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Abstract

This entry contains a formalization of hidden Markov models [3] based on Johannes Holzl’s
formalization of discrete time Markov chains [1]. The basic definitions are provided and the cor-
rectness of two main (dynamic programming) algorithms for hidden Markov models is proved: the
forward algorithm for computing the likelihood of an observed sequence, and the Viterbi algorithm
for decoding the most probable hidden state sequence. The Viterbi algorithm is made executable
including memoization.

Hidden markov models have various applications in natural language processing. For an intro-
duction see Jurafsky and Martin [2].
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1 Hidden Markov Models

theory Hidden-Markov-Model
imports
Markov-Models. Discrete- Time-Markov-Chain Auziliary
HOL—- Library.IArray
begin

1.1 Definitions

Definition of Markov Kernels that are closed w.r.t. to a set of states.

locale Closed-Kernel =
fixes K :: 's = 't pmf and S :: 't set
assumes finite: finite S
and wellformed: S # {}
and closed: V s. K s C S

An HMM is parameterized by a Markov kernel for the transition probabilites between internal states,
a Markov kernel for the output probabilities of observations, and a fixed set of observations.

locale HMM-defs =
fixes K :: 's = s pmf and O :: 's = 't pmf and O, :: 't set

locale HMM =
HMM-defs + O: Closed-Kernel O Oy
begin

lemma observations-finite: finite O
and observations-wellformed: Oy # {}
and observations-closed: ¥V s. O s C Oy

{proof)

end

Fixed set of internal states.
locale HMM2-defs = HMM-defs K O for K :: 's = 's pmf and O :: 's = 't pmf +

fixes S :: 's set

locale HMM?2 = HMMZ2-defs + HMM + K: Closed-Kernel I S
begin

lemma states-finite: finite S
and states-wellformed: S # {}
and states-closed: ¥V s. K s C S

(proof)
end

The set of internal states is now given as a list to iterate over. This is needed for the computations
on HMMs.

locale HMMS3-defs = HMM2-defs O, K for O, :: 't set and K :: 's = 's pmf +
fixes state-list :: 's list

locale HMM3 = HMMS3-defs - - Os K + HMM2 Oy K for O, :: 't set and K :: 's = 's pmf +
assumes state-list-S: set state-list = S

context HMM-defs
begin
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The “default” observation.

definition
obs = SOME z. z € O,

lemma (in HMM) obs:
obs € O

(proof)

The HMM is encoded as a Markov chain over pairs of states and observations. This is the Markov
chain’s defining Markov kernel.

definition
K =X (s1, 01 == 't). bind-pmf (K s1) (A sa. map-pmf (X o02. (s2, 02)) (O s2))

sublocale MC-syntaz K (proof)

Uniform distribution of the pairs (s, o) for a fixed state s.

definition I (s :: 's) = map-pmf (X z. (s, x)) (pmf-of-set O;)

The likelihood of an observation sequence given a starting state s is defined in terms of the trace space
of the Markov kernel given the uniform distribution of pairs for s.

definition
likelihood s 0s = T' (I s) {w € space S. 3 09 xs w'. w = (s, 09) ## s Q— w’' A map snd s = os}

abbreviation (input) L os w =3 2s w'. w = zs @Q— w’' A map snd zs = os

lemma likelihood-alt-def: likelihood s os = T' (I s) {(s, 0) ## xs Q— w' |o xs w'. map snd zs = o0s}
(proof)

1.2 Iteration Rule For Likelihood

lemma L-Nil:
L[] w= True
(proof)

lemma emeasure-T-observation-Nil:
T (s, 0p) {w € space S. L[| w} =1
(proof)

lemma L-Cons:
L (0 # 0s) w <— snd (shd w) = o A L os (stl w)
(proof )

lemma L-measurable[measurable]:
Measurable.pred S (L o0s)

{proof)

lemma init-measurable[measurable:
Measurable.pred S (Ax. Jog zs w'. © = (s, 09) ## xs Q— w’ A map snd xs = 0s)
(is Measurable.pred S ?f)

(proof)

lemma T-init-observation-eq:
T (s, 0) {w € space S. L osw} = T (s, 0') {w € space S. L os w}
(proof)

Shows that it is equivalent to define likelihood in terms of the trace space starting at a single pair of
an internal state s and the default observation obs.

lemma (in HMM) likelihood-init:
likelihood s 0s = T (s, obs) {w € space S. L os w}



(proof)

lemma emeasure-T-observation-Cons:

T (s, 09) {w € space S. L (01 # 0s) w} =

(J* t. ennreal (pmf (O t) 01) * T (¢, 01) {w € space S. L os w} d(K s)) (is 2l = ?r)
(proof)

1.3 Computation of Likelihood

fun backward where
backward s [| = 1 |
backward s (o # os) = ([ T t. ennreal (pmf (O t) 0) * backward t os dmeasure-pmf (K s))

lemma emeasure-T-observation-backward:
emeasure (T (s, 0)) {w € space S. L os w} = backward s o0s

(proof)

lemma (in HMM) likelihood-backward:
likelihood s 0s = backward s os

{proof)

end

context HMM?2
begin

fun (in HMMZ2-defs) forward where
forward s t-end [| = indicator {t-end} s |
forward s t-end (0 # o0s) =
3ot € S. ennreal (pmf (O t) o) x ennreal (pmf (K s) t) * forward t t-end os)

lemma forward-split:
forward s t (0os1 @ 0s2) = (D t' € S. forward s t’ 0sl * forward t' t 0s2)
ifseS

(proof)

lemma (in —)
SoteS. fty=ftiffiniteSte SY se€ S —{t}. fs=0
thm sum.empty sum.insert sum.mono-neutral-right[of S {t}]

(proof)

lemma forward-backward:
3>t € S. forward s t 0s) = backward s os if s € S

(proof)

theorem likelihood-forward:
likelihood s 0s = (Dt € S. forward s t os) if «<s € S»

(proof)

1.4 Definition of Maximum Probabilities

abbreviation (input) V os as w = (3 w’. w = zip as 0s Q— w’)

definition
max-prob s 0s =
Maz {T' (I s) {w € space S. o w'. w = (s, 0) #F# zip as os @— w'}
| as. length as = length os N\ set as C S}

fun viterbi-prob where
viterbi-prob s t-end [| = indicator {t-end} s |



viterbi-prob s t-end (0 # o0s) =
(MAX t € S. ennreal (pmf (O t) o * pmf (K s) t) = viterbi-prob t t-end o0s)

definition
is-decoding s 0s as =
T'(Is){w € space S. Jo w'. w = (s, 0) #F# zip as os Q— w'} = maz-prob s os N
length as = length os N set as C S

1.5 Iteration Rule For Maximum Probabilities

lemma emeasure-T-state-Nil:
T (s, 09) {w € space S. V [] as w} = 1
(proof)

lemma max-prob-T-state-Nil:
Maz {T (s, 0) {w € space S. V [ as w} | as. length as = length [| A set as C S} = 1
(proof )

lemma V-Cons: V (0 # 0s) (a # as) w «— fst (shd w) = a A snd (shd w) = o A V o0s as (stl w)
(proof)

lemma measurable-V[measurable]:
Measurable.pred S (Aw. V 0s as w)

(proof)

lemma init- V-measurable[measurable]:
Measurable.pred S (Az. Jo w'. & = (s, 0) ## zip as 0s Q— w’) (is Measurable.pred S ?f)

(proof)

lemma maz-prob-Cons’:
Max {T (s, 01) {w € space S. V (o # 0s) as w} | as. length as = length (o # o0s) A set as C S} =

MAX t € S. ennreal (pmf (O t) o x pmf (K s) t) *
(MAX as € {as. length as = length os A set as C S}. T (t, o) {w € space S. V 0s as w})
) (is 21 = %r)
and T-V-Cons:
T (s, 01) {w € space S. V (0 # os) (t # as) w}
= ennreal (pmf (O t) o x pmf (K 8) t) x T (¢, 0) {w € space S. V 0s as w}
(is 2U' = or')
if length as = length os
(proof)

lemmas maz-prob-Cons = max-prob-Cons’|OF length-replicate]

1.6 Computation of Maximum Probabilities

lemma T-init-V-eq:
T (s, 0) {w € space S. Vosasw} =T (s, 0') {w € space S. V 0s as w}
(proof )

lemma T'-I-T:
T'(I5s){w € space S. Jo w'. w = (s, 0) ## zip as 0s Q— w'} = T (s,0) {w € space S. V 0s as w}
(proof)

lemma maz-prob-init:
maz-prob s os = Max {T (s,0) {w € space S. V 0s as w} | as. length as = length os A set as C S}

(proof)

lemma maz-prob-Nil[simp]:
max-prob s [| = 1

{proof)



lemma Max-start:
(MAX teS. (indicator {t} s :: ennreal)) = 1 ifs € S
(proof)

lemma Mazx- V-viterbi:
(MAX t € S. viterbi-prob s t 0s) =
Maz {T (s, 0) {w € space S. V 0s as w} | as. length as = length os N set as C S} if s € S

(proof)

lemma maz-prob-viterbi:
(MAX t € S. viterbi-prob s t 0os) = max-prob s os if s € S

(proof)

end

1.7 Decoding the Most Probable Hidden State Sequence

context HMMS3
begin

fun viterbi where
viterbi s t-end [| = ([], indicator {t-end} s) |
viterbi s t-end (o # o0s) = fst (
argmaz snd (map
(At let (ws, v) = viterbi t t-end os in (¢t # xs, ennreal (pmf (O t) o * pmf (K s) t) * v))
state-list))

lemma state-list-nonempty:
state-list # ||
(proof )

lemma viterbi-viterbi-prob:
snd (viterbi s t-end os) = viterbi-prob s t-end os

(proof)

context
begin

private fun val-of where
val-of s | | = 1 |
val-of s (t # zs) (o # o0s) = ennreal (pmf (O t) o x pmf (K s) t) * val-of t zs os

lemma val-of-T"
val-of s as 0s = T (s, 01) {w € space S. V os as w} if length as = length os

{proof)

lemma viterbi-sequence:
snd (viterbi s t-end 0s) = val-of s (fst (viterbi s t-end 0s)) 0s
if snd (viterbi s t-end o0s) > 0

(proof)

lemma viterbi-valid-path:
length as = length os N set as C S if viterbi s t-end os = (as, v)

(proof)

definition
viterbi-final s os = fst (argmaz snd (map (X t. viterbi s t os) state-list))

lemma viterbi-finalE:
obtains ¢ where



t € S viterbi-final s 0os = viterbi s t os
snd (viterbi s t os) = Max ((At. snd (viterbi s t 0s)) *S)

(proof)

theorem viterbi-final-maz-prob:
assumes viterbi-final s 0s = (as, v) s € S
shows v = max-prob s os

(proof)

theorem viterbi-final-is-decoding:
assumes viterbi-final s os = (as, v) v > 0s € S
shows is-decoding s os as

(proof)
end
end

end

2 Implementation

theory HMM-Implementation
imports
Hidden-Markov-Model
Monad-Memo-DP.State-Main
begin

2.1 The Forward Algorithm

locale HMM} = HMMS3 - - - O, K for O, :: 't set and K :: 's = 's pmf +
assumes states-distinct: distinct state-list

context HMDMS-defs
begin

context
fixes os :: 't iarray
begin

Alternative definition using indices into the list of states. The list of states is implemented as an
immutable array for better performance.

function forward-iz-rec where
forward-iz-rec s t-end n = (if n > IArray.length os then indicator {t-end} s else
(>t « state-list.
ennreal (pmf (O t) (os ! n)) x ennreal (pmf (K s) t) * forward-iz-rec t t-end (n + 1)))

{(proof)

termination

{proof)

Memoization

memoize-fun forward-ix,,: forward-iz-rec
with-memory dp-consistency-mapping
monadifies (state) forward-iz-rec.simps[unfolded Let-def)
term forward-iz,,’

memoize-correct

{proof)

The main theorems generated by memoization.



context
includes state-monad-syntax
begin
thm forward-iz,,’.simps forward-iz,,-def
thm forward-iz,,.memoized-correct
end

end

definition
forward-ix os = forward-iz-rec (IArray os)

definition
likelihood-compute s os =
if s € set state-list then Some (Dt < state-list. forward s t os) else None

end

Correctness of the alternative definition.

lemma (in HMMS3) forward-iz-drop-one:
forward-iz (o # 0s) st (n + 1) = forward-iz os s t n

(proof)

lemma (in HMMY) forward-iz-forward:
forward-iz os s t 0 = forward s t os

(proof)

Instructs the code generator to use this equation instead to execute forward. Uses the memoized
version of forward-iz.

lemma (in HMMY) forward-code [codel:
forward s t os = fst (run-state (forward-iz,,’ (IArray os) s t 0) Mapping.empty)
(proof)

theorem (in HMM}) likelihood-compute:
likelihood-compute s os = Some x +— s € S A x = likelihood s os

{proof)

2.2 The Viterbi Algorithm

context HMMS3-defs
begin

context
fixes os :: 't tarray
begin

Alternative definition using indices into the list of states. The list of states is implemented as an
immutable array for better performance.

function viterbi-iz-rec where
viterbi-iz-rec s t-end n = (if n > IArray.length os then ([|, indicator {t-end} s) else
it (
argmaz snd (map
(At let (xs, v) = viterbi-iz-rec t t-end (n + 1) in
(t # zs, ennreal (pmf (O t) (os ! n) * pmf (K s) t) * v))
state-list)))

(proof)
termination

(proof)



Memoization

memoize-fun viterbi-iz,,: viterbi-iz-rec
with-memory dp-consistency-mapping
monadifies (state) viterbi-iz-rec.simps|unfolded Let-def]

memoize-correct

{proof)

The main theorems generated by memoization.

context

includes state-monad-syntax
begin
thm viterbi-iz,,’.simps viterbi-iz,, -def
thm viterbi-iz,,.memoized-correct
end

end

definition
viterbi-iz os = wviterbi-iz-rec (IArray os)

end

context HMMS3
begin

lemma viterbi-iz-drop-one:
viterbi-iz (o # o0s) st (n + 1) = viterbi-iz os st n

(proof)

lemma viterbi-iz-viterbi:
viterbi-ix os s t 0 = wviterbi s t os

(proof)

lemma viterbi-code [code]:
viterbi s t os = fst (run-state (viterbi-ix,,” (IArray o0s) s t 0) Mapping.empty)
(proof)

end

2.3 Misc

lemma pmf-of-alist-support-aux-1:
assumes V (-, p) € set u. p > 0
shows (0 :: real) < (case map-of u x of None = 0 | Some p = p)

(proof)

lemma pmf-of-alist-support-auz-2:
assumes V (-, p) € set u. p > 0
and sum-list (map snd p) = 1
and distinct (map fst p)
shows [T z. ennreal (case map-of p x of None = 0 | Some p = p) dcount-space UNIV = 1

(proof)

lemma pmf-of-alist-support:
assumes V (-, p) € set . p > 0
and sum-list (map snd p) = 1
and distinct (map fst p)
shows set-pmf (pmf-of-alist p) C fst ‘ set u
(proof)



Defining a Markov kernel from an association list.

locale Closed-Kernel-From =
fixes K :: ('s x ('t x real) list) list
and S :: 't list
assumes wellformed: S # |]
and closed: ¥ (s, u) € set K.V (t, -) € set u. t € set S
and is-pmf:
V (- pn) € set K.Y (-, p) € set u. p> 0
YV (-, pu) € set K. distinct (map fst u)
YV (s, u) € set K. sum-list (map snd p) = 1
and is-unique:
distinct (map fst K)
begin

definition
K’ s = case map-of (map (X (s, p). (s, PMF-Impl.pmf-of-alist u)) K) s of
None = return-pmf (hd S) |
Some s = s

sublocale Closed-Kernel K’ set S
(proof)

definition [code]:
K1 = map-of (map (A (5, ). (5, map-of 1)) K)

lemma pmf-of-alist-auz:
assumes (s, p) € set K
shows
pmf (pmf-of-alist u) t = (case map-of p t of
None = 0
| Some p = p)
(proof )

lemma unique: p = p’ if (s, p) € set K (s, p') € set K
(proof)

lemma (in —) map-of-NoneD:
x ¢ fst ‘ set M if map-of M x = None
(proof )

lemma K'-code [code-post]:
pmf (K's) t = (case K1 s of
None = (if t = hd S then 1 else 0)
| Some p = case pu t of
None = 0
| Some p=p

)
{proof)

end

2.4 Executing Concrete HMMs

locale Concrete-HMM-defs =
fixes K :: ('s x ('s x real) list) list
and O :: ('s x ('t x real) list) list
and O, :: 't list
and K, :: 's list
begin
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definition
K’ s = case map-of (map (X (s, n). (s, PMF-Impl.pmf-of-alist p)) K) s of
None = return-pmf (hd Ks) |
Some s = s

definition
O’ s = case map-of (map (X (s, p). (s, PMF-Impl.pmf-of-alist 1)) O) s of
None = return-pmf (hd Oy) |
Some s = s

end

locale Concrete-HMM = Concrete-HMM-defs +
assumes observations-wellformed’: Os # ||
and observations-closed” ¥V (s, p) € set O.V (t, -) € set p. t € set Oy
and observations-form-pmf":
V(- pn) € set O.Y (-, p) € set p. p> 0
YV (-, ) € set O. distinct (map fst p)
Y (s, pn) € set O. sum-list (map snd p) = 1
and observations-unique:
distinct (map fst O)
assumes states-wellformed: s # |]
and states-closed: ¥ (s, u) € set K.V (t, -) € set p. t € set K
and states-form-pmf:
V (-, p) €set K.V (-, p) € set p.p >0
YV (-, p) € set K. distinct (map fst p)
Y (s, ) € set K. sum-list (map snd p) = 1
and states-unique:
distinct (map fst KC) distinct KCs
begin

interpretation O: Closed-Kernel-From O O
rewrites O.K' = O’

(proof)

interpretation K: Closed-Kernel-From K K
rewrites K.K' = K’

(proof)

lemmas O-code = O.K'-code O.K1-def
lemmas K-code = K.K'-code K.K1-def

sublocale HMM-interp: HMMJ O’ set Ky K¢ set Og K’
(proof)

end

end

3 Example

theory HMM-FEzample
imports
HMM-Implementation
HOL- Library. A List-Mapping
begin

We would like to implement mappings as red-black trees but they require the key type to be linearly
ordered. Unfortunately, HOL— Analysis fixes the product order to the element-wise order and thus we
cannot restore a linear order, and the red-black tree implementation (from HOL—Library) cannot be
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used.

The ice cream example from Jurafsky and Martin [2].
definition

states = ["start”’, ""hot'’, "cold"’, ""end”’

definition observations :: int list where
observations = [0, 1, 2, 3]

definition
kernel =
[
("start”, [(""hot",0.8 :: real), ("cold",0.2)]),
("hot",  [("hot”,0.6 :: real), ("cold”,0.3), (""end"”, 0.1)]),
("eold", [("hot",0.4 :: real), ("cold”,0.5), ("end”, 0.1)]),
(//end//’ [(/Iendll7 1)])
]
definition
emissions =

[
("hot", [(1, 0.2

) ) )
("eold"”, [(1, 0.5), (2, 0.4), (3, 0.1)]
| ("end”, [(0, 1)])

global-interpretation Concrete-HMM kernel emissions observations states

defines
viterbi-rec = HMDM-interp.viterbi-iz,,’
and wviterbi = HMM-interp.viterbi
and viterbi-final = HMM-interp.viterbi-final
and forward-rec = HMM-interp.forward-iz,,’
and forward = HMDM-interp.forward
and likelihood = HMM-interp.likelihood-compute
(proof)

lemmas [code] = HMM-interp.viterbi-ix,,".simps[unfolded O-code K-code]
lemmas [code] = HMM-interp.forward-iz,,’.simps[unfolded O-code K-code]

value likelihood "start” [1, 1, 1]

/

If we enforce the last observation to correspond to "end”, then forward and likelihood yield the same

result.

value likelihood "'start’ [1, 1, 1, 0]

value forward "start’” "end’ |1, 1, 1, 0]
value forward "start’ "end’ [3, 3, 3, 0]
value forward "start’” "end" [3, 1, 3, 0]
value forward "start’” "end’ |3, 1, 3, 1, 0]
value viterbi "'start’”’ "end’ [1, 1, 1, 0]
value viterbi "'start’”’ "end’ [3, 8, 3, 0]

value viterbi "start’”’ "end” [3, 1, 3, 0]
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value viterbi "start” "end’ [3, 1, 3, 1, 0]

If we enforce the last observation to correspond to "end”, then viterbi and viterbi-final yield the same
result.

value viterbi-final "'start’ [3, 1, 3, 1, 0]
value viterbi-final "start’” [1, 1,1, 1,1, 1, 1, 0]
value viterbi-final "start’ [1, 1,1, 1,1, 1,1, 1]

end
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