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Abstract

In this paper, we present an Isabelle/HOL formalization of noncommu-
tative and nonassociative algebraic structures known as gyrogroups and
gyrovector spaces. These concepts were introduced by Abraham A. Un-
gar [1] and have deep connections to hyperbolic geometry and special
relativity. Gyrovector spaces can be used to define models of hyper-
bolic geometry. Unlike other models, gyrovector spaces offer the ad-
vantage that all definitions exhibit remarkable syntactical similarities
to standard Euclidean and Cartesian geometry (e.g., points on the line
between a and b satisfy the parametric equation a ® t @ (6a @ b),
for t € R, while the hyperbolic Pythagorean theorem is expressed as
a? @ b? = c?, where ®, @, and © represent gyro operations).

We begin by formally defining gyrogroups and gyrovector spaces
and proving their numerous properties. Next, we formalize Mobius
and Einstein models of these abstract structures (formulated in the
two-dimensional, complex plane), and then demonstrate that these
are equivalent to the Poincaré and Klein-Beltrami models, satisfying
Tarski’s geometry axioms for hyperbolic geometry.

Contents

theory GyroGroup
imports Main
begin

class gyrogroupoid =
fixes gyrozero :: 'a (0,)
fixes gyroplus :: 'a = 'a = 'a (infixl & 100)
begin
definition gyroaut :: (‘a = 'a) = bool where
gyroaut f «——
VMab.fadb)=fadfdb)A
bij f
end



class gyrogroup = gyrogroupoid +
fixes gyroinv :: 'a = 'a (O)
fixes gyr : 'a = 'a = 'a = 'a
assumes gyro-left-id [simp]: \ a. 043 ® a = a
assumes gyro-left-inv [simp]: \ a. Sa & a = 0,
assumes gyro-left-assoc: N abz. a ® (b ® 2)=(a @ b) ® (gyra b 2)
assumes gyr-left-loop: \ a b. gyr a b = gyr (a ® b) b
assumes gyr-gyroaut: /\ a b. gyroaut (gyr a b)
begin

definition gyrominus :: 'a = ‘a = ’a (infixl &, 100) where
aS,b=a® (©h)

end

context gyrogroup
begin

lemma gyr-distrib [simp):
gurab(z@y)=gyrabr® gyraby
by (metis gyroaut-def gyr-gyroaut)

lemma gyr-ingj:
assumes gyra bx = gyra by
shows z =y
using assms
by (metis UNIV-I bij-betw-iff-bijections gyr-gyroaut gyroaut-def)

Def 2.7, (2.2)

definition cogyroplus (infixr ©. 100) where
a®:.b=a® (gyra (6b) b)

definition cogyrominus :: ‘a = 'a = 'a (infixl 8., 100) where
a4 S b=10a®: (©0)

definition cogyroinv (&.) where
Sca=0g4 O a

Thm 2.8, (1)

lemma gyro-left-cancel:
assumes a ® b=a P ¢
shows b = ¢
using assms

proof—
from assms
have (©a) ® (a @ b) = (©a) @ (a & ¢)
by simp



then have (©a ® a) ® gyr (©a) a b= (Sa ® a) ® gyr (Sa) a c
using gyro-left-assoc
by simp

then have gyr (©a) a b = gyr (©a) a ¢
by simp

then show b = ¢
using gyr-inj
by blast

qed

Thm 2.8, (2)

definition gyro-is-left-id where
gyro-is-left-id z — (V z. z & © = x)

lemma gyro-is-left-id-0 [simp):
shows gyro-is-left-id 0,
by (simp add: gyro-is-left-id-def)

lemma gyr-id-1"
assumes gyro-is-left-id z
shows gyr z a = id
using assms
unfolding gyro-is-left-id-def
by (metis eq-id-iff gyro-left-cancel gyro-left-assoc)

lemma gyr-id-1 [simp]:
shows gyr 04 a = id
using gyr-id-1'[of 0]
by simp

Thm 2.8, (3)

definition gyro-is-left-inv where
gyro-is-left-inv z a «—— = ® a = 0,

definition gyro-is-right-inv where
gyro-is-right-inv x a +— a © = = 0,

lemma gyro-is-left-inv [simp]:
shows gyro-is-left-inv (©a) a
by (simp add: gyro-is-left-inv-def)

lemma gyr-inv-1"
assumes gyro-is-left-inv = a
shows gyr z a = id
using assms gyr-left-loop|of = al
by (simp add: gyro-is-left-inv-def)

lemma gyr-inv-1 [simp]:
shows gyr (©a) a = id



using gyr-left-loop[of ©a a)
by simp

Thm 2.8, (4)

lemma gyr-id [simp]:
shows gyr a a = id
by (metis gyr-id-1 gyr-left-loop gyro-left-id)

Thm 2.8, (5)

lemma gyro-right-id [simpl:
shows a © 0, = a
proof—
have ©a @ (¢ ® 0y) = Sa ® a
using gyro-left-assoc
by simp
thus ?thesis
using gyro-left-cancelof Sa]
by simp
qged

lemma gyro-inv-id [simp]: © 04 = 0,
by (metis gyro-left-inv gyro-right-id)

Thm 2.8, (6)

lemma gyro-left-id-unique:
assumes gyro-is-left-id z
shows z = 0,
proof—
have 0, =2 ® 0,
using assms
by (metis gyro-is-left-id-def)
thus ?thesis
using gyro-right-id|[of 2]
by simp
qed

Thm 2.8, (7)

lemma gyro-left-inv-right-inv:

assumes gyro-is-left-inv = a

shows gyro-is-right-inv = a

using assms

by (metis gyr-inv-1' gyro-left-cancel gyro-right-id id-apply gyro-is-left-inv-def gyro-is-right-inv-def
gyro-left-assoc)

lemma gyro-rigth-inv [simp]:
shows a @ (6a) = 0,
using gyro-is-right-inv-def gyro-left-inv-right-inv
by simp

Thm 2.8, (8)



lemma
assumes gyro-is-left-inv = a
shows z = Sa
using assms
by (metis gyr-inv-1 id-apply gyro-is-left-inv-def gyro-left-assoc gyro-left-id gyro-left-inv)

Thm 2.8, (9)

lemma gyro-left-cancel’:
shows © a ® (a @ b) = b
by (simp add: gyro-left-assoc)

Thm 2.8, (10)

lemma gyr-def:
shows gyra bz =6 (a ® b)) ® (a ® (b & x))
by (metis gyro-left-cancel’ gyro-left-assoc)

Thm 2.8, (11)

lemma gyr-id-3:
shows gyra b 04 = 0,
by (simp add: gyr-def)

Thm 2.8, (12)

lemma gyr-inv-3:
shows gyr a b (©z) = © (gyr a b x)
by (metis gyroaut-def gyr-gyroaut gyr-id-3 gyro-left-cancel gyro-rigth-inv)

Thm 2.8, (13)

lemma gyr-id-2 [simp]:
shows gyr a 0, = id
by (metis gyro-left-cancel eq-id-iff gyro-left-assoc gyro-left-id gyro-right-id)

lemma gyr-distrib-gyrominus:
shows gyrab (¢ &y d) =gyrabc Sy gyradd
by (metis gyroaut-def gyr-gyroaut gyr-inv-3 gyrominus-def)

lemma gyro-inv-idem [simp]:
shows © (© a) = a
by (metis gyr-inv-1 gyro-left-cancel gyro-left-assoc gyro-left-id gyro-left-inv)

lemma gyr-inv-2 [simp]:
shows gyr a (& a) = id
using gyr-inv-1[of Sal
by simp

(2.3.a)

lemma cogyro-left-id:
shows 0, ©. a = a
by (simp add: cogyroplus-def gyr-id-8)

(2.3.b)



lemma cogyro-rigth-id:
shows a ®. 0, = a
by (simp add: cogyroplus-def gyr-id-8)

(2.4)

lemma cogyrominus:
shows a ©. b=a Oy gyra b b
by (simp add: cogyrominus-def cogyroplus-def gyr-inv-3 gyrominus-def)

(2.7)

lemma cogyro-right-inv:

shows a &, (6. a) = 0,

by (metis cogyroinv-def cogyrominus-def cogyroplus-def gyr-inv-2 gyro-inv-idem
gyro-right-id gyro-rigth-inv iso-tuple-update-accessor-eq-assist-idl gyr-left-loop gyro-left-assoc
update-accessor-accessor-eqE)

(2.6)
lemma cogyro-left-inv:

shows (©. a) ®. a = 0,
by (metis cogyroinv-def cogyro-left-id cogyrominus-def cogyro-right-inv gyro-inv-idem)

(2.8)

lemma cogyro-gyro-inv:
shows S, a = 6 a
by (simp add: cogyroinv-def cogyro-left-id cogyrominus-def)

Thm 2.9, (2.9)

lemma gyr-nested-1:

shows gyr a (b @ ¢) o gyr b ¢ = gyr (a @ b) (gyr a b ¢) o gyr a b (is ?lhs =
2rhs)
proof

fix z

have a @ (b D (¢c® z)) =(a® b) ® gyrabd (c @ x)
by (simp add: gyro-left-assoc[of a b])

also have ... = (e ® b ® (gyr a b c ® gyr a b x))
by simp

also have ... = ((a ® b) @ gyrabc) @ gyr (a ® b) (gyrabc) (gyra b x)
by (simp add: gyro-left-assoc)

also have ... = (¢ ® (b® ¢)) @ gyr (a ® b) (gyr a b ¢) (gyr a b x)
by (simp add: gyro-left-assoc)

finally

)have ltad (b (cdz)=(ad (bdc) ®gyr (adb) (gyrabec) (gyrab

have a @ (b @ (c® ) =a B (bD c® gyrdcua)
by (simp add: gyro-left-assoc)



also have ... = (a ® (b® ¢)) @ gyr a (b & ¢) (gyr b ¢ x)
by (simp add: gyro-left-assoc)
finally have 2: a @ (b ® (¢ @ z)) =(a @ (D ) ® gyra (b & ¢) (gyr b c z)

have gyr (a ® b) (gyrabc) (gyrabz) = gyra (b & ¢) (gyr b ¢ x)

using 1 2
by (metis gyro-left-cancel’)

thus ?2lhs x = ?rhs x
by simp
qed
Thm 2.9, (2.15)

lemma gyr-nested-1":
shows gyr (a & b) (& (gyra b b)) o gyrab=1id
by (metis comp-id gyr-inv-2 gyr-inv-8 gyr-nested-1 gyr-id-2 gyro-rigth-inv)

Thm 2.9, (2.10)

lemma gyr-nested-2:
shows gyr a (© (gyra b b)) o gyra b = id

proof—
have gyr (a © b) (gyra b (S b)) = gyra (S (gyr a b b))
by (metis gyr-inv-8 gyro-left-assoc gyr-left-loop gyro-right-id gyro-rigth-inv)

thus ?thesis
using gyr-nested-1[of a b & b
by simp
qged
Thm 2.9, (2.11)

lemma gyr-auto-id1:
shows gyr (& a) (a ® b) o gyr a b = id
using gyr-nested-1[of © a a b]

by simp
Thm 2.9, (2.12)

lemma gyr-auto-id2:
shows gyr b (a ® b) o gyr a b = id
by (metis gyr-auto-id1 gyro-left-cancel’ gyr-left-loop)

Thm 2.10, (2.18)
lemma gyro-plus-def-co:

shows a & b=a ®. gyra b b
by (simp add: cogyroplus-def gyr-nested-2 pointfree-idE)

Thm 2.11, (2.21)

lemma gyro-polygonal-addition-lemma:
shows (6 a®b) D gyr (Ca)b (O bBc)=60adc

proof—



have gyr (Sa) b (© b ® ¢) = gyr (Sa) b (©b) @ gyr (& a) be
by simp
hence (6 a ® b) ® gyr (©a) b (S8 b d ¢) =
(©a®b) @ (gyr (Ga) b (©b) @ gyr (© a) bc)
by simp
also have ... = (6 a ® b) & gyr (© a) b b) ® (gyr (& a) B b) (© (gyr (& a)
b b)) o gyr (& a)b) c
by (metis calculation gyr-inv-3 gyr-nested-1' gyro-left-cancel’ gyrominus-def
gyro-right-id id-apply gyro-left-assoc)
also have ... = (© a @ (b S b)) @ ¢
by (metis gyr-inv-8 gyr-nested-1' gyrominus-def id-apply gyro-left-assoc)
also have ... =6 a ® ¢
by (simp add: gyrominus-def)
finally
show ?thesis

qed
Thm 2.12, (2.23)

lemma gyro-translation-1:
shows © (©a ® b) & (©a @ ¢) = gyr (S a) b (&b D ¢)
by (metis gyr-def gyro-left-cancel’)

Thm 3.13, (3.33a)

lemma gyro-translation-2a:
shows © (a @ b) ® (a ® ¢c) =gyrabd (60 ® ¢)
by (metis gyr-def gyro-left-cancel’)

definition gyro-polygonal-add (#,) where
Gpabec=(Cadb)dgyr(©a)b(bdc)

Thm 2.15, (2.34, 2.35)

lemma gyro-equation-right:
showsa @ zr=be—— 2 =6ad b
by (metis gyro-left-cancel’)

Thm 2.15, (2.36, 2.37)

lemma gyro-equation-left:

showszt®a=b— 2=065. a

by (metis cogyrominus gyr-def gyr-inv-3 gyro-equation-right gyrominus-def gyro-right-id
gyr-left-loop)

lemma oplus-ominus-cancel [simp]:
shows y =2 @ (8 z & y)
by (metis local.gyro-equation-right)

(2.39)

lemma cogyro-right-cancel’:
shows (b ©cp a) ® a=b



by (simp add: gyro-equation-left)
(2.40)

lemma gyro-right-cancel’-dual:
shows (b &y a) ®. a = b
by (metis cogyrominus-def gyro-equation-left gyro-inv-idem gyrominus-def)

Thm 2.19 (2.48)

lemma gyroaut-gyr-commute-lemma:
assumes gyroaut A
shows A o gyr a b = gyr (A a) (A b) o A (is ?lhs = ?rhs)
proof
fix z
have (Aa® Ab)® (Aogyrad) z = A((a ®b) ® gyra b x)
using assms gyroaut-def
by auto
also have ... = 4 (a ® (b @ 1))
by (simp add: gyro-left-assoc)
alsohave ... = A a® (Ab® A x)
using assms gyroaut-def

by auto

also have ... = (A a ® A b) ® (gyr (A a) (4 b) (A 2))
by (simp add: gyro-left-assoc)

finally

show ?lhs x = ?rhs x
using gyro-left-cancel
by auto

qed

Thm 2.20

lemma gyroaut-gyr-commute:
assumes gyroaut A
shows gyra b =gyr (Aa) (Ab) «— Aogyrab=gyrabo A
proof
assume gyr a b = gyr (A a) (A D)
thus Aogyrab=gyrabo A
using gyroaut-gyr-commaute-lemmalOF assms]
by metis
next
assume *x: Aogyrab=gyrabo A
have gyr (A a) (Ab) = Ao gyrabo (inv A)
using gyroaut-gyr-commute-lemmalOF assms, of a b]
by (metis gyroaut-def assms bij-is-surj comp-id o-assoc surj-iff)
also have ... = gyra b
using x
by (metis gyroaut-def assms bij-is-surj comp-assoc comp-id surj-iff)
finally
show gyr a b = gyr (A a) (A b)
by simp



qed
2.50

lemma gyr-commute-misc-1:
shows gyr (gyr a b a) (gyr a bb) = gyra'd
by (metis gyroaut-gyr-commute gyr-gyroaut)

Thm 2.21 (2.52)

definition
cogyroaut f «—— (Va b. f (a ®. b) = fa ®. fb) A bijf)

lemma gyro-coaut-iff-gyro-aut:
shows gyroaut f «—— cogyroaut f
proof
assume gyroaut f
thus cogyroaut f
unfolding gyroaut-def cogyroaut-def
by (smt cogyroplus-def gyr-def gyro-left-cancel gyro-right-id gyro-rigth-inv)
next
assume cogyroaut f
thus gyroaut f
unfolding gyroaut-def cogyroaut-def
by (metis bij-pointE cogyro-left-id cogyrominus-def cogyro-rigth-id gyro-equation-left
gyro-right-cancel’-dual gyro-left-id gyrominus-def)
qed

Thm 2.25, (2.76)

lemma gyroplus-inv:
shows © (a ® b) = gyra b (© b Sy a)
by (metis gyr-def gyro-equation-right gyrominus-def gyro-rigth-inv)

Thm 2.25, (2.77)

lemma inv-gyr:

shows inv (gyr a b) = gyr (©b) (Sa)

by (metis fun.map-id0 gyr-auto-id2 gyr-inv-2 gyr-nested-1 gyro-left-cancel’ gy-
rominus-def gyroplus-inv id-apply inv-unique-comp gyr-left-loop)

Thm 2.26, (2.86)

lemma gyr-aut-inv-1:
shows inv (gyr a b) = gyr a (& (gyr a b b))
by (metis comp-eq-dest-lhs eq-id-iff gyr-nested-2 inv-unique-comp)

Thm 2.26, (2.87)

lemma gyr-aut-inv-2:
shows inv (gyr a b) = gyr (& a) (a ® b)
by (metis gyr-auto-id2 gyro-left-cancel’ inv-unique-comp gyr-left-loop)

Thm 2.26, (2.88)

lemma gyr-aut-inv-3:
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shows inv (gyr a b) = gyr b (a ® b)
by (metis gyr-auto-id2 gyro-left-cancel’ inv-unique-comp gyr-left-loop)

Thm 2.26, (2.89)

lemma gyr-1:
shows gyr a b = gyr b (©b S} a)
by (metis inv-gyr gyr-aut-inv-2 gyro-inv-idem gyrominus-def)

Thm 2.26, (2.90)

lemma gyr-2:
shows gyr a b = gyr (Sa) (80 S a)
using inv-gyr gyr-aut-inv-8 gyrominus-def by auto

Thm 2.26, (2.91)

lemma gyr-3:
shows gyr a b = gyr (& (a @ b)) a
by (metis gyr-1 gyro-inv-idem gyro-left-cancel’ gyrominus-def)

Thm 2.27, (2.92)

lemma gyr-even:
shows gyr (© a) (&6 b) =gyrab
by (metis cogyro-right-cancel’ gyr-aut-inv-8 inv-gyr local. gyr-left-loop)

Thm 2.27, (2.93)

lemma inv-gyr-sym:
shows inv (gyr a b) = gyr b a
by (simp add: inv-gyr gyr-even)

Thm 2.27, (2.94a)

lemma gyr-nested-3:
shows gyr b (© (gyrbaa)) =gyrabd
using gyr-aut-inv-1 inv-gyr-sym
by auto

Thm 2.27, (2.94b)

lemma gyr-nested-4:
shows gyr b (gyr b (© a) a) = gyr a (© b)
by (metis gyr-aut-inv-1 inv-gyr-sym gyr-even gyro-inv-idem)

Thm 2.27, (2.94c¢)

lemma gyr-nested-5:
shows gyr (& (gyra b b)) a=gyrabd
by (metis inv-gyr-sym gyr-nested-3)

Thm 2.27, (2.94d)

lemma gyr-nested-6:
shows gyr (gyr a (& b) b) a = gyr a (© b)
by (metis inv-gyr inv-gyr-sym gyr-nested-4 gyro-inv-idem)

11



Thm 2.28, (i)

lemma gyro-right-assoc:
shows (a ® b)) ® c=a @ (b D gyrb ac)
by (metis gyr-aut-inv-2 inv-gyr-sym gyro-equation-right gyro-left-assoc)

Thm 2.28, (i)

lemma gyr-right-loop:
shows gyr a b = gyr a (b ® a)
using gyr-aut-inv-3 inv-gyr-sym by auto

Thm 2.29, (a)

lemma gyr-left-coloop:
shows gyr a b = gyr (a ©¢p b) b
by (metis cogyro-right-cancel’ gyr-left-loop)

Thm 2.29, (b)

lemma gyr-rigth-coloop:
shows gyr a b = gyr a (b Sep a)
by (metis inv-gyr-sym gyr-left-coloop)

Thm 2.30, (2.101a)

lemma gyr-misc-1:
shows gyr (¢ ® b) (& a) =gyrabd
by (metis gyr-aut-inv-2 inv-gyr-sym)

Thm 2.30, (2.101b)

lemma gyr-misc-2:
shows gyr (© a) (a ® b) = gyrba
using gyr-aut-inv-2 inv-gyr-sym by auto

Thm 2.31, (2.103)

lemma coautomorphic-inverse:
shows © (a ®. b) = (© b)) B (© a)
proof—
have a . b=a ® gyra (©b) b
by (simp add: cogyroplus-def)
also have ... = & (gyr a (gyr a (© b) b) (© (gyr a (& b) b) & a))
by (metis gyro-inv-idem gyroplus-inv)
also have ... = gyr a (© (gyr a (© b) (©b))) (© (© (gyr a (© D) b) ©p a))
by (simp add: gyr-inv-8)

also have ... = (inv (gyr a (© b))) (© (© (gyr a (© b) b) S a))
by (simp add: gyr-aut-inv-1)
also have ... = © (& b & (inv (gyr a (& D)) a)

by (metis cogyrominus cogyroplus-def inv-gyr-sym gyr-even gyr-inv-3 gyr-nested-3
gyro-equation-left gyro-inv-idem gyro-left-cancel’ gyrominus-def cogyro-right-cancel’
gyroplus-inv)
also have ... = © ((© b) @, (© a))
by (simp add: cogyroplus-def inv-gyr-sym gyr-inv-3 gyrominus-def)
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finally
have « ®. b =90 ((& b) B, (© a))

thus %thesis
by simp
qed

Thm 2.32, (2.105a)

lemma gyr-misc-3:
shows gyra b b =6 (6 (a ® b) & a)
by (metis gyr-3 gyro-inv-idem gyro-left-cancel’ gyrominus-def gyroplus-inv)

Thm 2.32, (2.105b)

lemma gyr-misc-4:
shows gyra (©60) b=0(a Sy b) ® a
by (simp add: gyr-def gyrominus-def)

Thm 2.35, (2.124)

lemma mized-gyroassoc-law: (a ®. b) ® ¢ =a ® gyr a (8 b) (b & ¢)
by (metis (full-types) cogyroplus-def gyr-nested-6 gyro-right-assoc gyr-distrib)

Thm 3.2

lemma gyrocommute-iff-gyroatomorphic-inverse:
shows (V a b. 0 (a®b) =0 a6y b) «— (V ab. a®b=gyrabd (b ® a))
by (metis gyr-even gyro-inv-idem gyrominus-def gyroplus-inv)

Thm 3.4

lemma cogyro-commute-iff-gyrocommute:

Vab.a®.b=bB.a)— (V ab. a®b=gyrab (b® a)) (is ?lhs — ?rhs)
proof—

haveV ab. a®. b=bP.a—— S (6bS, gyrb (& a)a)=b S gyrb (S a) a

by (metis coautomorphic-inverse cogyroplus-def gyr-even gyr-inv-3 gyro-inv-idem
gyrominus-def)

thus ?thesis

by (smt (verit, ccfo-threshold) cogyroplus-def gyr-even gyro-equation-right gyro-inv-idem
gyrominus-def gyro-right-cancel’-dual gyroplus-inv)
qed

end

class gyrocommutative-gyrogroup = gyrogroup +
assumes gyro-commute: a ® b = gyr a b (b @ a)
begin
lemma gyroautomorphic-inverse:
shows © (a ® b)) = © a Sy b
using gyro-commute gyrocommute-iff-gyroatomorphic-inverse
by blast

lemma cogyro-commute:

13



shows a &. b = b &, a
using cogyro-commute-iff-gyrocommute gyro-commute
by blast

Thm 3.5 (3.15)

lemma gyr-commute-misc-2:
shows gyrabo gyr (b® a) c=gyra (b ® c)o gyrbec
by (metis gyr-gyroaut gyroaut-gyr-commaute-lemma gyr-nested-1 gyro-commute)

Thm 3.6 (3.17, 3.18)

lemma gyr-parallelogram:
assumes d = (b . ¢) S a
shows gyr a (© b) o gyrdb (& ¢) o gyrc (& d) = gyra (& d)
proof—
have «:V a’ b’ ¢’ gyra’ (b’ ® a’) o gyr (b’ ® a’) ¢’ = gyr a’ (b' & ¢’) o gyr (b’
@ CI) C/
using gyr-commute-misc-2 gyr-left-loop gyr-right-loop
by auto
let %20’ =6 ¢
let ¢'=0 a
let 20’ = b S %a’

have 720’ & ¢’ = d
by (simp add: assms cogyrominus-def gyrominus-def)
moreover
have b S, © c® S c=1D
by (simp add: cogyro-right-cancel’)
ultimately
have gyr (& ¢) bo gyrd (& a) = gyr (© ¢) d o gyrd (S a)
using x[rule-format, of ?a’ 2b’ 2¢’)
by simp
then show ?thesis
by (smt bij-is-inj gyroaut-def gyr-gyroaut inv-gyr-sym gyr-even gyro-inv-idem
o-inv-distrib o-inv-o-cancel)
qed

Thm 3.8 (3.23, 3.24)

lemma gyr-parallelogram-iff:
d=(b ®c.c) ©p a—— Scd d=gyrc (6d) (b Sy a)
proof—
have (b @®c c) 6y a = (c & b) S (gyr b (Sc) (gyr c (Sb) a))
by (metis cogyro-commute local.gyr-def local.gyr-even local.gyro-right-assoc lo-
cal.oplus-ominus-cancel)

moreover have (¢ @®. b) S (gyr b (©¢) (gyr ¢ (©b) a)) =
(c @cb) b (gyr c (gyr c (O) b) (gyr c (O)) a))
using local.gyr-nested-4 by auto

moreover have (¢ @©.b) ©p (gyr ¢ (gyr ¢ (6b) b) (gyr ¢ (8b) a)) =
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¢ ® (gyr c(©b) b) S (gyr c (gyr c (b) b) (gyr ¢ (Sb) a))
using local.cogyroplus-def by presburger

moreover have ¢ © (gyr ¢ (6b) b) ©p (gyr c (gyr ¢ (©b) b) (gyr ¢ (Sb)
a)) =
¢ @ ((gyr c (8b) b) &y (gyr c (Sh) a))
by (simp add: local.gyr-inv-3 local. gyro-left-assoc local.gyrominus-def)
moreover have (b ®. c) Sy, a = ¢ ® gyr ¢ (6b) (b S a)
by (simp add: calculation(1) calculation(2) calculation(8) calculation(4) lo-
cal.gyr-distrib-gyrominus)
ultimately show %thesis
by (metis local.oplus-ominus-cancel)
qed

Thm 3.9 (3.26)

lemma gyr-commute-misc-3:
gyrab (bd (a®c)=(a®b) ®c
using gyr-distrib gyro-commute gyro-left-assoc gyro-right-assoc
by (metis (no-types, lifting))

Thm 3.10 (3.28)

lemma gyro-left-right-cancel:
shows (a ® b) &y, a=gyrabbd
by (metis gyroautomorphic-inverse gyr-misc-3 gyro-inv-idem,)

Thm 3.11 (3.29)

lemma cogyro-plus-def:

shows a ®. b=a® (& a® b) & a)

by (metis cogyro-commute-iff-gyrocommute cogyroplus-def gyro-commute gyro-equation-right
gyro-right-assoc)

Thm 3.12 (3.31)

lemma cogyro-commute-miscl:
shows a ®. (a @ b) = a @ (b & a)
by (simp add: cogyro-plus-def gyro-left-cancel’)

Thm 3.13 (3.33b)

lemma gyro-translation-2b:

shows (a ® b) S, (a ® ¢) = gyra b (b S )

by (metis gyr-commute-misc-3 gyroautomorphic-inverse gyro-equation-right gy-
rominus-def)

Thm 3.14 (3.34)
(3.37)

lemma gyr-commute-misc-4":

shows gyra (b® ¢) =gyrabo gyr (b ® a) cogyrcbd
proof—

have gyra bo gyr (b® a) c=gyr (a® b) (gyrabc)ogyrabd
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by (simp add: gyr-commute-misc-2 local.gyr-nested-1)
hence gyra (b @ c¢)ogyrbc=gyrabo gyr (b ® a) c
by (simp add: gyr-commute-misc-2)
thus ?thesis
by (metis comp-assoc comp-id local.gyr-auto-id2 local.gyr-right-loop)
qed

(3.38)

lemma gyr-commute-misc-4"":
shows gyr (G0 ® d) (b B c¢)=gyr (&8 b)dogyrdcogyrcbd
by (metis gyr-commute-misc-4 ' local.gyr-misc-1 local.gyro-inv-idem local. gyro-left-cancel”)

Thm 3.14 (3.34)

lemma gyro-commute-misc-4:

shows gyr (6 a @® b) (a6 ¢) =gyra (& b)ogyrd (S c)o gyrc (S a)

by (metis gyr-commute-misc-4 ' gyr-even gyr-misc-1 gyro-inv-idem gyro-left-cancel’
gyrominus-def)

Thm 3.15 (3.40)

lemma gyr-inv-2"

shows gyr a (8b) = gyr (© a ® b) (a® b)ogyrabd

by (metis comp-id gyr-commute-misc-2 local. gyr-even local.gyr-id local.gyr-misc-1
local.gyro-inv-idem local. gyro-left-cancel’)

Thm 3.17 (3.48)

lemma gyr-master”:

shows gyraz o gyr (& (z ® a)) (x B b)ogyrz b= gyr (©a) b

by (metis gyr-commute-misc-4 ' gyroautomorphic-inverse gyr-even gyr-misc-1 gyro-left-cancel’
gyrominus-def)

(3.51)

lemma gyr-master:
shows gyraz o gyr ( ® a) (& (z ® b)) o gyrx b= gyr (& a) b
by (metis gyr-master’ gyr-even gyro-inv-idem)

(3.52a)

lemma gyr-master-miscl”:
shows gyr (© a) b=gyr (& (a® a)) (a @ b)ogyrabd
by (metis fun.map-id gyr-master’ local.gyr-id)

(3.52b)

lemma gyr-master-miscl’”:
shows gyr (© a) b=gyrabo gyr (b ® a) (& (b b))
by (metis comp-id gyr-master gyr-id)

(3.53a)

lemma gyr-master-misc2’:
shows gyr (©a @ b) (a ® b) =gyr (© a) bo gyrba
by (simp add: gyr-commute-misc-4"")
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(3.53b)

lemma gyr-master-misc2'":
shows gyr (©a ® b) (a @ b) = gyr (© a® b) bo gyrb (a ® b)
using gyr-master-misc2’ local.gyr-left-loop local.gyr-right-loop
by auto

Thm 3.18 (3.60)

lemma gyr a o gyr (© (gyr z a (a Sp b)) (x ® b) o gyrx b = gyr a (© b)
by (metis gyr-master gyro-translation-2b gyr-even gyr-left-loop gyro-inv-idem gy-
rominus-def)

definition gyro-covariant :: nat = (‘a list = ’'a) = bool where
gyro-covariant n T «—— (V 7 xs. length zs = n A gyroaut 7 — (7 (T zs)) = T
(map T xs8)) A
(V zas. lengthazs =n — @ Tas= T (map (A a. z @ a) zs))

definition gyro-covariant-8 :: (‘a = 'a = 'a = 'a) = bool where
gyro-covariant-8 T «—— (V 7 a b c. gyroaut T — (1 (T abc)) =T (7 a) (7 D)
(1 ¢)) A
Vzabecarz@®dTabe=T (z®a)(zdb) (& ¢))

lemma gyro-covariant-3:
shows gyro-covariant-3 T «—— gyro-covariant 3 (A xs. T (zs! 0) (zs! 1) (zs!
2))
unfolding gyro-covariant-3-def gyro-covariant-def
apply safe
apply simp
apply simp
apply (erule-tac z=r in allE, erule-tac x=[a, b, c] in allE, simp)
apply (erule-tac z=z in allE, erule-tac x=[a, b, c] in allE, simp)
done

Thm 3.19 (3.62)

lemma gyro-covariant-3-parallelogram:
shows gyro-covariant-8 (X a b c. (b ®. ¢) O a)
unfolding gyro-covariant-3-def
proof safe
fix Tabc
assume gyroaut T
then show 7 (b ®. ¢) Spa) = (T b DT ¢) Op T a
by (smt (verit, ccfo-threshold) cogyroaut-def gyro-coaut-iff-gyro-aut local.gyro-left-cancel’
local. gyro-left-inv local.gyroaut-def local. gyrominus-def)
next
fixzabc
have (z ® b) ®. (z® ¢)) Sp (D a)=(x B b) S gyr (x® D) (6 (z D <)) ((z
@ c) S (¢ & a))
by (simp add: gyrominus-def mized-gyroassoc-law)
also have ... = (z ® b)) ® gyr (z @ b) (© (z ® ¢)) (gyr z ¢ (¢ Sy a))
by (simp add: gyro-translation-2b)
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alsohave ... =z ® (b® gyr bz (gyr (z @ b) (& (z & ¢)) (gyr z ¢ (¢ Sy a))))
using local. gyro-right-assoc by auto
alsohave ... =2 @ (b & gyr bz (gyrz b (gyr b (& ¢) (gyr c z (gyr z ¢ (¢ Sp
a))))))
unfolding gyrominus-def
using gyro-commute-misc-4[of © x b ]
by (simp add: gyroautomorphic-inverse local.gyr-even)
also have ... =z ® (b ® gyr b (& ¢) (¢ S a))
by (metis local.gyr-auto-id2 local.gyr-right-loop pointfree-idE)
finally show z @ ((b @. ¢) ©p a) = ((x & b) @ (z D ¢)) O (z D a)
using gyrominus-def mized-gyroassoc-law
by auto
qed

lemma gyro-commute-misct’:
shows 2 ® (b ®. ¢) Sp a) = ((z ® b) B (z B ¢)) O (z B a)
using gyro-covariant-3-parallelogram
unfolding gyro-covariant-3-def
by simp

(3.66)

lemma gyro-commute-misc6:
shows (z ® b) . (z® )=z & (b B ¢) & 2)
using gyro-commute-misc6’[of © b ¢ & 1]
by (simp add: gyrominus-def)

(3.67)

lemma gyro-commute-misc6’":

shows ( ® b) ®. (2 S, b)) =2 D x

using gyro-commute-misc6 cogyro-gyro-inv cogyro-right-inv gyro-left-id gyromi-
nus-def

by presburger

end
type-synonym ’a rooted-gyrovec = 'a x 'a

context gyrogroup
begin

Def 5.2.

fun head :: 'a rooted-gyrovec = 'a where

head (p, q) = q

fun tail :: 'a rooted-gyrovec = 'a where
tail (p, q) = p

fun wval :: 'a rooted-gyrovec = 'a where
val (p, q) =S p @ ¢

definition ort :: ‘a = ’'a rooted-gyrovec where

ort p = (0y, p)
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fun equiv-rooted-gyro-vec (infixl ~ 100) where
(p, ) ~ (@, q)—ocpdg=0p' &

lemma equivp-equiv-rooted-gyro-vec [simpl:
shows equivp (~)
unfolding equivp-def
by fastforce

end

Def 5.4.

quotient-type (overloaded) ‘a gyrovec = 'a :: gyrogroup X ’a / equiv-rooted-gyro-vec
by auto

lift-definition vec :: 'a::gyrogroup = 'a = 'a gyrovec is X p q. (p, q) .

definition ort :: 'a::gyrogroup = 'a gyrovec where
ort A = vec 04 A

context gyrocommutative-gyrogroup
begin

Thm 5.5. (5.4)

lemma equiv-rooted-gyro-vec-ex-t:

shows (p, q) ~ (p', ¢) «— @ t.p'=gyrpt (TS p) N g =gyrpt(t S q))
(is ?lhs «— ?rhs)
proof—

let 2t = op @ p’

have ©(% @ p) ® (2t @ q) = gyr 2t p (Sp ® q)
by (metis gyr-def gyro-equation-right)

hence ©p & ¢ = gyr (& p) (& %) (S(?t & p) & (% & q))

by (metis gyr-aut-inv-2 gyr-auto-id1 gyr-even inv-gyr-sym pointfree-idE)
hence Sp @ ¢ = gyrp 2t (&(%2t ® p) ® (2t & q))

using gyr-even by presburger

show ?thesis
proof
assume (p, q) ~ (p', ¢')
hence x: Sp & g =6p’ & ¢’
by simp

have p’ = gyrp %t (7t & p)
using *

using gyro-commute gyro-equation-right gyro-left-cancel by blast

moreover

19



have ¢’ = gyrp 7t (9t & q)
proof—
have ¢'=p'® (©p @ q)
by (metis x gyro-left-cancel’)

also have ... = gyrp 2t (?t ® p) ® (S p ® q)
using p'=gyrp (©p @ p) (©p @ p @ ph
by auto
also have ... = (gyrp 7t 7t ® gyrp %t p) & (& p & q)
by simp
also have ... = gyrp 2t 2t @ (gyrp 2t p ® gyr (gyr p 2t p) (gyr p 2t 2t) (&
P& q)
using gyro-right-assoc by blast
also have ... = gyrp 2t %t © (qgyrp %t p ® gyrp % (O p ® q))

using gyr-commute-misc-1
by presburger
also have ... = gyrp 2t 2t ® gyrp %t q
by (metis gyr-distrib gyro-equation-right)
finally show ¢’ = gyr p 2t (%t & q)
by simp
qed

ultimately

show ?rhs
by blast

next

assume ?rhs
then obtain ¢ where t: p' = gyrpt (t ®p) A ¢ ' =gyrpt (t © q)
by auto

have S p® g=gyrpt (6 (t D p) ® (t ® q))
by (metis gyro-left-assoc gyro-left-cancel gyro-right-assoc gyro-translation-2a)

also have ... =S (gyrpt (t & p)) S gyrpt (t ® q)
by (simp add: gyr-inv-3)

finally show ?lhs
using ¢
by auto

qed
qged

Thm 5.5. (5.5)

lemma gyro-translate-commute:
assumes p'=gyrpt (t®p) A ¢ =gyrpt (t ® q)
shows t = &p & p’
using assms
using gyro-commute gyro-equation-right by blast

20



Def 5.6.

fun gyrovec-translation :: 'a = 'a rooted-gyrovec = 'a rooted-gyrovec where

gyrovec-translation t (p, ¢) = (gyrp t (t ® p), gyr p t (t & q))
end

lift-definition gyrovec-translation’ :: ('a::gyrocommutative-gyrogroup) gyrovec =
'a rooted-gyrovec = 'a rooted-gyrovec is

A (tp, tq) (p, q). gyrovec-translation (© tp @ tq) (p, q)

by force

(5.14)

lemma
shows tail (gyrovec-translation t (p, q)) = p d t
by (metis gyrovec-translation.simps gyro-commute tail.simps)

(5.15)

lemma gyrovec-translation-id:
shows gyrovec-translation 04 (p, ¢) = (p, q)
by simp

Thm 5.7.

lemma equiv-rooted-gyrovec-t:
shows (p, q) ~ (p', ¢') < (p', ¢') = gyrovec-translation (Sp & p’) (p, q)
using equiv-rooted-gyro-vec-ex-t gyro-translate-commute
by (metis gyrovec-translation.simps)

Thm 5.8.

lemma gyrovec-translation-head:

assumes (p/, ) = gyrovec-translation t (p, q)

shows z = p’' @ (©p ® q)

by (metis assms equiv-rooted-gyro-vec-ex-t gyrovec-translation.simps equiv-rooted-gyro-vec.simps
gyro-equation-right)

(5.24)

context gyrocommutative-gyrogroup
begin

definition gyrovec-translation-inv’ :: '‘a = ’‘a = ’a where
gyrovec-translation-inv’ p t = © (gyr p t t)

lemma gyrovec-translation-inv':
shows gyrovec-translation (gyrovec-translation-inv’ p t) (gyrovec-translation t (p,
7)) = (p, )
unfolding gyrovec-translation-inv’-def
proof —
have f1: Va aa. gyr (aa::’a) a (a @® aa) = aa @ a
by (metis (no-types) cogyro-commute cogyro-commute-iff-gyrocommaute)
have Va aa. © (gyr (aa::'a) a a) = © (aa ® a) ® aa
by (simp add: gyr-misc-3)
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then have Va aa ab. (ab::'a, ab & (S (ab & aa) ® a)) = gyrovec-translation (&
(gyr ab aa aa)) (ab & aa, a)

using f1 by (metis gyrovec-translation.simps gyr-commute-misc-3 gyro-left-cancel’)
then have V a aa ab. gyrovec-translation (& (gyr (ab::'a) aa aa)) (gyrovec-translation
aa (ab, a)) = (ab, a)

using f1 by (metis gyrovec-translation.simps gyr-commute-misc-3 gyro-left-cancel”)

then show gyrovec-translation (& (gyr p t t)) (gyrovec-translation t (p, q)) =
(p. @)

by blast

qed

definition gyrovec-translation-compose’ :: 'a = 'a = 'a = ’'a where
gyrovec-translation-compose’ p t1 t2 = t1 @ gyr t1 p t2

lemma gyrovec-translation-compose’:
gyrovec-translation t2 (gyrovec-translation t1 (p, q)) =
gyrovec-translation (gyrovec-translation-compose’ p t1 t2) (p, q)
by (smt (verit) comp-eg-dest-lhs gyrovec-translation-compose’-def local. gyr-auto-id2
local.gyr-commute-misc-3 local.gyr-distrib local.gyr-nested-1 local.gyr-right-loop lo-
cal. gyro-commute local.gyro-right-assoc local.gyrovec-translation.simps pointfree-idE
prod.inject)

fun equiv-translate (infixl ~; 100) where
(p1, q1) ~¢ (p2, ¢2) < (3 t. gyrovec-translation t (p1, q1) = (p2, ¢2))

lemma equivp-equiv-translate:
equivp (™¢)
proof (rule equivpl)
show reflp (™)
proof
fix z
show = ~; z
by (metis equiv-translate.elims(3) gyr-commute-misc-3 gyr-id-2 gyro-left-id
gyrovec-translation.simps)
qed
next
show symp (™)
proof
fix a b
assume a ~; b
thus b ~; a
using gyrovec-translation-inv’
by (cases a, cases b, fastforce)
qed
next
show transp (™¢)
proof
fixzyz
assume z 7 yy "¢ 2
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thus z ~; 2
using gyrovec-translation-compose’
by (cases x, cases y, cases z, fastforce)
qed
qed

(5.39)

definition vec :: ‘a = 'a = 'a where
vecab=6a®db

(5.40)

lemma vec 04 b = b
by (simp add: vec-def)

(5.41)

lemma
assumes vec a b = v
shows b = a @ v
by (metis assms local.gyro-left-cancel’ local.vec-def)

(5.42)

lemma
(a®v)Bu=a® (v gyrvau)
by (rule gyro-right-assoc)

(5.43)

lemma
assumes vec a b = v
shows a = v @, b
using assms
using cogyro-commute cogyrominus-def gyro-equation-left gyro-left-cancel’ vec-def
by force

lemma

shows (8 a ®b) ® gyr (©a) b (©bP ¢) =0a d ¢
by (rule gyro-polygonal-addition-lemma)

definition torsion-elem::'a= bool where
torsion-elem g «—— gPg = 0O,

end

class tf-tw-group = gyrocommutative-gyrogroup -+

assumes al:V a. torsion-elem a — a = 0,
assumes a2:Va. 3b. (b&b = a)
begin
T3.32
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lemma unique-half:
shows (a®a = ¢ A bDb = ¢) — a=b

proof
assume (a®a = ¢ A bbb = ¢)
show a=b
proof—

have a®a = bPb
by (simp add: <a ® a=cAbd b= )
moreover have © b @ (a®a) = 6 b ¢ (bd)
by (simp add: <a ® a =cANbD b= )
moreover have © b ® a ® (gyr (& b) a) a =b
by (metis <a @ a = ¢ A b D b= ¢ local.gyro-left-assoc local.gyro-left-cancel’)
moreover have © b ® a =9 (6 b @ a)
by (metis calculation(8) local.gyro-plus-def-co local.gyro-right-cancel’-dual
local.gyroautomorphic-inverse)
moreover have s b a & (S bd a) = 0,
by (metis calculation(4) local.gyro-rigth-inv)
moreover have torsion-elem (& b @ a)
using calculation(5) local.torsion-elem-def by blast
moreover have (© b @ a) = 0,
using al
using calculation(6) by blast
ultimately show #thesis
by (metis local.gyro-left-inv local.oplus-ominus-cancel)
qed
qged

T3.33

lemma unique-gyro-half:
assumes ghdgh = g
gyr-h & gyr-h = gyra b g
shows gyr a b gh = gyr-h
by (metis assms(1) assms(2) local.gyr-distrib unique-half)

3.102

lemma gh-minus:
assumes ghddgh = © g
gh2®gh2 = g
shows © gh2 = gh
by (metis assms(1) assms(2) local.gyroautomorphic-inverse local.gyrominus-def
unique-half)

T3.34

lemma gyration-exclusion:
assumes Jg. g# 0,
shows Va b. gyrab# © oid
proof(rule ccontr)
assume = (Va b. gyra b # © o id)
have Ja b.( gyr a b= © o id)
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using <= (Va b. gyr a b # © o id)» by auto

moreover obtain a b where gyra b = © o id
using calculation by blast
moreover obtain bh where bh & bh = b
using a2
by blast
moreover have a ® (b S, bh) = (a ® b) @ bh
proof—
have a @ (b &, bh) = (a & b) S gyr a b bh
by (simp add: local.gyr-inv-3 local.gyro-left-assoc local.gyrominus-def)
moreover obtain gh where gh & gh = gyra b bd
using local.a2 by blast
moreover have a & (b &, bh) = (a © b) &, gh
using <bh @ bh = b> calculation(1) calculation(2) unique-gyro-half by blast
ultimately show #thesis
by (simp add: <gyr a b = & o id> local.gyrominus-def)
qed
moreover have a © (b &, bh) = a @ bh
using calculation(3) local.gyro-left-right-cancel by force
moreover have b = 0,
by (metis calculation(4) calculation(5) local.cogyro-gyro-inv local.cogyroinv-def
local. gyro-equation-left local. gyro-equation-right)
moreover have gyr a b = id
by (simp add: calculation(6))
moreover have gyra b =6 o id
using calculation(2) by blast
ultimately show Fulse
by (metis assms comp-id id-def local.gyro-rigth-inv unique-gyro-half)
qed

T3.35

lemma gyration-exclusion-cons:
shows gyrabb= ©b— b= 0,
proof
assume gyra b b= © b
show b = 0,
proof—
obtain bh where bh & bh = b
using a2
by blast
moreover have a © (b S, bh) = (a ® b) & bh
proof—
have a © (b S, bh) = (a ® b) ©p gyr a b bh
by (simp add: local.gyr-inv-3 local. gyro-left-assoc local.gyrominus-def)
moreover obtain gh where gh © gh = gyra b b
using local.a2 by blast
moreover have a © (b S, bh) = (a ® b) & gh
using <bh @ bh = by calculation(1) calculation(2) unique-gyro-half by blast

25



ultimately show ¢thesis
by (metis <bh ® bh = by <gyr a b b = © by gh-minus local.gyro-inv-idem
local. gyrominus-def)
qed
moreover have a © (b S, bh) = a & bh
using calculation(1) local.gyro-left-right-cancel by force
ultimately show ?thesis
by (metis local. gyr-right-loop local. gyro-commute local. gyro-left-cancel local. gyro-right-id)
qed
qged

T3.36

lemma equation-t3-36:

shows z Oy (y Spz) =y<— =1y

by (metis gyration-exclusion-cons local.gyr-commute-misc-8 local.gyr-misc-1 lo-
cal.gyr-misc-3 local. gyro-right-id local.gyro-rigth-inv local.gyrominus-def)

end

locale gyrogroup-isomorphism =
fixes ¢ :: ‘a::gyrocommutative-gyrogroup = 'b
fixes gyrozero’ :: 'b (041)
fixes gyroplus’ :: 'b = 'b = 'b (infix] @1 100)
fixes gyroinv’ :: 'b = b (1)
assumes pzero [simpl: ¢ 04 = 041
assumes pplus [simp]: ¢ (a & b) =
assumes pminus [simp]: ¢ (S a) =61 (¢ a
assumes @bij [simp]: bij ¢

begin

definition gyr’ where
gyr' a bz =61 (a @1 b) B1 (a &1 (b &1 2))

lemma pgyr [simp]:

shows ¢ (gyr a b z) = gyr’ (¢ a) (¢ b) (¢ 2)
by (simp add: gyr’-def gyr-def)

end

sublocale gyrogroup-isomorphism C gyrogroupoid gyrozero’ gyroplus’
by unfold-locales

sublocale gyrogroup-isomorphism C gyrocommutative-gyrogroup gyrozero’ gyro-
plus’ gyroinv’ gyr’
proof

fix a

show 041 ©1 a=a
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by (metis ©bij pplus pzero bij-iff gyro-left-id)
next
fix a
show ©; a ®1 a = 041
by (metis ©bij pminus pplus pzero bij-iff gyro-left-inv)
next
fixabz
show a @1 (b1 2) =a®1 by gyr’ abz
using pgyr[of inv ¢ a inv ¢ b inv @ 2]
by (metis @bij pplus bij-inv-eq-iff gyro-left-assoc)
next
fix abd
show gyr’ a b = gyr’ (a ®1 b) b
proof
fix z
show gyr’ a bz = gyr’' (a ®1 b) b2
using pgyr|of inv ¢ a inv @ b inv ¢ 2]
by (smt (23) @bij pgyr @plus bij-inv-eq-iff gyr-aut-inv-3 inv-gyr-sym)
qed
next
fix a b
have x: gyr’ a b = ¢ o (gyr (inv ¢ a) (inv ¢ b)) o (inv p)
proof
fix z
show gyr’ a b z = (¢ o gyr (inv ¢ a) (inv ¢ b) o inv @) 2z
by (metis @bij pgyr bij-inv-eq-iff comp-def)
qed
show gyroaut (gyr’ a b)
unfolding gyroaut-def
proof safe
show bij (gyr’ a b)
using *x pbij gyr-gyroaut
by (metis bij-comp bij-imp-bij-inv gyrogroupoid-class.gyroaut-def)
next
fix xy
show gyr’ a b (x 1 y) =gyr' abz @ gyr' ady
using *
by (smt (verit, del-insts) pbij pplus bij-inv-eq-iff comp-def gyr-distrib)
qed
next
fix a b
show a ®1 b=gyr’ a b (b @1 a)
using pgyr[of inv ¢ a inv ¢ b inv ¢ (b 1 a))
by (metis (no-types, lifting) ©bij eplus bij-inv-eq-iff gyro-commute)
qed

end

theory More-Real-Vector
imports Main HOL— Analysis.Inner-Product HOL. Real- Vector-Spaces
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begin

lemma (in real-vector) inner-eq-1:
assumes norm a = 1 norm b = 1 inner a b = 1
shows a = b
proof—
have (norm (a — b))% = inner (a — b) (a — b)
by (simp add: norm-eq-sqrt-inner)

also have ... = inner a a — 2 * (inner a b) + inner b b
by (simp add: inner-commute inner-diff-right)
also have ... = 0

using assms
by (simp add: norm-eq-sqrt-inner)
finally have norm (a — b) = 0
by simp
thus a =0
by simp
qed

end
theory GyroVectorSpace

imports GyroGroup HOL— Analysis. Inner-Product HOL. Real- Vector-Spaces More-Real- Vector
begin

locale gyrocarrier’ =
fixes to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner}
assumes inj-to-carrier [simpl: inj to-carrier
assumes to-carrier-zero [simp): to-carrier 0y = 0

begin

definition carrier :: 'b set where
carrier = to-carrier ¢ UNIV

lemma bij-betw-to-carrier:
shows bij-betw to-carrier UNIV carrier
by (simp add: bij-betw-def carrier-def)

definition of-carrier :: 'b = ‘a where
of-carrier = inv to-carrier

lemma bij-betw-of-carrier:
shows bij-betw of-carrier carrier UNIV
by (simp add: carrier-def inj-imp-bij-betw-inv of-carrier-def)

lemma inj-on-of-carrier [simp]:
shows inj-on of-carrier carrier
using bij-betw-imp-inj-on bij-betw-of-carrier
by auto
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lemma to-carrier [simp]:
shows A b. b € carrier = to-carrier (of-carrier b) = b
by (simp add: carrier-def f-inv-into-f of-carrier-def)

lemma of-carrier [simp]:
shows A a. of-carrier (to-carrier a) = a
by (simp add: of-carrier-def)

lemma of-carrier-zero [simp):
shows of-carrier 0 = 0,
by (simp add: inv-f-eq of-carrier-def)

lemma to-carrier-zero-iff:
assumes to-carrier a = 0
shows a = 0,
using assms
by (metis of-carrier to-carrier-zero)

definition gyronorm :: 'a = real ({-) [100] 100) where
{(a) = norm (to-carrier a)

definition gyroinner :: ‘a = 'a = real (infixl - 100) where
a - b = inner (to-carrier a) (to-carrier b)

lemma norm-inner: {a) = sqrt (a - a)
using gyroinner-def gyronorm-def norm-eq-sqrt-inner by auto

lemma norm-zero:
shows (04) = 0
by (simp add: gyronorm-def)

lemma norm-zero-iff:
assumes (a) = 0
shows a = 0,
using assms
by (simp add: gyronorm-def to-carrier-zero-iff)

definition norms :: real set where
norms = {z. 3 a. v = (a)} U {z. 3 a. z = — {a)}

lemma norm-in-norms [simpl:
shows (a) € norms
by (auto simp add: norms-def)
lemma minus-norm-in-norms [simp):
shows — (a) € norms

by (auto simp add: norms-def)

end
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locale gyrocarrier = gyrocarrier’ +
assumes inner-gyroauto-invariant: \ v v a b. (gyruva) - (gyruvd) =a - b
begin

lemma norm-gyr: {gyr u v a) = (a)
by (metis inner-gyroauto-invariant norm-inner)

end

locale pre-gyrovector-space = gyrocarrier +
fixes scale :: real = 'a = 'a (infixl @ 105)
assumes scale-1:

N\ a:a
1 ®a=a
assumes scale-distrib:
N (r1 = real) (12 :: real) (a :: 'a).
(rit+r2)®@a=1r1®aPd12Qa
assumes scale-assoc:
N (r1 i real) (12 :: real) (a :: a).
(ri xr2) @ a=rl ® (r2 ® a)
assumes scale-propl1:
N\ (7 real) (a :: 'a).
[r # 0; a # 04] = to-carrier (|r| ® a) /r (r ® a) = to-carrier a /r (a)
assumes gyroauto-property:
N\ (v 'a) (v 'a) (7 real) (a i a).
gyruv(r®a)=r (gyr u v a)
assumes gyroauto-id:
N (r1 :: real) (r2 :: real) (v i a).
gyr (r1 ® v) (r2 ® v) = id
begin

lemma scale-minusi:

shows (—1)® a =6 a

by (metis add.right-inverse add-cancel-right-left gyrogroup-class.gyro-left-cancel’
gyrogroup-class. gyro-right-id scale-1 scale-distrib)

lemma minus-norm:

shows (©a) = (a)

by (smt (verit, best) gyro-inv-id of-carrier scale-minusl inverse-eq-iff-eq of-carrier-zero
scaleR-cancel-right scale-1 scale-propl)

(6.3)

lemma scale-minus:
shows (—7) ® a = 6 (r ® a)
by (metis minus-mult-commute mult-1 scale-assoc scale-minus1)

lemma scale-minus”:

shows k ® (& a) =6 (k ® a)
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by (metis mult.commute scale-assoc scale-minusl)

lemma zero-otimes [simp]:
shows 0 ® z = 0,4
by (metis add.right-inverse gyro-rigth-inv scale-distrib scale-minus)

lemma times-zero [simp]:
shows t ® 04 = 0,4
by (metis mult-zero-right scale-assoc zero-otimes)

Theorem 6.4 (6.4)

lemma monodistributive:
shows r®@ (11 @ a®@r2®a)=rQ®(rl @ a) ®r  (r2 ® a)
by (metis ring-class.ring-distribs(1) scale-assoc scale-distrib)

lemma times2: 2 ® a =a ® a
by (metis mult-2-right scale-1 scale-assoc scale-distrib)

lemma twosum: 2 @ (a ®b) =a® (2@ b D a)
proof—
have a d (2 0P a)=a® (b B b) P a)
by (simp add: times2)

also have ... = a @ (b ® (b & gyr b b a))
by (simp add: gyro-right-assoc)

also have ... = a @ (b ® (b @ a))
by simp

also have ... = (¢ ® b) ® gyr a b (b @ a)
using gyro-left-assoc by blast

also have ... = (¢ ® b)) ® (a ® b)

by (metis gyro-commute)
finally show ?thesis
by (metis times2)
qed

definition gyrodistance :: 'a = 'a = real (dg) where
dey a b= (S a ® b)

lemma dg a b = (b & a)
by (metis gyrodistance-def gyrogroup-class. gyrominus-def gyro-commute norm-gyr)

lemma gyrodistance-metric-nonneg:
shows dg a b > 0
by (simp add: gyrodistance-def gyronorm-def)

lemma gyrodistance-metric-zero-iff:

shows dgy a b =0 — a =1

unfolding gyrodistance-def gyronorm-def

by (metis gyrogroup-class. gyro-left-cancel’ gyrogroup-class.gyro-right-id gyronorm-def
norm-zero-iff real-normed-vector-class.norm-zero to-carrier-zero)
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lemma gyrodistance-metric-sym:

shows dg a b =dg b a

by (metis gyrodistance-def gyrogroup-class. gyro-inv-idem gyrogroup-class.gyrominus-def
gyrogroup-class.gyroplus-inv minus-norm norm-gyr)

lemma equation-solving:
assumes t D y=a O xDy=>»>
shows z = (1/2) @ (a S D) ANy =(1/2) ® (a S¢p b) ® b
proof—
have y =z & b
using assms(2) gyro-equation-right by auto
then have a =z @ (z © b)
using assms(1) by auto
then have a = (2 ® ) ® b
by (simp add: gyro-left-assoc times2)
then have z = (1/2) ® (a S b)
by (smt (verit) gyro-equation-left nonzero-eq-divide-eq scale-1 scale-assoc)
then show ?thesis
using <y =z ® b
by simp
qged

lemma double-plus: (2 ® a) ®b=a® (a ®b)
by (simp add: gyro-left-assoc times2)

lemma 16-33:

shows (1/2) ® (a Sy b) = (—1/2) ® (b Sep a)

by (metis (no-types, opaque-lifting) div-by-1 divide-divide-eq-right divide-minusl
gyrogroup-class. gyro-equation-left gyrogroup-class.gyro-left-cancel’ scale-assoc scale-minusl
times-divide-eq-left)

lemma 16-34:

shows (1/2) ® (a S b)) ® b= (1/2) ® (bSep a) D a

by (smt (verit, ccfv-threshold) 16-33 cogyro-right-cancel’ double-plus gyro-left-cancel’
mult.commute nonzero-eq-divide-eq scale-1 scale-assoc scale-minusl)

lemma 16-35:

shows gyrba = gyrb ((1/2) @ (a Sep b) ® b) o (gyr ((1/2) ® (a Sep b) @ )
a)

by (metis (no-types, lifting) 16-33 16-34 divide-minus-left gyr-master-misc2’ gyr-misc-2
gyr-right-loop gyro-commute gyro-translate-commute scale-minus)

lemma double-half:
shows 2 ® ((1 / 2) ® a) = a

by (metis field-sum-of-halves mult.commute mult-2-right scale-1 scale-assoc)

lemma 16-38:
shows a @ (1/2) ® (& a®. b) = (1/2) @ (a D b)
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proof —
have Arr’a.r® (r'® a) =r'® (r ® a)
by (metis (full-types) mult.commute scale-assoc)
then show ?thesis
using double-half
by (smt (23) gyrogroup-class.cogyro-commute-iff-gyrocommute gyrogroup-class.cogyro-right-cancel’
gyrogroup-class.cogyrominus-def gyro-commute twosum)
qed

lemma 16-39:
shows a ® (1/2) @ (& a® b) =(1/2) ® (a & b)
by (metis 16-38 gyro-equation-right gyro-inv-idem)

lemma 16-40:

shows gyr ((r + s) ® a) bz = gyr (r®a) (s®a & b) (gyr (s®a) b z)

by (metis (mono-tags, opaque-lifting) comp-eq-elim gyroauto-id id-def gyr-nested-1
scale-distrib)

definition collinear :: 'a => 'a => 'a => bool where
collinear x y z —— (y =2V Jtureal. (z =y Dt ® (S y @ 2))))

lemma collinear-aab:
shows collinear a a b
by (metis collinear-def gyro-right-id gyro-rigth-inv scale-distrib scale-minus)

lemma collinear-bab:
shows collinear b a b
by (metis collinear-def gyro-equation-right scale-1)

lemma T6-20:
assumes collinear pl a b collinear p2 a b a # b p1 # p2
shows V z. (collinear x p1 p2 — collinear = a b)
proof safe
obtain t! where t1: p! = a ® t1 ® (© a ® b)
using <collinear p1 a b> <a # by collinear-def
by auto
obtain t2 where t2: p2 = a ® t2 @ (& a ® b)
using <collinear p2 a by <a # by collinear-def
by blast

fix z
assume collinear x p1 p2
show collinear x a b
proof—
obtain ¢ where ¢: z = pl ® t ® (© pl & p2)
using <collinear x p1 p2» <pl # p2> collinear-def
by blast
have 1= (0@t @ (Ca®d b)) Dt (O (a®tI RO add) B (adt2®
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(© 0@ b))
using t1 t2 ¢t
by simp
thenhave 2 = (e ® I @ (© a® b)) Dt gyra (I @ (©a @ b)) ((—t1 +
t2) ® (© a @ b))
by (smt (verit, best) gyr-def scale-distrib)
then have z = (e @ t1 @ (B a® b)) ® gyra (11 @ (& a ® b)) ((tx(—t1 +
t2)) ® (& a® D))
using gyroauto-property scale-assoc by presburger
thenhave s = a & (11 ® (© a ® b) & ((tx(—t1 + 12)) ® (& a & b)))
by (simp add: gyro-left-assoc)
then have z = a ® (t1 + tx(—t1 + t2)) @ (© a ® b)
by (simp add: scale-distrib)
then show ?thesis
using collinear-def by blast
qged
qed

lemma T76-20-1:
assumes collinear pl a b collinear p2 a b pl # p2a # b
shows V. (collinear x a b — collinear x p1 p2)
proof safe
obtain ¢t/ where t1: pl = a ® t1 @ (& a ® b)
using <collinear p1 a b> <a # by collinear-def
by auto
obtain t3 where t3: p2 = a ® t3 @ (© a ® b)
using <collinear p2 a b> <a # by collinear-def
by blast

fix z
assume collinear z a b
show collinear = p1 p2
proof—
obtain {2 where z = a ® 12 ® (S a ® b)
using <collinear x a by <a # b> collinear-def
by blast
show ?thesis
proof (cases t1 = t3)
case True
then show ?thesis
using t1 t8 <pl # p2»
by blast
next
case Fulse
then obtain ¢ where ¢: t = (12—t1)/(t3—t1)
by simp
have pl ®t® (O pl ®p2)=(a Dt @ (B a®b) Dt® (O (a®tl ®
(©adb)d(adt?®(Sadb))
using t1 t3 by blast
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then have pl @ t@ (©pl ®p2)=(a® 1 @ (B a® b)) &t ® gyra (t1
R©add) (I Cadd)dt3® (©adhd)
by (metis (no-types, lifting) gyro-translation-2a mult.commute scale-assoc
scale-minusl)
then have pl ®t® (O pl ®p2)=(a®tI @ (G a® b)) @ gyra (tI ®
(6 a® b)) ((—t1+t3)*t) ® (& a® b))
by (metis (no-types, opaque-lifting) gyroauto-property minus-mult-commaute
mult.commute mult.right-neutral scale-assoc scale-distrib scale-minusl)
then have pl ®t® (6 pl ® p2) =a® (1 @ (© a ® b) B ((—tI1+t3)xt)
® (6 a® b))
using gyro-left-assoc by metis
then have pl &t ® (& pl ® p2) =a @ (t1 + (—t1+t3)xt) @ (& a & b))
using scale-distrib by presburger
moreover have t1 + (—t1+t3)*xt = t2
using <t1 # t3» ¢
by simp
ultimately
have p! @t ®@ (Cpl ®p2)=a P 2@ (S adb)
by blast
then show ?thesis
using <z =a ® t2 ® (© a ® b)»
unfolding collinear-def
by metis
qed
qed
qged

lemma collinear-sym1:
assumes collinear a b ¢
shows collinear b a c
using T6-20-1 assms collinear-aab collinear-bab collinear-def by blast

lemma collinear-sym2:
assumes collinear a b ¢
shows collinear a c b
by (metis T6-20 assms collinear-aab collinear-bab)

lemma collinear-transitive:
assumes collinear a b ¢ collinear d b ¢ b # ¢
shows collinear a d b
by (metis T6-20 assms(1) assms(2) assms(3) collinear-bab collinear-syml collinear-sym2)

lemma collinear-translate’:
shows z =u ® t® (O u ® v)
Cad2)=©adu)dt(E(©adu) @ (O ad)
by (metis (no-types, lifting) gyr-misc-2 gyro-right-assoc gyro-translation-2a gy-
roauto-property oplus-ominus-cancel)

definition translate where
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translate a t = © a @ z

lemma collinear-translate:

shows collinear u v w «— collinear (translate a u) (translate a v) (translate a
w)

unfolding collinear-def translate-def

by (metis collinear-translate’ gyro-left-cancel’)

definition gyroline :: 'a = ’'a = 'a set where
gyroline a b = {x. collinear x a b}

definition between :: 'a => 'a => 'a => bool where
between x y z «—— (Ftureal. 0 < tNANL< I ANy=2®dt® (1 2))

lemma between-zzy [simp:
shows between = = y
unfolding between-def by force

lemma between-zyy [simp]:
shows between x y y
unfolding between-def
by (rule ex] [where x=1]) (simp add: scale-1)

lemma between-zryx:
assumes between ¢ y
shows y =z
using assms
unfolding between-def
by auto

lemma between-translate:
shows between u v w «— between (translate a u) (translate a v) (translate a w)
unfolding between-def translate-def
using collinear-translate’
by auto

definition distance where
distance v v = (& u ® v)

lemma distance-translate:
shows distance u v = distance (translate a u) (translate a v)
unfolding distance-def translate-def
using gyro-translation-2a norm-gyr
by metis

end

locale gyrocarrier-norms-embed’ = gyrocarrier’ to-carrier
for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
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+
assumes norms-carrier: of-real ‘ norms C carrier
begin

definition of-real’ :: real = 'a where
of-real’ = of-carrier o of-real

definition reals :: 'a set where
reals = of-carrier ‘ of-real ‘ norms

lemma bij-reals-norms:

shows bij-betw of-real’ norms reals

unfolding of-real’-def

by (metis bij-betw-def comp-ing-on-iff dual-order.eq-iff image-comp inj-image-eq-iff
ing-of-real inj-on-of-carrier norms-carrier reals-def subset-image-inj subset-inj-on)

lemma inj-on-of-real”:
shows inj-on of-real’ norms
using bij-betw-imp-ing-on bij-reals-norms
by blast

definition to-real :: 'b = real where
to-real = the-inv-into norms of-real

lemma to-real [simpl:
assumes r € norms
shows to-real (of-real x) = z
using assms
by (metis inj-on-imagel2 inj-on-of-real’ of-real’-def the-inv-into-f-f to-real-def)

lemma of-real [simp]:
assumes z € of-real ‘ norms
shows of-real (to-real x) = z
using assms
using to-real
by force

definition to-real’ :: 'a = real where
to-real’ = to-real o to-carrier

lemma bij-betw-to-real”:

bij-betw to-real’ reals norms

by (smt (verit, best) bij-betw-cong bij-betw-the-inv-into bij-reals-norms comp-apply
f-the-inv-into-f to-carrier image-eql in-mono inj-on-imagel inj-on-imagel2 inj-on-of-real’
norms-carrier of-real’-def reals-def the-inv-into-comp the-inv-into-onto to-real’-def
to-real-def)

lemma to-real’ [simp]:
assumes r € norms
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shows to-real’ (of-real’ ) = x

using assms

using norms-carrier of-real’-def to-real’-def
by auto

lemma of-real’ [simp):
assumes z € reals
shows of-real’ (to-real’ z) = z
by (smt (verit, ccfv-SIG) assms bij-betw-iff-bijections bij-reals-norms to-real’)

lemma to-real’-norm [simp]:
shows to-real’ (of-real’ ({a))) = ({a))
using norms-def to-real’
by auto

lemma gyronorm-of-real”:
assumes r € norms
shows (of-real’ ) = abs
unfolding of-real’-def gyronorm-def comp-def
proof (subst to-carrier)
show of-real x € carrier
using assms norms-carrier by auto
next
show norm ((of-real::real="b) x) = |z|
using norm-of-real
by auto
qged

lemma gyronorm-abs-to-real”:
assumes z € reals
shows abs (to-real’ ) = (x)
using assms
by (metis bij-betwE bij-betw-to-real” gyronorm-of-real’ of-real’)

definition oplusR :: real = real = real (infixl ®r 100) where
a ®r b = to-real’ (of-real’ a & of-real’ b)

definition oinvR :: real = real (©r) where
Or a = to-real’ (& (of-real’ a))

end

locale gyrocarrier-norms-embed = gyrocarrier-norms-embed’ +
fixes scale :: real = 'a = 'a (infixl ® 105)
assumes oplus-reals: \ a b. [a € reals; b € reals] = a @ b € reals
assumes oinv-reals: )\ a. a € reals = © a € reals
assumes otimes-reals: /\ a r. a € reals = r ® a € reals
begin
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definition otimesR :: real = real = real (infix]l ® g 100) where
r ®r a = to-real’ (r ® (of-real’ a))

lemma oplusR-norms:
shows A a b. [a € norms; b € norms] = a ®r b € norms
by (metis bij-betwE bij-betw-to-real’ bij-reals-norms oplusR-def oplus-reals)

lemma oinvR-norms:
shows A a. ¢ € norms = Sg a € norms
by (metis bij-betwE bij-betw-to-real’ bij-reals-norms oinvR-def oinv-reals)

lemma otimesR-norms:
shows A a r. a € norms = r Qr a € norms
by (metis bij-betwE bij-betw-to-real’ bij-reals-norms otimesR-def otimes-reals)

lemma of-real’-oplusR [simp]:

shows of-real’ (((a)) ®r ((b))) = (of-real’ ((a)) @ of-real’ ({b)))

unfolding oplusR-def

by (smt (verit, ccfo-threshold) Un-iff bij-betw-iff-bijections bij-reals-norms mem-Collect-eq
norms-def of-real’ oplus-reals)

lemma of-real’-otimesR [simp]:

shows of-real’ (r @r ({a))) = r @ (of-real’ ({a)))

unfolding otimesR-def

by (metis (mono-tags, lifting) Un-iff bij-betwE bij-reals-norms norms-def mem-Collect-eq
of-real’ otimes-reals)

lemma of-real’-oinvR [simp]:

shows of-real’ (6r ({a))) = & (of-real’ ({a)))

unfolding oinvR-def

by (metis (mono-tags, lifting) Un-iff bij-betwE bij-reals-norms mem-Collect-eq
norms-def of-real’ oinv-reals)

end

locale gyrovector-space-norms-embed =
gyrocarrier to-carrier +
gyrocarrier-norms-embed to-carrier +
pre-gyrovector-space to-carrier
for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
+
assumes homogeneity:
N\ (7 real) (a :: 'a).
{r®a) = 7l ©r ({a))
assumes gyrotriangle:
N (a::'a) (b:: Ya).
(o @ b) < ({a)) @r ((b))
begin
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lemma gyrodistance-gyrotriangle:
shows dgy a c < dg ab Br dg b c
proof—
have (Sa @ ¢) = ((©a ® b) & gyr (©a) b (60 & ¢))
using gyro-polygonal-addition-lemmalof a b c]
by auto
also have ... < ((Sa @ b)) ®r ({gyr (©a) b (&b ® ¢)))
by (simp add: gyrotriangle)
finally show ?thesis
unfolding gyrodistance-def norm-gyr
by meson
qed

end

end
theory VectorSpace
imports Main HOL.Real HOL— Types-To-Sets. Linear-Algebra-On- With

begin

locale vector-space-with-domain =
fixes dom :: 'a set
and add :: 'a = 'a = a
and zero :: 'a
and smult :: real = 'a = 'a
assumes add-closed: [z € dom; y € dom] = add z y € dom
and zero-in-dom: zero € dom
and add-assoc: [z € dom; y € dom; z€ dom] =>add (add z y) z = add = (add
y 2)
and add-comm: [z € dom; y € dom] = add z y = add y x
and add-zero: [z € dom] = add © zero = x
and add-inv: © € dom = Jy € dom. add z y = zero
and smult-closed: [z € dom] = smult a © € dom
and smult-distr-sadd: [z € dom] =>smult (a + b) z = add (smult a z) (smult
b )
and smult-assoc: [x € dom] = smult a (smult b ) = smult (a % b) =
and smult-one: [z € dom] = smult 1 © =z
and smult-distr-sadd2: [z € dom; yedom] = smult a (add z y) = add (smult
a x) (smult a y)

begin

lemma inv-unique:
assumes a€dom z1E€dom z2€dom
add a z1 = zero
add a z2 = zero
shows z1=22
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by (metis add-assoc add-comm add-zero assms)

definition inv::’a='a where
inv a = (if a€dom then (THE z. (z€dom A add a z = zero)) else undefined)

definition minus::‘a="a='a where
minus a b = (if acdom A bedom then add a (inv b) else undefined)

lemma module-on-with-is-this:
shows module-on-with dom add minus inv zero smult
unfolding module-on-with-def
proof
show ab-group-add-on-with dom add zero local.minus local.inv
unfolding ab-group-add-on-with-def
proof
show comm-monoid-add-on-with dom add zero
by (smt (verit, del-insts) ab-semigroup-add-on-with-Ball-def add-assoc add-closed
add-comm add-zero comm-monoid-add-on-with-Ball-def semigroup-add-on-with-def
zero-in-dom)
next
show ab-group-add-on-with-axioms dom add zero local.minus local.inv
unfolding ab-group-add-on-with-axioms-def
proof
show Va. a € dom — add (local.inv a) a = zero
proof—
{fix a
assume a<€dom
obtain z where zedom A add z a = zero
using <a € dom» add-comm add-inv by blast
moreover have local.inv a = 2
using <a € dom» add-comm calculation inv-unique local.inv-def by auto
ultimately have add (local.inv a) a = zero
using <acdom)
by fastforce

show ?thesis
using <Aaa. aa € dom = add (local.inv aa) aa = zero> by blast
qed
next
show (Vab. a € dom — b € dom — local.minus a b = add a (local.inv b))
N
(Va. a € dom — local.inv a € dom)
proof
show Va b. a € dom — b € dom — local.minus a b = add a (local.inv b)
using minus-def by auto
next
show Va. a € dom — local.inv a € dom
proof—
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{fix a
assume a<€dom
have local.inv a €dom
by (smt (23) <a € domy add-assoc add-comm add-inv add-zero local.inv-def
thel’)
}
show ?thesis
using «Aaa. aa € dom = local.inv aa € dom) by fastforce
qed
qed
qed
qed
next
show ((Va. Vazedom. Yyedom. smult a (add z y) = add (smult a z) (smult a
y) A
(Va b. Vzedom. smult (a + b) x = add (smult a ) (smult b x))) A
(Va b. Vzedom. smult a (smult b x) = smult (a * b) z) A
(Vzedom. smult 1 © = z) A (VYa. YzEdom. smult a x € dom)
using smult-one smult-distr-sadd smult-assoc smult-closed
smult-distr-sadd2
by auto
qged

lemma vector-space-on-with-is-this:
shows vector-space-on-with dom add minus inv zero smult
by (simp add: module-on-with-is-this vector-space-on-with-def)

end

end
theory Abe
imports GyroGroup HOL— Analysis. Inner-Product HOL. Real- Vector-Spaces Vec-
torSpace
begin

locale one-dim-vector-space-with-domain =
vector-space-with-domain +
assumes Vy. Vz. (y€ dom A

z€ dom A x#zero — (Flrireal. y = smult v x))

locale GGV =
fixes fi ::'a::gyrocommutative-gyrogroup = 'b::real-inner
fixes scale ::real = 'a = 'a
fixes plus’::real = real = real
fixes smult’::real = real = real

assumes nj fi
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assumes norm (fi (gyr u v a)) = norm (fi a)

assumes scale 1 a = a

assumes scale (r1+712) a = (scale r1 a) & (scale r2 a)

assumes scale (r1*r2) a = scale r1 (scale 12 a)

assumes (a#£gyrozero A r£0)— (fi (scale |r| a)) /r (norm (fi (scale r a))) =
(fi a) /g (norm (fi a))

assumes gyr u v (scale r a) = scale v (gyr v v a)

assumes gyr (scale r1 v) (scale 2 v) = id

assumes vector-space-with-domain {x.3a. © = norm (fi a) V 2 = — norm (fi
a)} plus’ 0 smult’

assumes norm (fi (scale r a)) = smult’ |r| (norm (fi a))

assumes norm (fi (a ® b)) = plus’ (norm (fi a)) (norm (fi b))
begin

end

class gyrolinear-space =

gyrocommutative-gyrogroup +

fixes scale :: real = 'a::gyrocommautative-gyrogroup = 'a (infixl ® 105)

assumes scale-1: A a::’'a. I ® a =a

assumes scale-distrib: N\ (r1 :: real) (r2 :: real) (a :: 'a). (r1 + 72) ® a = rl
RadDr2Ra

assumes scale-assoc: N\ (r1 :: real) (r2 :: real) (a :x ’a). (r1 * 12) @ a =711 ®
(r2 ® a)

assumes gyroauto-property: N\ (u :: ‘a) (v :: ‘a) (r = real) (a2 'a). gyruov (r ®
a) =r® (gyr uv a)

assumes gyroauto-id: N\ (r1 :: real) (r2 :: real) (v :: 'a). gyr (r1 ® v) (r2 ® v)
=id

begin
end

locale normed-gyrolinear-space =
fixes norm’::'a::gyrolinear-space = real
fixes f:real = real
assumes Y a::'a. (norm’ a > 0)
assumes V y::real. (y€ (norm’ ¢ UNIV) — (fy) > 0)
assumes bij-betw f (norm’ ¢ UNIV) {x::real. >0}
assumes V y::real. V zureal. (( y€ norm’ « UNIV A

z€ norm’ ¢ UNIV A y>z)— (fy) > (f 2))

assumes YV z::'a. Vy::'a. f(norm’ (gyroplus x y)) < (f (norm’ z)) + (f (norm’

Y)
assumes | (norm’ (scale r z)) = |r| x (f (norm’ z))
assumes norm’ (gyr u v x) = norm’ x
assumes Vz::'a. ((norm’ z) = 0 «— = = gyrozero)
begin
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definition norms::real set where
norms = norm’ < UNIV

definition norms-neg::real set where
norms-neg = (Az. —1 * norm’ z) ¢ UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
shows norms-neg # {}
using add.inverse-inverse norms-neg-def by fastforce

lemma zero-only-norms-norms-neg:

assumes TENOrMs rENOTMS-neg

shows z=0

by (smt (verit, ccfo-threshold) assms(1) assms(2) f-inv-into-f normed-gyrolinear-space-azxioms
normed-gyrolinear-space-def norms-def norms-neg-def)

lemma al-a2:
shows 3 f": real = real. ((Vz::real. Y y::real. ( z€norms-all A y €norms-all A
>y — (/') > (' 9)
A (f10) = 0 A bij-betw f' norms-all UNIV')
proof—
let 2f' = Ax. if z=0 then 0 else if (x € norms) then (f z) else if (z€ norms-neg)
then — (f (—xz)) else undefined
have fact3: 2f' 0 = 0
by auto
moreover have fact!: (Vaz:real. Vy:real. ( x€norms-all A y €norms-all A
a>y)— (f" =) > (2f"y))
proof—
{fix z y
assume zenorms-all A\ y €norms-all N\ z>y
have (2" z) > (?f' y)
proof—
have =0 V z#£0 by blast
moreover {
assume =0
then have ?thesis
by (smt (verit, del-insts) Un-def <x € norms-all A y € norms-all A y < >
f-inv-into-f mem- Collect-eq normed-gyrolinear-space.norms-neg-def normed-gyrolinear-space-azxioms
normed-gyrolinear-space-def norms-all-def norms-def rangel )

}

moreover {
assume z#(0
have zenorms V z€norms-neg
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using <x € norms-all A y € norms-all N\ y < x> norms-all-def by force
moreover {
assume rEnorms
then have y=0V y#0
by blast
moreover {
assume y=0
then have ?thesis
by (smt (23) «<x € normsy «x € norms-all A y € norms-all A\ y < x»
normed-gyrolinear-space-axioms normed-gyrolinear-space-def norms-def rangel )
} moreover {
assume y#£(0
have ycnorms V yEnorms-neg
using <z € norms-all A y € norms-all A\ y < x» norms-all-def by auto
moreover {
assume yENoOrms
then have ?thesis
by (smt (23) «x € norms» <z € norms-all A\ y € norms-all N y < >
«x # 0> normed-gyrolinear-space-azioms normed-gyrolinear-space-def norms-def)

} moreover {
assume yEnorms-neq
then have 7f'y = — (f (—v))
using <y # 0> zero-only-norms-norms-neg by fastforce
moreover have —y € norms
using <y € norms-neg> norms-def norms-neg-def by force
moreover have 7f' y < 0

by (smt (verit, ccfo-threshold) calculation(1) calculation(2)
normed-gyrolinear-space-azxioms normed-gyrolinear-space-def norms-def)

moreover have 7f' y #£0
proof(rule ccontr)
assume —(?f' y # 0)
then show Fulse
by (smt (verit, del-insts) <y # 0> calculation(1) calculation(2)
f-inv-into-f normed-gyrolinear-space-azxioms normed-gyrolinear-space-def norms-def
rangel)
qed
ultimately have ?thesis
by (smt (23) <z € norms> normed-gyrolinear-space-axioms normed-gyrolinear-space-def
norms-def)

}

ultimately have ?thesis by blast

}

ultimately have ?thesis by blast
} moreover {

assume rEnorms-neqg

then have ?thesis
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by (smt (verit, del-insts) Un-def «x € norms-all A y € norms-all A y < x
frinv-into-f mem-Collect-eq normed-gyrolinear-space.norms-neg-def normed-gyrolinear-space-axioms
normed-gyrolinear-space-def norms-all-def norms-def rangel )

ultimately have ?thesis by blast
} ultimately show ?thesis by blast
qed
}
then show ?thesis by blast
qged
moreover have fact2: bij-betw ?f' norms-all UNIV
proof—
have «Vz. Vy. (z€norms-all A yenorms-all A (?f' z) = (9f'y)) — xz =y
by (smt (verit, ccfv-threshold) calculation(2))
moreover have xxV x::real. Jy. (y€ norms-all A ?f' y = x)
proof—
have Vz::real. (>0 — (Jy. (y € norms A fy =z )))
by (metis (no-types, opaque-lifting) bij-betw-iff-bijections mem-Collect-eq
normed-gyrolinear-space-axioms normed-gyrolinear-space-def norms-def)
moreover have Vz::real. (z<0 — (Jy. (y € norms A (fy) = —x)))
by (simp add: calculation)
moreover have Vz:real. (2>0 — (Jy. (y € norms A 2f' y = z)))
by (smt (23) calculation(1) f-inv-into-f normed-gyrolinear-space-azioms
normed-gyrolinear-space-def norms-def)
moreover have Vaz:ureal. (z<0 — (Jy. (y € norms-neg A (f (—y)) =
—z)))
using calculation(2) norms-def norms-neg-def by auto
moreover have Vazureal. (z<0 — (3y. (y € norms-neg A (?f' (—y)) =
—a)))
by (smt (23) calculation(1) calculation(4) f-inv-into-f normed-gyrolinear-space-azrioms
normed-gyrolinear-space-def norms-def norms-neg-def rangel)
moreover have Vz::real. (z> 0 V 2<0)
by (simp add: linorder-le-less-linear)
ultimately show ?Zthesis
proof —
{ fix rr :: real
have ff1: Vr. (rzreal) < 0V 0 < r
by (smt (23))
have ff2: Vr ra. sup (ra::real) r = sup r ra
by (smt (23) inf-sup-aci(5))
have ff3: VR Ra. (Ra:real set) U R = R U Ra
by (smt (23) Un-commute)
have ff/: Vr ra. (r::real) < sup r ra
by simp
have ff5: VR Ra. (R::real set) C Ra U R
by (smt (23) inf-sup-ord(4))
have ff6: Vr. (r:real) < r
by (smt (23))

46



have ff7: Vr R Ra. (r::real) ¢ RV r € RaV = R C Ra
by blast
have ff8: Vr. — (— (rureal)) = r
using verit-minus-simplify(4) by blast
have ff9: — (0::real) = 0
by (smt (23))
have Vr ra. v ¢ norms-all V (if r = 0 then 0 else if r € norms then fr
else if r € norms-neg then — f (— r) else undefined) # (if ra = 0 then 0 else if ra
€ norms then f ra else if ra € norms-neg then — f (— ra) else undefined) V ra ¢
norms-all V r = ra
using Vz y. © € norms-all A y € norms-all A (if x = 0 then 0 else if
x € norms then f x else if x € norms-neg then — f (— x) else undefined) = (if y
= 0 then 0 else if y € norms then fy else if y € norms-neg then — f (— y) else
undefined) — x = y» by blast
then have Vr. (if r = 0 then 0 else if r € norms then f r else if r €
norms-neg then — f (— r) else undefined) # (if True then 0 else if 0 € norms then
10 else if 0 € norms-neg then — f 0 else undefined) V r = 0 V 0 ¢ norms-all V r
¢ norms-all
using ff9 by (smt (23))
then have (3r. (if r = 0 then 0 else if r € norms then f r else if r
€ norms-neg then — f (— r) else undefined) = rr A r € norms-all) Vv (Ir. (if r
= 0 then 0 else if v € norms then f r else if r € norms-neg then — f (— r) else
undefined) = rr A r € norms-all)
using ff9 ff8 ff7 [f6 {f5 ff4 [f3 [f2 ff1 ~Vx<0. 3y. y € norms-neg A\ f (—
y) = — o ~Nz>0. Jy. y € norms A (if y = 0 then 0 else if y € norms then fy
else if y € norms-neg then — [ (— y) else undefined) = xy «Vx>0. Jy. y € norms
A fy = o if-True norms-all-def zero-only-norms-norms-neg by moura }
then show ?thesis
by blast
qed

qed
moreover have inj-on ?f’ norms-all
using x inj-on-def by blast
moreover have xxx:V x::real. I yEnorms-all. (7f' y = x)
using *x by blast
moreover have ?f’ ‘ norms-all = UNIV
proof—
have ?f’ ‘ norms-all C UNIV
by blast
moreover have UNIV C ?f' ¢ norms-all
proof—
fix z::real
have Jyenorms-all. (?f' y = z)
using xx by blast
then have z € (9f’ ¢ norms-all)
by blast
then have Vz:real. (z € (2f' ‘ norms-all))
by (smt (verit, del-insts) xx image-iff)
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then show ?thesis
by blast
qed
ultimately show ?thesis
by force
qed
ultimately show bij-betw ?f’ norms-all UNIV
using bij-betw-def by blast
qed

moreover have fact-fin: ((Vz::real. ¥V y::real. ( x€norms-all A y €norms-all A
w>y)— (7' 2) > (% 1))
A (2f70) = 0 A bij-betw 2f" norms-all UNIV)
using fact! fact2 by argo

ultimately show ?thesis
using fact-fin
by (smt (verit, del-insts))
qed

end

locale normed-gyrolinear-space’ =

fixes norm’::'a::gyrolinear-space = real

fixes f'::real = real

assumes YV a::'a. (norm’ a > 0)

assumes bij-betw f' ((norm’ ¢ UNIV) U (Az. —1 * norm’ z) * UNIV)) UNIV

assumes Y y::real. Vzireal. (( y€ ((norm’ ¢ UNIV) U ((Az. —1 * norm’ z)
UNIV)) A
z€ ((norm’ * UNIV) U ((Az. —1 * norm’ z) * UNIV)) A y>z)— (f' y) > (f’
2))

assumes f' 0 = 0

assumes Vz::'a. Vy::'a. f'(norm’ (gyroplus z y)) < (f' (norm’ z)) + (f" (norm’
y))

assumes [’ (norm’ (scale r z)) = |r| * (f' (norm’ z))

assumes norm’ (gyr u v x) = norm’ x

assumes Vz::'a. ((norm’ z) = 0 «—— = = gyrozero)
begin

definition norms::real set where
norms = norm’ < UNIV

definition norms-neg::real set where
norms-neg = (Ax. —1 * norm’ z) ¢ UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
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shows norms-neg # {}
using add.inverse-inverse norms-neg-def by fastforce

lemma zero-only-norms-norms-neg:

assumes TENOrms rENOTMS-neg

shows z=0

by (smt (verit, ccfv-threshold) assms(1) assms(2) f-inv-into-f normed-gyrolinear-space’-azioms
normed-gyrolinear-space’-def norms-def norms-neg-def)

definition norm-oplus-f::real = real = real (infixl &; 105)

where a @ b = (if (a€norms-all A benorms-all) then (inv-into norms-all f)
((F @) + (')
else undefined)

definition norm-otimes-f::real = real = real (infixl @y 105)
where 7 @ a = (if (a€norms-all) then (inv-into norms-all f') (r = (f' a))
else undefined)

lemma vector-space-of-norms:
shows vector-space-with-domain norms-all norm-oplus-f 0 norm-otimes-f
proof
fix zy
show z € norms-all = y € norms-all = © ®; y € norms-all
proof—
assume zE€norms-all
show y € norms-all = = @©; y € norms-all
proof—
assume yEnorms-all
show z ®©f y € norms-all
by (smt (verit, del-insts) UNIV-I <z € norms-ally <y € norms-ally bij-betw-def
inv-into-into norm-oplus-f-def normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def)
qed
qged
next
show 0 € norms-all
by (metis Un-iff normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def
norms-all-def norms-def rangel)
next
fixzyz
show =z € norms-all =
y € norms-all => z € norms-all =z &5y ®y 2z =2 By (y By 2)
proof—
assume zEnorms-all
show y € norms-all = z € norms-all = = ®ry G 2 =2 Oy (y Ds 2)
proof—
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assume y € norms-all
show z € norms-all = = ©yy ®y z=2 &5 (y Sy 2)
proof—
assume z € norms-all
show z ®ry ®rz=12 ®f (y ®f 2)
proof—
have z @&y y = (inv-into norms-all f') ((f' z) + (f' y))
by (simp add: <x € norms-ally <y € norms-ally norm-oplus-f-def)
moreover have z ®¢ y @ z = (inv-into norms-all f') ((
£ ( (inv-into norms-all ) (' 2) + (' )))) + (f' 2))
by (metis (no-types, lifting) UNIV-I <z € norms-all> bij-betw-imp-surj-on
calculation inv-into-into norm-oplus-f-def normed-gyrolinear-space’.norms-neg-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
moreover have z @®y y @®f z = (inv-into norms-all f') (((f" z)+ (f'
Y+ 2))
by (metis (mono-tags, lifting) UNIV-I bij-betw-imp-surj-on calculation(2)
f-inv-into-f normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def)
moreover have (y @y z) = (inv-into norms-all ') ((f" y) + (f' 2))
by (simp add: <y € norms-ally <z € norms-all> norm-oplus-f-def)
moreover have = @f (y ®f z) = (inv-into norms-all f") ((f' z) +
(f" ((inv-into norms-all ') ((f"y) + (f' 2)))))
by (metis (mono-tags, lifting) UNIV-I <z € norms-ally bij-betw-def cal-
culation(4) inv-into-into norm-oplus-f-def normed-gyrolinear-space’.norms-neg-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
moreover have = @f (y ®f z) = (inv-into norms-all f") ((f" z) +
((f" ) + (1" 2)))
by (metis (mono-tags, lifting) UNIV-I bij-betw-imp-surj-on calculation(5)
f-inv-into-f normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def)
ultimately show “thesis
by argo
qed
qed
qed
qed
next
fix zy
show z € norms-all = y € norms-all =z Sry=y s v
proof—
assume € norms-all
show y € norms-all =z & y=y Or =
proof—
assume y € norms-all
show z ©fy=19y Oy =
by (simp add: add.commute norm-oplus-f-def)
qed
qged
next
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fix z
show z € norms-all =z ©y 0 ==
proof—
assume zEnorms-all
show z ®f 0 =<z
proof—
have z &7 0 = (inv-into norms-all f') ((f' z) + (f' 0))
by (metis (mono-tags, lifting) Un-iff <z € norms-ally norm-oplus-f-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def
rangel )
then show ?thesis
by (smt (verit, del-insts) «x € norms-all> bij-betw-def inv-into-f-eq normed-gyrolinear-space’.norms-neg-de,
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
qed
qed
next
fix z
show z € norms-all = Jycnorms-all. x Sy y = 0
proof—
assume zEnorms-all
show Jycnorms-all. z ®f y =0
proof—
let %y = (inv-into norms-all ') (—(f' z))
have z @y %y = (inv-into norms-all f') ((f" ) + (f' ?y))
by (smt (verit, ccfv-SIG) «x € norms-ally bij-betwE bij-betw-inv-into
f-inv-into-f inv-into-into norm-oplus-f-def normed-gyrolinear-space’.norms-neg-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def
rangel)
moreover have z @&y %y = (inv-into norms-all ') ((f' z) + (—=(f' z)))
by (smt (verit, ccfo-SIG) bij-betw-inv-into-right calculation iso-tuple- UNIV-I
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def)
moreover have ¢ @; %y =(inv-into norms-all f') 0
using calculation(2) by force
moreover have z @y %y = 0
by (metis (no-types, lifting) Un-iff bij-betw-def calculation(8) inv-into-f-eq
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def rangel)
moreover have ?y € norms-all
by (metis (no-types, lifting) UNIV-I bij-betw-imp-surj-on inv-into-into
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def)
ultimately show ?Zthesis
by blast
qed
qed
next
fix z a
show z € norms-all = a ®f = € norms-all
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proof—
assume zE€norms-all
show a ®; x € norms-all
by (smt (verit, best) <z € norms-ally bij-betw-imp-surj-on bij-betw-inv-into
norm-otimes-f-def normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def rangel)
qed
next
fixzabd
show z € norms-all = (a + b) ®f 2 = a @f ¢ Dy (b @y z)
proof—
assume zEnorms-all
show (a + b) @r 2 = a ®f z &5 (b ®f 2)
proof—
have (a + b) ®f z = (inv-into norms-all f') ((a+b) * (f' x))
using <z € norms-all> norm-otimes-f-def by presburger
moreover have (a + b) ®; z = (inv-into norms-all f') (ax(f' z) + bx(f' z))
using calculation by argo
moreover have x: a @y ¢ @ (b ®y z) = (inv-into norms-all f')
((f" (e ®f z)) + (f' (b ©f 1))
proof —
have Af. = normed-gyrolinear-space’ norm’ f \V bij-betw f norms-all UNIV
by (metis (no-types) normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-def
norms-all-def norms-def)
then show ?thesis
by (metis (full-types) UNIV-I <z € norms-ally bij-betw-imp-surj-on
inv-into-into norm-oplus-f-def norm-otimes-f-def normed-gyrolinear-space’-axioms)
qed
moreover have xx: (inv-into norms-all f)
((f' (a ®f z)) + (f' (b ®f ))) = (inv-into norms-all f)
((f" ((inv-into norms-all f') (ax(f' x)))) +
(f" ((inv-into norms-all f) (bx(f' x)))))
using «x € norms-ally norm-otimes-f-def by presburger
moreover have a ® © @ (b ®f z) = (inv-into norms-all f') ((ax(f' z)) +
(b+(f" 2)))
using * *x
by (smt (verit, ccfv-threshold) UNIV-I bij-betw-imp-surj-on f-inv-into-f
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def)
ultimately show ?thesis
by presburger
qed
qed
next
fixzabd
show 2z € norms-all = a ®5 (b ®f ¢) = (a * b) ¢ ¢
proof—
assume zEnorms-all
show a¢ @7 (b @y z) = (a * b)) Q@ x
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by (smt (verit, best) UNIV-I <z € norms-ally ab-semigroup-mult-class.mult-ac(1)
bij-betw-imp-surj-on f-inv-into-f inv-into-into norm-otimes-f-def normed-gyrolinear-space’.norms-neg-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
qed
next
fix z
show z € norms-all = 1 Qs v ==z
proof—
assume zEnorms-all
show 1 @z =2
proof—
have 1 ®; z = (inv-into norms-all f') (1*(f' z))
using <z € norms-ally norm-otimes-f-def by presburger
then show ?thesis
by (metis (no-types, lifting) «x € norms-ally bij-betw-inv-into-left lambda-one
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def
norms-all-def norms-def)
qed
qed
next
show Az y a.
x € norms-all =
y € norms-all = a @5 (v &y y) = a Qp z &y (a @f y)
proof—
{
fixzya
assume z€ norms-all A y€ norms-all
have a ®; (z &f y) = (inv-into norms-all f') (a * f' ((inv-into norms-all f')
(' 2) + (' 1))
by (smt (verit, best) UNIV-I <z € norms-all A\ y € norms-ally bij-betw-imp-surj-on
inv-into-into norm-oplus-f-def norm-otimes-f-def normed-gyrolinear-space’.norms-neg-def
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
moreover have a @y z @5 (a ®5 y) = (inv-into norms-all f') ((f’ (inv-into
norms-all ' (a * (f' z))))+(f" (énv-into norms-all f' (a = (f" y)))))
by (smt (verit) <z € norms-all A y € norms-ally bij-betw-def inv-into-into
iso-tuple-UNIV-I normed-gyrolinear-space’.norm-oplus-f-def normed-gyrolinear-space’.norm-otimes-f-def
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def)
ultimately have a ®¢ (z @5 y) = a Qp ¢ S5 (¢ Qf y)
using UNIV-I bij-betw-imp-surj-on f-inv-into-f normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def norms-neg-def ring-class.ring-distribs(1)
by (smt (verit, best) normed-gyrolinear-space’.norms-neg-def)
}

show Az y a.
x € norms-all =
y € norms-all = a @5 (z G5 y) = a Qf v By (a @f y)
using <Ay z a. £ € norms-all A y € norms-all = a @5 (v Dy y) = a V5
@r (a ®f y)» by blast
qed
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qed

lemma r2:
shows norm’ (z & y) < (norm’ z) @y (norm’ y)
proof—
have (/' (norm’ (¢ @ y))) < (/' (norm’ 2)) + (' (norm’ y)
using normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def by blast
moreover have (inv-into norms-all f' (f' (norm’ (z & y)))) <
(inv-into norms-all f' ((f' (norm’ z)) + (f' (norm’ y))))
by (smt (verit, ccfo-SIG) UNIV-I bij-betw-def f-inv-into-f inv-into-into normed-gyrolinear-space’.norms-neg
normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def norms-all-def norms-def)
ultimately show ?thesis
by (metis (no-types, lifting) Unll bij-betw-def inv-into-f-eq normed-gyrolinear-space’.norm-oplus-f-def
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def rangel)
qed

lemma r3:

shows norm’ (r @ z) = |r| ®¢ (norm’ x)

by (smt (verit, best) bij-betw-inv-into-left in-mono inf-sup-ord(3) norm-otimes-f-def
normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-azioms normed-gyrolinear-space’-def
norms-all-def norms-def rangel)

lemma one-dim-vs:
shows one-dim-vector-space-with-domain norms-all norm-oplus-f 0 norm-otimes-f
proof—
have stepl: vector-space-with-domain norms-all norm-oplus-f 0 norm-otimes-f
using vector-space-of-norms by auto
moreover have step2: Vy. Vz. (y€ norms-all A
z€ norms-all N z#0 — (I!rareal. y = r @5 x))
proof
fix y
show Vz. (y€ norms-all A
z€ norms-all A 2#0 — (Ilrureal. y = r Q@ ))
proof
fix z
show y€ norms-all A
z€ norms-all A 2#0 — (Ilrureal. y = 7 Qf )
proof
assume y<€ norms-all A
x€ norms-all \ z£0
show (F!rureal. y = r @y )
proof—
have (Irureal. y = r @y )
proof—
let #r = f'(y)/f'(z)
have ?r ®; = = (inv-into norms-all ') (?r = (f' z))
by (simp add: <y € norms-all A x € norms-all A z # 0> norm-otimes-f-def)
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then show ?thesis
by (smt (verit, ccfo-SIG) <y € norms-all A z € norms-all A x # 0»
bij-betw-inv-into-left nonzero-eq-divide-eq normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-ax:
normed-gyrolinear-space’-def norms-all-def norms-def vector-space-of-norms vector-space-with-domain. zero-in-
qed

moreover have VriVr2. (y =1l Qpz ANy =12 Q5 x — r1=r2)
proof
fix r1
show Vr2. y=rl Qs ANy=7r2 Qrxz — ri=r2
proof
fix r2
show y =1l @2 Ay=12 Qp v — ri=r2
proof
assume y =711 Qr r ANy=12 Q5 T
show r1=r2
proof—
have r1 ®; z = (inv-into norms-all f') (r1 = (f’ z))
by (simp add: <y € norms-all A\ x € norms-all A\ z # 0> norm-otimes-f-def)
moreover have r2 ®; = = (inv-into norms-all f') (r2 * (f' z))
using <y € norms-all A © € norms-all N\ © # 0> norm-otimes-f-def by

presburger
moreover
have (inv-into norms-all f') (r1 *x (f' z)) = (inv-into norms-all f') (r2
« (" x))
using <y = rl @y z Ay =12 Q; o> calculation(1) calculation(2) by
fastforce

moreover have f’ ( (inv-into norms-all ') (r1 * (f' z))) =
1'( (inv-into norms-all ') (r2 * (f' z)))
using calculation by presburger
moreover have rix (f' z) = r2x (f' z)
by (metis (mono-tags, lifting) UNIV-I bij-betw-imp-surj-on calculation(3)
inv-into-injective normed-gyrolinear-space’.norms-neg-def normed-gyrolinear-space’-axioms
normed-gyrolinear-space’-def norms-all-def norms-def)
ultimately show ?Zthesis
by (metis (no-types, opaque-lifting) <y € norms-all A x € norms-all \ x #
0> mult-right-cancel norm-oplus-f-def normed-gyrolinear-space’-axioms normed-gyrolinear-space’-def
vector-space-of-norms vector-space-with-domain.add-zero vector-space-with-domain. zero-in-dom,)
qed

qed
qed
qed
ultimately show ¢thesis
by blast
qed
qed
qed
qed
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ultimately show ?thesis
by (simp add: one-dim-vector-space-with-domain.intro one-dim-vector-space-with-domain-azioms.intro)
qed

end

locale normed-gyrolinear-space’ =

fixes norm’::'a::gyrolinear-space = real

fixes oplus’::real = real = real

fixes otimes’::real=real = real

assumes Y a::’a. (norm’ a > 0)

assumes az-space: one-dim-vector-space-with-domain ((norm’ ¢ UNIV) U ((Ax.
—1 % norm’ z) < UNIV))

oplus’ 0 otimes’

assumes az3: Vax::'a. Vy::'a. (norm’ (gyroplus x y)) < oplus’ (norm’ z) (norm’
v)

assumes (norm’ (scale r x)) = otimes’ |r| (norm’ x)

assumes norm’ (gyr u v x) = norm’ x

assumes Vz::'a. ((norm’ z) = 0 «—— x = gyrozero)
begin

definition norms::real set where
norms = norm’ < UNIV

definition norms-neg::real set where
norms-neg = (Az. —1 % norm’ ) < UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
shows norms-neg # {}
using add.inverse-inverse norms-neg-def by fastforce

lemma zero-only-norms-norms-neg:

assumes rEnorms rENorms-neq

shows z=0
by (smt (verit, ccfo-threshold) assms(1) assms(2) f-inv-into-f normed-gyrolinear-space’’-azxioms
normed-gyrolinear-space’’-def norms-def norms-neg-def)

lemma not-trivial-domen-has-pos:
assumes Jz. (z€norms-all A z#£0)
shows Jz. (z€norms A z#£0)
using assms norms-all-def norms-def norms-neg-def by auto

lemma iso-with-real:

assumes Jz. (z€norms-all A z#£0)
shows 3 g. (bij-betw g norms-all UNIV A (g 0) = 0 A
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(Vu.Yv. (u€norms-all A vEnorms-all — g (oplus’ u v) = (g u) + (g v)))
A (Yu.¥rireal. (u€norms-all — g (otimes’ r u) = r+(g u)))
)
proof—
obtain z where z€norms N z#0
using assms not-trivial-domen-has-pos by presburger
moreover have z€ norms-all
by (simp add: calculation norms-all-def)
have Vy. (yenorms-all — (3!r.(y = otimes’ r z)))
using az-space one-dim-vector-space-with-domain-axioms-def
by (metis <z € norms-ally calculation norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.azioms(2))
let g = \y. (THE r. y = otimes’ r z)
have bij-betw ?g norms-all UNIV
proof—
have inj-on ?g norms-all
by (smt (verit, best) <V y. y € norms-all — (I!r. y = otimes’ r x)> inj-on-def
the-equality)
moreover have Vr:real. 3y. (y€ norms-all A y = otimes’ r z)
by (metis «x € norms-ally az-space norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.azioms(1) vector-space-with-domain.smult-closed)
moreover have V r::real.3 y€Enorms-all. 2g y =r
using «Vy. y € norms-all — (I!r. y = otimes’ r z)» calculation(2) by blast
ultimately show ¢thesis
by (smt (verit, ccfv-threshold) UNIV-eq-I bij-betw-apply inj-on-imp-bij-betw)
qged
moreover have %g 0 = 0
proof—
obtain r where 0 = otimes’ r z
by (metis <V y. y € norms-all — (3!r. y = otimes’ r x)» ax-space norms-all-def
norms-def norms-neg-def one-dim-vector-space-with-domain-def vector-space-with-domain. zero-in-dom)

moreover obtain zr where x=norm’ xz
using norms-all-def
using norms-def norms-neg-def
using «x € norms A z # 0) by auto

moreover have otimes’ 0 z = norm’ (0 ® xz)

by (metis (no-types, lifting) calculation(2) norm-zero normed-gyrolinear-space'’-azioms
normed-gyrolinear-space’’-def real-norm-def)

moreover have otimes’ 0 z = 0

by (smt (verit, ccfu-threshold) <V y. y € norms-all — (3!r. y = otimes’ r x)» <z
€ norms-ally ax-space norms-all-def norms-def norms-neg-def one-dim-vector-space-with-domain.axioms(1)
vector-space-with-domain-def)

ultimately show #thesis

by (smt (verit) Vy. y € norms-all — (Ir. y = otimes’ r x)» az-space
norms-all-def norms-def norms-neg-def one-dim-vector-space-with-domain.axioms(1)
thel-equality vector-space-with-domain.zero-in-dom,)
qed
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moreover have Vu.V v. (u€norms-all A vEnorms-all — %g (oplus’ u v) = (%g
W) + (% v))
proof
fix u
show YV v. (u€norms-all A vEnorms-all — ?g (oplus’ v v) = (29 u) + (?g v))
proof
fix v
show ue€norms-all A venorms-all — %g (oplus’ u v) = (29 u) + (%9 v)
proof
assume ucnorms-all A vEnorms-all
show %g (oplus’ u v) = (%9 u) + (%9 v)
proof—
obtain a where u = otimes’ a z
using Vy. y € norms-all — (3!r. y = otimes’ r z)) <u € norms-all A
v € norms-ally by blast
moreover obtain b where v = otimes’ b x
using Vy. y € norms-all — (3!r. y = otimes’ r x)» <u € norms-all A
v € norms-ally by blast
moreover have x:oplus’ u v = otimes’ (a+b) z
by (metis «x € norms-ally ax-space calculation(1) calculation(2)
norms-all-def norms-def norms-neg-def one-dim-vector-space-with-domain-def vec-
tor-space-with-domain. smult-distr-sadd)
moreover have oplus’ u v € norms-all
by (metis x <x € norms-all> az-space norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.azioms(1) vector-space-with-domain.smult-closed)
moreover have ?g (oplus’ u v) = (a+b)
using *
using Vy. y € norms-all — (3!r. y = otimes’ r x)» calculation(4) by
auto
ultimately show #thesis
by (smt (verit, del-insts) Vy. y € norms-all — (I!r. y = otimes’ r x)»
<u € norms-all A v € norms-ally thel-equality)
qed
qed
qed
qed
moreover have (Vu.Vr:real. (u€norms-all — ?2g (otimes’ r u) = r+(?%g u)))
proof
fix u
show V r::real. (u€norms-all — ?g (otimes’ r u) = r+(%g u))
proof
fix r
show ucnorms-all — 2g (otimes’ r u) = r+(%g u)
proof
assume u€norms-all
show ?2g (otimes’ r u) = r+(%g u)
proof—
obtain a where u = otimes’ a z
using Vy. y € norms-all — (I!r. y = otimes’ r z)» <u € norms-ally

o8



by blast
moreover have otimes’ r u = otimes’ (r*xa) z
by (metis <x € norms-all> az-space calculation norms-all-def norms-def
norms-neg-def one-dim-vector-space-with-domain.azioms(1) vector-space-with-domain.smult-assoc)
moreover have otimes’ r u € norms-all
by (metis <u € norms-ally az-space norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.axioms(1) vector-space-with-domain.smult-closed)
moreover have ?g (otimes’ r u) = (r+*a)
using Vy. y € norms-all — (3!r. y = otimes’ r z)» calculation(2)
calculation(3) by auto
ultimately show #thesis
by (smt (verit, ccfo-threshold) <Vy. y € norms-all — (3!r. y = otimes’
T z)y <u € norms-ally thel’)
qed
qed
qed
qed

ultimately show ?thesis
by blast
qed

definition g-iso::(real=-real)=-bool where

g-iso g «— (bij-betw g norms-all UNIV A (g 0) = 0 A

(Vu.Yv. (u€norms-all A veEnorms-all — g (oplus’ v v) = (g u) + (g v)))
A (Yu¥rireal. (u€norms-all — g (otimes’ r u) = r+(g u))))

lemma iso-neg-with-real:
assumes Jz. (z€norms-all A 2#£0)
shows g-iso ¢ — g-iso (A\z. —1 * (g 7))
proof
assume ¢-is0 g
show g-iso (Az. —1 % (g x))
proof—
have bij-betw (Az. —1 * (g z)) norms-all UNIV
proof—
have inj-on (Az. —1 * (g x)) norms-all
by (smt (verit, ccfo-threshold) <g-iso g» bij-betw-imp-inj-on g-iso-def inj-on-def)
moreover have Vr:real.3yenorms-all. (Az. —1 x (g z)) y = 1)
by (metis UNIV-I <g-iso ¢» bij-betw-iff-bijections g-iso-def minus-equation-iff
mult-cancel-right2 mult-minus-left)
ultimately show ?thesis
by (metis (mono-tags, lifting) UNIV-eq-I bij-betwE bij-betw-imagel )
qed
moreover have (A\z. —1 * (gz)) 0 =0
using <g-iso g g-iso-def by force
moreover have (VY u.Vv. (u€norms-all A v€Enorms-all — (Az. —1 * (g z))
(oplus’ u v)

= (2. =1 x(g2) u) + ((Az. =1 * (9 2)) v)))
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using <g-iso ¢» g-iso-def by auto
moreover have (Vu.Vr:real. (u€norms-all — (Az. —1 % (g z)) (otimes’ r
w) = r+( Az, —1 (g 2)) W)
using <g-iso ¢g» g-iso-def by auto
ultimately show ?thesis
using g-iso-def by presburger
qed
qed

lemma iso-with-real-positive-on-norms:
assumes Jz. (z€norms-all A z#£0)
shows Jg. (g-iso g A (Vz.(z€norms — (g z)>0))
A bij-betw (Az. if x € norms then (g x) else undefined) norms {r::real. r>0})
proof—
obtain zz where zz€norms N zz#0
using assms not-trivial-domen-has-pos by blast
moreover obtain z where norm’ z = 2z
using calculation norms-def by auto
moreover obtain g where g-iso g
using so-with-real
using assms g-iso-def by blast
let 2g = if (g xx) < 0 then (A\z. —1 % (g x)) else g
have x:2g zz > 0
by force
moreover have ?g zx #0
proof (rule ccontr)
assume —(?g zz #£0)
have ?g xx = 0
using - (if g xx < 0 then \x. — 1 % g z else g) xz # 0> by blast
then have ?¢ zz = g =z
by (smt (verit, ccfv-threshold))
then have g zx = 0
by (simp add: «(if g zx < 0 then Ax. — 1 * g x else g) zx = 0))
then have zz=0
by (metis <g-iso ¢» az-space bij-betw-iff-bijections calculation(1) g-iso-def
in-mono inf-sup-ord(3) norms-all-def norms-def norms-neg-def one-dim-vector-space-with-domain.azioms(1)
vector-space-with-domain. zero-in-dom)
then show Fulse
using calculation(1) by blast
qed
moreover have g-iso %g
using <g-iso ¢» assms iso-neg-with-real by presburger
moreover have V z.(z€norms — (%9 £)>0)
proof(rule ccontr)
assume —(V z.(z€norms — (%9 2)>0))
have Jz. (zenorms A (%9 z) < 0)
using (= (Vz. z € norms — 0 < (if g 2z < 0 then Az. — 1 * g x else g)
x)» by fastforce
moreover obtain yy where yy € norms A (%9 yy) <0
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using calculation by blast
moreover obtain y where norm’ y = yy
using calculation(2) norms-def by auto
let 24 = {norm’ (r ® z) | rureal. True}
let B = {norm’ (r ® y) | r::real. True}
have 24 U 2B C norms
using norms-def by auto
let 294 = {(?9 a)|a. ac?A4}
have ?gA = {ru:real. r>0}
proof—
have Va. (a€?A — %g a >0)
proof
fix a
show (a€?4 — %9 a >0)
proof
assume a€ ?A
show ?g a >0
proof—
obtain r where ¢ = norm’ (r ® z)
using <a € {norm’ (r @ ) |r. True}> by blast
moreover have ?g a = ?g (norm’ (r ® ) )
using calculation by presburger
moreover have %9 a = ?g ( otimes’ |r| (norm’ z))
by (metis calculation(1) normed-gyrolinear-space’’-axioms normed-gyrolinear-space’’-def)
moreover have ?g a = |r| % ?g (norm’ z)
using <g-iso (if g xzx < 0 then Ax. — 1 % g x else g)» <norm’ © = zx»
<xzx € norms A zx # 0y calculation(8) g-iso-def norms-all-def by auto
ultimately show ?Zthesis
by (simp add: <norm’ z = xz»)
qed
qed
qed
moreover have ?gA C {r:real. r>0}
using calculation by fastforce
moreover have {r::real. r>0} C 2gA
proof—
have bij-betw ?g norms-all UNIV
using <g-iso (if g zx < 0 then Az. — 1 * g z else g)» g-iso-def by blast
moreover have Vr:real. (r>0 — re?gA)
proof
fix r
show r>0 — re?gA
proof
assume 7>(0
show re?gA
proof—
obtain r’ where |r'| = r / (?g zz)
using *
by (meson <0 < r» abs-of-nonneg divide-nonneg-nonneg)

|

61



moreover have r = |r'| x (99 zx)
by (simp add: «(if g zx < 0 then Az. — 1 * g x else g) xx # 0»
calculation)
moreover have r = |r'| x (?g (norm’ 1))
using <norm’ x = x> calculation(2) by blast
moreover have r = ?g (otimes’ |r'| (norm’ z))
using <g-iso (if g xx < 0 then A\x. — 1 * g z else g)) <norm’ = = zx»
xx € norms A zz # 0y calculation(8) g-iso-def norms-all-def by auto
moreover have r = ?g (norm’ (|r'] ® x))
by (smt (verit, del-insts) calculation(4) normed-gyrolinear-space’’-axioms
normed-gyrolinear-space’’-def)
ultimately show ?Zthesis
by blast
qed
qed
qged
ultimately show ?thesis
by blast
qed

ultimately show ?thesis
by fastforce
qed
let ?gB = {(%g b)|b. b ?B}
have ?gB = {r:real. r<0}

proof—
have Va. (a€?B — ?g a <0)
proof
fix a
show (a€?B — ?g a <0)
proof
assume a€ ?B
show %g a<0
proof—
obtain r where a = norm’ (r ® y)
using <a € {norm’ (r ® y) |r. True}> by blast
moreover have %g a = ?g (norm’ (r ® y) )
using calculation by presburger
moreover have ?g a = ?g ( otimes’ |r| (norm’ y))
by (metis calculation(1) normed-gyrolinear-space’’-axioms normed-gyrolinear-space’’-def)
moreover have ?g a = |r| x %9 (norm’ y)
using «g-iso (if g xx < 0 then A\x. — 1 * g z else g)) <norm’ y =
yy» <yy € norms A (if g xzz < 0 then Az. — 1 * g x else g) yy < 0> calculation(8)
g-iso-def norms-all-def by auto

ultimately show ?thesis
by (simp add: <norm’ y = yy» <yy € norms A (if g zx < 0 then Ax.
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— 1 *x gz else g) yy < 0> mult-le-0-iff order-less-imp-le)
qed
qed
qed
moreover have ?gB C {r:real. <0}
using calculation by fastforce
moreover have {r:real. <0} C %gB
proof—
have bij-betw ?g norms-all UNIV
using <g-iso (if g zx < 0 then Ax. — 1 % g x else g)» g-iso-def by blast
moreover have Vr:real. (r<0 — re?gB)
proof
fix r
show r<0 — re?gB
proof
assume r<()
show re?¢B
proof—
obtain r’ where || = r / (%9 yy)
using *
by (metis <r < 0y <yy € norms A (if g zx < 0 then Ax. — 1 *x g x
else g) yy < 0> abs-if divide-less-0-iff less-eq-real-def not-less-iff-gr-or-eq)
moreover have r = |1/ x (%9 yy)
using «yy € norms A (if g xzz < 0 then Az. — 1 % g z else g) yy < O»
calculation by auto
moreover have r = |r'| x (?g (norm’ y))
using <norm’ y = yy» calculation(2) by blast
moreover have r = ?g (otimes’ |r'| (norm’ y))
using «g-iso (if g zx < 0 then Az. — 1 % g z else g)» <norm’ y =
yy» <yy € norms A (if g xzz < 0 then Az. — 1 * g x else g) yy < 0> calculation(8)
g-iso-def norms-all-def by auto
moreover have r = ?g (norm’ (|r'] ® y))
by (smt (verit, del-insts) calculation(4) normed-gyrolinear-space’-azioms
normed-gyrolinear-space’’-def)
ultimately show ?thesis
by blast
qed
qed
qed
ultimately show ?thesis
by blast
qed

ultimately show ?thesis
by fastforce
qed

let ?gX-norms = {(%g z)|z. x€norms}
let ?gX-norms-all = {(?g z)|z. r€norms-all}
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let ?gA-union-B = {(%g z)|z. z€ ?AU?B}
have ?gA-union-B C ?gX-norms
using «{norm’ (r ® z) |r. True} U {norm’ (r ® y) |r. True} C norms> by
force
moreover have ?gA-union-B = ?gA U ?¢B
proof—
have ?gA-union-B C ?gA U %9B
by blast
moreover have ?gA U ?gB C ?gA-union-B
by blast
ultimately show ?Zthesis
by force
qed
moreover have ?gA-union-B = UNIV
using ({(if g xz < 0 then Az. — 1 * gz else g) a |a. a € {norm’ (r @ z) |r.
True}} = {r. 0 < r} {(if g zx < 0 then Az. — 1 % gz else g) b |b. b € {norm’
(r®wy) |r. True}} = {r. r < 0} calculation(4) by force
moreover have UNIV C ?2gX-norms
using calculation(3) calculation(5) by argo

obtain ¢ where acnorms-all A —a€norms

by (metis (mono-tags, lifting) Un-iff add.inverse-inverse assms mult-minus1
norms-all-def norms-def norms-neg-def rangeE rangel zero-only-norms-norms-neg)

let %0 = %9 a

have %a € ?g9X-norms-all

using <a € norms-all A a ¢ norms> by blast

moreover have —%a€ ?gX-norms
proof (rule ccontr)
assume —(—%a€ ?gX-norms)
have %a€ ?gX-norms
using - (if gz < 0 then \x. — 1 x gz else g) a ¢ {(if g 2z < 0 then
Az. — 1 % gz else g) z |x. z € norms}» by blast
then obtain b where benorms A 79 b = %a
by force

then show False using <a € norms-all A a ¢ normsy <g-iso (if g
xzx < 0 then Ax. — 1 % g z else g)» bij-betw-inv-into-left g-iso-def inf-sup-ord(3)
norms-all-def subsetD

by (smt (verit, ccfu-threshold) <g-iso g»)

qed
moreover have Fulse

using <UNIV C {(if g 2z < 0 then Ax. — 1 *x gz else g) = |z. z €
norms} calculation(7) by blast

ultimately show Fulse
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by auto
qed

moreover have bij-betw (Az. if x € norms then (?g ) else undefined) norms
{r:real. r>0}
proof—
let 7f = (Az. if x € norms then (%9 x) else undefined)
let 24 = {norm’ (r ® z) | rureal. True}
let 294 = {(?g a)|a. a€?A4}
have s1:%gA = {ru:real. >0}
proof—
have Va. (a€?4A — %9 a >0)
proof
fix a
show (a€?4 — ?g a >0)
proof
assume a€ ?A
show %9 a >0
proof—
obtain r where a = norm’ (r ® z)
using <a € {norm’ (r ® z) |r. True}> by blast
moreover have %9 a = ?g (norm’ (r ® z) )
using calculation by presburger
moreover have ?g a = ?g ( otimes’ |r| (norm’ x))
by (metis calculation(1) normed-gyrolinear-space’’-axioms normed-gyrolinear-space’’-def)
moreover have %9 a = |r| x %9 (norm’ z)
using <g-iso (if g xx < 0 then Ax. — 1 * g z else g)) <norm’ © = zx)
xx € norms A zx # 0y calculation(8) g-iso-def norms-all-def by auto
ultimately show ?thesis
by (simp add: <norm’ x = xx»)
qed
qed
qed
moreover have ?gA C {r:real. r>0}
using calculation by fastforce
moreover have {r:real. r>0} C 7gA
proof—
have bij-betw ?g norms-all UNIV
using <g-iso (if g zx < 0 then Az. — 1 * g z else g)» g-iso-def by blast
moreover have Vr:real. (r>0 — re?gA)

|

proof
fix r
show r>0 — re?gA
proof
assume r>(
show re?gA
proof—
obtain r’ where |r'| = r / (%g xx)

65



using *
by (meson <0 < r) abs-of-nonneg divide-nonneg-nonneg)
moreover have r = |r/| * (?g zx)
by (simp add: <(if g xzx < 0 then Az. — 1 * g z else g) zx # 0>
calculation)
moreover have r = |r'| x (?g (norm’ 1))
using norm’ © = x> calculation(2) by blast
moreover have r = ?g (otimes’ |r/| (norm’ x))
using <g-iso (if g zx < 0 then Ax. — 1 % g x else g)» <norm’ © = zx»
«xx € norms A xx # 0» calculation(3) g-iso-def norms-all-def by auto
moreover have r = ?g (norm’ (|r'] ® x))
by (smt (verit, del-insts) calculation(4) normed-gyrolinear-space’-azioms
normed-gyrolinear-space’’-def)
ultimately show ?thesis
by blast
qed
qed
qed
ultimately show ?thesis
by blast
qed

ultimately show ?thesis
by fastforce
qed
moreover have s2:Vy. (?g (norm’ y) >0)
using Vz. z € norms — 0 < (if g zx < 0 then Ax. — 1 % g = else g) ©»
norms-def by blast
moreover have norms = 74
proof—
have Vy. (?g (norm’ y) € 2gA)
using s! s2 by blast
moreover have norms C 24
proof—
have Vy. (yenorms — ye?A)
proof
fix y
show yenorms — yec?4
proof
assume yEnorms
show ye?4
proof—
obtain yy where y=norm’ yy
using <y € norms» norms-def by auto
moreover have ?g (norm’ yy) € ?gA
using Vy. (if g zz < 0 then Az. — 1 * g z else g) (norm’ y) € {(if
gxx < 0then \x. — 1 % gz else g) a |a. a € {norm’ (r ® z) |r. True}}» by blast
moreover have norm’ yy € 7A
proof—
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obtain h where h € ?A A 29 h = ?g (norm’ yy)
using calculation(2) by fastforce

moreover have ?g h >0
using calculation s2 by blast

moreover {
assume g = g
have g h = g (norm’ yy)
by (smt (verit, ccfv-SIG) calculation(1))

moreover have h=norm’ yy
proof—
have henorms
using <h € {norm’ (r ® z) |r. True} A (if g zx < 0 then Az. —
1 % gxelseg) h=(if gxx < 0 then Az. — 1 * g x else g) (norm’ yy)> norms-def
by force
moreover have norm’ yy € norms
using <y = norm’ yy» <y € norms> by blast
ultimately show ?thesis
by (metis <g h = g (norm’ yy)» <g-iso ¢ bij-betw-inv-into-left
g-iso-def inf-sup-ord(3) norms-all-def subset-iff)
qed
ultimately have ?thesis
using <h € {norm’ (r ® z) |r. True} A (if g zz < 0 then Az. — 1
x gz else g) h = (if g xzx < 0 then Az. — 1 % g x else g) (norm’ yy)» by blast
}
moreover {
assume %9 = (Az. —1 x (g x))
have g h = g (norm’ yy)
by (smt (verit, ccfv-SIG) calculation(1))

moreover have h=norm’ yy
proof—
have henorms
using <h € {norm’ (r ® z) |r. True} A (if g zx < 0 then Az. —
1 % gzxelseg) h=(if gxx < 0 then Az. — 1 * g x else g) (norm’ yy)> norms-def
by force
moreover have norm’ yy € norms
using (y = norm’ yy> <y € norms» by blast
ultimately show ?thesis
by (metis <g h = g (norm’ yy)» <g-iso ¢» bij-betw-inv-into-left
g-iso-def inf-sup-ord(3) norms-all-def subset-iff)
qed
ultimately have ?thesis
using «h € {norm’ (r ® z) |r. True} A (if g zz < 0 then Az. — 1
x gz else g) h = (if g xzz < 0 then Az. — 1 % g z else g) (norm’ yy)» by blast

ultimately show ?thesis
by argo
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qed
ultimately show ?thesis
by fastforce
qed
qed
qged
show ?thesis
using Vy. y € norms — y € {norm’ (r @ z) |r. True}» by blast
qed
ultimately show ?thesis
using norms-def by fastforce
qed
moreover have stepl:inj-on ?f norms
proof—
have Vz.Vy. (z€ norms A y€ norms A (2fz) = (9f y) — x=y)
proof
fix z
show Vy. (z€ norms A y€ norms A (?fz) = (% y) — z=y)
proof
fix y
show (z€ norms A y€ norms A (?f z) = (?f y) — x=y)
by (metis <g-iso (if g xz < 0 then A\x. — 1 * g x else g)» bij-betw-imp-inj-on
g-iso-def inf-sup-ord(8) inj-on-def norms-all-def subsetD)
qed
qed
then show ?thesis
using inj-on-def by blast
qed
moreover have Vr:real. (r>0 — (Jz. (z€ norms A ?fx = r)))
by (smt (verit) calculation(8) mem-Collect-eq s1)

moreover have step2:V rireal. (r>0 — (Fz€ norms.( of z = r)))

using calculation(5) by blast
moreover have Vre{z:real. z>0}. (3z€norms. (9f z = 1))
using step2
by blast
moreover have sx: 2f=(\z. if © € norms then (29 z) else undefined)
by meson
moreover have ?f ‘ norms = {r:real. r>0}
by (smt (verit) Collect-cong Setcompr-eq-image calculation(3) s1)
ultimately show ?thesis
by (simp add: bij-betw-def)

qed
ultimately show “thesis

by blast
qed
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lemma comparing-norms-help:
assumes renorms ycEnorms-all
Ty
shows ye norms
proof—
have z < y V 2=y
using assms(3) by argo
moreover {
assume <y
have ?thesis
by (smt (verit) Un-iff <z < y» add-0 add-uminus-conv-diff assms(1) assms(2)
full-SetCompr-eq linorder-not-less mem-Collect-eq mult-minus1 normed-gyrolinear-space’’-axioms
normed-gyrolinear-space’’-def norms-all-def norms-def norms-neg-def order-le-less-trans)
}
moreover {
assume =y
have ?thesis
using «x = y» assms(1) by blast
}

ultimately show ?thesis by blast
qed

lemma existence-of-f:

assumes Jz. (z€norms-all A x#£0)

shows 3f. (bij-betw f norms {x::real. >0}
A (Vy:real. V z:real. (( ye norms A
zZ€ norms A y>z)— > (f2)))

AN (V. Vy. f(norm’ ( )) < (f (norm
A (Vrereal. (V. (f (norm (r® ) =|r =
proof—

obtain g where (g-iso g A (Vz.(z€norms — (g 2)>0))

A bij-betw (Az. if € norms then (g z) else undefined) norms {r:real. r>0})
using iso-with-real-positive-on-norms
assms by blast

let 2f = Az. if © € norms then (g x) else undefined

have Va::real. V Bureal. V. (0 < a A a < 3) — ((otimes’ a (norm’ z)) <
(otimes’ B (norm’ z))))

proof

fix a
show VfG:ureal. Vo.((0 < a A a < ) — ((otimes’ o (norm’ z)) < (otimes’
8 (norm’ ))))
proof
fix ¢
show Vz.((0 < a A a <) — ((otimes’ a (norm’ x)) < (otimes’ 5 (norm’

z))))

")) + (f (norm’ y)))
(f (norm” x))))))
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proof
fix z
show ((0 < a A a < 3) — ((otimes’ « (norm’ z)) < (otimes’ 8 (norm’
z))))
proof
assume 0 < a A a < fj
show ((otimes’ a (norm’ z)) < (otimes’ B (norm’ x)))
proof—
have otimes’ o (norm’ z) = norm’ (a ® x)
by (metis <0 < a A a < By abs-of-nonneg normed-gyrolinear-space’’-axioms
normed-gyrolinear-space’’-def)
moreover have norm’ (o ® z) = norm’ (((+«a)/2 — (B—a)/2)® z)
by (simp add: add-divide-distrib diff-divide-distrib)
moreover have norm’ (((f+a)/2 — (8—a)/2)® z) =
norm’ ((8+0)/2) @ v @ (~ (3—a)/2) ® v )
by (metis add.commute divide-minus-left scale-distrib uminus-add-conv-diff)
moreover have norm’ (((f+a)/2) @ ¢ & (— (f—a)/2) @ z)
< oplus’ (norm’ (((f+a)/2)® ) (norm’ ((—(6-0)/2) ® ©))
using ax3
by blast
moreover have —(f—a)/2 <0
by (simp add: <0 < a A a < )
moreover have (+a)/2 >0
using 0 < a A a < B by auto
moreover have *:(norm’ (((8+a)/2)® z)) =(otimes’ ((f+a)/2) (norm’
z))
by (smt (verit, ccfo-threshold) calculation(6) normed-gyrolinear-space'’-axioms
normed-gyrolinear-space’’-def)
moreover have |—(8—a)/2| = (8—a)/2
using calculation(5) by force
moreover have sx:(norm’ ((—(8—a)/2)® z)) =(otimes’ ((8—a)/2)
(norm’ x))
by (metis calculation(8) normed-gyrolinear-space'’-axioms normed-gyrolinear-space’’-def)
moreover have oplus’ (norm’ (((f+a)/2)® z)) (norm’ ((—(6—a)/2)
® 1)) =
oplus’ (otimes’ ((B+a)/2) (norm’ x)) (otimes’ ( (B—a)/2) (norm’ z))
using * sx
by presburger
moreover have oplus’ (otimes’ ((8+a)/2) (norm’ z)) (otimes’ ( (8—a)/2)
(norm’ z))
= otimes’ ((f+a)/2 + ((B—a)/2)) (norm’ x)
by (metis Un-iff az-space one-dim-vector-space-with-domain-def rangel
vector-space-with-domain.smult-distr-sadd)
moreover have otimes’ ((6+a)/2 + ((6—«)/2)) (norm’ z) = otimes’
B (norm’ x)
by argo
ultimately show ?thesis
by linarith
qed
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qged
qed
qed
qed
moreover have Va:real. VB:real. V. (0 < a A a < 3 N x#gyrozero) —
((otimes” o (norm’ z)) < (otimes’ 5 (norm’ x))))
proof —
have f1: Vf fa fb. normed-gyrolinear-space’ f fa fo = (Va. 0 < f (a:'a)) A
one-dim-vector-space-with-domain (range f U range (Aa. — 1 * fa)) fa 0 fo A (Va
aa. f (a ® aa) < fa (fa) (faa))) AN (Vra. f(r®a)=fb(if r < 0then — r else
r) (fa)) A (Va aa ab. f (gyr a aa ab) = fab) A Va. (fa=0) = (a=0,)))
by (simp add: abs-if-raw normed-gyrolinear-space'’-def)
obtain rr :: real = real where
12: bij-betw rr norms-all UNIV N 0 = rr 0 A (V7 ra. v € norms-all A ra
€ norms-all — rr (oplus’ r ra) = rrr + rrra) A (Vr ra. r € norms-all — rr
(otimes’ ra r) = ra * rrr)
using assms iso-with-real by auto
have Va. (0 = norm’ a) = (04 = a)
using f1 by (smt (28) normed-gyrolinear-space’’-axioms)
then show ?thesis
using f2 by (smt (23) Unl2 bij-betw-inv-into-left calculation mult-right-cancel
norms-all-def norms-def rangel sup-commute)
qed
moreover obtain zz0 where zz0cnorms N xz0#0
using assms not-trivial-domen-has-pos by blast
moreover obtain z0 where zz0 = norm’ z0
using calculation(3) norms-def by auto
moreover have mon:(Vy z. y € norms A z € norms A z < y — 2f z < ?f y)
proof
fix y
show Vz. (y € norms A z € norms N z < y — ?fz < f y)
proof
fix z
show y € norms A z € norms N z <y — fz2< ?fy
proof
assume y €norms N\ z € norms N\ z < y
show ?2fz < ?fy
proof—
let Zalpha = (?f y)/(?f (norm’ z0))
let ?beta = (%f 2)/(2f (norm’ z0))
have otimes’ ?alpha (norm’ z0) =y
by (smt (verit, del-insts) <g-iso g A (Vz. & € norms — 0 < g x) A bij-betw
(Az. if x € norms then g z else undefined) norms {r. 0 < r} <y € norms A z €
norms A z < y» az-space bij-betw-imp-inj-on calculation(3) calculation(4) g-iso-def
in-mono inf-sup-ord(3) inj-on-def nonzero-eq-divide-eq norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.azioms(1) vector-space-with-domain.smult-closed
vector-space-with-domain. zero-in-dom)
moreover have otimes’ ?beta (norm’ z0) = 2
by (smt (verit, del-insts) <g-iso g A (Y z. x € norms — 0 < g x) A bij-betw
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(Az. if x € norms then g © else undefined) norms {r. 0 < r}> <zx0 = norm’ z0» <xz0
€ norms A xx0 # 0y <y € norms A z € norms A z < > az-space bij-betw-imp-inj-on
g-iso-def inf-sup-ord(3) inj-on-def nonzero-eq-divide-eq norms-all-def norms-def norms-neg-def
one-dim-vector-space-with-domain.azioms(1) subset-iff vector-space-with-domain.smult-closed
vector-space-with-domain. zero-in-dom)
moreover have Zalpha > 0 A ?beta >0
using <g-iso ¢ A (Vz. © € norms — 0 < g x) A bij-betw (Az. if ©
€ norms then g x else undefined) norms {r. 0 < r}» <xz0 = norm’ z0)> <xz0 €
norms A xz0 # 0> <y € norms N\ z € norms N z < y» by auto
moreover have 0 < Zalpha N ?alpha < ?beta «—— 0<y N y<z
by (smt (verit, ccfo-threshold) Vo fz. 0 < a A a < — otimes’ «
(norm’ ) < otimes’ B (norm’ z)) <y € norms A z € norms A z < y» calculation(1)
calculation(2))
moreover have 0<?alpha N Zalpha < %beta «—— 0 < (?fy) A (9f y) <

(7 2)
by (smt (verit, best) Va B z. 0 < a AN a < [ — otimes’ a (norm’
z) < otimes’ B (norm’ z)y <y € norms A z € norms A z < y calculation(1)
calculation(2) calculation(3) div-by-0 frac-less zero-le-divide-iff)
ultimately show ¢thesis
using <g-iso g A (V2. € norms — 0 < g z) A bij-betw (\z. if © €
norms then g « else undefined) norms {r. 0 < r}» <y € norms A z € norms N\ z
< 1 by auto
qed
qed
qed
qged
moreover have (Vzy. 2f (norm’ (z ® y)) < ¢f (norm’ z) + ?f (norm’ y))
proof
fix z
show Vy. (2f (norm’ (x @ y)) < ¢f (norm’ z) + 2f (norm’ y))
proof
fix y
show (2f (norm’ (z @ y)) < 2f (norm’ z) + ?f (norm’ y))
proof—
have norm’ z€norms
using norms-def by blast
moreover have norm’ y € norms
using norms-def by blast
moreover have norm’ (x ® y)€ norms
using norms-def by blast
moreover have norm’ (z & y) < oplus’ (norm’ z) (norm’ y)
using az3 by blast
moreover have (?f (norm’ (z & y))) < (?f (oplus’ (norm’ z) (norm’ y)))
proof—
have norm’ (z ® y) < oplus’ (norm’ z) (norm’ y) V norm’ (z @ y) =
oplus’ (norm’ z) (norm’ y)
using calculation(4) by blast
moreover {
assume stl:norm’ (z @ y) < oplus’ (norm’ x) (norm’ y)
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have norm’ z € norms
using norms-def by blast

moreover have norm’ y € norms
using norms-def by blast

moreover have vector-space-with-domain norms-all oplus’ 0 otimes’
using ax-space norms-def
one-dim-vector-space-with-domain-def
by (metis norms-all-def norms-neg-def)

moreover have oplus’ (norm’ z) (norm’ y) € norms-all

by (metis Un-iff calculation(1) calculation(2) calculation(8) norms-all-def
vector-space-with-domain.add-closed)

moreover have st2:norm’ (z & y)€ norms
by (simp add: <norm’ (z ® y) € norms»)

moreover have st3:oplus’ (norm’ z) (norm’ y) € norms
using az3 calculation(4) comparing-norms-help st2 by blast

moreover have (?f (norm’ (z @ y))) < (?f (oplus’ (norm’ z) (norm’ y)))
using mon stl st2 st3
by blast
ultimately have ?thesis
by linarith
}

moreover {
assume norm’ (z & y) = oplus’ (norm’ z) (norm’ y)
then have ?thesis
by auto
}
ultimately show ¢thesis
by fastforce
qed
moreover have (?f (oplus’ (norm’ z) (norm’ y))) = (¢f (norm’ x)) + (2f
(norm’ y))
proof—
have f1:norm’ (z & y) < oplus’ (norm’ z) (norm’ y)
using ax3 by blast
moreover have f2:norm’ (x ® y) € norms
by (simp add: <norm’ (z ® y) € norms»)
moreover have f3:vector-space-with-domain norms-all oplus’ 0 otimes’
using ax-space norms-def
one-dim-vector-space-with-domain-def
by (metis norms-all-def norms-neg-def)
moreover have oplus’ (norm’ ) (norm’ y)€ norms
by (metis Unll <norm’ xz € mormsy <norm’ y € normsy f1 f2 f3
normed-gyrolinear-space’’.comparing-norms-help normed-gyrolinear-space’’-azxioms
norms-all-def vector-space-with-domain.add-closed)
ultimately show ?thesis
using <g-iso g A (Vz. z € norms — 0 < g x) A bij-betw (A\z. if z €
norms then g x else undefined) norms {r. 0 < r}» <norm’ z € norms> <norm’ y €
norms> g-iso-def norms-all-def by force
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qed
ultimately show ?thesis
by force
qed
qed
qed

moreover have (Vr:real. (V. (2f (norm’ (r ® z)) = |r| * (?f (norm’ )))))
by (smt (verit, ccfv-SIG) Un-iff <g-iso g A (Vz. x € norms — 0 < g z) A
bij-betw (Az. if © € norms then g x else undefined) norms {r. 0 < r}> g-iso-def
normed-gyrolinear-space’’-axioms normed-gyrolinear-space’’-def norms-all-def norms-def
rangel)

ultimately show ?thesis
using «g-iso g A (V. € norms — 0 < g x) A bij-betw (Az. if x € norms
then g x else undefined) norms {r. 0 < r}» by blast
qed

end

end

theory GyroVectorSpacelsomorphism
imports GyroVectorSpace

begin

locale gyrocarrier-isomorphism’' =
gyrocarrier-norms-embed’ to-carrier +
gyrocarrier to-carrier +
G: gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a:: gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’ :: 'c::gyrocommutative-gyrogroup = 'd::{ real-inner, real-normed-algebra-1}
+
fixes ¢ = 'a = 'c
begin

definition ¢p :: real = real where
vr © = G.to-real’ (¢ (of-real’ z))

end
locale gyrocarrier-isomorphism = gyrocarrier-isomorphism’ +
assumes bij [simp]:
bij ¢
assumes pplus [simp]:
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ANuvila o (udv)=pud e
assumes pinner-unit:
ANuwv:la [us0gv# 0] =
inner (to-carrier’ (¢ uw) /r G.gyronorm (¢ w)) (to-carrier’ (¢ v)
/r G.gyronorm (¢ v)) =
inner (to-carrier v /g gyronorm u) (to-carrier v /g gyronorm v)
assumes @ggyronorm [simp):
N\ a. ¢r (gyronorm a) = G.gyronorm (¢ a)
begin

lemma pinve [simp:
shows ¢ (inv ¢ a) = a
by (meson @bij bij-inv-eq-iff)

lemma invpy [simp):
shows (inv ) (p a) = a
by (metis ©bij bij-inv-eq-iff)

lemma pzero [simp]:
shows ¢ 04, = 0,
by (metis eplus gyro-left-cancel gyro-right-id)

lemma ¢minus [simp]:
shows ¢ (© a) =S (¢ a)
by (metis oplus pzero gyro-equation-left gyro-left-inv)

lemma invpplus[simp]:
shows (inv p)(a @ b) = inv ¢ a @ inv p b
by (metis ©bij wplus bij-inv-eq-iff)

lemma pgyr [simp]:

shows ¢ (gyru v a) = gyr (¢ u) (¢ v) (¢ a)
by (simp add: gyr-def)

lemma invpgyr [simp:
shows (inv ) (gyr u v a) = gyr (inv ¢ u) (inv @ v) (inv @ a)
by (metis ©bij wgyr bij-inv-eq-iff)

lemma pinner:
assumes u # 04 v # Oy
shows G.gyroinner (¢ u) (¢ v) =
(G.gyronorm (¢ u) / gyronorm u) xg (G.gyronorm (¢ v) / gyronorm v)
xR gyroinner u v
proof—
have p u # 04 ¢ v # 04
by (metis ©bij pzero assms(1) bij-inv-eq-iff)
(metis bij pzero assms(2) bij-inv-eq-iff)
then have G.gyronorm (¢ u) # 0 G.gyronorm (¢ v) # 0
using G.norm-zero-iff
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by blast+
then have inner (to-carrier’ (¢ u)) (to-carrier’ (p v)) =
G.gyronorm (¢ u) *g G.gyronorm (¢ v) *g inner (to-carrier’ (¢ u) /R
G.gyronorm (¢ u)) (to-carrier’ (¢ v) /r G.gyronorm (¢ v))
by (smt (verit, ccfu-threshold) divideR-right inner-commaute inner-scaleR-right
real-scaleR-def)
also have ... = G.gyronorm (¢ u) *gr G.gyronorm (¢ v) *gr inner (to-carrier u
/r gyronorm u) (to-carrier v /g gyronorm v)
using pinner-unit|OF assms]
by simp
finally show ?thesis
unfolding G.gyroinner-def gyroinner-def
by (simp add: divide-inverse-commute)
qed

lemma gyronorm’qyr:
shows G.gyronorm (gyr v v a) = G.gyronorm a
proof (cases a = 0,)
case True
then show ?thesis
by (simp add: gyr-id-3)
next
case Fulse
then show ?thesis
by (metis @rgyronorm pinvy invpgyr norm-gyr)
qged

end

sublocale gyrocarrier-isomorphism C gyrocarrier to-carrier’
proof
fixuvabd
show G.gyroinner (gyr v v a) (gyr v v b) = G.gyroinner a b
proof (cases a = 0, V b= 04)
case True
then show ?thesis
by (metis G.gyroinner-def G.to-carrier-zero gyr-id-3 inner-zero-left inner-zero-right)
next
case Fulse

let ?Ga = gyr (inv ¢ u) (inv @ v) (inv ¢ a) and ?Gb = gyr (inv ¢ u) (inv @
v) (inv @ b)

have G.gyroinner (gyr w v a) (gyr u v b) = G.gyroinner (¢ ?Ga) (¢ ?Gb)
using nvpgyr
by simp
also have ... = (G.gyronorm (¢ ?Ga) |/ {(?Ga)) *r (G.gyronorm (¢ ?Gb) /
(?Gb)) *r ?Ga - ?Gb
proof (subst @inner)
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show gyr (inv ¢ u) (inv ¢ v) (inv ¢ a) # 04
by (metis False pinve pzero gyr-id-3 gyr-inj)
next
show gyr (inv ¢ u) (inv ¢ v) (inv ¢ b) # 04
by (metis False pinvp pzero gyr-id-3 gyr-inj)
qed simp
also have ... = (G.gyronorm (¢ ?Ga) |/ (?Ga)) *r (G.gyronorm (¢ ?Gb) /
(?2GbY) xR (inv ¢ a) - (inv ¢ b)
using inner-gyroauto-invariant
by presburger
finally have G.gyroinner (gyr v v a) (gyr v v b) = (G.gyronorm (gyr v v a) /
gyronorm ?Ga) xg (G.gyronorm (gyr w v b) / gyronorm ?Gb) g (inv ¢ a) - (inv
¢ b)
by auto

moreover

have G.gyroinner a b = (G.gyronorm a / {inv ¢ a)) *g (G.gyronorm b / {inv
@ b)) xr NV Y a - inv Y b
using pinner|of inv ¢ a inv @ b
by (metis False pinvp @zero)

have {gyr (inv ¢ u) (inv ¢ v) (inv ¢ a)) = (inv ¢ a)
{gyr (inv ¢ w) (inv @ v) (inv @ b)) = (inv ¢ b)
by (auto simp add: norm-gyr)

moreover

have G.gyronorm (gyr u v a) = G.gyronorm a
G.gyronorm (gyr u v b) = G.gyronorm b
using gyronorm’gyr
by auto

ultimately

show ?thesis
by simp
qed
qed

locale pre-gyrovector-space-isomorphism’ =
pre-gyrovector-space to-carrier scale +
gyrocarrier-norms-embed’ to-carrier +
GC: gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a::gyrocommautative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’ :: 'c::gyrocommutative-gyrogroup = 'd::{real-inner, real-normed-algebra-1}
and
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scale :: real = 'a = 'a and
scale’ :: real = 'c = ¢ +
fixes ¢ : 'a = 'c

sublocale pre-gyrovector-space-isomorphism’ C gyrocarrier-isomorphism’

locale pre-gyrovector-space-isomorphism =
pre-gyrovector-space-isomorphism’ +
gyrocarrier-isomorphism +
assumes @scale [simp):
A roreal. N\ u i a. o (scale ru) = scale’ T (p )
begin

lemma scale’-1:
shows scale’ 1 a = a
using @scaleof 1 (inv @) d]
by (simp add: scale-1)

lemma scale’-distrib:
shows scale’ (r1 + r2) a = scale’ r1 a ® scale’ r2 a
using @scale[symmetric, of r1 4+ r2 (inv @) d]
using scale-distrib
by auto

lemma scale’-assoc:
shows scale’ (r1 * 12) a = scale’ r1 (scale’ 12 a)
using @scale[symmetric, of r1 x r2 (inv ) ]
using scale-assoc
by force

lemma scale’-gyroauto-id:
shows gyr (scale’ r1 v) (scale’ 12 v) = id
proof
fix z
show gyr (scale’ r1 v) (scale’ r2 v) x = id x
using pscale[symmetric, of r1 (inv @) v] pscale[symmetric, of 2 (inv ) v)
by (metis pinvp gyroauto-id id-apply invpe invpgyr)
qed

lemma scale’-gyroauto-property:
shows gyr u v (scale’ r a) = scale’ r (gyr v v a)
using pscale[of T inv ¢ (gyr v v a)]
using pscale[of r inv ¢ a
by (metis ©bij bij-inv-eq-iff gyroauto-property invpgyr)

end

locale gyrovector-space-isomorphism’ =
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pre-gyrovector-space-isomorphism +
gyrovector-space-norms-embed scale +
GC: gyrocarrier-norms-embed to-carrier’ scale’ +
assumes preals:
@ ‘reals = GC.reals
begin

lemma pgrnorms:

assumes a € norms

shows pr a € GC.norms

using assms

by (metis GC.bij-betw-to-real’ pr-def preals bij-betw-iff-bijections bij-reals-norms
image-iff)

lemma pof-real [simp]:
assumes a € norms
shows ¢ (of-real’ a) = GC.of-real’ (pr a)
using assms
by (metis GC.of-real’ pr-def preals bij-betwE bij-reals-norms image-iff)

lemma pgyronorm [simp):
shows ¢ (of-real’ (gyronorm a)) = GC.of-real’ (GC.gyronorm (¢ a))
by simp

lemma @gplus [simp]:
assumes a € norms b € norms
shows ¢r (a ®r b) = GC.oplusR (pr a) (pr b)
proof—
have i (a ®r b) = GC.to-real’ (¢ (of-real’ a) ® ¢ (of-real’ b))
unfolding ¢gr-def oplusR-def
proof (subst of-real’)
show of-real’ a @ of-real’ b € reals
by (meson assms(1) assms(2) bij-betwE bij-reals-norms oplus-reals)
qed simp
then show ?thesis
using assms
unfolding GC.oplusR-def
by simp
qed

lemma @gplus’ [simp):

¢r (((a) ®r ((b))) = GC.oplusR (¢r ((a))) (¢r ({b)))
by (simp add: GC.oplusR-def pgr-def)

lemma @gtimes [simp]:
assumes a € norms
shows ¢g (r ®g a) = GC.otimesR r (¢r a)
proof—
have pr (r ®r a) = GC.to-real’ (¢ (of-real’ (to-real’ (scale v (of-real’ a)))))
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unfolding ¢r-def otimesR-def
by simp
also have ... = GC.to-real’ (¢ (scale r (of-real’ a)))
using assms
by (metis bij-betwE bij-reals-norms of-real’ otimes-reals)
finally show ?thesis
using assms
unfolding GC.otimesR-def
by simp
qed

lemma @gtimes’ [simp]:
shows ¢r (r ®r ({a))) = GC.otimesR r (pr ({a)))
by (simp add: GC.otimesR-def pgr-def)

lemma ¢ginv [simp]:
assumes a € norms
shows ¢pr (6 a) = GC.oinvR (¢r a)
proof—
have pr (6r a) = GC.to-real’ (p (of-real’ (to-real’ (& (of-real’ a)))))
unfolding pg-def oinvR-def
by simp
also have ... = GC.to-real’ (¢ (& (of-real’ a)))
by (metis assms bij-betwE bij-reals-norms of-real’ oinv-reals)
finally show ?thesis
using assms
unfolding GC.oinvR-def
by simp
qed

lemma pginv’ [simp]:

vr (Or ((a))) = GC.oinvR (pr ({a)))
by (simp add: pr-def GC.oinvR-def)

lemma scale’-propl”:
assumes u # 0, r # 0
shows to-carrier’ (¢ (scale |r| w)) /r GC.gyronorm (¢ (scale |r| u)) =
(to-carrier’ (¢ u) /r GC.gyronorm (¢ u)) (is %a = 2b)
proof—
have (scale r u) = (scale (abs r) u)
using homogeneity by force

have inner b %a =
inner (to-carrier u /r {u)) (to-carrier (scale |r| u) /r (scale |r| u))
using pinner-unitfwhere u=u and v=scale (abs r) u]
by fastforce
also have ... = inner (to-carrier u /g {u)) (to-carrier u /r (u))
using scale-propl[of r u] <u # 04> <r # 0> <(scale r u) = (scale (abs r) u)>
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by simp
finally have inner 2b ?a = 1
by (smt (verit, ccfo-threshold) pinner-unit assms(1) gyronorm-def inverse-nonnegative-iff-nonnegative
inverse-nonzero-iff-nonzero left-inverse norm-eq norm-eq-1 norm-le-zero-iff norm-scaleR
norm-zero-iff scaleR-eq-0-iff to-carrier-zero-iff)

show ?thesis
proof (rule inner-eg-1)
show inner %a ?b = 1
using <inner ?b %a = 1>
by (simp add: inner-commute)
next
show norm %a = 1
by (smt (verit, ccfo-threshold) pinner-unit assms(1) assms(2) gyronorm-def
scale-prop1 inverse-nonnegative-iff-nonnegative inverse-nonzero-iff-nonzero left-inverse
local.norm-zero norm-eq norm-ge-zero norm-scaleR norm-zero-iff scaleR-eq-0-iff to-carrier-zero-iff)
next
show norm 2b = 1
using GC.norm-zero-iff pzero assms(1) GC.gyronorm-def invpyp inverse-negative-iff-negative
left-inverse norm-not-less-zero norm-scaleR
by (smt (verit, del-insts))
qed
qed

lemma scale’-propl:
assumes a # 04 7 # 0
shows to-carrier’ (scale’ |r| a) /r GC.gyronorm (scale’ r a) = to-carrier’ a /g
GC.gyronorm a
proof—
from assms have *: inv ¢ a # 0y v # 0
by (metis pinvy pzero, simp)
show ?thesis
using scale’-prop1 '[OF ]
by (metis @rgyronorm pinve pscale abs-idempotent homogeneity)
qed

lemma scale’-homogeneity:
shows GC.gyronorm (scale’ r a) = GC.otimesR |r| (GC.gyronorm a)
proof—
have GC.gyronorm (scale’ r a) = GC.gyronorm (¢ (scale r (inv ¢ a)))
using pscale[of r inv ¢ a)

by simp
also have ... = g (gyronorm (scale v (inv ¢ a)))
by simp
also have ... = ¢r (|7| ®r ((inv ¢ a)))
using homogeneity
by simp
also have ... = ¢g (to-real’ (scale |r| (of-real’ ({inv ¢ a)))))

unfolding otimesR-def
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by simp

also have ... = GC.to-real’ (¢ (scale |r| (of-real’ (gyronorm (inv ¢ a)))))
using GC.otimesR-def prtimes otimesR-def
by force

also have ... = GC.to-real’ (scale’ |r| (¢ (of-real’ (gyronorm (inv ¢ a)))))
using @scale
by simp

also have ... = GC.to-real’ (scale’ |r| (GC.of-real’ (GC.gyronorm (¢ (inv ¢

a)))))

by (subst pgyronorm, simp)
finally
show GC.gyronorm (scale’ r a) = GC.otimesR |r| (GC.gyronorm a)
unfolding GC.otimesR-def
by simp
qed

end

sublocale gyrovector-space-isomorphism’ C GV pre-gyrovector-space to-carrier’
scale’

by (meson gyrocarrier-axioms scale’-propl pre-gyrovector-space.intro pre-gyrovector-space-axioms.intro
scale’-1 scale’-assoc scale’-distrib scale’-gyroauto-id scale’-gyroauto-property)

locale gyrovector-space-isomorphism =
gyrovector-space-isomorphism’ +
assumes QRMono:
N ab. [a € norms; b € norms; 0 < a; 6 < b = pra < prbd
begin

lemma scale’-triangle:
shows GC.gyronorm (a & b) < GC.oplusR (GC.gyronorm a) (GC.gyronorm b)
proof—
have GC.gyronorm (a ® b) = pr ({inv ¢ a & inv ¢ b))
by simp
moreover
have GC.oplusR (GC.gyronorm a) (GC.gyronorm b) = ¢r (({inv ¢ a)) ®r
(finv  B))
by simp
moreover
have gr ({inv ¢ a & inv o b)) < or (Linv ¢ a)) @r ({ino @ 1))
proof (rule prmono)
show (inv ¢ a @& inv ¢ b) € norms
unfolding norms-def
by auto
next
show (inv ¢ a) g ({inv ¢ b)) € norms
proof (rule oplusR-norms)
show (inv ¢ a) € norms (inv ¢ b) € norms
unfolding norms-def
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by auto
qed
next
show 0 < (inv ¢ a @ inv ¢ b)
by (simp add: gyronorm-def)
next
show (inv ¢ a ® inv ¢ b) < ({inv ¢ a)) Br ({inv ¢ b))
by (simp add: gyrotriangle)
qed
ultimately
show GC.gyronorm (a ® b) < GC.oplusR (GC.gyronorm a) (GC.gyronorm b)
by simp
qed

end

sublocale gyrovector-space-isomorphism C gyrovector-space-norms-embed scale’ to-carrier’

by (meson GC.gyrocarrier-norms-embed-azioms GV .pre-gyrovector-space-axioms
gyrocarrier-azioms gyrovector-space-isomorphism.scale’-triangle gyrovector-space-isomorphism-azioms
gyrovector-space-norms-embed-azioms.intro gyrovector-space-norms-embed-def scale’-homogeneity)

locale gyrocarrier-isomorphism-norms-embed’ = gyrovector-space-norms-embed scale
to-carrier +
GC': gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’:: 'c::gyrocommutative-gyrogroup = 'd::{ real-inner, real-normed-algebra-1}
and
scale :: real = 'a = 'a +
fixes scale’ :: real = 'c = 'c
fixes ¢ :: 'a = 'c
begin

definition ¢p :: real = real where
vr © = GC.to-real’ (¢ (of-real’ x))

end

locale gyrocarrier-isomorphism-norms-embed = gyrocarrier-isomorphism-norms-embed’
+
assumes @bij:
bij ¢
assumes @plus [simp]:
ANuvvla p(u@v)=pudpu
assumes @scale [simp):
N 7 real. N\ w i Yas o (scale ru) = scale’ v (@ u)
assumes @reals:
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@ ‘reals = GC.reals
assumes @ggyronorm [simp):
N a. or (gyronorm a) = GC.gyronorm (¢ a)
assumes GCoinvRminus:
N\ a. a € GC.norms = GC.oinvR a = —a
begin

lemma pinve [simp:
shows ¢ (inv ¢ a) = a
by (meson pbij bij-inv-eq-iff)

lemma @zero [simp]:
shows ¢ 04, = 0,
by (metis oplus gyro-left-cancel gyro-right-id)

lemma pminus [simp):
shows ¢ (& a) =6 (¢ a)
by (metis oplus pzero gyro-equation-left gyro-left-inv)

lemma pgyronorm [simp):

shows ¢ (of-real’ (gyronorm a)) = GC.of-real’ (GC.gyronorm (¢ a))

by (metis (no-types, opaque-lifting) GC.of-real’ pr-def ¢ rgyronorm preals bij-betwE
bij-reals-norms image-eql norm-in-norms)

lemma pginv’ [simp]:
or (©r ({a))) = GC.oimvR (or ({a)))
by (simp add: GC.oinvR-def pgr-def)
end

sublocale gyrocarrier-isomorphism-norms-embed C GV’ gyrocarrier-norms-embed
to-carrier’ scale’
proof
fix a b
assume a € GC.reals b € GC.reals
then obtain z y where
a = GC.of-real’ (pr ({inv ¢ z))) V a = GC.of-real’ (— pr ({inv ¢ z)))
b = GC.of-real’ (pr ({inv ¢ y))) V b = GC.of-real’ (— vr ({inv ¢ y)))
unfolding GC.reals-def GC.norms-def GC.of-real’-def
by fastforce
then have ¢ ® b = GC.of-real’ (pr ({inv ¢ z))) ® GC.of-real’ (pr ({inv ¢

y))) Vv
y))) Vv
y))) Vv

a @ b= GC.of-real’ (pr ({inv ¢ z))) & GC.of-real’ (— vr ({inv ¢

a® b= GC.of-real’ (— pr ({inv ¢ z))) & GC.of-real’ (— pr ({inv ¢

. a® b= GC.of-real’ (— or ({inv ¢ z))) & GC.of-real’ (pr ({inv ¢ y)))
y auto

then have a @ b = GC.of-real’ (pr ({inv ¢ z))) ® GC.of-real’ (pr ({inv ¢
y))) v
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a® b= GC.of-real’ (pr ({inv ¢ z))) & GC.of-real’ (pr (Sr ({inv ¢

y))) v
a §B b = GC.of-real’ (pr (&r ({inv ¢ z)))) & GC.of-real’ (pr (SR

(((inv ¢ y))))) Vv
") a ® b= GC.of-real’ (¢r (Sr ({inv ¢ x)))) & GC.of-real’ (pr ({inv ¢
Y

by (simp add: GCoinvRminus)
then show a ® b € GC.reals
by (smt (verit, del-insts) <a € GC.reals) <b € GC.reals) pplus preals image-iff
oplus-reals)
next
fix a
assume a € GC.reals
then obtain z where
a = GC.of-real’ (pr ({inv ¢ z))) V a = GC.of-real’ (— pr ({inv ¢ z)))
unfolding GC.reals-def GC.norms-def GC.of-real’-def
by fastforce
then have © ¢ = © (GC.of-real’ (pr ({inv ¢ z)))) V
© a =0 (GC.of-real’ (— or ({inv ¢ z}))))
by auto
then have © a = © (GC.of-real’ (pr ({inv ¢ x)))) V
© a = © (GC.ofreal’ (pr (Sr ((inv ¢ x)))))
by (simp add: GCoinvRminus)
then show © a € GC.reals
by (metis (no-types, opaque-lifting) <a € GC.realsy ominus preals image-iff
oinv-reals)
next
fix ar
assume a € GC.reals
then obtain z where
a = GC.of-real’ (pr ({inv ¢ z))) V a = GC.of-real’ (— pr ({inv ¢ z)))
unfolding GC.reals-def GC.norms-def GC.of-real’-def
by fastforce
then have scale’ r a = scale’ r (GC.of-real’ (pr ({inv ¢ z)))) V
scale’ ra = scale’ v (GC.of-real’ (— ¢r ({inv ¢ z}))))
by auto
then have scale’ r a = scale’ r (GC.of-real’ (pr ({inv ¢ x)))) V
scale’ v a = scale’ r (GC.of-real’ (pr (&r ({inv ¢ x)))))
by (simp add: GCoinvRminus)
then show scale’ r a € GC.reals
by (smt (verit, best) <a € GC.reals) preals pscale image-iff otimes-reals)
qged

end

theory MoreComplex

imports Complex-Main HOL— Analysis. Inner-Product
begin

lemma real-compez-cmod:
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fixes r::real
shows cmod(r x z) = abs r * cmod z
by (metis abs-mult norm-of-real)

lemma cnj-closed-for-unit-disc:
assumes cmod z1 < 1
shows c¢mod (cnj 21) <1
by (simp add: assms)

lemma mult-closed-for-unit-disc:
assumes cmod z1 < 1 cmod 22 < 1
shows cmod (21%22) < 1
using assms(1) assms(2) norm-mult-less
by fastforce

lemma cnj-cmod:
shows 21 * cnj z1 = (cmod 21)72
using complex-norm-square
by fastforce

lemma cnj-cmod-1:

assumes cmod z1 = 1

shows 21 * cnj z1 = 1

by (metis assms complex-cnj-one complex-norm-square mult.right-neutral norm-one)

lemma den-not-zero:
assumes cmod a < 1 cmod b < 1
shows 1 + cnja *x b # 0
using assms
by (smt add.inverse-unique complez-mod-cnj i-squared norm-ii norm-mult norm-mult-less)

lemma cmod-miz-cnj:

assumes cmod v < 1 cmod v < 1

shows cmod ((1 + wxenj v) / (1 4+ vkenj u)) = 1

by (smt (verit, ccfo-threshold) assms(1) assms(2) complex-cnj-add complex-cnj-cnj
complex-cnj-mult complex-cnj-one complex-mod-cnj den-not-zero divide-self-if mult.commute
norm-divide norm-one)

lemma cnj-miz-ex-real-k:
assumes v # 0
shows = * cnjv = v % enj x «— (3 (kureal). © = k x v)
proof—
have vz: v=Rev+ Imvxix = Rex + Imx i
by (simp add: complez-eq mult.commute)+

have z x cnjo =v* cnjo «— (Rex + Imz *i) * (Rev — Im v *i) = (Re v
+ Imovxi)x (Rex — Imx 1)

by (metis complez-cnj-add complex-cnj-complex-of-real complex-cnj-i complex-cnj-mult
complez-eq complez-of-real-i diff-conv-add-uminus i-complez-of-real mult-minus-left)
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also have ... «— (Rev*« Imx — Rexz * Imv) x1 =
(— Revs*Imax+ Rex*Imv) *i
by (simp add: field-simps)
also have ... «—— Rev* Imxz = Rex *x Imv
by (smt (verit, best) complex-i-not-zero mult-minus-left mult-right-cancel of-real-eq-iff)
also have ... «—— (3 (k:real). x = k % v)
proof (cases Im v = 0)
case True
then show ?thesis
using assms vz
by (smt (verit, best) Im-divide-of-real add.right-neutral calculation com-
plex-cnj-complexr-of-real complex-cnj-mult complez-eq mult.commute mult-eq-0-iff
nonzero-mult-div-cancel-left of-real-0 times-divide-eg-right)
next
case Fulse
then have Re v« Imz = Rex x Imv «— = (Imx / Im v) * v
using assms vz
by (smt (verit, ccfv-SIG) calculation complez-cnj-complex-of-real complex-cnj-mult
complex-of-real-mult-Complex complex-surj mult. commute nonzero-mult-div-cancel-right
times-divide-eq-left)
then show ?thesis
using assms vz
by (smt (verit, del-insts) calculation complex-cnj-complez-of-real complex-cnj-mult
mult.assoc mult.commute)
qged
finally show ?thesis

qed

lemma two-inner-cnj:

shows 2 x inner u v = cnju *x v+ cnj v * u

by (smt (verit) cnj.simps(1) cnj.simps(2) cnj-add-mult-eg-Re inner-complez-def
mult.commute mult-minus-left times-complex.simps(1))

abbreviation cor = complez-of-real

lemma abs-inner-it-1:
assumes norm u < 1 norm v < I
shows abs (inner u v) < 1
using Cauchy-Schwarz-ineq2|of u v]
by (smt (verit) assms(1) assms(2) mult-le-cancel-left2 norm-not-less-zero)

lemma inner-lt-1:
assumes norm u < 1 norm v < 1
shows inner u v < 1
using assms
using abs-inner-lt-1
by fastforce
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lemma inner-def1:
shows inner z1 22 = (21 * cnj 22 + 22 *x cnj z1) | 2

proof—
obtain a b where ab: Re z1 = a N Im z1 = b
by blast
obtain ¢ d where cd: Re 22 = ¢ N Im 22 = d
by blast

have Re (z1 * cnj 22) = axc + bxd Re (22 % cnj z1) = axc + bxd
Im (21 x cnj 22) = bxc — axd Im (22 * cnj z1) = —bkc + axd

using ab cd
by simp+

then have (21 * ¢nj 22 + 22 x ¢cnjz1) | 2 = axc + bxd
using complez-eq-iff by force

then show ?thesis
using ab cd inner-complex-def
by presburger

qed

lemma inner-def2:
shows inner z1 22 = Re (cnj 21 * 22)
by (simp add: inner-complez-def)

end
theory GammaFactor

imports Complez-Main MoreComplex
begin

definition gamma-factor :: 'a::real-inner = real () where
v u = (if norm u < I then
1/ sqrt (1 — (norm u)?)
else

0)

lemma gamma-factor-nonzero:
assumes norm u < 1
shows 1 / sqrt (1 — (norm u)?) # 0
using assms square-norm-one by force

lemma gamma-factor-increasing:
fixes t1 t2 ::real
assumes (0 < t2t2 < tl1tl < 1
shows v t2 < ~ t1
proof—
have d: cmod t1 = abs t1 cmod t2 = abs t2
using norm-of-real
by blast+
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have [t2] x [t2| < |t1] * |¢t1]
by (simp add: assms mult-strict-mono’)
then have 1 — [t1] * [t1] < 1 — [t2] * [#2]
by auto
then have sqrt (1 — |t1] * [t1]) < sqrt (1 — |t2] * [t2])
using real-sqrt-less-iff
by blast
then have 1 / sqrt (1 — [t2| * |t2]) < 1 / sqrt (1 — |t1] = |¢1])
using assms
by (smt (23) frac-less2 mult-less-cancel-right2 real-sqrt-gt-zero)

moreover

have norm t1 < 1 norm t2 < 1
using assms
by force+
then have v t1 = 1 / sqrt(1 — (abs t1)72) v t2 = 1 / sqrt(1 — (abs t2)72)
using assms d
unfolding gamma-factor-def
by auto

ultimately

show ?thesis
using d
by (metis power2-eq-square)
qged

lemma gamma-factor-increase-reverse:
fixes t1 t2 :: real
assumes t1 > 0tl < 1t2>0t2 < 1
assumes 7y 1 > v t2
shows t1 > t2
using assms
by (smt (verit, best) gamma-factor-increasing)

lemma gamma-factor-u-normu:
fixes u :: real
assumes ( < uu < 1
shows v u = 7 (norm u)
unfolding gamma-factor-def
by auto

lemma gamma-factor-positive:
assumes norm u < 1
shows v u > 0
using assms
unfolding gamma-factor-def
by (smt (verit, del-insts) divide-pos-pos norm-ge-zero power2-eq-square power2-nonneg-ge-1-iff
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real-sqrt-gt-0-iff )

lemma norm-square-gamma-factor:
assumes norm u < 1
shows (normu) ™2 =1 —1/(y v) "2
proof—
have v u =1 / sqrt (1 — (norm u)"2)
by (metis assms gamma-factor-def)
then have (y u)" 2 =1 / (1 — (norm u)"2)
using assms
by (metis abs-power2 gamma-factor-positive less-eq-real-def norm-ge-zero norm-power
power2-eq-imp-eq real-norm-def real-sqrt-abs real-sqri-divide real-sqrt-eq-1-iff real-sqrt-eq-iff)
then show ?thesis
by auto
qed

lemma norm-square-gamma-factor’:

assumes norm u < I

shows (normu) 2 = ((yu) 2 — 1)/ (y u) 2

using norm-square-gamma-factor|OF assms]

by (metis assms diff-divide-distrib div-self gamma-factor-positive norm-not-less-zero
noTrm-2ero power-not-zero)

lemma gamma-factor-square-norm:

assumes norm u < 1

shows (y u)?2 =1 / (1 — (norm u)?)

by (smt (verit) assms gamma-factor-def gamma-factor-positive real-sqrt-divide
real-sqri-eq-iff real-sqrt-one real-sqrt-unique)

lemma gamma-expression-eq-one-1:
assumes norm u < 1
shows 1 /v u+ (yux (normuw)™2) /(I +7vu)=1
proof—
havevu# 01 +~vu#0
using assms gamma-factor-positive
by fastforce+

have I /vy u +~vux*x(normu)™2 /(1 +vu) =
(I +vu+(yu) 2= (normu)2) /(v ux*(l+7yu)
using <y u # 0 <1 + v u # 0>
by (metis (no-types, lifting) add-divide-distrib nonzero-divide-mult-cancel-right
nonzero-mult-divide-mult-cancel-left numeral-One power-add-numeral2 power-one-right
semiring-norm(2))
alsohave ... = (I +vyu+ (yu) 2«1 —1/((yw)72))/(yux*x(l+~
w)
by (simp add: assms norm-square-gamma-factor)
alsohave ... = (I +vyu+ (yu)2—-1)/ (vux*x (I +vu)
by (simp add: Rings.ring-distribs(4))
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alsohave ... = (vu*x (I +yu)) / (yux*x (I +~vu)
by (simp add: power2-eq-square ring-class.ring-distribs(1))
finally show ?thesis
using <y u # 0> <1 + v u # O»
by (metis div-by-1 divide-divide-eq-right eq-divide-eq-1)
qed

lemma gamma-ezxpression-eq-one-2:
assumes norm u < 1
shows ((v u) ™2« (normu)"2) / (1 +vu) 2+ (2*xyu) / (yux(l+vyu)
=1
proof—
have xx: yu # 01 +~vu#0
using assms gamma-factor-positive
by force+

have ((y u) 2 x (normu) 2) / (I +vu) 2+ (2*x~vu)/ (yux*x(l+vyu)

(YW 2s(1—1/(w2) /(L +yw)2+@syu)/(yux(l+
v u))
using norm-square-gamma-factor|OF assms]
by presburger
alsohave ... = ((yu) 2 - 1)/ (I +~vu) 2+ 2x~vu)/(yux* (I +vu)
using <y u # O
by (simp add: right-diff-distrib)
alsohave ... = (yux*x (yuw) ™2 —-1))/ (yux (I +7uw)2)+ (27 u=x (I
Tyw)/ (yux(l+yu)2)
using «y u # 0»
by (simp add: mult.commute power2-eq-square)

alsohave ... = (yux((yu) 2 —-—1)+2*xyu*x (I +yuw)/(yux(l+~y
u) " 2)
by argo
alsohave ... = (yu) 3+ yu+ 2% (yu)2)/ (yux*x(l+~yu 2
by (simp add: power2-eg-square power3-eq-cube right-diff-distrib ring-class.ring-distribs(1))
alsohave ... = (yux*x (I +~vu) " 2)/(vux(l+vu 2

by (simp add: field-simps power2-eq-square power3-eq-cube)
finally show ?thesis
using *
by simp
qed

end
theory PoincareDisc

imports Complex-Main HOL— Analysis. Inner-Product GammaFactor
begin

typedef PoincareDisc = {z::complex. cmod z < 1}
morphisms to-complex of-complex
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by (rule exI [where x=0], auto)
setup-lifting type-definition-PoincareDisc

lemma poincare-disc-two-elems:
shows 3 21 2z2::PoincareDisc. z1 # 22
proof—
have cmod 0 < 1
by simp
moreover
have cmod (1/2) < 1
by simp
moreover
have (0::complex) # 1/2
by simp
ultimately
show ?thesis
by transfer blast
qed

lift-definition inner-p :: PoincareDisc = PoincareDisc = real (infixl - 100) is
mner .

lift-definition norm-p :: PoincareDisc = real ({-) [100] 101) is norm .

lemma norm-lt-one:
shows (u) < 1
by transfer simp

lemma norm-geq-zero:
shows (u) > 0
by transfer simp

lemma square-norm-inner:
shows ((u))? = u - u
by transfer (simp add: dot-square-norm)

lift-definition gammma-factor-p :: PoincareDisc = real (v,) is gamma-factor .

lemma gamma-factor-p-nonzero [simpl:
shows v, v # 0
apply transfer
unfolding gamma-factor-def
using gamma-factor-nonzero
by auto

lemma gamma-factor-p-positive [simp]:

shows v, u > 0
by transfer (simp add: gamma-factor-positive)
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lemma norm-square-gamma-factor-p:
shows ((u)) 2 =1 -1/ (yp u) "2
by transfer (simp add: norm-square-gamma-factor)

lemma norm-square-gamma-factor-p’:

shows ((u)) ™2 = ((vp w)™2 = 1) / (vp u) "2
by transfer (simp add: norm-square-gamma-factor’)

lemma gamma-factor-p-square-norm:
shows (v, u)® =1 / (1 — ({u))?)

by transfer (simp add: gamma-factor-square-norm)

end
theory MobiusGyroGroup
imports Complez-Main HOL. Real- Vector-Spaces HOL. Transcendental MoreCom-
plex
GyroGroup PoincareDisc
begin

definition ozero-m' :: complex where
ozero-m' = 0

lift-definition ozero-m :: PoincareDisc (0,) is ozero-m’
unfolding ozero-m’-def
by simp

lemma to-complex-0 [simp]:
shows to-complex 0,, = 0
by transfer (simp add: ozero-m’-def)

lemma to-complex-0-iff [iff):
shows to-complex x = 0 «— z = 0,
by transfer (simp add: ozero-m'-def)

definition oplus-m’ :: complex = complex = compler where
oplus-m’ a z = (a + z) / (1 + (enj a) * 2)

lemma oplus-m’-in-disc:
assumes cmod c1 < 1 cmod c2 < 1
shows cmod (oplus-m’ ¢l ¢2) < 1
proof—
have Im ((c1 + ¢2) * (enj ¢l + cnj ¢2)) = 0
by (metis complez-In-mult-cnj-zero complex-cnj-add)
moreover
have Im ((1 + cnj cl * ¢2) % (1 + ¢l * cnj c2)) = 0
by (cases c1, cases c¢2, simp add: field-simps)
ultimately
have 1: Re (oplus-m’ c1 ¢2 * cnj (oplus-m' cl ¢2)) =
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Re (((c1 + ¢2) * (cnj cl + cnj c2))) /

Re (1 + enj el % ¢2) % (1 + ¢l * cnj c2)))
unfolding oplus-m/’-def
by (simp add: complez-is-Real-iff)

have Re (((c1 + ¢2) * (cnj ¢l + cnj ¢2))) =
(cmod c1)? + (emod ¢2)? 4+ Re (cnj el * c2 + cl x cnj c2)
by (smt Re-complez-of-real complex-norm-square plus-complex.simps(1) semir-
ing-normalization-rules(84) semiring-normalization-rules(7))
moreover
have Re (((1 + enj cl x ¢2) x (1 + ¢l x cnj ¢2))) =
Re (1 + cnjel *c2 + cenjc2 * cl + ¢l x cnj el x ¢2 % cnj c2)
by (simp add: field-simps)
hence *: Re (((1 + cnj cl * ¢2) x (1 + ¢l * cnj c2))) =
1+ Re (cnjcl * ¢2 + cl % cnj ¢2) + (cmod c1)? * (emod c2)?
by (smt Re-complex-of-real ab-semigroup-mult-class.mult-ac(1) complex-In-mult-cnj-zero
complez-cnj-one complez-norm-square one-complex.simps(1) one-power2 plus-complex.simps(1)
power2-eg-square semiring-normalization-rules(7) times-complex.simps(1))
moreover
have (c¢mod c1)? + (cmod ¢2)* < 1 + (emod c1)? * (cmod c2)?
proof—
have (cmod c1)? < 1 (cmod c2)? < 1
using assms
by (simp-all add: cmod-def)
hence (1 — (emod c1)?) * (1 — (cmod ¢2)?) > 0
by simp
thus ?thesis
by (simp add: field-simps)
qed
ultimately
have Re (((¢1 + ¢2) * (enj ¢l + cnj c2))) < Re (((1 + cnjcl = c2) * (1 + ¢l
* cnj ¢2)))
by simp
moreover
have Re (((1 + cnj cl % ¢2) « (1 + ¢l * cnj c2))) > 0
by (smt * Re-complez-div-lt-0 calculation complex-cnj-add divide-self mult-zero-left
one-complex.simps(1) zero-complex.simps(1))
ultimately
have 2: Re (((¢1 + ¢2) * (cnj ¢l + cnj c2))) / Re (1 + ¢cnj el = c2) = (1 +
cl x cnj c2))) < 1
by (simp add: divide-less-eq)

have Re (oplus-m’ c1 ¢2 = cnj (oplus-m’ ¢l ¢2)) < 1
using 1 2
by simp

thus ?thesis

by (simp add: complex-mod-sqrt-Re-mult-cnyj)
qed

94



lift-definition oplus-m :: PoincareDisc = PoincareDisc = PoincareDisc (infixl
®m 100) is oplus-m’
proof—

fix c1 c2

assume cmod cI < 1 cmod c2 < 1

thus cmod (oplus-m’ ¢l ¢2) < 1

by (simp add: oplus-m'-in-disc)

qed

definition ominus-m’ :: compler = complex where
ominus-m’' z = — 2

lemma ominus-m’-in-disc:
assumes cmod z < 1
shows c¢mod (ominus-m' z) < 1
using assms
unfolding ominus-m’-def
by simp

lift-definition ominus-m :: PoincareDisc = PoincareDisc (©,) is ominus-m’
proof—
fix c
assume cmod ¢ < 1
thus cmod (ominus-m’ ¢) < 1
by (simp add: ominus-m’-def)
qged

lemma m-left-id:
shows 0,, &, a = a
by (transfer, simp add: oplus-m’-def ozero-m’-def)

lemma m-left-inv:
shows ©,, @ ., a = O,
by (transfer, simp add: oplus-m’-def ominus-m’-def ozero-m’-def)

definition gyr-m’ :: complex = complex = complex = complexr where
gyr-m’abz=((1+axcnjb) /(I +cnjaxb))x*z

lift-definition gyr,, :: PoincareDisc = PoincareDisc = PoincareDisc = Poincar-
eDisc is gyr-m’
proof—
fix a bz
assume cmod a < 1 cmod b < 1 cmod z < 1
have cmod (1 4+ a % cnj b) = ecmod (1 + cnj a * b)
by (metis complex-cnj-add complez-cnj-cnj complex-cnj-mult complez-cnj-one
complex-mod-cnyj)
hence cmod ((1 + a* enjb) / (1 + enja x b)) = 1
by (simp add: <¢cmod a < 1y <cmod b < 1) den-not-zero norm-divide)
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thus cmod (gyr-m’ a b 2) < 1
using <cmod z < 1»
unfolding gyr-m’-def
by (metis mult-cancel-right1 norm-mult)
qged

lemma gyr-m-commute:

a @y b= gyrm a b (b By a)

by transfer (metis (no-types, opaque-lifting) oplus-m’-def gyr-m’-def add.commute
den-not-zero mult.commaute nonzero-mult-divide-mult-cancel-right2 times-divide-times-eq)

lemma gyr-m-left-assoc:
a @y (b Oy 2) = (a By b) By gyrm a b 2
proof transfer
fix a bz
assume *: cmod a < 1 cmod b < 1 cmod z < 1
have 1: oplus-m’ a (oplus-m’ b z) =
(a+b+ (I +axcnjb)*z)/
((enj a + cnj b) x z + (1 + cnj a = b))
unfolding gyr-m/’-def oplus-m’-def
by (smt x(2) *(3) ab-semigroup-mult-class.mult-ac(1) add.left-commute
add-divide-eq-iff combine-common-factor den-not-zero divide-divide-eq-right mult.commute
mult-cancel-right2 nonzero-mult-div-cancel-left semiring-normalization-rules(1) semir-
ing-normalization-rules(23) semiring-normalization-rules(34) times-divide-eq-right)
have 2: oplus-m’ (oplus-m’ a b) (gyr-m’ a b 2) =
((a+ b))+ (I +axcnjb)*z)/
((ecnja+ enj b) * z 4+ (1 + cnja *x b))
proof—
have z: ((a + b) / (1 + cnja x b) +
(I +axcnjb) /(I +cenjaxbd)xz)=
((a+ b))+ (I +a*xcnjb)x2z)/ (14 cnjaxb)
by (metis add-divide-distrib times-divide-eg-left)
moreover
have 1 + cnj ((a + b) / (1 + cnj a *x b)) *
(I +a*xenjb)/ (1 +cnjaxb)*z) =
14+ (enja+ cenjbd) /(I 4+ cnjaxb)xz
using divide-divide-times-eq divide-eq-0-iff mult-eq-0-iff nonzero-mult-div-cancel-left
by force
hence y: 1 + ¢enj ((a+b) / (1 + cnja x b)) *
(I +a*xenjb)/ (1 +cnjaxb)*z) =
((enja+ enjb) «z+ (I + enjaxb)) /(1 + cnjax*b)
by (metis *(1) *(2) add.commute add-divide-distrib den-not-zero divide-self
times-divide-eq-left)
ultimately
show ?thesis
unfolding gyr-m’-def oplus-m’-def
by (subst z, subst y, simp add: %(1) %(2) den-not-zero)
qged
show oplus-m’ a (oplus-m’ b z) =
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oplus-m’ (oplus-m” a b) (gyr-m’ a b 2)
by (subst 1, subst 2, simp)
qed

lemma gyr-m-inv:

gYrm a b (gyrm baz) =z

by transfer (simp add: gyr-m'-def, metis den-not-zero nonzero-mult-div-cancel-left
nonzero-mult-divide-mult-cancel-right semiring-normalization-rules(7))

lemma gyr-m-bij:
shows bij (gyr., a b)
by (metis bij-betw-def inj-def gyr-m-inv surj-def)

lemma gyr-m-not-degenerate:
shows 3 21 22. gyr,, a b z1 # gyry, a b 22
proof—
obtain z1 22 :: PoincareDisc where z1 # 22
using poincare-disc-two-elems
by blast
hence gyr.,, a b z1 # gyr,, a b 22
by (metis gyr-m-inv)
thus ?thesis
by blast
qed

lemma gyr-m-left-loop:
shows gyry, a b = gyrm (a ©m b) b
proof—
have 3 2. gyry, (@ @, b) b 2 # Oy
using gyr-m-not-degenerate
by metis
hence A z. gyrm a bz = gyrm (a O b) b 2
proof transfer
fixabz
assume Jz€{z. ecmod z < 1}. gyr-m’ (oplus-m’ a b) b z # ozero-m’
then obtain 2’ where
cmod z' < 1 gyr-m’ (oplus-m’ a b) b 2" # ozero-m’
by auto
hence «: 1 + (a+b) / (I + cnjaxb) x cnj b # 0
by (simp add: gyr-m’-def oplus-m’-def ozero-m’-def)
assume cmod a < 1 cmod b < 1 cmod z < 1
have 71: 1 + (a+b) /(I + cnja*b) * cnjb =
(I +cnjaxb+axcnjb+bxcnjbd)/ (1 + cnjaxb)
using <cmod a < 1y <cmod b < 1> add-divide-distrib den-not-zero divide-self
times-divide-eq-left
by (metis (no-types, lifting) ab-semigroup-add-class.add-ac(1) distrib-right)
have 2: 1 + ¢enj ((a+0) / (1 + enjax b)) x b=
(I +cenjaxb+axcnjb+b*xcnjb) /(1 + ax*cnjbd)
by (smt 1 complez-cnj-add complex-cnj-cnj complex-cnj-divide complex-cnj-mult

97



complez-cnj-one semiring-normalization-rules(23) semiring-normalization-rules(7))
have 1 + cnjaxb+ a*xcnjb+ bx*cnjb#0
using x
by auto
then show gyr-m’ a b z = gyr-m’ (oplus-m’ a b) b 2
unfolding gyr-m’-def oplus-m’-def
by (subst 1, subst 2, simp)
qed
thus ?thesis
by auto
qged

lemma gyr-m-distrib:
shows gyry, a b (¢’ ®m b)) = gyrm a b a’ By gyrm a b b’
apply transfer
apply (simp add: gyr-m’-def oplus-m’-def)
apply (simp add: add-divide-distrib distrib-left)
done

interpretation Mobius-gyrogroup: gyrogroup ozero-m oplus-m ominus-m gyry,
proof
fix a
show 0., ®.,, a = a
by (simp add: m-left-id)
next
fix a
show &, a ®,, a = 0,,
by (simp add: m-left-inv)
next
fix a bz
show a @, (b B 2) = @ Dy b By gyrm a b 2
by (simp add: gyr-m-left-assoc)
next
fix abd
show gyr,, a b = gyrm, (a ®p, b) b
using gyr-m-left-loop by auto
next
fix a b
show gyrogroupoid.gyroaut (B,,) (gyrm a b)
unfolding gyrogroupoid.gyroaut-def
proof safe
fix a’ b’
show gyrm a b (0,/ Dm b/) = gYrm a ba' Dm 9Yrm a b b’
by (simp add: gyr-m-distrib)
next
show bij (gyry, a b)
by (simp add: gyr-m-bij)
qged
qed
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interpretation Mobius-gyrocommutative-gyrogroup: gyrocommutative-gyrogroup ozero-m
oplus-m ominus-m gyr,
proof
fix a b
show a ®,, b = gyry, a b (b &, a)
using gyr-m-commute by blast
qed

instantiation PoincareDisc :: gyrogroupoid
begin

definition gyrozero-PoincareDisc where
gyrozero-PoincareDisc = ozero-m
definition gyroplus-PoincareDisc where
gyroplus-PoincareDisc = oplus-m
instance ..

end

instantiation PoincareDisc :: gyrogroup
begin
definition gyroinv-PoincareDisc where
gyroinv-PoincareDisc = ominus-m
definition gyr-PoincareDisc where
gyr-PoincareDisc = gyrm,
instance proof
fix a :: PoincareDisc
show 0, ® a=a
by (simp add: gyroplus-PoincareDisc-def gyrozero-PoincareDisc-def)
next
fix a :: PoincareDisc
show © a ® a = 0,
by (simp add: gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def gyrozero-PoincareDisc-def)
next
fix a b :: PoincareDisc
show gyroaut (gyr a b)
by (simp add: gyr-PoincareDisc-def gyroaut-def gyroplus-PoincareDisc-def gyr-m-bij)
next
fix a b z :: PoincareDisc
show a @ (b P 2)=a D bD gyrabdz
by (simp add: gyr-PoincareDisc-def gyroplus-PoincareDisc-def gyr-m-left-assoc)
next
fix a b :: PoincareDisc
show gyrab=gyr (a ® b) b
using gyr-PoincareDisc-def gyroplus-PoincareDisc-def gyr-m-left-loop by auto
qed
end

instantiation PoincareDisc :: gyrocommutative-gyrogroup
begin
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instance proof
fix a b :: PoincareDisc
show a @ b=gyrabd (b & a)
using gyr-PoincareDisc-def gyroplus-PoincareDisc-def gyr-m-commute by auto
qed
end

lemma oplusM-reals:
assumes Im (to-complex x) = 0 Im (to-complex y) = 0
shows Im (to-complex (x @, y)) = 0
using assms
by (transfer, auto simp add: oplus-m’-def complex-is-Real-iff)

lemma oplusM-pos-reals:
assumes Im (to-complex ) = 0 Im (to-complex y) = 0
assumes Re (to-complex ©) > 0 Re (to-complex y) > 0
shows Re (to-complex (v &, y)) > 0
using assms
by (transfer, auto simp add: oplus-m’-def complex-is- Real-iff)

definition gyr,,-alternative :: PoincareDisc = PoincareDisc = PoincareDisc =
PoincareDisc where
gyrm-alternative u v w = Oy, (U By V) By (U Dy, (V By, w))

lemma gyr-m-alternative-gyr-m:

shows gyr,,-alternative v v w = gyry, v v w

by (metis gyrp,-alternative-def gyr-m-inv gyr-m-left-assoc gyr-m-left-loop m-left-id
m-left-inv)

definition oplus-m’-alternative :: complex = complex = compler where
oplus-m’-alternative v v =
((1 + 2xinner u v + (norm v) "2) xg u + (I — (norm u) " 2) xg v) /
(1 4+ 2xinner u v + (norm u) "2 * (norm v)~2)

lemma oplus-m’-alternative:
assumes cmod v < 1 cmod v < 1
shows oplus-m’-alternative u v = oplus-m’ u v
proof—
have x: 2 x inner u v = cnju * v + cnj v * u
using two-inner-cnj
by auto

have (1 + 2xinner v v + (norm v) "2) * u =
(I + cenjuxv+ cnjov*u-+ (normwv) 2) *u
using x
by auto
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moreover

have 1 + 2xinner v v + (norm u) 2 * (norm v) 2 =
I+ cenjuxv+ enjoxu—+ (norm u) 2 % (norm v) "2
using x
by auto

moreover

have (1 + cnju* v+ enjv * u + (normv) " 2) *x u + (I — (norm u) " 2) *x v =
(I +cnjvxu)x(u-+v)
proof—
have x: (I + enju x v+ enjv * u + (norm v) " 2) * u =
u~+ (norm uw)"2 x v+ enjv*x u 2 + (norm v) "2 * u
by (smt (verit, del-insts) ab-semigroup-mult-class.mult-ac(1) comm-semiring-class.distrib
complez-norm-square mult.commute mult-cancel-right1 power2-eg-square)
have #x: (I + cnjv s u) *x (u+v) =u+ cnju*u*xu—+ v+ cnjvs*uxv
by (simp add: distrib-left ring-class.ring-distribs(2))
have u + ecnju x v *u + v + cnjux v x v =u + cnju * v 2 + (norm u) 2
* U+ v
by (simp add: cnj-cmod mult.commute power2-eq-square)
have *xx: (1 — (norm u) " 2) * v = v — (norm u) 2 * v
by (simp add: mult.commute right-diff-distrib’)
have (I + cnju x v+ cnjv *x u + (norm v) " 2) x u + (I — (norm u) " 2) % v

u + (norm u) "2 x v + (enj v) * w2 4+ (norm v)"2 x u + v — (norm
u) 2 * v
using * sk
by force
have sk (1 + cnju * v+ enj v * u + (norm v)"2) * u + (I —(norm u)"2)
* U=
u 4 enjvxu"2 4+ (norm v) "2 x u + v
using * sk
by auto

have (1 + cnj v x u) * (u+v) = u + (norm v) "2 xu + v + cnj v x u 2
using #x
by (simp add: cnj-cmod mult.commute power2-eq-square)

then show #thesis
using sk
by auto
qed

moreover have 1 + cnj u * v + cnj v *xu + (norm u) "2 * (norm v) 2 =
(I 4+ cnjux*wv)x (14 cnjvxu)
by (smt (verit, del-insts) cnj-cmod comm-semiring-class.distrib complex-cnj-cnj
complez-cnj-mult complez-mod-cnj is-num-normalize( 1) mult.commute mult-numeral-1
norm-mult numeral-One power-mult-distrib)
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ultimately
show ?thesis
using assms
unfolding oplus-m’-alternative-def oplus-m’-def
by (metis (no-types, lifting) den-not-zero divide-divide-eq-left’ nonzero-mult-div-cancel-left
scaleR-conv-of-real)
qed

lift-definition oplus-m-alternative :: PoincareDisc = PoincareDisc = Poincare-
Disc is oplus-m’-alternative
by (simp add: oplus-m’-alternative oplus-m’-in-disc)

end

theory Gyrotrigonometry
imports Main GyroVectorSpace
begin

datatype ‘a otriangle = M-gyrotriangle (A:'a) (B:'a) (C:'a)

context pre-gyrovector-space
begin

definition unit :: ‘a = ‘b where
unit a = to-carrier a /g {a)

lemma norm-inner-le-1:
fixes a b :: b
assumes norm a < 1 norm b < 1
shows norm (inner a b) < 1
using assms
by (smt (verit, ccfv-SIG) Cauchy-Schwarz-ineq2 mult-le-one norm-ge-zero real-norm-def)

lemma norm-inner-unit:
shows norm (inner (unit (© a @ b)) (unit (© a ® ¢))) < 1
proof—
have norm (unit (© a ® b)) =(© a® b) / (© a & b)
by (simp add: unit-def gyronorm-def)
then have norm (unit (& a @ b)) < 1
by simp
moreover
have norm (unit (© a ® ¢)) =(© a® c) / (& a® c)
by (simp add: unit-def gyronorm-def)
then have norm (unit (& a @ ¢)) < 1
by simp
ultimately
show ?thesis
using norm-inner-le-1
by blast
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qed

definition angle :: 'a = 'a = 'a = real where
angle a b ¢ = arccos (inner (unit (© a ® b)) (unit (© a @ c¢)))

definition o-ray :: 'a = 'a = 'a set where
o-ray xp = {s:'a. Itireal. t > 0Ns=(z2Dt R (O z D p))}

lemma 78-5:
assumes b2 € o-ray al b1 b2 # al
c2 € o-ray al cl c2 # al
shows angle a1 b1 c1 = angle al b2 c2
proof—
obtain ¢1::real where t1: t1 > 0b2 =al © t1 ® (© al @ b1)
using assms less-eq-real-def o-ray-def by auto
then have © al ® b2 =t ® (© al @ bl)
using gyro-left-cancel’ by simp

obtain t2::real where t2: 12 > 0 c2 = al ® t2 ® (© al @ cl)
using assms less-eq-real-def o-ray-def by auto

then have © al © c2 =12 ® (© al @ cl)
using gyro-left-cancel’ by simp

have angle a1 b2 c2 = arccos (inner (to-carrier (& al @ b2) /r (© al @ b2))
(to-carrier (& al & ¢2) /g (& al & c2)))
using angle-def unit-def by presburger
also have ... =
arccos (inner (to-carrier (t1 ® (& al ® b1)) /r (t1 ® (& al ® b1)))
(to-carrier (12 ® (© al @ c1)) /r (12 ® (© al & c1))))
using «© al @2 =t1 @ (G al ®bI) O al D c2=12 (S al ® cl)
by auto
finally show ?thesis
unfolding angle-def unit-def
using t1 t2
by (smt (verit, best) scale-propl times-zero)
qed

definition get-a :: ‘a otriangle = 'a where
get-at =6 (Ct) ® (B1)

definition get-b :: 'a otriangle = 'a where
get-bt =0 (Ct) ® (A1)

definition get-c :: 'a otriangle = 'a where
get-ct =0 (Bt) @ (A t)

definition get-alpha :: 'a otriangle = real where
get-alpha t = angle (A t) (B t) (C'¥)

definition get-beta :: 'a otriangle = real where
get-beta t = angle (B t) (C't) (A t)

definition get-gamma :: 'a otriangle = real where
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get-gamma t = angle (C't) (A t) (B1)

definition cong-gyrotriangles :: 'a otriangle = 'a otriangle = bool where
cong-gyrotriangles t1 t2 «——
({get-a t1) = (get-a t2) N {get-b t1) = (get-b t2) A {get-c t1) = (get-c t2)
N
(get-alpha t1 = get-alpha t2) A (get-beta t1 = get-beta t2) A (get-gamma t1
= get-gamma t2))
end

end

theory HyperbolicFunctions
imports HOL. Transcendental
begin

lemma artanh-abs-tanh:
fixes z::real
shows artanh (abs (tanh z)) = abs x
proof (cases © > 0)
case True
then show ?thesis
by (simp add: artanh-tanh-real)
next
case Fulse
then show ?thesis
by (metis artanh-tanh-real tanh-real-abs)
qged

lemma artanh-nonneg:
fixes z :: real
assumes () < zzx < I
shows artanh z > 0
proof—
have (1+4z)/(1—2) > 1/(1—x)
by (metis assms add-0 add-increasing? divide-right-mono le-diff-eq less-eq-real-def)
moreover have 1/(1—z) > 1
using assms
by simp
moreover have artanh v = 1/2+In((1+2)/(1—x))
by (simp add: artanh-def)
moreover have In((1+z)/(1—2))>0
using calculation(1) calculation(2) by fastforce
moreover have ((artanh z)>0)
using calculation(3) calculation(4) by linarith
moreover have (0<z A z<1)— ((artanh z)>0)
using calculation by blast
ultimately
show ?thesis
by blast
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qed

lemma artanh-not-0:
fixes z :: real
assumes z > 0z < 1
shows artanh © # 0
using assms
by (simp add: artanh-def)

lemma tanh-not-0:
fixes x :: real
assumes z > 0z < 1
shows tanh z # 0
using assms
by simp

lemma tanh-monotone:
fixes x y :: real
assumes > y
shows tanh z > tanh y
using assms
by simp

lemma artanh-monotonel:
fixes x::real
assumes z > Oz < 1ly>0y<l1z<y
shows (1+) / (1-7) < (1+y) / (1-y)
using assms
by (smt (verit, best) frac-less)

lemma artanh-monotone2:
fixes x::real
assumes z>0 <1 y>0 y<1 z<y
shows In ((1+2)/(1—1)) < In((1+5)/(1-y))
using artanh-monotonel assms(1) assms(4) assms(5) by force

lemma artanh-monotone:
fixes z y :: real
assumes z > 0z < 10 <yy<1I
assumes z < ¥y
shows artanh x < artanh y
proof—
have artanh © = 1/2 x In((1+x)/(1—x))
by (simp add: artanh-def)
moreover have artanh y = (1/2) = In((14y)/(1—vy))
by (simp add: artanh-def)
ultimately show “thesis
using assms artanh-monotone2
by (simp add: artanh-def)
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qed

lemma tanh-artanh-nonneg:
fixes = r :: real
assumes r > 0x > 0z < 1
shows tanh (r x artanh z) > 0
using assms
by (simp add: artanh-nonneg)

lemma tanh-artanh-mono:
fixes z y :: real
assumes 0 <zzx < 10<yy<1
assumes z < ¥y
shows tanh (2 * artanh z) < tanh (2 * artanh y)
using assms
using artanh-monotone
by auto

lemma tanh-def”:

fixes z :: real

shows tanh z = (exp (2xx) — 1) / (exp (2xx) + 1)

unfolding tanh-def sinh-def cosh-def

by (metis cosh-def exp-gt-zero exp-of-nat-mult In-unique of-nat-numeral sinh-def
tanh-def tanh-In-real)

lemma tanh-artanh:
fixes z :: real
assumes —1 < zz < I
shows tanh (artanh z) = x
using assms
unfolding artanh-def tanh-def’
by (simp add: field-simps)

end

theory MobiusGyroVectorSpace

imports Main MobiusGyroGroup GyroVectorSpace Gyrotrigonometry GammaFac-
tor HyperbolicFunctions

begin

lemma norms:

shows {z. Ja. £ = cmod (to-complez a)} U {z. Ja. £ = — cmod (to-complex
W} = {o. |4 < 1}
proof—

{

fix z :: real
assume |z| < I
then have cmod (Complex z 0) < 1
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by (simp add: complex-norm)
then have to-complex (PoincareDisc.of-complex (Complex x 0)) = x
by (simp add: complez-of-real-def of-complezx-inverse)
then have Ja. 2 = e¢mod (to-complex a) V (3 a. z = — cmod (to-complex a))
by (metis abs-eq-iff ' norm-of-real)
}

moreover
have A a. cmod (to-complex a) < 1
using to-complex by force
ultimately show ?thesis
by auto
qed

global-interpretation Mobius-gyrocarrier’: gyrocarrier’
where to-carrier = to-complex

rewrites
Mobius-gyrocarrier’.gyroinner = inner-p and
Mobius-gyrocarrier’.gyronorm = norm-p and
Mobius-gyrocarrier’.carrier = {z. emod z < 1} and
Mobius-gyrocarrier’.norms = {x. abs x < 1}

defines

of-complex = gyrocarrier’.of-carrier to-complex
proof—

show *: gyrocarrier’ to-complex

proof

show inj to-complex
by (simp add: inj-on-def to-complez-inject)
next
show to-complex 04 = 0
by (simp add: gyrozero-PoincareDisc-def ozero-m’-def ozero-m.rep-eq)
qed

show gyrocarrier’.gyroinner to-complex = (-)
apply rule
apply rule
unfolding gyrocarrier’.gyroinner-def[ OF %]
apply transfer
by (simp add: inner-complez-def)

show gyrocarrier’.gyronorm to-complex = norm-p
apply rule
unfolding gyrocarrier’.gyronorm-def[OF %]
apply transfer
by simp

show gyrocarrier’.carrier to-complex = {z. ¢cmod z < 1}
unfolding gyrocarrier’.carrier-def[OF %]
using type-definition. Rep-range type-definition-PoincareDisc
by blast
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show gyrocarrier’.norms to-complex = {z. |z| < 1}
using norms
unfolding gyrocarrier’.norms-def[OF ]
unfolding gyrocarrier’.gyronorm-def[ OF %]
by auto
qed

lemma Mobius-gyrocarrier’-norms [simp):
shows gyrocarrier’.norms to-complex = {z. abs x < 1}
using Mobius-gyrocarrier’.norms-def
unfolding gyrocarrier’.norms-def[OF Mobius-gyrocarrier’. gyrocarrier’-axioms]
gyrocarrier’.gyronorm-def[ OF Mobius-gyrocarrier’.gyrocarrier’-azioms]
using norm-p.rep-eq
by presburger

lemma Mobius-gyrocarrier’-carrier [simp]:
shows gyrocarrier’.carrier to-complex = {z. emod z < 1}
unfolding gyrocarrier’.carrier-def[OF Mobius-gyrocarrier’.gyrocarrier’-azioms)
using type-definition. Rep-range type-definition-PoincareDisc
by blast

lemma moebius-gyroauto:
shows gyr,, vva- gyrm, uvb=a-0b
proof—
have gyr,, uva - gyry, wv b= Re((cnj (to-complex (gyrm, u v a))) * (to-complex
(9yrm w v b))
using inner-p.rep-eq
by (simp add: inner-complex-def)
moreover have gyr,, u v a = of-complez(((1 + (to-complex u) * cnj (to-complex
v)) / (1 + (enj (to-complex w)) * to-complex v)) *
(to-complex a))
by (metis Mobius-gyrocarrier’.of-carrier gyr-m'-def gyr,.rep-eq)
moreover have gyr,, uvb = of-complex(((1 + (to-complex u) x cnj (to-complex
v)) / (1 4+ (cnj (to-complex u)) * to-complex v)) *
(to-complex b))
by (metis Mobius-gyrocarrier’.of-carrier gyr-m’-def gyr,.rep-eq)
moreover have (cnj (to-complex (gyry, v v a))) = cnj (1 + (to-complex u) *
enj (to-complex v)) / (1 + (enj (to-complex u)) * to-complex v)) *
enj (to-complex a)
by (simp add: gyr-m’-def gyr.,.rep-eq)
moreover have (cnj ((I + (to-complex u) * cnj (to-complex v)) / (1 +
(to-complex v)x(cnj (to-complex w))) ))* ((1 + (to-complex u) * cnj (to-complex
v)) / (1 + (to-complex v)*(cnj (to-complez u)))) = 1
proof—
have *: ¢mod (to-complex u) < 1
using to-complex by blast
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moreover have xx:cmod (to-complex v) < 1
using to-complex by blast
moreover have cmod (((I + (to-complex u) x cnj (to-complex v)) / (1 +
(to-complex v)x(cng (to-complex w))))) =1
using cmod-miz-cnj[OF * xx]
by force
ultimately show ?thesis using cnj-cmod-1
by (metis mult.commute)
qed
moreover have gyr,, u v a - gyr, wv b = Re((cnj (to-complex a))x(to-complex
b))
using calculation(1) calculation(5) gyr-m’-def gyr,,.rep-eq by force
moreover have a - b = Re((cnj (to-complex a))x(to-complex b))
by (simp add: inner-complex-def inner-p.rep-eq)
ultimately show “thesis
by presburger
qed

interpretation Mobius-gyrocarrier: gyrocarrier
where to-carrier = to-complex
proof
fixuvabd
have gyruva - -gyruvb=a-0
by (simp add: gyr-PoincareDisc-def moebius-gyroauto)
then show gyrocarrier’.gyroinner to-complex (gyr v v a) (gyr v v b) =
gyrocarrier’.gyroinner to-complex a b
using gyrocarrier’.gyroinner-def[OF Mobius-gyrocarrier’.gyrocarrier'-azioms
Mobius-gyrocarrier’.gyroinner-def
by fastforce
qed

global-interpretation Mobius-gyrocarrier-norms-embed': gyrocarrier-norms-embed’
where to-carrier = to-complex
rewrites
Mobius-gyrocarrier-norms-embed’.reals = of-complex * cor ‘ {x. abs x < 1}
proof—
show *: gyrocarrier-norms-embed’ to-complex
by unfold-locales auto

3

show gyrocarrier-norms-embed’.reals to-complex = of-complex  cor ‘ {z. |z| <
1}

unfolding gyrocarrier-norms-embed’.reals-def [ OF %]

using Mobius-gyrocarrier’-norms of-complex-def

by presburger

qed

lemma Mobius-gyrocarrier-norms-embed’-to-real:
assumes z € Mobius-gyrocarrier-norms-embed’.reals
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shows Mobius-gyrocarrier-norms-embed’.to-real’ & = Re (to-complez x)
using assms
using Mobius-gyrocarrier-norms-embed’.to-real’-def of-complez-inverse
by fastforce

lemma Mobius-gyrocarrier-norms-embed’-of-real’:
assumes z € Mobius-gyrocarrier’.norms
shows Mobius-gyrocarrier-norms-embed’.of-real’ * = PoincareDisc.of-complex
(cor x)
using assms
by (metis Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier-norms-embed’. of-real’-def
comp-apply mem-Collect-eq norm-of-real of-complex-inverse)

lemma gyronorm-Re:
assumes Re (to-complex ) > 0 Im (to-complex x) = 0
shows (z) = Re (to-complex )
using assms
by (simp add: Mobius-gyrocarrier’.gyronorm-def cmod-eq-Re)

lemma Mobius-gyrocarrier-norms-embed’-reals [simpl:

shows gyrocarrier-norms-embed’.reals to-complex = of-complex
1}

by (simp add: Mobius-gyrocarrier-norms-embed’. gyrocarrier-norms-embed’-azxioms
gyrocarrier-norms-embed’.reals-def of-complez-def)

I3

cor ‘{xz. |z| <

definition otimes’-k :: real = compler = real where
otimes’-k r z = ((1 + cmod z) powr r — (1 — cmod z) powr 1) /
((1 + emod z) powr r + (1 — cmod z) powr 1)

lemma otimes’-k-tanh:
assumes cmod z < 1
shows otimes’-k r z = tanh (r x artanh (cmod 2))
proof—
have 0 < 1 + cmod z
by (smt norm-not-less-zero)
hence (1 + cmod z) powr r # 0
by auto

have 1 — (1 — emod 2) powr r / (1 + c¢mod 2) powr r =
((1 + emod z) powr r — (1 — emod z) powr 1) / (1 + cmod z) powr r
by (smt «(1 + emod z) powr r # 0> add-divide-distrib divide-self)
moreover
have 1 + (1 — e¢mod 2) powr r / (1 + e¢mod 2) powr r =
((1 + emod z) powr r + (1 — emod z) powr r) / (1 + cmod z) powr r
by (smt add-divide-distrib calculation)
moreover
have exp (— (r x In (I + emod 2) / (1 — emod 2)))) =
((1 + e¢mod z) |/ (1 — c¢mod z)) powr (—T)
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using <0 < 1 + cmod 2 In-powr[symmetric, of (1 + cmod z) / (I — cmod 2)
—7]
using assms by (simp add: powr-def)
ultimately
show ?thesis
using assms powr-divide[of 1 + c¢mod z 1 — c¢mod z 7]
using <0 < I + cmod 2> <«(1 + cmod z) powr r # 0»
unfolding otimes’-k-def tanh-real-altdef artanh-def
by (simp add: powr-minus-divide)
qed

lemma cmod-otimes’-k:

assumes cmod z < 1

shows cmod (otimes’-k r z) < 1

by (smt assms divide-less-eq-1-pos divide-minus-left otimes’-k-def norm-of-real
powr-gt-zero zero-less-norm-iff)

definition otimes’ :: real = complex = complex where
otimes’ r z = (if z = 0 then 0 else cor (otimes’-k r z) * (z / cmod z))

lemma cmod-otimes'”:
assumes cmod z < 1
shows cmod (otimes’ r z) = abs (otimes’-k 1 2)
proof (cases z = 0)
case True
thus ?thesis
by (simp add: otimes’-def otimes’-k-def)
next
case Fulse
hence cmod (cor (otimes’-k r z)) = abs (otimes’-k r z)
by simp
then show ?thesis
using False
unfolding otimes’-def
by (simp add: norm-divide norm-mult)
qed

lift-definition otimes :: real = PoincareDisc = PoincareDisc (infix]l ® 105) is
otimes’
using cmod-otimes’ cmod-otimes’-k by auto

lemma otimes-distrib-lemma’:
fixes ax bx ay by :: real
assumes ax + bxr # 0 ay + by # 0
shows (az x ay — bz * by) / (az x ay + bz * by) =
((az — bx)/(az + bx) + (ay — by)/(ay + by)) /
(1 + ((ax — bx)/(az + bx))x((ay — by)/(ay + by))) (is ?lhs = Zrhs)
proof—
have (az — bz)/(ax + bx) + (ay — by)/(ay + by) = ((az — bx)*x(ay + by) +
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(ay — by)(az + br)) / ((ax + br)*(ay + by))
by (simp add: <ax + bz # 0> <ay + by # 0> add-frac-eq)
hence 1: (az — bz)/(az + bz) + (ay — by)/(ay + by) = 2 * (az * ay — bz *
by) / ((az + bx)*(ay + by))
by (simp add: field-simps)

have 1 + ((az — bx)/(az + bx))x((ay — by)/(ay + by)) =
(((az + bx)x(ay + by)) + (az — bz)*(ay — by))/((az + bx)*(ay + by))
by (simp add: <ax + bz # 0> <ay + by # 0> add-divide-distrib)
hence 2: 1 + ((az — bz)/(azx + bx))*((ay — by)/(ay + by)) = 2 * (az * ay +
bz * by) / ((ax + bx)*(ay + by))
by (simp add: field-simps)

have ?rhs = 2 * (az * ay — bz * by) / ((ax + bzx) * (ay + by)) /
(2 % (az * ay + bz * by) / ((ax + bz) * (ay + by)))
by (subst 1, subst 2, simp)
also have ... = (2 * (az * ay — bx x by) * ((ax + bzx) * (ay + by))) /
(2 % ((az + bx) * (ay + by)) * (azx * ay + bz x by))
by auto
also have ... = ((2 * ((az + bz) * (ay + by))) * (az * ay — bz * by)) /
((2 % ((az + bz) * (ay + by))) * (ax *x ay + bz * by))
by (simp add: field-simps)
also have ... = (az x ay — bz * by) / (az * ay + bz * by)
using <az + bx # 0> <ay + by # 0> by auto
finally
show ?thesis
by simp
qed

lemma otimes-distrib-lemma:
assumes cmod a < 1
shows otimes’-k (r1 + r2) a = oplus-m’ (otimes’-k r1 a) (otimes’-k r2 a)
unfolding otimes’-k-def oplus-m’-def
unfolding powr-add
apply (subst otimes-distrib-lemma’)
apply (smt powr-gt-zero powr-non-neg)
apply (smt powr-gt-zero powr-non-neg)
apply simp
done

lemma otimes-oplus-m-distrib:
shows (r1 + 2) @ a =711 ® a &y, 2 @ a
proof transfer
fix ri r2a
assume cmod a < 1
show otimes’ (r1 + r2) a = oplus-m’ (otimes’ r1 a) (otimes’ r2 a)
proof (cases a = 0)
case True
then show ?thesis
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by (simp add: otimes’-def oplus-m’-def)
next
case Fulse
let %p =1 4 cmod a and ?m = 1 — cmod a
have cor (otimes’-k (r1 + r2) a) * a / cor (cmod a) =
oplus-m’ (otimes’-k r1 a) (otimes’-k r2 a) * a / cor (¢cmod a)
by (simp add: <cmod a < 1) otimes-distrib-lemma)
moreover
have cor (otimes’-k r1 a) * cnj a = (cor (otimes’-k r2 a) * a) / (cor (cmod a)
* cor (cmod a)) =
cor (otimes’-k r1 a) * cor (otimes’-k r2 a)
by (smt False complez-mod-cnj complez-mod-mult-cnj complex-norm-square
mult.commute nonzero-mult-div-cancel-left norm-mult of-real-mult times-divide-times-eq
zero-less-norm-iff)
ultimately
show ?thesis
using Fualse
unfolding otimes’-def oplus-m'-def
by (smt complez-cnj-complex-of-real complex-cnj-divide complex-cnj-mult dis-
trib-right times-divide-eq-left times-divide-eq-right times-divide-times-eq)
qged
qged

lemma otimes-assoc:
shows (r1 x 12) @ a=711 ® (r2 ® a)
proof transfer
fix ri r2 a
assume cmod a < 1
show otimes’ (r1 * r2) a = otimes’ r1 (otimes’ r2 a)
proof (cases a = 0)
case True
then show ?thesis
by (simp add: otimes’-def)
next
case Fulse
show ?thesis
proof (cases r2 = 0)
case True
thus ?thesis
by (simp add: <cmod a < 1y otimes’-def otimes’-k-tanh)
next
case False
let 2a2 = otimes’ 12 a
let ?k2 = otimes’-k r2 a
have cmod %02 = abs 7k2
using <cmod a < 1) cmod-otimes’
by blast
hence cmod a2 < 1
using «cmod a < 1> cmod-otimes’-k
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by auto
have (1 + c¢mod a) / (1 — cmod a) > 1
using «a # O»
by (simp add: <¢cmod a < 15)
hence artanh (cmod a) > 0
by (simp add: artanh-def)
hence 7k2 # 0
using <cmod a < 1y <a # 0> otimes’-k-tanh[of a r2] <r2 # 0>
by auto
hence %42 # 0
using <a # O»
unfolding otimes’-def
by simp
have sgn ?k2 = sgn r2
using otimes’-k-tanh[OF <cmod a < 15, of 2]
by (smt <0 < artanh (cmod a)) <cmod ?a2 = |2k2|> <?a2 # 0) mult-nonneg-nonneg
mult-nonpos-nonneg sgn-neg sgn-pos tanh-0 tanh-real-neg-iff zero-less-norm-iff)
have otimes’ r1 (otimes’ 12 a) =
cor (otimes’-k r1 (cor 2k2 % a / cor (ecmod a))) *
(cor 2k2 x a) / (cor (cmod a) * abs 7k2)
using False <?a2 # 0>
using <cmod ?a2 = |?k2|»
unfolding otimes’-def
by auto
also have ... = cor (tanh (r1 * |r2 * artanh (cmod a)|)) *
(cor 2k2 = a) / (cor (cmod a) * abs 7k2)
using cmod-otimes’[of a r2] <cmod a < 1) <a # 0»
unfolding otimes’-def
using (cmod a2 < 1y <cmod ?a2 = |%k2|> otimes’-k-tanh
using «cmod a < 1> otimes’-k-tanh|of a r2]
by (simp add: artanh-abs-tanh)
also have ... = cor (tanh (r1 * |r2| * artanh (cmod a))) *
(cor 2k2 = a) / (cor (cmod a) * abs ?k2)
using <artanh (c¢cmod a) > 0»
by (smt ab-semigroup-mult-class.mult-ac(1) mult-minus-left mult-nonneg-nonneg)

also have ... = cor (tanh (r1 % |r2| x artanh (¢mod a))) * sgn ?k2 * (a / cor
(emod a))
by (simp add: mult.commute real-sgn-eq)
also have ... = cor (tanh (r1 * |r2| * artanh (cmod a))) * sgn r2 * (a / cor
(cmod a))
using <sgn ?k2 = sgn 2>
by simp
also have ... = cor (tanh (r1 x r2 x artanh (cmod a))) * (a / cor (¢cmod a))

by (cases r2 > 0) auto
finally show ?thesis
by (simp add: <¢cmod a < 1y otimes’-def otimes’-k-tanh)
qed
qged
qed
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lemma otimes-scale-prop:

fixes r :: real

assumes r # 0

shows to-complex (|r| ® a) / {(r ® a) = to-complex a / {a)
proof—

let 2f = X r a. tanh (r x artanh (cmod (to-complex a)))

have «: to-complex (|r| ® a) = ?f |r| a * (to-complex a / {a))
using Mobius-gyrocarrier’.gyronorm-def to-complex otimes’-def otimes’-k-tanh
otimes.rep-eq
by force
then have (r ® a) = cmod (f r a * (to-complez a / {a)))
by (metis (no-types, lifting) Mobius-gyrocarrier’.gyronorm-def to-complex cmod-otimes’
otimes’-def otimes’-k-tanh otimes.rep-eq mem-Collect-eq norm-mult norm-of-real)
then have (r ® a) = |9 r a / {a)| * cmod (to-complex a)
by (metis (no-types, opaque-lifting) norm-mult norm-of-real of-real-divide times-divide-eq-left
times-divide-eq-right)

have ?f |r| a = tanh(|r| * |artanh (cmod (to-complex a))|)

by (smt (verit) to-complex artanh-nonneg mem-Collect-eq norm-ge-zero)
then have ?f |r| a = |?f r q

by (metis abs-mult tanh-real-abs)

have |?fra / (a)| = ?f |r] a / {a)
by (metis Mobius-gyrocarrier’.gyronorm-def to-complex abs-divide abs-le-self-iff
abs-mult-pos abs-norm-cancel artanh-nonneg dual-order.refl mem-Collect-eq tanh-real-abs)
then have xx:2f |r| a / (a) = |?fra / {a)]
by simp

show ?thesis
proof (cases to-complex a = 0)
case True
then show ?thesis
using assms
by (simp add: otimes’-def otimes.rep-eq)
next
case Fulse
then have |?fr a / (a)| #0
using assms
by (metis artanh-0 Mobius-gyrocarrier’.gyronorm-def to-complex abs-norm-cancel
artanh-not-0 artanh-tanh-real divide-eq-0-iff linorder-not-less mem-Collect-eq mult-eq-0-iff
norm-eq-zero not-less-iff-gr-or-eq zero-less-abs-iff)
then show ?thesis
using * ** Mobius-gyrocarrier’.gyronorm-def
(r ® a) = 12fra/ {a)] * cmod (to-complezx a)»
by fastforce
qged
qed
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lemma gamma-factor-eql-lemmal:
shows c¢cmod(1 + cnj a * b)xcmod(1 + cnj a * b) — cmod(a+b)xcmod(a+b) =
(I — c¢cmod a *x cmod a) * (1 — cmod b * ¢cmod b)
proof—
have cmod(1+(cnj a)xb)xcmod(1+(cnj a)xb) = (1+(cenj a)xb) * cnj(1+(cng
a)xb)
by (metis complez-norm-square power2-eg-square)
then have cmod(1+(cnj a)*b)xcmod(14(cnj a)*xb) = (14(cnj a)xb)*(1+(enj(enj
a))x (cnj b))
using complez-cnj-add complex-cnj-mult complez-cnj-one by presburger
then have cmod(1+(cnj a)*b)xcmod(1+(cnj a)xb)= 14ax(cnj b)+(cnj a)xb +
(enj a)*xbxax(cnj b)
by (simp add: field-simps)
moreover
have cmod(a+b)xcmod(a+b) = (a+b)*xcnj(a+d)
by (metis complez-norm-square power2-eq-square)
then have cmod(a+b)xcmod(a+b) = ax(cnj a) + ax(cnj b) + bx(cnj a) + bx(cnj
b)
by (simp add: field-simps)
then have cmod(a+b)xcmod(a+b) = cmod(a)xcmod(a) + ax(cnj b) + bx(cnj
a) + cmod(b)*cmod(b)
by (metis complez-norm-square power2-eg-square)
ultimately have cmod(1+(cnj a)+b)xcmod(1+(cnj a)xb) — cmod(a+b)*cmod(a+Db)

(1+a*(cnj b)+(cnj a)xb + (cnj a)xbxax(cnj b))—( cmod(a)xcmod(a) + a*(cnj
b) + bx(cnj a) + cmod(b)xcmod(b))
by auto
then have cmod(1+(cnj a)xb)xcmod(1+(cnj a)xb) — cmod(a+b)xcmod(a+b) =
(I+(cnj a)xax(bx(cnj b)) — cmod(a)*cmod(a) — cmod(b)*cmod(b))
by fastforce
then have cmod(1+(cnj a)xb)xcmod(1+(cnj a)xb) — cmod(a+bd)xcmod(a+b) =
(1+(cmod(a)xcmod(a))*(bx(cnj b))—cmod(a)xcmod(a) — cmod(b)xcmod(b))
by (metis (mono-tags, opaque-lifting) complex-norm-square mult.assoc mult.left-commute
power2-eq-square)
then have cmod(1+(cnj a)xb)xcmod(1+(cnj a)xb) — cmod(a+b)xcmod(a+b) =
(1+(emod(a)xcmod(a))*(cmod(b)xcmod(b))—cmod(a)xcmod(a) — cmod(b)xcmod (b))
by (smt (verit) Re-complex-of-real cmod-power2 complez-In-mult-cnj-zero com-
plex-mod-cnj complex-mod-mult-cnj diff-add-cancel cnj-cmod norm-mult norm-zero
of-real-1 plus-complex.sel(1) times-complex.sel(1))
moreover
have (1 —cmod(a)*cmod(a))*(1—cmod(b)*cmod(d)) = 1+(cmod(a)xcmod(a))*(cmod(b)*cmod(b))—cmod(a
by (simp add: field-simps)
ultimately
show ?thesis
by presburger
qed

lemma gamma-factor-eql-lemmaZ2:
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fixes z y::real
assumes y > 0
shows 1 / sqrt(1 — (zxz)/(y*y)) = abs y / sqrt(yxy — zxx)
proof—
have 1 — ((w+2)/(y+3)) = (yy—o+z) / (y+y)
using assms
by (metis diff-divide-distrib div-0 divide-less-cancel divide-self no-zero-divisors)
then have sqrt (1 — (xxz)/(yxy)) = sqrt(yxy—zxx)/sqrt(y*y)
using real-sqrt-divide by presburger
then have sqrt(1 — (z*z)/(y*y)) = sqri(yxy—z*z)/abs(y)
using real-sqrt-abs2 by presburger
then show ?thesis
by auto
qed

lemma gamma-factor-norm-oplus-m:
shows v ({a @, b)) =
v (to-complex a) *
v (to-complex b) *
emod (1 + enj (to-complex a) * (to-complex b))
proof—
let %a = to-complex a and ?b = to-complex b
have norm ({a ®nm, b)) < 1
using Mobius-gyrocarrier’.gyronorm-def to-complex abs-square-less-1
by fastforce
then have x: v ({a @, b)) =
1/ sqrt(1 — cmod (?a+2b) / emod (1 + cnj ?a x2b) * cmod (2a+ %b)
/ cmod (1 + cnj %a x9D))
using Mobius-gyrocarrier’.gyronorm-def gamma-factor-def oplus-m'-def oplus-m.rep-eq
norm-divide norm-eq-zero norm-le-zero-iff norm-of-real real-norm-def
by (smt (verit, del-insts) power2-eq-square times-divide-eq-right)
also have ... =
emod(1 + cnj %a * 2b) /
sqrt(emod (1 + cnj 2a x 2b) x cmod (1 + cnj %a * 2b) —
emod (?a+2b) * cmod (?a+ ?b))
proof—
let 2iz1 = cmod (%a+ ?b) * cmod (?a+ ?b)
let ?2iz2 = cmod (1 + cnj %a * 2b) * cmod (1 + cnj ?a * D)
have %iz1 > 0
by force
moreover
have %iz2 > 0
using den-not-zero to-complex
by auto
ultimately show #thesis
using zero-less-mult-iff
by (smt (verit, best) divide-divide-eq-left gamma-factor-eq1-lemma2 norm-not-less-zero
times-divide-eq-left)
qed
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also have ... = cmod(1 + cnj %a = 2b) / sqrt((1 — cmod ?a x cmod %a) * (1
— cmod ?b x cmod b))
using gamma-factor-eql-lemmal
by presburger
also have ... =
~ (to-complex a) *
~ (to-complex b) *
cmod (1 + cnj (to-complex a) * (to-complex b))
proof—
have cmod (to-complex a) < 1 c¢mod (to-complex b) < 1
using to-complex
by auto
then show ?thesis
unfolding gamma-factor-def
by (simp add: power2-eq-square real-sqrt-mult)
qged
finally show ?thesis

qed

lemma gamma-factor-norm-oplus-m':
shows 7, (of-complex (cor ({a &m b)))) =
Tp (a) *
Vp (b) *
emod (1 + enj (to-complex a) * (to-complex b))
proof—
have norm ((cor ({a @ b)))) <1
using norm-lt-one norm-p.rep-eq by auto
moreover have v, (of-complez (cor ({a @n, b)))) =~ ({a & b))
by (metis Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier'.norm-in-norms
Mobius-gyrocarrier-norms-embed’. gyronorm-of-real’ Mobius-gyrocarrier-norms-embed’. of-real’-def
gamma-factor-def gammma-factor-p.rep-eq o-apply real-norm-def)
ultimately show ?thesis
by (simp add: gamma-factor-norm-oplus-m gammma-factor-p.rep-eq)
qed

lemma gamma-factor-oplus-m-triangle-lemma:

fixes x y ::real

assumes z > 0zrx < 1y>0y < 1

shows 1 / sqrt (1 — ((z+y)*(z+y))/((1+zxy)*(1+z5y))) =

(1+zxy) / (sqrt (1—zxx) % sqrt (1—y*y))
proof—
have 1 — ((z-+y)(z+1))/ (1 +org) (1 +oy)) = ((1+259)x(1+a5y) — (5+9)*(5-+9))
/ (1+wry)e(1+ory))
by (smt (verit, ccfo-threshold) add-divide-distrib assms div-self mult-eq-0-iff

mult-nonneg-nonneg)

then have 1 — ((z+y)s(a+y))/((1-+ary)s(1+ay) = ((1—awa)s(1—yry)) /|

118



((1+a59)(1+2+y))
by (simp add: field-simps)
then have sqrt(1 — ((z+y)s(v+9))/(1+axy)s(1+o5y))) =
(sqrt(1 —zxz)xsqri(1—yxy)) / (sqri((1+zxy)x(1+z*y)))
using assms real-sqrt-divide real-sqrit-mult
by presburger
then show ?thesis
using assms
by simp
qged

lemma gamma-factor-oplus-m-triangle:
shows v ({(a ®m b)) < v (to-complex ((of-complex ({a))) ®m (of-complex
((5))))
proof—
have ~y (to-complex ((of-complex ({a))) @m (of-complex ({b))))) =
v (o) =7 (1) = (1 + fab + 02
proof—
let fexpri = (({a)) + ({0))) / (1 + ({a))=({b)))
let ?expr2 = to-complex (of-complex ({(a)) D of-complex ({b)))
have *: Zexprl = Zexpr2
using Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier’.to-carrier to-complex
oplus-m’-def oplus-m.rep-eq
by auto

have sx: norm ({a)) < 1 norm ({b)) < 1
using to-compler abs-square-less-1 norm-p.rep-eq
by fastforce+
then have xxx: v ({a)) = 1 / sqrt(1 — ({a)) = ({a)))
v (b)) = 1/ sqrt(1 — ({b)) = ((b)))
unfolding gamma-factor-def
by (auto simp add: power2-eq-square)

have v Zexprl = 1 / sqrt(1 — ((¢cmod (Zexprl)) * cmod(%exprl)))
using * sxx
unfolding gamma-factor-def power2-eq-square
by (metis norm-lt-one norm-of-real norm-p.rep-eq real-norm-def)
moreover
have cmod ?expri = ?expri
by (smt (verit, ccfv-threshold) Mobius-gyrocarrier’.gyronorm-def mult-less-0-iff
norm-divide norm-not-less-zero norm-of-real of-real-1 of-real-add of-real-divide of-real-mult)
ultimately
have v Zexprl = 1 / sqrt (1 — (Re ?exprl = Re ?exprl))
by (metis Re-complex-of-real)
then have v Zexprl = (1 + {a)*{b)) / (sqrt (1 —{a)*{a)) * sqrt (1 —{b)={b)))
using Mobius-gyrocarrier’.gyronorm-def to-complex gamma-factor-oplus-m-triangle-lemma
using <cmod Zexprl = ?exprl
by force
then have v (cor Zexprl) = (1 + (a)x(b)) / (sqrt (1—(a)*(a)) * sqrt
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(1—(B)=(6))
unfolding gamma-factor-def
by (metis norm-of-real real-norm-def)

then show ?thesis
using «%exprl = ?expr2»|[symmetric]
using sk
by simp
qed

moreover

have 7 ({a)) v ({8)) * (1 + (a)+(B)) >
v (to-complex a) * v (to-complex b) x cmod (1 + cnj (to-complex a) *
(to-complex b))
proof—
have x: v ({a)) = v (to-complez a)

v ({b)) = v (to-complez b)
by (auto simp add: Mobius-gyrocarrier’.gyronorm-def gamma-factor-def)

have cmod (1 + cnj (to-complex a) = (to-complex b)) <
emod 1 4+ cmod (cnj (to-complex a) % (to-complex b))
using norm-triangle-ineq

by blast
also have ... = 1 + cmod (to-complez a) * cmod (to-complex b)
by (simp add: norm-mult)
also have ... = 1 + (a)*(b)
using Mobius-gyrocarrier’.gyronorm-def
by force

finally show ?thesis
using *[symmetric]
using Mobius-gyrocarrier’.gyronorm-def gamma-factor-positive norm-Ilt-one
by (simp add: gamma-factor-positive)
qed

ultimately show ?thesis
using gamma-factor-norm-oplus-m
by presburger
qged

lemma mobius-triangle:

shows (a &, b) < (of-complex ({a)) ®m of-complex ({b)))
proof (cases to-complex a = — to-complex b)

case True

then show ?thesis

by (simp add: Mobius-gyrocarrier’.gyronorm-def oplus-m’-def oplus-m.rep-eq)
next

case Fulse

let ?el = ({a &, b))

let ?e2 = cmod (to-complex (of-complex ({a)) ®m of-complex ({b))))
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have %el > 0
by (smt (verit, best) Mobius-gyrocarrier’.gyronorm-def <to-complex a # —
to-complex by ab-left-minus add-right-cancel divide-eq-0-iff gamma-factor-norm-oplus-m
gamma-factor-positive oplus-m’'-def oplus-m.rep-eq norm-eq-zero norm-le-zero-iff of-real-0
zero-less-mult-iff)
moreover
have %e2 > 0
by (smt (verit, best) calculation gamma-factor-def gamma-factor-increasing
gamma-factor-oplus-m-triangle norm-Ilt-one norm-zero zero-less-norm-iff)
moreover
have %el < 1 %e2 < 1
using Mobius-gyrocarrier’.gyronorm-def to-complex
by auto
ultimately
show ?thesis
using gamma-factor-increase-reverse[of ?el ?e2)
by (smt (verit, del-insts) gamma-factor-def gamma-factor-increasing gamma-factor-oplus-m-triangle
norm-p.rep-eq real-norm-def)
qed

lemma mobius-triangle’:
shows (a @, b) < Re (to-complex (of-complex ({a)) @ of-complex ({b))))
proof—
have (of-complex ({a)) ®m of-complex ({b))) = Re (to-complex (of-complex
((a)) @m of-complez ({b)))) (is (?z) = ?y)
proof (rule gyronorm-Re)
show Re (to-complex ?z) > 0
by (rule oplusM-pos-reals, simp-all add: norm-geq-zero norm-It-one)
next
show Im (to-complex ?z) = 0
by (rule oplusM-reals, simp-all add: norm-geq-zero norm-It-one)
qed
then show ?thesis
using mobius-triangle[of a b]
by simp
qed

lemma mobius-gyroauto-norm:
shows (gyr,, a b v) = (v)
using Mobius-gyrocarrier.norm-gyr gyr-PoincareDisc-def
by auto

lemma otimes-homogenity:
shows (r ® a) = cmod (to-complex (|r| ® of-complex ({a))))
proof (cases a = 0y,)
case True
then show ?thesis
using Mobius-gyrocarrier’.gyronorm-def otimes’-def otimes.rep-eq ozero-m'-def
ozero-m.rep-eq ozero-m-def
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by force
next
case Fulse
have (r ® a) = |tanh (r x artanh ({a)))|
using Mobius-gyrocarrier’.gyronorm-def to-complex cmod-otimes’ otimes’-k-tanh
otimes.rep-eq
by force
moreover
have to-complezx (|r| ® of-complex ({a))) = tanh (|r| = artanh ({a)))
proof—
have to-complex (|r| ® of-complex ({a))) =
otimes'k |r| ({a)) + (({a}) / emod ({a)))
using otimes-def otimes’-def
using Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier’.to-carrier to-complex
otimes.rep-eq
by (smt (verit, del-insts) False mem-Collect-eq norm-eg-zero norm-geg-zero
norm-of-real of-real-divide of-real-mult to-complex-0-iff)

moreover
have cmod (c¢cmod (to-complex a)) = emod (to-complex a)
by simp
then have ({a)) / cmod ({a)) = 1
using <a # 0.,
by (metis Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier’.of-carrier
div-self norm-eq-zero ozero-m’-def ozero-m.rep-eq)
ultimately
have to-complex (|r] ® ( of-complex (cor({a))))) = cor (otimes’-k |r| (cor
({a))))
by auto
then show ?thesis
using Mobius-gyrocarrier’.gyronorm-def to-complex otimes’-k-tanh
by auto
qed
moreover
have [tanh(r * artanh (cmod (to-complez a))) / {a)| =
tanh (|r| * artanh (cmod (to-complex a))) / {a)
by (metis Mobius-gyrocarrier’.gyronorm-def to-complex abs-divide abs-le-self-iff
abs-mult-pos abs-norm-cancel artanh-nonneg dual-order.refl mem-Collect-eq tanh-real-abs)
ultimately
show ?thesis
by (smt (verit, best) norm-of-real real-compez-cmod tanh-real-abs)
qged

lemma otimes-homogenity’:
shows (r @ a) = Re (to-complex (|r| ® of-complex ({a))))
proof—
have x: cor ({a)) € {z. cmod z < 1}
by (simp add: norm-geq-zero norm-It-one)
have *x: ¢cmod (otimes’ |r| (cor ({a)))) < 1
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using cmod-otimes’ cmod-otimes’-k norm-Ilt-one norm-p.rep-eq

by force

have Re (to-complezx (|r| ® of-complex ({a)))) > 0
unfolding otimes-def
using of-complez-inverse Mobius-gyrocarrier’.to-carrier[OF x| *x
by (simp add: artanh-nonneg norm-geg-zero otimes’-def otimes’-k-tanh)

moreover

have Im (to-complex (|r| ® of-complex ({a}))) = 0
unfolding otimes-def
using of-complex-inverse Mobius-gyrocarrier’.to-carrier| OF *| *x
by (simp add: otimes’-def)

ultimately

have Re (to-complex (|r| ® of-complez ({a)))) = cmod (to-complex (|r| ®
of-complez ({a})))

using cmod-eq-Re

by force

then show ?thesis
using otimes-homogenity[of r a]
by simp
qged

lemma gyr-m-gyrospace:
shows gyry, (11 @ v) (12 ® v) = id
proof—
have gyr-m’ (to-complez (r1 ® v)) (to-complex (r2 ® v)) = id
proof—
let ?v = to-complex v
let %e1 = %v x tanh (r1 * artanh (cmod ?v)) /cmod(to-complex v)
let ?e2 = %v x tanh (r2 * artanh (cmod ?v)) /cmod(to-complex v)

have to-complex (r1 ® v) = ?el
to-complex (r2 @ v) = %e2
using to-complex otimes’-def otimes’-k-tanh otimes.rep-eq
by auto
moreover
have cnj ?el = cnj %v x cnj (tanh (r1 * artanh (¢cmod ?v))) / cmod %v
enj 2e2 = cenj v % cnj (tanh (r2 x artanh (cmod ?v))) / cmod ?v

by auto

moreover

123



have (1 + %el = (cnj 2e2)) / (1 + 2e2 x (cnj %el)) = 1
proof—
have 1 + %el x (cnj %e2) = 1 + %e2 x (cnj %el)
by simp
moreover
have 1 + %e2 % (¢cnj %el) # 0
using <to-complex (r1 ® v) = Zel) <to-complex (r2 ® v) = 2e2)
by (metis to-complex div-by-0 divide-eq-1-iff mem-Collect-eq cmod-miz-cnj
norm-zero)
ultimately
show ?thesis
by simp
qed

ultimately show ¢thesis

using gyr,,-def gyr-m’-def

by (metis eq-id-iff mult.commute mult-1)
qed

then show “thesis
by (metis (no-types, opaque-lifting) add-0-left add-0-right complex-cnj-zero
div-by-1 eq-id-iff gyry,-def m-left-id oplus-m’-def oplus-m-def ozero-m’-def ozero-m.rep-eq
map-fun-apply mult-zero-left)
qed

lemma gyr-m-gyrospace2:
shows gyr,, v v (r ® a) =r ® (gyrm u v a)
proof—
let 2u = to-complex u and ?v = to-compler v and ?a = to-complez a
let el = gyry, v va
let ?e2 = cmod (to-complexr ?el)

have ?el = of-complex ((1 + %u % cnj %v) / (1 + cnj ?u *%v) x %a)
by (metis Mobius-gyrocarrier’.of-carrier gyr-m'-def gyr,.rep-eq)
then have %e2 = cmod ((1 + 2u x cnj 2v) / (1 + cnj %u *%v)) * cmod %a
by (metis gyr-m'-def gyrm,.rep-eq norm-mult)
then have %¢2 = cmod ?a
using Mobius-gyrocarrier’.gyronorm-def mobius-gyroauto-norm
by presburger
then have r ® %el = of-complex (((1+cmod %a) powr r — (1 —cmod %a) powr

r)/

to-complex %el | 2e2)
using otimes-def
by (metis (no-types, lifting) Mobius-gyrocarrier’.of-carrier otimes’-def otimes’-k-def
otimes.rep-eq mult-eq-0-iff times-divide-eq-right)
then have r ® %el = of-complex (to-complex (r ® a) * ((1 + %u * cnj %v) /
(1 + cenj 2u x 2v)))
using otimes-def

((14cmod ?a) powr r + (1—cmod %a) powr r) x*
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using «?e2 = cmod ?a)
by (smt (verit, ccfv-threshold) Mobius-gyrocarrier’.of-carrier ab-semigroup-mult-class.mult-ac(1)
gyr-m/’-def gyr,.rep-eq otimes’-def otimes’-k-def otimes.rep-eq mult.commute mult-eq-0-iff
times-divide-eq-right)
then show ?thesis
by (metis Mobius-gyrocarrier’.of-carrier gyr-m’-def gyr,.rep-eq mult.commute)
qed

lemma reals’”:
shows cor ‘{z. absz < 1} = {z. emod z < 1 A Im z = 0}
by (auto, simp add: complez-eq-iff norm-complez-def)

lemma zero-times-m [simp]:
shows 0 ® z = 0,,
by transfer (simp add: otimes’-def otimes’-k-tanh ozero-m’'-def)

interpretation Mobius-gyrocarrier-norms-embed: gyrocarrier-norms-embed to-complex
otimes
proof
fix a b
assume a € gyrocarrier-norms-embed’.reals to-complex b € gyrocarrier-norms-embed’.reals
to-complex
then obtain z y where a = of-complez (cor z) b = of-complex (cor y) abs z <
labsy < 1
by auto
then show a ® b € gyrocarrier-norms-embed’.reals to-complex
by (metis (mono-tags, lifting) Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier’.to-carrier
Mobius-gyrocarrier-norms-embed’-reals gyroplus-PoincareDisc-def image-eql mem-Collect-eq
oplusM-reals reals’ to-complex)
next
fix a
assume a € gyrocarrier-norms-embed’.reals to-complex
then obtain z where a = of-complex (cor z) abs © < 1
by auto
then have © a = of-complex (cor (—z)) abs (—z) < 1
unfolding gyroinv-PoincareDisc-def
unfolding ominus-m-def
by (metis Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier’.to-carrier map-fun-apply
mem-Collect-eq norm-of-real of-real-minus ominus-m’-def ominus-m.rep-eq to-complez-inverse,
sitmp)
then show © a € gyrocarrier-norms-embed’.reals to-complex
by auto
next
fix ra
assume a € gyrocarrier-norms-embed’.reals to-complex
then obtain z where a = of-complex (cor x) abs © < 1
by auto
then have a = PoincareDisc.of-complex (cor z) abs z < 1
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using Mobius-gyrocarrier-norms-embed’. of-real’-def Mobius-gyrocarrier-norms-embed’-of-real’
by auto

have Im (to-complez (r ® a)) = 0

by (simp add: <|z| < 1> <a = MobiusGyroVectorSpace.of-complex (cor x)»

otimes’-def otimes.rep-eq)

moreover

have abs (Re (to-complez (r ® a))) < 1

by (metis Mobius-gyrocarrier’.gyronorm-def calculation cmod-eq-Re norm-lt-one)

ultimately

show r ® a € gyrocarrier-norms-embed’.reals to-complex

unfolding Mobius-gyrocarrier-norms-embed’-of-real’

by (metis (mono-tags, lifting) Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier-norms-embed’-reals
image-eql mem-Collect-eq reals’ to-complex)
qed

interpretation Mobius-pre-gyrovector-space: pre-gyrovector-space to-complex otimes
proof
fix a :: PoincareDisc
show I ® a = a
by transfer (auto simp add: otimes’-def otimes’-k-def)
next
fix ri r2a
show (11 + 12) @ a=11 ® a D12 ® a
using gyroplus-PoincareDisc-def otimes-oplus-m-distrib by auto
next
fix r1 r2a
show (11 * r2) ® a =11 ® (r2 ® a)
by (simp add: otimes-assoc)
next
fix r :: real and a
assume r # (
then show to-complex (abs r ® a) /r gyrocarrier’.gyronorm to-complex (r ® a)

to-complex a /r gyrocarrier’.gyronorm to-complex a
using otimes-scale-prop|of r a
by (metis Mobius-gyrocarrier’.gyrocarrier’-axioms divide-inverse gyrocarrier’.gyronorm-def
mult.commute norm-p.rep-eq of-real-inverse scaleR-conv-of-real)
next
fixuvra
have gyr,, v v (r ® a) =1 ® gyrm v va
using gyr-m-gyrospace2
by auto
then show gyruv (r® a) =r @ gyruva
using gyr-PoincareDisc-def by auto
next
fix r1 r2 v
have gyr,,, (rl ® v) (r2 ® v) = id
using gyr-m-gyrospace
by simp
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then show gyr (r1 ® v) (12 ® v) = id
by (simp add: gyr-PoincareDisc-def)
qed

interpretation Mobius-gyrovector-space: gyrovector-space-norms-embed otimes to-complex

proof
fix ra
show gyrocarrier’.gyronorm to-complex (r @ a) =
Mobius-gyrocarrier-norms-embed.otimesR |r| (gyrocarrier’.gyronorm to-complex
a)

using otimes-homogenity'[of r a
by (smt (verit, best) Im-eq-0 Mobius-gyrocarrier’.gyrocarrier’-azioms Mobius-gyrocarrier’.gyronorm-def
Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier-norms-embed’. of-real’-def Mobius-gyrocarrier-norms-embed’
Mobius-gyrocarrier-norms-embed.otimesR-def abs- Re-le-cmod add.right-neutral comp-apply
complez-eq gyrocarrier’.gyronorm-def mult-zero-right of-real-0 otimes-homogenity)
next
fixabd
show gyrocarrier’.gyronorm to-complex (a & b)
< Mobius-gyrocarrier-norms-embed’.oplusR (gyrocarrier’.gyronorm to-complex
a) (gyrocarrier’.gyronorm to-complex b)
proof—
have Re (to-complex (of-complex (cmod (to-complex a)) @y, of-complex (cmod
(to-complex b)))) =
Mobius-gyrocarrier-norms-embed’.to-real” ( Mobius-gyrocarrier-norms-embed’.of-real’
(emod (to-complex a)) @ Mobius-gyrocarrier-norms-embed’.of-real’ (cmod (to-complex
b))
by (smt (verit, ccfo-threshold) Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier-norms-embed'-of-real’
Mobius-gyrocarrier-norms-embed’-to-real’ complex-mod-minus-le-complex-mod gqy-
roplus-PoincareDisc-def image-eql mem-Collect-eq of-complex-inverse oplusM-reals
reals’ to-complex)
then show ?thesis
using mobius-triangle’[of a b
by (simp add: Mobius-gyrocarrier’.gyrocarrier’-axioms Mobius-gyrocarrier’.gyronorm-def
Mobius-gyrocarrier-norms-embed’. gyrocarrier-norms-embed’-axioms gyrocarrier’.gyronorm-def
gyrocarrier-norms-embed’.oplusR-def gyroplus-PoincareDisc-def)
qged
qged

lemma norm-scale-tanh:
shows (r ® z) = [tanh (r * artanh ({z)))]
proof transfer
fix rz
assume cmod z < 1
have cmod ((otimes’-k r z) x z / cor (emod z)) = cmod (otimes’-k r z)
by (smt (verit) artanh-0 div-by-0 mult-cancel-right1 nonzero-eq-divide-eq norm-divide
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norm-not-less-zero norm-of-real of-real-0 otimes’-k-tanh tanh-0)
then show cmod (otimes’ r z) = |tanh (r * artanh (cmod z))|
unfolding otimes’-def
using «cmod z < 15 otimes’-k-tanh
by auto
qed

lemma ominus-m-scale:
shows k ® (©,, u) = Sy, (K @ u)
using Mobius-pre-gyrovector-space.scale-minus’ gyroinv-PoincareDisc-def
by auto

lemma otimes-2-oplus-m: 2 @ u = u By U
using Mobius-pre-gyrovector-space.times2 gyroplus-PoincareDisc-def
by simp

definition half’ :: complex = complexr where
half' v =(y v / (1 +7 1)) *r v

lift-definition half :: PoincareDisc = PoincareDisc is half’
unfolding half’-def
proof—
fix v
assume cmod v < 1
let 2k =~vv /(1 +vw)
have abs %k < 1
using <cmod v < 1> gamma-factor-positive by fastforce
then show cmod (%k xp v) < 1
using <cmod v < 1)
by (metis mult-closed-for-unit-disc norm-of-real scaleR-conv-of-real)
qed

lemma otimes-2-half:
shows 2 ® (halfv) = v
proof—
have 2 ® (half v) = half v ., half v
using otimes-2-oplus-m
by simp
also have ... = v
proof transfer
fix v :: complex
assume assms: cmod v < 1
have x: yv# 01 +vyv#0
using assms gamma-factor-positive
by fastforce+
let %k =~vv /(1 +~vv)
have 1 + cnj (% x v) x (%k x v) = 1 + 272 * (cmod v)?
by (simp add: cnj-cmod mult.commute power2-eq-square)
alsohave ... = 1 + (v 0)2 / (1 +yv)?* (1 — 1/ (v v)?
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using norm-square-gamma-factor[OF assms]
by (simp add: power-divide)

alsohave ... = 1 + ((y )2 *x (y v)2 = 1)) / ((y v)? * (1 + v v)?)
using *
by (simp add: field-simps)
alsohave ... =1 + ((yv)? — 1)/ (1 + v v)?
using *
by simp
alsohave ... =1 + (v —1)*x(yv+ 1)/ (yv+ 1) *x(yv+ 1))
by (simp add: power2-eq-square field-simps)
alsohave ... =1+ (yv—1)/(yv+ 1)
using *
by simp
also have ... = 2 x %
using *

by (simp add: field-simps)
finally show oplus-m’ (half’ v) (half’ v) = v
unfolding oplus-m’-def half'-def
using * <1 + cnj (7k * v) * (%k * v) = 1 + 2k* % (cmod v)*
by (smt (verit) mult-eq-0-iff nonzero-mult-div-cancel-left of-real-eq-0-iff
power2-eq-square scaleR-conv-of-real scaleR-left-distrib)
qed
finally show ?thesis

qed

lemma half:

shows half v=(1/2) ®@ v

by (metis Mobius-pre-gyrovector-space.scale-assoc mult-2 real-scale R-def scaleR-half-double
otimes-2-half)

lemma half":
assumes cmod u < 1
shows otimes’ (1/2) u = half’ u
using assms half half.rep-eq|of of-complex u] otimes.rep-eq
by simp

lemma half-gamma':
shows to-compler ((1 / 2) ® u) =
(v (to-complex w)) / (1 + 7 (to-complex u)) * to-complex u
using half half.rep-eq half’-def
by (simp add: scaleR-conv-of-real)

definition double’ :: complexr = complex where
double’ v= (2 x (yv)? /(2% (yv)?2 — 1)) *g v

lemma double’-cmod:
assumes cmod v < 1
shows 2 x (yv)2 / (2 x (yv)? — 1) =2 / (1 + (cmod v)?) (is ?lhs = ?rhs)
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proof—
have *+: 1 — (cmod v)? > 0
using assms
using real-sqrt-lt-1-iff by fastforce

have ?lhs = 2 % (1 / (1 — (cmod v)?)) / (2 x (1 / (1 — (c¢mod v)?)) — 1)
using gamma-factor-square-norm[OF assms|
by simp
also have ... = 2 / (1 + (cmod v)?)
proof—
have 2 * (1 / (1 — (emod v)?)) = 2 / (1 — (cmod v)?)
by simp
moreover
have 2 x (1 / (1 — (emod v)?)) — 1 = 2/ (1 — (emod v)?) — (1 — (cmod
v)?) / (1 — (cmod v)?)
using *x
by simp
then have 2 x (1 / (1 — (¢cmod v)?)) — 1 = (1 + (cmod v)?) / (1 — (cmod
0)?)
using #x
by (simp add: field-simps)
ultimately
show ?thesis
using x
by (smt (verit, del-insts) divide-divide-eg-left nonzero-mult-div-cancel-left
power2-eq-square times-divide-eq-right)
qed
finally show ?thesis

qed

lemma cmod-double:
assumes cmod v < 1
shows cmod (double’ v) = 2xcmod v / (1 + (cmod v)?)
proof—
have cmod (double’ v) =
abs(2 * (v v)2 /(2 * (y v)? — 1)) * ecmod v
unfolding double’-def
by simp
also have ... = abs (2 / (1 + (cmod v)?)) * cmod v
using assms double’-cmod
by presburger
also have ... = 2xcmod v / (1 + (cmod v)?)
proof—
have 2 / (1 + (cmod v)?) > 0
by (metis half-gt-zero-iff power-one sum-power2-gt-zero-iff zero-less-divide-iff
zero-neq-one)
then show ?thesis
by simp

130



qed
finally show ?thesis

qed

lift-definition double :: PoincareDisc = PoincareDisc is double’
proof—

fix v

assume *: cmod v < 1

have cmod (double’ v) = 2 * cmod v / (1 + (cmod v)?)
using * cmod-double’
by simp
also have ... < I
proof—
have (1 — cmod v)? > 0
using *
by simp
then have 1 — 2% cmod v + (cmod v)? > 0
by (simp add: field-simps power2-eq-square)
then have 2xcmod v < 1 + (emod v)?
by simp
moreover
have 1 + (ecmod v)? > 0
by (smt (verit) not-sum-power2-lt-zero)
ultimately
show ?thesis
using divide-less-eq-1 by blast
qed
finally
show cmod (double’ v) < 1
by simp
qed

lemma double’-otimes’-2:
assumes cmod v < 1
shows double’ v = otimes’ 2 v
proof—
have v x 2 / (1 + cor (cmod v) * cor (cmod v)) =
vx 4 /(24 2 % (cor (cmod v) * cor (cmod v)))

by (metis (no-types, lifting) distrib-left-numeral mult-2 nonzero-mult-divide-mult-cancel-left
numeral-Bit0 one-add-one times-divide-eq-right zero-neq-numeral)

then show ?thesis
using assms
unfolding double’-def otimes’-def otimes’-k-def double’-cmod|OF assms] scaleR-conv-of-real
by (auto simp add: field-simps power2-eq-square)
qed

131



lemma double:
shows double u = 2 ® u
by transfer (simp add: double’-otimes’-2)

end
theory Finstein
imports Complex-Main GyroGroup GyroVectorSpace GyroVectorSpacelsomor-
phism GammaFactor HOL.Real- Vector-Spaces
MobiusGyroGroup MobiusGyroVectorSpace HOL. Transcendental
begin

Einstein zero

definition ozero-¢’ :: compler where
ozero-e' = 0

lift-definition ozero-e :: PoincareDisc (0.) is ozero-e’
unfolding ozero-e’-def
by simp

lemma ozero-e-ozero-m:
shows 0, = 0,,
using ozero-e’-def ozero-e-def ozero-m’-def ozero-m-def
by auto

Einstein addition

definition oplus-e’ :: complex = complex = complex where
oplus-e’ wvv=(1/ (1 +inneruv)) *g (u+ (I /vyu)*gv+ (yu/ (I +7y
u)) * (inner u v)) *p )

lemma noroplus-m’-e:
assumes norm u < 1 norm v <I
shows norm (oplus-e’ u v) "2 =
1/ (1 + inner u v)"2 x (norm(u+v) "2 — ((norm u) "2 *(norm v) "2 —
(inner u v) "2))
proof—
let 2uv = inner u v
let 2gu =~ u/ (1 + v u)
have 1: norm (oplus-e¢’ u v) "2 =
norm (1 / (1 4+ ?uww))”2 % norm ((u + ((1 / v u) *g v) + (?gu * 2uv)

xp u)) 2
by (metis oplus-e’-def norm-scaleR power-mult-distrib real-norm-def)

have 2: norm (1 / (1 + %w)) 2= 1/ (1 + %uv)" 2
by (simp add: power-one-over)

have norm((u + ((1 / v u) *gr v) + (Pgu * %uv) *xg u)) 2 =
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inner (u+ (1 /v u) xg v+ (%9u * ?uv) *g u)
(u+ (1 /vu)*xg v+ (Z9u x uv) *p u)
by (simp add: dot-square-norm)
also have ... =
(norm u) "2 +
(norm ((1 / v u) *g v)) "2 +
(norm ((?qu * ?uv) xg u)) 2 +
2 s inneru (1 /v u) *p v) +
2 x inner u ((?gu * ?uv) *xg u)
2 x inner ((?gu x 2uv) xg u) ((
?2d + %e + ?f)
by (smt (verit) inner-commute inner-right-distrib power2-norm-eg-inner)
also have ... = (norm u) 2 +
1/ (v u)"2 % (normv)"2 +
2gu”2 * (inner u v) "2 * (norm u) 2 +
2 /v u * (inner u v) +
2 % Pqu x Zuv * (inner u u) +
2 % Pgu x fuv * (1 /v u) * (inner u v)

_l’_
1 /v u)*g ) (is ?lhs = %a + 2b + %c +

proof—
have ?b = 1 / (v u)"2 % (norm v) "2
by (simp add: power-divide)
moreover
have %c = 2gu™2 * (inner u v) "2 * (norm u) 2
by (simp add: power2-eq-square)
moreover
have ?d = 2 / v u * (inner u v)
using inner-scaleR-right
by auto
moreover
have %e = 2 * Zqu * Zuv x (inner u u)
using inner-scaleR-right
by auto
moreover
have 2f = 2 % Zgu * 2uv * (1 / v u) * (inner u v)
by force
ultimately
show ?thesis
by presburger
qed
also have ... = 2 * inner u v + (inner u v) "2 + (norm u) 2 + (I — (norm
u)"2) * (norm v) "2 (is %a + b + %c + ?d + %e + ?f = ?rhs)
proof—
have %a + 2b = (norm u) "2 + (1 — (norm u)"2) * (norm v) "2
using assms norm-square-gamma-factor
by force

moreover have ?d + %e = 2 x inner v v (is ?lhs = ?rhs)

proof—
have ?e = 2 x (v u * (norm u) "2 / (1 + 7 u)) * inner v v
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by (simp add: dot-square-norm)

moreover

have I /vyu+ vy ux* (normu)2 /(1 +~vu) =1
using assms(1) gamma-expression-eq-one-1
by blast

moreover

have ?d + 2 x (y u * (norm u) "2 / (1 + v w)) % inner u v = 2 * inner v v

x (1 /vu+vyux(normu)2 /(1 +vu))

by (simp add: distrib-left)

ultimately

show ?thesis
by (metis mult.right-neutral)

qed

moreover

have ?c + ?f = (inner u v) "2
proof—
have %c + ?f = %gu™2 *x (norm u) "2 * (inner uv) 2 + 2 * (1 / v u) * %gu
* (inner u v) "2
by (simp add: mult.commute mult.left-commute power2-eq-square)
then have %c + 2f = ((yu/ (I + v u)) 2 % (normu) 2 4+ 2 % (1 /v u)
x (yu/ (1 +vuw)) * (inner u v) 2
by (simp add: ring-class.ring-distribs(2))
moreover
have (v u / (I + v u) 2« (normu) 2+ 2% (1 /vu) x(yu/ (I +7~
u)) =1
proof —
have V (zureal) yn. (z /y) "n=2z"n/y n
by (simp add: power-divide)
then show %thesis
using gamma-expression-eq-one-2[OF assms(1)]
by fastforce
qed
ultimately
show ?thesis
by simp
qed

ultimately
show ?thesis
by auto
qed
also have ... = ((emod (u + v))? — ((emod u)? * (cmod v)? — Zuv?))
unfolding dot-square-norm|symmetric]
by (simp add: inner-commute inner-right-distrib field-simps)
finally
have 3: norm ((u + ((1 / v u) *g v) + (Zgu * 2uv) *g u)) 2 =
norm(u+v) "2 — ((norm u) "2 x(norm v) "2 — Zuv"2)
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by simp

show ?thesis
using 1 2 &
by simp
qed

lemma gamma-oplus-e”:

assumes norm u < 1 norm v < 1

shows 1 / sqrt(1 — norm (oplus-e’ wv)"2) =~y u* vy v * (I + inner u v)
proof—

let 2uv = inner u v

have abs: abs (1 + ?uv) = 1 + uv
using abs-inner-lt-1 assms by fastforce

have 1 — norm (oplus-e’ v v) "2 =
1 — 1/ + %uww) 2 * (norm(u+v) "2 — ((norm u) 2 *(norm v) 2 —
uv”2))
using assms noroplus-m’-e
by presburger

also have ... = ((1 + %uv) "2 — (norm(u+v) "2 — ((norm u) 2 *(norm v) "2
- fw2))) /
(1 + %uv) 2
proof—

have %uv # —1
using abs-inner-lt-1[OF assms]
by auto
then have (I + %uv) "2 # 0
by auto
then show ?thesis
by (simp add: diff-divide-distrib)
qed
also have ... = (1 — (norm u) "2 — (norm v) "2 + (norm u) 2 * (norm v) 2)
/(1 + %uv)"2
proof—
have (1 + 2uv)™2 =1 + 2x%uv + Zuv” 2
by (simp add: power2-eq-square field-simps)
moreover
have norm(u+v) 2 — ((norm u) "2 *(norm v) "2 — 2uv”2) =
(norm u) "2 + 2%%uv + (norm v) "2 — (norm ) 2x(norm v) 2 + Zuv”2
by (smt (23) dot-norm field-sum-of-halves)
ultimately
show ?thesis
by auto
qed
finally have 1 / sqrt (1 — norm (oplus-¢’ u v)
1/ sqrt((1 — (norm u)"2 — (norm v)
/(1 + %uv)72)

~2) =
2 + (norm u) "2x(norm v)"2)
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by simp
then have 1: 1 / sqrt (1 — norm (oplus-e' u v)"2) =
(1 + 2uv) / sqrt (1 — (norm u) "2 — (norm v) "2 + (norm uw) 2%(norm
v)72)
using abs
by (simp add: real-sqrt-divide)

have v u =1 / sqrt(1 — (norm u) " 2) vy v =1 / sqrt(1 — (norm v)"2)
using assms
by (metis gamma-factor-def)+
then have v u x v v = (1 / sgrt (1 — (norm u)"2)) * (1 / sqrt (1 — (norm
0)72))
by simp
also have ... = 1 / sqrt ((1 — (norm u)"2) * (1 — (norm v)~2))
by (simp add: real-sqrt-mult)
finally have 2: yuxy v =1 / sqrt (1 — (norm u)"2 — (norm v)"2 + (norm
u) "2x(norm v)"2))
by (simp add: field-simps power2-eq-square)

show ?thesis
using 1 2
by (metis (no-types, lifting) mult-cancel-right1 times-divide-eg-left)
qed

lemma gamma-oplus-e’-not-zero:
assumes norm u < 1 norm v < 1
shows 1 / sqrt(1 — norm(oplus-¢’ u v)"2) # 0
using assms
using gamma-oplus-e’ gamma-factor-def gamma-factor-nonzero noroplus-m’-e
by (smt (verit, del-insts) divide-eq-0-iff mult-eq-0-iff zero-eq-power2)

lemma oplus-e’-in-unit-disc:
assumes norm u < 1 norm v < 1
shows norm (oplus-e’ u v) < 1
proof—
let 2uv = inner u v
have 1 + %uv > 0
using abs-inner-lt-1[OF assms]
by fastforce
then have v u v v % (I + inner v v) > 0
using gamma-factor-positive| OF assms(1)]
gamma-factor-positive| OF assms(2)]
by fastforce
then have 0 < sqrt (1 — (cmod (oplus-e’ u v))?)
using gamma-oplus-e'|OF assms| gamma-oplus-e’-not-zero| OF assms]
by (metis zero-less-divide-1-iff)
then have (norm (oplus-e’ u v)) ™2 < 1
using real-sqrt-gt-0-iff
by simp
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then show ?thesis
using real-less-rsqrt by force
qed

lemma gamma-factor-oplus-e:
assumes norm u < 1 norm v < 1
shows v (oplus-¢’ u v) = (v u) * (y v) * (I + inner u v)
proof—
have ~ (oplus-e’ uwv) = 1 / sqrt(1 — norm (oplus-e’ u v)"2)
by (simp add: assms(1) assms(2) oplus-e’-in-unit-disc gamma-factor-def)
then show ?thesis
using assms
using gamma-oplus-e’ by force
qed

lift-definition oplus-e :: PoincareDisc = PoincareDisc = PoincareDisc (infix]
P 100) is oplus-e’
by (rule oplus-e’-in-unit-disc)

definition ominus-e’ :: complex = complex where
ominus-¢’ v = — v

lemma ominus-e’-in-unit-disc:
assumes norm z < 1
shows norm (ominus-e¢’ z) < 1
using assms
unfolding ominus-e’-def
by simp

lift-definition ominus-e :: PoincareDisc = PoincareDisc () is ominus-e’
using ominus-e’-in-unit-disc by blast

lemma ominus-e-ominus-m:
shows ©, a = ©,, a
by (simp add: ominus-e’-def ominus-e-def ominus-m'-def ominus-m-def)

lemma ominus-e-scale:

shows k ® (6. u) = S, (k ® u)
using ominus-e-ominus-m ominus-m-scale by auto

lemma gamma-factor-p-positive:
shows v, a > 0
by transfer (simp add: gamma-factor-positive)

lemma gamma-factor-p-oplus-e:
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shows 7, (4 ®e v) =vp u*vp v* (I + u- v)
using gamma-factor-oplus-e’
by transfer blast

abbreviation s :: compler = real where
Yeu=7yu/(l+7u

lemma norm-square-gamma-half-scale:
assumes norm u < 1
shows (norm (y2 u *gr u))2 = (yu — 1) / (1 + v u)
proof—
have (norm (v2 u xg u))? = (y2 u)? * (norm u)
by (simp add: power2-eq-square)
also have ... = (y2 u)? * ((y u)? — 1) / (v u)?
using assms
by (simp add: norm-square-gamma-factor’)

2 2

alsohave ... = (yu)?2 / (1 + vy uw)? x (yu)? — 1)/ (v u)?
by (simp add: power-divide)
also have ... = ((y u)?2 — 1) / (1 + 7 u)?

using assms gamma-factor-positive
by fastforce

alsohave ... = (yu—1)* (yu+ 1)/ (1 + v u)?
by (simp add: power2-eg-square square-diff-one-factored)

alsohave ... = (yu—1)/ (1 + v u)
by (simp add: add.commute power2-eq-square)

finally

show ?thesis
by simp

qed

lemma norm-half-square-gamma:
assumes norm u < 1
shows (norm (half’ u))? = (72 u)? * (cmod u)?
unfolding half’-def
using norm-square-gamma-half-scale assms
by (smt (verit) divide-pos-pos gamma-factor-positive norm-scaleR power-mult-distrib)

lemma norm-half-square-gamma':
assumes cmod u < 1
shows (norm (half’ u))? = (y u — 1) / (1 + 7 u)
using assms
using half’-def norm-square-gamma-half-scale
by auto

lemma inner-half-square-gamma:
assumes cmod u < 1 cmod v < 1
shows inner (half’ u) (half’ v) = 2 u * y2 v * inner u v
unfolding half’-def scaleR-conv-of-real
by (metis inner-mult-left inner-mult-right mult.assoc)
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lemma iso-me-helpl:
assumes norm v < 1
shows I + (yv—1)/ (I +yv)=2x~vv /(I +v0v)
proof—
have 1 + yv # 0
using assms gamma-factor-positive
by fastforce
then show ?thesis
by (smt (verit, del-insts) diff-divide-distrib divide-self)
qged

lemma iso-me-help2:
assumes norm v < 1
shows I —(yv—1)/ (I +~vv)=2/ (1 + v v)
proof—
have 1 + yv # 0
using assms gamma-factor-positive
by fastforce
then show ?thesis
by (smt (verit, del-insts) diff-divide-distrib divide-self)
qged

lemma iso-me-help3:
assumes norm v < I norm u <I
shows 1 + ((yv—1) /(L +yv)*«((yu—1)/ 1 +7u)=
2% (1 +(yu)x(yv) /(I +~vwv)*x(1+~u)) (is ?lhs = ?rhs)
proof—
have x: I + vy v # 01 +~vu#0
using assms gamma-factor-positive by fastforce+
have (1 + v v)« (I +yu) =1+ (v v) + (yu) + (v u)x(y v)
by (simp add: field-simps)
moreover
have (7 v — 1)+ (yu— 1) = (v (v ) — (7 u) — (y v) +1
by (simp add: field-simps)
moreover
have ?lhs = (I +vv)« (I +vu)+ (yu—1)*x(yv—1)) /(1 +~wv) =
(1 + 7 w)
using *
by (simp add: add-divide-distrib)
ultimately show ?thesis
by (simp add: mult.commaute)
qed

lemma half’-oplus-e:
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows half’ (oplus-e’ u v) =
yuxyv/(yuxyvx (I +inneruvv)+ 1)* (u+ (I /vyu)*xv+(y
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w/ (1 4+ v u)) * inner u v * u)
proof—
have half’ (oplus-e’ u v) =
yuxyvsx (I +dinneruwv)/ (yus*xyovx (I + inneruv) + 1) %
(1 /(1 +inneruv))*(u+ (1 /vuxv+ (yu/ (I +vu)x*inneruv
)
unfolding half’-def
unfolding gamma-factor-oplus-e’|OF assms| scaleR-conv-of-real
unfolding oplus-e’-def scaleR-conv-of-real
by simp
then show ?thesis
using assms
by (smt (verit, best) ab-semigroup-mult-class.mult-ac(1) gamma-oplus-e’ gamma-oplus-e’-not-zero
inner-mult-left’ inner-real-def mult. commute mult-eq-0-iff nonzero-mult-divide-mult-cancel-right2
of-real-1 of-real-divide of-real-mult real-inner-1-right times-divide-times-eq)
qged

lemma oplus-m’-half":
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows oplus-m’ (half’ u) (half’ v) =
(Yuxyv/(yu*xvyuvx* (I + inneruv) + 1)) *
(u+ (I /vuw*xv+ (yu/ (I +vu) *inner uv) x u)
proof—
have x: yu £ 0~y v#01 +~vu#01+~vv#0
using assms gamma-factor-positive
by fastforce+

let ?den = (1 + v v) * (1 + v u)
let YDEN =~ u* vy v * (I + inner uv) + 1
let PNOM =u+ (I /yu)*xv+ (yu/ (I +vu)*inneruv) *u

have *x: ¢cmod (half’ u) < 1 emod (half’ v) < 1
using assms
by (metis eq-onp-same-args half.rsp rel-fun-eg-onp-rel)+
then have oplus-m’ (half’ u) (half’ v) = oplus-m’-alternative (half’ u) (half’ v)
by (simp add: oplus-m’-alternative)
alsohave ... = ((2 *y2 v+ 2 x 42 U x Y2 u * inner u v) * yo u * 4 + 2 *
vy v/ ?den % v) /
(2% yuxvyvxinneruv/ ?den + 2 % (1 + v ux*~yv)/ ?den)
proof—
have (1 + 2 * inner (half’ u) (half’ v) + (norm (half’ v))?) *g (half' u) =
2%y v+ 2xyvxyu/ ?den x inner u v) * yo U *
proof—
have *: half’ v =(yu / (I + v u)) *xu
by (simp add: half’-def scaleR-conv-of-real)

have 1 + 2 x inner (half’ u) (half’ v) + (cmod (half’ v))? =
1+ 2% (y2 u*vy2 v*inner uv) + (2 v)? x (cmod v)
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using inner-half-square-gamma norm-half-square-gamma assms
by simp
alsohave ... = 2x~yv /(I +vv)+ 2~y v*~vyu/ ?den * inner u v
using assms norm-half-square-gamma norm-square-gamma-half-scale| OF
assms(2)] iso-me-help1 [OF assms(2)] half'-def
by (smt (verit, best) add-divide-distrib distrib-left inner-commute in-
ner-left-distrib inner-real-def times-divide-times-eq)
finally
show ?thesis
using *
by (simp add: of-real-def)
qed
moreover
have (1 — (norm (half' u))?) *gr (half’ v) =
(2% (ywv)/ ?den) x v
proof—
have (norm (half’ u))? = (yu — 1) / (1 + v u)
using assms(1) norm-half-square-gamma’ by blast
moreover have I — (yu— 1)/ (I +~vu) =2/ (1 4+ v u)
using assms(1) iso-me-help2 by blast
ultimately show ?thesis
by (simp add: half’-def mult.commute scaleR-conv-of-real)
qed

moreover
have! + 2 x inner (half’ ) (half’ v) + (e¢mod (half’ u))? * (cmod (half' v))?

2xyuxyuv*inneruv/ ¢den + 2 % (1 +vux*~vywv)/ ?den
using assms inner-half-square-gamma iso-me-help3 norm-half-square-gamma’
by (simp add: field-simps)
ultimately
show ?thesis
unfolding oplus-m'-alternative-def
by (simp add: mult.commute)
qed
alsohave ... = (2xyvsyusxu+ 2*xyvxyu*xinneruvy u+u-+ 2
vy vxv)/
(2x~yuxyvxinneruv+ (2 4+ 2 xv ux*~vywv))
proof—
have 1 / ?den # 0
using *
by simp
moreover
have (2 x yo v + 2 x Yo v x Yo u *x inner uv) x yo ux u + 2 * vy v / ?den *
v =
(1 /%en)* (2% yvkyusku+2%yvxyus*xinner uvskyy u*u
+ 2%y vk )
by (simp add: mult.commute ring-class.ring-distribs(1))
moreover
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have 2 x y u vy v x inneruv / ?den + 2 % (1 + v u* vy v) / ?den =
(1 /) 2den) * (2xyuxyvxinneruv+ (2+ 2%~ uxvywv))
by argo
ultimately
show ?thesis
by (smt (verit, ccfv-threshold) divide-divide-eq-left’ division-ring-divide-zero
eq-divide-eq inner-commute inner-real-def mult-eq-0-iff mult-eq-0-iff nonzero-mult-divide-mult-cancel-left
nonzero-mult-divide-mult-cancel-left numeral-One of-real-1 of-real-1 of-real-divide
of-real-inner-1 of-real-mult one-divide-eq-0-iff real-inner-1-right times-divide-times-eq)
qged
alsohave ... =2« (yvsx~yu*xu+yvxyu*xinneruv*yu/ (I +vu)
xu—+vyv=xv)/(2x* 2DEN)
by (simp add: field-simps)
alsohave ... = (yvxyuxu+yvsyuxinnervvsxyu/ (I +vyu) *u
+vyvx*wv)/ ?DEN
by (metis (no-types, opaque-lifting) nonzero-mult-divide-mult-cancel-left of-real-mult
of-real-numeral zero-neq-numeral)
alsohave ... = (yvxyu)xu+ (yv*xvyu) *(inneruvvxvyu/ (I +vu)
xu) + (yuxvywv) x(v/vyu))/ ?DEN
using <y u # O
by simp
also have ... = (y v x v u) * ¢NOM / ?DEN
proof—
have (yv sy u)xu+ (yv*yu)* (inneruvsyu/ (I +vyu)*u + (y
uxyv)k(v/yu =(yv*yu x ZNOM
by (simp add: field-simps)
then show ?thesis
by simp
qed
finally show ?thesis
by simp
qed

lemma iso-me-oplus:
shows (1/2) @ (u @, v) = ((1/2) @ ) & ((1/2) @ v)
proof transfer
fix uv
assume *: cmod u < 1 cmod v < 1
have otimes’ (1 / 2) (oplus-e¢’ v v) = half’ (oplus-e¢’ u v)
using half'[of oplus-e’ u v] *
unfolding otimes’-def
using oplus-e’-in-unit-disc
by blast
moreover
have otimes’ (1 / 2) u = half" u otimes’ (1 / 2) v = half’ v
using half’
by auto
moreover

have half’ (oplus-e’ v v) = oplus-m’ (half’ u) (half’ v)
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using * half’-oplus-e'|OF %] oplus-m’-half JOF %]
by simp
ultimately
show otimes’ (1 / 2) (oplus-e' u v) = oplus-m’ (otimes’ (1 / 2) u) (otimes’ (1
/ 2)v)
by simp
qed

lemma oplus-e-oplus-m:
shows u B, v=2® ((1/2) @ u &y, (1/2) ® )
by (metis half iso-me-oplus otimes-2-half)

lemma iso-two-me-oplus:
shows 2 ® (u &y v) = (2 ® u) B (2 ® v)
by (metis Mobius-pre-gyrovector-space.double-half iso-me-oplus otimes-2-oplus-m)

lemma iso-two-me-ominus:
shows 2 ® (O, u) = &, (2 ® u)
using ominus-e-ominus-m ominus-e-scale by auto

lemma iso-two-me-zero:
shows 2 ® 0,, = 0,
using Mobius-pre-gyrovector-space.times-zero gyrozero-PoincareDisc-def ozero-e-ozero-m
by fastforce

lemma iso-two-me-bij:
shows bij (A z::PoincareDisc. 2 ® 1)
by (metis Mobius-pre-gyrovector-space.equation-solving bijI" half otimes-2-half)

definition gyr.::PoincareDisc = PoincareDisc = PoincareDisc = PoincareDisc
where

gure UV W = O (U Be V) Be (U Be (v Be w))

typedef PoincareDiscM = UNIV::PoincareDisc set
by auto

setup-lifting type-definition-PoincareDiscM

lift-definition zero-M :: PoincareDiscM (0y) is 0, -

lift-definition ominus-M :: PoincareDiscM = PoincareDiscM (Spr) is (©m) -

lift-definition oplus-M :: PoincareDiscM =- PoincareDiscM = PoincareDiscM
(infix]l @y 100) is (B) -

lift-definition gyr-M :: PoincareDiscM = PoincareDiscM = PoincareDiscM =
PoincareDiscM is gyry, .
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lift-definition to-complex-M :: PoincareDiscM = complex is to-complex .
interpretation gyrogroupoid-M: gyrogroupoid zero-M oplus-M .

instantiation PoincareDiscM :: gyrogroupoid

begin

definition gyrozero-PoincareDiscM where gyrozero-PoincareDiscM = 0y
definition gyroplus-PoincareDiscM where gyroplus-PoincareDiscM = oplus-M
instance

end

instantiation PoincareDiscM :: gyrocommutative-gyrogroup
begin
definition gyroinv-PoincareDiscM where gyroinv-PoincareDiscM = ominus-M
definition gyr-PoincareDiscM where gyr-PoincareDiscM = gyr-M
instance proof
fix a :: PoincareDiscM
show 0, ® a=a
unfolding gyrozero-PoincareDiscM-def gyroplus-PoincareDiscM-def
by transfer auto
next
fix a :: PoincareDiscM
show © a ® a = 0,
unfolding gyrozero-PoincareDiscM-def gyroplus-PoincareDiscM-def gyroinv-PoincareDiscM-def
by transfer auto
next
fix a b z :: PoincareDiscM
show a @ (b D 2)=a®bD gyrabdz
unfolding gyroplus-PoincareDiscM-def gyr-PoincareDiscM-def
by transfer (simp add: gyr-m-left-assoc)
next
fix a b :: PoincareDiscM
show gyra b= gyr (a ® b) b
unfolding gyroplus-PoincareDiscM-def gyr-PoincareDiscM-def
using gyr-m-left-loop
by transfer auto
next
fix a b :: PoincareDiscM
show gyroaut (gyr a b)
unfolding gyroplus-PoincareDiscM-def gyr- PoincareDiscM-def gyroaut-def bij-def
inj-def surj-def
by transfer (metis gyr-m-distrib gyr-m-inv)
next
fix a b :: PoincareDiscM
show a @ b=gyrabd (b ® a)
unfolding gyroplus-PoincareDiscM-def gyr-PoincareDiscM-def
by transfer (metis gyr-m-commute)
qed
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end

typedef PoincareDiscE = UNIV::PoincareDisc set
by auto

setup-lifting type-definition-PoincareDiscE

lift-definition zero-E :: PoincareDiscE (0g) is 0. .

lift-definition ominus-E :: PoincareDiscE = PoincareDiscE (©g) is (S.) .

lift-definition oplus-F :: PoincareDiscE = PoincareDiscE = PoincareDiscE (infix]
DE 100) is (@e) .

lift-definition gyr-E :: PoincareDiscE = PoincareDiscE = PoincareDiscE =
PoincareDiscE is gyre .

lift-definition to-complez-E :: PoincareDiscE = complez is to-complex .

lift-definition ¢p; g @ PoincareDiscM = PoincareDiscE is A x::PoincareDisc. 2
Rz .

interpretation FEinstein-gyrogroup-iso:
gyrogroup-isomorphism @ g zero-E oplus-E ominus-E

rewrites
Einstein-gyrogroup-iso.qyr’ = gyr-E
proof—
show x: gyrogroup-isomorphism vy g O (Bg) OF
proof

show oy 0y = Op
unfolding gyrozero-PoincareDiscM-def
by transfer (simp add: iso-two-me-zero)
next
fix a b
show ¢y e (a © b) = puE a O pur b
unfolding gyroplus-PoincareDiscM-def
by transfer (simp add: iso-two-me-oplus)
next
fix a
show ¢y e (© a) = O (puE a)
unfolding gyroinv-PoincareDiscM-def
by transfer (simp add: iso-two-me-ominus)
next
show bij oy
unfolding bij-def
by transfer (meson bij-betw-def iso-two-me-bij)
qed

show gyrogroup-isomorphism.gyr’ (®g) O = gyr-E
unfolding gyrogroup-isomorphism.gyr’-def[OF x|
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by transfer (force simp add: gyr.-def)
qed

instantiation PoincareDiscE :: gyrogroupoid

begin

definition gyrozero-PoincareDiscE where gyrozero-PoincareDiscE = O g
definition gyroplus-PoincareDiscE where gyroplus-PoincareDiscE = oplus-E
instance

end

instantiation PoincareDiscE :: gyrocommutative-gyrogroup
begin
definition gyroinv-PoincareDiscE where gyroinv-PoincareDiscE = ominus-E
definition gyr-PoincareDiscE where gyr-PoincareDiscE = gyr-E
instance proof
fix a :: PoincareDiscE
show 0, ® a=a
unfolding gyrozero-PoincareDiscE-def gyroplus-PoincareDiscE-def
by simp
next
fix a :: PoincareDiscE
show © a ® a = 0,
unfolding gyrozero-PoincareDiscE-def gyroplus-PoincareDiscE-def gyroinv-PoincareDiscE-def
by simp
next
fix a b z :: PoincareDiscE
show a @ (b D 2)=a®bD gyrabdz
unfolding gyroplus-PoincareDiscE-def gyr-PoincareDiscE-def
by (simp add: Einstein-gyrogroup-iso.gyro-left-assoc)
next
fix a b :: PoincareDiscE
show gyra b= gyr (a ® b) b
unfolding gyroplus-PoincareDiscE-def gyr-PoincareDiscE-def
using Finstein-gyrogroup-iso.gyr-left-loop
by simp
next
fix a b :: PoincareDiscE
show gyroaut (gyr a b)
unfolding gyr-PoincareDiscE-def
by (metis Einstein-gyrogroup-iso.gyr-gyroaut gyroaut-def gyrogroupoid. gyroaut-def
gyroplus-PoincareDiscE-def)
next
fix a b :: PoincareDiscE
show a @ b=gyrabd (b ® a)
unfolding gyr-PoincareDiscE-def gyroplus-PoincareDiscE-def
using Finstein-gyrogroup-iso.gyro-commute
by blast
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qed
end
lift-definition scale-M :: real = PoincareDiscM = PoincareDiscM is (®) .

lift-definition scale-E :: real = PoincareDiscE = PoincareDiscE is (®) .

lemma gyrocarrier'M:

shows gyrocarrier’ to-complex-M
proof

show inj to-complex-M

by transfer simp

next

show to-complex-M 04 = 0

by (simp add: gyrozero-PoincareDiscM-def ozero-e-ozero-m ozero-m’-def ozero-m.rep-eq
to-complex-M .abs-eq zero-M-def)
qed

lemma gyrocarrier-norms-embed’M:
shows gyrocarrier-norms-embed’ to-complex-M
proof
show cor ¢ gyrocarrier’.norms to-complex-M C gyrocarrier’.carrier to-complex-M
unfolding gyrocarrier’.norms-def[OF gyrocarrier’'M]
unfolding gyrocarrier’.gyronorm-def[OF gyrocarrier’'M]
unfolding gyrocarrier’.carrier-def[OF gyrocarrier’M]
apply transfer
using Mobius-gyrocarrier’.carrier-def Mobius-gyrocarrier-norms-embed’.norms-carrier
norms
by argo
next
show inj to-complez-M
using gyrocarrier’.inj-to-carrier gyrocarrier’'M by auto
next
show to-complex-M 04 = 0
by (simp add: gyrocarrier’.to-carrier-zero gyrocarrier'M)
qged

lemma of-carrier-M:

assumes cmod z < 1

shows gyrocarrier’.of-carrier to-complex-M z = Abs-PoincareDiscM (PoincareDisc.of-complex
2)

using assms

unfolding gyrocarrier’.of-carrier-def | OF gyrocarrier’ M| to-complex-M .rep-eq

by (metis (mono-tags, lifting) Rep-PoincareDiscM-inject f-inv-into-f mem-Collect-eq
of-complez-inverse rangel to-complex-M .abs-eq to-complex-M .rep-eq to-complex-inverse)

global-interpretation GCM: gyrocarrier-norms-embed’ to-complex-M
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rewrites GCM.norms = {z. abs z < 1} and

GCM .reals = Abs-PoincareDiscM ¢ PoincareDisc.of-complex © cor ‘ {z.
lz| < 1}
defines of-complex-M = gyrocarrier’.of-carrier to-complex-M
proof—

show *: gyrocarrier-norms-embed’ to-complex-M
using gyrocarrier-norms-embed’M
by simp

show norms: gyrocarrier’.norms to-complez-M = {x. |z| < 1}
using to-complex
unfolding gyrocarrier’.norms-def[OF gyrocarrier’ M| gyrocarrier’.gyronorm-def[OF
gyrocarrier’M]
unfolding to-complex-M .rep-eq
by auto (metis (no-types, lifting) abs-eq-iff abs-norm-cancel mem-Collect-eq
norm-of-real to-complez-M .abs-eq to-complex-M .rep-eq to-complez-cases)

show gyrocarrier-norms-embed’.reals to-complex-M = Abs-PoincareDiscM * Poincar-

eDisc.of-complex * cor “ {z. |z| < 1}

using of-carrier-M

unfolding gyrocarrier-norms-embed’.reals-def[ OF gyrocarrier-norms-embed’M]
norms

by (smt (verit) Mobius-gyrocarrier-norms-embed’.norms-carrier image-cong im-
age-image mem-Collect-eq subsetD)
qed

lemma of-real’-M:
assumes abs z < 1
shows GCM.of-real’ & = Abs-PoincareDiscM (PoincareDisc.of-complez (cor z))
using assms
by (simp add: GCM.of-real’-def of-carrier-M of-complex-M-def)

lemma to-real’-M:
assumes 2z € GCM .reals
shows GCM.to-real’ z = Re (to-complex-M z)
using assms
unfolding GCM .reals-def GCM .to-real’-def
using GCM .norms-carrier
by fastforce

lemma gyronorm-M-lt-1 [simpl:

shows abs (GCM .gyronorm a) < 1

using GCM .gyronorm-def to-complex to-complex-M .rep-eq by auto
lemma gyrocarrier’-norms-M [simp]:

shows gyrocarrier’.norms to-compler-M = GCM .norms

by (simp add: GCM .gyrocarrier’-axioms GCM .norms-def gyrocarrier’.norms-def)

lemma gyrocarrier-norms-embed’-reals-M [simp]:
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shows gyrocarrier-norms-embed’.reals to-complex-M = GCM .reals
by (simp add: GCM .reals-def gyrocarrier-norms-embed’.reals-def gyrocarrier-norms-embed’ M
of-complez-M-def)

lemma gyrocarrier'E:

shows gyrocarrier’ to-complex-E
proof

show inj to-complex-E

by transfer simp

next

show to-complez-E 04 = 0

by (simp add: gyrozero-PoincareDiscE-def ozero-e-ozero-m ozero-m'-def ozero-m.rep-eq
to-complex-E.abs-eq zero-E-def)
qed

lemma gyrocarrier-norms-embed’E:
shows gyrocarrier-norms-embed’ to-complex-E
proof
show inj to-complex-E
by transfer simp
next
show to-complex-E 04 = 0
by (simp add: gyrozero-PoincareDiscE-def ozero-e-ozero-m ozero-m’-def ozero-m.rep-eq
to-complex-E.abs-eq zero-E-def)
next
show cor ¢ gyrocarrier’.norms to-complez-E C gyrocarrier’.carrier to-complex-E
unfolding gyrocarrier’.norms-def[OF gyrocarrier'E)]
unfolding gyrocarrier’.gyronorm-def[OF gyrocarrier'E)]
unfolding gyrocarrier’.carrier-def[OF gyrocarrier'E]
apply transfer
using Mobius-gyrocarrier’.carrier-def Mobius-gyrocarrier-norms-embed’.norms-carrier
norms
by argo
qed

lemma of-carrier-E:

assumes cmod z < 1

shows gyrocarrier’.of-carrier to-complex-E z = Abs-PoincareDiscE (PoincareDisc.of-complex
z

)

using assms

unfolding gyrocarrier’.of-carrier-def[OF gyrocarrier’E] to-complex-E.rep-eq

by (metis (mono-tags, lifting) Rep-PoincareDiscE-inject f-inv-into-f mem-Collect-eq
of-complez-inverse rangel to-complex-E.abs-eq to-complex-E.rep-eq to-complex-inverse)

global-interpretation GCE: gyrocarrier-norms-embed’ to-complex-E
rewrites GCE.norms = {z. abs ¢ < 1} and
GCE.reals = Abs-PoincareDiscE © PoincareDisc.of-complex  cor ‘ {z. |z|
< 1}
defines of-complez-E = gyrocarrier’.of-carrier to-complez-E
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proof—
show x: gyrocarrier-norms-embed’ to-complex-E
using gyrocarrier-norms-embed’E
by simp

show norms: gyrocarrier’.norms to-complez-E = {z. || < 1}
using to-complex
unfolding gyrocarrier’.norms-def[OF gyrocarrier’E| gyrocarrier’.gyronorm-def[ OF
gyrocarrier'E)
unfolding to-complex-E.rep-eq
by auto (metis (no-types, lifting) abs-eg-iff abs-norm-cancel mem-Collect-eq
norm-of-real to-complez-E.abs-eq to-complex-E.rep-eq to-complex-cases)

show gyrocarrier-norms-embed’.reals to-complex-E = Abs-PoincareDiscE ‘ Poincar-
eDisc.of-complex ‘ cor ‘ {z. |z| < 1}
using of-carrier-E
unfolding gyrocarrier-norms-embed’.reals-def[OF x| norms
by (smt (verit) Mobius-gyrocarrier-norms-embed’.norms-carrier image-cong im-
age-image mem-Collect-eq subsetD)
qed

lemma of-real’-FE:
assumes abs r < 1
shows GCE.of-real’ © = Abs-PoincareDiscE (PoincareDisc.of-complex (cor x))
using assms
by (simp add: GCE.of-real’-def of-carrier-E of-complex-E-def)

lemma to-real’-E:
assumes z € GCE.reals
shows GCE.to-real’ z = Re (to-complez-E z)
using assms
unfolding GCE.reals-def GCE.to-real’-def
using GCE.norms-carrier
by fastforce

lemma gyronorm-E-lt-1 [simp]:
shows abs (GCE.gyronorm a) < 1
using GCE.gyronorm-def to-complex to-complex-E.rep-eq by auto

lemma gyrocarrier’-norms-E [simp):
shows gyrocarrier’.norms to-complez-E = GCE.norms
by (simp add: GCE.norms-def gyrocarrier’.norms-def gyrocarrier’E)

lemma gyrocarrier-norms-embed’-reals-E [simp):
shows gyrocarrier-norms-embed’.reals to-complez-E = GCE.reals
by (simp add: GCE.reals-def gyrocarrier-norms-embed’'.reals-def gyrocarrier-norms-embed'E

of-complez-E-def)

lemma preals-to-reals:
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shows o g ¢ gyrocarrier-norms-embed’.reals to-complex-M = gyrocarrier-norms-embed’.reals
to-complex-E
proof—

have ¢y p ¢ Abs-PoincareDiscM ¢ PoincareDisc.of-complex ¢ cor “ {z. |z| < 1}

Abs-PoincareDiscE ¢ PoincareDisc.of-complex ¢ cor ‘ {z. |z| < 1}
proof (transfer, safe)
fix z::real
assume abs z < 1
then show 2 ® PoincareDisc.of-complex (cor z) € (Az. x) ‘ PoincareDisc.of-complex
“cor ‘Az |z < 1}
by (smt (verit, del-insts) Mobius-gyrocarrier-norms-embed’.bij-reals-norms Mo-
bius-gyrocarrier-norms-embed’-of-real’ Mobius-gyrocarrier-norms-embed.otimes-reals
bij-betw-imp-surj-on image-iff mem-Collect-eq)
next
fix z::real
assume abs ¢ < 1
then show PoincareDisc.of-complex (cor z) € (®) 2 ‘ (Az. z) ¢ Poincare-
Disc.of-complex * cor “{z. |z| < 1}
by auto (smt (28) Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier-norms-embed’.norms-carrier
Mobius-gyrocarrier-norms-embed. otimes-reals Mobius-pre-gyrovector-space.double-half
image-iff mem-Collect-eq of-complex-inverse subsetD)
qed
then show ?thesis
by simp
qged

interpretation gyrocarrier-norms-embed-M: gyrocarrier-norms-embed to-complex-M
scale-M
proof

fix a b

assume a € gyrocarrier-norms-embed’.reals to-complex-M b € gyrocarrier-norms-embed’.reals
to-complex-M

then show a ® b € gyrocarrier-norms-embed’.reals to-complex-M

by (smt (verit, del-insts) Abs-PoincareDiscM-inverse Mobius-gyrocarrier’.of-carrier

Mobius-gyrocarrier-norms-embed’.norms-carrier Mobius-gyrocarrier-norms-embed. oplus-reals
Rep-PoincareDiscM-inverse UNIV-I gyrocarrier-norms-embed’-reals-M gyroplus-PoincareDiscM-def
gyroplus-PoincareDisc-def image-iff of-complex-inverse oplus-M.rep-eq subset-eq)
next

fix a

assume a € gyrocarrier-norms-embed’.reals to-complex-M

then show © a € gyrocarrier-norms-embed’.reals to-complex-M

by (smt (verit, del-insts) Abs-PoincareDiscM-inverse Mobius-gyrocarrier’.of-carrier
Mobius-gyrocarrier-norms-embed’.norms-carrier Mobius-gyrocarrier-norms-embed. oinv-reals
Rep-PoincareDiscM-inverse UNIV-I gyrocarrier-norms-embed’-reals-M gyroinv-PoincareDiscM-def
gyroinv-PoincareDisc-def image-iff of-complex-inverse ominus-M .rep-eq subset-eq)
next

fix ra

assume a € gyrocarrier-norms-embed’.reals to-complex-M
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then show scale-M r a € gyrocarrier-norms-embed’.reals to-complex-M

by (smt (verit, del-insts) Abs-PoincareDiscM-inverse Mobius-gyrocarrier’.of-carrier
Mobius-gyrocarrier-norms-embed’.norms-carrier Mobius-gyrocarrier-norms-embed.otimes-reals
Rep-PoincareDiscM-inverse UNIV-I gyrocarrier-norms-embed’-reals-M image-iff of-complez-inverse
scale-M .rep-eq subset-eq)
qed

interpretation pre-gyrovector-space-M: pre-gyrovector-space to-complex-M scale-M
proof
fixuvab
show GCM.gyroinner (gyr v v a) (gyr v v b) = GCM.gyroinner a b
unfolding GCM.gyroinner-def to-complex-M-def
using GCM .gyroinner-def gyr-M .rep-eq gyr-PoincareDiscM-def inner-p.rep-eq
moebius-gyroauto to-complex-M .rep-eq to-complex-M-def
by force
next
fix a
show scale-M 1 a = a
by (metis Mobius-pre-gyrovector-space.scale-1 Rep-PoincareDiscM-inject scale-M .rep-eq)
next
fix ri r2 a
show scale-M (r1 + 12) a = scale-M r1 a @ scale-M r2 a
by (metis Rep-PoincareDiscM-inject gyroplus-PoincareDiscM-def oplus-M .rep-eq
otimes-oplus-m-distrib scale-M .rep-eq)
next
fix r1 r2 a
show scale-M (r1 x r2) a = scale-M r1 (scale-M r2 a)
by (metis Rep-PoincareDiscM-inject otimes-assoc scale-M .rep-eq)
next
fix r:real and a::PoincareDiscM
assume 7 # 0 a # 0
then show to-complez-M (scale-M |r| a) /r GCM.gyronorm (scale-M 1 a) =
to-complez-M a /r GCM.gyronorm a
using GCM .gyroinner-def to-complex-M-def
by (metis Abs-PoincareDiscM-cases Abs-PoincareDiscM-inverse GCM .gyronorm-def
GCM .to-carrier-zero Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier’.to-carrier-zero
Mobius-pre-gyrovector-space.scale-prop1 scale-M .rep-eq to-complex-M .rep-eq to-complex-inverse)
next
fixuvra
show gyr u v (scale-M r a) = scale-M r (gyr u v a)
by (metis Mobius-pre-gyrovector-space.gyroauto-property Rep-PoincareDiscM-inject
gyr-M .rep-eq gyr-PoincareDiscM-def gyr-PoincareDisc-def scale-M.rep-eq)
next
fix ri r2 v
show gyr (scale-M r1 v) (scale-M 12 v) = id
by (metis Rep-PoincareDiscM-inject eq-id-iff gyr-M .rep-eq gyr-PoincareDiscM-def
gyr-m-gyrospace scale-M .rep-eq)
qged
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interpretation gyrovector-space-norms-embed-M: gyrovector-space-norms-embed scale-M
to-complex-M
proof
fix ra
show GCM.gyronorm (scale-M r a) = gyrocarrier-norms-embed-M .otimesR |r|
(GCM.gyronorm a)
using GCM.gyroinner-def to-complex-M-def GCM.gyronorm-def
by (metis GCM .inj-on-of-real’ GCM .norm-in-norms Mobius-gyrocarrier’.gyronorm-def
Mobius-gyrocarrier-norms-embed’-of-real’ Mobius-gyrocarrier-norms-embed.of-real’-otimesR
Mobius-gyrovector-space.homogeneity gyrocarrier-norms-embed-M .of-real’-otimesR
gyrocarrier-norms-embed-M.otimesR-norms gyronorm-M-It-1 inj-onD of-real’-M scale-M .abs-eq
scale-M .rep-eq to-complez-M .rep-eq)
next
fix a b
show GCM .gyronorm (a ® b) < GCM.oplusR (GCM .gyronorm a) (GCM.gyronorm
b)
using to-complex-M-def GCM .gyronorm-def GCM .oplusR-def Mobius-gyrovector-space.gyrotriangle
by (smt (23) GCM .norm-in-norms Mobius-gyrocarrier’.gyronorm-def Mobius-gyrocarrier-norms-embed’-of-1
to-complex-M .rep-eq GCM .norms-carrier GCM.of-real’-def Mobius-gyrocarrier-norms-embed’. gyrocarrier-norn
Mobius-gyrocarrier-norms-embed’.to-real’ gyrocarrier’.to-carrier gyrocarrier’M gy-
rocarrier-norms-embed’.oplusR-def gyrocarrier-norms-embed-M .of-real’-oplusR gy-
rocarrier-norms-embed-M . oplusR-norms gyroplus-PoincareDiscM-def gyroplus- PoincareDisc-def
image-eql o-def of-complex-M-def oplus-M .rep-eq subsetD to-complez-inverse)
qed

lemmas bijpyr g = Finstein-gyrogroup-iso.pbij

lemma opluspn g:
shows gy g (u @ v) = pup v ® euE v
unfolding gyroplus-PoincareDiscE-def gyroplus-PoincareDiscM-def
apply transfer
using iso-two-me-oplus
by auto

lemma scalepys g:
shows g (scale-M r u) = scale-E r (o g u)
by transfer (metis mult.commute otimes-assoc)

lemma GCFEoinvRMinus:
assumes a € gyrocarrier’.norms to-complex-E
shows GCE.oinvR a = — a
proof—
from assms have abs a < 1 abs (—a) < 1
by auto
have © (GCE.of-real’ a) = GCE.of-real’ (— a)
unfolding of-real’-E[OF <abs a < 1)] of-real’-E[OF <abs (—a) < 1))
by (smt (verit, ccfo-SIG) <|— a| < 1 gyroinv-PoincareDiscE-def map-fun-apply
mem-Collect-eq norm-of-real of-complex-inverse of-real-minus ominus-E.abs-eq omi-
nus-e-ominus-m ominus-m’-def ominus-m-def)
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then show ?thesis
unfolding GCE.oinvR-def
using <a € gyrocarrier’.norms to-complez-E»
by auto
qed

lemma gyronormeyn g:
shows oy g (GCM.of-real’ (GCM .gyronorm a)) = GCE.of-real’ (GCE.gyronorm
(pmE a))
unfolding of-real’-M[OF gyronorm-M-lt-1] of-real’-E[OF gyronorm-E-lt-1)
unfolding GCM .gyronorm-def GCE.gyronorm-def
proof transfer
fix a
show 2 ® PoincareDisc.of-complex (cor (cmod (to-complex a))) =
PoincareDisc.of-complex (cor (ecmod (to-complex (2 ® a)))
proof—
{
fix a
assume cmod a < 1
moreover
have cmod (double’ a) < 1
by (metis <cmod a < 1y double.rsp eg-onp-same-args rel-fun-eq-onp-rel)
moreover
have cmodcmod: cmod (cor (¢cmod a)) < 1
using <cmod a < 1)
by simp
have double’ (cor (cmod a)) = cor (ecmod (double’ a))
using <cmod a < 1)
unfolding cmod-double’|OF <cmod a < 1)]
unfolding cmodcmod double’-def
unfolding double’-cmod[OF ¢cmodemod)
by (simp add: scaleR-conv-of-real)
ultimately
have PoincareDisc.of-complex (double’ (to-complex (PoincareDisc.of-complex
(cor (cmod a))))) =
PoincareDisc.of-complex (cor (¢cmod (to-complex (PoincareDisc.of-complex

(double’ a)))))
by (simp add: of-complez-inverse)
}

note x = this
show ?thesis
unfolding double[symmetric] double-def
by (simp, transfer, simp add: *)
qed
qed

interpretation isoME'": gyrocarrier-isomorphism’ to-complex-M to-complex-E oy g
by unfold-locales
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interpretation isoME': gyrocarrier-isomorphism to-complex-M to-complex-E o g
proof
show bij oy p
using bijprr g by blast
next
fix uwv
show oy g (u® V) = ouE u® PuE v
using oplusppr g by auto
next
fix a
show isoME".or (GCM.gyronorm a) = GCE.gyronorm (oymE a)
by (simp add: gyronormen g isoME" .pg-def)
next
fix u v :: PoincareDiscM
assume u # 04 v # 04
then show inner (to-complex-E (pyme uw) /r GCE.gyronorm (omE w))
(to-complez-E (prpE v) /r GCE.gyronorm (oypE v)) =
inner (to-complez-M u /r GCM.gyronorm u) (to-complex-M v /g
GCM .gyronorm v)
unfolding GCM.gyronorm-def GCE.gyronorm-def gyrozero-PoincareDiscM-def
proof transfer
fix uwv
assume u # 0, v # Oy
then show inner (to-complex (2 ® u) /r cmod (to-complex (2 ® u)))
(to-complex (2 ® v) /g cmod (to-complex (2 ® v))) =
inner (to-complex u /g cmod (to-complex u)) (to-complex v /g cmod
(to-complex v))
unfolding double[symmetric]
proof transfer
fix v v
assume cmod u < 1 u # ozero-m’ cmod v < 1 v # ozero-m’
have (2 / (1 + (cmod u)?)) g u /r (2 x emod u / (1 + (cmod u)?)) = u
/r cmod u
by (smt (verit, best) «cmod u < 1> cmod-double’ divide-divide-eq-right dou-
ble’-cmod double'-def inverse-eq-divide nonzero-mult-div-cancel-left norm-ge-zero norm-power
norm-scaleR scaleR-scaleR times-divide-eq-left zero-less-divide-iff)
moreover
have (2 / (1 + (cmod v)?)) g v /r (2 * emod v / (1 + (emod v)?)) = v
/r cmod v
by (smt (verit, best) «cmod v < 1) cmod-double’ divide-divide-eq-right dou-
ble’-cmod double'-def inverse-eq-divide nonzero-mult-div-cancel-left norm-ge-zero norm-power
norm-scaleR scaleR-scaleR times-divide-eq-left zero-less-divide-iff)
ultimately
show inner (double’ v /r cmod (double’ w)) (double’ v /r ecmod (double’ v))

inner (u /g cmod u) (v /g cmod v)
unfolding cmod-double’|OF <cmod u < 15] emod-double’|OF <cmod v < 1]
unfolding double’-def
unfolding double’-cmod[OF <cmod u < 1>] double’-cmod[OF <cmod v < 1]
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by metis
qed
qed
qed

interpretation PGVME: pre-gyrovector-space-isomorphism to-complez-M to-complex-E
scale-M scale-FE oy E
proof
fix ru
show o g (scale-M 1 u) = scale-E v (pp g u)
by (simp add: scalepy g)
qed

interpretation isoMFE-norms-embed’: gyrocarrier-isomorphism-norms-embed’ to-complex-M
to-complex-FE scale-M scale-FE oy p

interpretation isoME-norms-embed: gyrocarrier-isomorphism-norms-embed to-complex-M
to-complex-E scale-M scale-F oy g

by (smt (verit, del-insts) GCE.to-real’-norm GCFEoinvRMinus @reals-to-reals
bijpr E gyrocarrier-isomorphism-norms-embed’ .o r-def gyrocarrier-isomorphism-norms-embed.intro
gyrocarrier-isomorphism-norms-embed-axioms-def gyronormp g isoME-norms-embed’. gyrocarrier-isomorphis
opluspyr g scalepn i)

interpretation isoME': gyrovector-space-isomorphism’ to-complex-M to-complex-E
scale-M scale-FE oy p

by (meson PGVME.pre-gyrovector-space-isomorphism-azioms preals-to-reals gy-
rovector-space-isomorphism’.intro gyrovector-space-isomorphism’-azioms-def gyrovec-
tor-space-norms-embed-M . gyrovector-space-norms-embed-azioms isoME-norms-embed. GV '.gyrocarrier-norms-

interpretation isoMFE: gyrovector-space-isomorphism to-complex-M to-complex-FE
scale-M scale-FE oy E
proof

fix a b

assume a € gyrocarrier’.norms to-complex-M b € gyrocarrier’.norms to-complex-M
0<aa<d

then have a < 1 b < 1
unfolding gyrocarrier’-norms-M
by auto

{

fix z
assume z € GCM.norms © > 0
then have abs z < 1

by simp
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have GCM.of-real’ x € GCM .reals
unfolding of-real’-M[OF <abs x < 1]
using <abs z < 1>
by auto
then have x: o) g (GCM.of-real’ ) € GCE.reals
using preals-to-reals gyrocarrier-norms-embed’-reals-FE gyrocarrier-norms-embed’-reals-M
image-eql
by blast

have GCE.to-real’ (g (GCM.of-real” z)) = tanh (2 * artanh x)
using <abs x < 1y <0 < x»
proof (subst to-real’-E[OF x|, subst of-real’-M[OF <abs x < 15|, transfer)
fix z :: real
assume absz < 1 0 <z
then have x: otimes’ 2 (cor ) € {z. emod z < 1}
using cmod-otimes’ cmod-otimes’-k by auto
moreover
have Im (otimes’ 2 (cor z)) = 0
by (simp add: otimes’-def)
ultimately
show Re (to-complex (2 ® PoincareDisc.of-complex (cor x))) = tanh (2 *
artanh x)
unfolding otimes-def
using of-complex-inverse|OF x| of-complez-inverse[of x| <abs x < 1> <0 <
x>
using otimes’-k-tanh[of cor x 2]
by (smt (verit, ccfv-SIG) Mobius-gyrocarrier’.of-carrier artanh-nonneg
cmod-otimes’ eq-onp-same-args mem-Collect-eq norm-of-real norm-p.abs-eq otimes.rep-eq
otimes-def otimes-homogenity’ tanh-0 tanh-real-less-iff)
qed
}
note x = this
show isoME".pr a < isoME".or b
using <a € gyrocarrier’.norms to-complez-M» b € gyrocarrier’.norms to-complex-M>
0 < ay<a<ba< 1< 1 «*[of a] x[of b] tanh-artanh-mono|of a b
unfolding isoME".pr-def
by simp
qged

end

theory GyroVectorSpaceTrivial
imports GyroVectorSpace

begin

Every group is a gyrogroup with identity gyration

sublocale group-add C groupGyrogroupoid: gyrogroupoid 0 (+)
by unfold-locales

sublocale group-add C groupGyrogroup: gyrogroup 0 (+) Az. —z A uvz. x
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proof
fix a
show 0 + a=a
by auto
next
fix a
show —a+a =0
by auto
next
fix a bz
showa+ (b+2)=a+ b+ 2
by (simp add: add-assoc)
next
fix a b
show (A z. z) = (\ z. z)
by auto
next
fixabd
show gyrogroupoid.gyroaut (+) (A\z. x)
unfolding gyrogroupoid.gyroaut-def
by (auto simp add: bij-def)
qged

locale gyrocarrier-trivial = gyrocarrier’ to-carrier for

to-carrier :: 'a::{ gyrocommutative-gyrogroup, real-inner, real-normed-algebra-1}
= 'a +

assumes gyr-id: A uvz. (gyri'a = 'a = 'a="a) uvr =z

assumes to-carrier-id: \ x. to-carrier x = x

assumes oplus: /\ zyla. xDy=xz+y

assumes ominus: \ z::'a . Sz = — x

sublocale gyrocarrier-trivial C gyrocarrier to-carrier
proof
fixuvabd
show gyruva-gyruvb=a-0
by (simp add: gyr-id)
qed

sublocale gyrocarrier-trivial C pre-gyrovector-space to-carrier (xg)
proof
fix a::'a
show 1 *xgp a = a
by auto
next
fix r1 r2 and a::'a
show (r1 + r2) *p a = (11 *g a) ® (12 *g a)
unfolding oplus
by (meson scaleR-left-distrib)
next

158



fix r1 r2 and a::'a
show (r1 * r2) xg a = rl % 72 *g a
by simp
next
fixuva:'aand r
show gyr wv (r xg a) = 17 *g gyr u v a
unfolding gyr-id
by simp
next
fix riv2 and v :: 'a
show gyr (r1 xg v) (r2 xg v) = id
by (auto simp add: gyr-id)
next
fix r:real and a::'a
assume 7 # 0 a # 0
show to-carrier (|r| *r a) /r {(r *r a)) = to-carrier a /g {a)
by (simp add: <r # 0y gyronorm-def to-carrier-id)
qed

sublocale gyrocarrier-trivial C TG’ gyrocarrier-norms-embed’ to-carrier
proof
show of-real ‘ norms C carrier
unfolding norms-def carrier-def
by (simp add: to-carrier-id)
qed

context gyrocarrier-trivial
begin

lemma norms-UNIV:
shows norms = UNIV
unfolding norms-def
by (auto, metis eq-abs-iff " gyronorm-def norm-of-real to-carrier-id)

lemma reals-UNIV:
shows T'G'.reals = of-real * UNIV
unfolding TG'.reals-def norms-UNIV
using of-carrier to-carrier-id
by auto

lemma of-real”:
shows TG'.of-real’ = of-real
using T'G'.of-real’-def
using of-carrier to-carrier-id
by auto

end

sublocale gyrocarrier-trivial C TG: gyrocarrier-norms-embed to-carrier (xg)
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proof
fix a b
assume a € TG .reals b € TG .reals
then show a ® b € TG’ reals
unfolding reals-UNIV oplus
by (metis Reals-add Reals-def)
next
fix a
assume a € TG’ .reals
then show © a € TG .reals
unfolding reals-UNIV ominus
by force
next
fix ar
assume a € TG .reals
then show r xp a € TG .reals
unfolding reals-UNIV
by (metis Reals-def Reals-mult Reals-of-real scaleR-conv-of-real)
qed

sublocale gyrocarrier-trivial C gyrovector-space-norms-embed (xg) to-carrier
proof
fix ra
show ((r *xg a)) = TG.otimesR |r| ({a))
unfolding gyronorm-def TG.otimesR-def of-real’
by (metis TG .to-real’ UNIV-I norm-scaleR norms-UNIV of-real’ of-real-mult
scaleR-conv-of-real to-carrier-id)
next
fix abd
show (a @ b) < {a) ®r ({(b))
by (metis TG'.oplusR-def TG'.to-real’” UNIV-I gyronorm-def norm-triangle-ineq
norms-UNIV of-real’ of-real-add oplus to-carrier-id)
qed

end
theory hDistance

imports MobiusGyro VectorSpace
begin

abbreviation distance-m-expr :: complex = complex = real where
distance-m-expr u v = 1 + 2 x (emod (v — v))? / (I — (emod u)?) * (1 —
(cmod v)?))

definition distance-m :: complex = complex = real where
distance-m u v = arcosh (distance-m-expr u v)

lemma arcosh-artanh-lemma:

shows (cmod (1 — cnj u * v))2 — (cmod (u — v))? = (1 — (emod uw)?) * (1 —
(cmod v)?)
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proof—
have cor ((emod (1 — cnj u * v))? — (emod (u — v))?) = cor ((1 — (cmod u)?)
% (1 — (cmod v)?))
unfolding of-real-diff of-real-mult complex-norm-square
by (simp add: field-simps)
then show ?thesis
using of-real-eq-iff by blast
qed

lemma distance-m-expr-ge-1:
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows distance-m-expr u v > 1
proof—
have (cmod (u—v))? > 0
using zero-le-power2 by blast
moreover
have (1 — (cmod u)?) (1 — (cmod v)?) > 0
using assms
using cmod-def by force
ultimately
show ?thesis
by simp
qed

lemma arcosh-artanh:
fixes u v :: complex
assumes cmod v <1 cmod v < 1
shows arcosh (distance-m-expr u v) =
2 % artanh (cmod ((u—v) / (1 — (cng u)*v)))
proof—
let ?u =1 — (cmod u)? and ?v = 1 — (cmod v)? and ?uv = (cmod (u — v))?

have arcosh (distance-m-expr u v) =
In (distance-m-expr u v + sqrt ((distance-m-expr u v)? — 1))
using arcosh-real-def[OF distance-m-expr-ge-1[{OF assms]]

by simp
also have ... = In (((cmod (1 — cnj u * v))?2 + 2 % cmod (I — cnj u * v) *
cmod (u — v) + uv) /
(2u * 2v))
proof—
have distance-m-expr w v = (2u * v + 2 * 2uv) / (%u * %v)
proof—

have 2u # 0 2v # 0
using assms
by (metis abs-norm-cancel order-less-irrefl real-sqrt-abs real-sqrt-one right-minus-eq)+

then show %thesis
by (simp add: add-divide-distrib)
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qed
then have x: distance-m-expr u v = ((cmod (1 — cnj u x v))? + 2uv) / (Pu *
2v)
using assms
by (smt (verit, ccfv-SIG) arcosh-artanh-lemma)

have sqrt ((distance-m-expr u v)? — 1) =
sqrt (4 * (Puv | (Pu x 2v)) + 4 * (Puv / (Pu * 2v))?)
by (smt (verit, best) add-divide-distrib four-z-squared inner-real-def one-power2
power2-diff real-inner-1-right)
also have ... = sqrt (4 * %uv x (1 / (Pu * %v) + (cmod (v — v) / (Pu *
20))?)) (is ?lhs = sqrt (4 * ?A x ?B))
by (simp add: field-simps)
also have ... = sqrt (4 * ?uv x (?u * 20 + 2uv) / (Pu * 0)?)
proof—
have 7B = (?u x ?v + ?uv) / (Pu * ?v)?
by (simp add: power-divide power2-eg-square add-divide-distrib)
then show ?thesis
by simp
qed
also have ... = 2 % cmod (u — v) * sqrt (?u x %v + %uwv) / (Pu * %v)
using assms
by (smt (verit, ccfo-SIG) four-z-squared mult-nonneg-nonneg norm-not-less-zero
one-power2 power-mono real-root-divide real-root-mult real-sqrt-unique sqrt-def)
also have ... = 2 x ¢cmod (u — v) / (Pu * 2v) * sqrt (Pu * %v + Zuv)
by simp
finally have x*: sqrt ((distance-m-expr u v)? — 1) =
2 x cmod (u — v) * cmod (1 — cnj u * v) / (Pu * %v)
by (smt (verit, del-insts) arcosh-artanh-lemma norm-ge-zero real-sqrt-abs
times-divide-eq-left)

show ?thesis
using * %
by (smt (verit, best) add-divide-distrib power2-sum)

qed
also have ... = In ((1 + e¢mod (u — v) / emod (1 — cnj u x v)) /
(I — cemod (u — v) / emod (I — enj u * v))) (is ?lhs = In (?nom
/ %den))
proof—
have *: nom = (cmod (v — v) + cmod (1 — enj u * v)) / cmod (1 — cnj u
* V)

using assms
by (metis (no-types, opaque-lifting) add-diff-cancel-left’ add-divide-distrib com-
plex-mod-cnj diff-diff-eq2 diff-zero divide-self-if mult-closed-for-unit-disc norm-eq-zero
norm-one order-less-irrefl)
then have xx: ?den = (¢cmod (1 — cnj u * v) — emod (u — v)) / emod (1 —
cnj u * v)
using assms
by (smt (verit, ccfv-SIG) add-divide-distrib)
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have %nom / ?den =
(cmod (u — v) + c¢cmod (1 — enju * v)) / (emod (1 — cnj u * v) — cmod
(u— )
using * *x
by force
also have ... = (cmod (I — cnj u * v) + emod (u — v))? / (Pu x ?v) (is ?lhs
= %rhs)
proof—
let e = cmod (1 — cnj u * v) + cmod (v — v)
have ?lhs = ?lhs * e/ %e
by fastforce
moreover
have (c¢cmod (1 — cnj u * v) — cmod (u — v)) * e = %u x v
using arcosh-artanh-lemma
by (simp add: mult.commute power2-eq-square square-diff-square-factored)
ultimately
show ?thesis
by (simp add: power2-eq-square)
qed
finally
show ?thesis
by (simp add: power2-eg-square field-simps)
qed
finally show ?thesis
unfolding artanh-def
by (simp add: norm-divide)
qged

definition distance-m-gyro :: PoincareDisc = PoincareDisc = real where
distance-m-gyro u v = 2 % artanh (Mobius-pre-gyrovector-space.distance u v)

lemma distance-equiv:

shows distance-m-gyro uw v = distance-m (to-complex u) (to-complez v)
proof—

have ((S,, u ®m v)) =

(emod ((to-complex u — to-complex v) / (1 — cnj (to-complex u) * (to-complex

v))))

by transfer (simp add: oplus-m’'-def ominus-m’-def norm-divide norm-minus-commute)

then show ?thesis

unfolding distance-m-gyro-def distance-m-def Mobius-pre-gyrovector-space. distance-def
gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def

using arcosh-artanh norm-lt-one norm-p.rep-eq

by force
qed

definition blaschke where
blaschke a z = (z — a) / (1 — cnj a * 2)

lemma
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fixes a z :: complex

shows blaschke a z = oplus-m’ (ominus-m’ a) z
unfolding blaschke-def oplus-m’'-def ominus-m'-def
by (simp add: minus-divide-left)

end
theory MobiusCollinear

imports MobiusGyro VectorSpace
begin

lemma collinear-0-proportional:
assumes v # 0,
shows Mobius-pre-gyrovector-space.collinear x 0, v < (3 k::real. to-complex
z = k * (to-complez v))
unfolding Mobius-pre-gyrovector-space.collinear-def gyroplus-PoincareDisc-def
gyroinv-PoincareDisc-def
using assms
proof transfer
fix vz
assume cmod v < 1 cmod z < 1 v # ozero-m’
then have v # 0
unfolding ozero-m’-def
by simp
have (3t. x = (otimes’-k t v) * v / cor (¢cmod v)) «— (k :: real. x = k x v)
(is ?lhs «— ?rhs)
proof
assume ?lhs
then show ?rhs
by (metis of-real-divide times-divide-eg-left)
next
assume ?rhs
then obtain k::real where z =k x v
by auto

moreover

have abs (k * cmod v) < 1
by (metis <cmod x < 15 <x = cor k * vy abs-mult abs-norm-cancel norm-mult
norm-of-real)

have artanh (cmod v) # 0
using v # 0>
by (simp add: <cmod v < 1y artanh-not-0)

have 3 t. (otimes’-k t v) / (cmod v) = k
proof—
let 2t = artanh(k x cmod v) / artanh (cmod v)
have tanh (2t * artanh (cmod v)) = k x cmod v
using <artanh (cmod v) # 0) tanh-artanh[of k * cmod v] <abs (k * cmod v)
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< I
by (simp add: field-simps)
then show ?thesis
by (metis <cmod v < 1y v # 0> nonzero-mult-div-cancel-right norm-zero
otimes’-k-tanh zero-less-norm-iff)
qed
ultimately
show ?lhs
by auto
qged
then show (ozero-m’ = v V (3t. © = oplus-m’ ozero-m’ (otimes’ t (oplus-m’
(ominus-m' ozero-m’) v)))) «—
(3 kureal. © =k x v)
using v # 0»
unfolding oplus-m’-def ozero-m’-def ominus-m’-def otimes’-def
by simp
qed

lemma

assumes v # 0,

shows Mobius-pre-gyrovector-space.collinear x 0,, v «—— to-complex © * cnj
(to-complex v) = cnj (to-complex x) * to-complex v

using Mobius-gyrocarrier’.to-carrier-zero-iff assms cnj-miz-ex-real-k collinear-0-proportional’
gyrozero-PoincareDisc-def

by fastforce

lemma collinear-0-proportional:

shows Mobius-pre-gyrovector-space.collinear x 0., v «—— v = 0, V (3 k::real.
to-complex x = k  (to-complex v))

by (metis Mobius-pre-gyrovector-space.collinear-def collinear-0-proportional’)

lemma to-complex-0 [simp]:
shows to-complex 0,, = 0
by transfer (simp add: ozero-m'-def)

lemma to-complex-0-iff [iff):
shows to-complex x = 0 «—— x = 0,,
by transfer (simp add: ozero-m’-def)

lemma mobius-between-0xy:
shows Mobius-pre-gyrovector-space.between 0., ¢y «——
(3 kureal. 0 < kEANE < 1 A to-complex x = k x to-complex y)
proof (cases y = 0,)
case True
then show ?thesis
using Mobius-pre-gyrovector-space.between-zyz|[of 0.,
by auto
next
case Fulse
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then show ?thesis
unfolding Mobius-pre-gyrovector-space.between-def gyroplus-PoincareDisc-def
gyrozero-PoincareDisc-def gyroinv-PoincareDisc-def
proof (transfer)
fix z y
assume cmod y < 1y # ozero-m' cmod z < 1
then have y # 0
by (simp add: ozero-m’-def)

have (3t>0. ¢t < 1 A xz = cor (otimes’-k t y) x y / cor (cmod y)) =
(Fk>0. k<1 ANz=corkxy)(is ?lhs = ?rhs)
proof
assume ?lhs
then obtain ¢ where 0 < tt < 1 x = (otimes’-kty / emod y) * y
by auto
moreover
have 0 < otimes’-k ty / cmod y
unfolding otimes’-k-tanh[OF <cmod y < 1)]
using <cmod y < 1> <t > 0» tanh-artanh-nonneg
by auto
moreover
have otimes’-kty / cmod y < 1
unfolding otimes’-k-tanh[OF <cmod y < 1)]
using <cmod y < 1> <y # 0> artanh-nonneg <t < 1»
by (smt (verit, best) divide-le-eq-1 mult-le-cancel-right2 norm-le-zero-iff
strict-mono-less-eq tanh-artanh tanh-real-strict-mono)
ultimately
show ?rhs
by auto
next
assume ?rhs
then obtain k::real where z =k x y
by auto

moreover

have abs (k * cmod y) < 1

by (metis <cmod z < 15 <x = cor k * y» abs-mult abs-norm-cancel norm-mult
norm-of-real)

have artanh (cmod y) # 0
using (y # 0»
by (simp add: <cmod y < 1> artanh-not-0)

have 3 t. 0 <t ANt < 1 A (otimes’-k ty) / (cmod y) = k
proof—
let 2t = artanh(k x cmod y) / artanh (cmod y)
have tanh (2t x artanh (cmod y)) = k * cmod y
using <artanh (cmod y) # 0> tanh-artanh[of k x cmod y] <abs (k * cmod
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y) < D
by (simp add: field-simps)
moreover
have 2t > 0
using (Fk>0. k< 1 ANz = cork x y <cmody < 1> <x = cor k x y» <y
# 0»
by (smt (verit, ccfv-SIG) artanh-nonneg calculation divide-eq-0-iff
mult-right-cancel norm-le-zero-iff of-real-eq-iff tanh-real-nonneg-iff zero-le-mult-iff)
moreover
have 7t < 1
using «(F3k>0. k< 1 ANx = cork * y <cmody < 1> <x = cork = y <y
# 0»
by (smt (verit, ccfv-SIG) artanh-monotone artanh-nonneg calculation(1)
less-divide-eq-1 nonzero-divide-eq-eq of-real-eq-iff tanh-artanh-nonneg zero-less-norm-iff)
ultimately show ?thesis
by (metis <cmod y < 1y <y # 0> nonzero-mult-div-cancel-right norm-zero
otimes’-k-tanh zero-less-norm-iff)
qed
ultimately
show ?lhs
by auto
qed
then show (3t>0.t < 1 A
x = oplus-m’ ozero-m’ (otimes’ ¢ (oplus-m’ (ominus-m’ ozero-m’)
y)) =
(Fk>0. k<1 ANz=cork=xy)

using «y # O»
unfolding ozero-m’-def oplus-m’-def ominus-m’-def otimes’-def
by simp
qed
qed

end
theory MobiusGeometry

imports MobiusGyro VectorSpace
begin

lemma mobius-collinear-ulv':

assumes v # 0,

shows Mobius-pre-gyrovector-space.collinear u 0, v «— (3 ku:real. to-complex
u =k % (to-complex v))

unfolding Mobius-pre-gyrovector-space.collinear-def gyroplus-PoincareDisc-def
gyroinv-PoincareDisc-def

using assms
proof transfer

fix vu

assume cmod v < 1 cmod u < 1 v # ozero-m/’

then have v # 0

unfolding ozero-m’-def
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by simp
have (3¢. u = (otimes’-k t v) * v / cor (cmod v)) «—— (Ik :: real. u = k x v)
(is ?lhs «— ?2rhs)
proof
assume ?lhs
then show ?rhs
by (metis of-real-divide times-divide-eq-left)
next
assume ?rhs
then obtain k::real where u =k x v
by auto

moreover

have abs (k * cmod v) < 1
by (metis <cmod u < 1y <u = cor k x vy abs-mult abs-norm-cancel norm-mult
norm-of-real)

have artanh (cmod v) # 0
using v # 0>
by (simp add: <cmod v < 1y artanh-not-0)

have 3 t. (otimes’-k t v) / (¢cmod v) = k
proof—
let ?t = artanh(k x cmod v) / artanh (cmod v)
have tanh (2t x artanh (cmod v)) = k * cmod v
using <artanh (cmod v) # 0) tanh-artanh[of k * cmod v] <abs (k * cmod v)
<D
by (simp add: field-simps)
then show ?thesis
by (metis <cmod v < 15 v # 05 nonzero-mult-div-cancel-right norm-zero
otimes’-k-tanh zero-less-norm-iff)
qed
ultimately
show ?lhs
by auto
qged
then show (ozero-m’ = v V (3t. u = oplus-m’ ozero-m’ (otimes’ t (oplus-m’
(ominus-m' ozero-m’) v)))) «—
(3 kureal. w =k * v)
using v # 0»
unfolding oplus-m’-def ozero-m’-def ominus-m’-def otimes’-def
by simp
qed

lemma mobius-collinear-ulv:
shows Mobius-pre-gyrovector-space.collinear © 0,, v «——
v=0m V (3 kureal. to-complex x = k * (to-complez v))
by (metis Mobius-pre-gyrovector-space.collinear-def mobius-collinear-uQv’)
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lemma mobius-between-Ouv:
shows Mobius-pre-gyrovector-space.between 0., u v «—
(3 kureal. 0 < kEANE < 1 A to-complex u = k * to-complex v)
proof (cases v = 0,,)
case True
then show ?thesis
using Mobius-pre-gyrovector-space.between-zyz[of 0., ul
by auto
next
case Fulse
then show ?thesis
unfolding Mobius-pre-gyrovector-space.between-def gyroplus-PoincareDisc-def
gyrozero-PoincareDisc-def gyroinv-PoincareDisc-def
proof (transfer)
fix z y
assume cmod y < 1y # ozero-m’ ¢mod © < 1
then have y # 0
by (simp add: ozero-m’-def)

have (3t>0.t < 1 AN x = cor (otimes’-k t y) x y / cor (cmod y)) =
(Fk>0. k< 1 ANz =corkxy)(is ?lhs = ?rhs)
proof
assume ?lhs
then obtain ¢ where 0 < tt < 1 z = (otimes’-kty / cmod y) x y
by auto
moreover
have 0 < otimes’-k ty / cmod y
unfolding otimes’-k-tanh[OF <cmod y < 1)]
using <cmod y < 1> <t > 0) tanh-artanh-nonneg
by auto
moreover
have otimes’-kty / cmod y < 1
unfolding otimes’-k-tanh[OF <cmod y < 1)]
using <cmod y < 1> <y # 0y artanh-nonneg <t < 1>
by (smt (verit, best) divide-le-eq-1 mult-le-cancel-right2 norm-le-zero-iff
strict-mono-less-eq tanh-artanh tanh-real-strict-mono)
ultimately
show ?rhs
by auto
next
assume ?rhs
then obtain k::real where z =k x y
by auto

moreover

have abs (k * cmod y) < 1
by (metis <cmod x < 15 <x = cor k * y> abs-mult abs-norm-cancel norm-mult
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norm-of-real)

have artanh (cmod y) # 0
using <y # 0»
by (simp add: <cmod y < 1y artanh-not-0)

have 3 t. 0 <t At < 1 A (otimes’-kty) / (cmod y) =k
proof—
let ?t = artanh(k x cmod y) / artanh (cmod y)
have tanh (2t x artanh (cmod y)) = k * cmod y
using <artanh (cmod y) # 0> tanh-artanh[of k x cmod y] <abs (k * cmod
y) < D
by (simp add: field-simps)
moreover
have 2t > 0
using «(F3k>0. k< 1 ANx = cork * y <cmody < 1> <z = cork x y <y
# 0>
by (smt (verit, ccfv-SIG) artanh-nonneg calculation divide-eq-0-iff
mult-right-cancel norm-le-zero-iff of-real-eq-iff tanh-real-nonneg-iff zero-le-mult-iff)
moreover
have 72t < 1
using «(F3k>0. k< 1 ANx = cork*y <cmody < 1> <z = cork x y <y
# 0
by (smt (verit, ccfv-SIG) artanh-monotone artanh-nonneg calculation(1)
less-divide-eq-1 nonzero-divide-eq-eq of-real-eq-iff tanh-artanh-nonneg zero-less-norm-iff)
ultimately show ?thesis
by (metis <cmod y < 1y <y # 0> nonzero-mult-div-cancel-right norm-zero
otimes’-k-tanh zero-less-norm-iff)
qed
ultimately
show ?lhs
by auto
qed
then show (3t>0.t < 1 A
x = oplus-m’ ozero-m’ (otimes’ ¢ (oplus-m’ (ominus-m’ ozero-m’)
y)) =
(Fk>0. k<1 ANz=cork=xy)
using «y # O»
unfolding ozero-m’-def oplus-m'-def ominus-m’-def otimes’-def
by simp
qed
qed

abbreviation distance-m-expr :: complex = complex = real where
distance-m-expr u v = 1 + 2 * (cmod (u — v))? / ((1 — (cmod u)?) * (1 —
(cmod v)?))
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definition distance-m :: complex = complex = real where
distance-m u v = arcosh (distance-m-expr u v)

lemma arcosh-artanh-lemma:
shows (cmod (1 — cnj u * v))2 — (cmod (u — v))? = (1 — (emod uw)?) * (1 —
(cmod v)?)
proof—
have cor ((emod (1 — cnj u * v))? — (emod (u — v))?) = cor ((1 — (cmod u)?)
* (1 — (cmod v)?))
unfolding of-real-diff of-real-mult complex-norm-square
by (simp add: field-simps)
then show ?thesis
using of-real-eq-iff by blast
qed

lemma distance-m-expr-ge-1:
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows distance-m-expr u v > 1
proof—
have (cmod (u—v))? > 0
using zero-le-power2 by blast
moreover
have (1 — (cmod u)?) (1 — (cmod v)?) > 0
using assms
using cmod-def by force
ultimately
show ?thesis
by simp
qed

lemma arcosh-artanh:
fixes u v :: complex
assumes cmod v <1 cmod v < 1
shows arcosh (distance-m-expr u v) =
2 x artanh (cmod ((u—v) / (1 — (enj u)*v)))
proof—
let ?u = 1 — (cmod u)? and ?v = 1 — (cmod v)? and ?uv = (cmod (u — v))?

have arcosh (distance-m-expr u v) =
In (distance-m-expr u v + sqrt ((distance-m-expr u v)? — 1))
using arcosh-real-def[OF distance-m-expr-ge-1[{OF assms]]

by simp
also have ... = In (((cmod (1 — cnj u * v))2 + 2 x cmod (1 — cnj u * v) *
cmod (u — v) + %uv) /
(Pu * 2v))
proof—

have distance-m-expr v v = (2u * v + 2 * 2uv) / (%u * %v)
proof—
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have 2u # 0 2v # 0
using assms
by (metis abs-norm-cancel order-less-irrefl real-sqrt-abs real-sqrt-one right-minus-eq)+

then show %thesis
by (simp add: add-divide-distrib)
qed
then have x: distance-m-expr u v = ((cmod (1 — cnj u x v))? + 2uv) / (Pu *
2v)
using assms
by (smt (verit, ccfo-SIG) arcosh-artanh-lemma)

have sqrt ((distance-m-expr u v)? — 1) =
sqrt (4 * (Puv | (Pu x 2v)) + 4 * (Puv / (Pu * 2v))?)
by (smt (verit, best) add-divide-distrib four-z-squared inner-real-def one-power2
power2-diff real-inner-1-right)
also have ... = sqgrt (4 = %uwv x (1 / (Pu * ?2v) + (ecmod (v — v) / (Pu *
20))?)) (is ?lhs = sqrt (4 * ?A x ?B))
by (simp add: field-simps)
also have ... = sqrt (4 * ?2uv x (?u * 20 + 2uv) / (Pu * 0)?)
proof—
have 7B = (%u x ?v + ?uv) / (Pu x ?v)?
by (simp add: power-divide power2-eg-square add-divide-distrib)
then show ?thesis
by simp
qged
also have ... = 2 x cmod (u — v) x sqrt (%u * 20 + Zuv) / (Pu * %v)
using assms
by (smt (verit, ccfo-SIG) four-z-squared mult-nonneg-nonneg norm-not-less-zero
one-power2 power-mono real-root-divide real-root-mult real-sqrt-unique sqrt-def)
also have ... = 2 x ¢cmod (u — v) / (2u * 2v) x sqrt (u * v + Puv)
by simp
finally have x*: sqrt ((distance-m-expr u v)? — 1) =
2 x cmod (u — v) * cmod (1 — cnj u * v) / (Pu * %v)
by (smt (verit, del-insts) arcosh-artanh-lemma norm-ge-zero real-sqrt-abs
times-divide-eq-left)

show ?thesis

using * xx
by (smt (verit, best) add-divide-distrib power2-sum)
qed
also have ... = In ((1 + e¢mod (u — v) / emod (1 — cnj u x v)) /
(1 — cmod (u — v) / emod (1 — cnj u * v))) (is 2lhs = In (Ynom
/ %den))
proof—
have x: 2nom = (e¢mod (v — v) + cmod (1 — cnj u * v)) / emod (1 — enj u
* V)

using assms
by (metis (no-types, opaque-lifting) add-diff-cancel-left’ add-divide-distrib com-
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plex-mod-cnj diff-diff-eq2 diff-zero divide-self-if mult-closed-for-unit-disc norm-eq-zero
norm-one order-less-irrefl)
then have xx: ?den = (¢cmod (1 — cnj u * v) — emod (u — v)) / emod (1 —
cnj u * v)
using assms
by (smt (verit, ccfo-SIG) add-divide-distrib)
have %nom / ?den =
(ecmod (u — v) + cmod (1 — enju *x v)) / (emod (1 — cnj u * v) — cmod
(u— )
using * *x
by force
also have ... = (cmod (1 — cnj u * v) + cmod (u — v))? / (?u * ?v) (is ?lhs
= %rhs)
proof—
let e = e¢mod (1 — enj u * v) + ecmod (u — v)
have ?lhs = ?lhs % %e/ %e
by fastforce
moreover
have (c¢cmod (1 — cnj u * v) — cmod (u — v)) * Ze = %u *x v
using arcosh-artanh-lemma
by (simp add: mult.commute power2-eq-square square-diff-square-factored)
ultimately
show ?thesis
by (simp add: power2-eq-square)
qed
finally
show ?thesis
by (simp add: power2-eq-square field-simps)
qed
finally show ?thesis
unfolding artanh-def
by (simp add: norm-divide)
qed

definition distance,, :: PoincareDisc = PoincareDisc = real where
distance,, u v = 2 % artanh (Mobius-pre-gyrovector-space.distance u v)

lemma distance,,-equiv:

shows distance,, u v = distance-m (to-complex u) (to-complez v)
proof—

have ((S,, u ®m v)) =

(emod ((to-complex u — to-complex v) / (1 — cnj (to-complex u) * (to-complex

v))))

by transfer (simp add: oplus-m'-def ominus-m’-def norm-divide norm-minus-commute)

then show ?thesis

unfolding distance,,-def distance-m-def Mobius-pre-gyrovector-space.distance-def
gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def

using arcosh-artanh norm-lt-one norm-p.rep-eq

by force
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qed

definition cong,, :: PoincareDisc = PoincareDisc = PoincareDisc = Poincare-
Disc = bool where
congm a b ¢ d «—— distance,, a b = distance,, c d

end

theory Tarskilsomorphism
imports Poincare-Disc. Tarsk:

begin

locale TarskiAbsolutelso = TarskiAbsolute +
fixes ¢ : ‘la = b
fixes cong’ :: 'b = b = b = 'b = bool
fixes betw’ :: 'b = 'b = 'b = bool
assumes bij: bij ¢
assumes pcong: \ zy z w. cong’ (¢ z) (p y) (¢ 2) (p w) «—— congzy zw
assumes pbetw: N\ z y 2. betw’ (p z) (¢ y) (¢ 2) «— betw x y 2

sublocale TarskiAbsoluteIso C TA: TarskiAbsolute cong’ betw’
proof
fix zy
show cong’ zy y x
by (smt (verit) @cong pbij bij-iff cong-reflexive)
next
fixzyzuvw
show cong’ zy zu A cong’ Ty vw — cong’ zuvw
by (smt (verit) @cong pbij bij-iff cong-transitive)
next
fixzyz
show cong'tyzz —x =1y
by (smt (verit) @cong pbij bij-iff cong-identity)
next
fixzyab
show 3 2. betw' zy 2z A cong’ yza b
by (smt (verit) pcong pbetw pbij bij-iff segment-construction)
next
fixzyzz' vy 2z vu
show = # y A betw’ z y z A betw’ 2" y' 2" AN cong’ zyx’' y' N cong’ yzy z' A
cong’ zux' u' A cong’ yuy u —
cong' zu z" u’
by (smt (verit) pcong pbetw pbij bij-iff five-segment)
next
fix zy
show betw' zyz — z =1y
by (metis pbetw @bij betw-identity bij-pointE)
next
fixzuzyvwv
show betw’ z u z A betw’ y vz — (Fa. betw’ u a y A betw' z a v)
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by (smt (verit) pbetw @bij Pasch bij-pointE)
next
show 3 a bc. - betw abec A= betw bcaA— betw cab
by (smt (verit) pbetw @bij lower-dimension bij-pointE)
next
fixzuvyz
show cong’ zuzv A cong' yuyvAcong zuzvAu#v— betw zyzV
betw' y 2z x V betw’ z z y
by (smt (verit) pcong pbetw pbij upper-dimension bij-pointE)
qged

context TarskiAbsolutelso

begin

lemma pon-line:
shows TA.on-line (¢ p) (¢ a) (¢ b) «— on-linep a b
using TA.on-line-def pbetw on-line-def
by presburger

lemma pon-ray:
shows TA.on-ray (¢ p) (¢ a) (¢ b) «— on-ray p a b
using TA.on-ray-def pbetw on-ray-def
by presburger

lemma pin-angle:
shows TA.in-angle (¢ p) (¢ a) (¢ b) (¢ ¢) «— in-anglep a b ¢
proof
assume in-angle p a b ¢
then show TA.in-angle (¢ p) (p a) (¢ b) (¢ ¢)
by (smt (verit, best) TA.in-angle-def in-angle-def pbetw pbij pon-ray bij-is-inj
inj-eq)
next
assume TA.in-angle (¢ p) (v a) (¢ b) (¢ )
then obtain z where p b £ p a AN b# o cNpp#pbbetw (¢ a) (¢ x)
(pe)hNpaz#palhpz#pcTAonray (¢ p) (¢ b) (v 1)
by (smt (verit, ccfo-threshold) TA.in-angle-def ©bij bij-pointE)
then show in-angle p a b ¢
unfolding in-angle-def
using pbetw pon-ray by auto
qed

lemma pray-meets-line:
shows TA.ray-meets-line (¢ ra) (¢ rb) (¢ la) (p Ib) «—
ray-meets-line ra rb la b
unfolding TA.ray-meets-line-def ray-meets-line-def
by (metis ©bij won-line pon-ray bij-pointE)

end

locale TarskiHyperboliclso = TarskiHyperbolic +
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fixes ¢ :: 'a = 'b

fixes cong’ :: 'b = 'b = 'b = 'b = bool

fixes betw’ :: 'b = ‘b = 'b = bool

assumes pbij: bij ¢

assumes pcong: N\ zy z w. cong’ (¢ z) (¢ y) (p 2) (p W) «— congzy z w
assumes pbetw: A\ =y z. betw’ (p ) (¢ y) (¢ 2) «— betw z y 2

sublocale TarskiHyperboliclso C TAI: TarskiAbsolutelso
by (simp add: TarskiAbsolutelso.intro TarskiAbsolutelso-axioms-def TarskiAbso-
lute-azioms pbetw pbij wcong)

sublocale TarskiHyperbolicIso C TarskiHyperbolic cong’ betw’
proof
show Jabcdt betw adt Abetw' bdeNa#dANNVzy. betw a bz A betw’
acy— - betw zty)
by (smt (verit) pbetw @bij euclid-negation bij-pointFE)
next
fix a 1 z2
assume — TAI.TA.on-line a x1 x2
then have *: = on-line (inv ¢ a) (inv ¢ x1) (inv @ 2)
by (metis @bij TAI.pon-line bij-inv-eq-iff)
obtain af a2 where *:
= on-line (inv ¢ a) (inv ¢ al) (inv ¢ a2)
- ray-meets-line (inv ¢ a) (inv ¢ al) (inv @ z1) (inv @ ©2)
= ray-meets-line (inv ¢ a) (inv ¢ a2) (inv ¢ x1) (inv @ z2)
(Va'. in-angle o’ (inv ¢ al) (inv ¢ a) (inv @ a2) — ray-meets-line (inv ¢ a)
a’ (inv p z1) (inv ¢ 22))
using limiting-parallels[OF ]
by (smt (verit, ccfu-threshold) pbij bij-inv-eq-iff)
then have - TAI.TA.on-line a al a2 N - TAI.TA.ray-meets-line a al x1 2 A
- TAI.TA.ray-meets-line a a2 x1 2
by (metis @bij TAI.pon-line TAI.pray-meets-line bij-is-surj surj-f-inv-f)
moreover
have Va'. TAI.TA.in-angle a’ al a a2 — TAI.TA.ray-meets-line a a’ x1 2
proof safe
fix o’
assume TAI.TA.in-angle a’ al a a2
then have ray-meets-line (inv ¢ a) (inv ¢ a’) (inv ¢ x1) (inv ¢ x2)
using *(4) TAI.pray-meets-line TAI.@in-angle pbij bij-pointE
by (smt (verit, ccfo-SIG) bij-is-surj surj-f-inv-f)
then show TAI.TA.ray-meets-line a a’ z1 2
by (metis @bij TAI.pray-meets-line bij-is-surj surj-f-inv-f)
qed
ultimately show Jal a2.
- TAI.TA.on-line a al a2 A
- TAI.TA.ray-meets-line a al x1 2 A
- TAI.TA.ray-meets-line a a2 x1 x2 A
(Va'. TAI.TA.in-angle o’ al a a2 — TAI.TA.ray-meets-line a o’ x1 12)
by blast
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qed

locale ElementaryTarskiHyperboliclso = ElementaryTarskiHyperbolic +
fixes ¢ :: ‘a = 'b
fixes cong’ :: 'b = 'b = 'b = 'b = bool
fixes betw’ :: 'b = 'b = 'b = bool
assumes bij: bij ¢
assumes pcong: \ zy z w. cong’ (¢ z) (p y) (p 2) (p w) «— congzy z w
assumes pbetw: A\ z y z. betw’ (p x) (¢ y) (¢ 2) — betw x y 2

sublocale ElementaryTarskiHyperbolicIso C THI: TarskiHyperboliclso
by (simp add: TarskiHyperbolicIso.intro TarskiHyperboliclso-axioms-def Tarski-
Hyperbolic-azioms pbetw pbij pcong)

sublocale ElementaryTarskiHyperbolicIso C Elementary TarskiHyperbolic cong’ betw’
proof
fix o U
assume Ja. Vzy. Pz AV y — betw' azy
then have Ja.Vzy. (Pop)z A (Poyp)y — betwazy
by (metis (no-types, opaque-lifting) pbetw pbij bij-pointE comp-eq-dest-lhs)
then have 3b. Vzy. (Poy)z A (Poyp)y — betwazby
using continuity
by simp
then show 3b.Vzy. @ 2 AV y — betw' z by
by (metis (no-types, opaque-lifting) pbetw pbij bij-pointE comp-eq-dest-lhs)
qged

end

theory MobiusGyroTarski

imports MobiusGeometry Tarskilsomorphism Poincare-Disc. Poincare-Tarski
begin

This theory depends on the following AFP entries:

https://www.isa-afp.org/entries/Poincare_ Disc.html https://www.isa-afp.org/en-
tries/Complex_ Geometry.html

They must be downloaded in order to check this theory.

The following lemmas can be moved to the cited AFP entries.

lemma eqArgLessCmod:
assumes u # 0 v # 0
shows Arg u = Arg v A cmod u < emod v «—— (Fk. k> 0 ANk < 1 N u= cor
k% v)
proof
assume Arg u = Arg v A cmod v < cmod v
then show 3k. k> 0ANE< I ANu=corkx*wv
using c¢cmod-cis[OF «u # 03] cmod-cis|OF v # 05] assms
by (rule-tac z=cmod u / cmod v in exl)
(smt (verit, ccfo-threshold) divide-le-eq-1-pos divide-nonneg-nonneg mult.assoc
mult-cancel-right2 nonzero-eq-divide-eq norm-ge-zero of-real-divide of-real-eq-1-iff)
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next

assume (3k. k>0 ANk <1 ANu=corkx*v)

then show Arg u = Arg v A cmod v < cmod v

by (metis abs-of-nonneg arg-mult-real-positive assms(1) mult.commute mult-eq-0-iff
mult-left-le norm-ge-zero norm-mult norm-of-real zero-less-norm-iff)
qed

lift-definition p-blaschke :: p-point = p-isometry is A a. (moebius-pt (blaschke
(to-complex a)))

by (metis blaschke-unit-disc-fix inf-notin-unit-disc of-complex-to-complex unit-disc-fix-f-moebius-pt
unit-disc-iff-cmod-1t-1)

lemma p-between-p-isometry-pt [simp):

shows p-between (p-isometry-pt f a) (p-isometry-pt f b) (p-isometry-pt f ¢) «——
p-between a b c

by transfer (auto simp add: unit-disc-fiz-f-def)

lemma p-blaschke-id [simp]:

shows p-isometry-pt (p-blaschke x) x = p-zero

by transfer (metis blaschke-a-to-zero inversion-infty inversion-noteq-unit-disc
less-irrefl of-complex-to-complex unit-disc-iff-cmod-lt-1 zero-in-unit-disc)

lemma p-between-0uv:
shows p-between p-zero u v «——
(Fk>0. k < 1 A to-complex (Rep-p-point u) = cor k x to-complex (Rep-p-point
v))

proof transfer
fix uwv
assume uv: u € unit-disc v € unit-disc
then show poincare-between 0 u v =
(Fk>0. k < 1 A to-complex u = cor k * to-complex v)
proof (cases u = 0p V v = 0p)
case True
then show ?thesis
by (metis dual-order.refl inf-notin-unit-disc linordered-nonzero-semiring-class. zero-le-one
mult-cancel-left1 mult-zero-class.mult-zero-right of-complez-to-complex of-complex-zero
of-real-0 poincare-between-nonstrict(1) poincare-between-sandwich to-complex-zero-zero
wv(1) zero-in-unit-disc)
next
case Fulse
then have z: u #£ 0, v # 0y,
by auto
let ?u = to-complex v and ?v = to-complex v
have poincare-between 0y, v v «— Arg ?u = Arg v A cmod ?u < cmod v
using poincare-between-0uv[OF uv 2]
by (auto simp add: Let-def)
also have ... «—— (Fk>0. k < 1 A %u = cork * %v)
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by (metis False eqArgLessCmod to-complex-zero-zero unit-disc-to-complex-inj
wu(1) wo(2) zero-in-unit-disc)
finally show ?thesis

qed
qed

A bijection between AFP type representing the Poincare disc (based on
complex homogenous coordinates) and our type for poincare disc (based on
ordinary complex numbers)

lift-definition ¢ :: p-point = PoincareDisc is to-complex
by (metis inf-notin-unit-disc of-complex-to-complex unit-disc-iff-cmod-lt-1)

lemma distance-m-p-dist:

shows distance-m (PoincareDisc.to-complex (¢ x)) (PoincareDisc.to-complex (¢
y)) = p-dist z y

unfolding ¢.rep-eq
proof transfer

fix zy

assume z € unit-disc y € unit-disc

then show distance-m (Homogeneous-Coordinates.to-complez ) (Homogeneous-Coordinates.to-complex
y) =

poincare-distance x y
by (simp add: distance-m-def poincare-distance-formula)

qed

definition blaschke’ :: complex = compler = complex where
blaschke’ a z = (2 — a) / (1 — cnj a * 2)

lemma blaschke’-translation:
fixes a z :: complex
shows blaschke’ a z = oplus-m’ (ominus-m' a) 2z
unfolding blaschke’-def oplus-m’-def ominus-m’-def
by (simp add: minus-divide-left)

lift-definition blaschke-g :: PoincareDisc = PoincareDisc = PoincareDisc is
blaschke’

using blaschke'-translation ominus-m'-in-disc oplus-m’-in-disc by presburger

lemma blaschke-translation:
blaschke-g a z = (& a) Bm 2
by transfer (simp add: blaschke’'-translation)

Isomorphism between hyperbolic geometry of Poincare disc defined in
AFP entry, and hyperbolic geometry in Mobius gyrovector space. Since
these two are isomorphic, the geometry of Mobius gyrovector space satisfies
Tarski axioms.

interpretation MobiusGyroTarskilso: ElementaryTarskiHyperboliclso p-congruent
p-between ¢ cong,, Mobius-pre-gyrovector-space.between
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proof
show bij
unfolding bij-def inj-def surj-def
by transfer (metis inf-notin-unit-disc mem-Collect-eq of-complex-to-complex
to-complex-of-complex unit-disc-iff-cmod-lt-1)
next
fixxyzw
show cong,, (¢ z) (¢ y) (p 2) (p w) «— p-congruent z y z w
unfolding cong,,-def distance,,-equiv p-congruent-def
by (simp add: distance-m-p-dist)
next
fixzyz
show Mobius-pre-gyrovector-space.between (¢ z) (¢ y) (p z) «— p-between x y
z
proof—
let 2f =Xa.©(pz)®a
let 2f' = X a. p-isometry-pt (p-blaschke z) a

have *: V a. PoincareDisc.to-complex (?f (p a)) = to-complex (Rep-p-point
(2" a))
unfolding gyroplus-PoincareDisc-def gyroinv-PoincareDisc-def blaschke-translation[symmetric]
proof (transfer, safe)
fix z a
assume z € unit-disc a € unit-disc
then have x: to-complex (moebius-pt (blaschke (to-complex z)) a) =
((to-complex a — to-complex z) / (1 — cnj (to-complex x) % to-complex
a))
using moebius-pt-blaschke|of to-complex x to-complez a)
by (smt (verit) blaschke-a-to-zero complex-cnj-zero-iff diff-zero div-by-0
div-by-1 inf-notin-unit-disc inversion-noteq-unit-disc inversion-of-complex mult-eq-0-iff
of-complex-to-complex to-complex-of-complex to-complex-zero-zero unit-disc-iff-cmod-1t-1)

show blaschke’ (to-complex x) (to-complex a) = to-complex (moebius-pt
(blaschke (to-complez x)) a)
unfolding * blaschke’-def
by simp
qged

have Mobius-pre-gyrovector-space.between (¢ x) (¢ y) (¢ 2) «—
Mobius-pre-gyrovector-space.between 0, (7f (¢ y)) (7f (¢ 2))
by (metis Mobius-pre-gyrovector-space.between-translate Mobius-pre-gyrovector-space.translate-def
gyro-left-inv gyrozero-PoincareDisc-def)
also have ... «—— (3k>0. k < 1 A PoincareDisc.to-complex (?f (¢ y)) =
More-Complex.cor k = PoincareDisc.to-complex (2f (¢ 2)))
using mobius-between-0uv
by simp
also have ... «—— (Fk>0. k < 1 A to-complex (Rep-p-point (?f' y)) =
More-Complex.cor k = to-complex (Rep-p-point (2f' 2)))
using *
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by auto

also have ... «— p-between p-zero (?f' y) (7' 2)
using p-between-Ouv
by blast

also have ... «—— p-between (2f' z) (2f' y) (?f' 2)
by simp

finally show ?thesis
using p-between-p-isometry-pt by blast
qed
qged

interpretation MobiusGyroTarski: ElementaryTarskiHyperbolic cong,, Mobius-pre-gyrovector-space.between
by (simp add: MobiusGyroTarskilso. Elementary TarskiHyperbolic-azioms)

end
theory MobiusGyrotrigonometry
imports Main GammaFactor PoincareDisc MobiusGyroVectorSpace MoreCom-
plex
begin

lemma m-gamma-hl:

shows ©,, a ®,, b = of-complex ((to-complex b — to-complex a) / (1 — cnj
(to-complex a) x to-complex b))

by (metis Mobius-gyrocarrier’.of-carrier add-uminus-conv-diff complez-cnj-minus
mult-minus-left ominus-m'-def ominus-m.rep-eq oplus-m’-def oplus-m.rep-eq umi-
nus-add-conv-diff)

lemma m-gamma-h2:
shows ((©, a ©, b))? =
(((b))? + ({a))? — (to-complex a) * cnj (to-complex b) — cnj (to-complex
a) * (to-complex b)) /
(1 — (to-complex a) * cnj (to-complex b) — cnj(to-complex a) * (to-complex
b) + ({a))? * ((b))?)
proof—
let ?a = to-complexr a and ?b = to-complex b
have (?b — ?a) x cnj (b — 2a) = ((b))? + ({(a))? — ?a x cnj ?b — cnj %a * b
by (simp add: cnj-cmod mult.commaute norm-p.rep-eq right-diff-distrib”)
moreover
have (1 — cnj ?a * 2b) * cnj (I — cnj a * 2b) =
1 — ?a % cnj 2b — cnj 2a x 2b + ((a))? x ((b))?
by (smt (verit, ccfv-threshold) complex-cnj-cnj complex-cnj-diff complex-cnj-mult
complex-mod-cnj complex-norm-square diff-add-eq diff-diff-eq2 left-diff-distrib mult.right-neutral
mult-1 norm-mult norm-p.rep-eq power-mult-distrib right-diff-distrib)
moreover
have (2 — %a) * cnj (20 — ?2a) /
((1 — cnj 2a % 2b) % cnj (I — cnj a x 2b)) =
(Sm a ®&m b) * (Om a Dy b)

using m-gamma-hl
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by (metis (no-types, lifting) Mobius-gyrocarrier’.gyronorm-def add.commute
complex-cnj-divide complex-cnj-minus complex-norm-square mult-minus-left omi-
nus-m’-def ominus-m.rep-eq oplus-m’-def oplus-m.rep-eq power2-eq-square times-divide-times-eq
uminus-add-conv-diff )
ultimately show ?thesis
unfolding power2-eq-square
by metis
qed

lemma m-gamma-h3:
shows 1 — ((&m a & b>>) =
(1 = ((0))* = ({a))* + ((a))* = ({b))*) /
(1 — (to-complex a) * cnj (to-complex b) — cnj (to-complex a) * (to-complex
b) + é(a}))Q * ((b))?) (is ?lhs = ?rhs)
plet %0 = to-complex a and ?b = to-complex b
let ?nom = ((b))? + ((a))? — %a * cnj ?b — cnj %a * ?b
let ?den = 1 — ?a % cnj ?b — cnj %a = 2b + ((a))? = ((b))?

have ?den # 0
proof—
have I — cnj %a * 2b # 0
by (metis complez-mod-cnj less-irrefl mult-closed-for-unit-disc norm-lt-one
norm-one norm-p.rep-eq right-minus-eq)
moreover
have cnj (1 — enj %a x 2b) # 0
using <1 — cnj %a * ?b £ 0
by fastforce
moreover
have cnj (1 — cnj %a x 2b) = 1 — %a * cnj 2b
by simp
then have ?den = (1 — c¢nj %a * 2b) * cnj (1 — cnj %a * 2b)
unfolding power2-eq-square
using complex-norm-square norm-p.rep-eq
by (simp add: left-diff-distrib power2-eq-square right-diff-distrib)
ultimately
show ?thesis
by auto
qed

have ?lhs = 1 — %nom/ ?den
using m-gamma-h2
by simp
also have ... = (?den — %nom) / ?den
using «?den # 0>
by (simp add: field-simps)
also have ... = (1 — ((b))? — ((a))? + ((a))? = ((b))?) / ?den
by force
finally show ?thesis
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qed

lift-definition gammma-factor-m :: PoincareDisc = real (vy,) is gamma-factor

lemma m-gamma-h4:
shows (v, (Om a @ b)) =
(1 — (to-complex a) * cnj (to-complex b) — cnj (to-complex a) * (to-complex
b) + ({a))* = ({b))?) /
(1 = ((b))* = ({a))* + ({a))? = ({b))?)
proof—
have (15 (S @ G 0)? = 1/ (1 = ((Em a S 1))
proof—
have (&, a &, b) < 1
using norm-lt-one by auto
then show ?thesis
using gamma-factor-square-norm norm-p.rep-eq
by (metis gammma-factor-m.rep-eq)
qed
then show ?thesis
using m-gamma-h3 by auto
qed

lemma m-gamma-equation:
shows (’Ym (@m a Om b))2 = (’ym a)2 * (’Ym b)2 * (1 —2%a-b+ (<<a’>>)2 *
((e))?)

proof—
let ?a = to-complexr a and ?b = to-complex b
have 2 x a - b= %a x cnj 2b + ?b x ¢cnj 7a

using Mobius-gyrocarrier’.gyroinner-def two-inner-cnj by force
then have 1 — 2 x a -b + ({a))? * ((b))* = (I — ?a * cnj ?b — 2b x cnj %a +
((a))? = ((b))%)

by simp

moreover have (v, a)x(V, a) = 1 / (1 — ({a))?)
by (metis gamma-factor-p-square-norm gammma-factor-m.rep-eq gammma-factor-p.rep-eq
power2-eq-square)

moreover have (v, b)*(v, b) = 1 / (1 — ({(b))?)
by (metis gamma-factor-p-square-norm gammma-factor-m-def gammma-factor-p-def
power2-eq-square)

moreover have (1 / (1 — ({a))?)) * (1 / (1 — ((b))*)) = 1 / (1 — ((a))* —
(o)) + ({a))? = ({b))?)
unfolding power2-eq-square
by (simp add: field-simps)

ultimately show %thesis
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using m-gamma-h4

unfolding power2-eq-square

by (smt (verit, del-insts) mult.commute mult-1 of-real-1 of-real-divide of-real-eq-iff
of-real-mult times-divide-eq-left)
qed

lemma T'8-25-help1:
assumes At #BtAt#CtCt+# Bt
a = ({Mobius-pre-gyrovector-space.get-a t))? b = ({ Mobius-pre-gyrovector-space.get-b
t))? ¢ = ((Mobius-pre-gyrovector-space.get-c t))>
shows to-complex ((of-complezx a) @, (of-complex b) @ (O (of-complez c)))

(a + b — c— axbxc) / (1 + axb — axc — bxc) (is ?lhs = ?rhs)
proof—
have x: norm a < 1 norm b < 1 norm ¢ < 1
using assms
by (simp add: norm-geq-zero norm-it-one power-less-one-iff )+

have xx: 1 + axb # 0
using abs-inner-lt-1 * by fastforce

have (of-complex a) @, (of-complex b) = of-complex ((cor a + cor b) / (1 +
cnj a x b))
using x
by (metis (mono-tags, lifting) Mobius-gyrocarrier’.of-carrier Mobius-gyrocarrier’.to-carrier
mem-Collect-eq norm-of-real oplus-m’-def oplus-m.rep-eq real-norm-def)

have ?lhs =
(((a+b) /(1 +cnjaxbd)—c)/ (1 —cnj((a+b)/(1+ cnjaxb))xc)
using Mobius-gyrocarrier'.to-carrier * ominus-m’-def ominus-m.rep-eq oplus-m’-def
oplus-m.rep-eq real-norm-def
by auto
alsohave ... = (((a+b) /(I +axb) —¢c)/ (1 —((a+ b))/ (L + axd)) x ¢)
by simp
also have ... = ((a + b — ¢ — axbxc) / (I + axb)) / ((1 + axb — axc — bxc)
/ (1+axb))
using *x
by (simp add: field-simps)
also have ... = ?rhs
using *x
by auto
finally show ?thesis

qed
lemma T'8-25-help2:
fixes t :: PoincareDisc otriangle

assumes (A t) # (Bt) (At)#(Ct)(Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
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t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
shows cos gamma = (a® + b2 — ¢ — (axbxc)?) / (2 x a % b* (1 — c?))
proof—
let ?a = Mobius-pre-gyrovector-space.get-a t and ¢b = Mobius-pre-gyrovector-space.get-b
t and ?c = Mobius-pre-gyrovector-space.get-c t
have ©,, a4 @, ?b = gyrm (6m (Ct)) (Bt) %c
unfolding Mobius-pre-gyrovector-space. get-a-def Mobius-pre-gyrovector-space. get-b-def
Mobius-pre-gyrovector-space. get-c-def
by (metis gyr-PoincareDisc-def gyro-translation-2a gyroinv-PoincareDisc-def
gyroplus-PoincareDisc-def)
then have (©,, %a ®,, ?b) = (%c)
by (simp add: mobius-gyroauto-norm)
then have x: v, (&, %a @, 2b) = v %c
by (simp add: gamma-factor-def gammma-factor-m.rep-eq norm-p.rep-eq)
then have abc: (v, (O 2a ®pm 70))% = (Y 2c)?
by presburger

have ©,, (Ct) ®,, At # 0,

using assms

by (simp add: Mobius-gyrogroup.gyro-equation-right)
then have b # 0

using assms

unfolding Mobius-pre-gyrovector-space. get-b-def

using gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def

by (simp add: Mobius-gyrocarrier’.gyronorm-def)

have ©,, (Ct) ®,, Bt # 0,

using assms

by (simp add: Mobius-gyrogroup.gyro-equation-right)
then have a # 0

using assms

unfolding Mobius-pre-gyrovector-space.get-a-def

using gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def

by (simp add: Mobius-gyrocarrier’.gyronorm-def)

have 1 — c2 # 0
using assms
by (metis abs-norm-cancel dual-order.refl eq-iff-diff-eq-0 linorder-not-less norm-lt-one
norm-p.rep-eq power2-eq-square real-sqrt-abs2 real-sqrt-one)

have inner: inner (to-complex ?a) (to-complex ?b) = a x b x cos gamma
proof—
have gamma = Mobius-pre-gyrovector-space.angle (C' t) (A t) (B t)
using assms Mobius-pre-gyrovector-space.get-gamma-def
by simp
then have x: gamma = arccos (inner (Mobius-pre-gyrovector-space.unit (& (C
t) ® A t)) (Mobius-pre-gyrovector-space.unit (& (Ct) @ B t)))
unfolding Mobius-pre-gyrovector-space.angle-def
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by simp
then have cos gamma = inner (Mobius-pre-gyrovector-space.unit (& (C t) ®
A t)) (Mobius-pre-gyrovector-space.unit (& (C't) & B t))
using Mobius-pre-gyrovector-space.norm-inner-unit cos-arccos-abs
by (metis real-norm-def)
then have xx: cos gamma = (inner (Mobius-pre-gyrovector-space.unit ?a)
(Mobius-pre-gyrovector-space.unit ?b))
using assms
unfolding Mobius-pre-gyrovector-space.get-a-def Mobius-pre-gyrovector-space. get-b-def
by (simp add: inner-commute)

have cos(gamma) * a * b = inner (to-complex ?a) (to-complex (b))
using *x <a # 0> <b # 0> assms
unfolding Mobius-pre-gyrovector-space.unit-def
by (metis (no-types, opaque-lifting) divide-inverse-commute inner-commaute in-
ner-scaleR-right mult.commute nonzero-mult-div-cancel-left times-divide-eq-right)
then show ?thesis
by (simp add: field-simps)
qed

have (Y, (Om ?a @ 70))? = (Ym 2a)? * (Y 70)% % (1 — 2 * (inner (to-complex
2a) (to-complex 2b)) + ((?a))? = ({#b))?)
using inner-p.rep-eq m-gamma-equation by presburger
also have ... = (v, 2a)? * (ym 20)% % (1 — 2 % a * b x cos(gamma) + ({?a))?
« ((#6))%)
using inner by simp
finally have (V,, (©m ?a ®m 20))2 / (Ym 2a)? % (ym 70)2) =1 — 2 % a * b *
cos(gamma) + (a* * b?)
using gammma-factor-m-def gammma-factor-p-def assms by auto

moreover

have (Y (Sm 2a ®m %) / (m 20)° * (ym #0)2) = (1 — a?) * (1 — b2)
/(1= )
proof—
have (v, %a)> =1 /(1 —a®) (ym ?0)®> =1 /(1 — V) (ym ?c)? =1/ (1
— )
using assms
by (metis gamma-factor-p-square-norm gammma-factor-m-def gammma-factor-p-def )+
then show ?thesis
using abc
by simp
qed

ultimately
have 1 — 2 * a * b x cos(gamma) + (a® * b%) = ((1 — a®) * (1 — b)) / (1 —
c?)
by simp
then show “thesis
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using <a # 0> <b # 0> <1 — ¢ # O»
unfolding power2-eq-square
by (simp add: field-simps)

qed

lemma T8-25-help3:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct) (Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = { Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows 2 * beta-a® * a * beta-b> * b * cos gamma = (a®> + b> — % —
(axbxc)?) / ((1 + a®) * (1 + b2) * (1—c?))
proof—
have ©,, (Ct) ®,, At # 0,
using assms
by (simp add: Mobius-gyrogroup.gyro-equation-right)
then have b # 0
using assms
unfolding Mobius-pre-gyrovector-space.get-b-def
using gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def
by (simp add: Mobius-gyrocarrier’.gyronorm-def)

have &,, (C't) @, Bt # 0

using assms

by (simp add: Mobius-gyrogroup.gyro-equation-right)
then have a # 0

using assms

unfolding Mobius-pre-gyrovector-space. get-a-def

using gyroinv-PoincareDisc-def gyroplus-PoincareDisc-def

by (simp add: Mobius-gyrocarrier’.gyronorm-def)

have 1 — ¢ # 0
using assms
by (metis abs-norm-cancel dual-order.refl eq-iff-diff-eq-0 linorder-not-less norm-lt-one
norm-p.rep-eq power2-eq-square real-sqrt-abs2 real-sqrt-one)

have cos gamma = (a® + b> — ¢ — (axbxc)?) / (2 % a x b x (1 — c?))
using T8-25-help2 assms
by auto

then have 2 * a * b * cos gamma = (a* + b*> — ¢ — (axbxc)?) / (1 — ¢?)
using <a # 0> <b # 0>
by simp

moreover have (beta-a?) * (beta-b?) = 1 / ((1 + a®) * (1 + b?))
using assms
by (simp-all add: power2-eq-square)

ultimately have 2 x beta-a® * a * beta-b*> * b * cos gamma = ((a® + b* — 2

—(abse)?) [ (1 — @) % 1] (1 +a®) * (1 + 1))
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by (simp add: field-simps)

then show ?thesis
using <a # 0> b # 0> <1 — 2 # O»
by simp

ged

lemma T'8-25-help4:
fixes ¢ :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct)(Ct)+#(Bt)
a = { Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows I — 2 * beta-a® * a * beta-b> * b * cos gamma =
(1 + (axb)? — (axc)? — (bxc)?) / (1 + a?) x (1 + b?) * (1—c?))
proof—
have 1 +a?> # 01 + b> # 0
by (metis power-one sum-power2-eq-zero-iff zero-neq-one)+

have 1 — 2 # 0
using assms
by (metis eq-iff-diff-eq-0 norm-geq-zero norm-lt-one order-less-irrefl power2-eg-square
real-sqrt-abs2 real-sqri-mult-self real-sqrt-one real-sqrt-pow?2)
have 1 — 2 * beta-a® x a * beta-b*> * b * cos gamma = 1 — (a® + b* — % —
(axbxc)?) / ((1 + a®) * (1 + b?) % (1—c?)) (is ?lhs = 1 — ?nom | ?den)
using T8-25-help3 assms
by simp
also have ... = (?den — %nom) / ?den
proof—
have ?den # 0
using <1 + a? # 0> <1 + b2 # 0> <1 — 2 # 0>
by simp
then show ?thesis
by (simp add: field-simps)
qged
finally show ?thesis
by (simp add: field-simps)
qed

lemma T25-help5:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At) #(Ct) (Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
t) ¢ = {(Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows (2 x beta-a® % a x beta-b? x b x cos gamma) | (1 — 2 * beta-a® * a *
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beta-b? * b * cos gamma) =
to-complex ((of-complex (a?)) @, (of-complex (b2)) B, (Om (of-complex

(c?)))) (is ?lhs = ?rhs)
proof—

let ?den = (1+a?)x(1+b%)*(1—c?)

have x:%den # 0

using assms

by (smt (verit, ccfo-threshold) divisors-zero norm-geq-zero norm-It-one not-sum-power2-lt-zero

pos2 power-less-one-iff)

let ?nom1 = a® + b2 — ¢? — (axb*c)? and ?nom2 = 1 + (axb)? — (a*c)? —
(bxc)?

have ?rhs = ?nom1 |/ ?nom?2
using T8-25-help1[OF assms(1—3), of a® b c?] assms
by (simp add: power-mult-distrib)

also have ... = (%noml1 / ?den) / (?nom2 / %den)
using x
by simp
also have ... = (2 * beta-a® * a x beta-b*> x b * cos gamma) / (1 — 2 * beta-a*

% a * beta-b? x b * cos gamma)
using T8-25-help3[OF assms| T8-25-help4|OF assms|
by presburger
finally show ?thesis
by (simp add: cos-of-real)
qged

lemma T25-MobiusCosineLaw:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct) (Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = { Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows ¢? = to-complex ((of-complex (a?)) @, (of-complex (b*)) Gum (O
(of-complex
(2 * beta-a® * a * beta-b* x b x cos(gamma) /|
(1 — 2 * beta-a® * a * beta-b> x b x cos gamma)))))
proof—
let ?a = of-complex (a?) and ?b = of-complex (b*) and ?c = of-complex (c?)
have norm (c?) < 1
using assms
by (simp add: norm-geq-zero norm-lt-one power-less-one-iff )+
then have ¢ = to-complez (?a @y 20 ©ry (Om (20 By 70 Oy (O 7))
using Mobius-gyrocommutative-gyrogroup.gyroautomorphic-inverse Mobius-gyrogroup.gyrominus-def
Mobius-gyrogroup.gyro-inv-idem Mobius-gyrogroup. oplus-ominus-cancel
by (metis (mono-tags, lifting) Mobius-gyrocarrier'.to-carrier mem-Collect-eq
norm-of-real real-norm-def)
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then show ?thesis
using T25-help5 assms
by auto
qed

abbreviation add-complez (infixl @®,,. 100) where
add-complex c1 ¢2 = to-complezx (of-complex c1 @, of-complexr c2)

lemma T-MobiusPythagorean:

fixes t :: PoincareDisc otriangle

assumes (A t) # (Bt) (At)#(Ct)(Ct)#(Bt)

a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
t) ¢ = {(Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t gamma = pi |/ 2

shows ¢ = a® ©,c b?

using assms T25-MobiusCosineLaw|[OF assms(1—7)]

by (metis (no-types, opaque-lifting) Mobius-gyrogroup.oplus-ominus-cancel cos-of-real-pi-half
diff-self div-0 m-gamma-h1 mult.commute mult-zero-left of-real-divide of-real-numeral)

end
theory Poincare

imports Complex-Main HOL— Analysis. Inner-Product GammaPFactor
begin

typedef PoincareDisc = {z::complex. ecmod z < 1}
by (rule exI [where x=0], auto)

setup-lifting type-definition-PoincareDisc

abbreviation to-complex :: PoincareDisc = compler where
to-complex = Rep-PoincareDisc

abbreviation of-complex :: complex = PoincareDisc where
of-complex = Abs-PoincareDisc

lemma poincare-disc-two-elems:
shows 3 21 z2::PoincareDisc. z1 # z2
proof—
have cmod 0 < 1
by simp
moreover
have cmod (1/2) < 1
by simp
moreover
have (0::complex) # 1/2
by simp
ultimately
show ?thesis
by transfer blast
qed
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lift-definition inner-p :: PoincareDisc = PoincareDisc = real (infixl - 100) is
mner .

lift-definition norm-p :: PoincareDisc = real ({-) [100] 101) is norm .

lemma norm-It-one:
shows (u) < 1
by transfer simp

lemma norm-geq-zero:
shows (u) > 0
by transfer simp

lemma square-norm-inner:
shows ((u))? = u - u

by transfer (simp add: dot-square-norm)
lift-definition gammma-factor-p :: PoincareDisc = real (vp) is gamma-factor .

lemma gamma-factor-p-nonzero [simpl:
shows v, u # 0
apply transfer
unfolding gamma-factor-def
using gamma-factor-nonzero
by auto

lemma gamma-factor-p-positive [simp):
shows v, u > 0
by transfer (simp add: gamma-factor-positive)

lemma norm-square-gamma-factor-p:
shows ({u)) 2 =1—1/ (vp u) "2
by transfer (simp add: norm-square-gamma-factor)

lemma norm-square-gamma-factor-p:

shows ((u)) ™2 = ((vp w)™2 = 1) / (7p v)"2

by transfer (simp add: norm-square-gamma-factor’)
lemma gamma-factor-p-square-norm:

shows (v, u)? = 1 / (1 — ({u))?)

by transfer (simp add: gamma-factor-square-norm)

end
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