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Abstract

The GeoCoq library contains a formalization of geometry using the Coq proof assistant. It contains
both proofs about the foundations of geometry [20, 15, 6, 16] and high-level proofs in the same style as in
high-school. [1](Code Repository https://github.com/GeoCoq/GeoCoq).

Some theorems also inspired by [20] are also formalized with others ITP(Metamath, Mizar) or ATP
[24, 25, 3, 23, 4, 2, 17, 5, 11, 19, 8, 9, 10].

We port a part of the GeoCoq 2.4.0 library within the Isabelle/Hol proof assistant: more precisely, the
files Chap02.v to Chapl3_3.v, suma.v as well as the associated definitions and some useful files for the
demonstration of certain parallel postulates.

While the demonstrations in Coq are written in procedural language [26], the transcript is done in
declarative language Isar[18].

The synthetic approach of the demonstrations are directly inspired by those contained in GeoCoq. Some
demonstrations are credited to G.E Martin(«lemma bet_le_lt:» in Ch1l1l_angles.thy, proved by Martin as
Theorem 18.17 in [14]) or Gupta H.N (Krippen Lemma, proved by Gupta in its PhD in 1965 as Theorem
3.45). (See [12]).

In this work, the proofs are not contructive. The sledeghammer tool being used to find some demonstra-
tions.

The names of the lemmas and theorems used are kept as far as possible as well as the definitions. A
different translation has been proposed when the name was already used in Isabel/Hol ("Len" is translated
as "TarskiLen") or that characters were not allowed in Isabel/Hol ("anga’ in Chl3_angles.v is translated
as "angaP"). For some definitions the highlighting of a variable has changed the order or the position of the
variables (Midpoint, Out, Inter,...).

All the lemmas are valid in absolute/neutral space defined with Tarski’s axioms.

It should be noted that T.J.M. Makarios [13] has begun some demonstrations of certain proposals mainly
those corresponding to SST chapters 2 and 3. It uses a definition that does not quite coincide with the
definition used in Geocoq and here. As an example, Makarios introduces the axiom A11 (Axiom of continuity)
in the definition of the locale "Tarski_ absolute_ space".

Furthermore, the definition of the locale "TarskiAbsolute" [22, 21] is not not identical to the one de-
fined in the "Tarski_neutral dimensionless" class of GeoCoq. Indeed this one does not contain the axiom
"upper__dimension". In some cases particular, it is nevertheless to use the axiom "upper_ dimension". The
addition of the word "_2D" in the file indicates its presence.

In the last part, it is formalized that, in the neutral/absolute space, the axiom of the parallels of the
system of Tarski implies the Playfair axiom, the 5th postulate of euclide and the postulate original from
Euclid. These proofs, which are not constructive, are directly inspired by [12, 7].

Contents

1 Neutral geometry dimensionless

1.1 Tarski’s axiom system for neutral geometry: dimensionless . . . . . . . . . . ... ... ......
1.2 Definitions . . . . . . . . . e
1.3 Propositions . . . . . . . . e

Continuity Axioms

2.1 Definitions . . . . . . . . L e
2.2 Propositions . . . . . . . . e e
2.3 Equivalence Grad / Gradl (inductive) . . . . . . . ... L
24 GradA . . ..
2.5 Equivalence Greenberg - Aristotle. . . . . . . . .. Lo



3 Parallel’s Postulate

3.1 Definitions . . . . . . ..
3.2 Propositions . . . . . ..o
3.3 Equivalences . . . . ... ...

4 Szmielew: hyperbolic plane postulate

4.1 Definition . . . . . . ...
4.2 Propositions . . . . . . ..o e

5 Continuity

5.1 Definitions . . . . . . . . L
5.2 Propositions . . . . . ..o

6 Tarski Neutral Continuous

6.1 Tarski’s axiom system for Neutral Continuous . . . . . . .. .. ... ...

6.2 Definitions . . . . . . . .. L

6.3 Propositions . . . . . ... L
7 Archimedes continuity

7.1 Definitions . . . . . . ...

7.2 Propositions . . . . . ... e

8 Hilbert - Geometry - neutral dimension less

8.1 AXIOMS . . . ..
8.2 Definitions . . . . . . . . .
8.3 Propositions . . . . . ..

9 Tarski neutral dimensionless - Hilbert

9.1 Definition . . . . . . ..
9.2 Propositions . . . . . .. e

10 Tarski’s axiom system for neutral geometry: 2D

10.1 Definitions . . . . . . . . . L
10.2 Propositions . . . . . . . ..o Lo

11 Tarski Neutral Continuity 2D

11.1 Definitions . . . . . . . . o oL o
11.2 Propositions . . . . . . . . . L

12 Tarski’s axiom system for neutral geometry: 3D

12.1 Definitions . . . . . . . . o L
12.2 Propositions . . . . . . . .. e

13 Tarski neutral dimensionless - Hilbert

13.1 Definition . . . . . . . . oL
13.2 Propositions . . . . . . ...

14 Tarski Euclidean

14.1 Tarski’s axiom system for Euclidean . . . . . . .. ... ... ... ....
14.2 Definitions . . . . . . . . . oL e
14.3 Propositions . . . . . . . . ... e e

15 Tarski Euclidean 2D

15.1 Tarski’s axiom system for Euclidean 2D . . . . . ... ... ... ... ..
15.2 Definitions . . . . . . . . oL
15.3 Propositions . . . . . . ... L

16 Tarski Euclidean 2D Continuous

17 Highschool Neutral

17.1 Definitions . . . . . . . . . . . . e e
17.2 Propositions . . . . . . . . ..

213
213
221
232

238
238
239

239
239
244

260
260
260
260

260
260
261

266
266
266
268

281
281
282

289
289
289

290
290
290

292
292
293

293
293
293

294
294
294
294

322
322
322
322

349



18 Highschool Euclidean dimensionless

19 Highschool Euclidean 2D
19.1 Definitions . . . . . . . . oL e
19.2 Propositions . . . . . . . oL e e e

20 Tarski Non Euclidean
20.1 Definitions . . . . . . . . .
20.2 Propositions . . . . . . ... e e

21 Tarski Non Euclidean Aristotle
21.1 Definitions . . . . . . . . o
21.2 Propositions . . . . . . . . e e e

22 Tarski Non Euclidean
22.1 Definitions . . . . . . . . .
22.2 Propositions . . . . . . .. e e e e

23 Gupta inspired variant of Tarski - Geometry
23.1 Axioms - neutral dimension less . . . . . . . . . . L
23.2 Definitions . . . . . . . .. e e
23.3 Propositions . . . . . . .. e

24 Gupta 2D
24.1 Axioms Gupta 2D . . . oL
24.2 Definitions . . . . . . . . L e
24.3 Propositions . . . . . . . . L e e

25 Gupta Euclidean
25.1 Axioms Gupta Euclidean . . . . . . . . . .
25.2 Definitions . . . . . . . .. e
25.3 Propositions . . . . . . .. e

26 Hilbert - Geometry - Neutral 2D
26.1 Axioms: Hilbert neutral 2D . . . . . . . . . . ..
26.2 Definitions . . . . . . . . .. e e e
26.3 Propositions . . . . . . . .. e e

27 Hilbert - Geometry - Neutral 3D
27.1 Axioms: neutral 3D . . . . . L L e

28 Hilbert - Geometry - Euclidean
28.1 Axioms: Euclidean . . . . . . . . ..
28.2 Definitions . . . . . . . . oL
28.3 Propositions . . . . . . .. e e e
28.4 Transport theorem from Tarski Neutral for Gupta Euclidean Model . . . . . . . . ... ... ...
28.5 Imterpretation Tarski Gupta . . . . . . . . . . . L

29 Hilbert Neutral - Tarski Neutral Model
29.1 Imterpretation . . . . . . . . L e

30 Hilbert Neutral 2D - Tarski Neutral 2D Model
30.1 Interpretation . . . . . . . . oL e e e e

31 Hilbert Neutral 3D - Tarski Neutral 3D Model
31.1 Imterpretation . . . . . . . . oL e e e e

32 Hilbert Euclidean - Tarski Euclidean Model
32.1 Imterpretation . . . . . . . oL

33 Tarski Neutral Model Hilbert Neutral

34 Tarski Neutral 2D - Hilbert Neutral 2D Model

351

365
365
365

366
366
366

369
369
369

371
371
371

372
372
373
373

376
376
376
376

377
377
377
377

377
377
377
377

379
379

379
379
380
380
380
381

383
383

383
383

384
384

385
385

386

388



35 Tarski Neutral 3D - Hilbert Neutral 3D Model 390

36 Tarski FEuclidean Model Hilbert Euclidean 390



theory Tarski-Neutral

imports
Main

begin

1 Neutral geometry dimensionless

1.1 Tarski’s axiom system for neutral geometry: dimensionless

locale Tarski-neutral-dimensionless =
fixes Bet :: 'p = 'p= 'p = bool ((-—-—-))
and Cong :: 'p= 'p = 'p = 'p = bool
and TPA TPB TPC :: 'p
assumes cong-pseudo-reflezivity: V a b.

Cong abba
and cong-inner-transitivity: ¥ a b p q r s.

Cong abpqA
Congabrs
H
Congpaqrs

and cong-identity: ¥ a b c.

Congabcc
—
a=1»

and segment-construction: ¥ a b ¢ q.
Jz. (Bet gaxz A Congazxbc)
and five-segment: ¥ abcda’ b’ ¢’ d".

a#bA
BetabcA

Bet a’ b' ¢'A
Congaba’ b A
Cong bcb' c' A
Congada'd A
Cong bdb'd
N

Cong cdc’d’

and between-identity: V a b.

Betaba

—

a="b

and inner-pasch: ¥ a b cp q.

BetapcA

Bet b q c

—

(3 z.Betpzb A Betqza)

and lower-dim: — Bet TPA TPB TPC N — Bet TPB TPC TPA N - Bet TPC TPA TPB

context Tarski-neutral-dimensionless



begin

1.2 Definitions

definition OFSC ::
['p,p,'p,"D,'P, "D, "D, D) = boOI
(----0OFSC----199,99,99,99,99,99,99,99] 50)
where
ABCDOFSCA'B'C'D’

Bet A B C A
Bet A’ B’ C' A
Cong A B A’ B' A
Cong B C B' C' A
Cong A D A" D' A
Cong BD B' D’

definition Cong3 ::
['p,'p,"p, "D, "D, D] = bool
(- - - Cong3 - - - [99,99,99,99,99,99] 50)
where
A B C Cong3 A’ B’ C'
Cong A B A’ B' A
Cong A C A" C' A
Cong B C B’ C’

definition Col ::
['p.'p,'p] = bool

(Col - - -199,99,99] 50)
where
Col A BC

Bet ABCV Bet BCAYV Bet CAB

definition Bet4 ::
['p,'p,"p,'p] = bool
(Bet4 - - - -199,99,99,99] 50)
where
Bet4 A1 A2 A3 A/

Bet A1 A2 A8 N
Bet A2 A3 A4 N
Bet A1 A3 Aj A
Bet A1 A2 A}

definition BetS ::
['p,’p,’p] = bool (BetS - - - [99,99,99] 50)
where
BetS A B C

Bet A B C A
A+ BA
B#C

definition SumsS :
['p,'p,"p, "D, "D, D] = bool
(- --- SumS - -199,99,99,99,99,99] 50)
where
ABCDSumS EF

Elll

PQR.Bet PQRANCongPQABANCongQRCDANCongPREF



definition FSC :
['p,'p,'p,'D, "D, "D, P, '] = bool
(----FSC----199,99,99,99,99,99,99,99] 50)
where

ABCDFSCA"B' C'D’

ColABCA

A B C Cong3 A’ B" C' A

Cong A D A’ D' A

Cong B D B' D’

definition [FSC :
['p,'p,"p,'D, "D, "D, P, D] = bool
(----1IFSC - ---199,99,99,99,99,99,99,99] 50)
where
ABCDIFSCA B'C'D’

Bet A B C A
Bet A’ B’ C' A
Cong A C A" C' A
Cong B C B' C' A
Cong A D A" D' A
Cong C D C' D’

definition Le :
['p,'p,'p,'p)] = bool
(- - Le - -[99,99,99,99] 50)
where
A BLeCD

3 E. (Bet CEDA Cong ABCE)

definition Lt :
['p,'p,"p,'p] = bool
(-- Lt --199,99,99,99] 50)
where
ABLtCD

ABLe CDAN=- CongABCD

definition Ge ::
['p,'p,"p,'p] = bool
(- -Ge - - 199,99,99,99] 50)
where
A BGe(CD

CDLeAB

definition Gt :
['p,"p,'p, D] = bool
(- - Gt --199,99,99,99] 50)
where
ABGtCD

CDLtAB

definition Out :
['p.'p,'p] = bool
(- Out - - [99,99,99] 50)
where
P Out AB

A#PA
B#PA
(Bet P A BV Bet P B A)



definition Midpoint ::
['p.'p,'p] = bool
(- Midpoint - - [99,99,99] 50)
where
M Midpoint A B
Bet A M B A
Cong A MMB

definition Per :
['p.'p,'p] = bool
(Per - - - [99,99,99] 50)
where
Per A BC

3 C'. (B Midpoint C C' A Cong A C A C")

definition PerpAt ::

['p,'p,"p, D, "] = bool

(- PerpAt - - - - [99,99,99,99,99] 50)

where

X PerpAt A B C D

A# BA
C+# DA
Col X A B A
Col X C D A
Y UV.((CollUABA Col VCD)— PerUXYV))

definition Perp :
['p,'p,'p,'p] = bool
(- - Perp - - [99,99,99,99] 50)
where
A B Perp C D

L

X::'p. X PerpAt A BC D

definition Coplanar ::

['p,'p,"p,'p] = bool

(Coplanar - - - - [99,99,99,99] 50)

where

Coplanar A B C D

3 X.(CodlABXANColCDX)V
(ColACX A ColBD X)V
(ColADX A Col BCX)

definition 7S ::
['p,'p,"p,'p] = bool
(--TS--199,99,99,99] 50)
where
ABTSPQ

~ColPABAN—-ColQABA (3 Tu'p. ClTABABetPTQ)

definition ReflectL :
['p,'p,"p,'p] = bool
(- - ReflectL - - [99,99,99,99] 50)
where
P’ P ReflectL A B

3 X. X Midpoint P P' A Col A BX) A (A B Perp PP’V P =P

—~

definition Reflect ::
['p,'p,'p,"p] = bool
(- - Reflect - - [99,99,99,99] 50)



where
P’ P Reflect A B

(A # B A P'P ReflectL A B) V (A= B A A Midpoint P P

definition InAngle ::
['p,'p,"p,'p] = bool
(- InAngle - - - [99,99,99,99] 50)
where
P InAngle A B C

A#BANC#BANP#BA
(3 X.Bet AXCA (X =BV BOut XP))

definition ParStrict::
['p,'p,'p,'p] = bool
(- - ParStrict - - [99,99,99,99] 50)
where
A B ParStrict C D

Coplanar A B C D A
- (3 X. Col X ABA Col X CD)

definition Par::
['p,'p,"p,'p] = bool
(- - Par - - [99,99,99,99] 50)
where
A B Par C D

A B ParStrict CDV (A# BA C# DA ColACDA Col BC D)

definition Plg::
['p,'p,'p,"p] = bool

(Plg - - - -1[99,99,99,99] 50)
where
Plg ABCD

(A#CV B#D)AN (3 M. M Midpoint A C N M Midpoint B D)

definition ParallelogramStrict::
['p,'p,'p,"p] = bool
(ParallelogramStrict - - - - [99,99,99,99] 50)
where
ParallelogramStrict A B A’ B’
A A" TS BB’ A
A B Par A’ B’ A
Cong A B A’ B’

definition ParallelogramFlat::
['p,'p,"p,'p] = bool
(ParallelogramFlat - - - - [99,99,99,99] 50)
where
ParallelogramFlat A B A" B’
Col A B A’ A
Col A B B’ A
Cong A BA' B’ A
Cong A B" A’ B A
(A#A'V B# B

definition Parallelogram::
['p,'p,"p,'p] = bool
(Parallelogram - - - - [99,99,99,99] 50)
where
Parallelogram A B A’ B’



ParallelogramStrict A B A’ B' vV ParallelogramFlat A B A’ B’

definition Rhombus::
['p,'p,"p,'p] = bool
(Rhombus - - - - [99,99,99,99] 50)
where
Rhombus A B C D

PlgABCDA Cong ABBC

definition Rectangle::
['p,'p,"p,'p] = bool
(Rectangle - - - - [99,99,99,99] 50)
where
Rectangle A B C' D

PlgABCDA Cong ACBD

definition Square::
['p,’p,"p,"p] = bool
(Square - - - - [99,99,99,99] 50)
where
Square A B C D

Rectangle A B C D AN Cong A BBC

definition Kite::
['p,'p,"p,'p] = bool

(Kite - - - - [99,99,99,99] 50)
where
Kite A BCD

Cong BCCDAN CongDAARB

definition Lambert::

['p,'p,"p,'p] = bool

(Lambert - - - - [99,99,99,99] 50)

where

Lambert A B C D

A#BANB#CNC#DANA#DA
Per BA DA
Per ADC A
Per A BC A
Coplanar A B C D

definition OS ::
['p,'p,"p,'p] = bool
(-- OS--199,99,99,99] 50)
where
ABOSPQ

L

R:'p. ABTSPRAABTSQR

definition TSP ::
['p,'p,"p,'p,"p] = bool
(--- TSP --199,99,99,99,99] 50)
where
ABCTSPPQ

(= Coplanar A B C P) A (= Coplanar A B C Q) A
(3 T. Coplanar A B C T AN Bet P T Q)

definition OSP ::
['p,'p,'p,"p, D] = boOl

10



(--- OSP --199,99,99,99,99] 50)
where
ABCOSPPQ

L

R.((ABCTSPPR)A(ABC TSP QR))

definition Saccheri::
['p,'p,"p,'p] = bool
(Saccheri - - - - [99,99,99,99] 50)
where
Saccheri A B C D

Per BA DA
Per ADC A
Cong ABCDANADOSBC

definition ReflectLAt ::
['p,/p,/p,'p,/p] = bool
(- ReflectLAt - - - - [99,99,99,99,99] 50)
where
M ReflectLAt P’ P A B

(M Midpoint P P' A Col A B M) A (A B Perp PP’V P =P

definition ReflectAt ::
['p,'p,'p, "D, D] = bool
(- ReflectAt - - - - [99,99,99,99,99] 50)
where
M ReflectAt P’ P A B

(A # B A M ReflectLAt P" PAB)V (A=BANA=MA M Midpoint P P’)

definition upper-dim-axiom ::
bool
(UpperDimAziom [] 50)
where
upper-dim-axiom

Cong APAQAN

Cong BP B QA

Cong C P C Q

H

(Bet ABCV Bet BC AV Bet C A B)

definition all-coplanar-axiom ::
bool
(AllCoplanarAziom [] 50)
where
AllCoplanarAziom

Cong APAQAN

Cong BPB QA

Cong CP CQ

_>

(Bet ABCV Bet BC AV Bet C A B)

definition upper-dim-3-azxiom ::
bool
where
upper-dim-3-axiom

11



<<

ABCPQR. P#QANQ#RANP#*RA

Cong APA QAN CongBPBQA CongCPCQA
Cong APARANCong BPBRA CongCPCR—
(Bet ABCV Bet BC AV Bet C A B)

definition median-planes-axiom ::
bool
where
median-planes-axiom

VABCDPQ P+#QAN
Cong APAQANCong BPBQANCongCPCQANCongDPDQ—
Coplanar A B C D

definition plane-intersection-axiom ::
bool
where
plane-intersection-axiom

VABCDEFP.
Coplanar A B C' P N\ Coplanar D EF P —
(3 Q. Coplanar A B C Q N Coplanar D EF Q AN P # Q)

definition space-separation-axiom ::
bool
where
space-separation-axiom

VABCPQ.
= Coplanar A B C P N = Coplanar A B C Q —
(ABCTSPPQV ABCOSPPAQ)

definition orthonormal-family-axiom ::
bool
where
orthonormal-family-axziom

v SU1'UL U2U3 Uj4.
- (S# Ul'ANBet U1 SU1' A
Cong S U1 SU1'"A Cong S U2S Ul'AN Cong S U3S U1’ A Cong S U4 S UL A
Cong U1 U2 U1’ U2 A Cong Ul U3 U1’ U2 A Cong U1 U4 U1’ U2 A
Cong U2 U3 U1’ U2 A Cong U2 Uj U1’ U2 A Cong U3 Uj U1’ U2)

definition CongA :
['p,'p,"p, "D, "D, D] = bool
(- - - CongA - - - [99,99,99,99.99,99] 50)
where
A BCCongADEF

A#BANC#BAD#ENF#EA

(3 A'C'D'F'.Bet BAA'"ANCongAA'"EDA Bet BCC'A CongCC'"EF A
Bet EDD'A Cong D D' BAANBet EFF' A Cong FF'BC A

Cong A’ C' D' F)

definition LeA :

[lp7 /pv /p7 /P, /p7 /P] = bool
(- - - LeA - - - [99,99,99,99,99,99] 50)

12



where
ABCLeADEF

3 P. (P InAngle D EF N A B C CongA D E P)

definition LtA :
['p"p,'p,"p,'p,"P] = bool
(--- LtA - - -[99,99,99,99,99,99] 50)
where
ABCILtADEF

ABCLADEFAN-ABCCongADEF

definition GtA :
['p,'p,"p, "D, "D, D] = bool
(- - - GtA - - - [99,99,99,99,99,99] 50)
where
ABCGtADEF

DEFLtAABC

definition Acute ::
['p,’p,'p] = bool

(Acute - - - [99,99,99] 50)
where
Acute A B C

3 A B C'. (PerA’B'C'ANABCILtAA B C

definition Obtuse ::
['p,"p,'p] = bool

(Obtuse - - - [99,99,99] 50)
where
Obtuse A B C

3 A'B' C'.(Per A'B' C'NA'B' C' LtA A B C)

definition OrthAt :
['p,'p,"p,'p,"D,'P] = bool
(- OrthAt - - - - - (99,99,99,99,99,99] 50)
where
XOrthAt ABCUYV

“ColABCANU#V A Coplanar ABCX N Col UV X A
(V P Q. (Coplanar ABCP A ColUV Q) — Per PX Q)

definition Orth :
['p,'p,"p,'p,"p] = bool
(- - - Orth - - [99,99,99,99,99] 50)
where
ABCOrth UV

3 X. XOrthAt ABCUYV

definition SuppA :
['p,'p,"p,"p,'D,"P] = boOl
(- - - SuppA - - - [99,99,99,99,99,99] 50)
where
A B C SuppA D EF

A#BAN(3 A Bet ABA'"AN DEF CongA CBA"
definition SumA ::

['p,'n,'p,"p,"D,"D, "D, D, D] = boOOI
(------ SumA - - - [99,99,99,99,99,99,99.,99,99] 50)

13



ABCDEFSumA GHI
3 J.(CBJCongADEFAN—-BCOSAJA Coplanar ABCJANA B J CongA G HI)

definition TriSumA ::
['p,/p,'p,'p,/p,'p] = bool
(- - - TriSumA - - - [99,99,99,99,99,99] 50)
where
A B C TriSumA D E F

3GHI. (ABCBCASumAGHINGHICABSumA DEF)

definition SAMS ::

['p,'p,"p,'p, "D, D] = bool

(SAMS - - - - - - [99,99,99,99,99,99] 50)

where

SAMSABCDEF

(A#BA
(EOutDFV - Bet ABC)) A
3 J.(CBJCongADEFAN-(BCOSAJ)AN—-(ABTSCJ)A Coplanar A B C J))

definition Inter :
['p,'p,"p,'p,"P] = bool
(- Inter - - - - [99,99,99,99,99] 50)
where
X Inter A1 A2 B1 B2

B1 # B2 A
(3 P:'p. (Col P B1 B2 A — Col P A1 A2)) A
Col A1 A2 X A Col B1 B2 X

definition Perp2 :
['p,'p,"p,'p, "] = bool
(- Perp2 - - - -199,99,99,99,99] 50)
where
P Perp2 A BCD

FXY.(ColPXYANXYPerp ABANXY Perp CD)

definition Perp-bisect :
['p,'p,"p,'p] = bool
(- - PerpBisect - - [99,99,99,99] 50)
where
P Q PerpBisect A B

A B ReflectL P Q N A # B

definition Perp-bisect-bis ::
['p,"p,'p, D] = bool
(- - PerpBisectBis - - [99,99,99,99] 50)
where
P Q PerpBisectBis A B

3 I. I PerpAt P Q A B N\ I Midpoint A B
definition Is-on-perp-bisect ::
['p.'p,'p] = bool
(- IsOnPerpBisect - - [99,99,99] 50)
where
P IsOnPerpBisect A B
Cong APPB

definition isosceles::
['p,"p,'p] = bool

14



(- - - isosceles [99,99,99] 50)
where
A B C isosceles

Cong A BBC

definition equilateral::
['p.'p,'p] = bool
(- - - equilateral [99,99,99] 50)
where
A B C equilateral

Cong ABBCA Cong BCCA

definition equilateralStrict::
['p.'p,'p] = bool
(- - - equilateralStrict [99,99,99] 50)
where
A B C equilateralStrict

A B C equilateral N A # B

definition QCong::
(['p,"p] = bool) = bool
(QCong - [99] 50)
where
QCong 1

FAB. VXY. (CongABXY +—1XY))

definition TarskiLen::
['p,"p,(['p,"P] = bool)] = bool
(TarskiLen - - - [99,99,99] 50)
where
TarskiLen A Bl

QCong INIAB

definition QCongNull :
(['p,"p] = bool) = bool
(QCongNull - [99] 50)
where
QCongNull |

5Cong INE A TAA

definition QCongA :
('p, 'p, "] = bool) = bool
(QCongA - [99] 50)
where

QCongA a
3ABC.(A#BANCABANN XYZ ABCCongA XY Z <+ aXYZ)

definition Ang :
['p,'p,"p, (['P; 'p, 'p] = bool) ] = bool
(- - - Ang - [99,99,99,99] 50)
where
A BC Ang a
QCongA a N
aABC

definition QCongAAcute :

(['p, 'p, '] = bool) = bool
(QCongAACute - [99] 50)
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where
QCongAAcute a

3 ABC. (Acute ABCAN(N XYZ. (ABCCongA XY Z+— aXY2)))

definition AngAcute :
['p:'p,"p, (['p"p,'P] = bool)] = bool
(- - - AngAcute - [99,99,99,99] 50)
where
A B C AngAcute a

(QCongAAcute a) A (a A B C))

definition QCongANullAcute ::
(['p,"p,"p] = bool) = bool
(QCongANullAcute - [99] 50)
where
QCongANullAcute a

QCongAAcute a N\
(Vv ABC.(aABC — BOut ACQ))

definition QCongAnNull :
(['p,"p,"p] = bool) = bool
(QCongAnNull - [99] 50)
where
QCongAnNull a

Q Il

CongA a A
ABC.(aABC— - BOuA(Q))

<

(

definition QCongAnFlat ::
(['p,"p,"p] = bool) = bool
(QCongAnFlat - [99] 50)
where
QCongAnFlat a

QCongA a A
(VABC. (aABC — - Bet ABC))

definition IsNullAngaP ::
(['p,"p,"p] = bool) = bool
(IsNullAngaP - [99] 50)
where
IsNullAngaP a

QCongAAcute a N
(3 ABC.(aABCABOutAQC))

definition QCongANull ::
(['p,"p,"p] = bool) = bool
(QCongANull - [99] 50)
where
QCongANull a

ZQCOngAa/\
(V ABC.(aABC — BOutACQ))

definition AngFlat ::
('p, 'p, '] = bool) = bool
(AngFlat - [99] 50)
where
AngFlat a

QCongA a A
(V ABC.(a ABC — Bet ABC(C))
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definition EqLTarski ::
(['p, 'p] = bool) = (['p, 'p] = bool) = bool
(- EqLTarski - [99,99] 50)
where
11 EqLTarski 12

VAB I1AB+—I2AB

definition Fq¢A ::
('p, 'p, '] = bool) = (['p, 'p, 'p] = bool) = bool
(- EqA - [99,99] 50)
where
al EqA a2

VABC.al1ABC<+—a2ABC

definition hypothesis-of-right-saccheri-quadrilaterals ::
bool
(HypothesisRightSaccheriQuadrilaterals)
where
hypothesis-of-right-saccheri-quadrilaterals

Y A BCD. Saccheri ABCD — Per ABC

definition hypothesis-of-acute-saccheri-quadrilaterals ::
bool
(HypothesisAcuteSaccheriQuadrilaterals)
where
hypothesis-of-acute-saccheri-quadrilaterals

Y A B CD. Saccheri A BCD — Acute A B C

definition hypothesis-of-obtuse-saccheri-quadrilaterals ::
bool
(HypothesisObtuseSaccheriQuadrilaterals)
where
hypothesis-of-obtuse-saccheri-quadrilaterals

Y A B CD. Saccheri A B C D — Obtuse A B C

definition Defect ::
['p,'p,"p, "D, "D, 'P] = bool
(Defect - - - - - - [99,99,99,99,99,99] 50)
where
Defect A BCDEF

(3 GHI.(ABCTriSumA GHIAN G HI SuppA D E F))

definition Ari :
[/p/p}/p’/p’/p] = bool
(Art - - - - - [99,99,99,99,99] 50)
where
Ar1 POE A B C

PO # E N Col POE AN Col POEBA Col POEC

definition Ar2 :
['p,'p,"p, "D, "D, 'P] = bool
(Ar2 - - - - - - [99,99,99,99,99,99] 50)
where
Ar2 POEE' A BC

4

Col POEE'A Col POE AN Col POEBA Col POEC
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definition Pj :
['p,'p,"p,'p] = bool
(- - Pj--199,99,99,99] 50)
where
ABPjCD

ABParCDV C =D

definition Sum ::
['p,'p,"p, "D, "D, D] = bool
(Sum - - - - - - [99,99,99,99,99,99] 50)
where
Sum POEE' ABC

Ar2 POEE' A B C A
(3A'C.EE'PjA A’ A ColPOE' A’ \ POEPjA' C'A
POE'PjB C'ANE'EPjC'C)

definition Proj :
['p,'p,"D, "D, "D, D] = bool
(- - Proj - - - - [99,99,99,99,99,99] 50)
where
PQProjABXY

A#ABAXAYAN-ABPar XYANColABQA(PQParXY VP=Q)

definition Sump :

['p,/p,/p,'p,/p,'p] — bool

(Sump - - - - - - [99,99,99,99,99,99] 50)

where

Sump POEE'ABC
Col PO E AN Col POEB A
(3 A"C'"P.AA Proj POE'"EE'AN POE Par A’ P' A
B C' Proj A’ P POE'A C' C Proj POE E E')

definition Prod ::
['p,'p,"p, "D, "D, D] = bool
(Prod - - - - - - [99,99,99,99,99,99] 50)
where
Prod POEE ABC

Ar2 POEE'ABC A
(3 B.EE'PfBB' A ColPOE'"B'ANE"APjB'C)

definition Prodp :
['p,'p,"p, "D, "D, D] = bool
(Prodp - - - - - - (99,99,99,99,99,99] 50)
where
Prodp POEE'"ABC

Col PO E AN Col POEBA
(3 B". BB' Proj POE'EE'ANB' C Proj POEAE

definition Opp ::
['p."p,'p,'p,"P] = bool
(Opp - - - - - (99,99,99,99,99] 50)
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where
Opp POEE' A B

Sum PO E E' B A PO

definition Diff ::
['p,'p,"p, "D, "D, "P] = bool
(Diff - - - - - - [99,99,99,99,99,99] 50)
where
Diff POEE'ABC

el

B'. Opp POEE'BB'A Sum POEE'AB'C

definition sums3 ::
U'p,’p,'p."p,"p,'D,'P] = b0Ol
(sum3 - - - - - - - [99,99,99,99,99,99,99] 50)
where
sum3 POEE' ABCS

3 AB. Sum POEE' A BAB A Sum POEE' ABC S

definition sumj ::
['p,'p,"p,'D, "D, "D, P, D] = bool
(Sumf - ------- [99,99,99,99,99,99,99,99] 50)
where
Sumj POEE'"ABCDS

3 ABC. sum8 POEE'A B C ABC A Sum POEE'"ABCD S

definition sum?22 ::
['p,'p,'p,'D,"D, "D, P, D] = bool
(sum22 - - - - - - - - [99,99,99,99,99,99,99,99] 50)
where
sum22 POEE'ABCDS

3 AB CD. Sum POEE' A BAB A Sum POEE’' CD CD A Sum POEE'ABCD S

definition Ar2p4 :
U'p,'p,"p,'p,"D,'D,'P] = boOOl
(Ar2pj - ------ [99,99,99,99,99,99,99] 50)
where
Ar2p4 POEE' ABCD

- Col POEE'"AN Col POE A A Col POE BA Col POEC A Col POED

definition Ps :
['p,'p,'p] = bool
(Ps - --199,99,99] 50)
where
PsXEA

XOutAFE

definition Ng :
['p,’p,"p] = bool

(Ng - - -199,99,99] 50)
where
Ng X E A

A4XNE#XABetAXE
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definition L¢P :
['p,'p,'p,"p,"D] = boOl
(LtP - - - - - [99,99,99,99,99] 50)
where
LtPXEE AB

3D.Diff XEE'BADANPsXED

definition LeP ::
['p,'p,"p,"p,"p] = bool
(LeP - - - - - [99,99,99,99,99] 50)
where
LePXEE AB

ItPXEE' ABV A=B

definition Length ::
['p,'p,"D, "D, "D, D] = bool
(Length - - - - - - [99,99,99,99,99,99] 50)
where
Length X EE' A B L

X#EANCIXELANLPXEE XLACongXLAB

definition IsLength ::
['p,'p,'p,"p,'p, D] = boOI
(IsLength - - - - - - [99,99,99,99,99,99] 50)
where
IsLength X EE' A B L

Length XEE'ABLV (X =EA X = L)

definition Sumg :
['p,'p,"p, "D, "D, 'P] = bool
(Sumg - - - - - - [99,99,99,99,99,99] 50)
where
Sumg X EE' A B C

Sum XEE'ABCV (- Ar2XEE ABBA C = X)

definition Prodg :
['p,'p,"p, "D, "D, D] = bool
(Prodg - - - - - - (99,99,99,99,99,99] 50)
where
Prodg X EE' A B C

Prod XEE' ABCV (-~ Ar2XEE' ABBA C = X)

definition PythRel ::
[/p/p}/p’/p’/p’/p] = bool
(PythRel - - - - - - [99,99,99,99,99,99] 50)
where
PythRel X EE' A B C

Ar2 X EE'ABC A
(X=BA(A=CVOpXEE AC))V (3 B.XB Perp X BA Cong X B'"XBA Cong X CA B))

definition SignFEq ::
['p,"p,'p,"D] = bool
(SignEq - - - - [99,99,99,99] 50)
where
SignEq X E A B
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PsXEANPsXEBV NgXEANNgXEB

definition LtPs :
['p,'p,"p,'p,"p] = bool
(LtPs - - - - - [99,99,99,99,99] 50)
where
LtPs X EE' A B

3D.PsXEDASumXEE ADB

definition IsOrthocenter ::

['p,'p,"p,'p] = bool

(- IsOrthocenter - - - [99,99,99,99] 50)

where

H IsOrthocenter A B C = - Col A BC A

A H Perp B C A
B H Perp A C A
C H Perp A B

definition IsCircumcenter :
['p,’p,"p,"p] = bool
(- IsClircumcenter - - - [99,99,99,99] 50)
where
G IsCircumcenter A B C =
Cong A G BGN
Cong BG C G AN
Coplanar G A B C

definition IsGravityCenter ::

['p,'p,"p,'p] = bool

(- IsGravityCenter - - - [99,99,99,99] 50)

where

G IsGravityCenter A B C = - Col A B C A
(3 IJ. I Midpoint B C A

J Midpoint A C' N
Col GAIN
Col G B J)

definition Lcos :: (['p,’p] = bool) =
(['p,"p] = bool) =
(I'p, 'p, 'p| = bool) =
bool

where

Leos b lc a =
QCong Ib A QCong lc N QCongAAcute a A
(3 ABC. (PerCBANWABANIcACANaBADOQ))

definition FqLcos :: (['p,’p] = bool) =
(['p, 'p, 'p| = bool) =
(['p,"p] = bool) =
(['p, 'p, "p] = bool) =
bool
where
EqLcos la a lb b= (3 Ip. Leos Ip la a A Leos lp 1b b)

definition Lcos2 :: (['p,’p] = bool) =
(['p,'p] = bool) =
(['p, 'p, 'p] = bool) =
(I'p, 'p, 'p| = bool) =
bool
where
Leos2lplab=3 la. Leoslala N Leos lp la b

definition FqLcos2 :: (['p,’p] = bool) =

21



['p, 'p, 'p] = bool) =
['p, 'p, 'p] = bool) =
['p, D] :> bool) =

[p, p, ] = bool) =

where
EqLcos2 11 abl2cd= (3 lp. Lecos2lp 1l ab A Leos2 lp 12 c d)

definition Lcos3 :: (['p,’p] = bool) =
(['p,"p] = bool) =
(['p, 'p, 'p] = bool) =
(['p, 'p, 'p] = bool) =
(I'p, 'p, P = bool) =
bool

where

Leos3Iplabc =3 lalab. Leos lal a A

Lcos lab la b N\ Leos lp lab ¢

de ﬁnition EqLcos3 :: (['p,’p] = bool) =
', 'p] = bool) =
p, 'p] = bool) =
p, 'p, 'p] = bool) =
, ] :> bool) =

/
/
p,’
'p, 'p, 'p] = bool) =
p, 'p] = bool) =
p, 'p| = bool) =

/

(['p,
(['p,
(['p
(l
(['p,
(['p
(['p,
b

ool
where
EqLcos8 1 abcl2def = (3 Ip. Leos8lpll abc A Leos3lp 12 d e f)

definition EqV :: 'p = 'p = 'p = 'p = bool
(- - BqV - - [99,99,99,99] 50)
where
A B EqV C D = Parallelogram A B D C V (A= B A C = D)

definition SumV :: ‘p= p= p= 'p = p = 'p = bool
(- - - - SumV - - [99,99,99,99,99,99] 50)
where
ABCDSumVEF=Y D'.CDEVBD' — AD EqVEF

definition SumVEgzists :: 'p = 'p = p = 'p = 'p = 'p = bool
(- - - - SumVExists - - [99,99,99,99,99,99] 50)
where
A BCDSumVEzists EF = (3 D" BD'EqV CDANA D' EqVEF)

definition SameDir :: 'p = 'p = 'p = 'p = bool
(- - SameDir - - [99,99,99,99] 50)
where
A B SameDir C D =
(A=BAC=D)Vv(3D.COutDD' AABEqVCD’

definition OppDir :: 'p = 'p = 'p = 'p = bool
(- - OppDir - - [99,99,99,99] 50)
where
A B OppDir CD = A B SameDir D C

definition CongA3 :: 'p = p= p= 'p = 'p = 'p = bool
(- -- CongA3 - - -1[99,99,99,99,99,99] 50)
where
A B C CongA3 A’ B’ C' =
A BC CongA A’ B"C'"NBCA CongA B C'" A’ N CA B CongA C' A’ B’
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definition Projp :: 'p = 'p = 'p = 'p = bool
(- - Projp - - [99,99,99,99] 50)
where
P @ Projp A B =
A#BA((CollABQANABPerpPQ)V (CollABPAP=Q))

1.3 Propositions

lemma cong-reflezivity:
shows Cong A BA B
(proof)

lemma cong-symmetry:
assumes Cong A B C D
shows Cong C D A B

{proof)

lemma cong-transitivity:
assumes Cong A B C D and Cong C D E F
shows Cong A BEF

{proof)

lemma cong-left-commutativity:
assumes Cong A B C D
shows Cong B A C D

{proof)

lemma cong-right-commutativity:
assumes Cong A B C D
shows Cong A BD C

{proof)

lemma cong-3421:
assumes Cong A B C D
shows Cong CD B A

{proof)

lemma cong-4312:
assumes Cong A B C D
shows Cong D C A B

{proof)

lemma cong-4321:
assumes Cong A B C D
shows Cong D C B A

{proof)

lemma cong-trivial-identity:
shows Cong A A B B
(proof)

lemma cong-reverse-identity:
assumes Cong A A C D
shows C = D

{proof)

lemma cong-commutativity:
assumes Cong A B C D
shows Cong BA D C

(proof)
lemma not-cong-2134:

assumes — Cong A B C D
shows - Cong B A C D
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{proof)

lemma not-cong-1243:
assumes -~ Cong A B C D
shows = Cong A BD C

(proof)

lemma not-cong-2143:
assumes - Cong A B C D
shows = Cong BA D C

{proof)

lemma not-cong-3412:
assumes -~ Cong A B C D
shows - Cong C D A B

(proof)

lemma not-cong-4312:
assumes -~ Cong A B C D
shows - Cong D C A B

{proof)

lemma not-cong-3421:
assumes - Cong A B C D
shows - Cong C D B A

{proof)

lemma not-cong-4321:
assumes -~ Cong A B C D
shows - Cong D C B A

(proof)

lemma five-segment-with-def:
assumes A B C D OFSC A’ B’ C' D' and A # B
shows Cong C D C’' D’

(proof)

lemma cong-diff:
assumes A # B and Cong A BC D
shows C # D

(proof)

lemma cong-diff-2:
assumes B # A and Cong A B C D
shows C # D

{proof)

lemma cong-diff-3:
assumes C # D and Cong A B C D
shows A # B

(proof)

lemma cong-diff-4:
assumes D # C and Cong A B C D
shows A # B

{proof)

lemma cong-3-sym:
assumes A B C Cong3 A’ B’ C’
shows A’ B’ C' Cong3 A B C
{proof)

lemma cong-3-swap:
assumes A B C Cong3 A’ B’ C’
shows B A C Cong3 B' A’ C’

(proof)
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lemma cong-3-swap-2:
assumes A B C Cong3 A’ B' C’
shows A C B Cong3 A’ C' B’
(proof)

lemma cong3-transitivity:
assumes A0 B0 C0O Cong3 A1 B1 C1 and
A1 B1 C1 Cong3 A2 B2 C2
shows A0 B0 C0O Cong3 A2 B2 C2

{proof)

lemma eg-dec-points:
shows A=BVv-~-A=08
(proof)

lemma distinct:
assumes P # @
shows R # PV R # @

{proof)

lemma [2-11:
assumes Bet A B C and
Bet A’ B’ C’ and
Cong A B A’ B’ and
Cong B C B' C'
shows Cong A C A’ C'
(proof)

lemma bet-cong3:
assumes Bet A B C and

Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B’ C’
(proof)

lemma construction-uniqueness:
assumes () # A and
Bet @ A X and
Cong A X B C and
Bet @ A Y and

Cong A YBC
shows X = Y
(proof )

lemma Cong-cases:

assumes Cong A BC DYV Cong ABD CYV Cong BACDY Cong BADC CV CongCDABYV
Cong CDBAY Cong D CABY CongD CBA

shows Cong A B C' D

(proof)

lemma Cong-perm :

assumes Cong A B C D

shows Cong A BC D AN Cong A BD C AN Cong BACDA Cong BADOC AN CongCDABA
Cong CDBAN CongDCABA CongD CBA

{proof)

lemma bet-col:
assumes Bet A B C
shows Col A B C

{proof)

lemma between-trivial:
shows Bet A B B

{proof)

lemma between-symmetry:
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assumes Bet A B C
shows Bet C B A

{proof)

lemma Bet-cases:
assumes Bet A B C V Bet C B A
shows Bet A B C

{proof)

lemma Bet-perm:
assumes Bet A B C
shows Bet A BC AN Bet CB A

{proof)

lemma between-trivial2:
shows Bet A A B

{proof)

lemma between-equality:
assumes Bet A B C' and Bet B A C
shows A = B

(proof)

lemma between-equality-2:
assumes Bet A B C and
Bet A CB
shows B = ('

(proof)

lemma between-exchange3:
assumes Bet A B C and
Bet A CD
shows Bet B C D

{proof)

lemma bet-neq12--neq:
assumes Bet A B C and
A#B
shows A # C
(proof)

lemma bet-neq21--neq:
assumes Bet A B C and
B#A
shows A # C
(proof)

lemma bet-neq23--neq:
assumes Bet A B C and
B#C
shows A # C
(proof)

lemma bet-neq32--neq:
assumes Bet A B C and
C#B
shows A # C
(proof)

lemma not-bet-distincts:
assumes — Bet A B C
shows A # BA B # C

{proof)

lemma between-inner-transitivity:
assumes Bet A B D and



Bet B C D
shows Bet A B C

{proof)

lemma outer-transitivity-between2:
assumes Bet A B C and
Bet B C D and
B#C
shows Bet A C D
(proof)

lemma between-exchange2:
assumes Bet A B D and
Bet B C' D
shows Bet A C D

(proof)

lemma outer-transitivity-between:
assumes Bet A B C and
Bet B C' D and
B#C
shows Bet A B D
{proof)

lemma between-exchangey :
assumes Bet A B C' and
Bet A CD
shows Bet A B D

{proof)

lemma [3-9-4:
assumes Betj A1 A2 A3 Aj,
shows Betj A4 A3 A2 A1

{proof)

lemma [3-17:
assumes Bet A B C and
Bet A’ B’ C and
Bet AP A’
shows 3 Q. Bet P Q C A Bet B Q B’

(proof)

lemma lower-dim-ex:
3 ABC. - (Bet ABCV Bet BC AV Bet C A B)

{proof)

lemma two-distinct-points:
I X:p. I Yp X#£Y
(proof)

lemma point-construction-different:
3 C.Bet ABCANB#C

{proof)

lemma another-point:
3 B:p. A£B
(proof)

lemma Cong-stability:
assumes - - Cong A B C D
shows Cong A B C D

{proof)

lemma [2-11-b:
assumes Bet A B C and
Bet A’ B’ C' and
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Cong A B A’ B' and

Cong B C B’ C’
shows Cong A C A’ C'
{proof)

lemma cong-dec-eq-dec-b:
assumes - A # B
shows A = B

{proof)

lemma BetSEq:
assumes BetS A B C
shows Bet ABCANA#BANA#CANB#C

{proof)

lemma [4-2:
assumes A B C D IFSC A’ B' C' D’
shows Cong B D B’ D’

(proof )

lemma [4-3:
assumes Bet A B C and
Bet A’ B’ ¢’ and
Cong A C A’ C’
and Cong B C B’ C’
shows Cong A B A" B’

(proof )

lemma [4-3-1:
assumes Bet A B C and
Bet A’ B’ ¢’ and
Cong A B A’ B" and
Cong A C A’ C’
shows Cong B C B’ C'
(proof)

lemma [4-5:
assumes Bet A B C and
Cong A C A’ C’
shows 3 B’. (Bet A’ B' C' AN A B C Cong3 A’ B’ C)
(proof)

lemma [4-6:
assumes Bet A B C and
A B C Cong3 A’ B’ ¢’
shows Bet A’ B’ C'
(proof)

lemma cong3-bet-eq:
assumes Bet A B C and
A BC Cong83 AXC
shows X = B

(proof )

lemma col-permutation-1:
assumes Col A B C
shows Col B C A

{proof)

lemma col-permutation-2:
assumes Col A B C
shows Col C A B

{proof)

lemma col-permutation-3:
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assumes Col A B C
shows Col C B A

{proof)

lemma col-permutation-4:
assumes Col A B C
shows Col B A C

{proof)

lemma col-permutation-5:
assumes Col A B C
shows Col A C B

{proof)

lemma not-col-permutation-1:
assumes -~ Col A B C
shows = Col B C A

{proof)

lemma not-col-permutation-2:
assumes — Col A B C
shows - Col C A B

{proof)

lemma not-col-permutation-3:
assumes -~ Col A B C
shows -~ Col C B A

(proof)

lemma not-col-permutation-4:
assumes - Col A B C
shows = Col BA C

{proof)

lemma not-col-permutation-5:
assumes - Col A B C
shows - Col A C B

(proof)

lemma Col-cases:
assumes Col A BCV ColACBY ColBACVYV ColBCAYV ColCABYV ColCBA
shows Col A B C

(proof)

lemma Col-perm:
assumes Col A B C
shows Col A BC AN ColACBANColBACANColBCAANColCABANColCBA

{proof)

lemma col-trivial-1:
ColAAB

(proof)

lemma col-trivial-2:
Col A BB

{proof)

lemma col-trivial-3:
Col ABA

{proof)

lemma [4-13:
assumes Col A B C and
A B C Cong3 A’ B’ C'
shows Col A’ B’ C'
(proof)
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lemma l4-1/R1:
assumes Bet A B C and
Cong A BA' B’
shows 3 C’. A B C Cong3 A’ B’ C'
(proof)

lemma l4-1/R2:
assumes Bet B C A and
Cong A BA' B’
shows 3 C’. A B C Cong3 A’ B’ C'
(proof )

lemma l4-1/R3:
assumes Bet C A B and
Cong A BA' B’
shows 3 C’. A B C Cong3 A’ B’ C'
(proof)

lemma l4-14:
assumes Col A B C and
Cong A B A’ B’
shows 3 C'. A B C Cong3 A’ B’ C’
(proof)

lemma [4-16R1:
assumes A B C D FSC A’ B’ C' D' and
A # B and
Bet A B C
shows Cong C D C' D’
(proof)

lemma [4-16R2:
assumes A B C D FSCA'B' C' D’
and Bet BC A
shows Cong C D C’' D’
(proof)

lemma [4-16R3:
assumes A B C D FSC A’ B’ C' D' and
A # B and
Bet CA B
shows Cong C D C' D’

(proof )

lemma [4-16:
assumes A B C D FSC A’ B’ C' D’ and
A+B
shows Cong C D C' D’
(proof )

lemma [4-17:
assumes A # B and
Col A B C and
Cong A P A @ and
Cong BP B Q
shows Cong C P C Q

(proof )

lemma [4-18:
assumes A # B and
Col A B C and
Cong A C A C' and

Cong B C B C'
shows C = C’
(proof )
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lemma 14-19:
assumes Bet A C B and
Cong A C A C' and

Cong B C B C'
shows C = C’
(proof )

lemma not-col-distincts:
assumes — Col A B C
shows - Col A BCANA#BANB#CANA#C

{proof)

lemma NCol-cases:
assumes = Col ABCV -~ ColACBY - ColBACYV -~ ColBCAV -~ ColCABYV-ColCBA
shows — Col A B C

{proof)

lemma NCol-perm:
assumes - Col A B C
shows - Col A BCAN—-ColACBAN—-ColBACAN=-ColBCAN—-ColCABAN-ColCBA

(proof)

lemma col-cong-3-cong-3-eq:
assumes A # B
and Col A B C
and A B C Cong3 A’ B’ C1
and A B C Cong3 A’ B’ C2
shows CI1 = (C2

{proof)

lemma [5-1:
assumes A # B and
Bet A B C and
Bet A B D
shows Bet A CDV Bet A D C

(proof )

lemma [5-2:
assumes A # B and
Bet A B C and
Bet A BD
shows Bet BC DV Bet BD C

(proof)

lemma segment-construction-2:
assumes A # Q
shows 3 X. ((Bet @ A X V Bet @ X A) A Cong Q X B C)

(proof )

lemma [5-3:
assumes Bet A B D and
Bet A C D
shows Bet A BCV Bet A CB

{proof)

lemma bet3--bet:
assumes Bet A B E and
Bet A D E and
Bet B C D
shows Bet A C E

(proof )
lemma le-bet:

assumes C D Le A B
shows 3 X. (Bet A X B A Cong A X C D)
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{proof)

lemma [5-5-1:
assumes A B Le C D
shows 3 X. (Bet A BX A Cong A X C D)

(proof)

lemma [5-5-2:
assumes 3 X. (Bet A BX A Cong A X C D)
shows A B Le C D

(proof)

lemma [5-6:
assumes A B Le C D and
Cong A B A’ B' and
Cong C D C' D’
shows A’ B’ Le C' D'
(proof)

lemma le-reflexivity:
shows A B Le A B
(proof)

lemma le-transitivity:
assumes A B Le C D and
CDLeEF
shows A B Le E F

(proof)

lemma between-cong:
assumes Bet A C' B and

Cong A CAB
shows C = B
(proof )

lemma cong3-symmetry:
assumes A B C Cong3 A’ B’ C’
shows A’ B’ C' Cong3 A B C

{proof)

lemma between-cong-2:
assumes Bet A D B and
Bet A F B and

Cong ADAE
shows D = FE
(proof )

lemma between-cong-3:
assumes A # B
and Bet A B D
and Bet A BE
and Cong BD BE
shows D = F

{proof)

lemma le-anti-symmetry:
assumes A B Le C D and
CDLeAB
shows Cong A B C D

(proof )

lemma cong-dec:
shows Cong A B C DV - Cong A B C D

{proof)

lemma bet-dec:



shows Bet A BC V = Bet ABC
(proof )

lemma col-dec:
shows Col A BCV - Col ABC

(proof)

lemma le-trivial:
shows A A Le C D
(proof )

lemma [e-cases:
shows A BLeCDV CD Le AB
(proof )

lemma [e-zero:
assumes A B Le C C
shows A = B

(proof)

lemma le-diff:
assumes A # Band A B Le C D
shows C # D

{proof)

lemma [t-diff:
assumes A B Lt C D
shows C # D

{proof)

lemma bet-cong-eq:
assumes Bet A B C and
Bet A C D and
Cong BCA D
shows C = DA A=B

(proof )

lemma cong--le:
assumes Cong A B C D
shows A B Le C D

(proof)

lemma cong--le3412:
assumes Cong A B C D
shows C D Le A B

{proof)

lemma le1221:
shows A BLe B A

{proof)

lemma le-left-comm:
assumes A B Le C D
shows B A Le C D

{proof)

lemma le-right-comm:
assumes A B Le C D
shows A B Le D C

{proof)

lemma le-comm:
assumes A B Le C D
shows B A Le D C

{proof)
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lemma ge-left-comm:
assumes A B Ge C D
shows B A Ge C D

{proof)

lemma ge-right-comm:
assumes A B Ge C D
shows A B Ge D C

{proof)

lemma ge-comm0:
assumes A B Ge C D
shows B A Ge D C

{proof)

lemma lt-right-comm:
assumes A B Lt C D
shows A BLt D C

(proof)

lemma lt-left-comm:
assumes A B Lt C D
shows BA Lt C D

{proof)

lemma [t-comm:
assumes A B Lt C D
shows BA LtD C

{proof)

lemma gt-left-comm0:
assumes A B Gt C D
shows BA Gt C D

{proof)

lemma gt-right-comm:
assumes A B Gt C D
shows A B Gt D C

{proof)

lemma gt-comm:
assumes A B Gt C D
shows BA Gt D C

(proof)

lemma cong2-it--lt:
assumes A B Lt C D and
Cong A B A’ B" and

Cong C D C' D’
shows A’ B' Lt C' D’
(proof )

lemma fourth-point:
assumes A # B and
B # C and
Col A B P and
Bet ABC
shows Bet PA BV Bet APBYV Bet BP (CV Bet BCP
(proof)

lemma third-point:

assumes Col A B P
shows Bet PA BV Bet APBY Bet ABP

{proof)

lemma [5-12-a:
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assumes Bet A B C
shows A BLe ACANBCLeAC

{proof)

lemma bet--le1213:
assumes Bet A B C
shows A BLe A C

{proof)

lemma bet--1e2313:
assumes Bet A B C
shows B C Le A C

{proof)

lemma bet--1t1213:
assumes B # C and
Bet A B C
shows A BLt A C

(proof)

lemma bet--1t2313:
assumes A # B and
Bet A B C
shows BC Lt A C

{proof)

lemma [5-12-b:
assumes Col A B C and
A BLe A C and
BCLeAC
shows Bet A B C

(proof)

lemma bet-le-eq:
assumes Bet A B C
and A CLe B C
shows A = B

(proof)

lemma or-it-cong-gt:
ABLtCDV ABGtCDVYV Cong ABCD

(proof)

lemma [t--le:
assumes A B Lt C D
shows A B Le C D

{proof)

lemma le1234-1t--1t:
assumes A B Le C D and
CDItEF
shows A B Lt E F

{proof)

lemma le3456-1t--1t:
assumes A B Lt C D and
CDLeFEF
shows A B Lt E F

{proof)

lemma lt-transitivity:
assumes A B Lt C D and
CDLtEF
shows A B Lt E F

{proof)
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lemma not-and-It:
- (ABLtCDACDLtAB)

{proof)

lemma nlt:
- ABLtAB

{proof)

lemma [le--nlt:
assumes A B Le C D
shows - CD Lt A B

{proof)

lemma cong--nlt:
assumes Cong A B C D
shows -~ A B Lt C D

{proof)

lemma nlt--le:
assumes - A B Lt C D
shows C D Le A B

(proof)

lemma [t--nle:
assumes A B Lt C D
shows -~ C D Le A B

{proof)

lemma nle--it:
assumes - A B Le C D
shows C D Lt A B

{proof)

lemma [t1123:
assumes B # C
shows A A Lt B C

{proof)

lemma bet2-le2--le-R1:

assumes Bet a P b and
Bet A @ B and
PaLe @ A and
PbLe @ B and
B=Q

shows a b Le A B

(proof)

lemma bet2-le2--le-R2:
assumes Bet a Po b and
Bet A PO B and
Po a Le PO A and
Po b Le PO B and
A # PO and
B # PO
shows a b Le A B
(proof )

lemma bet2-le2--le:
assumes Bet a P b and
Bet A Q B and
PalLe @ A and
Pble @B
shows a b Le A B

(proof)

lemma Le-cases:
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assumes A BLe CDV BALeCDV ABLeDCV BALeDC
shows A B Le C D

{proof)

lemma Lt-cases:
assumes A BLt CDV BALtCDYV ABLtDCYV BALtDC
shows A B Lt C D

{proof)

lemma bet-out:
assumes B # A and
Bet A B C
shows A Out B C

{proof)

lemma bet-out-1:
assumes B # A and
Bet C B A
shows A Out B C

{proof)

lemma out-dec:
shows P Out A BV = P Out A B

{proof)

lemma out-diff1:
assumes A Out B C
shows B # A

{proof)

lemma out-diff2:
assumes A Out B C
shows C # A

{proof)

lemma out-distinct:
assumes A Out B C
shows B#£ ANC#A

{proof)

lemma out-col:
assumes A Out B C
shows Col A B C

(proof)

lemma [6-2:
assumes A # P and
B # P and
C # P and
Bet APC
shows Bet BP C +<— P Out A B

(proof )

lemma bet-out--bet:
assumes Bet A P C and
P Out A B
shows Bet B P C

{proof)

lemma [6-3-1:
assumes P Out A B
shows A # PAB#PAN 3 C.(C#PANBetAPCABetBPC())
(proof )

lemma [6-3-2:
assumes A # P and
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B # P and
3C.(C#PANBetAPCABetBPUC)
shows P Out A B
(proof)

lemma [6-4-1:
assumes P Out A B and
Col APB
shows - Bet A P B

{proof)

lemma [6-4-2:
assumes Col A P B
and - Bet AP B
shows P Out A B

(proof)

lemma out-trivial:
assumes A # P
shows P Out A A

{proof)

lemma [6-6:
assumes P Out A B
shows P Out B A

{proof)

lemma [6-7:
assumes P Out A B and
P Out B C
shows P Out A C

{proof)

lemma bet-out-out-bet:
assumes Bet A B C and
B Out A A" and
B Out C C'
shows Bet A’ B C’

{proof)

lemma out2-bet-out:
assumes B Out A C and
B Out X P and
Bet A X C
shows B Out A P AN B Out C P

(proof )

lemma [6-11-uniqueness:
assumes A Out X R and
Cong A X B C and
A Out Y R and

Cong AYBC
shows X = Y
{proof)

lemma [6-11-ezistence:
assumes R # A and
B#C
shows 3 X. (4 Out X R A Cong A X B C)
(proof)

lemma segment-construction-3:
assumes A # B and
X#Y
shows 3 C. (A Out BC A Cong A CXY)
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{proof)

lemma [6-15-1:
assumes P Out A B and
PALePB
shows Bet P A B

{proof)

lemma [6-13-2:
assumes P Out A B and
Bet PA B
shows P A Le P B

{proof)

lemma [6-16-1:
assumes P # () and
Col S P @ and
Col X P Q
shows Col X P §

(proof)

lemma col-transitivity-1:
assumes P # () and
Col P @Q A and
Col P QB
shows Col P A B

{proof)

lemma col-transitivity-2:
assumes P # () and
Col P Q A and
Col P QB
shows Col Q A B
(proof)

lemma [6-21:

assumes — Col A B C and

C # D and

Col A B P and

Col A B @ and

Col C D P and

Col CD Q
shows P = @
(proof)

lemma col2--eq:
assumes Col A X Y and
Col B X Y and

- Col AXB
shows X =Y
(proof )

lemma not-col-exists:
assumes A # B
shows 3 C. - Col A BC

{proof)

lemma col3:
assumes X # Y and
Col X Y A and
Col X Y B and
Col XY C
shows Col A B C

{proof)

lemma colz:
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assumes A # B and
Col X Y A and
Col X Y B and
Col ABC

shows Col X Y C

(proof)

lemma out2--bet:
assumes A Out B C and
C Out AB
shows Bet A B C

{proof)

lemma bet2-le2--le1346:
assumes Bet A B C and
Bet A’ B’ C' and
A B Le A’ B' and
B CLeB' C’
shows A C Le A’ C'

{proof)

lemma bet2-le2--1e2356-R1:
assumes Bet A A C and
Bet A’ B’ C’ and
A A Le A’ B'and
A" C' ' Le A C
shows B’ C' Le A C
(proof)

lemma bet2-le2--1e2356-R2:
assumes A # B and
Bet A B C and
Bet A’ B’ C’ and
A B Le A’ B' and
A" C'Le A C
shows B’ C' Le B C
(proof)

lemma bet2-le2--1e2356:
assumes Bet A B C and
Bet A’ B’ C’ and
A B Le A’ B'and
A" C' ' Le A C
shows B’ C' Le B C
(proof)

lemma bet2-le2--le1245:
assumes Bet A B C and
Bet A’ B’ C' and
B C Le B’ C' and
A'C'Le A C
shows A’ B’ Le A B
(proof )

lemma cong-preserves-bet:
assumes Bet B A’ A0 and
Cong B A" E D' and
Cong B A0 E DO and
E Out D' DO
shows Bet E D' D0

{proof)

lemma out-cong-cong:
assumes B Out A A0 and
E Out D DO and
Cong B A E D and
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Cong B A0 E DO
shows Cong A A0 D D0

{proof)

lemma not-out-bet:
assumes Col A B C and
- BOutAC
shows Bet A B C

{proof)

lemma or-bet-out:
shows Bet ABCV BOutA CV - Col ABC

{proof)

lemma not-bet-out:
assumes Col A B C and
- Bet A BC
shows B Out A C

(proof)

lemma not-bet-and-out:
shows — (Bet A BC A B Out A C)
(proof )

lemma out-to-bet:
assumes Col A’ B’ C’ and
B Out A C +— B' Out A’ C' and
Bet A B C
shows Bet A’ B’ C'

{proof)

lemma col-out2-col:
assumes Col A B C and
B Out A AA and
B Out C CC
shows Col AA B CC

{proof)

lemma bet2-out-out:

assumes B # A and
B’ # A and
A Out C C' and
Bet A B C and
Bet A B’ C’

shows A Out B B’

(proof)

lemma bet2--out:
assumes A # B and
A # B’ and
Bet A B C
and Bet A B’ C
shows A Out B B’

{proof)

lemma out-bet-out-1:
assumes P Out A C and
Bet A B C
shows P Out A B

{proof)

lemma out-bet-out-2:
assumes P Out A C and
Bet A B C
shows P Out B C

(proof)
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lemma out-bet--out:
assumes Bet P Q A and
Q Out A B
shows P Out A B

(proof)

lemma segment-reverse:
assumes Bet A B C
shows 3 B’. Bet A B’ C A Cong C B’ A B

{proof)

lemma diff-col-ex:
shows3 C. A# CAB# CAColABC

{proof)

lemma diff-bet-ex3:
assumes Bet A B C
shows3 D.A#DANB#DANC#DANColABD
(proof)

lemma diff-col-ex3:
assumes Col A B C
shows3 D.A#DANB#DANC#DANCoABD
(proof)

lemma Out-cases:
assumes A Out BC VvV A Out C B
shows A Out B C

{proof)

lemma ez-sums:

shows d EF. A BCD SumS EF
(proof )

lemma sums-sym:
assumes A B C D SumS E F
shows C D A B SumS E F

(proof )

lemma sums2--cong56:
assumes A B C D SumS E F and
ABCDSumSE'F’
shows Cong E F E' F'

(proof )

lemma sums2--cong12:
assumes A B C D SumS E F
and A’ B’ C D SumS E F
shows Cong A B A’ B’

(proof )

lemma sums2--cong3j:
assumes A B C D SumS E F and
ABC'D SumSEF
shows Cong C D C' D’
(proof )



lemma cong3-sums--sums:
assumes Cong A B A’ B’ and
Cong C D C' D' and
Cong EF E' F' and
ABCDSumSEF
shows A’ B’ C' D' SumS E' F’
(proof)

lemma sums123312:
shows A B C C SumS A B

{proof)

lemma sums--cong1245:
assumes A B C C SumS D E
shows Cong A BD E

{proof)

lemma sums--eq34:
assumes A B C D SumS A B
shows C = D

{proof)

lemma sums112323:
shows A A B C SumS B C

{proof)

lemma sums--cong2345:
assumes A A B C SumS D E
shows Cong BC D E

{proof)

lemma sums--eq12:
assumes A B C D SumS C D
shows A = B

{proof)

lemma sums-left-comm:
assumes A B C D SumS E F
shows BA C D SumS EF

{proof)

lemma sums-middle-comm:
assumes A B C D SumS E F
shows A BD C SumS E F

(proof)

lemma sums-right-comm:
assumes A B C D SumS E F
shows A BC D SumS F E

{proof)

lemma sums-comm:
assumes A B C D SumS E F
shows BA D C SumS F E

{proof)

lemma bet--sums:
assumes Bet A B C
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shows A B B C SumS A C
(proof )

lemma sums-assoc-1:
assumes A B C D SumS G H and
CDEF SumSIJand
GHEFSumS KL
shows A BI1J SumS K L

(proof )

lemma sums-assoc-2:
assumes A B C D SumS G H and
CDEF SumSIJand
ABIJSumS KL
shows G H E F SumS K L

(proof )

lemma sums-assoc:
assumes A B C D SumS G H and
CDEFSumSIJ
shows G HE F SumS KL +— ABIJSumS KL

{proof)

lemma sums--le1256:
assumes A B C D SumS E F
shows A B Le E F

(proof )

lemma sums--1e3456:
assumes A B C D SumS E F
shows C D Le E F

(proof)

lemma eg-sums--eq:
assumes A B C D SumS E E
shows A= BAC =D
(proof)

lemma sums-diff-1:
assumes A # B and
ABCDSumSEF
shows F # F

(proof)

lemma sums-diff-2:
assumes C # D and
ABCDSumSEF
shows F # F

{proof)

lemma le2-sums2--le:
assumes A B Le A’ B’ and
C D Le C' D' and
A B CD SumS E F and
A'"B' C' D’ SumS E' F’
shows E F Le E' F’
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(proof )

lemma le2-sums2--cong12:
assumes A B Le A’ B’ and
C D Le C' D’ and
A BCDSumS EF and
A'B'C' D' SumS EF
shows Cong A B A’ B’
(proof )

lemma le2-sums2--cong34:
assumes A B Le A’ B’ and
C D Le C' D’ and
A B CD SumS E F and
A'"B'" C'" D' SumS E F
shows Cong C D C' D’
(proof)

lemma le-lt12-sums2--It:
assumes A B Lt A’ B’ and
C D Le C' D" and
A B CD SumS E F and
A'"B' C' D' SumS E' F’'
shows F F Lt E' F’
(proof)

lemma le-lt3/-sums2--lt:
assumes A B Le A’ B’ and
CD Lt C'D'and
A B CD SumS E F and
A'"B'C' D' SumS E' F'
shows FE F Lt E' F’
(proof)

lemma [t2-sums2--lt:
assumes A B Lt A’ B’ and
C DLt C' D' and
A BCD SumS E F and
A'"B' C' D' SumS E' F'
shows E F Lt E' F’
(proof)

lemma [e2-sums2--le12:
assumes C’ D’ Le C D and
E F Le E' F' and
A B CD SumS E F and
A'"B' C' D’ SumS E' F’
shows A B Le A’ B’
(proof )

lemma le2-sums2--le34:
assumes A’ B’ Le A B and
E F Le E' F' and
A B CD SumS E F and
A" B' C' D' SumS E' F'
shows C D Le C' D’
(proof)
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lemma le-lt34-sums2--1t12:
assumes C' D' Lt C D and
E F Le E' F' and
A B CD SumS E F and
A" B' C' D' SumS E' F'
shows A B Lt A’ B’
(proof)

lemma le-lt12-sums2--1t34:
assumes A’ B’ Lt A B and
E F Le E' F' and
A BCD SumS E F and
A" B’ C' D' SumS E' F’
shows C D Lt C' D’
(proof)

lemma le-lt56-sums2--It12:
assumes C' D' Le C D and
EF Lt E' F'and
A B CD SumS E F and
A" B' C' D' SumS E' F'
shows A B Lt A’ B’
(proof)

lemma le-lt56-sums2--1t34:
assumes A’ B’ Le A B and
EF Lt E' F' and
A BCD SumS E F and
A" B' C' D' SumS E' F'
shows C D Lt C' D’
(proof)

lemma [t2-sums2--1t12:
assumes C' D' Lt C D and
EFLtE' F'and
A B CD SumS E F and
A'"B' C' D' SumS E' F'
shows A B Lt A’ B’
(proof)

lemma [t2-sums2--1t34:
assumes A’ B’ Lt A B and
EF Lt E'F' and
A B CD SumS E F and
A'"B'C' D' SumS E' F'
shows C D Lt C' D’
(proof)

lemma midpoint-dec:
I Midpoint A BV — I Midpoint A B
(proof)

lemma is-midpoint-id:
assumes A Midpoint A B
shows A = B

{proof)

lemma is-midpoint-id-2:
assumes A Midpoint B A
shows A = B

{proof)

lemma [7-2:
assumes M Midpoint A B
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shows M Midpoint B A
(proof)

lemma [7-3:
assumes M Midpoint A A
shows M = A

{proof)

lemma [7-3-2:
A Midpoint A A
(proof )

lemma symmetric-point-construction:
3 P'. A Midpoint P P’
(proof)

lemma symmetric-point-uniqueness:
assumes P Midpoint A P1 and
P Midpoint A P2
shows P1 = P2

{proof)

lemma [7-9:
assumes A Midpoint P X and
A Midpoint @ X
shows P = @
(proof)

lemma [7-9-bis:
assumes A Midpoint P X and
A Midpoint X Q
shows P = @
(proof)

lemma [7-13-R1:
assumes A # P and
A Midpoint P’ P and
A Midpoint Q' Q
shows Cong P Q P’ Q’
(proof)

lemma [7-13:
assumes A Midpoint P’ P and
A Midpoint Q' Q
shows Cong P Q P’ Q'
(proof)

lemma [7-15:
assumes A Midpoint P P’ and
A Midpoint Q Q' and
A Midpoint R R’ and
Bet P QR
shows Bet P’ Q' R’

(proof )

lemma [7-16:
assumes A Midpoint P P’ and
A Midpoint Q Q' and
A Midpoint R R’ and
A Midpoint S S’ and
Cong PQRS
shows Cong P Q' R’ S’
(proof)

lemma symmetry-preserves-midpoint:
assumes Z Midpoint A D and
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Z Midpoint B F and

Z Midpoint C F and

B Midpoint A C
shows E Midpoint D F
(proof)

lemma Mid-cases:
assumes A Midpoint B C' vV A Midpoint C' B
shows A Midpoint B C
(proof )

lemma Mid-perm:
assumes A Midpoint B C
shows A Midpoint B C N A Midpoint C' B

{proof)

lemma [7-17:
assumes A Midpoint P P’ and
B Midpoint P P’
shows A = B
(proof)

lemma [7-17-bis:
assumes A Midpoint P P’ and
B Midpoint P’ P
shows A = B
(proof)

lemma [7-20:
assumes Col A M B and

Cong M A M B
shows A = BV M Midpoint A B
(proof)

lemma [7-20-bis:
assumes A # B and
Col A M B and
Cong M A M B
shows M Midpoint A B

{proof)

lemma cong-col-mid:
assumes A # (' and
Col A B C and
Cong ABBC
shows B Midpoint A C

{proof)

lemma [7-21-R1:

assumes — Col A B C and
B # D and
Cong A B C D and
Cong B C' D A and
Col A P C and
Col BPD

shows P Midpoint A C

(proof )

lemma [7-21:

assumes - Col A B C' and
B # D and
Cong A B C D and
Cong B C' D A and
Col A P C and
Col BP D

shows P Midpoint A C N P Midpoint B D

48



{proof)

lemma [7-22-auz-R1:

assumes Bet A1 C C and
Bet B1 C B2 and
Cong C A1 C Bl and
Cong C C C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2and
CAlLeCC

shows Bet M1 C M2

{proof)

lemma [7-22-auz-R2:

assumes A2 # C and
Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C Bl and
Cong C A2 C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2 and
C Al Le C A2

shows Bet M1 C M2

(proof )

lemma [7-22-auzx:

assumes Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C B1 and
Cong C A2 C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2 and
CAl Le C A2

shows Bet M1 C M2

{proof)

lemma [7-22:

assumes Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C Bl and
Cong C A2 C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2

shows Bet M1 C M2

{proof)

lemma bet-coll:
assumes Bet A B D and
Bet A C D
shows Col A B C

(proof)

lemma [7-25-R1:
assumes Cong C A C B and
Col ABC
shows 3 X. X Midpoint A B

{proof)

lemma [7-25-R2:
assumes Cong C A C' B and

- Col A BC
shows 3 X. X Midpoint A B

(proof )

lemma [7-25:
assumes Cong C A C B
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shows 3 X. X Midpoint A B
(proof)

lemma midpoint-distinct-1:
assumes A # B and
I Midpoint A B
shows I # ANIT # B
(proof)

lemma midpoint-distinct-2:
assumes [ # A and
I Midpoint A B
shows A #BANI# B
(proof)

lemma midpoint-distinct-3:
assumes [ # B and
I Midpoint A B
shows A A#BANIT# A
(proof)

lemma midpoint-def:
assumes Bet A B C and
Cong A BBC
shows B Midpoint A C

{proof)

lemma midpoint-bet:
assumes B Midpoint A C
shows Bet A B C
(proof)

lemma midpoint-col:
assumes M Midpoint A B
shows Col M A B

(proof)

lemma midpoint-cong:
assumes B Midpoint A C
shows Cong A B B C

(proof)

lemma midpoint-out:
assumes A # C and
B Midpoint A C
shows A Out B C
(proof)

lemma midpoint-out-1:
assumes A # C and
B Midpoint A C
shows C Out A B
(proof)

lemma midpoint-not-midpoint:
assumes A # B and
I Midpoint A B
shows — B Midpoint A I
(proof)

lemma swap-diff:
assumes A # B
shows B # A

{proof)

lemma cong-cong-half-1:
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assumes M Midpoint A B and
M' Midpoint A" B and
Cong A BA' B’
shows Cong A M A’ M’
(proof)

lemma cong-cong-half-2:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
Cong A BA' B’
shows Cong B M B' M’
(proof)

lemma cong-mid2--cong:
assumes M Midpoint A B and
M’ Midpoint A’ B' and
Cong A MA M’
shows Cong A B A’ B’
(proof)

lemma mid--It:
assumes A # B and
M Midpoint A B
shows A M Lt A B
(proof)

lemma le-mid2--le13:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
AMLe A" M’
shows A B Le A’ B’

{proof)

lemma le-mid2--le12:
assumes M Midpoint A B and
M’ Midpoint A" B’
and A BLe A’ B’
shows A M Le A’ M’

{proof)

lemma lt-mid2--1t13:
assumes M Midpoint A B and
M’ Midpoint A’ B" and
AMLtA M’
shows A B Lt A’ B’

{proof)

lemma lt-mid2--1t12:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
ABLtA B’
shows A M Lt A" M’

{proof)

lemma midpoint-preserves-out:
assumes A Out B C' and
M Midpoint A A’ and
M Midpoint B B’ and
M Midpoint C C’
shows A’ Out B’ C’
{proof)

lemma col-cong-bet:
assumes Col A B D and
Cong A B C D and
Bet ACB
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shows Bet C A DV Bet C B D
(proof )

lemma col-cong2-bet1:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Cong A CBD
shows Bet C B D

{proof)

lemma col-cong2-bet2:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Cong ADBC
shows Bet C A D

{proof)

lemma col-cong2-bet3:
assumes Col A B D and
Bet A B C and
Cong A B C D and
Cong A CBD
shows Bet B C D

{proof)

lemma col-cong2-bet4:
assumes Col A B C and
Bet A B D and
Cong A B C D and
Cong ADBC
shows Bet B D C

{proof)

lemma col-bet2-congl:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Bet C B D
shows Cong A C D B

(proof)

lemma col-bet2-cong2:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Bet CA D
shows Cong D A B C

{proof)

lemma bet2-1t2--It:
assumes Bet a Po b and
Bet A PO B and
Po a Lt PO A and
Po b Lt PO B
shows a b Lt A B

{proof)

lemma bet2-1t-le--It:
assumes Bet a Po b and
Bet A PO B and
Cong Po a PO A and
Po b Lt PO B
shows a b Lt A B

(proof )
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lemma per-dec:
Per ABCV - Per ABC
{proof)

lemma [8-2:
assumes Per A B C
shows Per C B A

(proof )

lemma Per-cases:
assumes Per A BCV Per CB A
shows Per A B C

{proof)

lemma Per-perm :
assumes Per A B C
shows Per A BC N Per CB A

(proof)

lemma [8-3 :
assumes Per A B C and
A # B and
Col BA A’
shows Per A’ B C

{proof)

lemma [8-4:
assumes Per A B C and
B Midpoint C C’
shows Per A B C'
{proof)

lemma [8-5:
shows Per A B B

(proof)

lemma [8-6:
assumes Per A B C and
Per A’ B C and
Bet A C A’
shows B = C
(proof)

lemma [8-7:
assumes Per A B C and

Per A CB
shows B = C
(proof )

lemma [8-8:
assumes Per A B A
shows A = B

{proof)

lemma per-distinct:
assumes Per A B C and
A+#B
shows A # C
(proof)

lemma per-distinct-1:
assumes Per A B C and
B#C
shows A # C
(proof)
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lemma [8-9:
assumes Per A B C and
ColABC
shows A=BVvV C =B

(proof)

lemma [8-10:
assumes Per A B C and
A B C Cong3 A’ B' C’
shows Per A’ B’ C’
(proof )

lemma col-col-per-per:
assumes A # X and
C # X and
Col U A X and
Col V C X and
Per A X C
shows Per U X V

{proof)

lemma perp-in-dec:
X PerpAt A BC DV — X PerpAt A B C D
(proof)

lemma perp-distinct:
assumes A B Perp C D
shows A # BN C # D

{proof)

lemma [8-12:
assumes X PerpAt A B C D
shows X PerpAt C D A B

{proof)

lemma per-col:
assumes B # C and
Per A B C and
Col BC D
shows Per A B D

(proof)

lemma [8-13-2:
assumes A # B and
C # D and
Col X A B and
Col X C D and
FU.FV.ClUABANCIVCDANU#*#XANV#XANPerUXYV
shows X PerpAt A B C D

(proof )

lemma [8-14-1:
- A BPerpAB
(proof)

lemma [8-14-2-1a:
assumes X PerpAt A B C D
shows A B Perp C D

{proof)

lemma perp-in-distinct:
assumes X PerpAt A B C D
shows A # BN C # D
(proof )
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lemma [8-14-2-1b:
assumes X PerpAt A B C D and
Col Y A B and
Col Y C D
shows X = Y

(proof)

lemma [8-14-2-1b-bis:
assumes A B Perp C D and
Col X A B and
Col X C D
shows X PerpAt A B C D

{proof)

lemma [8-14-2-2:
assumes A B Perp C D and
VY (COYABANCIYCD)— X=Y
shows X PerpAt A B C D

(proof)

lemma [8-14-3:
assumes X PerpAt A B C D and
Y PerpAt A B C D
shows X = Y

{proof)

lemma [8-15-1:
assumes Col A B X and
A B Perp C X
shows X PerpAt A B C X

(proof)

lemma [8-15-2:
assumes Col A B X and
X PerpAt A BC X
shows A B Perp C X

{proof)

lemma perp-in-per:
assumes B PerpAt A B B C
shows Per A B C

(proof)

lemma perp-sym:
assumes A B Perp A B
shows C D Perp C D

{proof)

lemma perp-col0:
assumes A B Perp C D and
X # Y and
Col A B X and
ColABY
shows C D Perp X Y

(proof )

lemma per-perp-in:
assumes A # B and
B # C and
Per A BC
shows B PerpAt A B B C

{proof)

lemma per-perp:
assumes A # B and
B # C and
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Per A BC
shows A B Perp B C

{proof)

lemma perp-left-comm:
assumes A B Perp C D
shows B A Perp C D

(proof)

lemma perp-right-comm:
assumes A B Perp C D
shows A B Perp D C

{proof)

lemma perp-comm:
assumes A B Perp C D
shows B A Perp D C

{proof)

lemma perp-in-sym:
assumes X PerpAt A B C D
shows X PerpAt C D A B

{proof)

lemma perp-in-left-comm:
assumes X PerpAt A B C D
shows X PerpAt BA C D

(proof)

lemma perp-in-right-comm:
assumes X PerpAt A B C D
shows X PerpAt A BD C

{proof)

lemma perp-in-comm:
assumes X PerpAt A B C D
shows X PerpAt BA D C

(proof)

lemma Perp-cases:

assumes A B Perp C DV B A Perp CDV A BPerp DCN BAPerpDCV CD Perp ABYV
CD Perp BANV D C Perp ABV D C PerpBA

shows A B Perp C' D

(proof)

lemma Perp-perm :

assumes A B Perp C D

shows A B Perp C D AN BA Perp CDANABPerpDCANBAPerp DCANOCD PerpABA
CD Perp BANDCPerp ABAND C PerpBA

{proof)

lemma Perp-in-cases:

assumes X PerpAt A B C DV X PerpAt BA C DV X PerpAt A BD CV X PerpAt BA D C V
X PerpAt C D A BV X PerpAt C D B AV X PerpAt D C A BV X PerpAt D C B A

shows X PerpAt A B C D

{proof)

lemma Perp-in-perm:

assumes X PerpAt A B C D

shows X PerpAt A B C D AN X PerpAt BA C D AN X PerpAt A BD C N X PerpAt BA D C A
X PerpAt C D A BN X PerpAt C D B AN X PerpAt D C A BN\ X PerpAt D C B A

(proof)
lemma perp-in-col:

assumes X PerpAt A B C D
shows Col A BX A Col CD X
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{proof)

lemma perp-perp-in:
assumes A B Perp C A
shows A PerpAt A BCA

(proof)

lemma perp-per-1:
assumes A B Perp C A
shows Per B A C

{proof)

lemma perp-per-2:
assumes A B Perp A C
shows Per B A C

(proof)

lemma perp-col:
assumes A # F and
A B Perp C'D and
Col ABE
shows A F Perp C D

{proof)

lemma perp-col2:

assumes A B Perp X Y and

C # D and
Col A B C and
Col A BD

shows C D Perp X Y

(proof)

lemma perp-col4:

assumes P # () and

R # S and

Col A B P and

Col A B @ and

Col C D R and

Col C D S and

A B Perp C D
shows P QQ Perp R S

(proof)

lemma perp-not-eq-1:
assumes A B Perp C D
shows A # B
(proof)

lemma perp-not-eq-2:
assumes A B Perp C D
shows C # D

(proof)

lemma diff-per-diff:
assumes A # B and
Cong A P B R and
Per BAP
and Per A BR
shows P # R

{proof)

lemma per-not-colp:
assumes A # B and
A # P and
B # R and
Per BA P
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and Per A B R
shows — Col P A R

{proof)

lemma per-not-col:
assumes A # B and
B # C and
Per ABC
shows -~ Col A B C

{proof)

lemma perp-not-col2:
assumes A B Perp C D
shows = Col A BC VvV = Col A BD

{proof)

lemma perp-not-col:
assumes A B Perp P A
shows - Col A B P

(proof)

lemma perp-in-col-perp-in:
assumes C # F and
Col C D F and
P PerpAt A B C D
shows P PerpAt A B CFE

(proof )

lemma perp-col2-bis:
assumes A B Perp C D and
Col C D P and
Col C D @ and
P#Q
shows A B Perp P Q)
(proof)

lemma perp-in-perp-bis-R1:
assumes X # A and
X PerpAt A BCD
shows X B Perp C DV A X Perp C D

(proof)

lemma perp-in-perp-bis:
assumes X PerpAt A B C D
shows X B Perp C DV A X Perp C D

{proof)

lemma col-per-perp:
assumes A # B and
B # C and

D # C and
Col B C' D and
Per A BC

shows C D Perp A B

{proof)

lemma per-cong-mid-R1:
assumes B = H and

Bet A B C and
Cong A H C H and
Per HB C

shows B Midpoint A C

{proof)
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lemma per-cong-mid-R2:
assumes
B # C and
Bet A B C and
Cong A H C H and
Per HB C
shows B Midpoint A C

(proof)

lemma per-cong-mid:
assumes B # C and
Bet A B C and
Cong A H C H and
Per HB C
shows B Midpoint A C

(proof)

lemma per-double-cong:
assumes Per A B C' and
B Midpoint C C’
shows Cong A C A C'
(proof)

lemma cong-perp-or-mid-R1:
assumes Col A B X and
A # B and
M Midpoint A B and
Cong A X BX
shows X = MV - Col A BX A M PerpAt X M A B

{proof)

lemma cong-perp-or-mid-R2:
assumes - Col A B X and
A # B and
M Midpoint A B and
Cong A X BX
shows X = MV -~ Col A BX N M PerpAt X M A B

(proof)

lemma cong-perp-or-mid:
assumes A # B and
M Midpoint A B and
Cong A X BX
shows X = MV - Col A BX A M PerpAt X M A B

{proof)

lemma col-per2-cases:
assumes B # C and
B’ # C and
C # D and
Col B C D and
Per A B C and
Per A B' C
shows B=B'V - Col B'CD
(proof )

lemma [8-16-1:
assumes Col A B X and
Col A B U and
A B Perp C X
shows = Col A BC AN Per CX U

{proof)

lemma [8-16-2:
assumes Col A B X and
Col A B U and
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U # X and

- Col A B C and
Per CX U
shows A B Perp C X

(proof)

lemma [8-18-uniqueness:
assumes
Col A B X and
A B Perp C' X and
Col A B'Y and

A BPerp CY
shows X = Y
(proof )

lemma midpoint-distinct:
assumes — Col A B C' and
Col A B X and
X Midpoint C C’
shows C # C’
(proof)

lemma [8-20-1-R1:
assumes A = B
shows Per B A P

{proof)

lemma [8-20-1-R2:
assumes A # B and
Per A B C and
P Midpoint C' D and
A Midpoint C' C and
B Midpoint D C
shows Per B A P
(proof)

lemma [8-20-1:
assumes Per A B C and
P Midpoint C' D and
A Midpoint C' C and
B Midpoint D C
shows Per B A P
(proof)

lemma [8-20-2:
assumes P Midpoint C’' D and
A Midpoint C' C and
B Midpoint D C and
B#C
shows A # P
(proof)

lemma perp-coll:
assumes C # X and
A B Perp C D and
Col CD X
shows A B Perp C X

{proof)

lemma [8-18-existence:
assumes - Col A B C
shows 3 X. Col A BX NA B Perp CX

(proof )

lemma [8-21-aux:
assumes - Col A B C



shows 3 P.3 T. (A BPerp PAAN ColABTA Bet CTP)
(proof)

lemma [8-21:
assumes A # B
shows 3 PT. ABPerpPANColABTABetCTP

{proof)

lemma per-cong:

assumes A # B and
A # P and
Per B A P and
Per A B R and
Cong A P B R and
Col A B X and
Bet PX R

shows Cong A R P B

(proof )

lemma perp-cong:

assumes A # B and
A # P and
A B Perp P A and
A B Perp R B and
Cong A P B R and
Col A B X and
Bet PX R

shows Cong A R P B

{proof)

lemma perp-ezists:
assumes A # B
shows 3 X. PO X Perp A B

(proof )

lemma perp-vector:
assumes A # B
shows 3 X Y. A BPerp XY

{proof)

lemma midpoint-existence-aux:
assumes A # B and
A B Perp @ B and
A B Perp P A and
Col A B T and
Bet @ T P and
A PLeBQ@
shows 3 X. X Midpoint A B

(proof )

lemma midpoint-existence:
3 X. X Midpoint A B

(proof )

lemma MidR-uniq-aux:
shows d!z. z Midpoint A B

{proof)

lemma SymR-uniq-aux:
assumes B Midpoint A x and
B Midpoint A y
shows z = y
(proof)

lemma perp-in-id:
assumes X PerpAt A B C A
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shows X = A
(proof )

lemma [8-22:

assumes A # B and
A # P and
Per B A P and
Per A B R and
Cong A P B R and
Col A B X and
Bet P X R and
Cong ARPB

shows X Midpoint A B N X Midpoint P R

(proof)

lemma [8-22-bis:
assumes A # B and
A # P and
A B Perp P A and
A B Perp R B and
Cong A P B R and
Col A B X and
Bet PX R
shows Cong A R P B A X Midpoint A B N X Midpoint P R
(proof)

lemma perp-in-perp:
assumes X PerpAt A B C D
shows A B Perp C D

{proof)

lemma perp-proj:
assumes A B Perp C D and
- ColACD
shows 3 X. Col A BX N A X Perp CD

(proof)

lemma [8-24 :
assumes P A Perp A B and
@ B Perp A B and
Col A B T and
Bet P T @Q and
Bet B R () and
Cong A PBR
shows 3 X. X Midpoint A B AN X Midpoint P R
(proof)

lemma col-per2--per:
assumes A # B and
Col A B C and
Per A X P and
Per B X P
shows Per C X P

{proof)

lemma perp-in-per-1:
assumes X PerpAt A B C D
shows Per A X C

(proof)
lemma perp-in-per-2:

assumes X PerpAt A B C D
shows Per A X D

{proof)

lemma perp-in-per-3:
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assumes X PerpAt A B C D
shows Per B X C

{proof)

lemma perp-in-per-4:
assumes X PerpAt A B C D
shows Per B X D

{proof)

lemma coplanar-perm-1:
assumes Coplanar A B C D
shows Coplanar A B D C

(proof )

lemma coplanar-perm-2:
assumes Coplanar A B C D
shows Coplanar A C B D

(proof )

lemma coplanar-perm-3:
assumes Coplanar A B C D
shows Coplanar A C D B

(proof)

lemma coplanar-perm-4:
assumes Coplanar A B C D
shows Coplanar A D B C

(proof )

lemma coplanar-perm-5:
assumes Coplanar A B C D
shows Coplanar A D C B

(proof )

lemma coplanar-perm-6:
assumes Coplanar A B C D
shows Coplanar B A C D

(proof)

lemma coplanar-perm-7:
assumes Coplanar A B C D
shows Coplanar B A D C

(proof )

lemma coplanar-perm-8:
assumes Coplanar A B C D
shows Coplanar B C A D

(proof )

lemma coplanar-perm-9:
assumes Coplanar A B C D
shows Coplanar B C D A

(proof )

lemma coplanar-perm-10:
assumes Coplanar A B C D
shows Coplanar B D A C

(proof )

lemma coplanar-perm-11:
assumes Coplanar A B C D
shows Coplanar B D C A

(proof )

lemma coplanar-perm-12:
assumes Coplanar A B C D
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shows Coplanar C A B D
(proof)

lemma coplanar-perm-13:
assumes Coplanar A B C D
shows Coplanar C A D B

(proof )

lemma coplanar-perm-14:
assumes Coplanar A B C D
shows Coplanar C B A D

(proof )

lemma coplanar-perm-15:
assumes Coplanar A B C D
shows Coplanar C B D A

(proof)

lemma coplanar-perm-16:
assumes Coplanar A B C D
shows Coplanar C D A B

(proof )

lemma coplanar-perm-17:
assumes Coplanar A B C D
shows Coplanar C D B A

(proof )

lemma coplanar-perm-18:
assumes Coplanar A B C D
shows Coplanar D A B C

(proof)

lemma coplanar-perm-19:
assumes Coplanar A B C D
shows Coplanar D A C B

(proof )

lemma coplanar-perm-20:
assumes Coplanar A B C D
shows Coplanar D B A C

(proof )

lemma coplanar-perm-21:
assumes Coplanar A B C D
shows Coplanar D B C A

(proof )

lemma coplanar-perm-22:
assumes Coplanar A B C D
shows Coplanar D C A B

(proof )

lemma coplanar-perm-23:
assumes Coplanar A B C D
shows Coplanar D C B A

(proof )

lemma ncoplanar-perm-1:
assumes — Coplanar A B C D
shows — Coplanar A B D C

(proof)
lemma ncoplanar-perm-2:

assumes — Coplanar A B C D
shows — Coplanar A C B D

64



{proof)

lemma ncoplanar-perm-3:
assumes — Coplanar A B C D
shows — Coplanar A C D B

(proof)

lemma ncoplanar-perm-4:
assumes — Coplanar A B C D
shows — Coplanar A D B C

{proof)

lemma ncoplanar-perm-5:
assumes — Coplanar A B C D
shows — Coplanar A D C B

(proof)

lemma ncoplanar-perm-6:
assumes — Coplanar A B C D
shows — Coplanar B A C D

{proof)

lemma ncoplanar-perm-7:
assumes — Coplanar A B C D
shows — Coplanar B A D C

{proof)

lemma ncoplanar-perm-8:
assumes — Coplanar A B C D
shows — Coplanar B C A D

(proof)

lemma ncoplanar-perm-9:
assumes — Coplanar A B C D
shows — Coplanar B C D A

(proof)

lemma ncoplanar-perm-10:
assumes — Coplanar A B C D
shows — Coplanar B D A C

(proof)

lemma ncoplanar-perm-11:
assumes — Coplanar A B C D
shows = Coplanar BD C A

{proof)

lemma ncoplanar-perm-12:
assumes — Coplanar A B C D
shows — Coplanar C A B D

(proof)

lemma ncoplanar-perm-13:
assumes — Coplanar A B C D
shows — Coplanar C A D B

{proof)

lemma ncoplanar-perm-14:
assumes — Coplanar A B C D
shows — Coplanar C B A D

{proof)

lemma ncoplanar-perm-15:
assumes — Coplanar A B C D
shows — Coplanar C B D A

(proof)
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lemma ncoplanar-perm-16:
assumes — Coplanar A B C D
shows — Coplanar C D A B

{proof)

lemma ncoplanar-perm-17:
assumes — Coplanar A B C D
shows — Coplanar C D B A

{proof)

lemma ncoplanar-perm-18:
assumes — Coplanar A B C D
shows — Coplanar D A B C

{proof)

lemma ncoplanar-perm-19:
assumes — Coplanar A B C D
shows — Coplanar D A C B

{proof)

lemma ncoplanar-perm-20:
assumes — Coplanar A B C D
shows — Coplanar D B A C

{proof)

lemma ncoplanar-perm-21:
assumes — Coplanar A B C D
shows — Coplanar D B C A

{proof)

lemma ncoplanar-perm-22:
assumes — Coplanar A B C D
shows — Coplanar D C A B

{proof)

lemma ncoplanar-perm-23:
assumes — Coplanar A B C D
shows — Coplanar D C B A

{proof)

lemma coplanar-trivial:
shows Coplanar A A B C

(proof)

lemma col--coplanar:
assumes Col A B C
shows Coplanar A B C D

(proof)

lemma ncop--ncol:
assumes — Coplanar A B C D
shows - Col A B C

{proof)

lemma ncop--ncols:
assumes — Coplanar A B C D
shows = Col A BCN—-ColABDAN-ColACDAN- ColBCD

(proof)
lemma bet--coplanar:

assumes Bet A B C
shows Coplanar A B C D

{proof)

lemma out--coplanar:
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assumes A Out B C
shows Coplanar A B C' D

{proof)

lemma midpoint--coplanar:
assumes A Midpoint B C
shows Coplanar A B C D

{proof)

lemma perp--coplanar:
assumes A B Perp C D
shows Coplanar A B C D

(proof )

lemma ts--coplanar:
assumes A B TS C D
shows Coplanar A B C' D

{proof)

lemma refiectl--coplanar:
assumes A B ReflectL C' D
shows Coplanar A B C D

{proof)

lemma reflect--coplanar:
assumes A B Reflect C' D
shows Coplanar A B C D

(proof)

lemma inangle--coplanar:
assumes A InAngle B C D
shows Coplanar A B C D

(proof )

lemma pars--coplanar:
assumes A B ParStrict C D
shows Coplanar A B C D

(proof)

lemma par--coplanar:
assumes A B Par C D
shows Coplanar A B C D

(proof)

lemma plg--coplanar:
assumes Plg A B C D
shows Coplanar A B C D

(proof )

lemma plgs--coplanar:
assumes ParallelogramStrict A B C D
shows Coplanar A B C' D

{proof)

lemma plgf--coplanar:
assumes ParallelogramFlat A B C D
shows Coplanar A B C D

{proof)

lemma parallelogram--coplanar:
assumes Parallelogram A B C' D
shows Coplanar A B C D

{proof)

lemma rhombus--coplanar:
assumes Rhombus A B C D
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shows Coplanar A B C D
(proof)

lemma rectangle--coplanar:
assumes Rectangle A B C D
shows Coplanar A B C D

{proof)

lemma square--coplanar:
assumes Square A B C D
shows Coplanar A B C' D

{proof)

lemma lambert--coplanar:
assumes Lambert A B C D
shows Coplanar A B C D

{proof)

lemma ts-distincts:
assumes A B TS P Q
shows A#BANA#PNA#QANB#*#PANB#QANP#Q
(proof)

lemma [9-2:
assumes A B TS P Q
shows A BTS Q P

{proof)

lemma invert-two-sides:
assumes A B TS P Q
shows BA TS P Q

{proof)

lemma [9-3:
assumes P Q TS A C and
Col M P @ and
M Midpoint A C and
Col R P Q and
R Out A B
shows P Q TS B C

(proof)

lemma mid-preserves-col:
assumes Col A B C and
M Midpoint A A’ and
M Midpoint B B’ and
M Midpoint C C’
shows Col A’ B’ C’
(proof)

lemma per-mid-per:
assumes
Per X A B and
M Midpoint A B and
M Midpoint X Y
shows Cong A X BY AN Per YBA
(proof)

lemma sym-preserve-diff:
assumes A # B and
M Midpoint A A’ and
M Midpoint B B’
shows A'#4 B’
(proof)

lemma [9-4-1-auz-R1:
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assumes R = S and
S CLe R A and
PQTSAC and
Col R P Q and
P Q Perp A R and
Col S P () and
P @ Perp C' S and
M Midpoint R S
shows V U C'. M Midpoint U C' — (R Out U A +— S Out C C")
(proof)

lemma [9-4-1-auz-R21:
assumes R # S and
S C Le R Aand
PQTSAC and
Col R P Q and
P @ Perp A R and
Col S P () and
P @ Perp C'S and
M Midpoint R S
shows V U C'. M Midpoint U C' — (R Out U A «— S Out C C)
(proof)

lemma [9-4-1-auz:
assumes S C Le R A and
PQTSACand
Col R P (Q and
P Q Perp A R and
Col S P @ and
P @ Perp C S and
M Midpoint R S
shows V U C'. (M Midpoint U C' — (R Out U A +— S Out C C"))
(proof)

lemma per-col-eq:
assumes Per A B C and

Col A B C and
B# C
shows A = B
(proof)

lemma [9-4-1:
assumes P Q TS A C and
Col R P Q and
P Q Perp A R and
Col S P () and
P @ Perp C S and
M Midpoint R S
shows V U C’. M Midpoint U C' — (R Out U A +— S Out C C")
(proof)

lemma mid-two-sides:
assumes M Midpoint A B and
- Col A B X and
M Midpoint X Y
shows A BTS X Y
(proof)

lemma col-preserves-two-sides:
assumes C # D and
Col A B C and
Col A B D and
ABTSXY
shows CD TS XY
(proof)
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lemma out-out-two-sides:

assumes A # B and
ABTS XY and
ColI A B and
Col I X Y and
I Out X U and
IOutYV

shows A BTS UV

(proof )

lemma [9-4-2-auz-R1:

assumes R = S and
S C Le R Aand
PQTSAC and
Col R P Q and
P @ Perp A R and
Col S P () and
P @ Perp C'S and
R Out U A and
S Out VC

shows P Q TS UV

(proof)

lemma [9-4-2-auz-R2:

assumes R # S and
S C Le R A and
PQTSACand
Col R P Q and
P @ Perp A R and
Col S P () and
P @ Perp C'S and
R Out U A and
S Out VC

shows PQ TS UV

(proof )

lemma [9-/-2-auz:
assumes S C Le R A and
PQTSACand
Col R P @ and
P @ Perp A R and
Col S P () and
P @ Perp C'S and
R Out U A and
S Out VC
shows PQ TS UV

{proof)

lemma [9-4-2:

assumes P Q TS A C and
Col R P (Q and
P Q Perp A R and
Col S P @ and
P Q Perp C S and
R Out U A and
S Out'VC

shows PQ TS UV

(proof )

lemma [9-5:
assumes P Q TS A C and
Col R P Q and
R Out A B
shows P Q TS B C

(proof )



lemma outer-pasch-R1:
assumes Col P Q C' and
Bet A C P and
Bet B Q C
shows 3 X. Bet A X BA Bet P Q X
(proof)

lemma outer-pasch-R2:
assumes - Col P ) C and
Bet A C P and
Bet BQ C
shows 94 X. Bet A X BA Bet P QX

(proof)

lemma outer-pasch:
assumes Bet A C' P and
Bet BQ C
shows 3 X. Bet A X BA Bet P QX

{proof)

lemma os-distincts:
assumes A BOS XY
shows A BANA#XNA#YANB#XANB#Y
(proof )

lemma invert-one-side:
assumes A B OS P @
shows B A OS P Q

(proof )

lemma [9-8-1:
assumes P Q TS A C and
PQTSBC
shows P QQ OS A B

(proof )

lemma not-two-sides-id:
shows - PQ TS A A
(proof )

lemma [9-8-2:
assumes P Q TS A C and
PQOSAB
shows P Q TS B C
(proof)

lemma [9-9:
assumes P Q TS A B
shows = P Q OS A B

{proof)

lemma [9-9-bis:
assumes P Q OS A B
shows -~ P Q TS A B

{proof)

lemma one-side-chara:
assumes P Q OS A B
shows V X. Col X P@Q — - Bet A X B

(proof)

lemma [9-10:
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assumes - Col A P Q
showsd C. PQ TS A C

{proof)

lemma one-side-reflexivity:
assumes - Col A P Q
shows P Q OS A A

{proof)

lemma one-side-symmetry:
assumes P Q OS A B
shows P Q OS B A

{proof)

lemma one-side-transitivity:
assumes P @ OS A B and
PQOSBC
shows P Q OS A C
(proof)

lemma [9-17:
assumes P @) OS A C and
Bet A B C
shows P Q OS A B

(proof )

lemma [9-18-R1:
assumes Col X Y P and
Col A BP
and X YTS A B
shows Bet APBAN—-Col XYAN—-ColXYB

{proof)

lemma [9-18-R2:
assumes Col X Y P and
Col A B P and
Bet A P B and
- Col XY A and
- Col XYB
shows X Y TS A B

(proof)

lemma [9-18:
assumes Col X Y P and
Col A BP
shows X Y TS AB<«+— (Bet APBA—-ColXYANA- Col XY B)

{proof)

lemma [9-19-R1:
assumes Col X Y P and
Col A B P and
XYOSAB
shows P Out A BA—-Col XY A

{proof)

lemma [9-19-R2:
assumes Col X Y P and

P Out A B and
- Col XY A
shows X Y OS A B

(proof )

lemma [9-19:
assumes Col X Y P and
Col A BP
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shows X YOS A B +— (P Out ABAN - Col XY A)
{proof)

lemma one-side-not-col123:
assumes A BOS XY
shows - Col A B X

{proof)

lemma one-side-not-col124:
assumes A BOS XY
shows = Col A BY

{proof)

lemma col-two-sides:
assumes Col A B C and
A # C and
ABTSPQ
shows A C TS P Q

(proof)

lemma col-one-side:
assumes Col A B C and
A # C and
ABOSPQ
shows A C OS P Q

(proof)

lemma out-out-one-side:
assumes A B OS X Y and
AOut'Y Z
shows A BOS X Z

{proof)

lemma out-one-side:
assumes = Col A BX V - Col A BY and
AOut XY
shows A BOS X Y

(proof)

lemma bet--ts:
assumes A # Y and
- Col A B X and
Bet XAY
shows A BTS XY

(proof )

lemma bet-ts--ts:
assumes A B TS X Y and
Bet XY Z
shows A BTS X 7

(proof )

lemma bet-ts--os:
assumes A B TS X Y and
Bet XY Z
shows A BOSY Z

{proof)

lemma [9-31 :
assumes A X OS Y Z and
AZOSYX
shows A Y TS X 7

(proof )

lemma col123--nos:
assumes Col P Q A



shows = P Q OS A B
(proof)

lemma col124--nos:
assumes Col P Q B
shows -~ P Q OS A B

{proof)

lemma col2-0s--0s:
assumes C # D and
Col A B C and
Col A B D and
ABOSXY
shows CD OS XY

{proof)

lemma os-out-os:
assumes Col A B P and
A B OS CD and
P Out CC’
shows A B OS C' D

(proof)

lemma ts-ts-os:
assumes A B TS C D and
CDTSAB
shows A C OS B D

(proof )

lemma col-one-side-out:
assumes Col A X Y and
ABOSXY
shows A Out X Y

{proof)

lemma col-two-sides-bet:
assumes Col A X Y and
ABTSXY
shows Bet X A'Y

{proof)

lemma o0s-ts1324--0s:
assumes A X OS Y Z and
AYTSXZ
shows A ZOS XY

(proof )

lemma ts2--ex-bet2:
assumes A C TS B D and
BDTSAC
shows 3 X. Bet A X C AN Bet BX D

(proof)

lemma out-one-side-1:
assumes — Col A B C and
Col A B X and
X Out CD
shows A B OS C D

{proof)

lemma out-two-sides-two-sides:
assumes
Col A B PX and
PX Out X P and
ABTSPY
shows A BTS XY
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{proof)

lemma [8-21-bis:
assumes X # Y and
- Col CAB
shows 3 P. Cong APXYANABPerpPANABTSCP

(proof )

lemma ts--ncol:
assumes A BTS X Y
shows = ColAXYV—-ColBXY

{proof)

lemma one-or-two-sides-aux:
assumes — Col C A B and
- Col D A B and
Col ACX
and Col BD X
shows A BTSCDV A BOSCD

(proof)

lemma cop--one-or-two-sides:
assumes Coplanar A B C D and
- Col C A B and
- ColD AB
shows A BTSCDV ABOSCD

(proof )

lemma os--coplanar:
assumes A B OS C D
shows Coplanar A B C D

(proof)

lemma coplanar-trans-1:
assumes — Col P Q R and
Coplanar P Q R A and
Coplanar P Q R B
shows Coplanar Q@ R A B

(proof )

lemma col-cop--cop:
assumes Coplanar A B C D and
C # D and
Col CDE
shows Coplanar A B C E

(proof )

lemma bet-cop--cop:
assumes Coplanar A B C E and
Bet CDFE
shows Coplanar A B C D

(proof)

lemma col2-cop--cop:
assumes Coplanar A B C' D and
C # D and
Col C D E and
Col CDF
shows Coplanar A B E F

(proof )

lemma col-cop2--cop:
assumes U # V and
Coplanar A B C U and
Coplanar A B C V and
Col UV P

(0]



shows Coplanar A B C' P
(proof)

lemma bet-cop2--cop:
assumes Coplanar A B C U and
Coplanar A B C W and

Bet UV W
shows Coplanar A B CV
(proof )

lemma coplanar-pseudo-trans-lem1:
assumes — Col P Q R and
Coplanar P @ R A and
Coplanar P Q@ R B and
Coplanar P Q R C
shows Coplanar A B C' R
(proof)

lemma coplanar-pseudo-trans:
assumes — Col P Q R and
Coplanar P Q R A and
Coplanar P Q@ R B and
Coplanar P Q@ R C and
Coplanar P Q R D
shows Coplanar A B C D
(proof)

lemma [9-30:

assumes — Coplanar A B C P and
- Col D E F and
Coplanar D E F P and
Coplanar A B C' X and
Coplanar A B C' 'Y and
Coplanar A B C Z and
Coplanar D E F X and
Coplanar D E F' 'Y and
Coplanar D E F Z

shows Col X Y Z

(proof )

lemma cop-per2--col:
assumes Coplanar A X Y Z and
A # 7 and
Per X Z A and
Per YZ A
shows Col X Y Z

(proof )

lemma cop-perp2--col:
assumes Coplanar A B'Y Z and
X Y Perp A B and
X Z Perp A B
shows Col X Y 7

(proof )

lemma two-sides-dec:
shows A BTSCDV - ABTSCD
(proof )

lemma cop-nts--os:
assumes Coplanar A B C D and
- Col C' A B and
- Col D A B and
-~ ABTSCD
shows A B OS C D

(proof)



lemma cop-nos--ts:
assumes Coplanar A B C D and
- Col C A B and
- Col D A B and
- ABOSCD
shows A B TS C D

{proof)

lemma one-side-dec:
ABOSCDYV-ABOSCD

{proof)

lemma cop-dec:
Coplanar A B C D V = Coplanar A B C D

(proof)

lemma ez-diff-cop:
3 E. Coplanar A BCE N D # FE
{proof)

lemma ex-ncol-cop:
assumes D # E
shows 3 F. Coplanar A B CF AN - Col DEF

(proof )

lemma ex-ncol-cop2:
3 E F. (Coplanar A B C E A Coplanar A BCF AN - Col DEF)

(proof)

lemma col2-cop2--eq:

assumes — Coplanar A B C U and
U # V and
Coplanar A B C P and
Coplanar A B C @ and
Col U V P and
Col UV Q

shows P = @

(proof )

lemma cong3-cop2--col:
assumes Coplanar A B C P and
Coplanar A B C @ and
P # @ and
Cong A P A @ and
Cong B P B @ and
Cong C P C Q
shows Col A B C
(proof)

lemma [9-38:
assumes A B C TSP P @
shows A B C TSP Q P

{proof)

lemma [9-39:
assumes A B C TSP P R and
Coplanar A B C D and
D Out P Q
shows A BC TSP Q R

(proof )

lemma [9-41-1:
assumes A B C TSP P R and
ABCTSP QR
shows A B C OSP P @
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{proof)

lemma [9-41-2:
assumes A B C TSP P R and
ABCOSPPQ
shows A BC TSP Q R

(proof )

lemma tsp-exists:
assumes — Coplanar A B C P
shows 3 Q. A BC TSP P Q

(proof )

lemma osp-reflexivity:
assumes — Coplanar A B C P
shows A B C OSP P P

{proof)

lemma osp-symmetry:
assumes A B C OSP P @Q
shows A B C OSP Q P

(proof)

lemma osp-transitivity:
assumes A B C OSP P Q and
ABCOSP QR
shows A B C OSP P R

(proof)

lemma cop3-tsp--tsp:
assumes - Col D E F and
Coplanar A B C' D and
Coplanar A B C' E and
Coplanar A B C F and
ABCTSPPQ
shows D EF TSP P @

(proof )

lemma cop3-osp--osp:
assumes - Col D E F and
Coplanar A B C' D and
Coplanar A B C E and
Coplanar A B C F and
A BCOSPPQ
shows D E F OSP P Q

(proof )

lemma ncop-distincts:
assumes — Coplanar A B C D
shows AABANA#ACANA#DANB#CANB#DANCH#D
(proof)

lemma tsp-distincts:

assumes A B C TSP P @

shows AZBANA#ZCAB#CNA#PANB#PANC#PANA#QAB#QANC#QANP#Q
(proof)

lemma osp-distincts:

assumes A B C OSP P Q

shows A BANA##CANB##CANA#PANB#PANC#PANA#QANB##QNC#Q
(proof)

lemma tsp--ncopi:
assumes A B C TSP P @
shows — Coplanar A B C P

(proof)
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lemma tsp--ncop2:
assumes A B C TSP P @Q
shows — Coplanar A B C Q

{proof)

lemma osp--ncopi:
assumes A B C OSP P @Q
shows — Coplanar A B C P

{proof)

lemma osp--ncop2:
assumes A B C OSP P @Q
shows — Coplanar A B C @

{proof)

lemma tsp--nosp:
assumes A B C TSP P @
shows = A B C OSP P Q

{proof)

lemma osp--ntsp:
assumes A B C OSP P Q
shows -~ A BC TSP P @

{proof)

lemma osp-bet--osp:
assumes A B C OSP P R and
Bet P QR
shows A B C OSP P Q
(proof)

lemma [9-18-3:
assumes Coplanar A B C P and
Col X Y P
shows A BC TSP XY <— (Bet X P Y A = Coplanar A B C X A = Coplanar A B C'Y)

{proof)

lemma bet-cop--tsp:
assumes — Coplanar A B C X and
P # Y and
Coplanar A B C P and
Bet X PY
shows A BCTSPX Y

{proof)

lemma cop-out--osp:
assumes — Coplanar A B C X and
Coplanar A B C P and
POutXY
shows A BC OSP XY

(proof)

lemma [9-19-3:
assumes Coplanar A B C P and
Col X Y P
shows A BC OSP XY <— (P Out X Y A = Coplanar A B C X)

{proof)

lemma cop2-ts--tsp:
assumes — Coplanar A B C X and Coplanar A B C D and
Coplanar A BCEand DETS XY
shows A BCTSPXY

(proof)

lemma cop2-0s--osp:
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assumes — Coplanar A B C X and
Coplanar A B C D and
Coplanar A B C E and
DEOSXY

shows A BC OSP X Y

(proof)

lemma cop3-tsp--ts:
assumes D # E and
Coplanar A B C' D and
Coplanar A B C F and
Coplanar D E X Y and
ABCTSPXY
shows DETS XY

{proof)

lemma cop3-osp--os:
assumes D # E and
Coplanar A B C' D and
Coplanar A B C F and
Coplanar D E X Y and
ABCOSPXY
shows D E OS X Y

{proof)

lemma cop-tsp--ex-cop2:
assumes
ABCTSPDE
shows 3 Q. (Coplanar A B C Q A Coplanar D EP Q A P # Q)
{proof)

lemma cop-osp--ex-cop2:
assumes Coplanar A B C P and
ABCOSPDE
shows 3 Q. Coplanar A B C Q N Coplanar D EP Q N P # Q

(proof )

lemma sac--coplanar:
assumes Saccheri A B C D
shows Coplanar A B C D

(proof)

lemma ex-sym:
FY. (ABPerp XYV X=Y)AN(3 M. Col A BM AN M Midpoint X Y)
(proof )

lemma is-image-is-image-spec:
assumes A # B
shows P’ P Reflect A B +— P’ P ReflectL A B

{proof)

lemma ex-symi:

assumes A # B

shows 3 Y. (ABPerp XYV X=Y)AN (3 M. ColABM AN M Midpoint X Y N X Y Reflect A B)
(proof)

lemma [10-2-uniqueness:
assumes P! P Reflect A B and
P2 P Reflect A B
shows P1 = P2

(proof )

lemma [10-2-uniqueness-spec:
assumes P! P ReflectL A B and
P2 P ReflectL A B
shows P1 = P2
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(proof )

lemma [10-2-existence-spec:
3 P'. P' P ReflectL A B
(proof)

lemma [10-2-existence:
3 P'. P' P Reflect A B

{proof)

lemma [10-4-spec:
assumes P P’ ReflectL A B
shows P’ P ReflectL A B

(proof)

lemma [10-4:
assumes P P’ Reflect A B
shows P’ P Reflect A B

(proof)

lemma [10-5:
assumes P’ P Reflect A B and
P" P’ Reflect A B
shows P = P"
(proof)

lemma [10-6-uniqueness:
assumes P P1 Reflect A B and
P P2 Reflect A B
shows P1 = P2

(proof)

lemma [10-6-uniqueness-spec:
assumes P P1 ReflectL A B and
P P2 RefilectL A B
shows P1 = P2

{proof)

lemma [10-6-existence-spec:
assumes A # B
shows 3 P. P’ P ReflectL A B

(proof)

lemma [10-6-existence:
3 P. P’ P Reflect A B

{proof)

lemma [10-7:
assumes P’ P Reflect A B and
Q' Q Reflect A B and
P/ — Q/
shows P = @
(proof )

lemma [10-8:
assumes P P Reflect A B
shows Col P A B

{proof)

lemma col--refi:
assumes Col P A B
shows P P ReflectL A B

{proof)

lemma is-image-col-cong:
assumes A # B and

81



P P’ Reflect A B and
Col ABX
shows Cong P X P' X

(proof )

lemma is-image-spec-col-cong:
assumes P P’ ReflectL A B and
Col A BX
shows Cong P X P’ X

{proof)

lemma image-id:
assumes A # B and
Col A B T and
T T' Reflect A B
shows T' = T’

{proof)

lemma osym-not-col:
assumes P P’ Reflect A B and
- Col A BP
shows — Col A B P’

{proof)

lemma midpoint-preserves-image:
assumes A # B and
Col A B M and
P P’ Reflect A B and
M Midpoint P @) and
M Midpoint P’ Q'
shows Q Q' Reflect A B
(proof)

lemma image-in-is-image-spec:
assumes M ReflectLAt P P' A B
shows P P’ ReflectL A B

(proof )

lemma image-in-gen-is-image:
assumes M ReflectAt P P' A B
shows P P’ Reflect A B

(proof)

lemma image-image-in:
assumes P # P’ and
P P’ ReflectL A B and
Col A B M and
Col P M P’
shows M ReflectLAt P P' A B

(proof )

lemma image-in-col:
assumes Y ReflectLAt P P' A B
shows Col PP’ Y

{proof)

lemma is-image-spec-rev:
assumes P P’ ReflectL A B
shows P P’ ReflectL B A

(proof )

lemma is-image-rev:
assumes P P’ Reflect A B
shows P P’ Reflect B A

{proof)
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lemma midpoint-preserves-per:
assumes Per A B C' and
M Midpoint A A1 and
M Midpoint B B1 and
M Midpoint C C1
shows Per A1 B1 C1
(proof)

lemma col--image-spec:
assumes Col A B X
shows X X ReflectL A B

{proof)

lemma image-triv:
A A Reflect A B
(proof)

lemma cong-midpoint--image:
assumes Cong A X A Y and
B Midpoint X Y
shows Y X Reflect A B
(proof)

lemma col-image-spec--eq:
assumes Col A B P and
P P’ ReflectL A B
shows P = P’

{proof)

lemma image-spec-triv:
A A ReflectL B B
(proof)

lemma image-spec--eq:
assumes P P’ ReflectL A A
shows P = P’

(proof)

lemma image--midpoint:
assumes P P’ Reflect A A
shows A Midpoint P’ P

(proof)

lemma is-image-spec-dec:
A B ReflectL C DV -~ A B RefilectL, C D
(proof)

lemma [10-14:
assumes P # P’ and
A # B and
P P’ Reflect A B
shows A B TS P P’

(proof )

lemma [10-15:
assumes Col A B C and
- Col ABP

shows 3 Q. A B Perp Q CNABOSPQ

(proof )

lemma ez-per-cong:
assumes A # B and
X # Y and
Col A B C and
- ColABD
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shows 3 P. Per PC AN CongPCXY NABOSPD
(proof)

lemma ezists-cong-per:
3 C.Per ABCACongBCXY

(proof )

lemma upper-dim-implies-per2--col:
assumes upper-dim-axiom
showsV ABCX. (PerAXCANX#CANPerBXC)— ColABX

(proof)

lemma upper-dim-implies-col-perp2--col:
assumes upper-dim-axiom
showsV ABX Y P. (ColABPANABPerp XPANPAPerpYP)— ColYXP

(proof )

lemma upper-dim-implies-perp2--col:
assumes upper-dim-axiom
showsV XY ZAB. (XY Perp ABANXZPerpAB)— ColXYZ

(proof )

lemma upper-dim-implies-not-two-sides-one-side-auz:
assumes upper-dim-axiom
showsV A BXYPX. (A#BANPX#ANADBPerpXPXA Col ABPXA
- CodXABAN-ColYABAN-ABTSXY)—ABOSXY

(proof )

lemma upper-dim-implies-not-two-sides-one-side:
assumes upper-dim-axiom
showsV ABXY.(wCodXABAN-ColdlYABAN-ABTSXY)—ABOSXY

(proof)

lemma upper-dim-implies-not-one-side-two-sides:
assumes upper-dim-axiom
showsV ABXY.(wCodXABAN-CollYABAN-ABOSXY)—ABTSXY

{proof)

lemma upper-dim-implies-one-or-two-sides:
assumes upper-dim-axiom
showsV ABXY. (- Cod XABAN—-ColYAB)— (ABTSXYVABOSXY)

(proof)

lemma upper-dim-implies-all-coplanar:
assumes upper-dim-axiom
shows all-coplanar-axiom

{proof)

lemma all-coplanar-implies-upper-dim:
assumes all-coplanar-axiom
shows upper-dim-axiom

(proof)

lemma all-coplanar-upper-dim:
shows all-coplanar-axiom <— upper-dim-aziom

{proof)

lemma upper-dim-stab:
shows — — upper-dim-aziom — upper-dim-axiom
(proof)

lemma cop--cong-on-bissect:
assumes Coplanar A B X P and
M Midpoint A B and
M PerpAt A B P M and
Cong X A X B
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shows Col M P X
(proof )

lemma cong-cop-mid-perp--col:
assumes Coplanar A B X P and
Cong A X B X and
M Midpoint A B and
A B Perp PM
shows Col M P X

(proof )

lemma cop-image-in2--col:
assumes Coplanar A B P Q and
M ReflectLAt P P' A B and
M ReflectLAt Q Q' A B
shows Col M P Q

(proof)

lemma [10-10-spec:
assumes P’ P ReflectL A B and
Q' Q ReflectL A B
shows Cong P Q P’ Q'
(proof)

lemma [10-10:
assumes P’ P Reflect A B and
Q' Q Reflect A B
shows Cong P Q P’ Q'
(proof)

lemma image-preserves-bet:
assumes A A’ ReflectL X Y and
B B’ Reflectl, X Y and
C C' ReflectL X Y and
Bet A B C
shows Bet A’ B’ C'

(proof )

lemma image-gen-preserves-bet:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
Bet A B C
shows Bet A’ B’ C’

(proof )

lemma image-preserves-col:
assumes A A’ Reflectl, X Y and
B B’ ReflectL X Y and
C C' ReflectL X Y and
Col A BC
shows Col A" B’ C' {proof)

lemma image-gen-preserves-col:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
Col ABC
shows Col A’ B’ C’

{proof)

lemma image-gen-preserves-ncol:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
- Col ABC
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shows - Col A’ B’ C’
(proof )

lemma image-gen-preserves-inter:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
D D’ Reflect X Y and
- Col A B C and

C # D and
Col A B I and
Col C D I and
Col A’ B’ I and
Col C'D' I’
shows I I’ Reflect X Y
(proof)

lemma intersection-with-image-gen:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
- Col A B A’ and
Col A B C' and
Col A’ B' C
shows Col C X Y
(proof)

lemma image-preserves-midpoint :
assumes A A’ ReflectL X Y and
B B’ ReflectL, X Y and
C C' ReflectL X Y and
A Midpoint B C
shows A’ Midpoint B’ C’
(proof)

lemma image-spec-preserves-per:
assumes A A’ Reflectl X Y and
B B’ ReflectL X Y and
C C' ReflectL X Y and
Per A BC
shows Per A’ B’ C’

(proof)

lemma image-preserves-per:
assumes A A’ Reflect X Y and
B B’ Reflect X Yand
C C' Reflect X Y and
Per A BC
shows Per A’ B’ C’

(proof )

lemma [10-12:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B’ and
Cong B C B’ C’
shows Cong A C A’ C'
(proof)

lemma [10-16:
assumes — Col A B C and
- Col A’ B’ P and
Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B'"C'N A" B" OS P C’
(proof)

lemma cong-cop-image--col:
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assumes P # P’ and
P P’ Reflect A B and
Cong P X P’ X and
Coplanar A B P X

shows Col A B X

(proof)

lemma cong-cop-per2-1:
assumes A # B and
Per A B X and
Per A BY and
Cong B X B'Y and
Coplanar A BX'Y
shows X = Y VvV B Midpoint X Y

{proof)

lemma cong-cop-per2:
assumes A # B and
Per A B X and
Per A B'Y and
Cong B X B'Y and
Coplanar A BX Y
shows X = Y V X Y ReflectL A B

(proof )

lemma cong-cop-per2-gen:
assumes A # B and
Per A B X and
Per A B'Y and
Cong B X B'Y and
Coplanar A BX Y
shows X = Y V X Y Reflect A B

(proof )

lemma ex-perp-cop:
assumes A # B
shows 9 Q. A B Perp Q C N Coplanar A B P @

(proof)

lemma hilbert-s-version-of-pasch-aux:
assumes Coplanar A B C P and
- Col A IP and
- Col B C P and
Bet B I C and
B # I and
I # C and
B#C
shows 3 X. Col I P X A
(Bet AXBANA#XANX#BANA#B)V(BatAXCNA#XANXFZCNAF#Q))

(proof )

lemma hilbert-s-version-of-pasch:
assumes Coplanar A B C P and
- Col C @ P and
- Col A B P and
BetS A Q B
shows 3 X. Col P Q X A (BetS A X C V BetS B X C)
(proof)

lemma two-sides-cases:
assumes — Col PO A B and
PO P OSAB
shows POATSPBY POBTSPA

{proof)

lemma not-par-two-sides:
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assumes C # D and
Col A B I and
Col C D I and
- ColABC

shows 3 X Y. Col CDX AN ColCDYANABTSXY

(proof)

lemma cop-not-par-other-side:
assumes C # D and
Col A B I and
Col C D I and
- Col A B C and
- Col A B P and
Coplanar A B C P

shows 3 Q. Col CD QANABTSPQ

(proof )

lemma cop-not-par-same-side:
assumes C # D and
Col A B I and
Col C D I and
- Col A B C and
- Col A B P and
Coplanar A B C P

shows 4 Q. Col CD QAN ABOSPQ

(proof)

lemma perp-bisect-equiv-defA:
assumes P @) PerpBisect A B
shows P () PerpBisectBis A B

(proof )

lemma perp-bisect-equiv-defB:

assumes P ) PerpBisectBis A B

shows P @ PerpBisect A B
(proof)

lemma perp-bisect-equiv-def:

shows P () PerpBisect A B +— P @ PerpBisectBis A B

{proof)

lemma perp-bisect-sym-1:
assumes P ) PerpBisect A B
shows @Q P PerpBisect A B

(proof )

lemma perp-bisect-sym-2:
assumes P ) PerpBisect A B
shows P () PerpBisect B A

(proof )

lemma perp-bisect-sym-3:
assumes A B PerpBisect C D
shows B A PerpBisect D C

{proof)

lemma perp-bisect-perp:
assumes P ) PerpBisect A B
shows P Q Perp A B

(proof )

lemma perp-bisect-cong-1:
assumes P ) PerpBisect A B
shows Cong A P B P

(proof )
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lemma perp-bisect-cong-2:
assumes P @) PerpBisect A B
shows Cong A Q B Q
(proof)

lemma perp-bisect-cong2:
assumes P ) PerpBisect A B
shows Cong A PBP A Cong A Q B Q

{proof)

lemma perp-bisect-cong:
assumes
Cong A pO B pO and
Cong B pO C pO
shows Cong A pO C pO
(proof)

lemma cong-cop-perp-bisect:
assumes P # () and
A # B and
Coplanar P Q A B and
Cong A P B P and
Cong A Q B Q
shows P Q) PerpBisect A B
(proof)

lemma cong-mid-perp-bisect:
assumes P # () and
A # B and
Cong A P B P and
Q Midpoint A B
shows P @ PerpBisect A B
(proof)

lemma perp-bisect-is-on-perp-bisect:
assumes P IsOnPerpBisect A B and
P IsOnPerpBisect B C
shows P IsOnPerpBisect A C

{proof)

lemma perp-mid-perp-bisect:
assumes C Midpoint A B and
CD Perp AB
shows C D PerpBisect A B

(proof )

lemma cong-cop2-perp-bisect-col:
assumes Coplanar A C D E and
Coplanar B C D E and
Cong C D C E and
A B PerpBisect D E
shows Col A B C

(proof )

lemma perp-bisect-cop2-existence:
assumes A # B
shows 3 P Q. P Q PerpBisect A B N\ Coplanar A B C P N\ Coplanar A B C @

(proof )

lemma perp-bisect-existence:
assumes A # B
shows 3 P Q. P Q PerpBisect A B

(proof )

lemma perp-bisect-existence-cop:
assumes A # B
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shows 3 P Q. P Q PerpBisect A B N\ Coplanar A B C P N\ Coplanar A B C @
(proof)

lemma [11-3:

assumes A B C CongA D E F

shows 3 A" C' D' F'. BOut A’ AN B Out CC’'A
EOutD'DANEOutFF'A

A" B C' Cong3 D' E F'

(proof)

lemma [11-aux:

assumes B Out A A’ and
E Out D D’ and
Cong B A" E D' and
Bet BA A0 and
Bet E D DO and
Cong A A0 E D and
Cong D DO B A

shows Cong B A0 E DO A Cong A’ A0 D' DO

(proof)

lemma [11-3-bis:
assumes 3 A’ C' D' F'.

(BOut A’ ANBOutC'CANEOutD DANEOutF' FANA BC' Cong3 D' EF')
shows A B C CongA D E F

(proof)

lemma [11-4-1:
assumes A B C CongA D E F and

B Out A’ A and
B Out C' C and
E Out D' D and
E Out F' F and
Cong B A" E D' and
Cong BC'EF’
shows Cong A’ C' D' F’
(proof)

lemma [11-4-2:
assumes A # B and
C # B and
D # FE and
F # E and
vV A"C'D'F'.(BOut A" ANBOut C'CANEOutD DANEOutF' FA CongBA"ED'A
Cong BC'EF'— Cong A’ C' D' F')
shows A B C CongA D E F
(proof)

lemma conga-refi:
assumes A # B and
C#B
shows A B C CongA A B C
(proof)

lemma conga-sym:
assumes A B C CongA A’ B' C’'
shows A’ B’ C' CongA A B C

(proof )

lemma [11-10:
assumes A B C CongA D E F and
B Out A’ A and
B Out C' C and
E Out D' D and
E Out F' F
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shows A’ B C' CongA D' E F’
(proof)

lemma out2--conga:
assumes B Out A’ A and
B Out C' C
shows A B C CongA A’ B C’
(proof )

lemma cong3-diff:
assumes A # B and
A B C Cong3 A’ B’ C'
shows A’ # B’
(proof)

lemma cong3-diff2:
assumes B # C and
A B C Cong3 A’ B’ C'
shows B’ # C’
{proof)

lemma cong3-conga:
assumes A # B and
C # B and
A B C Cong3 A’ B’ C'
shows A B C CongA A’ B’ C’
(proof)

lemma cong8-conga2:
assumes A B C Cong3 A’ B’ C' and
A B C CongA A" B" C"
shows A’ B’ C' CongA A" B"” C"
(proof)

lemma conga-diff1:
assumes A B C CongA A’ B' C’'
shows A # B

(proof)

lemma conga-diff2:
assumes A B C CongA A’ B’ C’
shows C # B

(proof)

lemma conga-diff45:
assumes A B C CongA A’ B’ C'
shows A’ # B’

{proof)

lemma conga-diff56:
assumes A B C CongA A’ B' C’'
shows C’ # B’

{proof)

lemma conga-trans:
assumes A B C CongA A’ B’ C' and
A’ B’ C' CongA A” B" C"
shows A B C CongA A" B" C"'
(proof )

lemma conga-pseudo-refi:
assumes A # B and
C#B
shows A B C CongA C B A
(proof)
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lemma conga-trivial-1:
assumes A # B and
C#D
shows A B A CongA C D C
(proof)

lemma [11-13:

assumes A B C CongA D E F and

Bet A B A’ and
A'# B and
Bet D E D' and
D'+ E
shows A’ B C CongA D' E F
(proof )

lemma conga-right-comm:
assumes A B C CongA D E F
shows A B C CongA F E D

(proof)

lemma conga-left-comm:
assumes A B C CongA D E F
shows C B A CongA D EF

{proof)

lemma conga-comm:
assumes A B C CongA D E F
shows C B A CongA F E D

{proof)

lemma conga-line:
assumes A # B and
B # C and
A’ # B’ and
B’ # C'
and Bet A B C' and
Bet A’ B’ C’
shows A B C CongA A’ B' C’
(proof)

lemma [11-1}:
assumes Bet A B A’ and
A # B and
A’ # B and
Bet C B C' and
B # C and
B#C'
shows A B C CongA A’ B C'
(proof)

lemma [11-16:
assumes Per A B C and
A # B and
C # B and
Per A’ B’ C' and
A'# B’ and
Cl# B/
shows A B C CongA A’ B’ C’
(proof )

lemma [11-17:
assumes Per A B C and
A B C CongA A" B' C'
shows Per A’ B’ C'’
(proof )
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lemma [11-18-1:
assumes Bet C' B D and
B # C and
B # D and
A # B and
Per A BC
shows A B C CongA A B D

(proof)

lemma [11-18-2:
assumes Bet C' B D and
A B C CongA A BD
shows Per A B C

(proof)

lemma cong8-preserves-out:
assumes A Out B C and
A B C Cong3 A’ B’ C'
shows A’ Out B’ C’
(proof )

lemma [11-21-a:
assumes B Out A C and
A B C CongA A’ B' C'
shows B’ Out A’ C’
(proof )

lemma [11-21-b:
assumes B Out A C and
B’ Out A’ C'
shows A B C CongA A’ B’ C’
{proof)

lemma conga-cop--or-out-ts:
assumes Coplanar A B C C’ and
A B C CongA A B C'
shows B Out C C'Vv A B TS C C’

(proof)

lemma conga-os--out:
assumes A B C CongA A B C' and
ABOSCC
shows B Out C C’

(proof)

lemma cong2-conga-cong:
assumes A B C CongA A’ B’ C' and
Cong A B A’ B" and
Cong B C B’ C’
shows Cong A C A’ C'
(proof)

lemma angle-construction-1:
assumes - Col A B C' and
- Col A’ B' P
shows 3 C'. (A B C CongA A’ B' C' N A’ B’ OS C' P)
(proof )

lemma angle-construction-2:
assumes A # B and
B # C and
- Col A’ B' P
shows 3 C'. (A B C CongA A’ B’ C' AN (A’ B’ OS C' P Vv Col A’ B’ C))
(proof)

lemma ez-conga-ts:
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assumes — Col A B C and
- Col A’ B’' P
shows 3 C'. A B C CongA A’ B C'NA"B" TS C' P
(proof )

lemma [11-15:
assumes — Col A B C and
- Col DEP
shows
3 F.(ABCCongADEFANEDOSFP)A
(V F1 F2. (A B C CongA DEF1 NEDOSF1P)A
(A B C CongA D EF2ANED OS F2P))
— E Out F1 F2)

(proof)

lemma [11-19:
assumes Per A B P1 and
Per A B P2 and
A B OS P1 P2
shows B Out P1 P2

(proof )

lemma [11-22-bet:
assumes Bet A B C and
P'B'" TS A’ C' and
A B P CongA A’ B’ P' and
P B C CongA P' B' C’
shows Bet A’ B’ C'
(proof)

lemma [11-22a:
assumes B P TS A C and
B'"P' TS A’ C' and
A B P CongA A’ B" P’ and
P B C CongA P' B' C’
shows A B C CongA A’ B' C’'
(proof)

lemma [11-22b:
assumes B P OS A C and
B’ P' OS A’ ¢’ and
A B P CongA A’ B' P' and
P B C CongA P’ B’ C'
shows A B C CongA A’ B’ C’
(proof)

lemma [11-22:
assumes (BP TSA CAB' P'TSA' C)V(BP OSACAB' P'0OSA'C') and
A B P CongA A’ B" P’ and
P B C CongA P' B' C’
shows A B C CongA A’ B' C’
(proof)

lemma [11-2:
assumes P InAngle A B C
shows P InAngle C B A

(proof )

lemma col-in-angle:
assumes A # B and
C # B and
P # B and
B Out APV BOut CP
shows P InAngle A B C

{proof)
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lemma out321--inangle:
assumes C # B and
B Out A P
shows P InAngle A B C

{proof)

lemma inangle1123:
assumes A # B and
C#B
shows A InAngle A B C
(proof)

lemma out341--inangle:
assumes A # B and
B Out C P
shows P InAngle A B C

{proof)

lemma inangle3123:
assumes A # B and
C#B
shows C InAngle A B C
(proof)

lemma in-angle-two-sides:
assumes — Col B A P and
- Col B C P and
P InAngle A B C
shows PB TS A C

{proof)

lemma in-angle-out:
assumes B Out A C and

P InAngle A B C

shows B Out A P

(proof)

lemma col-in-angle-out:
assumes Col B A P and
- Bet A B C and
P InAngle A B C
shows B Out A P

(proof )

lemma [11-25-auzx:
assumes P InAngle A B C and
- Bet A B C and
B Out A" A
shows P InAngle A’ B C
(proof )

lemma [11-25:
assumes P InAngle A B C and
B Out A’ A and
B Out C' C and

B Out P' P
shows P’ InAngle A’ B C’
(proof)

lemma inangle-distincts:
assumes P InAngle A B C
shows A # BANC#BAP#B

{proof)

lemma segment-construction-0:
shows 3 B’. Cong A’ B’ A B

95



{proof)

lemma angle-construction-3:
assumes A # B and
C # B and
A/ # B/
shows 3 C’. A B C CongA A’ B’ C’
{proof)

lemma [11-28:
assumes A B C Cong3 A’ B’ C' and
Col A CD
shows 3 D'. (Cong A D A’ D' A Cong BD B' D' A Cong C D C' D)
(proof )

lemma bet-conga--bet:
assumes Bet A B C and
A B C CongA A’ B' C'
shows Bet A’ B’ C'
(proof )

lemma in-angle-one-side:
assumes — Col A B C' and
- Col B A P and
P InAngle A B C
shows A B OS P C

(proof )

lemma inangle-one-side:
assumes - Col A B C and
- Col A B P and
- Col A B Q and
P InAngle A B C and
Q InAngle A B C
shows A BOS P Q
(proof)

lemma inangle-one-side2:
assumes - Col A B C and
- Col A B P and
- Col A B Q and
- Col C B P and
- Col C B @ and
P InAngle A B C' and
Q InAngle A B C
shows A BOSPQANCBOSPQ
(proof )

lemma col-conga-col:
assumes Col A B C and
A BCCongADEF
shows Col D E F

(proof )

lemma ncol-conga-ncol:
assumes - Col A B C and
A BCCongADEF
shows - Col D E F

{proof)

lemma angle-construction-4:
assumes A # B and
C # B and
A" # B’
shows 3C’. (A B C CongA A’ B C' A Coplanar A’ B’ C' P)
(proof )
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lemma lea-distincts:
assumes A B C LeA DEF
shows A#B AN C#B N D#E N F#E
(proof )

lemma [11-29-a:

assumes A B C LeA D EF

shows 3 Q. (C InAngle A BQAN A B Q CongA DEF)
(proof )

lemma in-angle-line:
assumes P # B and
A # B and
C # B and
Bet ABC
shows P InAngle A B C

{proof)

lemma [11-29-b:
assumes 3 Q. (C InAngle A B QAN A B Q CongA D EF)
shows A BCLeA DEF

(proof)

lemma bet-in-angle-bet:
assumes Bet A B P and
P InAngle A B C
shows Bet A B C

{proof)

lemma lea-line:
assumes Bet A B P and
A BPLeAABC
shows Bet A B C

{proof)

lemma eq-conga-out:
assumes A B A CongA D EF
shows F Out D F

{proof)

lemma out-conga-out:
assumes B Out A C and
A BC CongADEF
shows F Out D F

{proof)

lemma conga-ex-cong3:
assumes A B C CongA A’ B’ ¢’
shows 3 AA CC. ((B Out A AA A B Out C CC) — AA B CC Cong3 A’ B’ C”)

(proof)

lemma conga-preserves-in-angle:
assumes A B C CongA A’ B’ C' and
A BT CongA A’ B’ I’ and
I InAngle A B C and A’ B’ OS1' C’
shows I’ InAngle A’ B’ C'
(proof)

lemma [11-30:
assumes A B C LeA D E F and
A B C CongA A’ B’ C' and
DEF CongA D'E' F'
shows A’ B’ C' LeA D' E' F’
(proof )
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lemma [11-81-1:
assumes B Out A C and
D # FE and
F+#FE
shows A BCLeA DEF
(proof)

lemma [11-31-2:
assumes A # B and
C # B and
D # FE and
F # E and
Bet DEF
shows A BCLeADEF

{proof)

lemma lea-refi:
assumes A # B and
C#B
shows A B C LeA A B C
(proof)

lemma conga--lea:
assumes A B C CongA D E F
shows A BCLeADEF

{proof)

lemma conga--lea56123:
assumes A B C CongA D E F
shows D EF LeA A B C

(proof)

lemma lea-left-comm:
assumes A BC LeA D EF
shows C BA LeADEF

(proof)

lemma lea-right-comm:
assumes A B C LeA D EF
shows A B C LeA F E D

(proof)

lemma lea-comm:
assumesA B C LeA D EF
shows C B A LeA FED

{proof)

lemma lta-left-comm:
assumes A BC LtA D EF
shows C BALtADEF

(proof)

lemma lta-right-comm:
assumes A BCLtA D E F
shows A BC LtA F ED

{proof)

lemma lta-comm:
assumes A BC LtA DEF
shows C BA LtA F E D

{proof)

lemma lea-outj--lea:
assumes A B C LeA D E F and
B Out A A’ and
B Out C C’ and
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E Out D D’ and

E Out F F'
shows A’ B C' LeA D' E F’'
(proof)

lemma lea121345:
assumes A # B and
C # D and
D#FE
shows A B A LeA CDE
(proof)

lemma inangle--lea:
assumes P InAngle A B C
shows A BP LeA A BC

{proof)

lemma inangle--lea-1:
assumes P InAngle A B C
shows P B C LeA A B C

(proof)

lemma inangle--lta:
assumes — Col P B C and
P InAngle A B C
shows A BP LtA A B C

(proof)

lemma in-angle-trans:
assumes C InAngle A B D and
D InAngle A B E
shows C InAngle A B E

(proof )

lemma lea-trans:

assumes A B C LeA A1 B1 C1 and

Al B1 C1 LeA A2 B2 C2
shows A B C LeA A2 B2 C2

(proof )

lemma in-angle-asym:
assumes D InAngle A B C and
C InAngle A B D
shows A B C CongA A B D

(proof )

lemma lea-asym:
assumes A B C LeA D E F and
DEFLeA ABC
shows A B C CongA D E F

(proof )

lemma col-lta--bet:
assumes Col X Y Z and
ABCILtAXYZ
shows Bet X Y Z

(proof )

lemma col-lta--out:
assumes Col A B C and
ABCILIAXYZ
shows B Out A C

(proof)

lemma lta-distincts:
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assumes A BC LtA D EF
shows A#B N C#B N D#E N F#E N D # F
(proof )

lemma gta-distincts:
assumes A BC GtADEF
shows A#B AN C#B N D#E N F#E N A # C
(proof)

lemma acute-distincts:
assumes Acute A B C
shows A#B N C#B

{proof)

lemma obtuse-distincts:
assumes Obtuse A B C
shows A#B N C#B N A # C

{proof)

lemma two-sides-in-angle:
assumes B # P’ and
BPTSAC and
Bet P B P’
shows P InAngle A B C V P’ InAngle A B C

(proof )

lemma in-angle-reverse:
assumes A’ # B and
Bet A B A’ and
C InAngle A B D
shows D InAngle A’ B C

(proof)

lemma in-angle-trans2:
assumes C InAngle A B D and
D InAngle A B E
shows D InAngle C B E

(proof)

lemma [11-36-auxl:

assumes A # B and

A’ # B and

D # FE and

D' # E and

Bet A B A" and

Bet D E D' and

ABCLeADEF
shows D' E F LeA A’ B C

(proof )

lemma [11-36-auz2:

assumes A # B and

A’ # B and

D # FE and

D'+ E and

Bet A B A’ and

Bet D E D' and

D' EF LeA A’ B C
shows A BCLeADEF

{proof)

lemma [11-36:
assumes A # B and

A’ # B and

D # FE and

D' # E and
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Bet A B A’ and
Bet D E D’
shows A BCLeADEF +<— D'EF LeA A’ B C

{proof)

lemma [11-/1-auz:
assumes — Col A B C and
Bet BA D and
A#D
shows A C B LtA CA D
(proof )

lemma [11-41:
assumes — Col A B C and
Bet BA D and
A#D
shows A CBLtACADANABCLIACAD
(proof)

lemma not-conga:
assumes A B C CongA A’ B’ C' and
- ABCCongADEF
shows - A’ B’ C' CongA D E F
(proof)

lemma not-conga-sym:
assumes -~ A B C CongA D E F
shows -~ D E F CongA A B C

{proof)

lemma not-and-lta:
shows ~ (A BCLIADEFANDEFILtA ABC)

(proof )

lemma conga-preserves-lta:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
ABCILIADEF
shows A’ B’ C' LtA D' E' F’
(proof)

lemma lta-trans:
assumes A B C LtA A1 B1 C1 and
Al B1 C1 LtA A2 B2 C2
shows A B C LtA A2 B2 C2

(proof )

lemma obtuse-sym:
assumes Obtuse A B C
shows Obtuse C B A

(proof)

lemma acute-sym:
assumes Acute A B C
shows Acute C B A

{proof)

lemma acute-col--out:
assumes Col A B C and
Acute A B C
shows B Out A C

{proof)

lemma col-obtuse--bet:
assumes Col A B C and
Obtuse A B C
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shows Bet A B C
(proof )

lemma out--acute:
assumes B Out A C
shows Acute A B C

(proof )

lemma bet--obtuse:
assumes Bet A B C and
A# Band B # C
shows Obtuse A B C
(proof)

lemma [11-43-auzx:
assumes A # B and
A # C and
Per BA C V Obtuse B A C
shows Acute A B C

(proof)

lemma [11-45:
assumes A # B and
A # C and
Per BA CV Obtuse B A C
shows Acute A B C N Acute A C B

{proof)

lemma acute-lea-acute:
assumes Acute D E F and
ABCLeADEF
shows Acute A B C

(proof )

lemma lea-obtuse-obtuse:
assumes Obtuse D E F and
DEFLeA ABC
shows Obtuse A B C

(proof )

lemma [11-44-1-a:
assumes A # B and
A # C and
Cong BA BC
shows B A C CongA BC A

{proof)

lemma [11-44-2-a:
assumes — Col A B C and
BALtBC
shows B C A LtA BA C

(proof )

lemma not-lta-and-conga:
- (ABCLIADEFANABCCongADEF)

(proof)

lemma conga-sym-equiv:
A B C CongA A’ B' C' +— A" B’ C' CongA A B C
(proof)

lemma conga-dec:
ABCCongADEFYV —-~ABCCongADEF

{proof)

lemma lta-not-conga:
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assumes A BC LtA D EF
shows = A B C CongA D EF

{proof)

lemma lta--lea:
assumes A BC LtA DEF
shows A BCLeADEF

{proof)

lemma nlta:
- ABCLtAABC

{proof)

lemma lea--nita:
assumes A B C LeA DEF
shows -~ D F F LtA A B C

{proof)

lemma lta--nlea:
assumes A BC LtA D EF
shows -~ D EF F LeA A B C

(proof)

lemma [11-/4-1-b:
assumes - Col A B C' and
B A C CongA BCA
shows Cong BA B C

(proof )

lemma [11-44-2-b:
assumes BA CLtABCA
shows B C Lt B A

(proof )

lemma [11-44-1:
assumes - Col A B C
shows B A C CongA BCA +— Cong BABC

(proof)

lemma [11-44-2:
assumes = Col A B C
shows BACILtABCA<+— BCLtBA

(proof)

lemma [11-44-2bis:
assumes - Col A B C
shows BA CLeA BCA<+— BCLeBA

(proof )

lemma [11-46:
assumes A # B and
B # C and
Per A B C V Obtuse A B C
shows BALtACANBCLLAC

(proof )

lemma [11-47:
assumes Per A C' B and
H PerpAt CH A B
shows Bet AHBNA# HANB#H

(proof )

lemma [11-49:
assumes A B C CongA A’ B’ C' and
Cong B A B’ A" and
Cong B C B' C'
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shows Cong A CA' C'N(A# C — (BA C CongA B" A’ C' AN BC A CongA B’ C'" A"))
(proof)

lemma [11-50-1:
assumes — Col A B C' and
B A C CongA B’ A’ C' and
A B C CongA A’ B' C' and
Cong A B A’ B’

shows Cong A C A’ C' A Cong BC B' C' AN A C B CongA A’ C' B’
(proof)

lemma [11-50-2:
assumes — Col A B C and
B C A CongA B' C' A’ and
A B C CongA A’ B’ C' and
Cong A BA' B’

shows Cong A C A" C' AN Cong BC B’ C'AN CA B CongA C" A" B’
(proof)

lemma [11-51:
assumes A # B and
A # C and
B # C and
Cong A B A’ B" and
Cong A C A’ C' and
Cong B C B' C'
shows

B A C CongA B"A"C'NABC CongA A’ B C'" N BC A CongA B' C" A’
(proof)

lemma conga-distinct:
assumes A B C CongA D E F

shows A#BANC#BAND#ENF#E
(proof)

lemma [11-52:
assumes A B C CongA A’ B’ C' and
Cong A C A’ C' and
Cong B C B’ C' and
BCLeAC

shows Cong BA B’ A’ AN B A C CongA B’ A" C' AN B C A CongA B’ C' A’
(proof )

lemma [11-53:
assumes Per D C' B and
C # D and
A # B and
B # C and
Bet A B C

shows C A DLtA CBDABDLtAD
(proof )

lemma cong2-conga-obtuse--cong-conga2:
assumes Obtuse A B C' and
A B C CongA A’ B' C’ and
Cong A C A’ C' and
Cong B C B' C’'

shows Cong BA B’ A’ANBA C CongA B" A" C' N B C A CongA B’ C" A’
(proof)

lemma cong2-per2--cong-conga2:
assumes A # B and
B # C and
Per A B C and
Per A’ B’ C' and
Cong A C A’ C' and
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Cong B C B' C'
shows Cong BA B’ A’AN B A C CongA B'" A" C' N B C A CongA B' C" A’
(proof)

lemma cong2-per2--cong:
assumes Per A B C' and
Per A’ B’ C' and
Cong A C A’ C' and
Cong B C B' C’'
shows Cong B A B' A’
(proof)

lemma cong2-per2--cong-3:
assumes Per A B C
Per A’ B’ C' and
Cong A C A’ C' and
Cong B C B’ C’
shows A B C Cong3 A’ B' C’
(proof)

lemma cong-it-per2--it:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B" and
BCLtB' C'
shows A C Lt A’ C’

(proof )

lemma cong-le-per2--le:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B’ and
B C Le B' ¢’
shows A C Le A’ C'

(proof)

lemma [t2-per2--it:
assumes Per A B C and
Per A’ B’ C' and
A BLt A" B'and
B CLtB' C’
shows A C Lt A’ C’

(proof )

lemma le-lt-per2--it:
assumes Per A B C and
Per A’ B’ C' and
A B Le A’ B'and
BCLtB' C’
shows A C Lt A’ C’

(proof)

lemma le2-per2--le:
assumes Per A B C and
Per A’ B’ C' and
A B Le A’ B" and
B C Le B' ¢’
shows A C Le A’ C'

(proof )

lemma cong-lt-per2--it-1:
assumes Per A B C and
Per A’ B’ C' and
A B Lt A" B'and
Cong A C A" C'
shows B’ C' Lt B C
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{proof)

lemma symmetry-preserves-congas:
assumes A # B and C # B and
M Midpoint A A" and
M Midpoint B B’ and
M Midpoint C C’
shows A B C CongA A’ B’ C’
(proof)

lemma [11-57:
assumes A A’ OS B B’ and
Per BA A’ and
Per B' A" A and
A A0S C C'and
Per C A A’ and
Per C' A" A
shows B A C CongA B' A’ C’
(proof)

lemma cop3-orth-at--orth-at:
assumes - Col D E F and
Coplanar A B C D and
Coplanar A B C E and
Coplanar A B C F and
X OrthAt A BCUYV
shows X OrthAt DEF UV
(proof)

lemma col2-orth-at--orth-at:
assumes U # V and
Col P Q U and
Col P Q V and
X OrthAt A BCP Q
shows X OrthAt A BCUYV

(proof )

lemma col-orth-at--orth-at:
assumes U # W and
Col UV W and
X OrthAt ABCUYV
shows X OrthAt A BCUW
(proof)

lemma orth-at-symmetry:
assumes X OrthAt A BC UV
shows X OrthAt A BCV U

{proof)

lemma orth-at-distincts:
assumes X OrthAt A BCUYV
shows AABANB#*CANA##CANU#V
(proof )

lemma orth-at-chara:

X OrthAt A BC X P +—
(- ColABCANX# P A Coplanar A B C X AN (V D.(Coplanar A B C D — Per D X P)))
(proof)

lemma cop3-orth--orth:
assumes - Col D E F and
Coplanar A B C D and
Coplanar A B C E and
Coplanar A B C F and
ABCOrth UV
shows D EF Orth UV
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{proof)

lemma col2-orth--orth:
assumes U # V and
Col P @ U and
Col P @ V and
A B C Orth P Q
shows A B C Orth UV

{proof)

lemma col-orth--orth:
assumes U # W and
Col UV W and
ABCOrthUV
shows A B C Orth U W

(proof)

lemma orth-symmetry:
assumes A B C Orth UV
shows A B C Orth V U

{proof)

lemma orth-distincts:
assumes A B C Orth UV
shows ABANB#*CANA#%CANU#V

{proof)

lemma col-cop-orth--orth-at:
assumes A B C Orth U V and
Coplanar A B C X and
Col UV X
shows X OrthAt A BCUYV

(proof )

lemma [11-60-auz:
assumes - Col A B C and
Cong A P A @ and
Cong B P B () and
Cong C' P C @) and
Coplanar A B C D
shows Cong D P D Q

(proof )

lemma [11-60:
assumes — Col A B C and
Per A D P and
Per B D P and
Per C D P and
Coplanar A B C E
shows Per E D P

(proof)

lemma [11-60-bis:

assumes — Col A B C and
D # P and
Coplanar A B C D and
Per A D P and
Per B D P and
Per CD P

shows D OrthAt A BCDP

{proof)

lemma [11-61:
assumes A # A’ and

A # B and

A # C and
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Coplanar A A" B B’ and
Per BA A' and
Per B’ A’ A and
Coplanar A A’ C C’ and
Per C A A’ and
Per BAC

shows Per B’ A’ C’

(proof)

lemma [11-61-bis:
assumes D OrthAt A B C D P and
D E Perp F @@ and
Coplanar A B C E and
Coplanar D E P @Q
shows F OrthAt A BCFE Q

(proof )

lemma [11-62-unicity:
assumes Coplanar A B C D and
Coplanar A B C D’ and
V E. Coplanar A B C E — Per E D P and
YV E. Coplanar A B CE — Per ED' P
shows D = D’

{proof)

lemma [11-62-unicity-bis:
assumes X OrthAt A B C X U and
Y OrthAt A BCYU
shows X = Y

(proof )

lemma orth-at2--eq:
assumes X OrthAt A B C U V and
Y OrthAt A BCUYV
shows X = Y

(proof )

lemma col-cop-orth-at--eq:
assumes X OrthAt A B C U V and
Coplanar A B C Y and
ColUVY
shows X = Y

(proof )

lemma orth-at--ncopl:
assumes U # X and
X OrthAt ABCUYV
shows — Coplanar A B C U

(proof)

lemma orth-at--ncop2:
assumes V # X and
X OrthAt ABCUYV
shows — Coplanar A B CV

{proof)

lemma orth-at--ncop:
assumes X OrthAt A BCX P
shows — Coplanar A B C P

{proof)

lemma [11-62-existence:
3 D. (Coplanar A B C D A (Y E. (Coplanar A B C E — Per E D P)))

(proof)

lemma [11-62-existence-bis:
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assumes — Coplanar A B C P
shows 3 X. X OrthAt A BCX P

(proof )

lemma [11-63-auz:
assumes Coplanar A B C D and
D # FE and
E OrthAt ABCEP
shows 3 Q. (D EOSP QAN A BC Orth D Q)

(proof )

lemma [11-63-existence:
assumes Coplanar A B C D and
- Coplanar A B C P
shows 3 Q. A B C Orth D Q

(proof)

lemma [8-21-3:
assumes Coplanar A B C D and
- Coplanar A B C X
shows
3 PT.(ABCOrthDPA Coplanar A BC T AN Bet X T P)

(proof)

lemma mid2-orth-at2--cong:
assumes X OrthAt A B C' X P and
Y OrthAt A B C Y @ and
X Midpoint P P’ and
Y Midpoint Q Q'
shows Cong P Q P’ Q'
(proof)

lemma orth-at2-tsp--ts:
assumes P # () and
P OrthAt A B C P X and
Q OrthAt A BC QY and
ABCTSPXY
shows PQ TS X Y

(proof )

lemma orth-dec:
shows A BCOrth UV VvV -~ABCOrthUV

(proof)

lemma orth-at-dec:
shows X OrthAt ABCUV VYV —-XOrthAtA BCUYV

{proof)

lemma tsp-dec:
shows ABCTSPXYV-ABCTSPXY

(proof)

lemma osp-dec:
shows ABCOSPXYV-ABCOSPXY

{proof)

lemma ts2--inangle:
assumes A C TS B P and
BPTSAC
shows P InAngle A B C

{proof)

lemma os-ts--inangle:
assumes B P TS A C and
BAOSCP
shows P InAngle A B C
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(proof )

lemma o0s2--inangle:
assumes B A OS C' P and
BCOSAP
shows P InAngle A B C

{proof)

lemma acute-conga--acute:
assumes Acute A B C and
A BC CongA DEF
shows Acute D E F

(proof )

lemma acute-out2--acute:
assumes B Out A’ A and
B Out C' C and
Acute A B C
shows Acute A’ B C'

{proof)

lemma conga-obtuse--obtuse:
assumes Obtuse A B C' and
A BC CongADEF
shows Obtuse D E F

{proof)

lemma obtuse-out2--obtuse:
assumes B Out A’ A and
B Out C’ C and
Obtuse A B C
shows Obtuse A’ B C’

{proof)

lemma bet-lea--bet:
assumes Bet A B C and
ABCLeADEF
shows Bet D E F

(proof )

lemma out-lea--out:
assumes F Out D F and
ABCLeADEF
shows B Out A C

(proof )

lemma bet2-lta--lta:
assumes A B C LtA D E F and
Bet A B A’ and
A’ # B and
Bet D E D' and
D'+ E
shows D' EF LtA A’ B C
(proof)

lemma leal23/56-lta--lta:
assumes A B C LeA D E F and
DEFLIAGHI
shows A BCLtA G HI

(proof )

lemma lea/56789-1lta--lta:
assumes A B C LtA D E F and
DEFLeA GHI
shows A BCLtA G HI

(proof)
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lemma acute-per--lta:
assumes Acute A B C and
D # FE and
E # F and
Per DEF
shows A BCLtADEF

(proof)

lemma obtuse-per--ita:
assumes Obtuse A B C' and
D # FE and
E # F and
Per DEF
shows D EF LtA A B C

(proof )

lemma acute-obtuse--lta:
assumes Acute A B C and
Obtuse D E F
shows A BCLtADEF

(proof)

lemma lea-in-angle:
assumes A B P LeA A B C and
ABOSCP
shows P InAngle A B C

(proof )

lemma acute-bet--obtuse:
assumes Bet A B A’ and
A’ # B and
Acute A B C
shows Obtuse A’ B C

(proof)

lemma bet-obtuse--acute:
assumes Bet A B A’ and
A’ # B and
Obtuse A B C
shows Acute A’ B C

(proof )

lemma inangle-dec:
P InAngle A B C vV =~ P InAngle A B C

{proof)

lemma lea-dec:
ABCLEADEFYV-ABCLADEF

{proof)

lemma lta-dec:
ABCItADEFYV-ABCLIADEF

{proof)

lemma lea-total:
assumes A # B and
B # C and
D # FE and
E#F
shows A BCLeADEFYV DEFLeAABC
(proof )

lemma or-lta2-conga:
assumes A # B and
C # B and



D # FE and

F+#E

shows A BCLtADEFV DEFILIAABCYV ABCCongADEF
(proof)

lemma angle-partition:
assumes A # B and
B#C
shows Acute A B C V Per A B C V Obtuse A B C
(proof)

lemma acute-chara-1:
assumes Bet A B A’ and
B # A’ and
Acute A B C
shows A B C LtA A’ B C

(proof)

lemma acute-chara-2:
assumes Bet A B A’ and

ABCLtA A’ BC

shows Acute A B C

{proof)

lemma acute-chara:
assumes Bet A B A’ and
B # A’
shows Acute A BC «+— A BCLtA A’ BC
(proof )

lemma obtuse-chara:
assumes Bet A B A’ and
B # A’
shows Obtuse A BC +— A'BCLtA A B C
(proof )

lemma conga--acute:
assumes A B C CongA A C B
shows Acute A B C

{proof)

lemma cong--acute:
assumes A # B and
B # C and
Cong ABAC
shows Acute A B C

{proof)

lemma nlta--lea:

assumes - A B C LtA D E F and
A # B and
B # C and
D # FE and
E#F

shows D EF LeA A B C

(proof )

lemma nlea--lta:

assumes - A B C LeA D E F and
A # B and
B # C and
D # FE and
E#F

shows D EF LtA A B C

(proof )
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lemma triangle-strict-inequality:
assumes Bet A B D and
Cong B C B D and
- Bet A BC
shows A C Lt A D

(proof)

lemma triangle-inequality:
assumes Bet A B D and
Cong B C B D
shows A C Le A D

(proof )

lemma triangle-strict-inequality-2:
assumes Bet A’ B’ C' and
Cong A B A’ B’ and
Cong B C B' C' and
- Bet A BC
shows A C Lt A’ C’

(proof)

lemma triangle-inequality-2:
assumes Bet A’ B’ C' and
Cong A B A’ B" and
Cong B C B’ C’
shows A C Le A’ C'
(proof)

lemma triangle-strict-reverse-inequality:
assumes A Out B D and
Cong A C A D and
- A Out BC
shows BD Lt B C

(proof )

lemma triangle-reverse-inequality:
assumes A Out B D and
Cong A CAD
shows B D Le B C

(proof )

lemma 0s3--lta:
assumes A B OS C D and
B C OS A D and
ACOSBD
shows BA CLtA BD C

(proof )

lemma bet-le--lt:
assumes Bet A D B and
A # D and
D # B and
ACLeBC
shows D C Lt B C
(proof)

lemma cong2--ncol:
assumes A # B and
B # C and
A # C and
Cong A P B P and
Cong A PCP
shows — Col A B C
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(proof )

lemma cong4-cop2--eq:
assumes A # B and
B # C and
A # C and
Cong A P B P and
Cong A P C P and
Coplanar A B C P and
Cong A @Q B @ and
Cong A @ C @ and
Coplanar A B C Q
shows P = @

(proof)

lemma t18-18-auz:

assumes Cong A B D F and
Cong A C D F and
FDELtA CA B and
- Col A B C and
- Col D E F and
DFLeDE

shows F F Lt B C

(proof )

lemma t18-18:
assumes Cong A B D E and
Cong A C D F and
FDELACARB
shows F F Lt B C

(proof )

lemma t18-19:
assumes A # B and
A # C and
Cong A B D FE and
Cong A C D F and
EFLtBC
shows F D ELtA CA B

(proof )

lemma acute-trivial:
assumes A # B
shows Acute A B A

{proof)

lemma acute-not-per:
assumes Acute A B C
shows — Per A B C

(proof )

lemma angle-bisector:
assumes A # B and
C#B
shows 3 P. (P InAngle A BC AN P B A CongA P B C)
(proof)

lemma reflectl--conga:
assumes A # B and
B # P and
P P’ ReflectL A B
shows A B P CongA A B P’

(proof )

lemma conga-cop-out-reflectl--out:
assumes - B Out A C and
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Coplanar A B C' P and
P B A CongA P B C and
B Out A T and
T T' ReflectL B P

shows B Out C T’

(proof)

lemma col-conga-cop-reflectl--col:
assumes - B Out A C and
Coplanar A B C' P and
P B A CongA P B C and
Col BA T and
T T' ReflectL B P
shows Col B C T'

(proof )

lemma conga2-cop2--col:
assumes - B Out A C and
P B A CongA P B C and
P’ B A CongA P' B C and
Coplanar A B P P' and
Coplanar B C P P’
shows Col B P P’

(proof )

lemma conga2-cop2--col-1:
assumes - Col A B C and
P B A CongA P B C and
P’ B A CongA P’ B C and
Coplanar A B C P and
Coplanar A B C P’
shows Col B P P’

(proof )

lemma col-conga--conga:
assumes P B A CongA P B C and
Col B P P’ and
B # P’
shows P’ B A CongA P' B C
(proof)

lemma cop-inangle--ex-col-inangle:
assumes - B Out A C and
P InAngle A B C' and
Coplanar A B C Q
shows 3 R. (R InAngle A B C NP # RA Col PQR)

(proof )

lemma col-inangle2--out:
assumes — Bet A B C and
P InAngle A B C and
Q InAngle A B C and
Col BP Q
shows B Out P Q

(proof )

lemma inangle2--lea:
assumes P InAngle A B C and
Q InAngle A B C
shows PB Q LeA A B C

(proof )

lemma conga-inangle-per--acute:
assumes Per A B C' and
P InAngle A B C and
P B A CongA PBC
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shows Acute A B P
(proof )

lemma conga-inangle2-per--acute:
assumes Per A B C' and
P InAngle A B C and
P B A CongA P B C and
Q InAngle A B C
shows Acute P B @)

(proof)
lemma lta-os--ts:
assumes
A O1 PLtA A O1 B and
O1A0OSBP
shows O1 P TS A B
(proof)

lemma bet--suppa:
assumes A # B and
B # C and
B # A’ and
Bet A B A’
shows A B C SuppA C B A’

(proof )

lemma ex-suppa:
assumes A # B and
B#C
shows3 DEF. ABC SuppA DEF
(proof)

lemma suppa-distincts:
assumes A B C SuppA D E F
shows A#BAB#CAD#ENE#F

(proof)

lemma suppa-right-comm:
assumes A B C SuppA D E F
shows A B C SuppA F E D

(proof)

lemma suppa-left-comm:
assumes A B C SuppA D E F
shows C B A SuppA D E F

(proof )

lemma suppa-comm:
assumes A B C SuppA D E F
shows C B A SuppA F E D

(proof)

lemma suppa-sym:
assumes A B C SuppA D E F
shows D FE F SuppA A B C

(proof )

lemma conga2-suppa--suppa:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
A B C SuppA D EF
shows A’ B’ C' SuppA D' E' F’
(proof)

lemma suppa2--conga456:
assumes A B C SuppA D E F and
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A B C SuppA D' E' F’
shows D E F CongA D' E' F’'
(proof )

lemma suppa2--congal23:
assumes A B C SuppA D E F and
A" B' C' SuppA D EF
shows A B C CongA A’ B’ C’
(proof)

lemma bet-out--suppa:
assumes A # B and
B # C and
Bet A B C' and
EOutDF
shows A B C SuppA D E F

(proof)

lemma bet-suppa--out:
assumes Bet A B C' and
A B C SuppA D EF
shows F Out D F

(proof)

lemma out-suppa--bet:
assumes B Out A C and
A B C SuppA D EF
shows Bet D E F

(proof)

lemma per-suppa--per:
assumes Per A B C' and
A B C SuppA D EF
shows Per D E F

(proof)

lemma per2--suppa:
assumes A # B and
B # C and
D # FE and
E # F and
Per A B C and
Per DEF
shows A B C SuppA D E F

(proof )

lemma suppa--per:
assumes A B C SuppA A B C
shows Per A B C

(proof )

lemma acute-suppa--obtuse:
assumes Acute A B C and
A B C SuppA D EF
shows Obtuse D E F

(proof )

lemma obtuse-suppa--acute:
assumes Obtuse A B C' and
A BC SuppA DEF
shows Acute D E F

(proof )

lemma lea-suppa2--lea:
assumes A B C SuppA A’ B’ C' and
D E F SuppA D' E' F’
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ABCLeADEF
shows D' E' F' LeA A’ B’ C'
(proof)

lemma lta-suppa2--lta:
assumes A B C SuppA A’ B' C’
and D E F SuppA D' E' F’'
and A BCLtADEF
shows D' E' F' LtA A’ B’ C’
(proof)

lemma suppa-dec:
ABCSuppA DEFYV—-ABCSuppADEF

{proof)

lemma acute-one-side-auz:
assumes C A OS P B and
Acute A C P and
C A Perp BC
shows C B OS A P

(proof )

lemma acute-one-side-auz0:
assumes Col A C P and
Acute A C P and
C A Perp B C
shows C B OS A P
(proof)

lemma acute-cop-perp--one-side:
assumes Acute A C' P and
C A Perp B C and
Coplanar A B C P
shows C B OS A P

(proof)

lemma acute--not-obtuse:
assumes Acute A B C
shows — Obtuse A B C

{proof)

lemma suma-distincts:
assumes A BCD E F SumA G HI
shows A BANB#CAND#EANE#FANG#HANH#I

(proof )

lemma trisuma-distincts:
assumes A B C TriSumA D E F
shows AA#BANB#CANA#CAND#*ENE#F

(proof )

lemma ez-suma:
assumes A # B and
B # C and
D # E and
E#F
showsd GHI.ABCDUEFSumA GHI
(proof)

lemma suma2--conga:
assumes A BC D E F SumA G H I and
ABCDEFSumA G H'I'
shows G H I CongA G' H' I’
(proof)

lemma suma-sym:
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assumes A BCD E F SumA G HI
shows DEFA B C SumA G HI

(proof )

lemma conga3-suma--suma:
assumes A B C D E F SumA G H I and
A B C CongA A’ B' C' and
D E F CongA D' E' F' and
G HICongA G'"H'I'
shows A’ B’ C' D' E' F' SumA G' H' I’
(proof)

lemma out6-suma--suma:

assumes A BC D E F SumA G H I and
B Out A A" and
B Out C C' and
E Out D D’ and
E Out F F' and
H Out G G' and
HOutlIlI'

shows A’ BC' D' EF' SumA G' HI'

(proof )

lemma out546-suma--conga:
assumes A BC D E F SumA G H I and
E Out D F
shows A B C CongA G H I

(proof )

lemma out546--suma:
assumes A # B and
B # C and
E Out D F
shows A BC D E F SumA A B C

(proof)

lemma out213-suma--conga:
assumes A BC D E F SumA G H I and
B Out A C
shows D F F CongA G H 1

(proof)

lemma out213--suma:
assumes D # E and
E # F and
B Out A C
shows A BCDFEF SymADEF

{proof)

lemma suma-left-comm:
assumes A BC D E F SumA G H1I
shows CBADFEF SumA GHI

(proof )

lemma suma-middle-comm:
assumes A BCD E F SumA G HI
shows A BCFED SumA G HI

{proof)

lemma suma-right-comm:
assumes A BC D EF SumA G H I
shows A BCDEF SumA I HG

(proof )

lemma suma-comm:
assumes A BCD E F SumA G HI
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shows CBAFED SumAIHG
(proof )

lemma ts--suma:
assumes A B TS C D
shows C BA A BD SumA CBD

(proof )

lemma ts--suma-1:
assumes A B TS C D
shows C A BBADSumA CAD

{proof)

lemma inangle--suma:
assumes P InAngle A B C
shows A BP P B C SumA A B C

(proof)

lemma bet--suma:
assumes A # B and
B # C and
P # Band Bet A BC
shows A BPP B C SumA A B C

(proof )

lemma sams-chara:
assumes A # B and
A’ # B and
Bet A B A’
shows SAMS A BCDEF <+ DEFLeA CBA'

(proof )

lemma sams-distincts:

assumes SAMS A BCDUEF

shows A#BAB#CAD#ENE#F
(proof)

lemma sams-sym:
assumes SAMS A BCDEF
shows SAMS D EF A BC

(proof)

lemma sams-right-comm:
assumes SAMS A BCDEF
shows SAMS A BCFED

(proof )

lemma sams-left-comm:
assumes SAMS A BCDEF
shows SAMS C BADEF

(proof )

lemma sams-comm:
assumes SAMS A BCDEF
shows SAMS C BAFED

{proof)

lemma conga2-sams--sams:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
SAMSABCDEF
shows SAMS A" B' C' D' E' F'
(proof)

lemma out5/6--sams:
assumes A # B and
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B # C and
E Out D F
shows SAMS A BCDEF

(proof )

lemma out213--sams:
assumes D # E and
E # F and
B Out A C
shows SAMS A BCDEF

{proof)

lemma bet-suma--sams:
assumes A BC D E F SumA G H I and
Bet G H1I
shows SAMS A BCDEF

(proof)

lemma bet--sams:
assumes A # B and
B # C and
P # B and
Bet A B C
shows SAMS A BPPBC(C

{proof)

lemma suppa--sams:
assumes A B C SuppA D E F
shows SAMS A BCDEF

(proof )

lemma os-ts--sams:
assumes B P TS A C and
ABOSPC
shows SAMS A BPPBC(C

(proof )

lemma 0s2--sams:
assumes A B OS P C and
CBOSPA
shows SAMS A BPPBC

(proof)

lemma inangle--sams:
assumes P InAngle A B C
shows SAMS A BPPBC

(proof )

lemma sams-suma--lea123789:
assumes A BCD E F SumA G HI and
SAMS A BCDEF
shows A B C LeA G HI

(proof )

lemma sams-suma--lea456789:
assumes A BC D E F SumA G H I and
SAMSABCDEF
shows DE F LeA G H I

(proof )

lemma sams-lea2--sams:
assumes SAMS A’ B’ C' D' E' F' and
A B CLeA A’ B’ C' and
DEFLeA D E'F'
shows SAMS A BCDEF
(proof)
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lemma sams-lea456-suma2--lea:
assumes D E F LeA D' E' F’' and
SAMS A BC D' E'F' and
ABCDEFSumA G HI and
ABCD'E'F'SumA G'H'I’
shows G HI LeA G' H' I’
(proof)

lemma sams-leal23-suma2--lea:
assumes A B C LeA A’ B’ C’ and
SAMS A’ B C' D E F and
ABCDEF SumA G HI and
A'"B"C'DEF SumA G' ' H' I’
shows G HI LeA G' H' I’
(proof)

lemma sams-lea2-suma2--lea:
assumes A B C LeA A’ B’ C' and
DEFLeA D' E'F' and
SAMS A’ B' C' D' E' F' and
ABCDEF SumA G HI and
A'"B'"C'D'E'F' SumA G' H' I’
shows G HI LeA G' H' I’
(proof)

lemma sams2-suma?2--conga456:
assumes SAMS A B C D E F and
SAMS A B C D' E’' F' and
ABCDEFSumA G HI and
ABCD'E'"F'"SumA GHI
shows D E F CongA D' E' F’'

(proof )

lemma sams2-suma2--congal23:
assumes SAMS A B C D E F and
SAMS A’ B’ C' D E F and
ABCDEFSumA G HI and
A'"B'"C'DEF SumA G HI
shows A B C CongA A’ B’ C’
(proof)

lemma suma-assoc-1:

assumes SAMS A B CD E F and
SAMS DEF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F' and
A'B'C'"GHISumAKLM

shows A BCD' E'F' SumA KL M

(proof)

lemma suma-assoc-2:

assumes SAMS A B C D E F and
SAMS D EF G H I and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F' and
ABCD' E'"F' SumA KL M

shows A’ B C' G HI SumA KL M

(proof )

lemma suma-assoc:
assumes SAMS A B C D E F and
SAMS D E F G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E'F’
shows
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A'B'"C'GHISumAKLM+—+ ABCD' E'"F' SumAKLM
{proof)

lemma sams-assoc-1:

assumes SAMS A B C D E F and
SAMS DEF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F'and
SAMS A’ B' C' GHI

shows SAMS A BCD'E'F'

(proof)

lemma sams-assoc-2:
assumes SAMS A B C D E F and
SAMS D EF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F'and
SAMS A BCD'E'F'
shows SAMS A'B' C' GHI
(proof)

lemma sams-assoc:
assumes SAMS A B C D E F and
SAMS D EF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E'F’
shows (SAMS A’ B" C' G HI) +— (SAMS A BC D' E' F'
(proof)

lemma sams-nos--nts:
assumes SAMS A B C C B J and
- BCOSAJ
shows -~ A BTSCJ
(proof )

lemma conga-sams-nos--nts:
assumes SAMS A B C D E F and
C B J CongA D E F and
-~ BCOSAJ
shows -~ A BTS CJ
(proof)

lemma sams-lea2-suma2--conga123:
assumes A B C LeA A’ B’ C' and
DEF LeA D' E' F' and
SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'B'"C'D'E'"F' SumA G HI
shows A B C CongA A’ B’ C’
(proof )

lemma sams-lea2-suma2--conga456':
assumes A B C LeA A’ B’ C' and
DEF LeA D' E' F' and
SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'"B'"C'"D'"E'"F' SumA G HI
shows D E F CongA D' E' F'
(proof )

lemma sams-suma--out213:
assumes A BC D E F SumA D E F and
SAMS A BCDEF
shows B Out A C

(proof )
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lemma sams-suma--out546:
assumes A BC D E F SumA A B C and
SAMSABCDEF
shows F Out D F

(proof)

lemma sams-lea-ltal23-suma2--lta:
assumes A B C LtA A’ B’ C' and
D EF LeA D' E' F' and
SAMS A" B' C' D' E' F' and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’
shows G HILtA G'H'I'
(proof )

lemma sams-lea-lta456-suma2--lta:

assumes A B C LeA A’ B’ C’ and
DEFLtA D E'F'and
SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'"B'"C'D'E'"F' SumA G' H' I’

shows G HILtA G' H' I’

(proof)

lemma sams-lta2-suma2--lta:

assumes A B C LtA A’ B’ C’ and
D EF LtA D' E' F' and
SAMS A" B' C' D' E' F' and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’

shows G HILtA G' H'I'

{proof)

lemma sams-lea2-suma2--leal23:
assumes D' E' F' LeA D E F and
GHILeA G'H'I'and
SAMS A B CD E F and
ABCDEFSumA G HI and
A'"B'"C'D'E'"F’' SumA G' H' I’
shows A B C LeA A’ B’ C'
(proof)

lemma sams-lea2-suma2--lea56:
assumes A’ B’ C' LeA A B C and
GHILeA G'H'I'and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'"B'"C'D'E'F' SumA G'H' I’
shows D E F LeA D' E' F’
(proof )

lemma sams-lea-lta456-suma2--lta123:
assumes D' E' F' LtA D E F and
GHILeA G' H' I' and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'"B'"C'"D'E'"F' SumA G'H' I’
shows A B C LtA A’ B' C’
(proof )

lemma sams-lea-lta123-suma2--lta56:
assumes A’ B’ ¢’ LtA A B C and
GHILeA G'H' I' and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'"B'"C'"D'E'"F' SumA G'H' I’
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shows D E F LtA D' E' F'
(proof )

lemma sams-lea-lta789-suma2--ltal23:

assumes D' E' F' LeA D E F and
GHILtA G'H' I’ and
SAMS A BCDEFEF and
ABCDEFSumA G HI and
A'"B'C'D'E'F' SumA G' H' I’
shows A B C LtA A’ B’ C'
(proof)

lemma sams-lea-lta789-suma2--lta456:

assumes A’ B’ C' LeA A B C and
GHILtA G'H' I’ and
SAMS A BCDFEF and
ABCDEFSumA G HI and
A'"B'C'D'E'F' SumA G' H' I’

shows D E F LtA D' E' F'

(proof)

lemma sams-lta2-suma2--lta123:
assumes D' E' F' [tA D E F and
GHILA G'H' I' and
SAMS A BCD E F and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’
shows A B C LtA A’ B’ C'
(proof)

lemma sams-lta2-suma2--lta456':
assumes A’ B’ ¢’ LtA A B C and
GHILtA G'H' I’ and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'B'"C'D'E'"F' SumA G' H' I’
shows D EF LtA D' E' F’'
(proof)

lemma sams123251:
assumes A # B and
A # C and
B#C
shows SAMS A BCBCA
(proof)

lemma col-suma--col:
assumes Col D E F and
ABCBCASumADEF
shows Col A B C

(proof )

lemma ncol-suma--ncol:
assumes — Col A B C and
ABCBCASumADEF
shows = Col D E F

{proof)

lemma per2-suma--bet:
assumes Per A B C and
Per D E F and
ABCDEFSumA GHI
shows Bet G H 1

(proof)

lemma bet-per2--suma:

125



assumes A # B and

B # C and

D # FE and

E # F and

G # H and

H # I and

Per A B C and

Per D E F and

Bet GHI
shows A BCDEF SumA GHI

(proof)

lemma per2--sams:

assumes A # B and
B # C and
D # FE and
E # F and
Per A B C and
Per DEF

shows SAMS A BCDEF

(proof )

lemma bet-per-suma--per456:
assumes Per A B C and
Bet G H I and
ABCDEFSumA GHI
shows Per D E F

(proof )

lemma bet-per-suma--per123:
assumes Per D F F and
Bet G H I and
ABCDEFSumA GHI
shows Per A B C

{proof)

lemma bet-suma--per:
assumes Bet D F F and
ABCABCSumADEF
shows Per A B C

(proof)

lemma acute--sams:
assumes Acute A B C
shows SAMS A BCABC

(proof )

lemma acute-suma--nbet:
assumes Acute A B C and
ABCABCSumADEF
shows — Bet D E F

(proof )

lemma acute2--sams:
assumes Acute A B C and
Acute D E F
shows SAMS A BCDEF

{proof)

lemma acute2-suma--nbet-a:
assumes Acute A B C and
DEFLeA A B C and
ABCDEFSumA G HI
shows — Bet G H I

(proof )
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lemma acute2-suma--nbet:
assumes Acute A B C' and
Acute D E F and
ABCDEFSumA GHI
shows — Bet G H I

(proof)

lemma acute-per--sams:
assumes A # B and
B # C and
Per A B C and
Acute D E F
shows SAMS A BCDEF

(proof)

lemma acute-per-suma--nbet:
assumes A # B and
B # C and
Per A B C and
Acute D E F and
ABCDEFSumA GHI
shows — Bet G H I

(proof)

lemma obtuse--nsams:
assumes Obtuse A B C
shows - SAMS A BCABC

(proof )

lemma nbet-sams-suma--acute:
assumes — Bet D F F and
SAMS A B C A B C and
ABCABCSumADEF
shows Acute A B C

(proof)

lemma nsams--obtuse:
assumes A # B and
B # C and
- SAMS A BCABC
shows Obtuse A B C

(proof )

lemma sams2-suma2--conga:
assumes SAMS A B C A B C and
ABCABCSumA D FE F and
SAMS A’ B’ C' A’ B’ C' and
A'B'"C'"A'B'"C'"SumADEF
shows A B C CongA A’ B’ C’
(proof )

lemma acute2-suma2--conga:
assumes Acute A B C and
ABCABCSumADEF and
Acute A’ B’ C' and
A'B'"C'"A'B'"C' SumADEF
shows A B C CongA A’ B' C’
(proof)

lemma bet2-suma--out:
assumes Bet A B C and
Bet D E F and
ABCDEFSumA G HI
shows H Out G I

(proof )
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lemma col2-suma--col:
assumes Col A B C and
Col D E F and
ABCDEFSumA GHI
shows Col G H 1

(proof)

lemma suma-suppa--bet:
assumes A B C SuppA D E F and
ABCDEFSumA GHI
shows Bet G H I

(proof )

lemma bet-suppa--sumas:
assumes G # H and
H # I and
A B C SuppA D E F and
Bet GHI
shows A BCDEF SumA G HI

(proof)

lemma bet-suma--suppa:
assumes A BC D E F SumA G H I and
Bet GHI
shows A B C SuppA D E F

(proof)

lemma bet2-suma--suma:
assumes A’ # B and
D' # E and
Bet A B A’ and
Bet D E D' and
ABCDEFSumA GHI
shows A’ BC D' EF SumA G H I

(proof)

lemma suma-suppa2--suma:
assumes A B C SuppA A’ B’ C' and
D E F SuppA D' E' F' and
ABCDEFSumA GHI
shows A’ B’ C' D' E' F' SumA G H 1
(proof)

lemma suma2-obtuse2--conga:
assumes Obtuse A B C and
ABCABCSumA D E F and
Obtuse A’ B’ C' and
A'B'"C'"A'B'"C'"SumADEF
shows A B C CongA A’ B’ C’
(proof )

lemma bet-suma2--or-conga:
assumes A0 # B and
Bet A B A0 and
ABCABCSumA D FE F and
A'B'"C'"A'B'"C' SumADEF
shows A B C CongA A" B' C'V A0 B C CongA A’ B’ C'
(proof)

lemma suma2--or-conga-suppa:
assumes A B C A B C SumA D E F and
A'"B'"C'"A'"B'"C'"SumA DEF
shows A B C CongA A’ B' C'V A B C SuppA A’ B' C'
(proof)

lemma ez-trisuma:
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assumes A # B and
B # C and
A#C
shows3d DEF. A BC TriSumA D EF
(proof)

lemma trisuma-perm-231:
assumes A B C TriSumA D E F
shows B C A TriSumA D E F

(proof )

lemma trisuma-perm-312:
assumes A B C TriSumA D E F
shows C A B TriSumA D E F

{proof)

lemma trisuma-perm-321:
assumes A B C TriSumA D E F
shows C B A TriSumA D E F

(proof)

lemma trisuma-perm-213:
assumes A B C TriSumA D E F
shows B A C TriSumA D E F

{proof)

lemma trisuma-perm-132:
assumes A B C TriSumA D E F
shows A C B TriSumA D E F

{proof)

lemma conga-trisuma--trisuma:
assumes A B C TriSumA D E F and
D EF CongA D' E' F’
shows A B C TriSumA D' E' F’
(proof)

lemma trisuma2--conga:
assumes A B C TriSumA D E F and
A B C TriSumA D' E' F’
shows D E F CongA D' E' F’'

(proof )

lemma conga3-trisuma--trisumas:
assumes A B C TriSumA D E F and
A B C CongA A’ B' C’ and
B C A CongA B’ C' A and
C A B CongA C' A" B’
shows A’ B’ C' TriSumA D E F
(proof )

lemma col-trisuma--bet:
assumes Col A B C and
A B C TriSumA P Q R
shows Bet P Q R

(proof )

lemma suma-dec:
ABCDEFSumAGHINV-~ABCDEFSumA GHI

{proof)

lemma sams-dec:
SAMSABCDEFV —-~SAMSABCDEF

{proof)

lemma trisuma-dec:
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ABCTriSymA P QRYV —ABC TriSymA P QR
(proof)

lemma acute-not-bet:
assumes Acute A B C
shows - Bet A B C

{proof)

lemma upper-dim-3-stab:
assumes — - upper-dim-3-axiom
shows upper-dim-3-axiom
(proof)

lemma median-planes-implies-upper-dim:
assumes median-planes-axiom
shows upper-dim-3-aziom

(proof)

lemma median-planes-aux:
assumesV A BCPQM.P# QAN CongAPAQANCong BPBQA
Cong C P C Q@ N M Midpoint P Q — Coplanar M A B C
shows median-planes-axiom

(proof)

lemma orthonormal-family-auz-1:

assumes orthonormal-family-azxiom

showsVY ABXP Q. - ColP QX ANPerAXPANPerAXQANPerBXPANPerBX@Q — ColABX
(proof)

lemma orthonormal-family-auz-2:
assumesV A BXP Q.- ColP QX NPerAXPANPerAXQA
Per BXPAPerBXQ@ — ColABX
shows orthonormal-family-axiom

(proof )

lemma orthonormal-family-aux:
shows orthonormal-family-axiom +—
(VABXPQ - ColPQXANPerAXPANPerAXQANPerBXPAPerBXQ@— ColABX)

{proof)

lemma upper-dim-implies-orthonormal-family-axiom:
assumes upper-dim-3-axiom
shows orthonormal-family-azxiom

(proof)

lemma orthonormal-family-aziom-implies-orth-at2--col:

assumes orthonormal-family-azxiom

showsVY A BCPQX. X OrthAt A BCXPANXOrthAt ABCX Q@ — ColP QX
(proof)

lemma orthonormal-family-axiom-implies-not-two-sides-one-side:
assumes orthonormal-family-azxiom
showsVY A BC X Y. - Coplanar A B C X AN = Coplanar A BC Y A
- ABCTSPXY —ABCOSPXY
(proof)

lemma orthonormal-family-aziom-implies-space-separation:
assumes orthonormal-family-azxiom
shows space-separation-axiom

(proof )

lemma space-separation-implies-plane-intersection:
assumes space-separation-ariom
shows plane-intersection-axiom

(proof )
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lemma plane-intersection-implies-space-separation:
assumes plane-intersection-axiom
shows space-separation-axiom

(proof )

lemma space-separation-implies-median-planes:
assumes space-separation-ariom
shows median-planes-axiom

(proof )

theorem upper-dim-3-equivalent-axioms:
shows (upper-dim-3-aziom «— orthonormal-family-aziom) A
(orthonormal-family-aziom <— space-separation-aziom) A
(space-separation-aziom <+— plane-intersection-aziom) A
(plane-intersection-aziom <— median-planes-axiom)
(proof)

lemma par-reflexivity:
assumes A # B
shows A B Par A B

{proof)

lemma par-strict-irreflexivity:
- A B ParStrict A B
(proof)

lemma not-par-strict-id:
= A B ParStrict A C

{proof)

lemma par-id:
assumes A B Par A C
shows Col A B C

{proof)

lemma par-strict-not-col-1:
assumes A B ParStrict C D
shows - Col A B C

{proof)

lemma par-strict-not-col-2:
assumes A B ParStrict C D
shows - Col B C D

(proof)

lemma par-strict-not-col-3:
assumes A B ParStrict C D
shows - Col CD A

(proof)

lemma par-strict-not-col-4 :
assumes A B ParStrict C D
shows - Col A B D

{proof)

lemma par-id-1:
assumes A B Par A C
shows Col B A C

(proof)
lemma par-id-2:

assumes A B Par A C
shows Col B C A

{proof)

lemma par-id-3:
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assumes A B Par A C
shows Col A C B

{proof)

lemma par-id-4:
assumes A B Par A C
shows Col C B A

{proof)

lemma par-id-5:
assumes A B Par A C
shows Col C A B

{proof)

lemma par-strict-symmetry:
assumes A B ParStrict C D
shows C D ParStrict A B

{proof)

lemma par-symmetry:
assumes A B Par C D
shows C D Par A B

(proof)

lemma par-left-comm:
assumes A B Par C D
shows B A Par C D

(proof)

lemma par-right-comm:
assumes A B Par C D
shows A B Par D C

{proof)

lemma par-comm:
assumes A B Par C D
shows B A Par D C

(proof)

lemma par-strict-left-comm:
assumes A B ParStrict C D
shows B A ParStrict C D

(proof)

lemma par-strict-right-comm:
assumes A B ParStrict C D
shows A B ParStrict D C

{proof)

lemma par-strict-comm:
assumes A B ParStrict C D
shows B A ParStrict D C

{proof)

lemma par-strict-neql:
assumes A B ParStrict C D
shows A # B

{proof)

lemma par-strict-neq2:
assumes A B ParStrict C D
shows C # D

{proof)

lemma par-neqi:
assumes A B Par C D
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shows A # B
(proof)

lemma par-neq2:
assumes A B Par C D
shows C # D

{proof)

lemma Par-cases:

assumes A B Par CDV BA Par CDV A B Par D CV BA Par D CV
CDParABY CD Par BANV D CParABV D C Par B A

shows A B Par C D

{proof)

lemma Par-perm:

assumes A B Par C D

shows A B Par C D AN BA Par CDNABParD CANBA ParD C A
CDParABANCDUParBANDCParABANDCParBA

(proof)

lemma Par-strict-cases:
assumes A B ParStrict C DV B A ParStrict C DV A B ParStrict D C V
B A ParStrict D C v C D ParStrict A BV C D ParStrict B AV
D C ParStricc A BV D C ParStrict B A
shows A B ParStrict C D

{proof)

lemma Par-strict-perm:
assumes A B ParStrict C D
shows A B ParStrict C D N B A ParStrict C D N A B ParStrict D C A
B A ParStrict D C N C D ParStrict A B N C D ParStrict B A A
D C ParStrict A B AN D C ParStrict B A

{proof)

lemma [12-6:
assumes A B ParStrict C D
shows A B OS C D

(proof)

lemma pars--0s3412:
assumes A B ParStrict C D
shows C D OS A B

(proof)

lemma perp-dec:
A BPerpCDV - ABPerpCD

{proof)

lemma col-cop2-perp2--col:
assumes X1 X2 Perp A B and
Y1 Y2 Perp A B and
Col X1 Y1 Y2 and
Coplanar A B X2 Y1 and
Coplanar A B X2 Y2
shows Col X2 Y1 Y2

(proof )

lemma col-perp2-ncol-col:
assumes X1 X2 Perp A B and
Y1 Y2 Perp A B and
Col X1 Y1 Y2 and
- Col X1 A B
shows Col X2 Y1 Y2

(proof )

lemma [12-9:
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assumes
Coplanar C1 C2 A1 Bl and
Coplanar C1 C2 A1 B2 and
Coplanar C1 C2 A2 B1 and
Coplanar C1 C2 A2 B2 and
A1 A2 Perp C1 C2 and
B1 B2 Perp C1 C2

shows A1 A2 Par B1 B2

(proof )

lemma parallel-existence:
assumes A # B
shows 3 CD. C# DANABPar CDA Col PCD

(proof)

lemma par-col-par:
assumes C' # D’ and
A B Par C D and
Col C D D’
shows A B Par C D'

(proof )

lemma parallel-existencel:
assumes A # B
shows 3 Q. A B Par P Q

(proof)

lemma par-not-col:
assumes A B ParStrict C D and
Col X A B
shows — Col X C D

{proof)

lemma not-strict-pari:
assumes A B Par C D and
Col A B X and
ColCD X
shows Col A B C

(proof )

lemma not-strict-par2:
assumes A B Par C D and
Col A B X and
ColCDX
shows Col A B D

{proof)

lemma not-strict-par:
assumes A B Par C D and
Col A B X and
Col CD X
shows Col A BC N Col A BD

{proof)

lemma not-par-not-col:
assumes A # B and
A # C and
- A B Par AC
shows - Col A B C

{proof)

lemma not-par-inter-uniqueness:
assumes A # B and
C # D and
- A B Par C D and
Col A B X and
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Col C D X and

Col A B'Y and

ColCDY
shows X = Y

(proof)

lemma inter-uniqueness-not-par:

assumes - Col A B C and
Col A B P and
Col C D P

shows - A B Par C D

{proof)

lemma col-not-col-not-par:

assumes 3 P. Col A BP A Col C D P and
3 Q. ColCDQN-ColABQ

shows — A B Par C D
(proof )

lemma par-distincts:
assumes A B Par C D

shows A BPar CDNA# BANC#D

{proof)

lemma par-not-col-strict:
assumes A B Par C D and
Col C D P and
- Col ABP
shows A B ParStrict C D

{proof)

lemma col-cop-perp2--pars:
assumes - Col A B P and
Col C D P and
Coplanar A B C' D and
A B Perp P @@ and
CD Perp PQ
shows A B ParStrict C D

(proof )

lemma all-one-side-par-strict:
assumes C # D and

VP CdlCDP—ABOSCP

shows A B ParStrict C D
(proof )

lemma par-col-par-2:
assumes A # P and
Col A B P and
A B Par C D
shows A P Par C D

(proof)

lemma par-col2-par:
assumes F # F and
A B Par C D and
Col C D E and
Col CDF
shows A B Par E F

{proof)

lemma par-col2-par-bis:
assumes F # F and
A B Par C D and
Col E F C and
Col EF D
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shows A B Par E F
(proof )

lemma par-strict-col-par-strict:
assumes C # F and
A B ParStrict C D and
Col CDE
shows A B ParStrict C E

(proof )

lemma par-strict-col2-par-strict:
assumes F # F and
A B ParStrict C D and
Col C D F and
ColCDF
shows A B ParStrict E F

(proof)

lemma [line-dec:
(Col C1 B1 B2 AN Col C2 B1 B2) vV = (Col C1 B1 B2 A Col C2 B1 B2)
(proof )

lemma par-distinct:
assumes A B Par C D
shows A # BN C # D

{proof)

lemma par-col4--par:

assumes F # F and
G # H and
A B Par C D and
Col A B E and
Col A B F and
Col C D G and
Col CDH

shows F F Par G H

(proof )

lemma par-strict-col4--par-strict:
assumes F # F and
G # H and
A B ParStrict C D and
Col A B E and
Col A B F and
Col C D G and
Col CDH
shows F F ParStrict G H

(proof )

lemma par-strict-one-side:
assumes A B ParStrict C D and
Col C D P
shows A B OS C P

(proof )

lemma par-strict-all-one-side:
assumes A B ParStrict C D
showsV P. ColCDP — ABOSCP

{proof)

lemma inter-trivial:
assumes = Col A B X
shows X Inter A X B X

{proof)

lemma inter-sym:
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assumes X Inter A B C D
shows X Inter C D A B

(proof )

lemma inter-left-comm:
assumes X Inter A B C D
shows X Inter BA C D

{proof)

lemma inter-right-comm:
assumes X Inter A B C D
shows X Inter A B D C

{proof)

lemma inter-comm:
assumes X Inter A B C D
shows X Inter BA D C

{proof)

lemma [12-17:
assumes A # B and
P Midpoint A C and
P Midpoint B D
shows A B Par C D
(proof)

lemma [12-18-a:

assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows A B Par C D

(proof )

lemma [12-18-b:

assumes Cong A B C D and
Cong B C' D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows B C Par D A

(proof )

lemma [12-18-c:

assumes Cong A B C D and
Cong B C' D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows BD TS A C

(proof )

lemma [12-18-d:

assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows A C TS B D

137



{proof)

lemma [12-18:
assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BP D
shows A B Par CD AN B CParDANBDTSACANACTSBD

{proof)

lemma par-two-sides-two-sides:
assumes A B Par C' D and
BDTSAC
shows A C TS B D

{proof)

lemma par-one-or-two-sides:
assumes A B ParStrict C D
shows (A CTSBDABDTSAC)V(ACOSBDANBDOSAQCQC)

(proof )

lemma [12-21-b:
assumes A C TS B D and
B A C CongA D CA
shows A B Par C D

(proof )

lemma [12-22-auzx:
assumes P # A and
A # C and
Bet P A C and
P A OSBD and
B AP CongADCP
shows A B Par C D

(proof )

lemma [12-22-b:
assumes P Out A C and
P A OSBD and
B AP CongADCP
shows A B Par C' D

(proof )

lemma par-strict-par:
assumes A B ParStrict C D
shows A B Par C D

(proof)

lemma par-strict-distinct:
assumes A B ParStrict C D
shows A # BAC# D

{proof)

lemma col-par:
assumes A # B and
B # C and
Col A B C
shows A B Par B C

{proof)

lemma acute-col-perp--out:
assumes Acute A B C' and
Col B C A’ and
B C Perp A A’
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shows B Out A’ C
(proof )

lemma acute-col-perp--out-1:
assumes Acute A B C' and
Col B C A’ and
B A Perp A A’
shows B Out A’ C

(proof )

lemma conga-inangle-per2--inangle:
assumes Per A B C' and
T InAngle A B C and
P B A CongA P B C and
Per B P T and
Coplanar A B C' P
shows P InAngle A B C

(proof )

lemma perp-not-par:
assumes A B Perp X Y
shows = A B Par X Y

(proof)

lemma cong-conga-perp:
assumes B P TS A C and
Cong A B C B and
A B P CongA CBP
shows A C Perp B P

(proof )

lemma perp-inter-exists:
assumes A B Perp C D
shows 3 P. Col A BP AN Col CD P

(proof)

lemma perp-inter-perp-in:
assumes A B Perp C D
shows 3 P. ColA BP AN Col CD P A P PerpAt A BC D

{proof)

lemma cop-npars--inter-exists:
assumes Coplanar A1 Bl A2 B2 and
- A1 B1 ParStrict A2 B2
shows 3 X. Col X A1 B1 N Col X A2 B2

{proof)

lemma cop-npar--inter-exists:
assumes Coplanar A1 Bl A2 B2 and
- A1 Bl Par A2 B2
shows 3 X. Col X A1 B1 N Col X A2 B2

(proof )

lemma cop-npar--inter:
assumes Al # Bl and
A2 # B2 and
Coplanar A1 B1 A2 B2 and
- Al Bl Par A2 B2
shows 3 X. X Inter A1 B1 A2 B2

(proof )

lemma inter--npar:
assumes X Inter A1 A2 B1 B2
shows — A1 A2 Par B1 B2

(proof )
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lemma cong-identity-inv:
assumes A # B
shows -~ Cong A B C C
(proof)

lemma midpoint-midpoint-col:
assumes A # B and
M Midpoint A A" and
M Midpoint B B’ and
Col A B B’
shows A’ # B’ A Col A A" B'A Col B A" B’
(proof)

lemma midpoint-par-strict:
assumes - Col A B B’ and
M Midpoint A A’ and
M Midpoint B B’
shows A B ParStrict A’ B’
(proof)

lemma bet3-cong3-bet:
assumes A # B and
A # C and
A # D and
Bet D A C and
Bet A C B and
Bet D C D' and
Cong A B C D and
Cong A D B C and
Cong D C C D’
shows Bet C B D’
(proof)

lemma bet-double-bet:
assumes B’ Midpoint A B and
C’ Midpoint A C and
Bet A B' C’
shows Bet A B C

(proof )

lemma bet-half-bet:
assumes Bet A B C and
B’ Midpoint A B and
C’ Midpoint A C
shows Bet A B’ C'
(proof)

lemma midpoint-preserves-bet:
assumes B’ Midpoint A B and
C' Midpoint A C
shows Bet A B C +— Bet A B' C'
(proof)

lemma symmetry-preseves-bet1:
assumes M Midpoint A A’ and
M Midpoint B B’ and
Bet M A B
shows Bet M A’ B’

{proof)

lemma symmetry-preseves-bet2:
assumes M Midpoint A A’ and
M Midpoint B B’ and
Bet M A" B’
shows Bet M A B

(proof)
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lemma symmetry-preserves-bet:
assumes M Midpoint A A’ and
M Midpoint B B’
shows Bet M A’ B’ +— Bet M A B
(proof)

lemma bet-cong-bet:
assumes A # B and
Bet A B C and
Bet A B D and
Cong A CBD
shows Bet B C D
(proof)

lemma col-cong-mid :
assumes A B Par A’ B and
- A B ParStrict A’ B’ and
Cong A BA' B’
shows 3 M. ((M Midpoint A A" A M Midpoint B B') V
(M Midpoint A B A M Midpoint B A”))
{proof)

lemma mid-par-cong!:
assumes A # B and
M Midpoint A A’ and
M Midpoint B B’
shows Cong A BA' B’ AN A B Par A’ B’
{proof)

lemma mid-par-cong2:
assumes A # B’ and
M Midpoint A A’ and
M Midpoint B B’
shows Cong A B’ A’ BAN A B' Par A’ B
(proof)

lemma mid-par-cong:
assumes A # B and
A # B’ and
M Midpoint A A’ and
M Midpoint B B’
shows Cong A BA' B'A Cong A B'A’" BANABPar A’ BN A B Par A’ B
(proof)

lemma Parallelogram-strict- Parallelogram:
assumes ParallelogramStrict A B C' D
shows Parallelogram A B C D

(proof)

lemma plgf-permut:
assumes ParallelogramFlat A B C D
shows ParallelogramFlat B C D A

(proof )

lemma plgf-sym:
assumes ParallelogramFlat A B C D
shows ParallelogramFlat C D A B

(proof )

lemma plgf-irreflexive:
shows — ParallelogramFlat A B A B
(proof)

lemma plgs-irreflexive:
shows — ParallelogramStrict A B A B
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(proof )

lemma plg-irreflezive:
shows — Parallelogram A B A B
(proof)

lemma plgf-mid:
assumes ParallelogramFlat A B C D
shows 3 M. M Midpoint A C N M Midpoint B D

(proof )

lemma mid-plgs:
assumes - Col A B C' and
M Midpoint A C and
M Midpoint B D
shows ParallelogramStrict A B C D
(proof)

lemma mid-plgf-aux:
assumes A # C and
Col A B C and
M Midpoint A C and
M Midpoint B D
shows ParallelogramFlat A B C D
(proof)

lemma mid-plgf-1:
assumes A # C

Col A B C and

M Midpoint A C and

M Midpoint B D
shows ParallelogramFlat A B C D
(proof)

lemma mid-plgf-2:
assumes B # D
Col A B C and
M Midpoint A C and
M Midpoint B D
shows ParallelogramFlat A B C D
(proof)

lemma mid-plgf:
assumes A # CV B# D
Col A B C and
M Midpoint A C and
M Midpoint B D
shows ParallelogramFlat A B C' D
(proof)

lemma mid-plg:
assumes A # C V B # D and
M Midpoint A C and
M Midpoint B D
shows Parallelogram A B C D
(proof)

lemma midpoint-cong-uniqueness:
assumes Col A B C' and
M Midpoint A B and
M Midpoint C' D and

Cong A BCD
shows A=CAB=DVA=DANB=C
(proof )
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lemma plgf-not-comml:
assumes A # B and
ParallelogramFlat A B C D
shows — ParallelogramFlat A B D C

(proof)

lemma plgf-not-comm2:
assumes A # B and
ParallelogramFlat A B C D
shows — ParallelogramFlat B A C D

(proof)

lemma plgf-not-comm:
assumes A # B and
ParallelogramFlat A B C D
shows — ParallelogramFlat A B D C A = ParallelogramFlat B A C D

{proof)

lemma plgf-cong:
assumes ParallelogramFlat A B C D
shows Cong A BCD A Cong ADBC

(proof)

lemma plg-to-parallelogram:
assumes Plg A B C D
shows Parallelogram A B C' D

(proof )

lemma plgs-one-side:
assumes ParallelogramStrict A B C D
shows A BOSCDANCDOSAB

(proof)

lemma parallelogram-strict-not-col:
assumes ParallelogramStrict A B C' D
shows -~ Col A B C

{proof)

lemma parallelogram-strict-not-col-2:
assumes ParallelogramStrict A B C' D
shows — Col B C D

(proof)

lemma parallelogram-strict-not-col-3:
assumes ParallelogramStrict A B C D
shows = Col C D A

{proof)

lemma parallelogram-strict-not-col-4:
assumes ParallelogramStrict A B C' D
shows -~ Col A B D

(proof)

lemma plgs--pars:
assumes ParallelogramStrict A B C' D
shows A B ParStrict C D

(proof )

lemma plgs-sym:
assumes ParallelogramStrict A B C D
shows ParallelogramStrict C D A B

(proof )

lemma plg-sym:
assumes Parallelogram A B C D
shows Parallelogram C D A B

143



{proof)

lemma Rhombus-Plg:
assumes Rhombus A B C' D
shows Plg A B C D

(proof)

lemma Rectangle-Plg:
assumes Rectangle A B C D
shows Plg A B C D

{proof)

lemma Rectangle-Parallelogram:
assumes Rectangle A B C D
shows Parallelogram A B C D

(proof)

lemma plg-cong-rectangle:
assumes Plg A B C D and
Cong A CBD
shows Rectangle A B C D

(proof)

lemma plg-trivial:
assumes A # B
shows Parallelogram A B B A

{proof)

lemma plg-triviall:
assumes A # B
shows Parallelogram A A B B

{proof)

lemma col-not-plgs:
assumes Col A B C
shows —ParallelogramStrict A B C D

{proof)

lemma plg-col-plgf:
assumes Col A B C and
Parallelogram A B C' D
shows ParallelogramFlat A B C D

(proof)

lemma plg-bet!:
assumes Parallelogram A B C' D and
Bet A CB
shows Bet D A C

(proof )

lemma plgf-triviall:
assumes A # B
shows ParallelogramFlat A B B A

{proof)

lemma plgf-trivial2:
assumes A # B
shows ParallelogramFlat A A B B

(proof )
lemma plgf-not-point:

assumes ParallelogramFlat A A B B
shows A # B

{proof)

lemma plgf-trivial-neq:
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assumes ParallelogramFlat A A C D
shows C =D AN A#C

{proof)

lemma plgf-trivial-trans:
assumes ParallelogramFlat A A B B and
ParallelogramFlat B B C C
shows ParallelogramFlat A A CC vV A= C

{proof)

lemma plgf-trivial:
assumes A # B
shows ParallelogramFlat A B B A

{proof)

lemma plgf3-mid:
assumes ParallelogramFlat A B A C
shows A Midpoint B C

(proof)

lemma cong3-id:
assumes A # B and
Col A B C' and
Col A B D and
Cong A B C D and
Cong A D B C and

Cong A CBD
shows A=DANB=CVA=CANB=D
(proof )

lemma col-cong-mid1:
assumes A # D and
Col A B C and
Col A B D and
Cong A B C D and
Cong A CBD
shows 3 M. M Midpoint A D N M Midpoint B C

(proof)

lemma col-cong-mid2:
assumes A # C and
Col A B C and
Col A B D and
Cong A B C D and
Cong ADBC
shows 3 M. M Midpoint A C N M Midpoint B D

{proof)

lemma plgs-not-col:
assumes ParallelogramStrict A B C' D
shows = Col A BC AN—=ColBCDAN-ColCDAN=ColABD

(proof)

lemma not-col-sym-not-col:
assumes — Col A B C' and
A Midpoint B B’
shows = Col A B’ C
(proof )

lemma plg-existence:
assumes A # B
shows 3 D. Parallelogram A B C D

(proof )

lemma plgs-diff:
assumes ParallelogramStrict A B C D
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shows ParallelogramStrict A BCDANA#BANB#CANC#DAND#ANA#CANB#D
(proof)

lemma sym-par:
assumes A # B and
M Midpoint A A’ and
M Midpoint B B’
shows A B Par A’ B’
(proof)

lemma symmetry-preserves-two-sides:
assumes Col X Y M and
XY TS A B and
M Midpoint A A" and
M Midpoint B B’
shows X Y TS A’ B’
(proof)

lemma symmetry-preserves-one-side:
assumes Col X Y M and
X YOS A Band
M Midpoint A A’ and
M Midpoint B B’
shows X Y OS A’ B’
(proof)

lemma plgf-bet:
assumes ParallelogramFlat A B B’ A’
shows Bet A’ B’ A A Bet B A B
V Bet A" A B’ AN Bet A B'B
V Bet A A" B A Bet A’ B B’
V Bet A BA'A Bet BA' B’

(proof )

lemma plgs-existence:
assumes A # B
shows 3 C. 3 D. ParallelogramStrict A B C D

(proof)

lemma Rectangle-not-triv:
shows — Rectangle A A A A

(proof)

lemma Plg-triv:
assumes A # B
shows Plg A A B B

(proof )

lemma Rectangle-triv:
assumes A # B
shows Rectangle A A B B

(proof )

lemma Rectangle-not-triv-2:
shows — Rectangle A B A B

{proof)

lemma Square-not-triv:
shows — Square A A A A

{proof)

lemma Square-not-triv-2:
shows — Square A A B B
(proof)

lemma Square-not-triv-3:
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shows — Square A B A B
(proof)

lemma Square-Rectangle:
assumes Square A B C D
shows Rectangle A B C' D

{proof)

lemma Square-Parallelogram:
assumes Square A B C D
shows Parallelogram A B C' D

{proof)

lemma Rhombus-Rectangle-Square:
assumes Rhombus A B C D and
Rectangle A B C' D
shows Square A B C' D

{proof)

lemma rhombus-cong-square:
assumes Rhombus A B C D and
Cong A C B D
shows Square A B C' D

{proof)

lemma Kite-comm:
assumes Kite A B C D
shows Kite C D A B

{proof)

lemma per2-col-eq:
assumes A # P and
A # P’ and
Per A P B and
Per A P’ B and
Col P AP’
shows P = P’

(proof)

lemma per2-preserves-diff:
assumes PO # A’ and
PO # B’ and
Col PO A’ B and
Per PO A’ A and
Per PO B’ B and
A4 B’
shows A # B
(proof)

lemma per23-preserves-bet:
assumes Bet A B C and
A # B'and A # C'and
Col A B' C' and
Per A B’ B and

Per AC'C
shows Bet A B’ C'
(proof )

lemma per23-preserves-bet-inv:
assumes Bet A B’ C'' and
A # B’ and
Col A B C and
Per A B’ B and
Per A C'C
shows Bet A B C
(proof)
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lemma peri3-preserves-bet:
assumes Bet A B C and
B # A’ and
B # C' and
Col A’ B C' and
Per B A’ A and
Per BC' C
shows Bet A’ B C’
(proof)

lemma peri3-preserves-bet-inv:
assumes Bet A’ B C' and
B # A’ and
B # C'and
Col A B C and
Per B A’ A and
Per BC'C
shows Bet A B C

{proof)

lemma per3-preserves-bet1:
assumes Col PO A B and
Bet A B C and
PO # A’ and
PO # B’ and
PO # C' and
Per PO A’ A and
Per PO B’ B and
Per PO C’ C and
Col A’ B’ C" and
Col PO A" B’
shows Bet A’ B’ C'
(proof)

lemma per3-preserves-bet2-auz:
assumes Col PO A C and
A # C'and
Bet A B’ ¢’ and
PO # A and
PO # B’ and
PO # C' and
Per PO B’ B and
Per PO C’ C and
Col A B C and
Col PO A C'’
shows Bet A B C

(proof )

lemma per3-preserves-bet2:
assumes Col PO A C and
A" # C' and
Bet A’ B’ C' and
PO # A’ and
PO # B’ and
PO # C'and
Per PO A’ A and
Per PO B’ B and
Per PO C’ C and
Col A B C and
Col PO A’ C’
shows Bet A B C

(proof )

lemma symmetry-preserves-per:
assumes Per B P A and
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B Midpoint A A’ and
B Midpoint P P’
shows Per B P’ A’
(proof)

lemma [13-1-auz:
assumes - Col A B C' and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows
FXY. (R PerpAt X YA BA XY Perp PQ A Coplanar A B C X N Coplanar A B CY)

(proof )

lemma [15-1:
assumes — Col A B C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows
3 XY.(R PerpAt X YA BA XY Perp P Q)

(proof )

lemma per-It:
assumes A # B and
C # B and
Per A BC
shows A BLt ACANCBLtAC

(proof)

lemma cong-perp-conga:
assumes Cong A B C' B and
A C Perp B P
shows A B P CongyA CBPANBPTSAC

(proof)

lemma perp-per-bet:
assumes — Col A B C and

Per A B C and
P PerpAt PB A C
shows Bet A P C

(proof )

lemma ts-per-per-ts:
assumes A B TS C D and
Per B C A and
Per BD A
shows C D TS A B

(proof )

lemma [13-2-1:

assumes A B TS C D and
Per B C A and
Per BD A and
Col C D FE and
A E Perp C D and
CA B CongA DAB

shows B A C CongA DAEANDBAD CongA CAEANBetCED

(proof )

lemma triangle-mid-par-lem:
assumes - Col A B C' and
P Midpoint B C and
Q Midpoint A C
shows A B Par P Q
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(proof )

lemma triangle-mid-par:
assumes - Col A B C' and
P Midpoint B C' and
Q Midpoint A C
shows A B ParStrict Q P
(proof)

lemma cop/-perp-in2--col:
assumes Coplanar X Y A A’ and
Coplanar X Y A B’ and
Coplanar X Y B A’ and
Coplanar X Y B B’ and
P PerpAt A B X Y and
P PerpAt A’ B'X Y
shows Col A B A’
(proof)

lemma [13-2:
assumes A B TS C D and
Per B C A and
Per BD A and
Col C D E and
A E Perp C D
shows B A C CongA DAENBAD CongA CAEN Bet CED

(proof )

lemma perp2-refi:
assumes A # B
shows P Perp2 A B A B

(proof)

lemma perp2-sym:
assumes P Perp2 A B C D
shows P Perp2 C D A B

(proof )

lemma perp2-left-comm:
assumes P Perp2 A B C D
shows P Perp2 BA C D

(proof )

lemma perp2-right-comm:
assumes P Perp2 A B C D
shows P Perp2 A BD C

(proof )

lemma perp2-comm:
assumes P Perp2 A B C D
shows P Perp2 BA D C

(proof )

lemma perp2-pseudo-trans:
assumes P Perp2 A B C D and
P Perp2 C D E F and
- Col CDP
shows P Perp2 A BEF

(proof )

lemma col-cop-perp2--pars-bis:
assumes - Col A B P and
Col C D P and
Coplanar A B C D and
P Perp2 A BCD
shows A B ParStrict C D
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(proof )

lemma perp2-preserves-bet23:
assumes Bet PO A B and
Col PO A’ B’ and
- Col PO A A" and
PO Perp2 A A' BB’
shows Bet PO A’ B’

(proof )

lemma perp2-preserves-betl3:
assumes Bet B PO C' and
Col PO B' C' and
- Col PO B B' and
PO Perp2 B C' C B’
shows Bet B’ PO C’

(proof)

lemma is-image-perp-in:
assumes A # A’ and
X # Y and
A A" Reflect X Y
shows 3 P. P PerpAt A A’ X Y

{proof)

lemma perp-inter-perp-in-n:
assumes A B Perp C D
shows 94 P. Col A BP N Col CD P AN P PerpAt A BC D

{proof)

lemma perp2-perp-in:
assumes PO Perp2 A B C D and
- Col PO A B and
- Col PO CD
shows 4 P Q. Col A BP AN Col CD QN Col POP QAN P PerpAt PO P A BN @ PerpAt PO @Q C D

(proof )

lemma [13-8:

assumes U # PO and
V # PO and
Col PO P @Q and
Col PO U V and
Per P U PO and
Per Q V PO

shows PO Out P Q «— PO Out UV

(proof )

lemma perp-in-rewrite:
assumes P PerpAt A B C D
shows P PerpAt A PP CV P PerpAt APP DV P PerpAt BP P CV P PerpAt BPPD

(proof)

lemma perp-out-acute:
assumes B Out A C’ and
A B Perp C C’
shows Acute A B C

(proof )

lemma perp-bet-obtuse:
assumes B # C’ and
A B Perp C C' and
Bet A B C’
shows Obtuse A B C

(proof)
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lemma sac-perm:
assumes Saccheri A B C D
shows Saccheri D C B A

{proof)

lemma sac-distincts:

assumes Saccheri A B C D

shows A#BAB#CANC#DNA#DANAF#CANB#D
(proof)

lemma lam-perm:
assumes Lambert A B C D
shows Lambert A D C B

(proof )

lemma sac--cong:
assumes Saccheri A B C D
shows Cong A C B D

(proof )

lemma sac--conga:
assumes Saccheri A B C D
shows A B C CongA B C D

(proof )

lemma lam--pars123}:
assumes Lambert A B C D
shows A B ParStrict C D

(proof)

lemma lam--pars1423:
assumes Lambert A B C D
shows A D ParStrict B C

{proof)

lemma lam--par1234:
assumes Lambert A B C D
shows A B Par C D

(proof)

lemma lam--pari1423:
assumes Lambert A B C D
shows A D Par B C

{proof)

lemma lam--os:
assumes Lambert A B C D
shows A B OS C D

(proof)

lemma per2-os--pars:
assumes Per B A D and
Per A D C and
ADOSBC
shows A B ParStrict C D

(proof )

lemma per2-os--ncol123:
assumes Per B A D and
Per A D C and
ADOSBC
shows - Col A B C

(proof )
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lemma per2-os--ncol234:
assumes Per B A D and
Per A D C and
ADOSBC
shows — Col B C' D

(proof )

lemma sac--pars1234:
assumes Saccheri A B C D
shows A B ParStrict C D

{proof)

lemma sac--pari234:
assumes Saccheri A B C D
shows A B Par C' D

{proof)

lemma lt-o0s-per2--lta:
assumes Per B A D and
Per A D C and
A D OS B C and
ABLtCD
shows B C D LtA A B C

(proof)

lemma [t}321-o0s-per2--lta:
assumes Per B A D and
Per A D C and
A D OS B C and
DCILtBA
shows A B C LtA BCD

{proof)

lemma lta-os-per2--lt:
assumes Per B A D and
Per A D C and
A D OS B C and
BCDILtAABC
shows A B Lt C D

(proof )

lemma lta123234-0s-per2--lt:
assumes Per B A D and
Per A D C and
A D OS B C and
ABCLtABCD
shows D C Lt B A

{proof)

lemma conga-per2-os--cong:
assumes Per B A D and
Per A D C and
A D OS B C and
B CD CongA A BC
shows Cong A B C D

(proof )

lemma mid2-sac--perp-lower:
assumes Saccheri A B C D and
M Midpoint B C' and
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N Midpoint A D
shows A D Perp M N
(proof )

lemma mid2-sac--perp-upper-R1:
assumes Saccheri A B C D and
M Midpoint B C' and
N Midpoint A D
shows Cong N BN C
(proof)

lemma mid2-sac--perp-upper:
assumes Saccheri A B C D and
M Midpoint B C' and
N Midpoint A D
shows B C Perp M N
(proof)

lemma sac--pars1423:
assumes Saccheri A B C D
shows A D ParStrict B C

(proof )

lemma sac--pari423:
assumes Saccheri A B C D
shows A D Par B C

(proof )

lemma mid2-sac--lam6521:
assumes Saccheri A B C' D and
M Midpoint B C' and
N Midpoint A D
shows Lambert N M B A
(proof)

lemma mid2-sac--lam6534:
assumes Saccheri A B C D and
M Midpoint B C' and
N Midpoint A D
shows Lambert N M C D
(proof)

lemma lam6521-mid2--sac:
assumes Lambert N M B A and
M Midpoint B C' and
N Midpoint A D
shows Saccheri A B C D
(proof)

lemma lam6534-mid2--sac:
assumes Lambert N M C D and
M Midpoint B C' and
N Midpoint A D
shows Saccheri A B C D
(proof )

lemma cong-lam--per:
assumes Lambert A B C D and
Cong ADBC
shows Per B C' D

(proof )
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lemma lam-lt--acute:
assumes Lambert A B C D and
ADLtBC
shows Acute B C D

(proof)

lemma lam-Ilt--obtuse:
assumes Lambert A B C D and
BCLtAD
shows Obtuse B C' D

(proof )

lemma ngta:
shows = A B C GtA A B C (proof)

lemma lam-per--cong:
assumes Lambert A B C D and

Per BC D
shows Cong A D B C
(proof)

lemma acute-lam--It:
assumes Lambert A B C D and
Acute B C D
shows A D Lt B C

(proof )

lemma lam-obtuse--It:
assumes Lambert A B C D and
Obtuse B C' D
shows B C Lt A D

(proof )

lemma sac--ex2-mid-mid-lam-conga:
assumes Saccheri A B C D
shows 4 M N. M Midpoint B C N\ N Midpoint A D N Lambert NM BAANA B C CongA M B A

(proof)

lemma cong-sac--per-auxl:
assumes Saccheri A B C D and
Cong ADBC
shows Per A B C

(proof )

lemma cong-sac--per-aux2:
assumes Saccheri A B C D and
Per A B C
shows Cong A D B C

(proof )

lemma cong-sac--per:
assumes Saccheri A B C D
shows Cong A D B C <— Per A BC

{proof)

lemma lt-sac--acute-auzl:
assumes Saccheri A B C D and
ADLtBC
shows Acute A B C

(proof)

lemma lt-sac--acute-auz2:
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assumes Saccheri A B C D and
Acute A B C
shows A D Lt B C

(proof )

lemma [t-sac--acute:
assumes Saccheri A B C D
shows A D Lt B C <— Acute A B C

{proof)

lemma [t-sac--obtuse-auxl:
assumes Saccheri A B C' D and
BCLtAD
shows Obtuse A B C

(proof )

lemma [t-sac--obtuse-aux2:
assumes Saccheri A B C' D and
Obtuse A B C
shows B C Lt A D

(proof )

lemma [t-sac--obtuse:
assumes Saccheri A B C D
shows B C Lt A D <— Obtuse A B C

{proof)

lemma t22-7--per:
assumes Saccheri A B C D and
Bet B P C and
Bet A Q D and
A # @ and
@ # D and
Per P @Q A and
Cong P QA B
shows Per A B C
(proof)

lemma t22-7--acute:

assumes Saccheri A B C D and
Bet B P C and
Bet A Q D and
A # @ and
Per P Q A and
PQLtAB

shows Acute A B C

(proof )

lemma t22-7--obtuse:

assumes Saccheri A B C D and
Bet B P C and
Bet A Q D and
A # @ and
Per P Q A and
ABLtPQ

shows Obtuse A B C

(proof )

lemma t22-7--cong:

assumes Saccheri A B C D and
Bet B P C and
Bet A Q D and
A # @ and
Per P Q A and
Per A BC

shows Cong P Q A B
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(proof )

lemma t22-7--1t5612:

assumes Saccheri A B C D and
Bet B P C and
Bet A Q D and
A # @ and
@ # D and
Per P Q A and
Acute A B C

shows P Q Lt A B

(proof )

lemma t22-7--1t1256:

assumes Saccheri A B C' D and
Bet B P C and
Bet A Q@ D and
A # @ and
@ # D and
Per P Q A and
Obtuse A B C

shows A B Lt P Q

(proof)

lemma t22-8-auz-1:
assumes Saccheri A B C D and

Bet A D S and
D # S and
Per A SR
shows C # R

(proof)

lemma t22-8-auz-2:
assumesSaccheri A B C D and
Bet B C' R and
Bet A D S and

Per A S R and
S Out R J and
Cong SJAB
shows Saccheri A B J S

(proof )

lemma t22-8-auz-3:
assumesSaccheri A B C D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
S Out R J and
Cong SJAB
shows Saccheri D C'J S

(proof )

lemma t22-8-auz-4:
assumesSaccheri A B C D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
S Out R J and
Cong SJAB
shows S J OS C B

(proof )
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lemma t22-8-auz-5:
assumesSaccheri A B C D and
Bet B C' R and
Bet A D S and

Per A S R and
S Out R J and
Cong SJAB
shows Coplanar A B C J

(proof )

lemma t22-8-aux:

assumesSaccheri A B C D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
S Out R J and
Cong SJAB

shows C # R A Saccheri A B JS N Saccheri D CJS NS JOSCBA Coplanar A B C J

{proof)

lemma t22-8--per:

assumes Saccheri A B C' D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
Cong RS A B

shows Per A B C

(proof )

lemma t22-8--acute:

assumes Saccheri A B C D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
ABILtRS

shows Acute A B C

(proof)

lemma t22-8--obtuse:

assumes Saccheri A B C D and
Bet B C R and
Bet A D S and
D # S and
Per A S R and
RSLtAB

shows Obtuse A B C

(proof )

lemma t22-8--cong:

assumes Saccheri A B C' D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
Per A B C

shows Cong R S A B

(proof )

lemma t22-8--1t1256:
assumes Saccheri A B C D and
Bet B C' R and
Bet A D S and
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D # S and

Per A S R and

Acute A B C
shows A BLtR S

(proof)

lemma t22-8--1t5612:

assumes Saccheri A B C D and
Bet B C' R and
Bet A D S and
D # S and
Per A S R and
Obtuse A B C

shows R S Lt A B

(proof )

lemma t22-9-auz-1:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @ S and
Per SR M
shows Per Q P M

(proof )

lemma t22-9-auz-2:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @ S and
Per Q PM
shows Per S R M

(proof )

lemma t22-9-auz-3:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @Q S and
Acute S R M
shows Acute Q P M

(proof )

lemma t22-9-auz-4:

assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @ S and
Acute Q P M

shows
Acute SR M

(proof )

lemma t22-9-auz:
assumes Lambert N M P @) and
Lambert N M R S and
Bet M P R and
Bet N QS
shows (Per SR M <— Per Q P M) A (Acute S R M <— Acute Q P M)

{proof)

lemma t22-9--per-1:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @ S and
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Per SR M
shows Per Q P M

{proof)

lemma t22-9--per-2:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N @ S and
Per Q PM
shows Per S R M

{proof)

lemma t22-9--per:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N QS
shows Per SR M <— Per Q P M
(proof)

lemma t22-9--acute-1:
assumes Lambert N M P @) and
Lambert N M R S and
Bet M P R and
Bet N Q S and
Acute S R M
shows Acute Q P M

{proof)

lemma t22-9--acute-2:
assumes Lambert N M P @) and
Lambert N M R S and
Bet M P R and
Bet N Q S and
Acute Q P M
shows Acute S R M

(proof)

lemma t22-9--acute:
assumes Lambert N M P @) and
Lambert N M R S and
Bet M P R and
Bet NQ S
shows Acute S R M +— Acute Q P M
(proof)

lemma t22-9--obtuse-1:
assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N Q S and
Obtuse S R M
shows Obtuse Q P M
(proof)

lemma t22-9--obtuse-2:
assumes Lambert N M P @) and
Lambert N M R S and
Bet M P R and
Bet N Q S and
Obtuse Q P M
shows Obtuse S R M
(proof)

lemma t22-9--obtuse:
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assumes Lambert N M P () and
Lambert N M R S and
Bet M P R and
Bet N QS

shows Obtuse S R M <— Obtuse Q P M

(proof)

lemma cong2-lam2--cong-conga-1:
assumes Lambert N M P @) and
Lambert N’ M’ P’ Q' and
Cong N Q N’ Q' and
Cong P Q P’ Q'
shows Cong N M N’ M’
(proof)

lemma cong2-lam2--cong-conga-2:
assumes Lambert N M P () and
Lambert N’ M’ P’ ' and
Cong N Q N' Q' and
Cong P Q P’ Q'
shows M P Q CongA M' P’ Q'
(proof)

lemma cong2-lam2--cong-conga:
assumes Lambert N M P () and
Lambert N’ M’ P’ Q' and
Cong N Q N' Q' and
Cong P Q P’ Q'
shows Cong NM N’ M’ AN M P @Q CongA M' P’ Q'
(proof)

lemma cong2-sac2--cong:
assumes Saccheri A B C D and
Saccheri A’ B C' D’ and
Cong A B A’ B’ and
Cong A D A’ D’
shows Cong B C B’ C'
(proof)

lemma sac--perp1214:
assumes Saccheri A B C D
shows A B Perp A D

(proof )

lemma sac--perp3414:
assumes Saccheri A B C D
shows C D Perp A D

(proof)

lemma cop-sac2--sac:
assumes Saccheri A B C' D and
Saccheri A B E F and
D # F and
Coplanar A BD F
shows Saccheri D C E F

(proof )

lemma three-hypotheses-aux:
assumes Saccheri A B C D and
Saccheri A’ B’ C' D’ and
M Midpoint B C' and
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M' Midpoint B’ C' and
N Midpoint A D and
N’ Midpoint A’ D' and
M N Le M’ N’
shows (Per A B C +— Per A’ B’ C') A (Acute A B C <— Acute A’ B’ C)

(proof)

lemma three-hypotheses-aux-1:
assumes Saccheri A B C D and
Saccheri A’ B C' D’ and
M Midpoint B C' and
M' Midpoint B’ C' and
N Midpoint A D and
N’ Midpoint A’ D' and
M N Le M’ N' and
Per A BC
shows Per A’ B’ C’

{proof)

lemma three-hypotheses-aux-2:
assumes Saccheri A B C D and
Saccheri A’ B C' D’ and
M Midpoint B C' and
M' Midpoint B’ C' and
N Midpoint A D and
N’ Midpoint A’ D’ and
M N Le M’ N' and

Per A’ B’ C'
shows Per A B C
(proof )

lemma three-hypotheses-auz-3:
assumes Saccheri A B C D and
Saccheri A’ B C' D’ and
M Midpoint B C' and
M' Midpoint B’ C' and
N Midpoint A D and
N’ Midpoint A’ D’ and
M N Le M’ N' and
Acute A B C
shows Acute A’ B’ C’

(proof)

lemma three-hypotheses-aux-4:
assumes Saccheri A B C D and
Saccheri A’ B C' D’ and
M Midpoint B C' and
M' Midpoint B’ C' and
N Midpoint A D and
N’ Midpoint A’ D' and
M N Le M’ N' and
Acute A’ B’ C'
shows Acute A B C
(proof)

lemma per-sac--rah:
assumes Saccheri A B C D and
Per A BC
shows HypothesisRightSaccheriQuadrilaterals

(proof )

lemma acute-sac--aah:
assumes Saccheri A B C' D and
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Acute A B C
shows hypothesis-of-acute-saccheri-quadrilaterals

(proof )

lemma obtuse-sac--oah:
assumes Saccheri A B C' D and
Obtuse A B C
shows hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma per--ex-saccheri:
assumes Per B A D and
A # B and
A#D
shows 3 C. Saccheri A B C D
(proof)

lemma ez-saccheri:
3 A B CD. Saccheri A B C D

(proof)

lemma ez-lambert:
d A BCD. Lambert A B C D

(proof )

lemma saccheri-s-three-hypotheses:
hypothesis-of-acute-saccheri-quadrilaterals V
hypothesis-of-right-saccheri-quadrilaterals V
hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma not-aah:
assumes hypothesis-of-right-saccheri-quadrilaterals vV
hypothesis-of-obtuse-saccheri-quadrilaterals
shows — hypothesis-of-acute-saccheri-quadrilaterals

(proof )

lemma not-rah:
assumes hypothesis-of-acute-saccheri-quadrilaterals V
hypothesis-of-obtuse-saccheri-quadrilaterals
shows — hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma not-oah:
assumes hypothesis-of-acute-saccheri-quadrilaterals V
hypothesis-of-right-saccheri-quadrilaterals
shows — hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma lam-per--rah-1:
assumes Lambert A B C D and
Per BCD
shows hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma lam-per--rah-2:
assumes Lambert A B C D and
hypothesis-of-right-saccheri-quadrilaterals
shows Per B C' D

(proof )

lemma lam-per--rah:
assumes Lambert A B C D
shows Per B C' D <— hypothesis-of-right-saccheri-quadrilaterals

{proof)
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lemma lam-acute--aah-1:
assumes Lambert A B C' D and
Acute B C' D
shows hypothesis-of-acute-saccheri-quadrilaterals

(proof)

lemma lam-acute--aah-2:
assumes Lambert A B C D and
hypothesis-of-acute-saccheri-quadrilaterals
shows Acute B C D

(proof )

lemma lam-acute--aah:
assumes Lambert A B C D
shows Acute B C D <— hypothesis-of-acute-saccheri-quadrilaterals
(proof)

lemma lam-obtuse--oah-1:
assumes Lambert A B C D and
Obtuse B C D
shows hypothesis-of-obtuse-saccheri-quadrilaterals

(proof)

lemma lam-obtuse--oah-2:
assumes Lambert A B C' D and
hypothesis-of-obtuse-saccheri-quadrilaterals
shows Obtuse B C' D

(proof)

lemma lam-obtuse--oah:
assumes Lambert A B C D
shows Obtuse B C D <— hypothesis-of-obtuse-saccheri-quadrilaterals
(proof)

lemma t22-11--per-1:
assumes Saccheri A B C D and
A BD CongA BD C
shows Per A B C

(proof )

lemma t22-11--per-2:
assumes Saccheri A B C D and

Per A B C
shows A B D CongA BD C
(proof)

lemma t22-11--per:
assumes Saccheri A B C D
shows A B D CongA BD C <— Per ABC

(proof)

lemma t22-11--acute-1:
assumes Saccheri A B C' D and
ABDILtABDC
shows Acute A B C

(proof )

lemma t22-11--acute-2:
assumes Saccheri A B C' D and
Acute A B C
shows A BD LtA BD C

(proof )

lemma t22-11--acute:
assumes Saccheri A B C D
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shows A BD LtA B D C <— Acute A B C
(proof )

lemma t22-11--obtuse-1:
assumes Saccheri A B C D and
BDCLtAABD
shows Obtuse A B C

(proof)

lemma t22-11--obtuse-2:
assumes Saccheri A B C D and
Obtuse A B C
shows BD C LtA A BD

(proof)

lemma t22-11--obtuse:
assumes Saccheri A B C D
shows BD C LtA A B D <— Obtuse A B C

(proof)

lemma t22-12--rah-1:
assumes A # B and
B # C and
Per A B C and
BCACABSumA ABC
shows hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma t22-12--rah-2:
assumes A # B and
B # C and
Per A B C and
hypothesis-of-right-saccheri-quadrilaterals
shows BCA CA B SumA ABC

(proof)

lemma t22-12--rah:
assumes A # B and
B # C and
Per A BC
shows B C A C A B SumA A B C <— hypothesis-of-right-saccheri-quadrilaterals
(proof)

lemma t22-12--aah-1:
assumes Per A B C' and
BCACABSumA P Q R and
Acute P Q R
shows hypothesis-of-acute-saccheri-quadrilaterals

(proof )

lemma t22-12--aah-2:
assumes Per A B C' and
BCACABSumA P QR and
hypothesis-of-acute-saccheri-quadrilaterals
shows Acute P Q R

(proof )

lemma t22-12--aah:
assumes Per A B C' and
BCACABSumAPQR
shows Acute P QQ R <— hypothesis-of-acute-saccheri-quadrilaterals

(proof )
lemma t22-12--oah-1:

assumes Per A B C and
BCACABSumA P Q R and
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Obtuse P Q R

shows hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma t22-12--oah-2:
assumes Per A B C' and
BCACABSumA P Q R and
hypothesis-of-obtuse-saccheri-quadrilaterals
shows Obtuse P Q R

(proof )

lemma t22-12--oah:
assumes Per A B C' and
BCACABSumAP QR
shows Obtuse P Q R <— hypothesis-of-obtuse-saccheri-quadrilaterals

(proof)

lemma t22-14-aux:
assumes — Col A B C and
Acute A B C and
Acute A C B
shows 3 A’ Bet BA' C AN Per BA'" AN Per C A" A A
B A" A CongA CA" ANABC CongA ABA' A
BCA CongA A'"CANAA TSBC

(proof )

lemma t22-1/4--bet-aux:
assumes hypothesis-of-right-saccheri-quadrilaterals and
- Col A B C and
A B C TriSumA P @ R and
Acute A B C and
Acute A C B
shows Bet P Q R

(proof )

lemma t22-1/--bet:
assumes hypothesis-of-right-saccheri-quadrilaterals and
A B C TriSumA P Q R
shows Bet P Q R

(proof )

lemma t22-14--sams-nbet-aux:

assumes hypothesis-of-acute-saccheri-quadrilaterals and
- Col A B C and
CABABCSumADEF and
DEFBCASumA P @ R and
Acute A B C and
Acute A C B

shows SAMS D EFBCAAN-BetP QR

(proof )

lemma t22-14--sams-nbet:
assumes hypothesis-of-acute-saccheri-quadrilaterals and
- Col A B C and
CABABCSumADEF and
DEFBCASumAPQR
shows SAMSDEF B CAN- BetP QR

(proof )

lemma t22-14--nsams-aux:
assumes hypothesis-of-obtuse-saccheri-quadrilaterals and
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- Col A B C and
CABABCSumA D FE F and
Acute A B C and

Acute A C B
shows -~ SAMS D EF B CA

(proof)

lemma t22-14--nsams:
assumes hypothesis-of-obtuse-saccheri-quadrilaterals and
- Col A B C and
CABABCSumADEF
shows - SAMSDEF B CA

(proof )

lemma t22-14--rah:
assumes - Col A B C and
A B C TriSumA P @Q R and
Bet P QR
shows hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma t22-14--aah:
assumes C A BA B C SumA D E F and
DEFBCASumA P @ R and
SAMS D EF B C A and
- Bet P QR
shows hypothesis-of-acute-saccheri-quadrilaterals

(proof )

lemma t22-14--oah:
assumes C A B A B C SumA D E F and
- SAMSDEFBCA
shows hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma cong-mid--suma:
assumes — Col A B C and
M Midpoint A B and
Cong M A MC
shows C A BA B C SumA A CB

(proof )

lemma t22-17--rah-1:
assumes - Col A B C and
M Midpoint A B and
Cong M A M C and
Per A CB
shows hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma t22-17--rah-2:
assumes — Col A B C and
M Midpoint A B and
Cong M A M C and
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hypothesis-of-right-saccheri-quadrilaterals
shows Per A C' B

(proof )

lemma t22-17--rah:
assumes — Col A B C and
M Midpoint A B and
Cong M A MC
shows Per A C' B <— hypothesis-of-right-saccheri-quadrilaterals

{proof)

lemma t22-17--oah-1:
assumes - Col A B C' and
M Midpoint A B and
Cong M A M C and
Obtuse A C B
shows hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma t22-17--oah-2:
assumes — Col A B C and
M Midpoint A B and
Cong M A M C and
hypothesis-of-obtuse-saccheri-quadrilaterals
shows Obtuse A C' B

(proof)

lemma t22-17--oah:
assumes — Col A B C and
M Midpoint A B and
Cong M AMC
shows Obtuse A C' B <— hypothesis-of-obtuse-saccheri-quadrilaterals

{proof)

lemma t22-17--aah-1:
assumes - Col A B C and
M Midpoint A B and
Cong M A M C and
Acute A C' B
shows hypothesis-of-acute-saccheri-quadrilaterals

(proof )

lemma t22-17--aah-2:
assumes - Col A B C and
M Midpoint A B and
Cong M A M C and
hypothesis-of-acute-saccheri-quadrilaterals
shows Acute A C B

(proof )

lemma t22-17--aah:
assumes — Col A B C and
M Midpoint A B and
Cong M A MC
shows Acute A C B «— hypothesis-of-acute-saccheri-quadrilaterals

{proof)

lemma t22-20:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
ABCBCASumADEF
shows SAMSDEF CAB

{proof)

lemma absolute-exterior-angle-theorem:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
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Bet B A B’ and

A # B’ and
ABCBCASumADEF
shows D E F LeA C A B’

(proof)

lemma defect-distincts:

assumes Defect A BCDEF

shows A##BAB#CANA#CAND#ENE#F
(proof)

lemma ex-defect:
assumes A # B and
B # C and
A#C
shows 3 D E F. Defect A BCDEF
(proof)

lemma conga-defect--defect:
assumes Defect A B C D E F and
D E F CongA D' E' F'
shows Defect A B C D' E' F’
(proof)

lemma defect2--conga:
assumes Defect A B C D E F and
Defect A BCD' E'F'
shows D E F CongA D' E' F'
(proof )

lemma defect-perm-231:
assumes Defect A BCDEF
shows Defect BC A DEF

(proof )

lemma defect-perm-312:
assumes Defect A BCDEF
shows Defect CA BD EF

{proof)

lemma defect-perm-321:
assumes Defect A BCDEF
shows Defect C BADEF

(proof )

lemma defect-perm-213:
assumes Defect A BCDEF
shows Defect BA CDEF

(proof)

lemma defect-perm-132:
assumes Defect A BCDEF
shows Defect A CBDEF

{proof)

lemma conga3-defect--defect:
assumes Defect A B C D E F and
A B C CongA A’ B' C’ and
B C A CongA B’ C' A’ and
C A B CongA C' A" B’
shows Defect A’ B’ C' D E F
(proof )

lemma col-defect--out:
assumes Col A B C and
Defect ABCDEF
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shows F Out D F
(proof )

lemma rah-defect--out:
assumes hypothesis-of-right-saccheri-quadrilaterals and
Defect ABCDEF
shows F Out D F

(proof)

lemma defect-ncol-out--rah:
assumes - Col A B C and
Defect A B C D E F and
E Out D F
shows hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma t22-16-1:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
Bet A C1 C and
Defect A B C1 D E F and
Defect B C1 C G H I and
DEFGHISumAKLM
shows SAMS D EF G HI AN Defect ABCKLM

(proof)

lemma t22-16-1bis:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
Bet A C1 C and
Defect A B C1 D E F and
Defect B C1 C G H I and
Defect ABCKLM
shows SAMSDEFGHIANDEFGHISumAKLM

(proof)

lemma t22-16-2auz:

assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
Defect A B C DI D2 D3 and
Defect A B D C1 C2 C3 and
Defect A D C B1 B2 B3 and
Defect C B D A1 A2 A3 and
Bet A PO C and
Bet B PO D and
Col A B C and
D1 D2 D3 B1 B2 B3 SumA P Q R

shows SAMS C1 C2 C3 A1 A2 A3 N C1 C2 C3 A1 A2 A3 SumA P Q R

(proof )

lemma t22-16-2auzi:

assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
Defect A B C D1 D2 D8 and
Defect A B D C1 C2 C3 and
Defect A D C Bl B2 B3 and
Defect C B D A1 A2 A8 and
Bet A PO C and
Bet B PO D and
Col A B D and
D1 D2 D3 Bl B2 B3 SumA P Q R

shows SAMS C1 C2 C3 A1 A2 A3 AN C1 C2 C3 A1 A2 A3 SumA P Q R

(proof )
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lemma t22-16-2:

assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
Defect A B C D1 D2 D3 and
Defect A B D C1 C2 C3 and
Defect A D C Bl B2 B3 and
Defect C B D A1 A2 A3 and
Bet A PO C and
Bet B PO D and
SAMS D1 D2 D3 Bl B2 B3 and
D1 D2 D3 B1 B2 B3 SumA P Q R

shows SAMS C1 C2 C3 A1 A2 A3 AN C1 C2 C3 A1 A2 A3 SumA P Q R

(proof )

lemma isosceles-sym :
assumes A B C isosceles
shows C B A isosceles

{proof)

lemma isosceles-conga:
assumes A # C and
A # B and
A B C isosceles
shows C A B CongA A C B

{proof)

lemma conga-isosceles:
assumes — Col A B C and
CA B CongA ACB
shows A B C isosceles

{proof)

lemma isosceles-foot--midpoint-conga:
assumes A B C isosceles and
Col HA C and
H B Perp A C
shows - Col A BCANA#HANC#HAH Midpoint ACNHBA CongA HB C

(proof )

lemma equilateral-strict-equilateral:
assumes A B C equilateralStrict
shows A B C equilateral

(proof)

lemma equilateral-cong:
assumes A B C equilateral
shows Cong A BB C AN Cong BCCAN Cong CAAB

(proof)

lemma equilateral-rot:
assumes A B C equilateral
shows B C A equilateral

{proof)

lemma equilateral-swap:
assumes A B C equilateral
shows B A C equilateral

{proof)

lemma equilateral-rot-2:
assumes A B C equilateral
shows C B A equilateral

{proof)

lemma equilateral-swap-2:
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assumes A B C equilateral
shows A C B equilateral

{proof)

lemma equilateral-swap-rot:
assumes A B C equilateral
shows C A B equilateral

{proof)

lemma equilateral-isosceles-1:
assumes A B C equilateral
shows A B C isosceles

{proof)

lemma equilateral-isosceles-2:
assumes A B C equilateral
shows B C A isosceles

{proof)

lemma equilateral-isosceles-3:
assumes A B C equilateral
shows C A B isosceles

{proof)

lemma equilateral-strict-neq:
assumes A B C equilateralStrict
shows A#A#BAB#CANA#C
(proof)

lemma equilateral-strict-swap-1:
assumes A B C equilateralStrict
shows A C B equilateralStrict

{proof)

lemma equilateral-strict-swap-2:
assumes A B C equilateralStrict
shows B A C equilateralStrict

(proof)

lemma equilateral-strict-swap-3:
assumes A B C equilateralStrict
shows B C' A equilateralStrict

(proof)

lemma equilateral-strict-swap-4:
assumes A B C equilateralStrict
shows C A B equilateralStrict

{proof)

lemma equilateral-strict-swap-5:
assumes A B C equilateralStrict
shows C B A equilateralStrict

{proof)

lemma equilateral-strict--not-col:
assumes A B C equilateralStrict
shows - Col A B C

(proof )

lemma equilateral-strict-conga-1:
assumes A B C equilateralStrict
shows C A B CongA A C B

(proof )

lemma equilateral-strict-conga-2:
assumes A B C equilateralStrict

172



shows B A C CongA A B C
(proof )

lemma equilateral-strict-conga-3:
assumes A B C equilateralStrict
shows C B A CongA B C A

{proof)

lemma conga3-equilateral:
assumes - Col A B C' and
B A C CongA A B C and
A B C CongA BC A
shows A B C equilateral

{proof)

lemma lg-exists:
3 1. (QCongl N1l A B)
(proof)

lemma lg-cong:
assumes ()Cong | and
l A B and
1CD
shows Cong A B C D

{proof)

lemma lg-cong-lg:
assumes QCong [ and
Il A B and
Cong A BCD
shows [ C' D

{proof)

lemma lg-sym:
assumes QCong [
and [ A B
shows [ B A

(proof)

lemma ex-points-lg:
assumes QCong [
shows 3 A B.lAB

(proof)

lemma is-len-cong:
assumes TarskiLen A B | and
TarskiLen C D 1
shows Cong A B C' D

(proof)

lemma is-len-cong-is-len:
assumes TarskiLen A B | and
Cong A BCD
shows TarskiLen C D 1

{proof)

lemma not-cong-is-len:
assumes - Cong A B C D and
TarskiLen A Bl
shows - [ C' D

{proof)

lemma not-cong-is-lenl:
assumes - Cong A B C D
and TarskiLen A Bl
shows — TarskilLen C D1
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{proof)

lemma lg-null-instance:
assumes QCongNull [
shows [ A A

(proof)

lemma lg-null-trivial:
assumes QCong [
and [ A A
shows QCongNull |

{proof)

lemma lg-null-dec:

shows QCongNull I V — QCongNull |
(proof)

lemma ex-point-lg:
assumes QCong [
shows 3 B. I A B

(proof)

lemma ezx-point-lg-out:
assumes A # P and
QCong | and
- QCongNull 1
shows 3 B. (lA B AN A Out B P)

(proof)

lemma ex-point-lg-bet:
assumes QCong [
shows 3 B. I M B A Bet A M B)

(proof )

lemma ex-points-lg-not-col:
assumes QCong [
and — QCongNull |
shows 3 A B. {ABA - Col ABP)

(proof )

lemma ex-eql:
assumes 3 A B. (TarskilLen A B 11 A TarskiLen A B 12)
shows [1 = [2

(proof )

lemma all-eql:
assumes TarskiLen A B 11 and
TarskilLen A B 12
shows 1 EqLTarski 12

(proof)

lemma null-len:
assumes TarskilLen A A la and
TarskiLen B B Ib
shows la EqLTarski lb

{proof)

lemma eqL-equivalence:
assumes QCong la and
QCong lb and
QCong lc
shows la =la A (la=1b—lb=1la) A (la=1bAI=Il— la=Il)
(proof)

lemma ex-lg:
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3 1. (QCongl N1l A B)
{proof)

lemma [g-eql-lg:
assumes QCong [1 and
11 EqLTarski 12
shows QCong 12

{proof)

lemma ex-eqL:
assumes QCong [1 and
QCong 12 and
3 AB. (It ABANI2 A B)
shows 1 EqLTarski 12

{proof)

lemma ang-exists:
assumes A # B and
C#B
shows 3 a. (QCongA a A a A B C)
(proof)

lemma ez-points-eng:
assumes QCongA a
shows 3 A BC. (a A BC)

(proof)

lemma ang-conga:
assumes QCongA a and
a A B C and
a A" B’ C’
shows A B C CongA A’ B’ C’
(proof)

lemma is-ang-conga:
assumes A B C Ang a and

A" B’ C' Ang a
shows A B C CongA A’ B' C’
(proof)

lemma is-ang-conga-is-ang:
assumes A B C Ang a and
A B C CongA A’ B' C’
shows A’ B’ C' Ang a
(proof)

lemma not-conga-not-ang:
assumes QCongA a and
- A BC CongA A’ B C' and
aABC
shows - a A’ B' C’
(proof)

lemma not-conga-is-ang:
assumes - A B C CongA A’ B’ C’ and
A BC Ang a
shows - a A’ B' C’
(proof )

lemma not-cong-is-ang!:
assumes - A B C CongA A’ B’ C’ and
A BC Ang a
shows = A’ B’ C’ Ang a
(proof)

lemma ex-eqa:
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assumes 3 A B C.(A B C Ang al N A B C Ang a2)
shows al = a2

(proof )

lemma all-eqa:
assumes A B C Ang al and

A B C Ang a2
shows al = a2
(proof )

lemma is-ang-distinct:
assumes A B C Ang a
shows A # BN C # B

{proof)

lemma null-ang:
assumes A B A Ang al and

C D C Ang a2
shows al = a2
(proof )

lemma flat-ang:
assumes Bet A B C and
Bet A’ B’ C’ and
A B C Ang al and
A’ B' C' Ang a2
shows al = a2

(proof )

lemma ang-distinct:
assumes QCongA a and
aABC
shows A # BN C # B

(proof )

lemma ez-ang:
assumes B # A and
B#C
shows 3 a. (QCongA a A a A B C)
(proof)

lemma anga-exists:
assumes A # B and
C # B and
Acute A B C
shows 3 a. (QCongAAcute a AN a A B C)

(proof )

lemma anga-is-ang:
assumes QCongAAcute a
shows QCongA a

(proof )

lemma ez-points-anga:
assumes QCongAAcute a
shows3 A BC.aABC

{proof)

lemma anga-conga:
assumes QCongAAcute a and
a A B C and
a A’ B’ C’
shows A B C CongA A’ B' C’
(proof)

lemma is-anga-to-is-ang:
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assumes A B C AngAcute a
shows A B C Ang a

{proof)

lemma is-anga-conga:
assumes A B C AngAcute a and
A" B’ C'" AngAcute a
shows A B C CongA A’ B’ C’
(proof)

lemma is-anga-conga-is-anga:
assumes A B C AngAcute a and
A B C CongA A’ B' C'
shows A’ B’ C' AngAcute a
(proof)

lemma not-conga-is-anga:
assumes = A B C CongA A’ B’ C’ and
A B C AngAcute a
shows - a A’ B’ C’
(proof)

lemma not-cong-is-angal:
assumes = A B C CongA A’ B’ C' and
A B C AngAcute a
shows - A’ B’ ¢’ AngAcute a

{proof)

lemma ez-eqaa:
assumes 3 A B C. (A B C AngAcute al AN A B C AngAcute a2)
shows al FEqA a2

(proof)

lemma all-eqaa:
assumes A B C AngAcute al and
A B C AngAcute a2
shows al FEqA a2

(proof)

lemma is-anga-distinct:
assumes A B C AngAcute a
shows A # BN C # B

(proof)

lemma null-anga:
assumes A B A AngAcute al and
C D C AngAcute a2
shows al EqA a2

(proof )

lemma anga-distinct:
assumes QCongAAcute a and
aABC
shows A # BAN C # B

{proof)

lemma out-is-len-eq:
assumes A Out B C and
TarskiLen A B | and
TarskilLen A C'1
shows B = ('

(proof)
lemma out-len-eq:

assumes (Cong | and
A Out B C and
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l A B and
LA C
shows B = C (proof)

lemma ez-anga:
assumes Acute A B C
shows 3 a. (QCongAAcute a N a A B C)

{proof)

lemma not-null-ang-ang:
assumes QCongAnNull a
shows QCongA a

{proof)

lemma not-null-ang-def-equiv:
QCongAnNull a <— (QCongA a AN (3 ABC.(aABCAN = BOutACQC)))
(proof)

lemma not-flat-ang-def-equiv:
QCongAnFlat a +— (QCongA a AN (3 ABC.(a ABC AN- Bet ABC()))
(proof)

lemma ang-const:
assumes QCongA a and
A#B
shows 3 C.a A B C
(proof)

lemma ang-sym:
assumes QCongA a and
aABC
shows a C B A

(proof )

lemma ang-not-null-lg:
assumes QCongA a and
QCong | and
a A B C and
lAB
shows - QCongNull |

(proof)

lemma ang-distincts:
assumes QCongA a and
aABC
shows A # BN C # B

{proof)

lemma anga-sym:
assumes QCongAAcute a and
aABC
shows a C B A

{proof)

lemma anga-not-null-lg:
assumes QCongAAcute a and
QCong | and
a A B C and
lAB
shows =~ QCongNull |

{proof)

lemma anga-distincts:
assumes QCongAAcute a and
aABC
shows A # BN C # B
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{proof)

lemma ang-const-o:
assumes - Col A B P and
QCongA a and
QCongAnNull a and
QCongAnFlat a
shows 3 C.a ABCANABOSCP

(proof )

lemma anga-const:
assumes QCongAAcute a and
A#B
shows 3 C.a A B C
(proof)

lemma null-anga-null-angaP:
QCongANullAcute a <— IsNullAngaP a

(proof )

lemma is-null-anga-out:
assumes
a A B (C and
QCongANullAcute a
shows B Out A C

{proof)

lemma anga-acute:
assumes QCongAAcute a and
aABC
shows Acute A B C

{proof)

lemma not-null-not-col:
assumes QCongAAcute a and
- QCongANullAcute a and

aABC
shows — Col A B C
(proof )

lemma ang-cong-ang:
assumes QCongA a and
a A B C and
A B C CongA A’ B’ C'
shows a A" B' C’
(proof)

lemma is-null-ang-out:
assumes
a A B C and
QCongANull a
shows B Out A C

(proof )

lemma out-null-ang:
assumes QCongA a and
a A B C and
B Out A C
shows QCongANull a

{proof)

lemma bet-flat-ang:
assumes (CongA a and
a A B C and
Bet A B C
shows AngFlat a
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{proof)

lemma out-null-anga:
assumes (CongAAcute a and
a A B (C and
B Out A C
shows QCongANullAcute a

{proof)

lemma anga-not-flat:
assumes QCongAAcute a
shows QCongAnFlat a

{proof)

lemma anga-const-o:
assumes - Col A B P and
- QCongANullAcute a and
QCongAAcute a
shows 3 C. (e ABCANABOSCP)

(proof)

lemma anga-conga-anga:
assumes QCongAAcute a and
a A B C and
A B C CongA A’ B' C’
shows a A’ B’ C’
(proof)

lemma anga-out-anga:
assumes QCongAAcute a and
a A B C and
B Out A A’ and
B Out C C’'
shows a A’ B C’

(proof)

lemma out-out-anga:
assumes QCongAAcute a and
B Out A C and
B’ Out A" C' and
aABC
shows a A’ B’ C'

(proof )

lemma is-null-all:
assumes A # B and
QCongANullAcute a
shows a A B A

(proof )

lemma anga-col-out:
assumes QCongAAcute a and
a A B C and
Col A BC
shows B Out A C

(proof )

lemma ang-not-lg-null:

assumes QCong la and
QCong lc and
QCongA a and
la A B and
le C B and
aABC

shows = QCongNull la N = QCongNull lc

(proof)
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lemma anga-not-lg-null:
assumes
QCongAAcute a and
la A B and
lc C B and
aABC

shows — QCongNull la N = QCongNull lc

{proof)

lemma anga-col-null:
assumes QCongAAcute a and
a A B C and
Col ABC
shows B Out A C N QCongANullAcute a

(proof)

lemma eqA-preserves-ang:
assumes (CongA a and

a EqA b
shows QCongA b
(proof)

lemma eqA-preserves-anga:
assumes QCongAAcute a and

a EgA b
shows QCongAAcute b
(proof)

lemma [15-6:
assumes Lcos lc | a and
Leos ld 1 a
shows lc EqLTarski ld

(proof )

lemma null-lcos-eql:
assumes Lcos Ip | a and
QCongANullAcute a
shows [ EqLTarski Ip

(proof )

lemma egl-lcos-null:
assumes Lcos [ lp a and
I EqLTarski Ip
shows QCongANullAcute a

(proof )

lemma lcos-lg-not-null:

assumes Lcos [ lp a

shows — QCongNull | N = QCongNull Ip
(proof )

lemma perp-acute-out:
assumes Acute A B C and
A B Perp C C’ and
Col A B C’
shows B Out A C'
(proof)

lemma perp-col-out--acute-aux:
assumes A B Perp C C' and
B Out A C'
shows Acute A B C

(proof)

181



lemma perp-out--acute:
assumes A B Perp C C’' and
Col ABC'
shows Acute A B C +— B Out A C'’

(proof)

lemma obtuse-not-acute:
assumes Obtuse A B C
shows — Acute A B C

{proof)

lemma acute-not-obtuse:
assumes Acute A B C
shows — Obtuse A B C

(proof)

lemma perp-obtuse-bet:
assumes A B Perp C C’' and
Col A B C' and
Obtuse A B C
shows Bet A B C’

(proof)

lemma lcos-const0:
assumes Lcos Ip | a and
QCongANullAcute a
showsd ABC.IABANIpBCANaABC

(proof)

lemma lcos-const1:
fixes P::'p
assumes Lcos Ip | a and
- QCongANullAcute a
shows 3 ABC. - ColABPANABOSCPANIABANIpBCANaABC

(proof )

lemma lcos-const:
assumes Lcos Ip | a
showsd ABC.lp ABANIBCANaABC

(proof)

lemma lcos-lg-distincts:
assumes Lcos Ip | a and
l A B and

aABC
shows A # BN C # B

(proof )

lemma lcos-const-a:
assumes Lcos Ip | a
showsVY B.3 AC.IABANIpBCANaABC

(proof )

lemma lcos-const-ab:
assumes Lcos Ip | ¢ and
lAB
shows3 C.lp BCANaABC

(proof )

lemma lcos-const-cb:
assumes Lcos Ip | ¢ and
Ip BC
shows d A.IABANaABC
(proof)
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lemma lcos-lg-anga:
assumes Lcos Ip | a
shows Lcos lp l a A QCong I A QCong Ip A QCongAAcute a

{proof)

lemma lcos-eql-lcos:
assumes [p! EqLTarski lp2 and
l1 EqLTarski 12 and
Leos Ipl 11 a
shows Lcos Ip2 12 a

(proof )

lemma lcos-not-lg-null:
assumes Lcos Ip | a
shows = QCongNull lp

{proof)

lemma lcos-const-o:

assumes - Col A B P and
- QCongANullAcute a and
QCong | and
QCong lp and
QCongAAcute a and
[ A B and
Leos lp l a

showsd C. ABOSCPANaABCANIpBC

(proof )

lemma flat-not-acute:
assumes Bet A B C
shows — Acute A B C

{proof)

lemma acute-comp-not-acute:
assumes Bet A B C and
Acute A B D
shows — Acute C B D

(proof )

lemma lcos-per:

assumes QCongAAcute a and
QCong | and
QCong lp and
Leos Ip | a and
l A C and
Ilp A B and
aBAC

shows Per A B C

(proof )

lemma is-null-anga-dec:

shows QCongANullAcute a V = QCongANullAcute a
(proof)

lemma lcos-lg:
assumes Lcos Ip | ¢ and
A B Perp B C and
a B A C and
lAC
shows lp A B

(proof )

lemma [15-7:
assumes Lcos la | a and

183



Leos Ib [ b and
Lcos lab la b and
Lcos lba b a
shows lab EqLTarski lba

(proof)

lemma out-acute:
assumes B Out A C
shows Acute A B C

(proof )

lemma perp-acute:
assumes Col A C P and
P PerpAt BP A C
shows Acute A B P

(proof )

lemma null-lcos:
assumes (Cong [ and
- QCongNull | and
QCongANullAcute a
shows Lcos Il a

(proof)

lemma lcos-exists:
assumes QCongAAcute a and
QCong | and
- QCongNull |
shows 3 Ip. Leos lp l a

(proof )

lemma lcos-uniqueness:
assumes Lcos l1 | a and
Leos 121 a
shows 1 EqLTarski 12

(proof)

lemma lcos-eqa-lcos:
assumes Lcos Ip | a and
a FqgA b
shows Lcos Ip 1 b
(proof)

lemma lcos-eq-refi:
assumes @Cong la and
- QCongNull la and
QCongAAcute a
shows FqLcos la a la a

(proof )

lemma lcos-eq-sym:
assumes EqLcos la a lb b
shows FEqLcos b b la a

(proof )

lemma [cos-eq-trans:
assumes FEqLcos la a b b and
EqLcos Ib b Ic ¢
shows FEqLcos la a lc ¢

(proof )

lemma lcos2-comm:
assumes Lcos2lp la b
shows Lcos2Ilp l b a

(proof )
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lemma lcos2-exists:
assumes QCong [ and
- QCongNull | and
QCongAAcute a and
QCongAAcute b
shows 3 Ip. Lecos2lplabd

(proof )

lemma lcos2-exists’:
assumes (Cong | and
- QCongNull | and
QCongAAcute a and
QCongAAcute b
shows 3 la lab. Lcos la |l a A Lcos lab la b

(proof )

lemma lcos2-eq-refi:
assumes ()Cong | and
- QCongNull | and
QCongAAcute a and
QCongAAcute b
shows FqlLcos2lablabd

{proof)

lemma lcos2-eq-sym:
assumes Fqlcos2 11 a b2 c d
shows FEqLcos2 12 cdll abd

(proof)

lemma lcos2-uniqueness:
assumes Lcos2 11 | a b and
Leos2121ab
shows 1 EqLTarski 12

{proof)

lemma lcos2-eql-lcos2:
assumes Lcos2 la lla a b and
lla EqLTarski llb and
la EqLTarski Ib
shows Lcos2 1b llb a b

(proof)

lemma lcos2-lg-anga:
assumes Lcos2lp lab
shows Lcos2lpla b N QCong lp N QCong I N QCongAAcute a N QCongAAcute b
{proof )

lemma lcos2-eq-trans:
assumes EqLcos2 11 a b 12 c d and
EqLcos2 12 cdli3 e f
shows EqLcos2 11 abl3ef

(proof )

lemma lcos-eq-lcos2-eq:
assumes QCongAAcute ¢ and
EqLcos la a lb b
shows EqLcos2 la a clb b c

(proof )

lemma lcos2-lg-not-null:

assumes Lcos2lp la b

shows = QCongNull I N = QCongNull lp
(proof )

lemma lcos3-lcos-1-2-a:
assumes Lcos3 lpla b c
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shows 3 la. Leos la l a N Leos2 lp la b c
(proof)

lemma lcos3-lcos-1-2-b:
assumes 3 la. Leos la la A Leos2 lp la b ¢
shows Lcos3 lplabc

{proof)

lemma lcos3-lcos-1-2:
shows Lcos8 lplabc+— (3 la. Leos lala A Leos2 lp la b c)

{proof)

lemma lcos3-lcos-2-1-a:
assumes Lcos3lpla b c
shows 3 lab. Lcos2 labla b A Leos lp lab ¢

(proof)

lemma lcos3-lcos-2-1-b:
assumes 3 lab. Lcos2 lab l a b N\ Lcos lp lab ¢
shows Lcos3 lplabc

{proof)

lemma lcos3-lcos-2-1:
shows Lcos8 lp la b ¢ <— (3 lab. Lcos2 lab l a b A Leos lp lab ¢)

{proof)

lemma lcos3-permut3:
assumes Lcos3lp la b c
shows Lcos3lplbac

(proof )

lemma lcos3-permutl:
assumes Lcos3 Ilpla b c
shows Lcos3 lplacbd

(proof)

lemma lcos3-permut2:
assumes Lcos3Ilpla b c
shows Lcos3 lplcba

{proof)

lemma lcos3-exists:
assumes QCong [ and
- QCongNull | and
QCongAAcute a and
QCongAAcute b and
QCongAAcute ¢
shows 3 Ip. Leos3 lplab c

(proof )

lemma lcos3-eg-refl:
assumes QCong [ and
- QCongNull | and
QCongAAcute a and
QCongAAcute b and
QCongAAcute ¢
shows EqLcos3labclabc

{proof)

lemma lcos3-eq-sym:
assumes Fqlcos3 1l abcl2def
shows FqLcos3 12 defll abc

{proof)

lemma lcos3-uniqueness:
assumes Lcos3 l1 1 a b c and
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Lecos3 121 abc
shows 1 EqLTarski 12

(proof )

lemma lcos3-eql-lcos3:
assumes Lcos3 la lla a b ¢ and
lla EqLTarski llb and
la EqLTarski lb
shows Lcos3 Ib llb a b c

(proof )

lemma lcos3-lg-anga:
assumes Lcos3 lpla b c
shows Lcos3lplabc N QConglp N QCong Il N QCongAAcute a N QCongAAcute b N QCongAAcute c

(proof )

lemma lcos3-lg-not-null:
assumes Lcos3lpla b c
shows = QCongNull Il A = QCongNull lp

(proof)

lemma lcos3-eq-trans:
assumes Fqlcos3 11 abcl2def and
EqLcos312defl3ghi
shows FqlLcos3 11 abcl3ghi

(proof)

lemma lcos-eq-lcos3-eq:
assumes QCongAAcute ¢ and
QCongAAcute d and
EqLcos la a lb b
shows FqLcos3la a cdlbbcd

(proof )

lemma lcos2-eq-lcos3-eq:
assumes @QCongAAcute e and

EqLcos2la a blbcd
shows FqLcos3la abelbcde

(proof )

lemma projp-id:
assumes P P’ Projp A B and

P Q' Projp A B
shows P’ = Q'
(proof )

lemma projp-idem:
assumes P P’ Projp A B
shows P’ P’ Projp A B
(proof )

lemma col-projp-eq:
assumes Col A B P and
P P’ Projp A B
shows P = P’
(proof )

lemma projp-col:
assumes P P’ Projp A B
shows Col A B P’

{proof)

lemma project-id:
assumes P P’ Proj A B X Y and
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Col A B P
shows P = P’

(proof )

lemma project-not-id:
assumes P P’ Proj A B X Y and
- ColABP
shows P # P’

{proof)

lemma project-col:
assumes PP ProjA BX Y
shows Col A B P

{proof)

lemma project-not-col:
assumes P P’ Proj A B X Y and
P # P’
shows - Col A B P
(proof)

lemma par-col-project:
assumes A # B and
- A B Par X Y and
P P’ Par X Y and
Col A B P’
shows P P' Proj ABX Y

(proof)

lemma cong-conga3-cong3:
assumes - Col A B C and
Cong A B A’ B’ and
A B C CongA3 A’ B' C'
shows A B C Cong3 A’ B’ ¢’
(proof)

lemma project-par-dir:
assumes P # P’ and
PP ProjABXY
shows P P Par X Y

(proof)

lemma project-idem:
assumes PP’ Proj ABX Y
shows P’ P' ProjABXY

{proof)

lemma perp-projp:
assumes P’ PerpAt A B P P’
shows P P’ Projp A B

(proof )

lemma proj-distinct:
assumes P P’ Projp A B
shows P'# AV P'# B

(proof )

lemma [13-10-auzl:
assumes Col PO A B and
Col PO P @ and
PO P Perp P A and
PO @ Perp @ B and
QCong la and
QCong lb and
QCong lp and
QCong lg and
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la PO A and
Ib PO B and
Ilp PO P and
lg PO Q
shows d a. QCongAAcute a N\ Leos Ip la a A Lecos lq Ib a
(proof)

lemma [13-10-auz2:
assumes Col PO A B and
QCong la and
QCong lla and
QCong lb and
QCong llb and
la PO A and
lla PO A and
b PO B and
llb PO B and
A # PO and
B # PO
shows 3 a. QCongAAcute a N\ Leos lla la a N Leos b 1b a
(proof)

lemma [13-6-bis:
assumes Lcos Ip I1 a and
Leos Ip 12 a
shows 1 EqLTarski 12

(proof )

lemma lcos3-lcos2:
assumes Fqlcos3 11 abnl2cdn
shows FqlLcos2 11 abl2cd

(proof)

lemma lcos2-lcos:
assumes Fqlcos2 11 acl2bc
shows EqLcos 11 a I2 b

(proof )

lemma lcos-per-anga:
assumes Lcos Ip la a and
la PO A and
Ilp PO P and
Per A P PO
shows a A PO P

(proof )

lemma [cos-lcos-cop--col:
assumes Lcos Ip la a and
Lcos Ip Ib b and
la PO A and
b PO B and
Ilp PO P and
a A PO P and
b B PO P and
Coplanar PO A B P
shows Col A B P

(proof )

lemma [15-10-auz3:
assumes - Col PO A A’ and

B # PO and
C # PO and
Col PO A B and
Col PO B C and
B’ # PO and
C’ # PO and
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Col PO A’ B’ and
Col PO B’ C’ and
PO Perp2 B C' C B’ and
PO Perp2 C A’ A C' and
Bet A PO B

shows Bet A’ PO B’

(proof )

lemma [13-10-auz}:
assumes - Col PO A A’ and
B # PO and
C # PO and
Col PO A B and
Col PO B C and
B’ # PO and
C' # PO and
Col PO A’ B’ and
Col PO B’ C’ and
PO Perp2 B C' C B’ and
PO Perp2 C A" A C' and
Bet PO A B
shows PO Out A’ B’

(proof)

lemma [153-10-auzx5:
assumes - Col PO A A’ and
B # PO and
C # PO and
Col PO A B and
Col PO B C and
B’ # PO and
C' # PO and
Col PO A’ B’ and
Col PO B’ C’ and
PO Perp2 B C' C B' and
PO Perp2 C A’ A C’ and
PO Out A B
shows PO Out A’ B’

(proof )

lemma cop-per2--perp-aux:
assumes A # B and
X # Y and
B # X and
Coplanar A B X Y and
Per A B X and
Per ABY
shows A B Perp X Y

(proof )

lemma cop-per2--perp:

assumes A # B and
X # Y and
B# XV B# Y and
Coplanar A B X Y and
Per A B X and
Per ABY

shows A B Perp X Y

(proof )

lemma [153-10:
assumes - Col PO A A’ and
B # PO and
C # PO and
Col PO A B and
Col PO B C and
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B’ # PO and

C'# PO and

Col PO A’ B and

Col PO B’ C' and

PO Perp2 B C' C B’ and

PO Perp2 C A" A C’
shows PO Perp2 A B' B A’

(proof)

lemma Pj-exists:
fixes A B C
shows 3 D. ABPjCD

{proof)

lemma project-trivial:
assumes A # B
and X # Y
and Col A B P
and -~ A BPar XY
shows PP ProjABXY

{proof)

lemma pj-col-project:
assumes A # B
and X # Y
and Col P' A B
and = A BPar XY
and X Y Pj P P’
shows PP’ Proj ABX Y

{proof)

lemma pj-trivial:
shows A BPj C C

{proof)

lemma O-not-positive:
shows — Ps PO E PO

{proof)

lemma col-pos-or-neg:
assumes PO # E
and PO # X
and Col PO E X
shows Ps PO E X V Ng PO E X

{proof)

lemma length-cong:
assumes Length PO E E' A B AB
shows Cong A B PO AB

{proof)

lemma triangular-equality-equiv-a :
assumesV POE A. PO# E — (V E' BC AB BC AC. Bet A B C A Length PO EE’' A B AB A
Length PO E E' B C BC A
Length PO EE' A C AC
— Sum PO E E' AB BC AC)
showsV POEE' A BCAB BC AC. PO # E N Bet A B C A Length POEE' A B AB A
Length PO EE' B C BC A Length PO EE' A C AC
— Sum PO E E' AB BC AC
(proof)

lemma triangular-equality-equiv-b :
assumesV POEE' A BC AB BC AC. PO # E AN Bet A B C A Length PO EE'" A B AB A
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Length PO E E' B C BC A Length PO EE' A C AC
— Sum PO E E' AB BC AC
showsV POE A. PO# E — (VY E' BC AB BC AC. Bet A B C A Length PO EE' A B AB A
Length PO E E' B C BC A Length PO EE' A C AC
— Sum PO E E' AB BC AC)

(proof)

lemma triangular-equality-equiv :
shows (V POEA. PO# E — (V E' BC AB BC AC. Bet A B C A Length PO EE' A B AB A
Length PO E E' B C BC A Length PO EE' A C AC
— Sum PO E E' AB BC AC))
—
(v POEE"ABCABBCAC. PO# E N Bet ABC A Length POEE'" A BAB A
Length PO E E’' B C BC A Length PO EE' A C AC
— Sum PO E E' AB BC AC)
(proof)

lemma sign-dec:
assumes Col PO E A

and PO # E
shows A = POV Ps POE AV Ng POE A
(proof)

lemma not-neg-pos:
assumes F # PO
and Col PO E A
and - Ng POE A
shows Ps POE AV A = PO

{proof)

lemma Tarski- Pre-Non-Euclidean-auz-pre:
assumes 3 ABCDT. - ((Bet ADT AN BetBDCANA#D)
—
(3 XY . Bet ABXANBet ACYANBetXTY))
shows 3 A0 B0 C0 DO T0. (Bet A0 DO TO N Bet BO DO CO N A0 # DO A
(V XY. ((Bet AO BO X N Bet A0 COY) — — Bet X T0 Y)))

{proof)

end
end

theory Tarski-Neutral-Archimedes

imports
Tarski- Neutral

begin

2 Continuity Axioms

context Tarski-neutral-dimensionless

begin

2.1 Definitions

definition greenberg-s-axiom ::
bool
(GreenBergsAziom)
where
greenberg-s-aziom =V P Q R A B C.
- ColABCANAcute ABCANQ#RANPerPQR— (3 S.PSQLIAABCAQ OutSR)

definition aristotle-s-axiom ::
bool
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(AristotleAziom) where
aristotle-s-axiom =V P Q A B C.
- Col ABC AN Acute A B C —
@ XY BOutAXANBOutCYANPerBXYANPQLtXY)

definition Aziom1:: bool where Azioml =V A B C D.
(F3I.CAlIABANCOIICD)V - (31 ColIABA CollCD)

definition PreGrad :: 'p = 'p = 'p = 'p = bool where
PreGrad A BCD = (A# BANBetABCABetACDA CongA B C D)

fun Sym :: 'p = 'p = 'p = 'p where
Sym A B C = (if (A # B A Bet A B C) then
(SOME z::'p. PreGrad A B C 1)
else

4)

fun Gradn :: ['p,’p] = nat = 'pwhere
Gradn A B n = (if (A = B) then
A
else
(if (n = 0) then
A
else
(if (n= 1) then
B
else
(Sym A B (Gradn A B (n—1))))))

definition Grad :: ['p,’p,’p] = bool where
Grad A BC =3 n. (n#0)AN(C= Gradn A B n)

inductive Gradl :: ['p,’p,’p] = bool for A B
where
gradi-init : Gradl A B B
| gradi-stab : Gradl A B C" if
Gradl A B C
and Bet A C C'
and Cong A BC C’

definition Reach :: ['p,’p,’p,’p] = bool where
Reach ABCD=3 B Grad ABB'ACD Le A B’

definition archimedes-axiom ::
bool
(ArchimedesAziom) where
archimedes-aziom =V A B C D::'p.
A # B — Reach A BCD

inductive GradA :: ['p,’p,’p,’p,’n,’p] = bool for A B C
where
grada-init : GradA A B C D E F if
A BC CongADEF
| grada-stab : GradA A B C G H I if
GradA A BCDEF
and SAMSD EF A BC
and DEFABCSumA GHI

inductive GradAEzp :: ['p,’p,’p,'p,’n,’p] = bool for A B C
where
gradaexp-init : GradAExp A B C D E F if
A BC CongADEF
| gradaexp-stab : GradAExp A B C G H I if
GradAExzp A BCDEF
and SAMSDEFDEF
and DEFDEF SumA GHI
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definition Grad2 :: ['p,’p,’p,’p,’p,’p] = bool where
Grad2 ABCDEF =3 n.(n#0)AN(C= Gradn A Bn) A (F = Gradn D E n)

fun SymR :: 'p = 'p = 'p where
SymR A B = (SOME z::'p. B Midpoint A x)

fun GradEzpn :: 'p = 'p = nat = 'p where
(GradEzpn A B n) = (if (A = B) then
A
else
(if (n = 0) then
A
else
(if (n = 1) then
B
else
(SymR A (GradEzpn A B (n—1))))))

definition GradEzp :: 'p = 'p = 'p = bool where
GradEzp A BC = 3 n. (n# 0) N C = GradEzpn A B n

definition GradEzp2 :: ['p,’p,’p,’p,’n,’p] = bool where
GradEzp2 A BCDEF =3 n. (n# 0) A (C = GradEzpn A B n) A (F = GradEzpn D E n)

fun MidR :: 'p = 'p = 'p where
MidR A B = (SOME z. © Midpoint A B)

fun GradEzpInvn :: 'p = 'p = nat = 'p where
(GradEzpInvun A B n) = (if (A = B) then
A
else
(if (n = 0) then
B
else
(if (n = 1) then
(MidR A B)
else
(MidR A (GradEzpInun A B (n—1))))))

definition GradEzpInv :: 'p = 'p = 'p = bool where
GradExzpInv A B C = 3 n. B = GradExpInvn A Cn

2.2 Propositions

lemma PreGrad-lem1:
assumes A # B and
Bet A B C
shows 3 z. PreGrad A B C x

(proof)

lemma PreGrad-uniq:
assumes PreGrad A B C z and
PreGrad A B C'y
shows z = y

{proof)

lemma Diff-Mid--PreGrad:
assumes A # B and
B Midpoint A C
shows PreGrad A B B C
(proof)

lemma Diff-Mid-Mid-PreGrad:
assumes A # B and
B Midpoint A C and

194



C Midpoint B D
shows PreGrad A B C D

(proof )

lemma Sym-Diff--Diff:
assumes Sym A B C = D and
A#D
shows A # B
(proof)

lemma Sym-Refi:
Sym A AA=A
(proof)

lemma Diff-Mid--Sym:
assumes A # B and
B Midpoint A C
shows Sym A BB = C
(proof)

lemma Mid-Mid--Sym:
assumes A # B and
B Midpoint A C and
C Midpoint B D
shows Sym A B C = D
(proof)

lemma Sym-Bet--Bet-Bet:
assumes Sym A B C = D and
A # B and
Bet A B C
shows Bet A BD AN Bet A C D

(proof )

lemma Sym-Bet--Cong:
assumes Sym A B C = D and
A # B and
Bet A B C
shows Cong A B C D

(proof )

lemma LemSym-auz:
assumes A # B and
Bet A B C and
Bet A C D and
Cong A BCD
shows Sym A B C = D

(proof )

lemma Lem-Gradn-id-n:
Gradn A An= A

(proof)

lemma Lem-Gradn-0:
Gradn A B0 = A

{proof)

lemma Lem-Gradn-1:
Gradn A B1 =B

{proof)

lemma Diff--Gradn-Sym:
assumes A # B and
n > 1
shows Gradn A Bn = Sym A B (Gradn A B (n—1))

(proof )
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lemma Diff--Bet-Gradn-Suc:
assumes A # B
shows Bet A B (Gradn A B (Suc n))

(proof)

lemma Diff-Le-Gradn-Suc:
assumes A # B
shows A B Le A (Gradn A B (Suc n))

{proof)

lemma Diff--Bet-Gradn:
assumes A # B and

n # 0
shows Bet A B (Gradn A B n)

(proof)

lemma Diff-Le-Gradn-n:
assumes A # B and

n# 0
shows A B Le A (Gradn A B n)

(proof)

lemma Diff-Bet- Gradn-Suc-Gradn-Suc2:
assumes A # B
shows Bet A (Gradn A B (Suc n)) (Gradn A B (Suc (Suc n)))

(proof )

lemma Diff--Bet-Gradn-Gradn-SucA:
assumes A # B
shows A (Gradn A B (Suc n)) Le A (Gradn A B (Suc (Suc n)))

{proof)

lemma Diff--Bet-Gradn-Gradn-Suc:
assumes A # B
shows Bet A (Gradn A B n) (Gradn A B (Suc n))

(proof )

lemma Bet-Gradn-Gradn-Suc:
shows Bet A (Gradn A B n) (Gradn A B (Suc n))

(proof)

lemma Gradn-Le-Gradn-Suc:
shows A (Gradn A B n) Le A (Gradn A B (Suc n))

{proof)

lemma Bet-Gradn-Suc-Gradn-Suc2:
shows Bet B (Gradn A B (Suc n)) (Gradn A B (Suc(Suc n)))

(proof)

lemma Gradn-Suc-Le-Gradn-Suc2:
shows B (Gradn A B (Suc n)) Le B (Gradn A B (Suc(Suc n)))

{proof)

lemma Diff-Le--Bet-Gradn-Plus:
assumes A # B and
n<m
shows Bet A (Gradn A B n) (Gradn A B (k + n))
(proof )

lemma Diff-Le-Gradn-Plus:
assumes A # B and
n<m
shows A (Gradn A B n) Le A (Gradn A B (k + n))
(proof)
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lemma Diff-Le-Bet--Gradn-Gradn:
assumes A # B and

n<m
shows Bet A (Gradn A B n) (Gradn A B m)
(proof)

lemma Diff-Le-Gradn:
assumes A # B and
n<m
shows A (Gradn A B n) Le A (Gradn A B m)
(proof)

lemma Diff--Cong-Gradn-Suc-Gradn-Suc2:
assumes A # B
shows Cong A B (Gradn A B (Suc n)) (Gradn A B (Suc (Suc n)))

(proof )

lemma Cong-Gradn-Suc-Gradn-Suc2:
shows Cong A B (Gradn A B (Suc n)) (Gradn A B (Suc (Suc n)))

{proof)

lemma Cong-Gradn-Gradn-Suc:
shows Cong a b (Gradn a b n) (Gradn a b (Suc n))

(proof )

lemma Diff-Bet-Bet-Cong-Gradn-Suc:
assumes A # B and
Bet A B C and
Bet A (Gradn A B n) C and
Cong A B (Gradn A B n) C
shows C = (Gradn A B (Suc n))

(proof)

lemma grad-rec-0-1:
shows Cong a b (Gradn a b 0) (Gradn a b 1)
(proof)

lemma grad-rec-1-2:
shows Cong a b (Gradn a b 1) (Gradn a b 2)
(proof)

lemma grad-rec-2-3:
shows Cong a b (Gradn a b 2) (Gradn a b 3)
(proof)

lemma grad-rec-a-a:
shows (Gradn a a n) = a
(proof)

lemma Gradn-unig-auz-1:
assumes A # B
shows Gradn A B n # Gradn A B (Suc n)

(proof )

lemma Gradn-uniq-auz-1-aa:
assumes A # B
shows Gradn A B (k + n) # Gradn A B (k + (Suc n))

(proof )

lemma Gradn-unig-auz-1-bb:

assumes A # B

shows Gradn A B (k + n) # Gradn A B (k + (Suc (Suc n)))
(proof )

lemma Gradn-auz-1-0:
assumes A # B
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shows Gradn A B (Suc n) # A
{proof)

lemma Gradn-auz-1-1:
assumes A # B and
n # 0
shows Gradn A B (Suc n) # B
(proof)

lemma Gradn-auz-1-1-bis:
assumes A # B and
n # 1
shows Gradn A Bn # B
(proof)

lemma Gradn-auz-1-2:
assumes A # B and
Gradn A Bn = A
shows n = 0

(proof)

lemma Gradn-auz-1-3:
assumes A # B and
Gradn A Bn = B
shows n = 1

{proof)

lemma Gradn-uniq-auz-2-a:
assumes A # B and
n # 0
shows Gradn A B 0 # Gradn A B n
(proof)

lemma Gradn-uniq-auz-2:
assumes A # B and

n<m
shows Gradn A B n # Gradn A Bm
(proof)

lemma Gradn-uniq:
assumes A # B and
Gradn A Bn = Gradn A B'm
shows n = m

(proof )

lemma Gradn-le-suc-1:
shows A (Gradn A B n) Le A (Gradn A B (Suc n))

{proof)

lemma Gradn-le-1:
assumes m < n
shows A (Gradn A B m) Le A (Gradn A B (Suc n))

{proof)

lemma Gradn-le-suc-2:
shows B (Gradn A B (Suc n)) Le B (Gradn A B (Suc(Suc n)))
(proof)

lemma grad-equiv-coq-1:
shows Grad A B B
(proof)

lemma grad-aab--ab:
assumes Grad A A B
shows A = B

(proof )
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lemma grad-stab:
assumes Grad A B C and
Bet A C C' and
Cong A BCC'
shows Grad A B C’

(proof )

lemma grad--bet:
assumes Grad A B C
shows Bet A B C

(proof )

lemma grad--col:
assumes Grad A B C
shows Col A B C

{proof)

lemma grad-neg--neql3:
assumes Grad A B C and
A#B
shows A # C
(proof)

lemma grad-neg--neq12:
assumes Grad A B C and
A#£C
shows A # B
(proof)

lemma gradi12--eq:
assumes Grad A A B
shows A = B

{proof)

lemma gradi21--eq:
assumes Grad A B A
shows A = B

{proof)

lemma grad--le:
assumes Grad A B C
shows A B Le A C

(proof)

lemma grad2-init:
shows Grad2 A BB CD D
(proof )

lemma Grad2-stab:
assumes Grad2 A B C D E F and
Bet A C C' and
Cong A B C C’ and
Bet D F F' and
Cong D E F F’
shows Grad2 A BC' D E F'

(proof )

lemma bet-cong2-grad--grad2-aux-1:
assumes C' = (Gradn A B 0) and
Bet D E F and
Cong A B D E and

Cong BCEF
shows F' = Gradn D E 2
(proof )
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lemma bet-cong2-grad--grad2-aux-2:
assumes Bet D E F and
Cong A B D E and
Cong B (Gradn A B (Suc n)) E F
shows F' = Gradn D E (Suc n)

(proof)

lemma bet-cong2-grad--grad2-aux:
assumes n # 0 and
C = (Gradn A B n) and
Bet D E F and
Cong A B D FE and

Cong BCEF
shows F' = Gradn D E n
(proof )

lemma bet-cong2-grad--grad2:
assumes Grad A B C and
Bet D E F and
Cong A B D E and
Cong BCEF
shows Grad2 A BCD E F
(proof)

lemma grad2--gradi123:
assumes Grad2 A BCDEF
shows Grad A B C

(proof )

lemma grad2--grad456:
assumes Grad2 A BCDEF
shows Grad D E F

(proof )

lemma grad-sum-auz-R1:
assumes
A CLe A D and
Cong A DA E and
Cong A C A E' and
A Out E E’
shows Bet A E' E

(proof)

lemma grad-sum-auz-0:

assumes A # B and
D = Gradn A B (Suc(Suc n)) and
Cong A D A FE and
C = Gradn A B (Suc n) and
Cong A C A E' and
A Out E E'

shows Bet A E' E

(proof )

lemma grad-sum-aux-1:
assumes A # B and
D = Gradn A B (Suc(Suc n)) and
Bet A C E and
Cong A D C E and
F = Gradn A B (Suc n) and
Bet A C E’ and
Cong A F C E’ and
C#A
shows Bet A E' E
(proof )
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lemma grad-sum-auz-1A:
assumes A # B and
C = Gradn A B (Suc (Suc 0))
shows B Midpoint A C
(proof)

lemma grad-sum-auz-2:
assumes A # B and
D = Gradn A B (Suc(Suc n)) and
Bet A C E and
Cong A D C E and
F = Gradn A B (Suc n) and
Bet A C E’ and
Cong A F C E' and
C#A
shows Cong A BE' E
(proof)

lemma grad-sum-aux:
assumes A # B and
C = Gradn A B (Suc n) and
D = Gradn A B (Suc m) and
Bet A C E and

Cong ADCE
shows E = Gradn A B ((Suc n) + (Suc m))
{proof)

lemma grad-sum:
assumes Grad A B C and
Grad A B D and
Bet A C F and
Cong ADCE
shows Grad A B E

(proof )

lemma SymR-ex:
assumes B Midpoint A C
shows C = SymR A B

(proof )

lemma SymR--midp:
assumes C = SymR A B
shows B Midpoint A C

(proof)

lemma SymR-uniq:
assumes C = SymR A B and

D= SymR A B
shows C = D
(proof )

lemma GradEzpn-1:
shows GradExpn A An = A

{proof)

lemma GradEzpn-2:
shows Bet A B (GradExpn A B (Suc n))

(proof )

lemma GradExpn-3:
shows Bet A (GradExpn A B (Suc n)) (GradEzpn A B (Suc(Suc n)))

(proof )

lemma GradEzpn-4:
shows Cong A (GradEzpn A B (Suc n)) (GradEzpn A B (Suc n)) (GradExpn A B (Suc(Suc n)))
(proof )
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lemma gradexp-init:
shows GradFEzp A B B
(proof)

lemma gradezp-stab-auz-0:
assumes C = GradEzpn A B 0 and
Bet A C C' and

Cong A C C C'
shows C' = GradEzpn A B 0
{proof)

lemma gradexp-stab-auz-n:
assumes C = GradEzpn A B (Suc n) and
Bet A C C’ and

Cong A C C C’
shows C' = GradEzpn A B (Suc(Suc n))
(proof)

lemma gradexp-stab:
assumes GradFExzp A B C and
Bet A C C’ and
Cong A C C C'
shows GradExzp A B C’

(proof )

lemma gradexp--grad-auz-1:
shows V C. (C = (GradExzpn A A (Suc n)) — Grad A A C)

{proof)

lemma gradexp--grad-auz:
assumes A # B
shows V C. (C = (GradExpn A B (Suc n)) — Grad A B C)

(proof )

lemma gradexp--grad:
assumes GradFExp A B C
shows Grad A B C

(proof )

lemma gradexp-le--reach:
assumes GradErp A B B’ and
CDLeADB’
shows Reach A B C' D

{proof)

lemma grad--ex-gradexp-le-auz-0:
assumes A = B
shows 3 D. GradEzp A B D AN A (Gradn A Bn) Le A D

(proof )

lemma grad--ex-gradexp-le-auz-1:
assumes A # B
shows 3 D. GradEzp A B D AN A (Gradn A Bn) Le A D

(proof )

lemma grad--ex-gradexp-le-aux:
shows 3 D. GradEzp A B D N A (Gradn A Bn) Le A D

(proof)
lemma grad--ex-gradexp-le:

assumes Grad A B C
shows 3 D. GradEzp A BD N A CLe AD

{proof)

lemma reach--ez-gradexp-le:
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assumes Reach A B C D
shows 3 B’. GradExp A B B'A C D Le A B’

{proof)

lemma gradexp2-init:
shows GradEzp2 A BB CD D
(proof)

lemma GradFExzp2-stab:
assumes GradFEzp2 A B C D E F and
Bet A C C’ and
Cong A C C C' and
Bet D F F' and
Cong DF FF'
shows GradExzp2 A BC' D E F’

(proof )

lemma gradezp2--gradexp123:
assumes GradFEzp2 A BCD E F
shows GradFExzp A B C

(proof )

lemma gradexp2--graderp456:
assumes GradFExp2 A BC D E F
shows GradExp D E F

(proof)

lemma MidR-uniq:
assumes C = MidR A B and

D = MidR A B
shows C = D
(proof )

lemma MidR-ez-0:
shows (MidR A B) Midpoint A B

(proof )

lemma MidR-ez-1:
assumes C' = (MidR A B)
shows C Midpoint A B

(proof)

lemma MidR-ez-aux:
assumes C Midpoint A B
shows C = (SOME z. © Midpoint A B)

{proof)

lemma MidR-ez:
assumes C Midpoint A B
shows C = (MidR A B)

(proof)

lemma gradexpinv-init-aux:
shows B = GradExpInun A B 0
(proof)

lemma gradexpinv-init:
shows GradEzpInv A B B
(proof)

lemma gradezpinv-stab-auz-0:
assumes B = GradExzpInvn A C 0 and
Bet A B’ B and
Cong A B’ B’ B
shows B’ = GradExpInvn A C (Suc 0)
(proof)
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lemma gradexpinv-stab-auz-n:
assumes Bet A B’ B and
Cong A B’ B’ B and
B = GradEzpInvn A C (Suc n)
shows B’ = GradEzpInvn A C (Suc (Suc n))
(proof)

lemma gradexpinv-stab:
assumes Bet A B’ B and
Cong A B’ B’ B and
GradEzpInv A B C
shows GradEzpInv A B' C

(proof)

lemma gradexp--gradexpinv-auz-1-0:
assumes C = GradExzpn A B (Suc 0)
shows B = GradExpInun A C 0

(proof )

lemma SymR-MidR:
assumes A = SymR B C
shows C = MidR A B

(proof )

lemma MidR-comm:
assumes C = MidR A B
shows C = MidR B A

(proof)

lemma MidR-SymR:
assumes C = MidR A B
shows A = SymR B C
(proof )

lemma MidR-AA:
shows A = MidR A A

(proof)

lemma MidR-AB:
assumes A = MidR A B
shows A = B

(proof)

lemma gradexp--gradexpinv-auz-1-n-aa:
shows GradEzpInvn A’ (MidR A’ C') n = GradEzpInvn A’ C' (Suc n)
(proof )

lemma gradexp--graderpinv-aux-1-n-a:

assumes V A B C. (C = GradEzpn A B (Suc n)) — B = GradEzpInun A C'n

shows V A’ B’ C'. (C' = GradEzpn A’ B’ (Suc(Suc n))) — B’ = GradEzpInvn A’ C' (Suc n)
(proof)

lemma gradexp--gradexpinv-auz-1-b:
showsV A B C. C = GradExpn A B (Suc n) — B = GradEzpInvn A C n
(proof )

lemma gradezp--graderpinv-aux-1:
assumes C = GradEzpn A B (Suc n)
shows B = GradExpIlnvn A Cn

{proof)

lemma gradexp--gradexpinv-auz:
assumes GradFExp A B C
shows GradEzpIlnv A B C

(proof )
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lemma gradexpinv--gradexp-auz-1-a-0:
assumes B’ = MidR A’ (GradEzpInvn A’ C' (Suc 0))
shows C’ = SymR A’ (GradExpn A’ B’ (Suc(Suc 0)))
(proof)

lemma sym-mid:
shows SymR A (MidR A B) = B
(proof)

lemma gradexpn-suc-suc:
shows GradEzpn A B (Suc n) = GradExpn A (MidR A B) (Suc(Suc n))
(proof)

lemma gradexpinv--graderp-auz-1-a-n:
assumes V A B C. (B = MidR A (GradExpInvn A C (Suc n))) —
C = SymR A (GradEzpn A B (Suc(Suc n)))
shows B’ = MidR A’ (GradEzpInvn A’ C' (Suc(Suc n))) —
C' = SymR A’ (GradEzpn A" B’ (Suc(Suc(Suc n))))
(proof)

lemma gradexpinv--gradezp-auz-1-a:
shows V A B C. B = MidR A (GradExpInvn A C (Suc n)) —
C = SymR A (GradEzpn A B (Suc(Suc n)))

(proof)

lemma gradexpinv--gradexp-auz-1-n:

assumes B = GradEzpInun A Cn — C = GradEzpn A B (Suc n)

shows B’ = GradEzpInvn A’ C' (Suc n)— C’ = GradExpn A’ B’ (Suc(Suc n))
(proof)

lemma gradexpinv--graderp-auz-1:
shows B = GradEzpInun A Cn — C = GradEzpn A B (Suc n)
(proof)

lemma gradexpinv--gradezrp-auz:
assumes GradFExpIlnv A B C
shows GradExzp A B C

(proof )

lemma gradexp--gradexpinv:
shows GradExzp A B C +— GradExplnv A B C

(proof)

lemma reach--ex-gradexrp-lt-auz:
showsV A BCPQR.((A# BANABLePRANR= GradExzpn P Q (Suc n)) —
(3 C. GradEzp A CBNA CLtP Q)

(proof)

lemma reach--grad-min-1:
assumes A # B and
Bet A B C' and
A C Le A (Gradn A B (Suc 0))
shows 3 DE. (Bet ADCANGrad ABDANE # CANBetACEANBetADEA CongA BD E)

(proof )

lemma reach--grad-min-n:
assumes A # B and
Bet A B C and
A C Le A (Gradn A B (Suc n)) —
(3 DE. (BtADCANGradABDANE# CANBetACEANDBetADEACongABD E))
shows A C Le A (Gradn A B (Suc(Suc n))) —
(3 DE.(Bet ADCANGrad ABDANE# CANBetACEANDBetADEA CongA BD E))

(proof )
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lemma reach--grad-min-aux:
assumes A # B and
Bet ABC
shows (Grad A B (Gradn A B (Suc n)) N A C Le A (Gradn A B (Suc n)))
— (3 DE.(BetADCANGradABDANE# CANBetACEANBetADEACongABD E))

(proof )

lemma reach--grad-min:
assumes A # B and
Bet A B C and
Reach A BA C
shows 3 DE. (Bet ADCA Grad ABDANE# CANBet ACEANBetADEA CongABDE)

(proof)

lemma reach--ex-gradexp-lt:
assumes A # B and
Reach P Q A B
shows 3 C. GradExp A CBNA CLtP Q

(proof)

lemma t22-18-aux-0:
assumes Bet A0 D1 A1 and
Cong EO E1 A1 D1 and
D = Gradn A0 D1 (Suc 0)
shows 3 A E. (Grad2 A0 A1 A EO E1 EN Cong EOE A D N Bet A0 D A)

(proof)

lemma t22-18-auz-n:
assumes V A0 D1 A1 E0 E1 D.
(Bet A0 D1 A1 A Cong EO E1 A1 DI A D = Gradn A0 D1 (Suc n)) —
(3 AE. (Grad2 A0 A1 A E0E1 EN Cong EOE A D A Bet A0 D A))
shows V A0 D1 A1 E0 E1 D.
(Bet A0 D1 A1 A Cong EO E1 A1 DI AN D = Gradn A0 D1 (Suc(Suc n))) —
(3 AE. (Grad2 A0 A1 A E0E1 EN Cong EOE A D A Bet A0 D A))

(proof)

lemma t22-18-aux0:
shows V A0 D1 A1 E0 E1 D.
(Bet A0 D1 A1 A Cong EO E1 A1 DI A D = Gradn A0 D1 (Suc n)) —
(3 AE. (Grad2 A0 A1 A E0E1 EN Cong EOE A D A Bet A0 D A))

(proof)

lemma t22-18-auzxl:
assumes Bet A0 D1 A1 and
Cong EO E1 A1 D1 and
Grad A0 D1 D
shows 3 A E. (Grad2 A0 A1 A EOE1 E N Cong EOE A D A Bet A0 D A)

(proof )

lemma t22-18-auz2-0:
assumes Saccheri A0 B0 B1 A1 and
A = Gradn A0 A1 (Suc 0) and
E = Gradn B0 Bl (Suc 0) and
Saccheri A0 BO B A
shows B0 B Le BO E

(proof )

lemma t22-18-aux2-Sucn:
assumes V A A0 A1 B B0 B1 E.
Saccheri A0 B0 B1 A1 N A = Gradn A0 A1 (Suc n) A
E = Gradn B0 B1 (Suc n) A Saccheri A0 B0 BA — B0 B Le BO E
showsV A A0 A1 B BO Bl E.
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Saccheri A0 B0 B1 A1 N A = Gradn A0 A1 (Suc(Suc n)) A
E = Gradn B0 B1 (Suc(Suc n)) A Saccheri A0 B0 BA — B0 B Le BO E

(proof )

lemma t22-18-qux2-n:
shows V A A0 A1 B B0 B1 E.
Saccheri A0 B0 B1 A1 N A = Gradn A0 A1 (Suc n) A
E = Gradn B0 B1 (Suc n) A Saccheri A0 BO B A
— B0 B Le BOE

(proof )

lemma t22-18-auz2:
assumes Saccheri A0 B0 B1 A1 and
Grad2 A0 A1 A B0 B1 E and
Saccheri A0 BO B A
shows B0 B Le BO E

(proof )

lemma t22-18:
assumes archimedes-azxiom
shows V A0 BO B1 Al. Saccheri A0 BO B1 A1 — — (B0 B1 Lt A1 A0)

(proof)

lemma t22-19:
assumes archimedes-axiom
showsV A B C D. Saccheri A B C D — — Obtuse A B C

(proof )

lemma archi--obtuse-case-elimination:
assumes archimedes-axiom
shows — hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma t22-23-aux:
assumes — Col A M N and
Per B C A and
A # C and
M Midpoint A B and
Per M N A and
Col A C N and
M Midpoint N L
shows Bet A N C A Lambert NL B C AN Cong BL AN
(proof)

lemma t22-23:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals
showsY A BCMN L.
= ColAMNAPerBCANAGZ#CAN M Midpoint A B N\
Per M N AN Col A CN A M Midpoint N L —
(Bt ANCANNCLeANANLNLeBC)

(proof )

lemma t22-24-aux-0-a:

assumes
- Col A B0 C0 and
A CO Perp B0 C0 and
B = GradExpn A B0 (Suc 0) and
E = GradExpn B0 CO (Suc 0) and
A CO Perp B C' and
Col A CO C

shows BO FE Le B C

(proof )

lemma t22-24-auz-0:
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shows V A B0 C0 B C E.

- Col A BO CO N A CO Perp BO CO N

(B = GradEzpn A B0 (Suc 0)) A (E = GradEzpn B0 CO (Suc 0)) A
A CO Perp BC A Col A COC —

BOE LeBC

(proof)

lemma t22-2/-auz-suc:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals and
vV AB0OCOBCE.
- Col A BO CO N A CO Perp BO CO N
(B = GradEzpn A B0 (Suc n)) A (E = GradEzpn B0 CO (Suc n)) A
A CO Perp BC A Col A COC —
BOE Le B C
shows
vV AB0OCOBCE.
- Col A BO CO N A CO Perp BO CO N
(B = GradEzpn A B0 (Suc(Suc n))) A (E = GradExpn B0 CO (Suc(Suc n))) A
A CO Perp BC A Col A COC —
BOE Le B C

(proof )

lemma t22-24-auz-n:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals
shows V A B0 C0 B C E.
(= Col A BO CO N A CO Perp BO CO A
(B = GradEzpn A B0 (Suc n)) A (E = GradEzpn B0 CO (Suc n)) A
A CO Perp BC A Col A CO C) —
BOE Le BC

(proof )

lemma t22-24-aux:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals
shows V A B0 B00 C0 B C E.
- Col A BO CO NA CO Perp BO CO N BO = B00 N
GradEzp2 A BO B B0OO COE N A CO Perp BC N Col A CO C —>
BOE Le B C

(proof )

lemma t22-24-aux1-0:

showsV A B0 C0 E.

(= Col A BO CO N A CO Perp BO CO A

E = GradEzpn B0 CO (Suc 0)) —

(3 BC. GradEzp2 A BO B B0 COE N A CO Perp B C A Col A CO C)
(proof)

lemma t22-24-auxl-suc:

assumes V A B0 C0O E.

(= Col A BO CO N A CO Perp BO CO A

E = GradExpn B0 CO (Suc(n))) —

(3 B C. GradExp2 A B0 B BO CO E N A CO Perp BC A Col A CO C)

shows V A B0 CO E.

(= Col A BO CO N A CO Perp BO CO A

E = GradEzpn B0 CO (Suc(Suc(n)))) —

(3 B C. GradExp2 A B0 B BO COE N A CO Perp BC N Col A CO C)
(proof)

lemma t22-24-auxi-n:

shows V A B0 C0 E.

(= Col A BO CO N A CO Perp BO CO A

E = GradEzpn B0 C0 (Suc(n))) —

(3 B C. GradEzp2 A BO B B0 COE N A CO Perp B C A Col A CO C)
(proof)
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lemma t22-2/-auxl:
assumes — Col A B0 C0 and
A CO Perp B0 CO and
GradExp B0 CO E
shows 3 B C. GradEzp2 A BO B BO CO E N A CO Perp BC N Col A CO C

(proof )

lemma t22-24:
assumes archimedes-axiom
shows aristotle-s-axiom

(proof )

2.3 Equivalence Grad / Gradl (inductive)

lemma Gradi--Gradl:
shows Gradl A B (Gradn A B 1)

(proof )

lemma Gradn--Gradl:
shows Gradl A B (Gradn A B (Suc n))

(proof )

lemma Grad--Gradl:
assumes Grad A B C
shows Gradl A B C

(proof )

lemma GradlAAB--not:
assumes Gradl A A B
shows A = B

(proof )

lemma Gradl--Grad:
assumes Gradl A B C
shows Grad A B C

(proof )

theorem Grad-Gradl:
shows Grad A B C <— Gradl A B C

(proof)

2.4 GradA

lemma grada-distincts:
assumes GradA A BCDEF
shows A#BANC#BAD#EANF#E

(proof )

lemma grada-ABC:
assumes A # B and
B#C
shows GradA A BCA B C
(proof)

lemma gradaexp-distincts:
assumes GradAFEzp A BCDEF
shows AA#BANC#BAND#EANF#E

(proof )

lemma gradaexp-ABC:
assumes A # B and
B#C
shows GradAFEzp A BCA B C
(proof )
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lemma conga2-grada--grada-aux?:
assumes GradA A B C D E F and
A B C CongA A’ B' C'
shows GradA A’ B’ C' D E F
(proof)

lemma conga2-grada--grada-aux2:
assumes GradA A B C D E F and
D EF CongA D' E' F’
shows GradA A B C D' E' F'
(proof)

lemma conga2-grada--grada:
assumes GradA A B C D E F and
A B C CongA A’ B’ C' and
DEF CongA D' E' F'
shows GradA A’ B’ C' D' E' F'
(proof)

lemma grada--lea:
assumes GradA A BCDEF
shows A BCLeADEF

(proof)

lemma grada-out--out:
assumes F Out D F and
GradA A BCDEF
shows B Out A C

(proof)

lemma grada2-sams-suma--grada-aux:
showsV ABCDEFGHIKL M.
GradA ABCDEFAN GradA ABCGHIA
SAMSDEFGHINDEFGHISumAKLM — GradA ABCKLM

(proof)

lemma grada2-sams-suma--grada:
assumes GradA A B C D E F and
GradA A B C G H I and
SAMS D EF G HI and
DEFGHISumAKLM
shows GradA A BCKL M

(proof)

lemma gradaexp--grada:
assumes GradAFxp A BCD EF
shows GradlA A BCDEF

(proof )

lemma acute-archi-aux:

assumes Per PO A B and

PO # A and

B # A and

C # D and

D # E and

Bet A C D and

Bet C D FE and

Bet D F B and

C PO D CongA D PO E
shows C D Lt D FE

(proof )

lemma acute-archi-auzl:
assumes Per PO A0 B and
B # A0 and
Bet A0 A1 B and

210



GradA A0 PO A1 P @Q R and

A0 # Al
shows A0 PO BLeA PQRV (3 A. Bet AO A1 AN Bet AOABAP QR CongA A0 PO A)
(proof)

lemma acute-archi-auz2-1-a:
assumes Per PO A0 B and
PO # A0 and
B # A0 and
Bet A0 A1 B and
A0 # Al and — Col PO A0 B and — Col A0 PO A1 and PO # Al and PO # B
shows 3 P Q R. (GradA A0 PO A1 P QRN (AOPOBLeAP QRV
(3 A" Bet A0 A1 A" A Bet AO A’ BA P Q R CongA A0 PO A’ A A0 A1 Le A0 A" A
(3 A. Bet AO A A’ N A0 PO A’ CongA A0 PO A1 AN A0 Al Le A A'))))
(proof)

lemma acute-archi-aur2-1:
assumes Per PO A B and
PO # A and
B # A and
Bet A BO B and
A # B0 and - Col PO A B and — Col A PO B0 and PO # B0 and PO # B
shows 3 P Q R. (GradA A POBOP QR AN (APOBLeAPQRYV
(3 A" Bet ABOA"ANBet AA'’BANP QR CongA APOA'"NABOLeAA A
(3 A0. Bet A A0 A’ AN A0 PO A’ CongA A PO BO AN A B0 Le A0 A"))))

(proof )

lemma acute-archi-auz2-2:
assumes Per PO A0 B and
PO # A0 and
B # A0 and
Bet A0 A1 B and
A0 # Al and
Grad A0 A1 C and
Bet A0 C C' and
Cong A0 A1 C C' and
= Col PO A0 B and
- Col A0 PO Al and
PO # Al and
PO # B and
Per PO A0 B AN PO # A0 N
B # A0 N Bet A0 A1 B A
A0 # Al A
- Col PO A0 B A
- Col A0 PO A1 A
PO # A1 — (3 P Q R.
(GradA A0 PO A1 P QR A
(A0 POBLeAPQRYV
3 A
Bet A0 A1 A’ A
Bet A0 A’ B A
P Q R CongA A0 PO A’ A
A0 CLe AO A" AN (3 A. ( Bet AOA A’ N A PO A’ CongA A0 PO A1 AN A0 Al Le A AY))))))
shows 3 P Q R. (GradA A0 PO A1 P QRA
(A0 POBLeA PQRV
(3 A" Bet A0 A1 A" A Bet A0 A’ BA P Q R CongA A0 PO A’ AN A0 C' Le A0 A’ A
(3 A. Bet AOA A’ N A PO A’ CongA A0 PO A1 N A0 Al Le A A'))))

(proof )

lemma acute-archi-auz2:
assumes Per PO A0 B and
PO # A0 and
B # A0 and
Bet A0 A1 B and
A0 # Al and
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Grad A0 A1 C
shows 3 P Q R. (GradA A0 PO A1 P QRN (A0OPOBLeAPQRV
(3 A" Bet A0 A1 A’ A Bet AO A’ BA P Q R CongA A0 PO A’ A A0 C Le A0 A’ A
(3 A. Bet A0 A A’ N A PO A’ CongA A0 PO A1 AN A0 Al Le A A'))))
(proof)

lemma archi-in-acute-angles:
assumes archimedes-axiom
showsVY ABCDEF. - ColABC A Acute DEF
— 3 PQRR. GradAABCPQRANDEFLeAPQR)

(proof)

lemma angles-archi-auz:
assumes GradA A B C D E F and
GradA A B C G H I and
- SAMSDEF GHI
shows 4 PQ R. GradA ABCPQRAN—-~SAMSP QRABC

(proof )

lemma angles-archi-aux!:
assumes archimedes-azxiom
showsY A BCDEF.
- ColABCAN-BetDEF —
(3 PQR. GradAABCPQRAN(DEFLAPQRYV - SAMSP QR A BC))

(proof )

lemma archi-in-angles:
assumes archimedes-axiom
showsV ABC.V D:'p.V E:'p.V Fu'p. (- CldlABCAD#EAF+#E) —
(3 PQR GradAABCPQRAN(DEFLAPQRYV - SAMSP QR A BC))
(proof)

lemma archi--grada-destruction:
assumes archimedes-axiom
showsV A BC. - ColABC —
(3 PQR. GradAABCPQRAN-SAMSPQRABC)

(proof )

lemma gradaexp-destruction-auz:
assumes GradA A BCP QR
shows 3 ST U. GradAExzp A BC ST U A (Obtuse STUV P QR LeA ST U)

(proof )

lemma archi--gradaexp-destruction:
assumes archimedes-aziom
showsV A BC. - CodlABC — (3 PQR. GradAEzp A B C P Q R A Obtuse P Q R)

(proof )

2.5 Equivalence Greenberg - Aristotle

lemma aristotle--greenberg:
assumes aristotle-s-aziom
shows greenberg-s-axiom

(proof)

lemma greenberg--aristotle:
assumes greenberg-s-axiom
shows aristotle-s-axiom

(proof )

theorem equiv-aristotle---greenberg:

212



shows aristotle-s-axiom <— greenberg-s-axiom
(proof)

end
end

theory Tarski-Postulate-Parallels

imports
Tarski-Neutral-Archimedes

begin
context Tarski-neutral-dimensionless

begin

3 Parallel’s Postulate
3.1 Definitions

definition tarski-s-parallel-postulate ::
bool
(TarskiSParallelPostulate)
where
tarski-s-parallel-postulate =

VABCDT.
Bet ADT ANBet BDCANA#D
_>
(3XY.Bet ABXABet ACY ABet XTY)

definition euclid-5 ::
bool (Fuclid5)
where
euclid-5 =

VPQRRSTU.

BetSPTQANBetSRTSANBetSQURAN—-ColPQSNCongPTQTANCongRTST
—

(3 I.BetSS QI N BetS P UI)

definition euclid-s-parallel-postulate ::
bool (EuclidSParallelPostulate)
where
euclid-s-parallel-postulate =

VABCDPQR.

BCOSADANSAMSABCBCDANABCBOCDSumAPQRAN—-BetP QR
—

3 Y.BOuwwAYANCOutDY)

definition playfair-s-postulate ::
bool
(PlayfairSPostulate)
where
playfair-s-postulate =

vV A1 A2 B1 B2 C1 C2 P.

A1 A2 Par B1 B2 N Col P B1 B2 N A1 A2 Par C1 C2 A Col P C1 C2
—

Col C1 B1 B2 N Col C2 B1 B2

definition decidability-of-intersection :
bool
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(DecidabilityIntersection)
where
decidability-of-intersection =

vV A B CD.
(31.CllIABAColICD)V~ (31 ColIABA ColIC D)

definition alternate-interior-angles-postulate ::
bool
(AlternatelnteriorAnglesPostulate)
where
alternate-interior-angles-postulate =

vV ABCD.

ACTSBDANABPar CD
H

BACCongADCA

definition consecutive-interior-angles-postulate ::
bool
(ConsecutivelInteriorAnglesPostulate)
where
consecutive-interior-angles-postulate =

YV ABCD.

BCOSADANABPar CD
_>

A B C SuppA B C D

definition alternative-playfair-s-postulate ::
bool
(AlternativePlayfairSPostulate)
where
alternative-playfair-s-postulate =

V A1 A2 B1 B2 C1 C2 P.

P Perp2 A1 A2 B1 B2 A = Col A1 A2 P N\ Col P Bl B2 A

Coplanar A1 A2 B1 B2 N A1 A2 Par C1 C2 A Col P C1 C2
_>

Col C1 B1 B2 N Col C2 Bl B2

definition proclus-postulate ::
bool
(ProclusPostulate)
where
proclus-postulate =

VABCDPQ.

A BPar CDAN ColABPA—- Col AB QN Coplanar C D P Q
SN

(3 Y.CllPQY A ColCDY)

definition triangle-postulate ::
bool
(Triangle Postulate)
where
triangle-postulate =

VABCDEF.

A B C TriSumA D E F
H

Bet D EF

definition bachmann-s-lotschnittaxiom ::
bool
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(BachmannsLotschnittaziom)
where
bachmann-s-lotschnittaziom =

VY P QR P1RI.
(P#QANQ#RANPerPQRANPer QP P1 A PerQRRI A
Coplanar P @ R P1 N Coplanar P Q R R1

_>.
(3 S.ColPP1SACORRIS))

definition legendre-s-parallel-postulate ::
bool
(LegendresParallelPostulate)
where
legendre-s-parallel-postulate =

3 ABC.

- Col ABCA
Acute A B C N
(V T. TInAngle ABC — (3 XY.BOuwtAXANBOutCY ABetXTY))

definition weak-inverse-projection-postulate ::
bool
(WeakInverseProjectionPostulate)
where
weak-inverse-projection-postulate =

VABCDEFPQ.

((Acute ABC ANPerDEFANABCABCSumADEF A

BOutAPANP# QAN Per BP QA Coplanar A B C Q)
H

(3Y.BOutCYAColPQY))

definition weak-triangle-circumscription-principle ::
bool
(Weak Triangle CircumscriptionPrinciple)
where
weak-triangle-circumscription-principle =

V ABCAI A2 Bl B2.
(- Col ABC AN Per ACBA Al A2 PerpBisect B C' A
B1 B2 PerpBisect A C N Coplanar A B C A1 N Coplanar A B C A2 A
Coplanar A B C B1 N Coplanar A B C B2
N
(3 I. Col A1 A21 A Col B1 B2 1))

definition weak-tarski-s-parallel-postulate ::
bool
(Weak TarskiParallelPostulate)
where
weak-tarski-s-parallel-postulate =

VABCT.
(Per A BC A T InAngle A B C

H
(3XY.BOuAXABOuCY A Bet X TY))

definition ezistential-playfair-s-postulate ::
bool
(Ezistential PlayfairPostulate)
where
existential-playfair-s-postulate =

3 A1 A2 P.
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- Col A1 A2 P A

(Y B1 B2 C1 C2.
A1 A2 Par B1 B2 N Col P B1 B2 N A1 A2 Par C1 C2 N Col P C1 C2
—
(Col C1 B1 B2 A Col C2 B1 B2))

definition postulate-of-right-saccheri-quadrilaterals ::
bool
(PostulateRightSaccheriQuadrilaterals)
where
postulate-of-right-saccheri-quadrilaterals =

YV ABCD.

Saccheri A B C D
_)

Per A BC

definition postulate-of-existence-of-a-right-saccheri-quadrilateral ::
bool
(PostulateEzistenceRightSaccheriQuadrilateral)
where
postulate-of-existence-of-a-right-saccheri-quadrilateral =

3 ABCD.
Saccheri A B C D AN Per ABC

definition postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights ::
bool
(PostulateExistence Triangle AnglesSum TwoRights)
where
postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights =

dABCDEF.
- ColABCANABC CTriSymA DEFN BetDEF

definition inverse-projection-postulate ::
bool
(InverseProjectionPostulate)
where
inverse-projection-postulate =

VABCPAQ.

Acute ABCANBOutAPANPH# QN Per BP QN Coplanar A B C Q
H

B Y.BOuCYANCIPQY)

definition alternative-proclus-postulate ::
bool
(AlternativeProclusPostulate)
where
alternative-proclus-postulate =

Y ABCDPQ.
P Perp2 ABCDA— ColCDP A Coplanar A BCDAN Col ABP A
- Col A B Q A Coplanar C D P Q
H
3 Y.(ColPQY A ColCDY))

definition strong-parallel-postulate ::
bool
(StrongParallelPostulate)
where
strong-parallel-postulate =
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VPQRSTU.
BetSPTQANDBetSRTSAN—- Col PR U N Coplanar P Q R U A
Cong PT QT ANCongRTST
_>
(3 I1.(CodSQINCol PUI))

definition triangle-circumscription-principle ::
bool
(TriangleCircumscriptionPrinciple)
where
triangle-circumscription-principle =

vV ABC.
- Col ABC
_)
(3 D. Cong ADBDA Cong AD CD A Coplanar A B C D)

definition thales-converse-postulate::
bool
(ThalesConversePostulate) where
thales-converse-postulate =

YV ABCM.

M Midpoint A B N Per A C B
H

Cong M A M C

definition ezistential-thales-postulate ::
bool
(Ezistential ThalesPostulate) where
existential-thales-postulate =

3 ABCM.
- Col A BC N M Midpoint A BN Cong M AMOC N Per ACB

definition thales-postulate::
bool
(ThalesPostulate) where
thales-postulate =

vV ABCM.

M Midpoint A B A Cong M A M C
N

Per ACB

definition posidonius-postulate ::
bool
(PosidoniusPostulate) where
posidonius-postulate =

3 A1 A2 B1 B2.

- Col A1 A2 B1 N B1 # B2 N Coplanar A1 A2 B1 B2 N
(v A3 A} BS BJ.
Col A1 A2 A3 N Col B1 B2 B3 N A1 A2 Perp A3 B8 A
Col A1 A2 A4 N Col BI1 B2 B, N A1 A2 Perp A} B/,
—
Cong A3 B3 A4 B4)

definition postulate-of-right-lambert-quadrilaterals ::
bool
(PostulateOfRight LambertQuadrilaterals) where
postulate-of-right-lambert-quadrilaterals =
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YV ABCD.

Lambert A B C D
H

Per BC D

definition postulate-of-existence-of-a-right-lambert-quadrilateral ::
bool
(Postulate Ezistence Right LambertQuadrilateral) where
postulate-of-existence-of-a-right-lambert-quadrilateral =

3 ABCD.
Lambert A B C D A Per BC D

definition postulate-of-existence-of-similar-triangles ::
bool
(PostulateOf Existence OfSimilar Triangles) where
postulate-of-existence-of-similar-triangles =

FABCDEF.

= ColABCAN—-CongABDEANABCCongADEFA
BCA CongA EFDANCABCongAFDE

definition midpoint-converse-postulate ::
bool
(MidpointConversePostulate) where
midpoint-converse-postulate =

vV ABCPQ.

- Col A BC AN P Midpoint BC NA BPar QP N Col ACQ
H

Q Midpoint A C

definition postulate-of-transitivity-of-parallelism::
bool
(PostulateOf Transitivity OfParallelism) where
postulate-of-transitivity-of-parallelism =

V A1 A2 B1 B2 C1 C2.

A1 A2 Par B1 B2 N B1 B2 Par C1 C2
N

A1 A2 Par C1 C2

definition perpendicular-transversal-postulate ::
bool
(Perpendicular TransversalPostulate) where
perpendicular-transversal-postulate =

Y ABCDPQ.

A B Par CD AN A B Perp PQ N Coplanar C D P Q
_>

CD Perp PQ

definition postulate-of-parallelism-of-perpendicular-transversals ::
bool
(PostulateOfParallelism Of Perpendicular Transversals) where
postulate-of-parallelism-of-perpendicular-transversals =

VY A1 A2 B1 B2 C1 C2 D1 D2.
Al A2 Par B1 B2 N A1 A2 Perp C1 C2 N B1 B2 Perp D1 D2 N
Coplanar A1 A2 C1 D1 A Coplanar A1 A2 C1 D2 A
Coplanar A1 A2 C2 D1 A Coplanar A1 A2 C2 D2
_)
C1 C2 Par D1 D2
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definition universal-posidonius-postulate ::
bool
(UniversalPosidoniusPostulate) where
universal-posidonius-postulate =

Y A1 A2 A3 AJ B1 B2 B3 B)
A1 A2 Par B1 B2 N Col A1 A2 A3 N Col BI B2 B3 N A1 A2 Perp A8 B3 A
Col A1 A2 A} A Col B1 B2 B4 N A1 A2 Perp AJ B
N
Cong A8 B3 A4 B/,

definition alternative-strong-parallel-postulate ::
bool
(AlternativeStrongParallelPostulate) where
alternative-strong-parallel-postulate =

VABCDPQR.
BCOSADANABCBCDSumAPQRA—-BetP QR
N
(3 Y.CollBAY A ColCDY)

definition Postulate0! :: bool where
Postulate01 = tarski-s-parallel-postulate

definition Postulate02 :: bool where
Postulate02 = playfair-s-postulate

definition Postulate03 :: bool where
Postulate03 = triangle-postulate

definition Postulate0 :: bool where
Postulate0 = bachmann-s-lotschnittaxiom

definition Postulate05 :: bool where
Postulate05 = postulate-of-transitivity-of-parallelism

definition Postulate06 :: bool where
Postulate06 = midpoint-converse-postulate

definition Postulate07 :: bool where
Postulate07 = alternate-interior-angles-postulate

definition Postulate08 :: bool where
Postulate08 = consecutive-interior-angles-postulate

definition Postulate09 :: bool where
Postulate09 = perpendicular-transversal-postulate

definition Postulate10 :: bool where
Postulate10 = postulate-of-parallelism-of-perpendicular-transversals

definition Postulatel1 :: bool where
Postulatell = universal-posidonius-postulate
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definition Postulate12 :: bool where
Postulatel2 = alternative-playfair-s-postulate

definition Postulatel3 :: bool where
Postulate13 = proclus-postulate

definition Postulatel :: bool where
Postulatel = alternative-proclus-postulate

definition Postulatel5 :: bool where
Postulatel5 = triangle-circumscription-principle

definition Postulatel6 :: bool where
Postulate16 = inverse-projection-postulate

definition Postulatel7 :: bool where
Postulatel17 = euclid-5

definition Postulate18 :: bool where
Postulate18 = strong-parallel-postulate

definition Postulate19 :: bool where
Postulate19 = alternative-strong-parallel-postulate

definition Postulate20 :: bool where
Postulate20 = euclid-s-parallel-postulate

definition Postulate21 :: bool where
Postulate21 = postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights

definition Postulate22 :: bool where
Postulate22 = posidonius-postulate

definition Postulate28 :: bool where
Postulate23 = postulate-of-existence-of-similar-triangles

definition Postulate2/ :: bool where
Postulate2 = thales-postulate

definition Postulate25 :: bool where
Postulate25 = thales-converse-postulate

definition Postulate26 :: bool where
Postulate26 = existential-thales-postulate

definition Postulate27 :: bool where
Postulate27 = postulate-of-right-saccheri-quadrilaterals

definition Postulate28 :: bool where
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Postulate28 = postulate-of-existence-of-a-right-saccheri-quadrilateral

definition Postulate29 :: bool where
Postulate29 = postulate-of-right-lambert-quadrilaterals

definition Postulate30 :: bool where
Postulate30 = postulate-of-existence-of-a-right-lambert-quadrilateral

definition Postulate31 :: bool where
Postulate31 = weak-inverse-projection-postulate

definition Postulate32 :: bool where
Postulate32 = weak-tarski-s-parallel-postulate

definition Postulate33 :: bool where
Postulate33 = weak-triangle-circumscription-principle

definition Postulate34 :: bool where
Postulate34 = legendre-s-parallel-postulate

definition Postulate35 :: bool where
Postulate35 = existential-playfair-s-postulate

3.2 Propositions

lemma euclid-5--original-euclid:
assumes Fuclid5
shows FuclidSParallelPostulate

(proof )

lemma tarski-s-euclid-implies-euclid-5:
assumes TarskiSParallelPostulate
shows Fuclid5

(proof )

lemma tarski-s-implies-euclid-s-parallel-postulate:
assumes TarskiSParallelPostulate
shows FuclidSParallelPostulate

{proof)

theorem tarski-s-euclid-implies-playfair-s-postulate:
assumes TarskiSParallelPostulate
shows PlayfairSPostulate

(proof)

lemma tarski-s-euclid-remove-degenerated-cases:

assumesV ABCDT.A#BANA#CANA#DA
A#TANB#CANB#DANB#TANC#DA
C#TAND#TAN-ColABCANBetADTA
Bet BDCAN—-ColBCT —

(3 zy. (Bet ABxz AN Bet A CyA Betz Ty))

showsV ABCDT.Bet ADTANBet BDCANA#D—

(3 zy. (Bet ABz AN Bet ACyA Betz Ty))

(proof )
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lemma alternate-interior--consecutive-interior:
assumes AlternatelnteriorAnglesPostulate
shows Consecutivelnterior AnglesPostulate

(proof)

lemma alternate-interior--playfair-auz-1:
assumes A1 A2 Par C1 C2 and
Col P C1 C2 and
Col P P1 P2 and
P1 P2 Perp A1 A2 and
Col Q@ A1 A2
shows Coplanar P Q A1 C1

(proof )

lemma alternate-interior--playfair-auz-2:
assumes A1 A2 Par C1 C2 and
Col P C1 C2 and
Col Q@ A1 A2 and
Col B1 B2 B3 and
- Col A1 A2 P and
Col P B1 B2 and
Coplanar A1 A2 B1 B2 and
Al A2 ParStrict B1 B2
shows Coplanar P @Q C1 B3

(proof )

lemma alternate-interior--playfair-aux:

assumes alternate-interior-angles-postulate

shows V A1 A2 B1 B2 C1 C2 P.

(P Perp2 A1 A2 B1 B2 A - Col A1 A2 P N\ Col P B1 B2 A
Coplanar A1 A2 B1 B2 A

A1 A2 Par C1 C2 A Col P C1 C2) —

Col C1 B1 B2

(proof )

lemma alternate-interior--playfair-bis:
assumes alternate-interior-angles-postulate
shows alternative-playfair-s-postulate

(proof )

lemma alternate-interior--proclus-auz:
assumes greenberg-s-axiom and
alternate-interior-angles-postulate
showsV A C D P Q. (P A ParStrict C D AN C D Perp P C A
PAOSCQANPCOSQANPCOSQD)
—
FY.CdPQYANCACDY)

(proof )

lemma alternate-interior--proclus:
assumes greenberg-s-axiom and
alternate-interior-angles-postulate
shows proclus-postulate

(proof )

lemma alternate-interior--triangle:
assumes alternate-interior-angles-postulate
shows triangle-postulate

(proof )

lemma bachmann-s-lotschnittaxiom-aux-R1:
assumes bachmann-s-lotschnittaxiom
shows V A1 A2 B1 B2 C1 C2 D1 D2 IAB IAC IBD.
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IAB # IAC N IAB # IBD A
Al A2 Perp B1 B2 A

A1 A2 Perp C1 C2 A

B1 B2 Perp D1 D2 A
Col A1 A2 IAB A

Col B1 B2 IAB N Col A1 A2 IAC A
Col C1 C2 IAC N Col B1 B2 IBD N Col DI D2 IBD A
Coplanar IAB IAC IBD C1 A

Coplanar IAB IAC IBD C2 A
Coplanar IAB IAC IBD D1 N Coplanar IAB IAC IBD D2 —
(3 1. Col C1 C21 N Col D1 D2 1)

(proof )

lemma bachmann-s-lotschnittaxiom-auz-R2:
assumes V A1 A2 B1 B2 C1 C2 D1 D2 IAB IAC IBD.
IAB # IAC N IAB # IBD A
Al A2 Perp Bl B2 A
Al A2 Perp C1 C2 A
B1 B2 Perp D1 D2 A
Col A1 A2 IAB A
Col B1 B2 IAB N Col A1 A2 IAC N
Col C1 C2 IAC N Col B1 B2 IBD N Col D1 D2 IBD N
Coplanar IAB IAC IBD C1 A
Coplanar IAB IAC IBD C2 A
Coplanar IAB IAC IBD D1 A Coplanar IAB IAC IBD D2 —
(3 I.ColC1 C21N Col D1 D21)
shows bachmann-s-lotschnittaxiom

(proof )

lemma bachmann-s-lotschnittaxiom-auzx:
shows bachmann-s-lotschnittaxiom <—>
(Vv A1 A2 B1 B2 C1 C2 D1 D2 IAB IAC IBD.
IAB # [IAC N IAB # IBD A
A1 A2 Perp B1 B2 A
Al A2 Perp C1 C2 A
B1 B2 Perp D1 D2 A
Col A1 A2 IAB N
Col B1 B2 IAB N Col A1 A2 IAC N
Col C1 C2 IAC N Col B1 B2 IBD N Col D1 D2 IBD A
Coplanar IAB IAC IBD C1 A
Coplanar IAB IAC IBD C2 A
Coplanar IAB IAC IBD D1 N Coplanar IAB IAC IBD D2 —»
(3 I. Col C1 C21 N Col D1 D2 1))

(proof)

lemma bachmann-s-lotschnittaxiom--legendre-s-parallel-postulate:
assumes bachmann-s-lotschnittaziom
shows legendre-s-parallel-postulate

(proof )

lemma bachmann-s-lotschnittaxiom--weak-inverse-projection-postulate:
assumes bachmann-s-lotschnittaziom
shows weak-inverse-projection-postulate

(proof )

lemma bachmann-s-lotschnittaxiom--weak-triangle-circumscription-principle:
assumes bachmann-s-lotschnittaxiom
shows weak-triangle-circumscription-principle

(proof )

lemma consecutive-interior--alternate-interior:
assumes consecutive-interior-angles-postulate
shows alternate-interior-angles-postulate

(proof )

223



lemma existential-playfair--rah-1:
postulate-of-right-saccheri-quadrilaterals +—
hypothesis-of-right-saccheri-quadrilaterals
(proof)

lemma existential-playfair--rah:
assumes existential-playfair-s-postulate
shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma ezistential-saccheri--rah:
assumes postulate-of-existence-of-a-right-saccheri-quadrilateral
shows postulate-of-right-saccheri-quadrilaterals

{proof)

lemma existential-triangle--rah:
assumes postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights
shows postulate-of-right-saccheri-quadrilaterals

(proof)

lemma inverse-projection-postulate--proclus-bis:
assumes inverse-projection-postulate
shows alternative-proclus-postulate

(proof )

lemma strong-parallel-postulate-implies-inter-dec:

shows decidability-of-intersection

(proof )

lemma impossible-case-1:
assumes Bet A B ¢ and
Bet C'y A and
B C ParStrict z y
shows Fualse

(proof)

lemma impossible-case-2:
assumes A # D and
B # D and

- Col A B C and
Col A B z and
Bet A D T and

Bet B D C and

Bet y A C and

Betx Ty
shows Fulse

(proof )

lemma impossible-case-3:

assumes

Bet A D T and

- Col BC T and

Bet B D C and

Bet Bz A and

Bet x T y and

B C ParStrict ¢ y
shows False

(proof )

lemma impossible-case-4-1:
assumes A # D and
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C # D and

- Col A B C and
Col A C y and
Bet A D T and

Bet B D C and

A Out B z and

Bet Ty x
shows Fualse

(proof )

lemma impossible-case-4-2:
assumes - Col A B C' and

Col A Cy and
Bet A D T and
- Col BC T and
Bet B D C and
Bet B A z and
Bet T y x and

B C ParStrict ¢ y

shows Fualse

(proof )

lemma ‘mpossible-case-4:
assumes A # D and

C # D and

D # T and

- Col A B C and

Col A C y and

Bet A D T and

- Col BC T and

Bet B D C and

Col A B x and

Bet T y z and

B C ParStrict z y
shows Fulse

(proof)

lemma impossible-two-sides-not-col:
assumes A # D and

C # D and

- Col A B C and
Bet A D T and

Bet B D C and
Bet BY T

shows = Col A C'Y

(proof )

lemma triangle-circumscription-implies-tarski-s-euclid-aux1:

assumes triangle-circumscription-principle and

B # D and

C # D and

D # T and

T # X and

- Col A B C and
Col A B M1 and
Bet A D T and
- Col BC T and
Bet B D C and
Col TY Z and
Bet Y T X and
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Bet Y M1 Z1 and
Cong YT T X and
Cong Y M1 M1 Z1 and
B C Perp T Z and
A B Perp Y Z1
shows 3z. Col A Bz AN B C ParStrict T AN Cong Xz Y z

(proof )

lemma triangle-circumscription-implies-tarski-s-euclid-aux:
assumes triangle-circumscription-principle and
B # D and
C # D and
D # T and
T # X and
- Col A B C and
Col A B M1 and
Col A C M2 and
Bet A D T and
- Col BC T and
Bet B D C and
Col TY Z and
Bet YT X and
Bet Y M1 Z1 and
Bet Y M2 Z2 and
Cong YT T X and
Cong Y M1 M1 Z1 and
Cong Y M2 M2 Z2 and
B C Perp T Z and
A B Perp Y Z1 and
A C Perp Y Z2
shows 3 zy. Bet ABx AN Bet ACy A Betx Ty

(proof)

lemma triangle-circumscription-implies-tarski-s-euclid:
assumes triangle-circumscription-principle
shows tarski-s-parallel-postulate

(proof)

lemma thales-converse-postulate--thales-existence:
assumes thales-converse-postulate
shows existential-thales-postulate

(proof )

lemma thales-converse-postulate--weak-triangle-circumscription-principle:
assumes thales-converse-postulate
shows weak-triangle-circumscription-principle

(proof )

lemma thales-existence--rah:
assumes existential-thales-postulate
shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma thales-postulate--thales-converse-postulate:
assumes thales-postulate
shows thales-converse-postulate
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(proof )

lemma triangle--existential-triangle:
assumes triangle-postulate
shows postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights

(proof )

lemma legendre-auz-tr:
assumes greenberg-s-axiom and
triangle-postulate
shows (V A BCP Q. —~(
Q A Perp PQANPBPerpPQAN QA ParStrict P B N\
Q A ParStricc PCANPBOSQCANPQOSCANANPQOSCB))

(proof )

lemma legendre-auzi-tr:
assumes greenberg-s-axiom and
triangle-postulate
shows V A1 A2 B1 B2 C1 C2 P.
(P Perp2 A1 A2 B1 B2 A - Col A1 A2 P A
Col P B1 B2 N Coplanar A1 A2 B1 B2 A
A1 A2 Par C1 C2 N Col P C1 C2 A
- B1 B2 TS A1 C1)
_>
Col C1 B1 B2

(proof )

lemma legendre-auz2-tr:
assumes greenberg-s-axiom and
triangle-postulate
shows V A1 A2 B1 B2 C1 C2 P.
(P Perp2 A1 A2 B1 B2 A = Col A1 A2 P A
Col P B1 B2 A Coplanar A1 A2 B1 B2 A
A1 A2 Par C1 C2 N Col P C1 C2)
H
Col C1 B1 B2

(proof )

lemma triangle--playfair-bis:
assumes greenberg-s-axiom and
triangle-postulate
shows alternative-playfair-s-postulate

(proof )

lemma rah--existential-saccheri:
assumes postulate-of-right-saccheri-quadrilaterals
shows postulate-of-existence-of-a-right-saccheri-quadrilateral

(proof )

lemma rah--posidonius-aux:
assumes postulate-of-right-saccheri-quadrilaterals
shows V A1 A2 A3 Bl B2 BS3.
(Per A2 A1 B1 N Per A1 A2 B2 A
Cong A1 B1 A2 B2 N A1 A2 OS B1 B2 A
Col A1 A2 A3 N Col B1 B2 B3 A
A1 A2 Perp A3 B3)
N
Cong A8 B3 A1 Bl

(proof )
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lemma rah--posidonius:
assumes postulate-of-right-saccheri-quadrilaterals
shows posidonius-postulate

(proof)

lemma rah--rectangle-principle:
assumes postulate-of-right-saccheri-quadrilaterals
shows postulate-of-right-lambert-quadrilaterals

(proof )

lemma rah--similar:
assumes postulate-of-right-saccheri-quadrilaterals
shows postulate-of-existence-of-similar-triangles

(proof )

lemma rah--thales-postulate:
assumes postulate-of-right-saccheri-quadrilaterals
shows thales-postulate

(proof)

lemma rah--triangle:
assumes postulate-of-right-saccheri-quadrilaterals
shows triangle-postulate

(proof )

lemma rectangle-principle--rectangle-existence:
assumes postulate-of-right-lambert-quadrilaterals
shows postulate-of-existence-of-a-right-lambert-quadrilateral

(proof)

lemma similar--rah-auz:

assumes - Col A B C' and
A B C CongA D E F and
B C A CongA E F D and
C A B CongA F D E and
B CA LeA A B C and
DELtAB

shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma similar--rah:
assumes postulate-of-existence-of-similar-triangles
shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma impossible-case-5:
showsY PQ R S U I.
- (BetSQURAN—-ColPQS A
~ColPRUANPRPar QS A
Bet S QI N Bet UI P)

(proof )

lemma impossible-case-6':
showsVY PQ R S UI.
“(BetSQURAN-ColP QS A
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PSPar QRN BetSQIANDBetIPU)
(proof)

lemma impossible-case-7:
showsY PQ R S U I.
—(BetSQURAN-ColPQS A
- ColPRUANPRPar QS A
PSParQRANColPUINBetQIS)
(proof)

lemma impossible-case-8:
showsVY PQ R S UI.
~(BetSQURAN—-ColP QS A
PR Par @Q S ANPS Par QR A
ColPUI N Bet 1S Q)

(proof )

lemma strong-parallel-postulate-implies-tarski-s-euclid-auz:
assumes strong-parallel-postulate and
A # B and
A # D and
A # T and
B # D and
B # T and
D # T and
- Col A BT and
Bet ADT
shows 3 B’ B"” MB X.
(Bet A BX A T X ParStrict B D A
BetS B MB T A BetS B’ MB B A
Cong B MB T MB A Cong B' MB B" MB A
Col BB' D A Bet B T X A
B# B AB"#T)
(proof)

lemma strong-parallel-postulate-implies-tarski-s-euclid :
assumes strong-parallel-postulate
shows tarski-s-parallel-postulate

(proof )

lemma midpoint-converse-postulate-implies-playfair:
assumes midpoint-converse-postulate
shows playfair-s-postulate

(proof )

lemma playfair-implies-par-trans:
assumes playfair-s-postulate
shows postulate-of-transitivity-of-parallelism

(proof )

lemma par-trans-implies-playfair:
assumes postulate-of-transitivity-of-parallelism
shows playfair-s-postulate

(proof )

lemma par-perp-perp-implies-par-perp-2-par:
assumes perpendicular-transversal-postulate
shows postulate-of-parallelism-of-perpendicular-transversals

(proof )

lemma par-perp-2-par-implies-par-perp-perp:
assumes postulate-of-parallelism-of-perpendicular-transversals
shows perpendicular-transversal-postulate
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(proof )

lemma par-perp-perp-implies-playfair:
assumes perpendicular-transversal-postulate
shows playfair-s-postulate

(proof )

lemma playfair--universal-posidonius-postulate:
assumes playfair-s-postulate
shows universal-posidonius-postulate

(proof)

lemma weak-inverse-projection-postulate--bachmann-s-lotschnittariom-aux:
assumes weak-inverse-projection-postulate
shows V A1 A2B1 B2C1C2Q PR M.
(A1 A2 Perp B1 B2 N A1 A2 Perp C1 C2 A
Col A1 A2 Q N Col B1 B2 Q A
Col A1 A2 PN Col C1 C2P A
Col B1 B2 R N Coplanar Q PR C1 A
Coplanar Q@ PR C2 AN = Col @ PR A
M InAngle P Q R AN M Q P CongA M Q R)
—)
(B1 B2 ParStrict C1 C2 A
(3S. QO0utMS A Col C1 C208))
(proof)

lemma weak-inverse-projection-postulate--bachmann-s-lotschnittaziom:
assumes weak-inverse-projection-postulate
shows bachmann-s-lotschnittaxiom

(proof)

lemma weak-triangle-circumscription-principle--bachmann-s-lotschnittaziom:
assumes weak-triangle-circumscription-principle
shows bachmann-s-lotschnittaxiom

(proof )

lemma universal-posidonius-postulate--perpendicular-transversal-postulate-aux-lem:

fixes A1 A2 B1 B2 C1 C2 D1 D2 IAB IAC IBD
assumes

IAB # IAC and

IAB # IBD and

A1 A2 Perp B1 B2 and

A1 A2 Perp C1 C2 and

B1 B2 Perp D1 D2 and

Col A1 A2 IAB and

Col B1 B2 IAB and

Col A1 A2 TAC and

Col C1 C2 IAC and

Col B1 B2 IBD and

Col D1 D2 IBD and

Coplanar IAB IAC IBD C1 and

Coplanar IAB IAC IBD C2 and

Coplanar IAB IAC IBD D1 and

Coplanar IAB IAC IBD D2 and

postulate-of-right-saccheri-quadrilaterals
shows 3 . Col C1 C21 N Col DI D2 1

(proof )

lemma universal-posidonius-postulate--perpendicular-transversal-postulate-aux:
assumes universal-posidonius-postulate
showsY EFGHRP.
E G Perp R P N\ Coplanar FHP RN Col EG R N Saccheri EF HG —
F H Perp PR

(proof )
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lemma universal-posidonius-postulate--perpendicular-transversal-postulate:
assumes universal-posidonius-postulate
shows perpendicular-transversal-postulate

(proof)

lemma playfair--alternate-interior:
assumes playfair-s-postulate
shows alternate-interior-angles-postulate

(proof )

lemma playfair-bis--playfair:
assumes alternative-playfair-s-postulate
shows playfair-s-postulate

(proof )

lemma playfair-s-postulate-implies-midpoint-converse-postulate:
assumes playfair-s-postulate
shows midpoint-converse-postulate

(proof)

lemma inter-dec-plus-par-perp-perp-imply-triangle-circumscription:
assumes
perpendicular-transversal-postulate
shows triangle-circumscription-principle

(proof)

lemma original-euclid--original-spp:
assumes euclid-s-parallel-postulate
shows alternative-strong-parallel-postulate

(proof )

lemma original-spp--inverse-projection-postulate:
assumes alternative-strong-parallel-postulate
shows inverse-projection-postulate

(proof)

lemma proclus-bis--proclus:
assumes alternative-proclus-postulate
shows proclus-postulate

(proof )

lemma proclus-s-postulate-implies-strong-parallel-postulate:
assumes proclus-postulate
shows strong-parallel-postulate

(proof )

lemma rectangle-ezristence--rah:
assumes postulate-of-existence-of-a-right-lambert-quadrilateral
shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma posidonius-postulate--rah:
assumes posidonius-postulate
shows postulate-of-right-saccheri-quadrilaterals

(proof )

lemma playfair--existential-playfair:
assumes playfair-s-postulate
shows ezistential-playfair-s-postulate

(proof )
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3.3 Equivalences

lemma proclus--aristotle:
assumes proclus-postulate
shows aristotle-s-axiom

(proof )

lemma aristotle--obtuse-case-elimination:
assumes aristotle-s-axiom
shows — hypothesis-of-obtuse-saccheri-quadrilaterals

(proof )

lemma aristotle--acute-or-right:
assumes aristotle-s-axiom
shows hypothesis-of-acute-saccheri-quadrilaterals
Y
hypothesis-of-right-saccheri-quadrilaterals

(proof )

lemma Azxiom1Prooflsabelle HOL:
shows Aziom1

{proof)

theorem equivalent-postulates-without-decidability-of-intersection-of-lines:
shows (Postulate07 <— Postulate12) N\

(Postulate12 <— Postulate08) A
(Postulate08 +— Postulate06) A
(Postulate06 <— Postulate09
(Postulate09 <— Postulate02
(Postulate02 +— Postulatel1
(Postulate11 <— Postulatel0
(Postulate10 <— Postulate05

(proof)

A
A
A
A

—_— — — — — —

lemma Cycle-1:
shows (Postulate0] — Postulate02) A
(Postulate09 — Postulatel5) A
(Postulate15 — Postulate01)

(proof)

lemma Cycle-2:
shows (Postulate01 <— Postulatel3) N\
(Postulate18 <— Postulatel)
(Postulate1l4 <— Postulatel6)
(Postulate16 «— Postulatel7)
(Postulate17 <— Postulatel8)
(Postulate18 <— Postulatel9)
(Postulate19 «— Postulate20)
(Postulate20 <— Postulate01)

(proof )

)

A
A
A
A
A
A

lemma Cycle-3:
shows (Postulate03 <— Postulate21) N\
(Postulate21 «+— Postulate22) N
(Postulate22 <— Postulate23) N
(Postulate23 <— Postulate24) N
(Postulate2 <— Postulate25) N\
(Postulate25 <— Postulate26) N
(Postulate26 <— Postulate27) N
(Postulate27 <— Postulate28) N\
(Postulate28 <— Postulate29) N
(Postulate29 <— Postulate30) N
(Postulate30 <— Postulate03)

(proof )
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lemma InterCyclel:
assumes greenberg-s-aziom and Postulate03
shows Postulate1?2

{proof)

lemma InterCycle2:
assumes Postulate07
shows Postulate03

{proof)

lemma InterCycle3:
assumes Postulate01
shows Postulate02

{proof)

lemma InterCycles:
assumes Postulate09
shows Postulateld

{proof)

lemma InterAzi-R1:
assumes Postulatel3
shows aristotle-s-axiom

{proof)

lemma InterAzi:
assumes Postulate01
shows aristotle-s-axiom

{proof)

lemma InterAz3:
assumes greenberg-s-aziom and Postulate02
shows Postulate01

(proof)

lemma InterAz4:
assumes Postulate01
shows Azioml

{proof)

lemma InterAzs:
assumes Postulate02
shows Postulate01

(proof )

lemma PPR-Theorem-4-bis:
assumes Postulate01
shows greenberg-s-axiom

{proof)

lemma PPR-Proposition-6:
assumes archimedes-axiom
shows aristotle-s-axiom

{proof)

lemma InterCyclelbis:
assumes Postulate01
shows Postulate03 — Postulate12

{proof)

lemma weak-inverse-projection-postulate--weak-tarski-s-parallel-postulate:
assumes weak-inverse-projection-postulate
shows weak-tarski-s-parallel-postulate

(proof )
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lemma weak-tarski-s-parallel-postulate--weak-inverse-projection-postulate-aux :
assumes weak-tarski-s-parallel-postulate
showsVY A BCPT.
Per A BC A T InAngle A B C A
P#TANPBACongAPBCAPerBPT A Coplanar A BC P
H
(3 X. (BOutAXANCITPX)V(IY. (BOuwCYACoTPY))

(proof )

lemma weak-tarski-s-parallel-postulate--weak-inverse-projection-postulate:
assumes weak-tarski-s-parallel-postulate
shows weak-inverse-projection-postulate

(proof )

lemma P31-P32:
shows Postulate31 <— Postulate32
(proof )

lemma P31-P0j:
shows Postulate31 <— Postulate0/
(proof)

lemma P0/-P33:
shows Postulate0 <— Postulate33

{proof)

lemma equivalent-postulates-without-any-continuity-bis:
shows Postulate0 <— Postulate33 N

Postulate31 <— Postulate04 N

Postulate31 <— Postulate32

(proof )

lemma P4-P34:
assumes Postulate0/
shows Postulate3)

(proof)

lemma P01--P35:
assumes Postulate01
shows Postulate35

(proof)

lemma P35--P01:
assumes greenberg-s-axiom and
Postulate01
shows Postulate35

(proof )

theorem stronger-legendre-s-first-theorem:
assumes aristotle-s-axiom
showsV ABCDFEF. CABABCSumADEF — SAMSDEFBCA

{proof)

theorem legendre-s-first-theorem:
assumes archimedes-axiom
showsV ABCDEF. CABABCSumADEF — SAMSDEFBCA

(proof)
theorem legendre-s-second-theorem:

assumes postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights
shows triangle-postulate

{proof)

lemma legendre-s-third-theorem-auz:
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assumes aristotle-s-axiom and
triangle-postulate
shows euclid-s-parallel-postulate

{proof)

theorem legendre-s-third-theorem:

assumes archimedes-aziom and
triangle-postulate

shows euclid-s-parallel-postulate

{proof)

lemma legendre-aux:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals
showsY ABCDBICIPQRSTUV WX.
- ColABCANACBCongA CBDA
Cong ACBDANBCTSADANAOut BBl ANA Out CC1 AN Bet Bl DCI1 A
Defect A BCP QRN Defect ABICISTUANPQRPQRSumAV WX —
(SAMSPQRPQRANVWXLeASTU)

(proof )

lemma legendre-auz1:
showsV A B C B’ C".
~ ColABCANAOutBB ANAOutCC —
(3 D' D' InAngle BA C A A C' B’ CongA C' B’ D' A
Cong A C'B'D'ANB' C' TS A D)
(proof)

lemma legendre-auz2:
assumes — hypothesis-of-obtuse-saccheri-quadrilaterals
shows V A B C.
- Col ABC N Acute BA C A
(V T. TInAngle BAC — (3 XY. AOutBXANAOuCY ANBet XTY))
—
(Y PQRSTU. Defect ABCP QRN GradAEzp PQR ST U —
3B C'"P'QR.(AOutBB' ANAOutCC'A
Defect AB' C'P' Q" R'"ANSTULeA P Q' R')))
(proof)

lemma legendre-s-fourth-theorem-aux:
assumes archimedes-aziom and
legendre-s-parallel-postulate
shows postulate-of-right-saccheri-quadrilaterals

(proof )

theorem legendre-s-fourth-theorem:
assumes archimedes-aziom and
legendre-s-parallel-postulate
shows postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights
(proof)

lemma P34-P21:
assumes archimedes-axiom and
Postulate3/
shows Postulate21

{proof)

lemma P3/-P27:
assumes archimedes-axiom and
Postulate3/
shows Postulate27

(proof )

lemma P25-33:
assumes Postulate25
shows Postulate33

(proof)
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lemma P23-33:
assumes Postulate23
shows Postulate33

(proof)

lemma P01-35:
assumes Postulate01
shows Postulate35

{proof)

lemma P35-27:
assumes Postulate35
shows Postulate27

{proof)

lemma Thmi10-1:
assumes archimedes-axiom
shows (Postulate01 <— Postulate02) N

(Postulate01
(Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01

o~~~ —

+— Postulate03) A
< Postulate04) N
<— Postulate05) N
+— Postulate06) N
<— Postulate07) N
<— Postulate08) N
+— Postulate09) N
<— Postulate10)

(proof)

lemma Thm10-2:
assumes archimedes-axiom

shows (Postulate0! <— Postulatel1) N\

(Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01

PRy

<— Postulate12)
<— Postulate18)
<— Postulate14)
<— Postulatel5)
<— Postulate16)
<— Postulate17)
<— Postulatel8)
<— Postulate19)
«— Postulate20)

)

A
A
A
A
A
A
A
A

(proof)

lemma Thm10-3:
assumes archimedes-azxiom
shows (Postulate01 <— Postulate21) N\

(Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01
Postulate01

Py

<— Postulate22) N
<— Postulate23
<— Postulate2/
<— Postulate25
<— Postulate26
+— Postulate27
<— Postulate28
<— Postulate29

) A

) A
) A
) A
) A
) A
) A
<— Postulate30)

{proof)

lemma Thm10-4:
assumes archimedes-aziom
shows (Postulate01 <— Postulate31) A
(Postulate01 <— Postulate32) N
(Postulate01 <— Postulate33)
(Postulate01 <— Postulate34) A
(Postulate01 «+— Postulate35)

{proof)
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theorem Thm10:
assumes archimedes-axiom
shows (Postulate01 <— Postulate02) N

(Postulate01 +— Postulate03) N

(Postulate01 <— Postulate04) N

(Postulate01 <— Postulate05) A
(Postulate01 «+— Postulate06) N
(Postulate01 <— Postulate07) N
(Postulate01 <— Postulate08) N
(Postulate01 «+— Postulate09) A
(Postulate01 <— Postulate10) N
(Postulate01 <— Postulatel1) A
(Postulate01 «+— Postulatel2) A
(Postulate01 <— Postulatel3) N
(Postulate01 <— Postulatel]) A
(Postulate01 +— Postulatel5) A
(Postulate01 <— Postulatel6) N
(Postulate01 <— Postulatel7) A
(Postulate01 <— Postulatel8) A
(Postulate01 <— Postulate19) N
(Postulate01 <— Postulate20) N\
(Postulate01 «<— Postulate21) A
(Postulate01 <— Postulate22) N
(Postulate01 <— Postulate23) N\
(Postulate01 <— Postulate2) N
(Postulate01 <— Postulate25) N
(Postulate01 <— Postulate26) N
(Postulate01 <— Postulate27) N
(Postulate01 <— Postulate28) N
(Postulate01 <— Postulate29) N
(Postulate01 <— Postulate30) N\
(Postulate01 <— Postulate31) A
(Postulate01 <— Postulate32) N\
(Postulate01 <— Postulate33) N\
(Postulate01 <— Postulate34) N
(Postulate01 <— Postulate35)

(proof)

theorem equivalent-postulates-assuming-greenberg-s-axiom:
assumes greenberg-s-aziom
shows (tarski-s-parallel-postulate <— alternate-interior-angles-postulate) N
(tarski-s-parallel-postulate alternative-playfair-s-postulate) A
tarski-s-parallel-postulate alternative-playfair-s-postulate) A
tarski-s-parallel-postulate alternative-proclus-postulate) A
tarski-s-parallel-postulate alternative-strong-parallel-postulate) A
tarski-s-parallel-postulate consecutive-interior-angles-postulate) N
tarski-s-parallel-postulate euclid-5) N
tarski-s-parallel-postulate euclid-s-parallel-postulate) N
tarski-s-parallel-postulate existential-playfair-s-postulate) N
tarski-s-parallel-postulate existential-thales-postulate) N
tarski-s-parallel-postulate inverse-projection-postulate) A
tarski-s-parallel-postulate midpoint-converse-postulate) N\
tarski-s-parallel-postulate perpendicular-transversal-postulate) A
tarski-s-parallel-postulate postulate-of-transitivity-of-parallelism) A
tarski-s-parallel-postulate playfair-s-postulate) A
tarski-s-parallel-postulate posidonius-postulate) A
tarski-s-parallel-postulate universal-posidonius-postulate) A
tarski-s-parallel-postulate
+— postulate-of-existence-of-a-right-lambert-quadrilateral) A
(tarski-s-parallel-postulate
+— postulate-of-existence-of-a-right-saccheri-quadrilateral) A
(tarski-s-parallel-postulate

A A A R R A A

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

< postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights) A

arski-s-parallel-postulate <— postulate-of-existence-of-similar-triangles) N

tarski llel-postulat tulat ist imilar-triangl
arski-s-parallel-postulate

tarski llel-postulat
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+— postulate-of-parallelism-of-perpendicular-transversals) A
(tarski-s-parallel-postulate <— postulate-of-right-lambert-quadrilaterals) A
(tarski-s-parallel-postulate «— postulate-of-right-saccheri-quadrilaterals) A
(tarski-s-parallel-postulate «— postulate-of-transitivity-of-parallelism) N
(tarski-s-parallel-postulate <— proclus-postulate) A
(tarski-s-parallel-postulate strong-parallel-postulate) N
(tarski-s-parallel-postulate tarski-s-parallel-postulate) A
(tarski-s-parallel-postulate thales-postulate) A
(tarski-s-parallel-postulate thales-converse-postulate) A
(tarski-s-parallel-postulate triangle-circumscription-principle) A
(tarski-s-parallel-postulate triangle-postulate)

(proof )

—
—
—
—
—
—

theorem equivalent-postulates-assuming-archimesdes-axiom:
assumes archimedes-aziom
shows alternate-interior-angles-postulate +— alternative-playfair-s-postulate N\
alternative-playfair-s-postulate <— alternative-proclus-postulate N\
alternative-proclus-postulate <— alternative-strong-parallel-postulate A
alternative-strong-parallel-postulate <— bachmann-s-lotschnittaxiom A
bachmann-s-lotschnittaxiom <— consecutive-interior-angles-postulate N
consecutive-interior-angles-postulate <— euclid-5 N
euclid-5 <— euclid-s-parallel-postulate N
euclid-s-parallel-postulate «<— existential-playfair-s-postulate N
existential-playfair-s-postulate <— existential-thales-postulate N
existential-thales-postulate <— inverse-projection-postulate N
inverse-projection-postulate <— legendre-s-parallel-postulate N
legendre-s-parallel-postulate <— midpoint-converse-postulate N
midpoint-converse-postulate <— perpendicular-transversal-postulate N
perpendicular-transversal-postulate <— postulate-of-transitivity-of-parallelism N
postulate-of-transitivity-of-parallelism <— playfair-s-postulate N
playfair-s-postulate <— posidonius-postulate N\
posidonius-postulate <— universal-posidonius-postulate N
universal-posidonius-postulate <—
postulate-of-existence-of-a-right-lambert-quadrilateral N
postulate-of-existence-of-a-right-lambert-quadrilateral <—
postulate-of-existence-of-a-right-saccheri-quadrilateral N
postulate-of-existence-of-a-right-saccheri-quadrilateral +—
postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights N
postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights <—
postulate-of-existence-of-similar-triangles N\
postulate-of-existence-of-similar-triangles <—
postulate-of-parallelism-of-perpendicular-transversals N\
postulate-of-parallelism-of-perpendicular-transversals +—
postulate-of-right-lambert-quadrilaterals N\
postulate-of-right-lambert-quadrilaterals <— postulate-of-right-saccheri-quadrilaterals N
postulate-of-right-saccheri-quadrilaterals «— postulate-of-transitivity-of-parallelism N
postulate-of-transitivity-of-parallelism <— proclus-postulate N\
proclus-postulate <— strong-parallel-postulate N
strong-parallel-postulate <— tarski-s-parallel-postulate N
tarski-s-parallel-postulate <— thales-postulate N
thales-postulate <— thales-converse-postulate N
thales-converse-postulate <— triangle-circumscription-principle A
triangle-circumscription-principle <— triangle-postulate N\
triangle-postulate <— weak-inverse-projection-postulate N\
weak-inverse-projection-postulate «— weak-tarski-s-parallel-postulate A
weak-tarski-s-parallel-postulate «— weak-triangle-circumscription-principle
(proof)

4 Szmielew: hyperbolic plane postulate

4.1 Definition

definition hyperbolic-plane-postulate ::
bool
(HyperbolicPlanePostulate) where
hyperbolic-plane-postulate =
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vV A1 A2 P.
—~ Col A1 A2 P
_)
(3 B1 B2 C1 C2.
A1 A2 Par B1 B2 A Col P B1 B2 A A1 A2 Par C1 C2 A Col P C1 C2 A — Col C1 B1 B2)

4.2 Propositions

lemma hpp--nP35:
assumes greenberg-s-ariom
shows hyperbolic-plane-postulate <— — Postulate35

(proof)

lemma aah--hpp:
assumes hypothesis-of-acute-saccheri-quadrilaterals
shows hyperbolic-plane-postulate

(proof )

theorem szmielew-s-theorem:
assumes aristotle-s-axiom
shows V P:: bool.
(playfair-s-postulate — P) N (hyperbolic-plane-postulate — — P)

—
(P «— playfair-s-postulate)

(proof)

end

end

theory Tarski-Neutral-Continuity

imports
Tarski- Neutral

begin
context Tarski-neutral-dimensionless

begin

5 Continuity
5.1 Definitions

definition OnCircle ::
['p,’p,’p] = bool
(- OnCircle - - [99,99,99] 50)
where
P OnCircle AB = Cong APAB

definition InCircle ::
['p.'p,'p] = bool
(- InCircle - - [99,99,99] 50)
where
P InCircle AB =APLeAB

definition OutCircle ::
['p,'p,'p] = bool
(- OutCircle - - [99,99,99] 50)
where
P OutCircle AB = A BLe AP
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definition InCircleS ::
['p.'p,'p] = bool
(- InCircleS - - [99,99,99] 50)
where
P InCircleSAB =APILtAB

definition OutCircleS ::
['p,'p,'p] = bool
(- OutCircleS - - [99,99,99] 50)
where
P OutCircleS AB =ABLtAP

definition Diam ::
['p,'p,"p,'p] = bool
(Diam - - - - [99,99,99,99] 50)
where
Diam A B PO P = Bet A PO B N A OnCircle PO P N B OnCircle PO P

definition EqC :
['p,'p,'p,"p] = bool

(EqC - - - - [99,99,99,99] 50)
where
EqCABCD=

YV X. (X OnCircle A B <— X OnClrcle C' D)

definition InterCCAt :
['p,'p,"p, "D, "D, 'P] = bool
(InterCCAt - - - - - - [99,99,99,99,99,99] 50)
where
InterCCAt A BCDPQ=
- EqC ABCDA
P # QN P OnCircle C DN Q OnCircle C D N P OnClircle A B A @ OnClircle A B

definition InterCC ::
['p,'p,"p,'p] = bool
(InterCC - - - - [99,99,99,99] 50)
where
InterCC A BCD=3PQ. InterCCAt ABCDPQ

definition TangentCC :
['p,'p,"p,'p] = bool
(TangentCC - - - - [99,99,99,99] 50)
where
TangentCC A B C D =
3 X. (X OnCircle A B N X OnCircle C D A
(V Y. (Y OnCircle A B A Y OnCircle C D) — X = Y))

definition Tangent ::

['p,'p,"p,'p] = bool
(Tangent - - - - [99,99,99,99] 50)
where
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Tangent A B PO P =
3 X. (Col A BX A X OnClircle PO P A
(V Y. (ColABY A Y OnCircle PO P) — X = Y))

definition TangentAt :
['p,'p,"p,'p,"P] = bool
(TangentAt - - - - - [99,99,99,99,99] 50)
where
TangentAt A B PO P T = Tangent A B PO P N Col A BT N T OnCircle PO P

definition Concyclic :
['p,'p,"p,'p] = bool
(Concyclic - - - - [99,99,99,99] 50)
where
Concyclic A B C D = Coplanar A B C D N
(3 PO P. A OnClircle PO P A B OnCircle PO P N\
C OnCircle PO P N D OnClircle PO P)

definition ConcyclicGen ::
['p,'p,"p,"p] = bool
(ConcyclicGen - - - - [99,99,99,99] 50)
where
ConcyclicGen A B C D =
Concyclic A B C DV
(Col ABCANColABDA Col ACDA Col BCD,)

definition Concyclic2 :
['p,'p,'p,"p] = bool
(Conceyclic2 - - - - [99,99,99,99] 50)
where
Concyclic2 A B C D = Coplanar A B C D A
(3 P. Cong PAPBA CongPAPCA CongP AP D)

definition segment-circle :: bool
(SegmentCircle 50)
where
segment-circle =V A B P Q. (P InCircle A B A @ OutClircle A B) —
(3 Z. Bet PZ Q N Z OnCircle A B)

definition one-point-line-circle :: bool
(OnePointLineCircle 50)
where
one-point-line-circle =V A B U V P.
CollUVPANU#VABetAPB — (3 Z. ColUV Z N Z OnCircle A B)

definition two-points-line-circle :: bool
(TwoPointLineCircle 50)
where
TwoPointLineCircle =V A B U V P.
(ColUVPANU#*V ANBet APB) — (3 Z1 Z2. Col UV Z1 N Z1 OnClircle A B A
Col UV Z2 N Z2 OnCircle A B N
Bet Z1 P 72 A (P # B —» Z1 # 72))
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definition circle-circle :: bool
(CircleClircle 50)
where
circle-circle =V A B C D P Q.
(P OnClircle C D N Q OnCircle C D A P InCircle A B A Q OutCircle A B)
— (3 Z. Z OnClircle A B N Z OnClrcle C D)

definition circle-circle-bis :: bool
(ClircleClircleBis 50)
where
circle-circle-bis =V A B C D P Q.
(P OnCircle C D N P InClircle A B A Q OnClircle A B A Q InCircle C D)
— (3 Z. Z OnClircle A B N Z OnClrcle C D)

definition circle-circle-axiom :: bool
(CircleClircleAziom 50)
where
circle-circle-aziom =V A B C D B’ D’.
(Cong A B" A BA Cong C D' CDA Bet AD'BA Bet C B’ D)
— (3 Z. Cong A ZA BN Cong CZC D)

definition circle-circle-two :: bool
(CircleCircleTwo 50)
where
circle-circle-two =V A B C D P Q.
(P OnCircle C D N @ OnCircle C D A P InCircle A B A Q OutCircle A B)
— (3 Z1 Z2. Z1 OnCircle A B A Z1 OnCircle C D A
Z2 OnCircle A B N Z2 OnCircle C D A
((P InCircleS A B A Q OutCircleS A B) — Z1 # Z2))

definition euclid-s-prop-1-22 :: bool
(BuclidsProp122 50)
where
euclid-s-prop-1-22 =Y ABCDEFA'"B'C'D'E' F'.
(ABCDSumSE'F'NABEFSumSC'D'ANCDEF SumS A" B'A
EFLeE'"F'ANCDLeC D'ANABLeA By —
(3 PQR.CongPQABANCongPRCDA Cong QR EF)

definition Nested :
[(nat = 'p = bool),(nat ='p=> bool)] = bool
(Nested - - [99,99] 50)
where
Nested A B =
(V n. (3 An Bn. A n An A B n Bn)) A
(Vv n An Am Bm Bn.
(AnAn A A (Suc n) Am A B (Suc n) Bm A B n Bn)
_>
(Bet An Am Bm A Bet Am Bm Bn A Am # Bm))

definition CantorsAxiom :: bool

(CantorsAziom 50)
where
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CantorsAziom =V A B. Nested A B —
(3 X.V nAn Bn. (A n An A Bn Bn) — Bet An X Bn)

definition DedekindsAxziom :: bool
(DedekindsAziom 50)
where
DedekindsAxiom =V Alpha Beta.
(3 AV XY. (Alpha X AN Beta Y) — Bet AX Y) —
(3 B.V X Y. (Alpha X N\ Beta Y) — Bet X B'Y)

definition DedekindVariant :: bool

(Dedekind Variant 50)

where

DedekindVariant =V Alpha Beta :: 'p = bool. ¥ A C.

(Alpha A N Beta C' A

(Vv P. A Out P C — (Alpha P V Beta P)) A

(V X Y. (Alpha X AN Beta Y) — (Bet AX Y AN X £ Y)))
—

(3 B.V XY. (Alpha X N Beta Y) — Bet X BY)

definition Alpha’Fun :: 'p = ('p = bool) = ('p = bool)
where
Alpha’Fun A Alpha = X\ X':'p. X' = AV (3 X::'p. Alpha X A Bet A X' X)

definition Beta'Fun :: 'p = 'p = ('p = bool) = ('p = bool)
where

Beta'Fun A C Alpha = X Y':'p. A Out Y/ C A = (3 X:=:'p. Alpha X A Bet A Y' X)

definition Eq ::

['p,’p] = bool
(- Eq - 199,99] 50)
where

AEqB=A=B8B

inductive FOF :: bool = bool
where
eq-fof : FOF (A Eq B) for A B :: 'p
| bet-fof : FOF (Bet A B C) for A B C :: 'p
| cong-fof : FOF (Cong A BC D) for ABCD:'p
| not-fof : FOF (= P) if FOF P for P :: bool
| and-fof : FOF (P A Q) if FOF P and FOF @ for P Q :: bool
| or-fof : FOF (P Vv Q) if FOF P and FOF @ for P Q :: bool
| implies-fof: FOF (P — Q) if FOF P and FOF @ for P @Q :: bool
| forall-fof : FOF (Y A:'p. P A) if ¥V A. FOF (P A) for P :: 'p = bool

| exists-fof : FOF (3 A:'p. P A) if FOF (P A) for P :: 'p = bool

definition FirstOrderDedekind :: bool

(FirstOrderDedekind 50)

where

FirstOrderDedekind =
YV Alpha Beta :: 'p=bool.

(V X 'p. FOF (Alpha X)) A

(V Y ::'p. FOF (Beta Y)) A

(3 AV XY. (Alpha X N Beta Y) — Bet A X Y)
H

3 B.V XY. (Alpha X N Beta Y) — Bet X BY)

definition AlphaFun:: v = 'p = p = 'p =
'n = 'p = ('p = bool)
where
AlphaFun A BCD P @ =
AX.Bet PX QA (3 X0. X0 OnClircle C D A C Out X X0 AN X0 InClircle A B)

definition BetaFun: 'p = p = p = 'p =
'n ='p = ('p = bool)
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where
BetaFun A BC D P Q =
AY.Bet PY QA (3 Y0. YO OnCircle CD AN C Out Y YO N YO OutCircle A B)

definition DedekindLemFun:: 'p = 'p = 'p = 'p =
'p ='p ="p="p="p=bool
where
DedekindLemFun =
AMMBCDPQQANRMNXY.(BetPXQA
(3 X0. X0 OnCircle C D A C Out X X0 N X0 InCircle A B) A
Bet PY QN
(3 Y0. YO OnCircle C D A C Out Y YO A YO OutCircle A B))
SN
Bet XRY

5.2 Propositions

lemma inc112:
shows A InCircle A B

(proof)

lemma onc212:
shows B OnCircle A B

(proof)

lemma onc-sym:
assumes P OnCircle A B
shows B OnCircle A P

(proof)

lemma ninc--outcs:
assumes — (X InCircle PO P)
shows X OutCircleS PO P

{proof)

lemma inc--outc-1:
assumes P InCircle A B
shows B OutClircle A P

{proof)

lemma inc--outc-2:
assumes B OutCircle A P
shows P InCircle A B

{proof)

lemma inc--outc:

shows P InCircle A B <— B OutCircle A P
(proof )

lemma incs--outcs-1:
assumes P InCircleS A B
shows B OutClircleS A P

(proof)

lemma incs--outcs-2:
assumes B OutCircleS A P
shows P InCircleS A B

{proof)

lemma incs--outcs:
shows P InCircleS A B <— B OutClircleS A P

(proof )
lemma onc--inc:

assumes P OnCircle A B
shows P InClircle A B
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{proof)

lemma onc--outc:
assumes P OnCircle A B
shows P OutCircle A B

(proof)

lemma inc-outc--onc:
assumes P InCircle A B and
P OutCircle A B
shows P OnClircle A B

{proof)

lemma incs--inc:
assumes P InCircleS A B
shows P InCircle A B

{proof)

lemma outcs--outc:
assumes P OutCircleS A B
shows P OutCircle A B

(proof)

lemma incs--noutc-1:
assumes P InCircleS A B
shows — P OutClircle A B

{proof)

lemma incs--noutc-2:
assumes — P OutCircle A B
shows P InCircleS A B

{proof)

lemma incs--noutc:

shows P InCircleS A B +— — P OutCircle A B

(proof)

lemma outcs--ninc-1:
assumes P OutCircleS A B
shows — P InCircle A B

(proof)

lemma outcs--ninc-2:
assumes — P InCircle A B
shows P OutCircleS A B

{proof)

lemma outcs--ninc:

shows P OutCircleS A B <— = P InCircle A B

{proof)

lemma inc--noutcs-1:
assumes P InCircle A B
shows — P OutCircleS A B

{proof)

lemma inc--noutcs-2:
assumes — P OutCircleS A B
shows P InCircle A B

{proof)

lemma inc--noutcs:
P InCircle A B <— = P OutCircleS A B

{proof)

lemma outc--nincs-1:
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assumes P OutCircle A B
shows — P InCircleS A B

{proof)

lemma outc--nincs-2:
assumes — P InCircleS A B
shows P OutCircle A B

{proof)

lemma outc--nincs:

shows P OutCircle A B «<— — P InCircleS A B

{proof)

lemma inc-eq:
assumes P InCircle A A
shows A = P

{proof)

lemma outc-eq:
assumes A OutCircle A B
shows A = B

(proof)

lemma onc2--cong:
assumes A OnCircle PO P and
B OnCircle PO P
shows Cong PO A PO B

(proof)

lemma bet-inc2--incs:
assumes X # U and
X # V and
Bet U X V and
U InCircle PO P and
V InCircle PO P
shows X InCircleS PO P

(proof )

lemma bet-incs2--incs:
assumes Bet U X V and
U InCircleS PO P and
V InCircleS PO P
shows X InCircleS PO P

{proof)

lemma bet-inc2--inc:
assumes U InCircle A B and
V InCircle A B and
Bet UPV
shows P InCircle A B

{proof)

lemma col-inc-onc2--bet:
assumes U # V and
U OnClircle A B and
V OnCircle A B and
Col U V P and
P InCircle A B
shows Bet U P V

(proof )
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lemma onc2-out--outcs:
assumes U # V and
U OnClircle A B and
V OnClircle A B and
POut UV
shows P OutCircleS A B

{proof)

lemma col-inc2-outcs--out:
assumes U InCircle A B and
V InCircle A B and
Col U V P and
P OutCircleS A B
shows P Out UV

{proof)

lemma col-onc2--mid:
assumes U # V and
U OnClircle A B and
V OnClircle A B and
ColUV A
shows A Midpoint U V
(proof)

lemma chord-completion:
assumes U OnCircle A B and
P InCircle A B
shows 3 V. V OnCircle A BN\ Bet UPV

(proof)

lemma outcs-exists:
shows 3 Q. Q OutCircleS PO P
(proof)

lemma outcs-existsl:

assumes X # PO

shows 3 . PO Out X Q N Q OutCircleS PO P
(proof)

lemma incs-exists:
assumes PO # P
shows 3 Q. @ InCircleS PO P

{proof)

lemma incs-existsi:
assumes X # PO and
P # PO
shows 3 . PO Out X Q N Q InClircleS PO P
(proof)
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lemma onc-exists:
assumes X # PO and
PO # P
shows 3 Q. @ OnClircle PO P AN PO Out X Q
(proof)

lemma diam-points:
shows 3 Q1 Q2. Bet Q1 PO Q2 N Col Q1 Q2 X N Q1 OnCircle PO P N Q2 OnCircle PO P
(proof)

lemma symmetric-oncircle:
assumes PO Midpoint X Y and
X OnClircle PO P
shows Y OnCircle PO P
(proof)

lemma mid-onc2--per:
assumes U OnCircle PO P and
V OnClircle PO P and
X Midpoint UV
shows Per PO X U
(proof)

lemma mid-onc2--perp:
assumes PO # X and
A # B and
A OnClircle PO P and
B OnCircle PO P and
X Midpoint A B
shows PO X Perp A B
(proof)

lemma col-onc2-perp--mid:

assumes PO # X and
A # B and
Col A B X and
A OnClircle PO P and
B OnCircle PO P and
PO X Perp A B

shows X Midpoint A B

(proof )

lemma circle-circle-os:
assumes I OnCircle A B and
I OnCircle C D and
- Col A C I and

- ColACP
shows 3 Z. Z OnClircle A B AN Z OnCircle CD N A COSP Z
(proof )
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lemma circle-circle-cop:
assumes I OnCircle A B and
I OnClircle C D
shows 3 Z. Z OnCircle A B N Z OnClircle C D N Coplanar A C P Z

(proof)

lemma line-circle-two-points:

assumes U # V and

Col UV W and

U OnCircle PO P and

V OnCircle PO P and

W OnClircle PO P
shows W=UV W=V
(proof)

lemma onc2-mid--incs:
assumes U # V and
U OnClircle PO P and
V OnClircle PO P and
M Midpoint U V
shows M InCircleS PO P
(proof )

lemma circle-cases:
shows X OnCircle PO P vV X InCircleS PO P Vv X OutCircleS PO P

{proof)

lemma inc--radius:
assumes X InCircle PO P
shows 3 Y. Y OnCircle PO P N Bet PO X Y

(proof)

lemma inc-onc2-out--eq:
assumes A InCircle PO P and
B OnClircle PO P and
C OnCircle PO P and
A Out B C
shows B = ('

{proof)

lemma onc-not-center:
assumes PO # P and
A OnCircle PO P
shows A # PO

{proof)

lemma onc2-per--mid:

assumes U # V and
M # U and
U OnCircle PO P and
V OnCircle PO P and
Col M UV and
Per POM U

shows M Midpoint U V

(proof )
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lemma cong-chord-cong-center:
assumes A OnCircle PO P and
B OnCircle PO P and
C OnClircle PO P and
D OnClircle PO P and
M Midpoint A B and
N Midpoint C D and
Cong A BCD
shows Cong PO N PO M
(proof)

lemma cong-chord-cong-centeri:
assumes A # B and
C # D and
M # A and
N # C
A OnClircle PO P and
B OnClircle PO P and
C OnClircle PO P and
D OnClircle PO P and
Col M A B and
Col N C D and
Per PO M A and
Per PO N C and
Cong A BCD
shows Cong PO N PO M
(proof)

lemma onc-sym--onc:
assumes Bet PO A B and
A OnCircle PO P and
B OnClircle PO P and
X OnClrcle PO P and
X Y ReflectL A B
shows Y OnClircle PO P

(proof)

lemma mid-onc--diam:
assumes A OnCircle PO P and
PO Midpoint A B
shows Diam A B PO P

{proof)

lemma chord-le-diam:
assumes Diam A B PO P and
U OnClircle PO P and
V OnClircle PO P
shows UV Le A B

(proof )

lemma chord-lt-diam:
assumes — Col PO U V and
Diam A B PO P and
U OnClircle PO P and
V OnClircle PO P
shows UV Lt A B

(proof )

lemma inc2-le-diam:
assumes Diam A B PO P and
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U InCircle PO P and
V InCircle PO P
shows UV Le A B

(proof )

lemma onc-col-diam--eq:
assumes Diam A B PO P and
X OnClrcle PO P and
ColABX
shows X = AV X =B

{proof)

lemma bet-onc-le-a:
assumes Diam A B PO P and
Bet B PO T and
X OnClircle PO P
shows T A Le T X

(proof )

lemma bet-onc-lt-a :

assumes Diam A B PO P and
PO # P and
PO # T and
X # A and
Bet B PO T and
X OnClircle PO P

shows T A Lt T X

(proof )

lemma bet-onc-le-b:
assumes Diam A B PO P and

Bet A PO T and

X OnCircle PO P

shows T'X Le T A

{proof)

lemma bet-onc-It-b:
assumes Diam A B PO P and
T # PO and
X # A and
Bet A PO T and
X OnClrcle PO P
shows T X Lt T A

(proof )

lemma incs2-lt-diam:
assumes Diam A B PO P and
U InCircleS PO P and
V InCircleS PO P
shows UV Lt A B

(proof )

lemma incs-onc-diam--lt:
assumes Diam A B PO P and
U InCircleS PO P and
V OnClircle PO P
shows UV Lt A B

(proof )

lemma diam-cong-incs--outcs:
assumes Diam A B PO P and
Cong A B U V and
U InCircleS PO P
shows V OutClircleS PO P

(proof )
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lemma diam-uniqueness:
assumes Diam A B PO P and
Cong A X A B and
X OnClircle PO P
shows X = B

(proof)

lemma onc3--ncol:
assumes A # B and
A # C and
B # C and
A OnCircle PO P and
B OnClircle PO P and
C OnCircle PO P
shows — Col A B C

(proof)

lemma diam-exists:
shows 4 A B. Diam A B POP AN ColABT
(proof )

lemma chord-intersection:
assumes A OnCircle PO P and
B OnClircle PO P and
X OnClrcle PO P and
Y OnClircle PO P and
ABTSXY
shows X Y TS A B

(proof)

lemma ray-cut-chord:
assumes Diam A B PO P and
X OnClrcle PO P and
Y OnClircle PO P and
ABTS XY and
XYOSPOA
shows X Y TS PO B

(proof)

lemma center-col--diam:
assumes A # B and
Col PO A B and
A OnCircle PO P and
B OnClircle PO P
shows Diam A B PO P

{proof)

lemma diam--midpoint:
assumes Diam A B PO P
shows PO Midpoint A B

(proof)

lemma diam-sym:
assumes Diam A B PO P
shows Diam B A PO P

{proof)

lemma diam-end-uniqueness:
assumes Diam A B PO P and
Diam A C PO P
shows B = C

(proof )
lemma center-onc2-mid--ncol:

assumes
- Col PO A B and
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M Midpoint A B
shows - Col A PO M
(proof )

lemma bet-chord--diam-or-ncol:
assumes A # B and
T # A and
T # B and
A OnCircle PO P and
B OnClircle PO P and
Bet A TB
shows Diam A B POP YV = ColPOA T AN - Col POBT
(proof )

lemma mid-chord--diam-or-ncol:
assumes A # B and
A OnCircle PO P and
B OnClircle PO P and
T Midpoint A B
shows Diam A B PO PV —Col PO AT AN —-~Col POBT
(proof)

lemma cop-mid-onc2-perp--col:
assumes A # B and
A OnCircle PO P and
B OnCircle PO P and
X Midpoint A B and
X Y Perp A B and
Coplanar PO A B'Y
shows Col X Y PO

(proof)

lemma cong2-cop2-onc3--eq:
assumes A # B and
A # C and
B # C and
A OnClircle PO P and
B OnCircle PO P and
C OnClircle PO P and
Coplanar A B C PO and
Cong X A X B and
Cong X A X C and
Coplanar A B C X
shows X = PO

{proof)

lemma tree-points-onc-cop:
assumes PO # P
showsd ABC. A#BANA#CANB#CA
A OnClircle PO P N B OnClircle PO P N C OnCircle PO P A
Coplanar A B C PO
(proof )

lemma tree-points-onc-cop2:
assumes PO # P
shows3d ABC. A#BANA##CANB#*CA
A OnCircle PO P N B OnClircle PO P N C OnCircle PO P A
Coplanar A B C PO A Coplanar A B C Q
(proof)

lemma tree-points-onc:
assumes PO # P
shows 3 A B C.

A#BANA# CANB# CANA OnCircle POP N B OnCircle PO P N C OnCircle PO P
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(proof )

lemma bet-cop-onc2--ex-onc-os-out:

assumes A # [ and
B # I and
- Col A B C and
- Col A B PO and
A OnCircle PO P and
B OnCircle PO P and
Bet A I B and
Coplanar A B C PO

shows 3 C1. C1 Out PO I N C1 OnClircle PO P AN A B OS C C1

(proof )

lemma eqc-chara-1:
assumes FqC A B C D
shows A = C A Cong A BCD

(proof )

lemma eqc-chara-2:
assumes A = C and
Cong A BCD
shows FqC A B C D

{proof)

lemma egc-chara:
shows EqC A BCD «+— (A= C A Cong A B C D)

{proof)

lemma negc-chara-1:
assumes A # B and
- EqCABCD
shows 3 X. X OnCircle A B AN = X OnCircle C D

(proof )

lemma negc-chara-2:
assumes
X OnClircle A B and
= X OnClircle C D
shows - FqC A B C D

(proof)

lemma negc-chara:
assumes A # B
shows = EqC A B C D +— (3 X. X OnCircle A B A = X OnCircle C D)

{proof)

lemma eqc-refi:
shows FqC A B A B
(proof)

lemma egc-sym:
assumes FqC A B C D
shows FqC C D A B

{proof)

lemma egc-trans:
assumes FqC A B C' D and
EqCCDEF
shows FqC A BE F
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{proof)

lemma cop2-onc6--eqc:
assumes A # B and
B # C and
A # C and
A OnClircle PO P and
B OnCircle PO P and
C OnCircle PO P and
Coplanar A B C PO and
A OnCircle O’ P’ and
B OnCircle O' P" and
C OnCircle O’ P’ and
Coplanar A B C O’
shows EqC PO P O’ P’
(proof)

lemma concyclic-auz:
assumes Concyclic A B C D
shows 3 PO P. A OnCircle PO P N B OnCircle PO P A C OnCircle PO P A
D OnClircle PO P A Coplanar A B C PO
(proof)

lemma concyclic-perm-1:
assumes Concyclic A B C D
shows Concyclic BC D A

(proof)

lemma concyclic-gen-perm-1:
assumes ConcyclicGen A B C D
shows ConcyclicGen B C D A

(proof)

lemma concyclic-perm-2:
assumes Concyclic A B C D
shows Concyclic BA C D

(proof)

lemma concyclic-gen-perm-2:
assumes ConcyclicGen A B C D
shows ConcyclicGen B A C D

{proof)

lemma concyclic-trans-1:
assumes — Col P Q R and
Concyclic P Q R A and
Concyclic P Q R B
shows Concyclic Q R A B
(proof )

lemma concyclic-gen-trans-1:
assumes — Col P Q R and
ConcyclicGen P Q@ R A and
ConcyclicGen P Q R B
shows ConcyclicGen Q R A B
(proof)

lemma concyclic-pseudo-trans:
assumes - Col P Q R and
Concyclic P @ R A and
Concyclic P Q R B and
Concyclic P @ R C and
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Concyclic P Q R D
shows Concyclic A B C D

(proof )

lemma concyclic-gen-pseudo-trans:
assumes - Col P Q R and
ConcyclicGen P Q R A
ConcyclicGen P Q R B
ConcyclicGen P Q R C
ConcyclicGen P Q R D
shows ConcyclicGen A B C' D

{proof)

lemma Concyclic--Concyclic2:
assumes Concyclic A B C D
shows Concyclic2 A B C D

(proof)

lemma Concyclic2--Concyclic:
assumes Concyclic2 A B C D
shows Concyclic A B C D

(proof )

lemma TangentCC-Col:
assumes TangentCC A B C D and
X OnClircle A B and
X OnClircle C D
shows Col X A C

(proof )

lemma tangent-neq:
assumes PO # P and
Tangent A B PO P
shows A # B

{proof)

lemma diam-not-tangent:
assumes P # PO and
Col PO A B
shows — Tangent A B PO P

(proof )

lemma tangent-out:
assumes X # T and
Col A B X and
TangentAt A B POP T
shows X OutClircleS PO P

(proof )

lemma tangentat-perp:
assumes PO # P and
TangentAt A B POP T
shows A B Perp PO T

(proof )
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lemma tangency-chara-R1:
assumes P # PO and
3 X. (X OnCircle PO P N X PerpAt A B PO X)
shows Tangent A B PO P

(proof)

lemma tangency-chara-R2:
assumes P # PO and
Tangent A B PO P
shows 3 X. (X OnCircle PO P AN X PerpAt A B PO X)

(proof )

lemma tangency-chara:
assumes P # PO
shows (3 X. (X OnCircle PO P N X PerpAt A B PO X)) <— Tangent A B PO P

{proof)

lemma tangency-chara2-R1:
assumes @) OnClircle PO P and
Col Q@ A B and
(V X. ColABX — X = QV X OutCircleS PO P)
shows Tangent A B PO P

(proof )

lemma tangency-chara2-R2:
assumes ) OnClircle PO P and
Col Q A B and
Tangent A B PO P
shows V X. ColA BX — X = Q V X OutCircleS PO P

(proof)

lemma tangency-chara?2:
assumes @) OnClircle PO P and
Col Q A B
shows (V X. Col A BX — X = Q V X OutCircleS PO P) <— Tangent A B PO P

{proof)

lemma tangency-chara3-R1:
assumes A # B and
@ OnClircle PO P and
Col Q@ A B and
vV X. (Col A BX — X OutClircle PO P)
shows Tangent A B PO P

(proof )

lemma tangency-chara3-R2:
assumes ) OnCircle PO P and
Col Q A B and
Tangent A B PO P
shows V X. (Col A B X — X OutCircle PO P)

(proof)

lemma tangency-chara3:
assumes A # B and
@ OnClircle PO P and
Col Q A B
shows (V X. (Col A B X — X OutClircle PO P)) <— Tangent A B PO P
(proof)

lemma intercc--neq:
assumes InterCC A B C D
shows A # C

(proof )
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lemma tangentcc--neq:
assumes A # B and
TangentCC A B C' D
shows A # C

{proof)

lemma interccat--neq:
assumes InterCCAt A B C D P Q
shows A # C

{proof)

lemma interccat--ncol:
assumes InterCCAt A B C D P Q
shows — Col A C P

(proof )

lemma cop-onc2--oreq:
assumes InterCCAt A B C D P @Q and
Coplanar A C P @ and
7 OnCircle A B and
Z OnCircle C D and
Coplanar A C P Z
shows Z =PV Z = Q
(proof)

lemma tangent-construction:
assumes segment-circle and
X OutCircle PO P
shows 3 Y. Tangent X Y PO P

(proof )

lemma dedekind-equiv-R1:
assumes DedekindsAziom
shows Dedekind Variant

(proof)

lemma dedekind-equiv-R2:
assumes Dedekind Variant
shows DedekindsAxiom

(proof )

lemma dedekind-equiv:
shows DedekindsAxiom <— DedekindVariant

{proof)

lemma dedekind--fod:
assumes DedekindsAxiom
shows FirstOrderDedekind

{proof)

lemma circle-circle-aux:
assumes V A B C D P Q. (P OnCircle C D N @ OnClircle C D A
P InClircleS A B N @ OutClircleS A B N\
(ACOSPQV(ColPACAN—-CllQAC)V(mColPACANCIQAC) —
(3 Z. Z OnCircle A B AN Z OnClircle C D))
shows circle-circle

(proof )
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lemma fod--circle-circle:
assumes FirstOrderDedekind
shows CircleCircle

(proof )

lemma nested--diff0:
assumes Nested A B
shows V n An Bn. An An AN Bn Bn — An # Bn

(proof )

lemma nested-sym:
assumes Nested A B
shows Nested B A

(proof)

lemma nested--ex-left:
assumes Nested A B
shows 3 An. A n An

(proof)

lemma nested--ex-right:
assumes Nested A B
shows 9 Bn. B n Bn

{proof)

lemma nested-auzxi-1:
fixes n::nat
assumes Nested A B
shows V. Am Bm. A n An N A (Suc n) Am A B (Suc n) Bm — Bet An Am Bm

(proof )

lemma nested-auzi-2:

fixes n::nat

assumes Nested A B

shows (n < m A (Suc n) < m) — ((V Am Bm. An An AN A m Am N B m Bm — Bet An Am Bm))
(proof)

lemma nested-auxli:
fixes n::nat
assumes Nested A B and
n<m
shows V Am Bm. An An AN A m Am N B m Bm — Bet An Am Bm
(proof)

lemma nested-auz2:
assumes Nested A B and
n < m and
A n An and
A m Am and
B n Bn
shows Bet An Am Bn

(proof )

lemma nested--bet:
assumes Nested A B and
n < nl and
A n An and
A nl Anl and
B m Bm
shows Bet An Anl Bm

(proof )

lemma nested--diff:
assumes Nested A B and
A n An and
B m Bm
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shows An # Bm
(proof)

lemma dedekind--cantor:
assumes DedekindsAziom
shows CantorsAziom

(proof )

end
end

theory Tarski-Neutral-Continuous

imports
Tarski- Neutral- Continuity

begin

6 Tarski Neutral Continuous

6.1 Tarski’s axiom system for Neutral Continuous

locale Tarski-Neutral-Continuous = Tarski-neutral-dimensionless +
assumes continuity : V Alpha Beta.
(3 AV XY. (Alpha X N Beta Y) — Bet AXY) —
(3 B.V XY. (Alpha X N\ Beta Y) — Bet X B'Y)

context Tarski-Neutral-Continuous
begin

6.2 Definitions

6.3 Propositions

theorem continuity-DedekindAzxiom :
shows DedekindsAziom

(proof)
end
end
theory Tarski-Neutral-Archimedes-Continuity
imports
Tarski-Neutral-Archimedes
Tarski- Neutral- Continuity
begin

context Tarski-neutral-dimensionless

begin

7 Archimedes continuity

7.1 Definitions

definition AlphaTmp :: 'p = 'p = 'p = bool
where
AlphaTmp AB=XX. X = AV (A Out BX A Reach A B A X)

definition BetaTmp :: 'p = 'p = 'p = bool
where
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BetaTmp A B=X X. A Out BX N -~ Reach A BA X

definition NestedBis :: (nat = 'p = bool) = (nat = 'p = bool)=>>bool
where
NestedBis A B =
(V n.3 An Bn. A n An A B n Bn) A
(VnAn An’. AnAn AN An An' — An = An') A
(V n Bn Bn'. Bn Bn A Bn Bn' — Bn = Bn') A
(Vv n An Am Bm Bn. A n An N A (Suc n) Am A B (Suc n) Bm A Bn Bn —»
Bet An Am Bm N Bet Am Bm Bn A Am # Bm)

definition CantorVariant :: bool
where
CantorVariant =V A B. NestedBis A B —
(3 X.V nAn Bn. An An AN Bn Bn — Bet An X Bn)

definition inj:: ('p = 'p) = bool
where
injf=Y AB:'p. fA=fB— A=B

definition pres-bet:: (‘p="p) =bool
where
pres-bet f =V A B C. Bet A B C — Bet (fA) (fB) (f C)

definition pres-cong :: ('p="p) =bool
where
pres-cong f =V A B C D. Cong A BCD — Cong (fA) (f B) (f C) (f D)

definition eztension:: (‘p="p) = bool
where
extension f = inj f N pres-bet f A pres-cong f

definition inj-line :: ('p='p)="p="p=bool
where
inj-line fP Q=Y AB. ClPQANCIPQBAfA=fB— A=B

definition pres-bet-line :: ('p='p)="p="p=>bool
where
pres-bet-line f P QQ =
VABC.ColPQAANCoPQ@QBANCIPQCANBetABC
H

Bet (f A)(f B)(f ©)

definition pres-cong-line :: ('p='p)="p="p=bool
where
pres-cong-line f P @ =
VABCD. ColPQANCoPQ@BANCIPQCANCIPQDANCongABCD
_>

Cong (f A) (f B) (f C) (f D)

definition line-extension :: ('p="p)="p="p=>bool
where
line-extension f P Q = P # Q A ing-line f P Q A pres-bet-line f P Q N pres-cong-line f P Q

definition line-completeness :: bool
where
line-completeness = archimedes-axiom N
(V f.V P Q. line-extension f P Q
_>
(V A. Col (fP) (fQ) A— (3 B. Col P Q BA fB=A4))

7.2 Propositions

lemma archimedes-aux :
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assumes V A B C. A Out BC — Reach A B A C

shows ArchimedesAxiom

(proof )

lemma dedekind-variant--archimedes:
assumes Dedekind Variant
shows archimedes-axiom

(proof)

lemma dedekind--archimedes:
assumes DedekindsAziom
shows archimedes-axiom

{proof)

lemma nested-bis--nested:
assumes NestedBis A B
shows Nested A B

{proof)

lemma cantor--cantor-variant-1:
assumes CantorsAziom
shows CantorVariant

{proof)

lemma cantor--cantor-variant-2:
assumes CantorVariant
shows CantorsAziom

(proof )

lemma cantor--cantor-variant:
shows CantorsAziom <+— CantorVariant

{proof)

lemma inj-line-symmetry:
assumes inj-line f P Q
shows inj-line f Q P
(proof)

lemma pres-bet-line-symmetry:
assumes pres-bet-line f P Q
shows pres-bet-line f Q P

(proof)

lemma pres-cong-line-symmetry:
assumes pres-cong-line f P Q)
shows pres-cong-line f Q P
(proof )

lemma line-extension-symmetry:
assumes line-extension f P Q)
shows line-extension f QQ P

(proof )

lemma inj-line-stability:
assumes Col P Q R and
P # R and
inj-line f P Q
shows inj-line f P R
(proof )

lemma pres-bet-line-stability:
assumes Col P () R and
P # R and
pres-bet-line f P Q)
shows pres-bet-line f P R
(proof )
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lemma pres-cong-line-stability:
assumes Col P Q R and
P # R and
pres-cong-line f P @Q
shows pres-cong-line f P R
(proof)

lemma line-extension-stability:
assumes Col P Q R and
P # R and
line-extension f P @Q
shows line-extension f P R
(proof)

lemma [line-extension-reverse-bet:
assumes line-extension f P () and
Col P @Q A and
Col P @ B and
Col P @ C and

Bet (f A) (f B) (f C)
shows Bet A B C

(proof)

lemma pres-bet-line--col:
assumes P # () and
pres-bet-line f P () and
Col P Q A and
Col P Q B and
Col P QC
shows Col (f A) (f B) (f C)
(proof)

lemma col2-diff-inj-line--diff:
assumes inj-line f P @) and
Col P @Q A and
Col P Q B and
A+#B
shows fA # fB
(proof)

lemma extension--line-extension:
assumes P # () and
extension f
shows line-extension f P Q

(proof )

lemma extension-reverse-bet:
assumes extension f and
Bet (f A) (f B) (f C)
shows Bet A B C
(proof )

lemma extension-reverse-col:
assumes extension f and
Col (fA) (fB) (fC)
shows Col A B C
(proof )

lemma line-completeness-aux:
assumes line-completeness and
archimedes-aziom and
extension f and
- Col P @Q R and
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Coplanar (f P) (f @) (f R) A
shows 3 B. Coplanar P Q R BN fB=A

(proof )

lemma segment-circle--one-point-line-circle-R1:
assumes SegmentCircle
shows OnePointLineCircle

(proof )

lemma segment-circle--one-point-line-circle-R2:
assumes OnePointLineClircle
shows SegmentCircle

(proof)

lemma segment-circle--one-point-line-circle:
shows SegmentClircle <— OnePointLineCircle

{proof)

lemma one-point-line-circle--two-points-line-circle-R1 :
assumes one-point-line-circle
shows two-points-line-circle

(proof)

lemma one-point-line-circle--two-points-line-circle-R2 :
assumes two-points-line-circle
shows one-point-line-circle

(proof)

lemma one-point-line-circle--two-points-line-circle :
shows one-point-line-circle <— two-points-line-circle
(proof)

lemma circle-circle-bis--circle-circle-aziom-R1:
assumes circle-circle-bis
shows circle-circle-axiom

(proof )

lemma circle-circle-bis--circle-circle-aziom-R2:
assumes circle-circle-axiom
shows circle-circle-bis

(proof )

lemma circle-circle-bis--circle-circle-axiom:
shows circle-circle-bis «— circle-circle-axiom

(proof)

lemma circle-circle--circle-circle-bis:
assumes circle-circle
shows circle-circle-bis

(proof )

lemma circle-circle-bis--one-point-line-circle-aux:
assumes circle-circle-bis and
ColUVPand U # Vand Bet APBand -~ Per AUV
shows 3 Z. Col UV Z N Z OnClircle A B

(proof )

lemma circle-circle-bis--one-point-line-circle:
assumes circle-circle-bis
shows one-point-line-circle

(proof )
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lemma circle-circle--circle-circle-two-R1 :
assumes circle-circle
shows circle-circle-two

(proof )

lemma circle-circle--circle-circle-two-R2 :
assumes circle-circle-two
shows circle-circle

(proof )

lemma circle-circle--circle-circle-two :
shows circle-circle <— circle-circle-two

{proof)

lemma euclid-22-aux:
assumes A B C D SumS E’' F' and
CDEFSumS A" B"and
E F Le E' F' and
A B Le A’ B' and
A Out B C1 and
Cong A C1 C D and
Bet B A C2 and
Cong A C2 C D and
B Out A E1 and
Cong BE1EF
shows Bet C1 E1 C2

(proof )

lemma circle-circle-bis--euclid-22:
assumes circle-circle-bis
shows euclid-s-prop-1-22
(proof)

lemma triangle-inequality1:
assumes A B B C SumS D E
shows A C Le D E

(proof )

lemma euclid-22--circle-circle:
assumes euclid-s-prop-1-22
shows circle-circle

(proof )

theorem equivalent-variants-of-circle-circle:
shows (circle-circle «— circle-circle-two) A
(circle-circle-two <— circle-circle-bis) N\
(circle-circle-bis «— circle-circle-aziom)A
(circle-circle-aziom <— euclid-s-prop-1-22)

(proof )

theorem equivalent-variants-of-line-circle:
shows (segment-circle <— one-point-line-circle) N
(one-point-line-circle <— two-points-line-circle)

(proof )

end
end

theory Hilbert-Neutral

imports
Tarski-Neutral

begin
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8 Hilbert - Geometry - neutral dimension less

8.1 Axioms

locale Hilbert-neutral-dimensionless-pre =
fixes
IncidL :: 'p = 'b = bool and
IncidP :: 'p = 'c = bool and
EqL ::'b = 'b = bool and
EqgP ::'c = 'c = bool and
IsL ::'b = bool and
IsP ::'c = bool and
BetH ::'p='p='p=bool and
CongH::"p="p="p="p=>bool and
CongaH::"p="p="p="p="p="p=>bool

context Hilbert-neutral-dimensionless-pre

begin

8.2 Definitions

definition ColH :: 'p = 'p = 'p =bool
where
ColHABC =3 Il. IsL1A IncidL Al A IncidL Bl A IncidL C'l)

definition IncidLP :: 'b='c=>bool where
IncidLP lp = IsL I AN IsP p A (V A. IncidlL A | — IncidP A p)

definition cut :: 'b='p='p=-bool where
cut lA B=1IsL1A - IncidlL Al A = IncidL BIA (3 I. IncidL Il N BetH A I B)

definition outH :: 'p='p=-'p=-bool where
outHPAB=BetHP ABYV BetHPBAV (P# ANA=B)

definition disjoint ::
'p="p='p="p=-bool where
disjoint A B CD=- (3 P. BetHA P BA BetH C P D)

definition same-side :: 'p='p=>'b=>bool where
same-side A Bl =IsLIA (3 P.cutl AP A cutlBP)

definition same-side’ :
'p="p="p=-"p=>bool where
same-side’ A BX Y =
X#YA
(V I:'b. (IsL I A IncidL X I A IncidL Y 1) — same-side A B 1)

definition Para :: ‘b = 'b =bool where
Paralm = IsL I N IsL m A
(=(3 X. IncidL X I A IncidL X m)) A (3 p. IncidLP I p A IncidLP m p)

definition Bet :: 'p="p="p=>bool
where
Bet ABC=BetHABCVA=BV B=C(C

definition Cong :: 'p="p="p="p=bool
where
Cong ABCD=(CongH ABCDANA#%BANC#D)V(A=BAC=D)

definition ParaP :: 'p="p='p="p=>bool
where
ParaP A BCD =V Im.
IsL I AN IsL m A IncidL Al A IncidL Bl A IncidlL C m A IncidL D m
N
Para lm
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definition is-line :: 'p = 'p = 'b =bool
where
is-line A Bl = (IsLI N A# B A IncidL A1 A IncidL B 1)

definition cut’ :
'n = 'p="p="p= bool
where
cut' ABXY=X#Y AN L. (IsSL1A IncidlL X1 A Incidl. Y1) — cut |l A B)

definition Midpoint :: 'p = 'p = 'p=>bool
(- Midpoint - - [99,99,99] 50)
where M Midpoint A B= Bet AM B A Cong AMMB

end

locale Hilbert-neutral-dimensionless = Hilbert-neutral-dimensionless-pre IncidL IncidP FEqlL EqP
IsL IsP BetH CongH CongaH
for
IncidL :: 'p = 'b = bool and
IncidP :: 'p = 'c = bool and
EqL ::'b = 'b = bool and
EqP ::'c = 'c = bool and
IsL ::'b = bool and
IsP ::'c = bool and
BetH ::'p='p="p=-bool and
CongH::'p="p="p=>"p=bool and
CongaH::"p="p="p="p="p="p=>bool +
fixes PP PQ PR ::'p
assumes
EqL-refl: IsL | — FEqL Il and
EqL-sym: IsL 11 N IsL 12 N\ EqL 1112 — FEqL 1211 and
EqL-trans: (EqL 1112 N\ EqL 1218) — EqL 11 13 and
EqP-refl: IsP p — FEqP p p and
EqP-sym: EqP pl1 p2 — EqP p2 pl and
EqP-trans: (EqP p1 p2 N EqP p2 p8) — EqP pl p8 and
IncidL-morphism: (IsL I A IsL m A IncidL Pl A EqL | m) — IncidL P m and
IncidP-morphism: (IsP p A IsP q A IncidP M p N EqP p q) — IncidP M q and
Is-line:IncidL Pl — IsL | and
Is-plane:IncidP P p — IsP p
assumes

line-existence: A # B — (3 1. IsL I A ( IncidL A I A IncidL B 1)) and

line-uniqueness: A # B N IsL I N IsL m A

IncidL Al A IncidL Bl A IncidL A m A IncidlL B m —

FEqL I m and

two-points-on-line: ¥ 1. IsL | — (3 A B. IncidL Al A IncidL BI N A # B)
assumes

lower-dim-2: PP # PQ N PQ # PR N PP # PR AN = ColH PP P(Q) PR and

plan-ezistence: V. A B C. ((- ColH A B C) —
(3 p. IsP p A IncidP A p A IncidP B p A IncidP C p)) and
one-point-on-plane: ¥ p. 3 A. IsP p — IncidP A p and
plane-uniqueness: = ColH A B C N IsP p A IsP q A
IncidP A p N\ IncidP B p A IncidP C p A IncidP A q A IncidP B q A IncidP C q —>
EgP p ¢ and
line-on-plane: ¥ A Blp. A # B AN IsL 1 N IsP p A
IncidL A I N\ IncidL Bl A IncidP A p A IncidP B p — IncidLP [ p
assumes
between-diff: BetH A B C — A # C and
between-col: BetH A B C — ColH A B C and
between-comm: BetH A B C — BetH C' B A and
between-out: A # B — (3 C. BetH A B C) and
between-only-one: BetH A B C — — BetH B C A and
pasch: = ColH A B C N IsLI A IsPp A
IncidP A p N IncidP B p A IncidP C p A IncidLP lp AN — IncidL C'1 A
(cut I A B)
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H
(cut LA C) V (cut I B C)
assumes
cong-permr: CongH A B C D — CongH A B D C and
cong-ezistence: NA B A" P::'p. A# BANA"# P AIsL 1A
IncidL A’ | A IncidL Pl —
(3 B'. (IncidL B' I A outH A" P B’ A CongH A’ B' A B)) and
cong-pseudo-transitivity:
CongH A BCDAN CongH ABEF — CongH CDEF and
addition :
ColH A BC AN ColHA"B"C' A
disjoint A B B C A disjoint A’ B’ B' C' A
CongH A B A" B' A CongH B C B' C' —
CongH A C A’ C’ and
conga-refl: = ColH A B C — CongaH A B C A B C and
conga-comm : - ColH A B C — CongaH A B C C B A and
conga-permlr: CongaH A B C D EF — CongaH C BA F E D and
conga-out-conga: (CongaH A B C D E F A
outH BA A" AN outH B C C' A outH ED D' A outH EF F') —
CongaH A" B C' D' E F’ and
cong-4-existence:
- ColHP POX AN—- ColHABC —
(3 Y. (CongaH A B C X PO Y A same-side’ P Y PO X)) and
CONG-4-uniqueness:
= ColH P POX AN—- ColHA BC A
CongaH A B C X POY A CongaHA BCX POY'A
same-side’ P'Y PO X A same-side’ P Y' PO X —
outd PO Y Y' and
cong-5:— ColHA BC A - ColHA" B C' A
CongH A B A’ B'A CongH A C A" C' A
CongaH BA CB' A’ ¢/ —
CongaH A B C A’ B' C’

context Hilbert-neutral-dimensionless

begin

8.3 Propositions

lemma betH-distincts:
assumes BetH A B C
shows AABAB#CANA#C

{proof)

lemma congH-perm:
assumes A # B
shows CongH A B B A

(proof )

lemma congH-refi:
assumes A # B
shows CongH A B A B

{proof)

lemma congH-sym:
assumes A # B and
CongH A B C D
shows CongH C D A B

{proof)

lemma colH-permut-231:
assumes ColH A B C
shows ColH B C A

{proof)
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lemma colH-permut-812:
assumes ColH A B C
shows ColH C A B

{proof)

lemma colH-permut-213:
assumes ColH A B C
shows ColH B A C

{proof)

lemma colH-permut-132:
assumes ColH A B C
shows ColH A C B

{proof)

lemma colH-permut-321:
assumes ColH A B C
shows ColH C B A

{proof)

lemma other-point-exists:

fixes A::'p
shows 3 B. A # B
(proof)

lemma colH-triviallll:
shows ColH A A A

{proof)

lemma colH-triviall12:
shows ColH A A B

{proof)

lemma colH-triviall122:
shows ColH A B B

{proof)

lemma colH-triviall21:
shows ColH A B A

(proof)

lemma colH-dec:

shows ColH A BCV - ColHA B C

{proof)

lemma colH-trans:
assumes X # Y and
ColH X Y A and
ColH X Y B and
ColHX Y C
shows ColH A B C

(proof )

lemma bet-colH:
assumes Bet A B C
shows ColH A B C

{proof)

lemma ncolH-exists:
assumes A # B
shows 3 C. - ColH A B C

{proof)

lemma ncolH-distincts:
assumes — ColH A B C
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shows A # BAB# CANA#C
(proof)

lemma betH-expand:
assumes BetH A B C
shows BetH A BCANA# BANB#CANA#CANCoHABC

{proof)

lemma inter-uniquenessH:
assumes A’ # B’ and
- ColH A B A" and
ColH A B X and
ColH A B'Y and
ColH A’ B' X and

ColHA'B'Y
shows X = Y
(proof)

lemma inter-incid-uniquenessH:
assumes — Incidl, P | and
IncidL P m and
Incidl X | and
Incidl Y | and
IncidL X m and

IncidL Y m
shows X = YV
(proof )

lemma between-only-one’:
assumes BetH A B C
shows — BetH B A C

{proof)

lemma betH-colH:
assumes BetH A B C
shows ColHABCANA#BANB#CNA#C

{proof)

lemma cut-comm:
assumes cut | A B
shows cut [ B A

(proof)

lemma line-on-plane”:
assumes A # B and
IncidP A p and
IncidP B p and
ColH A BC
shows IncidP C p

{proof)

lemma inner-pasch-aux:
assumes — ColH B C' P and
Bet A P C and
Bet B Q C
shows 3 X. Bet P X B A Bet Q X A

(proof )

lemma betH-trans1i:
assumes BetH A B C and
BetH B C D
shows BetH A C D

(proof )

lemma betH-trans2:
assumes BetH A B C and
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BetH B C D
shows BetH A B D

{proof)

lemma betH-trans:
assumes BetH A B C and
BetH B C D
shows BetH A B D N BetH A C D

{proof)

lemma not-cut3:

assumes IncidP A p and
IncidP B p and
IncidP C p and
IncidLP | p and
= IncidL A | and
- ColH A B C and
- cutl A B and
—cutl AC

shows - cut | B C

{proof)

lemma betH-trans0:
assumes BetH A B C and
BetH A C D
shows BetH B C D N BetH A B D

(proof )

lemma betH-outH2--betH:
assumes BetH A B C and
outH B C C' and
outH B A A’
shows BetH A’ B C’

(proof )

lemma cong-existence”:
fixes A B::'p
assumes A # B and
IncidL M1
shows 3 A’ B’. Incid. A’ I A Incidl, B’ I A BetH A’ M B’ A CongH M A" A B A CongH M B' A B

(proof)

lemma betH-to-bet:
assumes BetH A B C
shows Bet ABCANA#BANB#CNA#C

{proof)

lemma betH-line:
assumes BetH A B C
shows 3 [. IncidL A I N\ IncidL Bl A IncidL C'1

(proof)

lemma bet-identity:
assumes Bet A B A
shows A = B

{proof)

lemma morph:
assumes [sL [ and
IsL m and
EqL Im
shows V A. IncidLL A | <— IncidL A m
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{proof)

lemma point3-online-exists:
assumes Incidl A | and

Incidl Bl
shows 3 C. IncidL Cl N C# ANC #B
(proof)

lemma not-betH121:
shows — BetH A B A

{proof)

lemma cong-identity:
assumes Cong A B C C
shows A = B

{proof)

lemma cong-inner-transitivity:
assumes Cong A B C D and
Cong ABEF
shows Cong C D E F

{proof)

lemma other-point-on-line:
assumes IncidL Al
shows 3 B. A # B A IncidL Bl

(proof)

lemma bet-disjoint:
assumes BetH A B C
shows disjoint A B B C

(proof )

lemma addition-betH:
assumes BetH A B C and
BetH A’ B’ C' and
CongH A B A’ B’ and
CongH B C B' C’
shows CongH A C A’ C’
(proof)

lemma outH-trivial:
assumes A # B
shows outH A B B

(proof)

lemma same-side-refl:
assumes [sL | and
= IncidL Al
shows same-side A A |

(proof )

lemma same-side-prime-refi:
assumes - ColH A B C
shows same-side’ C C A B

{proof)

lemma outH-expand:
assumes outH A B C
shows outH A BC N ColHABCANA#CANA#B

{proof)
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lemma construction-uniqueness:
assumes BetH A B D and
BetH A B E and
CongH BD B E
shows D = F

(proof)

lemma out-distinct:
assumes outH A B C
shows A # BN A#C

{proof)

lemma out-same-side:
assumes Incidl A | and
= IncidL Bl and
outH A B C
shows same-side B C'|

(proof )

lemma between-one:
assumes A # B and
A # C and
B # C and
ColH A B C
shows BetH A B C V BetH BCA YV BetH BA C

(proof)

lemma betH-dec:

shows BetH A B C V — BetH A B C
(proof )

lemma cut2-not-cut:
assumes — ColH A B C and
cut | A B and
cut l A C
shows — cut | B C

(proof)

lemma strong-pasch:

assumes - ColH A B C' and
IncidP A p and
IncidP B p and
IncidP C p and
IncidLP | p and
= IncidL C'l and
cutl A B

shows (cut LA CAN—-cut!BC)V (cutl BC A= cutlA C)

(proof)

lemma out2-out:
assumes C # D and
BetH A B C and
BetH A B D
shows BetH B C DV BetH BD C

(proof )

lemma out2-outl:
assumes C # D and
BetH A B C and
BetH A B D
shows BetH A C DV BetH A D C

{proof)

lemma betH2-out:
assumes B # C and
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BetH A B D and
BetH A C D
shows BetH A B C V BetH A C B

(proof )

lemma segment-construction:

shows 3 E. Bet A BE AN Cong BE CD
(proof)

lemma lower-dim-e:
shows 3 A BC. - (Bet ABC YV Bet BC AV Bet C A B)

{proof)

lemma outH-dec:
shows outH A B C V - outH A B C

(proof)

lemma out-construction:
assumes X # Y and
A#B
shows 3 C. CongH A CX Y AN outH ABC
(proof)

lemma segment-constructionH:
assumes A # B and
C#D
shows 3 E. BetH A BE N CongH BE C D
(proof)

lemma EqL-dec:
shows FqL I m V = EqL Il m

{proof)

lemma cut-exists:
assumes IsL | and

= IncidL Al
shows 4 B. cut l A B
(proof)

lemma outH-col:
assumes outH A B C
shows ColH A B C

(proof)

lemma cut-distinct:
assumes cut | A B
shows A # B

{proof)

lemma same-side-not-cut:
assumes same-side A B[
shows — cut l A B

(proof )

lemma IncidLP-morphism:
assumes
IsL m and
IsP q and
IncidLP | p and
EqL I m and
EqP p q
shows IncidLP m q
(proof)

lemma same-side--plane:
assumes same-side A B [
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shows 3 p. IncidP A p A IncidP B p A IncidLP [l p
(proof)

lemma same-side-prime--plane:
assumes same-side’ A B C D
shows 3 p. IncidP A p A IncidP B p A IncidP C p A IncidP D p

(proof )

lemma cut-same-side-cut:

assumes cut | P X and
same-side X Y 1
shows cut [P Y

(proof )

lemma isosceles-congaH :
assumes — ColH A B C and
CongH A BAC
shows CongaH A BCA CB

{proof)

lemma cong-distincts:
assumes A # B and
Cong A BCD
shows C # D

{proof)

lemma cong-sym:
assumes Cong A B C D
shows Cong C D A B

{proof)

lemma cong-trans:
assumes Cong A B C D and
Cong CD EF
shows Cong A BEF

(proof)

lemma betH-not-congH:
assumes BetH A B C
shows - CongH A BA C

(proof)

lemma congH-permlr:
assumes
C # D and
CongH A BCD
shows CongH B A D C

{proof)

lemma congH-perms:
assumes A # B and
C # D and
CongH A B C D
shows CongH BA CD A CongH A BD C AN CongH CDABA
CongH D CA BN CongH CDBAAN CongHD CBAAN CongHBADC

{proof)

lemma congH-perml:
assumes
C # D and
CongH A B C D
shows CongH B A C D

{proof)
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lemma bet-cong3-bet:
assumes A’ # B’ and
B’ # C'and
A" # C' and
BetH A B C' and
ColH A’ B’ C' and
CongH A B A’ B’ and
CongH B C B’ C' and
CongH A C A’ C'
shows BetH A’ B' C’
(proof )

lemma betH-congH3-outH-betH:
assumes BetH A B C' and
outH A’ B’ C' and
CongH A C A’ C' and
CongH A B A’ B’
shows BetH A’ B’ C’
(proof)

lemma outH-sym:
assumes A # C and
outH A B C
shows outH A C B

{proof)

lemma soustraction-betH:
assumes BetH A B C and
BetH A’ B’ C" and
CongH A B A’ B' and
CongH A C A’ C’
shows CongH B C B’ C’
(proof)

lemma ncolH-expand:
assumes - ColH A B C
shows -~ ColHABCANA#BANB#CANA#C

(proof)

lemma betH-outH--outH:
assumes BetH A B C and
outH B C' D
shows outH A C D

(proof)

lemma thi2:
assumes — ColH A B C and
- ColH A’ B’ C’ and
CongH A B A’ B' and
CongH A C A’ C' and
CongaH BA CB A’ C’
shows CongaH A B C A" B' C' A CongaH A C B A’ C' B' A CongH B C B' C'
(proof)

lemma thi/:
assumes — ColH A B C and
- ColH A’ B’ C' and
CongaH A B C A’ B’ C' and
BetH A B D and
BetH A" B’ D’
shows CongaH C B D C' B’ D’
(proof)

lemma congH-colH-betH:
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assumes A # B and
A # I and
B # I and
CongH I A I B and
ColHI A B

shows BetH A I B

(proof )

lemma plane-separation:

assumes - ColH A X Y and
- ColH B X Y and
IncidP A p and
IncidP B p and
IncidP X p and
IncidP Y p

shows cut’ A BX Y V same-side’ A BXY

(proof)

lemma same-side-comm:
assumes same-side A B [
shows same-side B Al

(proof)

lemma same-side-not-incid:
assumes same-side A B [
shows — IncidL Al A — IncidL Bl

{proof)

lemma out-same-side’:
assumes X # Y and
Incidl X | and
Incidl Y | and
IncidlL A | and
- IncidL Bl and
outH A B C
shows same-side’ BC X Y

(proof )

lemma same-side-trans:
assumes same-side A B | and
same-side B C'l
shows same-side A C'1

(proof)

lemma colH-IncidL--IncidL:
assumes A # B and
Incidl A | and
Incidl Bl and
ColHA BC
shows Incidl C'l

(proof)

lemma IncidL-not-IncidL--not-colH:
assumes A # B and
IncidlL A | and
IncidL Bl and
= IncidL C'l
shows — ColH A B C

{proof)

lemma same-side-prime-not-colH:
assumes same-side’ A B C D
shows = ColH A C D AN — ColH B C D

(proof)

lemma 0OS2--TS:
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assumes same-side’ Y Z PO X and
same-side’ X Y PO Z
shows cut’ X Z PO Y

(proof )

lemma thi5-auz-1:
assumes — ColH H PO L and
- ColH H' O’ L' and
- ColH K PO L and
- ColH K' O’ L' and
- ColH H PO K and
- ColH H' O’ K’ and
same-side’ H K PO L and
same-side’ H' K’ O’ L’ and
cut’ K L PO H and
CongaH H PO L H' O’ L' and
CongaH K PO L K' O’ L'
shows CongaH H PO K H' O’ K’
(proof)

lemma thi15-auz:
assumes — ColH H PO L and
- ColH H' O’ L' and
- ColH K PO L and
- ColH K' O’ L' and
- ColH H PO K and
- ColH H' O’ K’ and
same-side’ H K PO L and
same-side’ H' K' O’ L' and
CongaH H PO L H' O’ L' and
CongaH K PO L K' O’ L’
shows CongaH H PO K H' O’ K’
(proof)

lemma th15:
assumes — ColH H PO L and
- ColH H' O’ L' and
- ColH K PO L and
- ColH K' O’ L’ and
- ColH H PO K and
- ColH H' O’ K’ and
(cut’ HK PO L A cut' H' K' O’ L") V (same-side’ H K PO L A same-side’ H' K’ O’ L') and
CongaH H PO L H' O' L' and
CongaH K POLK' O' L’
shows CongaH H PO K H' O’ K’
(proof)

lemma th17:
assumes — ColH X Y Z1 and
- ColH X Y Z2 and
ColH X 1Y and
BetH Z1 I Z2 and
CongH X Z1 X Z2 and
CongH Y Z1'Y Z2
shows CongaH X Y Z1 X Y Z2
(proof )

lemma congaH-existence-congH:
assumes U # V and
- ColH P PO X and
- ColHA BC
shows 3 Y. (CongaH A B C X PO Y A same-side’ P Y PO X A CongH PO Y U V)
(proof )

lemma thi18-auz:
assumes — ColH A B C and
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- ColH A’ B’ C' and
CongH A B A’ B’ and
CongH A C A’ C' and
CongH B C B’ C'
shows CongaH B A C B" A’ C’
(proof )

lemma th19:
assumes — ColH PO A B and
- ColH O1 A1 Bl and
- ColH 02 A2 B2 and
CongaH A PO B A1 O1 B1 and
CongaH A PO B A2 02 B2
shows CongaH A1 O1 B1 A2 O2 B2
(proof)

lemma congaH-sym:
assumes — ColH A B C and
- ColH D E F and
CongaH A BCDEF
shows CongaH D EF A B C
(proof)

lemma congaH-commr:
assumes - ColH A B C and
- ColH D E F and
CongaH A BCDEF
shows CongaH A B C F E D

{proof)

lemma cong-preserves-col:
assumes BetH A B C and
CongH A B A’ B’ and
CongH B C B’ C' and
CongH A C A’ C'
shows ColH A’ B’ C’
(proof)

lemma cong-preserves-col-stronger:
assumes A # B and
A # C and
B # C and
ColH A B C' and
CongH A B A’ B' and
CongH B C B’ C' and
CongH A C A’ C’
shows ColH A’ B’ C’
(proof)

lemma betH-congH2--False:
assumes BetH A B C and
BetH A’ C' B’ and
CongH A B A’ B' and
CongH A C A’ C’
shows False

(proof )

lemma cong-preserves-bet:
assumes A’ # B’ and

B’ + C’ and
A'#C" and
BetH A B C and
CongH A B A’ B’ and
CongH B C B’ C' and
CongH A C A’ C’
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shows BetH A’ B’ C'
(proof )

lemma aziom-five-segmentsH:
assumes A # D and
A’ # D’ and
B # D and
B’ # D' and
C # D and
C'# D’ and
CongH A B A’ B’ and
CongH B C B’ C' and
CongH A D A’ D’ and
CongH B D B’ D’ and
BetH A B C and
BetH A’ B’ C' and
A4 D'
shows CongH C D C' D’
(proof)

lemma five-segment:
assumes Cong A B A’ B’ and
Cong B C B' C' and
Cong A D A’ D' and
Cong B D B’ D' and
Bet A B C' and
Bet A’ B’ ¢’ and
A+ B
shows Cong C D C’' D’
(proof)

lemma bet-comm:
assumes Bet A B C
shows Bet C B A

{proof)

lemma bet-trans:
assumes Bet A B D and
Bet BCD
shows Bet A B C

(proof)

lemma cong-transitivity:
assumes Cong A B E F and
Cong C D EF
shows Cong A B C D

{proof)

lemma cong-permT:
shows Cong A BB A

(proof)

lemma pasch-general-case:
assumes Bet A P C' and
Bet B @ C and
A # P and
P # C and
B # @ and
Q@ # C and
- (Bet ABCV Bet BC AV Bet C A B)
shows d z. Bet Px B A Bet Qz A

(proof )

lemma lower-dim-I:
shows — (Bet PP PQ PRV Bet PQ PR PPV Bet PR PP PQ)
(proof )
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lemma ColH-bets:
assumes ColH A B C
shows Bet A BCV Bet BCAYV Bet CAB

(proof)
end
end
theory Tarski-Neutral-Hilbert
imports
Tarski-Neutral

Hilbert-Neutral

begin

9 Tarski neutral dimensionless - Hilbert

context Tarski-neutral-dimensionless
begin

9.1 Definition

definition isLine:: 'px 'p=>bool where
isLine I = (fst I # snd )

definition Line :: 'p ='p ='px’p where
Line A B = (if A # B then (Pair A B) else undefined)

definition IncidentL ::'p='px 'p=-bool where
IncidentL A | = isLine I A Col A (fst ) (snd l)

definition EqTL:: 'px'p="pxp=bool
(- =l= - [99,99] 50) where
l1 =l= 12 = isLine l1 A isLine 12 N (VY X. (IncidentL X 11 <— IncidentL X 12))

definition Col-H:: 'p="p='p=-bool where
Col-H A B C =3 1. (isLine | A IncidentL A I N IncidentL Bl A IncidentL C 1)

definition isPlane :: 'px px'p=>bool where
isPlane pl = (V P Q R::'p. pl = (P,Q,R) — — Col P Q R)

definition Plane :: 'p="p="p='px'px'p where
Plane A B C = (A,B,C)

definition IncidentP ::'p='px'px'p=>bool
where

IncidentP A pl = (isPlane pl) A (3 P Q R. pl = Plane P Q R N Coplanar A P Q R)

definition EqTP:: 'px'px'p="px'px'p=-bool (- =p= - [99,99] 50) where
pl =p= p2 = isPlane pl1 A isPlane p2 N (¥ X. (IncidentP X pl <— IncidentP X p2))

definition IncidentLP ::'px'p="px 'px'p=>bool where
IncidentLP 1 p = isLine I A isPlane p A (V A. IncidentL A | — IncidentP A p)

definition Between-H :: 'p='p=>'p=>bool where
Between-H A BC=Bet ABCANA#BANB#CANA#C

definition cut-H :: 'px'p='"p="p=>bool where
cut-Hl A B = isLine l N = IncidentL A Il A = IncidentL Bl A
(3 I. IncidentL Il N\ Between-H A I B)

definition outH :: 'p='p='p=-bool where
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outH P A B = Between-H P A BV Between-H P BAV (P # AN A= B)

definition same-side-scott :: 'p="p="p=>bool
where same-side-scott EA B=FE# ANE # BA Col-HE A BN — Between-H A E B

definition disjoint-H :: 'p='"p="p=>"p=>bool
where disjoint-H A B C' D = — (3 P. Between-H A P B A\ Between-H C P D)

definition same-side-H :: 'p="p=>"px 'p=>bool
where same-side-H A Bl = isLine I A (3 P. cut-Hl A P A cut-Hl B P)

definition same-side’-H :: 'p="p=>"p=>"p=>bool
where
same-side’-H A BXY =X # Y A (V [ isLine | A (IncidentL X | A IncidentL Y )
— same-side-H A B )

definition CongA-H :: 'p='p='p="p="p="p=bool where
CongA-H A BCDEF=ABCCongADEF

definition Para-H :: 'px'p = 'px'p =bool where
Para-H I m = isLine | A isLine m A (=(3 X. IncidentL X I A IncidentL X m)) A
(3 p. IncidentLP Il p A IncidentLP m p)

9.2 Propositions

lemma FEqL--diff-left:
assumes [! =Il= 11
shows fst 11 # snd 1

(proof)

lemma FqL--diff-right:
assumes |1 == 12
shows (fst 12) # (snd 12)

{proof)

lemma azxiom-line-existence:
assumes A # B
shows 3 [. isLine | A IncidentL A | A IncidentL Bl

(proof)

lemma incident-eq:
assumes A # B and
IncidentL A | and
IncidentL Bl
shows Line A B =l=1

(proof )

lemma eq-transitivity:
assumes | =/= m and
m =l=n
shows | =l=n
(proof)

lemma eq-reflexivity:
assumes isLine [
shows [ =I=1[
(proof )

lemma eq-symmetry:
assumes | == m
shows m =Il=1
(proof)

lemma eg-incident:
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assumes [ =l=m
shows Incidentl, A | +— IncidentL A m
(proof )

lemma aziom-Incidl-morphism:
assumes IncidentL P | and
I=l=m
shows IncidentL P m
(proof)

lemma aziom-line-uniqueness:
assumes A # B and
IncidentL A | and Incidentl B | and
IncidentL, A m and IncidentL B m
shows [ =l=m

(proof )

lemma aziom-two-points-on-line:
assumes isLine |
shows 3 A B. IncidentL Bl N IncidentL Al N A # B

(proof )

lemma cols-coincide-1:
assumes Col-H A B C
shows Col A B C

(proof )

lemma cols-coincide-2:
assumes Col A B C
shows Col-H A B C

(proof )

lemma cols-coincide:
shows Col A B C +— Col-H A B C

{proof)

lemma ncols-coincide:
shows = Col A BC «<— = Col-HA BC
(proof)

lemma lower-dim':
shows 3 PA PB PC. PA # PB A PB # PC A
PA # PC A - Col-H PA PB PC

(proof)

lemma aziom-plane-existence:
assumes — Col-H A B C
shows 3 p. IncidentP A p N IncidentP B p A IncidentP C p

(proof )

lemma incidentp-eqp:
assumes — Col-H A B C and
IncidentP A p and
IncidentP B p and
IncidentP C' p
shows (Plane A B C) =p=p

(proof )

lemma egp-transitivity:
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assumes p =p= ¢ and
shows p =p=r
(proof)

lemma egp-refierivity:
assumes isPlane p
shows p =p=p
(proof)

lemma eqp-symmetry:
assumes p =p= ¢
shows ¢ =p=p
(proof)

lemma egp-incidentp:
assumes p =p= ¢
shows IncidentP A p <— IncidentP A q
(proof)

lemma aziom-Incidp-morphism :
assumes IncidentP M p and
EqTP p q
shows IncidentP M q
(proof)

lemma aziom-plane-uniqueness:
assumes - Col-H A B C' and
IncidentP A p and
IncidentP B p and
IncidentP C p and
IncidentP A g and
IncidentP B q¢ and
IncidentP C q
shows p =p= ¢
(proof)

lemma aziom-one-point-on-plane:
assumes isPlane p
shows 3 A. IncidentP A p

(proof )

lemma aziom-line-on-plane:
assumes A # B and
IncidentL A [ and
IncidentL Bl and
IncidentP A p and
IncidentP B p
shows IncidentLP 1 p

(proof )

lemma aziom-between-col:
assumes Between-H A B C
shows Col-H A B C

{proof)
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lemma aziom-between-diff:
assumes Between-H A B C
shows A # C

{proof)

lemma aziom-between-comm:
assumes Between-H A B C
shows Between-H C B A

{proof)

lemma aziom-between-out:
assumes A # B
shows 3 C. Between-H A B C

(proof)

lemma aziom-between-only-one:
assumes Between-H A B C
shows — Between-H B C' A

{proof)

lemma between-one:
assumes A # B and
A # C and
B # C and
Col A BC
shows Between-H A B C V Between-H B C A V Between-H B A C

{proof)

lemma aziom-between-one:
assumes A # B and
A # C and
B # C and
Col-HA B C
shows Between-H A B C V Between-H B C A V Between-H B A C

{proof)

lemma cut-two-sides:
shows cut-H 1 A B <— (fstl) (sndl) TS A B

(proof )

lemma cop-plane-auz:
assumes Coplanar A B C D and
A#B
shows 3 p. IncidentP A p A IncidentP B p A IncidentP C p A IncidentP D p
(proof)

lemma cop-plane:
assumes Coplanar A B C D
shows 3 p. IncidentP A p N IncidentP B p A IncidentP C p A IncidentP D p
(proof)

lemma plane-cop:
assumes IncidentP A p and
IncidentP B p and
IncidentP C' p and
IncidentP D p
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shows Coplanar A B C D
(proof)

lemma aziom-pasch:
assumes - Col-H A B C' and
IncidentP A p and
IncidentP B p and
IncidentP C p and
IncidentLP | p and
- IncidentL C'l and
cut-HIl A B
shows cut-HIl A C V cut-HI B C
(proof)

lemma Incid-line:
assumes A # B and
Incidentl, A | and
IncidentL B |l and
ColPAB
shows Incidentl P 1

{proof)

lemma out-outH:
assumes P Out A B
shows outH P A B

{proof)

lemma aziom-hcong-1-existence:
assumes A # B and
A" # P and
IncidentL A’ | and
IncidentL Pl
shows 3 B’. IncidentL, B' I A outH A’ P B’ A Cong A’ B’ A B
(proof)

lemma aziom-hcong-1-uniqueness:
assumes
IncidentL M | and
IncidentL A’ | and

IncidentL A" | and

Between-H A’ M B’ and
Cong M A" A B and
Cong M B" A B and
Between-H A’ M B"' and
Cong M A" A B and
Cong M B" A B
shows (A'= A" A B'"=B")Vv (A'=B"”" A B' = A")
(proof)

lemma aziom-hcong-scott:
assumes A # C and
P#Q
shows 3 B. same-side-scott A B C N Cong P Q A B
(proof )
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lemma col-disjoint-bet:
assumes Col-H A B C and
disjoint-H A B B C
shows Bet A B C
(proof)

lemma aziom-hcong-3:

assumes Col-H A B C and
Col-H A’ B’ C' and
disjoint-H A B B C and
disjoint-H A’ B’ B’ C' and
Cong A B A’ B' and
Cong B C B' C’'

shows Cong A C A’ C'

(proof)

lemma exists-not-incident:
assumes A # B
shows 3 C. - IncidentL C (Line A B)

(proof)

lemma same-side-one-side:
assumes same-side-H A B 1
shows (fst ) (snd 1) OS A B

{proof)

lemma one-side-same-side:
assumes (fst [)(snd 1) OS A B
shows same-side-H A B |

(proof )

lemma OS-distinct:
assumes P Q OS A B
shows P # Q

{proof)

lemma OS-same-side’:
assumes P Q OS A B
shows same-side’-H A B P Q

(proof )

lemma same-side-0OS:
assumes same-side’-H P Q A B
shows A B OS P @

(proof )

lemma outH-out:
assumes outH P A B
shows P Out A B

{proof)

lemma incident-col:
assumes IncidentL M
shows Col M (fst I)(snd I)

{proof)

lemma col-incident:
assumes (fst ) # (snd ) and
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Col M (fst I)(snd 1)
shows Incidentl, M 1

{proof)

lemma Bet-Between-H:
assumes Bet A B C and
A # B and
B#C
shows Between-H A B C
(proof)

lemma aziom-cong-5"

assumes

- Col-H A’ B’ C' and

Cong A B A’ B' and

Cong A C A’ C' and

B A C CongA B' A’ C’
shows A B C CongA A’ B' C’
(proof )

lemma aziom-cong-5'-bis:
assumes - Col-H A B C' and

Cong A B A’ B" and

Cong A C A’ C' and

B A C CongA B' A’ C’
shows A B C CongA A’ B' C’
(proof)

lemma aziom-hcong-4-ezistence:
assumes — Col-H P PO X and
- Col-HA BC
shows 3 Y. (A B C CongA X PO Y A same-side’-H P 'Y PO X)

(proof )

lemma same-side-trans:
assumes same-side-H A B | and
same-side-H B C'1
shows same-side-H A C'1

{proof)

lemma same-side-sym:
assumes same-side-H A B 1
shows same-side-H B A [

{proof)

lemma aziom-hcong-4-uniqueness:
assumes — Col-H P PO X and
- Col-H A B C and
A B C CongA X PO Y and
A B C CongA X PO Y’ and
same-side’-H P 'Y PO X and
same-side’-H P Y' PO X
shows outd PO Y Y’
(proof)

lemma axiom-conga-comm:
assumes - Col-H A B C
shows A B C CongA C B A

{proof)

lemma aziom-congaH-outH-congaH:
assumes A B C CongA D E F and
Between-H B A A’V Between-H BA’ AV B# AN A= A"and
Between-H B C C' V Between-H B C' CV B# C A C = C’and
Between-H E D D'V Between-H E D' DV E # D A D= D’ and
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Between-H E F F'V Between-H EF'FV E# FANF =F'
shows A’ B C' CongA D' E F’

(proof )

lemma aziom-conga-permlir:
assumes A B C CongA D E F
shows C B A CongA F E D

{proof)

lemma aziom-conga-refl:
assumes — Col-H A B C
shows A B C CongA A B C

{proof)

end
end

theory Tarski-Neutral-2D

imports
Tarski-Neutral

begin

10 Tarski’s axiom system for neutral geometry: 2D

10.1 Definitions

locale Tarski-neutral-2D = Tarski-neutral-dimensionless +
assumes upper-dim: ¥V a b c p q.
PFqN
CongapaqA
Cong bpbqgA
Cong cpcq
H
(BetabcV BetbcaV Betcab)

10.2 Propositions

context Tarski-neutral-2D
begin

lemma all-coplanar:
Coplanar A B C D

(proof )

lemma per2--col:
assumes Per A X C and
X # C and
Per BX C
shows Col A B X

{proof)

lemma perp2--col:
assumes X Y Perp A B and
X Z Perp A B
shows Col X Y 7

{proof)

lemma [12-9-2D:
assumes A1 A2 Perp C1 C2 and
B1 B2 Perp C1 C2
shows A1 A2 Par B1 B2

{proof)
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lemma perp-in2--col:
assumes P PerpAt A B X Y and
P PerpAt A’ B'X Y
shows Col A B A’
(proof)

lemma perp2-trans:
assumes P Perp2 A B C D and
P Perp2 CDEF
shows P Perp2 A BE F

(proof )

lemma perp2-par:
assumes PO Perp2 A B C D
shows A B Par C D

{proof)

lemma not-par-strict-inter-exists:
assumes — A1 Bl ParStrict A2 B2
shows 3 X. Col X A1 B1 N Col X A2 B2

(proof)

lemma not-par-inter-exists:
assumes — Al Bl Par A2 B2
shows 3 X. Col X A1 B1 N Col X A2 B2

{proof)

end
end

theory Tarski-Neutral-Continuity-2D

imports
Tarski-Neutral-2D
Tarski-Neutral-Continuity
begin

context Tarski-neutral-2D

begin

11 Tarski Neutral Continuity 2D

11.1 Definitions
11.2 Propositions

lemma mid-onc2-perp--col:
assumes A # B and
A OnClircle PO P and
B OnCircle PO P and
X Midpoint A B and
X Y Perp A B
shows Col X Y PO

{proof)

lemma mid2-onc4--eq:
assumes B # C and
A # B and
A OnCircle PO P and
B OnCircle PO P and
C OnCircle PO P and
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D OnCircle PO P and
X Midpoint A C' and
X Midpoint B D
shows X = PO
(proof )

lemma cong2-onc3--eq:
assumes A # B and
A # C and
B # C and
A OnClircle PO P and
B OnCircle PO P and
C OnClircle PO P and
Cong X A X B and

Cong X A XC
shows X = PO
(proof )

lemma onc2-mid-cong-col:

assumes U # V and
U OnCircle PO P and
V OnCircle PO P and
M Midpoint U V and
Cong UX VX

shows Col PO X M

(proof)

lemma cong-onc3-cases:
assumes Cong A X A Y and
A OnClircle PO P and
X OnClircle PO P and
Y OnCircle PO P
shows X = Y V X Y ReflectL PO A

(proof )

lemma bet-cong-oncs-cases:

assumes T # PO and
Bet A PO T and
Cong T X T Y and
A OnClircle PO P and
X OnClircle PO P and
Y OnCircle PO P

shows X = Y V X Y ReflectL PO A

{proof)

lemma prop-7-8:
assumes Diam A B PO P and
Bet A PO T and
X OnCircle PO P and
Y OnClircle PO P and
A PO X LeA APOY
shows T'Y Le T X

(proof )

lemma Prop-7-8-uniqueness:
assumes T # PO and
X # Y and

Cong T X T Y and
Cong T X T Z and

X OnClrcle PO P and
Y OnClircle PO P and
Z OnClircle PO P
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shows Z =XV Z=Y
(proof )

lemma chords-midpoints-col-par:

assumes
A OnClircle PO P and
B OnCircle PO P and
C OnCircle PO P and
D OnCircle PO P and
M Midpoint A B and
N Midpoint C D and
Col PO M N and
- Col PO A B and
- Col PO C D

shows A B Par C D

(proof )

lemma onc3-mid2--ncol:
assumes
A OnCircle PO P and
B OnClircle PO P and
C OnCircle PO P and
A’ Midpoint A C and
B’ Midpoint B C and
- Col ABC
shows — Col PO A’ B’V A’ = POV B’ = PO
(proof)

lemma onc4-cong2--eq:
assumes A # B and
C # D and
- A B Par C D and
A OnClrcle PO P and
B OnClircle PO P and
C OnCircle PO P and
D OnCircle PO P and
Cong A X B X and

Cong C X DX
shows PO = X
(proof)

lemma onc2--oreq:
assumes InterCCAt A B C D P @ and
7 OnCircle A B and
Z OnCircle C D
shows Z =PV Z = Q
(proof)

end
end

theory Tarski-Neutral-3D

imports
Tarski- Neutral

begin

12 Tarski’s axiom system for neutral geometry: 3D

12.1 Definitions

locale Tarski-neutral-8D = Tarski-neutral-dimensionless +
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fixes T'S1 and TS2 and TS3 and TS/

assumes lower-dim-8: = (3 X.

((Bet TS1 TS2 X V Bet TS2 X TS1 V Bet X TS1 TS2) A
(Bet TS3 TS4 X V Bet TS4 X TS3 V Bet X TS3 TS}) V

(Bet TS1 TS3 X V Bet TS3 X TS1 Vv Bet X TS1 TS3) A
(Bet TS2 TS4 X V Bet TS4 X TS2 V Bet X TS2 TS}) V

(Bet TS1 TS4 X V Bet TS4 X TS1 V Bet X TS1 TS}) A
(Bet TS2 TS3 X V Bet TS3 X TS2 vV Bet X TS2 TS3)))

assumes upper-dim-3: YV A B C P Q R.

P##QNQ#RANP#RNA

Cong APAQANCong BPBQAN CongCPCQAN

Cong APARANCong BPBRAN CongCPCR —

(Bet ABCV Bet BC AV Bet C' A B)

context Tarski-neutral-3D
begin

12.2 Propositions

lemma not-coplanar-S1-52-53-54:
shows — Coplanar TS1 TS2 TS3 TS4
(proof)

end
end
theory Tarski-Neutral-3D-Hilbert
imports
Tarski-Neutral-Hilbert
Tarski- Neutral-3D

begin

13 Tarski neutral dimensionless - Hilbert

context Tarski-neutral-3D

begin

13.1 Definition
13.2 Propositions

lemma lower-dim-3":
shows — (3 p. isPlane p A IncidentP TS1 p A IncidentP TS2 p A
IncidentP TS8 p A IncidentP TS4 p)

(proof )

end
end
theory Tarski-Euclidean
imports
Tarski-Neutral

Tarski-Postulate-Parallels

begin
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14 Tarski Euclidean

14.1 Tarski’s axiom system for Euclidean

locale Tarski-Euclidean = Tarski-neutral-dimensionless +
assumes tarski-s-parallel-postulate:
VABCDT.(Bet ADTANBetBDCAA#D,)
_)
(3 XY . Bet ABXANBetACYANBetXTY)

context Tarski-Fuclidean

begin

14.2 Definitions
14.3 Propositions

theorem tarski-s-parallel-postulate-thm:
shows tarski-s-parallel-postulate

{proof)

lemma Post02:
shows Postulate02

{proof)

theorem playfair-s-postulate-thm:
shows playfair-s-postulate
(proof)

lemma Post03:
shows Postulate03

(proof)

theorem triangle-postulate-thm:
shows triangle-postulate
(proof)

lemma Post0}:
shows Postulate0/

{proof)

theorem bachmann-s-lotschnittaziom-thm:
shows bachmann-s-lotschnittaxiom

(proof)

lemma Post05:
shows Postulate05

(proof)

theorem postulate-of-transitivity-of-parallelism-thm:
shows postulate-of-transitivity-of-parallelism

(proof)

lemma Post06:
shows Postulate06

(proof)

theorem midpoint-converse-postulate-thm:
shows midpoint-converse-postulate

{proof)

lemma Post07:
shows Postulate07

{proof)

theorem alternate-interior-angles-postulate-thm:
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shows alternate-interior-angles-postulate
(proof)

lemma Post08:
shows Postulate08

(proof)

theorem consecutive-interior-angles-postulate-thm:
shows consecutive-interior-angles-postulate

{proof)

lemma Post09:
shows Postulate09

{proof)

theorem perpendicular-transversal-postulate-thm:
shows perpendicular-transversal-postulate

{proof)

lemma Post10:
shows Postulatel0

(proof)

theorem postulate-of-parallelism-of-perpendicular-transversals-thm:
shows postulate-of-parallelism-of-perpendicular-transversals

{proof)

lemma Post11:
shows Postulatel1

{proof)

theorem universal-posidonius-postulate-thm:
shows universal-posidonius-postulate

{proof)

lemma Post12:
shows Postulatel2

(proof)

theorem alternative-playfair-s-postulate-thm:
shows alternative-playfair-s-postulate

(proof)

lemma Post13:
shows Postulatel3

{proof)

theorem proclus-postulate-thm:
shows proclus-postulate

{proof)

lemma Post14:
shows Postulatel/

{proof)

theorem alternative-proclus-postulate-thm:
shows alternative-proclus-postulate

{proof)

lemma Post15:
shows Postulatel5

{proof)

theorem triangle-circumscription-principle-thm:
shows triangle-circumscription-principle

(proof)
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lemma Post16:
shows Postulatel6

{proof)

theorem inverse-projection-postulate-thm:
shows inverse-projection-postulate

{proof)

lemma Post17:
shows Postulatel7

{proof)

theorem cuclid-5-thm:
shows euclid-5
(proof )

lemma Post18:
shows Postulatel8

{proof)

theorem strong-parallel-postulate-thm:
shows strong-parallel-postulate

{proof)

lemma Post19:
shows Postulate19

(proof)

theorem alternative-strong-parallel-postulate-thm:
shows alternative-strong-parallel-postulate
(proof)

lemma Post20:
shows Postulate20

(proof)

theorem ecuclid-s-parallel-postulate-thm:
shows euclid-s-parallel-postulate

{proof)

lemma Post21:
shows Postulate21

(proof)

theorem postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights-thm:
shows postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights
(proof)

lemma Post22:
shows Postulate22

(proof)

theorem posidonius-postulate-thm:
shows posidonius-postulate

{proof)

lemma Post23:
assumes Postulate01
shows Postulate23

{proof)

theorem postulate-of-existence-of-similar-triangles-thm:
shows postulate-of-existence-of-similar-triangles

{proof)
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lemma Post2:
shows Postulate2)

{proof)

theorem thales-postulate-thm:
shows thales-postulate

{proof)

lemma Post25:
shows Postulate25

{proof)

theorem thales-converse-postulate-thm:
shows thales-converse-postulate

{proof)

lemma Post26:
shows Postulate26

(proof)

theorem ezistential-thales-postulate-thm:
shows existential-thales-postulate

{proof)

lemma Post27:
shows Postulate27

{proof)

theorem postulate-of-right-saccheri-quadrilaterals-thm:
shows postulate-of-right-saccheri-quadrilaterals

(proof)

lemma Post28:
shows Postulate28

{proof)

theorem postulate-of-existence-of-a-right-saccheri-quadrilateral-thm:
shows postulate-of-existence-of-a-right-saccheri-quadrilateral

{proof)

lemma Post29:
shows Postulate29

(proof)

theorem postulate-of-right-lambert-quadrilaterals-thm:
shows postulate-of-right-lambert-quadrilaterals

{proof)

lemma Post30:
shows Postulate30

(proof)

theorem postulate-of-existence-of-a-right-lambert-quadrilateral-thm:
shows postulate-of-ezistence-of-a-right-lambert-quadrilateral

{proof)

lemma Post31:
shows Postulate31

{proof)

theorem weak-inverse-projection-postulate-thm:
shows weak-inverse-projection-postulate

{proof)

lemma Post32:
shows Postulate32
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{proof)

theorem weak-tarski-s-parallel-postulate-thm:
shows weak-tarski-s-parallel-postulate

{proof)

lemma Post33:
shows Postulate33

{proof)

theorem weak-triangle-circumscription-principle-thm:
shows weak-triangle-circumscription-principle

{proof)

lemma Post3:
shows Postulate3/

{proof)

theorem legendre-s-parallel-postulate-thm:
shows legendre-s-parallel-postulate

{proof)

theorem TarskiPP:
shows tarski-s-parallel-postulate

{proof)

lemma parallel-uniqueness:
assumes A1 A2 Par Bl B2 and
Col P B1 B2 and
A1 A2 Par C1 C2 and
Col P C1 C2
shows Col C1 B1 B2 N\ Col C2 B1 B2

{proof)

lemma par-trans:
assumes A1 A2 Par Bl B2 and
B1 B2 Par C1 C2
shows A1 A2 Par C1 C2

{proof)

lemma [12-16:
assumes A1 A2 Par Bl B2 and
Coplanar B1 B2 C1 C2 and
X Inter A1 A2 C1 C2
shows 3 Y. Y Inter B1 B2 C1 C2

{proof)

lemma par-dec:
shows A B Par C DV -~ A B Par C D

{proof)

lemma par-not-par:
assumes A B Par C D and
- A B Par P Q
shows - C D Par P Q

{proof)

lemma cop-par--inter:
assumes A B Par C D and
- A B Par P Q and
Coplanar C D P @
shows 3 Y. ColPQ Y N Col CDY

(proof )

lemma [12-19:
assumes — Col A B C and

298



A B Par C D and
B CParD A
shows Cong A BCDANCongBCDAANBDTSACANACTSBD

(proof )

lemma [12-20-bis:
assumes A B Par C D and
Cong A B C D and
BDTSAC
shows B C Par D AN Cong BCDANACTSBD

(proof)

lemma [12-20:
assumes A B Par C D and
Cong A B C D and
ACTSBD
shows B C Par D AN Cong BCDANACTSBD

(proof )

lemma [12-21-a:
assumes A C TS B D and
A B Par C D
shows B A C CongA D C A

{proof)

lemma [12-21:
assumes A C TS B D
shows B A C CongA D CA+— A B Par CD

{proof)

lemma [12-22-a:
assumes P Out A C and
P A OSBD and
A B Par C D
shows B A P CongA D C P

(proof )

lemma [12-22:
assumes P Out A C and
PAOSBD
shows B A P CongA D CP +— A B Par CD

(proof)

lemma [12-23:
assumes — Col A B C
shows 3 B'"C. ACTSBB NABTSCC'ABetB"AC'A
A B C CongA BAC'ANACB CongA CAB’

(proof )

lemma cop2-npar--inter:
assumes Coplanar A B X Y and
Coplanar A’ B’ X Y and
- A B Par A’ B’
shows 3 P. ColPX Y A (ColPA BV Col P A’ BY)

(proof )

lemma not-par-one-not-par:
assumes = A B Par A’ B’
shows ~ A BPar XYV - A'"B Par XY

{proof)

lemma col-par-par-col:
assumes Col A B C and
A B Par A’ B’ and
B C Par B’ C'
shows Col A’ B’ C'’
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{proof)

lemma cop-par-perp--perp:
assumes A B Par C D and
A B Perp P @Q and
Coplanar C D P @Q
shows C D Perp P Q

(proof)

lemma cop4-par-perp2--par:

assumes A B Par C D and
A B Perp E F and
C D Perp G H and
Coplanar A B E G and
Coplanar A B E H and
Coplanar A B F G and
Coplanar A B F H

shows F F Par G H

(proof )

lemma par-cong-mid-ts:
assumes A B ParStrict A’ B’ and
Cong A B A’ B’ and
A A" TS BB’
shows 3 M. M Midpoint A A’ A M Midpoint B B’
(proof)

lemma par-cong-mid-os:
assumes A B ParStrict A’ B’ and
Cong A B A’ B’ and
A A" OS B B’
shows 3 M. M Midpoint A B' A M Midpoint B A’

(proof )

lemma par-strict-cong-mid:
assumes A B ParStrict A’ B’ and
Cong A B A’ B’
shows 3 M. (M Midpoint A A’ A M Midpoint B B') vV (M Midpoint A B’ A M Midpoint B A”)
(proof )

lemma par-strict-cong-mid1:
assumes A B ParStrict A’ B’ and
Cong A BA' B’
shows (A A’ TS B B’ A (3 M. M Midpoint A A’ A M Midpoint B B')) V
(A A"OSBB'A (3 M. M Midpoint A B’ AN M Midpoint B A"))
(proof)

lemma par-cong-mid:
assumes A B Par A’ B and
Cong A BA' B’
shows 3 M. (M Midpoint A A" N M Midpoint B B') V
(M Midpoint A B’ A M Midpoint B A')
(proof )

lemma ts-cong-par-cong-par:
assumes A A’ TS B B’ and
Cong A B A’ B" and
A B Par A’ B’
shows Cong A B’ A’ BN A B' Par A’ B
(proof)

lemma plgs-cong:
assumes ParallelogramStrict A B C D
shows Cong A BC DA Cong AD BC

(proof )
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lemma plg-cong:
assumes Parallelogram A B C' D
shows Cong A BCD A Cong ADBC

(proof )

lemma rmb-cong:
assumes Rhombus A B C' D
shows Cong A BB C N Cong A BCDAN Cong ABD A

(proof )

lemma rmb-per:
assumes M Midpoint A C' and
Rhombus A B C' D
shows Per A M D

(proof )

lemma per-rmb:
assumes Plg A B C D and
M Midpoint A C and
Per AMB
shows Rhombus A B C D

(proof)

lemma perp-rmb:
assumes Plg A B C D and
A C Perp BD
shows Rhombus A B C D
(proof)

lemma plg-congal:
assumes A # B and
A # C and
PlgABCD
shows B A C CongA D C A

(proof)

lemma o0s-cong-par-cong-par:
assumes A A’ OS B B’ and
Cong A B A’ B" and
A B Par A’ B’
shows Cong A A’ BB'AN A A’ Par B B’

(proof)

lemma plgs-permut:
assumes ParallelogramStrict A B C D
shows ParallelogramStrict B C' D A

{proof)

lemma plg-permut:
assumes Parallelogram A B C D
shows Parallelogram B C D A

(proof )

lemma plgs-mid:
assumes ParallelogramStrict A B C' D
shows 3 M. M Midpoint A C N M Midpoint B D

{proof)

lemma plg-mid:
assumes Parallelogram A B C D
shows 94 M. M Midpoint A C N M Midpoint B D

(proof )

lemma plg-mid-2:
assumes Parallelogram A B C D and
I Midpoint A C
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shows I Midpoint B D
(proof)

lemma plgs-not-comm-1:
assumes ParallelogramStrict A B C' D
shows — ParallelogramStrict A B D C

{proof)

lemma plgs-not-comm-2:
assumes ParallelogramStrict A B C D
shows — ParallelogramStrict B A C D

{proof)

lemma plgs-not-comm:
assumes ParallelogramStrict A B C D
shows — ParallelogramStrict A B D C' A = ParallelogramStrict B A C' D

{proof)

lemma plg-not-comm-R1:
assumes A # B and
Parallelogram A B C D
shows — Parallelogram A B D C

(proof)

lemma plg-not-comm-R2:
assumes A # B and
Parallelogram A B C D
shows — Parallelogram B A C D

{proof)

lemma plg-not-comm:
assumes A # B and
Parallelogram A B C D
shows — Parallelogram A B D C A — Parallelogram B A C' D

{proof)

lemma parallelogram-to-plg:
assumes Parallelogram A B C' D
shows Plg A B C D

{proof)

lemma parallelogram-equiv-plg:
shows Parallelogram A B C D «<— Plg A B C D
(proof)

lemma plg-conga:
assumes A # B and

B # C and
Parallelogram A B C D
shows A B C CongA C D ANBCD CongADAB

(proof )

lemma half-plgs-R1:
assumes ParallelogramStrict A B C D and
P Midpoint A B and
Q@ Midpoint C D and
M Midpoint A C
shows P Q Par A D A Cong A D P Q
(proof)

lemma half-plgs-R2:
assumes ParallelogramStrict A B C D and
P Midpoint A B and
@ Midpoint C D and
M Midpoint A C

302



shows M Midpoint P @Q
(proof)

lemma half-plgs:
assumes ParallelogramStrict A B C D and
P Midpoint A B and
Q@ Midpoint C D and
M Midpoint A C
shows P Q Par A D N M Midpoint P Q A Cong A D P @
(proof)

lemma plgs-two-sides:
assumes ParallelogramStrict A B C D
shows A CTSBDANBDTSAC

{proof)

lemma plgs-par-strict:
assumes ParallelogramStrict A B C D
shows A B ParStrict C D N A D ParStrict B C

{proof)

lemma plgs-half-plgs-auz:
assumes ParallelogramStrict A B C D and
P Midpoint A B and
Q Midpoint C' D
shows ParallelogramStrict A P Q D
(proof)

lemma plgs-comm2:
assumes ParallelogramStrict A B C D
shows ParallelogramStrict B A D C

{proof)

lemma plgf-comm2:
assumes ParallelogramFlat A B C D
shows ParallelogramFlat B A D C

{proof)

lemma plg-comm?2:
assumes Parallelogram A B C' D
shows Parallelogram B A D C

(proof)

lemma par-preserves-conga-os:
assumes A B Par C D and
Bet A D P and
D # P and
ADOSBC
shows B A P CongA C D P

(proof )

lemma cong3-par2-par:
assumes A # C and
B A C Cong3 B’ A’ C' and
B A Par B’ A’ and
B C Par B' C’
shows A C Par A’ C'V = B B’ ParStrict A A’V =~ B B’ ParStrict C C’

(proof )

lemma square-perp-rectangle:
assumes Rectangle A B C D and
A C Perp B D
shows Square A B C D

{proof)

lemma plgs-half-plgs:
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assumes ParallelogramStrict A B C D and

P Midpoint A B and

Q Midpoint C' D
shows ParallelogramStrict A P Q D N ParallelogramStrict B P @ C
(proof)

lemma parallel-2-plg:
assumes - Col A B C and
A B Par C D and
A D Par B C
shows ParallelogramStrict A B C D

{proof)

lemma par-2-plg:
assumes — Col A B C and
A B Par C D and
A D Par B C
shows Parallelogram A B C D

(proof)

lemma plg-cong-1:
assumes Parallelogram A B C' D
shows Cong A B C D

{proof)

lemma plg-cong-2:
assumes Parallelogram A B C D
shows Cong A D B C

{proof)

lemma plgs-cong-1:
assumes ParallelogramStrict A B C' D
shows Cong A B C D

{proof)

lemma plgs-cong-2:
assumes ParallelogramStrict A B C' D
shows Cong A D B C

{proof)

lemma Plg-perm:
assumes Parallelogram A B C' D
shows Parallelogram A B C' D A Parallelogram B C' D A N
Parallelogram C D A B AParallelogram D A B C A
Parallelogram A D C B N Parallelogram D C B A A
Parallelogram C B A D A Parallelogram B A D C

{proof)

lemma plg-not-comm-1:
assumes A # B and
Parallelogram A B C D
shows — Parallelogram A B D C

{proof)

lemma plg-not-comm-2:
assumes A # B and
Parallelogram A B C D
shows — Parallelogram B A C D

{proof)

lemma parallelogram-strict-midpoint:
assumes ParallelogramStrict A B C D and
Col I A C and
Coll BD
shows I Midpoint A C N I Midpoint B D
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{proof)

lemma rmb-perp:
assumes A # C and
B # D and
Rhombus A B C D
shows A C Perp B D

(proof)

lemma rect-permut:
assumes Rectangle A B C D
shows Rectangle B C D A

(proof )

lemma rect-comm?2:
assumes Rectangle A B C D
shows Rectangle B A D C

{proof)

lemma rect-peri:
assumes Rectangle A B C D
shows Per B A D

(proof)

lemma rect-per2:
assumes Rectangle A B C D
shows Per A B C

(proof)

lemma rect-per3:
assumes Rectangle A B C D
shows Per B C D

{proof)

lemma rect-pery:
assumes Rectangle A B C D
shows Per A D C

(proof)

lemma plg-per-rect1:
assumes Plg A B C D and
Per D A B
shows Rectangle A B C D

(proof )

lemma plg-per-rect2:
assumes Plg A B C D and
Per CB A
shows Rectangle A B C D

(proof )

lemma plg-per-rect3:
assumes Plg A B C D and
Per ADC
shows Rectangle A B C D

(proof )

lemma plg-per-rects:
assumes Plg A B C D and
Per BC D
shows Rectangle A B C D

(proof )

lemma plg-per-rect:
assumes Plg A B C D and

Per DA BY Per CBANY Per ADCYV PerBCD
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shows Rectangle A B C D
(proof)

lemma rect-per:
assumes Rectangle A B C D
shows Per BA DN Per ABC A Per BCDA Per ADC

{proof)

lemma plgf-rect-id:
assumes ParallelogramFlat A B C' D and
Rectangle A B C D
shows (A=DAB=C)V(A=BAD=C)
(proof)

lemma cop-perp3--perp:
assumes Coplanar A B C D and
A B Perp B C and
B C Perp C' D and
CD PerpD A
shows D A Perp A B

(proof )

lemma cop-perp3--rect:
assumes Coplanar A B C D and
A B Perp B C and
B C Perp C D and
C D PerpD A
shows Rectangle A B C D

(proof)

lemma conga-to-par-os:
assumes Bet A D P and
A D OS B C and
B AP CongA CDP
shows A B Par C D

(proof)

lemma plg-par:
assumes A # B and
B # C and
Parallelogram A B C' D
shows A B Par C D AN A D Par B C

(proof)

lemma plg-par-1:
assumes A # B and
B # C and
Parallelogram A B C D
shows A B Par C D

{proof)

lemma plg-par-2:
assumes A # B and
B # C and
Parallelogram A B C D
shows A D Par B C

{proof)

lemma plgs-pars-1:
assumes ParallelogramStrict A B C D
shows A B ParStrict C D

(proof)
lemma plgs-pars-2:

assumes ParallelogramStrict A B C D
shows A D ParStrict B C
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{proof)

lemma par-cong-cong:
assumes A B Par C D and
Cong A BCD
shows Cong A C BDV Cong ADBC

(proof )

lemma col-cong-cong:
assumes Col A B C and
Col A B D and
Cong A BCD
shows Cong A C BD YV Cong ADBC
(proof)

lemma par-cong-cop:
assumes A B Par C D
shows Coplanar A B C D

(proof)

lemma par-cong-plg :
assumes A B Par C D and
Cong A BCD
shows Pl A BCDV PlgA BDC

(proof )

lemma par-cong-plg-2 :
assumes A B Par C D and
Cong A BCD

shows Parallelogram A B C D V Parallelogram A B D C

(proof)

lemma par-cong3-rect:
assumes A # C V B # D and
A B Par C D and
Cong A B C D and
Cong A D B C and
Cong A CBD
shows Rectangle A B C D V Rectangle A B D C

{proof)

lemma pars-par-pars:
assumes A B ParStrict C D and
A D Par B C
shows A D ParStrict B C

{proof)

lemma pars-par-plg:
assumes A B ParStrict C D and
A D Par BC
shows Plg A B C D

(proof )

lemma not-par-pars-not-cong:
assumes P Out A B and
P Out A’ B and
A A’ ParStrict B B’
shows = Cong A A’ B B’
(proof)

lemma plg-uniqueness:
assumes Parallelogram A B C D and
Parallelogram A B C D’
shows D = D’

{proof)
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lemma plgs-trans-trivial:
assumes ParallelogramStrict A B C D and
ParallelogramStrict C D A B’
shows Parallelogram A B B’ A

(proof)

lemma par-strict-trans:
assumes A B ParStrict C D and
C D ParStrict E F
shows A B Par E F

{proof)

lemma plgs-pseudo-trans:
assumes ParallelogramStrict A B C' D and
ParallelogramStrict C D E F
shows Parallelogram A B F E

(proof )

lemma plgf-plgs-trans:
assumes A # B and
ParallelogramFlat A B C D and
ParallelogramStrict C D E F
shows ParallelogramStrict A B F E

(proof )

lemma plgf-plgf-plgf:
assumes A # B and
ParallelogramFlat A B C D and
ParallelogramFlat C D E F
shows ParallelogramFlat A B F E

(proof)

lemma plg-pseudo-trans:
assumes Parallelogram A B C D and
Parallelogram C' D E F
shows Parallelogram A BFENV (A=BANC=DANE=FANA=E)

(proof)

lemma Square-Rhombus:
assumes Square A B C D
shows Rhombus A B C D

(proof)

lemma plgs-in-angle:
assumes ParallelogramStrict A B C D
shows D InAngle A B C

{proof)

lemma par-par-cong-cong-parallelogram:
assumes B # D and
Cong A B C D and
Cong B C' D A and
B C Par A D and
A B Par C D
shows Parallelogram A B C D

{proof)

lemma degenerated-rect-eq:
assumes Rectangle A B B C
shows 4 = C

(proof )
lemma rect-2-rect:

assumes A # B and
Rectangle A B C1 D1 and
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Rectangle A B C2 D2
shows Rectangle C1 D1 D2 C2

(proof )

lemma ncol123-plg--plgs:
assumes — Col A B C and
Parallelogram A B C' D
shows ParallelogramStrict A B C D

{proof)

lemma ncol124-plg--plgs:
assumes - Col A B D and
Parallelogram A B C' D
shows ParallelogramStrict A B C D

{proof)

lemma ncoll34-plg--plgs:
assumes - Col A C D and
Parallelogram A B C' D
shows ParallelogramStrict A B C D

{proof)

lemma ncol234-plg--plgs:
assumes — Col B C' D and
Parallelogram A B C D
shows ParallelogramStrict A B C D

{proof)

lemma ncoll123-plg--pars1234:
assumes — Col A B C' and
Parallelogram A B C D
shows A B ParStrict C D

{proof)

lemma ncoll124-plg--pars1234:
assumes — Col A B D and
Parallelogram A B C D
shows A B ParStrict C D

{proof)

lemma ncoll34-plg--pars1234:
assumes - Col A C D and
Parallelogram A B C D
shows A B ParStrict C D

{proof)

lemma ncol234-plg--pars1234:
assumes — Col B C D and
Parallelogram A B C D
shows A B ParStrict C D

(proof)

lemma ncoll123-plg--pars1423:
assumes — Col A B C' and
Parallelogram A B C D
shows A D ParStrict B C

{proof)

lemma ncoll124-plg--pars1423:
assumes — Col A B D and
Parallelogram A B C D
shows A D ParStrict B C

{proof)

lemma ncoll34-plg--pars1423:
assumes — Col A C D and
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Parallelogram A B C' D
shows A D ParStrict B C

{proof)

lemma ncol234-plg--pars1423:
assumes — Col B C' D and
Parallelogram A B C' D
shows A D ParStrict B C

{proof)

lemma sac-plg:
assumes Saccheri A B C D
shows Parallelogram A B C D

(proof)

lemma sac-rectangle:
assumes Saccheri A B C D
shows Rectangle A B C' D

(proof )

lemma ezists-square:
assumes A # B
shows 3 C' D. Square A B C D

(proof )

lemma euclidT':
assumes Bet A D T and
Bet B D C and
A#D

shows 3 X Y. Bt ABXABet ACYABetXTY

(proof )

lemma equ-refl:
shows A B EqV A B
(proof)

lemma equ-sym:
assumes A B EqV C D
shows C D EqV A B

(proof)

lemma eqv-trans:
assumes A B EqV C D and
CDEqVEF
shows A B EqV E F
(proof )

lemma equ-comm:
assumes A B EqV C D
shows B A EqV D C

{proof)

lemma vector-construction:
shows 4 D. A B EqV C D
(proof)

lemma vector-construction-uniqueness:

assumes A B EqV C D and

A B EqV C D’
shows D = D’
(proof)
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lemma null-vector:
assumes A A EqV B C
shows B = C

{proof)

lemma vector-uniqueness:
assumes A B EqV A C
shows B = C

{proof)

lemma equ-trivial:
shows A A EqV B B
{proof)

lemma equ-permut:
assumes A B EqV C D
shows A C EqV B D

{proof)

lemma equ-par:
assumes A # B and
ABEqVCD
shows A B Par C D

{proof)

lemma eqv-opp-null:
assumes A B EqV B A
shows A = B

{proof)

lemma equ-sum:
assumes A B EqV A’ B’ and
B C EqV B' ¢’
shows A C EqV A’ O’
(proof)

lemma null-sum:
shows A B B A SumV C C

{proof)

lemma chasles:
shows A B B C SumV A C

(proof)

lemma equ-mid :
assumes A B EqV B C
shows B Midpoint A C

{proof)

lemma mid-equ:
assumes A Midpoint B C
shows B A EqV A C

{proof)

lemma sum-sym:
assumes A B C D SumV E F
shows C D A B SumV E F

(proof )

lemma opposite-sum:
assumes A B C D SumV E F
shows BA D C SumV F E

(proof )

lemma null-sum-eq:
assumes A B B C SumV D D
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shows A = C
(proof )

lemma is-to-ise:
assumes A B C D SumV E F
shows A B C D SumVEuxists E F

{proof)

lemma ise-to-is:
assumes A B C D SumVEzists E F
shows A BC D SumV E F

(proof )

lemma sum-exists:
showsd FF. A BCD SumV EF

(proof)
lemma sum-uniqueness-pappus:

assumes A B C D SumV E F and
ABCDSumVE'F'

shows E F EqV E' F'

(proof )

lemma same-dir-refi:
shows A B SameDir A B

(proof )

lemma same-dir-ts:
assumes A B SameDir C D
shows 3 M. Bet A M D AN Bet BM C

(proof)

lemma one-side-col-out:
assumes Col A X Y and
ABOSXY
shows A Out X Y

(proof)

lemma par-ts-same-dir:
assumes A B ParStrict C D and
3 M. Bet AM D A Bet BM C
shows A B SameDir C D

(proof )

lemma same-dir-out:

assumes A B SameDir A C

shows A Out BCV (A=BANA=2C)
(proof)

lemma same-dir-outl:

assumes A B SameDir B C

shows A Out BCV (A=BANA=2C)
(proof)

lemma same-dir-null:
assumes A A SameDir B C
shows B = C

(proof )

lemma plgs-out-plgs:
assumes ParallelogramStrict A B C D and
A Out B B’ and
D Out C C' and
Cong A B’ D C’
shows ParallelogramStrict A B' C' D
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(proof )

lemma plgs-plgs-bet:
assumes ParallelogramStrict A B C D and
Bet A B B’ and
ParallelogramStrict A B’ C' D
shows Bet D C C'’

(proof)

lemma plgf-plgf-bet:
assumes ParallelogramFlat A B C D and
Bet A B B’ and
ParallelogramFlat A B’ C' D
shows Bet D C C'’

(proof )

lemma plg-plg-bet:
assumes Parallelogram A B C D and
Bet A B B’ and
Parallelogram A B' C' D
shows Bet D C C'’

(proof )

lemma plgf-out-plgf:
assumes ParallelogramFlat A B C D and
A Out B B’ and
D Out C C' and
Cong A B'D C’
shows ParallelogramFlat A B’ C' D
(proof)

lemma plg-out-plg:
assumes Parallelogram A B C D and
A Out B B’ and
D Out C C' and
Cong A B’ D C'
shows Parallelogram A B’ C' D
(proof)

lemma same-dir-sym:
assumes A B SameDir C D
shows C D SameDir A B

(proof )

lemma same-dir-trans:
assumes A B SameDir C D and
C D SameDir E F
shows A B SameDir E F

(proof )

lemma same-dir-comm:
assumes A B SameDir C D
shows B A SameDir D C

(proof )

lemma bet-same-dirl:
assumes A # B and

Bet A B C
shows A B SameDir A C

{proof)

lemma bet-same-dir2:

assumes A # B and
B # C and
Bet A B C
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shows A B SameDir B C
(proof )

lemma plg-opp-dir:
assumes Parallelogram A B C' D
shows A B SameDir D C

{proof)

lemma same-dir-dec:
shows A B SameDir C DV -~ A B SameDir C D
(proof )

lemma same-or-opp-dir:
assumes A B Par C D
shows A B SameDir C DV A B OppDir C D

(proof )

lemma same-dir-id:
assumes A B SameDir B A
shows A = B

{proof)

lemma opp-dir-id:
assumes A B OppDir A B
shows A = B

{proof)

lemma same-dir-to-null:
assumes A B SameDir C D and
A B SameDir D C
shows A= BA C =D

{proof)

lemma opp-dir-to-null:
assumes A B OppDir C D and
A B OppDir D C
shows A=BANC=D

(proof)

lemma same-not-opp-dir:
assumes A # B and
A B SameDir C D
shows = A B OppDir C D

(proof)

lemma opp-not-same-dir:
assumes A # B and
A B OppDir C D
shows = A B SameDir C D

{proof)

lemma vector-same-dir-cong:
assumes A # B and
C#D
shows 4 X Y. A B SameDir X Y N Cong X Y C D
(proof)

lemma project-par:
assumes P P’ Proj A B X Y and
Q Q' Proj A BXY and

PQParXY
shows P’ = Q'
(proof )

lemma ker-col:
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assumes P P’ Proj A B X Y and
QP ProjABXY

shows Col P Q P’

(proof)

lemma ker-par:
assumes P # () and
P P'ProjA BXY and
QP ProjABXY
shows P Q Par X Y
(proof)

lemma project-uniqueness:
assumes P P’ Proj A B X Y and
PQ ProjABXY
shows P’ = Q'
(proof)

lemma project-col-eq:
assumes P # P’ and
Col P Q P’ and
PP ProjA BXY and
QQ ProjABXY
shows P’ = Q'
(proof)

lemma project-preserves-bet:
assumes Bet P Q R and
P P' ProjA BXY and
Q Q' Proj A BX Y and
RR ProjABXY
shows Bet P’ Q' R’

(proof )

lemma triangle-par:
assumes — Col A B C and
A B Par A’ B’ and
B C Par B’ C' and
A C Par A’ C'
shows A B C CongA A’ B’ C’
(proof)

lemma par3-congas :
assumes — Col A B C and
A B Par A’ B’ and
B C Par B’ ¢’ and
A C Par A’ C’
shows A B C CongA3 A’ B' C’
(proof)

lemma project-par-equ:
assumes P P’ Proj A B X Y and
Q Q' Proj A BXY and
P Q Par A B
shows P Q EqV P’ Q’
(proof)

lemma equ-project-eq-eq:
assumes P @) FqV R S and
PP ProjA BXY and
Q Q' Proj A BXY and
R P’ Proj A BX Y and
SS' ProjABXY
shows Q' = S’
(proof )
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lemma equ-eq-project:
assumes P @) FqV R S and
PP’ ProjA BXY and
Q Q' Proj A BXY and
RP ProjABXY
shows S Q' Proj A BX Y
(proof)

lemma eqv-cong:
assumes A B EqV C D
shows Cong A B C D

(proof )

lemma project-preserves-equ:
assumes P ) EqV R S and
PP ProjA BXY and
Q Q' Proj A BX Y and
R R' Proj A BX Y and
SS' ProjABXY
shows P’ Q' EqV R’ S’
(proof)

lemma cop-par--perp2:
assumes Coplanar A B C P and
A B Par C D
shows P Perp2 A B C D

(proof )

lemma [15-11:
assumes - Col PO A A’ and
B # PO and
C # PO and
Col PO A B and
Col PO B C and
B’ # PO and
C’ # PO and
Col PO A’ B’ and
Col PO B’ C’ and
B C’' Par C B’ and
C A" Par A C’
shows A B’ Par B A’

(proof )

lemma [13-1}:
assumes PO A ParStrict O’ A’ and
Col PO A B and
Col PO B C and
Col PO A C and
Col O’ A’ B and
Col O' B’ C' and
Col O' A’ C' and
A C' Par A’ C and
B C’' Par B' C
shows A B’ Par A’ B
(proof)

lemma [13-15-1:

assumes — Col A B C and
- PO B Par A C and
Coplanar PO B A C and
A B ParStrict A" B’ and
A C ParStrict A’ C'and
Col PO A A’ and
Col PO B B’ and
Col PO C C'

shows B C Par B’ C'

316



(proof )

lemma [18-15-2-aux:

assumes — Col A B C and
- PO A Par B C and
PO B Par A C and
A B ParStrict A" B’ and
A C ParStrict A’ C' and
Col PO A A’ and
Col PO B B’ and
Col PO C C’

shows B C Par B’ C'

(proof )

lemma [13-15-2:

assumes — Col A B C and
PO B Par A C and
A B ParStrict A’ B and
A C ParStrict A’ C'' and
Col PO A A’ and
Col PO B B’ and
Col PO C C’

shows B C Par B’ C'

(proof )

lemma [153-15:

assumes — Col A B C and
Coplanar PO B A C and
A B ParStrict A’ B’ and
A C ParStrict A’ C' and
Col PO A A’ and
Col PO B B’ and
Col PO C C'

shows B C Par B’ C'

{proof)

lemma [13-15-par:
assumes — Col A B C and
A B ParStrict A’ B and
A C ParStrict A’ C'' and
A A’ Par B B’ and
A A’ Par C C’
shows B C Par B’ C'
(proof)

lemma [15-18-2:

assumes — Col A B C and
A B ParStrict A’ B and
A C ParStrict A’ C' and
B C ParStrict B’ C' and
Col PO A A’ and
Col PO B B’

shows Col PO C C’

(proof )

lemma [13-18-3-R1:
assumes — Col A B C and
A B ParStrict A" B’ and
A C ParStrict A’ C' and
B C ParStrict B’ C' and
A A" Par B B’
shows C C’ Par A A’
(proof)

lemma [153-18-3-R2:
assumes — Col A B C and
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A B ParStrict A" B’ and
A C ParStrict A’ C' and
B C ParStrict B’ C' and

A A" Par B B’
shows C C’ Par B B’
(proof )

lemma [15-18-3:
assumes — Col A B C and
A B ParStrict A" B’ and
A C ParStrict A’ C' and
B C ParStrict B’ C' and

A A" Par B B’
shows C C’' Par A A’ A C C' Par B B’
(proof )

lemma [15-18:
assumes — Col A B C and
A B ParStrict A" B’ and
A C ParStrict A’ C'
shows (B C ParStrict B’ C' A Col PO A A’ A Col PO B B' — Col PO C C")
A ((B C ParStrict B C' AN A A’ Par B B') — (C C' Par A A’ A C C' Par B B’))
A (A A" Par BB'ANA A" Par C C' — B C Par B’ C)
(proof )

lemma [13-19-auzx:
assumes — Col PO A B and
A # A’ and
A # C and
PO # A and
PO # A’ and
PO # C and
PO # C' and
PO # B and
PO # B’ and
PO # D and
PO # D’ and
Col PO A C and
Col PO A A’ and
Col PO A C' and
Col PO B D and
Col PO B B’ and
Col PO B D' and
- A B Par C D and
A B Par A’ B and
A D Par A’ D’ and
B C Par B’ C'
shows C D Par C' D’
(proof)

lemma [15-19:
assumes — Col PO A B and
PO # A and
PO # A’ and
PO # C and
PO # C'and
PO # B and
PO # B’ and
PO # D and
PO # D' and
Col PO A C and
Col PO A A’ and
Col PO A C’ and
Col PO B D and
Col PO B B’ and
Col PO B D' and
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A B Par A’ B’ and

A D Par A’ D' and

B C Par B’ C’
shows C D Par C' D’

(proof)

lemma [13-19-par-auz:
assumes X # A and

Y # B and

Col X A C and
Col X A A" and
Col X A C" and

Col Y B D and

Col Y B B’ and

Col Y B D’ and

A # C and

B # D and

A # A’ and

X A ParStrict Y B and
- A B Par C D and
A B Par A’ B’ and
A D Par A’ D’ and
B C Par B' C’
shows C D Par C' D’

(proof )

lemma [13-19-par:
assumes X # A and
X # A’ and

Y # B and
Y # B’ and

Col X A C and

Col X A A" and

Col X A C' and

Col Y B D and

Col Y B B’ and

Col Y B D' and

X A ParStrict Y B and

A B Par A’ B’ and

A D Par A’ D’ and

B C Par B’ C’
shows C D Par C' D’

(proof )

lemma sum-to-sump:
assumes Sum PO EE' A B C
shows Sump POEE' A B C

(proof )

lemma sump-to-sum:
assumes Sump PO EE' A B C
shows Sum POEE' A B C

(proof )

lemma project-col-project:
assumes A # C
and Col A B C
and PP ' Proj ABXY
shows P P' Proj A CXY

{proof)

lemma pj-uniqueness:
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assumes - Col PO E E’'
and Col POE A
and Col PO E' A’
and Col PO E' A"
and EE' Pj A A'
and EE'PjA A"

shows A’ = A"

(proof )

lemma pj-right-comm:
assumes A B Pj C D
shows A BPjD C

{proof)

lemma pj-left-comm:
assumes A B Pj C D
shows B A PjCD

{proof)

lemma pj-comm:
assumes A B Pj C D
shows BA Pj D C

{proof)

lemma grid-not-par-1:
assumes grid-ok: = Col PO E E’
shows = PO E Par E E’
(proof)

lemma grid-not-par-2:
assumes grid-ok: = Col PO E E’
shows = PO E Par PO E’

{proof)

lemma grid-not-par-3:
assumes grid-ok: - Col PO E E’
shows — PO E' Par E E’

(proof)

lemma grid-not-par-4:
assumes grid-ok: - Col PO E E’
shows PO # E

(proof)

lemma grid-not-par-5:
assumes grid-ok: = Col PO E E’
shows PO # E’

{proof)

lemma grid-not-par-6:
assumes grid-ok: - Col PO E E’
shows E # E’

{proof)

lemma grid-not-par:
assumes grid-ok: - Col PO E E’
shows = PO E Par E E' A = PO E Par PO E' A
- POE' " Par EE'NPO#EANPO#E NE#E'’
(proof )

lemma proj-id:
assumes grid-ok: - Col PO E E’
and A A’ Proj POE' E E’
and Col POE A
and Col PO E A’
shows A = PO
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(proof )

lemma sum-uniqueness:
assumes grid-ok: = Col PO E E’
and Sum PO EE' A B C1
and Sum POEE' A B C2
shows C1 = C2

(proof)

lemma opp0:
assumes grid-ok: = Col PO E E’
shows Opp PO E E' PO PO
{proof)

lemma sum-0-0:
assumes grid-ok: = Col PO E E’
shows Sum PO E E' PO PO PO

{proof)

lemma sum-par-strict-a:
assumes grid-ok: - Col PO E E’
and Ar2 POEE' A B C
and A # PO
and EE'Pj A A’

shows A’ # PO
(proof)

lemma sum-par-strict-b:
assumes grid-ok: - Col PO E E’
and Ar2 POEE' A B C
and A # PO
and EE' Pj A A’
and Col PO E' A’
and PO E Pj A’ C’
and PO E' Pj B C'
and E' EPjC' C
shows (PO E ParStrict A’ C' v B = PO)
(proof)

lemma sum-par-strict:
assumes grid-ok: - Col PO E E’
and Ar2 POEE' A B C
and A # PO
and EE' Pj A A’
and Col PO E' A’
and PO E Pj A’ C’
and PO E' Pj B C'
and E' EPjC' C
shows A’ # PO A (PO E ParStrict A’ C'V B = PO)
(proof)

end
end

theory Tarski-Fuclidean-2D
imports
Tarski-Neutral
Tarski- Postulate- Parallels
Tarski- Euclidean

Tarski-Neutral-2D

begin
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15 Tarski Euclidean 2D

15.1 Tarski’s axiom system for Euclidean 2D

locale Tarski-FEuclidean-2D = Tarski- Fuclidean +
assumes upper-dim: ¥ a b c p q.
PFGA
CongapaqA
CongbpbqgA
Cong cpcq
_>
(BetabcV BetbcaV Betcab)

sublocale Tarski-FEuclidean-2D C Tarski-neutral-2D
(proof)

context Tarski-FEuclidean-2D

begin

15.2 Definitions

15.3 Propositions

lemma [12-16-2D:
assumes A1 A2 Par Bl B2 and
X Inter A1 A2 C1 C2
shows 3 Y. Y Inter B1 B2 C1 C2

(proof )

lemma par-inter:
assumes A B Par C D and
- A B Par P Q
shows 3 Y. CodlPQ Y ANCol CDY

(proof)

lemma not-par-inter:
assumes = A B Par A’ B’
shows 3 P. Col PX Y A (Col P A BV Col P A’ B)

(proof)

lemma par-perp--perp:
assumes A B Par C' D and
A B Perp P Q
shows C D Perp P Q

(proof)

lemma par-perp2--par:
assumes A B Par C D and
A B Perp E F and
CD Perp GH
shows F F Par G H

(proof)

lemma perp3--perp:
assumes A B Perp B C' and
B C Perp C D and
CDPerpD A
shows D A Perp A B

(proof )

lemma perp3--rect:
assumes A B Perp B C and
B C Perp C D and
C D Perp D A
shows Rectangle A B C D

(proof )
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lemma projp-is-project:
assumes P P’ Projp A B
shows3 X Y. PP ProjABXY

(proof)

lemma projp-is-project-perp:
assumes P P’ Projp A B
shows 3 X Y. PP ' ProfABXY ANABPerpXY

(proof )

lemma projp-to-project:
assumes A B Perp X Y and
P P’ Projp A B
shows P P' Proj ABX Y
(proof)

lemma project-to-projp:
assumes P P’ Proj A B X Y and
ABPerpXY
shows P P’ Projp A B

(proof )

lemma projp-project-to-perp:
assumes P # P’ and
P P’ Projp A B and
PP ProjABXY
shows A B Perp X Y
(proof)

lemma project-par-project:
assumes P P’ Proj A B X Y and
XY Par X'Y’
shows P P’ ProjA BX'Y'

{proof)

lemma project-project-par :
assumes P # P’ and
PP ProjA BXY and
PP ProjABX'Y'
shows X Y Par X' Y’
(proof)

lemma projp-preserves-bet:
assumes Bet A B C and
A A’ Projp X Y and
B B’ Projp X Y and
C C' Projp X Y
shows Bet A’ B’ C’
(proof)

lemma projp-preserves-equ:
assumes A B EqV C D and
A A’ Projp X Y and
B B’ Projp X Y and
C C' Projp X Y and
D D' Projp X Y
shows A’ B’ EqV C' D’
(proof)

lemma projp2-col:
assumes P A Projp B C' and
Q A Projp B C
shows Col A P Q
(proof)

323



lemma projp-projp-perp:
assumes PI1 # P2 and
P1 P Projp Q1 Q2 and
P2 P Projp Q1 Q2
shows P1 P2 Perp Q1 Q2
(proof)

lemma perp-projp2-eq:
assumes A A’ Projp C D and
B B’ Projp C D and

A B Perp C D
shows A’ = B’
(proof)

lemma col-par-projp2-eq:
assumes Col L11 L12 P and
L11 L12 Par L21 L22 and
P P’ Projp L21 L22 and
P’ P" Projp L11 L12
shows P = P”
(proof)

lemma col-2-par-projp2-cong:
assumes Col L11 L12 A’ and
Col L11 L12 B’ and
L11 L12 Par L21 L22 and
A" A Projp L21 L22 and
B’ B Projp L21 L22
shows Cong A B A’ B’

(proof )

lemma project-existence:
assumes X # Y

and A # B

and - X Y Par A B

shows 3 P. PP ProjABXY

(proof)

lemma sum-ezists:
assumes grid-ok: - Col PO E E’
and Col PO E A
and Col PO E B
shows 3 C. Sum POEE' A B C

(proof )

lemma opp-exists:
assumes grid-ok: - Col PO E E’
and Col PO E A
shows 3 MA. Opp PO EE' A MA

(proof )

lemma sum-A-O:
assumes grid-ok: - Col PO E E'
and Col POE A
shows Sum PO E E' A PO A

(proof )

lemma sum-0O-B:
assumes grid-ok: = Col PO E E’
and Col PO E B
shows Sum PO E E' PO B B

{proof)

lemma opp0-uniqueness:
assumes grid-ok: = Col PO E E’
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and Opp PO EE' PO M
shows M = PO

{proof)

lemma proj-pars:
assumes grid-ok: - Col PO E E’
and A # PO
and Col POE A
and PO E Par A’ C’
and A A’ Proj POE' E E’
shows PO E ParStrict A" C’
(proof)

lemma sum-O-B-eq:
assumes grid-ok: - Col PO E E’
and Sum PO E E' PO B C
shows B = C

{proof)

lemma sum-A-0-eq:
assumes grid-ok: - Col PO E E’
and Sum PO EE' A PO C
shows A = C

{proof)

lemma sum-A-B-A:
assumes grid-ok: - Col PO E E’
and Sum POEE'ABA
shows B = PO

(proof )

lemma sum-A-B-B:
assumes grid-ok: = Col PO E E’
and Sum POEE' A BB
shows A = PO

(proof )

lemma sum-uniquenessB:
assumes grid-ok: - Col PO E E’
and Sum POEE' A X C
and Sum POEE' A Y C
shows X = Y

(proof )

lemma sum-uniquenessA:
assumes grid-ok: = Col PO E E’
and Sum POEE' X B C
and Sum POEE' Y B C
shows X = Y

(proof )

lemma sum-B-null:
assumes grid-ok: - Col PO E E’
and Sum POEE' A B A
shows B = PO

{proof)

lemma sum-A-null:
assumes grid-ok: - Col PO E E’
and Sum POEE' A BB
shows A = PO

{proof)

lemma sum-plg:
assumes grid-ok: - Col PO E E’
and Sum POEE' A B C
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and (A # PO )V ( B # PO)
shows 3 A’ C'. PlgPOB C'"A'ANPlgC’' A" A C
(proof )

lemma sum-cong:
assumes grid-ok: - Col PO E E’
and Sum POEE' A B C
and (A # POV B # PO)
shows ParallelogramFlat PO A C B
(proof)

lemma sum-cong2:
assumes grid-ok: ~ Col PO E E’
and Sum POEE' A B C
and (A # POV B # PO)
shows Cong PO A B C N Cong PO B A C
(proof)

lemma sum-comm:
assumes grid-ok: = Col PO E E’
and Sum POEE' A B C
shows Sum POEE' B A C

(proof)

lemma cong-sum:
assumes grid-ok: = Col PO E E’
and PO# CV B# A
and Ar2 POEE' A B C
and Cong PO A B C
and Cong PO B A C
shows Sum POEE' A B C

(proof)

lemma sum-iff-cong-a:
assumes grid-ok: = Col PO E E’
and Ar2 POEE' A B C
and PO# CV B# A
and Cong PO A B C
and Cong PO B A C
shows Sum PO EE' A B C

(proof)

lemma sum-iff-cong-b:
assumes grid-ok: - Col PO E E’
and PO# CV B# A
and Sum POEE' A B C
shows Cong PO A B C N Cong PO B A C

{proof)

lemma sum-iff-cong:
assumes grid-ok: - Col PO E E’
and Ar2 POEE'ABC
and PO# CV B# A
shows (Cong PO A B C A Cong POB A C)+— Sum POEE'ABC

{proof)

lemma opp-comm:
assumes grid-ok: = Col PO E E’
and Opp POEE' XY
shows Opp POEE' Y X

{proof)

lemma opp-uniqueness:
assumes grid-ok: = Col PO E E’
and Opp PO EE' A MA1
and Opp PO E E' A MA2
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shows MA1 = MA2
(proof )

lemma proj-preserves-sum:
assumes grid-ok: = Col PO E E’
and Sum POEE' A BC
and Ar1 POE' A’ B’ C’
and EE' Pj A A’
and E E' Pj B B’
and EE' PjCC’
shows Sum PO E' E A" B’ ¢’
(proof)

lemma sum-assoc-1:
assumes Sum PO EE' A B AB
and Sum PO E E' B C BC
and Sum PO E E' A BC ABC
shows Sum PO E E' AB C ABC

(proof )

lemma sum-assoc-2:
assumes Sum PO EE' A B AB
and Sum PO E E' B C BC
and Sum PO E E' AB C ABC
shows Sum PO E E' A BC ABC

{proof)

lemma sum-assoc:
assumes Sum PO EE' A B AB
and Sum PO E E' B C BC
shows Sum PO E E' A BC ABC = Sum PO E E' AB C ABC

{proof)

lemma sum-y-axis-change:
assumes Sum PO EE' A B C
and -~ Col PO E E"
shows Sum POEE" A B C

(proof)

lemma sum-x-azis-unit-change:
assumes Sum POEE' A B C
and Col PO E U
and U # PO
shows Sum PO UE' A B C
(proof)

lemma change-grid-sum-0:
assumes PO E ParStrict O' E’
and Ar1 POE A B C
and Ar1 O' E' A’ B’ ¢’
and PO O' Pj E E’
and PO O' Pj A A’
and PO O’ Pj B B’
and PO O' Pj C C'
and Sum POEE' A B C

and A = PO
shows Sum O' E' E A’ B’ C’
(proof)
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lemma change-grid-sum:
assumes PO E ParStrict O' E’
and Ar1 POE A B C
and Arl1 O'E' A’ B’ C’
and PO O' Pj E E'
and PO O’ Pj A A’
and PO O’ Pj B B’
and PO 0’ Pj C C’
and Sum POEE' A B C
shows Sum O' E' E A’ B’ C’
(proof )

lemma double-null-null:
assumes Sum PO EE' A A PO
shows A = PO

(proof )

lemma not-null-double-not-null:
assumes Sum POEE' A A C
and A # PO
shows C # PO
(proof)

lemma double-not-null-not-nul:
assumes Sum POEE' A A C
and C # PO
shows A # PO
(proof)

lemma diff-ar2:
assumes Diff PO E E' A B AMB
shows Ar2 PO EE' A B AMB

(proof )

lemma diff-null:
assumes grid-ok: - Col PO E E’
and Col PO E A
shows Diff PO E E' A A PO

{proof)

lemma diff-exists:
assumes grid-ok: - Col PO E E’
and Col PO E A
and Col PO E B
shows 3 D. Diff POEE' A BD

(proof )

lemma diff-uniqueness:
assumes Diff PO E E' A B D1
and Diff POEE' A B D2
shows D1 = D2

(proof)

lemma sum-ar2:
assumes Sum PO EE' A B C
shows Ar2 POEE' A B C

{proof)

lemma diff-A-O:
assumes grid-ok: = Col PO E E’
and Col PO E A
shows Diff PO E E' A PO A

{proof)

lemma diff-0-A:
assumes Opp PO E E' A mA
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shows Diff PO E E' PO A mA
(proof)

lemma diff-O-A-opp:
assumes Diff PO E E' PO A mA
shows Opp PO E E' A mA
(proof)

lemma diff-uniquenessA:
assumes Diff POEE' A B C
and Diff POEE' A’ B C
shows A = A’

{proof)

lemma diff-uniquenessB:
assumes Diff POEE' A B C
and Diff POEE' A B' C
shows B = B’

(proof)

lemma diff-null-eq:
assumes Diff PO E E' A B PO
shows A = B

{proof)

lemma midpoint-opp:
assumes Ar2 PO EE' PO A B
and PO Midpoint A B
shows Opp PO EE’' A B

(proof )

lemma sum-diff:
assumes Sum POEE' A B S
shows Diff POEE'S A B

(proof)

lemma diff-sum:
assumes Diff POEE' S A B
shows Sum POEE' A B S
(proof)

lemma diff-opp:
assumes Diff PO E E' A B AmB
and Diff PO E E' B A BmA
shows Opp PO E E' AmB BmA

{proof)

lemma sum-stable:
assumes A = B
and Sum POEE’' A C S1
and Sum POEE' B C S2
shows S1 = 52

{proof)

lemma diff-stable:

assumes A = B
and Diff PO EE' A C D1
and Diff PO EE' B C D2

shows D1 = D2

{proof)

lemma plg-to-sum:
assumes Ar2 POEE' A B C
and ParallelogramFlat PO A C B
shows Sum POEE' A B C

(proof)
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lemma opp-midpoint:
assumes Opp PO E E' A MA
shows PO Midpoint A MA

(proof)

lemma diff-to-plg:
assumes A # PO V B # PO
and Diff PO EE' B A dBA
shows ParallelogramFlat PO A B dBA

{proof)

lemma sum3-col:
assumes sum3 POEE'ABCS
shows — Col PO EE'A ColPOE AN Col POEBA Col POE C A Col POE S

(proof)

lemma sum3-permut:
assumes sum3 POEE' ' ABCS
shows sum3 POEE' CA B S

{proof)

lemma sum3-comm-1-2:
assumes sum3 PO EE'ABCS
shows sum3 POEE'BA CS

{proof)

lemma sum3-comm-2-3:
assumes sum3 POEE'ABCS
shows sum3 POEE' A CB S

(proof)

lemma sum3-exists:
assumes Ar2 POEE' A B C
shows 3 S. sum3 POEE'ABCS

(proof)

lemma sum3-uniqueness:
assumes sum3 PO E E' A B C S1
and sum3 PO EE' A B C 52
shows S1 = 52

(proof)

lemma sumj-col:
assumes Sumj POEE'ABCDS
shows = Col PO EE' N Col POE A A Col POEBA Col POE C A Col POEDA ColPOE S

{proof)

lemma sum22-col:
assumes sum22 POEE'"ABCDS
shows = Col POEE'A ColPOE AN ColPOEBA ColPOE C AN ColPOEDA ColPOE S

(proof)

lemma sum-to-sums:
assumes Sum PO EE' A B AB
and Sum POEE' ABX S
shows sum3 POEE'AB XS

{proof)

lemma sum3-to-sum4:
assumes sum3 PO EE' A B C ABC
and Sum PO EE' ABC X S
shows Sum/ POEE'ABCXS

{proof)

lemma sum-A-exists:
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assumes Ar2 PO EE' A AB PO
shows 3 B. Sum POEE' A B AB

{proof)

lemma sum-B-exists:
assumes Ar2 PO E E' B AB PO
shows 3 A. Sum POEE' A B AB

{proof)

lemma sumj-equiv-a:
assumes Sumj POEE'ABCDS
shows sum22 POEE'ABCDS
(proof)

lemma sum4-equiv-b:
assumes sum22 POEE'ABCD S
shows Sumj/ POEE'ABCDS

(proof )

lemma sum4-equiv:
shows Sum{ POEE'"ABCDS +— sum22 POEE'ABCDS
(proof)

lemma sumj-permut:
assumes Sumj POEE'"ABCDS
shows Sum/ POEE'DABCS

(proof )

lemma sum22-permut:
assumes sum22 POEE'ABCDS
shows sum22 POEE' DA BCS

{proof)

lemma sum4-comm:
assumes Sumj POEE'ABCDS
shows Sumj{ POEE'BACDS

(proof)

lemma sum22-comm:
assumes sum22 POEE'ABCDS
shows sum22 POEE'BACD S

(proof)

lemma sum-abcd:
assumes Sum PO EE' A B AB
and Sum POEE' CD CD
and Sum PO E E' B C BC
and Sum POEE' A D AD
and Sum PO E E' AB CD S
shows Sum PO E E' BC AD S

(proof )

lemma sum-diff-diff-a:
assumes Diff PO E E' B A dBA
and Diff PO EE’' C B dCB
and Diff PO EE' C A dCA
shows Sum PO E E' dCB dBA dCA
(proof)

lemma sum-diff-diff-b:

assumes Diff PO E E' B A dBA
and Diff PO EE’' C B dCB
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and Sum PO E E' dCB dBA dCA
shows Diff PO EE’' C A dCA

{proof)

lemma sum-diff2-diff-sum2-a:
assumes Sum PO EE' A B C
and Sum POEE' XY Z
and Diff POEE' X A dXA
and Diff PO EE’' Y BdYB
and Sum PO E E' dXA dYB dZC
shows Diff PO E E' Z C dZC
(proof)

lemma sum-diff2-diff-sum2-b:
assumes Sum PO EE' A B C
and Sum POEE' XY Z
and Diff POEE' X A dXA
and Diff PO EE’'Y BdYB
and Diff PO EE' Z C dZC
shows Sum PO E E' dXA dYB dZC
(proof)

lemma sum-opp:
assumes Sum PO E E' X MX PO
shows Opp PO E E' X MX
(proof)

lemma sum-diff-diff:
assumes Diff PO E E' AX BX AXMBX
and Diff PO E E' AX CX AXMCX
and Diff PO E E' BX CX BXMCX
shows Sum PO E E' AXMBX BXMCX AXMCX
(proof)

lemma prod-to-prodp:
assumes Prod PO EE' A B C
shows Prodp PO EE' A B C

(proof )

lemma project-pj:
assumes P P’ Proj A BX Y
shows X Y Pj P P’

(proof)

lemma prodp-to-prod:
assumes Prodp POEE' A B C
shows Prod PO EE' A B C

(proof )

lemma prod-exists:
assumes grid-ok: = Col PO E E’
and Col PO E A
and Col PO E B
shows 3 C. Prod POEE' A B C

{proof)

lemma prod-uniqueness:
assumes grid-ok: - Col PO E E’
and Prod PO EE' A B C1
and Prod POEE' A B C2
shows C1 = C2

(proof )

lemma prod-0-1:
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assumes - Col PO E E’'
and Col POE A
shows Prod PO E E' PO A PO

(proof )

lemma prod-0-r:
assumes — Col PO E E’'
and Col PO E A
shows Prod PO E E' A PO PO

{proof)

lemma prod-1-I:
assumes — Col PO E E’'
and Col PO E A
shows Prod POEE'E A A

(proof)

lemma prod-1-r:
assumes - Col PO E E’'
and Col PO E A
shows Prod POEE' A E A

{proof)

lemma inv-exists:
assumes - Col PO E E’'
and Col PO E A
and A # PO
shows 3 IA. Prod POEE'IA A E

(proof )

lemma prod-null:
assumes Prod PO E E' A B PO
shows A = POV B = PO

(proof)

lemma prod-y-axis-change:
assumes Prod POEE' A B C
and - Col PO E E"
shows Prod PO EE" A B C

(proof )

lemma proj-preserves-prod:
assumes Prod PO EE' A B C
and Ar1 PO E' A’ B’ ¢’
and EE' Pj A A’
and E E' Pj B B’
and EE'PjCC’
shows Prod PO E' E A’ B’ C’
(proof)

lemma prod-assocl:
assumes Prod PO EE' A B AB
and Prod PO E E' B C BC
and Prod PO E E' A BC ABC
shows Prod PO E E' AB C ABC

(proof)

lemma prod-assoc2:
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assumes Prod PO EE' A B AB and
Prod PO E E' B C BC
and Prod PO E E' AB C ABC
shows Prod PO E E' A BC ABC

(proof)

lemma prod-assoc:
assumes Prod PO EE' A B AB
and Prod PO E E' B C BC
shows Prod PO E E' A BC ABC +— Prod PO E E' AB C ABC

{proof)

lemma prod-comm:
assumes Prod PO EE' A B C
shows Prod PO EE' BAC

(proof )

lemma prod-O-l-eq:
assumes Prod PO E E' PO B C
shows C = PO

{proof)

lemma prod-O-r-eq:
assumes Prod PO E E' A PO C
shows C = PO

(proof)

lemma prod-uniquenessA:
assumes B # PO
and Prod POEE' A B C
and Prod POEE' A’ B C
shows A = A’

(proof)

lemma prod-uniquenessB:
assumes A # PO
and Prod POEE' A B C
and Prod POEE' A B' C
shows B = B’

(proof)

lemma distr-1:
assumes Sum PO EE'B C D
and Prod POEE' A B AB
and Prod PO EE' A C AC
and Prod POEE' A D AD
shows Sum PO E E' AB AC AD

(proof )

lemma distr-r:
assumes Sum PO EE' A BD
and Prod PO EE' A C AC
and Prod PO E E' B C BC
and Prod PO EE' D C DC
shows Sum PO E E' AC BC DC

{proof)
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lemma prod-1-l-eq:
assumes Prod PO EE' A B B
shows A = FV B = PO

(proof)

lemma prod-1-r-eq:
assumes Prod POEE' A B A
shows B=F Vv A = PO

{proof)

lemma change-grid-prod-I-O:
assumes PO E ParStrict O’ E’
and Ar!1 PO E PO B C
and Ar1 O' E' A’ B’ C’

and PO O’ Pj PO A’

and PO O’ Pj C C’
and Prod PO E E' PO B C
shows Prod O' E' E A’ B’ C’

{proof)

lemma change-grid-prod1:

assumes PO E ParStrict O' E’

and Ar1 POEEBC

and Arl1 O'E' A’ B’ C’

and PO O' PjEE’

and PO O' Pj E A’

and PO O’ Pj B B’

and PO O’ Pj C C’

and Prod POEE'EBC
shows Prod O' E' E A’ B’ C’

(proof)

lemma change-grid-prod:

assumes PO E ParStrict O’ E’

and Ar1 POE A BC

and Ar1 O' E' A’ B’ ¢’

and PO O' PjE E’

and PO O’ Pj A A’

and PO O’ Pj B B’

and PO O' Pj C C’

and Prod POEE' A BC
shows Prod O' E' E A’ B’ C’

(proof )

lemma prod-sym:
assumes Prod PO EE' A B C
shows Prod PO EE' BAC

{proof)

lemma [14-31-1:
assumes Ar2p4 POEE' A BCD
and C # PO
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and 3 X. Prod POEE'ABX A Prod POEE' CD X
shows Prod PO C E' A B D

(proof )

lemma [14-31-2:
assumes Ar2p4 POEE' A BCD
and C # PO
and Prod PO CE' A B D
shows 3 X. Prod POEE'ABX A Prod POEE' CD X

(proof )

lemma prod-z-azis-unit-change:
assumes Ar2pj POEE' A BCD
and Col PO E U
and U # PO
and 3 X. Prod POEE'ABX A Prod POEE' CD X
shows 3 Y. Prod POUE'ABY A Prod POUE'CDY

(proof )

lemma opp-prod:
assumes Opp PO E E' E ME
and Opp PO E E' X MX
shows Prod PO E E' X ME MX

(proof )

lemma distr-I-diff:
assumes Diff PO E E' B C BMC
and Prod PO EE' A B AB
and Prod POEE' A C AC
and Prod PO E E' A BMC ABMC
shows Diff PO E E' AB AC ABMC

{proof)

lemma diff-of-squares:

assumes Prod PO EE' A A A2
and Prod PO E E' B B B2
and Diff PO E E' A2 B2 A2MB2
and Sum POEE' A B APB
and Diff PO EE' A B AMB
and Prod PO E E' APB AMB F

shows A2MB2 = F

(proof )

lemma eq-squares-eq-or-opp:
assumes Prod POEE' A A A2
and Prod POEE' BB A2
shows A =BV Opp POEE' A B

(proof )

lemma diff-2-prod:
assumes Opp PO E E' E ME
and Diff PO EE' A B AMB
and Diff PO EE' B A BMA
shows Prod PO E E' AMB ME BMA

{proof)

lemma [14-36-a:
assumes Sum PO EE’' A B C and
PO Out A B
shows Bet PO A C

(proof )

lemma [14-36-b:
assumes Sum PO EE' A B C
and PO Out A B
shows PO # ANPO# CANA#C
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{proof)

lemma pos-null-neg:
assumes Opp PO E E' A MA
shows Ps PO E AV PO= AV Ps POE MA

(proof)

lemma sum-pos-pos:
assumes Ps PO E A
and Ps PO E B
and Sum POEE' A B AB
shows Ps PO E AB

(proof )

lemma prod-pos-pos:
assumes Ps PO E A
and Ps PO E B
and Prod PO EE' A B AB
shows Ps PO E AB

(proof)

lemma pos-not-neg:
assumes Ps PO E A
shows - Ng PO E A

{proof)

lemma neg-not-pos:
assumes Ng PO E A
shows - Ps PO E A

{proof)

lemma opp-pos-neg:
assumes Ps PO E A
and Opp PO EE' A MA
shows Ng PO E MA

(proof)

lemma opp-neg-pos:
assumes Ng PO E A
and Opp PO E E' A MA
shows Ps PO E MA

(proof)

lemma [tP-ar2:
assumes LtP PO EE' A B
shows Ar2 POEE' A B A

{proof)

lemma [tP-neq:
assumes LtP POEE' A B
shows A # B

(proof)

lemma leP-refl:
shows LeP PO EE' A A

{proof)

lemma [tP-sum-pos:
assumes Ps PO E B
and Sum POEE' A B C
shows LtP POEE' A C

(proof)
lemma pos-opp-neg:

assumes Ps PO E A
and Opp PO E E' A mA
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shows Ng PO E mA
(proof)

lemma diff-pos-diff-neg:
assumes Diff PO E E' A B AmB
and Diff PO E E' B A BmA
and Ps PO E AmB
shows Ng PO E BmA

{proof)

lemma not-pos-and-neg:
shows —(Ps PO E A N Ng PO E A)
(proof)

lemma leP-asym:
assumes LeP PO EE' A B
and LeP POEE' B A
shows A = B

(proof )

lemma [eP-trans:
assumes LeP POEE' A B
and LeP PO EE' B C
shows LeP POEE' A C
(proof)

lemma leP-sum-leP:
assumes LeP POEE' A X
and LeP POEE'BY
and Sum POEE' A BC
and Sum POEE' XY Z
shows LeP POEE' C Z

(proof)

lemma square-pos:
assumes PO # A
and Prod POEE' A A A2
shows Ps PO E A2

(proof)

lemma [tP-neg:
assumes LtP PO E E' A PO
shows Ng PO E A

(proof )

lemma ps-le:
assumes - Col PO E E’'
and Bet PO X EV Bet POE X
shows LeP PO E E' PO X

(proof )

lemma [t-diff-ps:
assumes LtP POEE'Y X
and Diff PO E E'XY XMY
shows Ps PO E XMY

{proof)

lemma col-2-le-or-ge:
assumes — Col PO E E’
and Col PO E A
and Col PO E B
shows LeP POEE' A BV LeP POEE’' B A

(proof )
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lemma compatibility-of-sum-with-order:
assumes LeP POEE' A B
and Sum POEE' A C APC
and Sum PO E E' B C BPC
shows LeP PO E E' APC BPC

(proof)

lemma compatibility-of-prod-with-order:
assumes LeP PO E E' PO A
and LeP PO E E' PO B
and Prod PO EE' A B AB
shows LeP PO E E' PO AB

(proof )

lemma pos-inv-pos:
assumes PO # A
and LeP PO E E' PO A
and Prod POEE'IAAE
shows LeP PO E E' PO IA

(proof)

lemma le-pos-prod-le:
assumes LeP POEE' A B
and LeP PO E E' PO C
and Prod PO EE' A C AC
and Prod PO E E' B C BC
shows LeP PO E E' AC BC

(proof )

lemma bet-It12-1e23:
assumes Bet A B C
and LtP POEE' A B
shows LeP PO EE' B C

(proof )

lemma bet-lt12-le13:
assumes Bet A B C
and LtP POEE' A B
shows LeP POEE' A C

{proof)

lemma bet-I1t21-1e32:
assumes Bet A B C
and LtP POEE' B A
shows LeP PO EE' C B

(proof )

lemma bet-lt21-1e31:
assumes Bet A B C
and LtP POEE' B A
shows LeP POEE' C A

(proof)

lemma opp-2-le-le:
assumes Opp PO E E' A MA
and Opp PO E E' B MB
and LeP POEE' A B
shows LeP PO E E' MB MA

(proof )

lemma diff-2-le-le:
assumes Diff PO EE' A C AMC
and Diff PO E E’' B C BMC
and LeP POEE' A B
shows LeP PO E E' AMC BMC

(proof)
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lemma length-pos:
assumes Length POEE' A B L
shows LeP PO E E' PO L

{proof)

lemma length-id-1:
assumes Length PO E E' A B PO
shows A = B

{proof)

lemma length-id-2:
assumes PO # FE
shows Length PO E E' A A PO

(proof)

lemma length-id:
shows Length PO E E' A B PO < (A= B A PO # E)

{proof)

lemma length-eq-cong-1:
assumes Length PO EE' A B AB
and Length PO EE' C D AB
shows Cong A B C D

{proof)

lemma length-eq-cong-2:
assumes Length PO EE' A B AB
and Cong A B C D
shows Length PO EE' C D AB

{proof)

lemma [tP-pos:
assumes LtP PO EE' PO A
shows Ps PO E A

{proof)

lemma bet-leP:
assumes Bet PO AB CD
and LeP PO E E’' PO AB
and LeP PO E E’' PO CD
shows LeP PO E E' AB CD

{proof)

lemma [eP-bet:
assumes LeP PO E E' AB CD
and LeP PO E E’' PO AB
and LeP PO E E' PO CD
shows Bet PO AB CD

(proof )

lemma length-Ar2:
assumes Length PO E E' A B AB
shows (Col PO E AB A - Col PO E E')V AB = PO

(proof )

lemma length-leP-le-1:
assumes Length PO E E' A B AB
and Length PO EE' C D CD
and LeP PO E E' AB CD
shows A B Le C D

(proof )
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lemma length-leP-le-2:
assumes Length PO E E' A B AB
and Length PO EE' C D CD
and A BLe CD
shows LeP PO E E' AB CD

(proof )

lemma [15-3:
assumes Sum PO EE' A B C
shows Cong PO B A C

{proof)

lemma length-uniqueness:
assumes Length PO EE' A B AB
and Length PO EE' A B AB’
shows AB = AB’

{proof)

lemma length-Ps:
assumes AB # PO
and Length PO EE' A B AB
shows Ps PO E AB

{proof)

lemma length-not-col-null:
assumes Col PO E E’
and Length PO EE' A B AB
shows AB = PO

{proof)

lemma not-triangular-equalityl1:
assumes PO # E
shows = (V E' B C AB BC AC. Bet A B C A Length PO EE' A B AB A Length PO EE' B C BC A
Length PO EE' A C AC — Sum PO E E' AB BC AC)

(proof)

lemma triangular-equality:
assumes PO # E
and Bet A B C
and IsLength PO EE' A B AB
and IsLength PO E E' B C BC
and IsLength PO E E' A C AC
shows Sumg PO E E' AB BC AC

(proof )

lemma length-O:
assumes PO # E
shows Length PO E E' PO PO PO

(proof)

lemma triangular-equality-bis:
assumes A # BV A# CV B#C(C
and PO # E
and Bet A B C
and Length PO EE' A B AB
and Length PO E E' B C BC
and Length PO EE' A C AC
shows Sum PO E E' AB BC AC

(proof )

lemma length-out:
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assumes A # B
and C # D
and Length PO EE' A B AB
and Length PO EE' C D CD
shows PO Out AB CD

(proof)

lemma image-preserves-bet1:
assumes Bet A B C
and A A’ Reflect X Y
and B B’ Reflect X Y
and C C’ Reflect X Y
shows Bet A’ B’ C'

{proof)

lemma image-preserves-col:
assumes Col A B C
and A A’ Reflect X Y
and B B’ Reflect X Y
and C C' Reflect X Y
shows Col A’ B’ C’

(proof)

lemma image-preserves-out:
assumes A Out B C
and A A’ Reflect X Y
and B B’ Reflect X Y
and C C' Reflect X Y
shows A’ Out B’ C’

(proof )

lemma project-preserves-out:
assumes A Out B C
and = A BPar XY
and A A’ ProjPQ XY
and BB'ProjPQXY
and CC' ProjPQ XY
shows A’ Out B’ C’
(proof)

lemma conga-bet-conga:
assumes A B C CongA D E F
and A’ # B
and C'# B
and D' # E
and F'# E
and Bet A B A’
and Bet C B C'
and Bet D E D’
and Bet FE F’
shows A’ B C' CongA D' E F’

(proof)

lemma thales:

assumes PO # FE
and Col P A B
and Col P C D
and = Col P A C
and A C Pj B D
and Length PO EE' P A At
and Length PO E E' P B B1
and Length PO EE' P C C1
and Length PO E E' P D D1
and Prodg PO E E' A1 D1 AD

shows Prodg PO E E' C1 B1 AD

(proof )
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lemma length-existence:
assumes = Col PO E E’
shows 3 AB. Length PO EE' A B AB

(proof)

lemma [15-7:

assumes PO # E
and Per A C B
and H PerpAt CH A B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO EE' A HAH

shows Prod PO E E' AC AC AC2 +— Prod PO EE' AB AH AC2

(proof )

lemma [15-7-1:

assumes PO # E
and Per A C B
and H PerpAt CH A B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO EE' A H AH
and Prod PO E E' AC AC AC2

shows Prod PO E E' AB AH AC2

{proof)

lemma [15-7-2:

assumes PO # E
and Per A C B
and H PerpAt CH A B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO EE' A HAH
and Prod PO E E' AB AH AC2

shows Prod PO E E' AC AC AC?2

(proof)

lemma length-sym:
assumes Length PO EE' A B AB
shows Length PO EE' B A AB

(proof)

lemma pythagoras:
assumes PO # FE
and Per A C B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO E E' B C BC
and Prod PO E E' AC AC AC2
and Prod PO E E' BC BC BC2
and Prod PO E E' AB AB AB2
shows Sum PO E E' AC2 BC2 AB2

(proof )

lemma is-length-exists:
assumes — Col PO E E’
shows 3 XY. IsLength POEE' X Y XY

(proof )

lemma lt-to-ltp:
assumes Length PO EE' A B L
and Length POEE' CD M
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and A BLt CD
shows LtP POEE' L M

{proof)

lemma ltp-to-lep:
assumes LtP POEE'L M
shows LeP POEE'L M

{proof)

lemma ltp-to-lt:

assumes Length PO EE' A B L

and Length POEE' CD M
and LtP POEE'L M
shows A B Lt C D

(proof )

lemma prod-col:
assumes Ar2 POEE'AB A
and Prod POEE' A B AB
shows Col PO E AB

{proof)

lemma square-increase-strict:
assumes Ar2 POEE' A B A
and Ps POE A
and Ps PO E B
and LtP POEE' A B
and Prod POEE' A A A2
and Prod PO E E' B B B2
shows LtP PO E E' A2 B2

(proof )

lemma square-increase:
assumes Ar2 POEE' A B A
and Ps PO E A
and Ps PO E B
and LeP POEE' A B
and Prod POEE' A A A2
and Prod PO E E' B B B2
shows LeP PO E E' A2 B2

(proof)

lemma signeq--prod-pos:
assumes SignEq PO E A B
and Prod POEE' A B C
shows Ps PO E C

(proof )

lemma pos-neg--prod-neg:
assumes Ps PO E A
and Ng PO E B
and Prod POEE' A B C
shows Ng PO E C

(proof )

lemma not-signEq-prod-neg:
assumes A # PO
and B # PO
and - SignEq PO EF A B
and Prod POEE' A B C
shows Ng PO E C

{proof)

lemma prod-pos--signeq:
assumes A # PO
and B # PO
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and Prod POEE'ABC
and Ps POE C
shows SignEq PO E A B

{proof)

lemma prod-ng---not-signeq:
assumes Prod POEE' A B C
and Ng PO E C
shows - SignEq PO E A B

{proof)

lemma ltp--diff-pos:
assumes LtP PO EE' A B
and Diff POEE' BAD

shows Ps PO E D

(proof)

lemma diff-pos--ltp:
assumes Diff POEE'BA D
and Ps PO E D
shows LtP POEE' A B

(proof)

lemma square-increase-rev:
assumes Ps PO FE A
and Ps PO E B
and LtP PO E E' A2 B2
and Prod POEE' A A A2
and Prod PO E E' B B B2
shows LtP PO EE' A B

(proof)

lemma ltp--ltps:
assumes LtP PO EE' A B
shows LtPs PO E E' A B

(proof)

lemma ltps--ltp:
assumes LtPs PO EE' A B
shows LtP PO EE' A B

(proof)

lemma ltp--lep-neq:
assumes LtP POEE' A B

shows LeP POEE'ABA A # B

{proof)

lemma lep-neq--ltp:
assumes LeP PO EE' A B
and A # B
shows LtP POEE' A B

(proof)

lemma sum-preserves-ltp:
assumes LtP PO EE' A B
and Sum POEE' A C AC
and Sum PO E E' B C BC
shows LtP PO E E' AC BC

{proof)

lemma sum-preserves-lep:
assumes LeP POEE' A B
and Sum POEE' A C AC
and Sum PO E E' B C BC
shows LeP PO E E' AC BC

(proof)
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lemma sum-preserves-ltp-rev:
assumes Sum PO EE' A C AC
and Sum PO E E' B C BC
and LtP PO E E' AC BC
shows LtP PO EE' A B

{proof)

lemma sum-preserves-lep-rev:
assumes Sum PO EE' A C AC
and Sum PO E E' B C BC
and LeP PO E E' AC BC
shows LeP PO EE' A B

{proof)

lemma cong2-lea--le:
assumes Cong A BD E
and Cong A CD F
and FDFELeA CA B
shows F F Le B C

(proof )

lemma lea-out-lea:
assumes B Out A A’
and B Out C C’
and E Out D D’
and E Out F F’
and A BCLeADEF
shows A’ B C' LeA D' E F’'

{proof)

lemma lta-out-lta:
assumes B Out A A’
and B Out C C’
and E Out D D’
and E Out F F’
and ABCLIADEF
shows A’ B C' LtA D' E F’'

{proof)

lemma pythagoras-obtuse:
assumes PO # E
and Obtuse A C B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO E E' B C BC
and Prod PO E E' AC AC AC2
and Prod PO E E' BC BC BC2
and Prod PO EE' AB AB AB2
and Sum PO E E' AC2 BC2 S2
shows LtP PO E E' 52 AB2

(proof )

lemma pythagoras-obtuse-or-per:

assumes PO # FE
and Obtuse A C BV Per A C B
and Length PO EE' A B AB
and Length PO EE' A C AC
and Length PO E E' B C BC
and Prod PO E E' AC AC AC2
and Prod PO E E' BC BC BC2
and Prod PO EE' AB AB AB2
and Sum PO E E' AC2 BC2 52

shows LeP PO E E’' S2 AB2

(proof )

346



lemma pythagoras-acute:

assumes PO # E
and Acute A C B
and Length POEE' A B AB
and Length PO EE' A C AC
and Length PO E E' B C BC
and Prod PO E E' AC AC AC2
and Prod PO E E' BC BC BC2
and Prod PO EE' AB AB AB2
and Sum PO E E' AC2 BC2 52

shows LtP PO E E' AB2 S2

(proof )

lemma pyth-context:

assumes — Col PO E E’

shows 4 AB BC AC AB2 BC2 AC2 S8S. Col PO E AB A Col PO E BC N Col PO E AC N
Col PO E AB2 N Col PO E BC2 N Col PO E AC2 A
Length PO EE' A B AB A Length PO EE' B C BC A
Length PO EE" A C AC A Prod PO EE' AB AB AB2 A
Prod PO E E' BC BC BC2 A Prod PO E E' AC AC AC2 A
Sum PO E E' AB2 BC2 SS

(proof )

lemma length-pos-or-null:
assumes Length PO EE' A B AB
shows Ps PO E ABV A=1B

{proof)

lemma sum-pos-null:
assumes - Ng PO E A
and -~ Ng POE B
and Sum PO E E' A B PO
shows A = PO A B = PO

{proof)

lemma length-not-neg:
assumes Length PO EE' A B AB
shows - Ng PO E AB

{proof)

lemma signEg-refi:

assumes PO # E

and Col PO E A
shows A = PO V SignEq PO E A A

{proof)

lemma square-not-neg:
assumes Prod POEE' A A A2
shows - Ng PO E A2

{proof)

lemma root-uniqueness:
assumes - Ng PO E A
and - Ng POEB
and Prod POEE A AC
and Prod POEE' BB C
shows A = B

{proof)

lemma inter-tangent-circle:
assumes P # @
and Cong P PO Q PO
and Col P PO @
and P M Le P PO
and Q M Le Q PO
shows M = PO
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(proof )

lemma inter-circle-per:
assumes Cong P A Q A
and P M Le P A
and Q M Le Q A
and A T Projp P Q
and Per PT M
shows T M Le T A

(proof )

lemma inter-circle-obtuse:
assumes Cong P A Q A
and PM Le P A
and Q M Le Q A
and A T Projp P Q
and Obtuse PT M vV Per PT M
shows T M Le T A

(proof )

lemma circle-projp-between:
assumes Cong P A Q A
and A T Projp P Q
shows Bet P T @
(proof)

lemma inter-circle:
assumes Cong P A Q A
and P M Le P A
and Q M Le Q A
and A T Projp P Q
shows T M Le T A

(proof )

lemma projp-It:
assumes Cong P A Q A
and A T Projp P Q
shows TA Lt P A

(proof )

lemma Ps-Col:
assumes Ps PO E A
shows Col PO E A

(proof)

lemma PythRel-exists:
assumes - Col PO E E’
shows V A B. Col PO E A A Col POE B — (3 C. PythRel PO EE' A B C)

(proof )

lemma opp-same-square:
assumes Opp POEE' A B
and Prod POEE' A A A2
shows Prod PO EE' BB A2

(proof )

lemma PythOK:
assumes PythRel PO EE' A B C
and Prod POEE' A A A2
and Prod PO E E' B B B2
and Prod POEE' C C C2
shows Sum PO E E' A2 B2 C2

(proof )
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lemma PythRel-uniqueness:
assumes PythRel PO E E' A B C1
and PythRel PO EE' A B C2
and (Ps PO E C1 AN Ps PO E C2)V C1 = PO
shows C1 = (C2

(proof )

end
end

16 Tarski Euclidean 2D Continuous

theory Tarski-FEuclidean-2D-Continuous

imports
Tarski- Euclidean-2D
Tarski-Neutral-Continuous
begin

locale Tarski-Euclidean-2D-Continuous = Tarski-Euclidean-2D + Tarski-Neutral-Continuous

end

theory Highschool-Neutral

imports
Tarski-Neutral
begin

17 Highschool Neutral

context Tarski-neutral-dimensionless

begin

17.1 Definitions
17.2 Propositions

lemma bisector-existence:
assumes A # Band B # C
shows 3 E. E InAngle A BC N A BE CongA EBC

(proof)

lemma not-col-bfoot-not-equality:
assumes - Col A B C' and
Coplanar A B C I and
Col A B HI and

A B I CongA IB C and
A B Perp I H1 and

B C Perp I H2

shows H1 # BN H2 # B

(proof )

lemma bisector-foot-out-out:

assumes - Col A B C' and
Coplanar A B C I and
Col B C' H2 and
A BI CongA IB C and
A B Perp I HI and
B C Perp I H2 and
B Out H1 A
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shows B Out H2 C
(proof )

lemma not-col-efoot-not-equality:
assumes - Col A B C and
Coplanar A B C I and
Col A B HI and
Col B C' H2 and
Cong I H1 I H2 and
A B Perp I HI and
B C Perp I H2
shows H1 # BN H2 # B
(proof)

lemma equality-foot-out-out:
assumes - Col A B C' and
I InAngle A B C' and
Col B C' H2 and
Cong I H1 I H2 and
A B Perp I HI and
B C Perp I H2 and
B Out H1 A
shows B Out H2 C

(proof )

lemma bisector-perp-equality:
assumes Coplanar A B C I and
Col B H1 A and
Col B C H2 and
A B Perp I Hl and
B C Perp I H2 and
A BICongAIBC
shows Cong I H1 I H2

(proof )

lemma perp-equality-bisector:
assumes — Col A B C and
I InAngle A B C and
Col B H1 A and
Col B H2 C' and
A B Perp I HI and
B C Perp I H2 and
Cong I H1 I H2
shows A B I CongA I B C

(proof )

lemma col-permuti132:
assumes Col A B C
shows Col A C B

{proof)

lemma col-permut213:
assumes Col A B C
shows Col B A C

{proof)

lemma col-permut231:
assumes Col A B C
shows Col B C A

{proof)
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lemma col-permut312:
assumes Col A B C
shows Col C A B

{proof)

lemma col-permut321:
assumes Col A B C
shows Col C B A

(proof)

lemma col128-124--col134:
assumes P # () and
Col P @Q A and
Col P QB
shows Col P A B
(proof)

lemma col123-124--col234:
assumes P # () and
Col P Q A and
Col P QB
shows Col Q A B
(proof)

lemma triangle-mid-par-strict:
assumes - Col A B C and
P Midpoint B C and
Q Midpoint A C
shows A B ParStrict Q P
(proof)

end
end

theory Highschool-Euclidean

imports
Tarski- Neutral- Continuity
Highschool-Neutral
Tarski- Euclidean

begin

18 Highschool Euclidean dimensionless

context Tarski-Fuclidean
begin

lemma triangle-mid-par-strict-cong-auz:
assumes - Col A B C' and
P Midpoint B C and
Q@ Midpoint A C and
R Midpoint A B
shows A B ParStrict Q P N Cong A RP QAN Cong BRP Q
(proof)

lemma triangle-par-mid:
assumes - Col A B C' and
P Midpoint B C and
A B Par Q P and
Col QA C
shows @ Midpoint A C
(proof )
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lemma triangle-mid-par-strict-cong-1:
assumes — Col A B C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows A B ParStrict Q P N Cong A R P Q
(proof)

lemma triangle-mid-par-strict-cong-2:
assumes - Col A B C and
P Midpoint B C and
Q@ Midpoint A C and
R Midpoint A B
shows A B ParStrict @Q P N Cong BR P Q
(proof)

lemma triangle-mid-par-strict-cong-simp:
assumes - Col A B C' and
P Midpoint B C' and
Q Midpoint A C
shows A B ParStrict Q P
{proof)

lemma triangle-mid-par-strict-cong:
assumes - Col A B C and
P Midpoint B C and
Q@ Midpoint A C and
R Midpoint A B
shows A B ParStrict @ P N A C ParStrict P R N\
B C ParStrict Q R N Cong A RP QN
Cong BRP QAN CongAQPRA
Cong C QP RN Cong BPQRANCong CPQR
(proof)

lemma triangle-mid-par-flat-cong-aux:
assumes A # B and
Col A B C and
P Midpoint B C and
Q@ Midpoint A C and
R Midpoint A B
shows A B Par Q P N Cong A RP QAN Cong BRP Q
(proof)

lemma triangle-mid-par-flat-cong-1:

assumes A # B and

Col A B C and

P Midpoint B C and

Q Midpoint A C and

R Midpoint A B
shows A B Par Q P AN Cong AR P @
(proof)

lemma triangle-mid-par-flat-cong-2:

assumes A # B and

Col A B C and

P Midpoint B C' and

Q Midpoint A C and

R Midpoint A B
shows A B Par Q P N Cong BR P Q
(proof)

lemma triangle-mid-par-flat-cong:
assumes A # B and
A # C and
B # C and
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Col A B C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows A B Par Q PN A CPar PR A B C Par Q R A
Cong ARPQANCongBRP QAN CongA QPRA
Cong CQPRANCong BPQRANCongCP QR
(proof)

lemma triangle-mid-par-flat:
assumes A # B and
Col A B C and
P Midpoint B C' and
Q Midpoint A C
shows A B Par Q P
(proof)

lemma triangle-mid-par:
assumes A # B and
P Midpoint B C' and
Q Midpoint A C
shows A B Par Q P
(proof)

lemma triangle-mid-par-cong:
assumes A # B and
A # C and
B # C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows A B Par Q PN A C Par PR A B C Par Q R A
Cong ARPQANCong BRP QAN CongA QPRA
Cong CQPRANCong BPQRAN CongCP QR

(proof)

lemma triangle-mid-par-cong-1:
assumes B # C and
P Midpoint B C and
Q@ Midpoint A C and
R Midpoint A B
shows B C Par Q R AN Cong BP Q R
(proof)

lemma midpoint-thales:
assumes - Col A B C' and
P Midpoint A B and
Cong PAPC
shows Per A C B

{proof)

lemma midpoint-thales-reci:
assumes Per A C' B and
P Midpoint A B
shows Cong PA P B A Cong PB P C
(proof )

lemma midpoint-thales-reci-1:
assumes Per A C' B and
P Midpoint A B
shows Cong P A P B
(proof )

lemma midpoint-thales-reci-2:

assumes Per A C B and
P Midpoint A B
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shows Cong P B P C
(proof)

lemma Per-mid-rectangle:
assumes A # B and
B # C and
Per B A C and
I Midpoint B C and
J Midpoint A C and
K Midpoint A B
shows Rectangle A J I K
(proof)

lemma varignon:
assumes A # C and
B # D and
- ColIJ K and
I Midpoint A B and
J Midpoint B C and
K Midpoint C' D and
L Midpoint A D
shows Parallelogram I J K L
(proof)

lemma varignon-auz-auz:
assumes A # C and
J # L and
I Midpoint A B and
J Midpoint B C and
K Midpoint C' D and
L Midpoint A D
shows Parallelogram I J K L
(proof)

lemma varignon-auz:

assumes

J # L and

I Midpoint A B and

J Midpoint B C and

K Midpoint C' D and

L Midpoint A D
shows Parallelogram I J K L
(proof)

lemma varignon-bis:
assumes A # C V B # D and
I Midpoint A B and
J Midpoint B C and
K Midpoint C D and
L Midpoint A D
shows Parallelogram I J K L
(proof )

lemma quadrileral-midpoints:
assumes — (Col [ J K and
I Midpoint A B and
J Midpoint B C and
K Midpoint C D and
L Midpoint A D and
X Midpoint I K and
Y Midpoint J L
shows X = Y
(proof)

lemma is-circumcenter-coplanar:
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assumes G IsCircumcenter A B C
shows Coplanar G A B C

{proof)

lemma circumcenter-cong-1:
assumes G IsCircumcenter A B C
shows Cong A G B G

{proof)

lemma circumcenter-cong-2:
assumes G IsCircumcenter A B C
shows Cong B G C G

{proof)

lemma circumcenter-cong-3:
assumes G IsCircumcenter A B C
shows Cong C G A G

{proof)

lemma circumcenter-cong:
assumes G IsCircumcenter A B C
shows Cong A G BG AN Cong BGCG AN Cong CGAG

{proof)

lemma is-circumcenter-perm-1:
assumes G IsCircumcenter A B C
shows G IsCircumcenter A C B

(proof)

lemma is-circumcenter-perm-2:
assumes G IsCircumcenter A B C
shows G IsCircumcenter B A C

{proof)

lemma is-circumcenter-perm-3:
assumes G IsCircumcenter A B C
shows G IsCircumcenter B C A

{proof)

lemma is-circumcenter-perm-4 :
assumes G IsCircumcenter A B C
shows G IsCircumcenter C A B

(proof)

lemma is-circumcenter-perm-5:
assumes G IsCircumcenter A B C
shows G IsCircumcenter C B A

{proof)

lemma is-circumcenter-perm:
assumes G IsCircumcenter A B C
shows G IsCircumcenter A B C N G IsCircumcenter A C B A
G IsCircumcenter B A C N G IsCircumcenter B C A N\
G IsCircumcenter C A B N G IsCircumcenter C B A

{proof)

lemma is-circumcenter-cases:
assumes G IsCircumcenter A B C V G IsCircumcenter A C B V
G IsCircumcenter B A C V G IsCircumcenter B C A V
G IsCircumcenter C A B vV G IsCircumcenter C B A
shows G IsCircumcenter A B C

(proof)
lemma circumcenter-perp:

assumes
B # C and
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G # A’ and
G IsCircumcenter A B C and
A’ Midpoint B C
shows G A’ PerpBisect B C
(proof)

lemma exists-circumcenter:

assumes = Col A B C

shows 3 G. G IsCircumcenter A B C
(proof )

lemma circumcenter-perp-all:
assumes A # B and
B # C and
A # C and
G # A’ and
G # B’ and
G # C’ and
G IsCircumcenter A B C and
A’ Midpoint B C and
B’ Midpoint A C and
C' Midpoint A B
shows G A’ PerpBisect B C A G B’ PerpBisect A C AN G C’ PerpBisect A B
(proof)

lemma circumcenter-intersect:
assumes A # B and
G # C’ and
C’ Midpoint A B and
G A’ PerpBisect B C and
G B’ PerpBisect A C
shows G C' Perp A B
(proof)

lemma is-circumcenter-uniqueness:
assumes A # B and
B # C and
A # C and
G1 IsCircumcenter A B C and
G2 IsCircumcenter A B C
shows GI1 = G2

(proof )

lemma midpoint-thales-reci-circum:
assumes Per A C B and
P Midpoint A B
shows P IsCircumcenter A B C
(proof)

lemma circumcenter-per:
assumes A # B and
B # C and
Per A B C and
P IsCircumcenter A B C
shows P Midpoint A C

(proof )

lemma is-orthocenter-coplanar:
assumes H IsOrthocenter A B C
shows Coplanar H A B C

(proof )

lemma construct-intersection:
assumes — Col A B C and
A C Par B X1 and
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A B Par C X2 and
B C Par A X3
shows 3 E. Col E A X3 N Col EB X1

(proof )

lemma not-col-par-col-diff:
assumes — Col A B C and
A B Par C D and
ColCDE
shows A # E

{proof)

lemma construct-triangle:

assumes = Col A B C

shows 4 D E F.

ColBDF ANColAEF AN ColCDE N
ABParCDANACParBDANBCUParAENA
ABParCENACPar BFNBCParAF A
D#AEAND#FANE#F

(proof)

lemma diff-not-col-col-pars-mid:
assumes D # E and
- Col A B C and
Col C D F and
A B Par C D and
A B Par C E and
A E Par B C and
A C Par B D
shows C Midpoint D E

(proof)

lemma altitude-is-perp-bisect:
assumes A # P and
E # F and
A Al Perp B C and
Col P A1 A and
Col A E F and
B C Par A E and
A Midpoint E F
shows A P PerpBisect E F
(proof)

lemma altitude-intersect:
assumes — Col A B C and
A Al Perp B C and
B B1 Perp A C and
C C1 Perp A B and
Col P A Al and
Col P B B1
shows Col P C C1

(proof )

lemma IsOrthocenter-cases:
assumes G IsOrthocenter A B C' V G IsOrthocenter A C B V
G IsOrthocenter B A C V G IsOrthocenter B C A V
G IsOrthocenter C A B vV G IsOrthocenter C B A
shows G IsOrthocenter A B C

{proof)

lemma IsOrthocenter-perm:
assumes G IsOrthocenter A B C
shows G IsOrthocenter A B C N G IsOrthocenter A C B A
G IsOrthocenter B A C N G IsOrthocenter B C A A
G IsOrthocenter C A B N G IsOrthocenter C B A
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{proof)

lemma IsOrthocenter-perm-1:
assumes G IsOrthocenter A B C
shows G IsOrthocenter A C' B

(proof)

lemma IsOrthocenter-perm-2:
assumes G IsOrthocenter B A C
shows G IsOrthocenter A C' B

{proof)

lemma IsOrthocenter-perm-3:
assumes G IsOrthocenter B C A
shows G IsOrthocenter A C' B

(proof)

lemma IsOrthocenter-perm-4:
assumes G IsOrthocenter C A B
shows G IsOrthocenter A C' B

{proof)

lemma IsOrthocenter-perm-5:
assumes G IsOrthocenter C B A
shows G IsOrthocenter A C' B

{proof)

lemma orthocenter-per:
assumes Per A B C and
H IsOrthocenter A B C
shows H = B

(proof)

lemma orthocenter-col:
assumes Col H B C' and
H IsOrthocenter A B C
shows H =BV H=C

(proof)

lemma intersection-two-medians-exist:
assumes = Col A B C and
I Midpoint B C and
J Midpoint A C
shows 3 G. Col GAI N Col GBJ
(proof)

lemma intersection-two-medians-exist-unique:
assumes — Col A B C' and
I Midpoint B C and
J Midpoint A C
shows 3! G. Col GAI N Col G BJ
(proof)

lemma intersection-two-medians-unique-R1:
assumes — Col A B C' and
I Midpoint B C and
J Midpoint A C and
Col G1 A I and
Col G1 B J and
Col G2 A I and
Col G2 B J
shows GI = G2

{proof)

lemma is-gravity-center-coplanar:
assumes G IsGravityCenter A B C
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shows Coplanar G A B C
(proof)

lemma is-gravity-center-exist-unique:
assumes -~ Col A B C
shows 3! G. G IsGravityCenter A B C

(proof )

lemma three-medians-intersect:
assumes — Col A B C and
I Midpoint B C and
J Midpoint A C and
K Midpoint A B
shows 3 G. Col GAINCol GBJ AN ColGCK
(proof)

lemma is-gravity-center-col:
assumes G IsGravityCenter A B C and
I Midpoint A B
shows Col G I C
(proof)

lemma is-gravity-center-diff-1:
assumes G IsGravityCenter A B C
shows G # A

(proof)

lemma is-gravity-center-diff-2:
assumes G IsGravityCenter A B C
shows G # B

(proof )

lemma is-gravity-center-diff-3:
assumes G IsGravityCenter A B C
shows G # C

(proof )

lemma is-gravity-center-third-aux-lem:
assumes G IsGravityCenter A B C and
I Midpoint B C and J Midpoint A C and
Col GAITand Col GBJ
shows G # I NG #J

(proof )

lemma is-gravity-center-third-auz-1:
assumes G IsGravityCenter A B C
shows - Col B G C

(proof )

lemma is-gravity-center-third-aux-2:
assumes G IsGravityCenter A B C
shows = Col C G A

(proof )

lemma is-gravity-center-third-auz-3:
assumes G [sGravityCenter A B C
shows - Col A G B

(proof )

lemma is-gravity-center-third:
assumes G IsGravityCenter A B C' and
G’ Midpoint A G and
A’ Midpoint B C
shows G Midpoint A’ G’
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(proof )

lemma is-gravity-center-third-reci:
assumes A’ Midpoint B C' and
A" Midpoint A G and
G Midpoint A" A" and
- ColABC
showsG IsGravityCenter A B C

(proof )

lemma is-gravity-center-perm:
assumes G IsGravityCenter A B C
shows G IsGravityCenter A B C N G IsGravityCenter A C B A
G IsGravityCenter B A C N G IsGravityCenter B C' A N\
G IsGravityCenter C A B N G IsGravityCenter C B A

(proof )

lemma is-gravity-center-perm-1:
assumes G IsGravityCenter A B C
shows G IsGravityCenter A C B

{proof)

lemma is-gravity-center-perm-2:
assumes G IsGravityCenter A B C
shows G IsGravityCenter B A C

{proof)

lemma is-gravity-center-perm-3:
assumes G IsGravityCenter A B C
shows G IsGravityCenter B C' A

(proof)

lemma is-gravity-center-perm-4:
assumes G IsGravityCenter A B C
shows G IsGravityCenter C A B

(proof)

lemma is-gravity-center-perm-5:
assumes G IsGravityCenter A B C
shows G IsGravityCenter C B A

(proof)

lemma is-gravity-center-cases:
assumes G IsGravityCenter A B C V G IsGravityCenter A C B V
G IsGravityCenter B A C V G IsGravityCenter B C' A V
G IsGravityCenter C A B V G IsGravityCenter C B A
shows G IsGravityCenter A B C

{proof)

lemma concyclic-auz:
assumes Concyclic2 A B C D
shows 94 P. Cong PA P B AN Cong PA P C AN Cong PAP DA Coplanar A B C P

(proof )

lemma concyclic-trans:
assumes - Col A B C and
Concyclic2 A B C D and

Concyclic2 A B CFE
shows Concyclic2 A BD E

(proof )

lemma concyclic-perm-1:
assumes Concyclic2 A B C D
shows Concyclic2 A B D C

{proof)
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lemma concyclic-perm-2:
assumes Concyclic2 A B C D
shows Concyclic2 A C B D

{proof)

lemma concyclic-perm-3:
assumes Concyclic2 A B C D
shows Concyclic2 A C D B

{proof)

lemma concyclic-perm-4:
assumes Concyclic2 A B C D
shows Concyclic2 A D B C

{proof)

lemma concyclic-perm-5:
assumes Concyclic2 A B C D
shows Concyclic2 A D C B

(proof)

lemma concyclic-perm-6:
assumes Concyclic2 A B C D
shows Concyclic2 B A C D

{proof)

lemma concyclic-perm-7:
assumes Concyclic2 A B C D
shows Concyclic2 BA D C

{proof)

lemma concyclic-perm-8:
assumes Concyclic2 A B C D
shows Concyclic2 B C A D

{proof)

lemma concyclic-perm-9:
assumes Concyclic2 A B C D
shows Concyclic2 B C D A

{proof)

lemma concyclic-perm-10:
assumes Concyclic2 A B C D
shows Concyclic2 BD A C

(proof)

lemma concyclic-perm-11:
assumes Concyclic2 A B C D
shows Concyclic2 BD C A

(proof)

lemma concyclic-perm-12:
assumes Concyclic2 A B C D
shows Concyclic2 C A B D

{proof)

lemma concyclic-perm-13:
assumes Concyclic2 A B C D
shows Concyclic2 C A D B

{proof)

lemma concyclic-perm-14:
assumes Concyclic2 A B C D
shows Concyclic2 C B A D

{proof)

lemma concyclic-perm-15:
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assumes Concyclic2 A B C D
shows Concyclic2 C B D A

{proof)

lemma concyclic-perm-16:
assumes Concyclic2 A B C D
shows Concyclic2 C D A B

{proof)

lemma concyclic-perm-17:
assumes Concyclic2 A B C D
shows Concyclic2 C D B A

{proof)

lemma concyclic-perm-18:
assumes Concyclic2 A B C D
shows Concyclic2 D A B C

{proof)

lemma concyclic-perm-19:
assumes Concyclic2 A B C D
shows Concyclic2 D A C B

{proof)

lemma concyclic-perm-20:
assumes Concyclic2 A B C D
shows Concyclic2 D B A C

(proof)

lemma concyclic-perm-21:
assumes Concyclic2 A B C D
shows Concyclic2 D B C A

{proof)

lemma concyclic-perm-22:
assumes Concyclic2 A B C D
shows Concyclic2 D C A B

(proof)

lemma concyclic-perm-23:
assumes Concyclic2 A B C D
shows Concyclic2 D C B A

(proof)

lemma concyclic-1123:
assumes - Col A B C
shows Concyclic2 A A B C

(proof )

lemma concyclic-not-col-or-eq-aux:
assumes Concyclic2 A B C D
shows A=BVA=CVvB=CV-CodABC

(proof )

lemma concyclic-not-col-or-eq:
assumes Concyclic2 A B C A’
shows A'=CVA'=BVA=BVA=CVA=A"V(~ColABA AN—- Col ACA
(proof)

lemma Fuler-line-special-case:
assumes Per A B C and
G IsGravityCenter A B C' and
H IsOrthocenter A B C and
P IsCircumcenter A B C
shows Col G H P

(proof )
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lemma gravity-center-change-triangle:

assumes G IsGravityCenter A B C and

I Midpoint B C and
I Midpoint B’ C’ and
- Col A B' C’
shows G IsGravityCenter A B' C’
(proof)

lemma Euler-line:
assumes — Col A B C and
G IsGravityCenter A B C and
H IsOrthocenter A B C and
P IsCircumcenter A B C
shows Col G H P

(proof )

lemma sesamath-4ieme-G2-ex35:
assumes - Col G A Z and
Per G A Z and
F Midpoint A Z and
E Midpoint G Z and
R Midpoint G A
shows Rectangle F E R A
(proof)

lemma sesamath-4ieme-G2-ex36-auz:
assumes - Col A B C and
I Midpoint A B and
J Midpoint A C and
K Midpoint B C
shows Plg I J K B
(proof)

lemma sesamath-4ieme-G2-ex36:
assumes B A C isosceles and
A H Perp B C and
Col B H C and
I Midpoint A B and
J Midpoint A C
shows Rhombus A I H J
(proof )

lemma sesamath-4ieme-G2-ex37:
assumes — Col S E L and
I Midpoint L S and
M Midpoint S E and
A Midpoint E L and
A P PerpBisect L. E and
Coplanar S E L P
shows A P Perp I M

(proof )
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lemma sesamath-4ieme-G2-ex38 :
assumes — Col E A U and
N Midpoint E A and
M Midpoint E U and
L Midpoint U A
shows 3 P. Col P E L N P Midpoint M N
(proof)

lemma sesamath-4ieme-G2-ex39:
assumes - Col A C T and
S IsCircumcenter C T A and
S Midpoint C T and
Col C H A and
S H Perp A C
shows H Midpoint A C

(proof)

lemma sesamath-4ieme-G2-ex40:
assumes - Col A B C' and
Bet C R B and
M Midpoint A B and
N Midpoint A C' and
S Midpoint B R and
T Midpoint R C
shows M S Par N T' A Parallelogram M S T N
(proof)

lemma sesamath-4ieme-G2-ex41 :
assumes — Col T L H and
E Midpoint T L and
P Midpoint T H and
A # T and
A # P and
A # E and
A # S and
Bet T A S and
Bet P A FE and
Bet HS L and
S # H and
S #L
shows S A F CongA T 'S H N A Midpoint T S
(proof )

lemma sesamath-4ieme-G2-ex}2:
assumes - Col A B C and
G IsGravityCenter A B C' and
I Midpoint A C and
J Midpoint A B and
K Midpoint B G and
L Midpoint C G
shows Parallelogram I J K L
(proof )
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lemma sesamath-4ieme-G2-exf4-1:
assumes ParallelogramStrict A B C D and
I Midpoint A D and
J Midpoint B C
shows Parallelogram B J D I
(proof)

lemma sesamath-4ieme-G2-ex45:
assumes — Col A B C and
I Midpoint B C and
Col I A M and
A Midpoint I M and
J Midpoint A I and
J K Par A C and
Col K I C' and
Col G C A and
Col G MK
shows K Midpoint I C N A K Par M C N G IsGravityCenter C M I

(proof )

lemma sesamath-4ieme-G2-ex}7 :
assumes = Col A C C' and
- Col A A’ C" and
Col B" A’ ¢’ and
B Midpoint A C and
A A’ Par B B’ and
A A’ Par C C'
shows B’ Midpoint A’ C’
(proof)

end
end

theory Highschool-FEuclidean-2D

imports
Highschool-Euclidean
Tarski- Euclidean-2D

begin

19 Highschool Euclidean 2D

context Tarski-Euclidean-2D

begin

19.1 Definitions

19.2 Propositions

lemma NewEX1:
assumes Square A B C' D and
Cong K A K C and
Cong KA AC
shows Col B K D

(proof)

end
end
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theory Tarski-Non-Euclidean

imports
Tarski-Postulate- Parallels

begin

20 Tarski Non Euclidean
20.1 Definitions

locale Tarski-Non-FEuclidean = Tarski-neutral-dimensionless +
fixes A0 BO C0O DO TO
assumes NFERulel: Bet A0 DO TO
and NFERule2: Bet BO D0 CO
and NERule3: A0 # DO
and not-tarski-s-parallel-postulate-aux:
V XY. ((Bet AOBOX ANBet AOCOY) — - Bet XTOY)

context Tarski-Non-FEuclidean

begin

20.2 Propositions

lemma Tarski-Pre-Non-FEuclidean-auzx:
shows 3 ABCDT. - ((Bet ADTANBet BDCANA#D)
H
(3XY.Bet ABXABet ACY A Bet X TY))

{proof)

lemma NPost01:
shows — Postulate01

{proof)

lemma NPost02:
shows — Postulate02

{proof)

lemma NPost05:
shows — Postulate05

{proof)

lemma NPost06:
shows — Postulate06

(proof)

lemma NPost07:
shows — Postulate07

{proof)

lemma NPost08:
shows — Postulate08

(proof)

lemma NPost09:
shows — Postulate09

(proof)

lemma NPost10:
shows — Postulate10

{proof)
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lemma NPost11:
shows — Postulatel1

{proof)

lemma NPost12:
shows — Postulate12

{proof)

lemma NPost13:
shows — Postulatel3

{proof)

lemma NPost14:
shows — Postulatel

(proof)

lemma NPost15:
shows — Postulate15

{proof)

lemma NPost16:
shows — Postulatel6

{proof)

lemma NPost17:
shows — Postulatel7

(proof)

lemma NPost18:
shows — Postulate18

{proof)

lemma NPost19:
shows — Postulate19

(proof)

lemma NPost20:
shows — Postulate20

{proof)

theorem not-tarski-s-parallel-postulate-thm:
shows 3 ABCDT.(Bet ADTANBetBDCANA#DA
(V XY.(Bet ABXANBet ACY)— - Bet XTY))

{proof)

theorem not-playfair-s-postulate-thm:
shows 3 A1 A2 B1 B2 C1 C2 P. A1 A2 Par B1 B2 A
Col P B1 B2 N A1 A2 Par C1 C2 N Col P C1 C2 A
(= Col C1 B1 B2 v - Col C2 B1 B2)

(proof)

theorem not-postulate-of-transitivity-of-parallelism-thm:
shows 3 A1 A2 B1 B2 C1 C2. A1 A2 Par Bl B2 A B1 B2 Par C1 C2 A = (Al A2 Par C1 C2)
(proof)

theorem not-midpoint-converse-postulate-thm:
shows d A BCP Q. - Col ABC AN P Midpoint BC NA BPar QP N Col A C QN - Q Midpoint A C
(proof)

theorem not-alternate-interior-angles-postulate-thm:
shows 3 ABCD. ACTSBDANABPar CDAN—-BAC CongADCA
(proof)

theorem not-consecutive-interior-angles-postulate-thm:
showsd ABCD. BCOSADANABPar CDAN—-ABC SuppA BC D
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{proof)

theorem not-perpendicular-transversal-postulate-thm:
shows 3 ABCDP Q. ABPar CDANABPerpP QN Coplanar CD P QN — CD Perp P Q

{proof)

theorem not-postulate-of-parallelism-of-perpendicular-transversals-thm:
shows 4 A1 A2 B1 B2 C1 C2 D1 D2.
A1 A2 Par B1 B2 N A1 A2 Perp C1 C2 N B1 B2 Perp D1 D2 A
Coplanar A1 A2 C1 D1 A Coplanar A1 A2 C1 D2 A
Coplanar A1 A2 C2 D1 A Coplanar A1 A2 C2 D2 N = C1 C2 Par D1 D2

{proof)

theorem not-universal-posidonius-postulate:
shows 3 A1 A2 A3 A4 B1 B2 B3 B4.
Al A2 Par B1 B2 N Col A1 A2 A8 N Col B1 B2 B3 N A1 A2 Perp A3 B3 A
Col A1 A2 A4 N Col B1 B2 B4 N A1 A2 Perp A4 B4 N — Cong A3 B3 A} B/,

{proof)

theorem not-alternative-playfair-s-postulate-thm:
shows 3 A1 A2 B1 B2 C1 C2 P.
P Perp2 A1 A2 B1 B2 N = Col A1 A2 P N Col P B1 B2 N\
Coplanar A1 A2 B1 B2 N A1 A2 Par C1 C2 N Col P C1 C2 N
(- Col C1 B1 B2 vV - Col C2 B1 B2)

{proof)

theorem not-proclus-postulate-thm:
shows 3 ABCDPQ. (VY. ABPar CDANColABPA
- Col A B QN Coplanar CDP QA (= ColPQY V- ColCDY))

{proof)

theorem not-alternative-proclus-postulate-thm:
shows 3 ABCDPQ. (VY. PPerp2ABCDA- ColCDP A Coplanar ABC D AN Col A BP A
= Col A B QA Coplanar CDP QAN (= ColPQY V- ColCDY))

{proof)

theorem not-triangle-circumscription-principle-thm:
shows 3 A BC.V D. (- ColABCA (=~ CongADBDYV - Cong AD C DV = Coplanar A B C D))

{proof)

theorem not-inverse-projection-postulate-thm:
shows3 ABCPQ.V Y.
Acute ABCANBOutAPANP# QN Per BP QN Coplanar A B C Q N
(mBOuwCYV-ColPQQY)

{proof)

theorem not-euclid-5-thm:

shows3 PQRSTU.V I
BetSPTQANBetSRTSANBetSQURAN=ColP QS A
CongPTQTANCongRTSTAN (= BetSSQIV - BetSP UI)

(proof)

theorem not-strong-parallel-postulate-thm:
shows3 PQRSTU.V I
BetSPTQANBetSRTSAN- ColPRU A Coplanar P Q R U A
CongPTQTANCongRTSTAN(—ColSQIV - ColP UI)
(proof)

theorem not-alternative-strong-parallel-postulate-thm:
shows3 ABCDPQR.V Y.
BCOSADANABCBCDSumAPQRAN-BetPQRAN(—-CodBAYV-ColCDY)

(proof)
theorem not-euclid-s-parallel-postulate-thm:

shows3 ABCDPQR.V Y.
BCOSADANSAMSABCBCDANABCBOCDSumAPQRA
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- BetPQRA(-BOuAYV-COuDY)
{proof)

end
end

theory Tarski-Non-Euclidean-Aristotle

imports
Tarski-Non-FEuclidean

begin

21 Tarski Non Euclidean Aristotle
21.1 Definitions

locale Tarski-Non-FEuclidean-Aristotle = Tarski-Non-FEuclidean +
assumes aristotle: aristotle-s-axiom

context Tarski-Non-Fuclidean-Aristotle

begin

21.2 Propositions

lemma NPost03:
shows — Postulate03

{proof)

lemma NPost21:
shows — Postulate21

{proof)

lemma NPost22:
shows — Postulate22

{proof)

lemma NPost23:
shows — Postulate23

{proof)

lemma NPost24:
shows — Postulate2)

{proof)

lemma NPost25:
shows — Postulate25

(proof)

lemma NPost26:
shows — Postulate26

{proof)

lemma NPost27:
shows — Postulate27

(proof)

lemma NPost28:
shows — Postulate28

(proof)

lemma NPost29:
shows — Postulate29

{proof)
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lemma NPost30:
shows — Postulate30

{proof)

theorem not-triangle-postulate-thm:
shows3 ABCDEF. ABCTriSymADEFAN-BetDEF

{proof)

theorem not-postulate-of-existence-of-a-triangle-whose-angles-sum-to-two-rights-thm:
showsY ABCDEF. ABCTriSymADEFANBet DEF — Col ABC

{proof)

theorem not-posidonius-postulate-thm:
shows V A1 A2 B1 B2. Col A1 A2 B1 vV B1 = B2 V — Coplanar A1 A2 B1 B2 Vv
(3 A3 A4 B8 B4. Col A1 A2 A3 N\ Col B1 B2 B3 N A1 A2 Perp A3 B3 A
Col A1 A2 A A Col B1 B2 B{ A A1 A2 Perp A4 B4 N
- Cong A8 B8 A} Bj)
(proof)

theorem not-posidonius-postulate-thm-1:
shows V A1 A2 B. Col A1 A2 BV (3 A3 A4 B8 B4. Col A1 A2 A3 N Col BB B8 N Al A2 Perp A8 B3 A
Col A1 A2 A4 N Col BB B} N Al A2 Perp A4 B4 N
- Cong A8 B8 A4 B4)
(proof)

theorem not-postulate-of-existence-of-similar-triangles-thm:
showsV ABCDEF.(CollABCYV Cong ABDEYV - ABCCongADEFV
- BCACongA EFDV - CABCongAFDE)

{proof)

theorem not-thales-postulate-thm:
shows 3 A B C M. M Midpoint A BN Cong MAMC AN—- Per ACB

{proof)

theorem not-thales-converse-postulate-thm:
shows 4 A B C M. M Midpoint A BN Per ACBAN - Cong MAMC

{proof)

theorem not-existential-thales-postulate-thm:
showsV A B C M. (M Midpoint A B A\ Cong M AMC N Per ACB) — Col ABC

(proof)

theorem not-postulate-of-right-saccheri-quadrilaterals-thm:
shows 3 A B C D. Saccheri A BCD A — Per ABC

{proof)

theorem not-postulate-of-existence-of-a-right-saccheri-quadrilateral-thm:
shows V A B C D. = (Saccheri A B C D N Per A B C)

{proof)

theorem not-postulate-of-right-lambert-quadrilaterals-thm:
shows 3 A B C D. Lambert A B C D AN -~ Per BC D

{proof)

theorem not-postulate-of-existence-of-a-right-lambert-quadrilateral-thm:
shows V A B C D. =~ (Lambert A B C D N\ Per B C D)

{proof)

end
end

theory Tarski-Non-FEuclidean-Archimedean
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imports
Tarski-Non-FEuclidean-Aristotle

begin

22 Tarski Non Euclidean
22.1 Definitions

locale Tarski-Non-FEuclidean-Archimedean = Tarski-Non-FEuclidean-Aristotle +
assumes archimedes: archimedes-axiom

context Tarski-Non-Fuclidean-Archimedean

begin

22.2 Propositions

lemma NPost04:
shows — Postulate(4

{proof)

lemma NPost31:
shows — Postulate31

{proof)

lemma NPost32:
shows — Postulate32

{proof)

lemma NPost33:
shows — Postulate33

{proof)

lemma NPost34:
shows — Postulate3)

{proof)

lemma NPost35:
shows — Postulate35

{proof)

theorem not-bachmann-s-lotschnittaxiom:
shows 3 PQRPIRI.P# QAN Q#RANPerPQRANPerQPPlANPer@Q@RRIN
Coplanar P Q R P1 A Coplanar P Q R R1 N
(Vv S.= ColPP1SV - ColRRIS)
(proof )

theorem not-weak-inverse-projection-postulate:
shows 3 ABCDEFPQY. Acte ABCANPer DEFNABCABCSumADEFA
BOutAPANP# QAN Per BP QA Coplanar A B C Q A
(mBOutCYV~-ColPQY)

{proof)

theorem not-weak-tarski-s-parallel-postulate:
shows 3 A BCT. Per ABC A T InAngle A B C A
VXY - BOuwtAXV-BOuwCYV-BetXTY)

{proof)

theorem not-weak-triangle-circumscription-principle:
shows 1 A B C A1 A2 B1 B2. - Col A BC N Per A CBAN Al A2 PerpBisect B C' A
B1 B2 PerpBisect A C A Coplanar A B C A1 N Coplanar A B C A2 A
Coplanar A B C B1 N Coplanar A B C B2 A
(V I.- Col A1 A21V — Col B1 B21)

{proof)
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theorem not-legendre-s-parallel-postulate:
fixes A B C
assumes - Col A B C
and Acute A B C
shows 3 T. TInAngle ABCAN XY. - BOutAXV-BOuwCYV-BetXTY)
(proof)

theorem not-existential-playfair-s-postulate:
assumes — Col A1 A2 P
shows 3 B1 B2 C1 C2. A1 A2 Par B1 B2 N Col P B1 B2 N A1 A2 Par C1 C2 N Col P C1 C2 N
(= Col C1 B1 B2 v - Col C2 B1 B2)
(proof)

end
end

theory Gupta-Neutral

imports
Tarski-Neutral

begin

23 Gupta inspired variant of Tarski - Geometry

23.1 Axioms - neutral dimension less
locale Gupta-neutral-dimensionless =
fixes GPA GPB GPC :: 'p
and BetG : 'p = 'p = 'p = bool
and CongG :: 'p = 'p = 'p = 'p = bool
assumes cong-pseudo-reflexivityG: ¥V a b.
CongG abba

and cong-inner-transitivityG: ¥ a b p g r s.

CongG abpqA
CongG abrs
_>

CongG pqrs

and cong-identityG: V a b c.

CongG a b c ¢

—

a="b

and segment-constructionG: ¥ a b ¢ q.

Jz. (BetG qaz A CongG a b c)

and five-segmentG:V abcda’ b ¢’ d'.

a#bA
BetG a b c A
BetG a' b’ ¢'A

CongG a ba’ b’ A
CongG becb' c' A
CongG a da’ d' N
CongG bdb'd
H

CongG ¢ d ¢’ d’
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and between-symmetryG: ¥V a b c.

BetG a b ¢
—_—
BetG ¢ b a

and between-inner-transitivityG: ¥V a b c d.

BetG a b d A
BetG b cd
_)
BetG a b ¢

and inner-paschG: VY a b cp q.

BetG ap c N

BetG b qgc A

aF#pA

c#pA

b#qAN

c# qAN

- (BetGabcV BetGbcaV BetG cab)
_)

(3 z. BetGpz b A BetG qz a)

and lower-dimG: - (BetG GPA GPB GPC V BetG GPB GPC GPA V BetG GPC GPA GPB)
context Gupta-neutral-dimensionless

begin

23.2 Definitions

definition ColG :: 'p='p='p=>bool where
ColG ABC =BetGABCYV BetGBCAV BetGCAB

23.3 Propositions

lemma g2-1:
shows CongG A B A B
(proof)

lemma g2-2:
assumes CongG A B C D
shows CongG C D A B

{proof)

lemma cong-inner-transitivityT"
assumes CongG A B C D and
CongG A BEF
shows CongG C D E F

{proof)

lemma g2-3:
assumes CongG A B C D
shows CongG B A C D

(proof)
lemma ¢2-4:

assumes CongG A B C D
shows CongG A B D C

(proof)

lemma g¢2-5-a:
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assumes CongG A B C' D and
A=1B

shows C = D

(proof)

lemma g¢2-5-b:
assumes CongG A B C' D and
C=D
shows A = B
(proof)

lemma g¢2-5:
assumes CongG A B C D
shows A = B+— C=1D

{proof)

lemma g¢2-6:
shows BetG A B BN CongG BB A A
(proof)

lemma ¢2-7:
assumes CongG A B A’ B and
CongG B C B’ C’ and
BetG A B C and
BetG A’ B’ ¢’
shows CongG A C A’ C’
(proof)

lemma g2-8:
assumes BetG A B C and
BetG A B D and
CongG B C' B D and
A#B
shows C = D
{proof)

lemma ¢2-9:
assumes BetG A B A
shows BetG C A B

{proof)

lemma ¢2-10:
assumes BetG A B A
shows BetG C B A

{proof)

lemma g2-11:
assumes BetG A B A and
A+#B
shows 3 D. BetG CD C N BetGD CDANC # D
(proof )

lemma ¢2-12:
assumes BetG A B A
shows BetG A B C

{proof)

lemma ¢2-13:
assumes BetG A B A and
A+#+B
shows BetG C B C
(proof )

lemma g¢2-14-1:

assumes BetG A B A and
A+#+B
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shows BetG C D C
(proof )

lemma ¢2-14-2:
assumes BetG A B A and
A#B
shows BetG D C D
(proof )

lemma ¢2-14:
assumes BetG A B A and
A#B
shows BetG C D C N BetG D C D
(proof )

lemma g¢2-15:
assumes BetG A B A and
A#B
shows BetG C D E
(proof )

lemma ¢2-16:
assumes — BetG C D E and

BetG A B A
shows A = B
(proof )

lemma between-identityT"
assumes BetG A B A
shows A = B

(proof)

lemma cong-trivial-identityT':
shows CongG A A B B
(proof)

lemma [2-11T"
assumes BetG A B C and
BetG A’ B’ C' and
CongG A B A’ B’ and
CongG B C B’ ¢’
shows CongG A C A’ C’
(proof)

lemma construction-uniquenessT:
assumes @) # A and
BetG @ A X and
CongG A X B C and
BetG Q A Y and
CongG A Y B C
shows X = Y

(proof)

lemma between-trivial T
shows BetG A B B

{proof)

lemma bet-decG:
shows BetG A B C V - BetG A BC

{proof)

lemma col-decG:
shows ColG A B C V = ColG ABC

{proof)

lemma inner-paschT:
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assumes BetG A P C and
BetG B Q C
shows 3 z. BetG Px B A BetG Qz A

(proof )

end
end

theory Gupta-Neutral-2D

imports
Gupta-Neutral

begin

24 Gupta 2D

24.1 Axioms Gupta 2D

locale Gupta-neutral-2D = Gupta-neutral-dimensionless GPA GPB GPC BetG CongG
for GPA GPB GPC :: 'p
and BetG :: 'p = 'p = 'p = bool
and CongG :: 'p = 'p = 'p = 'p = bool +
assumes upper-dimG: ¥V a b cp q.
pPFqN
a#bA
a#cA
c# b A
CongG apaqAN
CongG bpbgA
CongG cp cq
H
(BetG abcV BetGbcaV BetG c ab)

context Gupta-neutral-2D
begin

24.2 Definitions
24.3 Propositions

lemma upper-dimT :
assumes P # @ and
CongG A P A @ and
CongG B P B (@ and
CongG C P CQ
shows BetG A B C V BetG B C AV BetG C A B

(proof )
end

end

theory Gupta-FEuclidean

imports
Gupta-Neutral

begin
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25 Gupta Euclidean

25.1 Axioms Gupta Euclidean

locale Gupta-Fuclidean = Gupta-neutral-dimensionless GPA GPB GPC BetG CongG
for GPA GPB GPC :: 'p
and BetG :: 'p = 'p = 'p = bool
and CongG :: 'p = 'p = 'p = 'p = bool +
assumes euclidG:¥Y A BCD T.
BetGADTANBetGBDCANB#DAND#CA
- (BetG ABCV BetGBCAV BetG C AB) —
(3 zy. BetG A Bx A BetGA Cy A BetGz T y)

25.2 Definitions
25.3 Propositions

end

theory Hilbert-Neutral-2D
imports Hilbert-Neutral

begin

26 Hilbert - Geometry - Neutral 2D

26.1 Axioms: Hilbert neutral 2D

locale Hilbert-neutral-2D = Hilbert-neutral-dimensionless IncidL IncidP EqL EqP IsL IsP BetH CongH CongaH
for
IncidL :: 'p = 'b = bool and
IncidP :: 'p = 'c = bool and
EqL ::'b = 'b = bool and
EqP ::'c = 'c = bool and
IsL ::'b = bool and
IsP ::'c = bool and
BetH ::'p='p='p=>bool and
CongH::"p="p="p="p=>bool and
CongaH::"p="p="p="p="p="p=>bool +
assumes pasch-2D :
IsLIN = ColHABCA=IncidL CIANcutlAB — (cutl ACV cutlBC)

context Hilbert-neutral-2D

begin

26.2 Definitions
26.3 Propositions

lemma plane-separation-2D:
assumes = ColH A X Y and
- CoddHBXY
shows cut’ A BX Y V same-side’ A BX Y

(proof)

lemma col-upper-dim:
assumes ColH A P @ and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
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B # @ and

C # P and

C # @ and

CongH A P A @ and

CongH B P B @ and

CongH C' P C Q

shows Bet A BCV Bet BCAV Bet CAB
(proof)

lemma TS-upper-dim:
assumes cut’ A B P Q and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
B # @ and
C # P and
C # @ and
CongH A P A @ and
CongH B P B @ and
CongH C' P C Q
shows Bet A BCV Bet BCAV Bet CAB
(proof)

lemma cut’-comm:
assumes cut’' A BXY
shows cut’' BAXY

(proof)

lemma TS-upper-dim-bis:
assumes BetH P I () and
BetH I B A and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
B # @ and
C # P and
C # @ and
CongH A P A Q and
CongH B P B @ and
CongH C P CQ
shows Bet A BCV Bet BCAV Bet CAB
(proof )

lemma upper-dim:
assumes P # @ and
A # B and
A # C and
B # C and
Cong A P A @ and
Cong B P B @Q and
Cong C P C Q
shows Bet A BCV Bet BCAV Bet CAB
(proof)

end
end
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theory Hilbert-Neutral-3D
imports Hilbert-Neutral

begin

27 Hilbert - Geometry - Neutral 3D

27.1 Axioms: neutral 3D

locale Hilbert-neutral-3D = Hilbert-neutral-dimensionless IncidL IncidP EqL EqP IsL IsP BetH CongH CongaH
for
IncidL :: 'p = 'b = bool and
IncidP :: 'p = 'c = bool and
EqL ::'b = 'b = bool and
EqP ::'¢ = 'c = bool and
IsL ::'b = bool and
IsP ::'c = bool and
BetH ::'p='p="p=-bool and
CongH::'p="p="p=>"p=>bool and
CongaH::"p="p="p="p="p=>"p=>bool +
fixes HS1 HS2 HS3 HS4 :: 'p
assumes plane-intersection:
IsP p A IsP g A IncidP A p A IncidP A q
_>
(3 B. IncidP B p A IncidP B g N A # B)
and lower-dim-3:
= (3 p. IsP p A IncidP HS1 p A IncidP HS2 p A IncidP HS3 p A IncidP HS4 p)

end

theory Hilbert-Fuclidean

imports
Hilbert-Neutral
Tarski-Euclidean
Tarski- Neutral-Hilbert

begin

28 Hilbert - Geometry - Euclidean

28.1 Axioms: Euclidean

locale Hilbert-Fuclidean = Hilbert-neutral-dimensionless IncidL IncidP EqL EqP IsL IsP BetH CongH CongaH
for
IncidL :: 'p = 'b = bool and
IncidP :: 'p = 'c = bool and
EqL ::'b = 'b = bool and
EqP ::'¢c = 'c = bool and
IsL ::'b = bool and
IsP ::'c = bool and
BetH ::'p='p="p=-bool and
CongH::"p="p="p="p=>bool and
CongaH::"p="p=>"p=>"p="p=>"p=>bool +
assumes euclid-uniqueness: ¥ | P m1 m2. IsL I N\ IsL m1 A IsL m2 A
= IncidL Pl N Paralml A IncidL P m1 A Para lm2 A IncidlL P m2
H
EqL m1 m2

context Tarski-Fuclidean

begin
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28.2 Definitions
28.3 Propositions

lemma Para-Par:
assumes A # B and
C # D and
Para-H (Line A B) (Line C D)
shows A B Par C D

(proof )

lemma aziom-euclid-uniqueness:
assumes — IncidentL P | and
Para-H | m1 and
Incidentl, P m1 and
Para-H | m2 and
IncidentL P m2
shows m1 =I= m2

(proof)

end
end

theory Tarski-Neutral-Model-Gupta-Neutral
imports Gupta-Neutral

begin

context Gupta-neutral-dimensionless
begin

interpretation Interpretation-Tarski-neutral-dimensionless: Tarski-neutral-dimensionless
where TPA = GPA and TPB = GPB and TPC = GPC and Bet = BetG and Cong = CongG

(proof )

28.4 Transport theorem from Tarski Neutral for Gupta Euclidean Model

lemma g-15-2:

assumes A # B and

BetG A B C and

BetG A B D

shows BetG B C DV BetG B D C

(proof)

lemma g-15-3:

assumes BetG A B D and

BetG A CD

shows BetG A B C V BetG A CB

(proof)

lemma g-between-exchangey:
assumes BetG A B C' and
BetG A C D

shows BetG A B D

(proof)

lemma g-between-inner-transitivity:
assumes BetG A B D and

BetG BCD

shows BetG A B C

(proof)

lemma g-not-bet-distincts:
assumes — BetG A B C
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shows A # BA B # C
(proof)

lemma g-between-symmetry:
assumes BetG A B C
shows BetG C B A

(proof )

lemma g-between-trivial:
shows BetG A B B

(proof)

end
end

theory Tarski-Neutral-2D-Model-Gupta-Neutral-2D

imports
Gupta-Neutral-2D
Tarski-Neutral-2D

begin
context Gupta-neutral-2D
begin

interpretation Interpretation- Tarski-neutral-2D : Tarski-neutral-2D
where TPA = GPA and TPB = GPB and TPC = GPC and Bet = BetG and Cong = CongG

(proof )

end
end

theory Tarski-FEuclidean-Model-Gupta-Euclidean

imports
Tarski-Neutral-Model- Gupta- Neutral
Gupta-Fuclidean
Tarski-Euclidean

begin
context Gupta-Fuclidean

begin

28.5 Interpretation Tarski Gupta

lemma euclidT:
assumes BetG A D T and
BetG B D C and
A # D and
YVABCDT.
BetGADTANBetG BDCNA#D
N
(3 XY.BetGABXANBetGACY ANABetGXTY)
shows 3 X Y. BetGABXANDBetGACY ANBetGXTY

(proof )

lemma lem-euclidG:
assumes BetG A D T and
BetG B D C and
A#D
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shows d X Y. BetGABXANBetGACY NBetGXTY
(proof )

interpretation Interpretation-Tarski-euclidean : Tarski- Euclidean
where TPA = GPA and TPB = GPB and TPC = GPC and Bet = BetG and Cong = CongG

(proof)

end

end

theory Gupta-Neutral-Model- Tarski-Neutral
imports

Tarski-Neutral

Gupta-Neutral

begin

context Tarski-neutral-dimensionless
begin

interpretation Interpretation- Gupta-neutral-dimensionless : Gupta-neutral-dimensionless
where GPA = TPA and GPB = TPB and GPC = TPC and BetG = Bet and CongG = Cong

(proof)

end

end

theory Gupta-Neutral-2D-Model- Tarski- Neutral-2D
imports

Tarski-Neutral-2D

Gupta-Neutral-2D

begin

context Tarski-neutral-2D

begin

interpretation Interpretation-Gupta-neutral-2D : Gupta-neutral-2D
where GPA = TPA and GPB = TPB and GPC = TPC and BetG = Bet and CongG = Cong

(proof )
end
end
theory Gupta-Fuclidean-Model-Tarski- Euclidean
imports
Tarski- Euclidean
Gupta-Fuclidean
begin
context Tarski-Euclidean
begin

interpretation Interpretation- Gupta-euclidean : Gupta-Euclidean
where GPA = TPA and GPB = TPB and GPC = TPC and BetG = Bet and CongG = Cong

(proof )
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end
end

theory Hilbert-Neutral-Model-Tarski-Neutral
imports Tarski-Neutral-Hilbert

begin

29 Hilbert Neutral - Tarski Neutral Model
29.1 Interpretation

context Tarski-neutral-dimensionless
begin

interpretation Interpretation-Hilbert-neutral-dimensionless-pre: Hilbert-neutral-dimensionless-pre
where Incidl = IncidentL and
IncidP = IncidentP and
EqL = EqTL and
EqP = EqTP and
IsL = isLine and
IsP = isPlane and
BetH = Between-H and
CongH = Cong and
CongaH = CongA-H
(proof)

interpretation Intrepretation-Hilbert-neutral-dimensionless: Hilbert-neutral-dimensionless
where Incidl, = IncidentL and
IncidP = IncidentP and
EqL = EqTL and
EqP = EqTP and
IsL, = isLine and
IsP = isPlane and
BetH = Between-H and
CongH = Cong and
CongaH = CongA-H and
PP = TPA and
PQ = TPB and
PR = TPC
(proof)

end
end
theory Hilbert-Neutral-2D-Model- Tarski- Neutral-2D
imports
Tarski- Neutral-Hilbert
Tarski-Neutral-2D
Hilbert-Neutral-2D

begin

30 Hilbert Neutral 2D - Tarski Neutral 2D Model
30.1 Interpretation

context Tarski-neutral-2D
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begin

interpretation Interpretation-Hilbert-neutral-dimensionless-pre: Hilbert-neutral-dimensionless-pre
where IncidlL = IncidentL and
IncidP = IncidentP and
EqL = EqTL and
EqP = EqTP and
IsL = isLine and
IsP = isPlane and
BetH = Between-H and
CongH = Cong and
CongaH = CongA-H
(proof)

interpretation Intrepretation-Hilbert-neutral-dimensionless: Hilbert-neutral-dimensionless
where IncidL = IncidentL and
IncidP = IncidentP and
EqL = EqTL and
EqP = EqTP and
IsL = isLine and
IsP = isPlane and
BetH = Between-H and
CongH = Cong and
CongaH = CongA-H and
PP = TPA and
PQ = TPB and
PR = TPC
(proof)

interpretation Intrepretation-Hilbert-neutral-2D: Hilbert-neutral-2D
where Incidl = IncidentL and
IncidP = IncidentP and
EqL = EqTL and
EqP = EqTP and
IsL = isLine and
IsP = isPlane and
BetH = Between-H and
CongH = Cong and
CongaH = CongA-H and
PP = TPA and
PQ = TPB and
PR = TPC
(proof)

end
end
theory Hilbert-Neutral-3D-Model-Tarski- Neutral-3D
imports
Tarski-Neutral-3D-Hilbert
Hilbert-Neutral-3D

begin

31 Hilbert Neutral 3D - Tarski Neutral 3D Model
31.1 Interpretation

context Tarski-neutral-3D
begin

interpretation Interpretation-Hilbert-neutral-dimensionless-pre: Hilbert-neutral-dimensionless-pre

where Incidl, = IncidentL and IncidP = IncidentP and EqL = EqTL
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and EqP = EqTP and IsL = isLine and IsP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H

(proof )

interpretation Intrepretation-Hilbert-neutral-dimensionless: Hilbert-neutral-dimensionless
where Incidl, = IncidentL and IncidP = IncidentP and EqL = EqTL

and FEqP = EqTP and IsL = isLine and [sP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H
and PP = TPA and PQ = TPB and PR = TPC

(proof)

interpretation Intrepretation-Hilbert-neutral-3D: Hilbert-neutral-3D
where Incidl, = IncidentL and IncidP = IncidentP and EqL = EqTL

and EqP = EqTP and IsL = isLine and IsP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H
and PP = TPA and PQ = TPB and PR = TPC
and HSI = TS1 and HS2 = TS2 and HS3 = TS3
and HS4 = TS
(proof)
end
end

theory Hilbert-FEuclidean-Model-Tarski- Euclidean
imports Hilbert-Euclidean

begin

32 Hilbert Euclidean - Tarski Euclidean Model

32.1 Interpretation

context Tarski-FEuclidean
begin

interpretation Interpretation-Hilbert-neutral-dimensionless-pre: Hilbert-neutral-dimensionless-pre
where Incidl. = IncidentL and IncidP = IncidentP and EqL = EqTL
and FEqP = EqTP and IsL = isLine and IsP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H

(proof )

interpretation Intrepretation-Hilbert-neutral-dimensionless: Hilbert-neutral-dimensionless
where Incidl, = IncidentL and IncidP = IncidentP and EqL = EqTL

and FqP = EqTP and IsL = isLine and IsP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H
and PP = TPA and PQ = TPB and PR = TPC

(proof )

interpretation Intrepretation-Hilbert-euclidean: Hilbert-Euclidean
where Incidl = IncidentL and IncidP = IncidentP and EqL = EqTL

and FEqP = EqTP and IsL = isLine and [sP = isPlane
and BetH = Between-H and CongH = Cong and CongaH = CongA-H
and PP = TPA and PQ = TPB and PR = TPC

(proof)

end

end

theory Tarski-Neutral-Model-Hilbert-Neutral

imports
Tarski-Postulate-Parallels
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Hilbert-Neutral
Gupta-Neutral

begin

33 Tarski Neutral Model Hilbert Neutral

context Hilbert-neutral-dimensionless
begin

interpretation Interp-Gupta-of-Tarski-neutral-dimensionless:
Gupta-neutral-dimensionless
where BetG = Bet and
CongG = Cong and
GPA = PP and
GPB = PQ and
GPC = PR
(proof)

interpretation H-to-T : Tarski-neutral-dimensionless
where Bet = Bet and
Cong = Cong and
TPA = PP and
TPB = PQ and
TPC = PR
(proof)

lemma MidH--Mid:
assumes M Midpoint A B
shows H-to-T.Midpoint M A B

(proof)

lemma Mid--MidH:
assumes H-to-T.Midpoint M A B
shows M Midpoint A B

(proof )

lemma col-colh-1:
assumes H-to-T.Col A B C
shows ColH A B C

(proof )

lemma col-colh-2:
assumes ColH A B C
shows H-to-T.Col A B C

(proof)

lemma col-colh:
shows H-to-T.Col A B C +— ColH A B C

(proof)

lemma line-col:
assumes [sL | and
IncidL A | and
Incidl, Bl and
IncidL C'1
shows H-to-T.Col A B C

(proof )

lemma bet--beth:
assumes A # B and
B # C and
Bet A B C
shows BetH A B C

386



{proof)

lemma coplanar-plane0:
assumes ColH A B X and
ColH CD X
shows 3 p. IncidP A p A IncidP B p A IncidP C p A IncidP D p
(proof)

lemma coplanar-planel:
assumes Bet A BX V Bet BX AV Bet X A B and
Bet CD XV Bet D X CV Bet X C D
shows 3 p. IsP p A IncidP A p A IncidP B p A IncidP C p A IncidP D p
(proof)

lemma coplanar-plane:

assumes H-to-T.Coplanar A B C' D

shows 3 p. IsP p A IncidP A p A IncidP B p A IncidP C p N IncidP D p
(proof )

lemma plane-coplanar:
assumes IncidP A p and
IncidP B p and
IncidP C p and
IncidP D p
shows H-to-T.Coplanar A B C D
(proof)

lemma pars--para:
assumes IncidlL A | and
Incidl Bl and
IncidL, C m and
IncidlL, D m and
H-to-T.ParStrict A B C D
shows Para [ m

(proof)

lemma par--or-eq-para:
assumes IncidlL A | and
IncidlL Bl and
Incidl, C m and
IncidlL D m and
H-to-T.Par A B C D
shows Para lm V EqL [ m
(proof )

lemma tarski-upper-dim:
assumes

plane-intersection-assms: ¥ A p q. IsP p A IsP g A IncidP A p A IncidP A q

— (3 B. IncidP B p A IncidP B ¢ N A # B) and

lower-dim-3-assms: = (3 p. IsP p N IncidP HS1 p A IncidP HS2 p A
IncidP HS3 p N\ IncidP HS4 p) and

P # @ and

Q@ # R and

P # R and

Cong A P A @ and

Cong B P B @ and

Cong C P C @ and

Cong A P AR and

Cong B P B R and

Cong CP CR

shows Bet A BCV Bet BCAV Bet CAB
(proof )

lemma Col--ColH:

assumes H-to-T.Col A B C
shows ColH A B C
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{proof)

lemma ColH--Col:
assumes ColH A B C
shows H-to-T.Col A B C

(proof)

lemma playfair-s-postulateH:
assumes euclid-uniqueness: ¥ | P m1 m2. IsL I N\ IsL m1 A IsL m2 A
= IncidL Pl A Paralml A IncidL P m1 A Paralm2 A IncidL P m2 —
EqL m1 m2
shows H-to-T.playfair-s-postulate
(proof)

lemma tarski-s-euclid-aux:
assumes euclid-uniqueness: ¥ | P m1 m2. IsL I N\ IsL m1 A IsL m2 A
= IncidL Pl N Paralmil A IncidL P mi1 A Para lm2 A IncidL P m2 —
EqL m1 m2
shows H-to-T.tarski-s-parallel-postulate

(proof)

lemma tarski-s-euclid:
assumes euclid-uniqueness: ¥ | P m1 m2. IsL I N\ IsL m1 A IsL m2 A
= IncidL Pl A Para l mi N IncidL P m1 N Paralm2 A IncidL P m2 —»
EqL m1 m2
shows
VABCDT. Bet ADTANBet BDCANA#D — (3XY. Bt ABXANBet ACYANBetXTY)
(proof)

end
end

theory Tarski-Neutral-2D-Model-Hilbert- Neutral-2D

imports
Tarski-Neutral-2D
Hilbert-Neutral-2D

begin

34 Tarski Neutral 2D - Hilbert Neutral 2D Model

context Hilbert-neutral-2D
begin

lemma plane-separation-2D:
assumes - ColH A X Y and
- ColHBXY
shows cut’ A BX Y V same-side’ A BX Y

(proof )

lemma col-upper-dim:
assumes ColH A P () and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
B # @ and
C # P and
C # @ and
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CongH A P A @ and
CongH B P B @ and
CongH C P C Q@
shows Bet A BCV Bet BCAV Bet CAB
(proof)

lemma TS-upper-dim:
assumes cut’ A B P Q and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
B # @ and
C # P and
C # @ and
CongH A P A @ and
CongH B P B @ and
CongH C' P C Q
shows Bet A BCV Bet BCAV Bet CAB
(proof)

lemma cut’-comm:
assumes cut’ A BXY
shows cut’ BAXY

(proof)

lemma TS-upper-dim-bis:
assumes BetH P I () and
BetH I B A and
P # @ and
A # B and
A # C and
B # C and
A # P and
A # @ and
B # P and
B # @ and
C # P and
C # @ and
CongH A P A Q and
CongH B P B @ and
CongH C P C Q
shows Bet A BCV Bet BCAV Bet CAB
(proof )

lemma upper-dim:
assumes P # @ and
A # B and
A # C and
B # C and
Cong A P A @ and
Cong B P B @Q and
Cong C P C Q
shows Bet A BCV Bet BCAV Bet CAB
(proof)

interpretation H2D-to-T2D : Tarski-neutral-2D
where Bet = Bet and
Cong = Cong and
TPA = PP and
TPB = PQ and
TPC = PR
(proof)
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end
end

theory Tarski-Neutral-3D-Model-Hilbert-Neutral-3D

imports
Tarski-Neutral-8D
Hilbert-Neutral-3D
Tarski-Neutral-Model- Hilbert- Neutral

begin

35 Tarski Neutral 3D - Hilbert Neutral 3D Model

context Hilbert-neutral-3D
begin

interpretation H3D-to-T3D : Tarski-neutral-3D
where Bet = Bet and
Cong = Cong and
TPA = PP and
TPB = PQ and
TPC = PR and
TS1 = HS1 and TS2 = HS2 and TS3 = HS3 and TS, = HS)
(proof)

end
end

theory Tarski-FEuclidean-Model-Hilbert- Euclidean
imports
Hilbert- Euclidean

Tarski- Neutral-3D-Model- Hilbert- Neutral-3D

begin

36 Tarski Euclidean Model Hilbert Euclidean

context Hilbert-Euclidean
begin

interpretation Heucl-to-Teucl : Tarski-FEuclidean
where Bet = Bet and
Cong = Cong and
TPA = PP and
TPB = PQ and
TPC = PR
(proof )

end

end
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