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Abstract

We formalize first-order query evaluation over an infinite domain with equality. We first
define the syntax and semantics of first-order logic with equality. Next we define a locale
eval__fo abstracting a representation of a potentially infinite set of tuples satisfying a first-
order query over finite relations. Inside the locale, we define a function ewval checking if the
set of tuples satisfying a first-order query over a database (an interpretation of the query’s
predicates) is finite (i.e., deciding relative safety) and computing the set of satisfying tuples
if it is finite. Altogether the function ewval solves capturability [2] of first-order logic with
equality. We also use the function eval to prove a code equation for the semantics of first-
order logic, i.e., the function checking if a first-order query over a database is satisfied by a
variable assignment.

We provide an interpretation of the locale eval__fo based on the approach by Ailamazyan et
al. [1]. A core notion in the interpretation is the active domain of a query and a database that
contains all domain elements that occur in the database or interpret the query’s constants.
We prove the main theorem of Ailamazyan et al. [1] relating the satisfaction of a first-order
query over an infinite domain to the satisfaction of this query over a finite domain consisting
of the active domain and a few additional domain elements (outside the active domain) whose
number only depends on the query. In our interpretation of the locale eval_ fo, we use a
potentially higher number of the additional domain elements, but their number still only
depends on the query and thus has no effect on the data complexity [3] of query evaluation.
Our interpretation yields an executable function eval. The time complexity of eval on a
query is linear in the total number of tuples in the intermediate relations for the subqueries.
Specifically, we build a database index to evaluate a conjunction. We also optimize the case
of a negated subquery in a conjunction. Finally, we export code for the infinite domain of
natural numbers.
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theory FO
imports Main

begin

abbreviation sorted distinct xs = sorted xs N distinct xs

datatype ‘a fo_term = Const 'a | Var nat

type_synonym ’a val = nat = 'a

fun list_fo_term :: 'a fo_term = 'a list where
list_fo_term (Const ¢) = [c]
| list_fo_term __ =]

fun fu_fo term_list :: 'a fo_term = nat list where
fu_fo_term_list (Var n) = [n]
| fu_fo_term_list _ =]



fun fu_fo term_set :: 'a fo_term = nat set where
fu_fo_term_set (Var n) = {n}
| fu_fo_term_set _ = {}

definition fu_fo_terms_set :: ('a fo_term) list = nat set where
fu_fo_terms_set ts = |J (set (map fu_fo__term__set ts))

fun fu_fo_terms_list_rec :: ('a fo__term) list = nat list where
fu_fo_terms_list_rec || = |]
| fu_fo_terms_list_rec (t # ts) = fu_fo_term_list t @ fu_fo terms_list_rec ts

definition fu_fo_terms_list :: ('a fo_term) list = nat list where
fu_fo_terms_list ts = remdups__adj (sort (fu_fo_terms_list_rec ts))

fun eval_term :: ‘a val = 'a fo_term = 'a (infix ¢<» 60) where
eval_term o (Const ¢) = ¢
| eval _term o (Varn) = o n

definition eval terms :: 'a val = ('a fo__term) list = 'a list (infix «®» 60) where
eval__terms o ts = map (eval _term o) ts

lemma finite_set_fo_term: finite (set_fo_term t)
by (cases t) auto

lemma list_fo_term_set: set (list_fo_term t) = set_fo_term t
by (cases t) auto

lemma finite_fu_fo_term__set: finite (fu_fo_term_set t)
by (cases t) auto

lemma fu_fo_term_setD: n € fu_fo_term_sett —- t = Varn
by (cases t) auto

lemma fu_fo_ term_set_list: set (fu_fo_term_list t) = fu_fo_term_set t
by (cases t) auto

lemma sorted_distinct_fv_fo_term_list: sorted_distinct (fu_fo_term_ list t)
by (cases t) auto

lemma fu_fo_term_set_cong: fu_fo_term_set t = fu_fo_term_set (map_fo_term ft)
by (cases t) auto

lemma fu_fo_terms_setl: Var m € set ts = m € fu_fo_terms_set ts
by (induction ts) (auto simp: fu_fo_terms_set_def)

lemma fu_fo_terms_setD: m € fu_fo_terms_set ts = Var m € set ts
by (induction ts) (auto simp: fu_fo_terms_set_def dest: fu_fo_term__setD)

lemma finite_fu_fo_terms_set: finite (fu_fo_terms_set ts)
by (auto simp: fu_fo_terms_set_def finite_fu_fo_term__set)

lemma fu_fo_terms_set_list: set (fu_fo_terms_list ts) = fu_fo_terms_set ts
using fu_fo term_ set_list
unfolding fu_fo terms_list_def
by (induction ts rule: fu_fo_terms_list_rec.induct)
(auto simp: fu_fo_terms_set_def set_insort_key)

lemma distinct_remdups__adj_sort: sorted s = distinct (remdups__adj xs)



by (induction zs rule: induct_list012) auto

lemma sorted distinct_fu_fo_terms_list: sorted distinct (fu_fo_terms_list ts)
unfolding fu_fo terms_list def
by (induction ts rule: fu_fo_terms_list_rec.induct)
(auto simp add: sorted__insort intro: distinct_remdups__adj_sort)

lemma fu_fo_terms_set_cong: fu_fo_terms_set ts = fu_fo_terms_set (map (map_fo_term f) ts)
using fu_fo_ term_ set_cong
by (induction ts) (fastforce simp: fu_fo_terms_set_def)+

lemma eval_term__cong: (An. n € fu_fo_term_sett = o n =o' n) =
eval _term o t = eval _term o't
by (cases t) auto

lemma eval_terms fu_fo terms set: 0 @ ts =0’ ® ts => n € fu_fo_terms setts =>ocn=o0'n
proof (induction ts)
case (Cons t ts)
then show ?case
by (cases t) (auto simp: eval _terms__def fu_fo_terms_set_def)
qed (auto simp: eval_terms_def fu_fo_terms_set_def)

lemma eval_terms_cong: (An. n € fu_fo_terms _set ts => o n = o' n) =
eval terms o ts = eval terms o’ ts
by (auto simp: eval _terms_def fu_fo_terms_set_def intro: eval_term__cong)

datatype (‘a, 'b) fo_fmla =
Pred 'b ('a fo_term) list
| Bool bool
| Eqa 'a fo__term 'a fo_term
| Neg (‘a, 'b) fo_fmla
| Conj ('a, 'b) fo_fmla ('a, 'b) fo_fmla
| Disj (‘a, 'b) fo_fmia (‘a, 'b) fo_fmla
| Ezists nat ('a, 'b) fo_fmla
| Forall nat ('a, 'b) fo_fmla

fun fu_fo_fmla_list_rec :: (‘a, 'b) fo_fmla = nat list where
fu_fo_fmla_list_rec (Pred __ ts) = fu_fo_terms_list ts
| fu_fo_ fmla_list_rec (Bool b) = ||
| fu_fo_fmla_list_rec (Eqa t t') = fu_fo_term_list t Q fu_fo_term_list t’'
| fu_fo_fmla_list_rec (Neg ) = fu_fo_fmla_list_rec ¢
| fu_fo_ fmla_list_rec (Conj ¢ ¥) = fu_fo_ fmla_list_rec ¢ Q fu_fo fmla_list rec ¢
| fu_fo_fmla_list_rec (Disj ¢ ¥) = fu_fo_ fmla_list_rec ¢ Q fu_fo_ fmla_list_rec ¢
| fu_fo_fmla_list_rec (Exists n ) = filter (Am. n # m) (fu_fo_fmla_list_rec ¢)
| fu_fo_ fmla_list_rec (Forall n @) = filter (Am. n # m) (fu_fo_ fmla_list_rec ¢)

definition fu_fo_ fmla_list :: (‘a, 'b) fo_fmla = nat list where
fu_fo_fmla_list ¢ = remdups_adj (sort (fu_fo_fmla_list_rec ¢))

fun fu_fo_fmla :: (‘a, 'b) fo_fmla = nat set where
fu_fo_fmla (Pred __ ts) = fu_fo_terms_set ts
| fu_fo_fmla (Bool b) = {}
| fu_fo_fmla (Eqa t t') = fu_fo_term_set t U fu_fo_term_set t'
| fu_fo_fmla (Neg @) = fu_fo_fmia ¢
| fu_fo_fmla (Conj ¢ ¢¥) = fu_fo_fmla ¢ U fu_fo_fmla ¥
| fu_fo_fmla (Disj ¢ ¥) = fu_fo_fmla ¢ U fu_fo_fmla ¢
| fu_fo_ fmla (Exists n ) = fu_fo_fmila ¢ — {n}
| fu_fo_fmla (Forall n ¢) = fu_fo_fmla ¢ — {n}



lemma finite_fu_fo_ fmla: finite (fu_fo_fmla )
by (induction ¢ rule: fu_fo_fmla.induct)
(auto simp: finite_fu_fo_term__set finite_fu_fo_terms_set)

lemma fu_fo_fmla_list_set: set (fu_fo_fmla_list ) = fu_fo_fmla ¢
unfolding fu_fo fmla_list def
by (induction ¢ rule: fu_fo_fmla.induct) (auto simp: fu_fo_terms_set list fu_fo_term__set_list)

lemma sorted_distinct_fu_list: sorted_distinct (fu_fo_fmla_list ©)
by (auto simp: fu_fo_fmla_list _def intro: distinct_remdups__adj _sort)

lemma length_fu_fo_fmla_list: length (fu_fo_fmla_list p) = card (fu_fo_fmla ¢)
using fu_fo_fmla_list_set[of ] sorted_distinct_fu_list[of ¢]
distinct__card|of fu_fo_ fmla_list o]
by auto

lemma fu_fo_ fmla_list_eq: fu_fo_fmla ¢ = fu_fo_fmla v = fu_fo_fmla_list ¢ = fu_fo_ fmla_list
()

using fu_fo_fmla_list _set sorted_ distinct_fv_list

by (metis sorted__distinct _set__unique)

lemma fu_fo_fmla_list _Conj: fu_fo_fmla_list (Conj ¢ ¥) = fu_fo_ fmla_list (Conj ¢ ¢)
using fu_fo_ fmla_list_eq[of Conj ¢ ¢ Conj v ]
by auto

type__synonym ’‘a table = ('a list) set
type__synonym ('t, 'b) fo_intp = 'b x nat = 't

fun wf_fo_intp 2 (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = bool where
wf_fo_intp (Pred r ts) I «— finite (I (r, length ts))

| wf_fo_intp (Bool b) I +— True

| wf_fo_intp (Eqa t t') I <— True

| wf_fo_intp (Neg @) I «— wf_fo_intp ¢ I

| wf_fo_intp (Conj ¢ ¥) I +— wf_fo_intp ¢ I N wf_fo_intp ¢ I

| wf_fo_intp (Disj ¢ ¥) I <+— wf_fo_intp ¢ I N wf_fo_intp ¢ 1

| wf_fo_intp (Exists n p) I <— wf_fo_intp ¢ I

| wf_fo_intp (Forall n @) I «— wf _fo_intp ¢ I

fun sat :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = 'a val = bool where
sat (Pred rits) [ o «— o © ts € I (r, length ts)

| sat (Bool b) I o +— b

| sat (Eqa tt o+ o-t=0-1t

| sat (Neg ¢) I 0 «— —sat ¢ I o

| sat (Conj o ) I o «— sat o I o AN saty I o

| sat (Disj o) I 0 <— sat p I oV satyp I o

| sat (Ezists n @) I 0 «— (Fz. sat ¢ I (o(n = 1)))

| sat (Foralln @) I 0 «— (Vz. sat ¢ I (o(n = z)))

lemma sat_fu_cong: (An. n € fu_fo_fmla ¢ = o n=0'n) =
sat o I o0« sat ¢ I o’
proof (induction ¢ arbitrary: o o)
case (Neg )
show ?case
using Neg(1)[of o o] Neg(2)
by auto
next



case (Conj ¢ )
show ?case
using Conj(1,2)[of o o'] Conj(3)
by auto
next
case (Disj ¢ )
show ?case
using Disj(1,2)[of o o] Disj(3)
by auto
next
case (Exists n @)
have Az. sat ¢ I (o(n :=1z)) = sat p I (¢'(n := 1))
using Ewists(2)
by (auto intro!: Exists(1))
then show ?case
by simp
next
case (Forall n @)
have Az. sat ¢ I (o(n :=2)) = sat p I (¢'(n := z))
using Forall(2)
by (auto intro!: Forall(1))
then show Zcase
by simp
qed (auto cong: eval _terms_cong eval_term__cong)

definition proj_sat :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = 'a table where
proj_sat ¢ I = (Ao. map o (fu_fo_fmla_list v)) ‘{o. sat ¢ I o}

end
theory Fval FO

imports HOL— Library.Infinite_ Typeclass FO
begin

datatype ‘a eval _res = Fin 'a table | Infin | Wf_error

locale eval_fo =
fixes wf : (‘a :: infinite, 'b) fo_fmla = (‘b x nat = 'a list set) = 't = bool
and abs :: (‘a fo_term) list = 'a table = 't
and rep :: 't = 'a table
and res :: 't = 'a eval res
and eval bool :: bool = 't
and eval eq :: ‘a fo_term = 'a fo_term = 't
and eval_neg :: nat list = 't = 't
and eval_conj :: nat list = 't = nat list = 't = 't
and eval ajoin :: nat list = 't = nat list = 't = 't
and eval_disj :: nat list = 't = nat list = 't = 't
and eval exists :: nat = nat list = 't = 't
and eval forall :: nat = nat list = 't = 't
assumes fo_rep: wf ¢ It = rep t = proj_sat ¢ I
and fo_res_fin: wf ¢ It = finite (rep t) = res t = Fin (rep t)
and fo_res_infin: wf ¢ It = —finite (rep t) = res t = Infin
and fo_abs: finite (I (r, length ts)) => wf (Pred r ts) I (abs ts (I (r, length ts)))
and fo__bool: wf (Bool b) I (eval _bool b)
and fo_eq: wf (Eqa trm trm’) I (eval_eq trm trm’)
and fo_neg: wf ¢ It = wf (Neg ¢) I (eval_neg (fu_fo_fmla_list ¢) t)
and fo__conj: wf ¢ I to = wf ¥ I typ = (case ¥ of Neg ¥’ = False | _ = True) =
wf (Conj ¢ ) I (eval_conj (fu_fo_fmla_list ¢) te (fu_fo_fmla_list ¥) t1))
and fo_ ajoin: wf ¢ I tp = wf ¥’ I tp' =



wf (Conj ¢ (Neg ")) I (eval_ajoin (fu_fo_fmla_list ¢) ty (fu_fo_fmla_list ') th")
and fo_ disj: wf ¢ [ to = wf ¥ I tp =
wf (Disj ¢ ¥) I (eval_disj (fu_fo_fmla_list ) te (fu_fo_fmla_list ) )
and fo__exists: wf ¢ It = wf (Ezists i p) I (eval_exists i (fu_fo_fmla_list o) t)
and fo_ forall: wf ¢ It = wf (Forall i p) I (eval_forall i (fu_fo_fmla_list o) t)
begin

fun eval_fmla :: ('a, 'b) fo_fmla = ('a table, 'b) fo_intp = 't where
eval_fmla (Pred r ts) I = abs ts (I (r, length ts))
| eval _fmla (Bool b) I = eval_bool b
| eval_fmla (Eqa t t") I = eval_eq tt’
| eval_fmla (Neg p) I = eval_neg (fu_fo_fmla_list ¢) (eval fmla ¢ I)
| eval _fmla (Conj ¢ ) I = (let nsp = fu_fo_ fmla_list p; nsyy = fu_fo_ fmla_list ;
Xy = eval_fmla ¢ I in
case 1 of Neg ¢’ = let Xvp' = eval fmla ¢’ I in
eval__ajoin nsp X (fu_fo_fmla_list ') X4’
| = eval conj nsp X nsy (eval fmia o 1))
| eval_fmla (Disj ¢ ) I = eval _disj (fu_fo_fmla_list ) (eval _fmla ¢ I)
(fu_fo__fmla_list v) (eval fmla 1 I)
| eval _fmla (Exists i ¢) I = eval_exists i (fu_fo_ fmla_list ¢) (eval_fmla ¢ I)
| eval_fmla (Forall i @) I = eval_forall i (fu_fo_ fmla_list ¢) (eval_fmla ¢ I)

lemma eval_fmla__correct:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmlia
assumes wf_fo_intp ¢ [
shows wf ¢ I (eval_fmla ¢ I)
using assms
proof (induction ¢ I rule: eval fmla.induct)
case (I rts )
then show “case
using fo__abs
by auto
next
case (2 b 1)
then show ?case
using fo_ bool
by auto
next
case (3tt' 1)
then show ?case
using fo_eq
by auto
next
case (4 ¢ I)
then show ?case
using fo_neg
by auto
next
case (5 p ¢ I)
have fins: wf_fo_intp ¢ I wf fo_intp ¢ I
using 5(10)
by auto
have evalp: wf ¢ I (eval _fmla ¢ I)
using 5(1)[OF _ __ fins(1)]
by auto
show ?case
proof (cases 31’ 1 = Neg ")
case True



then obtain ¢’ where v_ def: 1 = Neg v’
by auto
have fin: wf fo_intp ' I
using fins(2)
by (auto simp: ¢__def)
have evalyy”: wf ' I (eval_fmla ' I)
using 5(5)[OF _ _ _ 1_ def fin]
by auto
show ?thesis
unfolding v__ def
using fo__ajoin|OF evalp evalt)’]
by auto
next
case False
then have evaly: wf ¢ I (eval _fmla v I)
using 5 fins(2)
by (cases ) auto
have eval: eval _fmla (Conj ¢ ¥) I = eval _conj (fu_fo_ fmla_list p) (eval_fmla ¢ I)
(fu_fo__fmla_list 1) (eval _fmla 1 I)
using False
by (auto simp: Let_ def split: fo_fmla.splits)
show wf (Conj ¢ ) I (eval_fmla (Conj ¢ 1) I)
using fo__conj[OF evaly evali, folded eval] False
by (auto split: fo_fmla.splits)
qed
next
case (6 p ¢ I)
then show ?case
using fo_ disj
by auto
next
case (7i ¢ I)
then show “case
using fo_ exists
by auto
next
case (81 ¢ I)
then show ?case
using fo_ forall
by auto
qed

definition eval :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = 'a eval res where
eval ¢ I = (if wf_fo_intp ¢ I then res (eval _fmla ¢ I) else Wf_error)

lemma eval fmla__proj sat:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf fo intp ¢ [
shows rep (eval_fmla ¢ I) = proj_sat ¢ 1
using eval_fmla__correct|OF assms|
by (auto simp: fo__rep)

lemma eval sound:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes eval p I = Fin Z
shows Z = proj_sat ¢ I
proof —
have wf ¢ I (eval_fmla ¢ I)



using eval fmla_ correct assms
by (auto simp: eval _def split: if _splits)
then show ?thesis
using assms fo_res_fin fo__res infin
by (fastforce simp: eval_def fo__rep split: if _splits)
qged

lemma eval complete:
fixes ¢ :: ('a :: infinite, 'b) fo_fmlia
assumes eval ¢ I = Infin
shows infinite (proj_sat ¢ I)
proof —
have wf ¢ I (eval_fmla ¢ I)
using eval fmla_ correct assms
by (auto simp: eval _def split: if _splits)
then show %thesis
using assms fo_res_fin
by (auto simp: eval _def fo__rep split: if _splits)
qed

end

end
theory Mapping Code

imports Containers. Mapping__ Impl
begin

lift_ definition set_of idx :: (‘a, ‘b set) mapping = 'b set is
Am. J (ran m) .

lemma set_of idx_code[code]:
fixes t :: (‘a :: ccompare, 'b set) mapping_rbt
shows set_of idz (RBT_Mapping t) =
(case ID CCOMPARE('a) of None = Code.abort (STR "'set_of idx RBT_Mapping: ccompare =
None'") (A_. set_of_idz (RBT_Mapping t))
| Some _ = |J(snd ¢ set (RBT_Mapping2.entries t)))
unfolding RBT _Mapping def
by transfer (auto simp: ran__def rbt_comp__lookup[OF ID__ccompare’] ord.is_rbt__def linorder.rbt__lookup__in__tree[OF
comparator.linorder|OF ID__ccompare’]] split: option.splits)+

lemma mapping__combine|code]:
fixes t :: (‘a :: ccompare, 'b) mapping_rbt
shows Mapping.combine f (RBT_Mapping t) (RBT_Mapping u) =
(case ID CCOMPARE('a) of None = Code.abort (STR "'combine RBT _Mapping: ccompare = None"’)
(A_. Mapping.combine f (RBT _Mapping t) (RBT_Mapping u))
| Some _ = RBT Mapping (RBT _Mapping2.join (A_. f) t u))
by (auto simp add: Mapping.combine.abs_eq Mapping _inject lookup__join split: option.split)

lift_ definition mapping_join = ('b = 'b = 'b) = (‘a, 'b) mapping = (‘a, 'b) mapping = ('a, 'b)
mapping is
A m m' z. case m x of None = None | Some y = (case m’ x of None = None | Some y' = Some (fy

y) -

lemma mapping_join__code[code]:
fixes t :: (‘a :: ccompare, 'b) mapping_rbt
shows mapping_join f (RBT_Mapping t) (RBT_Mapping u) =
(case ID CCOMPARE('a) of None = Code.abort (STR ''mapping_join RBT _Mapping: ccompare =
None') (A_. mapping_join f (RBT_Mapping t) (RBT_Mapping u))



| Some _ = RBT_Mapping (RBT_Mapping2.meet (\_. f) t u))
by (auto simp add: mapping_join.abs__eq Mapping__inject lookup__meet split: option.split)

context fixes dummy :: ‘a :: ccompare begin

lift__definition diff ::

("a, 'b) mapping_rbt = ('a, 'b) mapping_rbt = ('a, 'b) mapping_rbt is rbt_comp_minus ccomp

by (auto 4 8 intro: linorder.rbt_minus__is_rbt ID__ccompare ord.is_rbt_rbt__sorted simp: rbt__comp_minus[OF
ID__ccompare])

end

context assumes ID__ccompare_neq_None: ID CCOMPARE('a :: ccompare) # None
begin

lemma lookup__diff:
RBT_Mapping2.lookup (diff (t1 :: ('a, 'b) mapping_rbt) t2) =
(k. case RBT _Mapping2.lookup t1 k of None = None | Some vl = (case RBT _Mapping2.lookup t2
k of None = Some vl | Some v2 = None))
by transfer (auto simp add: fun__eq_iff linorder.rbt_lookup__rbt_minus|OF mapping_linorder] ID__ccompare__neq_None
restrict_map__def split: option.splits)

end

lift_ definition mapping_antijoin :: (‘a, 'b) mapping = (‘a, 'b) mapping = ('a, 'b) mapping is
Am m' z. case m x of None = None | Some y = (case m’ z of None = Some y | Some y’ = None) .

lemma mapping _antijoin__code|code]:
fixes t :: (‘a :: ccompare, 'b) mapping_rbt
shows mapping__antijoin (RBT_Mapping t) (RBT_Mapping u) =
(case ID CCOMPARE('a) of None = Code.abort (STR ''mapping__antijoin RBT_Mapping: ccompare
= None'') (A_. mapping_antijoin (RBT_Mapping t) (RBT_Mapping u))
| Some _ = RBT_Mapping (diff t u))
by (auto simp add: mapping _antijoin.abs__eq Mapping_inject lookup__diff split: option.split)

end
theory Cluster

imports Mapping Code
begin

lemma these_ Un|[simp|: Option.these (A U B) = Option.these A U Option.these B
by (auto simp: Option.these_ def)

lemma these insert[simp]: Option.these (insert © A) = (case x of Some a = insert a | None = id)
(Option.these A)
by (auto simp: Option.these__def split: option.splits) force

lemma these image Un[simp]: Option.these (f ‘ (A U B)) = Option.these (f ¢ A) U Option.these (f * B)
by (auto simp: Option.these_def)

lemma these imagel: fx = Some y = z € X = y € Option.these (f * X)
by (force simp: Option.these__def)

lift_definition cluster :: (‘b = 'a option) = 'b set = (‘a, 'b set) mapping is
A Yz if Somexz € f ° Y then Some {y € Y. fy = Some z} else None .

lemma set_of idx_cluster: set_of idzx (cluster (Some o f) X) = X
by transfer (auto simp: ran__def)



lemma lookup__cluster”: Mapping.lookup (cluster (Some o h) X) y = (if y ¢ h * X then None else Some
{z € X. hz=y})
by transfer auto

context ord
begin

definition add_to_rbt :: ‘a x ‘b = (‘a, 'b set) rbt = ('a, 'b set) rbt where
add_to_rbt = (A(a, b) t. case rbt_lookup t a of Some X = rbt_insert a (insert b X) t | None =
rbt_insert a {b} t)

abbreviation add_option_to_rbt f = (Ab __ t. case f b of Some a = add_to_rbt (a, b) t | None = t)

definition cluster _rbt :: ('b = 'a option) = ('b, unit) rbt = ('a, 'b set) rbt where
cluster_rbt f t = RBT _Impl.fold (add__option_to_rbt f) t RBT_Impl. Empty

end

context linorder
begin

lemma is_rbt_add_to_rbt: is_rbt t = is_rbt (add_to_rbt ab t)
by (auto simp: add_to_rbt_def split: prod.splits option.splits)

lemma is_rbt_fold add_to rbt: is_rbt t' —>
is_rbt (RBT_Impl.fold (add_option_to_rbt f) t t')
by (induction t arbitrary: t') (auto 0 0 simp: is_rbt_add_to_rbt split: option.splits)

lemma is_rbt_cluster_rbt: is_rbt (cluster_rbt f t)
using is_rbt_fold_add_to_rbt Empty is_rbt
by (fastforce simp: cluster_rbt__def)

lemma rbt_insert entries Nomne: is_rbt t = rbt_lookup t k = None —
set (RBT _Impl.entries (rbt_insert k v t)) = insert (k, v) (set (RBT_Impl.entries t))
by (auto simp: rbt_lookup__in__tree[symmetric] rbt_lookup_rbt_insert split: if _splits)

lemma rbt_insert_entries_Some: is_rbt t = rbt_lookup t k = Some v/ =
set (RBT_Impl.entries (rbt_insert k v t)) = insert (k, v) (set (RBT_Impl.entries t) — {(k, v')})
by (auto simp: rbt_lookup__in__tree[symmetric] rbt_lookup_rbt_insert split: if _splits)

lemma keys_add_to_rbt: is_rbt t = set (RBT_Impl.keys (add_to_rbt (a, b) t)) = insert a (set
(RBT _Impl.keys t))

by (auto simp: add_to_rbt_def RBT _Impl.keys_def rbt_insert _entries_None rbt_insert_entries_Some
split: option.splits)

lemma keys_fold_add_to_rbt: is_rbt t' = set (RBT_Impl.keys (RBT_Impl.fold (add__option__to_rbt
hHtt) =
Option.these (f “ set (RBT _Impl.keys t)) U set (RBT_Impl.keys t')
proof (induction t arbitrary: t')
case (Branch col t1 k v t2)
have wvalid: is_rbt (RBT_Impl.fold (add_option_to_rbt f) t1 t')
using Branch(3)
by (auto intro: is_rbt_fold_add_to_rbt)
show ?case
proof (cases f k)
case None
show ?Zthesis
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by (auto simp: None Branch(2)[OF valid] Branch(1)[OF Branch(3)])
next
case (Some a)
have wvalid’: is_rbt (add_to_rbt (a, k) (RBT_Impl.fold (add_option_to_rbt f) t1 t’))
by (auto intro: is_rbt_add_to_rbt[OF valid])
show ?thesis
by (auto simp: Some Branch(2)[OF valid'] keys_add_to_rbt[OF walid] Branch(1)[OF Branch(3)])
qed
ged auto

lemma rbt_lookup__add__to_rbt: is_rbt t => rbt_lookup (add_to_rbt (a, b) t) x = (if a = z then Some
(case rbt_lookup t z of None = {b} | Some Y = insert b Y) else rbt_lookup t x)
by (auto simp: add__to_rbt_def rbt_lookup_rbt_insert split: option.splits)

lemma rbt_lookup_ fold__add_to_rbt: is_rbt t' = rbt_lookup (RBT_Impl.fold (add__option_to_rbt f)
tt)z=
(if € Option.these (f * set (RBT Impl.keys t)) U set (RBT Impl.keys t') then Some ({y € set
(RBT _Impl.keys t). fy = Some z}
U (case rbt_lookup t' z of None = {} | Some Y = Y)) else None)
proof (induction t arbitrary: t')
case Empty
then show Zcase
using rbt_lookup__iff keys(2,3)[OF is_rbt_rbt_sorted)
by (fastforce split: option.splits)
next
case (Branch col t1 k v t2)
have wvalid: is_rbt (RBT_Impl.fold (add_option_to_rbt f) t1 t')
using Branch(3)
by (auto intro: is_rbt_fold _add_to_rbt)
show ?case
proof (cases f k)
case None
have fold_set: © € Option.these (f ‘ set (RBT_Impl.keys t2)) U ((Option.these (f ‘ set (RBT_Impl.keys
t1)) U set (RBT _Impl.keys t'))) +—
z € Option.these (f * set (RBT_Impl.keys (Branch col t1 k v t2))) U set (RBT_Impl.keys t')
by (auto simp: None)
show ?thesis
unfolding fold__simps comp__def None option.case(1) Branch(2)[OF wvalid] keys_add_to_rbt[OF
valid] keys_fold_add_to_rbt[OF Branch(3)]
rbt_lookup add_to_rbt][OF wvalid] Branch(1)[OF Branch(3)] fold_set
using rbt_lookup_iff _keys(2,3)[OF is_rbt_rbt_sorted|OF Branch(3)]]
by (auto simp: None split: option.splits) (auto dest: these imagel)
next
case (Some a)
have wvalid: is_rbt (add_to_rbt (a, k) (RBT_Impl.fold (add_option_to_rbt f) t1 t’))
by (auto intro: is_rbt_add_to_rbt[OF valid])
have fold set: x € Option.these (f  set (RBT _Impl.keys t2)) U (insert a (Option.these (f ‘ set
(RBT _Impl.keys t1)) U set (RBT_Impl.keys t'))) +—
z € Option.these (f * set (RBT_Impl.keys (Branch col t1 k v t2))) U set (RBT_Impl.keys t’)
by (auto simp: Some)
have F1: (case if P then Some X else None of None = {k} | Some Y = insert k Y) =
(if P then (insert k X) else {k}) for P X
by auto
have F2: (case if a = x then Some X else if P then Some Y else None of None = {} | Some Y =
Y) =
(if a = z then X else if P then Y else {})
for P X and Y :: 'b set
by auto
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show ?thesis

unfolding fold simps comp__def Some option.case(2) Branch(2)[OF valid'] keys add_to_rbt[OF

valid] keys_fold__add_to_rbt[OF Branch(3)]
rbt_lookup__add_to_rbt[OF wvalid] Branch(1)[OF Branch(3)] fold_set F1 F2
using rbt_lookup_iff keys(2,3)[OF is_rbt_rbt_sorted|OF Branch(3)]]
by (auto simp: Some split: option.splits) (auto dest: these_imagel)
qed

qed

end

context
fixes ¢ :: 'a comparator
begin

definition add_to_rbt_comp :: ‘a x 'b = (‘a, 'b set) rbt = (‘a, 'b set) rbt where
add__to_rbt_comp = (A(a, b) t. case rbt_comp__lookup ¢ t a of None = rbt_comp__insert ¢ a {b} t
| Some X = rbt_comp_insert ¢ a (insert b X) t)

abbreviation add__option_to_rbt_comp f = (Ab _ t. case f b of Some a = add_to_rbt_comp (a, b) t
| None = t)

definition cluster_rbt_comp :: ('b = 'a option) = (b, unit) rbt = (‘a, 'b set) rbt where
cluster_rbt_comp ft = RBT _Impl.fold (add_option_to_rbt_comp f) t RBT _Impl. Empty

context
assumes c: comparator c
begin

lemma add_to_rbt_comp: add_to_rbt_comp = ord.add_to_rbt (It_of comp c)

unfolding add_to_rbt_comp_ def ord.add_to_rbt_def rbt_comp_lookup|OF c| rbt_comp__insert|OF
|

by simp

lemma cluster_rbt_comp: cluster_rbt_comp = ord.cluster_rbt (It_of _comp c)
unfolding cluster_rbt_comp_ def ord.cluster_rbt_def add_to_rbt_comp
by simp

end
end

lift_ definition mapping_of cluster :: (b = 'a = ccompare option) = ('b, unit) rbt = (‘a, 'b set)
mapping__rbt is
cluster_rbt_comp ccomp
using linorder.is_rbt_fold__add_to_rbt[OF comparator.linorder|OF IDiccompare’] ord.Empty_is_rbt]
by (fastforce simp: cluster_rbt_comp|OF ID__ccompare’] ord.cluster_rbt_def)

lemma cluster__code[code]:
fixes f :: 'b :: ccompare = 'a :: ccompare option and t :: (b, unit) mapping_rbt
shows cluster f (RBT_set t) = (case ID CCOMPARE('a) of None =
Code.abort (STR "'cluster: ccompare = None'') (A_. cluster f (RBT _set t))
| Some ¢ = (case ID CCOMPARE('b) of None =
Code.abort (STR "cluster: ccompare = None'") (A_. cluster f (RBT _set t))
| Some ¢’ = (RBT_Mapping (mapping_of cluster f (RBT_Mapping2.impl_of t)))))
proof —

{

fix c ¢’
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assume assms: ID ccompare = (Some c¢ :: '‘a comparator option) ID ccompare = (Some ¢’ :: 'b
comparator option)
have c_ def: ¢ = ccomp
using assms(1)
by auto
have ¢’ _def: ¢’ = ccomp
using assms(2)
by auto
have c: comparator (ccomp :: 'a comparator)
using ID__ccompare[OF assms(1)]
by (auto simp: ¢__def)
have ¢’ comparator (ccomp :: 'b comparator)
using ID__ccompare'|OF assms(2)]
by (auto simp: ¢’_def)
note c¢_class = comparator.linorder|OF (]
note ¢’_class = comparator.linorder|OF c'|
have rbt_lookup__cluster: ord.rbt_lookup cless (cluster_rbt_comp ccomp ft) =
(Az. if z € Option.these (f ¢ (set (RBT_Impl.keys t))) then Some {y € (set (RBT_Impl.keys t)). f
y = Some z} else None)
if ord.is_rbt cless (t :: ('b, unit) rbt) V ID ccompare = (None :: ‘b comparator option) for t
proof —
have is _rbt_t: ord.is_rbt cless t
using assms that
by auto
show %thesis
unfolding cluster_rbt_comp[OF c| ord.cluster_rbt_def linorder.rbt_lookup__fold _add_to_rbt[OF
c_class ord. Empty_is_rbt)
by (auto simp: ord.rbt_lookup.simps split: option.splits)
qed
have dom__ord_rbt_lookup: ord.is_rbt cless t => dom (ord.rbt_lookup cless t) = set (RBT_Impl.keys
t) for t :: ('b, unit) rbt
using linorder.rbt__lookup__keys|OF chlass} ord.is_rbt__def
by auto
have cluster f (Collect (RBT _Set2.member t)) = Mapping (RBT_Mapping?2.lookup (mapping__of _cluster
f (mapping_rbt.impl_of t)))
using assms(2)[unfolded c’_def]
by (transfer fizing: f) (auto simp: in_these_eq rbt_comp_lookup|OF c| rbt_comp__lookup|OF c’]
rbt_lookup__cluster dom__ord_rbt_lookup)
}
then show %thesis
unfolding RBT set_def
by (auto split: option.splits)
qed

end
theory Ailamazyan

imports Eval_FO Cluster Mapping Code
begin

fun SP :: (‘a, 'b) fo_fmla = nat set where
SP (Eqa (Var n) (Var n")) = (if n # n' then {n, n'} else {})
| SP (Neg @) = SP ¢
| SP (Conj ¢ ) = SP ¢ U SP 1
| SP (Disj ¢ ¥) = SP ¢ U SP %
| SP (Exists n @) = SP ¢ — {n}
| SP (Forall n ¢) = SP ¢ — {n}
8P = {}
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lemma SP_fv: SP ¢ C fu_fo_ fmla ¢
by (induction ¢ rule: SP.induct) auto

lemma finite_SP: finite (SP ¢)
using SP_fv finite_fu_fo_ fmla finite__subset by fastforce

fun SP_list_rec :: ('a, 'b) fo_fmla = nat list where
SP_list_rec (Eqa (Var n) (Var n')) = (if n # n' then [n, n'] else [])
| SP_list_rec (Neg ¢) = SP_list_rec ¢
| SP_list_rec (Conj ¢ ) = SP_list_rec o @ SP_list_rec ¢
| SP_list_rec (Disj ¢ ¥) = SP_list_rec ¢ @ SP_list_rec ¥
| SP_list_rec (Exists n @) = filter (Am. n # m) (SP_list_rec ¢)
| SP_list_rec (Forall n ) = filter (Am. n # m) (SP_list_rec ¢)
| SP_list_rec _ =]

definition SP_list :: ('a, 'b) fo_fmla = nat list where
SP_list ¢ = remdups_adj (sort (SP_list_rec ¢))

lemma SP_list_set: set (SP_list ) = SP ¢
unfolding SP_list def
by (induction ¢ rule: SP.induct) (auto simp: fu_fo_terms_set_list)

lemma sorted__distinct_SP__list: sorted__distinct (SP_list ¢)
unfolding SP_list def
by (auto intro: distinct_remdups__adj_sort)

fun d :: (‘a, 'b) fo_fmla = nat where

(Ega (Var n) (Var n')) = (if n # n’ then 2 else 1)

(Neg o) = d ¢

(Conj ¢ ) = maz (d @) (maz (d ) (card (SP (Conj & 1))))
(Disj ¢ ) = maz (d 9) (maz (d ) (card (SP (Disj @ )
(Ezists n ) = d ¢
(Fomll nye)=4deyp

Q.&.&.Q.&.&.Q,

lemma d_pos: 1 < d ¢
by (induction ¢ rule: d.induct) auto

lemma card_SP_d: card (SP ¢) < d ¢
using dual_order.trans
by (induction ¢ rule: SP.induct) (fastforce simp: card_Diff1_le finite_SP)+

fun eval_eterm :: (‘a + 'c) val = ‘a fo_term = 'a + ‘c (infix «-e» 60) where
eval_eterm o (Const ¢) = Inl ¢
| eval_eterm o (Varn) = o n

definition eval eterms :: (‘a + 'c) val = (‘a fo_term) list =
("a + 'c) list (infix «®e> 60) where
eval__eterms o ts = map (eval_eterm o) ts

lemma eval_eterm__cong: (An. n € fu_fo_term_sett = o n =0’ n) =
eval _eterm o t = eval _eterm o’ t
by (cases t) auto

lemma eval _eterms_fu_fo terms set: 0 ®ets =o' @ets = n € fu_fo_terms setts=>ocn=o0'n
proof (induction ts)

case (Cons t ts)

then show ?case
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by (cases t) (auto simp: eval__eterms_def fu_fo_terms_set_def)
qed (auto simp: eval__eterms__def fu_fo_terms_set_def)

lemma eval_eterms_cong: (A\n. n € fu_fo_terms_setts = o n =o' n) =
eval_eterms o ts = eval _eterms o’ ts
by (auto simp: eval _eterms_def fu_fo_terms_set_def intro: eval eterm__cong)

lemma eval_terms__eterms: map Inl (o © ts) = (Inl o o) Qe ts
proof (induction ts)
case (Cons t ts)
then show ?case
by (cases t) (auto simp: eval _terms_def eval_eterms_def)
qed (auto simp: eval_terms__def eval eterms__def)

fun ad_equiv_pair :: 'a set = (‘a + '¢) x (‘a + '¢) = bool where
ad_equiv_pair X (a, a’) «— (a € Inl ‘X — a=aYA(a'€Inl ‘X — a=a)

fun sp_equiv_pair :: ‘a x 'b = 'a x 'b = bool where
sp_equiv_pair (a, b) (a’, b) +— (a = a’ +— b =1

definition ad_equiv_list :: 'a set = (‘a + 'c) list = ('a + 'c) list = bool where
ad__equiv_list X xs ys <— length xs = length ys A (Vz € set (zip xs ys). ad__equiv_pair X )

definition sp_equiv_list :: (‘a + ‘c) list = (‘a + 'c) list = bool where
sp__equiv_list s ys <— length xs = length ys A pairwise sp__equiv_pair (set (zip zs ys))

definition ad_agr_list :: 'a set = (‘a + 'c) list = (‘a + ’'c) list = bool where
ad_agr_list X xs ys <— length xs = length ys N\ ad__equiv_list X zs ys N\ sp__equiv_list xs ys

lemma ad_equiv_pair_refl[simp]: ad__equiv_pair X (a, a)
by auto

declare ad__equiv_pair.simps[simp del]

lemma ad__equiv__pair_comm: ad__equiv_pair X (a, a’) «— ad_equiv_pair X (a’, a)
by (auto simp: ad__equiv__pair.simps)

lemma ad__equiv_pair_mono: X C Y = ad_equiv_pair Y (a, a’) = ad_equiv_pair X (a, a’)
unfolding ad_ equiv__pair.simps
by fastforce

lemma sp equiv_pair_comm: sp__equiv_pair T y <— Sp__equiv_pair Y T
by (cases z; cases y) auto

definition sp_equiv :: (‘a + ‘c) val = (‘a + ’c) val = nat set = bool where
sp_equiv o T I <— pairwise sp__equiv_pair (An. (o n, 7 n)) ‘1)

lemma sp equiv_mono: I C J = sp_equiv o 7 J = sp_equiv o T [
by (auto simp: sp__equiv__def pairwise__def)

definition ad_agr_sets :: nat set = nat set = 'a set = ('a + 'c) val =
("a + 'c) val = bool where
ad_agr_sets FVS X o 7 «— (Vi € FV. ad_equiv_pair X (o i, T 7)) A sp_equiv o T S

lemma ad_agr_sets _comm: ad_agr_sets FV S X o 7 = ad_agr_sets FV S X 7 o

unfolding ad__agr_sets def sp__equiv__def pairwise__def
by (subst ad__equiv_pair_comm) auto
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lemma ad_agr_sets _mono: X C Y = ad_agr_sets FVS Y o 7 = ad_agr_sets FV S X o T
using ad__equiv__pair_mono
by (fastforce simp: ad__agr_sets def)

lemma ad_agr_sets _mono’: S C S’ = ad_agr_sets FV S’ X o0 7 = ad_agr_sets FV S X o T
by (auto simp: ad__agr_sets_def sp__equiv__def pairwise__def)

lemma ad__equiv_list _comm: ad__equiv_list X xs ys = ad__equiv_list X ys xs
by (auto simp: ad__equiv_list_def) (smt (verit, del_insts) ad_equiv_pair_comm in__set_zip prod.sel(1)
prod.sel(2))

lemma ad__equiv_list_mono: X C Y = ad__equiv_list Y zs ys = ad__equiv_list X xs ys
using ad__equiv__pair_mono
by (fastforce simp: ad__equiv_list__def)

lemma ad__equiv_list_trans:
assumes ad__equiv_list X xs ys ad__equiv_list X ys zs
shows ad_equiv_list X xs zs
proof —
have lens: length s = length ys length xs = length zs length ys = length zs
using assms
by (auto simp: ad__equiv_list_def)
have Az z. (z, z) € set (zip zs zs) = ad__equiv_pair X (z, z)
proof —
fix x z
assume (z, z) € set (zip zs 2s)
then obtain ¢ where ¢ _def: i < lengthxszs ! i =z 25! 1= 2
by (auto simp: set_ zip)
define y where y = ys ! ¢
have ad_equiv_pair X (z, y) ad_equiv_pair X (y, z)
using assms lens i__def
by (fastforce simp: set_zip y_def ad__equiv_list_def)+
then show ad_equiv_pair X (z, z)
unfolding ad__equiv__pair.simps
by blast
ged
then show %thesis
using assms
by (auto simp: ad__equiv_list_def)
qed

lemma ad__equiv_list_link: (Vi € set ns. ad__equiv_pair X (o i, 7 1)) <—
ad__equiv_list X (map o ns) (map T ns)
by (auto simp: ad__equiv_list_def set_zip) (metis in__set_conv_nth nth_map)

lemma set_zip _comm: (z, y) € set (zip zs ys) => (y, x) € set (zip ys zs)
by (metis in__set_zip prod.sel(1) prod.sel(2))

lemma set_zip__map: set (zip (map o ns) (map 7 ns)) = (An. (o n, 7 n)) ‘set ns
by (induction ns) auto

lemma sp_equiv_list_comm: sp__equiv_list xs ys = sp__equiv__list ys xs
unfolding sp_equiv_list_ def
using set_zip comm
by (auto simp: pairwise_def) force+

lemma sp__equiv_list_trans:
assumes sp__equiv__list xs ys sp__equiv__list ys zs
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shows sp__equiv_list zs zs
proof —
have lens: length xs = length ys length xs = length zs length ys = length zs
using assms
by (auto simp: sp__equiv_list__def)
have pairwise sp__equiv_pair (set (zip s zs))
proof (rule pairwisel)
fix 2z zz’
assume vz € set (zip zs zs) zz' € set (zip zs zs)
then obtain z z iz’ 2’ i’ where zz_def: i < lengthzs zs | i =z 25| i = 2
zz = (z, 2) i’ <lengthzsas ' i’ =z’ zs | i’ = 2" 2" = (', 2')
by (auto simp: set_ zip)
define y where y = ys ! ¢
define y’ where y’' = ys ! i’
have sp__equiv_pair (z, y) (z', y') sp_equiv_pair (y, z) (y', ')
using assms lens zz__def
by (auto simp: sp__equiv_list_def pairwise_def y_def y'_def set_zip) metis+
then show sp_equiv_pair xz zz’
by (auto simp: zz_def)
qed
then show ?thesis
using assms
by (auto simp: sp__equiv_list_def)
qed

lemma sp__equiv_list_link: sp__equiv_list (map o ns) (map T ns) «— sp__equiv o 7 (set ns)
apply (auto simp: sp__equiv_list_def sp__equiv_def pairwise__def set_zip in__set_conv_nth)
apply (metis nth_map)
apply (metis nth_map)
apply fastforce+
done

lemma ad_agr_list _comm: ad_agr_list X zs ys = ad__agr_list X ys xs
using ad__equiv_list _comm sp__equiv__list__comm
by (fastforce simp: ad__agr_list_def)

lemma ad_agr_list_mono: X C Y = ad_agr_list Y ys xs = ad__agr_list X ys zs
using ad__equiv__list_mono
by (force simp: ad_agr_list_def)

lemma ad__agr_list_rev_mono:
assumes Y C X ad_agr_list YysasInl —setzs C Y Inl —‘setys C Y
shows ad_agr_list X ys xs
proof —
have (a, b) € set (zip ys xs) = ad__equiv_pair Y (a, b) = ad__equiv_pair X (a, b) for a b
using assms
apply (cases a; cases b)
apply (auto simp: ad__agr_list_def ad__equiv_list_def vimage__def set_ zip)
unfolding ad_equiv_pair.simps
apply (metis Collect_mem,__eq Collect _mono__iff imagel nth_mem)
apply (metis Collect_mem__eq Collect_mono__iff imagel nth_mem)
apply (metis Collect _mem__eq Collect _mono__iff imagel nth_mem)
apply (metis Inl_Inr_False image__iff)
done
then show %thesis
using assms
by (fastforce simp: ad_agr_list_def ad__equiv_list_def)
qed
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lemma ad_agr_list_trans: ad__agr_list X zs ys = ad__agr_list X ys zs = ad__agr_list X xs zs
using ad__equiv_list_trans sp__equiv_list_trans
by (force simp: ad_agr_list_def)

lemma ad_agr_list_refl: ad_agr_list X zs xs
by (auto simp: ad__agr_list_def ad__equiv_list_def set_zip ad__equiv__pair.simps
sp__equiv_list__def pairwise__def)

lemma ad_agr list _set: ad_agr _list X zs ys = y € X = Inl y € set ys => Inl y € set xs
by (auto simp: ad__agr_list_def ad__equiv_list_def set_zip in__set__conv_nth)
(metis ad__equiv__pair.simps image__eql)

lemma ad_agr_list_length: ad__agr_list X xs ys = length xs = length ys
by (auto simp: ad__agr_list_ def)

lemma ad_agr_list_eq: set ys C AD = ad__agr_list AD (map Inl zs) (map Inl ys) = zs = ys
by (fastforce simp: ad__agr_list_def ad__equiv_list _def set_zip ad__equiv_pair.simps
introl: nth__equalityl)

lemma sp_equiv_list_subset:
assumes set ms C set ns sp__equiv_list (map o ns) (map o’ ns)
shows sp__equiv_list (map o ms) (map o’ ms)
unfolding sp_ equiv_list_def length__map pairwise_ def
proof (rule conjl, rule refl, (rule balll)+, rule impl)
fix z y
assume z € set (zip (map o ms) (map o’ ms)) y € set (zip (map o ms) (map o' ms)) z £y
then have z € set (zip (map o ns) (map o’ ns)) y € set (zip (map o ns) (map o’ ns)) z # y
using assms(1)
by (auto simp: set_zip) (metis in_set__conv_nth nth_map subset_iff )+
then show sp__equiv_pair x y
using assms(2)
by (auto simp: sp__equiv_list_def pairwise__def)
qed

lemma ad_agr_list_subset: set ms C set ns = ad_agr_list X (map o ns) (map o’ ns) =
ad_agr_list X (map o ms) (map o’ ms)
by (auto simp: ad__agr_list_def ad__equiv_list _def sp__equiv_list_subset set_zip)
(metis (no__types, lifting) in__set__convu_nth nth_map subset_iff)

lemma ad_agr_list_link: ad__agr_sets (set ns) (set ns) AD o 7 +—
ad__agr_list AD (map o ns) (map T ns)
unfolding ad__agr_sets def ad__agr_list_def
using ad__equiv_list__link sp__equiv__list__link
by fastforce

definition ad_agr :: (‘a, 'b) fo_fmla = 'a set = (‘a + 'c) val = (‘a + 'c) val = bool where
ad_agr ¢ X o T <— ad_agr_sets (fu_fo_fmla ¢) (SP ¢) X o 7

lemma ad__agr_sets_restrict:
ad__agr_sets (set (fu_fo_fmla_list ¢)) (set (fu_fo_fmla_list ¢)) AD o T = ad_agr ¢ AD o T
using sp__equiv_mono SP_fv
unfolding fu_fo_ fmla_ list_set
by (auto simp: ad__agr_sets_def ad__agr__def) blast

lemma finite_Inl: finite X = finite (Inl —‘ X)

using finite_vimagel|of X Inl]
by (auto simp: vimage__def)
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lemma ez out:
assumes finite X
shows 3k. k ¢ X A k < Suc (card X)
using card_mono[OF assms, of {..<Suc (card X)}]
by auto

lemma extend T:
assumes ad_agr_sets (FV — {n}) (S — {n}) X o 7 S C FV finite St * (FV — {n}) C Z
Inl X U Inr ‘{.<maz I (card (Inr —‘7 ‘(S — {n})) + (if n € S then 1 else 0))} C Z
shows 3k € Z. ad_agr_sets FV S X (o(n := z)) (7(n := k))
proof (cases n € S)
case True
note n_in_S = True
show %thesis
proof (cases z € Inl ‘ X)
case True
show ?thesis
using assms n_in_S True
apply (auto simp: ad__agr_sets__def sp__equiv_def pairwise__def intro!: bexI[of __ x])
unfolding ad__equiv__pair.simps
apply (metis True insert_ Diff insert_iff subsetD)+
done
next
case Fulse
note o_n_not Inl = False
show ?thesis
proof (cases 3m € S — {n}. . = o m)
case True
obtain m where m_def: me€ S — {n} z =0 m
using True
by auto
have 7__m_in: 7 m € Z
using assms m__def
by auto
show ?thesis
using assms n_in_S o_n_not_Inl True m__def
by (auto simp: ad__agr_sets_def sp__equiv__def pairwise__def introl: bexl[of __ T m])
next
case False
have out: z ¢ o ‘(S — {n})
using Fualse
by auto
have fin: finite (Inr —‘7 (S — {n}))
using assms(3)
by (simp add: finite__vimagel)
obtain k where k_def: Inr k ¢ 7 ‘(S — {n}) k < Suc (card (Inr —“7 ‘(S — {n})))
using ez out[OF fin] True
by auto
show ?%thesis
using assms n_in_S o_mn_not_Inl out k_def assms(5)
apply (auto simp: ad__agr_sets_def sp__equiv__def pairwise__def intro!: bexI[of _ Inr k])
unfolding ad__equiv__pair.simps
apply fastforce
apply (metis image__eql insertE insert_ Diff)
done
qed
qed
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next
case Fulse
show %thesis
proof (cases z € Inl ‘ X)
case z_in: True
then show %thesis
using assms False
by (auto simp: ad__agr_sets__def sp__equiv__def pairwise__def introl: bexl[of __ x])
next
case z_out: False
then show ?thesis
using assms False
apply (auto simp: ad__agr_sets_def sp__equiv_def pairwise__def introl: bexI[of __ Inr 0])
unfolding ad__equiv_ pair.simps
apply fastforce
done
qed
qged

lemma esat Pred:
assumes ad_agr_sets FV S (|J (set * X)) o 7 fu_fo_terms_set ts C FV o @e ts € map Inl * X
t € set ts
shows o et =171 -et
proof (cases t)
case (Var n)
obtain vs where vs_def: 0 @e ts = map Inl vs vs € X
using assms(3)
by auto
have o n € set (o Oe ts)
using assms(4)
by (force simp: eval eterms_def Var)
then have o n € Inl ‘|J (set * X)
using vs_def(2)
unfolding vs_def(1)
by auto
moreover have n € FV
using assms(2,4)
by (fastforce simp: Var fu_fo_terms_set_def)
ultimately show ?%thesis
using assms(1)
unfolding ad__equiv__pair.simps ad__agr_sets def Var
by fastforce
qed auto

lemma sp_equiv_list_ fu:
assumes (A\i. { € fu_fo_terms_set ts = ad_equiv_pair X (o i, T 7))
U (set_fo_term ‘ set ts) C X sp__equiv o T (fu_fo_terms_set ts)
shows sp__equiv_list (map ((-e) o) ts) (map ((-€) 7) ts)
using assms
proof (induction ts)
case (Cons t ts)
have ind: sp__equiv_list (map ((-€) o) ts) (map ((-e) T) ts)
using Cons
by (auto simp: fu_fo_terms_set_def sp__equiv_def pairwise__def)
show ?case
proof (cases t)
case (Const c)
have ¢ X:ce X
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using Cons(3)
by (auto simp: Const)

have fu_t: fu_fo_term_set t = {}
by (auto simp: Const)

have t’ € set ts = sp__equiv_pair (o -et, 7 -et) (o -et’, 7 -et’) for t’'
using ¢ X Const Cons(2)
apply (cases t')
apply (auto simp: fu_fo_terms_set_def)
unfolding ad__equiv__pair.simps
by (metis Cons(2) ad__equiv_pair.simps fu_fo__terms_setl image__insert insert_iff list.set(2)

mk__disjoint__insert)+

then show sp__equiv_list (map ((-€) o) (t # ts)) (map ((-e) ) (¢t # ts))
using ind pairwise_insert[of sp__equiv_pair (o -e t, T -e t)]
unfolding sp_equiv_list_def set_zip__map
by (auto simp: sp__equiv_pair_comm fu_fo_terms_set_def fu_t)

next

case (Var n)

have ad_n: ad_equiv_pair X (o n, 7 n)
using Cons(2)
by (auto simp: fu_fo_terms_set_def Var)

have sp__equiv_Var: An'. Var n’ € set ts = sp__equiv_pair (o n, 7 n) (o n', 7 n')
using Cons(4)
by (auto simp: sp__equiv__def pairwise__def fu_fo__terms__set_def Var)

have t' € set ts = sp_equiv_pair (o -et, 7 -et) (o -et’, 7 et’) for t’
using Cons(2,8) sp__equiv_ Var
apply (cases t)
apply (auto simp: Var)
apply (metis SUP_le_iff ad__equiv_pair.simps ad_n fo__term.set_intros imagel subset_eq)
apply (metis SUP_le__iff ad_equiv_pair.simps ad_n fo_term.set_intros imagel subset__eq)
done

then show %thesis
using ind pairwise_insert[of sp__equiv_pair (o -e t, T -e t) (An. (o e n, T -e n)) ‘ set ts]
unfolding sp_ equiv_list_def set_zip__map
by (auto simp: sp__equiv__pair_comm)

qed
qed (auto simp: sp__equiv_def sp__equiv_list_def fu_fo_terms_set def)

lemma esat_ Pred_inf:
assumes fu_fo_ terms_set ts C FV fu_fo_terms_set ts C S
ad_agr_sets FV S AD o 7 ad_agr_list AD (o Oe ts) vs
U (set_fo_term * set ts) C AD
shows ad_agr_list AD (T ®e ts) vs
proof —
have sp: sp__equiv o 7 (fu_fo__terms_set ts)
using assms(2,3) sp__equiv_mono
unfolding ad_agr_sets def
by auto
have (A\i. i € fu_fo_terms_set ts = ad__equiv_pair AD (o i, T i))
using assms(1,3)
by (auto simp: ad__agr_sets_def)
then have sp__equiv_list (map ((-e) o) ts) (map ((-e) 7) ts)
using sp_equiv_list _fu]OF _ assms(5) sp)
by auto
moreover have t € set ts = Vi€fu_fo_terms_set ts. ad_equiv_pair AD (o i, T i) = sp__equiv o
7 S = ad_equiv_pair AD (o e t, T -et) for ¢
by (cases t) (auto simp: ad__equiv_pair.simps intro!: fu_fo_terms_setl)
ultimately have ad_agr list:
ad__agr_list AD (o Oe ts) (7 Oe ts)
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unfolding eval eterms_def ad_agr_list_def ad_equiv_list_link[symmetric]

using assms(1,3)

by (auto simp: ad__agr_sets_def)
show ?thesis

by (rule ad__agr_list_comm|[OF ad__agr_list_trans[OF ad__agr_list_comm[OF assms(4)] ad_agr_list]])
qged

type_synonym (‘a, ‘c) fo_t = 'a set x nat x (‘a + ‘c) table

fun esat :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = ('a + nat) val = (‘a + nat) set = bool where

esat (Pred rts) I o X «— o @e ts € map Inl ‘I (r, length ts)

| esat (Boolb) I o X +— b

| esat (Eqa tt) o X +—> o -et=0 et

| esat (Neg ¢) I 0 X +— —esat o [ 0 X

| esat (Conj p ) I 0 X «— esat o I 0 X Nesatp [ o X

| esat (Disj p ) I 0 X +— esat ¢ [ 0 X V esat p [ 0 X

| esat (Ezists n @) [ 0 X +— (z € X. esat ¢ I (o(n = z)) X)
( X

)

| esat (Foralln o) I 0 X +— (Vz € X. esat ¢ I (o(n := 1))

fun sz_fmla :: (‘a, 'b) fo_fmla = nat where

sz_fmla (Neg @) = Suc (sz_fmla ¢)

| sz_fmla (Conj ¢ ) = Suc (sz_fmla ¢ + sz_fmla )

| sz_fmla (Disj ¢ ©¥) = Suc (sz_fmla ¢ + sz_fmla 1)

| sz_fmla (Exists n @) = Suc (sz_fmla ¢)

| sz_fmla (Forall n ¢) = Suc (Suc (Suc (Suc (sz_fmia ¢))))
| sz_fmla =0

lemma sz_fmla_induct[case_names Pred Bool Eqa Neg Conj Disj Ezists Forall]:
(Ar ts. P (Pred r ts)) = (A\b. P (Bool b)) =
(At t. P(Eqatt)) = (Ap. P o = P (Neg p)) =
(Np¥. P = Py = P (Conj ¢ ¢)) = (Np . P o= Ptp = P (Disj ¢ ¢)) =
(An @. P o = P (Ezists n ¢)) = (An ¢. P (Ezists n (Neg ¢)) = P (Forall n ¢)) = P ¢
proof (induction sz_fmla ¢ arbitrary: ¢ rule: nat_less_induct)
case 1
have IH: \Y. sz_fmla ¥ < sz_fmla ¢ = P v
using I
by auto
then show ?case
using 1(2,3,4,5,6,7,8,9)
by (cases ¢) auto
qed

lemma esat_fu_cong: (An. n € fu_fo_fmlap = ocn=0'n) = esat p [ 0 X +— esat p [ o' X
proof (induction ¢ arbitrary: o o' rule: sz_fmla_induct)
case (Pred r ts)
then show ?case
by (auto simp: eval _eterms__def fu_fo_terms_set_def)
(smt comp__apply eval__eterm__cong fu_fo_term__set_cong image__insert insertCI map__eq _conv
mk__disjoint_insert)+

next

case (Eqa t t')
then show ?case
by (cases t; cases t') auto

next

case (Neg @)
show ?case
using Neg(1)[of o '] Neg(2) by auto

next
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case (Conj @1 ¢2)
show ?case
using Conj(1,2)[of o o'] Conj(3) by auto
next
case (Disj p1 ¢2)
show ?case
using Disj(1,2)[of o o] Disj(3) by auto
next
case (Exists n @)
show ?case
proof (rule iffI)
assume esat (Ezists n @) [ o X
then obtain z where z_def: z € X esat ¢ I (o(n :=1z)) X
by auto
from z_def(2) have esat ¢ I (c'(n:= 1)) X
using FEzists(1)[of o(n = z) o'(n := )] Ezists(2) by fastforce
with z_def(1) show esat (Exists n 9) I o' X
by auto
next
assume esat (Ezists n o) I o' X
then obtain z where z_def: © € X esat ¢ I (o'(n :=1z)) X
by auto
from z_def(2) have esat ¢ I (o(n :=1z)) X
using Erists(1)[of o(n := z) o'(n := x)] Erists(2) by fastforce
with z_def(1) show esat (Ezists n ¢) [ o X
by auto
ged
next
case (Forall n ¢)
then show ?case
by auto
qed auto

fun ad_terms :: (‘a fo_term) list = 'a set where
ad_terms ts = | (set (map set_fo_term ts))

fun act_edom :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = 'a set where
act_edom (Pred r ts) I = ad_terms ts U | (set ‘I (r, length ts))

| act_edom (Bool b) I = {}

| act_edom (Eqa t t') I = set_fo_term t U set_fo_term t'

| act_edom (Neg ¢) I = act_edom ¢ I

| act_edom (Conj p ) I = act_edom ¢ I U act_edom 1 I

| act_edom (Disj ¢ ¢) I = act_edom ¢ I U act_edom 9 1

| act_edom (Exists n @) I = act_edom ¢ I

| act_edom (Forall n @) I = act_edom ¢ I

lemma finite__act_edom: wf_fo_intp ¢ I = finite (act_edom ¢ I)
using finite__Inl
by (induction ¢ I rule: wf_fo__intp.induct)
(auto simp: finite_set_fo__term vimage__def)

fun fo_adom :: (‘a, 'c) fo_t = 'a set where
fo_adom (AD, n, X) = AD

theorem main: ad_agr ¢ AD o 7 => act_edom ¢ I C AD =
Inl “AD U Inr ‘{.<d o} C X =7 ‘fu_fo fmlap C X =
esat ¢ I 0 UNIV <— esat ¢ I 7 X

proof (induction ¢ arbitrary: o T rule: sz_fmla__induct)
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case (Pred r ts)
have fu_sub: fu_fo_terms_set ts C fu_fo_fmla (Pred r ts)
by auto
have sub_AD: | (set ‘I (r, length ts)) C AD
using Pred(2)
by auto
show ?case
unfolding esat.simps
proof (rule iffT)
assume assm: o e ts € map Inl ‘I (r, length ts)
have o Ge ts = 17 Ge ts
using esat_ Pred|OF ad_agr_sets_mono[OF sub__AD Pred(1)[unfolded ad__agr_def]]
fu_sub assm]
by (auto simp: eval _eterms__def)
with assm show T ©e ts € map Inl ‘I (r, length ts)
by auto
next
assume assm: T ©e ts € map Inl ‘ I (r, length ts)
have 7 @e ts = 0 Ge ts
using esat_Pred[OF ad__agr_sets_comm|OF ad__agr_sets_mono[OF
sub__AD Pred(1)[unfolded ad_agr_def]]] fu_sub assm)]
by (auto simp: eval _eterms__def)
with assm show o Oe ts € map Inl ‘I (r, length ts)
by auto
qed
next
case (Fqa z1 x2)
show ?case
proof (cases x1; cases x2)
fix c ¢’
assume r1 = Const ¢ 2 = Const ¢’
with Eqa show %thesis
by auto
next
fix cm’
assume assms: 1 = Const ¢ 22 = Var m’
with Fqa(1,2) have o m’' = Inl c +— 7 m' = Inl c
apply (auto simp: ad__agr_def ad_agr_sets_def)
unfolding ad_ equiv__pair.simps
by fastforce+
with assms show ?thesis
by fastforce
next
fix m ¢’
assume assms: £1 = Var m 12 = Const ¢’
with Fqa(1,2) have o m = Inl ¢/ «+— 7 m = Inl ¢’
apply (auto simp: ad__agr_def ad_agr_sets_def)
unfolding ad_ equiv__pair.simps
by fastforce+
with assms show ?thesis
by auto
next
fix m m’
assume assms: 1 = Var m 22 = Var m’
with Fqa(1,2) havec m=ocm'«— 1t m=7m’
by (auto simp: ad__agr_def ad__agr_sets__def sp__equiv_def pairwise_def split: if _splits)
with assms show ?thesis
by auto
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qed
next
case (Neg @)
from Neg(2) have ad_agr ¢ AD o 7
by (auto simp: ad__agr_def)
with Neg show ?Zcase
by auto
next
case (Conj @1 ¢2)
have auz: ad_agr ¢1 AD o 7 ad_agr ¢2 AD o T
Inl “AD U Inr ‘{.<d p1} C X Inl ‘AD U Inr ‘{..<d 92} C X
T ‘fu_fo_fmla o1 C X 7 ‘fu_fo_fmla 2 C X
using Conj(3,5,6)
by (auto simp: ad__agr_def ad__agr_sets_def sp__equiv__def pairwise__def)
show ?case
using Conj(1)[OF auz(1) _ auz(8) auz(5)] Conj(2)[OF aux(2) _ auz(4) auz(6)] Conj(4)
by auto
next
case (Disj p1 p2)
have auz: ad_agr ¢1 AD o 7 ad_agr ¢2 AD o T
Inl “AD U Inr ‘{.<d 1} C X Inl “AD U Inr ‘{.<d 92} C X
T ‘fu_fo_fmla o1 C X 7 ‘fu_fo_ fmla 2 C X
using Disj(3,5,6)
by (auto simp: ad__agr_def ad_agr_sets_def sp__equiv_def pairwise__def)
show ?case
using Disj(1)[OF auz(1) _ auz(3) auz(5)] Disj(2)[OF aux(2) _ auzx(4) aux(6)] Disj(4)
by auto
next
case (Exists m ¢)
show ?case
proof (rule iffI)
assume esat (Ezists m @) I o UNIV
then obtain z where assm: esat ¢ I (o(m := z)) UNIV
by auto
have m € SP ¢ = Suc (card (Inr —‘1 ‘ (SP ¢ — {m}))) < card (SP )
by (metis Diff _insert_absorb card_image card_le_Suc_iff finite_ Diff finite_ SP
image__vimage__subset inj__Inr mk__disjoint_insert suri_card_le)
moreover have card (Inr —‘7 * SP ¢) < card (SP @)
by (metis card_image finite_SP image_vimage__subset inj Inr surj_card_le)
ultimately have maz 1 (card (Inr —“7 “ (SP ¢ — {m})) + (if m € SP ¢ then 1 else 0)) < d ¢
using d_pos card_SP__d[of ¢]
by auto
then have 3z’ € X. ad_agr ¢ AD (o(m := z)) (7(m := z'))
using extend_7|OF Exists(2)[unfolded ad__agr_def fu_fo_ fmla.simps SP.simps]
SP_fulof ] finite_SP Ezists(5)[unfolded fu_fo_ fmla.simps]|
Exists(4)
by (force simp: ad_agr_def)
then obtain z’ where z’_def: ' € X ad_agr ¢ AD (o(m = 1)) (1(m := z'))
by auto
from FEzists(5) have 7(m := z') “fu_fo_fmla ¢ C X
using z’_def(1) by fastforce
then have esat ¢ I (7(m = z')) X
using Erists z'_def(1,2) assm
by fastforce
with z’_def show esat (Exists m p) I 7 X
by auto
next
assume esat (Ezists m @) I 7 X
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then obtain z where assm: z € X esat ¢ I (7(m = 2)) X
by auto
have ad_agr: ad_agr_sets (fu_fo_fmla ¢ — {m}) (SP ¢ — {m}) AD 7 o
using FEzists(2)[unfolded ad__agr_def fu_fo_ fmla.simps SP.simps]
by (rule ad__agr_sets_comm)
have 3z. ad_agr ¢ AD (o(m := z)) (7(m = 2))
using extend_7[OF ad__agr SP_fv[of | finite_SP subset_UNIV subset_UNIV] ad__agr_sets _comm
unfolding ad_agr_def
by fastforce
then obtain z where z_def: ad_agr ¢ AD (o(m := z)) (7(m = 2))
by auto
have 7(m := 2) ‘ fu_fo_ fmla (Exists m ¢) C X
using FEzists
by fastforce
with z_def have esat ¢ I (o(m := z)) UNIV
using FEzists assm
by fastforce
then show esat (Ezists m @) I o UNIV
by auto
qed
next
case (Forall n ¢)
have unfold: act_edom (Forall n ¢) I = act_edom (Ezists n (Neg ¢)) I
Inl “AD U Inr ‘{..<d (Foralln ¢)} = Inl * AD U Inr ‘ {..<d (Ezists n (Neg ¢))}
fu_fo_fmla (Forall n ¢) = fu_fo_fmla (Exists n (Neg ©))
by auto
have pred: ad_agr (Ezists n (Neg ¢)) AD o T
using Forall(2)
by (auto simp: ad__agr_def)
show ?case
using Forall(1)[OF pred Forall(3,4,5)[unfolded unfold]]
by auto
qged auto

lemma main__cor_inf:
assumes ad_agr ¢ AD o 7 act_edom ¢ I C AD dp < n
T “fu_fo_fmla o C Inl * AD U Inr *{..<n}
shows esat ¢ [ 0 UNIV <— esat ¢ I 7 (Inl * AD U Inr ‘ {..<n})
proof —
show ?thesis
using main|OF assms(1,2) __ assms(4)] assms(8)
by fastforce
qed

lemma esat  UNIV__cong:
fixes o :: nat = 'a + nat
assumes ad_agr ¢ AD o 7 act_edom ¢ I C AD
shows esat ¢ I 0 UNIV <— esat ¢ I 7 UNIV
proof —
show ?thesis
using main[OF assms(1,2) subset_ UNIV subset_UNIV]
by auto
qed

lemma esat  UNIV_ad_agr_list:
fixes o :: nat = 'a + nat
assumes ad_agr_list AD (map o (fu_fo_fmla_list ¢)) (map 7 (fu_fo_fmla_list ¢))
act_edom ¢ I C AD
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shows esat ¢ I 0 UNIV <— esat ¢ I 7 UNIV
using esat_UNIV_cong|OF iffD2|OF ad_agr_def, OF ad_agr_sets_mono’|OF SP_ fuv,
OF iffD2[OF ad_agr_list_link, OF assms(1), unfolded fu_fo_ fmla_list_set]] assms(2)] .

fun fo_rep :: ('a, 'c) fo_t = 'a table where
fo_rep (AD, n, X) = {ts. Ats’ € X. ad_agr_list AD (map Inl ts) ts'}

lemma sat esat conwv:
fixes ¢ :: ('a :: infinite, 'b) fo_fmlia
assumes fin: wf_fo_intp ¢ I
shows sat ¢ [ o <+ esat ¢ I (Inl o o :: nat = 'a + nat) UNIV
using assms
proof (induction ¢ arbitrary: I o rule: sz_fmla_induct)
case (Pred r ts)
show ?case
unfolding sat.simps esat.simps comp__def[symmetric] eval _terms__eterms[symmetric]
by auto
next
case (Eqa t t')
show ?case
by (cases t; cases t') auto
next
case (Exists n @)
show ?case
proof (rule iffI)
assume sat (Ezxists n ) I o
then obtain z where z_def: esat ¢ I (Inl o o(n := z)) UNIV
using FEzists
by fastforce
have Inl_unfold: Inl o o(n := z) = (Inl o o)(n := Inl x)
by auto
show esat (Exists n ) I (Inl o o) UNIV
using z_ def
unfolding Inl_unfold
by auto
next
assume esat (Ezists n @) I (Inl o o) UNIV
then obtain z where z_def: esat ¢ I ((Inl o o)(n := z)) UNIV
by auto
show sat (Ezists n @) I o
proof (cases z)
case (Inl a)
have Inl_unfold: (Inl o o)(n := z) = Inl o o(n := a)
by (auto simp: Inl)
show ?thesis
using z_def[unfolded Inl_unfold] Fxists
by fastforce
next
case (Inr b)
obtain ¢ where c¢_def: ¢ ¢ act_edom ¢ I U o ‘ fu_fo_fmla ¢
using arb__element finite_act_edom[OF Exists(2), simplified] finite_fv_fo_ fmla
by (metis finite_Un finite__imagel)
have wf _local: wf _fo_intp o I
using Frists(2)
by auto
have (a, a’) € set (zip (map (M\z. if = n then Inr b else (Inl o o) z) (fu_fo_fmla_list p))
(map (Aa. Inl (if a = n then c else o a)) (fu_fo_fmla_list v))) =
ad__equiv_pair (act_edom ¢ I) (a, a’) for a a’
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using c¢_ def
by (cases a; cases a’) (auto simp: set_zip ad__equiv_pair.simps split: if _splits)
then have sat ¢ I (o(n := ¢))
using c¢_def|[folded fu_fo_fmla_list_set]
by (auto simp: ad__agr_list_def ad__equiv_list_def fun__upd__def sp__equiv_list _def pairwise__def
set__zip split: if _splits
introl: Exists(1)[OF wf_local, THEN ifD2, OF esat_ UNIV__ad__agr_listfOF __ subset_refl,
THEN iffD1, OF _ z_def[unfolded Inr]]])
then show ?thesis
by auto
qed
ged
next
case (Forall n @)
show ?case
using Forall(1)[of I o] Forall(2)
by auto
qged auto

lemma sat_ad_agr_list:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
and J :: ((‘a, nat) fo_t, 'b) fo_intp
assumes wf fo_intp p I
ad_agr_list AD (map (Inl o o :: nat = 'a + nat) (fu_fo_fmla_list ¢))
(map (Inl o 7) (fu_fo_fmla_list ¢)) act_edom @ I C AD
shows sat ¢ I 0 +— sat o I T
using esat_ UNIV_ad_agr_list|OF assms(2,3)] sat_esat__conv[OF assms(1)]
by auto

definition nfv :: (‘a, 'b) fo_fmla = nat where
nfv @ = length (fu_fo_fmla_list )

lemma nfy_card: nfo p = card (fu_fo_fmla ¢)
proof —
have distinct (fu_fo_ fmla_list )
using sorted_ distinct_fu_list
by auto
then have length (fu_fo_fmla_list ¢) = card (set (fu_fo_fmla_list ))
using distinct__card by fastforce
then show %thesis
unfolding fu_fo_fmla_list_set by (auto simp: nfu_def)
qged

fun rremdups :: 'a list = 'a list where
rremdups [| = ||
| rremdups (z # zs) = x # rremdups (filter ((#) ) xs)

lemma filter _rremdups_filter: filter P (rremdups (filter Q xs)) =
rremdups (filter (Az. Pz A Q ) xs)
apply (induction xs arbitrary: Q)
apply auto
by metis

lemma filter_rremdups: filter P (rremdups xs) = rremdups (filter P xs)
using filter_rremdups__filter[where Q=M\_. True]
by auto

lemma filter_take: 3j. filter P (take © xs) = take j (filter P xs)
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apply (induction xs arbitrary: )

apply (auto)

apply (metis filter.simps(1) filter.simps(2) take__Cons’ take__Suc_Cons)
apply (metis filter.simps(2) take0 take_Cons’)

done

lemma rremdups_take: 3j. rremdups (take i xs) = take j (rremdups xs)
proof (induction zs arbitrary: 7)
case (Cons x zs)
show ?case
proof (cases 17)
case (Suc n)
obtain j where j_def: rremdups (take n xs) = take j (rremdups zs)
using Cons by auto
obtain j' where j'_def: filter ((#) z) (take j (rremdups xs)) =
take 7' (filter ((#) z) (rremdups zs))
using filter_take
by blast
show ?thesis
by (auto simp: Suc filter _rremdups|[symmetric] j_def j'_def intro: exI[of __ Suc j)
qed (auto simp add: take__Cons’)
qed auto

lemma rremdups _app: rremdups (zs Q [z]) = rremdups zs Q (if x € set xs then [] else [z])
apply (induction xs)
apply auto
apply (smt filter.simps(1) filter.simps(2) filter_append filter_rremdups)+
done

lemma rremdups_set: set (rremdups zs) = set xs
by (induction zs) (auto simp: filter__rremdups[symmetric])

lemma distinct_rremdups: distinct (rremdups s)
proof (induction length xs arbitrary: zs rule: nat_less induct)
case 1
then have IH: Am ys. length (ys :: 'a list) < length xs = distinct (rremdups ys)
by auto
show ?case
proof (cases xs)
case (Cons z zs)
show ?thesis
using /H
by (auto simp: Cons rremdups__set le_imp_less_Suc)
qed auto
qed

lemma length_rremdups: length (rremdups zs) = card (set xs)
using distinct_card[OF distinct_rremdups]

by (subst eq _commute) (auto simp: rremdups__set)

lemma set_map_filter_sum: set (List.map__filter (case__sum Map.empty Some) xs) = Inr —* set xs
by (induction zs) (auto simp: List.map_ filter__simps split: sum.splits)

definition nats :: nat list = bool where
nats ns = (ns = [0..<length ns))

definition fo_nmizd :: ‘a set = ('a + nat) list = bool where
fo_nmlzd AD xs <— Inl —‘ set zs C AD A
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(let ns = List.map_ filter (case__sum Map.empty Some) zs in nats (rremdups ns))

lemma fo nmlzd_all_AD:
assumes set zs C Inl * AD
shows fo__nmlzd AD xzs
proof —
have List.map_filter (case__sum Map.empty Some) zs = ||
using assms
by (induction zs) (auto simp: List.map__filter__simps)
then show %thesis
using assms
by (auto simp: fo__nmlzd_def nats_def Let_def)

qed
lemma card_Inr_vimage_le_length: card (Inr —¢ set zs) < length xs
proof —
have card (Inr — ¢ set zs) < card (set zs)
by (meson List.finite__set card_inj on__le image_vimage__subset inj_Inr)
moreover have ... < length xs

by (rule card_length)
finally show ?thesis .
qed

lemma fo nmlzd_set:
assumes fo _nmlzd AD zs
shows set zs = set s N Inl * AD U Inr ‘ {..<min (length zs) (card (Inr —* set xs))}
proof —
have Inl —* set xzs C AD
using assms
by (auto simp: fo_nmlzd__def)
moreover have Inr —* set zs = {..<card (Inr —¢ set zs)}
using assms
by (auto simp: Let_def fo__nmlzd_def nats_def length _rremdups set_map__ filter_sum rremdups__set
dest!: arg__conglof _ __ set])
ultimately have set 2s = set s N Inl * AD U Inr ‘ {..<card (Inr —* set xs)}
by auto (metis (no__types, lifting) UNIV_I UNIV_sum UnkE image_iff subset_iff vimagel)
then show %thesis
using card__Inr_vimage__le_length[of zs]
by (metis min.absorb2)
qed

lemma map_filter take: 3j. List.map_ filter f (take i xs) = take j (List.map_ filter f xs)
using filter_take [of <\z. Jy. fx = Some y> i zs]
by (auto simp add: map__filter__def take_map)

lemma fo nmlizd_take: assumes fo _nmlzd AD xs
shows fo_nmlzd AD (take i zs)
proof —
have auz: rremdups zs = [0..<length (rremdups zs)] = rremdups (take j zs) =
[0..<length (rremdups (take j zs))] for j zs
using rremdups__take[of j zs]
by (auto simp add: min__def) (metis add__0 linorder_le__cases take__upt)
show ?thesis
using assms map_filter _take[of case__sum Map.empty Some i zs] set_take_subset
using auz[where ?zs=List.map_ filter (case_sum Map.empty Some) zs]
by (fastforce simp: fo_nmlzd_def vimage_def nats_def Let_def)
qed

30



lemma map_ filter _app: List.map_ filter f (zs @ [z]) = List.map_ filter f zs @
(case fz of Some y = [y] | _ =)
by (induction zs) (auto simp: List.map__filter__simps split: option.splits)

lemma fo_nmlzd_app Inr: Inrn ¢ set xs = Inr n’ ¢ set zs = fo_nmlzd AD (zs @Q [Inr n]) =
fo_nmlzd AD (s Q [Inr n']) = n = n’
by (auto simp: List.map__filter__simps fo__nmlzd__def nats_def Let_def map_filter_app
rremdups__app set_map__filter__sum)

fun all_tuples :: 'c set = nat = 'c table where
all_tuples zs 0 = {[]}
| all_tuples zs (Suc n) = |J ((Nas. (Az. © # as) ‘zs) ‘ (all_tuples zs n))

definition nall tuples :: 'a set = nat = (‘a + nat) table where
nall_tuples AD n = {zs € all_tuples (Inl * AD U Inr ‘{..<n}) n. fo_nmlzd AD zs}

lemma all_tuples_finite: finite xs = finite (all_tuples xs n)
by (induction zs n rule: all_tuples.induct) auto

lemma nall_tuples_finite: finite AD = finite (nall_tuples AD n)
by (auto simp: nall_tuples_def all_tuples_ finite)

lemma all_tuplesl: length vs = n =—> set vs C xs = vs € all_tuples xs n
proof (induction zs n arbitrary: vs rule: all_tuples.induct)
case (2 zs n)
then obtain w ws where vs = w # ws length ws = n set ws C zs w € s
by (metis Suc_length__conv contra__subsetD list.set_intros(1) order_trans set_subset_Cons)
with 2(1) show ?case
by auto
qged auto

lemma nall _tuplesl: length vs = n = fo__nmlzd AD vs => vs € nall_tuples AD n
using fo_nmlzd_set[of AD vs]
by (auto simp: nall_tuples_def intro!: all_tuplesI)

lemma all_tuplesD: vs € all_tuples s n = length vs = n N\ set vs C xs
by (induction xs n arbitrary: vs rule: all_tuples.induct) auto+

lemma all_tuples_setD: vs € all_tuples xs n = set vs C xs
by (auto dest: all_tuplesD)

lemma nall_tuplesD: vs € nall_tuples AD n —
length vs = n A set vs C Inl “ AD U Inr ‘ {.<n} A fo_nmlizd AD vs
by (auto simp: nall_tuples def dest: all_tuplesD)

lemma all_tuples_set: all_tuples zs n = {ys. length ys = n A set ys C zs}
proof (induction xs n rule: all_tuples.induct)
case (2 zs n)
show ?case
proof (rule subset__antisym; rule subsetl)
fix ys
assume ys € all_tuples zs (Suc n)
then show ys € {ys. length ys = Suc n A set ys C xs}
using 2 by auto
next
fix ys
assume ys € {ys. length ys = Suc n A set ys C xs}
then have assm: length ys = Suc n set ys C xs
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by auto

then obtain z zs where zs_def: ys = z # zs z € xs length zs = n set zs C xs
by (cases ys) auto

with 2 have zs € all_tuples zs n
by auto

with zs_def(1,2) show ys € all_tuples zs (Suc n)
by auto

qed
ged auto

lemma nall_tuples_set: nall_tuples AD n = {ys. length ys = n A fo_nmlzd AD ys}
using fo__nmlzd_set[of AD] card_Inr_vimage_le_length
by (auto simp: nall_tuples_def all_tuples_set) (smt UnE nall_tuplesD nall _tuplesl subsetD)

fun pos :: ‘a = 'a list = nat option where

pos a [| = None
| pos a (x # zs) =
(if a = x then Some 0 else (case pos a xzs of Some n = Some (Suc n) | _ = None))

lemma pos__set: pos a xs = Some i => a € set xs
by (induction a xs arbitrary: i rule: pos.induct) (auto split: if _splits option.splits)

lemma pos_length: pos a xs = Some i = i < length zs
by (induction a xs arbitrary: i rule: pos.induct) (auto split: if _splits option.splits)

lemma pos__sound: pos a xs = Some i => i < length xs N zs ! i = a
by (induction a xs arbitrary: i rule: pos.induct) (auto split: if _splits option.splits)

lemma pos_complete: pos a s = None = a ¢ set zs
by (induction a zs rule: pos.induct) (auto split: if _splits option.splits)

fun rem_nth :: nat = ’a list = 'a list where
rem_nth _ [| =]

| rem_nth 0 (z # zs) = zs

| rem_nth (Suc n) (z # xs) = ¢ # rem_nth n s

lemma rem_nth_length: i < length s = length (rem__nth i zs) = length zs — 1
by (induction i zs rule: rem_nth.induct) auto

lemma rem_ nth_take_drop: i < length xs => rem_ nth i s = take i zs @ drop (Suc i) zs
by (induction i zs rule: rem_nth.induct) auto

lemma rem_ nth_sound: distinct xs = pos n s = Some | =>
rem__nth i (map o zs) = map o (filter ((#%) n) zs)
apply (induction xs arbitrary: )
apply (auto simp: pos_set split: option.splits)
by (metis (mono__tags, lifting) filter__True)

fun add_ nth :: nat = ‘a = 'a list = ’a list where
add_nth 0 a Ts = a # xs
| add_nth (Suc n) a zs = (case zs of v # zs = © # add_nth n a s)

lemma add_nth_length: i < length zs = length (add_nth i z zs) = Suc (length zs)
by (induction i z zs rule: add_nth.induct) (auto split: list.splits)

lemma add_nth_take drop: i < length zs = add_nth i v zs = take i zs Q v # drop i zs
by (induction i v zs rule: add_nth.induct) (auto split: list.splits)
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lemma add_nth__rem__nth_map: distinct ts = pos n xs = Some 1| —>
add_nth i a (rem_nth i (map o zs)) = map (o(n := a)) zs
by (induction zs arbitrary: i) (auto simp: pos_set split: option.splits)

lemma add_nth_rem_nth_self: i < length s = add_nth i (zs | i) (rem_nth i zs) = xs
by (induction i zs rule: rem_ nth.induct) auto

lemma rem_nth__add_nth: i < length zs = rem__nth i (add_nth i z zs) = zs
by (induction i z zs rule: add_nth.induct) (auto split: list.splits)

fun merge :: (nat x 'a) list = (nat x 'a) list = (nat x 'a) list where
merge [| mys = mys
| merge nzs [| = nxs
| merge (n, 7) # nas) ((m, y) # mys) =
(if n < m then (n, x) # merge nzs ((m, y) # mys)
else (m, y) # merge ((n, ) # nxs) mys)

lemma merge_ Nil2[simp|: merge nzs [| = nxs
by (cases nzs) auto

lemma merge_length: length (merge nzs mys) = length (map fst nzs @ map fst mys)
by (induction nzs mys rule: merge.induct) auto

lemma insort_aux_le: VY z€set nxs. n < fst xt = Vaxe€set mys. m < fstz = n < m =
insort n (sort (map fst nxzs @ m # map fst mys)) = n # sort (map fst nzs @ m # map fst mys)
by (induction nzs) (auto simp: insort_is Cons insort_left comm)

lemma insort _aux_gt: Vzeset nxs. n < fst v = Vz€set mys. m < fstx = - n < m =
insort n (sort (map fst nzs @ m # map fst mys)) =
m # insort n (sort (map fst nzs @ map fst mys))
apply (induction nzs)
apply (auto simp: insort_is_Cons)
by (metis dual_order.trans insort_key.simps(2) insort_left _comm)

lemma map_fst_merge: sorted__distinct (map fst nzs) = sorted__distinct (map fst mys) —
map fst (merge nzs mys) = sort (map fst nzs @ map fst mys)
by (induction nzs mys rule: merge.induct)
(auto simp add: sorted__sort_id insort_is_Cons insort_aux_le insort__auz__gt)

lemma merge_map” sorted_distinct (map fst nzs) = sorted_distinct (map fst mys) =
fst “ set nxs N fst ‘ set mys = {} =
map snd nzs = map o (map fst nzs) = map snd mys = map o (map fst mys) —
map snd (merge nzs mys) = map o (sort (map fst nzs Q@ map fst mys))
by (induction nxs mys rule: merge.induct)
(auto simp: sorted__sort_id insort_is_Cons insort_auz_le insort_auz__gt)

lemma merge__map: sorted__distinct ns = sorted__distinct ms = set ns N set ms = {} =
map snd (merge (zip ns (map o ns)) (zip ms (map o ms))) = map o (sort (ns @ ms))
using merge_map'[of zip ns (map o ns) zip ms (map o ms) o]
by auto (metis length_map list.set_map map__fst_zip)

fun fo_nmlz_rec :: nat = (‘a + nat — nat) = ‘a set =
("a + nat) list = ('a + nat) list where
fo_nmlz_rec im AD [] =]
| fo_nmlz _rec i m AD (Inl x # xs) = (if © € AD then Inl x # fo_nmlz _rec i m AD zs else
(case m (Inl z) of None = Inr i # fo_nmlz_rec (Suc i) (m(Inl z — ©)) AD zs
| Some j = Inrj # fo_nmlz_rec i m AD xs))
| fo_nmlz _rec i m AD (Inr n # zs) = (case m (Inr n) of None =
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Inr i # fo_nmlz_rec (Suc i) (m(Inr n — 1)) AD zs
| Some j = Inrj # fo_nmlz_rec i m AD xs)

lemma fo_nmlz_rec_sound: ran m C {..<i} = filter ((<) i) (rremdups
(List.map_ filter (case_sum Map.empty Some) (fo_nmlz_rec i m AD zs))) = ns =
ns = [i..<i + length ns]
proof (induction i m AD zs arbitrary: ns rule: fo_nmlz_rec.induct)
case (2 i m AD z xs)
then show ?case
proof (cases z € AD)
case False
show ?thesis
proof (cases m (Inl x))
case None
have pred: ran (m(Inl z — 1)) C {..<Suc i}
using 2(4) None
by (auto simp: inj_on__def dom__def ran__def)
have ns = i # filter ((<) (Suc ©)) (rremdups
(List.map__filter (case_sum Map.empty Some) (fo_nmlz_rec (Suc i) (m(Inl z — i)) AD zs)))
using 2(5) False None
by (auto simp: List.map__filter_simps filter_rremdups)
(metis Suc__leD antisym not_less _eq eq)
then show %thesis
by (auto simp: 2(2)[OF False None pred, OF refl])
(smt Suc_le__eq Suc_pred le_addl le_zero__eq less_add__same__cancell not_less_eq eq
upt__Suc__append upt_rec)
next
case (Some j)
then have j It _i:j < i
using 2(4)
by (auto simp: ran__def)
have ns_def: ns = filter ((<) ) (rremdups
(List.map__filter (case_sum Map.empty Some) (fo_nmlz_rec i m AD zs)))
using 2(5) False Some j It i
by (auto simp: List.map__filter__simps filter_rremdups) (metis leD)
show ?thesis
by (rule 2(3)[OF False Some 2(4) ns_def[symmetric]])
qed
qed (auto simp: List.map_ filter_simps split: option.splits)
next
case (8 im AD n xs)
show ?case
proof (cases m (Inr n))
case None
have pred: ran (m(Inr n — 7)) C {..<Suc i}
using 3(3) None
by (auto simp: inj_on__def dom__def ran__def)
have ns = i # filter ((<) (Suc 7)) (rremdups
(List.map_ filter (case_sum Map.empty Some) (fo_nmlz_rec (Suc i) (m(Inr n — 3)) AD xs)))
using 3(4) None
by (auto simp: List.map__filter_simps filter_rremdups) (metis Suc_leD antisym not_less _eq eq)
then show %thesis
by (auto simp add: 3(1)[OF None pred, OF refl])
(smt Suc_le_eq Suc_pred le_addl le_zero__eq less_add__same__cancell not_less_eq _eq
upt__Suc__append upt__rec)
next
case (Some j)
then have j It i:j <4
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using 3(3)
by (auto simp: ran__def)

have ns_def: ns = filter ((<) %) (rremdups
(List.map__filter (case_sum Map.empty Some) (fo_nmlz_rec i m AD xs)))
using 3(4) Some j_lt_i
by (auto simp: List.map__filter_simps filter_rremdups) (metis leD)

show ?thesis
by (rule 83(2)[OF Some 3(3) ns_def[symmetric]])

ged
qed (auto simp: List.map__filter__simps)

definition id_map :: nat = (‘a + nat — nat) where
id_map n = (Az. case z of Inl x = None | Inr z = if x < n then Some z else None)

lemma fo nmlz_rec_idem: Inl —* set ys C AD —
rremdups (List.map_ filter (case__sum Map.empty Some) ys) = ns =
set (filter (An. n < 1) ns) C {..<i} = filter ((<) @) ns = [i..<i{ + k] =
fo_nmlz_rec i (id_map i) AD ys = ys
proof (induction ys arbitrary: i k ns)
case (Cons y ys)
show ?case
proof (cases y)
case (Inl a)
show ?thesis
using Cons(1)[OF _ _ Cons(4,5)] Cons(2,3)
by (auto simp: Inl List.map__filter__simps)
next
case (Inr j)
show ?thesis
proof (cases j < 1)
case False
have j i:j =1
using Fualse Cons(3,5)
by (auto simp: Inr List.map_ filter__simps filter_rremdups in_mono split: if _splits)
(metis (no__types, lifting) upt_eq _Cons__conv)
obtain kk where k_def: k = Suc kk
using Cons(3,5)
by (cases k) (auto simp: Inr List.map__filter__simps j_1)
define ns’ where ns’ = rremdups (List.map__filter (case_sum Map.empty Some) ys)
have id_map_ None: id_map i (Inr i) = None
by (auto simp: id_map__def)
have id_map_ upd: (id_map i)(Inr i — i) = id_map (Suc 1)
by (auto simp: id_map__def split: sum.splits)
have set (filter (An. n < Suc i) ns’) C {..<Suc i}
using Cons(2,3)
by auto
moreover have filter ((<) (Suc 7)) ns’ = [Suc i..<i + k|
using Cons(3,5)
by (auto simp: Inr List.map_ filter__simps j_i filter _rremdups|symmetric] ns’_def[symmetric])
(smt One_nat_def Suc_eq_plusl Suc_le_eq add_diff _cancel _left’ diff _is_0_eq’
dual__order.order_iff _strict filter__cong n_not_Suc_n upt_eq Cons__conv)
moreover have Inl —* set ys C AD
using Cons(2)
by (auto simp: vimage__def)
ultimately have fo_nmiz rec (Suc i) ((id_map ©)(Inr i — ©)) AD ys = ys
using Cons(1)[OF _ ns'_def[symmetric], of Suc i kk]
by (auto simp: ns’_def k_def id_map_ upd split: if _splits)
then show %thesis

35



by (auto simp: Inr j_i id_map_ None)
next
case True
define ns’ where ns’ = rremdups (List.map_ filter (case_sum Map.empty Some) ys)
have set (filter (\y. y < ) ns’) C set (filter (\y. y < ©) ns)
filter ((<) i) ns’ = filter (<) ©) ns
using Cons(3) True
by (auto simp: Inr List.map__filter__simps filter_rremdups|symmetric] ns’_def[symmetric])
(smt filter__cong leD)
then have fo_nmiz_rec i (id_map i) AD ys = ys
using Cons(1)[OF _ ns’_def[symmetric]] Cons(3,5) Cons(2)
by (auto simp: vimage__def)
then show %thesis
using True
by (auto simp: Inr id_map__def)
qed
qed
qed (auto simp: List.map__filter__simps introl: exl[of __ []])

lemma fo_nmlz_rec_length: length (fo_nmlz_rec i m AD xs) = length xs
by (induction i m AD zs rule: fo__nmlz_rec.induct) (auto simp: fun__upd_def split: option.splits)

lemma insert Inr: AX. insert (Inr i) (X U Inr ‘ {.<i}) = X U Inr ‘ {.<Suc i}
by auto

lemma fo _nmlz _rec_set: ran m C {..<i} = set (fo_nmiz_rec i m AD zs) U Inr ‘ {..<i} =
set zs N Inl * AD U Inr “ {..<i + card (set s — Inl * AD — dom m)}
proof (induction i m AD zs rule: fo_nmlz_rec.induct)
case (2im AD z xs)
have fin: finite (set (Inl z # zs) — Inl * AD — dom m)
by auto
show ?case
using 2(1)[OF _ 2(4)]
proof (cases x € AD)
case True
have card (set (Inl z # zs) — Inl * AD — dom m) = card (set zs — Inl * AD — dom m)
using True
by auto
then show ?thesis
using 2(1)[OF True 2(4)] True
by auto
next
case False
show ?thesis
proof (cases m (Inl 1))
case None
have pred: ran (m(Inl z — 7)) C {..<Suc i}
using 2(4) None
by (auto simp: inj_on__def dom__def ran__def)
have set (Inl z # xs) — Inl * AD — dom m =
{Inl z} U (set &s — Inl * AD — dom (m(Inl z — 7)))
using None Fualse
by (auto simp: dom__def)
then have Suc: Suc i + card (set zs — Inl * AD — dom (m(Inl z — 1))) =
i+ card (set (Inl z # zs) — Inl * AD — dom m)
using None
by auto
show ?thesis
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using 2(2)[OF Fulse None pred] False None
unfolding Suc
by (auto simp: fun__upd_def[symmetric] insert_Inr)
next
case (Some j)
then have j It _i:j < ¢
using 2(4)
by (auto simp: ran__def)
have card (set (Inl  # zs) — Inl * AD — dom m) = card (set xs — Inl * AD — dom m)
by (auto simp: Some intro: arg_conglof _ __ card))
then show ?Zthesis
using 2(3)[OF False Some 2(4)] False Some j_lt_i
by auto
qed
ged
next
case (8¢ m AD k zs)
then show ?case
proof (cases m (Inr k))
case None
have preds: ran (m(Inr k — 7)) C {..<Suc i}
using 3(3)
by (auto simp: ran__def)
have set (Inr k # zs) — Inl * AD — dom m =
{Inr k} U (set zs — Inl * AD — dom (m(Inr k — 1)))
using None
by (auto simp: dom__def)
then have Suc: Suc i + card (set s — Inl * AD — dom (m(Inr k — 17))) =
i+ card (set (Inr k # zs) — Inl * AD — dom m)
using None
by auto
show ?thesis
using None 3(1)[OF None preds]
unfolding Suc
by (auto simp: fun__upd__def[symmetric] insert_Inr)
next
case (Some j)
have fin: finite (set (Inr k # xs) — Inl * AD — dom m)

by auto
have card_eq: card (set s — Inl * AD — dom m) = card (set (Inr k # xs) — Inl * AD — dom m)
by (auto simp: Some introl: arg_conglof _ __ card])

have j It i:j <1
using 3(3) Some
by (auto simp: ran__def)

show ?thesis
using 3(2)[OF Some 3(3)] j_It i
unfolding card_eq
by (auto simp: ran__def insert_Inr Some)

qed
qed auto

lemma fo_nmlz_rec_set_rev: set (fo_nmlz_rec i m AD xs) C Inl * AD = set zs C Inl * AD
by (induction i m AD zs rule: fo_nmiz_rec.induct) (auto split: if _splits option.splits)

lemma fo_nmlz_rec_map: inj_on m (dom m) = ran m C {..<i} = Im’. inj_on m' (dom m’) A
(Vn. mn # None — m’ n=mn) A (V(z, y) € set (zip zs (fo_nmlz_rec i m AD zs)).
(case z of Inl x' = if ' € AD then z = y else 3j. m’ (Inl z') = Some j Ay = Inr j
| Inr n = 34. m’ (Inr n) = Some j A y = Inr j))
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proof (induction i m AD zs rule: fo_nmlz_rec.induct)
case (2 i m AD z xs)
show ?case
using 2(1)[OF _ 2(4,5)]
proof (cases x € AD)
case False
show ?thesis
proof (cases m (Inl x))
case None
have preds: inj_on (m(Inl z — 7)) (dom (m(Inl z — %))) ran (m(Inl z — ©)) C {..<Suc i}
using 2(4,5)
by (auto simp: inj_on__def ran__def)
show %thesis
using 2(2)[OF Fulse None preds] False None
apply safe
subgoal for m’
by (auto simp: fun_upd__def split: sum.splits intro!: exI[of _ m'])
done
next
case (Some j)
show %thesis
using 2(3)[OF Fulse Some 2(4,5)] False Some
apply safe
subgoal for m’
by (auto split: sum.splits introl: exI[of _ m’])
done
qed
qed auto
next
case (3im AD n xs)
show ?case
proof (cases m (Inr n))
case None
have preds: inj_on (m(Inr n — 1)) (dom (m(Inr n — 4))) ran (m(Inr n — 7)) C {..<Suc i}
using 3(3,4)
by (auto simp: inj_on__def ran__def)
show ?thesis
using 3(1)[OF None preds] None
apply safe
subgoal for m’
by (auto simp: fun__upd__def intro!: exI[of _ m'| split: sum.splits)
done
next
case (Some j)
show ?thesis
using 3(2)[OF Some 3(3,4)] Some
apply safe
subgoal for m’
by (auto simp: fun__upd__def intro!: exI[of _ m'| split: sum.splits)
done
qed
qed auto

lemma ad_agr _map:
assumes length s = length ys inj_on m (dom m)
Nz y. (z, y) € set (zip xs ys) = (case z of Inl &’ =
ifz' € AD then z = y else m © = Some y A (case y of Inl z = z ¢ AD | Inr _ = True)
| Int n = m x = Some y A (case y of Inl z = z ¢ AD | Inr _ = True))
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shows ad_agr list AD xs ys
proof —
have ad__equiv_pair AD (a, b) if (a, b) € set (zip zs ys) for a b
unfolding ad__equiv__pair.simps
using assms(3)[OF that]
by (auto split: sum.splits if_splits)
moreover have Fulse if (a, ¢) € set (zip xs ys) (b, ¢) € set (zip xs ys) a # b for a b ¢
using assms(3)[OF that(1)] assms(3)[OF that(2)] assms(2) that(3)
by (auto split: sum.splits if _splits) (metis doml inj_onD that(8))+
moreover have Fulse if (a, b) € set (zip zs ys) (a, ¢) € set (zip s ys) b # ¢ for a b ¢
using assms(3)[OF that(1)] assms(3)[OF that(2)] assms(2) that(3)
by (auto split: sum.splits if _splits)
ultimately show ?thesis
using assms
by (fastforce simp: ad_agr_list_def ad__equiv_list_def sp__equiv_list_def pairwise_def)
qed

lemma fo_nmlz_rec_take: take n (fo_nmliz_rec i m AD zs) = fo_nmlz_rec i m AD (take n xs)
by (induction i m AD zs arbitrary: n rule: fo_nmlz_rec.induct)
(auto simp: take_Cons’ split: option.splits)

definition fo_nmlz :: ‘a set = (‘a + nat) list = ('a + nat) list where
fo_mnmlz = fo_nmlz_rec 0 Map.empty

lemma fo_nmlz_Nil[simp]: fo_nmlz AD || = ||
by (auto simp: fo_nmlz_def)

lemma fo_nmlz _Cons: fo_nmlz AD [z] =
(case z of Inl x = if x € AD then [Inl z] else [Inr 0] | _ = [Inr 0])
by (auto simp: fo_nmlz_def split: sum.splits)

lemma fo_nmlz_Cons_Cons: fo_nmlz AD [z, z] =
(case z of Inl © = if x € AD then [Inl z, Inl z] else [Inr 0, Inr 0] | _ = [Inr 0, Inr 0])
by (auto simp: fo_nmlz_def split: sum.splits)

lemma fo_nmlz_sound: fo_nmlzd AD (fo_nmlz AD zs)
using fo_nmlz_rec_sound[of Map.empty 0] fo_nmlz_rec_set[of Map.empty 0 AD zs]
by (auto simp: fo__nmlzd_def fo_nmlz_def nats_def Let_def)

lemma fo_nmlz_length: length (fo_nmlz AD zs) = length zs
using fo_ nmlz_rec_length
by (auto simp: fo_nmlz_def)

lemma fo_nmlz_map: 37. fo_nmlz AD (map o ns) = map T ns
proof —
obtain m’ where m’_def: V (z, y)€set (zip (map o ns) (fo_nmlz AD (map o ns))).
case z of Inl 2’ = if ' € AD then z = y else 3j. m’ (Inl z') = Some j A y = Inrj
| Inrn = 3j5. m' (Int n) = Some j Ay = Inrj
using fo_nmlz_rec_maplof Map.empty 0, of map o ns
by (auto simp: fo_nmliz_def)
define 7 where 7 = (An. case 0 n of Inl x = if v € AD then Inl © else Inr (the (m’ (Inl 1)))
| Inr j = Inr (the (m' (Inr §))))
have fo_nmlz AD (map o ns) = map T ns
proof (rule nth__equalityl)
show length (fo_nmlz AD (map o ns)) = length (map 7 ns)
using fo__nmlz_length[of AD map o ns]
by auto
fix ¢
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assume i < length (fo_nmlz AD (map o ns))
then show fo_nmiz AD (map o ns) ! i = map 7 ns ! i
using m’_def fo_nmlz_length[of AD map o ns]
apply (auto simp: set_zip T__def split: sum.splits)
apply (metis nth_map)
apply (metis nth_map option.sel)+
done
qed
then show ?thesis
by auto
qed

lemma card_set_minus: card (set zs — X) < length zs
by (meson Diff _subset List.finite__set card_length card_mono order_trans)

lemma fo_nmlz_set: set (fo_nmlz AD zs) =
set zs N Inl * AD U Inr ‘ {..<min (length zs) (card (set zs — Inl * AD))}
using fo_nmlz_rec_set[of Map.empty 0 AD uzs]
by (auto simp add: fo_nmlz_def card_set__minus)

lemma fo_nmlz_set_rev: set (fo_nmilz AD xs) C Inl * AD = set s C Inl * AD
using fo_nmlz_rec_set_rev[of 0 Map.empty AD xs)
by (auto simp: fo_nmlz_def)

lemma inj_on__empty: inj_on Map.empty (dom Map.empty) and ran__empty _upto: ran Map.empty C
{.<0}
by auto

lemma fo_nmlz_ad_agr: ad_agr_list AD xs (fo_nmlz AD xs)
using fo_nmlz_rec_map[OF inj_on__empty ran__empty_upto, of s AD)]
unfolding fo nmlz def
apply safe
subgoal for m’
by (fastforce simp: inj _on__def dom__def split: sum.splits if _splits
introl: ad_agr_map|OF fo_nmlz_rec_length|symmetric], of map__option Inr o m’])
done

lemma fo_nmlzd_mono: Inl —° set xzs C AD = fo_nmlzd AD' x5 = fo_nmlzd AD zs
by (auto simp: fo_nmlzd_def)

lemma fo_nmlz_idem: fo_nmlzd AD ys => fo_nmlz AD ys = ys
using fo_nmlz_rec_idem[where 2i=0)]
by (auto simp: fo_nmlzd_def fo_nmlz_def id_map__def nats_def Let def)

lemma fo_nmlz_take: take n (fo_nmlz AD zs) = fo_nmlz AD (take n xs)
using fo_nmlz_rec_take
by (auto simp: fo_nmlz_def)

fun nall_tuples_rec :: 'a set = nat = nat = ('a + nat) table where
nall_tuples_rec AD i 0 = {[]}
| nall_tuples _rec AD i (Suc n) = J((Aas. (Az. z # as) ‘ (Inl * AD U Inr ‘ {..<i})) ¢
nall_tuples _rec AD i n) U (Xas. Inr i # as) ‘ nall_tuples _rec AD (Suc i) n

lemma nall_tuples _rec_Inl: vs € nall _tuples_rec AD in —> Inl —* set vs C AD
by (induction AD i n arbitrary: vs rule: nall_tuples_rec.induct) (fastforce simp: vimage__def)+

lemma nall _tuples_rec_length: xs € nall_tuples _rec AD i n = length zs = n
by (induction AD i n arbitrary: xs rule: nall_tuples_rec.induct) auto
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lemma fun_upd id _map: (id_map i)(Inr i — ©) = id_map (Suc 7)
by (rule ext) (auto simp: id_map__def split: sum.splits)

lemma id_mapD: id_map j (Inr i) = None = j < i id_map j (Inr i) = Somez = i < jAi=z
by (auto simp: id_map__def split: if _splits)

lemma nall_tuples rec_fo_nmlz _rec_sound: i < j = xs € nall_tuples _rec AD in —>
fo_nmlz_rec j (id_map j) AD zs = xs
apply (induction n arbitrary: i j xs)
apply (auto simp: fun_upd_id_map dest!: id_mapD split: option.splits)
apply (meson dual_order.strict_trans2 id_mapD(1) not_Some__eq sup.strict_order_iff)
using Suc__lel apply blast+
done

lemma nall_tuples _rec_fo_nmlz_rec_complete:
assumes fo_nmlz_rec j (id_map j) AD xs = zs
shows zs € nall_tuples_rec AD j (length zs)
using assms
proof (induction s arbitrary: j)
case (Cons x zs)
show Zcase
proof (cases z)
case (Inl a)
have a AD: a € AD
using Cons(2)
by (auto simp: Inl split: if _splits option.splits)
show ?thesis
using Cons a_AD
by (auto simp: Inl)
next
case (Inr b)
have b_j: b < j
using Cons(2)
by (auto simp: Inr split: option.splits dest: id_mapD)
show ?thesis
proof (cases b = j)
case True
have preds: fo_nmlz_rec (Suc j) (id_map (Suc j)) AD xs = xs
using Cons(2)
by (auto simp: Inr True fun__upd_id_map dest: id_mapD split: option.splits)
show ?thesis
using Cons(1)[OF preds]
by (auto simp: Inr True)
next
case Fulse
have b_1It _j: b < j
using b_j False
by auto
have id_map: id_map j (Inr b) = Some b
using b_1It_j
by (auto simp: id_map__def)
have preds: fo_nmlz_rec j (id_map j) AD zs = zs
using Cons(2)
by (auto simp: Inr id_map)
show %thesis
using Cons(1)[OF preds] b_lt_j
by (auto simp: Inr)
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qed
qed
qged auto

lemma nall_tuples_rec_fo_nmlz: xs € nall_tuples_rec AD 0 (length xs) «— fo_nmlz AD zs = xs
using nall_tuples_rec_fo_nmlz_rec_sound[of 0 0 zs AD length xs]
nall_tuples_rec_fo_nmlz_rec_complete[of 0 AD s
by (auto simp: fo_nmlz_def id_map__def)

lemma fo_nmlzd__code[codel]: fo_nmlzd AD zs +— fo_nmilz AD zs = xs
using fo_nmlz_idem fo_nmlz _sound
by metis

lemma nall_tuples_code[code]: nall_tuples AD n = nall_tuples_rec AD 0 n
unfolding nall_tuples set
using nall_tuples_rec_length trans[OF nall_tuples_rec_fo_nmlz fo_nmlzd__code[symmetric]|
by fastforce

lemma ezists_map: length xs = length ys = distinct s = 3 f. ys = map f xs
proof (induction zs ys rule: list _induct2)
case (Cons x zs y ys)
then obtain f where f def: ys = map f zs
by auto
with Cons(3) have y # ys = map (f(z := y)) (z # zs)
by auto
then show Zcase
by metis
qed auto

lemma exists fo nmlzd:
assumes length zs = length ys distinct xs fo__nmlzd AD ys
shows 3f. ys = fo_nmlz AD (map f zs)
using fo_nmlz_idem[OF assms(3)] exists_map|OF _ assms(2)] assms(1)
by metis

lemma list_induct2_rev[consumes 1]: length xs = length ys = (P[] [|) =
(Azyzsys. Pasys = P (zs Q [z]) (ys @ [y])) = P zs ys
proof (induction length xs arbitrary: s ys)
case (Suc n)
then show Zcase
by (cases zs rule: Tev_cases; cases ys rule: rev_cases) auto
qged auto

lemma ad_agr_list _fo nmlzd:
assumes ad_agr_list AD vs vs' fo_nmizd AD vs fo_nmlzd AD vs’
shows vs = vs’
using ad__agr_list_length|OF assms(1)] assms
proof (induction vs vs’ rule: list_induct2_rev)
case (2 z y s ys)
have norms: fo__nmlzd AD xs fo_nmlzd AD ys
using 2(3,4)
by (auto simp: fo_nmlzd_def nats_def Let_def map_filter_app rremdups__app
split: sum.splits if _splits)
have ad_agr: ad_agr_list AD zs ys
using 2(2)
by (auto simp: ad__agr_list_def ad__equiv_list_def sp__equiv_list_def pairwise_def)
note zs_ys = 2(1)[OF ad__agr norms|
have z = y
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proof (cases isl x V isl y)
case True
then have isl x — projl z € AD isl y — projly € AD
using 2(3,4)
by (auto simp: fo__nmlzd_def)
then show %thesis
using 2(2) True
apply (auto simp: ad__agr_list_def ad__equiv_list_def isl_def)
unfolding ad__equiv__pair.simps
by blast+
next
case False
then obtain z’ y’ where inr: z = Inr 2’ y = Inr y’
by (cases z; cases y) auto
show ?thesis
using 2(2) zs_ys
proof (cases © € set xs V y € set ys)
case Fulse
then show %thesis
using fo__nmlzd__app__Inr 2(3,4)
unfolding inr zs_ys
by auto
qed (auto simp: ad__agr_list_def sp__equiv_list _def pairwise__def set_zip in__set__cony_nth)
ged
then show ?case
using xs_ys
by auto
qed auto

lemma fo nmlz_eql:
assumes ad_agr_list AD vs vs’
shows fo_nmlz AD vs = fo_nmlz AD vs’
using ad_agr_list_fo_nmlzd[OF
ad__agr_list_trans[OF ad__agr_list_trans|OF
ad__agr_list_comm[OF fo_nmlz_ad_agr[of AD vs]] assms]
fo_nmlz_ad_agrlof AD vs']] fo_nmlz_sound fo_nmilz_sound] .

lemma fo nmlz_eqD:
assumes fo_nmlz AD vs = fo_nmiz AD vs’
shows ad_agr_list AD vs vs’
using ad__agr_list_trans[OF fo_nmlz_ad_agr[of AD wvs, unfolded assms]
ad_agr_list_comm|OF fo_nmlz_ad_agr[of AD vs']]] .

lemma fo_nmlz eq: fo_nmiz AD vs = fo_nmilz AD vs' < ad_agr list AD vs vs’
using fo_nmlz_eql[where ?AD=AD] fo_nmlz_eqD[where ?AD=AD)|
by blast

lemma fo nmlz _mono:
assumes AD C AD’ Inl —* set s C AD
shows fo_nmlz AD' zs = fo_nmlz AD xs
proof —
have fo_nmlz AD (fo_nmlz AD' zs) = fo_nmlz AD’ s
apply (rule fo_nmlz_idem[OF fo_nmlzd_mono[OF __ fo_nmlz_sound]])
using assms
by (auto simp: fo_nmlz_set)
moreover have fo_nmilz AD xs = fo_nmlz AD (fo_nmlz AD’ xs)
apply (rule fo_nmiz_eql)
apply (rule ad_agr_list_mono[OF assms(1)])
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apply (rule fo_nmlz_ad_agr)
done
ultimately show ?thesis
by auto
qed

definition proj wvals :: 'c val set = nat list = 'c table where
proj_wvals R ns = (A7. map 7 ns) ‘R

definition proj_fmia :: ('a, 'b) fo_fmla = 'c val set = ’c table where
proj_fmla ¢ R = proj_vals R (fu_fo_fmla_list ¢)

lemmas proj_fmla_map = proj_fmla_ def[unfolded proj_wvals_def]
definition extends subst o 7 = (V. 0 x # None — 0 © = T )

definition ext tuple :: 'a set = nat list = nat list =
(‘a + nat) list = ('a + nat) list set where
ext_tuple AD fu_sub fu_sub_comp as = (if fu_sub_comp = || then {as}
else (Afs. map snd (merge (zip fu_sub as) (zip fu_sub__comp fs))) ¢
(nall_tuples_rec AD (card (Inr —* set as)) (length fu_sub__comp)))

lemma ezt _tuple eq: length fu_sub = length as =
ext_tuple AD fu_sub fu_sub_comp as =
(Afs. map snd (merge (zip fu_sub as) (zip fu_sub__comp fs)))
(nall_tuples_rec AD (card (Inr —°¢ set as)) (length fu_sub__comp))
using fo_nmlz_idem[of AD as]
by (auto simp: ext_tuple_def)

lemma map__map_ of: length zs = length ys = distinct s =
ys = map (the o (map__of (zip zs ys))) zs
by (induction zs ys rule: list_induct2) (auto simp: fun__upd_comp)

lemma id_map__empty: id_map 0 = Map.empty
by (rule ext) (auto simp: id_map__def split: sum.splits)

lemma fo nmlz_rec__shift:
fixes zs :: (‘a + nat) list
shows fo_nmlz_rec i (id_map i) AD zs = 1s —>
i' = card (Inr —* (Inr ‘{..<i} U set (take n zs))) = n < length s —>
fo_nmlz_rec i’ (id_map i') AD (drop n zs) = drop n s
proof (induction i id_map i :: 'a + nat — nat AD zs arbitrary: n rule: fo_nmiz_rec.induct)
case (21 AD z xs)
have preds: ¢ € AD fo_nmlz_rec i (id_map ©) AD zs = xs
using 2(4)
by (auto split: if _splits option.splits)
show ?case
using 2(4,5)
proof (cases n)
case (Suc k)
have k_le: k < length xs
using 2(6)
by (auto simp: Suc)
have i’_def: i’ = card (Inr —* (Inr  {..<i} U set (take k xs)))
using 2(5)
by (auto simp: Suc vimage__def)
show ?thesis
using 2(1)[OF preds i’ _def k_le]
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by (auto simp: Suc)
qed (auto simp: inj_vimage__image__eq)
next
case (31 AD j zs)
show ?case
using 3(3,4)
proof (cases n)
case (Suc k)
have k_le: k < length xs
using 3(5)
by (auto simp: Suc)
have j le i:j <1
using 3(3)
by (auto split: option.splits dest: id_mapD)
show ?thesis
proof (cases j = 1)
case True
have id_map: id_map i (Inr j) = None (id_map i)(Inr j — i) = id_map (Suc 7)
unfolding True fun_upd_id_map
by (auto simp: id_map__def)
have norm_xs: fo_nmlz_rec (Suc ) (id_map (Suc 7)) AD xs = xs
using 3(38)
by (auto simp: id_map split: option.splits dest: id_mapD)
have i’_def: i’ = card (Inr —* (Inr ‘ {..<Suc i} U set (take k zs)))
using 3(4)
by (auto simp: Suc True inj_vimage_image__eq)
(metis Un_insert_left image__insert inj_Inr inj _vimage_image__eq lessThan__Suc vimage_Un)
show %thesis
using 3(1)[OF id_map norm_xs i’_def k_le]
by (auto simp: Suc)
next
case Faulse
have id_map: id_map i (Inr j) = Some j
using j le i Fualse
by (auto simp: id_map__def)
have norm_zs: fo_nmliz_rec i (id_map i) AD zs = xs
using 3(38)
by (auto simp: id_map)
have i’_def: i’ = card (Inr —° (Inr ‘ {..<i} U set (take k zs)))
using 3(4) j_le 1 False
by (auto simp: Suc inj _vimage__image__eq insert__absorb)
show ?thesis
using 3(2)[OF id_map norm_xs i’_def k_le]
by (auto simp: Suc)
qged
qed (auto simp: inj _vimage_image__eq)
qed auto

fun proj_tuple :: nat list = (nat x (‘a + nat)) list = ('a + nat) list where
proj_tuple [] mys = ]
| proj_tuple ns [| =[]
| proj_tuple (n # ns) ((m, y) # mys) =
(if m < n then proj_tuple (n # ns) mys else
if m = n then y # proj_tuple ns mys
else proj_tuple ns ((m, y) # mys))

lemma proj_tuple idle: proj _tuple (map fst nxs) nzs = map snd nxs
by (induction nzs) auto
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lemma proj_tuple_merge: sorted__distinct (map fst nxs) = sorted__distinct (map fst mys) =
set (map fst nxs) N set (map fst mys) = {} =
proj__tuple (map fst nzs) (merge nxs mys) = map snd nzs
using proj_tuple_idle
by (induction nxs mys rule: merge.induct) auto+

lemma proj tuple map:
assumes sorted_distinct ns sorted_ distinct ms set ns C set ms
shows proj_tuple ns (zip ms (map o ms)) = map o ns
proof —
define ns’ where ns’ = filter (An. n ¢ set ns) ms
have sd_ns': sorted_ distinct ns’
using assms(2) sorted_filter|of id]
by (auto simp: ns'_def)
have disj: set ns N set ns' = {}
by (auto simp: ns’_def)
have ms_ def: ms = sort (ns @ ns’)
apply (rule sorted__distinct__set__unique)
using assms
by (auto simp: ns’_def)
have zip: zip ms (map o ms) = merge (zip ns (map o ns)) (zip ns’ (map o ns’))
unfolding merge__map|[OF assms(1) sd_ns' disj, folded ms_def, symmetric]
using map_ fst_merge assms(1)
by (auto simp: ms_def) (smt length_map map__fst_merge map_ fst_zip sd_ns' zip_map_ fst_snd)
show ?%thesis
unfolding zip
using proj_tuple _merge
by (smt assms(1) disj length_map map__fst_zip map__snd_zip sd_ns")
qged

lemma proj_tuple length:
assumes sorted__distinct ns sorted__distinct ms set ns C set ms length ms = length xs
shows length (proj_tuple ns (zip ms xs)) = length ns
proof —
obtain o where o: s = map o ms
using ezists _map[OF assms(4)] assms(2)
by auto
show ?thesis
unfolding o
by (auto simp: proj_tuple _map[OF assms(1—3)])
qged

lemma ext tuple sound:
assumes sorted_distinct fu_sub sorted__distinct fu_sub__comp sorted_distinct fu_all
set fu_sub N set fu_sub_comp = {} set fu_sub U set fu_sub_comp = set fu_all
ass = fo_nmlz AD ‘ proj_wvals R fu_sub
No 7. ad_agr_sets (set fu_sub) (set fu_sub) ADo 7= 0 € R+<—T€ER
xzs € fo_nmlz AD ‘| (ext_tuple AD fu_sub fu_sub__comp ‘ ass)
shows fo_nmlz AD (proj_tuple fu_sub (zip fu_all xs)) € ass
xzs € fo_nmlz AD ‘ proj_wals R fu_all
proof —
have fu_all_sort: fu_all = sort (fu_sub Q fu_sub__comp)
using assms(1,2,3,4,5)
by (simp add: sorted__distinct__set__unique)
have len_in_ass: \xs. s € ass = zs = fo_nmlz AD zs A length zs = length fu_sub
by (auto simp: assms(6) proj_wvals_def fo__nmlz_length fo_nmlz _idem fo_nmlz_sound)
obtain as fs where as_fs def: as € ass
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fs € nall_tuples_rec AD (card (Inr —° set as)) (length fu_sub__comp)
xzs = fo_nmlz AD (map snd (merge (zip fu_sub as) (zip fu_sub__comp fs)))
using fo_nmlz_sound len_in__ass assms(8)
by (auto simp: ext_tuple_def split: if _splits)
then have vs_norm: fo_nmlzd AD xs
using fo_nmlz_sound
by auto
obtain o where o__def: 0 € R as = fo_nmlz AD (map o fu_sub)
using as_fs_def(1) assms(6)
by (auto simp: proj_vals_def)
then obtain 7 where 7__def: as = map 7 fu_sub ad__agr_list AD (map o fu_sub) (map 7 fu_sub)
using fo__nmlz_map fo_nmlz_ad_agr
by metis
haver R:7 € R
using assms(7) ad_agr_list_link o__def(1) 7__def(2)
by fastforce
define o’ where ¢’ = An. if n € set fu_sub_comp then the (map_of (zip fu_sub_comp fs) n)
else T n
then have Vn € set fu_sub. T n =0'n
using assms(4) by auto
then have ¢’ S: 0’ € R
using assms(7) 7_R
by (fastforce simp: ad__agr_sets_def sp__equiv__def pairwise__def ad__equiv_pair.simps)
have length__as: length as = length fu_sub
using as_fs def(1) assms(6)
by (auto simp: proj_vals_def fo__nmlz_length)
have length_ fs: length fs = length fu_sub__comp
using as_fs_def(2)
by (auto simp: nall_tuples_rec_length)
have map_ fv_sub: map o’ fv_sub = map T fu_sub
using assms(4) 7__def(2)
by (auto simp: o’_def)
have fs_map_map_of: fs = map (the o (map_of (zip fu_sub_comp fs))) fu_sub_comp
using map_map_ of length_fs assms(2)
by metis
have fs _map: fs = map o’ fu_sub__comp
using o’__def length__fs by (subst fs_map_map_of) simp
have vs_map_fv_all: zs = fo_nmlz AD (map o’ fu_all)
unfolding as_fs _def(3) 7__def(1) map_ fu_sub[symmetric] fs_map fu_all_sort
using merge__map|OF assms(1,2,4)]
by metis
show zs € fo__nmlz AD ‘ proj_wals R fv_all
using o’ S vs_map_fu_all
by (auto simp: proj_vals__def)
obtain ¢’ where ¢''_def: xs = map o'’ fv_all
using ezists_maplof fu_all zs] fo_nmlz_map vs_map_fv_all
by blast
have proj: proj_tuple fu_sub (zip fu_all xs) = map o'’ fu_sub
using proj_tuple_map assms(1,3,5)
unfolding o'’ def
by blast
have 0" _o" fo_nmlz AD (map o" fu_sub) = as
using o''_def vs_map__fu_all o__def(2)
by (metis T__def(2) ad__agr_list_subset assms(5) fo_nmlz_ad_agr fo_nmlz_eql map_ fu_sub sup__gel)
show fo_nmliz AD (proj_tuple fu_sub (zip fu_all zs)) € ass
unfolding proj ¢’’_o’ map_fv_sub
by (rule as_fs_def(1))
qed
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lemma ext tuple complete:
assumes sorted__distinct fu_sub sorted__distinct fu_sub__comp sorted__distinct fu__all
set fu_sub N set fu_sub_comp = {} set fu_sub U set fu_sub_comp = set fu_all
ass = fo_nmlz AD ‘ proj_wvals R fu__sub
Ao 7. ad_agr_sets (set fu_sub) (set fu_sub) ADoT—c € R+—TER
xs = fo_nmlz AD (map o fu_all) o0 € R
shows zs € fo_nmiz AD ‘| (ext_tuple AD fu_sub fu_sub_comp * ass)
proof —
have fu_all_sort: fu_all = sort (fu_sub @ fu_sub__comp)
using assms(1,2,8,4,5)
by (simp add: sorted__distinct__set__unique)
note o__def = assms(9,8)
have vs _norm: fo_nmlzd AD xs
using o__def(2) fo_nmlz_sound
by auto
define fs where fs = map o fu_sub__comp
define as where as = map o fu_sub
define nos where nos = fo_nmlz AD (as Q fs)
define as’ where as’ = take (length fu_sub) nos
define fs’ where fs' = drop (length fu_sub) nos
have length_as’: length as’ = length fu_sub
by (auto simp: as’_def nos_def as_def fo_nmlz_length)
have length_fs": length fs' = length fu_sub_comp
by (auto simp: fs'_def nos_def as_def fs_def fo_nmlz_length)
have len_ fu_sub_mnos: length fu_sub < length nos
by (auto simp: nos_def fo_nmlz_length as_def)
have norm__as’: fo_nmilzd AD as’
using fo_nmlzd__take[OF fo_nmlz_sound)]
by (auto simp: as’_def nos__def)
have as’_norm__as: as’ = fo_nmlz AD as
by (auto simp: as’_def nos_def as_def fo_nmlz_take)
have ad_agr _as” ad_agr_list AD as as’
using fo_nmlz_ad_agr
unfolding as’_norm__as .
have nos_as’_fs": nos = as’ @ fs’
using length_as’ length_ fs’
by (auto simp: as’_def fs'_def)
obtain 7 where 7__def: as’ = map 7 fu_sub fs' = map T fu_sub_comp
using exists _map|of fu_sub Q fu_sub_comp as’ Q fs'| assms(1,2,4) length_as' length_fs'
by auto
have length fu_sub + length fu_sub_comp < length fu_all
using assms(1,2,8,4,5)
by (metis distinct_append distinct__card eq_iff length__append set__append)
then have nos_sub: set nos C Inl * AD U Inr ‘ {..<length fv_all}
using fo_nmlz_set[of AD as Q fs]
by (auto simp: nos_def as_def fs__def)
have len_fs: length fs' = length fu_sub__comp
by (auto simp: fs'_def nos_def fo_nmlz_length as_def fs_ def)
have norm_nos_idem: fo_nmlz_rec 0 (id_map 0) AD nos = nos
using fo_nmlz_idem[of AD nos| fo_nmlz_sound
by (auto simp: nos__def fo_nmlz_def id_map__empty)
have fs'_all: fs' € nall_tuples rec AD (card (Inr —° set as’)) (length fu_sub_comp)
unfolding len__fs'[symmetric|
by (rule nall_tuples _rec_fo_nmlz_rec__complete)
(rule fo_nmlz_rec_shift[OF norm_nos_idem, simplified, OF refl len__fu_sub_nos,
folded as’_def fs'_def])
have as’ € nall_tuples AD (length fu_sub)
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using length_as’
apply (rule nall_tuplesI)
using norm__as’ .

then have as’ _ass: as’ € ass
using as’_norm__as o__def(1) as_def
unfolding assms(6)
by (auto simp: proj_vals_def)

have vs_norm: zs = fo_nmlz AD (map snd (merge (zip fu_sub as) (zip fu_sub__comp fs)))
using assms(1,2,4) o__def(2)
by (auto simp: merge_map as_def fs_def fu_all_sort)

have set_sort”: set (sort (fu_sub @ fu_sub_comp)) = set (fu_sub @ fu_sub_comp)
by auto

have zs = fo_nmlz AD (map snd (merge (zip fu_sub as’) (zip fu_sub_comp fs')))
unfolding vs_norm as_def fs def T__def

merge__map|OF assms(1,2,4)]

apply (rule fo_nmiz_eql)
apply (rule ad_agr_list_subset|OF equalityD1, OF set_sort’])
using fo_nmliz_ad_agr[of AD as @ fs, folded nos_def, unfolded nos_as’_fs]
unfolding as_def fs_def 7__def map__append[symmetric] .

then show %thesis
using as’_ass fs'_all
by (auto simp: ext_tuple_def length__as’)

qed

definition ext_tuple set AD ns ns’ X = (if ns’ =[] then X else fo_nmiz AD ‘] (ext_tuple AD ns ns’
X))

lemma ext_tuple set_eq: Ball X (fo_nmilzd AD) = ext_tuple_set AD ns ns' X = fo_nmlz AD *
U (ext_tuple AD ns ns' < X)
by (auto simp: ext_tuple_set_def ext_tuple_def fo_nmlzd_code)

lemma ezt tuple set_mono: A C B = ext_ tuple set AD ns ns’ A C ext_tuple set AD ns ns’ B
by (auto simp: ext tuple set def)

lemma ext tuple correct:
assumes sorted__distinct fu_sub sorted__distinct fu_sub__comp sorted__distinct fu_all
set fu_sub N set fu_sub_comp = {} set fu_sub U set fu_sub_comp = set fu_all
ass = fo_nmlz AD ‘ proj_wvals R fu_sub
Ao 7. ad_agr_sets (set fu_sub) (set fu_sub) ADo 7= 0 € R+<—TER
shows ezt tuple set AD fu_sub fu_sub__comp ass = fo__nmlz AD ‘ proj_wvals R fv_all
proof (rule set_eql, rule iffI)
fix zs
assume zs_in: xs € ext tuple set AD fu_sub fu_sub__comp ass
show zs € fo_nmlz AD ‘ proj_wals R fv_all
using ezt tuple sound(2)[OF assms| zs_in
by (auto simp: ext tuple set def ext_tuple def assms(6) fo_nmlz_idem[OF fo_nmlz_sound] im-
age__iff
split: if _splits)
next
fix zs
assume zs € fo_nmlz AD ‘ proj_wvals R fu_all
then obtain o where o__def: zs = fo_nmlz AD (map o fu_all) o € R
by (auto simp: proj_vals__def)
show zs € ext_tuple_set AD fu_sub fu_sub comp ass
using ezt tuple _complete[OF assms o__def]
by (auto simp: ext_tuple_set def ext tuple def assms(6) fo_nmlz_idem[OF fo_nmlz_sound] im-
age__iff
split: if _splits)
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qed

lemma proj_tuple_sound:
assumes sorted__distinct fu_sub sorted__distinct fu_sub__comp sorted__distinct fu_all
set fu_sub N set fu_sub_comp = {} set fu_sub U set fu_sub_comp = set fu_all
ass = fo_nmlz AD ‘ proj_wvals R fu_sub
No 7. ad_agr_sets (set fu_sub) (set fu_sub) ADo 7= oc € R+—>T€ER
fo_nmlz AD xs = xs length xs = length fu_all
fo_nmlz AD (proj_tuple fu_sub (zip fu_all xs)) € ass
shows zs € fo_nmiz AD ‘| (ext_tuple AD fu_sub fu_sub_comp * ass)
proof —
have fu_all_sort: fu_all = sort (fu_sub Q fu_sub__comp)
using assms(1,2,8,4,5)
by (simp add: sorted__distinct__set__unique)
obtain o where o__def: xs = map o fu_all
using ezists_map|of fu_all xs] assms(3,9)
by auto
have zs_norm: zs = fo_nmlz AD (map o fu_all)
using assms(8)
by (auto simp: o__def)
have proj: proj_tuple fu_sub (zip fu_all xzs) = map o fu_sub
unfolding o_ def
apply (rule proj_tuple _map[OF assms(1,3)])
using assms(5)
by blast
obtain 7 where 7__def: fo_nmlz AD (map o fu_sub) = fo_nmlz AD (map 7 fu_sub) 7 € R
using assms(10)
by (auto simp: assms(6) proj proj _vals_def)
have o R: 0 € R
using assms(7) fo_nmlz_eqD[OF 7_def(1)] 7__def(2)
unfolding ad_agr_list_link[symmetric]
by auto
show %thesis
by (rule ext_tuple_complete|OF assms(1,2,3,4,5,6,7) zs_norm o__R]) assumption
qed

lemma proj_tuple correct:

assumes sorted__distinct fu_sub sorted__distinct fu_sub__comp sorted__distinct fu__all
set fu_sub N set fu_sub_comp = {} set fu_sub U set fu_sub_comp = set fu_all
ass = fo_nmlz AD ‘ proj_wals R fu_sub
No 7. ad_agr_sets (set fu_sub) (set fu_sub) ADoT=— o0 € R+—TE€ER
fo_nmlz AD zs = xs length zs = length fu_all

shows zs € fo_nmiz AD ‘| (ext_tuple AD fu_sub fu_sub_comp * ass) «—
fo_nmlz AD (proj_tuple fu_sub (zip fu_all zs)) € ass

using ezt tuple_sound(1)[OF assms(1,2,3,4,5,6,7)] proj_tuple _sound[OF assms]

by blast

fun unify_vals_terms :: (‘a + ‘c) list = (‘a fo_term) list = (nat — (‘a + 'c)) =
(nat — ("a + 'c)) option where
unify_vals_terms || [| o = Some o
| unify_wvals_terms (v # vs) ((Const c') # ts) o =
(if v = Inl ¢’ then unify_wvals_terms vs ts o else None)
| unify_vals_terms (v # vs) ((Var n) # ts) o =
(case o n of Some x = (if v = z then unify_wvals_terms vs ts o else None)
| None = unify _wvals terms vs ts (o(n := Some v)))
| unify_vals_terms _ __ __ = None

lemma unify_vals terms extends: unify vals _terms vs ts ¢ = Some o' = extends_subst o o’
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unfolding extends subst_def
by (induction vs ts o arbitrary: o' rule: unify_wvals_terms.induct)
(force split: if _splits option.splits)+

lemma unify vals terms_sound: unify wvals terms vs ts o = Some o' = (the o U') ®Oe ts = vs
using unify_vals_terms_ extends
by (induction vs ts o arbitrary: o' rule: unify_wvals_terms.induct)
(force simp: eval _eterms__def extends__subst_def fu_fo_terms_set_def
split: if _splits option.splits)+

lemma unify _vals_terms_complete: 6"’ ®e ts = vs = (An. o n # None = o n = Some (¢'' n)) =
do’. unify_vals_terms vs ts o = Some o’
by (induction vs ts o rule: unify_vals_terms.induct)
(force simp: eval _eterms__def extends__subst__def split: if _splits option.splits)+

definition eval_table :: 'a fo_term list = (‘a + 'c) table = (‘a + 'c) table where
eval_table ts X = (let fvs = fu_fo_terms_list ts in
U ((Aws. case unify_vals_terms vs ts Map.empty of Some o =
{map (the o o) fos} | _ = {}) * X))

lemma eval table:
fixes X :: (‘a + 'c) table
shows eval_table ts X = proj_wvals {o. 0 Ge ts € X} (fu_fo_terms_list ts)
proof (rule set_eql, rule iffI)
fix vs
assume vs € eval_table ts X
then obtain as o where as_def: as € X unify wvals_terms as ts Map.empty = Some o
vs = map (the o o) (fu_fo_terms_list ts)
by (auto simp: eval table_def split: option.splits)
have (the o o) ©e ts € X
using unify_vals _terms sound|OF as_def(2)] as_def(1)
by auto
with as_def(3) show vs € proj_wals {o. 0 ®e ts € X} (fu_fo_terms_list ts)
by (fastforce simp: proj_wvals_def)
next
fix vs :: ("a + c) list
assume vs € proj_vals {o. o0 ©e ts € X} (fu_fo_terms_list ts)
then obtain o where o__def: vs = map o (fu_fo_terms_list ts) o e ts € X
by (auto simp: proj_vals__def)
obtain o’ where o’_def: unify_vals_terms (o Ge ts) ts Map.empty = Some o’
using unify_wvals__terms_complete| OF refl, of Map.empty o ts]
by auto
have (the o 0’) Qe ts = (o Qe ts)
using unify_vals_terms_sound|OF o'_def(1)]
by auto
then have vs = map (the o o) (fu_fo_terms_list ts)
using fu_fo_terms_set list eval eterms_fu_fo_terms set
unfolding o_ def(1)
by fastforce
then show vs € eval table ts X
using o def(2) o'_def
by (force simp: eval_table__def)
qed

fun ad_agr_close_rec :: nat = (nat — ‘a + nat) = 'a set =
("a + nat) list = ('a + nat) list set where
ad_agr_close_rec im AD [| = {[]}
| ad__agr_close_rec i m AD (Inl © # xs) = (Azs. Inl x # zs) ‘ ad_agr_close_rec i m AD xs
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| ad_agr_close_rec i m AD (Inr n # zs) = (case m n of None = |J ((Az. (A\zs. Inl z # zs)
ad_agr_close_rec i (m(n := Some (Inl z))) (AD — {z}) zs) * AD) U
(Azs. Inr i # zs) ‘ ad_agr_close_rec (Suc i) (m(n := Some (Inri))) AD xs
| Some v = (Azs. v # zs) ‘ ad_agr_close_rec i m AD xs)

lemma ad__agr_close_rec_length: ys € ad_agr_close_rec i m AD zs = length zs = length ys
by (induction i m AD zs arbitrary: ys rule: ad_agr_close_rec.induct) (auto split: option.splits)

lemma ad_agr_close_rec__sound: ys € ad__agr_close_rec i m AD s —>
fo_nmlz _recj (id_map j) Xazs=2zs = XNAD={} =XNY={}= YNAD ={} =
inj_on m (dom m) => dom m = {.<j} = ranm CInl ‘Y U Inr ‘{ <i} = i< j=
fo_nmlz_rec i (id_map i) (X U Y U AD) ys = ys A
(3m’. inj_on m' (dom m") A (Vn v. m n = Some v — m’ (Inr n) = Some v) A
(V(z, y) € set (zip xs ys). case x of Inl x' =
ifz' € X thenx = yelse m" z = Some y A (case y of Inl z = z ¢ X | Inr x = True)
| Int n = m' z = Some y A (case y of Inl z = z ¢ X | Inr © = True)))
proof (induction i m AD zs arbitrary: Y j ys rule: ad__agr__close__rec.induct)
case (1 i m AD)
then show ?case
by (auto simp: ad__agr_list_def ad__equiv_list_def sp__equiv_list_def inj _on__def dom__def
split: sum.splits introl: exl[of _ case__sum Map.empty m])
next
case (2 i m AD z xs)
obtain zs where ys_def: ys = Inl © # zs zs € ad__agr__close_rec i m AD zs
using 2(2)
by auto
have preds: fo_nmlz_rec j (id_map j) X zs = zsz € X
using 2(3)
by (auto split: if _splits option.splits)
show ?case
using 2(1)[OF ys_def(2) preds(1) 2(4,5,6,7,8,9,10)] preds(2)
by (auto simp: ys_def(1))
next
case (8 im AD n xs)
show ?case
proof (cases m n)
case None
obtain v zs where ys_def: ys = v # zs
using 3(4)
by (auto simp: None)
have n_ge j:j<n
using 3(9,10) None
by (metis domIff lel lessThan__iff)
show ?thesis
proof (cases v)
case (Inl )
have zs_def: zs € ad_agr_close_rec i (m(n — Inl z)) (AD — {z}) sz € AD
using 3(4)
by (auto simp: None ys__def Inl)
have preds: fo_nmlz_rec (Suc j) (id_map (Suc j)) X zs = zs X N (AD — {z}) = {}
XN (Yu{z}) ={} (YU{z}) N (4D — {z}) = {} dom (m(n — Inl z)) = {..<Suc j}
ran (m(n +— Inlz)) C Inl * (Y U {z}) U Inr ‘ {..<i}
i< Sucjn=j
using 3(5,6,7,8,10,11,12) n_ge_j zs_def(2)
by (auto simp: fun_upd_id_map ran__def dest: id_mapD split: option.splits)
have inj: inj_on (m(n — Inl z)) (dom (m(n — Inl z)))
using 3(8,9,10,11,12) preds(8) zs_def(2)
by (fastforce simp: inj _on__def dom__def ran__def)
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have sets_unfold: X U (Y U {z}) U (AD — {z}) = X U Y U AD
using zs _def(2)
by auto
note IH = 3(1)[OF None zs_def(2,1) preds(1,2,3,4) inj preds(5,6,7), unfolded sets_unfold]
have norm__ys: fo_nmlz_rec i (id_map i) (X U Y U AD) ys = ys
using conjunctl [OF IH] zs_def(2)
by (auto simp: ys_def(1) Inl split: option.splits)
show ?%thesis
using norm__ys conjunct2[OF IH| None zs_def(2) 3(6)
unfolding ys_def(1)
apply safe
subgoal for m’
apply (auto simp: Inl dom__def intro!: exI[of _ m'] split: if _splits)
apply (metis option.distinct(1))
apply (fastforce split: prod.splits sum.splits)
done
done
next
case (Inr k)
have zs_def: zs € ad_agr_close_rec (Suc i) (m(n +— Inri)) AD zsi =k
using 3(4)
by (auto simp: None ys_def Inr)
have preds: fo_nmlz_rec (Suc n) (id_map (Suc n)) X zs = xs
dom (m(n — Inri)) = {..<Suc n}
ran (m(n +— Inr)) C Inl Y U Inr ‘ {..<Suc i} Suc i < Sucn
using 3(5,10,11,12) n_ge_j
by (auto simp: fun_upd_id_map ran__def dest: id_mapD split: option.splits)
have inj: inj_on (m(n — Inri)) (dom (m(n — Inr7)))
using 3(9,11)
by (auto simp: inj_on__def dom__def ran__def)
note IH = 3(2)[OF None zs_def(1) preds(1) 3(6,7,8) inj preds(2,3,4)]
have norm__ys: fo_nmlz_rec i (id_map i) (X U Y U AD) ys = ys
using conjunctl [OF IH] zs_def(2)
by (auto simp: ys_def Inr fun_upd_id_map dest: id_mapD split: option.splits)
show ?%thesis
using norm__ys conjunct2[OF IH]| None
unfolding ys def(1) zs_def(2)
apply safe
subgoal for m’
apply (auto simp: Inr dom__def intro\: exI[of _ m'] split: if _splits)
apply (metis option.distinct(1))
apply (fastforce split: prod.splits sum.splits)
done
done
qged
next
case (Some v)
obtain zs where ys def: ys = v # zs zs € ad__agr_close_rec i m AD zs
using 3(4)
by (auto simp: Some)
have preds: fo_nmlz_rec j (id_map j) X zs = zsn < j
using 3(5,8,10) Some
by (auto simp: dom__def split: option.splits)
note IH = 3(3)[OF Some ys_def(2) preds(1) 3(6,7,8,9,10,11,12)]
have norm_ys: fo_nmlz _rec i (id_map i) (X U Y U AD) ys = ys
using conjunct! [OF IH] 3(11) Some
by (auto simp: ys_def(1) ran__def id_map__def)
have case v of Inl z = z ¢ X | Inr x = True
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using 3(7,11) Some
by (auto simp: ran__def split: sum.splits)
then show ?2thesis
using norm__ys conjunct2[OF IH] Some
unfolding ys_def(1)
apply safe
subgoal for m’
by (auto intro!: exI[of _ m'] split: sum.splits)
done
qed
qed

lemma ad_agr_close_rec__complete:
fixes zs :: (‘a + nat) list
shows fo_nmlz_rec j (id_map j) X zs = 18 =
XNAD={} = XnNY={}=YNAD={} =
inj_on m (dom m) = domm = {.<j} = ranm=1Inl ‘Y U Inr ‘{.<i} = i{<j=
(An b. (Inr n, b) € set (zip zs ys) = case m n of Some v = v = b | None = b ¢ ran m) =
fo_nmlz_rec i (id_map i) (X U Y U AD) ys = ys = ad__agr_list X zs ys =
ys € ad__agr_close_rec i m AD s
proof (induction j id_map j :: ‘a + nat = nat option X zs arbitrary: m i ys AD Y
rule: fo_nmlz_rec.induct)
case (2 j X z xs)
have ©z X: z € X fo_nmlz_rec j (id_map j) X xs = xs
using 2(4)
by (auto split: if _splits option.splits)
obtain z zs where ys_def: ys = Inl z # 2s z = x
using 2(14) z_X(1)
by (cases ys) (auto simp: ad__agr_list_def ad__equiv_list_def ad__equiv_pair.simps)
have norm__zs: fo_nmlz_rec i (id_map i) (X U Y U AD) zs = zs
using 2(13) ys_def(2) z_X(1)
by (auto simp: ys_def(1))
have ad_agr: ad_agr_list X xs zs
using 2(14)
by (auto simp: ys_def ad__agr_list_def ad__equiv_list_def sp__equiv_list_def pairwise__def)
show ?case
using 2(1)[OF z_X 2(5,6,7,8,9,10,11) _ norm__zs ad_agr] 2(12)
by (auto simp: ys__def)
next
case (3 j X n zs)
obtain z zs where ys_def: ys = z # zs
using 3(13)
apply (cases ys)
apply (auto simp: ad__agr_list_def)
done
show ?case
proof (cases j < n)
case True
then have n_j: n =3
using 3(3)
by (auto split: option.splits dest: id_mapD)
have id _map: id_map j (Inr n) = None (id_map j)(Inr n — j) = id_map (Suc j)
unfolding n_j fun_upd_id_map
by (auto simp: id_map__def)
have norm_zs: fo_nmlz_rec (Suc j) (id_map (Suc j)) X zs = zs
using 3(3)
by (auto simp: ys_def fun_upd_id_map id_map(1) split: option.splits)
have None: m n = None
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using 3(8)
by (auto simp: dom__def n_j)
have z_out: z ¢ Inl * Y U Inr ‘ {..<i}
using 3(11) None
by (force simp: ys__def 8(9))
show ?thesis
proof (cases z)
case (Inl a)
have a_in: a € AD
using 3(12,18) z_out
by (auto simp: ys_def Inl ad__agr_list_def ad__equiv_list_def ad__equiv__pair.simps
split: if _splits option.splits)
have norm_ zs: fo_nmlz_rec i (id_map i) (X U Y U AD) zs = zs
using 3(12) a_in
by (auto simp: ys_def Inl)
have preds: X N (AD — {a}) = {} X N (Y U {a}) ={} (Y U{a}) N (AD — {a}) = {}
using 3(4,5,6) a_in
by auto
have inj: inj_on (m(n := Some (Inl a))) (dom (m(n := Some (Inl a))))
using 3(6,7,9) None a__in
by (auto simp: inj_on__def dom__def ran__def) blast+
have preds”: dom (m(n — Inl a)) = {..<Suc j}
ran (m(n +— Inl a)) = Inl * (Y U {a}) U Inr ‘ {.<i} i < Suc j
using 3(6,8,9,10) None less_Suc_eq a_in
apply (auto simp: n_j dom__def ran__def)
apply (smt Un__iff image__eql mem__Collect__eq option.simps(3))
apply (smt 3(8) domlff image__subset_iff lessThan__iff mem__ Collect_eq sup__ge2)
done
have a_unfold: X U (Y U {a}) U(AD — {a}) =X U Y UAD Y U {a} U (AD — {a}) = YU AD
using a_in
by auto
have ad_agr: ad_agr_list X zs zs
using 3(13)
by (auto simp: ys_def Inl ad__agr_list_def ad__equiv_list_def sp__equiv_list_def pairwise__def)
have zs € ad_agr_close_rec i (m(n — Inl a)) (AD — {a}) zs
apply (rule 3(1)[OF id_map norm__xs preds inj preds’ _ __ ad_agr])
using 3(11,13) norm__zs
unfolding 3(9) preds'(2) a_unfold
apply (auto simp: None Inl ys_def ad__agr_list_def sp__equiv_list_ def pairwise__def
split: option.splits)
apply (metis Un__iff image__eql option.simps(4))
apply (metis image__subset__iff lessThan__iff option.simps(4) sup__ge2)
apply fastforce
done
then show ?Zthesis
using a__in
by (auto simp: ys_def Inl None)
next
case (Inr b)
have i b:i=10»
using 3(12) z_out
by (auto simp: ys_def Inr split: option.splits dest: id_mapD)
have norm__zs: fo_nmlz_rec (Suc ©) (id_map (Suc 7)) (X U Y U AD) zs = zs
using 3(12)
by (auto simp: ys_def Inr i_b fun__upd_id_map split: option.splits dest: id_mapD)
have ad_agr: ad_agr_list X zs zs
using 3(13)
by (auto simp: ys_def ad__agr_list_def ad__equiv_list_def sp__equiv_list_def pairwise__def)
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define m’ where m’ = m(n := Some (Inr 7))
have preds: inj _on m’' (dom m') dom m' = {..<Suc j} Suc i < Suc j
using 3(7,8,9,10)
by (auto simp: m’_def n_j inj _on_ def dom__def ran__def image__iff)
(metis 3(8) doml lessThan _iff less Sucl)
have ran: ran m’ = Inl * Y U Inr ‘ {..<Suc i}
using 3(9) None
by (auto simp: m’_def)
have zs € ad_agr__close_rec (Suc i) m' AD zs
apply (rule 8(1)[OF id_map norm_xs 3(4,5,6) preds(1,2) ran preds(8) _ morm__zs ad__agr])
using 3(11,13)
unfolding 3(9) ys_def Inr i_b m'_def
unfolding ran[unfolded m'_def i_b]
apply (auto simp: ad__agr_list_def sp__equiv_list_def pairwise__def split: option.splits)
apply (metis Un__upperl image__subset_iff option.simps(4))
apply (metis Unll image__eql insert_iff lessThan__Suc lessThan__iff option.simps(4)
sp_equiv_pair.simps sum.inject(2) sup__commute)
apply fastforce
done
then show %thesis
by (auto simp: ys_def Inr None m'_def i_b)
qed
next
case False
have id_map: id_map j (Inr n) = Some n
using False
by (auto simp: id_map__def)
have norm_xzs: fo_nmlz_rec j (id_map j) X zs = xs
using 3(3)
by (auto simp: id_map)
have Some: m n = Some z
using Fualse 8(11)[unfolded ys__def]
by (metis (mono__tags) 3(8) domD insert_iff lel lessThan__iff list.simps(15)
option.simps(5) zip_ Cons_Cons)
have z in: z € Inl ‘Y U Inr ‘ {..<i}
using 3(9) Some
by (auto simp: ran__def)
have ad_agr: ad_agr_list X xs zs
using 3(13)
by (auto simp: ad__agr_list_def ys_def ad__equiv_list_def sp__equiv_list_def pairwise__def)
show ?thesis
proof (cases z)
case (Inl a)
have a _in: a € Y U AD
using 3(12,13)
by (auto simp: ys_def Inl ad_agr_list_def ad__equiv_list_def ad__equiv__pair.simps
split: if _splits option.splits)
have norm__zs: fo_nmlz_rec i (id_map i) (X U Y U AD) zs = zs
using 3(12) a_in
by (auto simp: ys_def Inl)
show %thesis
using 3(2)[OF id_map norm_zs 8(4,5,6,7,8,9,10) __ norm__zs ad__agr] 3(11) a_in
by (auto simp: ys_def Inl Some split: option.splits)
next
case (Inr b)
have b_Ilt: b < i
using z in
by (auto simp: Inr)
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have norm__zs: fo_nmlz_rec i (id_map i) (X U Y U AD) zs = zs
using 3(12) b_1t
by (auto simp: ys_def Inr split: option.splits)

show %thesis
using 3(2)[OF id_map norm_zs 8(4,5,6,7,8,9,10) __ norm__zs ad__agr] 3(11)
by (auto simp: ys_def Inr Some)

qed
qed
qed (auto simp: ad__agr_list__def)

definition ad_agr close :: 'a set = (‘a + nat) list = (‘a + nat) list set where
ad__agr_close AD xs = ad__agr_close_rec 0 Map.empty AD xs

lemma ad__agr_close__sound:

assumes ys € ad_agr_close Y zs fo_nmlzd X zs X N Y = {}

shows fo_nmlzd (X U Y) ys A ad_agr_list X zs ys

using ad__agr__close__rec__sound|OF assms(1)[unfolded ad__agr_close__def]
fo_nmlz_idem[OF assms(2), unfolded fo_nmlz_def, folded id_map__empty] assms(3)
Int__empty__right Int_empty_ left]
ad__agr_map|OF ad__agr__close_rec_length|OF assms(1)[unfolded ad__agr_close__def]], of _ X]
fo__nmizd__code[unfolded fo_nmlz _def, folded id_map__empty, of X U Y ys]

by (auto simp: fo__nmlz_def)

lemma ad_agr_close_complete:
assumes X N Y = {} fo_nmlzd X zs fo_nmlzd (X U Y) ys ad_agr_list X zs ys
shows ys € ad__agr_close Y zs
using ad_agr__close_rec__complete[OF fo_nmlz_idem[OF assms(2),
unfolded fo_nmlz_def, folded id_map__empty] assms(1) Int_empty right Int_empty_left

order.refl _ __ assms(4), of Map.empty|
fo__nmizd__code[unfolded fo_nmlz_def, folded id_map__empty, of X U Y ys]
assms(3)

unfolding ad__agr_close_def
by (auto simp: fo_nmlz_def)

lemma ad_agr_close_empty: fo_nmlzd X ©s = ad__agr_close {} zs = {zs}
using ad_agr_close_completelwhere ?X=X and ?Y={} and ?zs=zs and ?ys=us]
ad__agr__close__sound[where ?X=X and ?Y={} and %zs=xs| ad_agr_list_refl ad_agr_list_fo_nmlzd
by fastforce

lemma ad_agr_close__set correct:
assumes AD’ C AD sorted__distinct ns
Ao 7. ad_agr_sets (set ns) (set ns) AD'o 1 =0 € R+—>T€R
shows | J (ad_agr_close (AD — AD') ‘ fo_nmlz AD’' “ proj_wals R ns) = fo_nmlz AD  proj_vals R ns
proof (rule set_eql, rule iffI)
fix vs
assume vs € |J(ad_agr_close (AD — AD’) “ fo_nmlz AD' ‘ proj_wvals R ns)
then obtain o where o_def: vs € ad_agr_close (AD — AD’) (fo_nmlz AD' (map o ns)) o € R
by (auto simp: proj_vals_def)
have vs: fo_nmlzd AD vs ad_agr_list AD’ (fo_nmlz AD' (map o ns)) vs
using ad__agr__close__sound[OF o__def(1) fo_nmlz_sound] assms(1) Diff_partition
by fastforce+
obtain 7 where 7__def: vs = map T ns
using ezists_map[of ns vs] assms(2) vs(2)
by (auto simp: ad__agr_list_def fo__nmlz_length)
show vs € fo_nmlz AD ‘ proj_wvals R ns
apply (subst fo_nmlz_idem[OF vs(1), symmetric])
using iffD1[OF assms(3) o__def(2), OF iff D2[OF ad__agr_list_link ad_agr_list_trans|OF
fo_nmlz_ad_agrlof AD' map o ns|] vs(2), unfolded T__def]]]
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unfolding 7__def
by (auto simp: proj_vals__def)
next

fix vs

assume vs € fo_nmlz AD ‘ proj _vals R ns

then obtain o where o__def: vs = fo_nmlz AD (map o ns) c € R
by (auto simp: proj_vals_def)

define zs where zs = fo_nmiz AD’ vs

have preds: AD' N (AD — AD') = {} fo_nmlzd AD' zs fo_nmlzd (AD" U (AD — AD')) vs
using assms(1) fo_nmlz_sound Diff _partition
by (fastforce simp: o__def(1) zs_def)+

obtain 7 where 7__def: vs = map 7 ns
using ezists _map[of ns vs] assms(2) o__def(1)
by (auto simp: fo_nmlz_length)

have vs € ad_agr_close (AD — AD’) zs
using ad__agr_close__complete|OF preds| ad__agr_list_comm[OF fo_nmlz_ad_agr]
by (auto simp: xs_def)

then show vs € |J (ad_agr_close (AD — AD') ‘ fo_nmlz AD’ ‘ proj_vals R ns)
unfolding zs_def 7__def

using iffD1[OF assms(8) o__def(2), OF ad_agr_sets_mono[OF assms(1) iffD2[OF ad_agr_list_link

fo_nmlz_ad_agr[of AD map o ns, folded o__def(1), unfolded T__def]]]]
by (auto simp: proj_vals_def)
qed

lemma ad__agr_close__correct:
assumes AD' C AD
Ao 7. ad_agr_sets (set (fu_fo_fmla_list ©)) (set (fu_fo_fmla_list p)) AD' o 7 —>
c€R+<—TER
shows | J (ad_agr_close (AD — AD') ‘ fo_nmlz AD’ “ proj_fmla ¢ R) = fo_nmlz AD ‘ proj_fmla ¢ R
using ad_agr__close__set__correct|OF __ sorted_distinct_fu_list, OF assms]
by (auto simp: proj_fmla_def)

definition ad_agr_close_set AD X = (if Set.is_empty AD then X else |J (ad_agr_close AD * X))

lemma ad__agr_close_set_eq: Ball X (fo_nmlzd AD') = ad__agr__close_set AD X = |J (ad_agr__close
AD “ X)
by (force simp: ad_agr_close__set_def ad__agr_close__empty)

lemma Ball_fo_nmlizd: Ball (fo_nmlz AD ‘ X) (fo_nmlzd AD)
by (auto simp: fo_nmlz_sound)

lemmas ad_agr_close_set_nmlz_eq = ad_agr_close_set_eq[OF Ball_fo_nmlzd]

definition eval pred :: ('a fo_term) list = 'a table = (a, 'c) fo_t where
eval_pred ts X = (let AD = J(set (map set_fo_term ts)) U | (set * X) in
(AD, length (fu_fo_terms_list ts), eval_table ts (map Inl ¢ X)))

definition eval_bool :: bool = (‘a, 'c) fo_t where

eval_bool b = (if b then ({}, 0, {[]}) else ({}, 0, {}))

definition eval_eq :: ‘a fo_term = ‘a fo_term = (’a, nat) fo_t where
eval_eq tt' = (case t of Var n =
(case t' of Var n' =
if n = n'then ({}, 1, {[Inr 0]})
else ({}, 2, {[Inr 0, Inr 0]})
| Const ¢’ = ({c'}, 1, {[Inl c'}))
| Const ¢ =
(case t’ of Var n' = ({c}, 1, {[Inl c|})

a8



| Const ¢’ = if ¢ = ¢’ then ({c}, 0, {[]}) else ({c, ¢}, 0, {})))

fun eval_neg :: nat list = ('a, nat) fo_t = ('a, nat) fo_t where
eval_neg ns (AD, _, X) = (AD, length ns, nall_tuples AD (length ns) — X)

definition eval conj tuple AD nsp nsyp xs ys =
(let cxs = filter (A(n, z). n ¢ set nsy A isl z) (zip nsp xs);
nzs = map fst (filter (A(n, z). n ¢ set nsyp A —isl z) (zip nsp zs));
cys = filter (A(n, y). n & set nse A isly) (zip nsy ys);
nys = map fst (filter (A(n, y). n & set nsp A —isl y) (zip nsyp ys)) in
fo_nmiz AD ‘ ext_tuple {} (sort (nse @ map fst cys)) nys (map snd (merge (zip nsp zs) cys)) N
fo_nmlz AD * ext_tuple {} (sort (nsy) @ map fst czs)) nzs (map snd (merge (zip nsyp ys) czs)))

definition eval_conj_set AD nsp X nstp Xip = |J ((Azs. | (eval _conj_tuple AD nsp nsp zs * X)) *
Xo)

definition idz_join AD ns nsp Xp nsy X =
(let idzp’ = cluster (Some o (Azs. fo_nmlz AD (proj_tuple ns (zip nsp zs)))) Xp;
idzyp’ = cluster (Some o (Ays. fo_nmlz AD (proj_tuple ns (zip nsy ys)))) X in
set_of _idx (mapping_join (A X" X' eval _conj_set AD nsp X' nsp X1b'') idzp’ idzip’))

fun eval _conj :: nat list = ('a, nat) fo_t = nat list = ('a, nat) fo_t =

('a, nat) fo_t where

eval_conj nsp (ADp, _, X¢) nstp (ADY, _, Xop) = (let AD = ADp U ADY; ADAp = AD — ADy;
ADAY = AD — ADv; ns = filter (An. n € set nsy) nsp in

(AD, card (set nsep U set nsy), idz__join AD ns nsp (ad_agr__close__set ADAp X¢) nsy (ad_agr_close__set
ADAY X))

fun eval_ajoin :: nat list = ('a, nat) fo_t = nat list = ('a, nat) fo_t =
(‘a, nat) fo_t where
eval_ajoin nsp (ADyp, _, X¢) nsyp (ADy, _, X)) = (let AD = ADp U ADy; ADAp = AD — ADy;
ADAY = AD — ADiy
ns = filter (An. n € set nsy) nsp; nsp’ = filter (An. n & set nsp) nsiy;
idzy = cluster (Some o (Azs. fo_nmlz ADy (proj_tuple ns (zip nsp zs)))) (ad__agr_close_set ADAy
Xo);
idz) = cluster (Some o (Ays. fo_nmlz ADY (proj_tuple ns (zip nsy ys)))) X in
(AD, card (set nsp U set nsy), set_of idx (Mapping.map_values (Azs X. case Mapping.lookup idzi
zs of Some Y =
idz_join AD ns nsp X nsy (ad_agr_close_set ADAvY (ext_tuple_set ADY ns nso’ {zs} — Y)) | _
= ext_tuple_set AD nsp nsp' X) idzp)))

fun eval _disj :: nat list = ('a, nat) fo_t = nat list = ('a, nat) fo_t =
('a, nat) fo_t where
eval_disj nsp (ADy, _, X¢) nsp (ADY, __, X)) = (let AD = ADyp U ADvy;
nsp’ = filter (An. n ¢ set nsp) nsy;
nsy' = filter (An. n ¢ set nsy)) nsy;
ADAp = AD — ADyp; ADAY = AD — ADy in
(AD, card (set nsp U set nsiy),
ext_tuple_set AD nsp nsp’ (ad_agr_close_set ADAp Xp) U
ext_tuple_set AD nsi nsy’ (ad_agr_close_set ADAv X))

fun eval_ezists :: nat = nat list = ('a, nat) fo_t = ('a, nat) fo_t where
eval_exists i ns (AD, __, X) = (case pos i ns of Some j =
(AD, length ns — 1, fo_nmlz AD ‘ rem_nth j ‘ X)
| None = (AD, length ns, X))

fun eval_forall :: nat = nat list = ('a, nat) fo_t = ('a, nat) fo_t where
eval_forall i ns (AD, _, X) = (case pos i ns of Some j =
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let n = card AD in

(AD, length ns — 1, Mapping.keys (Mapping.filter (At Z. n + card (Inr —‘ set t) + 1 < card Z)
(cluster (Some o (Ats. fo_nmlz AD (rem_nth j ts))) X)))

| None = (AD, length ns, X))

lemma combine_map2: assumes length ys = length s length ys’' = length xs’
distinct zs distinct zs' set xs N set s’ = {}
shows 3f. ys = map f2zs A ys' = map f zs’
proof —
obtain f g where fg_def: ys = map f zs ys' = map g zs’
using assms erists _map
by metis
show %thesis
using assms
by (auto simp: fqg_def intro!: exI[of _ Az. if © € set zs then f z else g z])
qed

i !

lemma combine_map3: assumes length ys = length s length ys’' = length xs’ length ys'' = length zs’
distinct xs distinct xs’ distinct xs’’ set zs N set s’ = {} set zs N set zs"' = {} set zs’ N set xs"' = {}
shows 3f. ys = map fxs A ys' = map fxs' A ys'' = map fas”’
proof —
obtain f g h where fgh_def: ys = map f xs ys' = map g xs’ ys’' = map h xs"’
using assms exists_map
by metis
show %thesis
using assms
by (auto simp: fgh__def introl: exl[of _ Az. if x € set xs then f z else if * € set s’ then g x else h z])
qed

lemma distinct__set_ zip: length nsx = length rs = distinct nsx =
(a, b) € set (zip nsz zs) = (a, ba) € set (zip nsz zs) = b = ba
by (induction nsz xs rule: list_induct2) (auto dest: set_zip_leftD)

lemma fo nmlz_idem__isl:
assumes A\z. z € set s = (case z of Inl z = z € X | _ = False)
shows fo_nmlz X zs = xs
proof —
have F1: Inlxz € set xs = z € X for
using assms|of Inl z]
by auto
have F2: List.map__filter (case__sum Map.empty Some) xs = ||
using assms
by (induction xs) (fastforce simp: List.map__filter__def split: sum.splits)+
show ?%thesis
by (rule fo_nmlz_idem) (auto simp: fo__nmlzd_def nats_def F2 intro: F1)
qed

lemma set_zip _mapl: © € set zs => (f z, g z) € set (zip (map f zs) (map g zs))
by (induction zs) auto

lemma ad_agr_list fo nmlzd_isl:
assumes ad_agr_list X (map f xs) (map g xs) fo_nmlzd X (map f xs) z € set zs isl (f x)
shows fz =gz
proof —
have AD: ad_equiv_pair X (f z, g )
using assms(1) set_zip_mapI[OF assms(3)]
by (auto simp: ad__agr_list_def ad__equiv_list_def split: sum.splits)
then show %thesis
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using assms(2—)
by (auto simp: fo_nmlzd_def) (metis AD ad__equiv_pair.simps ad__equiv__pair_mono image__eql
sum.collapse(1) vimagel)
qed

lemma eval_conj tuple_ close__empty2:
assumes fo_nmlzd X xs fo_nmlzd Y ys
length nsx = length xs length nsy = length ys
sorted__distinct nsz sorted__distinct nsy
sorted__distinct ns set ns C set nsz N set nsy
fo_nmiz (X N'Y) (proj_tuple ns (zip nsz xs)) # fo_nmlz (X N Y) (proj_tuple ns (zip nsy ys)) V
(proj_tuple ns (zip nsz xs) # proj__tuple ns (zip nsy ys) A
(Vz € set (proj_tuple ns (zip nsz zs)). isl ) A (Vy € set (proj_tuple ns (zip nsy ys)). isl y))
zs’ € ad_agr_close (X U Y) — X) zs ys' € ad_agr_close (XU Y) — Y) ys
shows eval_conj_tuple (X U Y) nsz nsy zs’ ys' = {}
proof —
define cxs where cxs = filter (A(n, z). n ¢ set nsy A isl x) (zip nsz xs’)
define nzs where nxs = map fst (filter (A(n, ). n & set nsy A —isl z) (zip nsz zs’))
define cys where cys = filter (A\(n, y). n & set nsz A isl y) (zip nsy ys’)
define nys where nys = map fst (filter (A(n, y). n ¢ set nsz A —isl y) (zip nsy ys'))
define both where both = sorted_list_of set (set nsz U set nsy)
have close: fo_nmlzd (X U Y) zs’ ad_agr_list X zs xs’ fo_nmlzd (X U Y) ys' ad_agr_list Y ys ys’
using ad_agr_close_sound[OF assms(10) assms(1)] ad_agr_close_sound[OF assms(11) assms(2)]
by (auto simp add: sup_left _commute)
have close”: length zs’ = length s length ys' = length ys
using close
by (auto simp: ad__agr_list_length)
have len_sort: length (sort (nst @ map fst cys)) = length (map snd (merge (zip nsz zs’) cys))
length (sort (nsy @ map fst czs)) = length (map snd (merge (zip nsy ys’) czs))
by (auto simp: merge_length assms(3,4) close’)
{
fix zs
assume zs € fo_nmlz (X U Y) ¢ (Afs. map snd (merge (zip (sort (nsz @ map fst cys)) (map snd
(merge (zip nsx xs’) cys))) (zip nys fs))) *
nall_tuples_rec {} (card (Inr —° set (map snd (merge (zip nsz zs') cys)))) (length nys)
zs € fo_nmlz (X UY) “ (\fs. map snd (merge (zip (sort (nsy @ map fst cxs)) (map snd (merge (zip
nsy ys') czs))) (zip nas f5))) °
nall_tuples_rec {} (card (Inr —° set (map snd (merge (zip nsy ys') czs)))) (length nxs)
then obtain zzs zys where nall: zzs € nall_tuples_rec {} (card (Inr —¢ set (map snd (merge (zip
nsz xs') cys)))) (length nys)
zs = fo_nmlz (X U Y) (map snd (merge (zip (sort (nsz @ map fst cys)) (map snd (merge (zip nsx
zs’) cys))) (zip nys zvs)))
zys € nall_tuples_rec {} (card (Inr —° set (map snd (merge (zip nsy ys') czs)))) (length nzs)
zs = fo_nmlz (X U Y) (map snd (merge (zip (sort (nsy @ map fst czs)) (map snd (merge (zip nsy
ys) czs))) (zip nas zys)))
by auto
have len_ zs: length zxs = length nys length zys = length nxs
using nall(1,3)
by (auto dest: nall_tuples_rec_length)
have auz: sorted__distinct (map fst cxs) sorted_distinct nxs sorted_distinct nsy
sorted__distinct (map fst cys) sorted__distinct nys sorted__distinct nsx
set (map fst cxs) N set nsy = {} set (map fst cxs) N set nzs = {} set nsy N set nzs = {}
set (map fst cys) N set nsz = {} set (map fst cys) N set nys = {} set nsx N set nys = {}
using assms(3,4,5,6) close’ distinct_set_zip
by (auto simp: cxs_def nzs_def cys_def nys_def sorted_ filter distinct_map__fst_filter)
(smt (28) distinct_set_zip)+
obtain zf where zf def: map snd cvs = map zf (map fst cxs) ys' = map zf nsy zys = map zf nTs
using combine__map3|where ?ys=map snd czs and ?zs=map fst czs and ?ys'=ys’ and ?zs'=nsy

l
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and ?ys'’=zys and ?zs'’=nzs| assms(4) auz close’
by (auto simp: len__zs)
obtain ysf where ysf def: ys = map ysf nsy
using assms(4,6) exists_map
by auto
obtain zg where zg_def: map snd cys = map zg (map fst cys) zs' = map Tg nsr zxs = map Tg nys
using combine_map3|where ?ys=map snd cys and ?zs=map fst cys and ?ys'=zs’ and ?zs’=nsz
and ?ys'’=zzs and ?xs"’=nys| assms(3) auz close’
by (auto simp: len__zs)
obtain zsf where zsf def: zs = map zsf nsz
using assms(3,5) exists_map
by auto
have set cxzs naxs: set (map fst cxs @ nxs) = set nsx — set nsy
using assms(3)
unfolding czs_def nzs_def close'[symmetric]
by (induction nsz zs’ rule: list_induct2) auto
have set_cys_nys: set (map fst cys Q nys) = set nsy — set nsx
using assms(4)
unfolding cys_ def nys_def close’[symmetric]
by (induction nsy ys' rule: list_induct2) auto
have sort_sort_both_xs: sort (sort (nsy @ map fst czs) Q nxs) = both
apply (rule sorted__distinct__set__unique)
using assms(3,5,6) close’ set_czs_nas
by (auto simp: both__def nxs_def cxs def intro: distinct_map_ fst_filter)
(metis (no__types, lifting) distinct__set_ zip)
have sort_sort_both__ys: sort (sort (nsz @ map fst cys) @ nys) = both
apply (rule sorted__distinct_set__unique)
using assms(4,5,6) close’ set_cys_nys
by (auto simp: both__def nys_def cys__def intro: distinct_map__fst_filter)
(metis (no__types, lifting) distinct_set_ zip)
have map snd (merge (zip nsy ys’) cxs) = map zf (sort (nsy @ map fst czs))
using merge_map|where ?oc=zf and ?ns=nsy and ?ms=map fst cxs] assms(6) aux
unfolding zf def(1)[symmetric] zf _def(2)
by (auto simp: zip_map_ fst_snd)
then have zs_zf: zs = fo_nmlz (X U Y) (map zf both)
using merge__map[where oc=zf and ?ns=sort (nsy @ map fst czs) and ?ms=nzs| auz
by (fastforce simp: nall(4) zf _def(3) sort_sort_both_xs)
have map snd (merge (zip nsz zs') cys) = map zg (sort (nsz @ map fst cys))
using merge__map[where ?c=zg and ?ns=nsz and ?ms=map fst cys] assms(5) aux
unfolding zg def(1)[symmetric] zg_def(2)
by (fastforce simp: zip_map_ fst_snd)
then have zs_zg: zs = fo_nmlz (X U Y) (map zg both)
using merge__map|where o=xg and ?ns=sort (nsz @ map fst cys) and ?ms=nys| auz
by (fastforce simp: nall(2) zg_def(3) sort_sort_both_ys)
have proj _map: proj_tuple ns (zip nsz xs") = map zg ns proj_tuple ns (zip nsy ys') = map zf ns
proj__tuple ns (zip nsx xs) = map xsf ns proj_tuple ns (zip nsy ys) = map ysf ns
unfolding zf def(2) zg_def(2) zsf_def ysf_def
using assms(5,6,7,8) proj_tuple_map
by auto
have ad_agr_list (X U Y) (map zg both) (map zf both)
using zs zg zs_zf
by (fastforce dest: fo_nmlz_eqD)
then have ad_agr_list (X U Y) (proj_tuple ns (zip nsz zs')) (proj_tuple ns (zip nsy ys'))
using assms(8)
unfolding proj _map
by (fastforce simp: both__def intro: ad__agr_list_subset[rotated))
then have fo_nmilz_Un: fo_nmlz (X U Y) (proj_tuple ns (zip nsz xs’)) = fo_nmlz (X U Y)
(proj_tuple ns (zip nsy ys’))
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by (auto intro: fo_nmlz_eql)
have False
using assms(9)
proof (rule disjE)
assume c: fo_nmlz (X N'Y) (proj_tuple ns (zip nsz zs)) # fo_nmlz (X N Y) (proj_tuple ns (zip
nsy ys))
have fo_nmilz_Int: fo_nmilz (X N Y) (proj_tuple ns (zip nsz zs’)) = fo_nmlz (X N Y) (proj_tuple
ns (zip nsy ys'))
using fo_nmlz_Un
by (rule fo_nmiz_eql[OF ad__agr_list_mono, rotated, OF fo_nmlz_eqD]) auto
have proj_zs: fo_nmlz (X N'Y) (proj_tuple ns (zip nsz zs)) = fo_nmlz (X N Y) (proj_tuple ns
(zip nsz zs'))
unfolding proj _map
apply (rule fo_nmlz_eql)
apply (rule ad_agr_list_mono[OF Int_lowerl])
apply (rule ad_agr_list_subset|OF __ close(2)[unfolded zsf def zg def(2)]])
using assms(8)
apply (auto)
done
have proj_ys: fo_nmlz (X N Y) (proj_tuple ns (zip nsy ys)) = fo_nmlz (X N'Y) (proj_tuple ns
(zip nsy ys'))
unfolding proj _map
apply (rule fo_nmlz_eql)
apply (rule ad_agr_list_mono[OF Int_lower2])
apply (rule ad_agr_list_subset|OF __ close(4)[unfolded ysf _def zf def(2)]])
using assms(8)
apply (auto)
done
show False
using c¢ fo__nmlz_Int proj_xs proj_ys
by auto
next
assume c: proj_tuple ns (zip nsz zs) # proj_tuple ns (zip nsy ys) A
(Vzeset (proj_tuple ns (zip nsz xs)). isl z) N\ (VY y€Eset (proj_tuple ns (zip nsy ys)). isl y)
have case z of Inl z = 2 € X U Y | Inr b = False if x € set (proj_tuple ns (zip nsz xs’)) for z
using close(2) assms(1,8) c that ad_agr_list_fo_nmlzd_isl[where ?X=X and ?f=zsf and
?9g=xg and ?zs=nsz]
unfolding proj _map
unfolding zsf def zg_def(2)
apply (auto simp: fo_nmlzd_def split: sum.splits)
apply (metis image__eql subsetD vimagel)
apply (metis subsetD sum.disc(2))
done
then have FE1: fo_nmlz (X U Y) (proj_tuple ns (zip nsx xs’)) = proj_tuple ns (zip nsz xs’)
by (rule fo_nmlz_idem_ isl)
have case y of Inl 2 = z € X U Y | Inr b = False if y € set (proj_tuple ns (zip nsy ys')) for y
using close(4) assms(2,8) c¢ that ad_agr_list_fo_nmlzd_isllwhere ?X=Y and ?f=ysf and
?g=zf and ?zs=nsy]
unfolding proj _map
unfolding ysf_def zf _def(2)
apply (auto simp: fo_nmlzd_def split: sum.splits)
apply (metis image__eql subsetD vimagel)
apply (metis subsetD sum.disc(2))
done
then have E2: fo_nmlz (X U Y) (proj_tuple ns (zip nsy ys')) = proj_tuple ns (zip nsy ys’)
by (rule fo_nmlz_idem_ isl)
have ad: ad__agr_list X (map zsf ns) (map zg ns)
using assms(8) close(2)[unfolded zsf def xzg def(2)] ad_agr list _subset
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by blast
have V z€set (proj_tuple ns (zip nsz xs)). isl ©
using ¢
by auto
then have E3: proj_tuple ns (zip nsz xs) = proj_tuple ns (zip nsz zs’)
using assms(8)
unfolding proj _map
apply (induction ns)
using ad_agr_list_fo_nmizd_isl[OF close(2)[unfolded xsf_def xzg_def(2)] assms(1)[unfolded
asf_def]]
by auto
have V z€set (proj_tuple ns (zip nsy ys)). isl x
using ¢
by auto
then have F/: proj_tuple ns (zip nsy ys) = proj_tuple ns (zip nsy ys')
using assms(8)
unfolding proj _map
apply (induction ns)
using ad_agr_list_fo_nmilzd_isl|OF close(4)[unfolded ysf def zf def(2)] assms(2)[unfolded
ysf_def]]
by auto
show False
using c fo_nmlz_Un
unfolding E1 E2 E3 E/
by auto
qed
}
then show %thesis
by (auto simp: eval__conj_tuple_def Let_def cxs__def[symmetric] nxs_def [symmetric] cys_def [symmetric]
nys__def[symmetric]
ext_tuple eq[OF len_sort(1)] ext tuple eq[OF len_sort(2)])
qed

lemma eval conj tuple_ close__empty:
assumes fo_nmlzd X xs fo_nmlzd Y ys
length nsx = length xs length nsy = length ys
sorted__distinct nsz sorted__distinct nsy
ns = filter (An. n € set nsy) nsz
fo_nmiz (X N'Y) (proj_tuple ns (zip nsz xs)) # fo_nmiz (X N'Y) (proj_tuple ns (zip nsy ys))
zs’ € ad_agr_close (X U Y) — X) zs ys' € ad_agr_close (XU Y) — Y) ys
shows eval_conj_tuple (X U Y) nsz nsy zs’ ys' = {}
proof —
have auz: sorted_ distinct ns set ns C set nsx N set nsy
using assms(5) sorted_filter|of id]
by (auto simp: assms(7))
show ?thesis
using eval__conj_tuple close__empty2|OF assms(1—6) auz] assms(8—)
by auto
qed

lemma eval conj tuple__empty2:
assumes fo_nmlzd Z zs fo_nmlzd Z ys

length nsx = length xs length nsy = length ys

sorted__distinct nsz sorted__distinct nsy

sorted _distinct ns set ns C set nsz N set nsy

fo_nmlz Z (proj__tuple ns (zip nsz xs)) # fo_nmlz Z (proj_tuple ns (zip nsy ys)) V
(proj__tuple ns (zip nsz xs) # proj_tuple ns (zip nsy ys) N
(Vz € set (proj_tuple ns (zip nsz zs)). isl ) A (Vy € set (proj_tuple ns (zip nsy ys)). isl y))
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shows eval__conj_tuple Z nsz nsy zs ys = {}
using eval conj tuple close_empty2[|OF assms(1—8)] assms(9) ad_agr_close_empty assms(1—2)
by fastforce

lemma eval conj tuple empty:
assumes fo_nmlzd Z xs fo_nmlzd Z ys
length nsx = length zs length nsy = length ys
sorted__distinct nsz sorted__distinct nsy
ns = filter (An. n € set nsy) nsz
fo_nmlz Z (proj_tuple ns (zip nsx xs)) # fo_nmlz Z (proj_tuple ns (zip nsy ys))
shows eval__conj_tuple Z nsz nsy zs ys = {}
proof —
have auz: sorted_distinct ns set ns C set nsx N set nsy
using assms(5) sorted _filter|of id]
by (auto simp: assms(7))
show %thesis
using eval conj tuple empty2[OF assms(1—6) auz] assms(8—)
by auto
qed

lemma nall_tuples rec_ filter:
assumes zs € nall_tuples _rec AD n (length zs) ys = filter (Az. —isl z) zs
shows ys € nall_tuples _rec {} n (length ys)
using assms
proof (induction zs arbitrary: n ys)
case (Cons z zs)
then show ?case
proof (cases z)
case (Inr b)
have b le i: b<n
using Cons(2)
by (auto simp: Inr)
obtain zs where ys_def: ys = Inr b # zs zs = filter (A\z. — isl z) s
using Cons(3)
by (auto simp: Inr)
show ?thesis
proof (cases b < n)
case True
then show ?thesis
using Cons(1)[OF __ ys_def(2), of n] Cons(2)
by (auto simp: Inr ys_def(1))
next
case False
then show ?Zthesis
using Cons(1)[OF __ ys_def(2), of Suc n] Cons(2)
by (auto simp: Inr ys_def(1))
qed
qed auto
qed auto

lemma nall_tuples rec_ filter rev:
assumes ys € nall_tuples rec {} n (length ys) ys = filter (Az. —isl z) zs
Inl —*set zs C AD
shows zs € nall_tuples _rec AD n (length s)
using assms
proof (induction zs arbitrary: n ys)
case (Cons z s)
show ?case
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proof (cases z)
case (Inl a)
have a AD: a € AD
using Cons(4)
by (auto simp: Inl)
show ?thesis
using Cons(1)[OF Cons(2)] Cons(3,4) a_AD
by (auto simp: Inl)
next
case (Inr b)
obtain zs where ys_def: ys = Inr b # zs zs = filter (Az. — isl x) xs
using Cons(3)
by (auto simp: Inr)
show ?thesis
using Cons(1)[OF __ ys_def(2)] Cons(2,4)
by (fastforce simp: ys_def(1) Inr)
qed
qged auto

lemma eval conj set aux:
fixes AD :: 'a set
assumes nsp’_def: nsp’ = filter (An. n ¢ set nsp) nsy
and nsyp’_def: nsyp’ = filter (An. n ¢ set nsy)) nse
and Xo¢_ def: Xp = fo_nmlz AD ‘ proj_wvals Ry nsy
and Xv_ def: Xy = fo_nmlz AD ‘ proj_vals Ry nsy
and distinct: sorted__distinct nsp sorted__distinct nsy
and czs_def: czs = filter (A(n, z). n & set nsyp A isl z) (zip nsp zs
and nzs_def: nzs = map fst (filter (A(n, z). n ¢ set nsy A —isl x)
and cys_def: cys = filter (A(n, y). n & set nse A isly) (zip nsy ys
and nys_def: nys = map fst (filter (A\(n, y). n & set nsp A —isl y)
and zs_ys def: xs € X ys € X
and ozs_def: zs = map oxs nsp fsp = map oxs nsp’
and oys_def: ys = map oys nsy fsi) = map oys nsyp’
and fsp_ def: fs¢ € nall_tuples _rec AD (card (Inr —* set xs)) (length nsp’)
and fsy__def: fs1p € nall_tuples_rec AD (card (Inr —° set ys)) (length nsy)’)
and ad_agr: ad_agr_list AD (map oys (sort (nsyp @ nsy’))) (map oxs (sort (nsp @ nsp’)))
shows
map snd (merge (zip nse zs) (zip nsp’ fsp)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map ozs (sort (nse Q map fst cys))))
(zip nys (map oxzs nys))) and
map snd (merge (zip nsp xs) cys) = map ozxs (sort (nse @ map fst cys)) and
map ors nys €
nall_tuples_rec {} (card (Inr —* set (map oxs (sort (nse @ map fst cys))))) (length nys)
proof —
have len_zs ys: length s = length nsy length ys = length nsy
using xs_ys_def
by (auto simp: X¢__def X1p__def proj_vals_def fo_nmlz_length)
have len_fsp: length fsp = length nsp’
using oxzs_def(2)
by auto
have set_nsp’: set nsp’ = set (map fst cys) U set nys
using len_xs ys(2)
by (auto simp: nsp'_def cys_def nys_def dest: set_zip_leftD)
(metis (no__types, lifting) image__eql in__set_impl_in_set_zipl mem__ Collect_eq
prod.sel(1) split__conv)
have Az. Inl z € set xs U set fsp = z € AD Ay. Inly € set ys U set fs) = y € AD
using zs_ys_def fo_nmiz_set[of AD] nall_tuples _rec_Inl[OF fsp_ def]
nall_tuples_rec_Inl[OF fsy__def]

Zip nsp 1s))

—~ D~

zip nsy ys))
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by (auto simp: X¢__def X1p__def)
then have Inl_zs ys:
An. n € set nsp U set nsyp = isl (cxzs n) +— (3z. cxsn = Inlz N z € AD)
An. n € set nsp U set nsyp = isl (cysn) «— (Jy. oysn =Inly ANy € AD)
unfolding oxs_def oys_def nsp’_def nsy’_def
by (auto simp: isl_def) (smt imagel mem__Collect__eq)+
have sort_sort: sort (nsp @Q nsp’) = sort (nsy @ nsy’)
apply (rule sorted__distinct__set__unique)
using distinct
by (auto simp: nsp'_def nsi’_def)
have isl_iff: An. n € set nsp' U set nsyp’ = isl (czs n) V isl (cys n) = oxsn = oys n
using ad__agr Inl_xs_ys
unfolding sort_sort[symmetric] ad__agr_list_link[symmetric]
unfolding nsp’ _def nsy’_def
apply (auto simp: ad_agr_sets_def)
unfolding ad__equiv__pair.simps
apply (metis (no__types, lifting) UnlI2 image__eql mem__Collect__eq)
apply (metis (no__types, lifting) Unl2 image__eql mem__Collect_eq)
apply (metis (no__types, lifting) Unll image__eql )+
done
have An. n € set (map fst cys) = isl (oxs n)
An. n € set (map fst cxs) = isl (oys n)
using isl_iff
by (auto simp: cys_def nsp’_def oys_def(1) cxs_def nsip’_def oxs_def(1) set_zip)
(metis nth_mem)+
then have Inr_sort: Inr — ¢ set (map oxs (sort (nsp Q@ map fst cys))) = Inr —* set xs
unfolding ozs_def(1) oys_def(1)
by (auto simp: zip_map_ fst_snd dest: set_zip_leftD)
(metis fst_conv image__iff sum.disc(2))+
have map_ nys: map oxs nys = filter (Az. —isl z) fsp
using isl_iff[unfolded nsyp’_def]
unfolding nys_def oys_def(1) ozs_def(2) nsp'_def filter_map
by (induction nsy) force+

have map_nys_in_nall: map oxs nys € nall_tuples rec {} (card (Inr —* set zs)) (length nys)
using nall_tuples_rec_ filter|OF fsp__def[folded len__fsp] map__nys]
by auto

have map__cys: map snd cys = map oxs (map fst cys)
using isl_iff
by (auto simp: cys_def set_zip nsp’_def oys_def(1)) (metis nth_mem)
show merge_xs_cys: map snd (merge (zip nsp xs) cys) = map oxs (sort (nsp Q map fst cys))
apply (subst zip_map_ fst_snd[of cys, symmetric])
unfolding ozs_def(1) map__cys
apply (rule merge_map)
using distinct
by (auto simp: cys_def oys_def sorted_filter distinct_map_ filter map_fst_ zip_ take)
have merge_nys_prems: sorted_distinct (sort (nse @ map fst cys)) sorted__distinct nys
set (sort (nse @ map fst cys)) N set nys = {}
using distinct len_xs_ys(2)
by (auto simp: cys_def nys_def distinct_map__filter sorted_filter)
(metis eq_key_imp__eq_value map__fst_ zip)
have map__snd_merge_nys: map oxs (sort (sort (nsey @ map fst cys) @ nys)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map oxs (sort (nsp Q@ map fst cys))))
(zip nys (map oxs nys)))
by (rule merge_map|OF merge_nys_prems, symmetric])
have sort_sort_nys: sort (sort (nse @ map fst cys) @ nys) = sort (nsp Q nsp’)
apply (rule sorted_distinct__set__unique)
using distinct merge_nys_prems set_nsp’
by (auto simp: cys_def nys_def nsp’_def dest: set_zip_leftD)
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have map_merge_fsp: map snd (merge (zip nse xs) (zip nsp’ fsp)) = map oxs (sort (nsp @ nsp’))
unfolding ozs def
apply (rule merge_map)
using distinct sorted_ filter[of id]
by (auto simp: nsp’_def)

show map snd (merge (zip nsp xs) (zip nsp’ fsp)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map oxs (sort (nsp @ map fst cys))))
(zip nys (map oxs nys)))
unfolding map_merge_fsp map__snd_merge_nys[unfolded sort_sort_nys]
by auto

show map oxs nys € nall_tuples_rec {}
(card (Inr —¢ set (map oxs (sort (nsp @ map fst cys))))) (length nys)
using map_ nys_in_nall
unfolding Inr_sort[symmetric]
by auto

qed

lemma eval conj_set_auz’”:
fixes AD :: 'a set
assumes nsp’_def: nsp’ = filter (An. n ¢ set nsp) nsy
and nsyp’_def: nsyp’ = filter (An. n & set nsy) nsy
and Xp_def: X = fo_nmlz AD ‘ proj_vals Ry nsp
and Xv¢_ def: X = fo_nmlz AD ‘ proj_wvals Ry nsy
and distinct: sorted__distinct nsp sorted__distinct nsy
and czs_def: czs = filter (A(n, z). n & set nsy A isl z) (zip nsp zs)
and nzs__def: nxs = map fst (filter (A(n, ). n & set nsy N —isl z) (zip nsp xs))
and cys_def: cys = filter (A\(n, y). n & set nsp A isl y) (zip nsy ys)
and nys_def: nys = map fst (filter (A(n, y). n & set nsp A —isl y) (zip nsy ys))
and zs_ys_def: zs € Xp ys € X
and owxs_def: s = map ozs nsp map snd cys = map ozs (map fst cys)
ysy = map oxs NYs
and oys_def: ys = map oys nsy map snd cxs = map oys (map fst cxs)
TSP = map oys ns
and fso_ def: fsp = map oxs nsp’
and fsip_ def: fsi) = map oys nsy’
and ysip__def: map oxs nys € nall_tuples_rec {}
(card (Inr —* set (map ozs (sort (nse @ map fst cys))))) (length nys)
and Inl_set_AD: Inl —¢ (set (map snd cxs) U set xsp) C AD
Inl —* (set (map snd cys) U set ysip) C AD
and ad_agr: ad_agr_list AD (map oys (sort (nsy) @ nsy’))) (map oxs (sort (nse @ nsp’)))
shows
map snd (merge (zip nsp xs) (zip nsp’ fsp)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map oxs (sort (nse @ map fst cys))))
(zip nys (map oxzs nys))) and
map snd (merge (zip nsp xs) cys) = map oxs (sort (nse @ map fst cys))
fse € nall_tuples_rec AD (card (Inr —* set xs)) (length nsp’)
proof —
have len_zs ys: length s = length nsy length ys = length nsy
using xs_ys_def
by (auto simp: X¢__def X1__def proj_vals_def fo_nmlz_length)
have len_fsp: length fsp = length nsp’
by (auto simp: fse__def)
have set_ns: set nsp’ = set (map fst cys) U set nys
set nsyp’ = set (map fst cxs) U set nxs
using len_xs_ys
by (auto simp: nsp'_def cys_def nys_def nsy’_def cxs_def nxzs_def dest: set_zip_leftD)
(metis (no__types, lifting) image__eql in__set_impl_in_set_zipl mem__ Collect_eq
prod.sel(1) split_conv)+

68



then have set_o_ns: oxs ‘ set nsyp’ U oxs “ set nsp’ C set zs U set (map snd cys) U set ysyp
oys ‘set nsp’ U oys ‘ set nsyp’ C set ys U set (map snd czs) U set zsp
by (auto simp: oxs_def oys_def nsp'_def nsyp’_def)
have Inl_sub_AD: Nz. Inl z € set zs U set (map snd cys) U set ysp = z € AD
Ay. Inl y € set ys U set (map snd cxs) U set zsp = y € AD
using zs_ys_def fo_nmiz_set[of AD] Inl_set_AD
by (auto simp: Xp__def X1b__def) (metis in__set_zipFE set_map subset__eq vimagel zip_map__fst_snd)+
then have Inl_zs ys:
An. n € set nsp’ U set nsyp’ = isl (cws n) «— (z. ozs n = Inlz ANz € AD)
An. n € set nsp’ U set nsyy’ = isl (oysn) +— (Jy. oysn = Inly Ay € AD)
using set_o_ ns
by (auto simp: isl_def rev_image__eql)
have sort_sort: sort (nsp @ nsp') = sort (nsy) @ nsyp’)
apply (rule sorted__distinct__set__unique)
using distinct
by (auto simp: nsp'_def nsi’_def)
have dsl_iff: An. n € set nsp’ U set nsyp’ = isl (czs n) V isl (cys n) = oxs n = oysn
using ad_agr Inl_xs_ys
unfolding sort_sort[symmetric] ad__agr_list_link[symmetric]
unfolding nsp’_def nsy’_def
apply (auto simp: ad__agr_sets_def)
unfolding ad__equiv__pair.simps
apply (metis (no__types, lifting) UnlI2 image__eql mem__Collect__eq)
apply (metis (no__types, lifting) Unl2 image__eql mem__Collect_eq)
apply (metis (no__types, lifting) Unll image_eql )+
done
have An. n € set (map fst cys) = isl (ozs n)
An. n € set (map fst cxs) = isl (oys n)
using isl_iff
by (auto simp: cys_def nsp'_def oys_def(1) cxs_def nstp’_def oxs_def(1) set_zip)
(metis nth_mem)+
then have Inr_sort: Inr —¢ set (map oxs (sort (nsp Q@ map fst cys))) = Inr —* set xs
unfolding ozs_def(1) oys_def(1)
by (auto simp: zip_map_ fst_snd dest: set_zip_leftD)
(metis fst_conv image__iff sum.disc(2))+
have map_ nys: map oxs nys = filter (Az. —isl z) fsp
using isl_iff [unfolded nsp’_def]
unfolding nys_def oys_def(1) fso__def nsp’_def
by (induction nsy) force+
have map__cys: map snd cys = map oxs (map fst cys)
using isl_iff
by (auto simp: cys_def set_zip nsp’_def oys_def(1)) (metis nth_mem)
show merge_xs_cys: map snd (merge (zip nsp xs) cys) = map oxs (sort (nsp @ map fst cys))
apply (subst zip_map_fst_snd[of cys, symmetric])
unfolding ozs_def(1) map__cys
apply (rule merge_map)
using distinct
by (auto simp: cys_def oys_def sorted_filter distinct_map_ filter map_ fst_ zip_ take)
have merge_nys_prems: sorted_ distinct (sort (nse @ map fst cys)) sorted__distinct nys
set (sort (nse @ map fst cys)) N set nys = {}
using distinct len_xs_ys(2)
by (auto simp: cys_def nys_def distinct_map__ filter sorted_filter)
(metis eq_key_imp__eq_value map__fst_zip)
have map__snd_merge_nys: map oxs (sort (sort (nse @ map fst cys) @ nys)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map oxs (sort (nsp @ map fst cys))))
(zip nys (map oxs nys)))
by (rule merge_map|OF merge_nys_prems, symmetric])
have sort_sort_nys: sort (sort (nse @ map fst cys) @ nys) = sort (nsp Q nsp’)
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apply (rule sorted__distinct__set__unique)
using distinct merge__nys__prems set_ns
by (auto simp: cys_def nys_def nsp’'_def dest: set_zip_leftD)

have map_merge_fsp: map snd (merge (zip nse zs) (zip nsp’ fsp)) = map oxs (sort (nsp @ nsp’))
unfolding oxs_def fsp_ def
apply (rule merge_map)
using distinct sorted_ filter[of id]
by (auto simp: nsp’_def)

show map snd (merge (zip nsp xs) (zip nsp’ fsp)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map oxs (sort (nsp @ map fst cys))))
(zip nys (map oxs nys)))
unfolding map_merge_fsp map__snd_merge_nys[unfolded sort_sort_nys]
by auto

have Inl — set fsp C AD
using Inl_sub_AD(1) set_o_ns
by (force simp: fsp__def)

then show fso € nall tuples rec AD (card (Inr —* set xs)) (length nsp’)
unfolding len_ fsp[symmetric]
using nall_tuples_rec_ filter_rev|OF __ map_ nys] ysy_ def[unfolded Inr_sort]
by auto

qed

lemma eval conj set correct:
assumes nsp’_def: nsp’ = filter (An. n & set nsp) nsy
and nsy’_def: nsyp’ = filter (An. n ¢ set nsy) nse
and X¢_def: X = fo_nmlz AD ‘ proj_vals Ry nsp
and Xv¢_ def: X = fo_nmlz AD ‘ proj_vals Ry nsy
and distinct: sorted__distinct nsp sorted__distinct nsy
shows eval_conj _set AD nsp X nsyp X1 = ext_tuple_set AD nsp nsp’ X N ext_tuple_set AD nsyp
nsyp’ X
proof —
have aux: ext_tuple_set AD nsp nsp’ X = fo_nmlz AD ‘| (ext_tuple AD nsp nsp' * Xp)
ext_tuple_set AD nsy nsyp’ Xop = fo_nmiz AD ‘| (ext_tuple AD nsyp nsyp’ © Xab)
by (auto simp: ext_tuple set_def ext_ tuple def Xe_def Xty def image_iff fo_nmlz_idem[OF
fo_nmlz_sound))
show ?thesis
unfolding aux
proof (rule set_eql, rule iffT)
fix vs
assume vs € fo_nmilz AD ‘| (ext_tuple AD nsp nsp’ * Xp) N
fo_nmlz AD ‘| (ext_tuple AD nsyp nsyp’ ¢ Xvp)
then obtain zs ys where zs_ys_def: s € X vs € fo_nmlz AD ‘ ext_tuple AD nsp nsp’ s
ys € X1 vs € fo_nmilz AD * ext_tuple AD nsp nsyp’ ys
by auto
have len_xs ys: length xs = length nsp length ys = length nsy
using zs_ys def(1,3)
by (auto simp: X¢__def X1__def proj_vals_def fo_nmlz_length)
obtain fsp where fsg_ def: vs = fo__nmlz AD (map snd (merge (zip nsp xs) (zip nse’ fsp)))
fs € nall_tuples_rec AD (card (Inr —* set xs)) (length nsp’)
using zs_ys_def(1,2)
by (auto simp: X¢_ def proj_wvals_def ext_tuple def split: if _splits)
(metis fo_nmlz_map length_map map__snd_ zip)
obtain fsi) where fsy_def: vs = fo_nmlz AD (map snd (merge (zip nsy ys) (zip nsyp’ fsi))))
fsi € nall_tuples _rec AD (card (Inr —* set ys)) (length nsy)’)
using zs_ys_def(3,4)
by (auto simp: Xtp__def proj_vals_def ext_tuple_def split: if _splits)
(metis fo_nmlz_map length_map map__snd_ zip)
note len_ fso = nall_tuples _rec_length|OF fsp__def(2)]
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note len_ fsi) = nall_tuples _rec_length[OF fsy_ def(2)]
obtain oxs where oxs_def: xs = map ozs nsp fsp = map oxs nsp’
using exists_map|of nsp @ nsp’ s Q fsp] len_xs_ys(1) len_fsp distinct
by (auto simp: nse’_def)
obtain oys where oys _def: ys = map oys nsy fsip = map oys nsy’
using erists_map|of nsy) Q nsyp’ ys Q fsi)] len_zs_ys(2) len_fsyp distinct
by (auto simp: nsyp’_def)
have map_merge_fsp: map snd (merge (zip nsp xs) (zip nse’ fsp)) = map ozs (sort (nse Q nse’))
unfolding ozs_def
apply (rule merge_map)
using distinct sorted__filter[of id]
by (auto simp: nsp’_def)
have map__merge_fsy: map snd (merge (zip nsy ys) (zip nsyp’ fsi)) = map oys (sort (nsy) @ nsyp’))
unfolding oys _def
apply (rule merge_map)
using distinct sorted__ filter[of id)
by (auto simp: nsip’_def)
define czs where cxs = filter (A(n, z). n ¢ set nsy A isl z) (zip nsp xs)
define nzs where nazs = map fst (filter (A\(n, z). n & set nsy A —isl z) (zip nsp zs))
define cys where cys = filter (A(n, y). n ¢ set nsp A isly) (zip nsy ys)
define nys where nys = map fst (filter (A(n, y). n & set nsp A —isl y) (zip nsy ys))
note ad_agrl = fo_nmlz_eqD[OF trans|OF fsp_ def(1)[symmetric] fsy__def(1)],
unfolded map__merge__fsp map__merge_fsi))
note ad_agr2 = ad_agr_list_comm[OF ad_agrl]
obtain oxs where aux!:
map snd (merge (zip nsp xs) (zip nsp’ fsp)) =
map snd (merge (zip (sort (nsp @ map fst cys)) (map ozs (sort (nse Q@ map fst cys))))
(zip nys (map oxzs nys)))
map snd (merge (zip nse xs) cys) = map ozs (sort (nse @ map fst cys))
map oxs nys € nall_tuples_rec {}
(card (Inr —* set (map ozs (sort (nse @ map fst cys))))) (length nys)
using eval_conj _set_auz|OF nsp’_def nsyy’_def Xp__def X+b__def distinct cxs_def nzs_def
cys_def nys_def zs_ys_def(1,3) ozs_def oys_def fsp__def(2) fsip_def(2) ad_agr2]
by blast
obtain oys where aux2:
map snd (merge (zip nsy ys) (zip nsy’ fs)) =
map snd (merge (zip (sort (nsy) @ map fst cxs)) (map oys (sort (nsy Q@ map fst cxs))))
(zip nzs (map oys nxs)))
map snd (merge (zip nsy ys) cxs) = map oys (sort (nsy @Q map fst cxs))
map oys nzs € nall_tuples _rec {}
(card (Inr —* set (map oys (sort (nsyp @ map fst cxs))))) (length nxs)
using eval_conj_set_auz[OF nsy’_def nsp’_def X+__def Xo__def distinct(2,1) cys_def nys_def
czs_def nzs_def xs_ys_def(3,1) oys_def oxs_def fsip__def(2) fsp__def(2) ad_agrl]
by blast
have vs_ext_nys: vs € fo_nmlz AD * ext_tuple {} (sort (nse Q map fst cys)) nys
(map snd (merge (zip nsp zs) cys))
using auzl (3)
unfolding fsp_ def(1) aux1(1)
by (simp add: ext_tuple eq[OF length _map[symmetric]] auzl(2))
have vs_ext nzs: vs € fo_nmlz AD * ext tuple {} (sort (nsyp Q map fst cxs)) nas
(map snd (merge (zip nsy ys) cxs))
using auz2(3)
unfolding fsiyp_def(1) auz2(1)
by (simp add: ext_tuple_eq[OF length_map[symmetric]] auz2(2))
show vs € eval _conj_set AD nsp X nsip Xvp
using vs__ext_nys vs_ext_nzs zs_ys_def(1,3)
by (auto simp: eval__conj_set_def eval_conj_tuple def nys_def cys_def nzs_def cxs_def Let_def)
next
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fix vs
assume vs € eval_conj_set AD nsp X nsy X
then obtain zs ys cxs nzs cys nys where
czs_def: cxs = filter (A(n, z). n ¢ set nsy A isl z) (zip nsp zs) and
nzs__def: nxs = map fst (filter (A(n, ). n ¢ set nsyy A\ —isl z) (zip nsp zs)) and
cys_def: cys = filter (\(n, y). n & set nsp A isl y) (zip nsy ys) and
nys_def: nys = map fst (filter (A\(n, y). n & set nsp A —isl y) (zip nsy ys)) and
xs_def: xzs € X vs € fo_nmlz AD © ext_tuple {} (sort (nsp @ map fst cys)) nys
(map snd (merge (zip nse xs) cys)) and
ys_def: ys € X vs € fo_nmlz AD * ext_tuple {} (sort (nsy) @ map fst cxs)) nxs
(map snd (merge (zip nsy ys) cxs))
by (auto simp: eval_conj_set_def eval conj tuple_def Let_def) (metis (no_types, lifting) im-
age__eql)
have len_xs_ys: length xs = length nsp length ys = length nsy
using zs_def(1) ys_def(1)
by (auto simp: X¢__def X+__def proj_wvals_def fo_nmlz_length)
have len__merge__cys: length (map snd (merge (zip nsp xs) cys)) =
length (sort (nse @ map fst cys))
using merge_lengthlof zip nsp zs cys] len_zs_ys
by auto
obtain ysi) where ysi)__def: vs = fo_nmlz AD (map snd (merge (zip (sort (nse @ map fst cys))
(map snd (merge (zip nsp zs) cys))) (zip nys ysy)))
ysy € nall _tuples rec {} (card (Inr —¢ set (map snd (merge (zip nse xs) cys))))
(length nys)
using zs_def(2)
unfolding ext_tuple_eq[OF len_merge__cys[symmetric]]
by auto
have distinct_nys: distinct (nse @ map fst cys @ nys)
using distinct len__xs_ys
by (auto simp: cys_def nys_def sorted_ filter distinct_map__filter)
(metis eq_key__imp__eq value map_ fst_ zip)
obtain ozs where ozs_def: xs = map oxzs nsp map snd cys = map ozs (map fst cys)
Yysy = map oxs nys
using ezists_map[OF __ distinct_nys, of zs @ map snd cys @ ysy] len_zs_ys(1)
nall_tuples_rec_length[OF ysy__def(2)]
by (auto simp: nsp’_def)
have len_merge__cxs: length (map snd (merge (zip nsy ys) cxs)) =
length (sort (nsy Q map fst cxs))
using merge__lengthlof zip nsy ys] len_zs_ys
by auto
obtain zsy where zs¢__def: vs = fo_nmlz AD (map snd (merge (zip (sort (nsy) @ map fst cxs))
(map snd (merge (zip nsy ys) cxs))) (zip nzs zsp)))
zsp € nall_tuples _rec {} (card (Inr —* set (map snd (merge (zip nsy ys) czs))))
(length nzxs)
using ys_def(2)
unfolding ext tuple eq[OF len_merge_ cxs[symmetric|]
by auto
have distinct_nzs: distinct (nsyy @ map fst czs @ nxs)
using distinct len_xs_ys(1)
by (auto simp: czs_def nzs__def sorted_filter distinct_map__filter)
(metis eq_key__imp__eq value map_ fst_ zip)
obtain oys where oys_def: ys = map oys nsy map snd cxs = map oys (map fst cxs)
TSP = map oys ns
using exists_map[OF __ distinct_nzs, of ys @ map snd cxs Q xsp] len_xs_ys(2)
nall_tuples rec_length{OF zsp__def(2)]
by (auto simp: nsip’_def)
have sd__cs_ns: sorted_ distinct (map fst cxs) sorted__distinct nzs
sorted__distinct (map fst cys) sorted__distinct nys
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sorted__distinct (sort (nsy) @ map fst cxs))
sorted__distinct (sort (nsp @Q map fst cys))
using distinct len_xs_ys
by (auto simp: cxs_def nzs_def cys_def nys_def sorted_ filter distinct_map__filter)
have set _cs ns_disj: set (map fst cxs) N set nas = {} set (map fst cys) N set nys = {}
set (sort (nsp @ map fst cys)) N set nys = {}
set (sort (nsy @ map fst cxs)) N set nzs = {}
using distinct nth__eq iff index_eq
by (auto simp: czs_def nxzs_def cys_def nys_def set_zip) blast+
have merge__sort__cxs: map snd (merge (zip nsy ys) cxs) = map oys (sort (nsy @Q map fst czs))
unfolding oys_def(1)
apply (subst zip_map_ fst_snd[of cxs, symmetric])
unfolding oys_def(2)
apply (rule merge_map)
using distinct(2) sd_cs_ns
by (auto simp: czs_def)
have merge__sort__cys: map snd (merge (zip nsp xs) cys) = map ozs (sort (nsp Q map fst cys))
unfolding ozs_def(1)
apply (subst zip_map_ fst_snd[of cys, symmetric])
unfolding ozs def(2)
apply (rule merge_map)
using distinct(1) sd_cs_ns
by (auto simp: cys__def)
have set_nsp’: set nsp’ = set (map fst cys) U set nys
using len_zs ys(2)
by (auto simp: nse’_def cys_def nys_def dest: set_zip_leftD)
(metis (no__types, lifting) image__eql in__set_impl_in_set_zipl mem__ Collect eq
prod.sel(1) split_conv)
have sort_sort_nys: sort (sort (nsp @ map fst cys) @ nys) = sort (nsp Q nsp’)
apply (rule sorted__distinct_set__unique)
using distinct sd_cs_ns set_cs_ns_disj set_nsp’
by (auto simp: cys_def nys_def nsp'_def dest: set_zip_leftD)
have set_nsy”: set nsyp’ = set (map fst cxs) U set nas
using len_zs_ys(1)
by (auto simp: nsyp’_def cxs_def nzs_def dest: set_zip_leftD)
(metis (no__types, lifting) image__eql in__set_impl_in__set_zipl mem__Collect_eq
prod.sel(1) split__conv)
have sort_sort_nzs: sort (sort (nsy) @ map fst czs) Q nxs) = sort (nsy Q nsyp’)
apply (rule sorted_ distinct_set__unique)
using distinct sd_cs_ns set_cs_ns_disj set_nsiy’
by (auto simp: czs_def nzs_def nsy’_def dest: set_zip_leftD)
have ad_agri: ad_agr_list AD (map oys (sort (nsy @Q nsy’))) (map oxs (sort (nse @ nse’)))
using fo_nmlz _eqD[OF trans|OF zsp__def(1)[symmetric] ysi_def(1)]]
unfolding ozs_def(3) oys_def(3) merge_sort_cxs merge_sort_cys
unfolding merge_map[OF sd_cs _ns(5) sd_cs_ns(2) set_cs_ns_disj(4)]
unfolding merge_map[OF sd_cs_ns(6) sd_cs_ns(4) set_cs_ns_disj(3)]
unfolding sort_sort_nxs sort_sort_nys .
note ad_agr2 = ad_agr_list_comm|[OF ad_agrl]
have Inl_set AD: Inl —* (set (map snd czs) U set zsp) C AD
Inl —¢ (set (map snd cys) U set ysy) C AD
using zs_def(1) nall_tuples _rec_Inl[OF zsp_ def(2)] ys_def(1)
nall_tuples rec_Inl[OF ysip__def(2)] fo_nmlz_set[of AD]
by (fastforce simp: cxs_def Xp__def cys_def X1__def dest!: set_zip_rightD)+
note auz! = eval_conj_set_auz’[OF nsp'_def nsyp’_def Xo__def X+p__def distinct cvs_def nzs_def
cys_def nys_def xs_def(1) ys_def(1) oxs_def oys_def refl refl
ys__def(2)|unfolded oxs_def(3) merge_sort_cys| Inl_set _AD ad_agrl]
note auz?2 = eval_conj_set_auz'|OF nsy’'_def nsp' _def X+_def Xo_ def distinct(2,1) cys_def
nys__def
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cxs_def nxs_def ys_def(1) zs_def(1) oys_def oxs_def refl refl
zsp__def(2)[unfolded oys def(3) merge_sort czs] Inl_set AD(2,1) ad_agr2]
show vs € fo_nmilz AD ‘| (ext_tuple AD nsp nse’ “ Xp) N
fo_nmlz AD ‘| (ext_tuple AD nsyp nsyp’ © X))
using zs_def(1) ys_def(1) ysy_def(1) zsp_def(1) auzl(3) auz2(3)
ext_tuple__eq[OF len_xs_ys(1)[symmetric], of AD nsp’]
ext_tuple _eq[OF len_xs_ys(2)[symmetric], of AD nsi’|
unfolding auz!(2) auz2(2) oys_def(3) oxs_def(3) auxl(1)[symmetric] auz2(1)[symmetric]
by blast
qed
qed

lemma esat_exists_not_fv: n & fu_fo_fmla p = X # {} =
esat (Existsn o) I 0 X «— esat o [ 0 X
proof (rule iffI)
assume assms: n & fu_fo_fmla ¢ esat (Ezists n @) I o X
then obtain z where esat ¢ I (o(n :=z)) X
by auto
with assms(1) show esat ¢ I o X
using esat_fu_conglof ¢ o o(n := z)] by fastforce
next
assume assms: n ¢ fu_fo_fmla o X # {} esat p [ 0 X
from assms(2) obtain z where z_def: z € X
by auto
with assms(1,3) have esat ¢ I (o(n := z)) X
using esat_fu_conglof ¢ o o(n := z)] by fastforce
with x_def show esat (Ezists n @) I o X
by auto
qed

lemma esat_forall _not_fuv: n & fu_fo_fmla p = X # {} =
esat (Foralln ) I 0 X «— esat o [ 0 X
using esat__exists_not_fulof n Neg ¢ X I o]
by auto

lemma proj_sat_vals: proj_sat ¢ I =

proj_wals {o. sat ¢ I o} (fu_fo_fmla_list @)
by (auto simp: proj_sat_def proj_vals__def)

lemma fu_fo fmla_list Pred: remdups_adj (sort (fu_fo_terms_list ts)) = fu_fo_terms_list ts
unfolding fu_fo_ terms_list_def
by (simp add: distinct_remdups__adj_sort remdups__adj_distinct sorted__sort_id)

lemma ad_agr list_fu_list" |J(set (map set_fo_term ts)) C X =
ad__agr_list X (map o (fu_fo_terms_list ts)) (map T (fu_fo_terms_list ts)) —
ad__agr_list X (o Oe ts) (17 Oe ts)
proof (induction ts)
case (Cons t ts)
have IH: ad_agr_list X (o Ge ts) (T Oe ts)
using Cons
by (auto simp: ad_agr_list _def ad_equiv_list_link[symmetric] fu_fo_terms_set list
fu_fo_terms_set_def sp__equiv_list _link sp__equiv__def pairwise__def) blast+
have ad__equiv: A\i. i € fu_fo_term_set t U |J (fu_fo_term_set * set ts) =
ad__equiv_pair X (o i, T 1)
using Cons(8)
by (auto simp: ad__agr_list_def ad__equiv_list_link[symmetric] fu_fo_terms_set_list
fu_fo_terms_set_def)
have sp__equiv: N\ij. i € fu_fo_term_set t U | (fu_fo_term_set  set ts) =
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j € fu_fo_term_set t U |J (fu_fo_term_set  set ts) = sp__equiv_pair (o i, T i) (o j, T j)
using Cons(8)
by (auto simp: ad__agr_list_def sp__equiv_list_link fu_fo_terms_set_list
fu_fo_terms_set_def sp__equiv__def pairwise__def)
show ?case
proof (cases t)
case (Const c)
show ?thesis
using IH Cons(2)
apply (auto simp: ad__agr_list_def eval_eterms_def ad__equiv_list _def Const
sp_equiv_list__def pairwise__def set_ zip)
unfolding ad__equiv__pair.simps
apply (metis nth_map rev_image__eql)+
done
next
case (Var n)
note t_def = Var
have ad: ad__equiv_pair X (o n, 7 n)
using ad__equiv
by (auto simp: Var)
have Ay. y € set (zip (map ((-€) o) ts) (map ((-e
sp__equiv_pair (o n, T n) y A sp_equiv_pair y (
proof —
fix y
assume y € set (zip (map ((-e) o) ts) (map ((-e) 7) ts))
then obtain t' where y_def: t' € set tsy = (o -et’, T -et’)
using nth__mem
by (auto simp: set_zip) blast
show sp__equiv_pair (o n, 7 n) y A sp_equiv_pair y (o n, 7 n)
proof (cases t')
case (Const c')
have ¢/ X:c' e X
using Cons(2) y_def(1)
by (auto simp: Const) (meson SUP_le_iff fo_term.set_intros subsetD)
then show ?%thesis
using ad__equiv[of n] y_def(1)
unfolding y_ def
apply (auto simp: Const t_def)
unfolding ad__equiv__pair.simps
apply fastforce+
apply force
apply (metis rev_image__eql)
done
next
case (Var n')
show %thesis
using sp__equiv[of n n'] y_def(1)
unfolding y_ def
by (fastforce simp: t_def Var)
qed
qed
then show %thesis
using IH Cons(3)
by (auto simp: ad__agr_list_def eval__eterms_def ad__equiv_list_def Var ad sp__equiv_list_def
pairwise__insert)
qed
qed (auto simp: eval__eterms__def ad__agr_list_def ad__equiv_list_def sp__equiv_list_ def)

) T) ts))):>y7é(an,7'n)2
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lemma ext tuple ad_agr_close:
assumes Sp__def: Sp = {o. esat ¢ [ o UNIV}
and AD_sub: act_edom ¢ I C ADp ADp C AD
and Xo_def: X¢ = fo_nmlz ADy ‘ proj_wvals S (fu_fo_ fmla_list )
and nsp’_def: nsp’ = filter (An. n & fu_fo_fmla ) nsy
and sd_nsy: sorted_distinct nsy
and fu_Un: fu_fo_fmla ¢ = fu_fo_fmla ¢ U set nsy
shows ext_tuple_set AD (fu_fo_fmla_list p) nse' (ad_agr_close_set (AD — ADyp) Xp) =
fo_nmlz AD * proj_vals S¢ (fu_fo__fmla_list ¥)
ad__agr_close_set (AD — ADy) X¢ = fo_nmlz AD  proj_vals S (fu_fo_ fmla_list )
proof —
have ad__agr_p:
No 7. ad_agr_sets (set (fu_fo_fmla_list ¢)) (set (fu_fo_fmia_list p)) ADp o T =
o€ Sp+—T1€ESp
using esat_ UNIV__cong[OF ad_agr_sets_restrict, OF __ subset_refl] ad_agr_sets_mono AD__sub
unfolding Sp_ def
by blast
show ad__close__alt: ad__agr_close_set (AD — ADy) X = fo_nmlz AD ‘proj_vals S (fu_fo_fmla_list
©)
using ad__agr__close__correct|OF AD_sub(2) ad_agr_¢| AD__sub(2)
unfolding X¢_ def Sp__def[symmetric] proj_fmla_def
by (auto simp: ad__agr_close_set_def)
have fu_¢: set (fu_fo_ fmila_list p) C set (fu_fo_fmla_list 1)
using fu_Un
by (auto simp: fu_fo_ fmla_list_set)
have sd_nsp’: sorted_ distinct nsp’
using sd_nsyp sorted_filter[of id)
by (auto simp: nsp’_def)
show ext_tuple_set AD (fu_fo_fmla_list ) nsp’ (ad_agr_close_set (AD — ADp) X¢p) =
fo_nmiz AD * proj_vals S¢ (fu_fo_ fmla_list ¥)
apply (rule ext_tuple_ correct)
using sorted__distinct_fu_list ad_close__alt ad_agr_¢ ad__agr_sets_mono[OF AD__sub(2)]
fu_Un sd_nsp’
by (fastforce simp: nsp’_def fu_fo_fmla_list_set)+
qed

lemma proj_ext_tuple:
assumes Sp__def: Sp = {o. esat ¢ [ 0 UNIV}
and AD_ sub: act_edom ¢ I C AD
and X¢_def: X¢ = fo_nmlz AD  proj_wvals S (fu_fo_ fmla_list )
and nsp’_def: nsp’ = filter (An. n ¢ fu_fo_fmla ) nsy
and sd_nsy: sorted_ distinct nsy
and fu_Un: fu_fo_fmla ¢ = fu_fo_fmla ¢ U set nsy
and Z_props: N\xzs. xs € Z = fo_nmiz AD zs = xs A length zs = length (fu_fo_fmla_list 1)
shows Z N ext_tuple_set AD (fu_fo_ fmla_list ©) nsp’ Xp =
{zs € Z. fo_nmlz AD (proj_tuple (fu_fo_fmla_list @) (zip (fu_fo_ fmla_list ) xs)) € Xp}
7 — ext_tuple_set AD (fu_fo_fmla_list p) nsp’ X =
{zs € Z. fo_nmlz AD (proj_tuple (fu_fo_fmla_list @) (zip (fu_fo_fmla_list ) xs)) ¢ Xy}
proof —
have ad_agr_:
Ao 7. ad_agr_sets (set (fu_fo_ fmla_list p)) (set (fu_fo_fmla_list ¢)) AD 0 7 =
o€ Sp+—T1€ESp
using esat_ UNIV_cong[OF ad_agr_sets_restrict, OF __ subset_refl] ad_agr_sets_mono AD__sub
unfolding Sp_ def
by blast
have sd_nsp” sorted_ distinct nsp’
using sd_nsy sorted_ filter[of id)
by (auto simp: nsp’_def)
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have disj: set (fu_fo_fmla_list ©) N set nsp’ = {}
by (auto simp: nse'_def fu_fo_fmla_list_set)

have Un: set (fu_fo_ fmla_list ©) U set nsp’ = set (fu_fo__fmla_list 1)
using fu_Un
by (auto simp: nse'_def fu_fo_fmla_list_set)

note proj = proj_tuple_correct|OF sorted__distinct_fu_list sd_nsp' sorted_distinct_fu_list

disj Un X¢__def ad__agr_, simplified)

have fo_nmlz AD ‘ Xp = X¢
using fo_nmlz_idem[OF fo_nmlz_sound)]
by (auto simp: X¢__def image_iff)

then have auz: ext_tuple set AD (fu_fo_fmla_list p) nsp’ Xp = fo_nmlz AD ‘] (ext_tuple AD

(fu_fo__fmla_list p) nse’ “ Xp)

by (auto simp: ext_tuple_set_def ext_tuple_def)

show Z N ext_tuple _set AD (fu_fo_fmla_list p) nsp’ Xp =
{zs € Z. fo_nmlz AD (proj_tuple (fu_fo_fmla_list @) (zip (fu_fo_fmla_list ) xs)) € Xy}
using Z_props proj
by (auto simp: auz)

show Z — ext_tuple_set AD (fu_fo_fmla_list p) nsp’ X =
{zs € Z. fo_nmlz AD (proj_tuple (fu_fo_fmla_list @) (zip (fu_fo_fmla_list ) xs)) ¢ X}
using Z_ props proj
by (auto simp: auz)

qed

lemma fo_nmlz_proj sub: fo_nmlz AD ‘ proj_fmla ¢ R C nall_tuples AD (nfv @)
by (auto simp: proj_fmla_map fo_nmliz_length fo_nmlz_sound nfv_def
intro: nall_tuplesI)

lemma fin__ad_agr_list_iff:
fixes AD :: (‘a :: infinite) set
assumes finite AD A\vs. vs € Z = length vs = n
Z = {ts. 3ts’ € X. ad_agr_list AD (map Inl ts) ts'}
shows finite Z «— |J(set * Z) C AD
proof (rule iffI, rule ccontr)
assume fin: finite Z
assume —|J(set © Z) C AD
then obtain o ¢ vs where o__def: map o [0.<n] € Zi<noi¢ ADwvs € X
ad__agr_list AD (map (Inl o o) [0..<n]) vs
using assms(2)
by (auto simp: assms(3) in__set_conv_nth) (metis map__map map__nth)
define Y where ¥ = AD U o ‘{0..<n}
have inf UNIV_Y: infinite (UNIV — Y)
using assms(1)
by (auto simp: Y_ def infinite UNIV)
have Ay. y ¢ Y = map (Az. if z = o i then y else z) o 0) [0..<n] € Z
using o_ def(3)
by (auto simp: assms(3) introl: bexI[OF __ o_def(4)] ad_agr_list trans[OF __ o_def(5)])
(auto simp: ad__agr_list_def ad__equiv_list_def set_zip Y__def ad__equiv__pair.simps
sp__equiv_list__def pairwise__def split: if _splits)
then have (A\z’. map ((\z. if z = o i then 2’ else 2) o o) [0..<n]) *
(UNIV — Y)C Z
by auto
moreover have inj (Az’. map ((\z. if z = o i then 2z’ else 2) o ) [0..<n])
using o__def(2)
by (auto simp: inj_def)
ultimately show Fulse
using inf UNIV_Y fin
by (meson inj_on_ diff inj _on__finite)
next
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assume | J(set ‘Z) C AD

then have Z C all tuples AD n
using assms(2)
by (auto intro: all_tuplesI)

then show finite Z
using all_tuples_finite[OF assms(1)] finite__subset
by auto

qed

lemma proj_out_list:
fixes AD :: (‘a :: infinite) set
and o :: nat = ‘a + nat
and ns :: nat list
assumes finite AD
shows 37. ad_agr_list AD (map o ns) (map (Inl o 7) ns) A
(Vjz.jesetns —oj=Inlz — 7j=1)
proof —
have fin: finite (AD U Inl —* set (map o ns))
using assms(1) finite_Inl[OF finite_ set]
by blast
obtain f where f_def: inj (f :: nat = 'a)
range f C UNIV — (AD U Inl —¢ set (map o ns))
using arb__countable_map[OF fin]
by auto
define 7 where 7 = case_sum id f o o
have f out: Aiz. i < length ns => o (ns ! i) = Inl (f ) = False
using f_def(2)
by (auto simp: vimage__def)
(metis (no__types, lifting) DiffE UNIV_I UnCI imagel image__subset_iff mem__Collect__eq nth_mem)
have (a, b) € set (zip (map o ns) (map (Inl o 7) ns)) = ad__equiv_pair AD (a, b) for a b
using [ def(2)
by (auto simp: set_zip 7__def ad__equiv__pair.simps split: sum.splits)+
moreover have sp_equiv_list (map o ns) (map (Inl o T) ns)
using [ def(1) f_out
by (auto simp: sp__equiv_list_def pairwise_def set_zip T__def inj_def split: sum.splits)+
ultimately have ad_agr_list AD (map o ns) (map (Inl o T) ns)
by (auto simp: ad__agr_list_def ad__equiv_list_def)
then show %thesis
by (auto simp: T__def introl: exI[of _ T])
qed

lemma proj_out:

fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
and J :: (('a, nat) fo_t, 'b) fo_intp

assumes wf fo intp ¢ I esat o [ o UNIV

shows 37. esat ¢ I (Inl o 7) UNIV AN (Viz. i € fu_fo_fmlap Noi=Inlz — 7i=1z) A
ad__agr_list (act_edom ¢ I) (map o (fu_fo_fmla_list v)) (map (Inl o 7) (fu_fo_fmla_list ¢))

using proj_out_list[OF finite_act_edom[OF assms(1)], of o fu_fo_fmla_list ¢]
esat_UNIV_ad__agr_list{OF __ subset_refl] assms(2)

unfolding fu_fo_ fmla_ list_set

by fastforce

lemma proj_fmla__esat_sat:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
and J :: ((‘a, nat) fo_t, 'b) fo_intp
assumes wf: wf _fo_intp ¢ I
shows proj_fmla ¢ {o. esat ¢ I o UNIV} N map Inl * UNIV =
map Inl ‘ proj_fmla ¢ {o. sat ¢ I o}
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unfolding sat_esat_conv[OF wf]
proof (rule set_eql, rule iffI)
fix vs
assume vs € proj_fmla ¢ {o. esat ¢ I o UNIV} N map Inl ¢ UNIV
then obtain o where o__def: vs = map o (fu_fo_fmla_list ¢) esat ¢ I o UNIV
set vs C range Inl
by (auto simp: proj_fmla_map) (metis image__subset_iff list.set_map range__eql)
obtain 7 where 7__def: esat ¢ I (Inl o 7) UNIV
Niz. i€ fufo fmlap=—=oci=hlt=rT1i=21
using proj_out[OF assms o__def(2)]
by fastforce
have vs = map (Inl o 7) (fu_fo_fmla_list )
using o_ def(1,8) 7__def(2)
by (auto simp: fu_fo_fmla_list_set)
then show vs € map Inl ‘ proj_fmla ¢ {o. esat ¢ I (Inl o o) UNIV}
using 7_def(1)
by (force simp: proj_fmla_map)
qed (auto simp: proj_fmla_map)

lemma norm__proj fmla__esat_sat:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf_fo_intp ¢ I
shows fo_nmlz (act_edom ¢ I) ‘ proj fmla ¢ {o. esat ¢ I o UNIV} =
fo_nmiz (act_edom ¢ I) “ map Inl ‘ proj_fmla ¢ {o. sat ¢ I o}
proof —
have fo_nmlz (act_edom ¢ I) (map o (fu_fo_fmla_list ¢)) = fo_nmlz (act_edom ¢ I) x
z € (1. map 7 (fu_fo_fmla_list ¢)) ‘{o. esat ¢ I o UNIV} N range (map Inl)
if esat ¢ I o UNIV esat ¢ I (Inl o 7) UNIV z = map (Inl o 7) (fu_fo_fmla_list ¢)
ad__agr_list (act_edom ¢ I) (map o (fu_fo_fmla_list ¢)) (map (Inl o 7) (fu_fo_fmla_list ¢))
foro Tz
using that
by (auto intro!: fo_nmilz_eql) (metis map_map range__eql)
then show ?thesis
unfolding proj_fmla__esat_sat[OF assms, symmetric]
using proj_out[OF assms]
by (fastforce simp: image_iff proj_fmla_map)
qed

lemma proj_sat_fmla: proj_sat ¢ I = proj_fmla ¢ {o. sat ¢ I o}
by (auto simp: proj_sat_def proj_fmla_map)

fun fo_wf :: (Ya, 'b) fo_fmla = ('b x nat = 'a list set) = ('a, nat) fo_t = bool where
fo_wf ¢ I (AD, n, X) <— finite AD A finite X A n = nfv ¢ A
wf_fo_intp ¢ I N AD = act_edom ¢ I A fo_rep (AD, n, X) = proj_sat ¢ I A
Inl —<|J(set “* X) C AD A (Vus € X. fo_nmlzd AD vs A length vs = n)

fun fo_fin :: (‘a, nat) fo_t = bool where
fo_fin (AD, n, X) «— (Vz € U (set ‘ X). isl z)

lemma fo_rep_ fin:
assumes fo_wf ¢ I (AD, n, X) fo_fin (AD, n, X)
shows fo_rep (AD, n, X) = map projl * X
proof (rule set_eql, rule iffI)
fix vs
assume vs € fo_rep (AD, n, X)
then obtain zs where zs_def: zs € X ad_agr_list AD (map Inl vs) xs
by auto
obtain zs where zs_def: xs = map Inl zs
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using zs_def(1) assms
by auto (meson ex_map__conv isl_def)
have set zs C AD
using assms(1) zs_def(1) zs_def
by (force simp: vimage__def)
then have vs zs: vs = zs
using zs_def(2)
unfolding zs def
by (fastforce simp: ad_agr_list_def ad__equiv_list_def set_zip ad__equiv_pair.simps
introl: nth__equalityl)
show vs € map projl * X
using zs_def(1) zs_def
by (auto simp: image__iff comp__def vs_zs introl: bexl[of _ map Inl zs])
next
fix vs
assume vs € map projl * X
then obtain zs where zs_def: zs € X vs = map projl xs
by auto
have xs _map_Inl: s = map Inl vs
using assms xs_ def
by (auto simp: map__idl)
show vs € fo_rep (AD, n, X)
using zs_def(1)
by (auto simp: zs_map__Inl intro: bexI[of __ zs] ad_agr_list_refl)
qed

definition eval_abs :: (‘a, 'b) fo_fmla = ('a table, 'b) fo_intp = ('a, nat) fo_t where
eval__abs ¢ I = (act_edom ¢ I, nfv ¢, fo_nmlz (act_edom ¢ I) ‘ proj_fmla ¢ {o. esat ¢ I o UNIV})

lemma map_projl_Inl: map projl (map Inl zs) = zs
by (metis (mono__tags, lifting) length__map nth__equalityl nth_map sum.sel(1))

lemma fo rep eval abs:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf fo_intp p I
shows fo_rep (eval_abs ¢ I) = proj_sat ¢ I
proof —
obtain AD n X where AD_X_def: eval _abs ¢ I = (AD, n, X) AD = act_edom ¢ I
n = nfv o X = fo_nmiz (act_edom ¢ I) ‘ proj_fmla ¢ {o. esat ¢ I o UNIV}
by (cases eval_abs ¢ I) (auto simp: eval__abs__def)
have AD_sub: act_edom ¢ I C AD
by (auto simp: AD_X_ def)
have X_def: X = fo_nmlz AD ‘ map Inl ‘ proj_fmla ¢ {o. sat ¢ I o}
using AD_ X__def norm__proj_fmla__esat_sat[OF assms|
by auto
have {ts. 3ts’ € X. ad_agr_list AD (map Inl ts) ts'} = proj_fmla ¢ {o. sat ¢ I o}
proof (rule set_eql, rule iffT)
fix vs
assume vs € {ts. Its’ € X. ad_agr_list AD (map Inl ts) ts'}
then obtain vs’ where vs’_def: vs’ € proj_fmla ¢ {o. sat ¢ I o}
ad_agr_list AD (map Inl vs) (fo_nmilz AD (map Inl vs'))
using X_ def
by auto
have length vs = length (fu_fo_ fmla_list )
using vs’_def
by (auto simp: proj_fmla_map ad_agr_list_def fo_nmlz_length)
then obtain o where o_ def: vs = map o (fu_fo_fmla_list o)
using ezists_maplof fu_fo_fmla_list ¢ vs| sorted_distinct_fu_list
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by fastforce
obtain 7 where 7__def: fo_nmlz AD (map Inl vs") = map 7 (fv_fo_fmla_list )
using vs’_def fo_nmlz_map
by (fastforce simp: proj_fmla_map)
have ad__agr: ad_agr_list AD (map (Inl o o) (fu_fo_fmla_list ¢)) (map 7 (fu_fo_ fmla_list ))
by (metis o__def T_def map_map vs'_def(2))
obtain 7’ where 7'_def: map Inl vs' = map (Inl o 7') (fu_fo_ fmla_list ©)
sat o I 7'
using vs’_def(1)
by (fastforce simp: proj_fmla_map)
have ad_agr’: ad_agr_list AD (map 7 (fu_fo_ fmla_list ¢))
(map (Inl o 7') (fu_fo_fmla_list ¢))
by (rule ad_agr_list_comm) (metis fo_nmlz_ad_agr 7'_def(1) 7__def map_map map__projl_Inl)
have esat: esat ¢ I 7 UNIV
using esat_UNIV_ad_agr_list|OF ad_agr’ AD_sub, folded sat__esat__conv[OF assms|] 7'_def(2)
by auto
show vs € proj_fmla ¢ {o. sat ¢ I o}
using esat_ UNIV__ad_agr_list[OF ad_agr AD__sub, folded sat_esat_conv[OF assms]] esat
unfolding o_ def
by (auto simp: proj_fmla_map)
next
fix vs
assume vs € proj_fmla ¢ {o. sat ¢ I o}
then have vs_X: fo_nmlz AD (map Inl vs) € X
using X_ def
by auto
then show vs € {ts. 3ts’ € X. ad_agr_list AD (map Inl ts) ts'}
using fo_ nmlz_ad__agr
by auto
ged
then show %thesis
by (auto simp: AD_X_def proj_sat_fmla)
qed

lemma fo_wf eval__abs:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf_fo_intp ¢ |
shows fo_wf ¢ I (eval _abs ¢ I)
using fo_nmlz_set[of act_edom ¢ 1] finite_act_edom[OF assms(1)]
finite__subset|OF fo__nmlz_proj _sub, OF nall_tuples_finite]
fo_rep__eval _abs|OF assms] assms
by (auto simp: eval_abs_def fo_nmlz_sound fo_nmlz_length nfv_def proj_sat_def proj_fmla_map)
blast

lemma fo_ fin:
fixes t :: (‘a :: infinite, nat) fo_t
assumes fo_wf ¢ It
shows fo_ fin t = finite (fo_rep t)
proof —
obtain AD n X where ¢_def: t = (AD, n, X)
using assms
by (cases t) auto
have fin: finite AD finite X
using assms
by (auto simp: t_def)
have len_in_X: Avs. vs € X = length vs = n
using assms
by (auto simp: t_def)
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have Inl X AD: \z. Inlz € |J(set * X) = z € AD
using assms
by (fastforce simp: t_def)
define Z where Z = {ts. Ats’ € X. ad_agr_list AD (map Inl ts) ts'}
have fin_Z_iff: finite Z = (|J(set * Z) C AD)
using assms fin_ad_agr_list_iff[OF fin(1) _ Z_def, of n]
by (auto simp: Z__def t_def ad__agr_list_def)
moreover have (|J(set * Z) C AD) +— (Vz € J(set “ X). isl z)
proof (rule iffI, rule ccontr)
fix x
assume Z_sub_AD: |J(set * Z) C AD
assume ~(Vz € J (set ‘ X). isl z)
then obtain vs ¢ m where vs_def: vs € X i < nws!i=Inrm
using len_in_ X
by (auto simp: in__set_conv_nth) (metis sum.collapse(2))
obtain o where o__def: vs = map o [0..<n]
using ezists _map[of [0..<n] vs| len_in_X[OF vs_def(1)]
by auto
obtain 7 where 7__def: ad_agr_list AD vs (map Inl (map 7 [0..<n]))
using proj out_list[OF fin(1), of o [0..<n]]
by (auto simp: o__def)
have map_71_in_Z: map 7 [0..<n] € Z
using vs_def(1) ad_agr_list_comm[OF 7__def]
by (auto simp: Z__def)
moreover have 7 i ¢ AD
using 7__def vs_def(2,3)
apply (auto simp: ad__agr_list_def ad__equiv_list_def set_zip comp__def o__def)
unfolding ad__equiv__pair.simps
by (metis (no__types, lifting) Inl_Inr_False diff _zero image__iff length__upt nth_map nth__upt
plus_nat.add_0)
ultimately show Fulse
using vs_def(2) Z_sub_AD
by fastforce
next
assume Vz € |J(set ‘ X). islx
then show | (set ‘ Z) C AD
using Inl_X_AD
apply (auto simp: Z__def ad_agr_list_def ad__equiv_list_def set_zip in__set__conv_nth)
unfolding ad_ equiv__pair.simps
by (metis image__eql isl_def nth_map nth_mem)
qed
ultimately show ?%thesis
by (auto simp: t_def Z__def[symmetric])
qed

lemma eval pred:
fixes I :: 'b x nat = ’a :: infinite list set
assumes finite (I (r, length ts))
shows fo_wf (Pred r ts) I (eval_pred ts (I (r, length ts)))
proof —
define ¢ where ¢ = Pred r ts
have nfu_len: nfv ¢ = length (fu_fo_terms_list ts)
by (auto simp: ¢__def nfv_def fu_fo_fmla_list _def fu_fo_fmla_list Pred)
have vimage_unfold: Inl —* (\Jz€I (r, length ts). Inl ¢ set x) = |J (set ‘I (r, length ts))
by auto
have eval_table ts (map Inl ‘I (r, length ts)) C nall_tuples (act_edom ¢ I) (nfv @)
by (auto simp: ¢_ def proj_vals_def eval table nfu_len[unfolded ¢_ def]
fo_nmlz_length fo_nmlz _sound eval eterms_def fu_fo terms set list fu_fo_terms_set_def

82



vimage__unfold intro!: nall_tuplesl fo__nmlzd_all_AD dest!: fu_fo_term__setD)
(smt UN_I Un__iff eval_eterm.simps(2) imageE image__eql list.set_map)
then have eval: eval pred ts (I (r, length ts)) = eval _abs ¢ I
by (force simp: eval_abs_def ¢__def proj_fmla_def eval _pred_ def eval table fu_fo_ fmla_list_def
fu_fo_fmla_list _Pred nall_tuples_set fo_nmlz_idem nfy_len[unfolded p__def])
have fin: wf_fo_intp (Pred r ts) I
using assms
by auto
show %thesis
using fo_ wf_eval _abs[OF fin]
by (auto simp: eval ¢__def)
qged

lemma ad_agr_list_eval: |J (set (map set_fo_term ts)) C AD = ad_agr_list AD (o Oe ts) zs =
dr.2s =7 Qels

proof (induction ts arbitrary: zs)
case (Cons t ts)
obtain w ws where zs_split: zs = w # ws
using Cons(8)
by (cases zs) (auto simp: ad__agr_list_def eval _eterms__def)
obtain 7 where 7__def: ws = 7 ®e ts
using Cons
by (fastforce simp: zs_split ad__agr_list_def ad__equiv_list_def sp__equiv_list__def pairwise__def
eval__eterms__def)
show ?case
proof (cases t)
case (Const c)
then show ?%thesis
using Cons(3)[unfolded zs_split] Cons(2)
unfolding Const
apply (auto simp: zs_split eval _eterms_def T__def ad__agr_list_def ad__equiv_list _def)
unfolding ad__equiv__pair.simps
by blast
next
case (Var n)
show ?thesis
proof (cases n € fu_fo_ terms_set ts)
case True
obtain 7 where i_def: i < length ts ts! ¢ = Var n
using True
by (auto simp: fu_fo_terms_set_def in_set__conv_nth dest!: fu_fo_term__setD)
have w =7 n
using Cons(38)[unfolded zs_split T__def] i_def
using pairwiseD|of sp__equiv_pair __ (o n, w) (o -e (ts ! i), 7 -e (ts ! i))]
by (force simp: Var eval__eterms__def ad__agr_list_def sp__equiv_list_def set_ zip)
then show %thesis
by (auto simp: Var zs__split eval _eterms__def T__def)
next
case False
then have ws = (7(n := w)) Oe ts
using eval_eterms_conglof ts 7 7(n := w)] 7__def
by fastforce
then show ?thesis
by (auto simp: zs_split eval _eterms_def Var fun_upd_def intro: exI[of _ 7(n := w)])
qed
qed
qed (auto simp: ad__agr_list_def eval _eterms__def)
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lemma sp equiv_list_fu_list:
assumes sp__equiv_list (o Oe ts) (7 Oe ts)
shows sp__equiv_list (map o (fu_fo__terms_list ts)) (map 7 (fu_fo_terms_list ts))
proof —
have sp__equiv_list (o ®e (map Var (fu_fo_terms_list ts)))
(t ®e (map Var (fu_fo_terms_list ts)))
unfolding eval eterms_ def
by (rule sp_equiv_list _subset|OF __ assms[unfolded eval eterms_def]])
(auto simp: fu_fo_terms_set list dest: fu_fo_terms_setD)
then show ?thesis
by (auto simp: eval _eterms__def comp__def)
qged

lemma ad_agr_list_fu_list: ad_agr_list X (o Oe ts) (1 Oe ts) =
ad__agr_list X (map o (fu_fo_terms_list ts)) (map 7 (fu_fo_terms_list ts))
using sp_ equiv_list _fu_list
by (auto simp: eval__eterms__def ad__agr_list_def ad__equiv_list_def sp__equiv_list__def set_zip)
(metis (no__types, opaque_lifting) eval__eterm.simps(2) fu_fo_terms_setD fu_fo_terms_set list
in__set__conv_nth nth_map)

lemma eval_bool: fo_wf (Bool b) I (eval_bool b)
by (auto simp: eval_bool _def fo_nmlzd_def nats_def Let_def List.map_ filter _simps
proj_sat__def fu_fo_fmla_list_def ad__agr_list_def ad__equiv_list_def sp__equiv_list_def nfu__def)

lemma ecval_eq: fixes I :: ‘b x nat = 'a :: infinite list set
shows fo_wf (Eqa t t') I (eval_eq t t')
proof —
define ¢ :: (‘a, 'b) fo_fmla where ¢ = Eqa t t’
obtain AD n X where AD_X_ def: eval_eqtt' = (AD, n, X)
by (cases eval_eq t t') auto
have AD def: AD = act_edom ¢ I
using AD_ X def
by (auto simp: eval_eq_def ¢__def split: fo__term.splits if _splits)
have n_def: n = nfv ¢
using AD_ X def
by (cases t; cases t’)
(auto simp: w__def fu_fo_ fmla_list_def eval _eq def nfu_def split: if _splits)
have fo_nmlz_empty_z_x: fo_nmlz {} [z, z] = [Inr 0, Inr 0] for z :: 'a + nat
by (cases ) (auto simp: fo_nmlz_def)
have Inr_0_in_fo _nmlz_empty: [Inr 0, Inr 0] € fo_nmiz {} ‘(Az. [z n', zn']) ‘{0 nat = ‘a +
nat. o n = o n'} for n n’
by (auto simp: image_def fo_nmlz_empty x_z introl: exl[of _ [Inr 0, Inr 0]])
have X_def: X = fo_nmlz AD  proj_fmla ¢ {o. esat ¢ I ¢ UNIV}
proof (rule set_eql, rule iffT)
fix vs
assume assm: vs € X
define pes where pes = proj_fmla ¢ {o. esat ¢ I ¢ UNIV}
have Ac ¢’. t = Const ¢ A t' = Const ¢’ =
fo_nmlz AD ‘ pes = (if ¢ = ¢’ then {[]} else {})
by (auto simp: ¢__def pes__def proj_fmla_map fo_nmiz_def fu_fo_ fmla_list_def)
moreover have Ac n. (t = Const c A t' = Varn) vV (t' = Const c A t = Var n) =
fo_nmlz AD ‘ pes = {[Inl c]}
by (auto simp: ¢__def AD_def pes_def proj_fmla_map fo_nmlz_Cons fu_fo_ fmla_list_def im-
age__def
split: sum.splits) (auto simp: fo_nmlz_def)
moreover have An. t = Varn = t' = Var n = fo_nmlz AD ‘ pes = {[Inr 0]}
by (auto simp: ¢_def AD_def pes_def proj_fmla_map fo_nmlz_Cons fu_fo_ fmla_list_def im-
age__def
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split: sum.splits)
moreover have Ann’. t = Varn = t'= Varn' = n # n' =
fo_nmlz AD * pes = {[Inr 0, Inr 0]}
using Inr_0_in_fo _nmlz_empty
by (auto simp: ¢__def AD__def pes__def proj__fmla_map fo_nmlz_Cons fu_fo_ fmla_list_def fo_nmlz_empty =z x
split: sum.splits)
ultimately show vs € fo_nmlz AD ¢ pes
using assm AD_X_ def
by (cases t; cases t') (auto simp: eval _eq_def split: if _splits)
next
fix vs
assume assm: vs € fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ [ o UNIV}
obtain o where o__def: vs = fo_nmlz AD (map o (fu_fo_fmla_list ©))
esat (Eqa t t") I o UNIV
using assm
by (auto simp: ¢__def fu_fo_fmla_list _def proj_fmla_map)
show vs € X
using o_def AD_X_ def
by (cases t; cases t')
(auto simp: p__def eval _eq_def fu_fo_ fmla_list_def fo_nmlz_Cons fo_nmlz_Cons_Cons
split: sum.splits)
qed
have eval: eval_eq t t' = eval_abs o I
using X def[unfolded AD__def]
by (auto simp: eval _abs_def AD_X_def AD_def n__def)
have fin: wf fo_intp p I
by (auto simp: ¢__def)
show %thesis
using fo_ wf_eval _abs[OF fin]
by (auto simp: eval ¢__def)
qed

lemma fu_fo terms_list_Var: fu_fo_terms_list_rec (map Var ns) = ns
by (induction ns) auto

lemma eval _eterms_map_Var: o @e map Var ns = map o ns
by (auto simp: eval _eterms__def)

lemma fo wf eval_table:
fixes AD :: 'a set
assumes fo_wf ¢ I (AD, n, X)
shows X = fo_nmlz AD ‘ eval_table (map Var [0..<n]) X
proof —
have AD_sup: Inl —“|J(set * X) C AD
using assms
by fastforce
have fus: fu_fo_terms list (map Var [0..<n]) = [0..<n]
by (auto simp: fu_fo_terms_list_def fu_fo_terms_list_ Var remdups_adj_distinct)
have Avs. vs € X = length vs = n
using assms
by auto
then have X map: Avs. vs € X = Jo0. vs = map o [0..<n]
using ezists _map[of [0..<n]]
by auto
then have proj wvals X: proj wals {o. 0 ©®e map Var [0..<n] € X} [0..<n] = X
by (auto simp: eval _eterms_map_ Var proj_vals_def)
then show X = fo_nmlz AD ¢ eval_table (map Var [0..<n]) X
unfolding eval table fvs proj _wals X
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using assms fo__nmlz_idem image__iff
by fastforce
qed

lemma fo_rep norm:
fixes AD :: ('a :: infinite) set
assumes fo_wf ¢ [ (AD, n, X)
shows X = fo_nmlz AD ‘ map Inl “ fo_rep (AD, n, X)
proof (rule set_eql, rule iffI)
fix vs
assume vs_in: vs € X
have fin_ AD: finite AD
using assms(1)
by auto
have len_ vs: length vs = n
using vs_in assms(1)
by auto
obtain 7 where 7__def: ad_agr_list AD vs (map Inl (map 7 [0..<n]))
using proj _out_list[OF fin_AD, of (!) vs [0..<length vs], unfolded map_nth]
by (auto simp: len_vs)
have map_7_in: map 7 [0..<n] € fo_rep (AD, n, X)
using vs_in ad__agr_list_comm[OF 1__def]
by auto
have vs = fo_nmlz AD (map Inl (map 7 [0..<n]))
using fo_nmlz_eqI[OF 7__def] fo_nmlz_idem vs_in assms(1)
by fastforce
then show vs € fo_nmilz AD ‘ map Inl * fo_rep (AD, n, X)
using map_7__in
by blast
next
fix vs
assume vs € fo_nmlz AD ‘ map Inl ‘ fo_rep (AD, n, X)
then obtain zs s’ where vs_def: vs’ € X ad_agr_list AD (map Inl zs) xs’
vs = fo_nmlz AD (map Inl xs)
by auto
then have vs = fo_nmiz AD xs’
using fo_nmlz_eql[OF vs_def(2)]
by auto
then have vs = zs’
using vs_def(1) assms(1) fo_nmlz_idem
by fastforce
then show vs € X
using vs_def(1)
by auto
qed

lemma fo_wf X:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmlia
assumes wf: fo_wf ¢ I (AD, n, X)
shows X = fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ I o UNIV}
proof —
have fin: wf fo_intp p I
using wf
by auto
have AD def: AD = act_edom ¢ I
using wf
by auto
have fo_uwf: fo_wf ¢ I (AD, n, X)
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using wf
by auto

have fo_rep: fo_rep (AD, n, X) = proj_fmla ¢ {o. sat ¢ I o}
using wf
by (auto simp: proj__sat__def proj_fmla__map)

show ?%thesis
using fo_rep__norm[OF fo_wf] norm_proj_fmla__esat_sat|OF fin]
unfolding fo_rep AD__def[symmetric]
by auto

qed

lemma eval _neg:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmlia
assumes wf: fo_wf ¢ It
shows fo_wf (Neg ¢) I (eval _neg (fu_fo_ fmla_list ) t)
proof —
obtain AD n X where t_def: t = (AD, n, X)
by (cases t) auto
have eval _neg: eval_neg (fu_fo_fmia_list ) t = (AD, nfv ¢, nall_tuples AD (nfv ) — X)
by (auto simp: t_def nfu_def)
have fu_unfold: fu_fo_fmla_list (Neg ©) = fu_fo_fmla_list ¢
by (auto simp: fu_fo_ fmla_list_def)
then have nfy_unfold: nfv (Neg ¢) = nfv ¢
by (auto simp: nfu_def)
have AD_def: AD = act_edom (Neg ) I
using wf
by (auto simp: ¢_def)
note X_def = fo_wf X[OF wf[unfolded t_def]]
have esat_iff: Avs. vs € nall tuples AD (nfv ) =
vs € fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ I 0 UNIV} +—
vs & fo_nmlz AD ‘ proj_fmla ¢ {o. esat (Neg ¢) I o UNIV'}
proof (rule iffI; rule ccontr)
fix vs
assume vs € fo_nmlz AD ‘proj_fmla ¢ {o. esat ¢ [ o UNIV}
then obtain o where o__def: vs = fo_nmlz AD (map o (fu_fo_fmla_list ¢))
esat ¢ I o UNIV
by (auto simp: proj_fmla_map)
assume —ws ¢ fo_nmlz AD ‘ proj_fmla ¢ {o. esat (Neg ¢) I o UNIV'}
then obtain ¢’ where o’ _def: vs = fo_nmlz AD (map o’ (fu_fo_fmla_list ©))
esat (Neg ) I o' UNIV
by (auto simp: proj_fmla_map)
have esat ¢ I ¢ UNIV = esat ¢ I o' UNIV
using esat_ UNIV_cong|OF ad__agr_sets_restrict|OF iff D2[OF ad__agr_list_link],
OF fo_nmlz_eqD|OF trans|OF o__def(1)[symmetric] o'_def(1)]]]]
by (auto simp: AD__def)
then show False
using o__def(2) o'_def(2) by simp
next
fix vs
assume assms: vs & fo_nmlz AD ‘ proj_fmla ¢ {o. esat (Neg @) I ¢ UNIV}
vs & fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ I o UNIV}
assume vs € nall_tuples AD (nfv )
then have [_vs: length vs = length (fu_fo_ fmla_list p) fo_nmlzd AD vs
by (auto simp: nfv_def dest: nall_tuplesD)
obtain o where vs = fo_nmlz AD (map o (fu_fo_fmla_list ¢))
using |_wvs sorted__distinct__fu_list exists__fo__nmlzd by metis
with assms show False
by (auto simp: proj_fmla_map)
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qed
moreover have AR. fo_nmiz AD ‘proj_fmla ¢ R C nall_tuples AD (nfv ¢)
by (auto simp: proj_fmla__map nfv_def nall_tuplesl fo_nmlz_length fo_nmlz_sound)
ultimately have eval: eval _neg (fu_fo_fmla_list ¢) t = eval_abs (Neg ) I
unfolding eval _neg eval _abs_def AD__def[symmetric]
by (auto simp: X__def proj_fmla_def fu_unfold nfu_unfold image__subset__iff)
have wf neg: wf_fo_intp (Neg ) I
using wf
by (auto simp: t_def)
show %thesis
using fo_wf_eval _abs|OF wf_neg|
by (auto simp: eval)
qed

definition cross_with ft t' = |J ((Azs. J(fzs ‘ t)) ‘1)

lemma mapping_join__ cross _with:
assumes \zz'. z€t—=z'€t' = has #h's' = fzz' ={}
shows set_of idz (mapping_join (cross_with f) (cluster (Some o h) t) (cluster (Some o h') t')) =
cross_with ftt’
proof —
have sub: cross_with f {y €t. hy=hz} {y €t . h'y=haz} C cross_withftt for tt'z
by (auto simp: cross_with__def)
have Ja.a € h ‘t ANa€h’ “t' ANz € cross withf {yet.hy=a}t{yet hy=a}lifz z¢€
cross_with ft t’ for z
proof —
obtain zs ys where wit: zs € t ys € t' z € fxs ys
using z
by (auto simp: cross_with__def)
have h: h 2s = h’ ys
using assms(1)[OF wit(1—2)] wit(3)
by auto
have hys: h' ys € h ‘1t
using wit(1)
by (auto simp: h[symmetric])
show ?thesis
apply (rule exI[of _ h zs])
using wit hys h
by (auto simp: cross_with__def)
qed
then show %thesis
using sub
apply (transfer fizing: f h h')
apply (auto simp: ran__def)
apply fastforce+
done
qed

lemma fo_nmizd_mono_sub: X C X' = fo_nmizd X zs => fo_nmizd X' zs
by (meson fo_nmlzd_def order_trans)

lemma idz_join:
assumes Xp_ props: \vs. vs € X = fo_nmlzd AD vs A length vs = length nse
assumes Xv_ props: \vs. vs € X1 = fo_nmlzd AD vs A length vs = length nsy
assumes sd_ns: sorted__distinct nsp sorted__distinct nsy
assumes ns_def: ns = filter (An. n € set nsy) nse
shows idz_join AD ns nsp X¢ nsp X1 = eval__conj_set AD nsp X nsyp X
proof —
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have ect_empty: 1 € X = z' € Xob = fo_nmilz AD (proj_tuple ns (zip nsp z)) # fo_nmlz AD
(proj_tuple ns (zip nsyp x')) =
eval__conj_tuple AD nsp nsyp x z' = {}
if Xp' C X¢ X¢p' C Xop for X' Xop’' and z z’
apply (rule eval _conj_tuple_empty[where ?ns=filter (An. n € set nsip) nsy))
using Xy_ props Xv¢__props that sd_ns
by (auto simp: ns_def ad__agr_close_set_def split: if _splits)
have cross_eval__conj_tuple: (A X" eval_conj _set AD nsp X¢'' nsip) = cross_with (eval _conj_tuple
AD nsp nsyp) for AD :: 'a set and nsp nsy
by (rule ext)+ (auto simp: eval_conj_set_def cross_with__def)
have idz_join AD ns nse X nsy X1p = cross_with (eval_conj_tuple AD nsp nsy) Xp X
unfolding idz_join_ def Let_def cross__eval_conj tuple
by (rule mapping_join_cross_with[OF ect__empty]) auto
moreover have ... = eval_conj_set AD nsp Xy nsyp X
by (auto simp: cross_with__def eval _conj_set_def)
finally show ?thesis .
qed

lemma proj_fmla__conj sub:
assumes AD_sub: act_edom v [ C AD
shows fo_nmlz AD ‘ proj_fmla (Conj ¢ o) {o. esat ¢ I o UNIV} N
fo_nmlz AD ‘ proj_fmla (Conj ¢ ) {o. esat ¥ I o UNIV} C
fo_nmlz AD ‘ proj_fmla (Conj ¢ 1) {o. esat (Conj ¢ ) I o UNIV}
proof (rule subsetl)
fix vs
assume vs € fo_nmlz AD ¢ proj_fmla (Conj ¢ ¥) {o. esat ¢ I o UNIV} N
fo_nmlz AD ¢ proj_fmla (Conj ¢ ¢) {o. esat ¢ I o UNIV}
then obtain o ¢’ where o__def:
o € {o. esat ¢ I 0 UNIV} vs = fo_nmlz AD (map o (fu_fo_fmlia_list (Conj ¢ )))
o' €{o. esat p I o UNIV} vs = fo_nmlz AD (map o’ (fu_fo_fmla_list (Conj ¢ 1)))
unfolding proj fmla__map
by blast
have ad_sub: act_edom ¢ I C AD
using assms(1)
by auto
have ad_agr: ad_agr_list AD (map o (fu_fo_ fmla_list 1)) (map o’ (fu_fo_ fmla_list ¥))
by (rule ad_agr_list _subset|OF _ fo_nmlz _eqD[OF trans|OF o__def(2)[symmetric] o__def(4)]]])
(auto simp: fu_fo_ fmla_list_set)
have o € {0. esat ¢ I o UNIV}
using esat_ UNIV_cong|OF ad__agr_sets_restrict|OF iffD2|OF ad_agr_list_link]],
OF ad__agr ad__sub] o__def(8)
by blast
then show vs € fo_nmlz AD  proj_fmla (Conj ¢ ) {o. esat (Conj ¢ ¢) I o UNIV'}
using o__def(1,2)
by (auto simp: proj_fmla__map)
qed

lemma eval_conj:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf: fo_wf ¢ I te fo_wf ¥ Ity
shows fo_wf (Conj ¢ ¥) I (eval_conj (fu_fo_fmla_list ©) to (fu_fo_ fmla_list ) t1)
proof —
obtain ADy ny Xo ADy ny X1 where ts_def:
to = (ADyp, np, Xo) t = (ADY, mip, X))
ADy = act_edom ¢ I ADY = act_edom ¢ I
using assms
by (cases to, cases t) auto
have AD_sub: act_edom ¢ I C ADy act_edom ¥ I C ADy
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by (auto simp: ts_def(3,4))

obtain AD n X where AD_X_ def:
eval__conj (fu_fo_fmla_list o) tp (fu_fo_fmla_list ¥) tp = (AD, n, X)
by (cases eval__conj (fu_fo__fmla_list ©) to (fu_fo_fmla_list ) t) auto
have AD_def: AD = act_edom (Conj ¢ ) I act_edom (Conj ¢ ) I C AD
ADp C AD ADY C AD AD = ADyp U AD
using AD_ X def
by (auto simp: ts_def Let_def)
have n_def: n = nfv (Conj ¢ )
using AD_ X def
by (auto simp: ts_def Let_def nfu_card fv_fo_ fmla_list_set)

define Sy where S¢ = {o. esat ¢ [ ¢ UNIV}

define Sy where SY = {o. esat vp I o UNIV}

define ADAp where ADAp = AD — ADy

define ADAvY where ADAY = AD — ADy

define nsy where nsp = fu_fo_ fmla_list ¢

define nsy where nsy) = fu_fo_fmla_list ¢

define ns where ns = filter (An. n € fu_fo_fmla ¢) (fu_fo_fmla_list 1)
define ns¢’ where nsp’ = filter (An. n ¢ fu_fo_fmla o) (fu_fo_fmla_list )
define nsy)’ where nsy)’ = filter (An. n & fu_fo_fmla ¥) (fv_fo_fmla_list ¢)

note Xo_def = fo_wf X[OF wf(1)[unfolded ts_def(1)], unfolded proj fmla_def, folded S¢p__def]
note Xv¢_ def = fo_wf X[OF wf(2)[unfolded ts_def(2)], unfolded proj_fmla_def, folded Si__def]

have sd_ns: sorted__distinct nsp sorted_ distinct nsy
by (auto simp: nsp__def nsiy__def sorted_distinct__fu_list)

have ad_agr_Xp: ad__agr_close_set ADAp Xp = fo_nmlz AD ‘ proj_wvals S nsp
unfolding X¢_ def ad_agr_close_set_nmlz_eq nsp__def[symmetric] ADAp__def
apply (rule ad_agr_close_set_correct{OF AD_ def(3) sd_ns(1)])
using AD_sub(1) esat_UNIV_ad_agr_list
by (fastforce simp: ad__agr_list_link Sp__def nsp__def)

have ad_agr_X: ad_agr_close_set ADAY X = fo_nmlz AD ‘ proj_vals S nsy
unfolding X1 def ad_agr_close__set_nmlz_eq nsy__def[symmetric] ADAY__def
apply (rule ad_agr_close_set_correct{OF AD_def(4) sd_ns(2)])
using AD_ sub(2) esat_UNIV_ad_agr_list
by (fastforce simp: ad_agr_list_link Sv__def nsip__def)

have idz_join__eval_conj: idz_join AD (filter (An. n € set nsy) nsp) nse (ad__agr_close_set ADAp
X) nsy (ad_agr_close_set ADAY Xvp) =
eval__conj_set AD nsp (ad_agr_close_set ADAp Xp) nsty (ad__agr_close_set ADAyY X1p)
apply (rule idz_join[OF _ _ sd_ns))
unfolding ad_agr_X¢ ad_agr_Xv¢
by (auto simp: fo_nmlz_sound fo_nmiz_length proj_wvals_def)

have fu_sub: fu_fo_fmla (Conj ¢ ) = fu_fo_fmla ¢ U set (fu_fo_ fmla_list )
fu_fo_fmla (Conj ¢ ¥) = fu_fo_fmla ¥ U set (fu_fo_fmla_list o)
by (auto simp: fu_fo_ fmla_list_set)
note res_left_alt = ext_tuple_ad__agr_close[OF Sy__def AD_sub(1) AD_def(3)
Xp__def(1)[folded Sp__def] nsp’_def sorted_distinct_fu_list fu_sub(1)]
note res_right_alt = ext_tuple_ad_agr_close[OF S¢__def AD_sub(2) AD_def(4)
Xp__def(1)[folded Svp__def] nsyp’_def sorted_distinct__fu_list fu__sub(2)]

note eval_conj_set = eval_conj_set_correct|OF nsp’_def[folded fu_fo_fmla_list_set]
nsy'_def|folded fu_fo_ fmla_list_set] res_left _alt(2) res_right_alt(2)
sorted__distinct_fv_list sorted_distinct_fu_list)

have X = fo_nmlz AD ‘ proj_fmla (Conj ¢ ¢) {o. esat ¢ I o UNIV} N
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fo_nmlz AD ¢ proj_fmla (Conj ¢ v) {o. esat ¢ I o UNIV'}
using AD_ X def
apply (simp add: ts_def(1,2) Let_defts_def(3,4)[symmetric] AD_def(5)[symmetric] idz__join__eval _conj[unfolded
nsp__def nsyp__def ADAp__def ADAv__def])
unfolding eval conj set proj fmla_ def
unfolding res_left _alt(1) res_right_alt(1) S¢__def Sv__def
by auto
then have eval: eval_conj (fu_fo_fmla_list p) to (fu_fo_fmla_list ) tip =
eval_abs (Conj ¢ o) I
using proj_fmla__conj_sub|OF AD__def(4)[unfolded ts_def(4)], of ]
unfolding AD_X_def AD_ def(1)[symmetric] n_def eval _abs_def
by (auto simp: proj_fmla__map)
have wf conj: wf_fo_intp (Conj ¢ ¢) I
using wf
by (auto simp: ts_def)
show %thesis
using fo_ wf_eval _abs|OF wf_conj]
by (auto simp: eval)
qed

lemma map_values cluster: ( NwzZ. Z CX = ze€Z=wef(hz){z}=wef(hz)2) =
NwzZ. ZCX=z2€Z=wef(hz)Z= (Az'€Z. wef(hz){
set_of idx (Mapping.map_values f (cluster (Some o h) X)) = U ((Az. f (
apply transfer
apply (auto simp: ran__def)
apply (smt (verit, del_insts) mem__Collect__eq subset__eq)
apply (smt (23) imagel mem__Collect__eq subset_iff)
done

lemma fo nmlz_twice:
assumes sorted_distinct ns sorted_ distinct ns’ set ns C set ns’
shows fo_nmlz AD (proj_tuple ns (zip ns’ (fo_nmlz AD (map o ns')))) = fo_nmlz AD (map o ns)
proof —
obtain o’ where o fo_nmlz AD (map o ns’) = map o’ ns’
using erists _map[where ?ys=fo_nmlz AD (map o ns’) and ?zs=ns’] assms
by (auto simp: fo_nmlz_length)
have proj: proj_tuple ns (zip ns’ (map o’ ns’)) = map o’ ns
by (rule proj_tuple_map[OF assms])
show ?thesis
unfolding ¢’ proj
apply (rule fo_nmiz_eql)
using o’
by (metis ad__agr_list_comm ad_agr_list_subset assms(3) fo_nmlz_ad_agr)
qed

lemma map_values_cong:
assumes Az y. Mapping.lookup t z = Somey = fzy=f"zy
shows Mapping.map_values f t = Mapping.map_values f' t
proof —
have map__option (f z) (Mapping.lookup t T) = map__option (f' z) (Mapping.lookup t z) for
using assms
by (cases Mapping.lookup t x) auto
then show %thesis
by (auto simp: lookup__map_values intro!: mapping__eql)
qed

lemma ad_agr_close_set_length: z € ad_agr_close_set AD X = (A\z. z € X = length z = n) =
length z = n
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by (auto simp: ad__agr_close__set__def ad__agr__close__def split: if _splits dest: ad__agr__close__rec__length)

lemma ad__agr__close_set_sound: z € ad_agr_close_set (AD — AD") X = (A\z. z € X = fo_nmlzd
AD' z) = AD' C AD = fo_nmlzd AD 2

using ad_agr_close_sound[where ?X=AD’ and ?Y=AD — AD/

by (auto simp: ad__agr_close__set__def split: if _splits) (metis Diff _partition Un_Diff _cancel)

lemma ext_tuple_set_length: z € ext_tuple_set AD ns ns’ X = (A\z. z € X = length © = length
ns) = length z = length ns + length ns’

by (auto simp: ext_tuple_set def ext_tuple_def fo__nmlz_length merge_length dest: nall_tuples_rec_length
split: if _splits)

lemma eval ajoin:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf: fo_wf ¢ Ite fo_wf ¥ It
shows fo_wf (Conj ¢ (Neg ¥)) I
(eval_ajoin (fu_fo_fmla_list ¢) to (fu_fo_fmla_list ) tyh)
proof —
obtain ADy np Xe ADy ny X1 where ts_def:
tp = (ADp, np, Xp) tp = (ADY, np, X¢)
ADyp = act_edom ¢ I ADY = act_edom ¢ 1
using assms
by (cases to, cases ti) auto
have AD_sub: act_edom ¢ I C ADy act_edom v I C ADvY
by (auto simp: ts_def(3,4))

obtain AD n X where AD_X_ def:
eval__ajoin (fu_fo_fmla_list ) tp (fu_fo_fmla_list ¥) tp = (AD, n, X)
by (cases eval__ajoin (fu_fo__fmla_list ©) to (fu_fo_fmla_list ) t)) auto
have AD_def: AD = act_edom (Conj ¢ (Neg v)) I
act_edom (Conj ¢ (Neg v)) I C AD ADp C AD ADy C AD AD = ADp U ADY
using AD_ X def
by (auto simp: ts_def Let_def)
have n_def: n = nfv (Conj ¢ (Neg 1))
using AD_ X def
by (auto simp: ts_def Let_def nfu_card fv_fo_ fmla_list_set)

define Sy where Sp = {o. esat ¢ [ ¢ UNIV}

define Sy where SY = {o. esat p I o UNIV'}

define both where both = remdups__adj (sort (fu_fo_fmla_list ¢ @ fu_fo_fmla_list 1))
define ns¢’ where nsp’ = filter (An. n ¢ fu_fo_fmla ) (fu_fo_fmla_list )

define nsy’ where nsy’ = filter (An. n & fu_fo_fmla ) (fu_fo_fmla_list ©)

define ADAp where ADAp = AD — ADy
define ADAY where ADAY = AD — ADy
define nsy where nsp = fu_fo_ fmla_list ¢
define nsy where nsy) = fu_fo_fmla_ list 1
define ns where ns = filter (An. n € set nsy) nsp
define X' where X' = ext_tuple_set AD nsp nsp’ (ad_agr_close_set ADAp X¢)
define idzy where idre = cluster (Some o (Azs. fo_nmlz ADY (proj_tuple ns (zip nse s))))
(ad__agr_close_set ADAp Xy)
define idzy where idzy = cluster (Some o (Ays. fo_nmlz ADyY (proj_tuple ns (zip nsy ys)))) X
define res where res = Mapping.map__values (Azs X. case Mapping.lookup idzy s of
Some Y = eval_conj set AD nsp X nsy (ad_agr_close_set ADAv (ext_tuple_set ADy ns nse’
{as} — V)
| _ = ext_tuple_set AD nsp nsp’ X) idzyp

note X¢_ def = fo_wf X[OF wf(1)[unfolded ts_def(1)], unfolded proj fmla__def, folded S¢__def]
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note Xv¢_ def = fo_wf X[OF wf(2)[unfolded ts_def(2)], unfolded proj fmla_def, folded Sip__ def]

have fu_sub: fu_fo_fmla (Conj ¢ (Neg v)) = fu_fo_fmla 1 U set (fu_fo_fmla_list ©)
by (auto simp: fu_fo_ fmla_list_set)
have fu_sort: fu_fo_fmla_list (Conj ¢ (Neg 1)) = both
unfolding both__def
apply (rule sorted__distinct__set__unique)
using sorted__distinct_fu_list
by (auto simp: fu_fo_ fmla_list_def distinct_remdups__adj_sort)

have AD disj: ADp N ADAyp = {} ADy N ADAY = {}
by (auto simp: ADAp__def ADAv__def)
have AD_delta: AD = ADp U ADAp AD = ADy U ADAY
by (auto simp: ADAp__def ADAY__def AD__def ts__def)
have fo_nmlzd_X: Ball X¢ (fo_nmlzd ADy) Ball X1 (fo_nmlzd ADvy)
using wf
by (auto simp: ts__def)
have Ball _ad_agr: Ball (ad_agr_close_set ADAp X) (fo_nmlzd AD)
using ad__agr_close__sound[where ?X=ADy and ?Y=ADAy| fo_nmlzd_X(1)
by (auto simp: ad__agr_close_set_eq[OF fo_nmlzd_X(1)] AD_disj AD__delta)
have ad__agr_:
No 7. ad_agr_sets (set (fu_fo_fmla_list v)) (set (fu_fo_fmla_list ¢)) ADp 0 7 = o € Sp +—
TE Sp
No 7. ad_agr_sets (set (fu_fo_fmla_list ©)) (set (fu_fo_fmla_list ¢)) AD o 7= 0 € Sp +— T
€ Sy
using esat_UNIV_cong[OF ad__agr_sets_restrict, OF __ subset_refl] ad__agr_sets_mono AD__sub(1)
subset__trans|OF AD_sub(1) AD_def(3)]
unfolding S¢_ def
by blast+
have ad_agr_S¢: 7' € S = ad_agr_list ADp (map 7’ nsp) (map 7'’ nsp) = 7'’ € Sp for 7’ 7’
using ad__agr_¢
by (auto simp: ad__agr_list_link nsp__def)
have ad_agr_1:
Ao 7. ad_agr_sets (set (fu_fo_fmla_list ©)) (set (fu_fo_fmla_list ¢¥)) ADYp o 7 = o € S¢ +—
T e SY
using esat_ UNIV__cong[OF ad__agr_sets_restrict, OF _ subset_refl] ad_agr_sets_mono[OF AD__sub(2)]
unfolding Sy def
by blast+
have ad_agr_Svy: 7' € Sy = ad_agr_list ADY (map 7' nsy) (map 7"" nsyp) = 7'’ € S for 7' 7"’
using ad__agr_1
by (auto simp: ad__agr_list_link nsy__def)
have auz: sorted_distinct nsp sorted_distinct nsp’ sorted_distinct both set nsp N set nsp’ = {} set
nsp U set nsp’ = set both
by (auto simp: nsp__def nsp’_def fu_sort[symmetric] fu_fo_fmla_list _set sorted distinct_fu_list
intro: sorted_filter[where ?f=id, simplified])
have aux2: nsp’ = filter (An. n ¢ set nsp) nsp’ nsp = filter (An. n ¢ set nsp’) nsp
by (auto simp: nsp__def nsp'_def nsyy_def nsyp’_def fu_fo_fmla_list_set)
have auz3: set nsp’ N set ns = {} set nsp’ U set ns = set nsiy
by (auto simp: nsp__def nsp’_def nsyp__def ns_def fu_fo_fmla_list_set)
have auzj: set ns N set nsp’ = {} set ns U set nsp’ = set nsyp
by (auto simp: nsp__def nsp’_def nsyy__def ns_def fu_fo_fmla_list_set)
have auz5: nsp’ = filter (An. n & set nsp) nsy nsy’ = filter (An. n ¢ set nsy)) nsp
by (auto simp: nsp__def nsp’_def nsyp_def nsyp’_def fu_fo_fmla_list_set)
have auz6: set nsy N set nsyp’ = {} set nsyp U set nsyp’ = set both
by (auto simp: nsp__def nsp’_def nsyy__def nsyp’_def both__def fu_fo_ fmla_list_set)
have ns_sd: sorted__distinct ns sorted__distinct nsp sorted__distinct nsy set ns C set nsp set ns C set
nsy set ns C set both set nsp’ C set nsy set nsy C set both
by (auto simp: ns_def nsp__def nsp’_def nsip__def both__def sorted_distinct_fu_list intro: sorted_filter[where

!
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?f=1id, simplified])
have ns_sd”: sorted_ distinct nsi)’
by (auto simp: nsy'_def sorted_distinct__fu_list intro: sorted_filter|where ?f=id, simplified])
have ns: ns = filter (An. n € fu_fo_fmla ) (fv_fo_ fmla_list )
by (rule sorted__distinct__set__unique)
(auto simp: ns__def nsp__def nsi__def fu_fo__fmla_list_set sorted__distinct__fu_list intro: sorted__filter[where
2f=id, simplified])
have len_nsy: length ns + length nsp’ = length nsy
using sum,__length__filter_compl[where ?P=An. n € fu_fo_fmla ¢ and ?zs=fu_fo_ fmla_list {]
by (auto simp: ns nsp__def nsp’_def nsyp__def fu_fo_fmla_list_set)

have res_eq: res = Mapping.map_values (Azs X. case Mapping.lookup idzy) zs of
Some Y = idx_join AD ns nsp X nsy (ad_agr_close_set ADAvy (ext_tuple _set ADY ns nsp' {zs}
—v)
| _ = ext_tuple_set AD nsp nsp’ X) idzyp
proof —
have ad_agr_Xy: ad_agr_close_set ADAp X = fo_nmlz AD ‘ proj_wvals Sp nse
unfolding Xy _ def ad_agr_close_set_nmlz_eq nsp__def[symmetric]
apply (rule ad_agr_close_set_correct{OF AD_def(8) auz(1), folded ADAy_ def])
using ad__agr_Sy ad_agr_list_comm
by (fastforce simp: ad__agr_list_link)
have idxy_eval: idz_join AD ns nsp y nsy (ad_agr_close_set ADAvY (ext_tuple_set ADyp ns nsp’
(s} — 22)) =
eval__conj_set AD nsp y nsy (ad_agr_close_set ADAvY (ext_tuple_set ADvY ns nsp' {z} — z2))
if lup: Mapping.lookup idzey x = Some y Mapping.lookup idxip x = Some z2 for z y z2
proof —
have vs € y = fo_nmlzd AD vs N\ length vs = length nsp for vs
using lup(1)
by (auto simp: idry__def lookup__cluster’ ad_agr_X o fo_nmlz_sound fo_nmlz_length proj _vals__def
split: if _splits)
moreover have vs € ad_agr__close_set ADAv (ext_tuple_set ADY ns nsp’ {z} — 22) = fo__nmlizd
AD wvs for vs
apply (rule ad__agr_close__set_sound[OF _ _ AD_def(4), folded ADAY__def, where ?X=ext_tuple_set
ADY ns nsp’ {z} — z2])
using lup(1)
by (auto simp: idzp_ def lookup_ cluster’ ext_tuple set def fo_nmlz_sound split: if _splits)
moreover have vs € ad_agr_close_set ADAY (ext_tuple_set ADy ns nsp’ {z} — 22) = length
vs = length nsy for vs
apply (erule ad_agr_close__set_length)
apply (rule ext_tuple_set_length[where ?AD=ADi and ?ns=ns and ?ns’=nsp’ and ?X={z},
unfolded len__nsi))
using lup(1) ns_sd(1,2,4)
by (auto simp: idzp_ def lookup_ cluster’ fo_nmlz_length ad_agr_X¢ proj_wvals_def intro!:
proj__tuple__length split: if _splits)
ultimately show ?Zthesis
by (auto introl: idz_join[OF _ _ ns_sd(2—8) ns_def])
qed
show ?thesis
unfolding res def
by (rule map_values__cong) (auto simp: idx__eval split: option.splits)
qed

have eval_conj: eval_conj_set AD nsp {z} nsy (ad_agr_close_set ADAvY (ext_tuple _set ADyp ns
nsp’ {fo_nmlz ADy (proj_tuple ns (zip nsp z))} — Y)) =
ext_tuple_set AD nsp nsp’ {z} N ext_tuple_set AD nsyp nsy’ (fo_nmlz AD ‘ proj_wvals {o € — Si.
ad_agr_list ADY (map o ns) (map o' ns)} nsi)
if x_ns: proj_tuple ns (zip nsp z) = map o’ ns
and z_proj_singleton: {z} = fo_nmlz AD ‘ proj_vals {o} nsp
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and Some: Mapping.lookup idzy (fo_nmlz ADY (proj_tuple ns (zip nsp z))) = Some Y
forz Y oo’
proof —
have Y = {ys € fo_nmlz ADY ‘ proj_wvals S¢ nsip. fo_nmlz ADY (proj_tuple ns (zip nsy ys)) =
fo_nmlz ADyp (map o’ ns)}
using Some
apply (auto simp: Xv__def idzip__def nsyy__def ©_ns lookup__cluster’ split: if _splits)
done
moreover have ... = fo_nmlz ADY * proj_wvals {o € SY. fo_nmlz ADY (map o ns) = fo_nmlz
ADY (map o’ ns)} nsy
by (auto simp: proj_vals__def fo__nmlz_twice[OF ns_sd(1,3,5)])+
moreover have ... = fo_nmlz ADy ‘ proj_vals {oc € Sv. ad_agr_list ADY (map o ns) (map o’
ns)} nsy
by (auto simp: fo_nmlz_eq)
ultimately have Y_def: Y = fo_nmlz ADY * proj_vals {oc € S¢. ad_agr_list ADy (map o ns)
(map o' ns)} nsy
by auto
have R_ def: {fo_nmlz ADvy (map o' ns)} = fo_nmlz ADY * proj_wvals {o. ad_agr_list ADy (map
o ns) (map o' ns)} ns
using ad__agr_list_refl
by (auto simp: proj_wvals__def intro: fo_nmlz_eql)
have ext_tuple_set ADy ns nsp’ {fo_nmilz ADY (map o’ ns)} = fo_nmilz ADY ‘ proj_wvals {o.
ad__agr_list ADY (map o ns) (map o’ ns)} nsy
apply (rule ext_tuple_correct|OF ns_sd(1) auz(2) ns_sd(3) auz R_def])
using ad__agr_list_trans ad__agr_list_comm
apply (auto simp: ad__agr_list_link)
by fast
then have ext_tuple set ADv ns nsp’ {fo_nmilz ADy (map o' ns)} — Y = fo_nmlz ADY ‘ proj_wvals
{oc € =S¢. ad_agr_list ADy (map o ns) (map o' ns)} nsy
apply (auto simp: Y__def proj_vals_def fo_nmlz_eq)
using ad__agr_Sv ad_agr_list_comm
by blast+
moreover have ad_agr_close_set ADAvY (fo_nmlz ADY ‘ proj_vals {o € —S. ad_agr_list ADy
(map o ns) (map o' ns)} nsy) =
fo_nmlz AD ‘ proj_wals {o € —S%. ad_agr_list ADY (map o ns) (map o’ ns)} nsy
unfolding ad_agr_close_set_eq[OF Ball_fo_nmlzd)
apply (rule ad_agr_close_set_correct{OF AD_def(4) ns_sd(3), folded ADAvY__def])
apply (auto simp: ad__agr_list_link)
using ad_agr_Svy ad_agr_list_comm ad_agr_list_subset[OF ns_sd(5)] ad__agr_list_trans
by blast+
ultimately have comp_ proj: ad_agr_close_set ADAvY (ext_tuple_set ADY ns nsp’ {fo_nmlz ADyp
(map o' ns)} — Y) =
fo_nmlz AD ‘ proj_wals {c € —S%. ad_agr_list ADy (map o ns) (map o' ns)} nsy
by simp
have ext_tuple_set AD nsi nsy’ (fo_nmlz AD “ proj_wvals {o € — S. ad_agr_list ADY (map o
ns) (map o' ns)} nsy) = fo_nmlz AD * proj_vals {o € — Sy. ad_agr_list ADY (map o ns) (map o’
ns)} both
apply (rule ext_tuple_correct|OF ns_sd(3) ns_sd'(1) auz(8) auz6 refl])
apply (auto simp: ad__agr_list_link)
using ad__agr_Sv ad_agr_list_comm ad__agr_list_subset|OF ns_sd(5)] ad_agr_list_trans ad_agr_list_mono[OF
AD_def(4)
by fast+
show eval_conj_set AD nsp {z} nsy (ad_agr_close_set ADAv) (ext_tuple _set ADyp ns nsp’
{fo_nmilz ADY (proj_tuple ns (zip nsp z))} — Y)) =
ext_tuple_set AD nsp nsp’ {x} N ext_tuple_set AD nsyp nsyp’ (fo_nmilz AD ‘ proj_vals {oc € —
S1. ad_agr_list ADvy (map o ns) (map o’ ns)} nsy)
unfolding z_ns comp__proj
using eval conj set correct|OF auz5 x_proj singleton refl aux(1) ns_sd(3)]
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by auto
qed

have X = set_of idx res
using AD_ X def
unfolding eval _ajoin.simps ts_def(1,2) Let_def AD_def(5)[symmetric] fu_fo_ fmla_list_set
nsp’_def[symmetric] fu_sort[symmetric] proj_fmla_def Sp__def[symmetric] Sv__def[symmetric]
ADAp__def[symmetric] ADA__def[symmetric]
nsp__def [symmetric] nso’_def[symmetric, folded fu_fo_fmla_list_set[of o, folded nsp__def] nsi__def]
nsy__def [symmetric] ns__def[symmetric]
X' _def[symmetric] idre__def[symmetric] idzy__def|symmetric] res_eq[symmetric]
by auto
moreover have ... = (|Jz€ad_agr_close_set ADAp Xo.
case Mapping.lookup idz (fo_nmlz ADy (proj_tuple ns (zip nsp z))) of None = ext_tuple_set AD
nsp nsp’ {z}
| Some Y = eval_conj_set AD nsp {z} nsy (ad_agr_close_set ADAY (ext_tuple _set ADY ns
ns@’ {fo_nmlz ADY (proj_tuple ns (zip nsp z))} — Y)))
unfolding res_ def[unfolded idzy__def]
apply (rule map_values__cluster)
apply (auto simp: eval__conj__set__def split: option.splits)
apply (auto simp: ext_tuple_set_def split: if _splits)
done
moreover have ... = fo_nmlz AD ‘ proj_fmla (Conj ¢ (Neg ¢)) {o. esat ¢ I o UNIV} —
fo_nmlz AD ‘ proj_fmla (Conj ¢ (Neg ¢)) {o. esat y» I o UNIV'}
unfolding S¢_ def[symmetric] Sy__def[symmetric] proj_fmla_def fu_sort
proof (rule set_eql, rule iffT)
fix t
assume t € (|Jz€ad_agr_close_set ADAp Xo. case Mapping.lookup idzip (fo_nmlz ADvy (proj_tuple
ns (zip nsp x))) of
None = ext_tuple_set AD nsp nsp' {z}
| Some Y = eval_conj_set AD nsp {z} nsy) (ad_agr_close_set ADAv (ext_tuple_set ADvp ns nsp’
{fo_nmlz ADY (proj_tuple ns (zip nsp z))} — Y)))
then obtain x where z: = € ad_agr_close_set ADAp X
Mapping.lookup idzyp (fo_nmlz ADY (proj_tuple ns (zip nsp z))) = None = t € ext_tuple_set
AD nsp nsp’ {z}
AY. Mapping.lookup idz (fo_nmlz ADY (proj_tuple ns (zip nsp z))) = Some ¥ —>
t € eval_conj_set AD nsp {z} nsyp (ad_agr_close_set ADAv (ext_tuple_set ADy ns nsp’ {fo_nmliz
ADv (proj_tuple ns (zip nse x))} — Y))
by (fastforce split: option.splits)
obtain o where val: 0 € S z = fo_nmlz AD (map o nsp)
using ad__agr_close__correct|OF AD__def(8) ad_agr_¢(1), folded ADA¢__def] X¢_ def|folded
proj_fmla_def] ad_agr_close_set_eq[OF fo_nmlzd_X(1)] z(1)
apply (auto simp: proj_fmla__def proj_wvals_def nsp__def)
apply fast
done
obtain ¢’ where . 2 = map o’ nsp
using exists_map[where ?ys=z and ?zs=nsy| auz(1)
by (auto simp: val(2) fo_nmlz_length)
have z_proj_singleton: {z} = fo_nmlz AD ‘ proj_vals {c} nsp
by (auto simp: val(2) proj_vals_def)
have z_ns: proj_tuple ns (zip nsp ) = map o’ ns
unfolding o’
by (rule proj_tuple_map[OF ns_sd(1—2,4)])
have ad_agr_o_o" ad_agr_list AD (map o nsp) (map o’ nsy)
using o’
by (auto simp: val(2)) (metis fo_nmlz_ad_agr)
have x_proj_ad_agr: {z} = fo_nmlz AD ‘ proj_vals {o. ad_agr_list AD (map o nsp) (map o’
nsp)} nsp
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using ad_agr_o_o’ ad_agr_list_comm ad_agr_list_trans
by (auto simp: val(2) proj_vals_def fo_nmlz_eq) blast
have t € fo_nmlz AD ‘|J (ext_tuple AD nsp nsp’ ‘{z}) = fo_nmiz AD (proj_tuple nse (zip both
1)) € {z}
apply (rule ext_tuple_sound(1)[OF auz z_proj _ad__agr])
apply (auto simp: ad__agr_list_link)
using ad__agr_list_comm ad__agr_list_trans
by blast+
then have z_proj: t € ext_tuple_set AD nsp nsp’ {z} = = = fo_nmiz AD (proj_tuple nsp (zip
both t))
using ext_tuple _set_eqlwhere ?AD=AD] Ball_ad__agr z(1)
by (auto simp: val(2) proj_vals_def)
have z_Syp: t € ext_tuple_set AD nsp nsp’ {x} = t € fo_nmilz AD ‘ proj_wvals S¢ both
using ext tuple correct|OF auz refl ad_agr_¢(2)[folded nsp_ def]] ext tuple set _monol[of {z}
fo_nmiz AD * proj_vals S¢ nsyp| val(1)
by (fastforce simp: val(2) proj_vals_def)
show t € fo_nmlz AD ‘ proj_wals S¢ both — fo_nmlz AD ‘ proj_wvals S both
proof (cases Mapping.lookup idzip (fo_nmlz ADY (proj_tuple ns (zip nse x))))
case None
have Fualse if t_in_S¢: t € fo_nmlz AD ‘ proj_vals S both
proof —
obtain 7 where 7: 7 € Sy t = fo_nmiz AD (map 7 both)
using ¢_in_ Sy
by (auto simp: proj_vals_def)
obtain 7’ where t 7" t = map 7’ both
using auz(3) exists _map|where ?ys=t and ?zs=both]
by (auto simp: 7(2) fo_nmlz_length)
obtain 7" where 7' fo_nmlz ADy (map T nsi)) = map 7"’ nsy
using ns_sd exists_map[where ?ys=fo_nmlz ADy (map T nsy) and zs=nsi]
by (auto simp: fo_nmlz_length)
have proj_7'" proj_tuple ns (zip nsyp (map 7"’ nsyp)) = map 7"’ ns
apply (rule proj_tuple _map)
using ns_sd
by auto
have proj_tuple nsp (zip both t) = map 7' nsp
unfolding ¢t 7’
apply (rule proj_tuple _map)
using auzx
by auto
then have z_7" = = fo_nmlz AD (map 7’ nsy)
by (auto simp: z_proj|OF z(2)[OF None]])
obtain 7" where 7'": x = map 7" nsp
using auz exists_map[where ?ys=z and Zzs=nsy]
by (auto simp: x_7' fo_nmlz_length)
have ad_7_7" ad_agr_list AD (map T both) (map 7' both)
using t_7’
by (auto simp: T) (metis fo_nmlz_ad__agr)
have ad_7_7'"" ad_agr_list ADvy (map T nsy) (map 7" nsi)
using 7"’
by (metis fo_nmlz_ad__agr)
have ad_7'_7'": ad_agr_list AD (map 7’ nsp) (map 7’
using 7"’
by (auto simp: z_7') (metis fo_nmlz_ad_agr)
have proj_7'": proj_tuple ns (zip nsp (map 7"
apply (rule proj_tuple _map)
using auz ns_sd
by auto
have fo_nmlz ADY (proj_tuple ns (zip nsp z)) = fo_nmlz ADy (proj_tuple ns (zip nsyp (fo_nmlz

/

" nsyp)

nsp)) = map 7'’ ns
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ADY (map T nsip))))
unfolding 7' proj 7' """ proj_ 7"’
apply (rule fo_nmlz_eql)
using ad_agr_list_trans ad__agr_list__subset ns_sd(4—6) ad_agr_list_mono[OF AD_def(4)]
ad__agr_list_comm|[OF ad_7'_71""| ad_agr_list_comm|[OF ad_7_7"] ad_1_T1"
by metis
then show %thesis
using None 7(1)
by (auto simp: idzy__def lookup__cluster’ X1__def nsip__def[symmetric] proj_vals_def split:
if _splits)
qed
then show ?thesis
using z_Sp[OF z(2)[OF Nonel]
by auto
next
case (Some Y)
have t_in: t € ext_tuple _set AD nsp nsp’ {z} t € ext_tuple_set AD nsy) nsyp’ (fo_nmlz AD *
proj_vals {o € — Sv. ad_agr_list ADy (map o ns) (map o’ ns)} nsy)
using z(38)[OF Some] eval conj[OF z_ns z_proj_singleton Some]
by auto
have ext_tuple_set AD nsy nsi’ (fo_nmlz AD ‘ proj_wvals {c € — Sv. ad_agr_list ADy (map o
ns) (map o' ns)} nsy) = fo_nmlz AD * proj_vals {o € — Sv. ad_agr_list ADY (map o ns) (map o’
ns)} both
apply (rule ext_tuple_correct|OF ns_sd(3) ns_sd'(1) auz(3) auz6 refl])
apply (auto simp: ad__agr_list_link)
using ad__agr_SY ad_agr_list_comm ad_agr_list_subset[OF ns_sd(5)] ad_agr_list_trans
ad__agr_list_mono[OF AD__def(4)]
by fast+
then have t_both: t € fo_nmlz AD * proj_vals {0 € — St. ad_agr_list ADy (map o ns) (map o’
ns)} both
using t_in(2)
by auto
{
assume t € fo_nmlz AD ‘ proj_wvals S both
then obtain 7 where 7: 7 € Sy ¢t = fo_nmlz AD (map T both)
by (auto simp: proj_vals_def)
obtain 7’ where 7": 7' ¢ Sy t = fo_nmlz AD (map 7’ both)
using t_both
by (auto simp: proj_wvals_def)
have False
using 7 7’
apply (auto simp: fo_nmliz_eq)
using ad__agr_Sv ad_agr_list _comm ad_agr_list _subset|OF ns_sd(8)] ad_agr_list_mono[OF
AD_def(4)]
by blast
}

then show ?thesis
using z_S¢[OF t_in(1)]
by auto
qed
next
fix t
assume t_in_asm: t € fo_nmlz AD ‘ proj_vals Sp both — fo_nmlz AD * proj_wvals S both
then obtain o where val: 0 € Sp t = fo_nmilz AD (map o both)
by (auto simp: proj_wvals_def)
define z where z = fo_nmlz AD (map o nsp)
obtain ¢’ where - 2 = map o’ nsp
using ezists_map[where ?ys=z and ?zs=nsp| auz(1)

/
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by (auto simp: x_def fo__nmlz_length)
have z_proj_singleton: {z} = fo_nmlz AD ‘ proj_vals {o} nsp
by (auto simp: z__def proj_vals__def)
have z_in_ad _agr close: x € ad_agr close _set ADAp X
using ad_agr_close_correct{OF AD_def(3) ad_agr_ (1), folded ADAy_def] val(1)
unfolding ad_agr_close__set_eq[OF fo_nmlzd_X(1)] z_def
unfolding X¢_ def[folded proj_fmla_def] proj_fmla_map
by (fastforce simp: z__def nse__def)
have ad_agr_o_oc": ad_agr_list AD (map o nsp) (map o' nsp)
using o’
by (auto simp: x__def) (metis fo_nmlz_ad_agr)
have z_proj_ad_agr: {z} = fo_nmlz AD ‘ proj_vals {o. ad_agr_list AD (map o nsp) (map o’
nsp)} nse
using ad_agr_o_o’ ad_agr_list _comm ad_agr_list_trans
by (auto simp: z_def proj_vals_def fo_nmlz_eq) blast+
have z_ns: proj_tuple ns (zip nsp ) = map o’ ns
unfolding o’
by (rule proj_tuple_map[OF ns_sd(1—2,4)])
have ext_tuple_set AD nsp nsp’ {x} = fo_nmiz AD * proj_wvals {o. ad_agr_list AD (map o nsy)
(map o' nsp)} both
apply (rule ext_tuple_correct|OF aux z_proj _ad_agr])
using ad__agr_list_comm ad__agr_list_trans
by (auto simp: ad__agr_list_link) blast+
then have ¢_in_ext_z: t € ext_tuple set AD nsp nsp’' {z}
using ad_agr_o_o’
by (auto simp: val(2) proj_vals_def)
{
fix Y
assume Some: Mapping.lookup idz (fo_nmlz ADY (map o’ ns)) = Some Y
have tmp: proj_tuple ns (zip nsp ) = map o’ ns
unfolding o’
by (rule proj_tuple_map[OF ns_sd(1) auz(1) ns_sd(4)])
have unfold: ext_tuple_set AD nsip nsyp’ (fo_nmlz AD ‘ proj_vals {o € — St. ad_agr_list ADy
(map o ns) (map o' ns)} nsy) =
fo_nmlz AD ‘ proj_vals {o € — Sv. ad_agr_list ADy (map o ns) (map o’ ns)} both
apply (rule ext_tuple_correct|OF ns_sd(3) ns_sd'(1) auz(3) auz6 refl])
apply (auto simp: ad__agr_list_link)
using ad_agr_Svy ad_agr_list_mono[OF AD_def(4)] ad_agr_list_comm ad__agr_list_trans
ad__agr_list_subset|OF ns_sd(5)]
by blast+
have o ¢ S¢
using t_in__asm
by (auto simp: val(2) proj_vals_def)
moreover have ad_agr_list ADvy (map o ns) (map o’ ns)
using ad_agr_o_o' ad_agr_list_mono|OF AD_def(4)] ad_agr_list_subset|OF ns_sd(4)]
by blast
ultimately have t € ext_tuple _set AD nsy) nsy’ (fo_nmlz AD ‘ proj_wvals {o € — Sv. ad_agr_list
ADvy (map o ns) (map o’ ns)} nsi)
unfolding unfold val(2)
by (auto simp: proj_vals__def)
then have t € eval _conj_set AD nsp {z} nsyp (ad_agr_close_set ADAY (ext_tuple set AD ns
ns@’ {fo_nmlz ADY (map o’ ns)} — Y))
using eval__conj[OF tmp xz_proj_singleton Some[folded x_ns]| t_in_ext_z
by (auto simp: z_ns)
}
then show ¢ € (|Jz€ad _agr_close_set ADAp Xp. case Mapping.lookup idzy (fo_nmlz ADy
(proj__tuple ns (zip nsp z))) of
None = ext_tuple set AD nsp nsp’ {z}
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| Some Y = eval_conj_set AD nsp {z} nsy) (ad_agr_close_set ADAv (ext_tuple set ADp ns nsp’
{fo_nmlz ADY (proj_tuple ns (zip nsp z))} — Y)))
using t in_ext
by (intro UN_I[OF z_in_ad_agr_close]) (auto simp: x_ns split: option.splits)
qed
ultimately have X_def: X = fo_nmlz AD ‘ proj_fmla (Conj ¢ (Neg v)) {o. esat ¢ I ¢ UNIV} —
fo_nmlz AD ‘ proj_fmla (Conj ¢ (Neg ¢)) {c. esat v [ ¢ UNIV}
by simp

have AD_Neg sub: act_edom (Neg ) I C AD
by (auto simp: AD__def(1))

have X = fo_nmiz AD * proj_fmla (Conj ¢ (Neg v)) {o. esat ¢ I ¢ UNIV} N
fo_nmiz AD ‘ proj fmla (Conj ¢ (Neg v)) {o. esat (Neg ) I o UNIV'}
unfolding X def
by (auto simp: proj_fmla_map dest!: fo_nmlz_eqD)

(metis AD_def(4) ad_agr_list_subset esat _UNIV_ad_agr_list fu_fo_ fmla_list_set fu_sub
sup__gel ts_def(4))

then have eval: eval_ajoin (fu_fo_fmia_list ¢) to (fu_fo_fmla_list V) tp =
eval_abs (Conj ¢ (Neg v)) I
using proj_fmla__conj_sub|OF AD__Neg__sub, of ]
unfolding AD X def AD_def(1)[symmetric] n_def eval abs__def
by (auto simp: proj_fmla__map)

have wf_conj_neg: wf_fo_intp (Conj ¢ (Neg ¥)) I
using wf
by (auto simp: ts_def)

show ?%thesis
using fo_wf eval _abs[OF wf_conj neg]
by (auto simp: eval)

qed

lemma eval disj:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
assumes wf: fo_wf ¢ Ity fo_wf ¥ Ity
shows fo_wf (Disj ¢ ¥) I
(eval_disj (fu_fo_fmla_list ¢) te (fu_fo_fmla_list ¥) ty)
proof —
obtain ADy np Xe ADy ny X1 where ts_def:
to = (ADy, np, Xop) ty = (ADY, ny, X¢)
ADy = act_edom ¢ [ ADy = act_edom ¢ 1
using assms
by (cases to, cases ti) auto
have AD _sub: act_edom ¢ I C ADy act_edom ¢ I C ADvy
by (auto simp: ts_def(3,4))

obtain AD n X where AD_ X def:
eval__disj (fu_fo_fmla_list ¢) teo (fu_fo_fmla_list ¥) tvp = (AD, n, X)
by (cases eval__disj (fv_fo__fmla_list @) te (fu_fo_fmla_list ¢) t) auto
have AD_def: AD = act_edom (Disj ¢ ) I act_edom (Disj ¢ ¢) I C AD
ADg C AD ADy C AD AD = ADp U ADy
using AD_ X def
by (auto simp: ts_def Let__def)
have n_def: n = nfv (Disj ¢ )
using AD_ X def
by (auto simp: ts_def Let_def nfv_card fu_fo_fmla_list_set)

define Sy where Sp = {o. esat ¢ I o UNIV}
define Sy where S¢ = {o. esat ¢ [ o UNIV}

define nsp’ where nsp’ = filter (An. n ¢ fu_fo_fmla ) (fu_fo_fmla_list )

100



define nsyy’ where nsy)’ = filter (An. n & fu_fo_fmla ¥) (fv_fo_fmla_list ¢)

note Xo_def = fo_wf X[OF wf(1)[unfolded ts_def(1)], unfolded proj_fmla_def, folded S¢p__def]
note Xv¢_ def = fo_wf X[OF wf(2)[unfolded ts_def(2)], unfolded proj_fmla_def, folded Si__def]
have fu_sub: fu_fo_fmla (Disj ¢ ) = fu_fo_fmla ¢ U set (fu_fo_fmla_list 1)
fu_fo_fmla (Disj ¢ ) = fu_fo_fmla ¢ U set (fu_fo_fmla_list o)
by (auto simp: fu_fo_ fmla_list_set)
note res_left _alt = ext_tuple_ad_agr_close[OF Sp_def AD_sub(1) AD_def(3)
X__def(1)[folded Sp__def] nsp’_def sorted__distinct__fu_list fu_sub(1)]
note res_right_alt = ext_tuple_ad_agr_close[OF S¢__def AD_sub(2) AD_def(4)
Xp__def(1)[folded Svp__def] nsyp’_def sorted_distinct__fu_list fu_sub(2)]

have X = fo_nmlz AD ‘ proj_fmla (Disj ¢ ¢) {o. esat ¢ [ ¢ UNIV} U
fo_nmlz AD ¢ proj_fmla (Disj ¢ ¢) {o. esat v [ o UNIV}
using AD_X_ def
apply (simp add: ts_def(1,2) Let_def AD_ def(5)[symmetric])
unfolding fu_fo_fmla_list_set proj_fmla_def nsp’ _def[symmetric] nsi’_def[symmetric]

S__def[symmetric] Sv__def[symmetric]

using res_left_alt(1) res_right_alt(1)
by auto

then have eval: eval_disj (fu_fo_ fmla_list ) te (fu_fo_fmla_list ) tp =
eval__abs (Disj v ) 1
unfolding AD_X_def AD_ def(1)[symmetric] n_def eval _abs_def
by (auto simp: proj_fmla_map)

have wf _disj: wf_fo_intp (Disj ¢ ) I
using wf
by (auto simp: ts_def)

show %thesis
using fo_wf_eval _abs|OF wf_disj]
by (auto simp: eval)

qed

lemma fu_ex all:
assumes pos i (fu_fo_fmla_list ¢) = None
shows fu_fo_fmla_list (Exists i ¢) = fu_fo_ fmla_list ¢
fu_fo_fmla_list (Forall i ¢) = fu_fo_ fmla_list ¢
using pos__complete[of i fu_fo_fmla_list ] fu_fo_ fmla_list_eq[of Exists i ¢ o]
fu_fo_fmla_list_eqlof Forall i ¢ @] assms
by (auto simp: fu_fo_fmla_list_set)

lemma nfy_ex_all:
assumes Some: pos i (fu_fo_fmla_list ¢) = Some j
shows nfv ¢ = Suc (nfv (Ezists i ¢)) nfv ¢ = Suc (nfv (Forall i ¢))
proof —
have i € fu_fo_fmla ¢ j < nfv ¢ i € set (fu_fo_ fmla_list )
using fu_fo_fmla_list_set pos_set[of © fu_fo_ fmla_list ¢]
pos__length|of i fu_fo_fmla_list @] Some
by (fastforce simp: nfv_def)+
then show nfv ¢ = Suc (nfv (Ezists i ¢)) nfv ¢ = Suc (nfv (Forall i ¢))
using nfv_card[of ¢| nfu_card|of Exists i @] nfu_card|of Forall i ¢]
by (auto simp: finite_fu_fo_ fmia)
qed

lemma fu_fo_fmla_list_exists: fu_fo_ fmila_list (Exists n @) = filter ((#) n) (fu_fo_ fmla_list )
by (auto simp: fu_fo_fmla_list _def)
(metis (mono__tags, lifting) distinct_filter distinct_remdups__adj_sort
distinct_remdups__id filter _set filter _sort remdups__adj_set sorted_list _of set_sort_remdups
sorted__remdups__adj sorted__sort sorted__sort_id)
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lemma eval exists:
fixes ¢ :: ('a :: infinite, 'b) fo_fmla
assumes wf: fo_wf ¢ It
shows fo_wf (Exists i ¢) I (eval _exists i (fu_fo__fmla_list ¢) t)
proof —
obtain AD n X where t_def: t = (AD, n, X)
AD = act_edom ¢ I AD = act_edom (Ezists i p) I
using assms
by (cases t) auto
note X__def = fo_wf_X[OF wf[unfolded t_def], folded t_def(2)]
have eval: eval_ezists i (fu_fo_fmla_list ©) t = eval _abs (Fzists i @) I
proof (cases pos i (fu_fo_ fmla_list ¢))
case None
note fu_eq = fu_ex_all|[OF None]
have X = fo_nmlz AD ‘ proj_fmla (Exists i @) {o. esat ¢ I o UNIV'}
unfolding X def
by (auto simp: proj_fmla_def fu_eq)
also have ... = fo_nmilz AD ‘ proj_fmla (Ezists i ) {o. esat (Ezists i ¢) I o UNIV}
using esat__ezists_not_fv[of i ¢ UNIV I] pos__complete[OF None]
by (simp add: fu_fo_fmla_list_set)
finally show ?thesis
by (auto simp: t_def None eval__abs__def fu__eq nfv_def)
next
case (Some j)
have fo_nmlz AD ‘rem_nthj ‘X =
fo_nmlz AD * proj_fmla (Ezists i ¢) {o. esat (Ezists i ¢) I o UNIV}
proof (rule set_eql, rule iffI)
fix vs
assume vs € fo_nmlz AD ‘rem_nthj ‘X
then obtain ws where ws_def: ws € fo_nmiz AD ‘ proj_fmla ¢ {o. esat ¢ I ¢ UNIV}
vs = fo_nmlz AD (rem_nth j ws)
unfolding X_ def
by auto
then obtain o where o__def: esat ¢ [ 0 UNIV
ws = fo_nmlz AD (map o (fu_fo_fmla_list ¢))
by (auto simp: proj_fmla__map)
obtain 7 where 7__def: ws = map 7 (fu_fo_ fmla_list )
using fo_nmlz_map o__def(2)
by blast
have esat_7: esat (Exists i ) I 7 UNIV
using esat_ UNIV__ad_agr_list[OF fo_nmlz_ad_agr{of AD map o (fu_fo_fmla_list ¢),
folded o__def(2), unfolded T__def]] o__def(1)
by (auto simp: t_def introl: exI[of _ T i])
have rem_ nth_ws: rem_nth j ws = map 7 (fu_fo_ fmia_list (Ezists i ©))
using rem__nth__sound|of fu_fo_fmla_list ¢ i j 7] sorted_distinct_fu_list Some
unfolding fu_fo_ fmla_list_exists 7__def
by auto
have vs € fo_nmlz AD * proj_fmla (Exists i ¢) {o. esat (Exists i ¢) I o UNIV}
using ws__def(2) esat_T
unfolding rem_ nth_ws
by (auto simp: proj_fmla__map)
then show vs € fo__nmlz AD ‘ proj fmla (Exists i ) {o. esat (Exists i ¢) [ o UNIV}
by auto
next
fix vs
assume assm: vs € fo_nmlz AD ‘ proj_fmla (Exists i ) {o. esat (Exzists i @) I o UNIV'}
from assm obtain o where o__def: vs = fo_nmlz AD (map o (fu_fo_fmla_list (Exists i ¢)))
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esat (Exists i ) [ o UNIV
by (auto simp: proj_fmla__map)
then obtain z where z_def: esat ¢ I (o(i := z)) UNIV
by auto
define ws where ws = fo_nmlz AD (map (o(i := z)) (fu_fo_fmla_list ¢))
then have length ws = nfv ¢
using nfv_def fo_nmlz_length by (metis length__map)
then have ws_in: ws € fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ I o UNIV}
using z_ def ws__def
by (auto simp: fo_nmlz_sound proj_fmla__map)
obtain 7 where 7__def: ws = map 7 (fu_fo__fmla_list )
using fo__nmlz_map ws_def
by blast
have rem_ nth__ws: rem_nth j ws = map 7 (fu_fo_ fmla_list (Exists i ))
using rem_ nth__sound[of fu_fo_ fmla_list ¢ i j] sorted_distinct_fu_list Some
unfolding fu_fo_ fmla_list exists 7__def
by auto
have set (fu_fo_ fmla_list (Exzists i ¢)) C set (fu_fo_fmla_list )
by (auto simp: fu_fo_fmla_list _exists)
then have ad_agr: ad_agr_list AD (map (o(i := x)) (fu_fo_ fmla_list (Exists i ©)))
(map T (fu_fo_ fmla_list (Exists i ¢)))
by (rule ad__agr_list_subset)
(rule fo_nmlz_ad_agr[of AD map (o(i := x)) (fu_fo_fmla_list v), folded ws__def,
unfolded T__def])
have map_ fu_cong: map (o(i := z)) (fu_fo_fmla_list (Ezists i ¢)) =
map o (fu_fo_ fmla_list (Exists i ©))
by (auto simp: fu_fo_ fmla_list_exists)
have vs_rem_nth: vs = fo_nmlz AD (rem_nth j ws)
unfolding o__def(1) rem_nth_ws
apply (rule fo_nmiz_eql)
using ad__agr[unfolded map_ fu_cong| .
show vs € fo_nmlz AD ‘rem_nthj ‘X
using Some ws_in
unfolding vs_rem_nth X_ def
by auto
qged
then show ?%thesis
using nfv_ex_all[OF Some]
by (auto simp: t_def Some eval _abs_def nfv_def)

qed
have wf_ex: wf_fo_intp (Exists i ¢) I
using wf

by (auto simp: t_def)
show ?%thesis
using fo_wf eval abs[OF wf _ex]
by (auto simp: eval)
qed

lemma fu_fo_fmla_list_forall: fu_fo_fmla_list (Forall n @) = filter ((#%) n) (fu_fo_fmla_list )
by (auto simp: fu_fo_fmla_list _def)
(metis (mono__tags, lifting) distinct_filter distinct_remdups _adj _sort
distinct__remdups__id filter _set filter _sort remdups__adj_set sorted_list _of set_sort _remdups
sorted__remdups__adj sorted__sort sorted__sort_id)

lemma pairwise_take__drop:
assumes pairwise P (set (zip zs ys)) length zs = length ys
shows pairwise P (set (zip (take i zs @ drop (Suc i) zs) (take i ys @Q drop (Suc i) ys)))
by (rule pairwise subset|OF assms(1)]) (auto simp: set_zip assms(2))
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lemma fo nmlz_set_card:
fo_nmlz AD xs = xs = set s = set zs N Inl * AD U Inr ‘ {..<card (Inr —* set zs)}
by (metis fo_nmlz_sound fo_nmlzd_set card__Inr_vimage_le_length min.absorb2)

lemma ad_agr_list_take_drop: ad_agr_list AD xs ys —>
ad__agr_list AD (take i zs @Q drop (Suc i) zs) (take i ys @ drop (Suc 1) ys)
apply (auto simp: ad__agr_list_def ad__equiv_list_def sp__equiv_list_def)
apply (metis take zip in__set_takeD)
apply (metis drop_zip in__set_dropD)
using pairwise_take__drop
by fastforce

lemma fo nmlz_rem_ nth__add_nth:
assumes fo_nmlz AD zs = zs i < length zs
shows fo_nmlz AD (rem_nth i (fo_nmlz AD (add_nth i z 2s))) = zs
proof —
have ad_agr: ad_agr_list AD (add_nth i z zs) (fo_nmlz AD (add_nth i z zs))
using fo_nmlz_ad_agr
by auto
have i_lt_add: i < length (add_nth i z zs) i < length (fo_nmlz AD (add_nth i z zs))
using add_nth_length assms(2)
by (fastforce simp: fo_nmlz_length)+
show %thesis
using ad__agr_list_take_drop[OF ad__agr, of i, folded rem_ nth_take_drop[OF i_lt_add(1)]
rem_nth_take_drop|OF i_lt add(2)], unfolded rem_nth _add nth[OF assms(2)]]
apply (subst eq _commute)
apply (subst assms(1)[symmetric])
apply (auto intro: fo_nmlz_eql)
done
qed

S
S

lemma ad_agr_list _add:

assumes ad_agr_list AD zs ys i < length zs

shows 3z' € Inl “ AD U Inr ‘ {..<Suc (card (Inr —* set ys))} U set ys.
ad_agr_list AD (take i xs Q 2 # drop i zs) (take i ys Q 2" # drop i ys)

proof —

define n where n = length xs

have len_ys: n = length ys
using assms(1)
by (auto simp: ad__agr_list_def n__def)

obtain o where o__def: s = map o [0..<n]
unfolding n_ def
by (metis map__nth)

obtain 7 where 7__def: ys = map 7 [0..<n]
unfolding len_ys
by (metis map__nth)

have i le n:i<n
using assms(2)
by (auto simp: n__def)

have set_n: set [0..<n] = {..n} — {n} set ([0..<i] @ n # [i.<n]) = {..n}
using 7 _le n
by auto

have ad_agr: ad_agr_sets ({.n} — {n}) ({.n} — {n}) ADo T
using iffD2[OF ad_agr_list_link, OF assms(1)[unfolded o__def T _def]]
unfolding set_n .

have set_ys: 7 ‘ ({.n} — {n}) = set ys
by (auto simp: 7__def)
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obtain 2’ where 2’ _def: 2z’ € Inl * AD U Inr ‘ {..<Suc (card (Inr —* set ys))} U set ys
ad_agr_sets {.n} {.n} AD (o(n := 2)) (7(n = 2’))
using ezstend_7[OF ad__agr subset_refl,

of Inl “ AD U Inr ‘{..<Suc (card (Inr —* set ys))} U set ys 2]

by (auto simp: set__ys)

have map__take: map (o(n := 2)) ([0..<i] Q@ n # [i..<n]) = take i zs Q@ z # drop i xs
map (t(n = 2")) ([0..<i] @ n # [i..<n]) = take i ys Q z" # drop i ys
using ¢ _le n
by (auto simp: o__def 7__def take_map drop__map)

show ?thesis
using iffD1[OF ad_agr_list _link, OF z'_def(2)[unfolded set_n[symmetric]]] z'_def(1)
unfolding map__take
by auto

qed

lemma add_nth restrict:
assumes fo_nmlz AD zs = zs i < length zs
shows 3z’ € Inl * AD U Inr ¢ {..<Suc (card (Inr —° set 2s))}.
fo_nmlz AD (add_nth i z zs) = fo_nmlz AD (add_nth i z’ zs)
proof —
have set zs C Inl * AD U Inr ‘ {..<Suc (card (Inr —* set zs))}
using fo_nmlz_set card[OF assms(1)]
by auto
then obtain 2’ where 2’ _def:
2’ € Inl “ AD U Inr “ {..<Suc (card (Inr —* set zs))}
ad_agr_list AD (take i zs @Q z # drop i zs) (take i 2s Q 2’ # drop i zs)
using ad__agr_list_add[OF ad_agr_list_refl assms(2), of AD z]
by auto blast
then show ?thesis
unfolding add_nth_take_drop[OF assms(2)]
by (auto intro: fo_nmlz_eql)
qed

lemma fo _nmlz_add_rem:
assumes i < length zs
shows 3z'. fo_nmlz AD (add_nth i z zs) = fo_nmlz AD (add_nth i 2’ (fo_nmlz AD zs))
proof —
have ad_agr: ad_agr_list AD zs (fo_nmlz AD zs)
using fo__nmlz _ad_agr
by auto
have i_le_fo_nmlz: i < length (fo_nmlz AD zs)
using assms(1)
by (auto simp: fo_nmlz_length)
obtain = where z_def: ad_agr_list AD (add_nth i z zs) (add_nth i  (fo_nmlz AD zs))
using ad_agr_list_add[OF ad_agr assms(1)]
by (auto simp: add_nth_take drop[OF assms(1)] add nth_take drop[OF i _le_fo_nmliz])
then show ?Zthesis
using fo_nmlz_eql
by auto
qed

lemma fo_nmlz _add_rem'”:
assumes i < length zs
shows 32", fo_nmiz AD (add_nth i z (fo_nmlz AD zs)) = fo_nmlz AD (add_nth i 2’ zs)
proof —
have ad_agr: ad_agr_list AD (fo_nmlz AD zs) zs
using ad_agr_list_comm[OF fo_nmlz_ad_agr]
by auto
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have i_le_fo_nmlz: i < length (fo_nmlz AD zs)
using assms(1)
by (auto simp: fo_nmlz_length)
obtain z where z_def: ad_agr_list AD (add_nth i z (fo_nmlz AD zs)) (add_nth i z zs)
using ad__agr_list_add[OF ad_agr i_le_fo_nmlz]
by (auto simp: add_nth_take drop[OF assms(1)] add_nth__take_drop[OF i_le_fo_nmlz])
then show ?Zthesis
using fo__nmlz _eql
by auto
qed

lemma fo nmlz_add_nth_rem_ nth:
assumes fo _nmlz AD xs = xs i < length zs
shows Jz. fo_nmlz AD (add_nth i z (fo_nmlz AD (rem_nth i zs))) = xs
using rem_ nth_length[OF assms(2)] fo_nmlz_add_rem[of i rem_nth i zs AD zs ! 1,
unfolded assms(1) add_nth_rem_nth_self[OF assms(2)]] assms(2)
by (subst eq _commute) auto

lemma sp__equiv_list_almost_same: sp__equiv_list (zs @ v # ys) (zs Q w # ys) =
v € setxs U setys V w € set zs U set ys = v = w
by (auto simp: sp__equiv_list_def pairwise_def) (metis UnCI sp__equiv__pair.simps zip__same)+

lemma ad_agr_list_add_nth:
assumes ¢ < length zs ad_agr_list AD (add_nth i v zs) (add_nth i w zs) v # w
shows {v, w} N (Inl * AD U set zs) = {}
using assms(2)[unfolded add_nth_take drop[OF assms(1)]] assms(1,8) sp_equiv_list _almost same
by (auto simp: ad__agr_list_def ad__equiv_list_def ad_equiv__pair.simps)
(smt append__take__drop_id set__append sp__equiv_list__almost_same)+

lemma Inr_in_ tuple:
assumes fo_nmilz AD zs = zs n < card (Inr —° set zs)
shows Inr n € set zs
using assms fo_nmlz_set_card[OF assms(1)]
by (auto simp: fo__nmlzd__code[symmetric])

lemma card wit sub:
assumes finite Z card Z < card {ts € X. 3z € Z. ts = f z}
shows f *Z C X
proof —
have set_unfold: {ts€ X. 3z € Z. ts=fz} =f‘ZNX
by auto
show ?thesis
using assms
unfolding set_unfold
by (metis Int_lower! card_image_le card__seteq finite__imagel inf.absorb_iff1 le__antisym
surj__card_le)
qed

lemma add_nth_iff card:
assumes (A\zs. zs € X = fo_nmlz AD xs = zs) (\zs. zs € X = i < length xs)
fo_nmlz AD zs = zs i < length zs finite AD finite X
shows (V2. fo_nmlz AD (add_nth i z zs) € X) +—
Suc (card AD + card (Inr —° set 2zs)) < card {ts € X. Iz. ts = fo_nmlz AD (add_nth i z zs)}
proof —
have inj: inj_on (Az. fo_nmlz AD (add_nth i z zs))
(Inl “ AD U Inr ‘ {..<Suc (card (Inr —* set zs))})
using ad_agr_list_add_nth[OF assms(4)] Inr_in_tuple]OF assms(3)] less_Suc_eq
by (fastforce simp: inj _on__def dest!: fo_nmlz_eqD)
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have card_Un: card (Inl “* AD U Inr ‘{..<Suc (card (Inr —°* set 25))}) =
Suc (card AD + card (Inr —°¢ set zs))
using card__Un__disjoint[of Inl * AD Inr ‘ {..<Suc (card (Inr —* set zs))}] assms(5)
by (auto simp add: card__image disjoint_iff _not__equal)
have restrict_z: (Vz. fo_nmlz AD (add_nth i z zs) € X) +—
(Vz € Inl * AD U Inr ‘ {..<Suc (card (Inr —°* set zs))}. fo_nmlz AD (add_nth i z zs) € X)
using add_nth_restrict|OF assms(3,4)]
by metis
have restrict_z" {ts € X. 3z. ts = fo_nmlz AD (add_nth i z 25)} =
{ts€ X. 3z € Inl “AD U Inr ‘{..<Suc (card (Inr —* set zs))}.
ts = fo_nmlz AD (add_nth i z zs)}
using add_nth_restrict{OF assms(3,4)]
by auto
{
assume Az. fo_nmlz AD (add_nth iz zs) € X
then have image sub: (Az. fo_nmlz AD (add_nth i z zs)) ¢
(Inl “AD U Inr ‘ {..<Suc (card (Inr —* set zs))}) C
{ts € X. 3z. ts = fo_nmlz AD (add_nth i z zs)}
by auto
have Suc (card AD + card (Inr —* set zs)) <
card {ts € X. z. ts = fo_nmlz AD (add_nth i z zs)}
unfolding card_ Un[symmetric]
using card_inj _on_le[OF inj image_sub] assms(6)
by auto
then have Suc (card AD + card (Inr —° set zs)) <
card {ts € X. 3z. ts = fo_nmlz AD (add_nth i z zs)}
by (auto simp: card_image)
}
moreover
{
assume assm: card (Inl * AD U Inr ‘ {..<Suc (card (Inr —* set zs))}) <
card {ts € X. 3z € Inl * AD U Inr ‘ {..<Suc (card (Inr —* set zs))}.
ts = fo_nmlz AD (add_nth i z zs)}
have Vz € Inl * AD U Inr ‘ {..<Suc (card (Inr —* set zs))}. fo_nmlz AD (add_nth i z zs) € X
using card_wit_sub[OF __ assm] assms(5)
by auto
}
ultimately show ?thesis
unfolding restrict_z[symmetric] restrict_z'[symmetric] card_Un
by auto
qed

lemma set_fo__nmlz _add_nth__rem_ nth:

assumes j < length zs A\z. x € X = fo_nmlz AD z = z

Nz. z € X = j < length z

shows {ts € X. Jz. ts = fo_nmlz AD (add_nth j z (fo_nmiz AD (rem_nth j zs)))} =

{y € X. fo_nmlz AD (rem_nth j y) = fo_nmlz AD (rem_nth j zs)}

using fo_nmlz_rem_nth_add_nth[where ?zs=fo_nmlz AD (rem_ nth j zs)] rem_nth_length[OF assms(1)]
fo_nmlz_add_nth__rem_nth assms

by (fastforce simp: fo_nmlz_idem|[OF fo_nmlz_sound] fo_nmlz_length)

lemma eval forall:
fixes ¢ :: ('a :: infinite, 'b) fo_fmla
assumes wf: fo_wf ¢ It
shows fo_wf (Forall i @) I (eval_forall i (fu_fo_fmla_list ) t)
proof —
obtain AD n X where t_def: t = (AD, n, X) AD = act_edom ¢ I
AD = act_edom (Forall i @) I
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using assms
by (cases t) auto
have AD_sub: act_edom ¢ I C AD
by (auto simp: t_def(2))
have fin_ AD: finite AD
using finite__act__edom wf
by (auto simp: t_def)
have fin_ X: finite X
using wf
by (auto simp: t_def)
note X__def = fo_wf_X[OF wf[unfolded t_def], folded t_def(2)]
have eval: eval_forall i (fu_fo_fmla_list ©) t = eval_abs (Forall i ) I
proof (cases pos i (fu_fo_ fmla_list ¢))
case None
note fu_eq = fu_ex_all|[OF None]
have X = fo_nmlz AD ‘ proj_fmla (Forall i ¢) {o. esat ¢ [ ¢ UNIV}
unfolding X def
by (auto simp: proj_fmla_def fu_eq)
also have ... = fo_nmlz AD ‘ proj_fmla (Forall i ¢) {o. esat (Forall i ¢) I o UNIV'}
using esat__forall _not_fv[of i ¢ UNIV I] pos__complete[OF None]
by (auto simp: fu_fo_fmla_list set)
finally show ?thesis
by (auto simp: t_def None eval__abs__def fu__eq nfv_def)
next
case (Some j)
have i_in_fv: ¢ € fu_fo_fmla ¢
by (rule pos_set[OF Some, unfolded fu_fo_ fmla_list_set])
have fo_nmlz_X: Axs. zs € X = fo_nmlz AD zs = zs
by (auto simp: X__def proj_fmla_map fo_nmlz_idem[OF fo_nmlz_sound])
have j It len: Azs. zs € X = j < length zs
using pos_sound[OF Some]
by (auto simp: X__def proj_fmla_map fo_nmlz_length)
have rem_nth_j le _len: N\zs. zs € X = j < length (fo_nmlz AD (rem_nth j zs))
using rem_ nth_length j_lt_len
by (fastforce simp: fo_nmlz_length)
have img_proj_fmla: Mapping.keys (Mapping.filter (At Z. Suc (card AD + card (Inr —° set t)) <
card Z)
(cluster (Some o (Ats. fo_nmlz AD (rem_nth j ts))) X)) =
fo_nmlz AD * proj_fmla (Forall i ¢) {o. esat (Forall i ) I o UNIV}
proof (rule set_eql, rule iffT)
fix vs
assume vs € Mapping.keys (Mapping.filter (At Z. Suc (card AD + card (Inr —‘ set t)) < card Z)
(cluster (Some o (Ats. fo_nmlz AD (rem_nth j ts))) X))
then obtain ws where ws_def: ws € X vs = fo_nmlz AD (rem_nth j ws)
Na. fo_nmlz AD (add_nth j a (fo_nmlz AD (rem_nth j ws))) € X
using add_nth_iff card[OF fo_nmlz_X j It _len fo_nmlz_idem[OF fo_nmlz_sound)
rem_nth_j le_len fin_AD fin_X] set_fo_nmlz_add_nth_rem_nth[OF j_lt _len fo_nmlz X
j_It_len]
by transfer (fastforce split: option.splits if _splits)
then obtain o where o__def:
esat o I o UNIV ws = fo_nmlz AD (map o (fu_fo_fmla_list p))
unfolding X def
by (auto simp: proj_fmla__map)
obtain 7 where 7__def: ws = map 7 (fu_fo_ fmla_list )
using fo_nmlz_map o__def(2)
by blast
have fo_nmlzd_7: fo_nmlzd AD (map 7 (fu_fo_ fmla_list ))
unfolding 7 def[symmetric] o__def(2)
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by (rule fo_nmlz_sound)
have rem_nth_j_ws: rem_nth j ws = map 7 (filter ((#£) 1) (fu_fo_fmla_list ¢))
using rem_nth__sound[OF _ Some] sorted__distinct__fu_list
by (auto simp: 7__def)
have esat_7: esat (Forall i ¢) I 7 UNIV
unfolding esat.simps
proof (rule balll)
fix x
have fo_nmlz AD (add_nth j x (rem_nth j ws)) € X
using fo__nmlz_add_rem[of j rem_nth j ws AD z] rem__nth_length
j It len[OF ws_def(1)] ws_def(3)
by fastforce
then have fo_nmiz AD (map (7(¢ :== z)) (fu_fo_fmla_list ¢)) € X
using add_nth__rem_nth_map[OF _ Some, of | sorted__distinct_fu_list
unfolding 7__def
by fastforce
then show esat ¢ I (7(i := z)) UNIV
by (auto simp: X__def proj_fmla_map esat_UNIV_ad_agr_list{OF _ AD_ sub]
dest!: fo_nmlz_eqD)
qed
have rem_ nth_ws: rem_nth j ws = map 7 (fu_fo_ fmla_list (Forall i ¢))
using rem_ nth_sound[OF __ Some] sorted__distinct_fu_list
by (auto simp: fu_fo_ fmla_list _forall T__def)
then show vs € fo_nmilz AD ‘ proj_fmla (Forall i ¢) {o. esat (Forall i ¢) I ¢ UNIV}
using ws_def(2) esat_T
by (auto simp: proj_fmla__map rem_nth_ws)
next
fix vs
assume assm: vs € fo_nmlz AD ‘ proj_fmla (Forall i ) {o. esat (Forall i ) I o UNIV}
from assm obtain o where o__def: vs = fo_nmlz AD (map o (fu_fo_fmla_list (Forall i ¢)))
esat (Forall i ¢) I o UNIV
by (auto simp: proj_fmla__map)
then have all_esat: A\z. esat ¢ I (o(i := z)) UNIV
by auto
define ws where ws = fo_nmlz AD (map o (fu_fo_fmla_list ¢))
then have length ws = nfv ¢
using nfv_def fo_nmlz_length by (metis length__map)
then have ws_in: ws € fo_nmlz AD ‘ proj_fmla ¢ {o. esat ¢ I o UNIV}
using all_esat[of o i] ws_def
by (auto simp: fo_nmlz_sound proj_fmla__map)
then have ws in X: ws € X
by (auto simp: X__def)
obtain 7 where 7__def: ws = map 7 (fu_fo__fmla_list )
using fo_nmlz_map ws_def
by blast
have rem_ nth_ws: rem_nth j ws = map 7 (fu_fo_ fmla_list (Forall i ¢))
using rem__nth__sound[of fu_fo__fmla_list ¢ i j] sorted_distinct_fu_list Some
unfolding fu_fo_ fmla_list_forall 7__def
by auto
have set (fu_fo_fmla_list (Forall i ¢)) C set (fu_fo_fmla_list @)
by (auto simp: fu_fo_ fmla_list_forall)
then have ad_agr: ad_agr_list AD (map o (fu_fo_fmla_list (Forall i ¢)))
(map 7 (fu_fo_fmla_list (Forall i ¢)))
apply (rule ad__agr_list__subset)
using fo_nmlz_ad_agr[of AD] ws_def 7__def
by metis
have map_ fu_cong: Az. map (o(i := z)) (fu_fo_fmla_list (Forall i ¢)) =
map o (fu_fo_ fmla_list (Forall i ¢))
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by (auto simp: fu_fo_ fmla_list_forall)
have vs_rem_ nth: vs = fo_nmlz AD (rem_nth j ws)
unfolding o_ def(1) rem_nth_ws
apply (rule fo_nmliz_eql)
using ad__agr[unfolded map__fu_cong| .
have Aa. fo_nmlz AD (add_nth j a (fo_nmlz AD (rem_nth j ws))) €
fo_nmlz AD ¢ proj_fmla ¢ {o. esat ¢ I o UNIV'}
proof —
fix a
obtain z where add_rem: fo_nmlz AD (add_nth j a (fo_nmlz AD (rem_nth j ws))) =
fo_nmlz AD (map (7(i := x)) (fu_fo_fmla_list ))
using add_nth_rem_nth_map[OF _ Some, of _ 7| sorted__distinct_fv_list
fo_nmlz_add_rem'[of j rem_nth j ws] rem_nth_length|of j ws]
j_lt_len[OF ws_in_X]
by (fastforce simp: T__def)
have esat (Forall i ) I 7 UNIV
apply (rule iff DI1[OF esat_UNIV_ad__agr_list o__def(2), OF __ subset_refl, folded t_def])
using fo_nmlz_ad_agr[of AD map o (fu_fo_fmla_list ), folded ws_def, unfolded T__def]
unfolding ad_agr_list_link[symmetric]
by (auto simp: fu_fo_fmla_list _set ad__agr_sets_def sp__equiv__def pairwise__def)
then have esat ¢ I (7(i := z)) UNIV
by auto
then show fo_nmiz AD (add_nth j a (fo_nmlz AD (rem_nth j ws))) €
fo_nmlz AD * proj_fmla ¢ {o. esat ¢ I o UNIV}
by (auto simp: add__rem proj_fmla_map)
qed
then show vs € Mapping.keys (Mapping.filter (At Z. Suc (card AD + card (Inr —* set t)) < card
7)
(cluster (Some o (Ats. fo_nmlz AD (rem_nth j ts))) X))
unfolding vs_rem_ nth X__def[symmetric]
using add_nth_iff card[OF fo_nmlz_X j It _len fo_nmlz_idem[OF fo_nmlz_sound)
rem_nth_j le len fin_AD fin_X] set_fo_nmlz_add_nth_rem_nth[OF j_It_len fo_nmlz X
j_It_len] ws_in_X
by transfer (fastforce split: option.splits if _splits)
qed
show ?thesis
using nfv_ex_all[OF Some]
by (simp add: t_def Some eval _abs_def nfu_def img_proj_fmla[unfolded ¢t _def(2)]
split: option.splits)

qed
have wf_all: wf_fo_intp (Forall ¢ ¢) I
using wf

by (auto simp: t_def)
show ?thesis
using fo_ wf eval _abs[OF wf _all]
by (auto simp: eval)
qed

fun fo_res :: (‘a, nat) fo_t = ’a eval_res where
fo_res (AD, n, X) = (if fo_fin (AD, n, X) then Fin (map projl * X) else Infin)

lemma fo_res_fin:
fixes t :: (‘a :: infinite, nat) fo_t
assumes fo_ wf ¢ It finite (fo_rep t)
shows fo_res t = Fin (fo_rep t)
proof —
obtain AD n X where ¢_def: t = (AD, n, X)
using assms(1)
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by (cases t) auto
show ?%thesis
using fo_ fin assms
by (fastforce simp only: t_def fo_res.simps fo__rep_fin split: if _splits)
qed

lemma fo_ res infin:
fixes t :: (‘a :: infinite, nat) fo_t
assumes fo_wf ¢ It —finite (fo_rep t)
shows fo_res t = Infin
proof —
obtain AD n X where t_def: t = (AD, n, X)
using assms(1)
by (cases t) auto
show %thesis
using fo_ fin assms
by (fastforce simp only: t_def fo__res.simps split: if _splits)
qged

lemma fo_rep: fo_wf ¢ [t = fo_rep t = proj_sat ¢ 1
by (cases t) auto

global__interpretation Ailamazyan: eval fo fo_wf eval pred fo_rep fo_ res
eval__bool eval _eq eval neg eval conj eval__ajoin eval disj
eval__exists eval _forall
defines eval fmla = Ailamazyan.eval__fmla
and eval = Ailamazyan.eval
apply standard
apply (rule fo_rep, assumption+)
apply (rule fo_res fin, assumption+)
apply (rule fo_res_infin, assumption+)
apply (rule eval _pred, assumption+)
apply (rule eval _bool)
apply (rule eval eq)
apply (rule eval _neg, assumption+)
apply (rule eval_conj, assumption+)
apply (rule eval _ajoin, assumption+)
apply (rule eval _disj, assumption+)
apply (rule eval _exists, assumption+)
apply (rule eval forall, assumption+)
done

definition esat_UNIV :: (‘a :: infinite, 'b) fo_fmla = ('a table, 'b) fo_intp = ('a + nat) val = bool
where
esat _ UNIV ¢ I 0 = esat ¢ I 0 UNIV

lemma esat_UNIV__code[code]: esat _UNIV ¢ I o +— (if wf_fo_intp ¢ I then
(case eval_fmla ¢ I of (AD, n, X) =
fo_nmiz (act_edom ¢ I) (map o (fu_fo_fmla_list p)) € X)
else esat_UNIV ¢ I o)
proof —
obtain AD n T where ¢_def: Ailamazyan.eval _fmla ¢ I = (AD, n, T)
by (cases Ailamazyan.eval_fmla ¢ I) auto
{
assume wf fo_intp: wf _fo_intp ¢ I
note fo_wf = Ailamazyan.eval _fmla__correct|OF wf_fo__intp, unfolded t_def]
note T _def = fo_wf X[OF fo_wf]
have AD def: AD = act_edom ¢ I
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using fo_ wf
by auto
have esat UNIV ¢ I 0 +—
fo_nmlz (act_edom ¢ I) (map o (fu_fo_fmla_list p)) € T
using esat__UNIV_ad__agr_listfOF __ subset_refl]
by (force simp add: esat_ UNIV__def T _def AD_ def proj _fmla_map
dest!: fo_nmlz_eqD)
}

then show ?thesis
by (auto simp: t_def)
qed

lemma sat_code[code]:
fixes ¢ :: (‘a :: infinite, 'b) fo_fmla
shows sat ¢ I o «— (if wf_fo_intp ¢ I then
(case eval _fmla ¢ I of (AD, n, X) =
fo_nmiz (act_edom ¢ I) (map (Inl o o) (fu_fo_fmla_list ©)) € X)
else sat ¢ I o)
using esat_ UNIV_code sat__esat__conv[folded esat_UNIV_def]
by metis

end
theory Ailamazyan_Code

imports HOL— Library.Code__Target_Nat Containers. Containers Ailamazyan
begin

definition insert_db :: 'a = 'b = ('a, 'b set) mapping = ('a, 'b set) mapping where
insert_db k v m = (case Mapping.lookup m k of None =
Mapping.update k ({v}) m
| Some vs = Mapping.update k (({v} U vs)) m)

fun convert_db_rec :: ('a x 'c list) list = (('a x nat), c list set) mapping =
(("a x nat), 'c list set) mapping where
convert_db_rec [ m = m
| convert_db_rec ((r, ts) # ktss) m = convert_db_rec ktss (insert_db (r, length ts) ts m)

lemma convert_db_rec_mono: Mapping.lookup m (r, n) = Some tss —
Jtss’. Mapping.lookup (convert_db_rec ktss m) (r, n) = Some tss' A tss C tss’
apply (induction ktss m arbitrary: tss rule: convert_db__rec.induct)
apply (auto simp: insert_db_def fun_upd_def Mapping.lookup update’ split: option.splits if _splits)
apply (metis option.discl)
apply (smt option.inject order_trans subset_insertl)
done

lemma convert_db_rec_sound: (r, ts) € set ktss =
I ¢ss. Mapping.lookup (convert_db_rec ktss m) (r, length ts) = Some tss N\ ts € tss
proof (induction ktss m rule: convert_db_rec.induct)
case (2 r ts ktss m)
obtain tss where
Mapping.lookup (convert _db_rec ktss (insert_db (r, length ts) ts m)) (r, length ts) = Some tss
ls € tss
using convert_db_rec_monolof insert_db (r, length ts) ts m r length ts __ kiss]
by atomize__elim (auto simp: insert_db_def Mapping.lookup__update’ split: option.splits)+
then show “case
using 2
by auto
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qed auto

lemma convert_db__rec_complete: Mapping.lookup (convert_db_rec ktss m) (r, n) = Some tss' =
ts € tss' =
(length ts = n A (1, ts) € set ktss) V (I tss. Mapping.lookup m (r, n) = Some tss A ts € ss)
by (induction ktss m rule: convert_db_rec.induct)
(auto simp: insert_db__def Mapping.lookup__update’ split: option.splits if _splits)

definition convert_db :: (‘a x ’c list) list = ('c table, 'a) fo_intp where
convert__db ktss = (let m = convert_db__rec ktss Mapping.empty in
(Az. case Mapping.lookup m z of None = {} | Some v = v))

lemma convert db_ correct: (ts € convert_db ktss (r, n) — n = length ts) A
((r, ts) € set ktss «— ts € convert_db ktss (r, length ts))
by (auto simp: convert_db__def dest!: convert _db_rec_sound[of _ __ __ Mapping.empty]
split: option.splits)
(metis Mapping.lookup__empty convert_db__rec__complete option.distinct(1))+

lemma Inl_vimage _set_code[code__unfold]: Inl —* set as = set (List.map__filter (case__sum Some Map.empty)
as)
by (induction as) (auto simp: List.map__filter__simps split: option.splits sum.splits)

lemma Inr_vimage_set_ code[code_unfold]: Inr —* set as = set (List.map__filter (case_sum Map.empty
Some) as)
by (induction as) (auto simp: List.map_ filter__simps split: option.splits sum.splits)

lemma Inl_vimage__code: Inl —* as = projl ‘ {z € as. isl z}
by (force simp: vimage__def)

lemmas ad_pred__code[code] = ad__terms.simps[unfolded Inl_vimage__code]
lemmas fo_wf code[code] = fo_wf.simps[unfolded Inl_vimage__code]

definition empty J :: ((nat, nat) fo_t, String.literal) fo_intp where

empty J = (A, n). eval_pred (map Var [0..<n]) {})
definition eval fin_nat :: (nat, String.literal) fo_fmla = (nat table, String.literal) fo_intp = nat
eval res where

eval_fin_nat ¢ I = eval ¢ 1

definition sat_fin_nat :: (nat, String.literal) fo__fmla = (nat table, String.literal) fo__intp = nat val =
bool where

sat_fin_nat ¢ I = sat p I
definition convert_nat_db :: (String.literal x nat list) list =

(nat table, String.literal) fo_intp where

convert _nat_db = convert db

definition rbt_nat_fold :: _ = nat set_rbt = __ = _ where
rbt_nat_fold = RBT _Set2.fold

definition rbt_nat_list_fold :: _ = (nat list) set_rbt = _ = __ where
rbt_nat_list_fold = RBT __Set2.fold

definition rbt_sum_list _fold :: _ = ((nat + nat) list) set_rbt = _ = _ where
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rbt__sum__list_fold = RBT _Set2.fold

export__code eval fin_nat sat_fin_nat fu_fo_ fmla_ list convert_nat__db rbt_nat_ fold rbt_nat_list_fold
rbt__sum__list_ fold Const Conj Inl Fin nat__of integer integer__of nat RBT _set
in OCaml module__name Fval FO file_ prefix verified

definition ¢ :: (nat, String.literal) fo_fmla where
@ = Exists 0 (Conj (FO.Eqa (Var 0) (Const 2)) (FO.Eqa (Var 0) (Var 1)))

value eval_fin_nat ¢ (convert_nat_db [])

)

value sat_fin_nat ¢ (convert_nat_db []) (A_. 0
) (M. 2)

value sat_fin_nat ¢ (convert_nat_db []) (

definition ¢ :: (nat, String.literal) fo__fmla where
Y = Forall 2 (Disj (FO.Eqa (Var 2) (Const 42))
(Ezists 1 (Conj (FO.Pred (String.implode ""P'") [Var 0, Var 1))
(Neg (FO.Pred (String.implode "'Q"") [Var 1, Var 2])))))

value eval_fin_nat ¢ (convert_nat__db
[(String.implode "'P"'| [1, 20]),
String.implode ""'P"', [9, 20]),
String.implode "'P"'| [2, 30]),

String.implode
String.implode

String.itmplode
String.implode

]
]
J
//P//7 [37 31]
//P”7 [4, 32]
J
]
]

"P" 6, 30
“P”, [7, 30

String.implode "'Q"', [20, 42)),

(
(
(
(
(String.implode "'P"', [5, 30
(
E
(String.implode "'Q"", (30, 43])])

end
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