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Abstract

This entry develops the general Weierstrass equation
y2 + a1y +asy = s + a2x2 + asx + ag

over commutative rings and fields. It defines the standard invariants,
proves ¢ — c2 = 1728/, formalizes the affine and projective equations
and their singular points, and proves over every field that the projec-
tive cubic is geometrically nonsingular exactly when A # 0. Geomet-
ric singularities are taken over the algebraic closure, so the statement
includes imperfect fields and characteristics 2 and 3. A final bridge
specializes the development to the short equation and reuses the AFP
Elliptic Curves Group Law entry [1]. The definitions and invariant
formulas follow the standard treatment in [2]. Al assistance was used
for proof engineering. The final definitions, statements, and proofs are
checked by Isabelle.
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theory Weierstrass-Coefficients
imports
HOL— Computational-Algebra. Polynomial
begin

1 General Weierstrass coeflicients

record 'a weierstrass-coeffs =
al =
a2
ad ::
a4 ::
ab

RSN

lemma weierstrass-coeffs-eql:
fixes W V :: ‘a weierstrass-coeffs
assumes al W =a1 V
and a2 W =a2 V
and a3 W = a3 V
and a4 W =a4 V
and a6 W = a6 V
shows W =V
using assms by (cases W; cases V) simp

definition map-weierstrass-coeffs ::
('a = 'b) = 'a weierstrass-coeffs = 'b weierstrass-coeffs
where
map-weierstrass-coeffs f W =
(a1l = f (a1 W), a2 = f (a2 W), a8 = f (a3 W),
af = f (af W), a6 = f (a6 W))

lemma map-weierstrass-coeffs-simps [simp):
al (map-weierstrass-coeffs f W) = f (al W
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by (simp-all add: map-weierstrass-coeffs-def)

lemma map-weierstrass-coeffs-id [simp]:
map-weierstrass-coeffs id W = W
by (cases W) (simp add: map-weierstrass-coeffs-def)

lemma map-weierstrass-coeffs-comp:
map-weierstrass-coeffs [ (map-weierstrass-coeffs g W) =
map-weierstrass-coeffs (f o g) W
by (cases W) (simp add: map-weierstrass-coeffs-def)

definition short-weierstrass-coeffs ::
‘a::zero = 'a = 'a weierstrass-coeffs
where
short-weterstrass-coeffs A B =
(al =0,a2=10,a3 =0, a4 = A, a6 = B)

lemma short-weierstrass-coeffs-simps [simp]:
al (short-weierstrass-coeffs A B)
a2 (short-weierstrass-coeffs A B)
a3 (short-weierstrass-coeffs A B)
a4 (short-weierstrass-coeffs A B) = A
ab (
by (

0
0
0

short-weierstrass-coeffs A B) = B
stmp-all add: short-weierstrass-coeffs-def)

end

theory Weierstrass-Invariants
imports Weierstrass-Coefficients

begin

2 Standard invariants

definition b2 :: 'a::comm-ring-1 weierstrass-coeffs = 'a

where b2 W =al W ™2+ / x a2 W

definition b/ :: 'a::comm-ring-1 weierstrass-coeffs = 'a
where by W =2xaf W+ al W x a8 W

definition b6 :: ‘a::comm-ring-1 weierstrass-coeffs = 'a
where b6 W =a3 W "2 + /) x a6 W

definition b8 :: ‘a::comm-ring-1 weierstrass-coeffs = 'a
where
b8 W =
al W™ 2xab6 W+ 4 xa2Wxab W —al Wxa8 W *xafd W+
a2 WxaSW ™2 —af W™ 2

definition c4 :: ‘a::comm-ring-1 weierstrass-coeffs = 'a
where ¢4 W =02 W "2 — 2/ xbj W



definition c6 :: 'a::comm-ring-1 weierstrass-coeffs = 'a
where ¢6 W =—(b2W ~3)+ 36 « b2 W x bj W — 216 x b6 W

definition discriminant :: 'a::comm-ring-1 weierstrass-coeffs = 'a
where
discriminant W =
—(2W "2)x b8 W —8xbjy W ™3 —27xb6W ™2+
9% b2 W xbf Wxb6 W

lemma b2-b6-minus-b4-squared:
D2W xb6 W —bf W ™2=4xb8W
proof —
obtain A1 A2 A3 A/ A6 where W:
W = (al = A1, a2 = A2, a3 = A3, af = A4, a6 = A6
by (cases W) blast
show ?thesis
unfolding W b2-def b4-def b6-def bS-def
by (simp add: algebra-simps power2-eq-square)
qed

theorem c/-c6-discriminant-identity:
cf W ™8 —c6 W™ 2= 1728 x discriminant W
proof —
obtain A1 A2 A3 A} A6 where W:
W = (al = A1, a2 = A2, a3 = A3, af = A4, a6 = A6
by (cases W) blast
show ?thesis
unfolding W b2-def bj-def b6-def bS8-def c4-def c6-def discriminant-def
by (simp add: algebra-simps power2-eq-square power3-eq-cube)
qed

lemma four-discriminant-expanded:
4 * discriminant W =
—(2W "8)x b6 W+ b2W " 2xb4 W2 —
32x«bf W ™8 —108«b6 W ™2+
36 x b2 W x by W x b6 W
proof —
obtain A1 A2 A3 A/ A6 where W:
W = (al = A1, a2 = A2, a3 = A3, a4 = AJ, a6 = AG)
by (cases W) blast
show ?thesis
unfolding W b2-def b4-def b6-def b8-def discriminant-def
by (simp add: algebra-simps power2-eg-square power3-eq-cube)
qed

end
theory Weierstrass-Affine-Curve
imports Weierstrass-Invariants



begin

3 The affine equation

definition weierstrass-affine-poly ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a
where
weierstrass-affine-poly Wz y =
y 24+al Wxzxzsxy+ad Wy —
(73 +a2Wsxaz " 2+ af Wxa+ ab W)

definition on-weierstrass-affine ::
'a::comm-ring-1 weierstrass-coeffs = 'a = ’a = bool
where
on-weierstrass-affine W x y <—
y 2+al Wxzxy+ a3 Wxy=
T8+ a2Wxzx 2+ af Wxz+ab W

lemma on-weierstrass-affine-iff-poly-zero:
on-weterstrass-affine Wz y «—
weierstrass-affine-poly Wz y = 0
unfolding on-weierstrass-affine-def weierstrass-affine-poly-def
by simp

end

theory Weierstrass-Projective- Curve
imports Weierstrass-Affine-Curve

begin

4 Homogeneous coordinates
type-synonym ’a weierstrass-projective-coords = 'a X 'a x 'a

definition scale-projective ::
‘a::times = 'a weierstrass-projective-coords =
'a weierstrass-projective-coords
where
scale-projective u = (MX, Y, Z). (ux X, ux Y, u x 7))

lemma scale-projective-simps [simp):
scale-projective u (X, Y, Z) = (ux X, ux Y, u x Z)
by (simp add: scale-projective-def)

definition projective-coords-valid ::
'a::zero weierstrass-projective-coords = bool
where
projective-coords-valid = (NX, Y, Z). X A0V Y £ 0V Z # 0)



definition projectively-equivalent ::
'a::field weierstrass-projective-coords =
'a weierstrass-projective-coords = bool
where
projectively-equivalent p q <—
(Fu. uw# 0 A q = scale-projective u p)

lemma scale-projective-one [simpl:
scale-projective 1 p = p
for p :: 'a::monoid-mult weierstrass-projective-coords
by (induct p rule: prod-induct3) simp

lemma scale-projective-mult:
scale-projective u (scale-projective v p) = scale-projective (u * v) p
for p :: 'a::monoid-mult weierstrass-projective-coords
by (induct p rule: prod-induct8) (simp add: mult.assoc)

lemma projective-coords-valid-scale-iff:
projective-coords-valid (scale-projective u p) +—
u # 0 A projective-coords-valid p
for u :: 'a::field
by (induct p rule: prod-induct3)
(auto simp: projective-coords-valid-def)

lemma projectively-equivalent-refl [simp]:
projectively-equivalent p p
unfolding projectively-equivalent-def
by (rule exI|of - 1]) simp

lemma projectively-equivalent-sym:
projectively-equivalent p ¢ = projectively-equivalent q p
unfolding projectively-equivalent-def
proof —
assume Ju. u # 0 N\ q = scale-projective u p
then obtain u where u: © # 0 q = scale-projective u p
by blast
show Jv. v # 0 A p = scale-projective v q
proof (intro exI[of - inverse u] congl)
show inverse u # 0
using u by simp
show p = scale-projective (inverse u) q
unfolding u(2) scale-projective-mult
using u by simp
qed
qed

lemma projectively-equivalent-trans:
projectively-equivalent p ¢ =
projectively-equivalent ¢ 1 —>



projectively-equivalent p r
unfolding projectively-equivalent-def
proof —
assume Ju. u # 0 N\ q = scale-projective u p
and Jv. v # 0 A r = scale-projective v q
then obtain u v where wuv:

uF 0v#0
q = scale-projective u p r = scale-projective v q
by blast
show Jw. w # 0 A r = scale-projective w p
using uv

by (intro exl|of - v x u]) (simp add: scale-projective-mult)
qed

5 The projective cubic

definition weierstrass-projective-poly ::
‘a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a = 'a
where
weterstrass-projective-poly W X Y Z =
Y 2% Z4+al WxX*xY*xZ+a3WxYxZ"2—
(X783 4+a2WxX "2%xZ+ a4 WxX*xZ 2+a6W=xZ"3)

definition on-projective-weierstrass ::
'a::comm-ring-1 weierstrass-coeffs =
'a weierstrass-projective-coords = bool
where
on-projective-weierstrass W =
MX, Y, 2).
projective-coords-valid (X, Y, Z) A
weierstrass-projective-poly W X Y Z = 0)

lemma weierstrass-projective-poly-scale:
weierstrass-projective-poly W (u * X) (u x Y) (u* Z) =
u 8 x weierstrass-projective-poly W X Y Z
by (simp add: weierstrass-projective-poly-def algebra-simps
power2-eq-square power3-eq-cube)

lemma on-projective-weierstrass-scale-iff:

fixes u :: 'a::field

assumes u # 0

shows on-projective-weierstrass W (scale-projective u p) +—
on-projective-weierstrass W p

using assms

by (induct p rule: prod-induct3)
(simp add: on-projective-weierstrass-def projective-coords-valid-def

weierstrass-projective-poly-scale assms)

definition affine-to-projective ::



‘az:one = 'a = 'a weierstrass-projective-coords
where
affine-to-projective v y = (z, y, 1)

lemma weierstrass-projective-poly-affine [simp]:
weierstrass-projective-poly W x y 1 = weierstrass-affine-poly Wz y
by (simp add: weierstrass-projective-poly-def weierstrass-affine-poly-def)

theorem on-projective-weierstrass-affine:
on-projective-weierstrass W (affine-to-projective x y) <—
on-weierstrass-affine Wz y
by (simp add: affine-to-projective-def on-projective-weierstrass-def
projective-coords-valid-def on-weierstrass-affine-iff-poly-zero)

theorem on-projective-weierstrass-chart:
fixes X Y 7 :: 'a:field
assumes Z # 0
shows on-projective-weierstrass W (X, Y, Z) +—
on-weierstrass-affine W (X / Z) (Y | Z)
proof —
have invZ: inverse Z # 0
using assms by simp
have scale:
scale-projective (inverse Z) (X, Y, Z) =
affine-to-projective (X | Z) (Y | Z)
using assms
by (simp add: affine-to-projective-def field-class.field-divide-inverse)
have scaled:
on-projective-weierstrass W
(affine-to-projective (X | Z) (Y | Z)) +—
on-projective-weierstrass W (X, Y, Z)
using on-projective-weierstrass-scale-iff [OF invZ, of W (X, Y, Z)]
unfolding scale .
show ?thesis
using scaled on-projective-weierstrass-affinelof WX | ZY | Z]
by blast
qged

definition weierstrass-infinity ::
'a::zero-neg-one weierstrass-projective-coords
where
weierstrass-infinity = (0, 1, 0)

lemma weierstrass-infinity-on-curve [simpl:
on-projective-weierstrass W weierstrass-infinity
by (simp add: on-projective-weierstrass-def projective-coords-valid-def
weierstrass-infinity-def weierstrass-projective-poly-def)

lemma on-projective-weierstrass-at-infinity-iff:



on-projective-weierstrass W (X, Y, 0) +—
X=0NY #0
for X Y :: 'a::field
by (auto simp: on-projective-weierstrass-def projective-coords-valid-def
weierstrass-projective-poly-def)

theorem projective-weierstrass-at-infinity:
assumes on-projective-weierstrass W (X, Y, 0)
shows projectively-equivalent (X, Y, 0) weierstrass-infinity
proof —
from assms have X: X = 0 and Y: Y # 0
by (simp-all add: on-projective-weierstrass-at-infinity-iff )
show ?thesis
unfolding projectively-equivalent-def
proof (intro exI[of - inverse Y] conjI)
show inverse Y # 0
using Y by simp
show weierstrass-infinity =
scale-projective (inverse Y) (X, Y, 0)
using X Y by (simp add: weierstrass-infinity-def)
qged
qged

end

theory Weierstrass-Singularities
imports Weierstrass- Projective-Curve

begin

6 Formal partial derivatives

definition weierstrass-projective-dz ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a = a
where
weierstrass-projective-dr W X Y 7 =
al WxYxZ —3xX"2-2xa2WxXx*xZ—aj)WxZ"2

definition weierstrass-projective-dy ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a = 'a
where
weierstrass-projective-dy W X Y Z =
2« YxZ+al WxXxZ+a3W=xZ"2

definition weierstrass-projective-dz ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a = 'a
where
wegerstrass-projective-dz W X Y Z =
Y "2 4al Wx XY +2%xa8WxY xZ —
a2 WX "2 —-2xafWxX*xZ—-—3xabW=xZ 2



lemma weierstrass-projective-dz-scale:
weierstrass-projective-dr W (u %« X) (ux Y) (u % Z) =
u 2 * weierstrass-projective-de WX Y Z
by (simp add: weierstrass-projective-dz-def algebra-simps power2-eg-square)

lemma weierstrass-projective-dy-scale:
weierstrass-projective-dy W (u + X) (u x Y) (u x Z) =
u 2 x weierstrass-projective-dy W X Y Z
by (simp add: weierstrass-projective-dy-def algebra-simps power2-eq-square)

lemma weierstrass-projective-dz-scale:
weierstrass-projective-dz W (u % X) (u x Y) (u * Z) =
u 2 x weierstrass-projective-dz W X 'Y Z
by (simp add: weierstrass-projective-dz-def algebra-simps power2-eq-square)

lemma weierstrass-projective-euler:

X x weierstrass-projective-de W X Y Z +
Y x weierstrass-projective-dy W X Y Z +
Z x weierstrass-projective-dz W X Y Z =

3 x weierstrass-projective-poly W X Y Z

by (simp add: weierstrass-projective-da-def weierstrass-projective-dy-def
weierstrass-projective-dz-def weierstrass-projective-poly-def
algebra-simps power2-eq-square power3-eq-cube)

7 Singular points

definition singular-projective-point ::
'a::field weierstrass-coeffs =
'a weierstrass-projective-coords = bool
where
singular-projective-point W =
MX, Y, Z).
projective-coords-valid (X, Y, Z) A
weierstrass-projective-poly W X Y Z = 0 A
weierstrass-projective-dr W X Y Z = 0 N
weterstrass-projective-dy W X Y Z = 0 A
weierstrass-projective-dz W X Y Z = 0)

lemma singular-projective-point-on-curve:
singular-projective-point W p = on-projective-weierstrass W p
by (induct p rule: prod-induct3)
(simp add: singular-projective-point-def on-projective-weierstrass-def)

theorem singular-projective-point-scale-iff:
fixes u :: 'a::field
assumes u # 0
shows singular-projective-point W (scale-projective u p) +—
singular-projective-point W p
using assms

10



by (induct p rule: prod-induct3)
(simp add: singular-projective-point-def projective-coords-valid-def
weterstrass-projective-poly-scale weierstrass-projective-dz-scale
weierstrass-projective-dy-scale weierstrass-projective-dz-scale assms)

theorem point-at-infinity-nonsingular:
= singular-projective-point W weierstrass-infinity
by (simp add: singular-projective-point-def weierstrass-infinity-def
projective-coords-valid-def weierstrass-projective-dz-def)

lemma singular-projective-point-imp-z-nonzero:
assumes singular-projective-point W (X, Y, Z)
shows Z # 0
proof
assume Z0: Z = 0
with assms have X = 0 and Y = 0
by (auto simp: singular-projective-point-def projective-coords-valid-def
weierstrass-projective-poly-def weierstrass-projective-dz-def)
with assms Z0 show Fulse
by (simp add: singular-projective-point-def projective-coords-valid-def)
qed

8 The affine chart

definition weierstrass-affine-dz ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a
where
weierstrass-affine-de Wz y =
al Wxy—8xaz "2 —2%xa2 Wxz—af W

definition weierstrass-affine-dy ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a = 'a
where
weierstrass-affine-dy Wezy=2*y+ al Wxz 4+ a8 W

definition singular-affine-point ::
'a:: field weierstrass-coeffs = 'a = 'a = bool
where
singular-affine-point W x y «—
weterstrass-affine-poly Wz y = 0 A
weierstrass-affine-de Wxy = 0 A
weierstrass-affine-dy Wz y = 0

lemma weierstrass-projective-dz-affine [simp]:
weierstrass-projective-de W x y 1 = weierstrass-affine-de Wz y

by (simp add: weierstrass-projective-dz-def weierstrass-affine-dz-def)

lemma weierstrass-projective-dy-affine [simp):
weierstrass-projective-dy W x y 1 = weierstrass-affine-dy W x y

11



by (simp add: weierstrass-projective-dy-def weierstrass-affine-dy-def)

lemma weierstrass-projective-dz-affine:
weserstrass-projective-dz W x y 1 =
8 *x weierstrass-affine-poly Wz y —
z * weierstrass-affine-dv W x y —
y * weierstrass-affine-dy Wz y
by (simp add: weierstrass-projective-dz-def weierstrass-affine-poly-def
weierstrass-affine-dz-def weierstrass-affine-dy-def
algebra-simps power2-eq-square power3-eg-cube)

lemma singular-projective-affine-iff:
singular-projective-point W (affine-to-projective x y) <—
singular-affine-point W x y
by (auto simp: singular-projective-point-def singular-affine-point-def
affine-to-projective-def projective-coords-valid-def
weierstrass-projective-dz-affine)

theorem projective-singular-iff-affine-singular:
(3 p. singular-projective-point W p) +—
(Fz y. singular-affine-point W x y)
proof
assume 3 p. singular-projective-point W p
then obtain X Y Z where singular: singular-projective-point W (X, Y, Z)
by (metis prod-cases3)
have Z: Z # 0
using singular by (rule singular-projective-point-imp-z-nonzero)
have invZ: inverse Z # 0
using Z by simp
have scale:
scale-projective (inverse Z) (X, Y, Z) =
affine-to-projective (X | Z) (Y | Z)
using 7
by (simp add: affine-to-projective-def field-class.field-divide-inverse)
have singular-projective-point W
(affine-to-projective (X | Z) (Y | 7))
using singular-projective-point-scale-iff |OF invZ, of W (X, Y, Z)]
singular
unfolding scale
by blast
then show Jz y. singular-affine-point Wz y
using singular-projective-affine-iff by blast
next
assume Iz y. singular-affine-point W x y
then obtain z y where singular-affine-point W z y
by blast
then show dp. singular-projective-point W p
using singular-projective-affine-iff by blast
qed

12



definition projective-weierstrass-nonsingular-over ::
‘a:: field weierstrass-coeffs = bool
where
projective-weierstrass-nonsingular-over W +—
= (I p. singular-projective-point W p)

lemma projective-weierstrass-nonsingular-over-iff:
projective-weierstrass-nonsingular-over W <—
- (Fz y. singular-affine-point W z y)
unfolding projective-weierstrass-nonsingular-over-def
using projective-singular-iff-affine-singular by blast

9 Elimination polynomials

definition weierstrass-g ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a
where
weserstrass-g W =
4xx " 3+b2Wxz  24+2%xb4Wxaz+b6W

definition weierstrass-h ::
'a::comm-ring-1 weierstrass-coeffs = 'a = 'a
where
weierstrass-h Wae =6 xx 2 + b2 W xax+ b4 W

lemma affine-dy-squared-minus-g:
weierstrass-affine-dy Wz y = 2 — weierstrass-g Wz =
4 x weierstrass-affine-poly Wz y
proof —
obtain A7 A2 A3 A/ A6 where W:
W =(al = A1, a2 = A2, a3 = A3, a4 = AJ, a6 = AG)
by (cases W) blast
show ?thesis
unfolding W weierstrass-affine-dy-def weierstrass-g-def
weierstrass-affine-poly-def b2-def bj-def b6-def
by (simp add: algebra-simps power2-eq-square power3-eq-cube)
qed

lemma two-affine-dz-minus-al-dy:
2 x weierstrass-affine-de Wz y —
al W x weierstrass-affine-dy W x y =
— weierstrass-h W z
proof —
obtain A1 A2 A3 A4 A6 where W:
W = (al = Al, a2 = A2, a8 = A3, af = A, a6 = AG)
by (cases W) blast
show ?thesis
unfolding W weierstrass-affine-dz-def weierstrass-affine-dy-def

13



weierstrass-h-def b2-def bj-def
by (simp add: algebra-simps power2-eq-square)
qed

end
theory Weierstrass-Discriminant-Criterion
imports
Weierstrass-Singularities
HOL— Algebra. Algebraic- Closure- Type
begin

10 Elimination identities

lemma four-discriminant-bezout:
4 * discriminant W =
—(2W T3+ 6xb2W " 2xx—30xb2W=xbj W —
144 « b4 W s x4+ 108 * b6 W) x weierstrass-g W = +
(B2W "3z +b2W " 2xbf W+ 4 xb2W 2%z 2 —
28« b2 W xbf Wxaz+ 602 W b6 W —
32xbf W "2 —96xbf Wxaz 2+ 72xb6W xuzx)x*
weierstrass-h Wz
proof —
note expanded = four-discriminant-ezpanded[of W]
show ?thesis
unfolding weierstrass-g-def weierstrass-h-def
using ezrpanded
by (simp add: algebra-simps power2-eg-square power3-eq-cube)
qed

lemma singular-affine-imp-g-zero:
assumes singular-affine-point Wz y
shows weierstrass-g Wz = 0
proof —
from assms have F: weierstrass-affine-poly Wz y = 0
and dy: weierstrass-affine-dy Wz y = 0
by (simp-all add: singular-affine-point-def)
note identity = affine-dy-squared-minus-glof W z y]
with F' dy show ?thesis
by simp
qed

lemma singular-affine-imp-h-zero:
assumes singular-affine-point Wz y
shows weierstrass-h Wz = 0
proof —
from assms have dz: weierstrass-affine-de Wx y = 0
and dy: weierstrass-affine-dy Wz y = 0
by (simp-all add: singular-affine-point-def)
note identity = two-affine-dz-minus-al-dy[of W z y]
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with dz dy show ?thesis
by simp
qed

lemma twice-negative-half:
fixes z :: 'a::field
assumes (2 :: 'a) # 0
shows 2 x (—2/2)+2=0
using assms by simp

lemma four-ne-zero-of-two-ne-zero:
fixes dummy :: 'a::field
assumes two: (2 = 'a) # 0
shows (4 :: ‘a) # 0

proof

assume four: (4 :: 'a) = 0
have product: (2 :: 'a) x 2 = 0
proof —
have (2 :: 'a) * 2 = 4
by simp
also have ... = 0

by (rule four)

finally show ?thesis .
qed
have (2 ::/a) =0V (2:7a) =0

using product by (simp only: mult-eq-0-iff)
with two show Fulse

by blast

qed

lemma affine-singular-of-g-h:
fixes W :: 'a:field weierstrass-coeffs
assumes two: (2 :: ‘a) # 0
and g: weierstrass-g Wz = 0
and h: weierstrass-h Wz = 0
shows singular-affine-point Wz (— (a1 W x4+ a3 W) / 2)
proof —
let %y=—(al Wxz+ a8 W)/ 2
have dy: weierstrass-affine-dy Wz 2y = 0
using twice-negative-half|OF two, of al W * x + a3 W]
by (simp only: weierstrass-affine-dy-def add.assoc)
have four: (/ :: 'a) # 0
by (rule four-ne-zero-of-two-ne-zero| OF two))
note F-identity = affine-dy-squared-minus-glof W x 2y|
have F': weierstrass-affine-poly Wz 2y = 0
using F-identity dy g four by simp
note dz-identity = two-affine-dz-minus-al-dylof W z 2y
have dz: weierstrass-affine-de W x 2y = 0
using dz-identity dy h two by simp
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show ?thesis
unfolding singular-affine-point-def
using F' dx dy by blast
qed

lemma singular-affine-imp-discriminant-zero-odd:
fixes W :: 'a:field weierstrass-coeffs
assumes two: (2 = 'a) # 0
and singular: singular-affine-point W x y
shows discriminant W = 0
proof —
have g: weierstrass-g W x = 0
using singular by (rule singular-affine-imp-g-zero)
have h: weierstrass-h W = 0
using singular by (rule singular-affine-imp-h-zero)
have four: (4 :: 'a) # 0
by (rule four-ne-zero-of-two-ne-zero| OF two))
have 4 * discriminant W = 0
using four-discriminant-bezout[of W z] g h by simp
with four show ?thesis
by simp
qed

11 Characteristic two

lemma char-two-three:
fixes x :: 'a::comm-ring-1
assumes two: (2 :: 'a) = 0
shows (8 :: /a) = 1

proof —
have (8 :: 'a) = 2 + 1
by simp
also have ... = 1

by (simp add: two)
finally show ?thesis .
qed

lemma char-two-four:
fixes = :: 'a::comm-ring-1
assumes two: (2 = 'a) = 0
shows (4 :: 'a) = 0

proof —
have (4 :: 'a) = 2 + 2
by simp
also have ... =0

by (simp add: two)
finally show ?thesis .
qed
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lemma char-two-eight:
fixes = :: 'a::comm-ring-1
assumes two: (2 = 'a) = 0
shows (8 :: 'a) = 0

proof —
have (8 :: 'a) = 4 + 4
by simp
also have ... =0

by (simp add: char-two-four|OF two))
finally show ?thesis .
qed

lemma char-two-nine:
fixes z :: 'a::comm-ring-1
assumes two: (2 :: 'a) = 0
shows (9 :: 'a) = 1

proof —
have (9 :: 'a) = 8 + 1
by simp
also have ... = 1

by (simp add: char-two-eight[OF two))
finally show ?thesis .
qed

lemma char-two-twenty-seven:
fixes z :: 'a::comm-ring-1
assumes two: (2 :: 'a) = 0
shows (27 :: 'a) = 1
proof —
have (27 :: 'a) = 2 % 18 + 1
by simp
also have ... = 1
by (simp add: two)
finally show ?thesis .
qed

lemma char-two-neg:
fixes z :: 'a::comm-ring-1
assumes two: (2 :: 'a) = 0
shows — z =z
proof —
have z + 2 =2 x
by (simp add: algebra-simps)
also have ... =0
by (simp add: two)
finally show ?thesis
by (simp only: neg-eq-iff-add-eq-0)
qed

17



lemma b2-char-two:
fixes W :: 'a::comm-ring-1 weierstrass-coeffs
assumes two: (2 = 'a) = 0
shows b2 W =al W ~ 2
by (simp add: b2-def char-two-four[OF two))

lemma b4-char-two:
fixes W :: ‘a::comm-ring-1 weierstrass-coeffs
assumes two: (2 :: 'a) = 0
shows b4 W =a1l W x a8 W
by (simp add: b4-def two)

lemma b6-char-two:
fixes W :: 'a::comm-ring-1 weierstrass-coeffs
assumes two: (2 :: 'a) = 0
shows b6 W = a3 W ~ 2
by (simp add: b6-def char-two-four[OF two))

lemma b8-char-two:
fixes W :: 'a::comm-ring-1 weierstrass-coeffs
assumes two: (2 :: 'a) = 0
shows b8 W =
al W™ 2xab6 W +al WxaS8 W *xaf W+
a2 Wxa8W "2+ a4 W™ 2
by (simp add: b8-def char-two-four|OF two] char-two-neg[OF twol)

lemma discriminant-char-two-expanded:
fixes W :: 'a::comm-ring-1 weierstrass-coeffs
assumes two: (2 :: 'a) = 0
shows discriminant W =
al W6 xab W +al W ™5*xa3 W xaf W+
al W4 xa2Wxa8 W " 24+al W 4 *xal W™ 2+
a8 W "4 +al W ™ 3xa8 W ™3
proof —
obtain A1 A2 A3 A4 A6 where W:

W = (al = A1, a2 = A2, a3 = A3, af = A, a6 = AG)
by (cases W) blast
have power-five: Az ::

proof —
fix z:: 'a
have © “Suc f =z xx " 4
by (rule power-Suc)
then show z ~ 5 =z *xz ~ J
by simp
qed
have power-four: Az ::
proof —
fixz:'a
have z " Suc 3 =z xxz "3

a.z "S5 =zxx /4

la.x T =zxx*xT*CT
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by (rule power-Suc)
thenshow z ~/ =z *xz %z x 2
by (simp add: power3-eq-cube)

qed
have power-siz: Az :: 'a.x "6 =z *xxxr kT * T * T
proof —

fix z:: 'a

have z " Suc 5 =z xz 5
by (rule power-Suc)
thenshow z "6 =x xx*xxx T xT
by (simp add: power-five power-four)
qed
have reduced:
discriminant W =
(al W™2) "2%b8 W+ (a8W™2) "2+
al W™ 2% (al Wxa3 W) *xa8 W™ 2
unfolding discriminant-def
apply (simp add: b2-char-two| OF two] b4-char-two] OF two]
b6-char-two[ OF two] char-two-eight| OF two]
char-two-nine[ OF two)] char-two-twenty-seven[OF two)
char-two-neg| OF two] algebra-simps)
using two
apply simp
done
show ?thesis
proof (rule trans)
show discriminant W =
(al W™2) "2%bSW+ (a3 W "2) "2+
al W™ 2 x(al Wxa3 W)*xa3 W ™2
by (rule reduced)
show (al W ~2) "2« b8 W + (a8 W ~2) ~2 +
al W™ 2x(al Wxa8 W)xa8 W ™2 =
al W6 xab W +al W ™5xa3Wx*xal W+
al W4 xa2 Wxa8 W "2 +al W™ 4 xajd W™ 2+
a8 W "4 +al W ™8 xa8 W ™3
apply (subst b8-char-two[OF two, of W)
unfolding W
by (simp add: power-four power-five power-siz
power2-eq-square power3-eq-cube algebra-simps)
qed
qed

lemma discriminant-char-two-al-zero:
fixes W :: 'a:field weierstrass-coeffs
assumes two: (2 :: 'a) = 0
and al: al W =10
shows discriminant W = a3 W — 4
proof —
show ?thesis
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using discriminant-char-two-expanded|OF two, of W] al
by simp
qed

lemma scaled-power-eq:
fixes q z n :: 'a::comm-semiring-1
assumes ¢ * T = n
shows ¢ "k*xz " k=n "k
proof —
have (¢ xz) “k=n "k
using assms by simp
then show ?thesis
by (simp only: power-mult-distrib)
qed

lemma scale-linear-six:
fixes a ¢ z :: 'a::comm-ring-1
shows a "6 x (cxz)=a "5 xcx*(axx)
by (simp add: power-numeral-reduce algebra-simps)

lemma diff-rearrange:
fixes a z y ¢ :: 'a::comm-ring-1
assumes a *x §y — ¢ 2 —c= 0
shows yxa=1 "2 + ¢
proof —
have ax y =2 "2 + ¢
proof —
from assmshave a x y — (z ~ 2 +¢) =0
by (subst diff-diff-add [symmetric])
then show ?thesis
by (rule iffD2 [OF eq-iff-diff-eq-0))
qed
then show ?thesis
by (subst mult.commute)
qed

lemma char-two-affine-certificate-raw:
fixes A1 A2 A3 AJ A6 :: 'a:field
assumes two: (2 :: 'a) = 0
and AI: A1 # 0
shows A1 ~ 6
(A3 / A1) ~2 + ) ~2+
K A1) T2+ A4) ) A1) +
)

A4) | Al
(A3 /
A4)/A1)>

Al x (A8 ] Al ((
AS’*(((AS’/AJ 2
((A8 /] A1) 8 + A2 x (A3 /| A1)
A4 x (A8 / AI) + A6)) =
A] 6« A6 + A1 ~5 x A8 x Af +
T x A2 x A3 T2+ Al T4 x Al T2 +
A3A4+A1A3’*A3A3

3
+
*
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proof —
let 72z = A3 / Al
let 2y = (%2 =2 4+ A4) | Al
have az: Al x %2 = A3
using A1 by simp
have ay: A1 x %y = %2~ 2 + A4
using A1 by simp
have az2: A1 ~2 % %2 =2 = A3 "2
by (rule scaled-power-eq[OF ax))
have ax3: A1 ~3 % %0 -3 = A3 "3
by (rule scaled-power-eq[OF ax))
have axj: A1 =/ x ?x 4 = A8 "4
by (rule scaled-power-eq[OF az))
have ay2: A1 ~2x %y " 2= (%2 "2+ A4) ~ 2
by (rule scaled-power-eq[OF ay))
have square-sum: (%z ~2 + A}) "2 =% "4 + A4 "2
using two by (simp add: power2-sum power-mult)
have yscale:
Al 76 % 2y "2 =A8 "} + Al 4 x A4 ~2
proof —
have A1 ~6 x 2y 2= A1 "4 x (Al ~ 2% 2y ~ 2)
by (simp add: power-Suc algebra-simps)
also have ... = A1 7/ * (%2 ~2 + A4) 2
using ay2 by simp
also have ... = A1 7/ x (%z ~ 4 + A4 ~2)
by (simp only: square-sum)
also have ... = A3~/ + A1 "/ x A} 2
using az/ by (simp add: algebra-simps)
finally show ?thesis .
qed
have cross:
Al 76 % (Al x %2 x 2y + A3 x 2y) = 0
proof —
have A1 x %z % %y + A3 x 2y = A8 x 2y + A3 x %y
using ax by simp

also have ... = 2 x (48 x %y)
by (simp add: algebra-simps)
also have ... = 0

using two by simp
finally show ?thesis
by simp
qed
have zcube:
Al T6 % %2 =83 =A1 "3 % A3 3
proof —
have A1 "6 * %2 ~ 83 = A1 "3 % (A1 ~ 3% %2~ 3)
by (simp add: power-Suc algebra-simps)
also have ... = A1 73 x A3 ™3
using az3 by simp
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finally show ?thesis .
qed
have zsquare:
A1 76 x (A2 x 22~ 2) = Al 4 x A2 x A8 ~ 2
proof —
have A1 6 x (A2 x %2 ~2) =
Al T4 % A2 x (A1 2 x 22~ 2)
by (simp add: power-Suc algebra-simps)
also have ... = A1 ~ 4 % A2 x A8 ~ 2
using az2 by simp
finally show ?%thesis .
qed
have zlinear:
Al 76 % (A4 * 22) = A1 5 x A3 = A4
proof —
have A1 76 x (A4 % %2) = Al 75 % A4 x (A1 x %z)
by (rule scale-linear-six)
also have ... = A1 5 x A3 x A}
using az by (simp add: algebra-simps)
finally show ?thesis .
qged
have A1 ~ 6 *
(((2y 2 + Al % %z % 2y + A3 * %y) —
(22 73+ A2 % %0 =2 4+ A4 x %z + A6))) =
Al 76 % 2y — 2 +
Al 76 x (Al * %2 % 2y + A3 x %y) —
(A1 76 % %22 =8 + Al ~6 % (A2 x %22~ 2) +
Al 76 x (A4 x 2z) + Al ~ 6 % A0)
by (simp add: algebra-simps)
also have ... = (48 ~ 4/ + A1 "4 x A4 ~2) —
(A1 78 %x A3 73 + Al T/ x A2 x A3 ~ 2 +
Al 75 % A8 x A4 + A1 T 6 * Ab)
by (simp only: yscale cross zcube xsquare zlinear add-0-right)
also have ... = A1 6 x A6 + A1 5 x A3 x A4 +
Al T4 x A2 x A3 "2+ Al "4 x A} ~ 2+
A3 74 + A1 T3 x A3 ™38
using two
by (simp add: char-two-neg[OF two] algebra-simps)
finally show ?thesis .
qed

lemma discriminant-char-two-certificate:
fixes W :: 'a:field weierstrass-coeffs
assumes two: (2 :: ‘a) = 0
and al: al W # 0
shows a1l W ~ 6 x
weierstrass-affine-poly W (a3 W [ al W)
(a8 W Jal W) "2+ a4 W)/ al W)=

discriminant W
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proof —
obtain A1 A2 A3 A4 A6 where W:
W = (al = A1, a2 = A2, a8 = A3, af = A/, a6 = A6
by (cases W) blast
have A1: A1 # 0
using a! unfolding W by simp
note raw = char-two-affine-certificate-raw] OF two A1)
have polynomial:
al W ™6 %
weierstrass-affine-poly W (a8 W [ al W)
(a8 W Jal W) "2+ a4 W)/ al W)=
al W™ 6xab W +al W ™5xa3 Wxaf W+
al W™ xa2 Wxa8 W " 2+al W™ 4 xaf W™ 2+
a8 W ") +al W™ 83xa3 W ™38
unfolding W weierstrass-affine-poly-def
using raw by simp
show ?thesis
using polynomial discriminant-char-two-expanded|OF two, of W]
by simp
qed

lemma singular-affine-imp-discriminant-zero-char-two:
fixes W :: 'a:field weierstrass-coeffs
assumes two: (2 = 'a) = 0
and singular: singular-affine-point W x y
shows discriminant W = 0
proof (cases al W = 0)
case True
from singular have dy: weierstrass-affine-dy Wz y = 0
by (simp add: singular-affine-point-def)
have a3: a3 W =0
using dy two True
unfolding weierstrass-affine-dy-def
by simp
show ?thesis
using discriminant-char-two-al-zero[OF two True] a8 by simp
next
case Fulse
from singular have F': weierstrass-affine-poly Wz y = 0
and dzx: weierstrass-affine-de Wz y = 0
and dy: weierstrass-affine-dy Wz y = 0
by (simp-all add: singular-affine-point-def)
have invA1: al W * inverse (al W) = 1
using Fualse by simp
have dy”: al W xz = a3 W
using dy
by (simp add: weierstrass-affine-dy-def two add-eq-0-iff2
char-two-neg[ OF two))
have z: 2 = a3 W / al W
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proof (rule eq-divide-imp[OF False])
show z %« al W = a8 W
using dy’ by (simp only: mult.commute)
qed
have three: (3 :: 'a) = 1
using char-two-three[OF two) .
have dz”
al Wxy—2"2—af W=20
using dx
by (simp add: weierstrass-affine-da-def two three)
have ay: yx al W=z "2+ a4 W
by (rule diff-rearrange] OF dz'])
have y: y = (a8 W /al W) "2 + a4 W)/ al W
unfolding z
proof (rule eq-divide-imp[OF False])
show yxal W= (a3 W /al W) "2+ af W
using ay unfolding z .
qed
note certificate = discriminant-char-two-certificate] OF two False)
show ?thesis
using certificate F
unfolding z y
by simp
qed

lemma discriminant-zero-imp-affine-singular-char-two:
fixes W :: 'a::alg-closed-field weierstrass-coeffs
assumes two: (2 :: 'a) = 0
and delta: discriminant W = 0
shows 3z y. singular-affine-point W x y
proof (cases al W = 0)
case Fulse
let %2 = a8 W / al W
let 2y = ((a3 W /al W) "2+ a4 W) /al W
have invA1: al W * inverse (a1l W) = 1
using Fualse by simp
have three: (3 :: 'a) = 1
using char-two-three[OF two] .
note certificate = discriminant-char-two-certificate] OF two False]
have F': weierstrass-affine-poly W %x 2y = 0
using certificate delta False by simp
have az: a1l W x %2 = a8 W
using Fualse by (simp add: mult.commute)
have ay: al W x 2y = %2 "2 + af W
using False by (simp add: mult.commute)
have dz: weierstrass-affine-de W 2z 2y = 0
using ay
by (simp add: weierstrass-affine-dz-def two three
char-two-neg[ OF two))
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have dy: weierstrass-affine-dy W %z %y = 0
using ax
by (simp add: weierstrass-affine-dy-def two char-two-neg[OF two))
show ?thesis
unfolding singular-affine-point-def
using F dx dy by blast
next
case True
have a3pow: a8 W ~ 4 = 0
using discriminant-char-two-a1-zero[OF two True] delta by simp
then have a3: a3 W = 0
by simp
obtain x where z: © "2 =a4 W
using nth-root-exists[of 2 a4 W] by auto
obtain y where y:
y 2=z 8+ a2Wxz 2+ af Wxz+ab W
using nth-root-exists[of 2
"3+ a2 Wxz 24 af Wxax+ a6 W] by auto
have F': weierstrass-affine-poly Wz y = 0
unfolding weierstrass-affine-poly-def
using True a3 y by simp
have dz: weierstrass-affine-de Wz y = 0
unfolding weierstrass-affine-dx-def
using True x
by (simp add: two char-two-three[OF two] char-two-neg|OF two)
have dy: weierstrass-affine-dy Wz y = 0
unfolding weierstrass-affine-dy-def
by (simp add: two True a3)
show ?thesis
unfolding singular-affine-point-def
using F' dx dy by blast
qed

12 Odd characteristic

lemma scale-quadratic:
fixes ¢ z b ¢ :: 'a::comm-ring-1
shows ¢ "2 % (6x2 "2+ b*xaz+c)=
6x(q 2xz " 2)+bxgx(gxz)+c*xqg 2
by (simp add: power2-eq-square algebra-simps)

lemma c/-h-n-square:
fixes b ¢ d :: 'a::comm-ring-1
shows (18 xd —bx*xc) ~ 2=
32/ xd "2 —8«xbxcxd+b " 2xc 2
by (simp add: power2-eq-square algebra-simps)

lemma c4-h-q-square:
fixes b c :: 'a::comm-ring-1
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shows (b "2 — 2/ x¢) " 2=
b 74 —48xb " 2%xc+ 576 xc 2
by (simp add: power2-eq-square powerj-eq-zzxz algebra-simps)

lemma c/-h-middle:
fixes b ¢ d :: 'a::comm-ring-1
shows bx (b 72 — 2/ *x¢c)* (I8 xd—bx*c)=
18%xb "8 *xd—b "4 *xc—432xbxcx*xd+
2/ xb " 2%xc¢c 2
by (simp add: power2-eq-square power3-eq-cube powers-eq-rrrx
algebra-simps)

lemma c4-h-polynomial:
fixes b ¢ d :: 'a::comm-ring-1
shows 6 % (18 xd — bxc) ~ 2 +
bx(b "2 —24*xc)*x(18+xd—>bxc)+
cx (b 72 —24xc) 2=
18 (b "8%xd—b"2%xc " 2—-383xbxcxd+
32%xc 834108 xd " 2)
proof —
note n2 = c4-h-n-square[of d b ¢
note ¢2 = c4-h-g-square[of b ]
note middle = c4-h-middle[of b ¢ d]
show ?thesis
apply (subst n2)
apply (subst middle)
apply (subst ¢2)
by (simp add: power2-eq-square power3-eq-cube algebra-simps)
qed

lemma c/-candidate-h-raw:
fixes b ¢ d :: 'a:field
assumes b ~ 2 — 2/ x c#£ 0
shows (b 72 — 2/ x¢) ~ 2«
(6« ((18xd—bxc)/(b™2—2/%c) "2+
bx (18xd—bxc)/(b72—24x%c))+c)=
18%x(b"8xd—b"2%c " 2—-8 xbxcxd-+
32%c ™3+ 108 % d " 2)
proof —
let 2g=0b "2 — 2/ % ¢
let on = 18 *d — b * ¢
let 2z = %n/ %q
have qz: ?q x %2 = ?n
using assms by simp
have ¢212: 2¢ ~ 2 % %z "2 = %n "2
by (rule scaled-power-eq[OF qz])
have 2¢ "2 % (6 x %0 "2 + b* x4+ ¢) =
6x (29 2% %2 " 2)+bx %9 (99 %x) +cx* 29 2
by (rule scale-quadratic)
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alsohave ... = 6 %« %n "2 + bx 9% In+ c*x 99 2
using gz ¢2z2 by simp
alsohave ... =18« (b "8 xd —b " 2%c¢c 2 —
36 xbxcxd+32xc 3+ 108 +d” 2)
by (rule c¢4-h-polynomial)
finally show ?thesis .
qed

lemma c4-candidate-h-certificate:
fixes W :: 'a:field weierstrass-coeffs
assumes c4: ¢j W # 0
shows ¢/ W 2 %
weierstrass-h W (18 « b6 W — b2 W x by W) [ ¢f W) =
—72 % discriminant W
proof —
note raw = c4-candidate-h-raw|
OF c4[unfolded c4-def], of b6 W]
note expanded = four-discriminant-ezpanded[of W]
have E:
b2W "8 xb6 W —0b2W " 2xb4 W2 —
36 x b2 W x b4 Wxb6 W+ 32x%bj W3+
108 x b6 W — 2 =
— (4 * discriminant W)
by (simp only: expanded; simp add: algebra-simps)
show ?thesis
unfolding c4-def weierstrass-h-def
proof (rule trans)
show (b2 W ~2 — 2/ x b4 W) ~ 2 x
(6 %« ((18xb6 W — b2 W x bl W)/
(b2 W "2 =24 xb4 W)) "2+
b2 W x ((18 x b6 W — b2 W x bf W) /
(b2 W =2 — 24 b4 W)) +
bi W) =
18« (b2W "8 xb6 W —b2W " 2xbf W2 —
36 « b2 W x b Wxb6 W+ 32%xb, W ™38+
108 « b6 W~ 2)
by (rule raw)
show 18 %« (b2 W "3 x b6 W — b2 W " 2xby W™ 2 —
36 « b2 W x bl Wxb6 W+ 32xblW™38+
108 x b6 W ~2) =
—72 x discriminant W
apply (subst E)
by (simp add: algebra-simps)
qed
qed

lemma bezout-coefficient-rearrange:

fixes b ¢ d x :: 'a::comm-ring-1
shows b "3+ 6 xb " 2xx— 30 %xbx*c—
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144 xcxx+ 108 x d =
b 73 —80«xbxc+ 108*d+ 6% ((b "2 —24{%c)x*x)
proof —
have z-terms:
6xb " 2xx— 144 xcxx=06x((b"2—2{%c)x*uz)
by (simp only: right-diff-distrib left-diff-distrib;
simp add: algebra-simps)
have b "3 + 6 xb " 2%z — 30 xbxc—
144 xcxx+ 108 x d =
b ™83 —30%bxc+ 108 x d +
(6xb " 2xx— 144 % cx*ux)
by (simp only: diff-conv-add-uminus; simp add: ac-simps)
alsohave ... = b "8 — 30 « bx c+ 108 x d +
6% ((b72—2/%c)*ux)
by (simp only: z-terms)
finally show ?thesis .
qed

lemma c/-candidate-bezout-coefficient:
fixes W :: 'a:field weierstrass-coeffs
assumes c4: c4 W # 0
shows b2 W — 8 +
6«b2W " 2% ((18xb6 W —b2Wxbf W)/ cfW)—
30 « b2 W x bf W —
144 « b4 W (18 xb6 W — b2 W x b4 W)/ c{) W)+
108 * b6 W =
—c6 W
proof —
let 2 =02 W "2 — 24 xbj W
let o7n =18« b6 W — b2 W x bf W
let 2z = %n/ %q
have ¢: %q # 0
using ¢4 unfolding c4-def .
have qz: % x %z = %n
using ¢ by simp
have b2 W =8 + 6 x b2 W ~ 2 x %2 —
30 x b2 W x by W — 144 x b4 W x 20+ 108 x b6 W =
b2W 8 — 30 x b2 W x b4 W + 108 = b6 W +

6 * (2q * ?x)
by (rule bezout-coefficient-rearrange)
alsohave ... =02 W 783 — 80 « b2 W x bf W +

108 x b6 W + 6 % ?n
by (simp only: qz)
also have ... = — ¢c6 W
unfolding c6-def
by (simp add: algebra-simps)
finally show ?thesis
unfolding c4-def .
qed
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lemma c4-candidate-g-from-h-delta:
fixes W :: ‘a:field weierstrass-coeffs
assumes c4: c4 W # 0
and delta: discriminant W = 0
and h: weierstrass-h W
(18« b6 W — b2 W xbf W) [/ c4 W)=10
shows weierstrass-g W
(18 « b6 W — b2 W x bf W) | cf W) = 0
proof —
let 20 = (18 x b6 W — b2 W x b4 W) [ c4 W
have c6: c6 W # 0
proof
assume c6 W = 0
with c4-c6-discriminant-identity[of W] delta
have ¢/ W~ 38 =0
by simp
with ¢/ show Fulse
by simp
qed
note coefficient = c4-candidate-bezout-coefficient| OF c4]
note bezout = four-discriminant-bezout[of W 2]
have reduced:
0= —
(b2W "8 4+6xb2W 2% %z —
30 x D2 W x b4 W — 144 * b4 W x 22 + 108 * b6 W)
weierstrass-g W 2z
proof —
have 0 = 4 * discriminant W
using delta by simp
also have ... = —
(B2W "84+ 6+xb2W 2% %z —
30 % b2 W x by W — 144 x b4 W x 2z + 108 * b6 W) x*
weierstrass-g W 2z +
(b2W "8 x %24+ b2W " 2xbj W+
4xb2W 2% %22 —28«xb2 W xbj Wx 2z +
Cxb2Wxb6W —32xb4 W™ 2 —
96 « b4 W %272 4+ 72 « b6 W * %) =
weierstrass-h W %x
by (rule bezout)
also have ... = —
(B2 W "8 +6%b2W ™ 2% %z —
30 x b2 W x b4 W — 144 « b4 W x %2 + 108 « b6 W)
weierstrass-g W 2z
by (simp only: h mult-zero-right add-0-right)
finally show ?thesis .
qed
have 0 = ¢6 W x weierstrass-g W 2z
using reduced
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by (simp only: coefficient minus-minus)
with c6 show ?thesis
by simp
qed

lemma square-twelve-scale:
fixes b = :: 'a::comm-ring-1
shows 144 xbxz "2 =>bx* (12 xz) ~ 2
by (simp add: power2-eg-square algebra-simps)

lemma zero-h-rearrange:
fixes z b ¢ :: 'a::comm-ring-1
shows 2/ x (6 xz "2+ b*xz+ ¢) =
(12%x2) 24+ 2xbx (12 *x2)+ 24 *xc
by (simp add: power2-eg-square algebra-simps)

lemma zero-g-rearrange:
fixes z b ¢ d :: 'a::comm-ring-1
shows 216 x (f *xz "8 +bxz 2+ 2xcxz+d) =
72xx 2% (12%x2x+ 3 *b)+
36 x ¢ * (12 x x) + 216 * d
by (simp add: power2-eq-square power3-eq-cube algebra-simps)

lemma zero-c-invariant-h-raw:
fixes b c :: 'a::field
assumes (12 :: ‘a) # 0
shows 24 x (6 x(— b/ 12) 24+ bx(—b/12) 4+ ¢) =
—(b"2 -2 x%c¢

proof —
let 2 =—-1b/ 12
have gz: 12 * %0 = — b

using assms by simp

have 2/ = (6 «x %z "2 + b*x %2 4+ ¢) =
(12 % ?2) T2 4+ 2% bx* (12 x %z) + 24 x c

by (rule zero-h-rearrange)
also have ... = — (b 72 — 2/ x ¢)

using gz by (simp add: power2-eq-square algebra-simps)
finally show ?thesis .

qed

lemma zero-c-invariant-g-raw:
fixes b ¢ d :: 'a::field
assumes (12 :: 'a) # 0
shows 216 « (4 x (= b/ 12) "84+ bx(—b/12) "2 +
2%xcx(—b/12)+ d) =
b =8 —36«xbxc+ 216 x d

proof —
let 2 =—10/ 12
have qx: 12 x %2 = — b
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using assms by simp
have qz2: (12 x %z) ~2=(—b) ~ 2
using gz by simp
have 216 * (4 * 22 "8 + bx %2 "2 + 2 x c* %z + d) =
72 % %x T2 % (12 % %2 4+ 3 % b) +
36 % c*x (12 % ?x) + 216 = d
by (rule zero-g-rearrange)

alsohave ... = 1J4 x bx %2 =2 — 36 x bx c+ 216 = d
using gz by (simp add: algebra-simps)

also have ... = b * (12 x %) ~2 — 36 x bx c + 216 = d
by (simp only: square-twelve-scale)

alsohave ... = b* (—b) 72 — 36 xbxc+ 216 x d
by (simp only: qz2)

alsohave ... = b "8 — 36 x bx c+ 216 = d

by (simp add: power2-eg-square power3-eq-cube algebra-simps)
finally show ?thesis .
qed

lemma zero-c-invariant-h-certificate:
fixes W :: 'a:field weierstrass-coeffs
assumes (12 :: 'a) # 0
shows 24 x weierstrass-h W (— b2 W / 12) = — c4 W
using zero-c-invariant-h-raw|OF assms, of b2 W b4 W]
by (simp add: weierstrass-h-def c4-def)

lemma zero-c-invariant-g-certificate:
fixes W :: 'a:field weierstrass-coeffs
assumes (12 :: 'a) # 0
shows 216  weierstrass-g W (— b2 W / 12) = — c6 W
using zero-c-invariant-g-raw|OF assms, of b2 W bl W b6 W]
by (simp add: weierstrass-g-def c6-def)

lemma discriminant-zero-imp-affine-singular-odd:
fixes W :: 'a::alg-closed-field weierstrass-coeffs
assumes two: (2 = 'a) # 0
and delta: discriminant W = 0
shows Jz y. singular-affine-point W x y
proof (cases ¢4 W = 0)
case Fulse
let 2 = (18 x b6 W — b2 W x bf W) [/ c4 W
note h-certificate = c4-candidate-h-certificate] OF False]
have h: weierstrass-h W %z = 0
using h-certificate delta False by simp
have g: weierstrass-g W %z = 0
by (rule c¢4-candidate-g-from-h-delta|OF False delta h])
have singular-affine-point W %z (— (a1 W x 2z 4+ a3 W) / 2)
using affine-singular-of-g-h[OF two g h] .
then show ?%thesis
by blast

31



next
case c4zero: True
note invariant-identity = c4-c6-discriminant-identity[of W]
have c6zero: c6 W = 0
using invariant-identity c4zero delta by simp
show ?thesis
proof (cases (3 :: 'a) = 0)
case three: True
have four: (4 :: 'a) = 1
proof —
have (4 : 'a) = 8 + 1
by simp
also have ... = 0 + I
using three by simp
also have ... = 1
by simp
finally show ?thesis .
qed
have siz: (6 = 'a) = 0
proof —
have (6 :: 'a) = 2 x &
by simp
also have ... = 0
using three by simp
finally show ?Zthesis .
qged
have eight: (8 :: 'a) = —1
proof —
have (8 :: 'a) = 3 % 3 — 1
by simp
also have ... = 0 x 0 — 1
using three by simp
also have ... = —1
by simp
finally show ?thesis .
qed
have nine: (9 :: 'a) = 0
proof —
have (9 :: 'a) = 8 % 3
by simp
also have ... = 0
using three by simp
finally show ?thesis .
qed
have twenty-four: (24 :: 'a) = 0
proof —
have (24 :: 'a) = 8 % 3
by simp
also have ... = 0
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using three by simp
finally show ?thesis .
qed
have twenty-seven: (27 :: 'a) = 0
proof —
have (27 :: 'a) = 9 % 3
by simp
also have ... = 0
using three by simp
finally show ?thesis .
qed
have cleq: b2 W ~2 — 24 x b4 W =0
using cjzero unfolding c4-def .
have b2pow: b2 W —2 = 0
using cjeq twenty-four by simp
then have b2zero: b2 W = 0
by simp
have deltaeq:
—(b2W "2)xb8W —8xby W ™3 —-27Txb6W ™2+
9xb2W xbj Wxb6 W =20
using delta unfolding discriminant-def .
have bipow: b4 W ~ 83 =0
using deltaeq b2zero eight nine twenty-seven

by simp
then have b4zero: b4 W = 0
by simp
obtain z where z: z =3 = — b6 W

using nth-root-exists|of 3 — b6 W] by auto
have g: weierstrass-g Wz = 0
unfolding weierstrass-g-def
using four b2zero b4zero x by simp
have h: weierstrass-h Wz = 0
unfolding weierstrass-h-def
using six b2zero bjzero by simp
have singular-affine-point Wz (— (a1 W x z + a3 W) / 2)
using affine-singular-of-g-h[OF two g h] .
then show ?thesis
by blast
next
case three: Fualse
have twelve-as-product: (12 :: 'a) = 2 % 2 % 3
by simp
have twelve: (12 :: 'a) # 0
proof
assume twelve-zero: (12 :: 'a) = 0
have product-zero: (2 :: 'a) * 2 x 3 = 0
proof —
have (2 :: 'a) * 2 % 8 = 12
by simp
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also have ... = 0
by (rule twelve-zero)
finally show ?thesis .
qed
have product-nonzero: (2 :: 'a) * 2 * 8 # 0
proof
assume product-zero: (2 :: 'a) * 2 x 3 = 0
have (2 = ’a) =0V (2:7a)=0)V (3:"a) =0
using product-zero by (simp only: mult-eq-0-iff)
with two three show Fulse
by blast
qed
with product-zero show Fualse
by contradiction
qed
have invi2: (12 :: 'a) * inverse 12 = 1
using twelve by simp
let 92 =— b2 W / 12
have twenty-four-as-product: (24 :: 'a) = 2 x 12
by simp
have twenty-four: (24 :: 'a) # 0
proof
assume twenty-four-zero: (24 :: 'a) = 0
have product-zero: (2 :: 'a) * 12 = 0

proof —
have (2 :: ‘a) x 12 = 24
by simp
also have ... = 0

by (rule twenty-four-zero)
finally show ?thesis .
qed
have product-nonzero: (2 :: 'a) x 12 # 0
proof
assume product-zero: (2 :: 'a) x 12 = 0
have (2 :: 'a) =0V (12 = 'a) = 0
using product-zero by (simp only: mult-eq-0-iff)
with two twelve show Fulse
by blast
qed
with product-zero show Fualse
by contradiction
qed
have two-hundred-sizteen-as-product:
(216 ::'a) = 2% 3 % 3 % 12
by simp
have two-hundred-sizteen: (216 :: 'a) # 0
proof
assume two-hundred-sixzteen-zero: (216 :: 'a) = 0
have product-zero: (2 :: 'a) * 3 %« 3 % 12 = 0
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proof —
have (2 :: 'a) * 8 % 8 x 12 = 216
by simp
also have ... = 0
by (rule two-hundred-sizteen-zero)
finally show ?thesis .
qed
have product-nonzero: (2 :: 'a) x 8 x 8 x 12 #+ 0
proof
assume product-zero: (2 :: 'a) * 8 % 8 x 12 = 0
have (2 ::7a) =0V (8 :='a) =0)V
(3:x'a)=0)V (12 ::'a) =0
using product-zero by (simp only: mult-eq-0-iff)
with two three twelve show False
by blast
qed
with product-zero show False
by contradiction
qed
note g-certificate = zero-c-invariant-g-certificate| OF twelve, of W]
note h-certificate = zero-c-invariant-h-certificate| OF twelve, of W]
have g¢: weierstrass-g W %x = 0
using g-certificate c6zero two-hundred-sixteen by simp
have h: weierstrass-h W %x = 0
using h-certificate cjzero twenty-four by simp
have singular-affine-point W %z (— (a1l W x 22 + a3 W) / 2)
using affine-singular-of-g-h[OF two g h] .
then show ?thesis
by blast
qed
qed

13 The discriminant criterion

lemma singular-affine-imp-discriminant-zero:
fixes W :: 'a:field weierstrass-coeffs
assumes singular-affine-point Wz y
shows discriminant W = 0
proof (cases (2 :: 'a) = 0)
case True
show ?thesis
using singular-affine-imp-discriminant-zero-char-two[ OF True assms] .
next
case Fulse
show ?thesis
using singular-affine-imp-discriminant-zero-odd|OF False assms] .
qged

theorem projective-singular-iff-discriminant-zero:
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fixes W :: ‘a::alg-closed-field weierstrass-coeffs
shows (3 p. singular-projective-point W p) +—
discriminant W = 0
proof —
have affine:
(Fz y. singular-affine-point Wz y) «—
discriminant W = 0
proof
assume 3z y. singular-affine-point Wz y
then show discriminant W = 0
using singular-affine-imp-discriminant-zero by blast
next
assume delta: discriminant W = 0
show 3z y. singular-affine-point W x y
proof (cases (2 :: 'a) = 0)
case True
show ?thesis
using discriminant-zero-imp-affine-singular-char-two[ OF True delta) .
next
case Fulse
show ?thesis
using discriminant-zero-imp-affine-singular-odd|OF False delta] .
qed
qed
show ?thesis
using projective-singular-iff-affine-singular[of W] affine by blast
qged

lemma b2-map-to-ac [simp]:
b2 (map-weierstrass-coeffs to-ac W) = to-ac (b2 W)
by (simp add: b2-def)

lemma b/-map-to-ac [simp]:
b4 (map-weierstrass-coeffs to-ac W) = to-ac (b4 W)
by (simp add: b4-def)

lemma b6-map-to-ac [simp]:
b6 (map-weierstrass-coeffs to-ac W) = to-ac (b6 W)
by (simp add: b6-def)

lemma b8-map-to-ac [simpl:
b8 (map-weierstrass-coeffs to-ac W) = to-ac (b8 W)
by (simp add: b8-def)

lemma c/-map-to-ac [simp]:
¢4 (map-weierstrass-coeffs to-ac W) = to-ac (¢ W)

by (simp add: c4-def)

lemma c6-map-to-ac [simp]:
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c6 (map-weierstrass-coeffs to-ac W) = to-ac (c6 W)
by (simp add: c6-def)

lemma discriminant-map-to-ac [simpl:
discriminant (map-weierstrass-coeffs to-ac W) =
to-ac (discriminant W)
by (simp add: discriminant-def)

definition projective-weierstrass-nonsingular ::
'a::field weierstrass-coeffs = bool
where
projective-weierstrass-nonsingular W <—
projective-weierstrass-nonsingular-over
(map-weierstrass-coeffs to-ac W)

theorem weierstrass-nonsingular-iff:

fixes W :: ‘a:field weierstrass-coeffs

shows projective-weierstrass-nonsingular W <—
discriminant W # 0

unfolding projective-weierstrass-nonsingular-def
projective-weierstrass-nonsingular-over-def

using projective-singular-iff-discriminant-zero|
of map-weierstrass-coeffs to-ac W]

by simp

end
theory Weierstrass-j-Invariant

imports Weierstrass-Discriminant-Criterion
begin

14 The partial j-invariant

definition weierstrass-j ::
'a::field weierstrass-coeffs = 'a option
where
weterstrass-j W =
(if projective-weierstrass-nonsingular W
then Some (¢4 W = 8 / discriminant W)
else None)

lemma weierstrass-j-nonsingular:
assumes projective-weierstrass-nonsingular W
shows weierstrass-j W = Some (¢4 W — 8 / discriminant W)
using assms by (simp add: weierstrass-j-def)

lemma weierstrass-j-discriminant-nonzero:
assumes discriminant W # 0
shows weierstrass-j W = Some (¢4 W — 3 / discriminant W)
using assms
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by (simp add: weierstrass-j-def weierstrass-nonsingular-iff)

lemma weierstrass-j-singular:
assumes — projective-weterstrass-nonsingular W
shows weierstrass-j W = None
using assms by (simp add: weierstrass-j-def)

lemma weierstrass-j-eq-none-iff [simpl:
weterstrass-j W = None «— discriminant W = 0
unfolding weierstrass-j-def
using weierstrass-nonsingular-iff [of W]
by auto

lemma weierstrass-j-eq-some-iff:
weierstrass-j W = Some j +—
discriminant W # 0 N j = ¢/ W — 8 / discriminant W
unfolding weierstrass-j-def
using weierstrass-nonsingular-iff [of W]
by auto

lemma weierstrass-j-defined-iff:
weierstrass-j W # None <—
projective-weserstrass-nonsingular W
unfolding weierstrass-j-def
by auto

end
theory Short-Weierstrass-Bridge
imports
Weierstrass-j-Invariant
Elliptic-Curves-Group-Law. Elliptic- Axzclass
begin

15 Specialization to short Weierstrass equations

lemma discriminant-short-weierstrass:
fixes A B :: 'a::comm-ring-1
shows discriminant (short-weierstrass-coeffs A B) =
—16x (4 xA "84+ 27+« B 2)
unfolding discriminant-def b2-def b4-def b6-def bS8-def
short-weterstrass-coeffs-def
by (simp add: algebra-simps power2-eq-square power3-eq-cube)

lemma on-weierstrass-affine-short:
fixes A Bz y :: 'a::comm-ring-1
shows on-weierstrass-affine (short-weierstrass-coeffs A B) z y
+——y 2=xz"8+Axz+ B
unfolding on-weierstrass-affine-def short-weierstrass-coeffs-def
by simp
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lemma on-weierstrass-affine-short-iff-on-curve:
fixes A Bz y :: 'a:ell-field
shows on-weierstrass-affine (short-weierstrass-coeffs A B) z y
+— on-curve A B (Point x y)
unfolding on-curve-def
by (simp add: on-weierstrass-affine-short)

theorem projective-weierstrass-nonsingular-short-iff:
fixes A B :: 'a::ell-field
shows projective-weierstrass-nonsingular
(short-weierstrass-coeffs A B)
+— nonsingular A B
proof —
have two: (2 :: 'a) # 0
by (rule two-not-zero)
have four: (4 :: 'a) # 0
by (rule four-ne-zero-of-two-ne-zero| OF two))
have sizteen: (16 :: 'a) # 0
proof

assume sizteen-zero: (16 :: 'a) = 0
have product-zero: (4 :: 'a) x 4 = 0
proof —
have (4 :: 'a) x 4 = 16
by simp
also have ... = 0

by (rule sixteen-zero)
finally show ?thesis .
qed
have (4 ::'a) =0V (4 ::'a) =0
using product-zero by (simp only: mult-eq-0-iff)
with four show False
by blast
qed
have neg-sizteen: (=16 = 'a) # 0
using sizteen by simp
have delta-iff:
discriminant (short-weierstrass-coeffs A B) # 0
— 4 xAT3+27x«xB " 2#0
unfolding discriminant-short-weierstrass
using neg-sixteen
by (simp only: mult-eq-0-iff; blast)
show ?thesis
unfolding nonsingular-def
using weierstrass-nonsingular-iff
of short-weierstrass-coeffs A B] delta-iff
by blast
qed
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