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Abstract

This entry formalizes the connection between Grébner bases and
Macaulay matrices (sometimes also referred to as ‘generalized Sylvester
matrices’). In particular, it contains a method for computing Grébner
bases, which proceeds by first constructing some Macaulay matrix of
the initial set of polynomials, then row-reducing this matrix, and finally
converting the result back into a set of polynomials. The output is
shown to be a Grobner basis if the Macaulay matrix constructed in
the first step is sufficiently large. In order to obtain concrete upper
bounds on the size of the matrix (and hence turn the method into an
effectively executable algorithm), Dubé’s degree bounds on Grobner
bases are utilized; consequently, they are also part of the formalization.
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1 Introduction

The formalization consists of two main parts:

o The connection between Grébner bases and Macaulay matrices (or
‘generalized Sylvester matrices’), due to Wiesinger-Widi [4]. In partic-
ular, this includes a method for computing Grébner bases via Macaulay
matrices.

o Dubé’s upper bounds on the degrees of Grobner bases [1]. These
bounds are not only of theoretical interest, but are also necessary to
turn the above-mentioned method for computing Grébner bases into
an actual algorithm.

For more information about this formalization, see the accompanying pa-
pers [2] (Dubé’s bound) and [3] (Macaulay matrices).

1.1 Future Work

This formalization could be extended by formalizing improved degree bounds
for special input. For instance, Wiesinger-Widi in [4] obtains much smaller
bounds if the initial set of polynomials only consists of two binomials.

2 Degree Sections of Power-Products

theory Degree-Section
imports Polynomials. MPoly-PM
begin

definition deg-sect :: 'z set = nat = (‘z::countable = nat) set
where deg-sect X d = .[X] N {t. deg-pm t = d}

definition deg-le-sect :: 'z set = nat = ('z::countable = nat) set
where deg-le-sect X d = (| d0<d. deg-sect X d0)

lemma deg-sectl: t € .[X] = deg-pm t = d = t € deg-sect X d
(proof )

lemma deg-sectD:
assumes t € deg-sect X d
shows t € .[X] and deg-pm t = d
(proof)

lemma deg-le-sect-alt: deg-le-sect X d = .[X] N {t. deg-pm t < d}
{proof)

lemma deg-le-sectl: t € [X] = deg-pm t < d = t € deg-le-sect X d



{proof)

lemma deg-le-sectD:
assumes t € deg-le-sect X d
shows t € .[X] and deg-pm t < d

{proof)

lemma deg-sect-zero [simp]: deg-sect X 0 = {0}
(proof)

lemma deg-sect-empty: deg-sect {} d = (if d = 0 then {0} else {})
{proof)

lemma deg-sect-singleton [simp]: deg-sect {x} d = {Poly-Mapping.single = d}
(proof )

lemma deg-le-sect-zero [simp]: deg-le-sect X 0 = {0}
{proof )

lemma deg-le-sect-empty [simp]: deg-le-sect {} d = {0}
(proof )

lemma deg-le-sect-singleton: deg-le-sect {x} d = Poly-Mapping.single x ‘ {..d}
(proof )

lemma deg-sect-mono: X C Y = deg-sect X d C deg-sect Y d
(proof)

lemma deg-le-sect-mono-1: X C Y = deg-le-sect X d C deg-le-sect Y d
(proof )

lemma deg-le-sect-mono-2: di < d2 = deg-le-sect X d1 C deg-le-sect X d2
(proof)

lemma zero-in-deg-le-sect: 0 € deg-le-sect n d
(proof )

lemma deg-sect-disjoint: d1 # d2 = deg-sect X d1 N deg-sect Y d2 = {}
(proof )

lemma deg-le-sect-deg-sect-disjoint: d1 < d2 = deg-le-sect Y d1 N deg-sect X d2
={}

{proof)

lemma deg-sect-Suc:

deg-sect X (Suc d) = (JzeX. (+) (Poly-Mapping.single © 1) ¢ deg-sect X d) (is
?A = 7B)
(proof)



lemma deg-sect-insert:
deg-sect (insert z X) d = (|Jd0<d. (+) (Poly-Mapping.single = (d — d0)) °
deg-sect X d0)

(is ?A = ?B)
(proof)
lemma deg-le-sect-Suc: deg-le-sect X (Suc d) = deg-le-sect X d U deg-sect X (Suc
d)
(proof )

lemma deg-le-sect-Suc-2:

deg-le-sect X (Suc d) = insert 0 (|JzeX. (+) (Poly-Mapping.single © 1) °
deg-le-sect X d)

(is A = ?B)
(proof)

lemma finite-deg-sect:
assumes finite X
shows finite ((deg-sect X d)::('z::countable =¢ nat) set)

(proof)

corollary finite-deg-le-sect: finite X = finite ((deg-le-sect X d)::('x::countable =¢
nat) set)

{proof)

lemma keys-subset-deg-le-sectl:
assumes p € P[X] and poly-deg p < d
shows keys p C deg-le-sect X d

(proof)

lemma binomial-symmetric-plus: (n + k) choose n = (n + k) choose k
{proof)

lemma card-deg-sect:
assumes finite X and X # {}
shows card (deg-sect X d) = (d + (card X — 1)) choose (card X — 1)

(proof)

corollary card-deg-sect-Suc:
assumes finite X
shows card (deg-sect X (Suc d)) = (d + card X) choose (Suc d)

(proof)

corollary card-deg-le-sect:
assumes finite X
shows card (deg-le-sect X d) = (d + card X) choose card X

{(proof)

end



3 Utility Definitions and Lemmas about Degree
Bounds for Grobner Bases

theory Degree- Bound- Utils
imports Groebner-Bases. Groebner-PM
begin

context pm-powerprod
begin

definition is-GB-cofactor-bound :: (("z = nat) = 'b::field) set = nat = bool
where is-GB-cofactor-bound F b +—
(3 G. punit.is-Groebner-basis G A ideal G = ideal F N (UN g:G. indets g) C
(UN f:F. indets ) N
(VgeG.3F'q. finite FFNF' CFANg=(O_feF . qf xf) N (NVfEF'. poly-deg
(qf=f)<0))

definition is-hom-GB-bound :: (('x = nat) = 'b::field) set = nat = bool
where is-hom-GB-bound F b <— ((V f€F. homogeneous ) — (V g€punit.reduced-GB
F. poly-deg g < b))

lemma is-GB-cofactor-boundl:
assumes punit.is-Groebner-basis G and ideal G = ideal F and | (indets ¢ G)
C U (indets “ F)
and A\g. g€ G = IF' q. finite FFNF' CFANg=(_feF . qf xf) A
(VfeF". poly-deg (q f + f) < b)
shows is-GB-cofactor-bound F b
(proof)

lemma is-GB-cofactor-boundE:

fixes F :: (('z =0 nat) = 'b::field) set

assumes is-GB-cofactor-bound F b

obtains G where punit.is-Groebner-basis G and ideal G = ideal F and | (indets
“G) C (indets ° F)

and A\g. g€ G = IF' q. finite FFNF' CFANg=_feF . qf «f) A
(Vf. indets (q f) C U (indets * F) A poly-deg (¢ f x f) < b A

(f¢F —qf=0)
(proof)

lemma is-GB-cofactor-boundE-Polys:
fixes F :: (('z =0 nat) = 'b::field) set
assumes is-GB-cofactor-bound F b and F C P[X]
obtains G where punit.is-Groebner-basis G and ideal G = ideal F and G C
P[X]
and A\g. g€ G = IF' q. finite FFNF' CFANg=_feF . qf «f) A
: (Vf. qf € PIX] A poly-deg (qf xf) <bAN(f¢ F' — qf
=0

(proof)



lemma is-GB-cofactor-boundE-finite-Polys:

fixes F :: (('z =0 nat) = 'b::field) set

assumes is-GB-cofactor-bound F b and finite F and F C P[X]

obtains G where punit.is-Groebner-basis G and ideal G = ideal F and G C
PlX]

and N\g. g€ G = 3q. g= O feF. qf = f) N (Vf. ¢ f € P[X] A poly-deg

(qf = [f)<b)
(proof )

lemma is-GB-cofactor-boundI-subset-zero:
assumes F' C {0}
shows is-GB-cofactor-bound F b

{proof)

lemma is-hom-GB-boundl:
(Ag- (\f. f € F = homogeneous f) = g € punit.reduced-GB F = poly-deg
g < b) = is-hom-GB-bound F b

{proof)

lemma is-hom-GB-boundD:

is-hom-GB-bound F b = (\f. f € F = homogeneous f) = g € punit.reduced-GB
F = poly-deg g < b

(proof )

The following is the main theorem in this theory. It shows that a bound for

Grobner bases of homogenized input sets is always also a cofactor bound for
the original input sets.

lemma (in eztended-ord-pm-powerprod) hom-GB-bound-is-GB-cofactor-bound:
assumes finite X and F C P[X] and extended-ord.is-hom-GB-bound (homogenize
None * extend-indets ‘ F) b

shows is-GB-cofactor-bound F b

(proof)

end

end

4 Computing Grobner Bases by Triangularizing

Macaulay Matrices
theory Groebner-Macaulay
imports Groebner-Bases. Macaulay-Matriz Groebner-Bases. Groebner-PM Degree-Section

Degree-Bound- Utils
begin

Relationship between Grobner bases and Macaulay matrices, following [4].



4.1 Grobner Bases

lemma (in gd-term) Macaulay-list-is-GB:

assumes is-Groebner-basis G and pmdl (set ps) = pmdl G and G C phull (set
ps)

shows is-Groebner-basis (set (Macaulay-list ps))
(proof)

4.2 Bounds

context pm-powerprod
begin

context
fixes X :: 'z set
assumes fin-X: finite X
begin

definition deg-shifts :: nat = (('z = nat) = 'b) list = (('z =0 nat) =
'b::semiring-1) list
where deg-shifts d fs = concat (map (Af. (map (At. punit.monom-mult 1 t f)
(punit.pps-to-list (deg-le-sect X (d — poly-deg f)))))
)

lemma set-deg-shifts:

set (deg-shifts d fs) = (|Jfeset fs. (\t. punit.monom-mult 1t f)  (deg-le-sect X
(d — poly-deg f)))
(proof)

corollary set-deg-shifts-singleton:

set (deg-shifts d [f]) = (At. punit.monom-mult 1t f) ‘ (deg-le-sect X (d — poly-deg
)

(proof )

lemma deg-shifts-superset: set fs C set (deg-shifts d fs)
(proof)

lemma deg-shifts-mono:
assumes set fs C set gs
shows set (deg-shifts d fs) C set (deg-shifts d gs)
(proof)

lemma ideal-deg-shifts [simp]: ideal (set (deg-shifts d fs)) = ideal (set fs)
(proof)

lemma thm-2-3-6:

assumes set fs C P[X] and is-GB-cofactor-bound (set fs) b

shows punit.is-Groebner-basis (set (punit. Macaulay-list (deg-shifts b fs)))
(proof)



lemma thm-2-3-7:

assumes set fs C P[X] and is-GB-cofactor-bound (set fs) b

shows 1 € ideal (set fs) <— 1 € set (punit.Macaulay-list (deg-shifts b fs)) (is
?L «— ?R)
(proof)

end

lemma thm-2-3-6-indets:

assumes is-GB-cofactor-bound (set fs) b

shows punit.is-Groebner-basis (set (punit. Macaulay-list (deg-shifts (| (indets
(set fs))) b fs)))

(proof)

¢

lemma thm-2-3-7-indets:
assumes is-GB-cofactor-bound (set fs) b
shows 1 € ideal (set fs) «— 1 € set (punit. Macaulay-list (deg-shifts (| (indets

*(set f5))) b fs))
(proof )

end

end

5 Integer Binomial Coefficients

theory Binomial-Int
imports Complex-Main
begin

lemma upper-le-binomial:
assumes 0 < kand k < n
shows n < n choose k

(proof)
Restore original sort constraints:
(ML)

lemma gbinomial-0-left: 0 gchoose k = (if k = 0 then 1 else 0)
(proof )

lemma gbinomial-eq-0-int:
assumes n < k
shows (int n) gchoose k = 0

(proof)

corollary gbinomial-eq-0: 0 < a = a < int k => a gchoose k = 0
(proof)

10



lemma int-binomial: int (n choose k) = (int n) gchoose k
(proof)

lemma falling-fact-pochhammer: prod (Ai. a — int 7) {0.<k} = (— 1) "k x
pochhammer (— a) k

(proof)

lemma falling-fact-pochhammer’: prod (\i. a — int i) {0..<k} = pochhammer (a
— itk + 1)k
(proof )

lemma gbinomial-int-pochhammer: (a::int) gchoose k = (— 1) ~ k x pochhammer
(= a) k div fact k
{proof)

lemma gbinomial-int-pochhammer’: a gchoose k = pochhammer (a — int k + 1)
k div fact k

{proof)

lemma fact-dvd-pochhammer: fact k dvd pochhammer (a::int) k

(proof)

lemma gbinomial-int-negated-upper: (a gchoose k) = (—1) "k« ((intk — a — 1)
gchoose k)
{proof)

lemma gbinomial-int-mult-fact: fact k = (a gchoose k) = ([[¢ = 0..<k. a — int i)
(proof)

corollary gbinomial-int-mult-fact”: (a gchoose k) * fact k = (J[i = 0..<k. a — int
i)
(proof )

lemma gbinomial-int-binomial:

a gchoose k = (if 0 < a then int ((nat a) choose k) else (—1::int) "k * int ((k +
(nat (= a)) — 1) choose k))

(proof)

corollary gbinomial-nneg: 0 < a = a gchoose k = int ((nat a) choose k)
{proof)

corollary gbinomial-neg: a < 0 = a gchoose k = (—1::int) "k = int ((k + (nat
(= a)) — 1) choose k)
(proof)

lemma of-int-gbinomial: of-int (a gchoose k) = (of-int a :: 'a::field-char-0) gchoose

k
(proof)

11



lemma uminus-one-gbinomial [simp]: (— 1::int) gchoose k = (— 1) "k
{proof)

lemma gbinomial-int-Suc-Suc: (z + 1::int) gchoose (Suc k) = (x gchoose k) + (z
gchoose (Suc k))
(proof )

corollary plus-Suc-gbinomial:
(z + (1 + int k)) gchoose (Suc k) = ((x + int k) gchoose k) + ((x + int k)
gchoose (Suc k))
(is 7l = ?r)

(proof)

lemma gbinomial-int-n-n [simpl: (int n) gchoose n = 1

(proof)

lemma gbinomial-int-Suc-n [simp]: (1 + int n) gchoose n = 1 + int n
(proof)

lemma zbinomial-eq-0-iff [simp]: a gchoose k = 0 «— (0 < a A a < int k)

(proof)

5.1 Sums

lemma gchoose-rising-sum-nat: (> j<n. int j + int k gchoose k) = (int n + int k
+ 1) gchoose (Suc k)
(proof)

lemma gchoose-rising-sum:

assumes (0 < n — Necessary condition.

shows (> j=0..n. j + int k gchoose k) = (n + int k + 1) gchoose (Suc k)
(proof)

5.2 Inequalities

lemma binomial-mono:
assumes m < n
shows m choose k < n choose k

(proof)

lemma binomial-plus-le:
assumes 0 < k
shows (m choose k) + (n choose k) < (m + n) choose k

(proof)

lemma binomial-ineq-1: 2 x ((n + 7) choose k) < n choose k + ((n + 2 * i)
choose k)
(proof )

lemma gbinomial-int-nonneg:

12



assumes 0 < (z::int)
shows 0 < x gchoose k
(proof)

lemma gbinomial-int-mono:
assumes (0 < z and z < (y::int)
shows z gchoose k < y gchoose k

(proof)

lemma gbinomial-int-plus-le:
assumes ( < kand 0 < z and 0 < (y::int)
shows (z gchoose k) + (y gchoose k) < (x + y) gchoose k

(proof)

lemma binomial-int-ineq-1:
assumes (0 < z and 0 < (y::int)
shows 2 x (z + y gchoose k) < x gchoose k + ((z + 2 * y) gchoose k)

(proof)

corollary binomial-int-ineq-2:

assumes 0 < y and y < (z::int)

shows 2 x (z gchoose k) < x — y gchoose k + (x + y gchoose k)
(proof)

corollary binomial-int-ineq-3:

assumes 0 < y and y < 2 x (z::int)

shows 2 x (z gchoose k) < y gchoose k + (2 = x — y gchoose k)
(proof)

5.3 Backward Difference Operator
definition bw-diff :: ('a = 'a) = 'a = 'a:{ab-group-add,one}
where bw-diff fo = fz — f (z — 1)

lemma bw-diff-const [simp]: bw-diff (A-. ¢) = (A-. 0)
(proof)

lemma bw-diff-id [simp]: bw-diff (\z. z) = (A-. 1)
{proof)

lemma bw-diff-plus [simp]: bw-diff (\z. fx + gx) = (Az. dbw-diff f z + bw-diff ¢
z)
(proof )

lemma bw-diff-uminus [simp]: bw-diff (A\x. — fz) = (Az. — bw-diff [ z)
(proof )

lemma bw-diff-minus [simp]: bw-diff (Az. fz — g z) = (Az. bw-diff f x — bw-diff
g )

13



{proof)

lemma bw-diff-const-pow: (bw-diff =~ k) (A-. ¢) = (if k = 0 then A-. ¢ else (A-.
0))

(proof)

lemma bw-diff-id-pow:
(bw-diff ~" k) (A\x. z) = (if k = 0 then (Az. z) else if k = 1 then (A-. 1) else (A-.
0))

(proof)

lemma bw-diff-plus-pow [simp]:
(bw-diff =" k) (Mz. fz 4+ gx) = (Az. (bw-diff ~" k) fz + (bw-diff "~ k) g x)
(proof )

lemma bw-diff-uminus-pow [simp]: (bw-diff =~ k) (Az. — fz) = (Az. — (bw-diff
k) fx)
(proof)

lemma bw-diff-minus-pow [simp]:
(bw-diff 7" k) (Az. fz — gx) = Az, (bw-diff "~ k) fz — (bw-diff "~ k) g x)
(proof )

lemma bw-diff-sum-pow [simp):
Ebw-o‘?{f k) (Mx. OCiell fix)) = (. O el (bw-diff T k) (f4) z))
proo

lemma bw-diff-gbinomial:
assumes 0 < k
shows bw-diff (Az::int. (x + n) gchoose k) = (Az. (x + n — 1) gchoose (k —

1))
(proof)

lemma bw-diff-gbinomial-pow:
(bw-diff "~ 1) (Az::int. (xz + n) gchoose k) =
(if | < k then (A\z. (z + n — int 1) gchoose (k — 1)) else (A-. 0))
(proof)

end

6 Integer Polynomial Functions
theory Poly-Fun

imports Binomial-Int HOL— Computational-Algebra. Polynomial
begin

6.1 Definition and Basic Properties

definition poly-fun :: (int = int) = bool

14



where poly-fun f +— (I p:rat poly. ¥V a. rat-of-int (f a) = poly p (rat-of-int a))

lemma poly-funl: (\a. rat-of-int (f a) = poly p (rat-of-int a)) = poly-fun f
(proof )

lemma poly-funk:
assumes poly-fun f
obtains p where Aa. rat-of-int (f a) = poly p (rat-of-int a)
(proof )

lemma poly-fun-eql:
assumes poly-fun f and poly-fun g and infinite {a. f a = g a}
shows f = ¢

(proof)

corollary poly-fun-eql-ge:
assumes poly-fun f and poly-fun g and Aa. b < a = fa=ga
shows f = g
{proof )

corollary poly-fun-eql-gr:
assumes poly-fun f and poly-fun g and Aa. b < a = fa=ga
shows f = ¢
{proof )

6.2 Closure Properties

lemma poly-fun-const [simp]: poly-fun (A-. ¢)
(proof )

lemma poly-fun-id [simp]: poly-fun (A\z. z) poly-fun id
(proof)

lemma poly-fun-uminus:

assumes poly-fun f

shows poly-fun (Az. — fz) and poly-fun (— f)
(proof)

lemma poly-fun-uminus-iff [simp):
poly-fun (Az. — fx) <— poly-fun f poly-fun (— f) +— poly-fun f
(proof)

lemma poly-fun-plus [simp]:
assumes poly-fun f and poly-fun g
shows poly-fun (\x. fz + g )
(proof)

lemma poly-fun-minus [simp]:
assumes poly-fun f and poly-fun g

15



shows poly-fun (Az. fz — g x)
(proof )

lemma poly-fun-times [simp]:
assumes poly-fun f and poly-fun g
shows poly-fun (Az. fz x g x)
(proof)

lemma poly-fun-divide:
assumes poly-fun f and Aa. ¢ dvd f a
shows poly-fun (Az. fz div c)

(proof)

lemma poly-fun-pow [simp]:
assumes poly-fun f
shows poly-fun (A\z. fz k)
(proof)

lemma poly-fun-comp:

assumes poly-fun f and poly-fun g

shows poly-fun (Az. f (g z)) and poly-fun (f o g)
(proof)

lemma poly-fun-sum [simp]: (A\i. i € I = poly-fun (f i)) = poly-fun (Az.
>oiel. fix))
(proof)

lemma poly-fun-prod [simpl: (N\i. i € I = poly-fun (f i)) = poly-fun (Az.
(ITi€l. fix))
(proof)

lemma poly-fun-pochhammer [simp): poly-fun f = poly-fun (Az. pochhammer (f
z) k)
(proof )

lemma poly-fun-gbinomial [simp]: poly-fun f = poly-fun (Az. fx gchoose k)
(proof )

end

7 Monomial Modules

theory Monomial-Module
imports Groebner-Bases. Reduced-GB
begin

Properties of modules generated by sets of monomials, and (reduced) Grob-
ner bases thereof.

16



7.1 Sets of Monomials

definition is-monomial-set :: ('a = 'b::zero) set = bool
where is-monomial-set A <— (¥ pEA. is-monomial p)

lemma is-monomial-setl: (Ap. p € A = is-monomial p) = is-monomial-set A
(proof)

lemma is-monomial-setD: is-monomial-set A = p € A = is-monomial p
(proof )

lemma is-monomial-set-subset: is-monomial-set B— A C B = is-monomial-set

A
{proof)

lemma is-monomial-set-Un: is-monomial-set (A U B) +— (is-monomial-set A N
is-monomial-set B)
{proof )

7.2 Modules

context term-powerprod
begin

lemma monomial-pmdl:
assumes is-monomial-set B and p € pmdl B
shows monomial (lookup p v) v € pmdl B

{proof)

lemma monomial-pmdl-field:
assumes is-monomial-set B and p € pmdl B and v € keys (p::- = 'b:field)
shows monomial c v € pmdl B

(proof)

end

context ordered-term
begin

lemma keys-monomial-pmdl:
assumes is-monomial-set F and p € pmdl F and t € keys p
obtains f where f € F and f # 0 and [t f adds; ¢

{proof)

lemma image-lt-monomial-lt: It * monomial (1::'b::zero-neq-one) ‘It ‘F =1t ‘' F
{proof)

7.3 Reduction

lemma red-setE2:
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assumes red B p q
obtains b where b € B and b # 0 and red {b} p ¢

(proof)

lemma red-monomial-keys:
assumes is-monomial r and red {r} p q
shows card (keys p) = Suc (card (keys q))

(proof)

lemma red-monomial-monomial-setD:
assumes is-monomial p and is-monomial-set B and red B p ¢
shows ¢ = 0

(proof)

corollary is-red-monomial-monomial-setD:
assumes is-monomial p and is-monomial-set B and is-red B p
shows red B p 0

(proof)

corollary is-red-monomial-monomzial-set-in-pmdl:
is-monomial p —> is-monomial-set B —> is-red B p — p € pmdl B
(proof )

corollary red-rtrancl-monomial-monomial-set-cases:
assumes is-monomial p and is-monomial-set B and (red B)** p ¢
obtains g =p | ¢=0
(proof)

lemma is-red-monomial-lt:

assumes 0 ¢ B

shows is-red (monomial (1::'b::field) ‘It ¢ B) = is-red B
(proof)

end

7.4 Grobner Bases

context gd-term
begin

lemma monomial-set-is-GB:
assumes is-monomial-set G
shows is-Groebner-basis G

{proof)

context

fixes d

assumes dgrad: dickson-grading (d::'a = nat)
begin
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context
fixes F'm
assumes fin-comps: finite (component-of-term ‘ Keys F)
and F-sub: F C dgrad-p-set d m
and F-monom: is-monomial-set (F::(- = 'b::field) set)
begin

The proof of the following lemma could be simplified, analogous to homo-
geneous ideals.

lemma reduced-GB-subset-monic-dgrad-p-set: reduced-GB F C monic ‘ F

(proof)

corollary reduced-GB-is-monomial-set-dgrad-p-set: is-monomial-set (reduced-GB
F)
(proof)

end

lemma is-red-reduced- GB-monomial-dgrad-set:
assumes finite (component-of-term © S) and pp-of-term ‘S C dgrad-set d m
shows is-red (reduced-GB (monomial 1 “S)) = is-red (monomial (1::'b::field)
S)
(proof)

corollary is-red-reduced- GB-monomial-lt-GB-dgrad-p-set:
assumes finite (component-of-term ¢ Keys G) and G C dgrad-p-set d m and 0

¢ G
shows is-red (reduced-GB (monomial (1::'b::field) ‘It * G)) = is-red G

(proof)

lemma reduced-GB-monomial-lt-reduced- GB-dgrad-p-set:

assumes finite (component-of-term < Keys F) and F C dgrad-p-set d m

shows reduced-GB (monomial 1 ‘It ‘ reduced-GB F) = monomial (1::'b::field) ¢
It ‘ reduced-GB F

(proof)

end
end

end

8 Preliminaries
theory Dube-Prelims

imports Groebner-Bases. General
begin
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8.1 Sets

lemma card-geg-ex-subset:
assumes card A > n
obtains B where card B=nand BC A

{proof)

lemma card-2-FE-1:
assumes card A = 2 and r € A
obtains y where z # y and 4 = {z, y}

(proof)

lemma card-2-F:
assumes card A = 2
obtains z y where z # y and 4 = {z, y}

(proof)

8.2 Sums

lemma sum-tail-nat: 0 < b = a < (b::nat) = sum f {a..b} = fb + sum f {a..b
{proof)

lemma sum-atLeast-Suc-shift: 0 < b = a < b = sum f {Suc a..b} = (3_i=a..b
— 1. f (Suc 7))
{proof)

lemma sum-split-nat-ivl:
a < Sucj= j< b= sumf {a.j} + sum f {Suc j..b} = sum f {a..b}
(proof )

8.3 count-list

lemma count-list-gr-1-E:
assumes I < count-list zs x
obtains ¢ j where i < jand j < lengthzsand zs ! i =z and zs | j = z

{(proof)

8.4 listset

lemma listset-Cons: listset (x # zs) = (Jyex. (#) y * listset xs)
(proof )

lemma listset-Consl: y € 1 = ys' € listset 1s = ys = y # ys' = ys € listset
(z # xs)
(proof )

lemma listset-ConsE:

assumes ys € listset (x# xs)
obtains y ys’ where y € x and ys’ € listset xs and ys = y # ys’
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{proof)

lemma listsetl:

length ys = length xs = (\i. i < length xs => ys ! i € zs | i) = ys € listset
xs

(proof )

lemma listsetD:
assumes ys € listset xs
shows length ys = length zs and Ai. i < length xs = ys! i € zs ! i

(proof)

lemma listset-singletonl: a € A = ys = [a] = ys € listset [A]
{proof)

lemma listset-singletonE:
assumes ys € listset [A]
obtains ¢ where a € 4 and ys = [d]

{proof)

lemma listset-doubletonl: o € A = b € B = ys = [a, b] = ys € listset [A,
B
{proof)

lemma listset-doubletonE:
assumes ys € listset [A, B]
obtains ¢ b where ¢ € 4 and b € B and ys = [a, b]

{proof)

lemma listset-appendl:
ysl € listset xsl = ys2 € listset 182 —> ys = ysl Q ys2 = ys € listset (wsl
Q@ zs2)

{proof)

lemma listset-appendE:

assumes ys € listset (xs1 Q zs2)

obtains ys! ys2 where ysI € listset xs1 and ys2 € listset xs2 and ys = ysl Q
ys2

(proof)

lemma listset-map-imagel: ys' € listset xs => ys = map [ ys' = ys € listset

(map ((*) f) ws)
(proof )

lemma listset-map-imagekE:
assumes ys € listset (map ((°) f) xs)
obtains ys’ where ys’ € listset s and ys = map f ys’

(proof)
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lemma listset-permKE:
assumes ys € listset zs and bij-betw f {..<length zs} {..<length zs'}
and Ai. i < lengthzs = zs' i = as ! f i
obtains ys’ where ys’ € listset zs’ and length ys’ = length ys
and Ai. i < length ys = ys' ! i =ys! fi
(proof)

lemma listset-closed-map:
assumes ys € listset zs and Az y. © € setxs —= y €z — fy € x
shows map f ys € listset xs

(proof)

lemma listset-closed-map2:
assumes ys! € listset zs and ys2 € listset xs
and Nz yl y2. x € setas —= yl ez —= y2 €z = fyl y2 €z
shows map2 f ysl ys2 € listset xs
(proof)

lemma listset-empty-iff: listset zs = {} <— {} € set xs
{proof)

lemma listset-mono:
assumes length zs = length ys and Ai. i < length ys = zs ! i C ys ! ¢
shows listset xs C listset ys

{proof)

end

9 Direct Decompositions and Hilbert Functions

theory Hilbert-Function

imports
HOL— Combinatorics. Permutations
Dube-Prelims
Degree-Section

begin

9.1 Direct Decompositions

The main reason for defining direct-decomp in terms of lists rather than sets
is that lemma direct-decomp-direct-decomp can be proved easier. At some
point one could invest the time to re-define direct-decomp in terms of sets
(possibly adding a couple of further assumptions to direct-decomp-direct-decomp).

definition direct-decomp :: 'a set = 'a::comm-monoid-add set list = bool
where direct-decomp A ss <— bij-betw sum-list (listset ss) A

lemma direct-decompl:
inj-on sum-list (listset ss) = sum-list ‘ listset ss = A = direct-decomp A ss
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{proof)

lemma direct-decompl-alt:
(Ags. gs € listset ss = sum-list qgs € A) = (\a. a € A = Flgs€listset ss. a
= sum-list ¢s) =
direct-decomp A ss
{proof )

lemma direct-decompD:
assumes direct-decomp A ss
shows ¢s € listset ss = sum-list gs € A and inj-on sum-list (listset ss)
and sum-list ¢ listset ss = A

{proof)

lemma direct-decompkE:
assumes direct-decomp A ss and a € A
obtains ¢s where ¢s € listset ss and a = sum-list gs

{proof)

lemma direct-decomp-unique:
direct-decomp A ss = qs € listset ss = qs’ € listset ss = sum-list qs =
sum-list qs' =
gs = gqs'
(proof)

lemma direct-decomp-singleton: direct-decomp A [A]

(proof)

lemma mset-bij:

assumes bij-betw f {..<length xs} {..<length ys} and Ai. i < length xs = xs
li=uys! fi

shows mset ©s = mset ys
(proof)

lemma direct-decomp-perm:
assumes direct-decomp A ss1 and mset ss1 = mset ss2
shows direct-decomp A ss2

(proof)

lemma direct-decomp-split-map:

direct-decomp A (map f ss) = direct-decomp A (map f (filter P ss) Q@ map f
(filter (— P) ss))
{proof)

lemmas direct-decomp-split = direct-decomp-split-map[where f=id, simplified]

lemma direct-decomp-direct-decomp:
assumes direct-decomp A (s # ss) and direct-decomp s s
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shows direct-decomp A (ss @Q rs) (is direct-decomp A ?ss)
(proof)

lemma sum-list-map-times: sum-list (map ((x) ) zs) = (x::'a::semiring-0) * sum-list
s
{proof)

lemma direct-decomp-image-times:

assumes direct-decomp (A::'a::semiring-0 set) ss and Aa b. © x a =z x b =
r# 0= a=5b

shows direct-decomp ((x) < A) (map (() ((x) z)) ss) (is direct-decomp ?A4 ?ss)
(proof )

lemma direct-decomp-appendD:

assumes direct-decomp A (ss1 Q ss2)

shows {} ¢ set ss2 = direct-decomp (sum-list ¢ listset ss1) ss1 (is - =
Zthesisl)

and {} ¢ set ss1 = direct-decomp (sum-list ‘ listset ss2) ss2 (is - = ?thesis2)

and direct-decomp A [sum-list  listset ss1, sum-list * listset ss2] (is direct-decomp
- 755)

(proof)

lemma direct-decomp-Cons-zerol:
assumes direct-decomp A ss
shows direct-decomp A ({0} # ss)
(proof)

lemma direct-decomp-Cons-zeroD:
assumes direct-decomp A ({0} # ss)
shows direct-decomp A ss

{(proof)

lemma direct-decomp-Cons-subsetl:
assumes direct-decomp A (s # ss) and As0. s0 € set ss = 0 € s0
shows s C A

(proof)

lemma direct-decomp-Int-zero:

assumes direct-decomp A ss and i < j and j < length ss and As. s € set ss
= 0 €s

shows ss ! inNss!j={0}

(proof)

corollary direct-decomp-pairwise-zero:
assumes direct-decomp A ss and As. s € set ss = 0 € s
shows pairwise (Asl s2. s1 N s2 = {0}) (set ss)

{(proof)

corollary direct-decomp-repeated-eq-zero:
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assumes direct-decomp A ss and 1 < count-list ss X and \s. s € set ss = 0
€s
shows X = {0}

(proof)

corollary direct-decomp-map-Int-zero:
assumes direct-decomp A (map f ss) and sI € set ss and s2 € set ss and s1 #
s2
and As. s € set ss= 0 € fs
shows fs1 N fs2 = {0}
(proof)

9.2 Direct Decompositions and Vector Spaces

definition (in vector-space) is-basis :: 'b set = 'b set = bool
where is-basis V B «— (B C V A independent B AN 'V C span B A card B =
dim V)

definition (in vector-space) some-basis :: 'b set = 'b set
where some-basis V = Eps (local.is-basis V')

hide-const (open) real-vector.is-basis real-vector.some-basis

context wvector-space
begin

lemma dim-empty [simp]: dim {} = 0
{proof)

lemma dim-zero [simp]: dim {0} = 0
{proof)

lemma independent-Unl:
assumes independent A and independent B and span A N span B = {0}
shows independent (A U B)

(proof)

lemma subspace-direct-decomp:
assumes direct-decomp A ss and As. s € set ss => subspace s
shows subspace A

(proof)

lemma is-basis-alt: subspace V. —> is-basis V B <— (independent B A span B =
V)
(proof )

lemma is-basis-finite: is-basis VA = is-basis V B = finite A «— finite B
(proof)
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lemma some-basis-is-basis: is-basis V (some-basis V)
(proof)

corollary
shows some-basis-subset: some-basis V C V
and independent-some-basis: independent (some-basis V)
and span-some-basis-supset: V C span (some-basis V)
and card-some-basis: card (some-basis V) = dim V
(proof)

lemma some-basis-not-zero: 0 ¢ some-basis V
{proof )

lemma span-some-basis: subspace V.=> span (some-basis V) =V

(proof)

lemma direct-decomp-some-basis-pairwise-disjnt:
assumes direct-decomp A ss and As. s € set ss = subspace s
shows pairwise (As1 s2. disjnt (some-basis s1) (some-basis s2)) (set ss)

(proof)

lemma direct-decomp-span-some-basis:
assumes direct-decomp A ss and As. s € set ss = subspace s
shows span (| (some-basis ¢ set ss)) = A

(proof)

lemma direct-decomp-independent-some-basis:
assumes direct-decomp A ss and As. s € set ss = subspace s
shows independent (| (some-basis ¢ set ss))

{proof)

corollary direct-decomp-is-basis:
assumes direct-decomp A ss and As. s € set ss = subspace s
shows is-basis A (| (some-basis ‘ set ss))

(proof)

lemma dim-direct-decomp:

assumes direct-decomp A ss and finite B and A C span B and As. s € set ss
= subspace s

shows dim A = (3 s€set ss. dim s)

(proof)
end

9.3 Homogeneous Sets of Polynomials with Fixed Degree

lemma homogeneous-set-direct-decomp:
assumes direct-decomp A ss and As. s € set ss => homogeneous-set s
shows homogeneous-set A
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(proof)

definition hom-deg-set :: nat = (("z =0 nat) =0 ‘a) set = (('z =0 nat) =
‘az:zero) set
where hom-deg-set z A = (Aa. hom-component a z) * A

lemma hom-deg-setD:
assumes p € hom-deg-set z A
shows homogeneous p and p # 0 = poly-deg p = z

{(proof)

lemma zero-in-hom-deg-set:
assumes 0 € A
shows 0 € hom-deg-set z A

(proof)

lemma hom-deg-set-closed-uminus:
assumes Aa. a € A = — a € A and p € hom-deg-set z A
shows — p € hom-deg-set z A

(proof)

lemma hom-deg-set-closed-plus:
assumes Aal a2. al € A= a2 € A= al + a2 € A
and p € hom-deg-set z A and g € hom-deg-set z A
shows p + ¢ € hom-deg-set z A

(proof)

lemma hom-deg-set-closed-minus:
assumes Aal a2. al € A= a2 €¢ A= al —a2 € A
and p € hom-deg-set z A and g € hom-deg-set z A
shows p — ¢ € hom-deg-set z A

(proof)

lemma hom-deg-set-closed-scalar:
assumes A\a. a € A = c¢-a € A and p € hom-deg-set z A
shows (c::'a::semiring-0) - p € hom-deg-set z A

(proof)

lemma hom-deg-set-closed-sum:
assumes 0 € Aand Aal a2. al € A= a2 € A= al + a2 € A
and \i. i € [ = f1i € hom-deg-set z A
shows sum f I € hom-deg-set z A
(proof)

lemma hom-deg-set-subset: homogeneous-set A =—> hom-deg-set z A C A
(proof )

lemma Polys-closed-hom-deg-set:
assumes A C P[X]
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shows hom-deg-set z A C P[X]
(proof)

lemma hom-deg-set-alt-homogeneous-set:

assumes homogeneous-set A

shows hom-deg-set z A = {p € A. homogeneous p A (p = 0 V poly-deg p = z)}
(is A = ?B)
(proof)

lemma hom-deg-set-sum-list-listset:

assumes A = sum-list ‘ listset ss

shows hom-deg-set z A = sum-list * listset (map (hom-deg-set z) ss) (is ?A =
¢B)
(proof)

lemma direct-decomp-hom-deg-set:
assumes direct-decomp A ss and \s. s € set ss => homogeneous-set s
shows direct-decomp (hom-deg-set z A) (map (hom-deg-set z) ss)

(proof)

9.4 Interpreting Polynomial Rings as Vector Spaces over the
Coefficient Field

There is no need to set up any further interpretation, since interpretation
phull is exactly what we need.

lemma subspace-ideal: phull.subspace (ideal (F::('b::comm-powerprod = 'a::field)

set))
{proof)

lemma subspace-Polys: phull.subspace (P[X]::(("z =¢ nat) =¢ 'a:field) set)
(proof)

lemma subspace-hom-deg-set:
assumes phull.subspace A
shows phull.subspace (hom-deg-set z A) (is phull.subspace ?A)

(proof)

lemma hom-deg-set-Polys-eq-span:

hom-deg-set z P[X] = phull.span (monomial (1::'a::field) ¢ deg-sect X z) (is ?A
= ?B)
(proof )

9.5 (Projective) Hilbert Function

interpretation phull: vector-space map-scale
(proof)

definition Hilbert-fun :: (('z =¢ nat) = ‘a:field) set = nat = nat
where Hilbert-fun A z = phull.dim (hom-deg-set z A)
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lemma Hilbert-fun-empty [simp|: Hilbert-fun {} = 0
(proof )

lemma Hilbert-fun-zero [simpl: Hilbert-fun {0} = 0
{proof)

lemma Hilbert-fun-direct-decomp:
assumes finite X and A C P[X] and direct-decomp (A::(('z::countable = nat)
= 'a::field) set) ps
and As. s € set ps = homogeneous-set s and \s. s € set ps = phull.subspace
s
shows Hilbert-fun A z = (D pEset ps. Hilbert-fun p z)

(proof)

context pm-powerprod
begin

lemma image-lt-hom-deg-set:

assumes homogeneous-set A

shows Ilpp ¢ (hom-deg-set z A — {0}) = {t € lpp ‘(A — {0}). deg-pm t = 2z} (is
?B = ?4)
(proof)
lemma Hilbert-fun-alt:

assumes finite X and A C P[X] and phull.subspace A

shows Hilbert-fun A z = card (Ipp ‘ (hom-deg-set z A — {0})) (is - = card ?A)
(proof)

end

end

10 Cone Decompositions

theory Cone-Decomposition
imports Groebner-Bases. Groebner-PM Monomial-Module Hilbert-Function
begin

10.1 More Properties of Reduced Grobner Bases

context pm-powerprod
begin

lemmas reduced-GB-subset-monic-Polys =

punit.reduced- GB-subset-monic-dgrad-p-set[simplified, OF dickson-grading-varnum,
where m=0, simplified dgrad-p-set-varnum)]
lemmas reduced-GB-is-monomial-set-Polys =

punit.reduced- GB-is-monomial-set-dgrad-p-set|simplified, OF dickson-grading-varnum,
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where m=0, simplified dgrad-p-set-varnum)]

lemmas is-red-reduced-GB-monomial-lt-GB-Polys =

punit.is-red-reduced- GB-monomial-lt- GB-dgrad-p-set[simplified, OF dickson-grading-varnum,
where m=0, simplified dgrad-p-set-varnum)]

lemmas reduced-GB-monomial-lt-reduced-GB-Polys =

punit.reduced- GB-monomial-lt-reduced- G B-dgrad-p-set[simplified, OF dickson-grading-varnum,
where m=0, simplified dgrad-p-set-varnum)|

end

10.2 Quotient Ideals

definition quot-set :: 'a set = 'a = 'a::semigroup-mult set (infixl + 55)
where quot-set A x = (%) z —“ A

lemma quot-set-iff: a € A ~z+— xxa € A
(proof )

lemma quot-setl: tx a € A= a€ A+ =z

{proof)

lemma quot-setD: a € A +z = xxa € A
(proof )

lemma quot-set-quot-set [simpl: A +x +y=A+xzxy
(proof )

lemma quot-set-one [simp]: A + (1:-:monoid-mult) = A
{proof)

lemma ideal-quot-set-ideal [simp]: ideal (ideal B + z) = (ideal B) + (z::-::comm-ring)
(proof)

lemma quot-set-image-times: inj ((x) z) = ((x) z “A) +z = A
{proof)

10.3 Direct Decompositions of Polynomial Rings
context pm-powerprod

begin

definition normal-form :: (("z = nat) = ‘a) set = (('z =¢ nat) = 'a::field)
= (('z =0 nat) = 'a:field)

where normal-form F p = (SOME q. (punit.red (punit.reduced-GB F))** p ¢ A
— punit.is-red (punit.reduced-GB F) q)

Of course, normal-form could be defined in a much more general context.

context
fixes X :: 'z set
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assumes fin-X: finite X
begin

context
fixes F :: (('z =¢ nat) =¢ 'a::field) set
assumes F-sub: F C P[X]

begin

lemma normal-form:
shows (punit.red (punit.reduced-GB F))** p (normal-form F p) (is ?thesisl)
and — punit.is-red (punit.reduced-GB F) (normal-form F p) (is ?thesis2)
(proof)

lemma normal-form-unique:
assumes (punit.red (punit.reduced-GB F))** p ¢ and — punit.is-red (punit.reduced-GB

F) q
shows normal-form F p = ¢

(proof)

lemma normal-form-id-iff: normal-form F p = p «— (- punit.is-red (punit.reduced-GB
F) p)
(proof)

lemma normal-form-normal-form: normal-form F (normal-form F p) = normal-form
Fp
(proof )

lemma normal-form-zero: normal-form F 0 = 0
(proof)

lemma normal-form-map-scale: normal-form F (¢ - p) = ¢ - (normal-form F p)
(proof )

lemma normal-form-uminus: normal-form F (— p) = — normal-form F p
(proof)

lemma normal-form-plus-normal-form:
normal-form F (normal-form F p + normal-form F q) = normal-form F p +
normal-form F q

{proof)

lemma normal-form-minus-normal-form:
normal-form F (normal-form F p — normal-form F q) = normal-form F p —
normal-form F q

{proof)

lemma normal-form-ideal-Polys: normal-form (ideal F N P[X]) = normal-form F

(proof)
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lemma normal-form-diff-in-ideal: p — normal-form F p € ideal F
(proof )

lemma normal-form-zero-iff: normal-form F p = 0 <— p € ideal F

(proof)

lemma normal-form-eq-iff: normal-form F p = normal-form F q¢ <— p — q €
ideal F
(proof)

lemma Polys-closed-normal-form:
assumes p € P[X]
shows normal-form F p € P[X]

(proof)

lemma image-normal-form-iff:

p € normal-form F ‘ P[X] «— (p € P[X] A = punit.is-red (punit.reduced-GB
F) p)
(proof )

end

lemma direct-decomp-ideal-insert:
fixes F' and f
defines I = ideal (insert f F)
defines L = (ideal F + f) N P[X]
assumes F' C P[X] and f € P[X]
shows direct-decomp (I N P[X]) [ideal F N P[X], (%) f ¢ normal-form L ¢ P[X]]
(is direct-decomp - ?ss)

(proof)

corollary direct-decomp-ideal-normal-form:
assumes F' C P[X]
shows direct-decomp P[X] [ideal F N P[X], normal-form F ‘ P[X]]

(proof)

end

10.4 Basic Cone Decompositions

definition cone :: ((('z =¢ nat) =¢ ‘a) x 'z set) = (('z =0 nat) =0 'a::comm-semiring-0)
set

where cone hU = (x) (fst hU) ¢ P[snd hU]

lemma conel: p = a « h = a € P[U] = p € cone (h, U)
{proof)

lemma conekE:
assumes p € cone (h, U)
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obtains ¢ where ¢ € P[U] and p = a % h
{proof)

lemma cone-empty: cone (h, {}) = range (Ac. ¢ - h)
(proof)

lemma cone-zero [simp]: cone (0, U) = {0}
{proof)

lemma cone-one [simp]: cone (1::- =¢ 'a::comm-semiring-1, U) = P[U]

(proof)

lemma zero-in-cone: 0 € cone hU
(proof)

corollary empty-not-in-map-cone: {} ¢ set (map cone ps)
(proof)

lemma tip-in-cone: h € cone (h::- =g -::comm-semiring-1, U)
(proof )

lemma cone-closed-plus:
assumes a € cone hU and b € cone hU
shows a + b € cone hU

(proof)

lemma cone-closed-uminus:
assumes (a::- = -::comm-ring) € cone hU
shows — a € cone hU

(proof)

lemma cone-closed-minus:
assumes (a::- = -::comm-ring) € cone hU and b € cone hU
shows a — b € cone hU

(proof)

lemma cone-closed-times:
assumes a € cone (h, U) and ¢ € P[U]
shows ¢ * a € cone (h, U)

(proof)

corollary cone-closed-monom-mult:
assumes a € cone (h, U) and ¢ € .[U]
shows punit.monom-mult ¢ t a € cone (h, U)

(proof)
lemma coneD:

assumes p € cone (h, U) and p # 0
shows Ipp h adds lpp (p::- =0 -::{comm-semiring-0,semiring-no-zero-divisors})
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(proof)

lemma cone-mono-1:

assumes h' € P[U]

shows cone (b’ x h, U) C cone (h, U)
(proof)

lemma cone-mono-2:
assumes Ul C U2
shows cone (h, Ul) C cone (h, U2)

(proof)

lemma cone-subsetD:

assumes cone (h1, U1) C cone (h2::- = 'a::{comm-ring-1,ring-no-zero-divisors},
U2)

shows h2 dvd h1 and h!1 # 0 = Ul C U2
(proof)

lemma cone-subset-PolysD:

assumes cone (h::- = ‘a::{comm-semiring-1,semiring-no-zero-divisors}, U) C
PlX]

shows h € P[X]and h # 0 = U C X
(proof )

lemma cone-subset-Polysl:
assumes h € P[X]and h # 0 = U C X
shows cone (h, U) C P[X]

(proof)

lemma cone-image-times: () a “ cone (h, U) = cone (a x h, U)

(proof)

lemma cone-image-times”: (x) a ‘ cone hU = cone (apfst ((x) a) hU)
(proof)

lemma homogeneous-set-conel:
assumes homogeneous h
shows homogeneous-set (cone (h, U))

(proof)

lemma subspace-cone: phull.subspace (cone hU)
(proof )

lemma direct-decomp-cone-insert:
fixes h :: - = 'a::{comm-ring-1,ring-no-zero-divisors}
assumes z ¢ U
shows direct-decomp (cone (h, insert x U))
[cone (h, U), cone (monomial 1 (Poly-Mapping.single x (Suc 0)) *
h, insert x U)]
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(proof)

definition wvalid-decomp :: 'z set = ((("z =0 nat) = 'a::zero) x 'z set) list =
bool
where valid-decomp X ps «— (¥ (h, U)€set ps. h € PIX] Ah# 0 AU C X))

definition monomial-decomp :: ((("z =¢ nat) =¢ 'a::{one,zero}) x 'z set) list =
bool

where monomial-decomp ps +— (VY hUEset ps. is-monomial (fst hU) A punit.lc
(fst hU) = 1)

definition hom-decomp :: ((("z =¢ nat) =0 'a::{one,zero}) x 'z set) list = bool
where hom-decomp ps «— (V hUEset ps. homogeneous (fst hU))

definition cone-decomp :: (("z = nat) = 'a) set =
((("z =0 nat) =¢ 'a::comm-semiring-0) x 'z set) list = bool
where cone-decomp T ps «— direct-decomp T (map cone ps)

lemma valid-decompl:
(AR U. (h, U) € set ps = h € P[X]) = (AL U. (h, U) € set ps = h # 0)
=
(AL U. (h, U) € set ps = U C X) = walid-decomp X ps
(proof)

lemma valid-decompD:
assumes valid-decomp X ps and (h, U) € set ps
shows h € P[X]and h # 0 and U C X

{proof)

lemma valid-decompD-finite:
assumes finite X and valid-decomp X ps and (h, U) € set ps
shows finite U

(proof)

lemma valid-decomp-Nil: valid-decomp X |]
{proof)

lemma valid-decomp-concat:
assumes Aps. ps € set pss = valid-decomp X ps
shows wvalid-decomp X (concat pss)

(proof)

corollary valid-decomp-append:
assumes valid-decomp X ps and valid-decomp X gs
shows valid-decomp X (ps Q gs)

(proof)

lemma valid-decomp-map-times:
assumes valid-decomp X ps and s € P[X] and s # (0::- = -::semiring-no-zero-divisors)
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shows valid-decomp X (map (apfst ((x) s)) ps)
(proof)

lemma monomial-decomplI:
(AR U. (h, U) € set ps = is-monomial h) = (Ah U. (h, U) € set ps =
punitlc h = 1) =
monomial-decomp ps
(proof)

lemma monomial-decompD:
assumes monomial-decomp ps and (h, U) € set ps
shows is-monomial h and punit.lc h = 1

{proof)

lemma monomial-decomp-append-iff:
monomial-decomp (ps @Q ¢s) +— monomial-decomp ps A monomial-decomp qs
(proof)

lemma monomial-decomp-concat:
(Aps. ps € set pss = monomial-decomp ps) = monomial-decomp (concat pss)

(proof)

lemma monomial-decomp-map-times:
assumes monomial-decomp ps and is-monomial f and punit.lc f = (1::'a::semiring-1)
shows monomial-decomp (map (apfst ((x) f)) ps)

(proof)

lemma monomial-decomp-monomial-in-cone:
assumes monomial-decomp ps and hU € set ps and a € cone hU
shows monomial (lookup a t) t € cone hU

{(proof)

lemma monomial-decomp-sum-list-monomial-in-cone:

assumes monomial-decomp ps and a € sum-list  listset (map cone ps) and t €
keys a

obtains ¢ h U where (h, U) € set ps and ¢ # 0 and monomial ¢ t € cone (h,
U)
(proof)

lemma hom-decompI: (\h U. (h, U) € set ps => homogeneous h) = hom-decomp
ps
(proof)

lemma hom-decompD: hom-decomp ps => (h, U) € set ps = homogeneous h
(proof)

lemma hom-decomp-append-iff: hom-decomp (ps @Q gs) +— hom-decomp ps A
hom-decomp qs

{proof)
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lemma hom-decomp-concat: (\ps. ps € set pss => hom-decomp ps) = hom-decomp
(concat pss)

{proof)

lemma hom-decomp-map-times:
assumes hom-decomp ps and homogeneous f
shows hom-decomp (map (apfst ((x) f)) ps)

(proof)

lemma monomial-decomp-imp-hom-decomp:
assumes monomial-decomp ps
shows hom-decomp ps

(proof)

lemma cone-decompl: direct-decomp T (map cone ps) = cone-decomp T ps
(proof)

lemma cone-decompD: cone-decomp T ps = direct-decomp T (map cone ps)
(proof )

lemma cone-decomp-cone-subset:
assumes cone-decomp T ps and hU € set ps
shows cone hU C T

(proof)

lemma cone-decomp-indets:

assumes cone-decomp T ps and T C P[X] and (h, U) € set ps

shows h € P[X] and h # (0::- = -:{ comm-semiring-1,semiring-no-zero-divisors})
= UCX

{(proof)

lemma cone-decomp-closed-plus:
assumes cone-decomp T psand a € Tand b€ T
shows a + b€ T

(proof)

lemma cone-decomp-closed-uminus:
assumes cone-decomp T ps and (a::- = -::comm-ring) € T
shows —a € T

(proof)

corollary cone-decomp-closed-minus:
assumes cone-decomp T ps and (a::- =¢ -::comm-ring) € T and b € T
shows a —be T

(proof)

lemma cone-decomp-Nil: cone-decomp {0} []

{proof)
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lemma cone-decomp-singleton: cone-decomp (cone (t, U)) [(t, U)]
{proof)

lemma cone-decomp-append:

assumes direct-decomp T [S1, S2] and cone-decomp S1 ps and cone-decomp S2
qs

shows cone-decomp T (ps @ gs)
(proof)

lemma cone-decomp-concat:
assumes direct-decomp T ss and length pss = length ss
and Ai. ¢ < length ss = cone-decomp (ss ! i) (pss ! ©)
shows cone-decomp T (concat pss)

(proof)

lemma cone-decomp-map-times:

assumes cone-decomp T ps

shows cone-decomp ((x) s * T) (map (apfst ((x) (s::- =0 -::{comm-ring-1,ring-no-zero-divisors})))
ps)
(proof)

lemma cone-decomp-perm:
assumes cone-decomp T ps and mset ps = mset gs
shows cone-decomp T qs

(proof)

lemma valid-cone-decomp-subset-Polys:
assumes valid-decomp X ps and cone-decomp T ps
shows T C P[X]

{proof )

lemma homogeneous-set-cone-decomp:
assumes cone-decomp T ps and hom-decomp ps
shows homogeneous-set T

(proof)

lemma subspace-cone-decomp:

assumes cone-decomp T ps

shows phull.subspace (T::(- =¢ -:field) set)
(proof)

definition pos-decomp :: ((('z =¢ nat) = ‘a) x 'z set) list = ((('z =0 nat) =
‘a) x 'z set) list

((-+) [1000] 999)

where pos-decomp ps = filter (Ap. snd p # {}) ps

definition standard-decomp :: nat = ((('z = nat) =¢ ’a::zero) x 'z set) list =
bool
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where standard-decomp k ps <— (V¥ (h, U)eset (ps4). k < poly-deg h A
(Vd. k< d— d < poly-deg h —
(3(n', UNeset ps. poly-deg b’ = d A card U <
card U")))

lemma pos-decomp-Nil [simp]: [+ = []
{proof)

lemma pos-decomp-subset: set (psy) C set ps
(proof )

lemma pos-decomp-append: (ps @Q qs)1 = psy @ gsy
(proof )

lemma pos-decomp-concat: (concat pss)y = concat (map pos-decomp pss)
(proof)

lemma pos-decomp-map: (map (apfst f) ps)+ = map (apfst f) (ps4)
(proof )

lemma card-Diff-pos-decomp: card {(h, U) € set qs — set (¢s4). P h} = card {h.
(h, {}) € set gs A P h}
(proof)

lemma standard-decompl:
assumes Ah U. (h, U) € set (psy) = k < poly-deg h
and A\h U d. (h, U) € set (psy) = k < d = d < poly-deg h =
(Fn" U’ (h', U') € set ps A poly-deg h' = d A card U < card U’)
shows standard-decomp k ps
(proof )

lemma standard-decompD: standard-decomp k ps => (h, U) € set (ps4) =k <
poly-deg h
{proof )

lemma standard-decompk:

assumes standard-decomp k ps and (h, U) € set (psy) and k < d and d <
poly-deg h

obtains h' U’ where (h’', U’) € set ps and poly-deg h' = d and card U < card
U/

(proof )

lemma standard-decomp-Nil: ps; = [| = standard-decomp k ps
(proof)

lemma standard-decomp-singleton: standard-decomp (poly-deg h) [(h, U)]
{proof)

lemma standard-decomp-concat:
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assumes Aps. ps € set pss = standard-decomp k ps
shows standard-decomp k (concat pss)

(proof)

corollary standard-decomp-append:
assumes standard-decomp k ps and standard-decomp k gs
shows standard-decomp k (ps @ gs)

(proof)

lemma standard-decomp-map-times:
assumes standard-decomp k ps and valid-decomp X ps and s # (0::- = 'a::semiring-no-zero-divisors)
shows standard-decomp (k + poly-deg s) (map (apfst ((x) s)) ps)

(proof)

lemma standard-decomp-nonempty-unique:

assumes finite X and valid-decomp X ps and standard-decomp k ps and ps; #
[

shows k = Min (poly-deg * fst ‘ set (ps))
(proof)

lemma standard-decomp-SucE:
assumes finite X and U C X and h € P[X] and h # (0::- =¢ 'a::{ comm-ring-1,ring-no-zero-divisors})
obtains ps where valid-decomp X ps and cone-decomp (cone (h, U)) ps
and standard-decomp (Suc (poly-deg b)) ps
and is-monomial h = punit.lc h = 1 = monomial-decomp ps and homoge-
neous h =—> hom-decomp ps

(proof)

lemma standard-decomp-gekE:
assumes finite X and valid-decomp X ps
and cone-decomp (T::(('x = nat) =¢ 'a::{comm-ring-1,ring-no-zero-divisors})
set) ps
and standard-decomp k ps and k < d
obtains ¢s where valid-decomp X ¢s and cone-decomp T qs and standard-decomp
d qs
and monomial-decomp ps = monomial-decomp qs and hom-decomp ps —
hom-decomp qs

(proof)

10.5 Splitting w.r.t. Ideals

context
fixes X :: 'z set
begin

definition splits-wrt :: (((("z =0 nat) = 'a) x 'z set) list x ((("z =0 nat) =
‘a) x 'z set) list) =

(("'z =0 nat) = 'a::comm-ring-1) set = (('z =¢ nat) =
'a) set = bool
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where splits-wrt pgs T F +— cone-decomp T (fst pgs @ snd pgs) A
(VhUeset (fst pgs). cone hU C ideal F' N P[X]) A
(V(h, U)eset (snd pgs). cone (h, U) C P[X] A cone (h,
U) Nideal F = {0})

lemma splits-wrtl:
assumes cone-decomp T (ps @ gs)
and Ak U. (h, U) € set ps = cone (h, U) C P[X] and Ah U. (h, U) € set
ps = h € ideal F
and A\ U. (h, U) € set gs = cone (h, U) C P[X]
and Ak Ua. (h, U) € set gs => a € cone (h, U) = a € ideal F = a = 0
shows splits-wrt (ps, gs) T F
(proof)

lemma splits-wrtl-valid-decomp:
assumes valid-decomp X ps and wvalid-decomp X gs and cone-decomp T (ps @
qs)
and Ah U. (h, U) € set ps = h € ideal F
and Ah Ua. (h, U) € set gs => a € cone (h, U) = a € ideal F = a = 0
shows splits-wrt (ps, gs) T F
(proof )

lemma splits-wrtD:
assumes splits-wrt (ps, qgs) T F
shows cone-decomp T (ps Q ¢s) and hU € set ps = cone hU C ideal F N
P[X]
and hU € set gs = cone hU C P[X] and hU € set gs = cone hU N ideal
F={0}
(proof)

lemma splits-wrt-image-sum-list-fst-subset:

assumes splits-wrt (ps, qs) T F

shows sum-list  listset (map cone ps) C ideal F N P[X]
(proo)

lemma splits-wrt-image-sum-list-snd-subset:
assumes splits-wrt (ps, gs) T F
shows sum-list  listset (map cone ¢s) C P[X]
(proof)

lemma splits-wrt-cone-decomp-1:
assumes splits-wrt (ps, ¢s) T F and monomial-decomp gs and is-monomial-set
(F::(- = 'a:field) set)
— The last two assumptions are missing in the paper.
shows cone-decomp (T N ideal F) ps

(proof)

Together, Theorems splits-wrt-image-sum-list-fst-subset and splits-wrt-cone-decomp-1
imply that ps is also a cone decomposition of T' N ideal F N P[X].
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lemma splits-wrt-cone-decomp-2:
assumes finite X and splits-wrt (ps, gs) T F and monomial-decomp ¢s and
is-monomial-set F'
and F C P[X]
shows cone-decomp (T N normal-form F ¢ P[X]) g¢s
(proof)

lemma quot-monomial-ideal-monomial:
ideal (monomial 1 *S) <+ monomial 1 (Poly-Mapping.single (z::'z) (1::nat)) =
ideal (monomial (1::'a::comm-ring-1) * (As. s — Poly-Mapping.single © 1) ©S)
(proof)

lemma lem-4-2-1:
assumes ideal F + monomial 1 t = ideal (monomial (1::'a::comm-ring-1) *S)
shows cone (monomial 1 t, U) C ideal F +— 0 € S

(proof)

lemma lem-4-2-2:
assumes ideal F + monomial 1 t = ideal (monomial (1::'a::comm-ring-1) *S)
shows cone (monomial 1 t, U) N ideal F = {0} +— S N .[U] ={}

(proof)

10.6 Function split

definition maz-subset :: ‘a set = ('a set = bool) = 'a set
where maz-subset A P = (ARG-MAX card B. BC AN P B)

lemma maz-subset:
assumes finite A and B C A and P B
shows max-subset A P C A (is ?thesisl)
and P (maz-subset A P) (is ?thesis2)
and card B < card (maz-subset A P) (is ?thesis3)

(proof)

function (domintros) split :: ('t =¢ nat) = 'z set = ('t =( nat) set =
((((("'t =0 nat) =0 'a) x ('z set)) list) x
((("z =0 nat) = 'a::{zero,one}) x ('z set)) list))
where
splitt US =
(if 0 € S then
([(monomial 1 t, U)], [])
else if S N .[U] = {} then
(I, [(monomial 1 t, U)])
else
let v = SOME z'. ' € U — (maz-subset U (A\V. S N .[V] ={}));
(ps0, qs0) = split t (U — {z}) S;
(ps1, gs1) = split (Poly-Mapping.single x 1 + t) U (M. f —
Poly-Mapping.single x 1) *S) in
(ps0 @ ps1, qs0 @ gs1))
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{proof)

Function split is not executable, because this is not necessary. With some
effort, it could be made executable, though.

lemma split-doml":
assumes finite X and fst (snd args) C X and finite (snd (snd args))
shows split-dom TYPE('a::{zero,one}) args

(proof )

corollary split-domlI: finite X — U C X = finite S = split-dom TYPE('a::{zero,one})
(t, U, S)
{proof)

lemma split-empty:

assumes finite X and U C X

shows split t U {} = ([], [(monomial (1::'a::{zero,one}) t, U)])
(proof)

lemma split-induct [consumes 8, case-names basel base2 step):
fixes P :: ('z = nat) = -
assumes finite X and U C X and finite S
assumes A\t US. U C X = finite S = 0 € S = Pt US ([(monomial
(1:'a::{zero,one}) t, U)], [])
assumes At US. UC X = finite S = 0¢ S = SnN.[U={} = PtU
S ([l, [(monomial 1 ¢, U)])
assumes A\t US Vz ps0 psl gs0 qs1. U C X = finite S = 0 ¢ S = S N
U#{} = VU=
SN.Vil={}= AV . VCU=SN.[V]={} = card V' <
card V) =
zeU=12¢V =V =maz-subset U (AV". SN.[V]={}) ==z
= (SOMEz". 2’ € U — V) =
(ps0, qs0) = split t (U — {z}) S =
(ps1, qs1) = split (Poly-Mapping.single x 1 + t) U ((\f. [ —
Poly-Mapping.single x 1) ‘S) =
split t U S = (psO Q psi, qsO @ gs1) =
Pt (U —{z}) S (ps0, ¢qs0) =
P (Poly-Mapping.single x 1 + t) U ((Af. f — Poly-Mapping.single z 1)
“S) (psl, gs1) =
Pt US (psO Q pst, qs0 @ gs1)
shows Pt U S (splitt US)

(proof)

lemma valid-decomp-split:
assumes finite X and U C X and finite S and t € .[X]
shows wvalid-decomp X (fst ((split t U S)::(- x (((- =0 'a::zero-neg-one) x -)

list))))

and walid-decomp X (snd ((split t U S)::(- x (((- =0 'a::zero-neg-one) x -)

list))))

(is valid-decomp - (snd ?s))
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(proof)

lemma monomial-decomp-split:
assumes finite X and U C X and finite S
shows monomial-decomp (fst ((split t U S)::(- x (((- =0 'a::zero-neg-one) x -)
list))))
and monomial-decomp (snd ((split t U S)::(- x (((- =0 'azero-neg-one) X -)
list))))

(is monomial-decomp (snd ?s))

{(proof)

lemma split-splits-wrt:
assumes finite X and U C X and finite S and t € .[X]
and ideal F + monomial 1 t = ideal (monomial 1 *S)
shows splits-wrt (split t U S) (cone (monomial (1::'a::{comm-ring-1,ring-no-zero-divisors})
t, U)) F
(proof)

lemma lem-4-5:
assumes finite X and U C X and ¢t € .[X] and F C P[X]
and ideal F + monomial 1 t = ideal (monomial (1::'a) ©S)
and cone (monomial (1::'a::field) t', V) C cone (monomial 1 t, U) N nor-
mal-form F ¢ P[X]
shows V C U and S N .[V] ={}
(proof)

lemma lem-4-6:
assumes finite X and U C X and finite S and ¢t € .[X] and F C P[X]
and ideal F + monomial 1 t = ideal (monomial 1 *S)
assumes cone (monomial 1 t', V) C cone (monomial 1 t, U) N normal-form F
‘ P[X]
obtains V' where (monomial 1t, V') € set (snd (split t U S)) and card V <
card V'

(proof)

lemma lem-4-7:
assumes finite X and S C .[X] and g € punit.reduced-GB (monomial (1::'a)
S)

¢

and cone-decomp (P[X] N ideal (monomial (1::'a::field) ¢ S)) ps
and monomial-decomp ps
obtains U where (g, U) € set ps

(proof)

lemma snd-splitl:
assumes finite X and U C X and finite S and 0 ¢ S
obtains V where V C U and (monomial 1 t, V) € set (snd (split t U S))

(proof)

lemma fst-splitE:
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assumes finite X and U C X and finite S and 0 ¢ S
and (monomial (1::'a) s, V) € set (fst (split t U S))
obtains ¢’z where t' € .[X]and z € X and V C Uand 0 ¢ (As. s — t') © S
and s = t' + t + Poly-Mapping.single x 1
and (monomial (1::'a::zero-neg-one) s, V) € set (fst (split (' + t) V ((As. s
—t) °95))
and set (snd (split (t"+ t) V (As. s — t') ©S))) C (set (snd (split t U S)) ::
((- =0 'a) x -) set)
(proof )

lemma lem-4-8:
assumes finite X and finite S and S C .[X] and 0 ¢ S
and g € punit.reduced-GB (monomial (1::'a) ©S)
obtains ¢t U where U C X and (monomial (1::'a::field) t, U) € set (snd (split
0X89))
and poly-deg g = Suc (deg-pm t)
(proof)

corollary cor-4-9:
assumes finite X and finite S and S C .[X]
and g € punit.reduced-GB (monomial (1::'a:field) ©S)
shows poly-deg g < Suc (Maz (poly-deg * fst * (set (snd (split 0 X S)) == ((- =0
‘a) x -) set)))
(is - < Suc (Max (poly-deg * fst < 25)))
(proof)

lemma standard-decomp-snd-split:
assumes finite X and U C X and finite S and S C .[X] and ¢ € .[X
shows standard-decomp (deg-pm t) (snd (split t U S) = ((- =0 'a::field)
{proof)

]
x -) list)

theorem standard-cone-decomp-snd-split:

fixes F

defines G = punit.reduced-GB F

defines ss = (split 0 X (lpp * G)) = ((- =0 'afield) x -) list x -

defines d = Suc (Max (poly-deg * fst * set (snd ss)))

assumes finite X and F C P[X]

shows standard-decomp 0 (snd ss) (is ?thesisl)
and cone-decomp (normal-form F ¢ P[X]) (snd ss) (is ?thesis2)
and (Af. f € F = homogeneous f) = g € G = poly-deg g < d

(proof)

10.7 Splitting Ideals

qualified definition ideal-decomp-auzx :: (('z = nat) = ‘a) set = (('z =¢ nat)
=0 'a) =
("' =0 nat) =¢ 'a:field) set x ((('z =¢ nat)
=0 'a) x 'z set) list)
where ideal-decomp-auzx F [ =
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(let J =ideal F; L = (J = f) N P[X]; L' = lpp ‘ punit.reduced-GB L in
((%) f ¢ normal-form L ¢ P[X], map (apfst ((x) f)) (snd (split 0 X
L))

context
assumes fin-X: finite X
begin

lemma ideal-decomp-aux:
assumes finite F' and F C P[X] and f € P[X]
shows fst (ideal-decomp-auz F f) C ideal {f} (is ?thesisl)
and ideal F N fst (ideal-decomp-auz F f) = {0} (is ?thesis2)
and direct-decomp (ideal (insert f F') N P[X]) [fst (ideal-decomp-auz F f), ideal
F N P[X]] (is ?thesis3)
and cone-decomp (fst (ideal-decomp-aux F f)) (snd (ideal-decomp-auz F' f)) (is
Zthesis])
and f # 0 = valid-decomp X (snd (ideal-decomp-auz F f)) (is - = ?thesis5)
and f # 0 = standard-decomp (poly-deg f) (snd (ideal-decomp-aux F f)) (is
- = ?thesis6)
and homogeneous f = hom-decomp (snd (ideal-decomp-auz F f)) (is - =
Zthesis)

(proof)

lemma ideal-decompE':
fixes f0 :: - =q 'a::field
assumes finite F and F C P[X] and f0 € P[X] and Af. f € F = poly-deg f
< poly-deg [0
obtains T ps where valid-decomp X ps and standard-decomp (poly-deg f0) ps
and cone-decomp T ps
and (Af. f € F = homogeneous ) = hom-decomp ps
and direct-decomp (ideal (insert f0 F) N P[X]) [ideal {f0} N P[X], T]
(proof )

10.8 Exact Cone Decompositions

definition ezact-decomp :: nat = ((("z =0 nat) =¢ ‘a::zero) x 'z set) list = bool
where ezact-decomp m ps <— (VY (h, U)€set ps. h € PIX] AN U C X) A
(V(h, U)eset ps. V(h', U')eset ps. poly-deg h = poly-deg
h' —
m < card U — m < card U' — (h, U) = (h/,
U’)

lemma exact-decompl:
(AR U. (h, U) € set ps = h € PX]) = (AL U. (h, U) € set ps= U C X)
_—
(ARR" U U (h, U) € set ps => (h', U’) € set ps = poly-deg h = poly-deg
h =
m < card U= m < card U' = (h, U) = (b', U')) =
exact-decomp m ps
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{proof)

lemma exact-decompD:
assumes ezact-decomp m ps and (h, U) € set ps
shows h € P[X]and U C X
and (h', U’) € set ps = poly-deg h = poly-deg h' = m < card U = m <
card U =
(h, U) = (0, U)
(proof )

lemma exact-decompl-zero:
assumes Ah U. (h, U) € set ps = h € P[X] and A\h U. (h, U) € set ps =
UCX
and Ahh" U U". (h, U) € set (psy) = (h', U’) € set (psy) = poly-deg h
= poly-deg h' =
(h, U) = (b, U
shows exact-decomp 0 ps
(proof )

lemma exact-decompD-zero:
assumes ezact-decomp 0 ps and (h, U) € set (psy) and (h', U’) € set (psy)
and poly-deg h = poly-deg h’
shows (h, U) = (b, U’)
(proof)

lemma exact-decomp-imp-valid-decomp:
assumes ezact-decomp m ps and Ah U. (h, U) € set ps = h # 0
shows wvalid-decomp X ps

(proof)

lemma exact-decomp-card-X:
assumes valid-decomp X ps and card X < m
shows ezxact-decomp m ps

(proof)

definition a :: ((('z = nat) = 'a::zero) x 'z set) list = nat
where a ps = (LEAST k. standard-decomp k ps)

definition b :: ((("z =¢ nat) =0 ’a::zero) x 'z set) list = nat = nat
where b psi = (LEAST d. a ps < d A (¥ (h, U)€Eset ps. i < card U — poly-deg
h < d))

lemma a: standard-decomp k ps = standard-decomp (a ps) ps
(proof)

lemma a-Nil:
assumes ps; = [|
shows a ps = 0

(proof)

47



lemma a-nonempty:
assumes valid-decomp X ps and standard-decomp k ps and ps; # |]
shows a ps = Min (poly-deg * fst * set (psy))
(proof )

lemma a-nonempty-unique:
assumes valid-decomp X ps and standard-decomp k ps and ps; # |]
shows a ps = k

{(proof)

lemma b:
shows a ps < b psi and (h, U) € set ps = { < card U = poly-deg h < b ps
)

(proof)

lemma b-le:

aps<d= (ALM U (b, U’) € set ps = i < card U' = poly-deg h' < d)
= bpsi<d

(proof)

lemma b-decreasing:
assumes ¢ < j
shows b psj < b psi
(proof)

lemma b-Nil:
assumes ps; = [| and Suc 0 < 1
shows b psi =0
(proof )

lemma b-zero:

assumes ps # ||

shows Suc (Maz (poly-deg * fst ‘ set ps)) < b ps 0
(proof)

corollary b-zero-gr:
assumes (h, U) € set ps
shows poly-deg h < b ps 0
(proof)

lemma b-one:

assumes valid-decomp X ps and standard-decomp k ps

shows b ps (Suc 0) = (if psy =[] then 0 else Suc (Max (poly-deg * fst  set
(ps+))))
(proof)

corollary b-one-gr:
assumes valid-decomp X ps and standard-decomp k ps and (h, U) € set (psy)
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shows poly-deg h < b ps (Suc 0)
(proof)

lemma b-card-X:
assumes ezact-decomp m ps and Suc (card X) < i
shows b ps i = a ps
(proof)

lemma lem-6-1-1:
assumes standard-decomp k ps and exact-decomp m ps and Suc 0 < 1
and i < card X and b ps (Suc i) < dand d < b ps i
obtains h U where (h, U) € set (psy) and poly-deg h = d and card U = i

(proof)

corollary lem-6-1-2:
assumes standard-decomp k ps and exact-decomp 0 ps and Suc 0 < i
and 7 < card X and b ps (Suc i) < dand d < b ps i
obtains h U where {(h/, U’) € set (psy). poly-deg h' = d} = {(h, U)} and
card U = 1
(proof)

corollary lem-6-1-2":
assumes standard-decomp k ps and exact-decomp 0 ps and Suc 0 < i
and i < card X and b ps (Suc i) < dand d < b ps i
shows card {(h', U’) € set (psy). poly-deg h' = d} = 1 (is card ?A = -)
and {(h', U') € set (psy). poly-deg h' = d A card U’ = i} = {(h/, U’) € set
(ps4). poly-deg h' = d}
(is B = -)
and card {(h', U') € set (ps4). poly-deg h' = d A card U' = i} = 1
(proof)

corollary lem-6-1-3:

assumes standard-decomp k ps and exact-decomp 0 ps and Suc 0 < i

and ¢ < card X and (h, U) € set (ps+) and card U = ¢

shows b ps (Suc i) < poly-deg h
(proof ) fun shift-list :: ((("z =0 nat) =¢ ‘a::{comm-ring-1,ring-no-zero-divisors})
x 'z set) =

't = - list = - list where
shift-list (h, U) z ps =
((punit.monom-mult 1 (Poly-Mapping.single x 1) h, U) # (h, U — {z}) #

removeAll (h, U) ps)

declare shift-list.simps[simp del]
lemma monomial-decomp-shift-list:

assumes monomial-decomp ps and hU € set ps
shows monomial-decomp (shift-list hU x ps)

(proof)
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lemma hom-decomp-shift-list:
assumes hom-decomp ps and hU € set ps
shows hom-decomp (shift-list hU x ps)

(proof)

lemma valid-decomp-shift-list:
assumes valid-decomp X ps and (h, U) € set psand z € U
shows walid-decomp X (shift-list (h, U) x ps)

(proof)

lemma standard-decomp-shift-list:
assumes standard-decomp k ps and (hl1, Ul) € set ps and (h2, U2) € set ps
and poly-deg h1 = poly-deg h2 and card U2 < card Ul and (h1, U1) # (h2,
U2) and z € U2
shows standard-decomp k (shift-list (h2, U2) x ps)
(proof )

lemma cone-decomp-shift-list:

assumes valid-decomp X ps and cone-decomp T ps and (h, U) € set ps and =
elU

shows cone-decomp T (shift-list (h, U) x ps)
(proof)

10.9 Functions shift and exact

context
fixes k m :: nat
begin

context
fixes d :: nat
begin

definition shift2-inv :: ((("x =0 nat) = 'a::zero) x 'z set) list = bool where
shift2-inv qs <— wvalid-decomp X qs N standard-decomp k gs N exact-decomp (Suc
m) gs A
(Vdo<d. card {q € set gs. poly-deg (fst q) = d0 N m < card
(snd q)} < 1)

fun shifti-inv = (((("r =0 nat) =¢ 'a) x 'z set) list x ((("z = nat) = 'a::zero)
x 'z set) set) = bool

where shiftl-inv (gs, B) +— B = {q € set gs. poly-deg (fst q) = d N\ m < card
(snd @)} A shift2-inv gs

lemma shift2-invl:
valid-decomp X qs = standard-decomp k qs = exact-decomp (Suc m) qs =
(AdO. d0 < d = card {q € set gs. poly-deg (fst ¢) = d0 N m < card (snd q)}
<1)=
shift2-inv qs
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{proof)

lemma shift2-invD:
assumes shift2-inv qs
shows valid-decomp X gs and standard-decomp k qs and exact-decomp (Suc m)
qs
and d0 < d = card {q € set gs. poly-deg (fst q) = d0 N m < card (snd q)}
<1

{proof)

lemma shift1-invl:

B = {q € set gs. poly-deg (fst ¢) = d A m < card (snd q)} = shift2-inv qgs =
shift1-inv (gs, B)

(proof)

lemma shift1-invD:

assumes shift1-inv (gs, B)

shows B = {q € set gs. poly-deg (fst ¢9) = d AN m < card (snd q)} and shift2-inv
qs

(proof )

declare shift1-inv.simps[simp del]

lemma shift1-inv-finite-snd:
assumes shift1-inv (gs, B)
shows finite B

(proof)

lemma shift1-inv-some-snd:

assumes shiftl-inv (¢s, B) and 1 < card B and (h, U) = (SOME b. b € B A
card (snd b) = Suc m)

shows (h, U) € B and (h, U) € set qs and poly-deg h = d and card U = Suc
m
(proof)

lemma shift1-inv-preserved:
assumes shiftl-inv (¢s, B) and 1 < card B and (h, U) = (SOME b. b € B A
card (snd b) = Suc m)
and z = (SOMFE y. y € U)
shows shift1-inv (shift-list (h, U) x gs, B — {(h, U)})
(proof)

function (domintros) shiftl :: (((('z =0 nat) = 'a) x 'z set) list x ((("z =0
nat) = 'a) X 'z set) set) =
((("z =0 nat) = 'a) x 'z set) list x
((("z =0 nat) =0 'a::{comm-ring-1,ring-no-zero-divisors})
x 'z set) set)
where
shiftl (qs, B) =
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(if 1 < card B then
let (h, U) = SOME b. b € B A card (snd b) = Suc m; x = SOME y. y € U

m
shift1 (shift-list (h, U) z qs, B — {(h, U)})
else (gs, B))
(proof)

lemma shift1-doml:
assumes shift1-inv args
shows shift1-dom args

(proof)

lemma shift1-induct [consumes 1, case-names base step):
assumes shift1-inv args
assumes Ags B. shiftl-inv (¢s, B) = card B < 1 = P (gs, B) (gs, B)
assumes Ags B h U z. shiftl-inv (¢s, B) = 1 < card B =
(h, U) = (SOME b. b € B A card (snd b) = Suc m) = x = (SOME y.
yeU) =
finite U=z € U = card (U — {2}) = m =
P (shift-list (h, U) x qs, B — {(h, U)}) (shift1 (shift-list (h, U) z gs, B
— {(h D)) =
P (gs, B) (shiftl (shift-list (h, U) x qs, B — {(h, U)}))
shows P args (shiftl args)
(proof)

lemma shiftl-1:

assumes shift1-inv args and d0 < d

shows card {q € set (fst (shiftl args)). poly-deg (fst q) = d0 N m < card (snd
Q) <1

(proof)

lemma shift1-2:
shift1-inv args =
card {q € set (fst (shiftl args)). m < card (snd q)} < card {q € set (fst args).
m < card (snd q)}

(proof)

lemma shift1-3: shiftl-inv args = cone-decomp T (fst args) = cone-decomp T
(fst (shiftl args))
(proof)

lemma shift1-4:
shift1-inv args =
Maz (poly-deg * fst ‘ set (fst args)) < Max (poly-deg * fst * set (fst (shiftl args)))
(proof)

lemma shift1-5: shiftl-inv args = fst (shiftl args) =[] «— fst args = ||
{proof)
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lemma shift1-6: shift1-inv args => monomial-decomp (fst args) = monomial-decomp
(fst (shiftl args))
(proof )

lemma shift1-7: shifti-inv args = hom-decomp (fst args) = hom-decomp (fst
(shiftl args))
(proof)

end

lemma shift2-inv-preserved:

assumes shift2-inv d gs

shows shift2-inv (Suc d) (fst (shiftl (gqs, {q € set gs. poly-deg (fst q) = d A m
< card (snd q)})))
{proof )

function shift2 :: nat = nat = ((('z =0 nat) = 'a) x 'z set) list =
((("'z = nat) =¢ 'a::{comm-ring-1,ring-no-zero-divisors}) x 'z
set) list where
shift2 ¢ d gqs =
(if ¢ < d then gs
else shift2 ¢ (Suc d) (fst (shiftl (gs, {q € set gs. poly-deg (fst ¢) = d N m <
card (snd q)}))))

{proof)
termination (proof)

lemma shift2-1: shift2-inv d qs = shift2-inv ¢ (shift2 c¢ d qs)
(proof)

lemma shift2-2:
shift2-inv d qs =
card {q € set (shift2 ¢ d gs). m < card (snd q)} < card {q € set gs. m < card
(snd q)}
(proof)

lemma shift2-3: shift2-inv d gs = cone-decomp T qs = cone-decomp T (shift2
¢ d gs)
(proof)

lemma shift2-4:

shift2-inv d qs = Maz (poly-deg * fst ‘ set qs) < Maz (poly-deg * fst ¢ set (shift2
¢ d gs))
(proof)

lemma shift2-5:
shift2-inv d qs = shift2 ¢ d gs = [| +— qs =[]
{proof )

lemma shift2-6:
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shift2-inv d gs = monomial-decomp gs = monomial-decomp (shift2 ¢ d gs)
(proof)

lemma shift2-7:
shift2-inv d gs = hom-decomp qs = hom-decomp (shift2 ¢ d gs)
(proof)

definition shift :: ((("z =0 nat) =¢ 'a) x 'z set) list =
((("z =0 nat) =¢ 'a:{comm-ring-1,ring-no-zero-divisors}) x
'z set) list
where shift gs = shift2 (k + card {q € set qs. m < card (snd q)}) k ¢s

lemma shift2-inv-init:

assumes valid-decomp X gs and standard-decomp k gs and ezact-decomp (Suc
m) qs

shows shift2-inv k gs

(proof)

lemma shift:

assumes valid-decomp X qs and standard-decomp k qs and ezxact-decomp (Suc
m) gs

shows wvalid-decomp X (shift qs) and standard-decomp k (shift gs) and ex-
act-decomp m (shift ¢s)
(proof)

lemma monomial-decomp-shift:
assumes valid-decomp X gs and standard-decomp k gs and ezact-decomp (Suc
m) gs
and monomial-decomp qs
shows monomial-decomp (shift qs)

{(proof)

lemma hom-decomp-shift:
assumes valid-decomp X gs and standard-decomp k gs and ezact-decomp (Suc
m) ¢s
and hom-decomp qs
shows hom-decomp (shift ¢s)

(proof)

lemma cone-decomp-shift:
assumes valid-decomp X qs and standard-decomp k qs and ezxact-decomp (Suc
m) qs
and cone-decomp T gs
shows cone-decomp T (shift gs)

(proof)
lemma Maz-shift-ge:

assumes valid-decomp X qs and standard-decomp k gs and ezact-decomp (Suc
m) gs
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shows Maz (poly-deg * fst ¢ set qs) < Max (poly-deg * fst ¢ set (shift ¢s))
(proof)

lemma shift-Nil-iff:

assumes valid-decomp X gs and standard-decomp k gs and ezact-decomp (Suc
m) gs

shows shift gs = [| +— ¢s = |
(proof)

end

primrec ezact-auz :: nat = nat = ((('z =0 nat) =9 ‘a) x 'z set) list =
(("z =0 nat) = 'a::{ comm-ring-1,ring-no-zero-divisors}) x 'z
set) list where
exact-auz k 0 gs = qs |
exact-auz k (Suc m) gs = exact-aux k m (shift k m qs)

lemma ezxact-auz:
assumes valid-decomp X ¢qs and standard-decomp k qs and exact-decomp m gs
shows wvalid-decomp X (exact-aux k m ¢s) (is ?thesis!)
and standard-decomp k (exact-auz k m gs) (is ?thesis2)
and ezact-decomp 0 (exact-aux k m gs) (is ?thesis3)

(proof)

lemma monomial-decomp-ezxact-aux:

assumes valid-decomp X ¢s and standard-decomp k s and exact-decomp m qs
and monomial-decomp qs

shows monomial-decomp (exact-auz k m gs)

{proof)

lemma hom-decomp-exact-aux:

assumes valid-decomp X ¢s and standard-decomp k s and exact-decomp m qs
and hom-decomp qs

shows hom-decomp (exact-auz k m gs)

{proof)

lemma cone-decomp-exact-auz:

assumes valid-decomp X ¢s and standard-decomp k gqs and exact-decomp m qs
and cone-decomp T qs

shows cone-decomp T (exact-auz k m gs)

{proof)

lemma Maz-ezact-auz-ge:
assumes valid-decomp X ¢s and standard-decomp k qs and exact-decomp m gs
shows Maz (poly-deg © fst  set qs) < Max (poly-deg © fst ‘ set (exact-auz k m

qs))
(proof)

lemma ezact-auz-Nil-iff:
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assumes valid-decomp X ¢s and standard-decomp k gs and exact-decomp m gs
shows exact-auz k m gs = [| +— ¢s = |

{proof)

definition ezact :: nat = ((('z = nat) =¢ ‘a) x 'z set) list =
((("z =0 nat) = 'a:{comm-ring-1,ring-no-zero-divisors}) X
'z set) list
where ezact k gs = exact-aux k (card X) gs

lemma exact:
assumes valid-decomp X ¢s and standard-decomp k gs
shows valid-decomp X (exact k gqs) (is ?thesisl)
and standard-decomp k (exact k gs) (is ?thesis2)
and ezact-decomp 0 (exact k gs) (is ?thesis3)

(proof)

lemma monomial-decomp-ezxact:
assumes valid-decomp X ¢s and standard-decomp k qs and monomial-decomp gs
shows monomial-decomp (exact k gs)

(proof)

lemma hom-decomp-ezact:
assumes valid-decomp X ¢qs and standard-decomp k gs and hom-decomp qs
shows hom-decomp (exact k gs)

(proof)

lemma cone-decomp-ezxact:
assumes valid-decomp X ¢s and standard-decomp k gs and cone-decomp T qs
shows cone-decomp T (exact k gs)

(proof)

lemma Maz-exact-ge:

assumes valid-decomp X ¢s and standard-decomp k gs

shows Mazx (poly-deg * fst ‘ set qs) < Max (poly-deg * fst ¢ set (exact k gs))
(proof)

lemma exact-Nil-iff:
assumes valid-decomp X ¢s and standard-decomp k gs
shows ezact k gs = [| +— ¢s = |

(proof)

corollary b-zero-exact:
assumes valid-decomp X qs and standard-decomp k gs and g¢s # |]
shows Suc (Max (poly-deg * fst * set gs)) < b (exact k ¢s) 0
(proof)

lemma normal-form-ezxact-decompFE:

assumes F' C P[X]
obtains ¢s where valid-decomp X ¢s and standard-decomp 0 qs and mono-
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mial-decomp qs

and cone-decomp (normal-form F ¢ P[X]) ¢s and ezact-decomp 0 gs

and Ag. (Af. f € F = homogeneous f) = g € punit.reduced-GB F —>
poly-deg g < b qs 0
(proof )

end
end
end

end

11 Dubé’s Degree-Bound for Homogeneous Grob-
ner Bases

theory Dube-Bound
imports Poly-Fun Cone-Decomposition Degree-Bound-Utils
begin

context fixes n d :: nat
begin

function Dube-auz :: nat = nat where
Dube-aux j = (if j + 2 < n then
2 + ((Dube-auz (j + 1)) choose 2) + (> i=j+38..n—1. (Dube-aux
i) choose (Suc (i — j)))
else if j + 2 = n then d*> + 2 * d else 2 * d)

{proof)
termination (proof)

definition Dube :: nat where Dube = (if n < 1 V d = 0 then d else Dube-auz 1)

lemma Dube-auz-ge-d: d < Dube-auz j
(proof)

corollary Dube-ge-d: d < Dube
(proof)

Dubé in [1] proves the following theorem, to obtain a short closed form for
the degree bound. However, the proof he gives is wrong: In the last-but-one
proof step of Lemma 8.1 the sum on the right-hand-side of the inequality
can be greater than 1/2 (e.g. for n = 7, d = 2 and j = (1::'a)), rendering
the value inside the big brackets negative. This is also true without the
additional summand 2 we had to introduce in function local. Dube-auz to
correct another mistake found in [1]. Nonetheless, experiments carried out in
Mathematica still suggest that the short closed form is a valid upper bound
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for local. Dube, even with the additional summand 2. So, with some effort it
might be possible to prove the theorem below; but in fact function local. Dube
gives typically much better (i.e. smaller) values for concrete values of n and
d, so it is better to stick to local. Dube instead of the closed form anyway.
Asymptotically, as n tends to infinity, local. Dube grows double exponentially,
too.

theorem rat-of-nat Dube < 2 x ((rat-of-nat d)? / 2 + (rat-of-nat d)) ~(2 ~(n —
2))
{proof)

end

11.1 Hilbert Function and Hilbert Polynomial

context pm-powerprod
begin

context
fixes X :: 'z set
assumes fin-X: finite X
begin

lemma Hilbert-fun-cone-aux:
assumes h € P[X] and h # 0 and U C X and homogeneous (h::- = 'a::field)
shows Hilbert-fun (cone (h, U)) z = card {t € .[U]. deg-pm t + poly-deg h = z}
(proo)

lemma Hilbert-fun-cone-empty:
assumes h € P[X]| and h # 0 and homogeneous (h::- = 'a::field)
shows Hilbert-fun (cone (h, {})) z = (if poly-deg h = z then 1 else 0)
(proof )

lemma Hilbert-fun-cone-nonempty:
assumes h € P[X] and h # 0 and U C X and homogeneous (h::- = 'a::field)
and U # {}
shows Hilbert-fun (cone (h, U)) z =
(if poly-deg h < z then ((z — poly-deg h) + (card U — 1)) choose (card U
— 1) else 0)
(proof)

corollary Hilbert-fun-Polys:

assumes X # {}

shows Hilbert-fun (P[X]:(- =0 'a:field) set) z = (z + (card X — 1)) choose
(card X — 1)
{proof)

lemma Hilbert-fun-cone-decomp:
assumes cone-decomp T ps and valid-decomp X ps and hom-decomp ps

o8



shows Hilbert-fun T z = (> hU€set ps. Hilbert-fun (cone hU) z)
(proof)

definition Hilbert-poly :: (nat = nat) = int = int
where Hilbert-poly b =
(Az:zint. let n = card X in
((z — b (Suc n) + n) gchoosen) — 1 — (> i=1..n. (z —bi+1i—
1) gchoose 7))

lemma poly-fun-Hilbert-poly: poly-fun (Hilbert-poly b)
(proof )

lemma Hilbert-fun-eq-Hilbert-poly-plus-card:
assumes X # {} and valid-decomp X ps and hom-decomp ps and cone-decomyp
T ps
and standard-decomp k ps and ezxact-decomp X 0 ps and b ps (Suc 0) < d
shows int (Hilbert-fun T d) = card {h::- =¢ 'a::field. (h, {}) € set ps A poly-deg
h = d} + Hilbert-poly (b ps) d
(proof)

corollary Hilbert-fun-eq-Hilbert-poly:
assumes X # {} and valid-decomp X ps and hom-decomp ps and cone-decomp
T ps
and standard-decomp k ps and ezact-decomp X 0 ps and b ps 0 < d
shows int (Hilbert-fun (T::(- =¢ 'a::field) set) d) = Hilbert-poly (b ps) d
{proof )

11.2 Dubé’s Bound

context
fixes f :: ('z = nat) = 'a:field
fixes F
assumes n-gr-1: 1 < card X and fin-F: finite F and F-sub: F C P[X] and
fin: f € F
and hom-F: N\f'. f’ € F = homogeneous f' and f-maz: \f'. f' € F =
poly-deg f" < poly-deg f
and d-gr-0: 0 < poly-deg  and ideal-f-neq: ideal {f} # ideal F
begin

private abbreviation (input) n = card X
private abbreviation (input) d = poly-deg f

lemma f-in-Polys: f € P[X]
(proof )

lemma hom-f: homogeneous f
(proof)

lemma f-not-0: f # 0
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{proof)

lemma X-not-empty: X # {}
{proof)

lemma n-gr-0: 0 < n
(proof)

corollary int-n-minus-1 [simpl: int (n — Suc 0) = int n — 1
{proof)

lemma int-n-minus-2 [simp): int (n — Suc (Suc 0)) = int n — 2
{proof)

lemma cone-f-X-sub: cone (f, X) C P[X]
(proof)

lemma ideal-Int-Polys-eq-cone: ideal {f} N P[X] = cone (f, X)
(proof) definition P-ps where
P-ps = (SOME x. valid-decomp X (snd x) A standard-decomp d (snd z) A
exact-decomp X 0 (snd x) A cone-decomp (fst x) (snd x) A
hom-decomp (snd x) A
direct-decomp (ideal F N P[X]) [ideal {f} N P[X], fst z])

private definition P where P = fst P-ps
private definition ps where ps = snd P-ps

lemma
shows wvalid-ps: valid-decomp X ps (is ?thesisl)
and std-ps: standard-decomp d ps (is ?thesis2)
and ext-ps: exact-decomp X 0 ps (is ?thesis3)
and cn-ps: cone-decomp P ps (is ?thesis))
and hom-ps: hom-decomp ps (is ?thesis5)
and decomp-F: direct-decomp (ideal F N P[X]) [ideal {f} N P[X], P] (is
?thesist)
(proof )

lemma P-sub: P C P[X]
{proof)

lemma ps-not-Nil: psy # ||
(proof ) definition N where N = normal-form F ¢ P[X]

private definition gs where ¢s = (SOME gs’. valid-decomp X ¢s’ A standard-decomp
0 qs’ A
monomial-decomp qs’ N\ cone-decomp N gqs’ A
ezact-decomp X 0 qs’ A
(V gepunit.reduced-GB F. poly-deg g < b qs’ 0))
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private definition aa = b ps
private definition bb = b ¢s
private abbreviation (input) cc = (\i. aa i + bb ©)

lemma
shows wvalid-gs: valid-decomp X ¢s (is Zthesisl)
and std-gs: standard-decomp 0 gs (is ?thesis2)
and mon-gs: monomial-decomp gs (is ?thesis3)
and hom-gqs: hom-decomp qs (is ?thesis6)
and cn-gs: cone-decomp N gs (is ?thesiss)
and ext-gs: exact-decomp X 0 gs (is ?thesis5)
and deg-RGB: g € punit.reduced-GB F = poly-deg g < bb 0
(proof)

lemma N-sub: N C P[X]
{proof)

lemma decomp-Polys: direct-decomp P[X] [ideal {f} N P[X], P, N|
(proof)

lemma aa-Suc-n [simpl: aa (Suc n) = d
(proof)

lemma bb-Suc-n [simpl: bb (Suc n) = 0
(proof)

lemma Hilbert-fun-X:
assumes d < 2z
shows Hilbert-fun (P[X]:(- =0 'a) set) z =
((z=d)+ (n— 1)) choose (n — 1) + Hilbert-fun P z + Hilbert-fun N z
(proof)

lemma dube-eq-0:
(Azint. (z + int n — 1) gchoose (n — 1)) =
(Azizint. ((z — d + n — 1) gchoose (n — 1)) + Hilbert-poly aa z + Hilbert-poly
bb z)
(is 7f = 7g)
(proof)

corollary dube-eq-1:
(Azint. (z + int n — 1) gchoose (n — 1)) =
(Azzzint. ((z — d + n — 1) gchoose (n — 1)) + ((z — d + n) gchoose n) + ((z
+ n) gchoose n) — 2 —
Oli=1.n. ((z —aa i+ i — 1) gchoose i) + ((z — bb i+ i — 1) gchoose
i)
(proof )

lemma dube-eq-2:
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assumes j < n
shows (A\z:int. (z + int n — int j — 1) gchoose (n — j — 1)) =
(Azzint. ((z — d+n —intj — 1) gchoose (n —j — 1)) + ((z —d+ n
— j) gehoose (n — 7)) +
((z + n — j) gchoose (n — j)) — 2 —
> i=Sucj.n. (z —aai+i—j— 1) gchoose (i — j)) + ((z —
bbi+ i —j— 1) gchoose (i — j))))
(is 7 = )
(proof)

lemma dube-eq-3:
assumes j < n
shows (1::int) = (— 1) (n — Suc j) * ((int d — 1) gchoose (n — Suc j)) +
(— 1) (n —j) *((int d — 1) gchoose (n — j)) — 1 —
(3> i=Suc j.n. (— 1)7(i — 7) * ((4nt (aa i) gchoose (i — 7)) +
(int (bb i) gchoose (i — j))))
{proof)

lemma dube-auzx-1:
assumes (h, {}) € set ps U set gs
shows poly-deg h < maz (aa 1) (bb 1)
(proof)

lemma
shows aa-n: aa n = d and bb-n: bb n = 0 and bb-0: bb 0 < mazx (aa 1) (bb 1)

(proof)

lemma dube-eq-4:
assumes j < n
shows (1:int) = 2 * (— 1) (n — Suc j) * ((int d — 1) gchoose (n — Suc j)) —
71—
(>~ i=Suc j.n—1. (— 1)7(i — j) * ((int (aa i) gchoose (i — j)) +
(int (bb i) gchoose (i — j))))
{proof)

lemma cc-Suc:
assumes j < n — 1
shows int (cc (Sucj)) =2 + 2 % (— 1) (n — j) * ((int d — 1) gchoose (n —
Suc j)) +
> i=j+2.n—1. (— 1)7(i — j) * ((int (aa i) gchoose (i — 7)) +
(int (bb 1) gchoose (i — 7))))
(proof)

lemma cc-n-minus-1: cc (n — 1) = 2 % d
(proof)

Since the case card X = 2 is settled, we can concentrate on 2 < card X
now.

context
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assumes n-gr-2: 2 < n
begin

lemma cc-n-minus-2: cc (n — 2) < d*> + 2 x d

(proof)

lemma cc-Suc-le:
assumes j < n — 3
shows int (cc (Suc j)) < 2 + (int (cc (j + 2)) gchoose 2) + (> i=j+4.n—1.
int (cc i) gchoose (i — 7))
— Could be proved without coercing to int, because everything is
non-negative.

(proof)

corollary cc-le:
assumes (0 < jand j < n — 2
shows cc j < 2 + (cc (j + 1) choose 2) + (3 i=j+8..n—1. cc i choose (Suc (i

=)
(proof)

corollary cc-le-Dube-auz: 0 < j = j+ 1 < n = ccj < Dube-auzx n d j

(proof)

end

lemma Dube-aux:
assumes ¢ € punit.reduced-GB F
shows poly-deg g < Dube-auzx n d 1

(proof)
end

theorem Dube:

assumes finite F and F' C P[X] and A\f. f € F = homogeneous f and g €
punit.reduced-GB F

shows poly-deg g < Dube (card X) (mazxdeg F)

(proof)

corollary Dube-is-hom-GB-bound:
finite F = F C P[X]| = is-hom-GB-bound F (Dube (card X) (mazdeg F))

{proof)

end

corollary Dube-indets:

assumes finite F' and A\f. f € F = homogeneous f and g € punit.reduced-GB
F

shows poly-deg g < Dube (card (| (indets ‘ F))) (mazxdeg F)

{proof)
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corollary Dube-is-hom-GB-bound-indets:
finite F = is-hom-GB-bound F (Dube (card (| (indets ‘ F))) (mazdeg F))

{proof)

end
hide-const (open) pm-powerprod.a pm-powerprod.b

context extended-ord-pm-powerprod
begin

lemma Dube-is-GB-cofactor-bound:
assumes finite X and finite F and F C P[X]
shows is-GB-cofactor-bound F (Dube (Suc (card X)) (mazxdeg F))

(proof)

lemma Dube-is-GB-cofactor-bound-explicit:

assumes finite X and finite F and F C P[X]

obtains G where punit.is-Groebner-basis G and ideal G = ideal F and G C
P[X]

and A\g. g€ G = 3dq. g= O_feF. qf x f) A
(Vf. qf € P[X] A poly-deg (q f = f) < Dube (Suc (card X))
(mazdeg F) N
feF —qf=0)

{proof )

corollary Dube-is-GB-cofactor-bound-indets:
assumes finite F’
shows is-GB-cofactor-bound F (Dube (Suc (card (| (indets ‘ F)))) (mazdeg F))

(proof)

end

end

12 Sample Computations of Grobner Bases via
Macaulay Matrices

theory Groebner-Macaulay-Examples
imports

Groebner-Macaulay
Dube-Bound
Groebner-Bases. Benchmarks
Jordan-Normal-Form. Gauss-Jordan-IArray-Impl
Groebner-Bases. Code-Target-Rat

begin
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12.1 Combining Groebner-Macaulay. Groebner-Macaulay and Groeb-
ner-Macaulay. Dube- Bound

context extended-ord-pm-powerprod
begin

theorem thm-2-3-6-Dube:
assumes finite X and set fs C P[X]
shows punit.is-Groebner-basis (set (punit. Macaulay-list
(deg-shifts X (Dube (Suc (card X)) (mazdeg (set
f5))) 9)))

(proof)

theorem thm-2-3-7-Dube:
assumes finite X and set fs C P[X]
shows 1 € ideal (set fs) «—
1 € set (punit.Macaulay-list (deg-shifts X (Dube (Suc (card X)) (mazdeg
(set fs))) fs))
(proof)

theorem thm-2-3-6-indets-Dube:
fixes fs
defines X = | (indets ‘ set fs)
shows punit.is-Groebner-basis (set (punit. Macaulay-list

(deg-shifts X (Dube (Suc (card X)) (mazdeg (set
f5))) f5)))

{proof)

theorem thm-2-3-7-indets-Dube:
fixes fs
defines X = | (indets ‘ set fs)
shows 1 € ideal (set fs) «—
1 € set (punit.Macaulay-list (deg-shifts X (Dube (Suc (card X)) (mazdeg
(set fs))) fs))
(proof)

end

12.2 Preparations

primrec remdups-wrt-rev :: ('a = 'b) = 'a list = 'b list = 'a list where
remdups-wrt-rev f [] vs =[] |
remdups-wrt-rev f (x # xs) vs =
(let fx = f x in if List. member vs fr then remdups-wrt-rev f xs vs else x #
(remdups-wrt-rev f zs (fr # vs)))

lemma remdups-wrt-rev-notin: v € set vs => v ¢ f ‘ set (remdups-wrt-rev f xs vs)
(proof)

lemma distinct-remdups-wrt-rev: distinct (map f (remdups-wrt-rev f xs vs))
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(proof)

lemma map-of-remdups-wrt-rev”:
map-of (remdups-wrt-rev fst xs vs) k = map-of (filter (\x. fst x ¢ set vs) xs) k
(proof)

corollary map-of-remdups-wrt-rev: map-of (remdups-wrt-rev fst zs []) = map-of
xs
(proof )

lemma (in term-powerprod) compute-list-to-poly [code]:
list-to-poly ts c¢s = distro DRLEX (remdups-wrt-rev fst (zip ts cs) [])
(proof)

lemma (in ordered-term) compute-Macaulay-list [code]:
Macaulay-list ps =
(let ts = Keys-to-list ps in
filter (Ap. p # 0) (mat-to-polys ts (row-echelon (polys-to-mat ts ps)))
)
(proof)

declare conversep-iff [code]

derive (eq) ceq poly-mapping
derive (no) ccompare poly-mapping
derive (dlist) set-impl poly-mapping
derive (no) cenum poly-mapping

derive (eq) ceq rat
derive (no) ccompare rat
derive (dlist) set-impl rat
derive (no) cenum rat

12.2.1 Connection between ('z = ‘a) =¢ ‘b and ('z, ‘a) pp =0 b
definition keys-pp-to-list :: ("z::linorder, 'a::zero) pp = 'z list

where keys-pp-to-list t = sorted-list-of-set (keys-pp t)

lemma inj-PP: inj PP
(proof)

lemma inj-mapping-of: inj mapping-of
(proof)

lemma mapping-of-comp-PP [simp]:
mapping-of o PP = (Az. z)
PP o mapping-of = (Az. x)
(proof )

66



lemma map-key-PP-mapping-of [simp]: Poly-Mapping.map-key PP (Poly-Mapping.map-key
mapping-of p) = p
(proof)

lemma map-key-mapping-of-PP [simp]: Poly-Mapping.map-key mapping-of (Poly-Mapping.map-key
PP p) =p
(proof)

lemmas map-key-PP-plus = map-key-plus|OF inj-PP]
lemmas map-key-PP-zero [simp] = map-key-zero| OF inj-PP)]

lemma lookup-map-key-PP: lookup (Poly-Mapping.map-key PP p) t = lookup p
(PP t)
(proof )

lemma keys-map-key-PP: keys (Poly-Mapping.map-key PP p) = mapping-of * keys
p
(proof)

lemma map-key-PP-zero-iff [iff]: Poly-Mapping.map-key PP p =0 +— p =0
(proof )

lemma map-key-PP-uminus [simp]: Poly-Mapping.map-key PP (— p) = — Poly-Mapping.map-key
PP p
(proof )

lemma map-key-PP-minus:

Poly-Mapping.map-key PP (p — q) = Poly-Mapping.map-key PP p — Poly-Mapping.map-key
PP q

(proof )

lemma map-key-PP-monomial [simp]: Poly-Mapping.map-key PP (monomial ¢ t)
= monomial ¢ (mapping-of t)
(proof)

lemma map-key-PP-one [simp]: Poly-Mapping.map-key PP 1 = 1
(proof )

lemma map-key-PP-monom-mult-punit:
Poly-Mapping.map-key PP (monom-mult-punit c t p) =
monom-mult-punit ¢ (mapping-of t) (Poly-Mapping.map-key PP p)
(proof )

lemma map-key-PP-times:

Poly-Mapping.map-key PP (p % q) =

Poly-Mapping.map-key PP p x Poly-Mapping.map-key PP (q::(-, -::add-linorder)
pp =0 -)

(proof )
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lemma map-key-PP-sum: Poly-Mapping.map-key PP (sum fA) = (> a€A. Poly-Mapping.map-key
PP (f a))
(proof)

lemma map-key-PP-ideal:

Poly-Mapping.map-key PP ‘ideal F = ideal (Poly-Mapping.map-key PP * (F::((-,
-::add-linorder) pp = -) set))
(proof)

12.2.2 Locale pp-powerprod

We have to introduce a new locale analogous to pm-powerprod, but this
time for power-products represented by pp rather than poly-mapping. This
apparently leads to some (more-or-less) duplicate definitions and lemmas,
but seems to be the only feasible way to get both

e the convenient representation by poly-mapping for theory develop-
ment, and

o the executable representation by pp for code generation.

locale pp-powerprod =
ordered-powerprod ord ord-strict
for ord::('z::{countable,linorder}, nat) pp = ('z, nat) pp = bool
and ord-strict

begin

sublocale gd-powerprod {proof)

sublocale pp-pm: extended-ord-pm-powerprod As t. ord (PP s) (PP t) As t. ord-strict
(PP s) (PP t)

{proof)

definition poly-deg-pp :: (('z, nat) pp = 'a::zero) = nat
where poly-deg-pp p = (if p = 0 then 0 else maz-list (map deg-pp (punit.keys-to-list

p)))

primrec deg-le-sect-pp-auz :: 'z list = nat = ('z, nat) pp = nat where
deg-le-sect-pp-aux zs 0 = 1 |
deg-le-sect-pp-auz xs (Suc n) =
(let p = deg-le-sect-pp-auz xs n in p + foldr (Az. (+) (monom-mult-punit 1
(single-pp z 1) p)) zs 0)

definition deg-le-sect-pp :: 'z list = nat = ('z, nat) pp list
where deg-le-sect-pp xs d = punit.keys-to-list (deg-le-sect-pp-aux s d)

definition deg-shifts-pp :: 'z list = nat =

(('z, nat) pp = 'b) list = (('z, nat) pp =¢ 'b::semiring-1)
list

68



where deg-shifts-pp xs d fs = concat (map (Af. (map (At. monom-mult-punit 1

tf)
(deg-le-sect-pp xs (d — poly-deg-pp [)))) fs)

definition indets-pp :: (('z, nat) pp = 'b::zero) = 'z list
where indets-pp p = remdups (concat (map keys-pp-to-list (punit.keys-to-list p)))

definition Indets-pp :: (('z, nat) pp = ’b::zero) list = 'z list
where Indets-pp ps = remdups (concat (map indets-pp ps))

lemma map-PP-insort:
map PP (pp-pm.ordered-powerprod-lin.insort x xs) = ordered-powerprod-lin.insort

(PP z) (map PP xs)
{proof)

lemma map-PP-sorted-list-of-set:
map PP (pp-pm.ordered-powerprod-lin.sorted-list-of-set T) =
ordered-powerprod-lin.sorted-list-of-set (PP * T)

(proof)

lemma map-PP-pps-to-list: map PP (pp-pm.punit.pps-to-list T') = punit.pps-to-list
(PP “T)
(proof)

lemma map-mapping-of-pps-to-list:
map mapping-of (punit.pps-to-list T) = pp-pm.punit.pps-to-list (mapping-of * T)
(proof)

lemma keys-to-list-map-key-PP:

pp-pm.punit.keys-to-list (Poly-Mapping.map-key PP p) = map mapping-of (punit.keys-to-list
p)

(proof )

lemma Keys-to-list-map-key-PP:

pp-pm.punit. Keys-to-list (map (Poly-Mapping.map-key PP) fs) = map map-
ping-of (punit. Keys-to-list fs)

(proof )

lemma poly-deg-map-key-PP: poly-deg (Poly-Mapping.map-key PP p) = poly-deg-pp
p
(proof)

lemma deg-le-sect-pp-aux-1:
assumes t € keys (deg-le-sect-pp-auzx xs n)
shows deg-pp t < n and keys-pp t C set xs

(proof)

lemma deg-le-sect-pp-aux-2:
assumes deg-pp t < n and keys-pp t C set zs
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shows ¢ € keys (deg-le-sect-pp-auz zs n)
(proof )

lemma keys-deg-le-sect-pp-aux:
keys (deg-le-sect-pp-auz xs n) = {t. deg-pp t < n A keys-pp t C set zs}
(proof)

lemma deg-le-sect-deg-le-sect-pp:
map PP (pp-pm.punit.pps-to-list (deg-le-sect (set xs) d)) = deg-le-sect-pp zs d
{(proof)

lemma deg-shifts-deg-shifts-pp:
pp-pm.deg-shifts (set xzs) d (map (Poly-Mapping.map-key PP) fs) =
map (Poly-Mapping.map-key PP) (deg-shifts-pp xs d fs)
(proof )

lemma ideal-deg-shifts-pp: ideal (set (deg-shifts-pp zs d fs)) = ideal (set fs)
(proof)

lemma set-indets-pp: set (indets-pp p) = indets (Poly-Mapping.map-key PP p)
(proof )

lemma poly-to-row-map-key-PP:

poly-to-row (map pp.mapping-of xs) (Poly-Mapping.map-key PP p) = poly-to-row
xS p

(proof )

lemma Macaulay-mat-map-key-PP:

pp-pm.punit. Macaulay-mat (map (Poly-Mapping.map-key PP) fs) = punit. Macaulay-mat
fs

(proof )

lemma row-to-poly-mapping-of:

assumes distinct ts and dim-vec v = length ts

shows row-to-poly (map pp.mapping-of ts) r = Poly-Mapping.map-key PP (row-to-poly
ts r)
(proof)

lemma mat-to-polys-mapping-of:

assumes distinct ts and dim-col m = length ts

shows mat-to-polys (map pp.mapping-of ts) m = map (Poly-Mapping.map-key
PP) (mat-to-polys ts m)
(proof)

lemma map-key-PP-Macaulay-list:
map (Poly-Mapping.map-key PP) (punit. Macaulay-list fs) =
pp-pm.punit. Macaulay-list (map (Poly-Mapping.map-key PP) fs)
(proof )
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lemma lpp-map-key-PP: pp-pm.lpp (Poly-Mapping.map-key PP p) = mapping-of
(Ipp p)
(proof)

lemma is-GB-map-key-PP:

finite G => pp-pm.punit.is-Groebner-basis (Poly-Mapping.map-key PP ‘ G) +—
punit.is-Groebner-basis G

(proof )

lemma thm-2-3-6-pp:
assumes pp-pm.is-GB-cofactor-bound (Poly-Mapping.map-key PP * set fs) b
shows punit.is-Groebner-basis (set (punit. Macaulay-list (deg-shifts-pp (Indets-pp
fs) b fs)))
(proof)

lemma Dube-is-GB-cofactor-bound-pp:
pp-pm.is-GB-cofactor-bound (Poly-Mapping.map-key PP * set fs)
(Dube (Suc (length (Indets-pp fs))) (maz-list (map poly-deg-pp fs)))
(proof)

definition GB-Macaulay-Dube :: (('z, nat) pp = ’a) list = (('z, nat) pp =
‘a::field) list
where GB-Macaulay-Dube fs = punit. Macaulay-list (deg-shifts-pp (Indets-pp fs)
(Dube (Suc (length (Indets-pp fs))) (maz-list (map poly-deg-pp
%)) fs)

lemma GB-Macaulay-Dube-is-GB: punit.is-Groebner-basis (set (GB-Macaulay-Dube
f5))
{proof )

lemma ideal-GB-Macaulay-Dube: ideal (set (GB-Macaulay-Dube fs)) = ideal (set
fs)
{proof)

end

global-interpretation punit’: pp-powerprod ord-pp-punit cmp-term ord-pp-strict-punit
cmp-term

rewrites punit.adds-term = (adds)

and punit.pp-of-term = (Az. x)

and punit.component-of-term = (A-. ())

and punit.monom-mult = monom-mult-punit

and punit.mult-scalar = mult-scalar-punit

and punit’.punit.min-term = min-term-punit

and punit’.punit.it = lt-punit cmp-term

and punit’.punit.lc = lc-punit cmp-term

and punit’.punit.tail = tail-punit cmp-term

and punit’.punit.ord-p = ord-p-punit cmp-term

and punit’.punit.keys-to-list = keys-to-list-punit cmp-term
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for ecmp-term :: (‘a::nat, nat) pp nat-term-order

defines maz-punit = punit’.ordered-powerprod-lin.maz
and maz-list-punit = punit’.ordered-powerprod-lin.maz-list
and Keys-to-list-punit = punit’.punit. Keys-to-list

and Macaulay-mat-punit = punit’.punit. Macaulay-mat
and Macaulay-list-punit = punit’.punit. Macaulay-list

and poly-deg-pp-punit = punit’.poly-deg-pp

and deg-le-sect-pp-auz-punit = punit’.deg-le-sect-pp-auz
and deg-le-sect-pp-punit = punit’.deg-le-sect-pp

and deg-shifts-pp-punit = punit’.deg-shifts-pp

and indets-pp-punit = punit’.indets-pp

and Indets-pp-punit = punit’. Indets-pp

and GB-Macaulay-Dube-punit = punit’. GB-Macaulay-Dube

and find-adds-punit = punit’.punit.find-adds

and trd-auz-punit = punit’.punit.trd-auz

and trd-punit = punit’.punit.trd

and comp-min-basis-punit = punit’.punit.comp-min-basis

and comp-red-basis-auz-punit = punit’.punit.comp-red-basis-aux
and comp-red-basis-punit = punit’.punit.comp-red-basis

(proof)

12.3 Computations

experiment begin interpretation trivariateg-rat {proof)

lemma
comp-red-basis-punit DRLEX (GB-Macaulay-Dube-punit DRLEX [X x Y2 + &
* X2xY, VY T8 - X"3]) =
X765, X78%Y —Co(1/9)*xX "4, Y 8 —-X "8 XxY2+3xX?
x Y]
(proof )

end

end
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