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Abstract

The notion of an enriched category generalizes the concept of cate-
gory by replacing the hom-sets of an ordinary category by objects of an
arbitrary monoidal category. In this article we give a formal definition
of enriched categories and we give formal proofs of a relatively narrow
selection of facts about them. One of the main results is a proof that
a closed monoidal category can be regarded as a category “enriched
in itself”. The other main result is a proof of a version of the Yoneda
Lemma for enriched categories.
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Introduction

The notion of an enriched category [1] generalizes the concept of category
by replacing the hom-sets of an ordinary category by objects of an arbitrary
monoidal category V. The choice, for each object a, of a distinguished
element id a : a — a as an identity, is replaced by an arrow Id a : Z —
Hom a a of V. The composition operation is similarly replaced by a family
of arrows Comp a bc: Hom B C® Hom A B — Hom A C of V. The
identity and composition are required to satisfy unit and associativity laws
which are expressed as commutative diagrams in V. Of particular interest
is the case in which V is symmetric monoidal and closed; in that case, as
Kelly states ([1], Section 1.6): “The structure of V-CAT then becomes rich
enough to permit of Yoneda-lemma arguments formally identical with those
in CAT”

The goal of this article is to formalize the basic definition of enriched
category and some related notions, and to prove a relatively narrow selec-
tion of facts about these definitions. For reference and inspiration, we follow
the early sections of the book by Kelly [1]; however a comprehensive for-
malization of the material in that book is explicitly not our objective here.
Rather, beyond the basic definitions we are primarily interested in the fol-
lowing two results: (1) that a closed monoidal category can be regarded
as a category “enriched in itself”; and (2) the Yoneda Lemma for enriched
categories (specifically, the weak form considered in Section 1.9 of [1]). We
needed the basic definitions and result (1) for use in a separate article [4].
Although this material could have been included as part of that other arti-
cle, as it is general material that does not depend on the specific application
considered there, it seemed best to present it as a stand-alone development
that would be more readily accessible for use by others. As far as result (2) is
concerned, we originally formalized and proved it as part of our exploration
leading up to [4]. Ultimately, we did not find result (2) to be necessary for
the satisfactory development of that work, but as it is a result of general
interest whose formalization did involve some struggle to achieve, it seems
worthwhile to include it here.

This article is organized as follows: In Chapter 1 we give formal def-
initions for the notions “closed monoidal category” and “cartesian closed
monoidal category” and prove some facts about them. This builds on the



formal development of the theory of monoidal categories in our previous
article [3]. The main goals of this section are to prove some general facts
about exponentials that are used in [4], and to do most of the preliminary
work (the parts that do not specifically depend on the definition of enriched
category) involved in showing that a closed monoidal category is “enriched
in itself”. In Chapter 2 we give definitions for “enriched category” and the
related notions “enriched functor,” «
“underlying category,” and we complete the formal statement and proof of
“self-enrichment.” We then continue with the definition of the opposite of
an enriched category, give definitions for the notions of covariant and con-
travariant enriched hom functors, and prove corresponding covariant and
contravariant versions of the Yoneda Lemma.

enriched natural transformation,” and



Chapter 1

Closed Monoidal Categories

A closed monoidal category is a monoidal category such that for every ob-
ject b, the functor - ® b is a left adjoint functor. A right adjoint to this
functor takes each object ¢ to the exponential exp b c¢. The adjunction
yields a natural bijection between hom (— ® b) ¢ and hom — (exp b c).
In enriched category theory, the notion of “hom-set” from classical category
theory is generalized to that of “hom-object” in a monoidal category. When
the monoidal category in question is closed, much of the theory of set-based
categories can be reproduced in the more general enriched setting. The
main purpose of this section is to prepare the way for such a development;
in particular we do the main work required to show that a closed monoidal
category is “enriched in itself.”

theory ClosedMonoidalCategory

imports MonoidalCategory. CartesianMonoidal Category
begin

1.1 Definition and Basic Facts

As is pointed out in [2], unless symmetry is assumed as part of the defini-
tion, there are in fact two notions of closed monoidal category: left-closed
monoidal category and right-closed monoidal category. Here we define ver-
sions with and without symmetry, so that we can identify the places where
symmetry is actually required.

locale closed-monoidal-category =

monoidal-category +
assumes left-adjoint-tensor: \b. ide b = left-adjoint-functor C C (Az. z @ b)

locale closed-symmetric-monoidal-category =
closed-momnoidal-category +
symmetric-monoidal-category

Similarly to what we have done in previous work, besides the definition of
closed-monoidal-category, which adds an assumed property to monoidal-category



but not any additional structure, we find it convenient also to define elemen-
tary-closed-monoidal-category, which assumes particular exponential struc-
ture to have been chosen, and uses this given structure to express the prop-
erties of a closed monoidal category in a more elementary way.

locale elementary-closed-monoidal-category =
monoidal-category +

fixes exp : 'a = 'a = 'a

and eval :: 'a = 'a = 'a

and Curry :: 'a = 'a = 'a = 'a = a

assumes eval-in-hom-az: [ ide b; ide ¢ | = «eval b c: exp b c® b — c»

and ide-exp [intro, simp]: [ ide b; ide ¢ | = ide (exp b ¢)

and Curry-in-hom-az: [ ide a; ide b; ide ¢; «g: a ® b — ¢» |
= «Curryabcg:a— expbc»

and Uncurry-Curry: [ ide a; ide b; ide ¢; «g : a ® b — ¢» |
= evalbc- - (Curryabecg®b)=yg

and Curry-Uncurry: [ ide a; ide b; ide ¢; «h : a — exp b c» |
= Curryabc(evalbc-(h®Db)=h

locale elementary-closed-symmetric-monoidal-category =
symmetric-monoidal-category +
elementary-closed-monoidal-category

begin

sublocale elementary-symmetric-monoidal-category
C tensor T lunit runit assoc sym
using induces-elementary-symmetric-monoidal-categoryc o by blast

end

We now show that, except for the fact that a particular choice of struc-
ture has been made, closed monoidal categories and elementary closed monoidal
categories amount to the same thing.

1.1.1 An ECMC is a CMC

context elementary-closed-monoidal-category

begin
notation Curry (Curryl-, -, -])
abbreviation Uncurry (Uncurry[-, -])

where Uncurrylb, c] f = eval b ¢ - (f ® b)

lemma Curry-in-hom [intro]:
assumes ide ¢ and ide band «g: a @ b — c» and y = exp b ¢
shows «Curryla, b, c] g : a = y»

using assms Curry-in-hom-azx [of a b ¢ g] by fastforce



lemma Curry-simps [simp]:
assumes ide a and ide b and «g: a ® b — c»
shows arr (Curryla, b, c| g)
and dom (Curryla, b, c] g) = a
and cod (Curryla, b, ¢] g) = exp b ¢
using assms Curry-in-hom by blast+

lemma eval-in-homgcarc [intro]:
assumes ide b and ide cand x = exp b ¢ ® b
shows «eval b ¢ : x — c»

using assms eval-in-hom-ax by blast

lemma eval-simps [simp):

assumes ide b and ide c

shows arr (eval b ¢) and dom (eval b ¢) = exp b ¢ ® b and cod (eval b ¢) = ¢
using assms eval-in-homgca o by blast+

lemma Uncurry-in-hom [intro]:
assumes ide b and ide cand «f : a > expbcyand z =a ® b
shows « Uncurrylb, c] f : z — ¢»

using assms by auto

lemma Uncurry-simps [simp]:
assumes ide b and ide c and «f : a — exp b c»
shows arr (Uncurry[b, c| f)
and dom (Uncurrylb, ¢] f) = a® b
and cod (Uncurrylb, c] f) = ¢
using assms Uncurry-in-hom by blast+

lemma Uncurry-ezp:
assumes ide a and ide b
shows Uncurryla, b] (exp a b) = eval a b
using assms
by (metis comp-arr-dom eval-in-homgc o in-homkE)

lemma comp-Curry-arr:
assumes ide b and «f : x — a» and «g: a ® b — c»
shows Curryla, b, c] g - f = Curry[z, b, c] (g - (f ® b))
proof —
have a: ide a and c: ide ¢ and z: ide z
using assms(2—3) by auto
have Curryla, b, c] g - f =
Currylz, b, ] (Uncurry[b, c] (Curryla, b, c] g - f))
using assms(1—38) a ¢ © Curry-Uncurry comp-in-homI Curry-in-hom
by presburger
also have ... = Curry[z, b, ] (eval b ¢ - (Curryla, b, c] ¢ ® b) - (f ® b))
using assms a ¢ interchange
by (metis comp-ide-self Curry-in-hom ideD(1) seql”)
also have ... = Curry[z, b, ] (Uncurry[b, c] (Curryla, b, c] g) - (f ® b))



using comp-assoc by simp
also have ... = Currylz, b, ¢] (g - (f ® b))
using a ¢ assms(1,3) Uncurry-Curry by simp
finally show ?thesis by blast
qed

lemma terminal-arrow-from-functor-eval:
assumes ide b and ide ¢
shows terminal-arrow-from-functor C C (Az. T (z, b)) (exp b ¢) ¢ (eval b ¢)
proof —
interpret functor C C <\z. T (z, b)
using assms(1) interchange T.is-extensional
by unfold-locales auto
interpret arrow-from-functor C C < z. T (z, b)) <exp b ¢ ¢ <eval b ¢
using assms eval-in-homgco e
by unfold-locales auto
show ?thesis
proof
show Aa f. arrow-from-functor C C (Az. T (z, b)) a ¢ f =
dlg. arrow-from-functor.is-coext C C
(Ax. T (z, b)) (exp bc) (evalbc) a fg
proof —
fix a f
assume f: arrow-from-functor C C (Az. T (z, b)) a c f
interpret f: arrow-from-functor C C <Az. T (z, b)) a c f
using f by simp
show Jlg. is-coext a f g
proof
have a: ide a
using f.arrow by simp
show is-coext a f (Curryla, b, c] f)
unfolding is-coext-def
using assms a Curry-in-hom Uncurry-Curry f.arrow by force
show Ag. is-coext a f g = g = Curryla, b, c] f
unfolding is-coext-def
using assms a Curry-Uncurry f.arrow arrl by force
qged
qed
qed
qed

lemma is-closed-monoidal-category:
shows closed-monoidal-category C T « ¢
using T.is-extensional interchange terminal-arrow-from-functor-eval
apply unfold-locales
apply auto[5]
by metis

lemma retraction-eval-ide-self:



assumes ide a
shows retraction (eval a a)
by (metis Uncurry-Curry assms comp-lunit-lunit'(1) ide-unity comp-assoc
lunit-in-hom retractionl )

end

context elementary-closed-symmetric-monoidal-category
begin

lemma is-closed-symmetric-monoidal-category:
shows closed-symmetric-monoidal-category C T a v o
by (simp add: closed-symmetric-monoidal-category.intro
is-closed-monotdal-category symmetric-monoidal-category-azioms)

end

1.1.2 A CMC Extends to an ECMC

context closed-monoidal-category
begin

lemma has-exponentials:
assumes ide b and ide ¢
shows dz e. idex AN «e:z® b — c» A
(Va g. ide a A
«g:a®@b—cv— 3lf.«fra=azy ANg=e-(f ®D)))
proof —
interpret F: left-adjoint-functor C C Az. z ® b
using assms(1) left-adjoint-tensor by simp
obtain z e where e: terminal-arrow-from-functor C C (Az. z ® b) z c e
using assms F.ex-terminal-arrow [of ¢] by auto
interpret e: terminal-arrow-from-functor C C <A\z. z ® b> z c e
using e by simp
have Aa g. [ ide a; «g: a ®@ b — ¢» ]
= 3dlf.«f:ra—=axANg=¢-(fRD)
using e.is-terminal category-axzioms F.functor-axioms
unfolding e.is-coext-def arrow-from-functor-def
arrow-from-functor-axioms-def
by simp
thus ?thesis
using e.arrow by metis
qed

definition some-exp (exp’)
where ezp’ b ¢ = SOME z. ide © A
(e «e:z®@b— c» A



(Vag. idea N «g:a®b— c»
— @Y. «fra—>ay ANg=c-(f QD))

definition some-eval (eval’)
where eval”’ b ¢ = SOME e. «e:exp’ be®@ b — e» A
(Vag. idea A «g:a® b— c»
— @Y. «f:a—ep’ber Ag=c-(f D))

definition some-Curry (Curry’[-, -, -])
where Curry’[a, b, ] g =
THE f. «f :a — exp’ bev A g=eval’ bc- (f®b)

abbreviation some-Uncurry (Uncurry’[-, -])
where Uncurry’[b, c| f = eval’ bc- (f @ b)

lemma Curry-uniqueness:
assumes ide b and ide ¢
shows ide (exp’ b ¢) and «eval’ b c:exp’ bec® b— c»
and [ ide a; «g: a ® b — ¢» |
— 3If. «f : a — exp’ b ey A g = Uncurry’[b, c] f
using assms some-exp-def some-eval-def has-exponentials
somel-ex [of Ax. ide x A (e. «e:x @ b — e» A
(Vag. idea N «g:a®b— c»
— @Y. «f:a=av ANg=€-(f®D))))]
somel-ex [of Ne. «e:exp’ bec® b— c» A
(Vag. ideaNh«g:a®b— c»
— 3. «f:a—=emp'ber Ag=c-(f®b))
by auto

lemma some-eval-in-hom [introl:
assumes ide b and ide cand z = exp’ bc® b
shows «eval’ bc:z — c»

using assms Curry-uniqueness by simp

lemma some-Uncurry-some-Curry:
assumes ide a and ide b and «g: a ® b — c»
shows «Curry’la, b, ¢] g : a — exp” b c»
and Uncurry’[b, c] (Curry’[a, b, c] g) = g
proof —
have ide c
using assms(3) by auto
hence 1: «Curry’la, b, ¢] g : a — exp’ b ey A
g = Uncurry’[b, c] (Curry’[a, b, c] g)
using assms some-Curry-def Curry-uniqueness
thel [of Mf. «f : a — exp” b ey A g = Uncurry’[b, c] f]
by simp
show «Curry’[a, b, c] g : a — exp” b c»
using 1 by simp
show Uncurry’[b, c] (Curry’[a, b, ] g) = g
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using 1 by simp
qed

lemma some-Curry-some-Uncurry:
assumes ide b and ide ¢ and «h : a — exp’ b c»
shows Curry’[a, b, ] (Uncurry’[b, ] k) = h
proof —
have 3!f. «f : a — exp’ b e» A Uncurry’[b, c| h = Uncurry’[b, c] f
using assms ide-dom ide-in-hom
Curry-uniqueness(3) [of b ¢ a Uncurry’[b, c] h)
by auto
moreover have «h : a — exp’ b c» A Uncurry’[b, ¢] h = Uncurry’[b, ] h
using assms by simp
ultimately show ?thesis
using assms some-Curry-def Curry-uniqueness some-Uncurry-some-Curry
thel-equality [of Af. «f : a — some-exp b c» A
Uncurry’[b, ¢] h = Uncurry’[b, c] f]
by simp
qed

lemma extends-to-elementary-closed-monoidal-categoryc prco:
shows elementary-closed-monoidal-category
C T «t some-exp some-eval some-Curry
using Curry-uniqueness some-Uncurry-some-Curry
some-Curry-some-Uncurry
by unfold-locales auto

end

context closed-symmetric-monoidal-category
begin

lemma extends-to-elementary-closed-symmetric-monoidal-categoryc v c:
shows elementary-closed-symmetric-monoidal-category
C T oo some-exp some-eval some-Curry
by (simp add: elementary-closed-symmetric-monoidal-category-def
extends-to-elementary-closed-monoidal-categoryc n o
symmetric-monoidal-category-axioms)

end

1.2 Internal Hom Functors

For each object z of a closed monoidal category C, we can define a covariant
endofunctor Ezp~ z — of C, which takes each arrow g to an arrow « Exp™
z g: expx (dom g) — exp x (cod g)». Similarly, for each object y, we can
define a contravariant endofunctor Fzp* — y of C, which takes each arrow
[ of C°P to an arrow «Exp* fuy : exp (cod f) y — exp (dom f) y» of C.

11



These two endofunctors commute with each other and compose to form a
single binary “internal hom” functor Ezp from C°P x C to C.

context elementary-closed-monoidal-category
begin

abbreviation cov-Ezp (Ezp™)

where Exp™ z g =if arr g
then Curry[exp © (dom g), z, cod g] (g - eval x (dom g))
else null

abbreviation cnt-Ezp (Ezp*)
where Exp« fy =if arr f
then Curry[exp (cod f) y, dom f, y]
(eval (cod f) y - (exp (cod f) y @ [))

else null

lemma cov-FExp-in-hom:

assumes ide ¢ and arr g

shows «Exp™ z g : exp x (dom g) — exp x (cod g)»
using assms by auto

lemma cnt-Ezp-in-hom:

assumes arr f and ide y

shows «Exp* fy: exp (cod f) y — exp (dom f) y»
using assms by force

lemma cov-Fxp-ide:
assumes ide a and ide b
shows Exp~™ a b= expab
using assms
by (metis comp-ide-arr Curry-Uncurry eval-in-homgcpe ideD(2—3) ide-exp
ide-in-hom seql’ Uncurry-exp)

lemma cnt-Fzxp-ide:
assumes ide ¢ and ide b
shows Exp* a b= expab
using assms Curry-Uncurry ide-exp ide-in-hom by force

lemma cov-FExp-comp:
assumes ide r and seq g f
shows Fxp~ z (g-f) = Exp~ zg- Exp~ z f
proof —

have Fxp™ z g - Exp™ z f =

Currylexp x (cod f), x, cod g] (g - eval x (cod f)) -
Currylexp x (dom f), z, cod f] (f - eval z (dom f))
using assms by auto
also have ... = Currylexp z (dom f), z, cod g|
((g - eval z (dom g)) -
(Currylexp x (dom f), x, cod f] (f - eval x (dom f)) ® z))

12



using assms cov-Exp-in-hom comp-Curry-arr by auto
also have ... = Fxp™ z (g - f)
using assms Uncurry-Curry comp-assoc by fastforce
finally show ?thesis by simp
qed

lemma cnt-Ezp-comp:
assumes seq ¢ f and ide y
shows Fzp* (g - f) y = Ezp* fy - Exp* gy
proof —
have Ezp* fy - Exp© gy =
Currylexp (cod g) y, dom f, y]
((eval (cod f) y - (exp (cod f) y @ f)) -
(Currylexp (cod g) y, cod f, y]

(eval (cod g) y - (exp (cod g) y ® g)) ® dom f))
using assms

comp-Curry-arr
[of dom f Curry[exp (cod g) y, cod f, y]
(eval (cod g) y - (exp (cod g) y @ g))]
by fastforce
also have ... = Currylezxp (cod g) y, dom f, y]
((Uncurry[cod f, y)
(Currylexp (cod g) y, cod £, 3]
(eval (cod g) y - (ezp (cod g) y @ g)))) -
(exp (cod g) y ® f))
using assms interchange comp-arr-dom comp-cod-arr comp-assoc by auto
also have ... = Currylexp (cod g) y, dom f, y]
((eval (cod g) y - (exp (cod g) y ® g)) - (exp (cod g) y @ f))
using assms Uncurry-Curry by auto
also have ... = Fzp* (¢ f) v
using assms interchange comp-assoc by auto
finally show ?thesis by simp
qed

lemma functor-cov-Exp:

assumes ide T

shows functor C C (Ezp™ )
using assms cov-Ezxp-ide cov-Fxp-in-hom cov-Exp-comp
by unfold-locales auto

interpretation Cop: dual-category C ..
lemma functor-cnt-FExp:
assumes ide
shows functor Cop.comp C (A\f. Exp* fz)
using assms cnt-Fxp-ide cnt-Exp-in-hom cnt-Exp-comp

by unfold-locales auto

lemma cov-cnt-Exp-commute:

13



assumes arr f and arr g
shows Exp™ (dom f) g - Exp* [ (dom g) =
Bup* f (cod g) - Bap (cod f) g
proof —
have Ezp~ (dom f) g - Exzp* f (dom g) =
Currylexp (cod f) (dom g), dom f, cod g]
(g - eval (dom f) (dom g)) -
(Curry[exp (cod f) (dom g), dom f, dom g]
(eval (cod ) (dom g) - (exp (cod f) (dom g) ® f)) @ dom f))
using assms cnt-FEzxp-in-hom comp-Curry-arr by force
also have ... = Currylezp (cod f) (dom g), dom f, cod g]
(Uncurry[cod f, cod g] (Exp~ (cod f) g) -

(eap (cod f) (dom g) ® )

using assms comp-assoc Uncurry-Curry by auto
also have ... = Currylezp (cod f) (dom g), dom f, cod g|
(eval (cod f) (cod g) - (Exp™ (cod f) g ® cod f) -
(exp (cod f) (dom g) ® )
using comp-assoc by auto
also have ... = Currylezp (cod f) (dom g), dom f, cod g]
(eval (cod f) (cod g) - (Ezp™ (cod f) g @ f))
using assms interchange comp-arr-dom comp-cod-arr
by (metis cov-Exp-in-hom ide-cod in-homE)
also have ... = Currylexp (cod f) (dom g), dom f, cod ¢]
(eval (cod f) (cod g) -
(exp (cod f) (cod ) @ f) - (Bop™ (cod f) g & dom f))
using assms interchange comp-arr-dom comp-cod-arr cov-Exp-in-hom
by auto
also have ... = Fzp* f (cod g) - Exp™ (cod f) g

using assms cov-FExp-in-hom comp-assoc

comp-Curry-arr
[of dom f Exp™ (cod f) g exp (cod f) (dom g) -
eval (cod f) (cod g) - (exp (cod f) (cod g) ® f) cod g]

by simp

finally show ?thesis by simp
qed

definition Fzxp
where Exp f g = Exp™ (dom f) g - Exp* f (dom g)

lemma FEzp-in-hom:

assumes arr f and arr g

shows «Exp f g : Exp (cod f) (dom g) — Ezp (dom f) (cod g)»
using Ezp-def assms(1—2) cnt-Exp-ide cov-Ezp-ide by auto

lemma FEzp-ide:
assumes ide a and ide b
shows Fxp a b = exp a b
unfolding Fxp-def
using assms cov-Ezp-ide cnt-Exrp-ide by simp

14



lemma Ezp-comp:
assumes seq g f and seq k h
shows FEzp (g - f) (k- h) = Fxp fk-Expgh
proof —
have Fzp (g - f) (k- h) = Exp™ (dom f) (k - h) - Ezp* (g - f) (dom h)
unfolding Ezp-def
using assms by auto
also have ... = (Exzp~ (dom f) k - Exp~ (dom f) h) -
(Exp* f (dom h) - Exp* g (dom h))
using assms cov-Exp-comp cnt-Exp-comp by auto
also have ... = (Ezp™ (dom f) k - Exp* f (dom k)) -
(Ezp™ (dom g) h - Exp*™ ¢ (dom h))
using assms comp-assoc cov-cnt-Ezp-commute
by (metis (no-types, lifting) seqE)
also have ... = Exp fk - Fzp g h
unfolding Fzxp-def by blast
finally show ?thesis by blast
qed

interpretation CopzC': product-category Cop.comp C ..

lemma functor-Ezxp:
shows binary-functor Cop.comp C C (Afg. Exp (fst fg) (snd fg))
using Fxp-in-hom
apply unfold-locales
apply auto[4]
using Fzp-def
apply auto]2]
using Fxp-comp
by fastforce

lemma FEzp-z-ide:
assumes ide y
shows (\z. Ezp z y) = (A\z. Ezp* z y)
using assms Exp-ide Fxp-def comp-cod-arr cov-Fxp-ide by auto

lemma Ezp-ide-y:
assumes ide
shows (\y. Exp z y) = (A\y. Ezp™ z y)
using assms Exp-ide Fxp-def comp-arr-dom cnt-Ezp-ide by auto

lemma Uncurry-Ezp-dom:
assumes arr f
shows Uncurry (dom f) (cod f) (Exp (dom f) f) = f - eval (dom f) (dom f)
proof —
have Uncurry[dom f, cod f] (Exzp (dom f) f) =
Uncurry[dom f, cod f]
(Currylexp (dom f) (dom f), dom f, cod f] (f - eval (dom f) (dom f)) -

15



Currylezp (dom f) (dom f), dom f, dom f] (eval (dom f) (dom f)))
unfolding Ezxp-def
using assms Curry-Uncurry comp-arr-dom by simp
also have ... = Uncurry[dom f, cod f]
(Currylexp (dom f) (dom f), dom f, cod f]
((f - eval (dom f) (dom f)) -
(Currylexp (dom f) (dom f), dom f, dom f]
(eval (dom f) (dom f)) ® dom f)))
using assms comp-Curry-arr
by (metis comp-in-homI’ Curry-in-hom eval-in-homgc o ide-dom
ide-exp in-homE)
also have ... = f - eval (dom f) (dom f)
using assms Uncurry-Curry eval-in-homgc o comp-assoc by simp
finally show ?thesis by simp
qed

1.2.1 Exponentiation by Unity

In this section we define and develop the properties of inverse arrows Up a
ca — expZ aand Dn a : exp I a — a, which exist in any closed monoidal
category.

interpretation elementary-monoidal-category C tensor unity lunit runit assoc
using induces-elementary-monoidal-category by blast

abbreviation Up
where Up a = Curryla, Z, a] r[a

abbreviation Dn

where Dn a = eval T a - v 1]

exp T al
lemma isomorphic-exp-unity:
assumes ide a
shows «Up a:a — exp T a»
and «Dna: exp L a — a»
and inverse-arrows (Up a) (Dn a)
and isomorphic (exp T a) a
proof —
show 1: «Up a:a — exp T a»
using assms ide-unity Curry-in-hom by blast
show 2: «Dn a: exp T a — a»
using assms eval-in-homgcyce [of T a] runit-in-hom ide-unity by blast
show inverse-arrows (Up a) (Dn a)
proof
show ide ((Dn a) - Up a)
by (metis (no-types, lifting) ««Up a : a — exp T a»»
assms comp-runit-runit’(1) ide-unity in-homE comp-assoc
runit’-naturality runit-in-hom Uncurry-Curry)
show ide (Up a - Dn a)
proof —
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have Up a - Dn a = (Curryla, Z, a] r[a] - eval T a) - v [exp T a]
using comp-assoc by simp
also have ... =
Currylezp T a ® T, T, a) (v[a] - (eval T a @ I)) - v~ [exp T a)
using assms comp-Curry-arr
by (metis eval-in-hom-ax ide-unity runit-in-hom,)
also have ... =
Currylezp T a ® Z,Z, a] (eval T a - rlezp T a ® I|) - v~ exp T d
using assms runit-naturality
by (metis (no-types, lifting) eval-in-homgcpc ide-unity in-homkE)
also have ... = (Curry[ezp Z a, Z, a] (eval T a) - tlezp T a]) - v~ exp T a]
by (metis assms comp-Curry-arr eval-in-homgc e ide-exp ide-unity
runit-commautes-with-R runit-in-hom)

also have ... = Currylezp T a, Z, a] (eval T a) - r[exp T a] - v~ [eap T a]
using comp-assoc by simp
also have ... = Currylezp T a, Z, a] (eval T a)

by (metis assms 1 2 calculation comp-arr-ide comp-runit-runit’(1)
ide-exp ide-unity seql’)
also have ... = exp 7 a
using assms Curry-Uncurry
by (metis ide-exp ide-in-hom ide-unity Uncurry-exp)
finally show ?thesis
using assms ide-exp ide-unity by presburger
qed
qed
thus isomorphic (exp T a) a
by (metis <«Up a : a — exp T a»> in-homE isol isomorphicl
isomorphic-symmetric)
qed

The maps Up and Dn are natural in a.

lemma Up-Dn-naturality:
assumes arr f
shows FEzp™ Z f - Up (dom f) = Up (cod f) - f
and Dn (cod f) - Exp~ Z f = f - Dn (dom f)
proof —

show 1: Exp~™ Z f - Up (dom f) = Up (cod f) - f

proof —

have Exp~ Z f - Up (dom f) =
Curry[dom f, I, cod f]
((f - eval T (dom f)) - (Curry[dom f, Z, dom f] r[dom f] ® I))

using assms comp-Curry-arr isomorphic-exp-unity(1) by auto

also have ... = Curry[dom f, Z, cod f] (r[cod f] - (f ® 1))
using assms comp-assoc Uncurry-Curry runit-naturality by simp
also have ... = Up (cod f) - f

by (metis assms comp-Curry-arr ide-cod ide-unity in-homlI runit-in-hom)
finally show ?thesis by blast
qed
have Ezp™ Z f - inv (Dn (dom f)) = inv (Dn (cod f)) - f
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using assms 1 isomorphic-exp-unity isomorphic-exp-unity
by (metis ide-cod ide-dom inverse-arrows-sym inverse-unique)
moreover have 2: iso (Dn (cod f))
using assms isomorphic-exp-unity [of cod f] by auto
moreover have 3: iso (Dn (dom f))
using assms isomorphic-exp-unity [of dom f] by auto
moreover have seq (inv (Dn (cod f))) f
using assms 2 by auto
ultimately show Dn (cod f) - Exp~ Z f = f - Dn (dom f)
using assms 2 8 inv-inv iso-inv-iso comp-assoc isomorphic-exp-unity
invert-opposite-sides-of-square
[of inv (eval Z (cod f) - v~ Y[exp I (cod f)]) f Exp~ T f
inv (eval  (dom f) - v~ [exp T (dom f)])]
by metis
qed

1.2.2 Internal Currying

Currying internalizes to an isomorphism between exp (z ® a) b and ezp z
(exp a b).

abbreviation curry
where curry z b ¢ =
Currylezp (z ® b) ¢, z, exp b (]
(Currylexp ( ® b) ¢ ® x, b, |
(eval (z ® b) ¢ - alexp (z ® b) ¢, z, b]))

abbreviation uncurry
where uncurry x b ¢ =
Currylezp x (exp b ¢), T ® b, ¢]
(eval b ¢ - (eval © (exp b ¢) ® b) - a~t[exp x (exp b ¢), x, b))

lemma internal-curry:
assumes ide z and ide a and ide b
shows «curryz a b : exp (z ® a) b — exp z (exp a b)»
and «uncurry z a b : exp x (exp a b) = exp (x ® a) by
and inverse-arrows (curry z a b) (uncurry x a b)
proof —
show 1: «curryzab: exp (r ® a) b — exp x (exp a b)»
using assms
by (meson assoc-in-hom comp-in-homlI Curry-in-hom eval-in-homgc e
ide-exp tensor-preserves-ide)
show 2: «uncurry x a b : exp x (exp a b) — exp (z @ a) b»
using assms ide-exp by auto
show inverse-arrows (curry x a b) (uncurry « a b)
(is inverse-arrows
(Curry (exp (z ® a) b) z (exp a b)
(Curry (exp (x ® a) b ® x) a b ?F))
(Curry (exp z (ezp a b)) (z ® a) b ?G))
proof
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have F: «?F : (exp (z ® a) b ® ) ® a — b»
using assms ide-exp by simp
have G: «?G : exp z (exp a b) @ @ a — by
using assms ide-exp by auto
show ide (uncurry  a b - curry  a b)
proof —
have uncurryx a b - curryx a b =
Currylezp (z ® a) b, 2 @ a, b] (?G - (curryz a b @ z @ a))
using assms F 1 ide-exp comp-Curry-arr comp-assoc by auto
also have ... = Currylezp (z ® a) b, z ® a, b]
(eval a b - (eval z (exp a b) ® a) - a~[exp = (exp a b), z, a] -
(curryz a b ® z ® a))
using comp-assoc by simp
also have ... = Currylezp (z ® a) b, z ® a, b]
(eval a b - (eval z (exp a b) ® a) -
((curryz a b ® z) ® a) - a~fezp (r @ a) b, x, a])
using assms 1 comp-assoc assoc’-naturality [of curry z a b x a]
ide-char in-homFE
by metis
also have ... = Currylezp (z ® a) b, z ® a, b]
(eval a b - ((eval z (exp a b) ® a) - ((curryz a b @ ) ® a)) -
a~llezp (z ® a) b, 7, a))
using comp-assoc by simp
also have ... = Currylezp (z ® a) b, 2 ® a, b]
(eval a b - (Uncurrylz, exp a b] (curry z a b) @ a) -
a~terp (z ® a) b, z, a)
using assms comp-ide-self
interchange [of eval x (exp a b)
Currylezp (z ® a) b, , exp a b]
(Currylezp (z ® a) b ® z, a, b] 2F) ® z

a a
by fastforce
also have ... = Currylezp (z ® a) b,  ® a, b]
(eval a b -

(Currylezp (z ® a) b ® z, a, b] ?F & a) -
a~llerp (z ® a) b, z, a)
using assms F ide-exp comp-assoc comp-ide-self
Uncurry-Curry
[of exp (z ® a) bz exp a b Currylezp (z ® a) b ® x, a, b] 7F]
by fastforce
also have ... = Currylezp (z ® a) b, z ® a, b]
(eval (z ® a) b - alezp (x ® a) b, z, a] -
a~terp (z ® a) b, z, a)
using assms Uncurry-Curry
by (metis F ide-exp comp-assoc tensor-preserves-ide)

also have ... = Currylezp (z ® a) b, z ® a, b] (eval (z ® a) b)
using assms Uncurry-exp by simp
also have ... = ezp (z ® a) b

using assms Curry-Uncurry
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by (metis Curry-Uncurry ide-exp ide-in-hom tensor-preserves-ide
Uncurry-ezp)
finally have uncurryz a b - curryza b = exp (z ® a) b
by blast
thus ?thesis
using assms by simp
qged
show ide (curry x a b - uncurry x a b)
proof —
have curry x a b - uncurry x a b =
Currylezp x (exp a b), z, exp a b
(Currylexp (z ® a) b ® z, a, b] 2F - (uncurry z a b ® x))
using assms 2 F Curry-in-hom comp-Curry-arr by simp
also have ... = Currylezp z (exp a b), z, exp a b]
(Currylezp z (exp a b) ® z, a, b]
(eval (z ® a) b - alexp (z ® a) b, z, a] -
((uncurry z a b ® z) ® a)))
proof —
have Currylezp (z ® a) b ® z, a, b] ?F - (uncurry z a b @ z) =
Currylezp x (exp a b) ® z, a, b] (?F - (uncurry z a b @ ) ® a))
using assms(1—2) 2 F comp-Curry-arr ide-in-hom by auto
thus ?thesis
using comp-assoc by simp
qed
also have ... = Currylezp x (exp a b), z, exp a b]
(Currylezp x (exp a b) ® =z, a, b]
(eval (x ® a) b -
(uncurry z a b ® z ® a) - alexp = (exp a b), z, a]))
using assms 2
assoc-naturality [of Curry (exp z (exp a b)) (z ® a) b ?G z a]
by auto
also have ... = Currylezp x (exp a b), z, exp a b]
(Currylezp z (ezp a b) ® z, a, b]
(eval a b - (eval z (exp a b) ® a) -
a~llerp z (exp a b), x, a] - a[exp z (exp a b), 7, a]))
using assms Uncurry-Curry
by (metis G ide-exp comp-assoc tensor-preserves-ide)
also have ... = Currylezp x (exp a b), z, exp a b
(Currylezp  (ezp a b) ® z, a, b]
(Uncurryla, b] (eval z (exp a b))))
using assms
by (metis G arrl cod-assoc’ comp-arr-dom comp-assoc-assoc’(2)
ide-exp seqF)

also have ... = Currylezp = (exp a b), z, exp a b] (eval x (exp a b))
by (simp add: assms(1—3) Curry-Uncurry eval-in-homgcyc)
also have ... = exp = (exp a b)

using assms Curry-Uncurry Uncurry-exp
by (metis ide-exp ide-in-hom)
finally have curry x a b - uncurry z a b = exp = (exp a b)
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by blast
thus ?thesis
using assms by fastforce
qed
qed
qed

Internal currying and uncurrying are the components of natural isomor-
phisms between the contravariant functors Fzp~ (- ® b) ¢ and Exp - (exp
bc).

lemma uncurry-naturality:
assumes ide b and ide ¢ and Cop.arr f
shows uncurry (Cop.cod f) b ¢ - Ezp* f (exp b ¢) =
Currylexp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
(eval (Cop.dom f ® b) ¢ - (uncurry (Cop.dom f) b ¢ ® f ® b))
and Ezp* (f ® b) ¢ - uncurry (Cop.dom f) b ¢ =
Currylexp (Cop.dom f) (exp b ¢), Cop.cod f ® b, ]
(eval (Cop.dom f ® b) ¢ - (uncurry (Cop.dom f) b ¢ ® f ® b))
and uncurry (Cop.cod f) b ¢ - Exp™ f (exp b ¢) =
Ezp* (f ® b) ¢ - uncurry (Cop.dom f) b ¢
proof —
interpret zb: functor Cop.comp Cop.comp <Ax. z @ b
using assms(1) T.fizing-ide-gives-functor-2 [of b]
by (simp add: category-azioms dual-category.intro dual-functor.intro
dual-functor.is-functor)
interpret F: functor Cop.comp C «\z. Exp~ x (exp b ¢)»
using assms functor-cnt-Ezxzp by blast
have x: Az. Cop.ide v =
Uncurry (z @ b) ¢ (uncurry b ¢) =
eval b ¢ - (eval x (exp b c) ® b) - a~exp z (exp b ¢), z, b]
using assms Uncurry-Curry Cop.ide-char by auto
show 1: uncurry (Cop.cod f) b ¢ - ent-Exp f (exp b ¢) =
Currylexp (Cop.dom f) (exp b ¢), Cop.cod f ® b, ]
(eval (Cop.dom f ® b) ¢ - (uncurry (Cop.dom f) b ¢ ® f ® b))
proof —
have uncurry (Cop.cod f) b ¢ - ent-Exp f (exp b ¢) =
Currylexp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
((eval b ¢ -
(eval (Cop.cod f) (exp b c) @ b) -
a~exp (Cop.cod f) (exp b c), (Cop.cod f), b)) -
(ent-Exp | (exp b ¢) ® Cop.cod f ® b))
using assms ide-exp cnt-Exp-in-hom comp-Curry-arr by auto
also have ... = Currylexp (Cop.dom f) (exp b ¢), Cop.cod f ® b, (]
((eval b ¢ -
(eval (Cop.cod f) (exp b c) @ b) -
((ent-Exp f (exp b ¢) ® Cop.cod f) ® b)) -
a~t[exp (Cop.dom f) (exp b c), Cop.cod f, b])
using assms comp-assoc
assoc’-naturality [of cnt-Exp f (exp b ¢) Cop.cod f b]

21



by auto
also have ... = Currylezp (Cop.dom f) (exp b ¢), Cop.cod f ® b, (]
(Uncurrylb, c]
(Uncurry[Cop.cod f, exp b ]
(Currylexp (Cop.dom f) (exp b ¢), Cop.cod f, exp b ]
(eval (Cop.dom f) (exp b ¢) -
(exp (Cop.dom f) (exp b ©) ® ))))
a~exp (Cop.dom f) (exp b c), Cop.cod f, b))
using assms interchange by simp
also have ... = Currylezp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
(eval b ¢ -
((eval (Cop.dom f) (exp b c) -
(exp (Cop.dom f) (exp b ¢) ® f)) @ b) -
a~exp (Cop.dom f) (exp b c), Cop.cod f, b])
using assms Uncurry-Curry comp-assoc by force
also have ... = Currylexp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
(eval b ¢ -
((eval (Cop.dom f) (exp b c) ® b) -
((exp (Cop.dom f) (exp b ¢) ® f) @ b)) -
a~t[exp (Cop.dom f) (exp b c), Cop.cod f, b))
using assms interchange by simp
also have ... = Currylexp (Cop.dom f) (exp b ¢), Cop.cod f ® b, (]
((eval b ¢ - (eval (Cop.dom f) (exp b ¢) ® b) -
a~exp (Cop.dom f) (exp b c), cod f, b]) -
(exp (Cop.dom f) (exp b c) @ f @ b))
using assms assoc’-naturality [of exp (Cop.dom f) (exp b ¢) fb] comp-assoc
by simp
also have ... = Currylexp (Cop.dom f) (exp b ¢), Cop.cod f ® b, (]
(Uncurry[Cop.dom f ® b, ]
(uncurry (Cop.dom f) b ¢c) -
(exp (Cop.dom f) (exp b c) @ f @ b))
using assms * by simp
also have ... =
Curry (exp (Cop.dom f) (exp b ¢)) (Cop.cod f & b) ¢
(eval (Cop.dom f ® b) ¢ -
(uncurry (Cop.dom f) b ¢ ® (Cop.dom f & b) - (f ® b)))
using assms ide-exp internal-curry(2) interchange comp-assoc
comp-arr-dom [of uncurry (Cop.dom f) b (]
by auto
also have ... = Currylezp (Cop.dom f) (exp b ¢), Cop.cod f ® b, (]
(eval (Cop.dom f ®@ b) ¢ -
(uncurry (Cop.dom f) b ¢ ® f ® b))
using assms(1,3) comp-cod-arr interchange by fastforce
finally show ?thesis by blast
qed
show 2: Ezp* (f ® b) ¢ - uncurry (Cop.dom f) b ¢ = ...
proof —
have Fzp* (f ® b) ¢ - uncurry (Cop.dom f) b ¢ =
Curry[exp (Cop.dom f ® b) ¢, Cop.cod f @ b, (]
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(eval (Cop.dom f @ b) ¢ - (exp (Cop.dom f @ b) ¢ ® f ® b)) -
uncurry (Cop.dom f) b ¢
using assms comp-arr-dom by simp
also have ... = Currylexp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
((eval (Cop.dom f ® b) ¢ -
(exp (Cop.dom f @ b) ¢ @ f ® b)) -
(uncurry (Cop.dom f) b ¢ @ Cop.cod f ® b))
using assms Curry-in-hom comp-Curry-arr by force
also have ... = Currylezp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
(eval (Cop.dom f ® b) ¢ -
(exp (Cop.dom f @ b) ¢ - uncurry (Cop.dom f) b ¢
® (f ®b) - (Cop.cod f @ b)))
proof —
have seq (exp (Cop.dom f @ b) ¢) (uncurry (Cop.dom f) b c)
using assms by fastforce
thus ?thesis
using assms internal-curry comp-assoc interchange by simp
qed
also have ... = Currylezp (Cop.dom f) (exp b ¢), Cop.cod f @ b, (]
(eval (Cop.dom f @ b) ¢ -
(uncurry (Cop.dom f) b ¢ ® f ® b))
proof —
have (f ® b) - (Cop.cod f @ b) = f ® b
using assms interchange comp-arr-dom comp-cod-arr by simp
thus ?thesis
using assms internal-curry comp-cod-arr [of uncurry (Cop.dom f) b ]
by simp
qed
finally show ?thesis by simp
qed
show uncurry (Cop.cod f) b ¢ - Exp* f (exp b ¢) =
Exp* (f ® b) ¢ - uncurry (Cop.dom f) b ¢
using 1 2 by simp
qed

lemma natural-isomorphism-uncurry:
assumes ide b and ide ¢
shows natural-isomorphism Cop.comp C
(Az. Exp* z (exp b ¢)) (Az. Exp*™ (z ® b) ¢)
(M. uncurry (Cop.cod f) b ¢ - Exp* f (exp b ¢))
proof —
interpret zb: functor Cop.comp Cop.comp <Ax. T Q@ b
using assms(1) T.fizing-ide-gives-functor-2
by (simp add: category-azioms dual-category.intro dual-functor.intro
dual-functor.is-functor)
interpret Ezp-c: functor Cop.comp C <Az. Ezp© z o
using assms functor-cnt-Ezxp by blast
interpret F: functor Cop.comp C \x. Exp* z (exp b ¢)»
using assms functor-cnt-Ezxp by blast
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interpret G: functor Cop.comp C Az. Exp* (x ® b)
proof —
interpret G: composite-functor Cop.comp Cop.comp C
Az 2 ® b Ay, Exp®™ y o

have G.map = (Az. Exp* (2 ®@ b) ¢)
by auto
thus functor Cop.comp C (Az. Exp* (z ® b) ¢)
using G.functor-axioms by metis
qed
interpret : transformation-by-components Cop.comp C
Az. Exp© z (exp b ¢)y <Az. Frp* (z ® b) o
Ax. uncurry x b ¢
proof
show Aa. Cop.ide « =
«uncurry a b ¢ : Exp* a (exp b ¢) — Exp® (a @ b) c»
using assms internal-curry(2) Cop.ide-char cnt-Exp-ide by auto
show Af. Cop.arr f =
uncurry (Cop.cod f) b ¢ - Exp™ f (exp b ¢) =
Exp© (f @ b) ¢ - uncurry (Cop.dom f) b ¢
using assms uncurry-naturality by simp
qed
have natural-isomorphism Cop.comp C
(Az. Exp* z (exp b ¢)) (Az. Exp* (z ® b) ¢) p.map
proof
fix a
assume a: Cop.ide a
show iso (p.map a)
using a assms internal-curry [of a b ¢| @.map-simp-ide
inverse-arrows-sym
by auto
qed
moreover have p.map = (Af. uncurry (Cop.cod f) b ¢ - Exp* f (exp b c))
using assms p.map-def by auto
ultimately show ?Zthesis
unfolding ¢.map-def by simp
qged

lemma natural-isomorphism-curry:
assumes ide b and ide ¢
shows natural-isomorphism Cop.comp C
(Az. Exp* (2 ® b) ¢) (A\z. Exp* z (exp b ¢))
(M. curry (Cop.cod f) b ¢ - Ezp™ (f ® b) ¢)
proof —
interpret : natural-isomorphism Cop.comp C
Az. Exp© z (exp b ¢)y <Az. Ezp* (z ® b) o
Af. uncurry (Cop.cod f) b ¢ - Exp* f (exp b ¢)»
using assms natural-isomorphism-uncurry by blast
interpret ¢: inverse-transformation Cop.comp C
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Az. Exp© z (exp b ¢)y <Az. Frp* (z ® b) o
Af. uncurry (Cop.cod f) b ¢ - Ezp* f (exp b ¢)»

have 1: Aa. Cop.ide a = .map a = curry a b ¢
proof —
fix a
assume a: Cop.ide a
have inverse-arrows
(uncurry (Cop.cod a) b ¢ - Exp* a (exp b ¢)) (¢¥.map a)
using assms a V.inverts-components by blast
moreover
have inverse-arrows
(uncurry (Cop.cod a) b ¢ - Exp* a (exp b ¢)) (curry a b c)
by (metis assms a Cop.ideD(1,3) Cop.ide-char .F.preserves-ide
p.preserves-reflects-arr comp-arr-ide internal-curry(3)
inverse-arrows-sym)
ultimately show .map a = curry a b ¢
using internal-curry inverse-arrow-unique by simp
qed
have ¢.map = (Af. curry (Cop.cod f) b ¢ - Exp* (f ® b) ¢)
proof
fix f
show Y.map f = curry (Cop.cod f) b ¢ - Exp* (f ® b) ¢
using assms 1 .inverts-components internal-curry(8) .is-natural-2
Cop.ide-char 1.is-extensional
by auto
qed
thus ?thesis
using .natural-isomorphism-axioms by simp
qed

1.2.3 Yoneda Embedding

The internal hom provides a closed monoidal category C' with a "Yoneda
embedding", which is a mapping that takes each arrow g of C' to a natu-
ral transformation from the contravariant functor Ezp* - (dom g) to the
contravariant functor Ezp* - (cod g). Note that here the target category is
C itself, not a category of sets and functions as in the classical case. Note
also that we are talking here about ordinary functors and natural transfor-
mations. We can easily prove from general considerations that the Yoneda
embedding (so-defined) is faithful. However, to obtain a fullness result re-
quires the development of a certain amount of enriched category theory,
which we do elsewhere.

lemma yoneda-embedding:
assumes «g : a — b»
shows natural-transformation Cop.comp C
(Az. Exp* z a) (Az. Exp™ x b) (\z. Exp x g)
and Uncurryla, b] (Ezp a g - CurryZ, a, a] 1[a]) - 17[a] = ¢
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proof —
interpret Ezp: binary-functor Cop.comp C C «\fg. Ezp (fst fg) (snd fg)»
using functor-Ezxp by blast
interpret Fzp-g: natural-transformation Cop.comp C
Az. Ezp x (dom g)» «<Az. Exp z (cod g)» <A\z. Exp z ¢
using assms Exp.fizing-arr-gives-natural-transformation-2 [of g] by auto
show natural-transformation Cop.comp C (Ax. Exp* z a) (Az. Exp* z b)

(Az. Ezp z g)
using assms Exp-z-ide Exp-z-ide Exp-g.natural-transformation-axioms
by auto
show Uncurryla, b] (Ezp a g - Curry[Z, a, a] 1]a]) - 17 [a] = ¢
proof —

have Uncurry(a, b] (Ezp a g - Curry[Z, a, a] 1[a]) - 17 [a] =
(eval a b - (Exp a g ® a) - (Curry[Z, a, a] [a] ® a)) - 171]a]
using assms Fxp-ide lunit-in-hom
interchange [of Exp a g Curry[Z, a, a] 1[a] a a)

by auto
also have ... = g - (eval a a - (Curry[Z, a, a] 1[a] ® a)) - 17 [d]

using assms Uncurry-Ezp-dom comp-assoc by (metis in-homkE)
also have ... = g - l[d] - 171][q]

using assms Uncurry-Curry ide-dom ide-unity lunit-in-hom by auto
also have ... = ¢

using assms comp-arr-dom by force
finally show ?thesis
by blast
qed
qed

lemma yoneda-embedding-is-faithful:
assumes par g ¢’ and (Az. Fzp z g) = (Az. Exp z g')
shows g = ¢’
proof —
have g - eval (dom g) (dom g) = g’ - eval (dom g) (dom g)
using assms Uncurry-Ezp-dom by metis
thus g = ¢’
using assms retraction-eval-ide-self retraction-is-epi
by (metis epiE eval-simps(1,3) ide-dom seql)
qed

The following is a version of the key fact underlying the classical Yoneda
Lemma: for any natural transformation 7 from Fxp* - a to Exp* - b, there
is a fixed arrow ¢ : a — b, depending only on the single component 7 a, such
that the compositions 7 = - e of an arbitrary component 7 x with arbitrary
global elements e : Z — exp x a depend on 7 only via ¢, and hence only via
T a.

lemma hom-transformation-expansion:
assumes natural-transformation

Cop.comp C (Az. Exp< z a) (A\z. Exp* zb) T
and ide a and ide b
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shows «Uncurryla, b] (7 a - Curry(Z, a, a] 1[a]) - 171[a] : @ — b»
and Az e. [ide z; «e : T — exp z ar] =
T2 - e= Erp x (Uncurryla, b] (1 a - Curry[Z, a, a] 1[a]) - 171[a]) - e
proof —
interpret 7: natural-transformation Cop.comp C
Az. Exp© z o> <Az, BEzp© o b 7
using assms by blast
let ?Id-a = Curry[Z, a, a] l[a]
have Id-a: «?Id-a : T — exp a a»
using assms ide-unity by blast
let ?g = Uncurryla, b] (7 a - ?Id-a) - 17 [a]
show ¢: «?g : a — b»
using assms(2—38) Id-a cnt-Exp-ide by auto
have x: Az e. [ide z; «e : T — exp = a»]
= 71 -e= Currylexp z a, z, b (%9 - eval z a) - e
proof —
fix ze
assume z: ide x
assume e: «e: Z — exp x ay
let ?e’ = Uncurry v a e - 17 1[a]
have e «%¢’': z — a»
using assms(2) z e by blast
have 1: e = Fxp© ?%¢’ a - ?Id-a
proof —
have FEzp*™ %e’ a - ?Id-a =
Currylezp a a, z, o] (eval a a - (exp a a ® ?e’)) - ?Id-a
using assms(2) e’ by auto
also have ... =
Curry|Z, z, a] (eval a a - (ezp a a ® ?¢') - (?Id-a ® x))
using assms(2) Id-a €' x comp-Curry-arr comp-assoc by auto
also have ... = Curry[Z, z, a] (eval a a - (?Id-a ® ?e'))
using assms(2) e’ Id-a interchange comp-arr-dom comp-cod-arr in-homE
by (metis (no-types, lifting))
also have ... = Curry Z z a (eval a a - (?Id-a @ a) - (T ® ?¢’))
using assms(2) interchange
by (metis (no-types, lifting) e’ Id-a comp-arr-ide comp-cod-arr ide-char
ide-unity in-homFE seql)
also have ... =
Curry[Z, z, o] (Uncurry a o (Curry[Z, a, a] l[a]) - (Z @ ?¢e’))
using comp-assoc by simp
also have ... = Curry[Z, z, a] (1[a] - (Z ® ?¢’))
using assms(2) Uncurry-Curry comp-assoc ide-unity lunit-in-hom
by presburger
also have ... = Curry[Z, z, a] (?¢’ - 1[z])
using assms(2) e’ in-homE lunit-naturality
by (metis (no-types, lifting))

also have ... = Curry[Z, =, a] (Uncurry[z, a] e - 171[z] - 1[z])
using comp-assoc by simp
also have ... = Curry[Z, z, a] (Uncurry[z, a] e)
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using assms(2) z e comp-arr-dom Uncurry-simps(2) by force
also have ... = ¢
using assms(2) x e Curry-Uncurry ide-unity by blast
finally show ?thesis by simp
qged
have 7z - e =7 x - Exp™ %¢’ a - ?Id-a
using 1 by simp

also have ... = (7 = - Exp* ?¢’ a) - ?Id-a
using comp-assoc by simp

also have ... = (Exp* %' b - 7 a) - ?Id-a
using e’ T.naturality [of ?¢’] by auto

also have ... = Currylezp a b, z, b] (eval a b - (exp a b ® %¢’)) - 7 a - ?Id-a
using assms(2) e’ comp-assoc by auto

also have ... =

Curry[Z, z, b] ((eval a b - (exzp a b ® ?e’)) - (1 a - ?Id-a ® x))
proof —
have «7 a - ?Id-a : T — exp a by
using Id-a assms(2—3) in-homl cnt-Exp-ide
by (intro comp-in-homl) auto
moreover have «eval a b - (exp a b ® ?€¢') : exp a b ® © — b»
using assms(2—3) e’ ide-in-hom by blast
ultimately show #thesis
using z comp-Curry-arr by blast

qed

also have ... = Curry|Z, z, b] (eval a b - (ezp a b ® ?e’) - (7 a - ?Id-a ® 1))
using comp-assoc by simp

also have ... = Curry[Z, z, b] (eval a b - (ezp a b - 7 a - ?Id-a @ %e’ - 1))

proof —

have seq (exzp a b) (7 a - Curry[Z, a, a] l[a])
using assms ide-exp T.natural-transformation-axioms Id-a Curry-Uncurry
ide-exp ide-in-hom
by auto
moreover have seq (Uncurry|z, a] e - 17 Yz]) z
using z e’ by auto
ultimately show #thesis
using assms interchange by simp
qged
also have ... = Curry[Z, z, b] (eval a b - (7 a - ?Id-a ® ?¢’))
proof —
have exp a b - 7 a - ?Id-a =7 a - ?Id-a
using assms(2—3) e’ ide-exp comp-ide-arr T.preserves-hom cnt-Exp-ide
Id-a
by auto
moreover have e’ - z = %e’
using e’ comp-arr-dom by blast
ultimately show #thesis
using interchange by simp
qged
also have ... = Curry[Z, =, b] (eval a b - (T a - ?Id-a ® a) - (T @ ?¢’))
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proof —
have (7 a - ?Id-a) - Z =7 a - ?Id-a
using assms(2) comp-arr-ide
by (metis Id-a comp-arr-dom in-homE comp-assoc)
moreover have a - %’ = %¢’
using e’ comp-cod-arr by blast
moreover have seq (7 a - Curry[Z, a, a] la]) Z
using assms(2) cnt-Exp-ide Id-a by auto
moreover have seq a (Uncurry[z, a] e - 17 1[z])
using calculation(2) e’ by auto
ultimately show #thesis
using interchange [of T a - ?Id-a T a %¢’] by simp

qged

also have ... = Curry[Z, =, b] (eval a b - (7 a - ?ld-a ® a) - 17 [a] - 1[a]) -
(Z®evalza- (e® z)-17a]))

proof —

have (Z ® eval z a) - (Z ® (e ® z) - 17 z]) =
Z®a) ZT@evalza) (TR (e®z)- 17 z])
using assms e’ L.as-nat-trans.is-natural-2 comp-lunit-lunit’(2) comp-assoc
by (metis (no-types, lifting) L.as-nat-trans.preserves-comp-2 in-homFE)
thus ?thesis
using assms e’ comp-assoc
by (elim in-homkFE) auto

qed

also have ... = Curry[Z, x, b] (?g - 1[a] - (T ® eval z a - (e ® x) - 171[1]))
using comp-assoc by simp

also have ... = Curry|Z, z, b] (%9 - (eval z a - (e ® z) - 17 [z]) - 1[z])

using lunit-naturality
by (metis (no-types, lifting) e’ in-homE comp-assoc)

also have ... = Curry[Z, =, b] (?g - eval z a - (e @ z) - 17 [z] - 1[z])
using comp-assoc by simp

also have ... = Curry[Z, z, b] (%9 - eval z a - (e ® 1))
using = comp-arr-dom e interchange by fastforce

also have ... = Curry[Z, z, b] ((?g - eval z a) - (e ® x))
using comp-assoc by simp

also have ... = Currylezp x a, x, b] (?g - eval z a) - e

using assms(2) x e g comp-Curry-arr by auto
finally show 7 z - e = Currylezp = a, x, b] (?g - eval x a) - €
by blast
qed
show Az e. [ide x; «e : T — expray] = T7z-e=FEzpx ?g-e
proof —
fixze
assume z: ide
assume e: «e : L — exp T a»
have 7 z - e = Currylezp z a, z, b] (%9 - eval z a) - e
using z e * T.natural-transformation-axioms by blast
also have ... = (Currylezp = a, x, cod ?g] (?g - eval x a) -
Currylezp z a, z, a] (Uncurry[z, a] (exp z a))) - e
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proof —
have Currylezp z a, z, a] (Uncurrylz, a] (exp z a)) = ezp z a
using assms(2) x Curry-Uncurry ide-exp ide-in-hom by force
thus ?thesis
using g e comp-cod-arr comp-assoc by fastforce
qged
also have ... = Fzp z %9 - e
using = Fzp-def cod-comp g by auto
finally show 7 x - e = Ezp x ?g - e by blast
qed
qed

1.3 Enriched Structure

In this section we do the main work involved in showing that a closed
monoidal category is “enriched in itself”. For this, we need to define, for
each object a, an arrow Id a : Z — exp a a to serve as the “identity at
a”, and for every three objects a, b, and ¢, a “compositor” Comp a b ¢ :
exp b ¢ ® exp a b — exp a c. We also need to prove that these satisfy the
appropriate unit and associativity laws. Although essentially all the work
is done here, the statement and proof of the the final result is deferred to
a separate theory EnrichedCategory so that a mutual dependence between

that theory and the present one is not introduced.

interpretation elementary-monoidal-category C tensor unity lunit runit assoc
using induces-elementary-monoidal-category by blast

definition Id
where Id a = Curry|Z, a, a] 1]d]

lemma Id-in-hom [intro]:
assumes ide a
shows «Id a : T — exp a a»
unfolding Id-def
using assms Curry-in-hom lunit-in-hom by simp

lemma Id-simps [simp]:
assumes ide a
shows arr (Id a)
and dom (Id a) =7
and cod (Id a) = exp a a
using assms Id-in-hom by blast+

The next definition follows Kelly [1], section 1.6.

definition Comp
where Comp a b ¢ =
Currylexp b ¢ ® exp a b, a, (]
(eval b ¢ - (exp b ¢ ® eval a b) - alexp b ¢, exp a b, a))
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lemma Comp-in-hom [intro|:

assumes ide a and ide b and ide c

shows «Comp a bc:expbc® exp ab— exp a c»
using assms ide-exp ide-in-hom Comp-def Curry-in-hom tensor-preserves-ide
by auto

lemma Comp-simps [simp]:
assumes ide ¢ and ide b and ide c
shows arr (Comp a b c)
and dom (Comp abc) =expbc® expabd
and cod (Comp a b c) = expac
using assms Comp-in-hom in-homFE by blast+

lemma Comp-unit-right:
assumes ide a and ide b and ide c
shows «Comp aab - (expab® Ida): expab® T — exp a by
and Comp a ab - (exp a b ® Id a) = r[exp a b
proof —
show 0: «Comp aab-(ezpab® Ida):expab® T — expa by
using assms Id-in-hom tensor-in-hom ide-in-hom ide-exp by force
show Comp a a b - (exp a b ® Id a) = r[exp a b
proof (intro runit-eql)
show I1: «Compaab-(ezpab® Ida):expadb®Z — exp a by
by fact
show Compaab-(ezpab® Ida) ®Z = (expab® ) -alexp a b, T, T]
proof —
have r[ezp a b] - (Comp aab - (ezpab® Ida) L) -
inv alexp a b, I, I] =
rlexp a b] - (Comp a ab®T) - ((exp a b ® Ida)  I)) -
inv alexp a b, I, |
using ««Comp aa b - (exp ab® Id a) : exp a b @ T — exp a by arrl
by force
also have ... = (r[exp a b] - (Comp a a b ® I)) -
((ezp a b ® Id a) ® Z) - inv alezp a b, T, T|
using comp-assoc by simp
also have ... = (Comp a a b - r[exp a b ® exp a a]) -
((exzp a b ® Id a) ® I) - inv alexp a b, I, T]
using assms runit-naturality
by (metis Comp-simps(1—2) 1 cod-comp in-homkE)
also have ... = Comp a a b -
(rlezp a b ® exp a a] - ((exp a b ® Id a) ® I)) -
inv alezp a b, T, |
using comp-assoc by simp
also have ... = Comp aa b - ((exp a b ® Id a) - r[exp a b @ I]) -
inv alezp a b, I, 7|
using assms 1 runit-naturality
by (metis calculation in-homE comp-assoc)
also have ... = Comp aa b - (exp a b ® Id a) - r[exp a b @ I] -
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inv alexp a b, T, T]
using comp-assoc by simp
also have ... = Comp aa b - (ezp a b ® Id a) - (ezp a b ® 1)
using assms ide-unity runit-tensor’ ide-exp runit-eql unit-in-hom-ax
unit-triangle(1)
by presburger
also have ... = (Currylezp a b ® exp a a, a, b]
(eval a b - (ezp a b ® eval a a) - alexp a b, exp a a, al) -
(ezp a b ® Id a)) - (exp a b ® 1)
using Comp-def comp-assoc by simp
also have ... = Currylezp a b ® Z, a, b]
((eval a b - (exp a b ® eval a a) - alexp a b, exp a a, al) -
((exzp a b ® Id a) ® a)) -
(exp a b ® 1)
proof —
have «ezpa b @ Ida :expab® T — expab® exp a a»
using assms by auto
moreover have «eval a b - (ezp a b ® eval a a) - alexp a b, exp a a, a] :
(exp a b ® exp a a) ® a — by
using assms tensor-in-hom ide-in-hom ide-exp eval-in-homgc o
by force
ultimately show ?Zthesis
using assms comp-Curry-arr by simp
qed
also have ... = r[exp a b] - (exp a b ® 1)
proof —
have 1: Uncurryla, b]
(Currylezp a b @ T, a, b]
((eval a b - (exp a b ® eval a a) - alexp a b, exp a a, al) -
((exzp a b ® Id a) ® a))) =
(eval a b - (ezp a b ® eval a a) - alexp a b, exp a a, al) -
((exp a b ® Id a) ® a)
proof —
have «(eval a b - (ezp a b ® eval a a) - alexp a b, exp a a, al) -
((ezpab®Ida)®a): (ezpab®ZT) @ a— by
using assms tensor-in-hom ide-in-hom eval-in-homgcaro ide-exp
by force
thus ?thesis
using assms Uncurry-Curry by auto
qed
also have ... = (eval a b - (exp a b ® eval a a) - (ezp a b ® Id a ® a)) -
alezp a b, Z, a)
using assms ide-exp comp-assoc assoc-naturality [of exp a b Id a a]
by auto
also have ... = (eval a b - (exp a b ® Uncurryla, o] (Id a))) -
alezp a b, Z, a]
using assms interchange
by (metis (no-types, lifting) ide-exp lunit-in-hom Uncurry-Curry
ide-unity comp-ide-self ideD(1) in-homFE Id-def)
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also have ... = (eval a b - (ezp a b ® 1[a])) - alexp a b, Z, d]
by (metis (no-types, lifting) assms(1) lunit-in-hom Uncurry-Curry
ide-unity Id-def)
also have 2: ... = (eval a b - (exp a b ® a) - (exp a b ® 1[a])) -
alexp a b, Z, a)
using assms interchange [-ide-simp by auto

also have ... = Uncurryla, b] (exp a b) - (ezp a b ® 1[a]) - alexp a b, Z, a
using comp-assoc by simp
also have ... = Uncurry a b r[exp a b]

using assms triangle ide-exp 2 comp-assoc by auto
finally have Uncurry|a, b]
(Currylezp a b @ I, a, b]
((eval a b - (exp a b ® eval a a) -
alezp a b, exp a a, al) -
((exzp a b ® Id a) ® a))) =
Uncurryla, b] r[ezp a b
by blast
hence Currylezp a b ® Z, a, b)
((eval a b - (exp a b ® eval a a) - alezp a b, exp a a, a]) -
((ezp a b ® Id a) ® a)) =
rezp a b
using assms 1 Curry-Uncurry runit-in-hom by force
thus ?thesis
by presburger
qed
finally have r[ezp a b] -
(Compaab-(expab® Ida) ®T) - inv alezp a b, I, T] =
rlexp a b] - (exp a b ® 1)
by blast
hence (Comp a a b - (exp a b ® Id a) ® T) - inv alexp a b, I, I] =
exp a b ® ¢
using assms ide-exp iso-cancel-left [of r[exp a b]] iso-runit by fastforce
thus ?thesis
by (metis assms(1—2) 0 R.as-nat-trans.is-natural-1 comp-assoc-assoc’(2)
ide-exp ide-unity in-homE comp-assoc)
qed
qed
qed

lemma Comp-unit-left:
assumes ide ¢ and ide b and ide ¢
shows «Comp abb- (Idb® expabd): T expab— exp a by
and Comp abb- (Idb® exp a b) = 1exp a b]
proof —
show 0: «Comp abb- (Idb® exzpab):Z ® exp ab — exp a by
using assms ide-exp by simp
show Comp a b b - (Idb ® exp a b) = 1exp a b]
proof (intro lunit-eql)
show «Comp abb - (Idb® expab): T Q expab— exp a by
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by fact
show T ® Compabb-(Idb® expab) = (1 ® exp ab)-a [, T, exp a b
proof —
have llezp a b] - (Z ® Comp abb- (Idb® exp ad)) -a[Z,Z, exp a b] =
llexp a ] - (Z®@ Compabd) - (Z® Idb® expab)) - a|Z,Z, exp a b
using assms 0 interchange [of T T Comp a b b Id b @ exp a b] by auto
also have ... = (lfezp a b] - (Z ® Comp a b b)) -
(Z®Idb® expabd)-alZ, I, exp a b
using comp-assoc by simp
also have ... = (Comp a b b -llezpbb @ expad]) - (Z® Idb® expabd)-
a[Z, Z, exp a b
using assms lunit-naturality
by (metis 0 Comp-simps(1—2) cod-comp in-homkE)

also have ... = Comp a b b -
(llexpbb @ expad] - (Z @ Idb® exp abd)) -
a|Z, Z, exp a b
using comp-assoc by simp
also have ... =

(Compabb-(Idb® exp abd)) 1[I Q expald]-alZ,Z, exp ad]
using assms 0 lunit-naturality calculation in-homE comp-assoc by metis
also have ... = (Comp a b b - (Idb® exp a b)) - (t ® exp a b)
using assms(1—2) ide-exp ide-unity lunit-eql lunit-tensor’ unit-in-hom-ax
unit-triangle(2)
by presburger
also have ... = 1[exp a b] - (¢t ® exp a b)
proof (unfold Comp-def)
have (Currylezp b b ® exp a b, a, b
(eval b b - (exp b b ® eval a b) - alexp b b, exp a b, a]) -
(Idb® exp abd)) -
(t ® exp a b) =
Curry[Z ® exp a b, a, b]
((eval b b - (exp b b ® eval a b) - alexp b b, exp a b, a]) -
((Id b ® exp a b) ® a)) -
(t ® exp a b)
proof —
have «eval b b - (exp b b ® eval a b) - alexp b b, exp a b, a]
c(expbb @ expabd) @ a— by
using assms ide-exp tensor-in-hom ide-in-hom ide-exp eval-in-homgc p o
by force
moreover have «Ildb®@ expa b:Z @ expab — expbb® exp a by
using assms ide-exp by force
ultimately show ?thesis
using assms comp-Curry-arr by force
qed
also have ... = Curry[Z ® exp a b, a, b
(eval b b - ((exp b b ® eval a d) - (Idb® exp ab ® a)) -
a[Z, exp a b, a]) -
(t ® exp a b)
using assms assoc-naturality [of Id b exp a b a] ide-exp comp-assoc
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by force
also have ... = Curry[Z ® exp a b, a, b
((eval b b - (Id b ® Uncurry a b (exp a b))) -
a[Z, exp a b, a]) -

(t ® exp a b)
by (simp add: assms Uncurry-exp comp-cod-arr comp-assoc interchange)
also have ... = Curry[Z ® exp a b, a, b
((eval b b - (Id b ® eval a b)) - a[Z, exp a b, al) -
(t ® exp a b)

using assms comp-arr-dom
by (metis eval-in-homgc e in-homE)

also have ... = Curry[Z ® exp a b, a, b
(((eval b b - (Idb® b)) - (Z ® eval a b)) - a|Z, exp a b, a]) -
(t ® exp a b)
proof —

have Id b ® eval a b= (Id b @ b) - (T ® eval a b)
using assms interchange
by (metis Id-simps(1—2) comp-arr-dom comp-ide-arr eval-in-homgc o
ide-in-hom seql”)
thus “thesis using comp-assoc by simp

qed
also have ... = Curry[Z ® exp a b, a, b)
((A[b] - (Z ® eval a b)) - a[Z, exp a b, a]) -
(t ® exp a b)
using assms Id-def Uncurry-Curry lunit-in-hom ide-unity by simp
also have ... = Curry[Z ® exp a b, a, b]
(eval a b - llexp a b ® a] - a[Z, exp a b, a]) -
(¢t ® exp a b)
using assms lunit-naturality eval-in-homgc o in-homkFE lunit-naturality
comp-assoc
by metis
also have ... = Curry[Z ® exp a b, a, b]

(Uncurryla, b] lexp a b]) - (¢ ® exp a b)
using assms ide-exp lunit-tensor’ by force
also have ... = l[ezp a b] - (¢t ® exp a b)
using assms Curry-Uncurry lunit-in-hom ide-exp by auto
finally show (Curry[ezp b b ® exp a b, a, b]
(eval b b - (exp b b ® eval a b) - alexp b b, exp a b, a]) -
(Idb® exp abd)) -
(t ® exp a b) =
llezp a b] - (t ® exp a b)
by blast
qed
finally have 1: l[exp a b] -
(Z® Compabb-(Idb® expabd))-alL, I, expabd]=
llezp a b] - (¢ ® exp a b)
by blast
have (Z ® Compabb- (Idb® expabd))-alZ,Z, exp ad] =
(inv 1[exp a b] - l[exp a b)) -
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(Z® Compabb-(Idb® expab))-alZ, I, exp a b
using assms comp-cod-arr by simp

also have ... = (inv llezp a b] - l[ezp a b]) - (¢ ® exp a b)
using 1 comp-assoc by simp
also have ... = 1 ® exp a b
using assms comp-cod-arr [of ¢ @ exp a b1 exp a b] - l[exp a b]] arrl
by auto
finally have (Z @ Comp abb - (Idb® exp a b)) - a[Z, Z, exp a b] =
L ® expabd
by blast

thus ?thesis
using assms(1—2) 0 L.as-nat-trans.is-natural-1 comp-assoc-assoc’(1)
ide-exp ide-unity in-homE comp-assoc
by metis
qed
qed
qed

lemma Comp-assocgcyc:
assumes ide a and ide b and ide ¢ and ide d
shows «Comp a b d - (Comp b cd® exp abd):
(exp cd @ exp b ¢c) @ exp a b — exp a dy»
and Comp abd - (Compbcd® expabd)=
Comp acd- (expcd® Compabc)-alexp cd, exp b ¢, exp a b
proof —
show «Comp a b d - (Comp bcd® exp ab):
(exp cd @ exp b ¢c) @ exp a b — exp a dy»
using assms by auto
show Comp a bd - (Compbcd® expabd)=
Comp acd- (expcd® Compabc)-alexp cd, exp b ¢, exp a b
proof —
have 1: Uncurryla, d] (Comp a ¢ d - (exp ¢ d ® Comp a b c) -
alexp ¢ d, exp b ¢, exp a b]) =
Uncurry[a, d] (Comp a b d - (Comp b cd ® exp a b))
proof —
have Uncurryla, d]
(Compacd-(expcd® Compabdec)-
alexp ¢ d, exp b ¢, exp a b)) =
Uncurryla, d]
(Currylexp ¢ d ® exp a ¢, a, d]
(eval ¢ d - (exp ¢ d ® eval a ¢) - alexp ¢ d, exp a c, a]) -
(exp ¢ d @ Comp a b ¢) - alexp ¢ d, exp b ¢, exp a b))
using Comp-def by simp
also have ... = Uncurry[a, d|
(Curry[(exp ¢ d ® exp b ¢) ® exp a b, a, d]
((eval ¢ d - (exp ¢ d ® eval a ¢) - alexp ¢ d, exp a ¢, al) -
((exp ¢ d ® Comp a b c) -
alezp ¢ d, exp b ¢, exp a b] ® a)))
using assms
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comp-Curry-arr
[of a (exp ¢ d @ Comp a b c) - alexp ¢ d, exp b ¢, exp a b]
(ezpcd @ expbc) @ ezpabexpcd® expac
eval ¢ d - (exp ¢ d ® eval a ¢) - alexp ¢ d, exp a ¢, a] d]
by auto
also have ... = eval ¢ d -(exp ¢ d ® eval a ¢) -
(alezp ¢ d, exzp a ¢, a] - ((ezp ¢ d @ Comp a b ¢) ® a)) -
(alezp ¢ d, exp b ¢, exp a b] ® a)
using assms Uncurry-Curry ide-exp interchange comp-assoc by simp
also have ... = eval ¢ d -
(exp ¢ d ® eval a ¢) -
(alexp ¢ d, exp a ¢, a] -
((exp c d ®
Currylezp b ¢ ® exp a b, a, |
(eval b c - (exp b ¢ ® eval a b) - alexp b ¢, exp a b, a]))
® a)) -
(alexp ¢ d, exp b ¢, exp a b] ® a)
unfolding Comp-def by simp
also have ... = eval c d -
(exp ¢ d @ eval a ¢) -
((exp ¢ d ®
Curry[ezp b ¢ ® exp a b, a,
(eval b ¢ - (exp b ¢ ® eval a b) - alexp b ¢, exp a b, a))
® a) -
alezp ¢ d, exp b ¢ ® exp a b, a]) -
(alexp ¢ d, exp b ¢, exp a b] ® a)
using assms assoc-naturality [of exp ¢ d - a] Comp-def Comp-simps(1—23)
ide-exp ide-char
by (metis (no-types, lifting) mem-Collect-eq)
also have ... = eval c d -
((exp ¢ d ® eval a ¢) -
(exp cd ®
Currylezp b ¢ ® exp a b, a, ¢
(eval b c - (exp b ¢ @ eval a b) - alexp b ¢, exp a b, a])
© a)
alezp ¢ d, exp b ¢ ® exp a b, a] -
(alexp ¢ d, exp b c, exp a b] ® a)
using comp-assoc by simp
also have ... = eval ¢ d -
(exzp cd ®
Uncurryla, c]
(Currylexp b ¢ ® exp a b, a, (]
(eval b ¢ - (exp b ¢ ® eval a b) -
alexp b ¢, exp a b, a)))) -
alexp ¢ d, exp b ¢ ® exp a b, a] -
(alezp ¢ d, exp b ¢, exp a b] ® a)
using assms Comp-def Comp-in-hom interchange by auto
also have ... = eval ¢ d -
(exp ¢ d @ (eval b ¢ - (exp b ¢ @ eval a b) -
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alexp b ¢, exp a b, a])) -
alexp ¢ d, exp b ¢ ® exp a b, a] -
(alezp ¢ d, exp b ¢, exp a b] ® a)
using assms ide-exp tensor-in-hom ide-in-hom ide-exp eval-in-homgc o
assoc-in-hom Uncurry-Curry
by force
also have ... = eval ¢ d -
((exp ¢ d ® eval b ¢) -
(exp c d ® exp b ¢ ® eval a b) -
(exp ¢ d ® alexp b ¢, exp a b, a])) -
alezp ¢ d, exp b ¢ ® exp a b, a] -
(alexp ¢ d, exp b ¢, exp a b] ® a)
using assms ide-exp tensor-in-hom interchange by auto
also have ... = eval c d -
(exp ¢ d ® eval b c) -
(exp c d ® exp b ¢ ® eval a b) -
(exp ¢ d ® alexp b ¢, exp a b, a]) -
alexp ¢ d, exp b ¢ ® exp a b, a] -
(alezp ¢ d, exp b ¢, exp a b] ® a)
using comp-assoc by simp
finally have *: Uncurryla, d] (Comp a ¢ d - (exp ¢ d ® Comp a b c) -
alexp ¢ d, exp b ¢, exp a b)) =
eval ¢ d -
(exp ¢ d ® eval b ¢) -
(exp cd ® exp b ¢ @ eval a b) -
(exp ¢ d @ alexp b ¢, exp a b, a]) -
alezp ¢ d, exp b ¢ @ exp a b, a -
(alexp ¢ d, exp b ¢, exp a b] ® a)
by blast
have Uncurryla, d] (Comp a b d - (Comp b cd ® exp abd)) =
Uncurry|a, d]
(Currylezp b d ® exp a b, a, d]
(eval b d - (exp b d ® eval a b) - alexp b d, exp a b, a]) -
(Comp b cd® exp ab))
using Comp-def by simp
also have ... = Uncurry[a, d|
(Curryl(exp ¢ d @ exp b ¢) ® exp a b, a, d]
(eval b d - (exp b d ® eval a b) - alexp b d, exp a b, a] -
((Comp bcd® exp ab) ® a)))
proof —
have «Comp bcd ® exp a b :
(ezpcd @ expbec) @ expab — exp b d @ exp a by
using assms ide-exp by force
moreover have «eval b d - (exp b d ® eval a b) - alexp b d, exp a b, a
c(ezpbd ® expad) @ a— d»
using assms ide-exp tensor-in-hom ide-in-hom ide-exp eval-in-homgc pco
by force
ultimately show ?thesis
using comp-Curry-arr assms comp-assoc by auto
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qed
also have ... = eval b d - (exp b d ® eval a b) - alezp b d, exp a b, a] -
((Compbcd® expab)®a)
using assms ide-exp Uncurry-Curry by force
also have ... = eval b d -
((exp b d @ eval a b) - (Compbcd® expab® a))-
alexp ¢ d ® exp b c, exp a b, a
using assms ide-exp comp-assoc
assoc-naturality [of Comp b ¢ d exp a b a]
by force
also have ... = eval b d - (Comp b ¢ d ® eval a b) -
alezp ¢ d ® exp b ¢, exp a b, d]
by (simp add: assms comp-arr-dom comp-cod-arr interchange)
also have ... = eval b d -
(Currylexp ¢ d ® exp b ¢, b, d]
(eval ¢ d - (exp ¢ d ® eval b ¢) - alexp ¢ d, exp b ¢, b))
® eval a b) -
alexp ¢ d ® exp b c, exp a b, a
unfolding Comp-def by simp
also have ... = eval b d -
((Currylexp ¢ d @ exp b ¢, b, d]
(eval ¢ d - (exp ¢ d ® eval b ¢) - alexp ¢ d, exp b ¢, b))
® b) -
((exp ¢ d ® exp b ¢) ® eval a b)) -
alezp ¢ d ® exp b ¢, exp a b, d]
by (metis (no-types, lifting) assms Comp-def Comp-simps(1—2)
comp-arr-dom comp-cod-arr eval-simps(1,3) interchange)
also have ... = Uncurry[b, d]
(Currylezp ¢ d ® exp b ¢, b, d]
(eval ¢ d - (exp ¢ d ® eval b ¢) - alexp ¢ d, exp b ¢, b])) -
((exp c d ® exp b ¢) ® eval a b) -
alezp ¢ d ® exp b ¢, exp a b, a]
using comp-assoc by simp
also have ... = eval ¢ d -
(exp ¢ d ® eval b c) -
(alezp ¢ d, exp b ¢, b] -
((exp ¢ d ® exp b ¢) ® eval a b)) -
alezp ¢ d @ exp b ¢, exp a b, a)
using assms ide-exp Uncurry-Curry comp-assoc by auto
also have ... = eval c d -
(exp ¢ d @ eval b c) -
((exp ¢ d ® exp b ¢ ® eval a b) -
alezp ¢ d, exp b ¢, exp a b ® a]) -
alexp ¢ d ® exp b ¢, exp a b, a
using assoc-naturality [of exp ¢ d exp b ¢ eval a b]
by (metis assms arr-cod cod-cod Curry-in-hom dom-dom eval-in-homgc pc
ide-exp in-homkE)
also have ... = eval ¢ d -
(ezp ¢ d ® eval b c) -
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(exp ¢ d ® exp b ¢ ® eval a b) -
alezp ¢ d, exp b ¢, exp a b ® a] -
alezp ¢ d ® exp b ¢, exp a b, a)
using comp-assoc by simp
finally have sx: Uncurryla, d] (Comp a b d - (Comp b cd ® exp a b)) =
eval c d -
(exp ¢ d ® eval b ¢) -
(exzp c d ® exp b ¢ ® eval a b) -
alezp ¢ d, exp b ¢, exp a b ® a) -
alezp ¢ d ® exp b ¢, exp a b, a)
by blast
show ?thesis
using * xx assms ide-exp pentagon by force
qed
have Comp a b d - (Comp bcd ® exp ab) =
Curry[(ezp ¢ d ® exp b ¢) ® exp a b, a, d]
(Uncurryla, d] (Comp a b d - (Comp b cd ® exp ab)))
using assms ide-exp Curry-Uncurry by fastforce
also have ... = Curry[(ezp c d @ exp b ¢) ® exp a b, a, d]
(Uncurryla, d] (Comp a ¢ d - (exp ¢ d @ Comp a b ¢) -
alezp ¢ d, exp b ¢, exp a b))
using 1 by simp
also have ... = Comp acd - (exp ¢ d ® Comp a b c) -
alezp ¢ d, exp b ¢, exp a b]
using assms ide-exp Curry-Uncurry by simp
finally show Comp a b d - (Comp b ¢ d ® exp a b) =
Compacd- (expcd® Compabc)-alexp cd, exp b c, exp a b
by blast
qed
qed

end

end

1.4 Cartesian Closed Monoidal Categories

A cartesian closed monoidal category is a cartesian monoidal category that
is a closed monoidal category with respect to a chosen product. This is
not quite the same thing as a cartesian closed category, because a cartesian
monoidal category (being a monoidal category) has chosen structure (the
tensor, associators, and unitors), whereas we have defined a cartesian closed
category to be an abstract category satisfying certain properties that are
expressed without assuming any chosen structure.

theory CartesianClosedMonoidalCategory
imports Categorys3.CartesianClosedCategory MonoidalCategory. CartesianMonoidalCategory
ClosedMonoidalCategory
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begin

locale cartesian-closed-monoidal-category =
cartesian-monoidal-category +
closed-momnoidal-category

locale elementary-cartesian-closed-monoidal-category =
cartesian-monoidal-category +
elementary-closed-monoidal-category

begin

lemmas prod-eg-tensor [simp]

end

The following is the main purpose for the current theory: to show that
a cartesian closed category with chosen structure determines a cartesian
closed monoidal category.

context elementary-cartesian-closed-category
begin

interpretation CMC': cartesian-monoidal-category C' Prod « ¢
using extends-to-cartesian-monoidal-categorypcc by blast

interpretation CMC: closed-monoidal-category C Prod « ¢
using CMC'.T.is-extensional interchange left-adjoint-prod
by unfold-locales
(auto simp add: left-adjoint-functor.ez-terminal-arrow)

lemma extends-to-closed-monoidal-categorygccc:
shows closed-monoidal-category C Prod a t

lemma extends-to-cartesian-closed-monoidal-categorypccoc:
shows cartesian-closed-monoidal-category C Prod o t

interpretation CMC': elementary-monoidal-category
C CMC .tensor CMC .unity CMC .lunit CMC.runit CMC'.assoc
using CMC'.induces-elementary-monoidal-category by blast

interpretation CMC': elementary-closed-monoidal-category
C Prod o ¢ exp eval curry
using eval-in-hom-azx curry-in-hom uncurry-curry-axr Curry-uncurry-ax
by unfold-locales auto

lemma extends-to-elementary-closed-monoidal-categorygpccoc:
shows elementary-closed-monoidal-category C' Prod « ¢ exp eval curry
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lemma extends-to-elementary-cartesian-closed-monoidal-categorygccoc:
shows elementary-cartesian-closed-monoidal-category C Prod o v exp eval curry

end

context elementary-cartesian-closed-monoidal-category
begin

interpretation elementary-monoidal-category C tensor unity lunit runit assoc
using induces-elementary-monoidal-category by blast

The following fact is not used in the present article, but it is a natural and
likely useful lemma for which I constructed a proof at one point. The proof
requires cartesianness; I suspect this is essential, but I am not absolutely
certain of it.

lemma isomorphic-exp-prod:
assumes ide ¢ and ide b and ide x
shows «(Currylezp z (a ® b), z, a] (p1[a, b] - eval z (a ® b)),
Currylezp z (a ® b), z, b] (pola, b] - eval z (a ® b)))
cexpz (a® b) — expza® expx by
(is «(?C, ?D) : exp z (a ® b) — exp £ a @ exp T by)
and «Currylezp £ a ® exp z b, z, a ® )
(eval z a - (p1[exp x a, exp z b] - p1lexp z a ® exp z b, x],
bolesp 7 a ® eap z b, 1),
eval z b - (polezp = a, exp z b] - p1lexp 2 a @ exp x b, ],
polexp z a ® exp x b, x]))

cempra®eprb— expr(a® b)y
(is «Currylezp x a ® exp b, x, a @ b] (?A, ?B)
cexpra® exprb— expx(a® b)»)

and inverse-arrows
(Currylezp x a @ exp z b, z, a @ b
(eval  a - (p1[exp x a, exp z b] - p1[ezp T a ® exp x b, z],
polexp z a @ exp x b, x]),
eval x b - (polexp z a, exp x b} pilezp x a ® exp z b, ],
polezp z a ® exp z b, x])))

(Currylexp z (a @ b), z, a] (p1]a, b] - eval z (a @ b)),
Currylezp z (a ® b), z, b] (pola, b] - eval z (a ® b)))
and isomorphic (exp z (a ® b)) (exp x a ® exp x b)
proof —

have A: «?A : (ezp z a ® exp z b)) @ x — a»
using assms by auto
have B: «?B : (ezpz a ® exp £ b) ® x — b»
using assms by auto
have AB: «(?A, ?B) : (ezpzrza @ exp b)) ® © — a ® b»
by (metis A B ECC .tuple-in-hom prod-eq-tensor)
have C: «?C : exp z (a @ b) — exp T a»
using assms by auto
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have D: «?D : exp z (a ® b) — exp x by
using assms by auto
show CD: «(?C, ?D) : exp z (a ® b) — exp v a @ exp x b»
using C D by fastforce
show 1: «Currylexp z a @ exp b, z, a ® b] (?A, ?B)
c(ezpza® expxd) — expz (a® b))y
by (simp add: AB assms(1—3) Curry-in-hom)

show inverse-arrows (Currylezp © a ® exp z b, z, a ® b] (?A, ?B)) (2C,

proof
show ide (Currylezp z a ® exp x b, z, a ® b] (?A, ?B) - (?C, ?D))
proof —
have Currylezp  a ® exp x b, z, a ® b] (?A, ¢B) - (?C, ¢D) =
Currylezp = (a ® b), z, a ® b] ((?4, ?B) - ((?C, ?D) ® x))
using assms AB CD comp-Curry-arr by presburger
also have ... = Currylezp z (a ® b), z, a ® b)
(?A - ((?C, ?2D) ® x), B - ((?C, ?D) ® x))
proof —
have span ?A ?B
using A B by fastforce
moreover have arr ((?C, ?D) ® )
using assms CD by auto
moreover have dom ?A = cod ((?C, ?D) ® x)
by (metis A CD assms(3) cod-tensor ide-char in-homE)
ultimately show ?thesis
using assms ECC.comp-tuple-arr by metis

ged
also have ... = Currylezp z (a ® b), z, a @ b
(Uncurry(z, a] 2C, eval b - (?D ® x))
proof —
have ?4 - ((?C, ?D) ® z) = Uncurrylz, a] ?C
proof —
have ?A4 - ((?C, ?D) ® z) =
eval T a -
(p1lexp z a, exp z b] - p1lexp v a @ exp x b, z] - ((?C, ?D) ®
bolezp 7 a ® exp 2 b, 2] - ((2C, ?D) ® 2))
using assms ECC.comp-tuple-arr comp-assoc by simp
also have ... = eval z a -

(?2C - pilexp z (a ® D), z], © - polezp z (a ® b), z])

using assms ECC.pr-naturality(1—2) by auto
also have ... = eval z a - (?C ® z) -
(prlezp z (a @ b), ], polexp = (a @ b), x])
using assms
ECC.prod-tuple
[of pilezp z (a ® b), z] polezp = (a ® b), x] ?C 1]
by simp
also have ... = Uncurrylz, a] 2C

7D)

z),

using assms C ECC.tuple-pr comp-arr-ide comp-arr-dom by auto

finally show ?thesis by blast
qed
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moreover have ?B - ((?C, ?D) ® x) = Uncurry[z, b] ¢D
proof —
have ?B - ((?C, ?D) ® z) =
eval z b -
(polexp z a, exp z b] - p1[exp z a @ exp z b, x] - ((?C, ?D) ® z),
polezp x a ® exp x b, z] - ((?C, ?D) ® xz))
using assms ECC.comp-tuple-arr comp-assoc by simp
also have ... = eval z b -
(?D - pilexp x (a ® b), z], © - polexp = (a ® b), x])
using assms C ECC.pr-naturality(1—2) by auto
also have ... = evalz b - (?D ® x) -
(p1lesp & (a @ b), 2], poleap 3 (a ® b), 2])
using assms
ECC .prod-tuple
[of pilexp z (a ® b), @] polezp z (a ® b), z] ?D «x]
by simp
also have ... = Uncurry[z, b] ¢D
using assms C ECC.tuple-pr comp-arr-ide comp-arr-dom by auto
finally show ?thesis by blast

qed
ultimately show ?thesis by simp
qed
also have ... = Currylezp z (a ® b), z, a ® b)

({p1]a, b] - eval x (a ® b), pola, b] - eval z (a ® b)))
using assms Uncurry-Curry by auto
also have ... = Currylezp z (a ® b), z, a ® b)
({91]a, b, pola, b)) - evel z (a ® b))
using assms ECC.comp-tuple-arr [of p1[a, b] po[a, b] eval z (a & b)]
by simp

also have ... = Currylezp z (a ® b), z, a @ b] (eval z (a ® b))
using assms comp-cod-arr by simp
also have ... = exp z (a ® b)

using assms Curry-Uncurry ide-exp ide-in-hom tensor-preserves-ide
Uncurry-ezp
by metis
finally have Currylexp z a @ exp z b, x, a ® b] (?A, ?B) - (?C, ?D) =
exp x (a ® b)
by blast
thus ?thesis
using assms ide-exp tensor-preserves-ide by presburger
qed
show ide ((?C, ?D) - Currylezp x a ® exp z b, z, a ® b] (?A, ?B))
proof —
have 2: span pilexp © a ® exp x b, z] polezp z a ® exp z b, ]
using assms by simp
have 3: seq z polexp 2 a ® exp z b, 2]
using assms by simp
have (?C, ?D) - Currylezp z a ® exp x b, z, a ® b] (?4, ?B) =
(2C - Currylezp x a ® exp b, z, a @ b] (?A, ?B),
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?D - Currylezp z a ® exp z b, z, a ® b] (74, ?B))
using assms C D 1 ECC.comp-tuple-arr by (metis in-homE)
also have ... = (pi[exp x a, exp z b], polezp x a, exp x b))
proof —
have Currylezp x (a ® b), z, a] (p1]a, b] - eval z (a ® b)) -
Curry[ezp x a @ exp b, x, a @ b] (?A, ¢B) =
pilezp x a, exp x b]
proof —
have Currylezp x (a ® b), z, a] (p1[a, b] - eval z (a ® b)) -
Currylezp T a ® exp x b, z, a ® b] (A, ?B) =
Currylezp x a ® exp z b, x, al
((p1]a, b] - eval z (a ® b)) -
(Currylezp x a @ ezp z b, z, a ® b] (?A, ?B) ® 1))
using assms 1 comp-Curry-arr by auto
also have ... = Currylezp x a ® exp = b, z, a)
(p1[a, b] - eval z (a ® b) -
(Currylezp x a @ exp b, z, a ® b] (?A, ?B) ® 1))
using comp-assoc by simp

also have ... = Currylezp z a @ exp z b, z, a] (p1]a, b] - (¢4, ?B))
using assms AB Uncurry-Curry ide-exp tensor-preserves-ide by simp
also have ... = Currylezp x a ® exp = b, z, a)

(eval z a -

(p1[ezp x a, exp x b] - p1lexp T a @ exp x b, x,
bolesp 7 a ® exp z b, 1))
using assms A B ECC.pr-tuple(1) by fastforce
also have ... = Currylezp x a ® exp = b, z, a)
(eval z a - (p1]exp z a, exp x b @ x) -
(p1[ezp x a ® exp x b, x],
bolerp 7 a ® eap b, 1)
proof —
have seq pi[exp z a, exp x b] p1lezp © a ® exp x b, x]
using assms by auto
thus ?thesis
using assms 2 3 prod-eq-tensor comp-ide-arr ECC.prod-tuple
by metis
qed
also have ... = Curry (ezpz a ® exp z b) z a
(eval z a - (p1]exp z a, exp x b] @ 1))
using assms comp-arr-dom by simp
also have ... = py[exp z a, exp x b
using assms Curry-Uncurry by simp
finally show ?thesis by blast
qed
moreover have Currylezp z (a ® b), z, b] (pola, b] - eval x (a ® b)) -
Currylezp z a @ exp x b, z, a ® b] (?A, ?B) =
polexp z a, exp z b
proof —
have Currylezp z (a ® b), z, b] (pola, b] - eval z (a ® b)) -
Currylezp z a @ exp x b, x, a @ b] (?A, ¢B) =
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Curry[ezp x a @ exp z b, z, b
((pola, 0] - eval z (a ® b)) -
(Currylezp z a @ exp © b, z, a @ b] (?A, ?B) ® x))
proof —
have «Currylezp T a ® exp x b, z, a ® b] (A, ?B)
cerpra®exprb— expr(a® b)y
using 1 by blast
moreover have «pgla, b] - eval z (a ® b) : ezp z (a @ b) ® © — b»
using assms
by (metis (no-types, lifting) ECC.pr0-in-hom’ ECC .pr-simps(2)
comp-in-homlI eval-in-hompc p o prod-eq-tensor tensor-preserves-ide)
ultimately show ?thesis
using assms comp-Curry-arr by simp
qed
also have ... = Currylezp z a ® exp z b, x, b
(pO[a> b} ’
Uncurry[z, a ® b]
(Currylezp x a ® ezp z b, z, a ® b] (?4, ?B)))
using comp-assoc by simp

also have ... = Curry (exp x a ® exp b)) z b (pola, b] - (?4, ?B))
using assms AB Uncurry-Curry ide-exp tensor-preserves-ide by simp
also have ... = Currylexp z a ® exp z b, z, b]

(eval z b -

(polexp z a, exp z b] - pilexp x a ® exp z b, x],
polexp z a ® exp x b, x]))
using assms A B by fastforce
also have ... = Currylezp z a ® exp z b, x, b
(eval z b - (polexp z a, exp z b ® z) -
(p1[ezp z a ® exp z b, z],
polexp 2 a ® exp x b, x]))
proof —
have seq polexp z a, exp x b] p1lezp z a ® exp x b, 1]
using assms by auto
thus ?thesis
using assms 2 38 prod-eq-tensor comp-ide-arr ECC.prod-tuple

by metis
qged
also have ... = Curry (ezp z a ® exp z b) z b
(Uncurry[z, b] polezp = a, exp x b])
proof —

have (polexp z a, exp 2 b ® x) -
(p1lexp z a ® exp x b, x], polezp z a ® exp x b, z]) =
polexp = a, exp b ®@ x
using assms comp-arr-ide ECC.tuple-pr by auto

thus ?thesis by simp
qed
also have ... = polexp z a, exp x b

using assms Curry-Uncurry by simp
finally show ¢thesis by blast
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qed
ultimately show ¢thesis by simp
qed
also have ... = ezpra @ exp x b
using assms ECC.tuple-pr by simp
finally have (?C, ?D) - Currylezp z a ® exp z b, z, a @ b] (?A, ?B) =
expra®expxb
by blast
thus ?thesis
using assms tensor-preserves-ide by simp
ged
qed
thus isomorphic (exp z (a ® b)) (exp z a ® exp z b)
unfolding isomorphic-def
using CD by blast
qed

end

end
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Chapter 2

Enriched Categories

The notion of an enriched category [1] generalizes the concept of category
by replacing the hom-sets of an ordinary category by objects of an arbitrary
monoidal category M. The choice, for each object a, of a distinguished ele-
ment id a : a — a as an identity, is replaced by an arrow Id a : Z — Hom
a a of M. The composition operation is similarly replaced by a family of
arrows Comp a b ¢ : Hom B C ® Hom A B — Hom A C of M. The identity
and composition are required to satisfy unit and associativity laws which

are expressed as commutative diagrams in M.

theory EnrichedCategory
imports ClosedMonoidalCategory
begin

context monoidal-category
begin

abbreviation ¢/ (171)
where ' = inv ¢

end

context elementary-symmetric-monoidal-category
begin

lemma sym-unit:
shows ¢ - s[Z, 7] =«
by (simp add: t-def unitor-coherence unitor-coincidence(2))

lemma sym-inv-unit:
shows s[Z, Z] - inv ¢ = inv ¢
using sym-unit
by (metis MC.unit-is-iso arr-inv cod-inv comp-arr-dom comp-cod-arr
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iso-cancel-left iso-is-arr)

end

2.1 Basic Definitions

locale enriched-category =
monoidal-category +
fixes Obj :: ‘o set
and Hom :: o = ‘o = 'a
and Id :: 'o = a
and Comp :: 'o = o= o= 'a
assumes ide-Hom [intro, simp]: [a € Obj; b € Obj] = ide (Hom a b)
and Id-in-hom [intro]: a € Obj = «Id a : T — Hom a a»
and Comp-in-hom [intro]: [a € Obj; b € Obj; ¢ € Obj] =
«Comp a bc: Hombc® Homab — Hom a c»
and Comp-Hom-1d: [a € Obj; b € Obj] =
Comp a ab - (Hom a b ® Id a) = r[Hom a b
and Comp-Id-Hom: [a € Obj; b € Obj] =
Comp abb- (Idb® Hom a b) = 1[Hom a b
and Comp-assoc: [a € Obj; b € Obj; ¢ € Obj; d € Obj] =
Comp abd - (Compbcd® Hom ab) =
Comp acd-(Homcd® Compabc)-
a|Hom ¢ d, Hom b ¢, Hom a b]

A functor from an enriched category A to an enriched category B consists
of an object map F, : Objs — Objp and a map F, that assigns to each
pair of objects a b in Objs an arrow Fy a b : Homg a b — Homp (F, a)
(F, b) of the underlying monoidal category, subject to equations expressing
that identities and composition are preserved.

locale enriched-functor =
monoidal-category C' T a v +
A: enriched-category C T « v Obja Homy Idy Compy +
B: enriched-category C'T o v Objg Homp Idg Compp
for C :: 'm = 'm = 'm (infixr » 59)
and T :: 'm x 'm = 'm
and o :: 'm X 'm x 'm = 'm
and ¢ :: 'm
and Obja :: 'a set
and Homu :: 'a = 'a = 'm
and Idy :: 'a = 'm
and Compy :: 'a = 'a = 'a = 'm
and Objp :: 'b set
and Homp :: 'b = b= 'm
and Idg :: 'b = 'm
and Compg :: 'b = b= b= 'm
and F, :: 'a = 'b
and F, :: 'a = 'a = 'm +
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assumes extensionality: a ¢ Obja V b ¢ Obja = F, a b = null
assumes preserves-Obj [intro]: a € Obja = F, a € Objp
and preserves-Hom: [a € Obja; b € Obja] =
«Fq, ab: Homy ab— Homp (F, a) (F, b)»
and preserves-1d: a € Obja = F, a a - Idy a = Idg (F, a)
and preserves-Comp: [a € Obja; b € Obja; ¢ € Obja] =
Compp (Fo a) (Fo b) (Foc)- T (Fgbe, Fgab)=
Foac - Compagabdec

locale fully-faithful-enriched-functor =
enriched-functor +
assumes locally-iso: [a € Obja; b € Obja] = iso (Fy a b)

A natural transformation from an an enriched functor F = (F,, F,)
to an enriched functor G = (G,, G,) consists of a map 7 that assigns to
each object a € Obja a “component at ¢”, which is an arrow 7 a : Z —
Homp (F, a) (G, a), subject to an equation that expresses the naturality
condition.

locale enriched-natural-transformation =

monoidal-category C T a v +

A: enriched-category C T ot Objs Homa Idg Compa +

B: enriched-category C' T o v Objg Homp Idg Compp +

F: enriched-functor C T « ¢

Obja Homy Idy Comps Objg Homp Idg Compp F, F, +
G: enriched-functor C' T a 1
Obja Homa Idy Compys Objg Hompg Idg Compp G, G,
for C :: 'm = 'm = 'm (infixr » 55)
and T :: 'm x 'm = 'm
and o :: 'm X 'm X 'm = 'm
and ¢ :: 'm
and Obja :: 'a set
and Homy : 'a = 'a = 'm
and Idy :: 'a = 'm
and Compy :: 'a = 'a = 'a = 'm
and Objp :: b set
and Homp :: 'b = 'b = 'm
and Idg :: 'b = 'm
and Compg :: 'b= b= b= 'm
and F, :: '‘a = 'b
and F, :: 'a = 'a = 'm
and G, :: 'a = b
and G, :: ‘a = 'a = 'm
and 7 :: 'a = 'm +
assumes extensionality: a ¢ Obja = 7 a = null
and component-in-hom [intro]: a € Obja = «7 a : T — Homp (F, a) (G, a)»
and naturality: [a € Obja; b € Obja] =
Compp (Fy a) (F, b) (Go b) - (T b® Fy ab) 171 [Homa ab] =
Compp (Fy a) (Gy a) (Go b) - (Gy ab® 7 a) - v~ [Homa a b
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2.1.1 Self-Enrichment

context elementary-closed-monoidal-category
begin

Every closed monoidal category M admits a structure of enriched cate-
gory, where the exponentials in M itself serve as the “hom-objects” (cf. [1]
Section 1.6). Essentially all the work in proving this theorem has already
been done in EnrichedCategoryBasics. ClosedMonoidalCategory.

interpretation closed-monoidal-category
using is-closed-monoidal-category by blast

interpretation EC: enriched-category C' T « v «Collect idey exp Id Comp
using Id-in-hom Comp-in-hom Comp-unit-right Comp-unit-left Comp-assocgcarc(2)
by unfold-locales auto

theorem is-enriched-in-itself:
shows enriched-category C' T « ¢ (Collect ide) exp Id Comp

The following mappings define a bijection between hom a b and hom T
(exp a b). These have functorial properties which are encountered repeat-
edly.

definition UP (-1 [100] 100)
where tT = if arr t then Curry[Z, dom t, cod t] (t - 1[dom t]) else null

definition DN
where DN a bt = if arr t then Uncurry[a, b] t - 171[a] else null

abbreviation DN’ (-‘[-, -] [100] 99)
where t‘[a, b)) = DN a b t

lemma UP-DN:
shows [intro|: arr t = «t' : T — exp (dom t) (cod t)»
and [intro|: [ide a; ide b; «t : T — exp a by] = «t*[a, b]: a — by
and [simp]: arr t = (tT)¥[dom t, cod t] = ¢
and [simp]: [ide a; ide b; «t : T — exp a by] = (t*[a, b]))T = ¢
using UP-def DN-def Uncurry-Curry Curry-Uncurry [of T a b t]
comp-assoc comp-arr-dom
by auto

lemma UP-simps [simp]:

assumes arr t

shows arr (t7) and dom (1) = Z and cod (") = exp (dom t) (cod t)
using assms UP-DN by auto

lemma DN-simps [simp]:

assumes ide a and ide b and arrt and domt =7 and cod t = exp a b
shows arr (t*[a, b]) and dom (t*[a, b]) = a and cod (t[a, b]) = b
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using assms UP-DN DN-def by auto

lemma UP-ide:
assumes ide a
shows a! = Id a
using assms Id-def comp-cod-arr UP-def by auto

lemma DN-Id:
assumes ide a
shows (Id a)*[a, a] = a
using assms Uncurry-Curry lunit-in-hom Id-def DN-def by auto

lemma UP-comp:
assumes seq t u
shows (¢ - u)t = Comp (dom u) (cod u) (cod t) - (tT @ ul) - 171
proof —
have Comp (dom u) (cod u) (cod t) - (T @ ul) - 71 =
(Currylexp (cod u) (cod t) @ exp (dom u) (cod u), dom u, cod t]
(eval (cod u) (cod t) -
(exp (cod u) (cod t) ® eval (dom u) (cod u)) -
alezp (cod u) (cod t), exp (dom u) (cod u), dom u]) -
(t" @ wl)) -7t
unfolding Comp-def
using assms comp-assoc by simp
also have ... =
(Curry|Z ® Z, dom u, cod t]
((eval (cod u) (cod t) -
(exp (cod u) (cod t) @ eval (dom u) (cod u)) -
alezp (cod u) (cod t), exp (dom u) (cod u), dom u]) -
(t" @ uh) @ dom u))) - =1
using assms
comp-Clurry-arr
[of dom u tT @ u'
Z ® T exp (cod u) (cod t) ® exp (dom u) (cod u)
eval (cod u) (cod t) -
(exp (cod u) (cod t) ® eval (dom wu) (cod u)) -
alezp (cod u) (cod t), exp (dom u) (cod u), dom u]
cod t]
by fastforce
also have ... =
Curry|Z @ Z, dom u, cod t]
(eval (cod u) (cod t) -
((exp (cod u) (cod t) @ eval (dom w) (cod u)) -
(t" ® u' ® dom w)) - alZ, Z, dom u]) - 171
using assms assoc-naturality [of t7 u' dom u] comp-assoc by auto
also have ... =
Curry[Z @ I, dom u, cod t]
(eval (cod u) (cod t) -
(exp (cod u) (cod t) - tT ® Uncurry[dom u, cod u] (ul)) -
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alZ, I, dom u]) - 1= 1
using assms comp-cod-arr UP-DN interchange by auto
also have ... =
Curry[Z ® I, dom u, cod t]
(eval (cod u) (cod t) -
(exp (cod u) (cod t) - tT @ u - 1[dom u]) -
alZ, I, dom u]) - 11
using assms Uncurry-Curry UP-def by auto
also have ... =
Curry[Z @ Z, dom u, cod t]
(eval (cod u) (cod t) -
(t" ® u - [ dom u]) - a[Z, Z, dom u]) - 171
using assms comp-cod-arr by auto
also have ... =
Curry[Z ® I, dom u, cod t]
(eval (cod u) (cod t) -
(t" @ cod u) - (T ® u - l[dom u])) -
alZ, Z, dom u)) - 11
using assms comp-arr-dom [of t' Z] comp-cod-arr [of u - 1[dom u] cod u]
interchange [of t' T cod u u - 1[dom u]]
by auto
also have ... =
Curry[Z, dom u, cod t]
((eval (cod u) (cod t) -
(t" ® cod u) - (T @ u - l[dom u])) -
alZ, Z, dom u]) - (= ® dom u))
proof —
have «.™' : 7 - T @ I»
using inv-in-hom unit-is-iso by blast
thus ?thesis
using assms comp-Curry-arr by fastforce
qed
also have ... =
Curry[Z, dom u, cod t]
((Uncurry[cod u, cod t] (t1)) - (Z @ u - 1[dom u]) -
alZ, Z, dom u] - (171 @ dom u))
using comp-assoc by simp
also have ... = Curry[Z, dom u, cod t] (Uncurry[cod u, cod t] (t7) - (T ® u))
proof —
have (Z ® u - 1[dom u]) - a[Z, Z, dom u] - (171 @ dom u) =
(Z @ u) - (T @ 1[dom u])) - a[Z, Z, dom u] - (¢~ ® dom u)
using assms by auto

also have ... = (Z ® u) - (Z ® l[dom u]) - a[Z, Z, dom u] - (¢~ ® dom u)
using comp-assoc by simp

also have ... = (Z ® u) - (T ® l[dom u]) - (Z ® 17 [dom u])

proof —

have a[Z, Z, dom u] - (17! @ dom u) = Z ® 17 [dom u]
proof —
have a[Z, Z, dom u] - (7' ® dom u) =
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inv (1 ® dom u) - a=t[Z, Z, dom u))

using assms inv-inv inv-comp [of a~Y[Z, I, dom u] ¢+ @ dom u]
inv-tensor [of ¢ dom ul

by (metis ide-dom ide-is-iso ide-unity inv-ide iso-assoc is0-inv-iso
iso-is-arr lunit-char(2) seqE tensor-preserves-iso triangle
unit-is-iso unitor-coincidence(2))

also have ... = inv (Z ® l[dom u])
using assms lunit-char [of dom u] by auto
also have ... = Z ® 17 [dom ]

using assms inv-tensor by auto
finally show ?thesis by blast

qed
thus ?thesis by simp
qed
also have ... = (Z ® u) - (Z ® dom u)

using assms
by (metis comp-ide-self comp-lunit-lunit’(1) dom-comp ideD(1)
ide-dom ide-unity interchange)
also have ... =7 ® u

using assms by blast
finally have (Z ® u - l[dom u]) - a[Z, Z, dom u] - (17! @ dom u) =T @ u

by blast
thus ?thesis by argo
qed
also have ... = Curry[Z, dom u, cod t] ((t - l[cod u]) - (Z ® u))
using assms Uncurry-Curry UP-def by auto
also have ... = Curry[Z, dom u, cod t] (¢t - w - 1[dom u])
using assms comp-assoc lunit-naturality by auto
also have ... = (¢ - u)?

using assms comp-assoc UP-def by simp
finally show ?thesis by simp
qed

end

2.2 Underlying Category, Functor, and Natural Trans-
formation

2.2.1 Underlying Category

The underlying category (cf. [1] Section 1.3) of an enriched category has as
its arrows from a to b the arrows Z — Hom a b of M (i.e. the points of Hom
a b). The identity at a is Id a. The composition of arrows f and g is given
by the formula: Comp a b c - (g ® f) - 11
locale underlying-category =
M: monoidal-category +
A: enriched-category
begin
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sublocale concrete-category Obj <Aa b. M.hom T (Hom a b)» <Id»
Aebagf Compabe-(g®f) - 1™hH
proof
show Aa. a € Obj = Id a € M.hom T (Hom a a)
using A.Id-in-hom by blast
show 1: Aabecfyg.
[a € Obj; b € Obj; ¢ € Obj;
f € M.hom Z (Hom a b); g € M.hom I (Hom b c)]
= Compabec-(g®f) 1=t € M.hom I (Hom a c)
using A.Comp-in-hom M .inv-in-hom M .unit-is-iso M .comp-in-homlI
M .unit-in-hom
apply auto[!]
apply (intro M.comp-in-homI)
by auto
show Aa b f. [a € Obj; b € Obj; f € M.hom T (Hom a b)]
= Compaab - (f®lIda) -7t =Ff
proof —
fixabdf
assume a: ¢ € Obj and b: b € Obj and f: f € M.hom Z (Hom a b)
show Compaab: - (f®Ida) - 17t =f
proof —
have Compaab - (f @ Ida) -1 = (Compaab-(f®Ida)) -1
using M.comp-assoc by simp
also have ... = (Comp aab- (Homab® Ida) - (f @ I)) -1~}
using a f M.comp-arr-dom M .comp-cod-arr A.Id-in-hom
M .in-homE M .interchange mem-Collect-eq

by metis
also have ... = (r[Hom a b] - (f ® I)) - 1!

using a b f A.Comp-Hom-Id M.comp-assoc by metis
also have ... = (f - r[Z]) - ¢« !

using f M.runit-naturality by fastforce
also have ... = f - ¢ - 17!

by (simp add: M.unitor-coincidence(2) M.comp-assoc)
also have ... = f

using f M.comp-arr-dom M.comp-arr-inv’ M.unit-is-iso by auto
finally show Comp aab- (f ® Id a) - 1=! = f by blast
qed
qed
show Aa b f. [a € Obj; b € Obj; f € M.hom T (Hom a b)]
= Compabb-(Idb®@f) -1t =Ff
proof —
fixabf
assume a: ¢ € Obj and b: b € Obj and f: f € M.hom Z (Hom a b)
show Compabb - (Idb® f) - 17t =f
proof —
have Comp abb - (Idb® f) - 1= = (Compabb-(Idb® f)) =}
using M.comp-assoc by simp
also have ... = (Comp a bb- (Idb® Homab) - (Z® f)) -1}
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using a b f M.comp-arr-dom M.comp-cod-arr A.Id-in-hom
M .in-homE M .interchange mem-Collect-eq

by metis
also have ... = ([Hom a b] - (Z ® f)) - ¢+ !

using a b A.Comp-Id-Hom M .comp-assoc by metis
also have ... = (f - 1[Z]) - ¢+ !

using a b f M.lunit-naturality [of f] by auto
also have ... = f - ¢ - !

by (simp add: M.unitor-coincidence(1) M.comp-assoc)
also have ... = f

using M.comp-arr-dom M.comp-arr-inv’ M .unit-is-iso f by auto
finally show Comp a bb - (Idb ® f) - 1=! = f by blast
qged
qed
show Aabcdfgh.
[a € Obj; b € Obj; ¢ € Obj; d € Obj;
f € M.hom T (Hom a b); g € M.hom Z (Hom b c);
h € M.hom I (Hom ¢ d)]
= Compacd-(h®@ Compabc-(g®f) -1 17t =
Compabd-(Compbed-(h®g) tt®f) 1
proof —
fixabcecdfgh
assume a: a € Obj and b: b € Obj and c¢: ¢ € Obj and d: d € Obj
assume f: f € M.hom Z (Hom a b) and ¢: g € M.hom I (Hom b ¢)
and h: h € M.hom I (Hom ¢ d)
have Comp acd-(h® Compabe (g f) -1 171 =
Compacd -
(Hom cd @ Compabc) - (h® (g f) 1) -7t
using a b ¢ d f g h 1 M.interchange A.ide-Hom M .comp-ide-arr M .comp-cod-arr
M .in-homE mem-Collect-eq

by metis
also have ... = Comp a c d -
((Hom ¢ d ® Comp a b c) -
(a[Hom ¢ d, Hom b ¢, Hom a b] -
a~Y[Hom ¢ d, Hom b ¢, Hom a b))) -
(h@(g®f) o)t
proof —

have (Hom ¢ d ® Comp a b ¢) -
(a[Hom ¢ d, Hom b ¢, Hom a b] -
a~'[Hom ¢ d, Hom b ¢, Hom a b)) =
Hom c¢cd ® Comp abc
using a b ¢ d
by (metis A.Comp-in-hom A.ide-Hom M.comp-arr-ide
M .comp-assoc-assoc’(1) M.ide-in-hom M .interchange M .seql’
M .tensor-preserves-ide)
thus ?thesis
using M.comp-assoc by force
qged
also have ... = (Comp a ¢ d - (Hom ¢ d ® Comp a b c) -
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a[Hom ¢ d, Hom b ¢, Hom a b)) -
(a=Y[Hom ¢ d, Hom b ¢, Hom a b] -
(he (e ) )
t
using M.comp-assoc by auto
also have ... = (Comp a b d - (Comp b ¢ d @ Hom a b)) -
(a=Y[Hom ¢ d, Hom b ¢, Hom a b - (h® (g @ f) - ¢~ 1)) - 17!
using a b ¢ d A.Comp-assoc by auto
also have ... = (Comp a b d - (Comp b ¢ d ® Hom a b)) -
(a=t[Hom ¢ d, Hom b ¢, Hom a b] - (h @ (g ® f))) -

(Z®. 1Y)t
proof —
have h @ (¢ @ f) -t 1= (gef) T
proof —

have M.seq h T
using h by auto
moreover have M.seq (g @ f) ™!
using f g M.inv-in-hom M .unit-is-iso by blast
ultimately show ?thesis
using a b ¢ d f g h M .interchange M.comp-arr-ide M .ide-unity by metis
qed
thus ?thesis
using M.comp-assoc by simp
qed
also have ... = (Comp a b d - (Comp b ¢ d ® Hom a b)) -
(hog@f) a ' [I,T,I]- (ZT® ') ot
using f g h M.assoc’-naturality
by (metis M.comp-assoc M.in-homE mem-Collect-eq)
also have ... = (Comp a b d - (Comp b ¢ d ® Hom a b)) -
((hog@f) (P eD). !
proof —
have a=YZ,Z,7] - T @ 1) - vt =("t®@I) 7!
using M .unitor-coincidence
by (metis (full-types) M.L.preserves-inv M.L.preserves-iso
M .R.preserves-inv M.arrl M.arr-tensor M .comp-assoc M .ideD(1)
M .ide-unity M .inv-comp M .iso-assoc M .unit-in-hom-azx
M .unit-is-iso M.unit-triangle(1))
thus ?thesis
using M.comp-assoc by simp

qed
also have ... = Comp a b d -
((Compbcd® Hmab) (h®g) - t"t®f) 7t
proof —
have (h®@ ¢) @ f) - (' ®@I)=(h®@g) - '@ f
proof —

have M.seq (h @ g) ¢!

using g h M.inv-in-hom M .unit-is-iso by blast
moreover have M.seq f T

using M .ide-in-hom M .ide-unity f by blast
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ultimately show ¢thesis
using f g h M.interchange M.comp-arr-ide M .ide-unity by metis
qed
thus ?thesis
using M.comp-assoc by auto
qged
also have ... = Compabd- (Compbed- - (h®g) 171 ®@f) 7!
using b ¢ d f g h 1 M.in-homE mem-Collect-eq M .comp-cod-arr
M .interchange A.ide-Hom M .comp-ide-arr
by metis
finally show Compacd-(h® Compabec-(g®f) -1t 17t =
Compabd-(Compbcd-(h®g) -t f) 1
by blast
qed
qed

abbreviation comp (infixr g 55)
where comp = COMP

lemma hom-char:
assumes a € Obj and b € Obj
shows hom (Mklde a) (MkIde b) = MkArr a b * M.hom T (Hom a b)
proof
show hom (Mklde a) (MkIde b) C MkArr a b * M.hom Z (Hom a b)
proof
fix t
assume t: t € hom (Mklde a) (MkIde b)
have t = MkArr a b (Map t)
using t MkArr-Map dom-char cod-char by fastforce
moreover have Map t € M.hom Z (Hom a b)
using ¢ arr-char dom-char cod-char by fastforce
ultimately show ¢t € MkArr a b * M.hom T (Hom a b) by simp
qed
show MkArr a b * M.hom Z (Hom a b) C hom (Mklde a) (MkIde b)
using assms MkArr-in-hom by blast
qed

end

2.2.2 Underlying Functor

The underlying functor of an enriched functor F' : A — B takes an arrow
«f : a — a'» of the underlying category Ag (i.e. an arrow «Z — Hom a a'»
of M) to the arrow «Fy aa’- f: F, a — F, a’» of By (i.e. the arrow «F,
aa"-f:Z — Hom (F, a) (F, a")» of M).

locale underlying-functor =

enriched-functor
begin
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sublocale Ag: underlying-category C T o v Obja Homa Idgy Compa ..
sublocale By: underlying-category C T « v Objg Homp Idg Compp ..

notation Ag.comp (infixr -49 55)
notation By.comp (infixr ‘5o 55)

definition mapg
where mapg f = (if Ag.arr f
then Bo.MkArr (F, (Ag.Dom f)) (F, (Ao.Cod f))
(Fa (AQ.DOTTL f) (A()COd f) . AO.Map f)
else By.null)

sublocale functor Ay.comp Bgy.comp mapg
proof
fix f
show — Ag.arr f = mapy f = Bg.null
using mapg-def by simp
show 1: A\f. Ag.arr f = Bg.arr (mapo f)
proof —
fix f
assume f: Ag.arr f
have By.arr (Bo.MkArr (F, (Ag.Dom f)) (F, (Ag.Cod f))
(Fa (Ao.Dom f) (Ag.Cod f) - Ag.Map f))
using f preserves-Hom Ag.Dom-in-0bj Agy.Cod-in-Obj Ag.arrE
by (metis (mono-tags, lifting) Bg.arr-MkArr comp-in-homl
mem-Collect-eq preserves-0bj)
thus By.arr (mapo f)
using f mapg-def by simp
qed
show Ag.arr f = Bg.dom (mapo f) = mapy (Ag.dom f)
using 1 Ag.dom-char By.dom-char preserves-1d Ag.arr-dom-iff-arr
mapg-def Ag.Dom-in-Obj
by auto
show Ag.arr f = By.cod (mapo f) = mapgy (Ao.cod f)
using 1 Ag.cod-char Bgy.cod-char preserves-1d Ag.arr-cod-iff-arr
mapg-def Ag.Cod-in-0bj
by auto
fix ¢
assume fg: Ag.seq g f
show mapo (9 -a0 f) = mapo g -Bo mapo f
proof —
have Bo.MkArr (Fo (Ag.Dom (g -a0 f))) (Fo (Bo.Cod (g -a0 [)))
(Fa (Ao-Dom (g -a0 f))
(Bo.Cod (g -a0 f)) - Bo-Map (g a0 f)) =
Bo.MkArr (F, (Ag.Dom g)) (F, (Bo.Cod g))
(Fla (Ao.-Dom g) (Bo.Cod g) - Bo.Map g) “Bo
Bo.MkArr (F, (Ao.Dom f)) (F, (Bo.Cod f))
(Fa (Ao.DO’ITL f) (B()COd f) . BO.Map f)
proof —
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have 2: By.arr (Bo.MkArr (F, (Ag.Dom f)) (F, (Ao.Dom g))
(Fa (Ao.Dom f) (Ag.Cod f) - Ag.Map f))
using fg 1 Ag.seq-char mapg-def by auto
have 3: By.arr (Bo.MkArr (F, (Ag.Dom g)) (Fo (Ao.Cod g))
(Fa (Ao-Dom g) (Ao.Cod g) - Ag.-Map g))
using fg 1 Ag.seq-char mapgy-def by metis
have By.MkArr (F, (Ag.Dom g)) (F, (Bo.Cod g))
(Fa (Ag-Dom g) (Bo.Cod g) - Bo.Map g) ‘Bo
Bo.MkArr (F, (Ag.Dom f)) (F, (Bo.Cod f))
(Fa (AQ.DOTTL f) (B()COd f) . BO.Map f) =
Bo.MEArr (F, (Ag.Dom f)) (F, (Ag.Cod g))
(Compp (F, (Ag.-Dom f)) (F, (Ag.-Dom g)) (F, (Ao.Cod g)) -
(Fo (Ag.-Dom g) (Ag.Cod g) - Ag.-Map g ®
Fo (Ag.Dom f) (Ag.Cod f) - Ag.Map f) -
!
using fg 2 8 Ag.seq-char By.comp-MkArr by simp
moreover
have Compp (F, (Ag.Dom f)) (Fo (Ag.Dom g)) (F, (Ap.Cod g)) -
(Fo (Ag-Dom g) (Ap.Cod g) - Ag.Map g ®
Fo (Ag.Dom f) (Ag.Cod f) - Ag-Map f) - 171 =
Fo (Ag-Dom (g -a0 f)) (Bo.Cod (g -a0 f)) - Bo-Map (g - a0 [)
proof —
have Compp (F, (Ao.Dom f)) (Fo (Ag.Dom g)) (F, (Ap.Cod g)) -
(Fo (Ag-Dom g) (Ag.Cod g) - Ag.-Map g ®
Fo (Ag.Dom f) (Ag.Cod f) - Ag.Map f) - 1=+ =
Compgp (F, (Ag.Dom f)) (F, (Ag.Dom g)) (F, (Ag.Cod g)) -
((Fy (Ag.Dom g) (Ag.Cod g) @ F, (Ag.Dom f) (Ag.Cod f)) -
(Ag.Map g ® Ag.Map f)) - 11
using fg preserves-Hom
interchange [of F, (Ag.Dom g) (Ag.Cod g) Ag.Map ¢
Fa (AODom f) (AoCOd f) AOMap f]
by (metis Ag.arrE Ag.seqE seql’ mem-Collect-eq)
also have ... =
(Compp (F, (Ag.Dom f)) (Fo (Ag.-Dom g)) (F, (Ap.Cod g)) -
(Fo (Ag.Dom g) (Ap.Cod g) ® Fy (Ag.Dom f) (Ao.Cod f))) -
(Ag-Map g ® Ag.Map f) - 11
using comp-assoc by auto
also have ... = (F, (Ag.Dom f) (By.Cod g) -
Compa (Aog.Dom f) (Ag.Dom g) (By.Cod g)) -
(Ag-Map g ® Ag.Map f) - 1!
using fg Ag.seq-char preserves-Comp Ag.Dom-in-Obj Ag.Cod-in-Obj
by auto
also have ... = F, (Ag.Dom (g -a0 [)) (Bo-Cod (g -a0 f))
Compa (Aog.Dom f) (Ag.Dom g) (By.Cod g) -
(Ag.-Map g ® Ag.Map f) - 11
using fg comp-assoc Ag.seq-char by simp
also have ... = F\, (Ag.Dom (g -a0 f)) (Bo.Cod (g -a0 f)) -
Bo.Map (g a0 f)
using Ag.Map-comp Ag.seq-char fg by presburger
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finally show ?thesis by blast
qed
ultimately show #thesis
using Agy.seq-char fg by auto
qged
thus ?thesis
using fg mapg-def Bgy.comp-MEkArr by auto
qed
qed

proposition is-functor:
shows functor Ag.comp By.comp mapg

end

2.2.3 Underlying Natural Transformation

The natural transformation underlying an enriched natural transformation
7 has components that are essentially those of 7, except that we have to
bother ourselves about coercions between types.

locale underlying-natural-transformation =
enriched-natural-transformation
begin

sublocale Ay: underlying-category C T « v Obja Homy Idy Compy ..
sublocale By: underlying-category C T « v Objg Homp Idg Compp ..
sublocale Fy: underlying-functor C T « ¢

Obja Homa Iday Compys Objg Homp Idg Compp F, F, ..
sublocale G: underlying-functor C T « ¢

Obja Homy Idy Comps Objp Homp Idg Compp G, G, ..

definition map,;
where mapoy; a =
Bo.MkArr (Bo.Dom (Fo.mapy a)) (Bo.Dom (Go.mapo a))
(1 (Ag.Dom a))

sublocale 7: NaturalTransformation.transformation-by-components
Ag.comp Bg.comp Fo.mapy Go.mapo mapon;
proof
show Aa. Ag.ide a = By.in-hom (mapop; a) (Fo.mapy a) (Go.mapy a)
unfolding map,y;-def
using Ag.Dom-in-0bj By.ide-charcc Fo.mapg-def Go.mapg-def
Fqg.preserves-ide Gy.preserves-ide component-in-hom
by auto
show Af. Ag.arr f =
mapoy; (Ao-cod f) -po Fo.mapo f =
Go-mapo f o mapop; (Ao-dom f)
proof —
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fix f
assume f: Ag.arr f
show mapoy; (Ao.cod f) -go Fo.mapo f =
Go.mapo f -Bo mapoyj (Ag.dom f)
proof (intro By.arr-eql)
show 1: By.seq (mapop; (Ao.cod f)) (Fo.mapo f)
using Ag.ide-cod
<N\a. Ag.ide a =
By.in-hom (mapep; a) (Fo.mapy a) (Go.mapgy a)> f
by blast
show 2: By.seq (Go.mapo f) (mapop; (Ao.dom f))
using Ag.ide-dom
<N\a. Ag.ide a =
By.in-hom (mapop; @) (Fo.mapy a) (Go.mapy a)> f
by blast
show By.Dom (mapoy; (Ao.cod f) -po Fo.mapo f) =
Bo.Dom (Go.mapg f -5o mapey; (Ao.dom f))
using f 1 2 By.comp-char [of mapoy; (Ao.cod f) Fo.mapy f]
By.comp-char [of Go.mapy f mapop; (Ag.dom f)]
Fo.mapo-def Go.mapo-def mapoy;-def
by simp
show By.Cod (mapey; (Ao.cod f) -go Fo.mapo f) =
By.Cod (Go.mapo f -Bo mapos; (Ag.dom f))
using f 1 2 By.comp-char [of mapoy; (Ao.cod f) Fo.mapg f]
By.comp-char [of Go.mapy f mapop; (Ag.dom f)]
Fo.mapo-def Go.mapo-def mapoy;-def
by simp
show By.Map (mapoy; (Ao.cod f) -po Fo.mapy f) =
Bo.Map (Go.mapo f o mapep; (Ao-dom f))
proof —

have Compgp (F, (Ag.Dom f)) (F, (Ag.Cod f)) (G, (Ag.Cod f)) -

(1 (Ap.Cod f) @ Fq (Ag.Dom f) (Ag.Cod f) - Ag.Map f) - 1= 1
Compp (Fo (Ao-Dom f)) (Go (Ag-Dom f)) (Go (Ao.Cod f)) -
(Ga (Ag.Dom f) (Ag.Cod f) - Ag.-Map f @ 7 (Ag.Dom f)) - 11

proof —

have Compp (F, (Ag.Dom f)) (F, (Ap.Cod f))
(1 (Ag.Cod f) @ Fo (Ag.Dom f) (Ag.Cod JE)

(
Ag.-Map f) - =1
Compp (Fo (Ao-Dom f)) (Fo (Ao.Cod f)) (G

Gy (Ag.Cod f))
o (AOCOd .f)) ’

((r (xil(i.COdf) ® Fq (Ag.Dom f) (Ag.Cod f)) - (T @ Ag.Map f)) -

L
proof —
have 7 (A¢.Cod f) ® F, (Ag.Dom f) (Ag.Cod f) - Ag-Map f =

(1 (Ag.Cod f) @ Fy (Ag.Dom f) (Ag.Cod f)) - (Z @ Ag.Map f)

proof —
have seq (7 (4p.Cod f)) T
using f seql component-in-hom
by (metis (no-types, lifting) Ag.Cod-in-Obj ide-char
ide-unity in-homFE)
moreover have seq (F, (Ag.Dom f) (Bo.Cod f)) (Bo.Map f)
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using f Ag.Map-in-Hom Agy.Cod-in-Obj Ay.Dom-in-Obj
F.preserves-Hom in-homFE
by blast
ultimately show ?thesis
using f component-in-hom interchange comp-arr-dom by auto
qed
thus ?thesis by simp
qed
also have ... =
Compgp (F, (Ag.Dom [)) (F, (Ag.Cod f)) (G, (Ag.Cod f)) -
((1 (By.Cod f) ® Fq (Ag.Dom f) (By.Cod f)) -
(17Y[Hom (Ag.Dom f) (Bo.Cod f)] -
1[Homy (Ag.Dom f) (Bo.Cod f)]) -
(Z @ Bo.Map f)) - v 1
proof —
have (I7![Homa (Ag.Dom f) (By.Cod f)] -
1[Homa (Ag.Dom f) (Bo.Cod f)]) -
(T ® Bo.Map f) =
Z ® Bo.Map f
using f comp-lunit-lunit’(2)
by (metis (no-types, lifting) A.ide-Hom Ag.arrE comp-cod-arr
comp-ide-self ideD(1) ide-unity interchange in-homFE
mem-Collect-eq)
thus ?thesis by simp
qed
also have ... =
(Compp (Fo (Ag.Dom f)) (Fo (Bo.Cod f)) (G, (Bo.Cod f))
(1 (Bo.Cod f) @ Fo (Ag.Dom f) (By.Cod f)) -
1=Y[Hom 4 (Ag.Dom f) (By.Cod f)]) -
1[Homa (Ag.Dom f) (Bo.Cod f)] - (Z ® Bo.Map f) - 11
using comp-assoc by simp
also have ... =
Compp (Fo (Ao-Dom [)) (Go (Ag.Dom f)) (Go (Bo.Cod f)) -
(Gqo (Ag.-Dom f) (Bo.Cod f) @ 7 (Ag.Dom f)) -
v~ [Homa (Ag.Dom f) (By.Cod f)] -
(1{Homa (Ag.Dom f) (Bo.Cod f)] - (T ® Bo.Map f)) - 1!
using f Ag.Cod-in-0bj Ag.Dom-in-Obj naturality comp-assoc by simp
also have ... =
Compp (F, (Ag.-Dom f)) (G, (Ag-Dom f)) (G, (Bo.Cod f)) -
(Gq (Ao.-Dom f) (Bo.Cod f) @ T (Ag.Dom f)) -
r~[Homa (Ag.Dom f) (Bo.Cod f)] - (Bo.-Map f - 1[Z]) -+~ 1
using f lunit-naturality Ag. Map-in-Hom by force
also have ... =
Compp (F, (Ag.Dom f)) (G, (Ag-Dom f)) (G, (Bo.Cod f)) -
(Gq (Ag.-Dom f) (Bo.Cod f) @ 7 (Ag.Dom f)) -
v~ [Homa (Ag.Dom f) (Bo.Cod f)] - Bo.Map f
proof —
have ;- ™' =7
using comp-arr-inv’ unit-is-iso by blast
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moreover have «Bo.Map f : T — Homa (Ag.Dom f) (Bg.Cod f)»
using f Ag.Map-in-Hom by blast
ultimately show ?thesis
using f comp-arr-dom unitor-coincidence(1) comp-assoc by auto
qged
also have ... =
Compp (F, (Ag.-Dom f)) (G, (Ag-Dom f)) (G, (Bo.Cod f)) -
(G (Ao.-Dom f) (Bo.Cod f) @ 7 (Ag.Dom f)) -
(Bo.Map f ® I) - v~ }[Z]
using f runit’-naturality Ag. Map-in-Hom by force
also have ... =
Compp (F, (Ag.-Dom [)) (G, (Ag-Dom f)) (G, (Bo.Cod f)) -
((Ga (Ag.Dom ) (By.Cod f) @ T (Ag.Dom f)) -
(Bo.Map f @ I)) - v~ 1
using unitor-coincidence comp-assoc by simp
also have ... =
Compp (Fo (Ao-Dom [)) (Go (Ag.Dom f)) (Go (Bo.Cod f)) -
(Ga (Ag.Dom f) (Bo.Cod f) - Ag.-Map f @ T (Ag.Dom f)) - ¢+ 1
proof —
have seq (G, (Ag.Dom f) (Bo.Cod f)) (By.Map f)
using f Ag. Map-in-Hom Ag.Cod-in-Obj Ag. Dom-in-Obj G.preserves-Hom
by fast
moreover have seq (7 (Ag.Dom f)) T
using f seql component-in-hom
by (metis (no-types, lifting) Ag.Dom-in-Obj ide-char
ide-unity in-homk)
ultimately show #thesis
using f comp-arr-dom interchange by auto
qed
finally show ?thesis by simp
qed
thus ?thesis
using f 1 2 By.comp-char [of mapoy; (Ao.cod f) Fo.mapg f]
By.comp-char [of Go.mapy f mapop; (Ao.dom f)]
Fo.mapo-def Go.mapo-def mapobj'def
by simp
qged
qed
qed
qed

proposition is-natural-transformation:

shows natural-transformation Ag.comp Bg.comp Fo.mapy Go.mapg 7.map

end
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2.2.4 Self-Enriched Case

Here we show that a closed monoidal category C, regarded as a category
enriched in itself, it is isomorphic to its own underlying category. This
is useful, because it is somewhat less cumbersome to work directly in the
category C than in the higher-type version that results from the underlying
category construction. Kelly often regards these two categories as identical.

locale self-enriched-category =
elementary-closed-monoidal-category +
enriched-category C' T « v «Collect ide> exp Id Comp
begin

sublocale UC: underlying-category C' T « ¢ «Collect ide> exp Id Comp ..

abbreviation toUC

where toUC g = if arr g
then UC.MkArr (dom g) (cod g) (g)
else UC.null

lemma toUC-simps [simp]:
assumes arr f
shows UC.arr (toUC f)
and UC.dom (toUC f) = toUC (dom f)
and UC.cod (toUC f) = toUC (cod f)
using assms UC.arr-char UC.dom-char UC.cod-char UP-def
comp-cod-arr Id-def
by auto

lemma toUC-in-hom [intro]:

assumes arr f

shows UC.in-hom (toUC f) (UC.MkIde (dom f)) (UC.MkIde (cod f))
using assms toUC-simps by fastforce

sublocale toUC": functor C UC.comp toUC
using toUC-simps UP-comp UC.COMP-def
by unfold-locales auto

abbreviation frmUC

where frmUC g = if UC.arr g
then (UC.Map g)*[UC.Dom g, UC.Cod g]
else null

lemma frmUC-simps [simp]:
assumes UC.arr f
shows arr (frmUC f)
and dom (frmUC f) = frmUC (UC.dom f)
and cod (frmUC f) = frmUC (UC'.cod f)
using assms UC.arr-char UC.dom-char UC.cod-char Uncurry-Curry
Id-def lunit-in-hom DN-def
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by auto

lemma frmUC-in-hom [intro]:

assumes UC.in-hom fa b

shows «frmUC f : frmUC a — frmUC by
using assms frmUC-simps by blast

lemma DN-Map-comp:
assumes UC.seq g f
shows (UC.Map (UC.comp g f))*[UC.Dom f, UC.Cod g] =
(UC.Map g)*[UC.Dom g, UC.Cod g] -
(UC.Map f)*[UC.Dom f, UC.Cod f]
proof —
have (UC.Map (UC.comp g f))*[UC.Dom f, UC.Cod g] =
((UC.Map (UC.comp g f))*[UC.Dom f, UC.Cod g])*
HUC.Dom f, UC.Cod g]
using assms UC.arr-char UC.seq-char [of g f] by fastforce
also have ... = ((UC.Map g)*[UC.Dom g, UC.Cod g| -
(UC.Map f)*[UC.Dom f, UC.Cod f])*
HUC.Dom f, UC.Cod g]
proof —
have ((UC.Map (UC.comp g f))*[UC.Dom f, UC.Cod g))' =
UC.Map (UC.comp g f)
using assms UC.arr-char UC.seq-char [of g f] by fastforce
also have ... = Comp (UC.Dom f) (UC.Dom g) (UC.Cod g) -
(UC.Map g @ UC.Map f) - 11
using assms UC.Map-comp UC.seq-char by blast
also have ... = Comp (UC.Dom f) (UC.Dom g) (UC.Cod g) -
(((UC.Map g)*[UC.Dom g, UC.Cod g])T ®
((UC.Map f)*[UC.Dom f, UC.Cod f))T) - +=!
using assms UC.seq-char UC.arr-char by auto
also have ... = ((UC.Map ¢)*[UC.Dom g, UC.Cod g| -
(UC.Map f)¥Y[UC.Dom f, UC.Cod f])?
proof —
have dom ((UC.Map f)*[UC.Dom f, UC.Cod f]) = UC.Dom f
using assms DN-Id UC.Dom-in-0bj frmUC-simps(2) by auto
moreover have cod ((UC.Map f)*[UC.Dom f, UC.Cod f]) = UC.Cod f
using assms DN-Id UC.Cod-in-0bj frmUC-simps(3) by auto
moreover have seq ((UC.Map g)*[UC.Cod f, UC.Cod g])
((UC.Map f)*[UC.Dom f, UC.Cod f])
using assms frmUC-simps(1—38) UC.seq-char
apply (intro seql)
apply auto[3]
by metis+
ultimately show #thesis
using assms UP-comp UP-DN(2) UC.arr-char UC.seq-char
in-homFE seql
by auto
qged

66



finally show ?thesis by simp
qed
also have ... = (UC.Map ¢)*[UC.Dom g, UC.Cod g] -
(UC.Map f)¥Y[UC.Dom f, UC.Cod f]
proof —
have 2: seq ((UC.Map ¢)*[UC.Dom g, UC.Cod g])
((UC.Map f)*[UC.Dom f, UC.Cod f])
using assms frmUC-simps(1—38) UC.seq-char
apply (elim UC.seqE, intro seql)
apply auto[3]
by metis+
moreover have dom ((UC.Map g)*[UC.Dom g, UC.Cod g] -
(UC.Map f)*[UC.Dom f, UC.Cod f]) =
UC.Dom f
using assms 2 UC.Dom-comp UC.arr-char [of f] by auto
moreover have cod ((UC.Map ¢)*[UC.Dom g, UC.Cod g] -
(UC.Map f)Y[UC.Dom f, UC.Cod f]) =
UC.Cod g
using assms 2 UC.Cod-comp UC.arr-char [of g] by auto
ultimately show ?thesis
using assms
UP-DN(38) [of (UC.Map g)*[UC.Dom g, UC.Cod g] -
(UC.Map f)¥[UC.Dom f, UC.Cod f)]
by simp
qed
finally show ?thesis by blast
qed

sublocale frmUC: functor UC.comp C frmUC
proof
show A\f. = UC.arr f = frmUC [ = null
by simp
show Af. UC.arr f = arr (frmUC f)
using UC.arr-char frmUC-simps(1) by blast
show A\f. UC.arr f = dom (frmUC f) = frmUC (UC.dom f)
using frmUC-simps(2) by blast
show A\f. UC.arr f = cod (frmUC f) = frmUC (UC.cod f)
using frmUC-simps(3) by blast
fix fg
assume fg: UC.seq g f
show frmUC (UC.comp g f) = frmUC g - frmUC f
using fg UC.seq-char DN-Map-comp by auto
qed

sublocale inverse-functors UC.comp C toUC frmUC
proof
show frmUC o toUC = map
using is-extensional comp-arr-dom comp-assoc Uncurry-Curry by auto
interpret to-frm: composite-functor UC.comp C UC.comp frmUC toUC ..
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show toUC o frmUC = UC.map
proof
fix f
show (toUC o frmUC) f = UC.map f
proof (cases UC.arr f)
show — UC.arr f = %thesis
using UC.is-extensional by auto
assume f: UC.arr f
show ?thesis
proof (intro UC.arr-eql)
show UC.arr ((toUC o frmUC) f)
using f by blast
show UC.arr (UC.map f)
using f by blast
show UC.Dom ((toUC o frmUC) f) = UC.Dom (UC.map f)
using f UC.Dom-in-0bj frmUC .preserves-arr UC.arr-char [of f]
by auto
show UC.Cod (to-frm.map f) = UC.Cod (UC.map f)
using f UC.arr-char [of f] by auto
show UC.Map (to-frm.map f) = UC.Map (UC.map f)
using f UP-DN UC.arr-char [of f] by auto
qed
qged
qed
qed

lemma inverse-functors-toUC-frmUC"
shows inverse-functors UC.comp C toUC frmUC

corollary enriched-category-isomorphic-to-underlying-category:
shows isomorphic-categories UC.comp C

using inverse-functors-toUC-frmUC

by unfold-locales blast

end

2.3 Opposite of an Enriched Category

Construction of the opposite of an enriched category (cf. [1] (1.19)) requires
that the underlying monoidal category be symmetric, in order to introduce
the required “twist” in the definition of composition.

locale opposite-enriched-category =
symmetric-monoidal-category +
EC: enriched-category

begin

interpretation elementary-symmetric-monoidal-category
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C' tensor unity lunit runit assoc sym
using induces-elementary-symmetric-monoidal-categoryc o by blast

abbreviation (input) Hom,,
where Hom,, a b = Hom b a

abbreviation Comp,,
where Comp,, a b ¢ = Comp ¢ b a - s[Hom ¢ b, Hom b a]

sublocale enriched-category C T « v Obj Hom,p, Id Comp,p
proof
show *: Aa b. [a € Obj; b € Obj] = ide (Hom b a)
using FC.ide-Hom by blast
show Aa. a € Obj = «Id a : T — Hom a a»
using EC.Id-in-hom by blast
show *x: Aa b c. [a € Obj; b € Obj; ¢ € Obj] =
«Compop a b c: Hom c b ® Hom b a — Hom c a»
using sym-in-hom EC.ide-Hom EC.Comp-in-hom by auto
show Aa b. [a € Obj; b € Obj] =
Compop a a b - (Hom b a ® Id a) = r[Hom b a]
proof —
fix a b
assume a: a € Obj and b: b € Obj
have Compop a a b - (Homba ® Id a) =
Comp b a a - s[Hom b a, Hom a a] - (Hom b a ® Id a)
using comp-assoc by simp
also have ... = Comp b a a - (Id a ® Hom b a) - s|lHom b a, T
using a b sym-naturality [of Hom b a Id a] sym-in-hom
EC.Id-in-hom EC.ide-Hom
by fastforce
also have ... = (Comp b a a - (Id a ® Hom b a)) - s|[Hom b a, |
using comp-assoc by simp
also have ... = 1[Hom b a] - s[Hom b a, T]
using a b EC.Comp-Id-Hom by simp
also have ... = r[Hom b a]
using a b unitor-coherence EC.ide-Hom by presburger
finally show Comp,, a a b - (Hom b a ® Id a) = r[Hom b q]
by blast
qed
show Aa b. [a € Obj; b € Obj] =
Compep a bb - (Id b ®@ Hom b a) = 1[Hom b a]
proof —
fix a b
assume a: ¢ € Obj and b: b € Obj
have Compop a bb- (Id b ® Hom b a) =
Comp b b a - s[Hom b b, Hom b a] - (Id b ® Hom b a)
using comp-assoc by simp
also have ... = Comp b ba - (Homba ® Idb) - s[Z, Hom b a

69



using a b sym-naturality [of Id b Hom b a] sym-in-hom
EC.Id-in-hom EC.ide-Hom

by force

also have ... = (Comp b b a - (Hom b a ® Id b)) - s[Z, Hom b a)
using comp-assoc by simp

also have ... = r[Hom b a] - s[Z, Hom b a)
using a b EC.Comp-Hom-Id by simp

also have ... = [[Hom b a]

proof —

have r[Hom b a] - s[Z, Hom b a] =
({Hom b a] - s[Hom b a, Z]) - s|[Z, Hom b d]
using a b unitor-coherence EC.ide-Hom by simp
also have ... = 1[Hom b a] - s[Hom b a, Z] - s|Z, Hom b q]
using comp-assoc by simp
also have ... = 1[Hom b a]
using a b comp-arr-dom comp-arr-inv sym-inverse by simp
finally show ?thesis by blast
qed
finally show Comp,, a b b - (Id b ® Hom b a) = 1[Hom b a)
by blast
qed
show Aa b ¢ d. [a € Obj; b € Obj; ¢ € Obj; d € Obj] =
Compop a b d - (Compop b ¢ d ® Hom b a) =
Compop a ¢ d - (Hom d ¢ ® Compyy a'b c) -
a[Hom d ¢, Hom ¢ b, Hom b a)
proof —
fixabcd
assume a: ¢ € Obj and b: b € Obj and c: ¢ € Obj and d: d € Obj
have Comp,, a b d - (Compop b c d @ Hom b a) =
Compep a b d - (Comp dcb® Homb a) -
(s|[Hom d ¢, Hom ¢ b] @ Hom b a)
using a b ¢ d xx interchange comp-ide-arr ide-in-hom seql’

EC.ide-Hom
by metis
also have ... = (Comp d b a -

(s|[Hom d b, Hom b a] - (Comp d ¢ b ® Hom b a)) -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a))
using comp-assoc by simp
also have ... = (Comp d b a -
((Hom b a ® Comp dcb) -
s[Hom ¢ b @ Hom d ¢, Hom b a]) -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a))
using a b ¢ d sym-naturality EC.Comp-in-hom ide-char
in-homE EC.ide-Hom
by metis
also have ... = (Comp d b a - (Hom b a ® Comp d ¢ b)) -
(s|[Hom ¢ b ® Hom d ¢, Hom b a -
(s[Hom d ¢, Hom ¢ b] ® Hom b a))
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using comp-assoc by simp
also have ... = (Comp d ¢ a - (Comp ¢ b a ® Hom d c) -
a~t[Hom b a, Hom ¢ b, Hom d c]) -
(s|[Hom ¢ b ® Hom d ¢, Hom b a -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a))
proof —
have Comp dba - (Homba® Compdcb) =
(Comp dba-(Homba® Compdchb))-
(Hom b a ® Hom ¢ b @ Hom d c)
using a b ¢ d EC.Comp-in-hom arrl comp-in-homlI ide-in-hom
tensor-in-hom EC.ide-Hom
proof —
have seq (Comp d b a) (Hom b a ® Comp d ¢ b)
using a b ¢ d EC.Comp-in-hom arrl comp-in-homlI ide-in-hom
tensor-in-hom EC.ide-Hom
by meson
moreover have dom (Comp d b a - (Hom b a ® Comp d ¢ b)) =
(Hom b a ® Hom ¢ b ® Hom d ¢)
using a b ¢ d EC.Comp-in-hom dom-comp dom-tensor ideD(1—2)
in-homkFE calculation EC.ide-Hom
by metis
ultimately show ?Zthesis
using a b ¢ d EC.Comp-in-hom comp-arr-dom by metis
qed
also have ... =
(Comp dba-(Homba® Compdchb)) -
a[Hom b a, Hom ¢ b, Hom d c| - a=*[Hom b a, Hom ¢ b, Hom d c|
using a b ¢ d comp-assoc-assoc’(1) EC.ide-Hom by simp
also have ... = (Comp d b a - (Hom b a ® Comp d c b) -
a[Hom b a, Hom ¢ b, Hom d ¢]) -
a~t[Hom b a, Hom c b, Hom d ]
using comp-assoc by simp
also have ... = (Comp d ¢ a - (Comp ¢ b a @ Hom d c)) -
a~t[Hom b a, Hom ¢ b, Hom d
using a b ¢ d EC.Comp-assoc by simp
also have ... = Comp d c a - (Comp ¢ b a ® Hom d ¢) -
a~t[Hom b a, Hom ¢ b, Hom d ]
using comp-assoc by simp
finally have Comp d b a - (Hom b a ® Comp d ¢ b) =
Comp d ca - (Compcba® Homd c) -
a~Y[Hom b a, Hom c b, Hom d c

by blast
thus ?thesis by simp
qed
also have ... = (Comp d ¢ a - (Comp ¢ b a @ Hom d ¢)) -

(a=t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b @ Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a))
using comp-assoc by simp
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finally have LHS: (Comp d b a - s{Hom d b, Hom b a]) -
(Comp d cb-s[Hom d ¢, Hom ¢ b] ® Hom b a) =
(Comp dca-(Compcba® Homd c)) -
(a=t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b @ Hom d ¢, Hom b a] -
(s[Hom d ¢, Hom ¢ b] ® Hom b a))
by blast
have Comp,p, a ¢ d - (Hom d ¢ ® Compop a b c) -
a[Hom d ¢, Hom ¢ b, Hom b a] =
Comp dca -
(s[Hom d ¢, Hom c a] -
(Hom d ¢ ® Comp ¢ b a - s[Hom ¢ b, Hom b a])) -
a[Hom d ¢, Hom ¢ b, Hom b a]
using comp-assoc by simp
also have ... =
Comp dca -
((Comp ¢ b a - s[Hom ¢ b, Hom b a] ® Hom d c) -
s[Hom d ¢, Hom ¢ b ® Hom b a]) -
a[Hom d ¢, Hom ¢ b, Hom b a]
using a b ¢ d xx sym-naturality ide-char in-homE EC.ide-Hom
by metis
also have ... =
Comp dca -
(((Comp ¢ ba® Hom d ¢) - (s{Hom ¢ b, Hom b a] ® Hom d ¢c)) -
s[Hom d ¢, Hom ¢ b ® Hom b a]) -
a[Hom d ¢, Hom ¢ b, Hom b a]
using a b ¢ d *x interchange comp-arr-dom ideD(1—2)
in-homkE EC.ide-Hom
by metis
also have ... = (Comp d ¢ a - (Comp ¢ b a ® Hom d c)) -
((s[Hom ¢ b, Hom b a] ® Hom d c) -
s[Hom d ¢, Hom ¢ b ® Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a))
using comp-assoc by simp
also have ... = (Comp d ¢ a - (Comp ¢ b a @ Hom d ¢)) -
(a=t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a))
proof —
have (s[Hom ¢ b, Hom b a] ® Hom d c) -
s[Hom d ¢, Hom ¢ b @ Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a] =
a~t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
proof —
have 1: s[Hom d ¢, Hom ¢ b @ Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a] =
a~Y[Hom ¢ b, Hom b a, Hom d ] -
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(Hom ¢ b ® s|[Hom d ¢, Hom b a]) -
a[Hom ¢ b, Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
proof —
have s[Hom d ¢, Hom ¢ b @ Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a] =
(a='[Hom ¢ b, Hom b a, Hom d c] -
a[Hom ¢ b, Hom b a, Hom d c]) -
s[Hom d ¢, Hom ¢ b @ Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a]
using a b ¢ d comp-assoc-assoc’(2) comp-cod-arr by simp
also have ... =
a~'[Hom ¢ b, Hom b a, Hom d ¢] -
a[Hom ¢ b, Hom b a, Hom d ] -
s[Hom d ¢, Hom ¢ b @ Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a]
using comp-assoc by simp
also have ... =
a~Y[Hom ¢ b, Hom b a, Hom d ¢] -
(Hom ¢ b ® s[Hom d ¢, Hom b a]) -
a[Hom ¢ b, Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
using a b ¢ d assoc-coherence EC.ide-Hom by auto
finally show ?thesis by blast
qed
have 2: (s[Hom ¢ b, Hom b a] ® Hom d c) -
a~t[Hom ¢ b, Hom b a, Hom d c] -
(Hom ¢ b ® s[Hom d ¢, Hom b a]) =
a~Y[Hom b a, Hom c b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
inv a[Hom ¢ b, Hom d ¢, Hom b a)
proof —
have (s[Hom ¢ b, Hom b a] ® Hom d c) -
a~t[Hom ¢ b, Hom b a, Hom d c] -
(Hom ¢ b ® s|[Hom d ¢, Hom b a]) =
inv ((Hom ¢ b @ s[Hom b a, Hom d c]) -
a[Hom ¢ b, Hom b a, Hom d c] -
(s|[Hom b a, Hom ¢ b] ® Hom d c))
proof —
have inv ((Hom ¢ b ® s|[Hom b a, Hom d ¢]) -
a[Hom ¢ b, Hom b a, Hom d ] -
(s|[Hom b a, Hom ¢ b] ® Hom d ¢)) =
inv (a[Hom ¢ b, Hom b a, Hom d ] -
(s|[Hom b a, Hom ¢ b] ® Hom d c)) -
inv (Hom ¢ b ® s|[Hom b a, Hom d c])
using a b ¢ d EC.ide-Hom
inv-comp [of a[Hom ¢ b, Hom b a, Hom d ¢] -
(s|[Hom b a, Hom ¢ b] ® Hom d ¢)
Hom ¢ b ® s[Hom b a, Hom d ¢
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by fastforce
also have ... =
(éinv (s[Hom b a, Hom ¢ b] ® Hom d ¢) -
a~t[Hom ¢ b, Hom b a, Hom d c]) -
inv (Hom ¢ b ® s[Hom b a, Hom d c])
using a b ¢ d EC.ide-Hom inv-comp by simp
also have ... =
((s[Hom ¢ b, Hom b a] ® Hom d c) -
a~t[Hom ¢ b, Hom b a, Hom d c]) -
(Hom ¢ b ® s|[Hom d ¢, Hom b a])

using a b ¢ d sym-inverse inverse-unique
apply auto[1]
by (metis *)
finally show ?thesis
using comp-assoc by simp
qed
also have ... =
inv (a|[Hom ¢ b, Hom d ¢, Hom b a -
s[Hom b a, Hom ¢ b @ Hom d ] -
a[Hom b a, Hom ¢ b, Hom d c])
using a b ¢ d assoc-coherence EC.ide-Hom by auto
also have ... =
a~Y[Hom b a, Hom c b, Hom d c] -
inv s[Hom b a, Hom ¢ b @ Hom d ¢] -
a~t[Hom ¢ b, Hom d ¢, Hom b a]
using a b ¢ d EC.ide-Hom inv-comp inv-tensor comp-assoc
180S-compose
by auto
also have ... =
a~Y[Hom b a, Hom c b, Hom d ¢] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
a~l[Hom ¢ b, Hom d ¢, Hom b a]
using a b ¢ d sym-inverse inv-is-inverse inverse-unique
by (metis tensor-preserves-ide EC.ide-Hom,)
finally show ?thesis by blast
qed
hence (s[Hom ¢ b, Hom b a] ® Hom d c) -
a~1[Hom c b, Hom b a, Hom d c] -
(Hom ¢ b ® s[Hom d ¢, Hom b a]) -
a[Hom ¢ b, Hom d ¢, Hom b a] =
a~t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
inv a[Hom ¢ b, Hom d ¢, Hom b a] -
a[Hom ¢ b, Hom d ¢, Hom b a]
by (metis comp-assoc)
hence 3: (s|[Hom ¢ b, Hom b a] ® Hom d ¢) -
a~t[Hom ¢ b, Hom b a, Hom d c] -
(Hom ¢ b ® s|[Hom d ¢, Hom b a]) -
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a[Hom ¢ b, Hom d ¢, Hom b a] =
a~Y[Hom b a, Hom c b, Hom d c] -
s[Hom ¢ b @ Hom d ¢, Hom b a]
using a b ¢ comp-arr-dom d by fastforce
have (s[Hom ¢ b, Hom b a] ® Hom d c) -
s[Hom d ¢, Hom ¢ b ® Hom b a] -
a[Hom d ¢, Hom ¢ b, Hom b a] =
(s|[Hom ¢ b, Hom b a] ® Hom d ¢) -
a~'[Hom ¢ b, Hom b a, Hom d ] -
(Hom ¢ b ® s[Hom d ¢, Hom b a]) -
a[Hom ¢ b, Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
using 1 by simp
also have ... =
((s|[Hom ¢ b, Hom b a] ® Hom d c) -
a~[Hom ¢ b, Hom b a, Hom d ] -
(Hom ¢ b ® s|[Hom d ¢, Hom b a]) -
a[Hom ¢ b, Hom d ¢, Hom b a]) -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
using comp-assoc by simp
also have ... =
(a='[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a]) -
(s|[Hom d ¢, Hom ¢ b] ® Hom b a)
using 3 by simp
also have ... =
a~t[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
(s[Hom d ¢, Hom ¢ b] ® Hom b a)
using comp-assoc by simp
finally show ?thesis by simp
qed
thus ?thesis by auto
qed
finally have RHS: Comp,p a c d -
(Hom d ¢ @ Compop a b c) -
a[Hom d ¢, Hom ¢ b, Hom b a] =
(Comp dca-(Compcba® Homd c)) -
(a='[Hom b a, Hom ¢ b, Hom d c] -
s[Hom ¢ b ® Hom d ¢, Hom b a] -
(s|[Hom d ¢, Hom ¢ b] @ Hom b a))
by blast
show Comp,p, a b d - (Comp,, b cd ® Hom b a) =
Compop a ¢ d - (Hom d ¢ @ Compop a b c) -
a[Hom d ¢, Hom ¢ b, Hom b a|
using LHS RHS by simp
qed
qed
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end

2.3.1 Relation between (—°7)y and (—¢)?”

Kelly (comment before (1.22)) claims, for a category A enriched in a sym-
metric monoidal category, that we have (A°P)y = (Ap)°?. This point be-
comes somewhat confusing, as it depends on the particular formalization
one adopts for the notion of “category”.

As we can see from the next two facts (Op-UC-hom-char and
UC-Op-hom-char), the hom-sets Op.UC.hom a b and UC.Op.hom a b are
both obtained by using UC.MkArr to “tag” elements of hom Z (Hom
(UC.Dom b) (UC.Dom a)) with UC.Dom a and UC.Dom b. These two
hom-sets are formally distinct if (as is the case for us), the arrows of a
category are regarded as containing information about their domain and
codomain, so that the hom-sets are disjoint. On the other hand, if one
regards a category as a collection of mappings that assign to each pair of
objects a and b a corresponding set hom a b, then the hom-sets Op. UC.hom
a band UC.Op.hom a b could be arranged to be equal, as Kelly suggests.

locale category-enriched-in-symmetric-monoidal-category =
symmetric-monoidal-category +
enriched-category

begin

interpretation elementary-symmetric-monoidal-category
C' tensor unity lunit runit assoc sym
using induces-elementary-symmetric-monoidal-categorycarc by blast

interpretation Op: opposite-enriched-category C' T o v o Obj Hom Id Comp ..
interpretation Opg: underlying-category C' T o v Obj Op.Homy,, Id Op.Comp,,p,

interpretation UC: underlying-category C T o v Obj Hom Id Comp ..
interpretation UC.Op: dual-category UC.comp ..

lemma Op-UC-hom-char:
assumes UC.ide a and UC'.ide b
shows Opg.hom a b =
UC.MkArr (UC.Dom a) (UC.Dom b) *
hom T (Hom (UC.Dom b) (UC.Dom a))
using assms Opg.hom-char [of UC.Dom a UC.Dom b
UC'.ide-char [of a] UC.ide-char [of b] UC.arr-char
by force

lemma UC-Op-hom-char:
assumes UC.ide a and UC.ide b
shows UC.Op.hom a b =
UC.MkArr (UC.Dom b) (UC.Dom a) *
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hom I (Hom (UC.Dom b) (UC.Dom a))

using assms UC.Op.hom-char UC.hom-char [of UC.Dom b UC.Dom a]
UC.ide-charcc

by simp

abbreviation toUCOp

where toUCOp f = if Opg.arr f
then UC.MkEArr (Opo.Cod f) (Opg.Dom ) (Opo.Map f)
else UC.Op.null

sublocale toUCOp: functor Opg.comp UC.Op.comp toUCOp
proof
show Af. = Opg.arr f = toUCOp f = UC.Op.null
by simp
show 1: Af. Opg.arr f = UC.Op.arr (toUCOp f)
using Opg.arr-char by auto
show Af. Opg.arr f = UC.Op.dom (toUCOp f) = toUCOp (Opg.dom f)
using 1 by simp
show Af. Opg.arr f = UC.Op.cod (toUCOp f) = toUCOp (Opy.cod f)
using 1 by simp
show Ag f. Opo.seq g f =
toUCOp (Opg.comp g ) = UC.Op.comp (toUCOp g) (toUCOp f)
proof —
fix fg
assume fg: Opg.seq g f
show toUCOp (Opg.comp g f) = UC.Op.comp (toUCOp g) (toUCOp f)
proof (intro UC.arr-eql)
show UC.arr (toUCOp (Opg.comp g f))
using 1 fg UC.Op.arr-char by blast
show 2: UC.arr (UC.Op.comp (toUCOp g) (toUCOp f))
using 1 Opg.seq-char UC.seq-char fg by force
show Opg.Dom (toUCOp (Opg.comp g f)) =
Opo.Dom (UC.Op.comp (toUCOp g) (toUCOp f))
using 1 2 fg Opg.seq-char by fastforce
show Opg.Cod (toUCOp (Opg.comp g f)) =
Opg.Cod (UC.Op.comp (toUCOp g) (toUCOp f))
using 1 2 fg Opg.seq-char by fastforce
show Opg.Map (toUCOp (Opg.comp g f)) =
Opo-Map (UC.Op.comp (toUCOp g) (toUCOp f))
proof —
have Opg.Map (toUCOp (Opg.comp g f)) =
Op.Comp,, (UC.Dom f) (UC.Dom g) (UC.Cod g) -
(UC.Map g @ UC.Map f) - 11
using 1 2 fg Opg.seq-char by auto
also have ... = Comp (Opy.Cod g) (Opg.Dom g) (Opg.Dom f) -
(s[Hom (Opg.Cod g) (Opg.Dom g),
Hom (Opg.Dom g) (Opg.Dom f)] -
(Opo-Map g ® Opo.Map f)) - v*
using comp-assoc by simp
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also have ... = Comp (Opy.Cod g) (Opg.Dom g) (Opg.Dom f) -
((Opo.Map f ® Opo.Map g) - [T, I]) - 1=*
using fg Opg.seq-char Opg.arr-char sym-naturality
by (metis (no-types, lifting) in-homE mem-Collect-eq)
also have ... = Comp (Opy.Cod g) (Opg.Dom g) (Opg.Dom f) -
(Opo.-Map f ® Opo.Map g) - S[Z, I] - 1™}
using comp-assoc by simp
also have ... = Comp (Opy.Cod g) (Opo.Dom g) (Opo.Dom f) -
(Opo-Map f @ Opo.Map g) - ™
using sym-inv-unit t-def monoidal-category-azxioms
by (simp add: monoidal-category.unitor-coincidence(1))
finally have Opg.Map (toUCOp (Opg.comp g f)) =
Comp (Opg.Cod g) (Opo.Dom g) (Opog.Dom f) -
(Opo-Map f @ Opo.Map g) - ™
by blast
also have ... = Opg.Map (UC.Op.comp (toUCOp g) (toUCOp f))
using fg 2 by auto
finally show ¢thesis by blast
qed
qed
qed
qed

lemma functor-toUCOp:
shows functor Opg.comp UC.Op.comp toUCOp

abbreviation toOpg
where toOpy f = if UC.Op.arr f
then Opo.MEArr (UC.Cod f) (UC.Dom f) (UC.Map f)
else Opg.null

sublocale toOpq: functor UC.Op.comp Opg.comp toOpg
proof
show Af. = UC.Op.arr f = toOpy f = Opg.null
by simp
show 1: A\f. UC.Op.arr f = Opg.arr (toOpo f)
using UC.arr-char by simp
show Af. UC.Op.arr f = Opg.dom (toOpg f) = toOpy (UC.Op.dom f)
using 1 by auto
show Af. UC.Op.arr f = Opg.cod (toOpo f) = toOpy (UC.Op.cod f)
using 1 by auto
show Ag f. UC.Op.seq g [ =
toOpo (UC.Op.comp g f) = Opg.comp (toOpg g) (toOpg f)
proof —
fixfg
assume fg: UC.Op.seq g f
show toOpy (UC.Op.comp g f) = Opg.comp (toOpgy g) (toOpq f)
proof (intro Opg.arr-eql)
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show Opg.arr (toOpy (UC.Op.comp g f))
using fg 1 by blast
show 2: Opg.seq (toOpg g) (toOpy f)
using fg 1 UC.seq-char UC.arr-char Opg.seq-char by fastforce
show Opg.Dom (toOpy (UC.Op.comp g f)) =
Opo.Dom (Opg.comp (toOpg g) (toOpo f))
using fg 1 2 Opg.dom-char Opg.cod-char UC.seq-char Opg.seq-char
by auto
show Opg.Cod (toOpy (UC.Op.comp g f)) =
Opo.Cod (Opo.comp (toOpg g) (toOpo f))
using fg 1 2 Opg.dom-char Opg.cod-char UC.seq-char Opg.seq-char
by auto
show Opg.Map (toOpy (UC.Op.comp g f)) =
Opo.Map (Opqo.comp (toOpy g) (toOpo f))
proof —
have Opg.Map (Opg.comp (toOpg g) (toOpg f)) =
Op.Comp,,, (Opo.Dom (toOpg f)) (Opo.Dom (toOpg g))
(Opo.Cod (toOpg g)) -
(Opo-Map (toOpo g) @ Opo.Map (toOpy f)) - inv ¢
using fg 1 2 UC.seq-char by auto
also have ... =
Comp (Opg.Dom g) (Opg.Cod g) (Opy.Cod f) -
(s|[Hom (Opo.Dom g) (Opy.Cod g),
Hom (Opg.Cod g) (Opy.Cod f)] -
(Opo.Map g ® Opg.Map f)) - inv ¢
using fg comp-assoc by auto
also have ... =
Comp (Opg.Dom g) (Opg.Cod g) (Opg.Cod f) -
((Opo.Map f ® Opg.Map g) - s|unity, unity]) - inv ¢
using fg UC.seq-char UC.arr-char sym-naturality
by (metis (no-types, lifting) in-homE UC'.Op.arr-char
UC.Op.comp-def mem-Collect-eq)
also have ... =
Comp (Opg.Dom g) (Opo.Cod g) (Opg.Cod f) -
(Opo.Map f @ Opg.Map g) - s[unity, unity] - inv ¢
using comp-assoc by simp
also have ... =
Comp (Opg.Dom g) (Opg.Cod g) (Opg.Cod f) -
(Opo.-Map f ® Opg.Map g) - inv ¢
using sym-inv-unit t-def monoidal-category-axioms
by (simp add: monoidal-category.unitor-coincidence(1))
also have ... = Opg.Map (toOpy (UC.Op.comp g f))
using fg UC.seq-char by simp
finally show ?thesis by argo
qed
qed

qed
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lemma functor-toOpg:
shows functor UC.Op.comp Opgy.comp toOpgy

sublocale inverse-functors UC.Op.comp Opg.comp toUCOp toOpg
using Opg.MkArr-Map toUCOp.preserves-reflects-arr Opg.is-extensional
UC.MkArr-Map toOpg.preserves-reflects-arr UC.Op.is-extensional
by unfold-locales auto

lemma inverse-functors-toUCOp-toOpy:
shows inverse-functors UC.Op.comp Opg.comp toUCOp toOpy

end

2.4 Enriched Hom Functors

Here we exhibit covariant and contravariant hom functors as enriched func-
tors, as in [1] Section 1.6. We don’t bother to exhibit them as partial func-
tors of a single two-argument functor, as to do so would require us to define
the tensor product of enriched categories; something that would require
more technology for proving coherence conditions than we have developed
at present.

2.4.1 Covariant Case

locale covariant-Hom =
monoidal-category +

C: elementary-closed-monoidal-category +
enriched-category +
fixes z :: o
assumes z: t € 0bj

begin

interpretation C': enriched-category C T « ¢ <Collect idey exp C.Id C.Comp
using C.is-enriched-in-itself by simp
interpretation C': self-enriched-category C T « ¢ exp eval Curry ..

abbreviation hom,
where hom, = Hom x

abbreviation hom,
where hom, = \b c. if b € Obj A ¢ € Obj
then Curry[Hom b ¢, Hom x b, Hom z ¢] (Comp = b ¢)

else null

sublocale enriched-functor C T «
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Obj Hom Id Comp
«Collect ide> exp C.Id C.Comp
hom, hom,
proof
show Aa b. a ¢ Obj vV b ¢ Obj = hom, a b = null
by auto
show Ay. y € Obj = hom, y € Collect ide
using z ide-Hom by auto
show *: Aa b. [a € Obj; b € Obj] =
«homg a b : Hom a b — exp (hom, a) (hom, b)»
using z by auto
show Aa. a € Obj = hom, a a - Id a = C.Id (hom, a)
using = Comp-Id-Hom Comp-in-hom Id-in-hom C.Id-def C.comp-Curry-arr
apply auto|1]
by (metis ide-Hom)
show Aa b c. [a € Obj; b € Obj; ¢ € Obj] =
C.Comp (hom, a) (hom, b) (hom, c) -
(homg b ¢ @ hom, a b) =
homg a ¢ - Comp a b c
proof —
fixabec
assume a: ¢ € Obj and b: b € Obj and c: ¢ € Obj
have Uncurry[lhom, a, hom, c]
(C.Comp (home a) (hom, b) (hom, ¢) - (homg b ¢ @ homg a b)) =
Uncurry[hom, a, hom, c] (hom, a ¢ - Comp a b ¢)
proof —
have Uncurrylhom, a, hom, (]
(C.Comp (home a) (hom, b) (hom, ¢) - (homg b ¢ ® homg a b)) =
Uncurry[hom, a, hom, c|
(Currylexp (homo b) (hom, ¢) @ exp (hom, a) (hom, b), hom, a,
hom, |
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
alexp (hom, b) (hom, ¢), exp (hom, a) (hom, b),
hom, a]) -
(homg b ¢ ® hom, a b))
using C.Comp-def by simp
also have ... =
Uncurry[hom, a, hom, c|
(Curry[Hom b ¢ @ Hom a b, hom, a, hom, c]
((eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
alezp (hom, b) (hom, ¢), exp (hom, a) (hom, b),
hom, a]) -
((homg b ¢ ® hom, a b) ® hom, a)))
proof —
have «homg, b ¢ ® hom, a b :
Hom b ¢ ® Hom a b —
exp (homy b) (hom, ¢) ® exp (hom, a) (hom, b)»
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using z a b ¢ * by force
moreover have «eval (hom, b) (hom, ¢) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
a[ezp (hom, b) (hom, ¢), exp (hom, a) (hom, b), hom, a]
: (exp (hom, b) (hom, ¢) ® exp (hom, a) (hom, b))
® hom, a
— hom, c»
using z a b ¢ by simp
ultimately show Zthesis
using z a b ¢ C.comp-Curry-arr by simp
qed
also have ... =
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) @ eval (hom, a) (hom, b)) -
a[ezp (hom, b) (hom, c), exp (hom, a) (hom, b), hom, a]) -
((homg b ¢ ® hom, a b) ® hom, a)
using za b c
C. Uncurry-Curry
[of Hom b ¢ ® Hom a b hom, a hom, ¢
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) @ eval (hom, a) (hom, b)) -
alexp (hom, b) (hom, ¢), exp (hom, a) (hom, b), hom, a]) -
((Curry[Hom b ¢, hom, b, hom, ¢] (Comp z b ¢) ®
Curry[Hom a b, hom, a, hom, b] (Comp z a b))
® hom, a)
by fastforce
also have ... =
eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
alezp (hom, b) (hom, c), exp (hom, a) (hom, b), hom, a] -
((homg b ¢ ® hom, a b) ® hom, a)
by (simp add: comp-assoc)
also have ... =
eval (hom, b) (hom, c) -
((exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
(homg b ¢ ® homg a b ® hom, a)) -
a[Hom b ¢, Hom a b, hom, a]
using z a b ¢ Comp-in-hom
assoc-naturality
[of Curry[Hom b ¢, hom, b, hom, ¢| (Comp z b c)
Curry[Hom a b, hom, a, hom, b] (Comp x a b)
hom, a)
using comp-assoc by auto
also have ... =
eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) -
homg, b ¢ ® Uncurrylhom, a, hom, b] (homg a b)) -
a[Hom b ¢, Hom a b, hom, a]
using z a b ¢ Comp-in-hom interchange by simp
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also have ... =
eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) - homg b ¢ @ Comp x a b) -
a|[Hom b ¢, Hom a b, hom, a
using z a b ¢ C.Uncurry-Curry Comp-in-hom by auto
also have ... =
eval (hom, b) (hom, ¢) - (homg b ¢ @ Comp x a b) -
a[Hom b ¢, Hom a b, hom, a]
using za b c
by (simp add: Comp-in-hom comp-ide-arr)
also have ... =
eval (hom, b) (hom, c) -
((homg b ¢ ® hom, b) - (Hom b ¢ @ Comp x a b)) -
a|[Hom b ¢, Hom a b, hom, a
proof —
have seq (hom, b ¢) (Hom b ¢)
using z a b ¢ Comp-in-hom C.Curry-in-hom ide-Hom by simp
moreover have seq (hom, b) (Comp x a b)
using = a b ¢ Comp-in-hom by fastforce
ultimately show ?thesis
using z a b ¢ Comp-in-hom C.Curry-in-hom comp-arr-ide
comp-ide-arr ide-Hom interchange
by metis
qed
also have ... =
Uncurry[hom, b, hom, c] (homg b c) -
(Hom b ¢ ® Comp z a b) -
a[Hom b ¢, Hom a b, hom, a]
using comp-assoc by simp

also have ... = Comp z a ¢ - (Comp a b ¢ ® hom, a)
using z a b ¢ C.Uncurry-Curry Comp-in-hom Comp-assoc by auto
also have ... = Uncurry[hom, a, hom, c]

(Curry[Hom b ¢ ® Hom a b, hom, a, hom, c]
(Comp z ac- (Comp abc® hom, a)))
using = a b ¢ Comp-in-hom comp-assoc
C. Uncurry-Curry
[of Hom b ¢ ® Hom a b hom, a hom, c
Comp z a c - (Comp abc® hom, a))
by fastforce
also have ... = Uncurrylhom, a, hom, c] (homg a ¢ - Comp a b ¢)
using z a b ¢ Comp-in-hom
C.comp-Curry-arr
[of hom, a Comp a b ¢ Hom b ¢ ® Hom a b
Hom a ¢ Comp x a ¢ hom, ]
by auto
finally show ?thesis by blast
qed
hence Curry[Hom b ¢ ® Hom a b, hom, a, hom, c|
(Uncurry[hom, a, hom, c]
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(C.Comp (hom, a) (hom, b) (hom, c) -
(homg b ¢ ® hom, a b))) =
Curry[Hom b ¢ @ Hom a b, hom, a, hom, c]
(Uncurry[hom, a, hom, c] (hom, a ¢ - Comp a b c))
by simp
thus C.Comp (hom, a) (hom, b) (hom, ¢) - (homg b ¢ ® hom, a b) =
homg a ¢ - Comp a b ¢
using z a b ¢ Comp-in-hom
C.Curry-Uncurry
[of Hom b ¢ ® Hom a b hom, a hom, ¢ hom, a ¢ - Comp a b (]
C.Curry-Uncurry
[of Hom b ¢ ® Hom a b hom, a hom, ¢
C.Comp (hom, a) (hom, b) (hom, ¢) - (homg b ¢ ® homg a b)]
by auto
qed
qed

lemma is-enriched-functor:

shows enriched-functor C' T « ¢
Obj Hom Id Comp
(Collect ide) exp C.Id C.Comp
hom, homg

sublocale Cy: underlying-category C' T « v «Collect ide> exp C.Id C.Comp ..
sublocale UC: underlying-category C T « ¢ Obj Hom Id Comp ..
sublocale UF': underlying-functor C T « ¢

Obj Hom Id Comp

«Collect ider exp C.I1d C.Comp

hom, hom,

The following is Kelly’s formula (1.31), for the result of applying the
ordinary functor underlying the covariant hom functor, to an arrow g : 7
— Hom b ¢ of Cy, resulting in an arrow Hom™ x g : Hom x b — Hom x
¢ of C. The point of the result is that this can be expressed explicitly as
Comp z b ¢ - (g ® hom, b) - 17 [hom, b]. This is all very confusing at first,
because Kelly identifies C' with the underlying category Cy of C regarded
as a self-enriched category, whereas here we cannot ignore the fact that they
are merely isomorphic via C.frmUC: UC.comp — Cy.comp. There is also
the bother that, for an arrow ¢ : Z — Hom b ¢ of C, the corresponding
arrow of the underlying category UC has to be formally constructed using
UC.MkArr, i.e. as UC.MEArr b c g.

lemma Kelly-1-31:

assumes b € Obj and ¢ € Obj and «g : T — Hom b c»

shows C.frmUC (UF.mapy (UC.MkArr b c g)) =
Comp x b c - (g ® hom, b) - 17 hom, b]

proof —
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have C.frmUC (UF.mapo (UC.MEArr b ¢ g)) =
(Curry[Hom b ¢, hom, b, hom, c] (Comp z b ¢) - g) *[hom, b, hom, c|
using assms z ide-Hom UF.mapg-def
C.UC.arr-MEArr
[of Hom x b Hom x ¢
Curry[Hom b ¢, Hom x b, Hom z ¢] (Comp z b ¢) - g]
by fastforce
also have ... = C.Uncurry (Hom z b) (Hom z c)
(Curry[Z, Hom z b, Hom z c]
(Comp z b c- (g ® Hom z b))) - 17 hom, b]
using assms x C.comp-Curry-arr C.DN-def
by (metis Comp-in-hom C.Curry-simps(1—2) in-homkE seql ide-Hom)
also have ... = (Comp z b ¢ - (¢ ® Hom z b)) - 17 [hom,, b]
using assms z ide-Hom ide-unity
C. Uncurry-Curry
[of T Hom b Hom z ¢ Comp b ¢ - (¢ @ Hom z b)]
by fastforce
also have ... = Comp z b ¢ - (9 ® Hom x b) - 17 [hom, b]
using comp-assoc by simp
finally show ?thesis by blast
qed

abbreviation mapg
where mapy b ¢ g = Comp z b ¢ - (9 ® Hom z b) - 1~ [hom, 0]

end

context elementary-closed-monoidal-category
begin

lemma cov-Fxp-DN:
assumes «g : Z — exp a b»
and ide a and ide b and ide x
shows Exp~ z (g ¥[a, b]) =
(Currylexp a b, exp z a, exp z b] (Comp x a b) - g) ‘exp = a, exp T b]
proof —
have (Curry[ezp a b, exp = a, exp v b] (Comp x a b) - g) *exp = a, exp v b] =
Uncurrylezp x a, exp x b]
(Curry[Z, exp = a, exp x b] (Comp x a b - (g ® exp z a))) - 1" exp x d
using assms DN-def
comp-Clurry-arr
[of exp x a g T exp a b Comp x a b exp x b

by force

also have ... = (Comp za b - (9 ® exp x a)) - 17 Yexp z a
using assms Uncurry-Curry by auto

also have ... = Currylezp a b ® exp z a, z, b]

(eval a b - (ezp a b ® eval z a) - a[ezp a b, exp z a, z]) -
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(9 ® exp z a) - 17 exp z a
unfolding Comp-def
using assms comp-assoc by auto
also have ... = Currylezp z a, z, b]
((eval a b - (exp a b ® eval z a) - alexp a b, exp z a, z]) -
((9 @ eap z a) - 17 eap z a] ® 7))
using assms comp-Curry-arr by auto
also have ... = Currylezp z a, z, b]
(eval a b - (exp a b ® eval z a) -
(alezp a b, exp z a, z] - ((g ® exp z a) @ x)) -
(17 [exp = a] @ 7))
using assms comp-arr-dom comp-cod-arr interchange comp-assoc by fastforce
also have ... = Currylezp z a, z, b]
(eval a b - (exzp a b ® eval z a) -
((9g® expxa® x) - alZ, exp x a, x]) -
(17 [exp = a] @ 7))
using assms assoc-naturality [of g exp = a x| by auto
also have ... = Currylezp z a, z, b]
(eval a b - ((exzp a b ® eval z a) - (9 ® exp z a ® x)) -
alZ, exp x a, 7] - (17 exp 7 a] @ 7))
using assms comp-assoc by simp
also have ... = Currylezp z a, z, b]
(evala b - ((9 ® a) - (Z ® eval z a)) -
alZ, exp w a, 7] - (1" exp 7 a] @ 7))
using assms comp-arr-dom comp-cod-arr interchange by auto
also have ... = Currylezp z a, z, b]
(Uncurryla, b g - (Z ® eval x a) - 17 exp z a @ 1))
using assms lunit-tensor inv-comp comp-assoc by simp
also have ... = Exp~ 7z (g “[a, b))
using assms lunit’-naturality [of eval z a] comp-assoc DN-def by auto
finally show ?thesis by simp
qed

end

2.4.2 Contravariant Case

locale contravariant-Hom =
symmetric-monoidal-category +
C': elementary-closed-symmetric-monoidal-category +
enriched-category +

fixes y :: o

assumes y: y € Obj

begin

interpretation C': enriched-category C T a v <Collect ide> exp C.1d C.Comp

using C.is-enriched-in-itself by simp
interpretation C': self-enriched-category C T « ¢ exp eval Curry ..
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sublocale Op: opposite-enriched-category C' T « v o Obj Hom Id Comp ..

abbreviation hom,
where hom, = Aa. Hom a y

abbreviation hom,

where hom, = Ab c. if b € Obj N\ ¢ € Obj
then Curry[Hom ¢ b, Hom b y, Hom ¢ y| (Op.Comp,, y b ¢)
else null

sublocale enriched-functor C' T « ¢
Obj Op.Hom,,p, Id Op.Comp,,y
<Collect ide> exp C.I1d C.Comp
hom, hom,
proof
show Aa b. a ¢ Obj vV b ¢ Obj = hom, a b = null
by auto
show A\z. z € Obj = hom, = € Collect ide
using y by auto
show *: Aa b. [a € Obj; b € Obj] =
«homg a b : Hom b a — exp (hom, a) (hom, b)»
using y C.cnt-Ezp-ide C.Curry-in-hom Op.Comp-in-hom [of y] by simp
show Aa. a € Obj = hom, a a - Id a = C.Id (hom, a)
using y Id-in-hom C.Id-def C.comp-Curry-arr Op.Comp-Id-Hom Op.Comp-in-hom
by fastforce
show Aa b c. [a € Obj; b € Obj; ¢c € Obj] =
C.Comp (hom, a) (hom, b) (hom, c) -
(homg b ¢ @ homg, a b) =
homg a ¢ - Op.Compyp a b c
proof —
fix abec
assume a: ¢ € Obj and b: b € Obj and c: ¢ € Obj
have C.Comp (hom, a) (hom, b) (hom, ¢) - (homg b ¢ ® hom, a b) =
Currylexzp (hom, b) (hom, ¢) @ exp (hom, a) (hom, b),
hom, a, hom, c]
(eval (hom, b) (hom, ¢) -
(exp (hom, b) (hom, ¢) @ eval (hom, a) (hom, b)) -
alezp (hom, b) (hom, ¢), exp (hom, a) (hom, b), hom, al) -
(homg b ¢ @ homg a b)
using y a b ¢ comp-assoc C.Comp-def by simp
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
((eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
alexp (hom, b) (hom, ¢), exp (hom, a) (hom, b),
hom, a]) -
((homg b ¢ ® homg a b) ® hom, a))
using y a b ¢
C.comp-Curry-arr
[of Hom a y homg b ¢ ® homg a b Hom ¢ b @ Hom b a
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exp (hom, b) (hom, ¢) ® exp (hom, a) (hom, b)
eval (hom, b) (hom, c) -
(exp (hom, b) (hom, c¢) ® eval (hom, a) (hom, b)) -
alexp (hom, b) (hom, c), exp (hom, a) (hom, b), hom, a
hom, c]
by fastforce
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) ® eval (hom, a) (hom, b)) -
(homg b ¢ ® homg a b ® hom, a) -
a[Hom ¢ b, Hom b a, hom, a])
using y a b ¢ Op.Comp-in-hom comp-assoc
C.assoc-naturality
[of Curry[Hom ¢ b, hom, b, hom, ¢| (Op.Comp,, y b c)
Curry[Hom b a, hom, a, hom, b] (Op.Comp,, y a b)

hom, a]
by auto
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) - homg b ¢ ®
Uncurry[hom, a, hom, b] (hom, a b)) -
a[Hom ¢ b, Hom b a, hom, al)
proof —

have seq (exp (hom, b) (hom, c¢)) (homg b c)
using y a b ¢ by force
moreover have seq (eval (hom, a) (hom, b)) (hom, a b ® hom, a)
using y a b ¢ by fastforce
ultimately show ?thesis
using y a b ¢ comp-assoc
C.interchange
[of exp (Hom b y) (Hom ¢ y) homg b c
eval (Hom a y) (Hom b y) homg a b @ hom, a)
by metis
qed
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c|
(eval (hom, b) (hom, c) -
(exp (hom, b) (hom, ¢) - homg b ¢ @ Op.Comp,y, y a b) -
a[Hom ¢ b, Hom b a, hom, a])
using y a b ¢ C.Uncurry-Curry Op.Comp-in-hom by auto
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c|
(eval (hom, b) (hom, c) -
(homg b ¢ ® Op.Compop y a'b) -
a[Hom ¢ b, Hom b a, hom, a))
using y a b ¢
by (simp add: comp-ide-arr Op.Comp-in-hom)
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c|
(eval (hom, b) (hom, c) -
(homg b ¢ - Hom ¢ b ® hom, b - Op.Compep y a b) -
a[Hom ¢ b, Hom b a, hom, al)
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using y a b ¢ *
by (metis Op.Comp-in-hom comp-cod-arr comp-arr-dom in-homE)
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c|
(eval (hom, b) (hom, c) -
((homg b ¢ ® hom, b) - (Hom ¢ b ® Op.Comp,p y a b)) -
a[Hom ¢ b, Hom b a, hom, al)
using y a b ¢ %
C.interchange [of homg b ¢ Hom ¢ b hom, b Op.Comp,y, y a b]
by (metis Op.Comp-in-hom ide-Hom ide-char in-homE seql)
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
(Uncurry[hom, b, hom, c] (homg b c) -
(Hom ¢ b ® Op.Compop y a'b) -
a[Hom ¢ b, Hom b a, hom, al)
using comp-assoc by simp
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
(Op.Compop y b c -
(Hom ¢ b ® Op.Compop y a'b) -
a[Hom ¢ b, Hom b a, hom, al)
using y a b ¢ C.Uncurry-Curry
by (simp add: Op.Comp-in-hom)
also have ... = Curry[Hom ¢ b ® Hom b a, hom, a, hom, c]
(Op.Compop y a ¢ - (Op.Comp,p a b ¢ @ hom, a))
using y a b ¢ Op.Comp-assoc [of y a b c|] by simp
also have ... = homg a ¢ - Op.Comp,y, a b ¢
using y a b ¢ C.comp-Curry-arr [of Hom a y Op.Comp,p a b ]
ide-Hom Op.Comp-in-hom
by fastforce
finally
show C.Comp (hom, a) (hom, b) (hom, ¢) - (homg b ¢ ® homg a b) =
homg a ¢ - Op.Comp,p, a b ¢
by blast
qed

qed

lemma is-enriched-functor:
shows enriched-functor C' T « ¢

Obj Op.Hom,)y, Id Op.Comp,y,
(Collect ide) exp C.Id C.Comp
hom, hom,

sublocale C\: underlying-category C' T « v «Collect ide> exp C.Id C.Comp ..
sublocale Opg: underlying-category C' T o v Obj Op.Home,, Id Op.Comp,y, ..
sublocale UF': underlying-functor C T « ¢

Obj Op.Hom,p, Id Op.Compoy,
«Collect idey exp C.Id C.Comp
hom, hom,

The following is Kelly’s formula (1.32) for Hom* fy: Hom by — Hom
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lemma Kelly-1-532:
assumes a € Obj and b € Obj and «f : T — Hom a b»
shows C.frmUC (UF.mapy (Opo.MkArr b a f)) =
Comp aby- (Homby® f) r~[hom, b
proof —
have C.frmUC (UF.mapo (Opo.MEArr b a f)) =
(Curry[Hom a b, hom, b, hom, a] (Op.Comp,, y b a) - f)
+[hom, b, hom, a]
proof —
have C.UC.arr (Opy.MkArr (Hom b y) (Hom a y)
(Curry[Hom a b, Hom b y, Hom a y] (Op.Comp,p, y b a) - f))
using assms y ide-Hom
apply auto[!]
using C.UC.arr-MkArr
[of Hom by Hom a y
Curry[Hom a b, hom, b, hom, a] (Op.Comp,p, y b a) - f]
by blast
thus ?thesis
using assms UF.mapg-def Opg.arr-MkArr UF .preserves-arr by auto
qged
also have 1: ... = Curry[Z, hom, b, hom, a]
(Op.Comp,p y b a - (f ® hom, b)) *[hom, b, hom, a)
proof —
have Curry[Hom a b, Hom by, Hom a y] (Op.Compep, y b a) - f =
Curry[Z, Hom by, Hom a y] (Op.Comp,p y b a - (f @ Hom b y))
using assms y C.comp-Curry-arr by blast
thus ?thesis by simp
qed
also have ... = (Op.Comp,, y b a - (f ® Hom b y)) - 17 {hom, b]
proof —
have arr (Curry[Z, Hom b y, Hom a y|
(Op.Compey y b a - (f © Hom b y)))
using assms y ide-Hom C.ide-unity
by (metis 1 C.Curry-simps(1—3) C.DN-def C.DN-simps(1) cod-comp
dom-comp in-homE not-arr-null seqI Op.Comp-in-hom)
thus ?thesis
unfolding C.DN-def
using assms y ide-Hom C.ide-unity
C. Uncurry-Curry
[of T Hom by Hom a y Op.Comp,p, y b a - (f @ Hom b y)]
apply auto|1]
by fastforce
qed
also have ... =
Comp a by - (s[Hom a b, Hom by - (f ® Hom b y)) - 1= 1[hom, b]
using comp-assoc by simp
also have ... = Comp a by - (Hom by ® f) - s|Z, Hom b y]) - 17 [hom, b]
using assms y C.sym-naturality [of f Hom b y] by auto
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also have ... = Comp a by - (Hom by ® f) - s[Z, Hom b y] - 17 [hom, b]
using comp-assoc by simp
also have ... = Comp a by - (Hom by ® f) - r~[hom, b]
proof —
have r~![hom, b] = inv (1[hom, b] - s[Hom b y, Z])
using assms y unitor-coherence by simp
also have ... = s[Z, Hom b y] - 171 [hom, 0]
using assms y
by (metis C.ide-unity inv-comp-left(1) inverse-unique
C.iso-lunit C.iso-runit C.sym-inverse C.unitor-coherence
Op.ide-Hom)
finally show ?thesis by simp
qed
finally show ?thesis by blast
qed

abbreviation mapg
where mapg a b f = Comp a by - (Hom by ® f) - v~ 1[hom, b]

end

context elementary-closed-symmetric-monoidal-category
begin

interpretation enriched-category C T « 1 <Collect idey exp Id Comp
using is-enriched-in-itself by simp
interpretation self-enriched-category C' T « ¢ exp eval Curry ..

sublocale Op: opposite-enriched-category C T « v o «Collect idey exp Id Comp

lemma cnt-FExp-DN:
assumes «f : T — exp a b»
and ide a and ide b and ide y
shows Exp* (f *[a, b]) y =
(Currylexp a b, exp by, exp a y] (Op.Compop y b a) - f)
texp by, exp a vy
proof —
have (Currylezp a b, exp b y, exp a y] (Op.Comp,p, y b a) - f)
Heap by, exp a y] =
Uncurrylezp b y, exp a 9]
(Curry|Z, exp by, exp a y] (Op.Compop y b a - (f @ exp b y))) -

1= Hexp b y)
using assms Op.Comp-in-hom DN-def comp-Curry-arr by force
also have ... = (Op.Comp,p y b a - (f ® exp by)) - 17 Hexp b y]
using assms Uncurry-Curry by auto
also have ... = Comp a by - (s[exp a b, exp b y] - (f ® exp b y)) -
1= Hexp b y)

using comp-assoc by simp
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also have ... = Comp a by - ((exp by @ f) - s[Z, exp b y]) - 1" Lexp b y]
using assms sym-naturality [of f exp b y] by auto

also have ... = Comp a by - (exp by @ f) - s[Z, exp b y] - 17 [eap b ]
using comp-assoc by simp

also have ... = Comp a by - (exp by ® f) - v~ Lexp b y]

proof —

have r~![ezp b y| = inv ([ezp b y] - slexp b y, I])
using assms unitor-coherence by auto

also have ... = inv s[exp b y, Z] - 17 exp b 9]
using assms inv-comp by simp
also have ... = s[Z, exp b y] - 17 ezp b y]

using assms
by (metis ide-exp ide-unity inverse-unique sym-inverse)
finally show ?thesis by simp
qed
also have ... = Currylezp b y ® exp a b, a, Y]
(eval by - (exp by ® eval a b) - a[ezp by, exp a b, a]) -
(esp by @ f) -1 [eap by
unfolding Comp-def by simp
also have ... = Currylezp b y, a, y]
((eval by - (exp by ® eval a b) - alexp by, exp a b, a]) -
((ezp by @ f) -1~ exp b y] ® a))
using assms
comp-Curry-arr
[ofa(expby @ f) v exp byl expbyerpby @ expab
eval by - (exp by ® eval a b) - alexp by, exp a b, a] y]
by auto
also have ... = Currylexp b y, a, y]
((eval by - (exp by ® eval a b) - a[exp by, exp a b, a]) -
(ezp by @ ) ® a) - ([eap b 3] ® a)))
using assms comp-arr-dom comp-cod-arr interchange by auto
also have ... = Currylezp b y, a, y]
(eval by - (exp by ® eval a b) -
(alezp by, ezp a b, o] - ((ezp by © ) ® a))
(1™ exp by ® a))
using comp-assoc by simp
also have ... = Currylezp b y, a, y|
(eval by - (exp by ® eval a b) -
(xp by @ f@a) alezp by, T, a) -
(r"exp by ® a))
using assms assoc-naturality [of exp b y f a] by auto
also have ... = Currylezp b y, a, y]
(eval by -
((exp by @ eval a b) - (exp by ® f ® a)) -
alewp by, T, ] - (ifeap by © o))
using comp-assoc by simp
also have ... = Currylezp b y, a, y]
(eval by - (exp by ® Uncurryla, b] f) -
alezp by, I, a] - (7 exp b y] ® a))
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using assms comp-arr-dom comp-cod-arr interchange by simp
also have ... = Currylexp b y, a, y]
(eval by - (exp by ® Uncurryla, b] f) - (exp by @ 171[a]))
proof —
have exp by ® 171[a] = inv ((r[exp b y] ® a) - a=exp by, Z, a])
using assms triangle’ inv-inv iso-inv-iso
by (metis ide-exp ide-is-iso inv-ide inv-tensor iso-lunit)
also have ... = alezp by, Z, a] - (r '[exp b y] ® a)
using assms inv-comp by simp
finally show ?thesis by simp
qed
also have ... = Currylexp b y, a, y]
(eval by - (exp b y ® Uncurry[a, b] f - 171[a]))
using assms comp-arr-dom comp-cod-arr interchange by fastforce
also have ... = Exp~ (f ‘[a, b]) ¥
using assms DN-def by auto
finally show ?thesis by simp
qed

end

2.5 Enriched Yoneda Lemma

In this section we prove the (weak) Yoneda lemma for enriched categories,
as in Kelly, Section 1.9. The weakness is due to the fact that the lemma
asserts only a bijection between sets, rather than an isomorphism of objects
of the underlying base category.

2.5.1 Preliminaries

The following gives conditions under which 7 defined as 7 z = (T )T yields
an enriched natural transformation between enriched functors F' and G to
the self-enriched base category.

context elementary-closed-monoidal-category
begin

lemma transformation-lam-UP:
assumes enriched-functor C T a ¢
Obja Homa Ida Compy (Collect ide) exp Id Comp F, F,
assumes enriched-functor C T a1
Obja Homa Idy Compy (Collect ide) exp Id Comp G, G,
and Az. 2z ¢ Obja = T = = null
and Az. z € Obja = «T z: F, z — G, x»
and Aa b. [a € Obja; b € Obja] =
T b Uncurry[F, a, F, b (F, a b) =
eval (G, a) (Go b) - (Go ab® T a)
shows enriched-natural-transformation C T « ¢
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Obja Homa Ids Compa (Collect ide) exp Id Comp
F, F, G, Gy Oz (T 2)1)
proof —
interpret F: enriched-functor C T «a ¢
Obja Homya Ida Compa <Collect ide> exp Id Comp F, F,
using assms(1) by blast
interpret G: enriched-functor C T a ¢
Obja Homy Ida Compy <Collect idey exp Id Comp G, G,
using assms(2) by blast
show ?thesis
proof
show Az. z ¢ Obja = (T =)' = null
unfolding UP-def
using assms(3) by auto
show A\z. z € Obja = «(T )T : T — exp (F, z) (G, 7)»
unfolding UP-def
using assms(4)
apply auto[1]
by force
fix a b
assume a: a € Obj4 and b: b € Obja
have 1: «((T )T ® F, a b) - 17 [Homy a b]

: Homa a b — exp (Fp b) (G, b) ® exp (F, a) (Fo b)»
using assms(4) [of b] a b UP-DN F.preserves-Hom
apply (intro comp-in-homl tensor-in-homl)

apply auto[5]
by fastforce
have 2: «(G, a b ® (T a)") - v~} [Homa a b]

: Homa a b — exp (G, a) (Go b) @ exp (Fy a) (G, a)»
using assms(4) [of a] a b UP-DN F.preserves-Obj G.preserves-Hom
apply (intro comp-in-homl tensor-in-homl)

apply auto[5]
by fastforce
have 3: «Comp (F, a) (F, b) (Go b) - (T b)' ® Fo a'b) - 1" {Homa a b]

: Homy a b — exp (Fy a) (Go b)»

using a b 1 F.preserves-Obj G.preserves-Obj by blast
have 4: «Comp (F, a) (G, a) (G b) - (Gq a b ® (T a)t) - v~ [Homa a b

: Homa a b — exp (F, a) (G, b)»

using a b 2 F.preserves-Obj G.preserves-Obj by blast

have Uncurry[F, a, G, b)
(Comp (F, a) (F, b) (G, b) -
(T H"® F,ab) 1" Homa a b)) =
Uncurry[F, a, G, b]
(Currylezp (Fo b) (Go b) ® exp (Fo a) (Fo b), Fo a, Go b]
(eval (Fy, b) (G, b) -
(exp (Fo b) (G b) ® eval (F, a) (Fo b)) -
alezp (Fop b) (G, b), exp (Fy a) (Fo b), Fy a]) -
(T b)" ® Fq ab)-1"YHoma a b))
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using a b Comp-def comp-assoc by auto
also have ... =
Uncurry[F, a, G, b]
(Curry[Homa a b, F, a, G, b]
((eval (F, b) (G, b) -
(exp (Fy b) (G, b) ® eval (F, a) (Fy b)) -
alezp (Fyp b) (Go b), exp (Fy a) (Fo b), Fy a]) -
(T )T ® Fou ad) -1 Homy a b] @ F, a)))
using a b 1 F.preserves-Obj G.preserves-Obj comp-Curry-arr by auto
also have ... =
(eval (Fy b) (G, b) -
(exp (Fo b) (G, b) ® eval (Fy a) (Fo b)) -
alezp (Fp b) (Go b), exp (Fy a) (Fo b), Fy a]) -
((T )T ® Fyab) -1"YHomy ab] ® F, a)
using a b 1 F.preserves-Obj G.preserves-Obj Uncurry-Curry by auto
also have ... =
(eval (F, b) (Gy b) -
(exp (Fo b) (G b) ® eval (Fy a) (Fo b)) -
alexp (F, b) (Go b), exp (Fo a) (Fo b), F, a]) -
((TH'"® F,ab)® F,a)- (1" Homa ab] ® F, a))
proof —
have seq ((T b)T ® F, a b) 17 [Homy4 a b]
using assms(4) a b 1 F.preserves-Hom [of a b] UP-DN
apply (intro seql)
apply auto[2]
by (metis F.A.ide-Hom arrl cod-inv dom-lunit iso-lunit seqF)
thus ?thesis
using assms(3) a b F.preserves-0Obj F.preserves-Hom interchange
by simp
qed
also have ... =
eval (F, b) (G, b) -
(exp (Fo b) (G, b) ® eval (Fy a) (F, b)) -
(alexp (Fo b) (Go ), exp (Fo a) (Fo b), Fo a] -
((TH'"® Faab)® F,a)) - (1"'[Homa a bl ® F, a)
using comp-assoc by simp
also have ... =
eval (F, b) (G, b) -
(exp (Fo b) (G b) ® eval (Fy a) (Fo b)) -
((TH)'® F,ab® F, a) -
a|[Z, Homa a b, F, a]) -
(17'[Homa a b] @ F, a)
using assms(4) a b F.preserves-Obj F.preserves-Hom
assoc-naturality [of (T b)" Fq a b F, a
by force
also have ... =
eval (F, b) (G, b) -
((exp (F, b) (G, b) ® eval (F, a) (F, b)) -
(TH'® F,ab® F, a)) -
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alZ, Homa a b, F, a] - (I7[Homy a b] @ F, a)
using comp-assoc by simp
also have ... =
eval (F, b) (G, b) -
(T b)" ® Uncurry[F, a, F, b] (F, ab)) -
alZ, Homa a b, F, a] - (I"[Homy a b] @ F, a)
proof —
have seq (exp (F, b) (G, b)) (UP (T b))
using assms(4) b F.preserves-Obj G.preserves-Obj by fastforce
moreover have seq (eval (F, a) (F, b)) (F, ab® F, a)
using a b F.preserves-0bj F.preserves-Hom by force
ultimately show ?thesis
using assms(4) [of b] a b UP-DN(1) comp-cod-arr interchange by auto
qed
also have ... =
eval (F, b) (G, b) -
(T )T ® Fy b) - (Z® Uncurry[F, a, F, b (Fy ab))) -
alZ, Homy a b, F, a] - 17 [Homa a b] ® F, a)
using assms(4) [of b] a b F.preserves-Obj F.preserves-Hom [of a b]
comp-arr-dom comp-cod-arr [of Uncurry[F, a, F, b] (Fq a b)]
interchange [of (T b)' T F, b Uncurry[F, a, F, b] (F, a b)]
by auto
also have ... =
Uncurry[F, b, G, b] (T b)T) -
(Z ® Uncurry[F, a, F, b] (Fg, a b)) -
alZ, Homa a b, F, a] - (17[Homa a b] ® F, a)
using comp-assoc by simp
also have ... = (T b - I[F, b]) -
(T ® Uncurry[Fy a, Fo b] (Fq a b)) -
a[Z, Homa a b, F, a] - 1" [Homa a b] @ F, a)
proof —
have Uncurry[F, b, G, bl (T b)") =T b - 1[F, b]
unfolding UP-def
using assms(4) a b Uncurry-Curry
apply simp
by (metis F.preserves-Obj arr-lunit cod-lunit comp-in-homlI’ dom-lunit
ide-cod ide-unity in-homE mem-Collect-eq)
thus ?thesis by simp
qed
also have ... =T b - (I[F, b] - (Z ® Uncurry[F, a, Fy, b] (Fq ad))) -
a[Z, Homa a b, F, a] - 1" [Homa a b] @ F, a)
using comp-assoc by simp
also have ... = T b - (Uncurry[F, a, F, b] (Fq a b) - [Homa a b ® F, a])

a|Z, Homa a b, F, a] - 17 {Homa a b] @ F, a)
using a b lunit-naturality [of Uncurry[F, a, F, b] (Fq a b))
F.preserves-0bj F.preserves-Hom [of a b
by auto
also have ... = 7 b - Uncurry[F, a, F, b] (F, a b) -
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l[Homa a b ® F, a] - a[Z, Homa a b, F, a] -
(17Y[Homa a b] @ F, a)
using comp-assoc by simp
also have ... = T b - Uncurry[F, a, Fy, b] (Fq a b)
proof —
have 1[Homa a b ® F, a] - a[Z, Homa a b, F, a] -
(17'[Homa a b)) ® F, a) =
Homag ab® F, a
proof —
have [[Homy a b ® F, a] - a|Z, Homa a b, F, a] -
(17Y[Homa a b)) @ F, a) =
(1{Homy a b) @ Fy a) - 17 {Homa a b] @ F, a)
using a b lunit-tensor’ [of Homs a b F, a]
by (metis F.A.ide-Hom F.preserves-Obj comp-assoc mem-Collect-eq)

also have ... = 1[Homa a b] - 171 [Homa a b ® F, a - F, a
using a b interchange F.preserves-Obj by force
also have ... = Homg a b ® F, a

using a b F.preserves-Obj by auto
finally show ?thesis by blast
qed
thus ?thesis
using a b F.preserves-0bj F.preserves-Hom [of a b] comp-arr-dom
by auto
qed
finally have LHS: Uncurry[F, a, G, b
(Comp (Fo a) (Fy b) (Go b) - (T 0! © Fy ab)-
1=YHoma a b)) =
T b - Uncurry[Fy a, F, b] (Fq ab)
by blast

have Uncurry[F, a, G, b] (Comp (F, a) (G, a) (G, b) -
(Go ab® (T a)) - r7{Homa a b)) =
Uncurry[Fy a, G, b
(Currylezp (G, a) (G, b) ® exp (F, a) (G, a), Fy a, Gy b
(eval (G, a) (G, b) -

(exp (G, a) (G, b) ® eval (F, a) (G, a)) -
alezp (G, a) (G, b) ewp (F, a) (G, a), Fy al]) -
(Go ab® (T a)t) - [HomA a bl)
using a b Comp-def comp-assoc by auto
also have ... =

Uncurry[F, a, G, b]
(Curry[Homa a b, F, a, G, b]
((eval (G, a) (G, b) -
(exp (G a) (G, b) ® eval (F, a) (G, a)) -
alezp (G, a) (Go b), exp (Fo a) (Go a), Fy a]) -
(Go ab® (T a)t) - 17 [Homa a b] ® F, a)))
using assms(3) a b 2 F.preserves-0bj G.preserves-Obj comp-Curry-arr
by auto
also have ... =
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(eval (G, a) (G, b) -
(exp (G, a) (G, b) ® eval (F, a) (G, a)) -
alexp (Go a) (G, b), exp (Fy a) (G, a), F, a]) -
(Ga ab® (T a)t) - r~[Homa a b] ® F, a)
using assms(3) a b 2 F.preserves-0bj G.preserves-Obj Uncurry-Curry
by auto
also have ... =
(eval (G, a) (G, b) -
(exp (G, a) (G, b) ® eval (F, a) (G, a)) -
alezp (G, a) (G, b), exp (Fo a) (G, a), Fy a]) -
((Gaab® (T a)") ® Fy a) - (r"[Homa a b ® F, a))
using assms(4) a b F.preserves-Obj G.preserves-Hom
interchange [of G, a b @ (T a)' vt~ [Homa a b] F, a F, d
by fastforce
also have ... =
eval (G, a) (G, b) -
(exp (G, a) (G, b) ® eval (F, a) (G, a)) -
(alezp (Go a) (Go b), exp (Fo a) (G, a), Fy a] -
(Gaab® (T a)') ® F, a)) - (r7[Homa a b] ® F, a)
using comp-assoc by simp
also have ... =
eval (G, a) (G, b) -
(exp (G, a) (G, b) ® eval (F, a) (G, a)) -
(Gaab® (T a)' @ F, a) -
a|Homy a b, T, F, a]) -
(r='[Homs a b] @ F, a)
using assms(4) a b F.preserves-Obj G.preserves-Hom
assoc-naturality [of G, a b (T a)' F, d
by fastforce
also have ... =
eval (G, a) (G, b) -
((exp (Gy a) (G, b) ® eval (F, a) (G, a)) -
(Goab® (T )t ® F, a)) -
a[Homa a b, I, F, a)] - (r~[Homa a b] ® F, a)
using comp-assoc by simp
also have ... =
eval (G, a) (G, b) -
(Go a b ® Uncurry[F, a, G, a] (T a))) -
a[Homa a b, I, F, a] - (r~[Homa a b] ® F, a)
using assms(4) a b F.preserves-Obj G.preserves-0bj
G.preserves-Hom [of a b] comp-cod-arr interchange
by fastforce
also have ... =
eval (G, a) (G, b) -
(Ga ab® G, a) - (Homa a b® Uncurry[F, a, G, a] (T a)1))) -
a[Homa a b, I, F, a] - (t~[Homa a b] ® F, a)
proof —
have seq (G, a) (Uncurry[F, a, G, a] (T a)1))
using assms(4) [of a] a b F.preserves-0bj G.preserves-Obj by auto
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moreover have G, a - Uncurry[F, a, G, a] (T a)') =
Uncurry[F, a, G, a] (T a)?)
using a b F.preserves-0bj G.preserves-0bj calculation(1)
comp-ide-arr
by blast
ultimately show #thesis
using assms(3) a b G.preserves-Hom [of a b] interchange
comp-arr-dom
by auto
qged
also have ... =
Uncurry[G, a, G, b] (G4 a b) -
(Homa a b ® Uncurry[F, a, G, a] (T a)1)) -
a[Homa a b, T, F, a] - (t~[Homa a b] ® F, a)
using comp-assoc by simp
also have ... =
Uncurry[G, a, G, b] (G4 a b) -
(Homa a b® T a - 1[F, d]) -
a[Homa a b, I, F, a] - (t~[Homa a b] ® F, a)
using assms(4) [of a] a b F.preserves-Obj G.preserves-Obj UP-def
Uncurry-Curry
by auto
also have ... =
Uncurry|G, a, G, b] (G, a b) -
((Homa a b ® T a) - (Homy a b ® 1[F, a])) -
a[Homa a b, I, F, a] - (t~[Homa a b] ® F, a)
using assms(4) [of a] a b F.preserves-Obj G.preserves-Obj interchange
by auto
also have ... =
Uncurry|G, a, G, b] (Gg a d) - (Homa ab® T a) -
(Homa a b ®1[F, a]) - a|[Homa a b, Z, F, a] -
(r=Y[Homa a b] @ F, a)
using comp-assoc by simp
also have ... = Uncurry[G, a, G, b] (G4 a b) - (Homa a b ® T a)
proof —
have (Homa a b ® 1[F, a]) - a[Homy a b, Z, F, a] -
(r!'[Homa a b] ® F, a) =
Homa ab® F, a
proof —
have (Homa a b ® 1[F, a]) - a[Homys a b, Z, F, a] -
(r='[Homa a b)) ® F, a) =
(r[Homa a b] ® F, a) - (t~[Homa a b] ® F, a)
using a b triangle [of Homa a b F, ]
by (metis F.A.ide-Hom F.preserves-Obj comp-assoc mem-Collect-eq)

also have ... = r[Homa a b] - 1= [Homa a b)) ® F, a - F, a
using a b interchange F.preserves-Obj by force
also have ... = Homs4 a b ® F, a

using a b F.preserves-Obj by auto
finally show ?thesis by blast
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qed
thus ?thesis
using assms(4) [of a] a b comp-arr-dom by auto
qed
also have ... = eval (G, a) (G, b) - (Go ab® G, a) - (Homy ab® T a)
using comp-assoc by auto
also have ... = eval (G, a) (G, b) - (Go ab® T a)
using assms(4) a b G.preserves-Hom comp-arr-dom comp-cod-arr
interchange
by (metis in-homFE)
finally have RHS: Uncurry[F, a, G, b
(Comp (F, a) (G, a) (G, b) - (Gy ab® (T a)t) -
r~1[Homy a b)) =
eval (Gy a) (G, b) - (Go ab® T a)
by blast

have Uncurry[F, a, G, b]
(Comp (F, a) (F, b) (Go b) - (T b)' @ Fy ab) - 171 [Homa a b)) =
Uncurry[F, a, G, b]
(Comp (F, a) (Go a) (Go b) - (Ga ab® (T a)t) - v~ {Homa a b))
using a b assms(5) LHS RHS by simp
moreover have «Comp (F, a) (F, b) (G, b) -
(T H)"® F,ab)-1"1[Homa a b
: Homy a b — exp (Fy a) (Go b)»
using assms(4) a b 1 F.preserves-Obj G.preserves-Obj
F.preserves-Hom G.preserves-Hom
apply (intro comp-in-homlI’ seql)
apply auto[1]
by fastforce+
moreover have «Comp (F, a) (G, a) (G4 b) -
(Go ab®@ (T a)t) - r=[Homa a b
: Homa a b — exp (F, a) (G, b)»
using assms(4) a b 2 UP-DN(1) F.preserves-Obj G.preserves-Obj
F.preserves-Hom G.preserves-Hom [of a b]
apply (intro comp-in-homlI’ seql)
apply auto[7]
by fastforce
ultimately show Comp (F, a) (F, b) (G, b) -
(T b)) ® Fyab) -1"YHoma ab] =
Comp (F, a) (G, a) (G, b) -
(Go ab® (T a)) - 1= [Homy a b]
using a b Curry-Uncurry F.A.ide-Hom F.preserves-0Obj
G.preserves-0bj mem-Collect-eq
by metis
qed
qed

end

Kelly (1.39) expresses enriched naturality in an alternate form, using
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the underlying functors of the covariant and contravariant enriched hom
functors.

locale Kelly-1-39 =
symmetric-monoidal-category +
elementary-closed-monoidal-category +
enriched-natural-transformation
for a :: 'a
and b :: 'a +
assumes a: a € Obja
and b: b € Obja

begin

interpretation enriched-category C T « 1 <Collect idey exp Id Comp
using is-enriched-in-itself by blast
interpretation self-enriched-category C' T « v exp eval Curry

sublocale cov-Hom: covariant-Hom C T «
exp eval Curry Objp Homp Idg Compp <F, a)
using a F.preserves-Obj by unfold-locales
sublocale cnt-Hom: contravariant-Hom C T «a 1 o
exp eval Curry Objg Hompg Idg Compp <G, b
using b G.preserves-Obj by unfold-locales

lemma Kelly-1-39:
shows cov-Hom.mapy (Fo b) (Go b) (T h) - Fg ab=
ent-Hom.mapo (Fo a) (Go a) (T a) - Gg a'd
proof —
have cov-Hom.mapg (F, b) (G, b) (T b) - Fa a b=
Compp (Fy a) (Fo b) (Go b) - (T b ® Fy ab) 17" Homa a b]
proof —
have cov-Hom.mapo (Fy b) (Go b) (T b) - Fy a b=
Comps (Fo a) (F, b) (G, b)
(1 b ® Homp (F, a) (F, b)) - 17 {Homp (F, a) (F, b)] - Fq a'b
using comp-assoc by simp
also have ... = Compp (F, a) (F, b) (G5 b) -
(1 b® Homp (Fy a) (Fo b)) - (T ® Fq ab)-1"[Homa a b
using a b lunit’-naturality F.preserves-Hom [of a b] by fastforce
also have ... = Compgp (F, a) (F, b) (G, b) -
((t b® Homp (F, a) (F, b)) - (Z® F, ab)) -
171 [Homa a b]
using comp-assoc by simp
also have ... = Compp (F, a) (Fo b) (Go b) - (T b® Fg ab) -
171 [Hom, a b]
using a b component-in-hom [of b] F.preserves-Hom [of a b]
comp-arr-dom comp-cod-arr [of Fo a b Homp (F, a) (F, b)]
interchange
by fastforce
finally show ?thesis by blast
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qed
moreover have cnt-Hom.mapy (Fo a) (G, a) (T a) - Gg a b=
Compp (F, a) (Gy a) (G, b) - (G ab® 7 a) - 17 {Homa ab]
proof —
have cnt-Hom.mapy (Fo a) (G, a) (T a) - Gg a b =
Compp (Fo a) (Go a) (Go b) - (Homp (Go a) (Go b) ® 7 a) -
r~Homp (G, a) (G, b)] - G, a'b
using comp-assoc by simp
also have ... = Compgp (F, a) (G, a) (G, b) -
(Homp (G, a) (G, b)) @ T a) - (G ab®T) -
r~[Homa a b]
using a b runit’-naturality G.preserves-Hom [of a b] by fastforce
also have ... = Compp (F, a) (G, a) (G, b) -
((Homp (Go a) (G, b)) @ T a) - (G, a b ® T)) -
v~ [Homa a b]
using comp-assoc by simp
also have ... = Compgp (F, a) (G, a) (G, b) - (Gg ab® 7 a) -
r~[Homy a b]
using a b interchange component-in-hom [of a] G.preserves-Hom [of a b
comp-arr-dom comp-cod-arr [of G, a b Homp (G, a) (G, b))
by fastforce
finally show ?thesis by blast
qed
ultimately show ?thesis
using a b naturality by simp
qged

end

2.5.2 Covariant Case

locale covariant-yoneda-lemma =
symmetric-monoidal-category +
C': closed-symmetric-monoidal-category +
covariant-Hom +
F: enriched-functor C T « v Obj Hom Id Comp <Collect ide> exp C.Id C.Comp

begin

interpretation C': elementary-closed-symmetric-monoidal-category C T « v o
exp eval Curry ..
interpretation C': self-enriched-category C' T « ¢ exp eval Curry ..

Every element e : Z — F, z of F, z determines an enriched natural
transformation 7.: hom  — — F. The formula here is Kelly (1.47): 7. y:
hom z y — F y is obtained as the composite:

hom x yFa—m>yea:p (Fz)(F y)Exp _efF y)ezp Z(Fy—Fy

where the third component is a canonical isomorphism. This basically
amounts to evaluating F, x y on element e of F, z to obtain an element of
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F, .
Note that the above composite gives an arrow 7, y: hom z y — F y,
whereas the definition of enriched natural transformation formally requires

Te y: Z — exp (hom z y) (F y). So we need to transform the composite to
achieve that.

abbreviation generated-transformation
where generated-transformation e =

MNy. (eval T (Fo y) -1 Yexp Z (Fo y)] - Ezp™ e (Fo y) - Fo zy)t

lemma enriched-natural-transformation-generated-transformation:
assumes «e¢ :Z — F, o»
shows enriched-natural-transformation C T o ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F, (generated-transformation e)
proof (intro C.transformation-lam-UP)
show Ay. y ¢ Obj =
eval T (Fo y) -1 Yexp T (Fo )] - Exp™ e (Fo y) - Fo zy = null
by (simp add: F.extensionality)
show enriched-functor () T « « Obj Hom Id Comp
(Collect ide) exp C.Id C.Comp hom, homg

show enriched-functor (-) T « v Obj Hom Id Comp
(Collect ide) exp C.Id C.Comp F, F,

show x: A\y. y € Obj =
«eval T (Fo y) -7 Yewp T (Fy y)] - Bxp~ e (Foy) - Fa xy
:hom, y — Fo, y»
using assms x F.preserves-Obj F.preserves-Hom
apply (intro in-homI seql)
apply auto[6]
by fastforce+
show Aa b. [a € Obj; b € Obj] =
(eval T (F, b) - v~ [eap T (F, b)] -
Ezp* e (F, b) - Foyxd) -
Uncurry[hom, a, hom, b] (hom, a b) =
eval (F, a) (F, b) -
(Foab® eval T (Fya)-r texp T (F, a)]-
Ezp© e (F, a) - Fy z a)
proof —
fixabd
assume a: ¢ € Obj and b: b € Obj
have (eval Z (F, b) - v~ [exp T (F, b)] -
Exp© e (F, b) - Fyq zb) - Uncurrylhom, a, hom, b] (hom, a b) =
eval (Fo x) (Fo b) - (Fozb-Compzrab® e)-
r~Y[{Hom a b @ hom, a]
proof —
have (eval Z (F, b) - v~ [exp T (F, b)] -
Exp* e (F, b) - Fy xb) - Uncurrylhom, a, hom, b] (hom, a b) =
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eval T (F, b) -
(r"exp T (F, b)] - Exp* e (F, b) - Fo xb) -
Uncurrylhom, a, hom, b] (hom, a b)
using comp-assoc by simp
also have ... = eval T (F, b) -
(r=lexzp T (F, b)] - Ezp*~ e (F, b) - Foq xb) -
Compzalbd
using a b z C.Uncurry-Curry [of - hom, a hom, b] Comp-in-hom
by auto
also have ... = eval T (F, b) -
((Bxp© e (Fo b) - Fozb®1T) -
v~ [hom, b]) - Comp z a b
proof —
have «FEzp* e (F, b) - Fo x b : hom, b — exp T (F, b)»
using assms a b z F.preserves-Obj F.preserves-Hom [of z b] by force
thus ?thesis
using a b F.preserves-Obj F.preserves-Hom
runit’-naturality [of Exp* e (F, b) - Fq z 1]
by auto
qed
also have ... = eval T (F, b) -
((Bzp® e (Fo b)) ® 1) - (Fa zb® 1)) -
r~[hom, b]) -
Comp x a b
using assms a b z F.preserves-Obj F.preserves-Hom [of x b]
interchange [of Exp< e (F, b) Fq b T 1]
by fastforce
also have ... = Uncurry[Z, F, b] (Ezp* e (Fp b)) - (Fozb®I) -
r~[hom, b] - Comp z a b
using comp-assoc by simp
also have ... = (eval (F, z) (F, b) - (exp (F, z) (Fo b) ® €)) -
(Fo, tb®1ZI) - v t[hom, b] - Comp zab
using assms a b x F.preserves-0bj C.Uncurry-Curry by auto
also have ... = eval (F, z) (F, b) -
((cap (Fo ) (Fo b) @ €) - (Fy 2b® 1)) -
r~[hom, b] - Comp z a b
using comp-assoc by simp
also have ... = eval (F, ) (F, b) - (Fo zb® e) - v~ [hom, b] -
Comp zabd
using assms a b z F.preserves-Hom [of x b
comp-cod-arr [of Fo x b exp (F, z) (F, b)] comp-arr-dom

interchange
by fastforce
also have ... = eval (F, z) (F, b) - (Fo2b® ¢) -

(Compzab®I)- v Homab® hom, a
using assms a b z runit’-naturality [of Comp z a b]
Comp-in-hom [of z a b]
by auto
also have ... = eval (F, z) (Fo b) - (Fazb® e)- (Compzab®I))-
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r~[Hom a b ® hom, d]
using comp-assoc by simp
also have ... = eval (F, z) (Fo b) - (Fgzb- Compzrab® e)-
r~[Hom a b @ hom, a]
using assms a b x F.preserves-Hom [of x b] Comp-in-hom comp-arr-dom
interchange [of Foq ©b Comp z a b e 7|
by fastforce
finally show ?thesis by blast

qed
also have ... = eval (F, a) (F, b) -
(Fo ab® eval T (Fya) -1 texp I (F, a)] -
Ezp* e (F, a) - F, x a)
proof —

have eval (F, a) (F, b) -
(Fo ab® eval T (F, a)- -1 Yerp I (F, a)] -
Exp e (F, a) - Fy za) =
eval (F, a) (F, b) -
(Foab® eval T (Fya)- (r~Yexp I (F, a)] -
Ezp* e (Fy, a)) - Fy z a)
using comp-assoc by simp
also have ... =
eval (F, a) (F, b) -
(Foab® eval T (F, a) -
((Exp© e (Fy a) @ I) - v~ exp (Fo x) (F, a)]) -
F,za)
using assms a b © F.preserves-Obj F.preserves-Hom
runit’-naturality [of Fxp< e (F, a)]

by auto
also have ... =
eval (F, a) (Fy, b) -
(Foab®
Uncurry[Z, F, a] (Ezp~ e (F, a)) - v~ [exp (F, z) (F, a)] -
F, za)
using comp-assoc by simp
also have ... =
eval (F, a) (Fy b) -
(Foab®

(eval (F, z) (F, a) - (exp (F, z) (Fy a) ® €)) -
r~Yexp (Fy z) (Fy a)] - Fo 7 a)
using assms a b z F.preserves-0bj C.Uncurry-Curry by auto
also have ... =
eval (F, a) (Fy b) -
(Foab®
(eval (F, z) (F, a) - (exp (F, z) (Fy a) ® €)) -
(Fo za®1Z)- 1t hom, a])
using a b z F.preserves-Hom [of = a] runit’-naturality by fastforce
also have ... =
eval (F, a) (Fy b) -
(Foab®
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eval (F, z) (Fy, a) - (exp (Fy z) (Fy a) ® e) -
(Fo va ®I) - v~ hom, a])
using comp-assoc by simp
also have ... =
eval (F, a) (Fy b) -
(Fa a b ® eval (F, 1) (F, a) - (Fy za® e) 1 hom, a])
using assms a b © F.preserves-Obj F.preserves-Hom F.preserves-Hom
comp-arr-dom [of e T]
comp-cod-arr [of Fo x a exp (Fo, ) (F, a)]
interchange [of exp (F, x) (Fp a) Fq z a e Z] comp-assoc
by (metis in-homFE)
also have ... =
eval (F, a) (F, b) -
(exp (Fo a) (Fy b) ® eval (F, z) (F, a)) -
(Foab® (Fyza® e)- r~hom, a)
using assms a b z F.preserves-Obj F.preserves-Hom [of  a]
F.preserves-Hom [of a b)
comp-cod-arr [of Fy a b exp (F, a) (F, b))
interchange
[of exp (Fy a) (Fo b) Fy a'd
eval (Fy, z) (Fy a) (Fy 7 a ® e) - 1~ [hom, a]
by fastforce
also have ... = (eval (F, a) (F, b) -
(exp (Fp a) (Fp b) ® eval (F, z) (F, a))) -
(Foab® (Fyaza® e)- 1t hom, a])
using comp-assoc by simp
also have ... = (eval (F, a) (F, b) -
(exp (Fp a) (Fy b) ® eval (F, z) (F, a))) -
(Foab® (Foza®e))  (Homab®r hom, a)
using assms a b z F.preserves-Obj F.preserves-Hom [of a b]
F.preserves-Hom [of © a] comp-arr-dom [of F, a b Hom a b]
interchange [of Fo a b Hom a b F, z a ® e v~ '[hom, d]]
by fastforce
also have ... = (eval (F, a) (F, b) -
(exp (Fp a) (Fp b) ® eval (F, z) (F, a))) -
(eap (Fo @) (Fo 8) ® eap (Fo 1) (Fo 0) ® Fo 2)
(Fobab® F,ra®e)- (Homab® 1 [hom, a])
using assms a b © F.preserves-Obj F.preserves-Hom [of a b]
F.preserves-Hom [of z a)
comp-cod-arr [of (Fq ab® F,za® e) - (Homab® r~[hom, a))
exp (Fo ) (Fo b) ® eap (Fo ) (Fo @) ® F, 1]
by fastforce
also have ... = (eval (F, a) (F, b) -
(exp (Fp a) (Fy b) ® eval (F, z) (F, a))) -
(alexp (F, a) (Fy b), exp (F, z) (Fy a), F, 2] -
a~ewp (F, a) (F, b), exp (Fy 2) (F, a), F, 7]) -
(Foab® (Foza®e))  (Homab®r hom, a)
using assms a b x F.preserves-Obj comp-assoc-assoc’ by simp
also have ... = (eval (F, a) (F, b) -
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(exp (Fyp a) (Fp b) ® eval (F, z) (F, a)) -
alexp (F, a) (F, b), exp (F, z) (F, a), F, x]) -
(a=Yexp (F, a) (F, b), exp (Fy 2) (F, a), Fy 7] -
(Foab® F,ra®e)) - (Homab®r thom, a])
using comp-assoc by simp
also have ... = Uncurry[F, =, F, b] (C.Comp (F, z) (F, a) (F, b)) -
(a=Yexp (F, a) (F, b), exp (F, 2) (F, a), F, 2] -
(Foab® Fy,ra®e)) - (Homab®r thom, a])
using assms a b © F.preserves-Obj C.Uncurry-Curry C.Comp-def
by auto
also have ... = Uncurry[F, z, F, b] (C.Comp (F, z) (F, a) (F, b)) -
(Foab® F, za)® e)-a [Hom a b, hom, a, I|) -
(Hom a b ® v~ [hom, a])
using assms a b z F.preserves-Hom [of a b] F.preserves-Hom [of x a]
assoc’-naturality [of Fq a b Fy x a €
by fastforce
also have ... = eval (F, z) (F, b) -
((C.Comp (F, x) (Fy a) (Fo b) ® F, x) -
(Foab® F,za)®e)) -
a~t[Hom a b, hom, a, Z] - (Hom a b ® v~ *[hom, a])
using comp-assoc by simp
also have ... = eval (F, z) (F, b) -
(C.Comp (F, z) (Foa) (Fob)- (Foab® F,za)Q e)-
a~t[Hom a b, hom, a, Z] - (Hom a b ® v~ *[hom, a])
using assms a b z F.preserves-Obj F.preserves-Hom [of a b]
F.preserves-Hom [of © a] comp-cod-arr [of e F, x|
interchange
[of C.Comp (F, z) (Fo a) (Fo b) Fo ab® FyazaF, x €
by fastforce
also have ... = eval (F, z) (Fo b) - (Fazb- Compzab® e)-
a~t[Hom a b, hom, a, Z] - (Hom a b ® v~ *[hom, a])
using assms a b © F.preserves-0Obj F.preserves-Hom F.preserves-Comp
by simp
also have ... = eval (F, z) (Fo b) - (Fozb-Compzab® e)-
r~Y[Hom a b ® hom, d]
proof —
have a~![Hom a b, hom, a, Z] - (Hom a b ® r~—t[hom, a]) =
r~[Hom a b @ hom, a]
proof —
have a~![Hom a b, hom, a, I| - (Hom a b ® r~'[hom, a]) =
inv ((Hom a b ® r[hom, a]) - a[Hom a b, hom, a, Z])
using assms a b © inv-comp by auto
also have ... = r~}[Hom a b ® hom, d
using assms a b x runit-tensor by auto
finally show ?thesis by blast
qed
thus ?thesis by simp
qed
finally show ?thesis by simp
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qged

finally show (eval Z (F, b) - v~ exp Z (F, b)] - Exp~ e (F, b) - Fo 2 b) -
Uncurrylhom, a, hom, b] (hom, a b) =

eval (Fy a) (Fo ) - (Faab® eval T (F, a)- -1t Yexp T (F, a)] -
Exp© e (Fy a) - Fy z a)
by argo
qed
qed

If 7: hom  — — F is an enriched natural transformation, then there
exists an element e, : Z — F z that generates 7 via the preceding formula.
The idea (Kelly 1.46) is to take:

Id
er =71 23 hom, v —5 F

This amounts to the “evaluation of 7 x at the identity on x”.

However, note once again that, according to the formal definition of
enriched natural transformation, we have 7 z : Z — exp (hom, z) (F, x),
S0 it is necessary to transform this to an arrow: (7 z) *[hom, z, F, z]: hom,
z— Fu

abbreviation generating-elem
where generating-elem T = (1 x) Y[hom, z, F, 2] - Id x

lemma generating-elem-in-hom:
assumes enriched-natural-transformation C' T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F, T
shows «generating-elem 7 : T — F, x»
proof —
interpret 7: enriched-natural-transformation C T « ¢
Obj Hom Id Comp <Collect idey exp C.1d C.Comp
hom, hom, F, F, T
using assms by blast
show «generating-elem 7 : Z — F, x»
using z Id-in-hom 7.component-in-hom [of x| F.preserves-Obj C.DN-def
by auto fastforce
qed
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Now we have to verify the elements of the diagram after Kelly (1.47):

hom, a

//’\

hom, a ————— [hom,, z, hom, a
homg T a

_
Id z, hom, a) iso
l[homo z, T a \L[I, T al lf a

Id z, F, i
[Id z, al [17 Fo a] iso Fo a

[Te z, Fo a]

[hom, z, F, a)

[te z - Id z, Fo al

The left square is enriched naturality of 7 (Kelly (1.39)). The middle
square commutes trivially. The right square commutes by the naturality
of the canonical isomorphismm from [Z, hom, a] to hom, a. The top edge
composes to hom, a (an identity). The commutativity of the entire diagram
shows that 7 a is recovered from e;. Note that where 7 a appears, what is
actually meant formally is (7 a) *[hom, a, F, a].

lemma center-square:
assumes enriched-natural-transformation C T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, homg F, Fg, T
and a € Obj
shows C.Ezp T (1 a ‘[hom, a, F, a]) - C.Ezp (Id z) (hom, a) =
C.Ezp (Id z) (F, a) - C.Exp (hom, z) (T a *[hom, a, F, a))
proof —
interpret 7: enriched-natural-transformation C T « ¢
Obj Hom Id Comp <Collect idey exp C.Id C.Comp
hom, hom, F, F, T
using assms by blast
let 77, = 7 a Y[hom, a, F, a]
show C.Exp T %7, - C.Exp (Id z) (hom, a) =
C.Exp (Id z) (F, a) - C.Ezxp (hom, ©) 1,
by (metis assms(2) z C.Exp-comp F.preserves-Obj Id-in-hom
C.DN-simps(1—38) comp-arr-dom comp-cod-arr in-homE T.component-in-hom
ide-Hom mem-Collect-eq)
qed

lemma right-square:

assumes enriched-natural-transformation C' T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
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hom, homg F, Fg, T
and a € Obj
shows 7 a Y[hom, a, F, a] - C.Dn (hom, a) =
C.Dn (F, a) - C.Exp I (1 a Y[hom, a, F, a))
proof —
interpret 7: enriched-natural-transformation C T « ¢
Obj Hom Id Comp <Collect idey exp C.Id C.Comp
hom, hom, F, F, T
using assms by blast
show ?thesis
using assms(2) C.Up-Dn-naturality C.DN-simps T.component-in-hom
apply auto[!]
by (metis C.Ezp-ide-y C.UP-DN(2) F.preserves-Obj ide-Hom ide-unity
in-homE mem-Collect-eq x)
qed

lemma top-path:
assumes a € Obj
shows eval T (hom, a) - v~ [ezp T (hom, a)] - C.Ezp (Id z) (hom, a) -
hom, x a =
hom, a
proof —
have eval T (hom, a) - v~ [ezp Z (hom, a)] - C.Ezp (Id z) (hom, a) -
homg, T a =
eval T (hom, a) - v~ [exp T (hom, a)] -
(Currylexp T (hom, a), Z, hom, a] (hom, a - eval T (hom, a)) -
Currylezp (hom, x) (hom, a), Z, hom, a]
(eval (hom, z) (hom, a) - (exp (hom, z) (hom, a) ® Id x))) -
hom, x a
using assms z C.Exp-def Id-in-hom [of z] by auto
also have ... =
eval T (hom, a) - v~ [exp T (hom, a)] -
Currylezp T (hom, a), Z, hom, a] (hom, a - eval T (hom, a)) -
Currylezp (hom, x) (hom, a), I, hom, a]
(eval (hom, ) (hom, a) - (exp (hom, z) (hom, a) ® Id z)) -
hom, x a
using comp-assoc by simp
also have ... =
eval T (hom, a) - v~ Yexp T (hom, a)] -
Currylexp T (hom, a), I, hom, a] (hom, a - eval T (hom, a)) -
Currylhom, a, I, hom, a]
((eval (hom, x) (hom, a) - (exp (hom, x) (hom, a) ® Id x)) -
(homg za ® I))
proof —
have «eval (hom, z) (hom, a) - (exp (hom, x) (hom, a) ® Id x)
: exp (hom, ) (hom, a) ® T — hom, a»
using assms
by (meson Id-in-hom comp-in-homlI C.eval-in-hom-ax C.ide-exp
ide-in-hom tensor-in-hom ide-Hom)
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thus ?thesis
using assms x preserves-Hom [of x a] C.comp-Curry-arr by simp
qed
also have ... =
eval Z (hom, a) - v=[exp T (hom, a)] -
Currylexp T (hom, a), Z, hom, a] (hom, a - eval  (hom, a)) -
Currylhom, a, Z, hom, al
(eval (hom, ) (hom, a) -
(exp (hom, x) (hom, a) ® Id z) - (hom, z a ® I))
using comp-assoc by simp
also have ... =
eval T (hom, a) - v exzp T (hom, a)] -
Currylezp T (hom, a), I, hom, a] (hom, a - eval T (hom, a)) -
Currylhom, a, I, hom, a]
(eval (hom, z) (hom, a) - (homg z a @ Id x))
proof —
have seq (Id ) T A seq (hom, z) (Id x)
using z Id-in-hom ide-in-hom ide-unity by blast
thus ?thesis
using assms x preserves-Hom comp-arr-dom [of Id z T
interchange [of exp (hom, z) (hom, a) homg z a Id x 7]
by (metis comp-cod-arr comp-ide-arr dom-eql ide-unity
in-homE ide-Hom,)
qed
also have ... =
eval T (hom, a) - v [exp T (hom, a)] -
Currylezp T (hom, a), Z, hom, a] (eval Z (hom, a)) -
Curry[hom, a, Z, hom, al
(Uncurrylhom, x, hom, a] (homg x a) - (hom, a @ Id x))
proof —
have eval (hom, z) (hom, a) - (hom, T a ® Id x) =
eval (hom, z) (hom, a) - (homg x a - hom, a ® hom, = - Id x)
using assms x Id-in-hom comp-cod-arr comp-arr-dom Comp-in-hom
by (metis in-homE preserves-Hom,)
also have ... = eval (hom, z) (hom, a) - (hom, z a ® hom, ) -
(hom, a ® Id x)
using assms x Id-in-hom Comp-in-hom
interchange [of hom, x a hom, a hom, x Id x|
by (metis comp-arr-dom comp-cod-arr in-homE preserves-Hom)
also have ... = Uncurrylhom, =, hom, a] (hom, z a) - (hom, a @ Id )
using comp-assoc by simp
finally show ?thesis
using assms x comp-cod-arr ide-Hom ide-unity C.eval-simps(1,3) by metis
qed
also have ... =
eval T (hom, a) - v~ [exp T (hom, a)] -
Currylhom, a, Z, hom, a]
(Uncurry|Z, hom, a]
(Currylhom, a, I, hom, a]
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(Uncurrylhom, ©, hom, a] (homg x a) - (hom, a @ Id x))))
using assms x
C.comp-Curry-arr
[of T
Currylhom, a, Z, hom, a]
(Uncurry[hom, z, hom, a] (hom, z a) - (hom, a ® Id x))
hom, a exp T (hom, a)
eval Z (hom, a) hom, a)
apply auto|1]
by (metis Comp-Hom-Id Comp-in-hom C.Uncurry-Curry C.eval-in-hom-az
ide-unity C.isomorphic-exp-unity(1) ide-Hom)
also have ... =
eval T (hom, a) - v~ [exp T (hom, a)] -
Currylhom, a, Z, hom, a]
(Uncurrylhom, x, hom, a] (homg z a) - (hom, a @ Id x))
using assms x C.Uncurry-Curry
by (simp add: Comp-Hom-Id Comp-in-hom C.Curry-Uncurry
C.isomorphic-exp-unity(1))
also have ... =
eval T (hom, a) - v~ [exp T (hom, a)] -
Currylhom, a, Z, hom, a]
(eval (hom, z) (hom, a) - (homg  a ® hom, ) - (hom, a ® Id x))
using comp-assoc by simp
also have ... =
eval T (hom, a) - v~ [exp T (hom, a)] -
Currylhom, a, Z, hom, a]
(eval (hom, z) (hom, a) - (homg z a ® Id x))
using assms x comp-cod-arr [of Id x hom, x] comp-arr-dom
interchange [of hom, x a hom, a hom, z Id x|
preserves-Hom [of © a] Id-in-hom
apply auto|1]
by fastforce
also have ... =
eval T (hom, a) -
(Currylhom, a, Z, hom, a]
(eval (hom, z) (hom, a) - (homg za ® Id 2)) ® I) -
r~1[hom, a]
proof —
have « Currylhom, a, Z, hom, a)
(eval (hom, ) (hom, a) - (homg z a ® Id x))
: hom, a — exp T (hom, a)»
using assms x preserves-Hom [of z a] Id-in-hom [of z] by force
thus ?thesis
using assms x runit’-naturality by fastforce
qed
also have ... =
Uncurry[Z, hom, a]
(Currylhom, a, I, hom, a]
(eval (hom, x) (hom, a) - (homy  a ® Id z))) - v~ [hom, a
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using comp-assoc by simp
also have ... = (eval (hom, z) (hom, a) -
(Curry[hom, a, hom, x, hom, a] (Comp = x a) ® Id )) -
r~[hom, a
using assms & C.Uncurry-Curry preserves-Hom [of x a] Id-in-hom [of x]
by fastforce
also have ... = (eval (hom, z) (hom, a) -
((Currylhom, a, hom, x, hom, a] (Comp z z a) & hom, z) -
(homy a @ Id z))) - v~ [hom, a)
using assms z Id-in-hom [of ] Comp-in-hom comp-arr-dom comp-cod-arr

interchange
by auto
also have ... = Uncurry[hom, z, hom, a

(Currylhom, a, hom, x, hom, a] (Comp z z a)) -
(hom, a @ Id z) - v~ [hom, a]
using comp-assoc by simp

also have ... = Comp z z a - (hom, a ® Id x) - v~ [hom, d
using assms = C.Uncurry-Curry Comp-in-hom by simp

also have ... = (Comp z z a - (hom, a ® Id z)) - t~[hom, a]
using comp-assoc by simp

also have ... = r[hom, a] - v~ [hom, d]
using assms © Comp-Hom-Id by auto

also have ... = hom, a

using assms z comp-runit-runit’ by blast
finally show ?thesis by blast
qged

The left square is an instance of Kelly (1.39), so we can get that by
instantiating that result. The confusing business is that the target enriched
category is the base category C.

lemma left-square:
assumes enriched-natural-transformation C' T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F, T
and a € Obj
shows Ezp~ (hom, z) ((1 a) ‘[hom, a, F, a]) - hom, = a =
Erp™ ((r z) Y[hom, z, F, z]) (F, a) - Fu z a
proof —
interpret 7: enriched-natural-transformation C T « ¢
0bj Hom Id Comp «Collect ide> exp C.Id C.Comp
hom, hom, F, F, T
using assms(1) by blast

interpret cov-Hom: covariant-Hom C' T « ¢ exp eval Curry
«Collect ider exp C.Id C.Comp <hom, x>
using z by unfold-locales auto
interpret cnt-Hom: contravariant-Hom C T « v o exp eval Curry
<Collect ide> exp C.Id C.Comp <F, a>
using assms(2) F.preserves-Obj by unfold-locales
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interpret Kelly: Kelly-1-39 C'T « v o exp eval Curry
0bj Hom Id Comp <Collect ide> exp C.Id C.Comp
hom, hom, F, F, T z a
using assms(2) z
by unfold-locales

The following is the enriched naturality of 7, expressed in the alternate
form involving the underlying ordinary functors of the enriched hom func-
tors.

have 1: cov-Hom.mapy (hom, a) (F, a) (7 a) - homg  a =
ent-Hom.mapg (hom, x) (Fo x) (1) - Fa xa
using Kelly.Kelly-1-39 by simp

Here we have the underlying ordinary functor of the enriched covariant
hom, expressed in terms of the covariant endofunctor Ezp~ (hom, z) on the
base category.

have 2: cov-Hom.mapy (hom, a) (F, a) (7 a) =
Ezp™ (hom, ) ((t a) *[hom, a, F, a])
proof —
have cov-Hom.mapy (hom, a) (F, a) (T a) =
(Currylent-Hom.hom, (hom, a), cov-Hom.hom, (hom, a),
ent-Hom.hom, (hom, )]
(C.Comp (hom, z) (hom, a) (F, a)) - T a)
t[cov-Hom.hom, (hom, a), cnt-Hom.hom, (hom, )]
proof —
have cov-Hom.mapg (hom, a) (F, a) (7 a) =
ent-Hom. Opg. Map
(cov-Hom.UF.mapg (cnt-Hom.Opo.MkArr (hom, a) (Fo a) (T a)))
+[ent-Hom. Opy.Dom
(cov-Hom.UF .mapg
(ent-Hom.Opo.MkArr (hom, a) (F, a) (T a))),
ent-Hom. Opg.Cod
(cov-Hom. UF .mapg
(ent-Hom.Opo.MkArr (hom, a) (F, a) (T a)))]
using assms x preserves-0bj F.preserves-Obj T.component-in-hom
cov-Hom.Kelly-1-31 cov-Hom.UF .preserves-arr
by force
moreover
have cnt-Hom.Opg.Dom
(cov-Hom. UF .mapg
(ent-Hom.Opg.MEArr (hom, a) (F, a) (1 a))) =
exp (hom, z) (hom, a)
using assms x cov-Hom.UF .mapg-def
apply auto[!]
using cnt-Hom.y 7.component-in-hom by force
moreover
have cnt-Hom.Opy.Cod
(cov-Hom.UF .mapg
(ent-Hom.Opo.MkArr (hom, a) (F, a) (T a))) =
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exp (hom, z) (F, a)
using assms x cov-Hom.UF .mapqg-def
apply auto[!]
using cnt-Hom.y T.component-in-hom by fastforce
moreover
have cnt-Hom.Opg.Map
(cov-Hom.UF .mapg
(ent-Hom.Opo.MkArr (hom, a) (Fo a) (T a))) =
cov-Hom.hom, (hom, a) (F, a) - T a
using assms x cov-Hom.UF .mapg-def
apply auto[1]
using cnt-Hom.y T.component-in-hom by auto
ultimately show #thesis
using assms x ide-Hom F.preserves-Obj by simp

qed
also have ... = Exp~ (hom, z) ((7 a) *[hom, a, F, a])
using assms(2) x C.cov-Exp-DN T.component-in-hom F.preserves-Obj
by simp
finally show ?thesis by blast
qed

Here we have the underlying ordinary functor of the enriched contravari-
ant hom, expressed in terms of the contravariant endofunctor \f. Ezp* f
(F, a) on the base category.

have 3: cnt-Hom.mapy (hom, z) (F, z) (T z) =
Ezp< (7 z ‘[hom, z, F, z]) (F, a)
proof —
have cnt-Hom.mapy (hom, z) (F, z) (7 ) =
Uncurrylezp (F, x) (F, a), exp (hom, z) (F, a)]
(ent-Hom.homg (F, x) (hom, ) - T ) -
1=t[exp (F, 7) (F, a)]
proof —
have cnt-Hom.mapg (hom, z) (F, z) (T z) =
Uncurry[cnt-Hom. Opy. Dom
(ent-Hom. UF.mapg
(ent-Hom.Opo.MkArr (F, x) (hom, z) (T x))),
cnt-Hom. Opg. Cod
(ent-Hom. UF.mapy
(ent-Hom.Opo.MkArr (Fy, x) (hom, z) (T x)))]
(ent-Hom.Opy. Map
(ent-Hom. UF .mapg
(ent-Hom.Opo.MkArr (F, ) (Hom z z) (T 1)))) -
171 [ent-Hom. Opg. Dom
(ent-Hom. UF .mapy
(ent-Hom.Opo.MkArr (F, x) (hom, z) (T x)))]
using assms = 1 2 cnt-Hom. Kelly-1-32 [of hom, © Fo, © T 2]
C.Curry-simps(1—3) C.DN-def C.UP-DN(2) C.eval-simps(1—3)
C.ide-exp Comp-in-hom F.preserves-Obj comp-in-homl’
not-arr-null preserves-0Obj T.component-in-hom in-homE
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mem-Collect-eq seqE
by (smt (verit))
moreover have cnt-Hom.Opy.Dom
(ent-Hom. UF.mapg
(ent-Hom.Opo.MkArr (F, x) (hom, z) (7 z))) =
exp (Fo z) (F, a)
using assms x cnt-Hom. UF .mapg-def
apply auto[!]
using F.preserves-Obj cnt-Hom.Opg.arr-MEArr T.component-in-hom
by blast
moreover have cnit-Hom.Opq.Cod
(ent-Hom. UF .mapy
(ent-Hom.Opo.MkArr (F, x) (hom, z) (T z))) =
exp (hom, z) (F, a)
using assms x cnt-Hom. UF .mapg-def
apply auto[1]
using F.preserves-Obj cnt-Hom.Opg.arr-MkArr T.component-in-hom
by blast
moreover have cnt-Hom.Opgy.Map
(ent-Hom. UF.mapg
(ent-Hom.Opo.MkArr (F, x) (hom, ) (7 z))) =
ent-Hom.hom, (F, x) (hom, z) - 7 x
using assms x cnt-Hom. UF.mapg-def F.preserves-Obj
by (simp add: T.component-in-hom)
ultimately show ?thesis by argo
qged
also have ... = Exp* (7 x ‘[hom, =, F, z]) (F, a)
using assms(2) z T.component-in-hom [of z] F.preserves-Obj
C.DN-def C.cnt-FExp-DN
by fastforce
finally show ?thesis by simp
qed
show ?thesis
using 1 2 3 by auto
qed

lemma transformation-generated-by-element:
assumes enriched-natural-transformation C' T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F, T
and a € Obj
shows 7 a = generated-transformation (generating-elem 7) a
proof —
interpret 7: enriched-natural-transformation C T « ¢
Obj Hom Id Comp <Collect idey exp C.Id C.Comp
hom, hom, F, F, T
using assms(1) by blast
have 7 a *[hom, a, F, a] =
7 a *lhom, a, F, al -

116



eval T (hom, a) - v=lexzp T (hom, a)] - C.Exp (Id z) (hom, a) -
Currylhom, a, hom, , hom, a] (Comp = x a)
using assms(2) z top-path T.component-in-hom [of a] F.preserves-Obj
comp-arr-dom C.UP-DN(2)
by auto
also have ... =
(1 a *lhom, a, F, a] - eval T (hom, a) - v~ [exp T (hom, a)]) -
C.Ezxp (Id z) (hom, a) -
Currylhom, a, hom, x, hom, a] (Comp x x a)
using comp-assoc by simp
also have ... =
(eval T (Fy a) -t~ exp T (F, a)] -
C.Ezp T (Uncurrylhom, a, F, a] (1 a) - 17[hom, a])) -
C.Ezxp (Id z) (hom, a) -
Currylhom, a, hom, z, hom, a] (Comp x x a)
using assms right-square C.DN-def T.component-in-hom comp-assoc
by auto blast
also have ... =
eval T (F, a) - v~ exp T (F, a)] -
(C.Exp T (Uncurrylhom, a, F, a] (7 a) - 1"t[hom, a]) -
C.Exp (Id x) (hom, a)) -
Curry[hom, a, hom, z, hom, a] (Comp z x a)
using comp-assoc by simp
also have ... =
eval T (F, a) - v~ exp T (F, a)] -
(C.Exp (Id x) (F, a) -
C.Ezxp (hom, z) (Uncurry[hom, a, F, a] (7 a) - 1"t[hom, a])) -
Currylhom, a, hom, x, hom, a] (Comp z z a)
using assms center-square C.DN-def
enriched-natural-transformation.component-in-hom
by fastforce
also have ... =
eval T (F, a) - v~ Yexp I (F, a)] - C.Exp (Id z) (F, a) -
C.Ezp (hom, z) (Uncurrylhom, a, F, a] (7 a) - 1" [hom, a]) -
Curry[hom, a, hom, x, hom, a] (Comp z  a)
using comp-assoc by simp
also have ... =
eval Z (F, a) - 1~ exp I (F, a)] - C.Exp (Id z) (F, a) -
Ezp* (Uncurry[hom, z, F, z] (T z) - 17 [hom, z]) (F, a) - Fy 7 a
proof —
have eval T (F, a) - v~ [eap T (F, a)] - C.Exp (Id z) (F, a) -
C.Ezp (hom, z) (Uncurry[hom, a, F, a] (7 a) - 171[hom, a]) -
Currylhom, a, hom, x, hom, a] (Comp x x a) =
eval Z (F, a) - 1~ Yexp I (F, a)] - C.Exp (Id z) (F, a) -
C.Ezp (hom, z) (Uncurrylhom, a, F, a] (7 a) - 17 [hom, a]) -
homg x a
using assms(2) = by force
also have ... =
eval T (F, a) -1~ Yexp I (F, a)] - C.Exp (Id z) (F, a) -
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Exp™ (hom, z) (Uncurrylhom, a, F, a] (1 a) - 17t[hom, a]) -
hom, x a
using assms x C.Ezp-def C.cnt-Exp-ide comp-arr-dom by auto
also have ... =
eval Z (F, a) -1~ exp Z (F, a)] - C.Exp (Id x) (F, a) -
Exp~ (hom, ) (T a‘[hom, a, F, a]) - hom, 7 a
using assms x C.DN-def by fastforce
also have ... =
eval T (F, a) -1~ exp Z (F, a)] - C.Exp (Id x) (F, a) -
Exp~ (7 ztlhom, z, F, 7)) (F, a) - Fo z a
using assms(2) left-square T.enriched-natural-transformation-azioms
by fastforce
also have ... =
eval T (F, a) - 1~ exp  (F, a)] - C.Exp (Id ) (F, a) -
Exp* (Uncurrylhom, x, F, x] (1 2) - 17 t[hom, z]) (F, a) - Fo 7 a
using C.DN-def by fastforce
finally show ?thesis by blast
qed
also have ... =
eval T (F, a) - 1~ exp T (F, a)] -
(C.Exp (Id x) (F, a) -
Exp~ (Uncurrylhom, =, F, 2] (1 x) - 17 t[hom, 7]) (F, a)) -
F,za
using comp-assoc by simp
also have ... =
eval T (F, a) - 1~ exp T (F, a)] -
(Exp© (Id z) (F, a) -
Exp* (Uncurrylhom, x, F, z] (1 x) - 17 [hom, z]) (F, a)) -
F,za
using assms z F.preserves-0Obj C.Exp-def C.cov-Exp-ide
comp-cod-arr [of Exp* (Id x) (dom (F, a))]
by auto
also have ... =
eval T (F, a) - v exp T (F, a)] -
Ezp™ ((Uncurrylhom, =, F, x| (1 x) - 17 {hom, 2]) - Id z) (F, a) -
F,za
proof —
have seq (Uncurrylhom, z, F, z] (T z) - 17 [hom, z]) (Id z)
using assms x F.preserves-Obj Id-in-hom T.component-in-hom
apply (intro seql)
apply auto|1]
by force+
thus ?thesis
using assms x F.preserves-Obj C.cnt-Exp-comp by simp
qed
also have ... = eval Z (F, a) - v~ [exp T (F, a)] -
Exp© (generating-elem ) (Fo a) - Foq z a
using z C.DN-def comp-assoc T.component-in-hom by fastforce
also have 1: ... =
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(generated-transformation (generating-elem ) a) Y|hom, a, F, a)
using assms z F.preserves-Obj C.UP-DN (/) T.component-in-hom calculation
ide-Hom
by (metis (no-types, lifting) mem-Collect-eq)
finally have *: (7 a) ‘*[hom, a, F, a] =
(generated-transformation (generating-elem 7) a)
Hhom, a, F, a
by blast
have 7 a = ((7 a) *[hom, a, F, a])"
using assms x 7.component-in-hom ide-Hom F.preserves-Obj by auto
also have ... = ((generated-transformation (generating-elem 7) a)
Hhom, a, F, a))t
using * by argo
also have ... = generated-transformation (generating-elem 7) a
using assms ¢ 1 ide-Hom by presburger
finally show 7 a = generated-transformation (generating-elem 7) a by blast
qed

lemma element-of-generated-transformation:
assumes ¢ € hom I (F, z)
shows generating-elem (generated-transformation e) = e
proof —
have generating-elem (generated-transformation e) =
Uncurrylhom, z, F, ]
((eval T (Fp x) - v~ eap T (F, z)] -
Currylexp (F, z) (Fo x), Z, F, 1]
(eval (Fy 2) (F, ) - (exp (F, ) (Fo z) ® €)) - Fou z2)7) -
1=t [hom, =] - Id x
proof —
have arr ((eval Z (F, z) -
r~Yewp I (F, 7)] -
Currylezp (Fo ) (F, ), I, F, 1]

(eval (Fy 2) (F, 7) - (exp (Fo ) (Fo 2) @ €)) - Foq v z))
using assms x F.preserves-Hom F.preserves-Obj
apply (intro C.UP-simps seql)

apply auto|1]
by fastforce+
thus ?thesis
using assms x C.DN-def comp-assoc by auto
qed
also have ... =
Uncurrylhom, z, F, ]
((eval T (F, z) -
(r~lexp  (F, )] -
Curryleap (F, 7) (F, @), T, Fy 1]
(eval (F, z) (F, 2) - (exp (Fo z) (Fo 2) ® €))) - Fq z2)T) -
1= hom, 2] - Id
using comp-assoc by simp
also have ... =
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Uncurrylhom, z, F, ]
((eval T (F, z) -
((Curryleap (Fo ) (Fy ), T, Fy 1]
(eval (F, z) (Fo z) - (exp (Fo z) (Fo 2) ® €)) @ T) -
r~Yexp (F, z) (F, 1)]) -
F,zx)h) -
1= [hom, 7] - Id x
proof —
have « Currylexp (F, z) (F, ), Z, F, x]
(eval (Fy, z) (Fo x) - (exp (Fp z) (Fo ) @ €))
cexp (Fo ) (Fo ) — exp T (Fp z)»
using assms x F.preserves-0Obj C.ide-exp
by (intro C.Curry-in-hom) auto
thus ?thesis
using assms
runit’-naturality
[of Currylexp (F, z) (F, x), Z, F, ]
(eval (F, z) (F, z) - (exp (Fy, z) (Fy z) ® €))]
by force
qed
also have ... =
Uncurry[hom, x, F, ]
((Uncurry|Z, F, z
(Currylexp (Fo z) (Fp 2), Z, Fy 2]
(eval (F, z) (F, z) - (exp (F, z) (Fo ) ® €))) -
rYexp (F, z) (F, 7)] - Fq z 1)) -
1=hom, 2] - Id
using comp-assoc by simp
also have ... =
Uncurrylhom, z, F, z]
(((eval (Fy z) (Fo z) - (exp (Fo z) (Fo ) @ €)) -
v Yexp (F, z) (F, 2)] - Fa zx)T) -
1=t[hom, x| - Id x
using assms x F.preserves-Obj C.Uncurry-Curry by auto
also have ... =
Uncurrylhom, z, F, ]
(((eval (Fy z) (Fo z) - (exp (Fp ) (Fo ) @ €)) -
(Fo 22 ®1I) 1 thom, 2))T) -
1= [hom, 7] - Id x
using assms z runit’-naturality F.preserves-Hom [of = z] by fastforce
also have ... =
Uncurrylhom, x, F, ]
(((eval (F, x) (F, ) - (exp (Fo z) (Fo z) ® €) - (Fq z2 Q@ T)) -
r~[hom, 2))T) -
1= [hom, 7] - Id x
using comp-assoc by simp
also have ... =
Uncurrylhom, z, F, ]
(((eval (F, z) (Fo z) - (Fy z 7 ® €)) - v~ Hhom, z])T) -
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1=t [hom, =] - Id x
using assms z F.preserves-Hom [of x x| comp-arr-dom [of e Z] comp-cod-arr
interchange
by fastforce
also have ... =
Uncurry[hom, x, F, ]
(Curry|Z, hom, z, F, x]
(((eval (Fy, z) (Fy 2) - (Fq 7 ® €)) - v~ [hom, 2]) - 1[hom, z])) -
1=t [hom, 7] - Id x
proof —
have seq (eval (F, z) (F, z) - (Fo 22 @ €)) 1~ [Hom z 7]
using assms x F.preserves-Obj F.preserves-Hom by blast
thus ?thesis
using assms x C.UP-def F.preserves-Obj by auto
qed
also have ... =
(((eval (Fy z) (Fo ) - (Fq z 2 ® €)) - v~ Y[Hom x z]) - I[Hom z z]) -
1" [Hom z 2] - Id x
using assms x C.Uncurry-Curry F.preserves-Obj F.preserves-Hom by force
also have ... =
eval (Fy z) (Fo 1) - (Fo 12 ® €) - v~ [Hom x 1] -
(1[Hom z z] - 17 [Hom z 7)) - Id x
using comp-assoc by simp
also have ... = eval (F, ) (Fo ) - (Foz2®e€)-v Y Homzz] - Idx
using assms z ide-Hom Id-in-hom comp-lunit-lunit’(1) comp-cod-arr
by fastforce

also have ... = eval (F, ) (Fo z) - (Foz2z®e) - (Idz ® I) - r [Z]
using z Id-in-hom runit’-naturality by fastforce

also have ... = eval (F, z) (Fo ) - (Fozr®¢e) - (Idz ® I)) - 17T
using comp-assoc by simp

also have ... = eval (F, z) (Fo 2) - (Fozz-Idz ® e) - 17 [Z]

using assms x interchange [of F, x x Id x e Z] F.preserves-Hom
comp-arr-dom Id-in-hom
by fastforce

also have ... = eval (F, z) (F, z) - (C.Id (F, ) ® e) - 1 '[Z]
using x F.preserves-Id by auto
also have ... =

eval (F, z) (Fo x) - (C.Id (F, z) @ Fo 2) - (Z ® ¢€)) - v 1[Z]
using assms x interchange C.Id-in-hom F.preserves-Obj comp-arr-dom
comp-cod-arr
by (metis in-homE mem-Collect-eq)

also have ... = Uncurry[F, z, F, z] (C.Id (F, 7)) - (Z ® e) - 1~ '[Z]
using comp-assoc by simp
also have ... = 1[F, z] - (Z ® e) - 17 1[Z]

using = F.preserves-0bj C.1d-def C.Uncurry-Curry by fastforce
also have ... = 1[F, 7] - (T ® e) - 17T

using unitor-coincidence by simp
also have ... = 1[F, 2] - 17'[F, z] - e

using assms lunit’-naturality by fastforce
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also have ... = (1[F, z] - 17}[F, 1]) - e
using comp-assoc by simp
also have ... = e
using assms z comp-lunit-lunit’ F.preserves-Obj comp-cod-arr by auto
finally show generating-elem (generated-transformation e) = e
by blast
qed

We can now state and prove the (weak) covariant Yoneda lemma (Kelly,
Section 1.9) for enriched categories.

theorem covariant-yoneda:
shows bij-betw generated-transformation
(hom I (F, x))
(Collect (enriched-natural-transformation C T o ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F,))
proof (intro bij-betwl)
show generated-transformation €
hom T (F, z) — Collect
(enriched-natural-transformation C T o ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F,)
using enriched-natural-transformation-generated-transformation by blast
show generating-elem €
Collect (enriched-natural-transformation C T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F,)
— hom I (F, z)
using generating-elem-in-hom by blast
show Ae. e € hom I (F, z) =
generating-elem (generated-transformation e) = e
using element-of-generated-transformation by blast
show A7. 7 € Collect (enriched-natural-transformation C T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F,)
= generaled-transformation (generating-elem 1) = 7
proof —
fix 7
assume 7: 7 € Collect (enriched-natural-transformation C T « ¢
Obj Hom Id Comp (Collect ide) exp C.Id C.Comp
hom, hom, F, F,)
interpret 7: enriched-natural-transformation C' T a o
Obj Hom Id Comp <Collect ide> exp C.Id C.Comp
hom, homg F, Fg, T
using 7 by blast
show generated-transformation (generating-elem 7) = 7
proof
fix a
show generated-transformation (generating-elem 7) a = 7 a
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using 7 transformation-generated-by-element 7.extensionality
F.extensionality C.UP-def not-arr-null null-is-zero(2)
by (cases a € Obj) auto
qed
qed
qed

end

2.5.3 Contravariant Case

The (weak) contravariant Yoneda lemma is obtained by just replacing the
enriched category by its opposite in the covariant version.

locale contravariant-yoneda-lemma =
opposite-enriched-category C' T o v o Obj Hom Id Comp +
covariant-yoneda-lemma C T a v o exp eval Curry Obj Homey, Id Comp,y, y Fo
F,
for C :: 'a = 'a = 'a (infixr > 55)
and T :: 'a x 'a = 'a
and a:: 'a X ‘a X 'a = 'a

and ¢ :: 'a
and o :: ‘a X 'a = 'a
and exp :: ‘a = ' !

and eval :: 'a = 'a = a
and Curry :: 'a = 'a = 'a = 'a = a
and Obj :: 'b set

and Hom :: 'b = 'b = 'a

and Id :: 'b = 'a

and Comp :: 'b = b= b= "a

and y :: b

and F, :: 'b = 'a

and F, :: ‘b= "b="a

begin

corollary contravariant-yoneda:
shows bij-betw generated-transformation
(hom T (F, y)
(Collect
(enriched-natural-transformation
C T a v Obj Hom,y Id Comp,, (Collect ide) exp C.Id C.Comp
hom, hom, Fo, F,))
using covariant-yoneda by blast

end

end
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