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Abstract

This entry is a formalization of extreme value theory (EVT). EVT
is a branch of probability theory and statistics that studies rare events.
We formalize two main results of EVT, mainly following the books by
de Haan and Ferreira [2] and by Embrechts et al. [3].

e The Fisher-Tippett—-Gnedenko theorem, stating that if the prop-
erly normalized maximum of i.i.d. random variables converges in
distribution to a non-degenerate limit, then the limit is an ex-
treme value distribution.

e The Pickands—Balkema—de Haan theorem, stating that the con-
ditional distribution of the excesses over a threshold u converges
uniformly in the excess, with a suitable scale 3(u), to a general-
ized Pareto distribution as u tends to the right endpoint of the
support, if and only if the underlying distribution belongs to the
maximum domain of attraction of an extreme value distribution.
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1 Lemmas

theory Lemmas-EVT
imports
HOL— Probability. Probability
Regular-Variation. Regular- Variation
begin

lemma power-of-nat-log-less-Suc:
fixes Z t :: real
assumes Z: 1 < Z
shows t < Z " (nat |log Zt] + 1)
using assms le-nat-floor[OF le-log-of-power, of Z - t]
by (meson less-add-one not-less)

1.1 Lemmas for Measure Theory

lemma measure-density-on:
assumes integ:set-integrable M A f
and [measurable]: f € borel-measurable M
and [measurable]:A € sets M
and f-nonneqg:AExz €A in M. 0 < fz
shows measure (density M f) A = ([ z€A. fz OM)
proof —

have measure (density M f) A = enn2real ([ Tz€A. ennreal (f z)0M)
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by(simp add: measure-def emeasure-density)

also have ... = enn2real ([ *z. ennreal (f x)0(restrict-space M A))
by (simp add: nn-integral-restrict-space)
also have ... = ennZreal (ennreal ([ z. f z O(restrict-space M A)))

using f-nonneg integ
by (subst nn-integral-eq-integral)
(auto simp: set-integrable-eq A E-restrict-space-iff)

also have ... = ennZreal (ennreal ([ z€A. fz OM))
by (simp add: integral-restrict-space set-lebesgue-integral-def)
also have ... = ([ z€A. fz OM)

using f-nonneg
by (intro enn2real-ennreal)
(auto introl: integral-nonneg-AE simp: sel-lebesque-integral-def)
finally show ?thesis .
qed

corollary measure-density:
assumes integ|measurable]:integrable M f
and [measurable]:A € sets M
and f-nonneg:AE zin M. 0 < fx
shows measure (density M f) A = ([ z€A. fz OM)
using f-nonneg integrable-mult-indicator[OF - integ]
by (auto introl: measure-density-on simp: set-integrable-def)

lemma nn-integral-FTC-greaterThan:
fixes f :: real = real and F :: real = real
assumes f-borel: f € borel-measurable borel
and cont: continuous (at-right a) F
and f: Az. a <2 = DERIVFz:> fx
and nonneg: Az. a <2z = 0 < fz
and lim: (F —— T) at-top
shows ([ Tz. ennreal (f z) * indicator {a <..} z dlborel) = T — F a
proof —
define lo where lon =a + 1 / (real n + 1) for n :: nat
define hi where hin = a + (real n + 1) for n :: nat
define g where g n = (Az. ennreal (f z) * indicator {lo n .. hi n} z) for n ::
nat
have lo-gt: An. a < lo n and lo-le-hi: An. lon < hin
by (auto simp: lo-def hi-def field-simps)
have g-eq: integral™ Ilborel (g n) = ennreal (F (hin) — F (lo n)) for n
unfolding g-def
by (rule nn-integral-FTC-Icc[OF f-borel]) (use f nonneg lo-gt[of n] lo-le-hi[of n]
in auto)
have incseq-g: incseq g
unfolding incseq-def le-fun-def g-def
proof (intro alll impl)
fix m n :: nat and z :: real
assume m < n
hence lon < lom him < hin



by (auto simp: lo-def hi-def field-simps)
thus ennreal (f z) * indicator {lo m..hi m} x < ennreal (f ) * indicator {lo
using nonneg|of z] lo-gt[of m]
by (auto split: split-indicator)
qed
have lo-tendsto: lo —— a
unfolding lo-def by real-asymp
have hi-tendsto: filterlim hi at-top sequentially
unfolding hi-def by real-asymp
have lo-at-right: filterlim lo (at-right a) sequentially
using lo-tendsto lo-gt by (rule tendsto-imp-filterlim-at-right[OF - eventuallyl])
have pointwise: (An. g n ©) —— ennreal (f z) * indicator {a <..} = for xz
proof (cases a < x)
case True
have V ¢ n in sequentially. lon < x
using order-tendstoD(2)[OF lo-tendsto True] by (auto elim: eventually-mono)
moreover have V r n in sequentially. v < hi n
using hi-tendsto[unfolded filterlim-at-top] by simp
ultimately have V r n in sequentially. g n x = ennreal (f z) x indicator {a<..}

x
by eventually-elim (use True in <auto simp: g-def split: split-indicator)
thus ?thesis
by (rule tendsto-eventually)
next
case Fulse
hence g nz = 0 for n
using lo-gt[of n] by (auto simp: g-def split: split-indicator)
thus ?thesis
using Fualse by simp
qed
have limseql: (An. integral™ lborel (g n)) —— ([ Taze{a<.}. ennreal (f
x)0lborel)

using f-borel pointwise
by (intro nn-integral-LIMSEQ incseq-g) (auto simp: g-def)
have limseq2: (An. integral™ Ilborel (g n)) ———— ennreal (T — F a)
proof —
have (An. F (hin) — F (lon)) —— T — Fa
using cont
by (auto intro!: tendsto-diff filterlim-compose[OF - hi-tendsto]
filterlim-compose|OF - lo-at-right] lim
simp: continuous-within)
from tendsto-ennreall[OF this)]
show ?thesis
by (simp add: g-eq)
qed
from LIMSEQ-unique|OF limseql limseq2)
show ?thesis .
qed



lemma nn-integral-FTC-lessThan:
fixes f :: real = real and F :: real = real
assumes f-borel: f € borel-measurable borel
and cont: continuous (at-left b) F
and f: Az. 2 < b= DERIV Fz :> fx
and nonneg: A\z. 2 < b= 0 < fx
and lim: (F —— S) at-bot
shows ([ Tz. ennreal (f z) * indicator {..< b} z dlborel) = F b — S
proof —
define g where gz = f (— z) for z :: real
define G where G z = — F (— z) for z :: real
note f-borel[measurable)
have g-borel: g € borel-measurable borel
unfolding g-def by (rule measurable-compose[OF - f-borel]) simp
have G-deriv: DERIV Gz :> gz if —b < z for z
proof —
have hz: —z < b
using that by simp
have Fd: (F has-real-derivative f (— z)) (at (— z))
using f[OF hx] .
have DERIV (Az. F (— 2)) x> f (— z) * (— 1)
by (rule DERIV-chain2|where g=uminus, OF Fd]) (auto introl: deriva-
tive-eg-intros)
with DERIV-minus[OF this]
show ?thesis
unfolding G-def g-def by simp
qed
have G-nonneg: 0 < gz if —b < z for z
unfolding g-def using nonneglof —z] that by simp
have G-cont: continuous (at-right (—b)) G
using cont[unfolded continuous-within)
unfolding G-def continuous-within
by (simp add: at-right-minus[of —b] filterlim-filtermap comp-def tendsto-minus)
have G-lim: (G —— — §) at-top
unfolding G-def
using filterlim-compose[ OF lim. filterlim-uminus-at-bot-at-top)
by (intro tendsto-minus) simp
have eq: ([ Tz. ennreal (g z) * indicator {—b <..} = dlborel) = F b — §
using nn-integral-F'TC-greater Than|OF g-borel G-cont G-deriv G-nonneg G-lim]
by (simp add: G-def)
have ([ *z. ennreal (f z) = indicator {..< b} z Dlborel)
= ([ Ta. ennreal (f (0 + (—1) x ) * indicator {..< b} (0 + (—1) * z)
Olborel)
by (subst nn-integral-real-affine[where c=—1 and t=0
and f=M\z. ennreal (f x) * indicator {..<b} x]) auto
also have ... = ([ Tz. ennreal (g z) * indicator {—b <..} z dlborel)
by (intro nn-integral-cong) (auto simp: g-def split: split-indicator)
finally show ?thesis



using eq by simp
qed

lemma
fixes f :: real = real and F :: real = real
assumes f-borel[measurable]: f € borel-measurable borel
and cont: continuous (at-right a) F
and f: Az.a <z = DERIVFz:> fx
and nonneg: Az. a <2z = 0 < fzx
and lim: (F —— T) at-top
shows set-integral-FTC-atLeast:( [ z€{a..}. fx Dlborel) = T — F a
and set-integrable-F'TC-atLeast:set-integrable lborel {a..} f
proof —
have mono:F z < F y if ar:a < z and ay:z < y for z y
by (intro DERIV-nonneg-imp-nondecreasing| OF xy])
(meson az f nonneg order.strict-trans2)
have le-T:F x < T if a < z for z
using mono[OF that] by (intro tendsto-lowerbound[OF lim])
(auto intro!: eventually-at-top-linorderl [where c=z])
have T-le:F a < T
using cont le-T eventually-at-right-less|of al
by (intro tendsto-upperbound|where F=at-right a])
(auto simp: continuous-within elim!: eventually-mono)
have 1:([ Tze{a<..}. ennreal (f z)0lborel)
= ([ " z. ennreal |indicat-real {a<..} z * f x| Olborel)
using nonneg by(auto introl: nn-integral-cong simp: indicator-def)
show set-integrable lborel {a..} f
unfolding set-integrable-atLeast-eq[symmetric]
using nn-integral-FTC-greater Than|OF' f-borel cont f nonneg lim]
by (simp add: set-integrable-def integrable-iff-bounded 1)
have ([ z€{a..}. fz dlborel) = ([ ze{a<..}. f z Olborel)
by (simp add: set-integral-atLeast-eq)
also have ... = ennZreal ([ Tze{a<..}. ennreal (f z)dlborel)
unfolding set-lebesgue-integral-def using nonneg
by (subst integral-eq-nn-integral)

(auto simp: indicator-def introl: arg-conglwhere f=enn2real] nn-integral-cong)

also have ... = enn2real (ennreal (T — F a))
by (simp add: nn-integral-FTC-greaterThan|OF f-borel cont f nonneg lim])
also have ... =T — Fa
by (simp add: T-le)
finally show ([ z€{a..}. fz Olborel) = T — F a .
qged

lemma
fixes f :: real = real and F :: real = real
assumes f-borel[measurable]: f € borel-measurable borel
assumes cont: continuous (at-left b) F
assumes f: A\z. 2 < b = DERIVFz:> fx
assumes nonneg: N\z. z < b= 0 < fz



assumes lim: (F —— S) at-bot
shows set-integral-FTC-atMost:([ z€{..b}. f z dlborel) = F b — §
and set-integrable-F TC-atMost:set-integrable lborel {..b} f
proof —
have mono:F x < F y if zy:x < y and yb:y < b for z y
by (intro DERIV-nonneg-imp-nondecreasing| OF zy])
(meson yb f nonneg order.strict-trans1)
have S-ge:S < Fzifz < b for z
using mono|OF - that] by(intro tendsto-upperbound[OF lim])
(auto intro!: eventually-at-bot-linorderl [where c=x])
have b-left:V p x in at-left b. x < b
by (simp add: eventually-at-filter)
have S-le:S < F b
using cont S-ge b-left
by (intro tendsto-lowerbound[where F=at-left b))
(auto simp: continuous-within elim!: eventually-mono)
have 1:([ Tze{..<b}. ennreal (f z)dlborel)
= ([T z. ennreal |indicat-real {..<b} z * f z| Dlborel)
using nonneg by(auto introl: nn-integral-cong simp: indicator-def)
show set-integrable lborel {..b} f
unfolding set-integrable-atMost-eq[symmetric]
using nn-integral-FTC-lessThan[OF f-borel cont f nonneg lim]
by (simp add: set-integrable-def integrable-iff-bounded 1)
have ([ z€{..b}. f z dlborel) = ([ z€{..<b}. f x Dlborel)
by (simp add: set-integral-atMost-eq)
also have ... = ennZreal ([ Tz€{..<b}. ennreal (f z)dlborel)
unfolding set-lebesgue-integral-def using nonneg
by (subst integral-eq-nn-integral)
(auto simp: indicator-def intro!: arg-cong|where f=enn2real] nn-integral-cong)
also have ... = enn2real (ennreal (F b — 5))
by (simp add: nn-integral-FTC-lessThan|OF f-borel cont f nonneg lim])
also have ... = Fb - §
by (simp add: S-le)
finally show ([ z€{..b}. fz Olborel) = F b — S .
qed

1.2 Lemmas for Limits

lemma filterlim-log-at-top-gt-1:
fixes a :: real
assumes a:1 < a
shows filterlim (log a) at-top at-top
unfolding filterlim-at-top
proof safe
fix Z
show V i z in at-top. Z < log a x
by (auto intro!: eventually-at-top-linorderl[where c=maz (a powr Z) 1]
le-log-iff [THEN 4ffD2] assms)
qed



lemma LIMSEQ-power-at-top:
fixes c :: real
assumes [ < ¢
shows filterlim (An. ¢ ~n) at-top sequentially
using Archimedean-eventually-pow assms filterlim-at-top-dense by blast

lemma floor-log-at-top:
fixes Z :: real
assumes Z: 1 < Z
shows filterlim (At. nat |log Z t]) at-top at-top
by (intro filterlim-compose|OF filterlim-nat-sequentially]
filterlim-compose[OF filterlim-floor-sequentially] filterlim-log-at-top-gt-1 Z)

lemma squeeze-tendsto-cont-points:
fixes f :: real = real and h :: 'a = real and gr :: real = 'a = real
and F : 'a filter and y :: real
and A :: real set
assumes mono: mono-on A f
and y:y € interior A
and cont: isCont fy
and conv: \y'. y' € A = isCont fy' = ((gry)) —— fy) F
and low: Ay v/ < y=y' €e A=VptinF. gry' t<ht
and up: Ny y<y' =y e A= VptinF. ht<gry't
shows (h —— fy) F
proof —
obtain A’ where A"open A’y A’ A'C A
using y interiorE by blast
have cd: countable {s € A'. = isCont f s}
by (intro mono-on-ctble-discont-open) (auto intro!: mono-onl mono-on-subset| OF
mono] A’)
obtain 61 where §1: 0 < 61 Nz. distzy < d1 = z € A’
using A'(1,2) open-dist by blast
show ?thesis
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: ( < e
obtain §0 where 00: 0 < 60
ANy y" #Fynly" —yl <60 = |fy" — fyl <e
using LIM-D[OF cont[unfolded isCont-def], of €] e by auto
define 6 where § = min 60 61 / 2
have dpos: 0 < § and dit: § < 60 6 < 01
using §0(1) §1(1) by (auto simp: §-def)
obtain ylo where ylo: ylo € {y — §<..<y} ylo ¢ {s € A’. = isCont f s}
using real-interval-avoid-countable-set[OF - cd, of y — § y] dpos by auto
obtain yhi where yhi: yhi € {y<..<y + 6} yhi ¢ {s € A’ = isCont f s}
using real-interval-avoid-countable-set[OF - cd, of y y + 0] dpos by auto
have ylo-lt: ylo < y and yhi-gt: y < yhi



using ylo(1) yhi(1) by auto
have ylo-A" ylo € A’ and yhi-A": yhi € A’
using d1(2) ylo(1) yhi(1) §lt(2) by (auto simp: dist-real-def)
have ylo-A: ylo € A and yhi-A: yhi € A
using ylo-A’ yhi-A" A'(3) by auto
have ylo-cont: isCont f ylo and yhi-cont: isCont f yhi
using ylo(2) yhi(2) ylo-A’ yhi-A’ by auto
have fy — e < fylo
using §0(2)[of ylo] ylo(1) 61t(1) by auto
hence lo:Vp tin F. fy—e<gruylot
by (intro order-tendstoD(1)[OF conv[OF ylo-A ylo-cont]])
have fyhi < fy + e
using §0(2)[of yhi] yhi(1) 0lt(1) by auto
hence hi: Vp tin F. gryhit < fy + e
by (intro order-tendstoD(2)[OF conv[OF yhi-A yhi-cont]])
show Ve tin F. |ht — fy| <e
using lo hi low[OF ylo-lt ylo-A] up|OF yhi-gt yhi-A]
by eventually-elim (simp add: abs-less-iff)
qed
qed

lemma squeeze-tendsto-local:

fixes f :: real = real and h :: 'a = real and gr :: real = 'a = real
and F :: 'a filter and y 7 :: real

assumes eta: 0 < 17
and cont: isCont fy
and conv: \y'. |y' —y| <n= ((gry) — [y) F
and low: Ay vy —n<y =y <y=VprptinF.gry't<ht
and up: Ny y <y =y <y+n=VprtinF. ht<gry't

shows (h —— fy) F

unfolding tendsto-iff dist-real-def

proof safe

fix e :: real

assume e: 0 < e

obtain 0 where 00: 0 < §0
Ny y"#y Ny =yl <80 = [fy" —fyl <e
using LIM-D[OF contlunfolded isCont-def], of €] e by auto

define § where § = min 60 n / 2

have dpos: 0 < 6 and §lt: § <n d < 40
using §0(1) eta by (auto simp: §-def)

define ylo yhi where ylo =y — 0 and yhi = y + 0

have ylol: y — n < ylo ylo < y ylo # y |ylo — y| < 60 |ylo — y| < n
using dpos dlt by (auto simp: ylo-def)

have yhil: y < yhi yhi < y + n yhi # y |yhi — y| < 60 |yhi — y| <7
using dpos 61t by (auto simp: yhi-def)

have fy — e < fylo
using §0(2)[of ylo] ylo1(3,4) by auto

hence lo:Vp tin F. fy—e<gruylot
by (intro order-tendstoD(1)[OF conv[OF ylo1(5)]])



have fyhi < fy + e
using §0(2)[of yhi] yhil (3,4) by auto
hence hi: Vp tin F. gryhit < fy + e
by (intro order-tendstoD(2)[OF conv[OF yhil (5)]])
show Vg tin F. |ht—fyl <e
using lo hi low[OF ylo1(1,2)] up|OF yhil(1,2)]
by eventually-elim (simp add: abs-less-iff)
qed

corollary squeeze-tendsto-cont-points-pos:
fixes f :: real = real and h :: 'a = real and gr :: real = 'a = real
and F :: 'a filter and y :: real
assumes mono: mono-on {0<..} f
and y: 0 < y and cont: isCont fy
and conv: Ar. 0 < r = isCont fr = ((grr) —— fr) F
and low: A\r. 0 <r=r<y=VptinF.grrt<ht
and up: A\r. y<r=VptinF. ht<grrt
shows (h —— fy) F
using assms
by (auto introl: squeeze-tendsto-cont-points
[where f=f and F=F and h=h and gr=gr and A={0<..}] simp: inte-
rior-open)

corollary squeeze-tendsto-cont-points-UNIV:
fixes f :: real = real and h :: 'a = real and gr :: real = 'a = real
and F :: 'a filter and y :: real
assumes mono: mono f
and cont: isCont fy
and conv: A\y'. isCont fy' = ((gry)) —— fy') F
and low: A\y". v/ <y=VprptinF. gry’t <ht
and up: Ny y <y = VptinF. ht<gry't
shows (h —— fy) F
using assms
by (auto introl: squeeze-tendsto-cont-points
[where f=f and F=F and h=h and gr=gr and A=UNIV]| simp: inte-
rior-open)

lemma left-cont-agree-cocountable-eq:
fixes f h :: real = real and N :: real set and y :: real
assumes N: countable N and y: 0 < y
and left-cont: (f —— fy) (at-left y)
and left-cont-h: (h —— h y) (at-left y)
and e A\v. 0 <2z =zx<y=—z2¢ N= foz=hz
shows fy =hy
proof —
define P where P = (An z. 2 € {maz 0 (y — 1 / (real n + 1))<.<y} A z ¢
N)
have exP: 3z. Pn z for n
unfolding P-def

10



using real-interval-avoid-countable-set[OF - N, of max 0 (y — 1 / (real n +
1)y
y by auto
define zseq where zseq = (An. SOME z. P n z)
have zseqP: P n (zseq n) for n
unfolding zseg-def using exP by (rule somel-ex)
have z-pos: 0 < zseq n and z-lt: zseq n < y and z-notin: zseq n ¢ N for n
using zseqP by (auto simp: P-def)
have z-gt: y — 1 / (realn + 1) < zseq n for n
using zseqP by (auto simp: P-def)
have diff-bound: y — zseqn < 1 / (real n + 1) for n
using z-gt by (simp add: cross3-simps)
have diff-pos: 0 < y — zseq n for n
using z-lt less-eq-real-def by auto
have (An. y — zseqn) —— 0
proof (rule tendsto-sandwich)
show V i n in sequentially. 0 < y — zseq n
using diff-pos by simp
show V p n in sequentially. y — zseqn < 1 / (realn + 1)
using diff-bound by (simp add: less-le-not-le)
show (An. 1 / (real n + 1)) —— (0::real)
using LIMSEQ-inverse-real-of-nat by (simp add: inverse-eq-divide add.commute)
qed simp
from tendsto-diff [OF tendsto-const this, of y]
have z-tendsto: (An. zseq n) —— y
by simp
have z-at-left: filterlim zseq (at-left y) sequentially
by (rule tendsto-imp-filterlim-at-left| OF z-tendsto]) (simp add: z-1t)
have f-lim: (An. f (zseq n)) —— fy
using filterlim-compose| OF left-cont z-at-left] by (simp add: comp-def)
have h-lim: (An. h (zseq n)) —— h y
using filterlim-compose| OF left-cont-h z-at-left] by (simp add: comp-def)
have f (zseq n) = h (zseq n) for n
using eq[OF z-pos z-lt z-notin] .
with h-lim have (An. f (zseq n)) —— h y
by simp
from LIMSEQ-unique|OF f-lim this] show ?Zthesis .
qged

lemma power-tendsto-iff-tendsto-tail:
fixes p :: nat = real and q :: real
assumes p-nonneg: An. 0 < p n and p-lel: An. pn < 1
and ¢-pos: 0 < q and g-lel: ¢ < 1
shows (An. pn " n) —— ¢g+«— (An. realn x (1 —pn)) —— —Ingq
proof —
have ib: 1 —pn<—In(pn)if 0 < pnforn
using In-le-minus-one| OF that] by simp
have ub: pnx (—ln(pn)) <1 —pnif 0 <pnforn
proof —
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have in (I /pn) <1 /pn—1
using that by (intro In-le-minus-one) simp
hence —In (pn) < (I —pn)/pn
using that by (simp add: In-div field-simps)
thus ?thesis
using that by (simp add: field-simps)
qed
show ?thesis
proof
assume T: (An. realn x (I — pn)) —— —Ingq
have p-to-1: (An.pn) —— 1
proof —
have (An. (real n x (1 — pn)) x (1 / real n)) —— 0
using tendsto-mult|OF T lim-1-over-n] by simp
moreover have V g n in sequentially. (real n % (1 — p n)) * (1 / real n) =
1 —pn
using eventually-gt-at-toplof 0] by eventually-elim auto
ultimately have (An. I — pn) —— 0
by (rule Lim-transform-eventually)
hence (An. 1 — (I —pn)) —— 1 — 0
by (intro tendsto-diff tendsto-const)
thus ?thesis
by simp
qed
have ev-pos: V g n in sequentially. 1 / 2 < pn
by (rule order-tendstoD(1)[OF p-to-1]) simp
have nilnp: (An. real n x (— In (p n))) —— — In ¢
proof (rule tendsto-sandwich)
show V p n in sequentially. real n x (1 — pn) < realn x (— In (p n))
using ev-pos by eventually-elim (fastforce intro!: mult-left--mono 1b)
show V g n in sequentially. real n x (— In (pn)) < realn*x (1 —pn)/pn
using ev-pos
by eventually-elim
(use mult-left-mono[ OF ub, of - real n for n| in «simp add: field-simps»)
show (An. realn x (I — pn)) —— — Ingq
by fact
show (An. realn « (I —pn) /pn) —— —Ing
using tendsto-divide[OF T p-to-1] by simp
qed
have V r n in sequentially. exp (real n x In (pn)) =pn " n
using ev-pos by eventually-elim (simp add: exp-of-nat-mult)
moreover have (An. exp (real n x In (p n))) —— exp (In q)
using tendsto-minus|OF ninp] by (intro tendsto-exp) simp
ultimately show (An. pn ~n) —— ¢
using ¢-pos by (auto intro: Lim-transform-eventually)
next
assume P: (An.pn " n) —— ¢
have p-to-1: (An.pn) —— 1
proof (rule tendsto-sandwich)
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have evi: Vg nin sequentially. ¢ / 2 <pn " n
by (rule order-tendstoD(1)[OF P)) (use ¢-pos g-lel in simp)
hence ev2: Vg nin sequentially. ¢ / 2 <pn "nA0<n
using eventually-gt-at-top[of 0] by (auto intro: eventually-conj)
show V g n in sequentially. (¢ / 2) powr (1 / realn) < pn
using ev2
proof eventually-elim
case (elim n)
hence pn-pos: 0 < pn
using ¢-pos p-nonneg|of n] by (cases p n = 0) (auto simp: zero-power)
have (¢ / 2) powr (1 / real n) < (p n ~n) powr (1 / real n)
using elim g-pos by (intro powr-mono2) auto
also have (p n " n) powr (1 / real n) = (p n powr real n) powr (1 / real n)
using pn-pos by (simp add: powr-realpow)
also have ... = pn
using elim pn-pos by (simp add: powr-powr)
finally show ?Zcase .
qed
show V p n in sequentially. p n < 1
using p-lel by simp
have (An. (¢ / 2) powr (1 / real n)) —— (q / 2) powr 0
using ¢-pos by (intro tendsto-powr tendsto-const lim-1-over-n) auto
thus (An. (¢ / 2) powr (1 / real n)) —— 1
using ¢-pos g-lel by simp
show (An. I:real) —— 1
by simp
qed
have ev-pos: V p n in sequentially. 1 / 2 < pn
by (rule order-tendstoD(1)[OF p-to-1]) simp
have ninp: (An. real n % (— In (p n))) —— — In ¢
proof —
have (An. In (pn " n)) —— Ingq
using ¢-pos by (intro isCont-tendsto-compose[OF - P] isCont-ln) simp
moreover have V p n in sequentially. In (p n " n) = real n * In (p n)
using ev-pos by eventually-elim (simp add: In-realpow)
ultimately have (An. real n x In (p n)) —— In ¢
by (simp add: filterlim-cong)
thus ?thesis
by (auto dest: tendsto-minus)
qed
show (An. realn x (I — pn)) —— —Ingq
proof (rule tendsto-sandwich)
show V g n in sequentially. p n * (real n x (— In (p n))) < real n x (I — p n)
using ev-pos
by eventually-elim
(use mult-left-mono|[OF ub, of - real n for n| in <simp add: field-simps»)
show V g n in sequentially. real n x (1 — pn) < real n x (— In (p n))
using ev-pos by eventually-elim (fastforce introl: mult-left-mono 1b)
qed(use tendsto-mult[OF p-to-1 ninp] ninp in auto)
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qed
qed

lemma filterlim-shift-scale-at-top:
fixes p o € :: real
assumes [arith]:0 < 0 0 < ¢
shows LIM z at-top. 1 + & x ((z — p) / o) :> at-top
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const[of 1 | o]
- filterlim-tendsto-add-at-top| OF tendsto-const[of — p at-top],of Az. z]]
by (intro filterlim-tendsto-add-at-top[OF tendsto-const]
filterlim-tendsto-pos-mult-at-top[ OF tendsto-const])
(auto simp: filterlim-ident)

lemma filterlim-shift-scale-at-bot:
fixes p o € :: real
assumes sigma: 0 < o and zi-neg: £ < 0
shows LIM z at-bot. 1 + & * ((x — p) / o) > at-top
proof —
have eq: (M\z. 1 +&x ((z—p) /o) =Az. 1 + (=& /o) * (p— x))
by (rule ext) (use sigma in <simp add: field-simps»)
have LIM z at-bot. pn — x :> at-top
by real-asymp
hence LIM z at-bot. (— £ / o) * (u — ) :> at-top
by (intro filterlim-tendsto-pos-mult-at-top| OF tendsto-const])
(use assms in <auto intro: divide-neg-pos»)
hence LIM z at-bot. 1 + (— & / o) * (u — x) :> at-top
by (intro filterlim-tendsto-add-at-top] OF tendsto-const))
thus ?thesis
unfolding eq .
qed

1.3 Lemmas for Weak Convergence

lemma weak-conv-ignore-initial-segment:
assumes weak-conv a A
shows weak-conv (An. a (n + k)) A
using assms by (auto simp: weak-conv-def intro!: LIMSEQ-ignore-initial-segment)

lemma weak-conv-offset:
assumes weak-conv (An. a (n + k)) A
shows weak-conv a A
using assms LIMSEQ-offset by(fastforce simp: weak-conv-def)

lemma weak-conv-cong:
assumes ev:\z. isCont A © = V g n in sequentially. anx =bnz
shows weak-conv a A «—— weak-conv b A

using tendsto-cong[OF ev] by(simp add: weak-conv-def)

lemma LIMSEQ-imp-weak-conv:
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(Az. (An. anz) —— A z) = weak-conv a A
by (simp add: weak-conv-def)

1.4 Generalized Inverses

definition ginv :: ('a :: conditionally-complete-linorder = 'a) = 'a = 'a (-~ [81])
where
ginv Fy=Inf {z. y < Fuz}

The constant ginv is the same as right-continuous-mono.l. We define ginv be-
cause right-continuous-mono.lI is defined inside the locale right-continuous-mono,
which makes it inconvenient to use.

lemma bdd-below-ginv-set:

assumes mono:mono F and Fw:F w < y

shows bdd-below {z::- :: linorder. y < F z}
proof (intro bdd-belowl[of - w)])

fix =

assume z:z € {z. y < F 2}

show w < z

using = monoD[OF mono, of © w| Fw by force

qed

lemma ginv-le-iff1:
fixes y :: ‘a::{linorder-topology,conditionally-complete-linorder}
assumes mono: mono F' and cont: A\z. continuous (at-right z) F
and yFz: y < Fzand Fuy: Fw <y
shows F” y<z+«— y< Fz
proof
have ne: {z. y < Fz} # {}
using yFz by auto
show y < Foz = ginv Fy <z
unfolding ginv-def by (auto introl: cInf-lower bdd-below-ginv-set|OF mono
Fuwy])
assume *: ginv Fy <z
have y < (INF se{z. y < Fz}. Fs)
by (rule cINF-greatest|OF ne]) auto

also have ... = F (Inf {z. y < F 2})
using continuous-at-Inf-mono[OF mono cont ne bdd-below-ginv-set[OF mono
also have ... < F z

using * monoD[OF mono| by (simp add: ginv-def)
finally show y < Fz .
qed

lemma ginv-mono:
assumes mono: mono F and y12: yI < y2
and ezr-z: 3z. y2 < F z and ezx-w: Jw. F w < ylI
shows ginv F y1 < ginv F y2
proof —
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obtain z w where 2: y2 < F zand w: Fw < yi
using ez-z ex-w by auto
have ne: {z. y2 < Fa} # {}
using z by auto
have sub: {z. y2 < Fz} C {z. y1 < Fz}
using yI12 by auto
show ?thesis
unfolding ginv-def by (rule cInf-superset-mono[OF ne bdd-below-ginv-set|OF
mono w| subl)
qed

lemma ginv-compose-mono:
assumes mono: mono F and monog:mono-on A g
and ex:Vs€cA. Jz. gs < FzVreA. Jw. Fw<gr
shows mono-on A (Ax. ginv F (g z))
using er
by (intro ginv-mono mono-onl mono-onD[OF monog] monoD[OF monol)
auto

lemma ginv-attainedli:
fixes y :: ‘a::{linorder-topology,conditionally-complete-linorder}
assumes mono: mono F and cont: \z. continuous (at-right z) F
and er-z: 3z. y < Fzand ez-w: Jw. Fw <y
shows y < F' (ginv F y)
proof —
obtain z w where y < Fz Fw < y
using ez-z ex-w by auto
thus ?thesis
using ginv-le-iff1[OF mono cont, of y z w ginv F y]
by simp
qed

Convergence of generalized inverses (Lemma 1.1.1 of the book by de Haan
and Ferreira [2]).

lemma tendsto-ginv:
fixes Fn :: nat = real = real and g :: real = real and y :: real
assumes mono-Fn: An. mono (Fn n) and mono-g: mono g
and wc:weak-conv Fn g
and cont-ginv: isCont (ginv g) y
and yz: y < gzand wy: gw < y
shows (An. (Fnn)~ y) —— ¢ y
proof (rule metric-LIMSEQ-I)
have wc:Az. isCont gz = (An. Fnnz) —— gz
using wc’ by (simp add: weak-conv-def)
fix € :: real
assume eps: 0 < €
define z0 where z0 = ginv g y
note cd = mono-ctble-discont| OF mono-g]
have bdd: bdd-below {z. y < g z}
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using wy by (intro bdd-below-ginv-set| OF mono-g))
have ne: {z. y < gz} # {}
using yz by (auto intro!: exl[of - z| less-imp-le)
obtain 21 where z1: 1 € {20 — e<..<z0} isCont g x1
using real-interval-avoid-countable-set|OF - cd, of 0 — & z0)] eps by auto
have gz1: g2l < y
proof (rule ccontr)
assume - gzl <y
hence z0 < z!
unfolding z0-def ginv-def by (auto introl: cInf-lower bdd)
with 21(1) show Fualse
by auto
qed
obtain s where s: 0 < s
Ny y' #ynly —yl <s=lginvgy —ginvgyl <e/2
using LIM-D[OF cont-ginv[unfolded isCont-def], of € / 2] eps by auto
define y’ where y' = min (y+ s/ 2) (y +g2) / 2)
have y'1: y < y’
using s(1) yz by (simp add: y'-def)
have y'2: y' < g 2
using yz by (auto simp: y’-def min-le-iff-disj)
have y'3: |[y' — y| < s
using s(1) yz unfolding y’-def by (auto simp: min-def)
have upper’: ginv gy’ < z0 + ¢/ 2
using s(2)[of y'] y'1 y'3 unfolding z0-def
by (auto simp: abs-real-def split: if-split-asm)
obtain z2 where z2: 12 € {ginv g y'<..<z0 + €} isCont g 22
using real-interval-avoid-countable-set| OF - cd, of ginv g y' 0 + €] upper’ eps
by auto
have gz2: y < g 22
proof —
have ne”: {z. y' < gz} # {}
using 3’2 by auto
have Inf {z. y' < gz} < 22
using z2(1) by (auto simp: ginv-def)
from cInf-lessD[OF ne’ this] obtain z’ where 2" y' < gz’ z' < z2
by auto
hence y’' < g 22
using monoD[OF mono-g, of ' 2] by auto
with y’1 show ?thesis
by auto
qed
have evi: Vg n in sequentially. Fn n z1 <y
by (rule order-tendstoD(2)[OF wc[OF x1(2)] gz1])
have ev2: V p n in sequentially. y < Fn n z2
by (rule order-tendstoD(1)[OF wc[OF z2(2)] gz2])
have V r n in sequentially. dist (ginv (Fn n) y) 20 < ¢
using ev! ev2
proof eventually-elim
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case (elim n)
have ne-n: {z. y < Fn n z} # {}
using elim(2) by (auto introl: exI[of - x2] less-imp-le)
have up: ginv (Fn n) y < z2
unfolding ginv-def
by (intro cInf-lower bdd-below-ginv-set[OF mono-Fn elim(1)]) (use elim(2)
in auto)
have low: 1 < ginv (Fnn) y
unfolding ginv-def
by (intro cInf-greatest[OF ne-n))
(metis mono-Fn elim(1) leI mem-Collect-eq monoD order-less-le-trans
less-le-not-le)
show ?Zcase
using up low z1(1) z2(1) unfolding dist-real-def by auto
qed
thus3 no. Vn>no. dist (ginv (Fn n) y) (ginv g y) < e
unfolding eventually-sequentially x0-def by blast
qed

context right-continuous-mono
begin

lemma ex-gt-b:
assumes p < b
shows Jz. p < fz
using order-tendstoD[OF top,of p] assms
by (auto dest!: eventually-happens’|OF trivial-limit-at-top-linorder])

lemma ex-ge-b:
assumes p < b
shows 3z. p < fz
using ez-gt-b[OF assms| by (auto intro!: less-imp-le)

lemma ex-less-a:
assumes a < p
shows Jw. fw < p
using order-tendstoD[OF bot,of p] assms
by (auto dest!: eventually-happens’|OF trivial-limit-at-bot-linorder])

lemma ex-le-a:
assumes a < p
shows Jw. fw < p
using ez-less-a[OF assms| by (auto intro!: less-imp-le)

lemma a-le-b:a < b
proof —
have Vp w in at-bot. fw < f0
by (auto intro!: eventually-mono|OF eventually-le-at-bot[of 0]] monoD|[OF
mono))
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from tendsto-upperbound|OF bot this]
have a < f0
by simp
moreover
have Vy w in at-top. f0 < fw
by (auto introl: eventually-mono|OF eventually-ge-at-toplof 0]] monoD[OF
mono))
from tendsto-lowerbound|[OF top this]
have f0 < b
by simp
ultimately show %thesis
by linarith
qed

lemma ginv-le-iff:
assumes a < pp < b
shows ginv fp <z +— p<fx
unfolding ginv-def
by (intro pseudoinverse[symmetric] assms)

lemma ginv-attained:
assumes a < pp < b

shows p < f (ginv f p)
using ginv-le-iff[OF assms, of ginv f p] by simp

lemma
shows a-le-f: a < fz
and f-le-b: fz < b
proof —
have V p w in at-bot. fw < fzx
by (auto intro!: eventually-mono|OF eventually-le-at-bot[of z]] monoD[OF
monol)
from tendsto-upperbound|OF bot this]
show o < fz
by simp
have V p w in at-top. fz < fw
by (auto introl: eventually-mono[OF eventually-ge-at-toplof z]] monoD[OF
mono))
from tendsto-lowerbound[OF top this]
show fz < b
by simp
qged

lemma ginv-left-cont:
assumes ap: a < p and pb:p < b
shows (ginv f —— ginv f p) (at-left p)
proof (rule order-tendstol)
fix c
assume c: ¢ < ginv f p
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hence fec-less: fc < p
using ginv-le-iff [OF assms, of c] by simp
define p0 where p0 = (fc+p) / 2
have p0-pos: a < p0 and p0-lt-p: p0 < p and Fc-lt-p0: f c < p0
using a-le-f[of c] ap fe-less by (auto simp: p0-def)
have p0-it-1: p0 < b
using p0-lt-p pb by simp
have c-lt-p0: ¢ < ginv f p0
using ginv-le-iff [OF p0-pos p0-lt-1, of ¢| Fe-lt-p0 by force
have Vi zin at-left p. pO0 <z ANz <p
using eventually-at-left-field[where x = p] p0-lt-p by auto
thus Vp z in at-left p. ¢ < ginv fz
by eventually-elim
(metis c-lt-p0 pb dual-order.strict-trans ginv-le-iff linorder-not-less p0-pos)
next
fix ¢
assume c: ginv fp < ¢
have Vp zin at-leftp. a <z Ax <p
using eventually-at-left-field[where x = p] ap by auto
thus V p z in at-left p. ginv fz < ¢
by eventually-elim (smt (verit) ¢ pb ginv-le-iff)
qged

lemma f-eq-b:
assumes fy = b
and y < z
shows fz =1
using assms f-le-b mono monoD order-antisym by blast

lemma f-eg-a:
assumes fy = a
and z < y
shows fz = a
by (metis a-le-f assms dual-order.eg-iff mono monoD)

corollary regularly-varying-less-b:
assumes regularly-varying (A\x. b — fz) o
shows fz < b
proof (rule ccontr)
assume - fx < b
hence e \y. 2 <y = fy=1b
by (metis f-eq-b f-le-b not-le order-antisym)
show Fulse
using reqularly-varying-pos|OF assms,of max 1 z]
by(cases 1 < x) (auto simp: eq)
qed

lemma ex-gt-less:
assumes z: fz < ¢
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shows FJw>z. fw < ¢
proof —
have Vp yin at-right z. fy < c ANz <y
using order-tendstoD(2)[OF cont|of z, unfolded continuous-within] z|
eventually-at-right-less by eventually-elim simp
from eventually-happens'|OF trivial-limit-at-right-real this)
show ?thesis
by blast
qed

lemma upper-semicontinuous: upper-semicontinuous-map euclidean f
proof —
have open {z. fz < ¢} for ¢
proof —
have x:(Jwe{w. fw < c¢}. {.<w}) ={z. fz < ¢}
proof (intro set-eql iffI)
fix z
assume z € (Jwe{w. fw < c}. {.<w})
then obtain w where fw < cz < w
by auto
thus z € {z. fz < ¢}
using monoD[OF mono, of x w] by simp
next
fix z
assume z € {z. fz < ¢}
thus z € (Jwe{w. fw < c}. {..<w})
using ex-gt-less[of z c| by auto
qed
have open (|Jwe{w. fw < c}. {.<w})
by fastforce
thus ?thesis
unfolding * .
qed
thus ?thesis
by (auto simp: upper-semicontinuous-map-def)
qed

corollary open-less: open {z. fz < ¢}
using upper-semicontinuous by(simp add: upper-semicontinuous-map-def)

lemma strict-mono-of-deriv:
assumes deriv: \z. 20 < z = [z < ¢ = (f has-real-derivative ' z) (at 2)
and pos: N\z. 20 < z = fz<c= 0< f'z
and z: 20 < v and zy: z < yand fy: fy < ¢
shows fz < fuy
proof (rule DERIV-pos-imp-increasing|OF xy))
fix z
assume z: z < 22 <y
hence z0 < z fz < ¢
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using z fy monoD[OF mono, of z y] by auto
thus Jw. (f has-real-derivative w) (at z) A 0 < w
using deriv pos by blast
qed

lemma ginv-f-eq:
assumes fmono: Nz y. 20 <z = < y=—= fy< b= fz < fy
and 2: 20 < zand fz: fz2 < b
shows ginv f (f 2) = z
proof —
have w: 20 < (20 + 2z) / 2 (20 + 2) /| 2 < z
using z by simp-all
have f ((z0 +2) / 2) < f=z
by (rule fmono|OF w f2])
hence p: a < f 2
using a-le-f[of (20 + z) / 2] by simp
have z < ginv f (f 2)
proof (rule ccontr)
assume - 2z < ginv f (f 2)
hence It: ginv f (f2) < z
by simp
define v where v = (maz z0 (ginv f (f2)) + 2) / 2
have vz0: 20 < v and vginv: ginv f (f2) < v and vz: v < 2
using It z by (auto simp: v-def)
have fz < fuv
using ginv-le-iff [OF p fz, of v] vginv by simp
moreover have fv < [z
by (rule fmono|OF vz0 vz fz])
ultimately show Fulse
by simp
qed
moreover have ginv f (f2) < 2
using ginv-le-iff [OF p fz, of z] by simp
ultimately show ?thesis
by simp
qed

end

sublocale real-distribution C right-continuous-mono cdf M 0 1
by standard
(auto introl: monol cdf-nondecreasing cdf-is-right-cont cdf-lim-at-bot cdf-lim-at-top-prob)

corollary right-continuous-mono-cdf:
assumes real-distribution M
shows right-continuous-mono (cdf M) 0 1
proof —
interpret real-distribution M by fact
show ?thesis
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by unfold-locales
qed

lemma one-less-of-inverse-tail-less:
fixes F' :: real = real
assumes F': right-continuous-mono F 0 1 and z0: F 20 < 1
and t: 1 /(1 — Fz0) <t
shows 1 < t
proof —
have 1 <1 /(1 — F 20)
using z0 right-continuous-mono.a-le-f[OF F, of x0] by simp
thus ?thesis
using ¢ by linarith
qed

1.5 Lemmas for Infinite Sums

The following are used to prove relation (1.2.21) of [2].

lemma geometric-ratio-chain-ge:
fixes d :: nat = real
assumes pos: An. 0 < dn
and r: 0 < r
and bound: \j. M < j=r < d (Sucj)/ dj
and k: M < k
shows dkxr " m < d (k+ m)
proof (induction m)
case (Suc m)
hence d k xr = Sucm < r = d (k+ m)
using 7 by (auto introl: mult-left-mono)
also have ... < d (Suc (k + m))
using bound[of k + m] k pos[of k + m] by (simp add: field-simps)
finally show ?case
by simp
qed simp

lemma geometric-ratio-chain-le:
fixes d :: nat = real
assumes pos: An. 0 < dn
and r: 0 < r
and bound: N\j. M < j= d (Sucj) /dj<r
and k: M < k
shows d (k+ m) < dkxr " m
proof (induction m)
case (Suc m)
have d (Suc (k + m)) < rxd (k+ m)
using bound[of k + m] k pos[of k + m] by (simp add: field-simps)
alsohave ... < dkx*xr ~ Sucm
using Suc r by (auto intro!: mult-left-mono)
finally show ?case
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by simp
qed simp

lemma geometric-ratio-tailsum-tendsto:
fixes d :: nat = real and L :: real
assumes pos: An. 0 < dn
and L: 0 < LL < 1
and ratio: (An. d (Sucn) / dn) —— L
shows geometric-ratio-tailsum-summable: summable d
and geometric-ratio-tailsum-div: (An. (3 k. d (k+n)) / dn) —— 1 / (1
— L)
and geometric-ratio-tailsum-ratio: (An. (O k. d (k + Suc n)) / O k. d (k +
) —— L
proof —
define cs where cs = (1 + L) / 2
have cs-bounds: L < cscs < 10 < cs
using L by (simp-all add: cs-def)
obtain N0 where NO: An. N0 < n = d (Sucn) / dn < cs
using order-tendstoD(2)[OF ratio cs-bounds(1)] unfolding eventually-sequentially
by blast
have step-le0: d (Suc n) < c¢s * d n if N0 < n for n
using NO[OF that] pos[of n] by (simp add: field-simps)
show summable: summable d
using cs-bounds step-le0 pos
by (auto introl: summable-ratio-test[of cs NO d] simp: abs-of-pos)
note chain-ge = geometric-ratio-chain-ge[where d=d, OF pos]
note chain-le = geometric-ratio-chain-lefwhere d=d, OF pos]
define T where T = (An. Y k. d (k + n))
have shift-summable: summable (Ak. d (k + n)) for n
using summable by simp
have T-eq: T n = suminf d — (3 i<n. d i) for n
unfolding T-def using suminf-minus-initial-segment]| OF summable, of n] by
stmp
have partial-tendsto: (An. Y i<n. d i) —— suminf d
using summable by (rule summable-LIMSEQ)
have T-fun-eq: T = (An. suminf d — (> i<n. d 7))
using T-eq by (intro ext) simp
have T-tendsto0: T —— 0
unfolding T-fun-eq
using tendsto-diff [OF tendsto-const partial-tendsto, of suminf d] by simp
have T-pos: 0 < T n for n
proof —
have I: finite {0:nat} Ak. k € — {0:nat} = 0 < d (k+ n)
using pos by (auto simp: less-eg-real-def)
have (0::real) < d (0 + n)
using pos by simp
also have d (0 + n) = sum (A\k. d (k + n)) {0}
by simp
also have ... < suminf (Ak. d (k + n))
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by (rule sum-le-suminf[OF shift-summable[of n] 1(1) 1(2)])
finally show ?thesis
by (simp add: T-def)
qed
have T-diff: Tn — T (Suc n) = d n for n
using T-eq[of n] T-eq[of Suc n] by simp
have geom-sum: > k. dnxr "k)=dn /(1 —r)ifr:0<rr<1fornr
using suminf-geometriclof ] r by (simp add: suminf-mult)
have geom-summable: summable (A\k. dn «r "k)if r 0 <rr < 1 fornr
using summable-geometric[of r] r by (intro summable-mult) simp
have div-tendsto: (An. Tn / dn) —— 1 / (1 — L)
proof (rule order-tendstol)
fix c :: real
assume ¢: I /(1 — L) <c
have c-pos: 0 < ¢
using L ¢ by (smt (verit) divide-pos-pos zero-less-divide-1-iff)
define r where r = (L + (1 — 1 /¢))/ 2
have Le: L< 1 — 1 /¢
using ¢ c-pos L by (simp add: divide-less-eq field-simps)
have r-bounds: L<rr<1—1]c¢
using Lc by (simp-all add: r-def)
have r-pos: 0 < r
using L r-bounds(1) by simp
have r-lt1: r < 1
using r-bounds(2) c-pos by (smt (verit) zero-less-divide-1-iff)
have r-val: 1 / (1 — 1) < ¢
using r-bounds(2) c-pos r-lt1 by (simp add: field-simps)
obtain N where N: \j. N <j=d (Sucj)/dj<r
using order-tendstoD(2)[OF ratio r-bounds(1)]
unfolding eventually-sequentially by blast
have bound-le: \j. N < j= d (Sucj) /dj<r
using N by (intro less-imp-le) simp
show V p n in sequentially. Tn / dn < ¢
using eventually-ge-at-top[of N|
proof eventually-elim
case (elim n)
have term-le: d (n + m) < dn x r ~m for m
by (rule chain-le[OF r-pos bound-le]) (use elim in auto)
have term-le’: d (k+ n) < dnxr "k for k
using term-le[of k] by (simp add: add.commute)
have Tn < > k. dnxr k)
unfolding T-def
by (rule suming-le[OF term-le’ shift-summableof n] geom-summable| OF r-pos
r-lt1]])
also have ... =dn /(1 — 1)
by (rule geom-sum|[OF r-pos r-1t1])
finally have Tn <dn /(1 — ).
hence Tn/dn<1/(1—-r)
using pos[of n] by (simp add: field-simps)
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thus ?case
using r-val by simp
qed
next
fix ¢ :: real
assume c¢: ¢ < 1 / (1 — L)
show V p n in sequentially. ¢ < Tn / dn
proof (cases ¢ < 0)
case True
haveVz.c< Tz / dzx
using T-pos pos True by (auto intro: divide-pos-pos order-le-less-trans)
thus ?thesis
by (rule always-eventually)
next
case Fulse
hence c-pos: 0 < ¢
by simp
have Le: 1 — 1 [/ e< L
using ¢ c-pos L by (simp add: divide-less-eq field-simps)
define ¢ where e = min (L — (1 — 1 /¢))/ 2) (L] 2)
havee-lel:e < (L—(1—-1/¢)/ 2
unfolding e-def by (rule min.coboundedl)
have e-le2: e < L/ 2
unfolding e-def by (rule min.cobounded?)
have e-pos: 0 < ¢
using Lc L by (simp add: e-def)
define r where r = L — ¢
have r-pos: 0 < r
unfolding r-def using e-le2 L by linarith
have r-lt-L: r < L
unfolding r-def using ¢-pos by simp
have r-lt1: r < 1
using r-lt-L L by simp
have r-gt: 1 — 1 /c<r
using e-le! Lc unfolding r-def by argo
have r-val: c < 1/ (1 — 1)
using r-gt c-pos r-lt-L L by (simp add: field-simps)
have ev-le: V p n in sequentially. r < d (Sucn) / dn
using order-tendstoD(1)[OF ratio r-li-L] by eventually-elim simp
obtain N where N: \j. N <j= r <d (Sucj)/ dj
using ev-le unfolding eventually-sequentially by blast
show Y ¢ n in sequentially. ¢ < Tn / dn
using eventually-ge-at-top|of N]
proof eventually-elim
case (elim n)
have term-ge: dnxr ~m < d (n + m) for m
by (rule chain-ge[OF r-pos NJ) (use elim in auto)
have term-ge’: dnxr "k < d (k + n) for k
using term-ge[of k] by (simp add: add.commute)
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have dn /(1 —r)= O k. dnxr k)
by (rule geom-sum[OF r-pos r-lt1, symmetric|)
alsohave ... < Tn
unfolding T-def
by (rule suminf-le[OF term-ge’ geom-summable] OF r-pos r-lt1] shift-summable|of
al)
finally have dn / (I — r) < Tn.
hence 1 /(1 —r) < Tn/dn
using pos|of n] by (simp add: field-simps)
thus ?case
using r-val by simp
qed
qed
qed
show div-goal: (An. (3 k. d(k+n))/dn) —— 1 /(1 — L)
using div-tendsto by (simp add: T-def)
have d-over-T: (An. dn / Tn) —— (1 — L)
proof —
have inv: (An. inverse (T n / d n)) —— inverse (1 / (1 — L))
by (rule tendsto-inverse| OF div-tendsto]) (use L in simp)
have eql: inverse (1 / (1 — L)) =1 — L
by simp
have eq2: An. inverse (Tn /dn)=dn/ Tn
using pos T-pos by (simp add: field-simps)
show ?thesis
using inv by (simp add: eql eq2)
qed
have T-ratio: (An. T (Sucn) / Tn) —— L
proof —
have eqn: T (Sucn) / Tn=1—dn / T nforn
using T-diff [of n] T-pos[of n] by (simp add: field-simps)
have (An. I —dn / Tn) —— 1 — (1 — L)
by (intro tendsto-diff [OF tendsto-const d-over-T])
thus ?thesis
using eqn by simp
qed
show (An. (3 k. d (k+ Sucn)) / O k. d(k+n) —— L
using T-ratio by (simp add: T-def)
qed

lemma geometric-ratio-sum-tendsto:
fixes d :: nat = real and L :: real
assumes pos: An. 0 < dn
and L: 1 < L
and ratio: (An. d (Sucn) / dn) —— L
shows geometric-ratio-sum-div-last: (An. (3 k<n. dk) /dn) —— L/ (L —

1)

L

and geometric-ratio-sum-ratio: (An. (3, k<Sucn. dk) / (3 k<n. dk)) ——
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proof —
have d-at-top: filterlim d at-top sequentially
proof —
define 70 :: real where r0 = (1 + L) / 2
have r0-bounds: 1 < r0r0 < L
using L by (simp-all add: r0-def)
obtain N where N: An. N <n = r0 < d (Sucn)/dn
using order-tendstoD(1)[OF ratio r0-bounds(2)]
unfolding eventually-sequentially by blast
have grow: 10 "k d N < d (N + k) for k
proof (induction k)
case (
show ?case
by simp
next
case (Suc k)
have step: r0 * d (N + k) < d (N + Suc k)
using N[of N + k] pos[of N + k] by (simp add: field-simps)
have 70 ~Suc k x d N = r0 % (r0 "k * d N)
by simp
also have ... < 70 * d (N + k)
using Suc r0-bounds by (intro mult-left-mono) auto
also have ... < d (N + Suc k)
by (rule step)
finally show ?Zcase
by simp
qed
have rOk-at-top: filterlim (k. r0 ~ k) at-top sequentially
proof —
have inv0: (\k. inverse (r0 " k)) —— 0
using r0-bounds(1) by (rule LIMSEQ-inverse-realpow-zero)
have posr: V g k in sequentially. 0 < inverse (r0 ~ k)
using r0-bounds(1) by (auto introl: always-eventually)
from filterlim-inverse-at-top[OF inv0 posr] show ?thesis
by simp
qed
have shifted: filterlim (k. d (N + k)) at-top sequentially
proof (rule filterlim-at-top-mono)
have ((Ak::nat. d N) —— d N)
by (rule tendsto-const)
from filterlim-tendsto-pos-mult-at-top[ OF this pos[of N| r0k-at-top
show filterlim (Ak. d N * r0 ~ k) at-top sequentially .
show V r k in sequentially. d N x r0 "k < d (N + k)
using grow by (intro always-eventually) (simp add: mult.commute)
qed
show ?thesis
unfolding filterlim-at-top
proof
fix Z :: real
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obtain M where M: N\k. M < k= Z < d (N + k)
using shifted unfolding filterlim-at-top eventually-sequentially by blast
show YV p n in sequentially. Z < dn
unfolding eventually-sequentially
proof (intro exI[of - N + M| alll impl)
fix n
assume N + M < n
hence M <n—- NN <n
by simp-all
with M[of n — N] show Z < dn
by simp
qed
qed
qed
define S where S = (An. sum d {..n})
have S-pos: 0 < S n for n
unfolding S-def by (rule sum-pos) (auto simp: pos)
have S-split: Sn = sum d {..<N} + sum d {N..n} if N < n for Nn
using that
by (subst sum.union-disjoint[symmetric])
(auto simp: S-def introl: arg-cong[where f=sum d])
note chain-ge = geometric-ratio-chain-ge[where d=d, OF pos]
note chain-le = geometric-ratio-chain-le[where d=d, OF pos]
have div-last: (An. Sn /dn) —— L /(L — 1)
proof (rule order-tendstol)
fix ¢ :: real
assume ¢: L / (L — 1)< ¢
have c-gt1: 1 < ¢
using L ¢ by (smt (verit) divide-le-eq-1 le-divide-eq-1-pos)
have Le: ¢ / (¢ — 1) < L
using ¢ c¢-gt! L by (simp add: divide-less-eq field-simps)
define ¢ wheree = (L — ¢/ (¢ — 1))/ 2
have e-pos: 0 < ¢
using Lc by (simp add: e-def)
define r where r = L — ¢
have ccl-gt1: 1 < c /(¢ — 1)
using c-gt! by simp
have r-bounds: 1 < rr < L
proof —
have h: (2::real) < L+ ¢ / (¢ — 1)
using L ccl-gt1 by linarith
show 1 < r
unfolding r-def -def using h by argo
show r < L
using e-pos by (simp add: r-def)
qed
have r-gt: ¢ / (c = 1) < r
using Lc e-def r-def by auto
have r-c:r / (r—1) < ¢
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using r-bounds(1) r-gt c-gt1 by (simp add: field-simps)
obtain N where N: \j. N <j= r <d (Sucj)/ dj
using order-tendstoD(1)[OF ratio r-bounds(2)]
unfolding eventually-sequentially by blast
have N-ge: A\j. N <j=r < d (Sucj) / dj
using N by (intro less-imp-le) simp
have geo-bound: (3" j<m. (1 /r) "j) <r/(r— 1) for m
proof —
have nel: (1:real) / r # 1
using r-bounds(1) by simp
have (S j<m. (1 / ) ~j) = (Sj<Suc m. (1 / ) ~j)
by (simp add: lessThan-Suc-atMost)
alsohave ... = (1 — (1 /r) "Suecm) /(1 —1/r)
using sum-gp-strictlof 1 / v Suc m] nel by simp
alsohave ... <1 /(1 —1/r)
proof —
have 0 < (1 / r) = Sucm
using r-bounds(1) by simp
hence 1 — (1 / r) ~Sucm < 1
by simp
thus %thesis
using r-bounds(1) by (intro divide-strict-right-mono) auto
qed
also have ... =7 / (r — 1)
using r-bounds(1) by (simp add: field-simps)
finally show ?thesis .
qed
have sum-bound-upper: sum d {N..n} < dn* (> j<n— N. (1 /1) "j)
if n: N < n for n
proof —
have term-bound: dk < dn =« (1 /r) ~(n— k) if k: k € {N..n} for k
proof —
have dkxr ~(n— k) <d (k+ (n—k))
by (rule chain-ge[OF - N-ge]) (use k r-bounds in auto)
also have k + (n — k) = n
using k by simp
finally have dkxr “(n — k) < dn.
thus ?thesis
using r-bounds(1) by (simp add: field-simps)
qed
have sum d {N..n} < sum (Mk. dnx (1 /r) " (n—k)) {N..n}
by (rule sum-mono) (use term-bound in auto)
also have ... = dn* sum (Ak. (1 /) " (n — k)) {N..n}
by (simp add: sum-distrib-left)
also have sum (Ak. (1 / r) “(n — k) {N.n} =sum (Nj. (1 / r) ")) {.n
— N}
by (rule sum.reindex-bij-witnessjwhere ¢ = A\k. n — k and j = Aj. n — j])
(use n in auto)
finally show ?thesis
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by simp
qed
have S-bound: Sn < sum d {.<N} +dnx*(r/(r—1))if n: N < nforn
proof —
have Sn = sum d {..<N} 4+ sum d {N..n}
by (rule S-split|OF n))
also have ... < sum d {.<N} +dnx* (> j<n — N. (1 /r) "j)
using sum-bound-upper[OF n] by simp
also have ... < sumd {.<N}+dnx(r/ (r—1))
using geo-bound[of n — N| pos|of n]
by (intro add-strict-left-mono mult-strict-left-mono) auto
finally show ?thesis
by simp
qed
have const-over-d: (An. sum d {.<N} / dn) —— 0
proof —
have (An. inverse (d n)) —— 0
using d-at-top by (rule tendsto-inverse-0-at-top)
hence (An. sum d {..<N} x inverse (d n)) —— sum d {..<N} * 0
by (intro tendsto-mult tendsto-const)
thus 2thesis
by (simp add: inverse-eq-divide)
qed
have gap-pos: 0 < c—r [/ (r — 1)
using r-c by simp
have ev-small: V  n in sequentially. sum d {.<N} /dn<c—1r/(r—1)
using order-tendstoD(2)[OF const-over-d gap-pos| .
show V g n in sequentially. Sn / dn < ¢
using eventually-ge-at-top[of N] ev-small
proof eventually-elim
case (elim n)
have Sn/dn <sumd {.<N}/dn+r/(r—1)
using S-bound[OF elim(1)] pos[of n] by (simp add: field-simps)
also have ... < ¢
using elim(2) by simp
finally show ?case .
qged
next
fix c :: real
assume c¢: ¢ < L / (L — 1)
show V g n in sequentially. ¢ < Sn / dn
proof (cases ¢ < 1)
case True
show ?thesis
using eventually-ge-at-top|of 1]
proof eventually-elim
case (elim n)
have Sn =sum d {.<n} + dn
unfolding S-def by (simp add: lessThan-Suc-atMost[symmetric])
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moreover have 0 < sum d {..<n}
using pos elim by(auto introl: sum-pos simp: lessThan-empty-iff)
ultimately have d n < Sn
by simp
hence 1 < Sn /dn
using pos[of n] by (simp add: field-simps)
with True show ?case
by simp
qed
next
case Fulse
hence c-gt1: 1 < ¢
by simp
have ccl: L<c¢/(c— 1)
proof —
have cx (L — 1)< L /(L —1)* (L —1)
using ¢ L by (intro mult-strict-right-mono) auto
hence stepl: ¢ x (L — 1) < L
using L by simp
have step2: L x (¢ — 1) < ¢
using step! by argo
show ?thesis
using step?2 c-gt1 by (simp add: pos-less-divide-eq)
qed
define ¢ wheree = (¢ /(¢ — 1) — L) / 2
have e-pos: 0 < ¢
using ccl by (simp add: e-def)
define r where r = L + ¢
have r-bounds: 1 < r
using L e-pos by (simp add: r-def)
have r-lt: r < ¢/ (¢ — 1)
unfolding r-def e-def using cc! by argo
have r-c:c<r / (r — 1)
proof —
have rx (c — 1) <c/(c—1)*(c—1)
using r-lt c-gt1 by (intro mult-strict-right-mono) auto
hence stepl: r* (¢ — 1) < ¢
using c-gt1 by simp
have step2: ¢ (r — 1) <r
using stepl by argo
show ?thesis
using step?2 r-bounds by (simp add: pos-less-divide-eq)
qed
have L-lt-r: L < r
using e-pos by (simp add: r-def)
obtain N where N: A\j. N <j = d (Sucj)/dj<r
using order-tendstoD(2)[OF ratio L-lt-r]
unfolding eventually-sequentially by blast
have N-le: A\j. N < j= d (Sucj)/dj<r
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using N by (intro less-imp-le) simp
have sum-bound-lower: dn * (>_j<n — N. (1 / r) "j) < sum d {N..n}
if n: N < n for n
proof —
have term-bound: dn * (1 /r) " (n — k) < dkifk: k € {N..n} for k
proof —
have d (k+ (n — k) < dkxr " (n—k)
by (rule chain-le[OF - N-le]) (use k r-bounds in auto)
also have k + (n — k) = n
using k by simp
finally have dn < dkxr " (n— k).
thus ?thesis
using r-bounds by (simp add: field-simps)
qed
have d n * sum (Mk. (1 / ) " (n — k)) {N..n} < sum d {N..n}
unfolding sum-distrib-left by (rule sum-mono) (use term-bound in auto)
moreover have sum (A\k. (1 /) " (n — k)) {N..n} = sum (Nj. (L / r) ~
j) Ln — N}
by (rule sum.reindez-bij-witness[where i = \k. n — k and j = A\j. n — j])
(use n in auto)
ultimately show ?thesis
by simp
qed
have S-bound: dn x (3. j<n — N. (1 /r) "j) < Snifn: N <nforn
proof —
have dn* (3 j<n — N. (1 /1) "j) < sum d {N..n}
by (rule sum-bound-lower[OF n])
also have ... < sum d {..<N} + sum d {N..n}
using sum-nonneglof {..<N} d] pos by (simp add: less-imp-le)
also have ... = Sn
using S-split|OF n] by simp
finally show ?thesis .
qed
have geo-tendsto: (Am. > j<m. (1 /1) " j) —— 1/ (r — 1)
proof —
have norm (1 / r) < 1
using r-bounds by simp
from geometric-sums|OF this]
have (An. > i<n. (I /r) "i) —— 1 /(1 — 1 /1)
unfolding sums-def by simp
from LIMSEQ-Suc|OF this]
show ?thesis
using r-bounds by (simp add: lessThan-Suc-atMost field-simps)
qed
have ev-close: ¥V p m in sequentially. v / (r — 1) — (r / (r — 1) — ¢)
< (Sj<m. (1 /1) ")
using order-tendstoD(1)[OF geo-tendsto, of v / (r — 1) — (r / (r — 1) —
¢l

r-c by simp
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obtain M where M: Am. M < m =
P/ = 1) = (r ) (r— 1) = ¢) < (Sj<m. (1 /1) )
using ev-close unfolding eventually-sequentially by blast
show ?thesis
unfolding eventually-sequentially
proof (intro exI[of - N + M] alll impI)
fix n
assume N + M < n
hence nN: N < nand Mn: M <n — N
by simp-all
have dnx*x(r/(r—1)—(r/(r—1)—c¢)) <dn=x* (> j<n— N.(1/
Sh)
using M[OF Mn] pos[of n] by (intro mult-strict-left-mono) auto
also have ... < Sn
by (rule S-bound[OF nN])
finally have d n x ¢ < Sn
by simp
thusc< Sn/dn
using pos|of n] by (simp add: field-simps)
qed
qed
qed
show geometric-ratio-sum-div-last: (An. (3 k<n. dk) / dn) —— L / (L —
1)
using div-last by (simp add: S-def)
show geometric-ratio-sum-ratio: (An. (3 k<Sucn. d k) / O k<n.dk)) ——
L
proof —
have Line0: L /(L — 1) # 0
using L by simp
have d-div-S: (An.dn / Sn) —— (L —1)/ L
proof —
have (An. inverse (S n / d n)) —— inverse (L / (L — 1))
by (rule tendsto-inverse|OF div-last L1ne0])
moreover have An. inverse (Sn /dn)=dn/ Sn
using pos S-pos by (simp add: inverse-eq-divide)
moreover have inverse (L / (L — 1))=(L—-1)/ L
using L by (simp add: field-simps)
ultimately show ?thesis
by simp
qed
note prod-lim = tendsto-mult|OF ratio d-div-S]
have step: (An. 1 + (d (Sucn) /dn)*(dn/Sn) —— 1 +Lx((L—
1/ 1)
by (intro tendsto-add tendsto-const prod-lim)
have eq: 1 + (d (Sucn) / dn)*(dn/Sn)=2S5 (Sucn)/ Snforn
proof —
have (d (Sucn) /dn)x(dn/ Sn)=d (Sucn)/ Sn
using pos[of n] by (simp add: field-simps)
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hence 1 + (d (Sucn) /dn)*x(dn/Sn)=(Sn+d(Sucn))/Sn
using S-pos[of n] by (simp add: field-simps)
also have S n + d (Suc n) = S (Suc n)
unfolding S-def by simp
finally show ?thesis .
qed
have val-eq: 1 + L+ (L— 1)/ L) =1L
using L by (simp add: field-simps)
have (An. S (Sucn) / Sn) —— L
using step unfolding eq val-eq .
thus ?thesis
by (simp add: S-def)
qed
qed

lemma geometric-ratio-forward-telescope:
fixes g :: real = real and Z c :: real
assumes power-ratio: \t0. 0 < t0 = (An. g (10 * Z ~ Sucn) / g (t0 » Z ~
n) —— ¢
and Z: 1 < Zand c: ¢c # 0
shows (An. ¢ (Z " (n+3j)/9g(Z "n) ——c"j
proof (induction j)
case ()
have ratio0: (An. g (Z " Sucn) / g (Z " n)) —— ¢
using power-ratio|OF zero-less-one] by simp
have ev-ne0: V p n in sequentially. g (Z ~n) # 0
using tendsto-imp-eventually-ne[ OF ratio0 c] by eventually-elim force
have eq0: ¥ g n in sequentially. (1::real) = g (Z " (n+ 0)) / g (Z " n)
using ev-nel by eventually-elim simp
show ?Zcase
using Lim-transform-eventually[OF tendsto-const eq0] by simp
next
case (Suc j)
have Zjpos: 0 < Z " j
using Z by simp
have step: (An. ¢ (Z ~(Sucn +35) /9 (Z " (n+3j)) —— ¢
using power-ratio|OF Zjpos] by (simp add: algebra-simps power-add)
have ev-ne: V p n in sequentially. g (Z ~(n + 7)) # 0
using tendsto-imp-eventually-ne[OF step c| by eventually-elim force
have eq: V p n in sequentially.
9(Z " (Sucn+9)/g(Z (n+i)x(g(Z (n+7)/g(Z )
=9 (2" (Sucn+3j)/g(Z n)
by (auto introl: eventually-mono[OF ev-ne])
show ?Zcase
using Lim-transform-eventually[OF tendsto-mult|OF step Suc.IH] eq] by simp
qed

lemma monotone-geometric-ratio-imp-ratio:
fixes g :: real = real and g y :: real
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assumes gmono: A\st. 1 <s=s<t=gs<gt
and gpos: Vg tin at-top. 0 < gt
and rho: 0 < p
and power-ratio: NZ 0. 1 < 7 = 0 < t0 =
(An. g (t0 * Z ~ Sucn) / g (10 x Z " n)) —— Z powr o
and y: 0 < y
shows ((A\t. g (t * y) / g t) —— y powr o) at-top
proof —
have Zseg-at-top: filterlim (An. Z ~ n) at-top sequentially
if Z: 1 < Z for Z :: real
by (rule LIMSEQ-power-at-top|OF Z])
have n-at-top: filterlim (At::real. nat |log Z t|) at-top at-top
if Z: 1 < Z for Z :: real
using Z by (rule floor-log-at-top)
have Zn-cont-at-top: filterlim (At::real. Z ~ nat |log Z t]) at-top at-top
if Z: 1 < Z for Z :: real
by (rule filterlim-compose| OF Zseq-at-top|OF Z] n-at-top|OF Z]))
have Un-pos-ev: Vg tin at-top. 0 < g (Z “nat [log Z t|)if Z: 1 < Z
for Z :: real
using eventually-compose-filterlim[OF gpos Zn-cont-at-top|OF Z]] .
have Zpowr-ne: Z powr o # 0 if Z: 1 < Z for Z :: real
using Z by simp
have telescope: (An. g (Z ~(n+ j)) / g (Z " n))
(2 powr 9)
if Z: 1 < Z for Z :: real and j :: nat
by (rule geometric-ratio-forward-telescope| OF power-ratio|OF Z] Z Zpowr-ne| OF
2))
have telescope-cont: ((At. g (Z ~ (nat |log Z t| + 7))
/ 9 (Z " nat |log 7 1]))
—— (Z powr 9) " j) at-top
if Z: 1 < Z for Z :: real and j :: nat
by (rule filterlim-compose| OF telescope| OF Z]| n-at-top| OF Z]])
have t-bracket: V g t in at-top. Z " nat |log Zt] <t ANt < Z " (nat |log Z t| +
1)
if Z: 1 < Z for Z :: real
using eventually-ge-at-toplof 1::real)
by eventually-elim (use power-of-nat-log-le power-of-nat-log-less-Suc Z in auto)
have n-gel: Vg tin at-top. 1 < nat |log Z t] if Z: 1 < Z for Z :: real
using n-at-top[OF Z, unfolded filterlim-at-top, rule-format, of 1]
by eventually-elim simp

have sandwich-upper: V g t in at-top. g (t x y) / gt
< g (Z " (nat [log Zt] + m+ 2)) / g (Z " nat |log Z t])
ifyl: 1 <yand Z1: 1 < Zand mlo: Z " m < yand mhi: y< Z ~(m + 1)
for Z :: real and m :: nat and y :: real
using t-bracket|OF Z1] n-gel[OF Z1] Un-pos-ev|OF Z1]
proof eventually-elim
case (elim t)
define n where n = nat |log Z t]
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have th1: Z "n<tand th2: t < Z " (n+ 1)
using elim unfolding n-def by auto
have n1: 1 <n
using elim unfolding n-def by simp
have Zn-gt1: 1 < Z " n
using Z1 n1 by simp
have Un-pos: 0 < g (Z " n)
using elim unfolding n-def by simp
have tpos: 0 < t
using Zn-gt1 tb1 by simp
have ypos: 0 < y
using yI by simp
have ty-lt: t x y < Z "~ (n+ m + 2)
proof —
have t x y < Z " (n+1)xZ " (m+ 1)
using tb2 mhi tpos ypos by (intro mult-strict-mono’) auto
alsohave ... =7 " (n+ m + 2)
by (simp add: power-add)
finally show ?Zthesis .
qed
have t-gt1: 1 < t
using Zn-gt1 tb1 by simp
have ty-gt1: 1 < t=xy
using y1 t-gt1 mult-left-monolof 1 y t] by linarith
have Uty-le: g (t x y) < g (Z " (n + m + 2))
using gmono|OF ty-gt1] ty-lt by simp
have Ut-ge: g (Z "n) < gt
using gmono[OF Zn-gt1 tb1] .
have Ut-pos: 0 < g t
using Un-pos Ut-ge by simp
have Unm2-ge: Z "n < Z "~ (n+ m + 2)
using Z1 by (intro power-increasing) auto
have Unm2-gt1: 1 < Z " (n 4+ m + 2)
using Unm2-ge Zn-gtl by simp
have Utym2-pos: 0 < g (Z ~ (n + m + 2))
using gmono[OF Zn-gt1 Unm2-ge] Un-pos by simp
show ?Zcase
unfolding n-def[symmetric]
using frac-le[OF Utym2-pos| THEN less-imp-le] Uty-le Un-pos Ul-ge] .
qed
have sandwich-lower:
Vg tin at-top. g (Z ~ (nat [log Zt] + m)) / g (Z " (nat [log Z t] + 1))
<g(txy) /gt
ifyl: 1 <yand ZI1: 1 < Zand mlo: Z " m < y
for Z :: real and m :: nat and y :: real
using t-bracket|OF Z1] n-gel[OF Z1] Un-pos-ev|OF Z1]
proof eventually-elim
case (elim t)
define n where n = nat |log Z t]
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have th1: Z "n<tand th2: t < Z " (n+ 1)
using elim unfolding n-def by auto
have n1: 1 <n
using elim unfolding n-def by simp
have Zn-gt1: 1 < Z " n
using Z1 nl by simp
have Un-pos: 0 < g (Z " n)
using elim unfolding n-def by simp
have Znm-ge: Z "n < Z " (n + m)
using Z1 by (intro power-increasing) auto
have Znm-gt1: 1 < Z ~ (n + m)
using Znm-ge Zn-gt1 by simp
have ty-ge: Z " (n+m) < txy
using tb1 mlo Z1 Zn-gt1 by(auto introl: mult-mono simp: power-add)
have Unm-pos: 0 < g (Z ~ (n + m))
using gmono|OF Zn-gt1 Znm-ge] Un-pos by simp
have t-gt1: 1 <t
using Zn-gtl tb1 by simp
show ?case
unfolding n-def[symmetric]
by (intro frac-le[OF less-imp-le] gmono Znm-gt1 ty-ge
t-gt1 tb2[THEN less-imp-le]
order.strict-trans2[OF Un-pos gmono[OF Zn-gt1 tb1]]
order.strict-trans2|OF Unm-pos gmono|OF Znm-gt1 ty-ge]])
qed

have main: (At. g (t x y) / gt) —— y powr ) at-top
if y1: 1 < y for y
proof —
have Z-of-ratio: 7. 1 < Z N Z ~ 2 < Rif Rgt1: 1 < R for R :: real
proof —
define B where B = sqrt R
define Z where Z = (1 + B) / 2
have B1: 1 < B
unfolding B-def using real-sqrt-less-mono|OF Rgtl] by simp
have Zboundsi: 1 < Z
unfolding Z-def using Bl by argo
have Zbounds2: Z < B
unfolding Z-def using B1 by argo
have ZitB2: Z 2 < B " 2
using Zbounds! Zbounds2 by (simp add: power-strict-mono)
have B2: B "2 =R
unfolding B-def using Rgt! by simp
show ?thesis
using Zboundsl ZItB2 B2 by (intro exl[of - Z]) simp
qed
show ?thesis
proof (rule order-tendstol)
fix a :: real
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assume a: a < Yy powr Q9
show V p ¢ in at-top. a < g (t xy) / gt
proof (cases a < 0)
case True
have ypos: 0 < y
using y! by simp
have y-at-top: filterlim (At:real. t x y) at-top at-top
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const|of y] ypos filter-
lim-ident)
by (simp add: mult.commute)
have ev-pos: Vg tin at-top. 0 < g (t xy) / gt
using eventually-compose-filterlim[OF gpos y-at-top] gpos
by eventually-elim simp
show ?thesis
using ev-pos
by eventually-elim (use True in linarith)
next
case Fulse
hence apos: 0 < a
by simp
have alt: a powr (1 / 9) <y
using powr-less-mono2[OF - - a, of 1 / o] apos rho y1
by (simp add: powr-powr)
have ratio-gt1: 1 <y / a powr (1 / o)
using alt apos by (simp add: field-simps)
obtain Z where Zbounds1: 1 < Z and ZItR: Z ~ 2 < y / a powr (1 / o)
using Z-of-ratio|OF ratio-gt1] by auto
have Zpos: 0 < Z
using Zboundsl by simp
have key: a < (y / Z ~ 2) powr o
proof —
have a powr (1 /o)<y / Z ™2
using ZIltR Zpos apos by (simp add: field-simps)
hence (a powr (1 / 9)) powr o < (y / Z ~ 2) powr o
using rho apos Zpos y1 by (intro powr-less-mono2) auto
also have (a powr (1 / p)) powr 0 = a
using rho apos by (simp add: powr-powr)
finally show ?thesis .
qed
define m where m = nat |log Z y|
have ybracket: Z " m < yy< Z " (m+ 1)
using power-of-nat-log-le power-of-nat-log-less-Suc Zbounds1 y1
unfolding m-def by auto
have tel-m: ((At. g (Z ~ (nat |log Z t| + m))
/ g (Z " nat |log Z t])) —— (Z powr o) ~m) at-top
using telescope-cont|OF Zbounds1, of m] .
have tel-1: (At. g (Z ~ (nat |log Z t] + 1))
/ 9 (Z " nat |log Z t])) —— Z powr o) at-top
using telescope-cont|OF Zbounds1, of 1] by simp
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have Zone: Z powr o # 0
using Zpos by simp
have div-lim: (At. (¢ (Z ~ (nat |log Z t] + m))
/ 9 (Z " nat |log Z t]))
/ (9 (Z "~ (nat |log Z t] + 1))
/ 9 (Z " nat |log Z t])))
—— (Z powr 0) " m | Z powr o) at-top
by (intro tendsto-divide| OF tel-m tel-1 Zgne])
have eg-ev: V g t in at-top. (g (Z ~ (nat |log Z t| + m)) / g (Z ~ nat |log
Zt))
/(g (Z ™ (nat llog Zt] + 1)) / g (Z ~nat [log 7 1]))
=g (Z " (nat |log Z t| + m)) / g (Z " (nat |log Zt] + 1))
using Un-pos-ev|OF Zbounds1]
by eventually-elim (simp add: field-simps)
have ratio-lim: ((At. g (Z ~ (nat |log Z t| + m))
/ 9 (2~ (nat [log Z 1] + 1)))
—— (Z powr 0) ~m / Z powr ) at-top
using Lim-transform-eventually[OF div-lim eq-ev] .
have val-gt: a < (Z powr ¢) ~m | Z powr p
proof —
havey /Z"2<Z"m |/ Z
using ybracket(2) Zpos by (simp add: field-simps power2-eq-square)
moreover have 0 <y / Z ™~ 2
using yI Zpos by simp
ultimately have (y / Z = 2) powr ¢ < (Z " m | Z) powr g
using rho by (intro powr-less-mono2)
also have (Z “m / Z) powr 90 = (Z ~m) powr o | Z powr o
by (simp add: powr-divide)
also have (Z ™ m) powr o = (Z powr 0) ~m
by (metis Zpos less-eq-real-def linorder-not-less powr-power powr-powr
powr-realpow)
finally show ?thesis
using key by simp
qed
have ev-val: Vg t in at-top. a <
g (Z " (nat |log Z t] + m)) / g (Z " (nat |log Z t] + 1))
using order-tendstoD(1)[OF ratio-lim val-gt] .
show ?thesis
using ev-val sandwich-lower[OF y1 Zbounds1 ybracket(1)]
by eventually-elim linarith
qed
next
fix c :: real
assume c: y powr o < ¢
have cpos: 0 < ¢
by (auto introl: order.strict-transl [OF - c])
have alt: y < ¢ powr (1 / o)
using powr-less-mono2[OF - - ¢, of 1 / o] rho y1
by (simp add: powr-powr)
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have ratio-gt1: 1 < ¢ powr (1 / 0) /[y
using alt y1 by (simp add: field-simps)
obtain Z where Zboundsl: 1 < Z and ZItR: Z ~ 2 < cpowr (1 / 0) | y
using Z-of-ratio] OF ratio-gt1] by auto
have Zpos: 0 < Z
using Zbounds1 by simp
have key: (y * Z ~ 2) powr o < ¢
proof —
have y * Z ~ 2 < ¢ powr (1 / o)
using ZItR y1 by (simp add: field-simps)
hence (y x Z ~ 2) powr ¢ < (¢ powr (1 / o)) powr g
using rho y1 Zpos by (intro powr-less-mono2) auto
also have (¢ powr (1 / p)) powr ¢ = ¢
using rho cpos by (simp add: powr-powr)
finally show ?thesis .
qed
define m where m = nat |log Z y|
have ybracket: Z " m < yy < Z " (m+ 1)
using power-of-nat-log-le power-of-nat-log-less-Suc Zbounds1 y1
unfolding m-def by auto
have tel-m2: (At. g (Z ~ (nat |log Z t] + (m + 2)))
/ g (Z " nat |log Z t])) —— (Z powr ¢) ~(m + 2)) at-top
using telescope-cont[OF Zboundsl, of m + 2] .
have val-lit: (Z powr ¢) ~(m + 2) < ¢
proof —
have stepl: Z " (m+ 2) =72 "mx Z "2
by (rule power-add)
have step2: Z " mx*x Z "2 <yx Z 2
using ybracket(1) Zpos by (intro mult-right-mono) auto
have step3: Z ~(m + 2) < yx*x Z "2
unfolding step! by (rule step2)
have step3pos: 0 < Z ~ (m + 2)
using Zpos by simp
have step/: (Z ~(m + 2)) powr o < (y * Z ~ 2) powr o
by (rule powr-mono2|OF less-imp-le[OF rho| step3pos step3])
have step5: (Z ~ (m + 2)) powr o < ¢
using step4 key by linarith
have step6: (Z ~ (m + 2)) powr o = (Z powr ¢) ~ (m + 2)
by (metis Zpos less-eg-real-def linorder-not-less powr-power powr-powr
powr-realpow)
show ?thesis
using steps step6 by simp
qed
have ev-val:
YV tinat-top. g (Z " (nat [log Zt] + (m+ 2))) / g (Z " nat |log Z t]) <

using order-tendstoD(2)[OF tel-m2 val-lt] .

have ev-val”:
Vg tin at-top. g (Z " (nat |log Zt] + m+ 2)) / g (Z “nat |log Zt]) < c
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using ev-val by (simp add: add.assoc)
show V g tin at-top. g (t xy) / gt < ¢
using ev-val’ sandwich-upper|OF y1 Zboundsl ybracket(1) ybracket(2)]
by eventually-elim linarith
qed
qed
show ?thesis
proof (cases 1 < y)
case Fulse
hence y01: 0 < yy < 1
using y by auto
have yinvl: 1 <1 /y
using y01 by (simp add: field-simps)
have base: (M\t. g (¢t * (1 [ y)) / g¢)
—— (1 / y) powr o) at-top
using main[OF yinvi] .
have ty-at-top: filterlim (As::real. s * y) at-top at-top
using filterlim-tendsto-pos-mult-at-top[OF tendsto-const[of y] y01(1) filter-
lim-ident)
by (simp add: mult.commute)
have comp: (As. g (sxy*x (I /vy) / g (s*y))
—— (1 / y) powr o) at-top
by (rule filterlim-compose| OF base ty-at-top))
have simp1: s x y x (1 / y) = s for s :: real
using y01 by simp
have base2: (As. gs/ g (s xy)) —— (1 / y) powr o) at-top
using comp y01 by (simp add: simpl)
have nz: (1 / y) powr o # 0
using y01 by simp
have recip: ((As. inverse (g s / g (s * y)))
—— dnverse ((1 / y) powr 9)) at-top
by (rule tendsto-inverse| OF base2 nz])
note ev-ne = tendsto-imp-eventually-ne[OF base2 nz]
have eq: V r s in at-top. inverse (g s / g (s * y))
=g(s*xy)/gs
using ev-ne by eventually-elim (simp add: field-simps)
have final: (As. g (s xy) / g s)
—— dnverse ((1 / y) powr g)) at-top
using Lim-transform-eventually[OF recip eq] .
have wval: inverse ((1 / y) powr o) = y powr o
by (simp add: powr-divide)
show ?thesis
using final val by simp
qed(simp add: main)
qed

lemma galois-inverse-ratio-tendsto:

fixes W s :: real = real and ¢ x :: real
assumes W: filterlim W at-top at-top
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and s: filterlim s at-top at-top
and s-pos: A\w. 0 < w=0<sw
and le-iff: Ntw. 1 <t= (Wt <w)=(t<sw)
and rholarith]: 0 < o
and lim: \y. 0 <y = (M. W (t xy) /| Wt) —— y powr o) at-top
and z[arith]: 0 < z
shows ((A\u. s (u *x z) / s u) —— z powr (1 / 0)) al-top
proof —
have galois-strict: (w < Wit) = (sw < t)if t1: 1 < t for t w
using le-iff [OF t1, of w] by linarith
have s-gt1: Vg w in at-top. 1 < s u
using s unfolding filterlim-at-top-dense by blast
have Ws-pos: V p u in at-top. 0 < W (s u)
using filterlim-compose| OF W s] unfolding filterlim-at-top-dense by blast
have s-gt1-mult: ¥V g u in at-top. 1 < su * cif ¢: 0 < ¢ for ¢
proof —
have Vy win at-top. 1 [ ¢ < s u
using s unfolding filterlim-at-top-dense by blast
thus ?thesis
by eventually-elim (use ¢ in simp add: field-simps)
qged
have u-pos: V g u in at-top. (0::real) < u
by (rule eventually-gt-at-top)
have upper: V g u in at-top. W (s u) < u
using s-gt! by eventually-elim (use le-iff in auto)
have near-inv: (Au. W (s u) / u) —— 1) at-top
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
define ¢’ where e’ = min (1 / 2) e
have e’-poslarith]: 0 < ¢’ and e'-le: e/ < e and e'-lt1: e’ < 1
using e by (simp-all add: e'-def)
have cpos|arith]: 0 < 1 — ¢’
using e’-lt1 by simp
have c-lt1: 1 — e’ < 1
using e’-pos by simp
define K where K = (1 / (1 — ¢€')) powr (1 / o)
have K-gt1[arith]: 1 < K
using rho cpos c-lt1 by (simp add: K-def)
define 6 where § = (K — 1) / 2
have §-pos[arith]: 0 < §
using K-gt1 by (simp add: d-def)
have 01-pos: 0 < 1 +§
using §-pos by simp
have §-lt-K: 1 + d < K
using K-gt! by (simp add: §-def field-simps)
have 0-lt: (1 4+ §) powr o < 1 / (1 — ¢€)
using powr-less-mono2[OF rho - §-1t-K] 0-pos Tho cpos
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by (simp add: K-def powr-powr)
have ev-ratio: Vr u in at-top. W (su = (1 +98))/ W (su) <1 /(1 — €
using order-tendstoD(2)[OF filterlim-compose[OF lim[OF 01-pos| s] §-1t] .
have ev-lower: Vg u in at-top. u < W (s u * (1 + 0))
using s-gt1-mult[OF 61-pos| s-gt1
proof eventually-elim
case (elim u)
hence s u < s u * (1 + 0)
using §-pos by simp
thus Zcase
using galois-strict[OF elim(1), of u] by simp
qed
have lower: Vg u in at-top. 1 — e’ < W (su) / u
using ev-ratio ev-lower upper Ws-pos u-pos
proof eventually-elim
case (elim u)
have u / W (su) < W (sux (1 +96))/ W (su)
using elim(2,4) by (rule divide-strict-right-mono)
also have ... <1 /(1 — ¢
using elim(1) .
finally have lt: v / W (su) < 1 /(1 —€').
have u * (1 — e') < W (s u)
using It elim(4,5) cpos by (simp add: field-simps)
thus ?Zcase
using elim(5) cpos by (simp add: field-simps)
qged
have e¢'1: 1 < 1 + ¢’
using e’-pos by simp
have upperb: V g u in at-top. W (su) /u < 1 + ¢’
using upper u-pos
proof eventually-elim
case (elim u)
have W (s u) < u x (1 + ¢)
using elim(1) mult-strict-left-mono[OF €'l elim(2)] by simp
thus Zcase
using elim(2) by (simp add: divide-less-eq mult.commute)
qged
show V g w in at-top. |W (su) [ u— 1] < e
using lower upperb
by eventually-elim (use e’-le in linarith)
qed
have Winv-ratio: (Au. W (s u x y) / u) —— y powr g) at-top if y: 0 < y for
Y
proof —
have eq: V i u in at-top.
(Wi(suxy)/ W(su)x(Wi(su)/u=WI(suxy) /u
using Ws-pos by eventually-elim (simp add: field-simps)
from Lim-transform-eventually|OF
tendsto-mult[OF filterlim-compose[OF lim[OF y] s] near-inv] eq]
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show ?thesis
by simp
qed
define L where L = z powr (1 / o)
have L-pos: 0 < L
using z by (simp add: L-def)
show ?thesis
unfolding L-def[symmetric] tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: ( < e
define ¢’ where ¢’ = min (L / 2) e
have e’-pos: 0 < e’ and e’-le: ¢/ < e and e’-lt: ¢/ < L
using e L-pos by (simp-all add: e’-def)
have cpos: 0 < L — ¢’
using e’-lt by simp
define ylo where ylo = (L — ¢’ + L) / 2
have ylo-pos: 0 < ylo
using cpos L-pos by (simp add: ylo-def)
have c-lt-ylo: L — e’ < ylo
using e’-pos by (simp add: ylo-def)
have ylo-lt-L: ylo < L
using e’-pos by (simp add: ylo-def)
have ylo-powr-lt-z: ylo powr o < z
using powr-less-mono2|OF rho less-imp-le]OF ylo-pos| ylo-lt-L] x rho
by (simp add: L-def powr-powr)
have ev-lt: Vg u in at-top. W (s u * ylo) < u x x
using order-tendstoD(2)[OF Winv-ratio[OF ylo-pos| ylo-powr-lt-z] u-pos
by eventually-elim (simp add: field-simps)
have lower: Vg u in at-top. L — e’ < s (ux*zx) [/ su
using ev-lt s-gt1-mult[OF ylo-pos] u-pos
proof eventually-elim
case (elim u)
have le: s u * ylo < s (u * z)
using le-iff [OF elim(2), of u * x| elim(1) by simp
have (L — e') x su < ylo*x su
using c-lt-ylo s-pos|OF elim(3)] by (intro mult-strict-right-mono) auto
also have ... < s (u * z)
using le by (simp add: mult.commute)
finally have (L — e’) x su < s (u * ) .
thus ?case
using s-pos|OF elim(3)] by (simp add: field-simps)
qed
define yhi where yhi = (L + (L + ¢')) / 2
have yhi-pos: 0 < yhi
using L-pos e’-pos by (simp add: yhi-def)
have yhi-lt-c: yhi < L + €’
using e’-pos by (simp add: yhi-def)
have L-lt-yhi: L < yhi
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using e’-pos by (simp add: yhi-def)
have z-lt-yhi-powr: x < yhi powr o
using powr-less-mono2|OF rho less-imp-le]OF L-pos| L-lt-yhi] x rho
by (simp add: L-def powr-powr)
have ev-gt: Vg u in at-top. u x © < W (s u * yhi)
using order-tendstoD(1)[OF Winv-ratio|OF yhi-pos| z-lt-yhi-powr] u-pos
by eventually-elim (simp add: field-simps)
have upperb: V g u in at-top. s (u x z) / su < L + ¢’
using ev-gt s-gt1-mult[OF yhi-pos] u-pos
proof eventually-elim
case (elim u)
have s (u * z) < s u * yhi
using galois-strict[OF elim(2)] elim(1) by simp
also have s u x yhi < s u x (L + €)
using yhi-lt-c¢ s-pos|OF elim(3)] by (intro mult-strict-left-mono) auto
finally have s (u x z) < su * (L + ¢€’) .
thus ?Zcase
using s-pos|OF elim(3)] by (simp add: field-simps)
qed
show Vg u in at-top. |s (uxz) / su — L| < e
using lower upperb
by eventually-elim (use e’-le in linarith)
qed
qed

end

2 Distributions

2.1 Generalized Extreme Value Distribution

theory FExtreme- Value-Distribution
imports

Lemmas-EVT
begin

We define the generalized extreme value (GEV) density and cdf. Our defi-
nition includes a location parameter p and a scale parameter o.

definition EVD-density :: [real, real, real, real] = real where
EVD-density E poz=lety= (x — ) / oin

if € = 0 then
exp (— y) * exp (—eaxp (—y) /o
else

if €%y > — 1then
(I +&xy) powr (—1 /&~ 1)
76335(—((1 +&xy) powr (=1 /€)) /o

lemma EVD-density-nonneg|simp]:
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0 <o = 0 < EVD-density £ p o x
by(simp add: EVD-density-def Let-def)

lemma EVD-density-xi-0:

EVD-density 0 o v = exp (= ((z — 1) / 0)) * emp (= exp (— (& — 1) / o))
/o

by(simp add: EVD-density-def Let-def)

lemma
assumes £ # 0
shows EVD-density-zi-non0-1:
Ex(o—p) /o> 1
= EVD-density E pox=(1+&x(x—p)/o)powr (—1/&—1)
weap (— (1 + €% (x—p) /o) pour (— 1/€) /o
and FEVD-density-zi-non0-2:
Ex(z—p) /o< — 1= EVD-densityE pox =10
using assms by (auto simp: EVD-density-def order.order-iff-strict)

lemma EVD-density-measurable[measurable]:
EVD-density & i o € borel-measurable borel
unfolding EVD-density-def Let-def by simp

lemma
assumes sigmalarith]:0 < o
shows EVD-density-set-integrable0:set-integrable lborel {..a} (EVD-density 0 p
o)
and EVD-density-set-integralQ:
([ z€{..a}. EVD-density 0 p o z dlborel) = exp (— exp (— (a — p) / o))
and EVD-density-set-nn-integral(:
(J tze{..a}. EVD-density 0 yn o x dlborel) = ennreal (exp (— exp (— (a — p)
/ o))
proof —
define G where G = (Az::real. exp (— exp (— (z — p) / 0)))
have deriv: (G has-real-derivative EVD-density 0 p o z) (at z) for z
unfolding G-def EVD-density-def Let-def
using sigma by (auto introl: derivative-eq-intros
simp: field-simps simp del: minus-diff-eq)
have tendsto-bot: (G —— 0) at-bot
unfolding G-def using sigma
by (intro filterlim-compose|OF exp-at-bot filterlim-compose
[OF filterlim-uminus-at-bot-at-top]]
filterlim-compose[OF exp-at-top))
real-asymp
have cont: continuous (at-left a) G
using continuous-at-imp-continuous-at-within| OF DERIV-isCont[OF deriv]] by
stmp
show set-integrable lborel {..a} (EVD-density 0 u o)
and ([ z€{..a}. EVD-density 0 p o z dlborel) = exp (— exp (— (a — p) / o))
and ([ tze{..a}. EVD-density 0 p o x dlborel) = ennreal (exp (— exp (— (a
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—n /o)

using set-integrable-FTC-atMost[OF - cont deriv - tendsto-bot)
set-integral-FTC-atMost|OF - cont deriv - tendsto-bot]
nn-integral-FTC-lessThan[OF - cont deriv - tendsto-bot]
by (simp-all add: G-def set-nn-integral-atMost-eq)
qed

lemma
fixes a o
defines y=(a —p) /o
assumes sigmalarith]:0 < o
and zi:£ # 0
and xiy:£ x y > — 1
and ziy-pos:0 < £ = — 1 < & xy
shows EVD-density-set-integrablel :set-integrable lborel {..a} (EVD-density & p
o)
and EVD-density-set-integrall:
([ ze{..a}. EVD-density & p o x Olborel) = exp (— ((1 + & * y) powr (— 1 /
£)))
and EVD-density-set-nn-integrall :
([ tze{..a}. EVD-density & pn o x dlborel) = ennreal (exp (— ((1 + & * y)
powr (= 1 /§))))
proof —
have deriv-raw: ((Az. exp (— (I + & = ((x — p) / o)) powr (— 1 / £))))
has-real-derivative
EVD-density & u o z) (at x)
ifpos: 0 <1+ &*((x—p)/o)forz
proof —
have cond: — 1 <& ((z — p) / 0)
using pos by linarith
have dens: EVD-density € o «
— (1 + €+ ((z—p) [ @) powr (— 1 /€~ 1)
cemp (= (1 + €% (z—p) /o) powr (=1 /€)) ]
using cond zi by (simp add: EVD-density-def Let-def)
show ?thesis
unfolding dens
using pos xi by (auto intro!: derivative-eq-intros simp: field-simps)
qed
show nn: ([ Tz€{..a}. EVD-density & p o x dlborel)
= ennreal (exp (— (1 + € % y) powr (— 1/ £)))
proof(cases 0 < &)
case Fulse
with zi have zi-neg: £ < 0
by simp
have p-pos: 0 < — 1 /¢
using zi-neg by (simp add: divide-pos-neg)
define F' where F = Az. exp (— (1 + & ((z — p) / o)) powr (— 1 /&)))
have pos: 0 < 1 + & ((x — p) /o) if 2 < a for x
proof —
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have (z —pu) /Jo<(a—p) /o
using that sigma by (intro divide-strict-right-mono) auto
hence & + ((a — 1) / @) < € * (& — 1) / )
by (rule mult-strict-left-mono-neg| OF - zi-neg])
with ziy show ?thesis
unfolding y-def by linarith
qed
have deriv: (F has-real-derivative EVD-density € 1 o ) (at ) if ¢ < a for z
unfolding F-def by (rule deriv-raw|[OF pos|OF that]])
have nonneg: 0 < EVD-density & u o x for z

by simp
have cont: continuous (at-left a) F
proof (cases & x y = — 1)

case Fulse

with ziy have pos-a: 0 < 1 + & xy
by linarith
have isCont F a
unfolding F-def using pos-a
by (intro continuous-intros) (simp-all add: y-def)
thus ?thesis
using continuous-at-imp-continuous-at-within by blast
next
case True
have Fa: Fa =1
using True unfolding F-def y-def by simp
have ((Az. 1 + & ((z — p) / 0)) —— 1 + &+ ((a — p) / o)) (at-left a)
by (intro tendsto-intros) arith
with True have base0: (Ax. I + & x ((z — p) / o)) —— 0) (at-left a)
by (simp add: y-def)
have ev-pos: Vp z in at-lefta. 0 < 1 + &+ ((x — p) / o)
by (intro eventually-at-leftI[of a — 1]) (use pos| THEN less-imp-le] in auto)
have (Az. (1 + & x ((x — p) / o)) powr (— 1 /&) —— 0) (at-left a)
by (rule tendsto-zero-powrI[OF base0 tendsto-const ev-pos p-pos))
hence (F —— exp (— 0)) (at-left a)
unfolding F-def by (intro tendsto-intros)
thus ?thesis
by (simp add: continuous-within Fa)
qed
have lim: (F —— 0) at-bot
unfolding F-def
using filterlim-compose[OF real-powr-at-top| OF p-pos]
filterlim-shift-scale-at-bot| OF sigma zi-neg])
by (intro filterlim-compose| OF exp-at-bot
filterlim-compose[OF filterlim-uminus-at-bot-at-top]])
have ([ Tze{..<a}. EVD-density £ u o x dlborel)
= ennreal (exp (— (1 + € * y) powr (— 1 / €))))
using nn-integral-FTC-lessThan[|OF EVD-density-measurable cont deriv non-
neg lim]
by (simp add: F-def y-def)
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thus ?thesis
by (simp add: set-nn-integral-atMost-eq[symmetric])
next
case True
have p-neg: — 1 / £ < 0
using True by (simp add: divide-neg-pos)
define ¢ where c=pu — o0 / ¢
define F where FF = Az. if — 1 <& x ((z —p) / o)
then exp (— (1 + & * (z — 1) / @) powr (— 1/ £))) else 0
have cond-iff: (— 1 < &* ((x — p) / 0)) —— ¢ < z for x
using True sigma unfolding c-def by (auto simp: field-simps)
have ca: c < a
using ziy-pos[OF True] cond-iff[of a] by (simp add: y-def)
have dens0: EVD-density € po x= 0 if = ¢ < z for z
using cond-iff[of ] that zi by (auto simp: EVD-density-def Let-def)
have pos: 0 < 1 + & ((x —p) /o) if c < z for z
using cond-iff THEN iffD2, OF that] by linarith
have F-eq: Fz = exp (— (1 + € % (z — p) / o)) powr (— 1/ €))) if ¢ < 2
for z
using cond-iff that by (simp add: F-def)
have deriv: (F has-real-derivative EVD-density & p o z) (at z) if ¢ < z for z
proof —
have (Az. ezp (— (1 + £+ ((z — p) / 0)) powr (— 1 /£)))) has-real-derivative
EVD-density £ p o x) (at )
by (rule deriv-raw[OF pos|OF that]])
thus ?thesis
by (rule has-field-derivative-transform-within-open[where S={c<..}])
(auto simp: F-eq that)
qed
have deriv”: (F has-real-derivative EVD-density & pn o z) (at z) if a < z for z
by (rule deriv[OF less-trans|OF ca that]])
have nonneg: 0 < EVD-density £ n o x for z
by simp
have Fc: Fc= 0
using cond-iff[of c] by (simp add: F-def)
have conte: continuous (at-right ¢) F
proof —
have (MAz. I + & ((x —p) /o)) —— 1 + &+ ((¢ — p) / o)) (at-right c)
by (intro tendsto-intros) arith
moreover have I + &« ((c —p) /o) =10
using True sigma by (simp add: c-def)
ultimately have base0: (Az. 1 + & x ((z — p) / 0)) —— 0) (at-right c)
by simp
have ev-pos: Vg x in at-right c. 0 < 1 + &% ((x — p) / o)
by (intro eventually-at-rightI|of ¢ ¢ + 1]) (use pos in auto)
have small: (Az. (1 + & * ((z — p) / o)) powr (1 / &)) —— 0) (at-right c)
by (rule tendsto-zero-powrI[OF base0 tendsto-const))
(use ev-pos True in <auto elim: eventually-mono>)
have ev-pos” Vg z in at-right c. 0 < (1 + & * ((z — p) / o)) powr (1 /&)
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using ev-pos by (auto elim!: eventually-mono)
have top: LIM z (at-right ¢). (1 + & * ((z — p) / o)) powr (— 1 / &) >
at-top
using filterlim-inverse-at-top| OF small ev-pos’] by (simp add: powr-minus)
have =: (At eap (— (1 + € * ((z — 1) / o)) powr (— 1 ] £)) —— 0)
(at-right c)
by (rule filterlim-compose[OF exp-at-bot
filterlim-compose[OF filterlim-uminus-at-bot-at-top top)])
have (F —— 0) (at-right c)
by (rule Lim-transform-eventually|OF x))
(auto intro!: eventually-at-rightI[of ¢ ¢ + 1] simp: F-eq)
thus ?thesis
by (simp add: continuous-within Fc)
qed
have conta: continuous (at-right a) F
proof —
have isCont (Az. exp (— (1 + &+ ((x — ) / o)) powr (— 1 /E)))) a
using pos[OF ca] by (intro continuous-intros) auto
hence continuous (at-right a) (Az. exp (— (1 + & x ((x — p) / o)) powr (—
17
by (rule continuous-at-imp-continuous-at-within)
hence (Az. ep (— (1 + € 5 ((z — 1) / o)) powr (— 1 / €))))
e (— (1 + €% ((a — ) / 0)) powr (— 1/ £)))) (at-right a)
by (simp add: continuous-within)
hence (F —— exp (= (1 + &+ ((a — ) / 7)) powr (= 1 /€)))) (at-right

a)
by (rule Lim-transform-eventually)
(auto introl: eventually-at-rightI[of a a + 1] simp: F-eq less-trans[OF cal)
thus ?thesis
by (simp add: continuous-within F-eq[OF ca))
qed
have limtop: (F —— 1) at-top
proof —
have powr0: (Az. (1 + & * ((x — p) / o)) powr (— 1 /] &§)) —— 0) at-top
by (rule tendsto-neg-powr|OF p-neg filterlim-shift-scale-at-top| OF sigma
Truel])
have (Az. eap (— (1 + & * (& — ) / 0)) powr (— 1 / €)))) — eap (-
0)) at-top
by (intro tendsto-intros powrQ)
hence «: (Az. exp (— (1 + € * (5 — ) / o)) powr (= 1/ €)))) —— 1)
at-top

by simp
have ev: Vp z in at-top. exp (— ((1 + & = ((z — p) / o)) powr (= 1 /€)))
=Fzx
using eventually-gt-at-toplof c| by eventually-elim (simp add: F-eq)
show ?thesis
by (rule Lim-transform-eventually|OF * ev])
qed
have Fa: Fa = exp (— (1 + & x y) powr (— 1 /§)))
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by (simp add: F-eq[OF ca] y-def)
have Fu01: 0 < FaFa<1
by (auto simp: Fa)
have I1: ([ tze{c<..}. EVD-density £ p o x dlborel) = 1
using nn-integral-FTC-greater Than|OF EVD-density-measurable contc deriv
nonneg limtop]
by (simp add: Fc)
have 12: ([ tz€{a<..}. EVD-density & p o © dlborel) = 1 — ennreal (F a)
using nn-integral-FTC-greater Than|OF EVD-density-measurable conta deriv’
nonneg limtop]
by (metis ennreal-1 ennreal-minus Fa01(1))
have ([ tze{c<..a}. EVD-density & o z dlborel) + ([ Tz€{a<..}. EVD-density
& po x Jlborel)
= ([ *z. ennreal (EVD-density £ p o z) * indicator {c<..a} z
+ ennreal (EVD-density & p o x) * indicator {a<..} x Jlborel)
by (rule nn-integral-add[symmetric]) auto
also have ... = ([ Tze{c<..}. EVD-density & p o x dlborel)
using ca by (auto intro!: nn-integral-cong simp: indicator-def)
finally have split: ([ Tz€{c<..a}. EVD-density & p o x dlborel) + (1 — ennreal
(Fa)) = 1
by (simp add: 11 12)
have X: ([ Tze{c<..a}. EVD-density & 1 o x dlborel) = ennreal (F a)
proof —
have lel: ennreal (F a) < 1
using Fa01 by (simp add: ennreal-lel)
have c-ne: 1 — ennreal (F a) # T
by simp
have ([ tze{c<..a}. EVD-density & p o = dlborel)
= (([ tz€{c<..a}. EVD-density & p o x dlborel) + (1 — ennreal (F a)))
— (1 — ennreal (F a))
by (simp add: c-ne)

also have ... = 1 — (1 — ennreal (F a))
by (simp add: split)
also have ... = ennreal (F a)

using lel diff-diff-ennreal’’ by auto
finally show ?thesis .
qged
have ([ tze{..a}. EVD-density & o x dlborel) = ([ Tze{c<..a}. EVD-density
& o x Jlborel)
by (auto introl: nn-integral-cong simp: indicator-def dens0)
thus ?thesis
by (simp add: X Fa)
qed
have 1: ([ Tze€{..a}. ennreal (EVD-density & p o ) dlborel)
= ([ " z. ennreal |indicat-real {..a} x x EVD-density & p o x| dlborel)
by (auto introl: nn-integral-cong simp: indicator-def)
show set-integrable lborel {..a} (EVD-density & pu o)
using nn by(simp add: set-integrable-def integrable-iff-bounded 1)
have ([ z€{..a}. EVD-density & p o x dlborel)
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= enn2real ([ Tze{..a}. ennreal (EVD-density & p o x) dlborel)

unfolding set-lebesgue-integral-def

by (subst integral-eq-nn-integral)

(auto simp: indicator-def introl: arg-conglwhere f=enn2real] nn-integral-cong)

thus ([ z€{..a}. EVD-density & pn o x dlborel) = exp (— ((1 + & * y) powr (—

1/6))

by(simp add: nn)
qed

lemma
fixes a p o
defines y=(a —pu) / o
assumes sigmalarith]:0 < o
and xiy: x y < — 1
and zi:£ > 0
shows EVD-density-set-integrable2: set-integrable lborel {..a} (EVD-density & p
o
)
and EVD-density-set-integral2:
([ z€{..a}. EVD-density & p o x dlborel) = 0
and EVD-density-set-nn-integral2:
([ tze{..a}. EVD-density & pn o x dlborel) = 0
proof —
have eq0[simp|:\z. © < a = EVD-density £ po z =0
by (smt (verit, ccfo-SIG) EVD-density-def y-def sigma
xt ziy divide-right-mono mult-le-cancel-left-pos)
show set-integrable lborel {..a} (EVD-density & u o)
by (subst set-integrable-cong[where f'=X\z. 0,0F refl refl]) simp-all
show ([ z€{..a}. EVD-density & p o x Olborel) = 0
by (subst set-integral-cong[where g=Az. 0]) simp-all
show ([ Tze€{..a}. EVD-density £ p o x dlborel) = 0
by (subst set-nn-integral-conglwhere g=Az. 0]) simp-all
qed

lemma
fixes a p o
defines y=(a —p) / o
assumes sigmalarith]:0 < o
and ziy:{ x y < — 1
and zi:{ < 0
shows EVD-density-set-integrable3: set-integrable lborel {..a} (EVD-density & p
o
)
and EVD-density-set-integral3:
([ z€{..a}. EVD-density & p o x dlborel) = 1
and EVD-density-set-nn-integral3:
([ tz€{..a}. EVD-density & p o x dlborel) = 1
proof —
define b where b=y — o / ¢
have ba:b < a
using ziy zi unfolding b-def y-def by (simp add: field-simps)
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have [simp]:\z. b < ¥ = EVD-density { po z =0
by (smt (verit, ccfo-SIG) EVD-density-def sigma xi b-def divide-le-eq
le-divide-eq-1 minus-divide-left mult.commute
times-divide-eq-right)
have b:6 (b — pn) /o) > — 1
using zi by(simp add: b-def)
have b0 < £ = — 1 <& ((b—p) / 0)
using zi by linarith
have hl1[simp]:set-integrable lborel {..b} (EVD-density & p o)
and h2:([ ze{..b}. EVD-density & p o x dlborel) = 1
and h3:([ Tze{..b}. EVD-density & p o = dlborel) = 1
using E'VD-density-set-integrablel [OF sigma less-imp-neq[OF xi] b b]
EVD-density-set-integrall |OF sigma less-imp-neq|OF xi] b b’]
EVD-density-set-nn-integrall [OF sigma less-imp-neq[OF zi] b b zi
by (simp-all add: b-def)
have [simp]:set-integrable lborel {b<..a} (EVD-density & p o)
by (subst set-integrable-conglwhere f'=Az. 0,0F refl refl]) simp-all
have eq0:([ ze{b<..a}. EVD-density & p o z dlborel) = 0
by (subst set-integral-conglwhere g=Xz. 0]) auto
have eq0"([ tze{b<..a}. EVD-density £ p o z dlborel) = 0
by (subst set-nn-integral-conglwhere g=Az. 0,0F refl refl]) auto
show set-integrable lborel {..a} (EVD-density £ u o)
using ba
by (subst set-integrable-conglwhere A'={..b} U {b<..a}])
(auto intro!: set-integrable-Un h1)
have ([ z€{..a}. EVD-density £ p o x dlborel) =
([ z€{..b}. EVD-density & pn o x dlborel) + ([ ze{b<..a}. EVD-density & p
o x Jlborel)
using ba
by (subst set-integral-Un[symmetric])
(auto introl: arg-conglwhere f=AB. set-lebesgue-integral lborel B -)
also have ... = 1
by (auto simp: h2 eq0)
finally show ([ z€{..a}. EVD-density & pn o z dlborel) = 1 .
have ([ Tz€{..a}. EVD-density £ u o x dlborel) =
(J ta. ennreal (EVD-density & p o x) = indicator {..b} =
+ ennreal (EVD-density & p o x) x indicator {b<..a} x Jlborel)
using ba by(auto intro!: nn-integral-cong simp: indicator-def)
also have ... = ([ Tze{..b}. EVD-density £ 1 o x Olborel)
using ba by(auto introl: nn-integral-cong simp: indicator-def)
finally show ([ Tz€{..a}. EVD-density & p o x dlborel) = 1
by (simp add: h3)
qged

lemma EVD-density-set-integrable:

assumes sigmalarith]:0 < o

shows set-integrable lborel {..a} (EVD-density & p o)
proof —

consider £ =0 |£#£0 — 1 <&x((a—p) /o)
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(v ((a—p) /o)< —16>0Ex((a—p) /o)< —1E<0
by argo
thus ?thesis
by cases
(use EVD-density-set-integrable0[ OF sigmal)
EVD-density-set-integrablel [OF sigma - less-imp-le]
EVD-density-set-integrable2[OF sigma]
EVD-density-set-integrable3|OF sigma] in auto)
qed

abbreviation EVD-cdf where EVD-cdf = X p o . cdf (density lborel (EVD-density
Epo)a

lemma EVD-cdf-set-integral:
assumes sigmalarith]:0 < o
shows EVD-cdf £ pp o a = ([ z€{..a}. EVD-density & p o z dlborel)
proof —
consider { =0 |E# 0 — 1 <&x ((a—p) /o)
(6> 0€Ex((a—p) /o) <— 1
| §<0&x((a—p) /o)< —1
by linarith
thus ?thesis
unfolding cdf-def
using EVD-density-set-integrable3[OF sigmal
EVD-density-set-integrable2[ OF sigmal
EVD-density-set-integrable1 [OF sigma)
EVD-density-set-integrable0[ OF sigma)
by (cases; subst measure-density-on) auto
qed

corollary EVD-cdf-def:
assumes sigmalarith]:0 < o
shows EVD-cdf £ oz =
(lety=(x—p)/oin
if &€ = 0 then exp (— exp (— y))
else if &« y > — 1then exp (— (I + & x y) powr (— 1 /&)))
else if € > 0 then 0 else 1)
proof —
note cdf-simps = cdf-def measure-def emeasure-density
consider § =0 |{#0 -1 <&x((x—p) /o)
|[Ex((z—p) /o)< —1E6>0|&x((x—p) /o)< -16<0
by argo
thus ?thesis
proof cases
assume 2:{ £ 0 — 1 <&x ((z —p) /o)
thus ?thesis
by (simp add: cdf-simps
EVD-density-set-nn-integrall [OF sigma 2(1) less-imp-le[OF 2(2)] 2(2)])
qed(simp-all add: cdf-simps minus-divide-left
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EVD-density-set-nn-integral0

EVD-density-set-nn-integral2

EVD-density-set-nn-integral3)
qed

lemma EVD-cdf-supp-bounds:
fixes = 7 :: real
assumes [arith:1 + vy * (z —p) /o> 00 <o
shows 0 < EVD-cdf v p o x EVD-cdf vy po x < 1
using assms by (auto simp add: EVD-cdf-def Let-def)

lemma EVD-cdf-supp-bounds01:
fixes = 7 :: real
assumes [arith]:1 + v * = > 0
shows 0 < EVD-cdf v 01z EVD-cdf v 01z < 1
by (auto introl: EVD-cdf-supp-bounds)

lemma In-EVD-cdf-0:
assumes 0 < o
shows — In (EVD-cdf 0 po z) = exp (— ((x — p) / 0))
using assms by(simp add: EVD-cdf-def[of o])

lemma In-EVD-cdf-1:
assumes 0 <o 1 +v*x(z—pu)/o>0~v#0
shows — In (EVD-cdf ypoz)=(1 +~vx(x—p) /o) powr (—1/%)
using assms by(auto simp add: EVD-cdf-def|of o))

lemma EVD-cdf-location-scale:
assumes [arith]:0 < o
shows EVD-cdf € 01 ((z — ) / 0) = EVD-cdf { po x
by (simp add: EVD-cdf-def)

lemma EVD-cdf-at-bot-0:
assumes sigma:0 < o
shows (EVD-cdf £ p o —— 0) at-bot
proof —
consider E =0 1&6>016<0
by linarith
thus ?thesis
proof cases
assume zi:{ = 0
have *: ((Az. exp (— exp (— ((x — p) / 0)))) —— 0) at-bot
using sigma
by (intro filterlim-compose[OF exp-at-bot
filterlim-compose[ OF filterlim-uminus-at-bot-at-topl]
filterlim-compose[OF exp-at-top))
real-asymp
show ?thesis
by (rule Lim-transform-eventually|OF x])
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(use zi in «simp add: EVD-cdf-def[OF sigma] Let-def>)
next
assume zi:{ > 0
have ev: Vp x in at-bot. EVD-cdf £ po x =0
using zi sigma
by (auto intro!: eventually-mono|OF eventually-le-at-bot[of u — o / ]
simp: EVD-cdf-def[OF sigma] Let-def field-simps)
thus ?thesis
by (rule tendsto-eventually)
next
assume zi:{ < 0
have p-pos: 0 < — 1 /¢
using zi by (simp add: divide-pos-neg)
note base = filterlim-shift-scale-at-bot[ OF sigma i)
have x: (Az. exp (— (I + & * ((x — p) / o)) powr (— 1 /&)))) —— 0)
at-bot
by (rule filterlim-compose|OF exp-at-bot
filterlim-compose[ OF filterlim-uminus-at-bot-at-top
filterlim-compose| OF real-powr-at-top[ OF p-pos| basel]])
have evlt: Vg z in at-bot. z < p — o [ &
using eventually-le-at-bot[of u — o / & — 1] by eventually-elim simp
have ev:
Vg win at-bot. exp (— (1 +€ % (& — 1) / @) powr (— 1/ €)) = EVD-cdf
Epox
using evlt
proof eventually-elim
case (elim )
have (z —p) o <((p—0 /8§ —p) /0o
using elim sigma by (intro divide-strict-right-mono) auto
hence € + (1 — 0 / €) — ) [ 0) < € % (z — p) | o)
by (rule mult-strict-left-mono-neg| OF - xi))
moreover have £ x (u—0c /&) —p) /o)=—1
using zi sigma by (simp add: field-simps)
ultimately have — 1 < & ((z — p) / o)
by simp
thus ?case
using i by (simp add: EVD-cdf-def[OF sigma] Let-def)
qed
show ?thesis
by (rule Lim-transform-eventually|OF x ev])
qed
qged

lemma EVD-cdf-at-top-1:
assumes sigma:0 < o
shows (EVD-cdf € p o —— 1) at-top
proof —
consider £ =0 |£>0]&<0
by linarith
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thus ?thesis
proof cases
assume zi:{ = 0
have 1: ((Az. exp (— ((z — p) / 0))) —— 0) at-top
using sigma
by (intro filterlim-compose[OF exp-at-bot]) real-asymp
have (Az. exp (— ezp (— (& — ) / 9)))) —— exp (— 0)) at-top
by (intro tendsto-intros 1)
hence *: ((Az. exp (— exp (— ((z — u) / 0)))) —— 1) at-top
by simp
show ?thesis
by (rule Lim-transform-eventually|OF x])
(use zi in «simp add: EVD-cdf-def[OF sigma] Let-def»)
next
assume zi:{ > 0
have p-neg: — 1 / £ < 0
using zi by (simp add: divide-neg-pos)
have powr0: (Az. (1 + & ((x — p) / o)) powr (— 1 / §)) —— 0) at-top
by (rule tendsto-neg-powr[OF p-neg filterlim-shift-scale-at-top|OF sigma xi]])
have ((Az. ezp (= (1 + & * ((z — p) / 0)) powr (= 1 /¢)))) —— exp (=
0)) at-top
by (intro tendsto-intros powr()
hence «: (A eap (— (1 + € * (& — 1) / @) powr (= 1/ £)))) — 1)
at-top
by simp
have ev:
Vp zin at-top. exp (— ((1 + & ((z — p) / 0)) powr (= 1 /§))) = EVD-cdf
Enos
using eventually-gt-at-toplof u — o / €]
proof eventually-elim
case (elim x)
have (n -0 /&) —p) /o <(z—p) /o
using elim sigma by (intro divide-strict-right-mono) auto
hence € + (4 — 0 ) €) — 1) / 0) < €% ((z — 1) / 0)
by (rule mult-strict-left-mono| OF - xi])
moreover have £ « (u— o /&) —p) /Jo)=—1
using i sigma by (simp add: field-simps)
ultimately have — 1 < £ * ((z — pu) / o)
by simp
thus ?case
using zi by (simp add: EVD-cdf-def|OF sigma] Let-def)
qed
show ?thesis
by (rule Lim-transform-eventually|OF * ev])
next
assume zi:{ < 0
have ev: Vp z in at-top. EVD-cdf E po x =1
using eventually-ge-at-toplof p — o / &
proof eventually-elim
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case (elim )
have (u -0 /&) —p) /o< (z—p) /o
using elim sigma by (intro divide-right-mono) auto
hence § x ((z —p) /o) <&+ (w—0 /&) —p) /o)
by (rule mult-left-mono-neg[OF - less-imp-le[OF zi]])
moreover have £ x (u—0 /&) —p) /o)=—1
using zi sigma by (simp add: field-simps)
ultimately have £  ((z — p) /o) < — 1
by simp
thus ?case
using zi by (simp add: EVD-cdf-def[OF sigma] Let-def)
qed
thus ?thesis
by (rule tendsto-eventually)
qed
qed

lemma
assumes sigmalarith]:0 < o
shows EVD-density-integrable:integrable lborel (EVD-density & u o)
and EVD-density-integral:( [ x. EVD-density & pn o x dlborel) = 1
and EVD-density-nn-integral:([ *x. EVD-density & p o x dlborel) = 1
proof —
have lim:((Aa. ([ z€{..a}. EVD-density & j o x dlborel)) —— 1) at-top
proof —
have x:( [ z€{..a}. EVD-density £ p o x dlborel) = EVD-cdf £ p o a for a
unfolding cdf-def
by (subst measure-density-on)
(auto simp: EVD-density-set-integrable)
show ?thesis
unfolding * by(rule EVD-cdf-at-top-1[OF sigma))
qed
show integ:integrable lborel (EVD-density & pu o)
and eg2:([ . EVD-density & p o x dlborel) = 1
using lim EVD-density-set-integrable OF sigmal)
integrable-monotone-convergence-at-top[where f=EVD-density ¢ p o and
=1,
OF - AE-I2[OF EVD-density-nonneg|OF less-imp-le]OF sigmal]]]
integral-monotone-convergence-at-top[where f=EVD-density £ p o and z=1,
OF - AE-I2[OF EVD-density-nonneg| OF less-imp-le[OF sigmal]]]
by (auto simp: set-integrable-def set-lebesque-integral-def mult.commute)
thus ([ *z. EVD-density & pn o x dlborel) = 1
by (subst nn-integral-eq-integral) auto
qed

lemma prob-space-EVD:
assumes sigmalarith]:0 < o
shows prob-space (density lborel (EVD-density € p o))
by (auto intro!: prob-spacel simp: emeasure-density EVD-density-nn-integral)
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corollary real-distribution-EVD:
0 < 0 = real-distribution (density lborel (EVD-density & p o))
by (simp add: real-distribution-def real-distribution-azioms-def prob-space-EVD)

corollary right-continuous-mono-EVD-cdf:
0 < 0 = right-continuous-mono (EVD-cdf & p o) 0 1
by (auto introl: right-continuous-mono-cdf real-distribution-EVD)

corollary EVD-cdf-nonneq:0 < 0 = 0 < EVD-cdf £ po x
and EVD-cdf-le-1:0 < 0 = EVD-cdf E po x < 1
using right-continuous-mono-EVD-cdf right-continuous-mono.a-le-flof - 0 1]
right-continuous-mono.f-le-b[of - 0 1]
by fastforce+

lemma isCont-EVD-cdf:
assumes sigmalarith]: 0 < o
shows isCont (EVD-cdf & p o) z
using continuous-on-LBINT-com|OF EVD-density-integrable] OF sigmal]
EVD-cdf-set-integral|OF sigmal
by simp

corollary weak-conv-EVD-cdf-iff:

assumes sigma:0 < o

shows weak-conv F (EVD-cdf € p o) «— (Va. (An. Fnxz) —— EVD-cdf ¢
1o )

using isCont-EVD-cdf[OF sigma] by (simp add: weak-conv-def)

Max-stability of the GEV distribution (Exercise 1.2 of the book [2]). The
book’s argument is G (an + by) = Ge¢(x) for a, = né and b, = (n¢ —1)/¢,
whereas we state the equivalent solved form Gy (z) = Ge((z — bn)/an), in
which (z — by)/an, =n"¢z + (n=¢ — 1) /€.

lemma EVD-cdf-max-stable:
assumes 0 < n
shows EVD-cdf £ 01z " n
= FEVD-cdf £ 01 (if E=0thenz — Inn
else n powr (— &) x  + (real n powr (— &) — 1) /&)
proof —
have [arith]: (0::real) < 1
by simp
consider £ =0 |£#£0 -1 <E&xz|E#£0E&xx<— 1byargo
thus ?thesis
proof cases
case I
have EVD-cdf € 01z ~n = exp (real n x (— exp (— x)))
by (simp add: EVD-cdf-def Let-def 1 exp-of-nat-mult[symmetric])
also have real n * (— exp (— z)) = — exp (— (z — In (real n)))
using assms by (simp add: exp-diff exp-minus field-simps)
finally show ?thesis
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using 1 by (simp add: EVD-cdf-def Let-def)
next
case 2
define ¢ where ¢ = real n powr (— &)
have c-pos: 0 < ¢
using assms by (simp add: c-def)
have arg: 1 + Ex(cxx+(c—1) /& =c* (1 +&xx)
using 2(1) by (simp add: field-simps)
have p1: 0 < ¢ (1 + & * 1)
using c-pos 2(2) by (intro mult-pos-pos) auto
have argpos: — 1 <& x(cxxz+ (¢ — 1) /&)
using arg pl1 by linarith
have (¢ x (1 + & x z)) powr (— 1 / &) = cpowr (— 1 /&) * (1 + £ % x) powr
(—1/8
by (rule powr-mult)
also have ¢ powr (— 1 /&) = real n powr ((— &) x (— 1 /&)
by (simp add: c-def powr-powr)
also have (— &)« (— 1 /& =1
using 2(1) by simp
also have real n powr 1 = real n
by simp
finally have *: (¢ * (I + & % z)) powr (— 1 /&) = real n * (1 + £ % ) powr
(—1/€).
have EVD-cdf € 01 " n = exp (real n x (— (1 + £ * z) powr (— 1 /§))))
using 2 by (simp add: EVD-cdf-def Let-def exp-of-nat-mult[symmetric))

also have ... = exp (— ((¢ * (1 + & * x)) powr (— 1 [ &)))
using * by simp
also have ... = EVD-cdf £ 01 (¢cxxz + (¢ — 1) /&)

using 2(1) argpos by (simp add: EVD-cdf-def Let-def arg)
finally show ?thesis
using 2(1) by (simp add: c-def)
next
case 3
define ¢ where ¢ = real n powr (— &)
have c-pos: 0 < ¢
using assms by (simp add: c-def)
have le0: ¢ * (1 + & xz) < 0
using 3(2) by (intro mult-nonneg-nonpos) (use c-pos in auto)
have arg: £ x (cx x4+ (¢ — 1) /&) =c*x (I +&*xx) — 1
using 3(1) by (simp add: field-simps)
have argneg: { x (cxz+ (¢ — 1) /&) < — 1
using le0 by (simp add: arg)
consider 0 < ¢ | £ < 0 using 3(1) by argo
thus ?thesis
proof cases
case pos: 1
hence EVD-cdf £ 01z =0
using 3 by (simp add: EVD-cdf-def Let-def)
moreover have EVD-cdf £ 01 (¢cxz+ (¢ —1) /& =0
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using pos argneg by (simp add: EVD-cdf-def Let-def not-less)
ultimately show ?thesis
using assms 3(1) by (simp add: c-def)
next
case neg: 2
hence EVD-cdf £ 01z = 1
using 3 by (simp add: EVD-cdf-def Let-def)
moreover have EVD-cdf £ 01 (¢cxz+ (¢ — 1) /&) =1
using neg argneg by (simp add: EVD-cdf-def Let-def not-less)
ultimately show ?thesis
using 3(1) by (simp add: c-def)
qed
qed
qed

end

2.2 Generalized Pareto Distribution

theory Pareto-Distribution
imports

Lemmas-EVT

FExtreme- Value-Distribution
begin

We define the generalized Pareto distribution (GPD) density and cdf.

definition GPD-density :: [real, real, real, real] = real where
GPD-density & po z = if £ = 0 then
if w < xzthen exp (— (x —p) / o)/ o elsel
else if € > 0 then
if p<azthen (1 +&x(x—p)/o)powr(—1—1/¢) /0o
else 0
else
fu<zANz<pu-—o/Ethen
(14 €+ (@—p) /o) pouwr (—1-1/€) /0

else 0

lemma GPD-density-nonneg[simp|:0 < ¢ = 0 < GPD-density & p o x
by(simp add: GPD-density-def)

lemma GPD-density-measurable[measurable]:
GPD-density € pu o € borel-measurable borel
unfolding GPD-density-def by measurable
lemma GPD-density-eq-exponential-density:
GPD-density 0 pn 0 = (Az. exponential-density (1 / o) (x — p))
by (auto simp: exponential-density-def GPD-density-def)

lemma GPD-density-zi-pos:
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0<{=pu<z
= GPD-density E pox=(1+Ex(x—p)/o)powr (—1—1/€& /o
by(simp add: GPD-density-def)

lemma GPD-density-zi-neg:
E<0=p<z=z<pu—o/¢
= GPD-density E pox=(1+Ex(x—p)/o)pwr (—1—1/€& /o
by(simp add: GPD-density-def)

lemma GPD-density-eq-0:
x < = GPD-density £ po =10
by(simp add: GPD-density-def)

lemma GPD-density-zi-neg-eq-0:
E<0=pu—o0/&<xz= GPD-density E pox =10
by(simp add: GPD-density-def)

lemma
fixes a p o :: real
assumes sigmalarith]:0 < o
shows GPD-density-set-integrable0:set-integrable lborel {..a} (GPD-density 0 u
0)
and GPD-density-set-integral(:
([ z€{..a}. GPD-density 0 p o x dlborel) = (if a < p then 0 else 1 — exp (—
(a=p) /o))
and GPD-density-set-nn-integral0:
([ tze{..a}. GPD-density 0 p o x dlborel)
= ennreal (if a < p then 0 else 1 — exp (— (a — p) / 7))
proof —
have «: indicator {..a} (p + z) = indicator {..a—p} x for z
by (auto simp: indicator-def)
have ([ tze{..a}. GPD-density 0 p o x dlborel)
= ([ Tze{..a — p}. exponential-density (1 / o) x dlborel)
by (subst nn-integral-real-affine
[where t=p and c¢=1 and f=MAz. ennreal (GPD-density 0 u o x) * indicator

{.a} z])
(auto simp add: GPD-density-eq-exponential-density *)
also have ... = ennreal (if a < p then 0 else 1 — exp (— (a — u) / o))

by(simp add: nn-integral-erlang-density erlang-CDF-def minus-divide-left
del: minus-divide-left[symmetric])
finally show nn-eq: ([ Tz€{..a}. GPD-density 0 y o x dlborel)
= ennreal (if a < p then 0 else 1 — exp (— (a — u) / o)) .

show integ0: set-integrable lborel {..a} (GPD-density 0 p o)
unfolding set-integrable-def
using nn-eq
by (auto intro!: integrablel-nn-integral-finite
[where z=if a < p then 0 else 1 — exp (— (a — p) / 0)]
simp: ennreal-indicator ennreal-mult’ mult.commute)
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have nonneg: 0 < ([ ze{..a}. GPD-density 0 p o z dlborel)
unfolding set-lebesgue-integral-def
by (rule Bochner-Integration.integral-nonneg) (auto simp: indicator-def)
have ennreal ([ z€{..a}. GPD-density 0 p o x dlborel)
= ([ Tz. ennreal (indicat-real {..a} = *r GPD-density 0 p o x) Olborel)
unfolding set-lebesgue-integral-def
by (rule nn-integral-eq-integral[symmetric])
(use integ0|unfolded set-integrable-def] in <auto simp: indicator-def»)

also have ... = ([ Tz€{..a}. GPD-density 0 p o x dlborel)
by (simp add: ennreal-indicator ennreal-mult’ mult.commute)
also have ... = ennreal (if a < p then 0 else 1 — exp (— (a — u) / o))

using nn-eq .

finally have eq: ennreal ([ z€{..a}. GPD-density 0 p o x dlborel)
= ennreal (if a < p then 0 else 1 — exp (— (a — p) / 0)) .
show ([ z€{..a}. GPD-density 0 p o x dlborel)
= (if a < p then 0 else 1 — exp (— (a — p) / 7))
by (intro ennreal-inj|THEN iffD1,0F - - eq] nonneg)
(auto simp: divide-nonpos-pos)
qed

lemma
fixes a p o :: real
defines y=(a — ) / o
assumes sigmalarith]:0 < o
and amu:a < p
shows GPD-density-set-integrable2:set-integrable lborel {..a} (GPD-density & p
o)
and GPD-density-set-integral2:( [ z€{..a}. GPD-density & p o  dlborel) = 0
and GPD-density-set-nn-integral2:([ Tz€{..a}. GPD-density & p o x dlborel)
=0
proof —
have ae: AE z in lborel. © € {..a} — GPD-density & p o z = 0
using amu by(intro AE-Iflwhere N={p}]) (auto intro!: GPD-density-eq-0)
show set-integrable lborel {..a} (GPD-density & 11 o)
unfolding set-integrable-def
by (rule integrable-cong-AE[where g=MAz. 0, THEN iffD2])
(use ae in <auto elim!: eventually-mono simp: indicator-def>)
show ([ z€{..a}. GPD-density { p o x dlborel) = 0
unfolding set-lebesgue-integral-def
by (subst integral-cong-AE[where g=Az. 0])
(use ae in <auto elim!: eventually-mono simp: indicator-def>)
show ([ Tze{..a}. GPD-density & p o x dlborel) = 0
by (intro nn-integral-zero’)
(use ae in <auto elim!: eventually-mono simp: indicator-def>)
qed

lemma

fixes a p o :: real
defines y=(a — ) / o
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assumes sigmalarith]:0 < o
and zi:£ # 0
and mua:p < a
and ziy:— 1 < Exy
shows GPD-density-set-integrable1 :set-integrable lborel {..a} (GPD-density & p
0)
and GPD-density-set-integrall :
([ z€{..a}. GPD-density & p o x dlborel) = 1 — (1 + & = y) powr (— 1 /€)
and GPD-density-set-nn-integrall :
(J tze{..a}. GPD-density & p o x dlborel) = ennreal (1 — (1 + & x y) powr
(—1/€)
proof —
have main: set-integrable lborel {..a} (GPD-density & p o) A
([ z€{..a}. GPD-density & pn o x dlborel) = 1 — (1 + & * y) powr (—
176 A
(J tze{..a}. GPD-density & p o x Dlborel)
= ennreal (1 — (1 + & x y) powr (— 1 / §))
proof(cases i < a)
assume -y < a
with mua
have y0: y = 0 and amu:a < p
by (simp-all add: y-def)
from GPD-density-set-integrable2| OF sigma amu] GPD-density-set-integral2[OF
sigma amu)
GPD-density-set-nn-integral2| OF sigma amu]
show ?thesis
by (simp add: y0)
next
assume mua’: p < a
define g where g = M\t. (1 + &+ (t —pu) /o) powr (—1 —1 /&) /0o
define F where FF = At. — (1 + & (t — p) / o) powr (— 1 / £))
have g-nonneg: 0 < gt for t
by (simp add: g-def)
have g-meas[measurable]: g € borel-measurable borel
unfolding g-def by measurable

have Fmu: F u=— 1
by (simp add: F-def)
have Fa: Fa=— ((1 + & x y) powr (— 1 / §))

by (simp add: F-def y-def)
have pos: 0 < 1 +&x(t —p) /oift: p<tt<afort
proof(cases 0 < &)
case True
have 0 < & (t —p) /o
using ¢ True by (intro divide-pos-pos mult-pos-pos) auto
thus ?thesis
by linarith
next
case Fulse
with zi have zi-neg: £ < 0
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by simp
have — 0 < & x (a — p)
using ziy sigma unfolding y-def by (simp add: pos-le-divide-eq)
moreover have £ * (a — u) < & * (t — p)
using ¢ zi-neg by (intro mult-strict-left-mono-neg) auto
ultimately have — o < & * (t — p)
by linarith
hence — 1 <& x(t —p) /o
using sigma by (simp add: pos-less-divide-eq)
thus ?thesis
by linarith
qed
have deriv: (F has-real-derivative g t) (at t) if t: p < t ¢ < a for ¢
using pos[OF t] zi sigma unfolding F-def g-def
by (auto introl: derivative-eq-intros simp: field-simps) argo
have isCont-g: isCont gt if t: p < tt < a for ¢
using pos[OF t] sigma unfolding g-def
by (intro continuous-intros) auto
have A: (F —— — 1) (at-right p)
proof —
have isCont F
unfolding F-def by(intro continuous-intros) auto
from continuous-at-imp-continuous-at-within| OF this]
show ?thesis
by (simp add: continuous-within Fmu)
qged
have B: (F —— F a) (at-left a)
proof(cases & x y = — 1)
case Fulse
with ziy have — 1 < & * ((a — p) / 0)
unfolding y-def by (auto simp: le-less)
hence pos-a: 0 < 1 +&*(a—p) /o
by simp
have isCont F a
unfolding F-def using pos-a by(intro continuous-intros) auto
from continuous-at-imp-continuous-at-within| OF this]
show ?thesis
by (simp add: continuous-within)
next
case True
have zi-neg: £ < 0
proof (rule ccontr)
assume - £ < 0
with 27 have 0 < &
by simp
hence 0 < ¢ x y
using mua by (auto intro: mult-nonneg-nonneg simp: y-def)
with True show Fulse
by simp
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qed
have p-pos: 0 < — 1 /¢
using zi-neg by (simp add: divide-pos-neg)
have base-a: 1 + €% (a —p) /o =0
using True by (simp add: y-def)
have Fa0: Fa =0
using zi by (simp add: F-def base-a)
have base0: (At. 1 + & (t — p) / 0) —— 0) (at-left a)
unfolding base-a[symmetric]
by (intro tendsto-intros) auto
have ev-nonneg: Ve tinat-lefta. 0 < 1 +Ex(t —p) /o
by (intro eventually-at-leftl[of n]) (use pos| THEN less-imp-le] mua’ in auto)
have ((At. (1 + &+ (t — p) / o) powr (— 1 /] &)) —— 0) (at-left a)
by (rule tendsto-zero-powrI[OF base0 tendsto-const ev-nonneg p-pos|)
hence (F —— — 0) (at-left a)
unfolding F-def by (rule tendsto-minus)
thus ?thesis
by (simp add: Fa0)
qed
have FTC1: set-integrable lborel (einterval (ereal p) (ereal a)) g
by (rule interval-integral-FTC-nonneglwhere F=F and A=— 1 and B=F
al)

(use mua’ deriv isCont-g g-nonneg A B in
cauto simp: ereal-tendsto-simps»)
have FTC2: interval-lebesgue-integral lborel (ereal p) (ereal a) g = F a — (—
1
by (rule interval-integral-FTC-nonneg[where F=F])
(use mua’ deriv isCont-g g-nonneg A B in
<auto simp: ereal-tendsto-simps»)
have intg-oo: set-integrable lborel {u<..<a} g
using FTC1 by simp
have int-oo: ([ ze{p<..<a}. g z dlborel) = 1 — (1 + & x y) powr (— 1 /€)
using FTC2 mua’ by (simp add: interval-lebesgue-integral-def Fa)
have dens-eq: GPD-density € pot=gtift: p<tt<afort
proof(cases 0 < &)
case True
thus ?thesis
using ¢ by (simp add: GPD-density-xi-pos g-def)
next
case Fulse
with zi have xi-neg: £ < 0
by simp
have — 0 < & % (a — p)
using ziy sigma unfolding y-def by (simp add: pos-le-divide-eq)
moreover have £ x (a — p) < & * (t — p)
using ¢ zi-neg by (intro mult-left-mono-neg) auto
ultimately have — o < & * (¢t — p)
by linarith
from divide-right-mono-neg[OF this, of &] zi-neg xi
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havet —p< -0 /¢
by simp
thus ?thesis
using t zi-neg by (simp add: GPD-density-zi-neg g-def)
qed
have ae-eq: AE z in lborel. indicat-real {..a} x *r GPD-density & p o x
= indicat-real {u<..<a} T *xp g
using AE-lborel-singleton|of p] AE-lborel-singleton|of a]
proof eventually-elim
case (elim x)
considerz < p|lp<zzr<al|la<cz
using elim mua’ by argo
thus ?case
by cases (simp-all add: indicator-def GPD-density-eq-0 mua’ less-le-not-le
dens-eq)
qed
have intg: set-integrable lborel {..a} (GPD-density & u o)
proof —
have integrable lborel (Az. indicat-real {..a} © *g GPD-density & u o x)
—— integrable lborel (Az. indicat-real {u<..<a} x *r g x)
using ae-eq by (intro integrable-cong-AFE) auto
thus ?thesis
using intg-oo by (simp add: set-integrable-def)
qed
have integral-eq: ([ z€{..a}. GPD-density & p o z dlborel) = 1 — (1 + £ * y)
powr (— 1 /)
proof —
have ([ z€{..a}. GPD-density & i o z dlborel)
= ([ z. indicat-real {p<..<a} z xg g x Olborel)
unfolding set-lebesque-integral-def
using ae-eq by (intro integral-cong-AFE) auto
also have ... = 1 — (1 + & x y) powr (— 1 /&)
using int-oo by (simp add: set-lebesque-integral-def)
finally show ?thesis .
qed
have nn-eq: ([ tz€{..a}. GPD-density & n o x dlborel)
= ennreal (1 — (1 + & x y) powr (— 1 /§))
proof —
have ([ tz€{..a}. GPD-density & p o x dlborel)
= ([ *z. ennreal (indicat-real {u<..<a} x xr g x) Olborel)
using ae-eq by (intro nn-integral-cong-AE)
(auto elim!: eventually-mono simp: indicator-def)
also have ... = ennreal ([ z. indicat-real {p<..<a} z *xg g x dlborel)
by (intro nn-integral-eq-integral)
(use intg-oo g-nonneg in <auto simp: set-integrable-def indicator-def>)
also have ... = ennreal (1 — (1 + &€ * y) powr (— 1 / §))
using int-oo by (simp add: set-lebesgue-integral-def)
finally show ?thesis .
qed
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show ?thesis
using intg integral-eq nn-eq by blast
qed
from main show set-integrable lborel {..a} (GPD-density & i o)
and ([ z€{..a}. GPD-density & p o x dlborel) = 1 — (1 + & * y) powr (— 1
/€)
and ([ Tz€{..a}. GPD-density & p o z dlborel)
= ennreal (1 — (1 + & x y) powr (— 1 / §))
by blast+
qed

lemma
fixes a p o :: real
defines y=(a — ) / o
assumes sigmalarith]:0 < o
and zi:{ < 0
and ziy:€ x y < — 1
shows GPD-density-set-integrable3:set-integrable lborel {..a} (GPD-density & u
o
)
and GPD-density-set-integral3:( [ xz€{..a}. GPD-density & p o x dlborel) = 1
and GPD-density-set-nn-integral3:([ Tz€{..a}. GPD-density & p o x dlborel)
=1
proof —
define b where b=p — o0 /¢
have ba: b < a
using ziy zi sigma unfolding b-def y-def by (simp add: field-simps)
have yb1: (b—p) Jo=—1/¢
using zi sigma by (simp add: b-def field-simps)
have mub:p < b
using zi by (simp add: b-def divide-nonneg-neg)
have yb3: — 1 < &x ((b—p) / o)
using zi by (simp add: yb1)
have base0: 1 + £+ (b—p) /o =10
using zi sigma by (simp add: b-def field-simps)
have dens-b: GPD-density & p o x = 0 if b < z for x
proof(cases x = b)
case True
have b<pu—0o /¢
by (simp add: b-def)
hence GPD-density  pob=(1 +&x(b—p) /o)powr (—1 -1/ /0o
by (intro GPD-density-zi-neg| OF xi mub))
thus ?thesis
by (simp add: True base0)
next
case Fulse
with that
have b < z
by simp
hence p — o /<
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unfolding b-def by argo
thus ?thesis
by (intro GPD-density-zi-neg-eq-0[OF i])
qed
have h1[simp]: set-integrable lborel {..b} (GPD-density & p o)
and h2: ([ ze{..b}. GPD-density & p o x dlborel) = 1
and h3: ([ Tze{..b}. GPD-density & p o x dlborel) = 1
using GPD-density-set-integrablel [OF sigma less-imp-neq[OF zi] mub yb3]
GPD-density-set-integrall [OF sigma less-imp-neq[OF zi] mub yb3]
GPD-density-set-nn-integrall [OF sigma less-imp-neq|OF xi] mub yb3] xi
by (simp-all add: yb1)
have i2[simp]: set-integrable lborel {b<..a} (GPD-density & p o)
by (subst set-integrable-conglwhere f'=Az. 0, OF refl refl]) (simp-all add:
dens-b)
have eq0: ([ ze{b<..a}. GPD-density & p o = dlborel) = 0
by (subst set-integral-cong[where g=Az. 0]) (auto simp: dens-b)
have eq0" ([ Tze{b<..a}. GPD-density & p o = dlborel) = 0
by (subst set-nn-integral-conglwhere g=Az. 0, OF refl refl]) (auto simp: dens-b)
show set-integrable lborel {..a} (GPD-density £ u o)
using ba
by (subst set-integrable-cong[where A’'={..b} U {b<..a}])
(auto intro!: set-integrable-Un)
have ([ z€{..a}. GPD-density & p o = dlborel) =
([ z€{..b}. GPD-density & p o z dlborel) + ([ z€{b<..a}. GPD-density & p
o x Olborel)
using ba
by (subst set-integral-Un|symmetric))
(auto introl: arg-conglwhere f=MAB. set-lebesgue-integral lborel B -])
also have ... = 1
by (auto simp: h2 eq0)
finally show ([ z€{..a}. GPD-density & p o x dlborel) = 1 .
have ([ tze{..a}. GPD-density & pp o x dlborel) =
(J tz. ennreal (GPD-density & v o z) * indicator {..b} x
+ ennreal (GPD-density € p o x) * indicator {b<..a} x Olborel)
using ba by(auto introl: nn-integral-cong simp: indicator-def)
also have ... = ([ Tze{..b}. GPD-density £ u o x dlborel)
using ba by (auto introl: nn-integral-cong simp: indicator-def dens-b)
finally show ([ Tze{..a}. GPD-density £ p o x dlborel) = 1
by (simp add: h3)
qed

lemma GPD-density-set-integrable:
assumes sigmalarith]:0 < o
shows set-integrable lborel {..a} (GPD-density & pu o)

proof —
consider £ = 0
|~&=0a<p

| ~€=0p<a—1<€x(a—p) /o)
| ~{=0p<aéx((a—p) /o)< —1
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by argo
thus ?thesis
proof cases
case I
thus ?thesis
using GPD-density-set-integrable0
by simp
next
case 2
thus ?thesis
by (intro GPD-density-set-integrable2|OF sigma))
thm GPD-density-set-integrable2[OF sigmal
next
case 3
thus ?thesis
by (intro GPD-density-set-integrablel [OF sigma))
next
case 4
hence zi-neg: £ < 0
by (smt (verit, best) assms divide-nonneg-pos mult-nonneg-nonneg)
show ?thesis
by (intro GPD-density-set-integrable3|OF sigma xi-neg) less-imp-le 4)
qed
qed

abbreviation GPD-cdf where GPD-cdf = X\ p o z. cdf (density lborel (GPD-density
§po)a

lemma GPD-cdf-set-integral:
assumes sigmalarith]:0 < o
shows GPD-cdf € po z = ([ te{.x}. GPD-density £ o t dlborel)
unfolding cdf-def
by (intro measure-density-on GPD-density-set-integrable]OF sigmal)
(auto simp: less-imp-le)

corollary GPD-cdf-def:
assumes sigmalarith]:0 < o
shows GPD-cdf £ po z =

(lety=(x—p)/oin

if € = 0 then
if x < p then 0 else 1 — exp (— y)
else

ifx < p then 0
elseif — 1 <&xythenl — (1 + & *y) powr (— 1 /&)

else 1)
proof —
consider £ = 0
| §#£ 0z <p

[ €#£0p<z—1<&x((x—p) /o)
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(€4 0p<aes(@—p)/o)<—1
by argo
thus ?thesis
proof cases
case I
thus ?thesis
unfolding GPD-cdf-set-integral|OF sigmal
by (simp add: GPD-density-set-integral0 del: minus-diff-eq)
next
case 2
thus ?thesis
using GPD-density-set-integral2[OF sigma less-imp-le]
by (auto simp add: GPD-cdf-set-integral Let-def)
next
case 3
thus ?thesis
using GPD-density-set-integrall [OF sigma]
by (simp add: GPD-cdf-set-integral Let-def)
next
case /
hence zi-neg: £ < 0
by (smt (verit, best) assms mult-nonneg-nonneg zero-le-divide-iff)
show ?thesis
using GPD-density-set-integral3|OF sigma zi-neg less-imp-le] 4
by (simp add: GPD-cdf-set-integral Let-def)
qged
qged

lemma GPD-cdf-location-scale:

assumes sigma: 0 < o

shows GPD-cdf v 0 0 © = GPD-cdf v 01 (z / o)

using sigma

by (simp add: GPD-cdf-def[OF sigma] GPD-cdf-def[OF zero-less-one] Let-def
divide-less-0-iff )

lemma EVD-tail-eq-GPD-cdf:
assumes supp: 1 + vz > 0 and x: 0 < z
shows — In (EVD-cdf v 01 xz) =1 — GPD-cdf vy 01z
using z supp
by (simp add: EVD-cdf-def[of 1] GPD-cdf-def[OF zero-less-one| Let-def)

lemma GPD-cdf-eq0:

assumes z < [

shows GPD-cdf E pox =10
proof —

have GPD-cdf £ u o x = ennZreal (set-nn-integral lborel {..x} (GPD-density &
o))

by (simp add: emeasure-density cdf-def measure-def)
also have ... = enn2real (set-nn-integral lborel {..z} (\y. 0))
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using assms
by (intro arg-conglwhere f=enn2real] nn-integral-cong-AE AE-I'lwhere N={x}])
(auto simp: GPD-density-def indicator-def)
finally show ?thesis
by simp
qed

lemma GPD-cdf-at-bot-0: (GPD-cdf £ p o —— 0) at-bot
proof —
have V i z in at-bot. GPD-cdf € wo x =0
using eventually-le-at-bot[of u)
by eventually-elim (intro GPD-cdf-eq0)
thus ?thesis
by (rule tendsto-eventually)
qed

lemma GPD-cdf-at-top-1:
assumes sigma:0 < o
shows (GPD-cdf £ po —— 1) at-top
proof (cases £ = 0)
case True
have ev: Vg xin at-top. 1 — exp (— (x — pu) / 0) = GPD-cdf £ po =
using eventually-ge-at-top[of ]
by eventually-elim
(use True in simp add: GPD-cdf-def[OF sigma) Let-def field-simps mi-
nus-divide-left)
have lim: (Az. 1 — exp (— (x — p) / o)) —— 1) at-top
proof —
have ((Az. exp (— (z — p) / 0)) —— 0) at-top
using sigma by real-asymp
from tendsto-diff [OF tendsto-const this]
show ?thesis
by simp
qed
show ?thesis
by (rule Lim-transform-eventually|OF lim ev))
next
case Fulse
show ?thesis
proof(cases 0 < &)
case True
have ev: Vg zin at-top. 1 — (1 + & x ((z — p) / o)) powr (— 1/ §)
= GPD-cdf £ po zx
using eventually-ge-at-top[of 1]
proof eventually-elim
case (elim )
hence y0: 0 < (z —p) /o
using sigma by (intro divide-nonneg-pos) auto
have — 1 <& x ((x — p) / o)
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using mult-nonneg-nonneg[OF less-imp-le[OF True] y0] by linarith
thus ?Zcase
using True elim by (simp add: GPD-cdf-def[OF sigma] Let-def)
qed
have lim: (Az. 1 — (1 + & ((x — p) / 0)) powr (— 1 / §)) —— 1) at-top
proof —
have 1: LIM z at-top. 1 + & x ((z — ) / o) :> at-top
proof —
have LIM z at-top. (x — p) / o :> at-top
using sigma by real-asymp
hence LIM z at-top. £ x ((x — p) / o) :> at-top
by (intro filterlim-tendsto-pos-mult-at-top[ OF tendsto-const True])
thus ?thesis
by (intro filterlim-tendsto-add-at-top| OF tendsto-const))
qed
have ((Az. (1 + &+ ((x — p) / o)) powr (— 1 /] §)) —— 0) at-top
by (intro tendsto-neg-powr|OF - 1]) (use True in <auto simp: divide-neg-pos»)
from tendsto-diff [OF tendsto-const this|
show ?thesis
by simp
qed
show ?thesis
by (rule Lim-transform-eventually|OF lim ev))
next
case Fulse
with <« # 0> have zi-neg: £ < 0
by simp
have ev: Vp x in at-top. GPD-cdf € po xz =1
using eventually-ge-at-top[of u — o / &|
proof eventually-elim
case (elim x)
note neg = divide-pos-neg[OF sigma xi-neg|
hence muz:p < z
using elim neg by linarith
haveeq: (—0 /&) /Jo=—1/¢
using zi-neg sigma by (simp add: field-simps)
have (-0 /&) /o <(z—p) /o
using elim sigma by (intro divide-right-mono) auto
hence zb: — 1 /< (z —pu) /o
using sigma by (simp add: eq)
have £  ((z — 1) / 0) < €+ (— 1 / €)
by (rule mult-left-mono-neg[OF zb less-imp-le[OF xi-neg)])
hence ziy-le: € x ((x — p) /o) < — 1
using zi-neg by simp

consider € * ((z — 1) / @) = — 1 | €% (¢ — ) [ 0) < — 1
using ziy-le by argo

thus ?case

proof cases
case I
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thus ?thesis
using mux zi-neg by (simp add: GPD-cdf-def[OF sigma] Let-def)
next
case 2
thus ?thesis
using mux zi-neg by (auto simp: GPD-cdf-def[OF sigma] Let-def)
qed
qed
thus ?thesis
by (rule tendsto-eventually)
qed
qed

lemma
assumes sigmalarith]:0 < o
shows GPD-density-integrable:integrable lborel (GPD-density & p o)
and GPD-density-integral:( [ z. GPD-density & p o x dlborel) = 1
and GPD-density-nn-integral:([ *z. GPD-density & p o = dlborel) = 1
proof —
have lim: ((Aa. ([ z€{..a}. GPD-density & p o z dlborel)) —— 1) at-top
proof —
have x: ([ ze{..a}. GPD-density & p o x dlborel) = GPD-cdf & p o a for a
unfolding cdf-def
by (subst measure-density-on)
(auto simp: GPD-density-set-integrable| OF sigmal)
show ?thesis
unfolding * by(rule GPD-cdf-at-top-1[OF sigmal))
qed
show integ: integrable lborel (GPD-density & p o)
and eg2: ([ z. GPD-density & p o x dlborel) = 1
using lim GPD-density-set-integrable[OF sigmal
integrable-monotone-convergence-at-top[where f=GPD-density £ u o and
=1,
OF - AE-I2[OF GPD-density-nonneg|OF less-imp-le]OF sigmal]]]
integral-monotone-convergence-at-toplwhere f=GPD-density £ pn o and z=1,
OF - AE-I2[OF GPD-density-nonneg|OF less-imp-le]OF sigmal]]]
by (auto simp: set-integrable-def set-lebesgue-integral-def mult.commute)
thus ([ *z. GPD-density & p o x dlborel) = 1
by (subst nn-integral-eq-integral) auto
qed

lemma prob-space-GPD:

assumes sigmalarith]:0 < o

shows prob-space (density lborel (GPD-density & p o))

by (auto intro!: prob-spacel simp: emeasure-density GPD-density-nn-integral|OF
sigmal))

corollary real-distribution-GPD:
0 < 0 = real-distribution (density lborel (GPD-density & u o))
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by (simp add: real-distribution-def real-distribution-axioms-def prob-space-GPD)

lemma isCont-GPD-cdf:
assumes sigmalarith]: 0 < o
shows isCont (GPD-cdf & p o) x
using continuous-on-LBINT-com|OF GPD-density-integrable]OF sigmal|
GPD-cdf-set-integral[OF sigmal
by simp

lemma right-continuous-mono-GPD-cdf:
assumes sigmalarith]: 0 < o
shows right-continuous-mono (GPD-cdf € o) 01
by (auto introl: right-continuous-mono-cdf real-distribution-GPD)

corollary GPD-cdf-nonneg:0 < 0 = 0 < GPD-cdf £ po z
and GPD-cdf-le-1:0 < 0 => GPD-cdf £ po z < 1
using right-continuous-mono-GPD-cdf right-continuous-mono.a-le-f[of - 0 1]
right-continuous-mono.f-le-b[of - 0 1]
by fastforce+

lemma GPD-normalization:
fixes v p o x :: real
assumes sigmalarith]: 0 < o
defines a = (An. o = (if v = 0 then 1 else real n powr 7))
defines b = (An. u + o * (if v = 0 then In (real n) else (real n powr v — 1) /
7))
shows (An. GPD-cdf y po (an*xx+ bn) "n) —— EVD-cdf v 01z
proof(cases v = 0)
assume 0y = 0
have V i n in sequentially. |x| < In (real n)
using filterlim-compose| OF In-at-top filterlim-real-sequentially]
by (auto simp: filterlim-at-top-dense)
hence pos: Vg n in sequentially. o x © + o * In (real n) > 0
by eventually-elim (smt (verit, ccfo-SIG) sigma distrib-left mult-pos-pos)
moreover have V r n in sequentially. p < anxz+ bn
using pos by eventually-elim (simp add: 0 a-def b-def)
moreover have V r n in sequentially. 0 < real n
by simp
ultimately have V r n in sequentially. (GPD-cdf vy wo (an* x4+ bn))™n
=(1 —exp (—2z)/realn)™n
unfolding GPD-cdf-def[OF sigma)
by eventually-elim (auto simp: 0 b-def a-def add-divide-distrib exp-diff)
moreover have (An. (I — exp (— z) / real n) ™ n) —— exp (— exp (— 1))
using tendsto-exp-limit-sequentially[of — exp (— z)]
by simp
ultimately show ?thesis
using tendsto-cong by (fastforce simp: EVD-cdf-def 0)
next
assume 0:y # 0
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define y where y = (An::nat. (real n powr v x (1 + v *xz) — 1)/ 7)
have arg: anxx +bn=p+ o ynforn
using 0 by(simp add: a-def b-def y-def field-simps)
have gy: v x y n = real n powr v % (1 + v * z) — 1 for n
using 0 by(simp add: y-def)
have cdf-eq: GPD-cdf v po (an*x + bn)
= (if yn < 0 then 0
elseif — 1 <~vyxynthenl — (1 +v*ymn)powr (— 1 /)
else 1) for n
unfolding arg using 0 by (simp add: GPD-cdf-def|OF sigma] Let-def mult-less-0-iff)
show ?thesis
proof(cases 0 < 1 + v * z)
case c-pos: True
have ge: — 1 <~y x yn for n
using c-pos by(simp add: gy)
have ev0: ¥V n in sequentially. 0 < y n
proof (cases 0 < 7)
case True
have filterlim (An. real n powr ) at-top sequentially
by (rule filterlim-compose| OF real-powr-at-top[ OF True] filterlim-real-sequentially))
hence V r n in sequentially. 1 / (1 + v x z) < real n powr 7
by (simp add: filterlim-at-top)
thus ?thesis
proof eventually-elim
case (elim n)
hence 1 < real n powr v * (1 + v * x)
using c-pos by(simp add: pos-divide-le-eq)
thus 0 < yn
unfolding y-def using True by(intro divide-nonneg-pos) auto
qed
next
case Fulse
with 0 have neg: v < 0
by simp
have (An. real n powr v) —— 0
by (rule tendsto-neg-powr|[OF neg filterlim-real-sequentially])
hence V r n in sequentially. real n powr v < 1 / (1 + v * x)
using c-pos by (intro order-tendstoD) auto
thus ?thesis
proof eventually-elim
case (elim n)
hence real n powr v * (1 + v * z) < 1
using c-pos by (simp add: pos-less-divide-eq)
thus 0 < yn
unfolding y-def using neg by (intro divide-nonpos-neg) auto
qed
qed
have ev: V r n in sequentially.
GPD-cdf ypo (anxz+bn)=1— (1 +~x*z)powr (—1/7)

77



/ real n
proof (safe introl: eventually-mp[OF eventually-sequentiallyl|of 1] ev0])
fix n :: nat
assume n: I < nand yn: 0 < yn
have n0: 0 < real n
using n by simp
have (1 + v x y n) powr (— 1 / 7v) = (real n powr v x (I + v % z)) powr
(—1/7)
by (simp add: gy)

also have ... = (real n powr ) powr (— 1 /) x (1 + v * x) powr (— 1 /)
using c-pos by (simp add: powr-mult)
also have ... = (I + v x z) powr (— 1 /) / real n

using 0 n0 by(simp add: powr-powr powr-minus-divide)
finally show GPD-cdf vy po (an*z+ bn)
=1—(4+~vy*z)powr (— 1))/ realn
using yn ge by(simp add: cdf-eq)
qed
have ev2: V p n in sequentially. GPD-cdf v po (anxz + bn) " n
=1 - (1 +vyx*z)powr (—1 /7)) realn) " n
using ev by eventually-elim simp
have lim: (An. (1 — (1 + v * x) powr (— 1 /) / real n) " n)
—— exp (— (I + v = z) powr (= 1 /7))
using tendsto-exp-limit-sequentially[of — ((1 + v * x) powr (— 1 / 7))]
by simp
have EVD: EVD-cdf v 01z = exp (— (I + v * x) powr (— 1 / 7)))
using c-pos 0 by(simp add: EVD-cdf-def)
show ?thesis
unfolding EVD by(subst tendsto-cong|OF ev2]) (rule lim)
next
case c-nonpos: False
have ev: V p n in sequentially.
GPD-cdf y po (an*xz+bn) “n=FEVD-cdf vy01z
proof (intro eventually-sequentiallyl[of 1])
fix n :: nat
assume n: 1 < n
hence 0 < real n powr v
by simp
hence le: vy x yn < — 1
using c-nonpos by(simp add: gy mult-nonneg-nonpos)
show GPD-cdf y po (an*x+bn) ~n=FEVD-cdf vy01z
proof (cases 0 < 7)
case True
hence yn < 0
using le by (smt (verit, best) mult-nonneg-nonneg)
hence GPD-cdf y po (an*xz +bn)=20
by (simp add: cdf-eq)
thus ?thesis
using n True c-nonpos by (simp add: EVD-cdf-def)
next
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case Fulse
with 0 have neg: v < 0
by simp
hence yn: - yn < 0
using le by (smt (verit, best) mult-less-0-iff)
have GPD-cdf vy po (an*x x4+ bn) =1
proof(cases vy x yn = — 1)
case True
thus ?thesis
using yn 0 neg by(simp add: cdf-eq)
next
case Fulse
with le have v x yn < — 1
by simp
thus ?thesis
using yn by(simp add: cdf-eq)
qged
thus ?thesis
using neg c-nonpos by (simp add: EVD-cdf-def)
qed
qed
show ?thesis
using ev by(simp add: tendsto-eventually)
qed
qed

end

3 Domain of Attraction

theory Domain-of-Attraction

imports
HOL— Probability. Weak-Convergence
Cauchy-Functional- Equation. Cauchy-Functional- Equation
Pareto-Distribution

begin

This theory file is based on Chapter 1 of the book by de Haan and Fer-
reira [2].
3.1 Definitions

We work with distribution functions as plain functions real = real, as does
the book. The corresponding statements for i.i.d. random variables are given
in Section 5.
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3.1.1 Degenerate Distributions

definition degenerate-df :: (real = real) = bool where
degenerate-df F «—— (Vax. Fx =0V Fz = 1)

lemma degenerate-df-iff-indicator:
assumes right-continuous-mono F 0 1
shows degenerate-df F «— (Fc. F = (Az. indicat-real {c..} x))
proof —
interpret right-continuous-mono F 0 1 by fact
show ?thesis
proof
assume deg: degenerate-df F
hence F01: N\o. Fr =0V Fz =1
by (auto simp: degenerate-df-def)
obtain z where z: F 2z = 1
using order-tendstoD[OF top, of 1/2] F01
by (fastforce dest!: eventually-happens’|OF trivial-limit-at-top-linorder))
obtain w where w: Fw = 0
using order-tendstoD[OF bot, of 1/2] F01
by (fastforce dest!: eventually-happens’|OF trivial-limit-at-bot-linorder])
define ¢ where ¢ = Inf {z. Fz = 1}
have ne: {z. Fz =1} # {}
using z by auto
have bdd: bdd-below {z. F z = 1}
proof (intro bdd-belowl[of - w])
fix z
assume ¢ € {z. Fz = 1}
thus w < z
using monoD[OF mono, of x w] w by force
qed
have F1: Fz =1 if ¢ < z for z
proof —
have Inf {z. Fz =1} <z
using that by (simp add: c-def)
from cInf-lessD[OF ne this] obtain 2z’ where Fz'= 1z’ < z
by auto
thus ?thesis
using monoD[OF mono, of ' ] F01|[of x] by auto
qed
have F0: Fz = 0 if z < ¢ for z
using cInf-lower[OF - bdd] that F01[of x] by (fastforce simp: c-def leD)
have Fc: Fc=1
proof (rule tendsto-unique[of at-right ¢ F))
show (F —— F ¢) (at-right c)
using cont|of c] by (simp add: continuous-within)
show (F —— 1) (at-right c)
by (intro tendsto-eventually eventually-mono]OF eventually-at-right-less])
(simp add: F1)
qed auto
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have F' = (\z. indicat-real {c..} z)
proof
fix z
considerz<c|z=c|lc<uz
by argo
thus F x = indicat-real {c..} =
by cases (auto simp: FO F1 Fc indicator-def)
qed
thus Je¢. F = (Az. indicat-real {c..} z) ..
qed(auto simp: degenerate-df-def indicator-def)
qged

lemma EVD-cdf-nondegenerate:
assumes [arith]:0 < o
shows - degenerate-df (EVD-cdf & u o)

by (auto simp: degenerate-df-def EVD-cdf-def Let-def intro!: exl[where z=p])

3.1.2 Domain of Attraction

definition domain-of-attraction :: (real = real) = (real = real) = bool
(infix <(in’-domain’-attraction’-of)> 50) where

domain-of-attraction F G «——
right-continuous-mono F 0 1 A right-continuous-mono G 0 1 A

(Fab. (Vnunat. 0 < an) A weak-conv (Anz. F (an*xz+bn) n) G)

lemma domain-of-attractionD:
assumes domain-of-attraction F G
shows right-continuous-mono F 0 1 right-continuous-mono G 0 1
and Ja b. (Vnunat. 0 < a n) A weak-conv (Anz. F (an *z + bn)
using assms by(auto simp: domain-of-attraction-def)

lemma domain-of-attractionl-eventually-pos:
assumes F:right-continuous-mono F 0 1
and G:right-continuous-mono G 0 1
and a-pos:V g n in at-top. an > 0
and wc:weak-conv (Anz. F (anxz+ bn) " n) G
shows domain-of-attraction F G
proof —
obtain k£ where a:An. k <n=an >0
using a-pos eventually-sequentially by auto
define o’ where a’ = An. if n < k then 1 else a n
have a’-pos:a’ n > 0 for n
using a by(cases n < k) (auto simp: a’-def)
have ev:V p n in sequentially.
Fanxz+bn) "n=F(a'n*xz+bn) nforuz
by (auto intro!: eventually-sequentiallyl [where c=Fk] simp: a’-def)
hence wc’weak-conv (An z. F (a’n*x x4+ bn) "n) G
using we by (auto simp: weak-conv-cong|OF ev])
thus ?thesis
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unfolding domain-of-attraction-def

using F' G a’-pos

by (intro conjl exl[where z=a',OF exl[where z=0||) auto
qed

lemma domain-of-attraction-EVD-cdf-rescale:
fixes v ul1 p2 o1 o2 :: real
assumes sigmal [arith]: 0 < o1 and sigma2[arith]: 0 < o2
and dom: domain-of-attraction F (EVD-cdf v pul o1)
shows domain-of-attraction F (EVD-cdf v p2 o2)
proof —
obtain a b where a: An. 0 < an
and we: weak-conv (Anz. F (anxz+ bn) ~n) (EVD-cdf v ul o1)
and F: right-continuous-mono F 0 1
using dom unfolding domain-of-attraction-def by blast
define o’ where ¢’ = (An. an x ol / 02)
define b’ where b’ = (An. an* ul —an ol *xu2 /o2 + bn)
have a’-pos: 0 < a’ n for n
using a by (simp add: a’-def)
have arg-eq: a’ n*x y+b'n=anx(cl o2 *(y— p2)+ pl)+bdbnforny
by (simp add: a’-def b'-def field-simps)
have fun-eq: (An. F (¢’ nxy+ b'n) " n)
=An. Fanx*x (ol /o2 x*(y— p2)+ pl)+ bn) " n)fory
by (simp add: arg-eq)
have EVD-eq: EVD-cdf v pl o1 (o1 /02 % (y — p2) + pl) = EVD-cdf v p2
o2y for y
proof —
have EVD-cdf v ul o1 (61 / 02 % (y — p2) + pl)
=EVD-cdf v 01 ((61 /02 % (y — p2) + pl —pl) /ol)
by (subst EVD-cdf-location-scale) simp-all

also have ... = EVD-cdf v 01 ((y — p2) / 02)
by simp
also have ... = EVD-cdf v u2 o2y

by (simp add: EVD-cdf-location-scale)
finally show ?thesis .
qed
have wc” weak-conv (An y. F (o’ n*xy + b’ n) ~n) (EVD-cdf v u2 o2)
using we isCont-EVD-cdf[OF sigmal]
unfolding weak-conv-def EVD-eq[symmetric| fun-eq
by simp
show ?thesis
unfolding domain-of-attraction-def
using F a’-pos right-continuous-mono-EVD-cdf[OF sigma2] wc’ by blast
qed

theorem domain-of-attraction-EVD-cdf-iff:
fixes v p o :: real
assumes sigmalarith]: 0 < o
shows domain-of-attraction F (EVD-cdf v p o) «<—— domain-of-attraction F
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(EVD-cdf v 0 1)
using domain-of-attraction-EVD-cdf-rescale[OF sigma,of 1]
domain-of-attraction-EVD-cdf-rescale] OF zero-less-one sigma) by auto

lemma EVD-cdf-MDA:
assumes sigmalarith]:0 < o
shows domain-of-attraction (EVD-cdf & p o) (EVD-cdf € p o)
proof —
interpret real-distribution density lborel (EVD-density & i o)
by (rule real-distribution-EVD[OF sigmal)
define ¢ where a = (An:nat. if n = 0 V &€ = 0 then 1 else real n powr &)
define b where b = (An:nat. if n = 0 then 0 else if £ = 0 then o * In (real n)
else (uw— o /&) x (1 — real n powr &))
have a-pos: 0 < a n for n
by (auto simp: a-def)
have eq: EVD-cdf € po (an*z+bn) " n=FEVD-cdf Epozxzifn 0<n
for n z
proof —
have npos: (0::real) < real n
using n by simp
have EVD-cdf E po (an*xx+bn) "n=FEVD-cdf 01 ((an*z+ bdn
- /o) n
by (simp add: EVD-cdf-location-scale)
alsohave ... = EVD-cdf £ 01 (if € =0then (ansxz+bn—pu)/o—In
(real n)
else real n powr (— &) * ((anxxz+bn—p) /o)
+ (real n powr (— &) — 1) / §)
by (rule EVD-cdf-max-stable[OF n))
also have (if § = O then (an*x + bn — p) / o — In (real n)
else real n powr (— &) * ((an*xz+bn—p) /o)
+ (real n powr (= &) — 1) /&) =(z —p) /o
by (cases £ = 0)
(use npos in auto simp: a-def b-def field-simps powr-minus-divide)
also have EVD-cdf £ 01 ((z — p) / 0) = EVD-cdf £ po x
by (simp add: EVD-cdf-location-scale)
finally show ?thesis .
qged
have wc: weak-conv (An x. EVD-cdf € po (an*xz+ bn) " n) (EVD-cdf £ p
o
)
unfolding weak-conv-def
by (intro alll impl tendsto-eventually eventually-mono| OF eventually-gt-at-top|of
o)
(simp add: eq)
show ?thesis
unfolding domain-of-attraction-def
using right-continuous-mono-azxioms a-pos wc by blast
qed

lemma GPD-cdf-MDA:
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fixes v p o :: real
assumes (0 < o
shows domain-of-attraction (GPD-cdf v p o) (EVD-cdf ~v 0 1)
using assms
by (intro domain-of-attractionI-eventually-pos|OF - - eventually-sequentiallyl|of
1,
where a=An. o * (if v = 0 then 1 else real n powr )
and b=An. u + o * (if v = 0 then In (real n) else (real n powr v — 1) /
7)]
right-continuous-mono-GPD-cdf right-continuous-mono-EVD-cdf
LIMSEQ-imp-weak-conv GPD-normalization) auto

lemma domain-of-attraction-affine:
fixes ¢ d :: real
assumes c[arith]:0 < ¢ and dm:domain-of-attraction F G
shows domain-of-attraction (Az. F ((zx — d) / ¢)) G
proof —
have F':right-continuous-mono F 0 1
and G:right-continuous-mono G 0 1
and Ja b. (Vn. 0 < an) A weak-conv (Anz. F(an*xz+bn) "n)G
using domain-of-attractionD[OF dm] by auto
then obtain a b where a:An. 0 < a n and we:weak-conv (An z. F (a n * x +
bn) “n) G
by blast
interpret F': right-continuous-mono F 0 1
by fact
have lim1:LIM z at-top. (x — d) / ¢ :> at-top
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const[of 1 / c] -
filterlim-tendsto-add-at-top| OF tendsto-const[of — d at-top],of Az. z]
by (simp add: filterlim-ident)
have lim2:LIM x at-bot. (x — d) / ¢ :> at-bot
using filterlim-tendsto-pos-mult-at-bot[ OF tendsto-const[of 1 | ¢] -
filterlim-tendsto-add-at-bot-iff
[THEN iffD2,0F tendsto-const[of — d at-bot],of \z. ]|
by (simp add: filterlim-ident)
have I:right-continuous-mono (Az. F ((x — d) / ¢)) 0 1
proof
fix z :: real
have x:(Az. (z — d) / ¢) ‘{z<.} ={(z — d) [ c<..}
by (intro image-mono-on-continuous-on-greaterThan)
(auto introl: strict-mono-onl continuous-on-divide continuous-on-diff
simp: divide-strict-right-mono lim1)
show continuous (at-right ) (Az. F ((x — d) / ¢))
by (rule continuous-within-compose2|where g=F))
(auto simp: continuous-cdivide-iff continuous-diff * F.cont)
show ((Az. F' ((z — d) / ¢)) —— 0) at-bot
(M. F ((x — d) / ¢)) —— 1) at-top
by (auto introl: filterlim-compose[where g=F,OF - lim1] F.bot F.top
filterlim-compose[where g=F,OF - lim2])
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show mono (Az. F ((z — d) / ¢))
by (auto introl: monoD[OF F.mono| monol simp: divide-right-mono)
qed
show ?thesis
by (auto introl: exI[where z=An. ¢ * a n,0F conjI[OF - exl[where z=An. ¢
* bn+ d
sitmp: domain-of-attraction-def 1 G a distrib-left[symmetric] mult.assoc wc)
qed

3.2 Fisher-Tippett—Gnedenko Theorem

The following two definitions correspond to the functions U and D in equa-
tion (1.1.6) in the book.

abbreviation tail-quantile :: (real = real) = real = real where
tail-quantile F t = ginv F (1 — 1 / t)

tail-quantile is exactly the return level associated with return period t.

abbreviation limit-quantile :: (real = real) = real = real where
limit-quantile G y = ginv G (exp (— (1 / y)))

lemma [t-tail-quantile-iff:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1 and s: 1 < s
shows w < tail-quantile F's «— 1 / s <1 — Fw
proof —
have p: 0 <1 —1/s1—-1/s<1
using s by simp-all
show ?thesis
using right-continuous-mono.ginv-le-iff [ OF F' p, of w] by linarith
qed

lemma tail-quantile-le-of-lt-inv:
assumes F': right-continuous-mono F 0 1
and Ftlarith]: F t < 1
and ul[arith]: 1 < v and u2[arith]: u < 1 / (1 — F 1)
shows tail-quantile F'u < t
by (subst right-continuous-mono.ginv-le-iff[OF F])
(use pos-less-divide-eq] THEN 4ffD1,0F - u2] in simp-all add: field-simps)

lemma t-li-tail-quantile-of-gt-inv:
fixes F :: real = real and t u :: real
assumes F: right-continuous-mono F 0 1
and Fit: Ft <1
andu: 1 /(1 — Ft)<u
shows t < tail-quantile F u
by (smt (verit, best) assms In-divide-pos In-less-cancel-iff right-continuous-mono.a-le-f
right-continuous-mono. ginv-le-iff zero-less-divide-1-iff)
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lemma tail-quantile-at-top:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1
and unbdd: \z. Fz < 1
shows filterlim (tail-quantile F') at-top at-top
unfolding filterlim-at-top
proof
interpret right-continuous-mono F 0 1
by fact
fix M :: real
show V i t in at-top. M < tail-quantile F t
using eventually-gt-at-toplof 1 |/ (1 — F M)] eventually-gt-at-top|of 1::real]
by eventually-elim
(use assms less-eq-real-def F t-lt-tail-quantile-of-gt-inv in presburger)
qed

lemma limit-quantile-left-cont:
assumes G: right-continuous-mono G 0 1 and p: 0 < p
shows (limit-quantile G —— limit-quantile G p) (at-left p)
proof —
interpret right-continuous-mono G 0 1
by fact
define g where g = (Ay::real. exp (— 1 / y))
have g-tendsto: (9§ —— g p) (at-left p)
unfolding g-def using p by (intro tendsto-intros) simp
have g-ev: Vp yin at-leftp. 0 <y Ny <p
using eventually-at-left-field[where x = p] p by auto
have g-lt: Vi y in at-left p. gy < g p
using p by(auto intro!: eventually-mono|OF g-ev] simp: g-def field-simps)
note g-at-left = tendsto-imp-filterlim-at-left|OF g-tendsto g-It]
have g01: 0 < gpgp < 1
unfolding g-def using p by auto
have filterlim (ginv G) (nhds (ginv G (g p))) (at-left (g p))
using ginv-left-cont[OF g01] by simp
from filterlim-compose|OF this g-at-left]
show ?thesis
by (simp add: g-def)
qged

lemma limit-quantile-left-cont-scale:
assumes G: right-continuous-mono G 0 1 and y: 0 < y and p: 0 < p
shows ((A\z. limit-quantile G (z % y)) —— limit-quantile G (p * y)) (at-left p)
proof —
have mult-tendsto: (Az. z * y) —— p * y) (at-left p)
by (intro tendsto-intros)
have mult-ev: Vg x in at-left p. 0 <z ANz < p
using eventually-at-left-field[where x = p] p by auto
have mult-lt: Vi zin at-left p. x x y < px y
using mult-ev by eventually-elim (use y in <auto intro!: mult-strict-right-monoy)
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note mult-at-left = tendsto-imp-filterlim-at-left| OF mult-tendsto mult-lt]
have py: 0 < pxy
using y p by simp

have filterlim (limit-quantile G) (nhds (limit-quantile G (p * y))) (at-left (p *
v))

using limit-quantile-left-cont| OF G py] by simp
from filterlim-compose[OF this mult-at-left)
show ?thesis
by simp
qed

lemma tail-quantile-mono:

assumes F: right-continuous-mono F 0 1 and s: 1 < sand st: s < t

shows tail-quantile F' s < tail-quantile F' t
proof —

interpret right-continuous-mono F 0 1
by fact

show ?thesis

using s st ex-ge-b ex-less-a

by (intro ginv-compose-mono[where A={0<..<1}, THEN mono-onD] mono
mono-onl)

(auto simp: divide-mono)
qed

lemma limit-quantile-mono:

assumes G: right-continuous-mono G 0 1 and y1: 0 < yI and yi12: yI < y2
proof —

shows limit-quantile G y1 < limit-quantile G y2

interpret right-continuous-mono G 0 1 by fact
show ?thesis

using y1 y12 ex-ge-b ex-less-a

by (intro ginv-compose-mono[where A={0<..<1},THEN mono-onD] mono
mono-onl)

(auto simp: divide-mono)
qed

lemma limit-quantile-EVD-cdf:
assumes sigmalarith]:0 < o
and ypos|arith]: 0 < y

shows limit-quantile (EVD-cdf € o) y

proof —

have yppos: 0 < y powr &
using ypos by simp

have iff: %p < EVD-cdf £ po x «— ?%zs < x for z

(if E=0then o xIny+ pelse o x (ypowr & — 1)/ &+ p)
(is ginv - ?p = Zxs)

proof —

consider £ = 0 | 0 < €| & < 0 by argo
thus ?thesis
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proof cases
case I
have ?p < EVD-cdf E pox+—— exp (— (z —p) /o) <1 /y
by (simp add: EVD-cdf-def Let-def 1)
also have ... «— exp (— ((z — p) / 0)) < exp (— Iny)
by (simp add: exp-minus inverse-eq-divide)

alsohave ... «— lny<(z—p) /o
by simp
alsohave ... «— ocxlny+u<z

by (auto simp: field-simps)
finally show ?thesis
by (simp add: 1)
next
case 2
define v where u = 1 + & * ((z — p) / o)
show ?thesis
proof (cases 0 < u)
assume ufarith]:0 < u
have %p < EVD-cdf E poz«—— upowr (—1 /& <1 /y
using 2 u by (auto simp add: EVD-cdf-def Let-def u-def)
also have ... «—— In (upowr (— 1 /&) <lIn (1 /y)
by (rule In-le-cancel-iff [symmetric]) auto
alsohave ... «— (=1 /&) xlmhu<—Iny
by (simp add: In-div)

alsohave ... «— &xIny <lInu
using 2 by (auto simp: field-simps)

also have ... «— In (y powr &) < In u
by simp

also have ... «—— y powr £ < u

by (rule In-le-cancel-iff) auto
also have ... «— ypowr £ — 1 <&« ((x — p) / o)
by (simp add: u-def) linarith
also have ... +—— %15 < z
using 2 by (simp add: field-simps)
finally show ?thesis .
next
assume u:— 0 < u
have y:0 < 0 * y powr &
using yppos by simp
show ?thesis
using 2 u add-strict-increasing| OF y]
by(auto simp: EVD-cdf-def Let-def u-def not-less not-le field-simps)
qed
next
case 3
define u where u = 1 + & x ((z — p) / 0)
show ?thesis
proof (cases 0 < u)
case True
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have ?p < EVD-cdf E po x«—— upowr (—1 /& <1/y

using 3 True by (auto simp add: EVD-cdf-def Let-def u-def)
also have ... «—— In (upowr (— 1 /&) <lIn (1 /y)

by (rule In-le-cancel-iff [symmetric]) (use True in auto)
alsohave ... «— (=1 /&) xmu<—Iny

by (simp add: In-div)

alsohave ... «— Inu <& xiny
using 3 by (auto simp: field-simps)

also have ... «— In u < In (y powr &)
by simp

also have ... «—— u < y powr &

by (rule In-le-cancel-iff) (auto simp: True)
also have ... «— &x ((z — p) / o) < ypowr § — 1
unfolding u-def by auto
also have ... «—— %zs < 2
using 3 by (simp add: field-simps)
finally show ?thesis .
next
assume u:— 0 < u
have Gz: EVD-cdf £ o x =1
using 3 u by (auto simp: EVD-cdf-def Let-def u-def not-less)
have & * ((z — p) / 0) < y powr & — 1
using u yppos unfolding u-def by linarith
hence o * (ypowr & — 1) /E+u<z
using 3 by (simp add: field-simps)
hence 7%zs < z
using 3 by simp
moreover have 7p < 1
by (auto introl: less-imp-le)
ultimately show ?thesis
by (simp add: Gr)
qed
qed
qed
have set-eq: {z. %p < EVD-cdf £ p o z} = {%xs..}
using iff by auto
show ?thesis
unfolding ginv-def set-eq by simp
qed

corollary isCont-limit-quantile-EVD-cdf:
assumes sigmalarith]:0 < o
and ypos|[arith]: 0 < y
shows isCont (limit-quantile (EVD-cdf £ p o)) y
proof (subst isCont-cong)
show V p x in nhds y.
limit-quantile (EVD-cdf € p o) x
=(fE=0thenoxInz+ pelseo*x (xpowr&—1)/&+ p)
unfolding eventually-nhds
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by (auto introl: exI[where z={y/2<..<2xy}| simp: limit-quantile-EVD-cdf)
next
show isCont (A\z. if £ = 0theno xInx + pelseo x (xpowr & — 1)/ &+ pu)y
by(cases £ = 0)
(auto intro!: isCont-add isCont-mult isCont-In isCont-divide isCont-diff
simp: continuous-at-within-powr)
qed

lemma dist-function-unique-limit-quantile:
assumes G:right-continuous-mono G 0 1 and G':right-continuous-mono G’ 0 1
and eq:\y. 0 < y = limit-quantile G y = limit-quantile G’ y
shows G = G’
proof —
have ginv-eq: ginv G p = ginv G' pif p: 0 < pp < 1 for p
using eq[of — 1 / In p] using p by simp
have le: H' z < Hz
if H: right-continuous-mono H 0 1 and H': right-continuous-mono H' 0 1
and geg: A\p. 0 < p=p< 1 = ginvHp=ginv H p
for H H' :: real = real and z
proof (rule ccontr)
interpret H: right-continuous-mono H 0 1
by fact
interpret H ':right-continuous-mono H' 0 1
by fact
assume - H' z < Hz
hence lt: Hx < H' z
by simp
define p where p = (Hz + H' z) / 2
have pl: Hz < pp < H'x
using It by (simp-all add: p-def)
have p0: 0 <pp < 1
using H.a-le-f[of x| p1 H'.f-le-bof z]
by auto
have ginv H' p < z
using H'.ginv-le-iff p0 p1 by auto
hence ginv Hp < x
by (simp add: geq p0)
with p! show Fulse
by (simp add: H.ginv-le-iff p0(1,2))
qed
show ?thesis
using le[OF G G’ ginv-eq| le[OF G’ G ginv-eq[symmetric])
by (auto dest: antisym)
qed

lemma isCont-ginv-iff-isCont-limit-quantile:
assumes G: right-continuous-mono G 0 1
and y: 0 < y
shows isCont (ginv G) (exp (— (1 / y))) «— isCont (limit-quantile G) y
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proof
assume cont:isCont (limit-quantile G) y
have 1: isCont (Ax. — 1 [/ Inz) (exp (— 1 / y))
using y by (intro continuous-intros) simp-all
have 2: isCont (limit-quantile G) (— 1 / In (exp (— 1 / y)))
using y by(simp add: cont)
have 3: Vp p’in nhds (exp (— (1 / y))). limit-quantile G (— 1 / In p’) = ginv
Gp'
using eventually-nhds-in-openfof {0<..<1} exp (— (I / y))] v
by (auto elim!: eventually-mono)
show isCont (ginv G) (exp (— (1 / y)))
using continuous-at-compose[OF 1 2] isCont-cong[OF 3]
by (auto simp: comp-def)
next
assume cont:isCont (ginv G) (exp (— (1 / y)))
show isCont (limit-quantile G) y
using continuous-at-compose[where f=Az. exp (— (1 / z)),OF - cont] y
by (simp add: comp-def)
qed

lemma seq-exp-quantile-tendsto:
fixes F' G :: real = real and a b :: nat = real and y :: real
assumes F': right-continuous-mono F 0 1 and G: right-continuous-mono G 0 1
and a: An. 0 < an
and wc: weak-conv (Anz. F (an*x2x + bn) "n) G
and y: 0 < y and cont: isCont (limit-quantile G) y
shows (An. (limit-quantile F (real n x y) — b n) / a n) —— limit-quantile G
Y
proof —
interpret G: right-continuous-mono G 0 1 by fact
interpret F: right-continuous-mono F 0 1 by fact
define p where p = exp (— (1 / y))
have p01: 0 < pp < 1
using y by (auto simp: p-def)
have cont”: isCont (ginv G) p
unfolding p-def using cont by (simp add: isCont-ginv-iff-is Cont-limit-quantile| OF
G y))
obtain z where z: p < G 2
using order-tendstoD(1)[OF G.top p01(2)]
by (auto dest!: eventually-happens’|OF trivial-limit-at-top-linorder])
obtain w where w: G w < p
using order-tendstoD(2)[OF G.bot p01(1)]
by (auto dest!: eventually-happens’|OF trivial-limit-at-bot-linorder])
have monoFn: mono (Az. F (an x z + bn) " n) for n
using a by(auto introl: monol power-mono monoD[OF F.mono] F.a-le-f)
have main: (An. ginv (Az. F (an *xz + bn) " n) p) —— ginv G p
by (rule tendsto-ginv[OF monoFn G.mono - cont’ z w])
(use we in <auto simp: weak-conv-def»)
have eq: ginv (Az. F (an x4+ bn) "n)p
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= (ginv F (exp (— 1 / (real n % y))) —bn) / anifn: 0 < nfor n
proof —
define gn where gn = exp (— 1 / (real n x y))
have qgn01: 0 < gn qn < 1
using n y by (auto simp: qn-def)
have gn-pow: qn " n =p
using n y by (simp add: qn-def p-def exp-of-nat-mult[symmetric])
have iffl: p< F(anxz+bn) n«—gq<F(anxz+ bn)forz
proof
assume gn < F (an*xz + bn)
hence gn "n < F (an*xz+bn) "n
using ¢n01(1) by (intro power-mono) auto
thus p < F(an*x2xz+bn) "n
by (simp add: gn-pow)
next
assume x: p < F (an*xz+bn) " n
show gn < F (an*xz + bn)
proof (rule ccontr)
assume - gn < F (an*x + b n)
hence F (anxz+bn) “n<gn " n
using F.a-le-f n by (intro power-strict-mono) auto
with x show False
by (simp add: qn-pow)
qed
qed
have iff2: qn < F v «—— ginv F gn < v for v
using F.ginv-le-iff[OF ¢qn01] by simp
have iff3: ginv Fgn < anxxz + bn«—— (ginv Fgn —bn) / an <z for z
using a[of n] by (auto simp: field-simps)
have {z. p < F(an*xx + bn) “n} ={(ginv Fgn —bn) /an.}
by (auto simp: iff1 iff2 iff3)
thus ?thesis
by (simp add: ginv-def gn-def)
qed
have (An. ginv (Az. F (anx z + bn)
using main by (simp add: p-def)
moreover have V i n in sequentially. ginv (Az. F (an x z + b n)
= (limit-quantile F (realn * y) — bn) / an
using eventually-gt-at-toplof 0] by eventually-elim (simp add: eq)
ultimately show ?thesis
by (rule Lim-transform-eventually)
qged

~

n) p) —— limit-quantile G y

~

n) p

lemma seq-tail-quantile-tendsto:
fixes F' G :: real = real and a b :: nat = real and y :: real
assumes [:right-continuous-mono F 0 1 and G:right-continuous-mono G 0 1
and dg: — degenerate-df G
and a:An. 0 < an
and wc:weak-conv (Anz. F (anxz+ bn) " n) G
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and y:0 < y and cont:isCont (limit-quantile G) y
shows (An. (tail-quantile F' (real n x y) — bn) / a n) —— limit-quantile G y
proof (rule metric-LIMSEQ-I)
interpret F: right-continuous-mono F 0 1 by fact
interpret G: right-continuous-mono G 0 1 by fact
fix € :: real
assume eps: 0 < €
obtain § where 6: 0 < §
Ay” v # y Ny — y| < § = |limit-quantile G y"" — limit-quantile G y| <
e/ 2
using LIM-D|of - - - € / 2] eps cont by (fastforce simp: isCont-def)
have cd: countable {s € {0<..}. = isCont (limit-quantile G) s}
by (intro mono-on-ctble-discont-open)
(fastforce introl: mono-onl limit-quantile-mono|OF G])+
obtain y’ where y”: y’' € {maz (y — 9) (v / 2)<..<y}
y' ¢ {s € {0<..}. = isCont (limit-quantile G) s}
using real-interval-avoid-countable-set[OF - cd, of maz (y — 6) (y / 2) y] 6(1)
)
by auto
have y'1: 0 <y’ y' < yly —yl < ¢
using y’ y by auto
have y'2: isCont (limit-quantile G) y’
using y' y'1(1) by auto
have y’3: limit-quantile G y — ¢ / 2 < limit-quantile G y'
using §(2)[of y'] y'1(2,3) by argo
note L = seg-exp-quantile-tendsto[OF F G a wc y cont]
note L' = seg-exp-quantile-tendsto[OF F G a wc y'1(1) y'2]
have up: V g n in sequentially. tail-quantile F (real n x y)
< ginv F (exp (— 1 / (real n * y)))
using eventually-gt-at-top|of nat [1 / y]]
proof eventually-elim
case (elim n)
have n1: 1 < realn * y
proof —
have real (nat [1 / y]) < real n
using elim by simp
moreover have 1 / y < real (nat [1 / y])
by (rule real-nat-ceiling-ge)
ultimately have 1 / y < real n
by simp
thus ?thesis
using y by (simp add: pos-divide-less-eq)
qed
have 1 — 1 / (real n x y) < exp (— 1 / (real n x y))
using exp-ge-add-one-self[of — 1 / (real n * y)] by simp
thus ?case
using nl
by (intro ginv-mono|OF F.mono| F.ex-less-a F.ex-ge-b) auto
qed
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have low: Y g n in sequentially. ginv F (exp (— 1 / (real n * y')))
< tail-quantile F (real n x y)
proof —
have evl: Vg n in sequentially. y' / y < exp (— 1 / (real n x y'))
proof (rule order-tendstoD(1))
have (An. — 1 / (real n x y')) —— 0
using y'1(1) tendsto-mult|OF tendsto-constlof — 1 / y'] lim-1-over-n)
by (auto simp: field-simps intro: Lim-transform-eventually)
thus (An. exp (— 1 / (real n x y'))) —— 1
using tendsto-exp[of - 0] by fastforce
show y' / y < 1
using y'1(1,2) y by simp
qed
show ?thesis
using ev! eventually-gt-at-top[of 0]
proof eventually-elim
case (elim n)
define s where s = 1 / (real n x y)
have s-pos: 0 < s
using elim y’'1(1) by (auto simp: s-def)
have ny-pos: 0 < real n * y
using elim y by auto
have exp s > 1 + s
by (rule exp-ge-add-one-self)
hence 1 > (1 + s) * exp (— s)
using mult-right-monolof 1 + s exp s exp (— )]
by (simp add: exp-minus field-simps)
hence *: s x exp (— s) < 1 — exp (— 9)
by (simp add: algebra-simps)
have 1 / (realn xy) = (y' / y) x s
using elim y’'1(1) by (simp add: s-def field-simps)
also have ... < exp (— s) * s
using elim s-pos by (fastforce introl: mult-right-mono simp: s-def)
also have ... < 1 — exp (— 3)
using * by (simp add: mult.commute)
finally have exp (— 1 / (realn x y)) < 1 — 1 / (real n * y)
by (simp add: s-def)
moreover have 0 < exp (— 1 / (real n * y))
by simp
moreover have 1 — 1 / (real n x y) < 1
using ny-pos by simp
ultimately show Zcase
by (intro ginv-mono[OF F.mono| F.ex-ge-b F.ex-less-a) auto
qed
qed

have evlow: V p n in sequentially. limit-quantile G y — &

< (tail-quantile F (real n * y) — bn) / an
proof —
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have *:V r n in sequentially. limit-quantile G y — ¢
< ((limit-quantile F (realn x y')) — bn) / an
using y'8 eps by (intro order-tendstoD(1)[OF L)) auto
show ?thesis
using a
by (intro eventually-mono[OF eventually-conj|OF * low]])
(smt (verit, ccfo-SIG) divide-minus-left divide-right-mono)
qed
have evup: V p n in sequentially. (tail-quantile F (real n x y) — bn) / an
< limit-quantile G y + €
proof —
have %V p n in sequentially. ((limit-quantile F' (real n x y)) — bn) / an
< limit-quantile G y + ¢
using eps by (intro order-tendstoD(2)[OF L]) auto
show ?thesis
using a
by (intro eventually-mono[OF eventually-conj|OF x up]])
(smt (verit, ccfv-SIG) divide-right-mono-neg minus-divide-divide minus-divide-left)
qed
from evlow evup
have V g n in sequentially. dist ((tail-quantile F (realn % y) — b n) / a n)
(limit-quantile G y) < e
by eventually-elim (simp add: dist-real-def abs-diff-less-iff)
thus Jno. Vn>no. dist ((tail-quantile F (real n x y) — b n) / a n)
(limit-quantile G y) < €
unfolding eventually-sequentially by blast
qged

lemma nondegenerate-growth-points:
assumes G: right-continuous-mono G 0 1 and deg: — degenerate-df G
and N: countable N
obtains y! y2 where 0 < yl yI < y2yl ¢ Ny2 ¢ N
isCont (limit-quantile G) yl1 isCont (limit-quantile G) y2
limit-quantile G y1 < limit-quantile G y2
proof —
interpret G: right-continuous-mono G 0 1
by fact
obtain z0 where z0: 0 < G 20 G 20 < 1
proof —
from deg obtain z0 where G z0 # 0 G z0 # 1
by (auto simp: degenerate-df-def)
thus thesis
using G.a-le-f[of 0] G.f-le-b[of z0]
by (intro that[of z0]) auto
qed
define p! where p! = G 20
define p2 where p2 = (G20 + 1) / 2
have p12: 0 < p1 p1 < p2p2 < 1
using z0 by (auto simp: p1-def p2-def)
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define v where vi = — 1 / In pl
define v2 where v2 = — 1 / In p2
have In1: In pl < 0 and In2: In p2 < 0
using pI12 by auto
have vipos: 0 < vl
unfolding vi-def using In1 by simp
have v2pos: 0 < v2
unfolding v2-def using [n2 by simp
have expl: exp (— 1 / v1) = pl
using Inl p12(1) by (simp add: vi-def)
have exp2: exp (— 1 [/ v2) = p2
using [n2 p12 by (simp add: v2-def)
have v12: v1 < v2
proof —
have *: In p1 < In p2
using p12 by simp
have vl =1 /(= Inpl)v2 =1/ (- Inp2)
by (simp-all add: vi-def v2-def)
moreover have 1 / (— Inpl) <1 /(- Inp2)
using * Inl In2 by (intro divide-strict-left-mono)
(auto simp: zero-less-mult-iff)
ultimately show Zthesis
by simp
qed
have Dvl: limit-quantile G v1 < x0
using G.ginv-le-iff[of p1 x0] p12 expl
by (simp add: p1-def)
have Dv2: z0 < limit-quantile G v2
proof —
have = ginv G p2 < 20
using G.ginv-le-iff[of p2 x0] p12
by (simp add: p1-def[symmetric])
thus ?thesis
using ezp2 by simp
qed
have cd: countable (N U {s € {0<..}. = isCont (limit-quantile G) s})
using N
by (intro countable-Un mono-on-ctble-discont-open)
(fastforce introl: mono-onl limit-quantile-mono|OF G])+
obtain y! where yI: yI € {vl / 2<.<vl}
yl ¢ N U {s € {0<..}. = isCont (limit-quantile G) s}
using real-interval-avoid-countable-set|OF - cd, of vl | 2 v1] vipos by auto
obtain y2 where y2: y2 € {v2<..<v2 + 1}
y2 ¢ N U {s € {0<..}. = isCont (limit-quantile G) s}
using real-interval-avoid-countable-set|OF - cd, of v2 v2 + 1] by auto
have yif: 0 < y1 y1 < vl
using y1(1) vlpos by auto
have y2f: 0 < y2 v2 < y2
using y2(1) v2pos by auto
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show ?thesis
proof (rule that[of y1 y2])

show 0 < yI
by fact
show y1 < y2

using yIf y2f v12 by simp

show yI ¢ Ny2 ¢ N
using y1(2) y2(2) by auto

show isCont (limit-quantile G) y1 isCont (limit-quantile G) y2
using y1 y2 y1f(1) y2f(1) by auto

have limit-quantile G y1 < limit-quantile G vl
using yIf by (intro limit-quantile-mono[OF G]) auto

moreover have limit-quantile G v2 < limit-quantile G y2
using y2f v2pos by (intro limit-quantile-mono[OF G]) auto

ultimately show limit-quantile G y1 < limit-quantile G y2
using Dvl Dv2 by simp

qed
qed

lemma
fixes F' G :: real = real and a b :: nat = real
assumes F:right-continuous-mono F 0 1 and G:right-continuous-mono G 0 1
and deg:— degenerate-df G
and a:An. 0 < an
and wc:weak-conv (Anz. F (anxz+ bn) " n) G
shows normalizing-ratiol:(An. a (Suc n) / an) —— 1
and normalizing-ratio2:(An. (b (Suc n) — bn) / an) —— 0
proof —
have er:Ac. V r n in sequentially. ¢ < real n
using filterlim-real-sequentially unfolding filterlim-at-top by blast
obtain yI y2 where y12: 0 < y1 y1 < y2
and cont12: isCont (limit-quantile G) y1 isCont (limit-quantile G) y2
and D12: limit-quantile G y1 < limit-quantile G y2
by (rule nondegenerate-growth-points|OF G deg countable-empty]) auto
have y2pos: 0 < y2
using y12 by simp
have base: (An. (tail-quantile F (real n * z) — b n) / a n) —— limit-quantile
Gz
if z: 0 < zisCont (limit-quantile G) z for z
by (rule seg-tail-quantile-tendsto[OF F G deg a wc z))
have shifted: (An. (tail-quantile F (real n x z) — b (Suc n)) / a (Suc n))
——— limit-quantile G z
if z: 0 < z isCont (limit-quantile G) z for z
proof (rule squeeze-tendsto-cont-points-pos[where
gr = My’ n. (tail-quantile F (real (Suc n) * y') — b (Suc n)) / a (Suc n)
and f = limit-quantile G, OF - z])
show mono-on {0<..} (limit-quantile Q)
by (auto intro!: mono-onl limit-quantile-mono[OF G])
next
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fix y' :: real
assume y”: 0 < y’ isCont (limit-quantile G) y’
show (An. (tail-quantile F' (real (Suc n) * y’) — b (Suc n)) / a (Suc n))
—— limit-quantile G y'
by (intro LIMSEQ-Suc base y')
next
fix y’ :: real
assume y": 0 < y' y' < z
show V g n in sequentially. (tail-quantile F (real (Suc n) x y’) — b (Suc n)) /
a (Suc n)
< (tail-quantile F (real n x z) — b (Suc n)) / a (Suc n)
using erlof maz (y' / (= — y)) (1 / 4]
proof eventually-elim
case h:(elim n)
have 1: 1 < real (Suc n) * y
proof —
have 1 = (1 / y') =y’
using y'(1) by simp

/

also have ... < real n * y’
using h y'(1) by (intro mult-right-mono) auto
also have ... < real (Suc n) * y’

using y'(1) by simp
finally show ?thesis .
qed
have 2: real (Suc n) x y' < real n * z
proof —
have y' / (z — y') < real n
using h by simp
hence y’ < real n x (z — y’)
using y' by (simp add: field-simps)
thus ?thesis
by (simp add: algebra-simps)
qed
have tail-quantile F' (real (Suc n) * y') < tail-quantile F (real n x z)
by (rule tail-quantile-mono[OF F 1 2])
thus Zcase
using a[of Suc n] by (auto intro!: divide-right-mono)
qed
next
fix y' :: real
assume y”: z < y’
show Y g n in sequentially. (tail-quantile F (real n * z) — b (Suc n)) / a (Suc
n)
< (tail-quantile F (real (Suc n) * y') — b (Suc n)) / a (Suc n)
using erfof 1 / z + 1]
proof eventually-elim
case (elim n)
have zpos: 0 < z
using z by simp
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have 1: 1 < realn * z
proof —
have 1 < (1 /z+ 1) %z
using zpos by (simp add: field-simps)
also have ... < real n * z
using elim zpos by (intro mult-right-mono) auto
finally show ?thesis .
qed
have 2: real n x z < real (Suc n) * y'
using y’ zpos by (intro mult-mono) auto
have tail-quantile F (real n * z) < tail-quantile F (real (Suc n) * y”)
by (rule tail-quantile-mono[OF F 1 2])
thus ?Zcase
using aof Suc n] by (auto intro!: divide-right-mono)
qed
qged
note Bl = base[OF y12(1) cont12(1)] and B2 = base[OF y2pos cont12(2)]
note S1 = shifted|OF y12(1) cont12(1)] and S2 = shifted[OF y2pos cont12(2)]
define D where D = limit-quantile G y2 — limit-quantile G y1
have D-pos: 0 < D
using D12 by (simp add: D-def)
have d1: (An. (tail-quantile F (real n * y2) — tail-quantile F (real n x y1)) / a
n
) o,
using tendsto-diff[OF B2 B1]
by (simp add: diff-divide-distrib D-def)
have d2: (An. (tail-quantile F (real n * y2) — tail-quantile F (real n x y1)) / a
(Suc n))
N 5
using tendsto-diff[OF S2 S1]
by (simp add: diff-divide-distrib D-def)
have ev-pos: V g n in sequentially. 0 < (tail-quantile F (real n * y2)
— tail-quantile F (real n x y1)) / an
using order-tendstoD(1)[OF d1 D-pos| .
show r1: (An. a (Sucn) / an) —— 1
proof —
have (An. ((tail-quantile F (real n x y2) — tail-quantile F (real n * y1)) / a n)
/ ((tail-quantile F (real n x y2) — tail-quantile F (real n * y1)) / a (Suc
"))

— . D/D
using D-pos by (intro tendsto-divide d1 d2) auto
hence *: (An. ((tail-quantile F (real n * y2) — tail-quantile F (real n * y1)) /
an)

n)))

/ ((tail-quantile F (real n * y2) — tail-quantile F' (real n x y1)) / a (Suc

.
using D-pos by simp
have V ¢ n in sequentially. ((tail-quantile F (real n * y2)
— tail-quantile F (real n x y1)) / a n)
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/ ((tail-quantile F (real n x y2)
— tail-quantile F (real n % y1)) / a (Suc n))
=a (Sucn)/an
using ev-pos
proof eventually-elim
case (elim n)

have 0 < tail-quantile F (real n * y2) — tail-quantile F' (real n x yI)
using elim a[of n] by (simp add: zero-less-divide-iff)

thus ?case

using aof n] alof Suc n] by (auto simp: field-simps)

qed
from Lim-transform-eventually|OF * this)
show ?thesis .

qed

have eq: (tail-quantile F (real n x y1) — bn) / an

. — ((tail-quantile F (real n x y1) — b (Suc n)) / a (Suc n)) * (a (Suc n)

= (b (Sucn) —bn)/anforn
using a[of n] alof Suc n] by (simp add: field-simps)
have (An. (tail-quantile F (real n * y1) — bn) / an

o) — ((tail-quantile F (real n x y1) — b (Suc n)) / a (Suc n)) * (a (Suc n)

—— limit-quantile G y1 — limit-quantile G y1 = 1
by (intro tendsto-diff tendsto-mult B1 S1 r1)
thus (An. (b (Sucn) —bn)/an) —— 0
unfolding eq by simp
qged

lemma real-tail-quantile-tendsto:
fixes F' G :: real = real and a b :: nat = real and y :: real
assumes F:right-continuous-mono F 0 1 and G:right-continuous-mono G 0 1
and deg:— degenerate-df G
and a:An. 0 < an
and wc:weak-conv Anz. F (anxz+bn) " n) G
and y:0 < y and cont:isCont (limit-quantile G) y
shows ((At. (tail-quantile F (¢t * y) — b (nat |t])) / a (nat [t]))
—— limit-quantile G y) at-top
proof —
note nf = filterlim-compose| OF filterlim-nat-sequentially filterlim-floor-sequentially]
note nf-real = filterlim-compose|OF filterlim-real-sequentially nf]
have ev-nf: V  t::real in at-top. ¢ < real (nat |t]) for c
using nf-real unfolding filterlim-at-top by blast
show ?thesis
proof (rule squeeze-tendsto-cont-points-pos[where
gr = Ay’ t. (tail-quantile F (real (nat |t]) * y') — b (nat [¢t])) / a (nat |¢])
and f = limit-quantile G, OF - y cont])
show mono-on {0<..} (limit-quantile Q)

by (auto intro!: mono-onl limit-quantile-mono[OF G])
next
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fix y' :: real
assume y”: 0 < y’ isCont (limit-quantile G) y’
show ((At. (tail-quantile F (real (nat [t]) * y') — b (nat |t])) / a (nat [t]))
—— limit-quantile G y') at-top
using filterlim-compose|OF seq-tail-quantile-tendsto|OF F G deg a we y'] nf]
by simp
next
fix y' :: real
assume y'7: 0 < y'and y'2: y' < y
show V r ¢ in at-top. (tail-quantile F (real (nat [t]) * y') — b (nat |t])) / a
(nat [t])
< (tail-quantile F (t * y) — b (nat | t])) / a (nat [t])
using ev-nfof 1 / y' + 1] eventually-ge-at-toplof 0]
proof eventually-elim
case (elim t)
have 1: 1 < real (nat [t]) * y'
proof —
have 1 < (1 /y' '+ 1)y’
using y'I1 by (simp add: field-simps)
also have ... < real (nat [t]) * y’
using elim y'1 by (intro mult-right-mono) auto
finally show ?thesis .
qed
have real (nat |t|) <t
using elim by linarith
hence 2: real (nat |t]) x y' < t %y
using y'1 y’2 y elim by (intro mult-mono) auto
have tail-quantile F (real (nat [t]) * y’) < tail-quantile F (t * y)
by (rule tail-quantile-mono[OF F 1 2])
thus ?case
using aof nat |t|] by (auto intro!: divide-right-mono)
qed
next
fix y’ :: real
assume y” y < gy’
show V i t in at-top. (tail-quantile F (t * y) — b (nat
< (tail-quantile F (real (nat |t]) *x y') — b (na
using ev-nflof y / (y' — y)] eventually-gt-at-top[of 1 | y
proof eventually-elim
case (elim t)
have t-pos: 0 < t
using elim(2) y zero-less-divide-1-iff [of y] by linarith
have 1: 1 <t=xy
using elim(2) y by (simp add: field-simps)
have 2: t x y < real (nat [t]) * y’
proof —
have t < real (nat |t]) + 1
using t-pos by linarith
hence t * y < (real (nat |[t]) + 1) x y
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using y by (intro mult-right-mono) auto
also have ... < real (nat [t]) x y’
using elim(1) y’' y by (simp add: field-simps)
finally show ?thesis .
qed
show “case
using aof nat |t|] tail-quantile-mono|OF F 1 2]
by (auto intro!: divide-right-mono)
qed
qged
qged

lemma scaling-limits-ex:
fixes F' G :: real = real and a b :: nat = real
assumes F:right-continuous-mono F 0 1 and G:right-continuous-mono G 0 1
and deg: — degenerate-df G
and a:An. 0 < an
and wc:weak-conv (Anz. F (anxz+bn) " n) G
obtains A B where
Ny. 0 <y=0<Ay
and Ay. 0 < y = ((At. a (nat [t * y]) / a (nat |t])) —— A y) at-top
and Ay. 0 < y =
((At. (b (nat [t = y]) — b (nat [t])) / a (nat |t])) —— B y) at-top
and A € borel-measurable (restrict-space borel {0<..})
and \ey. 0<z=0<y= A(zxy)=AzxAy
and Az y. 0 < 2 = 0 < y = isCont (limit-quantile G) =
= isCont (limit-quantile G) (z * y)
= limit-quantile G (z * y) = limit-quantile Gz * A y + By
proof —
have RT: ((At. (tail-quantile F (t = s) — b (nat [t])) / a (nat [t]))
—— limit-quantile G s) at-top
if 0 < s isCont (limit-quantile G) s for s
by (rule real-tail-quantile-tendsto|OF F G deg a wc that])
have mult-top: filterlim (At::real. t x y) at-top at-top if 0 < y for y :: real
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const that filterlim-ident]
by (simp add: mult.commaute)
have RTy: ((At. (tail-quantile F (t x y x s) — b (nat [t * y]|)) / a (nat [t * y]))
—— limit-quantile G s) at-top
if y: 0 < y and s: 0 < s isCont (limit-quantile G) s for y s
by (rule filterlim-compose[OF RT[OF s| mult-top|OF y]])
have ex: AL M. 0 < L A
((At. a (nat |t * y]) / a (nat [t])) —— L) at-top A
((At. (b (nat [t * y]) — b (nat |t])) / a (nat [t])) —— M) at-top
if y: 0 < y for y :: real
proof —
have ¢N: countable {s € {0<..}. = isCont (limit-quantile G) (y * s)}
proof —
have x: countable {u € {0<..}. = isCont (limit-quantile G) u}
by (intro mono-on-ctble-discont-open)
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(fastforce intro!: mono-onl limit-quantile-mono| OF G])+
have sub: {s € {0<..}. = isCont (limit-quantile G) (y * s)}
C (M. u/y) “{u e {0<..}. = isCont (limit-quantile G) u}
proof
fix s
assume s: s € {s € {0<..}. = isCont (limit-quantile G) (y * s)}
hence y *x s € {u € {0<..}. = isCont (limit-quantile G) u}
using y by auto
moreover have s = (y x s) / y
using y by simp
ultimately show s € (A\u. v / y) ‘{u € {0<..}. = isCont (limit-quantile
G) u}
by blast
qed
show ?Zthesis
by (rule countable-subset| OF sub countable-image[OF «]])
qed
obtain sI s2 where s12: 0 < s1 s1 < s2
and nn: sI ¢ {s € {0<..}. = isCont (limit-quantile G) (y * s)}
s2 ¢ {s € {0<..}. = isCont (limit-quantile G) (y * s)}
and cs: isCont (limit-quantile G) s1 isCont (limit-quantile G) s2
and Ds: limit-quantile G s1 < limit-quantile G s2
by (rule nondegenerate-growth-points|OF G deg cN])
have s2pos: 0 < s2
using s12 by simp
have cys: isCont (limit-quantile G) (y * s1) isCont (limit-quantile G) (y * s2)
using nn s12 s2pos by auto
have ys-pos: 0 < y * s1 0 < y * s2
using y s12 s2pos by auto
have P1: ((At. (tail-quantile F (t * y * s1) — b (nat |t])) / a (nat [t]))
—— limit-quantile G (y * s1)) at-top
using RT[OF ys-pos(1) cys(1)] by (simp add: mult.assoc)
have P2: ((At. (tail-quantile F (t x y * s2) — b (nat [t])) / a (nat [t]))
—— limit-quantile G (y * s2)) at-top
using RT[OF ys-pos(2) cys(2)] by (simp add: mult.assoc)
note Q1 = RTY[OF y s12(1) c¢s(1)] and Q2 = RTy[OF y s2pos cs(2)]
define d where d = limit-quantile G s2 — limit-quantile G sl
have d-pos: 0 < d
using Ds by (simp add: d-def)
have Qdiff: ((\t. (tail-quantile F' (t x y x s2) — tail-quantile F' (¢t x y * s1))
/ a (nat [t * y])) —— d) at-top
using tendsto-diff[OF Q2 Q1] by (simp add: diff-divide-distrib d-def)
have Pdiff: ((\t. (tail-quantile F (t x y x s2) — tail-quantile F (¢t x y * s1))
/ a (nat |1]))
—— limit-quantile G (y * s2) — limit-quantile G (y * s1)) at-top
using tendsto-diff[OF P2 P1] by (simp add: diff-divide-distrib)
have ev-pos: V g t in at-top. 0 < (tail-quantile F (t x y * s2)
— tail-quantile F (t x y % s1)) / a (nat [t * y])
using order-tendstoD(1)[OF Qdiff d-pos] .
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define L where L = (limit-quantile G (y x s2) — limit-quantile G (y x s1)) /
d
have Alim: (At. a (nat |t * y]) / a (nat |t])) —— L) at-top
proof —
have *: ((At. ((tail-quantile F (t x y * s2) — tail-quantile F (¢t * y * s1))
/ a (nat [1]))
/ ((tail-quantile F (t x y * s2) — tail-quantile F (t x y * s1))
/ a (nat |t *x y]))) —— L) at-top
unfolding L-def using d-pos by (intro tendsto-divide Pdiff Qdiff) auto
have V p t in at-top. ((tail-quantile F (¢t x y * s2) — tail-quantile F (t * y *

1))
/ a (nat [1)))
/ ((tail-quantile F (t x y % s2) — tail-quantile F (t x y * s1))
/' (nat |t « y]) = a (nat [t + y]) / a (nat |¢)
using ev-pos
proof eventually-elim
case (elim t)
have 0 < tail-quantile F (t x y * s2) — tail-quantile F (t x y * s1)
using elim a[of nat |t x y]] by (simp add: zero-less-divide-iff)
thus Zcase
using alof nat [t]] a[of nat |t * y|] by (auto simp: field-simps)
qed
from Lim-transform-eventually|OF x this|
show ?thesis .
qed
have L-nonneg: 0 < L
using a
by (auto intro!: tendsto-lowerbound|OF Alim| always-eventually less-imp-le|of
-- /D)
have Blim: ((At. (b (nat [t * y|) — b (nat [t])) / a (nat [t]))
—— limit-quantile G (y * s1) — limit-quantile G s1 * L) at-top
proof —
have eq: (tail-quantile F (¢t x y x s1) — b (nat |t])) / a (nat |t])
— ((tail-quantile F (t * y * s1) — b (nat [t * y])) / a (nat [t * y]))
«(a (nat [t y)) / a (nat [1]))
= (b (nat |t * y]) — b (nat [t])) / a (nat |t]) for ¢
using alof nat |t]|] alof nat [t % y|] by (simp add: field-simps)
have ((At. (tail-quantile F (t x y * s1) — b (nat |t])) / a (nat [t])
— ((tail-quantile F (t x y * s1) — b (nat [t * y])) / a (nat |t *x y]))
« (a (nat [t 5 y]) / o (nat 1))
—— limit-quantile G (y * s1) — limit-quantile G s1 % L) at-top
by (intro tendsto-diff tendsto-mult P1 Q1 Alim)
thus “thesis
unfolding eq .
qed
show ?thesis
using L-nonneg Alim Blim by blast
qged
define A where A = (Ay::real. Lim at-top (At. a (nat |t * y]) / a (nat [t])))
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define B where B = (Ay::real. Lim at-top (At. (b (nat [t * y|) — b (nat |t]))
/ a (nat [1])))
have AB: 0 < Ay A
((At. a (nat |t * y]) / a (nat [t])) —— A y) at-top A
((At. (b (nat [t = y]) — b (nat |t])) / a (nat |t])) —— B y) at-top
ify: 0 <yfory
proof —
obtain L M where LM: 0 < L
((Mt. a (nat [t*xy]) / a (nat |t])) —— L) at-top
((At. (b (nat [t * y]) — b (nat |t])) / a (nat [t])) —— M) at-top
using ex[OF y] by blast
have A y = L
unfolding A-def by (intro tendsto-Lim LM (2)) simp
moreover have By = M
unfolding B-def by (intro tendsto-Lim LM(3)) simp
ultimately show #thesis
using LM by simp
qed
have Anonneg: 0 < A y if 0 < y for y
using AB[OF that] by blast
have Atend: (At. a (nat [t * y|) / a (nat |t])) —— A y) at-top if 0 < y for y
using AB[OF that] by blast
have Btend: ((At. (b (nat [t x y]) — b (nat |t])) / a (nat |t])) —— By) at-top
if 0 < yfory
using AB[OF that] by blast
have Amul: A(z xy) =AzxAyifz: 0 <zand y: 0 < yforzy
proof —
have 1: (At. a (nat [t * (z * y)]) / a (nat [t])) —— A (z * y)) at-top
using z y by (intro Atend) auto
have ((At. (a (nat |t * z * y]) / a (nat |t * z]))
* (a (nat |t * z]) / a (nat |t]))) —— Ay x A z) al-top
by (intro tendsto-mult Atend[OF x] filterlim-compose| OF Atend[OF y| mult-top[OF
)
moreover have (a (nat |t *x z x y|) / a (nat |t * z|))
* (a (nat |t *z]) / a (nat |t])) = a (nat [t *xz* y]) / a (nat [t])
for ¢
using alof nat |t x z]] by (auto simp: field-simps)
ultimately have ((At:real. a (nat |t * z x y]) / a (nat [t])) —— Ay=x A
x) at-top
by (metis (no-types, lifting) ext)
hence ((At. a (nat [t x (z % y)|) / a (nat |t])) —— A y x A z) at-top
by (simp add: mult.assoc)
from tendsto-unique[OF - 1 this]
show ?thesis
by (simp add: mult.commute)
qed
have A1: A1 =1
proof —
have (At::real. a (nat [t * 1]) / a (nat |t])) = (At 1)
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using a
by (metis divide-self-if less-irrefl mult.comm-neutral)
hence ((At::real. a (nat [t * 1]) / a (nat [t])) —— 1) at-top
by simp
from tendsto-unique| OF - Atend[of 1] this)]
show ?thesis
by simp
qed
have Apos: 0 < Ay ify: 0 < y for y
proof —
have A (yx (1 /y))=AyxA(1/y)
using y by (intro Amul) auto
moreover have y x (1 / y) = 1
using y by simp
ultimately have A y « A (1 [ y) = 1
using A1 by simp
hence 4 y # 0
by auto
with Anonneg[OF y| show ?thesis
by simp
qged
have Degq: limit-quantile G (z * y) = limit-quantile G x * Ay + By
ifz: 0 <zand y: 0 <y
and cz: isCont (limit-quantile G) = and cxy: isCont (limit-quantile G) (z *
y)
for z y
proof —
have zy: 0 <z x y
using z y by simp
have eq: ((tail-quantile F (t * y x ) — b (nat [t * y])) / a (nat |t * y]))
* (a (nat [t +yl) / a (nat [t]))
+ (b (nat |t * y]) — b (nat |t])) / a (nat |t])
= (tail-quantile F (t x y x ) — b (nat [t])) / a (nat |t]) for ¢
using a[of nat |t]] alof nat |t * y]] by (simp add: field-simps)
have ((At. ((tail-quantile F (¢t x y x ) — b (nat [t * y|)) / a (nat [t * y]))
* (a (nat [t +y]) / a (nat [t]))
+ (b (nat [t +y|) — b (nat [t])) / a (nat [t]))
—— limit-quantile G © x A y + B y) at-top
by (intro tendsto-add tendsto-mult RTy[OF y © cx] Atend|OF y| Btend|[OF y])
hence ((At. (tail-quantile F (t * (z * y)) — b (nat |t])) / a (nat |t]))
—— limit-quantile G x * A y + B y) at-top
unfolding eq by (simp add: ac-simps)
from tendsto-unique|OF - RT|OF zy cxy| this]
show ?thesis
by simp
qed
have Ameas: A € borel-measurable (restrict-space borel {0<..})
proof (rule borel-measurable-LIMSEQ-real)
fix 7 :: nat
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show (Ay::real. a (nat |real @ x y|) / a (nat |real i]))
€ borel-measurable (restrict-space borel {0<..})
by (auto introl: measurable-restrict-spacel)
next
fix y::real
assume y € space (restrict-space borel {0<..})
hence y: 0 < y
by (simp add: space-restrict-space)
have ((\i. a (nat [real i x y]) / a (nat |real i])) —— A y) sequentially
by (rule filterlim-compose|OF Atend[OF vy filterlim-real-sequentially])
thus (Ai. a (nat |real i * y|) / a (nat |real i])) —— A y .
qed
show ?thesis
by (rule that[of A B]) (fact Apos Atend Btend Ameas Amul Deq)+
qed

theorem limit-quantile-form:
fixes I' G :: real = real and a b :: nat = real
assumes [': right-continuous-mono F 0 1 and G: right-continuous-mono G 0 1
and deg: — degenerate-df G
and a: An. 0 < an
and we: weak-conv (Anz. F (an*xz+bn) “n) G
obtains v ¢ d where 0 < ¢
and Ay. 0 < y = limit-quantile G y
=(if y=0thencxIny+ delse c* (ypowry—1)/~v+ d)
proof —
obtain A B where Apos: A\y. 0 <y = 0< Ay
and Atend: N\y. 0 < y = ((A\t. a (nat [t x y]) / a (nat [t])) —— A y)
at-top
and Btend: N\y. 0 < y =
((At. (b (nat |t = y]) — b (nat |t])) / a (nat |t])) —— B y) at-top
and Ameas: A € borel-measurable (restrict-space borel {0<..})
and Amul: N\ey. 0 <z = 0<y=A(zxy)=AzxAy
and Deg: Az y. 0 < z = 0 < y = isCont (limit-quantile G) x
= isCont (limit-quantile G) (z * y)
= limit-quantile G (z * y) = limit-quantile G x x A y + By
by (rule scaling-limits-ex[OF F G deg a wc]) auto
obtain v where Aform: \z. 0 < © = A = = z powr ~
by (rule multiplicative-measurable-powr[where A=A,OF Ameas Apos Amul))
auto
have Nz-ctble: countable {s € {0<..}. = isCont (limit-quantile G) s}
by (intro mono-on-ctble-discont-open)
(fastforce introl: mono-onl limit-quantile-mono[OF G])+
have DeqFull: limit-quantile G (z * y) = limit-quantile Gz« A y + By
ifz:0<zand y: 0 <yforzy
proof —
define Nz where Nz = {s € {0<..}. = isCont (limit-quantile G) s}
have Nz-ctble”: countable Nz
unfolding Nz-def by (rule Na-ctble)
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define N where N = Nz U (As. s / y) ‘ Nz
have N-ctble: countable N
unfolding N-def using Nz-ctble’ by (intro countable-Un countable-image)
auto
define f where f = (A\z. limit-quantile G (z * y))
define h where h = (\z. limit-quantile Gz x A y
have eq0: fz' = h z'if z'pos: 0 < z’ and z'N: z’
proof —
have cz”: isCont (limit-quantile G) z’
using z'N z'pos by (auto simp: N-def Nz-def)
have czy”: isCont (limit-quantile G) (z' x y)
proof (rule ccontr)
assume — isCont (limit-quantile G) (z' % y)
hence (z'*xy) / y€ (As. s / y) * Nz
using z'pos y unfolding Nz-def by fastforce
hence 2z’ € N
using y by (auto simp add: N-def)
with z’N show False
by simp
qed
show ?thesis
unfolding f-def h-def using Deq[OF z'pos y cz’ cxy’] .
qed
have left-cont-f: (f —— fz) (at-left x)
unfolding f-def using limit-quantile-left-cont-scale]OF G y z] .
have left-cont-h: (h —— h z) (at-left x)
unfolding h-def using limit-quantile-left-cont[OF G z] by (intro tend-
sto-intros)
have fz = h z
by (rule left-cont-agree-cocountable-eq[OF N-ctble z left-cont-f left-cont-h))
(use eq0 in blast)
thus ?thesis
by (simp add: f-def h-def)
qed

+ By)
¢ N for z'

define d where d = limit-quantile G 1

have Bform: B y = limit-quantile Gy — d x A y if y: 0 < y for y
using DeqFull[OF zero-less-one y| by (simp add: d-def)

define H where H = (\u. limit-quantile G (exp u) — d)

have Acomp: A (exp v) = exp (v * v) for v
by (simp add: Aform powr-def)

have H-eq: H (u + v) = Hu % exp (y x v) + Hv for u v

proof —
have limit-quantile G (exp (u + v)) = limit-quantile G (exp u * exp v)

by (simp add: exp-add)

also have ... = limit-quantile G (exp u) * A (exp v) + B (exp v)
by (rule DeqFull]OF exp-gt-zero exp-gt-zero))
also have ... = limit-quantile G (exp u) * exp (y * v)

+ (limit-quantile G (exp v) — d * exp (v * v))
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using Bform[OF exp-gt-zero] Acomp by simp
also have ... = H u * exp (v * v) + limit-quantile G (exp v)
by (simp add: H-def algebra-simps)
finally have limit-quantile G (exp (v + v)) = H u * exp (v * v) + limit-quantile
G (exp v) .
thus ?thesis
by (simp add: H-def)
qed
have H-mono: mono H
by (auto introl: monol limit-quantile-mono G simp: H-def)
obtain ¢ where c-nonneg: 0 < ¢
and Hform: Nu. Hu = (if v = 0 then ¢ x u else ¢ * (exp (y *x u) — 1) / )
by (rule cocycle-mono-solution|OF H-mono H-eq) simp
have Dform: limit-quantile G y
=(ify=0thencxIny+ delse cx (ypowry—1)/ v+ d)ify: 0 <y
for y
proof —
have limit-quantile G y = H (In y) + d
using y by (simp add: H-def)
also have ... = (if y=0thencxIlnyelsec* (exp (yxIny) — 1) /) + d
using Hform[of In y] by simp
also have (if v = 0 then ¢ x In y else ¢ * (exp (y x Iny) — 1) /
=(if y=0then cx Iny + d else ¢ x (y powr v — 1)
using y by (simp add: powr-def)
finally show ?thesis .
qged
have c-pos: 0 < ¢
proof (rule ccontr)
assume - 0 < ¢
with c-nonneg have c0: ¢ = 0
by simp
obtain y! y2 where y12: 0 < yl yl1 < y2
and D12: limit-quantile G y1 < limit-quantile G y2
by (rule nondegenerate-growth-points|OF G deg countable-empty]) auto
have y2pos: 0 < y2
using y12 by linarith
have limit-quantile G y1 = d limit-quantile G y2 = d
using Dform[OF y12(1)] Dform[OF y2pos] c0 by simp-all
with D12 show Fulse
by simp
qed
show thesis
by (rule that[of ¢ v d]) (use Dform c-pos in auto)
qed

v) + d
/v +d)

The Fisher—Tippett—Gnedenko theorem, which is Theorem 1.1.3 of the book
by de Haan and Ferreira [2] (Fisher and Tippett (1928) [4], Gnedenko
(1943) [5]).

theorem Fisher-Tippett-Gnedenko:
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fixes F' G :: real = real and a b :: nat = real

assumes [': right-continuous-mono F 0 1 and G: right-continuous-mono G 0 1
and deg: — degenerate-df G
and a: An. 0 < an
and we: weak-conv (Anz. F (an*xz+bn) ~n) G

obtains v u 0 where 0 < 0 and G = EVD-cdf v u o

proof —

obtain v ¢ d where c-pos: 0 < ¢

and Dform: Ay. 0 < y = limit-quantile G y
=(if y=0thencxIny+ delse c* (ypowry—1)/~v+ d)

by (rule limit-quantile-form[OF assms]) simp

have Dform”. N\y. 0 < y = limit-quantile (EVD-cdf v d ¢) y

=(if y=0thencxIny+ delse cx (ypowr~y — 1)/~ + d)

using limit-quantile-EVD-cdf[OF c-pos] by simp

have eq: \y. 0 < y = limit-quantile G y = limit-quantile (EVD-cdf v d ¢) y
using Dform Dform’ by simp

have G = EVD-cdf v d ¢
by (intro dist-function-unique-limit-quantile]OF G - eq]

right-continuous-mono-cdf [ OF real-distribution-EVD][OF c-pos]])

with c-pos that

show thesis
by blast

qed

theorem Fisher-Tippett-Gnedenko’:
fixes F' G :: real = real and a b :: nat = real
assumes right-continuous-mono F 0 1 right-continuous-mono G 0 1 — degener-
ate-df G
and An. 0 < an
and weak-conv (Anz. F (an* x4+ bn) " n) G
obtains v a 3 where 0 < a Az. Gz = EVD-cdf v 01 (a x x + 3)
proof —
obtain v 4 0 where 0 < 0 and G = EVD-cdf v p o
using Fisher-Tippett-Gnedenko[OF assms| by metis
thus ?thesis
using thatlof 1 /[ o v — p / o]
by (simp add: EVD-cdf-location-scale[of o ~,symmetric] diff-divide-distrib)
qged

corollary Fisher-Tippett-Gnedenko-MDA':
assumes deg: — degenerate-df G
and dom: domain-of-attraction F G
obtains v u 0 where 0 < 0 and G = EVD-cdf v u o
proof —
obtain a b where a: An. 0 < an
and we: weak-conv (Anz. F (anxz+bn) n) G
using dom unfolding domain-of-attraction-def by blast
have G: right-continuous-mono G 0 1 and F:right-continuous-mono F 0 1
using dom unfolding domain-of-attraction-def by auto
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obtain v 4 0 where 0 < 0 and G = EVD-cdf v p o
by (rule Fisher-Tippett-Gnedenko[OF F G deg a wc])
thus thesis
by (rule that)
qed

corollary Fisher-Tippett-Gnedenko-MDA:
assumes — degenerate-df G
and d:domain-of-attraction F G
shows 3. domain-of-attraction F (EVD-cdf v 0 1)
proof —
obtain v p o where sigma:0 < o0 and G:G = EVD-cdf v p o
using Fisher- Tippett-Gnedenko-MDA'|OF assms| by metis
thus ?thesis
using d domain-of-attraction- EVD-cdf-iff [of o]
by (auto introl: exI[where z=7])
qed

3.3 Alternative Characterizations of the Domain of Attrac-
tion

We formalize Theorems 1.1.2 and 1.1.6 of the book [2].

3.3.1 Theorem 1.1.2 Part

lemma MDA-tail-probability-witness:
fixes F a :: real = real and v :: real
assumes F': right-continuous-mono F 0 1
and a-pos: A\t. 0 < a t and sigmalarith]:0 < o
and tail: Nz. 1 +vx(z —p) /o> 0=
(M. t* (I —F(atxz+bt))
—— — In (EVD-cdf v p o x)) at-top
shows (An. F (a (real n) * © + b (real n)) ~n) —— EVD-cdf y po x
proof —
have inside-conv: (An. F (a (real n) * ' + b (real n)) ~ n)
——— EVD-cdf vy po z'
if supp”: 1 + v (¢/ — p) / o > 0 for z’
proof —
have seqtail: (An::nat. real n x (1 — F (a (real n) x 2" + b (real n))))
—— — In (EVD-cdf v p o z')
by (rule filterlim-compose|OF tail|OF supp’] filterlim-real-sequentially))
have Fbound: An. 0 < F (a (real n) * ' + b (real n))
An. F (a (real n) x 2’ + b (real n)) < 1
using right-continuous-mono.a-le-f[OF F| right-continuous-mono.f-le-b[OF F]
by auto
have EVDbound: 0 < EVD-cdf v p o ' EVD-cdf v po x' < 1
using EVD-cdf-supp-bounds|OF supp’] by auto
show %thesis
using power-tendsto-iff-tendsto-tail
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[of An. F (a (real n) x ' + b (real n)) EVD-cdf v p o ]
Fbound EVDbound seqtail
by auto
qed
consider I +y*x(z—p)/o>0|1+yx(xz—p) /o< 0y>0
|1 +y%(x—p)/o<0y<0
by fastforce
thus (An. F (a (real n) x x + b (real n)) "~ n) —— EVD-cdf y po z
proof cases
assume ! +y* (x —p) /o> 0
thus ?thesis
using inside-conv by simp

next
assume supp-out:1 + v x (z — pu) / o < 0 and gamma:y > 0
define y0 where y0 = — o / v+ p

have zy0: = < y0
using supp-out gamma
by (simp add: y0-def field-simps)
have val0: EVD-cdf v po z =10
using supp-out gamma by(simp add: EVD-cdf-def Let-def)
have valY0: EVD-cdf v o y0 = 0
using gamma by (simp add: EVD-cdf-def Let-def y0-def)
have contY0: isCont (EVD-cdf v p o) y0
by (rule isCont-EVD-cdf) simp
have base-nonneg: 0 < F (a (real n) * z + b (real n)) " n for n
using right-continuous-mono.a-le-f[OF F| by simp
show ?thesis
unfolding val0 tendsto-iff dist-real-def
proof safe
fix e :: real
assume €e: 0 < e
obtain § where 6: 0 < §
N x” # y0 N |z — y0| < § = |EVD-cdf v po " — EVD-cdf v o
yo| < e
using LIM-D[OF contY0[unfolded isCont-def], of €] e by auto
define 2’ where 2/ = y0 + 6 / 2
have z'y0: y0 < ' 2’ # y0 A |z’ — y0| < §
using §(1) by (simp-all add: z'-def)
have zz”: z < 2’
using zy0 z'y0(1) by linarith
have anpos: An. 0 < a (real n)
using a-pos by (simp add: less-imp-le)
have supp’: 1 + v+ (' —p) /o >0
using z'y0(1) gamma by (simp add: y0-def field-simps)
have target: EVD-cdf y po z' < e
using 0(2)[OF z'y0(2)] valY0 EVD-cdf-supp-bounds|OF supp'’
by simp
have conve”. (An. F (a (real n) *x ' + b (real n)) ~n)
——— EVD-cdf vy po x’
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using inside-conv[OF supp'’] .
obtain N where N: An. N < n = F (a (realn) x '+ b (realn)) "n<e
using order-tendstoD(2)[OF convz’ target)
unfolding eventually-sequentially by blast
show V g n in sequentially. |F (a (real n) * x + b (real n)) "n — 0] < e
proof (intro eventually-sequentiallyl [where c¢=N))
fix n
assume Nn: N < n
have F (a (real n) * x + b (real n)) “n < F (a (real n) x ' + b (real n))

using right-continuous-mono.a-le-f[OF F| anpos zz’
by (auto intro!: power-mono monoD[OF right-continuous-mono.mono[ OF
F)] mult-left-mono)
thus |F (a (real n) * z + b (realn)) “n — 0| < e
using base-nonneg N[OF Nn| by simp

qed
qed
next
assume supp-out:1 + v x (z — pu) / 0 < 0 and neg:y < 0
define y0 where y0 = — o / v+ p

have zy0: y0 < z
using supp-out neg by (simp add: y0-def field-simps)
have val0: EVD-cdf v po z =1
using neg supp-out by (simp add: EVD-cdf-def Let-def)
have valY0: EVD-cdf v o y0 = 1
using neg by (simp add: EVD-cdf-def y0-def Let-def)
have contY0: isCont (EVD-cdf v u o) y0
by (rule isCont-EVD-cdf) simp
have base-lel: F (a (real n) x © + b (real n)) “n < 1 for n
using right-continuous-mono.a-le-f|OF F] right-continuous-mono.f-le-b| OF F]
by (simp add: power-le-one)
show ?thesis
unfolding val0 tendsto-iff dist-real-def
proof safe
fix e :: real
assume €e: 0 < e
obtain § where 6: 0 < §
N x” # y0 N |z — y0| < § = |EVD-cdf v po x” — EVD-cdf v p o
yo| < e
using LIM-D[OF contY0[unfolded isCont-def], of €] e by auto
define 2’ where 2/ = y0 — § / 2
have z'y0: o' < y0 ' # y0 N |z’ — y0| < §
using (1) by (simp-all add: z'-def)
have zz": z' < z
using zy0 z'y0(1) by linarith
have anpos: An. 0 < a (real n)
using a-pos by (simp add: less-imp-le)
have supp’: 1 +v* (' —p) /o >0
using z'y0(1) neg by (simp add: y0-def field-simps)
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have target: 1 — e < EVD-cdf vy po z’

using §(2)[OF z'y0(2)] valY0 EVD-cdf-supp-bounds|OF supp’’] by simp
have convz”. (An. F (a (real n) x ' + b (real n)) " n)

——— EVD-cdf v p o z’

using inside-conv[OF supp'’] .

obtain N where N: An. N <n =1 — e < F (a (real n) x 2’ + b (real
n)) " n

using order-tendstoD(1)[OF convz’ target)

unfolding eventually-sequentially by blast
show V g n in sequentially. |F (a (real n) * x + b (real n)) "n — 1| < e
proof (intro eventually-sequentiallyl [where c=N])

fix n

assume Nn: N < n

have F (a (real n) * ' + b (real n)) “n < F (a (real n) * z + b (real n))

using right-continuous-mono.a-le-f[OF F| anpos zx’
by (auto intro!: power-mono monoD[OF right-continuous-mono.mono[OF
F)] mult-left-mono)
thus |F (a (real n) * z + b (realn)) “n — 1| < e
using base-lel N[OF Nn] by simp
qed
qed
qed
qed

lemma MDA-tail-quantile-to-tail-probability:
fixes F a :: real = real and v z :: real
assumes F': right-continuous-mono F 0 1
and a-pos: \t. 0 < a't
and sigmalarith]:0 < o
and quant: N\z. 0 < z =
((At. (tail-quantile F (t x z) — bt) / at)
— (ify=10
then o x Ilnx + p
else o * (x powr v — 1) / v + p)) at-top
(is Az. 0 < 2 = (- —— ?G z) at-top)
and supp: 1 + v x(x —p) /o> 0
shows (M. t* (I — F (at*xz+ b1t)))
—— — In (EVD-cdf v p o x)) at-top
proof —
have st-monol:c xlny +pu<oxlnz+p
if0<yy<zforyz
using that by auto
have st-mono2:0 x (y powr v — 1) / v+ pu <o *x (zpowry — 1)/ v+ p
ifo<yy<z~vy#0fory:z
proof(cases v > 0)
show 0 < v =
ox (ypowry —1)/ v+ pu<ox*x(zpowry—1)/v+ p
using that by(auto intro!: divide-strict-right-mono powr-less-mono2)
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next
show - 0 < v =
ox (ypowry —1)/vy+pu<ox*x(zpowry—1)/v+u
using that by (auto introl: divide-strict-right-mono-neg powr-less-mono2-neg)
qed
define ¢ where p = (if v = 0 then exp ((x — p) / o) else (1 + v * (x — p) /
o) powr (1 / 7))
have p-pos: 0 < o
using supp by (simp add: o-def)
have Dp: ?G o=z
using supp by (auto simp: o-def powr-powr)
have EVD-val: EVD-cdf v p o x
~ cap (— (if 7 = 0 then exp (— ((z — ) / o))
else (1 + = (z—p) /o) powr (— 1 /7))
using supp by (simp add: EVD-cdf-def Let-def)
have target-eq: — In (EVD-cdf y pox)=1 /0
by (auto simp add: EVD-val o-def exp-minus[of (x — p) / o] inverse-eq-divide
pPowr-minus)
show (M. t x (I — F (at*xz+ bt)))
—— — In (EVD-cdf v pu o x)) at-top
unfolding target-eq tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
have inv-cont: isCont (Ar. 1 /1) o
using o-pos by (intro continuous-intros) simp
obtain § where dpos: 0 < §
and dbound: A\r.r#£ o= |r—o|l<d=|1/r—1/0 <e
using LIM-D[OF inv-cont[unfolded isCont-def], of €] e by auto
define n where n = min § o / 2
have npos: 0 < n and nlte: n < o and nlté: n < §
using dpos 0-pos by (simp-all add: n-def)
define ¢! where o1 = p — 7
define p2 where p2 = p + 7
have p1pos: 0 < p1 and plltp: p1 < p and pltp2: o < p2
using npos nlte by (simp-all add: o1-def 02-def)
have el: |1 /ol — 1 /o <e
using dbound|of 01] npos nlté by (simp add: o1-def)
have e2: |1 /02 — 1 /| <ee
using dbound[of 02] npos nlté by (simp add: 02-def)
have p2pos: 0 < 02
using oltp2 o-pos by linarith
have z2¢t: x < ?G 02
using st-monol[OF p-pos oltp2] st-mono2[OF o-pos olto2] Do by auto
have z1lt: ?G o1 < z
using st-monol|OF o1pos o1lto] st-mono2|OF olpos ollto] Do by auto
obtain 71 where T1: A\t. T1 < t = z < (tail-quantile F (t x 02) — b t) /
at
using order-tendstoD(1)[OF quant[OF 02pos] ©2gt]
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unfolding eventually-at-top-linorder by blast
obtain 72 where T2: At. T2 < t = (tail-quantile F' (t x 1) — bt) / a't
<z
using order-tendstoD(2)[OF quant|OF ol1pos| z1lt]
unfolding eventually-at-top-linorder by blast
define T where T = maz (max T1 T2) (mazx (1 / o1 + 1) (1 / 02 + 1))
show Vg tin at-top. [t * (I — F(atxz+bt) —1 /0 <e
proof (intro eventually-at-top-linorderI[where c=T])
fix ¢
assume T1t: T < ¢t
have Tit: T1 < tand T2t: T2 < t
and t-gel: 1 /ol + 1 <tand t-ge2:1/p2+ 1<t
using Tt by (simp-all add: T-def)
have olinv-pos: 0 < 1 / o1
using o¢lpos by simp
have tpos: 0 < t
using t-gel plinv-pos by linarith
have tp1: 1 <t * o1
using mult-strict-right-mono[OF - o1pos, of 1 | ol t| t-gel olpos
by simp
have tp2: 1 <t % 02
using mult-strict-right-mono[OF - 02pos, of 1 | 02 t] t-ge2 02pos
by simp
have ineql: a t * x + bt < tail-quantile F (1 * 02)
using T1[OF T1t] a-pos|of t] by (simp add: field-simps)
have ineq2: tail-quantile F (t x p1) < atxz + bt
using T2[OF T2t] a-pos|of t] by (simp add: field-simps)
have p-bounds2: 0 < 1 — 1 / (t*902)1 — 1/ (t*02) <1
using t02 by simp-all
have lower: 1 / p2 <tx (1 — F(at*xz+ bt))
proof —
have 1 / (txp2) <1 — F(at*xx+ bt)
using right-continuous-mono.ginv-le-iff[OF F p-bounds2, of a t x x + b {]
ineql
by linarith
hence t x (1 / (t*02)) <t*x (1 — F (at*xz+ bt))
using tpos by (intro mult-strict-left-mono) auto
thus ?thesis
using tpos p2pos by (simp add: field-simps)
qed
have p-bounds1: 0 <1 — 1 [/ (t*xpl)1 — 1/ (t*pl)<1
using tol by simp-all
have upper: t x (1 — F (at*xz+ bt) <1/ ol
proof —
have F (tail-quantile F (t * 1)) < F (at xz + b t)
by (rule monoD|[OF right-continuous-mono.mono[OF F], OF less-imp-le[OF
ineq?])
moreover have 1 — 1 / (¢t x 1) < F (tail-quantile F (¢ x o1))
using right-continuous-mono.ginv-attained|OF F p-boundsl] by simp
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ultimately have 1 — 1 / (t x p1) < F (at *x + b t)
by linarith
hencet * (1 — F(at*xxz+bt)) <tx*x(1/(txol))
using tpos by (intro mult-left-mono) auto
moreover have t x (1 / (t x o1)) =1 / ol
using tpos pIpos by (simp add: field-simps)
ultimately show ?thesis
by linarith
qed
show |t x (I — F(atxax+bt) —1/0 <e
using lower upper el e2 by linarith
qed
qed
qed

lemma MDA -tail-quantile-witness:
fixes F a :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
and a-pos: A\t. 0 < a t and sigma:0 < o
and quant: N\z. 0 < z =
((At. (tail-quantile F (t x z) — bt) / at)
— (ify=0
then o x Ilnx + p
else 0 x (x powr v — 1) / v + p)) at-top
shows (An. F (a (real n) *  + b (real n)) “n) —— EVD-cdf vy p o z
by (intro MDA-tail-probability-witness|OF F a-pos)
MDA-tail-quantile-to-tail-probability| OF F a-pos - quant] sigma) auto

lemma MDA-imp-tail-probability:

fixes F' :: real = real and v :: real

assumes F": right-continuous-mono F 0 1
and G: right-continuous-mono G 0 1
and a:An. 0 < an
and deg:— degenerate-df G
and lim:A\y. (An. F (an*xy+bn) "n) —— EVD-cdf vy 01y
and sigmalarith]:0 < o
and supp:l +v*xz > 0

shows((At. t x (I — F (a (nat |t]) *  + tail-quantile F' t)))

—— — In (EVD-cdf v 0 1 x)) at-top
proof —

have G': right-continuous-mono (EVD-cdf v 0 1) 0 1
by (rule right-continuous-mono-EVD-cdf) simp

have deg”: — degenerate-df (EVD-cdf ~ 0 1)
by (rule EVD-cdf-nondegenerate) simp

have wc: weak-conv (An z’. F (an* x’'+ bn) " n) (EVD-cdf v 0 1)
by (subst weak-conv-EVD-cdf-iff) (auto simp: lim)

have cont: isCont (limit-quantile (EVD-cdf v 0 1)) yif y: 0 < y for y
by (intro isCont-limit-quantile-EVD-cdf y) simp
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have quant: ((\t. (tail-quantile F (t * x') — tail-quantile F t) / a (nat |t]))
—— (if y=0then I xlnz'+ 0else 1 x (z' powr vy — 1) /v +
0)) at-top
if 2. 0 < z’ for z’
proof —
note at-z’ = real-tail-quantile-tendsto]OF F G’ deg’ a we z' cont[OF z)]
have at-1: ((At. (tail-quantile F t — b (nat |t])) / a (nat |t]))
—— limit-quantile (EVD-cdf v 0 1) 1) at-top
using real-tail-quantile-tendsto]OF F G’ deg’ a wc zero-less-one cont|OF
zero-less-onel]
by simp
have diff: ((A\t. (tail-quantile F (t * z’) — b (
— (tail-quantile F t — b (nat [t])) /
—— limit-quantile (EVD-cdf v 0 1)
01) 1) at-top
by (intro tendsto-diff at-z’ at-1)
have val-1: limit-quantile (EVD-cdf v 01) 1 = 0
using limit-quantile-EVD-cdf | OF zero-less-one zero-less-one, of v 0] by simp
show ?thesis
using diff val-1 limit-quantile-EVD-cdf|OF zero-less-one ', of ~ 0]
by (simp add: diff-divide-distrib)
qed
have o A\t. 0 < a (nat [t])
using a by simp
have supp01: 1 + v+ (z —0)/ 1 >0
using supp by simp
show ?thesis
using MDA-tail-quantile-to-tail-probability
[where a = At. a (nat [t]) and b = tail-quantile F,
OF F a’ zero-less-one quant supp01]
by simp
qed

nat (1)) / @ (nat [¢])
a (nat |t]))
z' — limit-quantile (EVD-cdf ~

lemma MDA-imp-tail-quantile:
fixes F' :: real = real and 7 :: real
assumes F": right-continuous-mono F 0 1
and G: right-continuous-mono G 0 1
and a:An. 0 < an
and deg:— degenerate-df G
and lim:A\y. (An. F(anxy+bn) n) —— EVD-cdf y 01y
and sigmalarith]:0 < o
and z:z > 0
shows((\t. (tail-quantile F (t * z) — tail-quantile F t) / a (nat (floor t)))
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top
proof —
have G’: right-continuous-mono (EVD-cdf v 0 1) 0 1
by (rule right-continuous-mono-EVD-cdf) simp
have deg”: - degenerate-df (EVD-cdf ~ 0 1)
by (rule EVD-cdf-nondegenerate) simp
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have wc: weak-conv (Anz’. F (an*x 2’4+ bn) ~n) (EVD-cdf v 0 1)

by (auto introl: weak-conv-EVD-cdf-iff [ THEN ffD2] lim)
have cont: isCont (limit-quantile (EVD-cdf v 0 1)) yif y: 0 < y for y

by (intro isCont-limit-quantile-EVD-cdf y) simp
have at-z: (At. (tail-quantile F (t x ) — b (nat [t])) / a (nat |t]))

—— limit-quantile (EVD-cdf v 0 1) x) at-top

by (rule real-tail-quantile-tendsto|OF F G’ deg’ a wc x cont[OF z]])

have at-1: ((At. (tail-quantile F t — b (nat |t])) / a (nat |t]))
—— limit-quantile (EVD-cdf v 0 1) 1) at-top

using real-tail-quantile-tendsto| OF F G’ deg’ a we zero-less-one cont| OF zero-less-onel]

by simp
have diff: ((At. (tail-quantile F (t * ) — b (nat |t])) / a (nat [t])

— (tail-quantile F t — b (nat [t])) / a (nat |t]))
—— limit-quantile (EVD-cdf v 0 1) z — limit-quantile (EVD-cdf ~
01) 1) at-top

by (intro tendsto-diff at-z at-1)
have val-1: limit-quantile (EVD-cdf v 01) 1 = 0

using limit-quantile-EVD-cdf[OF zero-less-one zero-less-one, of v 0] by simp
show ?thesis

using diff val-1 limit-quantile-EVD-cdf|OF zero-less-one x, of 7 0]

by (auto simp: diff-divide-distrib)

qged

lemma MDA-iff-tail-probability:
fixes F :: real = real and 7 :: real
assumes F: right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
shows (Vz. (An. F (an*x x4+ bn) " n) —— EVD-cdf v po z) «—
Vz. (I +v*x(x—p)/o>0—
(At. t % (I — F (a (nat [t]) * z + b (nat [£]))))
—— — In (EVD-cdf v u o x)) at-top))
proof
assume we:Vz. (An. F (anxz+bn) " n) —— EVD-cdf y po x
have cont: isCont (limit-quantile (EVD-cdf v p o)) y if y: 0 < y for y
by (intro isCont-limit-quantile-EVD-cdf y) simp
have Ay. 0 < y =
((At. (tail-quantile F (t = y) — b (nat [t])) / a (nat [t]))
—— (ify=0thenoxlny+ p
else 0 x (y powr v — 1) / v + p)) at-top
using real-tail-quantile-tendsto| OF F right-continuous-mono-EVD-cdf
EVD-cdf-nondegenerate a weak-conv-EVD-cdf-iff [ THEN iffD2] - cont]
we sigma
by(auto simp add: limit-quantile-EVD-cdf[OF sigma,of - v u))
from MDA-tail-quantile-to-tail-probability| OF F a sigma this]
showVz. 0 <1 +~vx*(x—p)/o—
(At. t = (I — F (a (nat |t]) * z + b (nat [£]))))
—— — In (EVD-cdf v p o x)) at-top
by blast
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qed(use MDA-tail-probability-witness[where a=At. a (nat |t])
and b =At. b (nat [t]),0F F a sigmal]
in simp)

lemma MDA -iff-tail-quantile:
fixes F' :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
shows (Vz. (An. F (anxz+ bn) "n) —— EVD-cdf v po z) «—
(Vz>0. ((At. (tail-quantile F (t x ) — b (nat [t])) / a (nat |t]))
—— (if y=0then o x Inx + p else o x (x powr v — 1) / v+
1)) at-top)
proof
assume we:Va. (An. F (ansxz+bn) "n) —— EVD-cdf y po x
have cont: isCont (limit-quantile (EVD-cdf v p o)) y if y: 0 < y for y
by (intro isCont-limit-quantile-EVD-cdf y) simp
show Vz>0. ((At. (tail-quantile F (t x ) — b (nat [t])) / a (nat [t]))
—— (if y=0thenoxInz+ u else o * (xpowry—1)/~v+
1)) at-top
using real-tail-quantile-tendsto| OF F right-continuous-mono-EVD-cdf
EVD-cdf-nondegenerate a weak-conv-EVD-cdf-iff[THEN iffD2] - cont]
we
by (auto simp: limit-quantile-EVD-cdf[OF sigma,of - v p])
qed(use MDA-tail-quantile-witness[where a=M\t. a (nat [t]) and b =Xt. b (nat
[t]),OF assms]
in simp)

lemma MDA-iff-tail-quantile”:
fixes F' :: real = real and v :: real
assumes F": right-continuous-mono F 0 1
shows domain-of-attraction F (EVD-cdf ~ 0 1)
— (Ja. (Vt. 0 < at)A
(Vz>0. ((At. (tail-quantile F (t * ) — tail-quantile F' t) / a t)
—— (if v = 0 then In z else (x powr v — 1) / 7)) at-top))
proof safe
assume dom: domain-of-attraction F (EVD-cdf v 0 1)
obtain a b where a: An. 0 < an
and lim: A\y. An. F(anxy+bn) n) —— EVD-cdf Y01y
using dom unfolding domain-of-attraction-def
by (auto simp: weak-conv-EVD-cdf-iff)
show Ja. (Vt. 0 < at) A
(Vz>0. (Mt. (tail-quantile F (¢t x ) — tail-quantile F' t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top)
using a
by (intro exl[of - A\t. a (nat |t])] congl alll
MDA-imp-tail-quantile] OF F' right-continuous-mono-EVD-cdf
a EVD-cdf-nondegenerate lim)] impI)
auto
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next

fix a
assume a: Vt. 0 < a't

and quant: ¥V z>0.

((At. (tail-quantile F (t * x) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top

thus domain-of-attraction F (EVD-cdf v 0 1)

by (auto intro!: exI[of - An. a (real n),

OF conjI[OF - exI[of - An. tail-quantile F (real n)]]]
MDA-tail-quantile-witness[where b = tail-quantile F, OF F)]
right-continuous-mono-EVD-cdf F
simp: weak-conv-EVD-cdf-iff domain-of-attraction-def)

qed

lemma MDA-iff-tail-probability .
fixes F' :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
shows domain-of-attraction F (EVD-cdf ~ 0 1)
— (Ja. (Vt. 0 < at)A
Vz. 1 +yxz>0—
(At.t* (I — F (at* =z + tail-quantile F t)))
—— — In (EVD-cdf v 0 1 x)) at-top))
proof safe
assume dom: domain-of-attraction F (EVD-cdf v 0 1)
obtain a b where a: An. 0 < an
and lim: A\y. (An. F(an*xy+bn) ~n) —— EVD-cdf vy 01y
using dom unfolding domain-of-attraction-def
by (auto simp: weak-conv-EVD-cdf-iff)
show Ja. (Vt. 0 < at) A
Vz. I +v*x2>0 —
(At.t* (I — F (at*z + tail-quantile F t)))
—— — In (EVD-cdf v 0 1 z)) at-top)
using a
by (intro exlI[of - At. a (nat |t])] conjl alll
MDA-imp-tail-probability| OF F right-continuous-mono-EVD-cdf
a EVD-cdf-nondegenerate lim) impI)
auto
next
fix a
assume a: Vt. 0 < a't
and tail: V. 1 +v*xx > 0 —
((At. t * (I — F (at xz + tail-quantile F' t)))
—— — In (EVD-cdf v 0 1 z)) at-top
thus domain-of-attraction F (EVD-cdf ~ 0 1)
by (auto introl: exl[of - An. a (real n),

OF conjI[OF - exI[of - An. tail-quantile F (real n)]]]
MDA-tail-probability-witness[where b = tail-quantile F', OF F)
right-continuous-mono-EVD-cdf F
simp: weak-conv-EVD-cdf-iff domain-of-attraction-def)
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qed

3.3.2 Theorem 1.1.6 Part

definition z-star :: (real = real) = real where
x-star F = Sup {z. Fz < 1}

abbreviation bdd-support :: (real = real) = bool where
bdd-support F = bdd-above {z. Fx < 1}

lemma not-bdd-supportl:
assumes Az. Jy>z. Fy < 1
shows — bdd-support F
using assms by(auto simp: bdd-above-def) (meson linorder-not-le)

lemma not-bdd-supportl .
assumes Az. Fz < 1
shows — bdd-support F
by (intro not-bdd-supportl) (meson assms less-add-one)

definition endpoint-filter :: (real = real) = real filter where
endpoint-filter F = (if bdd-support F then at-left (z-star F) else at-top)

lemma endpoint-filter:

bdd-support F = endpoint-filter F = at-left (z-star F)
= bdd-support F = endpoint-filter F' = at-top

by (auto simp: endpoint-filter-def)

lemma endpoint-filter-neg-bot: endpoint-filter F # 1
by (simp add: endpoint-filter-def)

lemma F-z-star-eq-1:
assumes right-continuous-mono F 0 1
and bdd:bdd-above {z. Fz < 1}
shows F (z-star F) = 1
proof (rule antisym)
interpret right-continuous-mono F 0 1
by fact
show 1 < F (z-star F)
proof(rule ccontr)
assume h:— 1 < F (z-star F)
hence Sup {z. Fz < 1} € {z. Fz < 1}
by (auto simp: z-star-def)
have Ve>0.36>0. F (|| {z. Fe <1} +0) — F (| {=. Fz < 1}) <e¢
using mono cont
by (subst continuous-at-right-real-increasing[symmetric]) (auto simp: monoD)
then obtain d where d:d > 0
FU{z. Fz<1}+d) - F(J{z. Fz<1})<1—F (Sup{z. Fz<
1)
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using h unfolding z-star-def
by (metis diff-less-0-iff-less less-eq-real-def linorder-not-less right-minus-eq)

hence F (|| {z. Fz < 1} +d) < 1
by simp

hence (|| {z. Fe < 1} +d) < (|| {z. Fz < 1})
by (metis bdd cSup-upper mem-Collect-eq)

with d show Fulse
by simp

qed
qed(auto introl: assms right-continuous-mono.f-le-blof F))

lemma F-tendsto-1-endpoint:
fixes F' :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
and we:A\z. (An. F (an*xz+bn) " n) —— EVD-cdf ypozx
shows (F —— 1) (endpoint-filter F)
proof (cases bdd-support F')
assume — bdd-support F
with F' show ?thesis
by (simp add: endpoint-filter right-continuous-mono-def)
next
assume bdd:bdd-support F
have EVD-mu: EVD-cdf v po pu = exp (— 1)
by (simp add: EVD-cdf-def)
have supp-mu: 0 < 1 +~v* (u—pu) /o
by simp
have tail-at-mu: (At. t x (1 — F (a (nat [t]) * p + b (nat [t]))))
—— — In (EVD-cdf v p o p)) at-top
using F MDA-iff-tail-probability a sigma supp-mu wc
by blast
have tail-at-mu” (At. t x (I — F (a (nat [t]) *x p + b (nat [t])))) —— 1)
at-top
using tail-at-mu unfolding EVD-mu by simp
have inv-tendsto: ((Mt::real. 1 / t) —— 0) at-top
using tendsto-inverse-0-at-top| OF filterlim-ident] by (simp add: inverse-eq-divide)
have step0: ((At::real. 1 — F (a (nat [t]) * p + b (nat |t]))) —— 0) at-top
proof —
have eq: V g t::real in at-top. 1 — F (a (nat [t]) * p +
=tx (I — F (a (nat |t]) * p + b (nat [t])))
by (rule eventually-mono|OF eventually-gt-at-top[of 0]]
have prod-tendsto: (At. t * (1 — F (a (nat [t]) *
+ b (nat [t]) (1 /t) — 0) at-top
using tendsto-mult[OF tail-at-mu’ inv-tendsto] by simp
show ?thesis
using tendsto-cong[OF eq] prod-tendsto by simp
qged
have Frstar: F (z-star F) =
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by (intro F-z-star-eq-1 bdd assms)
have filter-eq: endpoint-filter F = at-left (z-star F')
using bdd by (simp add: endpoint-filter)
have upper-ev: ¥V t in at-left (z-star F). Ft < 1
using right-continuous-mono.f-le-b[OF F| by (intro always-eventually) simp
show ?thesis
unfolding filter-eq tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
have ¢2: (1::real) /| 2 < 1
by simp
have ev-c: Vg tin at-top. 1 — F (a (nat [t]
AN1/2<tx*(1—F(a(nat|t]
using eventually-conj|OF order-tendstoD(2)
[OF step0 €] order-tendstoD(1)[OF tail-at-mu’ c2]] .
then obtain 0 where ¢0: 1 — F (a (nat [t0]) * p + b (nat [t0])) < e
1/2<t0x*(1—F(a(nat[t0])=*p+ b (nat [10])))
using eventually-happens’|OF trivial-limit-at-top-linorder] by blast
define z where z = a (nat [t0]) * p + b (nat [t0])
have Fz: 1 —e< F 2z
using t0(1) by (simp add: z-def)
have tOpos: 0 < t0
proof (rule ccontr)
assume - 0 < t0
hence t0 * (1 — F2) <0
using right-continuous-mono.f-le-b[OF F] unfolding z-def
by (intro mult-nonpos-nonneg) auto
with t0(2) show False
unfolding z-def by simp
qed
have Fzlt1: F 2z < 1
proof (rule ccontr)
assume — F 2z < [
hence F z = 1
using right-continuous-mono.f-le-b[OF F, of z] by linarith
thus Fulse
using t0(2) t0pos unfolding z-def by simp
qed
have zit: z < z-star F
proof —
have z < z-star F
using F2it1 bdd unfolding z-star-def z-def by (intro cSup-upper) auto
moreover have z # x-star F
using Fzit1 Fzstar by auto
ultimately show ?Zthesis
by simp
qed
have lower-ev: ¥ g t in at-left (z-star F). 1 — e < F' ¢

[t
]

) < e

* [ ( )
)

+ b (nat
w+ b (nat

— —
*
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unfolding eventually-at-left-field
proof (intro exlI[of - z] conjl zlt alll impI)
fix y
assume z < y y < z-star F
hence Fz < Fy
by (intro monoD|OF right-continuous-mono.mono[OF F]]) simp
thus 1 —e< Fy
using Fz by simp
qed
show V p tin at-left (x-star F). |Ft — 1] < e
using lower-ev upper-ev by eventually-elim linarith
qed
qed

lemma [t-z-star-iff-F-lt-1:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1 and bdd: bdd-support F
shows y < z-star F «—— Fy < 1
proof —
interpret right-continuous-mono F 0 1
by fact
show ?thesis
proof
assume c: y < z-star F
show Fy < 1
proof (rule ccontr)
assume — Fy < 1
hence F y = 1
using f-le-b[of y| by linarith
hence y <z = Fx =1 for z
using monoD[OF mono,of y x] f-le-b[of =] by simp
hence {z. Fz < 1} C {.<y}
by (metis less Than-iff linorder-not-le mem-Collect-eq order-less-irrefl subsetI)
from cSup-subset-mono[OF - - this] ex-less-a[of 1] ¢
show Fulse
by (auto simp: z-star-def)
qged
next
assume y: F'y < 1
hence y < z-star F
unfolding z-star-def using bdd by (auto introl: cSup-upper)
thus y < z-star F
using y F-2-star-eq-1[OF F bdd] by (metis order-less-le)
qed
qed

lemma F-lt-1-unbdd-support:

assumes F': right-continuous-mono F 0 1 and bdd: — bdd-support F
shows F z < 1
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proof (rule ccontr)
interpret right-continuous-mono F 0 1
by fact
assume - Fr < 1
hence Fz: Fz =1
using f-le-b[of x| by linarith
hence Fzl:x < y=— Fy=1 fory
using monoD[OF mono,of x y] f-le-blof y] by simp
hence {z. Fz < 1} C {..<z}
by (metis lessThan-iff linorder-not-le mem-Collect-eq order-less-irrefl subsetl)
with bdd show Fulse
by (meson bdd-above.mono bdd-above-Iio)
qed

lemma F-lt-1-endpoint:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1
shows V g t in endpoint-filter F. F't < 1
using F-lt-1-unbdd-support|OF F| lt-z-star-iff-F-lt-1[{OF F, THEN iffD1]
by (cases bdd-support F)
(auto simp: endpoint-filter intro!: eventually-at-leftI[of z-star F — 1])

lemma tail-quantile-tendsto-z-star:
fixes F' :: real = real
assumes F: right-continuous-mono F 0 1 and bdd: bdd-support F
shows (tail-quantile F —— z-star F) at-top
proof —
interpret right-continuous-mono F 0 1
by fact
have U-le-zstar: tail-quantile F t < x-star F if t1: 1 < t for t
using t1 F-z-star-eq-1[OF F bdd] by (simp add: field-simps ginv-le-iff)
show ?thesis
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: () < e
define ¢ where ¢ = z-star F' — e
have Fc: Fe < 1
by (rule lt-z-star-iff-F-lt-1[OF F bdd, THEN ffD1]) (simp add: c-def e)
have tendstol: ((M:real. 1 — 1 / t) —— 1) at-top
using tendsto-diff[OF tendsto-const[of 1] tendsto-inverse-0-at-top| OF filter-
lim-ident]]
by (simp add: inverse-eq-divide)
obtain T1 where T1: A\t. T1 <t=— Fc<1 -1/t
using order-tendstoD(1)[OF tendstol Fc]
unfolding eventually-at-top-linorder by blast
define T where T = maz 2 T1
show V g t in at-top. |tail-quantile F t — z-star F| < e
proof (intro eventually-at-top-linorderI[where c=T])
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fix t
assume Tt T < t
have t1: 1 < tand TIt: T1 <t
using Tt by (simp-all add: T-def)
have p-bounds: 0 <1 — 1 /t1 —1/t<1
using t1 by simp-all
have lower: ¢ < tail-quantile F t
using ginv-le-iff [OF p-bounds, of ¢| T1[OF T1t] by linarith
show |tail-quantile F t — z-star F| < e
using lower U-le-zstar[OF t1] by (simp add: c-def)
qed
qed
qed

lemma tail-quantile-lt-z-star:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1 and bdd: bdd-support F
and Flim: (F —— 1) (endpoint-filter F') and t1: 1 < ¢
shows tail-quantile F' t < z-star F
proof —
interpret right-continuous-mono F 0 1
by fact
have p0: 0 <1 — 1 /tand pl: 1 — 1 /t< 1
using t1 by simp-all
obtain y where y: 1 — 1 /t < FyFy<1
using eventually-happens’|OF endpoint-filter-neg-bot
eventually-conj| OF order-tendstoD(1)[OF Flim p1] F-lt-1-endpoint[OF F|]]
by blast
have F' (tail-quantile F t) < 1
using ginv-le-iff [OF p0 p1, of y] y monoD|[OF mono, of ginv F (1 — 1 / t) y]
by force
moreover have tail-quantile F' t < z-star F
using calculation bdd by (auto simp: z-star-def introl: cSup-upper)
ultimately show ?thesis
using F-z-star-eq-1[OF F bdd] by (metis order-less-le)
qed

lemma tail-quantile-tendsto-endpoint:
fixes F :: real = real
assumes F': right-continuous-mono F 0 1
and Flim: (F —— 1) (endpoint-filter F')
shows filterlim (tail-quantile F) (endpoint-filter F) at-top
proof (cases bdd-support F')
case True
have V i t in at-top. tail-quantile F't € {..<z-star F'} A tail-quantile F't # z-star
F
using eventually-gt-at-top[of 1::real]
by eventually-elim (use tail-quantile-lt-z-star|OF F True Flim] in force)
thus ?thesis
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unfolding endpoint-filter(1)[OF True] filterlim-at
using tail-quantile-tendsto-z-star|OF F True] by simp
next
case Fulse
thus ?thesis
using tail-quantile-at-top|OF F F-lt-1-unbdd-support|OF F|| by (simp add:
endpoint-filter)
qed

lemma F-tendsto-1-endpoint-of-lim:
fixes F' :: real = real and ~y :: real
assumes F': right-continuous-mono F 0 1
and f1:\t. bdd-support F — t < a-star F = 0 < ft
and f2:\t. - bdd-support F = 0 < ft
and sigmalarith]: 0 < o
and lim:A\z. 0 < 1 +yx(xz —p) /o
(= F (t+ (o —p) < f0) [ (1 — F 1))
—— — In (EVD-cdf v p o x)) (endpoint-filter F)
shows (F —— 1) (endpoint-filter F)
proof (cases bdd-support F)
assume - bdd-support F
thus ?thesis
using right-continuous-mono.top| OF F)|
by (simp add: endpoint-filter)
next
assume bdd:bdd-support F
have goal-eq: endpoint-filter F = at-left (z-star F)
using bdd by (simp add: endpoint-filter)
have op: open {z. 0 < 1 + v * (z' — p) / o}
by (intro open-Collect-less continuous-intros) simp
hence Vi 2/ innhds p. 2’ € {z". 0 < 1 + vy« (2’ — p) / o}
by (intro eventually-nhds-in-open) auto
then obtain 1 where cta: 0 < n and eta-supp: Az’ |2/ — pl <n = 0 < 1
(@' —p) /o
using eventually-nhds-metriclof Az’. 0 < 1 + v * (z' — p) / o p
by (auto simp: dist-real-def)
define z1 where 21 =y +1n/ 2
have zl-supp: 0 < 1 +vx* (2l —p) /o
using eta-supplof ©1] eta by (simp add: z1-def)
have z1-gt: p < z1
using eta by (simp add: z1-def)
define c! where ¢! = — In (EVD-cdf v p o z1)
have cl-pos: 0 < cl
using z1-supp
by(cases v = 0)
(auto simp: cl-def In-EVD-cdf-0 In-EVD-cdf-1[|OF sigmal)
have c1-lt1: c1 < 1
proof (cases v = 0)
show v = 0 = ?thesis
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using z1-gt by(simp add: In-EVD-cdf-0 c1-def)
next
assume h:— vy = 0
have eq: ¢ = (1 + v« (z1 —p) / o) powr (— 1 /)
using In-EVD-cdf-1[OF sigma x1-supp h] by (simp add: c1-def)
show ?thesis
by (smt (verit) h eq eta mult-eq-0-iff mult-pos-pos mult-sign-intros(3)
powr01-less-one powr-less-one sigma x1-def x1-supp
zero-compare-simps(11,7))
qged
have limz1: (M. (1 — F (¢t + (a1 — p) = ft)) /) (I — Ft) — cl)
(endpoint-filter F')
using lim[OF z1-supp| by (simp add: c1-def)
define p where ¢ = (At. I — F't)
have phi-mono: Ast. s<t= pt<ps
using monoD[OF right-continuous-mono.mono|OF F|| by (auto simp: @-def)
have phi-ge0: \t. 0 < p ¢
using right-continuous-mono.f-le-b|OF F] by (simp add: p-def)
define L where L = Inf (¢ ‘{..<z-star F})
have ne: ¢ ‘ {..<a-star F} # {}
by force
have bddb: bdd-below (¢ ¢ {..<z-star F'})
using phi-ge0 by (intro bdd-belowl[of - 0]) auto
have Lge0: 0 < L
unfolding L-def using phi-ge0 ne bddb by (intro cInf-greatest) auto
have Lbound: \t. t < z-star F = L < ¢ t
unfolding L-def using bddb by (intro cInf-lower) auto
have phi-tendsto-L: (p —— L) (at-left (z-star F))
proof (rule order-tendstol)
fix ¢
assume c: ¢ < L
have Vg t in at-left (z-star F). t < z-star F
by (rule eventually-at-leftI[of x-star F — 1]) auto
thus Vp t in at-left (z-star F). ¢ < ¢ t
by (eventually-elim) (use Lbound c¢ in fastforce)
next
fix ¢
assume c: L < ¢
obtain t0 where t0: 10 < z-star F ¢ 10 < ¢
using cInf-lessD[OF ne, of c] ¢ unfolding L-def by force
have V r t in at-left (z-star F). t0 < t
using t0 by(auto introl: eventually-at-leftI]of t0])
thus V p t in at-left (z-star F). ¢ t < ¢
by eventually-elim (auto introl: order.strict-transl|of - ¢ t0 ¢,OF phi-mono
t0(2)])
qed
have V r t in at-left (z-star F). ¢1 [/ 2 < (I — F (t+ (z1 — p) = ft)) /(1 —
Ft)
using order-tendstoD(1)[OF limz1, of ¢1 / 2] cl-pos goal-eq by simp
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hence t'-lt: Vg t in at-left (z-star F). t + (1 — p) * ft < z-star F
proof eventually-elim
case (elim t)
show ?Zcase
proof (rule ccontr)
assume — t + (x1 — p) * ft < a-star F
hence F (z-star F) < F (t + (x1 — p) * ft)
by (intro monoD|OF right-continuous-mono.mono|OF F]|) simp
hence F (t + (z1 — p) x ft) = 1
using right-continuous-mono.f-le-b[OF F, of t + (1 — p) * f ]
F-z-star-eq-1[OF F bdd] by simp
with elim c1-pos show Fualse
by simp
qed
qed
have V p t in at-left (z-star F). t < z-star F
by (rule eventually-at-leftI[of x-star F — 1]) auto
hence t'-ge: V p t in at-left (z-star F). t <t + (x — p) * f¢
by eventually-elim (use f1[OF bdd] z1-gt in fastforce)
have t’-tendsto: ((At. t + (21 — p) * ft) —— z-star F) (at-left (z-star F))
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
have evl: Vg tin at-left (z-star F). z-star F — e < t
by (intro order-tendstoD(1)[OF tendsto-ident-at]) (use e in simp)
have lower: V g t in at-left (z-star F). z-star F — e < t + (x1 — p) = ft
using eventually-conj|OF evl t’-ge] by eventually-elim simp
show V g t in at-left (z-star F). |t + (z1 — p) *x ft — z-star F| < e
using lower t'-lt by eventually-elim linarith
qed
have t'-filterlim: filterlim (At. ¢ + (z1 — p) * [ t)
(at-left (z-star F)) (at-left (z-star F))
using tendsto-imp-filterlim-at-left| OF t’-tendsto] t’-lt by blast
have phit’-to-L: (At. ¢ (t + (21 — p) = ft)) —— L) (at-left (z-star F))
using filterlim-compose| OF phi-tendsto-L t'-filterlim] by simp
have eg-ratio: V g t in at-left (x-star F). (I — F (t + (21 — p) = ft)) / (1 —
Ft)xopt
— o (14 (ol — ) [ 1)
using F-lt-1-endpoint]| OF F] unfolding goal-eq
by eventually-elim (simp add: @-def)
have prod-tendsto: (At. (1 — F (t + (¢ — p) = ft)) / (1 — Ft)) x pt)
—— ¢l = L) (at-left (a-star F))
using tendsto-mult|OF limx1 [unfolded goal-eq] phi-tendsto-L] by simp
note phit’-to-c1L = Lim-transform-eventually| OF prod-tendsto eq-ratio)
have LeqCIL: L = ¢l * L
by (rule tendsto-unique| OF trivial-limit-at-left-real[of z-star F]
phit’-to-L phit’-to-c1L))
have Lzero: L = 0
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using c1-lt1 LeqC1L by simp

have z: ((A\t. 1 — F't) —— 0) (at-left (z-star F))
using phi-tendsto-L Lzero by (simp add: p-def)

have ((At. 1 — (I — Ft)) —— 1 — (0::real)) (at-left (a-star F))
by (rule tendsto-diff [OF tendsto-const z])

thus ?thesis
by (simp add: goal-eq)

qed

lemma s-tendsto-at-top-endpoint:
fixes F' :: real = real and ~y :: real
assumes F': right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
and we:Az. (An. F (an x x
shows filterlim (At. 1 / (1 —
proof —
have Ftend: ((A\t. 1 — F't) —— 0) (endpoint-filter F')
using tendsto-diff [OF tendsto-const[where k=1::real]
F-tendsto-1-endpoint[OF F a sigma wc]]
by simp
have Fpos: V p t in endpoint-filter F. 0 < 1 — F' t
using F-lt-1-endpoint]| OF F| by (rule eventually-mono) simp
show ?thesis
using filterlim-inverse-at-top| OF Ftend Fpos]
by (simp add: inverse-eq-divide)
qged

n) "n) —— EVD-cdf y po x

+ b
F t)) at-top (endpoint-filter F')

lemma t-div-a-tendsto-mu-endpoint:
fixes F' :: real = real and v :: real
assumes F": right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
and we:A\z. (An. F (an*xx4+bn) " n) —— EVD-cdf ypoz
shows ((At. (t — b (nat [1 / (1 — F1)]))
/a(nat |1 /(1 — Ft)])) —— u) (endpoint-filter F)
proof —
define s where s = (At:ireal. 1 / (1 — F 1))
define N where N = (\t::real. nat |s t])
have goal-eq: (At. (t — b (nat |1 /(1 — Ft)]))/ a(nat |1 /(1 — Ft)]))
=\t. (t=b(Nt)/a(Nt))
by (simp add: s-def N-def)
have stop: filterlim s at-top (endpoint-filter F')
unfolding s-def by (rule s-tendsto-at-top-endpoint[OF F a sigma wc])
note Flit1 = F-lt-1-endpoint[OF F]
have spos: V g t in endpoint-filter F. 0 < s t
using stoplunfolded filterlim-at-top-dense, rule-format, of 0] by simp
have MDAtq: Vy>0. ((At. (tail-quantile F (¢t x y) — b (nat [t])) / a (nat [t]))
—— (if y=0theno xIny+ p elseo x (y powr vy — 1) /v +
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1)) at-top
using MDA-iff-tail-quantile]OF F' a sigma] we by fast
define D where D = (Ay::real. if v = 0 then o * Iny + p else o * (y powr
- 1)/ v+ n
have DI:D 1 = pu
by (simp add: D-def)
have Dcont: isCont D 1
unfolding D-def
by(cases v = 0)
(auto intro!: isCont-add isCont-mult isCont-In isCont-divide isCont-diff con-
tinuous-powr)
have conv: Ay |y — 1] < 1 =
((\t. (tail-quantile F (st *y') — b (Nt)) / a (Nt)) —— D y’) (endpoint-filter
P)
using MDAtq by (auto simp: D-def N-def intro!: filterlim-compose|OF - stop))
have low: V g t in endpoint-filter F. (tail-quantile F (st x y') — b (N t)) / a (N
/)
<(t—b(ND) /a0
if " (1ureal) — 1 < y' y' < 1 for gy’
using stoplunfolded filterlim-at-top-dense, rule-format, of 1 / y'] spos Flt1
proof eventually-elim
case (elim t)
hence s-gt: 1 / y' < stand s-pos: 0 < stand Ft: Ft < 1
by auto
have ul: 1 < st x*y’
using mult-strict-right-mono[OF s-gt] y' by force
have u2: st*xy' <1 /(1 — Ft)
using mult-strict-left-mono[OF y'(2) s-pos]
by (simp add: s-def)
show ?case
using alof N t] Ft ul u2
by (auto introl: divide-right-mono tail-quantile-le-of-lt-inv[OF F)
qed
have up: V p t in endpoint-filter F. (t — b (N t)) / a (N 1)
< (tail-quantile F (st * y") — b (Nt)) / a (N 1)
if y (1ureal) < y'y' <1+ 1 fory'
using spos Flt1
proof eventually-elim
case (elim t)
hence s-pos: 0 < stand Ft: F't < 1
by auto
have u: 1 / (1 — Ft) <stxy’
using mult-strict-left-mono[OF - s-pos] y
by (simp add: s-def)
show ?case
using a[of N t]
by (auto intro!: divide-right-mono less-imp-le[OF t-lt-tail-quantile-of-gt-inv[OF
F Ft u]])
qed

/

132



show ?thesis
using squeeze-tendsto-local| OF zero-less-one Dcont conv low up)
unfolding goal-eq
by (simp add: D1)
qed

lemma MDA-imp-divide-tail:
assumes F': right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
and we:Az. (An. F (an*xz+bn) " n) —— EVD-cdf ypozx
and z:0 < I +vy*x(z—p) /o
shows (M. (I — F(t+ (x —p)*xa(nat |1 /(1 — F (1)]) /(1 = Ft)
—— — In (EVD-cdf v p o x)) (endpoint-filter F)
proof —
define s where s = (At:ireal. 1 / (1 — F t))
define N where N = (At::real. nat |s t])

have goal-eq: (M\t. (1 — F (t+ (z —p)xa(nat |1 /(1 — F (¥)]) /({1 — F

)
=M. (I —F(t+(x—p=xa(Nt)) /(1 —Ft))
by (simp add: s-def N-def)
have stop: filterlim s at-top (endpoint-filter F')
unfolding s-def by(intro s-tendsto-at-top-endpoint[OF - - - wc] assms)
note Fit1 = F-lt-1-endpoint| OF F)]
have delta-tendsto: ((At. (t — b (N t)) / a (Nt) — p) —— 0) (endpoint-filter
F)
using tendsto-diff[OF t-div-a-tendsto-mu-endpoint[OF F a sigma wc] tend-
sto-const|of pl]
by(simp add: s-def N-def)
have op: open {z". 0 < 1 + vy * (2’ — pn) / o}
by (auto intro!: open-Collect-less continuous-on-add
continuous-on-divide continuous-on-mult continuous-on-diff)
have Vy 2z’ innhdsz. 2z’ € {z'. 0 < 1 + v (¢' — p) / o}
using z op by (intro eventually-nhds-in-open) auto
hence ev: Vp 2’ innhdsz. 0 <1 +yx (' —p) /o
by eventually-elim simp
then obtain 7 where eta: 0 < 7
and eta-supp: N\z'. |¢' —z|<n=0<1+~vx (' —p) /o
using eventually-nhds-metriclof Az'. 0 < 1 + v (z' — p) / o 1]
by (auto simp: dist-real-def)
have Dcont: isCont (\z'. In (EVD-cdf v p o 2')) z
using EVD-cdf-supp-bounds|OF x sigma]
by (auto introl: isCont-In’" isCont-EVD-cdf)
have conv: (At. — (I — F (a (Nt) x2'+ b (N1t)) /(1 — Ft))
—— In (EVD-cdf v p o z')) (endpoint-filter F)
if 2" |2’ — z| < n for z’
proof —
have supp” 0 < 1 +v*(z' —p) /o
using that eta-supp by simp
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have base: (At. t x (1 — F (a (nat |t]) * 2’ + b (nat |t]))))
—— — In (EVD-cdf v p o ') at-top
using MDA-iff-tail-probability[where a=a,OF F a sigma)] wc eta-supp supp’
by blast
show ?thesis
using tendsto-minus[OF filterlim-compose| OF base stop]] by(simp add: N-def
s-def)
qed
have low: V  t in endpoint-filter F. — ((1 — F (a (N¢t) xz'+ b (Nt))) /(1 —
F )
(1 -F (4 @—pra(Ne) /(1 Fb)
if 22 —n<z' 2z’ <xfora’
proof —
have dit: ' — = < 0
using z’ by simp
have evl: Vg t in endpoint-filter F. 2’ — z < (t — b (Nt)) /a(Nt) — pu
using order-tendstoD(1)[OF delta-tendsto dit] .
show V r ¢ in endpoint-filter F. — (1 — F (a (Nt) x 2’ + b (N¢t)) /(1 — F
)

using evl Flt1
proof eventually-elim
case (elim t)
hence d: 2’ —z< (t —b(Nt)) /a(Nt)—pand Ft: Ft < 1
by auto
have apos: 0 < a (N t)
using a by simp
have (z' —2) xa (Nt) < ((t = b (Nt)/a(Nt)—pu)*xa(Nt)
using mult-strict-right-mono[OF d apos] .
alsohave ... =t — b (Nt) —pu*xa (Nt
using apos by (simp add: field-simps)
finally have ineq: (z' — z) *a (Nt) <t —b(Nt)—pu*xa(Nt).
have a (Nt) xz’'+ b (Nt) <t+ (z — p) xa (Nt
using ineq by (simp add: field-simps)
hence fmono: F (a (Nt) x 2’ + b (Nt)) < F (¢t + (x — pu) * a (N t))
by (intro monoD[OF right-continuous-mono.mono| OF F]]) simp
have hFQ: 1 — F (t+ (z —p)*a(Nt)) <1 —-F(a(Nt)xz'+b(Nt)
using fmono by simp
have (1 — F (t+ (z —p)xa (Nt) /(1 —Ft)
<({I—-F(a(Nt)yxz'"+b(Nt)) /(1 —Ft)
by (rule divide-right-mono[OF hFQ)]) (use Ft in simp)
thus Zcase
by simp
qed
qed
have up: N\e". z <2/ = 2/ <z +n=
V p tin endpoint-filter F. — (1 — F (t + (z — ) x a (N ?))) / (1 — Ft))
<—((1—-F(a(Nt)yxz'+Db(NY)) /(L —Ft))

S—((I-F+@-—prxa(ND) /({1 -F1)

proof —
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fix z’ :: real
assume z": z < z'z' <z + 7
have dpos: 0 < z' — x
using z’ by simp
have evl: Vg tin endpoint-filter F. (t — b (Nt)) /a (Nt) —p<z' —z
using order-tendstoD(2)[OF delta-tendsto dpos] .
show V g ¢ in endpoint-filter F. — (1 — F (t + (z —p) xa (N?t))) /(1 — F
)
<—((1=F(a(Nt)yxz'"+Db(N?)) /(1 —Ft))
using evl Flt1
proof eventually-elim
case (elim t)
hence d: (t — b (Nt) /a(Nt)—pu<z'—zand Ft: Ft < 1
by auto
have apos: 0 < a (N t)
using a by simp
have (t = b (Nt))/a(Nt) —p)*xa(Nt)<(z' —z)*a(Nt)
using mult-strict-right-mono[OF d apos] .
also have (t = b (Nt)) /Ja(Nt) —pu)xa(Nt)=t—0b(Nt)—pu*a (N

t)

using apos by (simp add: field-simps)

finally have ineq: t — b (Nt) —p*xa (Nt) < (z' —z) xa (N?t)
by simp

have t + (z — p) xa (Nt) <a (Nt)xz'+ b (N1)
using ineq by (simp add: field-simps)

hence fmono: F (t + (x — p) xa (Nt)) < F (a (Nt)xz'+ b (Nt))
by (intro monoD[OF right-continuous-mono.mono| OF F]|) simp

have hFQ: 1 — F (a (Nt)xz'+ b (Nt) <1 —F (t+ (z — p) x a (Nt))
using fmono by simp

have (1 — F(a (Nt)*x2'+ b (Nt)) /(1 — Fi)

SU-F(t+@—pmra(Ne)/(1-F)

by (rule divide-right-mono[OF hFQ)]) (use Ft in simp)

thus ?Zcase
by simp

qed
qed

show ?thesis
unfolding goal-eq
using tendsto-minus|OF squeeze-tendsto-local]OF eta Dcont conv low up)]
by simp
qed

lemma tail-quantile-asymp-inverse-of-lim:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1
and f1:A\t. bdd-support F = t < z-star F = 0 < ft
and f2:\t. - bdd-support F = 0 < ft
and sigmalarith]: 0 < o
and lim:A\z. 0 < 1 +~vyx*(z—p) /o
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= (M (L= F (4 (=) xf8) /(1 - F1)
—— — In (EVD-cdf v p o x)) (endpoint-filter F)
shows ((A\t. t x (I — F (tail-quantile F t))) —— 1) at-top
proof —
interpret right-continuous-mono F 0 1
by fact
note Flim = F-tendsto-1-endpoint-of-lim[OF F f1 2 sigma lim]
note Uendpoint = tail-quantile-tendsto-endpoint|OF F Flim]
have fU-pos: 0 < f (tail-quantile F t) if t1: 1 < t for t
proof (cases bdd-support F)
case True
show ?thesis
by (rule f1[OF True tail-quantile-lt-z-star[OF F True Flim t1]])
next
case False
show ?thesis
by (rule f2[OF False])
qed
have fact-lel: \t. 1 <t =t * (1 — F (tail-quantile F t)) < 1
by (smt (verit, best) divide-less-eq zero-less-mult-iff t-lt-tail-quantile-of-gt-inv[ OF
F))
have fact-gt1: Nt z. 1 < t = 2z < tail-quantile Ft = 1 < t* (I — F 2)
by (smt (verit, ccfo-SIG) divide-less-eq-1-pos divide-pos-pos
nonzero-mult-div-cancel-left pos-less-divide-eq
ginv-le-iff)
have FUIt1: V r t in at-top. F (tail-quantile F t) < 1
by (rule eventually-compose-filterlim[OF F-lt-1-endpoint[OF F| Uendpoint])
define D where D = (Az". — In (EVD-cdf v p o z'))
have Dmu: D p = 1
by (cases v = 0) (simp-all add: D-def In-EVD-cdf-0 In-EVD-cdf-1)
have supp-mu: 0 < 1 + v (u—p) /o
by simp
have Dcont: isCont D p
unfolding D-def
using isCont-EVD-cdf[OF sigma] EVD-cdf-supp-bounds|OF supp-mu sigma)
by (intro continuous-intros) auto
have op: open {z'. 0 < 1 + v * (&' — u) / o}
by (intro open-Collect-less continuous-intros) simp
have Vy 2’ innhds p. ' € {z’. 0 < 1 + v (¢’ — p) / o}
using op by (intro eventually-nhds-in-open) auto
hence ev: Vp 2’ innhds pu. 0 < 1 +vx* (2’ —p) /o
by eventually-elim simp
then obtain 1 where cta: 0 < n and eta-supp: Az’ |2/ — pl <n= 0 < 1
Fy @ —p) /o
using eventually-nhds-metriclof Az’. 0 < 1 + v * (z' — p) / o p
by (auto simp: dist-real-def)
have upper: t x (1 — F (tail-quantile F t)) < 1 if t1: 1 < t for ¢
using fact-lel1[OF t1] .
show ?thesis
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unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
define ¢’ where ¢/ = min (1 / 2) e
have e¢’-pos: 0 < e’ and e’-le: ¢/ < eand e'-lt1: e/ < 1
using e by (simp-all add: e'-def)
define ¢ where ¢ = 1 — ¢’
have cpos|arith]: 0 < ¢ and clt![arith]: ¢ < 1
using e’-pos e'-lt1 by (simp-all add: c-def)
define ¢’ where ¢'=1 / ¢
have c'gt1: 1 < ¢’
by (simp add: c’-def)
obtain § where dpos: 0 < §
and dbound: Az". 2" # p ANz —p <o = |Dz"" —Dpu|l<c -1
using LIM-D[OF Dcont[unfolded isCont-def], of ¢’ — 1] c'gt1 by auto
have minpos: 0 < min d§ n min dn < d min dn <n
using dpos eta by auto
define z1 where z1 =y — mindn / 2
have zI-diff: z1 —p=— (mindn / 2)
by (simp add: z1-def)
have z1-abs: |[x1 — p|=mindn / 2
using minpos(1) by (simp add: x1-diff)
have zi-ne: 21 # pu A |zl — p] <6
using minpos x1-abs by linarith
have zl-eta: |z1 — p| < n
using minpos x1-abs by linarith
have z1-lt: z1 < p
using minpos z1-diff by linarith
have z1-supp: 0 < 1 + v (z1 —p) /o
using eta-supp[OF z1-eta) .
have Dzl: Dzl < ¢’
using dbound|OF x1-ne] Dmu by linarith
have DxzI-pos: 0 < D z1
using z1-supp by (cases v = 0)
(auto simp: EVD-cdf-def D-def)
have ratio: (\t. (1 — F (tail-quantile F t + (x1 — p) * f (tail-quantile F t)))
/ (1 — F (tail-quantile F t))) —— D z1) at-top
using filterlim-compose[OF lim[OF z1-supp| Uendpoint] by (simp add: D-def)
obtain T1 where T1: A\t. T1 < t =
(I — F (tail-quantile F t + (z1 — p) = f (tail-quantile F t)))
/ (1 — F (tail-quantile F t)) < ¢’
using order-tendstoD(2)[OF ratio Dz1] unfolding eventually-at-top-linorder
by blast
obtain 72 where T2: A\t. T2 <t = 0 <
(1 — F (tail-quantile F t + (z1 — p) * f (tail-quantile F t)))
/ (1 — F (tail-quantile F t))
using order-tendstoD(1)[OF ratio Dx1-pos] unfolding eventually-at-top-linorder
by blast
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obtain 73 where T3: A\t. T3 < t = F (tail-quantile F t) < 1
using FUlt! unfolding eventually-at-top-linorder by blast
define T where T = maxz (mazx T1 T2) (mazx T3 2)
have lower-ev: Vg t in at-top. ¢ < t * (1 — F (tail-quantile F t))
proof (intro eventually-at-top-linorderI[where c=T])
fix ¢
assume Tt T < t
have Tit: T1 < tand T2t: T2 < tand T3t: T8 < tand t1: 1 < t
using Tt by (simp-all add: T-def)
have rit: (1 — F (tail-quantile F t + (1 — p) * f (tail-quantile F t)))
/ (1 — F (tail-quantile F' t)) < ¢’
using T1[OF T1t] .
have rpos: 0 < (1 — F (tail-quantile F t + (z1 — p) * f (tail-quantile F' t)))
/ (1 — F (tail-quantile F t))
using T2[OF T2t .
have FUlt: F (tail-quantile F t) < 1
using T3[OF T5t] .
have gt1: 1 <t % (1 — F (tail-quantile F t + (x1 — p) * f (tail-quantile F'

using z1-lt fU-pos|OF t1] by(auto introl: fact-gt1 t1 mult-neg-pos)
have t x (1 — F (tail-quantile F t + (1 — p) * f (tail-quantile F t)))
< tx* (c'"x (1 — F (tail-quantile F t)))
using it FUIt t1
by (intro comm-mult-strict-left-mono)
(auto simp: field-simps)
hence ¢ * 1 < ¢ * (t x (1 — F (tail-quantile F t)) / ¢)
using gt1 order.strict-trans
by (intro mult-strict-left-mono) (fastforce simp: ¢’-def)+
thus ¢ < t x (I — F (tail-quantile F t))
by simp
qed
have upper-ev: Vg t in at-top. t x (1 — F (tail-quantile F t)) < 1
using eventually-gt-at-toplof 1::real] by eventually-elim (use upper in blast)
show V g t in at-top. |t * (1 — F (tail-quantile F' t)) — 1| < e
using lower-ev upper-ev
by eventually-elim (use e’-le in simp add: c-def)
qged
qged

lemma divide-tail-imp-MDA:
assumes F": right-continuous-mono F 0 1
and a:An. 0 < an
and sigmalarith]:0 < o
and f1:\t. bdd-support F —> t < a-star F = 0 < ft
and f2:\t. = bdd-support F = 0 < ft
and lim:A\z. 0 < 1 +~y*(z—p) /o
(A (1= F (64 (o — ) < 1) / (1 = P 1)
—— — In (EVD-cdf v p o x)) (endpoint-filter F)
shows Ja b. (Vn. 0 <an) AN (Va. (An. F (an*xz+ bn) ~n) —— EVD-cdf
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Yo )
proof —
note Flim = F-tendsto-1-endpoint-of-lim[OF F f1 f2 sigma lim]
note Uendpoint = tail-quantile-tendsto-endpoint|OF F Flim]
have fU-pos: 0 < f (tail-quantile F t) if t1:1 < t for ¢
proof (cases bdd-support F)
case True
show ?thesis
by (rule f1[OF True tail-quantile-lt-z-star[OF F True Flim t1]])
next
case Fulse
show ?thesis
by (rule f2[OF False])
qed
note asymp = tail-quantile-asymp-inverse-of-lim[OF F f1 {2 sigma lim)]
note Flit1 = F-lt-1-endpoint[OF F)]
have FUIt1: V¥ tin at-top. F (tail-quantile F t) < 1
by (rule eventually-compose-filterlim[OF Flt1 Uendpoint])
define A where A = (\t. if 1 < t then [ (tail-quantile F' t) else [ (tail-quantile
F2)
define B where B = (\t. if 1 < t then tail-quantile F t — p x f (tail-quantile
Ft)
else tail-quantile F 2 — pu * f (tail-quantile F 2))
have A-pos: A\t. 0 < At
using fU-pos|of 2] fU-pos by(auto simp: A-def)
have AB-eq: \t. 1 < t = A t = f (tail-quantile F t)
At. 1 <t = Bt = tail-quantile F t — p % f (tail-quantile F t)
unfolding A-def B-def by simp-all
have tail: Ao. 0 <1 + vy (z—p) /o =
(M.tx (Il —F(At+xz+ Bt)) —— — In (EVD-cdf v p o z)) at-top
proof —
fix z :: real
assume supp: 0 < I + vy (x —p) /o
have argeq: \t. 1 < t =
Atz + Bt = tail-quantile F t + (x — p) * f (tail-quantile F' t)
using AB-eq by (simp add: algebra-simps)
have prod: ((M\t. (t * (1 — F (tail-quantile F' t))) *
((1 — F (tail-quantile F t + (z — p) * f (tail-quantile F t)))
/ (1 — F (tail-quantile F t))))
—— 1 % (= In (EVD-cdf v p o x))) at-top
by (intro tendsto-mult asymp filterlim-compose| OF lim|OF supp] Uendpoint])
have egprod: V g t in at-top. (t * (1 — F (tail-quantile F t))) x*
((1 — F (tail-quantile F t + (x — p) * [ (tail-quantile F t)))
/ (1 — F (tail-quantile F t)))
=1t % (I — F (tail-quantile F t + (z — p) * f (tail-quantile F t)))
using FUIt1 by eventually-elim (simp add: field-simps)
have main: ((At. t * (I — F (tail-quantile F t + (xz — p) * f (tail-quantile F

t)))
—— — In (EVD-cdf v u o z)) at-top
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using Lim-transform-eventually[OF prod egprod] by simp
have eqarg: V p t in at-top.
t (1 — F (tail-quantile F t + (x — p) * f (tail-quantile F' t)))
=tx (Il —F(At+xz+ Bt))
using eventually-gt-at-top[of 1::real] by eventually-elim (simp add: argeq)
show (M. t x (1 — F (Atxz+ Bt)) —— — In (EVD-cdf v o z)) at-top
by (rule Lim-transform-eventually|OF main eqarg))
qed
define aa where aa = (An:nat. A (real n))
define bb where bb = (An:nat. B (real n))
have aa-pos: Vn. 0 < aa n
unfolding aa-def using A-pos by simp
have main: Vz. (An. F (aan * x 4+ bbn) “n) —— EVD-cdf vy po x
using MDA-tail-probability-witness|OF F A-pos sigma tail)
by (auto simp: aa-def bb-def)
show ?thesis
using aa-pos main by blast
qed

lemma MDA-iff-divide-tail:
fixes F :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
shows domain-of-attraction F (EVD-cdf ~ 0 1)
— (3f. Vt. 0 < ft) A
Vz. 1 +yxz>0—
(M. (1 —F({+zxft) /(I —-Ft)
—— — In (EVD-cdf v 0 1 x)) (endpoint-filter F)))
proof
assume dom: domain-of-attraction F (EVD-cdf v 0 1)
obtain a b where a: An. 0 < an
and weak-conv (An z. F (an*xx + bn) ~n) (EVD-cdf v 0 1)
using dom unfolding domain-of-attraction-def by blast
hence we: Az. (An. F(anxxz+bn) n) —— EVD-cdf v 01z
by (simp add: weak-conv-EVD-cdf-iff)
define f where f = (At. a (nat |1 / (1 — F't)]))
have fpos: \t. 0 < ft
using a by (simp add: f-def)
have lim: A\z. 0 < 1 + v* z =
(M. (I —F({+z=*ft) /(1 —Ft)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
proof —
fix z :: real
assume z: 0 < I + v * 2
have 2. 0 < 1 +~v*x(z —0)/ 1
using z by simp
show (M\t. (1 — F (t+z=xft) /(1 — Ft))
—— — In (EVD-cdf v 0 1 x)) (endpoint-filter F)
using MDA-imp-divide-tail]OF F a zero-less-one wc x|
by (simp add: f-def)
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qed
show 3f. (Vt. 0 < ft) A
Vz. 1 +yxz>0 —
(M. (I —F({+zxft) /(I —-Ft)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F'))
using fpos lim by blast
next
assume 3f. (Vt. 0 < ft) A
Vz. 1 +yxz>0 —
(M. (I —F({+zxft) /(I —-Ft)
—— — In (EVD-cdf v 0 1 x)) (endpoint-filter F))
then obtain f where fpos: At. 0 < ft
and lim: A\z. I +vy*x2> 0 =
(M. (I —F({+z=*xft) /(I —-Ft))

—— — In (EVD-cdf v 0 1 x)) (endpoint-filter F)
by blast

have lim" A\z. 0 <1 +vyx(z—0)/ 1 =
(M. (I —F(t+(xz—0)«xft)/ (1 —F1t)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
using lim by simp
have ex: 3a b. (Vn. 0 < an) AN (Vz. (An. F (an*xx +bn) n) —
EVD-cdf v 0 1 z)
using divide-tail-imp-MDA[where = 0 and 0 = { and f = f and a =
An:nat. 1
L,OF F - - - - lim/] fpos
by auto
thus domain-of-attraction F (EVD-cdf v 0 1)
unfolding domain-of-attraction-def
using F right-continuous-mono-EVD-cdf[OF zero-less-one
by (auto simp: weak-conv-EVD-cdf-iff)
qed

3.4 von Mises’ Conditions

lemma
fixes F' :: real = real and z0 t :: real
assumes F': right-continuous-mono F 0 1
and z0: F 20 < 1
and Flim: (F —— 1) (endpoint-filter F')
and Feont: A\z. 20 < t = Fz < 1 = isCont F ¢
and t: 1 /(1 — Fz0) <t
shows tail-quantile-tail-eq: 1 — F (tail-quantile F t) = 1 / t
and F-tail-quantile-lt-1: F (tail-quantile F' t) < 1
proof —
interpret right-continuous-mono F 0 1
by fact
have t1: 1 <t
using one-less-of-inverse-tail-less|OF F x0 t] .
define p where p=1 — 1 / t
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have p0: 0 < p and pi1: p < 1
using tI1 by (simp-all add: p-def)
have pz0: F 20 < p
using t z0 t1 by (simp add: p-def field-simps)
have c-gt: 0 < ginv F p
using ginv-le-iff [OF p0 p1, of 20] px0 by force
obtain y where y: p < Fy Fy < 1
using eventually-happens’|OF endpoint-filter-neg-bot
eventually-conj| OF order-tendstoD(1)[OF Flim p1] F-lt-1-endpoint[OF F|]]
by blast
have Fcl: F (ginv F p) < 1
using ginv-le-iff [OF p0 p1, of y] y monoD|OF mono, of ginv F p y] by force
have F (ginv Fp) < p
proof (rule tendsto-upperbound[where F = at-left (ginv F p)])
show (FF —— F (ginv F p)) (at-left (ginv F p))
using Fcont[OF c-gt Fel] by (simp add: isCont-def Lim-at-imp-Lim-at-within)
show V p z in at-left (ginv Fp). Fz<p
by (intro eventually-at-leftI[OF - c-gt])
(force simp: linorder-not-le[symmetric] ginv-le-iff[OF p0 p1])
qed (rule trivial-limit-at-left-real)
thus eq: 1 — F (tail-quantile F t) =1 / t
using ginv-attained|OF p0 p1] unfolding p-def by linarith
show F' (tail-quantile F t) < 1
using eq zero-less-divide-1-iff [of t] t1 by linarith
qed

context
fixes F' f :: real = real and z0 :: real
assumes F': right-continuous-mono F 0 1
and z0: F 20 < 1
and Flim: (F —— 1) (endpoint-filter F')
and Fderiv: \y. 20 < y = F y < 1 = (F has-real-derivative f y) (at y)
and fpos: A\y. 20 < y=Fy< 1= 0<fy
begin

lemma tail-quantile-has-deriv:
fixes t :: real
assumes t: 1 / (1 — Fa0) <t
shows (tail-quantile F has-real-derivative
1/ (t? * f (tail-quantile F t))) (at t)
proof —
interpret right-continuous-mono F 0 1
by fact
define T where T =1 / (1 — F 20)
define U where U = tail-quantile F'
define phi where phi = (As. 1 / (1 — F's))
have smono: Fv < Fwif2z0 <vv<wFw< 1 forvw
by (rule strict-mono-of-deriv[OF Fderiv fpos that])
have s1: 1 < sif T < s for s
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using one-less-of-inverse-tail-less|OF F x0] that by (simp add: T-def)
have Ugt: 20 < Usif T < s for s
using t-lt-tail-quantile-of-gt-inv| OF F z0] that by (simp add: U-def T-def)
have UF: 1 — F (Us)=1/sif T < s for s
using tail-quantile-tail-eqOF F z0 Flim DERIV-isCont[OF Fderiv]] that
by (simp add: U-def T-def)
have UFlt: F (Us) < 1 if T < s for s
using F-tail-quantile-lt-1[{OF F z0 Flim DERIV-isCont[OF Fderiv)] that
by (simp add: U-def T-def)
have phi-U: phi (U s) = sif T < s for s
using UF[OF that] s1[OF that] by (simp add: phi-def)
have phi-deriv: (phi has-real-derivative f z | (1 — F 2)?) (at 2)
if 2220 <z2Fz< 1 for z
unfolding phi-def using Fderiv|OF z] z
by (auto intro!: derivative-eq-intros simp: power2-eq-square)
have t-gt: T < t
using ¢ by (simp add: T-def)
obtain w where wgt: Ut < w and wlt!: Fw < 1
using ez-gt-less UFlt t-gt by blast
define d where d = min (Ut — 20) (w—Ut)/ 2
have d0: 0 < d
using Ugt[OF t-gt] wgt by (simp add: d-def)
have inreg: 20 < 2 Fz < 1 if zd: |z — U t| < d for z
proof —
have dlo: d < Ut — z0 and dhi: d < w — Ut
using Ugt[OF t-gt] wgt by (auto simp: d-def)
show 20 < z
using zd dlo by (simp add: abs-le-iff)
have z < w
using zd dhi by (simp add: abs-le-iff)
thus Fz < 1
using monoD[OF mono, of z w] wiltl by simp
qed
have isC: isCont U t
proof (subst phi-U[OF t-gt, symmetric],
rule isCont-inverse-function[where f = phi and ¢ = U and z = U t and
d=d,
OF d0))
fix z
assume z: |z — U t| < d
show U (phi z) = z isCont phi z
using ginv-f-eq|OF smono inreg| OF z]] inreg| OF Zz]
DERIV-isCont[OF phi-deriv]OF inreg| OF z]]]
by (simp-all add: U-def phi-def)
qed
have D: (phi has-real-derivative t* x f (U t)) (at (U t))
using UF[OF t-gt] s1[OF t-gt] phi-deriv[OF Ugt|OF t-gt] UFIt|OF t-gt])
by (simp add: power-one-over mult.commute)
have (U has-real-derivative inverse (1> x f (U t))) (at t)
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proof (rule DERIV-inverse-function|OF D - t-gt less-add-one - isC])
show t2 x f (Ut) # 0
using fpos|OF Ugt|OF t-gt] UFIt|OF t-gt|] s1|OF t-gt] by simp
fix y
assume T < yy <t + 1
thus phi (Uy) =y
by (simp add: phi-U)
qed
thus ?thesis
by (simp add: U-def inverse-eq-divide)
qged

lemma f-tail-quantile-pos:
fixes t :: real
assumes t: I / (1 — Fa0) <t
shows 0 < f (tail-quantile F t)
by (intro fpos t-lt-tail-quantile-of-gt-inv[OF F z0 t]
F-tail-quantile-lt-1{OF F z0 Flim DERIV-isCont[OF Fderiv] t])

lemma tail-quantile-deriv-has-deriv:
fixes [’ :: real = real and t :: real
assumes fderiv: \z. 20 < x = F © < 1 = (f has-real-derivative ' z) (at x)
and t: 1 /(1 — Fz0) <t
shows ((\s. 1 / (s * f (tail-quantile F s))) has-real-derivative
— (2 % t % f (tail-quantile F t)
+ f! (tail-quantile F t) / f (tail-quantile F t))
/ (12 % f (tail-quantile F t))?) (at t)
proof —
define T where T =1 / (1 — F 20)
define U where U = tail-quantile F'
have t-gt: T < t
using ¢ by (simp add: T-def)
have t1: 1 < t
using one-less-of-inverse-tail-less|OF F x0 t] .
have Ugt: 20 < Ut
using t-lt-tail-quantile-of-gt-inv| OF F z0 t] by (simp add: U-def)
have UFlt: F (Ut) < 1
using F-tail-quantile-lt-1[OF F z0 Flim DERIV-isCont[OF Fderiv] t] by (simp
add: U-def)
have nz: t # 0 f (Ut) # 0 and nz2: t2 « f (Ut) # 0
using t1 fpos|OF Ugt UFlt] by auto
have c1: (As. f (U s)) has-real-derivative f' (U t) * (1 / (t> = f (U t)))) (at t)
unfolding U-def
by (rule DERIV-chain2[OF fderiv|OF Ugt UFIt, unfolded U-def)
tail-quantile-has-deriv[ OF t]])
have c2: (\s. s? * f (U s)) has-real-derivative
2xtxf(U)+f (Ut)/f(UL)) (att)
proof —
have 2 x t x f (Ut) + t2 % (f' (Ut) = (1 /] (£ = f (U 1))
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=2xtxf(Ut)+f (Ut)/f(UL)
using nz by (simp add: field-simps)
thus ?thesis
by (auto intro!: derivative-eg-intros c1)
qged
have ((As. 1 / (s* * f (U s))) has-real-derivative
St f (U 4+ F U T U) /(5] (UD)) (at)
using DERIV-divide|OF DERIV-const[of 1] ¢2 nz2] by (simp add: power2-eq-square)
thus ?thesis
by (simp add: U-def)
qged

lemma tail-quantile-second-deriv-eq:
fixes f' u u’:: real = real and t :: real
assumes fderiv: Az. 20 < x = F z < 1 = (f has-real-derivative f' z) (at )
and uderiv: As. 1 / (1 — Fz0) < s
= (tail-quantile F has-real-derivative u s) (at s)
and u'deriv: As. 1 / (1 — F 20) < s = (u has-real-derivative v’ s) (at s)
and t: 1 /(1 — Fz0) <t
shows ¢« u't / ut
= — 2 — (1 — F (tail-quantile F' t)) * f' (tail-quantile F t)
/ (f (tail-quantile F t))?
proof —
define T where T =1 / (1 — F 20)
define U where U = tail-quantile F'
have t-gt: T < t
using ¢ by (simp add: T-def)
have s1: 1 < sif T < s for s
using one-less-of-inverse-tail-less|OF F z0] that by (simp add: T-def)
have Ugt: 20 < Usif T < s for s
using t-lt-tail-quantile-of-gt-inv| OF F z0] that by (simp add: U-def T-def)
have UF: 1 — F (Us)=1/sif T < sfor s
using tail-quantile-tail-eqOF F z0 Flim DERIV-isCont[OF Fderiv]] that
by (simp add: U-def T-def)
have UFlt: FF (Us) < 1 if T < sfor s
using F-tail-quantile-lt-1[{OF F z0 Flim DERIV-isCont[OF Fderiv]] that
by (simp add: U-def T-def)
have fUpos: 0 < f (Us)if T < s for s
using f-tail-quantile-pos that by (simp add: T-def U-def)
have u-eq: us =1/ (s>« f (Us)) if T < s for s
using DERIV-unique|OF uderiv tail-quantile-has-deriv] that
by (simp add: T-def U-def)
have hd: ((As. 1 / (s®> * f (U s))) has-real-derivative
— @ tx [ U+ U FU0) ] (P (U0 (at 1)
using tail-quantile-deriv-has-deriv|OF fderiv t]
by (simp add: U-def)
have uderiv’. (u has-real-derivative
— @At f(U)+ (UL /) fUL) [ (*f(UL)?) (att)
by (intro has-field-derivative-transform-within-open[OF hd, where S = {T<..}])
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(auto simp: u-eq t-gt)
have Uwal: tail-quantile F t = U t
by (simp add: U-def)
have nz: t £ 0f (Ut) # 0
using s1[OF t-gt] fUpos[OF t-gt] by auto
show ?thesis
unfolding Uval DERIV-unique[OF u'deriv]OF t] uderiv’] u-eq[OF t-gt] UF[OF
t-gt]
using nz’' by (simp add: field-simps power2-eq-square)
qed

context
fixes [’ :: real = real and v :: real
assumes fderiv: \y. 20 < y = F y < 1 = (f has-real-derivative ' y) (at y)
and f’cont: continuous-on {y. 20 < y N Fy < 1} f’
and lim: (\y. (1 — Fy)*f'y/ (fy)?) —— — v — 1) (endpoint-filter F)
begin

lemma von-Mises-quantile-diff:
fixes x :: real
assumes z: 0 < x
shows ((At. (tail-quantile F (t % x) — tail-quantile F' t)
x (t * f (tail-quantile F t)))
—— (if v = 0 then In z else (z powr v — 1) / v)) at-top
proof —
define T where T =1 / (1 — F 20)
define U where U = tail-quantile F'
define u where u = (As. 1 / (8% * f (U s)))
define u’ where v’ = (As. — (2 x sx f (Us) + f' (Us) / f(Us)) /(s> f (U
9)?)
have Tpos: 0 < T
using z0 right-continuous-mono.a-le-f[OF F, of z0] by (simp add: T-def)
have s1: 1 < sif T < s for s
using one-less-of-inverse-tail-less|OF F z0] that by (simp add: T-def)
have Ugt: 20 < Usif T < s for s
using t-lt-tail-quantile-of-gt-inv| OF F z0] that by (simp add: U-def T-def)
have UF: 1 — F (Us)=1/sif T < sfor s
using tail-quantile-tail-eqOF F z0 Flim DERIV-isCont[OF Fderiv]] that
by (simp add: U-def T-def)
have UFlt: FF (Us) < 1 if T < sfor s
using F-tail-quantile-lt-1{OF F z0 Flim DERIV-isCont[OF Fderiv]] that
by (simp add: U-def T-def)
have fUpos: 0 < f (Us) if T < s for s
using f-tail-quantile-pos that by (simp add: T-def U-def)
have UderivT: (tail-quantile F has-real-derivative u s) (at s)
if1 /(1 -Fz0)<sfors
using tail-quantile-has-deriv[OF that] by (simp add: u-def U-def)
have uderivT: (u has-real-derivative u’ s) (at s) if 1 / (1 — F 20) < s for s
using tail-quantile-deriv-has-deriv|OF fderiv that]
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by (simp add: u-def uw'-def U-def)
have Uderiv: (U has-real-derivative u s) (at s) if T < s for s
using UderivT that by (simp add: T-def U-def)
have uderiv: (u has-real-derivative u’ s) (at s) if T < s for s
using uderivT that by (simp add: T-def)
have upos: 0 < u sif T < s for s
using s1[OF that] fUpos|OF that] by (simp add: u-def)
have regopen: open {y. 20 < y AN Fy < 1}
proof —
have {y. 20 < yAFy < 1} ={z0<.}N{y. Fy< 1}
by auto
moreover have open ({z0<..} N {y. Fy < 1})
by (intro open-Int open-greaterThan right-continuous-mono.open-less|OF F)
ultimately show #thesis
by simp
qged
have f’isCont: isCont f' yif 20 < y Fy < I for y
by (rule continuous-on-interior|OF f’cont]) (simp add: interior-open[OF re-
gopen] that)
have u’cont: continuous-on {T<..} u’
proof (safe intro!: continuous-at-imp-continuous-on)
fix s
assume sT: T < s
show isCont u’ s
unfolding u’-def using fUpos|OF sT] s1[OF sT]
by (intro continuous-intros
isCont-02|OF DERIV-isCont[|OF Uderiv[OF sT|]
DERIV-isCont[OF fderiv|OF Ugt|OF sT] UFIt[OF sT]]]]
isCont-02|OF DERIV-isCont[|OF Uderiw[OF sT|]
fisCont[OF Ugt|OF sT) UFIt[OF sT]])
auto
qed
have lim2: (As. sxu’'s / us) —— v — 1) at-top
proof —
have ((As. (1 — F (U s))* f'(Us) / (f (Us))?) —— — v — 1) at-top
unfolding U-def
by (rule filterlim-compose[OF lim tail-quantile-tendsto-endpoint[OF F Flim]])
from tendsto-diff[OF tendsto-const[of — 2 :: real] this]
have (A\s. — 2 — (1 — F (Us)) * f' (Us) / (f (Us))?) —— v — 1) at-top
by simp
moreover have V r s in at-top.
- 21 —-FUs)*xf'(Us)/(f(Us)?>=sxu"s/us
using eventually-gt-at-top[of T
by eventually-elim
(use tail-quantile-second-deriv-eq[OF fderiv UderivT uderivT)
in simp add: T-def U-def)
ultimately show ¢thesis
by (rule Lim-transform-eventually)
qed
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have V s in at-top. (U (s*xz) — Us) [/ (s* us)
— (U (s*a) — Us)* (s % (Us)
using eventually-gt-at-top[of T
by eventually-elim (use s1 fUpos in simp add: u-def field-simps power2-eg-square)
from Lim-transform-eventually
[OF deriv-diff-ratio-reqularly-varying[OF Tpos Uderiv uderiv u’cont upos lim2
x] this
show ?thesis
by (simp add: U-def)
qged

lemma von-Mises-normalizing-ex:
shows Ja. (Vt. 0 < a t)
A (VF tin at-top. at =1 / (¢t * [ (tail-quantile F t)))
A (Va>0. ((At. (tail-quantile F (t * x) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top)
proof —
define T where T =1 / (1 — F 20)
define a where a = (At. if T < t then 1 / (¢t = f (tail-quantile F' t)) else 1)
have t1: 1 < tif T < t for ¢
using one-less-of-inverse-tail-less|OF F x0] that by (simp add: T-def)
have fU: 0 < f (tail-quantile F t) if T < t for ¢
using f-tail-quantile-pos that by (simp add: T-def)
have apos: 0 < a t for ¢
by (cases T < t) (use t1[of t] fUlof t] in auto simp: a-def)
have aev: Vg t in at-top. a t = 1 / (t * f (tail-quantile F t))
using eventually-gt-at-top[of T| by eventually-elim (simp add: a-def)
have ((\t. (tail-quantile F (t x z) — tail-quantile F't) / a t)
—— (if v = 0 then In z else (z powr v — 1) / 7)) at-top if z: 0 < z for
T
proof —
have V  t in at-top. (tail-quantile F (¢t x x) — tail-quantile F t)
* (t * f (tail-quantile F t))
= (tail-quantile F (t x z) — tail-quantile F't) / a t
using eventually-gt-at-top[of T
by eventually-elim (use t1 fU in simp add: a-def)
from Lim-transform-eventually| OF von-Mises-quantile-diff [OF x| this]
show ?Zthesis .
qed
thus ?thesis
using apos aev by blast
qged

von Mises’ condition (Theorem 1.1.8 of the book by de Haan and Fer-
reira [2]).

theorem von-Mises-condition: domain-of-attraction F (EVD-cdf v 0 1)
unfolding MDA-iff-tail-quantile’|OF F)
using von-Mises-normalizing-ex by blast
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corollary von-Mises-normalization:
fixes z :: real
shows (An. F (z / (real n = f (tail-quantile F (real n)))
+ tail-quantile F (real n)) ~n) —— EVD-cdf v 0 1 x
proof —
obtain a where apos: \t. 0 < a't
and aev: Vp tin at-top. a t = 1 / (t * f (tail-quantile F t))
and quant: \y. 0 < y = ((Mt. (tail-quantile F (t % y) — tail-quantile F t) /
at)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using von-Mises-normalizing-ex by blast
have (An. F (a (real n) x = + tail-quantile F' (real n)) ~n) —— EVD-cdf v
01z
proof (rule MDA-tail-quantile-witness|OF F apos zero-less-one])
fix y :: real
assume y: 0 < y
show ((\t. (tail-quantile F (t * y) — tail-quantile F t) / a t)
—— (if y=0then 1 xIny + 0else 1 x (y powr vy — 1)/ v+ 0))
at-top
by (cases v = 0) (use quant[OF y] in simp-all)
qged
moreover have Vg n in sequentially. F (a (real n) x x + tail-quantile F (real
n)) " n
= F (z / (real n * f (tail-quantile F (real n))) + tail-quantile F (real n)) " n
using eventually-compose-filterlim[OF aev filterlim-real-sequentially)
by eventually-elim simp
ultimately show %thesis
by (rule Lim-transform-eventually)
qed

end

end

Relation (1.1.35) of the book by de Haan and Ferreira [2].

lemma tail-quantile-deriv-ratio-pos:
fixes F fu :: real = real and v z0 t0 :: real
assumes F": right-continuous-mono F 0 1
and unbdd: — bdd-support F
and gamma: 0 < v
and Fderiv: N\z. 20 < ¥ = (F has-real-derivative f x) (at z)
and fpos: A\z. 20 < 2 = 0 < fz
and uderiv: A\t. t0 < t = (tail-quantile F has-real-derivative u t) (at t)
and lim: (M. txft /(I — Ft)) —— 1 /) at-top
shows ((A\t. t x u t / tail-quantile F t) —— ) at-top
proof —
have 20lt: F 20 < 1
by (rule F-lt-1-unbdd-support|OF F unbdd))
have Flim: (F —— 1) (endpoint-filter F')
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using right-continuous-mono.top| OF F| unbdd by (simp add: endpoint-filter)
have Fderiv". (F has-real-derivative f y) (at y) if y: 20 < yand F y < 1 for y
by (rule Fderiv[OF y))
have fpos: 0 < fyif y: 20 < yand Fy < I for y
by (rule fpos|OF y])
define T where T = maxz t0 (1 / (1 — F 20))
have t1: 1 < tif T < tfor ¢
using one-less-of-inverse-tail-less|OF F z0lt] that by (simp add: T-def)
have fU: 0 < f (tail-quantile F t) if T < t for ¢
using f-tail-quantile-pos|OF F z0lt Flim Fderiv’ fpos’] that by (simp add: T-def)
have UF: 1 — F (tail-quantile Ft) =1 / t if T < ¢ for ¢
using tail-quantile-tail-eqOF F z0lt Flim DERIV-isCont[OF Fderiv']] that
by (simp add: T-def)
have u-eq: ut = 1 / (t? * f (tail-quantile F t)) if T < t for t
using DERIV-unique[OF uderiv tail-quantile-has-deriv] OF F x0lt Flim Fderiv’
fpos]] that
by (simp add: T-def)
note Uat = tail-quantile-at-top|OF F F-lt-1-unbdd-support|OF F unbdd)]
have ((As. (1 — F's) / (s* [s)) —— =) at-top
using tendsto-inverse| OF lim| gamma by simp
from filterlim-compose| OF this Uat)
have comp: ((\t. (1 — F (tail-quantile F t))
/ (tail-quantile F t = f (tail-quantile F' t))) —— =) at-top .
have evU: V  tin at-top. 1 < tail-quantile F' t
using Uat unfolding filterlim-at-top by blast
have V p t in at-top. (1 — F (tail-quantile F' t))
/ (tail-quantile F t x f (tail-quantile F't)) = t x u t / tail-quantile F t
using eventually-gt-at-toplof T] evU
proof eventually-elim
fix ¢ :: real
assume t7: T < t
and Ul: 1 < tail-quantile F' t
show (1 — F (tail-quantile F' t)) / (tail-quantile F' t x f (tail-quantile F t))
=t *ut / tail-quantile F t
unfolding UF[OF tT| u-eq[OF tT]
using t1[OF tT] fU[OF tT] Ul by (simp add: field-simps power2-eq-square)
qged
from Lim-transform-eventually|OF comp this]
show ?thesis .
qed

von Mises’ condition for positive 7y (Theorem 1.1.11 of the book by de Haan
and Ferreira [2]).

theorem von-Mises-condition-pos:
fixes F f :: real = real and v z0 :: real
assumes F': right-continuous-mono F 0 1
and unbdd: — bdd-support F
and gamma: 0 < v
and Fderiv: Az. 20 < x = (F has-real-derivative f ) (at x)
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and feont: continuous-on {x0<..} f
and fpos: A\z. 20 < z = 0 < fz
and lim: (M. t*xft /(1 — Ft)) —— 1 /~) at-top
shows domain-of-attraction F (EVD-cdf v 0 1)
proof —
have 20lt: F 20 < 1
by (rule F-lt-1-unbdd-support|OF F unbdd))
have Flim: (F —— 1) (endpoint-filter F')
using right-continuous-mono.top| OF F] unbdd by (simp add: endpoint-filter)
have Fderiv". (F has-real-derivative f y) (at y) if y: 20 < y and F y < I for y
by (rule Fderiv]OF y))
have fpos: 0 < fyif y: 20 < yand F y < I for y
by (rule fpos|OF y])
have fcont”: isCont [y if 20 < y for y
by (rule continuous-on-interior[OF fcont]) (simp add: interior-open that)
obtain 71 where T1: A\t. T1 < t = 1 < tail-quantile F t
using tail-quantile-at-top|OF F F-lt-1-unbdd-support|OF F unbdd]]
unfolding filterlim-at-top eventually-at-top-linorder by blast
define T where T = maz (1 / (I — F 2z0)) (maz T1 1)
define u where u = (As. 1 / (8% % f (tail-quantile F s)))
have Tpos: 0 < T
by (simp add: T-def)
have t1: 1 < tif T < tfor t
using one-less-of-inverse-tail-less|OF F z0lt] that by (simp add: T-def)
have Upos: 0 < tail-quantile F t if T < t for ¢
using T1[of t] that by (simp add: T-def)
have fU: 0 < f (tail-quantile F t) if T < t for ¢
using f-tail-quantile-pos| OF F z0lt Flim Fderiv’ fpos’] that by (simp add: T-def)
have Uderiv: (tail-quantile F' has-real-derivative u t) (at t) if T < ¢ for ¢
using tail-quantile-has-deriv|OF F z0lt Flim Fderiv’ fpos’] that by (simp add:
u-def T-def)
have ucont: continuous-on {T<..} u
proof (safe intro!: continuous-at-imp-continuous-on)
fix s
assume sT: T < s
show isCont u s
unfolding u-def using fU[OF sT] t1[OF sT]
by (intro continuous-intros
isCont-02|OF DERIV-isCont[|OF Uderiv[OF sT|]
feont'|OF t-lt-tail-quantile-of-gt-inv| OF F x0lt, of s]]])
(use sT in auto simp: T-def)
qed
note lim2 = tail-quantile-deriv-ratio-pos| OF F unbdd gamma Fderiv fpos Uderiv
lim)]
define a where a = (At. if T < t then v * tail-quantile F t else 1)
have apos: 0 < a t for t
by (cases T < t) (use gamma Upos in simp-all add: a-def)
have ((\t. (tail-quantile F (t * z) — tail-quantile F' t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top if z: 0 < z for
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x
proof —
have ((At. (tail-quantile F (t * z) / tail-quantile F t — 1) / =)
—— (z powr v — 1) / ) at-top
by (intro tendsto-divide tendsto-diff
deriv-ratio-regularly-varying[OF Tpos Uderiv ucont Upos lim2 x| tend-
sto-const)
(use gamma in simp-all)
moreover have Vg ¢ in at-top. (tail-quantile F (¢t * z) / tail-quantile F t —
1) /v
= (tail-quantile F (t * z) — tail-quantile F't) / a t
using eventually-gt-at-toplof T
proof eventually-elim
case (elim t)
show ?case
using Upos[OF elim] gamma elim by (simp add: a-def field-simps)
qed
ultimately have ((At. (tail-quantile F (t * ) — tail-quantile F't) / a t)
—— (z powr v — 1) / ) at-top
by (rule Lim-transform-eventually)
thus ?thesis
using gamma by simp
qed
thus ?thesis
unfolding MDA-iff-tail-quantile’|OF F| using apos by blast
qged

lemma F-tendsto-1-endpoint-of-deriv:
fixes F f :: real = real and z0 c :: real
assumes F': right-continuous-mono F 0 1
and bdd: bdd-support F
and z0: 20 < z-star F
and Fderiv: N\y. 20 < y = y < z-star F = (F has-real-derivative [ y) (at y)
and cpos: 0 < ¢
and lim: (\y. (a-star F — y) x fy / (I — Fy)) —— ¢) (at-left (a-star F))
shows (F —— 1) (endpoint-filter F)
proof —
interpret right-continuous-mono F 0 1
by fact
define X where X = z-star F
define G where G = Sup (F ‘ {.<X})
have ne: F' ‘ {.<X} # {}
by auto
have leG: Fy< Gif y < X for y
unfolding G-def using that by (auto introl: cSup-upper bdd-abovel2|of - - 1]
f-le-b)
have G1: G =1
proof (rule ccontr)
assume G # 1
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moreover have G < 1
unfolding G-def by (auto intro!: cSup-least ne f-le-b)
ultimately have Glt: G < 1
by simp
define ¢ where e = 1 — G
have epos: 0 < e
using Glt by (simp add: e-def)
have tail-ge: e <1 — Fyif y < X for y
using leG[OF that] by (simp add: e-def)
obtain b0 where b0X: 00 < X
and b0: \y. W0 <y=y< X =c¢c/2<(X—-y=*fy/ (1l —Fy)
using order-tendstoD(1)[OF lim, of ¢ | 2] cpos
unfolding X-def eventually-at-left-field by auto
define B where B = max b0 z0
have BX: B < X
using b0X z0 by (simp add: B-def X-def)
have fbound: cx e/ 2 /] (X —y) < fyif yB: B< y and yX: y < X for y
proof —
have pos: 0 <1 — Fy
using tail-ge[OF yX] epos by simp
havec/ 2xe<c/ 2% (1 — Fy)
using tail-ge[OF yX| cpos by simp
also have ... < (X —y) *x fy
using b0[of y] yB yX pos by (simp add: B-def pos-less-divide-eq)
finally show ?thesis
using yX by (simp add: pos-divide-less-eq algebra-simps)
qed
obtain s where sX: s < X and Fs: G —cxe / 4 < Fs
using less-cSupD[OF ne, of G — ¢ x e / 4] cpos epos by (auto simp: G-def)
define p where p = maz s (B + X) / 2)
have pX: p < X and Bp: B< pand sp: s < p
using sX BX by (auto simp: p-def less-maz-iff-disj)
have Fp: G —cxe / 4 < Fp
using F's monoD|[OF mono, of s p] sp by simp
define ¢ where ¢ = (p+ X) / 2
have pg: p < gand ¢X: ¢ < X
using pX by (simp-all add: g-def)
have deriv: (F has-real-derivative fy) (at y) if p < yy < g for y
using that Bp ¢X z0 by (auto intro!: Fderiv simp: B-def X-def)
obtain z where z: p< zz< gand Fz: Fqg— Fp=1(q¢—p) *fz
using MVT2[OF pq deriv] by blast
have cx e/ / < (qg—p)*fz
proof —
havecxe /2 /(X —p)<cxe/ 2/ (X —2)
using z pX ¢X cpos epos by (intro divide-left-mono) auto
also have ... < fz
using fbound|of z] Bp z ¢X by simp
finally show ?thesis
using pX by (simp add: ¢-def field-simps)
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qed
thus Fulse
using Fz Fp leG|OF ¢X| by simp
qed
show ?thesis
unfolding endpoint-filter(1)[OF bdd] X-def[symmetric]
proof (rule order-tendstol)
fix a :: real
assume a < I
then obtain s where sX: s < X and Fs: a < F' s
using less-cSupD[OF ne, of a] by (auto simp: G-def G1[symmetric])
show Vp yin at-left X. a < F y
proof (intro eventually-at-leftI[OF - sX])
fix y
assume y € {s<..<X}
thus a < F y
using F's monoD[OF mono, of s y] by simp
qed
qed (auto introl: always-eventually order.strict-trans1[OF f-le-b])
qed

Relation (1.1.38) of the book by de Haan and Ferreira [2].

lemma tail-quantile-deriv-ratio-neg:
fixes F fu :: real = real and v z0 t0 :: real
assumes F': right-continuous-mono F 0 1
and bdd: bdd-support F
and gamma: v < 0
and z0: z0 < z-star F
and Fderiv: \z. 20 < © = z < z-star F = (F has-real-derivative f z) (at )
and fpos: A\z. 20 < t = z < z-star F = 0 < fz
and uderiv: \t. 10 < t = (tail-quantile F has-real-derivative u t) (at t)
and lim: ((A\t. (a-star F — t) x ft /] (1 — Ft)) —— — 1 / 7) (at-left (z-star
")
shows ((At. t * u t / (z-star F — tail-quantile F t)) —— — ~) at-top
proof —
have Flim: (F —— 1) (endpoint-filter F')
by (intro F-tendsto-1-endpoint-of-deriv|OF F bdd x0 Fderiv - lim])
(use gamma in auto simp: divide-neg-neg)
have iff: y < z-star F «—— Fy < 1 for y
by (rule lt-z-star-iff-F-lt-1[OF F bdd])
have z0lt: F 20 < 1
using z0 iff by simp
have Fderiv". (F has-real-derivative f y) (at y) if 20 < y Fy < 1 for y
using that iff by (auto introl: Fderiv)
have fpos”: 0 < fyif 20 <y Fy < 1 for y
using that iff by (auto intro!: fpos)
define T where T = maz t0 (1 / (1 — F 20))
have t1: 1 < tif T < t for ¢
using one-less-of-inverse-tail-less|OF F x0lt] that by (simp add: T-def)
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have fU: 0 < f (tail-quantile F' t) if T < t for ¢
using f-tail-quantile-pos|OF F z0lt Flim Fderiv’ fpos’] that by (simp add: T-def)
have UF: 1 — F (tail-quantile F't) =1 / tif T < t for ¢t
using tail-quantile-tail-eqOF F z0lt Flim DERIV-isCont[|OF Fderiv']] that
by (simp add: T-def)
have u-eq: ut = 1 / (t* * f (tail-quantile F t)) if T < t for ¢
using DERIV-unique[OF uderiv tail-quantile-has-deriv]|OF F z0lt Flim Fderiv'
fpos’]] that
by (simp add: T-def)
have Uend: filterlim (tail-quantile F) (at-left (x-star F)) at-top
using tail-quantile-tendsto-endpoint|OF F Flim] by (simp add: endpoint-filter
bdd)
have ((As. (1 — F's) / ((z-star F — s) * fs)) —— — ) (at-left (z-star F))
using tendsto-inverse| OF lim| gamma by simp
from filterlim-compose[OF this Uend)
have comp: ((\t. (1 — F (tail-quantile F t))
/ ((z-star F — tail-quantile F t) % f (tail-quantile F t)))
—— — ) at-top .
have evU: V g t in at-top. tail-quantile F t < x-star F
using eventually-gt-at-top[of 1 :: real]
by eventually-elim (rule tail-quantile-lt-z-star[OF F bdd Flim))
have V g t in at-top. (1 — F (tail-quantile F' t))
/ ((z-star F' — tail-quantile F t) x [ (tail-quantile F' t))
=txut/ (z-star F — tail-quantile F t)
using eventually-gt-at-top[of T) evU
proof eventually-elim
fix t :: real
assume t7: T < t
and Ult: tail-quantile F't < x-star F
show (1 — F (tail-quantile F t))
/ ((z-star F — tail-quantile F t) = [ (tail-quantile F t))
=txut/ (x-star F — tail-quantile F t)
unfolding UF[OF tT] u-eq[OF tT)
using ¢1[OF tT) fU[OF tT] Ult by (simp add: field-simps power2-eq-square)
qed
from Lim-transform-eventually|OF comp this]
show ?thesis .
qged

von Mises’ condition for negative v (Theorem 1.1.13 of the book by de Haan
and Ferreira [2]).

theorem von-Mises-condition-neg:

fixes F f :: real = real and v z0 :: real

assumes F': right-continuous-mono F 0 1
and bdd: bdd-support F
and gamma: v < 0
and z0: 20 < z-star F
and Fderiv: \z. 20 < © = z < z-star F = (F has-real-derivative f z) (at )
and fcont: continuous-on {z0<..<z-star F} f
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and fpos: A\z. 20 < t = z < z-star F = 0 < fz
and lim: ((\t. (z-star F — t) x ft / (1 — Ft)) —— — 1 / ) (at-left (z-star
)
shows domain-of-attraction F (EVD-cdf v 0 1)
proof —
have Flim: (F —— 1) (endpoint-filter F')
by (intro F-tendsto-1-endpoint-of-deriv]|OF F bdd 0 Fderiv - lim])
(use gamma in auto simp: divide-neg-neg)
have iff: y < a-star F «—— F y < 1 for y
by (rule lt-z-star-iff-F-lt-1[OF F bdd])
have 20lt: F 20 < 1
using z0 iff by simp
have Fderiv". (F has-real-derivative f y) (at y) if 20 < y F y < 1 for y
using that iff by (auto intro!: Fderiv)
have fpos: 0 < fyifz0 < y Fy < 1 for y
using that iff by (auto intro!: fpos)
have fecont’: isCont f y if 20 < y y < a-star F for y
by (rule continuous-on-interior|OF fcont]) (simp add: interior-open that)
define T where T = maxz (1 / (1 — F 20)) 1
define u where u = (As. 1 / (8% % f (tail-quantile F s)))
have Tpos: 0 < T
by (simp add: T-def)
have t1: 1 < tif T < tfor ¢
using one-less-of-inverse-tail-less|OF F z0lt] that by (simp add: T-def)
have Ult: tail-quantile F t < z-star F if T < t for t
by (rule tail-quantile-lt-z-star[OF F bdd Flim t1[OF that]])
have Ugt: 20 < tail-quantile F t if T < t for t
using t-lt-tail-quantile-of-gt-inv[OF F z0lt] that by (simp add: T-def)
have fU: 0 < f (tail-quantile F' t) if T < t for t
by (rule fpos|OF Ugt[OF that] Ult[OF that]])
have Uderiv: (tail-quantile F has-real-derivative u t) (at t) if T < ¢ for ¢
using tail-quantile-has-deriv|OF F z0lt Flim Fderiv’ fpos’] that by (simp add:
u-def T-def)
have ucont: continuous-on {T<..} u
proof (safe intro!: continuous-at-imp-continuous-on)
fix s
assume sT: T < s
show isCont u s
unfolding u-def using fU[OF sT] t1[OF sT|
by (intro continuous-intros
isCont-02|OF DERIV-isCont[OF Uderiv[|OF sT|| fcont'|OF Ugt[OF sT)
Ult|OF sT]])
auto
qed
note lim2 = tail-quantile-deriv-ratio-neg| OF F bdd gamma x0 Fderiv fpos Uderiv
lim]
define a where a = (At. if T < t then — v * (z-star F — tail-quantile F t) else
1)

have apos: 0 < a t for t
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by (cases T < t) (use gamma Ult in simp-all add: a-def mult-neg-pos)
have ((\t. (tail-quantile F (t x z) — tail-quantile F't) / a t)
—— (if v = 0 then In z else (z powr v — 1) / 7)) at-top if z: 0 < z for
z
proof —
have ((At. (1 — (z-star F — tail-quantile F (t * x))
/ (z-star F' — tail-quantile F t)) / (— 7))
s (I = @ powr ) [ (— 7)) at-top
by (intro tendsto-divide tendsto-diff
deriv-ratio-regularly-varying-uminus|OF Tpos Uderiv ucont Ult lim2 x]
tendsto-const)
(use gamma in simp-all)
moreover have Vg ¢ in at-top. (1 — (z-star F' — tail-quantile F (t * x))
/ (z-star F — tail-quantile F t)) / (— )
= (tail-quantile F (t x z) — tail-quantile F't) / a t
using eventually-gt-at-top[of T
proof eventually-elim
case (elim t)
show ?Zcase
using Ult[|OF elim] gamma elim by (simp add: a-def field-simps)
qed
ultimately have ((At. (tail-quantile F (t * x) — tail-quantile F' t) / a t)
—— (1 — @ powr v) / (= 7)) at-top
by (rule Lim-transform-eventually)
thus ?thesis
using gamma by (simp add: minus-divide-left field-simps)
qed
thus ?thesis
unfolding MDA-iff-tail-quantile’|OF F| using apos by blast
qed

3.5 Relation to Regularly Varying Functions

We formalize results for v # 0.

lemma tail-quantile-S-at-top:
fixes F :: real = real and o :: real
assumes F': right-continuous-mono F 0 1
and bdd: bdd-support F
and rv: regularly-varying (As. 1 — F (z-star F — 1 | 8)) o
and rho: p < 0
shows filterlim (At. 1 / (z-star F — tail-quantile F t)) at-top at-top
proof —
interpret right-continuous-mono F 0 1
by fact
have phi-to-0: (As. 1 — F (z-star F — 1 | s)) —— 0) at-top
using regularly-varying-neg-at-top| OF rv rho] .
have Ult: tail-quantile F t < z-star F
if t1]arith]: 1 < t for ¢
proof —
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have ev: Vg sin at-top. 1 — F (z-star F — 1 / s) <1 [/t N0 <s
using eventually-conj|OF order-tendstoD(2)[OF phi-to-0, of 1 ] t]
eventually-gt-at-top[of 0::real])
by simp
then obtain s0 where s0: 1 — F (z-star F — 1 / s0) < 1 /t0 < s0
using eventually-happens’|OF trivial-limit-at-top-linorder] by blast
define z where z = z-star F' — 1 / s0
have Fz: 1 — 1 /t < Fz
using s0 by (simp add: z-def)
have p-bounds: 0 <1 — 1 /t1 —1/t<1
using t1 by simp-all
have tail-quantile F t < z
using ginv-le-iff [OF p-bounds, of z] Fz by simp
also have z < z-star F'
using s0(2) by (simp add: z-def)
finally show ?thesis .

qed
have main: AM. 0 < M =V p tin at-top. M < 1 / (z-star F — tail-quantile
Ft)
proof —
fix M :: real

assume Mpos: 0 < M
define 20 where 20 = z-star F — 1 | M
have 20it1: F 20 < 1
using reqularly-varying-pos|OF rv, of M| Mpos by (simp add: z0-def)
show V p tin at-top. M < 1 / (z-star F — tail-quantile F t)
using eventually-gt-at-toplof 1 / (1 — F 20)] eventually-gt-at-top[of 1::real]
proof eventually-elim
case (elim t)
hence t1: 1 < tand 2: 1 / (I — Fz20) <t
by auto
have p-bounds: 0 <1 — 1 /t1 —1/t<1
using t1 by simp-all
have F20 <1 — 1/t
using t1 t2 20lt1 by (simp add: field-simps)
hence zit: 20 < tail-quantile F' t
using ginv-le-iff [OF p-bounds, of z0] by linarith
have lt: z-star F — tail-quantile F t < 1 | M
using zlt by (simp add: 20-def)
show ?case
using Ult[OF t1] It Mpos by (simp add: field-simps)
qed
qed
show ?thesis
unfolding filterlim-at-top
proof
fix M :: real
show V g t in at-top. M < 1 / (z-star F — tail-quantile F' t)
using main[of maz M 1] eventually-mono
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by(cases M < 1) fastforce+
qed
qed

lemma tail-quantile-diff-scale-ratio:
fixes U a :: real = real and 7 :: real
assumes apos: \t. 0 < a' t
and gamma: v # 0
and quant: Az. 0 < 1 =
(M. (U (txz)—Ut)/ at) — (xpowry — 1) /) at-top
and y: 0 < y
shows ((A\t. a (¢t x y) / a t) —— y powr ~) at-top
proof —
define D where D = (Az::real. (x powr v — 1) / 7)
have quant” Az. 0 < 2 = ((At. (U (t xx) — Ut) / at) —— D x) at-top
using quant by (simp add: D-def)
have D2-ne: D 2 # 0
using gamma by(simp add: D-def)
have R2y: ((Mt. (U (tx(y«2)) — Ut)/at) —— D (y x 2)) at-top
using quant’[of y * 2] y by simp
have Ry: (At. (U (¢t xy) — Ut) / at) —— D y) at-top
using quant’[of y] y by simp
have Rty2: (Mt. (U (txy*x2) — U (t*xy))/ a(t*xy)) — D 2) at-top
using filterlim-compose| OF quant’[of 2]
filterlim-tendsto-pos-mult-at-top| OF tendsto-const y filterlim-ident]]
by (simp add: mult.commaute)
have eql: (U (t x (yx2)) —Ut)/at— (U(txy) —Ut)/at
=U({t+xy=*x2)—U(t*xy)/atfort
by (simp add: mult.assoc diff-divide-distrib)
have main: (At. (U (t xy* 2) — U (t*y)) /at)—— D (y*2) — Dy)
at-top
using tendsto-diff[OF R2y Ry| unfolding eq! .
note ev-ne = tendsto-imp-eventually-ne[OF Rty2 D2-ne]
have ratio-eq: V g t in at-top.

(U txyx2)=Ultxy)/at)/(UExyx2)—Utxy)/al(tx

=a(txy)/at
using apos by (auto intro!: eventually-mono[OF ev-ne])
have ratio-tendsto: ((At.

((U(txyx2)=Utxy)/at)/(U(txyx2)-U(txy)/al(tx

—— (D (y*2) —Dy)/ D2) attop

by (intro tendsto-divide main Rty2 D2-ne)
have final: (M. a (t xy) / at) —— (D (yx 2) — Dy) / D 2) at-top

using Lim-transform-eventually[OF ratio-tendsto ratio-eq) .
have value-eq: (D (y x 2) — Dy) / D 2 = y powr v

using gamma y D2-ne by (simp add: D-def powr-mult field-simps)
show ((At. a (t x y) / a t) —— y powr ) at-top

using final value-eq by simp
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qed

lemma tail-quantile-cont-ratio:
fixes F :: real = real and 7 :: real and a :: real = real
assumes apos: \t. 0 < a t
and gamma: v # 0
and quant: Az. 0 < © =
((At. (tail-quantile F' (t * x) — tail-quantile F't) / a t)
—— (z powr v — 1) / ) at-top
and Z: 1 < Z
shows ((\t. (tail-quantile F (t * Z x Z) — tail-quantile F (t x Z))
/ (tail-quantile F (t x Z) — tail-quantile F t)) —— Z powr ) at-top
proof —
define D where D = (Az::real. (x powr v — 1) / 7)
have Zpos: 0 < Z
using Z by simp
have quant” A\z. 0 < 2 =
((At. (tail-quantile F (t * ) — tail-quantile F' t) / a t) —— D z) at-top
using quant by (simp add: D-def)
from tail-quantile-diff-scale-ratio|OF apos gamma quant]
have a-rv: Ay. 0 <y = (M. a (t x y) / a t) —— y powr ) at-top .
have DZ-ne: D 7 # 0
using gamma Z by(auto simp: D-def)
have f-lim: ((A\t. (tail-quantile F (t x Z) — tail-quantile F' t) / a t) —— D Z)
at-top
using quant’[of Z] Z by simp
have g-lim: (M\t. a (t * Z) / a t) —— Z powr ) at-top
using a-rv[of Z| Z by simp
have h-lim: ((At. (tail-quantile F (t * Z % Z)
— tail-quantile F (t x Z)) |/ a (t * Z)) —— D Z) at-top
using filterlim-compose|OF f-lim filterlim-tendsto-pos-mult-at-top
[OF tendsto-const Zpos filterlim-ident))
by (simp add: mult.commute)
have ev-ne: V g t in at-top. (tail-quantile F (t * Z) — tail-quantile F't) / at # 0
by (intro tendsto-imp-eventually-ne[where c=D Z] f-lim DZ-ne)
have ratio-eq: ¥V g t in at-top. (a (t x Z) / a t) *
(((tail-quantile F (t x Z % Z) — tail-quantile F (t x Z)) [ a (¢t x Z))
/ ((tail-quantile F (t x Z) — tail-quantile F't) / a t))
= (tail-quantile F (t x Z x Z) — tail-quantile F (t * Z))
/ (tail-quantile F (t x Z) — tail-quantile F t)
using apos by (intro eventually-mono|OF ev-ne])
(smt (verit) Groups.mult-ac(3) divide-divide-eg-left field-class.field-divide-inverse
nonzero-mault-divide-mult-cancel-left2
times-divide-eq-right zero-less-divide-iff)
have ratio-tendsto: ((At.
(a (txZ)/ at)*
(((tail-quantile F (t * Z x Z) — tail-quantile F (¢

x 7))/ a(tx2Z))
/ ((tail-quantile F (t * Z) — tail-quantile F t) / a t)))

) —— Z pouwr )
at-top
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using tendsto-mult|OF g-lim] tendsto-divide[OF h-lim f-lim DZ-ne] DZ-ne
by fastforce
show ?thesis
using Lim-transform-eventually|OF ratio-tendsto ratio-eq] .
qed

lemma tail-quantile-diff-geometric-seq:
fixes F' :: real = real and v Z t0 :: real and a :: real = real
assumes apos: \t. 0 < a' t
and gamma: v # 0
and quant: Az. 0 < z =
((Mt. (tail-quantile F (t * ) — tail-quantile F' t) / a t)
—— (x powr v — 1) / ) at-top
and Z: 1 < Z and t0: 0 < t0
obtains N where
NEk. tail-quantile F (t0 « Z ~ (N + k)) < tail-quantile F (t0 « Z ~ Suc (N +
)
and (Ak. (tail-quantile F (10 « Z ~ Suc (N + Suc k))
— tail-quantile F (t0 x Z ~ (N + Suc k)))
/ (tail-quantile F (t0 « Z ~ Suc (N + k)) — tail-quantile F (t0 * Z
(N + K))))
—— Z powr vy
proof —
define D where D = (Az::real. (z powr v — 1) / 7)
have DZ-pos: 0 < D Z
proof (cases 0 < )
case True
show ?thesis
using powr-less-mono2[OF True zero-le-one Z| True by (simp add: D-def)
next
case False
hence neg: v < 0
using gamma by simp
show ?thesis
using powr-less-mono|OF neg, of Z| Z neg by (simp add: D-def divide-neg-neg)
qed
have seq-top: filterlim (An. t0 = Z ~ n) at-top sequentially
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const[of t0] t0
LIMSEQ-power-at-top|OF Z]] .
have f-lim: ((A\t. (tail-quantile F (t x Z) — tail-quantile F' t) / a t) —— D Z)
at-top
using quant|of Z] Z by (simp add: D-def)
define A where A = (An. tail-quantile F (10 x Z ~ Suc n) — tail-quantile F (0
x Z " m))
have A-ratio: (An. A (Suc n) / A n) —— Z powr vy
using filterlim-compose[OF tail-quantile-cont-ratio|OF apos gamma quant Z|
seg-top]
by (simp add: algebra-simps A-def)
have A-over-a: (An. An /a (t0 x Z " n)) —— D Z
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using filterlim-compose| OF f-lim seq-top] by (simp add: algebra-simps A-def)
obtain N where N: An. N <n= 0<An
using order-tendstoD(1)[OF A-over-a DZ-pos| apos
unfolding eventually-sequentially by (auto simp: pos-less-divide-eq)
show thesis
proof (rule that)
show tail-quantile F (t0 « Z ~ (N + k)) < tail-quantile F (t0 * Z ~ Suc (N +
k)) for k
using N[of N + k] by (simp add: A-def)
show (Ak. (tail-quantile F (t0 x Z ~ Suc (N + Suc k))
— tail-quantile F (t0 « Z ~ (N + Suc k)))
/ (tail-quantile F (t0 x Z ~ Suc (N + k)) — tail-quantile F (t0 * Z
(N + 1))
— Z powr vy
using LIMSEQ-ignore-initial-segment|OF A-ratio, of N|
by (simp add: A-def add.commute)
qed
qed

lemma tail-quantile-neg-gap-power-ratio:
fixes F :: real = real and v :: real and a :: real = real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a't
and gamma: v < 0
and quant: Az. 0 < 1 =
((At. (tail-quantile F (t * x) — tail-quantile F t) / a t)
—— (z powr v — 1) / 7) at-top
and Uconv: (tail-quantile F —— gz-star F) at-top
and Z: 1 < Z and t0: 0 < 10
shows (An. (z-star F' — tail-quantile F (t0 * Z ~ Suc n))
/ (z-star F — tail-quantile F (t0 x Z " n))) —— Z powr =y
proof —
have gamma-ne: v # 0
using gamma by simp
have Zg-bounds: 0 < Z powr v Z powr v < 1
using powr-less-mono[|OF gamma, of Z] Z by simp-all
obtain N where
N-pos: N\k. tail-quantile F (t0 x Z ~ (N + k)) < tail-quantile F (t0 x Z ~ Suc
(N + k)
and N-ratio: (Ak. (tail-quantile F (10 « Z ~ Suc (N + Suc k))
— tail-quantile F (t0 * Z ~ (N + Suc k)))
/ (tail-quantile F (t0 x Z ~ Suc (N + k))
— tail-quantile F (t0 x Z ~ (N + k)))) —— Z powr ~
using tail-quantile-diff-geometric-seq(OF apos gamma-ne quant Z t0] by blast
define d where d = (A\k. tail-quantile F (t0 x Z ~ Suc (N + k))
— tail-quantile F (10 x Z ~ (N + k)))
have d-pos: 0 < d k for k
using N-pos by (simp add: d-def)
have d-eq: d k = tail-quantile F (t0 « Z ~ Suc (N + k)) — tail-quantile F (10 *
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Z (N + k)
for k
by (simp add: d-def)
have d-ratio: (A\k. d (Suc k) / d k) —— Z powr ~
using N-ratio by (simp add: d-def)
note d-summable = geometric-ratio-tailsum-summable]| OF d-pos Zg-bounds d-ratio]
have d-sum-eq: (> k<n. d k)
= tail-quantile F (10 « Z ~ (N + n)) — tail-quantile F' (t0 « Z ~
N) for n
by (induction n) (auto simp: d-eq)
have shift-at-top: filterlim (An::nat. N + n) at-top sequentially
by (simp add: Groups.add-ac(2) filterlim-add-const-nat-at-top)
have Ns-top: filterlim (An. t0 x Z ~ (N + n)) al-top sequentially
using filterlim-compose|OF filterlim-tendsto-pos-mult-at-top
[OF tendsto-const[of t0] t0 LIMSEQ-power-at-top|OF Z]] shift-at-top] .
have U-Ns-tendsto: (An. tail-quantile F (t0 x Z (N + n))) —— a-star F
using filterlim-compose| OF Uconv Ns-top] .
have z-star-eq: z-star F = tail-quantile F' (t0 x Z ~ N) + suminf d
proof —
have lim1: (An. tail-quantile F (t0 « Z " N) + (> k<n. d k)) —— z-star F
using U-Ns-tendsto by (simp add: d-sum-eq)
have lim2: (An. tail-quantile F (t0 * Z ~ N) + (O k<n. d k))
—— tail-quantile F (10 « Z ~ N) + suminf d
by (intro tendsto-add[OF tendsto-const] summable-LIMSEQ|OF d-summable])
show ?thesis
using LIMSEQ-unique[OF lim1 lim2] by simp
qed
have gap-eq: z-star F — tail-quantile F (10 « Z ~ (N + n)) = O k. d (k + n))
for n
proof —
have z-star F — tail-quantile F (t0 x Z = (N + n)) = suminf d — (> k<n. d
k)
using z-star-eq d-sum-eq[of n] by simp
also have ... = (3" k. d (k + n))
using suminf-minus-initial-segment|OF d-summable, of n] by simp
finally show ?thesis .
qged
note tailsum-ratio = geometric-ratio-tailsum-ratiolOF d-pos Zg-bounds d-ratio]
have egq-fun: An. (a-star F — tail-quantile F' (t0 * Z ~ (N + Suc n)))
/ (z-star F' — tail-quantile F (10 « Z ~ (N + n)))
="k d(k+ Sucn))/ Ok d(k+ n)
proof —
fix n
have el: z-star F — tail-quantile F' (t0 « Z = (N + Suc n)) = O k. d (k +
Suc n))
using gap-eq[of Suc n] .
have e2: z-star F — tail-quantile F (t0 x Z ~ (N + n)) = O_k. d (k + n))
using gap-eq[of n] .
show (z-star F — tail-quantile F (t0 * Z ~ (N + Suc n)))
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/ (z-star F — tail-quantile F (10 « Z ~ (N + n)))
= k. d(k+ Sucn)) / Ok d(k+ n))
unfolding ef e2 ..
qed
have gap-ratio-shifted: (An. (z-star F — tail-quantile F (t0 « Z ~ (N + Suc n)))
/ (z-star F' — tail-quantile F (t0 «* Z ~ (N + n)))) ——
Z powr y
using tailsum-ratio unfolding eq-fun .
have gap-ratio-shifted’: (An. (z-star F — tail-quantile F' (t0 x Z ~ Suc (n + N)))
/ (x-star F — tail-quantile F (t0 * Z ~ (n + N)))) ——
Z powr y
using gap-ratio-shifted by (simp add: add.commute)
show ?thesis
using gap-ratio-shifted’ by (rule LIMSEQ-offset)
qed

lemma tail-quantile-neg-gap-ratio-of-power-ratio:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1 and gamma: v < 0
and gap-pos: \t. 1 < t = 0 < z-star F — tail-quantile F t
and gap-power-ratio: ANZ t0. 1 < 7 = 0 < t0 =
(An. (a-star F — tail-quantile F (t0 = Z ~ Suc n))
/ (z-star F' — tail-quantile F (t0 « Z ~n))) —— Z powr ~y
shows A\y. 0 < y =
((At. (a-star F — tail-quantile F (¢ % y)) / (z-star F — tail-quantile F t))
—— y powr ) at-top
proof —
define W where W = (At. 1 / (z-star F' — tail-quantile F t))
have Wmono: W s < Wtifs: 1 < sand st: s<tfor st
using gap-pos[OF s| gap-pos|OF order.strict-trans2[OF s st]]
tail-quantile-mono[OF F' s st]
by (auto simp: W-def introl: divide-left-mono)
have Wpos: 0 < Witift: 1 <t fort
using gap-pos|OF t] by (simp add: W-def)
have Wpos-ev: Vg t in at-top. 0 < W't
by (intro eventually-mono[OF eventually-gt-at-top[of 1::real]] Wpos)
have Wratio: (An. W (t0 « Z ~ Sucn) /| W (t0 x Z " n)) —— Z powr (— )
if Z: 1 < Z and t0: 0 < t0 for Z t0 :: real
using tendsto-inverse| OF gap-power-ratio|OF Z t0]] Z
by (simp add: W-def powr-minus)
fix y :: real
assume y: 0 < y
have main: (At. W (t x y) /| Wt) —— y powr (— 7)) at-top
using Wratio y gamma
by (intro monotone-geometric-ratio-imp-ratiol OF Wmono Wpos-ev]) auto
have eq: (At. inverse (W (t  y) / W t))
= (At. (z-star F — tail-quantile F (t x y)) / (z-star F — tail-quantile
F )
by (simp add: W-def)
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show ((At. (z-star F — tail-quantile F (t * y)) / (a-star F — tail-quantile F' t))
—— y powr 7) al-top
using tendsto-inverse[OF main] y
unfolding eq by (simp add: powr-minus)
qed

lemma tail-quantile-neg-reqularly-varying:
fixes F' :: real = real and 7 :: real and a :: real = real
assumes F: right-continuous-mono F 0 1
and apos: \t. 0 < a t
and gamma: v < 0
and quant: A\z. 0 < z =
((At. (tail-quantile F (t x z) — tail-quantile F ' t) / a t) —— (z powr v —
1) /) at-top
shows tail-quantile-neg-bdd: bdd-support F
and tail-quantile-neg-tendsto: (tail-quantile F —— z-star F) at-top
and tail-quantile-neg-ratio: N\y. 0 < y =
((At. (z-star F — tail-quantile F (t x y)) / (z-star F — tail-quantile F t))
—— y powr ) al-top
proof —
interpret right-continuous-mono F 0 1
by fact
have gamma-ne0: v # 0
using gamma by simp
have cont-ratio2: ((At. (tail-quantile F (t x 2 % 2) — tail-quantile F (t x 2))
/ (tail-quantile F (t = 2) — tail-quantile F t)) —— 2 powr =)
at-top
using tail-quantile-cont-ratio[OF apos gamma-ne0 quant, of 2] by simp
have Zn-at-top: filterlim (An::nat. (2::real) ~ n) at-top sequentially
using LIMSEQ-power-at-top[of 2] by simp
have D2-pos: 0 < (2 powr v — 1) / 7
using powr-less-mono[OF gamma, of 2]
by (auto introl: divide-neg-neg gamma)
define A where A = (An. tail-quantile F (2 ~ Suc n) — tail-quantile F (2 ~ n))
have A-ratio: (An. A (Suc n) / A n) —— 2 powr ~
proof —
have step: (An. (tail-quantile F (2 "n % 2 % 2) — tail-quantile F (2 " n % 2))
/ (tail-quantile F (2 "~ n % 2) — tail-quantile F (2 " n)))
— 2 powr vy
using filterlim-compose[OF cont-ratio2 Zn-at-top)] .
have eq: (tail-quantile F (2 “n * 2 x 2) — tail-quantile F (2 " n * 2))
/ (tail-quantile F (2 " n % 2) — tail-quantile F (2 " n))
= A (Sucn) / A nforn
by (simp add: A-def algebra-simps)
show ?thesis
using step unfolding eq .
qed
have A-over-a: (An. An /a (2 " n)) —— (2powry — 1)/~
proof —
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have ((A\t. (tail-quantile F (t * 2) — tail-quantile F t) / a t)
—— (2 powr v — 1) / 7) at-top
using quant|of 2] by simp
from filterlim-compose| OF this Zn-at-top)
show ?thesis
by (simp add: A-def mult.commute)
qed
have ev-A-pos: V g n in sequentially. 0 < A n
proof —
have V r n in sequentially. 0 < A n / a (2 " n)
using order-tendstoD(1)[OF A-over-a D2-pos] by simp
thus ?thesis
proof eventually-elim
case (elim n)
thus ?case
using apos[of 2 ~ n| by (simp add: zero-less-divide-iff)
qed
qed
obtain N where N: An. N<n= 0<An
using ev-A-pos unfolding eventually-sequentially by blast
define d where d = (Ak. A (N + k))
have d-pos: 0 < d k for k
using N by (simp add: d-def)
have d-ratio: (A\k. d (Suc k) / d k) —— 2 powr v
using LIMSEQ-ignore-initial-segment|OF A-ratio, of N]
by (simp add: d-def add.commute)
have L-bounds: 0 < 2 powr v 2 powr v < 1
using powr-less-mono[OF gamma, of 2] by simp-all
note d-summable = geometric-ratio-tailsum-summable[OF d-pos L-bounds d-ratio]
have d-sum-eq: (3 k<n. d k) = tail-quantile F (2 = (N + n)) — tail-quantile F
(2 °N) for n
proof (induction n)
case (Suc n)
have (> k<Sucn. dk) = (O k<n.dk)+ dn
by simp
also have ... = (tail-quantile F (2 (N + n)) — tail-quantile F (2 ~ N)) +
dn

~

using Suc.IH by simp
also have ... = tail-quantile F (2 = (N + Suc n)) — tail-quantile F (2 " N)
by (simp add: d-def A-def)
finally show ?Zcase .
qed simp
have partial-le: (3~ k<n. d k) < suminf d for n
by (intro sum-le-suminf[OF d-summable finite-lessThan] less-imp-le[OF d-pos])
define B where B = tail-quantile F (2 ~ N) + suminf d
have U-2pow-le: tail-quantile F' (2 ~ (N + n)) < B for n
using partial-le[of n] unfolding d-sum-eg[of n] B-def by simp
have U-le-B: tail-quantile F t < Bif t1: 1 < t for ¢t
proof —
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obtain n where n: t < 2 7 (N + n)
proof —
obtain N0 where NO: VE>NO. t < 2 "k
using Zn-at-top unfolding filterlim-at-top eventually-sequentially by blast
have N0 < N + NO
by simp
hence t < 2 7 (N + NO)
using NO by simp
thus thesis
using that by blast
qed
have tail-quantile F t < tail-quantile F (2 ~ (N + n))
using t1 n by (intro tail-quantile-mono[OF F]) auto
also have ... < B
by (rule U-2pow-le)
finally show ?thesis .
qed
show bdd: bdd-support F
proof (rule ccontr)
assume nbdd: — bdd-support F
note unbdd = F-lt-1-unbdd-support| OF F nbdd)
note U-at-top = tail-quantile-at-top| OF F unbdd)]
obtain ¢ where ¢: 1 < t B < tail-quantile F t
proof —
have V r t in at-top. B + 1 < tail-quantile Ft N 1 < t
using eventually-conj|OF U-at-top[unfolded filterlim-at-top, rule-format, of
B + 1]
eventually-gt-at-top[of 1::real]] .
then obtain t0 where t0: B + 1 < tail-quantile F t0 1 < t0
using eventually-happens’|OF trivial-limit-at-top-linorder] by blast
show thesis
using that[of t0] t0 by simp
qed
show Fulse
using U-le-B[OF t(1)] t(2) by simp
qed
note Fustar = F-z-star-eq-1[OF F bdd)]
have U-le-zstar: tail-quantile F t < x-star F if t1: 1 < t for ¢t
using t1 Fzstar by (simp add: field-simps ginv-le-iff)
show tendsto-goal: (tail-quantile F —— z-star F) at-top
by (rule tail-quantile-tendsto-z-star|OF F bdd))
have gap-pos: 0 < z-star F — tail-quantile F' ¢t if t1: 1 < t for ¢
proof (rule ccontr)
assume — 0 < z-star F' — tail-quantile F' t
hence eq: tail-quantile F t = z-star F
using U-le-zstar[OF t1] by simp
have const: tail-quantile F' s = x-star F if s1: t < s for s
proof (rule antisym)
show tail-quantile F s < z-star F
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using U-le-zstar[of s] t1 s1 by simp
have tail-quantile F t < tail-quantile F' s
using tail-quantile-mono[OF F t1 s1] .
thus z-star F' < tail-quantile F' s
using eq by simp
qed
have ev0: V g s in at-top. (tail-quantile F (s x 2) — tail-quantile F s) / a s =0
using const t1 by (auto introl: eventually-mono|OF eventually-ge-at-top|of

)

have ev0”: ¥V s in at-top. 0 = (tail-quantile F (s x 2) — tail-quantile F s) / a

using ev0 by eventually-elim simp
have ratio-to-0: ((As. (tail-quantile F' (s x 2) — tail-quantile F's) |/ a s) ——
0) at-top
using Lim-transform-eventually|OF tendsto-const ev0’] .
have ratio-to-D2: ((As. (tail-quantile F (s x 2) — tail-quantile F' s) / a )
—— (2 powr v — 1) / 7) at-top
using quant|of 2] by simp
have (2 powr v — 1) /v =0
using tendsto-unique[OF trivial-limit-at-top-linorder ratio-to-D2 ratio-to-0] .
thus Fulse
using D2-pos by simp
qed
have gap-power-ratio: NZ 0. 1 < 7 = 0 < 10 =
(An. (z-star F — tail-quantile F (t0 * Z ~ Suc n))
/ (z-star F — tail-quantile F (t0 x Z ~ n)))
— Z powr vy
using tail-quantile-neg-gap-power-ratiolOF F apos gamma quant tendsto-goal] .
show Ay. 0 < y =
((At. (z-star F — tail-quantile F (t % y)) / (z-star F — tail-quantile F t))
—— y powr ) at-top
using tail-quantile-neg-gap-ratio-of-power-ratio| OF F gamma gap-pos gap-power-ratio]
qed
lemma tail-quantile-gap-ratio-neg-imp-tail-reqularly-varying:
fixes F :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1 and gamma: v < 0
and bdd: bdd-support F
and gap-rv: N\y. 0 < y =
((At. (z-star F — tail-quantile F (t x y)) / (z-star F — tail-quantile F t))
—— y powr ) at-top
shows reqularly-varying (As. 1 — F (z-star F — 1 / s)) (1 / 7)
proof —
interpret right-continuous-mono F 0 1
by fact
have phi-pos: 0 < 1 — F (a-star F — 1 / s) if s: 0 < s for s
using s lt-z-star-iff-F-lt-1[OF F bdd, THEN iffD1] by fastforce
note Frstar = F-z-star-eq-1[OF F bdd)]
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have U-le-zstar: tail-quantile F t < x-star F if t1: 1 < t for ¢
using t1 Fastar by (simp add: field-simps ginv-le-iff)
note Utend = tail-quantile-tendsto-z-star[OF F bdd]
have gap-pos: 0 < z-star F — tail-quantile F' ¢t if t1: 1 < t for ¢
proof (rule ccontr)
assume — 0 < z-star F — tail-quantile F t
hence eq: tail-quantile F t = z-star F
using U-le-zstar[OF t1] by simp
have const: tail-quantile F v = x-star F if ul: t < u for u
proof (rule antisym)
show tail-quantile F u < z-star F
using U-le-zstar[of u] t1 ul by simp
have tail-quantile F' t < tail-quantile F u
using tail-quantile-mono[OF F t1 ul] .
thus z-star F < tail-quantile F u
using eq by simp
qed
have ev0: V p u in at-top.
(z-star F' — tail-quantile F' (u * 2)) / (z-star F — tail-quantile F' u)
=0

t]])
have ev0" V p u in at-top. (0::real)
= (z-star F' — tail-quantile F (u * 2)) / (z-star F' — tail-quantile F u)
using ev0 by eventually-elim simp
have ratio-to-0: ((Au.
(z-star F — tail-quantile F' (u * 2)) / (z-star F — tail-quantile F u)) ——
0) at-top
using Lim-transform-eventually|OF tendsto-const ev0’] .
have ratio-to-2g: ((Au.
(z-star F — tail-quantile F (u % 2)) / (z-star F — tail-quantile F u))
—— 2 powr ) at-top
using gap-rvlof 2] by simp
have 2 powr v = 0
using tendsto-unique| OF trivial-limit-at-top-linorder ratio-to-2g ratio-to-0] .
thus Fulse
by simp
qed
define W where W = (At::real. 1 / (2-star F' — tail-quantile F' t))
define s where s = (Aw:ireal. 1 / (1 — F (z-star F — 1 | w)))
have galois: Wit < w«—— t < swifti: 1 < tfor tw
proof (cases 0 < w)
case True
note gpos = gap-pos|OF t1]
note phipos = phi-pos|OF True]
have p-bounds: 0 <1 — 1 /t1 —1/t<1
using tI by simp-all
have Wt < w «— tail-quantile F t < z-star F — 1 [ w
unfolding W-def using gpos True by (simp add: field-simps)

using const t1 by (auto introl: eventually-mono[OF eventually-ge-at-top|of
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also have ... «— 1 — 1 /¢t < F (z-star F — 1 | w)
using ginv-le-iff [OF p-bounds, of z-star F — 1 / w] by simp
also have ... — t < sw
using phipos True t1 by (simp add: s-def field-simps)
finally show ?thesis .
next
case Fulse
have - (Wt < w)
proof —
note gpos = gap-pos|OF t1]
hence 0 < W't
unfolding W-def by simp
thus ?thesis
using Fualse by linarith
qed
moreover have - (¢t < s w)
proof —
have wle0: w < 0V w= 0
using Fualse by linarith
have 1 / w <0
using wle0 by (auto simp: divide-le-0-iff)
hence z-star F < z-star F — 1 | w
by simp
hence F (z-star F) < F (a-star ' — 1 | w)
by (rule monoD[OF mono))
hence F (z-star F — 1 [ w) = 1
using Fzstar right-continuous-mono.f-le-b[OF F, of z-star F — 1 | w] by
stmp
hence s w = 0
unfolding s-def by simp
thus ?thesis
using t! by simp
qed
ultimately show #thesis
by simp
qed
have Wtop: filterlim W at-top at-top
proof —
have gap-tend0: ((At. z-star F' — tail-quantile F' t) —— 0) at-top
using tendsto-diff [OF tendsto-const|of z-star F] Utend] by simp
have gap-pos-ev: ¥V g t in at-top. 0 < x-star F' — tail-quantile F' t
using eventually-gt-at-top[of 1::real] by eventually-elim (rule gap-pos)
show ?thesis
unfolding W-def
using filterlim-inverse-at-top[OF gap-tend0 gap-pos-ev] by (simp add: in-
verse-eq-divide)
qed
have s-top: filterlim s at-top at-top
unfolding filterlim-at-top
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proof
fix M :: real
define M’ where M’ = max M 2
have M'1: 1 < M’
unfolding M'-def by simp
have WM 'pos: 0 < W M’
unfolding W-def using gap-pos|OF M'1] by simp
show V p w in at-top. M < s w
using eventually-ge-at-toplof W M|
by eventually-elim (use galois|OF M'1] in simp add: M’-def)
qed
have Wrv: (At. W (t xy) /| W t) —— y powr (— 7)) at-top if y: 0 < y for y
proof —
have r1: ((A\t. (z-star F — tail-quantile F (t x y)) / (a-star F — tail-quantile
P o)
—— y powr 7) at-top
using gap-rv[OF y] .
have ypow-ne: y powr v # 0
using y by simp
note rlinv = tendsto-inverse[OF r1 ypow-ne]
have ty-top: filterlim (At::real. t * y) at-top at-top
using filterlim-tendsto-pos-mult-at-top[ OF tendsto-const|of y] y filterlim-ident]
by (simp add: mult.commute)
have ev-ty: Vg tin at-top. 1 < t*y
using ty-top[unfolded filterlim-at-top, rule-format, of 2] by eventually-elim
stmp
have eq: V g ¢ in at-top. inverse ((z-star F — tail-quantile F (t x y))
/ (z-star F — tail-quantile F t)) = W (t x y) /] Wt
using eventually-gt-at-top[of 1] ev-ty
by eventually-elim (use gap-pos in simp add: W-def field-simps)
have ((At. W (t x y) /| W t) —— inverse (y powr 7)) at-top
using Lim-transform-eventually|OF rlinv eq] .
thus ?thesis
by (simp add: powr-minus)
qed
have s-pos: 0 < s w if w: 0 < w for w
unfolding s-def using phi-pos|OF w] by simp
have s-ratio: (Au. s (u x z) / s u) —— z powr (— 1 / 7)) at-top
ifz: 0 < z for z
using galois-inverse-ratio-tendsto| OF Wtop s-top s-pos galois - Wrv x| gamma
by simp
have phi-ratio: (Au. (1 — F (z-star F — 1 [/ (ux x))) / (I — F (a-star F — 1
/ )
—— z powr (1 /7)) at-top if z: 0 < z for z
proof —
have same: (Au. s (u * z) / s u)
=Au. (I — F (z-star F — 1/ uw) /(1 —F (z-star F — 1 ] (u*
z))))

using phi-pos x by (auto simp: s-def)
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have main: (Au. (1 — F (a-star F — 1 / w)) / (I — F (z-star F — 1 / (u *
z))))
—— x powr (— 1 /7)) at-top
using s-ratio[OF z] unfolding same .
have zr-ne: z powr (— 1 / v) # 0
using z by simp
have inv: ((A\u. inverse ((1 — F (z-star F — 1 / w)) / (I — F (z-star F — 1
/ (uxx)))))
—— inverse (z powr (— 1 / v))) at-top
by (intro tendsto-inverse main xr-ne)
have eq2: (Au. inverse (1 — F (z-star F — 1 / w)) / (1 — F (z-star F — 1
/ (uxx)))))
=Mu. (I — F (z-star F — 1 / (ux2z))) /(1 — F (x-star I — 1/
w)))
by simp

have lim: (Au. (1 — F (z-star F — 1 [ (u x z))) / (I — F (z-star F — 1 /
w)))
—— inverse (z powr (— 1 / 7))) at-top
using inv unfolding eq? .
have val-eq: inverse (x powr (— 1 /7)) = z powr (1 / 7)
using z by (simp add: powr-minus)
show ?thesis
using lim unfolding val-eq .
qed
show ?thesis
proof (rule regularly-varyingl)
have Fmeas: F € borel-measurable borel
using borel-measurable-mono[OF mono] .
have cont: continuous-on {0<..} (As::real. z-star F' — 1 ] s)
by (intro continuous-intros) simp
have meas!: (As::real. z-star F — 1 | s) € borel-measurable (restrict-space borel
{0<..})
using cont by (rule borel-measurable-continuous-on-restrict)
show (As. I — F (z-star F — 1 | s)) € borel-measurable (restrict-space borel
{0<..})
using measurable-compose| OF meas! Fmeas] by simp
qed(use phi-pos phi-ratio in auto)
qged

lemma tail-quantile-pos-power-ratio:
fixes F :: real = real and + :: real and a :: real = real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a t
and gamma: 0 < v
and quant: Az. 0 < © =
((At. (tail-quantile F (t x z) — tail-quantile F t) / a t)
—— (z powr v — 1) / ) at-top
and Uinf: filterlim (tail-quantile F) at-top at-top
and Z: 1 < Z and t0: 0 < t0
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shows (An. tail-quantile F' (t0 * Z ~ Suc n) / tail-quantile F' (t0 * Z ~ n))
—— Z powr y
proof —
have gamma-ne: v # 0
using gamma by simp
have Zg-gt1: 1 < Z powr
using powr-less-mono2[OF gamma zero-le-one Z] by simp
have s-top: filterlim (An. t0 * Z ~ n) at-top sequentially
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const|of t0] t0
LIMSEQ-power-at-top|OF Z]] .
obtain N where
N-pos: N\k. tail-quantile F (t0 x Z ~ (N + k)) < tail-quantile F (t0 x Z ~ Suc
(N + k)
and N-ratio: (Ak. (tail-quantile F (t0 * Z ~ Suc (N + Suc k))
— tail-quantile F (t0 * Z ~ (N + Suc k)))
/ (tail-quantile F (t0 x Z ~ Suc (N + k))
— tail-quantile F (t0 « Z ~ (N + k)))) —— Z powr ~
using tail-quantile-diff-geometric-seq(OF apos gamma-ne quant Z t0] by blast
define d where d = (A\k. tail-quantile F' (t0 « Z ~ Suc (N + k))
— tail-quantile F (t0 « Z ~ (N + k)))
have d-pos: 0 < d k for k
using N-pos by (simp add: d-def)
have d-eq: d k = tail-quantile F (t0 « Z ~ Suc (N + k)) — tail-quantile F (0 *
Z (N + k)
for k
by (simp add: d-def)
have d-ratio: (k. d (Suc k) / d k) —— Z powr ~
using N-ratio by (simp add: d-def)
note d-sum-ratio = geometric-ratio-sum-ratio|OF d-pos Zg-gt1 d-ratio]
have d-sum-eq: (> j<k. d j)
= tail-quantile F (t0 « Z = (N + Suc k)) — tail-quantile F (t0 *
Z " N) for k
by (induction k) (auto simp: d-eq)
define C where C = tail-quantile F' (t0 x Z ~ N)
have PQ-ratio: (Ak. (tail-quantile F (10 « Z ~ (N + Suc (Suc k))) — C)
/ (tail-quantile F (¢0 x Z ~ (N + Suc k)) — C)) —— Z

powr y
proof —
have (Ak. (tail-quantile F (t0 « Z ~ (N + Suc k)) — tail-quantile F (t0 « Z ~
N)
+ d (Suc k))
/ (tail-quantile F (t0 = Z ~ (N + Suc k)) — tail-quantile F (t0 x Z
)

— Z powr 7y
using d-sum-ratio by (simp add: d-sum-eq)
thus ?thesis
by (simp add: d-def C-def algebra-simps)
qged
have shift1-at-top: filterlim (Ak::nat. N + Suc k) at-top sequentially
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by (intro filterlim-subseq strict-monol) simp
note P-seg-at-top = filterlim-compose| OF s-top shift1-at-top]
note P-at-top = filterlim-compose|OF Uinf P-seq-at-top)
note invP0 = tendsto-inverse-0-at-top| OF P-at-top)
have C-over-P: (Ak. C / tail-quantile F (t0 * Z ~ (N + Suc k))) —— 0
using tendsto-mult| OF tendsto-const[of C| invP0] by (simp add: divide-inverse)
have one-minus-C-over-P: (A\k. 1 — C / tail-quantile F (t0 « Z ~ (N + Suc k)))
Ly
using tendsto-diff [OF tendsto-const[of 1] C-over-P] by simp
have combo: (Ak. (tail-quantile F (t0 * Z ~ (N + Suc (Suc k))) — C)
/ (tail-quantile F (t0 x Z ~ (N + Suc k)) — C)
x (1 — C / tail-quantile F' (t0 * Z ~ (N + Suc k)))
+ C / tail-quantile F (t0 « Z ~ (N + Suc k))) —— Z powr ~
using tendsto-add[OF tendsto-mult| OF PQ-ratio one-minus-C-over-P] C-over-P)
by simp
have P-ge: Vi k in sequentially. |C| + 1 < tail-quantile F (t0 * Z ~ (N + Suc
)
using P-at-top[unfolded filterlim-at-top, rule-format, of |C| + 1] by simp
have combo-eq: ¥V g k in sequentially. (tail-quantile F (10 «+ Z ~ (N + Suc (Suc
k) - C)
/ (tail-quantile F (t0 « Z = (N 4+ Suc k)) — C)
x (1 — C / tail-quantile F (t0 * Z ~ (N + Suc k)))
+ C / tail-quantile F (t0 x Z ~ (N + Suc k))
= tail-quantile F (t0 x Z ~ (N + Suc (Suc k)))
/ tail-quantile F (t0 = Z ~ (N + Suc k))
using P-ge
proof eventually-elim
case (elim k)
have C-lt: C < tail-quantile F' (t0 x Z ~ (N + Suc k))
using elim abs-ge-self|of C| by linarith
have P-pos: 0 < tail-quantile F (t0 x Z = (N + Suc k))
using elim abs-ge-zero|of C| by linarith
have p-ne: tail-quantile F (t0 * Z ~ (N + Suc k)) # 0
using P-pos by simp
have pc-ne: tail-quantile F (t0 « Z ~ (N + Suc k)) — C # 0
using C-lt by simp
show ?case
using p-ne pc-ne by (simp add: field-simps)
qed
have shifted-target: (Ak. tail-quantile F (10 «+ Z ~ (N + Suc (Suc k)))
/ tail-quantile F (t0 * Z ~ (N + Suc k))) —— Z powr ~
using Lim-transform-eventually|OF combo combo-eq] .
have offset-eq: tail-quantile F (t0 « Z ~ Suc (k + (N + 1)))
/ tail-quantile F (t0 « Z ~(k + (N + 1)))
= tail-quantile F (t0 x Z ~ (N + Suc (Suc k)))
/ tail-quantile F' (t0 « Z ~ (N + Suc k)) for k
by (simp add: add.commute)
have offset-target: (k. tail-quantile F (t0 * Z ~ Suc (k + (N + 1)))
/ tail-quantile F (t0 * Z ~(k + (N + 1)))) —— Z powr

174



Y
unfolding offset-eq using shifted-target .
show ?thesis
using offset-target by (rule LIMSEQ-offset)
qed

lemma tail-quantile-pos-ratio-of-power-ratio:
fixes F' :: real = real and 7 :: real
assumes F: right-continuous-mono F 0 1 and gamma: 0 < v
and Uinf: filterlim (tail-quantile F) at-top at-top
and power-ratio: NZ 0. 1 < 7 = 0 < t0 =
(An. tail-quantile F (t0 « Z ~ Suc n) / tail-quantile F (t0 * Z ~n)) ——
Z powr y
shows A\y. 0 < y =
((At. tail-quantile F (t % y) / tail-quantile F t) —— y powr 7) at-top
proof —
have Upos: V p tin at-top. 0 < tail-quantile F' t
using Uinf unfolding filterlim-at-top-dense by blast
fix y :: real
assume y: 0 < y
show ((At. tail-quantile F (t = y) / tail-quantile F t) —— y powr ) at-top
using power-ratio y
by (intro monotone-geometric-ratio-imp-ratioOF - Upos gammal))
(auto intro: tail-quantile-mono[ OF F))
qed

lemma tail-quantile-pos-regularly-varying:
fixes F' :: real = real and 7 :: real and a :: real = real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a't
and gamma: 0 < v
and quant: Az. 0 < © =
((\t. (tail-quantile F (t * ) — tail-quantile F' t) / a t)
—— (x powr v — 1) / ) at-top
shows tail-quantile-pos-at-top: filterlim (tail-quantile F) at-top at-top
and tail-quantile-pos-ratio: N\y. 0 < y =
((At. tail-quantile F (t % y) / tail-quantile F t) —— y powr 7) at-top
proof —
interpret right-continuous-mono F 0 1
by fact
have gamma-ne0: v # 0
using gamma by simp
have a-rv: (At. a (t x y) / a t) —— y powr ) at-top if y: 0 < y for y
by (rule tail-quantile-diff-scale-ratiolwhere U = tail-quantile F,
OF apos gamma-nel quant y|)

show U-at-top: filterlim (tail-quantile F) at-top at-top

proof —
have a-rv2: ((At. a (¢t x 2) / a t) —— 2 powr 7y) at-top
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using a-rv[of 2] by simp
have quant2: ((At. (tail-quantile F (t x 2) — tail-quantile F' t) / a t)
—— (2 powr v — 1) / ) at-top
using quant|of 2] by simp
define r0 :: real where r0 = (1 + 2 powr 7) / 2
have r0-bounds: 1 < r0 r0 < 2 powr ~
using gamma by (simp-all add: r0-def)
define c :: real where ¢ = ((2 powr v — 1) /) / 2
have c-pos: 0 < ¢
using gamma by (simp add: c-def)
have c¢-it-D2: ¢ < (2 powr v — 1) / v
using gamma by (auto simp: c-def introl: divide-strict-left-mono)
have a-ev: Vp tin at-top. 70 x a t < a (t * 2)
using order-tendstoD(1)[OF a-rv2 r0-bounds(2)]
by eventually-elim (use apos in simp add: field-simps)
have U-ev: Vg t in at-top. ¢ * a t < tail-quantile F (¢t x 2) — tail-quantile F t
using order-tendstoD(1)[OF quant2 c-lt-D2]
by eventually-elim (use apos in simp add: field-simps)
obtain 71 where T1: \t. T1 <t=r0 xat < a (t* 2)
using a-ev unfolding eventually-at-top-linorder by blast
obtain T2 where T2: At. T2 <t = ¢ x a t < tail-quantile F (¢t * 2) —
tail-quantile F t
using U-ev unfolding eventually-at-top-linorder by blast
define T where T = max T1 T2
have T: At. T<t=r0*xat <a (t *2)
At. T <t = cx*at < tail-quantile F (t * 2) — tail-quantile F ¢
using T1 T2 by (auto simp: T-def)
define ¢0 :: real where t0 = mazx T 2
have t0-ge: T < t0 2 < t0
by (simp-all add: t0-def)
define tn :: nat = real where tnn = t0 x 2 ~n for n
have two-pow-gel: (1:real) < 2 " n for n
by simp
have t0-le-tn: t0 < tn n for n
using two-pow-gel [of n] t0-ge(2) by (simp add: tn-def mult-left-mono)
have tn-ge-T: T < tn n for n
using t0-ge(1) t0-le-tn[of n] by simp
have tn-gt1: 1 < tn n for n
using t0-ge(2) t0-le-tn[of n] by simp
have tn-Suc: tn (Suc n) = tn n x 2 for n
by (simp add: tn-def)
have tn-mono: m < n = tnm < tnn for mn
using t0-ge(2) by (simp add: tn-def mult-left-mmono power-increasing)
have a-grow: 10 " n * a t0 < a (tn n) for n
proof (induction n)
case (
show ?case
by (simp add: tn-def)

next
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case (Suc n)
have 70 * a (tn n) < a (tn n * 2)
using T'(1)[OF tn-ge-T[of n]] by simp
hence step: 0 * a (tn n) < a (tn (Suc n))
by (simp add: tn-Suc)
have r0 ~ Sucn x a t0 = 10 * (r0 " n * a t0)
by simp
also have ... < r0 % a (tn n)
using Suc.IH r0-bounds(1) by (intro mult-left-mono) auto
also have ... < a (tn (Suc n))
by (rule step)
finally show ?Zcase
by simp
qed
note rOn-at-top = LIMSEQ-power-at-top| OF r0-bounds(1)]
have a-tn-at-top: filterlim (An. a (tn n)) at-top sequentially
proof (rule filterlim-at-top-mono)
from filterlim-tendsto-pos-mult-at-top| OF tendsto-const apos|of t0] rOn-at-top]
have filterlim (An. a t0 x 0 ~ n) at-top sequentially .
thus filterlim (An. 70 "~ n x a t0) at-top sequentially
by (simp add: mult.commute)
show V r n in sequentially. r0 "~ n x a t0 < a (tn n)
using a-grow by (intro always-eventually) simp
qed
have U-mono-seq: m < n = tail-quantile F' (tn m) < tail-quantile F (tn n)
for m n
using tn-gt1[of m] tn-monolof m n]
by (intro tail-quantile-mono[OF <right-continuous-mono F 0 15]) auto
have not-bdd: — bdd-above (range (An. tail-quantile F' (tn n)))
proof
assume bdd: bdd-above (range (An. tail-quantile F (tn n)))
have incseq: incseq (An. tail-quantile F (tn n))
using U-mono-seq by (intro incseq-Sucl) simp
obtain B where B: An. tail-quantile F (tn n) < B
using bdd unfolding bdd-above-def by auto
obtain L where L: (An. tail-quantile F (tn n)) —— L
using incseq-convergent| OF incseq, of B] B by meson
have diff0: (An. tail-quantile F (tn (Suc n)) — tail-quantile F (tn n)) ——

using tendsto-diff[OF LIMSEQ-Suc[OF L] L] by simp

have diff-gt: V g n in sequentially. ¢ x a (tn n)
< tail-quantile F (tn (Suc n)) — tail-quantile F (tn n)

using T(2)[OF tn-ge-T| by (intro always-eventually) (simp add: tn-Suc)
have gel: V r n in sequentially. 1 < ¢ x a (in n)

using a-tn-at-top[unfolded filterlim-at-top, rule-format, of 1 / ¢

by eventually-elim (use c-pos in simp add: field-simps)
have gti-ev: V r n in sequentially. 1

< tail-quantile F (tn (Suc n)) — tail-quantile F (tn n)
using gel diff-gt
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by eventually-elim simp
have [t1-ev:
YV r nin sequentially. tail-quantile F' (tn (Suc n)) — tail-quantile F' (tn n) <

1
using order-tendstoD(2)[OF diff0, of 1] by simp
have V p n::nat in sequentially. False
using gtl-ev lt1-ev by eventually-elim linarith
thus Fulse
by simp
qed
have tn-ex: AM. An. M < tail-quantile F (tn n)
using not-bdd unfolding bdd-above-def by (auto simp: not-le)
show ?thesis
unfolding filterlim-at-top
proof
fix M :: real
obtain n where n: M < tail-quantile F (in n)
using tn-ex by blast
show V i t in at-top. M < tail-quantile F' t
using eventually-ge-at-top|of tn n)
proof eventually-elim
case (elim t)
have tail-quantile F' (tn n) < tail-quantile F t
using tn-gt1[of n| elim
by (intro tail-quantile-mono| OF <right-continuous-mono F 0 1)) auto
with n show ?case
by simp
qed
qed
qed

show Ay. 0 < y =
((At. tail-quantile F (t * y) / tail-quantile F t) —— y powr ) at-top
by (intro tail-quantile-pos-ratio-of-power-ratio]OF F gamma U-at-top)
tail-quantile-pos-power-ratiolOF F apos gamma quant U-at-top)])
qed

lemma tail-quantile-ratio-pos-imp-tail-reqularly-varying:
fixes F' :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1 and gamma: 0 <
and Uinf: filterlim (tail-quantile F) at-top at-top
and Urv: A\y. 0 < y =
((At. tail-quantile F (t x y) / tail-quantile F t) —— y powr 7) at-top
shows (Vz. Fz < 1) A regularly-varying (Ax. 1 — Fz) (— 1 /%)
proof —
interpret right-continuous-mono F 0 1
by fact
have unbdd: — bdd-support F
proof
assume bdd: bdd-support F
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have Fz1: F (z-star F + 1) = 1
using bdd cSup-upper|of z-star F + 1 {z. F x < 1}] f-le-b[of a-star F + 1]
unfolding z-star-def by fastforce
have le: tail-quantile F t < z-star F + 1 if t1: 1 < ¢ for ¢
using Fxl t1 by (simp add: ginv-le-iff)
have V¢ t in at-top. x-star F + 1 < tail-quantile F t
using Uinf[unfolded filterlim-at-top, rule-format, of x-star F' + 2]
by eventually-elim simp
from eventually-gt-at-top|of 1::real] this
have V i t in at-top. 1 < t A\ z-star F + 1 < tail-quantile F' ¢
by (rule eventually-conj)
then obtain ¢t where 1 < t z-star F + 1 < tail-quantile F t
using eventually-happens’|OF trivial-limit-at-top-linorder] by blast
with le[of t] show False
by simp
qged
have Fit1:Vz. Fz < 1
using F-lt-1-unbdd-support| OF <right-continuous-mono F 0 1) unbdd] by blast
define s where s = (At:real. 1 / (1 — F' 1))
have Ftop: (F —— 1) at-top
using top by simp
have s-top: filterlim s at-top at-top
proof —
have Ftend: (A\t. 1 — F't) —— 0) at-top
using tendsto-diff [OF tendsto-const[of 1] Ftop] by simp
have Fpos: Vg tin at-top. 0 < 1 — F t
using Flt1 by (auto intro!: always-eventually)
from filterlim-inverse-at-top| OF Ftend Fpos]
show ?thesis
by (simp add: s-def inverse-eq-divide)
qed
have galois: tail-quantile F t < z «—— t < sz if t1: 1 < t for t z
proof —
have p-bounds: 0 <1 — 1 /t1 —1/t<1
using tI by simp-all
have tail-quantile Ft < z+— 1 — 1 /t < Fz
using ginv-le-iff [OF p-bounds, of z] by simp
also have ... «— t < sz
using Flt1 t1 by (simp add: s-def field-simps)
finally show ?thesis .
qed
have s-pos: 0 < s w if 0 < w for w
using Flt1 by (simp add: s-def)
have s-ratio: (Au. s (u x z) / s u) —— z powr (1 /7)) at-top
ifz: 0 < z for z
using galois-inverse-ratio-tendsto[ OF Uinf s-top s-pos galois gamma Urv z] .
have tail-ratio: (Au. (I — F (u*x 2)) / (I — F u)) —— z powr (— 1 / 7))
at-top
ifz: 0 < zforz
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proof —
have same: (Au. s (uxz) / su) = (Au. (I — Fu) /(1 — F (u * z)))
using Flt1 by (auto simp: s-def)
have main: (Au. (1 — Fu) / (I — F (u* z))) —— z powr (1 /7)) at-top
using s-ratio[OF z] unfolding same .
have zr-ne: z powr (1 /) # 0
using z by simp
have inv: ((Au. inverse (1 — Fu) / (1 — F (u * x))))
—— inverse (z powr (1 / 7))) at-top
by (intro tendsto-inverse main xr-ne)
have eq2: (A\u. inverse (1 — Fu) / (1 — F (uxx)))) = (Au. (1 — F (u =
2) /(1 — Fu))
by simp
have lim: (Au. (1 — F (ux z)) / (1 — Fu)) —— inverse (z powr (1 / 7)))
at-top
using inv unfolding eq2 .
have wval-eq: inverse (x powr (1 /7)) = x powr (— 1 [/ v)
using z by (simp add: powr-minus)
show ?thesis
using lim unfolding wval-eq .
qged
have final-rv: regularly-varying (Az. 1 — Fx) (— 1 / 7)
using borel-measurable-mono| OF mono| Flt1 tail-ratio
by (auto introl: regularly-varyingl measurable-restrict-spacel )
show ?thesis
using Flt! final-rv by blast
qged

theorem MDA -reqularly-varying-pos:
fixes F' :: real = real and v :: real
assumes F: right-continuous-mono F 0 1 and gammalarith]: 0 < =
shows domain-of-attraction F (EVD-cdf ~ 0 1)
— (V. Faz < 1) A regularly-varying (Ax. 1 — Fz) (— 1 /%)
proof
assume dom: domain-of-attraction F (EVD-cdf v 0 1)
obtain a where apos: \t. 0 < a t
and quant: Az. 0 < © =
((At. (tail-quantile F (t x ) — tail-quantile F' t) / a t) —— (z powr v —
1) / %) at-top
using dom MDA-iff-tail-quantile’|OF F, of +] gamma by auto
show (Vz. Fz < 1) A regularly-varying (Az. 1 — Fz) (— 1 /)
by (intro tail-quantile-ratio-pos-imp-tail-reqularly-varying[OF F gamma]
tail-quantile-pos-ratiol OF F apos gamma quant]
tail-quantile-pos-at-top[ OF F apos gamma quant))
next
assume rv: (Vz. F oz < 1) A regularly-varying (Az. 1 — Fz) (— 1 /7)
hence unbdd: N\z. F x < 1 and rv": regularly-varying (Az. 1 — Fx) (— (1 /7))
by auto
have not-bdd: — bdd-support F

180



by (rule not-bdd-support] |OF unbdd))
have endpoint-eq: endpoint-filter F = at-top
using not-bdd by (simp add: endpoint-filter-def)
define f where f = (At::real. v *« maz t 1)
have f-pos: \t. 0 < ft
unfolding f-def by simp
have ratio: (M. (1 — F (t+zx*ft))/ (1 — Ft)) — — In (EVD-cdf v 0 1
x)) at-top
if supp: 1 + v *xz > 0 for z
proof —
have eql: Vg tin at-top. (1 — F (t x (I +vyxx))) /(1 — Ft)
=1 —-F(t+z=xft) /(1 —Ft
using eventually-ge-at-top|of 1::real
by eventually-elim (simp add: f-def field-simps)
have main: (M. (1 — F (t+« (I +~v=x*1x))) /(1 — F1t))
—— (I + v =) powr (— (1 /7)) at-top
using regularly-varying-lim[OF v’ of 1 + 7 * z] supp by simp
thus ?thesis
using Lim-transform-eventually|OF main eql]
In-EVD-cdf-1]OF zero-less-one, of v z 0] supp gamma
by simp
qed
have 3f. (Vt. 0 < ft) A(Vaz. I +yxz >0 —
(M. (I —F({+z=*ft) /(1 —-Ft)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F'))
using f-pos ratio endpoint-eq by (intro exI[of - f]) simp
thus domain-of-attraction F (EVD-cdf v 0 1)
using MDA-iff-divide-tail|[OF F, of v] by simp
qed

theorem MDA-reqularly-varying-neg:
fixes F :: real = real and 7y :: real
assumes F: right-continuous-mono F 0 1 and gammalarith]: v < 0
shows domain-of-attraction F (EVD-cdf ~ 0 1)
«—— bdd-support F' N\
regularly-varying (As. 1 — F (z-star F — 1 / s)) (1 /)
proof
assume dom: domain-of-attraction F (EVD-cdf v 0 1)
obtain a where apos: \t. 0 < a' t
and quant: Az. 0 < v =
((At. (tail-quantile F (t x z) — tail-quantile F t) / a t)
—— (z powr v — 1) / ) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] gamma by auto
have bdd: bdd-support F
by (rule tail-quantile-neg-bdd[OF F apos gamma quant))
have gap-rv: A\y. 0 < y =
((At. (a-star F — tail-quantile F (¢t = y)) / (z-star F — tail-quantile F t))
—— y powr v) at-top
by (rule tail-quantile-neg-ratiolOF F apos gamma quant))
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show bdd-support F' A regularly-varying (As. 1 — F (z-star F — 1 / s)) (1 / 7)
using bdd tail-quantile-gap-ratio-neg-imp-tail-reqularly-varying| OF F gamma
bdd gap-rv]
by blast
next
assume rv: bdd-support F A reqularly-varying (As. 1 — F (z-star F — 1 ] s))
(1 /)
hence bdd: bdd-support F
and rv”: reqularly-varying (As. 1 — F (a-star F — 1 / 8)) (1 / )
by auto
have lim:filterlim (At. 1 / (¢ — t)) at-top (at-left ¢) for ¢ :: real
proof —
have tendsto0: (At. ¢ — t) —— 0) (at-left ¢)
by (auto intro!: tendsto-eg-intros)
show ?thesis
using filterlim-inverse-at-top| OF tendsto0 eventually-at-leftl[of ¢ — 1]]
by (auto simp: inverse-eg-divide)
qed
note Slim = lim[of x-star F|
have endpoint-eq: endpoint-filter F = at-left (z-star F)
using bdd by (simp add: endpoint-filter-def)
define f where f = (At::real. if t < z-star F then — v  (z-star F — t) else 1)
have f-pos: \t. 0 < ft
unfolding f-def using gamma by (auto intro: mult-neg-pos)
have ratio: (M. (1 — F (t+ 2= ft)) /(1 — Ft))
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
if supp: 1 + v xz > 0 for z
proof —
have main: (As. (1 — F (z-star F — 1 [ (s % (1 / (1 + v * x)))))
/(1 — F (z-star F — 1/ 3s) —— (1 /(1 +~vx*2x)) powr (1 /
7)) at-top
using regularly-varying-lim[OF rv', of 1 / (1 + v * z)] supp by simp
have comp: (At. (1 — F (z-star F — 1 / (({ / (z-star F — t)) = (1 / (1 + v
o)
/(I — F (z-star F — 1 / (1 / (z-star F — t)))))
—— (1 /(1 + v *2x)) powr (1 /7)) (at-left (z-star F))
by (rule filterlim-compose| OF main Slim))
have eql: V r tin at-left (z-star F).
(1 — F (w-star F — 1/ ((1 / (z-star F — 1)) = (1
/(1 — F (z-star F — 1 / (1 / (a-star F' — t))))
=1 —-F({t+zxft) /(I —-Ft)
proof (rule eventually-at-leftl[of z-star F — 1])
fix t
assume ¢ € {z-star F — 1<..<z-star F}
hence tlt: t < z-star F
by simp
have al: t + z * ft = z-star F — (z-star F — t) = (1 + v * x)
using tlt by (simp add: f-def field-simps)
have a2: 1 / (1 / (w-star F — t) x (1 / (I + v x z))) = (a-star F — t) = (1

[ (1 + 7 x1x)))))
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+ 7 * z)
using tlt supp by (simp add: field-simps)
have a3: 1 / (1 / (z-star F' — t)) = z-star F — t
using tit by simp
show (I — F (z-star F — 1 / (1 / (a-star F — t) %
/(1 — F (z-star F — 1 / (1 / (z-star F — 1))
= —-F{+z=*ft)/ (I —-Ft)
unfolding a2 a3 al by simp
qed simp
have val-eq: (1 / (1 + v * x)) powr (1 /v) = — In (EVD-cdf v 0 1 z)
using In-EVD-cdf-1[OF zero-less-one, of v x 0] supp gamma
by (simp add: powr-divide powr-minus-divide)
show ?thesis
unfolding endpoint-eq
using Lim-transform-eventually|OF comp eql] val-eq
by simp
qed
have 3f. (Vt. 0 < ft) A(NVaz. I +yxz >0 —
(M. (I —F{+z=*ft) /(1 —-Ft)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F'))
using f-pos ratio by (intro exI[of - f]) simp
thus domain-of-attraction F (EVD-cdf v 0 1)
using MDA-iff-divide-tail|[OF F, of v] by simp
qed

(

1/ (147 x 1))
)

Corollary 1.2.4

lemma MDA-auz-fun-cong:
fixes F' a a’ :: real = real and 7 :: real
assumes a: \t. 0 < a 't
and quant: Az. 0 < z =
((At. (tail-quantile F (t * ) — tail-quantile F' t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / v)) at-top
and equiv: (A\t. @'t / a t) —— 1) at-top
and z: 0 < z
shows ((\t. (tail-quantile F (t * ) — tail-quantile F t) / a’ t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top
proof —
have anz: a t # 0 for t
using aof t] by simp
show ?thesis
using equiv
by (intro asymp-equiv-tendsto-transfer|OF - quant[OF z]])
(simp add: asymp-equivl’ asymp-equiv-divide asymp-equiv-syml)
qed

lemma MDA-canonical-normalization:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1
and dom: domain-of-attraction F (EVD-cdf v 0 1)
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obtains a :: real = real
where At. 0 < a't
and Az. 0 < 2 =
((At. (tail-quantile F (t x z) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / v)) at-top
and Az. (An. F (a (real n) x x + tail-quantile F (real n)) ~n) —— EVD-cdf
y01x
proof —
obtain a where apos: \t. 0 < a' t
and quant: Az. 0 < © =
((At. (tail-quantile F (t * x) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (x powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of 7] by auto
have wit: (An. F (a (real n) * z + tail-quantile F' (real n)) ~n)
v 01z forzx
proof (rule MDA-tail-quantile-witnessjwhere b = tail-quantile F, OF F apos
zero-less-one))
fix y :: real
assume y: 0 < y
show ((\t. (tail-quantile F (t * y) — tail-quantile F t) / a t)
—— (if y=0then 1 xlny+ 0else 1 x (y powr vy — 1)/ v+ 0))

EVD-cdf

at-top
using quant|OF y] by (cases v = 0) simp-all
qed
show thesis
by (rule that[of a]) (use apos quant wit in blast)+
qged

lemma tail-quantile-pos-aux:
fixes F' :: real = real and v :: real
assumes F: right-continuous-mono F 0 1 and gamma: 0 < v
and dom: domain-of-attraction F (EVD-cdf v 0 1)
and z: 0 < z
shows ((At. (tail-quantile F' (t * z) — tail-quantile F' t) / (v * tail-quantile F' t))
—— (x powr v — 1) / ) at-top
proof —
obtain a where apos: At. 0 < a t
and quant0: N\y. 0 < y =
((\t. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quant: \y. 0 < y =
((At. (tail-quantile F (t * y) — tail-quantile F t) / a t)
—— (y powr v — 1) / v) at-top
using quant0 gamma by simp
have pos: V g t in at-top. 0 < tail-quantile F t
using tail-quantile-pos-at-top| OF F apos gamma quant)
unfolding filterlim-at-top-dense by blast
have gnz: v # 0
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using gamma by simp

have ((At. (tail-quantile F (¢ * z) / tail-quantile Ft — 1) / 7)
—— (x powr v — 1) / ) at-top

by (intro tendsto-intros tail-quantile-pos-ratio|OF F apos gamma quant x] gnz)

moreover have V r t in at-top.
(tail-quantile F (t % x) / tail-quantile Ft — 1) / v
= (tail-quantile F (t x z) — tail-quantile F't) / (v * tail-quantile F t)

using pos by eventually-elim (simp add: field-simps)
ultimately show ?thesis

by (rule Lim-transform-eventually)

qged

lemma tail-quantile-neg-gap:
fixes F' :: real = real and 7 :: real
assumes F: right-continuous-mono F 0 1 and gamma: v < 0
and dom: domain-of-attraction F (EVD-cdf ~ 0 1)
shows tail-quantile-neg-bdd-support: bdd-support F
and tail-quantile-neg-gap-pos: ¥V g t in at-top. 0 < z-star F' — tail-quantile F' t
proof —
have gnz: v # 0
using gamma by simp
obtain a where apos: \t. 0 < a't
and quant0: N\y. 0 < y =
((At. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quant: Ay. 0 < y =
((\t. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (y powr v — 1) / v) at-top
using quant0 gnz by simp
show bdd: bdd-support F
by (rule tail-quantile-neg-bdd|OF F apos gamma quant))
obtain f where fpos: At. 0 < ft
and flim: N\y. 0 < 1 + v %y =
(O (1= F (t+ g+ f1) /(1 - F1)
—— — In (EVD-cdf v 0 1 y)) (endpoint-filter F')
using dom MDA-iff-divide-tail|[OF F, of ~] by auto
have lim" Ay. 0 <1 +~vx(y—0)/ 1 =
(O (1= F (t+ (y— 0) + f1) / (1 — F1))
—— — In (EVD-cdf v 0 1 y)) (endpoint-filter F')
using flim by simp
have Flim: (F —— 1) (endpoint-filter F')
by (intro F-tendsto-1-endpoint-of-lim[OF F - - zero-less-one lim']) (use fpos in
auto)
have gap: 0 < z-star F — tail-quantile F t if t1: 1 < t for ¢
using tail-quantile-lt-z-star[OF F bdd Flim t1] by simp
show VY  t in at-top. 0 < z-star F — tail-quantile F' t
using eventually-gt-at-top[of 1] by eventually-elim (rule gap)
qed
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lemma tail-quantile-neg-aux:
fixes F' :: real = real and 7 :: real
assumes F": right-continuous-mono F 0 1 and gamma: v < 0
and dom: domain-of-attraction F (EVD-cdf v 0 1)
and z: 0 < z
shows ((\t. (tail-quantile F' (t * ) — tail-quantile F t)
/ (= v * (z-star F — tail-quantile F t)))
—— (z powr v — 1) / ) at-top
proof —
have gnz: v # 0 and gnz": — v # 0
using gamma by simp-all
obtain a where apos: \t. 0 < a' t
and quant0: N\y. 0 < y =
((At. (tail-quantile F (t = y) — tail-quantile F t) / a t)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quant: \y. 0 < y =
((At. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (y powr v — 1) [ ~) at-top
using quant0 gnz by simp
note gapev = tail-quantile-neg-gap-pos|OF F gamma dom)
have ((At. (1 — (z-star F — tail-quantile F (t x x)) / (2z-star F — tail-quantile

Ft))
/ (=)
—— (1 — z powr v) / (= 7)) at-top
by (intro tendsto-divide tendsto-diff tendsto-const gnz’
tail-quantile-neg-ratio| OF F apos gamma quant z))
moreover have (I — z powr ) / (= 7v) = (z powr v — 1) / v
by (simp add: diff-divide-distrib)
ultimately have ((At. (I — (a-star F — tail-quantile F (¢ % x))
/ (z-star F — tail-quantile F t)) / (— 7))
—— (x powr v — 1) / 7) at-top
by simp
moreover have V r t in at-top.
(1 — (a-star F — tail-quantile F (¢t x z)) / (z-star F — tail-quantile F t)) /
(=)
= (tail-quantile F (t x x) — tail-quantile F t)
/ (= v * (z-star F — tail-quantile F t))
using gapev
proof eventually-elim
case (elim t)
hence ne: z-star F' — tail-quantile F' t # 0
by simp
have 1 — (z-star F' — tail-quantile F (t x z)) / (z-star F — tail-quantile F t)
= (tail-quantile F' (t x z) — tail-quantile F t) | (z-star F — tail-quantile
Ft)
using ne by (simp add: field-simps)
thus Zcase
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by (simp add: mult.commute)
qed
ultimately show ?thesis
by (rule Lim-transform-eventually)
qed

theorem MDA-normalization-pos:
fixes F' :: real = real and v z :: real
assumes F: right-continuous-mono F 0 1 and gamma: 0 < v
and dom: domain-of-attraction F (EVD-cdf v 0 1)
shows (An. F' (tail-quantile F (real n) * x) ~n)
—— (if 0 < z then exp (— (z powr — (1 / 7v))) else 0)
proof —
have gnz: v # 0
using gamma by simp
obtain a where apos: At. 0 < a t
and quant0: N\y. 0 < y =
((At. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quant: Ay. 0 < y =
((At. (tail-quantile F (t * y) — tail-quantile F' t) / a t)
— (y powr v — 1) / v) at-top
using quant0 gnz by simp
define o’ where o’ = (At. v * maz (tail-quantile F' t) 1)
have a’pos: At. 0 < a’ t
using gamma by (simp add: a’-def)
have Uev: Vg t in at-top. 1 < tail-quantile F' ¢
using tail-quantile-pos-at-top[OF F apos gamma quant)
unfolding filterlim-at-top by blast
have a’eq: V  t in at-top. a’ t = v * tail-quantile F t
using Uev by eventually-elim (simp add: a’-def)
have quant”: ((At. (tail-quantile F (t x y) — tail-quantile F t) / a’ t)
—— (if y=0then 1 xIlny + Oelse I * (ypowr~y—1)/~v+
0)) at-top
ify: 0 < yfory
proof —
have ((\t. (tail-quantile F (t * y) — tail-quantile F t) / (v * tail-quantile F t))
— (y powr v — 1) / v) at-top
by (rule tail-quantile-pos-auz[OF F gamma dom y))
moreover have V r t in at-top.
(tail-quantile F (t x y) — tail-quantile F' t) / (v * tail-quantile F t)
= (tail-quantile F (t x y) — tail-quantile F' t) / a’ t
using a’eq by eventually-elim simp
ultimately show #thesis
using gnz by (simp add: Lim-transform-eventually)
qed
have wit: (An. F (a’ (real n) x y + tail-quantile F' (real n)) ~n) —— EVD-cdf
v 01y fory
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by (rule MDA-tail-quantile-witness[where b = tail-quantile F,
OF F a'pos zero-less-one quant])
have V p n in sequentially.
F (a' (realn) x ((x — 1) / v) + tail-quantile F (real n)) ~n
= F (tail-quantile F (real n) x ) " n
using eventually-compose-filterlim|OF a’eq filterlim-real-sequentially]
by eventually-elim (simp add: gnz field-simps)
with witlof (z — 1) / 7]
have (An. F (tail-quantile F (real n) * ) ~ n)
/)
by (rule Lim-transform-eventually)
thus ?thesis
using gamma by (auto simp: EVD-cdf-def)
qed

EVD-cdf v 01 ((z — 1)

theorem MDA-normalization-neg:
fixes F' :: real = real and v z :: real
assumes F': right-continuous-mono F 0 1 and gamma: v < 0
and dom: domain-of-attraction F' (EVD-cdf v 0 1)
shows (An. F ((z-star F — tail-quantile F (real n)) * x + a-star F) ~ n)
—— (if z < 0 then exp (— ((— z) powr — (1 /7)) else 1)
proof —
have gnz: v # 0 and gpos: 0 < — v
using gamma by simp-all
note gapev = tail-quantile-neg-gap-pos|OF F gamma dom]
define o’ where
a" = (At. if 0 < z-star F — tail-quantile F t
then — ~v x (z-star F — tail-quantile F' t) else 1)
have a’pos: 0 < a’ t for t
using gamma by (auto simp: a’-def intro!: mult-neg-pos)
have a’eq: V5 t in at-top. a' t = — v x (z-star F — tail-quantile F t)
using gapev by eventually-elim (simp add: a’-def)
have quant”: ((At. (tail-quantile F (t x y) — tail-quantile F t) / a’ t)
—— (if y=0then 1 xIlny + Oelse I * (ypowr~y—1)/~v+
0)) at-top
ify: 0 < yfory
proof —
have ((At. (tail-quantile F (t x y) — tail-quantile F t)
/ (= v * (z-star F — tail-quantile F t)))
—— (y powr v — 1) / v) at-top
by (rule tail-quantile-neg-auz[OF F gamma dom y])
moreover have V g t in at-top.
(tail-quantile F (t x y) — tail-quantile F' t) / (— v * (a-star F' — tail-quantile
F 1)
= (tail-quantile F (t * y) — tail-quantile F't) / o’ t
using a’eq by eventually-elim simp
ultimately show ¢thesis
using gnz by (simp add: Lim-transform-eventually)
qed
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have wit: (An. F (a’ (real n) * y + tail-quantile F (real n)) ~n) —— EVD-cdf
Y01y
for y
by (rule MDA-tail-quantile-witness[where b = tail-quantile F,
OF F a'pos zero-less-one quant’))
have V p n in sequentially.
F (a’ (realn) * (— (z + 1) / ) + tail-quantile F (real n)) " n
= F ((x-star F — tail-quantile F' (real n)) *  + z-star F) " n
using eventually-compose-filterlim[OF a’eq filterlim-real-sequentially)
proof eventually-elim
case (elim n)
have a’ (real n) x (— (x + 1) / 7v) + tail-quantile F (real n)
= (z-star F — tail-quantile F (real n)) * © + z-star F
unfolding elim using gnz by (simp add: field-simps)
thus ?case
by simp
qed
with witlof — (x + 1) / 7]
have (An. F ((z-star F — tail-quantile F' (real n)) *  + z-star F) ~n)
—— EVD-cdf y 01 (— (z+ 1) /")
by (rule Lim-transform-eventually)
thus ?thesis
using gamma by(auto simp: EVD-cdf-def)
qed

lemma tail-quantile-spacing-auz:
fixes F :: real = real and v ¢ :: real
assumes F': right-continuous-mono F 0 1
and dom: domain-of-attraction F' (EVD-cdf v 0 1)
and ¢: I < cand z: 0 < x
shows ((At. (tail-quantile F (t % x) — tail-quantile F' t)
/ ((tail-quantile F (t x ¢) — tail-quantile F t)
/ (if v = 0 then In ¢ else (¢ powr v — 1) / ¥)))
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top
proof —
have c0: 0 < ¢
using ¢ by simp
define D where D = (if v = 0 then In ¢ else (¢ powr v — 1) / 7)
have D-pos: 0 < D
using powr-less-monolof 0 v c] powr-less-mono[of v 0 ] ¢
by(cases v = 0; cases 0 < 7)
(auto simp: D-def intro!: divide-pos-pos divide-neg-neg)
obtain a where apos: At. 0 < a t
and quant: N\y. 0 < y =
((At. (tail-quantile F (t x y) — tail-quantile F t) / a t)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quantc: ((At. (tail-quantile F (¢t % ¢) — tail-quantile F' t) / a t) —— D)
at-top
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using quant[OF c0] by(simp add: D-def)
define a’ where a’ t = (tail-quantile F (¢t % ¢) — tail-quantile F t) / D for ¢
have equiv: (At. a’ t / at) —— 1) at-top
proof —
have eq: (tail-quantile F (t % ¢) — tail-quantile Ft) / at / D=a"t / atfort
by (simp add: a’-def mult.commute)
have ((\t. (tail-quantile F (t * ¢) — tail-quantile F't) / at / D) —— D / D)
at-top
using D-pos by (intro tendsto-divide| OF quantc tendsto-const]) simp
thus ?thesis
using D-pos unfolding eq by simp
qed
show ?thesis
using MDA-auz-fun-cong|OF apos quant equiv z, unfolded a’-def D-def] .
qed

theorem MDA-normalization-zero-spacing:
fixes F' :: real = real and c z :: real
assumes F': right-continuous-mono F 0 1 and c: 1 < ¢
and dom: domain-of-attraction F (EVD-cdf 0 0 1)
shows (An. F ((tail-quantile F (real n x ¢) — tail-quantile F (real n)) / In ¢ x x
+ tail-quantile F (real n)) ~n)
——— EVD-cdf 00 1 z
proof —
have c0: 0 < ¢
using ¢ by simp
have Inc: 0 < In ¢
using ¢ by simp
obtain a where apos: \t. 0 < a' t
and quant: \y. 0 < y =
((At. (tail-quantile F (t x y) — tail-quantile F t) / a t) —— In y) at-top
using dom MDA-iff-tail-quantile’|OF F, of 0] by auto
define o’ where o’ t = (tail-quantile F (t x ¢) — tail-quantile F t) / In ¢ for t
have spacing: ((\t. (tail-quantile F (¢t x y) — tail-quantile F t) / o’ t) —— In
y) at-top
ify: 0 < yfory
using tail-quantile-spacing-auz|OF F dom c y] by(simp add: a’-def)
have ev: Vg tin at-top. 0 < a’ t
proof (safe intro!: eventually-mono| OF order-tendstoD(1)[OF quant[OF c0] Inc]])
fix t
assume 0 < (tail-quantile F (t * ¢) — tail-quantile F't) / a't
thus 0 < a’ t
using apos|of t] Inc by(simp add: a’-def zero-less-divide-iff)
qed
define o’ where o' t = (if 0 < a’ t then o’ t else 1) for ¢
have a"-pos: 0 < a'"' t for t
by (simp add: o’’-def)
have a'’-eq: Vr t in at-top. a’’' t = a’ t
using ev by eventually-elim (simp add: a''-def)

190



have quant’: ((At. (tail-quantile F (t x y) — tail-quantile F t) / o'’ t) —— In
y) at-top
ify: 0 < yfory
proof —
have V p t in at-top. (tail-quantile F (t * y) — tail-quantile F t) / o’ t
= (tail-quantile F (t x y) — tail-quantile F't) / o' ¢
using a'’-eq by eventually-elim simp
from Lim-transform-eventually|OF spacing|OF y| this]
show ?thesis .
qged
have wit: (An. F (a'" (real n) * x + tail-quantile F (real n)) ~n) ——— EVD-cdf
001z
by (intro MDA-tail-quantile-witnessjwhere v = 0 and ¢ = 0 and ¢ = 1 and
a = a//
and b = tail-quantile F, OF F a'’-pos zero-less-one])
(use quant’’ in simp)
have V g n in sequentially.
F (a" (real n) * z + tail-quantile F (real n)) "~ n
= F ((tail-quantile F' (real n * ¢) — tail-quantile F (real n)) / In ¢ x z
+ tail-quantile F (real n)) " n
using eventually-compose-filterlim[OF a''-eq filterlim-real-sequentially]
by eventually-elim (simp add: a’-def)
with wit show ?thesis
by (rule Lim-transform-eventually)
qed

end

4 Peaks Over Threshold

theory Peaks-Over-Threshold
imports

Domain-of-Attraction
begin

In this section, we formalize the Pickands—Balkema—de Haan theorem. Our
formalization is stated in the form of Theorem 3.4.13(b) in the book by
Embrechts et al. [3]. The original sources of the theorem are Theorems 3
and 4 in the paper by Balkema and de Haan [1] and Theorem 7 in the paper
by Pickands [6].

4.1 Excess (Peaks-Over-Threshold) Distribution Function

definition excess-cdf :: (real = real) = real = real = real where
excess-cdf Fuz =1 — (1 — F(u+12)) /(I — Fu)

lemma ezcess-cdf-def2:F v < 1 = excess-cdf Fux = (F (u + z) — Fu) / (1
— Fu)
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by (smt (verit, ccfo-threshold) add-divide-distrib divide-self-if excess-cdf-def)

lemma excess-cdf-0[simpl: F u < 1 = excess-cdf F u 0 = 0
by (simp add: excess-cdf-def)

lemma excess-cdf-eq-1-of-F-eq-1:
assumes F'u = 1
shows excess-cdf Fuxz =1
using assms by (simp add: excess-cdf-def)

lemma excess-cdf-mono:
assumes F': right-continuous-mono F 0 1 and zy: v < y
shows excess-cdf F u x < excess-cdf F u y
proof (cases Fu < 1)
assume Fu: Fu < 1
have mono: F (u 4+ z) < F (u + y)
using zy by (intro monoD[OF right-continuous-mono.mono[OF F]]) simp
have (1 — F(u+vy) /(I —Fu) < -F(u+uxz)/ (Il —-Fu)
using mono Fu by (intro divide-right-mono) auto
thus ?thesis
by (simp add: excess-cdf-def)
next
case Fulse
hence Fu =1
using right-continuous-mono.f-le-b[OF F, of u] by linarith
thus ?thesis
by (simp add: excess-cdf-eq-1-of-F-eq-1)
qed

lemma excess-cdf-bounds:
assumes F: right-continuous-mono F 0 1 and z: 0 <
shows 0 < excess-cdf F u x excess-cdf F ux < 1
proof —
have 0 < excess-cdf F u x N excess-cdf Fux < 1
proof (cases Fu < 1)
case Fu: True
have lel: F (u + z) < 1
using right-continuous-mono.f-le-b[OF F] .
have ge: Fu < F (u + x)
using z by (intro monoD[OF right-continuous-mono.mono|OF F]|) simp
have (I — F(u+12)) /(I — Fu) <1
using ge Fu by (simp add: divide-le-eq)
moreover have 0 < (I — F (u + 1)) / (I — Fu)
using lel Fu by (simp add: divide-nonneg-pos)
ultimately show #thesis
by (simp add: excess-cdf-def)
next
case Fulse
hence Fu=1
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using right-continuous-mono.f-le-b[OF F, of u] by linarith
thus ?thesis
by (simp add: excess-cdf-eq-1-of-F-eq-1)
qed
thus 0 < excess-cdf F u = excess-cdf F uz < 1
by auto
qed

lemma excess-cdf-eq-1-beyond-support:
assumes F: right-continuous-mono F 0 1 and bdd: bdd-support F
and zu: z-star FF < u + x
shows excess-cdf F ux = 1
proof —
have F (z-star F') = 1
by (intro F-z-star-eq-1 F bdd)
moreover have F (z-star F) < F (u + z)
using zu by (intro monoD]OF right-continuous-mono.mono[OF F|])
ultimately have F (u + z) = 1
using right-continuous-mono.f-le-b[OF F, of u + z] by linarith
thus ?thesis
by (simp add: excess-cdf-def)
qged

lemma excess-tendsto-of-divide-tail:
fixes F f :: real = real and v z :: real
assumes F: right-continuous-mono F 0 1
and fpos: \t. 0 < ft
and lim: A\z. I +y*x2> 0 =
(M. (I —F({+z*xft) /(1 —Ft))
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
and z: 0 < z
shows ((At. excess-cdf F t (ft x z)) —— GPD-cdf v 0 1 x) (endpoint-filter F)
proof —
have main: ((At. excess-cdf F't (ft * y)) —— GPD-cdf v 0 1y) (endpoint-filter
P)
ify: 0 <yand supp: 1 +vy*xy > 0 fory
proof —
have ratio-lim: (M. (1 — F (t +y=* ft))/ (I — Ft))
—— 1 — GPD-cdf v 0 1 y) (endpoint-filter F)
using lim[OF supp] EVD-tail-eq-GPD-cdf[OF supp y| by simp
have (M. I — (I = F (t+yxft) /(1 - Ft))
—— 1 — (1 — GPD-cdf v 0 1 y)) (endpoint-filter F)
by (intro tendsto-diff tendsto-const ratio-lim)
thus ?thesis
by (simp add: excess-cdf-def mult.commute)
qed
show ?thesis
proof (cases 1 + v x x> 0)
case True
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show ?thesis
by (rule main[OF  True))
next
case Fualse
hence notsupp: 1 + v *xx < 0
by simp
have gneg: v < 0
proof (rule ccontr)
assume -y < 0
hence 0 < v x =z
using z by (intro mult-nonneg-nonneg) auto
with notsupp show Fualse
by simp
qed
have gpdz1: GPD-cdf v 01 x =1
using z gneg notsupp by (auto simp: GPD-cdf-def[OF zero-less-one] Let-def)
have gpdbdry: GPD-cdf v 01 (— 1 /) =1
using gneg by (simp add: GPD-cdf-def[OF zero-less-one] Let-def)
have gpd-cont: (GPD-cdf v 01 —— 1) (at (— 1 /7))
using isCont-GPD-cdf[OF zero-less-one, where £ = v and = 0 and z =
— 1 /9] gpdbdry
by (simp add: isCont-def)
have gpd-cont-left: (GPD-cdf v 01 —— 1) (at-left (— 1 /7))
using gpd-cont by (simp add: filterlim-at-split)
have lel: excess-cdf F't (ft «z) < 1 for ¢
using fpos[of t| = by (intro excess-cdf-bounds(2)[OF F]) simp
have ((A\t. excess-cdf F t (ft x ©)) —— 1) (endpoint-filter F)
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume €e: 0 < e
have Vg yin at-left (—1 /7). 1 —e< GPD-cdf v 01y
using order-tendstoD(1)[OF gpd-cont-left, of 1 — e] e by simp
moreover have Vp yinat-left (— 1 /7). y<—1/~vN0<y
using gneg by (intro eventually-at-leftI[of 0]) auto
ultimately obtain z0 where 20: 1 — e < GPD-cdf v 012020 < — 1 | ~v
0 < z0
using eventually-happens’|OF trivial-limit-at-left-real eventually-conj] by
blast
have supp0: 1 + v * 20 > 0
using mult-strict-left-mono-neg|OF z0(2) gneg] gneg by simp
have z0z: 20 < z
proof (rule ccontr)
assume 20 < z
hence I + v+ 20 <1 +vyx*xx
using gneg by (intro add-left-mono mult-left-mono-neg) auto
with supp0 notsupp show False
by simp
qed
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have V ¢ t in endpoint-filter F. 1 — e < excess-cdf F't (ft * z0)
using order-tendstoD(1)[OF main[OF z0(3) supp0] z0(1)] .
thus V g t in endpoint-filter F. |excess-cdf F t (ftxz) — 1| < e
proof eventually-elim
case (elim t)
have excess-cdf F t (ft * 20) < excess-cdf F't (ft  x)
using fpos|of t] z0x
by (intro excess-cdf-mono|OF F| mult-left-mono less-imp-le) auto
with elim lel[of t] show Zcase
by (simp add: abs-less-iff)
qed
qed
thus ?thesis
using gpdxl by simp
qed
qed

lemma tail-probability-u-form:
fixes F' :: real = real and 7 :: real
assumes F": right-continuous-mono F 0 1
and dom: domain-of-attraction F (EVD-cdf v 0 1)
shows 36. (Vu. 0 < B u) A
(Vz>0. ((Au. excess-cdf F u (8 u * ) — GPD-cdf v 0 1 x)
—— 0) (endpoint-filter F))
proof —
obtain f where fpos: At. 0 < ft
and lim: A\z. 1 +v*xz > 0 =
(M. (1 —F(t+z=xft) /(1 —Fut)
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
using MDA-iff-divide-tail|OF F] dom by blast
show ?thesis
proof (safe introl: exI[of - f])
show Au. 0 < fu
using fpos by blast
next
fix z :: real
assume z: 0 < z
from tendsto-diff [OF excess-tendsto-of-divide-tail| OF F fpos lim x] tendsto-const,
of GPD-cdf ~ 0 1 1]
show ((Au. excess-cdf F'u (f u * ) — GPD-cdf v 0 1 £) —— 0) (endpoint-filter
F)
by simp
qed
qed

lemma excess-pointwise-imp-uniform:
fixes F :: real = real and (3 :: real = real and FF :: real filter
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < (8 u
and pconv: Az. 0 < z = ((Au. excess-cdf F u (8 u * ©)) —— GPD-cdf v 0
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11) FF
shows uniform-limit {0..} (Au z. excess-cdf F u (8 u * z)) (GPD-cdf v 0 1) FF
proof —
interpret GPD: right-continuous-mono GPD-cdf v 01 0 1
by (intro right-continuous-mono-GPD-cdf zero-less-one)
interpret F': right-continuous-mono F 0 1
by fact
show ?thesis
proof (rule mono-on-UCT-atLeast|OF eventuallyl[OF mono-onl] eventuallyl
mono-onl])
fix u :: real and z y :: real
assume z €{0..} z < y
thus ezcess-cdf F'u (8 u * x) < excess-cdf F'u (8 u * y)
using Spos|of u] by (intro excess-cdf-mono[OF F| mult-left-mono) auto
next
fix u :: real
show Vz>0. excess-cdf F u (8 u * z) < 1
using Bpos|of u] excess-cdf-bounds|OF F)] by simp
next
fix z y :: real
assume z €{0..} z < y
thus GPD-cdf v 01z < GPD-cdf v 01y
by (intro monoD[OF GPD.monol)
next
show continuous-on {0..} (GPD-cdf v 0 1)
using isCont-GPD-cdf by(auto intro!: continuous-at-imp-continuous-on)
next
show (GPD-cdf v 0 1 —— 1) at-top
by (intro GPD-cdf-at-top-1 zero-less-one)
qed fact
qed

lemma tail-probability-u-form-uniform:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1
and dom: domain-of-attraction F (EVD-cdf v 0 1)
shows 36. (Vu. 0 < B u) A
uniform-limit {0..} (Au z. excess-cdf F u (8 u x z)) (GPD-cdf v 0 1)
(endpoint-filter F')
proof —
obtain § where Spos: Au. 0 < 8 u
and pconv0: A\z. 0 < 2 =
((\u. excess-cdf F u (8 w * 2) — GPD-cdf v 0 1 ) —— 0)
(endpoint-filter F')
using tail-probability-u-form[OF F dom| by blast
have pconv: ((Au. excess-cdf Fu (0 u * )) —— GPD-cdf v 0 1 x) (endpoint-filter
P)
if z: 0 < z for z
using tendsto-add[OF pconv0|[OF z] tendsto-const, of GPD-cdf v 0 1 z] by
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simp
have uniform-limit {0..} (Au z. excess-cdf F v (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F')
by (intro excess-pointwise-imp-uniform[OF F [Bpos] pconv)
thus ?thesis
using [pos by blast
qed

4.2 Pickands—Balkema—de Haan Theorem

The proof of the direct half follows the proof of Theorem 3.4.13(b) in the
same book: the pointwise statement is Theorem 1.1.6(4) of the book by de
Haan and Ferreira [2], and uniformity follows since the limit is continuous.
The converse half follows the route sketched in the proof of Theorem 3.4.5
of Embrechts et al. [3].

4.2.1 Direct Half

theorem Pickands-Balkema-de-Haan-forward:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1
and dom: domain-of-attraction F (EVD-cdf v 0 1)
shows 36. (Vu. 0 < B u) A
uniform-limit {0..} (Au z. excess-cdf F ux — GPD-cdf v 0 (8 u) x)
(Az. 0) (endpoint-filter F)
proof —
obtain § where Spos: Au. 0 < 8 u
and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F')
using tail-probability-u-form-uniform[OF F dom| by blast
have uniform-limit {0..} (Au z. excess-cdf F ux — GPD-cdf v 0 (8 u) z) (Ax.
0)
(endpoint-filter F)
proof (rule uniform-limitl)
fix € :: real
assume ¢: 0 < ¢
show V  u in endpoint-filter F.
Vze{0..}. dist (excess-cdf F ux — GPD-cdf v 0 (B u) z) 0 <€
using uniform-limitD[OF ul €|
proof eventually-elim
case (elim u)
show ?case
proof
fix = :: real
assume z € {0..}
hence z: 0 < z
by simp
have y: z / B u € {0..}
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using z SBpos|of u] by simp
have dist-lt: dist (excess-cdf Fu (8 u* (x / S w))) (GPD-cdf v 01 (z / B
u)) < €
using elim y by blast
have rescale: f u* (z / B u) =«
using Bpos[of u] by simp
have target: GPD-cdf v 01 (z / 8 u) = GPD-cdf v 0 (8 u)
using GPD-cdf-location-scale[OF (Bpos|of u], of v x| by simp
show dist (excess-cdf F wx — GPD-cdf v 0 (B u) z) 0 < ¢
using dist-lt unfolding rescale target by (simp add: dist-real-def)
qed
qed
qed
thus ?thesis
using [pos by blast
qed

4.2.2 Converse Half

lemma GPD-level-nonneg:
fixes v = :: real
assumes 1 < zx
shows 0 < (if v = 0 then In z else (x powr v — 1) / 7)
by (smt (verit) assms ge-one-powr-ge-zero In-ge-zero nle-le powr-less-one
powr-one-eq-one zero-le-divide-iff )

lemma GPD-level-pos:
fixes v z :: real
assumes [ < z
shows 0 < (if v = 0 then In x else (z powr v — 1) / 7)
by (smt (verit, ccfv-SIG) assms divide-neg-neg divide-pos-pos
gr-one-powr In-one In-strict-mono powr-less-one)

lemma GPD-level-supp:

fixes v z :: real

assumes | < zx

shows 1 + v * (if v = 0 then In z else (z powr v — 1) / v) = (if v = 0 then 1
else x powr )

using assms by simp

lemma GPD-tail-eq:
assumes z: 0 < z
shows I — GPD-cdf v 01«
= (if v = 0 then exp (— )
else if 0 < 1 + v % zthen (1 + v * x) powr (— 1 / ) else 0)
using z by (simp add: GPD-cdf-def[OF zero-less-one] Let-def)

lemma GPD-tail-level:
assumes z: 1 < z
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shows I — GPD-cdf v 0 1 ((if v = 0 then In x else (x powr v — 1) / 7)) = 1
/ x
proof (cases v = 0)
case True
thus ?thesis
using z by (simp add: GPD-tail-eq GPD-level-nonneg exp-minus inverse-eq-divide)
next
case Fulse
have z0: 0 < z
using z by simp
have supp: 1 + v * (if v = 0 then In z else (z powr v — 1) / v) = = powr ~
using GPD-level-supp|OF z, of ~] False by simp
have 0 < x powr ~
using z0 by simp
hence 1 — GPD-cdf v 01 (if v = 0 then In x else (z powr v — 1) / )
= (z powr ) powr (— 1 /)
using GPD-level-nonneg[OF x, of ~] False supp by (simp add: GPD-tail-eq)

also have ... = z powr (v x (— 1 /7))
using z0 by (simp add: powr-powr)
also have ... = 1 / z

using False z0 by (simp add: powr-minus-divide field-simps)
finally show ?thesis .
qed

lemma GPD-tail-strict-antimono:
assumes y: 0 < yand yz: y < zand supp: 0 < 1 + v *y
shows 1 — GPD-cdf v 012z< 1 — GPD-cdf v 01y
proof —
have z: 0 < z
using y yz by simp
show ?thesis
proof (cases v = 0)
case True
thus ?thesis
using y z yz by (simp add: GPD-tail-eq)
next
case nonzero: False
show ?thesis
proof (cases 0 < 1 + 7 % z)
case True
show ?thesis
proof (cases 0 < )
case gpos: True
have 1 + yxy <1 4+ vx*z2
using yz gpos by simp
hence (I + v * z) powr (— 1 /) < (1 + v *y) powr (— 1 /~)
using supp gpos by (intro powr-less-mono2-neg) auto
thus ?thesis
using y z supp True nonzero by (simp add: GPD-tail-eq)
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next
case Fulse
hence gneg: v < 0
using nonzero by simp
have 1 + yxz2< 1 + 7%y
using yz gneg by simp
hence (I + v z) powr (— 1 /v) < (I + v *y) powr (— 1 /7)
using True gneg by (intro powr-less-mono2) auto
thus ?thesis
using y z supp True nonzero by (simp add: GPD-tail-eq)
qed
next
case Fulse
hence 1 — GPD-cdf vy 012< 0
using z nonzero by (auto simp: GPD-tail-eq)
moreover have 0 < 1 — GPD-cdf v 01y
using y supp by (simp add: GPD-tail-eq)
ultimately show ?thesis
by simp
qed
qged
qed

lemma GPD-tail-gt-level:
assumes z: | < zand y: 0 < y and lt: y < (if v = 0 then In z else (x powr
- 1) /)
shows 1 /2 <1 — GPD-cdf v 01y
proof —
have z1: 1 < z
using z by simp
have supp: 0 < 1 + v xy
proof (cases v = 0)
case True
thus ?thesis
by simp
next
case Fulse
hence sup” 1 + v x (if v = 0 then In x else (x powr v — 1) / v) = x powr v
using GPD-level-supp|OF z1, of ~] by simp
have pos: 0 < x powr ~
using z by simp
show ?thesis
proof (cases 0 < 7)
case True
hence 0 < v *y
using y by simp
thus ?thesis
by simp
next
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case Fulse
hence gneg: v < 0
using ¢y # 0> by simp
have v * (if v = 0 then In x else (x powr v — 1) [ v) <y *x y
by (rule mult-strict-left-mono-neg[OF It gneg))
thus ?thesis
using sup’ pos by linarith
qed
qed
have 1 — GPD-cdf v 01 ((if v = 0 then In z else (x powr v — 1) / 7)) < 1 —
GPD-cdf v 01y
by (intro GPD-tail-strict-antimono y It supp)
thus ?thesis
using GPD-tail-level|OF z1, of 7] by simp
qed

lemma GPD-tail-lt-level:
assumes z: 1 < z and gt: (if v = 0 then In z else (x powr v — 1) [ v) <y
shows I — GPD-cdf y01y<1/=x
proof —
have z1: 1 < z
using z by simp
note L0 = GPD-level-nonneg|OF z1]
have supp: 0 < 1 + v * (if v = 0 then In z else (z powr v — 1) / 7)
using GPD-level-supp|OF x1, of 7] = by (cases v = 0) auto
have 1 — GPD-cdf v 01y < 1 — GPD-cdf v 01 ((if v = 0 then In x else (z
powr v — 1) /7))
by (intro GPD-tail-strict-antimono L0 gt supp)
thus ?thesis
using GPD-tail-level|OF z1, of 7] by simp
qed
lemma endpoint-filter-eventually-at-left:
fixes F :: real = real
assumes ev: eventually P (endpoint-filter F)
shows VY i ¢ in endpoint-filter F. eventually P (at-left t)
proof (cases bdd-support F)
case True
hence eq: endpoint-filter F = at-left (z-star F)
by (simp add: endpoint-filter)
obtain ¢ where c: ¢ < a-star F
and P: \z. ¢ < z = z < z-star F = P 2
by (metis assms eq eventually-at-left-field)
show ?thesis
unfolding eq
proof (rule eventually-at-leftI[where a = c])
fix ¢ :: real
assume t € {c¢<..<z-star F'}
hence t: ¢ < tt < z-star F
by auto
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show eventually P (at-left t)
proof (rule eventually-at-leftI[where a = c])
fix z :: real
assume z € {c<..<t}
thus P 2
using ¢ by (auto introl: P)
next
show ¢ < ¢
using t by simp
qed
next
show ¢ < z-star F
by (rule c)
qed
next
case Fulse
hence eq: endpoint-filter F = at-top
by (simp add: endpoint-filter)
obtain d where d: \2. d < 2= Pz
using evlunfolded eq] by (auto simp: eventually-at-top-linorder)
show ?thesis
unfolding eq
proof (rule eventually-at-top-linorderI[where ¢ = d + 1])
fix t :: real
assume t: d + 1 <t
show eventually P (at-left t)
proof (rule eventually-at-leftI[where a = d])
fix z :: real
assume z € {d<..<t}
thus P z
by (auto intro!: d)
next
show d < ¢
using ¢ by simp
qed
qed
qed

lemma excess-uniform-scaled-iff:

fixes F' :: real = real and f :: real = real and FF :: real filter

assumes f[pos: Au. 0 < S u

shows uniform-limit {0..} (Au z. excess-cdf F ux — GPD-cdf v 0 (8 u) z) (Az.
0) FF

—— uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)

FF
proof

assume ul: uniform-limit {0..} (A\u z. excess-cdf F ux — GPD-cdf v 0 (6 u) x)
(Az. 0) FF

show uniform-limit {0..} (Au . excess-cdf F u (3 u * z)) (GPD-cdf v 0 1) FF
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proof (rule uniform-limitl)
fix € :: real
assume ¢: 0 < ¢
show YV uin FF. Vye{0..}. dist (excess-cdf F u (8 u * y)) (GPD-cdf v 0 1
y) <e
proof (safe introl: eventually-mono| OF uniform-limitD[OF ul €]])
fix u y :: real
assume h:V z€{0..}. dist (excess-cdf Fu z — GPD-cdf v 0 (B u) 2) 0 < ¢
and y:0 <y
have mem: f u x y € {0..}
using Spos[of u] y by simp
have target: GPD-cdf v 0 (8 u) (8 u * y) = GPD-cdf v 01y
using GPD-cdf-location-scale[OF Bpos|of u], of v B u * y| Bpos|[of u] by
simp
have |excess-cdf Fu (8 u * y) — GPD-cdf v 0 (B u) (B ux*y)| <e
using h mem by (simp add: dist-real-def)
thus dist (excess-cdf F u (8 u * y)) (GPD-cdf v 01y) <e
using target by (simp add: dist-real-def)
qed
qed
next
assume ul: uniform-limit {0..} (A\u z. excess-cdf F u (8 u x x)) (GPD-cdf v 0
1) FF
show uniform-limit {0..} (Au z. excess-cdf F'ux — GPD-cdf v 0 (B u) z) (Az.
0) FF
proof (rule uniform-limitl)
fix € :: real
assume ¢: 0 < €
show Vg u in FF. Vze{0..}. dist (excess-cdf F uw x — GPD-cdf v 0 (8 u) z)
0<e
proof (safe intro!: eventually-mono| OF uniform-limitD[OF ul €]])
fix u x :: real
assume h:Vye{0..}. dist (excess-cdf Fu (8 u * y)) (GPD-cdf v 0 1y) <e
and z:0 < z
hence z: 0 < z
by simp
have mem: z / f u € {0..}
using Spos|of u] by simp
have rescale: excess-cdf F'u (8 u * (x / B u)) = excess-cdf F u x
using Bpos|of u] by simp
have target: GPD-cdf v 01 (z / B u) = GPD-cdf v 0 (B u)
using GPD-cdf-location-scale]OF Bpos|of u], of v z] by simp
have dist (excess-cdf Fu (6 u * (z / 8 u))) (GPD-cdf v 01 (z / B u)) <e
using h mem by blast
hence |excess-cdf F ux — GPD-cdf v 0 (6 u) z| < ¢
using rescale target by (simp add: dist-real-def)
thus dist (excess-cdf Fux — GPD-cdf v 0 (B u) ) 0 < ¢
by (simp add: dist-real-def)
qed
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qed
qed

lemma excess-uniform-eventually:

fixes F :: real = real and S :: real = real
assumes F': right-continuous-mono F 0 1

and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % x)) (GPD-cdf v 0 1)

(endpoint-filter F')

and §: 0 < ¢

shows V g t in endpoint-filter F. F't < 1 N
(Vx>0. |excess-cdf F t (Bt x ) — GPD-cdf v 0 1 z| < 9)

by (auto intro!: eventually-mono| OF eventually-conj

[OF F-lt-1-endpoint]| OF F| uniform-limitD[OF ul §]]] simp: dist-real-def)

lemma excess-iterate-tail-small:

fixes F :: real = real and S :: real = real

assumes f[pos: Au. 0 < [ u
and Y0: 0 < Y0 and KY0: 1 / 2 < GPD-cdf v 01 Y0
and cT:c< T
and [tl: N\z.c<z2=2< T = Fz< 1
and near: N\z. c< z = 2 < T =

|excess-cdf F z (8 z x YO0) — GPD-cdf v 01 Y0| < 1/ 4

and step: N\z. c< 2= 2< T = 24+082xY0< T

and 0: 0 < 9
shows 3z. c < z2ANz2< T N1 —-Fz<$§
proof —
define w :: nat = real where w = rec-nat (¢ + T) / 2) (An wn. wn + § wn
x Y0)

have w0: w0 =(¢c+ T)/ 2
by (simp add: w-def)
have wSuc: w (Suc n) = wn + B (wn) * Y0 for n
by (simp add: w-def)
have inv: c < wn Awn < T for n
proof (induction n)
case (
thus ?case
using ¢T by (simp add: w0)
next
case (Suc n)
have bY: 0 < f (wn) = Y0
using Spos[of w n] YO by simp
have lo: c < wn + B (wn) * Y0
using Suc[THEN conjunctl] bY by linarith
have hi: wn + f (wn) * YO < T
using Suc by (intro step) auto
show ?Zcase
using lo hi by (simp add: wSuc)
qged
have wlo: ¢ < wn and whi: wn < T for n
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using inv by blast+
have pos: 0 < 1 — F (wn) for n
using lt1[OF wlo whi] by simp
have decay: 1 — F (w (Sucn)) <8/ 4« (1 — F (wn)) for n
proof —
have |excess-cdf F (wn) (6 (wn) « YO) — GPD-cdf v 01 Y0| < 1/ 4
by (intro near wlo whi)
hence e: 1 — excess-cdf F' (wn) (8 (wn) x Y0) < 3 /4
using KY0 by linarith
have 1 — F (wn 4+ 8 (wn) x Y0)
= (1 — excess-cdf F (wn) (B (wn)*x Y0)) * (1 — F (wn))
using [t1[OF wlo whi, of n] by (simp add: excess-cdf-def)
also have ... < 3 / 4 % (1 — F (wn))
using e pos|of n] by (intro mult-right-mono) auto
finally show ?thesis
by (simp add: wSuc)
qed
have geom: 1 — F (wn) < (3 /4) "nx*x(l —F (w0)) for n
proof (induction n)
case (
thus “case
by simp
next
case (Suc n)
have 1 — F (w (Sucn)) <8/ 4 * (1 — F (wn))
by (rule decay)
alsohave ... < 3/ 4 x((3/4) “nx (1l —F (w0)))
using Suc by simp
finally show ?case
by simp
qed
have pow0: (An. (8 / 4:: real) " n) —— 0
by (rule LIMSEQ-realpow-zero) auto
have (An. (8 / 4::real) "n*x (I — F (w 0))) —— 0
using tendsto-mult[OF pow( tendsto-const[of 1 — F (w 0)]] by simp
from order-tendstoD(2)[OF this 6] obtain n
where (3 / 4 ::real) "nx (1 — F (w0)) <§
by (auto simp: eventually-sequentially)
hence 1 — F (wn) <46
using geom[of n] by simp
thus %thesis
using wlo whi by blast
qed

lemma excess-tail-small-below-z-star:
fixes F :: real = real and [ :: real = real
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < 5 u
and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F)
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and bdd: bdd-support F' and §: 0 < §
shows Jz. z < z-star FAN 1 — Fz<4
proof —
define Y0 where Y0 = (if v = 0 then In 2 else (2 powr v — 1) / 7)
have Y0Opos: 0 < Y0
unfolding Y0-def by (intro GPD-level-pos) simp
have KY0: GPD-cdf v 01Y0 =1/ 2
unfolding Y0-def using GPD-tail-level[of 2 ] by simp
have eq: endpoint-filter F = at-left (z-star F)
using bdd by (simp add: endpoint-filter)
have Jc<z-star F. Vz>c. z < z-star F —
Fz< 1N Nx>0. |excess-cdf F z (8 zx x) — GPD-cdf v 01z| <1/ 4)
using excess-uniform-eventually[OF F ul, of 1 | 4]
unfolding eq eventually-at-left-field by simp
then obtain ¢ where c: ¢ < z-star F
and P: \z. ¢ < z = z < z-star F =
Fz<1ANMz>0. |excess-cdf F z (8 z % ) — GPD-cdf v 01z < 1/
4)
by blast
have near: |excess-cdf F z (8 z * Y0) — GPD-cdf v 01 Y0| < 1/ 4
if 2: ¢ < 2z 2z < z-star F for z
using P[OF z] Y0pos by simp
have step: z + B 2z x Y0 < z-star F if z: ¢ < z z < z-star F for z
proof (rule ccontr)
assume -z + 3 z x Y0 < z-star F
hence ge: z-star F < z + 3 z x Y0
by simp
have excess-cdf F z (8 z x Y0) = 1
by (rule excess-cdf-eq-1-beyond-support|OF F bdd ge])
hence (I:real) / 2 < 1/ 4
using near[OF z] KY0 by simp
thus Fulse
by simp
qed
have dz. c <z ANz < a-star FAN 1 — Fz<§
proof (rule excess-iterate-tail-small]OF Bpos Y0pos])
show 1 / 2 < GPD-cdf v 01 Y0
by (simp add: KY0)
show ¢ < z-star F
by (rule c)
show \z. c<z= 2z < a-star F = Fz < |
using P by blast
show Az. ¢ < 2z = z < z-star F = |excess-cdf F z (8 z x Y0) — GPD-cdf
NO1Y0l <1/}
by (rule near)
show A\z. c < 2 = z < a-star F = 2+ [ z % Y0 < z-star F
by (rule step)
show 0 < §
by (rule 0)
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qed
thus ?thesis
by blast
qed

lemma F-tendsto-1-endpoint-of-excess:
fixes F' :: real = real and [ :: real = real
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < B u
and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F')
shows (F —— 1) (endpoint-filter F)
proof (cases bdd-support F')
case Fulse
thus ?thesis
using right-continuous-mono.top|OF F| by (simp add: endpoint-filter)
next
case bdd: True
interpret right-continuous-mono F 0 1
by fact
show ?thesis
unfolding endpoint-filter(1)[OF bdd] order-tendsto-iff
proof safe
fix a :: real
assume a: a < I
obtain z where 2: z < z-star F 1 — Fz< 1 — a
using excess-tail-small-below-x-star[OF F Bpos ul bdd, of 1 — a] a by auto
show V p ¢ in at-left (z-star F). a < F't
proof (intro eventually-at-leftI[OF - z(1)])
fix t
assume ¢ € {z<..<z-star F'}
hence F z < F't
by (intro monoD[OF monol) simp
thus a < F' ¢
using z(2) by simp
qed
next
fix a :: real
assume [ < a
thus Vp tin at-left (z-star F). Ft < a
using f-le-b[ THEN order-le-less-trans]
by (auto intro!: eventually-at-leftl[of z-star F — 1])
qed
qed

lemma tail-quantile-asymp-inverse-of-excess:
fixes F :: real = real and [ :: real = real
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < 5 u
and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F)

207



shows ((As. s x (I — F (tail-quantile F s))) —— 1) at-top
proof —
define Y0 where Y0 = (if v = 0 then In 2 else (2 powr v — 1) / 7)
have Y0Opos: 0 < Y0
unfolding Y0-def by (intro GPD-level-pos) simp
have KY0: GPD-cdf v 01 Y0 =1/ 2
unfolding Y0-def using GPD-tail-levellof 2 ~] by simp
note Flim = F-tendsto-1-endpoint-of-excess|OF F Bpos ul]
note Uendpoint = tail-quantile-tendsto-endpoint|OF F Flim]
show ?thesis
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
define 6 where § = min (e / 16) (1 / 8)
define n where n = min (e / 8) (1 / 8)
have dpos: 0 < 6 and dle: 6 < 1 / 8 and de: 6 < e/ 16
using e by (simp-all add: 5-def)
have npos: 0 <npandnle:n <1 /8andnen<e/ 8
using e by (simp-all add: n-def)
define @ where
Q=MNz2. Fz< 1A (Nx>0. |excess-cdf F z (8 z x £) — GPD-cdf v 0 1 z| <
)

have evP: V g t in endpoint-filter F'. eventually Q (at-left t)
unfolding Q-def
by (intro endpoint-filter-eventually-at-left excess-uniform-eventually]OF F ul
dpos])
note evU = eventually-compose-filterlim|OF evP Uendpoint)
show V g s in at-top. |s x (1 — F (tail-quantile F s)) — 1| < e
using evU eventually-gt-at-top|of 1]
proof eventually-elim
case (elim s)
define t0 where t0 = tail-quantile F s
have s1: 1 <'s
using elim(2) .
have spos: 0 < s
using s! by simp
have fA: 1 — Ft0 <1 /s
using lt-tail-quantile-iff [ OF F s1, of t0] by (simp add: t0-def)
have fB: 1 / s< 1 — Fw if w < t0 for w
using lt-tail-quantile-iff [ OF F s1] that by (simp add: t0-def)
obtain ¢ where ¢: c < t0 and Q: N\z. c < z = 2 < t0 = Q z
using elim(1) eventually-at-left-field t0-def by blast
have Qit1: Fz< 1if c < z2z < t0 for z
using Q[OF that] by (simp add: Q-def)
have Qnear: |excess-cdf F z (8 z x ©) — GPD-cdf v 01 z| < ¢
ifzie<zz<t0and z: 0 < zfor z z
using Q[OF z] z by (simp add: Q-def)
have dz. c < 2N z2<tONTt0O < z+ B 2zx* Y0
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proof (rule ccontr)
assume = (z. c<zAz<tONt0<z+ (2% Y0)
hence step: N\z. c <z = z2< t0 = 2+ [z Y0 < t0
by (auto simp: not-le)
have 3z. c < zAz2<tON1—-Fz<1]/s
proof (rule excess-iterate-tail-small[OF Bpos Y0pos])
show |excess-cdf F z' (8 2z’ Y0) — GPD-cdf v 01 Y0| < 1/ 4
if ¢ < 2’ 2/ < 10 for 2’
using Qnear|OF that less-imp-le[OF YOpos]] dle by simp
qed(simp-all add: KY0 ¢ Qlt1 step spos)
then obtain z where z: c < z2<t01 — Fz2<1 /s
by blast
show Fulse
using fB[OF z2(2)] z(8) by simp
qed
then obtain z where z: ¢ < z 2z < t0 and zA: t0 < z + (3 z x Y0
by blast
define y0 where y0 = (10 — z) / (B =z
have 8z: 0 < 8 z
by (rule Bpos)
have yOpos: 0 < y0
using z(2) Bz by (simp add: y0-def)
have y0-le: y0 < Y0
using zA [z by (simp add: y0-def field-simps)
have y0-eq: z + B z x y0 = t0
using [z by (simp add: y0-def)
define B where B =1 — GPD-cdf v 0 1 y0
have Bge: 1 / 2 < B
using monoD[OF right-continuous-mono.mono| OF right-continuous-mono-GPD-cdf [of

y0-le,of v 0] KY0
by (simp add: B-def)
have Bpos: 0 < B
using Bge by simp
have Fzpos: 0 < 1 — F z
using QIt1[OF z(1,2)] by simp
have factor: 1 — F (2 + h) = (1 — excess-cdf F z h) x (1 — F z) for h
using QIt1[OF z(1,2)] by (simp add: excess-cdf-def)
have lowerl: (B —0) x (I — Fz) <1 — Ft0
proof —
have |excess-cdf F z (8 z * y0) — GPD-cdf v 0 1 y0| < §
using Qnear[OF z(1,2) less-imp-le[OF yOpos]] .
hence B — § < 1 — excess-cdf F z (8 z x y0)
by (simp add: B-def)
moreover have I — F {0 = (1 — excess-cdf F z (B z x y0)) * (1 — F 2)
using factor[of B z * y0] y0-eq by simp
ultimately show ?thesis
using Fzpos by (simp add: mult-strict-right-mono)
qed
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have upperl: 1 [/ s< (B4+n+6)* (I — Fz)
proof —
have cont: isCont (GPD-cdf ~v 0 1) y0
by (intro isCont-GPD-cdf zero-less-one)
obtain ¢ where o: 0 < p
and gnear0: N\y. y # y0 = |y — y0| < o =
|GPD-cdf v 01y — GPD-cdf v 01 y0| <n
using LIM-D[OF cont[unfolded isCont-def] npos] by auto
have gnear: |GPD-cdf v 01y — GPD-cdf v 01 y0| < nif |y — y0| < o
for y
using gnear0[of y| that npos by (cases y = y0) auto
define ¥ where ¥ = min (8 zx o/ 2) ((t0 — 2) / 2)
have ¥pos: 0 < ¢
using [z o0 2(2) by (simp add: 9-def)
have ¥1: 9 < B zx%xp/ 2
unfolding ¥-def by (rule min.coboundedl)
have ¥2: ¢ < (t0 — 2) / 2
unfolding ¥-def by (rule min.cobounded2)
define w where w = t0 — 9
have wit: w < t0
using Ypos by (simp add: w-def)
have wgt: z < w
using 92 z(2) by (simp add: w-def)
define yw where yw = (w — 2) / 0 2
have yw-eq: z + 8 z * yw = w
using [z by (simp add: yw-def)
have yw0: 0 < yw
using wgt Sz by (simp add: yw-def)
have yw-diff: yw — y0 = — (9 / B 2)
using (z by (simp add: yw-def y0-def w-def field-simps)
have |yw — y0| < ¢
using 91 [z o Ypos by (simp add: yw-diff field-simps)
hence |GPD-cdf v 0 1 yw — GPD-cdf v 0 1 y0| < 7
by (rule onear)
hence Byw: 1 — GPD-cdf v 01 yw < B + n
by (simp add: B-def)
have |excess-cdf F z (8 z * yw) — GPD-cdf v 0 1 yw| < ¢
using Qnear[OF z(1,2) yw0] .
hence 1 — excess-cdf F z (8 z x yw) < B+n + ¢
using Byw by simp
moreover have 1 — Fw = (I — excess-cdf F z (8 z x yw)) * (I — F 2)
using factor[of 0 z * yw| yw-eq by simp
ultimately have I — Fw < (B+n+9) % (I — F 2)
using Fzpos by (simp add: mult-strict-right-mono)
thus ?thesis
using fB[OF wlt] by simp
qed
have Bden: 0 < B+ n+ 9
using Bpos npos dpos by simp

210



have Bnum: 0 < B — §
using Bge éle by simp
have (B —0) / (B+n+9) <sx* (1 — Ft0)
proof —
have 1 / s < (B+n+9d)* (1 — F z2)
by (rule upperl)
hence (B —0) (1 /s)<(B=0)*x((B+n+9) (1 — F2)
using Bnum by (intro mult-strict-left-mono) auto
also have ... = (B+n+ ) x (B —96) *x (I — F 2))
by (simp add: algebra-simps)
also have ... < (B +n + ¢§) = (I — F t0)
using lower! Bden by (simp add: mult-strict-left-mono)
finally have (B —8) « (1 / s) < (B+n+48)x (1 — Ft0).
hence (B — ) / (B+n+0) <sx (1 — F1t0)
using Bden spos by (simp add: field-simps)
thus ?thesis .
qed
moreover have I — 2% (n+ 2 x96) < (B—-96)/(B+n+9)
proof —
have (B—0)/(B4+n+d)=1—-n+2x*0)/(B+n+9)
using Bden by (simp add: field-simps)
moreover have (n + 2 % 0) / (B4+n+06) <2 (n+ 2 %0)
proof —
have 1 /2 <B+n+94
using Bge npos dpos by simp
hence (n+ 2 x6) / (B4+n+8) <(n+2=«45)/(1/2)
using npos dpos Bden by (intro divide-left-mono) auto
thus ?thesis
by simp
qed
ultimately show ?thesis
by simp
qed
moreover have s % (1 — F t0) < 1
using fA spos by (simp add: field-simps)
ultimately show Zcase
using ne de e by (simp add: t0-def abs-real-def)
qed
qed
qed

lemma tail-quantile-gap-of-excess:
fixes F :: real = real and S :: real = real
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < B u
and ul: uniform-limit {0..} (Au . excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F')
and z: I <z
shows ((\s. (tail-quantile F (s * ) — tail-quantile F' s

) / B (tail-quantile F s))
—— (if v = 0 then In x else (x powr v — 1) [ ~v

)) at-top

211



proof —
note Flim = F-tendsto-1-endpoint-of-excess|OF F (pos ul]
note Uendpoint = tail-quantile-tendsto-endpoint|OF F Flim]
note P! = tail-quantile-asymp-inverse-of-excess|OF F [pos ul]
have zpos: 0 < x
using z by simp
define ¢ where ¢ = 1 / z
have gpos: 0 < ¢
using zpos by (simp add: ¢-def)
show ?thesis
unfolding tendsto-iff dist-real-def
proof safe
fix e :: real
assume e: 0 < e
define L where L = (if v = 0 then In z else (x powr v — 1) / 7)
have Lpos: 0 < L
unfolding L-def by (intro GPD-level-pos x)
define ¢ where € = min (e / 2) (L / 2)
have epos: 0 < cand ce: ¢ < eand eL: ¢ < L
using e Lpos by (simp-all add: c-def)
define ym yp where ym = L —cand yp =L + ¢
have ym0: 0 < ym
using eL by (simp add: ym-def)
have ymL: ym < L
using epos by (simp add: ym-def)
have Lyp: L < yp
using epos by (simp add: yp-def)
define Km Kp where Km = 1 — GPD-cdf v 0 1 ym and Kp = 1 — GPD-cdf
v O01yp
have Km-gt: ¢ < Km
unfolding Km-def q-def
using ym0 ymL by (intro GPD-tail-gt-level|OF z]) (auto simp: L-def)
have Kp-it: Kp < q
unfolding Kp-def q-def
using Lyp by (intro GPD-tail-lt-level OF z]) (simp add: L-def)
have Kp0: 0 < Kp
using GPD-cdf-le-1
unfolding Kp-def by simp
define 0 where § = min ((¢ — Kp) / 2) (Km — q) / 2)
have 01: § < (¢ — Kp) / 2
unfolding ¢-def by (rule min.cobounded!)
have 02: § < (Km — q) / 2
unfolding §-def by (rule min.cobounded2)
have dpos: 0 < §
using Kp-lt Km-gt by (simp add: §-def)
have Kpé: Kp + 6 < ¢
proof —
have 2 % (Kp + 9) < 2 x Kp + (¢ — Kp)
using d1 by simp
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also have ... < 2 x ¢
using Kp-lt by simp
finally show ?thesis
by simp
qed
have Kmd: ¢ < Km — §
proof —
have 2 x § < Km — ¢
using 62 by simp
hence 2 * ¢ < 2 % (Km — 0)
using Km-gt by simp
thus ?thesis
by simp
qed
have Kmdpos: 0 < Km — §
using Kmd qpos by linarith
define r where r = ¢ / (Km — 0)
have r-lt1: r < 1
unfolding r-def using Kmé Kmdpos by simp
define ( where ( = (1 — r) / 2
have (pos: 0 < ¢
using 7-lt1 by (simp add: (-def)
have r(: r < 1 — (¢
proof —
have 1 — (=(1+71)/ 2
by (simp add: ¢-def field-simps)
moreover have r < (1 + 1) / 2
using r-lt1 by simp
ultimately show ?thesis
by simp
qed
have key: ¢ < (Km — §) * (1 — ()
proof —
have (Km — 0) xr = ¢
using Kmdpos by (simp add: r-def)
moreover have (Km — §) * r < (Km — ) * (I — ()
using ¢ Kmdpos by (intro mult-strict-left-mono) auto
ultimately show ?Zthesis
by simp
qed
define @ where
Q=M. Ft<1ANNy>0.|excess-cdf Ft (8 tx*y) — GPD-cdf v 01 y| <

have evQ: Vg s in at-top. Q (tail-quantile F s)
unfolding Q-def
by (intro eventually-compose-filterlim[OF excess-uniform-eventually[OF F ul

dpos]]

Uendpoint)
have evPI1: VYV s in at-top. 1 — ( < s * (1 — F (tail-quantile F s))
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using order-tendstoD(1)[OF P1, of 1 — (] {pos by simp
have evz: Vg s:real in at-top. 1 < s x x
using z by real-asymp
show V r s in at-top. |(tail-quantile F (s * x) — tail-quantile F s)
/ B (tail-quantile F s)
— (if v = 0 then In x else (x powr v — 1) / vy)| < e
using ev) evP1 evz eventually-gt-at-top[of 1]
proof eventually-elim
case (elim s)
define t0 where t0 = tail-quantile F' s
have s1: 1 < sand szl: I < s* x
using elim(3,4) by simp-all
have spos: 0 < s
using s1 by simp
have ¢s: ¢ / s=1/ (s * x)
using zpos spos by (simp add: g-def field-simps)
have gt: 0 < 3 t0
by (rule Bpos)
have Ft0: F t0 < 1
using elim(1) by (simp add: Q-def t0-def)
have FtOpos: 0 < 1 — F t0
using Ft0 by simp
have near: |excess-cdf F t0 (8 t0 * y) — GPD-cdf v 0 1 y| < § if 0 < y for

using elim(1) that by (simp add: Q-def t0-def)
have factor: 1 — F (t0 + h) = (1 — excess-cdf F t0 h) = (1 — F t0) for h
using Ft0 by (simp add: excess-cdf-def)
have upper-tail: 1 — Ft0 <1 /s
using li-tail-quantile-iff [OF F s1, of tail-quantile F' s] by (simp add: t0-def)
have lower-tail: 1 — ( < s (1 — F t0)
using elim(2) by (simp add: t0-def)
have p-bounds: 0 <1 — 1 [/ (sxx) 1 — 1/ (s*xx) <1
using szl by simp-all
have Uup: tail-quantile F' (s x z) < t0 + 3 t0 * yp
proof —
have |excess-cdf F t0 (8 t0 * yp) — GPD-cdf v 0 1 yp| < ¢
using ym0 epos by (intro near) (simp add: yp-def ym-def)
hence 1 — excess-cdf F t0 (6 t0 x yp) < Kp + &
by (simp add: Kp-def)
hence stepl: 1 — F (t0 + (5 t0 = yp) < (Kp + 0) = (1 — F t0)
using Ft0pos factor[of B t0 * yp] by (simp add: mult-strict-right-mono)
have step2: (Kp + 6) * (1 — Ft0) < qgx (1 /s)
using Kpd upper-tail FtOpos gpos by (intro mult-mono) auto
have step3: ¢« (1 / s) =1/ (s * )
using gs by simp
have 1 — F (t0 + B t0 « yp) < 1 / (s * x)
using stepl step?2 step3 by simp
hence 1 — 1 / (s*xx) < F (t0 + [ t0 = yp)
by simp
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thus ?thesis
using right-continuous-mono.ginv-le-iff[OF F p-bounds, of t0 + [ t0 * yp|
by simp
qed
have Ulo: t0 + (§ t0 = ym < tail-quantile F (s * x)
proof —
have |excess-cdf F t0 (8 t0 x ym) — GPD-cdf v 0 1 ym| < §
using ym0 by (intro near) simp
hence Km — 0 < 1 — excess-cdf F t0 (B8 t0 * ym)
by (simp add: Km-def)
hence (Km — 0) x (1 — Ft0) < 1 — F (t0 + (B t0 * ym)
using FtOpos factor[of  t0 * ym] by (simp add: mult-strict-right-mono)
hence s « ((Km — §) « (1 — Ft0)) < s=* (1 — F (t0 + (8 t0 % ym))
using spos by (intro mult-strict-left-mono) auto
moreover have ¢ < s x ((Km — §) x (I — F t0))
using key mult-strict-left-mono[OF lower-tail Kmdpos] by (simp add:
algebra-simps)
ultimately have ¢ < s x (1 — F (t0 + (3 t0 * ym))
by simp
hence ¢ / s < 1 — F (t0 + (3 t0 % ym)
using spos by (simp add: divide-less-eq mult.commute)
hence 1 / (s*xz) <1 — F (t0 + [ t0 * ym)
using gs by simp
thus ?thesis
using right-continuous-mono.ginv-le-iff[OF F p-bounds, of t0 + [ t0
ym]
by linarith
qed
have ym < (tail-quantile F (s x z) — t0) / B t0
using Ulo [t by (simp add: field-simps)
moreover have (tail-quantile F (s x £) — t0) / 5 t0 < yp
using Uup Bt by (simp add: field-simps)
ultimately show Zcase
using ee by (simp add: t0-def ym-def yp-def L-def abs-real-def)
qed
qed
qed

lemma GPD-level-mult:

fixes v y :: real

assumes y: 0 < y

shows (if v = 0 then In (2 * y) else ((2 * y) powr v — 1) / 7¥)

— (if v = 0 then In y else (y powr v — 1) / )
= y powr v * (if v = 0 then In 2 else (2 powr v — 1) / )

proof (cases v = 0)
next

case Fulse

have (2 x y) powr v = 2 powr v * y powr 7y

using y by (simp add: powr-mult)
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thus ?thesis
using False by (simp add: field-simps)
qed(use y in simp add: In-mult)

lemma GPD-level-inverse:
fixes v = :: real
assumes z: 0 < x
shows — ((if v = 0 then in (1 / z) else ((1 / x) powr v — 1) / ) * x powr )
= (if v = 0 then In z else (z powr v — 1) / )
proof (cases v = 0)
case True
thus ?thesis
using z by (simp add: In-div)
next
case Fulse
have zpowr: 0 < z powr 7
using z by simp
have — ((if v = 0 then In (1 / z) else ((1 / x) powr v — 1) / v) * z powr 7)
=~ (1 / zpowr v — 1) [ 7 * 7 pour )
using Fualse by (simp add: divide-inverse inverse-powr)

also have ... = — ((1 — z powr v) / 7)
using zpowr False by (simp add: field-simps)
also have ... = (if v = 0 then In z else (x powr v — 1) / )

using False by (simp add: field-simps)
finally show ?thesis .
qged

lemma tail-quantile-gap-of-excess-all:
fixes F' :: real = real and f :: real = real
assumes F: right-continuous-mono F 0 1 and Bpos: Au. 0 < B u
and ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u % z)) (GPD-cdf v 0 1)
(endpoint-filter F')
and z: 0 <
shows ((\s. (tail-quantile F (s % z) — tail-quantile F' s) / B (tail-quantile F s))
—— (if v = 0 then In z else (z powr v — 1) / 7)) at-top
proof —
define U where U = tail-quantile F'
define a where a = (As. 8 (tail-quantile F s))
have apos: 0 < a s for s
by (simp add: a-def Bpos)
have anz: a s # 0 for s
using apos|of s] by simp
have Q: (As. (U (sxy) — Us) / as)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top if 1 < y for
)
using tail-quantile-gap-of-excess|OF F Bpos ul that] by (simp add: U-def a-def)
have L2pos: 0 < (if v = 0 then In 2 else (2 powr v — 1) / 7)
by (intro GPD-level-pos) simp
have shift: filterlim (As::real. s x y) at-top at-top if 0 < y for y
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using that by real-asymp
have RV: (As. a (s x y) / a 8) —— y powr 7) at-top if y: 1 < y for y
proof —
have ypos: 0 < y
using y by simp
have Q2y: (As. (U (sx (2x*y)) —Us)/as)
—— (if v = 0 thenln (2 *x y) else ((2 x y) powr v — 1) / 7))
at-top
using y by (intro Q) simp
have eq: (U (sx (2 xy)) —Us)/as—(U(sxy) —Us)/as
=(U(sxy*x2)—U(sxy))/asfors
proof —
have arg: s x (2 x y) = s x y x 2
by (simp add: algebra-simps)
have (U (s* (2xy)) —Us)/as— (U (sxy) —Us)/as
=((U(sx(2xy) —Us)=(U(sxy) —Us)) /as
by (simp add: diff-divide-distrib)
also have ... = (U (s* (2xy)) — U (s*xy)) /as
by simp
finally show ?thesis
by (simp add: arg)
qed
have Ndiff: (As. (U (s*xy*2) — U (s*vy)) / as)
—— (if v = 0 thenln (2 x y) else ((2 x y) powr v — 1) / 7)
— (if v = 0 then In y else (y powr v — 1) / v)) at-top
proof —
have (As. (U (s (2xy)) —Us)/as— (U (sxy)—Us)/as)
—— (if v = 0 then ln (2 x y) else ((2 x y) powr v — 1) / v)
— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
by (intro tendsto-diff Q2y Q y)
thus ?thesis
by (simp add: eq)
qed
have D: (As. (U (sxy*x2)— U (s*xy))/a(s*y))
—— (if v = 0 then In 2 else (2 powr v — 1) / v)) at-top
proof —
have (A\r. (U (r+2)—Ur) /ar)
—— (if v = 0 then In 2 else (2 powr v — 1) / 7)) at-top
by (intro Q) simp
from filterlim-compose| OF this shift|OF ypos]] show ?thesis
by (simp add: comp-def)
qed
have Dpos: Vg s in at-top. 0 < (U (sxy* 2) — U (s*y)) [/ a(s*y)
by (rule order-tendstoD(1)[OF D L2pos|)
have (As. (U (sxyx2) — U (sxy))/ as)
[ (U(sxyx2)=Ul(sxy)/al(sxy))
—— ((if vy = 0thenlin (2 x y) else (2 * y) powr v — 1) / 7)
— (if v = 0 then In y else (y powr v — 1) / ¥))
/ (if v = 0 thenIn 2 else (2 powr v — 1) / 7)) at-top
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using L2pos by (intro tendsto-divide Ndiff D) simp
moreover have V s in at-top. (U (sxy*x2) — U (s*xy)) / as)
[ ((U(sxyx2)=U(sxy)/a(sxy)=al(sxy)/as
using apos anz
by (auto intro!: eventually-mono| OF Dpos| simp: zero-less-divide-iff field-simps)
ultimately have ((As. a (s * y) / a s)
—— ((if y=0thenln (2 x y) else (2 x y) powr v — 1) / 7)
— (if v = 0then ln y else (y powr v — 1) / 7))
/ (if v = 0 then In 2 else (2 powr v — 1) / v)) at-top
by (rule Lim-transform-eventually)
thus ?thesis
using GPD-level-mult[OF ypos, of ] L2pos by simp
qed
have RVall: ((As. a (s * y) / a 8) —— y powr 7) at-top if y: 0 < y for y
proof (cases 1 < y)
case True
thus ?thesis
by (rule RV)
next
case notgt: Fualse
show ?thesis
proof (cases y = 1)
case True
thus ?thesis
using anz by simp
next
case ne: Fualse
have ylt: y < 1
using notgt ne by simp
define ; where p =1 / y
have p1: 1 < p
using y ylt by (simp add: p-def)
have (Ar. a (r * u) / ar) —— p powr 7) at-top
by (rule RV[OF p1])
from filterlim-compose| OF this shift|OF y|]
have ((As. a (s * y x ) / a (s * y)) —— p powr 7) at-top
by (simp add: comp-def)
moreover have s x y * y = s for s
using y by (simp add: p-def)
ultimately have inv: ((As. a s / a (s * y)) —— p powr ) at-top
by simp
have ypowr: 0 < y powr v
using y by simp
have ppowr: u powr v =1 / y powr 7y
using y by (simp add: p-def divide-inverse inverse-powr)
have pnz: u powr v # 0
using pl by simp
from tendsto-inverse[OF inv pnz)
have ((As. inverse (a s / a (s x y))) —— inverse (p powr 7)) at-top .
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moreover have inverse (a s / a (s x y)) =a (s*xy) / a s for s
by (simp add: inverse-eq-divide)
moreover have inverse (u powr v) = y powr 7
using ypowr by (simp add: ppowr)
ultimately show ?thesis
by simp
qed
qed
have res: ((As. (
— (if v
proof (cases 1 < x)
case True
thus ?thesis
by (rule Q)
next
case notgt: Fualse
show ?thesis
proof (cases z = 1)
case True
thus ?thesis
by simp
next
case ne: Fulse
have zit: z < 1
using notgt ne by simp
define ; where p =1 / x
have pu1: 1 < p
using z zlt by (simp add: p-def)
have (A\r. (U (r«p) — Ur) [/ ar)
—— (if v = 0 then In w else (u powr v — 1) / 7)) at-top
by (rule Q[OF pn1])
from filterlim-compose| OF this shift|OF z)
have ((As. (U (s*xzxp) — U (s*x 1)) / a(s* x))
—— (if v = 0 then In p else (i powr v — 1) / 7)) at-top
by (simp add: comp-def)
moreover have s x z x u = s for s
using = by (simp add: p-def)
ultimately have A: (As. (Us — U (s* z)) / a (s % 1))

—— (if v = 0 then In u else (u powr v — 1) / 7)) at-top

by simp
note B = RVull[OF x)
from tendsto-mult|{OF A B|
have (As. (Us — U (sxx)) /a(sxx))*(a(sxxz)/as))

—— (if vy = 0 then In p else (u powr v — 1) / ) x x powr ) at-top .

moreover have (Us — U (sxz)) /a(sxx)) x(a(sxz)/ as)
=—((U(s*xxz)—Us)/as)fors
using anz by (simp add: field-simps)
ultimately have ((As. — (U (s xz) — U s) / a s))

—— (if v = 0 then In u else (u powr v — 1) / 74) * x powr
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v) at-top
by simp
from tendsto-minus|OF this
have ((As. (U (sxz) — Us) / as)
—— — ((if v = 0 then In p else (u powr v — 1) / ) * x powr 7))
at-top
by simp
moreover have — ((if v = 0 then In p else (u powr v — 1) / 7) * x powr 7)
= (if v = 0 then In z else (z powr v — 1) / )
unfolding u-def by (rule GPD-level-inverse[OF x])
ultimately show ?Zthesis
by simp
qed
qed
thus ?thesis
by (simp add: U-def a-def)
qed

theorem Pickands-Balkema-de-Haan-converse:
fixes F :: real = real and ~y :: real
assumes F': right-continuous-mono F 0 1
and hyp: 30. Vu. 0 < B u) A
uniform-limit {0..} (Au z. excess-cdf F v x — GPD-cdf v 0 (B u) x)
(Az. 0) (endpoint-filter F)
shows domain-of-attraction F (EVD-cdf v 0 1)
proof —
obtain 3 where Bpos: Au. 0 < B u
and ul0: uniform-limit {0..} (Au z. excess-cdf F vz — GPD-cdf v 0 (8 u) z)
(Az. 0)
(endpoint-filter F')
using hyp by blast
have iff: uniform-limit {0..} (\u z. excess-cdf F u x — GPD-cdf v 0 (8 u) z)
(Az. 0)
(endpoint-filter F')
— uniform-limit {0..} (Au z. excess-cdf F u (8 u * x)) (GPD-cdf v 0
1
(endpoint-filter F)
by (intro excess-uniform-scaled-iff Bpos)
have ul: uniform-limit {0..} (Au z. excess-cdf F u (8 u * z)) (GPD-cdf v 0 1)
(endpoint-filter F')
using iff ul0 by simp
have Ja. (Vt. 0 < at) A
(Vz>0. ((Mt. (tail-quantile F (t * ) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / 7)) at-top)
proof (intro exI[of - As. B (tail-quantile F s)| conjl alll impI)
show At. 0 < 3 (tail-quantile F' t)
by (rule Bpos)
next
fix z :: real
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assume zpos: 0 < x
show ((At. (tail-quantile F (t * z) — tail-quantile F t) / B (tail-quantile F t))
—— (if v = 0 then In z else (z powr v — 1) / 7)) at-top
by (rule tail-quantile-gap-of-excess-all|OF F Bpos ul xzpos))
qged
thus ?thesis
using MDA-iff-tail-quantile’|OF F, of ~] by simp
qed

theorem Pickands-Balkema-de-Haan:

fixes F' :: real = real and ~y :: real

assumes F': right-continuous-mono F 0 1

shows domain-of-attraction F (EVD-cdf ~ 0 1)

— (36. Vu. 0 < fu)A
uniform-limit {0..} (Au z. excess-cdf F wx — GPD-cdf v 0 (8 u) x)
(Az. 0) (endpoint-filter F))

using Pickands-Balkema-de-Haan-forward| OF F| Pickands-Balkema-de-Haan-converse[OF
F

by blast

4.2.3 Explicit Choice of ¢

lemma excess-uniform-beta-cong:
fixes F :: real = real and 8 B’ :: real = real and FF :: real filter
assumes ul: uniform-limit {0..} (Au z. excess-cdf F uw x — GPD-cdf v 0 (8 u)
z) (Az. 0) FF
and ev: Vp uin FF. ' u= B u
shows uniform-limit {0..} (A\u . excess-cdf Fux — GPD-cdf v 0 (B’ u) z) (Ax.
0) FF
proof (rule uniform-limitl)
fix € :: real
assume ¢: 0 < ¢
show V p u in FF. Vze{0..}. dist (excess-cdf F vz — GPD-cdf v 0 (8’ u) z) 0
<e€
using uniform-limitD[OF ul €] ev by eventually-elim simp
ged

Case: v >0

theorem Pickands-Balkema-de-Haan-pos:
fixes F' :: real = real and 7y :: real
assumes F': right-continuous-mono F 0 1 and v: 0 <
and dom: domain-of-attraction F' (EVD-cdf v 0 1)
shows uniform-limit {0..} (Au z. excess-cdf F w & — GPD-cdf v 0 (v * u) z)
(A\z. 0)
(endpoint-filter F')
proof —
have unbdd: Vz. F z < 1 and rv: regularly-varying (Az. 1 — Fxz) (— 1 /)
using MDA-regularly-varying-pos|OF F ~] dom by auto
have nbdd: — bdd-support F
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by (rule not-bdd-supportl’) (use unbdd in simp)
note ef = endpoint-filter(2)[OF nbdd]
define g where 8 = (A\u:real. v * maz u 1)
have (pos: 0 < 8 u for u
using v by (simp add: 3-def)
have feq: Vp u in at-top. B u = % u
using eventually-ge-at-top[of 1::real] by eventually-elim (simp add: (-def)
have pconv: ((Au. excess-cdf F u (8 u * ©)) —— GPD-cdf v 0 1 z) at-top if z:
0 <z for z
proof —
have znn: 0 < v *x x
using v z by simp
have cpos: 0 < 1 + v xx
using xnn by simp
have (Au. (I — F(ux (I +vx*x)) /(I — Fu) — (I + v * z) powr
(=1 /7)) at-top
by (rule regularly-varying-lim[OF rv cpos))
from tendsto-diff[OF tendsto-const[of 1] this]
have lim: (Au. 1 — (1 — F (u* (1 +vx*2))) /(I — Fu))
—— 1 — (1 +7*zx) powr (— 1 /7)) at-top .
have eq: Vp uin at-top. 1 — (1 — F (ux (I +v*2))) /(I — Fu)
= excess-cdf F u (8 u * x)
using Beq by eventually-elim (simp add: excess-cdf-def field-simps)
have mI1: — 1 <~y xx
using xnn by simp
have target: GPD-cdf v 0 1z =1 — (1 + v * x) powr (— 1 /)
using z v m! by (simp add: GPD-cdf-def)
show ?thesis
using Lim-transform-eventually[OF lim eq] target by simp
qed
have uniform-limit {0..} (Au z. excess-cdf F u (8 u * z)) (GPD-cdf v 0 1) at-top
by (intro excess-pointwise-imp-uniform[OF F [pos] pconv)
hence uniform-limit {0..} (Au z. excess-cdf F u x — GPD-cdf v 0 (8 u) z) (Az.
0) at-top
using ezcess-uniform-scaled-iff[OF (Bpos] by simp
moreover have Seq: Vp u in at-top. v * u = S u
using [eq by eventually-elim simp
ultimately show %thesis
using excess-uniform-beta-cong by (simp add: ef)
qed

Case: v < 0

theorem Pickands-Balkema-de-Haan-neg:
fixes F :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1 and v: v < 0
and dom: domain-of-attraction F (EVD-cdf v 0 1)
shows uniform-limit {0..} (Au z. excess-cdf Fu x — GPD-cdf v 0 (— v * (z-star
F - u)) 1)
(Az. 0) (endpoint-filter F')
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proof —
have bdd: bdd-support F and rv: reqularly-varying (As. 1 — F (z-star F — 1 /
) (1 /)
using MDA-regularly-varying-neg[OF F ~] dom by auto
note ef = endpoint-filter(1)[OF bdd]
have evit: V p u in at-left (z-star F). v < z-star F
by (auto simp: eventually-at-filter)
define § where § = (Auzreal. if u < z-star F then — vy % (2-star F' — u) else 1)
have (pos: 0 < 3 u for u
using v by (auto simp: B-def intro!: mult-neg-pos)
have fBeq: Vr u in at-left (z-star F). § uw = — v * (a-star F — u)
using evlt by eventually-elim (simp add: (-def)
have stop: filterlim (Au. 1 / (z-star F' — w)) at-top (at-left (a-star F'))
proof —
have tend: ((Au::real. z-star F — u) —— 0) (at-left (z-star F'))
by (auto intro!: tendsto-eq-intros)
have filterlim (Au. inverse (z-star F' — u)) at-top (at-left (z-star F))
by (intro filterlim-inverse-at-top| OF tend] eventually-mono[OF evlt]) simp
thus ?thesis
by (simp add: inverse-eq-divide)
qged
have pconv: ((Au. excess-cdf F u (8 u x z)) —— GPD-cdf v 0 1 z) (at-left
(z-star F))
if z: 0 < z for z
proof (cases 0 < 1 + 7y * )
case supp: True
hence m1: — 1 <~y xx
by simp
have cpos: 0 < 1 / (1 + v * x)
using supp by simp
have ((As. (I — F (z-star F — 1 / (s x (1 / (1 + v * z)))))
/(I — F (z-star F — 1/ s)) —— (1 /(1 + v *x)) powr (1 /
7)) at-top
by (rule reqularly-varying-lim[OF rv cpos])
from filterlim-compose| OF this stop]
have lim0: (Au. (I — F (z-star F — 1 / (1 / (z-star F — u) = (1 / (1 + v =
)
/(1 — F (z-star F — 1 / (1 / (z-star F — u)))))
—— (1 /(1 + v *x)) powr (1 /7)) (at-left (z-star F))
by simp
have eq0: ¥V ¢ u in at-left (z-star F).
(I — F (z-star F — 1 /] (1 / (z-star F —u) = (1 /] (I + v *1)))))
/(1 — F (z-star F — 1 |/ (1 / (z-star F — u))))
=l -F(u+pPuxz)) /(I —-Fu
using evlt Beq
proof eventually-elim
case (elim u)
hence gap: 0 < z-star F — u
by simp
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have 1 / (1 / (z-star F — u) * (1 / (1 + v * z))) = (a-star F — u) * (1 +
v * 1)
using gap supp by (simp add: field-simps)
moreover have a-star F — (z-star F — u) x (I + vy xz) =u + 0 u* 2
unfolding elim(2) by (simp add: algebra-simps)
moreover have z-star F — 1 / (1 / (z-star F — u)) = u
using gap by simp
ultimately show Zcase
by simp
qed
have lim: (Au. (1 — F (u+ Buxz)) /(I — Fu))
—— (1 /(1 + v % x)) powr (1 /7)) (at-left (z-star F))
by (rule Lim-transform-eventually|OF lim0 eq0])
have powr-eq: (1 / (1 + v * z)) powr (1 /v) = (1 + v * x) powr (— 1 /)
using supp by (simp add: powr-divide powr-minus divide-inverse inverse-powr)
from tendsto-diff|OF tendsto-const|of 1] lim]
have (Au. I — (1 — F (u+ B ux*x2x)) /(1 — Fu)
—— 1 — (1 +~vxxz) powr (— 1 /7)) (at-left (z-star F))
by (simp add: powr-eq)
moreover have GPD-cdf vy 01z =1 — (I + v * ) powr (— 1 /%)
using = v m! by (simp add: GPD-cdf-def)
ultimately show Zthesis
by (simp add: excess-cdf-def)
next
case Fulse
hence supp: 1 + vy *x 2z < 0
by simp
have V p u in at-left (z-star F). excess-cdf F u (6 u * x) = 1
using evlt Beq
proof eventually-elim
case (elim u)
hence gap: 0 < z-star F — u
by simp
have (z-star F — u) x (1 + vy xz) < 0
using gap supp by (simp add: mult-nonneg-nonpos less-imp-le)
hence z-star F < u + — 7 * (z-star F' — u) x ¢
by (simp add: algebra-simps)
hence z-star F < u + [ u * x
unfolding elim(2) by simp
thus ?case
by (rule excess-cdf-eq-1-beyond-support| OF F bdd])
qed
moreover have GPD-cdf v 01z = 1
using z v supp by (auto simp: GPD-cdf-def)
ultimately show #thesis
by (simp add: tendsto-eventually)
qed
have uniform-limit {0..} (Au z. excess-cdf F u (8 u * x)) (GPD-cdf v 0 1)
(at-left (z-star F'))
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by (intro excess-pointwise-imp-uniform|OF F Bpos] pconv)
hence uniform-limit {0..} (Au . excess-cdf F ux — GPD-cdf v 0 (8 u) z) (Az.
0)
(at-left (a-star F))
using ezcess-uniform-scaled-iff[OF (Bpos] by simp
moreover have V p u in at-left (z-star F). — v x (z-star F — u) = f u
using (eq by eventually-elim simp
ultimately show ?thesis
using excess-uniform-beta-cong by (simp add: ef)
qged

Case: arbitrary ~

lemma isCont-GPD-level:

fixes v y :: real

assumes y: 0 < y

shows isCont (Az. if v = 0 then ln z else (z powr v — 1) / v) y

using y by (cases v = 0) (auto introl: isCont-In isCont-divide isCont-diff con-
tinuous-powr)

lemma tail-quantile-witness-of-gap:
fixes F a :: real = real and v :: real
assumes F: right-continuous-mono F 0 1
and apos: \t. 0 < a't
and quant: N\y. 0 < y = ((At. (tail-quantile F (t x y) — tail-quantile F t) /
at)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
shows (An. F (a (real n) x © + tail-quantile F (real n)) ~n) —— EVD-cdf v
01z
proof (rule MDA-tail-quantile-witnessjwhere b = tail-quantile F', OF F apos zero-less-one])
fix y :: real
assume y: 0 < y
show ((At. (tail-quantile F (t * y) — tail-quantile F' t) / a t)
—— (ify=0then I xIny+ Oelse 1 x (ypowr~y— 1)/~ + 0)) at-top
using quant|OF y| by (cases v = 0) simp-all
qed

lemma t-div-a-tendsto-zero-endpoint:
fixes F a :: real = real and ~ :: real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a t
and quant: \y. 0 < y = ((At. (tail-quantile F (t % y) — tail-quantile F t) /
at)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
shows ((At. (¢t — tail-quantile F (1 / (1 — Ft)))/a(1 /(1 —Ft)) — 0)
(endpoint-filter F')
proof —
define s where s = (At:real. 1 / (1 — F' t)
have goal-eq: (At. (¢t — tail-quantile F (1 / (
= (At. (t — tail-quantile F (s t

)
1—=Ft)/a(l/({1-Ft)
) [ a(st)
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by (simp add: s-def)
have stop: filterlim s at-top (endpoint-filter F')
unfolding s-def
by (rule s-tendsto-at-top-endpoint[where a = An. a (real n)
and b = An. tail-quantile F (real n), OF F - zero-less-one
tail-quantile-witness-of-gap[OF F apos quant]])
(use apos in simp)
note Fit1 = F-lt-1-endpoint| OF F)]
have spos: V g t in endpoint-filter F. 0 < s t
using stoplunfolded filterlim-at-top-dense, rule-format, of 0] by simp
have conv: ((At. (tail-quantile F (s t * y') — tail-quantile F (s t)) / a (s t))
—— (if v = 0 then In y' else (y' powr v — 1) /7))
(endpoint-filter F) if y": |y’ — 1| < 1 for y’
by (rule filterlim-compose| OF quant stop]) (use y’ in simp)
have low: V i t in endpoint-filter F.
(tail-quantile F (s t x y’) — tail-quantile F (s t)) / a (s t)
< (t — tail-quantile F (s t)) / a (s t)
if y (1:real) — 1 < y' y' < 1 for gy’
using stoplunfolded filterlim-at-top-dense, rule-format, of 1 / y'] spos Flt1
proof eventually-elim
case (elim t)
hence s-gt: 1 / y' < stand s-pos: 0 < stand Ft: Ft < 1
by auto
have ul: 1 < st *y’
using mult-strict-right-mono[OF s-gt] y' by force
have u2: st*xy <1 /(1 — Ft)
using mult-strict-left-mono[OF y’(2) s-pos] by (simp add: s-def)
show ?case
using apos|of s t] Ft ul u2
by (auto introl: divide-right-mono tail-quantile-le-of-lt-inv[ OF F))
qed
have up: V p t in endpoint-filter F. (t — tail-quantile F (s t)) / a (s t)
< (tail-quantile F (s t * y') — tail-quantile F (s t)) / a (s t)
if y (1:real) < y'y' < 1 + 1 for gy’
using spos Flt1
proof eventually-elim
case (elim t)
hence s-pos: 0 < stand Ft: Ft < 1
by auto
have u: 1 / (1 — Ft)<stxy’
using mult-strict-left-mono[OF - s-pos] y' by (simp add: s-def)
show ?Zcase
using apos|of s t]
by (auto intro!: divide-right-mono
less-imp-le[OF t-lt-tail-quantile-of-gt-inv[OF F Ft u]])
qed
have one: (if v = 0 then In 1 else (1 powr v — 1) / v) =0
by simp
show ?thesis
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using squeeze-tendsto-local|OF zero-less-one isCont-GPD-level[OF zero-less-one
conv low up]

unfolding goal-eq one .
qed

lemma divide-tail-of-gap:
fixes F' a :: real = real and v z :: real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a't
and quant: \y. 0 < y = ((At. (tail-quantile F (t % y) — tail-quantile F t) /
at)
—— (if v = 0 then In y else (y powr v — 1) / 7)) at-top
and z: 0 < 1 + vz
shows (M. (I — F(t4+z*xa (1 /(1 —F1t)) /(1 —-Ft))
—— — In (EVD-cdf v 0 1 z)) (endpoint-filter F')
proof —
define s where s = (At:real. 1 / (1 — F't))
define U where U = tail-quantile F'
have goal-eq: (\t. (1 — F (t+zxa (1 /(1 — F1)))) /(1 —Ft)
=M. (I —F(t+zxa(st)/ (1 - Ft))
by (simp add: s-def)
have stop: filterlim s at-top (endpoint-filter F')
unfolding s-def
by (rule s-tendsto-at-top-endpoint[where a = An. a (real n)
and b = An. tail-quantile F (real n), OF F - zero-less-one
tail-quantile-witness-of-gap| OF F apos quant]])
(use apos in simp)
note Flt1 = F-lt-1-endpoint[OF F]
have delta-tendsto: (At. (t — U (s t)) / a (s t)) —— 0) (endpoint-filter F')
using t-div-a-tendsto-zero-endpoint[OF F apos quant] by (simp add: s-def
U-def)
have op: open {z. 0 < 1 + v * z'}
by (auto intro!: open-Collect-less continuous-on-add continuous-on-mult)
have Vp z'innhdsz. ' € {z/. 0 < 1 + v * z'}
using z op by (intro eventually-nhds-in-open) auto
hence ev: Vg 2’ innhdsz. 0 < 1 + v * x’
by eventually-elim simp
then obtain 7 where eta: 0 < 7
and eta-supp: N\z'. |¢' —z| <n= 0< 1+ vz’
using eventually-nhds-metriclof Az’. 0 < 1 + v % z’ x] by (auto simp:
dist-real-def)
have Dcont: isCont (\x’. In (EVD-cdf v 0 1 2')) x
using EVD-cdf-supp-bounds|OF - zero-less-one, of v x 0]
by (auto intro!: isCont-In’ isCont-EVD-cdf)
have conv: (M. — (1 — F (a (st) xz'+ U (st))) /(1 — F1)))
—— In (EVD-cdf v 0 1 z')) (endpoint-filter F)
if 2" |2’ — z| < n for z’
proof —
have supp”: 0 < 1 + v * z'
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using z’ eta-supp by simp
have quant” ((At. (tail-quantile F (t * y) — tail-quantile F t) / a t)
—— (if y=0then I xIny+ Oelse I x (ypowr v — 1)/ v+
0)) at-top
ify: 0 <yfory
using quant|OF y] by (cases v = 0) simp-all
have base: (At. t* (1 — F (at+ 2z’ + Ut)) —— — In (EVD-cdf v 0 1 2"))
at-top
unfolding U-def
by (intro MDA-tail-quantile-to-tail-probability[where b = tail-quantile F,
OF F apos zero-less-one quant’]) (use supp’ in auto)
show ?thesis
using tendsto-minus[OF filterlim-compose| OF base stop|| by (simp add: s-def)
qed
have low: V g ¢t in endpoint-filter F. — (1 — F (a (st) x 2’ + U (st))) / (1 —
1)
<—((1-F(t+xxa(st)/ (1 —Frt)
ifz:z —n<az' 2’ <zforz
proof —
have dit: ' — 2 < 0
using z’ by simp
have evl: Vg t in endpoint-filter F. x' — z < (t — U (s t)) / a (s t)
using order-tendstoD(1)[OF delta-tendsto dit] .
show ?thesis
using evl Flt1
proof eventually-elim
case (elim t)
hence d: 2z’ — 2z < (t — U (st)) /a(st)and Fi: Ft < 1
by auto
have apos”: 0 < a (s t)
using apos by simp
have (' —z) xa (st) < (t — U (st)) /a(st)) xa(st)
using mult-strict-right-mono[OF d apos’] .
also have ... =t — U (s t)
using apos’ by simp
finally have ineq: (z' — z) x a (st) <t — U (st).
have a (st)xz'+ U (st) <t +zx*a(st)
using ineq by (simp add: field-simps)
hence fmono: F (a (st) x '+ U (st)) < F (t +z*a(st))
by (intro monoD|OF right-continuous-mono.mono|OF F]|) simp
have (1 — F(t+zxa(st)) /(1 — Fti)
<(I—-F(a(st)yxz'+U(st) /(1 —-Ft)
using fmono Ft by (intro divide-right-mono) auto
thus ?case
by simp
qed
qed
have up: Vp t in endpoint-filter F. — (1 — F (t + z % a (st))) / (1 — Ft))
<—((I—-F(a(st)yxz’'+U(st) /(1 —Ft))
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ifzz<az'2'<z+nforaz’
proof —
have dpos: 0 < z' — x
using z’ by simp
have evl: V tin endpoint-filter F. (t — U (st)) /a(st) <z’ —x
using order-tendstoD(2)[OF delta-tendsto dpos] .
show ?thesis
using evl Flt1
proof eventually-elim
case (elim t)
hence d: (t — U (st)) /a(st) <z’ —zand Ft: F't < 1
by auto
have apos”: 0 < a (s t)
using apos by simp
have (t — U (st)) /a(st) xa(st) <(z' —2x)xa(st)
using mult-strict-right-mono[OF d apos’] .
moreover have ((t — U (st)) /a(st) xa(st)=t— U (st)
using apos’ by simp
ultimately have ineq: t — U (st) < (' — z) * a (s t)
by simp
have t + zxa (st) <a(st)xz'+ U (st)
using ineq by (simp add: field-simps)
hence fmono: F (t + cxa (st)) < F (a(st)xz'+ U (st))
by (intro monoD|OF right-continuous-mono.mono|OF F]|) simp
have (1 — F(a(st)xz'+ U (st)) /(I — Ft)
<l —-F(t+zxzxa(st)) /(1 —F1)
using fmono Ft by (intro divide-right-mono) auto
thus ?Zcase
by simp
qed
qed
show ?thesis
unfolding goal-eq
using tendsto-minus|OF squeeze-tendsto-local|OF eta Dcont conv low up]] by
stmp
qed

theorem Pickands-Balkema-de-Haan-normalization:
fixes F a :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
and apos: \t. 0 < a t
and quant: A\z. 0 < © = ((At. (tail-quantile F (t % x) — tail-quantile F t) /
at)
—— (if v = 0 then In x else (x powr v — 1) / 7)) at-top
shows uniform-limit {0..} (Au z. excess-cdf F uwx — GPD-cdf v 0 (a (1 / (1 —
F ) 2)
(Az. 0) (endpoint-filter F')
proof —
define § where 0 = (\u. a (1 / (1 — F w)))
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have fpos: 0 < 3 u for u
using apos by (simp add: B-def)
have pconv: ((Au. excess-cdf Fu (0 u * )) —— GPD-cdf v 0 1 x) (endpoint-filter
F)
if z: 0 < z for =
by (rule excess-tendsto-of-divide-tail|[OF F Bpos - z])
(use divide-tail-of-gap[OF F' apos quant] in simp add: 3-def)
have uniform-limit {0..} (Au z. excess-cdf F u (8 u * z)) (GPD-cdf ~v 0 1)
(endpoint-filter F)
by (intro excess-pointwise-imp-uniform[OF F [Bpos] pconv)
thus ?thesis
using excess-uniform-scaled-iff[OF Bpos| by (simp add: B-def)
qed

corollary Pickands-Balkema-de-Haan-normalization”:
fixes F' :: real = real and 7 :: real
assumes F': right-continuous-mono F 0 1
and dom: domain-of-attraction F (EVD-cdf v 0 1)
obtains a :: real = real
where At. 0 < a't
and Az. 0 < z = ((At. (tail-quantile F (t x ©) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (x powr v — 1) / 7)) at-top
and Az. (An. F (a (real n) x z + tail-quantile F (real n)) ~n) —— EVD-cdf
y01x
and uniform-limit {0..} (Au z. excess-cdf F uxz — GPD-cdf v 0 (a (1 / (1 —
Fu))) x)
(Az. 0) (endpoint-filter F)
proof —
obtain a where apos: \t. 0 < a' t
and quant0: \z. 0 < 2 =
((At. (tail-quantile F (t x z) — tail-quantile F t) / a t)
—— (if v = 0 then In x else (z powr v — 1) / v)) at-top
using dom MDA-iff-tail-quantile’|OF F, of ~] by auto
have quant: Az. 0 < © = ((At. (tail-quantile F' (t * x) — tail-quantile F't) /
at)
—— (if v = 0 then In x else (x powr v — 1) / 7)) at-top
using quant0 by simp
show thesis
by (rule that[of a])
(use apos quant tail-quantile-witness-of-gap|OF F apos quant)
Pickands-Balkema-de- Haan-normalization| OF F apos quant] in blast)+
qged

end

5 Concrete Examples

theory Ezamples
imports
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Peaks-Owver-Threshold
begin

5.1 Maximum of Random Variables

In this subsection, we state results using i.i.d. random variables.

context prob-space
begin

lemma sample-maz-measurable[measurable):
fixes X :: nat = 'a = real
assumes indep-vars (A-::nat. borel) X UNIV
shows (Aw. MAX ie{..<n:nat}. X i w) € borel-measurable M
using assms by (auto simp: indep-vars-def intro!: borel-measurable-Mazx)

lemma prob-sample-max-le:
fixes X :: nat = 'a = real
assumes indep: indep-vars (A-. borel) X UNIV
and cdf: N\i. cdf (distr M borel (X 7)) = F
and n: 0 < n
shows prob {w € space M. (MAX ie{..<nunat}. Xiw) <z} =Fz " n
proof —
have prob {w € space M. (MAX ie{..<nunat}. X i w) < z}
= prob {w € space M. Vie{.<n}. X iw < x}
using n by(subst linorder-class. Maz-le-iff ) auto
also have ... = prob ((i€{..<nunat}. X i —*{..x} N space M)
using n by(intro arg-cong[where f=prob]) auto
also have ... = ([Jie{..<nunat}. prob (X i —{..x} N space M))
using n by(intro indep-varsD[OF indep]) auto
also have ... = ([[i€{..<n:u:nat}. cdf (distr M borel (X )) x)
using indep by(simp add: cdf-def measure-distr indep-vars-def)
also have ... = Fz " n
by (simp add: cdf)
finally show ?thesis .
qed

corollary cdf-distr-sample-mazx:
fixes X :: nat = 'a = real
assumes indep: indep-vars (A-. borel) X UNIV
and cdf: N\i. cdf (distr M borel (X 7)) = F
and n: 0 < n
shows cdf (distr M borel (Aw. (MAX ie{..<n:nat}. Xiw)))x=Fz " n
proof —
have cdf (distr M borel (Aw. (MAX i€{..<n:nat}. X i w)))
= prob {w € space M. (MAX ie{..<n:nat}. X iw) < z}
using indep by (auto simp: cdf-def measure-distr intro!: arg-cong[where f=prob))
thus ?thesis
by (simp add: prob-sample-maz-le assms)
qed
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corollary cdf-distr-sample-max-normalized:
fixes X :: nat = 'a = real and a b :: nat = real
assumes indep: indep-vars (A-. borel) X UNIV
and cdf: Ni. cdf (distr M borel (X 7)) = F
and a: An. 0 < an
and n: 0 < n
shows cdf (distr M borel (Aw. (MAX ie{.<n:nat}. X iw) — bn) / an))x
=F(an*xx+bn) " n
(is ?lhs = -)
proof —
have ?lhs = cdf (distr M borel (Aw. (MAX ie{..<n:nat}. X i w))) (a n * x +
bn)
using indep a
by (auto simp: cdf-def measure-distr pos-divide-le-eq
mult.commute introl: arg-conglwhere f=prob])
thus ?thesis
by(simp add: assms cdf-distr-sample-mazx)
qed

theorem Fisher-Tippett-Gnedenko-sample-mazx:
fixes X :: nat = 'a = real and a b :: nat = real
assumes indep: indep-vars (A-. borel) X UNIV
and cdf: \i. cdf (distr M borel (X i)) = F
and N: real-distribution N and deg: - degenerate-df (cdf N)
and a: An. 0 < an
and wem: weak-conv-m (An. distr M borel (Aw. (MAX ie{..<n:nat}. X i w)
—bn)/an)) N
obtains v u 0 where 0 < 0 and N = density lborel (EVD-density v p o)
proof —
interpret N: real-distribution N
by fact
have wc:weak-conv (Anz. F (an x z + bn) " n) (cdf N)
unfolding weak-conv-def
proof safe
fix z
assume z:isCont (cdf N) z
show (An. F (an*xz+bn) " n) —— cdf Nz
by (rule LIMSEQ-imp-Suc,
subst cdf-distr-sample-maz-normalized[where a=a,OF indep cdf a,symmetric])
(use wem z in auto simp: weak-conv-m-def weak-conv-def dest: LIMSEQ-Suc)
qed
have right-continuous-mono F 0 1
unfolding cdf[of 0,symmetric] using indep
by (auto introl: right-continuous-mono-cdf simp: indep-vars-def)
from Flisher-Tippett-Gnedenko|OF this N .right-continuous-mono-azioms deg a
we]
obtain v y 0 where 0 < o c¢cdf N = EVD-cdf v u o
by metis
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thus ?thesis
by (auto introl: cdf-unique that N real-distribution-EVD)
qed

end

5.2 Excesses of a Random Variable over a High Threshold

context prob-space
begin

lemma prob-gt-pos-of-lt-z-star:
fixes X :: ‘a = real
assumes X|[measurable]: random-variable borel X
and cdf: cdf (distr M borel X) = F
and u: u < z-star F
shows 0 < prob {w € space M. u < X w}
proof —
have F': right-continuous-mono F 0 1
unfolding cdf[symmetric]
by (auto introl: right-continuous-mono-cdf)
have F u < 1
using F-lt-1-unbdd-support|OF F] lt-a-star-iff-F-lt-1|OF F, THEN iffD1, OF -
ul
by (cases bdd-support F) auto
moreover have prob {w € space M. u < X w} =1 — Fu
unfolding cdf [symmetric]
by (auto simp: cdf-def measure-distr prob-compl[symmetric] introl: arg-cong[where
f=prob])
ultimately show %thesis
by simp
qed

lemma AFE-le-z-star:
fixes X :: ‘a = real
assumes X|[measurable]: random-variable borel X
and cdf: cdf (distr M borel X) = F
and bdd: bdd-support F
shows AE win M. X w < z-star F
proof —
have F': right-continuous-mono F 0 1
unfolding cdf[symmetric]
by (auto introl: right-continuous-mono-cdf)
have prob {w € space M. X w < z-star F} = F (z-star F)
by(auto simp: cdf[symmetric] cdf-def measure-distr introl: arg-cong[where
f=prob])
also have ... = 1
by (rule F-z-star-eq-1[OF F bdd])
finally show ?thesis
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by (simp add: prob-Collect-eq-1)
qed

lemma cond-prob-excess-cdf:
fixes X :: 'a = real
assumes X|[measurable]: random-variable borel X
and cdf: cdf (distr M borel X) = F
and u: Fu< 1 and z:0 < z
shows P(win M. X w —u <z |u< X w)= excess-cdf F ux
proof —
have Plwin M. Xw —u<z|u< Xw) =
prob {w € space M. X w — u <z A u < X w} / prob {w € space M. u <

X w}
by (simp add: cond-prob-def)
also have ... = prob ({w € space M. X w < z + u} — {w € space M. X w <

u})
/ prob {w € space M. v < X w}
by (auto introl: arg-conglwhere f=prob|)
also have ... = (prob {w € space M. X w < z + u}
— prob ({w € space M. X w < z + u} N {w € space M. X w < u}))
/ prob {w € space M. v < X w}
by (simp add: finite-measure-Diff")
also have ... = (prob {w € space M. X w < z + u} — prob {w € space M. X w
< u})
/ prob {w € space M. u < X w}
using = by(auto intro!: arg-cong[where f=prob))
also have ... = (F (z + u) — Fu) / prob {w € space M. u < X w}
by (auto simp: cdf[symmetric| cdf-def measure-distr
intro!: arg-cong2[OF arg-conglwhere f=prob| arg-conglwhere f=prob]])
also have ... = (F (z + uv) — Fu) / (1 — Fu)
by (auto simp: cdf [symmetric] cdf-def measure-distr prob-compl[symmetric]
introl: arg-conglwhere f=prob])
also have ... = excess-cdf F u z
using u by(simp add: excess-cdf-def2 add.commute)
finally show ?thesis .
qed

lemma cdf-distr-excess:
fixes X :: 'a = real
assumes X |[measurable]: random-variable borel X
and cdf: cdf (distr M borel X) = F
and u: Fu < 1 and 2:0 <z
shows cdf (distr (uniform-measure M {w € space M. v < X w}) borel (Aw. X
w— u)) x
= excess-cdf F u x (is ?lhs = -)
proof —
have ?lhs = P(w in uniform-measure M {w € space M. u < X w}. X w — u<
z)

by (auto simp: cdf-def measure-distr intro!: arg-cong[where f=measure -])
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alsohave ... =Pwin M. Xw - u<z|u<Xw)
by (subst measure-uniform-measure-eq-cond-prob) auto
also have ... = excess-cdf F u x
by (simp add: cond-prob-excess-cdf assms)
finally show ?thesis .
qed

theorem Pickands-Balkema-de-Haan-cond-prob:
fixes X :: ‘/a = real and F :: real = real and 7 :: real
assumes X|[measurable]: random-variable borel X
and cdf: cdf (distr M borel X) = F
and dom: domain-of-attraction F (EVD-cdf v 0 1)
obtains [ :: real = real
where Au. 0 < S u
and uniform-limit {0..}
Auz.Plwin M. Xw—u<z|u<Xw)— GPD-cdf v 0 (8 u) z)
(Az. 0) (endpoint-filter F')
proof —
have F':right-continuous-mono F 0 1
unfolding cdf [symmetric]
by (auto introl: right-continuous-mono-cdf)
from Pickands-Balkema-de-Haan[OF this| dom
obtain  where h:Au. 0 < § u
uniform-limit {0..} (\u z. excess-cdf F'ux — GPD-cdf v 0 (6 u) z) (Az. 0)
(endpoint-filter F)
by blast
have V g u in endpoint-filter F. Vze{0..}.
Plwin M. Xw—-u<z|u<Xw) — GPD-cdf v 0 (8 u) x
= excess-cdf F ux — GPD-cdf v 0 (6 u)
by (auto intro!: eventually-mono|OF F-lt-1-endpoint[ OF F)] simp: cond-prob-excess-cdf
assms)
from h uniform-limit-cong| OF this] that
show ?thesis
by blast
qed

end

lemma excess-cdf-GPD:
fixes v o u x :: real
assumes sigma: 0 < o and u: 0 < uw and supp: 0 <o +y*xuvand z: 0 < z
shows excess-cdf (GPD-cdf v 0 o) wx = GPD-cdf v 0 (0 + v % u) x
proof (cases v = 0)
case True
have excess-cdf (GPD-cdf v 0 o) uz =1 — exp (— (v + ) / 0)) / exp (— (u
/ 7))
using True u x by (simp add: excess-cdf-def GPD-cdf-def[OF sigmal))
also have ... = 1 — exp (— (z / 0))
using sigma by (simp add: exp-diff[symmetric] field-simps)

235



also have ... = GPD-cdf v 0 (o + v * u) z
using True x by (simp add: GPD-cdf-def[OF sigmal))
finally show ?thesis .

next

case v0: False
define s where s =0 + v x u
have s: 0 < s
using supp by (simp add: s-def)
have ru: 1 + y*x(u/o)=s/¢c
using sigma by (simp add: s-def field-simps)
have rz: 1 + vy« ((u+2z) /o)=(s+vx*x2z) /o
using sigma by (simp add: s-def field-simps)
have pu: 0 < s/ o
using s sigma by simp
have cond-u: — 1 < v * (u / o)
using ru pu by linarith
have tail-u: 1 — GPD-cdf v 0 0 uw = (s / o) powr (— 1 / 7)
using u v0 cond-u ru by (simp add: GPD-cdf-def[OF sigma)] Let-def)
show ?thesis
unfolding s-def[symmetric]
proof (cases 0 < s + 7y * x)
case True
have nn: 0 < (s+yx*z) /o
using True sigma by simp
have cond-z: — 1 <~y x ((u + z) / 0)
using 7z nn by linarith
have tail-z: 1 — GPD-cdf vy 0 0 (u+ z) = (s + vy *x) / o) powr (— 1 /)
using u = v0 cond-z rz by (simp add: GPD-cdf-def[OF sigma] Let-def)
have base: (s +yxz) /o [/ (s/o)=1+vx*(x/s)
using s sigma by (simp add: field-simps)
have div: (s + vy *x) /o) powr (— 1 /) /(s / o) powr (— 1 /%)
= +7yx(z/s) powr (=1 /7)
proof —
have (s + 7 * ) / @) powr (— 1 /%) / (s / @) powr (— 1 / )
—((s+7%2) /0 /(5] 0) pour (- 1/7)
using nn pu by (intro powr-divide[symmetric])
also have ... = (I + v * (z / s)) powr (— 1 /)
unfolding base ..
finally show ?thesis .
qed
have excess-cdf (GPD-cdf v 0 o) uxz =1 — (1 +v* (x/ s)) powr (— 1 /7)
using tail-u tail-z div by (simp add: excess-cdf-def)
also have ... = GPD-cdf v 0 sz
using = v0 True s by (simp add: GPD-cdf-def[OF s| Let-def field-simps)
finally show excess-cdf (GPD-cdf v 0 o) wx = GPD-cdf v 0 s x .
next
case Fulse
have neg: (s + v*xz) /o < 0
using False sigma by (simp add: divide-neg-pos)
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have cond-z: = — 1 < ~v* (v + z) / o)
using rx neg by linarith
have GPD-cdf v 0 o (u+ z) = 1
using u z v0 cond-z by (simp add: GPD-cdf-def[OF sigma] Let-def)
hence excess-cdf (GPD-cdf v 0 o) uz = 1
by (simp add: excess-cdf-def)
also have ... = GPD-cdf v 0 s x
using = v0 False s by (simp add: GPD-cdf-def[OF s| Let-def field-simps)
finally show excess-cdf (GPD-cdf v 0 o) ux = GPD-cdf v 0 s x .
qged
qged

corollary excess-cdf-exponential:

fixes u x :: real

assumes (0 < yand 0 < zx

shows excess-cdf (GPD-cdf 00 1) vz = GPD-cdf 00 1

using ezcess-cdf-GPD|where v = 0 and 0 = [ and u = v and z = z] assms
by simp

corollary excess-cdf-Paretol:
fixes u x :: real
assumes u: I <vyand z: 0 <z
shows excess-cdf (GPD-cdf 11 1) vz = GPD-cdf 1 0 uzx
proof —
have shift: GPD-cdf 1 1 1y = GPD-cdf 1 01 (y — 1) for y
by (simp add: GPD-cdf-def[OF zero-less-one] Let-def)
have excess-cdf (GPD-cdf 11 1) ux = excess-cdf (GPD-cdf 1 01) (u— 1) x
by (simp add: excess-cdf-def shift algebra-simps)

also have ... = GPD-cdf 1 O u z
using ezcess-cdf-GPD[where v = 1 and ¢ = { and v = v — 1 and z = 1]
u r by simp
finally show ?thesis .
qed

corollary excess-cdf-uniform:
fixes u x :: real
assumes 0 < yand v < 1 and 0 < z
shows excess-cdf (GPD-cdf (— 1) 01) ux = GPD-cdf (— 1) 0 (1 — u)
using ezxcess-cdf-GPD[where vy = — 1 and 0 = 1 and v = v and z = z] assms
by simp

lemma excess-cdf-EVD-tendsto-GPD:
fixes v :: real
obtains [ :: real = real
where Au. 0 < B u
and uniform-limit {0..}
(Au x. excess-cdf (EVD-cdf v 01) vz — GPD-cdf v 0 (B u) x)
(Az. 0) (endpoint-filter (EVD-cdf v 0 1))
using Pickands-Balkema-de-Haan| OF right-continuous-mono-EVD-cdf[OF zero-less-one,
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of 1
EVD-cdf-MDA[OF zero-less-one, of v 0]
by blast

corollary(in prob-space) cond-prob-excess-GPD:
fixes X :: ‘a = real and v o u  :: real
assumes X: random-variable borel X
and X-cdf: cdf (distr M borel X) = GPD-cdf v 0 o
and sigma: 0 < o and u: 0 < wand supp: 0 < o +vy+xuvand z: 0 < x
shows Plwin M. Xw —u <z |u< Xw)= GPD-cdf v 0 (0 +*u)z
proof —
have It1: GPD-cdf v 0 0 u < 1
proof (cases v = 0)
case True
thus ?thesis
using u by (simp add: GPD-cdf-def[OF sigmal)
next
case Fulse
have 0 < 1 + v x* (u / 0)
using supp sigma by (simp add: field-simps)
thus ?thesis
using u Fualse by (simp add: GPD-cdf-def[OF sigma)] Let-def)
qed
have P(win M. X w — u < z | u < X w) = excess-cdf (GPD-cdf v 0 o) vz
by (rule cond-prob-excess-cdf|[OF X X-cdf lt1 z])
also have ... = GPD-cdf v 0 (6 + v * u) x
by (rule excess-cdf-GPD][OF sigma u supp x])
finally show ?thesis .
qed

5.3 Domain of Attraction

In this subsection we formalize concrete distributions, and determine the
extreme value index « of the extreme value distribution they are attracted
to.

The results cover the following distributions, where D(G~) denotes (in-domain-attraction-of)
for EVD-cdf v 0 1.

o Normal distribution: Fx € D(Gy).
 Erlang distribution: Fg € D(Gy).
o Uniform distribution on an interval: Fy € D(G_1).

o Cauchy distribution: Fo € D(Gy).
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5.3.1 Normal Distribution

lemma real-distribution-normal:
0 < 0 = real-distribution (density lborel (normal-density u o))
by (simp add: real-distribution-def real-distribution-axioms-def prob-space-normal-density)

lemma normal-density-affine-eq:
assumes sigma: 0 < o
shows normal-density p o (1 + o * y) = std-normal-density y /| o
using sigma
by(simp add: normal-density-def real-sqrt-mult field-simps)

lemma std-normal-tail-measure:
1 — cdf std-normal-distribution t
= enn2real ([ Tye{t..}. ennreal (std-normal-density y) dlborel)
proof —
interpret N: real-distribution std-normal-distribution
by (rule real-distribution-normal) simp
have 1 — cdf std-normal-distribution t = measure std-normal-distribution (UNIV
()
using N.prob-compl[of {..t}] by(simp add: cdf-def)
also have ... = measure std-normal-distribution {t<..}
by(rule arg-conglwhere f=measure std-normal-distribution]) auto
also have ... = ennZreal ([ Tye{t<..}. ennreal (std-normal-density y) dlborel)
by (simp add: measure-def emeasure-density)
also have ... = ennZreal ([ Tye{t..}. ennreal (std-normal-density y) Olborel)
by (intro arg-cong[where f=enn2real] nn-integral-cong-AE AE-I[where N={t}])
(auto simp: indicator-def)
finally show ?thesis .
qed

lemma DERIV-std-normal-density:
DERIV std-normal-density y :> — y * std-normal-density y
unfolding std-normal-density-def
by (auto introl: derivative-eg-intros simp: field-simps)

lemma DERIV-mills-upper:

fixes y :: real

assumes y: 0 < y

shows DERIV (Az. — (std-normal-density z / z)) y :> std-normal-density y *
(1 +1/y)

using y

by (auto intro!: derivative-eg-intros DERIV-std-normal-density

simp: field-simps power2-eq-square)

lemma DERIV-mills-lower:
fixes y :: real
assumes y: 0 < y
shows DERIV (Az. std-normal-density z | z ~ 3 — std-normal-density z | z) y
:> std-normal-density y « (1 — 3 [y ~ 4)

239



using y
by (auto intro!: derivative-eg-intros DERIV-std-normal-density
simp: field-simps eval-nat-numeral)

lemma tendsto-mills-upper: ((Az:real. — (std-normal-density z |/ z)) —— 0)
at-top
unfolding std-normal-density-def by real-asymp

lemma tendsto-mills-lower:
((A\z. std-normal-density z /| z = 8 — std-normal-density z | z) —— 0) at-top
unfolding std-normal-density-def by real-asymp

lemma std-normal-nn-integral-upper:
fixes t :: real
assumes t: 0 < ¢
shows ([ tye{t..}. ennreal (std-normal-density y = (1 + 1 / y?)) dlborel)
= ennreal (std-normal-density t / t)
proof —
have ([ tye{t..}. ennreal (std-normal-density y x (1 + 1 / y?)) dlborel)
= ennreal (0 — (— (std-normal-density t / t)))
by (rule nn-integral-FTC-atLeast[where F=\z. — (std-normal-density z / z)])
(use t in <auto introl: DERIV-mills-upper tendsto-mills-upper»)
thus ?thesis
by simp
qed

lemma std-normal-nn-integral-lower:
fixes t :: real
assumes t: 2 < ¢t
shows ([ Tye{t..}. ennreal (std-normal-density y * (1 — 3 / y ~ 4)) dlborel)
= ennreal (std-normal-density t |/ t — std-normal-density t / t ~ 3)
proof —
have nonneg: 0 < std-normal-density x * (1 — 3 / z ~4) if z: t < x for z
proof —
have 22: 2 < z
using t x by simp
hence (2::real) "4 <z "4
by (intro power-mono) auto
hence 3 /z "/ <8/ 2 /4
using z2 by(intro divide-left-mono) auto
thus %thesis
by (intro mult-nonneg-nonneg normal-density-nonneg) simp
qed
have ([ tye{t..}. ennreal (std-normal-density y « (1 — 3 / y ~ 4)) Olborel)
= ennreal (0 — (std-normal-density t / t = 8 — std-normal-density t / t))
by (rule nn-integral-FTC-atLeast
[where F=M\z. std-normal-density z /| z = 8 — std-normal-density z | z])
(use t nonneg in <auto introl: DERIV-mills-lower tendsto-mills-lower»)
thus ?thesis
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by simp
qed

lemma std-normal-tail-bounds:
fixes t :: real
assumes t: 2 < ¢
shows std-normal-tail-upper: 1 — cdf std-normal-distribution t < std-normal-density
t/t
and std-normal-tail-lower:
std-normal-density t / t — std-normal-density t / t ~ 3
< 1 — cdf std-normal-distribution t
proof —
have t0: 0 < t
using ¢ by simp
have le: std-normal-density y < std-normal-density y x (1 + 1 / y?) for y :: real
using mult-left-monolof 1 1 + 1 / y? std-normal-density y] by simp
have up: ([ Tye{t..}. ennreal (std-normal-density y) dlborel)
< ennreal (std-normal-density t / t)
unfolding std-normal-nn-integral-upper|OF t0, symmetric]
by (intro nn-integral-mono mult-right-mono ennreal-lel le) simp
have fin: ([ Tye{t..}. ennreal (std-normal-density y) dlborel) < T
using up ennreal-less-top by(rule le-less-trans)
show 1 — cdf std-normal-distribution t < std-normal-density t / t
unfolding std-normal-tail-measure
using enn2real-mono[OF up] t0 by simp
have cube: std-normal-density t /| t = 8 < std-normal-density t | t
using t0 t power-increasing[of 1 3 t]
by (intro divide-left-mono) auto
have low: ennreal (std-normal-density t / t — std-normal-density t / t ~ 3)
< ([ tye{t..}. ennreal (std-normal-density y) Olborel)
unfolding std-normal-nn-integral-lower[OF t, symmetric]
by (intro nn-integral-mono mult-right-mono ennreal-lel mult-left-le) auto
show std-normal-density t / t — std-normal-density t / t ~ 3
< 1 — cdf std-normal-distribution t
unfolding std-normal-tail-measure
using enn2real-mono[OF low fin] cube t0 by simp
qed

lemma std-normal-tail-asymp-equiv:
(At. 1 — cdf std-normal-distribution t) ~[at-top] (At. std-normal-density t / t)
proof (rule asymp-equiv-symI[OF asymp-equiv-sandwich-real’
[where [=\t. std-normal-density t / t — std-normal-density t / t ~ 3
and u=A\t. std-normal-density ¢ / t]])
show (At. std-normal-density t / t)
~lat-top] (At. std-normal-density t /| t — std-normal-density t / t ~ 3)
unfolding std-normal-density-def
by (rule asymp-equivl’) real-asymp
next
show V i t in at-top. 1 — cdf std-normal-distribution t
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€ {std-normal-density t / t — std-normal-density t / t ~ 3..
std-normal-density t | t}
by (intro eventually-mono[ OF eventually-ge-at-top[of 2::real]])
(auto simp: std-normal-tail-upper std-normal-tail-lower)
qed simp

lemma std-normal-density-at-normalization:
fixes z t :: real
assumes t: exp 1 < t
defines ¢ = sqrt (2  In t)
and w=z— (In(Int)+In (4 xpi)) /2
shows std-normal-density (¢ + w / ¢)
=ewp(—x)xcxexp(— (w? /(4 *Int))/t
proof —
have tpos: 0 < t
using t exp-gt-zeroof 1] by linarith
have Int: 1 < Int
using ¢ tpos by(simp add: In-less-cancel-iff[of exp 1 t, symmetric])
have cpos: 0 < ¢
using Int by(simp add: c-def)
have c2: ¢2 = 2 x In t
using Int by (simp add: c-def)
have usq: (c + w/¢)> /2 =Int+ w+ w?/ (4 *Int)
proof —
have (c + w / ¢)? = + 2 x w + w? | 2
using cpos by (simp add: power2-eq-square field-simps)
thus ?thesis
unfolding ¢2 using Int by (simp add: field-simps)
qed
have expd: exp ((In (In t) + In (4 * pi)) | 2) = sqrt (4 * pi * In t)
using Int
by (intro real-sqrit-unique[symmetric]) (auto simp: power2-eq-square mult-exp-exp
exp-add)
have sq: sqrt (4 * pi x In t) = sqrt (2 = pi) * ¢
using Int by(simp add: c-def real-sqrt-mult[symmetric])
have expw: exp (— w) = exp (— ) * sqrt (4 * pi * In t)
unfolding w-def expd|[symmetric] by (simp flip: exp-add)
have std-normal-density (¢ + w / ¢) = 1 / sqrt (2 * pi) x exp (— ((c + w / ¢)?
/ 2))

by (simp add: std-normal-density-def)

also have ... = 1 / sqrt (2 * pi) x exp (— (Int + w + w? / (4 * In t)))
unfolding usq ..
also have ... = 1 / sqrt (2 * pi) * (exp (— Int) x exp (— w) * exp (— (w? / (4

* In 1))))
by (simp flip: exp-add)
also have ... = exp (— z) * c* exp (— (w? / (4 * Int))) /¢
unfolding expw sq
using tpos by(simp add: exp-minus field-simps)
finally show ?thesis .
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qed

lemma normal-cdf-location-scale:
assumes sigmalarith]: 0 < o
shows cdf (density lborel (normal-density p o)) x = cdf std-normal-distribution
(&= p) /o)
proof —
have ind: indicator {..z} (u + o * y) = (indicator {..(x — p) / o} y :: ennreal)
for y
by (simp add: indicator-def field-simps)
have ([ Tye{..x}. ennreal (normal-density p o y) dlborel)
= ennreal |o]
* ([ Ty. ennreal (normal-density p o (1 + o * y))
* indicator {..x} (u + o * y) dlborel)
by (subst nn-integral-real-affine
[where t=p and c=0 and f=M\y. ennreal (normal-density p o y) * indicator

{-e} 9l

auto
also have ... = ([ Ty. ennreal o
* (ennreal (std-normal-density y / o)
* indicator {..(x — pn) / o} y) Olborel)
by (subst nn-integral-cmult) (auto simp: normal-density-affine-eq ind)
also have ... = ([ Tye{..(x — p) / o}. ennreal (std-normal-density y) dlborel)
by (intro nn-integral-cong)
(simp add: ennreal-mult’[symmetric] mult.assoc[symmetric])
finally show ?thesis
by (simp add: cdf-def measure-def emeasure-density)
qed

theorem std-normal-MDA: domain-of-attraction (cdf std-normal-distribution) (EVD-cdf
001)
proof —
have F': right-continuous-mono (cdf std-normal-distribution) 0 1
by (auto introl: right-continuous-mono-cdf real-distribution-normal)
have pos: 0 < std-normal-density t / t — std-normal-density t / t ~ 3 if t: 2 <
t for ¢
proof —
have std-normal-density t / t ~ 3 < std-normal-density ¢t / t
using ¢ normal-density-posjwhere =1 and p=0 and z=t| power-strict-increasing|of
181
by (intro divide-strict-left-mono) auto
thus ?thesis
by simp
qed
have unbdd: — bdd-support (cdf std-normal-distribution)
proof(rule not-bdd-supportl)
fix z :: real
have s: 2 < marxzxz 2 + 1z < marz 2 + 1
by auto

243



show Jy>z. cdf std-normal-distribution y < 1
using std-normal-tail-lower|OF s(1)] pos[OF s(1)] s by force
qed
have ep: endpoint-filter (cdf std-normal-distribution) = at-top
using unbdd by (simp add: endpoint-filter-def)
have lim: (At. (1 — cdf std-normal-distribution (t + = * (1 / mazx t 1)))
/ (1 — cdf std-normal-distribution t))
—— — In (EVD-cdf 0 0 1 x)) at-top for z
proof —
have shift: filterlim (At::real. t + © / t) at-top at-top
by real-asymp
have (\t. I — cdf std-normal-distribution (t + z / t))
~[at-top] (At. std-normal-density (t + x / t) / (t + = / 1))
by (intro asymp-equiv-compose’|OF std-normal-tail-asymp-equiv] shift)
hence ae: (At. (1 — cdf std-normal-distribution (t + z / t))
/ (1 — cdf std-normal-distribution t))
~lat-top] (At. std-normal-density (t + x / t) / (t +z / t)
/ (std-normal-density t / t))
by (intro asymp-equiv-divide std-normal-tail-asymp-equiv)
have lim2: ((\t. std-normal-density (t + x / t) / (t + = / t)
/ (std-normal-density t / t)) —— exp (— z)) at-top
unfolding std-normal-density-def exp-minus inverse-eq-divide by real-asymp
from tendsto-asymp-equiv-cong| OF ae] lim2
have ((At. (1 — cdf std-normal-distribution (t + = / t))
/ (1 — cdf std-normal-distribution t)) —— exp (— z)) at-top
by simp
moreover have V ¢ t in at-top.
(1 — cdf std-normal-distribution (t + x / t)) / (1 — cdf std-normal-distribution
0
= (1 — cdf std-normal-distribution (t + x x (1 / maz t 1)))
/ (1 — cdf std-normal-distribution t)
by (intro eventually-mono[OF eventually-ge-at-top[of 1::real]]) simp
ultimately have ((\t. (1 — cdf std-normal-distribution (t + x * (I / maz t
1))
/ (1 — cdf std-normal-distribution t)) —— exp (— x))
at-top
by (rule Lim-transform-eventually)
thus ?thesis
by (simp add: EVD-cdf-def)
qed
show ?thesis
unfolding MDA-iff-divide-tail|[OF F)] ep
using lim by (auto intro!: exI[where z=At. 1 / maz t 1))
qed

corollary normal-MDA:

assumes 0 < o

shows domain-of-attraction (cdf (density lborel (normal-density p 0))) (EVD-cdf
001)
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unfolding normal-cdf-location-scale] OF assms)
by (intro domain-of-attraction-affine assms std-normal-MDA)

theorem std-normal-normalization:
fixes z :: real and a b :: nat = real
defines a = An. 1 / sqrt (2 = In (real n))
and b = An. sqrt (2 = In (real n))
— (In (In (real n)) + In (4 * pi)) / (2 = sqrt (2 * In (real n)))
shows (An. cdf std-normal-distribution (a n *x © + bn) ~ n) EVD-cdf 0
01z
proof —
interpret N: real-distribution std-normal-distribution
by (rule real-distribution-normal) simp
define ¢ where ¢ t = sqrt (2 * In t) for t :: real
define w where wt =z — (In (Int) + In (4 * pi)) / 2 for ¢ :: real
define v where ut =ct+ wt / ctfor t:: real
have u-top: filterlim u at-top at-top
unfolding u-def c-def w-def by real-asymp
have (At. I — cdf std-normal-distribution (u t))
~lat-top] (At. std-normal-density (u t) / u t)
by (intro asymp-equiv-compose’|OF std-normal-tail-asymp-equiv] u-top)
hence ae: (A\t. t * (1 — cdf std-normal-distribution (u t)))
~[at-top] (At. t * (std-normal-density (u t) / u t))
by (intro asymp-equiv-mult asymp-equiv-refl)
have ev: Vg t in at-top. t * (std-normal-density (u t) / u t)
=erp(—x)x(ct/ut)*ewp (— (wt)? /(4 *Int))
proof (intro eventually-mono|OF eventually-gt-at-top|of exp 1]])
fix t :: real
assume t: exp 1 < t
hence tpos: 0 < t
using exp-gt-zeroof 1] by linarith
show t * (std-normal-density (u t) / u t)
— e (— @) # (ct ) ut) xemp (— (Wi / (4 In 1))
unfolding u-def
using std-normal-density-at-normalization| OF t, of x| tpos
by (simp add: c-def w-def)
qged
have lim: ((Mt. exp (— z) * (ct /ut) * exp (— (wt)? / (4 * Int)))) —— exp
(— x)) at-top
unfolding c-def w-def u-def by real-asymp
have (At. ¢ x (I — cdf std-normal-distribution (u t)))
~[at-top] (\t. exp (— x) * (ct / ut) x exp (— (wt)? /] (4 * Int))))
by (rule asymp-equiv-transfer[OF ae - ev]) simp
from tendsto-asymp-equiv-cong[OF this] lim
have ((At. ¢t x (1 — cdf std-normal-distribution (u t))) —— exp (— x)) at-top
by simp
hence tail: (An. real n x (1 — cdf std-normal-distribution (u (real n)))) ——
exp (— )
by (rule filterlim-compose[OF - filterlim-real-sequentially])
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have (An. cdf std-normal-distribution (u (real n)) ~n) ——— EVD-cdf 00 1 x
— (An. real n x (1 — cdf std-normal-distribution (u (real n))))
—— — In (EVD-cdf 0 0 1 x)
by (intro power-tendsto-iff-tendsto-tail N.cdf-nonneg N.cdf-bounded-prob)
(auto simp: EVD-cdf-def)

moreover have a n x x + b n = u (real n) for n

by(simp add: a-def b-def u-def c-def w-def diff-divide-distrib)
ultimately show ?thesis

using tail by(simp add: EVD-cdf-def)

qed

5.3.2 Erlang Distribution

lemma cdf-erlang-density:
assumes 0 < [
shows cdf (density lborel (erlang-density k1)) = erlang-CDF k 1
using assms
by (auto simp: cdf-def measure-def emeasure-erlang-density)

corollary real-distribution-erlang:
0 < | = real-distribution (density lborel (erlang-density k I))
by (simp add: real-distribution-def real-distribution-azioms-def prob-space-erlang-density)

lemma right-continuous-mono-erlang-CDF":
assumes [: 0 < |
shows right-continuous-mono (erlang-CDF k1) 0 1
using right-continuous-mono-cdf [OF real-distribution-erlang[OF 1], of k]
by(simp add: cdf-erlang-density| OF 1])

lemma erlang-CDF-lt-1:
assumes [[arith]: 0 < I
shows erlang-CDF k1t < 1
proof(cases t < 0)
case t: Fulse
have 0 < (3 n<k. (I« t) “nxexp (— I xt) / fact n)
using t by(intro sum-pos2[where i=0]) auto
thus ?thesis
using ¢ by(simp add: erlang-CDF-def)
qed(simp add: erlang-CDF-def)

lemma erlang-density-pos:
assumes (0 < land 0 < z
shows 0 < erlang-density k |
using assms by (simp add: erlang-density-def)

lemma DERIV-erlang-sum:
fixes z :: real
shows (A\y. — O_n<k.y “n x exp (— y) / fact n)) has-real-derivative
x "k xexp (— x) / fact k) (at z)
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proof (induction k)
case ()
show ?Zcase
by (auto introl: derivative-eg-intros)
next
case (Suc k)
have (A\y. — O_n<k.y "nxexp (—y) / factn) —y " Suc k x exp (— y) /
fact (Suc k))
has-real-derivative
x " kxexp (— )/ fact k
— (real (Suc k) — z) x x "k x exp (— z) / fact (Suc k)) (at x)
by (intro DERIV-diff Suc)
(auto introl: derivative-eg-intros simp del: fact-Suc power-Suc
simp add: field-simps power-Suc[symmetric])
moreover have © "k x exp (— x) / fact k
— (real (Suck) — z) * x "k x exp (— z) / fact (Suc k)
=1z " Suck *x exp (— z) / fact (Suc k)
by (auto simp: field-simps simp del: fact-Suc) (simp-all add: field-simps)
ultimately show ?case
by simp
qed

lemma DERIV-erlang-CDF-1:
fixes t :: real
assumes t: 0 < ¢
shows (erlang-CDF k 1 has-real-derivative erlang-density k 1 t) (at t)
proof —
have op: Vg yin nhds t. y € {0<..}
using ¢ by(intro eventually-nhds-in-open) auto
have ev: Vg y in nhds t. erlang-CDF k1 y =1 4+ — (O n<k. y " n * exp (—
y) / fact n)
using op by eventually-elim (simp add: erlang-CDF-def)
have (\y. 1 + — O_n<k.y “n x exp (— y) / fact n)) has-real-derivative
0+t " kxexp (—t)/ fact k) (at t)
by (intro DERIV-add DERIV-const DERIV-erlang-sum)
hence (A\y. I + — O_n<k.y “n* exp (— y) / fact n)) has-real-derivative
erlang-density k 1 t) (at t)
using ¢ by(simp add: erlang-density-def)
thus ?thesis
using DERIV-cong-ev[OF refl ev refl] by simp
qed

lemma DERIV-erlang-CDF:
fixes t :: real
assumes I: 0 < land ¢: 0 < ¢
shows (erlang-CDF k I has-real-derivative erlang-density k [ t) (at t)
proof —
have eq: erlang-CDF k | = (Aa. erlang-CDF k 1 (I * a))
by (rule ext) (rule erlang-CDF-transform[OF ])
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have ((\a. erlang-CDF k 1 (1 % a)) has-real-derivative
erlang-density k 1 (I x t) = 1) (at t)

using [ ¢

by (intro DERIV-chain2|OF DERIV-erlang-CDF-1]) (auto intro!: derivative-eg-intros)
moreover have erlang-density k 1 (I = t) = | = erlang-density k 1 t

using [ t by(simp add: erlang-density-def mult-less-0-iff field-simps)
ultimately show ?thesis

unfolding eq by simp

qed

lemma DERIV-erlang-density:
fixes ¢ :: real
assumes t: 0 < ¢
shows (erlang-density k | has-real-derivative
erlang-density k 1t  (real k / t — 1)) (at t)
proof —
have op: Vp y in nhds t. y € {0<..}
using ¢ by(intro eventually-nhds-in-open) auto
have ev: V g y in nhds t. erlang-density kly =1 " Suck xy "k * exp (— [ * y)
/ fact k
using op by eventually-elim (simp add: erlang-density-def)
have pow: real k x t = (k — Suc 0) = real k x t "k / t
by (cases k) (use t in simp-all)
have ((Ay. I " Suc k xy "k * exp (— | * y) / fact k) has-real-derivative
I " Suck =« (real k xt ~(k— Suc 0) — I+t " k)xexp (—1xt)/ fact
k) (at t)
by (auto introl: derivative-eg-intros simp: field-simps)
moreover have | ~ Suc k x (real k « t ~(k — Suc 0) — I x ¢t " k) x exp (— [ %
t) / fact k
= erlang-density k 1t * (real k / t — 1)
unfolding pow using t by(simp add: erlang-density-def field-simps)
ultimately show ?thesis
using DERIV-cong-ev[OF refl ev refl] by simp
qed

lemma continuous-on-erlang-density: continuous-on {0<..} (erlang-density k [)
proof —
have eq: continuous-on {0<..} (erlang-density k 1)
= continuous-on {0<..} (Az. 1 ~Suck*xz "k« exp (— | xx) / fact k)
by (intro continuous-on-cong refl) (simp add: erlang-density-def)
show ?thesis
unfolding eq by (intro continuous-intros) auto
qed

lemma erlang-tail-ratio:
fixes t :: real
assumes I: 0 < land ¢t: 0 < ¢
shows (1 — erlang-CDF klt) / (I xt) "k * exp (— 1 *t)/ fact k)

= . n<k. factk / factn / (L xt) ~ (k — n))
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proof —
have lt: 0 <l xt
using [ t by simp
have tail: 1 — erlang-CDF klt = (3 n<k. (Ixt) "nxexp (— 1l xt)/ fact n)
using ¢ by(simp add: erlang-CDF-def)
have (1 — erlang-CDF klt) / (I xt) "kxexp (— 1 xt)/ factk)
=0 n<k. (Ixt) "n*xexp (—1xt)/ factn)
J (Ixt) “k*xexp (—1xt)/ fact k))
unfolding tail by(rule sum-divide-distrib)
also have ... = (> n<k. fact k / factn / (I x t) ~(k — n))
proof (intro sum.cong refl)
fix n :: nat
assume n € {..k}
hence n: n < k
by simp
have pow: (I xt) “nx(Ixt) “(k—n)=(Uxt) "k
using n by(simp flip: power-add)
have nz: [ # 0t # 0
using [ t by auto
show ((I xt) "nxexp (—1xt)/ factn)/ ((Ixt) “kxexp (—1xt)/ fact

= fact k / factn / (I xt) = (k — n)
unfolding pow[symmetric]
using nz by(simp add: field-simps)
qed
finally show ?thesis .
qged

lemma erlang-tail-asymp-equiv:
assumes [[arith]: 0 < |
shows (At. 1 — erlang-CDF k1 t) ~[at-top] (At. (I % t) "k x exp (— L * t) / fact
k)
proof(rule asymp-equivl’)
have lt: filterlim (At:real. | * t) at-top at-top
using [ by real-asymp
have lim: ((At. Y n<k. fact k / factn / (I xt) =~ (k — n)) —— 1) at-top
proof —
have ((At. > n<k. fact k / factn / (I % t) ~(k — n))
—— (O_n<k.if n = k then 1 else 0)) at-top
proof (intro tendsto-sum)
fix n :: nat
assume n € {.k}
hence n: n < k
by simp
show ((\t. fact k / fact n / (I xt) ~(k — n)) —— (if n = k then 1 else 0))
at-top
proof(cases n = k)
case Fulse
hence 0 <k —n
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using n by simp
from real-tendsto-divide-at-top[OF tendsto-const filterlim-pow-at-top[OF this
it])
show ?thesis
by(simp add: False del: divide-divide-eg-left)
qed simp
qed
thus ?thesis
by simp
qged
have ev: Vg t in at-top. (O n<k. fact k / factn / (I % t) ~(k — n))
= (1 — erlang-CDF klt) / (I x¢t) "kxexp (—1xt)/
fact k)
by (intro eventually-mono[OF eventually-gt-at-top[of 0::real)
erlang-tail-ratio|OF 1, symmetric]) simp
from Lim-transform-eventually|OF lim ev]
show ((At. (I — erlang-CDF k1t) / (I xt) " kx*exp (— 1 *t)/ fact k))
—— 1) at-top .
qed

lemma erlang-von-Mises-ratio:
fixes ¢ :: real
assumes I: 0 < land t: 0 < t
shows ((I x t) "k« exp (— I x ) / fact k)
 (erlang-density k 1t * (real k / t — 1)) / (erlang-density k [ t)?
=(realk /t—1) /1
proof —
have ¢g0: (I xt) “k*exp (— 1 xt)/ factk # 0
using [ t by simp
have f: erlang-density k 1t =1 % (I x t) "k x exp (— I x t) / fact k)
using [ t by(simp add: erlang-density-def field-simps)
show ?thesis
unfolding f using ¢0 | by(simp add: power2-eq-square field-simps)
qed

The Erlang distribution is our example of von Mises’ condition. Note that
the characterization by regular variation is available only for v > 0, so for
~ = 0 the condition on the density is the natural tool.

theorem erlang-MDA:
assumes [: 0 < |
shows domain-of-attraction (erlang-CDF k1) (EVD-cdf 0 0 1)
proof —
define f’ where ' = (A\y::real. erlang-density k 1y x (real k /| y — 1))
note F = right-continuous-mono-erlang-CDF[OF
have unbdd: — bdd-support (erlang-CDF k1)
by (rule not-bdd-supportl’) (rule erlang-CDF-it-1[OF 1])
have ep: endpoint-filter (erlang-CDF k1) = at-top
using unbdd by (simp add: endpoint-filter)
have Flim: (erlang-CDF k| —— 1) (endpoint-filter (erlang-CDF k1))
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using right-continuous-mono.top| OF F| unbdd by (simp add: endpoint-filter)
have set-eq: {y. 0 < y A erlang-CDF kly < 1} = {0<..}
using erlang-CDF-lt-1[OF ] by auto
have cont: continuous-on {y. 0 < y A erlang-CDF kly < 1} f’
unfolding set-eq f'-def
by (intro continuous-intros continuous-on-erlang-density) auto
have lim: ((\y. (1 — erlang-CDF k L y) = f' y / (erlang-density k | y)?)
—— — 0 — 1) (endpoint-filter (erlang-CDF k1))
proof —
have ae: (\t. (1 — erlang-CDF k 1 t) x f' t / (erlang-density k [ t)?)
~lat-top] (Mt. ((Ixt) "k xexp (— 1 xt)/ fact k) = f' ¢
/ (erlang-density k 1 t)?)
by (intro asymp-equiv-divide asymp-equiv-mult erlang-tail-asymp-equiv|OF ]
asymp-equiv-refl)
have ev: Vg tin at-top. (I «t) "k * exp (— I = t) / fact k) = f't
/ (erlang-density k 1 t)?
=(realk /t—1) /1
unfolding f’-def
by (intro eventually-mono|OF eventually-gt-at-top[of 0::real]|
erlang-von-Mises-ratio| OF 1))
have ae”: (\t. (1 — erlang-CDF k1 t) * f't / (erlang-density k 1 t)?)
~[at-top] (\t. (real k / t — 1) /1)
by (rule asymp-equiv-transfer[OF ae - ev]) simp
have ((At. (realk / t —1) /) —— — 0 — 1) at-top
using [ by real-asymp
with tendsto-asymp-equiv-cong[OF ae'| show ?thesis
unfolding ep by simp
qed
show ?thesis
by (rule von-Mises-condition|OF F - Flim - - - cont lim])
(use erlang-CDF-lt-1[OF | DERIV-erlang-CDF|[OF I] DERIV-erlang-density
erlang-density-pos|OF 1] in <auto simp: f’-def»)
qed

theorem erlang-normalization:
fixes z :: real
assumes [[arith]: 0 < [
shows (An. erlang-CDF k|
((x + In (real n) + real k * In (In (real n)) — In (fact k)) /1) " n)
——— EVD-cdf 00 1 x
proof —
have Inz: | # 0
using [ by simp
define A where At =z + Int + real k x In (In t) — In (fact k) for ¢t :: real
have A-top: filterlim A at-top at-top
unfolding A-def by real-asymp
have b-top: filterlim (\t. A t / 1) at-top at-top
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const - A-top, of 1 /1]
by (simp add: field-simps)
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have ratio: (At. At/ Int) —— 1) at-top
unfolding A-def by real-asymp
have (A\t. 1 — erlang-CDF k1 (At /1))
~lat-top] (Mt. (Ix (At /1) “kxexp(—1x(At/ 1)/ factk)
by (intro asymp-equiv-compose’|OF erlang-tail-asymp-equiv] OF 1]] b-top)
hence ae: (M\t. t x (1 — erlang-CDF k1l (At /1))
~[at-top] (At tx (I« (At /1) “kxexp(—1x(At/])/ factk))
by (intro asymp-equiv-mult asymp-equiv-refl)
have ev: V g t in at-top.
tx ((Ix (At /1) “kxexp(—1x(At/ 1)/ factk)
=ewp(—z)*x(At/Int) "k
proof (intro eventually-mono[OF eventually-gt-at-top[of exp 1]])
fix t :: real
assume t: exp 1 < t
hence tpos: 0 < t
using exp-gt-zero[of 1] by linarith
have Int: 1 < int
using ¢ tpos by (simp add: In-less-cancel-iff [of exp 1 t, symmetric])
have elnin: exp (In (In t)) = Int
using Int by simp
have expA: exp (At) = ezpxxt xInt "k / factk
unfolding A-def
using tpos by (simp add: exp-add exp-diff exp-of-nat-mult elnln)
have t x (I« (At /1) “kxexp(—1x (At /1) / factk)
=tx (At "k /) (fact k * exp (A 1))
using Inz by(simp add: exp-minus field-simps)
also have ... = exp (—z) * (At /Int) "k
unfolding expA
using tpos Int by (simp add: exp-minus field-simps)
finally show ¢ x ((I % (At /1) “kxexp (—1x (At /1) / fact k)
=ep(—z)x (At /Int) k.
qed
from tendsto-mult] OF tendsto-const tendsto-power|OF ratio, of k|, of exp (— x)]
have lim: (At. exp (— z) * (At /Int) " k) —— exp (— z)) at-top
by simp
have (At. ¢t x (I — erlang-CDF k1 (A t /1)) ~[at-top] (\t. exp (— z) x (A ¢/
Int) " k)
by (rule asymp-equiv-transfer[OF ae - ev]) simp
from tendsto-asymp-equiv-cong[OF this] lim
have ((At. t * (1 — erlang-CDF k1 (At /1)) —— exp (— x)) at-top
by simp
hence tail: (An. real n * (1 — erlang-CDF k1 (A (real n) / 1))) —— exp (—
x)
by (rule filterlim-compose[OF - filterlim-real-sequentially])
have (An. erlang-CDF k1 (A (realn) /1) “n) —— EVD-cdf 00 1z
—— (An. real n * (1 — erlang-CDF k1 (A (real n) / 1)))
—— — In (EVD-cdf 0 0 1 x)
by (intro power-tendsto-iff-tendsto-tail erlang-CDF-nonneg| OF ]
less-imp-le] OF erlang-CDF-lti-1[OF 1]]) (auto simp: EVD-cdf-def)
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thus ?thesis
using tail by(simp add: A-def EVD-cdf-def)
qed

5.3.3 Uniform Distribution

lemma uniform-cdf-eq-GPD:
fixes a b :: real
assumes [arith]:a < b
shows cdf (uniform-measure lborel {a..b}) = GPD-cdf (— 1) a (b — a)
proof
fix z
havex o<z =2<b= |l +(a—2z)/(b—a)|=1+(a—2)/(b—a)
by (smt (verit, best) less-divide-eq-1-pos minus-divide-left)
have cdf (uniform-measure lborel {a..b}) © =
(ifa<xANzxz<bthen (x —a)/ (b— a)
else if b < x then 1 else 0)
by (auto simp: cdf-def)
also have ... = GPD-cdf (— 1) a (b — a) z
using * by(auto simp: GPD-cdf-def minus-divide-left)
finally show cdf (uniform-measure lborel {a..b}) © = GPD-cdf (— 1) a (b — a)
T .
qed

theorem uniform-MDA:

fixes a b :: real

assumes a < b

shows domain-of-attraction (cdf (uniform-measure lborel {a..b})) (EVD-cdf (—
1)01)

by (simp add: GPD-cdf-MDA assms uniform-cdf-eq-GPD)

5.3.4 Cauchy Distribution

definition Cauchy-density :: real = real = real = real where
Cauchy-density p o z = o /| (pi x (6% + (z — p)?))

abbreviation std-Cauchy-density :: real = real where
std-Cauchy-density = Cauchy-density 0 1

abbreviation std-Cauchy-distribution :: real measure where
std-Cauchy-distribution = density lborel std-Cauchy-density

lemma std-Cauchy-density-def: std-Cauchy-density x = 1 / (pi * (1 + z?))
by (simp add: Cauchy-density-def)

lemma Cauchy-density-nonneg[simpl: 0 < 0 = 0 < Cauchy-density u o «
by (simp add: Cauchy-density-def)

lemma Cauchy-density-measurable[measurable]:
Cauchy-density p o € borel-measurable borel
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unfolding Cauchy-density-def by measurable

lemma Cauchy-density-uminus: Cauchy-density p o (— z) = Cauchy-density (—

p)ox
by(simp add: Cauchy-density-def power2-eq-square algebra-simps)

lemma arctan-div-pi-bounds:
shows arctan-div-pi-pos: 0 < 1 | 2 + arctan z / pi
and arctan-div-pi-lt-1: 1 / 2 + arctan z | pi < 1
using arctan-lbound|of z] arctan-ubound|of z] pi-gt-zero
by (auto simp: field-simps)

lemma DERIV-Cauchy-cdf:
assumes sigmalarith]: 0 < o
shows DERIV (\y. arctan ((y — p) / o) / pi) x :> Cauchy-density u o x
proof —
have ne: 02 + (z — p)2 # 0
using add-pos-nonneglof o (z — p)?] by simp
have sg: 1 + (& — 1) / )2 = (0% + (2 — p)?) / 02
by (simp add: field-simps)
have eq: 1 / (1 + ((x — p) / 0)?) * (1 / o) / pi = Cauchy-density u o x
unfolding sq Cauchy-density-def
using ne by(simp add: field-simps power2-eq-square)
show ?thesis
unfolding eq[symmetric]
by (auto introl: derivative-eq-intros simp: inverse-eq-divide)
qged

lemma Cauchy-nn-integral-atLeast:
assumes sigmalarith]: 0 < o
shows ([ Tye{z..}. Cauchy-density p o y dlborel)
= ennreal (1 / 2 — arctan ((z — p) / o) / pi)
proof —
have ((Ay. arctan ((y — p) / o) / pi) —— pi / 2 ] pi) at-top
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const[of 1 | o] -
filterlim-tendsto-add-at-top| OF tendsto-const[of — p] filterlim-ident]]
by (intro tendsto-divide tendsto-const filterlim-compose| OF tendsto-arctan-at-top))
auto
hence lim: ((A\y. arctan ((y — p) / o) / pi) —— 1 / 2) at-top
by simp
show ?thesis
by (subst nn-integral-FTC-atLeast
[where F=M\y. arctan ((y — p) / o) / pi and T=1 / 2])
(auto introl: DERIV-Cauchy-cdf lim)
qed

lemma Cauchy-nn-integral-atMost:

assumes sigmalarith]: 0 < o
shows ([ Tye{..x}. Cauchy-density p o y dlborel)
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= ennreal (1 / 2 + arctan ((z — p) / o) / pi)
proof —
have ind: indicator {..z} (— y) = (indicator {— z..} y :: ennreal) for y :: real
by (simp add: indicator-def)
have arg: (— 2 — — 1) / 0 = — ((z — ) / o)
by (simp add: minus-divide-left)
have ([ tye{..z}. Cauchy-density p o y dlborel)
= ([ tye{— =..}. Cauchy-density (— p) o y dlborel)
by (subst nn-integral-real-affine
[where t=0 and c¢=— 1 and f=M\y. ennreal (Cauchy-density p o y) x*
indicator {..x} y])
(simp-all add: ind Cauchy-density-uminus)

also have ... = ennreal (1 / 2 — arctan ((—z — — p) / o) / pi)
by (rule Cauchy-nn-integral-atLeast]|OF sigma))
also have ... = ennreal (1 / 2 + arctan ((x — p) / o) / pi)

unfolding arg
by(simp add: arctan-minus)
finally show ?thesis .
qed

lemma prob-space-Cauchy-density:
assumes sigmalarith]: 0 < o
shows prob-space (density lborel (Cauchy-density p o))
proof
have split: ([ ty. ennreal (Cauchy-density pu o y) dlborel)
= ([ Tye{..0}. Cauchy-density p o y dlborel)
+ ([ tye{0<..}. Cauchy-density p o y dlborel)
by (subst nn-integral-add|symmetric])
(auto introl: nn-integral-cong simp: indicator-def)
have null: ([ tye{0<..}. Cauchy-density u o y dlborel)
= ([ Tye{0..}. Cauchy-density p o y dlborel)
by (intro nn-integral-cong-AE AE-I[lwhere N={01}]) (auto simp: indicator-def)
have nni: 0 < 1/ 2 + arctan ((0 — p) / o) / pi
using arctan-div-pi-pos[of (0 — u) / o] by linarith
have nn2: 0 < 1 / 2 — arctan ((0 — p) / o) / pi
using arctan-div-pi-lt-1][of (0 — p) / o] by linarith
show emeasure (density lborel (Cauchy-density p o))
(space (density lborel (Cauchy-density p 0))) = 1
using nnl nn2
by(simp add: emeasure-density split null Cauchy-nn-integral-atMost
Cauchy-nn-integral-atLeast flip: ennreal-plus)
qged

corollary real-distribution-Cauchy:
0 < 0 = real-distribution (density lborel (Cauchy-density p o))

by (simp add: real-distribution-def real-distribution-azioms-def prob-space- Cauchy-density)

lemma Cauchy-cdf-def:
assumes sigmalarith]: 0 < o
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shows cdf (density lborel (Cauchy-density pn o)) x =1 / 2 + arctan ((x — p) /
o)/ pi

using arctan-div-pi-pos[of (z — u) / o]

by (simp add: cdf-def measure-def emeasure-density Cauchy-nn-integral-atMost)

lemma std-Cauchy-cdf-def: cdf std-Cauchy-distribution z = 1 | 2 + arctan z / pi
by (simp add: Cauchy-cdf-def)

lemma Cauchy-cdf-location-scale:
assumes sigma: 0 < o
shows cdf (density lborel (Cauchy-density j o))
= cdf std-Cauchy-distribution ((x — p) / o)
by (simp add: Cauchy-cdf-def[OF sigma] Cauchy-cdf-def[OF zero-less-one])

lemma std-Cauchy-tail-asymp-equiv:
(At. 1 — cdf std-Cauchy-distribution t) ~[at-top] (A\t. 1 / (pi * t))
proof(rule asymp-equivl’)
have eq: V p t in at-top. (1 / 2 — arctan t / pi) * (pi * t)
= (1 — cdf std-Cauchy-distribution t) / (1 / (pi x t))
using eventually-gt-at-top[of 0::real]
by eventually-elim (simp add: std-Cauchy-cdf-def)
have ((At:real. (1 / 2 — arctan t / pi) = (pi x t)) —— 1) al-top
by real-asymp
from Lim-transform-eventually| OF this eq|
show ((At. (1 — cdf std-Cauchy-distribution t) / (1 / (pi * t))) —— 1) at-top
qed
theorem std-Cauchy-MDA: domain-of-attraction (cdf std-Cauchy-distribution) (EVD-cdf
101)
proof —
have F: right-continuous-mono (cdf std-Cauchy-distribution) 0 1
by (auto introl: right-continuous-mono-cdf real-distribution-Cauchy)
have it1: cdf std-Cauchy-distribution v < 1 for z
using arctan-div-pi-lt-1[of x] by (simp add: std-Cauchy-cdf-def)
have regularly-varying (Az. 1 — cdf std-Cauchy-distribution x) (— 1)
proof(rule regularly-varyingl-total)
show (Az. 1 — cdf std-Cauchy-distribution x) € borel-measurable borel
by (auto introl: borel-measurable-continuous-onl simp: std-Cauchy-cdf-def)
next
fix z :: real
assume z: 0 < z
have ((At. (1 / 2 — arctan (t x z) [/ pi) / (1 /] 2 — arctan t / pi))
—— x powr (— 1)) at-top
using z by(real-asymp simp add: powr-minus)
thus ((At. (1 — cdf std-Cauchy-distribution (t % x))
/ (1 — cdf std-Cauchy-distribution t)) —— z powr (— 1)) at-top
by (simp add: std-Cauchy-cdf-def)
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qed(use It1 in simp)
thus ?thesis
using MDA-regularly-varying-pos| OF F zero-less-one] lt1 by simp
qed

corollary Cauchy-MDA:

assumes (0 < o

shows domain-of-attraction (cdf (density lborel (Cauchy-density p 0))) (EVD-cdf
101)

unfolding Cauchy-cdf-location-scale]OF assms]

by (intro domain-of-attraction-affine assms std-Cauchy-MDA)

theorem std-Cauchy-normalization:
fixes z :: real
shows (An. cdf std-Cauchy-distribution (real n / pi x ) ~n) —— EVD-cdf 1
11z
proof —
interpret C': real-distribution std-Cauchy-distribution
by (rule real-distribution-Cauchy) simp
show ?thesis
proof(cases 0 < x)
case z: True
have EVD: EVD-cdf 1 1 1z = exp (— (1 / z))
using z by(simp add: EVD-cdf-def powr-minus-divide)
have top: filterlim (At::real. t / pi x x) at-top at-top
using filterlim-at-top-mult-tendsto-pos|OF tendsto-const[of © | pi] - filter-
lim-ident]
by (simp add: field-simps)
have (At. 1 — cdf std-Cauchy-distribution (t | pi * x))
~lat-top] (Mt. 1 / (pi * (t ] pi* x)))
by (intro asymp-equiv-compose’|OF std-Cauchy-tail-asymp-equiv] top)
hence ae: (At. t * (1 — cdf std-Cauchy-distribution (t / pi * z)))
~[at-top] (Mt. t « (1 / (pi = (¢t / pi * x))))
by (intro asymp-equiv-mult asymp-equiv-refl)
have ev: Vg tin at-top. t * (1 / (pix (¢t /[ pi*xz)))=1/=x
using eventually-gt-at-top[of 0::real]
by eventually-elim (use x in <simp add: field-simps»)
have (At. t * (I — cdf std-Cauchy-distribution (t | pi % z))) ~[at-top] (\t. 1 /
x
)
by (rule asymp-equiv-transfer[OF ae - ev]) simp
from tendsto-asymp-equiv-cong| OF this]
have ((At. t * (1 — cdf std-Cauchy-distribution (¢t / pi x z))) —— 1 / )
at-top
by simp
hence tail: (An. real n « (1 — cdf std-Cauchy-distribution (real n | pi * x)))
— 1/
by (rule filterlim-compose|OF - filterlim-real-sequentially])
have (An. cdf std-Cauchy-distribution (real n | pi * ) ~n) —— exp (— (1

/ @)

257



—— (An. real n * (1 — cdf std-Cauchy-distribution (real n / pi % x)))
(e (- (1] 2)
using z
by (intro power-tendsto-iff-tendsto-tail C.cdf-nonneg C.cdf-bounded-prob) auto
thus ?thesis
unfolding EVD
using tail by simp
next
case z: False
have EVD: EVD-cdf 1 11z =10
using z by(simp add: EVD-cdf-def)
have arg: real n / pi x x < 0 for n
using z mult-nonneg-nonpos|of real n ] by (simp add: divide-nonpos-pos)
have half: cdf std-Cauchy-distribution (real n / pi x ) < 1 / 2 for n
using arctan-monotone’|OF arg, of n] arctan-zero-zero
by (simp add: std-Cauchy-cdf-def divide-nonpos-pos)
show ?thesis
unfolding EVD
proof (rule tendsto-sandwich[where f=XA-. 0 and h=An. (1 / 2 :: real) ~ n])
show V g n in sequentially. cdf std-Cauchy-distribution (real n / pi x ) " n
<({/2) "n
by (intro always-eventually alll power-mono half C.cdf-nonneg)
show (An. (1 / 2 :: real) "n) —— 0
by (rule LIMSEQ-realpow-zero) auto
ged(use C.cdf-nonneg in auto)
qged
qged

end
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