tyid dclist2 € set P A (dc2, { 22 : b2 | ¢2 |}) € set dclist2 using bozed-b-elims(6)[OF
bozed-b-BConsI(6)] by metis
show ?Zcase proof(cases dc = dc2)
case True
hence b = b2 using wfTh-ctor-unique 7.eq-iff wfTh-dclist-unique wf boxed-b-BConsl * by metis
then show ?thesis using bozxed-b-BConsl True * by auto
next
case Fulse
then show ?thesis using * boxed-b-BConsl by simp
qed
next
case (boxed-b-Bbitvec P s bv b)
hence s2 = s2’ using bozxed-b-elims by metis
then show ?Zcase by auto
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next
case (boxed-b-BConspl tyid bva dclist P b1 bv b’ s1 s1’ dec z b ¢)
obtain bva2 s22 s22' dclist? dc2 z2 b2 c2 where x*:
$2 = SConsp tyid dc2 b1 [bv::=b"]pp $22 A
s2' = SConsp tyid dc2 b1 522’ N
boxed-b P 22 b2[bva2:=bl]pp, bv b’ 22’ A
AF-typedef-poly tyid bva2 dclist2 € set P A (dc2, { x2 : b2 | ¢2 |}) € set dclist2 using bozed-b-elims(8)[OF
bozed-b-BConspI(7)] by metis
show ?Zcase proof(cases dc = dc2)
case True
hence AF-typedef-poly tyid bva2 dclist2 € set P A (de, { 2 : b2 | ¢2 |}) € set dclist2 using x by
auto
hence b[bva::=bl1]p, = b2[bva2:=bl]y, using wfTh-typedef-poly-b-eq-iff [OF boxed-b-BConspl(1)
bozed-b-BConspl (3)] * boxed-b-BConspl by metis
then show ?thesis using bozxed-b-BConspl True x by auto
next
case False
then show ?thesis using * boxed-b-BConspl by simp
qed
qed

lemma bs-boxed-var:
assumes bozed-i © T b’ bv i i’
shows Some (b,c) = lookup T' x = Some s = i & = Some s’ = i’ © = bozed-b © s b bv b’ s’
using assms proof (induct rule: bozed-i.inducts)
case (bozed-i-GNill T i)
then show ?Zcase using lookup.simps by auto
next
case (boxed-i-GConsl s i x1 © b1 bv b’ s’ T i’ ¢)
show ?case proof (cases z=x1)
case True
then show %thesis using boxed-i-GConsl
fun-upd-same lookup.simps(2) option.inject prod.inject by metis
next
case Fulse
then show ?thesis using bozxed-i-GConsl
fun-upd-same lookup.simps option.inject prod.inject by auto
qed
qed

lemma eval-l-bozed-b:

assumes [[] =s

shows bozed-b © s (base-for-lit 1) bv b’ s

using assms proof (nominal-induct 1 arbitrary: s rule:l.strong-induct)
qed(auto simp add: boxed-b.intros wfRCV .intros )+

lemma boxed-i-eval-v-boxed-b:

fixes v::v

assumes bozed-i O T b' bvi i’ and i [ v[bv:=b],p |~ sand i'[v] "~ s’and wfV © BT v b and
wfl © T ¢’

shows bozed-b © s b bv b’ s’

using assms proof(nominal-induct v arbitrary: s s’ b rule:v.strong-induct)
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case (V-lit I)
hence [ [ ] = s A [ I ] = s’ using eval-v-elims by auto
moreover have b = base-for-lit | using wfV-elims(2) V-lit by metis
ultimately show ?case using V-lit using eval-l-bozed-b subst-b-base-for-lit by metis
next
case (V-var z)
hence Some s = i z A Some s’ = i’ z using eval-v-elims subst-vb.simps by metis
moreover obtain ¢! where bc:Some (b,c1) = lookup T' z using wfV-elims V-var by metis
ultimately show ?Zcase using bs-boxed-var V-var by metis

next
case (V-pair vl v2)
then obtain b1 and b2 where b:b=B-pair b1 b2 using wfV-elims subst-vb.simps by metis
obtain s! and s2 where s: eval-v i (v1[bv::=b"]yp) sI A eval-v i (vV2[bv::=b"]yp) $2 N s = SPair sl
s2 using eval-v-elims V-pair subst-vb.simps by metis
obtain s1’and s2’ where s” eval-vi’ vl s1' A eval-vi' v2 s2' A s’ = SPair s1’ s2' using eval-v-elims
V-pair by metis
have bozed-b © (SPair s1 s2) (B-pair b1 b2) bv b’ (SPair s1’ s2’) proof(rule boxed-b-BPairl)
show boxed-b © s1 bl bv b’ s1’ using V-pair eval-v-elims wfV-elims b s s’ b.eq-iff by metis
show bozed-b © s2 b2 bv b’ s2' using V-pair eval-v-elims wfV-elims b s s’ b.eg-iff by metis
qed
then show ?case using s s’ b by auto
next
case (V-cons tyid dc vl)

obtain dclist x b1 ¢ where x: b = B-id tyid N AF-typedef tyid dclist € set © A (de, { = : b1 | ¢ |})
€ set dclist N\ © ; B ;' Fyyp vl 2 bl
using wfV-elims(4)[OF V-cons(5)] V-cons by metis
obtain s2 where s2: s = SCons tyid dc s2 N ([ (v1[bv::=b"lyp) | ~ s2 using eval-v-elims V-cons
subst-vb.simps by metis
obtain s2’ where 52" s’ = SCons tyid dc s2’ A i’ [ vl | ~ s2' using eval-v-elims V-cons by metis
have sp: supp { = : b1 | ¢ | = {} using wfTh-lookup-supp-empty * wfX-wfY by metis

have boxed-b © (SCons tyid dc s2) (B-id tyid) bv b' (SCons tyid dc s2”)
proof(rule bozed-b-BConsI)
show 1:AF-typedef tyid dclist € set © using * by auto
show 2:(de, { z : b1 | ¢ |}) € set dclist using * by auto
have buf:atom bv § b1 using sp 7.fresh fresh-def by auto
show © F s2 ™~ b1 [bv == 10b"]\ s2' using V-cons s2 s2' = by metis
qed
then show ?case using * s2 s2' by simp
next
case (V-consp tyid dec b1 vl)

obtain bv2 dclist £2 b2 c2 where x: b = B-app tyid b1 N AF-typedef-poly tyid bv2 dclist € set © A
(de, { 22 : b2 | c2 }) € set delist A © ; B ;T oy vl @ b2[bv2::=b1]py
using wf-strong-elim(1)[OF V-consp (5)] by metis

obtain s2 where s2: s = SConsp tyid dc b1[bv:=b"lpp $2 A @ [ (vI[bv::=b"yp) ] ™~ 2
using eval-v-elims V-consp subst-vb.simps by metis

obtain s2’ where s2": s’ = SConsp tyid dc b1 s2' N i’ [ vl ]|~ s2’
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using eval-v-elims V-consp by metis

have -, © using V-consp wfX-wfY by metis
then obtain bv3::bv and dclistd 3 b3 c¢3 where xx: AF-typedef-poly tyid bv2 dclist = AF-typedef-poly
tyid bv3 dclist3 A
(de, { 28 : b3 | ¢3 |}) € set dclist3 A atom bv3 § (b1, bu, b', s2, s2') A b2[bv2:=bl]p, =
b3[bv3::=b1]psp
using * obtain-fresh-bv-dclist-b-iff [where tm=(b1, bv, b’, s2, s2')] by metis

have bozed-b © (SConsp tyid dc b1 [bv::=b"lpy s2) (B-app tyid b1) bv b’ (SConsp tyid dc b1 s2’)
proof (rule bozed-b-BConspl|of tyid bv3 dclist3 ©, where x=1x3 and b=b3 and c=c3)])
show 1:AF-typedef-poly tyid bv3 dclist3 € set © using * *x by auto
show 2:(de, { 23 : b3 | ¢3 |}) € set dclist3 using *x by auto
show atom bv3 § (b1, bu, b, s2, s2') using *x by auto
show O F s2 ™~ b3[bv3:=bl]p, [ bv == b"] \ s2’ using V-consp s2 s2' * «x by metis
qed
then show ?case using * s2 s2' by simp
qed

lemma bozxed-b-eq-eq:
assumes bozed-b © nl bl bv b’ n1’ and bozed-b © n2 b1 bv b’ n2’' and s = SBool (n1 = n2) and
Fwr ©
s" = SBool (n1' = n2’)
shows s=s'
using bozed-b-eq assms by auto

lemma boxed-i-eval-ce-boxed-b:

fixes e::ce

assumes ¢’ [ e] ~ s'and ¢ [ e[bvi=b"cer | 7 s and wfCE © BT e b and bozed-i © T' b’ bv ¢ ¢’
and wfl © T i’

shows boxed-b © s b bv b’ s’

using assms proof(nominal-induct e arbitrary: s s’ b b’ rule: ce.strong-induct)

case (CE-val 1)

then show ?case using bozxed-i-eval-v-bozed-b eval-e-elims wfCE-elims subst-ceb.simps by metis
next

case (CE-op opp vl v2)

show ?Zcase proof(rule opp.exhaust)
assume <opp = Plus»
have 1:wfCE © BT vl (B-int) using wfCE-elims CE-op <opp = Plusy by metis
have 2:wfCE © BT v2 (B-int) using wfCE-elims CE-op <opp = Plusy by metis
have x:b = B-int using CE-op wfCE-elims
by (metis <opp = plus)

obtain n! and n2 where n:s = SNum (nl + n2) A i [ vI[bv:=bcer | ~ SNum nl A i |
v2[bv::=b"lcer | ~ SNum n2 using eval-e-elims CE-op subst-ceb.simps <opp = plusy by metis
obtain n!’and n2’ where n’:s’ = SNum (n1' + n2"y ANi' [ vl ]~ SNum nl’' N i' [v2 ]~ SNum
n2' using eval-e-elims Plus CE-op <opp = plus> by metis

have bozed-b © (SNum nl1) B-int bv b’ (SNum n1’) using bozed-i-eval-v-bozed-b 1 2 n n' CE-op

<opp = plus) by metis
moreover have bozed-b © (SNum n2) B-int bv b’ (SNum n2’) using boxed-i-eval-v-bozed-b 1 2 n
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n’ CE-op by metis
ultimately have s=s’ using n’ n bozed-b-elims(2)
by (metis rcl-val.eq-iff (2))
thus ?thesis using * n n’ boxed-b-BIntl CE-op wfRCV .intros Plus by simp
next
assume <opp = LEq»
have 1:wfCE © BT vl (B-int) using wfCE-elims CE-op <opp = LEq> by metis
have 2:wfCE © BT v2 (B-int) using wfCE-elims CE-op <opp = LEq¢> by metis
hence *:b = B-bool using CFE-op wfCE-elims <opp = LEq> by metis
obtain n! and n2 where n:s = SBool (n1 < n2) A i [ vI[bv::=blcer | ~ SNum nl A i |
v2[bv::=b"lcer | ~ SNum n2 using eval-e-elims subst-ceb.simps CE-op <opp = LEq> by metis
obtain n!’ and n2’ where n”s’ = SBool (n1’' < n2) ANi'[ vl ]~ SNum nl’ A’ [v2] "~ SNum
n2' using eval-e-elims CE-op <opp = LEq> by metis

have bozed-b © (SNum nl1) B-int bv b’ (SNum n1’) using bozed-i-eval-v-bozed-b 1 2 n n’ CE-op by
metis

moreover have bozed-b © (SNum n2) B-int bv b’ (SNum n2’) using bozed-i-eval-v-bozed-b 1 2 n
n’ CE-op by metis

ultimately have s=s’ using n’ n bozed-b-elims(2)

by (metis rcl-val.eq-iff (2))
thus ?thesis using * n n’ boxed-b-BBooll CE-op wfRCV .intros <opp = LEq> by simp
next

assume <opp = FEq¢

obtain b7 where b1:wfCE © BT vi b1 N wfCE © BT v2 bl using wfCE-elims CE-op <opp =
Eq» by metis

hence x:b = B-bool using CE-op wfCE-elims <opp = FEq» by metis

obtain n! and n2 where n:s = SBool (nl = n2) A i [ v1[bvi=blcer | ~ nl A i [ v2[bvi=b"ces
] ~ n2 using eval-e-elims subst-ceb.simps CE-op <opp = Eq» by metis

obtain n!’ and n2’ where n”"s’ = SBool (n1'=n2) AN i’ [vl ]~ nl’'ANi [v2] "~ n2’ using
eval-e-elims CE-op <opp = Eq> by metis

have boxed-b © ni1 bl bv b’ n1’ using boxed-i-eval-v-bozed-b b1 n n’ CE-op by metis
moreover have boxed-b © n2 bl bv b’ n2’ using bozed-i-eval-v-boxed-b b1 n n’ CE-op by metis
moreover have -, s © using b1 wfX-wfY by metis
ultimately have s=s’ using n’ n bozed-b-elims
bored-b-eq-eq by metis
thus ?thesis using * n n’ boxed-b-BBooll CE-op wfRCV .intros <opp = Eq> by simp
qged

next
case (CE-concat vl v2)

obtain bv! and bv2 where s : s = SBitvec (bvl Q bv2) A (i [ v1[bv:i=bcep | ~ SBitvec bvl) A i
[ v2[bv::=b"lcer | ~ SBitvec bv2
using eval-e-elims(7) subst-ceb.simps CE-concat.prems(2) eval-e-elims(6) subst-ceb.simps(6) by
metis
obtain bv!’ and bv2’ where s’ : s’ = SBitvec (bvl’ @ bv2’') A i’ [ vl |~ SBitvec bvl’ A i’ [ v2 ]
~ SBitvec bv2’
using eval-e-elims(7) CE-concat by metis

then show ?case using bozed-i-eval-v-bozed-b wfCE-elims s s’ CE-concat
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by (metis CE-concat.prems(8) assms assms(5) wfRCV-BBitvecl bozed-b-Bbitvec boxed-b-elims(7)

eval-e-concatl eval-e-uniqueness)
next

case (CE-fst ce)

obtain s2 where 1:i [ ce[bv::=b"lcep | ~ SPair s s2 using CE-fst eval-e-elims subst-ceb.simps by
metis

obtain s2’ where 2:i' [ ce | ~ SPair s’ s2' using CE-fst eval-e-elims by metis

obtain b2 where 3:wfCE © BT ce (B-pair b b2) using wfCE-elims(4) CE-fst by metis

have bozed-b © (SPair s s2) (B-pair b b2) bv b’ (SPair s’ s2”)
using 1 2 8 CE-fst boxed-i-eval-v-boxed-b boxed-b-BPairl by auto

thus ?case using boxed-b-elims(5) by force
next

case (CE-snd v)

obtain s where 1:i [ v[bv:i=b'lcer | ~ SPair s1 s using CE-snd eval-e-elims subst-ceb.simps by
metis

obtain s7’ where 2:{' [ v ] ~ SPair s1’ s’ using CE-snd eval-e-elims by metis

obtain b1 where 3:wfCE © BT v (B-pair b1 b ) using wfCE-elims(5) CE-snd by metis

have bozed-b © (SPair sl s ) (B-pair b1 b ) bv b’ (SPair s1's’) using 1 2 8 CE-snd bozed-i-eval-v-boxed-b
by simp

thus ?case using bozed-b-elims(5) by force
next

case (CE-len v)

obtain sI where s: @ [ v[bvii=b'|cer | ~ SBitvec s1 using CE-len eval-e-elims subst-ceb.simps by
metis

obtain s1’ where s” i’ [ v ] ~ SBitvec s1’ using CE-len eval-e-elims by metis

have © ; B ; I" -,y v : B-bitvec A b = B-int using wfCE-elims CE-len by metis

then show ?case using bozed-i-eval-v-bozed-b s s’ CE-len

by (metis bozed-b-BIntl boxed-b-elims(7) eval-e-lenl eval-e-uniqueness subst-ceb.simps(5) wfl-wfCE-eval-e)
qed

lemma eval-c-eq-bs-boxed:

fixes c::c

assumes i [ c[bvi:=blep | Y sand i’ [ ¢] ~ s'and wfC © BT cand wf ©T i’and © ; ['[bv::=b|ry
Fi

and bozed-i O T b bv i i’

shows s = s’

using assms proof(nominal-induct ¢ arbitrary: s s’ rule:c.strong-induct)

case C-true

then show ?Zcase using eval-c-elims subst-cb.simps by metis
next

case C-false

then show ?Zcase using eval-c-elims subst-cb.simps by metis
next

case (C-conj c1 c2)

obtain s/ and s2 where I: eval-c i (c1[bv:=b]cp) sI A eval-c i (c2[bv::=blsp) $2 A s = (s1As2)
using C-conj eval-c-elims(3) subst-cb.simps(3) by metis

obtain s1’ and s2’ where 2:cval-c i’ ¢l s1’' A eval-c i’ ¢2 s2' N s’ = (s1'As2') using C-conj
eval-c-elims(3) by metis

then show ?case using 1 2 wfC-elims C-conj by metis

283



next
case (C-disj c1 ¢2)

obtain sI and s2 where I: eval-c i (cl[bvi:=b]cp) sI A eval-c i (c2[bvi=blcp) s2 N s = (s1Vs2)
using C-disj eval-c-elims(4) subst-cb.simps(4) by metis

obtain s/’ and s2’ where 2:eval-c i’ ¢l s1’' A eval-c i’ ¢2 s2' N 8’ = (s1'Vs2') using C-disj
eval-c-elims(4) by metis

then show ?case using 1 2 wfC-elims C-disj by metis
next

case (C-not c)

obtain sf::bool where 1: (i [ c[bv:=blep | ~ s1) A (s = (— s1)) using C-not eval-c-elims(6)
subst-cb.simps(7) by metis

obtain s ":bool where 2: (i’ [ ¢ ] ~ s1’) A (s’ = (= s1')) using C-not eval-c-elims(6) by metis

then show ?case using 1 2 wfC-elims C-not by metis
next

case (C-imp cl ¢2)

obtain s! and s2 where 1: eval-c i (c1[bv::=b]ep) s1 A eval-c i (c2[bv:=b]cp) $2 A s = (s1 — 52)
using C-imp eval-c-elims(5) subst-cb.simps(5) by metis

obtain s/’ and s2’ where 2:eval-c i’ ¢l s1’ A eval-c i’ ¢2 s2' N s’ = (s1’' —> s2') using C-imp
eval-c-elims(5) by metis

then show ?Zcase using 1 2 wfC-elims C-imp by metis
next

case (C-eq el e2)

obtain be where be: wfCE © BT el be AN wfCE © BT e2 be using C-eq wfC-elims by metis

obtain s/ and s2 where 1: eval-e i (e1[bv::=Dblcep) sI N eval-e i (€2[bv::=b|cep) s2 A s = (s1 = s2)
using C-eq eval-c-elims(7) subst-cb.simps(6) by metis

obtain s/’ and s2’ where 2:eval-e i’ el s1’ A eval-e i’ e2 s2' N s’ = (s1’ = s2' ) using C-eq
eval-c-elims(7) by metis

have -, © using C-eq wfX-wfY by metis

moreover have O ; I'[bv::=blprp, F ¢ using C-eq by auto

ultimately show ?case using bozed-b-eq[of © sl be bv b s1’ s2 s2'] 1 2 boxed-i-eval-ce-bozed-b C-eq
wfC-elims subst-cb.simps 1 2 be by auto
qed

lemma is-satis-bs-boxed:
fixes c::c
assumes bored-i © T' b bv i i’ and wfC © BT ¢ and wfl © T'[bv:=b|r, i and O ; T I ¢’
and (i | c[bv::=Db]p)
shows (i’ |= ¢)
proof —
have eval-c i (c[bv::=b].p) True using is-satis.simps assms by auto
moreover obtain s where i’ [ ¢ | ~ s using eval-c-exist assms by metis
ultimately show ?thesis using eval-c-eq-bs-boxed assms is-satis.simps by metis
qed

lemma is-satis-bs-boxed-rev:
fixes c::c
assumes bozed-i O T b bv ii’and wfC © BT ¢ and wfl © T'[bv::=b|r, i and © ; T F i’ and wfC
© {||} T[bv::=b]ry (c[bv::=b]cp)
and (i’ | ¢)
shows (i | c[bv::=b]cp)
proof —
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have eval-c i’ ¢ True using is-satis.simps assms by auto

moreover obtain s where i [ c[bv::=bls, | ~ s using eval-c-ezist assms by metis

ultimately show ?thesis using eval-c-eq-bs-boxed assms is-satis.simps by metis
qed

lemma bs-bozed-wfi-auz:
fixes b::b and bv::bv and ©::0 and B::B
assumes bozed-i © T' b bv ¢ i’ and wfl © I'[bv:=b]ry ¢ and -,y © and wfG © B T
shows © ; ' I 4/
using assms proof (induct rule: bozed-i.inducts)
case (boxed-i-GNill T i)
then show ?case using wfl-def by auto
next
case (bozed-i-GConsl s i 1 T b1 bv b s’ Gi' cl)
{
fix 22 b2 c2
assume as : (22,02,c2) € toSet ((x1, b1, cl1) #r G)

then consider (hd) (22,b2,c¢2) = (21, b1, c1) | (tail) (22,b2,c2) € toSet G using toSet.simps by
auto
hence 3s. Some s = (i'(z1 — s')) 22 A wfRCV T s b2 proof(cases)
case hd
hence b1=02 by auto
moreover have (22,b2[bv::=b]pp,c2[bv::=b|.p) € toSet ((x1, b1, c1) #r G)[bv::=b]rp using hd
subst-gb.simps by simp
moreover hence wfRCV T s b2[bv::=bly, using wfl-def boxzed-i-GConsI hd
proof —
obtain ss :: b = = = (z = rcl-val option) = type-def list = rcl-val where
Vzla z2a 28 4. (vs. Some v5 = z3 x2a N wfRCV x4 v5 xla) = (Some (ss zla x2a z3 24) =
xz3 220 N wfRCV x4 (ss xla x2a 3 x4) zla)
by moura
then have f1: Some (ss b2[bv::=blpp 21 ¢ T) = i x1 AN wfRCV T (ss b2[bv::=blpy x1 i T)
b2[bv::=b]ps
using bozed-i-GConsl.prems(1) hd wfl-def by auto
then have ss b2[bv::=blpp 21 i T = s
by (metis (no-types) bozed-i-GConsl.hyps(1) option.inject)
then show ?thesis
using fI by blast
qed
ultimately have wfRCV T s’ b2 using bozed-i-GConsl boxed-b-wfRCV by metis

then show ?thesis using hd by simp
next
case tail
hence wfl T G i’ using bozed-i- GConsl wfl-suffiz wfG-suffix subst-gb.simps
by (metis (no-types, lifting) Un-iff toSet.simps(2) wfG-cons2 wfl-def)
then show ?thesis using wfl-def[of T G i'] tail
using bozed-i-GConsl.prems(3) split-G wfG-cons-fresh2 by fastforce
qged

}

thus ?case using wfl-def by fast
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qed

lemma is-satis-g-bs-boxred-auz:
fixes G::T'
assumes bozed-i © G1 b bvii’ and wfl © G1[bv:=blry i and wfl © GI1 i’ and GI = (G2QQG)
and wfG © B G1
and (i = G[bv:=b]rs)
shows (i’ = G)
using assms proof (induct G arbitrary: G2 rule: T'-induct)
case GNil
then show ?case by auto
next
case (GCons z' b ¢' T’ G2)
show ?case proof (subst is-satis-g.simps,rule)
have x:wfC © B G1 ¢’ using GCons wfG-wfC-inside by force
show i’ |= ¢’ using is-satis-bs-boxed|OF assms(1) x | GCons by auto
obtain G3 where GI = G3 @ I'' using GCons append-g.simps
by (metis append-g-assoc)
then show i’ = T'' using GCons append-g.simps by simp
qed
qed

lemma is-satis-g-bs-boxed:
fixes G::T'
assumes bozed-i © G b bv ii" and wfl © G[bv:=b|ry i and wfl © G i’ and wfG © B G
and (i = G[bv::=b]rp)
shows (i’ = Q)
using is-satis-g-bs-bored-aur assms
by (metis (full-types) append-g.simps(1))

lemma subst-b-valid:
fixes s::s and b::b
assumes O ; {||} F,y b and B = {|bv|} and O ; {|bv|} ;T E c
shows © ; {||} ; T[bv::=blry [ c[bv:=b]cp

proof (rule validI)

show #x:0 ; {||} ; T[bv:=blry Fuwy c[bv:=b]cp using assms valid.simps wf-b-subst subst-gb.simps
by metis
show Vi. (wfl © T[bv::=blry ¢ A i = T[bv=blry) — i = c[bv::=Db]ep
proof (rule,rule)
fix ¢
assume x:wfl © T'[bv:=blry i A i = T[bv:=b]rs

obtain i’ where idash: bozed-i © T b bv i i’ using bozed-i-ex wfX-wfY assms * by fastforce

have wfc: © ; {|bv|} ; ' Fy s c using valid.simps assms by simp
have wfg: © ; {|bv|} Fu s T using valid.simps wfX-wfY assms by metis
hence wfi: wfl © T' i’ using idash x bs-bozed-wfi-auzx subst-gb.simps wfX-wfY by metis
moreover have i’ = T proof (rule is-satis-g-bs-boxed[OF idash | wfX-wfY (2)[OF wfc])
show wfl © T'[bv::=b]ry ¢ using subst-gb.simps * by simp
show wfl © T' i’ using wfi by auto
show O ; B ks I' using wfg assms by auto
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show i = I'[bv::=b]ry, using subst-gb.simps x by simp
qed
ultimately have ic:i’ = ¢ using assms valid-def using valid.simps by blast

show i | c[bv::=b|., proof(rule is-satis-bs-bozed-rev)
show © ;T'; b, bvt i~ i’ using idash by auto
show © ; B ; I' k¢ c using wfc assms by auto
show O ; T'[bv::=b|ry & 7 using subst-gb.simps * by simp
show © ; ' - i’ using wfi by auto
show © ; {||} ; T[bv::=blry Fwys c[bv:=Dblc, using *x by auto
show i’ = ¢ using ic by auto

qed

qed
qed

11.7 Expression Operator Lemmas

lemma is-satis-len-imp:

assumes i |= (CE-val (V-var ) == CE-val (V-lit (L-num (int (length v)))) ) (is is-satis i ?c1)
shows i | (CE-val (V-var ) == CE-len [V-lit (L-bitvec v)]°®)
proof —

have *:eval-c i ?c1 True using assms is-satis.simps by blast
then have eval-e i (CE-val (V-lit (L-num (int (length v))))) (SNum (int (length v)))
using eval-e-elims(1) eval-v-elims eval-l.simps by (metis eval-e.intros(1) eval-v-lit])
hence eval-e i (CE-val (V-var z)) (SNum (int (length v))) using eval-c-elims(7)[OF ]
by (metis eval-e-elims(1) eval-v-elims(1))
moreover have eval-e i (CE-len [V-lit (L-bitvec v)]°¢) (SNum (int (length v)))
using eval-e-elims(7) eval-v-elims eval-l.simps by (metis eval-e.intros eval-v-lit])
ultimately show ?thesis using eval-c.intros is-satis.simps by fastforce

qed

lemma is-satis-plus-imp:
assumes i |= (CE-val (V-var z) == CFE-val (V-lit (L-num (n1+4n2)))) (is is-satis i ?c1)
shows i |= (CFE-val (V-var ) == CE-op Plus ([V-lit (L-num n1)]°¢) ([V-lit (L-num n2)]°°))

proof —

have x:eval-c i ?c1 True using assms is-satis.simps by blast

then have eval-e i (CE-val (V-lit (L-num (n1+n2)))) (SNum (n1+n2))
using eval-e-elims(1) eval-v-elims eval-l.simps by (metis eval-e.intros(1) eval-v-lit])

hence eval-e i (CE-val (V-var z)) (SNum (nl1+n2)) using eval-c-elims(7)[OF %]
by (metis eval-e-elims(1) eval-v-elims(1))

moreover have eval-e i (CE-op Plus ([V-lit (L-num n1)]°¢) ([V-lit (L-num n2)]°¢)) (SNum (n1+n2))
using eval-e-elims(7) eval-v-elims eval-l.simps by (metis eval-e.intros eval-v-lit])

ultimately show ?thesis using eval-c.intros is-satis.simps by fastforce

qed
lemma is-satis-leq-imp:

assumes i E (CFE-val (V-var z) == CE-val (V-lit (if (n1 < n2) then L-true else L-false))) (is
is-satis 1 ?cl)

shows i | (CE-val (V-var ) == CE-op LEq [(V-lit (L-num n1))]¢¢ [(V-lit (L-num n2))]<¢)
proof —

have *:eval-c i ?c1 True using assms is-satis.simps by blast

287



then have eval-e i (CE-val (V-lit ((if (nl < n2) then L-true else L-false)))) (SBool (n1<n2))
using eval-e-elims(1) eval-v-elims eval-1.simps
by (metis (full-types) eval-e.intros(1) eval-v-litl)

hence eval-¢ i (CE-val (V-var z)) (SBool (n1<n2)) using eval-c-elims(7)[OF x|
by (metis eval-e-elims(1) eval-v-elims(1))

moreover have eval-e i (CE-op LEq [(V-lit (L-num n1))]¢¢ [(V-lit (L-num n2) )]°¢) (SBool (n1<n2))
using eval-e-elims(3) eval-v-elims eval-l.simps by (metis eval-e.intros eval-v-lit])

ultimately show ?thesis using eval-c.intros is-satis.simps by fastforce

qed

lemma eval-lit-inj:
fixes ni::] and n2:l
assumes [nl [=sand [n2] =s
shows n1=n2
using assms proof(nominal-induct s rule: rcl-val.strong-induct)
case (SBitvec )
then show ?case using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SNum z)
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SBool 1)
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SPair zla z2a)
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SCons xla z2a x3a)
then show ?case using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SConsp zla z2a x3a x4)
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case SUnit
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
next
case (SUt x)
then show ?Zcase using eval-I.simps
by (metis l.strong-exhaust rcl-val.distinct rel-val. eq-iff)
qed

lemma eval-e-lit-ing:
fixes ni::] and n2:l
assumes i [ [[nl |V ]°] ~sandi[[[n2]"]°] "~ s
shows n1=n2
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using eval-lit-inj assms eval-e-elims eval-v-elims by metis

lemma is-satis-eq-imp:

assumes i = (CE-val (V-var ©) == CE-val (V-lit (if (nl = n2) then L-true else L-false))) (is
is-satis i ?cl)

shows i | (CE-val (V-var ) == CE-op Eq [(V-lit (n1))]c® [(V-lit (n2))]¢)
proof —

have *:eval-c i ?c1 True using assms is-satis.simps by blast
then have eval-e i (CE-val (V-lit ((if (n1=n2) then L-true else L-false)))) (SBool (n1=n2))
using eval-e-elims(1) eval-v-elims eval-1.simps
by (metis (full-types) eval-e.intros(1) eval-v-lit])
hence eval-e i (CE-val (V-var z)) (SBool (n1=n2)) using eval-c-elims(7)[OF x|
by (metis eval-e-elims(1) eval-v-elims(1))
moreover have eval-e i (CE-op Eq [(V-lit (n1))]® [(V-lit (n2) )]°¢) (SBool (n1=n2))
proof —
obtain s/ and s2 where ¢ [ [[nl [V ] ]~ sl ANi[[[n2]"]°] "~ s2 using eval-l.simps
eval-e.intros eval-v-litl by metis
moreover have SBool (n1 = n2) = SBool (s1 = s2) proof(cases nl1=n2)
case True
then show ?thesis using *
by (simp add: calculation eval-e-uniqueness)
next
case Fulse
then show ?thesis using * eval-e-lit-inj by auto
qed
ultimately show ?2thesis using eval-e-eql[of i [(V-lit (nl))]¢¢ sI [(V-lit (n2))]°¢ s2 ] by auto
qed
ultimately show ?thesis using eval-c.intros is-satis.simps by fastforce
qed

lemma valid-eq-e:
assumes Vi sl s2. wfG P B GNil A wfl P GNil i A\ eval-e i el s1 A eval-e i e2 s2 — sl = s2
and wfCE P B GNil el b and wfCE P B GNil e2 b
shows P ; B ; (z, b, CE-val (V-var x) == el )#r GNil E CE-val (V-var x) == e2
unfolding wvalid.simps
proof (intro conjl)

show « P; B (z, b, [[z]V ] == el )#r GNil Fyufp[[z]"]° == €2
using assms wf-intros wfX-wfY b.eq-iff fresh-GNil wfC-e-eq2 wfV-elims by meson
show Vi. (P (z, b, [[x]"]® == el )#r GNilF O AN (i (z, b [[z]V]° == el ) #r
GNil) —
(ilE[lz]"]® == e2))> proof(rule+)
fix ¢
assume as:P; (z, b, [[2]"]® == el )#r GNilb i AN i (2, b [[2]V]® == el ) #r GNil

have x: P ; GNil F ¢ using wfl-def by auto

then obtain s! where si:cval-e i el s1 using assms eval-e-exist by metis
obtain s2 where s2:eval-e i e2 s2 using assms eval-e-exist * by metis
moreover have i z = Some sl proof —
have i = [ [z |V ] == el using as is-satis-g.simps by auto
thus ?thesis using s1
by (metis eval-c-elims(7) eval-e-elims(1) eval-e-uniqueness eval-v-elims(2) is-satis.cases)
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qed
moreover have si = s2 using sl s2 * assms wfG-nill wfX-wfY by metis

ultimately show ¢ [ [ [z ]V ] == e2 |~ True
using eval-c.intros eval-e.intros eval-v.intros
proof —

have i [ e2 ] ™~ s1
by (metis <s1 = s2» s2)
then show ?thesis
by (metis (full-types) <i © = Some s1» eval-c-eql eval-e-vall eval-v-varl)
qed
qged
qed

lemma valid-len:
assumes ., O

shows O ; B ; (z, B-int, [[2]"]°® == [[ L-num (int (length v)) |*]°¢) #r GNi E [[z]"]¢ ==
CE-len [| L-bitvec v ]°]°¢ (is © ; B ; ?G = ?c)
proof —

have %:0 ., ([[:®) A ©; B; GNil Fyy [|a using assms wfG-nill wfD-emptyl wfPhi-emptyl by
auto

moreover hence © ; B; GNil -, CE-val (V-lit (L-num (int (length v)))) : B-int
using wfCE-vall x wfV-litl base-for-lit.simps
by (metis wfE-vall wfX-wfY)

moreover have © ; B ; GNil -, 5 CE-len [(V-lit (L-bitvec v))]°® : B-int
using wfE-vall * wfV-litl base-for-lit.simps wfE-vall wfX-wfY wfCE-vall
by (metis wfCE-lenI)
moreover have atom z § GNil by auto
ultimately have O ; B ; ?G ¢ ?c using wfC-e-eq2 assms by simp
moreover have (Vi. wfl © ?G i A is-satis-g i G —> is-satis i ?c) using is-satis-len-imp by auto
ultimately show ?thesis using valid.simps by auto
qed

lemma valid-arith-bop:
assumes wfG © B T and opp = Plus A Il = (L-num (n1+4n2)) V (opp = LEq A Il = ( if n1<n2
then L-true else L-false))
and (opp = Plus — b = B-int) A (opp = LEq — b = B-bool) and
atom z § T

shows ©; B ; (z, b, (CE-val (V-var ) == CE-val (V-lit (1)) )) #r T
E (CE-val (V-var z) == CE-op opp ([V-lit (L-num n1)]¢¢) ([V-lit (L-num n2)]°®
) (iIs©; B; G = %¢)
proof —

have wfC © B ?G ?c proof(rule wfC-e-eq2)
show © ; B ; ' b,y CE-val (V-lit ll) : b using wfCE-vall wfV-lit] assms base-for-lit.simps by metis
show © ; B ; ' -,y CE-op opp ([V-lit (L-num n1)|°¢) ([V-lit (L-num n2)]°¢) : b
using wfCE-plusl wfCE-leql wfCE-eql wfV-lit] wfCE-vall base-for-lit.simps assms by metis
show F, ¢ © using assms wfX-wfY by auto
show atom z § I' using assms by auto
qed
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moreover have Vi. wfl © ?G i A is-satis-g i G — is-satis © ?c proof (rule alll , rule impl)

fix ¢
assume wfl © ?G i A is-satis-g 1 ?G

hence is-satis i ((CE-val (V-var ) == CE-val (V-lit (1I)))) by auto
thus is-satis i ((CE-val (V-var ) == CE-op opp ([V-lit (L-num n1)]°®) ([V-lit (L-num n2)]°¢)))
using is-satis-plus-imp assms opp.exhaust is-satis-leg-imp by auto
qed
ultimately show ?thesis using valid.simps by metis
qed

lemma valid-eq-bop:
assumes wfG © B T and atom z § I' and base-for-lit 11 = base-for-lit 12

shows O; B ; (z, B-bool, (CE-val (V-var ) == CE-val (V-lit (if l1 = I2 then L-true else L-false))
)) #r T
E (CE-val (V-var x) == CE-op Eq ([V-lit (11)]°¢) ([V-lit (12)]°¢)) (is © ; B ;
?G = )
proof —

let ?ll = (if l1 = 12 then L-true else L-false)
have wfC © B ?G %c proof(rule wfC-e-eq2)
show © ; B ; I' ks CE-val (V-lit ?ll) : B-bool using wfCE-vall wfV-litl assms base-for-lit.simps
by metis
show © ; B ; T' by, CE-op Eq ([V-lit (11)]°°) ([V-lit (12)]°¢) : B-bool
using wfCE-eql wfCE-leql wfCE-eql wfV-lit]l wfCE-vall base-for-lit.simps assms by metis
show F, ¢ © using assms wfX-wfY by auto
show atom z § I' using assms by auto
qed

moreover have Vi. wfl © ?G i A is-satis-g i ?G — is-satis i ?c proof(rule olll , rule impI)

fix ¢
assume wfl © ?G i A is-satis-g 1 ?G

hence is-satis i ((CE-val (V-var ) == CE-val (V-lit (?1l)))) by auto
thus is-satis i ((CE-val (V-var ) == CE-op Eq ([V-lit (11)]°®) ([V-lit (12)]°¢)))
using is-satis-eq-imp assms by auto
qed
ultimately show ?thesis using valid.simps by metis
qed

lemma valid-fst:
fixes z::x and vy::v and va::v
assumes wfTh © and wfV © B GNil (V-pair vi ve) (B-pair by ba)
shows © ; B ; (z, by, [[2]"]°° == [0a]*) #r GNil |= [[z]"]*° == [#1[[v1,02]"]*]*
proof (rule valid-eq-e)
show Visl s2. (©;8B Fyuy GNil) A (©; GNilF AN (@[[v )]~ st) NG [F#LI][ v, ve
1P1ee1ee |~ s2) — s1 = s2»
proof(rule+)
fix i sl s2
assume as:© ; B Fu,p GNil A O3 GNil A (G [ ]°] ™ s1) NG [#I]] v, ve ]V]°¢]°° ]
~ 52)
then obtain s2’ where *:i [ [ vy, v2 |* | ~ SPair s2 s2’
using eval-e-elims(5)[of © [[ v1 , v2 |V]°¢ s2] eval-e-elims
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by meson
then have ¢ [ v1 ]~ s2 using eval-v-elims(3)[OF «] by auto
then show s! = s2 using eval-v-uniqueness as
using eval-e-uniqueness eval-e-vall by blast
qed

show < © ; B; GNil by [ v1 ]°¢ ¢ by » using assms
by (metis b.eq-iff (4) wfV-elims(8) wfV-wfCE)
show < ©; B; GNil by [#1[[ vi, v2 ]Y]°°]°° ¢ b1 » using assms using wfCE-fst]
using wfCFE-vall by blast
qed

lemma valid-snd:
fixes z::x and vy::v and vy::v
assumes wfTh © and wfV © B GNil (V-pair vi ve) (B-pair by ba)
shows © ; B ; (z, by, [[a]"]°® == [v2]) #r GNil |= [[z]"]*° == [#2[[v1,02]"]*]*
proof (rule valid-eg-e)
show Visls2. (©;B Fupr GNil) A (©; GNilFO)ANGE[[v2]°] ™ s1) A
(i [[#2l vn s 0s P9I ] ~ '52) —> o1 = 52
proof(rule+)
fix i sl s2
assume as:© ; B k5 GNil AN ©; GNilF i A (i [ [ ][]~ s1) AN (3 [ [#2] v1, va ]"]°]°° ]
~ 52)
then obtain s2’ where x:i [ [ vy , v2 |V ] ~ SPair s2' s2
using eval-e-elims(5)[of © [[ v1 , v2 |V]°¢ s2] eval-e-elims
by meson
then have i [ vy | ~ s2 using eval-v-elims(8)[OF x| by auto
then show s! = s2 using eval-v-uniqueness as
using eval-e-uniqueness eval-e-vall by blast
qged

show ¢« © ; B; GNil by [ v2 ]°° 1 by » using assms
by (metis b.eq-iff wfV-elims wfV-wfCFE)
show « © ; B ; GNil by [#2] v1 , v2 |[V]°°]°° : by » using assms using wfCE-sndl wfCE-vall by
blast
qed

lemma valid-concat:
fixes v1::bit list and v2::bit list
assumes |, II
shows IT ; B ; (z, B-bitvec, (CE-val (V-var ) == CFE-val (V-lit (L-bitvec (v1Q v2))))) #r GNil =
(CE-val (V-var ) == CE-concat ([V-lit (L-bitvec v1)]°¢ ) ([V-lit (L-bitvec v2)]°€) )
proof (rule valid-eg-e)
show Vi sl s2. (IL; B Fyup GNil) A (IT; GNil - 4) A
(i [ [[ L-bitvec (v1 @ v2) ]V ]°¢ ]|~ s1) A (i [ [[[ L-bitvec v1 ¥]°¢ QQ [[ L-bitvec v2 ]¥]°¢ ]°°
]~ s2) —
s1 = s2)
proof (rule+)
fix i s1 s2
assume as: (Il ; B b,y GNil) A (IT; GNil = 4) A (¢ [ [ [ L-bitvec (v @ v2) |V |°¢ ]~ s1) A
(¢ [ [[[ L-bitvec v1 ]°]°¢ Q@ [[ L-bitvec v2 |’]¢€]¢¢ ]| ~ s2)
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hence x: i [ [[[ L-bitvec vl |V]°¢ QQ [[ L-bitvec v2 ]°]°¢]°¢ ]| ~ s2 by auto
obtain bv! bv2 where s2:52 = SBitvec (bvl @Q bv2) A i [ [ L-bitvec v1 |* ]| ~ SBitvec bvl A (i [ |
L-bitvec v2 1° | ~ SBitvec bv2)
using eval-e-elims(7)[OF *] eval-e-elims(1) by metis
hence v = bvl A v2 = bv2 using eval-v-elims(1) eval-l.simps(5) by force
moreover then have s/ = SBitvec (bvl @ bv2) using s2 using eval-v-elims(1) eval-l.simps(5)
by (metis as eval-e-elims(1))

then show s! = s2 using s2 by auto
qed

show ¢« II; B ; GNil by ¢ [ [ L-bitvec (v1 @ v2) | |°¢ : B-bitvec »
by (metis assms base-for-lit.simps(5) wfG-nill wfV-lit] wfV-wfCFE)
show ¢« II ; B ; GNil ¢ [[[ L-bitvec vl |"]°° QQ [[ L-bitvec v2 ]V]°°]°® : B-bitvec »
by (metis assms base-for-lit.simps(5) wfCE-concat] wfG-nill wfV-lit] wfCE-vall)
qed

lemma valid-ce-eq:
fixes ce::ce
assumes O ; B ;' byfce: b

shows <© ; B; T Ece == ce)

unfolding valid.simps proof

show « © ; B;I' k5 ce == ce » using assms wfC-eql by auto

show Vi. ©;TFiAN i=T — i ce == ce ) proof(rule+)
fix ¢

assume © ;' i A (T
then obtain s where i[ ce | ~ s using assms eval-e-exist by metis
then show i [ ce == ce |~ True using eval-c-eql by metis
qed
qed

~

lemma valid-eq-imp:
fixes cl::c and c2::c
assumes O ; B; (2, b, ¢2) #r T' Fyyp ¢l IMP c2
shows © ;B; (2,0, c2)#r T E ¢ IMP c2
proof —
have Vi. (©; (z,b, c2) #rTHiN iE(z,b, ¢c2)#r ) — iE(cl IMP ¢2)
proof (rule,rule)
fix ¢
assume as:0 ; (2, b, c2) #r TH i AN i (2, b, ¢2) #r T

have © ; B; (2, b, ¢2) #r I' Fyy cl using wfC-elims assms by metis

~

then obtain sc where i [ ¢I | ™~ sc using eval-c-exist assms as by metis
moreover have i [ ¢2 ]|~ True using as is-satis-g.simps is-satis.simps by auto

ultimately have i [ ¢c1 IMP ¢2 ] ~ True using eval-c-impl by metis
thus i | ¢! IMP c2 using is-satis.simps by auto
qged

thus ?thesis using assms by auto
qed
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lemma valid-range:
assumes 0 < n A n < mandhk,; O
shows © ; {||} ; (z, B-int , (C-eq (CE-val (V-var z)) (CE-val (V-lit (L-num n))))) #r GNil |=
(C-eq (CE-op LEq (CE-val (V-var z)) (CE-val (V-lit (L-num m)))) [ L-true
]U ]CC) AND
(C-eq (CE-op LEq (CE-val (V-lit (L-num 0))) (CE-val (V-var z))) [| L-true |*
]ce
(is©;{||}; ?G = 2c1 AND %c2)
proof (rule validI)
have wfg: © ; {||} Fwys (z, B-int, [ [z ]|"]°° == [[ L-num n ]" ¢ ) #r GNil
using assms base-for-lit.simps wfG-nill wfV-litl fresh-GNil wfB-intl wfC-v-eq wfG-cons1l wfG-cons21
by metis

show O ; {||} ; G ks %cl AND 2c2
using wfC-conjl wfC-eql wfCE-leql wfCE-vall wfV-varl wfg lookup.simps base-for-lit.simps wfV-lit]
wfB-intl wfB-booll
by metis

show Vi. ©; GFiN i|= G — i|= %c1 AND ?c2 proof(rule,rule)
fix ¢
assume a:0 ; /G i AN i ?G
hence *:{ [ V-var z | ~ SNum n
proof —
obtain sv where sv: ¢ z = Some sv A © F sv : B-int using a wfl-def by force
have i [ (C-eq (CE-val (V-var z)) (CE-val (V-lit (L-num n)))) | ~ True
using a is-satis-g.simps
using is-satis.cases by blast
hence { z = Some(SNum n) using sv
by (metis eval-c-elims(7) eval-e-elims(1) eval-l.simps(3) eval-v-elims(1) eval-v-elims(2))
thus ?thesis using eval-v-varl by auto

qed
show ¢ = ?c1 AND ?2c2
proof —
have i [ ?c1 | ~ True
proof —

have i [ [leg [ [z |" ]°¢ [ [ L-num m ]” ]°¢ |°¢] ~ SBool True
using eval-e-leql assms eval-v-lit] eval-l.simps *
by (metis (full-types) eval-e-vall)
moreover have i [ [ [ L-true |* |°¢ ]| ~ SBool True
using eval-v-lit] eval-e-vall eval-l.simps by metis
ultimately show ?thesis using eval-c-eql by metis
qed

moreover have i [ %¢2 | ~ True
proof —
have i [ [leq [ [ L-num 0 ]V ¢ [ [z ]V ]¢¢ ]°¢ ] ~ SBool True
using eval-e-leql assms eval-v-lit] eval-l.simps *
by (metis (full-types) eval-e-vall)
moreover have i [ [ [ L-true |V |°¢ ] ~ SBool True
using eval-v-lit] eval-e-vall eval-l.simps by metis
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ultimately show ?thesis using eval-c-eql by metis
qed
ultimately show ¢thesis using eval-c-conjl is-satis.simps by metis
qed
qed
qed

lemma valid-range-length:
fixes I'::T’
assumes 0 < n A n < int (length v) and © ; {||} Fyy I and atom z § T
shows © ; {||} ; (z, B-int , (C-eq (CE-val (V-var z)) (CE-val (V-lit (L-num n))))) #r T |
(C-eq (CE-op LEq (CE-val (V-lit (L-num 0))) (CE-val (V-var z))) [[ L-true ¥ ]©)
AND
(C-eq (CE-op LEq (CE-val (V-var z)) (]| [ [ L-bitvec v ]V ]°¢ []°¢)) [[ L-true ¥ ]°¢)

(is©;{||}; ?G & 2c1 AND %c2)
proof (rule validl)
have wfg: ©; {||} Fuwys (z, B-int, [[z]"]°® == [[L-numn]’]°°) #r T' apply(rule wfG-cons1I)
apply simp
using assms apply simp+
using assms base-for-lit.simps wfG-nill wfV-litlI wfB-int] wfC-v-eq wfB-int] wfX-wfY assms by
metis+

show © ; {||} ; ?G Fuy %c1 AND %c2
using wfC-conjl wfC-eql wfCE-leql wfCE-vall wfV-varl wfg lookup.simps base-for-lit.simps wfV-lit]
wfB-intl wfB-booll
by (metis (full-types) wfCE-lenl)

show Vi. ©; ?GFiN i|E G — i|= %c1 AND ?c2 proof(rule,rule)
fix i
assume a:0 ; G+ i A i = ?G
hence x:i [ V-var z ]| ~ SNum n
proof —
obtain sv where sv: i x = Some sv A © | sv : B-int using a wfl-def by force
have i [ (C-eq (CE-val (V-var x)) (CE-val (V-lit (L-num n)))) | ~ True
using a is-satis-g.simps
using is-satis.cases by blast
hence i © = Some(SNum n) using sv
by (metis eval-c-elims(7) eval-e-elims(1) eval-l1.simps(3) eval-v-elims(1) eval-v-elims(2))
thus ?thesis using eval-v-varl by auto
qed

show i = ?c1 AND ?c2

proof —
have ¢ [ 2¢2 ] ™~ True
proof —
have i [ [leg [ [ = ]V ]°¢ [| [ [ L-bitvec v ]” ]¢€ |]°¢ |¢¢] ~ SBool True

using eval-e-leql assms eval-v-litl eval-l.simps *

by (metis (full-types) eval-e-lenI eval-e-vall)
moreover have ¢ [ [ [ L-true |V |°¢ ]| ~ SBool True

using eval-v-lit] eval-e-vall eval-l.simps by metis
ultimately show ?thesis using eval-c-eql by metis
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qed

moreover have i [ ?c1 | ~ True
proof —
have i [ [leq [ [ L-num 0 ]V )¢ [ [z |V ]¢¢ ]°¢ ] ~ SBool True
using eval-e-leql assms eval-v-lit] eval-l.simps *
by (metis (full-types) eval-e-vall)
moreover have i [ [ [ L-true |” |°¢ ] ~ SBool True
using eval-v-lit]l eval-e-vall eval-l.simps by metis
ultimately show ?thesis using eval-c-eql by metis
qed
ultimately show %thesis using eval-c-conjl is-satis.simps by metis
qed
qed
qed

lemma valid-range-length-inv-gnil:
fixes I'::T"
assumes k-, r ©
and O ; {||}; (z, B-int , (C-eq (CE-val (V-var z)) (CE-val (V-lit (L-num n))))) #r GNil =
(C-eq (CE-op LEq (CE-val (V-lit (L-num 0))) (CE-val (V-var z))) [ L-true ¥ ]©)
AND
(C-eq (CE-op LEq (CE-val (V-var z)) (]| [ [ L-bitvec v ]V ]°¢ []°¢)) [[ L-true ]¥ ]°¢)

(is©;{||}; ?G = ?c1 AND %c2)
shows 0 < n A n < int (length v)
proof —
have x:Vi. © ; G+ i AN i} ?G — i |E ?cl AND %c2 using assms valid.simps by simp

obtain ¢ where i: ¢ z = Some (SNum n) by auto
have © ; /GF i A i = ?G proof
show O ; ?G F i unfolding wfl-def using wfRCV-BIntl i *x by auto
have i [ ([[z ]V ]°¢ == [[ Lnumn]’]®) ]|~ True
using * eval-c.intros(7) eval-e.intros eval-v.intros eval-l.simps
by (metis (full-types) )
thus ¢ | ?G unfolding is-satis-g.simps is-satis.simps by auto
qed
hence *x:i = 2c1 AND ?c2 using * by auto

hence 1:i[ %c1 ]~ True using eval-c-elims(3) is-satis.simps
by fastforce
then obtain svl and sv2 where (svl = sv2) = True A [ [leg [ [ L-num 0 |V ]<¢ [ [ = ]” ]°¢ ]°¢ ]
~svl A [ Ltrue ]V )¢ ] ™ sv2
using eval-c-elims(7) by metis
hence svl = SBool True using eval-e-elims eval-v-elims eval-l.simps i by metis
obtain n! and n2 where SBool True = SBool (n1 < n2) A (i [ [ [ L-num 0 ]V ]°¢ ] ~ SNum nl)
ANGETTITz]]c] ™ SNum n2)
using eval-e-elims(8)[of i [ [ L-num 0 ]V |°¢ [[ 2 ]V ]°® SBool True]
using «(svl = sv2) = True A i [ [leq [[ L-num 0 |V )¢ [[a ]V ] )¢ ]~ svl Ai[ ][] L-true] ]°°
]~ sv2» <svl = SBool True» by fastforce
moreover hence n! = 0 and n2 = n using eval-e-elims eval-v-elims i
apply (metis eval-l.simps(3) rcl-val.eq-iff (2))
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using eval-e-elims eval-v-elims i
by (metis calculation option.inject rcl-val.eq-iff (2))
ultimately have lel: 0 < n by simp

hence 2:i [ ?¢2 ]~ True using *x eval-c-elims(3) is-satis.simps
by fastforce
then obtain sv! and sv2 where sv: (svl = sv2) = True A i [[leq [ [z ]V ]°¢ [| [ [ L-bitvec v ]V ]°¢
[Jee]ee ]~ svl A [ L-true ]V ]°¢ ]| ™~ sv2
using eval-c-elims(7) by metis
hence svl = SBool True using eval-e-elims eval-v-elims eval-l.simps i by metis
obtain n! and n2 where #xx:5Bool True = SBool (n1 < n2) A (i [[[z]"]¢] "~ SNum n1) A (i
LIl [[L-bitvec v ]¥ ]¢¢ |]°¢ ] ~ SNum n2)
using eval-e-elims(3)
using sv «<svl = SBool True)> by metis
moreover hence n! = n using eval-e-elims(1)[of i| eval-v-elims(2)[of i x SNum nl1] i by auto
moreover have n2 = int (length v) using eval-e-elims(8) eval-v-elims(1) eval-l.simps @
by (metis xxx eval-e-elims(1) rcl-val.eq-iff (1) rcl-val.eq-iff (2))
ultimately have le2: n < int (length v) by simp

show ?thesis using lel le2 by auto
qed

lemma wfl-cons:
fixes i::valuation and I'::T"
assumes i ElFand O ;T Fi’andi=4¢(z+— s)and © + s:band atomz § T
shows © ; (z,b,c) #r ' F ¢
unfolding wfl-def proof —

fix 2/ b’ ¢’
assume (z',b',c’) € toSet ((z, b, ¢) #r T')
then consider (z',b',c’) = (z,b,c) | (,b',c’) € toSet I" using toSet.simps by auto
then have 3s. Some s =iz’ A © F s: b proof(cases)
case I
then show ?thesis using assms by auto
next
case 2
then obtain s where s:Some s = i’ ' A © F s: b’ using assms wfl-def by auto
moreover have z’ # z using assms 2 fresh-dom-free by auto
ultimately have Some s = ¢ 2’ using assms by auto
then show ?thesis using s wfl-def by auto
qed
}
thus V(z, b, ¢c)etoSet ((z, b, ¢) #r I'). Is. Some s =iz A O F s: b by auto
qed

lemma valid-range-length-inv:
fixes I'::T’
assumes O ; Bl ;I andatomzfland 34. i =T AO ;T F ¢
and © ; B; (z, B-int , (C-eq (CE-val (V-var x)) (CE-val (V-lit (L-num n))))) #r T |
(C-eq (CE-op LEq (CE-val (V-lit (L-num 0))) (CE-val (V-var z))) [[ L-true ¥ ]¢©)
AND
(C-eq (CE-op LEq (CE-val (V-var x)) (]| [ [ L-bitvec v ]V ]°¢ [|°¢)) [[ L-true ¥ ]°¢)

297



(is©; ?B; ?G = ?c1 AND %c2)
shows 0 < n A n < int (length v)
proof —
have x:Vi. © ; G+ i A il ?G — i |E ?cl AND %c2 using assms valid.simps by simp

obtain i’ where idash: is-satis-g i’ T' A © ; T' I i’ using assms by auto
obtain ¢ where i: i = ¢’ ( z — SNum n) by auto
hence iz: i = Some (SNum n) by auto
have © ; /G F i A i = ?G proof
show O ; ?G + i using wfl-cons i idash ix wfRCV-BIntl assms by simp

have sx:i [ ([[z ]V ]°® == [[ L-numn ]’ ]°¢) |~ True
using * eval-c.intros(7) eval-e.intros eval-v.intros eval-l.simps i

by (metis (full-types) iz)

show i | ?G unfolding is-satis-g.simps proof

show < i =[[ 2]V ]° == [[L-numn]”]° ) using *x is-satis.simps by auto
show ¢ i = T'» using idash i assms is-satis-g-i-upd by metis
qed
qed

hence *x:i = 2c1 AND ?c2 using * by auto

hence 1:i[ %c1 ]~ True using eval-c-elims(3) is-satis.simps
by fastforce
then obtain svl and sv2 where (svl = sv2) = True A ¢ [ [leg [ [ L-num 0 " ]°¢ [ [ = ]” ]°¢ ]°¢ ]
~osvl AN [ Ltrue ]V )¢ ] ™ sv2
using eval-c-elims(7) by metis
hence svl = SBool True using eval-e-elims eval-v-elims eval-l.simps i by metis
obtain n! and n2 where SBool True = SBool (n1 < n2) A (i [ [ [ L-num 0 ]V ]°¢ ] ~ SNum nl)
ANGETTITz]]c] ™ SNum n2)
using eval-e-elims(8)[of i [ [ L-num 0 ]V |°¢ [[ 2 ]V ]°° SBool True]
using «(svl = sv2) = True A i [ [leq [[ L-num 0 |V )¢ [[a ]V ] )¢ ]~ svl Ai[ ][] L-true]? ]°°
]~ sv2> <svl = SBool True» by fastforce
moreover hence n! = 0 and n2 = n using eval-e-elims eval-v-elims i
apply (metis eval-l.simps(3) rcl-val.eq-iff (2))
using eval-e-elims eval-v-elims 4
calculation option.inject rcl-val.eq-iff (2)
by (metis iz)
ultimately have lel: 0 < n by simp

hence 2:i [ ?¢2 ]~ True using *x eval-c-elims(3) is-satis.simps
by fastforce
then obtain sv! and sv2 where sv: (svl = sv2) = True A i [[leq [ [z ]V ]°¢ [| [ [ L-bitvec v ]V ]°¢
[JeeJee ]~ sl A [ L-true ]V ]°¢ ]| ™~ sv2
using eval-c-elims(7) by metis
hence svl = SBool True using eval-e-elims eval-v-elims eval-l.simps i by metis
obtain n! and n2 where *xx:5Bool True = SBool (n1 < n2) A (i [[[z]"]°] "~ SNum n1) A (i
LIl [[L-bitvec v ]¥ ]°¢ |]°¢ ] ~ SNum n2)
using eval-e-elims(3)
using sv «<svl = SBool True)> by metis
moreover hence n! = n using eval-e-elims(1)[of i] eval-v-elims(2)[of i © SNum n1] i by auto
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moreover have n2 = int (length v) using eval-e-elims(8) eval-v-elims(1) eval-l.simps @
by (metis xxx eval-e-elims(1) rcl-val.eq-iff (1) rcl-val.eq-iff (2))
ultimately have le2: n < int (length v) by simp

show ?thesis using lel le2 by auto
qed

lemma eval-c-conj2l [intro]:
assumes i [ ¢I |~ Trueand i [ ¢2 |~ True
shows i [ (C-conj ¢l ¢2) ]~ True
using assms eval-c-conjl by metis

lemma valid-split:
assumes split n v (v1,v2) and bk, y ©

shows O ; {||} ; (2, [B-bitvec , B-bitvec |* , [ [ 2]" ]°¢ == [[[ L-bitvec v1 |", [ L-bitvec v2]"]"
[°°) #r GNil
(b o1 = (L1017 00 2l 1211 17) AND () Bl L1

(is©; {l|I}; G ?c1 AND 2c2)
unfolding wvalid.simps proof

have wfg: © ; {||} Fuy (2, [B-bitvec , B-bitvec |, [[2]°]°¢ == [[[ L-bitvec v1]", [ L-bitvec
v2 |V ] ]°¢) #r GNil
using wf-intros assms base-for-lit.simps fresh-GNil wfC-v-eq wfG-intros2 by metis

show O ; {||} ; G Fuwys %cl AND ?¢c2
apply (rule wfC-conjI)
apply (rule wfC-eql)
apply(rule wfCE-vall)
apply(rule wfV-litl)
using wf-intros wfg lookup.simps base-for-lit.simps wfC-v-eq
apply (metis )+
done

have len:int (length v1) = n using assms split-length by auto

show Vi. ©; ?GFiANilE G — i |E (%cl AND %¢2)
proof (rule,rule)

fix i
assume a:0 ; /GFiNiE ?G
hence i [ [[ 2 ]” ] == [[[ L-bitvec vl |V, [ L-bitvec v2 1" |* |°¢ | ~ True
using is-satis-g.simps is-satis.simps by simp
then obtain sv where ¢ [ [[ 2]V ] ] ~ sv A ¢ [ [[] L-bitvec v1 1V, [ L-bitvec v2 ]V ]V ]°¢ ] ~ sv

using eval-c-elims by metis
hence i [[[ 2] ]°°] "~ (SPair (SBitvec v1) (SBitvec v2)) using eval-c-eql eval-v.intros eval-l.simps

by (metis eval-e-elims(1) eval-v-uniqueness)
hence b:i z = Some (SPair (SBitvec v1) (SBitvec v2)) using a eval-e-elims eval-v-elims by metis

have vi: i [ [#1[[ 2] ]°€]°¢ ] ~ SBitvec vl

using eval-e-fstl eval-e-vall eval-v-varl b by metis

have v2: i [ [#2[ [ z]" ]°¢]°¢ ]| ~ SBitvec v2
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using eval-e-sndl eval-e-vall eval-v-varl b by metis

have ¢ [ [ [ L-bitvec v |V |°¢ | ~ SBitvec v using eval-e.intros eval-v.intros eval-l.simps by metis
moreover have i [ [ [#1[ [ z]Y ]°¢]°© QQ [#2] [ z |" |<¢]<c ¢ ]| ™~ SBitvec v
using assms split-concat vl v2 eval-e-concatl by metis
moreover have ¢ [ [| [#1[ [ z]" ]¢¢]°® |]°¢ ] ~ SNum (int (length v1))
using v! eval-e-lenl by auto
moreover have { [ [ [ L-num n |V ]°¢ ] ~ SNum n using eval-e.intros eval-v.intros eval-l.simps
by metis
ultimately show ¢ = 2c1 AND ?c2 using is-satis.intros eval-c-conj2l eval-c-eql len by metis
qed
qed

lemma is-satis-eq:
assumes wfl © G i and wfCE © B Geb

shows is-satis i (e == e)

proof (rule)
obtain s where eval-¢ i e s using eval-e-exist assms by metis
thus eval-c i (e == e ) True using eval-c-eql by metis

qed

lemma is-satis-g-i-upd2:

assumes eval-v { v s and is-satis (( ( z — s))) ¢0 and atom z § G and wfG © B (G3Q((z,b,c0)#r G))
and wfV © B G v b and wfl © (G3[z::=v|r,QG) i

and is-satis-g i (G3[|z:=v|r,QG)

shows is-satis-g (i ( x — 5)) (G3Q((z,b,c0)#rG))

using assms proof (induct G3 rule: T'-induct)

case GNil

hence is-satis-g (i(z — s)) G using is-satis-g-i-upd by auto

then show ?case using GNil using is-satis-g.simps append-g.simps by metis
next

case (GCons z' b’ ¢' T)

hence z#z’ using wfG-cons-append by metis

hence is-satis-g i (((z', b', ¢'[x:=0]cy) #r ([[z::=0]ry) @ G)) using subst-gv.simps GCons by auto

hence x:is-satis i ¢/[t: =]y A is-satis-g i ((I'[z:=v]|r,) @ G) using subst-gv.simps by auto

have is-satis-g (i(x — s)) ((z/, b, ¢/) #r (I'Q (=, b, c0) #r G)) proof(subst is-satis-g.simps,rule)
show is-satis (i(z — s)) ¢’ proof (subst subst-c-satis-full[symmetric])
show <eval-v i v s» using GCons by auto
show « © ; B ; ((z/, b/, ¢') #rI')Q(z, b, c0) #r G tFuy ¢’ using GCons wfC-refl by auto
show «wfl © ((((z', b, ¢') #r I'')[z::=v|ry) @ G) ©» using GCons by auto
show « © ; B ; G Fyy v: b using GCons by auto
show <(is-satis i ¢'[z::=].,> using * by auto
qed
show is-satis-g (i(z — s)) (I'' Q (z, b, c0) #r G) proof(rule GCons(1))
show <eval-v i v $» using GCons by auto
show <(is-satis (i(z — s)) c0> using GCons by metis
show <atom z § G» using GCons by auto
show « © ; B, s IV @ (z, b, c0) #r G » using GCons wfG-elims append-g.simps by metis
show (is-satis-g i (I''[z::=v]p, @ G)> using * by auto
show wfl © (T''[z::=v]r, @ G) i using GCons wfl-def subst-g-assoc-cons <z#zx"y by auto
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show © ; B; G Fy¢ v:b using GCons by auto
qed
qed
moreover have ((z/, b', ¢') #r I'' @ (z, b, c0) #r G) = (((z', b', ¢/) #r ') @ (z, b, c0) #r G) by
auto
ultimately show ?case using GCons by metis
qed

end
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Chapter 12

Typing Lemmas

12.1 Prelude

Needed as the typing elimination rules give us facts for an alpha-equivalent version of a term
and so need to be able to ’jump back’ to a typing judgement for the orginal term

lemma 7-fresh-c[simp]:
assumes atomz § { z: b | ¢ |} and atom z § z
shows atom z f ¢
using 7.fresh assms fresh-at-base
by (simp add: fresh-at-base(2))

lemmas subst-defs = subst-b-b-def subst-b-c-def subst-b-T-def subst-v-v-def subst-v-c-def subst-v-T-def

lemma wfT-wfT-if!:
assumes wfT © BT ({ z: b-of t | CE-valv == CE-val (V-lit L-false) IMP c-of t z [}) and atom
24 (I't)
shows wfT © BT t
using assms proof(nominal-induct t avoiding: T' z rule: T.strong-induct)
case (T-refined-type z' b’ ¢’)
show ?case proof(rule wfT-wfT-if)
show « ©; B; T Fyp {2z:0" |[v]® == [[L-false |V ]°° IMP c'[z":=]2]"]co |}
using T-refined-type b-of .simps c-of .simps subst-defs by metis
show <atom z § (¢/, T)» using T-refined-type fresh-prodN -fresh-c by metis
qed
qed

lemma fresh-u-replace-true:
fixes bv::bv and I'::T’
assumes atom bv § T/ Q (z, b, ¢) #r T
shows atom bv § I/ @ (z, b, TRUE) #r T’
using fresh-append-g fresh-GCons assms fresh-Pair c.fresh(1) by auto

lemma wf-replace-truel:
fixes I'::I" and @::® and ©::0 and TI'’:I" and v::v and e::e and c::c and ¢'"::c and c¢”:c and 7::7
and ts:(string=T) list and A::A and b”:b and b::b and s::s
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s and css::branch-list

shows ©; B; GFyrv:b = G=T'Q (z,b,¢c) #r ' = ©; B; I'"Q ((z, b, TRUE) #r I)
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Fwrv:bd and
©;B; G Fyr "= G= T'Q(z,b,¢c)#r I' = O; B;T'Q ((z, b, TRUE) #r T') by c”
and
©;BFys G= G= TI'"Qz,b,¢c)#r = ©O;Btys I''Q((z, b, TRUE) #r T') and
©;B;,GryyT= G= T"Q(z,b,¢c)#r I'= O; B; I'"Q ((z, b, TRUE) #r T') -y 7 and
O; B;I' k¢ ts = True and
Fwf P = True and
O ; Blys b = True and
©; B;G byjee:b)= G= T'Q(z,b,c)#r T' = ©O; B; I'"Q ((z, b, TRUE) #r T') Fuy
ce : b’ and
O byy td = True
proof (nominal-induct
b’ and ¢’ and G and 7 and ts and P and b and b’ and td
arbitrary: ' T/ and I'TVand I'TVand I'TVand I'TVand I’'Tand I'TVand I' I and " I'” and
I'Mand T’'TVand I’'TVand ' TVand I'Tand ' T and I' T/ and T T’
rule:wfV-wfC-wfG-wf T-wfTs-wf Th-wfB-wfCE-wfTD.strong-induct)
case (wfB-int] © B)
then show ?case using wf-intros by metis
next
case (wfB-booll © B)
then show ?Zcase using wf-intros by metis
next
case (wfB-unit] © B)
then show ?Zcase using wf-intros by metis
next
case (wfB-bitvec] © B)
then show ?Zcase using wf-intros by metis
next
case (wfB-pairl © B b1 b2)
then show ?Zcase using wf-intros by metis
next
case (wfB-consl © s dclist B)
then show ?Zcase using wf-intros by metis
next
case (wfB-appl © b s bv dclist B)
then show ?Zcase using wf-intros by metis
next
case (wfV-varl © BT b’ ¢ ')
hence wfg: « © ; B F,; I/ Q (z, b, TRUE) #r T » by auto
show ?case proof(cases z=z’)
case True
hence Some (b, TRUE) = lookup (T’ @ (z, b, TRUE) #r T') 2’ using lookup.simps lookup-inside-wf
wfg by simp
thus ?thesis using Wellformed.wfV-varl[OF wfy]
by (metis True lookup-inside-wf old.prod.inject option.inject wfV-varl.hyps(1) wfV-varl.hyps(8)
wfV-varl.prems)
next
case Fulse
hence Some (b', ¢) = lookup (I'' Q (z, b, TRUE) #r T') 2’ using lookup-inside2 wfV-varl by
metis
then show ?%thesis using Wellformed.wfV-varI[OF wfg)
by (metis wfG-elim2 wfG-suffix wfV-varl .hyps(1) wfV-varl.hyps(2) wfV-varl.hyps(3)
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wfV-varl.prems Wellformed.wfV-varl wf-replace-inside(1))
qged
next
case (wfV-litI © BT )
then show ?Zcase using wf-intros using wf-intros by metis
next
case (wfV-pairl © BT vl bl v2 b2)
then show ?Zcase using wf-intros by metis
next
case (wfV-consl s dclist © dec z b' ¢ BT v)
then show ?Zcase using wf-intros by metis
next
case (wfV-conspl s bv dclist © dc xzc be cc B b’ T v)
show ?case proof
show (A F-typedef-poly s bv dclist € set ©» using wfV-conspl by metis
show «(dc, { zc : be | cc |}) € set dclisty using wfV-conspl by metis
show < © ;B t,; b’ using wfV-conspl by metis
show < ©; B; T/ Q (z, b, TRUE) #r T by v @ be[bv::=b"y, » using wfV-conspl by metis
have atom bv § 'V Q (x, b, TRUE) #r T using fresh-u-replace-true wfV-conspl by metis
thus <atom bv § (©, B, T Q (z, b, TRUE) #r T, b’, v)» using wfV-conspl fresh-prodN by metis
qed
next
case (wfCE-vall © BT v b)
then show ?Zcase using wf-intros by metis
next
case (wfCE-plus] © BT vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfCE-leql © BT vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfCE-eql © BT vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfCE-fstI © BT vl bl b2)
then show ?Zcase using wf-intros by metis
next
case (wfCE-sndl © BT vl bl b2)
then show ?case using wf-intros by metis
next
case (wfCE-concatl © BT vl v2)
then show ?Zcase using wf-intros by metis
next
case (wfCE-len] © BT vl)
then show ?case using wf-intros by metis
next
case (wfTI 2 © BT b' ¢’
show ?case proof
show <atom z § (©, B,T Q (z, b, TRUE) #r I')» using wfTI fresh-append-g fresh-GCons fresh-prodN
by auto
show < © ; B kb’ using wfTI by metis
show « ©; B; (z, b/, TRUE) #r I'' Q (z, b, TRUE) #r I' bty ¢'» using wfTI append-g.simps
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by metis

qged
next

case (wfC-eql © BT el b e2)

then show ?Zcase using wf-intros by metis
next

case (wfC-truel © B T)

then show ?Zcase using wf-intros by metis
next

case (wfC-falsel © B T)

then show ?Zcase using wf-intros by metis
next

case (wfC-conjIl © BT cl ¢2)

then show ?Zcase using wf-intros by metis
next

case (wfC-disjI © BT cl ¢2)

then show ?Zcase using wf-intros by metis
next

case (wfC-notl © BT cl)

then show ?Zcase using wf-intros by metis
next

case (wfC-impI © BT cl c2)

then show ?case using wf-intros by metis
next

case (wfG-nill © B)

then show ?case using GNil-append by blast
next

case (wfG-conslI ¢ © BT" zb)

then show Zcase using wf-intros wfG-cons-TRUE2 wfG-elims(2) wfG-replace-inside wfG-suffix

by (metis (no-types, lifting))

next

case (wfG-cons2l ¢ © BT x’ b)

then show ?case using wf-intros

by (metis wfG-cons-TRUE2 wfG-elims(2) wfG-replace-inside wfG-suffix)

next

case wfTh-emptyl

then show Zcase using wf-intros by metis
next

case (wfTh-consI tdef O)

then show Zcase using wf-intros by metis
next

case (wfTD-simplel O st s)

then show ?Zcase using wf-intros by metis
next

case (wfTD-poly © bv Ist s)

then show ?Zcase using wf-intros by metis
next

case (wfTs-nil © BT)

then show ?case using wf-intros by metis
next

case (wfTs-cons © BT 7 dc ts)

then show Zcase using wf-intros by metis
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qed

lemma wf-replace-true2:
fixes I':I' and ®::® and ©::0© and T':T and v::v and e::e and c::c and ¢”::c and c¢’::c and T::7
and ts:(stringt) list and A:A and b”:b and b::b and s::s
and ftq::fun-typ-q and ft::fun-typ and ce::ce and td::type-def and cs::branch-s and css::branch-list

shows ©;®; B;G;D tyrje: b= G= I"'Qz, b c)#r = O0;P; B; I''Q ((z, b,
TRUE) #r T); D Fyuy e : b’ and

©;9;B;G;Abyps:b= G= TI'"Qz,bc)# ' =06;®;B; I''Q ((z, b, TRUE)
#rT); Abyys: b and

O;0;B;G;Atid;de;tbypes: b= G= T'Qz,b,¢c)#r I = 0;®;8; I'"Q ((,
b, TRUE) #r T') ; A ; tid ; de ; t Fyy cs: b’ and

©;P;8B;G;A;tid;dclistbyfess: b= G= T'Qz,b,c)# I'=0;0;B; I'Q
((z, b, TRUE) #r T') ; A ; tid ; dclist Fp5 css : b and

O Fyr ® = True and
0BGy A= G= T"Qz,b,¢c)#r T = ©; B; I'"Q ((z, b, TRUE) #r T') Fys A and

O;® Fyr ftg = True and
;P ;Blys ft = True
proof (nominal-induct
b’ and b’ and b’ and b’ and ® and A and ftq and ft
arbitrary: ' T/ and ' TVand I'TVand I'TVand I'TVand I'Tand I'T/and I' I and " I'” and
I'Mand I’'TVand I’'TVand I’'TVand I'TVand I'Tand I' T and T' T’
rule:wfE-wfS-wfCS-wfCSS-wfPhi-wfD-wfF TQ-wfF'T . strong-induct)

case (wfE-vall © ® BT A v b)

then show ?case using wf-intros using wf-intros wf-replace-truel by metis
next

case (wfE-plusl © ® BT A vl v2)

then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfE-legl © ® BT A vl v2)

then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfE-eql © ® BT A vl b v2)

then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfE-fstI © ® BT' A vl bl b2)

then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfE-sndl © ® BT A vl bl b2)

then show ?case using wf-intros wf-replace-truel by metis
next

case (wfE-concatl © ® BT A vl v2)

then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfE-splitl © ® BT A vl v2)

then show ?case using wf-intros wf-replace-truel by metis
next

case (wfE-len] © ® BT A vl)
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then show ?case using wf-intros wf-replace-truel by metis
next
case (wfE-appl © @ BT A fzbcT sv)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfE-appPI © ® BT A b bvv T fzl bl cl s)
show ?case proof
show « © s ® ) using wfl-appPI wf-replace-truel by metis
show « ©; B; ' Q (z, b, TRUE) #r I' 5 A » using wfE-appPI by metis
show « © ; B 5 b’ using wfE-appPI by metis
have atom bv § T’ Q (x, b, TRUE) #r T using fresh-u-replace-true wfE-appPI fresh-prodN by metis
thus <atom bv § (@, ©, B, T’ Q (x, b, TRUE) #r T, A, b/, v, (b-of 7)[bv::=b"]p)»
using wfE-appPI fresh-prodN by auto
show «Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x1 bl c1 7 s))) = lookup-fun ® f) using
wfE-appPI by metis
show < ©; B; I'' Q (z, b, TRUE) #r I' Fyy v : b1[bv:=b"]y » using wfE-appPI wf-replace-truel
by metis
qged
next
case (wfE-mvarl © ® BT A u )
then show ?Zcase using wf-intros wf-replace-truel by metis
next

case (wfS-vall © ® BT v b A)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfS-letl © ® BT A eb’ z1 sbl)
show ?case proof
show « © ; @ ; B; ' Q (z, b, TRUE) #r IT' ; A by e : b’ using wfS-let] wf-replace-truel by
metis
have < © ; ®; B; ((z1, b/, TRUE) #r I'') Q (2, b, TRUE) #r T ; A by s : b1 » apply(rule
wfS-letl(4))
using wfS-let] append-g.simps by simp
thus «©;®; B; (z1, b, TRUE) #r I''Q (2, b, TRUE) #r I' ; Aty s: b1 » using append-g.simps
by auto
show « ©; B; T'' Q (z, b, TRUE) #r I' 5 A » using wfS-let] by metis
show atom z1 § (®, ©, B, T/ @ (z, b, TRUE) #r T, A, e, bl) using fresh-append-g fresh-GCons
fresh-prodN wfS-let] by auto
qged
next
case (wfS-assert] © ® Bz’ ¢ T A sb)
show ?case proof
show « © ; ® ; B; (2, B-bool, ¢) #r I''Q (2, b, TRUE) #r I' ; A Fyyp s: b
using wfS-assert] (2)[of (x', B-bool, ¢) #r I'' T'] wfS-assert] by simp
show < ©; B; I/ Q (z, b, TRUE) #r I' Fyy ¢ using wfS-assert] wf-replace-truel by metis
show <« ©; B; I/ Q (z, b, TRUE) #r I' k- A » using wfS-assert] by metis
show <atom z' § (®, ©, B, T/ Q (z, b, TRUE) #r T, A, ¢, b/, s)» using wfS-assert] fresh-prodN
by simp
qged
next
case (wfS-let2] © ® BT A s1 7 z' 52 ba’)
show ?case proof
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show < © ; ®; B; T Q (2, b, TRUE) #r T ; A by s1 : b-of 7 using wfS-let2] wf-replace-truel
by metis
show < ©; B; I/ Q (z, b, TRUE) #r I' ks 7 using wfS-let2] wf-replace-truel by metis
have < © ; ®; B; ((z/, b-of 7, TRUE) #r I') Q (z, b, TRUE) #r I ; A by s2 : ba’>»
apply (rule wfS-let2I(5))
using wfS-let2] append-g.simps by auto
thus « © ; @ ; B; (z/, b-of 7, TRUE) #r I'' Q (z, b, TRUE) #r T ; A Fyy s2 : ba’ » using
wfS-let2] append-g.simps by auto
show <atom z' 4 (®, ©, B, IV Q (z, b, TRUE) #r T', A, s, ba’, 7)> using fresh-append-g
fresh-GCons fresh-prodN wfS-let2] by auto
qed
next
case (wfS-ifl © BT v ® A s1 b s2)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfS-varl © BT 7 vu ® A b s)
show ?case proof
show < ©; B; I/ Q (z, b, TRUE) #r I' Fyy 7 using wfS-varl wf-replace-truel by metis
show < ©; B; I/ Q (z, b, TRUE) #r I' Fyy v : b-of 7 using wfS-varl wf-replace-truel by metis
show <atom u ff (&, 0, B, T’ Q (z, b, TRUE) #r I, A, 7, v, b')» using wfS-varl u-fresh-g fresh-prodN
by auto
show « © ; ®; B;TI'Q (z, b, TRUE) #r T ; (u, 7) #a A Fyys s: b'» using wfS-varl by metis
qged

next
case (wfS-assignl u T A © BT ® v)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfS-whilel © ® BT A s1 s2b)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfS-seql © ® BT' A s1 s2b)
then show ?Zcase using wf-intros by metis
next
case (wfS-matchl © B T v tid dclist A ® c¢s b’)
show ?case proof
show < ©; B; I'" Q (z, b, TRUE) #r I Fwys v : B-id tid » using wfS-matchl wf-replace-truel by
auto
show <A F-typedef tid dclist € set ©) using wfS-matchl by auto
show < ©; B; I/ Q (z, b, TRUE) #r I k- y A » using wfS-matchl by auto
show « © k¢ ®» using wfS-matchl by auto
show «© ; ® ; B;T'Q (z, b, TRUE) #r T' ; A ; tid ; dclist Fyp cs : b > using wfS-matchl by
auto
qed
next
case (wfS-branchl © ® B z' 7 I'" A s b’ tid dc)
show ?case proof
have « © ; ® ; B ; ((z/, b-of 7, TRUE) #r I'') @ (2, b, TRUE) #r I' ; A s s : b’ ) using
wfS-branchl append-g.simps by metis
thus <« © ; @ ; B; (z/, b-of 7, TRUE) #r I'' Q (z, b, TRUE) #r I' ; A by s : b’ using
wfS-branchl append-g.simps append-g.simps by metis
show <atom z’ § (®, ©, B, I/ Q (z, b, TRUE) #r I, A, T’ Q (z, b, TRUE) #r T, 7)) using
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wfS-branchl by auto
show < ©; B; I Q (z, b, TRUE) #r T Fyy A > using wfS-branchl by auto
qed
next
case (wfS-finall © ® BT A tid dc t cs b)
then show ?Zcase using wf-intros by metis
next
case (wfS-cons © ® BT A tid dc t cs b dclist css)
then show ?Zcase using wf-intros by metis
next
case (wfD-emptyl © B T)
then show ?case using wf-intros wf-replace-truel by metis
next
case (wfD-cons © BT A 71 u)
then show ?Zcase using wf-intros wf-replace-truel by metis
next
case (wfPhi-emptyl O)
then show ?case using wf-intros by metis
next
case (wfPhi-consI f © ® ft)
then show Zcase using wf-intros by metis
next
case (wfFTNone © @ fi)
then show Zcase using wf-intros by metis
next
case (wfFTSome © & bv ft)
then show Zcase using wf-intros by metis
next
case (WFTI® Bb® zcsT)
then show ?case using wf-intros by metis
qed

lemmas wf-replace-true = wf-replace-truel wf-replace-true2

12.2 Subtyping

lemma subtype-refll2:
fixes 7::7
assumes O; B; I',r 7
shows ©; B; '+ 7 <7
proof —
obtain z b ¢ where ;1 = { z:b | ¢} Aatomz4 (©,B) A ©; B; (2, b, TRUE) #r T’ Fyuy5 ¢
using wfT-elims(1)[OF assms| by metis
obtain z::x where *x: atom z § (©, B, T, ¢, 2 ,c, z, ¢ ) using obtain-fresh by metis
have ©; B;T'F{z:b |c} S{%z:b | c| proof
show ©; B; ' k5 { 2z:0b | c| using * assms by auto
show ©; B; ' 5 { 2z:0b | c| using * assms by auto
show atom z § (©, B, T, z, ¢, z, ¢ ) using fresh-prod6 fresh-prod5 ** by metis
thus O; B; (z, b, c[zz=V-var z],) #r T E clzu=V-var z], using wfT-wfC-cons assms * xx
subst-v-c-def by simp
qed
thus “thesis using * by auto
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qed

lemma subtype-refil:
assumes { z1 :b|cl } = {22:b|c2|and wfl: ©; Bl by ({21 :b | cl )
shows ©; B;T'H ({z1:b]ct}) S ({22:0|c2])
using assms subtype-refil2 by metis

nominal-function base-eq :: I' = 7 = 7 = bool where
base-eq - { 21 : b1 el |} {22 :02 | c2 |} = (bl = b2)
apply(auto,simp add: equt-def base-eq-graph-auz-def )
by (meson T.exhaust)

nominal-termination (equt) by lexicographic-order

lemma subtype-wfT:
fixes t1::7 and t2::7
assumes O; B; I' - t1 < 2
shows ©; B; I' - r t1 A O; B; T' by 12
using assms subtype-elims by metis

lemma subtype-eq-base:
assumes O; B; T'F ({21 : 01| cl |}) S ({22:02]c2])
shows b1=02
using subtype.simps assms by auto

lemma subtype-eq-base2:
assumes O; B; I' - t1 < t2
shows b-of t1 = b-of t2
using assms proof (rule subtype.inductlof © BT t1 t2],goal-cases)
case (1 © T z1bcl 22 c2x)
then show ?Zcase using subtype-eq-base by auto
qed

lemma subtype-wf:
fixes 71::7 and 72::7
assumes O; B; I'F 71 < 72
shows ©; B; I' by 71 NO; By I' 'y 72
using assms
proof(rule subtype.inductlof © BT 71 72],90al-cases)
case (1 © TGzl becl 22 c2x)
then show ?Zcase by blast
qed

lemma subtype-g-wf:
fixes 71::7 and 72::7 and T'::T
assumes O; B; ' 71 < 72
shows © ; Bk, ¢ I’
using assms
proof(rule subtype.inductlof © B T 71 72],90al-cases)
case (1 © BT 21 bcl 22 c2 1)
then show ?case using wfX-wfY by auto
qed

For when we have a particular y that satisfies the freshness conditions that we want the validity

310



check to use

lemma valid-flip-simple:
assumes O; B; (2, b, ¢) #r I' &= ¢’and atom z T and atom z { (2, ¢, 2, ¢/, T)
shows ©; B; (z, b, (2 <z )-¢c)#r T E(z¢2) -
proof —
have (z <z )-0;B; (2 2 )-((2,b, ¢)#r T) E(z+2)-c
using True-equt valid.equt assms beta-flip-eq wfX-wfY by metis
moreover have F,; O using valid.simps wfC-wf wfG-wf assms by metis
ultimately show ?thesis
using theta-flip-eq G-cons-flip-fresh3[of x T z b ¢| assms fresh-Pair flip-commute by metis
qed

lemma valid-wf-all:
assumes O; B; (20,b,c0)#rG E ¢
shows wfG © B G and wfC © B ((20,b,c0)#rG) ¢ and atom 20 § G
using valid.simps wfC-wf wfG-cons assms by metis+

lemma valid-wfT:
fixes z:x
assumes O; B; (20,b,c0(z:=V-var 20],)#rG E c[z:=V-var 20], and atom 20 £ (0, B, G,c,c0)
shows ©; B; GFyr{z:b|c0} and ©;B;, Gryr{z:0]c|
proof —
have atom 20 f c0 using assms fresh-Pair by auto
moreover have x: © ; B k¢ (20,b,c0[z::=V-var 20].,)#r G using valid-wf-all wfX-wfY assms
subst-v-c-def by metis
ultimately show wft: ©; B; Gty {{ 2: b | ¢0 [} using wfG-wfT[OF x| by auto

have atom 20 § c¢ using assms fresh-Pair by auto
moreover have wfe: ©; B; (20,b,c0[z::=V-var 20],)#rG by clzi=V-var 20], using valid-wf-all
assms by metis
have ©; B; G by { 20 : b | c[z:=V-var 20], |} proof
show <atom 20 § (©, B, G)» using assms fresh-prodN by simp
show « © ; B Fyf b using wft wfT-wfB by force
show < ©; B; (20, b, TRUE) #r G bty clzu=[ 20 "], » using wfc wfC-replace-inside[OF wfec, of
GNil 20 b c0[z:=[ 20 "], G C-true] wfC-truel
append-g.simps
by (metis local.x wfG-elim2 wf-trans(2))
qged
moreover have { 20 : b | c[z:=V-var 20|, } = { z : b | ¢ |} using <atom 20 § c0> T.eq-iff
Abs1-eq-iff (3)
using calculation(1) subst-v-c-def by auto
ultimately show ©; B; Gty { z:b | ¢ |} by auto
qed

lemma valid-flip:
fixes c::c and z::z and 20::2 and zz2::z
assumes O; B; (222, b, c0[20::=V-var z22],) #r T = c[z:=V-var 222], and
atom zz2 § (c0,I';c,z) and atom z0 § (T,c,z)
shows O; B; (20, b, c0) #r T | c[z:=V-var 20],
proof —

have ., ; O using assms valid-wf-all wfX-wfY by metis
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hence ©; B; (zz2 < 20 ) - ((z22, b, c0[20:=V-var z22],) #r ') E (222 < 20 ) - c[z::=V-var
zz2]y)
using valid.equt True-equt assms beta-flip-eq theta-flip-eq by metis
hence O; B; (((z22 < 20 ) - 222, b, (zx2 <> 20 ) - c0[20:=V-var xz2],) #r (222 <> 20 ) - T) E
((zz2 < 20 ) -(clzi:=V-var zz2],))
using G-cons-flip[of xx2 20 22 b c0[20::=V-var zz2], T] by auto
moreover have (222 < 20 ) - zz2 = 20 by simp
moreover have (zz2 < 20 ) + ¢0[20::=V-var zz2], = c0
using assms subst-cv-v-flip[of xz2 c0 20 V-var 20] assms fresh-prod4 by auto
moreover have (zz2 <+ 20 ) - I' =T proof —
have atom zx2 § I' using assms by auto
moreover have atom z0 # I' using assms by auto
ultimately show %thesis using flip-fresh-fresh by auto
qed
moreover have (zz2 < 20 ) - (c[z:=V-var 222],) =c[z::=V-var 20],
using subst-cv-v-flip3 assms by simp
ultimately show ?thesis by auto
qed

lemma subtype-valid:
assumes O; B; 'H t1 <t2and atomyfTand ¢t/ =21 :b |cl fandt2= {22:0 | c2}
shows O; B; ((y, b, cl[z1:=V-var yl,) #r ') & ¢2[22:=V-var y|,
using assms proof(nominal-induct t2 avoiding: y rule: subtype.strong-induct)
case (subtype-basel x © BT zc z' ¢’ ba)

hence (z <> ) - O ; (< y) - B; (x < y) - (z, ba, c[zz=[z]"]y) #r ) E (z < y) - [z==[ =z

1"]» using wvalid.equt
using permute-booll by blast
moreover have |, © using valid.simps wfC-wf wfG-wf subtype-basel by metis
ultimately have ©O; B; ((y, ba, (z <> y) » clzu=[z ]"],) #r ) E (x & y) - [2=[ 2 ],
using subtype-basel theta-flip-eq beta-flip-eq T.eq-iff G-cons-flip-fresh3lof y T x ba] by (metis

flip-commute)

moreover have (z « y) - c[zu=[ 2 |"], = cl[zl:=[y ]"]s

by (metis subtype-basel permute-flip-cancel subst-cv-id subst-cv-v-flip8 subst-cv-var-flip type-eq-subst-eq
wfT-fresh-c subst-v-c-def)

moreover have (z < y) - ¢[z/:=[ 2 ]"], = c2[22:=[ y |"]»

by (metis subtype-basel permute-flip-cancel subst-cv-id subst-cv-v-flip3 subst-cv-var-flip type-eq-subst-eq
wfT-fresh-c subst-v-c-def)

ultimately show ?Zcase using subtype-basel T.eq-iff by metis
qed

lemma subtype-valid-simple:
assumes O; B; T'FH t1 <t2and atomzfTandtl ={z2:0 |cl fandt2= {z:b |2}
shows O; B; ((z, b, c1) #r T') E ¢2
using subst-v-c-def subst-v-id assms subtype-valid|OF assms] by simp

lemma obtain-for-t-with-fresh:
assumes atom  § ¢
shows 3bc.t={z:b|c]
proof —
obtain z1 b1 ¢ where x: t = { 21 : bl | ¢ |} A atom zI § ¢ using obtain-fresh-z by metis
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then have ¢ = (x < 21) - t using flip-fresh-fresh assms by metis

also have ... = { (z <> 2z1) - 21 : (x <> z1) - bl | (x <> z1) - ¢l | using * assms by simp
also have ... = { z : b1 | (z + 21) - ¢l |} using * assms by auto
finally show ?thesis by auto

qed

lemma subtype-trans:
assumes O; B; ' 71 <72and ©; B; ' 72 < 718
shows ©; B; '+ 71 <73
using assms proof(nominal-induct avoiding: T8 rule: subtype.strong-induct)
case (subtype-basel x © BT zc z' ¢’ b)
hence b-of 73 = b using subtype-eq-base2 b-of .simps by metis
then obtain 2’/ ¢/’ where t3: 78 = { 2" : b | ¢/} A atom 2" § «
using obtain-fresh-z2 by metis
hence zf: atom = § (2", ¢'’) using fresh-prodN subtype-basel T.fresh by auto
have ©; B;TH{z:b |c}S{2":b]|c}
proof (rule Typing.subtype-basel)
show <atom z £ (0, B, T, z, ¢, 2", ¢'")y using t3 fresh-prodN subtype-basel zf by simp
show < ©; B; T' 5 { 2: b | ¢ | » using subtype-basel by auto
show « ©; B; T' by { 2”7 : b | ¢ |} » using subtype-basel t3 subtype-elims by metis
have ©; B; (z, b, ¢/[z'+=[z]"),) #r T [ ¢'[z"==[ 2 ]"]»
using subtype-valid[OF <0; B; T F{z':b | '} <78, 0f w2’ b’ 2" "] subtype-basel
t3 by simp
thus «0; B; (z, b, c[zu=[z ]"]y) #r T | ¢"[z""==[z "], >
using wvalid-trans-fulllof © Bz b czT ¢’ 2’ ¢" 2] subtype-basel t3 by simp
qed
thus “case using t3 by simp
qed

lemma subtype-eq-e:
assumes Vi sl s2 G. wfG P B G AN wfl PG i A eval-ei el s A eval-e i e2 s2 — sl = s2 and
atom z1 § el and atom 22 § €2 and atom z1 § I and atom 22 § T’
and wfCEP BT elband wfCEP BT e2b
shows P; B;T'F { z1 : b | CE-val (V-var z1) == el [ S ({22:b | CE-val (V-var 22) == e2
})

proof —
have wfCE P BT el band wfCEP BT e2b using assms by auto

have wstl: wfT P BT ({ 21 : b | CE-val (V-var z1) == el [})
using wfC-e-eq wfTI assms wfX-wfB wfG-fresh-x
by (simp add: wfT-e-eq)

moreover have wst2:wfT P BT ({ 22 : b | CE-val (V-var 22) == e2 |})
using wfC-e-eq wfX-wfB wfTI assms wfG-fresh-x
by (simp add: wfT-e-eq)

moreover obtain z::z where af: atom = § (P, B, z1, CE-val (V-var z1) == el , 22, CE-val
(V-var 22) == e2 ,T) using obtain-fresh by blast

moreover have vld: P; B ; (z, b, (CE-val (V-var z1) == el )[zl:=V-var z],) #r I' E (CE-val
(V-var 22) == €2 )[z22:=V-wvarz], (is P; B; ?G E %c)

proof —
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have wbg: P; Bty G NP5 B by ' A toSet I' C toSet G proof —
have P; Bt ?G proof(rule wfG-consl)
show P; B ¢ I' using assms wfX-wfY by metis
show atom z § I" using zf by auto
show P; Bty b using assms(6) wfX-wfB by auto
show P; B ; (z, b, TRUE) #r T' Fyy (CE-val (V-var z1) == el )[zl:=V-var zl,
using wfC-e-eq[OF assms(6)] wf-subst(2)
by (simp add: <atom z § T assms(2) subst-v-c-def)
qed
moreover hence P; B, I' using wfG-elims by metis
ultimately show ?thesis using toSet.simps by auto
qed

have wsc: wfC P B ?G ?c proof —
have wfCE P B ?G (CE-val (V-var z)) b proof
show « P; B ; (z, b, (CE-val (V-var z1) == el )[z1:=V-var z],) #r I Fywy V-var z @ b
using wfV-varl lookup.simps wbg by auto
qed
moreover have wfCE P B ?G e2 b using wf-weakening assms wbg by metis
ultimately have wfC P B G (CE-val (V-var ) == e2 ) using wfC-eql by simp
thus ?thesis using subst-cv.simps(6) <atom 22 § e2> subst-v-c-def by simp
qed

moreover have Vi. wfl P ¢G i A is-satis-g i G —> is-satis i ?c proof(rule alll | rule impl)
fix ¢
assume as: wfl P ?G i N is-satis-g i ?G

hence is-satis i ((CE-val (V-var z1) == el )[z1:=V-var z],)
by (simp add: is-satis-g.simps(2))
hence is-satis i (CE-val (V-var ) == el ) using subst-cv.simps assms subst-v-c-def by auto

then obtain s! and s2 where x:eval-e i (CE-val (V-var z)) s1 A eval-e i el s2 N\ s1=s2 using
is-satis.simps eval-c-elims by metis
moreover hence cval-e¢ i e2 s1 proof —
have xx:wfl P G i using as by auto
moreover have wfCE P B ?G el b AN wfCE P B ?G e2 b using assms xf wf-weakening wbg
by metis
moreover then obtain 52’ where eval-¢ i e2 s2' using assms wfl-wfCE-eval-e ** by metis
ultimately show ?thesis using * assms(1) wfX-wfY by metis

qed
ultimately have is-satis i (CE-val (V-var ) == e2 ) using is-satis.simps eval-c-eql by force
thus is-satis ¢ ((CE-val (V-var 22) == e2 )[z2::=V-var z|,) using is-satis.simps eval-c-eql
assms subst-cv.simps subst-v-c-def by auto
qed
ultimately show ?thesis using wvalid.simps by simp
qed
moreover have atom z § (P, B, I, z1 , CE-val (V-var z1) == el, 22, CE-val (V-var z2) ==
e2 )

unfolding fresh-prodN using zf fresh-prod7 T.fresh by fast
ultimately show ?thesis using subtype-basel[OF - wstl wst2 vld] zf by simp
qed

lemma subtype-eq-e-nil:
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assumes Vi sl s2 G. wfG P B G AN wfl PG A eval-e i el s1 N eval-e i e2 s2 — sl = s2 and
supp el = {} and supp e2 = {} and wfTh P
and wfCE P B GNil el band wfCE P B GNil e2b and atom zI1 § GNil and atom 22 § GNil
shows P; B; GNil & { z1 : b | CE-val (V-var z1) == el } S ({22 :0b | CE-val (V-var 22) ==
e2 |})
apply(rule subtype-eg-e,auto simp add: assms e.fresh)
using assms fresh-def e.fresh supp-GNil by metis+

lemma subtype-gnil-fst-auz:
assumes supp v1 = {} and supp (V-pair v v2) = {} and wfTh P and wfCE P B GNil (CE-val v1)
band wfCE P B GNil (CE-fst [V-pair vy v2]°¢) b and
wfCE P B GNil (CE-val v3) b2 and atom z1 § GNil and atom 22 £ GNil

shows P; B; GNil - ({ z1 : b | CE-val (V-var z1) == CE-valv; [}) S ({ 22 : b | CE-val (V-var
22) == CE-fst [V-pair vy v2]°¢ |})
proof —

have Vi sl s2 G . wfG P B G AN wfl P G i A eval-e i ( CE-val v1) s1 A eval-e i (CE-fst [V-pair vy
v2]¢) s2 — s1 = s2 proof(rule+)
fix is1s2G
assume as: wfG P B G A wfl P G i A eval-e i (CE-val v1) s1 A eval-e i (CE-fst [V-pair vy v2]°¢)
52
hence wfCE P B G (CE-val v3) b2 using assms wf-weakening
by (metis empty-subsetl toSet.simps(1))
then obtain s8 where eval-¢ i (CE-val v3) s3 using wfl-wfCE-cval-e as by metis
hence eval-v i ((V-pair vy v2)) (SPair s1 s3)
by (meson as eval-e-elims(1) eval-v-pairl)
hence eval-e i (CE-fst [V-pair vy v2)°¢) s1 using eval-e-fstI eval-e-vall by metis
show sI = s2 using as eval-e-uniqueness
using <eval-e i (CE-fst [V-pair v1 v3]°¢) s1» by auto
qed
thus ?thesis using subtype-eq-e-nil ce.supp assms by auto
qed

lemma subtype-gnil-snd-auz:
assumes supp vy = {} and supp (V-pair v1 ve) = {} and wfTh P and wfCE P B GNil (CE-val
vg) b and
wfCE P B GNil (CE-snd [(V-pair v1 v2)]°¢) b and
wfCE P B GNil (CE-val v1) b2 and atom zI1 § GNil and atom z2 £ GNil

shows P; B; GNil - ({ z1 : b | CE-val (V-var z1) == CE-valvs [}) S ({ 22 : b | CE-val (V-var
22) == CE-snd [(V-pair v1 v2)]°¢ })
proof —

have Vi sl s2 G. wfG P B G AN wfl P G i A eval-e i ( CE-val vg) s1 A eval-e i (CE-snd [(V-pair vy
v2)]°¢) s2 — s1 = s2 proof (rule+)
fix is1s2G
assume as: wfG P B G A wfl P G i A eval-e i (CE-val v3) s1 A eval-e i (CE-snd [(V-pair vy
v2)]°) 52
hence wfCE P B G (CE-val v1) b2 using assms wf-weakening
by (metis empty-subset] toSet.simps(1))
then obtain s3 where eval-e i (CE-val v1) s3 using wfl-wfCE-eval-e as by metis
hence eval-v i ((V-pair vy v2)) (SPair s3 s1)
by (meson as eval-e-elims eval-v-pairl)
hence eval-e i (CE-snd [(V-pair v1 v2)]°¢) s1 using eval-e-sndI eval-e-vall by metis
show s1 = s2 using as eval-e-uniqueness
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using <eval-e i (CE-snd [V-pair v1 v2]¢) s1» by auto
qged
thus ?thesis using assms subtype-eq-e-nil by (simp add: ce.supp ce.supp)
qed

lemma subtype-gnil-fst:

assumes O ; {||} ; GNil by [#1[[v1,v2]"]°¢]°¢ : b

shows © ; {|[} 1 GNil F (1 =1 b (]} == [w]* }) <

2 b [l == (1 [[on, vl )

proof —

obtain b2 where xx: © ; {||} ; GNil by V-pair v ve : B-pair b b2 using wfCE-elims(4)[OF assms
| wfCE-elims by metis

obtain b1’ b2’ where *:B-pair b b2 = B-pair b1’ b2’ N ©; {||} ; GNil by vi 017 A ©5 {||}
; GNil g vy 2 b2/

using wfV-elims(3)[OF x| by metis

show ?thesis proof (rule subtype-gnil-fst-aur)
show «supp v1 = {}> using * wfV-supp-nil by auto
show <supp (V-pair v1 ve) = {}» using s wfV-supp-nil e.supp by metis
show <, 5 ©) using assms wfX-wfY by metis
show «©; {||}; GNil s CE-val vy : b using wfCE-vall * by auto
show (©; {||}; GNil ty ¢ CE-fst [V-pair vi v2]°® : b using assms by auto
show <©; {||}; GNil F,; CE-val vy : b2 yusing wfCE-vall * by auto
show <atom z, § GNil> using fresh-GNil by metis
show <atom zo § GNily using fresh-GNil by metis

qed

qed

lemma subtype-gnil-snd:
assumes wfCE P {||} GNil (CE-snd ([V-pair vy v2]°¢)) b

shows P ; {||} ; GNil F ({ 21 : b | CE-val (V-var z1) == CE-walva }) < ({ 22 : b | CE-val
(V-var 22) == CE-snd [(V-pair vy v2)]°¢ [})
proof —

obtain b1 where *x: P ; {||} ; GNil by V-pair vi vy : B-pair b1 b using wfCE-elims assms by
metis

obtain b1’ b2’ where *:B-pair b1 b = B-pair b1’ b2" N P; {||} ; GNil by vi : 01" N P {||}
; GNil 5 vo @ b2 using wfV-elims(3)[OF x| by metis

show ?thesis proof (rule subtype-gnil-snd-aux)
show <supp vo = {}> using * wfV-supp-nil by auto
show «supp (V-pair v1 ve) = {}» using s wfV-supp-nil e.supp by metis
show <, s P> using assms wfX-wfY by metis
show «P; {||}; GNil k¢ CE-val vy : b1 » using wfCE-vall * by simp
show <P; {||}; GNil k. CE-snd [(V-pair v1 v2)]°® : b > using assms by auto
show <P; {||}; GNil t,y CE-val vy : b rusing wfCE-vall * by simp
show <atom zI1 § GNil> using fresh-GNil by metis
show <atom 22 § GNil) using fresh-GNil by metis

qed

qed

lemma subtype-fresh-tau:
fixes z::z
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assumes atom z § t1 and atom z § ' and P; B; ' - ¢t1 < t2
shows atom z § t2
proof —
have wfg: P; Bty I' using subtype-wf wfX-wfY assms by metis
have wft: wfT P B T t2 using subtype-wf wfX-wfY assms by blast
hence supp t2 C atom-dom I' U supp B using wf-supp
using atom-dom.simps by auto
moreover have atom z ¢ atom-dom T' using <atom x § T wfG-atoms-supp-eq wfg fresh-def by blast

ultimately show atom z ff t2 using fresh-def
by (metis Un-iff contra-subsetD x-not-in-b-set)

qed
lemma subtype-if-simp:

assumes wfT P B GNil ({ z1 : b | CE-val (V-litl) == CE-val (V-litl) IMP c[z:=V-var z1],
[ and

wfT P B GNil ({z:b |cl)andatom 2l t ¢

shows P; B; GNilt ({{ z1 : b | CE-val (V-litl) == CE-val (V-lit1) IMP c[z:=V-var z1], |})
< ({zibleh
proof —

obtain z::z where 2z: atomz § ( P, B, z1, CE-val (V-litl) == CE-val (V-litl) IMP c[z:=V-var
z1)y , 2z, ¢, GNil) using obtain-fresh-z by blast

hence zz2: atom z § (CE-val (V-litl) == CE-val (V-litl) IMP clz::=V-var z1], , ¢, GNil) using
fresh-prod7 fresh-prod3 by fast

have «:P; B ; (z, b, (CE-val (V-litl) == CE-val (V-litl) IMP c[z::=V-var z1], )[z1:=V-var z,)

#r GNil E c[z:=V-var z], (is P; B; ?G |= ?c ) proof —

have wfC P B ?G ?c using wfT-wfC-cons|OF assms(1) assms(2),0f x] xx fresh-prod5 fresh-prod3
subst-v-c-def by metis

moreover have (Vi. wfl P YG i A is-satis-g i G — is-satis i ?c) proof(rule alll, rule implI)

fix ¢
assume asl: wfl P ?G i A is-satis-g i ?G
have ((CE-val (V-litl) == CE-val (V-litl) IMP clz::=V-var z1], )[z1:=V-var z],) = ((CE-val
(V-lit 1) == CE-val (V-lit 1) IMP clz::=V-var z], ))
using assms subst-v-c-def by auto
hence is-satis i ((CE-val (V-lit ) == CFE-val (V-lit l) IMP c[|z::=V-var z], )) using
is-satis-g.simps asl by presburger
moreover have is-satis i ((CE-val (V-litl) == CE-val (V-lit 1)) using is-satis.simps eval-c-eql|[of

i (CE-val (V-lit 1)) eval-l1] eval-e-uniqueness
eval-e-vall eval-v-lit] by metis
ultimately show is-satis i ?c using is-satis-mp[of i| by metis

qed
ultimately show #?thesis using valid.simps by simp
qed
moreover have atom = § (P, B, GNil, z1 , CE-val (V-litl) == CFE-val (V-litl) IMP c[z::=V-var
21y, 2, ¢)

unfolding fresh-prod5 T.fresh using xx fresh-prodN z-fresh-b by metis
ultimately show ?thesis using subtype-basel assms xx xz2 by metis
qed

lemma subtype-if:

assumes P; B;T'H{z:b |c} S{2':b |c[and
wfTPBYT ({z1:b | CE-walv == CFE-val (V-lit 1) IMP c[z::=V-var z1], |}) and
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wfTPBT ({22:b | CE-valv == CE-val (V-lit ) IMP c'[z"=:=V-var 22], [}) and
atom z1 § vand atom z § T and atom zI § ¢ and atom 22 § ¢’ and atom 22 § v

shows P;B;T'F{z1:b | CEBwvalv == CE-val (V-litl) IMP clzz=V-varz1l], [ S{22:0
| CE-val v == CF-val (V-lit l) IMP c'[z"::=V-var 22], |}
proof —

obtain x::x where zz: atom z § (P,B,z,¢,2, ¢/, 21, CE-val v == CE-val (V-lit l) IMP c[z::=V-var
z1)y , 22, CE-val v == CE-val (V-lit ) IMP c'[z"=:=V-var 22}, , T')

using obtain-fresh-z by blast
hence zf: atom z § (2, ¢, 2, ¢/, T) by simp
have xf2: atom z § (21, CE-val v == CE-val (V-lit l) IMP c[z::=V-var z1], , 22, CE-val v ==
CE-val (V-litl) IMP c'[z'=:=V-var 22], ,T)
using zz fresh-prod4 fresh-prodN by metis

moreover have P; B ; (2, b, (CE-val v == CE-val (V-litl) IMP clz::=V-var z1], )[z1:=V-var
zly) #r T | (CE-val v == CE-val (V-litl) IMP c'[z":=V-var 22), )[22::=V-var z],
(is P; B; G E %¢)
proof —

have wbc: wfC P B ?G ?c using assms xz fresh-prod/ fresh-prod2 wfT-wfC-cons assms subst-v-c-def
by metis

moreover have Vi. wfl P G i A is-satis-g i G — is-satis ¢ ?c proof(rule alll, rule impl)
fix ¢
assume al: wfl P 7G i A is-satis-g ¢ 7G

have x: is-satis i ((CE-valv == CE-val (V-lit 1))) — is-satis i ((¢/[z::=V-var 22], )[22::=V-var
)
proof
assume a2: is-satis ¢ ((CE-val v == CE-val (V-lit 1)))
have is-satis i ((CE-val v == CE-val (V-litl) IMP (c[z:=V-var z1], ))[z1::=V-var z|,)
using al is-satis-g.stimps by simp
moreover have ((CE-val v == CE-val (V-litl) IMP (c[z::=V-var z1], ))[z1:=V-var z],) =
(CE-val v == CE-val (V-litl) IMP ((c[z::=V-var z1], )[z1:=V-var z,))
using assms subst-v-c-def by simp
ultimately have is-satis i (CE-val v == CFE-val (V-lit l) IMP ((c[z::=V-var 21}, )[z1::=V-var

z]y)) by argo

hence is-satis i ((c[z::=V-var z1], )[z1::=V-var z|,) using a2 is-satis-mp by auto

moreover have ((c[z::=V-var z1], )[z1:=V-var z],) = ((¢[z::=V-var z],, )) using assms by
auto

ultimately have is-satis ¢ ((c[z::=V-var ], )) using a2 is-satis.simps by auto

hence is-satis-g i ((x,b,(c[z::=V-var x|, )) #r ') using al is-satis-g.simps by meson
moreover have wfl P ((z,b,(c[z::=V-var z], )) #r I') i proof —
obtain s where Some s = i x A wfRCV P s b A wfl P T" i using wfl-def al by auto
thus ?thesis using wfl-def by auto
qed
ultimately have is-satis i ((¢'[z":=V-var z],)) using subtype-valid assms(1) zf valid.simps by
simp

moreover have (c¢'[z":=V-var z],) = ((¢/[z":=V-var 22], )[22:=V-var z],) using assms by
auto
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ultimately show is-satis i ((c¢'[z":=V-var 22|, )[22::=V-var z],,) by auto
qed

moreover have ?c = ((CE-val v == CE-val (V-lit 1)) IMP ((c¢[z::=V-var 22], )[22::=V-var
)

using assms subst-v-c-def by simp

moreover have 3b1 b2. eval-c i (CE-val v == CE-val (V-lit 1)) b1 A
eval-c i ¢'[2":=V-var 22],[22::=V-var x|, b2 proof —

have wfC' P B ?G (CE-val v == CE-val (V-lit 1)) using wbc wfC-elims(7) assms subst-cv.simps
subst-v-c-def by fastforce

moreover have wfC P B ?G (¢'[z"=:=V-var 22],[22::=V-var z],) proof (rule wfT-wfC-cons)

show « P; B; T by { 21 : b | CE-val v == CE-val (V-litl) IMP (c[zz=V-var z1],) [
using assms subst-v-c-def by auto
have {22 :0b | ¢[z:=V-war 22], } = {2 :b | ¢’ |} using assms subst-v-c-def by auto
thus « P; B; T by { 22 : b | ¢/[z"=:=V-var 22], |} » using assms subtype-elims by metis
show <atom z § (CE-val v == CE-val (V-litl) IMP c[z:=V-var z1], , ¢'[z":=V-var 22],,
I')» using zz fresh-Pair c.fresh by metis
qed

ultimately show ?thesis using wfl-wfC-eval-c al subst-v-c-def by simp
qed

ultimately show is-satis i ?c using is-satis-imp[OF x| by auto

qed
ultimately show ?thesis using valid.simps by simp
qed
moreover have atom z § (P, B, T', 21 , CE-valv == CE-val (V-litl) IMP c[z::=V-var z1], |,
z2 , CE-valv == CE-val (V-litl) IMP c'[z":=V-var 22], )

unfolding fresh-prod5 T.fresh using zx xf2 fresh-prodN x-fresh-b by metis
ultimately show ?thesis using subtype-basel assms zf2 by metis
qed

lemma eval-e-concat-eq:

assumes wfl © T' i

shows 3s. eval-e i (CE-val (V-lit (L-bitvec (v1 Q v2))) ) s A eval-e i (CE-concat [(V-lit (L-bitvec
vl))]ee [(V-lit (L-bitvec v2))]°¢) s

using eval-e-vall eval-e-concatl eval-v-litl eval-l.simps by metis

lemma is-satis-eval-e-eq-imp:
assumes wfl © T" 7 and eval-e i el s and eval-e i e2 s

and is-satis i (CE-val (V-var x) == el) (is is-satis i ?cl)
shows is-satis i (CE-val (V-var x) == e2)
proof —

have *:eval-c i ?c1 True using assms is-satis.simps by blast
hence eval-¢ i (CE-val (V-var x)) s using assms is-satis.simps eval-c-elims
by (metis (full-types) eval-e-uniqueness)
thus ?thesis using is-satis.simps eval-c.intros assms by fastforce
qed
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lemma valid-eval-e-eq:

fixes el::ce and e2::ce

assumes VI' i. wfl O T ¢ — (Is. eval-e i el s A eval-e i e2 s) and ©; B; GNil by el : b and
O; B; GNil 5 e2:b

shows O; B; (z, b, (CE-val (V-var ) == el )) #r GNil = (CE-val (V-var x) == e2)
proof (rule validl)
show ©; B; (z, b, CE-val (V-var z) == el ) #r GNil F,; CE-val (V-var z) == e2
proof
have ©; B; (z, b, TRUE )#rGNil -5 CE-val (V-var ) == el using assms wfC-eql wfE-vall

wfV-varl wfX-wfY
by (simp add: fresh-GNil wfC-e-eq)

hence © ; Bty (z, b, CE-val (V-var ) == el ) #r GNil using wfG-consl fresh-GNil wfX-wfY
assms wfX-wfB by metis
thus ©; B; (z, b, CE-val (V-var x) == el ) #r GNil -y CE-val (V-var z) : b using wfCE-vall

wfV-varl wfX-wfY
lookup.simps assms wfX-wfY by simp
show O; B; (z, b, CE-val (V-var ) == el ) #r GNil F,y €2 : b using assms wf-weakening
wfX-wfY
by (metis (full-types) <©; B; (z, b, CE-val (V-var ) == el ) #r GNil +F,; CE-val (V-var z) :
by empty-iff subsetl toSet.simps(1))

qed
show Vi. wfl © ((z, b, CE-val (V-var ) == el ) #r GNil) i A is-satis-g © ((z, b, CE-val (V-var
x) == el ) #r GNil) — is-satis i (CE-val (V-var ) == e2)
proof (rule,rule)
fix i
assume wfl © ((z, b, CE-val (V-var ) == el ) #r GNil) i A\ is-satis-g i ((z, b, CE-val (V-var
z) == el ) #r GNil)
moreover then obtain s where eval-e i el s A eval-e i e2 s using assms by auto
ultimately show is-satis i (CE-val (V-var z) == €2 ) using assms is-satis-eval-e-eq-imp
is-satis-g.simps by meson
qed
qed

lemma subtype-concat:
assumes I, ; ©
shows ©; B; GNil + { z : B-bitvec | CE-val (V-var z) == CE-val (V-lit (L-bitvec (v1 @ v2))) |}
<
{ z : B-bitvec | CE-val (V-var z) == CE-concat [(V-lit (L-bitvec v1))]°¢ [(V-lit (L-bitvec
v2))]c¢ |} (is ©; B; GNil + 2t1 < 2t2)
proof —
obtain z::z where z: atom z § (©, B, GNil, z , CE-val (V-var z) == CE-val (V-lit (L-bitvec (vl
Q v2))),
z , CE-val (V-var z) == CE-concat [V-lit (L-bitvec v1)]°® [V-lit (L-bitvec v2)]°¢ )
(is Zzfree )
using obtain-fresh by auto
have wb1: ©; B; GNil by CE-val (V-lit (L-bitvec (vl @ v2))) : B-bitvec using wfX-wfY wfCE-vall
wfV-litl assms base-for-lit.simps wfG-nill by metis
hence wb2: ©; B; GNil ., CE-concat [(V-lit (L-bitvec v1))]°¢ [(V-lit (L-bitvec v2))]°® : B-bitvec
using wfCE-concat] wfX-wfY wfV-Uit]l base-for-lit.simps wfCFE-vall by metis

show ?thesis proof
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show ©; B; GNil b, ?t1 using wfT-e-eq fresh-GNil wbl wb2 by metis
show ©; B; GNil by ?t2 using wfT-e-eq fresh-GNil wbl wb2 by metis
show ?zfree using = by auto
show ©; B; (z, B-bitvec, (CE-val (V-var z) == CE-val (V-lit (L-bitvec (v1 @ v2))) )[z:=V-var
ly) #r
GNil | (CE-val (V-var z) == CE-concat [(V-lit (L-bitvec v1))]¢¢ [(V-lit (L-bitvec v2))]©
)[z::=V-var zl,
using valid-eval-e-eq eval-e-concat-eq wbl wb2 subst-v-c-def by fastforce
qed
qed

lemma subtype-len:
assumes -, r ©

shows ©; B; GNil + { 2’': B-int | CE-val (V-var z') == CE-val (V-lit (L-num (int (length v))))
P <
{ z: B-int | CE-val (V-var z) == CE-len [(V-lit (L-bitvec v))|*¢ |} (is ©; B;
GNil + 2t1 < 2t2)
proof —

have x: © Fyr [] A ©; B; GNil Fyuy [Ja using assms wfG-nill wfD-emptyl wfPhi-emptyl by auto
obtain z::z where z: atom z § (©, B, GNil, z', CE-val (V-var z') ==
CE-val (V-lit (L-num (int (length v)))) , z, CE-val (V-var z) == CE-len [(V-lit (L-bitvec
) )
(is atom z § F)
using obtain-fresh by metis
then show ?thesis proof
have © ; B ; GNil by CE-val (V-lit (L-num (int (length v)))) : B-int
using wfCE-vall x wfV-litl base-for-lit.simps
by (metis wfE-vall wfX-wfY)

thus ©; B; GNil 5 ?t1 using wfT-e-eq fresh-GNil by auto

have © ; B ; GNil -,y CE-len [(V-lit (L-bitvec v))]°® : B-int
using wfE-vall * wfV-litl base-for-lit.simps wfE-vall wfX-wfY
by (metis wfCE-lenI wfCE-vall)

thus ©; B; GNil ¢ ?t2 using wfT-e-eq fresh-GNil by auto

show ©O; B; (z, B-int, (CE-val (V-var z') == CE-val (V-lit (L-num (int (length v)))) )[z":=V-var
zly) #r GNil = (CE-val (V-var z) == CE-len [(V-lit (L-bitvec v))]°¢ )[z::=V-var x|,
(is ©; B; ?G | ?c ) using valid-len assms subst-v-c-def by auto
qed
qed

lemma subtype-base-fresh:

assumes O; B;T'by,p {2z:0 |cland ©; B; T Fyp {z:b | ¢’ and

atom z § T and ©; B; (2, b, ¢) #r T E ¢’

shows ©; B;TH{z:b |c}pS{z:b ||
proof —

obtain z::x where x:atomx § (0, B, 2, ¢,2,¢,T), (©,B, T, {z:b |c},{z:b |c]})) using
obtain-fresh by metis

moreover hence atom x § " using fresh-Pair by auto
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moreover hence ©; B; (z, b, c[z::=V-var z],) #r T | ¢/[z::=V-var z],, using assms valid-flip-simple
* subst-v-c-def by auto

ultimately show ?thesis using subtype-basel assms 7.fresh fresh-Pair by metis
qed

lemma subtype-bop-arith:
assumes wfG © B T and (opp = Plus A Il = (L-num (n1+4n2))) V (opp = LEq N 1l = ((if n1<n2
then L-true else L-false))
and (opp = Plus — b = B-int) A (opp = LEq — b = B-bool)
shows ©; B;T' F ({ z: b | C-eq (CE-val (V-var z)) (CE-val (V-lit (1)) ) <
{z:b| C-eq (CE-val (V-var z)) (CE-op opp [(V-lit (L-num n1))]°® [(V-lit (L-num
n2)€) P (is ©; B; T + 2T1 < 972)
proof —
obtain z::xz where zf: atom z § (2, CE-val (V-var z) == CE-val (V-lit (Il)) , z, CE-val (V-var z)
== CE-op opp [(V-lit (L-num nl))]°® [(V-lit (L-num n2))]c¢ , T)
using obtain-fresh by blast

have ©; B; T" + ({  : b | C-eq (CE-val (V-var z)) (CE-val (V-lit (1)) }) <
{z:b| C-eq (CE-val (V-var z)) (CE-op opp [(V-lit (L-num nl1))]°® [(V-lit (L-num
n2))|<) | (is ©; B; I' + 251 < 252)
proof(rule subtype-base-fresh)

show atom z § I' using xzf fresh-Pair by auto

show wfT © BT ({ z:b| CE-val (V-var ) == CE-val (V-lit ll) }) (is wfT © B ?A ¢B)
proof (rule wfT-e-eq)

have ©; B; T’ b (V-lit Il) : b using wfV-1it] base-for-lit.simps assms by metis

thus O; B; T' Fy s CE-val (V-lit ll) : b using wfCE-vall by auto

show atom z § I using zf fresh-Pair by auto

qed
consider opp = Plus | opp = LEq using opp.ezhaust assms by blast
then show wfT © B T ({z:b | CE-val (V-var z) == CE-op opp [(V-lit (L-num n1))]°® [( V-lit
(L-num n2))]°¢ }) (is wfT © B ?A ?C)
proof(cases)
case ]
then show © ; B;T' Fyp{z:b |[[2]"] == [opp[[ L-num ni |"]° [ [ L-num n2 |*
]Ce ]Ce l}

using wfCFE-vall wfCE-plusl assms wfV-litl base-for-lit.simps assms
by (metis <atom z § Ty wfT-e-eq)
next
case 2
then show © ; B;T' Fyp{z:b |[[2]"] == [opp[[ L-num ni |"]° [ [ L-num n2 |*

]ce ]ce

using wfCFE-vall wfCE-plusl assms wfV-litl base-for-lit.simps assms

by (metis <atom z § T wfCE-leql wfT-e-eq)
qed

show ©O; B; (z, b, (CE-val (V-var z) == CE-val (V-lit (1)) )) #r T

= (CE-val (V-var ) == CE-op opp [V-lit (L-num n1)]|°® [V-lit (L-num n2)]°¢)
(is ©; B; G = ?¢)

322



using valid-arith-bop assms xf by simp

qed
moreover have 251 = ?T1 using type-l-eq by auto
moreover have 7252 = ¢T2 using type-e-eq ce.fresh v.fresh supp-l-empty fresh-def empty-iff fresh-e-opp

by (metis ms-fresh-all(4))
ultimately show ?thesis by auto

qed
lemma subtype-bop-eq:
assumes wfG © B T' and base-for-lit [1 = base-for-lit 2
shows ©; B; T' F ({ z : B-bool | C-eq (CE-val (V-var z)) (CE-val (V-lit (if 1 = 12 then L-true else

L-false))) }) <
{ z : B-bool | C-eq (CE-val (V-var z)) (CE-op Eq [(V-lit 11)]°¢ [(V-lit 12)]°¢) |} (is ©;
B:T F #T1 < #T2

proof —

let ?ll = if l1 = 12 then L-true else L-false

obtain z::x where zf: atom z § (2, CE-val (V-var z) == CE-val (V-lit (if I = 12 then L-true else
L-false)) , z, CE-val (V-var z) == CE-op Eq [(V-lit 11)]°® [(V-lit 12)]°¢ , T, (©, B, T'))

using obtain-fresh by blast

have ©; B; T' + ({ = : B-bool | C-eq (CE-val (V-var z)) (CE-val (V-lit (%11))) }) <
{ z : B-bool | C-eq (CE-val (V-var x)) (CE-op Eq [(V-lit (11))]¢ [(V-lit (12))]°¢)
P is©; B; T F 251 < 252)
proof(rule subtype-base-fresh)

show atom z § ' using zf fresh-Pair by auto

show wfT © BT ({ z : B-bool | CE-val (V-var ) == CE-val (V-lit 21l) }) (is wfT © B ?A ?B)
proof (rule wfT-e-eq)

have ©O; B; T bk, (V-lit ?2ll) : B-bool using wfV-lit] base-for-lit.simps assms by metis

thus O; B; I' Fy s CE-val (V-lit ?ll) : B-bool using wfCE-vall by auto

show atom z t T" using zf fresh-Pair by auto
qed

show © ;B ;T bFyp{x:B-bool |[[z]"]° == [eg[[l1]V]C[[I2]"]“]c |
proof (rule wfT-e-eq)
show © ; B; Dby [eg [ [ ] ][ [12]"]°]° : B-bool
apply(rule wfCE-eql, rule wfCE-vall)
apply(rule wfV-litl, simp add: assms)
using wfV-litl assms wfCE-vall by auto
show atom = § I' using xzf fresh-Pair by auto
qed

show O; B ; (z, B-bool, (CE-val (V-var ) == CE-val (V-lit (?1l)))) #r T
E (CE-val (V-var ) == CE-op Eq [V-lit (11)]°¢ [V-lit (12)]°¢) (is ©; B; ?G E
?c)

using valid-eq-bop assms zf by auto

qged
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moreover have 251 = ?T1 using type-l-eq by auto
moreover have 252 = ?T2 using type-e-eq ce.fresh v.fresh supp-l-empty fresh-def empty-iff fresh-e-opp

by (metis ms-fresh-all(4))
ultimately show ?thesis by auto

qed

lemma subtype-top:
assumes wfT OB G ({z:b]|c |})
shows O;B; G+ {z:b]c })S{ z:b| TRUE }})
proof —
obtain z::x where x: atom z §f (©, B, G, 2z, ¢, z, TRUE) using obtain-fresh by blast
then show ?thesis proof(rule subtype-basel)
show « ©; B; G Fyys { z:b | ¢} using assms by auto
show « ©; B;G Fyf { 2:b | TRUE |} » using wfT-TRUE assms wfX-wfY b-of .simps wfT-wf
by (metis wfX-wfB(8))
hence © ; B kyy (z, b, c[z=V-varzl],) #r G using wfT-wf-cons3 assms fresh-Pair * subst-v-c-def
by auto
thus <©; B; (z, b, c[z::=V-var z],) #r G |= (TRUE)[z::=V-var z], » using valid-truel subst-cv.simps
subst-v-c-def by metis
qed
qed

lemma if-simp:
(if © = x then el else e2) = el
by auto

lemma subtype-split:
assumes split n v (v1,v2) and bk, y ©

shows O ; {||} ; GNil & { z: [ B-bitvec , B-bitvec |> | [[ 2]" ]°® == [[[ L-bitvec
vl |Y, [ L-bitvec
v2 |V V)¢ |} < { 2 [ B-bitvec , B-bitvec |* | [ [ L-bitvec
> v]v]e == [l [ z]" ] @@ [g2[ [ ]7 ] |* AND [| [#1[[z]" ]| [|** == |

n ]U ce

¥
(is © ;2B ; GNil + { z : [ B-bitvec , B-bitvec |* | ?c1 |} < { z: [ B-bitvec , B-bitvec |* | 2¢2 |})
proof —
obtain z::x where zf:atom z £ (©, ?B, GNil, z, ?cl,z, ?c2 ) using obtain-fresh by auto
then show ?thesis proof(rule subtype-basel)
show *: <O ; ?B ; (z, | B-bitvec , B-bitvec |°, (?c1)[z:=[  ]%],) #r
GNil | (2e2)[z:=[ z |"]v >
unfolding subst-v-c-def subst-cv.simps subst-cev.simps subst-vv.simps if-simp
using valid-split|OF assms, of x| by simp
show « © ; ?B; GNil by { 2 : [ B-bitvec , B-bitvec |°| ?c1 |} » using valid-wfT[OF x| xf fresh-prodN
by metis
show ¢ © ; ?B ; GNil by { 2z : [ B-bitvec , B-bitvec | ?c2 |} » using valid-wfT[OF «| af
fresh-prodN by metis
qged
qed

lemma subtype-range:
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fixes n::int and I'::.T"
assumes 0 < n A n < int (length v) and © ; {||} Fys T

shows © ; {||} ;T F{ z:B-int | [[z]"]°==[][L-numn]’]°} S
{z:B-int | ([leg [[ L-num 0] [[z]"]c]® == [][L-true]’ ]°®) AND (
[leg [ [2]"]° [| [ [ L-bitvec v ]" J°¢ []° |¢ == [[ L-true " |°¢) |
(is ©;?B;T F{ z:B-int| %1 |} < {z:B-int | %2 AND ?c3 |})
proof —

obtain z::x where x:<atom z § (0, ?B, T, 2z, ?c1 , z, ?c2 AND ?¢8)) using obtain-fresh by auto

moreover have xx:<0© ; ?B ; (z, B-int, (?cl)[z:=[ 2z |"]) #r ' | (9¢2 AND ?c3)[z:=[ = |"]»

unfolding subst-v-c-def subst-cv.simps subst-cev.simps subst-vv.simps if-simp using valid-range-length| OF
assms(1)] assms fresh-prodN * by simp

moreover hence « © ; ?B;T' by {z:B-int |[[2]"]*° == [[Lnumn]’]° [ using
valid-wfT * fresh-prodN by metis
moreover have « © ; ?B;T' by { z: B-int | %c2 AND ?¢3 | »
using valid-wfT[OF x| x fresh-prodN by metis
ultimately show ?thesis using subtype-basel by auto
qed

lemma check-num-range:
assumes 0 < n A n < int (length v) and Fuf ©
shows © ; {||} ; GNil = ([ L-num n %) < { z: B-int | ([leq [[ L-num 0 ]V ]°¢ [[z]" ] ]°¢ ==
[ L-true |V ]°¢) AND
[leq (127 J°¢ [| [ L-bitvec v ] ¢ [Jo¢ Jo¢ == [[ Letrue J" ]}
using assms subtype-range check-v.intros infer-v-litl wfG-nill
by (meson infer-natl)

12.3 Literals

nominal-function type-for-lit :: | = 7 where

type-for-lit (L-true) = ({ z : B-bool | [[2]"]°¢ == [V-lit L-true]°® |})
| type-for-lit (L-false) = ({ z : B-bool | [[2]"]°¢ == [V-lit L-false]® |})
| type-for-lit (L-num n) = ({ z : B-int | [[2]"]°® == [V-lit (L-num n)]°¢ |})
| type-for-lit (L-unit) = ({ z : B-unit | [[2]"]°® == [V-lit (L-unit )]°c [})
| type-for-lit (L-bitvec v) = ({ z : B-bitvec | [[2]"]°¢ == [V-lit (L-bitvec v)]°¢ [})

by (auto simp: equi-def type-for-lit-graph-auz-def, metis l.strong-ezhaust,(simp add: permute-int-def
flip-bitvec0)+ )
nominal-termination (equt) by lexicographic-order

nominal-function type-for-var :: I' = 7 = = = 7 where
type-for-var G T x = (case lookup G z of
None = 1
| Some (bye) = ({z:b]cl]))
apply auto unfolding equt-def apply(rule alll) unfolding type-for-var-graph-auz-def equt-def by
stmp
nominal-termination (equt) by lexicographic-order

lemma infer-lI-form:
fixes I::l and tm::'a::fs
assumes - [ = 7
shows 3zb. 7= ({ z: b | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) |}) A atom z § tm
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proof —
obtain z’ and b where t:7 = ({ 2’ : b | C-eq (CE-val (V-var z’)) (CE-val (V-lit 1)) |}) using
infer-l-elims assms using infer-l.simps type-for-lit.simps
type-for-lit.cases by blast
obtain z::x where zf: atom z f tm using obtain-fresh by metis
have 7 = { z: b | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) | using type-e-eq ce.fresh v.fresh l.fresh

by (metis t type-l-eq)
thus ?thesis using zf by auto
qed

lemma infer-I-form3:
fixes [::]
assumes - [ = 7
shows 3z. 7 = ({ z : base-for-lit I | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) |})
using infer-l-elims using assms using infer-l.simps type-for-lit.simps base-for-lit.simps by auto

lemma infer-l-formJ [simp]:
fixes I'::T’
assumes O ; B, I’
shows 3z. - 1 = ({ z: base-for-lit | | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) [})
using assms infer-lI-form2 infer-I-form83 by metis

lemma infer-v-unit-form:
fixes v::v
assumes P; B; 'k v= ({2l : B-unit | ¢l }) and supp v = {}
shows v = V-lit L-unit
using assms proof(nominal-induct T v { z1 : B-unit | ¢ |} rule: infer-v.strong-induct)
case (infer-v-varl © B ¢ x z)
then show ?case using supp-at-base by auto
next
case (infer-v-litI © BT )
from « [ = { 21 : B-unit | ¢l |}» show ?case by(nominal-induct { z1 : B-unit | cl |} rule:
infer-l.strong-induct,auto)
qed

lemma base-for-lit-wf:
assumes F, 5 ©
shows © ; B k¢ base-for-lit |

using base-for-lit.simps using wfV-elims wf-intros assms l.ezhaust by metis

lemma infer-I-t-wf:
fixes I'::T
assumes O ; B k¢ I' Aatom 2z 4§ T’
shows ©; B; T' by { z: base-for-lit | | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) |
proof
show atom z § (O, B, I') using wfG-fresh-x assms by auto
show © ; B k. base-for-lit | using base-for-lit-wf assms wfX-wfY by metis
thus ©; B; (z, base-for-lit I, TRUE) #r I' Fyu; CE-val (V-var z) == CE-val (V-lit l) using
wfC-v-eq wfV-lit] assms wfX-wfY by metis
qed
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lemma infer-l-wf:
fixes [::l and I'::" and 7::7 and O::0
assumes - [ = 7and © ; B ;T
shows b,y ©and © ;B Fyfyland ©; B; ' 7
proof —
show x:© ; B ¢ I' using assms infer-l-elims by auto
thus F, ¢ O using wfX-wfY by auto
show 0 ; B ;' Ik 7 using infer-l-t-wf assms infer-l-form3
by (metis (-5 ©> fresh-GNil wfG-nill wfT-weakening-nil)
qed

lemma infer-l-uniqueness:

fixes [::]

assumes | = rand - [ = 7’

shows 7 = 7/

using assms
proof —

obtain z and b where zt: 7 = ({ z : b | C-eq (CE-val (V-var z)) (CE-val (V-lit 1)) |}) using
infer-l-form assms by blast

obtain 2z’ and b where z't: 7/ = ({ 2/ : b | C-eq (CE-val (V-var 2’)) (CE-val (V-lit 1)) |}) using
infer-l-form assms by blast

thus ?thesis using type-l-eq zt z't assms infer-1.simps infer-l-elims 1.distinct

by (metis infer-I-form3)

qed

12.4 Values

lemma type-v-eq:
assumes { zI : b1 | cl [} ={ z:b | C-eq (CE-val (V-var z)) (CE-val (V-var z)) |} and atom z § z
shows b = b1 and ¢! = C-eq (CE-val (V-var z1)) (CE-val (V-var x))
using assms by (auto,metis Absl-eq-iff T.eq-iff assms c.fresh ce.fresh type-e-eq v.fresh)

lemma infer-var2 [elim):
assumes P; B; G+ V-varz = 71
shows 3b c. Some (b,c) = lookup G x
using assms infer-v-elims lookup-iff by (metis (no-types, lifting))

lemma infer-var3 [elim):

assumes O; B; ' - V-war z = 7

shows 32z b ¢. Some (b,c) = lookup T ' z A7 = ({ z: b | C-eq (CE-val (V-var z)) (CE-val (V-var x))
B A atom z § z A atom z § (©, B, T)

using infer-v-elims(1)[OF assms(1)] by metis

lemma infer-bool-options2:
fixes v::v
assumes ©; B;T'Fov={z2:b
shows v = V-lit L-true vV (v =
using assms

proof (nominal-induct { z : b | ¢ |} rule: infer-v.strong-induct)
case (infer-v-varl © BT ¢ x 2)
then show ?Zcase using v.supp supp-at-base by auto

next

| ¢ } and supp v = {} A b = B-bool
(V-lit L-false))
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case (infer-v-litI © BT 1)
from <« 1={z:b | c]} show Zcase proof (nominal-induct { z: b | ¢ |} rule: infer-l.strong-induct)
case (infer-truel z)
then show ?case by auto
next
case (infer-falsel z)
then show ?case by auto
next
case (infer-natl n z)
then show ?case using infer-v-litl by simp
next
case (infer-unitl z)
then show ?case using infer-v-litI by simp
next
case (infer-bitvecl bv z)
then show ?case using infer-v-litl by simp
ged
qed(auto+)

lemma infer-bool-options:
fixes v::v
assumes O; B; " v = { z: B-bool | ¢ | and supp v = {}
shows v = V-lit L-true V (v = (V-lit L-false))
using infer-bool-options2 assms by blast

lemma infer-int2:
fixes v::v
assumes O; B;T'Fov={z:b|c]}
shows supp v = {} A b= B-int — (In. v = V-lit (L-num n))
using assms
proof (nominal-induct { z : b | ¢ |} rule: infer-v.strong-induct)
case (infer-v-varl © BT ¢ z z)
then show ?Zcase using v.supp supp-at-base by auto
next
case (infer-v-litl © BT [)
from«k 1= {z:b | c| show Zcase proof(nominal-induct { z: b | ¢ |} rule: infer-l.strong-induct)
case (infer-truel z)
then show “case by auto
next
case (infer-falsel z)
then show ?case by auto
next
case (infer-natl n z)
then show ?case using infer-v-litI by simp
next
case (infer-unitl z)
then show ?case using infer-v-litl by simp
next
case (infer-bitvecl bv z)
then show ?case using infer-v-litI by simp
qed
qged(auto+)
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lemma infer-bitvec:

fixes 0::0 and v::v

assumes O; B; I' - v = { z': B-bitvec | ¢’ |} and supp v = {}

shows 3 bv. v = V-lit (L-bitvec bv)

using assms proof(nominal-induct v rule: v.strong-induct)

case (V-lit I)

then show Zcase by(nominal-induct | rule: l.strong-induct,force+)
next

case (V-consp s dc b v)

then show ?Zcase using infer-v-elims(7)[OF V-consp(2)] T.eq-iff by auto
next

case (V-var z)

then show ?case using supp-at-base by auto
qed(force+)

lemma infer-int:
assumes infer-v © BT v ({ z: B-int | ¢ |}) and supp v= {}
shows In. V-lit (L-num n) = v
using assms infer-int2 by (metis (no-types, lifting))

lemma infer-lit:
assumes infer-v © BT v ({ z:b| ¢ }) and supp v= {} and b € { B-bool , B-int , B-unit }
shows 3. V-litl =wv
using assms proof(nominal-induct v rule: v.strong-induct)
case (V-lit z)
then show Zcase by (simp add: supp-at-base)
next
case (V-var z)
then show ?case
by (simp add: supp-at-base)
next
case (V-pair zla 12a)
then show Zcase using supp-at-base by auto
next
case (V-cons zla z2a x3)
then show Zcase using supp-at-base by auto
next
case (V-consp zla z2a 18 x4)
then show ?case  using supp-at-base by auto
qed

lemma infer-v-form[simp]:
fixes v
assumes O; B; ' v =1
shows 3z b. 7= ({ z: b | C-eq (CE-val (V-var z)) (CE-val v)}}) A atom z § v A atom z § (©, B, I
using assms
proof (nominal-induct  rule: infer-v.strong-induct)
case (infer-v-varl © BT b ¢ z z)
then show ?case by force
next
case (infer-v-litl © BT [ 1)
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then obtain z and b where 7 = { 2z : b | CE-val (V-var z) == CE-val (V-lit1) |} Aatom z § (O,

B, T)
using infer-lI-form by metis

moreover hence atom z t (V-lit [) using supp-l-empty v.fresh(1) fresh-prod2 fresh-def by blast

ultimately show Zcase by metis
next

case (infer-v-pairl z vl v2 © BT t1t2)

then show ?case by force
next

case (infer-v-consl s dclist © dec t¢ BT v tv 2)

moreover hence atom z § (V-cons s dc v) using

Un-commute b.supp(3) fresh-def sup-bot.right-neutral supp-b-empty v.supp(4) pure-supp by metis

ultimately show ?case using fresh-prodN by metis
next

case (infer-v-conspl s bv dclist © dc tc BT vitv b z)

moreover hence atom z § (V-consp s dec b v) unfolding v.fresh using pure-fresh fresh-prodN x by
metis

ultimately show ?case using fresh-prodN by metis
qed

lemma infer-v-form2:
fixes v::v
assumes O; B;T'Fv= ({z:b]|c]) and atom z { v
shows ¢ = C-eq (CE-val (V-var z)) (CE-val v)
using assms
proof —
obtain z’ and b’ where ({ z:b|c|}) =({ 2 : b' | CE-val (V-var z') == CE-val v [[) A atom
2t
using infer-v-form assms by meson
thus ?thesis using Absi-eq-iff (8) T.eq-iff type-e-eq
by (metis assms(2) ce.fresh(1))
qed

lemma infer-v-form3:
fixes v::v
assumes O; B; '+ v = 7 and atom z § (v,I)
shows ©; B; '+ v = { z: b-of 7| C-eq (CE-val (V-var z)) (CE-val v)}

proof —
obtain 2z’ and b’ where 7 = { 2z’ : b’ | C-eq (CE-val (V-var z’)) (CE-val v)} A atom z'§ v A atom
2'4(0, B, T)

using infer-v-form assms by metis
moreover hence { 2’ : b’ | C-eq (CE-val (V-var 2)) (CE-val v)} = { z : b | C-eq (CE-val (V-var
z)) (CE-val v)}
using assms type-e-eq fresh-Pair ce.fresh by auto
ultimately show ?thesis using b-of.simps assms by auto
qed

lemma infer-v-form/:
fixes v::v
assumes O; B; '+ v = 7 and atom z § (v,]') and b = b-of 7
shows ©; B; '+ v = { z:b| C-eq (CE-val (V-var z)) (CE-val v)|
using assms infer-v-form3 by simp
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lemma infer-v-v-wf:
fixes v::v
shows ©; B; GFv=7T= ©;B; Gtyusv: (b-of 7)
proof (induct rule: infer-v.induct)
case (infer-v-varl © BT b ¢ z z)
then show ?case using wfC-elims wf-intros by auto
next
case (infer-v-pairl z vl v2 © BT t112)
then show ?case using wfC-elims wf-intros by auto
next
case (infer-v-litI © BT [ 1)
hence b-of 7 = base-for-lit | using infer-I-form3 b-of.simps by metis
then show ?case using wfV-litl infer-l-wf infer-v-litl wfG-b-weakening
by (metis fempty-fsubsetl)
next
case (infer-v-consl s dclist © de tc BT v tv 2)
then show ?case using wfC-elims wf-intros
by (metis (no-types, lifting) b-of .simps has-fresh-z2 subtype-eq-base2)
next
case (infer-v-conspl s bv dclist © dc tc BT v tv b z)
obtain z1 b1 ¢l where t:tc = { 21 : bl | cI || using obtain-fresh-z by metis
show ?case unfolding b-of.simps proof (rule wfV-conspI)
show <A F-typedef-poly s bv dclist € set ©» using infer-v-conspl by auto
show «(de, { 21 : b1 | ¢l |} ) € set dclisty using infer-v-conspl ¢t by auto
show <« © ; B ¢ b using infer-v-conspl by auto
show <atom bv § (©, B, T, b, v)) using infer-v-conspl by auto
have b1[bv::=blpp = b-of tv using subtype-eq-base2|[OF infer-v-conspI(5)] b-of .simps t subst-tb.simps
by auto
thus < ©; B; T' by, 5 v : b1[bv:=blpp > using infer-v-conspl by auto
qed
qed

lemma infer-v-t-form-wf:
assumes wfB © B band wfV © BT v band atom z § T’
shows wfT © BT { z: b | C-eq (CE-val (V-var z)) (CE-val v)}
using wfT-v-eq assms by auto

lemma infer-v-t-wf:

fixes v::v

assumes O; B; G v =171

shows wfT © B G 17 A wfB © B (b-of 7)
proof —

obtain z and b where 7 = { z: b | CE-val (V-var z) == CE-valv [} A atom z § v A atom z §
(0, B, G) using infer-v-form assms by metis

moreover have wfB © B b using infer-v-v-wf b-of .simps wfX-wfB(1) assms

using calculation by fastforce

ultimately show wfT © B G 7 A wfB O B (b-of 1) using infer-v-v-wf infer-v-t-form-wf assms
by fastforce
qed

lemma infer-v-wf:
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fixes wv::v

assumes O; B; GFv =7

shows ©; B; G Fyy v: (b-of 7) and wfT © B G 7 and wfTh © and wfG © B G
proof —

show ©; B; G -y v : b-of 7 using infer-v-v-wf assms by auto

show O; B; Gt 7 using infer-v-t-wf assms by auto

thus O ; B ks G using wfX-wfY by auto

thus F,; © using wfX-wfY by auto
qed

lemma check-bool-options:
assumes O; B; ' v < { z: B-bool | TRUE |} and supp v = {}
shows v = V-lit L-true V v = V-lit L-false
proof —
obtain ¢/ where ©; B;T' Ftl < { z: B-bool | TRUE |} A ©; B; T + v = tI using check-v-elims

using assms by blast
thus ?thesis using infer-bool-options assms
by (metis T.exhaust b-of .simps subtype-eq-base2)
qed

lemma check-v-wf:
fixes v::v and I'::' and 7::7
assumes O; B; ' v < 1
shows O ; Bty I'and ©; BiI' by v : b-of T and ©; B;I' 5 7
proof —
obtain 7’ where x: ©; B; T 7' <7 A ©; B; T v = 7/ using check-v-elims assms by auto
thus © ; B ks I' and ©; BiI' b5 v: b-of Tand ©; B; ' ¢ 7
using infer-v-wf infer-v-v-wf subtype-eq-base2 * subtype-wf by metis+
qed

lemma infer-v-form-fresh:

fixes v::v and ¢::a:fs

assumes O; B; ' v =1

shows 3z b.7={ z:b| C-eq (CE-val (V-var z)) (CE-val v)}} A atom z £ (t,v)
proof —

obtain 2’ and b’ where 7 = { 2’ : b’ | C-eq (CE-val (V-var z')) (CE-val v)} using infer-v-form
assms by blast

moreover then obtain z and b and ¢ where 7 = { z: b | ¢ |} A atom z § (¢,v) using obtain-fresh-z
by metis

ultimately have 7 = { 2z : b | C-eq (CE-val (V-var z)) (CE-val v)} A atom z § (t,v)

using assms infer-v-form2 by auto

thus %thesis by blast

qed

More generally, if support of a term is empty then any G will do

lemma infer-v-form-consp:
assumes O; B; ' - V-consp s dc b v = 7
shows b-of 7 = B-app s b
using assms proof(nominal-induct V-consp s dc b v T  rule: infer-v.strong-induct)
case (infer-v-conspl bv delist © t¢ BT tv z)
then show ?case using b-of.simps by metis
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qed

lemma lookup-in-rig-b:
assumes Some (b2, ¢2) = lookup (U[z—¢']) ' and
Some (b1, c1) = lookup T z’
shows b1 = b2
using assms lookup-in-rig|OF assms(2)]
by (metis option.inject prod.inject)

lemma infer-v-uniqueness-rig:
fixes z::x and c::c
assumes infer-v P B G v 7 and infer-v P B (replace-in-g Gz ¢') v 7
shows 7 = 7/
using assms
proof (nominal-induct v arbitrary: 7' T rule: v.strong-induct)
case (V-lit I)
hence infer-l | 7 and infer-l | 7' using assms(1) infer-v-elims(2) by auto
then show ?case using infer-l-uniqueness by presburger
next
case (V-var y)

/

obtain b and ¢ where bc: Some (b,¢) = lookup G y
using assms(1) infer-v-elims(2) using V-var.prems(1) lookup-iff by force
then obtain ¢’ where bc’:Some (b,c’’) = lookup (replace-in-g G = ¢’) y
using lookup-in-rig by blast

obtain z where 7 = ({ z: b| C-eq (CE-val (V-var z)) (CE-val (V-var y)) |}) using infer-v-elims(1)[of
P BGyrT| V-var
be option.inject prod.inject lookup-in-g by metis
moreover obtain z’ where 7' = ({{ 2’ : b | C-eq (CE-val (V-var z')) (CE-val (V-var y)) [}) using
infer-v-elims(1)[of P B - y 7| V-var
option.inject prod.inject lookup-in-rig by (metis be')
ultimately show ?case using type-e-eq
by (metis V-var.prems(1) V-var.prems(2) 7.eq-iff ce.fresh(1) finite.emptyl fresh-atom-at-base
fresh-finite-insert infer-v-elims(1) v.fresh(2))
next
case (V-pair vl v2)
obtain z and 2! and 22 and tI and t2 and c! and c2 where
ti:t = z: [b-oftl , b-0f t2]° | CE-val (V-var z) == CE-val (V-pair vl v2) [}) A
atom z § (v, v2) AN P;B; G Fvl =tI AN P;B;GFv2= 12
using infer-v-elims(3)[OF V-pair(3)] by metis
moreover obtain z’and 2/’ and 22’ and ¢/’ and ¢2’ and ¢!’ and ¢2’ where
t2: 7' = ({ 2" : [b-of t1', b-of t2" ) | CE-val (V-var z') == CE-val (V-pair vl v2) }) A
atom z' 4 (v1, v2) A P; B (replace-in-g Gz ¢') F vl = t1' A
P ; B (replace-in-g G x ¢') + v2 = t2'
using infer-v-elims(3)[OF V-pair(4)] by metis
ultimately have t1 = t1' A t2 = t2' using V-pair.hyps(1) V-pair.hyps(2) 7.eq-iff by blast
then show ?case using t1 t2 by simp
next
case (V-cons s dc v)
obtain z and z and tc and dclist where t1: 7 = ({ z: B-id s | CE-val (V-var z) == CE-val
(V-cons s dec v) [}) A
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AF-typedef s dclist € set P A
(dc, tc) € set dclist N atom z § v
using infer-v-elims(4)[OF V-cons(2)] by metis
moreover obtain z’ and 2z’ and ¢c’ and dclist’ where t2: 7' = ({ 2': B-id s | CE-val (V-var 2’)
== CFE-val (V-cons s dc v) |})
A AF-typedef s dclist’ € set P A (de, tc') € set delist’ A atom z' § v
using infer-v-elims(4)[OF V-cons(3)] by metis
moreover have a: AF-typedef s dclist’ € set P and b:(dc,tc’) € set dclist’ and c: AF-typedef s dclist
€ set P and
d:(dc, tc) € set dclist using t1 t2 by auto
ultimately have tc = tc’ using wfTh-dc-t-unique? infer-v-wf(3)[OF V-cons(2)] by metis

moreover have atom z § CE-val (V-cons s dc v) A atom 2z’ § CE-val (V-cons s dc v)
using e.fresh(1) wv.fresh(4) t1 t2 pure-fresh by auto
ultimately have ({ z: B-id s | CE-val (V-var z) == CE-val (V-cons s dcv) |}) = ({ z’: B-id s |
CE-val (V-var z") == CE-val (V-cons s dc v) |})
using type-e-eq by metis
thus ?case using t1 t2 by simp
next
case (V-consp s dc b v)
from V-consp(2) V-consp show ?case proof (nominal-induct V-consp s de b v T arbitrary: v rule:infer-v.strong-induct)

case (infer-v-conspl bv dclist © t¢ BT v tv 2)

obtain 23 and b8 where 7' = { 28 : b3 | [[ 28 ]V | == [ V-consp s dc b v]°® |} A atom 23 {
V-consp s dc b v
using infer-v-form[OF «©; B; T'[a—c¢’| F V-consp s dc b v = 7' | by metis
moreover then have b3 = B-app s b using infer-v-form-consp b-of.simps x infer-v-conspl by
metis

moreover have { 28 : B-app s b | [[ 23]V ]°® == [ V-conspsdcbv ]| | = {z:B-appshb |
[[2z]"]® == [ V-consp s dc bv]c |
proof —

have atom z3 f§ [V-consp s dc b v]°® using * ce.fresh by auto
moreover have atomn z § [V-consp s dc b v]°© using x infer-v-conspl ce.fresh v.fresh pure-fresh by
metis
ultimately show ?thesis using type-e-eq infer-v-conspl v.fresh ce.fresh by metis
qed
ultimately show ?case using * by auto
qed
qed

lemma infer-v-uniqueness:
assumes infer-v P B G v 7 and infer-v PB G v 7'
shows 7 = 7/
proof —
obtain z::z where atom z § G using obtain-fresh by metis
hence G [ x — C-true | = G using replace-in-g-forget assms infer-v-wf by fast
thus “thesis using infer-v-uniqueness-rig assms by metis
qed

lemma infer-v-tid-form:
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fixes v::v
assumes O ; B; ' Fv={ z: B-idtid | c |} and AF-typedef tid dclist € set © and supp v = {}
shows Jdc v’ t. v = V-cons tid dc v’ A (dc , t) € set dclist
using assms proof(nominal-induct v { z : B-id tid | ¢ |} rule: infer-v.strong-induct)
case (infer-v-varl © B ¢ x z)
then show ?Zcase using v.supp supp-at-base by auto
next
case (infer-v-litl © B 1)
then show ?Zcase by auto
next
case (infer-v-consI dclist] © dec tc BT v tv 2)
hence supp v = {} using v.supp by simp
then obtain dca and v’ where *: V-cons tid dc v = V-cons tid dca v’ using infer-v-consl by auto
hence dca = dc using v.eq-iff (4) by auto
hence V-cons tid dc v = V-cons tid dca v’ A (dca, tc) € set dclistl using infer-v-consl * by auto
moreover have dclist = dclist! using wfTh-dclist-unique infer-v-consl wfX-wfY <dca=dc»
proof —
show ?thesis
by (meson <AF-typedef tid dclist] € set ©y «O; B; T' b v = tvy infer-v-consl.prems infer-v-wf(4)
wfTh-dclist-unique wfX-wfY)
qed
ultimately show ?case by auto
qed

lemma check-v-tid-form:

assumes O ; B; ' Fv<«< { z2: B-idtid | TRUE || and AF-typedef tid dclist € set © and supp v
={}

shows Jdc v’ t. v = V-cons tid dc v’ A (dc , t) € set dclist

using assms proof(nominal-induct v { z : B-id tid | TRUE |} rule: check-v.strong-induct)

case (check-v-subtypel © BT 71 v)

then obtain z and ¢ where 71 = { 2z : B-id tid | ¢ | using subtype-eg-base2 b-of .simps

by (metis obtain-fresh-z2)

then show ?case using infer-v-tid-form check-v-subtypel by simp

qed

lemma check-v-num-leq:

fixes n:int and I'::T

assumes 0 < n A n < int (length v) and b,y © and © ; {||} Fuy T

shows O ; {||} ;T F[Lnumn]’ < {z:B-int | ([leg[[ L-num 0] ]¢[[z]"]°¢]° == []
L-true ¥ ]°¢)

fAND ([leg [[2]7 0% [ [[ L-bitvec v ] e [J*¢ ] == [[ L-true ] ]°¢) |}
proof —
have © ; {||} ;T F[Lnumn]’ = {z:B-int |[[2]"]® == [[ L-numn]’ ] |}

using infer-v-litl infer-natl wfG-nill assms by auto
thus ?thesis using subtype-range[OF assms(1) | assms check-v-subtypel by metis
qed

lemma check-int:
assumes check-v © BT v ({ z: B-int | ¢ |}) and supp v = {}
shows dn. V-lit (L-num n) = v
using assms infer-int check-v-elims by (metis b-of .simps infer-v-form subtype-eg-base2)
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definition sble :: © = I' = bool where
sble®@ T =3i. it ET AO ;T FY)

lemma check-v-range:

assumes O ; B; T Fv2 < {z: B-int |[leg[[ L-num 0" ]¢[[z]"]°]¢ == [] L-true |V |*©

AND
[leg [[z]" ] [| [wl ]*®[]*¢ )% == [[ L-true]"]** |
(is©; ?B;TFv2 < {z:B-int| %l |)
and v1 = V-lit (L-bitvec bv) A v2 = V-lit (L-num n) and atom z § I and sble © T
shows 0 < n A n < int (length bv)
proof —
have ©; ?B;T'F { z:B-int | [[z]"]°==[][L-numn]’ ]} <{z:B-int]| ?cl |}
using check-v-elims assms
by (metis infer-l-uniqueness infer-natl infer-v-elims(2))
moreover have atom z § ' using fresh-GNil assms by simp
ultimately have O ; ?B; ((z, B-int, [ [ 2|V |°® == [[L-numn ]’ | ) #r T) [ el
using subtype-valid-simple by auto
thus ?thesis using assms valid-range-length-inv check-v-wf wfX-wfY sble-def by metis
qed

12.5 Expressions

lemma infer-e-plus|elim]:
fixes vl::v and v2::v
assumes O ; & ; B ;' ; A+ AF-op Plus vl v2 = 7
shows 3z . ({ z: B-int | C-eq (CE-val (V-var z)) (CE-op Plus [v1]°® [v2]°¢) |} = T)
using infer-e-elims assms by metis

lemma infer-e-leg[elim]:
assumes O ; & ; B ;T ; A+ AFE-op LEq vl v2 = 1
shows 3z . ({ z: B-bool | C-eq (CE-val (V-var z)) (CE-op LEq [v1]°® [v2]°¢) |} = 7)
using infer-e-elims assms by metis

lemma infer-e-eq[elim]:
assumes O ; & ; B ;' ; A+ AFE-op Equl v2 = 7
shows 3z . ({ z: B-bool | C-eq (CE-val (V-var z)) (CE-op Eq [v1]°¢ [v2]°¢) |} = 7)
using infer-e-elims(25)[OF assms| by metis

lemma infer-e-e-wf:

fixes e::e

assumes O ;& ; B; ;A e=r1

shows © ; @ ;B ;'; Aky,pe:bof T

using assms proof(nominal-induct T avoiding: T rule: infer-e.strong-induct)

case (infer-e-vall © BT A’ ® v 7)

then show ?Zcase using infer-v-v-wf wf-intros by metis
next

case (infer-e-plusI © BT A’ ® vl 21 cl v2 22 ¢2 25)

then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next

case (infer-e-leqgl © BT A’ vl 21 ¢l v2 22 ¢2 23)

then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next
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case (infer-e-eql © BT A’ vl 21 ¢l v2 22 c2 23)
then show ?case using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-appl @ BT A ® fabet' s' v 71"
have © ; @ ; B;T ; Aty AE-app fov : b-of 7' proof
show « © ks ® ) using infer-e-appl by auto
show « ©; B; I' b,y A using infer-e-appl by auto
show <Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7" s"))) = lookup-fun ® f» using
infer-e-appl by auto
show ©; B;I' by, v : b using infer-e-appl check-v-wf b-of .simps by metis
qed
moreover have b-of 7' = b-of (7'[x::=v],) using subst-tbase-eq subst-v-r-def by auto
ultimately show ?Zcase using infer-e-appl subst-v-c-def subst-b-T-def by auto
next
case (infer-e-appPl © BT A® b fovzber" s v 1))

have © ; @ ; B;T'; Aty AE-appP fb' v : (b-of 7"")[bv::=b"], proof
show « © s ® ) using infer-e-appPI by auto
show « ©; B; I' b,y A » using infer-e-appPI by auto
show «Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ z b ¢ 7'' s"))) = lookup-fun ® f» using
x infer-e-appPI by metis
show © ; Bt b’ using infer-e-appPI by auto
show ©; B;T' by v : (b[bv::=0b"]y) using infer-e-appPI check-v-wf b-of .simps subst-b-b-def by metis
have atom bv § (b-of 7'")[bv::=b"]p, using fresh-subst-if subst-b-b-def infer-e-appPI by metis
thus atom bv § (®, ©, B, T, A, b, v, (b-of 7")[bv::=b"]y) using infer-e-appPI fresh-prodN
subst-b-b-def by metis
qed
moreover have b-of 7' = (b-of 7")[bv::=b"];
using «7"[bv:=b"y[x::=v], = T b-of-subst-bb-commute subst-tbase-eq subst-b-b-def subst-v-T-def
subst-b-T-def by auto
ultimately show ?Zcase using infer-e-appl by auto
next
case (infer-e-fstI © BT A’ ® v 2’ b1 b2 ¢ 2)
then show ?case using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-sndl © BT A’ ® v 2/ b1 b2 ¢ z)
then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-lenl @ BT A’ ® v 2’ ¢ 2)
then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-mvarl O T & A u T)
then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-concatl © BT A’ ® vl z1 ¢l v2 22 c2 23)
then show ?Zcase using b-of.simps infer-v-v-wf wf-intros by metis
next
case (infer-e-splitl © BT A ® vl z1 cl v2 22 23)
have © ;® ;B ;I ; Ay AE-split v1 v2 : B-pair B-bitvec B-bitvec
proof
show © ¢ ® using infer-e-splitl by auto
show ©; B; I' -,y A using infer-e-splitl by auto

337



show ©; B; I' -, 5 v1 : B-bitvec using infer-e-splitl b-of .simps infer-v-wf by metis
show O; B; I' -, 5 v2 : B-int using infer-e-splitl b-of.simps check-v-wf by metis
qed
then show ?Zcase using b-of.simps by auto
qed

lemma infer-e-t-wf:
fixes e::e and I'::" and 7::7 and A::A and ¢::$
assumes O ;& ; B; ;A e=r1
shows ©; Bil' F,p T A O byyp @
using assms proof (induct rule: infer-e.induct)
case (infer-e-vall © BT A’ ® v 7)
then show ?case using infer-v-t-wf by auto
next
case (infer-e-plusl © BT A ® vl z1 cl v2 22 c2 253)
hence ©; B; I' +, s CE-op Plus [v1]°® [v2]°® : B-int using wfCE-plusl wfD-emptyl wfPhi-emptyl
infer-v-v-wf wfCE-vall
by (metis b-of .simps infer-v-wf)
then show Zcase using wfT-e-eq infer-e-plusl by auto
next
case (infer-e-legl © BT A ® vl z1 ¢l v2 22 ¢2 23)
hence ©O; B; I' k¢ CE-op LEq [v1]°® [v2]°® : B-bool using wfCE-leql wfD-emptyl wfPhi-emptyl
infer-v-v-wf wfCE-vall
by (metis b-of .simps infer-v-wf)
then show Zcase using wfT-e-eq infer-e-leqgl by auto
next
case (infer-e-eql © BT A ® vl 21 b ¢l v2 22 ¢2 23)
hence ©; B; T' +,; CE-op Eq [v1]°® [v2]°® : B-bool using wfCE-eql wfD-emptyl wfPhi-emptyl
infer-v-v-wf wfCE-vall
by (metis b-of .simps infer-v-wf)
then show ?case using wfT-e-eq infer-e-eql by auto
next
case (infer-e-appl © BT A® fzbct s v
show ?case proof
show © ¢ ® using infer-e-appl by auto
show ©; B; I' s 7/ proof —
have x: ©; B; I -, 5 v : b using infer-e-appl check-v-wf(2) b-of .simps by metis
moreover have x:0; B; (z, b, ¢) #r I' k¢ 7 proof(rule wf-weakeningl (4))
show ¢ ©; B; (z,b,¢)#r GNil ¢ 7 using wfPhi-f-simple-wfT wfD-wf infer-e-appl wb-b-weakening
by fastforce
have © ; B ;T Fyys { z: 0| ¢ [} using infer-e-appl check-v-wf(3) by auto
thus < ©; Btys (2, b, ¢) #r I' » using infer-e-appl
wfT-wfC|THEN wfG-consl[rotated 3] ] * wfT-wf-cons fresh-prodN by simp
show <toSet ((x,b,c)#r GNil) C toSet ((z, b, ¢) #r I')» using toSet.simps by auto
qed
moreover have ((z, b, ¢) #r I')[z::=v|r, = ' using subst-gv.simps by auto

ultimately show ?thesis using infer-e-appl wf-subst1(4)[OF *, of GNil x b ¢ T v] subst-v-T-def
by auto
qed
qed
next
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case (infer-e-appPI © BT A® b/ fovzber' s v 1)

have ©; B; ((z, b[bv::=b"pp, c[bvi=b"cp) #r I)[z:=0]ry Fwys (7 [bv:=b")[2::=0],y
proof(rule wf-subst(4))
show « ©; B; (z, b[bv:=b"lpp, c[bv:=b"lcp) #r T' by 7/ [bvi=b" >
proof (rule wf-weakeningl (4))
have < O ; {|bv|} ; (2,b,c)#rGNil s 7' using wfPhi-f-poly-wfT infer-e-appl infer-e-appPI
by simp
thus <« ©; B; (z,b[bv::=b"]pp,c[bv::=b"]cp)#r GNil typ T/[bv::=b"]} >
using wfT-subst-wfT infer-e-appPI wb-b-weakening subst-b-1-def subst-v-T-def by presburger
have ©; B; I' by { o blbv:=b"lpp | c[bvi=b"cy |}
using infer-e-appPI check-v-wf(3) subst-b-b-def subst-b-c-def by metis
thus « O ; Bl (z, b[bv=b"p, c[bvii=b"lcp) #r T'»
using infer-e-appPI wfT-wfC|THEN wfG-consl[rotated 3] | * wfX-wfY wfT-wf-cons wb-b-weakening
by metis
show <toSet ((x,b[bv::=b"lpp,c[bv::=b"cp)#r GNil) C toSet ((z, b[bv::=b"lps, c[bv:i=b"|cp) #r T')
using toSet.simps by auto
qed
show «(z, b[bv::=b"lpp, c[bv::=b"lcp) #r ' = GNil Q (z, b[bv::=b"lpp, c[bv::=b"]cp) #r I using
append-g.simps by auto
show ¢ ©; B; ' by ¢ v :b[bvi:=b"]pp, » using infer-e-appPI check-v-wf(2) b-of .simps subst-b-b-def by
metis
qged
moreover have ((z, b[bv::=b"lpp, c[bv::=b"]cp) #r D)[z::=v]r, = T using subst-gv.simps by auto
ultimately show ?case using infer-e-appPI subst-v-T-def by simp
next
case (infer-e-fstI © BT A ® vz’ b1 b2 ¢ 2)
hence O; B; T' F,,; CE-fst [v]°®: b1 using wfCE-fstI wfD-emptyl wfPhi-emptyl infer-v-v-wf
b-of .simps using wfCE-vall by fastforce
then show ?case using wfT-e-eq infer-e-fstI by auto
next
case (infer-e-sndl © BT A ® vz’ b1 b2 ¢ 2)
hence ©; B; I' F,; CE-snd [v]°°: b2 using wfCE-sndl wfD-emptyl wfPhi-emptyl infer-v-v-wf
wfCE-vall
by (metis b-of .simps infer-v-wf)
then show Zcase using wfT-e-eq infer-e-sndl by auto
next
case (infer-e-len] © BT A ® vz’ ¢ 2)
hence ©; B; I' F,; CE-len [v]°°: B-int using wfCE-lenl wfD-emptyl wfPhi-emptyl infer-v-v-wf
wfCE-vall
by (metis b-of .simps infer-v-wf)
then show ?case using wfT-e-eq infer-e-lenl by auto
next
case (infer-e-mvarl O T ® A u 1)
then show ?case using wfD-wfT by blast
next
case (infer-e-concat] © BT A & vl z1 c1 v2 22 ¢2 23)
hence ©; B; T' i,y CE-concat [v1]°® [v2]°¢: B-bitvec using wfCE-concatl wfD-emptyl wfPhi-emptyl
infer-v-v-wf wfCE-vall
by (metis b-of .simps infer-v-wf)
then show ?Zcase using wfT-e-eq infer-e-concatl by auto
next
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case (infer-e-splitl © BT A ® vl z1 ¢l v2 22 23)

hence wfg: © ; By (28, [ B-bitvec , B-bitvec |°, TRUE) #r T
using infer-v-wf wfG-cons21 wfB-pairl wfB-bitvecl by simp
have wfz: ©; B; (28, | B-bitvec , B-bitvec |°, TRUE) #r I Fyp [ [ 28 ]V ]¢ ¢ [ B-bitvec , B-bitvec |°
apply (rule wfCE-vall , rule wfV-varl)
using wfg apply simp
using lookup.simps(2)|of 23 | B-bitvec , B-bitvec |* TRUE T 23] by simp
have 1: ©; B; (23, [ B-bitvec , B-bitvec |*, TRUE) #r Tty [ v2 ]°¢ 1 B-int
using check-v-wf[OF infer-e-split](4)] wf-weakening(1)[OF - wfg] b-of .simps toSet.simps wfCE-vall
by fastforce
have 2: ©; B; (23, | B-bitvec , B-bitvec |°, TRUE) #r T by [ v1 ]°¢ : B-bitvec
using infer-v-wf[OF infer-e-split] (8)] wf-weakening(1)[OF - wfg] b-of .simps toSet.simps wfCE-vall
by fastforce

have ©; B; I' by { 28 : [ B-bitvec , B-bitvec |° | [ vl ]°¢ == [ [#1[[ 28] ]°]°® Q@ [#2] [ 23
J” ]Ce]cef]“ AND | [#1[ [ 23 ]" ] | == [w2 ] |
proo

show atom z3 t (©, B, I') using infer-e-splitl wfTh-z-fresh wfX-wfY fresh-prod3 wfG-fresh-z by
metis
show © ; Bt [ B-bitvec , B-bitvec 1 wusing wfB-pairl wfB-bitvecl infer-e-splitl wfX-wfY by
metis
show ©; B; (23, | B-bitvec , B-bitvec |°, TRUE) #r
Dobwp [vl ] == [[#1[[ 28]V ]]*° Q@ [#2[ [ 23 ]" ]]*“ |]** AND [| [#1[[23]"
]CE]CE |]C€ —— [ 7_)2 ]ce
using wfg wfz 1 2 wf-intros by meson
qed
thus ?case using infer-e-splitl by auto
qed

lemma infer-e-wf:

fixes e::e and I'::T" and 7::7 and A::A and $::®

assumes O ; ¢ ; B; T ;AFe=r1T

shows O; B; 'ty 7and © ;B Fy,y 'and ©; B; 'y Aand O by Pand O ;¢ ; B;T'; A
Fwr e: (b-of T)

using infer-e-t-wf infer-e-e-wf wfE-wf assms by metis+

lemma infer-e-fresh:
fixes z::x
assumes O ; & ; B;T'; At e= 7and atomz T
shows atom z § (e,T)
proof —
have atom z § e using infer-e-e-wf[THEN wfE-z-fresh,OF assms(1)] assms(2) by auto
moreover have atom z § 7 using assms infer-e-wf wfT-z-fresh by metis
ultimately show ?thesis using fresh-Pair by auto
qed

inductive check-e : @ = d=B=T=A=e=7=bool ((-;-;-;-;-F-<-1[50, 50,50
50) where

check-e-subtypel: [ infer-e TP B G D e’ ; subtype T B G 7' 7] = check-e TP BGDerT
equivariance check-e
nominal-inductive check-e .
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inductive-cases check-e-elims[elim!]:
check-e F D B G © (AE-val v) T
check-e FDB GO et

lemma infer-e-fst-pair:

fixes vl:v

assumes O ; @ ; {||} ; GNil ; A F [#1[vl ,v2 "] =T

shows 37°. 0 ; ®; {||}; GNil ; A + [vI]* = 7' A

©;{l|}; GNilF7'< 7

proof —

obtain 2z’ and b7 and b2 and ¢ and z where *xx : 7 = ({{ z: b1 | C-eq (CE-val (V-var z)) (CE-fst
[(V-pair v1 v2)]°¢) }) A

wfD © {|[} GNil A A wfPhi © & A
O {ll}; GNil v V-pair v v2 = { z': B-pair b1 b2 | ¢ [) A atom z § V-pair vl v2
using infer-e-elims assms by metis
hence x: O ; {||} ; GNil + V-pair v1 v2 = { z’: B-pair b1 b2 | ¢ |} by auto

obtain tle and t2¢ where
x: 0 {||}; GNil Fvl = tlaN O ;{||}; GNil Fv2 = t2a AN B-pair b1 b2 = B-pair (b-of t1a)
(b-of t2a)
using infer-v-elims(5)[OF x| by metis

hence suppv: supp v1i = {} A supp v2 = {} A supp (V-pair vl v2) = {} using *x infer-v-v-wf
wfV-supp atom-dom.simps toSet.simps supp-GNil
by (meson wfV-supp-nil)

obtain z! and b1’ where tla = { 21 : b1’ |[[21 ]V ]® == [wl ] |}
using infer-v-form[of © {||} GNil v1 tia] * by auto
moreover hence b1’ = bl using * b-of.simps by simp
ultimately have O ; {||} ; GNil F vl = { z1 : b1 | CE-val (V-var z1) == CE-val vl |} using x*
by auto
moreover have © ; {||} ; GNil +,; CE-fst [V-pair vl v2]°¢ : bl using wfCE-fst] infer-v-wf(1) *x
b-of .simps wfCE-vall by metis
moreover hence st: O ; {||} ; GNil & { 21 : b1 | CE-val (V-var z1) == CE-valvl [ < ({ z: bt
| CE-val (V-var z) == CE-fst [V-pair v1 v2]°¢ [})
using subtype-gnil-fst infer-v-v-wf by auto
moreover have wfD O {||} GNil A A wfPhi © ® using *x by auto
ultimately show ?thesis using wfX-wfY xx infer-e-vall by metis
qed

lemma infer-e-snd-pair:

assumes O ; ®; {||} ; GNil ; A + AE-snd (V-pair vl v2) = 7

shows 37.0;®;{||}; GNil; A F AE-valv2 = 7" ANO;{||}; GNilF-7'< 71
proof —

obtain z’and b1 and b2 and ¢ and z where xx : (7 = ({ 2z : b2 | C-eq (CE-val (V-var z)) (CE-snd
(Vopair 1 v2)]°) ) A

(wfD © {||} GNil A) A (wfPhi © @) A
O ;{l|} ; GNil & V-pair v1 v2 = { z': B-pair b1 b2 | ¢ } A atom z § V-pair vl v2
using infer-e-elims(9)[OF assms(1)] by metis
hence x: O ; {||} ; GNil + V-pair v1 v2 = { z’: B-pair b1 b2 | ¢ |} by auto
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obtain tla and t2¢ where
x 0 {||}; GNil vl = tlan O ;{||}; GNil + v2 = t2a N B-pair bl b2 = B-pair (b-of tla)
(b-of t2a)
using infer-v-elims(5)[OF x| by metis

hence suppv: supp vl = {} A supp v2 = {} A supp (V-pair vi v2) = {} using infer-v-v-wf wfV.simps
v.supp by (meson xx wfV-supp-nil)

obtain 22 and b2’ where t2a = { 22 : b2’ | [[22 ]V ] == [v2 ] |}
using infer-v-form[of © {||} GNil v2 t2a] * by auto
moreover hence b2’ = b2 using * b-of.simps by simp
ultimately have O ; {||} ; GNil + v2 = { 22 : b2 | CE-val (V-var 22) == CE-val v2 |} using x*
by auto

moreover have O ; {||} ; GNil t,; CE-snd [V-pair v1 v2]°¢ : b2 using wfCE-sndl infer-v-wf(1) sx
b-of .simps wfCE-vall by metis

moreover hence st: O ; {||} ; GNil F{ 22 : 02 | CE-val (V-var 22) == CE-valv2 |} < ({ z: b2
| CE-val (V-var z) == CE-snd [V-pair vl v2]°¢ [})

using subtype-gnil-snd infer-v-v-wf by auto

moreover have wfD O {||} GNil A N wfPhi © ® using *x by metis

ultimately show ?thesis using wfX-wfY xx infer-e-vall by metis
qed

12.6 Statements

lemma check-s-v-unit:
assumes O; B; '+ ({ z: B-unit | TRUE }) < 7 and wfD © BT A and wfPhi © &
shows O ;®; B ;T ; A+ AS-val (V-lit L-unit ) < 7
proof —
have wfG © B I' using assms subtype-g-wf by meson
moreover hence wfTh © using wfG-wf by simp
moreover obtain z’:z where atom 2’ T using obtain-fresh by auto

ultimately have x:0; B; I' b V-lit L-unit = { 2z’ : B-unit | CE-val (V-var z") == CE-val (V-lit
L-unit) |
using infer-v-litl infer-unitl by simp
moreover have wfT © BT ({ z': B-unit | CE-val (V-var z’') == CE-val (V-lit L-unit) [}) using

infer-v-t-wf
by (meson calculation)
moreover then have ©; B; I' + ({ 2’ : B-unit | CE-val (V-var z") == CFE-val (V-lit L-unit) [})
< 1 using subtype-trans subtype-top assms
type-for-lit.simps(4) wfX-wfY by metis
ultimately show ?thesis using check-vall assms * by auto
qed

lemma check-s-check-branch-s-wf:
fixes s::s and cs::branch-s and ©::0 and ®::® and I'::T" and A::A and v::v and 7::7 and css::branch-list
shows © ;& ; B;T'; AFs< T = 0 BFu s I'AN wfThOANwWDO BI' ANwfTO BT
7 A wfPhi © & and
check-branch-s © ® BT' A tid cons constves 7= 0 ; B by I' A wfTh©O AN wfD© BT' A A
wfT © BT 7 A wfPhi © ®
check-branch-list © ® BT' A tid dclist v ecss 7= © ; B by I' A wfTh © AN wfD© BT A A
wfT © BT 7 A wfPhi © @
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proof (induct rule: check-s-check-branch-s-check-branch-list.inducts)
case (check-vall © BT A ® v 7' 71)
then show ?case using infer-v-wf infer-v-wf subtype-wf wfX-wfY wfS-vall
by (metis subtype-eq-base2)
next
case (check-letlz © ® BT AeT zsbc)
then have x:wfT © B ((z, b, c[z::=V-var z],) #r T') 7 by force
moreover have atom x § 7 using check-letl fresh-prodN by force
ultimately have ©; B;I' -,y 7 using wfT-restrict2 by force
then show ?case using check-let] infer-e-wf wfS-letl wfX-wfY wfG-elims by metis
next
case (check-assertl x © ® BT A ¢ 1 s)
then have «:wfT © B ((z, B-bool , ¢) #r ') 7 by force
moreover have atom x ff 7 using check-assertl fresh-prodN by force
ultimately have ©; B;I' -,y 7 using wfT-restrict2 by force
then show Zcase using check-assert] wfS-assert] wfX-wfY wfG-elims by metis
next
case (check-branch-s-branchl © BT A 7 cons const x v @ s tid)
then show ?Zcase using wfX-wfY by metis
next
case (check-branch-list-consI © ® BT A tid dclist’ v cs T css)
then show ?Zcase using wfX-wfY by metis
next
case (check-branch-list-finall © ® BT A tid dclist’ v cs 7 )
then show ?Zcase using wfX-wfY by metis

next
case (check-ifl 2© ® BT A vsl s27)
hence x:wfT © BT ({ z: b-of 7 | CE-val v == CE-val (V-lit L-false) IMP c-of 7 z |}) (is wfT

© BT ?tau) by auto
hence wfT © B I' 7 using wfT-wfT-if1 check-ifl fresh-prodN by metis
hence O; B;I' ks 7 using check-ifl b-of-c-of-eq fresh-prodN by auto
thus “case using check-ifl by metis
next
case (check-let2l © © ® B G A t sl 7 s2)
then have wfT © B ((z, b-of t, (c-of t z)) #r G) T by fastforce
moreover have atom z f§ 7 using check-let2] by force
ultimately have wfT © B G 7 using wfT-restrict?2 by metis
then show ?Zcase using check-let2] by argo
next
case (check-varl u A P Gov 7' ® s71)
then show ?case using wfG-elims wfD-elims
list.distinct list.inject by metis
next
case (check-assignl © ® BT A w7t vz 1)
obtain z"::x where x:atom z' § T using obtain-fresh by metis
moreover have { z : B-unit | TRUE || = { 2z’ : B-unit | TRUE | by auto
moreover hence wfT © BT { z': B-unit |TRUE |} using wfT-TRUE check-assignl check-v-wf =
wfB-unit] wfG-wf by metis
ultimately show ?case using check-v.cases infer-v-wf subtype-wf check-assignl wfT-wf check-v-wf
wfG-wf
by (meson subtype-wf)
next
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case (check-whilel ® A G P s1 z s2 1)
then show ?case using subtype-wf subtype-wf by auto
next
case (check-seql A G P sl zs2 T)
then show ?case by fast
next
case (check-casel © ® BT A dclist cs T tid v z)
then show Zcase by fast
qed

lemma check-s-check-branch-s-wfS:
fixes s::s and cs::branch-s and ©::0 and ®::® and I'::" and A::A and v::v and 7::7 and c¢ss::branch-list
shows © ;& ; B; T ;Aks< T = 0;®;B;I';Ablyss:bof 7 and
check-branch-s © ® BT A tid cons const ves 7 = wfCS © ® BT A tid cons const cs (b-of T)
check-branch-list © ® BT A tid dclist v css 7 = wfCSS © ® BT A tid dclist css (b-of T)
proof (induct rule: check-s-check-branch-s-check-branch-list.inducts)
case (check-vall © BT A®v71'T)
then show ?case using infer-v-wf infer-v-wf subtype-wf wfX-wfY wfS-vall
by (metis subtype-eq-base2)
next
case (check-letl z © @ BT AeT zsbc)
show ?case proof
show «© ; ®; B;I'; AFy,s e: b using infer-e-wf check-let] b-of .simps by metis
show < © ; & ; B; (z, b, TRUE) #r T ; AFys s: b-of 7>
using check-let] b-of .simps wf-replace-true2(2)[OF check-letl(5)] append-g.simps by metis
show « ©; B; I b,y A using infer-e-wf check-letl b-of .simps by metis
show <atom z § (@, ©, B, T, A, e, b-of 7)»
apply(simp add: fresh-prodN, intro congl)
using check-letI(1) fresh-prod7 by simp+
qged
next
case (check-assertl x © ® BT A ¢ 7 )
show ?case proof

show <« © ; & ; B ; (2, B-bool, ¢) #r I ; Alyy s: b-of 7> using check-assert] by auto
next
show <« ©; B; I' ks c» using check-assert] by auto
next
show « ©; B; I' -, A » using check-assert] by auto
next
show <atom z £ (®, ©, B, I', A, ¢, b-of 7, s)» using check-assert] by auto
qed
next
case (check-branch-s-branchl © BT A 1 const x ® tid cons v s)
show ?case proof
show <« © ; & ; B ; (2, b-of const, TRUE) #r I ; AFyy s: b-of 7>
using wf-replace-true append-g.simps check-branch-s-branchl by metis
show <atom z § (@, ©, B, ', A, T, const)»
using wf-replace-true append-g.simps check-branch-s-branchl fresh-prodN by metis
show « ©; B; I' b, ¢ A » using wf-replace-true append-g.simps check-branch-s-branchl by metis
qed
next
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case (check-branch-list-consI © ® BT A tid cons const v cs T dclist css)
then show ?case using wf-intros by metis
next
case (check-branch-list-finall © ® BT A tid cons const v ¢s T)
then show ?Zcase using wf-intros by metis
next
case (check-ifl z© ® BT A v sl s2 1)
show ?case using wfS-ifl check-v-wf check-ifl b-of .simps by metis
next
case (check-let2l © © ® B G A t sl T s2)
show ?case proof
show «© ; ®; B; G; Abyy sl:b-oft> using check-let2] b-of simps by metis
show « ©; B; G k¢ t» using check-let2] check-s-check-branch-s-wf by metis
show « © ; & ; B; (z, b-of t, TRUE) #r G ; A byy s2: b-of 7
using check-let21(5) wf-replace-true2(2) append-g.simps check-let2] by metis
show <atom z § (®, O, B, G, A, s1, b-of T, t)»
apply(simp add: fresh-prodN, intro congl)
using check-let2I(1) fresh-prod7 by simp+
qed
next
case (check-varl u® ® BT A1’ v 1 s)
show ?case proof
show < ©; B; T' F,; 7' using check-v-wf check-varl by metis
show < ©; B; T' 5 v : b-of 7' using check-v-wf check-varl by metis
show <atom u § (®, ©, B, ', A, 7/, v, b-of 7)» using check-varl fresh-prodN u-fresh-b by metis
show « ©; ®; B;T; (u, 7) #aA Fyy s : b-of 7> using check-varl by metis
qed
next
case (check-assign] © ® BT A urt vz 7))
then show ?case using wf-intros check-v-wf subtype-eq-base2 b-of .simps by metis
next
case (check-whilel © ® BT A sl zs2 ')
thus “case using wf-intros b-of.simps check-v-wf subtype-eq-base2 b-of .simps by metis
next
case (check-seql © ® BT A s1 zs2 1)
thus ?case using wf-intros b-of.simps by metis
next
case (check-casel © ® BT A tid dclist v ¢s T z)
show ?case proof
show « ©; B; I' -, v : B-id tid » using check-casel check-v-wf b-of .simps by metis
show <A F-typedef tid dclist € set ©) using check-casel by metis
show « ©; B; I' b,y A using check-casel check-s-check-branch-s-wf by metis
show « © I,y ®» using check-casel check-s-check-branch-s-wf by metis
show «© ; @ ; B;I'; A; tid ; dclist ¢ ¢s @ b-of 7> using check-casel by metis
qed
qed

lemma check-s-wf:

fixes s::s

assumes O ;& ; B; T ;AkFs< T

shows © ; Bl I' AwfT © BT 7 A wfPhi © @ A wfTh © AN wfDO© BI' AANwfS ©P BI' As
(b-of )
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using check-s-check-branch-s-wf check-s-check-branch-s-wfS assms by meson

lemma check-s-flip-ul:

fixes s::s and u::u and u’:u

assumes O ;¢ ;B T'; A s< 7

shows© ;@ ;B;T;(ucu) - A F(ueu)-s< 71
proof —

have (v u)-0O;(ueu)-®; (ueu) Bi(ueuw)- T (e u) A Fueu)-s
<(usu)-T

using check-s.equt assms by blast

thus ?thesis using check-s-wf[OF assms| flip-u-eq phi-flip-eq by metis

qed

lemma check-s-flip-u2:
fixes s::s and u::u and u’:u
assumes © ; ¢ ; B;T;(u+u)-A Flueu)-s< 71
shows © ;& ; B; T ;A Fs<r
proof —
have © ;& ; B;T;(u+u) - (v u) A Flueu) (ueu)-s< 71
using check-s-flip-ul assms by blast
thus “thesis using permute-flip-cancel by force
qed

lemma check-s-flip-u:
fixes s::s and u::u and u’:u
shows© ;@ ; B;T;(ueu)-AbF(ueu)-s<= 7=0©;9;B;T;AFs<1)
using check-s-flip-ul check-s-flip-u2 by metis

lemma check-s-abs-u:
fixes s::s and s"::s and u::vw and v’::u and 77
assumes [[atom u]]lst. s = [[atom u']]lst. s’ and atom u § A and atom v’ § A
and © ; B; T Fyp 7’
and © ;P ;B;T;(u,7)#AA Fs< 7
shows © ; @ : BT ; (u,7") #AAF s' <71
proof —
have © ; & ; BT (uw' < u) - ((u,7) #aA) F(uw' < u)-s< 7
using assms check-s-flip-u by metis
moreover have (u' < u) - ((u, 7)) #ao A) = (v, 7) #aA proof —
have (u' < u) - ((u,7) #aAA) = (v < u) - u, (v < u) 7)) #a (v < u) - A
using DCons-equt Pair-equt by auto

also have ... = (v, (v < u) - 7) #aA A
using assms flip-fresh-fresh by auto
also have ... = (v’ , 7') #a A using

u-not-in-t fresh-def flip-fresh-fresh assms by metis
finally show ?thesis by auto
qed
moreover have (v’ <> u) - s = s’ using assms AbsI-eq-iff (3)[of u’ s’ u s] by auto
ultimately show ?thesis by auto
qed
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12.7 Additional Elimination and Intros
12.7.1 Values

nominal-function b-for :: opp = b where
b-for Plus = B-int

| b-for LEq = B-bool | b-for Eq = B-bool
apply(auto,simp add: equt-def b-for-graph-auz-def )
by (meson opp.exhaust)

nominal-termination (equt) by lexicographic-order

lemma infer-v-pair2l:

fixes vi:v and woiw

assumes O; B; '+ vy = 71 and O; B; ' F vy = 79

shows 7. ©; B; T' b V-pair vy va = 7 A b-of 7 = B-pair (b-of 11) (b-of 72)
proof —

obtain 2/ and b1 and ¢! and 22 and b2 and ¢2 where zbc: 71 = ({ 21 : b1 | ¢l ) ATo = ({ 22
202 | c2 )

using 7.ezhaust by meson
obtain z::x where atom z f ( v1, v2,0, B,I') using obtain-fresh

by blast
hence atom z § ( v1, v2) A atom z § (O, B,I') using fresh-prodN by metis
hence O; B; ' - V-pair vy vo = { z: [ b-of 71 , b-of T2 |* | CE-val (V-var z) == CE-val (V-pair
v v2) |
using assms infer-v-pairl zbc by metis
moreover obtain 7 where 7 = ({ z : B-pair b1 b2 | CE-val (V-var z) == CE-val (V-pair v1 v2)
I by blast

moreover hence b-of 7 = B-pair (b-of 1) (b-of 72) using b-of .simps zbc by presburger
ultimately show ?thesis using b-of.simps by metis
qed

lemma infer-v-pair2l-zbe:
fixes vi::v and wvgiiv
assumes O; B: '+ vy = 71 and ©; B; T'F vy = 79
shows 3z 7. ©; B; ' b V-pair vi va = 7 A 7 = ({ 2z : B-pair (b-of 71) (b-of 72) | C-eq (CE-val
(V-var z)) (CE-val (V-pair v1 v2)) }) A atom z § (vi,v2) A atom z § T
proof —
obtain 2! and b! and ¢! and 22 and b2 and c¢2 where zbc: 79 = ({{ 21 : b1 | ¢I [}) A 72 = ({ 22
202 | c2 )
using 7.exhaust by meson
obtain z::x where x : atom z  ( vy, v2,1',© , B ) using obtain-fresh
by blast
hence vinf: ©; B; I' = V-pair v1 vy = { z :[ b-of 71 , b-of 721 | CE-val (V-var z) == CE-val
(V-pair v1 va) |
using assms infer-v-pairl by simp
moreover obtain 7 where 7 = ({ z : B-pair b1 b2 | CE-val (V-var z) == CE-val (V-pair v1 vs)
) by blast
moreover have b-of 71 = b1 A b-of 7o = b2 using zbc b-of .simps by auto
ultimately have ©; B; I' b V-pair vy vo = 7 A7 = ({ 2 : B-pair (b-of 71) (b-of 72) | CE-val (V-var
z) == CE-val (V-pair vy va) [}) by auto
thus “thesis using x fresh-prod2 fresh-prod3 by metis
qed
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lemma infer-v-pair2FE:
assumes O; B; I' - V-pair vy vo = 7
shows 371 79 2 . O; B;T'F vy =71 ANO; B;T'F vg = 79 A
7= ({ z: B-pair (b-of 71) (b-of 72) | C-eq (CE-val (V-var z)) (CE-val (V-pair vy v2)) }) A
atom z § (v1, v2)

proof —
obtain z and t7 and ¢2 where
7= ({ z: B-pair (b-of t1) (b-of t2) | CE-val (V-var z) == CE-val (V-pair v1 v2) [}) A

atom z § (v1, v2) A ©; B; Tk v = tI A ©; B; ' vy = t2 using infer-v-elims(3)[OF assms
] by metis
thus ?thesis using b-of.simps by metis
qed

12.7.2 Expressions

lemma infer-e-app2FE:
fixes ¢::® and 0::0
assumes © ; ® ; B, ; A+ AE-app fv=1
shows 3z bcs' 7. wfD © BT A A Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b ¢ 7' s')))
= lookup-fun ® f A Oy @ A
O;B;THv<{z:b |chAT="Tz:2=0]7p AN atomz§ (0, D B T, A v 1)
using infer-e-elims(6)[OF assms] b-of .simps subst-defs by metis

lemma infer-e-appP2F:
fixes ®::® and 0::0
assumes O ; & ; B ;' ; A+ AFE-appP fbv =7
shows Jbvz ba c s’ 7. wfD © BT A A Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ x ba
c1’s’)) = lookup-fun ® f AN O by @A © ;B Fupb A
(©; B; T F v« { z: ba[bv:=blpp | c[bv::=bley ) A (7 = 7[bvi:=b]rp[z::=0]74) A atom z § T A
atom bv v
proof —
obtain bv z ba ¢ s’ 7’ where x:wfD © BT A A Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ
zba c1's’)) = lookup-fun ® f A Oy @A OB Fypb A
(©; B; T F v« { z: ba[bv:=blppy | c[bv:=blep }) A (7 = 7[bvi:=b]rp[z::=0]74) A atom z § T A
atom bv § (0, ®, B, T, A, b, v, 7)
using infer-e-elims(21)[OF assms] subst-defs by metis
moreover then have atom bv § v using fresh-prodN by metis
ultimately show ?thesis by metis
qed

12.8 Weakening

Lemmas showing that typing judgements hold when a context is extended

lemma subtype-weakening:
fixes I'::T
assumes O; B; T'F 71 <72 and toSet T' C toSet ' and © ; B by ¢ T/
shows O; B; Tk 711 <72
using assms proof(nominal-induct T2 avoiding: T/ rule: subtype.strong-induct)

case (subtype-basel © © BT zc z' ¢’ b)
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show ?case proof
show «:0; B; IV k5 { z:b | c |} using wfT-weakening subtype-basel by metis
show ©; B; TV Fyp{ 2" : b | ¢’ | using wfT-weakening subtype-basel by metis
show atom z § (©, B,T', 2z, ¢, z', ¢’) using subtype-basel fresh-Pair by metis
have toSet ((z, b, c[z::=V-var x],) #r T') C toSet ((z, b, c[z::=V-var x,) #r I'') using subtype-basel
toSet.simps by blast
moreover have © ; BF,; (z, b, c[z::=V-var z],) #r I'’ using wfT-wf-cons3[OF *, of x] subtype-basel
fresh-Pair subst-defs by metis
ultimately show ©; B; (z, b, c[z::=V-var z],) #r I'' = ¢'[z":=V-var x|, using valid-weakening
subtype-basel by metis
qed
qed

method many-rules uses add = ( (rule+),((simp add: add)+)?)

lemma infer-v-g-weakening:
fixes e::e and T'::T" and v::v
assumes O; B;T'F v =7 and toSet ' C toSet I and © ; B, I’
shows ©; B;I"Fv=r71
using assms proof(nominal-induct avoiding: T'' rule: infer-v.strong-induct)
case (infer-v-varl © BT b c z' 2)
show ?case proof
show < © ; B F,; I''» using infer-v-varl by auto
show («Some (b, ¢) = lookup T’ z'y using infer-v-varl lookup-weakening by metis
show (atom z # x» using infer-v-varl by auto
show <atom z # (0, B, I'')» using infer-v-varl by auto
qed
next
case (infer-v-litl © BT [ 1)
then show ?Zcase using infer-v.intros by simp
next
case (infer-v-pairl z vl v2 © BT t1t2)
then show ?case using infer-v.intros by simp
next
case (infer-v-consl s dclist © dec tc BT v tv 2)
show ?case proof
show (A F-typedef s dclist € set ©) using infer-v-consl by auto
show «(dc, tc) € set dclisty using infer-v-consl by auto
show < O; B; I'' + v = tv) using infer-v-consl by auto
show <©; B; TV + tv < tc» using infer-v-consl subtype-weakening by auto
show <atom z § v» using infer-v-consl by auto
show <atom z # (O, B, I'')» using infer-v-consl by auto
qed
next
case (infer-v-conspl s bv dclist © dc tc BT vitv b 2)
show ?case proof
show (A F-typedef-poly s bv dclist € set ©» using infer-v-conspl by auto
show «(dc, tc) € set dclisty using infer-v-conspl by auto
show < O; B; I'' + v = tv) using infer-v-conspl by auto
show «O; B; T  tv < te[bv::=b],p> using infer-v-conspl subtype-weakening by auto
show <atom z § (©, B, I'', v, b)) using infer-v-conspl by auto
show <atom bv  (©, B, '/, v, b)) using infer-v-conspl by auto
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show ¢« © ; B Fyf b using infer-v-conspl by auto
qged
qed

lemma check-v-g-weakening:
fixes e::e and T'::T
assumes O; B;T't v < 7 and toSet I' C toSet I''and © ; B -, I’
shows ©; B;I"Fuv<rT
using subtype-weakening infer-v-g-weakening check-v-elims check-v-subtypel assms by metis

lemma infer-e-g-weakening:
fixes e::e and T'::T
assumes O ; @ ; B;T'; AF e= 7 and toSet I' C toSet I''and © ; B t, 5 I’
shows ©;:®; B:T'; At e=>rT
using assms proof(nominal-induct T avoiding: T/ rule: infer-e.strong-induct)
case (infer-e-vall © BT A’ ® v 1)
then show ?case using infer-v-g-weakening wf-weakening infer-e.intros by metis
next

case (infer-e-plusl © BT A & vl z1 ¢l v2 22 2 23)

obtain z2”:xz where z": atom 2’ v1 A atom 2’ v2 A atom 2z’ § T/ using obtain-fresh fresh-prod3 by
metis
moreover hence x:{ z3 : B-int | CE-val (V-var z3) == CE-op Plus [v1]°® [v2]°¢ [} = ({ 2 :
B-int | CE-val (V-var z') == CFE-op Plus [v1]°® [v2]°¢ |})
using infer-e-plusl type-e-eq ce.fresh fresh-e-opp by auto

have © ;®; B;T'; A F AE-op Plus vl v2 = { 2’ : B-int | CE-val (V-var z') == CE-op Plus
[vi]e® [v2]°¢ |} proof

show <« © ; B; T’ F,; A using wf-weakening infer-e-plusl by auto
show ¢« © s ® ) using infer-e-plusl by auto
show « © ; B; T b wl = { 21 : B-int | ¢l |}> using infer-v-g-weakening infer-e-plusl by auto
show « © ; B; TV Fv2 = { 22: B-int | ¢2 > using infer-v-g-weakening infer-e-plusl by auto
show <atom z’' § AE-op Plus vl v2» using z' by auto
show <atom z’' § T')y using z’ by auto

qed

thus “case using * by metis

next

case (infer-e-legl © BT A ® vl 21 ¢l v2 22 ¢2 23)

obtain z":x where z": atom 2" v1 A atom 2’ § v2 A atom 2z’ § T/ using obtain-fresh fresh-prod3 by
metis

moreover hence x:{ 23 : B-bool | CE-val (V-var z3) == CFE-op LEq [v1]°® [v2]°¢ } =({ z":
B-bool | CE-val (V-var z') == CE-op LEq [v1]°® [v2]°¢ |})
using infer-e-leql type-e-eq ce.fresh fresh-e-opp by auto

have © ; & ; B;T'; A F AE-op LEq vl v2 = { z': B-bool | CE-val (V-var z') == CE-op LEq
[v1]ec [v2]°¢ |} proof
show <« © ; B; T’ F,; A using wf-weakening infer-e-leql by auto
show ¢« © I, s ® ) using infer-e-leqgl by auto
show <« ©; B; IV kvl = { 21 : B-int | ¢l |}» using infer-v-g-weakening infer-e-leql by auto
show « ©; B; TV b v2 = { 22: B-int | ¢2 ) using infer-v-g-weakening infer-e-leqgl by auto
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show <atom z' § AE-op LEq vl v2) using z’ by auto
show <atom z’' § Ty using z’ by auto
qed
thus “case using * by metis
next
case (infer-e-eql © BT A ® vl 21 bb ¢l v2 22 c2 23)
obtain z”:z where z": atom 2z’ v1 A atom 2z’ v2 A atom 2z’ § T/ using obtain-fresh fresh-prod3 by
metis

moreover hence x:{ 28 : B-bool | CE-val (V-var 28) == CE-op Eq [v1]°¢ [v2]¢ | = ({ 2':
B-bool | CE-val (V-var z') == CE-op Eq [v1]°® [v2]°¢ |})
using infer-e-eql type-e-eq ce.fresh fresh-e-opp by auto

have © ; & ; B;TV; A F AE-op Eq vl v2 = { 2’ : B-bool | CE-val (V-var z') == CE-op Eq
[vI]e® [v2]°¢ |} proof
show « ©; B; T’ F,; A using wf-weakening infer-e-eql by auto
show « © ks ® ) using infer-e-eql by auto
show « ©; BT Fwl = {z1:0bb | cl |» using infer-v-g-weakening infer-e-eql by auto
show « ©; B;TV Fv2={22:0bb | c2 |» using infer-v-g-weakening infer-e-eqI by auto
show (atom 2z’ § AE-op Eq vl v2) using 2’ by auto
show <atom 2z’ § T'"y using 2z’ by auto
show bb € {B-bool, B-int, B-unit} using infer-e-eqI by auto
qged
thus “case using * by metis
next
case (infer-e-appl @ BT A® fabet s’ vr)
show ?case proof
show ©; B; I,y A using wf-weakening infer-e-appl by auto
show © F,¢ ® using wf-weakening infer-e-appl by auto
show Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ = b ¢ 7’ s’))) = lookup-fun ® f using
wf-weakening infer-e-appl by auto
show ©; B; T/ Fov<{z:b | c| using wfweakening infer-e-appl check-v-g-weakening by auto
show atom z ¢ (©, ®, B, T/, A, v, 7) using wf-weakening infer-e-appl by auto
show 7/[z::=v]|, = 7 using wf-weakening infer-e-appl by auto
qed

next
case (infer-e-appPI © BT A® b’ fovzber' s v 1)

hence *:0 ; & ; B;T'; A+ AE-appP fb' v = 7 using Typing.infer-e-appPI by auto

obtain z’:x where z":atom z’  (s', ¢, 7/, (I'',0,7)) A (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ
zbet's’)) = (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ ' b ((z' < z) - ¢) (2’ < x) - ') ((2’
©z) - s)))

using obtain-fresh-fun-deflof s’ ¢ 7/ (T'',v,7) f z b]
by (metis fun-def.eq-iff fun-typ-q.eq-iff (2))

hence xx: {z:b |c}={z':b |(z'+2)-c|
using fresh-PairD(1) fresh-PairD(2) type-eq-flip by blast

have atom z' § T using z’ infer-e-appPI fresh-weakening fresh-Pair by metis

show ?Zcase proof(rule Typing.infer-e-appPI[where z=z' and bv=>bv and b=b and c=(z' < z) - ¢
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and 7'=(z’ + z) - 7'and s'=((z' + z) - s)])

show <« © ; B; T’ ks A using wf-weakening infer-e-appPI by auto

show « © I, ; ® ) using wf-weakening infer-e-appPI by auto

show © ; Bt b’ using infer-e-appPI by auto

show Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ 2’ b ((z' < z) - ¢) (¢’ < z) - ) ((¢’
< z) - 8))) = lookup-fun ® f using z’ infer-e-appPI by argo

show O; B; T F v < { z’: blbva=b]y | (&' < z) + ¢)[bv::=b"]y |} using *x

T.eq-iff check-v-g-weakening infer-e-appPI.hyps infer-e-appPI.prems(1) infer-e-appPI.prems
subst-defs
subst-tb.simps by metis
show atom z’ § T'' using z’ fresh-prodN by metis

have atom z 4 (v, 7) A atom z' £ (v, 7) using z’ infer-e-fresh|OF x| e.fresh(2) fresh-Pair infer-e-appPI
<atom =’ § Ty e.fresh by metis
moreover then have ((z' < z) - 7)[bv::=b"p = (2’ < z) « (7[bv::=b"]+p) using  subst-b-z-flip
by (metis subst-b-T-def)
ultimately show ((z' < ) - 7))[bv::=bp[z":=0v], = T
using infer-e-appPI subst-tv-flip subst-defs by metis

show atom bv £ (©, ®, B, T/, A, b/, v, 7) using infer-e-appPI fresh-prodN by metis
qed

next

case (infer-e-fstI © BT A ® vz b1 b2 c 2)

obtain z"::x where x*: atom 2’ $ '/ A atom z' § v A atom z' § c using obtain-fresh-z fresh-Pair by
metis
hence #x:{ z : bl | CE-vwal (V-var z) == CE-fst [v]°® } = {2z’ : b1 | CE-val (V-var z’) ==
CE-fst [v]°® |}
using type-e-eq infer-e-fstl v.fresh e.fresh ce.fresh obtain-fresh-z fresh-Pair by metis

have © ; & ; B; ;A F AE-fstv={ 2': bl | CE-val (V-var z') == CE-fst [v]°® [} proof
show < © ; B; T’ F,; A using wf-weakening infer-e-fstI by auto
show « © I, r ®) using wf-weakening infer-e-fstI by auto
show © ; B; TV Fv={2": B-pair b1 b2 | c |} using infer-v-g-weakening infer-e-fstI by metis
show atom 2’ § AE-fst v using * ** e.supp by auto
show atom 2z’ § '’ using * by auto

qed

thus ?case using x ** by metis

next
case (infer-e-sndl © BT A ® vz" bl b2 c 2)

obtain z":x where *: atom 2z’ $ '/ A atom 2z’ § v A atom 2z’ ¢ using obtain-fresh-z fresh-Pair by
metis
hence #+:{ z : b2 | CE-val (V-var z) == CE-snd [v]°® |} = { 2': b2 | CE-val (V-var z') ==
CE-snd [v]°¢ |}
using type-e-eq infer-e-sndl e.fresh ce.fresh obtain-fresh-z fresh-Pair by metis

have © ; & ; B;T'; A F AE-sndv = { z': b2 | CE-val (V-var z") == CE-snd [v]°® |} proof
show <« © ; B ;I k.5 A using wf-weakening infer-e-sndl by auto
show « © I ® ) using wf-weakening infer-e-sndl by auto
show © ; B; T/ Fv={2": B-pair bl b2 | c || using infer-v-g-weakening infer-e-sndl by
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metis
show atom 2z’ AE-snd v using % e.supp by auto
show atom 2z’ § '’ using * by auto
qed
thus “case using xx by metis
next
case (infer-e-lenl © BT A ® v z" ¢ 2)

obtain z"::z where *: atom 2z’ £ T/ A atom 2z’ § v A atom 2’ § ¢ using obtain-fresh-z fresh-Pair by
metis
hence #x:{ z : B-int | CE-val (V-var z) == CE-len [v]°® } = { 2z’ : B-int | CE-val (V-var z’)
== CE-len [v]°*¢ |}
using type-e-eq infer-e-lenl e.fresh ce.fresh obtain-fresh-z fresh-Pair by metis

have © ; & ; B;T'V; A + AE-len v = { z': B-int | CE-val (V-var z’) == CE-len [v]°® |} proof
show « ©; B; I'' -, A » using wf-weakening infer-e-lenl by auto
show « © k. r ® ) using wf-weakening infer-e-lenl by auto
show O ; B; Ttk v={z": B-bitvec | ¢ |} using infer-v-g-weakening infer-e-len] by metis
show atom 2z’ AE-len v using * e.supp by auto
show atom 2’ § '/ using * by auto
qed
thus “case using * *x by metis
next
case (infer-e-mvarl © T & A u )
then show ?Zcase using wf-weakening infer-e.intros by metis
next
case (infer-e-concatl © BT A ® vl z1 ¢l v2 22 2 23)

obtain z”::x where x: atom 2’ T/ A atom 2z’ § v1 A atom z'§ v2 using obtain-fresh-z fresh-Pair by
metis
hence xx:{ 23 : B-bitvec | CE-val (V-var z8) == CE-concat [v1]°¢ [v2]¢ | = { z’: B-bitvec |
CE-val (V-var z") == CE-concat [v1]¢ [v2]°¢ |}
using type-e-eq infer-e-concatl e.fresh ce.fresh obtain-fresh-z fresh-Pair by metis

have © ; & ; B;T'; A + AE-concat vl v2 = { z': B-bitvec | CE-val (V-var z') == CE-concat
[vI]e€ [v2]¢¢ |} proof
show « ©; B; T'' -,y A » using wf-weakening infer-e-concatl by auto
show « © Ik, ®» using wf-weakening infer-e-concatl by auto
show © ; B;T'F vl = { z1 : B-bitvec | ¢l |} using infer-v-g-weakening infer-e-concatl by
metis
show © ; B;T'F v2 = { 22 : B-bitvec | c¢2 |} using infer-v-g-weakening infer-e-concatl by
metis
show atom 2z’ § AE-concat vl v2 using * e.supp by auto
show atom 2z’ # '’ using * by auto
qed
thus ?case using x **x by metis
next
case (infer-e-splitl © BT A ® vl z1 cl v2 22 23)
show ?case proof
show ©; B; I'' b,y A using infer-e-split] wf-weakening by auto
show © k¢ ® using infer-e-split] wf-weakening by auto
show O; B; T+ vl = { 21 : B-bitvec | ¢l | using infer-v-g-weakening infer-e-split] by metis
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show ©; B; T/ Fv2 < {22 : B-int | [leq [[ L-num 0]V ]°¢ [[ 22 ] ] ] == [][ L-true ]V ]°¢
AND [leq [[22 ] ] [| [ vl ] |]*° |*¢ == [[ L-true ]" ]** |
using check-v-g-weakening infer-e-splitl by metis

show atom z1 § AFE-split vl v2 using infer-e-splitl by auto

show atom z1 § I'’ using infer-e-split] by auto

show atom 22 § AFE-split vl v2 using infer-e-splitl by auto

show atom 22 # '’ using infer-e-split] by auto

show atom 28 § AFE-split vl v2 using infer-e-splitl by auto

show atom 23 § T'' using infer-c-split] by auto

qed
qed

Special cases proved explicitly, other cases at the end with method +

lemma infer-e-d-weakening:
fixes e::e
assumes O ; @ ;B ;T ; A+ e= 7and setD A C setD A’ and wfD © BT A’
shows ©;®; B;T;A'te=r1
using assms by (nominal-induct T avoiding: A’ rule: infer-e.strong-induct,auto simp add:infer-e.intros)

lemma wfG-z-fresh-in-v-simple:
fixes z::x and v 1 v
assumes O; B; ' - v = 7 and atom x § T’
shows atom = § v
using wfV-z-fresh infer-v-wf assms by metis

lemma check-s-g-weakening:
fixes v::v and s::s and cs::branch-s and z::x and c::c and b::b and T'::T" and ©::0 and css::branch-list
shows check-s © ® BT As t = toSet I' C toSet ' = O ; Bty I'' = check-s © ® BT’ A
s t and
check-branch-s © ® BT A tid cons const v cs t => toSet I' C toSet I'' = O ; Bl I =
check-branch-s © ® B T'" A tid cons const v ¢s t and
check-branch-list © ® BT A tid dclist v css t => toSet I' C toSet I'' = © ; Bty IV =
check-branch-list © ® BT A tid dclist v css t
proof (nominal-induct t and t and t avoiding: T rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-vall © BT A’ ® v 7' 7)
then show ?case using Typing.check-vall infer-v-g-weakening wf-weakening subtype-weakening by
metis
next
case (check-letlx © ® BT A et z5bc)
hence zf:atom z § I’ by metis
show ?case proof
show atom z £ (O, ®, B, T/, A, e, 7) using check-let] using fresh-prodj zf by metis
show © ; & ; B;T'; A Fe={z2:0b | c| using infer-e-g-weakening check-letI by metis
show atom z § (z, ©, &, B, T/, A, e, 7, s)
by (unfold fresh-prodN ,auto simp add: check-let] fresh-prodN)
have toSet ((z, b, c[z:=V-var z],) #r T') C toSet ((z, b, c[z::=V-var z|,) #r ') using check-let]
toSet.simps
by (metis Un-commaute Un-empty-right Un-insert-right insert-mono)
moreover hence © ; B 5 ((z, b, c[z==V-var z|,) #r I'') using check-let] wfG-cons-weakening
check-s-wf by metis
ultimately show © ; & ; B ; (z, b, c[z::=V-var z],) #r T''; A + s < 7 using check-let] by metis
qged
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next
case (check-let2l © © ® B G A t sl 7 s2)
show ?case proof
show atom z 4 (©, ®, B, T/, A, t, s, T) using check-let2] using fresh-prodj by auto
show © ; & ; B;T''; A F sl < t using check-let2] by metis
have toSet ((z, b-of t, c-of t x) #r G) C toSet ((z, b-of t, c-of t x ) #r T'') using check-let2] by
auto
moreover hence © ; Bk, ((z, b-of t, c-of t z) #r I'') using check-let2] wfG-cons-weakening
check-s-wf by metis
ultimately show © ; & ; B ; (z, b-of t, c-of t ) #r '’ ; A + s2 < 7 using check-let2] by metis
qed
next
case (check-branch-list-consI © ® BT A tid dclist’ v ¢s T css dclist)
thus ?case using Typing.check-branch-list-consl by metis
next
case (check-branch-list-finall © ® B T A tid dclist’ v cs T dclist)
thus “case using Typing.check-branch-list-finall by metis
next
case (check-branch-s-branchl © BT A T const x ® tid cons v s)
show ?case proof
show ©; B; I'' -,y A using wf-weakening2(6) check-branch-s-branchl by metis
show -,y © using check-branch-s-branchl by auto
show ©; B; "' F, s 7 using check-branch-s-branchl wfT-weakening <wfG © B T by presburger

show © ; {||} ; GNil -, const using check-branch-s-branchl by auto
show atom z ¢ (©, ®, B, T/, A, tid, cons, const, v, T) using check-branch-s-branchl by auto

have toSet ((z, b-of const, CE-val v == CFE-val(V-cons tid cons (V-var z)) AND c-of const x)
#r T') C toSet ((z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var x)) AND c-of const x)
4 T)

using check-branch-s-branchl by auto
moreover hence © ; B F,f ((z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var z))

AND c-of const x ) #r T')
using check-branch-s-branchl wfG-cons-weakening check-s-wf by metis
ultimately show © ; @ ; B ; (z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var x))
AND c-of constx ) #r TV; A Fs< 71
using check-branch-s-branchl using fresh-dom-free by auto
qed
next
case (check-ifl z© ® BT A v sl s2 1)
show ?case proof
show <atom z £ (0, ®, B, T, A, v, s, s2, 7)) using fresh-prodN check-ifl by auto
show «©; B; T/ + v < { z: B-bool | TRUE |> using check-v-g-weakening check-ifl by auto

show «© ;@ ; B;TV; A ksl «{z:bof 7 | CB-valv == CE-val (V-lit L-true) IMP c-of
T z | using check-ifl by auto
show «© ;& ; B;T"; A Fs2<{z:bof 7 | CEBwvalv == CE-val (V-lit L-false) IMP c-of
7 z [}y using check-ifl by auto
qed
next

case (check-while]l A G P sl z s2 77)
then show ?case using check-s-check-branch-s-check-branch-list.intros check-v-g-weakening subtype-weakening
wf-weakening
by (meson infer-v-g-weakening)
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next
case (check-seqI A G P sl zs2 T)
then show ?case using check-s-check-branch-s-check-branch-list.intros check-v-g-weakening subtype-weakening
wf-weakening
by (meson infer-v-g-weakening)
next
case (check-varl u ® ® BT A 1" v 1 s)
thus ?case using check-v-g-weakening check-s-check-branch-s-check-branch-list.intros by auto
next
case (check-assign] © ® BT A w7t vz71’)
show ?case proof
show © k¢ ® » using check-assignl by auto
show «©; B; T''F,; A using check-assign wf-weakening by auto
show «(u, 7) € setD A using check-assignl by auto
show (©; B; I'' + v < 1) using check-assignl check-v-g-weakening by auto
show «©; B; T/ + { z: B-unit | TRUE | < 7/ using subtype-weakening check-assignl by auto
ged
next
case (check-casel AT © dclist cs T tid v z)

then show ?case using check-s-check-branch-s-check-branch-list.intros check-v-g-weakening subtype-weakening
wf-weakening
by (meson infer-v-g-weakening)
next
case (check-assertl x ©@ ® BT A ¢ 7 s)
show ?case proof
show <atom z § (©, ®, B, T/, A, ¢, 7, s)> using check-assert] by auto

have © ;B F,; (z, B-bool, ¢) #r I using check-assertl check-s-wf by metis

hence *: © ; B 5 (z, B-bool, c) #r I'' using wfG-cons-weakening check-assert] by metis

moreover have toSet ((z, B-bool, ¢) #r T') C toSet ((x, B-bool, ¢) #r I'') using check-assert] by
auto

thus <O ; ®; B; (z, B-bool, ¢) #r ' ; A + s < 7> using check-assertI(11) [OF - ] by auto

show ©; B; I'' | ¢ » using check-assert] valid-weakening by metis
show « ©; B; I'' -, A » using check-assert] wf-weakening by metis
qed
qed

lemma wfG-za-fresh-in-v:
fixes c::c and I'::T" and G::I' and v::v and za::z
assumes O; B; I' - v = 7 and G=(T'Q (=, b, ¢[z::=V-var z],) #r I') and atom za § G and © ; B
Fof G
shows atom za § v
proof —
have O; B; I' b5 v : b-of T using infer-v-wf assms by metis
hence supp v C atom-dom T' U supp B using wfV-supp by simp
moreover have atom za ¢ atom-dom G
using assms wfG-atoms-supp-eq|OF assms(4)] fresh-def by metis
ultimately show ?thesis using fresh-def
using assms infer-v-wf wfG-atoms-supp-eq

fresh-GCons  fresh-append-g subsetCE
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by (metis wfG-a-fresh-in-v-simple)
qed

lemma fresh-z-subst-g:
fixes G::T’
assumes atom z' t (z,v) and <atom z’' § G»
shows atom z' § G[z::=v|p,
proof —
have atom 2’ { v using assms fresh-prod2 by auto
thus ?thesis using fresh-subst-gv assms by metis
qed

lemma wfG-za-fresh-in-subst-v:
fixes c::c and v::v and z::z and I'::I' and G:I" and za::x
assumes O; B; ' - v = 7 and G=(T'Q (=, b, ¢[z::=V-var z],) #r I') and atom za § G and © ; B
Fur G
shows atom za t (subst-gv G z v)
proof —
have atom za § v using wfG-zra-fresh-in-v assms by metis
thus ?thesis using fresh-subst-gv assms by metis
qed

12.8.1 Weakening Immutable Variable Context

declare check-s-check-branch-s-check-branch-list.intros|simp]
declare check-s-check-branch-s-check-branch-list.intros[intro]

lemma check-s-d-weakening:
fixes s::s and v::v and cs::branch-s and css::branch-list
shows ©;:®;B;T";Ars<7= setDACsetDA’=— wfD OBT A'=— 0 ;d;B;T;
A’k s < 7 and
check-branch-s © ® BT A tid cons const v cs T = setD A C setD A' = wfD 0 BT A' =
check-branch-s © ® BT A’ tid cons const v ¢s T and
check-branch-list © ® B T' A tid dclist v css 1 = setD A C setD A’ = wfD 0 BT A/ =
check-branch-list © ® BT A’ tid dclist v css T
proof (nominal-induct T and 7 and 7 avoiding: A’ arbitrary: v rule: check-s-check-branch-s-check-branch-list.strong-indt
case (check-vall © BT A ® v 7' 7)
then show ?Zcase using check-s-check-branch-s-check-branch-list.intros by blast
next
case (check-letlz © @ BT A et zsbc)
show ?case proof
show atom z £ (0, ®, B, T, A’ e, 7) using check-let] by auto
show atom z § (z, ©, ®, B, T, A’, e, 7, s) using check-let] by auto
show © ;9 ;:B;T ;A Fe={z:b | c| using check-letl infer-e-d-weakening by auto
have O ; By (2, b, c[z::=V-var z],) #r I' using check-let] check-s-wf by metis
moreover have O; B; I' b,y A’ using check-let] check-s-wf by metis
ultimately have O; B; (z, b, c[z::=V-var z],) #r ' by A’ using wf-weakening2(6) toSet.simps
by fast
thus © ;@ ; B; (z, b, c[z:=V-var z|,) #r [ ; A’ + s < 7 using check-let] by simp

qed
next
case (check-branch-s-branchl © BT A 1 const x ® tid cons v )
moreover have © ;B &, (z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var z)) AND
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c-of const x ) #r T
using check-s-wf[OF check-branch-s-branchI(16) | by metis
moreover hence O ;B ; (z, b-of const, CE-val v == CFE-val (V-cons tid cons (V-var z)) AND
c-of const x ) #r I by A/
using wf-weakening2(6) check-branch-s-branchl by fastforce
ultimately show ?case
using check-s-check-branch-s-check-branch-list.intros by simp
next
case (check-branch-list-consI © ® BT A tid dclist v ¢s T css)
then show ?Zcase using check-s-check-branch-s-check-branch-list.intros by meson
next
case (check-branch-list-finall © ® BT A tid dclist v cs T)
then show ?case using check-s-check-branch-s-check-branch-list.intros by meson
next
case (check-ifl z© ® BT A vsls2T)
show ?case proof
show <atom z # (0, ®, B, T', A, v, s1, s2, 7)) using fresh-prodN check-ifl by auto
show «0; B; T' + v < { z: B-bool | TRUE }}» using check-ifl by auto

show «© ;@ ;B;T; A’ Fst < {z:bof 7 | CEBvalv == CE-val (V-lit L-true) IMP c-of
7 z | using check-ifl by auto
show «© ;0 ; B;T ;A Fs2<{z:bof 7 | CEBwalv == CE-val (V-lit L-false) IMP c-of
T z | using check-ifl by auto
qged
next

case (check-assertl x ©@ ® BT A ¢ 7 s)
show ?case proof
show atom z § (©, ®, B, T', A’, ¢, 7,s) using fresh-prodN check-assert] by auto
show x: ©; B; 'k, A’ using check-assert] by auto
hence ©; B; (z, B-bool, ¢) #r I' k5 A’ using wf-weakening2(6)[OF *, of (z, B-bool, ¢) #r T
check-assertl check-s-wf toSet.simps by auto
thus © ;@ ; B; (z, B-bool, ¢) #r T ; A’ Fs< 1
using check-assertI (11)[OF <setD A C setD A"] by simp

show ©; B; I' | ¢ using fresh-prodN check-assertl by auto

qed
next
case (check-let2l © © ® B G A t s1 T s2)
show ?case proof
show atom z £ (0, ®, B, G, A', t , s1, 7) using check-let2] by auto

show © ; @ ; B; G; A’ I s1 < t using check-let2I infer-e-d-weakening by auto
have ©; B; (z, b-of t, c-of t © ) #r G Fyy A’ using check-let2] wf-weakening2(6) check-s-wf by
fastforce
thus © ;@ ; B; (z, b-of t, c-of t z) #r G ; A’ + s2 < 7 using check-let2] by simp
qed
next
case (check-varl u® ® BT A1’ v 1 s)
show ?case proof
show atom u §f (©, ®, B, ', A’, 7/, v, 7) using check-varl by auto
show ©; B; T' + v < 7/ using check-varl by auto
have setD ((u, 7') #aA) C setD ((u, 7’) #aA’) using setD.simps check-varl by auto
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moreover have u ¢ fst ¢ setD A’ using check-varl(1) setD.simps fresh-DCons by (simp add:
fresh-d-not-in)
moreover hence ©; B; I' -, (u, 7') #AA’ using wfD-cons fresh-DCons setD.simps check-varl
check-v-wf by metis
ultimately show O ; ®; B ;T ; (u, 7') #AA’ F s < 7 using check-varl by auto
qed
next
case (check-assign] © ® BT A ut vz 1)
moreover hence (u, 7) € setD A’ by auto
ultimately show ?case using Typing.check-assignl by simp
next
case (check-whilel © ® BT A sl zs2 1)
then show ?case using check-s-check-branch-s-check-branch-list.intros by meson
next
case (check-seql © ® BT A sl zs2 1)
then show ?Zcase using check-s-check-branch-s-check-branch-list.intros by meson
next
case (check-casel © ® BT A tid dclist v ¢s T 2)
then show ?Zcase using check-s-check-branch-s-check-branch-list.intros by meson

qed

lemma valid-ce-eq:

fixes v::v and ce2::ce

assumes cel = ce2[r:=]¢e, and wfV © B GNilv b and wfCE © B ((z, b, TRUE) #r GNil)
ce2 b’ and wfCE © B GNil cel b’

shows <©; B; (z, b, ([[x ]"]°® == [v]°®)) #r GNil = cel == ce2>
unfolding valid.simps proof
have wfg: © ; B Fyuy (z, 0, [[z ]V ] == [v]°®) #r GNil

using wfG-cons1l wfG-nill wfX-wfY assms wf-intros
by (meson fresh-GNil wfC-e-eq wfG-intros2)

show wf: «©; B; (z, b, [[z ]V ]°® == [v]°®) #r GNil Fyuy cel == ce2 »
apply (rule wfC-eql[where b=b"])
using wfg toSet.simps assms wfCE-weakening apply simp

using wfg assms wf-replace-inside1(8) assms
using wfC-truel wf-trans(8) by auto

show Vi. (©; (z, b, [[z]"]°¢ == [v])#r GNilF i) AN (iE(z, b [[z]" ] == [v]*)
#r GNil) —
o (i = (cel == ce2)))> proof(rule+,goal-cases)
assume as:0 ; (z, b, [[2]V]°¢ == [v]®)#r GNiltFiN (= (2, b [[z]V]° == [v]*)
#r GNil
have 1:wfV © B ((z, b, [[z]"]°® == [v]®®) #r GNil) vd

using wf-weakening assms append-g.simps toSet.simps wf wfX-wfY
by (metis empty-subsetl)

hence 3s. i [ v] ~ s using eval-v-exist[OF - 1] as by auto

then obtain s where w:i[ v ] ™~ s ..

hence iz:i x = Some s proof —
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have i = [ [z ]V ]°® == [ v ]°® using is-satis-g.simps as by auto
hence i [ [[z ]V ]°® == [v]°®] "~ True using is-satis.simps by auto
hence i [ [[z]"]°] "~ s using
v eval-e-elims
by (metis eval-c-elims(7) eval-e-uniqueness eval-e-vall)
thus ?thesis using eval-v-elims(2) eval-e-elims(1) by metis
qed

have 1:wfCE © B ((z, b, [[z ]V ]® == [v]°®) #r GNil) cel b’
using wfCE-weakening assms append-g.simps toSet.simps wf wfX-wfY
by (metis empty-subsetl)

hence 3s1. ¢ [ cel |~ s1 using eval-e-exist assms as by auto

then obtain s! where s1: i[cel] ™ sI ..

moreover have i ce2 | ~ sI proof —

have i[ ce2[z:=0]ccy | ~ s1 using assms sI by auto
moreover have cel = ce2[z::=v].c, using subst-v-ce-def assms subst-v-simple-commute by auto
ultimately have i(z +— s) [ ce2 | ~ s1
using iz subst-e-eval-v]of i cel sl ce2[z:=[ x |"], z v s] v sI by auto

moreover have i(z — s) = ¢ using iz by auto
ultimately show ?Zthesis by auto

qed

ultimately show ¢ [ cel == ce2 | ~ True using eval-c-eql by metis

qed
qed

lemma check-v-top:
fixes v::v
assumes O; B; GNil - v < 7 and cel = ce2[z:=0|cc, and O; B; GNil Fy5 { z: b-of T | cel
== ce2 |
and supp cel C supp B
shows ©; B; GNil Fv<{ z:b-of T | cel == ce2 |
proof —
obtain t where ¢: ©; B; GNil Fv=tAN©O;B; GNil -t
using assms check-v-elims by metis

then obtain 2z’ and b’ where it = { z/: 0" | [[2']"]® == [v]*® |} A atom z' § v A atom 2" §
(0, B,GNil)
using assms infer-v-form by metis
have beq: b-of t = b-of T using subtype-eq-base2 b-of .simps t by auto
obtain z::x where zf: <atom z £ (©, B, GNil, 2/, [ [ 2" |V ]°¢ == [v]*®, z, cel == ce2 )»
using obtain-fresh by metis

have ©; B; (z, b-of 7, TRUE) #r GNil Fyy (cellzu=[z]"], == ce2lzu=[z]"],)
using wfT-wfC2[OF assms(8), of x] subst-cv.simps(6) subst-v-c-def subst-v-ce-def fresh-GNil by
stmp

then obtain b2 where b2: O; B; (z, b-of t, TRUE) #r GNil by cel[z:=[ 2 ]"], : b2 A

©; B; (z, b-of t, TRUE) #r GNil by 5 ce2lzi=[ z |"], : b2 using wfC-elims(8)
beq by metis
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from zf have ©; B; GNil + { z’': b-of t |[[2']V]® == [v]®® } < {z:b-oft | cel == ce2 |}
proof

show <« ©; B; GNil ‘5 { 2" :b-0of t |[[2']V]°° == [v]°® [ > using b-of.simps assms infer-v-wf
t x by auto

show « ©; B; GNil 5 { z: b-of t | cel == ce2 [} » using beq assms by auto

have ©; B; (z, b-of t, ([[z ]V ]°® == [©v]°®)) #r GNil = (cellzi:=][z "], == ce2[zz=[2]"]y

)

proof (rule valid-ce-eq)

show «cel[z:=[ z |"], = ce2[z:=[ z ]"]y[2::=0]cer’ proof —
have atom z § cel using assms fresh-def z-not-in-b-set by fast
hence cel[z:=[ z |"], = cel
using forget-subst-v by auto
also have ... = ce2[z::=v]ce, using assms by auto
also have ... = ce2[z:=[ z |"]y[2::=0]cer proof —

have atom x § ce2 using zf fresh-prodN c.fresh by metis
thus ?thesis using subst-v-simple-commute subst-v-ce-def by simp
qged
finally show ?thesis by auto
qed
show « ©; B; GNil b5 v : b-of t » using infer-v-wf ¢t by simp
show <« ©; B; (z, b-of t, TRUE) #r GNil -5 ce2[z:=[ z ||, : b2 » using b2 by auto

have O; B; (z, b-of t, TRUE) #r GNil b5 cel[z:=[ z |"], : b2 using b2 by auto
moreover have atom z § cel[z:=[ z ]Y],
using fresh-subst-v-if assms fresh-def
using «O; B; GNil 5 v : b-of t» <cel[zi=[ z "], = ce2[zi=[ z |"]y[z::=0]cer>
fresh-GNil subst-v-ce-def wfV-z-fresh by auto
ultimately show ¢ ©; B; GNil b, cellz:=[ z ]"], : b2 > using
wf-restrict(8) by force
qed
moreover have v: v[z:=[ 2 "]y, = v
using forget-subst assms infer-v-wf wfV-supp z-not-in-b-set
by (simp add: local.x)
ultimately show ©; B; (z, b-of t, ([[ 2]V ]°¢ == [v ] )[z==[z ]"],) #r GNil |= (cel ==
ce2 Vz:=[ z "]y
unfolding subst-cv.simps subst-v-c-def subst-cev.simps subst-vv.simps
using subst-v-ce-def by simp
qed
thus ?thesis using b-of .simps assms x check-v-subtypel t b-of .simps subtype-eq-base2 by metis
qed

end

declare freshers[simp del]
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Chapter 13

Context Subtyping Lemmas

Lemmas allowing us to replace the type of a variable in the context with a subtype and have
the judgement remain valid. Also known as narrowing.

13.1 Replace or exchange type of variable in a context

Because the G-context is extended by the statements like let, we will need a generalised substitu-
tion lemma for statements. For this we setup a function that replaces in G (rig) for a particular
x the constraint for it. We also define a well-formedness relation for RIGs that ensures that
each new constraint implies the old one

nominal-function replace-in-g-many :: T' = (axc) list = T' where
replace-in-g-many G xcs = List.foldr (A(z,¢) G. Gz — c]) zcs G
by (auto,simp add: equt-def replace-in-g-many-graph-auz-def)

nominal-termination (equt) by lexicographic-order

inductive replace-in-g-subtyped :: © = B = ' = (axc) list = T' = bool (< - ; - F - (-) ~
[100,50,50] 50) where
replace-in-g-subtyped-nill: ©; BE G ([ ) ~ G
| replace-in-g-subtyped-consl: |
Some (b,¢’) = lookup G x ;
0; B; G Fuy c;
O; B; Gla—c] E ¢’;
O; BF Gla—c] (zes ) ~ Gy x & fst “set zes | =
0; BE G { (z,0)#xcs ) ~ G’
equivariance replace-in-g-subtyped
nominal-inductive replace-in-g-subtyped .

inductive-cases replace-in-g-subtyped-elims|elim!]:
& BFG([)~ G
0; BE ((z,b,0)#rT G) ( acs ) ~ ((z,b,c)#rG’)
©; BE G’ ( (z,0)# acs ) ~ G

lemma rigs-atom-dom-eq:
assumes O; B+ G ( zes ) ~ G’
shows atom-dom G = atom-dom G’
using assms proof (induct rule: replace-in-g-subtyped.induct)
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case (replace-in-g-subtyped-nill Q)

then show ?Zcase by simp
next

case (replace-in-g-subtyped-consI b ¢’ G x © B ¢ zcs G)

then show ?Zcase using rig-dom-eq atom-dom.simps dom.simps by simp
qed

lemma replace-in-g-wfG:
assumes 0; BF G (zcs ) ~ G'and wfG © B G
shows wfG © B G’
using assms proof (induct rule: replace-in-g-subtyped.induct)
case (replace-in-g-subtyped-nill © G)
then show ?case by auto
next
case (replace-in-g-subtyped-consI b ¢’ G x © ¢ zcs G)
then show ?Zcase using valid-g-wf by auto
qed

lemma wfD-rig-single:
fixes A::A and z::z and c::c and G::T
assumes O; B; G F,y A and wfG © B (G[z—¢])
shows ©; B; Glz—c] Fuf A
proof(cases atom z € atom-dom Q)
case Fulse
hence (G[z—c]) = G using assms replace-in-g-forget wfX-wfY by metis
then show ?thesis using assms by auto
next
case True
then obtain G1 G2 b ¢’ where x: G=G1Q(z,b,c’)#r G2 using split-G by fastforce
hence *x: (G[z—c]) = G1Q(xz,b,c)#r G2 using replace-in-g-inside wfD-wf assms wfD-wf by metis

hence wfG © B ((z,b,c)#r G2) using wfG-suffiz assms by auto
hence O; B; (z, b, TRUE) #r G2 bk c using wfG-elim2 by auto

thus ?thesis using wf-replace-insidel assms * *x
by (simp add: wf-replace-inside2(6))
qed

lemma wfD-rig:

assumes O; BF G (xcs ) ~» G'and wfD © B G A

shows wfD © B G' A

using assms proof (induct rule: replace-in-g-subtyped.induct)

case (replace-in-g-subtyped-nill © G)

then show ?case by auto
next

case (replace-in-g-subtyped-consI b ¢’ G = © ¢ zcs G)

then show ?case using wfD-rig-single valid.simps wfC-wf by auto
qed

lemma replace-in-g-fresh:

fixes z::x

assumes O; BFT (zcs) ~ I'"and wfG © BT and wfG © BT and atom z § T
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shows atom z § T’
using wfG-dom-supp assms fresh-def rigs-atom-dom-eq by metis

lemma replace-in-g-freshl:
fixes z::z
assumes O; BT (zcs) ~ T and wfG © BT and atom z § T
shows atom z § T’
proof —
have wfG © B T using replace-in-g-wfG assms by auto
thus “thesis using assms replace-in-g-fresh by metis
qed

Wellscoping for an eXchange list

inductive wsX:: T' = (axc) list = bool where
wsX-Nill: wsX G |]
| wsX-ConsI: [ wsX G zcs ; atom © € atom-dom G ; x ¢ fst ‘ set xzcs | = wsX G ((z,c)#xcs)
equivariance wsX
nominal-inductive wsX .

lemma wsX-if1:
assumes wsX G xcs
shows (( atom ‘ fst ‘ set xcs) C atom-dom G) A List.distinct (List.map fst xcs)
using assms by (induct rule: wsX.induct,force+ )

lemma wsX-if2:
assumes (( atom ‘ fst ¢ set zcs) C atom-dom G) A List.distinct (List.map fst zcs)
shows wsX G zcs
using assms proof (induct zcs)
case Nil
then show ?case using wsX-Nill by fast
next
case (Cons a xcs)
then obtain z and ¢ where zc: a=(z,c) by force
have wsX G zcs proof —
have distinct (map fst zcs) using Cons by force
moreover have atom ‘ fst ¢ set xzcs C atom-dom G using Cons by simp
ultimately show %thesis using Cons by fast
qed
moreover have atom z € atom-dom G using Cons xc
by simp
moreover have z ¢ fst ‘ set zcs using Cons zc
by simp
ultimately show ?case using wsX-Consl zc by blast
qed

lemma wsX-iff:
wsX G zes = ((( atom * fst ¢ set xzcs) C atom-dom G) A List.distinct (List.map fst xcs))
using wsX-ifl wsX-if2 by meson

inductive-cases wsX-elims[elim!]:

wsX G []
wsX G ((z,c)#xcs)
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lemma wsX-cons:
assumes wsX I' zcs and z ¢ fst ‘ set xzcs
shows wsX ((z, b, c1) #r I') ((z, c2) # xcs)
using assms proof (induct I")
case GNil
then show ?case using atom-dom.simps wsX-iff by auto
next
case (GCons zbc T)
obtain z’ and b’ and ¢’ where zbc: zbc = (z,b’,c’) using prod-cases3 by blast
then have atom ‘ fst ‘ set xcs C atom-dom (xzbc #r T') A distinct (map fst zcs)
using G Cons.prems(1) wsX-iff by blast
then have wsX ((z, b, c¢1) #r zbc #r T') zcs
by (simp add: Un-commute subset-Un-eq wsX-if2)
then show ?Zcase by (simp add: GCons.prems(2) wsX-Consl)
qed

lemma wsX-cons2:
assumes wsX I' zcs and z ¢ fst ‘ set xzcs
shows wsX ((z, b, c1) #r I') zcs
using assms proof (induct I")
case GNil
then show ?case using atom-dom.simps wsX-iff by auto
next
case (GCons zbc T)
obtain z’ and b’ and ¢’ where zbc: zbc = (z,b’,c’) using prod-cases3 by blast
then have atom ‘ fst ‘ set xzcs C atom-dom (xzbc #r T') A distinct (map fst zcs)
using GCons.prems(1) wsX-iff by blast then show Zcase by (simp add: Un-commute subset-Un-eq
wsX-if2)
qed

lemma wsX-cons3:
assumes wsX I' zcs
shows wsX ((z, b, c1) #r I') xcs
using assms proof (induct T")
case GNil
then show ?Zcase using atom-dom.simps wsX-iff by auto
next
case (GCons xzbc T)
obtain z’ and b’ and ¢’ where zbc: zbc = (2',b’,¢’) using prod-cases3 by blast
then have atom ‘ fst ‘ set xcs C atom-dom (zbc #r T') A distinct (map fst zcs)
using GCons.prems(1) wsX-iff by blast then show Zcase by (simp add: Un-commute subset-Un-eq
wsX-if2)
qed

lemma wsX-fresh:
assumes wsX G zcs and atom z § G and wfG © B G
shows = ¢ fst ‘ set xcs
proof —
have atom z ¢ atom-dom G using assms
using fresh-def wfG-dom-supp by auto
thus ?thesis using wsX-iff assms by blast
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qed

lemma replace-in-g-dist:

assumes 1’ # 1

shows replace-in-g ((z, b,c) #r G) 2’ ¢"" = ((z, b,c) #r (replace-in-g G x’ ¢'’)) using replace-in-g.simps
assms by presburger

lemma wfG-replace-inside-rig:
fixes c'"::c
assumes ©; B b5 Glzh—c") ©; By (2, b, ¢) #r G
shows ©; B ¢ (z, b, ¢) #r Glz'—c"]]

proof (rule wfG-consl)

have wfG © B G using wfG-cons assms by auto

show %:0; Bty Glz'——¢'] using assms by auto
show atom z § G[z'—c"] using replace-in-g-fresh-single|OF x| assms wfG-elims assms by metis
show *x:0; B k¢ b using wfG-elim2 assms by auto
show ©; B; (r, b, TRUE) #r Glz'—c"] Fyuy c
proof (cases atom ¢’ ¢ atom-dom G)
case True
hence G = Gz "] using replace-in-g-forget <wfG © B G» by auto
thus ?thesis using assms wfG-wfC by auto
next
case Fulse
then obtain GI1 G2 b’ ¢’ where xx:G=G1Q(z',b’,c")#r G2
using split-G by fastforce
hence xxx: (Glz'—c"]) = G1Q(z",b',¢")#1r G2
using replace-in-g-inside <wfG © B G » by metis
hence ©; B; (z, b, TRUE) #r G1Q(z',b',c")#1r G2 k¢ ¢ using * s assms wfG-wfC by auto
hence ©; B; (z, b, TRUE) #r G1Q(z',b',c")#r G2 ty 5 ¢ using * s« wf-replace-inside assms
by (metis xx append-g.simps(2) wfG-elim2 wfG-suffiz)
thus ?thesis using ** * *xxx by auto
qed
qed

lemma replace-in-g-valid-weakening:
assumes O; B; I'lz'—¢"| = ¢’and 2’ # z and O; B F,f (2, b, ¢) #r Tlz’—c"]
shows ©; B; ((z, b,c) #r D)[z— ¢"] E ¢’
apply(subst replace-in-g-dist,simp add: assms,rule valid-weakening)
using assms by auto+

lemma replace-in-g-subtyped-cons:
assumes replace-in-g-subtyped © B G zcs G’ and wfG © B ((x,b,¢)#1G)
shows z ¢ fst ‘ set xcs = replace-in-g-subtyped © B ((z,b,c)#r G) zcs ((x,b,¢)#r G')
using assms proof (induct rule: replace-in-g-subtyped.induct)
case (replace-in-g-subtyped-nill Q)
then show ?case
by (simp add: replace-in-g-subtyped.replace-in-g-subtyped-nill )
next
case (replace-in-g-subtyped-consI b’ ¢’ G ' © B ¢" zecs’ G)
hence ©; Bty Glz'——¢"'] using valid.simps wfC-wf by auto
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show ?case proof(rule replace-in-g-subtyped.replace-in-g-subtyped-consl)
show Some (b', ¢') = lookup ((z, b,c) #r G) x’ using lookup.simps
fst-conv image-iff I'-set-intros surj-pair replace-in-g-subtyped-consl by force
show wbe: ©; B; (z, b, ¢) #r G Fuy ¢” using wf-weakening <« ©; B; G Fyy ¢’ <0; B Fyy (2,
b, ¢) #r G » by fastforce
have z’# z using replace-in-g-subtyped-consl by auto
have wbci: ©; B 5 (z, b, ¢) #r G[z'—c'] proof —
have (z, b, ¢) #r Glz'—c"] = ((z, b, ¢) #r G)[z'—c"] using <z’ # z) using replace-in-g.simps
by auto
thus ?thesis using wfG-replace-inside-rig <©; B by ¢ Gla'—c"]y «©; B b5 (2, b, ¢) #r G
by fastforce
qed
show x: ©; B; replace-in-g ((z, b,c) #r G) z’ ¢ = ¢’
proof —
have O; B; Gz "] E ¢’ using replace-in-g-subtyped-consl by auto
thus ?thesis using replace-in-g-valid-weakening wbcl <z'#x> by auto
qed

show replace-in-g-subtyped © B (replace-in-g ((z, b,c) #r G) z’ ¢") zes’ ((z, b,c) #r G)
using replace-in-g-subtyped-consl wbcl by auto
show z' ¢ fst ¢ set xcs’
using replace-in-g-subtyped-consl by linarith
qed
qed

lemma replace-in-g-split:
fixes G::I
assumes I' = replace-in-g T'' z c and T'' = G'Q(z,b,¢')#r G and wfG © BT’
shows I' = G'Q(z,b,c)#rG
using assms proof (induct G’ arbitrary: G T T/ rule: T'-induct)
case GNil
then show ?case by simp
next
case (GCons x1 b1 ¢1 T'1)
hence z1 # z
using wfG-cons-fresh2[of © B x1 b1 ¢1 T'1 b ]
using GCons.prems(2) GCons.prems(3) append-g.simps(2) by auto
moreover hence *: ©; B +,; (' Q (z, b, ¢') #r G) using GCons append-g.simps wfG-elims by
metis
moreover hence replace-in-g ('l @ (z, b, ¢/) #r G) z ¢ =11 Q@ (z, b, ¢) #r G using GCons
replace-in-g-inside[ OF *, of c] by auto

ultimately show ?Zcase using replace-in-g.simps(2)[of 1 b1 ¢1 T1 Q (z, b, ¢’) #r G z ¢] GCons
by (simp add: GCons.prems(1) GCons.prems(2))
qed

lemma replace-in-g-subtyped-split0:
fixes G::I
assumes replace-in-g-subtyped © B I''[(z,c)] T and I = G'Q(z,b,c")#rG and wfG © BT’
shows I' = G'Q(z,b,c)#rG

proof —
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have I' = replace-in-g T'' x ¢ using assms replace-in-g-subtyped.simps
by (metis Pair-inject list.distinct(1) list.inject)
thus ?thesis using assms replace-in-g-split by blast
qed

lemma replace-in-g-subtyped-split:
assumes Some (b, ¢') = lookup G z and ©; B; replace-in-g G z ¢ | ¢’ and wfG © B G
shows 3 T'T". G = T'Q(z,b,c\#rl A O; B; I'Q(x,b,¢)#r[ E ¢’

proof —
obtain I" and I'" where G = I'’Q(x,b,c¢”)#r [ using assms lookup-split by blast
moreover hence replace-in-g G x ¢ = T'Q(z,b,c)#rl using replace-in-g-split assms by blast
ultimately show ?thesis by (metis assms(2))

qed

13.2 Validity and Subtyping

lemma wfC-replace-in-g:
fixes c::c and c0::c
assumes O; B; I'Q(x,b,c0")#rT by ¢ and ©; B; (2,0, TRUE)#rI Fy 5 c0
shows ©; B; I @ (z, b, c0) #r I' Fuy c
using wf-replace-inside1(2) assms by auto

lemma ctz-subtype-valid:
assumes 0; B; I''Q(z,b,c0")#rT = ¢ and
©; B; T'Q(z,b,c0)#rT = 0’
shows ©; B; I''Q(x,b,c0)#rT | ¢
proof (rule validl)
show ©; B; I/ Q (z, b, c0) #r I' ks ¢ proof —
have O; B; I''Q(z,b,c0")#r 5 ¢ using valid.simps assms by auto
moreover have ©; B; (2,b,TRUE)#rI' -5 c0 proof —
have wfG © B (I''Q(x,b,c0)#rT) using assms valid.simps wfC-wf by auto
hence wfG © B ((x,b,c0)#rT") using wfG-suffix by auto
thus ?thesis using wfG-wfC by auto
qed
ultimately show ?thesis using assms wfC-replace-in-g by auto
qed

show Vi. wfl © (T Q (z, b, c0) #r ') i A is-satis-g i (' @Q (z, b, c0) #r T') — is-satis i c
proof (rule,rule)
fix 7
assume * : wfl © (T Q (z, b, c0) #r T') i A is-satis-g i (T'' Q (z, b, c0) #r T)

hence is-satis-g ¢ (T''Q(xz, b, c0) #r T') A wfl © (T'Q(x, b, ¢0) #r T) i using is-satis-g-append
wfl-suffix by metis
moreover hence is-satis i c0' using valid.simps assms by presburger

moreover have is-satis-g i I'’ using is-satis-g-append * by simp

ultimately have is-satis-g i (I'’ Q (z, b, c0') #r T') using is-satis-g-append by simp

moreover have wfl © (I Q (z, b, c0’) #r T') i using wfl-def wfl-suffix * wfl-def wfl-replace-inside
by metis

ultimately show is-satis i ¢ using assms valid.simps by metis
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qged
qed

lemma ctz-subtype-subtype:

fixes I'::T"

shows ©; B; G+ t1 < t2 = G =T"Q(z,b0,c0")#rT = O; B; I''Q(z,b0,c0)#rT |E c0' = 6; B;
r'@(z,b0,c0)#rl F t1 < t2

proof (nominal-induct avoiding: c0 rule: subtype.strong-induct)

case (subtype-basel ©' © BT" zc 2z’ ¢’ b)
let T'cO0 = T'Q(z,b0,c0)#rT
have wb1: wfG © B T'cO using valid.simps wfC-wf subtype-basel by metis
show ?case proof
show « ©; B; IV Q@ (z, b0, c0) #r T Fus{2z:b | c} > using wfT-replace-inside2[OF - wb1]
subtype-basel by metis
show « ©; B; "' @Q (z, b0, c0) #r T' Fus {2 :b | ¢’} > using wfT-replace-inside2[OF - wb1]
subtype-basel by metis
have atom z' § TV @ (z, b0, c0) #r T using fresh-prodN subtype-basel fresh-replace-inside wbl
subtype-wf wfX-wfY by metis
thus <atom z' § (0, B, TV Q (z, b0, c0) #r T, 2z, ¢, z', ¢ ) using subtype-basel fresh-prodN
by metis
have ©; B; ((z/, b, c[z:=V-var z'),) #r T') Q (z, b0, c0) #r T | ¢/[z":=V-var z'], proof(rule
ctz-subtype-valid)
show 1:<©; B; ((z/, b, c[z::=V-var z',) #r T') Q (z, b0, c0') #r T E /[z":=V-var '], »
using subtype-basel append-g.simps subst-defs by metis
have x:0; Bt ((z', b, c[zz=V-var z'],) #r I'') Q (z, b0, c0) #r I' proof(rule wfG-replace-inside2)
show O; B 5 ((z/, b, c[zi:=V-var z'],) #r T') Q (z, b0, c0') #r T
using * valid-wf-all wfC-wf 1 append-g.simps by metis
show ©; B by (z, b0, c0) #r T using wfG-suffix wbl by auto
qed
moreover have toSet (I'' @ (z, b0, c0) #r I') C toSet (((x', b, c[z::=V-var z'],) #r I')) Q (z,
b0, c0) #r I') using toSet.simps append-g.simps by auto
ultimately show <O©; B; ((z, b, c[z::=V-var z'],) #r T') Q (z, b0, c0) #r T' | ¢0' > using
valid-weakening subtype-basel * by blast
qed
thus «©; B; (z/, b, c[z::=V-var z'],) #r I/ Q (z, b0, c0) #r I E c/[z":=V-var z'], » using
append-g.simps subst-defs by simp
qed
qed

lemma ctz-subtype-subtype-rig:
assumes replace-in-g-subtyped © BT [(z,c0)] T and ©; B; T''F t1 < 12
shows O; B; T'+ t1 < t2
proof —
have wf: wfG © B I'' using subtype-g-wf assms by auto
obtain b and c¢0’ where Some (b, c0') = lookup T'' z A (©; B; replace-in-g T’ x ¢0 = ¢0’) using
replace-in-g-subtyped.simps[of © BT’ [(z, c0)] T assms(1)

by (metis fst-conv list.inject list.set-intros(1) list.simps(15) not-Cons-self2 old.prod.exhaust prod.inject
set-ConsD surj-pair)

moreover then obtain G and G’ where *: I/ = G'Q(x,b,c0"#1r G N ©; B; G'Q(z,b,c0)#rG E
c0’
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using replace-in-g-subtyped-splitjof b ¢0' T’ z © B c0] wf by metis

ultimately show ?thesis using ctz-subtype-subtype
assms(1) assms(2) replace-in-g-subtyped-split0 subtype-g-wf
by (metis (no-types, lifting) local.wf replace-in-g-split)
qed

We now prove versions of the ctz-subtype lemmas above using replace-in-g. First we do case
where the replace is just for a single variable (indicated by suffix rig) and then the general case
for multiple replacements (indicated by suffix rigs)

lemma ctz-subtype-subtype-rigs:
assumes replace-in-g-subtyped © BT/ zes T and O; B; T+ t1 < 2
shows O; B; T'+ t1 < t2
using assms proof (induct zcs arbitrary: T TV )
case Nil
moreover have I'' = T using replace-in-g-subtyped-nill
using calculation(1) by blast
ultimately show ?case by auto
next
case (Cons a xcs)

then obtain z and ¢ where a=(z,¢) by fastforce
then obtain b and ¢’ where bc: Some (b, ¢’) = lookup T z A
replace-in-g-subtyped © B (replace-in-g 'z ¢) zes T A ©; B; T Fyp e A
x & fst ‘set xes N O; B; (replace-in-g T/ x ¢) | ¢’ using replace-in-g-subtyped-elims(3)[of ©
BTz cxzesT| Cons
by (metis valid.simps)

hence *: replace-in-g-subtyped © B T [(z,c)] (replace-in-g T’ x ¢) using replace-in-g-subtyped-consl
by (meson image-iff list.distinct(1) list.set-cases replace-in-g-subtyped-nill)

hence ©; B; (replace-in-g T' z ¢) - t1 < 2
using cta-subtype-subtype-rig x assms Cons.prems(2) by auto

moreover have replace-in-g-subtyped © B (replace-in-g T z ¢) zcs T using Cons
using bc by blast

ultimately show ?case using Cons by blast
qed

lemma replace-in-g-inside-valid:

assumes replace-in-g-subtyped © B T [(z,c0)] T and wfG © BT’

shows 3b c0’' G G'. T = G'Q (2,b,c0)#rG N T = G’ Q (2,b,c0)#rG A ©; B; G'Q (2,b,c0)#r G
E c0’
proof —

obtain b and c0’ where bc: Some (b, c0") = lookup T'' z A ©; B; replace-in-g T ¢0 = ¢0' using

replace-in-g-subtyped.simps[of © BT/ [(z, c0)] T] assms(1)

by (metis fst-conv list.inject list.set-intros(1) list.simps(15) not-Cons-self2 old.prod.exhaust prod.inject
set-ConsD surj-pair)

then obtain G and G’ where x: I'' = G'Q(z,b,c0")#1r G N ©; B; G'Q(x,b,c0)#1r G = c0’ using
replace-in-g-subtyped-split[of b c0' T x © B c0] assms

by metis
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thus “thesis using replace-in-g-inside bc
using assms(1) assms(2) by blast
qed

lemma replace-in-g-valid:
assumes O; B F G (acs ) ~ G'and O; B; G = ¢
shows ©; B; G’ E ¢»
using assms proof (induct rule: replace-in-g-subtyped.inducts)
case (replace-in-g-subtyped-nill © B G)
then show ?Zcase by auto
next
case (replace-in-g-subtyped-consI b ¢1 G x © B ¢2 zcs G)
hence ©; B; Glz—c2] E ¢
by (metis ctz-subtype-valid replace-in-g-split replace-in-g-subtyped-split valid-g-wf)
then show ?Zcase using replace-in-g-subtyped-consl by auto
qed

13.3 Literals
13.4 Values

lemma lookup-inside-unique-b[simp]:

assumes O ; B b, ¢ (I''Q(2,00,c0)#rT") and © ; B b, (I''Q(z,b0,c0")#rT)

and Some (b, ¢) = lookup (I'' Q (z, b0, c0') #r T') y and Some (b0,c0) = lookup (I''Q((z,b0,c0))#r")
z and z=y

shows b = b0

by (metis assms(2) assms(3) assms(5) lookup-inside-wf old.prod.exhaust option.inject prod.inject)

lemma ctz-subtype-v-aux:
fixes v::v
assumes O; B; I''Q((z,b0,c0)#rl') - v = t1 and ©; B; T'Q(z,b0,c0)#rT = 0’
shows ©; B; T'Q((z,b0,c0)#r) F v = t1
using assms proof (nominal-induct T'Q((z,00,c0)#rT) v t1 avoiding: c0 rule: infer-v.strong-induct)
case (infer-v-varl © B b ¢ za z)
have wf:« ©; B Fy,p IV Q (2, b0, c0) #r T'» using wfG-inside-valid2 infer-v-varl by metis
have zfl:<atom z t za> using infer-v-varl by metis
have zf2: <atom z 4 (0, B, TV Q (z, b0, c0) #r T')» apply( fresh-mth add: infer-v-varl )
using fresh-def infer-v-varl wfG-supp fresh-append-g fresh-GCons fresh-prodN by metis+
show ?case proof (cases x=za)
case True
moreover have b = b0 using infer-v-varl True by simp
moreover hence <Some (b, c0) = lookup (I'' Q (z, b0, c0) #r T') za> using lookup-inside-wf[OF
wf] infer-v-varl True by auto
ultimately show %thesis using wf zf1 zf2 Typing.infer-v-varl by metis
next
case Fualse
moreover hence <Some (b, ¢) = lookup (T Q (z, b0, c0) #r T') za> using  lookup-inside2
infer-v-varl by metis
ultimately show %thesis using wf zf1 xf2 Typing.infer-v-varl by simp
qed
next
case (infer-v-litI © B 1 1)
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thus ?case using Typing.infer-v-lit] wfG-inside-valid2 by simp
next
case (infer-v-pairl z vl v2 © B t1't2' c0)
show ?case proof
show atom z § (v, v2) using infer-v-pairl fresh-Pair by simp
show atom z § (0, B, T/ Q (z, b0, c0) #r I') apply( fresh-mth add: infer-v-pairl )
using fresh-def infer-v-pairl wfG-supp fresh-append-g fresh-GCons fresh-prodN by metis+
show ©; B; T'' @ (z, b0, c0) #r ' - vl = t1’' using infer-v-pair] by simp
show O; B; T/ @ (z, b0, c0) #r ' b v2 = t2' using infer-v-pair] by simp
qed
next
case (infer-v-consl s dclist © de te B v tv 2)
show ?case proof
show (A F-typedef s dclist € set ©» using infer-v-consl by auto
show «(dc, tc) € set dclisty using infer-v-consl by auto
show « ©; B; 'V Q (z, b0, c0) #r T+ v = tv> using infer-v-consl by auto
show «©; B; TV Q (z, b0, c0) #r ' + tv < te> using infer-v-consl ctx-subtype-subtype by auto
show <atom z § v» using infer-v-consl by auto
show <atom z § (©, B, I'' @ (z, b0, c0) #r T')> apply( fresh-mth add: infer-v-consl )
using fresh-def infer-v-consl wfG-supp fresh-append-g fresh-GCons fresh-prodN by metis+
qed
next
case (infer-v-conspl s bv dclist © dc tc B v tv b 2)
show ?case proof
show <A F-typedef-poly s bv dclist € set ©» using infer-v-conspl by auto
show «((dc, tc) € set dclisty using infer-v-conspl by auto
show « ©; B; TV Q (z, b0, ¢0) #r T' + v = tv» using infer-v-conspl by auto
show «Q; B; T Q (z, b0, c0) #r T F tv < tc[bv:=b];p> using infer-v-conspl ctz-subtype-subtype
by auto
show <atom z § (©, B, I'' Q (z, b0, c0) #r T, v, b)> apply( fresh-mth add: infer-v-conspl )
using fresh-def infer-v-conspl wfG-supp fresh-append-g fresh-GCons fresh-prodN by metis+
show <atom bu § (©, B, T’ Q (z, b0, c0) #r T, v, b)» apply( fresh-mth add: infer-v-conspl )
using fresh-def infer-v-conspl wfG-supp fresh-append-g fresh-GCons fresh-prodN by metis+
show « ©; B k¢ b using infer-v-conspl by auto
qed
qed

lemma ctz-subtype-v:
fixes v::v
assumes O; B; T'Q((z,00,c0)#rl) b v = t1 and ©; B; T'Q(z,00,c0)#rI | c0’
shows 3t2. ©; B; I'Q((z,b0,c0)#rT) F v = t2 A ©; B; T'Q((z,b0,c0)#rT) F 2 < t1
proof —

have O; B; T'Q((z,b0,c0)#rT) F v = tI using ctr-subtype-v-auz assms by auto
moreover hence O; B; I''Q((z,b0,c0)#rD) b t1 < t1 using subtype-reflI2 infer-v-wf by simp
ultimately show ?thesis by auto

qed

lemma ctz-subtype-v-eq:
fixes v::v
assumes
©; B; T'Q((z,b0,c0")#rT) F v = t1 and
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©; B; T'Q(z,b0,c0)#rT | c0’

shows ©; B; T'Q((z,b0,c0)#r) F v = t1
proof —

obtain ¢/’ where ©; B; I''Q((z,b0,c0)#rT") b v = t1’ using ctz-subtype-v assms by metis

moreover have replace-in-g (I'Q((z,00,c0")#1T)) z c0 = T'Q((z,b0,c0)#rT) using replace-in-g-inside
infer-v-wf assms by metis

ultimately show ?thesis using infer-v-uniqueness-rig assms by metis
qed

lemma ctx-subtype-check-v-eq:
assumes O; B; I'Q((z,b0,c0")#rl) - v < t1 and ©; B; I''Q(z,b0,c0)#rT E c0’
shows ©; B; I'Q((z,b0,c0)#rT) F v < t1
proof —
obtain t2 where t2: O; B; I''Q((2,00,c0")#rT) - v = t2 A O; B; T'Q((2,b0,c0")#rT) - t2 < t1
using check-v-elims assms by blast
hence t3: ©; B; I'Q((z,b0,c0)#rT) + v = 2
using assms ctz-subtype-v-eq by blast

have ©; B; I'Q((z,00,c0)#rI') F v = t2 using t3 by auto
moreover have O; B; I''Q((z,b0,c0)#rI') F t2 < t1 proof —

have ©; B; I''Q((z,00,c0")#rT) F t2 < tI using t2 by auto
thus ?thesis using subtype-trans
using assms(2) cta-subtype-subtype by blast
qed
ultimately show ?thesis using check-v.intros by presburger
qed

Basically the same as ctz-subtype-v-eq but in a different form

lemma ctz-subtype-v-rig-eq:
fixes v::v
assumes replace-in-g-subtyped © B T'' [(z,¢0)] T’ and
O;B; T Fov=tl
shows O; B; '+ v = t1
proof —
obtain b and ¢0’and G and G’ where I'' = G’ @ (x,b,c0")#1rG AN T = G’ Q (2,b,c0)#rG N\ ©;
B; G'Q (z,b,c0)#rG [ c0’
using assms replace-in-g-inside-valid infer-v-wf by metis
thus ?thesis using ctz-subtype-v-eqlof © B G’ x b c0’ G v t1 c0] assms by simp
qed

lemma ctz-subtype-v-rigs-eq:
fixes v::v
assumes replace-in-g-subtyped © B T' zes T’ and
O; BTV Fv=tl
shows ©; B; '+ v = t1
using assms proof (induct zcs arbitrary: T T t1 )
case Nil
then show ?Zcase by auto
next
case (Cons a xcs)
then obtain z and ¢ where a=(z,c¢) by fastforce
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then obtain b and ¢’ where bc: Some (b, ¢') = lookup T/ x A
replace-in-g-subtyped © B (replace-in-g I'' z ¢) zes T A O; B; T Fyyp ¢ A
z & fst ‘set xzes A O; B; (replace-in-g T/ z ¢) = ¢
using replace-in-g-subtyped-elims(3)[of © BT x ¢ zes T Cons by (metis valid.simps)

hence x: replace-in-g-subtyped © B I’ [(x,c)] (replace-in-g T x ¢) using replace-in-g-subtyped-consl
by (meson image-iff list.distinct(1) list.set-cases replace-in-g-subtyped-nill)
hence t2: ©; B; (replace-in-g T'' z ¢) - v = t1 using ctz-subtype-v-rig-eqOF x Cons(3)] by blast
moreover have xx: replace-in-g-subtyped © B (replace-in-g T/ x ¢) zcs T using be by auto
ultimately have t2": ©; B; ' - v = tI1 using Cons by blast
thus ?case by blast
qed

lemma ctz-subtype-check-v-rigs-eq:
assumes replace-in-g-subtyped © B I' zcs T’ and
O;B; TV Fv<tl
shows O; B; I' F v < t1
proof —
obtain t2 where O; B; T’ v =2 A ©; B; T t2 < t1 using check-v-elims assms by fast
hence O; B; T Fv=t2 A O; B; T+ t2 < t1 using ctz-subtype-v-rigs-eq ctx-subtype-subtype-rigs
using assms(1) by blast
thus ?thesis
using check-v-subtypel by blast
qed

13.5 Expressions

lemma valid-wfC"
fixes c0::c
assumes O; B; I''Q(z,b0,c0)#rT = 0’
shows ©; B; (z, b0, TRUE) #r T' Fyy c0
using wfG-elim2 valid.simps wfG-suffiz
using assms valid-g-wf by metis

lemma ctz-subtype-e-eq:
fixes G::T'
assumes
©;9;B;G;AFe=tl and G = TVQ((z,00,c0")#rT)
O; B; T'Q(z,b0,c0)#rT | c0'
shows O ; @ ; B ; I'Q((z,b0,c0)#rT) ; Ak e = t1
using assms proof(nominal-induct t1 avoiding: c0 rule: infer-e.strong-induct)
case (infer-e-vall © BT" A ® v 1)
show ?case proof
show « ©; B; IV Q (z, b0, c0) #r I' Fu5 A using wf-replace-inside2(6) valid-wfC infer-e-vall
by auto
show « © Ik ®» using infer-e-vall by auto
show « ©; B; TV Q (z, b0, ¢0) #r T F v = 7> using infer-e-vall ctz-subtype-v-eq by auto
ged
next
case (infer-e-plusl © BT A ® vl z1 ¢l v2 22 c2 23)
show ?case proof
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show « ©; B; T Q (z, b0, c0) #r T Fyuy A using wf-replace-inside2(6) valid-wfC infer-e-plusl
by auto
show « © s ®) using infer-e-plusl by auto
show #:¢< ©; B; T/ Q (z, b0, c0) #r T + vl = { 21 : B-int | ¢l |}» using infer-e-plusl ctz-subtype-v-eq
by auto
show ¢ ©; B; T/ Q (z, b0, c0) #r T' Fv2 = { 22 : B-int | c2 |» using infer-e-plusl ctz-subtype-v-eq
by auto
show <atom 23 § AE-op Plus vl v2) using infer-e-plusl by auto
show <atom 23 § T/ @ (z, b0, c0) #r Iy using * infer-e-plusl fresh-replace-inside infer-v-wf by
metis
qed
next
case (infer-e-leqgI © BT A ® vl 21 ¢l v2 22 ¢2 23)
show ?case proof
show ¢ ©; B; I'' @ (z, b0, c0) #r T' Fup A using wf-replace-inside2(6) valid-wfC' infer-e-leql by
auto
show « © k., s ® ) using infer-e-leql by auto
show x:« ©; B; TV Q (z, b0, c0) #r T' F vl = { z1 : B-int | ¢l }» using infer-e-leql ctz-subtype-v-eq
by auto
show ¢« ©; B; T/ Q (z, b0, c0) #r T' F v2 = { 22 : B-int | c2 |}> using infer-e-leql ctz-subtype-v-eq
by auto
show <atom 28 § AE-op LEq vl v2» using infer-e-leql by auto
show <atom 23 § TV Q (z, b0, c0) #r I using * infer-e-leql fresh-replace-inside infer-v-wf by
metis
qed
next
case (infer-e-eqIl © BT A ® vl z1 bb c1 v2 22 2 23)
show ?case proof
show < ©; B; T Q (z, b0, c0) #r I' Fu5 A > using wf-replace-inside2(6) valid-wfC infer-e-eqI by
auto
show « © F, ®» using infer-e-eql by auto
show x:x ©; B; IV Q (z, b0, ¢0) #r T F vl = { 21 : bb | cI |}» using infer-e-eql ctz-subtype-v-eq
by auto
show < ©; B; T Q (z, b0, c0) #r T F v2 = { 22 : bb | c2 |> using infer-e-eql ctz-subtype-v-eq
by auto
show <atom 23 § AE-op Eq vl v2) using infer-e-eql by auto
show <atom 23 § T/ @ (x, b0, c0) #r Ty using x infer-e-eql fresh-replace-inside infer-v-wf by
metis
show bb € {B-bool, B-int, B-unit} using infer-e-eql by auto
qed
next
case (infer-e-appl @ BT" A ® fz'bec71’'s' v )
show ?case proof
show « ©; B; TV @ (z, b0, c0) #r I' Fyur A using wf-replace-inside2(6) valid-wfC' infer-e-appl
by auto
show « © s ®) using infer-e-appl by auto
show <Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ ' b ¢ 7' s'))) = lookup-fun ® f» using
infer-e-appl by auto
show ©; B; T/ Q (x, b0, c0) #r T' Fo<{2’':b | ¢ > using infer-e-appl ctz-subtype-check-v-eq
by auto
thus <atom z’' § (0, @, B, '/ @ (z, b0, c0) #r ', A, v, )
using infer-e-appl fresh-replace-inside[of © B T/ z b0 c0'T ¢0 x'] infer-v-wf by auto
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show «7'[z"::=v], = 7> using infer-e-appl by auto
qged
next
case (infer-e-appPI © BT1 A® b fbval bet’' s’ v )
show ?case proof
show « ©; B; I Q (z, b0, c0) #r I' Fyy A > using wf-replace-inside2(6) valid-wfC infer-e-appPI
by auto
show ¢« © s ® ) using infer-e-appPI by auto
show < ©; B t,; b’ using infer-e-appPI by auto
show (Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ 1 b ¢ 7' s'))) = lookup-fun ® f> using
infer-e-appPI by auto
show «©; B; T Q (z, b0, c0) #r T F v < { I : blbv:=b"]y | c[bv::=b"]y |}» using infer-e-appPI
ctx-subtype-check-v-eq subst-defs by auto
thus <atom z1 § TV Q (z, b0, c0) #r I using fresh-replace-inside[of © BT/ 2 b0 c0’'T ¢0 z1 |
infer-v-wf infer-e-appPI by auto
show «7/[bv:=b"p[21::=v], = 7> using infer-e-appPI by auto
have atom bv § TV Q (z, b0, c0") #r T using infer-e-appPI by metis
hence atom bv § T/ Q@ (z, b0, c0) #r T
unfolding fresh-append-g fresh-GCons fresh-prod3 using <atom bv § c0 » fresh-append-g by metis
thus <atom bv f (0, ®, B, TV Q (z, b0, c0) #r T, A, b, v, 7)> using infer-e-appPI by auto
qed
next
case (infer-e-fstl © BT A ® vz’ b1 b2 ¢ 2)
show ?case proof
show « ©; B; T Q@ (z, b0, c0) #r I' Fu5 A using wf-replace-inside2(6) valid-wfC infer-e-fstl by
auto
show « © ks ® ) using infer-e-fstI by auto
show <« ©; B; T/ Q (z, b0, c0) #r T v = { 2’': B-pair b1 b2 | c |}> using infer-e-fstI ctz-subtype-v-eq
by auto
thus <atom z § TV @ (z, b0, c0) #r I'» using infer-e-fstl fresh-replace-inside[of © B T'' z b0 c0' T
c0 2] infer-v-wf by auto
show <atom z t AE-fst v» using infer-e-fstI by auto
ged
next
case (infer-e-sndl © BT A ® vz’ b1 b2 ¢ z)
show ?case proof
show <« ©; B; IV @ (z, b0, c0) #r T' Fuy A using wf-replace-inside2(6) valid-wfC infer-e-sndl
by auto
show ¢ © k¢ ® » using infer-e-sndl by auto
show ¢ ©; B; T Q (z, b0, c0) #r T' F v = { 2z’ : B-pair b1 b2 | ¢ |}» using infer-e-sndl
ctr-subtype-v-eq by auto
thus <atom z § T/ @ (z, b0, c0) #r I'' using infer-e-sndl fresh-replace-inside[of © BT/ z b0 c0'T
c0 2] infer-v-wf by auto
show <atom z §f AE-snd vy using infer-e-sndl by auto
qed
next
case (infer-e-len] © BT A ® vz’ ¢ 2)
show ?case proof
show « ©; B; TV @ (z, b0, c0) #r I' tu5 A using wf-replace-inside2(6) valid-wfC infer-e-lenl
by auto
show ¢ © k¢ ® » using infer-e-len] by auto
show « ©; B; T @ (z, b0, c0) #r T F v = { 2z’ : B-bitvec | ¢ |}» using infer-e-lenl ctz-subtype-v-eq
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by auto
thus <atom z § TV Q (z, b0, c0) #r I'» using infer-e-lenl fresh-replace-inside[of © B IT'' x b0 ¢0'T
c0 2] infer-v-wf by auto
show <atom z § AE-len v» using infer-e-lenl by auto
qed
next
case (infer-e-mvarl © BT" & A u 1)
show ?case proof
show ©; B; I'' @ (z, b0, c0) #r I' ks A using wf-replace-inside2(6) valid-wfC infer-e-mvarl
by auto
thus ©; By, 'V Q (z, b0, c0) #r T using infer-e-mvarl fresh-replace-inside wfD-wf by blast
show O -, ® using infer-e-mvarl by auto
show (u, 7) € setD A using infer-e-mvarl by auto
qed
next
case (infer-e-concatl © BT A ® vl z1 cl v2 22 ¢2 23)
show ?case proof
show < ©; B; T Q (z, b0, c0) #r T' Fyy A using wf-replace-inside2(6) valid-wfC infer-e-concatl
by auto
thus <atom 23 § TV Q (z, b0, c0) #r I using infer-e-concatl fresh-replace-inside[of © B T z b0
c0'T ¢0 23] infer-v-wf wfX-wfY by metis
show ¢ © k¢ ® » using infer-e-concat!] by auto
show <« ©; B; I Q (z, b0, c0) #r I' + vl = { 21 : B-bitvec | ¢l [» using infer-e-concatl
ctz-subtype-v-eq by auto
show <« ©; B; TV Q (z, b0, c0) #r T' F v2 = { 22 : B-bitvec | c2 |» using infer-e-concatl
ctr-subtype-v-eq by auto
show <atom 23 § AE-concat vl v2» using infer-e-concat] by auto
qged
next
case (infer-e-splitl © BT A ® vl z1 ¢l v2 22 23)
show ?case proof
show x:« ©; B; I/ @ (z, b0, c0) #r I Fwy A using wf-replace-inside2(6) valid-wfC infer-e-split]
by auto
show « © s ® ) using infer-e-split] by auto
show < ©; B; 'V @ (z, b0, c0) #r T' - v1 = { 21 : B-bitvec | ¢ [» using infer-e-split]
ctz-subtype-v-eq by auto
show ©; B; I'' @
(z, b0, c0) #r
I Fv2<{22:B-int |[leg[[L-num 0]"]¢[[22]"]°]° == [][ L-true |” ]°¢ AND
[leq [[22 1" 1 [| [ of Jo¢ [l ] == [[ L-true " e b
using infer-e-splitl ctz-subtype-check-v-eq by auto

show <atom z1 § T/ Q (z, b0, c0) #r I'» using fresh-replace-inside[of © B T' x b0 c0’' T ¢0 z1]
infer-e-splitl infer-v-wf wfX-wfY * by metis

show <atom 22 § T/ Q (z, b0, c0) #r Iy using fresh-replace-inside[of © B T' z b0 c0’' T ¢0 ]
infer-e-splitl infer-v-wf wfX-wfY * by metis

show <atom 23 § T/ Q (x, b0, c0) #r T'» using fresh-replace-inside[of © B T/ x b0 c0' T ¢0 ]
infer-e-splitl infer-v-wf wfX-wfY * by metis

show <atom z1 § AE-split vl v2) using infer-e-splitl by auto

show <atom 22 § AE-split vl v2> using infer-e-splitl by auto

show <atom 23 § AE-split vl v2> using infer-e-splitl by auto

qged
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qed

lemma ctz-subtype-e-rig-eq:
assumes replace-in-g-subtyped © B T’ [(z,c0)] T' and
QO;d;B;I";AFe=tl
shows © ;@& ;B;T'; At e= tl
proof —
obtain b and ¢0’and G and G’ where I'' = G’ @ (x,b,c0")#rG AN T = G’ Q (z,b,c0)#rG N ©;
B; G'Q (2,b,c0)#rG = c0’
using assms replace-in-g-inside-valid infer-e-wf by meson
thus ?Zthesis
using assms ctz-subtype-e-eq by presburger
qed

lemma ctz-subtype-e-rigs-eq:
assumes replace-in-g-subtyped © B I' zcs T’ and
O;9;B;T;AFe=tl
shows © ; & ;B ;T ; Ak e=tl
using assms proof (induct zcs arbitrary: T T t1 )
case Nil
moreover have I'' = I using replace-in-g-subtyped-nill
using calculation(1) by blast
moreover have O;B:I' - t1 < t1 using subtype-refll2 Nil infer-e-t-wf by blast
ultimately show ?case by blast
next
case (Cons a xcs)

then obtain z and ¢ where a=(z,¢) by fastforce
then obtain b and ¢’ where be: Some (b, ¢’) = lookup T z A
replace-in-g-subtyped © B (replace-in-g I'' z ¢) zes T' A ©; B; T b5 ¢ A
x & fst ‘set zes A O; B; (replace-in-g T'' z ¢) |= ¢’ using replace-in-g-subtyped-elims(3)[of ©
BTz cxzes T Cons
by (metis valid.simps)

hence x*: replace-in-g-subtyped © B T [(z,c)] (replace-in-g T = ¢) using replace-in-g-subtyped-consl
by (meson image-iff list.distinct(1) list.set-cases replace-in-g-subtyped-nill)
hence t2: ©; ®; B ; (replace-in-g T z ¢) ; A+ e = t1 using cta-subtype-e-rig-eq|OF * Cons(3)]
by blast
moreover have xx: replace-in-g-subtyped © B (replace-in-g T x ¢) xcs T using be by auto
ultimately have 2. © ;®; B;T'; At e = tI using Cons by blast
thus ?Zcase by blast
qed

13.6 Statements

lemma ctz-subtype-s-rigs:
fixes c0::c and s::s and G':I" and zcs :: (zxc) list and css:branch-list
shows
check-s © ® B G A s t1 = wsX G zcs = replace-in-g-subtyped © B G zcs G' = check-s ©
®BG' A s t1 and
check-branch-s © ® B G A tid cons const v cs t1 = wsX G zcs = replace-in-g-subtyped © B
G zcs G' = check-branch-s © ® B G’ A tid cons const v cs t1
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check-branch-list © ® B G A tid dclist v css t1 = wsX G xcs = replace-in-g-subtyped © B G
xcs G' = check-branch-list © ® B G' A tid dclist v css t1
proof (induction arbitrary: zcs G'and zcs G’ and xzcs G’ rule: check-s-check-branch-s-check-branch-list.inducts)
case (check-vall © BT A ® v 7'7)
hence x:0; B; G' Fv=7"A ©; B; G' 7' < 7 using ctz-subtype-v-rigs-eq ctz-subtype-subtype-rigs

by (meson check-v.simps)

show ?case proof
show ©; B; G’y A» using check-vall wfD-rig by auto
show <O k-, y ® ) using check-vall by auto
show «©; B; G’ F v = 7/ using * by auto
show (©; B; G’ + 7/ < 1) using * by auto

qed

next
case (check-letlz © ® BT Aet 2/ sb' ¢

show ?case proof
have wfG: ©; By I' A ©; B by G’ using infer-e-wf check-let] replace-in-g-wfG  using in-
fer-e-wf(2) by (auto simp add: freshers)
hence atom z § G’ using check-let] replace-in-g-fresh replace-in-g-wfG by auto
thus atom z § (0, ®, B, G', A, e, 7) using check-let] by auto
have atom z' § G’ apply(rule replace-in-g-fresh[OF check-letI(7)])
using replace-in-g-wfG check-letl fresh-prodN infer-e-wf by metis+
thus atom 2’ § (z, ©, ®, B, G', A, e, 7, s) using check-let] fresh-prodN by metis

show O ;®:B; G ;A Fe={z2:b |}
using check-letl ctz-subtype-e-rigs-eq by blast
show O ; ® ; B; (z, b/, c/[z":=V-varz],) #r G'; A Fs< 71
proof(rule check-letI(5))
have vld: ©;8;((z, b', ¢'[z":=V-var z|,) #r ') E c/[z":=V-var z]., proof —
have wfG © B ((z, b', ¢/[z":=V-var z],) #r T') using check-let] check-s-wf by metis
hence wfC © B ((z, b, ¢[z:=V-var z],) #r T) (¢|z":=V-var z].,) using wfC-refl subst-defs
by auto
thus ?thesis using wvalid-refill[of © B z b’ ¢/[z":=V-var z], T' c¢/[z::=V-var z],] subst-defs by
auto
qed
have zf: = ¢ fst ‘ set zcs proof —
have atom ‘ fst ‘ set xcs C atom-dom I' using check-let] wsX-iff by meson
moreover have wfG © B I' using infer-e-wf check-letl by metis
ultimately show ?thesis using fresh-def check-letl wfG-dom-supp
using wsX-fresh by auto
qed
show replace-in-g-subtyped © B ((x, b', ¢'[z":=V-var z],) #r T) ((z, ¢'[z":=V-var z],) # zcs) (=,
b, ¢'|z:=V-var x],) #r G') proof —

have Some (b', ¢/[z":=V-var z],) = lookup ((z, b’, ¢'[z"=:=V-var z],) #r T') x by auto

moreover have O; B; replace-in-g ((z, b’, ¢'[z'=:=V-var z],) #r T) z (c'[z'=:=V-var z],) =
¢'|z":=V-var z], proof —

have replace-in-g ((z, b’, ¢'[z":=V-var z],) #r T') = ('[z":=V-var z],) = ((z, b’, ¢'[z"=:=V-var
zly) #r T

using replace-in-g.simps by presburger
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thus ?thesis using vld subst-defs by auto
qged

moreover have replace-in-g-subtyped © B (replace-in-g ((z, b’, ¢'[z":=V-var x],) #r T') z
(¢[z:=V-var z,)) zes ( ((z, b, ¢'[z":=V-var z],) #r G’)) proof —
have wfG © B ( ((z, b’, ¢'[z":=V-var z],) #r T')) using check-let] check-s-wf by metis
hence replace-in-g-subtyped © B ( ((z, b, ¢'[z"=:=V-var z],) #r T)) zes ( ((z, b/, ¢[z":=V-var
zlv) #r G'))
using check-letl replace-in-g-subtyped-cons zf by meson
moreover have replace-in-g ((z, b’, ¢/|z'=:=V-var z,) #r ') z (¢/[z":=V-var z],) = ( ((z, b,
c'|zh:=V-var x],,) #r T))
using replace-in-g.simps by presburger
ultimately show #thesis by argo
qged
moreover have ©; B; (z, b/, ¢[z":=V-varz|,) #r I' by c[z=:=V-varz], using vid subst-defs
by auto
ultimately show ?thesis using replace-in-g-subtyped-consl zf replace-in-g.simps(2) by metis
qed

show wsX ((z, b/, ¢/[z"=:=V-var z|,) #r ) ((z, ¢[z=:=V-var x],) # zcs)
using check-let]l zf subst-defs by (simp add: wsX-cons)
qed
qged

next

case (check-branch-list-consI © ® BT A tid dclist v ¢s T css)

then show ?case using Typing.check-branch-list-consl by auto
next

case (check-branch-list-finall © ® BT A tid dclist v cs T)

then show ?Zcase using Typing.check-branch-list-finall by auto
next

case (check-branch-s-branchl © BT A 1 const x ® tid cons v s)

have wfcons: wfG © B ((z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var x)) AND c-of
const ) #r T') using check-s-wf check-branch-s-branchl
by meson

hence wf: wfG © B T using wfG-cons by metis

moreover have atom z f (const, G',v) proof —
have atom z § G’ using check-branch-s-branchl wf replace-in-g-fresh
wfG-dom-supp replace-in-g-wfG by simp
thus ?thesis using check-branch-s-branchl fresh-prodN by simp

qed
moreover have st: O ; @ ; B ; (x, b-of const, CE-val v == CE-val(V-cons tid cons (V-var z)) AND
c-of const x) #r G'; A F s < 7 proof —
have wsX ((z, b-of const, CE-val v == CE-val(V-cons tid cons (V-var z)) AND c-of const x)
#r I') zes using check-branch-s-branchl wsX-cons2 wsX-fresh wf by force
moreover have replace-in-g-subtyped © B ((z, b-of const, CE-val v == CE-val (V-cons tid cons
(V-var z))  AND c-of const x) #r ') zcs ((x, b-of const, CE-val v == CE-val(V-cons tid cons

(V-var x)) AND c-of const z) #r G')
using replace-in-g-subtyped-cons wsX-fresh wf check-branch-s-branchl wfcons by auto
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thus ?thesis using check-branch-s-branchl calculation by meson
qged
moreover have wft: wfT © B G’ 7 using
check-branch-s-branchl ctz-subtype-subtype-rigs subtype-reflI2 subtype-wf by metis
moreover have wfD © B G’ A using check-branch-s-branchl wfD-rig by presburger
ultimately show ?case using
Typing.check-branch-s-branchl
using check-branch-s-branchl.hyps by simp

next
case (check-ifl 2© ® BT A vsl s27)
hence wf:wfG © B I" using check-s-wf by presburger
show ?Zcase proof(rule check-s-check-branch-s-check-branch-list.check-ifT)
show <atom z § (©, @, B, G', A, v, s1, s2, 7)» using fresh-prodN replace-in-g-freshl wf check-ifI
by auto
show ©; B; G’ + v < { z: B-bool | TRUE |}» using ctz-subtype-check-v-rigs-eq check-ifl by
presburger

show «©;®;B; G ;A kst < {z:bof 7 | CEBvalv == CE-val (V-lit L-true) IMP c-of
7 z [}» using check-ifl by auto
show «©;®;:B; G ;A Fs2<{z:b-of 7 | CBwvalv == CE-val (V-lit L-false) IMP c-of
T z | using check-ifl by auto
qed
next

case (check-let2lx P ® B G At sl 7 s2)
show ?case proof
have wfG P B G using check-let2] check-s-wf by metis
show #: P;®;B; G'; A + sl <t using check-let2] by blast
show atom z ¢ (P, ®, B, G', A, t, s1, ) proof —
have wfG P B G’ using check-s-wf * by blast
hence atom-dom G = atom-dom G’ using check-let2I rigs-atom-dom-eq by presburger
moreover have atom = § G using check-let2] by auto
moreover have wfG P B G using check-s-wf * replace-in-g-wfG check-let2] by simp
ultimately have atom z § G’ using wfG-dom-supp fresh-def <wfG P B G’ by metis
thus ?thesis using check-let2] by auto
qed
show P ; @ ; B ;(z, b-of t, c-of t z) #r G'; A F s2 < 7 proof —
have wsX ((z, b-of t, c-of t ) #r G) xcs using check-let2] wsX-cons2 wsX-fresh <«wfG P B G»
by simp
moreover have replace-in-g-subtyped P B ((z, b-of t, c-of t x) #r G) zcs ((z, b-of t, c-of t x)
#r G') proof(rule replace-in-g-subtyped-cons )
show replace-in-g-subtyped P B G zcs G’ using check-let2I by auto
have atom x § G using check-let2] by auto
moreover have wfT P B G t using check-let2] check-s-wf by metis

moreover have atom z f ¢t using check-let2] check-s-wf wfT-supp by auto
ultimately show wfG P B ((z, b-of t, c-of t ) #r G) using wfT-wf-cons b-of-c-of-eq|of z t]
by auto
show z ¢ fst ‘ set xcs using check-let2] wsX-fresh <wfG P B G»> by simp
qed
ultimately show ?thesis using check-let2] by presburger
qed
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qged
next
case (check-varl u ® ® BT A1t/ v 1 s)
show ?case proof
have atom u § G’ unfolding fresh-def
apply(rule u-not-in-g , rule replace-in-g-wfG)
using check-v-wf check-varl by simp-+
thus <atom u § (0, ®, B, G', A, 7/, v, 7)) unfolding fresh-prodN using check-varl by simp
show (©; B; G’ + v < 7/ using ctz-subtype-check-v-rigs-eq check-varl by auto
show «© ; ®; B; G'; (u, 7") #A A + s < 7 using check-varl by auto
qed
next
case (check-assignl P ® B G A vt vz 1)
show ?case proof
show (P F,¢ ® » using check-assignl by auto
show (P ; B; G’ Fyy A using check-assignl wfD-rig by auto
show «(u, 7) € setD Ay using check-assignl by auto
show <P ; B ; G' + v < 7 using ctz-subtype-check-v-rigs-eq check-assignl by auto
show <P ; B; G' - { z: B-unit | TRUE |} < 7' using cta-subtype-subtype-rigs check-assignl by
auto
qed
next
case (check-while]l A G P sl z s2 77)
then show ?case using Typing.check-whilel
by (meson ctz-subtype-subtype-rigs)
next
case (check-seqI A G P sl z s2 T)
then show ?case
using check-s-check-branch-s-check-branch-list.check-seql by blast
next
case (check-casel © ® BT A tid dclist v ¢s T 2)
show ?case proof
show ©; ® ;B ; G'; A ; tid ; dclist ; v+ cs < 7 using check-casel ctz-subtype-check-v-rigs-eq
by auto
show AF-typedef tid dclist € set © using check-casel by auto
show ©; B; G’ - v < { z: B-id tid | TRUE | using check-casel ctz-subtype-check-v-rigs-eq by
auto
show -,y © using check-casel by auto
qged
next
case (check-assertl x @ ® BT' A ¢ 7 s)
show ?case proof
have wfG: ©; BF,¢ I' A ©; Bty G’ using check-s-wf check-assertl replace-in-g-wfG wfX-wfY by
metis
hence atom x § G’ using check-assertl replace-in-g-fresh replace-in-g-wfG by auto
thus <atom z t (0, ®, B, G', A, ¢, 7, s)» using check-assert] fresh-prodN by auto
show « © ; @ ; B; (z, B-bool, ¢) #r G'; A + s < 1) proof(rule check-assertI(5) )
show wsX ((z, B-bool, ¢) #r T') zcs using check-assertl wsX-cons3 by simp
show O; B + (z, B-bool, ¢) #r T ( zcs ) ~ (z, B-bool, ¢) #r G’ proof (rule replace-in-g-subtyped-cons)
show <« ©; B + T ( zcs ) ~ G using check-assert] by auto
show « ©; B ¢ (2, B-bool, ¢) #r I' » using check-assert] check-s-wf by metis
thus <z ¢ fst ‘ set xzcs) using check-assert] wsX-fresh wfG-elims wfX-wfY by metis
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qed
qed
show (©; B; G’ = ¢ using check-assert] replace-in-g-valid by auto
show « ©; B; G' 5 A » using check-assert] wfD-rig by auto
qed
qed

lemma replace-in-g-subtyped-empty:
assumes wfG O B (I'' @ (z, b, c[z::=V-var z].y) #r I
shows replace-in-g-subtyped © B (replace-in-g (I'' Q (z, b, c[z:=V-var z]cy) #r ') z (¢'[z":=V-var
Zlew)) [| (T Q (z, b, ¢'[z":=V-var z].y) #1 T)
proof —
have replace-in-g (I Q (z, b, c[z::=V-var z]e,) #r ) z (¢/[z":=V-var 2].,) = (T Q (z, b, ¢'[z":=V-var
x}cv) #F F)
using assms proof (induct T rule: T-induct)
case GNil
then show “case using replace-in-g.simps by auto
next
case (GCons x1 b1 ¢1 T'1)
have z ¢ fst ‘ toSet ((z1,b1,c1)#rI'1) using GCons wfG-inside-fresh atom-dom.simps dom.simps
toSet.simps append-g.simps by fast
hence z!1 # z using assms wfG-inside-fresh GCons by force
hence ((z1,b1,c1) #r (I'1 Q (z, b, c[z:=V-var z],) #r ) [az—c'[2"=:=V-var z].,] = (21,b1,c1)
#r (T'1 Q (z, b, ¢'[z":=V-var z]cy) #r T)
using replace-in-g.simps GCons wfG-elims append-g.simps by metis
thus ?case using append-g.simps by simp
qed
thus ?thesis using replace-in-g-subtyped-nill by presburger
qed

lemma ctz-subtype-s:
fixes s::s
assumes O ; ¢ ; B ; T'Q((x,b,c[z::=V-var x]ey)#rl) ; A+ s < 7 and
O;B,TH{z:b|c}<S{z:b]c|and
atom z t (z,2",¢,¢’)
shows © ; @ ; B ; I'Q(z,b,c'[z":=V-var z]e,)#rl ; A s< 1
proof —

have wf: wfG © B (I''Q((z,b,c[z::=V-var ], )#rl)) using check-s-wf assms by meson
hence *:z ¢ fst ‘ toSet T'' using wfG-inside-fresh by force
have wfG © B ((z,b,c[z::=V-var z].,)#r]') using wf wfG-suffix by metis
hence zfg: atom z § T’ using wfG-elims by metis
have z # 2z’ using assms fresh-at-base fresh-prodj by metis
hence a2: atom z f ¢’ using assms fresh-prodj by metis
have atom z § (2/, ¢/, z, ¢, T') proof —
have z # z using assms using assms fresh-at-base fresh-prod4 by metis
hence al : atom = § ¢ using assms subtype-wf subtype-wf assms wfT-fresh-c zfg by meson
thus ?thesis using al a2 <atom x § (z,2',¢,¢")y fresh-prods fresh-Pair xfg by simp
qged
hence wcl: ©; B; (z, b, ¢'[z:=V-var z],) #r T | c[z:=V-var z],
using subtype-valid assms fresh-prodN by metis
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have vld: ©;8 ; (I''Q(z, b, ¢[z":=V-var z|.y) #r T') E c[z::=V-var 2], proof —

have toSet ((z, b, ¢[z:=V-var z.,) #r I') C toSet (I'Q(x, b, ¢'[z"::=V-var z].,) #r T') by auto
moreover have wfG © B (I''Q(x, b, ¢'[z":=V-var z]|.,) #r T') proof —
have x:wfT © BT ({ z': b| ¢’ |}) using subtype-wf assms by meson
moreover have atom z t (¢/I') using xfg a2 by simp
ultimately have wfG © B ((z, b, ¢'[z":=V-var z].,) #r T') using wfT-wf-cons-flip freshers by
blast
thus ?thesis using wfG-replace-inside2 check-s-wf assms by metis
qed
ultimately show #thesis using wcl valid-weakening subst-defs by metis
qed
hence wbc: ©; B; I'' Q (z, b, c'[z=:=V-var z]c,) #r I' Fuy clz=V-var z]., using valid.simps by
auto
have wbc1: ©; B; (z, b, ¢'[z"=:=V-var ]c,) #r T tFuy c[zu=V-var z., using wcl valid.simps subst-defs
by auto
have wsX (I''Q((z,b,clz::=V-var z].,)#rl)) [(z, ¢'[z":=V-var z].,)] proof
show wsX (I'V Q (z, b, c[z::=V-var z|.y) #r T') [| using wsX-Nill by auto
show atom z € atom-dom (I'' Q (z, b, c[z::=V-var z]cy) #r ') by simp
show z ¢ fst “ set || by auto
qged
moreover have replace-in-g-subtyped © B (T'Q((z,b,c[z::=V-var x]ey)#rD)) [(z, ¢'[z":=V-var ]cy)]
(T'Q(z,b,c'[z":=V-var ].,)#rT) proof
show Some (b, c[z::=V-var z].,) = lookup (T'' Q (z, b, c[z::=V-var z].,) #r I') z using lookup-insidex
by auto
show O; B; replace-in-g (T @Q (x, b, c[z::=V-var z]ey) #r T) z (¢/[z":=V-var z]ey) E clzi=V-var
Z|ey using vld replace-in-g-split wf by metis
show replace-in-g-subtyped © B (replace-in-g (I @ (z, b, c[z::=V-var xle,) #r T) z (¢[2":=V-var
Zlew)) [| (T Q (z, b, [z :=V-var z|cy) #r T)
using replace-in-g-subtyped-empty wf by presburger
show z ¢ fst “ set || by auto
show ©; B; IV Q (z, b, c[zz=V-var zley) #r T Fuy [z 2=V-var z]c,
proof (rule wf-weakening)
show (©; B; (z, b, c[zn=V-var z]c,) #r I’ Fuyp ¢l n=[ 2 ]]co »  using wfC-cons-switch[OF
wbel] wf-weakening(6) check-s-wf assms toSet.simps by metis
show ©; B Fu,5 I'" Q (z, b, c[ze=[ & |"]co) #r T' >  using wfC-cons-switch|OF wbcl]
wf-weakening(6) check-s-wf assms toSet.simps by metis
show <toSet ((z, b, c[z::=V-var z]ey,) #r T') C toSet (T Q (z, b, c[z::=] = ]"]cy) #r I')» using
append-g.simps toSet.simps by auto
qed
qed
ultimately show ?thesis using ctz-subtype-s-rigs(1)[OF assms(1)] by presburger
qed

end
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Chapter 14

Immutable Variable Substitution
Lemmas

Lemmas that show that types are preserved, in some way, under immutable variable substitution

14.1 Proof Methods
method subst-mth = (metis subst-g-inside infer-e-wf infer-v-wf infer-v-wf)

method subst-tuple-mth uses add = (
(unfold fresh-prodN), (simp add: add )+,
(rule,metis fresh-z-subst-g add fresh-Pair ),
(metis fresh-subst-dv add fresh-Pair ) )

14.2 Prelude

lemma subst-top-eq:
{z:b | TRUE|} ={z:b | TRUE }x:=0]rs
proof —
obtain z":z and ¢’ where zeq: { 2 : b | TRUE |} = { 2/ : b | ¢’ |} A atom 2z’ § (z,v) using
obtain-fresh-z2 b-of .simps by metis
hence { z’: b | TRUE [z::=v];, = { z': b | TRUFE |} using subst-tv.simps subst-cv.simps by metis
moreover have ¢’ = C-true using 7.eq-iff Absi-eq-iff (3) c.fresh flip-fresh-fresh by (metis zeq)
ultimately show ?thesis using zeq by metis
qed

lemma wfD-subst:
fixes 71::7 and v::v and A:A and ©::0 and I'::T
assumes O ; B; '+ v =71 and wfD © B (I''Q((z,b1,c0[20::=[x]"]cy) #r T')) A and b-of 71=b1
shows © ; B ; I'[zz=v]r, QT by Alzi=0]ay
proof —
have O ; B ; 'y s v : by using infer-v-v-wf assms by auto
moreover have (I'"Q((x,b1,c0[20:=[z]"]cv)#rD))[z:=v]r, = [V[z:i=v]p, QT using subst-g-inside
wfD-wf assms by metis
ultimately show ?thesis using wjf-subst assms by metis
qed
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lemma subst-v-c-of:
assumes atom za § (v,z)
shows c-of t{z:=v],, za = (c-of t za)[z:=0]c,
using assms proof (nominal-induct t avoiding: z v za rule:T.strong-induct)
case (T-refined-type z' b’ ¢’)

then have c-of {2z’ :b' | ¢/ Haz:=v]ry za = c-of { 2" : b | ¢'[x:=0]cy |} za

using subst-tv.simps fresh-Pair by metis
also have ... = c¢/[z:=0]ey [2":=V-var za]., using c-of .simps T-refined-type by metis
also have ... = ¢’ [z/:=V-var za]cy[T::=0]cy

using subst-cv-commute-fulllof 2z’ v & V-var za ¢'] subst-v-c-def T-refined-type fresh-Pair fresh-at-base
v.fresh fresh-z-neq by metis
finally show ?case using c-of.simps T-refined-type by metis
qed

14.3 Context

lemma subst-lookup:
assumes Some (b,c) = lookup (I''Q((z,b1,c1)#rl')) y and z # y and wfG © B (I''Q((z,b1,c1)#rI))
shows 3d. Some (b,d) = lookup ((I''[z::=v|r,)QT) y
using assms proof (induct T rule: T-induct)
case GNil
hence Some (b,c) = lookup T'y by (simp add: assms(1))
then show ?Zcase using subst-gv.simps by auto
next
case (GCons z1 b1 ¢l T'1)
show ?Zcase proof(cases x1 = x)
case True
hence atom z § (I'1 Q (z, b1, c1) #r I') using GCons wfG-elims(2)
append-g.simps by metis
moreover have atom z € atom-dom (I'1 Q (z, by, ¢1) #r I') by simp
ultimately show #thesis
using forget-subst-gv not-GCons-self2 subst-gv.simps append-g.simps
by (metis GCons.prems(8) True wfG-cons-fresh2 )
next
case Fulse
hence ((z1,b1,c1) #r T'1)[z::=v]r, = (21,01 ¢l [2:=0]cp)#rT 1 [z::=0]r, using subst-gv.simps by
auto
then show %thesis proof(cases t1=y)
case True
then show ?thesis using GCons using lookup.simps
by (metis «((z1, b1, c1) #r T'1)[z::=v]r, = (21, b1, cl[x::=0]cy) #r T1[z::=0|1ry> append-g.simps
fst-conv option.inject)
next
case Fulse
then show ?thesis using GCons using lookup.simps
using «((z1, b1, c1) #r T'1)[z:=v]p, = (21, b1, cl[x:=0]cy) #r T1[z::=0]1ry> append-g.simps
T'.distinct T.inject wfG.simps wfG-elims by metis
qed
qed
qed
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14.4 Validity

lemma subst-self-valid:
fixes v::v
assumes O ;B; GFv={z:b]|c| and atom zf v
shows © ; B; G E c[z:=]cy

proof —

have ¢= (CE-val (V-var z) == CE-val v ) using infer-v-form2 assms by presburger

hence c[z::=v|., = (CE-val (V-var z) == CFE-val v )[z::=v]., by auto

also have ... = (((CE-val (V-var z2))[z:=V]cev) == ((CE-val v)[z::=0]cev)) by fastforce

also have ... = ((CE-val v) == ((CE-val v)[z:=0]cev)) using subst-cev.simps subst-vv.simps by
presburger

also have ... = (CE-val v == CE-val v ) using infer-v-form subst-cev.simps assms forget-subst-vv
by presburger

finally have *:c[z::=v|., = (CE-val v == CE-val v ) by auto

have xx:0 ; B ; Gy CE-val v : b using wfCE-vall assms infer-v-v-wf b-of .simps by metis

show ?thesis proof (rule validl)
show O ; B; Gk c[z:=v]., proof —
have O ; B ; Gk v : b using infer-v-v-wf assms b-of .simps by metis
moreover have © b, ¢ ([[:®) A O ; B; Gryy [|a using wfD-emptyl wfPhi-emptyl infer-v-wf
assms by auto
ultimately show ?thesis using * wfCFE-vall wfC-eql by metis
qed
show Vi. wfl © G i A is-satis-g i G — is-satis i c[z::=v]., proof(rule,rule)
fix ¢
assume <wfl © G i A is-satis-g i G»
thus (is-satis i c[z:=v],» using * *xx is-satis-eq by auto
qed
qed
qed

lemma subst-valid-simple:
fixes v::v
assumes O ; B; GFov= {20 :b]|cO | and
atom 20 t ¢ and atom 20 § v
0; B ; (20,b,c0)#r G [ c[z::=V-var z0]c,
shows O ; B; G E c[z:=0]cy
proof —
have © ; B; G |= c0[20::=v]., using subst-self-valid assms by metis
moreover have atom 20 § G using assms valid-wf-all by meson
moreover have wfV © B G v b using infer-v-v-wf assms b-of .simps by metis
moreover have (c[zii=V-var 20].,)[20:=v]cy, = c[z:=0]s, using subst-v-simple-commute assms
subst-v-c-def by metis
ultimately show ?thesis using valid-trans assms subst-defs by metis
qed

lemma wfl-substl:

assumes wfl © (G'[z:=v|r, @ G) i and wfG © B (G' @ (=, b, c[z::=[2]"]cy) #r G) and eval-v i v
sv and wfRCV © sv b

shows wfl © (G’ Q (z, b, c[z:=[z]"]cv) #r G) (i( z — sv))
proof —
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{

fix za::z and ba::b and ca::c

assume as: (za,ba,ca) € toSet (G’ Q ((z, b, c[z::=[2]"]co) #r G)))

then have 3s. Some s = (i(z — sv)) za A wfRCV O s ba

proof(cases z=za)
case True
have Some sv = (i(z — sv)) z A wfRCV O sv b using as assms wfl-def by auto
moreover have b=ba using assms as True wfG-member-unique by metis
ultimately show ?thesis using True by auto

next
case Fulse

then obtain ca’ where (za, ba, ca’) € toSet (G'[z::=v|r, @ G) using wfG-member-subst2 assms
as by metis
then obtain s where Some s = i za A wfRCV O s ba using wfl-def assms False by blast
thus “thesis using Fualse by auto
qged
}
from this show ?thesis using wfl-def alll by blast
qed

lemma subst-valid:
fixes v::v and ¢ :cand T =:T
assumes O ; B;T' |= ¢[zu=v|, and © ; B ; Tk, v: b and
© ; BFyy I'and atom z § c and atom z § I' and
O ; BFy s (I'Q(z,b,c[z::=[z]"]cy ) #r I') and
©; B; I'Q(xz,b, clzu:=[z]"]er ) #r T E ' (is ©;B; ?2G E ¢)
shows © ; B ; I'[z:=v]r,QT = ¢/[z:=0]cy
proof —
have x:wfC © B (I''Q(z,b, c[z:=[z]"]cv ) #r I') ¢’ using valid.simps assms by metis
hence wfC © B (I'[z::=v]p, QT) (¢/[z:=0]¢y) using wf-subst(2)[OF x| b-of .simps assms subst-g-inside
wfC-wf by metis
moreover have Vi. wfl © (I'[z:=vlp, Q@ T') ¢ A is-satis-g ¢ (I''[z::=v]p, Q@ T') — is-satis i
(c[z:=0]co)

proof (rule,rule)
fix ¢
assume as: wfl O (I'[z::=v|p, QT') i A is-satis-g i (I''|z::=v]r, QT)

hence wfig: wfl © I' ¢ using wfl-suffiz infer-v-wf assms by metis
then obtain s where s:eval-v i v s and b:wfRCV © s b using eval-v-exist infer-v-v-wf b-of .simps
assms by metis

have is!: is-satis-g (i( © — s)) (I Q (z, b, c[z:=[x]"]cy) #r T') proof(rule is-satis-g-i-upd2)
show is-satis (i(z — s)) (c[z::=[z]"]cy) Proof —
have is-satis i (c[z::=0]cyp)
using subst-valid-simple assms as valid.simps infer-v-wf assms
1s-satis-g-suffix wfl-suffiz by metis
hence is-satis i ((c[z::=[z]"]cv)[T::=0]cr) using assms subst-v-simple-commute[of © ¢ z
subst-v-c-def by metis
moreover have © ; B ; (z, b, c[zu:=[z]"]co) #r T Fuy clzi=[z]"]cv using wfC-refl wfG-suffix
assms by metis
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moreover have © ; B ; ', ¢ v : b using assms infer-v-v-wf b-of .simps by metis
ultimately show ?thesis using subst-c-satis|OF s , of © B x b c[z:=[x]"]co T c[z::=[2]"]c0]
wfig by auto
qed
show atom z § I' using assms by metis
show wfG © B (I Q (z, b, c[z::=[]"]¢v) #r ') using valid-wf-all assms by metis
show © ; B ; ', ¢ v : b using assms infer-v-v-wf by force
show i [ v ] ™~ s using s by auto
show © ; I''[z::=v|p, QT + i using as by auto
show ¢ = I''[z::=v]p, @ T' using as by auto
qed
hence is-satis ( i( © — s)) ¢’ proof —
have wfl © (I'" Q (z, b, c[z::=[z]"]cv) #r T) (i( 2 — 39))
using wfl-substi[of © Tz v T' i Bbcz s| as b s assms by metis
thus ?thesis using is! valid.simps assms by presburger
qed

thus is-satis i (¢[z::=v]¢y) using subst-c-satis-full|OF s| valid.simps as infer-v-v-wf b-of .simps assms
by metis

qed
ultimately show ?thesis using valid.simps by auto
qed

lemma subst-valid-infer-v:
fixes v::v and c’:c
assumes © ; B; GFov= {20 :b]| cO} and atom z § ¢ and atom z § G and wfG © B
(G'Q(z,b,c[z::=[2]"]cv ) #r G) and atom 20 § v
©;8;(20,b,c0)#r G = clz::=V-var 20]., and atom 20 £ ¢ and
©;8;G'Q(z,b, c[z:=[z]"]ecv ) #r G = ¢’ (is ©; B; ?G = ¢)
shows  O;B;G'[z:=v]r,QG | ¢/[z:=0]cy
proof —
have O ; B; G = c[z:=0]cy
using infer-v-wf subst-valid-simple valid.simps assms  using subst-valid-simple assms valid.simps
infer-v-wf assms
1s-satis-g-suffix wfl-suffiz by metis
moreover have wfV © B G v b and wfG © B G
using assms infer-v-wf b-of .simps apply metis using assms infer-v-wf by metis
ultimately show ?thesis using assms subst-valid by metis
qed

14.5 Subtyping

lemma subst-subtype:
fixes v::v
assumes O ; B; I' v = ({20:b|c0}) and
O;B,I F ({20:b|c0}) < ({z:0b] c|) and
O;B;T'Q((z,b,c[z:=[2]"])co)F#TT) F ({ 21 : 01 | el ) S({22:01]c2]) (s ©;B; ?G1 + 2t1 <
?t2 ) and
atom z £ (z,v) A atom 20 § (¢,z,v,2,') A atom z1 8 (z,v) A atom 22 £ (z,v) and wsV © BT v
shows O;B;I[z:=v|r, QT F { 21 : b1 | ¢l }zu=0]ro S { 22 : b1 | c2 }z::=0]ry
proof —
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have 22: atom 22 § (z,v) using assms by auto
hence z # 22 by auto

obtain zz::z where zzf: atom zz § (2,21, c1, 22, ¢2, T Q (z, b, c[z::=[2]"]co) #r T, cl[z::=0]cy,
c2[x::=]ey, T'[z::=0|p, QT
(0, B, IVz:=vr,Q, 2z , cl[z:=0]cy , 22,  c2[z:i=0]e, )) (is atom xz § Ptup)
using obtain-fresh by blast
hence zzf2: atom zx § (21, cl, 22, ¢2, T Q (z, b, c[z::=[2]"]cv) #1 T') using fresh-prod9 fresh-prods
by fast

have vdl: ©;B;((zz, b1, c1[z1:=V-var 2x|cy) #r I')[z:i=0]r, QT | (c2[22:=V-var zz]ey ) [2:=0]co
proof (rule subst-valid-infer-v[of © - - - 20 b c0 - ¢, where z=z2])
show O ; B; T Fv= {20:b | cO | using assms by auto

show zf: atom z § I' using subtype-g-wf wfG-inside-fresh-suffix assms by metis

show atom z § ¢ proof —
have wfT © BT ({ z: b | ¢ |}) using subtype-wf[OF assms(2)] by auto
moreover have z # z using assms(4)
using fresh-Pair not-self-fresh by blast
ultimately show ?thesis using zf wfT-fresh-c assms by presburger
qed

show O ; BF, s ((zz, b1, c1[zl:=V-var zz]c,) #r T'') Q (2, b, c[z::=[2]"]co) #r T
proof (subst append-g.simps,rule wfG-consl)
show x: ¢ © ; B, 5 I'' Q (z, b, c[z:=[2]"]cv) #r T’ using subtype-g-wf assms by metis
show <atom zz § T/ Q (x, b, c[z::=[2]"]cv) #r I using zzf fresh-prod9 by metis
show < © ; Bl b1 » using subtype-elims|OF assms(3)] wfT-wfC wfC-wf wfG-cons by metis
show © ; B ; (zz, b1, TRUE) #r I'' @ (z, b, c[z:=[2]"]cv) #r T Fwy cl[zlz=V-var zz]c,
proof(rule wfT-wfC')
have { z1 : b1 | ¢l | = { 2z : bl | cl[zl:=V-var zz]., |} using zzf fresh-prod9 type-eq-subst
zzf2 fresh-prodN by metis
thus © ; B; IV Q (z, b, c[z::=[z]"]cv) #r T Fuwy { 2z : b1 | cl]zl::=V-var zz]e, | using
subtype-wfT[OF assms(3)] by metis
show atom zz § T/ Q (z, b, c[z::=[x]"]cv) #r [ using zzf fresh-prod9 by metis
qed
qed

show atom 20 f v using assms fresh-prod5 by auto
have © ; B ; (20, b, c0) #r T = c[z::=V-var 20],
apply(rule obtain-fresh|of (20,c0, T, ¢, z)|,rule subtype-valid|OF assms(2), THEN wvalid-flip],
(fastforce simp add: assms fresh-prodN)+) done
thus © ; B; (20, b, c0) #r T E clzi:=V-var 20]., using subst-defs by auto

show atom 20 { ¢ using assms fresh-prod5 by auto
show O ; B ; ((zz, b1, cl[zl:=V-var az]c,) #r I'') Q (2, b, c[z:=[2]"]cv) #r T | 2[22:=V-var
TZ] ey
using subtype-valid assms(3) zaf zaf2 fresh-prodN append-g.simps subst-defs by metis
qged

have zfwl: atom 21 § v A atom z § [ 2z |¥ Az # 21
apply(intro conjl)
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apply(simp add: assms xzf fresh-at-base fresh-prodN freshers fresh-z-neq)+
using fresh-z-neq fresh-prodN zzf apply blast
using fresh-xz-neq fresh-prodN assms by blast

have zfw2: atom 22 § v A atom z § [ zz |" Nz # 22
apply(auto simp add: assms xzf fresh-at-base fresh-prodN freshers)
by (insert zxf fresh-at-base fresh-prodN assms, fast+)

have wfl: wfT © B (I'[z::=v|r,QI) ({ 21 : b1 | c1[z:=v]s [}) proof —
have wfT © B (I''[z::=v|r,QT") ({ 21 : b1 | ¢l [})[z::=0]7,
using wf-subst(4) assms b-of .simps infer-v-v-wf subtype-wf subst-tv.simps subst-g-inside wfT-wf
by metis
moreover have atom z1 § (z,v) using assms by auto
ultimately show ?thesis using subst-tv.simps by auto
qed
moreover have wf2: wfT © B (I''z::=v|r,QI") ({ 22 : b1 | c2[z:=v].y |}) proof —
have wfT © B (I'[z:=v]r,QT) ({ 22 : b1 | ¢2 |})[x::=v], using wf-subst(4) assms b-of.simps
infer-v-v-wf subtype-wf subst-tv.simps subst-g-inside wfT-wf by metis
moreover have atom 22 § (z,v) using assms by auto
ultimately show ?thesis using subst-tv.simps by auto
qed
moreover have O ; B; (zz, b1, cl[z:=v]ey[2]::=V-var 2z]cy) #r (T[zi=0]r, QT ) = (c2[z:=0]y)[22::=V-var
2z]cy proof —
have xx # = using zzf fresh-Pair fresh-at-base by fast
hence ((zz, b1, subst-cv c1 z1 (V-var zx) ) #r T'')[z:=v|r, = (zz, b1, (subst-cv ¢l zI (V-var zz)
Mz=vlcy) #r (I[zn=0]r.)
using subst-gv.simps by auto
moreover have (cl[z1::=V-var xz]c, )[x:=0]cy = (cI [z::=0]¢y) [21:=V-var zz]., using subst-cv-commute-full
zfwl by metis
moreover have c2[22:=[ 2z |"]|cp[T:=V]cy = (c2[2::=0]¢y)[22::= V-var zz].,, using subst-cv-commute-full
zfw?2 by metis
ultimately show ?thesis using wvdl append-g.simps by metis
ged
moreover have atom 2z § (0 , B , I''[z::=0]r,QL", 21 , cl[z:=0]cy, , 22 ,c2[x:=0]cy )
using zzf fresh-prodN by metis
ultimately have © ; B ; I'[z:=v]r, QL F { 21 : b1 | cl[z:=v]ew } S { 22 : b1 | c2[z:=0]co |}
using subtype-basel subst-defs by metis
thus “thesis using subst-tv.simps assms by presburger
qed

lemma subst-subtype-tau:
fixes v::v
assumes O ;B ;I'F v = 7 and
©;B; TS ({{z:b]ch)
O ; B; I'Q((z,b,clzi:=[2]"]co)#rl) F 71 < 72 and
atom z £ (z,v)
shows O ; B ; I'[z:=v]r, QT + 71[z:=0],, < 72[2::=0]7s
proof —
obtain z0 and b0 and c0 where zbc0: 7=({ 20 : b0 | cO |}) A atom 20 ¢ (¢,z,v,2,T)
using obtain-fresh-z by metis
obtain z{ and b! and ¢! where zbcl: 71=({ z1 : b1 | c1 |}) A atom z1 § (z,v)
using obtain-fresh-z by metis
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obtain z2 and b2 and c¢2 where zbc2: 72=({ 22 : b2 | c2 |}) A atom 22 § (z,v)
using obtain-fresh-z by metis

have b0=0b using subtype-eq-base 2z2bc0 assms by blast

hence vinf: © ; B; T F v = { 20 : b| c0 |} using assms zbcO by blast
have vsub: © ; B; T H{ 20 : b | cO |} < { z:b| c |} using assms zbc0 <b0=b) by blast
have beq:b1=>b2 using subtype-eq-base
using zbc1 zbc2 assms by blast
have © ; B ; I'V[zu:=v|p, QT F { 21 : b1 | ¢l }ze=0v]ry S { 22 : b1 | c2 }z::=0]r0
proof (rule subst-subtype| OF vinf vsub] )
show © ; B ; I'Q((z,b,clzi:=[2]"]co)#r D) F {21 : 01 | el } S {22:0b1]c2}
using beq assms zbcl zbc2 by auto
show atom z § (z, v) A atom 20 § (¢, z, v, 2z, I') A atom z1 4 (z, v) A atom 22 & (z, v)
using zbc0 zbcl zbc2 assms by blast
show wfV © BT v (b-of 7) using infer-v-wf assms by simp
ged

thus ?thesis using 2bcl 2bc2 <b1=02> assms by blast
qed

lemma subtype-if1:
fixes v
assumes P ; B:;T' + ¢1 < t2 and wfV P BT v (base-for-lit ) and
atom z1 § v and atom 22 f v and atom zI1 § t1 and atom 22 § t2 and atom z1 § I" and atom 22
g

shows P ;B;TF{zl:b-oftl | CE-valv == CE-val (V-litl) IMP (c-of t1 z1) |} < { 22 :
b-of t2 | CE-val v == CE-val (V-lit 1) IMP (c-of t2 22) |}
proof —

obtain z1'where t1: t1 = { z1': b-of t1 | c-of t1 21’} A atom z1'4 (21,I',t1) using obtain-fresh-z-c-of
by metis

obtain 22’ where t2: t2 = { 22': b-of t2 | c-of t2 22"} A atom 22’4 (22,t2) using obtain-fresh-z-c-of
by metis

have beq:b-of t1 = b-of t2 using subtype-eq-base2 assms by auto

have c1: (c-of t1 z17)[z1":=] 21 |"]¢cy = c-of t1 z1 using c-of-switch t1 assms by simp
have c2: (c-of t2 227)[22":=] 22 |"]cy = c-of t2 22 using c-of-switch t2 assms by simp

have P; B; T F {21 : b-oft1 |[v]°® == [[1]V]°® IMP (c-of t1 z1")[z1":=[z1]"], |} S { #2
sb-of t1 | [w]® == [[1]"]® IMP (c-of t2 22")[z2":=[22]"], |
proof(rule subtype-if)
show <P ; B; T F{ z1':b-of t1 | c-of t1 z1' |} S { 22" : b-of t1 | c-of t2 22’ |}» using ¢ t2 assms
beq by auto

show <« P; B ;T byp {2l :b-oftl |[v]® == [[1]"]® IMP (c-of tl z1")[z1":=[ 21 |"], |}
y using wfT-wfT-if-rev assms subtype-wfT cl subst-defs by metis
show « P; BT byp {22 :b-0oftl |[v]® == [[1]"]® IMP (c-of t222")[z2":=[ 22 |"], |}

y using wfT-wfT-if-rev assms subtype-wfT c2 subst-defs beq by metis
show <atom z1 § v» using assms by auto
show <atom z1' 4§ I'y using t1 by auto
show <atom zI1 f c-of t1 z1"» using t1 assms c-of-fresh by force
show <atom 22 t c-of t2 22"y using t2 assms c-of-fresh by force
show <atom 22 § v» using assms by auto
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qged
then show ?thesis using t1 t2 assms c1 c2 beq subst-defs by metis
qed

14.6 Values

lemma subst-infer-auz:
fixes 71::7 and v'::v
assumes O ; B; T' F v'[z:=v]y, = 71 and O ; B ; "'+ v/ = 75 and b-of 71 = b-of 72
shows 71 = (T2[z:=0]7y)
proof —
obtain z! and b! where zb1: 71 = ({ 21 : b1 | C-eq (CE-val (V-var z1)) (CE-val (v'[z:=v]ys)) |})
A atom z1 § ((CE-val (v'[z:=0]yy), CE-val v),v'[z::=v]yy)
using infer-v-form-fresh|OF assms(1)] by fastforce
obtain z2 and b2 where 202: 79 = ({ 22 : b2 | C-eq (CE-val (V-var z2)) (CE-val v') |}) A atom z2
8 ((CE-val (v'[z::=0]yy), CE-val v,z,v),v’)
using infer-v-form-fresh [OF assms(2)] by fastforce
have beq: b1 = b2 using assms zb1 2b2 by simp

hence ({ 22 : b2 | C-eq (CE-val (V-var 22)) (CE-val v') })[z::=v];y = ({ 22 : b2 | C-eq (CE-val
(V-var 22)) (CE-val (v'[z:=v]ys)) })
using subst-tv.simps subst-cv.simps subst-ev.simps forget-subst-vv[of & V-var z2] 2b2 by force
also have ... = ({ z1 : b1 | C-eq (CE-val (V-var z1)) (CE-val (v'[z::=v]yy)) |})
using type-e-eq[of 22 CE-val (v'[z::=v]yy)21 b1 | 2b1 2b2 fresh-PairD(1) assms beq by metis
finally show ?thesis using 2b1 2b2 by argo
qed

lemma subst-t-b-eq:
fixes z::x and v::v
shows b-of (T[z::=v];y) = b-of T
proof —
obtain z and b and ¢ where 7 = { z: b | ¢ | A atom z § (z,v)
using has-fresh-z by blast
thus ?thesis using subst-tv.simps by simp
qed

lemma fresh-g-fresh-v:
fixes z::x
assumes atom z § I and wfV © BT v b
shows atom z § v
using assms wfV-supp wfX-wfY wfG-atoms-supp-eq fresh-def
by (metis wfV-z-fresh)

lemma infer-v-fresh-g-fresh-v:
fixes z::x and I'::T" and v::v
assumes atom z f I’'Qland © ; B;T'Fv =17
shows atom = § v
proof —
have atom x # I using fresh-suffiz assms by auto
moreover have wfV © BT v (b-of 7) using infer-v-wf assms by auto
ultimately show ?thesis using fresh-g-fresh-v by metis
qed
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lemma infer-v-fresh-g-fresh-zv:
fixes za::z and v::v and T'::T°
assumes atom za § I'Q((z,b,c[z:=[2]"]cv)#r) and O ; B; T F v =7
shows atom za t (z,v)
proof —
have atom za § x using assms fresh-in-g fresh-def by blast
moreover have I''Q((z,b,c[z::=[x]"]cv ) #rT) = (T'Q(z,b,c[z::=[z]"]cv ) #r GNil)QT') using append-g.simps
append-g-assoc by simp
moreover hence atom za ff v using infer-v-fresh-g-fresh-v assms by metis
ultimately show ?thesis by auto
qed

lemma wfG-subst-infer-v:
fixes v::v
assumes O ; B F,; I'Q (z, b, c0[20::=[z]"]c,) #r Tand © ; B; '+ v = 7and b-of T = b
shows O ; BF, s I'[z:=v]p, QT
using wfG-subst-wfV infer-v-v-wf assms by auto

lemma fresh-subst-gv-inside:
fixes I'::T"
assumes atom z § IV Q (z, by, c0[20:=[ x |"]¢v) #r I and atom z § v
shows atom z § T'[z::=v]p, QT
unfolding fresh-append-g using fresh-append-g assms fresh-subst-gv fresh-GCons by metis

lemma subst-t:
fixes z::x and b::b and za::x
assumes atom z § x and atom z § v
shows ({z:0 | [[2]7]° == [ofes=tly, ] D)= ([ 2:b [ [[2]°]¢ == [v]e¢ Plez=u].)
using assms subst-vv.simps subst-tv.simps subst-cv.simps subst-cev.simps by auto

lemma infer-I-fresh:
assumes F =71
shows atom = § 7

proof —
have [} ; {||} Fuws GNil using wfG-nill wfTh-emptyl by auto
hence [| ; {||} ; GNil F, ¢ 7 using assms infer-l-wf by auto
thus “thesis using fresh-def wfT-supp by force

qed

lemma subst-infer-v:
fixes v::v and v'::v
assumes O ; B; T''Q((z,b1,c0[20::=[x]"]cy)#rT) F v/ = 79 and
©;B;I'v= 7 and
©;B;TF7m1 < ({20:0b1]c0])and atom 20 § (z,v)
shows © ; B ; (I'[z::=v]p,)QL F v/[z:=0v]yy = T2[T:=0]ry
using assms proof(nominal-induct I''Q((z,b1,c0[20::=[x]"]cv)#rT) v’ T2 avoiding: z v  rule: in-
fer-v.strong-induct)
case (infer-v-varl © B b ¢ za z)

have © ; B ; I'[zi:=v|r, QT F [ za |"[z:=0]py = { 2: b | [[2]V]° == [[za]"[z:=0]py |°° |}
proof(cases x=za)
case True
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have © ; B IV[zi=vr, QT Fov={z:b |[[2]"]® == [v]® }
proof (rule infer-v-g-weakening)
show <« @ ;B;TFov={z:b |[[z]"]° == [v]*® b
using infer-v-form infer-v-varl
by (metis True lookup-inside-unique-b lookup-inside-wf ms-fresh-all(82) subtype-eq-base type-e-eq)
show <toSet T' C toSet (I'[z::=v]r, Q@ T)> by simp
have © ; B ; I' by v : by using infer-v-wf subtype-eq-base2 b-of .simps infer-v-varl by metis
thus «©; B k¢ IV[zo=vp, QT
using wfG-subst|OF infer-v-varl(3), of T/ x by c0[20:=[ z ]"]cv T v] subst-g-inside infer-v-varl
by metis
qed

thus ?thesis using subst-vv.simps True by simp
next
case Fulse
then obtain ¢’ where c: Some (b, ¢') = lookup (T''[z::=v]r, QT') za using lookup-subst2 infer-v-varl
by metis
have O ; B ; I'V[z:=vr, QT F [za "= {2:0 |[[2]"]® == [[za]" ] }
proof
have © ; B ; I' ¢ v : by using infer-v-wf sublype-eg-base2 b-of .simps infer-v-varl by metis
thus © ; B k5 I'[z::=v]p, @ I' using infer-v-varl
using wfG-subst[OF infer-v-varl(3), of T z by ¢0[20::=[ x ]"]co T v] subst-g-inside infer-v-varl
by metis
show atom z § za using infer-v-varl by auto
show Some (b, ¢') = lookup (T'/[z::=v|p, Q T') za using ¢ by auto
show atom z ¢ (©, B, I'/[z::=v|p, Q@ I') by (fresh-mth add: infer-v-varl fresh-subst-gv-inside)
qed
then show ?thesis using subst-vv.simps False by simp
qed
thus ?case using subst-t fresh-prodN infer-v-varl by metis
next
case (infer-v-litI © B [ T)
show ?case unfolding subst-vv.simps proof
show O ; B ks I'[z:=v|r, Q' using wfG-subst-infer-v infer-v-litl subtype-eg-base2 b-of .simps
by metis
have atom z § 7 using infer-v-litl infer-I-fresh by metis
thus t [ = 7[z::=v],, using infer-v-lit] type-v-subst-fresh by simp
qed
next
case (infer-v-pairl z vl v2 © B t1 t2)
have © ; B ; I''[z::=v]p, @
I F [ vl[za=v]py , v2[2:=0]yy |" = { 2 : [ b-of t1[z:=0]7y , b-0f
2=, 1% | [[2]° ] == [[vl[z:=0]vy , V2[20:=0]y, |V |°¢ |}
proof
show <atom z f ( =
show <atom z § (©, B, I''[z::=v]p, @ T')» by (fresh-mth add: infer-v-pairl fresh-subst-gv-inside)
show ¢ © ; B ; I'[z::=v]p, @ T F vl [z2:=0]yy, = t1[z::=0];,> using infer-v-pairl by metis
show « © ; B ; I'[z::=v]p, @ T F v2[z::=0]y, = t2[2:=0|;,> using infer-v-pairl by metis
qged
then show ?case using subst-vv.simps subst-tv.simps infer-v-pairl b-of-subst by simp
next
case (infer-v-consl s dclist © dc tc B va tv z)
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have O ; B ; I'V[z:=v]r, QT F (V-cons s dc va[z::=v]yy) = { 2: B-ids | [[z]"]°® == [ V-cons
s dc valz:=vly, ¢ |}
proof
show td:«AF-typedef s dclist € set ©) using infer-v-consl by auto
show dc:«(dc, tc) € set dclisty using infer-v-consl by auto
show < © ; B ; I'[z::=v]p, QT+ wva[z::=0]y, = tv[z:=0];,> using infer-v-consl by auto
have «© ; B ; I'[z::i=v|pr, QT F tw[z::=0]ry S te[zi=v],4»
using  subst-subtype-tau infer-v-consl by metis
moreover have atom z § tc using wfTh-lookup-supp-empty[OF td dc| infer-v-wf infer-v-consl
fresh-def by fast
ultimately show O ; B ; I'[z::=v]r, QT F tv[z::=0];, < to> by simp
show <atom z § va[z::=v],,> using infer-v-consl by auto
show <atom z § (©, B, I''[z::=v]p, @ T')» by (fresh-mth add: infer-v-consl fresh-subst-gv-inside)
qed
thus ?case using subst-vv.simps subst-t[of z x v | infer-v-consI by metis

next

case (infer-v-conspl s bv dclist © dc tc B va tv b z)

have © ; B ; I'[z:=v]p, @ T F (V-consp s de b va[z::=v]yy) = { 2: B-app s b | [[2]" ]°¢ ==
V-consp s dc b va[z::=v]y, |°¢ |}

proof

show td:<AF-typedef-poly s bv dclist € set ©y using infer-v-conspl by auto

show dc:«(de, tc) € set dclisty using infer-v-conspl by auto

show < © ; B ; I'[z::=v|p, QT F va[z:=0]yy = tv[z::=0],> using infer-v-conspl by metis

have (0 ; B ; I'[z::=v|r, QT F tw][z:=0]7y S te[bvi=bl p[z::=0]74>
using  subst-subtype-tau infer-v-conspl by metis

moreover have atom z § tc[bv::=b],;;, proof —
have supp tc C { atom bv } using wfTh-poly-lookup-supp infer-v-conspl wfX-wfY by metis
hence atom z § tc using z-not-in-b-set

using fresh-def by fastforce

moreover have atom z § b using z-fresh-b by auto
ultimately show ?thesis using fresh-subst-if subst-b-t-def by metis

qed

ultimately show (© ; B ; I'[z::=v|p, @ T' F tv[z::=0v];, < te[bvi=b],p> by simp

show <atom z ¢ (©, B, I'/[z:=v|p, Q T, va[z::=v]yy, b)> proof —
have atom z § va|z::=v],, using fresh-subst-v-if infer-v-conspl subst-v-v-def by metis
moreover have atom z § T''[z::=v|p, @ ' using fresh-subst-guv-inside infer-v-conspl by metis
ultimately show ¢thesis using fresh-prodN infer-v-conspl by metis

qed

show (atom bv § (O, B, I''[z::=v|r, Q@ T, va[z::=v],., b)) proof —
have atom bv § va[z::=v],, using fresh-subst-v-if infer-v-conspl subst-v-v-def by metis
moreover have atom bv § I'[z::=v]p, @ T using fresh-subst-gv-inside infer-v-conspl by metis
ultimately show ¢thesis using fresh-prodN infer-v-conspl by metis

qed

show © ; B t, b using infer-v-conspl by auto

qed
thus ?case using subst-vv.simps subst-tlof z z v ] infer-v-conspl by metis

qed

lemma subst-infer-check-v:
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fixes v::v and v':v
assumes O ; B; ' v = 7, and
check-v © B (I''Q((z,b1,c0[20::=[z]"]cv)#r])) v’ 72 and
©;B;TF71 < {20:0b1] cO and atom 20 § (z,v)
shows check-v © B ((T''[z::=v|r,)QT) (v'[z:=0]yy) (T2[z::=0]74)
proof —
obtain 7o’ where t2: infer-v © B (I’ Q (xz, by, c0[20:=[z]"]cr) #r T) v' 172’ A ©; B (T Q (z,
b, c0[20:=[z]"]cv) #r T) F 72" S 79
using check-v-elims assms by blast
hence infer-v © B ((I'[z:=v]r,)AQL) (v'[z:=v]yy) (T2[z:=0]70)
using subst-infer-v[OF - assms(1) assms(3) assms(4)] by blast
moreover hence ©; B ; (I'[z:=v]r,)QT) bFry/[z:=0]ry S To[zii=0]7y
using subst-subtype assms t2 by (meson subst-subtype-tau subtype-trans)
ultimately show ?thesis using check-v.intros by blast
qed

lemma type-veq-subst[simpl:

assumes atom z § (z,v)

shows { z : b | CE-val (V-var z) == CE-val v’ [[z::=0];y, ={ 2: b | CE-val (V-var z) == CFE-val
v[z:=0]py |}

using assms by auto

lemma subst-infer-v-form:
fixes v::v and v"::v and T'::T
assumes O ; B; '+ v = 71 and
O ; B; I'Q((x,b1,c0[20::=[2]"]cv)#r]) F v’ = 75 and b= b-of T2
©;B;Tk71 < ({20:b1]c0])and atom 20 § (z,v) and atom 28’ § (x,v,v’, T'Q((x,b1,c0[20::=[]"]cy)#rT)
)

shows ¢ © ; B ; I'[zu=vlr, @ T F v[zi=0v]y, = { 28" : b | CE-val (V-var 28') == CE-val
v[zi=0]py [P
proof —

have © ; B ; T'Q((z,b1,c0[20:=[z]"]co)#rD) B v/ = { 23" : b-of 72 | C-eq (CE-val (V-var z3"))
(CE-val v') |}
proof(rule infer-v-form4)
show ¢« © ; B ; I Q (z, by, c0[20:=[ z |"]ev) #r I' F v/ = 79> using assms by metis
show <atom 23" § (v, T/ Q (z, by, c0[20::=] z ]"]cp) #r T')> using assms fresh-prodN by metis
show <b-of 179 = b-of 72> by auto
qed
hence « © ; B ; T'[z::=v|r, QT F v'[z:=0]py, = { 28" : b-of 72 | CE-val (V-var z3") == CE-val
v Haou=v]r
using subst-infer-v assms by metis
thus “thesis using type-veq-subst fresh-prodN assms by metis
qed

14.7 Expressions

For operator, fst and snd cases, we use elimination to get one or more values, apply the substitu-
tion lemma for values. The types always have the same form and are equal under substitution.
For function application, the subst value is a subtype of the value which is a subtype of the
argument. The return of the function is the same under substitution.
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Observe a similar pattern for each case

lemma subst-infer-e:

fixes v::v and e:e and T'::T

assumes
©;P;B;G; Al e= 19 and G = (I"Q((x,by,subst-cv c0 20 (V-var z))#rI))
©;B;I'v= 7 and
©; B;T'F71 < {20:0b1]cO and atom 20 § (z,v)

shows © ; @ ; B ; (I'[z::=v]p,)QL") ; (Alz::=0]ay) F (subst-ev e z v ) = To[r:i=0]7y

using assms proof(nominal-induct avoiding: x v rule: infer-e.strong-induct)

case (infer-e-vall © BT A ® v’ 1)

have © ; ® ; B ; I'[z:=v|r, QT ; Alz:i=v]a, F (AE-val (v'[z:=0]yy)) = T[T::=0]7y
proof
show © ; B ; I'[z::=v|p, QT by Alz::=v]a, using wfD-subst infer-e-vall subtype-eq-base?
by (metis b-of .simps infer-v-v-wf subst-g-inside-simple wfD-wf wf-subst(11))
show OF, ; ® using infer-e-vall by auto
show © ; B ; I'[z:=v]p, QT F v'[z:=0v]y, = T[2x::=0];, using subst-infer-v infer-e-vall using
wfD-subst infer-e-vall subtype-eq-base2

by metis
qed
thus ?case using subst-ev.simps by simp
next

case (infer-e-plusl © BT A ® vl 21 ¢l v2 22 ¢2 23)
hence 25f: atom z3 § CE-op Plus [v1]°® [v2]°¢ using e.fresh ce.fresh opp.fresh by metis

obtain 28":z where *:atom 23’ t (z,v,AE-op Plus vl v2, CE-op Plus [v1]°® [v2]°¢ , AE-op Plus
01 [2:=0]yy V2[T::=0]yy , CE-0p Plus [v1[x:=0]y,] [02[1::=0]yy]¢, T [z:=v]r, QT )
using obtain-fresh by metis
hence xx:({ 28 : B-int | CE-val (V-var 23) == CE-op Plus [v1]°® [v2]°¢ |}) = { 28’ : B-int |
CE-val (V-var 28") == CE-op Plus [v1]¢ [v2]¢¢ |
using type-e-eq infer-e-plusl fresh-Pair z3f by metis

obtain 21’ b1’ c1’ where zl:atom z1’4 (z,v) AN { 21 : B-int | ¢ |} = { 21’ : b1’ | c¢1’ |} using
obtain-fresh-z by metis

obtain 22’ b2’ c¢2' where 22:atom 22’ (z,0) A { 22 : B-int | ¢2 |} = { 22’ : b2’ | c2’ |} using
obtain-fresh-z by metis

have bb:b1’ = B-int A b2’ = B-int using z1 22 T.eq-iff by metis

have © ; ® ; B ; I'[zu:=v|r, Q@ T ; Alz:i=v]a, F (AE-op Plus (v1[z:=0]yy) (V2[1:=0]yy)) = { 23’
: B-int | CE-val (V-var z3’) == CE-op Plus ([v1[2:=9]4]°¢) ([v2[z:=v]4,]°¢) [
proof
show < © ; B ; I''[z::=v]p, QT by p Alzii=0v]a, >
using infer-e-plusl wfD-subst subtype-eq-base2 b-of .simps by metis
show « Ok, ¢y ® ) using infer-e-plusl by blast
show « © ; B ; I'[z::=v]p, QT F vi[z:=v]yy = { 21’ : B-int | c1'[z:=0]c, > using subst-tv.simps
subst-infer-v infer-e-plusl z1 bb by metis
show ¢ © ; B ; I'[z::=v]p, QT F v2[z::=0]y, = { 22’ : B-int | c2'[z::=v].y > using subst-tv.simps
subst-infer-v infer-e-plusl z2 bb by metis
show <atom z3'§ AE-op Plus vl [z::=v]y, v2|T::=0],,> using fresh-prod6 * by metis
show <atom 28’ § I''[z::=v]p, @ Iy using * by auto
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qged
moreover have { z3’: B-int | CE-val (V-var z3') == CE-op Plus ([v1[2:=0]44]%¢) ([v2[z:=0]ys]°¢)
I ={ 23’ : B-int | CE-val (V-var z8') == CE-op Plus [v1]°°® [v2]°® [}z:=0]r4
by (subst subst-tv.simps,auto simp add: * )
ultimately show ?Zcase using subst-ev.simps * xx by metis
next
case (infer-e-leqgI © BT A ® vl 21 ¢l v2 22 ¢2 23)

hence 23f: atom 28 § CE-op LEq [v1]°¢ [v2]°¢ using e.fresh ce.fresh opp.fresh by metis

obtain 23':z where x:atom 23’ § (x,v,AE-op LEq vl v2, CE-op LEq [v1]°¢ [v2]°¢ , CE-op LEq
[V1[T::=0]yy] ¢ [V2[2::=0]40]°¢ , AE-0p LEq v1[z:=]yy v2[2:=0]yy,][z::=0]p, QT)
using obtain-fresh by metis
hence xx:({ 23 : B-bool | CE-val (V-var z8) == CE-op LEq [v1]°® [v2]°¢ |}) = { 28’ : B-bool |
CE-val (V-var z8') == CFE-op LEq [v1]°® [v2]°¢ |}
using type-e-eq infer-e-leql fresh-Pair z3f by metis

obtain 21’ b1’ c1’ where zl:atom z1’4 (z,v) A { 21 : B-int | ¢l |} = { 21’ : b1’ | c¢1’ | using
obtain-fresh-z by metis

obtain 22’ b2’ c¢2' where 22:atom 22’ (z,0) A { 22 : B-int | ¢2 |} = { 22’ : b2’ | c2’ |} using
obtain-fresh-z by metis

have bb:b1’ = B-int A b2’ = B-int using z1 22 T.eq-iff by metis

have © ; ® ; B ; I'[z::=v|r, QT ; Alz:i=v|a, F (AE-0p LEq (v1[z:=0]yy,) (v2[z:=0]yy)) = { 23’
: B-bool | CE-val (V-var 28') == CE-op LEq ([vl[z::=0]yy]°¢) ([v2[z::=0]yu]¢) |
proof
show <« © ; B ; I'[z::=v|p, Q T by Alzii=v]a, » using wfD-subst infer-e-leql subtype-eg-base2
b-of .simps by metis
show < O, ¢ ® » using infer-e-leqI(2) by auto
show « © ; B; I'[z::=v]p, QT kvl [z:=0]y, = { 21" : B-int | c1'[z:=0]cy [}> using subst-tv.simps
subst-infer-v infer-e-leql z1 bb by metis
show ¢ © ; B ; I[z::=v]p, QT F v2[z::=0]y, = { 22': B-int | c2'[z::=v].y > using subst-tv.simps
subst-infer-v infer-e-leql z2 bb by metis
show <atom 23" AE-op LEq vl[x:=9]y, v2[z::=0]y,> using fresh-Pair = by metis
show <atom 28’ § I''[z::=v]p, @ Iy using * by auto

qed
moreover have { z3’: B-bool | CE-val (V-var z3") == CE-op LEq ([v1[z:=0]4,]°¢) ([v2[z::=0]4,]°¢)
I =4 23’ : B-bool | CE-val (V-var z3") == CE-op LEq [v1]°® [v2]°¢ [}z::=0];,

using subst-tv.simps subst-ev.simps * by auto
ultimately show ?Zcase using subst-ev.simps * *x by metis
next
case (infer-e-eql © BT A ® vl z1 bb c1 v2 22 2 23)

hence 23f: atom 23 § CE-op Eq [v1]¢¢ [v2]¢¢ using e.fresh ce.fresh opp.fresh by metis

obtain 23":x where x:atom 28’ § (z,v,AE-op Eq vl v2, CE-op Eq [v1]°® [v2]¢¢ , CE-0op Eq [v1[x:=v],,]®
[V2[z::=0]yy]°¢ , AE-0p Eq vl[z:=0]y, v2[2:=0]y,, ] [zi=0]p, QT)
using obtain-fresh by metis
hence #x:({ 23 : B-bool | CE-val (V-var z3) == CE-op Eq [v1]°® [v2]°¢ }) = { 23’ : B-bool |
CE-val (V-var 28") == CE-op Eq [v1]°¢ [v2]¢¢ |}
using type-e-eq infer-e-eql fresh-Pair 23f by metis
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obtain z1’ b1’ c¢1’ where zI:atom z1'4 (z,o) AN { 21 : bb | cl } = 21’ : b1’ | c1’ |} using
obtain-fresh-z by metis

obtain 22’ b2’ c¢2' where 22:atom 22’ § (z,0) AN { 22 : bb | c2 } = { 22’ : b2’ | c2’ |} using
obtain-fresh-z by metis

have bb:b1’ = bb A b2’ = bb using z1 22 T.eq-iff by metis

have © ; ® ; B ; I'[zi:=v|r, QT ; Alz::=0v|a, F (AE-0p Eq (v1[z:=0]yy) (v2[z:=0]y,)) = { 23" :
B-bool | CE-val (V-var 28') == CE-op Eq ([vl[x:=0],,]°) ([v2[z:=]y0u]¢) }
proof
show < © ; B ; I'[z::=v|pr, Q T Fys Alz:=0]|a, > using wfD-subst infer-e-eql subtype-eq-base2
b-of .simps by metis
show ¢ O, ® > using infer-e-eqI(2) by auto
show ¢ © ; B ; I'[z:=v]r, QT F wifzi=v]y, = { 217: bb | c1'[z::=v]cy > using subst-tv.simps
subst-infer-v infer-e-eql z1 bb by metis
show « © ; B ; T'[zii=v]p, QT F 02[x:=0]p, = { 22 : bb | c2'[z::=0]¢, [}» using subst-tv.simps
subst-infer-v infer-e-eql 22 bb by metis
show <atom 23" § AE-op Eq vl[z::=v]y, v2[x::=v]y,> using fresh-Pair x by metis
show <atom 28’ § I''[z::=v]p, @ Iy using * by auto
show bb € {B-bool, B-int, B-unit} using infer-e-eqI by auto

qed
moreover have { z3’: B-bool | CE-val (V-var z3') == CE-op Eq ([v1[z:=0]4,]°¢) ([02[2::=0]44]¢)
I =4 23’ : B-bool | CE-val (V-var z3") == CE-op Eq [v1]°® [v2]°¢ }z:=0]r

using subst-tv.simps subst-ev.simps * by auto
ultimately show ?Zcase using subst-ev.simps * xx by metis
next
case (infer-e-appl © BT" A® fz'bet’ s v' 1)

hence z # z’ using <atom z’ § T’y using wfG-inside-z-neq wfX-wfY by metis

show ?Zcase proof(subst subst-ev.simps,rule)
show « © ; B ; I'[z=v|p, QT ks Alz:i=v]a, > using infer-e-appl wfD-subst subtype-eg-base2
b-of .simps by metis
show « O, s ® ) using infer-e-appl by metis
show <(Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ =’ b ¢ 7' s))) = lookup-fun ® f» using
infer-e-appl by metis

have <O ; B ; T[z:=v|r, QT F v[zi:=v]y, <= { 2" : b | ¢ }[[x::=0]7,> proof (rule subst-infer-check-v
)
show © ; B; ' + v = 71 using infer-e-appl by metis
show © ; B ; TV Q (z, by, c0[20:=[2]"]cy) #r T F v <= {2’ : b | ¢ | using infer-e-appl by
metis
show © ; B; T b 71 <{20:0by | cO | using infer-e-appl by metis
show atom 20 § (z, v) using infer-c-appl by metis
qed
moreover have atom z § ¢ using wfPhi-f-simple-supp-c infer-e-appl fresh-def «z#z"
atom-eq-iff empty-iff infer-e-appl.hyps insert-iff subset-singletonD by metis

moreover hence atom x § { z': b | ¢ || using 7.fresh supp-b-empty fresh-def by blast

ultimately show <O ; B ; IV[z::=v]p, QT F v'[z:=0]y, <= { 2’ : b | ¢ |}» using forget-subst-tv
by metis

400



have *: atom x’ § (z,v) using infer-v-fresh-g-fresh-zv infer-e-appl check-v-wf by blast

show <atom z’'§ (0, @, B, I'[z:=v|p, Q T, Alz::=0|aq, v/ [2:=0]py, T[x::=0]14)
apply (unfold fresh-prodN, intro conjl)
apply (fresh-subst-mth-auzr add: infer-e-appl fresh-subst-gv wfD-wf subst-g-inside)
using infer-e-appl fresh-subst-gv wfD-wf subst-g-inside apply metis
using infer-e-appl fresh-subst-dv-if apply metis
done

have supp 7' C { atom z' } U supp B using infer-e-appl wfT-supp wfPhi-f-simple-wfT
by (meson infer-e-appl.hyps(2) le-supll wfPhi-f-simple-supp-t)
hence atom z 7/ using <«x#z"y fresh-def supp-at-base z-not-in-b-set by fastforce
thus «7'[z":=v'[z::=v]y0]y» = T[T::=0]7) using subst-tv-commute infer-e-appl subst-defs by metis
qed
next
case (infer-e-appPI © BT" A b’ fovaz' ber’ s v'7)

hence z # z’ using <atom z’ § T'"y using wfG-inside-z-neq wfX-wfY by metis

show ?Zcase proof(subst subst-ev.simps,rule)
show < O ; B ; I'[zu:=v]p, QT Fyy Alz::=0v|a, > using infer-e-appPI wfD-subst subtype-eg-base2
b-of .simps by metis
show < ©F, s ® » using infer-e-appPI(4) by auto
show © ; B+, b’ using infer-e-appPI(5) by auto
show Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ ' b ¢ 7’ s'))) = lookup-fun ® f using
infer-e-appPI(6) by auto

show O ; B ; I'[z=v]r, QT F v[z:=0],, < { 2" b[bv=b"y | c[bv:=0b"], |} proof —
have O ; B ; I[zi=v]r, QT F v'[zu=0]p, < { 2’ blbv:=bpp | c[bv::=b"cp [z::=0]700
proof (rule subst-infer-check-v )
show © ; B; I' + v = 71 using infer-e-appPI by metis
show © ; B; TV Q (x, by, c0[20:=[2]"]cy) #r T F o' <= { 2’ : b[bv:=b"lpp | c[bv::=b"]cp |} using
infer-e-appPI subst-defs by metis
show © ; B; T 71 < {20 :0b; | c0 |} using infer-e-appPI by metis
show atom 20 § (z, v) using infer-e-appPI by metis
qed
moreover have atom z § ¢ proof —
have supp ¢ C {atom ', atom bv} using wfPhi-f-poly-supp-c[OF infer-e-appPI(6)] infer-e-appPI
by metis
thus ?thesis unfolding fresh-def using <x#z’ atom-eq-iff by auto
qed
moreover hence atom z § { ' : b[bv::=b"]pp | c[bvi:=b"]cp | using 7.fresh supp-b-empty fresh-def
subst-b-fresh-x
by (metis subst-b-c-def)
ultimately show ¢thesis using forget-subst-tv subst-defs by metis
qed
have supp 7' C { atom z', atom bv } using wfPhi-f-poly-supp-t infer-e-appPI by metis
hence atom z § 7’ using fresh-def «x#zx’> by force
hence x:atom x § 7'[bv::=b"]; using  subst-b-fresh-x subst-b--def by metis
have atom z' t (z,v) using infer-v-fresh-g-fresh-azv infer-e-appPI check-v-wf by blast
thus atom z’ § T''[z::=v]r, Q T using infer-e-appPI fresh-subst-gv wfD-wf subst-g-inside fresh-Pair
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by metis
show 7/[bv:=b"p[z":=v'[z::=0]yy]y = T[r::=0];, using infer-e-appPI subst-tv-commute[OF * |
subst-defs by metis
show atom bv § (©, @, B, I'[z::=v]p, Q T, Alz::=0]ay, b, v'[z:=0]yy, T[z:=0]+y)
by (fresh-mth add: infer-e-appPI fresh-subst-guv-inside)
ged
next

case (infer-e-fstI © BT A ® v’ 2/ b1 b2 ¢ z)
hence zf: atom z § CE-fst [v]°¢ using ce.fresh e.fresh opp.fresh by metis

obtain z3":x where x:atom 23’ § (z,v,AE-fst v, CE-fst [v|°¢ , AE-fst v'[x::=0]y, I'[z:=v]pr, QT )
using obtain-fresh by auto
hence *x:({ z: b1 | CE-val (V-var z) == CE-fst [v]°¢ [}) ={ 28’: b1 | CE-val (V-var 23') ==
CE-fst [v]°c |
using type-e-eq infer-e-fstl(4) fresh-Pair zf by metis

obtain 21’ b1’ c1’ where zl:atom z1'4 (z,v) A{ 2': B-pair b1 b2 | ¢} ={ z1': b1’ | c¢1’ |} using
obtain-fresh-z by metis

have bb:b1' = B-pair bl b2 using z1 7.eq-iff by metis
have © ; ® ; B ; I'[z:=v|r, QT ; Alz::=0v|a, F (AE-fst v'[x:i=0]yy) = { 23': b1 | CE-val (V-var
23"y == CE-fst [v'[z:=0]ps]%¢ |}
proof
show < © ; B ; I'[zi:=v|r, QT ks Alz:=0]a, > using wfD-subst infer-e-fstI subtype-eq-base?
b-of .simps by metis
show « O,y ® ) using infer-e-fstI by metis
show <« © ; B ; I'[z:=v|r, QT F v[z:=v]y, = { 21’ : B-pair b1 b2 | cl'[z::=v]., | using
subst-tv.simps subst-infer-v infer-e-fstl z1 bb by metis

show <atom 28’ § AE-fst v'[z::=v]y, » using fresh-Pair x by metis
show <atom 23’ § T''[z::=v|r, Q I'y using * by auto

ged
moreover have { 23" : bl | CE-val (V-var 23") == CE-fst [v'[z:=0]y,]¢ } = { 23’ : b1 | CE-val
(V-var 28") == CE-fst [v]°¢ }z::=0v]ry

using subst-tv.simps subst-ev.simps * by auto
ultimately show ?Zcase using subst-ev.simps * xx by metis
next
case (infer-e-sndl © BT A ® v' 2’ b1 b2 ¢ 2)
hence zf: atom z § CE-snd [v']°® using ce.fresh e.fresh opp.fresh by metis

obtain 23":x where x:atom 23’ t (z,v,AE-snd v', CE-snd [v']°¢ , AE-snd v'[z:=0]y, ,I[z::=v]p, Q
T ,v’, T") using obtain-fresh by auto
hence #x:({ z: b2 | CE-val (V-var z) == CE-snd [v]°® |}) ={ 23': b2 | CE-val (V-var z3")
== CFE-snd [v]°¢ |
using type-e-eq infer-e-sndI(4) fresh-Pair zf by metis

obtain 21’ b2’ c1’ where zl:atom z1'4 (z,v) A { 2’ : B-pair b1 b2 | ¢} ={ z1’': b2’ | c¢1’ |} using
obtain-fresh-z by metis

have bb:02’ = B-pair bl b2 using z1 7.eq-iff by metis
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have © ; @ ; B ; I'[zi:=v]p, QT ; Alz:=v]a, F (AE-snd (v[z::=0]yy)) = { 28’ : b2 | CE-val
(V-var 28") == CE-snd ([v'[z:=v]yy]°¢) |}
proof
show < © ; B ; I''[zi:=v]p, QT by Alz:=v]a, » using wfD-subst infer-e-sndl subtype-eq-base2
b-of .simps by metis
show « O, ¢ ® » using infer-e-sndl by metis
show <« © ; B ; I'[zu:=v|r, QT F v[z:=v]y, = { 21’ : B-pair b1 b2 | cl'[z::=v]., | using
subst-tv.simps subst-infer-v infer-e-sndl z1 bb by metis

show <atom 28’ § AE-snd v'[z::=v],, > using fresh-Pair = by metis
show <atom 23’ § T''[z::=v|r, Q I'y using * by auto

qged
moreover have { 23’ : b2 | CE-val (V-var 23') == CE-snd ([v[z:=0]y,]¢) |} = { 23" : b2 |
CE-val (V-var z8') == CE-snd [v]°¢ [}z:=0v]r,

by (subst subst-tv.simps, auto simp add: fresh-prodN x)
ultimately show ?Zcase using subst-ev.simps * xx by metis
next
case (infer-e-len]l © BT A ® v’ 2/ ¢ 2)
hence zf: atom z § CE-len [v']°¢ using ce.fresh e.fresh opp.fresh by metis
obtain z3":z where *:atom 23’ § (z,0,AE-len v', CE-len [v/]°¢ , AE-len v'[z:=v]y, ,[/[z:=0v]r, @ T
, T'"v’) using obtain-fresh by auto
hence xx:({ z: B-int | CE-val (V-var z) == CE-len [v]°¢ }) = { 23’ : B-int | CE-val (V-var
23"y == CE-len [v']°¢ |}
using type-e-eq infer-e-lenl fresh-Pair zf by metis

have xxx: © ; B; I'" + v’ = { 28’ : B-bitvec | CE-val (V-var z3') == CE-val v' |}
using infer-e-lenl infer-v-form3[OF infer-e-lenI(3), of 23] b-of .simps x fresh-Pair by metis

have © ; @ ; B ; I''[zi:=v]p, Q' ; Alzu=v|a, F (AE-len (v'[z::=1]y,)) = { 23’ : B-int | CE-val
(V-var 28") == CE-len ([v'[z:=0]4s]%¢) |}
proof
show « © ; B ; I'[z::=v]p, QT by Alzi=v]a, » using wfD-subst infer-e-lenl subtype-eq-base?
b-of .simps by metis
show « O, ¢ ® ) using infer-e-lenl by metis

have « © ; B ; I'[z:=v]p, QT F v'zi=0]y, = { 23’ : B-bitvec | CE-val (V-var 23') == CE-val
o' Fa=0]r0
proof (rule subst-infer-v)
show ¢« © ; B ;' F v = 71> using infer-e-lenl by metis
show «© ; B;T'Q (z, by, c0[20:=[ z |"]cv) #r T F v' = { 23" : B-bitvec | [ [ 28" ]V ]°®¢ ==
v']°¢ b using xxx infer-e-lenl by metis
show © ; B;T' F71 < {20 : b1 | cO |} using infer-e-lenl by metis
show atom z0 4 (z, v) using infer-e-lenl by metis
qed

thus < ©; B; I'[zu=vlp, @T F v/[z0:=0]y, = { 28" : B-bitvec | CE-val (V-var 23') == CFE-val
v[zi=0]p P
using subst-tv.simps subst-ev.simps fresh-Pair * fresh-prodN subst-vv.simps by auto

show <atom 23’ § AE-len v'[z::=v]y,> using fresh-Pair * by metis

show <atom 23’ § T''[z::=v|p, @ I'y using fresh-Pair * by metis
qged
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moreover have { 23’ : B-int | CE-val (V-var 28') == CE-len ([v'[z:=0]4,]¢) [} = { 23’ : B-int |
CE-val (V-var z3') == CE-len [v]°® }z:=v]ry
using subst-tv.simps subst-ev.simps * by auto

ultimately show ?case using subst-ev.simps * *x by metis

next
case (infer-e-mvarl © BT ® A u T)

have © ; & ; B ; I'[z:=v|r, QT ; Alz::=0]a, F (AE-muar u) = 7[2:=0]7,
proof
show < © ; B I''[z::=v]p, QT proof —
have wfV © BT v (b-of 71) using infer-v-wf infer-e-mvarl by auto
moreover have b-of 71 = by using subtype-eq-base2 infer-e-mvarl b-of .simps by simp
ultimately show ?2thesis using wf-subst(3)[OF infer-e-mvarI(1), of T/ x by c0[20:=[2]"]cv T ]
infer-e-muvarl subst-g-inside by metis
qged
show « O, ¢ ® ) using infer-e-mvarl by auto
show < O ; B ; I'[zu=v]r, QT Fyy Alz:=0v|a, > using wfD-subst infer-e-mvarl subtype-eq-base?
b-of .simps by metis
show «(u, T[z:=0]+,) € setD Alz::=v]a,> using infer-e-mvarl subst-dv-member by metis
qged
moreover have (AE-mvar u) = (AE-mvar u)[z:=v]., using subst-ev.simps by auto
ultimately show ?case by auto

next
case (infer-e-concatl © BT A ® vl z1 ¢l v2 22 2 23)

hence zf: atom 23 § CE-concat [v1]°¢ [v2]°¢ using ce.fresh e.fresh opp.fresh by metis

obtain 28":z where x:atom 23" (x,v,v1,v2,AE-concat vl v2, CE-concat [v1]°¢ [v2]°¢ , AE-concat
(v1[x::=0]y0) (V2[2:=0]yy) T '[z::=v]r, @T | T w1 , v2) using obtain-fresh by auto

hence xx:({ 23 : B-bitvec | CE-val (V-var z8) == CE-concat [v1]°® [v2]°¢ |}) = { 23’ : B-bitvec |
CE-val (V-var z8') == CE-concat [v1]°¢ [v2]°¢ |}
using type-e-eq infer-e-concatl fresh-Pair zf by metis
have zfr: atom z 23’ using fresh-at-base fresh-prodN * by auto

have v1: © ; B; T + vl = { 23’ : B-bitvec | CE-val (V-var z3'") == CE-val vl |}
using infer-e-concatl infer-v-form3 b-of .simps * fresh-Pair by metis

have v2: © ; B; T F v2 = { 23': B-bitvec | CE-val (V-var 23') == CE-val v2 |}
using infer-e-concatl infer-v-form3 b-of .simps x fresh-Pair by metis

have © ; @ ; B ; I'[z::=v]p, QT ; Alzi:=v]a, F (AE-concat (v1[z:=0]yy) (v2[z:=0]yy)) = { 28’
: B-bitvec | CE-val (V-var z3') == CE-concat ([v1[z:=0]y4]°¢) ([v2[z:=0]4y]%¢) |}
proof
show < © ; B ; I'[z:=v]p, QT Fy s Alz:i=0v]pa, > using wfD-subst infer-e-concatl subtype-eq-base2
b-of .simps by metis
show < Ok, @ by(simp add: infer-e-concatl)
show ¢ © ; B ; I'[z:=v]p, QT F vl[z:=0]y, = { 23" : B-bitvec | CE-val (V-var 28') == CFE-val
(v1[z:=v]yy) P
using subst-infer-v-form infer-e-concatl fresh-prodN = b-of .simps by metis
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show ¢ © ; B ; I'[zu=v]p, QT F v2[zi:=0],, = { 23’ : B-bitvec | CE-val (V-var z8') == CFE-val
(v2[x::=0]y0) b
using subst-infer-v-form infer-e-concatl fresh-prodN x b-of .simps by metis
show <atom 23’ AE-concat v1[z:=v]y, v2[z::=0]y,> using fresh-Pair * by metis
show <atom 23’ § T'[z::=v|r, @ 'y using fresh-Pair x by metis

ged
moreover have { 23 : B-bitvec | CE-val (V-var z3') == CE-concat ([v1[z:=v]y,]%¢) ([v2][2::=0]4,]%¢)
b = { 28 : B-bitvec | CE-val (V-var 28") == CE-concat [v1]°¢ [v2]°¢ [}a:=0v]ry

using subst-tv.simps subst-ev.simps * by auto

ultimately show ?case using subst-ev.simps xx * by metis
next
case (infer-e-splitl © BT A & vl z1 ¢l v2 22 23)
hence x:atom z3 § (z,v) using fresh-Pair by auto
have <x # 28 » using infer-e-splitl by force
have © ; ® ; B ; (I'[z:=v|r, QT) ; Alz::=0v]a, b (AE-split v1[z:=0]yy V2[::=0]4y) =
{ 28 : [ B-bitvec , B-bitvec |° | [ vl[z::=0]yy |°¢ == [ [#1[] 23 ]? ]¢¢]¢c Q@ [#2[ [ 23 |V
]CC]CE ]ce AND
1 ][ 28 17 Jeejee floe == [ w2lzimulyn I |
proof
show « © ; B ; I'[zi:=v|r, QT k5 Alz:i=v]a, » using wfD-subst infer-e-split] subtype-eq-base2
b-of .simps by metis
show « © s ® ) using infer-e-split] by auto
have « O ; B ; I'[zu=v|r, QT F vl[z:=0]yy = { 21 : B-bitvec | c1 }z:=0]>
using subst-infer-v infer-e-splitl by metis
thus « © ; B ; I'V[z::=v]p, QT F vl[z:i=0v]y, = { 21 : B-bitvec | cl[z:=0]cy |
using infer-e-splitl subst-tv.simps fresh-Pair by metis
have «x # 22 » using infer-e-splitl by force

have ({ 22 : B-int | ([ leq [ [ L-num 0 ] |¢¢ [ [ 22 |V ]°¢ ]°¢ == [ [ L-true " |°¢)
AND ([ leq [ [ 22 ] ] [| [ v [z:=v]yy ][] ]°¢ == [[ L-true ]" ]*°) [}) =
({ 22 : B-int | ([leq [[ L-num 0 ]" ] [[22]" ] )¢ == [] L-true ]’ )
AND ([leq [[22 17 ¢ | [ w1 Jo¢ [l 1 == [ [ Letrue J* %) Plasi=o],.)
unfolding subst-cv.simps subst-cev.simps subst-vv.simps using <x # 22> infer-e-splitl fresh-Pair
by simp
thus «© ; B ; I'[z:=1|p, @
e I Fo2lzi=v]yy, < { 22 : B-int | [leg [[ L-num 0 ]V ¢ [[ 22 ]V ]°¢ |© == [[ L-true
AND [leq [ [ 22 ]" )% [| [ vl [z:=v]vy | []°° ]°¢ == [[ L-true]” ] [p

using infer-e-split] subst-infer-check-v fresh-Pair by metis

show <atom z1 § AE-split vl [x::=0]y, v2[2:=0]y,> using infer-e-split] fresh-subst-vv-if by auto
show <atom 22 § AE-split vl[z::=v]yy V2[T::=0]y,,» using infer-e-splitl fresh-subst-vv-if by auto
show <atom 238 § AE-split vl[z::=v]yy vV2[T::=0]y,» using infer-e-splitl fresh-subst-vv-if by auto

show <atom 23 § I''[z::=v]p, @ I using fresh-subst-gv-inside infer-e-splitl by metis
show <atom 22 f T''[z::=v]p, @ T» using fresh-subst-gu-inside infer-e-splitl by metis
show <atom z1 § T''[z::=v]p, @ T using fresh-subst-gu-inside infer-e-splitl by metis
qged
thus ?case apply (subst subst-tv.simps)
using infer-e-splitl fresh-Pair apply metis
unfolding subst-tv.simps subst-ev.simps subst-cv.simps subst-cev.simps subst-vv.simps *
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using <x # z3» by simp
qed

lemma infer-e-uniqueness:

assumes © ; & ; B; GNil ;A Fep=>7m1and O ;P ;B ; GNil ; A Fep = 1

shows 71 = 79

using assms proof(nominal-induct rule:e.strong-induct)

case (AE-val x)

then show ?Zcase using infer-e-elims(7)[OF AE-val(1)] infer-e-elims(7)[OF AE-val(2)] infer-v-uniqueness
by metis
next

case (AE-app f v)

obtain z1 b1 c1 s1’ 71’ where t1: Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ x1 b1 ¢l 71’
s1")) = lookup-fun ® f N 71 = 71'[x1::=0],, using infer-e-app2E[OF AFE-app(1)] by metis

moreover obtain 22 b2 c¢2 s2’ 72’ where t2: Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ ©.2
b2 c2 72" s27))) = lookup-fun ® f N T = 72'[22::=v|,, using infer-e-app2E[OF AE-app(2)] by metis

have 71'[z1::=v];, = 72/[22::=0|,, using tI and t2 fun-ret-unique by metis

thus ?thesis using t1 t2 by auto
next

case (AE-appP [ b v)

obtain bvl x1 b1 ¢l s1' 71" where t1: Some (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ x1 b1 c1
71’ s1")) = lookup-fun ® f A 71 = 71'[bvl =:=b];p[z]::=v];, using infer-e-appP2E[OF AE-appP(1)]
by metis

moreover obtain bv2 22 b2 c2 s2' 72’ where t2: Some (AF-fundef f (AF-fun-typ-some bv2 (AF-fun-typ
22 b2 c2 72’ s2")) = lookup-fun ® f N 1o = T2'[bv2:=b],p[22::=0];, using infer-e-appP2E[OF
AE-appP(2)] by metis

have 71'[bvl::=b];p[xl::=0]ry = T2 bv2::=0b];p[22::=0],, using tI and t2 fun-poly-ret-unique by
metis
thus “thesis using t1 t2 by auto
next
case (AE-op opp vl v2)
show ?case proof(rule opp.exhaust)
assume opp = plus
hence © ; & ; B; GNil ; A + AFE-op Plus vl v2 =ty and © ; ® ;B ; GNil ; A + AE-op Plus
vl v2 = 79 using AFE-op by auto
thus ?thesis using infer-e-elims(11)[OF «© ; ® ; B ; GNil ; A+ AFE-op Plus vl v2 = 71> ]
infer-e-elims(11)[OF «© ; ® ; B; GNil ; A+ AFE-op Plus vl v2 = 7o) |
by force
next
assume opp = leq
hence opp = LEq using opp.strong-ezhaust by auto
hence © ; & ; B; GNil ; A + AFE-op LEquvl v2 = 71 and © ;® ;B ; GNil ; A + AE-op LEq
vl v2 = 79 using AF-op by auto
thus ?thesis using infer-e-elims(12)[OF <© ; ® ; B ; GNil ; A+ AFE-op LEq vl v2 = 11 ]
infer-e-elims(12)[OF <© ; ® ; B; GNil ; A+ AE-op LEq vl v2 = 79 |
by force
next
assume opp = eq
hence opp = Eq using opp.strong-exhaust by auto
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hence © ; ® ; B; GNil ; A + AE-op Equvl v2 = 11and © ;® ; B; GNil ; A + AFE-op Eq vl
v2 = To using AFE-op by auto
thus ?thesis using infer-e-elims(25)[OF <© ; & ; B ; GNil ; A+ AE-op Eq vl v2 = 11 |
infer-e-elims(25)[OF <© ; ® ; B; GNil ; A + AE-op Eq vl v2 = 19 |
by force
qed
next
case (AE-concat vl v2)

obtain z5::z where t1:77 = { 23 : B-bitvec | [ [ 28 |V |°© == CE-concat [v1]°¢ [v2]°¢ } A atom
28 § vl A atom z3 § v2 using infer-e-elims(18)[OF AE-concat(1)] by metis
obtain z3":x where t2:79 = { 23’ : B-bitvec | [[ 23"]" ]°® == CE-concat [v1]°¢ [v2]°¢ |} A atom

23" § v1 A atom 23’ § v2 using infer-e-elims(18)[OF AE-concat(2)] by metis
thus ?case using t1 t2 type-e-eq ce.fresh by metis

next
case (AE-fst v)

obtain zI and b! where 71 = { 21 : b1 | CE-val (V-var z1) == (CE-fst [v]°¢) |} using infer-v-form
AE-fst by auto

obtain zz :: z and bb :: b and zza :: z and bba :: b and cc :: ¢ where
fl: 79 = { 2z : bb | CE-val (V-var zz) == CE-fst [v]°° } A O ; B; GNillyy ANO ;B GNil v
= { xza : B-pair bb bba | cc | A atom zx § v
using infer-e-elims(8)[OF AE-fst(2)] by metis
obtain zzb :: z and bbb :: b and zzc :: z and bbc :: b and cca :: ¢ where
f2: 71 = { xzb : bbb | CE-val (V-var zxb) == CE-fst [v]*° } A© ; B ; GNilkbyy A NO ; B; GNil
F v = { zzc : B-pair bbb bbc | cca | N atom zxb £ v
using infer-e-elims(8)[OF AE-fst(1)] by metis
then have B-pair bb bba = B-pair bbb bbc
using fI by (metis (no-types) b-of .simps infer-v-uniqueness)
then have { zz : bbb | CE-val (V-var zx) == CE-fst [v]°® |} = T2
using fI by auto
then show ?thesis
using f2 by (meson ce.fresh fresh-GNil type-e-eq wfG-z-fresh-in-v-simple)
next
case (AE-snd v)
obtain zz :: z and bb :: b and zza :: z and bba :: b and cc :: ¢ where
f1: 79 = { zz : bba | CE-val (V-var zz) == CE-snd [v]°° } A © ; B; GNil-,; AN© ; B; GNil -
v = { aza : B-pair bb bba | cc | A atom zx § v
using infer-e-elims(9)[OF AE-snd(2)] by metis
obtain zzb :: z and bbb :: b and zzc :: z and bbc :: b and cca :: ¢ where
f2: 71 = { xxb : bbe | CE-val (V-var zzb) == CE-snd [v]°° } A © ; B; GNil-,; AN O ; B; GNil
F v = { zzc : B-pair bbb bbc | cca | N atom zxb § v
using infer-e-elims(9)[OF AE-snd(1)] by metis
then have B-pair bb bba = B-pair bbb bbc
using fI by (metis (no-types) b-of .simps infer-v-uniqueness)
then have { zz : bbc | CE-val (V-var xx) == CE-snd [v]°® [} = T2
using fI by auto
then show ?thesis
using f2 by (meson ce.fresh fresh-GNil type-e-eq wfG-z-fresh-in-v-simple)
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next

case (AE-mvar x)

then show ?Zcase using infer-e-elims(10)[OF AE-mvar(1)] infer-e-elims(10)[OF AE-mvar(2)] wfD-unique
by metis
next

case (AE-len x)

then show ?Zcase using infer-e-elims(16)[OF AE-len(1)] infer-e-elims(16)[OF AE-len(2)] by force
next

case (AE-split x1a 12)

then show ?case using infer-e-elims(22)[OF AE-split(1)] infer-e-elims(22)[OF AE-split(2)] by force
qed

14.8 Statements

lemma subst-infer-check-v1:

fixes v::v and v’::v and T'::T

assumes I' = T'1Q((z,b1,c0[20::=[x]"]cy)#r2) and
©;B;I'sFv= 7 and
O;B;T'Fv <719 and
©;B;TskF71 S {20:01] cO |} and atom 20 § (z,v)

shows © ; B ; T'[zi:=v|p, F v/[x:=0]yy < T2[x::=0]74

using subst-g-inside check-v-wf assms subst-infer-check-v by metis

lemma infer-v-c-valid:

assumes O ;B;Ttv=7 and O;B;T F7<{z:b |c|

shows O ; B ;T | c[z:=0¢y
proof —

obtain 27 and b1 and ¢! where x:7 = { z1 : b1 | ¢ } A atom 21 § (c,v,I') using obtain-fresh-z
by metis

then have b1 = b using assms subtype-eq-base by metis

moreover then have © ; B;T'F v = { 21 : b| ¢! |} using assms * by auto

moreover have O ; B ; (21, b, c1) #r I' |= c[z::=[ 21 |"]¢cv proof —

have O ; B ; (21, b, cl[zl==[ 21 |"]y) #r ' = c[zu=[ 21 ],
using subtype-valid[OF assms(2), of z1 z1 b ¢l z ¢ | * fresh-prodN <b1 = by by metis

moreover have cl[z1:=[ z1 |], = ¢l using subst-v-v-def by simp
ultimately show #thesis using subst-v-c-def by metis

qed

ultimately show ?thesis using * fresh-prodN subst-valid-simple by metis

qed

Substitution Lemma for Statements

lemma subst-infer-check-s:
fixes v::v and s::s and cs::branch-s and z::x and c::c and b::b and
I'1:I" and I's::I' and css::branch-list
assumes O ; B;ThFv=7 andO;B; T +t7<{z:b]|c| and
atom z § (z, v)
shows ©;®;B; A Fs< 7/ =
I' = (T2Q((z,b,c[z::=[z]"]cv)#r1)) =
©; ®; B Tzi=vlry ; Alzu=0]as b s[z:=0]sy < 7[2:=0]7y
and
O;®;B;I;A; tid; cons ; const ; v'F cs « 7' =
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' = (TyQ((z,b,c[z::=[x]"]cv)#rI1)) =

©; P ; B, Tz:=vry ; Alz:=v]as;

tid ; cons ; const ; v'[v=0v]y, F cs[ri=0]sy <= T[T0=0]7y
and
O;:®;B;T;A; tid ; delist ; v'I- css = 7' =

' = (T2Q((z,b,c[z:=[z]"]cv)#r[1)) =

O ;P ; B, Tzu=vry ; Alz:=v]ay; tid ; delist ; v'[z:=0]y, b

subst-branchlv css x v < T'[x:=v];,

using assms proof(nominal-induct 7" and 7’ and 7' avoiding: z v arbitrary: Ty and T'y and Ty
rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-vall ® BT A ® v 7' 7"

have sg: T'[z:=v|p, = [a[z::=v|r,Q'; using check-vall by subst-mth
have © ; @ ; B ; I'[z:=v|ry ; Alz:=0]ay F (AS-val (v'[z::=0]yy)) < 7"[2::=0];, pProof
have © ; B ; 'ty v : b using infer-v-v-wf subtype-eg-base2 b-of .simps check-vall by metis
thus O ; B ; T'[zu:=v]rybwr Alzi=v]a,> using wf-subst(15) check-vall by auto
show ¢ O, ¢ ® » using check-vall by auto
show <« © ; B ; '[z::=v]p, F v'[z:=0]yy = 7[z::=0];,> proof(subst sg, rule subst-infer-v)
show O ; B ; 'y + v = 7 using check-vall by auto
show O ; B; T's Q (z, b, c[z::=[2]"]¢v) #r 1 F v/ = 7/ using check-vall by metis
show © ; B; Ty F7< {2z b |c] using check-vall by auto
show atom z § (z, v) using check-vall by auto
qed
show (© ; B ; I[zu=v|r, b 7/[z:=0]ry < 7"'[::=0];y> using subst-subtype-tau check-vall sg by
metis
qed

thus %case using Typing.check-vall subst-sv.simps sqg by auto
next
case (check-letl za © ® BT A ea Ta za sa ba ca)
have x:(AS-let za ea sa)[z:=v]s,=(AS-let za (ealr::=v]cy) sa[z::=0]s,)
using subst-sv.simps < atom za § > < atom za § v> by auto
show ?case unfolding * proof

show atom za § (0,0,8,I'[z:=0v|ry,Alx::=0]Ap,€a[T::=V]ey,Ta]z::=0]1,)
by (subst-tuple-mth add: check-letl)

show atom za § (2a,0,9,B,T[z:=v|ry, Alz:=0]ay,ea[2::=0]cy,
Ta[T:=0]ry,80[T::=0]4y)
by (subst-tuple-mth add: check-letI)

show O; ®; B; I'x::=v]r,; Alz:=0v]a, F
ea[r::=v]e, = { 2za : ba | calz:=v]cy |}
proof —
have O; ®; B; I';[z:=v|r, Q I'y; Alz:i=0|a, F
ealz::=v]ey = { 2za : ba | ca }[z::=0]ry
using check-letl subst-infer-e by metis
thus “thesis using check-letl subst-tv.simps
by (metis fresh-prod2I infer-e-wf subst-g-inside-simple)
qed
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show ©; ®; B; (za, ba, calx::=v]cy[za::=V-var zal,) #r T[z::=v]ry;
Alz:=v]ay b sa[z:=v]s, < Ta[z:=0]7y
proof —
have ©; ®; B; ((za, ba, calza::=V-var za),) #r I)[z:=v]ry ;
Alz:i=v]ay b salzi=v]sy < Ta[zi=0],,
apply(rule check-letI(23)[of (za, ba, calza::=V-var zale,) #r Ta))
by (metis check-letl append-g.simps subst-defs)+

moreover have (za, ba, ca[z::=v|cy[2a::=V-var za).,) #r T[z:=v]p, =
((za, ba, ca[za::=V-var za)e,) #r T)[z:=r,
using subst-cv-commute subst-gv.simps check-let]
by (metis ms-fresh-all(39) ms-fresh-all(49) subst-cv-commute-full)
ultimately show ?Zthesis
using subst-defs by auto
qed
qed
next
case (check-assertl xa © ® BT A ca 7 )
show ?case unfolding subst-sv.simps proof
show <atom za § (0, ®, B, I'[z::=v]ry, Alx:=0|ay, ca[T:=0]cy, T[T:=V]ry, S[T:=0]50)>
by (subst-tuple-mth add: check-assertl)
have za # x using check-assert] by fastforce
thus <« © ; ® ; B ; (za, B-bool, ca[z::=0]cy) #r T[x:i=0]ry ; Alzi=0]as F s[z:=0]s, < T[x::=0]74
using check-assertI(12)[of (za, B-bool, ¢) #r I's x v] check-assert] subst-gv.simps append-g.simps
by metis
have O ; B ; I's[z:i=v]r, QT E ca[z:=0|c, » proof(rule subst-valid )
show <O ; B ;T E c[z::=v]e » using infer-v-c-valid check-assert] by metis
show « © ; B ; I't Fyy v : b using check-assertl infer-v-wf b-of .simps subtype-eg-base
by (metis subtype-eq-base2)
show « © ; B ¢ I't » using check-assert] infer-v-wf by metis
have O ; B b, 'y @Q (z, b, c[zi=[ 2 |"]¢y) #r I'1 using check-assert] wfX-wfY by metis
thus <atom x § I'1» using check-assert] wfG-suffiz wfG-elims by metis

moreover have © ; B ; T'1 5 { 2:0 | ¢ |} using subtype-wfT check-assert] by metis
moreover have x # 2z using fresh-Pair check-assertl fresh-z-neq by metis
ultimately show <atom z t ¢ using check-assert]l wfT-fresh-c by metis

show « © ; B 5 I's @ (2, b, c[zi:=[ 2 |"]co) #r I'1 > using check-assert] wfX-wfY by metis
show O ; B ; Ts Q (z, b, c[z::=[ © |"]ev) #r I'1 = ca » using check-assert] by auto
qed
thus <O ; B ; I'[zi:=v]r,  ca[z::=v]., » using check-assert]
proof —
show ?thesis
by (metis (no-types) <I' =T9 Q (z, b, c[zi:=][ 2 ]"]cy) #r T'1> O ; BT = car <O ; B Taz:=v|r,
QT E calz:=v]c> subst-g-inside valid-g-wf)
qed

have © ; B ; I'1 Fyy v : b using infer-v-wf b-of .simps check-assertl
by (metis subtype-eq-base2)
thus < © ; B ; [[z::=v|ry Fwyr Alz:i=0]a, » using wf-subst2(6) check-assert] by metis
qed
next
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case (check-branch-list-consI © ® BT A tid dclist vv ¢s T ¢ss)

show ?case unfolding * using subst-sv.simps check-branch-list-consl by simp
next

case (check-branch-list-finall © ® BT A tid dclist v cs T)

show ?case unfolding * using subst-sv.simps check-branch-list-finall by simp
next

case (check-branch-s-branchl © BT A 1 const za ® tid cons va sa)

hence x:(AS-branch cons za sa)[x::=v]s, = (AS-branch cons za sa[z::=v]s,) using subst-branchv.simps
fresh-Pair by metis

show ?case unfolding * proof

show © ; B ; T'[z::=v|pylws Alz:=v]a,
using wf-subst check-branch-s-branchl subtype-eq-base2 b-of .simps infer-v-wf by metis

show .,y © using check-branch-s-branchl by metis

show O ; B ; T'[z:=vry Fuwys 7[z:=0]7y
using wf-subst check-branch-s-branchl subtype-eq-base2 b-of .simps infer-v-wf by metis

show wft:© ; {||} ; GNilly s const using check-branch-s-branchl by metis

show atom za § (O, @, B, T'[z::=v|ry, Alz:=0|ay, tid, cons, const,va[z:=v]yy, T[T:=0]ry)
apply (unfold fresh-prodN, (simp add: check-branch-s-branchl )+)
apply (rule,metis fresh-z-subst-g check-branch-s-branchl fresh-Pair )
by (metis fresh-subst-dv check-branch-s-branchl fresh-Pair )

have © ; ® ; B ; ((za, b-of const, CE-val va == CE-val(V-cons tid cons (V-var za)) AND c-of
const za) #r T)[z:=v]py ; Alz=v]a, F sa[z:=0v]sy < T[r::=0]74
using check-branch-s-branchl by (metis append-g.simps(2))

moreover have (za, b-of const, CE-val valz::=v],, == CE-val (V-cons tid cons (V-var za)) AND
c-of (const) xza) #r T[z:=v]r, =
((za, b-of const , CE-val va == CE-val (V-cons tid cons (V-var za)) AND c-of const
za) #r I)[z:=v]r,
proof —

have *x:za # z using check-branch-s-branchl fresh-at-base by metis
have atom z § const using wfT-nil-supp|OF wft] fresh-def by auto
hence atom z § (const,xza) using fresh-at-base wfT-nil-supp|OF wft] fresh-Pair fresh-def x by auto
moreover hence (c-of (const) za)[x::=v]c, = c-of (const) za
using c-of-fresh[of x© const xa] forget-subst-cv wfT-nil-supp wft by metis
moreover hence (V-cons tid cons (V-var za))[z::=v]y, = (V-cons tid cons (V-var za)) using
check-branch-s-branchl subst-vv.simps * by metis
ultimately show ?thesis using subst-gv.simps check-branch-s-branchl subst-cv.simps subst-cev.simps
x by presburger

qed
ultimately show O ; ® ; B ; (za, b-of const, CE-val va[z::=v],, == CE-val (V-cons tid cons
(V-var za)) AND c-of const za) #r Ulz:=vlry ; Alzi=v]a, F sa[z:=0v]sy < T[2::=0]74
by metis
qged
next
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case (check-let2l xa © ® B G A t s1 Ta s2 )

hence x:(AS-let2 za t sl s2)[x:=v]|sy = (AS-let2 za t[r:=v];, (s1[r:=0]sy) $2[x::=0]s,) using

subst-sv.simps fresh-Pair by metis

have za # = using check-let2] fresh-at-base by metis
show ?case unfolding * proof

show atom za t (O, ®, B, Glz:=0|ry, Alz:=0|p0, t[r:=0]7y, s1[T:=0]y, Ta[z::=0],,)

by (subst-tuple-mth add: check-let2I)
show © ; & ; B ; Glz::=v|ry ; Alz:i=v]a, F sl[z::=0]s, < t[z::=v];, using check-let2] by metis

have © ; @ ; B ; ((za, b-of t, c-of t za) #r G)[z::=v|py ; Alz:=0]ar F $2[z:=0]sy < Talz:=0]y
proof (rule check-let2I(14))
show <(za, b-of t, c-of t za) #r G = (((za, b-of t, c-of t za)#r T2)) Q (z, b, c[z::=] T |"]cv) #r
F1>
using check-let2] append-g.simps by metis
show « © ; B ; 'y F v = 7 using check-let2] by metis
show (O ; B;Ty F7<{z:b | ¢} using check-let2] by metis
show <atom z § (x, v)) using check-let2] by metis
qed
moreover have c-of t[z::=v];, za = (c-of t za)[z::=v]., using subst-v-c-of fresh-Pair check-let2]
by metis
moreover have b-of t[z::=v];, = b-of t using b-of .simps subst-tv.simps b-of-subst by metis
ultimately show © ; @ ; B ; (za, b-of t[z::=v];y, c-of t{z::=0v];, za) #fr Glz:=0]r, ; Alz0=0]A0
F s2[z:=v]sy < Ta[T:=0]ry
using check-let2I(14) subst-gv.simps <xa # x> b-of .simps by metis
qed

next

case (check-varl u © ® BT A 7' va 1" s)
have xx: ['[z::=v|p, = Da[z::=0|r,QT'; using subst-g-inside check-s-wf check-varl by meson

have O ; & ;B ; subst-gv T’ x v ; Alz::=v|a, F AS-var u 7/[x:=0]1 (va[z::=0]y,) (subst-sv s T v) <
T [x0:=0] 74
proof(rule Typing.check-varl)
show atom u § (©, ®, B, T'[z::=v]ry, Alz:=0]av, T[2:=0]rv, va[z::=0]yy, 7" [x::=0]14)
by (subst-tuple-mth add: check-varl)
show © ; B ; T'[z:=v]r, F valz:=v]y, < 7'[2::=0]+, using check-varl subst-infer-check-v ** by
metis
show O ; @ ; B ; subst-gv T’ z v ; (u, 7'[x::=0]7y) #a Alz:=v]a, F s[zi=v]s, < 7"[z::=0];, proof

have wfD © B (I'y @ (z, b, c[z::=[z]"]co) #r T1) ((u,7")#a A) using check-varl check-s-wf by
meson
moreover have wfV © BT v (b-of 7) using infer-v-wf check-varl(6) check-varl by metis
have wfD © B (T[z::=v]ry) ((u, 7' [2:=0]74) #a Alx::=0]a,) proof (subst subst-dv.simps(2)[symmetric],
subst xx, rule wfD-subst)
show O ; B ; 'y F v = 7 using check-varl by auto
show © ; B; Ty Q (z, b, c[z::=[z]"]co) #1r Titwys (u, 7)) #a A using check-varl check-s-wf by
stmp
show b-of 7 = b using check-varl subtype-eq-base2 b-of .simps by auto
qed
thus ?thesis using check-varl by auto
qed
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qged
moreover have atom u § (z,v) using u-fresh-zv by auto
ultimately show ?case using subst-sv.simps(7) by auto

next
case (check-assign] P ® BT A uwtl v’ 21 7')

have wfG P B I’ using check-v-wf check-assignl by simp
hence gs: ['3[z::=v|r, @ 'y = T[z::=0|r, using subst-g-inside check-assignl by simp

have P ; @ ; B ; T'[z:=v|r, ; Alzu=v]a, F AS-assign u (v'[z:=0]yy) < 7[2:=0] 14
proof (rule Typing.check-assignl)
show P I, ® using check-assignl by auto
show wfD P B (T[z::=v|r,) Alz:=v]a, using wf-subst(15)[OF check-assignl(2)] gs infer-v-v-wf
check-assignl b-of .simps subtype-eq-base2 by metis
thus (u, 71[x::=0];,) € setD Alz::=v]a, using check-assignl subst-dv-member by metis
thus P ; B ; I'z:=vp, F v'[r:=0]y, < 71[20:=0];, using subst-infer-check-v check-assignl gs by
metis

have P ; B ; Igfzu=vlp, @QT1 F { 2z : B-unit | TRUE [}z:=v];y S 7/[2:=0];, proof(rule
subst-subtype-tau)
show P ; B ;1 F v = 7 using check-assignl by auto
show P; BTy F7<{2:b | c| using check-assignl by meson
show P ; B ;T Q (z, b, c[z::=[2]"]cv) #r T1 F { 2 : B-unit | TRUE |} < 7/ using check-assignl
by (metis AbsI-eq-iff (3) T.eq-iff c.fresh(1) c.perm-simps(1))
show atom z § (z, v) using check-assignl by auto
qed
moreover have { z : B-unit | TRUE [}{z:=v|,, = { z : B-unit | TRUE | using subst-tv.simps
subst-cv.simps check-assignl by presburger
ultimately show P ; B ; Tlz:=v|r, F { z: B-unit | TRUE |} S 7/[z::=v];, using gs by auto
qed
thus ?case using subst-sv.simps(5) by auto

next

case (check-whilel © ® BT A sl 2z’ s2 77)

have wfG © B (I'y @Q (z, b, c[z:=[z]"]cv) #r ['1) using check-whilel check-s-wf by meson

hence xx: T'[z:=v]p, = Ta[z::=0]r, Q1 using subst-g-inside wf check-whilel by auto

have teq: ({ z : B-unit | TRUE }})[z::=v];, = ({ 2z : B-unit | TRUE |}) by(auto simp add:
subst-sv.simps check-whilel )

moreover have ({ z : B-unit | TRUE |}) = ({ 2’ : B-unit | TRUE |}) using type-eq-flip c.fresh
flip-fresh-fresh by metis

ultimately have teq2:({ z': B-unit | TRUE })[z:=v|;, = ({ 2’ : B-unit | TRUE }}) by metis

hence O ; @ ; B ; T'[z::=v|ry ; Alz::=v]a, b s1[z:i=0]s, < { 2’ : B-bool | TRUE |} using check-whilel
subst-sv.simps subst-top-eq by metis
moreover have © ; ® ; B ; I'lzu:=v]r, ; Alzu=v|a, b s2[z::=0]s, < { 2’ : B-unit | TRUE | using
check-whilel subst-top-eq by metis
moreover have O ; B ; T'[z:=v|r, + { 2': B-unit | TRUE |} < 7/[z::=v];, proof —
have © ; B ; Iqzi=v|r, QT F { 2’ : B-unit | TRUE }z:=v],y < 7/[z::=0];, proof(rule
subst-subtype-tau)
show © ; B; Ty F v = 7 by(auto simp add: check-whilel)
show © ;B;T1y F7<{z:b | c]} by(auto simp add: check-whilel)
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show © ; B ; Ty Q (z, b, c[zi:=[2]"]cy) #r T'1 F{ 2': B-unit | TRUE |} < 7' using check-whilel
by metis
show atom z § (z, v) by(auto simp add: check-whilel)
qed
thus ?thesis using teq2 *x by auto
qed

ultimately have © ; ® ; B ; I'[zi:=v|r, ; Alzi=v]a, F AS-while s1[z:=v]s, $2[x:=0]s, <

TNZ:=0] 0
using Typing.check-whilel by metis

then show Zcase using subst-sv.simps by metis
next

case (check-segIl P ® BT A sl zs2 7))

hence P ; ®; B ; I'[z::=v|p, ; Alzi=0v]a, F AS-seq (s1[z::=0]sy) (s2[z::=0]sy) <= T[z::=0];, using
Typing.check-seql subst-top-eq check-seql by metis

then show ?Zcase using subst-sv.simps by metis
next

case (check-casel © ® BT A tid dclist v’ cs T za)

have wf: wfG © B T' using check-casel check-v-wf by simp
have xx: I'[z::=v|r, = [y[z:=0|r, QT using subst-g-inside wf check-casel by auto

have © ; ® ; B ; T'[zu:=v]pr, ; Alz=0]a, F AS-match (v'[z:=v]yy) (subst-branchlv cs x v) <
T[z::=0]+, proof(rule Typing.check-casel )
show check-branch-list © ® B (C[z::=v|ry) Alz::=v]a, tid dclist v'[z:=0]y, (subst-branchlv cs z v)
(t|z::=v];,) using check-casel by auto
show AF-typedef tid dclist € set © using check-casel by auto
show © ; B ; T'[z:=v|p, F v/[z:=v]y, < { 2za : B-id tid | TRUE |} proof —
have O ; B ;T2 Q (z, b, c[z::=[2]"]cv) #r T1 Fv' < { za: B-id tid | TRUE |}
using check-casel by argo
hence O ; B ; Iyzi=vlp, QT'1 F v'[zi=v]y, <« ({ 2za : B-id tid | TRUE [})[z:=0]4
using check-casel subst-infer-check-v[OF check-casel(7) - check-casel(8) check-casel(9)] by
meson
moreover have ({ za : B-id tid | TRUE |}) = (({ za : B-id tid | TRUE })[z::=v]y)
using subst-cv.simps subst-tv.simps subst-cv-true by fast
ultimately show ?thesis using check-casel *x by argo
qed
show wfTh © using check-casel by auto
qged
thus ?case using subst-branchlv.simps subst-sv.simps(4) by metis
next
case (check-ifl 2/ © ® BT A va sl s2 1)
show ?case unfolding subst-sv.simps proof
show <atom 2" § (0, @, B, T[z:=v|ry, Alz::=0]av, va|T:=0]yy, $1[T:=0]sy, $2[T::=0]s0, T'[T::=0]7 )

by (subst-tuple-mth add: check-ifI)
have «:{ 2z’ : B-bool | TRUE }[z::=v];, = { 2’ : B-bool | TRUE |} using subst-tv.simps check-if]
by (metis freshers(19) subst-cv.simps(1) type-eq-subst)
have xx: I'[z::=v|r, = Da[z::=v]pr, QT using subst-g-inside wf check-ifl check-v-wf by metis
show <O ; B ; I[z:=v|r, F va[z:=v]y, < { z’: B-bool | TRUE [}»
proof (subst *[symmetric|, rule subst-infer-check-vl [where I'y=T"5 and T's=I1])
show I' =Ty @ ((z, b ,c[z::=[ 2 |"]ev) #r I'1) using check-ifl by metis
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show « © ; B ; I'y - v = 7» using check-ifl by metis

show O ; B; T Fwa < { 2z’ : B-bool | TRUE |> using check-ifl by metis
show © ; B; Ty 7 < {z2:b | ¢ using check-ifl by metis

show <atom z § (z, v)) using check-ifl by metis

qed
have { z': b-of 7/[z:=v];y | [ va|z:=v]yy [°¢ == [ [ L-true |V |°¢ IMP c-of 7'[z::=v]ry 2" |}
={z :b-of 7" |[va]® == [[ L-true ]’ )¢ IMP c-of 7' 2" }x:=0]|ry
by (simp add: subst-tv.simps fresh-Pair check-ifl b-of-subst subst-v-c-of)
thus < ©; @ ; B ; T[zu=vlpy ; Alz:=v|a, b sl[zu=0v]s, < { 2’ b-of 7[z::=0];0 | [ va]z:=0]ye
¢ == [[ L-true |V |°¢ IMP c-of 7'[z:=0];y 2’ [
using check-ifl by metis
have { z’: b-of 7/[z::=0]+y | [ valz:=0]y, |°¢ == [[ L-false | ]°¢ IMP c-of 7'[z::=0];, 2" }
={ 2z :b-of 7' | [va]®® == [][ L-false ]V ]°¢ IMP c-of 7’2" }z:=v]s,

by (simp add: subst-tv.simps fresh-Pair check-ifl b-of-subst subst-v-c-of)
thus « © ; @ ; B ; Tz:=v|ry ; Alz=v]a, b s2[zi=v]s, < { 2" : b-of 7/[zi:=0]7y | [ va]z:=0]y,

J¢ == [[ L-false ]V ]°¢ IMP c-of 7'[z::=0];, 2" |
using check-ifl by metis
qed
qed

lemma subst-check-check-s:

fixes v::v and s::s and cs::branch-s and z::z and c::c and b::b and I';::I' and I's::I"

assumes O ; B; T o< {z:b]c| and atom z 4 (z, v)

and check-s © ® BT A s 7’and I' = (I'2Q((z,b,c[z:=[2]"]co)#rT'1))

shows check-s © @ B (subst-gv T zv) Alz:=v|a, (s[z:i=0]sy) (subst-tv 7'z v)
proof —

obtain 7 where © ;B ;M Fv=7A0;B;T1F7<S{z:b]c]| using check-v-elims assms by
auto

thus ?thesis using subst-infer-check-s assms by metis
qed

If a statement checks against a type 7 then it checks against a supertype of 7

lemma check-s-supertype:
fixes v::v and s::s and cs::branch-s and z::x and c::c and b::b and I'::T" and I''::T" and css::branch-list
shows check-s©® @ B GA s t1 = O ;B ; G+ tl St2 = check-s©® ® B G A s t2 and
check-branch-s © ® B G A tid cons const v cs t1 = O ; B ; G F t1 < t2 = check-branch-s © ®
B G A tid cons const v cs t2 and
check-branch-list © ® B G A tid dclist v ess tl = O ; B ; G F t1 < t2 = check-branch-list © ®
B G A tid dclist v css t2
proof (induct arbitrary: t2 and t2 and t2 rule: check-s-check-branch-s-check-branch-list.inducts)
case (check-vall © BT A ®vr'71 )
hence O ; B ;' F 7/ < t2 using subtype-trans by meson
then show ?Zcase using subtype-trans Typing.check-vall check-vall by metis

next
case (check-letlz @ ® BT A et z5bc)
show ?case proof(rule Typing.check-letl)
show atom z #(0, ®, B, T, A, e, t2) using check-let] subtype-fresh-tau fresh-prodN by metis
show atom z t (z, ©, ®, B, T, A, e, t2, s) using check-letI(2) subtype-fresh-tau[of z 7 T - - £2]
fresh-prodN check-letI(6) by auto
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show O ;& ;B;T;AFe={z:b | c]| using check-letl by meson

have wfG © B ((z, b, c[z:=[z]"],) #r I') using check-let] check-s-wf subst-defs by metis
moreover have toSet I' C toSet ((x, b, c[z::=[z]"],) #r ') by auto
ultimately have © ; B ; (z, b, c[zz:=[z]"],) #r T' F 7 < t2 using subtype-weakening|OF
check-letI(6)] by auto
thus © ;@ ; B; (2, b, c[zu:=[z]"]y) #r T'; A F s < t2 using check-let] subst-defs by metis
qed
next
case (check-branch-list-consI © ® BT A tid dclist v ¢s T css)
then show Zcase using Typing.check-branch-list-consl by auto
next
case (check-branch-list-finall © ® BT A tid dclist v cs T)
then show ?Zcase using Typing.check-branch-list-finall by auto
next
case (check-branch-s-branchl © BT A 1 const x ® tid cons v s)
show ?case proof
have atom z f t2 using subtype-fresh-taulof © 7 | check-branch-s-branchI(5,8)  fresh-prodN by
metis
thus atom z § (0, ®, B, I, A, tid, cons, const, v, t2) using check-branch-s-branchl fresh-prodN
by metis
show wfT © BT t2 using subtype-wf check-branch-s-branchl by meson

show © ; @ ; B ; (z, b-of const, CE-val v == CE-val(V-cons tid cons (V-var z)) AND c-of const
z) #r T'; A b s < t2 proof —
have wfG © B ((z, b-of const, CE-val v == CE-val(V-cons tid cons (V-var z)) AND c-of const
z) #r I') using check-s-wf check-branch-s-branchl by metis
moreover have toSet ' C toSet ((z, b-of const, CE-val v == CE-val (V-cons tid cons (V-var
z)) AND c-of const z) #r T') by auto
hence © ; B ; ((z, b-of const, CE-val v == CE-val(V-cons tid cons (V-var z)) AND c-of const

) #r D)7 <82
using check-branch-s-branchl subtype-weakening
using calculation by presburger
thus “thesis using check-branch-s-branchl by presburger
qed
qed(auto simp add: check-branch-s-branchl)
next
case (check-ifl z© ® BT' A v sl s2 1)
show ?case proof(rule Typing.check-ifT)
have x:atom z t t2 using subtype-fresh-tau[of z 7 T' | check-ifl ~ fresh-prodN by auto
thus <atom z § (©, ®, B, ', A, v, s1, s2, t2)) using check-ifI fresh-prodN by auto
show O ; B; T Fv<{ z: B-bool | TRUE |}> using check-ifl by auto
show < © ;P ;B;T; A ksl <{z:b-0ft2 |[v]® == [[L-true]’ ]°® IMP c-of 12z |
using check-ifl subtype-if1 fresh-prodN base-for-lit.simps b-of .simps * check-v-wf by metis

show «© ;@ ;B;T ;A Fs2<{z:boft2 |[v]® == []|L-false]"]*® IMP c-oft2z |
using check-ifl subtype-if1 fresh-prodN base-for-lit.simps b-of .simps * check-v-wf by metis
qed
next
case (check-assertl x @ ® BT A ¢ 7 s)

show ?case proof
have atom z § 12 using subtype-fresh-tau[OF - - <O ; B ; I' b 7 < t2] check-assert] fresh-prodN
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by simp
thus atom z § (0, ®, B, T, A, ¢, t2, s) using subtype-fresh-tau check-assertl  fresh-prodN by
simp
have © ; B ; (z, B-bool, ¢) #r T' F 7 < t2 apply(rule subtype-weakening)
using check-assert] apply simp
using toSet.simps apply blast
using check-assertl check-s-wf by simp
thus © ; @ ; B; (z, B-bool, ¢) #r T' ; A F s < t2 using check-assert] by simp
show © ; B ;' = ¢ using check-assert] by auto
show © ; B ; I' -,y A using check-assert] by auto
qed
next
case (check-let2lx P ® B G At sl 7 s2)
have wfG P B ((z, b-of t, c-of t z) #r G)
using check-let2l check-s-wf by metis
moreover have toSet G C toSet ((z, b-of t, c-of t x) #r G) by auto
ultimately have =:P; B ; (z, b-of t, c-of t z) #r G + 7 < t2 using check-let2] subtype-weakening
by metis
show “case proof (rule Typing.check-let2I)
have atom z 4 t2 using subtype-fresh-tau[of © 7 | check-let2]  fresh-prodN by metis
thus atom z § (P, ®, B, G, A, t, s1, t2) using check-let2] fresh-prodN by metis
show P; ®:B; G; A F si <« t using check-let2] by blast
show P ; ® ; B ;(z, b-of t, c-of t ) #r G ; A I 52 < 12 using check-let2] * by blast
qed
next
case (check-varl u ® ® BT A 7' v 71 3)
show ?Zcase proof(rule Typing.check-varl)
have atom u § t2 using u-fresh-t by auto
thus <atom u § (©, ®, B, T, A, 7/, v, t2)» using check-varl fresh-prodN by auto
show <O ; B; T' + v < 7/ using check-varl by auto
show «© ;@ ; B;T'; (u, 7) #a A F+ s < t2» using check-varl by auto
qed
next
case (check-assign] A u T P G vz 7')
then show Zcase using Typing.check-assignl by (meson subtype-trans)
next
case (check-while]l A G P sl z s2 77)
then show ?Zcase using Typing.check-whilel by (meson subtype-trans)
next
case (check-seqI A G P sl zs2 T)
then show ?Zcase using Typing.check-seql by blast
next
case (check-casel AT © tid cs T v 2)
then show ?case using Typing.check-casel subtype-trans by meson

qed

lemma subtype-let:
fixes s”:s and cs::branch-s and css::branch-list and v::v
shows © ; & ;B ; GNil ; A +F AS-letxz ey s<=7=—0;0;B;GNil;A Fe =717 =
©O;P:;B;GNil;AFe=>79=0;B;GNilt71o<S7171=0;d;8B; GNil; A F AS-let
T ey s < 7 and
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check-branch-s © ® {||} GNil A tid dc const v ¢s T = True and
check-branch-list © ® {||} T A tid dclist v css 7 = True
proof(nominal-induct GNil A AS-let z e; s 7 and 7 and 7 avoiding: es 71 T2

rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-letl z1 © ® B A 71 21 s1 bl c1)

obtain 22 and b2 and c¢2 where t2:70 = { 22 : b2 | c2 |} A atom 22 § (z1, ©, ®, B, GNil, A, e,
71, s1)

using obtain-fresh-z by metis

obtain zl/a and bla and cla where ti:71 = { zla : bla | cla | A atom zla § z1 using in-
fer-e-uniqueness check-letl by metis

hence t3: { zla: bla | cla} = { 21 : bl | ¢l |} using infer-e-uniqueness check-letl by metis
have beg: bla = b2 N b2 = b1 using check-let] subtype-eq-base t1 t2 t3 by metis

have © ; & ; B; GNil ; A F AS-let x1 ey s1 < 71 proof

show (atom z1 t (O, ®, B, GNil, A, ey, 71)> using check-letl t2 fresh-prodN by metis
show (atom 22 f (x1, ©, ®, B, GNil, A, ey, 71, s1)» using check-let] t2 wusing check-let] t2
fresh-prodN by metis

show O ; & ; B; GNil ; A ey = { 22:02 | c2 |}) using check-let] t2 by metis

have « © ; @ ; B ; GNilQ(z1, b2, c2[22:=[ 1 "]cy) #r GNil ; A F s1 < 71
proof (rule ctz-subtype-s)

have cla[zla:=[ z1 |"]cy = cl[z1::=] 21 ]Y]. using subst-v-flip-eq-two subst-v-c-def t3 T.eq-iff by
metis

thus «©; ®; B; GNil Q (21, b2, clalzla:x=] 21 |"|cv) #r GNil ; A + s1 < 71 using check-let]
beq append-g.simps subst-defs by metis

show © ; B; GNil F{22:02 | c2 |} <{ zla:b2 | clal> using check-let] beq t1 t2 by metis

have atom x1 § ¢2 using t2 check-letl T-fresh-c fresh-prodN by blast

moreover have atom x1 § cla using t1 check-let] T-fresh-c fresh-prodN by blast
ultimately show <atom z1 § (21a, 22, cla, c2) using t1 t2 fresh-prodN fresh-z-neq by metis
qed

thus « © ; ©; B ; (21, b2, c2[22:
subst-defs by metis
qed

[ 21 1"]y) #r GNil ; A F sl < 71) using append-g.simps

moreover have AS-let x1

es s1 = AS-let x ey s using check-letl s-branch-s-branch-list.eq-iff by
metis

ultimately show ?case by metis
qed(auto+)

end
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Chapter 15

Basic Type Variable Substitution
Lemmas

Lemmas that show that types are preserved, in some way, under basic type variable substitution

lemma subst-vv-subst-bb-commute:

fixes bv::bv and b::b and z::z and v::v

assumes atom bv § v

shows (v'[z:=0]yq)[bv::=blyp = (V/[bv:=b]yp) [2::=0] 40

using assms proof(nominal-induct v’ rule: v.strong-induct)

case (V-lit z)

then show ?Zcase using subst-vb.simps subst-vv.simps by simp
next

case (V-var y)

hence v[bv::=b],,=v using forget-subst subst-b-v-def by metis

then show Zcase unfolding subst-vb.simps(2) subst-vv.simps(2) using V-var by auto
next

case (V-pair z1a z2a)

then show ?case using subst-vb.simps subst-vv.simps by simp
next

case (V-cons zla z2a z3)

then show ?Zcase using subst-vb.simps subst-vv.simps by simp
next

case (V-consp zla x2a x8 ©4)

then show ?case using subst-vb.simps subst-vv.simps by simp
qed

lemma subst-cev-subst-bb-commute:

fixes bv::bv and b::b and z::z and v::v

assumes atom bv § v

shows (ce[z:=],)[bv::=b]cer = (ce[bv::=b]cep)[z:: =],

using assms apply (nominal-induct ce rule: ce.strong-induct, (simp add: subst-vv-subst-bb-commute
subst-ceb.simps subst-cv.simps))

using assms subst-vv-subst-bb-commute subst-ceb.simps subst-cv.simps

by (simp add: subst-v-ce-def)-+

lemma subst-cv-subst-bb-commute:
fixes bv::bv and b::b and z::xz and v::v
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assumes atom bv § v

shows c[z:=v]¢y[bv::=blcp = (c[bv::=b]cp)[2::=0]co

using assms apply (nominal-induct ¢ rule: c.strong-induct )

using assms subst-vv-subst-bb-commute subst-ceb.simps subst-cv.simps
subst-v-c-def subst-b-c-def apply auto

using subst-cev-subst-bb-commute subst-v-ce-def by auto+

lemma subst-b-c-of:
(c-of T 2)[bv:i=bley = c-of (T[bv:=Db];p) 2z
proof(nominal-induct T avoiding: z rule:T.strong-induct)
case (T-refined-type z' b’ ¢’)
moreover have atom bv ff [ 2z ]¥ using fresh-at-base v.fresh by auto
ultimately show ?case using subst-cv-subst-bb-commute[of bv V-var z ¢’ 2’ b] c-of .simps subst-tb.simps
by metis
qed

v

lemma subst-b-b-of:
(b-of T)[bv::=blpp = b-of (T[bv::=b];p)

by (nominal-induct T rule:7.strong-induct, simp add: b-of .simps subst-tb.simps )

lemma subst-b-if:

{ z: b-of T[bv::=b]p | CE-val (v[bv::=blyp) == CE-val (V-lit ll) IMP c-of t[bv::=bl;p 2 | =1
z: b-of 7| CE-val (v) == CE-val (V-litll) IMP c-of T z [}[bv::=b]p

unfolding subst-tb.simps subst-cb.simps subst-ceb.simps subst-vb.simps using subst-b-b-of subst-b-c-of
by auto

lemma subst-b-top-eq:
{ z : B-unit | TRUE [[bv::=bl;, = { z : B-unit | TRUE |} and { z : B-bool | TRUE [}[bv::=b],p =
{ z: B-bool | TRUE |} and { z: B-id tid | TRUE |} = { z : B-id tid | TRUE [[[bv::=b]
unfolding subst-tb.simps subst-bb.simps subst-cb.simps by auto

lemmas subst-b-eq = subst-b-c-of subst-b-b-of subst-b-if subst-b-top-eq

lemma subst-ca-subst-bb-commute[simp]:
fixes bv::bv and b::b and z::z and v':c
shows (v'[z:=V-var y]cy)[bv::=bcp = (v[bv::=b]cp) [2::=V-var yle,
using subst-cv-subst-bb-commute fresh-at-base v.fresh by auto

lemma subst-b-infer-b:
fixes [::l and b::b
assumes ! = 7and O ; {||} F,s b and B = {|bv|}
shows + I = (7[bv::=b],p)
using assms infer-lI-form3 infer-I-form/ wf-b-subst infer-l-wf subst-tb.simps base-for-lit.simps subst-tb.simps
subst-b-base-for-lit subst-cb.simps(6) subst-ceb.simps(1) subst-vb.simps(1) subst-vb.simps(2) type-l-eq
by metis

lemma subst-b-subtype:
fixes s::s and b’:b
assumes O ; {|bv|} ;T F71 <72and © ; {||} Fyuy b and B = {|bv|}
shows © ; {|[} ; T'[bv:=bry F 71[bv:=b7p S T2[bv::=b"]1
using assms proof(nominal-induct {|bv|} T 71 72 rule:subtype.strong-induct)
case (subtype-basel t O T z ¢ z' ¢’ b)
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hence xx: © ; {|bv|} ; (z, b, c[z:=V-var x]e,) #r T | ¢/[z":=V-var z]., using validl subst-defs by
metis

have O ; {||} ; T[bv:=brs F { 2 : b[bv:=b"pp | c[bvi:=b"lep } < { 2" b[bv:i=b"pp | ¢[bv::=b")ch |}
proof (rule Typing.subtype-basel )
show © ; {||} ; T[bv::=blry Fuwys { 2 : b[bv=b"pp | c[bv::=b"]cp |}
using subtype-basel assms wf-b-subst(4) subst-th.simps subst-defs by metis
show © ; {||} ; T[bv::=b"lrs  Fuwys { 2" b[bve=b"pp | ¢/[bv:=bcp |
using subtype-basel assms wf-b-subst(4) subst-th.simps by metis
show atom z 4(©, {||}::bv fset, T[bv:=b"lry, 2z, c[bvi=blcy , 2" , c¢'[bv=b"cy )
apply (unfold fresh-prodN ,auto simp add: * fresh-prodN fresh-empty-fset)
using subst-b-fresh-z * fresh-prodN <atom z f ¢ <atom x § ¢"» subst-defs subtype-basel by metis+
have O ; {||} ; (z, b[bv:=bpp, c[zii=V-var z]y[bv::=b"cp) #r Tbv:=blry | c/[z":=V-var
x]p[bv::=0"cp
using *x subst-b-valid subst-gb.simps assms subtype-basel by metis
thus O ; {||}; (x, b[bv::=b"|ps, (c[bv::=b|cp)[2::=V-var z],,) #r T[bv:=bry [ (c[bv::=b"ep)[2":=V-var
z]y
using subst-defs subst-cv-subst-bb-commute by (metis subst-cz-subst-bb-commute)
qed
thus “case using subtype-basel subst-tb.simps subst-defs by metis
qed

lemma b-of-subst-bv:
(b-of T)[z::=0]py = b-of (T[z::=0]+p)

proof —
obtain z b ¢ where x:7 = { z: b | ¢ | A atom z § (z,v) using obtain-fresh-z by metis
thus ?thesis using subst-tv.simps x by auto

qed

lemma subst-b-infer-v:
fixes v::v and b::b
assumes O ; B; GFv=7and O ; {||} Fy; band B = {|bv|}
shows © ; {|[} ; G[bv:=b]ry - v[bv:=b]yp = (T[bv::=b];p)
using assms proof(nominal-induct avoiding: b bv rule: infer-v.strong-induct)
case (infer-v-varl © BT b’ ¢z 2)
show ?case unfolding subst-b-simps proof
show © ; {||} Fuwys [[bv:=blry using infer-v-varl wf-b-subst by metis
show Some (b'[bv::=b|pp, c[bv::=b]cp) = lookup T'[bv::=b]rp = using subst-b-lookup infer-v-varl by
metis
show atom z § x using infer-v-varl by auto
show atom z § (O, {||}, T'[bv::=blry) by(fresh-mth add: infer-v-varl subst-b-fresh-z subst-b-I'-def
fresh-prodN fresh-empty-fset )
qed
next
case (infer-v-litl © BT [ 1)
then show ?Zcase using Typing.infer-v-litl subst-b-infer-b
using wf-b-subst1(3) by auto
next
case (infer-v-pairl z vl v2 © BT t1t2)
show ?case unfolding subst-b-simps b-of-subst-bv proof
show atom z § (v1[bv::=b]yp, v2[bv::=b|yp) by(fresh-mth add: infer-v-pairl subst-b-fresh-z)
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show atom z £ (O, {||}, T'[bv::=b]rpy) by(fresh-mth add: infer-v-pairl subst-b-fresh-z subst-b-T'-def
fresh-empty-fset)
show © ; {||} ; T[bv:=b]py k- v1[bv::=D|y, = t1[bv::=b];, using infer-v-pairl by auto
show © ; {||} ; T[bv:=b]py F v2[bv::=D]y, = t2[bv::=b];, using infer-v-pairl by auto
qed
next
case (infer-v-consl s dclist © de te BT v tv 2)
show ?case unfolding subst-b-simps b-of-subst-bv proof
show AF-typedef s dclist € set © using infer-v-consl by auto
show (dc, tc) € set dclist using infer-v-consl by auto
show O ; {||} ; T'[bv::=b|rpy b v[bv::=b]yp = tv[bv::=b],} using infer-v-consl by auto
show © ; {||} ; T[bv::=b]ry F tv[bv:=b],;p < tc proof —
have atom bv § tc using wfTh-lookup-supp-empty fresh-def infer-v-consl infer-v-wf by fast
moreover have O ; {||} ; I'[bv:=0b]ry F to[bv::=b];, S te[bvi=b],p
using subst-b-subtype infer-v-consl by simp
ultimately show ?thesis using forget-subst subst-b-T-def by metis
qged
show atom z § v[bv::=b],p using infer-v-consl using subst-b-fresh-z subst-b-v-def by metis
show atom z # (O, {||}, T'[bv:=b]rs) by(fresh-mth add: infer-v-consl subst-b-fresh-z subst-b-I'-def
fresh-empty-fset)
qed
next
case (infer-v-conspl s bv2 dclist2 © dc tc BT v tv ba z)

have O ; {||} ; T[bv:=blry b V-consp s de (ba[bv::=b]pp) (v[bv::=0blyp) = { 2 : B-app s (ba[bv::=b]pp)
[[[2z]"]¢ == [ V-consp s dc (ba[bv::=b]pp) (v[bv::=b]vp) ]°¢ |}
proof (rule Typing.infer-v-conspl)
show AF-typedef-poly s bv2 dclist2 € set © using infer-v-conspl by auto
show (dc, tc) € set dclist2 using infer-v-conspl by auto
show © ; {||} ; T[bv:=b]ry F v[bv:=bl,p = tv[bv::=Db];
using infer-v-conspl subst-tb.simps by metis

show O ; {||} ; T[bv:=b]ry F to[bv:=bl;p < te[bv2::=ba[bv::=b]pp],» proof —
have supp tc C { atom bv2 } using infer-v-conspl wfTh-poly-lookup-supp wfX-wfY by metis
moreover have bv2 # bv using <atom bv2 § By <B = {|bv|} » fresh-at-base fresh-def
using fresh-finsert by fastforce
ultimately have atom bv § tc unfolding fresh-def by auto
hence tc[bv2::=ba[bv::=b]pp]+p = tc[bv2::=ba),p[bv::=D],p
using subst-tb-commute by metis
moreover have O ; {||} ; I'[bv:=b]ry, F tv[bv::=b];y S tc[bv2:=ba],p[bv::=b],
using infer-v-conspI(7) subst-b-subtype infer-v-conspl by metis
ultimately show ?thesis by auto
qed
show atom z § (O, {||}, T[bv::=b]rs, v[bv::=b]yp, ba[bv::=Dbpp)
apply (unfold fresh-prodN, intro conjl, auto simp add: infer-v-conspl fresh-empty-fset)
using <atom z § Iy fresh-subst-if subst-b-I'-def x-fresh-b apply metis
using <atom z § v» fresh-subst-if subst-b-v-def z-fresh-b by metis
show atom bv2 # (O, {||}, T[bv::=b|rp, v[bv::=b]yp, ba[bv::=b]pp)
apply (unfold fresh-prodN, intro conjl, auto simp add: infer-v-conspl fresh-empty-fset)
using <atom bv2 § by <atom bv2 § I'y fresh-subst-if subst-b-I'-def apply metis
using <atom bv2 § by <atom bv2 § vy fresh-subst-if subst-b-v-def apply metis
using <atom bv2 f by <atom bv2 § bay fresh-subst-if subst-b-b-def by metis
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show O ; {||} Fuy ba[bv::=b]p
using infer-v-conspl wf-b-subst by metis
qed
thus ?case using subst-vb.simps subst-tb.simps subst-bb.simps by simp

qed

lemma subst-b-check-v:

fixes v::v and b::b

assumes O ; B; G+ v < 7and © ; {||} Fuy band B = {|bv|}

shows O ; {||} ; G[bv::=b|rp F v[bv:i=blyp < (T[bv::=b]7p)
proof —

obtain 7' where © ; B; GFv=7"A ©; B; G 7' <7 using check-v-elims[OF assms(1)] by
metis

thus ?thesis using subst-b-subtype subst-b-infer-v assms

by (metis (no-types) check-v-subtypel subst-b-infer-v subst-b-subtype)

qed

lemma subst-vv-subst-vb-switch:

shows (v/[bv::=b",p)[z::=0[bv::=b"]yplve = V/[T:=0]ye [bv::=b"4p
proof (nominal-induct v’ rule:v.strong-induct)

case (V-lit z)

then show ?case using subst-vv.simps subst-vb.simps by auto
next

case (V-var z)

then show ?Zcase using subst-vv.simps subst-vb.simps by auto
next

case (V-pair zxla 12a)

then show ?case using subst-vv.simps subst-vb.simps v.fresh by auto
next

case (V-cons zla z2a x3)

then show ?Zcase using subst-vv.simps subst-vb.simps v.fresh by auto
next

case (V-consp zla z2a 18 x4)

then show ?Zcase using subst-vv.simps subst-vb.simps v.fresh pure-fresh

by (metis forget-subst subst-b-b-def)

qed

lemma subst-cev-subst-vb-switch:
shows (ce[bv::=b"]cep)[z::=0[bv::=b"]pb]cer = (ce[T::=V]cew ) [bV::=0"]cet
by (nominal-induct ce rule:ce.strong-induct, auto simp add: subst-vv-subst-vb-switch ce.fresh)

lemma subst-cv-subst-vb-switch:
shows (c[bv::=b"cp)[x::=0[bv::=b"pp)co = c[T::=0] ey [bU1:=D"]ch
by (nominal-induct ¢ rule:c.strong-induct, auto simp add: subst-cev-subst-vb-switch c.fresh)

lemma subst-tv-subst-vb-switch:

shows (7[bv::=b"]p)[z:=0[bv::=b"yb]re = T[:i=0]74 [bv:=b"7p
proof (nominal-induct T avoiding: z v rule:T.strong-induct)

case (T-refined-type z b ¢ )

hence ceq: (c[bv::=b"cp)[z:=v[bv::=b"|ypler = cla::=0]cy [bv::=b"]cp using subst-cv-subst-vb-switch by
auto
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moreover have atom z § v[bv::=b'],, using z-fresh-b fresh-subst-if subst-b-v-def T-refined-type by
metis

I}hence {z:0 | ¢ }bv:i=brp[z:=0[bv::=bpp]ro = { 2 : O[bv::=b"lpp | (c[bv:i=b"]cp)[z::=0[bv::=b"]1b]cw

using subst-tv.simps subst-tb.simps T-refined-type fresh-Pair by metis

moreover have { z : b[bv:=b"lpp, | (c[bv:i=bcp)[z::=0[bv::=b0pblew | = { 2z : b | c[z:i=0]co
Hov::=b"]7p

using subst-tv.simps subst-th.simps ceq 7.fresh forget-subst[of bv b b’] subst-b-b-def T-refined-type by
metis

ultimately show ?Zcase using subst-tv.simps subst-tb.simps ceq T-refined-type by auto
qed

lemma subst-tb-triple:
assumes atom bv f 7'
shows 7/[bv":=b"[bv::=b]pp]rp[z/: =0 [bv::=b]yp) 70 = 7[00 :=b"]1p[x i =070 [bU::=0] g
proof —
have 7/[bv":=b"[bv::=b]pp]rp[z":=0[bv::=b]yp) o = T[bV::=b"]7p[bv::=Db]1p [2":=0[bv::=b]0b) 1o
using subst-tb-commute <atom bv § "> by auto
also have ... = 7/[bv":=b";p [2/:=0"] 74 [bv::=D] s
using subst-tv-subst-vb-switch by auto
finally show ?thesis using fresh-subst-if forget-subst by auto
qed

lemma subst-b-infer-e:
fixes s::s and b::b
assumes O ; ®; B; G5 DFe=7and O ; {||} Fy,s b and B = {|bv|}
shows © ; @ ; {||} ; G[bv::=b|ry; D[bv::=b]ap F (e[bv::=b|cp) = (T[bv::=D],p)
using assms proof(nominal-induct avoiding: b rule: infer-e.strong-induct)
case (infer-e-vall © BT A ® v T)
thus ?case using subst-eb.simps infer-e.intros wf-b-subst subst-db.simps wf-b-subst infer-v-wf subst-b-infer-v

by (metis forget-subst ms-fresh-all(1) wfV-b-fresh)
next
case (infer-e-plusl © BT A ® vl z1 ¢l v2 22 ¢2 23)

show ?case unfolding subst-b-simps subst-eb.simps proof (rule Typing.infer-e-plusl)
show © ; {||} ; T'[bv:=b]ry Fuys Albv:i=blap using wf-b-subst(10) subst-db.simps infer-e-plusl
wfX-wfY
by (metis wf-b-subst(15))
show © k., ¢ ® using infer-e-plusl by auto
show © ; {|[} ; T'[bv:=b]ry F v1[bv:=blyy = { 21 : B-int | cl[bv::=b]cy |} using subst-b-infer-v
infer-e-plusl subst-b-simps by force
show O ; {||} ; T[bv::=b]rp F v2[bv::=b]yp = { 22 : B-int | c2[bv::=b|.p |} using subst-b-infer-v
infer-e-plusl subst-b-simps by force
show atom z3 § AE-op Plus (v1[bv::=b],p) (v2[bv::=b],p) using subst-b-simps infer-e-plusl subst-b-fresh-x
subst-b-e-def by metis
show atom 23 § T'[bv::=b|r, using subst-g-b-z-fresh infer-e-plusl by auto
qged
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next
case (infer-e-leqgl © BT A ® vl z1 ¢l v2 22 ¢2 23)
show ?case unfolding subst-b-simps proof (rule Typing.infer-e-leql)
show O ; {||} ; T[bv:=blrp Fws Albvi=blap, using wf-b-subst(10) subst-db.simps infer-e-leql
wfX-wfY
by (metis wf-b-subst(15))
show © F,¢ ® using infer-e-legl by auto
show O ; {||} ; T[bv::=b]rp F vI[bvii=bl,py = { 21 : B-int | cI[bv::=b]p |} using subst-b-infer-v
infer-e-leql subst-b-simps by force
show O ; {||} ; T[bv::=b]rp F v2[bv::=b]yp, = { 22 : B-int | c2[bv::=b|.p |} using subst-b-infer-v
infer-e-leql subst-b-simps by force
show atom z3 § AE-op LEq (v1[bv::=bl,p) (v2[bv::=b]yp) using subst-b-simps infer-e-leql subst-b-fresh-z
subst-b-e-def by metis
show atom 23 § T'[bv::=b|r, using subst-g-b-z-fresh infer-e-leql by auto
qed
next
case (infer-e-eql © BT A ® vl 21 bb ¢l v2 22 ¢2 23)
show ?case unfolding subst-b-simps proof(rule Typing.infer-e-eql)
show © ; {||} ; T[bv::=blrs Fuwys Albv:i=blay, using wf-b-subst(10) subst-db.simps infer-e-eql
wfX-wfY
by (metis wf-b-subst(15))
show © F,; ® using infer-e-eql by auto
show © ; {||} ; T[bv::=b]ry F v1[bv::=Dblyp = { 21 : bb[bv::=blpp | c1[bv::=b].p |} using subst-b-infer-v
infer-e-eql subst-b-simps by force
show © ; {||} ; T[bv::=b|rp b v2[bv::=0b],p = { 22 : bb[bv::=blpp | c2[bv::=b|cp |} using subst-b-infer-v
infer-e-eql subst-b-simps by force
show atom z3 § AE-op Eq (v1[bv::=b]yp) (v2[bv::=b],p) using subst-b-simps infer-e-eql subst-b-fresh-z
subst-b-e-def by metis
show atom 23 § T'[bv::=b|r, using subst-g-b-z-fresh infer-e-eql by auto
show bb[bv::=blp, € {B-bool, B-int, B-unit} using infer-e-eql by auto
qed
next
case (infer-e-appl @ BT A ® fa b c7’'s' v )
show ?case proof(subst subst-eb.simps, rule Typing.infer-e-appl)
show O ; {||} ; [[bv:=blrs Fwys Albvi:i=blapr using wf-b-subst(10) subst-db.simps infer-e-appl
wfX-wfY by (metis wf-b-subst(15))
show © F,; ® using infer-e-appl by auto
show Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ z b’ ¢ 7’ s))) = lookup-fun ® f using
infer-e-appl by auto

have atom bv § b’ using © F, s @ infer-e-appl wfPhi-f-supp fresh-def[of atom bv b'] by simp
hence b’ = b/[bv::=b]p, using subst-b-simps
using has-subst-b-class.forget-subst subst-b-b-def by force
moreover have ceq:c = c[bv::=b|.; using subst-b-simps proof —
have supp ¢ C {atom z} using infer-e-appIl wfPhi-f-simple-supp-c[OF - <O 5 @] by simp
hence atom bv § ¢ using
fresh-defof atom bu (]
using fresh-def fresh-finsert insert-absorb
insert-subset ms-fresh-all supp-at-base z-not-in-b-set fresh-prodN by metis
thus ?thesis
using forget-subst subst-b-c-def fresh-def[of atom bv c] by metis
qed
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show O ; {||} ; T[bv::=b]ry F v[bv:=blyp = {z:0b" | c}]
using subst-b-check-v subst-tb.simps subst-vb.simps infer-e-appl
proof —
have O ; {|bv|} ;THov<={z: 0| c|}
by (metis <B = {|bv|p «©;B;TFHov<={{z:b"|c])
then show ?thesis
by (metis (no-types) <O ; {||} Fuys b» b = b'[bv::=Db]p> subst-b-check-v subst-tb.simps ceq)
qed
show atom z 4 (©, @, {||}::bv fset, T'[bv:=b|rp, Albv::=b]ap, v[bv::=Dblyp, T[bv::=Db];p)
apply (fresh-mth add: fresh-prodN subst-g-b-z-fresh infer-e-appl )
using subst-b-fresh-z infer-e-appl apply metis+
done
have supp 7' C { atom z } using wfPhi-f-simple-supp-t infer-e-appl by auto
hence atom bv 7/ using fresh-def fresh-at-base by force
then show 7/[z:=v[bv::=b|yp], = T[bv::=b],p using infer-e-appl
forget-subst subst-b-T-def subst-tv-subst-vb-switch subst-defs by metis
ged
next
case (infer-e-appPI ©' BT/ A D' b f' bv' x' bl c 7' s" v/ 71)

have beq: b1[bv'::=b"|pp[bv::=blpp = bI[bv':=b"Tbv::=blps]ps
proof —
have supp b1 C { atom bv’ } using wfPhi-f-poly-supp-b infer-e-appPI
using supp-at-base by blast
moreover have bv # bv’ using infer-c-appPI fresh-def supp-at-base
by (simp add: fresh-def supp-at-base)
ultimately have atom bv § b1 using fresh-def fresh-at-base by force
thus ?thesis by simp
qed

have ceq: (c[bv':=b"|cp)[bv::=b]cp = c[bv'::=b[bv::=b]pp|cr proof —
have supp ¢ C { atom bv’, atom x’ } using wfPhi-f-poly-supp-c infer-e-appPI
using supp-at-base by blast
moreover have bv # bv' using infer-e-appPI fresh-def supp-at-base
by (simp add: fresh-def supp-at-base)
moreover have atom z’ # atom bv by auto
ultimately have atom bv { ¢ using fresh-def[of atom bv ¢| fresh-at-base by auto
thus ?thesis by simp
qged

show ?case proof (subst subst-eb.simps, rule Typing.infer-e-appPI)
show ©'; {||} ; T'[bv::=b]rp oy Albv:=b]ap using wf-b-subst subst-db.simps infer-e-appPI wfX-wfY
by metis
show ©' F,,; ®' using infer-e-appPI by auto
show Some (AF-fundef f' (AF-fun-typ-some bv’ (AF-fun-typ z’ b1 ¢ 7’ 8"))) = lookup-fun @' f’
using infer-e-appPI by auto
thus O'; {||} ; T/[bv::=blry F v [bv:=blyp < { 2’ : bI[bv":=b"[bv::=Db]pp]p | c[bv':=b"[bv::=Db]pp]p
h

using subst-b-check-v subst-tb.simps subst-b-simps infer-e-appPI

proof —
have ©'; {||} ; T/[bv::=b|rp F v'[bv::=blyp < { ' bI[bv":=b"]p[bv=b]pp | (c[bv':=b"]p)[bv::=b]cp
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using infer-e-appPI subst-b-check-v subst-th.simps by metis
thus ?thesis using beq ceq subst-defs by metis
qed
show atom z’ § T''[bv::=b|r, using subst-g-b-a-fresh infer-e-appPI by auto
show 7/[bv"::=b'[bv:=blpp]p[z ::=0v"[bv::=b]yp), = T1[bv::=b];p proof —

have supp 7' C { atom z’, atom bv’ } using wfPhi-f-poly-supp-t infer-e-appPI by auto
moreover hence bv # bv’ using infer-e-appPlI fresh-def supp-at-base
by (simp add: fresh-def supp-at-base)
ultimately have atom bv § 7/ using fresh-def by force
hence 7/[bv”::=b'[bv::=b]pp]p[2":=v [bv::=b by = T[bv":=b"lp[2":=0"], [bv::=b];, using subst-tb-triple
subst-defs by auto
thus ?thesis using infer-e-appPI by metis
qed
show atom bv’ § (0, ', {||}, T'/[bv::=b|rs, Albv::=b]as, b'[bv::=blpp, v'[bv::=0b]yp, T1[bv::=b];p)
unfolding fresh-prodN apply( auto simp add: infer-e-appPI fresh-empty-fset)
using fresh-subst-if subst-b-I'-def subst-b-A-def subst-b-b-def subst-b-v-def subst-b-T-def in-
fer-e-appPI by metis+
show ©'; {||} Fuy b'[bv:i=b]yy, using infer-e-appPI wf-b-subst by simp
qed
next
case (infer-e-fstI © BT A ® vz’ b1 b2 ¢ 2)
show ?case unfolding subst-b-simps proof (rule Typing.infer-e-fstl)
show © ; {|[} ; T[bv:=blry Fws Albvii=blap, using wf-b-subst(10) subst-db.simps infer-e-fstl
wfX-wfY
by (metis wf-b-subst(15))
show © F,; ® using infer-e-fstI by auto
show O ; {||} ; T'[bv::=b]rpy b v[bv::=blyp = { 2’ : B-pair b1[bv::=blpy b2[bv::=bpy | c[bv:=b]cp |}
using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-fstI by force
show atom z §f AE-fst (v[bv::=b],p,) using infer-e-fstl subst-b-fresh-z subst-b-v-def e.fresh by metis
show atom z § T'[bv::=b|r;, using subst-g-b-z-fresh infer-e-fstI by auto
qed
next
case (infer-e-sndl © BT A ® v 2’ b1 b2 ¢ 2)
show ?case unfolding subst-b-simps proof (rule Typing.infer-e-sndl)
show © ; {||} ; T'[bv:=blrp Fuws Albv:=blas using wf-b-subst(10) subst-db.simps infer-e-sndl
wfX-wfY
by (metis wf-b-subst(15))
show © F,¢ ® using infer-e-sndl by auto
show O ; {||} ; T'[bv::=b|rp b v[bv::=blyp, = { 2’ : B-pair b1[bv::=bpy b2[bv::=bpy, | c[bv:=b]cp |}
using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-sndl by force
show atom z  AE-snd (v[bv::=b],p) using infer-e-sndl subst-b-fresh-x subst-b-v-def e.fresh by metis
show atom z § T'[bv::=b|r, using subst-g-b-z-fresh infer-e-sndl by auto
qed
next
case (infer-e-len] © BT A ® v 2’ ¢ 2)
show ?case unfolding subst-b-simps proof(rule Typing.infer-e-lenl)
show © ; {||} ; T[bv:=b]rp Fuwy Albvii=blas using wf-b-subst(10) subst-db.simps infer-e-lenl
wfX-wfY
by (metis wf-b-subst(15))
show © F,¢ ® using infer-e-lenl by auto
show O ; {||} ; ['[bv:=b]ry F v[bv::=b]yy, = { 2’ : B-bitvec | c[bv::=b]c |}
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using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-lenl by force
show atom z t AE-len (v[bv::=b],p) using infer-e-lenl subst-b-fresh-x subst-b-v-def e.fresh by metis
show atom z § T'[bv::=b|rp using subst-g-b-z-fresh infer-e-lenl by auto
qed
next
case (infer-e-mvarl © BT ® A u 1)
show ?case proof(subst subst subst-eb.simps, rule Typing.infer-e-mvarl)
show O ; {||} Fus Llbvi=blr, using infer-e-mvarl wf-b-subst by auto
show © F,; ® using infer-e-mvarl by auto
show O ; {||} ; T[bv::=b]rp Fuw s Albvii=b]ap using infer-e-mvarl using wf-b-subst(10) subst-db.simps
infer-e-sndl wfX-wfY
by (metis wf-b-subst(15))
show (u, 7[bv::=b],) € setD Albv::=b]ap using infer-e-muvarl subst-db.simps set-insert
subst-d-b-member by simp
qed
next
case (infer-e-concatl © BT A ® vl z1 c1 v2 22 ¢2 23)
show ?case unfolding subst-b-simps proof(rule Typing.infer-e-concatl)
show O ; {||} ; T[bv::=b]ry Fuy Albvi=blap using wf-b-subst(10) subst-db.simps infer-e-concatl
wfX-wfY
by (metis wf-b-subst(15))
show © F,; ® using infer-e-concatl by auto
show O ; {||} ; T'[bv:=b|rpy b vI[bv::=blyp = { 21 : B-bitvec | c1[bv:=b]cp |}
using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-concatl by force
show © ; {||} ; T[bv:=b]ry - v2[bv::=D]y, = { 22 : B-bitvec | c2[bv::=Db]cp |}
using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-concatl by force
show atom z3 § AE-concat (v1[bv::=blyp) (v2[bv::=b],p) using infer-e-concatl subst-b-fresh-z subst-b-v-def
e.fresh by metis
show atom 23 § T'[bv::=b|r, using subst-g-b-z-fresh infer-e-concatl by auto
qged
next
case (infer-e-splitl © BT' A ® vl z1 cl v2 22 23)
show ?Zcase unfolding subst-b-simps proof (rule Typing.infer-e-splitl)
show « © ; {||} ; T[bv::=b]ry Fwy Albvi:=b]ap » using wf-b-subst(10) subst-db.simps infer-e-split]
wfX-wfY
by (metis wf-b-subst(15))
show « © F,y ® > using infer-e-splitl by auto
show ¢ © ; {[|} ; T'[bvi:=b]ry = v1[bv:=b]yy, = { 21 : B-bitvec | c1[bv:=b]e |
using subst-b-infer-v subst-tb.simps subst-b-simps infer-e-split] by force
show <O ; {||} ; T[bv::=b]ry, F v2[bvu=blyy <= { 22 : B-int | [leqg [ [ L-num 0 ]V ]°° [[ 22 ]V ]°° |°°
== [[ L-true ]* ] AND

[leg [[ 22 ]" ]°° [| [ vl [bvz=b]up |°¢ (] ] == [[ L-true ]" ]* [p
using subst-b-check-v subst-tb.simps subst-b-simps infer-e-splitl
proof —
have O ; {||} ; T'[bv:=b]rpy b v2[bv::=blyp < { 22 : B-int | [ leq [ [ L-num 0 ]V ]°¢ [ [ 22 | ]°© ]°°
—— [ [ Letrue " [ AND [ leq [ [ 22 ¥ Jo° [ [ o1 ]9 [Jo¢ ¢ == [ [ L-true |" ° }{bv:i=blry
using infer-e-splitl .hyps(7) infer-e-splitl.prems(1) infer-e-splitl.prems(2) subst-b-check-v by
presburger
then show Zthesis
by simp
qed

show <atom z1 § AE-split (v1[bv::=b|yp) (v2[bv::=b]yp)> using infer-e-split] subst-b-fresh-x subst-b-v-def
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e.fresh by metis
show <atom z1 § T'[bv::=b]ry> using subst-g-b-z-fresh infer-e-splitl by auto

show <atom 22 § AE-split (v1[bv::=b]yp) (v2[bv::=Db],p)> using infer-e-split] subst-b-fresh-x subst-b-v-def
e.fresh by metis

show <atom 22 f T'[bv::=b|ry> using subst-g-b-z-fresh infer-e-splitl by auto
show <atom 23 § AE-split (v1[bv::=b]yp) (vV2[bv::=b]yp)> using infer-e-splitl subst-b-fresh-x subst-b-v-def
e.fresh by metis
show <atom z3 f T[bv::=b]rp> using subst-g-b-z-fresh infer-e-split] by auto
qed
qed

This is needed for preservation. When we apply a function "f [b] v' we need to substitute into
the body of the function f replacing type-variable with b

lemma subst-b-c-of-forget:
assumes atom bv § const
shows (c-of const x)[bv::=b]., = c-of const
using assms proof(nominal-induct const avoiding: x rule:T.strong-induct)
case (T-refined-type =’ b’ ¢’)
hence c-of { z': b’ | ¢' | z = ¢/[x"=:=V-var z., using c-of .simps by metis
moreover have atom bv § ¢'[z":=V-var z]., proof —
have atom bv t ¢’ using T-refined-type 7.fresh by simp
moreover have atom bv §f V-var x using v.fresh by simp
ultimately show #thesis
using T-refined-type 7.fresh subst-b-c-def fresh-subst-if
T-fresh-c fresh-subst-cv-if has-subst-b-class.subst-b-fresh-x ms-fresh-all(37) ms-fresh-all assms by
metis
qed
ultimately show ?case using forget-subst subst-b-c-def by metis
qed

lemma subst-b-check-s:
fixes s::s and b::b and cs::branch-s and css::branch-list and v::v and 7::7
assumes O ; {||} Fy s b and B = {|bv|}
shows © ;®; B; G;DFs< 7= 0;0;{||}; Gbv:=b|rp; D[bv:=blap I (s[bv::=blsp) <
(t[bv::=b],p) and
©;P;B; G D;tid;cons;const;vb ecs<=17=0;;{||}; Glbv:=db|rp; D[bv::=b]ayp ; tid ;
cons ; const ; v[bv:=blyp b (subst-branchd cs bv b) < (7[bv::=b],;) and
O;:®;B; G;D;tid; dclist ; vk css =17 = 0 ; ®; {||} ; Glbv::=b]rp; D[bv::=b|ap ; tid ; dclist
5 U[bvii=blyp b (subst-branchlb css bv b ) < (T[bv::=b],p)
using assms proof (induct rule: check-s-check-branch-s-check-branch-list.inducts)
note facts = wfD-emptyl wfX-wfY wf-b-subst subst-b-subtype subst-b-infer-v
case (check-vall © BT A ®v7'7)
show ?Zcase
apply(subst subst-sb.simps, rule Typing.check-vall)
using facts check-vall apply metis
using check-vall subst-b-infer-v wf-b-subst subst-b-subtype apply blast
using check-vall subst-b-infer-v wf-b-subst subst-b-subtype apply blast
using check-vall subst-b-infer-v wf-b-subst subst-b-subtype by metis
next

case (check-letlz @ ® BT AeT z5b'¢)
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show ?Zcase proof(subst subst-sb.simps, rule Typing.check-letl)

show atom z 4(0, ®, {||}, T'[bv::=b|rp, Albv::=b]ap, e[bv::=Db|ep, T[bv::=b],p)
apply (unfold fresh-prodN ,auto)
apply(simp add: check-let] fresh-empty-fset)+
apply(metis x  subst-b-fresh-z check-letl fresh-prodN)+ done
show atom z § (z, ©, ®, {||}, T'[bv::=b|rp, A[bv::=b]ap, e[bv::=Dblep, T[bv::=b]rp, s[bv::=D]sp)
apply (unfold fresh-prodN ,auto)
apply(simp add: check-let] fresh-empty-fset)+
apply(metis x  subst-b-fresh-z check-let] fresh-prodN)+ done
show O ; @ ; {||} ; T[bv::=b|ry ; Albv::=blap F e[bvii=bley = { 2z : b[bv::=blpp | c[bvi:=Dbep |
using check-letl subst-b-infer-e subst-tb.simps by metis
have c[z:=[ © |"]co[bvi=blcy = (c[bvi=b]cp)[2::=V-var xey
using subst-cv-subst-bb-commute[of bv V-var x ¢ z b] fresh-at-base by simp
thus © ; @ ; {||} ; ((z, b [bv=Dblpy , (c[bv::=b]cp)[2::=V-var z],) #r T[bv::=b|ry) ; Albv:i=b]ap F
s[bv:=b]sp, < T[bv::=b]p
using check-letl subst-gb.simps subst-defs by metis
qged
next
case (check-assertl x © ® BT' A ¢ 7 s)
show ?case proof(subst subst-sb.simps, rule Typing.check-assert])
show atom z § (0, @, {||}, T[bv::=b]rs, Albv::=b|ap, c[bvii=b]cp, T[bv::=Db]p, s[bv::=0b]sp)
apply (unfold fresh-prodN ,auto)
apply(simp add: check-assertl fresh-empty-fset)+
apply(metis x  subst-b-fresh-z check-assertl fresh-prodN)+ done

have © ; @ ; {||} ; ((z, B-bool, ¢) #r T)[bv::=b]rp ; Albvi=blap F s[bvi:=b]sp < T[bv::=b];4 using
check-assertl
by metis
thus © ; @ ; {||} ; (z, B-bool, c[bv::=b].p) #r L[bv::=blry ; Albvi:=blap b s[bv:i=b]sp, < T[bv::=0b],p
using subst-gb.simps by auto
show O ; {||} ; T'[bv::=b|rs = c[bv:i=blsp using subst-b-valid check-assert] by simp
show O ; {||}; T[bv::=b]rp by Albvi=blap using wf-b-subst2(6) check-assert] by simp
qed
next
case (check-branch-list-consI © ® BT A tid dclist v c¢s T css)
then show ?Zcase unfolding subst-branchlb.simps using Typing.check-branch-list-consl by simp
next
case (check-branch-list-finall © ® BT A tid dclist v cs T)
then show ?case unfolding subst-branchlb.simps using Typing.check-branch-list-finall by simp
next
case (check-branch-s-branchl © BT A 1 const x ® tid cons v s)

show ?Zcase unfolding subst-b-simps proof (rule Typing.check-branch-s-branchl)
show © ; {||} ; T[bv::=b]rp Fuw s Albvi=blap using check-branch-s-branchl wf-b-subst subst-db.simps
by metis
show -,y © using check-branch-s-branchl by auto
show © ; {||} ; T'[bv::=blry Fuwy T[bv:=bl;p using check-branch-s-branchl wf-b-subst by metis

show atom z §(©, @, {||}, T'[bv::=b|rp, Albv::=b]as, tid, cons , const, v[bv::=blyp, T[bv::=Db],p)

apply (unfold fresh-prodN ,auto)
apply(simp add: check-branch-s-branchl fresh-empty-fset)+
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apply(metis x  subst-b-fresh-& check-branch-s-branchl fresh-prodN )+
done
show wft:© ; {||} ; GNil ¢ const using check-branch-s-branchl by auto
hence (b-of const) = (b-of const)[bv::=bpp
using wfT-nil-supp  fresh-def[of atom bv | forget-subst subst-b-b-def T.supp
bot.extremum-uniquel ex-in-conv fresh-def supp-empty-fset
by (metis b-of-supp)
moreover have (c-of const z)[bv::=b]., = c-of const x
using wft wfT-nil-supp fresh-def|of atom bv | forget-subst subst-b-c-def T.supp
bot.extremum-uniquel ex-in-conv fresh-def supp-empty-fset subst-b-c-of-forget by metis
ultimately show O ; ® ; {||} ; (z, b-of const, CE-val (v[bv::=b]yp) == CE-val(V-cons tid cons
(V-var x)) AND c-of const ) #r T[bv:=0b]ry ; Albv:=blap F s[bvi:=b]sp < T[bv::=Db]p
using check-branch-s-branchl subst-gb.simps by auto
qed
next
case (check-ifl 2© ® BT A v sl s2 )
show ?Zcase unfolding subst-b-simps proof (rule Typing.check-ifI)
show «<atom z § (©, @, {||}, T[bv::=b]ry, Albvi:=b]ap, v[bv::=Dblyp, sI1[bv:i:=b]sp, $2[bv::=Db]sp,
T[bv::=b]rp)
by (unfold fresh-prodN ,auto, auto simp add: check-ifI fresh-empty-fset subst-b-fresh-z )
have { z : B-bool | TRUE [[bv::=b];;, = { z: B-bool | TRUE | by auto
thus <© ; {||} ; T'[bv::=b]rs F v[bv:=blyp < { z: B-bool | TRUE |}» using check-ifI subst-b-check-v
by metis
show < © ; @ ; {||} ; T[bvu=b]ry ; Albv:i=blap F sl[bvi=bls < { 2z : b-of T[bv::=b],p, | CE-val
(v[bv::=byp) == CF-val (V-lit L-true) IMP c-of T[bv:=b];p 2z [
using subst-b-if check-ifl by metis
show < © ; @ ; {||} ; T[bv:=b]ry ; Albvii=blap F s2[bvi=blsy < { 2z : b-of T[bv::=b],p | CE-val

(v[bv::=blyp) == CE-val (V-lit L-false) IMP c-of T[bv:=bl;p z [P
using subst-b-if check-ifl by metis
qged
next

case (check-1et2l 2 © ® B G A t sl T s2 )
show ?Zcase unfolding subst-b-simps proof (rule Typing.check-let2I)
have atom x t b using xa-fresh-b by auto
show <atom z § (O, @, {||}, G[bv:=b]ry, Albv::=b]asp, t[bv:=b];p, s1[bv:=b]sp, T[bv::=b],p)
apply (unfold fresh-prodN, auto, auto simp add: check-let2] fresh-prodN fresh-empty-fset)
apply(metis subst-b-fresh-z check-let2I fresh-prodN )+
done

show ¢ © ; @ ; {|[} ; G[bv:=b]ry ; Albv:=Db]as bt s1[bv:i=b]sp < t[bv::=b];, » using check-let2]
subst-tb.simps by auto
show < © ; @ ; {||} ; (z, b-of t[bv:=blrp, c-of t[bv::=bl;p x) #r G[bv:=Db|ry ; Albv:i=blap F
s2[bvi=0b]sp < T[bv::i=b]p>
using check-let2] subst-tb.simps subst-gb.simps b-of .simps subst-b-c-of subst-b-b-of by auto
qed
next
case (check-varl u ® ® BT A 7' v 71 3)
show ?Zcase unfolding subst-b-simps proof (rule Typing.check-varl)
show atom u § (©, @, {||}, T[bv:=b]rp, A[bv:i=b]ap, T[bv::=0bl;p, v[bv::=blyp, T[bv::=D]p)
by (unfold fresh-prodN ,auto simp add: check-varl fresh-empty-fset subst-b-fresh-u )
show O ; {||} ; T[bv::=b]ry b v[bvii=blyp < 7'[bv:=b];, using check-varl subst-b-check-v by auto
show O ; @ ; {||} ; (subst-gb T bv b) ; (u, (7'[bv::=0b],p)) #a (subst-db A bvb) F (s[bv::=b]s) <
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(T[bv::=b],p) using check-varl by auto
qged
next
case (check-assign] © ® BT A u 7t vz7’)
show ?Zcase unfolding subst-b-simps proof( rule Typing.check-assignI)
show © F,¢ ® using check-assignl by auto
show © ; {||} ; T[bv::=b]ry Fwys Albv::=blap, using wf-b-subst check-assignl by auto
show (u, T[bv::=b],p) € setD A[bv::=b|ap using check-assignl subst-d-b-member by simp
show © ; {||} ; T[bv::=b]rs F v[bvi:=b]y, < T[bv::=b];, using check-assignl subst-b-check-v by
auto
show O ; {||} ; T[bv:=blry F { 2z : B-unit | TRUE |} < 7'[bvi:=b|;, using check-assignl
subst-b-subtype subst-b-simps subst-tb.simps by fastforce
qed
next
case (check-while]l ©® ® BT A sl zs2 7')
show ?Zcase unfolding subst-b-simps proof (rule Typing.check-whilel)
show O ; @ ; {||} ; T[bv::=b|rp ; Albvi=blap F sl[bv=blsy < { 2z : B-bool | TRUE |} using
check-whilel by auto
show © ; @ ; {||} ; T'[bv:=blry ; Albv:=blap F s2[bv:=blsp, <= { z : B-unit | TRUE [} using
check-whilel by auto
show O ; {||} ; T[bvi:=blry F { 2z : B-unit | TRUE |} < 7'[bvi:=b];, using subst-b-subtype
check-whilel by fastforce
qged
next
case (check-seql © ® BT A sl zs2 1)
then show ?Zcase unfolding subst-sb.simps using check-seql Typing.check-seql subst-b-eq by metis
next
case (check-casel © ® B T' A tid dclist v cs T 2)
show ?case unfolding subst-b-simps proof (rule Typing.check-casel)
show « © ; @ ; {||} ; T[bv:=b]rp ; Albv::=b]ap ; tid ; dclist ; v[bv::=Db]y,p - subst-branchlb cs bv b
< 7[bv::=b|,p> using check-casel by auto
show (A F-typedef tid dclist € set ©» using check-casel by auto
show © ; {||} ; T[bv::=b]rp + v[bv:=bly, < { z : B-id tid | TRUE > using check-casel
subst-b-check-v subst-b-simps subst-tb.simps subst-b-simps
proof —
have { z : B-id tid | TRUE |} = { z : B-id tid | TRUE [}[bv::=0b],}, using subst-b-eq by auto
then show ?thesis
by (metis (no-types) check-casel.hyps(4) check-casel.prems(1) check-casel.prems(2) subst-b-check-v)

qed
show « ks ©) using check-casel by auto
qed
qed

end
method supp-calc = (metis (mono-tags, opaque-lifting) pure-supp c.supp e.supp v.supp supp-l-empty
opp.supp sup-bot.right-neutral supp-at-base)

declare infer-e.intros[simp)
declare infer-e.intros|intro]
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Chapter 16

Safety

Lemmas about the operational semantics leading up to progress and preservation and then
safety.

16.1 Store Lemmas

abbreviation delta-ext (< - C - ») where
delta-ext A A" = (setD A C setD A')

nominal-function dc-of :: branch-s = string where
dc-of (AS-branch dc - -) = de
apply(auto,simp add: equt-def dc-of-graph-auz-def)
using  s-branch-s-branch-list.exhaust by metis
nominal-termination (equt) by lexicographic-order

lemma delta-sim-fresh:
assumes O F 6 ~ A and atom u £ §
shows atom u § A
using assms proof (induct rule : delta-sim.inducts)
case (delta-sim-nill O)
then show ?case using fresh-def supp-DNil by blast
next
case (delta-sim-consI © § A v T u')
hence O ; {||} ; GNil -, s T using check-v-wf by meson
hence supp 7 = {} using wfT-supp by fastforce
moreover have atom u f u’ using delta-sim-consl fresh-Cons fresh-Pair by blast
moreover have atom u § A using delta-sim-consl fresh-Cons by blast
ultimately show ?Zcase using fresh-Pair fresh-DCons fresh-def by blast
qed

lemma delta-sim-v:
fixes A::A
assumes O - § ~ A and (u,v) € set 0 and (u,7) € setD A and © ; {||} ; GNil -, A
shows © ; {||} ; GNilF v < T
using assms proof (induct 6 arbitrary: A)
case Nil
then show ?Zcase by auto
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next
case (Cons uv ¢)
obtain v’ and v’ where wv : wv=(u',v’) by fastforce
show ?case proof(cases u'=u)
case True
hence *:0 F ((u,v)#5) ~ A using wv Cons by blast
then obtain 7’ and A’ where tt: © ; {||} ; GNil - v' < 17' A u & fst “set § AN A = (u,7)#AA’
using delta-sim-elims(3)[OF | by metis
moreover hence v'=v using Cons True
by (metis Pair-inject fst-conv image-eql set-ConsD uv)
moreover have 7=7' using wfD-unique tt Cons
setD.simps list.set-intros by blast
ultimately show Zthesis by metis
next
case Fulse
hence *:0 F ((u',v)#5) ~ A using uv Cons by blast
then obtain 7’ and A’ where t&: O F § ~ A’ ANO ; {||} ; GNilFv' <17 ANu' ¢ fst “set § N A
= (u';7\#a A’ using delta-sim-elims(3)[OF *] by metis

moreover hence O ; {||} ; GNil -,y A’ using wfD-elims Cons delta-sim-elims by metis
ultimately show ?thesis using Cons
using False by auto
qged
qed

lemma delta-sim-delta-lookup:
assumes O F§ ~ A and (u, { z2:b | c|) € setD A
shows Jv. (u,v) € set §
using assms by (induct rule: delta-sim.inducts,auto+)

lemma update-d-stable:

fst < set 6 = fst ¢ set (update-d § u v)
proof (induct §)

case Nil

then show ?Zcase by auto
next

case (Cons a 6)

then show ?case using update-d.simps

by (metis (no-types, lifting) eq-fst-iff image-cong image-insert list.simps(15) prod.ezhaust-sel)

qed

lemma update-d-sim:
fixes A::A
assumes O Fd ~ Aand O ; {||} ; GNilF v < 7 and (u,7) € setD A and O ; {||} ; GNil F,; A
shows © b (update-d § u v) ~ A
using assms proof (induct 6 arbitrary: A)
case Nil
then show ?case using delta-sim-consl by simp
next
case (Cons uv 9)
obtain v’ and v’ where wv : wv=(u',v’) by fastforce
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hence #:0 F ((u',v")#4d) ~ A using uv Cons by blast
then obtain 7/ and A’ where it: O F § ~ A’ AN O ; {||} ; GNilFv' = 7"' ANu' & fst “set § N A =
(v, T\ #A A" using delta-sim-elims * by metis

show ?case proof(cases u=u')
case True
then have (u,7’) € setD A using tt by auto
then have 7 = 7/ using Cons wfD-unique by metis
moreover have update-d ((u',v")#3) u v = ((u',v)#5) using update-d.simps True by presburger
ultimately show %thesis using delta-sim-consl tt Cons True
by (simp add: tt wv)
next
case Fulse
have © F (u’,v) # (update-d 6 u v) ~ (u',;7")#aA’
proof(rule delta-sim-consI)
show © F update-d 5 u v ~ A’ using Cons using delta-sim-consl
delta-sim.simps update-d.simps Cons delta-sim-elims uv tt
False fst-conv set-ConsD wfG-elims wfD-elims by (metis setD-ConsD)
show O ; {||} ; GNil F v’ < 7/ using it by auto
show u’ ¢ fst ‘ set (update-d 6 u v) using wupdate-d.simps Cons update-d-stable tt by auto
qed
thus “thesis using Fulse update-d.simps uv
by (simp add: tt)
qed
qed

16.2 Preservation

Types are preserved under reduction step. Broken down into lemmas about different operations

16.2.1 Function Application

lemma check-s-x-fresh:
fixes z::x and s::s
assumes O ;& ; B; GNil ;D Fs< T
shows atom z § s A atom z § 7 A atom z § D
proof —
have © ; ® ; B; GNil ; D by s : b-of 7 using check-s-wf[OF assms] by auto
moreover have © ; B ; GNil s 7 using check-s-wf assms by auto
moreover have © ; B ; GNil s D using check-s-wf assms by auto
ultimately show ?thesis using wf-supp z-fresh-u
by (meson fresh-GNil wfS-z-fresh wfT-z-fresh wfD-z-fresh)
qed

lemma check-funtyp-subst-b:
fixes b":b
assumes check-funtyp © ® {|bv|} (AF-fun-typ x b ¢ 7 s) and < © ; {||} Fur b’
shows check-funtyp © ® {||} (AF-fun-typ x b[bv::=b"]pp (c[bv::=b"cp) T[bv::=b"]p s[bv::=b"]sp)
using assms proof (nominal-induct {|bv|} AF-fun-typ © b ¢ 7 s rule: check-funtyp.strong-induct)
case (check-funtypl ' © ® ¢’ s’ 77)
have check-funtyp © @ {||} (AF-fun-typ =’ b[bv::=b"lpp (c'[bv::=b")cp) T[bv::=b"1 s'[bv::=b"]sp) proof
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show <atom z'§ (0, ®, {||}::bv fset, b[bv::=b"]pp)» using check-funtypl fresh-prodN z-fresh-b fresh-empty-fset
by metis

have <O ; @ ; {||}; ((z/, b, ¢/) #r GNil)[bv:=b"Irp ; [|albv:=bTap F s [bvii=b"sp < 7/ [bv::=b"];p
proof(rule subst-b-check-s)
show < © ; {||} Fws b’ using check-funtypl by metis
show «({|bv|} = {|bv|}» by auto
show < © ; @ ; {|bv|} ; (2, b, ¢') #r GNil ; ]a + s’ < 7/ using check-funtypl by metis
qed

thus « © ; @ ; {||} ; (z/, b[bv::=b"pp, c'[bv:=b"cp) #r GNil 5 [[a F s'[bvi=bsp < 7/ [bv:=b" 4
using subst-gb.simps subst-db.simps by simp
qed

moreover have (AF-fun-typ b ¢ 7 s) = (AF-fun-typ x' b ¢’ 7’ s’) using fun-typ.eq-iff check-funtypl
by metis
moreover hence (AF-fun-typ « b[bv:=b"lpp (c[bv::=b"]cp) T[bv::=b"+p s[bvi:=b"sp) = (AF-fun-typ z’
b[bv::=b"lpp (c'[bv=b")cp) T [bv=b"7p s [bv:=b"]5p)
using subst-ft-b.simps by metis
ultimately show ?case by metis
qed

lemma funtyp-simple-check:
fixes s::s and A:A and 7::17 and v::v
assumes check-funtyp © ® ({||}::bv fset) (AF-fun-typ z b ¢ 7 s) and
©;{||}; GNilFv<={z:b]|c]
shows © ; @ ; {||} ; GNil ; DNil b s[z::=v]s, < T[z:=0]1y
using assms proof (nominal-induct ({||}::bv fset) AF-fun-typ © b ¢ T s avoiding: vx rule: check-funtyp.strong-induct)
case (check-funtypl ' © ® ¢’ s’ 77)

hence eql: {z’': b | ¢’} ={ z:b | ¢ |} using funtyp-eq-iff-equalities by metis

obtain 2’ and ¢” where zf:{ z: b |cf={z":b]| "} A atomz” § (z',v) A atom 2" § (z,c)
using obtain-fresh-z3 by metis
moreover have atom z' { ¢’ proof —
have supp { z": b | ¢” |} = {} using eq! check-funtypl zf check-v-wf wfT-nil-supp by metis
hence supp ¢’ C { atom z” } using T7.supp eql zf by (auto simp add: freshers)
moreover have atom z’ # atom z'' using zf fresh-Pair fresh-z-neq by metis
ultimately show %thesis using zf fresh-Pair fresh-z-neq fresh-def fresh-at-base by blast
qed
ultimately have eq2: ¢”[z":=[ ' ]"]., = ¢’ using eql type-eq-subst-eq3(1)[of ' b ¢’ 2" b ¢'] by
metis

have atom z’ § ¢ proof —
have supp {{ z:b| ¢} = {} using eq! check-funtypl zf check-v-wf wfT-nil-supp by metis
hence supp ¢ C { atom x } using 7.supp by auto
moreover have atom z # atom x’ using check-funtypl fresh-Pair fresh-z-neq by metis
ultimately show ?thesis using fresh-def by force

qged

hence eq: c[z::=[ 2" "]cy = ¢’ A $[z":=0]5p = s[x::=0]5p A T[T/ =01y = T[z2:=0] 74
using funtyp-eq-iff-equalities type-eq-subst-eq3 check-funtypl by metis
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have O ; @ ; {||} ; ((z/, b, "[z":=[ 2’ ]"]cw) #1r GNil)[z":=0]ry ; [Ja[z/n=v]ay F s[x/=0]5, <
T[2":=0]7y
proof(rule subst-check-check-s )
show O ; {||} ; GNil Fv<{z":b | ¢"|}» using check-funtypl eql zf by metis
show <atom z”’ § (z’, v)) using check-funtypl fresh-z-neq fresh-Pair xf by metis
show < O ; @ ; {||}; (z/, b, ¢"[z":=[ 2" |"]¢v) #r GNil ; |ao + s’ < 7' using check-funtypl eq2
by metis
show ¢ (z/, b, ¢"[z":=[ ' |"]cv) #r GNil = GNil Q (z', b, ¢"[z"=:=[ 2’ |"]cv) #r GNil> using
append-g.simps by auto
qed
hence O; ®; {||}; GNil; [[a F s'[z'i=v]s, < 7'[2":=0];, using subst-gv.simps subst-dv.simps by
auto
thus ?case using eq by auto
qed

lemma funtypq-simple-check:
fixes s::s and A:A and 7::17 and v::v
assumes check-funtypg © ® (AF-fun-typ-none (AF-fun-typ z b ¢ t s)) and
O;{ll};GNilFv<={z:b]|c}]
shows ©; ®@; {||}; GNil; DNil b s[z::=v]s, < t[x::=0]7y
using assms proof(nominal-induct (AF-fun-typ-none (AF-fun-typ x b ¢ t s)) avoiding: v rule:
check-funtypq.strong-induct)
case (check-fundefg-simplel © ® z’ ¢’ t' s’)
henceeqg: { z:b |cfp={z':b |} A s [ai=0v]sy = s[z:=0]50 A t{x:=0]7y = t[2":=0]7y
using funtyp-eq-iff-equalities by metis
hence O; ®; {||}; GNil; []a F s[z":=v]sp < t[z":=0]y
using funtyp-simple-check|OF check-fundefq-simplel(1)] check-fundefg-simplel by metis
thus ?case using eq by metis
qed

lemma funtyp-poly-eq-iff-equalities:
assumes [[atom bv']|lst. AF-fun-typ ' b" ¢’ t’ s’ = [[atom bv]]lst. AF-fun-typ x b ct s
shows { =’ : b"[bv":=b"lpp | ¢/[bV:=b"cp | = { 2 b[bvi=b"lpp | c[bv=bep | A
s'[bv":=b" sp[x":=0]50 = s[bvi=b"]sp[@:=0]50 A t[bV =0T b2 =0] 0 = E[bvi=bTp 20 =0] 10
proof —
have subst-ft-b (AF-fun-typ =’ b” ¢’ ¢’ s) bv’' b’ = subst-ft-b (AF-fun-typ x b c t s) bv b’
using subst-b-flip-eq-two subst-b-fun-typ-def assms by metis
thus %thesis using fun-typ.eq-iff subst-ft-b.simps funtyp-eq-iff-equalities subst-th.simps
by (metis (full-types) assms fun-poly-arg-unique)

qed

lemma funtypq-poly-check:
fixes s::s and A:A and 7::7 and v::v and b::b
assumes check-funtypg © ® (AF-fun-typ-some bv (AF-fun-typ © b ¢ ¢t s)) and
O {ll}; GNilF v <= { z:bbv:=bNpp | c[bv::=b"ep [} and
0 i {II} Fuy ¥
shows ©; ®; {||}; GNil; DNil b s[bv::=b"sp[2:=0]sy <= t[bv::=b"]p[2::=0] 74
using assms proof(nominal-induct (AF-fun-typ-some bv (AF-fun-typ x b ¢ t s)) avoiding: v rule:
check-funtypq.strong-induct)
case (check-funtypg-polyl bv’ © @ z' b" ¢’ t’ s’
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hence xx:{ =’ : b"[bv":=bpp, | c'[bv":=b"cp | = { 2 : b[bv=b"lop | c[bv:i=b"cp [} A
s'bv":=b"sp[z":=0]50 = s[bvi=b"]sp[z1:=0]50 A [0V =010z i=0]7y = t{bvi=brp[T=0] 1y
using funtyp-poly-eq-iff-equalities by metis

have x:check-funtyp © @ {||} (AF-fun-typ ' b"[bv"::=b"lpp (¢[bv"::=b"]cp) (F[b0":=b"]1p) s/ [bv":=b"]sp)
using check-funtyp-subst-b|OF check-funtypg-polyl (5) check-funtypg-polyl(8)] by metis
moreover have O ; {||} ; GNil Fv< {z': b"[bv"::=b"pp | ¢'[bv":=b"]¢p |} using xx check-funtypg-polyl
by metis
ultimately have ©; ®; {||}; GNil; [Ja F s[bv":=b"s[z":=0]s0 < t/[bv":=b" 15[z :=0] 70
using funtyp-simple-check[OF x| check-funtypg-polyl by metis
thus “case using x*x by metis

qed

lemma fundef-simple-check:

fixes s::s and A:A and 7::7 and v:iv

assumes check-fundef © ® (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b c t s))) and

©;{ll};GNilFv<={z:b|c}and ©; {||} ; GNil s A

shows ©; @; {||}; GNil; A F s[zi:=0v]sy < t[r:=0]ry

using assms proof (nominal-induct (AF-fundef f (AF-fun-typ-none (AF-fun-typ x b c t s))) avoiding:
v rule: check-fundef .strong-induct)

case (check-fundefl © )

then show ?Zcase using funtypg-simple-check| THEN check-s-d-weakening(1) | setD.simps by auto
qed

lemma fundef-poly-check:

fixes s::s and A:A and 7::7 and v::v and b:b

assumes check-fundef © ® (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ z b ¢ t s))) and

O {||}; GNil - v <= { z: b[bv:=bpp | c[bv:=b"lep } and © ; {||} ; GNil .y A and © ; {||}

Fus b

shows O; @; {||}; GNil; A b s[bv::=b"|sp[z:=0]s5p <= t[bv::=b"]rp[T::=0] 7y

using assms proof (nominal-induct (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ £ b c t s))) avoid-
ing: v rule: check-fundef.strong-induct)

case (check-fundefl © @)

then show Zcase using funtypg-poly-check[ THEN check-s-d-weakening(1) ] setD.simps by auto
qed

lemma preservation-app:
assumes
Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ 1 b1 c¢1 71’ s1"))) = lookup-fun ® f and (V fd€set
®. check-fundef © @ fd)
shows © ;9 ;B; G;A Fss<7= B={||}] = G = GNil = ss=LET z = (AE-app [ v)
IN s =
©; ©; {||}; GNil; A + LET x : (71'[x1:=0]y) = (s1']z1::=v]sy) IN s < 7 and
check-branch-s © ® B GNil A tid dc const v ¢s T = True and
check-branch-list © ® B T' A tid dclist v css T = True
using assms proof (nominal-induct T and 7 and 7 avoiding: v rule: check-s-check-branch-s-check-branch-list.strong-ina
case (check-letl 212 © ® BT A et z282b ¢)

hence eq: ¢ = (AE-app f v) by simp
hence x:0 ; ® ; {||} ;GNil ; A F (AE-app fv) = { z: b | ¢ |} using check-let] by auto
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then obtain 25 b3 ¢3 73 s8 where
wx:0 5 {||}; GNil by A N O Fyp & A Some (AF-fundef f (AF-fun-typ-none (AF-fun-typ =3 b3
c8 78 53))) = lookup-fun ® f A
O;{||]}; GNil Fv<={z3:b3 | 3N atomz3 £ (0, D, ({||}::bv fset), GNil, A, v, { z:b | c
B A 73[28:=0v];y ={2z:b | c|}
using infer-e-elims(6)[OF *] subst-defs by metis

obtain z3 where z3:{ 23 : b3 | 3 } = { 23 : b3 | c3[x3:=V-var 28].y | N atom 23 t (z3,
v,c3,x1,c1) using obtain-fresh-z3 by metis

have seq:[[atom z3]]lst. s3 = [[atom x1]]ist. s1' using fun-def-eq check-letl xx option.inject by metis

let ?ft = AF-fun-typ z3 b3 ¢8 78 s3

have sup: supp 78 C { atom x3} A supp s3 C { atom 28} using wfPhi-f-supp ** by metis

have O; ®; {||}; GNil; A + AS-let2 22 73[x8:=0]r (88[23::=0]5,) $2 < 7 proof
show <atom z2 £ (O, ®, {||}::bv fset, GNil, A, T3[x3:=]y, $3[23:=0]sy, T)
unfolding fresh-prodN using check-let] fresh-subst-v-if subst-v-T-def sup
by (metis all-not-in-conv fresh-def fresh-empty-fset fresh-subst-sv-if fresh-subst-tv-if singleton-iff
subset-singleton-iff)

show « ©; @; {||}; GNil; A F s8[x8:=0v]sy < T3[23::=0];,» proof(rule fundef-simple-check)

show <check-fundef © ® (AF-fundef f (AF-fun-typ-none (AF-fun-typ £3 b3 ¢8 73 s3)))) using *x
check-letl lookup-fun-member by metis

show O ; {||} ; GNil F v<{ z3:b3 | ¢3 | using *x by auto
show < © ; {||} ; GNil -y A > using s* by auto

qed

show < © ; @ ; {||} ; (22, b-of T73[23: =]y, c-of T3[23:=0|ry 22) #r GNil ; A F s2 < 1)
using check-letl xx b-of.simps c-of .simps subst-defs by metis

qed
moreover have AS-let2 12 73[x3:=v];y (83[23:=0]5y) 2 = AS-let2z (71'[x1::=0];y) (s1'[21::=0]5y)
s proof —
have x: [[atom 22]]ist. s2 = [[atom z]]ist. s using check-let] s-branch-s-branch-list.eq-iff by auto

moreover have 73[z8:=v];, = 71'[x]::=0];, using fun-ret-unique *x check-letI by metis
moreover have s3[x3:=v]s, = (s1'[x1::=v]s,) using subst-v-flip-eq-two subst-v-s-def seq by metis
ultimately show #thesis using s-branch-s-branch-list.eq-iff by metis

qed

ultimately show ?case using check-let] by auto
qed(auto+)

lemma fresh-subst-v-subst-b:
fixes z2::x and tm::'a::{ has-subst-v,has-subst-b} and z::x
assumes supp tm C { atom bv, atom z } and atom z2 § v
shows atom z2 § tm[bv::=b]p[z::=v],
using assms proof(cases z2=1)
case True
then show ?thesis using fresh-subst-v-if assms by blast
next
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case Fulse

hence atom z2 § tm using assms fresh-def fresh-at-base by force

hence atom z2 § tm[bv::=b], using assms fresh-subst-if x-fresh-b False by force
then show ?thesis using fresh-subst-v-if assms by auto
qed

lemma preservation-poly-app:
assumes

Some (AF-fundef f (AF-fun-typ-some bvl (AF-fun-typ z1 b1 c1 71’ s1"))) = lookup-fun ® f and
(Vfdeset ®. check-fundef © © fd)

shows © ;®;B; ;A Fss<7= B={||} = G=GNil= ss=LET z = (AE-appP [V’
v) INs = 0 ;{||} Fuws b =

0; ©; {||}; GNil; A = LET x : (71'[bvl ==b'|rp[xl:=0]7y) = (s1'[bvl=bsp[x] ::=0]s0) IN
s < 7 and

check-branch-s © ® B GNil A tid dc const v ¢s 7 = True and
check-branch-list © ® B T' A tid dclist v css 7 = True

using assms proof (nominal-induct T and 7 and 7 avoiding: v x1 rule: check-s-check-branch-s-check-branch-list.strong-
case (check-letl 22 © ® BT A et z252b ¢)

hence eq: e = (AE-appP f b’ v) by simp
hence x:© ; ® ; {||} ;GNil ; A + (AE-appP fb'v) = { z: b | ¢ |} using check-let] by auto

then obtain 23 b3 ¢3 73 s3 bv3 where

wk:0 5 {||}; GNil by A AN O Fyp @ A Some (AF-fundef f (AF-fun-typ-some bv8 (AF-fun-typ
23 b3 ¢8 73 s3))) = lookup-fun ® f A
©;{ll}; GNil F v < { 28 :b3[bv8:=bpp | c3[bv3:=bler |} A
T3[bv8::=b" p[x3:=0]rp ={ 2: D | c |}
ANO A} Fug b
using infer-e-elims(21)[OF x| subst-defs by metis

atom 3 § GNil A

obtain z3 where 23:{ z8 : b3 | 3 |} = {

23 : b8 | c8[x3u=V-var 28)co [} AN atom 28 § (23,
v,c3,x1,cl) using obtain-fresh-z3 by metis

let ?ft = (AF-fun-typ x3 (b3[bv3:=b"lpp) (c3[bv3::=b"]cp) (T8[bv3:=b"]7p) (83[bv3:=b"]sp))

have x:check-fundef © © (AF-fundef f (AF-fun-typ-some bv8 (AF-fun-typ x3 b3 ¢3 73 s3))) using
xx check-letl lookup-fun-member by metis

hence ftq: check-funtypg © ® (AF-fun-typ-some bvd (AF-fun-typ x3 b3 ¢3 73 s3)) using check-fundef-elims
by auto

let ?ft = AF-fun-typ-some bv3 (AF-fun-typ 3 b3 c3 78 s3)

have sup: supp 78 C { atom z3, atom bv3} A supp s3 C { atom z3, atom bv3 }
using wfPhi-f-poly-supp-t wfPhi-f-poly-supp-s *x by metis

have ©; ®; {||}; GNil; A F AS-let2 22 73[bv3::=b"|;p[28:=0]ry (83[bv3:=b"]sp[23:=0]sp) $2 < T
proof

show <atom 22 § (©, ®, {||}:bv fset, GNil, A, 73[bv83:=b"p[x3:=0] 1, $3[b03::=b"]5p[28::=0] 50,
T)»

proof —
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have atom 2 § 73[bv3:=b",p[23::=0] 1,
using fresh-subst-v-subst-b subst-v-T-def subst-b-T-def < atom z2 § v» sup by fastforce
moreover have atom 22 § s3[bv3::=b"]5p[23::=0] 4y
using fresh-subst-v-subst-b subst-v-s-def subst-b-s-def < atom z2 § v» sup
proof —
have V b. atom 22 = atom x3 V atom z2 f s3[bv3::=b],
by (metis (no-types) check-letl .hyps(1) fresh-subst-sv-if (1) fresh-subst-v-subst-b insert-commute
subst-v-s-def sup)
then show ?thesis
by (metis check-letl .hyps(1) fresh-subst-sb-if fresh-subst-sv-if (1) has-subst-b-class.subst-b-fresh-x
a-fresh-b)
qed
ultimately show ?thesis using fresh-prodN check-let] by metis
qed

show ¢ ©; ®@; {||}; GNil; A F s3[bv3:=b'|sp[23:=0]s, <= T3[bV3:=b")p[28::=0]7,> proof( rule
fundef-poly-check)
show <check-fundef © ® (AF-fundef f (AF-fun-typ-some bv3 (AF-fun-typ 3 b3 c¢3 78 s3)))
using #x lookup-fun-member check-letl by metis
show O ; {||} ; GNil F v < { 23 : b3[bv8::=b"lpp | c8[bv3::=b"]cp [}» using xx by metis
show « © ; {||} ; GNil -, A » using *x by metis
show < © ; {||} Fuwy b'» using sxx by metis
qed
show < ©; ©; {||} ; (22, b-of T3[bv3::=b"];p[23::=0] 74, c-0of T3[bV3::=b"];p[23::=0]+y 22) #1 GNil
A Fs2 <1
using check-let] xx b-of.simps c-of .simps subst-defs by metis
qed

moreover have AS-let2 22 73[bv3:=b|;p[23:=0]r0 (s8[bv3:=b"sp[23::=0]s0) $2 = AS-let2 z
(T7171bvl:=b"plxl:=0]ry) (81[bv1::=b"sp[z]::=v]sy) s proof —
have x: [[atom z2]]lst. s2 = [[atom z]]lst. s using check-let] s-branch-s-branch-list.eq-iff by auto
moreover have 73[bv3:=b";p[x3:=v],, = 71'[bv1::=b"|;p[x]::=0];, using fun-poly-ret-unique *x*
check-letl by metis
moreover have s3[bv3:=b'|sp[23:=0]sy = (81 Tbv1::=b")sp[xl::=0]s,) using subst-v-flip-eq-two
subst-v-s-def fun-poly-body-unique *x check-letl by metis
ultimately show ¢thesis using s-branch-s-branch-list.eq-iff by metis
qed

ultimately show ?case using check-letl by auto
qed(auto+)

lemma check-s-plus:
assumes O; ®; {||}; GNil; A + LET © = (AE-op Plus (V-lit (L-num nl1)) (V-lit (L-num n2))) IN
s =T
shows ©; ®; {||}; GNil; A + LET © = (AE-val (V-lit (L-num (n14+n2)))) IN s’ < 7
proof —
obtain ¢ where I1: ©; ®; {||}; GNil; A v AE-op Plus (V-lit (L-num nl1)) (V-lit (L-num n2)) = t1
using assms check-s-elims by metis
then obtain z! where 2: t1 = { 21 : B-int | CE-val (V-var z1) == CE-op Plus ([V-lit (L-num
n1)]c®) ([V-lit (L-num n2)]°¢) |
using infer-e-plus by metis
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obtain z2 where 3: <0 ; ®; {||}; GNil ; A + AFE-val (V-lit (L-num (n1+n2))) = { 22 : B-int |
CE-val (V-var 22) == CFE-val (V-lit (L-num (nl1+n2))) [
using infer-v-form infer-e-vall infer-v-litl infer-l.intros infer-e-wf 1
by (simp add: fresh-GNil)

let e = (AE-op Plus (V-lit (L-num n1)) (V-lit (L-num n2)))

show ?thesis proof (rule subtype-let)
show © ; & ; {||} ; GNil ; A F LET z = %¢ IN s’ < 7 using assms by auto
show © ; @ ; {||} ; GNil ; A + %e = t1 using I by auto
show © ; ®; {||} ; GNil ; A F[[ L-num (nl + n2)]" ¢ = { 22 : B-int | CE-val (V-var 22) ==
CE-val (V-lit (L-num (n1+n2))) |} using 3 by auto
show O ; {||} ; GNil + { 22 : B-int | CE-val (V-var 22) == CE-val (V-lit (L-num (nl1+n2)))
I < t1 using subtype-bop-arith
by (metis 1 <A\thesis. (Nzl.t1 =4 z1 : B-int | [ [ 21 |V ]°¢ == [ plus [ [ L-num n1 ]V |°¢ [ [ L-num
n2 |V ] ]°¢ |} = thesis) = thesis) infer-e-wf(2) opp.distinct(1) type-for-lit.simps(3))
ged

qed

lemma check-s-leq:
assumes O ; & ; {||}; GNil ; A v LET z = (AE-op LEq (V-lit (L-num n1)) (V-lit (L-num n2)))
INs <71
shows O; ®; {||}; GNil; A + LET x = (AE-val (V-lit (if (n1 < n2) then L-true else L-false))) IN
s'erT
proof —
obtain ¢/ where 1: ©; ®; {||}; GNil; A v AE-op LEq (V-lit (L-num n1)) (V-lit (L-num n2)) = tI
using assms check-s-elims by metis
then obtain 2! where 2: t1 = { 21 : B-bool | CE-val (V-var z1) == CE-op LEq ([V-lit (L-num
n1)]°®) ([V-lit (L-num n2)]°¢) |
using infer-e-leq by auto

obtain z2 where 3: <O ; & ; {||} ; GNil ; A + AE-val (V-lit ((if (n1 < n2) then L-true else
L-false))) = { 22 : B-bool | CE-val (V-var z2) == CE-val (V-lit ((if (n1 < n2) then L-true else
L-false))) b
using infer-v-form infer-e-vall infer-v-litI infer-l.intros infer-e-wf 1
fresh-GNil
by simp

show ?thesis proof (rule subtype-let)
show ¢ ©; ®; {||}; GNil; A + AS-let © (AE-op LEq | L-num nl |° [ L-num n2 |’) s’ < 7) using
assms by auto
show «©; ®; {||}; GNil; A + AE-op LEq [ L-num nl |¥ [ L-num n2 ¥ = t1) using 1 by auto
show «O; ®; {||}; GNil; A + [ [if nl < n2 then L-true else L-false |V |1 = { 22 : B-bool | CE-val
(V-var 22) == CE-val (V-lit ((if (n1 < n2) then L-true else L-false))) > using 3 by auto
show <© ; {||} ; GNil - { 22 : B-bool | CE-val (V-var z2) == CE-val (V-lit ((if (n1 < n2) then
L-true else L-false))) |} < t1»
using subtype-bop-arith[where opp=LEq| check-s-wf assms 2
by (metis opp.distinct(1) subtype-bop-arith type-l-eq)
qged
qed
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lemma check-s-eq:

assumes O ; & ; {||}; GNil ; A v+ LET x = (AE-op Eq (V-lit (n1)) (V-lit ( n2))) INs' < 1

shows O; ®; {||}; GNil; A + LET x = (AE-val (V-lit (if (n1 = n2) then L-true else L-false))) IN
s'eT
proof —

obtain ¢/ where 1: ©; ®; {||}; GNil; A + AFE-op Eq (V-lit (n1)) (V-lit (n2)) = t1

using assms check-s-elims by metis

then obtain z! where 2: t1 = { z1 : B-bool | CE-val (V-var z1) == CFE-op Eq ([V-lit (n1)]°°)

([V-lit (n2))°) |}

using infer-e-leq by auto

obtain z2 where 3: <0 ; ® ; {||} ; GNil ; A + AE-val (V-lit ((if (nl = n2) then L-true else
L-false))) = { 22 : B-bool | CE-val (V-var z2) == CE-val (V-lit ((if (n1 = n2) then L-true else
L-false))) b
using infer-v-form infer-e-vall infer-v-litI infer-l.intros infer-e-wf 1
fresh-GNil
by simp

show ?thesis proof (rule subtype-let)
show ¢ ©; ®; {||}; GNil; A + AS-let x (AE-op Eq [ nl " [ n2]") s’ < 7 using assms by auto
show «©; ®; {||}; GNil; A + AE-op Eq | n1]"[ n2]” = t1) using I by auto
show «O; ®; {||}; GNil; A + [ [if nl = n2 then L-true else L-false |V |1 = { 22 : B-bool | CE-val

(V-var 22) == CE-val (V-lit ((if (n1 = n2) then L-true else L-false))) |» using 3 by auto
show <© ; {||} ; GNil - { 22 : B-bool | CE-val (V-var z2) == CE-val (V-lit ((if (n1 = n2) then
L-true else L-false))) |} < t1»
proof —
have { 22 : B-bool |[[22]"]® == [eq[[nl]"]¢[[n2]" ]| |} =tI using 2

by (metis T-fresh-c fresh-opp-all infer-I-form2 infer-l-fresh ms-fresh-all(31) ms-fresh-all(33)

obtain-fresh-z type-e-eq type-l-eq)

moreover have O ; {||} F,; GNil using assms wfX-wfY by fastforce

moreover have base-for-lit n1 = base-for-lit n2 using 1 infer-e-wf wfE-elims(12) wfV-elims

by metis
ultimately show ?thesis using subtype-bop-eq[OF <© ; {||} Fusy GNily, of nl n2 z2] by auto
qed
qed

qed

16.2.2 Operators

lemma preservation-plus:
assumes O; &; AF (6, LET © = (AE-op Plus (V-lit (L-num n1)) (V-lit (L-num n2))) IN s’ ) < 1

shows ©; &; A + (§, LET © = (AFE-val (V-lit (L-num (n1+4n2)))) INs') < 7
proof —

have tt: ©; ®; {||}; GNil; A + AS-let © (AE-op Plus (V-lit (L-num n1)) (V-lit (L-num n2))) s’ <
7 and dsim: © F 6 ~ A and fd:(V fdeset ®. check-fundef © @ fd)
using assms config-type-elims by blast+

hence O; @; {||}; GNil; A FAS-let & (AE-val (V-lit (L-num (nl1+n2)))) s’ < 7 using check-s-plus
assms by auto

hence ©; &; A+ (6, AS-let x (AE-val (V-lit ( (L-num (n1+4n2))))) s') < 7 using dsim config-typel
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fd by presburger
then show ?thesis using dsim config-typel
by (meson order-refl)
qed

lemma preservation-leg:
assumes O; ®; A+ (6, AS-let x (AE-op LEq (V-lit (L-num nl1)) (V-lit (L-num n2))) s') < 7
shows ©; ®; A + (&, AS-let © (AE-val (V-lit (((if (nl < n2) then L-true else L-false))))) s') < 7
proof —

have tt: ©; ®; {||}; GNil; A + AS-let x (AE-op LEq (V-lit (L-num nl)) (V-lit (L-num n2))) s’ < 7
and dsim: © F § ~ A and fd:(V fdeset ®. check-fundef © @ fd)
using assms config-type-elims by blast+

hence O; ®; {||}; GNil; A FAS-let & (AE-val (V-lit ( ((if (n1 < n2) then L-true else L-false))))) s’
< 7 using check-s-leq assms by auto

hence ©; &; A+ ( §, AS-let z (AE-val (V-lit ( (((if (n1 < n2) then L-true else L-false)))))) s’ ) <
T using dsim config-typel fd by presburger
then show ?thesis using dsim config-typel
by (meson order-refl)
qed

lemma preservation-eq:

assumes O; &; A+ (6, AS-let © (AE-op Eq (V-lit (n1)) (V-lit (n2))) s') <1

shows ©; ®; A + (§, AS-let & (AE-val (V-lit (((if (n1 = n2) then L-true else L-false))))) s’ ) < 7
proof —

have tt: ©; ®; {||}; GNil; A = AS-let z (AE-op Eq (V-lit (n1)) (V-lit (n2))) s’ < 7 and dsim: © +
0 ~ A and fd:(V fdeset ®. check-fundef © @ fd)
using assms config-type-elims by blast+

hence ©; ®; {||}; GNil; A +FAS-let x (AE-val (V-lit ( ((if (n1 = n2) then L-true else L-false))))) s’
< 7 using check-s-eq assms by auto

hence ©; ®; A+ (6, AS-let x (AE-val (V-lit ( (((if (n1 = n2) then L-true else L-false)))))) s’ ) <
T using dsim config-typel fd by presburger
then show ?thesis using dsim config-typel
by (meson order-refl)
qed

16.2.3 Let Statements

lemma subst-s-abs-Ist:
fixes s::s and sa::s and v'::v

assumes [[atom z]]lst. s = [[atom za]]lst. sa and atom za § v A atom z § v
shows s[z::=v]s, = sa[za:=v]s,
proof —

obtain ¢":x where cdash: atom ¢’ § (v, z, za, s, sa) using obtain-fresh by blast
moreover have (z < ¢’) - s = (za + ¢') - sa proof —

have atom ¢’ (s, sa) A atom ¢'§ (z, za, s, sa) using cdash by auto

thus ?thesis using assms by auto
qged
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ultimately show ?thesis using assms
using subst-sv-flip by auto
qed

lemma check-let-val:
fixes v::v and s::s
shows© ;®;B; G;A Fss<717= B={|]|} = G=GNil =
ss = AS-let x (AE-val v) sV ss = AS-let2 z t (AS-val v) s = O; ®; {||}; GNil; A F (s[z::=v]s,)
< 7 and
check-branch-s ©® ® B GNil A tid dc const v ¢s T = True and
check-branch-list © ® BT A tid dclist v css T = True
proof(nominal-induct T and 7 and 7 avoiding: v rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-letl z1 © ® BT A et zs1bc)
hence x:e = AFE-val v by auto
let ?G = (21, b, c[z:=V-var zl].y) #r T
have O ; ¢ ; B; ?G[zl:=v]ry ; Alzl:=0v]a, b sl[zl:=0]5, < T[2]:=0]7y
proof (rule subst-infer-check-s(1))
show #x:« @ ; B;TFv= {z:0b | c|> using infer-e-elims check-letl * by fast
thus <© ; B; T F {z:b |c}pS{2z:b || using subtype-refll infer-v-wf by metis
show <atom z § (z1, v)> using check-let] fresh-Pair by auto
show «© ; @ ; B; (z1, b, c[z:=V-var z1].,) #r ' ; A F s1 < 7 using check-let] subst-defs by
auto
show (z1, b, c[z::=V-var x1]e,) #r I’ = GNil Q (21, b, c[z:=V-var z1].,) #r I by auto
qed

hence © ; @ ; B; T'; A F sl[zl:=v]s, < T using check-let] by auto
moreover have si[zl:=0v]s, = s[z:=0]s,
by (metis (full-types) check-letI fresh-GNil infer-e-elims(7) s-branch-s-branch-list.distinct s-branch-s-branch-list.eq-iff (.

subst-s-abs-lst wfG-z-fresh-in-v-simple)

ultimately show ?case using check-let] by simp
next

case (check-let2l ©1 © ® BT A t sl 7 s2)

hence sleq:s1 = AS-val v by auto
let G = (21, b-of t, c-of t x1) #r T
obtain z::z where x:atom z § (z1 , v,t) using obtain-fresh-z by metis
hence teq:t = { z: b-of t | c-of t z |} using b-of-c-of-eq by auto
have © ; @ ; B ; ?G[zl:=vry ; Alxl:=v]a, F $2[xl:=0]sy < T[xl::=0]7y
proof(rule subst-check-check-s(1))
obtain ¢’ where © ; B; T Fv=t'A ©;B;TFt'<tusing check-s-elims(1) check-let2I(10)
sleq by auto
thus *x< O ; B;TFov< {z:boft|coftz] using check-v.intros teq by auto
show atom z § (z1, v) using * by auto
show « ©; ®; B; (21, b-of t, cof t 1) #1r T ; A F s2 < 1) using check-let2] by auto
show (z1, b-of t , c-of t 1) #r T’ = GNil Q (x1, b-of ¢, (c-of t z)[z::=V-var x1].,) #r I using
append-g.simps c-of-switch * fresh-prodN by metis
qged

hence © ; & ; B; T'; A b s2[zl::=v]s, < 7 using check-let2] by auto
moreover have s2[zl:=vs, = s[z::=0v]s, using
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check-let21 fresh-GNil check-s-elims s-branch-s-branch-list.distinct s-branch-s-branch-list.eq-iff
subst-s-abs-Ist wfG-z-fresh-in-v-simple
proof —
have AS-let2 z t (AS-val v) s = AS-let2 x1 t s1 s2
by (metis check-let2].prems(8) s-branch-s-branch-list.distinct s-branch-s-branch-list.eq-iff (3))
then show ?thesis
by (metis (no-types) check-let2I check-let2l.prems(2) check-s-elims(1) fresh-GNil s-branch-s-branch-list.eq-iff (3)
subst-s-abs-lst wfG-z-fresh-in-v-simple)
qed

ultimately show ?case using check-let2] by simp
qged(auto+)

lemma preservation-let-val:
assumes O; &; A F (6, AS-let v (AE-valv) s) <=7V O; &; AF (5, AS-let2 x t (AS-val v) s ) <
T (is YA VvV ?B)
shows JA" O; &; A/ (4, s[zn=v]sy ) =7 NALT A’
proof —
have tt: O+ § ~ A and fd: (V fdeset ®. check-fundef © @ fd)
using assms by blast+

have ?A V ?B using assms by auto

then have ©; ®; {||}; GNil; A + s[zu=v]s, <7

proof
assume O; &; A F (5, AS-let x (AE-valv) s ) < T
hence x : O; ®; {||}; GNil; A + AS-let z (AE-val v) s < 7 by blast
thus ?thesis using check-let-val by simp

next
assume O; &; A - (§, AS-let2 xt (AS-val v) s ) < 7
hence x : ©; ®; {||}; GNil; A F AS-let2 x t (AS-val v) s < 7 by blast
thus ?thesis using check-let-val by simp

qed

thus %thesis using tt config-typel fd
order-refl by metis
qed

lemma check-s-fst-snd:
assumes fst-snd = AE-fst A\ v=v1 V fst-snd = AFE-snd N v=v2
and O; ®; {||}; GNil; A+ AS-let © (fst-snd (V-pair vl v2)) s’ < T
shows O; @; {||}; GNil; A+ AS-let x ( AE-val v) s’ < 7
proof —
have 1:< ©; ®; {||}; GNil; A + AS-let x (fst-snd (V-pair vl v2)) s’ < 7> using assms by auto

then obtain ¢t/ where 2:0; ®; {||}; GNil; A + (fst-snd (V-pair vl v2)) = t1 using check-s-elims
by auto

show ?thesis using subtype-let 1 2 assms
by (meson infer-e-fst-pair infer-e-snd-pair)

qed

lemma preservation-fst-snd:
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assumes O; &; A+ (6, LET x = (fst-snd (V-pair vl v2)) IN s’ ) < 7 and
fst-snd = AE-fst A v=vl V fst-snd = AE-snd N\ v=v2
shows A" ©; &; AF (§, LET z = (AE-valv) INs'") <17 NALC A’
proof —
have tt: ©; ®; {||}; GNil; A + AS-let x (fst-snd (V-pair v1 v2)) s’ <7 AN O F § ~ A using assms
by blast
hence t2: ©; ®; {||}; GNil; A + AS-let x (fst-snd (V-pair v1 v2)) s’ < 7 by auto

moreover have V fdeset ®. check-fundef © ® fd using assms config-type-elims by auto
ultimately show ?thesis using config-typel order-refl tt assms check-s-fst-snd by metis
qed

inductive-cases check-branch-s-elims2|elim!]:
©;d; B;T';A;tid; cons; const ; vk cs <1

lemmas freshers = freshers atom-dom.simps toSet.simps fresh-def x-not-in-b-set
declare freshers [simp]

lemma subtype-eq-if:
fixes t::7 and va::v
assumes O ; B;T'kyp { z:b-0ft |coftzfand © ; B; T byy{ 2z:0b-0ft | ¢ IMP c-oftz|
shows ©;B;TF{z:b-0ft |coftz]} S{z:b-oft |c IMPc-oftz]
proof —
obtain z::z where zf:atom z § ((©, B, T, 2, c-of t z, z, ¢ IMP c-of t z ),c) using obtain-fresh by
metis

moreover have O ; B ; (z, b-of t, (c-of t 2)[z:=[ 2 |"]es) #r T = (¢ IMP c-of t z )[z:=[ = |"]cv
unfolding subst-cv.simps
proof (rule valid-eq-imp)

have O ; B ; (z, b-of t, (c-of t 2)[z::=[ 2 |"]s) #r T Fuwys (¢ IMP (c-of t 2))[z::=[ = |"],
apply(rule wfT-wfC-cons)
apply(simp add: assms, simp add: assms, unfold fresh-prodN )
using zf fresh-prodN by metis+

thus © ; B ; (z, b-of t, (c-of t 2)[z0:=[ & |"]co) #r T Fuy clzo=[ 2 ] IMP (c-of t 2)[z=]x

[’lew
using subst-cv.simps subst-defs by auto
qed

ultimately show ?thesis using subtype-basel assms fresh-Pair subst-defs by metis
qed

lemma subtype-eq-if-T:
fixes ¢::7 and va::v
assumes O ; B; 'k, tand © ; B; T kyy { z: b-0oft | ¢ IMP c-oftz ]} and atom z ¢ ¢
shows ©;B;T'tt <{z:b-oft |c IMPcoftz]
proof —
have t = { z : b-of t | c-of t z |} using b-of-c-of-eq assms by auto
thus “thesis using subtype-eq-if assms c-of .simps b-of .simps by metis
qed

lemma valid-cong:
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assumes O ;B;T'E=cland ©; B;T | ¢2
shows © ; B; ' = ¢1 AND c2
proof
show < © ; B;I' Fyu5cl AND c2 ) using valid.simps wfC-conjl assms by auto
show «Vi. ©;TFiAN iET — iEcl AND c¢2 )
proof (rule+)
fix ¢
assume 0 ;I'FiA{ =T
thus i [ ¢l | ~ True using assms valid.simps
using is-satis.cases by blast
show ¢ [ ¢2 | ~ True using assms valid.simps
using is-satis.cases x by blast
qed
qed

16.2.4 Other Statements

lemma check-if:
fixes s":s and cs::branch-s and css::branch-list and v::v
shows ©;®; B; G; A+ s'< 7= s'= IF (V-litll) THEN s1 ELSE s2 —
©;{||}; GNil Fyy 7= G = GNil = B={||} = Il = L-true A s = s1 V Il = L-false A s
= 52 =
O; ®; {||}; GNil; A + s <« 7 and
check-branch-s © ® {||} GNil A tid dc const v ¢s T = True and
check-branch-list © ® {||} T A tid dclist v css T = True
proof(nominal-induct 7 and 7 and 7 rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-ifl z© ® BT A vsls2T)
obtain 2z’ where teq: 7 = { 2’ : b-of 7 | c-of T 2’ |} A atom 2’ § (2,7) using obtain-fresh-z-c-of by
metis
hence ceq: (c-of 7 2)[z"=:=[ 2z |"]¢cv = (c-of T z) using c-of-switch fresh-Pair by metis
have zf: atom z § c-of T 2’
using c-of-fresh check-ifl teq fresh-Pair fresh-at-base by metis

hence 1:0; ®:; {|[}; GNil; A + s < { 2: b-of 7 | CE-val (V-lit ll) == CE-val (V-lit ll) IMP
c-of T z | using check-ifl by auto
moreover have 2:0 ; {||} ; GNil - ({ z: b-of 7 | CE-val (V-lit ll) == CE-val (V-lit Il) IMP
cof Tz [)S T
proof —
have © ; {||} ; GNil by ({ 2z : b-of 7 | CE-val (V-lit Il ) == CE-val (V-lit ll) IMP c-of T z

) using check-ifI check-s-wf by auto
moreover have O ; {||} ; GNil ;s 7 using check-s-wf check-ifl by auto
ultimately show ?thesis using subtype-if-simplof © {||} z b-of 7 Ul c-of T 2’ 2'] using teq ceq zf
subst-defs by metis
qed
ultimately show ?case using check-s-supertype(1) check-ifl by metis
qged(auto+)

lemma preservation-if:
assumes O; ®; A+ (0, IF (V-lit ll) THEN s ELSE s2 ) < 7 and
Il = L-true A s = s1 V Il = L-false A\ s = s2
shows ©; &; A F (0, s) < 7 A setD A C setD A
proof —
have x: ©; ®; {||}; GNil; A F AS-if (V-lit ll) s1 s2 < 7 A (V fd€set D. check-fundef © ® fd)
using assms config-type-elims by metis
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hence ©; ®; {||}; GNil; A + s < 7 using check-s-wf check-if assms by metis
hence ©; &; A+ (§, s) &7 A setD A C setD A using config-typel x
using assms(1) by blast
thus ?thesis by blast
qed

lemma wfT-conj:
assumes O ; B; GNiltyp{z:b|cl fand ©;B; GNiltys{z:b]|c2]
shows © ; B; GNil by { z:b| cl AND c2|
proof
show <atom z § (0, B, GNil))
apply (unfold fresh-prodN, intro conjl)
using wfTh-fresh wfT-wf assms apply metis
using fresh-GNil x-not-in-b-set fresh-def by metis+
show < © ; B k¢ b using wfT-elims assms by metis
have © ; B ; (2, b, TRUE) #r GNil ¢ cl using wfT-wfC fresh-GNil assms by auto
moreover have O ; B ; (z, b, TRUE) #r GNil Fyy c2 using wfT-wfC fresh-GNil assms by auto
ultimately show « © ; B ; (z, b, TRUE) #r GNil bty c1 AND c¢2 » using wfC-conjl by auto
qed

lemma subtype-conj:
assumes O ;B;GNil Ft<{z:b|clfand O;B;GNil Ft<{z:b|c2]
shows ©;B;GNil F{z:b|coftz]} S{z:b|ctl AND 2|
proof —
have beq: b-of t = b using subtype-eq-base2 b-of .simps assms by metis
obtain z::z where z:<atom z § (©, B, GNil, z, c-of t z, z, c1 AND c¢2 )) using obtain-fresh by
metis
thus ?thesis proof
have atom z § t using subtype-wf wfT-supp fresh-def x-not-in-b-set atom-dom.simps toSet.simps
assms dom.simps by fastforce
hence t:t = { z : b-of t | c-of t z | using b-of-c-of-eq by auto
thus <© ;B ; GNil Fyup{z:b | coftz] ) using subtype-wf beq assms by auto

show O ; B ; (z, b, (c-of t 2)[z::=[ z |"]») #r GNil = (¢c1 AND c2 )[z:=][z]"]y >
proof —
have O ; B ; (z, b, (c-of t 2)[z::=] z |"]) #r GNil = cl[zz=[z "]y >
proof (rule subtype-valid)
show <O ; B; GNil Ft < {z:0b| cl > using assms by auto
show <atom = § GNil> using fresh-GNil by auto
show <t ={ z:b | c-of t z |}» using ¢ beq by auto
show { z:b |cl }={2:b | cl | by auto
qed
moreover have O ; B ; (z, b, (c-of t z)[z::=] z ]Y],) #r GNil = c2[z:=[z |"], >
proof (rule subtype-valid)
show <@ ; B; GNil Ft < { z:0b| c2 [}» using assms by auto
show <atom z § GNil> using fresh-GNil by auto
show <t = { z:b | c-of t z |}» using ¢ beq by auto
show < z:b |2} ={2z:b | c2 ]} by auto
qed
ultimately show ¢thesis unfolding subst-cv.simps subst-v-c-def using wvalid-conj by metis
qed
thus «©; B; GNil Fy5{z:b |cl AND ¢2 |} » using subtype-wf wfT-conj assms by auto
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qged
qed

lemma infer-v-conyj:
assumes O ; B; GNil Fo<{z:b|cl fand O ;B;GNil Fv<={z:b|c2]
shows © ; B; GNil Fv<{z:b]|cl AND c2 |}
proof —
obtain ¢t/ where t1: © ; B; GNil Fv=tI ANO ;B ; GNiltt1 <{z:b|cl}
using assms check-v-elims by metis
obtain ¢2 where t2: © ; B; GNil Fv =12 N0 ;B; GNil-t2<{z:b]|c2}
using assms check-v-elims by metis
have teq: t1 = { z : b | c-of t1 z |} using subtype-eq-base2 b-of .simps
by (metis (full-types) b-of-c-of-eq fresh-GNil infer-v-t-wf t1 wfT-z-fresh)
have t1 = t2 using infer-v-uniqueness t1 t2 by auto
hence © ; B; GNilk-{z:b|coftl z} S{z:b]|cl AND c2 |} using subtype-conj t1 t2 by simp
hence O ; B; GNilt t1 < { z:b|cl AND c2 |} using teq by auto
thus “thesis using t1 using check-v.intros by auto
qed

lemma wfG-conj:
fixes cl::c
assumes O ; B bk, (2, b, ¢ AND ¢2) #r T
shows O ; B ks (2,0, cl) #r T
proof(cases c1 € {TRUE, FALSEY)
case True
then show ?thesis using assms wfG-cons2l wfG-elims wfX-wfY by metis
next
case Fulse
then show ?thesis using assms wfG-cons1l wfG-elims wfX-wfY wfC-elims
by (metis wfG-elim2)
qed

lemma check-match:
fixes s":s and s::s and css::branch-list and cs::branch-s
shows © ; & ;B ;T'; A+ s < 7= True and
©;d;B;G;A;tid; dc; const ; veconsb cs <= T =
veons = V-cons tid de v= B = {||} = G = GNil = ¢s = (dcz’' = s) =
O ;{||} ; GNil F v < const =
©; ®; {||}; GNil; A F s'[z":=v]s, < 7 and
©;%; B; G; A, tid; dclist ; veons b css < 7 = distinct (map fst dclist) =
veons = V-cons tid dc v = B = {||} = (dc, const) € set dclist = G = GNil =
Some (AS-branch dc x' s") = lookup-branch dc css = © ; {||} ; GNil - v < const =
©; @; {||}; GNil; A F s'[z'n=v]5y = 7
proof(nominal-induct T and 7 and 7 avoiding: ' v rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-branch-list-consI © ® B T' A tid consa consta va cs T dclist cssa)

then obtain za and sa where cseq:cs = AS-branch consa za sa using check-branch-s-elims2[OF
check-branch-list-consI(1)] by metis

show ?case proof(cases dc = consa)

case True
hence cs = AS-branch consa x' s’ using check-branch-list-consI cseq
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by (metis lookup-branch.simps(2) option.inject)
moreover have const = consta using check-branch-list-consl distinct.simps
by (metis True dclist-distinct-unique list.set-intros(1))
moreover have va = V-cons tid consa v using check-branch-list-consl True by auto
ultimately show ?thesis using check-branch-list-consl by auto
next
case Fulse
hence Some (AS-branch dc x’ s") = lookup-branch dc cssa using lookup-branch.simps(2) check-branch-list-consI(10)
cseq by auto
moreover have (dc, const) € set dclist using check-branch-list-consl False by simp
ultimately show ¢thesis using check-branch-list-consl by auto
qged

next

case (check-branch-list-finall © ® BT A tid cons const va cs T)

hence cs = AS-branch cons x’ s’ using lookup.simps check-branch-list-finall lookup-branch.simps
option.inject

by (metis map-of .simps(1) map-of-Cons-code(2) option.distinct(1) s-branch-s-branch-list.exhaust(2)
weak-map-of-Somel )

then show ?Zcase using check-branch-list-finall by auto
next

case (check-branch-s-branchl © BT A 7 const x ® tid cons va s)

Supporting facts here to make the main body of the proof concise

have zf:atom z § T proof —
have supp 7 C supp B using wf-supp(4) check-branch-s-branchl atom-dom.simps toSet.simps
dom.simps by fastforce
thus ?thesis using fresh-def z-not-in-b-set by blast
qed

hence 7[z::=v],;, = T using forget-subst-v subst-v-T-def by auto
have A[z::=v]an, = A using forget-subst-dv wfD-z-fresh fresh-GNil check-branch-s-branchl by metis

have supp v = {} using check-branch-s-branchl check-v-wf wfV-supp-nil by metis
hence supp va = {} using « va = V-cons tid cons v» v.supp pure-supp by auto

let ?G = (z, b-of const, [ va |°° == [ V-cons tid cons [ x|V |°® AND c-of const x ) #r T’
obtain z:z where z: const = { z : b-of const | c-of const z |} N atom z § (z', v,x,const,va)
using obtain-fresh-z-c-of by metis

have vt: <© ; B; GNil v < { z: b-of const | [ va]®® == [ V-cons tid cons [ z]" ]°¢ AND c-of
const z |
proof (rule infer-v-conj)
obtain ¢’ where t: © ; B; GNil Fv=t'ANO ;B ; GNil - t' < const
using check-v-elims check-branch-s-branchl by metis
show O ; B; GNil v < { z: b-of const | [ va ]°® == [ V-cons tid cons [ z 1" ]°¢ |
proof (rule check-v-top)

show © ; B ; GNil Fyf{ z: b-of const | [ va]®® == [ V-cons tid cons [ z |" ]°¢ |
proof (rule wfG-wfT)
show « © ; B ks (z, b-of const, ([ va |°¢ == [ V-cons tid cons [ z 1" |°¢ )][z::=[ = |"]cv) #r
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GNil »

proof —
have 1: va[z::=] z |"]y» = va using forget-subst-v subst-v-v-def z fresh-prodN by metis
moreover have 2: © ; B k¢ (z, b-of const, [ va |°¢ == [ V-cons tid cons [ z |V |°° AND

c-of const x ) #r GNil
using  check-branch-s-branchI(17)[THEN check-s-wf] <I' = GNil» by auto
moreover hence © ; B+, (z, b-of const, [ va |°¢ == [ V-cons tid cons [ z ]V |°® ) #r GNil
using wfG-conj by metis
ultimately show ?thesis
unfolding subst-cv.simps subst-cev.simps subst-vv.simps by auto
qed
show <atom z f ([ va ]°¢ == [ V-cons tid cons [ z]¥ ]°¢ )» unfolding c.fresh ce.fresh v.fresh
apply(intro conjl )
using check-branch-s-branchl fresh-at-base z freshers apply simp
using check-branch-s-branchl fresh-at-base z freshers apply simp
using pure-supp apply force
using z fresh-z-neq fresh-prod5 by metis
qed
show <[ va |°¢ = [ V-cons tid cons | z |V |°®[z::=0]cew’
using < va = V-cons tid cons v» subst-cev.simps subst-vv.simps by auto
show ¢ © ; B ; GNil - v <= const » using check-branch-s-branchl by auto
show supp [ va 1°¢ C supp B using <supp va = {}» ce.supp by simp
qed
show O ; B; GNil v < { z: b-of const | c-of const z |}
using check-branch-s-branchl z by auto
qed

Main body of proof for this case

have © ; ® ; B ; (7G)[z:=v]ry ; Alzii=v]a, F s[zi=0]s, < T[2::=0],,
proof(rule subst-check-check-s)
show © ; B; GNil - v < { z: b-of const | [ va]®® == [ V-cons tid cons [ z |V | AND c-of
const z [}> using vt by auto
show <atom z § (z, v)) using z fresh-prodN by auto
show «© ;9 ;B; ?G; A Fs<n
using check-branch-s-branchl by auto

show ¢« ?G = GNil Q (z, b-of const, ([ va ]°¢ == [ V-cons tid cons [ z ]" |°° AND c-of const
2)[zi=] x |Y]ew) #r GNib
proof —
have va[z:=[ z |"],» = va using forget-subst-v subst-v-v-def z fresh-prodN by metis
moreover have (c-of const z)[z::=[ z |Y]cy = c-of const x

using c-of-switch[of z const ] z fresh-prodN by metis
ultimately show Zthesis
unfolding subst-cv.simps subst-cev.simps subst-vv.simps append-g.simps
using c-of-switch[of z const x] z fresh-prodN z fresh-prodN check-branch-s-branchl by argo
qed
qed
moreover have s[z:=v|s, = s'[z/:=0]s,
using check-branch-s-branchl subst-v-flip-eq-two subst-v-s-def s-branch-s-branch-list.eq-iff by metis
ultimately show ?Zcase using check-branch-s-branchl «r[x:=v];, = T (Alz::=v]a, = A> by auto
qged(auto+)

Lemmas for while reduction. Making these separate lemmas allows flexibility in wiring them
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into the main proof and robustness if we change it

lemma check-unit:

fixes 7::7 and ®::® and A::A and G:I'

assumes O ; {||} ; GNil F{ z: B-unit | TRUE |} S 7’'and © ; {||} ; GNil by A and © F,p @
and © ; {|[} Fuy G

shows <« ©; @ {||}; G; A F[[ L-unit |"]° < 1)

proof —
have x:© ; {||} ; GNil + [L-unit]* = { z: B-unit | [[z]"]°® == [[ L-unit |V ]°¢ |}
using infer-l.intros(4) infer-v-litl fresh-GNil assms wfX-wfY by (meson sublype-g-wf)
moreover have © ; {||} ; GNil - { z: B-unit |[[2z]"]°® == [][ L-unit " ]°¢ } <7’

using subtype-top subtype-trans * infer-v-wf
by (meson assms(1))
ultimately show ?thesis
using subtype-top subtype-trans fresh-GNil assms check-vall assms check-s-g-weakening assms toSet.simps

by (metis bot.extremum infer-v-g-weakening subtype-weakening wfD-wf)
qed

lemma preservation-var:
shows O; @; {||}; GNil; A F VARu:7'=vINs<7=0F§~A = atom u ff 6§ = atom u
1A =
©; ©; {||}; GNil; (u,TN#AA Fs<=7 A OF (u,0)#) ~ (u,7)#AA
and
check-branch-s © ® {||} GNil A tid dc const v ¢s T = True and
check-branch-list © ® {||} T A tid dclist v css T = True
proof (nominal-induct {||}::bv fset GNil A VAR w:7'=vIN st and 7 and 7 rule: check-s-check-branch-s-check-branch-
case (check-varl u' © ® A 1 5"
hence ©; ®; {||}; GNil; (u, ') #a A F s < 7 using check-s-abs-u check-v-wf by metis

moreover have O F ((u,v)#6) ~ ((u,7)#aA) proof
show © F § ~ A using check-varl by auto
show O ; {||} ; GNil F v < 7/ using check-varl by auto
show (u ¢ fst ‘ set » using check-varl fresh-d-fst-d by auto
qed

ultimately show ?case by simp
qed(auto+)

lemma check-while:
shows ©; ®; {||}; GNil; A = WHILE s1 DO { s2 } < 1= atomz § (s, s2) = atom z' { z =
©; ®; {||}; GNil; A v LET x : ({ 2’ : B-bool | TRUE }}) = s1 IN (IF (V-var ) THEN (s2 ;;
(WHILE s1 DO {s2}))
ELSE (| V-lit L-unit]®)) < 7 and
check-branch-s © ® {||} GNil A tid dc const v ¢s T = True and
check-branch-list © ® {||} T' A tid dclist v css T = True
proof (nominal-induct {||}::bv fset GNil A AS-while s1 s2 7 and 7 and 7 avoiding: s1 s2 z z’ rule:
check-s-check-branch-s-check-branch-list.strong-induct)
case (check-whilel © ® A s z 52 7')
have teq:{ z': B-bool | TRUE |} = { z : B-bool | TRUE [} using 7.eg-iff by auto

show ?case proof
have atom x § 7' using wfT-nil-supp fresh-def subtype-wfT check-whilel(5) by fast
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moreover have atom z § { 2z’ : B-bool | TRUE |} using 7.fresh c.fresh b.fresh by metis
ultimately show <atom z § (0, ®, {||}, GNil, A, {| 2z’ : B-bool | TRUE |}, s1, ')
apply (unfold fresh-prodN)
using check-whilel wb-z-fresh check-s-wf wfD-z-fresh fresh-empty-fset fresh-GNil fresh-Pair <atom
z # 7" by metis

show <« © ; ®; {||} ; GNil ; A F s1 < { 2': B-bool | TRUE |» using check-whilel teq by metis
let ?G = (z, b-of { z’: B-bool | TRUE |}, c-of { 2z’ : B-bool | TRUE |} z) #r GNil

have cof:(c-of { z': B-bool | TRUE |} z) = C-true using c-of .simps check-whilel subst-cv.simps
by metis
have wfg: © ; {||} Fws ?G proof
show c-of { z’: B-bool | TRUE |} x € {TRUE, FALSE} using subst-cv.simps cof by auto
show © ; {||} Fws GNil using wfG-nill check-whilel wfX-wfY check-s-wf by metis
show atom z § GNil using fresh-GNil by auto
show © ; {||} Fuy b-of { 2’ : B-bool | TRUE |} using wfB-booll wfX-wfY check-s-wf b-of .simps
by (metis «© ; {||} Fwy GNily)
qed

obtain zz::x where zf:<atom 2z § ((©, @, {||}::bv fset, G, A, [z ]?,
AS-seq s2 (AS-while s1 s2), AS-val [ L-unit |*, 77),z,2G)>

using obtain-fresh by blast

show «© ; ®; {||}; ?G; A F
AS-if [z |" (AS-seq s2 (AS-while s1 s2)) (AS-val [ L-unit |) < 7"

proof

show atom zz § (O, ®, {||}::bv fset, G , A, [ x|V, AS-seq s2 (AS-while s1 s2), AS-val | L-unit ]",

7') using zf by auto
show O ; {||} ; ?G F [z ]" <« { 2z : B-bool | TRUE }}> proof
have atom zz § = A atom zz £ (O, {||}::bv fset, ?G) using zf fresh-prodN by metis

thus < © ; {||} ; G F [z ]" ={ 2z : B-bool | [[z2]"]°¢ == [[ = ]"]°® |
using infer-v-varl lookup.simps wfg b-of .simps by metis
thus <O ; {||}; ?G F { 2z : B-bool | [[ zz]"]°c == [[x ]"]°° } < { 22: B-bool | TRUE [}»
using subtype-top infer-v-wf by metis
qed

show <« © ; @ ; {||}; ?G; A + AS-seq s2 (AS-while s1 s2) < { zz: b-of 7" |[[z]"]¢ == []|
L-true |V 1°¢  IMP c-of 7’ 2z [
proof
have { zz : B-unit | TRUE |} = { z : B-unit | TRUE | using 7.eg-iff by auto
thus <« © ;@ ; {||}; ?G; A F s2 <« { 2z : B-unit | TRUE |}» using check-s-g-weakening(1)
[OF check-whilel (3) - wfg] toSet.simps
by (simp add: <{ zz : B-unit | TRUE |} = { z : B-unit | TRUE |»)

show < © ; @ ; {||} ; ?G ; A + AS-while s1 s2 < { zz: b-of 7/ | [[z]"]°® == [[ L-true ]’
Je¢ IMP c-of 7/ 2z |
proof(rule check-s-supertype(1))
have ¢ ©; ®; {||}; GNil; A F AS-while s1 s2 < 7> using check-whilel by auto
thus «« © ; @ ; {||} ; ?G; A + AS-while s1 s2 < 7' using check-s-g-weakening(1)[OF - -
wfg] toSet.simps by auto

show O ; {||}; ?G 7" S{zz:b-of 7/ |[[x]V]°® == [[ L-true]” ]°® IMP c-of 7’ 2z
8
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proof (rule subtype-eq-if-T)
show < © ; {||} ; G Fyy 7' using * check-s-wf by auto
show < ©; {||}; 9G Fuwp{zz:b-of 7/ |[[2]"]°° == [[ L-true]” ]°° IMP c-of 7’ 2z
[
apply (rule wfT-eq-imp, simp add: base-for-lit.simps)
using subtype-wf check-whilel wfg zf fresh-prodN by metis+
show <atom zz § 7"» using zf fresh-prodN by metis
qed
qed

qed

show <« © ; @ ; {||} ; G ; A F AS-val [ L-unit |* < { zz : b-of 7/ | [[z]" ]°® == [][ L-false
1 ]¢ IMP c-of 7' 2z |

proof (rule check-s-supertype(1))

show ¢ © ; ®; {||}; G ; A + AS-val [ L-unit |¥ < 7"
using check-unit|OF check-whilel(5) - - wfg] using check-whilel wfg wfX-wfY check-s-wf by
metis
show «© ; {||}; G F 7" S{ zz:b-of 7/ | [[2]V]°® == [[ L-false|” |°® IMP c-of 7" 2z [
proof(rule subtype-eq-if-T)
show « © ; {||} ; ?G k¢ 7' using * check-s-wf by metis
show « © ; {||}; 2G Fus {2z :b-of 7/ | [[2]" ] == [[ L-false ]V ]°° IMP c-of 7' 2z
o
apply(rule wfT-eq-imp, simp add: base-for-lit.simps)
using subtype-wf check-whilel wfg zf fresh-prodN by metis+
show <atom 2z § 7"» using zf fresh-prodN by metis
qed
qed
qed
qged
qed(auto+)

lemma check-s-narrow:
fixes s::s and z::z
assumes atom z § (0, ¢, B,T, A, ¢, 7, s) and © ; @ ; B ; (z, B-bool, ¢) #r T'; A + s < 7 and

©;8; ¢
shows O ;®;B; I'; A Fs<r
proof —

let B = ({||}::bv fset)
let v = V-lit L-true

obtain z::z where z: atom z § (z, [ L-true ]Y,c) using obtain-fresh by metis

have atom z § ¢ using z fresh-prodN by auto
hence c¢: clz:=[ z |"]y[z::=[ ¥ |"]cv = ¢ using subst-v-c-def by simp

have © ; ® ; B ; ((z,B-bool, ¢) #r T)[z:=%]ry ; Alzu=%]ar F s[zu=%]s < 7T[z0:=20]1y
proof(rule subst-infer-check-s(1) )
show vt: « © ; B; ' [ L-true | = { 2z : B-bool | (CE-val (V-var z)) == (CE-val (V-lit L-true
N o
using infer-v-litl check-s-wf wfG-elims(2) infer-truel assms by metis
show <@ ; B; ' F{ z: B-bool | (CE-val (V-var z)) == (CE-val (V-lit L-true)) } < { 2z : B-bool
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| clz::=[ 21"]» | proof

show <atom z §f (©, B, T, z, [ [ 2]V ]°¢ == [[ L-true |” ]°¢, z, c[z==[ 2z |"]s)»
apply(unfold fresh-prodN, intro conjl)
prefer 5
using c.fresh ce.fresh v.fresh z fresh-prodN apply auto[1]
prefer 6

using fresh-subst-v-if[of atom z ¢ x| assms fresh-prodN apply simp
using z assms fresh-prodN apply metis
using z assms fresh-prodN apply metis
using z assms fresh-prodN apply metis
using z fresh-prodN assms fresh-at-base by metis+
show < © ; B; T k5 {z:B-bool |[[2]"]°° == [][L-true]”]° |} » using vt infer-v-wf by
stmp
show < © ; B;T' Fyuf { z: B-bool | clz:=[2]"], |}
show <« © ; B k5 (z, B-bool, clz:=] z |"],[zu:=[ =
metis
have atom z § [ z |

y proof (rule wfG-wfT)
1"lev) #r T » using ¢ check-s-wf assms by

v using v.fresh z fresh-at-base by auto

thus <atom z § clz::=[ 2z |Y],» using fresh-subst-v-if[of atom z ¢ | by auto
qed
have wfg: © ; B by ¢(z, B-bool, ([ [ 2]V ]°¢ == [[ L-true |" |°° )[zu=[ 2 ]"],) #r T
using wfT-wfG vt infer-v-wf fresh-prodN assms by simp
show <© ; B; (z, B-bool, ([ [ 2 ]" ]°¢ == [][ L-true ]* ]°° )[zz=[ 2 |"]s) #r T | clzu=[ 2
[Jolzz=[ 2 ]]w >

using ¢ valid-weakening[OF assms(3) - wfg | toSet.simps
using subst-v-c-def by auto
qed
show <atom z # (x, [ L-true |*)> using z fresh-prodN by metis
show « © ; @ ; B; (z, B-bool, ¢) #r T ; A F s < 1) using assms by auto

thus «(z, B-bool, ¢) #r I' = GNil Q (z, B-bool, c[z::=] z |"]y[z::=] = |"]cv) #r I using ap-
pend-g.simps ¢ by auto
qed

moreover have ((z,B-bool, ¢) #r I')[z:=%|r, = ' using subst-gv.simps by auto

ultimately show ?thesis using assms forget-subst-dv forget-subst-sv forget-subst-tv fresh-prodN by
metis
qed

lemma check-assert-s:

fixes s::s and z::2

assumes O; ®; {||}; GNil; A + AS-assert ¢ s < 7

shows ©; &; {||}; GNi; A + s <7 A0 ;{||}; GNil Ec
proof —

let B = ({||}::bv fset)

let ?v = V-lit L-true

obtain z where z: © ; ® ; 7B ; (z,B-bool, ¢) #r GNil ; A + s < 17 A atom z § (0, ®, ?B, GNil,
A e,T,8)NO; ?B; GNil = ¢
using check-s-elims(10)[OF <O ; ® ; ?B; GNil ; A + AS-assert ¢ s < 7] valid.simps by metis

show ?thesis using assms check-s-narrow x by metis
qed

456



lemma infer-v-pair2l:
atom z § (v1, v2) =
atom z 4 (©, B, T') =
O;B;THuvl =t =
O;B;T'Fv2=>1t2 =
b1 = b-of t1 = b2 = b-of t2 —
O;B;TkF[vl ,v2)]"={z:[b1,b2]° |[[2]"] == [[vl,v2]"]¢“ |
using infer-v-pairl by simp

16.2.5 Main Lemma

lemma preservation:

assumes ¢ + (0, s) — (§’, s) and ©; &; A+ (0, s) = 7

shows A" ©; &; A'F (0, sy « 7 AALC A/

using assms
proof (induct arbitrary: T rule: reduce-stmt.induct)

case (reduce-let-plusl 6 z nl n2 s’)

then show ?case using preservation-plus

by (metis order-refl)

next

case (reduce-let-leg] b n1 n2 0 z s)

then show Zcase using preservation-leq by (metis order-refl)
next

case (reduce-let-eql b n1 n2 ® 0 z s)

then show ?Zcase using preservation-eq[OF reduce-let-eql(2)] order-refl by metis
next

case (reduce-let-appl fzbc T’ s’ ® dzvs)

hence #t: ©; ®; {||}; GNil; A F AS-let x (AE-app fv) s<=7ANOF§~ AN (Vfdeset D. check-fundef
O @ fd) using config-type-elims|OF reduce-let-appI(2)] by metis

hence x:0; ®; {||}; GNil; A + AS-let © (AE-app fv) s < T by auto

hence O; ®; {||}; GNil; A F AS-let2 x  (7'[z::=0]70) (8[z::=0]s0) s = T
using preservation-app reduce-let-appl tt by auto

hence ©; &; A+ (6, AS-let2 x (7'[z::=0]o) $'[2:=0]sy s ) < T using config-typel tt by auto
then show ?case using tt order-refl reduce-let-appl by metis

next
case (reduce-let-appPI fbv zbc 7’8" ® § 2 b’ v s)

hence tt: O; ®; {||}; GNil; A + AS-let © (AE-appP fb'v) s =7 AOF J ~ A A (Vfdeset P.
check-fundef © @ fd) using config-type-elims[OF reduce-let-appPI(2)] by metis
hence x:0; ®; {||}; GNil; A + AS-let z (AE-appP b’ v) s < T by auto

have ©; ®; {||}; GNil; A + AS-let2 z  (7[bv::=b"rp[2:=0] 1) (8 [bv=b"sp[2::=0]s0) $ = T
proof (rule preservation-poly-app)

show <Some (AF-fundef f (AF-fun-typ-some bv (AF-fun-typ 2 b ¢ 7' s’))) = lookup-fun ® f» using

reduce-let-appPI by metis

show (Y fdeset ®. check-fundef © ® fd» using tt lookup-fun-member by metis

show « © ; ® ;{||} ; GNil ; A + AS-let x (AE-appP f b’ v) s < 7> using * by auto

show < © ; {||} Fws b’ using check-s-elims infer-e-wf wfE-elims * by metis
qed(auto+)
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hence ©; &; A F (¢, AS-let2 z (7/[bv::=b'];p[z::=0]7y) s[bv::=b"sp[2::=0]sy § ) <= T using con-
fig-typel tt by auto
then show ?Zcase using tt order-refl reduce-let-appl by metis

next

case (reduce-if-truel ¢ sl s2)

then show ?Zcase using preservation-if by metis
next

case (reduce-if-falsel vw 0 s1 s2)

then show ?case using preservation-if by metis
next

case (reduce-let-vall § T v s)

then show ?Zcase using preservation-let-val by presburger
next

case (reduce-let-mvar v v § & z )

hence «:0; ®; {||}; GNil; A + AS-let x (AE-mvar u) s =17 AN OF & ~ AN (Vfdeset O. check-fundef
0 P fd)

using config-type-elims by blast

hence xx: ©; ®; {||}; GNil; A + AS-let x (AE-mvar u) s < 7 by auto
obtain za::x and za::x and ca::c and ba::b and sa::s where
sal: atom za § (©, O, {||}::bv fset, GNil, A, AE-mvar u, 7) A atom za § (za, O, @, {||}::bv fset,
GNil, A, AE-mvar u, T, sa) A
0; ®; {||}; GNil; A+ AE-mvar w = { za : ba | ca |} A
©; @ ; {||}; (za, ba, calza::=V-var zaley) #r GNil ; A F sa <=7 A
(Vc. atom ¢ t (s, sa) — atom ¢ § (z, za, s, sa) — (z <> ¢) - s = (za < ¢) - sa)
using check-s-elims(2)[OF *x| subst-defs by metis

have © ; {||} ; GNilF v < { za: ba | ca |} proof —

have (u,{ za:ba | ca|}) € setD A using infer-e-elims(11) sal by fast

thus “thesis using delta-sim-v reduce-let-mvar config-type-elims check-s-wf by metis
ged

then obtain 7/ where wvst: © ; {||} ; GNil - v = 7' A
©;{||}; GNilk 71" < { za:ba | ca |} using check-v-elims by blast

obtain za2 and ba2 and ca2 where zbc: 7' = ({ za2 : ba2 | ca2 }) A atom za2 t (za, (za, ©, P,
{||}::bv fset, GNil, A, AE-val v, T, sa))
using obtain-fresh-z by blast
have beq: ba=ba?2 using subtype-eq-base vst zbc by blast

moreover have zaf: atom xa § (za, za2)
apply(unfold fresh-prodN, intro conjl)
using sal zbc fresh-prodN fresh-z-neq by metis+

have sat2: © ; @ ; {||} ; GNilQ(za, ba, ca2[za2::=V-var za).,) #r GNil ; A+ sa < 7 proof(rule
ctz-subtype-s)
show O ; @ ; {||} ; GNil Q (za, ba, ca[za::=V-var za)e,) #r GNil ; A F sa < 7 using sal by auto
show O ; {||} ; GNil F{ za2 :ba | ca2 | S { za:ba | ca |} using beq zbc vst by fast
show atom za t (za, za2, ca, ca2) proof —
have «:0 ; {||} ; GNil by ({ za2 : ba2 | ca?2 |}) using zbc vst subtype-wf by auto
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hence supp ca2 C { atom za2 } using wfT-supp-c[OF %] supp-GNil by simp
moreover have atom za2 f za using zbc fresh-Pair fresh-x-neq by metis
ultimately have atom za f ca2 using zbc supp-at-base fresh-def
by (metis empty-iff singleton-iff subset-singletonD)
moreover have atom za ff ca proof —
have «:0 ; {||} ; GNil by ({ za : ba | ca |}) using zbc vst subtype-wf by auto
hence supp ca C { atom za } using wfT-supp 7.supp by force
moreover have za # za using fresh-def fresh-z-neq zaf fresh-Pair by metis
ultimately show ?thesis using fresh-def by auto
qed
ultimately show ?thesis using zaf sal fresh-prod fresh-Pair by metis
qed
qed
hence duf: © ; {||} ; GNil F, s A using sal infer-e-wf by meson

have O; ®; {||}; GNil; A + AS-let za (AE-val v) sa < T proof
have atom za § (AE-val v) using infer-v-wf(1) wfV-supp fresh-def e.fresh z-not-in-b-set vst by
fastforce
thus atom za § (©, ®, {||}::bv fset, GNil, A, AE-val v, T) using sal freshers by simp
have atom za2 § (AE-val v) using infer-v-wf(1) wfV-supp fresh-def e.fresh xz-not-in-b-set vst by
fastforce
thus atom za2 f (za, ©, ®, {||}::bv fset, GNil, A, AE-val v, T, sa) using zbc freshers fresh-prodN
by auto
have © ., ® using sal infer-e-wf by auto
thus ©; @; {||}; GNil; A + AE-valv = { za2 : ba | ca? |}
using zbc vst beq dwf infer-e-vall by blast
show O ; @ ; {||} ; (za, ba, ca2[za2::=V-var zal,) #r GNil ; A + sa < 7 using sat2 append-g.simps
subst-defs by metis

qed
moreover have AS-let xa (AE-val v) sa = AS-let v (AE-val v) s proof —
have [[atom z]]lst. s = [[atom za]]lst. sa

using sal AbsI-eg-iff-all(3)[where z= (s, sa)] by metis
thus ?thesis using s-branch-s-branch-list.eq-iff (2) by metis
qed
ultimately have ©; ®; {||}; GNil; A + AS-let x (AE-val v) s < 7 by auto

then show ?Zcase using reduce-let-mvar * config-typel
by (meson order-refl)
next
case (reduce-let2] ® § s1 6’ s1’ zt s2)
hence *xx: O; ®; {||}; GNil; A F AS-let2xtsls2 <17 NOF§~ AN (Vfdeset . check-fundef
© @ fd) using config-type-elims|OF reduce-let2I(3)] by blast
hence x:0; ®; {||}; GNil; A + AS-let2 x t s1 s2 < 7 by auto

obtain za:x and z:z and ¢ and b and s2a::s where st: atom za § (0, ®, {||}::bv fset, GNil, A, t,
s1,7) A
©; @; {||}; GNil; A F s1 <t A
©; @ ;{||}; (za, b-of t, c-of t za) #r GNil ; A F s2a <= 7 A ([[atom z]]lst. s2 = [[atom za]lst.
s2a)
using check-s-elims(4)[OF *| Abs1-eq-iff-all(3) by metis

hence ©; &; A+ (40, sl ) < t using config-typel *x by auto
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then obtain A’ where sir: ©; &; A’ (¢, s1’) < t AN A C A’ using reduce-let2] by presburger

have ©; ®; {||}; GNil; A" - AS-let2 za t s1' s2a < T
proof (rule check-let2I)
show %:0; ®; {||}; GNil; A’  s1’ < t using config-type-elims st sIr by metis
show atom za § (O, ®, {||}::bv fset, GNil, A';t, s1’, 7) proof —
have atom za § s1’ using check-s-z-fresh * by auto
moreover have atom za § A’ using check-s-z-fresh * by auto
ultimately show ?thesis using st fresh-prodN by metis
qed

show O ; @ ; {||} ; (za, b-of t, c-of t za) #r GNil ; A’ F s2a < 7 proof —
have © ; {||} ; GNil F,; A’ using * check-s-wf by auto
moreover have O ; {||} Fuf ((za, b-of t, c-of t za) #r GNil) using st check-s-wf by auto
ultimately have O ; {|[} ; ((wa, b-of t , c-of t wa) #r GNil) t,; A’ using wf-weakening by auto
thus “thesis using check-s-d-weakening check-s-wf st slr by metis
qged
qged
moreover have AS-let2 xa t s1’ s2a = AS-let2 z t s1’ s2 using st s-branch-s-branch-list.eq-iff by
metis
ultimately have ©; ®; {||}; GNil; A’ + AS-let2 z t s1' s2 < 7 using st by argo
moreover have O 6’ ~ A’ using config-type-elims sir by fast
ultimately show ?case using config-typel *x
by (meson sIr)
next
case (reduce-let2-vall vb § z t v s)
then show ?Zcase using preservation-let-val by meson
next
case (reduce-varl v 6 ® 7’ v s)

hence *x : ©; ®; {||}; GNil; A + AS-warut'vs<=7ANOFJ~ AN (Vfdeset D. check-fundef ©
® fd)
using config-type-elims by meson
have uf: atom u f A using reduce-varl delta-sim-fresh by force
hence *: O; ®; {||}; GNil; A + AS-var u 7" vs < 7and OF § ~ A using x+ by auto

thus ?case using preservation-var reduce-varl config-typel xx set-subset-Cons
setD-ConsD subsetl by (metis delta-sim-fresh)

next
case (reduce-assign] ® § u v)
hence *: ©; ®; {||}; GNil; A F AS-assignuv <=7 AN OF §~ A A (Vfdeset ®. check-fundef © P
)
using config-type-elims by meson
then obtain z and 7/ where zt: © ; {||} ; GNi &+ ({ z : B-unit | TRUE |[) S 7 A (u,7’) € setD A
ANOH{||}; GNilFv<=1"ANO; {||}; GNil Fu5 A
using check-s-elims(8) by metis
hence O F update-d 6 v v ~ A using update-d-sim = by metis
moreover have O; ®; {||}; GNil; A F AS-val (V-lit L-unit ) < 7 using zt * check-s-v-unit check-s-wf
by auto
ultimately show ?case using config-typel * by (meson order-refl)
next
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case (reduce-seqll ® § s)
hence © ; @; {||}; GNil; A s<=TANOF I~ AA(Vfdeset ®. check-fundef © @ fd)
using check-s-elims config-type-elims by force
then show ?Zcase using config-typel by blast
next
case (reduce-seq2l s1 v ® § 6’ s1' s2)
hence tt: ©; ®; {||}; GNil; A + AS-seqs1 s2 <17 ANOFJ§~ AN (Vfdeset . check-fundef © O
d)
using config-type-elims by blast
then obtain z where z2: © ; ® ; {||} ; GNil; A F s1 < ({ z: B-unit | TRUE |}) A ©; ®; {||};
GNil; A Fs2 <1
using check-s-elims by blast
hence ©; &; A+ (6, s1 )< ({ z: B-unit | TRUE |})
using tt config-typel tt by simp
then obtain A’ where *: ©; &; A’k (§',s1') < ({ z: B-unit | TRUE }) NAC A’/
using reduce-seq2I by meson
moreover hence s't: ©; ®; {||}; GNil; A" + s1’"< ({ z: B-unit | TRUE ) NOF ¢’ ~ A’
using config-type-elims by force
moreover hence O ; {||} ; GNil -, A’ using check-s-wf by meson
moreover hence O; ®; {||}; GNil; A’ 2 < 7
using calculation(1) zz check-s-d-weakening * by metis
moreover hence O; ®; {||}; GNil; A’ + (AS-seq s1’s2) < 1
using check-seql zz s't by meson
ultimately have O; ®; A’ F (', AS-seqsl’'s2 ) <717 ANALCA’
using zz config-typel tt by meson
then show ?Zcase by meson
next
case (reduce-whilel z s1 s2 2" ® 0 )

hence x: O; ®; {||}; GNil; A + AS-while s1 s2 <17 NOF 6~ A A (Vfdeset ®. check-fundef © ©
fd)

using config-type-elims by meson

hence #*x:0; ®; {||}; GNil; A + AS-while s1 s2 < 7 by auto
hence ©; ®; {||}; GNil; A F AS-let2 x ({ 2’ : B-bool | TRUE |}) s1 (AS-if (V-var z) (AS-seq s2
(AS-while s1 s2)) (AS-val (V-lit L-unit)) ) < T
using check-while reduce-whilel by auto
thus ?case using config-typel * by (meson subset-refl)

next
case (reduce-casel dc ' s' css @ § tyid v)

hence xx: ©; ®; {||}; GNil; A F AS-match (V-cons tyid dc v) css =7 ANOF § ~ A A (Vfdeset P.
check-fundef © @ fd)
using config-type-elims[OF reduce-casel(2)] by metis
hence xxx: ©; ®; {||}; GNil; A + AS-match (V-cons tyid dc v) css < T by auto

let 2vcons = V-cons tyid dc v
obtain dclist tid and z:x where cv: O; {||} ; GNil = (V-cons tyid dc v) < ({ z : B-id tid | TRUE

) A
O; ®; {||}; GNil; A ; tid ; dclist ; (V-cons tyid dc v) & css <= 7 A AF-typedef tid dclist € set © A
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©; {||} ; GNil + V-cons tyid dc v <= { z : B-id tid | TRUE }}
using check-s-elims(9)[OF sxx| by metis

hence vi: © ; {||} ; GNil F V-cons tyid dc v <= { z : B-id tid | TRUE |} by auto
obtain tcons where vi2: © ; {||} ; GNil & V-cons tyid dc v = tcons A © ; {||} ; GNil F tcons < {
2 : B-id tid | TRUE |}
using check-v-elims(1)[OF vi] by metis
hence vil: O ; {||} ; GNil F V-cons tyid dc v = tcons by auto

show ?case proof (rule infer-v-elims(4)[OF vil],goal-cases)
case (1 dclist2 te tv 22)
have tyid = tid using 7.eq-iff using subtype-eq-base vi2 1 by fastforce
hence deq:dclist = dclist2 using check-v-wf wfX-wfY cv 1 wfTh-dclist-unique by metis
have ©; ®; {||}; GNil; A + s'[z":=v],, < 7 proof(rule check-match(3))
show « ©; ®; {||}; GNil ; A ; tyid ; dclist ; Pvcons b css < 1) using <tyid = tid)> cv by auto
show distinct (map fst delist) using wfTh-dclist-distinct check-v-wf wfX-wfY cv by metis
show < ?vcons = V-cons tyid dc vy by auto
show {|[} = {|[}» by auto
show ¢(dc, tc) € set dclisty using 1 deq by auto
show (GNil = GNil> by auto
show «Some (AS-branch dc ' s') = lookup-branch dc css» using reduce-casel by auto
show O ; {||} ; GNil F v < te> using I check-v.intros by auto
qed
thus fcase using config-typel *x by blast
qed

next

case (reduce-let-fstI ® § x vl v2 s)

thus ?case using preservation-fst-snd order-refl by metis
next

case (reduce-let-sndl ® § z vl v2 s)

thus ?case using preservation-fst-snd order-refl by metis
next

case (reduce-let-concat] ® § z vl v2 s)

hence elim: ©; @; {||}; GNil; A + AS-let x (AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))) s
SSRA

OF 0~ AN (Vfdeset O. check-fundef © @ fd)
using config-type-elims by metis

obtain z::z where z: atom z § (AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2)), GNil, CE-val
(V-lit (L-bitvec (v1 Q v2))))
using obtain-fresh by metis

have © ; {||} Fws GNil using check-s-wf elim by auto

have O; ®; {||}; GNil; A+ AS-let x (AE-val (V-lit (L-bitvec (vl Q v2)))) s < 7 proof(rule subtype-let)
show < ©; ®; {||}; GNil; A + AS-let & (AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))) s <

7 using elim by auto
show <©; ®; {||}; GNil; A + (AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))) = { z : B-bitvec

| CE-val (V-var z) == (CE-concat ([V-lit (L-bitvec v1)]°¢) ([V-lit (L-bitvec v2)]°))|} »
(is ©; @; {||}; GNil; A F %el = %t1)
proof
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show < © ; {||} ; GNil 5 A using check-s-wf elim by auto
show ¢« © ks ® ) using check-s-wf elim by auto
show « O ; {||} ; GNil - V-lit (L-bitvec v1) = { z : B-bitvec | CE-val (V-var z) == CE-val (V-lit
(L-bitvec v1)) |
using infer-v-lit] infer-l.intros <O ; {||} Fwy GNil> fresh-GNil by auto
show ¢ O ; {||} ; GNil - V-lit (L-bitvec v2) = { z : B-bitvec | CE-val (V-var z) == CE-val (V-lit
(L-bitvec v2)) |
using infer-v-litl infer-l.intros <O ; {||} Fws GNil» fresh-GNil by auto
show <atom z § AE-concat (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))» using z fresh-Pair by metis
show <atom z # GNily using z fresh-Pair by auto
qed
show (©; ®; {||}; GNil; A + AE-val (V-lit (L-bitvec (vl Q v2))) = { z: B-bitvec | CE-val (V-var
z) == CE-val (V-lit (L-bitvec (v1 Q v2))) [} »
(is ©; @; {||}; GNil; A F %e2 = %12)
using infer-e-vall infer-v-litl infer-l.intros <© ; {||} Fwy GNil>  fresh-GNil check-s-wf elim by
metis
show O ; {||} ; GNil F ?t2 < ?2t1» using subtype-concat check-s-wf elim by auto
qged

thus ?case using config-typel elim by (meson order-refl)
next
case (reduce-let-len] ® § z v s)
hence elim: ©; ®; {||}; GNil; A + AS-let x (AE-len (V-lit (L-bitvec v))) s =T AOF § ~ A A
(Vfdeset ®. check-fundef © ® fd)
using check-s-elims config-type-elims by metis

then obtain t where t: ©; ®; {||}; GNil; A + AE-len (V-lit (L-bitvec v)) = t using check-s-elims
by meson

moreover then obtain z::x where ¢ = { z: B-int | CE-val (V-var z) == CE-len ([V-lit (L-bitvec
v)]°¢) |} using infer-e-elims by meson

moreover obtain z”::x where atom z’ { v using obtain-fresh by metis
moreover have O; ®; {||}; GNil; A - AE-val (V-lit (L-num (int (length v)))) = { 2’ : B-int |
CE-val (V-var z') == CE-val (V-lit (L-num (int (length v)))) |}
using infer-e-vall infer-v-litl infer-l.intros(3) t check-s-wf elim
by (metis infer-l-form2 type-for-lit.simps(3))

moreover have O ; {||} ; GNil+ { z': B-int | CE-val (V-var z') == CE-val (V-lit (L-num (int
(length v)))) | <
{ z : B-int | CE-val (V-var z) == CE-len [(V-lit (L-bitvec v))]°¢ |} using
subtype-len check-s-wf elim by auto

ultimately have ©; ®; {||}; GNil; A v AS-let © (AE-val (V-lit (L-num (int (length v))))) s < 7
using subtype-let by (meson elim)

thus ?case using config-typel elim by (meson order-refl)
next

case (reduce-let-splitl n v vl v2 ® § x )

hence elim: ©; ®; {||}; GNil; A + AS-let x (AE-split (V-lit (L-bitvec v)) (V-lit (L-num n))) s < 7
N

OFd~ AN (Vfdeset ®. check-fundef © @ fd)
using config-type-elims by metis

463



obtain z::x where z: atom z § (AE-split (V-lit (L-bitvec v)) (V-lit (L-num n)), GNil, CE-val (V-lit
(L-bitvec (v1 Q v2))),
([ L-bitvec v1 17, [ L-bitvec v2 1?), ©, {||}::bv fset)
using obtain-fresh by metis

have x:0 ; {||} ks GNil using check-s-wf elim by auto

have ©; @; {||}; GNil; A = AS-let © (AE-val (V-pair (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2)))) s <
7 proof (rule subtype-let)

show ¢ ©; ®; {||}; GNil; A + AS-let © (AE-split (V-lit (L-bitvec v)) (V-lit (L-num n))) s < 7>
using elim by auto
show ©; @; {||}; GNil; A+ (AE-split (V-lit (L-bitvec v)) (V-lit (L-num n))) = { z : B-pair
B-bitvec B-bitvec
|  ((CE-val (V-lit (L-bitvec v))) == (CE-concat (CE-fst (CE-val (V-var z))) (CE-snd
(CE-val (V-var z)))))
AND (((CE-len (CE-fst (CE-val (V-var 2))))) == (CE-val (V-lit (L-num n)))) |} »
(is ©; @; {||}; GNil; A F %el = %t1)
proof
show « © ; {||} ; GNil s A using check-s-wf elim by auto
show « © Ik, y ®» using check-s-wf elim by auto
show « © ; {||} ; GNil & V-lit (L-bitvec v) = { z : B-bitvec | CE-val (V-var z) == CE-val (V-lit
(L-bitvec v)) |
using infer-v-litl infer-l.intros <O ; {||} Fws GNil» fresh-GNil by auto
show © ; {||} ; GNil F ([ L-num

nl]") <= { z: Bint | (([leg [[ L-num 0" ] [[2]7 ] ]%) == ([[ L-true]"
1°¢)) AND [leq [[z]" ] [| [ [ L-bitvec
v ]V ] f]ee ]°¢ == |[][ L-true |V |°® |} using split-n reduce-let-split] check-v-num-leq *

wfX-wfY by metis
show <atom z § AE-split [ L-bitvec v | | L-num n |”» using z fresh-Pair by auto
show <atom z # GNily using z fresh-Pair by auto
show <atom z § AE-split [ L-bitvec v | [ L-num n |”» using z fresh-Pair by auto
show <atom z § GNil) using z fresh-Pair by auto
show <atom z § AE-split | L-bitvec v |¥ | L-num n |¥> using z fresh-Pair by auto
show <atom z § GNil) using z fresh-Pair by auto
qed

show «©; ®; {||}; GNil; A + AE-val (V-pair (V-lit (L-bitvec v1)) (V-lit (L-bitvec v2))) = { z:
B-pair B-bitvec B-bitvec | CE-val (V-var z) == CE-val ((V-pair (V-lit (L-bitvec v1)) (V-lit (L-bitvec
w2)) >

(is ©; @; {||}; GNil; A F 2e2 = ?12)
apply(rule infer-e-vall)
using check-s-wf elim apply metis
using check-s-wf elim apply metis
apply(rule infer-v-pair2l)
using z fresh-prodN apply metis
using z fresh-GNil fresh-prodN apply metis
using infer-v-lit] infer-l.intros «© ; {||} Fw ;s GNil> b-of.simps apply blast+
using b-of .simps apply simp+
done
show <O ; {||} ; GNil F ?t2 < ?t1» using sublype-split check-s-wf elim reduce-let-split] by auto
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qged

thus %case using config-typel elim by (meson order-refl)
next
case (reduce-assertl] ® ¢ ¢ v)

hence elim: ©; ®; {||}; GNil; A + AS-assert c [v]° < 7T A
OFd~AA(Vfdeset ®. check-fundef © @ fd)
using config-type-elims reduce-assert1l by metis
hence x:0; ®; {||}; GNil; A + AS-assert ¢ [v]® < 7T by auto

have ©; ®; {||}; GNil; A + [v]* < 7 using check-assert-s x by metis
thus ?case using elim config-typel by blast

next
case (reduce-assert2] ® § s ' s’ ¢)

hence elim: ©; ®; {||}; GNil; A + AS-assert ¢ s < 7 A
OFd~AA(Vfdeset ®. check-fundef © @ fd)
using config-type-elims by metis
hence «:0; ®; {||}; GNil; A + AS-assert ¢ s < 7 by auto

have cv: ©; ®; {||}; GNil; A + s <7 A0O;{||}; GNil |E ¢ using check-assert-s * by metis

hence ©; &; A + (§, s) < 7 using elim config-typel by simp
then obtain A’ where D: ©; ®; A’F (46',s") <7 A AL A’ using reduce-assert2] by metis
hence *x:0; ®; {||}; GNil; A’ s’ < 17 AN O F §’ ~ A’ using config-type-elims by metis

obtain z::xz where z:atom z § (0, @, ({||}::bv fset), GNil, A, ¢, 7, ') using obtain-fresh by metis

have x:0; ®; {||}; GNil; A’ + AS-assert ¢ s’ < 7 proof
show atom z 4 (©, @, {||}, GNil, A, ¢, T, s') using z by auto
have O ; {||} ; GNil 5 c using * check-s-wf by auto
hence wfg:0 ; {||} Fus (z, B-bool, ¢) #r GNil using wfC-wfG wfB-booll check-s-wf * fresh-GNil
by auto
moreover have cs: ©; ®; {||}; GNil; A’ + s’ < 7 using **x by auto
ultimately show O ; ®; {||}; (z, B-bool, c) #r GNil ; A" - s’ <= 7 using check-s-g-weakening(1)[OF
cs - wfg] toSet.simps by simp
show O ; {||} ; GNil E ¢ using cv by auto
show © ; {||} ; GNil -,y A’ using check-s-wf *x by auto
qed

thus ?Zcase using elim config-typel D xx by metis
qed

lemma preservation-many:
assumes ¢ F (§, s) —* (', s")
shows ©; &; AF (4, 8) 7= 3JA. O; ®; A'H(§,s')<=T7NALCA’
using assms proof (induct arbitrary: A rule: reduce-stmt-many.induct)
case (reduce-stmt-many-onel ® § s 6’ s’)
then show ?Zcase using preservation by simp
next
case (reduce-stmt-many-manyl ® 6 s §' s’ §"" ")
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then show ?case using preservation subset-trans by metis
qed

16.3 Progress

We prove that a well typed program is either a value or we can make a step

lemma check-let-op-infer:
assumes ©; ®; {||}; T; A + LET z = (AE-op opp vl v2) IN s < 7 and supp ( LET x = (AE-op
opp vl v2) IN s) C atom‘fst‘setD A
shows 3 zbc. O; ®; {||};T; AF (AE-op opp vl v2) = {z:b|c}
proof —
have zz: ©; @; {||}; T; A+ LET z = (AE-op opp vl v2) IN s < 7 using assms by simp
then show ?thesis using check-s-elims(2)[OF zz] by meson
qed

lemma infer-pair:
assumes O ; B; '+ v = { z: B-pair b1 b2 | ¢ |} and supp v = {}
obtains v/ and v2 where v = V-pair vl v2
using assms proof(nominal-induct v rule: v.strong-induct)
case (V-lit z)
then show ?Zcase by auto
next
case (V-var z)
then show ?case using v.supp supp-at-base by auto
next
case (V-pair zla z2a)
then show ?Zcase by auto
next
case (V-cons zla z2a 18)
then show ?Zcase by auto
next
case (V-consp zla z2a 3 ©4)
then show ?Zcase by auto
qed

lemma progress-fst:
assumes O; @; {||; I A - LET z = (AE-fstv) INs < 7and © F § ~ A and
supp (LET z = (AE-fst v) IN s) C atom‘fst‘setD A
shows 36’ s". ® F (6, LET z = (AE-fst v) IN s ) — (', s')
proof —
have *:supp v = {} using assms s-branch-s-branch-list.supp by auto
obtain z and b and ¢ where ©; ®; {||}; [ A+ (AE-fstv)={z:b | c}
using check-s-elims(2) using assms by meson
moreover obtain 2z’ and b’ and ¢’ where © ; {||} ;T F v = { 2': B-pair b b’ | ¢’}
using infer-e-elims(8) using calculation by auto
moreover then obtain v! and v2 where V-pair vl v2 = v
using x infer-pair by metis
ultimately show ?thesis using reduce-let-fstl assms by metis
qed

lemma progress-let:
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assumes O; ¢; {||}; T A LETz=eINs< 7and O F § ~ A and
supp (LET z = e IN s) C atom ‘ fst ‘ setD A and sble © T
shows 3§’ s". ® F (0, LETx=¢e¢INs)y — (4, s
proof —
obtain z b ¢ where x: ©; &; {||}; I A Fe={2:b | ¢c|} using check-s-elims(2)[OF assms(1)]
by metis
have xx: supp e C atom ‘ fst ¢ setD A using assms s-branch-s-branch-list.supp by auto
from * *xx assms show ?thesis proof(nominal-induct { z : b | ¢ |} rule: infer-e.strong-induct)
case (infer-e-vall © BT A ® v)
then show ?case using reduce-stmt-elims reduce-let-vall by metis
next
case (infer-e-plusI © BT A ® vl 21 ¢l v2 22 ¢2 23)
hence vf: supp vl = {} A supp v2 = {} by force
then obtain n! and n2 where x: vi = V-lit (L-num nl) A v2 = (V-lit (L-num n2)) using
infer-int infer-e-plusl by metis
then show ?case using reduce-let-plusl * by metis
next
case (infer-e-leqgI © BT A ® vl 21 ¢l v2 22 ¢2 23)
hence vf: supp vl = {} A supp v2 = {} by force
then obtain n! and n2 where x: vi = V-lit (L-num nl) A v2 = (V-lit (L-num n2)) using
infer-int infer-e-leql by metis
then show ?case using reduce-let-leql * by metis
next
case (infer-e-eql © BT A ® vl z1 bb ¢l v2 22 ¢2 23)
hence vf: supp vl = {} A supp v2 = {} by force
then obtain n! and n2 where x: v = V-lit n1 A v2 = (V-lit n2) using infer-lit infer-e-eql by
metis
then show ?case using reduce-let-eql by blast
next
case (infer-ec-appl © BT A ® fxbc1’s" v)
then show ?case using reduce-let-appl by metis
next
case (infer-e-appPI © BT A® b fovzbc 1’ s v)
then show ?case using reduce-let-appPI by metis
next
case (infer-e-fstl © BT A ® v 2/ b2 ¢ z)
hence supp v = {} by force
then obtain v/ and v2 where v = V-pair vl v2 using infer-e-fstl infer-pair by metis
then show ?case using reduce-let-fstI * by metis
next
case (infer-e-sndl © BT A ® v 2’ bl ¢ 2)
hence supp v = {} by force
then obtain v/ and v2 where v = V-pair vl v2 using infer-e-sndl infer-pair by metis
then show ?case using reduce-let-sndl * by metis
next
case (infer-e-len] © BT A ® v 2’ ¢ za)
hence supp v = {} by force
then obtain bvec where v = V-lit (L-bitvec bvec) using infer-e-lenl infer-bitvec by metis
then show ?case using reduce-let-lenl * by metis
next
case (infer-e-mvarl © BT ® A u)
hence (u, { z: b | ¢ |}) € setD A using infer-e-elims(10) by meson
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then obtain v where (u,v) € set 0 using infer-e-mvarl delta-sim-delta-lookup by meson
then show ?case using reduce-let-mvar by metis
next
case (infer-e-concat] © BT A ® vl z1 c1 v2 22 c2 253)
hence uf: supp v = {} A supp v2 = {} by force
then obtain n! and n2 where x: vi = V-lit (L-bitvec n1) A v2 = (V-lit (L-bitvec n2)) using
infer-bitvec infer-e-concatl by metis
then show ?case using reduce-let-concatl * by metis
next
case (infer-e-splitl © BT A ® vl z1 c1 v2 22 23)
hence of: supp v = {} A supp v2 = {} by force
then obtain n! and n2 where x: v1 = V-lit (L-bitvec n1) A v2 = (V-lit (L-num n2)) using
infer-bitvec infer-e-splitl check-int by metis

have 0 < n2 A n2 < int (length nl) using check-v-range|OF - x| infer-e-split] by simp
then obtain bv! and bv2 where split n2 n1 (bvl , bv2) using obtain-split by metis
then show ?case using reduce-let-split] * by metis
qged
qed

lemma check-css-lookup-branch-exist:
fixes s::s and cs::branch-s and css::branch-list and v::v
shows
0; ®; B; G; A+ s< 7= True and
check-branch-s © ® {||} GNil A tid dc const v ¢s T = True and
O; ®; B; I'; A; tid; dclist; v css < 7 = (de, t) € set dclist =
Ja’ s'. Some (AS-branch dc z' s} = lookup-branch dc css
proof(nominal-induct 7 and 7 and 7 rule: check-s-check-branch-s-check-branch-list.strong-induct)
case (check-branch-list-consI © ® BT A tid cons const v cs T dclist css)
then show ?case using lookup-branch.simps check-branch-list-finall by force
next
case (check-branch-list-finall © ® BT A tid cons const v ¢s T)
then show ?case using lookup-branch.simps check-branch-list-finall by force
qed(auto+)

lemma progress-auz:
shows ©O;®; BT AFs<7= B={|]|} = sble ©T = supp s C atom * fst ‘ setD A =
OFd~ A=
(Fov.s=[*) Vv (30" s’ ®F (4, s) — (§’, s)) and
O; ®; {||}; T A; tid; de; const; v2 F cs < 17 = supp ¢s = {} = True
©; ©; {||}; T; A; tid; dclist; v2 F ¢ss <= 7 = supp css = {} = True
proof (induct rule: check-s-check-branch-s-check-branch-list.inducts)
case (check-vall AOT v 7'7)
then show ?case by auto
next
case (check-letlz @ ® BT A et zs5bc)
hence ©; ®; {||}; T; A + AS-let x e s < 7 using Typing.check-let] by meson
then show ?Zcase using progress-let check-letl by metis
next
case (check-branch-s-branchl © BT A 7 const x @ tid cons v s)
then show ?Zcase by auto
next
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case (check-branch-list-consI © ® BT A tid dclist v cs T ¢ss)
then show ?Zcase by auto
next
case (check-branch-list-finall © ® BT A tid dclist v cs T)
then show ?case by auto
next
case (check-ifl z© ® BT A v sl s2 1)
have supp v = {} using check-ifI s-branch-s-branch-list.supp by auto
hence v = V-lit L-true V v = V-lit L-false using check-bool-options check-ifl by auto
then show ?Zcase using reduce-if-falsel reduce-if-truel check-ifl by meson
next
case (check-let2l x © ® B G At sl 7 s2)
then consider (Jv. s1 = AS-valv) | (36" a. & F (4, s1) — (', a)) by auto
then show Zcase proof(cases)
case I
then show “thesis using reduce-let2-vall by fast
next
case 2
then show ?thesis using reduce-let21 check-let2] by meson
qed
next
case (check-varl u ® ® BT A1’ v 1 s)

obtain uu::u where uf: atom uu t (u,0,s) using obtain-fresh by blast

obtain sa where (uu <> u ) - s = sa by presburger

moreover have atom wu § s using uf fresh-prod3 by auto

ultimately have AS-var uu 7" v sa = AS-var u 7' v s using s-branch-s-branch-list.eq-iff (7) Abs1-eq-iff (3)[of
uu sa u 8] by auto

moreover have atom wu f § using uf fresh-prod3 by auto
ultimately have ® + (6, AS-var u 7" v s) — ((uu, v) # 9, sa)
using reduce-varl uf by metis
then show ?case by auto
next
case (check-assign] A u T P G vz 7')
then show ?Zcase using reduce-assignl by blast
next
case (check-whilel © ® BT A sl zs2 1)
obtain z::x where atom z { (s1,s2) using obtain-fresh by metis
moreover obtain z::x where atom z § z using obtain-fresh by metis
ultimately show ?case using reduce-whilel by fast
next
case (check-seql P ® B G A s1 zs2 1)
thus ?case proof(cases Fv. s1 = AS-val v)
case True
then obtain v where v: s1 = AS-val v by blast
hence supp v = {} using check-seql by auto
have 321 c¢1. P; B; G+ v = ({ 21 : B-unit | ¢l |}) proof —
obtain ¢ where t:P; B; GFv=tAP;B; G+ t< ({z: B-unit | TRUE }})
using v check-seqI(1) check-s-elims(1) by blast
obtain 2! and b1 and cI where teq: t = ({ 21 : b1 | ¢! |}) using obtain-fresh-z by meson
hence b1 = B-unit using subtype-eq-base t by meson
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thus “thesis using t teq by fast
qed
then obtain 2! and ¢! where P ; B; G+ v = ({ 21 : B-unit | cI |}) by auto
hence v = V-lit L-unit using infer-v-unit-form <supp v = {}> by simp
hence s1 = AS-val (V-lit L-unit) using v by auto
then show %thesis using check-seql reduce-seq1l by meson
next
case Fulse
then show ?thesis using check-seql reduce-seq21
by (metis Un-subset-iff s-branch-s-branch-list.supp(9))
qed

next
case (check-casel © ® BT A tid dclist v es T z)
hence supp v = {} by auto

then obtain v’ and dc and ¢::7 where v: v = V-cons tid dc v’ A (de, t) € set dclist
using check-v-tid-form check-casel by metis
obtain z and b and ¢ where teq: t = ({ z: b | ¢ |}) using obtain-fresh-z by meson

moreover then obtain 2’ s’ where Some (AS-branch dc x’ s') = lookup-branch dc cs using v teq
check-casel check-css-lookup-branch-exist by metis
ultimately show ?Zcase using reduce-casel v check-casel dc-of .cases by metis
next
case (check-assertl x ©@ ® BT A ¢ 7 s)
hence sps: supp s C atom ° fst ‘ setD A by auto
have atom x #f ¢ using check-assert] by auto
have atom x § I' using check-assert] check-s-wf wfG-elims by metis
have sble © ((z, B-bool, ¢) #r I') proof —
obtain i’ where i i’ =ET" A ©; T | i’ using check-assertl sble-def by metis
obtain i::valuation where i:i = i’ ( £ — SBool True) by auto

have ¢ = (z, B-bool, ¢) #r I' proof —
have i’ |= ¢ using valid.simps i’ check-assert] by metis
hence i | ¢ using is-satis-weakening-z i <atom z § ¢> by auto
moreover have i =T' using is-satis-g-weakening-z i’ i check-assertl <atom z § Ty by metis
ultimately show ?thesis using is-satis-g.simps i by auto
qed
moreover have © ; ((z, B-bool, ¢) #r T') I i proof (rule wfI-cons)
show ¢ i’ =T using i’ by auto
show ¢ © ; ' - i using i’ by auto
show «i = i’(x — SBool True)) using i by auto
show ¢ © F SBool True: B-booly using wfRCV-BBooll by auto
show <atom z § I'» using check-assertl check-s-wf wfG-elims by auto
qed
ultimately show ?thesis using sble-def by auto
qed
then consider (Jv. s = [v]*) | (36" a. @ F (5, s) —> (0, a)) using check-assert] sps by metis
hence (36" a. ® + (0, ASSERT ¢ IN s) — (4, a)) proof(cases)
case I
then show ?thesis using reduce-assert1l by metis
next
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case 2
then show ?thesis using reduce-assert2l by metis
qed
thus ?case by auto
qed

lemma progress:
assumes O; &; A F (5, s) < 7
shows (Jv. s = [v]*) V (36 s". @ F (5, s) — (07, s'))
proof —
have ©; ®; {||}; GNil; A s<7and OF 4§~ A
using config-type-elims[OF assms(1)] by auto+
moreover hence supp s C atom  fst ‘ setD A using check-s-wf wfS-supp by fastforce
moreover have sble © GNil using sble-def wfl-def is-satis-g.simps by simp
ultimately show ?thesis using progress-aux by blast
qed

16.4 Safety

lemma safety-stmt:
assumes & + (4, s) —* (¢, ") and ©; D; A+ (4, s) < 7
shows (Jwv. s’ = [v)¥) V (36" s". ® F (§/, sy — (8", s"))
using preservation-many progress assms by meson
lemma safety:
assumes F (PROGO & G s) =« 7and & F (d-of G, s) —* (§/, s/
shows (Jwv. s'=[v]*) vV (38" s". & F (§, 8"y — (6", s"))

using assms config-type-prog-elims safety-stmt by metis

end
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| BTVSubstTypingL | | IVSubstTypingL |

Safﬂ

MiniSail
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