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Abstract

We formalize the Lévy-Prokhorov metric, a metric on finite mea-
sures, mainly following the lecture notes by Gaans [4]. This entry
includes the following formalization.

o Characterizations of closed sets, open sets, and topology by limit.
e A special case of Alaoglu’s theorem.
o Weak convergence and the Portmanteau theorem.

e The Lévy-Prokhorov metric and its completeness and separabil-
ity.

e The equivalence of the topology of weak convergence and the
topology generated by the Lévy-Prokhorov metric.

¢ Prokhorov’s theorem.

o Equality of two g-algebras on the space of finite measures. One
is the Borel algebra of the Lévy-Prokhorov metric and the other
is the least o-algebra that makes (Au. u(A)) measurable for all
measurable sets A.

e The space of finite measures on a standard Borel space is also a
standard Borel space.
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1 Preliminaries

theory Lemmas-Levy-Prokhorov
imports Standard-Borel-Spaces.StandardBorel
begin

lemmal(in Metric-space) [measurable]:
shows mball-sets: mball z e € sets (borel-of mtopology)
and mcball-sets: mcball z e € sets (borel-of mtopology)
by (auto simp: borel-of-open borel-of-closed)

lemma Metric-space-eq-MCauchy:
assumes Metric-space M d Aoyt e M —= ye M = dzy=d zy
and \zy. d'zy=d' yz N\zy. d'zy >0
shows Metric-space. MCauchy M d xn «— Metric-space. MCauchy M d’ xn
proof —
interpret d: Metric-space M d by fact



interpret d’: Metric-space M d’
using Metric-space-eq assms d.Metric-space-axioms by blast
show ?thesis
using assms(2) by(auto simp: d.MCauchy-def d'.MCauchy-def subsetD)
qed

lemma borel-of-compact: Hausdorff-space X =—> compactin X K =— K € sets
(borel-of X)
by (auto introl: borel-of-closed compactin-imp-closedin)

lemma prob-algebra-cong: sets M = sets N = prob-algebra M = prob-algebra N
by (simp add: prob-algebra-def cong: subprob-algebra-cong)

lemma topology-eq-closedin: X = Y «— (V C. closedin X C «— closedin Y C)
unfolding topology-eq
by (metis closedin-def closedin-topspace openin-closedin-eq openin-topspace sub-
set-antisym)

Another version of finite-measure ?M = countable {z. Sigma-Algebra.measure
M (s} £ 0)

lemma(in finite-measure) countable-support-sets:
assumes disjoint-family-on Ai D
shows countable {i€D. measure M (Ai i) # 0}
proof cases
assume measure M (space M) = 0
with bounded-measure measure-le-0-iff have [simp]:{i€D. measure M (Ai i) #
0y ={}
by auto
show ?thesis
by simp
next
let M = measure M (space M) and ?m = \i. measure M (Ai i)
assume ?M # 0
then have *: {i€D. ?m i # 0} = (Un. {i€D. ?M | Suc n < ?m i})
using reals-Archimedean|of ?m z / ?M for z]
by (auto simp: field-simps not-le[symmetric| divide-le-0-iff measure-le-0-iff)
have xx: An. finite {i€D. ?M / Suc n < ?m i}
proof (rule ccontr)
fix n assume infinite {i€D. ?M / Suc n < ?m i} (is infinite 2X)
then obtain X where finite X card X = Suc (Suc n) X C ?X
by (meson infinite-arbitrarily-large)
from this(3) have x: N\z. 2 € X = ?M / Sucn < mz
by auto
{ fix 7 assume ¢ € X
from <?M # 0> x[OF this] have ?m i{ # 0 by (auto simp: field-simps
measure-le-0-iff)
then have Ai i € sets M by (auto dest: measure-notin-sets) }



note sets-Ai = this
have disj: disjoint-family-on Ai X

using <X C 2X) assms by(auto simp: disjoint-family-on-def)
have ?M < (> zeX. ?M / Suc n)

using «?M # 0»

by (simp add: <card X = Suc (Suc n)» field-simps less-le)
also have ... < (> zeX. ?m x)

by (rule sum-mono) fact
also have ... = measure M (|Ji€X. Ai i)

using sets-Ai «finite X> by (intro finite-measure-finite- Union|[symmetric, OF

- - disj)
(auto simp: disjoint-family-on-def)
finally have ?M < measure M (|Ji€eX. Ai i) .
moreover have measure M (|Ji€X. Aii) < ?M
using sets-Ai[THEN sets.sets-into-space] by (intro finite-measure-mono) auto
ultimately show Fulse by simp
qed
show ?thesis
unfolding * by (intro countable-UN countablel-type countable-finite[OF xx])
qed

1.1 Finite Sum of Measures

definition sum-measure :: 'b measure = 'a set = (‘a = 'b measure) = 'b measure
where

sum-measure M I Mi = measure-of (space M) (sets M) (AA. > i€l. emeasure (Mi
i) A)

lemma sum-measure-cong:
assumes sets M = sets M’ N\i.i € ] = Ni=N'1
shows sum-measure M I N = sum-measure M' I N’
by(simp add: sum-measure-def assms cong: sets-eg-imp-space-eq)

lemma [simp]:
shows space-sum-measure: space (sum-measure M I Mi) = space M
and sets-sum-measure[measurable-congl: sets (sum-measure M I Mi) = sets M
by (auto simp: sum-measure-def)

lemma emeasure-sum-measure:
assumes [measurable]:A € sets M and \i. i € I = sets (Mi i) = sets M
shows emeasure (sum-measure M I Mi) A = (> i€l. Mii A)

proof(rule emeasure-measure-of [of - space M sets M])
show countably-additive (sets (sum-measure M I Mi)) (AA. > i€l. emeasure (Mi
i) A)
unfolding sum-measure-def sets.sets-measure-of-eq countably-additive-def
proof safe
fix A7 :: nat = -
assume h:range Ai C sets M disjoint-family Ai



then have [measurable]: \ij. j € I = Ai i € sets (Mi j)
by (auto simp: assms)

show (> 4. Y jel. emeasure (Mi j) (Ai i) = (> i€l. emeasure (Mi i) (U
(range Ai)))

by (auto simp: suminf-sum intro!: Finite-Cartesian-Product.sum-cong-aus sum-
inf-emeasure h)

qed

qed(auto simp: positive-def sum-measure-def introl: sets.sets-into-space)

lemma sum-measure-infinite: infinite I = sum-measure M I Mi = null-measure
M

by (auto simp: sum-measure-def null-measure-def)

lemma nn-integral-sum-measure:
assumes | € borel-measurable M and [measurable-cong|: Ni. i € I = sets (Mi
i) = sets M
shows ([ Tz. fz dsum-measure M I Mi) = (3 iel. ([ Ta. fz O(Mii)))
using assms(1)
proof induction
case h:(cong f g)
then show ?case (is ?lhs = ?rhs)
by(auto cong: nn-integral-cong[of sum-measure M I Mi,simplified] intro!: Fi-
nite-Cartesian-Product.sum-cong-aux)
(auto cong: nn-integral-cong simp: sets-eq-imp-space-eq| OF assms(2)[symmetric]])
next
case (set A)
then show Zcase
by (auto simp: emeasure-sum-measure assms)
next
case (mult u c)
then show ?case
by (auto simp add: nn-integral-cmult sum-distrib-left introl: Finite-Cartesian-Product.sum-cong-aux)
next
case (add u v)
then show ?case
by (auto simp: nn-integral-add sum.distrib)
next
case ih[measurable]:(seq U)
show ?case (is ?lhs = 2rhs)
proof —
have ?lhs = ([T z. (4. Ui z) dsum-measure M I Mi)
by (auto introl: nn-integral-cong) (use SUP-apply in auto)
also have ... = (| ]i. ([ T2. Uiz dsum-measure M I Mi))
by (rule nn-integral-monotone-convergence-SUP) (use ih in auto)
also have ... = (| |i. Y jel. ([ Tz. Uiz d(Mij)))
by (simp add: ih)
also have ... = (3_jel. | |i. [Tx. Uiz O(Mij))
by (auto introl: incseg-nn-integral ih ennreal-SUP-sum)
also have ... = (3_jel. [tz (i Uix) O(Mij))



by (auto introl: Finite-Cartesian-Product.sum-cong-aux nn-integral-monotone-convergence-SUP|[symmetric]
ih)
also have ... = ?rhs
by (auto intro!: Finite-Cartesian-Product.sum-cong-auz nn-integral-cong) (metis
SUP-apply Sup-apply)
finally show ?%thesis .
qed
qed

corollary integrable-sum-measure-iff-ne:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong]: N\i. i € I = sets (Mi i) = sets M and finite I and
144}
shows integrable (sum-measure M I Mi) f «—— (Vi€l. integrable (Mi 7) f)
proof safe
fix 7
assume [measurable]: integrable (sum-measure M I Mi) f and i:i € [
then have [measurable]: \i. i € I = f € borel-measurable (Mi i)
[ € borel-measurable M ([ * z. ennreal (norm (f z)) dsum-measure M I Mi) <
00
by (auto simp: integrable-iff-bounded)
hence (- icl. [T z. ennreal (norm (f )) OMi i) < oo
by(simp add: nn-integral-sum-measure assms)
thus integrable (Mi i) f
by (auto simp: assms integrable-iff-bounded )
next
assume h:Vi€l. integrable (Mi i) f
obtain 7 where i:¢ € |
using assms by auto
have [measurable]: f € borel-measurable M
using h[rule-format,OF i i by auto
show integrable (sum-measure M I Mi) f
using h by(auto simp: integrable-iff-bounded nn-integral-sum-measure assms)
qed

corollary integrable-sum-measure-iff:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong]: N\i. i € I = sets (Mi i) = sets M and finite I
and [measurable]: f € borel-measurable M
shows integrable (sum-measure M I Mi) f «—— (Vi€l. integrable (Mi i) f)
proof safe
fix ¢
assume integrable (sum-measure M I Mi) fi € I
thus integrable (Mi i) f
using integrable-sum-measure-iff-ne[of I Mi,OF assms(1—2)] by auto
qed(auto simp: integrable-iff-bounded nn-integral-sum-measure assms)

lemma integral-sum-measure:
fixes [ :: 'a = 'b::{banach, second-countable-topology}



assumes [measurable-cong|:\i. i € I = sets (Mi i) = sets M Ni. i € | =
integrable (Mi i) f
shows ([ z. fz dsum-measure M I Mi) = (}_i€l. ([ z. fz O(Mi i)))
proof —
consider I = {} | finite I I # {} | infinite I by auto
then show ?thesis
proof cases
case ]
then show ?thesis
by (auto simp: sum-measure-def integral-null-measure]simplified null-measure-def])
next
case 2
have integrable (sum-measure M I Mi) f
by (auto simp: assms(2) integrable-sum-measure-iff-ne[of I Mi,OF assms(1)
2, simplified))
thus ?thesis
proof induction
case h:(base A ¢)
then have h:\i. i € I = emeasure (Mii) A < T
by (auto simp: emeasure-sum-measure assms 2)
show “case
using h
by (auto simp: measure-def h' emeasure-sum-measure assms enn2real-sum|of
I Xi. emeasure (Mi i) A,OF h'] scaleR-left.sum
introl: Finite-Cartesian-Product.sum-cong-auz)
next
case th:(add f g)
then have Ai. i € I = integrable (Mi i) g N\i. i € [ = integrable (Mi i) f
by (auto simp: integrable-sum-measure-iff-ne assms 2)
with ih show Zcase
by (auto simp: sum.distrib)
next
case ih:(lim f s)
then have [measurable]:f € borel-measurable M \i. s i € borel-measurable M
by auto
have int[measurable]:integrable (Mi i) f Nj. integrable (Mi i) (s j) if i € T
for ¢
using that ih 2 by(auto simp add: integrable-sum-measure-iff assms)
show ?Zcase
proof (rule LIMSEQ-unique[where X=\i. >_j€l. [z. s iz O(Mi j)])
show (X\i. > jel. [z. s iz O(Mij) —— ([ x. fz Osum-measure M I
Mi)
using ih by (auto simp: ih(5)[symmetric] introl: integral-dominated-convergence|where
w=Az. 2*xnorm (f x)])
show (\i. Y jel. [z. s iz O(Mij)) —— (Y jel. ([ z. fz O(Mij)))
proof(rule tendsto-sum)
fix j
assume j: j € |
show (\i. [z. s iz O(Mij) —— ([ z. fz O(Mij))



using integral-dominated-convergence[of f Mi j s Ax. 2 * norm (f z),OF
- - AB-I2 AE-12) ih int|OF j]
by (auto simp: sets-eq-imp-space-eq[OF assms(1)[OF j]])
qed
qed
qed
next
case 3
then show ?thesis
by (simp add: sum-measure-infinite)
qed
qed

Lemmas related to scale measure

lemma integrable-scale-measure:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes integrable M f
shows integrable (scale-measure (ennreal r) M) f
using assms ennreal-less-top
by (auto simp: integrable-iff-bounded nn-integral-scale-measure ennreal-mult-less-top)

lemma integral-scale-measure:
assumes r > 0 integrable M f
shows ([ z. f z dscale-measure (ennreal v) M) = r * ([ z. fz OM)
using assms(2)
proof induction
case h:(lim f s)
show Zcase
proof (rule LIMSEQ-unique[where X=\i. [ z. s i x scale-measure (ennreal r)
M)
from ih(1—4) show (Xi. [z. s iz Oscale-measure (ennreal 1) M) —— ([ z.
f x Oscale-measure (ennreal ) M)
by (auto intro!: integral-dominated-convergence[where w=Az. 2 * norm (f )]
integrable-scale-measure
simp: space-scale-measure)
show (Xi. [z. s iz Oscale-measure (ennreal ) M) —— 1« ([z. fz OM)
unfolding ih(5) using ih(1—4) by(auto intro!: integral-dominated-convergence[where
w=Az. 2 % norm (f z)] tendsto-mult-left)
qed
qed(auto simp: measure-scale-measure| OF assms(1)] ring-class.ring-distribs(1) in-
tegrable-scale-measure)

lemma
fixes c :: ereal
assumes ¢: ¢ # — oo and a: An. 0 < an
shows liminf-cadd: liminf (An. ¢ + a n) = ¢ + liminf a
and limsup-cadd: limsup (An. ¢ + a n) = ¢ + limsup a
by (auto simp add: liminf-SUP-INF limsup-INF-SUP INF-ereal-add-right]OF - ¢
a] SUP-ereal-add-right[OF - ]



intro!: INF-ereal-add-right ¢ SUP-upper2 a)

lemma(in Metric-space) frontier-measure-zero-balls:
assumes sets N = sets (borel-of mtopology) finite-measure N M # {}
and e > 0 and separable-space mtopology
obtains ai ri where
(U i::nat. mball (ai i) (ri i) = M (U é::nat. mcball (ai ) (rii)) = M
Nicaiie MNi.rii>0 Ni.rii<e
Ni. measure N (mtopology frontier-of (mball (ai i) (rii))) = 0
Ni. measure N (mtopology frontier-of (mcball (ai @) (rii))) = 0
proof —
interpret N: finite-measure N by fact
have [measurable]: Aa r. mball a v € sets N Na r. mcball a r € sets N
Aa r. mtopology frontier-of (mball a r) € sets N Na r. mtopology frontier-of
(mcball a r) € sets N
by (auto simp: assms(1) borel-of-closed borel-of-open| OF openin-mball] closedin-frontier-of)
have mono:mtopology frontier-of (mball a v) C {yeM. d ay = r}
mtopology frontier-of (mcball a v) C {yeM. day = r} for ar
proof —
have mtopology frontier-of (mball a r) C mcball a v — mball a r
using closure-of-mball by(auto simp: frontier-of-def interior-of-openin| OF
openin-mball])
also have ... C {yeM. day =1}
by auto
finally show mtopology frontier-of (mball a r) C {yeM. day=r}.
have mtopology frontier-of (mcball a ) C mcball a r — mball a r
using interior-of-mcball by (auto simp: frontier-of-def closure-of-closedin[OF
closedin-mcball))
also have ... C {yeM. day =1}
by (auto simp: mcball-def mball-def)
finally show mtopology frontier-of (mcball a v) C {yeM. day =1} .
qed
have sets|measurable]: {yeM. day = r} € sets N if a € M for a r
proof —
have [simp]: d a —“{r} N M = {yeM. d a y = r} by blast
show ?thesis
using measurable-sets| OF continuous-map-measurable] OF uniformly-continuous-imp-continuous-map[ OF
mdist-set-uniformly-continuous|of Self {a}]]],of {r}]
by(simp add: borel-of-euclidean mtopology-of-def space-borel-of assms(1)
mdist-set-Self)
(metis (no-types, lifting) «da —{r} N M ={y € M. day=r} commute
d-set-singleton that vimage-inter-cong)
qed
from assms(5) obtain U where U: countable U mdense U by(auto simp: sep-
arable-space-def2)
with assms(3) have U-ne: U # {}
by (auto simp: mdense-empty-iff)
{ fix i :: nat
have countable {r € {e/2<..<e}. measure N {y € M. d (from-nat-into U i) y



-
by (rule N.countable-support-sets) (auto simp: disjoint-family-on-def)
from real-interval-avoid-countable-set[of e / 2 e,OF - this] assms(4)
have 3r. measure N {yeM. d (from-nat-into Ui) y=r}=0Ar>e/ 2 A
r<e
by auto
}

then obtain ri where ri: Ai. measure N {yeM. d (from-nat-into U i) y = ri
iy =0
Ni.rii>e/ 2 Ni.rii<e
by metis
have 1: (|J . mball (from-nat-into U %) (ri 7)) = M (J4. mcball (from-nat-into
Ui) (rii)) =M
proof —
have M = ((JueU. mball u (e / 2))
by (rule mdense-balls-cover[OF U(2),symmetric]) (simp add: assms(4))
also have ... = (|Ji. mball (from-nat-into U i) (e / 2))
by (rule UN-from-nat-into[OF U(1) U-ne))
also have ... C (|Ji. mball (from-nat-into U ) (ri 7))
using mball-subset-concentric[OF order.strict-implies-order|OF ri(2)]] by
auto
finally have 1:M C (|Ji. mball (from-nat-into U i) (ri 7)) .
moreover have M C (|Ji. mcball (from-nat-into U i) (ri 7))
by (rule order.trans[OF 1)) fastforce
ultimately show (|Ji. mball (from-nat-into U i) (ri i)) = M (|Ji. mcball
(from-nat-into U 7) (ri 7)) = M
by fastforce+
qed
have 2: Ai. from-nat-into Ui € M Ni.rii> 0 Ni.rii<e
using from-nat-into|OF U-ne] dense-in-subset[OF U(2)] ri(3) assms(4)
by (auto introl: order.strict-trans[OF - ri(2),of 0])
have 3: measure N (mtopology frontier-of (mball (from-nat-into U i) (ri ))) =
0
measure N (mtopology frontier-of (mcball (from-nat-into U ¢) (ri i))) = 0 for 4
using N.finite-measure-mono[OF mono(1) sets|of from-nat-into U i ri i]]
N.finite-measure-mono[OF mono(2) sets[of from-nat-into U i ri i]]
by (auto simp add: 2 measure-le-0-iff ri(1))
show ?thesis
using 1 2 3 that by blast
qed

lemma finite-measure-integral-eq-dense:
assumes finite: finite-measure N finite-measure M
and sets-N:sets N = sets (borel-of X) and sets-M: sets M = sets (borel-of X)
and dense:dense-in (mtopology-of (cfunspace X euclidean-metric)) F
and integ-eq: \f::- = real. f € F = ([z. fz ON) = ([ z. fz OM)
and f:continuous-map X euclideanreal f bounded (f * topspace X)
shows ([z. fz ON) = ([z. fz OM)

proof —
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interpret N: finite-measure N
by fact
interpret M: finite-measure M
by fact
have integ-N: NA. A € sets N = integrable N (indicat-real A)
and integ-M: NA. A € sets M = integrable M (indicat-real A)
by (auto simp add: N.emeasure-eqg-measure M.emeasure-eq-measure)
have space-N: space N = topspace X and space-M: space M = topspace X
using sets-N sets-M sets-eq-imp-space-eq|of - borel-of X]
by (auto simp: space-borel-of)
from f obtain B where B: \z. z € topspace X = |fz| < B
by (meson bounded-real imagel)
show ([z.fz ON)= ([ fz OM)
proof —
have in-mspace-measurable: g € borel-measurable N g € borel-measurable M
if g:g € mspace (cfunspace X (euclidean-metric :: real metric)) for g
using continuous-map-measurable[of X euclidean,simplified borel-of-euclidean]

by (auto simp: sets-M cong: measurable-cong-sets sets-N)
have f":(Ax€topspace X. f x) € mspace (cfunspace X euclidean-metric)
using f(1) f(2) by simp
with mdense-of-def3[THEN iffD1,0F assms(5)] obtain fn where fn:
range fn C F limitin (mtopology-of (cfunspace X euclidean-metric)) fn
(Az€topspace X. f x) sequentially
by blast
hence fn-space: A\n. fn n € mspace (cfunspace X euclidean-metric)
using dense-in-subset[OF assms(5)] by auto
hence [measurable]: (Axctopspace X. f x) € borel-measurable N (Ax€topspace
X. fz) € borel-measurable M
An. fn n € borel-measurable N An. fn n € borel-measurable M
using f’ by (auto simp del: mspace-cfunspace introl: in-mspace-measurable)
interpret d: Metric-space mspace (cfunspace X euclidean-metric) mdist (cfunspace
X (euclidean-metric :: real metric))
by blast
from fn have limitin d.mtopology fn (Ax€topspace X. f x) sequentially
by (simp add: mtopology-of-def)
hence limit:\e. ¢ > 0 = IN. Vn>N. fn n € mspace (cfunspace X eu-
clidean-metric) A
mdist (cfunspace X euclidean-metric) (fn n) (restrict f (topspace
X)) <e
unfolding d.limit-metric-sequentially by blast
from this[of 1] obtain N0 where NO:
An. n > NO = mdist (cfunspace X euclidean-metric) (fn n) (Az€topspace
X. fz) < 1
by auto
have 1: (A\i. fn (i + NO) ©) —— (Az€topspace X. fx) x if x:x € topspace
X for z
proof (rule LIMSEQ-TI)

fix r :: real

11



assume 7:0 < 1
from limit[OF half-gt-zero[OF r|| obtain N where N:
An. n > N = mdist (cfunspace X euclidean-metric) (fn n) (restrict f
(topspace X)) < r [ 2
by blast
show Jno. Vn>no. norm (fn (n + NO) x — restrict f (topspace X) z) < r
proof (safe intro!: exI[where x=N])
fix n
assume n:N < n
with N[OF trans-le-add1[OF this,of NO]|
have mdist (cfunspace X euclidean-metric) (fn (n + NO)) (restrict f (topspace
X)) <r)2
by auto
from order.strict-trans1 [OF mdist-cfunspace-imp-mdist-le[OF fn-space f'
this z],of r] = r
show norm (fn (n + NO) z — restrict f (topspace X) z) < r
by (auto simp: dist-real-def)
qed
qed
have 2: norm (fn (i + NO) z) < 2 x B + 1 if x:z € topspace X for i x
proof—
from NO[of i + NO]
have mdist (cfunspace X euclidean-metric) (fn (i + NO)) (restrict f (topspace
X)) <1
by linarith
from mdist-cfunspace-imp-mdist-le[OF fn-space f’ this x]
have norm (fn (i + NO) x — fz) < 1
using z by (auto simp: dist-real-def)
thus ?thesis
using B[OF z] by auto
qed
from 1 2 have (\i. integral” N (fn (i + NO))) —— integral” N (restrict f
(topspace X))
by (auto intro!: integral-dominated-convergence|where s=\i. fn (i + NO) and
w=Az. 2 * B + 1]
simp: space-N)
moreover have (\i. integral’ N (fn (i + N0O))) —— integral® M (restrict
f (topspace X))
proof —
have [simpl:integral’ N (fn (i + NO)) = integral® M (fn (i + NO)) for i
using fn(1) by(auto intro!: assms(6))
from 1 2 show %thesis
by (auto intro!: integral-dominated-convergence[where s=\i. fn (i + NO)
and w=Az. 2 * B + 1]
simp: space-M)
qed
ultimately have integral® N (restrict f (topspace X)) = integral® M (restrict
f (topspace X))
by (rule tendsto-unique[OF sequentially-bot))
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moreover have integral” N (restrict f (topspace X)) = integral” N f

by (auto cong: Bochner-Integration.integral-cong[ OF refl] simp: space-N|[symmetric))

moreover have integral” M (restrict f (topspace X)) = integral® M f

by (auto cong: Bochner-Integration.integral-cong[OF refl] simp: space-M[symmetric])

ultimately show ?thesis
by simp
qed
qed

1.2 Sequentially Continuous Maps

definition seg-continuous-map :: 'a topology = 'b topology = (‘a = 'b) = bool
where
seq-continuous-map X Y f = (Van z. limitin X zn © sequentially — limitin Y

(An. f (zn n)) (f x) sequentially)

lemma seg-continuous-map:

seq-continuous-map X Y f «—— (VY an x. limitin X xn x sequentially — limitin Y
(An. f (zn n)) (f z) sequentially)

by (auto simp: seq-continuous-map-def)

lemma seg-continuous-map-funspace:
assumes seq-continuous-map X Y f
shows f € topspace X — topspace Y
proof
fix z
assume z € topspace X
then have limitin X (An. x) x sequentially
by auto
hence limitin Y (An. f z) (f z) sequentially
using assms
by (meson limitin-sequentially seq-continuous-map)
thus fz € topspace Y
by auto
qed

lemma seq-continuous-iff-continuous-first-countable:
assumes first-countable X
shows seq-continuous-map X Y = continuous-map X Y
by standard (simp add: continuous-map-iff-limit-seq assms seq-continuous-map-def)

1.3 Sequential Compactness

definition seq-compactin :: 'a topology = 'a set = bool where

seq-compactin X S

—— 8 C topspace X N (Van. (Vnunat. an n € §) — (F1€S. Janat = nat.
strict-mono a A limitin X (zn o a) | sequentially))

definition seq-compact-space X = seq-compactin X (topspace X)
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lemma seq-compactin-subset-topspace: seq-compactin X § = S C topspace X
by (auto simp: seq-compactin-def)

lemma seg-compactin-empty[simp): seq-compactin X {}
by (auto simp: seq-compactin-def)

lemma seg-compactin-seq-compact|[simp): seq-compactin euclidean S «—— seq-compact
S

by (auto simp: seq-compactin-def seq-compact-def)

lemma image-seq-compactin:
assumes seq-compactin X S seq-continuous-map X Y f
shows seg-compactin Y (f ¢ 5)
unfolding seq-compactin-def
proof safe
fix yn
assume Vn:inat. ynn € f°S
then have Vn. 3z€S. ynn = fz
by blast
then obtain zn where zn: An:nat. znn € S An. yn n = f (2n n)
by metis
then obtain lz a where la: lx € S strict-mono a limitin X (zn o a) lz sequentially
by (meson assms(1) seq-compactin-def)
show Jlef * S. Ja. strict-mono a A limitin Y (yn o a) [ sequentially
proof(safe intro!: bexl[where z=f lz] exI[where z=a])
have [simpl:yn o a = (An. f ((zn o a) n))
by (auto simp: zn(2) comp-def)
show limitin Y (yn o a) (f lz) sequentially
using la(3) assms(2) xn(1,2) by(fastforce simp: seq-continuous-map)
qged(use la in auto)
qed(use seq-compactin-subset-topspace| OF assms(1)] seq-continuous-map-funspace] OF
assms(2)] in auto)

lemma closed-seq-compactin:
assumes seg-compactin X K C C K closedin X C
shows seg-compactin X C
unfolding seq-compactin-def
proof safe
fix an
assume zn: Vn:nat. znn € C
then have Vn. zn n € K
using assms(2) by blast
with assms(1) obtain [ a where I: | € K strict-mono a limitin X (zn o a) |
sequentially
by (meson seq-compactin-def)
have [l € C
using zn by(auto introl: limitin-closedin][OF 1(3) assms(3)])
with [(2,3) show 3leC. Fa. strict-mono a A limitin X (zn o a) | sequentially
by blast
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qed(use closedin-subset| OF assms(3)] in auto)

corollary closedin-seq-compact-space:

seq-compact-space X = closedin X C = seq-compactin X C

by (auto introl: closed-seq-compactin[where K=topspace X and C=C] closedin-subset
simp: seq-compact-space-def)

lemma seg-compactin-subtopology: seq-compactin (subtopology X S) T «— seq-compactin
XTANTCS
by (fastforce simp: seq-compactin-def limitin-subtopology subsetD)

corollary seq-compact-space-subtopology: seq-compactin X S = seq-compact-space
(subtopology X S)
by (auto simp: seq-compact-space-def seq-compactin-subtopology inf-absorb2 seq-compactin-subset-topspace)

lemma seq-compactin-PiED:
assumes seq-compactin (product-topology X I) (Pig I S)
shows (Pig IS = {} V (Viel. seq-compactin (X ©) (S 1)))
proof —
consider Pig IS ={} | Pig I S # {}
by blast
then show (Pig 1S = {} Vv (Vi€l. seg-compactin (X i) (S 1)))
proof cases
case I
then show ?thesis
by simp
next
case 2
then have Si-ne:\i. i € [ = S i # {}
by blast
then obtain ci where ci: A\i. i € I = cii € S
by (meson PiE-E ex-in-conv)
show ?thesis
proof (safe introl: disjI2)
fix ¢
assume i: i € [
show seq-compactin (X i) (S 7)
unfolding seq-compactin-def
proof safe
fix an
assume zn:Vn:nat. ann € S i
define Xn where Xn = (An. A\j€l. if j = i then zn n else ci j)
have An. Xnn € Pig I S
using i zn ci by (auto simp: Xn-def)
then obtain L a where L: L € Pig I S strict-mono a
limitin (product-topology X I) (Xn o a) L sequentially
by (meson assms seq-compactin-def)
thus 31€S i. Fa. strict-mono a A limitin (X i) (zn o a) | sequentially
using i by(auto simp: limitin-componentwise Xn-def comp-def intro!:
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bexI[where z=L i] exl[where z=a])

next

show Az. z € §Si = z € topspace (X i)
using i subset-PiE[THEN iffD1,0F seq-compactin-subset-topspace| OF

assms,simplified]] 2 by auto

qed

qed
qed

qed

lemma metrizable-seq-compactin-iff-compactin:
assumes metrizable-space X
shows seg-compactin X S «— compactin X S

proof —
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X

by (metis Metric-space.topspace-mtopology assms metrizable-space-def)
interpret Metric-space topspace X d
by fact
have seg-compactin X S «—— seq-compactin mtopology S
by (simp add: d)
also have ... «—— compactin mtopology S
by (fastforce simp: compactin-sequentially seq-compactin-def)
also have ... «—— compactin X S
by (simp add: d)
finally show ?thesis .
qged

corollary metrizable-seq-compact-space-iff-compact-space:
shows metrizable-space X = seq-compact-space X «—— compact-space X
unfolding seq-compact-space-def compact-space-def by (rule metrizable-seq-compactin-iff-compactin)

1.4 Lemmas for Limsup and Liminf

lemma real-less-add-ex-less-pair:
fixes x w v :: real
assumes z < w + v
shows dyz. z2=y+2zAy<wAz<w
apply(rule exl[where z=w — (w + v — z) / 2])
apply(rule exI[where z=v — (w + v — ) / 2])
using assms by auto

lemma ereal-less-add-ex-less-pair:
fixes z w v :: ereal
assumes — 0 < w -0 < Vvr < W+ v
showsdyz. 2=y +2zAy<wAz<wv
proof —
consider z = — 00 | —00 <22 <00 W=000V=00
| —o<zr<oow<owv=00|—0<zr<00v<00 W= 00
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| —o<zz<oow<oov< o0
using assms(3) less-ereal.simps(2) by blast
then show ?thesis
proof cases
assume = — o0
then show ?thesis
using assms by (auto intro!: exI[where z=— 0|)
next
assume hi— 00 < 22 < 00 W =00V = 00
show ?thesis
apply(rule exl[where z=0])
apply(rule exl[where z=x])
using h assms by simp
next
assume hi— 00 < 2z < 00 W < 00 V= 00
then obtain z’ w’ where eq: w = ereal w’ x = ereal z’
using assms by (metis less-irrefl sgn-ereal.cases)
show ?thesis
apply(rule exl[where z=w — 1])
apply(rule exl[where z=z — (v — 1)])
using h assms by (auto simp: eq one-ereal-def)
next
assume hi— oo < 2z < 00 v < 00 W = 00
then obtain z’ v/ where eq: v = ereal v/ z = ereal x’
using assms by (metis less-irrefl sgn-ereal.cases)
show ?thesis
apply(rule exI[where z=z — (v — 1)])
apply(rule exl[where z=v — 1))
using h assms by(auto simp: eq one-ereal-def)
next
assume — o0 <z <00 W< 00V OO
then obtain z’ v/ w’ where eq: T = ereal ' w = ereal w’ v = ereal v’
using assms by (metis less-irrefl sgn-ereal.cases)
have 3y’ 2. 2/ =y ' + 2’ ANy ' < w A 2/ < v
using real-less-add-ex-less-pair assms by(simp add: eq)
then obtain 3’ 2z’ where yz":z' = y' + 2/ Ay' < w' A 2/ < v’
by blast
show ?thesis
apply(rule exl[where z=ereal y))
apply(rule exzl[where z=ereal 2'])
using yz’ by(simp add: eq)
qed
qed

lemma real-add-less:
fixes x w v :: real
assumes w + v < T
showsdyz. z=y+zAw<yAv<z
apply(rule exI[where z=w + (z — (w + v)) / 2])
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apply(rule exI[where z=v + (z — (w + v)) / 2])
using assms by auto

lemma ereal-add-less:
fixes x w v :: ereal
assumes w + v < ¥
showsdJyz. zc=y+zAw<yAov<z
proof —
have — 0o < zv < 00 w < 00
using assms less-ereal.simps(2,3) by auto

then consider z = c0c W < V< 0| - < TT <O W=—000V=— 00
| —o<zz<oow=—000v<00—00<U

| —o<zz<ocov=—00w<00—00<wW

| —o<zr<oo—co<ww<oov<oo—00<U

by blast

thus ?thesis
proof cases
assume £ = 0o w < 00 ¥ < 00
then show ?thesis
by (auto intro!: exI[where z=00])
next
assume hi— 00 < 22 < 00 W= — 00 U= — OO
show ?thesis
apply(rule exI[where z=0])
apply(rule exl[where z=z])
using h assms by simp
next
assume hi— 0o < zzx <00 wWw=—000< 00— 00 <V
then obtain z’ v/ where zv": z = ereal ' v = ereal v’
by (metis less-irrefl sgn-ereal.cases)
show ?thesis
apply(rule exI[where z=z — (v + 1)])
apply(rule exl[where z=v + 1])
using h by(auto simp: zv’)
next
assume hi— 00 < 22 <00V =—00w <00 — 00 < W
then obtain z’ w’ where 2w’ © = ereal ' w = ereal w’
by (metis less-irrefl sgn-ereal.cases)
show ?thesis
apply(rule exl[where z=w + 1])
apply(rule exl[where z=z — (w + 1)])
using h by(auto simp: zw’)
next
assume hi— 0 < 2z <00 -0 < ww< oo v<00—00 <V
then obtain z’ v/ w’ where eq: T = ereal ' w = ereal w’ v = ereal v’
using assms by (metis less-irrefl sgn-ereal.cases)
have dy' 2. ' =y ' + 2" Ny’ > w' A2 >0
using assms real-add-less by (auto simp: eq)
then obtain y’ 2z’ where yz'z' =y '+ 2/ ANy’ > w' AN 2/ > v/
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by blast
show ?thesis
apply(rule exzl[where z=ereal y’])
apply(rule exl[where z=ereal 2'])
using yz’ by (simp add: eq)
qed
qed

A generalized version of — (liminf 2u = oo A liminf v = — oo V liminf %u
= — 00 A liminf v = 00) = liminf 2u + liminf 2v < liminf (An. %un +
v n).
lemma ereal-Liminf-add-mono:

fixes u v::'a = ereal

assumes —((Liminf F u = oo A Liminf F v = —o0) V (Liminf F u = —oco A
Liminf F v = 00))

shows Liminf F (An. un + v n) > Liminf F u + Liminf F v
proof (cases)

assume (Liminf F u = —oc0) V (Liminf F v = —0)
then have x: Liminf F « + Liminf F v = —oo using assms by auto
show ?thesis by (simp add: )
next
assume —((Liminf F u = —o0) V (Liminf F v = —o0))

then have h:Liminf F v > —oo Liminf F v > —oco by auto
show ?thesis
unfolding le-Liminf-iff
proof safe
fix y
assume y: y < Liminf F u + Liminf F v
then obtain z z where zz: y =z + z 2 < Liminf F u z < Liminf F v
using ereal-less-add-ex-less-pair h by blast
showVpzinF.y<uz+ vz
by (rule eventually-mp[OF - eventually-conj|OF less-LiminfD[OF xz(2)] less-LiminfD[OF
zz(3)]]))
(auto simp: zz intro!: eventuallyl ereal-add-strict-mono2)
qed
qed

A generalized version of limsup (An. ?u n + %v n) < limsup ?u + limsup
2v.

lemma ereal-Limsup-add-mono:
fixes u v::'a = ereal
shows Limsup F (An. un + vn) < Limsup F u + Limsup F v
unfolding Limsup-le-iff
proof safe
fix y
assume Limsup F u + Limsup F v <y
then obtain z z where zz: y = = + 2z Limsup F u < = Limsup F v < z
using ereal-add-less by blast
showVpzinF.uz+vze <y
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by (rule eventually-mp[OF - eventually-conj|OF Limsup-lessD[OF xz(2)] Lim-
sup-lessD[OF zz(3)]]])
(auto simp: xz intro!: eventuallyl ereal-add-strict-mono2)
qed

1.5 A Characterization of Closed Sets by Limit

There is a net which charactrize closed sets in terms of convergence. Since
Isabelle/HOL’s convergent is defined through filters, we transform the net
to a filter. We refer to the lecture notes by Shi [3] for the conversion.

definition derived-filter :: ['i set, i = i = bool] = 'i filter where
derived-filter I op = (['|i€l. principal {j€l. op i j})

lemma eventually-derived-filter:
assumes A # {}
and refl:\a. a € A = rela a
and transs\abc.a € A=bc A= cec A= relab= rel b ¢c = rel
ac
and pair-bounded:Na b. a € A = bec A= FccA. relac A relbc
shows eventually P (derived-filter A rel) «— (Fi€A. VneA. relin — P n)
proof —
show ?thesis
unfolding derived-filter-def
proof(subst eventually-INF-base)
fix a b
assume hia € Abe A
then obtain z where 2z € A rela zrel b z
using pair-bounded by metis
thus Jz€A. principal {j € A. rel x j} < principal {j € A. rel a j} N principal
{j € A rel bj}
using h by(auto intro!: bexI[where x=z| dest: trans)
next
show (FbeA. eventually P (principal {j € A. rel b j})) «—— (Fi€A. VY neA. rel
in — Pn)
unfolding cventually-principal by blast
qed fact
qed

definition nhdsin-sets :: 'a topology = 'a = 'a set filter where
nhdsin-sets X © = derived-filter {U. openin X U A z € U} (D)

lemma eventually-nhdsin-sets:
assumes x € topspace X
shows eventually P (nhdsin-sets X ) «— (3 U. openin X U ANz € UNNVV.
openin XV —2€V —VCU-—PV))
proof —
have h:{U. openin X U ANz € U} # {}
Na.a € {U.openin X U N2z € U} = (D) aa
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Nabec ae{U. openin XU ANz € U} = be{U. openin X U A © €
U= ce{U. openin X UNzecU}=(D)ab= 2)bc= (D) ac
Na b a € {U. openin X UANz € U} = be {U. openin X U N z € U}
= Jce{U. openin X UNz e U}. (D)ach (D) bec
proof safe
fix UV
assume z € Ux € V openin X U openin X V
then show I We{U. openin X UNz € U}. WCUAWCV
using openin-Int[of X U V] by auto
qged(use assms in fastforce)+
show ?thesis
unfolding nhdsin-sets-def
apply (subst eventually-derived-filter[of {U. openin X U A x € U} (2)])
using h apply blast
apply simp
using h
apply blast
using A
apply blast
apply fastforce
done
qged

lemma eventually-nhdsin-setsl:
assumes z € topspace X N\U. x € U = openin X U = P U
shows eventually P (nhdsin-sets X x)
using assms by (auto simp: eventually-nhdsin-sets)

lemma nhdsin-sets-bot[simp, intro]:
assumes z € topspace X
shows nhdsin-sets X x # L
by (auto simp: trivial-limit-def eventually-nhdsin-sets|OF assms])

corollary limitin-nhdsin-sets: limitin X zn x (nhdsin-sets X x) «—— x € topspace
XANNMU.openin XU — € U— 3V.openin X VAze VANW. openin
XW-—zeW-—WCV—anWel)))

using eventually-nhdsin-sets by (fastforce dest: limitin-topspace simp: limitin-def)

lemma closedin-limitin:
assumes T C topspace X Aan z. © € topspace X = (ANU. z € U = openin
XU=mU+#z)= (NU.2€ U= openinX U= anUecT)= (AU.
an U € topspace X) = limitin X zn x (nhdsin-sets X ¢) —= x € T
shows closedin X T
proof —
have 1: X derived-set-of T C T
proof
fix z
assume z:x € X derived-set-of T
hence z":z € topspace X
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by (simp add: in-derived-set-of)
define zn where zn = (AU. if x € U A openin X U then (SOME y. y # x A
ye T Ny e U) else )
have zn: an U # xan U € Tan U € U if U: openin X Ux € U for U
proof —
have (SOME y. y £z ANye TANyeU)#xN(SOMEy. y£2xzANye T
ANyeU) e TANSOMEy. y#xANye TAhyeU)eU
by (rule somel-ex,insert x U) (auto simp: derived-set-of-def)
thusan U #zan U € Tan U e U
by (auto simp: zn-def U)
qed
hence I:!AU. z € U = openin X U = an U # ¢ \NU. z € U = openin
XU=omUecT
by simp-all
moreover have zn U € topspace X for U
proof (cases z € U A openin X U)
case True
with assms 1 show ?Zthesis
by fast
next
case Fulse
with z 1 derived-set-of-subset-topspace[of X T| show ?thesis
by (auto simp: zn-def)
qed
moreover have limitin X zn z (nhdsin-sets X )
unfolding limitin-nhdsin-sets
proof safe
fix U
assume U: openin X Uz € U
then show 3 V. openin X VANz e VAN W. openin X W — z € W —
WCV—uzWeU)
using zn by(fastforce introl: exI[where z="U])
qed(use x derived-set-of-subset-topspace in fastforce)
ultimately show z € T
by (rule assms(2)[OF z])
qed
thus ?thesis
using assms(1) by(auto introl: closure-of-eq| THEN iffD1] simp: closure-of)
qed

corollary closedin-iff-limitin-eq:

fixes X :: ‘a topology

shows closedin X C

«— C C topspace X A
(Vaiz (F == 'a set filter). (Vi. zi i € topspace X) — x € topspace X
— VpiimF.xiieC) — F#1 —limitinXzizcF — 2z € C)

proof

assume C C topspace X A

(Vaiz (F :: 'a set filter). (Vi. zi i € topspace X) — x € topspace X
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— (VpiimF. 2iieC) — F# 1 —limitin Xxic F — z €
0)
then show closedin X C
apply (intro closedin-limitin)
apply blast
by (metis (mono-tags, lifting) nhdsin-sets-bot eventually-nhdsin-setsl)
qed(auto dest: limitin-closedin closedin-subset)

lemma closedin-iff-limitin-sequentially:
assumes first-countable X
shows closedin X S «— S C topspace X A (Vo l. range o C S A limitin X o 1
sequentially — 1 € S) (is ?lhs="?rhs)
proof safe
assume h:S C topspace X Vo l. range o C S A limitin X o | sequentially — 1
es
show closedin X S
proof(rule closedin-limitin)
fix zu z
assume zu: N\U. z € U = openin X U = zu U € S ANU. zu U € topspace
X limitin X zu x (nhdsin-sets X x)
then have z:z € topspace X
by (auto simp: limitin-topspace)
then obtain B where B: countable B A\V. V € B = openin X V
AU. openin X U —= z€ U= (AVeB.z€ VAV CU)
using assms first-countable-def by metis
define B’ where B'= BN {U.z € U}
have B’-ne:B’ # {}
using B'-def B(8) x by fastforce
have c¢B':countable B’
using B by(simp add: B’-def)
have B AV. V € B’ = openin X V AU. openin X U = z € U =
(FVeB. .z € VAV CU)
using B B’-def by fastforce+
define zn where zn = (An. zu ((i<n. (from-nat-into B’ 7)))
have zn-in-S: range xn C S and limitin-an: limitin X xn x sequentially
proof —
have 1:An. openin X ((i<n. (from-nat-into B’ i))
by (auto simp: B'(1) B’-ne from-nat-into)
have 2: An. z € (()i<n. (from-nat-into B’ 7))
by (metis B’-def B'-ne INT-I Int-iff from-nat-into mem-Collect-eq)
thus range zn C S
using 1 by(auto simp: zn-def introl: zu)
show limitin X zn x sequentially
unfolding limitin-sequentially
proof safe
fix U
assume U: openin X Uz € U
then obtain V where V: z € V openin X V AW. openin X W = z €
W= WCCV=auWeU
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by (metis limitin-nhdsin-sets zu(3))
then obtain V' where V: V' e Bz c V' V/C V
using B’ by meson
then obtain N where N: ((i<N. (from-nat-into B’ 7)) C V'
by (metis Inf-lower atMost-iff ¢cB' from-nat-into-surj image-iff order.refl)
show dAN.Vn>N.ann € U
proof(safe intro!: exl[where z=N])
fix n
assume [arith]:n > N
show znn € U
unfolding zn-def
proof(rule V(3))
have ((i<n. (from-nat-into B’ i)) C (()i<N. (from-nat-into B’ 7))
by force
also have ... C V
using N V' by simp
finally show [\ (from-nat-into B’ ‘{.n}) C V.
qged(use 1 2 in auto)
qed
qed fact
qed
thus z € S
using h(2) by blast
qed fact
qed(auto simp: limitin-closedin range-subsetD dest: closedin-subset)

1.6 A Characterization of Topology by Limit

lemma topology-eq-filter:
fixes X :: 'a topology
assumes topspace X = topspace Y
and A(F :: a set filter) zi x. (\i. zi i € topspace X) = z € topspace X =
limitin X xi x F «— limitin Y zi x F
shows X = Y
unfolding topology-eq-closedin closedin-iff-limitin-eq using assms by simp

lemma topology-eq-limit-sequentially:
assumes topspace X = topspace Y
and first-countable X first-countable Y
and Azn z. (An. zn i € topspace X) = z € topspace X = limitin X zn z
sequentially «—— limitin Y xn x sequentially
shows X = Y
unfolding topology-eq-closedin closedin-iff-limitin-sequentially| OF assms(2)] closedin-iff-limitin-sequentially]
assms(3)]
by (metis dual-order.trans limitin-topspace range-subsetD assms(1,4))

1.7 A Characterization of Open Sets by Limit

corollary openin-limitin:
assumes U C topspace X N\xzi x. © € topspace X = (\i. zi i € topspace X)
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= limitin X zi © (nhdsin-sets X ) = ¢ € U = YV i in (nhdsin-sets X z). xi
ielU
shows openin X U
unfolding openin-closedin-eq
proof(safe intro: assms(1) closedin-limitin)
fix i z
assume h:x € topspace X VV.z € V — openin X V — zi V € topspace X
- U
VV.axi V € topspace X limitin X zi x (nhdsin-sets X z) z € U
show Fulse
using assms(2)[OF h(1,3,4,5)[rule-format]] h(2)
by (auto simp: eventually-nhdsin-sets|OF h(1)])
qed

corollary openin-iff-limitin-eq:
fixes X :: ‘a topology
shows openin X U «— U C topspace X AN (Vziz (F :: 'a set filter). (Vi. xi i €
topspace X) — z € U — limitin Xxic F — (Vpiin F. zii € U))
by (auto introl: openin-limitin openin-subset simp: limitin-def)

corollary limitin-openin-sequentially:

assumes first-countable X

shows openin X U «— U C topspace X N (Van z. x € U — limitin X an z
sequentially — (AN.Vn>N. aznn € U))

unfolding openin-closedin-eq closedin-iff-limitin-sequentially| OF assms]

apply safe

apply (simp add: assms closedin-iff-limitin-sequentially limitin-sequentially

openin-closedin)

apply (simp add: limitin-sequentially)

apply blast

done

lemma upper-semicontinuous-map-limsup-iff:
fixes f :: 'a = ('b :: {complete-linorder,linorder-topology})
assumes first-countable X
shows upper-semicontinuous-map X f «—— (Van z. limitin X xn x sequentially
— limsup (An. f (znn)) < fz)
unfolding upper-semicontinuous-map-def
proof safe
fix zn x
assume h:V a. openin X {x € topspace X. fx < a} limitin X zn z sequentially
show limsup (An. f (znn)) < fz
unfolding Limsup-le-iff eventually-sequentially
proof safe
fix y
assume y:fx < y
show IN. Va>N. f (znn) < y
proof (rule ccontr)
assume AN.Vn>N. f (znn) < y
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then have ha: AN. In>N. f (znn) > y
using linorder-not-less by blast
define a :: nat = nat where a = rec-nat (SOME n. f (zn n) > y) (An an.
SOME m. m > an A f (an m) > y)
have strict-mono a
proof (rule strict-monol-Suc)
fix n
have [simp]:a (Suc n) = (SOME m. m > an A f (znm) > y)
by (auto simp: a-def)
show a n < a (Suc n)
by simp (metis (mono-tags, lifting) Suc-le-lessD hc somel)
qed
have *:f (2n (a n)) > y for n
proof (cases n)
case (
then show ?%thesis
using hc[of 0] by(auto simp: a-def introl: somel-ex)
next
case (Suc n')
then show ?thesis
by (simp add: a-def) (metis (mono-tags, lifting) Suc-le-lessD hc somel-ex)
qed
have IN. Vn>N. (zn o a) n € {x € topspace X. fz < y}
using limitin-subsequence| OF <strict-mono a> h(2)] h(1)[rule-format,of y] y
by (fastforce simp: limitin-sequentially)
with x show Fulse
using leD by auto
qed
qed
next
fix a
assume h: Vzn x. limitin X zn z sequentially — limsup (An. f (znn)) < fz
show openin X {x € topspace X. fz < a}
unfolding limitin-openin-sequentially|OF assms]
proof safe
fix z an
assume h':limitin X zn © sequentially z € topspace X fz < a
with h have limsup (An. f (zn n)) < fz
by auto
with 7/(3) obtain N where N:An. n>N = f (znn) < a
by (auto simp: Limsup-le-iff eventually-sequentially)
obtain N’ where N: An. n>N' = an n € topspace X
by (meson h'(1) limitin-sequentially openin-topspace)
thus AN. Vn>N. zn n € {z € topspace X. fz < a}
using h'(8) N by(auto intro!: exI[where z=maz N N'])
qed
qed
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1.8 Lemmas for Upper/Lower-Semi Continuous Maps

lemma upper-semicontinuous-map-limsup-real:

fixes [ :: 'a = real

assumes first-countable X

shows upper-semicontinuous-map X f «—— (Yan z. limitin X an z sequentially
— limsup (An. f (zn n)) < fx)

unfolding upper-semicontinuous-map-real-iff upper-semicontinuous-map-limsup-iff [OF
assms| by simp

lemma lower-semicontinuous-map-liminf-iff:
fixes [ :: 'a = (b :: {complete-linorder,linorder-topology})
assumes first-countable X
shows lower-semicontinuous-map X f «— (Van z. limitin X zn © sequentially
— fx < liminf (An. f (2n n)))
unfolding lower-semicontinuous-map-def
proof safe
fix zn x
assume h:V a. openin X {x € topspace X. a < fz} limitin X zn z sequentially
show fz < liminf (An. f (zn n))
unfolding le-Liminf-iff eventually-sequentially
proof safe
fix y
assume y:y < fzx
show IN. Vn>N. y < f (zn n)
proof (rule ccontr)
assume AN. Vn>N. y < f (zn n)
then have ha: AN. In>N. y > f (zn n)
by (meson verit-comp-simplify1(3))
define a :: nat = nat where a = rec-nat (SOME n. f (zn n) < y) (An an.
SOME m. m > an A f (an m) < y)
have strict-mono a
proof (rule strict-monol-Suc)
fix n
have [simp|:a (Suc n) = (SOME m. m > an A f (znm) < y)
by (auto simp: a-def)
show a n < a (Suc n)
by simp (metis (no-types, lifting) Suc-le-lessD B N.¥n>N. y < f (zn n)
not-le somel-ex)
qed
have x:f (2n (a n)) < y for n
proof(cases n)
case (
then show ?thesis
using hclof 0] by (auto simp: a-def introl: somel-ex)
next
case (Suc n')
then show ?thesis
by (simp add: a-def) (metis (mono-tags, lifting) Suc-le-lessD hc somel-ex)
qed
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have IN.Vn>N. (zn o a) n € {x € topspace X. fz > y}
using limitin-subsequence[OF <strict-mono a> h(2)] h(1)[rule-format,of y] y
by (fastforce simp: limitin-sequentially)

with * show Fulse
using leD by auto

qed
qed
next
fix a
assume h: Van z. limitin X an x sequentially — fx < liminf (An. f (zn n))
show openin X {z € topspace X. a < fz}
unfolding limitin-openin-sequentially|OF assms]
proof safe
fix z an
assume h':limitin X zn z sequentially z € topspace X fz > a
with h have fz < liminf (An. f (zn n))
by auto
with 4'(3) obtain N where N:An. n>N = f (znn) > a
by (auto simp: le-Liminf-iff eventually-sequentially)
obtain N’ where N: An. n>N' = an n € topspace X
by (meson h'(1) limitin-sequentially openin-topspace)
thus IN. Vn>N. zn n € {z € topspace X. fz > a}
using h'(8) N by(auto intro!: exI[where z=maz N N])
qed
qed

lemma lower-semicontinuous-map-liminf-real:

fixes f :: 'a = real

assumes first-countable X

shows lower-semicontinuous-map X f «— (Van z. limitin X zn © sequentially
— fx < liminf (An. f (2n n)))

unfolding lower-semicontinuous-map-real-iff lower-semicontinuous-map-liminf-iff[OF
assms] by simp

end

2 Alaoglu’s Theorem

theory Alaoglu-Theorem
imports Lemmas-Levy-Prokhorov
Riesz-Representation. Riesz- Representation
begin

We prove (a special case of) Alaoglu’s theorem for the space of continuous
functions. We refer to Section 9 of the lecture note by Heil [1].

28



2.1 Metrizability of the Space of Uniformly Bounded Posi-
tive Linear Functionals

lemma metrizable-functional:
fixes X :: ‘a topology and r :: real
defines prod-space = powertop-real (mspace (cfunspace X euclidean-metric))
defines B = {pc€topspace prod-space. ¢ (Az€topspace X. 1) < r A positive-linear-functional-on-CX
X ¢}
defines ® = subtopology prod-space B
assumes compact: compact-space X and met: metrizable-space X
shows metrizable-space ®
proof(cases X = trivial-topology)
case True
hence metrizable-space prod-space
by (auto simp: prod-space-def metrizable-space-product-topology metrizable-space-euclidean
introl: countable-finite)
thus ?thesis
using ®-def metrizable-space-subtopology by blast
next
case X-ne:Fulse
have Haus: Hausdorff-space X
using met metrizable-imp-Hausdorff-space by blast
consider r > 0 | r < 0
by fastforce
then show ?thesis
proof cases
case r:1
have B: B C topspace prod-space
by (auto simp: B-def)
have ext-eq: N\f::’a = real. f € mspace (cfunspace X euclidean-metric) =
(Az€topspace X. fz) = f
by (auto simp: extensional-def)
have met!: metrizable-space (mtopology-of (cfunspace X euclidean-metric))
by (metis Metric-space.metrizable-space-mtopology Metric-space-mspace-mdist
mtopology-of-def)
have separable-space (mtopology-of (cfunspace X (euclidean-metric :: real met-
ric)))
proof —
have separable-space (mtopology-of (cfunspace X (Met-TC.Self :: real metric)))
using Met-TC. Metric-space-axioms Met-TC'.separable-space-iff-second-countable
by (auto intro!: Metric-space.separable-space-cfunspace[OF - - - met compact))
thus ?thesis
by (simp add: Met-TC .Self-def euclidean-metric-def)
qed
then obtain F where dense:mdense-of (cfunspace X (euclidean-metric :: real
metric)) F and F-count: countable F
using separable-space-def2 by blast
have infinite (topspace (mtopology-of (cfunspace X (euclidean-metric :: real
metric))))
proof (rule infinite-super[where S=(An::nat. Ax€topspace X. real n) * UNIV])
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show infinite (range (An. Ax€topspace X. real n))
proof (intro range-inj-infinite inj-onl)
fix nm
assume h:(Az€topspace X. real n) = (AxEtopspace X. real m)
from X-ne obtain z where z € topspace X by fastforce
with fun-cong[OF h,of z] show n = m
by simp
qed
ged(auto simp: bounded-iff)
from countable-as-injective-image| OF F-count dense-in-infinite| OF metrizable-imp-t1-space[ OF
metl1] this densel]
obtain gn :: nat = - where gn: F = range gn inj gn
by blast
then have gn-in: An. gn n € F An. gn n € mspace (cfunspace X eu-
clidean-metric)
using dense-in-subset| OF dense] by auto
hence gn-ext: An. (Az€topspace X. gn n x) = gnn
by (auto introl: ext-eq)
define d :: [('a = real) = real, ('a = real) = real] = real
where d = (Ap ¢. (D n. (1 / 2) " n x mdist (capped-metric 1 euclidean-metric)
(¢ (Az€topspace X. gnn x)) (v (AxEtopspace
X. gn n z))))
have smble[simp]: summable (An. (1 / 2) ~ n x mdist (capped-metric 1
(euclidean-metric :: real metric)) (a n) (b n))
for a b
by (rule summable-comparison-test’[where N=0 and g=An. (1 / 2) " n =
1]) (auto intro!: mdist-capped)
interpret d: Metric-space topspace ® d
proof
show Az y. 0 < dzy
by (auto introl: suminf-nonneg simp: d-def)
show A\zy. dzy=dyz
by (auto simp: d-def simp: mdist-commute)
next
fix o 4
assume h:p € topspace ® 1 € topspace P
show d p ¢ =0 «—— p =1
proof
assume d ¢ ¢ = 0
then have Vn. (1 / 2) ~ n x mdist (capped-metric 1 euclidean-metric)
(¢ (Mx€topspace X. gn n x)) (¢ (AzE€topspace
X.gnnz) =20
by (intro suminf-eq-zero-iff [ THEN 4ffD1]) (auto simp: d-def)
hence eq:An. ¢ (AxEtopspace X. gn n x) = ¢ (AzE€topspace X. gn n x)
by simp
show ¢ = v
proof
fix f
consider f ¢ mspace (cfunspace X (euclidean-metric :: real metric))
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| f € mspace (cfunspace X (euclidean-metric :: real metric))
by blast
thus ¢ f = ¢ f
proof cases
case I
then show ?thesis
using h by(auto simp: ®-def prod-space-def PiE-def extensional-def
sitmp del: mspace-cfunspace)

next
case [:2
then have positive-linear-functional-on-CX X ¢ positive-linear-functional-on-CX
X1
using h by (auto simp: ®-def topspace-subtopology-subset|OF B| B-def)
from Riesz-representation-real-compact-metrizable|OF compact met
this(1)]

Riesz-representation-real-compact-metrizable] OF compact met this(2)]
obtain N L where
N: sets N = sets (borel-of X) finite-measure N
NS. continuous-map X euclideanreal f = ¢ (restrict f (topspace X))
integral® N f
and L: sets L = sets (borel-of X) finite-measure L
NS. continuous-map X euclideanreal f = 1 (restrict f (topspace X))
= integral” L f
by auto
have f-ext:(Az€topspace X. fz) = f
using f by (auto simp: extensional-def)
have ¢ f = ¢ (AzEtopspace X. [ )
by(simp add: f-ext)
also have ... = integral® N f
using f by(auto introl: N)
also have ... = integral® L f
proof (rule finite-measure-integral-eq-dense[where F=F and X=X])
fix g
assume g € F
then obtain n where n:g = gn n
using gn by fast
hence integral® N g = integral’ N (gn n)

by simp
also have ... = ¢ (Az€topspace X. gn n x)
using gn-in by(auto introl: N(3)[symmetric])
also have ... = integral” L g

using gn-in by(auto simp: eq n intro!: L(3))
finally show integral” N g = integral” L g .
qged(use N L dense f in auto)

also have ... = ¢ (Az€topspace X. f x)
using f by(auto introl: L(3)[symmetric])
also have ... =9 f

by (simp add: f-ext)
finally show ?thesis .
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qed
qged
qed (auto simp add: d-def capped-metric-mdist)
next

fix o1 2 3

assume h: p1 € topspace ® p2 € topspace ¢ p3 € topspace P

show d o1 93 < d pl 2 + d p2 p3

proof —

have d o1 3 < (> n. (1 / 2) " n* mdist (capped-metric 1 euclidean-metric)

(p1 (Az€topspace X. gn n x)) (p2
(Az€topspace X. gn n x))

+ (1 / 2) " n * mdist (capped-metric 1 euclidean-metric)

(p2 (Azetopspace X. gn n z)) (93
(Az€topspace X. gn n x)))

by (auto introl: suminf-le mdist-triangle summable-add[OF smble sm-
ble,simplified distrib-left[symmetric]]
simp: d-def distrib-left[symmetric])
also have ... = d 91 p2 + d 2 3
by(simp add: suminf-add d-def)
finally show ?thesis .
qed
qed
have ® = d.mtopology
unfolding topology-eq
proof safe
have continuous-map d.mtopology (subtopology prod-space B) id
unfolding continuous-map-in-subtopology prod-space-def id-apply image-id
continuous-map-componentwise
proof safe
fix f :: 'a = real
assume f: f € mspace (cfunspace X (euclidean-metric))
hence f-ext: (Az€topspace X. fz) = f
by (auto introl: ext-eq)
show continuous-map d.mtopology euclideanreal (Az. x f)

unfolding continuous-map-iff-limit-seq| OF d.first-countable-mtopology]
proof safe

fix pn ¢
assume @-limit:limitin d.mtopology pn ¢ sequentially
have (An. pnnf) —— ¢ f
proof(rule LIMSEQ-I)
fix e :: real
assume e: e >
from f mdense-of-def3[THEN iffD1,0F dense] obtain fn where fn:

An. fnn € F limitin (mtopology-of (cfunspace X euclidean-metric)) fn
f sequentially

by fast

with f dense-in-subset|OF dense] have fn-ext: An. (Az€topspace X. fn n
z)=fon
by (intro ext-eq) auto
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define a0 where a0 = (SOME n. ¥ z€topspace X. [fnnz — fz| < (1
[ 3) k(1] (r+ 1) e)
have a0:Vzctopspace X. |fn a0z — fz| < (1 /3)« (1 /(r+ 1)) *e
unfolding a0-def
proof (rule somel-ex)
have Ae. e > 0 = IN. Vn>N. mdist (cfunspace X euclidean-metric)
(fnn) f<e
by (metis Metric-space.limit-metric-sequentially Metric-space-mspace-mdist
fn(2) mtopology-of-def)
from thisjof (1 / 3) % (1 / (r+ 1)) * e)]
obtain N where N: An. n > N = mdist (cfunspace X euclidean-metric)
(nm) f<((1/3) (1) (r+1) e
using e r by auto
hence mdist (cfunspace X euclidean-metric) (fn N) f < ((1 / 8) = (1
J(r+ 1) * o)
by fastforce
from mdist-cfunspace-imp-mdist-le[OF - - this]
have le:\z. © € topspace X = |fan Nz — fa| < ((1 / 3) (1 / (r +
1) * ¢)
using fn(1)[of N| dense-in-subset[OF dense] f dist-real-def by auto
thus In. Vactopspace X. |[fnne — fz| <1 /38« (1 /) (r+1)) *xe
by (auto introl: exI[where z=N])
qed
obtain [ where [: fn a0 = gn [
using fn gn by blast
have Ae. e > 0 = IN.Vn>N. onn € topspace & A d (pnn) ¢ < e
using @-limit by (fastforce simp: mtopology-of-def d.limit-metric-sequentially)
from thisjof (1 / 2) " 1% (1 / 3)* min3e]e
obtain N where N: An. n > N = ¢n n € topspace @
An.n>N= d(pnn)e<(1/2) "1lx(1/3)«min3e
by auto
show Jno. Vn>no. norm (pnnf — ¢ f) <e
proof (safe intro!: exI[where z=N])
fix n
assume n: N < n
have norm (pn n.f — ¢ f) < lpn n (fn a0) — ¢ (fo a0)| + | (fn a0)
— o fl + lpnn (fn a0) — gn n f]
by fastforce
alsohave ... < (1 /3)*xe+ (1 /8)xe+(1/3)*e
proof —
have 1: [pnn (fna0) — ¢ (fnal)| < (1 / 3) xe
proof (rule ccontr)
assume - |pnn (fnald) — ¢ (fnad)| <1/ 3 xe
then have 1:jpn n (fn a0) — ¢ (fna0)] > (1 / 3) x e
by linarith
have lel: |pn n (fn a0) — ¢ (fn a0)] < 1
proof (rule ccontr)
assume - |on n (fn a0) — ¢ (fn a0)| < 1
then have contr:|pn n (fn a0) — ¢ (fn a0)| > 1
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by linarith
consider e > 8 | e < 8
by fastforce
then show Fulse
proof cases
case I
with N[OF n] have d (pnn) ¢ < (1 / 2) "1
by simp
also have ... = (D_m. if m = L then (1 / 2) "l else 0)
using suminf-split-initial-segment|where f=Am. if m = [ then
(1 /2) "lelse (0 :: real) and k=Suc ]
by simp
also have ... < d (pnn) ¢
unfolding d-def
proof (rule suminf-le)
fix m
show (if m = [ then (1 / 2) "l else 0)
< (1 / 2) " m * mdist (capped-metric 1 euclidean-metric)
(on n (restrict (gn m) (topspace X)))
(¢ (restrict (gn m) (topspace X)))
using contr by(auto simp: | gn-ext capped-metric-mdist
dist-real-def)
qged auto
finally show Fulse
by blast
next
case 2
then have (1 / 2) "1 (1 / 8)*min3e<(1/2)7
by simp
also have ... = (3 m. if m = [ then (1 / 2) "l else 0)
using suminf-split-initial-segment|where f=Am. if m = [ then
(1 /2) "lelse (0 :: real) and k=Suc ]
by simp
also have ... < d (pnn) ¢
unfolding d-def
proof (rule suminf-le)
fix m
show (if m = lthen (1 / 2) " lelse 0)
< (1 /2) " m * mdist (capped-metric 1 euclidean-metric)
(on n (restrict (gn m) (topspace X)))
(¢ (restrict (gn m) (topspace X)))
using contr by(auto simp: | gn-ext capped-metric-mdist
dist-real-def)
qged auto
also have ... < (1 /2) "l*(1/3)*min3e
by (rule N[OF n])
finally show Fulse by simp
qed
qed
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hence mdist1: mdist (capped-metric 1 euclidean-metric)
(on n (restrict (gn 1) (topspace X)))
(¢ (restrict (gn 1) (topspace X)))
= len n (fn a0) — ¢ (fn a0)|
by (auto simp: capped-metric-mdist dist-real-def gn-ext )
have (1 /2) Tl (1 /3)«xmin3e<(1/2) "lx(1/3) xe
using e by simp
also have ... = (D" m. if m=1then (I / 2) "1x(1/ 3)* eelse0)
using suminf-split-initial-segment[where f=Am. if m = [ then (1
/2) Tlx(1/3)xeelse 0 and k=Suc ]
by simp
also have ... < d (pnn) ¢
using 1 lel by (fastforce simp: mdistl d-def introl: suminf-le)
finally show Fulse
using N[OF n] by linarith
qed
have 2: |p (fna0) — o f| < (1 / 3) xe
proof —
from limitin-topspace| OF p-limit,simplified)
have plf:positive-linear-functional-on-CX X ¢
by (simp add: ®-def B-def)
from Riesz-representation-real-compact-metrizable] OF compact met
this]
obtain N where N: sets N = sets (borel-of X) finite-measure N
NS continuous-map X euclideanreal f = ¢ (restrict f (topspace
X)) = integral® N f
by blast
hence space-N: space N = topspace X
by (auto cong: sets-eq-imp-space-eq simp: space-borel-of)
interpret N: finite-measure N by fact
have [measurable]: fn a0 € borel-measurable N f € borel-measurable
N
using continuous-map-measurable[of X euclideanreal] fn(1) f
dense-in-subset[ OF dense]
by (auto simp: measurable-cong-sets|OF N (1) refl]
introl: continuous-map-measurable[of X euclideanreal,simplified
borel-of-euclidean])
have ¢ (fn a0) — ¢ f = ¢ (Ax€topspace X. fn a0 ) — ¢ (AxEtopspace
X. fx)
by (simp add: fn-ext f-ext)
also have ... = ¢ (Az€topspace X. fn a0 z) + ¢ (AzE€topspace X.
— fz)
using f by(auto intro!: pos-lin-functional-on-CX-compact-lin(1)[OF
plf compact,of - —1,simplified,symmetric])
also have ... = ¢ (Az€topspace X. fn a0 x + — fx)
by (rule pos-lin-functional-on-CX-compact-lin(2)[symmetric])
(use fn(1) f dense-in-subset|OF dense] plf compact in auto)
also have ... = ¢ (Az€topspace X. fn a0 z — fx)
by simp
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also have ... = ([z. fn a0 z — fz ON)
using fn(1) f dense-in-subset|OF dense] by(auto introl: N(3)
continuous-map-diff)
finally have |¢ (fn a0) — ¢ f| = |([ 2. fn a0 z — fz ON)|
by simp
also have ... < ([ z. [fn a0 z — fz| ON)
by (rule integral-abs-bound)
also have ... < ([z. (1 / 3)* (1 / (r+ 1)) * e ON)
by (rule Bochner-Integration.integral-mono,insert a0)
(auto introl: N.integrable-const-bound[where B=(1
(r + 1)) % €] simp: space-N)

/3) (1]

alsohave ... = (1 / 8)xex ((1 / (r + 1) *x measure N (space N)))
by simp
also have ... < (1 / 3) x e
proof —
have measure N (space N) = ([ z. 1 ON)
by simp
also have ... = ¢ (Az€topspace X. 1)

by (intro N(8)[symmetric]) simp
also have ... < r
using limitin-topspace[OF p-limit,simplified] by (auto simp: ®-def
B-def)
finally have (1 / (r + 1) * measure N (space N)) < 1
using r by simp
thus ?thesis
unfolding mult-le-cancel-left2 using e by auto
qed
finally show “thesis .
qed
have 3: |pnn (fnal) —ennf|l<(1/8)x*e
proof —
have plf:positive-linear-functional-on-CX X (¢on n)
using N(1)[OF n] by(simp add: ®-def B-def)
from Riesz-representation-real-compact-metrizable] OF compact met
this)
obtain N where N sets N = sets (borel-of X) finite-measure N
Nf. continuous-map X euclideanreal f = @n n (restrict f (topspace
X)) = integral® N f
by blast
hence space-N: space N = topspace X
by (auto cong: sets-eq-imp-space-eq simp: space-borel-of)
interpret N: finite-measure N by fact
have [measurable]: fn a0 € borel-measurable N f € borel-measurable
N
using continuous-map-measurable[of X euclideanreal] fn(1) f
dense-in-subset| OF dense]
by (auto simp: measurable-cong-sets|OF N'(1) refi]
introl: continuous-map-measurable[of X euclideanreal,simplified
borel-of-euclidean])
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have ¢n n (fn a0) — en n f = en n (Az€topspace X. fn a0 ) —
on n (Az€topspace X. fx)
by(simp add: fn-ext f-ext)
also have ... = pn n (Az€topspace X. fn a0 z) + pn n (AxEtopspace
X. — fax)
using f by(auto intro!: pos-lin-functional-on-CX-compact-lin(1)[OF
plf compact,of - —1,simplified,symmetric])
also have ... = ¢n n (Az€topspace X. fn a0 z + — f x)
by (rule pos-lin-functional-on-CX-compact-lin(2)[symmetric])
(use fn(1) plf compact f dense-in-subset| OF dense] in auto)

also have ... = pn n (A\x€topspace X. fn a0 z — f )
by simp
also have ... = ([z. fn a0 z — fz ON)

using fn(1) f dense-in-subset[OF dense] by(auto introl: N'(8)
continuous-map-diff )
finally have |on n (fn a0) — onn f| = |([ 2. fn a0 z — fz ON)|
by simp
also have ... < ([ z. |fn a0 z — fz| ON)
by (rule integral-abs-bound)
also have ... < ([z. (1 / 3)x (1 / (r+ 1)) * e ON)
by (rule Bochner-Integration.integral-mono,insert a0)
(auto introl: N.integrable-const-bound[where B=(1
(r 4+ 1)) x e] simp: space-N)

/3)x (1]

alsohave ... = (1 / 8)xex ((1 / (r + 1) * measure N (space N)))
by simp
also have ... < (1 / 3) x e
proof —
have measure N (space N) = ([ z. 1 ON)
by simp
also have ... = ¢n n (Az€topspace X. 1)

by (intro N'(8)[symmetric]) simp
also have ... < r
using N(1)[OF n] by(auto simp: ®-def B-def)
finally have (1 / (r + 1) * measure N (space N)) < 1
using r by simp
thus ?thesis
unfolding mult-le-cancel-left2 using e by auto
qed
finally show ?thesis .
qed
show ?thesis
using 1 2 3 by simp

qed
also have ... = e
by simp
finally show norm (pnnf — ¢ f) <e.
qed
qed

thus limitin euclideanreal (An. on n f) (¢ f) sequentially
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by simp
qged
next
show Az. z € topspace d.mtopology = = € extensional (mspace (cfunspace
X euclidean-metric))
unfolding d.topspace-mtopology by (auto simp: ®-def prod-space-def
extensional-def simp del: mspace-cfunspace)
qed (simp, auto simp: ®-def)

thus AS. openin ® S = openin d.mtopology S
by (metis ®-def d.topspace-mtopology topology-finer-continuous-id)
next
have continuous-map ® d.mtopology id
unfolding d.continuous-map-to-metric id-apply
proof safe
fix ¢ and e:real
assume @: ¢ € topspace ® and e: 0 < e
then obtain N where N: (1 / 2) "N <e/ 2
by (meson half-gt-zero-iff one-less-numeral-iff reals-power-lt-ex semir-
ing-norm(76))
define ¢’ where e'=¢/ 2 — (1 / 2)"N
have e”: 0 < €’
using N by(auto simp: e’-def)
define U’ where U’ = Il femspace (cfunspace X euclidean-metric).
if An<N. f = gnnthen {© (Az€topspace X. f1) — e'<..<yp (AzxE€topspace
X. fz) + €'} else UNIV
define U where U = U'N B
show 3 U. openin ® UANp € UA (VyeU. y € d.mball ¢ e)
proof(safe introl: exl[where z="U))
show openin ® U
unfolding ®-def openin-subtopology U-def
proof (safe intro!: exl[where z=U"))
show openin prod-space U’
unfolding prod-space-def U’-def openin-PiE-gen
by (auto simp: Let-def)
qed
next
show p € U
unfolding U-def U’-def
proof safe
fix f :: 'a = real
assume f: f € mspace (cfunspace X euclidean-metric)
then show ¢ f € (if In<N. f=ygnn
then {p (restrict f (topspace X)) — e'<..<p (restrict f
(topspace X)) + e’}
else UNIV)
using e’ by(auto simp: Let-def gn-ext)
qed(use ¢ ®-def prod-space-def in auto)
next
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fix 1
assume ¥:1p € U
then have ¥ 2: ¢ € topspace @
using topspace-subtopology-subset[OF B] by (auto simp: U-def ®-def)
have -le: | (AxEtopspace X. gn n x) — b (Az€topspace X. gn n x)| <
e'if n: n < N for n
proof —
have ¢ € (Ilg femspace (cfunspace X euclidean-metric).
if An<N. f=gnn
then {¢ (restrict f (topspace X)) — e'<..<yp (restrict f (topspace
X)) + e}
else UNIV)
using ¢ by(auto simp: U-def U’-def)
from PiE-mem][OF this gn-in(2)[of n]]
have ¢ (Az€topspace X. gn n z) € (if IM<N. gnn = gnm
then {¢ (restrict (gn n) (topspace X)) —
e'<..<p (restrict (gn n) (topspace X)) + e’}
else UNIV)
by(simp add: gn-ext)
thus ?thesis
by (metis abs-diff-less-iff diff-less-eq greater ThanLess Than-iff n)
qed
have d p ¢ < e
proof —
have d ¢ v = O n. (1 / 2) "~ (n 4+ N) x mdist (capped-metric 1
euclidean-metric)
(¢ (Azetopspace X. gn (n + N) x))
(v (Az€topspace X. gn (n + N) z)))
+ O-n<N. (1 / 2) ~ n * mdist (capped-metric 1
euclidean-metric)
(p (Ax€topspace X. gn n x))
(v (Az€topspace X. gn n x)))
unfolding d-def by(rule suminf-split-initial-segment d-def) simp
also have ... < (>_n. (1 / 2) ~(n + N))
+ O°n<N. (1 / 2) ~n x mdist (capped-metric 1
euclidean-metric)
(¢ (M\x€topspace X. gn n x))
(v (Az€topspace X. gn n x)))
by (auto introl: suminf-le mdist-capped summable-ignore-initial-segment[where
k=NT])
also have ... = (1 / 2)"N % 2
+ O°n<N. (1 / 2) ~ n * mdist (capped-metric 1
euclidean-metric)
(¢ (N\x€topspace X. gn n x))
(¢ (Azectopspace X. gn n x)))
using nsum-of-r/[where r=1/2 and K=1 and k=N, simplified] by
simp
also have ... < (1 / 2)"N % 2
+ O n<N.(1/2) " n=x*l|p (Ax€topspace X. gn nx) —
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(Az€topspace X. gn n z)|)
by (auto introl: sum-mono mdist-capped-lelwhere m=-cuclidean-metric
;o real metric,simplified,simplified dist-real-def])
alsohave ... < (1 /2) N 24+ O_n<N. (1 /2) "nxe
using -le by (fastforce intro!: sum-mono)
also have ... < (1 / 2)"N %« 2 4+ (O_n<Suc N. (1 / 2) "nx €
using e’ by(auto introl: sum-strict-mono2)
alsohave ... < (I /2) "N+ 24+ (O n. (1 /2) “n=x*e
using e’ by(auto introl: sum-le-suminf summable-mult2 simp del:
sum.less Than-Suc)
alsohave ... = (1 /2) N+ 2+ O _n. (1 / 2) "n)x*e
by (auto introl: suminf-mult2[symmetric])
alsohave ... = (1 / 2)"N % 2 + 2 x ¢’
by (auto simp: suminf-geometric)
also have ... = e
by (auto simp: e’-def)
finally show ¢thesis .
qed
with ¢ 92 show ¢ € d.mball ¢ e
by simp
qged
qed
thus AS. openin d.mtopology S = openin & S
by (metis d.topspace-mtopology topology-finer-continuous-id)
qed
thus ?thesis
using d.metrizable-space-mtopology by presburger
next
case r:2
have False if h:p € B for ¢
proof —
have 1: ¢ (Az€topspace X. 1) < r
using h by(auto simp: B-def)
have 2: ¢ (Azctopspace X. 1) > 0
using h by(auto simp: B-def pos-lin-functional-on-CX-compact-pos|OF -

compact))
from 1 2 r show Fulse by linarith
qed
hence B = {}
by auto

thus ?thesis
by (auto simp: ®-def)
qed
qed

2.2 Alaoglu’s Theorem

According to Alaoglu’s theorem, {¢ € C(X)* | ||| < r} is compact. We
show that ® = {p € C(X)* | ||¢]| < r Ay is positive} is compact. Note that
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lloll = ¢(1) when ¢ € C(X)* is positive.

theorem Alaoglu-theorem-real-functional:
fixes X :: ‘a topology and r :: real
defines prod-space = powertop-real (mspace (cfunspace X euclidean-metric))
defines B = {p€topspace prod-space. ¢ (Az€topspace X. 1) < r A positive-linear-functional-on-CX
X ¢}
assumes compact: compact-space X and ne: topspace X # {}
shows compactin prod-space B
proof —
consider r > 0 | r < 0
by linarith
then show ?thesis
proof cases
assume 7rpos:r >
have continuous-map-compact-space-bounded: \f. continuous-map X euclidean-
real f = bounded (f ¢ topspace X)
by (meson compact compact-imp-bounded compact-space-def compactin-euclidean-iff
image-compactin)
have 1: compactin prod-space
(Ilg femspace (cfunspace X euclidean-metric). {— r * (| | xEtopspace
X. |fz]).. 7 x (|| z<topspace X. |f x])})
by (auto simp: prod-space-def compactin-PiFE)
have 2: B C (Ilg femspace (cfunspace X euclidean-metric). {— r * (|| z€topspace
X. |fz]).. 7 x (| |z<topspace X. |f x|)})
proof safe
fix ¢ and [ :: 'a = real
assume h:p € B f € mspace (cfunspace X euclidean-metric)
then have f: continuous-map X euclideanreal f f € topspace X —g UNIV
by (auto simp: extensional-def)
have plf:positive-linear-functional-on-CX X ¢
using h(1) by(auto simp: B-def)
note ¢ = pos-lin-functional-on-CX-compact-lin| OF plf compact]
pos-lin-functional-on-CX-compact-pos| OF plf compact)
note p-mono = pos-lin-functional-on-CX-compact-mono| OF plf compact|
note p-neg = pos-lin-functional-on-CX-compact-uminus|OF plf compact
f(1),symmetric]
obtain K where K: Az. z € topspace X = |fz| < K
using h(2) bounded-real by auto
have f-Sup: A\z. © € topspace X = |f x| < (|| x€topspace X. |f z|)
by (auto introl: cSup-upper bdd-abovel [ where M=B] K)
hence f-Sup-nonneg: (| |xEtopspace X. |f z|) > 0
using ne by fastforce
have |¢ f| = |¢ (Az€topspace X. f z)|
using f(2) by fastforce
also have ... < ¢ (Az€topspace X. |f z|)
using @-mono[OF - f(1) continuous-map-norm[OF f(1),simplified)]
©(3)[OF continuous-map-norm[OF f(1),simplified]]
w-mono[OF - continuous-map-minus|OF f(1)] continuous-map-norm[OF
f(1),simplified]

41



by (cases ¢ (restrict f (topspace X)) > 0) (auto simp: p-neg)
also have ... < ¢ (Az€topspace X. (| |xE€topspace X. |f z|) * 1)
using continuous-map-norm[where 'b=real] f(1) f-Sup
by (intro ¢-mono) auto
also have ... = (| |z€topspace X. |f z|) * ¢ (AzE€topspace X. 1)
by (intro @) simp
also have ... < r x (| |z€topspace X. |f z])
using h(1) f~Sup-nonneg by(auto simp: B-def mult.commute mult-right-mono)
finally show ¢ f € {— r * (| |z€topspace X. |f z|).. r = (|| z€topspace X. |f

z|)}
by auto
qed (auto simp: prod-space-def B-def)
have 3: closedin prod-space B
proof (rule closedin-limitin)
fix pn ¢
assume W:A\U. ¢ € U = openin prod-space U = on U # ¢
AU. ¢ € U = openin prod-space U = ¢on U € B
limitin prod-space on ¢ (nhdsin-sets prod-space @)
then have znz:p € extensional (mspace (cfunspace X euclidean-metric))
(VF U in nhdsin-sets prod-space . on U € topspace prod-space)
Nf. fe€mspace (cfunspace X euclidean-metric) = limitin euclideanreal (Ac.
en ¢ f) (¢ f) (nhdsin-sets prod-space )
by (auto simp: limitin-componentwise prod-space-def)
have ¢-top:¢p € topspace prod-space
by (meson h(3) limitin-topspace)
show ¢ € B
unfolding B-def
proof safe
have limit: limitin euclideanreal (Ac. pn ¢ (Ax€topspace X. 1)) (¢ (Az€topspace
X. 1)) (nhdsin-sets prod-space @)
by (rule znz(8)) (auto simp: bounded-iff)
show ¢ (AxE€topspace X. 1) < r
using h(2)
by (auto intro!: tendsto-upperbound|OF limit[simplified] - nhdsin-sets-bot| OF
p-top]]
eventually-nhdsin-setsI|OF @-top] simp: B-def)
next
show positive-linear-functional-on-CX X ¢
unfolding positive-linear-functional-on-CX-compact| OF compact]
proof safe
fix ¢ f
assume f: continuous-map X euclideanreal f
then have f:(\zc€topspace X. ¢ x f x) € mspace (cfunspace X eu-
clidean-metric)
(Az€topspace X. f x) € mspace (cfunspace X euclidean-metric)
by (auto simp: intro!: continuous-map-compact-space-bounded continu-
ous-map-real-mult-left)
have tends1:(AU. ¢ x on U (AzEtopspace X. f x)) —— ¢ (AzE€topspace
X. ¢ % fz)) (nhdsin-sets prod-space )
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using B-def f h(2) by(fastforce intro!: tendsto-cong|THEN iffD1,0F -
znz(8)[OF f'(1),simplified]]
eventually-nhdsin-setsI[OF @-top| pos-lin-functional-on-CX-compact-lin| OF
- compact f])
show ¢ (Az€topspace X. ¢ x fx) = ¢ x ¢ (AxEtopspace X. f x)
by (rule tendsto-unique| OF nhdsin-sets-bot[OF @-top] tendsl tend-
sto-mult-left| OF znz(3)[OF f'(2),simplified]]])
next
fix fg
assume fg:continuous-map X euclideanreal f continuous-map X euclideanreal
g
then have fg" (Ax€topspace X. f x) € mspace (cfunspace X eu-
clidean-metric)
(Az€topspace X. g x) € mspace (cfunspace X euclidean-metric)
(Ax€topspace X. fx + g x) € mspace (cfunspace X euclidean-metric)
by (auto introl: continuous-map-compact-space-bounded continuous-map-add)
have ((Ac. pn ¢ (Az€topspace X. fx) + pn ¢ (AxEtopspace X. g x))
—— @ (Az€topspace X. fx + g x)) (nhdsin-sets prod-space ©)
using B-def fg h(2)
by (fastforce introl: tendsto-cong| THEN iffD1,0F - anxz(3)[OF fqg'(3),simplified]]
eventually-nhdsin-setsI[OF @-top] pos-lin-functional-on-CX-compact-lin| OF
- compact))
moreover have ((Ac. pn ¢ (Az€topspace X. fz) + ¢n ¢ (Az€topspace X.
g9 z))
—— ¢ (Az€topspace X. fz) + ¢ (AzEtopspace X. g 1))
(nhdsin-sets prod-space )
using znz fg’ by(auto introl: tendsto-add)
ultimately show ¢ (Az€topspace X. fz + g z) = ¢ (AzEtopspace X. f
z) + ¢ (Azetopspace X. g x)
by (rule tendsto-unique[OF nhdsin-sets-bot| OF ¢-top]])
next
fix f
assume f:continuous-map X euclideanreal f ¥V x€topspace X. 0 < fx
then have 1:(\z€topspace X. fx) € mspace (cfunspace X euclidean-metric)
by (auto introl: continuous-map-compact-space-bounded)
from f h(2) show 0 < ¢ (AzEtopspace X. f x)
by (auto intro!: tendsto-lowerbound|[OF znz(3)[OF 1,simplified] - nhdsin-sets-bot[OF
p-top]]
eventually-nhdsin-setsI[OF p-top] simp: B-def pos-lin-functional-on-CX-compact-pos| OF
- compact f(1)])
qed
qed fact
qed(auto simp: B-def)
show ?thesis
using 1 2 & by(rule closed-compactin)
next
assume 7:17 < 0
have B = {}
proof safe
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fix ¢
assume h:p € B
then have Af. continuous-map X euclideanreal f = (\z. z € topspace X
= fz > 0) = ¢ (Az€topspace X. fz) > 0
by (auto simp: B-def pos-lin-functional-on-CX-compact-pos|OF - compact])
from this[of A\z. 1] h r show ¢ € {}
by (auto simp: B-def)
qed
thus compactin prod-space B
by blast
qed
qed

theorem Alaoglu-theorem-real-functional-seq:
fixes X :: ‘a topology and r :: real
defines prod-space = powertop-real (mspace (cfunspace X euclidean-metric))
defines B = {p€ctopspace prod-space. p (AxEtopspace X. 1) < r A positive-linear-functional-on-CX
X ¢}
assumes compact:compact-space X and ne: topspace X # {} and met: metriz-
able-space X
shows seq-compactin prod-space B
proof —
have compactin prod-space B
using Alaoglu-theorem-real-functional|OF compact ne] by(auto simp: B-def
prod-space-def)
hence compact-space (subtopology prod-space B)
using compact-space-subtopology by blast
hence seg-compact-space (subtopology prod-space B)
unfolding B-def prod-space-def
using metrizable-seq-compact-space-iff-compact-space| OF metrizable-functional| OF
compact met)
by fast
moreover have B C topspace prod-space
by(auto simp: B-def)
ultimately show ?thesis
by (simp add: inf.absorb-iff2 seq-compact-space-def seq-compactin-subtopology)
qed

end

3 General Weak Convergence

theory General- Weak-Convergence
imports Lemmas-Levy-Prokhorov
Riesz-Representation. Reqular- Measure
begin

We formalize the notion of weak convergence and equivalent conditions.
The formalization of weak convergence in HOL-Probability is restricted to
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probability measures on real numbers. Our formalization is generalized to
finite measures on any metric spaces.

3.1 Topology of Weak Convegence

definition weak-conv-topology :: 'a topology = 'a measure topology where
weak-conv-topology X =
topology-generated-by
(Ufelf. continuous-map X euclideanreal f A (3 B. V z€topspace X. |f z| < B)}.
Collect (openin (pullback-topology {N. sets N = sets (borel-of X) A fi-
nite-measure N}
(AN. [z. fz ON) euclideanreal)))

lemma topspace-weak-conv-topology|simp]:

topspace (weak-conv-topology X) = {N. sets N = sets (borel-of X) A finite-measure
N}

unfolding weak-conv-topology-def openin-pullback-topology

by (auto intro!: exl[where z=MAz. 1] exI[where z=1]) blast

lemma openin-weak-conv-topology-base:
assumes f:continuous-map X euclideanreal f and B:Az. x € topspace X = |f
z| < B
and U:open U
shows openin (weak-conv-topology X) (AN. [z. fz ON) —* U
N {N. sets N = sets (borel-of X) N finite-measure
N})

using assms
by (fastforce simp: weak-conv-topology-def openin-topology-generated-by-iff openin-pullback-topology
intro!: Basis)

lemma continuous-map-weak-conv-topology:

assumes f:continuous-map X euclideanreal f and B:Az. x € topspace X = |f
z| < B

shows continuous-map (weak-conv-topology X) euclideanreal (AN. [ z. fz ON)

using openin-weak-conv-topology-base| OF assms]

by (auto simp: continuous-map-def Collect-conj-eq Int-commute Int-left-commute
vimage-def)

lemma weak-conv-topology-minimal:
assumes topspace Y = {N. sets N = sets (borel-of X) A finite-measure N}
and A\f B. continuous-map X euclideanreal f
= (A\z. = € topspace X = |f 2| < B) = continuous-map Y
euclideanreal (AN. [z. fz ON)
shows openin (weak-conv-topology X) U = openin Y U
unfolding weak-conv-topology-def openin-topology-generated-by-iff
proof (induct rule: generate-topology-on.induct)
case h:(Basis s)
then obtain f B where f: continuous-map X euclidean f \z. x€topspace X —
fal < B
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openin (pullback-topology {N. sets N = sets (borel-of X) A finite-measure N}
(AN. [z. fz ON) euclideanreal) s
by blast
then obtain v where u:
open uw s = (AN. [z. fz ON) —‘u N {N. sets N = sets (borel-of X) A fi-
nite-measure N}
unfolding openin-pullback-topology by auto
with assms(2)[OF f(1,2)]
show ?Zcase
using assms(1) continuous-map-open by fastforce
qged auto

lemma weak-conv-topology-continuous-map-integral:
assumes continuous-map X euclideanreal f N\z. z € topspace X = |f x| < B
shows continuous-map (weak-conv-topology X) euclideanreal (AN. [z. fx ON)
unfolding continuous-map
proof safe
fix U
assume openin euclideanreal U
then show openin (weak-conv-topology X) {N € topspace (weak-conv-topology
X). (fz. fz ON) € U}
unfolding weak-conv-topology-def openin-topology-generated-by-iff using assms
by (auto intro!: Basis exl[where x="U] exl[where z=f] exl[where z=B] simp:
openin-pullback-topology) blast
qed simp

3.2 Weak Convergence

abbreviation weak-conv-on :: (‘a = 'b measure) = 'b measure = 'a filter = 'b
topology = bool

()] =we () (] on (-) [36, 55] 55) where
weak-conv-on Ni N F' X = limitin (weak-conv-topology X) Ni N F

abbreviation weak-conv-on-seq :: (nat = 'b measure) = 'b measure = b topology
= bool

() =wo () on (-) [56, 5] 55) where
weak-conv-on-seq Ni N X = weak-conv-on Ni N sequentially X

3.3 Limit in Topology of Weak Convegence

lemma weak-conv-on-def:
weak-conv-on Ni N F X «—
(Vp iin F. sets (Ni i) = sets (borel-of X) A finite-measure (Ni 7)) A sets N =
sets (borel-of X)
A finite-measure N
A (Vf. continuous-map X euclideanreal f — (3 B. V x€topspace X. |f z| <
B)
— ((Xi. [z. fz ONii) — ([=z. fz ON)) F)
proof safe
assume h:weak-conv-on Ni N F' X
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then have 1:sets N = sets (borel-of X) finite-measure N
using limitin-topspace by fastforce+
then show Az. z € sets N = x € sets (borel-of X) Az. © € sets (borel-of X)
= 1z € sets N
finite-measure N
by auto
show 2:V g i in F. sets (Ni i) = sets (borel-of X) A finite-measure (Ni )
using h by(cases F' = 1) (auto simp: limitin-def)
fix f B
assume f:continuous-map X euclideanreal f and B:V z€topspace X. |f 2| < B
show ((An. [z. fz ONin) —— ([ . fz ON)) F
unfolding tendsto-iff
proof safe
fix r :: real
assume [arith]:r > 0
then have openin
(weak-conv-topology X)
(AN. [z. fz ON) —* (ball ([ z. fz ON) 1)
N {N. sets N = sets (borel-of X) A finite-measure N}) (is openin
- ?0)
using f B by(auto intro!: openin-weak-conv-topology-base)
moreover have N € ?U
using h by (simp add: 1)
ultimately have NnU:Vp nin F. Nin € ?U
using h limitinD by fastforce
show Vg nin F. dist ([ . fx ONin) ([z. fz ON) <r
by (auto intro!: eventuallyl [THEN eventually-mp|OF - NnU]] simp: dist-real-def)
qed
next
assume h: Vg iin F. sets (Ni i) = sets (borel-of X) A finite-measure (Ni i)
sets N = sets (borel-of X)
finite-measure N
Y f. continuous-map X euclideanreal f — (3 B. V z€topspace X. |f x| <
B)
— ((An. [z. fz ONin) — ([z. fz ON)) F
show (Ni =wc N) Fon X
unfolding limitin-def
proof safe
show N € topspace (weak-conv-topology X)
using h by auto
fix U
assume h':openin (weak-conv-topology X) UN € U
show Vpxin F. Nix e U
using h'[simplified weak-conv-topology-def openin-topology-generated-by-iff]
proof induction
case Empty
then show ?case
by simp
next
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case (Int a b)
then show ?case
by (simp add: eventually-conj-iff)
next
case (UN K)
then show ?case
using Unionl eventually-mono by fastforce
next
case s:(Basis s)
then obtain f where f: continuous-map X euclidean f 3 B. V x€topspace X.
fz] < B
openin (pullback-topology {N. sets N = sets (borel-of X) A
finite-measure N} (AN. [z. fz ON) euclideanreal) s
by blast
then obtain u where u:
open u s = (AN. [z fz ON) —u N {N. sets N = sets (borel-of X) A
finite-measure N}
unfolding openin-pullback-topology by auto
have ([z. fz ON) € u
using u s by blast
moreover have ((An. [z. fz ONin) —— ([ z. fz ON)) F
using f h by blast
ultimately have 1:Vr nin F. ([z. fz O(Nin)) € u
by (simp add: tendsto-def u(1))
show ?case
by (auto intro!l: eventuallyl[THEN eventually-mp[OF - eventually-conj|OF 1
W) simp: u(2))
qed
qed
qed

lemma weak-conv-on-def":
assumes Ai. sets (Ni i) = sets (borel-of X) and Ai. finite-measure (Ni 1)
and sets N = sets (borel-of X) and finite-measure N
shows weak-conv-on Ni N F X
— (Vf. continuous-map X euclideanreal f — (3 B. V zE€topspace X. |f x|
< B)
— ((Mi. [z fz ONii) —— ([ z. fz ON)) F)

using assms by (auto simp: weak-conv-on-def)
lemmas weak-conv-seq-def = weak-conv-on-def[where F=sequentially]
lemma weak-conv-on-const:

(Ni. Ni i = N) = sets N = sets (borel-of X)

= finite-measure N = weak-conv-on Ni N F X

by (auto simp: weak-conv-on-def)

lemmas weak-conv-on-seq-const = weak-conv-on-const[where F=sequentially]
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context Metric-space
begin

abbreviation mweak-conv = (ANi N F. weak-conv-on Ni N F mtopology)
abbreviation mweak-conv-seq = ANi N. mweak-conv Ni N sequentially

lemmas mweak-conv-def = weak-conv-on-def[where X=mtopology,simplified)
lemmas mweak-conv-seq-def = weak-conv-seq-def[where X=mtopology,simplified]

end

3.4 The Portmanteau Theorem

locale mweak-conv-fin = Metric-space +
fixes Ni :: 'b = 'a measure and N :: 'a measure and F
assumes sets-Ni:V g i in F. sets (Ni i) = sets (borel-of mtopology)
and sets-N[measurable-cong): sets N = sets (borel-of mtopology)
and finite-measure-Ni: ¥V g © in F. finite-measure (Ni 1)
and finite-measure-N: finite-measure N
begin

interpretation N: finite-measure N
by (simp add: finite-measure-N)

lemma space-N: space N = M
using sets-eg-imp-space-eq[ OF sets-N| by (auto simp: space-borel-of)

lemma space-Ni: ¥V g i in F. space (Ni i) = M
by (rule eventually-mp[OF - sets-Ni]) (auto simp: space-borel-of cong: sets-eq-imp-space-eq)

lemma eventually-Ni: ¥ g i in F. space (Ni i) = M A sets (Ni i) = sets (borel-of
mtopology) N finite-measure (Ni 1)
by (intro eventually-conj space-Ni sets-Ni finite-measure-Ni)

lemma measure-converge-bounded:
assumes ((An. measure (Ni n) M) —— measure N M) F
obtains K where AA. Vp z in F. measure (Niz) A < K NA. measure N A <
K
proof —
have measure N A < measure N M + 1 for A
using N.bounded-measure[of A] by(simp add: space-N)
moreover have Vy z in F. measure (Ni z) A < measure N M + 1 for A
proof(rule eventuallyl [ THEN eventually-mp|OF - eventually-conj|OF eventu-
ally-Ni tendstoD[OF assms,of 1]]]])
fix z
show (space (Ni z) = M A sets (Ni z) = sets (borel-of mtopology) A fi-
nite-measure (Ni z)) A
dist (measure (Ni x) M) (measure N M) < 1 — measure (Ni z) A <
measure N M + 1
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using finite-measure.bounded-measure[of Ni z A
by (auto intro!: eventuallyl [ THEN eventually-mp[OF - tendstoD[OF assms,of
11]] simp: dist-real-def)
qed simp
ultimately show ?thesis
using that by blast
qed

lemma

assumes F # | Vg xin F. measure (Ni z) A < K measure N A < K

shows Liminf-measure-bounded: Liminf F (Xi. measure (Ni i) A) < oo 0 <
Liminf F (X\i. measure (Ni i) A)

and Limsup-measure-bounded: Limsup F (Xi. measure (Ni i) A) < oo 0 < Limsup
F (X\i. measure (Ni i) A)
proof —

have Liminf F (\i. measure (Ni i) A) < K Limsup F (\i. measure (Ni i) A) <
K

using assms by (auto intro!: Liminf-le Limsup-bounded)

thus Liminf F' (\i. measure (Ni i) A) < oo Limsup F (Ai. measure (Ni i) A) <

00

by auto
show 0 < Liminf F (\i. measure (Ni i) A) 0 < Limsup F (\i. measure (Ni ©)
A)
by (auto introl: le-Limsup Liminf-bounded assms)
qed

lemma mweak-convl:

fixes f:: 'a = real

assumes mweak-conv Ni N F

and uniformly-continuous-map Self euclidean-metric f

shows (3B. VzeM. |f z| < B) = ((\n. integral® (Ni n) f) —— integral’ N
1 F

using uniformly-continuous-imp-continuous-map|OF assms(2)] assms(1) by(auto
stmp: mweak-conv-def mtopology-of-def)

lemma mweak-conv2:
assumes Af:: ‘a = real. uniformly-continuous-map Self euclidean-metric f —
(3B.VzeM. |fz| < B)
= ((An. integral’ (Ni n) f) —— integral® N f) F
and closedin mtopology A
shows Limsup F (\x. ereal (measure (Ni z) A)) < ereal (measure N A)
proof —
consider A={} | F=1|A#{} F#1
by blast
then show ?thesis
proof cases
assume 4 = {}
then show ?thesis
using Limsup-obtain linorder-not-less by fastforce
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next
assume A-ne: A # {} and F: F # L
have A[measurable]: A € sets NV g iin F. A € sets (Ni 1)
using borel-of-closed|OF assms(2)] by (auto simp: sets-N eventually-mp[OF -
sets-Ni))
have ((An. measure (Ni n) M) —— measure N M) F
proof —
have 1:((An. measure (Ni n) (space (Ni n))) —— measure N M) F
using assms(1)[of Az. 1] by(auto simp: space-N)
show ?Zthesis
by (rule tendsto-cong| THEN iffD1,0F eventually-mp|OF - space-Ni| 1]) simp
qed
then obtain K where K: AA.V p zin F. measure (Niz) A < K \A. measure
NA<K
using measure-converge-bounded’ by auto
define Um where Um = (Am. |Ja€A. mball a (1 / Suc m))
have Um-open: openin mtopology (Um m) for m
by (auto simp: Um-def)
hence Um-m[measurable]: Am. Um m € sets N Am. Vg iin F. Un m € sets
(Ni i)
by (auto simp: sets-N intro!: borel-of-open eventually-mono[OF sets-Ni))
have A-Um: A C Um m for m
using closedin-subset[OF assms(2)] by (fastforce simp: Um-def)
have 3 fm:: - = real. Vz. fmaz > 0) AN Vz. fmz < 1) AN (VzeM — Um m.
fmx=0)N(NVz€A. fmz = 1) A
uniformly-continuous-map Self euclidean-metric fm for m
proof —
have 1: closedin mtopology (M — Um m)
using Um-open|of m| by (auto simp: closedin-def Diff-Diff-Int Int-absorbl)
have 2: AN (M — Um m) = {}
using A-Um]|of m] by blast
have 3: 1 / Suem < dzxyifz € Aye M — Unmfor z y
proof (rule ccontr)
assume - 1 / real (Suc m) < dzy
then have dzy < 1 / (1 + real m) by simp
thus False
using that closedin-subset| OF assms(2)] by(auto simp: Um-def)
qed
show ?thesis
by (metis Urysohn-lemma-uniform|of Self ,simplified mtopology-of-def ,simplified, OF
assms(2) 1 2 3,simplified] Diff-iff)
qed
then obtain fm :: nat = - = real where fm: Am z. fm mx > 0 Am z. fm
mazx < 1
ANmz.ze A= fmmae=1 Ames.ze M = z¢ Unm=— fmmaz=10
Am. uniformly-continuous-map Self euclidean-metric (fm m)
by (metis Diff-iff)
have fm-m[measurable]: Am. ¥ g i in F. fm m € borel-measurable (Ni i) Am.
fm m € borel-measurable N
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using continuous-map-measurable] OF uniformly-continuous-imp-continuous-map| OF
fin(5)]
by (auto simp: borel-of-euclidean mtopology-of-def eventually-mono| OF sets-Ni))
have int-bounded:V p n in F. ([ z. fm m z ONin) < K for m
proof (rule eventually-mono)
show Vg nin F. space (Ni n) = M A finite-measure (Ni n) A fm m €
borel-measurable (Ni n) A
(Jz. fmmz ONin) < ([z. 1 ONin) A ([z. 1 ONin) < K
proof (intro eventually-cony)
show Vg nin F. ([z. fm mz ONin) < ([z. 1 ONin)
proof(rule eventually-mono)
show VYV n in F. space (Nin) = M A finite-measure (Ni n) A fm m €
borel-measurable (Ni n)
by (intro eventually-conj space-Ni finite-measure-Ni fm-m)
show space (Nin) = M A finite-measure (Ni n) A fm m € borel-measurable
(Ni n)
= ([z. fm m z ONin) < ([z. 1 ONin) for n
by (rule integral-mono, insert fm) (auto intro!: finite-measure.integrable-const-bound|where
B=1])
qed
show Vg nin F. ([z. 1 ONin) < K
by (rule eventually-mono|OF eventually-conj|OF K(1)[of M] space-Ni]])
stmp
qged(auto simp: space-Ni finite-measure-Ni fm-m)
qed simp
have 1: Limsup F (An. measure (Ni n) A) < measure N (Um m) for m
proof —
have Limsup F (An. measure (Ni n) A) = Limsup F (An. [ z. indicat-real A
xz ONi n)
by (intro Limsup-eq[OF eventually-mono[OF A(2)]]) simp
also have ... < Limsup F (An. [z. fm m x ONi n)
proof (safe introl: eventuallyl[THEN Limsup-mono|OF eventually-mp[OF -
eventually-conj[OF fm-m(1)[of m]
eventually-conj|OF finite-measure-Ni eventually-conj|OF A(2)
int-bounded|of m]]]]]]])
fix n
assume h:([z. fm m x ONi n) < K A € sets (Ni n) finite-measure (Ni n)
fm m € borel-measurable (Ni n)
with fm show ereal ([ z. indicat-real A z ONi n) < ereal ([ z. fm m z ONi
")

by (auto introl: Limsup-mono integral-mono finite-measure.integrable-const-bound|where

B=1]
simp del: Bochner-Integration.integral-indicator) (auto simp: indica-
tor-def)
qed
also have ... = ([ z. fm m z ON)

using fm by (auto introl: lim-imp-Limsup|[OF F tendsto-ereal] OF assms(1)[OF
fm(5)[of m]]]] exI[where z=1])
also have ... < ([ z. indicat-real (Um m) z ON)
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unfolding ereal-less-eq(3) by(rule integral-mono, insert fm(4)[of - m]
fm(1,2))

(auto introl: N.integrable-const-bound|where B=1],auto simp: indicator-def
space-N)

also have ... = measure N (Um m)
by simp
finally show ?thesis .
qed
have 2: (An. measure N (Um n)) —— measure N A
proof —

have [simp]: ([ (range Um)) = A
unfolding Um-def
by (rule nbh-Inter-closure-of[OF A-ne - - - LIMSEQ-Suc,simplified clo-
sure-of-closedin[ OF assms(2)]],
insert sets.sets-into-space[OF A(1)])
(auto introl: decseq-Sucl simp: frac-le space-N lim-1-over-n)
have [simp]: monotone (<) (Azy. y C z) Um
unfolding Um-def by(rule nbh-decseq) (auto introl: decseq-Sucl simp:
frac-le)
have (An. measure N (Um n)) —— measure N ([ (range Um))
by (rule N.finite-Lim-measure-decseq) auto
thus ?thesis by simp
qed
show ?thesis
using 1 by(auto intro!: Lim-bounded2|OF tendsto-ereal|OF 2]))
qged simp
qged

lemma mweak-convs:
assumes AA. closedin mtopology A = Limsup F (An. measure (Ni n) A) <
measure N A
and ((An. measure (Ni n) M) —— measure N M) F
and openin mtopology U
shows measure N U < Liminf F' (An. measure (Ni n) U)
proof(cases F = 1)
assume F: F' # |
obtain K where K: ANA. VYV z in F. measure (Niz) A < K \A. measure N M
<K
using measure-converge-bounded'|OF assms(2)] by metis
have U[measurable]: U € sets NV iin F. U € sets (Ni i)
by (auto simp: sets-N borel-of-open assms eventually-mono[OF sets-Ni))
have ereal (measure N U) = measure N M — measure N (M — U)
by (simp add: N.finite-measure-compl[simplified space-NJ)
also have ... < measure N M — Limsup F (An. measure (Ni n) (M — U))
using assms(1)[OF openin-closedin| THEN iffD1,0F - assms(3)]] openin-subset| OF
assms(3)]
by (metis ereal-le-real ereal-minus(1) ereal-minus-mono topspace-mtopology)
also have ... = measure N M + Liminf F (An. — ereal (measure (Ni n) (M —

U)))
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by (metis ereal-Liminf-uminus minus-ereal-def)
also have ... = Liminf F' (An. measure (Ni n) M) + Liminf F' (An. — measure
(Nin) (M — 1))
using tendsto-iff-Liminf-eq-Limsup[OF F,THEN iffD1,0F tendsto-ereal|OF
assms(2)]] by simp
also have ... < Liminf F (An. ereal (measure (Nin) M) + ereal (— measure (Ni
n) (M — U))
by (rule ereal-Liminf-add-mono) (use Liminf-measure-bounded|OF F K] in auto)
also have ... = Liminf F (An. measure (Ni n) U)
by (auto introl: Liminf-eq eventually-mono[OF eventually-conj|OF U(2) even-
tually-conj[OF space-Ni finite-measure-Ni]|]
simp: finite-measure. finite-measure-compl)
finally show ?thesis .
qed simp

lemma mweak-conv3":
assumes A\ U. openin mtopology U = measure N U < Liminf F' (An. measure
(Nin) U)
and ((An. measure (Ni n) M) —— measure N M) F'
and closedin mtopology A
shows Limsup F (An. measure (Nin) A) < measure N A
proof(cases F = 1)
assume F: F' # |
have A[measurable]: A € sets NV g iin F. A € sets (Ni i)
by (auto simp: sets-N borel-of-closed assms eventually-mono|OF sets-Ni))
have Limsup F (An. measure (Nin) A) = Limsup F (An. ereal (measure (Ni n)
M) + ereal (— measure (Nin) (M — A)))
by (auto intro!: Limsup-eq eventually-mono[OF eventually-conj|OF A(2) even-
tually-conj[OF space-Ni finite-measure-Ni]||
stmp: finite-measure. finite-measure-compl)
also have ... < Limsup F (An. measure (Ni n) M) + Limsup F (An. — measure
(Nin) (M — 4))

by (rule ereal-Limsup-add-mono)

also have ... = Limsup F (An. measure (Ni n) M) + Limsup F (An. — ereal (
measure (Nin) (M — A)))
by simp
also have ... = Limsup F (An. measure (Ni n) M) — Liminf F (An. measure

(Nin) (M — 4))
unfolding ereal-Limsup-uminus using minus-ereal-def by presburger
also have ... = measure N M — Liminf F' (An. measure (Ni n) (M — A))

by (simp add: lim-imp-Limsup[OF F tendsto-ereal|OF assms(2)]])
also have ... < measure N M — measure N (M — A)
using assms(1)[OF openin-diff [OF openin-topspace assms(3)]] closedin-subset[ OF
assms(3)]

by (metis assms(1,3) ereal-le-real ereal-minus(1) ereal-minus-mono open-in-mspace

openin-diff)
also have ... = measure N A
by (simp add: N.finite-measure-compl[simplified space-N])
finally show ?thesis .
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qed simp

lemma mweak-conv4:
assumes AA. closedin mtopology A = Limsup F (An. measure (Ni n) A) <
measure N A
and AU. openin mtopology U = measure N U < Liminf F (An. measure
(Nin) U)
and [measurable]: A € sets (borel-of mtopology)
and measure N (mtopology frontier-of A) = 0
shows ((An. measure (Ni n) A) —— measure N A) F
proof(cases F = 1)
assume F: F # |
have [measurable]: A € sets N mtopology closure-of A € sets N mtopology inte-
rior-of A € sets N
mtopology frontier-of A € sets N
and A: Vg iin F. A € sets (Ni i) Vg iin F. mtopology closure-of A € sets
(Ni ©)
Y ¢ in F. mtopology interior-of A € sets (Ni i)V g i in F. mtopology frontier-of
A € sets (Ni 1)
by(auto simp: sets-N borel-of-open borel-of-closed closedin-frontier-of eventu-
ally-mono[OF sets-Ni))
have Limsup F (An. measure (Ni n) A) < Limsup F (An. measure (Ni n)
(mtopology closure-of A))
using sets.sets-into-space|OF assms(8)]
by (fastforce introl: Limsup-mono finite-measure.finite-measure-mono[OF - clo-
sure-of-subset)
eventually-mono[OF eventually-conj[OF finite-measure-Ni A(2)]] simp:
space-borel-of)
also have ... < measure N (mtopology closure-of A)
by (auto introl: assms(1))
also have ... < measure N (A U (mtopology frontier-of A))
using closure-of-subset[of A mtopology] sets.sets-into-space|OF assms(3)] inte-
rior-of-subset|of mtopology A
by (auto simp: space-borel-of interior-of-union-frontier-of [symmetric]
sitmp del: interior-of-union-frontier-of introl: N.finite-measure-mono)
also have ... < measure N A + measure N (mtopology frontier-of A)
by (simp add: N.finite-measure-subadditive)
also have ... = measure N A by(simp add: assms)
finally have 1: Limsup F' (An. measure (Ni n) A) < measure N A .
have ereal (measure N A) = measure N A — measure N (mtopology frontier-of
4)
by (simp add: assms)
also have ... < measure N (A — mtopology frontier-of A)
by(auto simp: N.finite-measure-Diff " intro!: N.finite-measure-mono)
also have ... < measure N (mtopology interior-of A)

using closure-of-subset| OF sets.sets-into-space| OF assms(3),simplified space-borel-of]]

by (auto introl: N.finite-measure-mono simp: frontier-of-def)
also have ... < Liminf F (An. measure (Ni n) (mtopology interior-of A))
by (auto introl: assms)
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also have ... < Liminf F (An. measure (Ni n) A)
by (fastforce introl: Liminf-mono finite-measure. finite-measure-mono interior-of-subset
eventually-mono| OF eventually-conj|OF finite-measure-Ni A(1)]])
finally have 2: measure N A < Liminf F (An. measure (Ni n) A) .
have Liminf F (An. measure (Nin) A) = measure N A A Limsup F (An. measure
(Nin) A) = measure N A
using 1 2 order.trans|OF 2 Liminf-le-Limsup[OF F]| order.trans|OF Lim-
inf-le-Limsup|OF F| 1] antisym
by blast
thus ?thesis
by (metis F lim-ereal tendsto-Limsup)
qed simp

lemma mweak-convs:
assumes \A. A € sets (borel-of mtopology) = measure N (mtopology frontier-of
A)=0
= ((An. measure (Nin) A) —— measure N A) F
shows mweak-conv Ni N F
proof(cases F = 1)
assume F: F # |
show ?thesis
unfolding mweak-conv-def
proof safe
fix f B
assume h:continuous-map mtopology euclideanreal f YzeM. |f z| < B
have ((An. measure (Ni n) M) —— measure N M) F
using frontier-of-topspace|of mtopology] by (auto introl: assms borel-of-open)
then obtain K where K: AA.V p zin F. measure (Niz) A < K \A. measure
NA<K
using measure-converge-bounded’ by metis
from continuous-map-measurable]OF h(1)]
have f[measurable]:f € borel-measurable N ¥V g iin F. f € borel-measurable (Ni
i
)
by(auto cong: measurable-cong-sets simp: sets-N borel-of-euclidean intro!:
eventually-mono|[OF sets-Ni))
have f-int[simp]: integrable N f ¥V r i in F. integrable (Ni i) f
using h by (auto introl: N.integrable-const-bound[where B=B] finite-measure.integrable-const-bound[wher
B=B]
eventually-mono| OF eventually-conj| OF eventually-conj|OF space-Ni f(2)]
finite-measure-Ni)| simp: space-N)
show ((An. [z. fz ONin) — ([z. fz ON)) F
proof(cases B > 0)
case Fulse
with h(2) have 1:Az. z € space N = fz = 0Vp iin F.Vz. z € space
(Nii) — fa=20
by (fastforce simp: space-N introl: eventually-mono|OF space-Ni])+
thus ?thesis
by (auto cong: Bochner-Integration.integral-cong
introl: tendsto-conglwhere g=Az. 0 and f=(An. [z. fx ONi n),THEN
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iffD2] eventually-mono[OF 1(2)])
next
case Blarith]: True
show ?thesis
proof (cases K > 0)
case Fulse
then have 1:measure NA = 0Vp zin F. measure (Ni ) M = 0 for A
using K(2)[of A] measure-nonneglof - A] measure-le-0-iff
by (fastforce intro!: eventuallyl[THEN eventually-mp|OF - K(1)[of M]]])+
hence N = null-measure (borel-of mtopology)
by (auto introl: measure-eql simp: sets-N N.emeasure-eqg-measure)
moreover have V p z in F. Ni z = null-measure (borel-of mtopology)
using order.transjwhere ¢=0,0F finite-measure.bounded-measure]
by (intro eventually-mono[OF eventually-conj|OF eventually-conj|OF
space-Ni eventually-conj|OF finite-measure-Ni sets-Ni)| 1(2)]] measure-eql)
(auto simp: finite-measure.emeasure-eq-measure measure-le-0-iff )
ultimately show ?thesis
by (simp add: eventually-mono tendsto-eventually)
next
case [arith]: True
show ?thesis
unfolding tendsto-iff LIMSEQ-def dist-real-def
proof safe
fix r :: real
assume r[arith]: r > 0
define v where v = distr N borel f
have sets-nu[measurable-cong, simpl: sets v = sets borel
by (simp add: v-def)
interpret v: finite-measure v
by (auto simp: v-def N.finite-measure-distr)
have (1 / 6)«(r/ K)* (1 /B) >0
by auto
from nat-approx-posE[OF this]
obtain N’ where N 1 / (Suc N') < (1 / 6)*(r/ K)* (1 / B)
by auto
from mult-strict-right-mono|OF this B] have N':B / (Suc N') < (1 /
6)x (r/ K)
by auto
have Jtn € {B / Suc N’ * (realn — 1) — B<..<B / Suc N’ x real n —
B}. measure v {tn} = 0 for n
proof(rule ccontr)
assume — (3tn € {B / Suc N’ % (real n — 1) — B<..<B / Suc N’ %
real n — B}. measure v {tn} = 0)
then have {B / Suc N’ * (realn — 1) — B<..<B / Suc N’ % real n —
B} C {x. measure v {z} # 0}
by auto
moreover have uncountable {B / Suc N’ % (realn — 1) — B<..<B /
Suc N’ % real n — B}
unfolding uncountable-open-interval right-diff-distrib by auto
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ultimately show Fulse
using v.countable-support by(meson countable-subset)
qed
then obtain tn where tn: An. B/ Suc N % (realn — 1) — B < tnn
An.tnn < B/ Suc N’ % real n — B
An. measure v {tn n} = 0
by (metis greaterThanLess Than-iff)
have t0: tn 0 < — B
using tn(2)[of 0] by simp
have tN: B < tn (Suc (2 * (Suc N')))
proof —
have B x (2 + 2 x real N') / (1 + real N') = 2 x B
by (auto simp: divide-eg-eq)
with in(1)[of Suc (2 * (Suc N'))] show ?thesis
by simp
qed
define Aj where Aj = (A\j. f —*{tn j..<tn (Suc j)} N M)
have sets-Aj[measurable]: \j. Ajj € sets NV g iin F. Vj. Ajj € sets
(Ni 7)
using measurable-sets|OF f(1)]
by(auto simp: Aj-def space-N intro!: eventually-mono[OF eventu-
ally-conj[OF space-Ni f(2)]])
have m-f: measure N (mtopology frontier-of (Ajj)) = 0 for j
proof —
have measure N (mtopology frontier-of (Aj j)) = measure N (mtopology
closure-of (Aj j) — mtopology interior-of (Aj j))
by (simp add: frontier-of-def)
also have ... < measure v {tn j, tn (Suc j)}
proof —
have [simp]: {z e M. tnj < faz A fax<itn (Sucj)}=f—"{tnj.tn
(Sucj)} N M
{zeM tnj<fazAfax<itn(Sucj}= f—*{tnj<.<tn (Sucj)}
n M
by auto
have mtopology closure-of (Ajj) C f —‘{tnj.tn (Sucj)} N M
by (rule closure-of-minimal,insert closedin-continuous-map-preimage[OF
h(1),0f {tn j..tn (Suc j)}])
(auto simp: Aj-def)
moreover have f —* {in j<..<tn (Suc j)} N M C mtopology interior-of

(45 )
by (rule interior-of-mazimal,insert openin-continuous-map-preimage| OF
h(1),of {tn j<..<tn (Sucj)}])
(auto simp: Aj-def)
ultimately have mtopology closure-of (Aj j) — mtopology interior-of
(A7) € f —* {tn j,tn (Suc )} N M
by (fastforce dest: contra-subsetD)
with closedin-subset[OF closedin-closure-of ,of mtopology Aj j] show
7thesis
by (auto simp: v-def measure-distr introl: N.finite-measure-mono)
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(auto simp: space-N)
qed
also have ... < measure v {tn j} + measure v {tn (Suc j)}
using v.finite-measure-subadditive[of {tn (Suc 7)} {tn j}] by auto
also have ... = 0
by (simp add: tn)
finally show ?thesis
by (simp add: measure-le-0-iff)
qed
hence conv:((An. measure (Ni n) (Aj j)) —— measure N (4j 7)) F for j
by (auto introl: assms simp: sets-N[symmetric] sets-Ni)
have fil1:V g nin F. |tn j| * |measure (Ni n) (Aj j) — measure N (Aj j)|
<r /(3 (Suc (Suc (2 x Suc N')))) for j
proof (cases |tn j| = 0)
case pos:False
then have r / (3 * (Suc (Suc (2 * Suc N")))) = (1 / |tnj]) > 0
by auto
with conv|of j]
have 1:Vp nin F. |measure (Ni n) (4j j) — measure N (A4j j)|
<71 /(8 (Suc (Suc (2 * Suc N")))) = (1 / |tn j])
unfolding tendsto-iff dist-real-def by metis
have Vg nin F. |tn j| * |measure (Ni n) (Aj j) — measure N (4j j)| <
r /(8 % (Suc (Suc (2 * Suc N'))))
proof (rule eventuallyl[THEN eventually-mp|OF - 1]])
show |measure (Ni n) (Aj j) — measure N (Aj j)| < r / real (8 * Suc
(Suc (2 % Suc N)) = (1 / |tn j])
— |tn j| * |measure (Ni n) (Aj j) — measure N (Aj j)| < r / real
(8 * Suc (Suc (2 * Suc N"))) for n
using mult-less-cancel-right-pos[of |tn j| |measure (Ni n) (Aj j) —
measure N (Aj j)]
r / real (3 * Suc (Suc (2 % Suc N'))) = (1 / |tn j|)] pos by(simp
add: mult.commute)
qed
thus ?thesis by auto
qed auto
hence fil1:Vp nin F. Vje{..Suc (2 x Suc N')}. |tn j| = |measure (Ni n)
(A7 j) — measure N (Aj j)|
< r /(8 * (Suc (Suc (2 * Suc N))))
by (auto introl: eventually-ball-finite)
have tn-strictmono: strict-mono tn
unfolding strict-mono-Suc-iff
proof safe
fix n
show tn n < tn (Suc n)
using tn(1)[of Suc n] tn(2)[of n] by auto
qed
from strict-mono-less|OF this] have Aj-disj: disjoint-family Aj
by(auto simp: disjoint-family-on-def Aj-def) (metis linorder-not-le
not-less-eq order-less-le order-less-trans)
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have Aj-un: M = (|Ji€{..Suc (2 x Suc N')}. Aj i)
proof
show M C |J (A7 ‘{..Suc (2 % Suc N')})
proof
fix
assume z:x € M
with h(2) tN t0 have h':tn 0 < fz fz < tn (Suc (2 % Suc N'))
by fastforce+
define n where n = LEAST n. fx < tn (Suc n)
have fz < tn (Suc n)
unfolding n-def by(rule Leastl-ex) (use h' in auto)
moreover have tinn < fz
by (metis Least-le Suc-n-not-le-n h'(1) less-eg-real-def linorder-not-less
n-def not0-implies-Suc)
moreover have n < 2 * Suc N’
unfolding n-def by(rule Least-le) (use b’ in auto)
ultimately show z € |J (4j ‘ {..Suc (2 * Suc N')})
by (auto simp: Aj-def x)
qed
qed(auto simp: Aj-def)
define h where h = (A\z. > i<Suc (2 * (Suc N’)). tn i x indicat-real (Aj

(Ni 1)

have h[measurable]: h € borel-measurable N ¥ g iin F. h € borel-measurable

by (auto simp: h-def simp del: sum.atMost-Suc sum-mult-indicator intro!:
borel-measurable-sum eventually-mono|OF sets-Aj(2)])
have h-f: ha < fzif x € M for z
proof —
from that disjoint-family-onD[OF Aj-disj]
obtain n where n: z € Ajnn < Suc (2 * Suc N') Am. m #n =z

¢ Ajm
by (auto simp: Aj-un)
have h z = (D] i<Suc (2 % (Suc N')). if i = n then tn i else 0)
unfolding h-def by(rule Finite-Cartesian-Product.sum-cong-auz) (use
n in auto)
also have ... = tn n
using n by auto
also have ... < fx
using n(1) by(auto simp: Aj-def)
finally show “thesis .
qed
have f-h: fe <haxz+ (1 / 8) = (r / enn2real K) if x € M for z
proof —
from that disjoint-family-onD[OF Aj-disj]
obtain n where n: z € Ajnn < Suc (2 x Suc N') Am. m #n =z
¢ Ajm

by (auto simp: Aj-un)
have h z = (D] i<Suc (2 % (Suc N')). if i = n then tn i else 0)
unfolding h-def by(rule Finite-Cartesian-Product.sum-cong-auz) (use
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n in auto)
also have ... = tn n
using n by auto
finally have hx: hx = tnn .
have fz < tn (Suc n)
using n by(auto simp: Aj-def)
hence fz — tn n < tn (Suc n) — tn n by auto
also have ... < B / real (Suc N') % real (Suc n) — (B / real (Suc N') *
(realn — 1))
using tn(1)[of n] tn(2)[of Suc n] by auto
also have ... = 2 * B / real (Suc N')
by (auto simp: diff-divide-distrib[symmetric]) (simp add: ring-distribs(1)
right-diff-distrib)
also have ... < (1 / 3) * (r / ennZreal K)
using N’ by auto
finally show ?thesis
using hx by simp
qed
with h-f have fiu\z. 2 € M = |fz — hz| < (1 / 3) % (r / ennZreal

K)
by fastforce
have h-bounded: |h z| < (3> i<Suc (2 * (Suc N')). |tn i|) for z
unfolding h-def by(rule order.trans|OF sum-abs[of Ai. tn i x indicat-real
(45 1)

{..8uc (2 * (Suc N'))}| sum-mono]) (auto simp: indicator-def)
hence h-int[simp]: integrable N h ¥ g i in F. integrable (Ni i) h
by (auto introl: N.integrable-const-bound[where B=} i<Suc (2 * (Suc
NY). |n ]
finite-measure.integrable-const-bound[where B=3" i<Suc (2 * (Suc
NY). |tn ]
eventually-mono| OF eventually-conj|OF finite-measure-Ni h(2)]])
show Vg nin F.|([z. fz ONin) — ([z. fz ON)| < r
proof(safe intro!: eventually-mono|OF eventually-conj|OF K(1)[of M|
eventually-conj| OF eventually-conj|OF fill h-int(2)]
eventually-conj|OF f-int(2)
eventually-conj| OF eventually-conj|OF finite-measure-Ni
space-Ni]
sets-Aj(2)]]1]])
fix n

assume n:Vje{..Suc (2 * Suc N')}.
[tn j| * |measure (Ni n) (Aj j) — measure N (Aj 7)| < r / real (8 * Suc
(Suc (2 x Suc N')))
measure (Ni n) (space (Nin)) < K
and h-intn[simp]:integrable (Ni n) h and f-intn[simp)|:integrable (Ni
n) f
and sets-Aj2[measurable]:¥j. Aj j € sets (Nin)
and space-Ni:M = space (Ni n)
and finite-measure (Ni n)
interpret Ni: finite-measure (Ni n) by fact
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have |([z. fz ONin) — ([ z. fz ON)|
=|([z. fz —hzdNin)+ ([2z. hz ONin) — ([z. hz ON)) —

([z. fz — hz ON)|

by (simp add: Bochner-Integration.integral-diff[OF f-int(1) h-int(1)]

Bochner-Integration.integral-diff[OF f-intn h-intn])

also have ... < [[z. fz — hx ONin| + |(Jz. hz ONin) — ([z. h

N)| + |fz fz — hz ON|

by linarith
also have ... < ([z.|fz — hz|ONin) + |([z. hz ONin) — ([z. hz

N)| + ([=. |fz — hz| ON)

using integral-abs-bound by (simp add: add-mono del: f-int f-intn)
alsohave ... <r /3 + |([z. hz ONin) — (fz. hz ON)| +r / 3
proof —
have ([z. |[fz — haz| ONin) < ([z. (1 / 3) % (r / enn2real K) ONi n)
by (rule integral-mono) (insert fh, auto simp: space-Ni order.strict-implies-order)
also have ... = measure (Ni n) (space (Nin)) / K = (r / &)
by auto
also have ... <r / 3
by (rule mult-left-le-one-le) (use n space-Ni in auto)
finally have 1:([z. [fz — h:l:| ONin) <r /3.
have (. |fz — hz| ON) < ([ z. 1/5’ (r / K) ON)
by (rule integral-mono) (znsertfh, auto simp: space-N order.strict-implies-order)
also have ... = measure N (space N) / enn2real K x (r / 3)
by auto
also have ... < r / 3
by (rule mult-left-le-one-le) (use K space-N in auto)
finally show ?thesis
using 1 by auto
qed
also have ... < r
proof —
have |([z. h © ONin) — ([ z. h z ON)|
=|([z. (32 i<Suc (2 * (Suc N')). tn i  indicat-real (Aj i) z) ONi

n)
— (J & (X i<Suc (2 x (Suc N')). tn i * indicat-real (Aj i) z)
ON)|
by (simp add: h-def)
also have ... = |(3_ i<Suc (2 = (Suc N')). ([ z. tn i x indicat-real (Aj
i) © ONi n))
— (X i<Suc (2 = (Suc N'). ([ . tn i = indicat-real (Aj
i) z ON))|
proof —
have 1: ([z. (3 i<Suc (2 * (Suc N')). tn i % indicat-real (Aj i) )
ONi n)
= (Y i<Suc (2 * (Suc N')). ([ z. tn i * indicat-real (Aj i) ©
ONi n))

by (rule Bochner-Integration.integral-sum) (use integrable-real-mult-indicator

sets-Aj2 in blast)

have 2: ([ z. (3 i<Suc (2 * (Suc N')). tn i % indicat-real (Aj i) )
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ON)
= (Y i<Suc (2 * (Suc N')). ([ z. tn i * indicat-real (Aj i) x
ON))
by (rule Bochner-Integration.integral-sum) (use integrable-real-mult-indicator
sets-Aj(1) in blast)
show ?thesis
by (simp only: 1 2)

qed
also have ... = |(>_ i<Suc (2 * (Suc N')). tn i * measure (Ni n) (4j
i)
— (32 i<Suc (2 * (Suc N)). tn i x measure N (Aj i))]
by simp
also have ... = |3 i<Suc (2 * (Suc N)). tn i * (measure (Ni n) (4j

i) — measure N (Aj i))|
by (auto simp: sum-subtractf right-diff-distrib)
also have ... < (3" i<Suc (2 * (Suc N)). |tn i * (measure (Ni n) (Aj
i) — measure N (Aj i))|)
by (rule sum-abs)
also have ... < (> i<Suc (2 * (Suc N')). |tn i| * |(measure (Ni n) (Aj
i) — measure N (Aj i))|)
by (simp add: abs-mult)
also have ... < (> i<Suc (2 * (Suc N)). r / (8 * (Suc (Suc (2 * Suc
N

by (rule sum-strict-mono) (use n in auto)

also have ... = real (Suc (Suc (2 * Suc N'))) = (1 / (Suc (Suc (2 x*
Suc N')) = (r / 3))
by auto
also have ... =r / 3

unfolding mult.assoc[symmetric] by simp
finally show ?thesis by auto
qed
finally show |([z. fz ONin) — ([z. fz ON)| <.
qed
qed
qed
qed
qged(auto simp: sets-N finite-measure-N introl: eventually-mono| OF eventually-Ni))

qed (simp add: mweak-conv-def sets-Ni sets-N finite-measure-N)

lemma mweak-conv-eq: mweak-conv Ni N F
— (Vf:'a = real. continuous-map mtopology euclidean f — (3 B. VzeM. |f |
< B)
— ((An. [z. fz ONin) — ([ . fz ON)) F)
by (auto simp: sets-N mweak-conv-def finite-measure-N
introl: eventually-mono|OF eventually-conj|OF finite-measure-Ni sets-Ni]|)

lemma mweak-conv-eql: mweak-conv Ni N F

— (Vf:'a = real. uniformly-continuous-map Self euclidean-metric f — (3 B.
VzeM. |fz| < B)
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— ((An. [z. fz ONin) — ([ . fz ON)) F)
proof
assume h:V f::'a = real. uniformly-continuous-map Self euclidean-metric f —
(3B.VzeM. |fz| < B)
— ((An. [z. fz ONin) — ([z. fz ON)) F
have 1:((An. measure (Ni n) M) —— measure N M) F
proof —
have 1:((An. measure (Ni n) (space (Ni n))) —— measure N M) F
using h[rule-format, OF uniformly-continuous-map-const| THEN iffD2,of - 1]]
by (auto simp: space-N)
show ?thesis
by (auto introl: tendsto-cong[ THEN iffD1,0F - 1] eventually-mono[ OF space-Ni])
qed
have A A. closedin mtopology A = Limsup F (An. measure (Nin) A) < measure
NA
and AU. openin mtopology U = measure N U < Liminf F (An. measure (Ni
n) U)
using mweak-conv2[OF h[rule-format]] mweak-conv3[OF - 1] by auto
hence \A. A € sets (borel-of mtopology) = measure N (mtopology frontier-of
A)y=10
= ((An. measure (Ni n) A) —— measure N A) F
using mweak-conv4 by auto
with mweak-convs show mweak-conv Ni N F' by auto
qed(use mweak-convl in auto)

lemma mweak-conv-eq2: mweak-conv Ni N F
—— ((An. measure (Ni n) M) —— measure N M) F A (V A. closedin mtopology
A
— Limsup F (An. measure (Ni n) A) < measure N A)
proof safe
assume mweak-conv Ni N F
note h = this[simplified mweak-conv-eq1]
show 1:((An. measure (Ni n) M) —— measure N M) F
proof —
have 1:((An. measure (Ni n) (space (Ni n))) —— measure N M) F
using h[rule-format, OF uniformly-continuous-map-const| THEN iffD2,of - 1]]
by (auto simp: space-N)
show ?thesis
by (auto introl: tendsto-cong[ THEN iffD1,0F - 1] eventually-mono[ OF space-Ni])
qed
show AA. closedin mtopology A = Limsup F (An. measure (Nin) A) < measure
N A
using mweak-conv2[OF h[rule-format]] by auto
next
assume h: ((An. measure (Ni n) M) —— measure N M) F
Y A. closedin mtopology A — Limsup F' (An. measure (Ni n) A) < measure N
A
then have AA. closedin mtopology A = Limsup F (An. measure (Nin) A) <
measure N A
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and A U. openin mtopology U = measure N U < Liminf F (An. measure (Ni
n) U)
using mweak-conv3 by auto
hence \A. A € sets (borel-of mtopology) = measure N (mtopology frontier-of
A) =10
= ((An. measure (Ni n) A) —— measure N A) F
using mweak-conv4 by auto
with mweak-convs show mweak-conv Ni N F' by auto
qed

lemma mweak-conv-eq3: mweak-conv Ni N F
—— ((An. measure (Ni n) M) —— measure N M) F A
(VY U. openin mtopology U — measure N U < Liminf F' (An. measure (Ni n)
U))
proof safe
assume mweak-conv Ni N F
note h = this[simplified mweak-conv-eql]
show 1:((An. measure (Ni n) M) —— measure N M) F
proof —
have 1:((An. measure (Ni n) (space (Ni n))) —— measure N M) F
using h[rule-format, OF uniformly-continuous-map-const| THEN iffD2,of - 1]]
by (auto simp: space-N)
show ?thesis
by (auto introl: tendsto-cong| THEN iffD1,0F - 1] eventually-mono| OF space-Ni))
qed
show A U. openin mtopology U = measure N U < Liminf F (An. measure (Ni
n) U)
using mweak-conv2[OF h[rule-format]] mweak-conv3[OF - 1] by auto
next
assume h: ((An. measure (Ni n) M) —— measure N M) F
YV U. openin mtopology U — measure N U < Liminf F (An. measure (Ni n)
U)
then have AA. closedin mtopology A = Limsup F' (An. measure (Nin) A) <
measure N A
and A U. openin mtopology U = measure N U < Liminf F (An. measure (Ni
n) U)
using mweak-conv3’ by auto
hence AA. A € sets (borel-of mtopology) = measure N (mtopology frontier-of
A)=0
= ((An. measure (Nin) A) —— measure N A) F
using mweak-conv4 by auto
with mweak-convs show mweak-conv Ni N F by auto
qged

lemma mweak-conv-eq4: mweak-conv Ni N F
—— (VA € sets (borel-of mtopology). measure N (mtopology frontier-of A) = 0
— ((An. measure (Ni n) A) —— measure N A) F)
proof safe
assume mweak-conv Ni N F
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note h = this[simplified mweak-conv-eql]
have 1:((An. measure (Ni n) M) —— measure N M) F
proof —
have 1:((An. measure (Ni n) (space (Ni n))) —— measure N M) F
using h[rule-format, OF uniformly-continuous-map-const| THEN iffD2,of - 1]]
by (auto simp: space-N)
show ?thesis
by (auto introl: tendsto-cong| THEN iffD1,0F - 1] eventually-mono| OF space-Ni])
qed
have A A. closedin mtopology A = Limsup F (An. measure (Nin) A) < measure
N A
and AU. openin mtopology U = measure N U < Liminf F (An. measure (Ni
n) U)
using mweak-conv2[OF h[rule-format]] mweak-conv3[OF - 1] by auto
thus AA. A € sets (borel-of mtopology) = measure N (mtopology frontier-of
A) =0
= ((An. measure (Nin) A) —— measure N A) F
using mweak-conv4 by auto
qed(use mweak-convd in auto)

corollary mweak-conv-imp-limit-space:
assumes mweak-conv Ni N F
shows ((\i. measure (Ni i) M) —— measure N M) F
using assms by (simp add: mweak-conv-eq3)

end

lemma
assumes metrizable-space X
and V r iin F. sets (Ni i) = sets (borel-of X) V  iin F. finite-measure (Ni i)
and sets N = sets (borel-of X) finite-measure N
shows weak-conv-on-eql:
weak-conv-on Ni N FF X
—— ((An. measure (Ni n) (topspace X)) —— measure N (topspace X)) F
A (VA. closedin X A — Limsup F (An. measure (Ni n) A) < measure N
A) (is %eql)
and weak-conv-on-eq2:
weak-conv-on Ni N F' X
—— ((An. measure (Ni n) (topspace X)) —— measure N (topspace X)) F
A (VU. openin X U — measure N U < Liminf F' (An. measure (Ni n)
U)) (is %eq2)
and weak-conv-on-eq3:
weak-conv-on Ni N F' X
—— (VA € sets (borel-of X). measure N (X frontier-of A) = 0
— ((An. measure (Ni n) A) —— measure N A) F) (is %eq3)
proof —
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
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then interpret mweak-conv-fin topspace X d Ni N
by (auto simp: mweak-conv-fin-def mweak-conv-fin-axioms-def assms)
show ?Zeql 7eq2 ?eq3
using mweak-conv-eq2 mweak-conv-eq3 mweak-conv-eq/ unfolding d(2) by
blast+
qed

end

4 The Lévy-Prokhorov Metric

theory Levy-Prokhorov-Distance
imports Lemmas-Levy-Prokhorov General-Weak-Convergence
begin

4.1 The Lévy-Prokhorov Metric

lemma LPm-ne":
assumes finite-measure M finite-measure N
shows Je>0.VA B C D. measure M A < measure N (B A €) + e A measure
N C < measure M (D Ce) + e
proof —
interpret M: finite-measure M by fact
interpret N: finite-measure N by fact
from M.emeasure-real N.emeasure-real obtain m n where mn[arith|:
m > 0n > 0M (space M) = ennreal m N (space N) = ennreal n
by metis
then have MN:A\A. measure M A < m AA. measure N A < n
using M .bounded-measure N.bounded-measure measure-eq-emeasure-eq-ennreal
by blast+
show ?thesis
proof (safe introl: exI[where z=m+n+1])
fix ABCD
note [arith) = MN(1)[of A] MN(1)[of D C (m + n + 1)] MN(2)[of C]
MN(2)[of BA (m + n + 1)]
show measure M A < measure N (B A (m+n+1)) + (m+n+1) measure N
C < measure M (D C (m+n+1)) + (m+n+1)
by (simp-all add: add.commute add-increasing2)
qed simp
qed

locale Levy-Prokhorov = Metric-space
begin

definition P = {N. sets N = sets (borel-of mtopology) A finite-measure N}
lemma inP-D:

assumes N € P
shows finite-measure N sets N = sets (borel-of mtopology) space N = M
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using assms by (auto simp: P-def space-borel-of cong: sets-eg-imp-space-eq)
declare inP-D(2)[measurable-cong]

lemma inP-I: sets N = sets (borel-of mtopology) = finite-measure N = N €
P
by (auto simp: P-def)

lemma inP-iff: N € P «—— sets N = sets (borel-of mtopology) N finite-measure N
by (simp add: P-def)

lemma M-empty-P:
assumes M = {}
shows P = {} V P = {count-space {}}
proof —
have AN. N € P = N = count-space {}
by (simp add: assms inP-D(3) space-empty)
thus ?thesis
by blast
qed

lemma M-empty-P":

assumes M = {}

shows P = {} V P = {null-measure (borel-of mtopology)}

by (metis inP-D(2) singletonl space-count-space space-empty space-empty-iff space-null-measure
M-empty-P[OF assms))

lemma inP-mweak-conv-fin-all:
assumes A\i. Nii € P N € P
shows mweak-conv-fin M d Ni N F
using assms inP-D by(auto simp: mweak-conv-fin-def Metric-space-azioms mweak-conv-fin-axioms-def)

lemma inP-mweak-conv-fin:
assumes Vg iin F. Nii € P N € P
shows mweak-conv-fin M d Ni N F
using assms inP-D by (auto simp: mweak-conv-fin-def Metric-space-azrioms mweak-conv-fin-axioms-def
introl: eventually-mono[OF assms(1)])

definition LPm :: 'a measure = 'a measure = real where
LPm N L =
if N e PANLEeETP then
(] {e. e > 0 N (¥ Aesets (borel-of mtopology).
measure N A < measure L (|Ja€A. mball a €) + e A
measure L A < measure N (|Ja€A. mball a ) + €)})
else 0

lemma bdd-below-Levy-Prokhorov:

bdd-below {e. e > 0 A (V A€sets (borel-of mtopology).
measure N A < measure L (|Ja€A. mball a €) + e A
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measure L A < measure N (|Ja€A. mball a ) + ¢)}
by (auto introl: bdd-belowl [where m=0])

lemma LPm-ne:
assumes N ¢ P L e P
shows {e. e > 0 A (V A€sets (borel-of mtopology).
measure N A < measure L (|Ja€A. mball a ) + e A
measure L A < measure N (| a€A. mball a e) + €)}
# {}
proof —
from LPm-ne'[OF inP-D(1)[OF assms(1)] inP-D(1)[OF assms(2)]]
show ?thesis by fastforce
qed

lemma LPm-imp-le:
assumes ¢ > 0
and AB. B € sets (borel-of mtopology) = measure L B < measure N (|J a€B.
mball a e) + e
and AB. B € sets (borel-of mtopology) = measure N B < measure L (| a€B.
mball a e) + e
shows LPm L N < ¢
proof —
consider L¢P | N¢P|LeP NP by auto
then show ?thesis
proof cases
case 3
show ?thesis
by (auto simp add: LPm-def 3 intro!: cINF-lower[where f=id, simplified] assms
bdd-belowl [where m=0])
qed(insert assms,simp-all add: LPm-def)
qed

lemma LPm-le-maz-measure: LPm L N < max (measure L (space L)) (measure
N (space N))
proof —
consider N ¢ P | L ¢& P
| maz (measure L (space L)) (measure N (space N)) = 0L € P N € P
| maz (measure L (space L)) (measure N (space N)) > 0L € P N € P
by (metis less-max-iff-disj max.idem zero-less-measure-iff’)
then show ?thesis
proof cases
assume h: L € P N € P mazx (measure L (space L)) (measure N (space N))
=0
interpret L: finite-measure L
using h by(auto dest: inP-D)
interpret N: finite-measure N
using h by(auto dest: inP-D)
have measureL: NA. measure L A = 0
by (metis L.bounded-measure h(3) maz.absorbl mazx.commute maz.left-idem
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measure-nonneq)
have measureN:\A. measure N A = 0
by (metis N.bounded-measure h(3) maz.absorbl max.commute maz.left-idem
measure-nonneg)
have Ae.e > 0 = LPm L N < e
by (auto introl: LPm-imp-le simp: measureL measureN)
thus ?thesis
by (simp add: h(3) field-le-epsilon)
next
assume h:max (measure L (space L)) (measure N (space N)) > 0 (is %a > 0)
LePNeP
interpret L: finite-measure L
using h by(auto dest: inP-D)
interpret N: finite-measure N
using h by(auto dest: inP-D)
have AB. B € sets (borel-of mtopology) = measure L B < measure N (| a€B.
mball a ?a) + %a
using L.bounded-measure by(auto intro!: add-increasing maz.coboundedl1)
moreover have AB. B € sets (borel-of mtopology) = measure N B < measure
L ({JaeB. mball a ?a) + %a
using N.bounded-measure by(auto introl: add-increasing maz.coboundedI2)
ultimately show Zthesis
by (auto introl: LPm-imp-le h)
qed(simp-all add: LPm-def maz-def)
qed

lemma LPm-less-then:
assumes N € Pand L € P
and LPm N L < e A € sets (borel-of mtopology)
shows measure N A < measure L (|Ja€A. mball a e) + e measure L A <
measure N (| Ja€A. mball a €) + e
proof —
have sets-NL: sets (borel-of mtopology) = sets N sets (borel-of mtopology) = sets
L
using assms by (auto simp: inP-D)
interpret L: finite-measure L
by (simp add: assms(2) inP-D)
interpret N: finite-measure N
by (simp add: assms(1) inP-D)
have [] {e. e > 0 A (V A€sets (borel-of mtopology).
measure N A < measure L (|J a€A. mball a e) + e A
measure L A < measure N (|Ja€A. mball a €) + e)} < e
using assms by (simp add: LPm-def)
from cInf-less-iff[THEN iffD1,0F LPm-ne[OF assms(1,2)] bdd-below-Levy-Prokhorov
this]
obtain ¢’ where ¢”:
e’ > 0 NA. A € sets (borel-of mtopology) = measure N A < measure L (| a€A.
mball a e’) + €’
NA. A € sets (borel-of mtopology) = measure L A < measure N (|J a€A. mball
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ae)+ee<e
by auto
have measure N A < measure L (| a€A. mball a e") + e
by (auto introl: e’ assms)
also have ... < measure L (|Ja€A. mball a e’) + e
using e’ by auto
also have ... < measure L (|Ja€A. mball a €) + ¢
using sets.sets-into-space| OF assms(4)] mball-subset-concentriclof e’ €] e
by (auto introl: L.finite-measure-mono borel-of-open simp: space-borel-of sets-NL(2)[symmetric])
finally show measure N A < measure L (|Ja€A. mball a ) + e .
have measure L A < measure N (|Ja€A. mball a e') + €’
by (auto introl: e’ assms)
also have ... < measure N (|Ja€A. mball a e’) + e
using ¢’ by auto
also have ... < measure N (|J a€A. mball a €) + e
using sets.sets-into-space[OF assms(4 )] mball-subset-concentriclof e’ e] e
by (auto introl: N.finite-measure-mono borel-of-open simp: space-borel-of sets-NL(1)[symmetric])
finally show measure L A < measure N (|Ja€A. mball a €) + e .
qed

!’

!

!

lemma LPm-nonneg:0 < LPm N L
by (auto simp: LPm-def le-cInf-iff[OF LPm-ne bdd-below-Levy-Prokhorov)])

lemma LPm-open: LPm L N = (if L € P AN N € P then
(I {e. e> 0 N (VAe{U. openin mtopology U}.
measure L A < measure N (|J a€A. mball
ae)+ e

ae)+e)})

measure N A < measure L (| a€A. mball

else 0)
proof —
{
assume LN:L € P N € P
then have finite-measure L finite-measure N
and sets-MN|[measurable-cong|:sets (borel-of mtopology) = sets L sets (borel-of
mtopology) = sets N
by (auto dest: inP-D)
interpret L: finite-measure L by fact
interpret N: finite-measure N by fact
have [] {e. 0 < e A (V A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a e) + e A measure N A <
measure L (|Ja€A. mball a ) + e)} =
[ {e. 0 < e A (YA. openin mtopology A —
measure L A < measure N (|Ja€A. mball a ) + e A measure N A <
measure L (|Ja€A. mball a e) + e)}
(is ?lhs = ?rhs)
proof (rule order.antisym)
show ?rhs < ?lhs
using LPm-ne[OF LN| by (auto introl: cInf-superset-mono bdd-belowl [where
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m=0] dest: borel-of-open)
next
have ball-sets|measurable]: NA e. (|Ja€A. mball a e) € sets L AA e. (| acA.
mball a €) € sets N
by (auto simp: sets-MN[symmetric])
show ?lhs < ?rhs
proof (safe introl: cInf-le-iff-lessilwhere f=id, simplified, THEN iffD2])
have ne:{e. 0 < e A (V A. openin mtopology A
— measure L A < measure N (|Ja€A. mball a €) + e A
measure N A < measure L ({|Ja€A. mball a ) + e)} # {}
using LPm-ne/|OF L.finite-measure-axioms N.finite-measure-azioms] by
fastforce
fix y
assume y > ?rhs
from cInf-lessD[OF ne this] obtain = where z: x < y 0 < x
NA. openin mtopology A = measure L A < measure N (|J a€A. mball a
x) +
NA. openin mtopology A = measure N A < measure L (|Ja€A. mball a
z) +
by auto
define 2’ where ' =z + (y — z) / 2
have z'1: 2’ > 0z < z’
using z(1,2) by(auto simp: z'-def add-pos-pos)
with mball-subset-concentric[of = z'] have x'2: measure L A < measure N
(UaeA. mball a ') + 2’
measure N A < measure L (|Ja€A. mball a z') + =’ if openin mtopology
A for A
by (auto introl: order.trans|OF x(3)[OF that]] order.trans|OF x(4)[OF

that])
add-mono N.finite-measure-mono L.finite-measure-mono)
show Jie{e. 0 < e A (V A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a ) + e A
measure N A < measure L (|Ja€A. mball a e) + €)}.
1<y
proof(safe intro!: bexl[where z=y))
fix A

assume A:A4 € sets (borel-of mtopology)
then have [measurable]: A € sets L A € sets N
by (auto simp: sets-MN[symmetric])
have measure L A =[] (measure L ‘{C. openin mtopology C AN A C C})
by (simp add: L.outer-reqularD[OF L.outer-regular’'| OF metrizable-space-mtopology
sets-MN(1)]])
also have ... <[] {measure N (|JceC. mball ¢ z’') + ' |C. openin
mtopology C N A C C}
using sets.sets-into-space[OF A]
by (auto intro!: cInf-mono z'2 bdd-belowl [where m=0] simp: space-borel-of)
also have ... < measure N (| a€(|J a€A. mball a ((y—x)/2)). mball a z’)
+ '
proof(safe introl: cInf-lower bdd-belowl [where m=0])
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have A C (Ja€A. mball a ((y—1x)/2))
using x(1) sets.sets-into-space| OF A| by (fastforce simp: space-borel-of)
thus 3 C. measure N (|Jbe( acA. mball a ((y — z) / 2)). mball b ')
+ '
= measure N (| ceC. mball ¢ ') + =’ A openin mtopology C' A
ACC
by (auto introl: exI[where z=JacA. mball a ((y—z)/2)])
qged(use measure-nonneg 'l in auto)
also have ... < measure N (|Ja€A. mball a ((y—2)/2 + z')) + 2’
using nbh-add]of z' (y—x)/2 A] by(auto introl: N.finite-measure-mono)
also have ... = measure N (| acA. mball a y) + z’
by (auto simp: x'-def)
also have ... < measure N ({Ja€A. mball a y) + y
using z(1,2)
by(auto simp: z'-def intro!: order.trans|OF le-add-same-cancell [of
z+(y—=x)/2 (y—=)/2, THEN iffD2]])
finally show measure L A < measure N (|Ja€A. mball a y) + vy .
have measure N A =[] (measure N ‘{C. openin mtopology C AN A C C})
by (simp add: N.outer-regularD[OF N.outer-reqular’| OF metrizable-space-mtopology
sets-MN(2)]])
also have ... <[] {measure L (|JceC. mball c z') + z' |C. openin
mtopology C N A C C}
using sets.sets-into-space[OF Al
by (auto intro!: cInf-mono z'2 bdd-belowl [where m=0] simp: space-borel-of)
also have ... < measure L (|J ae(|J acA. mball a ((y—z)/2)). mball a z’)

+ 2’
proof(safe introl: cInf-lower bdd-belowl[where m=0])

have A C (Ja€A. mball a ((y—1x)/2))

using x(1) sets.sets-into-space| OF A| by (fastforce simp: space-borel-of)

thus 3 C. measure L (| belJ a€A. mball a ((y — z) / 2). mball b ') +
w/

= measure L (| c€C. mball ¢ z’) + =’ A openin mtopology C A

ACC

by (auto introl: exI[where z=JacA. mball a ((y—z)/2)])
qed(use measure-nonneg 'l in auto)
also have ... < measure L (|Ja€A. mball a ((y—x)/2 + ') + =’
using nbh-add]of x’ (y—z)/2 A] by(auto intro!: L.finite-measure-mono)
also have ... = measure L (|Ja€A. mball a y) + z’
by (auto simp: z'-def)
also have ... < measure L (|Ja€A. mball a y) + y
using z(1,2)
by(auto simp: z'-def intro!: order.trans|OF le-add-same-cancell [of
z+(y—=x)/2 (y—=)/2, THEN iffD2]])
finally show measure N A < measure L (|Ja€A. mball a y) + vy .
qed(use z in auto)
qged(insert LPm-ne[OF LN], auto intro!: bdd-belowl [where m=0])
qed

thus ?2thesis
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by (auto simp: LPm-def)
qed

lemma LPm-closed: LPm L N = (if L € P A N € P then
([ {e- e >0 N (VAe{U. closedin mtopology U}.
measure L A < measure N (| a€A. mball
ae)+ e

ae) + e)})

proof —
{
assume LN:L € P N € P
then have finite-measure L finite-measure N
and sets-MN[measurable-cong): sets (borel-of mtopology) = sets L sets (borel-of
mtopology) = sets N
by (auto dest: inP-D)
interpret L: finite-measure L by fact
interpret N: finite-measure N by fact
have [] {e. 0 < e A (V A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|Ja€A. mball a €) + €)}
=[] {e. 0 < e N (YA. closedin mtopology A —
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|Ja€A. mball a e) + €)} (is

measure N A < measure L (|J a€A. mball

else 0)

?lhs = ?rhs)
proof (rule order.antisym)
show ?rhs < ?lhs
using LPm-ne[OF LN| by (auto introl: cInf-superset-mono bdd-belowl [where
m=0] dest: borel-of-closed)
next
have ball-sets[measurable]: NA e. (|Jac€A. mball a e) € sets L AA e. (| acA.
mball a €) € sets N
by (auto simp: sets-MN[symmetric])
show ?2lhs < ?rhs
proof (safe intro!: cInf-le-iff-lessilwhere f=id, simplified, THEN iffD2])
have ne:{e. 0 < e A (V A. closedin mtopology A — measure L A < measure
N (UacA. mball a e) + e

)y # {}

using LPm-ne|OF L.finite-measure-axioms N.finite-measure-azioms| by
fastforce
fix y
assume y > ?rhs
from clInf-lessD[OF ne this| obtain z where z: z < y 0 < x
NA. closedin mtopology A = measure L A < measure N (|J a€A. mball
azx)+
NA. closedin mtopology A = measure N A < measure L (|Ja€A. mball
az)+ x

A measure N A < measure L (| Ja€A. mball a €) +
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by auto
define 2z’ where z' =z + (y — z) / 2
have z'1: 2’ > 0z < 2’
using z(1,2) by(auto simp: z'-def add-pos-pos)
with mball-subset-concentric[of x x|
have z'2: measure L A < measure N (|Ja€A. mball a z') + =’ measure N
A < measure L (|Ja€A. mball a ') + =’
if closedin mtopology A for A
by (auto introl: order.trans|OF x(3)[OF that]| order.trans|OF x(4)[OF
that]]
add-mono N.finite-measure-mono L.finite-measure-mono)
show Jic{e. 0 < e A (Y A€sets (borel-of mtopology). measure L A < measure
N (UacA. mball a e) + e A
measure N A < measure L ({Ja€A. mball a €) +
e} i<y
proof(safe intro!: bexl[where z=y)|)
fix A
assume A:A € sets (borel-of mtopology)
then have [measurable]: A € sets L A € sets N
by (auto simp: sets-MN[symmetric])
have measure L A = (|| (measure L ‘ {C. closedin mtopology C N C C

1)
by (simp add: L.inner-regularD|OF L.inner-reqular | OF metrizable-space-mtopology
sets-MN(1)]])
also have ... < (|| {measure N ({|JceC. mball ¢ z') + z' |C. closedin
mtopology C A C C A})
using sets.sets-into-space[OF A]
by (auto introl: cSup-mono z'2 bdd-abovel[where M=measure N (space
N) + z'] N.bounded-measure
sitmp: space-borel-of )
also have ... < measure N (| a€(|J a€A. mball a ((y—x)/2)). mball a z’)
+ z’
proof (safe introl: cSup-le-iff[ THEN iffD2] bdd-abovel [where M=measure
N (space N) + z7])
fix C
assume C C A
then have (| ceC. mball c z’) C (|JbelJacA. mball a ((y — z) / 2).
mball b ')
using z'1(2) z'-def by fastforce
thus measure N (| ceC. mball ¢ z') + z' < measure N (| beJ a€A.
mball a ((y — z) / 2). mball b z') + z’
by (metis N.finite-measure-mono add.commute add-le-cancel-left
ball-sets(2))
qed(auto intro!: N.bounded-measure)
also have ... < measure N (|Ja€A. mball a ((y—z)/2 + z')) + '
using nbh-add[of z' (y—x)/2 A] by(auto introl: N.finite-measure-mono)
also have ... = measure N (|J a€A. mball a y) + 2z’
by (auto simp: z'-def)
also have ... < measure N ((Ja€A. mball a y) + y
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using z(1,2)
by(auto simp: z'-def intro!: order.trans|OF le-add-same-cancell [of
z+(y—x)/2 (y—=)/2,THEN iffD2]])
finally show measure L A < measure N (|Ja€A. mball a y) + y .
have measure N A = | | (measure N ‘ {C. closedin mtopology C N C C

)
by (simp add: N.inner-reqularD[OF N .inner-reqular’| OF metrizable-space-mtopology
sets-MN(2)]])
also have ... < || {measure L (|JceC. mball ¢ ') + z' |C. closedin
mtopology C N C C A}
using sets.sets-into-space[OF A]
by (auto introl: cSup-mono z'2 bdd-abovel where M=measure L (space
L) + z'| L.bounded-measure
simp: space-borel-of )
also have ... < measure L (| a€(|J a€A. mball a ((y—x)/2)). mball a x’)
+ '
proof (safe introl: cSup-le-iff[ THEN iffD2] bdd-abovel [where M=measure
L (space L) + z'])
fix C
assume C C A
then have (| ceC. mball c z’) C (|JbelJacA. mball a ((y — z) / 2).
mball b ')
using z'1(2) z'-def by fastforce
thus measure L (|JceC. mball ¢ z') + ' < measure L (|J bel acA.
mball a ((y — z) / 2). mball b z') + z'
by (metis L.finite-measure-mono add.commute add-le-cancel-left
ball-sets(1))
qed(auto intro!: L.bounded-measure)
also have ... < measure L ({|Ja€A. mball a ((y—z)/2 + z')) + =’
using nbh-add|of x’ (y—z)/2 A] by(auto intro!: L.finite-measure-mono)
also have ... = measure L (|Ja€A. mball a y) + '
by (auto simp: z'-def)
also have ... < measure L ({Ja€A. mball a y) + y
using z(1,2)
by(auto simp: z'-def intro!: order.trans|OF le-add-same-cancell [of
z+(y—2x)/2 (y—=x)/2,THEN 4fD2]])
finally show measure N A < measure L (|Ja€A. mball a y) + y .
qed(use z in auto)
qed(insert LPm-ne[OF LN, auto intro!: bdd-belowI[where m=0])
qed

thus ?thesis
by (auto simp: LPm-def)
qed

lemma LPm-compact:
assumes separable-space mtopology mcomplete
shows LPm L N = (if L € P A N € P then
(] {e- e> 0 N (YA{U. compactin mtopology U}.
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measure L A < measure N (|Ja€A. mball a €)

measure N A < measure L (|Ja€A. mball a e)

+e)})

proof —
{
assume LN:L € P N € P
then have finite-measure L finite-measure N
and sets-MN[measurable-cong): sets (borel-of mtopology) = sets L sets (borel-of
mtopology) = sets N
by (auto dest: inP-D)
interpret L: finite-measure L by fact
interpret N: finite-measure N by fact
have measureL:A € sets L = measure L A = (| | K€{K. compactin mtopology
K N K C A}, measure L K)
and measureN: A € sets N => measure N A = (|| Ke{K. compactin mtopology
K AN K C A}. measure N K) for A
by (auto intro!: inner-regular’’ L.tight-on-Polish N .tight-on-Polish Polish-space-mtopology
assms

else 0)

simp: sets-MN[symmetric] metrizable-space-mtopology)
have [| {e. 0 < e A (VY A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|Ja€A. mball a e) + €)}
=[] {e. 0 < e A (VY A. compactin mtopology A —
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|Ja€A. mball a €) + €)}
(is ?lhs = ?rhs)
proof (rule order.antisym)
show 2rhs < ?lhs
using LPm-ne[OF LN| by (auto intro!: cInf-superset-mono bdd-belowl [where
m=0]
dest: borel-of-compact| OF Hausdorff-space-mtopology|)
next
have ball-sets|measurable]: NA e. (|Ja€A. mball a e) € sets L NA e. (| acA.
mball a €) € sets N
by (auto simp: sets-MN[symmetric])
show ?lhs < ?rhs
proof (safe introl: cInf-le-iff-lessilwhere f=id, simplified, THEN iffD2])
have ne:{e. 0 < e A (Y A. compactin mtopology A —
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|Ja€A. mball a €) +
e)} # {}
using LPm-ne'|OF L.finite-measure-azioms N.finite-measure-azioms] by
fastforce
fix y
assume y > ?rhs
from cInf-lessD[OF ne this] obtain z where z: z < y 0 < z
NA. compactin mtopology A = measure L A < measure N (|J a€A. mball
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az)+ x
NA. compactin mtopology A —> measure N A < measure L (|J a€A. mball
az)+ x
by auto
define 2’ where ' =z + (y — 2) / 2
have z'1: 2’ > 0z < z’
using z(1,2) by(auto simp: z’-def add-pos-pos)
with mball-subset-concentric[of z z’]
have z'2: measure L A < measure N (|Ja€A. mball a z') + =’ measure N
A < measure L ({Ja€A. mball a z') + z’
if compactin mtopology A for A
by (auto introl: order.trans|OF x(3)[OF that]] order.trans[OF x(4)[OF
that])
add-mono N.finite-measure-mono L.finite-measure-mono)
show Jie{e. 0 < e A (V A€sets (borel-of mtopology). measure L A < measure
N (Ja€A. mball a €) + e A
measure N A < measure L (|Ja€A. mball a €) +
e)}. i<y
proof(safe intro!: bexl[where z=y))
fix A
assume A:A4 € sets (borel-of mtopology)
then have [measurable]: A € sets L A € sets N
by (auto simp: sets-MN[symmetric])
have measure L A = (|| (measure L ‘ {C. compactin mtopology C N C C
A}))
by (simp add: measureL)
also have ... < (|| {measure N (| ceC. mball ¢ z") + z' |C. compactin
mtopology C N C C A})
using sets.sets-into-space[OF Al
by (auto introl: cSup-mono x'2 bdd-abovel [where M=measure N (space
N) + z'] N.bounded-measure
simp: space-borel-of)
also have ... < measure N (|Jac(|JacA. mball a ((y—x)/2)). mball a z’)
+ '
proof (safe intro!: cSup-le-iff[ THEN iffD2] bdd-abovel [where M=measure
N (space N) + z7])
fix C
assume C C A
then have (|JceC. mball ¢ z') C (Jbel acA. mball a ((y — z) / 2).
mball b z")
using z'1(2) x’-def by fastforce
thus measure N (|J ceC. mball ¢ z') + 2z’ < measure N (|J belJ acA.
mball a ((y — z) / 2). mball b z’) + z’
by (metis N.finite-measure-mono add.commute add-le-cancel-left
ball-sets(2))
qed(auto introl: N.bounded-measure)
also have ... < measure N (|Ja€A. mball a ((y—2)/2 + z')) + 2’
using nbh-add]of z' (y—x)/2 A] by(auto introl: N.finite-measure-mono)
also have ... = measure N (|Ja€A. mball a y) + 2’
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by (auto simp: z'-def)
also have ... < measure N ({Ja€A. mball a y) + y
using z(1,2)
by(auto simp: z'-def intro!: order.trans[OF le-add-same-cancell [of
z+(y—x)/2 (y—=)/2, THEN iffD2]])
finally show measure L A < measure N (|Ja€A. mball a y) + vy .
have measure N A = | | (measure N ‘ {C. compactin mtopology C N C C
A})
by (simp add: measureN)
also have ... < || {measure L (|JceC. mball ¢ ') + z' |C. compactin
mtopology C N C C A}
using sets.sets-into-space[OF A]
by (auto introl: cSup-mono z'2 bdd-abovel [where M=measure L (space
L) + 2’| L.bounded-measure
simp: space-borel-of)
also have ... < measure L ({|Ja€(|J a€A. mball a ((y—x)/2)). mball a z’)
+ 2’
proof (safe intro!: cSup-le-iff[THEN iffD2] bdd-abovel [where M=measure
L (space L) + z'])
fix C
assume C C A
then have (|JceC. mball ¢ z') C (Jbel acA. mball a ((y — z) / 2).
mball b ')
using z'1(2) z’-def by fastforce
thus measure L (J ceC. mball ¢ z’) + ' < measure L (|J belJ acA.
mball a ((y — z) / 2). mball b z’) + z’
by (metis L.finite-measure-mono add.commute add-le-cancel-left
ball-sets(1))
qed(auto introl: L.bounded-measure)
also have ... < measure L (|JacA. mball a ((y—2)/2 + z')) + =’
using nbh-add|of x’ (y—z)/2 A] by(auto intro!: L.finite-measure-mono)
also have ... = measure L (|Ja€A. mball a y) + =’
by (auto simp: z'-def)
also have ... < measure L ({Ja€A. mball a y) + y
using z(1,2)
by(auto simp: z'-def intro!: order.trans|OF le-add-same-cancell [of
z+(y—=x)/2 (y—=)/2, THEN iffD2]])
finally show measure N A < measure L (|Ja€A. mball a y) + y .
qed(use z in auto)
qged(insert LPm-ne[OF LN], auto intro!: bdd-belowl[where m=0])
qed
}
thus ?thesis
by (auto simp: LPm-def)
qed

sublocale LPm: Metric-space P LPm

proof
show 0 < LPm M N for M N
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by (rule LPm-nonneg)
next
fix L N
assume MN:L € P N € P
interpret L: finite-measure L
by (rule inP-D(1)[OF MN(1)])
interpret N: finite-measure N
by (rule inP-D(1)[OF MN(2)])
show LPm L N =0 «— L =N
proof safe
have [simp]:{e. 0 < e A (V A€sets (borel-of mtopology). measure N A < measure
N (UacA. mball a e) + e)} = {0<..}
proof safe
fix e :: real and A
assume h':e > 0 A € sets (borel-of mtopology)
show measure N A < measure N (|Ja€A. mball a ) + e
using nbh-sets[of e A] inP-D(2)[OF MN(2)] sets.sets-into-space]OF h'(2)]
h(1)
by (auto simp: space-borel-of intro!: order.trans|OF N.finite-measure-mono|OF
nbh-subset[of A €]]])
qed
show LPm NN = 0
by (simp add: LPm-def)
next
assume LPm L N = 0
then have h:Ae’. ¢/ > 0 =
Jae{e. 0 < e A (V A€esets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a e) + e A
measure N A < measure L (|J a€A. mball a e) + €)}. a < ¢’
using cInf-le-iff[OF LPm-ne[OF MN] bdd-below-Levy-Prokhorov] by (auto
simp: MN LPm-def)
show L = N
proof (rule measure-eql-generator-eq[where E={U. closedin mtopology U} and
A=X\i. M and Q=M])
show Int-stable {U. closedin mtopology U}
by (auto simp: Int-stable-def)
next
show {U. closedin mtopology U} C Pow M
using closedin-metric2 by auto
next
show AX. X € {U. closedin mtopology U} = emeasure L X = emeasure N
X
proof safe
fix U
assume closedin mtopology U
then have US: U C M
by (simp add: closedin-def)
consider U = {} | U # {} by auto
then have measure L U = measure N U
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proof cases
case U:2
define an
where an = rec-nat (SOME e. 0 < eANe< 1/ Suc0
A (V A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a

e) + e
A measure N A < measure L (|JacA. mball a
e) + ¢))
(Anan. SOME e. 0 <eANe<an A e< 1/ Suc(Sucn)
A (¥ Aesets (borel-of mtopology).
measure L A < measure N (|J a€A. mball
ae)+ e
measure N A < measure L (|J a€A. mball
ae)+ e)

have an-simp: an 0 = (SOME e. 0 < e ANe< 1/ Suc0
A (V A€sets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a

e) +eAN
measure N A < measure L (| a€A. mball a
e) + ¢))
An. an (Suc n) = (SOME e. 0 < eNe<(ann)ANe< 1/ Suc
(Suc n) A
(V Aesets (borel-of mtopology).
measure L A < measure N (|J a€A. mball
ae)+ eA
measure N A < measure L (|J a€A. mball
ae)+ e))

by (simp-all add: an-def)
have x:an 0 > 0 A an 0 < 1 / Suc 0 A
(V Aesets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a (an 0)) + (an 0) A
measure N A < measure L (|Ja€A. mball a (an 0)) + (an 0))
by (simp add: an-simp) (rule somel-ex,use h[of 1] in auto)
moreover have #x:an n > 0 for n
proof (induction n)
case ih:(Suc n)
have an (Suc n) > 0 A an (Suc n) < an n A an (Suc n) < 1 / Suc
(Suc n) A
(V Aesets (borel-of mtopology).
measure L A < measure N (| a€A. mball a (an (Suc n))) +
(an (Suc n)) A
measure N A < measure L ({Ja€A. mball a (an (Suc n))) +
(an (Suc n)))
by (simp add: an-simp,rule somel-ex) (use hlof min (an n) (1 / Suc
(Suc n))] ih in auto)
thus Zcase
by auto
qged(use * in auto)
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moreover have an (Suc n) > 0 A an (Suc n) < an n A an (Suc n) < 1
/ Suc (Suc n) A
(V Aesets (borel-of mtopology).
measure L A < measure N (|Ja€A. mball a (an (Suc
n))) + (an (Suc n)) A
measure N A < measure L (|Ja€A. mball a (an (Suc
n))) + (an (Suc n))) for n
by (simp add: an-simp,rule somel-ex) (use hlof min (an n) (1 / Suc (Suc
n))] *x in auto)
ultimately have an n > 0 A decseg an A ann < 1 / Sucn A
(V Aesets (borel-of mtopology).
measure L A < measure N (| a€A. mball a (an n)) +
(an n) A
measure N A < measure L (|Ja€A. mball a (an n)) +
(an n)) for n
by(cases n) (auto intro!: decseq-Sucl order.strict-implies-order)
hence an:An. an n > 0 decseq an An. ann < 1 / Sucn
An A. Aesets (borel-of mtopology) = measure L A < measure N (|J acA.
mball a (an n)) + an n
An A. Aesets (borel-of mtopology) = measure N A < measure L (|J a€A.
mball a (an n)) + an n
by auto
hence an-lim: an —— 0
by (auto introl: LIMSEQ-norm-0 simp: less-eq-real-def)
have 1:U € sets (borel-of mtopology)
by (simp add: <closedin mtopology U> borel-of-closed)
have Uint:((i. Ja€U. mball a (an i) = U
by (simp add: nbh-Inter-closure-of[OF U US an(1,2) an-lim] clo-
sure-of-closedin[OF <closedin mtopology U>)|)
have (An. measure L (|Ja€U. mball a (an n))) —— measure L ([ 1.
JacU. mball a (an 7))
(An. measure N (|Ja€U. mball a (an n))) —— measure N (1.
JaeU. mball a (an 7))
by (auto introl: L.finite-Lim-measure-decseq[OF - nbh-decseq|OF an(2)]]
N.finite-Lim-measure-decseq[ OF - nbh-decseq[OF an(2)]]
stmp: MN)
hence MN-lim:(An. measure L (|JacU. mball a (an n)) + an n) ——
measure L U
(An. measure N (JacU. mball a (an n)) + an n) —— measure N U
by (auto simp add: Uint intro!: tendsto-add[OF - an-lim,simplified])
show ?thesis
proof (rule order.antisym)
show measure L U < measure N U
by (rule Lim-bounded2[OF MN-lim(2)],auto simp: an 1)
next
show measure N U < measure L U
by (rule Lim-bounded2[OF MN-lim(1)],auto simp: an 1)
qed
qed simp
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thus emeasure L U = emeasure N U
by (simp add: L.emeasure-eqg-measure N.emeasure-eq-measure)
qed
next
show range (Ai. M) C {U. closedin mtopology U}
by simp
qed (simp-all add: MN sets-borel-of-closed inP-D(2))
qed
next
fix M N L
assume MNL[simp]: M e PN € P LeP
interpret M: finite-measure M
by (rule inP-D(1)[OF MNL(1)])
interpret N: finite-measure N
by (rule inP-D(1)[OF MNL(2)])
interpret L: finite-measure L
by (rule inP-D(1)[OF MNL(3)])
have ne:{el + e2 |el e2. 0 < el N0 < e2 A
(V Aesets (borel-of mtopology).
measure M A < measure N (|Ja€A. mball a e1) + el A
measure N A < measure M (|J a€A. mball a e1) + el A
measure N A < measure L (|J a€A. mball a e2) + e2 A
measure L A < measure N (|Ja€A. mball a e2) + e2)} # {}
(is{el +e2|ele2.0<el NO<e2 A ?Pele2}#{})
using N.bounded-measure M .bounded-measure L.bounded-measure
by(auto introl: exl[where z=maz 1 (maz (measure M (space M)) (maz
(measure L (space L)) (measure N (space N))))]
add-increasing| OF measure-nonneg] simp: le-maz-iff-disj)
show LPm M L < LPm M N + LPm N L (is ?lhs < %rhs)
proof —
have ?lhs =[] {e. e > 0 A (V A€sets (borel-of mtopology).
measure M A < measure L (|Ja€A. mball a e) + e A
measure L A < measure M (|Ja€A. mball a e) + €)}
by (auto simp: LPm-def)
also have ... <[] {el + €2 ]ele2. 0 <el N0 < e2 A ?Pele2} (is - < Inf
?B)
proof (rule cInf-superset-mono)
show 7B C {e. e > 0 A (V A€sets (borel-of mtopology).
measure M A < measure L (|Ja€A. mball a e) + e A
measure L A < measure M (|J a€A. mball a €) + €)}
proof safe
fix el e2 A
assume ?P el e2
and A[measurable]: A € sets (borel-of mtopology)
then have mA:
NA. A € sets (borel-of mtopology) = measure M A < measure N (| a€A.
mball a el) + el
NA. A € sets (borel-of mtopology) = measure N A < measure M (| a€A.
mball a el) + el
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NA. A € sets (borel-of mtopology) = measure N A < measure L (|J acA.
mball a e2) + €2

NA. A € sets (borel-of mtopology) = measure L A < measure N (|J acA.
mball a e2) + e2

by auto
show measure M A < measure L ({Ja€A. mball a (el + €2)) + (el + e2)
proof —

have measure M A < measure N (|J acA. mball a el) + el

by (simp add: mA)
also have ... < measure L (|Ja€(|Ja€A. mball a el). mball a e2) + €2

+ el
by (simp add: mA(3)[of |Ja€A. mball a el,simplified])
also have ... < measure L (| acA. mball a (el + €2)) + e2 + el
by (simp add: L.finite-measure-mono|OF nbh-add,simplified])
finally show ?thesis
by simp
qged
show measure L A < measure M (|Jac€A. mball a (el + e2)) + (el + €2)
proof —
have measure L A < measure N (|J a€A. mball a e2) + e2
by (simp add: mA)
also have ... < measure M (|Jac(|J a€A. mball a e2). mball a el) + el
+ e2

by (simp add: mA(2)[of | a€A. mball a e2,simplified])
also have ... < measure M (|Ja€A. mball a (el + €2)) + el + e2

by (simp add: M.finite-measure-mono| OF nbh-add,simplified] add.commute[of
el])

finally show ?thesis
by simp
qed
qed simp
qed (use ne bdd-below-Levy-Prokhorov in auto)
also have ... < ?rhs
proof (rule cInf-le-iff-lessjwhere f=id,simplified, THEN 1iffD2])
show Vy>LPm M N + LPm N L. 3ic{el + e2 el e2. 0 < el N0 < e2
N PPele2}. i<y
proof safe
fix e
assume h:LPm M N + LPm NL < e
define ¢’ where ¢/’ = (e — (LPm M N + LPm N L)) / 2
have e’[arith]: ¢/ > 0
using h by(auto simp: e’-def)
have
Ny. y>LPm M N = Jic{e. 0 < e A (VY A€sets (borel-of mtopology).
measure M A < measure N (|J a€A. mball a
e) + e A
measure N A < measure M (|J a€A. mball a
e)+ e} i<y
Ny. y>LPm N L = Jic{e. 0 < e A (V A€sets (borel-of mtopology).
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measure N A < measure L (|Ja€A. mball a
e) +eAN
measure L A < measure N (|J a€A. mball a
e)+ e} i<y
using cInf-le-iff-less[where f=id,simplified, OF LPm-ne[OF MNL(2,3)],0f
LPm N I]
cInf-le-iff-lessjwhere f=id,simplified, OF LPm-ne[OF MNL(1,2)],of LPm
M N
by (simp-all add: LPm-def bdd-below-Levy-Prokhorov)
from this(1)[of LPm M N + €] this(2)[of LPm N L + ¢’] obtain emn enl
where emn: emn > 0 emn < LPm M N + ¢’
NA. A € sets (borel-of mtopology) = measure M A < measure N
(U acA. mball a emn) + emn
NA. A € sets (borel-of mtopology) = measure N A < measure M
(U acA. mball a emn) + emn
and enl: enl > 0 enl < LPm NL + ¢’
NA. A € sets (borel-of mtopology) = measure N A < measure L (|J acA.
mball a enl) + enl
NA. A € sets (borel-of mtopology) = measure L A < measure N (|J acA.
mball a enl) + enl
by auto
hence emn + enl < e
by (auto intro!: order.trans|of emn + enl LPm M N + ¢’ + (LPm N L +
&) )
(auto simp: e’-def diff-divide-distrib)
show Jic{el + e2|ele2. 0 <el N0 < e2 N ?Pele2}. i<e
apply(rule bexl[where z=emn + enl])
apply fact
apply standard
apply(rule exl[where z=emn))
apply(rule exI[where z=enl])
apply(use emn enl in auto)
done
qed
qed(insert ne,auto introl: bdd-belowI[of - 0])
finally show ?thesis .
qged
qed(simp add: LPm-def, meson)

4.2 Convervence and Weak Convergence

lemma converge-imp-mweak-conuv:
assumes limitin LPm.mtopology Ni N F
shows mweak-conv Ni N F
proof(cases F = 1)
assume F: F # |
have h: N € P (An. LPm (Nin) N) —— 0) FVpiin F. Niie€ P
using LPm.limitin-metric-dist-null assms(1) by auto
interpret N: finite-measure N
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using & by(auto simp: inP-D)
interpret mweak-conv-fin M d Ni N
by (auto introl: h inP-mweak-conv-fin assms)
show ?thesis
unfolding mweak-conv-eq2
proof safe
show ((An. measure (Ni n) M) —— measure N M) F
unfolding tendsto-iff dist-real-def
proof safe
fix r :: real
assume 7 0 < r
from half-gt-zero| OF this] h(2)
have 1:Vp nin F. LPm (Nin) N <r /2
unfolding tendsto-iff dist-real-def LPm.nonneg by fastforce
show V g n in F. |measure (Ni n) M — measure N M| < r
proof (safe intro!: eventually-mono|OF eventually-conj|OF h(3) 1]])
fix n
assume n: LPm (Nin) N<r /2NineP
have [simp]:(|JaeM. mball a (r / 2)) = M
using r by auto
have [measurable]: M € sets (borel-of mtopology)
by (auto intro!: borel-of-open)
have measure (Ni n) M < measure N M + r / 2 measure N M < measure
(Nin) M +1r /2
using LPm-less-then|OF - - n(1),0f M] h(1) n(2) by auto
hence |measure (Ni n) M —measure N M| < r [/ 2
by linarith
also have ... < r
using r by auto
finally show |measure (Ni n) M —measure N M| < r .
qed
qed
next
define bn where bn = (An. LPm (Nin) N)
have bn-nonneg: An. bn n > 0
by (auto simp: bn-def)
have bn-tendsto:(bn —— 0) F
using h(2) by(auto simp: bn-def)
fix A
assume A:closedin mtopology A
then have A-meas[measurable]:A € sets (borel-of mtopology)
by (simp add: borel-of-closed)
show Limsup F (Az. measure (Ni z) A) < (measure N A)
proof(cases A = {})
assume A-ne:A # {}
have bdd:Limsup F (An. measure (Ni n) A) <(measure N (|Ja€A. mball a
(2 / Suc m))) + 1 / Suc m for m
proof —
have Limsup F (An. measure (Ni n) A)
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< Limsup F (An. measure N (| a€A. mball a (bnn + 1 / Suc m)) +
ereal (bnn + 1 / Suc m))
by (auto introl: Limsup-mono eventually-mono[OF h(3)] LPm-less-then(1)[OF
- h(1)] simp: bn-def)
also have ... < Limsup F (An. measure N (|Ja€A. mball a (bn n + 1 /
Suc m))) + Limsup F (An. bnn + 1 / Suc m)
by (rule ereal-Limsup-add-mono)
also have ... = Limsup F (An. measure N (|Ja€A. mball a (bn n + 1 /
Suc m))) + 1 / Sucm
using Limsup-add-ereal-right[OF F,of 1 / Suc m bn]
by (simp add: lim-imp-Limsup[OF F tendsto-ereal|OF bn-tendsto]])
also have ... < ereal (measure N (|Ja€A. mball a (2 / Suc m))) + 1 / Suc

proof —
have Limsup F (An. measure N (|Ja€A. mball a (bn n + 1 / Suc m)))
< measure N (|Ja€A. mball a (2 / Suc m))
using bn-nonneg
by (fastforce intro!: Limsup-bounded eventuallyl [ THEN eventually-mp[OF
- tendstoD[OF bn-tendsto,of 1 / Suc ml]|]
N.finite-measure-mono)
thus ?thesis
using add-mono by blast
qged
finally show ?thesis by simp
qed
have lim:(Am. ereal ((measure N (|J a€A. mball a (2 / Suc m))) + 1 / Suc
m)) —— measure N A
proof(safe introl: tendsto-ereal[where x=measure N A| tendsto-add[where
b=0,simplified))
show (Am. measure N (|Ja€A. mball a (2 / Suc m))) —— measure N A
proof —
have 1:(m. (JacA. mball a (2 / Suc m))) = A
using tendsto-mult| OF tendsto-const|of 2] LIMSEQ-Suc|OF lim-inverse-n/]]
closedin-subset|OF A]
by (intro nbh-Inter-closure-of [OF A-ne,simplified closure-of-closedin|OF
A]] decseq-Sucl)
(auto simp: frac-le)
have (Am. measure N (|Ja€A. mball a (2 / Suc m))) —— measure N
(Nm. (JacA. mball a (2 / Suc m)))
by (auto introl: N.finite-Lim-measure-decseq nbh-decseq|OF decseq-Sucl]
simp: frac-le)
thus %thesis
unfolding 1 .
qed
qed(rule LIMSEQ-Suc[OF lim-inverse-n'])
show ?thesis
using bdd by(auto introl: Lim-bounded2][OF lim))
qed(simp add: Limsup-const[OF FJ)
qed
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next
show F' = 1 = mweak-conv Ni N F
using limitin-topspace| OF assms(1)] by (auto simp: inP-D mweak-conv-def)
qed

lemma mweak-conv-imp-converge:
assumes separable-space mtopology
and mweak-conv Ni N F
shows limitin LPm.mtopology Ni N F
proof —
have in-PNgp iinF. Nii€ PN € P
using limitin-topspace| OF assms(2)]
by (fastforce introl: eventually-mono[OF limitinD]OF assms(2),
of topspace (weak-conv-topology mtopology),OF openin-topspace limitin-topspace] OF
assms(2)]]] inP-I)+
consider M ={} | F=1L | M#{} F#L
by blast
thus ?thesis
proof cases
case I
then have 2:sets (borel-of mtopology) = {{}}
by (metis space-borel-of space-empty-iff topspace-mtopology)
have Vp iin F. space (Ni i) = M space N = M
using inP-D in-P
by (auto introl: eventually-mono[OF in-P(1)] cong: sets-eq-imp-space-eq simp:
space-borel-of )
then have Yy i in F. Ni i = count-space {} N = count-space {}
using 1 by(auto simp: space-empty eventually-mono)
thus ?thesis
by (auto introl: limitin-eventually inP-I finite-measurel simp: 2)
next
show F = 1 = limitin LPm.mtopology Ni N F
using limitin-topspace| OF assms(2)] by (auto introl: limitin-trivial inP-I)
next
assume M-ne:M # {} and F:F # |
show ?thesis
unfolding LPm.limitin-metric-dist-null dist-real-def tendsto-iff
proof safe
interpret mweak-conv-fin M d Ni N F
by (auto introl: inP-mweak-conv-fin in-P)
have M[measurable]: M € sets NV g iin F. M € sets (Ni i)
by (auto simp: sets-N borel-of-open eventually-mono|[OF sets-Ni])
fix r :: real
assume rfarith]: 0 < r
interpret N: finite-measure N
using in-P by(auto simp: inP-D)
define r’ where r'=r / 5
have r'[arith]: v/ < r 0 < r’
by (auto simp: r'-def)
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obtain ai ri where airi: (4. mball (ai i) (ri 7)) = M (|Ji. mcball (ai i) (ri
i) =M
Niznat. aii € M Ni. 0 <rii Ni.rii<r' /2
Ni. measure N (mtopology frontier-of mball (ai i) (ri i)) = 0
Ni. measure N (mtopology frontier-of mcball (ai ) (ri ) = 0
using frontier-measure-zero-balls|OF sets-N N.finite-measure-azioms M-ne
half-gt-zero[ OF v'(2)] assms(1)]
by blast
have meas[measurable]: Na r. mball a v € sets NV g jin F.Yar. mball a r
€ sets (Ni j)
Na r. mtopology frontier-of (mball a r) € sets N
Vg jin F.Yar. mtopology frontier-of (mball a 1) € sets (Ni j)
by (auto simp: eventually-mono[ OF sets-Ni| sets-N borel-of-open closedin-frontier-of
borel-of-closed)
have 3 k. VI>k. |measure N (|J i€{..1}. mball (ai i) (ri {)) — measure N M|
<r!
proof —
have (Aj. measure N (|Ji€{..j}. mball (ai i) (ri 7))
—— measure N (U (range (\j. Ji€{..5}. mball (ai i) (ri 7))))
by (rule N.finite-Lim-measure-incseq) (fastforce introl: monol )+
hence (\j. measure N (|Ji€{..j}. mball (ai i) (ri i))) —— measure N M
by (metis UN-UN-flatten UN-atMost-UNIV airi(1))
thus ?thesis
using r’ by(auto simp: LIMSEQ-def dist-real-def)
qed
then obtain k& where k: measure N M — measure N (|Ji€{..k}. mball (ai
i) (rii)) <r’
using space-N N.bounded-measure by fastforce
define A where A = (AJ. JjeJ. mball (ai j) (ri j)) < Pow {..k}
have A-fin: finite A
by (auto simp: A-def)
have A-ne: A # {}
by (auto simp: A-def)
have ¥V n in F. |measure (Nin) A — measure N A < r'if A € A for A
proof —
obtain J where J: J C {.k} A = (UjeJ. mball (ai j) (ri j))
using <4 € A by(auto simp: A-def)
hence J-fin: finite J
using finite-nat-iff-bounded-le by blast
have measure N (mtopology frontier-of A) = measure N (mtopology frontier-of
(Ujed. mball (aij) (rij)))
by (auto simp: J)
also have ... < measure N (|J ((frontier-of) mtopology * (Aj. mball (ai j)
(i ) * 7))
by (rule N.finite-measure-mono[OF frontier-of-Union-subset]) (use J-fin in
auto)

7))

also have ... < (>_jeJ. measure N (mtopology frontier-of mball (ai j) (ri

unfolding image-image by (rule N.finite-measure-subadditive-finite) (use
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J-fin in auto)
also have ... = 0
by (simp add: airi)
finally have measure N (mtopology frontier-of A) = 0
by (simp add: measure-le-0-iff)
moreover have A € sets N
by (auto simp: J(2))
ultimately show ?thesis
using mweak-conv-eq assms(2) by (fastforce simp: sets-N sets-Ni tendsto-iff
dist-real-def)
qed
hence filter1:NVp nin F. VA € A. |measure (Ni n) A — measure N A| < r’
by (auto intro!: A-fin eventually-ball-finite)
have filter2:Y p n in F. |measure (Ni n) M — measure N M| < r’
using mweak-conv-imp-limit-space| OF assms(2)] by (auto simp: tendsto-iff
dist-real-def)
show Vg zin F. |LPm (Niz) N — 0] <r
proof (safe introl: eventually-mono|OF eventually-conj|OF
eventually-conj| OF finite-measure-Ni sets-Ni| eventually-conj| OF
filter1 filter2]]])
fix n
assume n:V A€A. |measure (Ni n) A — measure N A| < r' |measure (Ni n)
M — measure N M| < r'
and sets-Ni[measurable-cong|: sets (Ni n) = sets (borel-of mtopology) and
finite-measure (Ni n)
then have [measurable]: Na r. mball a v € sets (Ni n)
Na r. mtopology frontier-of mball a r € sets (Nin) M € sets (Ni n)
using meas sets-N by auto
have space-Ni: space (Nin) = M
by(simp add: sets-Ni space-borel-of cong: sets-eq-imp-space-eq)
interpret Ni: finite-measure Ni n by fact
have LPm (Nin) N < r
proof(safe intro!: order.strict-trans1[OF LPm-imp-le[of 4 * r']])
fix B
assume B € sets (borel-of mtopology)
hence [measurable]: B € sets N B € sets (Ni n)
by (auto simp: sets-N)
define A where A = |Jje{..k}N{j. mball (ai j) (ri j) N B # {}}. mball
(ai ) (71 )
have A-in: A€ A
by (auto simp: A-def A-def)
have [measurable]: A € sets N A € sets (Ni n)
by (auto simp: A-def)
have 1: A C (|Ja€B. mball a 1)
proof
fix x
assume z € A
then obtain j where j:j < k mball (ai j) (rij) N B # {} = € mball (ai

J) (ri j)
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by (auto simp: A-def)
then obtain b where b:b € mball (ai j) (rij) b € B
by blast
have dbx < db (aij) + d (aij) =
using b j by(auto intro!: triangle)
also have ... <r’' /2 4+ 1’/ 2
by (rule add-strict-mono, insert b(1) airi(5)[of 7] 7(3)) (auto simp:

commute)
also have ... = r’ by auto
finally show z € (|J a€B. mball a ')
using b(1) 7(3) by(auto intro!: bexI[where z=0b] b simp: mball-def)
qed
have 2: BC AU (M — (Uj<k. mball (ai j) (rij)))
proof —

have B = B N (Uj<k. mball (ai j) (rij)) U BN (M — (Jj<k. mball
(ai j) (rij)))
using sets.sets-into-space|OF «B € sets N»| by (auto simp: space-N)
also have ... C A U (M — (Jj<k. mball (ai j) (ri 5)))
by (auto simp: A-def)
finally show ?thesis .
qed
have 3: measure N (M — (Uj<k. mball (ai j) (ri j))) < r’
using N.finite-measure-compl k space-N by auto
have 4: measure (Ni n) (M — (Uji<k. mball (aij) (rij))) < 3 * r’
proof —
have measure (Ni n) (M — (Uj<k. mball (ai j) (ri j)))
= measure (Ni n) M — measure (Ni n) ([Jj<k. mball (ai j) (ri j))
using Ni.finite-measure-compl space-Ni by auto
also have ... < measure N M + r'— (measure N (Jj<k. mball (ai j)
(i j)) — 1)
by (rule diff-strict-mono,insert n) (auto simp: abs-diff-less-iff A-def)
also have ... = measure N (M — (|Jj<k. mball (ai j) (ri j))) + 2 * r'
using N.finite-measure-compl diff-add-cancel space-N by auto
finally show ?thesis
using 3 by auto
qed
show measure (Ni n) B < measure N (Ja€B. mball a (4 * r") + 4 * 1’
proof —
have measure (Ni n) B < measure (Ni n) (AU (M — (Uji<k. mball
(ai ) (1))
by (auto introl: Ni.finite-measure-mono|OF 2])
also have ... < measure (Ni n) A + measure (Nin) (M — (IJj<k. mball
(ai j) (rij)))
by (auto intro!: Ni.finite-measure-subadditive)
also have ... < measure N A + 4 * r'
using 4 A-in n by(auto simp: abs-diff-less-iff)
also have ... < measure N (|Ja€B. mball a v') + 4 = 1’
by (auto introl: N.finite-measure-mono|OF 1] borel-of-open simp: sets-N)
also have ... < measure N ({|Ja€B. mball a (4 * r')) + 4 * 1’
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using mball-subset-concentric[of r' 4 * 1]
by (auto introl: N.finite-measure-mono borel-of-open simp: sets-N)
finally show ?thesis by simp
qed
show measure N B < measure (Ni n) ((Ja€B. mball a (4 = 1')) + 4 *r’
proof —
have measure N B < measure N (A U (M — (Jji<k. mball (ai j) (ri

by (auto introl: N.finite-measure-mono[OF 2])
also have ... < measure N A + measure N (M — (|Jj<k. mball (ai j)

by (auto intro!: N.finite-measure-subadditive)
also have ... < measure (Nin) A + 2 % r’
using 3 A-in n by(auto simp: abs-diff-less-iff)
also have ... < measure (Ni n) (Ja€B. mball a ') + 2 % r’
by (auto intro!: Ni.finite-measure-mono[OF 1] borel-of-open simp: sets-N)
also have ... < measure (Ni n) (Ja€B. mball a (4 % r')) + 2 % r’
using mball-subset-concentriclof v’ 4 * 1]
by (auto introl: Ni.finite-measure-mono borel-of-open simp: sets-N)
finally show ?thesis by simp
qed
qed (auto simp: r'-def)
thus [LPm (Nin) N — 0| < r
by simp
qed
ged (use in-P in auto)
qed
qed

corollary conv-iff-mweak-conv: separable-space mtopology = limitin LPm.mtopology
Ni N F «—— muweak-conv Ni N F
using converge-imp-mweak-conv mweak-conv-imp-converge by blast

4.3 Separability

lemma LPm-countable-base:
assumes ai:mdense (range ai)
shows LPm.mdense
((A(k,bi). sum-measure
(borel-of mtopology) {..k}
(Ai. scale-measure (ennreal (bi ©)) (return (borel-of mtopology)

(ai 7))

?D)
proof —
have sep:separable-space mtopology
using ai by(auto simp: separable-space-def2 intro!: exI[where z=range ai])
have ai-in: N\i. ai i € M
by (meson ai mdense-def2 range-subsetD)

‘(SIGMA k:(UNIV :: nat set). ({..k} =g QN {0..}))) (is LPm.mdense
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hence M-ne:M # {}
by blast
show ?thesis
unfolding LPm.mdense-def3
proof
show goall:?D C P
proof safe
fix bi :: nat = real and k :: nat
assume h: bi € {.k} —-p QN {0..}
show sum-measure (borel-of mtopology) {..k}
(Ai. scale-measure (ennreal (bi i) (return (borel-of mtopology)
(ai 7)) € P
by (auto simp: P-def emeasure-sum-measure introl: finite-measurel)
qed
show VzeP. Jan. range xn C 2D A limitin LPm.mtopology zn = sequentially
proof
fix N
assume N € P
then have sets-N|[measurable-cong|: sets N = sets (borel-of mtopology)
and space-N:space N = M and finite-measure N
by (auto simp: P-def space-borel-of cong: sets-eq-imp-space-eq)
then interpret N: finite-measure N by simp
have [measurable]:\a r. mball a r € sets N
by (auto simp: sets-N borel-of-open)
have ai-in'[measurable]: Ni. ai i € space N
by (auto simp: ai-in space-N)
have (\i. measure N (|Jj<i. mball (ai j) (1 / Suc m))) —— measure N
(space N) for m
proof —
have 1:(J4. (Uj<i. mball (aij) (I / Suc m))) = space N
using mdense-balls-cover|OF ai,of 1 | Suc m] by(auto simp: space-N)
have (Ai. measure N (|Jj<i. mball (ai j) (1 / Suc m)))
—— measure N (4. (Uj<i. mball (ai j) (1 / Suc m)))
by(rule N.finite-Lim-measure-incseq) (fastforce intro!: monol)+
thus ?thesis
unfolding 1 .
qed
hence 3k. Vi>k. |measure N (|Jj<i. mball (ai j) (1 / Suc m)) — measure
N (space N)| < 1 / Suc m for m
unfolding LIMSEQ-def dist-real-def by fastforce
then obtain £ where
Aim. i > km = |measure N (|Jj<i. mball (aij) (1 / Suc m)) — measure
N (space N)| < 1 / Sucm
by metis
hence k: Am. measure N (space N) — measure N (|Jj<k m. mball (ai j) (1
/ Suc m)) < 1/ Sucm
using N.bounded-measure by auto
define Ami
where Ami = (Am 1. (Jj<Suc i. mball (ai j) (1 / Suc m)) — (Jj<i. mball
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(ai j) (1 / Suc m)))
have Ami-disj: \m. disjoint-family (Ami m)
by (fastforce simp: Ami-def introl: disjoint-family-Suc)
have Ami-def”: Ami = (Am i. mball (ai i) (1 / Suc m) — (Jj<i. mball (ai
) (1 /) Suc m)))
by (standard, standard) (auto simp: Ami-def less-Suc-eq)
have Ami-subs: Ami m i C mball (ai i) (1 / Suc m) for m i
by (auto simp: Ami-def”’)
have Ami-un: (|Ji<j. Amim i) = (|Ji<j. mball (ai i) (1 / Suc m)) for m j
proof
show (|Ji<j. mball (ai i) (1 / real (Suc m))) C (Ui<j. Ami m i)
proof (induction j)
case (
then show ?case
by (auto simp: Ami-def)
next
case ih:(Suc j)
have (|Ji<Suc j. mball (ai i) (1 / real (Suc m)))
= (U i<j. mball (ai i) (1 / (Suc m))) U mball (ai (Suc j)) (1 / Suc
m)
by (fastforce simp: le-Suc-eq)
also have ... = (|Ji<j. mball (ai i) (1 / (Suc m))) U
(mball (ai (Suc j)) (1 / Suc m) — (| i<Suc j. mball (ai
i) (1 / (Suc m)))

by fastforce
also have ... C (|Ji<Suc j. Amim 1)
proof —
have (mball (ai (Suc j)) (1 / Suc m) — (Ui<Suc j. mball (ai i) (1 /

(Suc m))))
C (Ui<Suc j. Amim i)
using Ami-def’ by blast
thus ?thesis
using ih by(fastforce simp: le-Suc-eq)
qed
finally show ?Zcase .
qed
qed(use Ami-subs in auto)
have sets-Ami[measurable]: Am i. Ami m i € sets N
by (auto simp: Ami-def)
have 3 gmi. gmi €({.k m} - Q N {0..}) A (O i<k m. |measure N (Ami m
i) — gmi i) < 1 / Suc m for m
proof —
have Jgmic Q N {0..}. measure N (Ami m i) — gmi < 1 / (real (Suc m)
* real (Suc (km))) A
gmi < measure N (Ami m i) if ¢ < k m for ¢
proof(cases measure N (Ami m i) = 0)
case True
then show “thesis
by (auto intro!: bexI[where z=0])
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next
case Fulse
hence maz 0 (measure N (Ami m i) — 1 / (real (Suc m) * real (Suc (k
m)))) < measure N (Ami m i)
by (auto simp: zero-less-measure-iff)
from of-rat-dense[OF this] obtain ¢ where
q:0 < real-of-rat ¢ measure N (Amim i) — 1 / (real (Suc m) x real (Suc
(km))) < real-of-rat q
real-of-rat ¢ < measure N (Ami m i)
by auto
hence real-of-rat ¢ € Q N {0..}
by auto
with ¢(2,3) show ?thesis
by (auto intro!: bexI[where x=real-of-rat q|)
qed
then obtain ¢mi where gmi:\i. i < km = gmii € Q N {0..}
Ni. i@ < km = measure N (Ami m i) — qmi i < 1 / (real (Suc m) *
real (Suc (k m)))
Ni. i < km = gmii < measure N (Ami m 7)
by metis
have 2: (3 i<k m. |measure N (Ami m i) — qmi i|) < 1 / Suc m
proof —
have Ai. i < k' m = |measure N (Ami m i) — qmi i| < 1 / (real (Suc
m) * real (Suc (km)))
using ¢ms by auto
hence (3 i<k m. |measure N (Amim i) — qmi i) < (> i<km. 1 / (real
(Suc m) * real (Suc (km))))

by (intro sum-strict-mono) auto

also have ... = 1 / Sucm
by auto
finally show ?thesis .
ged

show ?thesis
using gmi 2 by(intro exI[where z=X\i€{..k m}. qgmi i]) force
qed

hence I gmi. Vm. gmim €({.km} - QN {0..}) A O] i<k m. |[measure N
(Amim i) — gmimi|) < 1 / Sucm
by (intro choice) auto
then obtain ¢gmi where gmi: Am. gmi m € ({.km} —-g QN {0..})
Am. i<k m. |measure N (Ami m i) — gmi m i|) < 1 / Sucm
by blast
define Ni where Ni = (\i. sum-measure N {..k i} (\j. scale-measure (qgmi i
) (return N (ai 1))
have NiD:Ni ¢ € ?D for ¢
using gmi by(auto simp: Ni-def image-def introl: exI[where xz=Fk i]
bexI[where z=qmi 1|
cong: return-cong|OF sets-N| sum-measure-cong| OF sets-N

refl])
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with goall have NiP: \i. Ni i € P by auto
hence Nifin: \i. finite-measure (Ni ©)
and sets-Ni'[measurable-cong|: \i. sets (Ni i) = borel-of mtopology
by (auto simp: inP-D)
interpret mweak-conv-fin M d Ni N sequentially
using NiP P-def <N € P> inP-mweak-conv-fin-all by blast
show Jzn. range zn C 2D A limitin LPm.mtopology xn N sequentially
proof (safe intro!: exl[where z=Ni] mweak-conv-imp-converge sep)
show mweak-conv-seq Ni N

unfolding mweak-conv-eq1 LIMSEQ-def

proof safe

fix g :: '/a = real and K r :: real

assume h: uniformly-continuous-map Self euclidean-metric g VzeM. |g z|

< K and r[arith]: r > 0

h(1)]]

sets-N)

have [measurable]:g € borel-measurable N

using continuous-map-measurable| OF uniformly-continuous-imp-continuous-map|OF

by (auto simp: borel-of-euclidean mtopology-of-def cong: measurable-cong-sets

have gK: Az. z € space N = |gz| < K
using h(2) by(auto simp: space-N)
have K-nonneg: K > 0
using h(2) M-ne by auto
have 3m. 2« K / Sucm <r / 2
proof (cases K = 0)
assume K:K # 0
then have r / 2 % (1 / (2 x K)) > 0
using K-nonneg by auto
then obtain m where 1 / Sucm <r /2% (1 /(2 % K))
by (meson nat-approz-poskE)
from mult-strict-right-mono[ OF this,of 2 * K| show ?thesis
using K K-nonneg by auto
qed simp
then obtain m! where mI: 2 x K / Suc m1 < r / 2 by auto
obtain § where §: 6 > 0
Ney2rzeM=—=yeM—=—dry<d=|gz—gyl< r/2x(/

(1 4+ measure N (space N)))

using conjunct2[OF h(1)[simplified uniformly-continuous-map-def],
rule-format,of (r / 2) x (1 / (1 4+ measure N (space N)))]

measure-nonneglof N space N| r

auto

m2)

unfolding mdist-Self mspace-Self mdist-euclidean-metric dist-real-def by

obtain m2 where m2: 1 / Suc m2 < §
using §(1) nat-approz-posE by blast
define m where m = max m1 m2

then have m:1 / Suc m < 1 / real (Suc m1) 1 / Sucm < 1 / real (Suc

by (simp-all add: frac-le)
show Jno. Vn>no. dist ([z. gz ONin) ([z. gz ON) <r
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unfolding dist-real-def
proof (safe intro!: exI[where z=m))
fix n
assume n > m
then have n:1 / Suc n < 1 / real (Suc m)
by (simp add: frac-le)
have int1[measurable]: integrable (return N (ai j)) g for j
unfolding integrable-iff-bounded
proof safe
show ([ z. ennreal (norm (g z)) dreturn N (ai j)) < oo
by (rule order.strict-trans1 [OF nn-integral-mono[where v=>Az. ennreal
K]))
(auto simp: ai-in’ gK intro!: ennreal-lel)
qed simp
have int2[measurable]: NA. A € sets N = integrable N (indicat-real A)
using N.fmeasurable-eq-sets fmeasurable-def by blast
have intg: integrable N g
by (auto intro!: N.integrable-const-bound[where B=K] gK)
show |([z. gz ONin) — ([z. gz ON)| < r (is ?lhs < -)
proof —
have ?lhs = |(}_ i<k n. [z. g x Dscale-measure (qmi n i) (return N
(ai i))) — (f 2. gz ON)|
by (simp add: Ni-def integral-sum-measure] OF - integrable-scale-measure[OF
int1]])
also have ... = |(} i<k n. gmin i x g (ai i)) — ([ 2. g z ON)|
proof —
{
fix 7
assume ;1 < kn
then have ([ z. g x dscale-measure (qmi n i) (return N (ai i))) =
gmin i * g (ai7)
using integral-scale-measure[OF - int1,of qmi n i] qmi(1)[of n]
intl
by (fastforce simp: integral-return ai-in’)
}
thus %thesis
by simp
qed
also have ... = | i<k n. gmin i x g (ai 7)) — (O i<k n. measure N
(Amin i) * g (ai 7))
+ (X i<k n. measure N (Amin i) x g (ai i)) — ([ 2. g
z ON))|
by simp
also have ... < |>] i<k n. measure N (Ami n i) x g (ai 7)) — O i<k
n.gminix g (aii))]
+ |32 i<k n. measure N (Amin i) = g (aii)) — ([z. g
z ON)|
by auto
also have ... = |3 i<k n. (measure N (Amin i) — qmi n i) * g (ai 7)|
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+ |32 i<k n. measure N (Amin i) x g (aii)) — ([z. g

by (simp add: sum-subtractf left-diff-distrib)
also have ... < (3 i<k n. |(measure N (Amin i) — qmin i) * g (ai

+ |3 i<k n. measure N (Amin i) x g (aii)) — ([ . g
z ON)|
by simp
also have ... = (3 i<k n. |measure N (Amin i) — qmin i| x |g (ai 7)|)
+ (32 i<k n. measure N (Amin i) * g (ai i) — ([z. g
z ON)|
by (simp add: abs-mult)
also have ... < (> i<k n. |measure N (Ami n i) — qmi n z\ K)
+ (32 i<k n. measure N (Amin i) * g (ai i) — ([z. g
z ON)|
by (auto introl: sum-mono mult-left-mono gK[OF ai-in'])
also have ... = (> i<k n. |measure N (Ami n i) — qmi n z\) x K
+ [(>_ i<k n. measure N (Ami n i) x g (ai 7) (fz. g
z ON)|

by (simp add: sum-distrib-right)
also have ... < 1 / Sucn x K + |3 i<k n. measure N (Ami n i) * g
(ai i) = (f 2. g = ON)|
proof —
have (> i<k n. |measure N (Amin i) — gmini|) * K <1 / Sucn

* K
by (rule mult-right-mono) (use qmi(2)[of n] K-nonneg in auto)
thus ?thesis by simp
qed
also have ... = K / Suc n + |} i<k n. ([ z. indicator (Ami n i) z x
g (ai i) ON)) — ([ z. g z ON)|
by auto
also have ... = K / Suc n + |([ 2. (3 i<k n. indicator (Ami n i) z *
g (ai ) ON) — (J 5. g 5 ON)
proof —
have (}_ i<k n. ([ z. indicator (Ami n i) z * g (ai i) ON))
= ([ z. (X i<k n. indicator (Amin i) z * g (aii)) ON)
by (rule integral-sum’[symmetric]) (use int2 in auto)
thus ?thesis
by simp
qed
also have ... = K / Suc n
+ |([ z. (3 i<k n. indicat-real (Ami n i) x * g (aii)) ON)
— ((J z. (O i<k n. indicat-real (Amin i) z x g z) ON)
+ ([ . indicat-real (space N — (|J i<k n. Amin i)) z
vg  ON))|

proof —
have s:indicat-real ({Ji<k n. Ami n i) x = (D> i<k n. indicat-real
(Ami n i) z) for z
by (auto intro!: indicator- UN-disjoint Ami-disj disjoint-family-on-mono[ OF
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- Ami-disj[of n]])

hence ([ z. (3 i<k n. indicat-real (Ami n i) = * g z) ON)
+ ([ z. indicat-real (space N — (|Ji<k n. Amin i)) z xg x ON)
= ([ z. indicat-real ({Ji<k n. Amin i) z x gz ON)
+ ([ z. indicat-real (space N —
by (simp add: sum-distrib-right)

also have ... = ([ z. indicat-real (Ji<kn. Amini) z x gz

(Ui<kn. Amin 1)) x xg z ON)

+ indicat-real (space N — (|Ji<kn. Amini)) x x gz
ON)
by (rule Bochner-Integration.integral-add|symmetric))
(auto intro!: integrable-mult-indicator|where 'b=real,simplified]
intg)
also have ... = ([ z. g z ON)
by (auto introl: Bochner-Integration.integral-cong) (auto simp:
indicator-def)
finally show ?thesis by simp
qed
also have ... = K / Sucn
+ |3 i<k n. [=. indicat-real (Amin i) z * g (ai i) ON)
— (X i<k n. [z. indicat-real (Amin i) z * g x ON)
+ ([ z. indicat-real (space N — (|Ji<k n. Amin i)) z
vg 2 ON))|
proof —

have = ([z. (3

i<k n. indicat-real (Ami n i) z * g (ai 7)) ON)
(> i<k n. [ z. indicator (Amin i) z % g (ai i) ON)
by (rule Bochner-Integration.integral-sum) (use int2 in auto)
have xx: ([ z. (3 i<k n. indicat-real (Amin i) z * g z) ON)
(> i<k n. [z. indicat-real (Amin i) z * g x ON)
by (rule Bochner-Integration.integral-sum)

(auto intro!: integrable-mult-indicator[where 'b=real,simplified]
intg)
show ?thesis

unfolding * xx by simp
qed

also have ... = K / Sucn

+ | i<k n. ([ =. indicat-real (Amin i) z * g (ai i) ON) — ([ =.
indicat-real (Amin i) x * g x ON))

— ([ =. indicat-real (space N —
by(simp add: sum-subtractf)
also have ... < K / Sucn

+ |3 i<k n. ([ ». indicat-real (Ami n i) z x g (ai i) ON)

(Ui<k n. Amin i)) z x g x ON)|

- (J =
indicat-real (Amin i) x * g x ON))|
+ | [ @. indicat-real (space N — (|Ji<k n. Amin i)) z x g z ON|
by linarith
also have ... < K / Sucn
+ > i<k n. ([ z. indicat-real (Amin i) z * (g (ai i) — g
z) ON)|
+ | [ z. indicat-real (space N —
z ON|

(Ui<kn. Amin i) z g
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proof —
have (Y i<k n. ([ z. indicat-real (Ami n i) z * g (ai i) ON) — ([ z.
indicat-real (Amin i) z « gz ON)) = (3. i<k n. ([ z. indicat-real (Ami n i) z *
g (ai i) — indicat-real (Ami n i) z * g x ON))
by (rule Finite-Cartesian-Product.sum-cong-aux| OF Bochner-Integration.integral-diff [symmetric]])
(auto intro!: integrable-mult-indicator[where 'b=real,simplified] intg int2)
also have ... = (3" i<k n. ([ z. indicat-real (Ami n i) z * (g (ai 7)
— g1) ON))
by (simp add: right-diff-distrib)
finally show ?thesis by simp

qged
alsohave ... <1 /Sucn« K+ r/ 2+ 1/ Sucnx*x K
proof —
have *:|> i<k n. ([ z. indicat-real (Ami n i) z * (g (ai i) — g z)
ON)|<r /2
proof —

have | i<k n. ([ z. indicat-real (Amin ) z * (g (ai i) — g z) ON)|
< (X i<k n. |[ z. indicat-real (Amin i) z * (g (ai i) — g z)

ON|)
by (rule sum-abs)
also have ... < (3 i<k n. ([ . |indicat-real (Amin i) z % (g (ai ©)
— g z)| ON))
by (auto intro!: sum-mono)
also have ... = (}_ i<k n. ([ z. indicat-real (Ami n i) z * |(g (ai ©)
— g z)| ON))

by (auto introl: Finite-Cartesian-Product.sum-cong-aux Bochner-Integration.integral-cong
simp: abs-mult)
also have ... < (Y i<k n. ([ z. indicat-real (Amin i) z * (|| ycAmi
ni. |g (aii) — g y|) ON))
proof (rule sum-mono| OF integral-mono))
fix iz

show indicat-real (Amin i) z x |g (ai i) — g |
< indicat-real (Amin i) z x (| JyeAmin i. |g (ai i) — g y|)
using gK gK|[OF ai-in'[of {]] sets.sets-into-space[OF sets-Ami[of

by (fastforce simp: indicator-def introl: ¢SUP-upper bdd-abovel [where
M=2 x K])
qed(auto intro!: integrable-mult-indicator[where 'b=real,simplified]
intg int2)

also have ... < (3" i<k n. ([ z. indicat-real (Ami n i) ©
x (r/ 2% (1 /(1 + measure N (space
) ON))
proof (rule sum-mono| OF integral-mono))
fixiz
show indicat-real (Amin i) z x (| JyeAmin i. |g (ai i) — g y|)
< indicat-real (Amin i)z * (r / 2 % (1 / (1 + measure N
(space N))))
proof —

{
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assume z:x € Amin i
have (| J[yecdmin i. |g (ai i) —gy|) <r/ 2x(1 /(I +
measure N (space N)))
proof (safe introl: cSup-le-iff[THEN iffD2])
fix y
assume y:y € Amin §
with Ami-subs[of n (] have y € mball (ai i) (1 / real (Suc n))
by auto
with §(2) n m m2
show |g (aii) —gy| <7/ 2% (1 /(1 + measure N (space
)
by fastforce
qed(insert © gK gK[OF ai-in'|of i]] sets.sets-into-space| OF
sets-Ami[of n ],
fastforce introl: bdd-abovel[where M=2xK]|)+

thus ?thesis
by (auto simp: indicator-def)
qed
qged(auto intro!: integrable-mult-indicator[where 'b=real,simplified]
intg int2)
also have ... < (> i<k n. measure N (Amin ) % (r / 2 % (1 / (1
+ measure N (space N))))
by (simp only: sum-distrib-right) auto
also have ... = measure N ({Ji<kn. (Amin i) = (r / 2 x (1 ] (1
+ measure N (space N))))
by (auto introl: N.finite-measure-finite-Union[symmetric] dis-
joint-family-on-mono[OF - Ami-disj|of n]])
also have ... < (r / 2) * (measure N (space N) x (1 / (1 + measure
N (space N))))
using r measure-nonneg N.bounded-measure
by (auto simp del: times-divide-eg-left times-divide-eq-right intro!:
mult-right-mono)
also have ... < r / 2
by (intro mult-left-le) (auto simp: divide-le-eq-1 introl: add-pos-nonneg)
finally show ?thesis .
qged
have x: | [ z. indicat-real (space N — ({Ji<k n. Amin i) z % g«
ON| <1/ Sucnx K
proof —
have | [ z. indicat-real (space N — ({J i<k n. Ami ni)) z * g z ON|
< ([ . |indicat-real (space N — ({Ji<k n. Amin i)) z * g |

ON)
by simp
also have ... = ([ z. indicat-real (space N — (| i<k n. Amin i)) ©
* |g x| ON)
by (auto introl: Bochner-Integration.integral-cong simp: abs-mult)
also have ... < ([ z. indicat-real (space N — (J i<k n. Amin i)) z
* K ON)
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by (rule integral-mono,insert gK)
(auto intro!: integrable-mult-indicator[where 'b=real,simplified]

intg int2
simp: ordered-semiring-class.mult-left-mono)
also have ... = measure N (space N — (Ji<k n. Amin i) x K
by simp
also have ... = (measure N (space N) — measure N (|Jj<k n. mball

(ai j) (1 / real (Suc n)))) * K
unfolding Ami-un by(simp add: N.finite-measure-compl)
also have ... < 1 / Sucn * K
by (metis k[of n] K-nonneg less-eg-real-def mult.commute
mult-left-mono)
finally show ?thesis .
qed
show ?thesis
using * xx by auto
qed
alsohave ... = 2% K /[ Sucn+r1/ 2
by simp
also have ... < 2% K / Sucm + 1/ 2
using K-nonneg by (simp add: <m < n» frac-le)
also have ... < 2« K / Sucml +r/ 2
using K-nonneg divide-inverse m(1) mult-left-mono by fastforce
also have ... < r
using m1 by auto
finally show ?thesis .
qed
qed
qed
ged(use NiD sep in auto)
qed
qed
qed

lemma separable-LPm:
assumes separable-space mtopology
shows separable-space LPm.mtopology
proof(cases M = {})
case True
from M-empty-P[OF this] show ?thesis
by (intro countable-space-separable-space) auto
next
case M-ne:False
then obtain ai :: nat = ‘a where ai:mdense (range a7)
using assms mdense-empty-iff uncountable-def unfolding separable-space-def2
by blast
have countable (((A(k, bi). sum-measure (borel-of mtopology) {..k}
(N\i. scale-measure (ennreal (bi 7)) (return (borel-of

mtopology) (ai ))))
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C(SIGMA k:UNIV. {.k} —5 QN {0.1)
using countable-rat by (auto introl: countable-PiE)
thus ?thesis
using LPm-countable-base| OF ai] by(auto simp: separable-space-def2)
qed

lemma closedin-bounded-measures:
closedin LPm.mtopology {N. sets N = sets (borel-of mtopology) A N (space N)
< ennreal r}
unfolding LPm.metric-closedin-iff-sequentially-closed
proof (intro alll conjl uncurry impl)
show 1: {N. sets N = sets (borel-of mtopology) N emeasure N (space N) <
ennreal v} C P
by (auto introl: inP-I finite-measurel simp: top.extremum-unique)
fix Ni N
assume h:range Ni C {N. sets N = sets (borel-of mtopology) N emeasure N
(space N) < ennreal 1}
limitin LPm.mtopology Ni N sequentially
then have sets-Ni: \i. sets (Ni i) = sets (borel-of mtopology)
and Nir:\i. Nii (space (Nii)) < ennreal r
by auto
interpret N: finite-measure N
using limitin-topspace] OF h(2)] unfolding LPm.topspace-mtopology by (simp
add: P-def)
interpret Ni: finite-measure Ni i for ¢
using 1 h by(auto dest: inP-D)
have mweak-conv Ni N sequentially
using h 1 sets-Ni Nir by(auto introl: converge-imp-mweak-conv)
hence Af. continuous-map mtopology euclideanreal f
— (3B.VazeM. |fz| < B) = (An. [z. fz ONin) —— ([z. fz
ON)
by (simp add: mweak-conv-def)
from this[of Ax. 1] have (\i. measure (Ni i) (space (Nii))) —— measure N
(space N)
by auto
hence (\i. Ni i (space (Nii))) —— N (space N)
by (simp add: N.emeasure-eq-measure Ni.emeasure-eg-measure)
from tendsto-upperbound|OF this,of ennreal r)
show N € {N. sets N = sets (borel-of mtopology) N emeasure N (space N) <
ennreal 1}
using limitin-topspace| OF h(2)] Nir unfolding LPm.topspace-mtopology
by (auto simp: P-def)
qged

lemma closedin-subprobs:

closedin LPm.mtopology {N. subprob-space N A sets N = sets (borel-of mtopol-
ogy)}

unfolding LPm.metric-closedin-iff-sequentially-closed
proof (intro alll conjl uncurry impl)
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show 1:{N. subprob-space N A sets N = sets (borel-of mtopology)} C P
by (auto introl: inP-I simp: top.extremum-unique subprob-space-def)
fix Ni N
assume h:range Ni C {N. subprob-space N N\ sets N = sets (borel-of mtopology)}
limitin LPm.mtopology Ni N sequentially
then have sets-Ni: \i. sets (Ni i) = sets (borel-of mtopology) and Ni:\i. sub-
prob-space (Ni ©)
by auto
have setsN:sets N = sets (borel-of mtopology)
using limitin-topspace] OF h(2)] unfolding LPm.topspace-mtopology by (auto
dest: inP-D)
interpret N: finite-measure N
using limitin-topspace] OF h(2)] unfolding LPm.topspace-mtopology by (simp
add: P-def)
interpret Ni: subprob-space Ni i for i
by fact
have mweak-conv Ni N sequentially
using h 1 sets-Ni Ni by(auto intro!: converge-imp-mweak-conv)
hence Af. continuous-map mtopology euclideanreal { = (3B. VzeM. |f z| <
B)
= (M. [z. fz ONin) —— ([ z. fz ON)
by (simp add: mweak-conv-def)
from this[of Az. 1] have (\i. measure (Ni ©) (space (Ni i))) —— measure N
(space N)
by auto
hence (\i. Ni i (space (Nii))) —— N (space N)
by (simp add: N.emeasure-eq-measure Ni.emeasure-eq-measure)
from tendsto-upperbound|OF this,of 1]
have emeasure N (space N) < 1
using Ni.subprob-emeasure-le-1 by force
moreover have space N # {}
using sets-eq-imp-space-eq[OF setsN| sets-eq-imp-space-eq[ OF sets-Ni[of 0]]
using Ni.subprob-not-empty by fastforce
ultimately show N € {N. subprob-space N A sets N = sets (borel-of mtopology)}
using limitin-topspace| OF h(2)] unfolding LPm.topspace-mtopology
by (auto introl: subprob-spacel setsN)
qed

lemma closedin-probs: closedin LPm.mtopology {N. prob-space N N sets N = sets
(borel-of mtopology) }
unfolding LPm.metric-closedin-iff-sequentially-closed
proof (intro alll conjl uncurry impl)
show 1:{N. prob-space N A sets N = sets (borel-of mtopology)} C P
by (auto introl: inP-I simp: top.extremum-unique prob-space-def)
fix Ni N
assume h:range Ni C {N. prob-space N A sets N = sets (borel-of mtopology)}
limitin LPm.mtopology Ni N sequentially
then have sets-Ni: \i. sets (Ni i) = sets (borel-of mtopology) and Ni:/i.
prob-space (N7 7)
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by auto
have setsN:sets N = sets (borel-of mtopology)
using limitin-topspace| OF h(2)] unfolding LPm.topspace-mtopology by (auto
dest: inP-D)
interpret N: finite-measure N
using limitin-topspace] OF h(2)] unfolding LPm.topspace-mtopology by (simp
add: P-def)
interpret Ni: prob-space Ni i for i
by fact
have mweak-conv Ni N sequentially
using h I sets-Ni Ni by(auto intro!: converge-imp-mweak-conv)
hence Af. continuous-map mtopology euclideanreal f —> (IAB. VxeM. |f z| <
B)
= (M. [z. fz ONin) —— ([ z. fz ON)
by (simp add: mweak-conv-def)
from this[of Axz. 1] have (\i. measure (Ni i) (space (Nii))) —— measure N
(space N)
by auto
hence prob-space N
by (simp add: Ni.prob-space LIMSEQ-const-iff N.emeasure-eq-measure prob-spacel)
thus N € {N. prob-space N A sets N = sets (borel-of mtopology)}
using limitin-topspace| OF h(2)] unfolding LPm.topspace-mtopology
by (auto introl: setsN)
qed

4.4 The Lévy-Prokhorov Metric and Topology of Weak Con-
vegence

lemma weak-conv-topology-le-LPm-topology:
assumesopenin (weak-conv-topology mtopology) S
shows openin LPm.mtopology S
proof (rule weak-conv-topology-minimal[OF - - assms])
fix f B
assume f: continuous-map mtopology euclideanreal f and B:A\z. x € topspace
mtopology = |f x| < B
show continuous-map LPm.mtopology euclideanreal (AN. [z. fz ON)
unfolding continuous-map-iff-limit-seqOF LPm.first-countable-mtopology]
proof safe
fix Ni N
assume limitin LPm.mtopology Ni N sequentially
then have h’:weak-conv-on Ni N sequentially mtopology
by (simp add: mtopology-of-def converge-imp-mweak-conv)
thus limitin euclideanreal (An. [z. fz ONin) ([ z. fz ON) sequentially
using [ B by(fastforce simp: mweak-conv-seq-def)
qed
qed(unfold LPm.topspace-mtopology, simp add: P-def)

lemma LPmtopology-eq-weak-conv-topology:
assumes separable-space mtopology
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shows LPm.mtopology = weak-conv-topology mtopology
by (auto introl: topology-eq-filter inP-I simp: conv-iff-mweak-conv| OF assms] inP-D)

end

corollary
assumes metrizable-space X separable-space X
shows metrizable-weak-conv-topology:metrizable-space (weak-conv-topology X)
and separable-weak-conv-topology: separable-space (weak-conv-topology X)
proof —
obtain d where d:Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
then interpret Levy-Prokhorov topspace X d
by (auto simp: Levy-Prokhorov-def)
show g1:metrizable-space (weak-conv-topology X)
using assms(2) d(2) LPm.metrizable-space-mtopology LPmtopology-eq-weak-conv-topology
by simp
show ¢2:separable-space (weak-conv-topology X)
using assms(2) d(2) LPmtopology-eq-weak-conv-topology separable-LPm by
stmp
qged

end

5 Prokhorov’s Theorem

theory Prokhorov-Theorem
imports Levy-Prokhorov-Distance
Alaoglu-Theorem
begin

5.1 Prokhorov’s Theorem

context Levy-Prokhorov
begin

lemma relatively-compact-imp-tight-LP:
assumes [' C P separable-space mtopology mcomplete
and compactin LPm.mtopology (LPm.mtopology closure-of T')
shows tight-on-set mtopology T’
proof(cases M = {})
case True
then have I' = {} V T = {null-measure (borel-of mtopology)}
using assms(1) M-empty-P’ by auto
thus ?thesis
by (auto simp: tight-on-set-def intro!: finite-measurel)
next
case M-ne:False
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have 1: 3k. VNeT. measure N (|m<k. Ui m) > measure NM — e
if Uiz Niznat. openin mtopology (Ui i) (U4 Uii) = M and e:e > 0 for Ui e
proof(rule ccontr)
assume B k. VNel. measure N ((Jm<k. Ui m) > measure N M — e
then have h: Vk. INel. measure N ((Jm<k. Ui m) < measure N M — e
by (auto simp: linorder-class.not-less)
then obtain Nk where Nk: Ak. Nk k € T' A\k. measure (Nk k) (Um<k. Ui
m) < measure (Nk k) M — e
by metis
obtain N r where Nr: N € LPm.mtopology closure-of T' strict-mono r
limitin LPm.mtopology (Nk o r) N sequentially
using assms(1,4) Nk(1) closure-of-subset[of T' LPm.mtopology]
by (simp add: LPm.compactin-sequentially) (metis image-subset-iff subsetD)
then interpret mweak-conv-fin M d Xi. Nk (r i) N sequentially
using assms(1) Nk(1) closure-of-subset-topspace[of LPm.mtopology]
by (auto intro!: inP-mweak-conv-fin-all)
have sets-Nk[measurable-cong,simp): \i. sets (Nk (r 7)) = sets (borel-of mtopol-
09y)
using Nk(1) assms(1) inP-D(2) by blast
have wc: mweak-conv-seq (Ai. Nk (ri)) N
using converge-imp-mweak-conv|OF Nr(8)] Nk(1) assms(1) by(auto simp:
comp-def)
interpret Nk: finite-measure Nk k for k
using Nk(1) assms(1) inP-D by blast
interpret N: finite-measure N
using finite-measure-N by blast
have 1:measure N (|Ji<n. Ui i) < measure N M — e for n
proof —
have measure N (|Ji<n. Ui ) < liminf (Aj. measure (Nk (r j)) (Ui<n. Ui
)

using Ui by(auto introl: conjunct2|OF mweak-conv-eq3|THEN iffD1,0F
we],rule-format])
also have ... < liminf (Aj. measure (Nk (r 7)) (Ui<rj. Ui))
by (rule Liminf-mono)
(auto introl: Ui(1) exI[where z=n] Nk.finite-measure-mono[OF UN-mono]
le-trans| OF - strict-mono-imp-increasing| OF Nr(2)]] borel-of-open
simp: eventually-sequentially sets-N)
also have ... < liminf (Aj. measure (Nk (r j)) M + ereal (— e))
using Nk by(auto intro!: Liminf-mono eventuallyl)
also have ... < liminf (\j. measure (Nk (r j)) M) + limsup (\i. — e)
by (rule ereal-liminf-limsup-add)

also have ... = liminf (\j. measure (Nk (r j)) M) + ereal (— e)
using Limsup-const|of sequentially — €] by simp

also have ... = measure N M + ereal (— e)

proof —

have (Ak. measure (Nk (r k)) M) —— measure N M
using wc mweak-conv-eq2 by fastforce
from limI[OF tendsto-ereal| OF this]] convergent-liminf-cl[OF convergentI[OF
tendsto-ereal[ OF this]|]
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show ?thesis by simp
qed
finally show ?thesis
by simp
qed
have 2:(An. measure N (|Ji<n. Ui i)) —— measure N M
proof —
have (An. measure N ((Ji<n. Ui i)) —— measure N (| (range (An.
Ui<n. Ui 1))
by (fastforce introl: Ui(1) N.finite-Lim-measure-incseq borel-of-open inc-
seq-Sucl simp: sets-N)
moreover have |J (range (An. |Ji<n. Uii)) = M
using Ui(2) by blast
ultimately show ?thesis
by simp
qed
show Fulse
using e Lim-bounded[OF 2,0f 0 measure N M — e] 1 by auto
qed
show ?thesis
unfolding tight-on-set-def
proof safe
fix e :: real
assume e: 0 < e
obtain U where U: countable U mdense U
using assms(2) separable-space-def2 by blast
let 2an = from-nat-into U
have an: An. 2an n € M mdense (range ?an)
by (metis M-ne U(2) from-nat-into mdense-def2 mdense-empty-iff subsetD)
(metis M-ne U(1) U(2) mdense-empty-iff range-from-nat-into)
have k. VNeT. measure N (|Jn<k. mball (?an n) (1 / Suc m)) > measure
NM—(e/2)«(1/2)  Sucmfor m
by (rule 1) (use mdense-balls-cover|OF an(2)] e in auto)
then obtain £ where k:
Am N. N € I' = measure N ((Jn<k m. mball (¢an n) (1 / Suc m)) >
measure N M — (e / 2) % (1 / 2) ~ Sucm
by metis
let 2K = (\m. (I i<k m. mcball (?an i) (1 / Suc m))
show 3 K. compactin mtopology K N\ (Y MET. measure M (space M — K) < e)
proof (safe intro!: exl[where z=7K))
have closedin mtopology ?K
by (auto introl: closedin-Union)
moreover have ?K C M
by auto
moreover have mtotally-bounded ?K
unfolding mtotally-bounded-def2
proof safe
fix e :: real
assume e: 0 < e

108



then obtain m where m: e > 1 / Sucm
using nat-approz-posE by blast
have ?K C (U i<k m. mcball (%an i) (1 / real (Suc m)))
by auto
also have ... C (|Jz€%an ‘ {..k m}. mball z €)
using mcball-subset-mball-concentric]OF m] by blast
finally show 3 K. finite K N K C M A ?K C (|JzeK. mball z e)
using an(1) by(fastforce intro!: exI[where z="%an ‘ {..k m}])
qed
ultimately show compactin mtopology ?K
using mtotally-bounded-eq-compact-closedin[OF assms(3)] by auto
next
fix N
assume N: N € T
then interpret N: finite-measure N
using assms(1) inP-D by blast
have sets-N: sets N = sets (borel-of mtopology)
using N assms(1) by(auto simp: P-def)
hence space-N: space N = M
by (auto cong: sets-eq-imp-space-eq simp: space-borel-of)
have [measurable]: Aa b. mcball a b € sets N M € sets N
by (auto simp: sets-N introl: borel-of-closed)
have Ne:measure N (M — (| i<k m. mcball (?an 7) (1 / real (Suc m)))) <
(e/ 2)x(1/ 2)  Sucmfor m
proof —
have measure N (M — (|J i<k m. mcball (?an i) (1 / real (Suc m))))
= measure N M — measure N (|J i<k m. mcball (?an i) (1 / real (Suc
m)
by (auto simp: N.finite-measure-compl|simplified space-N])
also have ... < measure N M — measure N (|Ji<k m. mball (%an i) (1 /
real (Suc m)))
by (fastforce introl: N.finite-measure-mono)
also have ... < (e / 2) (1 / 2) ™ Sucm
using k[OF N,of m| by simp
finally show ?thesis .
qed
have Ne-sum: summable (Am. (e / 2) x (1 / 2) ~ Suc m)
by auto
have sum2: summable (Am. measure N (M — (U i<k m. mcball (from-nat-into
Ui) (1 / real (Suc m)))))
using Ne by(auto introl: summable-comparison-test-ev[OF - Ne-sum] even-
tuallyl) (use less-eq-real-def in blast)
show measure N (space N — ?K) < e
proof —
have measure N (space N — ?K) = measure N (Um. (M — (Ji<k m.
mceball (?an i) (1 / Suc m))))
by (auto simp: space-N)
also have ... < (> m. measure N (M — (|J i<k m. mcball (?an i) (1 / Suc

m))))
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by (rule N.finite-measure-subadditive-countably) (use sum2 in auto)

also have ... < (D"m. (e / 2) x (1 / 2) ~ Suc m)
by (rule suminf-le) (use Ne less-eq-real-def sum2 in auto)

also have ... = (e / 2) « (3_m. (1 / 2) ~ Suc m)
by (rule suminf-mult) auto

also have ... = ¢/ 2
using power-half-series sums-unique by fastforce

also have ... < ¢
using e by simp

finally show ?thesis .

qed
qed
qed(use assms inP-D in auto)
qed

lemma mcompact-imp-LPmcompact:
assumes compact-space mtopology
shows compactin LPm.mtopology {N. sets N = sets (borel-of mtopology) N N
(space N) < ennreal r}
(is compactin - ?N)
proof —
consider M ={} |r< 0| r>0M#{}
by linarith
then show ?thesis
proof cases
assume M = {}
then have finite (topspace LPm.mtopology)
unfolding LPm.topspace-mtopology using M-empty-P by fastforce
thus ?thesis
using closedin-bounded-measures closedin-compact-space compact-space-def
finite-imp-compactin-eq by blast
next
assume 7 < (
then have N = {null-measure (borel-of mtopology)}
using emeasure-eq-0[OF - - sets.sets-into-space]
by (safe,intro measure-eql) (auto simp: ennreal-lt-0)
thus ?thesis
by (auto intro!: inP-I finite-measurel)
next
assume M-ne:M # {} and r:r > 0
hence [simp]: mtopology # trivial-topology
using topspace-mtopology by force
define Cb where Cb = cfunspace mtopology (euclidean-metric :: real metric)
define Cb’ where Cb’ = powertop-real (mspace (cfunspace mtopology (euclidean-metric
i real metric)))
define B where
B = {pctopspace Cb'. p (AxE€topspace mtopology. 1) < r A positive-linear-functional-on-CX
mtopology ¢}
define T :: 'a measure = ('a = real) = real
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where T = AN. Afemspace (cfunspace mtopology euclidean-metric). [ . fx
ON
have compact: compactin Cb’ B
unfolding B-def Cb’-def by (rule Alaoglu-theorem-real-functional|OF assms(1)])
(use M-ne in simp)
have metrizable: metrizable-space (subtopology Cb’ B)
unfolding B-def Cb'-def by(rule metrizable-functional[OF assms metriz-
able-space-mtopology])
have homeo: homeomorphic-map (subtopology LPm.mtopology ?N) (subtopology
Cv'B) T
proof —
have T-cont”: continuous-map (subtopology LPm.mtopology ?N) Cb" T
unfolding continuous-map-atin
proof safe
fix N
assume N:N € topspace (subtopology LPm.mtopology ?N)
show limitin Cb' T (T N) (atin (subtopology LPm.mtopology ?N) N)
unfolding Cb’-def limitin-componentwise
proof safe
fix g :: '7a = real
assume g:g € mspace (cfunspace mtopology euclidean-metric)
then have g-bounded:3B. VzeM. |g x| < B
by (auto simp: bounded-pos-less order-less-le)
show limitin euclideanreal (Ac. T ¢ g) (T N g) (atin (subtopology
LPm.mtopology ?N) N)
unfolding limitin-canonical-iff
proof
fix e :: real
assume e:() < e
have N-in: N € ?N
using N by simp
show Vg ¢ in atin (subtopology LPm.mtopology ?N) N. dist (T ¢ g) (T
Ng)<e
unfolding atin-subtopology-within| OF N-in]
proof (safe introl: eventually-within-imp| THEN iffD2,0F LPm.eventually-atin-sequentially| THEN
iffD2]))
fix Ni
assume Ni:range Ni C P — {N} limitin LPm.mtopology Ni N sequentially
with N interpret mweak-conv-fin M d Ni N sequentially
by (auto introl: inP-mweak-conv-fin-all)
have wc:mweak-conv-seq Ni N
using Ni by (auto intro!: converge-imp-mweak-conv)
hence 1:(An. T (Nin) g —— T Ng
unfolding T-def by(auto simp: g mweak-conv-def g-bounded)
show V p n in sequentially. Ni n € ?N — dist (T (Nin) g) (T N g)
<e
by (rule eventually-mp|OF - 1[simplified tendsto-iff ,rule-format,OF
e]]) simp
qed
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qed
qed(auto simp: T-def)

qed
have T-cont: continuous-map (subtopology LPm.mtopology ?N) (subtopology
Cv'B) T
unfolding continuous-map-in-subtopology
proof

show T ‘ topspace (subtopology LPm.mtopology N) C B
unfolding B-def Cb’-def
proof safe
fix N
assume N:N € topspace (subtopology LPm.mtopology ?N)
then have finite-measure N and sets-N:sets N = sets (borel-of mtopology)
and space-N:space N = M and N-r:emeasure N (space N) < ennreal r
by (auto intro!: inP-D)
hence N-r":measure N (space N) < r
by (simp add: finite-measure.emeasure-eq-measure )
interpret N: finite-measure N
by fact
have TN-def: T N (\z€topspace mtopology. fz) = ([z. fz ON) T N
(AzeM. fz) = ([z. fz ON)
if f:continuous-map mtopology euclideanreal f for f
using [ Bochner-Integration.integral-cong|OF refl,of N AzeM. [ z
f,simplified space-N|
compact-imp-bounded[OF compactin-euclidean-iff[THEN iffD1,
OF image-compactin[OF assms[simplified compact-space-def] f]]]
by (auto simp: T-def)
have N-integrable[simp]: integrable N f if f:continuous-map mtopology
euclideanreal [ for f
using compact-imp-bounded|OF compactin-euclidean-iff[THEN iffD1,0F
image-compactin[OF
assms|[simplified compact-space-def] f]]] continuous-map-measurable[OF
/l
by (auto introl: N .integrable-const-bound AE-I2[of N|
simp: bounded-iff measurable-cong-sets| OF sets-N| borel-of-euclidean

space-N)

show T N (A\z€topspace mtopology. 1) < r

unfolding TN-def[OF continuous-map-canonical-const]

using N-r’ by simp
show positive-linear-functional-on-CX mtopology (T N)

unfolding positive-linear-functional-on-CX-compact| OF assms)
proof safe

fix fc

assume [: continuous-map mtopology euclideanreal f

show T'N (Az€topspace mtopology. ¢ * fz) = ¢ x T N (Az€topspace

mtopology. [ )

using [ continuous-map-real-mult-left[OF f,of c] by (auto simp: TN-def)

next
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fix fg
assume fg: continuous-map mtopology euclideanreal f
continuous-map mtopology euclideanreal g
show T N (Az€topspace mtopology. fx + g x)
= T N (Az€topspace mtopology. fx) + T N (AxEtopspace mtopology.
g9 z)
using fg continuous-map-add[OF fq]
by (auto simp: TN-def intro!: Bochner-Integration.integral-add)
next
fix f
assume continuous-map mtopology euclideanreal f ¥ x€topspace mtopology.
0<fz
then show 0 < T'N (Az€topspace mtopology. f x)
by (auto simp: TN-def space-N intro!: Bochner-Integration.integral-nonneg)
qed
show T N € topspace (powertop-real (mspace (cfunspace mtopology
euclidean-metric)))
by (auto simp: T-def)
qed
qed fact
define T-inv :: (('a = real) = real) = 'a measure where
T-inv = (Ap. THE N. sets N = sets (borel-of mtopology) A finite-measure
N A
(Vf. continuous-map mtopology euclideanreal f
— ¢ (restrict f (topspace mtopology)) = integral® N f))
have T-T-inv: ¥V N€topspace (subtopology LPm.mtopology ?N). T-inv (T N)
=N
proof safe
fix N
assume N:N € topspace (subtopology LPm.mtopology ?N)
from Pi-mem[OF continuous-map-funspace| OF T-cont| this|
have TN:T N € topspace (subtopology Cb’ B)
by blast
hence 3!N'. sets N' = sets (borel-of mtopology) N finite-measure N’ A
(Vf. continuous-map mtopology euclideanreal f
— T N (restrict f (topspace mtopology)) = integral® N’ f)
by (intro Riesz-representation-real-compact-metrizable]OF assms metriz-
able-space-mtopology])
(auto simp del: topspace-mtopology restrict-apply simp: B-def)
moreover have sets N = sets (borel-of mtopology) A finite-measure N A
(Vf. continuous-map mtopology euclideanreal f
— T N (restrict f (topspace mtopology)) = integral® N f)
using compact-imp-bounded| OF compactin-euclidean-iff[THEN iffD1,0F
image-compactin[ OF
assms|simplified compact-space-def] -]|]] N
by(auto simp: T-def dest:inP-D cong: Bochner-Integration.integral-cong)
ultimately show T-inv (T N) = N
unfolding T-inv-def by(rule thel-equality)
qed
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have T-inv-T: V pctopspace (subtopology Cb’ B). T (T-inv @) = ¢
proof safe
fix ¢
assume @:p€topspace (subtopology Cb’ B)
hence 1:3!N'. sets N' = sets (borel-of mtopology) A finite-measure N' A
(Vf. continuous-map mtopology euclideanreal f
— ¢ (restrict f (topspace mtopology)) = integral® N' f)
by (intro Riesz-representation-real-compact-metrizable|OF assms metriz-
able-space-mtopology)
(auto simp del: topspace-mtopology restrict-apply simp add: B-def)
have T-inv-p:sets (T-inv ) = sets (borel-of mtopology) finite-measure (T-inv

©)
NS continuous-map mtopology euclideanreal f
= ¢ (\zEtopspace mtopology. f x) = integral’ (T-inv @) f
unfolding T-inv-def by(use thel [OF 1] in blast)+
show T (T-inv @) = ¢
proof
fix f
consider f € mspace Cb | f ¢ mspace Cb
by fastforce
then show T (T-inv ) f = f
proof cases
case I
then have T (T-inv @) f = integral” (T-inv @) f
by (auto simp: T-def Cb-def)
also have ... = ¢ (Az€topspace mtopology. f )
by (rule T-inv-¢(3)[symmetric]) (use 1 Cb-def in auto)
also have ... = ¢ f
proof —
have 2: (Az€topspace mtopology. f z) = f
using 1 by(auto simp: extensional-def Cb-def)
show ?thesis
unfolding 2 by blast
qed
finally show #?thesis .
next
case 2
then have T (T-inv ) f = undefined
by (auto simp: Cb-def T-def)
also have ... = ¢ f
using 2 ¢ Cb’-def Cb-def PiE-arb by auto
finally show ?thesis .
qed
qed
qed
have T-inv-cont: continuous-map (subtopology Cb' B) (subtopology LPm.mtopology
?N) T-inv

unfolding seq-continuous-iff-continuous-first-countable] OF metrizable-imp-first-countable] OF
metrizable],symmetric| seq-continuous-map
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proof safe
fix pon @
assume limitin (subtopology Cb’ B) on ¢ sequentially
then have pB: ¢ € B and h:limitin Cb’ pn ¢ sequentially ¥ r n in
sequentially. pn n € B
by (auto simp: limitin-subtopology)
then obtain n0 where n0: An. n > n0 = ¢nn € B
by (auto simp: eventually-sequentially)
have limit: A\f. f € mspace (cfunspace mtopology euclidean-metric) = (An.
pnnf) —— o f
using h(1) by(auto simp: limitin-componentwise Cb’-def)
show limitin (subtopology LPm.mtopology ?N) (An. T-inv (pn n)) (T-inv
©) sequentially
proof (rule limitin-sequentially-offset-rev[where k=n0])
from pB have 3!N. sets N = sets (borel-of mtopology) N finite-measure
N A
(Y f. continuous-map mtopology euclideanreal f
— o (restrict f (topspace mtopology)) = integral” N f)
by (intro Riesz-representation-real-compact-metrizable|OF assms metriz-
able-space-mtopology])
(auto simp del: topspace-mtopology restrict-apply simp: B-def)
hence sets (T-inv ) = sets (borel-of mtopology) A finite-measure (T-inv
©) A
(Vf. continuous-map mtopology euclideanreal f
— ¢ (restrict f (topspace mtopology)) = integral” (T-inv ) f)
unfolding T-inv-def by(rule thel’)
hence T-inv-p: sets (T-inv @) = sets (borel-of mtopology) finite-measure
(T-inv @)
N\f. continuous-map mtopology euclideanreal f
= ¢ (restrict f (topspace mtopology)) = integral” (T-inv @) f
by auto
from this(2) this(3)[of Az. 1] ¢B have T-inv-o-r: T-inv ¢ (space (T-inv
¥)) < ennreal T
unfolding B-def by simp (metis ennreal-le-iff finite-measure.emeasure-eq-measure
)

{

fix n
from n0[of n + n0,simplified] have IIN. sets N = sets (borel-of
mtopology) N\
finite-measure N A (V f. continuous-map mtopology euclideanreal f
— on (n + n0) (restrict f (topspace mtopology))
= integral® N f)
by (intro Riesz-representation-real-compact-metrizable] OF assms metriz-
able-space-mtopology))
(auto simp del: topspace-mtopology restrict-apply simp: B-def)
hence sets (T-inv (en (n + n0))) = sets (borel-of mtopology) A
finite-measure (T-inv (pn (n + n0))) A
(Vf. continuous-map mtopology euclideanreal f
— on (n + n0) (restrict f (topspace mtopology)) = integral® ( T-inv
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(en (n + n0))) f)
unfolding T-inv-def by(rule thel’)

hence sets (T-inv (on (n + n0))) = sets (borel-of mtopology)
finite-measure (T-inv (pn (n + n0)))
Nf. continuous-map mtopology euclideanreal f
= on (n + n0) (restrict f (topspace mtopology)) = integral® (T-inv
(on (n + n0))) f
by auto
}

note T-inv-pn = this
have T-inv-on-r: T-inv (en (n + n0)) (space (T-inv (pn (n + n0)))) <
ennreal T for n
using T-inv-on(2)[of n] T-inv-pn(3)[of Az. 1 n] nO[of n + n0,simplified]
unfolding B-def by simp (metis ennreal-le-iff finite-measure.emeasure-eq-measure

r)
show limitin (subtopology LPm.mtopology ?N) (An. T-inv (pn (n + n0)))
(T-inv ) sequentially
proof (intro limitin-subtopology[ THEN 4ffD2] muweak-conuv-imp-converge

congl)
show mweak-conv-seq (An. T-inv (pn (n + n0))) (T-inv @)
unfolding mweak-conv-seq-def
proof safe
fix f :: ‘/a = real and B
assume f:continuous-map mtopology euclideanreal f and BV zeM. |f
z| < B

hence f': restrict f (topspace mtopology) € mspace (cfunspace mtopology
euclidean-metric)
by (auto simp: bounded-pos-less intro!: exl|where z=|B| + 1])
have 1:(An. [z. fz & T-inv (pn (n + n0))) = (An. on (n + n0)
(restrict f (topspace mtopology)))
by (subst T-inv-on(8)) (use f in auto)
have 2:([z. fz 0 T-inv @) = ¢ (restrict f (topspace mtopology))
by (subst T-inv-¢(3)) (use f in auto)
show (An. [z. fz 8 T-inv (¢n (n + n0))) —— ([ z. fz dT-inv p)
unfolding 1 2 using limit[OF f'| LIMSEQ-ignore-initial-segment by
blast
qged(use T-inv-¢(1,2) T-inv-pn(1,2) eventuallyl in auto)
next
show VY a in sequentially. T-inv (pn (a + n0)) € 2N
by (simp add: T-inv-pn(1) T-inv-pn-r)
next
show T-inv ¢ € {N. sets N = sets (borel-of mtopology) N emeasure N
(space N) < ennreal 1}
using T-inv-p(1) T-inv-p-r by auto
qed(use T-inv-pn(1) T-inv-pn-r T-inv-p(1) T-inv-p-r compact-space-imp-separable] OF
assms| in auto)
qed
qed
show ?thesis
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using T-inv-cont T-cont T-T-inv T-inv-T
by (auto introl: homeomorphic-maps-imp-map[where g=T-inv] simp: home-
omorphic-maps-def)
qed
show ?thesis
using homeomorphic-compact-space] OF homeomorphic-map-imp-homeomorphic-space] OF
homeol]
compact-space-subtopology| OF compact] LPm.closedin-metric closedin-bounded-measures
compactin-subspace
by fastforce
qed
qed

lemma tight-imp-relatively-compact-LP:
assumes I' C {N. sets N = sets (borel-of mtopology) N N (space N) < ennreal
r} separable-space mtopology
and tight-on-set mtopology T’
shows compactin LPm.mtopology (LPm.mtopology closure-of T")
proof(cases r < 0)
assume r < 0
then have #:{N. sets N = sets (borel-of mtopology) A N (space N) < ennreal
r} = {null-measure (borel-of mtopology)}
using emeasure-eq-0[OF - - sets.sets-into-space]
by (safe,intro measure-eql) (auto simp: ennreal-lt-0)
with assms(1) have T' = {} V I' = {null-measure (borel-of mtopology)}
by auto
hence LPm.mtopology closure-of T' = {} V LPm.mtopology closure-of T =
{null-measure (borel-of mtopology)}
by (metis (no-types) * closedin-bounded-measures closure-of-empty closure-of-eq)
thus ?thesis
by (auto introl: inP-I finite-measurel)
next
assume - r < 0
then have r-nonneg:r > 0
by simp
have subst1: I' C P
using assms(1) linorder-not-le by(force introl: finite-measurel inP-I)
have subst2: LPm.mtopology closure-of T' C {N. sets N = sets (borel-of mtopol-
ogy) N N (space N) < ennreal r}
by (simp add: assms(1) closedin-bounded-measures closure-of-minimal)
have tight: tight-on-set mtopology (LPm.mtopology closure-of T")
unfolding tight-on-set-def
proof safe
fix e :: real
assume e: (0 < e
then obtain K where K: compactin mtopology K AN. N € I' = measure
N (space N — K) <e/ 2
by (metis assms(3) tight-on-set-def zero-less-divide-iff zero-less-numeral)
show 3 K. compactin mtopology K N (¥ M€ LPm.mtopology closure-of T'. mea-
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sure M (space M — K) < e)
proof (safe intro!: exl[where z=K])
fix N
assume N:N € LPm.mtopology closure-of T
then obtain Nn where Nn: An. Nn n € T limitin LPm.mtopology Nn N
sequentially
unfolding LPm.closure-of-sequentially by auto
with N subst! interpret mweak-conv-fin M d Nn N sequentially
using closure-of-subset-topspace by (fastforce intro!: inP-mweak-conv-fin-all
simp: closure-of-subset-topspace)
have space-Ni:/\i. space (Nn i) = M
by (meson Nn(1) inP-D(3) subsetD substl)
have openin mtopology (M — K)
using compactin-imp-closedin| OF Hausdor(f-space-mtopology K (1)] by blast
hence ereal (measure N (M — K)) < liminf (An. ereal (measure (Nn n) (M
—K))
using mweak-conv-eq3 converge-imp-mweak-conv[OF Nn(2)] Nn(1) substl
by blast
also have ... < ereal (e / 2)
using K(2) Nn(1) space-Ni
by (intro Liminf-le eventuallyl ereal-less-eq(3)[ THEN iffD2] order.strict-implies-order)
fastforce+
also have ... < ereal e
using e by auto
finally show measure N (space N — K) < e
by (auto simp: space-N)
qed fact
qed(use closure-of-subset-topspace|of LPm.mtopology T'| inP-D in auto)
show ?thesis
unfolding LPm.compactin-sequentially
proof safe
fix Ni :: nat = 'a measure
assume Ni: range Ni C LPm.mtopology closure-of T’
then have Ni2: A\i. finite-measure (Ni i) and Ni-le-r: N\i. Ni i (space (Ni 7))
< ennreal r
and sets-Ni[measurable-cong|: \i. sets (Ni i) = sets (borel-of mtopology)
and space-Ni:\i. space (Ni i) = M
using closure-of-subset-topspace[of LPm.mtopology T'| inP-D subst2 by fast-
force+
interpret Ni: finite-measure Ni ¢ for ¢
by fact
have metrizable-space Hilbert-cube-topology
by (auto simp: metrizable-space-product-topology metrizable-space-euclidean
intro!: metrizable-space-subtopology)
then obtain dH where dH: Metric-space (UNIV —pg {0..1}) dH
Metric-space.mtopology (UNIV —g {0..1}) dH = Hilbert-cube-topology
by (metis Metric-space.topspace-mtopology metrizable-space-def topspace- Hilbert-cube)
then interpret dH: Metric-space UNIV —g {0..1} dH
by auto
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have compact-dH:compact-space dH.mtopology

unfolding dH(2) by(auto simp: compact-space-def compactin-PiE)
from embedding-into- Hilbert-cube| OF metrizable-space-mtopology assms(2)]
obtain A where A: A Ctopspace Hilbert-cube-topology

mtopology homeomorphic-space subtopology Hilbert-cube-topology A

by auto
then obtain T T-inv where T': continuous-map mtopology (subtopology Hilbert-cube-topology

A) T
continuous-map (subtopology Hilbert-cube-topology A) mtopology T-inv
Az. & € topspace (subtopology Hilbert-cube-topology A)
= T (T-invz) =z Nz. 2 € M = T-inv (Tz) =2z

unfolding homeomorphic-space-def homeomorphic-maps-def by fastforce
hence injT: inj-on T M

by (intro inj-on-inversel)
have T-cont: continuous-map mtopology dH.mtopology T

by (metis T(1) continuous-map-in-subtopology dH(2))
from continuous-map-measurable[OF this)
have T-meas|measurable]: T € measurable (Ni n) (borel-of dH.mtopology) for

by (auto simp: sets-Ni cong: measurable-cong-sets)
define vn where vn = (\i. distr (Ni i) (borel-of dH.mtopology) T)
have sets-vn: An. sets (vn n) = sets (borel-of dH.mtopology)
unfolding vn-def by simp
hence space-vn: An. space (vn n) = UNIV —g {0..1}
by (auto cong: sets-eq-imp-space-eq simp: space-borel-of )
interpret vn: finite-measure vn n for n
by (auto simp: vn-def space-borel-of PiE-eq-empty-iff introl: Ni.finite-measure-distr)
have vn-le-r: vn n (space (vn n)) < ennreal r for n
by (auto simp: vn-def emeasure-distr order.trans|OF emeasure-space Ni-le-r|of
n]])
have measure-vn-compact:measure (vn n) (space (vnn) — T * K) = measure
(Ni n) (space (Nin) — K)
if K: compactin mtopology K for K n
proof —
have compactin dH.mtopology (T ‘ K)
using T-cont image-compactin K by blast
hence T ‘ K € sets (borel-of dH.mtopology)
by (auto intro!: borel-of-closed compactin-imp-closedin dH.Hausdor(f-space-mtopology)
hence measure (vn n) (space (vnn) — T ‘ K)
= measure (Nin) (T —* (space (vnn) — T “ K) N space (Ni n))
by (simp add: vn-def measure-distr)
also have ... = measure (Ni n) (space (Nin) — K)
using compactin-subset-topspace| OF K| T(4) Pi-mem|OF continuous-map-funspace[ OF
T(1)]
by (auto intro!: arg-cong[where f=measure (Ni n)] simp: space-Ni subset-iff
space-vn) metis
finally show ?thesis .
qed
define HP where HP = {N. sets N = sets (borel-of dH.mtopology) A N (space
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N) < ennreal r}
interpret dHs: Levy-Prokhorov UNIV —pg {0..1} dH
using dH (1) by(auto simp: HP-def Levy-Prokhorov-def)
have HP:HP C {N. sets N = sets (borel-of dH.mtopology) A finite-measure N}
by (auto simp: HP-def top.extremum-unique introl: finite-measurel)
have vn-HP:range vn C HP
by (fastforce simp: HP-def sets-vn vn-le-r)
then obtain v’ @ where v": v’ € HP strict-mono a limitin dHs.LPm.mtopology
(vn o a) v’ sequentially
using dHs.mcompact-imp-LPmcompact] OF compact-dH ,of r]
unfolding dHs.LPm.compactin-sequentially HP-def by meson
hence sets-v'[measurable-cong|: sets v’ = sets (borel-of dH.mtopology)
and v'-le-r: v’ (space v') < ennreal r
by (auto simp: HP-def space-borel-of)
have space-v’: space v = UNIV —g {0..1}
using sets-eq-imp-space-eq| OF sets-v'| by(simp add: space-borel-of)
interpret v’ finite-measure v’
using v'-le-r by (auto intro!: finite-measurel simp: top-unique)
interpret wc:mweak-conv-fin UNIV —g {0..1} dH vn o a v’ sequentially
using vn-HP HP by(fastforce introl: dHs.inP-mweak-conv-fin-all v’ dHs.inP-T)
have claim: 3ECA. E € sets (borel-of dH.mtopology) N measure v’ (space v’
—E)=0
proof —
{
fix n
have 3 Kn. compactin mtopology Kn A (¥ N€LPm.mtopology closure-of T.
measure N (space N — Kn) < 1 / Suc n)
using tight by (auto simp: tight-on-set-def)
}

then obtain Kn where Kn: An. compactin mtopology (Kn n)
AN n. N € LPm.mtopology closure-of T = measure N (space N — Kn n)
<1/ Sucn
by metis
have TKn-compact: \n. compactin dH.mtopology (T ‘ (Kn n))
by (metis Kn(1) T-cont image-compactin)
hence [measurable]:An. T * Kn n € sets (borel-of dH.mtopology)
by (auto introl: borel-of-closed compactin-imp-closedin dH . Hausdorff-space-mtopology)
have T-img: An. T ‘(Knn) C A
using continuous-map-image-subset-topspace|OF T(1)] compactin-subset-topspace[ OF
Kn(1)
by fastforce
define E where E = (Jn. T ‘ (Kn n))
have [measurable]: E € sets (borel-of dH.mtopology)
by (simp add: E-def)
show ?thesis
proof (safe intro!: exl[where z=F))
show measure v’ (space v/ — E) = 0
proof (rule antisym[OF field-le-epsilon))
fix e :: real
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assume e: 0 < e
then obtain n0 where n0: 1 / (Suc n0) < e
using nat-approz-posE by blast
show measure v’ (space v/ — F) < 0 + e
proof —
have ereal (measure v’ (space v’ — E)) < ereal (measure v’ (space v’ —
T ‘ (Kn n0)))
by (auto introl: v’ finite-measure-mono simp: E-def)
also have ... < liminf (An. ereal (measure ((vn o a) n) (space v/ — T °
(Kn n0))))
proof —
have openin dH.mtopology (space v’ — T * (Kn n0))
by (metis TKn-compact compactin-imp-closedin dH.Hausdor({f-space-mtopology
dH .open-in-mspace openin-diff we.space-N)
with we.mweak-conv-eq3|THEN iffD1,0F dHs.converge-imp-mweak-conv| OF
)
show ?thesis
using vn-HP HP by(auto simp: dHs.inP-iff)
qed
also have ... = liminf (An. ereal (measure ((vn o a) n) (space ((vn o a)
n) = T * (Kn n0)))
by (auto simp: space-vn space-v’)
also have ... = liminf (An. ereal (measure ((Ni o a) n) (space ((Ni o a)
n) — Kn n0)))
by (simp add: measure-vn-compact|OF Kn(1)])
also have ... < 1 / (Suc n0)
using N¢
by (intro Liminf-le eventuallyl ereal-less-eq(3)[THEN 4ffD2] or-
der.strict-implies-order Kn(2))
auto
also have ... < ereal e
using n0 by auto
finally show ?thesis
by simp
qed
qed simp
qged(use E-def T-img in auto)
qed
then obtain E where E[measurable]: E C A
E € sets (borel-of dH.mtopology) measure v’ (space v/ — E) = 0
by blast
have measure-v’: measure v’ (B N E) = measure v’ B
if B[measurable]: B € sets (borel-of dH.mtopology) for B
proof (rule antisym)
have measure v’ B = measure v’ (BN E U B N (space v’ — E))
using sets.sets-into-space|OF B|
by (auto intro!: arg-conglwhere f=measure v'] simp: space-v’ space-borel-of)
also have ... < measure v’ (B N E) + measure v’ (B N (space v’ — E))
by (auto introl: measure-Un-le)
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also have ... < measure v’ (B N E) + measure v’ ((space v’ — E))
by (auto introl: v’ finite-measure-mono)
also have ... = measure v’ (B N E)
by (simp add: E)
finally show measure v’ B < measure v’ (BN E) .
qed(auto introl: v'. finite-measure-mono)
from this[of space v'] sets.sets-into-space]OF E(2)]
have measure-v'E:measure v’ E = measure v’ (space v’)
by (auto simp: space-v’ borel-of-open space-borel-of inf.absorb-iff2)
show AN r. N € LPm.mtopology closure-of T" A strict-mono v A limitin
LPm.mtopology (Ni o 1) N sequentially
proof —
define v where v = restrict-space v' E
interpret v: finite-measure v
by (auto intro: finite-measure-restrict-space v'.finite-measure-axioms simp:
v-def)
have space-v:space v = E
using E(2) v-def sets-v’ space-restrict-space2 by blast
have v-le-r: v (space v) < ennreal r
by (simp add: v-def emeasure-restrict-space order.trans|OF emeasure-space
v'-le-r])
have measure-v’2: measure v’ B = measure v (B N E)
if B[measurable]: B € sets (borel-of dH.mtopology) for B
by (auto simp: v-def measure-restrict-space measure-v’)
have T-inv-measurable[measurable]: T-inv € v — 1 borel-of mtopology
using continuous-map-measurable] OF continuous-map-from-subtopology-mono| OF
T(2) B(1)]
by (auto simp: v-def borel-of-subtopology dH
cong: sets-restrict-space-cong| OF sets-v'] measurable-cong-sets)
define N where N = distr v (borel-of mtopology) T-inv
have N-inP:N € P
using Ni2[of 0,simplified subprob-space-def subprob-space-azioms-def]
by (auto simp: P-def N-def space-Ni emeasure-distr order.trans|OF emea-
sure-space v-le-r| v.finite-measure-distr)
then interpret wcN:mweak-conv-fin M d Ni o a N sequentially
using subset-trans| OF Ni closure-of-subset-topspace] by (auto introl: inP-mweak-conv-fin-all)

show I N r. N € LPm.mtopology closure-of I' A strict-mono r A limitin
LPm.mtopology (Ni o 1) N sequentially
proof (safe intro!: exl[where z=N]| ezl[where z=a))
show limit: limitin LPm.mtopology (Ni o a) N sequentially
proof (rule mweak-conv-imp-converge)
show mweak-conv-seq (Ni o a) N
unfolding wcN.mweak-conv-eq2
proof safe
have [measurable]: UNIV —g {0..1} € sets (borel-of dH.mtopology)
by (auto simp: borel-of-open)
have 1:measure ((Ni o a) n) M = measure ((vn o a) n) (UNIV —g
{0..1}) for n
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using continuous-map-funspace]OF T(1)]
by (auto simp: vn-def measure-distr space-Ni introl: arg-cong[where
f=measure (Ni (a n))])
have 2: measure N M = measure v’ (space v')
proof —
have [measurable]: M € sets (borel-of mtopology)
by (auto intro!: borel-of-open)
have measure N M = measure v (T-inv —° M N space v)
by (auto simp: N-def introl: measure-distr)
also have ... = measure v (space v N E)
using measurable-space| OF T-inv-measurable]
by(auto introl: arg-conglwhere f=measure v] simp: space-borel-of

space-v)
also have ... = measure v’ (space v)
by (rule measure-v’'2[symmetric]) (simp add: space-v)
also have ... = measure v’ (space v')

by(simp add: measure-v'E space-v)
finally show ?thesis .
qed
show (An. measure ((Ni o a) n) M) —— measure N M
unfolding 7 2 using HP vn-HP wec.mweak-conv-eq2[ THEN iffD1,0F
dHs.converge-imp-mweak-conv[OF v'(3)]]
by (auto simp: space-v’ dHs.inP-iff)
next
fix C
assume C: closedin mtopology C
hence [measurable]: C € sets (borel-of mtopology)
by (auto introl: borel-of-closed)
have closedin (subtopology dH.mtopology A) (T ¢ C)
proof —
have T ‘ C = {z € topspace (subtopology Hilbert-cube-topology A).
T-invz € C}
using closedin-subset[OF C| T(3,4) continuous-map-funspace[OF
T(1)] continuous-map-funspace|OF T(2)]
by (auto simp: rev-image-eql)
also note closedin-continuous-map-preimage[OF T(2) C]
finally show ?thesis
by (simp add: dH)
qed
then obtain K where K: closedin dH.mtopology KT *C =K N A
by (meson closedin-subtopology)
hence [measurable]: K € sets (borel-of dH.mtopology)
by (simp add: borel-of-closed)
have C-eq:C =T —“KNM
proof —
have C = (T —T‘C)NM
using closedin-subset[OF C)] injT by(auto dest: inj-onD)
also have ... = (T = (KN A)NM
by (simp only: K(2))
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also have ... =T —-—‘KNM
using A(1) continuous-map-funspace[OF T(1)] by auto
finally show ?Zthesis .
qed
hence 1:measure ((Ni o a) n) C = measure ((vn o a) n) K for n
by (auto simp: vn-def measure-distr space-Ni)
have limsup (An. ereal (measure ((Ni o a) n) C)) = limsup (An. ereal
(measure ((vn o a) n) K))
unfolding 1 by simp
also have ... < ereal (measure v’ K)
using vn-HP HP wc.mweak-conv-eq2| THEN iff D1,0F dHs.converge-imp-mweak-conv[OF
v'(3)]] K(1) dHs.inP-iff by auto

also have ... = ereal (measure v (K N E))
by (simp add: measure-v’'2)
also have ... = ereal (measure v (T-inv —° C N space v))

using measurable-space| OF T-inv-measurable] K(2) E(1) closedin-subset|OF
K(1)] A(1) T(3.4)
by (fastforce intro!: arg-conglwhere f=measure v| simp: space-v C-eq
space-borel-of subsetD)
also have ... = ereal (measure N C)
by (auto simp: N-def measure-distr)
finally show limsup (An. ereal (measure ((Ni o a) n) C)) < ereal
(measure N C) .
qed
qed(use N-inP Ni assms closure-of-subset-topspace[of LPm.mtopology T'] in
auto)
have range (Ni o a) C LPm.mtopology closure-of T
using Ni by auto
thus N € LPm.mtopology closure-of T
using limit LPm.metric-closedin-iff-sequentially-closed| THEN iffD1,0F
closedin-closure-of [of - T]
by blast
qed fact
qed
qged(use assms(1) closedin-subset|OF closedin-closure-of [of LPm.mtopology]] in
auto)
qed

corollary Prokhorov-theorem-LP:

assumes I' C {N. sets N = sets (borel-of mtopology) N emeasure N (space N)
< ennreal r}

and separable-space mtopology mcomplete

shows compactin LPm.mtopology (LPm.mtopology closure-of T') «— tight-on-set
mtopology T’
proof —

haveI' C P

using assms(1) by(auto introl: finite-measurel inP-I simp: top.extremum-unique)

thus ?thesis

using assms by (auto simp: relatively-compact-imp-tight-LP tight-imp-relatively-compact-LP)
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qed

5.2 Completeness of the Lévy-Prokhorov Metric

lemma mcomplete-tight-on-set:
assumes I' C P mcomplete
and A\ef.e> 0= f>0
= Jan n. an ‘ {.nunat} C M A (VNeL. measure N (M — (| i<n.
mball (an i) f)) < e)
shows tight-on-set mtopology T’
unfolding tight-on-set-def
proof safe
fix e :: real
assume e: 0 < e
then have Jan n. an ‘ {.n:nat} C M A
(VNel'. measure N (M — (Ji<n. mball (an i) (1 / (1 + real m)))) < e/ 2
*x (1 /2) " Suc m) for m
using assms(3)[of e/ 2 % (1 / 2) ~Sucm 1 / (1 + real m)] by fastforce
then obtain anm nm where anm: Am. anm m ‘ {.nm m:nat} C M
Am N. N € ' = measure N (M — (|Ji<nm m. mball (anm m ) (1 / (1 +
real m)))) < e/ 2 % (1 / 2) Sucm
by metis
define K where K = ((\m. (Ji<nm m. mcball (anm m i) (1 / (1 + real m))))
have K-closed: closedin mtopology K
by (auto simp: K-def intro!: closedin-Union)
show 3 K. compactin mtopology K N (VY M€T'. measure M (space M — K) < e)
proof(safe intro!: exl[where z=K))
have mtotally-bounded K
unfolding mtotally-bounded-def2
proof safe
fix € :: real
assume ¢: () < ¢
then obtain m where m: 1 / (1 + real m) < ¢
using nat-approz-posE by auto
show 3 Ka. finite Ka A Ka C M AN K C (Jz€Ka. mball z €)
proof (safe intro!: exI[where z=anm m ‘ {..nm m}])
fix z
assume z € K
then have z € (|Ji<nm m. mcball (anm m i) (1 / (1 + real m)))
by (auto simp: K-def)
also have ... C (|Ji<nm m. mball (anm m i) )
by (rule UN-mono) (use m in auto)
finally show z € (|Jzcanm m ‘ {..nm m}. mball x €)
by auto
qged(use anm in auto)
qed
thus compactin mtopology K
by (simp add: mtotally-bounded-eq-compact-closedin] OF assms(2) K-closed))
next
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fix N
assume N:N €T
then interpret N: finite-measure N
using assms(1) inP-D(1) by auto
have [measurable]: M € sets N Na b. mcball a b € sets N
using N inP-D(2) assms(1) by(auto introl: borel-of-closed)
have [measurable]: Na b. mball a b € sets N
using N inP-D(2) assms(1) by(auto introl: borel-of-open)
have [simp]: summable (Am. measure N (M — (Ji<nm m. mball (anm m i)
(1 /(1 + real m)))))
using anm(2)[OF N]
by (auto introl: summable-comparison-test-evjwhere g=An. e / 2 x (1 / 2)
Suc n

o~

and f=Am. measure N (M — (|Ji<nm m. mball (anm m i) (1 / (1 +
real m))))] eventuallyl)
show measure N (space N — K) < e
proof —
have measure N (space N — K) = measure N (M — K)
using N assms(1) inP-D(3) by auto
also have ... = measure N (Um. M — ({Ji<nm m. mcball (anm m ) (1 /
(1 4 real m))))
by (auto simp: K-def)
also have ... < (D>"m. e/ 2% (1 / 2) ~ Suc m)
proof —
have (Ak. measure N (Um<k. M — (U i<nm m. mcball (anm m %) (1 / (1
+ real m)))))
—— measure N (Ji. Um<i. M — (lJi<nm m. mcball (anm m 0)
(1 /(1 + real m))))
by (rule N.finite-Lim-measure-incseq) (auto introl: incseq-Sucl)
moreover have (|Ji. Jm<i. M — (Ji<nm m. mcball (anm m i) (1 / (1
+ real m))))

m))))

=Um. M — (Ui<nm m. mcball (anm m ) (1 / (1 + real

by blast
ultimately have 1:(\k. measure N (Um<k. M — (Ji<nm m. mcball
(anm m i) (1 / (1 + real m)))))
—— measure N (Um. M — (U i<nm m. mcball (anm m
i) (1 /(1 4+ real m))))
by simp
show ?thesis
proof(safe intro!: Lim-bounded[OF 1])
fix n
show measure N (m<n. M — (Ji<nm m. mcball (anm m ) (1 / (1
+ real m))))
< (O-m.e/2x(1/2)  Sucm) (is ?lhs < ?rhs)
proof —
have ?lhs < (3>° m<n. measure N (M — ({Ji<nm m. mcball (anm m 0)

(1 /(1 + real m)))))

by (rule N.finite-measure-subadditive-finite) auto
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also have ... < (3_ m<n. measure N (M — (|J i<nm m. mball (anm m
) (1 /(1 + real m)))))
by (rule sum-mono) (auto introl: N.finite-measure-mono)
also have ... < (3_ m. measure N (M — (|Ji<nm m. mball (anm m 0)
(1 / (1 + real m)))))
by (rule sum-le-suminf) auto
also have ... < ?rhs
by (rule suminf-le) (use anm(2)[OF N] in auto)
finally show #%thesis .

qged
ged
qed
alsohave ... = ¢/ 2+ (D m. (1 / 2) ~ Suc m)
by (rule suminf-mult) auto
also have ... = ¢ / 2

using power-half-series sums-unique by fastforce
also have ... < e
using e by simp
finally show ?Zthesis .
qed
qged
qed(use assms(1) inP-D in auto)

lemma mcomplete-LPmcomplete:
assumes mcomplete separable-space mtopology
shows LPm.mcomplete
proof —
consider M = {} | M # {}
by blast
then show ?thesis
proof cases
case I
from M-empty-P|[OF this]
have P = {} V P = {count-space {}} .
then show ?thesis
using LPm.compact-space-eq-Bolzano-Weierstrass LPm.compact-space-imp-mcomplete
finite-subset
by fastforce
next
case M-ne:2
show ?thesis
unfolding LPm.mcomplete-def
proof safe
fix Ni
assume cauchy: LPm.MCauchy Ni
hence range-Ni: range Ni C P
by (auto simp: LPm.MCauchy-def)
hence range-Ni2: range Ni C LPm.mtopology closure-of (range Ni)
by (simp add: closure-of-subset)
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have Ni-inP: N\i. Nii € P
using cauchy by(auto simp: LPm.MCauchy-def)
hence An. finite-measure (Ni n)
and sets-Ni[measurable-cong]: \n. sets (Ni n) = sets (borel-of mtopology)
and space-Ni: An. space (Nin) = M
by (auto dest: inP-D)
then interpret Ni: finite-measure Ni n for n
by simp
have 3r>0. Vi. Ni i (space (Ni i)) < ennreal r
proof —
obtain N where N: An m. n > N = m > N = LPm (Ni n) (Ni m)
< 1
using LPm.MCauchy-def cauchy zero-less-one by blast
define r where r = maxz (Maz ((\i. measure (Ni i) (space (Nii))) ‘{..N}))
(measure (Ni N) (space (Ni N)) + 1)
show ?thesis
proof(safe intro!: exl[where z=r])
fix 7
consider i < N | N < §
by fastforce
then show Ni ¢ (space (Ni 7)) < ennreal r
proof cases
assume ; < N
then have measure (Ni i) (space (Ni 7)) < r
by (auto simp: r-def introl: max.coboundedI1)
thus Zthesis
by (simp add: measure-def enn2real-le)
next
assume i1 > N
have measure (Ni ©) (space (Ni 1)) < r
proof —
have measure (Ni i) M < measure (Ni N) (Ja€M. mball a 1) + 1
using range-Ni by (auto intro!: LPm-less-then|of Ni N| N i borel-of-open)
also have ... < measure (Ni N) (space (Ni N)) + 1
using Ni.bounded-measure by auto
also have ... < r
by (auto simp: r-def)
finally show ?thesis
by (simp add: space-Ni)
qed
thus Zthesis
by (simp add: Ni.emeasure-eq-measure ennreal-lel)
qed
qed(auto simp: r-def intro!: mazx.coboundedI2)
qed
then obtain r where r-nonneg: r > 0 and r-bounded:\i. Ni i (space (Ni
1)) < ennreal v
by blast
with sets-Ni have range-Ni'":

128



range Ni C {N. sets N = sets (borel-of mtopology) N emeasure N (space N)
< ennreal 1}
by blast
have M-meas|measurable]: M € sets (borel-of mtopology)
by (simp add: borel-of-open)
have mball-meas[measurable]: mball a e € sets (borel-of mtopology) for a e
by (auto intro!: borel-of-open)
have Ni-Cauchy: Ne. e > 0 = In0.Vnn'. n0 <n— nl <n'— LPm
(Nin) (Nin) <e
using cauchy by (auto simp: LPm.MCauchy-def)
have tight-on-set mtopology (range Ni)
proof (rule mcomplete-tight-on-set]| OF range-Ni assms(1)])
fix e f :: real
assume e: e > 0 and f: f > 0
with Ni-Cauchylof min e f / 2] obtain n0 where n0:
Anm.n0 <n= n0 <m = LPm (Nin) (Nim) < minef/ 2
by fastforce
obtain D where D: mdense D countable D
using assms(2) separable-space-def2 by blast
then obtain an where an: An:nat. an n € D range an = D
by (metis M-ne mdense-empty-iff rangel uncountable-def)
have Inl. Vi<n0. measure (Ni i) (M — (Ji<nI. mball (an i) (f / 2)))
<minef /2
proof —
have Inl. measure (Ni i) (M — (|Ji<nI. mball (an i) (f / 2))) < min
ef/ 2 for i
proof —
have (An1. measure (Ni i) (M — (lJi<nI. mball (ani) (f / 2)))) ——

proof —
have 1: (Anl. measure (Ni i) (M — (i<nI. mball (an i) (f / 2))))
= (Anl. measure (Ni i) M — measure (Ni i) (({Ji<nI. mball
(an i) (f / 2))))

using Ni.finite-measure-compl by (auto simp: space-Ni)
have (Anl. measure (Ni i) (Ui<nI. mball (an i) (f / 2)))) ——
measure (Ni i) M
proof —
have (An1. measure (Ni i) (([Ji<n1. mball (an i) (f / 2))))
—— measure (Ni i) (Unl. (Ji<nI. mball (an i) (f / 2)))
by (intro Ni.finite-Lim-measure-incseq incseq-Sucl UN-mono) auto
moreover have ((Jnl. (Ji<nl. mball (ani) (f/ 2)) =M
using mdense-balls-cover|OF D(1)[simplified an(2)[symmetric]],of f
/ 2] f by auto
ultimately show #¢thesis by argo
qed
from tendsto-diff [OF tendsto-const{where k=measure (Ni i) M| this]
show ?thesis
unfolding I by simp
qed
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thus ?thesis
by (meson e f LIMSEQ-le-const half-gt-zero less-eq-real-def linorder-not-less
min-less-iff-conj)
qed
then obtain ni where ni: Ai. measure (Ni i) (M — (U i<ni i. mball (an
i) (f/2))<minef/2
by metis
define n! where n! = Maz (ni ‘ {..n0})
show ?thesis
proof (safe intro!: exl[where z=n1])
fix ¢
assume 7: 1 < nl
then have nii:ni i < nl
by (simp add: n1-def)
show measure (Ni i) (M — (Ji<nI. mball (an i) (f / 2))) < min e f
/2
proof —
have measure (Ni i) (M — (Ji<nI. mball (an i) (f / 2)))
< measure (Ni i) (M — (Ji<ni i. mball (an i) (f / 2)))
using nii by(fastforce introl: Ni.finite-measure-mono)
also have ... < minef / 2
by fact
finally show ?thesis .
qed
qed
qged
then obtain n! where ni:
Ni. i < n0 = measure (Ni i) (M — (Ji<ni. mball (an i) (f / 2))) <
e/ 2

/2

Ni. i < n0 = measure (Ni i) (M — (Ji<nI.mball (ani) (f / 2))) < f

by auto
show Jan n. an ‘ {.nunat} C M A (VY Nerange Ni. measure N (M —
(U i<n. mball (an i) f)) < e)
proof(safe intro!: exl[where z=an] exI[where z=nl])
fix n
consider n < n0 | n0 < n
by linarith
then show measure (Nin) (M — (Ji<nl. mball (an i) f)) < e
proof cases
case ]
have measure (Ni n) (M — (Ui<nl. mball (an i) f))
< measure (Nin) (M — (Ji<nI. mball (an i) (f / 2)))
using [ by(fastforce intro!: Ni.finite-measure-mono)
also have ... < e
using nl[OF 1] e by linarith
finally show ?thesis .
next
case 2
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have measure (Ni n) (M — (Ji<nl. mball (an i) f))
< measure (Ni n0) (JaeM — (Ji<nI. mball (an i) f). mball a
(minef/2)+minef/ 2
by (intro LPm-less-then(2) n0 2 Ni-inP) auto
also have ... < measure (Ni n0) (M — (I i<nI. mball (an i) (f / 2)))
+minef /2
proof —
have (|JeeM — (Ji<nI. mball (an i) f). mball a (min e f ]/ 2))
CM— (Uignt. mball (an i) (f / 2))
proof safe
fixzad
assume z: € mball a (min e f / 2) x € mball (an i) (f / 2)
and a:a € M a ¢ (Ui<nl. mball (an i) f) and i < nl
hence d (ani) s < f/2dza<f/ 2
by (auto simp: commute)
hence d (an i) a < f
using triangle[of an { z a] a(1) z(2) by auto
with a(2) ¢
show Fulse
using a(1) atMost-iff image-eql 2(2) by auto
qged simp
thus ?thesis
by (auto intro!: Ni.finite-measure-mono)
qed
also have ... < e
using nl (1)[OF order.refl] by linarith
finally show ?thesis .
qed
qed(use an dense-in-subset[OF D(1)] in auto)
qed
from tight-imp-relatively-compact-LP[OF range-Ni' assms(2) this] range-Ni2
obtain [ N where strict-mono [ limitin LPm.mtopology (Ni o 1) N sequentially

unfolding LPm.compactin-sequentially by blast
from LPm.MCauchy-convergent-subsequence|OF cauchy this]
show 3 N. limitin LPm.mtopology Ni N sequentially
by blast
qed
qed
qed

5.3 Equivalence of Separability, Completeness, and Compact-
ness

lemma return-inP[simpl:return (borel-of mtopology) = € P
by (metis emeasure-empty ennreal-top-neq-zero finite-measurel inP-I infinity-ennreal-def
sets-return space-return subprob-space.azioms(1) subprob-space-return-ne)

lemma LPm-return-eq:
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assumes z € My e M
shows LPm (return (borel-of mtopology) x) (return (borel-of mtopology) y) =
min 1 (d z y)
proof(rule antisym|[OF min.boundedl))
show LPm (return (borel-of mtopology) ) (return (borel-of mtopology) y) < d x
Y
proof(rule field-le-epsilon)
fix e :: real
assume e: e > (
show LPm (return (borel-of mtopology) x) (return (borel-of mtopology) y) < d
Ty + e
proof (rule LPm-imp-le)
fix B
assume B[measurable]: B € sets (borel-of mtopology)
have 1 € B= y € ((JaeB. mball a (dz y + ¢))
using e assms by auto
thus measure (return (borel-of mtopology) =) B
< measure (return (borel-of mtopology) y) (Ja€B. mball a (d xz y + €))
+(dzy+ e
using e by(simp add: measure-return indicator-def)
next
fix B
assume B[measurable]: B € sets (borel-of mtopology)
have y € B= 2z € ((JaeB. mball a (d z y + ¢))
using e assms by (auto simp: commute)
thus measure (return (borel-of mtopology) y) B
< measure (return (borel-of mtopology) =) (|Ja€B. mball a (d z y + ¢))
Fdzyte)
using e by(simp add: measure-return indicator-def)
qged (simp add: add.commute add-pos-nonneg e)
qed
next
consider LPm (return (borel-of mtopology) x) (return (borel-of mtopology) y) <
1
| LPm (return (borel-of mtopology) x) (return (borel-of mtopology) y) > 1
by linarith
then show min 1 (d z y)< LPm (return (borel-of mtopology) x) (return (borel-of
mtopology) )
proof cases
case I
have 2:d z y < a if a: LPm (return (borel-of mtopology) ) (return (borel-of
mtopology) y) < a
a < 1 for a
proof —
have [measurable]: {z} € sets (borel-of mtopology)
using assms by(auto simp add: closedin-t1-singleton t1-space-mtopology
introl: borel-of-closed)
have measure (return (borel-of mtopology) ) {z}
< measure (return (borel-of mtopology) y) (| be{z}. mball b a) + a
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using assms subprob-space.subprob-emeasure-le-1[OF subprob-space-return-nelof
borel-of mtopology]|
by (intro LPm-less-then(1)[where A={z},OF - - a(1)])
(auto simp: space-borel-of space-scale-measure)
thus ?thesis
using assms a(2) linorder-not-less by (fastforce simp: measure-return indi-
cator-def)
qed
have d z y < a if a: LPm (return (borel-of mtopology) z) (return (borel-of
mtopology) y) < a for a
proof(cases a < 1)
assume r1:~ a < 1
obtain k where k:LPm (return (borel-of mtopology) x) (return (borel-of
mtopology) y) < kk < 1
using dense 1 by blast
show ?thesis
using 2[OF k] k(2) r1 by linarith
qged(use 2 a in auto)
thus ?thesis
by force
qged simp
next
show LPm (return (borel-of mtopology) x) (return (borel-of mtopology) y) < 1
by (rule order.trans[OF LPm-le-maz-measure))
(metis assms(1) assms(2) indicator-simps(1) max.idem measure-return nle-le
sets.top space-borel-of space-return topspace-mtopology)
qged

corollary LPm-return-eq-capped-dist:

assumes x € My e M

shows LPm (return (borel-of mtopology) x)(return (borel-of mtopology) y) =
capped-dist 1 x y

by (simp add: capped-dist-def assms LPm-return-eq)

corollary M Cauchy-iff-M Cauchy-return:
assumes range xn C M
shows MCauchy xn «—— LPm.MCauchy (An. return (borel-of mtopology) (zn n))
proof —
interpret c: Metric-space M capped-dist 1
using capped-dist by blast
show ?thesis
using range-subsetD[OF assms(1)]
by (auto simp: MCauchy-capped-metric[of 1,symmetric] c. MCauchy-def LPm.MCauchy-def
LPm-return-eq-capped-dist)
qed

lemma conv-conv-return:

assumes limitin mtopology n © sequentially
shows limitin LPm.mtopology (An. return (borel-of mtopology) (zn n)) (return
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(borel-of mtopology) x) sequentially
proof —
interpret c: Metric-space M capped-dist 1
using capped-dist by blast
have clim:limitin c.mtopology xn x sequentially
using assms by (simp add: mtopology-capped-metric)
show ?thesis
using LPm-return-eq-capped-dist clim
by (fastforce simp: c.limit-metric-sequentially LPm.limit-metric-sequentially)
qged

lemma conv-iff-conv-return:
assumes range zn C Mz € M
shows limitin mtopology xn x sequentially
—— limitin LPm.mtopology (An. return (borel-of mtopology) (zn n))
(return (borel-of mtopology) ) sequentially
proof —
have zn: An. ann e M
using assms by auto
interpret c: Metric-space M capped-dist 1
using capped-dist by blast
have limitin mtopology zn = sequentially «— limitin c.mtopology xn x sequentially
by (simp add: mtopology-capped-metric)
also have ...
«—— limitin LPm.mtopology (An. return (borel-of mtopology) (zn n)) (return
(borel-of mtopology) ) sequentially
using zn assms by (auto simp: c.limit-metric-sequentially LPm.limit-metric-sequentially
LPm-return-eq-capped-dist)
finally show ?thesis .
qed

lemma continuous-map-return: continuous-map mtopology LPm.mtopology (M.
return (borel-of mtopology) x)
by (auto simp: continuous-map-iff-limit-seq[ OF first-countable-mtopology] conv-conv-return)

lemma homeomorphic-map-return:
homeomorphic-map mtopology
(subtopology LPm.mtopology ((Ax. return (borel-of mtopology) x) *
)
(Az. return (borel-of mtopology) )
proof (rule homeomorphic-maps-imp-map)
define inv where inv = (AN. THE z. x € M N N = return (borel-of mtopology)
z)
have inv-eq: inv (return (borel-of mtopology) ) = = if z: + € M for z
proof —
have inv (return (borel-of mtopology) ) € M A return (borel-of mtopology) =
= return (borel-of mtopology) (inv (return (borel-of mtopology) t))
unfolding inv-def
proof (rule thel)

134



fix y
assume y € M A return (borel-of mtopology) x = return (borel-of mtopology)

then show y =«
using LPm-return-eq|OF z,of y] x
by (auto intro!: zero[ THEN iffD1] simp: commute simp del: zero)
qged(use z in auto)
thus ?thesis
by (metis LPm-return-eq-capped-dist Metric-space.zero capped-dist x)
qged
interpret s: Submetric P LPm (A\z. return (borel-of mtopology) x) * M
by standard auto
have continuous-map mtopology s.sub.mtopology (Az. return (borel-of mtopology)

x)
using continuous-map-return
by (simp add: LPm.Metric-space-axioms metric-continuous-map s.sub. Metric-space-azioms)
moreover have continuous-map s.sub.mtopology mtopology inv
unfolding continuous-map-iff-limit-seq[OF s.sub. first-countable-mtopology]
proof safe
fix Ni N
assume h:limitin s.sub.mtopology Ni N sequentially
then obtain z where z: x € M N = return (borel-of mtopology) =
using s.sub.limit-metric-sequentially by auto
interpret c: Metric-space M capped-dist 1
using capped-dist by blast
show limitin mtopology (An. inv (Ni n)) (inv N) sequentially
unfolding c.limit-metric-sequentially mtopology-capped-metriclof 1,symmetric]
proof safe
fix e :: real
assume e > (
then obtain n0 where n0:
An. n > n0 = Nin € (Az. return (borel-of mtopology) x) * M
An.n>n0 = LPm (Nin) N < e
by (metis h s.sub.limit-metric-sequentially)
then obtain zn where zn: An.n > n0 = znne M
An. n > n0 = Ni n = return (borel-of mtopology) (zn n)
unfolding image-def by simp metis
thus 3 Na. Vn>Na. inv (Nin) € M A capped-dist 1 (inv (Nin)) (inv N) < e
using n0 by(auto intro!: exl[where z=n0] simp: inv-eq x LPm-return-eq-capped-dist)
qed(simp add: inv-eq x)
qed
moreover have YV z€topspace mtopology. inv (return (borel-of mtopology) x) = x
Y yEtopspace s.sub.mtopology. return (borel-of mtopology) (inv y) = y
by (auto simp: inv-eq)
ultimately show homeomorphic-maps mtopology (subtopology LPm.mtopology
((Az. return (borel-of mtopology) z) ¢ M))
(Az. return (borel-of mtopology) x) inv
by (simp add: s.mtopology-submetric homeomorphic-maps-def)
qed
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corollary homeomorphic-space-mtopology-return:

mtopology homeomorphic-space (subtopology LPm.mtopology ((Az. return (borel-of
mtopology) z) * M))

using homeomorphic-map-return homeomorphic-space by fast

lemma closedin-returnM: closedin LPm.mtopology ((Az. return (borel-of mtopol-
ogy) z) * M)
unfolding LPm.metric-closedin-iff-sequentially-closed
proof safe
fix Ni N
assume h:range Ni C (Az. return (borel-of mtopology) x) * M limitin LPm.mtopology
Ni N sequentially
from range-subsetD[OF this(1)]
obtain zi where zi: A\i. xi i € M Ni = (\i. return (borel-of mtopology) (xi 7))
unfolding image-def by simp metis
have sets-N[measurable-congl: sets N = sets (borel-of mtopology)
by (meson LPm.limitin-mspace h(2) inP-D)
have [measurable]: An. {zi n} € sets N
by (simp add: Hausdorff-space-mtopology borel-of-closed closedin-Hausdor(f-sing-eq
sets-N xi(1))
interpret N: finite-measure N
by (meson LPm.limitin-metric-dist-null h(2) inP-D(1))
interpret Ni: prob-space Ni i for i
by (auto introl: prob-space-return simp: xi space-borel-of)
have N-r: ereal (measure N A) < ereal 1 for A
unfolding ereal-less-eq(3)
proof(rule order.trans|OF N.bounded-measure))
interpret mweak-conv-fin M d Ni N sequentially
using limitin-topspace] OF h(2)] by(auto introl: inP-mweak-conv-fin inP-I
return-inP simp: zi(2))
have mweak-conv-seq Ni N
using converge-imp-mweak-conv h(2) zi(2) by force
from muweak-conv-imp-limit-space| OF this]
show measure N (space N) < 1
by (auto intro!: tendsto-upperbound|where F=sequentially and f=An. Ni.prob
n (space N)] simp: space-N space-Ni)
qed
have Jz. limitin mtopology xi © sequentially
proof(rule ccontr)
assume contr:f x. limitin mtopology xi = sequentially
have MCauchy-zi: MCauchy xi
using MCauchy-iff-M Cauchy-return| THEN iffD2,of i,
OF - LPm.convergent-imp-MCauchy[OF - h(2)[simplified zi(2)]]] xi
by fastforce
have 0:3 z. limitin mtopology (zi o a) z sequentially if a: strict-mono a for a
:t nat = nat
using MCauchy-convergent-subsequence| OF MCauchy-zi a] contr by blast
have inf: infinite (range xi)
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by (metis 0 Bolzano- Weierstrass-property MCauchy-zi MCauchy-def finite-subset
preorder-class.order.refl)
have cl: closedin mtopology (range (zi o a)) if a: strict-mono a for a :: nat =
nat
unfolding closedin-metric
proof safe
fix z
assume z:x € M = ¢ range (zi o a)
from 0 a have — limitin mtopology (i o a) x sequentially
by blast
then obtain e where e: e > 0 An0. In>n0. d (zioa) n) z > e
using zi(1) x by(fastforce simp: limit-metric-sequentially)
then obtain n0 where n0: An m. n > n0 = m > n0 = d ((xi o a) n)
((zioa)m)<e/ 2
using MCauchy-subsequence]| OF a MCauchy-xi)
by (meson MCauchy-def zero-less-divide-iff zero-less-numeral)
obtain n! where nl: nf > n0d ((zioa) nl) x> e
using e(2) by blast
define ¢’ where e’ = Min ((An. d z ((zi o a) n))‘{..n0})
have e’-pos: ¢/ > 0
unfolding e’-def using z zi(1) by(subst linorder-class. Min-gr-iff) auto
have d z ((zi o a) n) > min (e / 2) ¢’ for n
proof(cases n < n0)
assume - n < nl
then have d ((zi o a) n) ((zioa) nl)<e/ 2
using nl (1) n0 by simp
hence ¢ / 2 < dz ((zioa) nl) — d ((zi o a) n) ((zi o a) nl)
using n1(2) by(simp add: commute)
also have ... < d z ((zi o a) n)
using triangle[OF z(1) zi(1)[of a n] zi(1)[of a nl]] by simp
finally show ?thesis
by simp
qed(auto intro!: linorder-class. Min-le min.coboundedI2 simp: e’-def)
thus 37>0. disjnt (range (zi o a)) (mball = r)
using e’-pos e(1) z(1) xi(1) linorder-not-less
by (fastforce intro!: exl[where z=min (e / 2) €']| simp: disjnt-def simp del:
min-less-iff-conj)
qged(use zi in auto)
hence meas: strict-mono a => (range (zi o a)) € sets (borel-of mtopology) for
a :: nat = nat
by (auto simp: borel-of-closed)
have I:measure N (range (xi o a)) = 1 if a: strict-mono a for a :: nat = nat
proof —
interpret mweak-conv-fin M d Ni N sequentially
using limitin-topspace[OF h(2)] xi(1) by(auto introl: inP-mweak-conv-fin
simp: zi(2))
have mweak-conv-seq Ni N
using converge-imp-mweak-conv|OF h(2)] zi(2) by simp
hence *: closedin mtopology A = limsup (An. ereal (measure (Ni n) A)) <
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ereal (measure N A) for A
using mweak-conv-eq2 by blast
have ereal 1 < limsup (An. ereal (measure (Ni n) (range (zi o a))))
using meas|OF a] seg-suble[OF a]
by(auto simp: limsup-INF-SUP le-Inf-iff le-Sup-iff zi(2) measure-return
indicator-def one-ereal-def)
also have ... < ereal (measure N (range (zi o a)))
by (intro * a cl)
finally show ?thesis
using N-r by(auto introl: antisym)

qed
have 2:measure N {zi n} = 0 for n
proof —
have infinite {i. xi i # xi n}
proof

assume finite {i. xi i # zi n}
then have finite (i ‘ {i. zi i # zi n})
by blast
moreover have (zi ‘ {i. zi i # zi n}) = range xi — {zi n}
by auto
ultimately show Fulse
using inf by auto
qed
from infinite-enumerate[ OF this
obtain a :: nat = nat where r: strict-mono a Ai. a i € {i. zi i # xi n}
by blast
hence disj: range (zi o a) N {zin} = {}
by fastforce
from N.finite-measure-Union[OF - - this]
have measure N (range (zi o a) U {zi n}) = I + measure N {zi n}
using meas|OF r(1)] 1[OF r(1)] by simp
thus “thesis
using N-r|of range (zi o a) U {zi n}] measure-nonneglof N {zi n}] by simp
qed
have measure N (range xi) = 0
proof —
have count: countable (range xi)
by blast
define Xn where Xn = (An. {from-nat-into (range xi) n})
have Un-Xn: range zi = (|Jn. Xn n)
using bij-betw-from-nat-into| OF count inf] by (simp add: UNION-singleton-eg-range
Xn-def)
have disjXn: disjoint-family Xn
using bij-betw-from-nat-into| OF count inf] by (simp add: inf disjoint-family-on-def
Xn-def)
have [measurable]: An. Xn n € sets N
using bij-betw-from-nat-into] OF count inf]
by (metis UNIV-I Xn-def <An. {zi n} € sets N> bij-betw-iff-bijections
image-iff)
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have eq0: An. measure N (Xn n) = 0
by (metis bij-betw-from-nat-into[ OF count inf] 2 UNIV-I Xn-def bij-betw-imp-surj-on
image-iff)
have measure N (range xi) = measure N ((Jn. Xn n)
by (simp add: Un-Xn)

also have ... = (3. n. measure N (Xn n))
using N.suminf-measure[OF - disjXn] by fastforce
also have ... = 0

by (simp add: eq0)
finally show ?thesis .
qed
with 1[OF strict-mono-id] show False by simp
qed
then obtain z where x: limitin mtopology i x sequentially
by blast
show N € (A\z. return (borel-of mtopology) x) * M
using limitin-topspace| OF z] by (simp add: LPm.limitin-metric-unique[ OF h(2)[simplified
zi(2)] conv-conv-return[OF z]])
qed simp

corollary separable-iff-L Pm-separable: separable-space mtopology «—— separable-space
LPm.mtopology

using homeomorphic-space-second-countability| OF homeomorphic-space-mtopology-return)
separable-LPm

by (auto simp: separable-space-iff-second-countable LPm.separable-space-iff-second-countable
second-countable-subtopology)

corollary LPmcomplete-mcomplete:
assumes LPm.mcomplete
shows mcomplete
unfolding mcomplete-def
proof safe
fix zn
assume h: MCauchy zn
hence 1: range an C M
using MCauchy-def by blast
interpret Submetric P LPm (Az. return (borel-of mtopology) x) ¢ M
by (metis LPm.Metric-space-axioms LPm.topspace-mtopology Submetric.intro
Submetric-azioms.intro closedin-returnM closedin-subset)
have sub.mcomplete
using assms(1) closedin-eq-mcomplete closedin-returnM by blast
moreover have sub.MCauchy (An. return (borel-of mtopology) (zn n))
using MCauchy-iff-MCauchy-return[OF 1] 1 by (simp add: MCauchy-submetric
h image-subset-iff)
ultimately obtain z where
z: & € M limitin LPm.mtopology (An. return (borel-of mtopology) (zn n))
(return (borel-of mtopology) x) sequentially
unfolding sub.mcomplete-def limitin-submetric-iff by blast
thus Jz. limitin mtopology xn = sequentially
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by (auto simp: conv-iff-conv-return[OF 1 z(1),symmetric])
qed

corollary mcomplete-iff-LPmcomplete: separable-space mtopology = mcomplete
«—— LPm.mcomplete
by (auto simp add: mcomplete-LPmcomplete LPmcomplete-mcomplete)

lemma LPmcompact-imp-mcompact: compact-space LPm.mtopology = compact-space
mtopology

by (meson closedin-compact-space closedin-returnM compact-space-subtopology
homeomorphic-compact-space homeomorphic-space-mtopology-return)

end

corollary Polish-space-weak-conv-topology:
assumes Polish-space X
shows Polish-space (weak-conv-topology X)
proof —
obtain d where d:Metric-space (topspace X) d Metric-space.mcomplete (topspace
X)d
Metric-space.mtopology (topspace X) d = X
by (metis Metric-space.topspace-mtopology assms completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space)
then interpret Levy-Prokhorov topspace X d
by (auto simp: Levy-Prokhorov-def)
have separable-space mtopology
by (simp add: assms d(3) Polish-space-imp-separable-space)
thus ?thesis
using LPm.Polish-space-mtopology LPmtopology-eq-weak-conv-topology d(2)
d(3) mcomplete-LPmcomplete separable-LPm by force
qed

5.4 Prokhorov Theorem for Topology of Weak Convergence

lemma relatively-compact-imp-tight:
assumes Polish-space X T' C {N. sets N = sets (borel-of X) A finite-measure
N}
and compactin (weak-conv-topology X) (weak-conv-topology X closure-of T')
shows tight-on-set X T’
proof —
obtain d where d: Metric-space (topspace X) d Metric-space.mcomplete (topspace
X) d
Metric-space.mtopology (topspace X) d = X
by (metis Metric-space.topspace-mtopology assms(1) completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space)
note sep = Polish-space-imp-separable-space|OF assms(1)]
hence sep’:separable-space (Metric-space.mtopology (topspace X) d)
by (simp add: d)
interpret Levy-Prokhorov topspace X d
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by (auto simp: d Levy-Prokhorov-def)
show ?thesis
using relatively-compact-imp-tight-LP[of T] assms sep inP-iff
by (fastforce simp add: d LPmtopology-eq-weak-conuv-topology| OF sep”))
qed

lemma tight-imp-relatively-compact:
assumes metrizable-space X separable-space X
' C {N. N (space N) < ennreal r A sets N = sets (borel-of X)}
and tight-on-set X T’
shows compactin (weak-conv-topology X) (weak-conv-topology X closure-of T')
proof —
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
hence sep’:separable-space (Metric-space.mtopology (topspace X) d)
by(simp add: d assms)
show ?thesis
proof(cases r < 0)
assume r < ()
then have {N. N (space N) < ennreal r N sets N = sets (borel-of X)} =
{null-measure (borel-of X)}
by (fastforce simp: ennreal-neg le-zero-eq THEN iffD1,0F order.trans| OF emea-
sure-spacel] introl: measure-eql)
then have I' = {} V I' = {null-measure (borel-of X)}
using assms(3) by auto
moreover have weak-conv-topology X closure-of {null-measure (borel-of X)}
= {null-measure (borel-of X)}
by (intro closure-of-eq THEN iffD2] closedin-Hausdorff-singleton metrizable-imp-Hausdorff-space
metrizable-space-subtopology metrizable-weak-conv-topology assms)
(auto introl: finite-measurel)
ultimately show ?thesis
by (auto intro!: finite-measurel)
next
assume - r < ()
then interpret Levy-Prokhorov topspace X d
by (auto simp: d Levy-Prokhorov-def)
show ?thesis
using tight-imp-relatively-compact-LP[of T] assms
by (auto simp add: d LPmtopology-eq-weak-conv-topology|OF sep’])
qed
qged

lemma Prokhorov:

assumes Polish-space X T' C {N. N (space N) < ennreal r A sets N = sets
(borel-of X)}

shows tight-on-set X T' —— compactin (weak-conv-topology X) (weak-conv-topology
X closure-of T)
proof —
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have I' C {N. sets N = sets (borel-of X) A finite-measure N}
using assms(2) by(auto introl: finite-measurel simp: top.extremum-unique)
thus ?thesis
using relatively-compact-imp-tight tight-imp-relatively-compact assms
Polish-space-imp-metrizable-space Polish-space-imp-separable-space
by (metis (mono-tags, lifting))
qed

corollary tight-on-set-imp-convergent-subsequence:
fixes Ni :: nat = - measure
assumes metrizable-space X separable-space X
and tight-on-set X (range Ni) Ni. (Ni i) (space (Nii)) < ennreal 1
shows Ja N. strict-mono a A finite-measure N A sets N = sets (borel-of X)
A N (space N) < ennreal r N\ weak-conv-on (Ni o a) N sequentially X
proof(cases r < 0)
case True
then have Ni = (\i. null-measure (borel-of X))
using assms(3) order.trans|OF emeasure-space assms(4)]
by (auto simp: tight-on-set-def ennreal-neg intro!: measure-eql)
thus ?thesis
using weak-conv-on-const[of Ni]
by(auto intro!: exl[where z=id] exl[where z=null-measure (borel-of X)]
strict-mono-id finite-measurel )
next
case Fulse
then have rlarith]:r > 0 by linarith
obtain d where d: Metric-space (topspace X) d Metric-space.mtopology (topspace
X)d=X
by (metis Metric-space.topspace-mtopology assms(1) metrizable-space-def)
then interpret d: Metric-space topspace X d
by blast
interpret Levy-Prokhorov topspace X d
by (auto simp: Levy-Prokhorov-def d )
have range-Ni: range Ni C {N. N (space N) < ennreal r A sets N = sets (borel-of
X)}
using assms(3,4) by(auto simp: tight-on-set-def)
hence Ni-fin: \i. finite-measure (Ni 7)
by (meson assms(8) range-eql tight-on-set-def)
have range-Ni’":LPm.mtopology closure-of range Ni
C {N. N (space N) < ennreal r N\ sets N = sets (borel-of X)}
by (metis (no-types, lifting) Collect-cong closedin-bounded-measures closure-of-minimal
d(2) range-Ni)
have compactin LPm.mtopology (LPm.mtopology closure-of (range Ni))
using assms(2,3) range-Ni by(auto introl: tight-imp-relatively-compact-LP
simp: d(2))
from LPm.compactin-sequentially| THEN iffD1,0F this| range-Ni
obtain a N where N € LPm.mtopology closure-of range Ni strict-mono a
limitin LPm.mtopology (Ni o a) N sequentially
by (metis (no-types, lifting) LPm.topspace-mtopology assms(3) closure-of-subset
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d(2) inP-I subsetl tight-on-set-def)
moreover hence finite-measure N sets N = sets (borel-of X) N (space N) <
ennreal T
using range-Ni’ by (auto simp add: LPm.limitin-metric inP-iff)
ultimately show ?thesis
using range-Ni Ni-fin assms(4)
by (fastforce intro!: converge-imp-mweak-conv|simplified d| exI[where z=a
exl[where z=N] inP-I
stmp: image-subset-iff d(2))
qed

end

theory Space-of-Finite-Measures
imports Prokhorov-Theorem
begin

6 Measurable Space of Finite Measures

6.1 Measurable Space of Finite Measures

We define the measurable space of all finite measures in the same way as
subprob-algebra.

definition finite-measure-algebra :: 'a measure = 'a measure measure where
finite-measure-algebra K =
(SUP A € sets K. vimage-algebra {M. finite-measure M A sets M = sets K}
(AM. emeasure M A) borel)

lemma space-finite-measure-algebra:
space (finite-measure-algebra A) = {M. finite-measure M A sets M = sets A}
by (auto simp add:finite-measure-algebra-def space-Sup-eq-UN)

lemma finite-measure-algebra-cong: sets M = sets N = finite-measure-algebra
M = finite-measure-algebra N
by (simp add: finite-measure-algebra-def)

lemma measurable-emeasure-finite-measure-algebra|measurable]:
a € sets A = (AM. emeasure M a) € borel-measurable (finite-measure-algebra
4)

by (auto intro!: measurable-Sup1 measurable-vimage-algebral simp: finite-measure-algebra-def)
lemma measurable-measure-finite-measure-algebra[measurable]:
a € sets A = (AM. measure M a) € borel-measurable (finite-measure-algebra A)

unfolding measure-def by measurable

lemma finite-measure-measurableD:
assumes N: N € measurable M (finite-measure-algebra S) and x: = € space M
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shows space (N z) = space S
and sets (N z) = sets S
and measurable (N z) K = measurable S K
and measurable K (N x) = measurable K S
using measurable-space]OF N z]
by (auto simp: space-finite-measure-algebra intro!: measurable-cong-sets dest:
sets-eq-imp-space-eq)

ML «

fun finite-measure-cong thm ctxt = (
let
val thm' = Thm.transfer’ ctzt thm
val free = thm' |> Thm.concl-of |> HOLogic.dest-Trueprop |> dest-comb |> fst
|>
dest-comb |> snd |> strip-abs-body |> head-of |> is-Free
m
if free then ([], Measurable.add-local-cong (thm' RS Q{thm finite-measure-measurableD(2)})
ctxt)
else ([], ctxzt)
end
handle THM - => ([], ctzt) | TERM - => (][], ctxt))

setup <«
Context.theory-map (Measurable.add-preprocessor finite-measure-cong subprob-cong)
)

context
fixes K M N assumes K: K € measurable M (finite-measure-algebra N)
begin

lemma finite-measure-space-kernel: a € space M = finite-measure (K a)
using measurable-space| OF K| by (simp add: space-finite-measure-algebra)

lemma sets-finite-kernel: a € space M —> sets (K a) = sets N
using measurable-space| OF K| by (simp add: space-finite-measure-algebra)

lemma measurable-emeasure-finite-kernel[measurable]:
A € sets N = (Aa. emeasure (K a) A) € borel-measurable M
using measurable-compose|OF K measurable-emeasure-finite-measure-algebra) .

end
lemma measurable-finite-measure-algebra:
(Aa. a € space M = finite-measure (K a))
)

=
(Aa. a € space M = sets (K a) = sets N) =
(ANA. A € sets N = (Aa. emeasure (K a) A) € borel-measurable M) =
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K € measurable M (finite-measure-algebra N)
by (auto intro!: measurable-Sup2 measurable-vimage-algebra2 simp: finite-measure-algebra-def)

lemma measurable-finite-markov:
K € measurable M (finite-measure-algebra M) «—
(Vze€space M. finite-measure (K x) A sets (K z) = sets M) A
(V Aesets M. (Az. emeasure (K x) A) € measurable M borel)
proof
assume (Vz€space M. finite-measure (K x) A sets (K x) = sets M) A
(V Aesets M. (Az. emeasure (K x) A) € borel-measurable M)
then show K € measurable M (finite-measure-algebra M)
by (intro measurable-finite-measure-algebra) auto
next
assume K € measurable M (finite-measure-algebra M)
then show (Vz€space M. finite-measure (K x) A sets (K x) = sets M) A
(V Aesets M. (Ax. emeasure (K x) A) € borel-measurable M)
by (auto dest: finite-measure-space-kernel sets-finite-kernel)
qed

lemma measurable-finite-measure-algebra-generated:
assumes eq: sets N = sigma-sets @ G and Int-stable G G C Pow 2
assumes subsp: Na. a € space M = finite-measure (K a)
assumes sets: A\a. a € space M = sets (K a) = sets N
assumes \A. A € G = (A\a. emeasure (K a) A) € borel-measurable M
assumes Q: (Aa. emeasure (K a) Q) € borel-measurable M
shows K € measurable M (finite-measure-algebra N)
proof (rule measurable-finite-measure-algebra)
fix a assume a € space M then show finite-measure (K a) sets (K a) = sets
N by fact+
next
interpret G: sigma-algebra Q0 sigma-sets Q G
using <G C Pow O by (rule sigma-algebra-sigma-sets)
fix A assume A € sets N with assms(2,3) show (Aa. emeasure (K a) A) €
borel-measurable M
unfolding (sets N = sigma-sets Q G»
proof (induction rule: sigma-sets-induct-disjoint)
case (basic A) then show ?Zcase by fact
next
case empty then show ?case by simp
next
case (compl A)
have (Aa. emeasure (K a) (Q — A)) € borel-measurable M «——
(Aa. emeasure (K a) Q — emeasure (K a) A) € borel-measurable M
using G.top G.sets-into-space sets eq compl finite-measure.emeasure-finite| OF
subsp]
by (intro measurable-cong emeasure-Diff) auto
with compl Q) show ?case
by simp
next
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case (union F)
moreover have (Aa. emeasure (K a) (|Ji. F i) € borel-measurable M «——
(Aa. Y i. emeasure (K a) (F 7)) € borel-measurable M

using sets union eq
by (intro measurable-cong suminf-emeasure[symmetric]) auto

ultimately show Zcase
by auto

qed
qed

lemma space-finite-measure-algebra-empty: space N = {} = space (finite-measure-algebra
N) = {null-measure N}

by (fastforce simp: space-finite-measure-algebra space-empty-iff introl: measure-eql
finite-measurel)

lemma sets-subprob-algebra-restrict:
sets (subprob-algebra M) = sets (restrict-space (finite-measure-algebra M) {N.
subprob-space N})
(is sets ?L = sets ?R)
proof —
have 1:id € measurable 7L ?R
using sets.sets-into-space|of - M]
by (auto introl: measurable-restrict-space2 Int-stablel
measurable-finite-measure-algebra-generated|where Q=space M
and G=sets M]
simp: space-subprob-algebra subprob-space-def sets.sigma-sets-eq)
have 2:id € measurable 7R ?L
using sets.sets-into-space|of - M]
by (auto intro!: measurable-subprob-algebra-generatedwhere Q=space M and
G=sets M| Int-stablel
simp: sets.sigma-sets-eq space-restrict-space space-finite-measure-algebra mea-
surable-restrict-spacel )
have 3: space ?L = space ?R
by (auto simp: space-restrict-space space-subprob-algebra space-finite-measure-algebra
subprob-space-def)
have [simp]: \NA. A € sets L = A N space R = A NA. A € sets /R = A N
space ?L = A
using 3 sets.sets-into-space by auto
show ?thesis
using measurable-sets|OF 1] measurable-sets|OF 2] by auto
qed

6.2 Equivalence between Spaces of Finite Measures

Corollary 17.21 [2].

lemma(in Levy-Prokhorov) openin-lower-semicontinuous:

assumes openin mtopology U

shows lower-semicontinuous-map LPm.mtopology (AN. measure N U)

unfolding lower-semicontinuous-map-liminf-real| OF LPm.first-countable-mtopology)
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proof safe
fix Ni N
assume h:limitin LPm.mtopology Ni N sequentially
then obtain K where K: An.n > K = Nin € P
by (simp add: mtopology-of-def LPm.limit-metric-sequentially)
(meson LPm.mbounded-alt-pos LPm.mbounded-empty)
have h'”: limitin LPm.mtopology (An. Ni (n + K)) N sequentially
by (simp add: h limitin-sequentially-offset)
interpret mweak-conv-fin M d An. Ni (n + K) N sequentially
using K h by(auto intro!: inP-mweak-conv-fin simp: mtopology-of-def dest:
LPm.limitin-mspace)
have mweak-conv-seq (An. Ni (n + K)) N
using K LPm.Self-def converge-imp-mweak-conv h' by auto
hence ereal (measure N U) < liminf (Az. ereal (measure (Ni (x + K)) U))
using assms by(simp add: mweak-conv-eq3)
thus ereal (measure N U) < liminf (A\z. ereal (measure (Ni x) U))
unfolding liminf-shift-k[of Az. ereal (measure (Ni z) U) K] .
qed

lemma(in Levy-Prokhorov) closedin-upper-semicontinuous:
assumes closedin mtopology A
shows upper-semicontinuous-map LPm.mtopology (AN. measure N A)
unfolding upper-semicontinuous-map-limsup-real| OF LPm.first-countable-mtopology]
proof safe
fix Ni N
assume h:limitin LPm.mtopology Ni N sequentially
then obtain K where K: An.n > K = Nin € P
by (simp add: mtopology-of-def LPm.limit-metric-sequentially)
(meson LPm.mbounded-alt-pos LPm.mbounded-empty)
have h'” limitin LPm.mtopology (An. Ni (n + K)) N sequentially
by (simp add: h limitin-sequentially-offset)
interpret mweak-conv-fin M d An. Ni (n + K) N sequentially
using K h by(auto intro!: inP-mweak-conv-fin simp: mtopology-of-def dest:
LPm.limitin-mspace)
have mweak-conv-seq (An. Ni (n + K)) N
using K LPm.Self-def converge-imp-mweak-conv h' by auto
hence limsup (Az. ereal (measure (Ni (z + K)) A)) < ereal (measure N A)
using assms by (auto simp: mweak-conv-eq2)
thus limsup (Az. ereal (measure (Ni z) A)) < ereal (measure N A)
unfolding limsup-shift-k[of Az. ereal (measure (Ni z) A) K] .
qed

context Levy-Prokhorov
begin

We show that the measurable space generated from LPm.mtopology is equal
to finite-measure-algebra (borel-of LPm.mtopology).

lemma sets-LPm1: sets (finite-measure-algebra (borel-of mtopology))
C sets (borel-of LPm.mtopology) (is sets ¢?Giry C sets ?Levy)
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proof safe
have space-eq: space ?Levy = space ?Giry
by (simp add: space-finite-measure-algebra space-borel-of ) (auto simp add: P-def)
have 1:A\A. openin mtopology A = (AN. measure N A) € borel-measurable
?Levy

by (auto introl: lower-semicontinuous-map-measurable openin-lower-semicontinuous)
have m:id € ?Levy — ) ?Giry

proof (rule measurable-finite-measure-algebra-generated[where Q=M and G={U.
openin mtopology U}])

show sets (borel-of mtopology) = sigma-sets M {U. openin mtopology U}
using sets-borel-of [of mtopology] by simp
next
show Int-stable {U. openin mtopology U}
by (auto introl: Int-stablel)
next
show {U. openin mtopology U} C Pow M
using openin-subset[of mtopology] by auto
next

show Aa. a € space (borel-of LPm.mtopology) = finite-measure (id a)

by (simp add: space-borel-of ) (simp add: P-def)
next

show Aa. a € space (borel-of LPm.mtopology) = sets (id a) = sets (borel-of
mtopology)

by (simp add: space-borel-of) (simp add: P-def)
next
fix A

assume A € {U. openin mtopology U}

then have (AN. measure (id N) A) € borel-measurable (borel-of LPm.mtopology)
by (simp add: 1)

then have 1:(AN. ennreal (measure (id N) A)) € borel-measurable (borel-of
LPm.mtopology)
by simp
have 2:AN. N € space (borel-of LPm.mtopology) = ennreal (measure (id N)
A) = emeasure (id N) A
unfolding measure-def
by (rule ennreal-enn2real)

(simp add: finite-measure.emeasure-eq-measure space-eq space-finite-measure-algebra)

show (AN. emeasure (id N) A) € borel-measurable (borel-of LPm.mtopology)

using 1 measurable-cong| THEN iffD1,0F 2 1] by auto
next

have openin mtopology M
by simp

then have (AN. measure (id N) M) € borel-measurable (borel-of LPm.mtopology)
by (simp add: 1)

then have 1:(AN. ennreal (measure (id N) M)) € borel-measurable (borel-of
LPm.mtopology)

by simp

have 2:AN. N € space (borel-of LPm.mtopology) = ennreal (measure (id N)
M) = emeasure (id N) M
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unfolding measure-def by(rule ennreal-enn2real)
(simp add: finite-measure.emeasure-eq-measure space-eq space-finite-measure-algebra)
show (AN. emeasure (id N) M) € borel-measurable (borel-of LPm.mtopology)
using 1 measurable-cong| THEN iffD1,0F 2 1] by auto
qed

fix A

assume A:A € sets ?Giry

from measurable-sets| OF m this] have A N space ?Levy € sets ?Levy
by simp

moreover have A N space ?Levy = A
by (simp add: A space-eq)

ultimately show A € sets ?Levy
by simp

qed

lemma sets-LPm2:
assumes mcomplete separable-space mtopology
shows sets (borel-of LPm.mtopology) C sets (finite-measure-algebra (borel-of
mtopology))
(is sets ?Levy C sets ?Gliry)
proof —
obtain O where base: countable O base-in mtopology O
using assms(2) second-countable-base-in separable-space-imp-second-countable
by blast
define funion-of-base where funion-of-base = |J ‘{U. finite U A U C O}
have funion-of-base-ne: funion-of-base # {}
by (auto simp: funion-of-base-def)
have open-funion-of-base: ANA. A € funion-of-base = openin mtopology A
using base-in-openin| OF base(2)] by (auto simp: funion-of-base-def )
hence meas-funion-of-base[measurable]: NA. A € funion-of-base = A € sets
(borel-of mtopology)
by (auto simp: borel-of-open)
have countable-funion-of-base: countable funion-of-base
using countable-Collect-finite-subset| OF base(1)] by (auto simp: funion-of-base-def)

have sets ?Levy = sigma-sets P {LPm.mball a € l[ae. a € P A 0 < €}
by (auto simp: borel-of-second-countable’|OF separable-LPm[OF assms(2),
simplified LPm.separable-space-iff-second-countable)
base-is-subbase[ OF LPm.mtopology-base-in-balls|| intro!: sets-measure-of)
also have ... = sigma-sets P {LPm.mcball a € [aec. a € P N 0 < ¢}
proof(safe intro!: sigma-sets-eql)
fix L and e :: real
assume h:L € Pand 0 < e
have LPm.mball L e = ({(Jn. LPm.mcball L (e — 1 / (Suc n)))
proof safe
fix N
assume N: N € LPm.mball L e
then obtain n where 1 / Sucn < e — LPm L N
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by (meson LPm.in-mball diff-gt-0-iff-gt nat-approz-posE)
thus N € (Un. LPm.mcball L (e — 1 / real (Suc n)))
using N by(auto intro!: exI[where z=n] simp: LPm.mcball-def)
next
fix Nn
assume N: N € LPm.mcball L (e — 1 / (Suc n))
with order.strict-trans![of LPm L N e — 1 / (Suc n) €
show N € LPm.mball L e
by auto
qed
also have ... € sigma-sets P {LPm.mcball a € lae. a € P N 0 < €}
proof(rule Union)
fix n
consider e — I / real (Sucn) < 0] 0 < e — 1/ real (Suc n) by fastforce
then show LPm.mcball L (e — 1 / real (Suc n)) € sigma-sets P { LPm.mcball
aclae.a€PANO<e}
proof cases
case 2
then show ?thesis
using h by fast
qed(use LPm.mcball-eg-emptylof - e — 1 / real (Suc n)] sigma-sets. Empty in
auto)
qed
finally show LPm.mball L e € sigma-sets P {LPm.mcball a € |a €. a € P A
0<e}.
next
fix L and e :: real
assume h:L € P 0 <e
have LPm.mcball L e = ((\n. LPm.mball L (e + 1 / Suc n))
proof safe
fix Nn
assume N € LPm.mcball L e
with order.strict-trans![of LPm L N e e + 1 / (Suc n)]
show N € LPm.mball L (e + 1 / (Suc n))
by auto
next
fix N
assume hn:N € ((\n. LPm.mball L (e + 1 / real (Suc n)))
then have N:N € P
by auto
show N € LPm.mcball L e
proof —
have LPm L N < e
proof(rule field-le-epsilon)
fix [ :: real
assume [ > 0
then obtain n where 1 / (1 + real n) <l
using nat-approz-posE by auto
with hn show LPm L N < e + [
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by (auto introl: order.trans[of LPm L N e + 1 / (1 + real n) e + [,0F
less-imp-le])
qed
thus ?thesis
using hn by auto
qed
qed
also have ... € sigma-sets P {LPm.mball a ¢ [ae. a € P N 0 < €}
proof (rule sigma-sets-Inter)
fix n
show LPm.mball L (e + 1 / real (Suc n)) € sigma-sets P {LPm.mball a
lac.a€ePAO<Ee}
using h by(auto introl: exI[where z=L] exl[where z=¢ + 1 / (1 + real
n)] add-nonneg-pos)

qed auto
finally show LPm.mcball L e € sigma-sets P {LPm.mball a € |a €. a € P A
0 <ce}.
qed
also have ... = sigma-sets (space ?Giry) {LPm.mcball a e |ae. a € P A0 < e}

unfolding space-finite-measure-algebra P-def by meson
also have ... C sets ?Giry
proof(rule sigma-sets-le-sets-iff[THEN iffD2])
show {LPm.mcball a ¢ lae. a € P A 0 < e} C sets ?Giry
proof safe
fix L and e :: real
assume L:L € P and e:0 < e
then have sets-L: sets (borel-of mtopology) = sets L and finite-measure L
by (auto simp: inP-D)
interpret L: finite-measure L by fact
have LPm.mcball L e
= (N A€funion-of-base.
(Nn. (AN. measure N A) —*
{..measure L (|Ja€A. mball a (e + 1 / (1 + realn))) + (e + 1 /
(1 + real n))} NP)
N (N n. (AN. measure N
(UacA. mballa (e + 1 / (I 4 real n)))) —* {measure L A — (e +
1/ (1 + real n))..} NP))
(is - = ?rhs)
unfolding set-eq-iff
proof (intro alll iffT)
fix N
assume N: N € LPm.mcball L e
have sets-N: sets (borel-of mtopology) = sets N and finite-measure N
using N by simp-all (auto simp: inP-D)
then interpret N: finite-measure N by simp
show N € ?rhs
proof safe
fix An
assume [measurable]:A € funion-of-base
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have LPm L N < e+ 1 / (1 + real n)
by (rule order.strict-transl[of LPm L N e e+ 1 / (1 + real n)]) (use N
in auto)
thus N € (AN. measure N A) —‘{..measure L (|Ja€A. mball a (e + 1 /
(1 + realn))) + (e + 1 /(1 + real n))}
N € (AN. measure N (|Ja€A. mball a (e + 1 / (1 + real n)))) —*
{measure L A — (e + 1 / (1 + real n))..}
using LPm-less-then[of L Ne + 1 / (1 + real n) A] N L by auto
qed(use N in auto)
next
fix N
assume N € ?rhs
then have N: N € P
NA n. A € funion-of-base
= measure N A < measure L (|Ja€A. mball a (e + 1 / (1 + real n))) +
(e+ 1/ (1 + realn))
NA n. A € funion-of-base
= measure L A < measure N (|Ja€A. mball a (e + 1 / (1 + real n)))
+(e+ 1/ (1 + realn))
using funion-of-base-ne by (auto simp: diff-le-eq)
then have sets-N: sets (borel-of mtopology) = sets N
by (auto simp: inP-D)
interpret N: finite-measure N
using N by(auto simp: inP-D)
have [measurable]: ANA e. ((Ja€A. mball a e) € sets N NA e. (| a€A. mball
ae) € sets L
by (auto simp: sets-L[symmetric] sets-N|[symmetric])
have ne: {e. e > 0 A (VAe{U. openin mtopology U}.
measure L A < measure N (|Ja€A. mball a ) + € A
measure N A < measure L (| a€A. mball a €) + ¢)}

# {}
using LPm-ne/|OF L.finite-measure-axioms N.finite-measure-azioms] by
fastforce
have ([] {e. e > 0 A (VA{U. openin mtopology U}.
measure L A < measure N (|Ja€A. mball a €) + e A
measure N A < measure L (|J a€A. mball a e) + €)})

proof(safe intro!: cInf-le-iff-lesswhere f=id,simplified, THEN iffD2,0F
nel)

fix y

assume y:e < y

then obtain n where 1 / Sucn <y — e

by (meson diff-gt-0-iff-gt nat-approz-posE)

hence n: e + 1 / (1 + real n) < y by simp

show Jic{e. 0 < e A (VA{U. openin mtopology U}.
measure L A < measure N (|Ja€A. mball a ) + e A
measure N A < measure L (|Ja€A. mball a €) + e)}.

proof(safe intro!: bexl[where z=e¢ + 1 / (1 + real n)])
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fix A
assume A: openin mtopology A
then have A'lmeasurable]: A € sets L A € sets N
by (auto simp: borel-of-open sets-N[symmetric] sets-L[symmetric])
have measure L A = || (measure L ‘ {K. compactin mtopology K N K
C A})
by (auto introl: L.inner-reqular-Polish[OF Polish-space-mtopology|OF
assms| sets-L])
also have ... < || (measure L ‘{U. U €funion-of-base A U C A})
proof(safe introl: cSup-mono bdd-abovel where M=measure L (space
L)] L.bounded-measure)
fix K
assume K:compactin mtopology K K C A
obtain i where Aun: A= UU C O
using A base by (auto simp: base-in-def)
obtain F where F: finite F F CU K C|J F
using compactinD[OF K (1),0f U] Aun K base-in-openin[OF base(2)]
by blast
hence Ffunion: |J F € funion-of-base | J] F C A
using F Aun K by (auto simp: funion-of-base-def)
with F(3) show Jacmeasure L ‘ {U € funion-of-base. U C A}.
measure L K < a
by (auto intro!: exl[where z=|]J F| L.finite-measure-mono meas-funion-of-base|simplified
sets-L])
qed auto
also have ... < || {measure N (Ja€U. mball a (e + 1 / (1 + real
n)))+(e+1 / (1+real n))
| U. U € funion-of-base N U C A}
by (force introl: cSup-mono N bdd-abovel [where M=measure N (space
N)+(e + 1/(1+7eal n))]
N.bounded-measure simp: funion-of-base-def)
also have ... < measure N (|Ja€A. mball a (e + 1 / (1 + real n))) +
(e + 1/ (1 + real n))
by (fastforce intro!:
cSup-le-iff[THEN iffD2] bdd-abovel [where M=measure N (space
N)+ (e+ 1/ (1 + realn))]
N.bounded-measure N.finite-measure-mono
simp: funion-of-base-def)
finally show measure L A
< measure N (|JacA. mball a (e + 1 / (1 + real n))) + (e
+1/(1+ realn)).
have measure N A = | | (measure N ‘ {K. compactin mtopology K N K
c 4))
by (auto intro!: N.inner-reqular-Polish| OF Polish-space-mtopology sets-N]|
assms)
also have ... < || (measure N “{U. U € funion-of-base N U C A})
proof (safe intro!: cSup-mono bdd-abovel[where M=measure N (space
N)| N.bounded-measure)
fix K
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assume K:compactin mtopology K K C A
obtain I/ where Aun: A= UU C O
using A base by(auto simp: base-in-def)
obtain F where F: finite FF CUK C|J F
using compactinD[OF K (1),0f U] Aun K base-in-openin[OF base(2)]
by blast
hence Ffunion: |J F € funion-of-base | J F C A
using F' Aun K by (auto simp: funion-of-base-def)
with F(3) show Jye measure N ‘ {U € funion-of-base. U C A}.
measure N K <y
by (auto introl: exI[where z=J F| N.finite-measure-mono meas-funion-of-base[simplified
sets-N1J)
qed auto
also have ... < || {measure L ((Ja€U. mball a (e + 1 / (1 + real n)))
+(e+ 1/ (1 + realn))
| U. U € funion-of-base N U C A}
by (force introl: cSup-mono N bdd-abovel [where M=measure L (space
L)+ (e+ 1 /(14 realn))
L.bounded-measure simp: funion-of-base-def)
also have ... < measure L (Ja€A. mball a (e + 1 / (1 + real n))) +
(e+ 1/ (1 + realn))
by (fastforce intro!:
cSup-le-iff [ THEN iffD2] bdd-abovel [where M=measure L (space L)
+ (e+ 1/ (1 + realn))]
L.bounded-measure L.finite-measure-mono
simp: funion-of-base-def)
finally show measure N A < measure L (|Ja€A. mball a (e + 1 / (1
+ real n))) + (e+ 1 /(1 + real n)) .
qed(insert e n, auto introl: add-nonneg-pos)
qed(fastforce introl: bdd-belowl[where m=0])
thus N € LPm.mcball L e
using N(1) L by(auto simp: LPm-open)
qed
also have ... € sets ?Giry
proof —
have h:(AN. measure N A) —*
{..measure L (|Ja€A. mball a (e + 1 / (1 + realn))) + (e + 1/
(I 4+ realn))} NP
€ sets ?Giry (is ?m1)
(AN. measure N
(UacA. mballa (e + 1 / (I + real n)))) — {measure L A — (e +
1/(1+ realn))..} NP
€ sets ?Giry (is ?m2) if Ac€funion-of-base for A n
proof —
have PP = space ?Giry unfolding P-def space-finite-measure-algebra by
auto
have [measurable]:A € sets (borel-of mtopology)
(UacA. mball a (e + 1 / (1 + real n))) € sets (borel-of mtopology)
using that by simp (auto introl: borel-of-open)
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show ?m1 ?m2
by (auto introl: measurable-sets simp: P)
qed
show ?thesis
by (rule sets.countable-INT'[OF countable-funion-of-base funion-of-base-ne])
(use h in blast)
qed
finally show LPm.mcball L e € sets ?Giry .
qed
qged
finally show ?thesis .
qed

corollary sets-LPm-eq-sets-finite-measure-algebra:
assumes mcomplete separable-space mtopology
shows sets (borel-of LPm.mtopology) = sets (finite-measure-algebra (borel-of

mtopology))
using sets-LPm1 sets-LPm2[OF assms| by simp

end

corollary weak-conv-topology-eq-finite-measure-algebra:
assumes Polish-space X
shows sets (borel-of (weak-conv-topology X)) = sets (finite-measure-algebra (borel-of
X))
proof —
obtain d where d: Metric-space (topspace X) d Metric-space.mcomplete (topspace
X) d
Metric-space.mtopology (topspace X) d = X
by (metis Metric-space.topspace-mtopology assms completely-metrizable-space-def
Polish-space-imp-completely-metrizable-space)
then interpret Levy-Prokhorov topspace X d
by (auto simp add: Levy-Prokhorov-def)
have sep: separable-space mtopology
by (simp add: assms d(3) Polish-space-imp-separable-space)
show ?thesis
using sets-LPm-eq-sets-finite-measure-algebra[ OF d(2) sep] LPmtopology-eq-weak-conv-topology[OF
sep]
by (simp add: d)
qed

corollary weak-conv-topology-eq-subprob-algebra:

assumes Polish-space X

shows sets (borel-of (subtopology (weak-conuv-topology X) {N. subprob-space N A
sets N = sets (borel-of X)}))

= sets (subprob-algebra (borel-of X)) (is ?lhs = ?rhs)

proof —

have ?lhs = sets (borel-of (subtopology (weak-conv-topology X) {N. sets N =
sets (borel-of X) A subprob-space N}))
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by meson
also have ... = sets (borel-of (subtopology (weak-conv-topology X) {N. sub-
prob-space N}))
using subtopology-restrict|of weak-conv-topology X {N. subprob-space N}]
by (auto intro!: arg-cong|where f=Az. sets (borel-of x)] simp: Collect-conj-eq|symmetric]
subprob-space-def)
also have ... = %rhs
by (auto simp: borel-of-subtopology sets-subprob-algebra-restrict
weak-conv-topology-eq-finite-measure-algebra| OF assms)
intro!: sets-restrict-space-cong)
finally show ?thesis .
qed

corollary weak-conv-topology-eq-prob-algebra:
assumes Polish-space X
shows sets (borel-of (subtopology (weak-conv-topology X) {N. prob-space N A
sets N = sets (borel-of X)}))
= sets (prob-algebra (borel-of X)) (is ?lhs = ?rhs)
proof —
have ?lhs = sets (borel-of (subtopology
(subtopology (weak-conv-topology X) {N. subprob-space N A
sets N = sets (borel-of X)})
{N. prob-space N}))
by (auto simp: subtopology-subtopology Collect-conj-eq[symmetric] dest:prob-space-imp-subprob-space
introl: arg-conglwhere f=M\xz. sets (borel-of (subtopology - x))])
also have ... = sets (restrict-space (borel-of (subtopology (weak-conv-topology X)
{N. subprob-space N A sets N = sets (borel-of X)})) {N.
prob-space N})
by (simp add: borel-of-subtopology)
also have ... = sets (restrict-space (subprob-algebra (borel-of X)) {N. prob-space
N})
by (simp cong: sets-restrict-space-cong add: weak-conv-topology-eq-subprob-algebra] OF
assms|)
also have ... = ?rhs
by (simp add: prob-algebra-def)
finally show ?thesis .
qed

6.3 Standardness

lemma closedin-weak-conv-topology-r:
closedin (weak-conv-topology X) {N. sets N = sets (borel-of X) AN N (space N)
< ennreal 1}
proof(rule closedin-limitin)
fix Ni N
assume W:A\U. Ni U € topspace (weak-conv-topology X)
limitin (weak-conv-topology X) Ni N (nhdsin-sets (weak-conv-topology X) N)
AU. N € U = openin (weak-conv-topology X) U
= Ni U € {N. sets N = sets (borel-of X) N emeasure N (space N)
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< ennreal 1}
have z: sets N = sets (borel-of X) finite-measure N
using limitin-topspace| OF h(2)] by auto
interpret N: finite-measure N
by fact
interpret Ni: finite-measure Ni i for i
using h(1) by simp
have Af. continuous-map X euclideanreal f =—> (3 B. V z€ topspace X. abs (f )
< B)
— ((An. [z. fz ONin) —— ([ . fz ON)) (nhdsin-sets (weak-conv-topology
X) N)
using h(2) by(auto simp: weak-conv-on-def)
from this[of A\z. 1]
have ((An. measure (Nin) (space (Nin))) —— measure N (space N)) (nhdsin-sets
(weak-conv-topology X) N)
by auto
hence ((An. Nin (space (Nin))) —— N (space N)) (nhdsin-sets (weak-conv-topology
X) N)
by (simp add: N.emeasure-eq-measure Ni.emeasure-eq-measure)
hence emeasure N (space N) < ennreal r
using limitin-topspace| OF h(2)] h(3) by(auto intro!: tendsto-upperbound even-
tually-nhdsin-setsl)
thus N € {N. sets N = sets (borel-of X) N emeasure N (space N) < ennreal r}
using z by blast
qed (auto introl: finite-measurel simp: top.extremum-unique)

lemma closedin-weak-conv-topology-subprob:
closedin (weak-conv-topology X) {N. subprob-space N A sets N = sets (borel-of
X))
proof(rule closedin-limitin)
fix Ni N
assume W:A\U. Ni U € topspace (weak-conv-topology X)
limitin (weak-conv-topology X) Ni N (nhdsin-sets (weak-conv-topology X) N)
AU. N € U = openin (weak-conv-topology X) U
= Ni U € {N. subprob-space N A sets N = sets (borel-of X)}
have z: sets N = sets (borel-of X) finite-measure N
using limitin-topspace| OF h(2)] by auto
have X:topspace X # {}
using h(3)[OF limitin-topspace| OF h(2)],simplified openin-topspace]
by (auto simp: subprob-space-def space-borel-of subprob-space-axioms-def cong:
sets-eq-imp-space-eq)
interpret N: finite-measure N
by fact
interpret Ni: finite-measure Ni i for ¢
using h(1) by simp
have Af. continuous-map X euclideanreal { = (3 B. V € topspace X. abs (f )
< B)
= ((An. [z. fz ONin) —— ([ z. fz ON)) (nhdsin-sets (weak-conv-topology
X) N)
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using h by(auto simp: weak-conv-on-def)
from this[of A\z. 1]
have ((An. measure (Nin) (space (Nin))) —— measure N (space N)) (nhdsin-sets
(weak-conv-topology X) N)
by auto
hence 1:((An. Nin (space (Nin))) —— N (space N)) (nhdsin-sets (weak-conv-topology
X) N)
by (simp add: N.emeasure-eq-measure Ni.emeasure-eq-measure)
hence emeasure N (space N) < 1
using limitin-topspace| OF h(2)] h(3)
by (auto intro!: tendsto-upperbound[OF 1] eventually-nhdsin-setsl dest:subprob-space.subprob-emeasure-le-1)
hence subprob-space N
using X by(auto introl: subprob-spacel simp: sets-eg-imp-space-eq[OF z(1)]
space-borel-of)
thus N € {N. subprob-space N A sets N = sets (borel-of X)}
using z h(3) by fast
qed (auto simp: subprob-space-def)

lemma closedin-weak-conv-topology-prob:
closedin (weak-conv-topology X) {N. prob-space N A sets N = sets (borel-of X)}
proof(rule closedin-limitin)
fix Ni N
assume h:A\U. Ni U € topspace (weak-conv-topology X)
limitin (weak-conv-topology X) Ni N (nhdsin-sets (weak-conv-topology X) N)
AU. N € U = openin (weak-conv-topology X) U
= Ni U € {N. prob-space N A sets N = sets (borel-of X)}
have z: sets N = sets (borel-of X) finite-measure N
using limitin-topspace| OF h(2)] by auto
interpret N: finite-measure N
by fact
interpret Ni: finite-measure Ni i for ¢
using h(1) by simp
have Af. continuous-map X euclideanreal f = (3 B. V z€ topspace X. abs (f )
< B)
= ((An. [z. fz ONin) —— ([ z. fz ON)) (nhdsin-sets (weak-conv-topology
X) N)
using h by(auto simp: weak-conv-on-def)
from this[of Az. 1]
have ((An. measure (Nin) (space (Nin))) —— measure N (space N)) (nhdsin-sets
(weak-conv-topology X) N)
by auto
hence ((An. 1) —— measure N (space N)) (nhdsin-sets (weak-conv-topology X)
N)
using z h
by (auto introl: tendsto-conglwhere f=An. measure (Ni n) (space (Ni n))
and g=Mn. 1,THEN iff D1] eventually-nhdsin-setsI prob-space.prob-space)
hence measure N (space N) = 1
by (metis nhdsin-sets-bot h(2) limitin-topspace tendsto-const-iff)
hence prob-space N
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by (simp add: N.emeasure-eq-measure prob-spacel)
thus N € {N. prob-space N A sets N = sets (borel-of X)}
using z by blast
qed (auto simp: prob-space.finite-measure)

corollary

assumes standard-borel M

shows standard-borel-finite-measure-algebra: standard-borel (finite-measure-algebra
M)

and standard-borel-ne-finite-measure-algebra: standard-borel-ne (finite-measure-algebra
M)

and standard-borel-subprob-algebra: standard-borel (subprob-algebra M)
and standard-borel-prob-algebra: standard-borel (prob-algebra M)

proof —

interpret sbn: standard-borel M by fact

obtain X where X: Polish-space X sets M = sets (borel-of X)

using sbn.Polish-space by blast
show 1:standard-borel (finite-measure-algebra M)
by (metis X finite-measure-algebra-cong Polish-space-weak-conv-topology stan-

dard-borel.intro weak-conv-topology-eq-finite-measure-algebra)

moreover have null-measure M € space (finite-measure-algebra M)

by (auto simp: space-finite-measure-algebra intro!: finite-measurel )
ultimately show standard-borel-ne (finite-measure-algebra M)
using standard-borel-ne-axioms-def standard-borel-ne-def by force
show standard-borel (subprob-algebra M)
using Polish-space-closedin] OF Polish-space-weak-conv-topology[ OF X (1)] closedin-weak-conv-topology-subp

by (auto cong: subprob-algebra-cong
simp: X(2) weak-conv-topology-eq-subprob-algebra] OF X (1),symmetric]
standard-borel-def)
show standard-borel (prob-algebra M)
using Polish-space-closedin] OF Polish-space-weak-conv-topology[ OF X (1)] closedin-weak-conv-topology-prob

by (auto cong: prob-algebra-cong
simp: X(2) weak-conv-topology-eq-prob-algebra| OF X (1),symmetric]
standard-borel-def)
qged

corollary
assumes standard-borel-ne M
shows standard-borel-ne-subprob-algebra: standard-borel-ne (subprob-algebra M)
and standard-borel-ne-prob-algebra: standard-borel-ne (prob-algebra M)
proof —
obtain z where z: z € space M
using assms standard-borel-ne.space-ne by auto
then have return M x € space (subprob-algebra M) return M x € space (prob-algebra
M)

using prob-space-return
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by (auto introl: prob-space-imp-subprob-space simp: space-subprob-algebra space-prob-algebra)
thus standard-borel-ne (subprob-algebra M) standard-borel-ne (prob-algebra M)
using assms standard-borel-subprob-algebra standard-borel-prob-algebra
by (auto simp: standard-borel-ne-def standard-borel-ne-axioms-def)
qed

end
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