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Abstract

Worst-case optimal multiway-join algorithms are recent seminal achievement of the database
community. These algorithms compute the natural join of multiple relational databases and
improve in the worst case over traditional query plan optimizations of nested binary joins.
In 2014, Ngo, Ré, and Rudra [1] gave a unified presentation of different multi-way join algo-
rithms. We formalized and proved correct their "Generic Join" algorithm and extended it to
support negative joins.
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1 The algorithm

theory Generic_Join
imports MFOTL_ Monitor. Table
begin

type_synonym ’a atable = nat set x ’a table
type__synonym ’‘a query = 'a atable set
type__synonym vertices = nat set

1.1 Generic algorithm

locale getlJ =
fixes getlJ :: 'a query = 'a query = vertices = vertices X vertices
assumes coreProperties: card V > 2 = getl] Q_pos Q_neg V = (I, J) =
card > 1 NcardJ > 1 ANV =TUJANINJ={}
begin

lemma getlJProperties:
assumes card V > 2
assumes (I, J) = getlJ Q _pos Q_neg V
shows card I > 1 and card J > 1 and card I < card V and card J < card V



and V=JUJand INJ={}
(proof)

fun projectTable :: vertices = 'a atable = 'a atable where
projectTable V (s, t) = (s NV, Set.image (restrict V') t)

fun filterQuery :: vertices = 'a query = 'a query where
filterQuery V Q = Set.filter (A(s, _). = Set.is_empty (s N V)) Q

fun filterQueryNeg :: vertices = 'a query = 'a query where
filterQueryNeg V Q = Set.filter (AM(4, _). AC V) Q

fun projectQuery :: vertices = ‘a query = 'a query where
projectQuery V' s = Set.image (projectTable V) s

fun isSamelntersection :: 'a tuple = nat set = 'a tuple = bool where
isSamelntersection t1 s t2 = (Vi€s. t1li = t27)

fun semiJoin :: ‘a atable = (nat set x 'a tuple) = 'a atable where
semiJoin (s, tab) (st, tup) = (s, Set.filter (isSamelntersection tup (s N st)) tab)

fun newQuery :: vertices = 'a query = (nat set x 'a tuple) = 'a query where
newQuery V Q (st, t) = Set.image (Atab. projectTable V (semiJoin tab (st, t))) @

fun merge_option :: ‘a option x 'a option = 'a option where
merge__option (None, None) = None

| merge__option (Some z, None) = Some x

| merge_option (None, Some z) = Some z

| merge_option (Some a, Some b) = Some a

definition merge :: 'a tuple = 'a tuple = 'a tuple where
merge t1 t2 = map merge__option (zip t1 t2)

function (sequential) genericJoin :: vertices = 'a query = 'a query = 'a table where
genericJoin V Q_pos Q) _neg =
(if card V < 1 then
(N, 2) € Qpos. 2) — (U( 2) € Q_neg. z)
else
let (I, J) = getlJ Q_pos Q_neg V in
let Q_I pos = projectQuery I (filterQuery I Q_pos) in
let @ I neg = filterQueryNeg I Q) _neg in
let R_I = genericJoin I Q_I pos Q_I neq in
let @ _J mneg = Q _neg — Q_I negin
let Q _J _pos = filterQuery J Q__pos in
let X = {(t, genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J Q_J neg (I, t))) |t.t €
R_I}in
(Ut z) € X. {merge zz t | zz . zx € z}))
(proof)

termination
{proof)

declare genericJoin.simps [simp del]

definition wrapperGenericJoin :: 'a query = 'a query = ’a table where
wrapperGenericJoin Q_pos Q_neg =
(if (3(A, X)EQ_pos. Set.is_empty X) V (F(A, X)EQ_neg. Set.is_empty A N — Set.is_empty X))
then



{}

else

let @ = Set.filter (M(A, __). — Set.is_empty A) Q_pos in

if Set.is_empty @ then
(N(4, X)€Q_pos. X) — (U(A, X)€Q_neg. X)

else
let V= (U4, X)€Q. A) in
let Qn = Set.filter (A(A, _). AC V Acard A > 1) Q_neg in
genericJoin V Q Qn)

end

1.2 An instantation

definition score :: 'a query = nat = nat where
score Q i = (let relevant = Set.image (A(_, z). card x) (Set.filter (A(sign, _). i € sign) Q) in
let | = sorted_list_of set relevant in
foldl (+) 01
)

definition arg_maz_list :: ('a = nat) = ’a list = 'a where
arg_maz_list f1 = (let m = Maz (set (map f1)) in arg_min_list (Az. m — fz) 1)

lemma arg_max_list _element:
assumes length | > 1 shows arg_max_list fl € set |
(proof )

definition mazx_getlJ :: 'a query = 'a query = wvertices = vertices X vertices where
maz_getl] Q pos Q@ _neg V = (
let | = sorted_list_of set V in
if Set.is_empty )_neg then
let x = arg_max_list (score Q_pos) 1 in
({z}, V - {a})
else
let x = arg_max_list (score Q_neg) 1 in

(V = {z}, {=}))

lemma mazx__getlJ coreProperties:

assumes card V > 2

assumes (I, J) = mazx_getlJ Q_pos Q_neg V

shows card I > 1 Ncard J > 1 ANV =1TUJAINJ={}
(proof)

global__interpretation New_ max: getlJ max_getlJ
defines New_max_getlJ genericJoin = New_maz.genericJoin
and New_max_ getl] wrapperGenericJoin = New__max.wrapperGenericJoin

(proof)

end

2 Correctness

2.1 Well-formed queries

theory Generic_Join_ Correctness
imports Generic__Join
begin



definition wf set :: nat = vertices = bool where
wf_setn V «— (VzeV. z < n)

definition wf_atable :: nat = ’a atable = bool where
wf_atable n X <— table n (fst X) (snd X) A finite (fst X)

definition wf query :: nat = vertices = 'a query = 'a query = bool where
wf_query n 'V Q_pos Q_neg «— (VXe(Q_pos U Q_neg). wf_atable n X) A (wf_set n V) A (card
Q_pos > 1)

definition included :: vertices = 'a query = bool where
included V Q +— (V (S, X)eQ. S C V)

definition covering :: vertices = 'a query = bool where
covering V Q +— V C (U (S, X)€Q. S)

definition non_empty query :: ‘a query = bool where
non__empty__query Q = (VX€Q. card (fst X) > 1)

definition rwf query :: nat = vertices = 'a query = 'a query = bool where
rwf_query n V Qp Qn <— wf _query n V Qp Qn A covering V Qp A included V Qp A included V Qn
A non__empty__query Qp N\ non__empty__query Qn

lemma wf tuple_empty: wf_tuple n {} v «— v = replicate n None
(proof )

lemma table_empty: table n {} X +— (X = empty_table V X = unit_table n)
{proof )

context getlJ begin

lemma isSame__equi__dev:

assumes wf _setn V
assumes wf tuple n A t1
assumes wf_tuple n B t2
assumes s
assumes s
assumes A
assumes B C V

shows isSamelntersection t1 s t2 = (restrict s t1 = restrict s t2)

(proof)

cA
CB
cv

lemma wf getlJ:
assumes card V > 2
assumes wf _setn V
assumes (I, J) = getlJ Q_pos Q_neg V
shows wf_set n I and wf_set n J
(proof)

lemma wf _projectTable:

assumes wf _atable n X

shows wf_atable n (projectTable I X) A (fst (projectTable I X) = (fst X N I))
(proof)

lemma set_filterQuery:
assumes QQ = filterQuery [ Q
assumes non__empty query @
shows VXe€Q. (card (fst X NI) > 1+— X € QQ)



(proof)

lemma wf _filterQuery:

assumes [ C V

assumes card [ > 1

assumes rwf_query n V Qp Qn

assumes QQ@Qp = filterQuery I Qp

assumes QQn = filterQueryNeg I Qn

shows wf _query n I QQp QQn non__empty__query QQp covering I QQp
(proof)

lemma wf set subset:
assumes [ C V
assumes card [ > 1
assumes wf_setn V
shows wf set n I

(proof)

lemma wf projectQuery:
assumes card I > 1
assumes wf _query n I Q Qn
assumes non__empty__query Q
assumes covering I Q
assumes V X€Q. card (fst X N 1) > 1
assumes QQQ = projectQuery I Q)
assumes included I Qn
assumes non__empty__query Qn
shows rwf _query n I QQ Qn

(proof)

lemma wf _firstRecursiveCall:
assumes rwf_query n V Qp Qn
assumes card V > 2
assumes (I, J) = getlJ Qp Qn V
assumes @ _I_pos = projectQuery I (filterQuery I Qp)
assumes @ I neg = filterQueryNeg I Qn
shows rwf _query n I Q_I pos Q_I neg
(proof)

lemma wf atable__subset:
assumes table n V X
assumes Y C X
shows table n V'Y

(proof)

lemma same_set semiJoin:
fst (semiJoin  other) = fst

(proof)

lemma wf_ semiJoin:

assumes card J > 1

assumes wf _query n J Q Qn

assumes non__empty_query Q

assumes covering J Q

assumes V Xe€Q. card (fst X N J) > 1

assumes QQ = (Set.image (Atab. semiJoin tab (st, t)) Q)

shows wf query n J QQ Qn non__empty query QQ covering J QQ
(proof)



lemma newQuery__equiv__def:
newQuery V Q (st, t) = projectQuery V (Set.image (Atab. semiJoin tab (st, t)) Q)
(proof )

lemma included__project:
included V (projectQuery V Q)
(proof)

lemma non__empty_newQuery:
assumes Q1 = filterQuery J Q0
assumes Q2 = newQuery J Q1 (I, t)
assumes V X€ Q0. wf_atable n X
shows non__empty__query Q2

(proof)

lemma wf newQuery:
assumes card J > 1
assumes wf_query n J Q Qno
assumes non__empty__query Q
assumes covering J @
assumes V X€Q. card (fst X N J) > 1
assumes QQ = newQuery J @t
assumes Q@Qn = newQuery J @Qn t
assumes non__empty__query Qn
assumes Qn = filterQuery J Qno0
shows rwf query n J QQ QQn
(proof)

lemma subset_ @ _neg:
assumes rwf_query n V Q Qn
assumes Q@n C Qn
shows rwf queryn V Q QQn

(proof)

lemma wf secondRecursiveCalls:

assumes card V > 2

assumes rwf_query n V Q Qn

assumes ([, J) = getlJ Q Qn V

assumes ns C @n

assumes @) _J_ neg = filterQuery J Qns

assumes @) J pos = filterQuery J Q

shows ruf query n J (newQuery J Q_J_pos t) (newQuery J Q__J_neg t)
(proof)

lemma simple__merge__option:
merge__option (a, b) = None «— (a = None A b = None)
(proof)

lemma wf_ merge:
assumes wf tuple n I t1
assumes wf tuple n J t2
assumes V =1U J
assumes t = merge t1 12
shows wf tuplen V't

(proof)

lemma wf inter:



assumes rwf_query n {i} Q Qn

assumes (sa, a) € Q

assumes (sb, b) € Q

shows table n {i} (a N b)
(proof)

lemma table subset:
assumes table n V' T
assumes S C T
shows table n V' S

(proof)

lemma wf base_ case:
assumes card V = 1
assumes rwf_query n V Q Qn
assumes R = genericJoin V Q Qn
shows table n V R

(proof)

lemma filter @ _J_ neq_same:

assumes card V > 2

assumes (I, J) = getl] Q Qn V

assumes @) I neg = filterQueryNeg I Qn

assumes rwf_query n V Q Qn

shows filterQuery J (Qn — Q_I neg) = Qn — Q_I neg (is ?A = ¢B)
(proof)

lemma vars__genericJoin:
assumes card V > 2
assumes (I, J) = getl] Q Qn V
assumes @ I pos = projectQuery I (filterQuery I Q)
assumes @I neg = filterQueryNeg I Qn
assumes R_ I = genericJoin [ Q_I pos Q_I neg
assumes @ _J neg = filterQuery J (Qn — Q_I_neg)
assumes @)_J_ pos = filterQuery J Q
assumes X = {(¢t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J _neg (I, t))) | ¢t.¢
€ R_I}
assumes R = (J (¢, z) € X. {merge zz t | 2z . 2z € z})
assumes rwf_query n V Q Qn
shows R = genericJoin V Q Qn

(proof)

lemma base_genericJoin:

assumes card V < 1

shows genericJoin V.Q Qn = (N(_, z) € Q. z) — (U(, z) € Qn. )
(proof)

lemma wf genericJoin:
[rwf _query n V Q Qn; card V > 1] = table n V (genericJoin V Q Qn)

(proof)

2.2 Correctness

lemma base correctness:
assumes card V = 1
assumes rwf_query n V Q Qn
assumes R = genericJoin V Q Qn
shows z € genericJoin V Q @Qn +— wf_tuplen Vz A (V(A, X)€Q. restrict A z € X) A (V (4, X)€eQn.



restrict A z ¢ X)
(proof)

lemma simple_list_indezx__equality:
assumes length a = n
assumes length b = n
assumes Vi < n. ali = b3
shows a = b

(proof)

lemma simple restrict _none:
assumes ¢ < length X
assumes i ¢ A
shows (restrict A X)!i = None

(proof)

lemma simple_restrict_some:
assumes ¢ < length X
assumes i € A
shows (restrict A X)li = X!i
(proof )

lemma merge_restrict:
assumes A N J = {}
assumes True
assumes length xx = n
assumes length t = n
assumes restrict J zz = zx
shows restrict A (merge xx t) = restrict A t

(proof)

lemma restrict idle include:
assumes wf tuple n A v
assumes A C [
shows restrict [ v = v

(proof)

lemma merge_index:

assumes [ N J = {}

assumes wf_tuple n I tI

assumes wf_tuple n J tJ

assumes t = merge tI tJ

assumes { < n

shows (€ INtli=tll)) vV (ie JAtli=tJl)V (i¢gIANi¢JAtli= None)
(proof)

lemma restrict index_in:
assumes ¢ < length X
assumes ¢ € |
shows (restrict I X)li = Xi
(proof )

lemma restrict index out:
assumes i < length X
assumes i ¢ [
shows (restrict I X)!i = None

(proof)



lemma merge_length:
assumes length a = n
assumes length b = n
shows length (merge a b) = n
(proof)

lemma real restrict _merge:
assumes I N J = {}
assumes wf_tuple n I tI
assumes wf tuple n J tJ
shows restrict I (merge tI tJ) = restrict I tI A restrict J (merge tI tJ) = restrict J tJ

(proof)

lemma simple set image_id:
assumes VzeX. fz =z
shows Set.image f X = X
(proof)

lemma nested include restrict:
assumes restrict [ z =t
assumes A C [
shows restrict A z = restrict A t

(proof)

lemma restrict _nested:
restrict A (restrict B z) = restrict (A N B) z (is ?lhs = ?rhs)
(proof)

lemma newQuery__equi__dev:
newQuery V Q (I, t) = Set.image (projectTable V) (Set.image (Atab. semiJoin tab (I, t)) Q)
(proof )

lemma projectTable_idle:

assumes table n A X

assumes A C [

shows projectTable I (4, X) = (4, X)
(proof)

lemma restrict_partition_merge:
assumes [ U J =V
assumes wf_tuple n V z
assumes xx = restrict J z
assumes t = restrict I z
assumes Set.is_empty (I N J)
shows z = merge zx t

(proof)

lemma restrict _merge:
assumes 2z = restrict [ z
assumes zJ = restrict J z
assumes restrict (A N I) zI € Set.image (restrict 1) X
assumes restrict (A N J) zJ € Set.image (restrict J) (Set.filter (isSamelntersection zI (A N I)) X)
assumes z = merge zJ z[
assumes table n A X
assumes A C T U J
assumes card (AN 1) > 1
assumes wf_set n (I U J)
assumes wf tuplen (I U J) z



shows restrict A z € X

(proof)

lemma partial__correctness:

assumes V =1U J

assumes Set.is_empty (I N J)

assumes card [ > 1

assumes card J > 1

assumes Q_I pos = projectQuery I (filterQuery I Q)

assumes @) _J pos = filterQuery J Q

assumes @) I neg = filterQueryNeg I Qn

assumes @ _J neg = filterQuery J (Qn — Q_I neg)

assumes NQ_pos = newQuery J Q_J_pos (I, t)

assumes NQ_neg = newQuery J Q_J_neg (I, t)

assumes R__NQ = genericJoin J NQ_pos NQ _neg

assumes Vz. (z € R_I «+— wf tuple n I o N (V(4, X)€Q_1I pos. restrict A z € X) N (V(4,
X)eQ I neg. restrict A z ¢ X))

assumes Vy. (y € B_NQ «— wf _tuple n J y A (V(A, X)ENQ _pos. restrict A y € X) N (V(4,
X)ENQ _neg. restrict A y ¢ X))

assumes z = merge xT t

assumes t € R |

assumes 2z € R_NQ

assumes rwf_queryn V Q Qn

shows wf tuple n Vz A (V (4, X)€Q. restrict A z € X) A (V (A, X)€Qn. restrict A z ¢ X)
(proof)

lemma simple_set__inter:
assumes | C (|JXeA. fX)
shows I C (UXeA. (fX)Nn1I)
(proof)

lemma union_restrict:
assumes restrict [ z1 = restrict I z2
assumes restrict J z1 = restrict J z2
shows restrict (I U J) z1 = restrict (I U J) 22

(proof)

lemma partial__correctness direct:

assumes V =1 U J

assumes Set.is_empty (I N J)

assumes card I > 1

assumes card J > 1

assumes @ I pos = projectQuery I (filterQuery I Q)

assumes @)_J_ pos = filterQuery J Q

assumes @) I neg = filterQueryNeg I Qn

assumes @ _J neg = filterQuery J (Qn — Q_I_neg)

assumes R_ I = genericJoin I Q_I pos Q_I neg

assumes X = {(¢t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J _neg (I, t))) | ¢t . ¢
€ R_I}

assumes R = (J(¢, z) € X. {merge zx t | zx . 2z € z})

assumes R__NQ = genericJoin J NQ_pos NQ _neg

assumes Vz. (z € R I «— wf tuple n I o N (V(4, X)€Q I pos. restrict A z € X) N (V(4,
X)eQ_I neg. restrict A z ¢ X))

assumes VieR_I. (Vy. (y € genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J neg (I,
t)) «— wf tuplen Jy A

(V (4, X)e(newQuery J Q_J_pos (I, t)). restrict A y € X) N (V(A, X)e(newQuery J Q_J_neg (I,
t)). restrict A y ¢ X)))

assumes wf_tuplen V z A (V(A, X)€Q. restrict A z € X) N (V (A, X)EQn. restrict A z ¢ X)
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assumes rwf _query n V Q Qn
shows z € R

(proof)

lemma obvious_ forall:
assumes VzeX. P x
assumes z€X
shows P z

(proof)

lemma correctness:
[rwf_query n V Q Qn; card V > 1] = (z € genericJoin V Q Qn +— wf_tuplen V z A
(V(A, X)eQ. restrict A z € X) N (V(4, X)eQn. restrict A z ¢ X))

(proof)

lemma wf set finite:
assumes wf_set n A
shows finite A
(proof)

lemma vars_wrapperGenericJoin:
fixes Q :: ‘a query and Q_pos :: 'a query and Q_neg :: 'a query
and V :: nat set and Qn :: 'a query
assumes @ = Set.filter (AM(A, _). = Set.is_empty A) Q_pos
and V = (J(4, X)eQ. A)
and Qn = Set.filter (A(A, _). AC V Acard A > 1) Q_neg
and — Set.is_empty Q
and —((3 (4, X)eQ _pos. Set.is_empty X) V (3 (A4, X)EQ _neg. Set.is_empty A N - Set.is_empty
X))
shows wrapperGenericJoin Q_pos QQ_neg = genericJoin V Q Qn
(proof )

lemma wrapper__correctness:

assumes card ()_pos >1

assumes V (A, X)e(Q_pos U Q_neg). table n A X N wf_set n A

shows z € wrapperGenericJoin Q_pos Q_neg <— wf _tuple n (|J(4, X)€Q_pos. A) z N (V (4,
X)eQ_pos. restrict A z € X) N (V(A, X)€Q_neg. restrict A z ¢ X)
(proof)

end

end

3 Example instantiations and queries

theory Ezamples_Join
imports Generic_Join
begin

3.1 Instantiations

global__interpretation Maz_getlJ: getlJ A\_ _ V. (V — {Maz V}, {Maz V})
defines Maz_getlJ genericJoin = Max__getlJ.genericJoin
and Max__getlJ _wrapperGenericJoin = Maz__getlJ.wrapperGenericJoin

(proof)
global__interpretation Min_getlJ: getlJ \_ _ V. ({Min V}, V — {Min V})
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defines Min__getlJ genericJoin = Min__getlJ.genericJoin
and Min__getlJ _wrapperGenericJoin = Min__getlJ.wrapperGenericJoin
(proof)

3.2 Queries

value Max__getlJ.genericJoin {0, 1} {({0 , 1}, {[Some (0 :: nat), Some 0], [Some 1, Some 11}), ({0 ,
1}, {[Some 0, Some 0], [Some 0, Some 1]})} {} :: nat table
value Min_getlJ.genericJoin {0, 1} {({0 , 1}, {[Some (0 :: nat), Some 0], [Some 1, Some 1]}), ({0 ,
1}, {[Some 0, Some 0], [Some 0, Some 1]})} {} :: nat table

fun protoTableTriangle :: nat = nat table where
protoTableTriangle 0 = {[Some 0, Some 0]}
| protoTableTriangle (Suc n) = (protoTableTriangle n) U {[Some (Suc n), Some 0], [Some 0, Some (Suc

)|}

fun auzlnsertNoneTriangle :: nat tuple = nat = nat tuple where
auxInsertNoneTriangle | 0 = None # 1

| auzInsertNoneTriangle (x # q) (Suc n) = z # (auzInsertNoneTriangle g n)

| auzInsertNoneTriangle [| (Suc v) = undefined

fun insertNoneTriangle :: nat table = nat = nat table where
insertNoneTriangle t n = {auzInsertNoneTriangle zn | z . z € t}

value set [0 ..< 5]

fun getTableTriangle :: nat = nat = nat atable where
getTableTriangle n i = ({0, 1, 2} — {i}, insertNoneTriangle (protoTable Triangle n) i)

fun getQueryTriangle :: nat = nat query where
getQueryTriangle n = {getTableTriangle n 0, getTableTriangle n 1, getTableTriangle n 2}

definition verticesTriangle :: vertices where vertices Triangle = {0, 1, 2}
value getQueryTriangle 2

value Maz_getlJ.genericJoin vertices Triangle (getQueryTriangle 2) {({0, 2}, {[Some 0, None, Some

01}

value let n = 21in let ((_, A), (_, B), (_, C)) = (getTableTriangle n 0, getTableTriangle n 1, getTable-
Triangle n 2) in

let AB = join A True B in join AB True C

value Min__getlJ.wrapperGenericJoin (getQueryTriangle 2) {}

value Maz getlJ.wrapperGenericJoin (getQueryTriangle 2) {}

value New_maz.wrapperGenericJoin (getQueryTriangle 2) {}

end
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