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Abstract

We formalize mixture and disintegraion of measures. This entry is
a formalization of Chapter 14.D of the book by Baccelli et.al. [1]. The
main result is the disintegration theorem: let (X, ¥ x) be a measurable
space, (Y, ¥y) be a standard Borel space, v be a o-finite measure on
X x Y, and vx be the marginal measure on X defined by vx(A) =
V(A xY). Assume that vx is o-finite, then there exists a probability
kernel x from X to Y such that

v(A x B) :/ kz(B)vx(de), A€ ¥x,B € Zy.
A

Such a probability kernel is unique vx-almost everywhere.
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1 Lemmas
theory Lemmas-Disintegration

imports Standard-Borel-Spaces.StandardBorel
begin



1.1 Lemmas

lemma semiring-of-sets-binary-product-sets|simpl:
semiring-of-sets (space X x space Y) {a x blab. a € sets X AN b € sets Y}
proof
show {a x b |a b. a € sets X N b € sets Y} C Pow (space X x space Y)
using pair-measure-closed by blast
next
fix cd
assume c € {a X blab. a€sets X Nbesets Y} de{axblab. ac€ setsX
A b€ sets Y}
then obtain ac bc ad bd where
c=ac X bcac € sets X bc € sets Y d = ad x bd ad € sets X bd € sets Y
by auto
thuscnNde{axblab acsets X NbEe sets Y}
by (auto intro!: exI[where z=ac N ad] exI[where z=bc N bd)])
next
fix cd
assume c € {a X blab. a€ sets X Nbesets Y} de{axblab. ac sets X
A b€ sets Y}
then obtain ac bc ad bd where cd:
c=ac x bcac € sets X bc € sets Y d = ad x bd ad € sets X bd € sets Y
by auto
then have eql:c — d = ((ac — ad) x (bc — bd)) U ((ac — ad) x (bc N bd)) U
((ac N ad) x (bc — bd))
by blast
obtain a! where al: alCsets X finite al disjoint al ac — ad = |J al
using cd sets. Diff-cover|of ac X ad] by auto
obtain a2 where a2 : a2Csets Y finite a2 disjoint a2 bc — bd = |J a2
using cd sets. Diff-cover[of bc Y bd] by auto
define A1 A2 A3
where Al-def:Al = {a x blab. a € al N b€ a2}
and A2-def:A2 = {a x (be N bd)|a . a € al}
and A3-def:A3 = {(ac N ad) x blb. b € a2}
have disj:disjoint (A1 U A2 U A3)
proof —
have [simp]: disjoint A1
proof
fix zy
assume z € Alye Alx # vy
then obtain za xb ya yb where xy: x = xza X zb za € al zb € a2 y = ya X
yb ya € al yb € a2
by (auto simp: Al-def)
with <z # y> consider za # ya | zb # yb by auto
thus disjnt z y
proof cases
case I
then have za N ya = {}
using al(3) xy by(auto simp: disjoint-def)
thus ?thesis



by (auto simp: zy disjnt-def)
next
case 2
then have zb N yb = {}
using a2(3) xy by(auto simp: disjoint-def)
thus ?thesis
by (auto simp: zy disjnt-def)
qed
qed
have [simp]: disjoint A2
proof
fix zy
assume z € A2y € A2x # vy
then obtain za ya where zy: © = za X (be N bd) za € al y = ya x (bc N
bd) ya € al
by (auto simp: A2-def)
with al(3) <z # y» have za N ya = {}
by (auto simp: disjoint-def)
thus disjnt z y
by (auto simp: zy disjnt-def)
qed
have [simp]: disjoint A3
proof
fixzy
assume z € A3y € ASx # vy
then obtain zb yb where zy:x = (ac N ad) x zb zb € a2 y = (ac N ad) %
yb yb € a2
by (auto simp: A3-def)
with a2(3) <z # v have zb N yb = {}
by (auto simp: disjoint-def)
thus disjnt x y
by (auto simp: xy disjnt-def)
qed
show ?thesis
by (auto introl: disjoint-union) (insert al a2,auto simp: Al-def A2-def A3-def)
qed
have fin: finite (A1 U A2 U A3)
using al a2 by (auto simp: Al-def A2-def A3-def finite-image-set2)
have cdeq:c — d =] (A1 U A2 U A3)
proof —
have [simp]:J af x |J a2 = | A1 al x (benbd) =] A2 (ac N ad)
xJ a2 = A3
by (auto simp: Al-def A2-def A3-def)
show ?thesis
using al(4) a2(4) by(simp add: eql)
qed
have A1 U A2 U A3 C{axblab. ac sets X \NbE€E sets Y}
using al(1) a2(1) cd by(auto simp: Al-def A2-def A3-def)
with fin disj cdeq show 3CC{a x bla b. a € sets X N b € sets Y}. finite C A



disjoint C ANec—d= C
by (auto intro!: exl[where z=A1 U A2 U A3])
qed auto

lemma sets-pair-restrict-space:
sets (restrict-space X A @ ar restrict-space Y B) = sets (restrict-space (X Q) ar
Y) (4 x B))
(is ?lhs = %rhs)
proof —
have ?lhs = sigma-sets (space (restrict-space X A) x space (restrict-space Y B))
{a x blab. a€ sets (restrict-space X A) A b € sets (restrict-space Y B)}
by (simp add: sets-pair-measure)
also have ... = sigma-sets (space (restrict-space X A) x space (restrict-space Y
B)) {a x b N space (restrict-space X A) x space (restrict-space Y B) |a b. a € sets
X Nbe sets Y}
proof —
have {a x b |a b. a € sets (restrict-space X A) N\ b € sets (restrict-space Y B)}
= {a x b N space (restrict-space X A) x space (restrict-space Y B) |a b. a € sets
X Nbe€ sets Y}
unfolding space-restrict-space sets-restrict-space
proof safe
fix za zb
show za € sets X = 2b € sets ¥ —
Jab (ANaza) x (BNab) =a x bN (AN space X) x (B N space Y)
ANa€sets X ANbesetsY
by (auto intro!: exl[where x=za] exI[where z=xb| dest:sets.sets-into-space)
next
fixab
show a € sets X = b € sets ¥ =
Jaa ba. a x b N (AN space X) x (B N space Y) = aa X ba A aa €
sets.restricted-space X A N ba € sets.restricted-space Y B
by (auto introl: exI[where z=a N A] exI[where z=b N B| dest:sets.sets-into-space)
qed
thus ?thesis by simp
qed
also have ... = sigma-sets (space (restrict-space X A) x space (restrict-space Y
B)) {(Az. ) —¢ ¢ N space (restrict-space X A) x space (restrict-space Y B) |c. ¢
€{axbab acsets X Nbec sets Y}}
proof —
have {a x b N space (restrict-space X A) x space (restrict-space Y B) |a b.
a € sets X Nb e sets Y} = {(Az. ) —¢ ¢ N space (restrict-space X A) X space
(restrict-space Y B) |c. ¢ € {a X b| a b. a € sets X AN b € sets Y}}

by auto
thus ?thesis by simp
qed
also have ... = {(A\z. ) —* ¢ N space (restrict-space X A) x space (restrict-space

Y B) |c. ¢ € sigma-sets (space X x space Y) {a X b |a b. a € sets X A b € sets

Y}

by (rule sigma-sets-vimage-commute[symmetric]) (auto simp: space-restrict-space)



also have ... = {¢ N (4 N space X) x (BN space Y) |c. ¢ € sets (X Qum Y)}
by (simp add: space-restrict-space sets-pair-measure)

also have ... = {c N A X B|c. c € sets (X Qum Y)}
using sets.sets-into-spacelof - X @ nr Y ,simplified space-pair-measure] by blast

also have ... = ?rhs
by (auto simp: sets-restrict-space)

finally show ?thesis .

qed

lemma restrict-space-space[simp): restrict-space M (space M) = M
by (auto introl: measure-eql simp: sets-restrict-space emeasure-restrict-space sets.sets-into-space)

lemma atMostq-Int-stable:
Int-stable {{..r} |r:real. r € Q}
by (auto simp: Int-stable-def min-def)

lemma rborel-eq-atMostq:
borel = sigma UNIV { {..r} | rureal. r € Q}
proof(safe intro!: borel-eq-sigmall[OF borel-eq-atMost,where F=id, simplified))
fix a :: real
interpret s: sigma-algebra UNIV sigma-sets UNIV {{..r} |r. r € Q}
by (auto introl: sigma-algebra-sigma-sets)
have [simp]: {..a} = () ((A\r. {..7}) “{r.-r € QA a<7}))
by auto (metis Rats-dense-in-real less-le-not-le nle-le)
show {..a} € sigma-sets UNIV {{..r} |r. r € Q}
using countable-Collect countable-rat Rats-no-top-le
by (auto introl: s.countable-INT")
qed auto

corollary rborel-eq-atMostq-sets:
sets borel = sigma-sets UNIV {{..r} |r::real. r € Q}
by (simp add: rborel-eq-atMostq)

lemma mono-absolutely-continuous:

assumes sets i = sets v NA. A € setspy —= p A<v A

shows absolutely-continuous v p

by (auto simp: absolutely-continuous-def) (metis assms(1) assms(2) fmeasurableD
fmeasurablel-null-sets le-zero-eq null-setsD1 null-setsI)

lemma ex-measure-countable-space:
assumes countable (space X)
and sets X = Pow (space X)
shows . sets u = sets X N (Vae€space X. p {z} = fx)
proof —
define py where p = extend-measure (space X) (space X) (Az. {z}) f
have s:sets = sets X
using sets-extend-measure[of \z. {z} space X space X| sigma-sets-singletons|OF
assms(1)]
by (auto simp add: p-def assms(2))



show ?thesis
proof (safe introl: exl[where z=p])
fix z
assume z:1 € space X
show u {z} = fz
proof(cases finite (space X))
case fin: True
then have sets-fin:x € sets p = finite x for z
by (auto introl: rev-finite-subset| OF fin] sets.sets-into-space simp: )
define i’ where p/ = (M. > x€A. fz)
show ?thesis
proof (rule emeasure-extend-measure[of u space X space X - f ' x))
show countably-additive (sets p) '
using fin sets-fin
by (auto intro!: sets.countably-additivel-finite simp: sets-eq-imp-space-eq(OF
s] positive-def p'-def additive-def comm-monoid-add-class.sum.union-disjoint)
qed(auto simp: © p-def p'-def positive-def)
next
case inf:False
define p’ where p’ = (AA. > n. if from-nat-into (space X) n € A then f
(from-nat-into (space X) n) else 0)
show ?thesis
proof (rule emeasure-extend-measure[of u space X space X - f u' x))
fix ¢
assume i € space X
then obtain n where n:from-nat-into (space X) n = i
using bij-betw-from-nat-into| OF assms(1) inf] by (meson f-the-inv-into-f-bij-betw)
then have u’ {i} = (O_m. if m = n then f (from-nat-into (space X) n)
else 0)
using from-nat-into-inj-infinite| OF assms(1) inf]
by (auto simp: p’'-def) metis
also have ... = (> m. if (m + (Suc n)) = n then f (from-nat-into (space
X) n) else 0) + (> m<Suc n. if m = n then f (from-nat-into (space X) n) else
0)
by (rule suminf-offset) auto
also have ... = f ¢
by(auto simp: n)
finally show p’ {i} = fi.
next
show countably-additive (sets p) '
proof (rule countably-additivel)
fix A :: nat = -
assume h:range A C sets u disjoint-family A |J (range A) € sets p
show ($i. i’ (A 1)) = ' (U (range 4))
proof —
have (> i. p' (A1) = ([T i. p' (A7) O(count-space UNIV))
by (simp add: nn-integral-count-space-nat)
also have ... = ([ i. (3 n. if from-nat-into (space X) n € A i then f
(from-nat-into (space X) n) else 0) O(count-space UNIV))



by (simp add: p'-def)
also have ... = (3" n. ([T i. (if from-nat-into (space X) n € A i then f
(from-nat-into (space X) n) else 0) O(count-space UNIV)))
by (simp add: nn-integral-suminf)
also have ... = (3 n. ([ 1 i. f (from-nat-into (space X) n) * indicator
(A @) (from-nat-into (space X) n) 9(count-space UNIV)))
by (auto intro!: suminf-cong nn-integral-cong)
also have ... = (3 n. (3 i. f (from-nat-into (space X) n) * indicator
(A ) (from-nat-into (space X) n)))
by (simp add: nn-integral-count-space-nat)
also have ... = (3" n. f (from-nat-into (space X) n) * indicator (|J
(range A)) (from-nat-into (space X) n))
by (simp add: suminf-indicator[OF h(2)])
also have ... = u' (U (range A))
by (auto simp: p'-def intro!: suminf-cong)
finally show ?thesis .

qed
qed
qed(auto simp: x p-def p'-def positive-def)
qed
qed(simp-all add: s)
qged

lemma ex-prob-space-countable:
assumes space X # {} countable (space X)
and sets X = Pow (space X)
shows Fu. sets p = sets X N prob-space p
proof (cases finite (space X))
case fin: True
define n where n = card (space X)
with fin assms(1) have n: 0 < n
by (simp add: card-gt-0-iff)
obtain y where pu: sets p = sets X Az. © € space X = u {z} = ennreal (1 /
real n)
using ez-measure-countable-space|OF assms(2,8)] by meson
then have sets-fin:x € sets p = finite = for z
by (auto introl: rev-finite-subset|OF fin] sets.sets-into-space)
show ?thesis
proof (safe intro!: exl[where z=p])
show prob-space p
proof
have emeasure p (space 1) = (> a€space p. ennreal (1/n))
using emeasure-eq-sum-singleton[OF sets-fin[OF sets.top],of u] assms(3) p

by auto
also have ... = of-nat n * ennreal (1 / real n)

using u(2) sets-eg-imp-space-eq|OF p(1)] by(simp add: n-def)
also have ... = I

using n by(auto simp: ennreal-of-nat-eg-real-of-nat) (metis ennreal-1 en-
nreal-mult’’ mult.commute nonzero-eq-divide-eq not-gr0 of-nat-0-eq-iff of-nat-0-le-iff)



finally show emeasure p (space p) = 1 .
qed
qed(use p in auto)
next
case inf:False
obtain p where u: sets = sets X N\z. © € space X = pu {z} = (1/2) (Suc
(to-nat-on (space X) x))
using ex-measure-countable-space] OF assms(2,3),of Az. (1/2) (Suc (to-nat-on
(space X) z))] by auto
show ?thesis
proof(safe intro!: exl[where r=p])
show prob-space p
proof
have emeasure u (space p) = emeasure p (|Jn. {from-nat-into (space X) n})
by (simp add: sets-eq-imp-space-eqOF u(1)] UNION-singleton-eg-range
assms(1) assms(2))
also have ... = (3 n. u {from-nat-into (space X) n})
using from-nat-into-inj-infinite[ OF assms(2) inf] from-nat-into[ OF assms(1)]
assms(3)
by (auto introl: suminf-emeasure[symmetric] simp: p(1) disjoint-family-on-def)
also have ... = (D n. (1/2) (Suc n))
by (simp add: u(2)[OF from-nat-into[OF assms(1)]] to-nat-on-from-nat-into-infinite OF
assms(2) inf])
also have ... = (3 4. ennreal (1 / 2) ~ Suc 7))
by (metis (mono-tags, opaque-lifting) divide-ennreal divide-pos-pos en-
nreal-numeral ennreal-power le-less power-0 zero-less-numeral zero-less-one)
also have ... = 1
using suminf-ennreal-eq[OF - power-half-series]
by (metis ennreal-1 zero-le-divide-1-iff zero-le-numeral zero-le-power)
finally show emeasure u (space p) = 1 .
qed
qed(use p in auto)
qed

lemma AE-T":
assumes N € null-sets M
and \z. 2 € space M —= ¢ N = Pz
shows AE zin M. P x
by (metis (no-types, lifting) assms eventually-ae-filter mem-Collect-eq subsetl)

lemma absolutely-continuous-trans:
assumes absolutely-continuous L M absolutely-continuous M N
shows absolutely-continuous L N
using assms by (auto simp: absolutely-continuous-def)

1.2 Equivalence of Measures

abbreviation equivalence-measure :: 'a measure = 'a measure = bool (infix <~ >
60)



where equivalence-measure M N = absolutely-continuous M N N\ absolutely-continuous

NM

lemma equivalence-measure-refl: M ™~ M
by (auto simp: absolutely-continuous-def)

lemma equivalence-measure-sym:
assumes M ~p N
shows N ~yy M
using assms by simp

lemma equivalence-measure-trans:
assumes M ~py NN ' L
shows M ~p; L
using assms by(auto simp: absolutely-continuous-def)

lemma equivalence-measurel:
assumes absolutely-continuous M N absolutely-continuous N M
shows M ~py N
by (simp add: assms)

end

2 Disintegration Theorem

theory Disintegration
imports S-Finite-Measure-Monad. Kernels
Lemmas-Disintegration
begin

2.1 Definition 14.D.2. (Mixture and Disintegration)

context measure-kernel
begin

definition mizture-of :: [(‘a x'b) measure, 'a measure] = bool where
mizture-of v p <— sets v = sets (X @ a Y) A sets p = sets X N (V Cesets (X
QRum Y). v C=([Ta [Ty indicator C (z,y) I(k ) Op))

definition disintegration :: [('a x'b) measure, 'a measure] = bool where
disintegration v p «— sets v = sets (X @ m Y) A sets p = sets X A (V A€sets
X.VBesets Y. v (A x B) = ([ tz€A. (k z B) Op))

lemma disintegrationl:
assumes sets v = sets (X @ Y) sets p = sets X
and A\A B. A € sets X = B € sets Y = v (A x B) = ([ tz€A. (k z B)
o)
shows disintegration v u
by (simp add: disintegration-def assms)



lemma mizture-of-disintegration:
assumes mizture-of v p
shows disintegration v
unfolding disintegration-def
proof safe
fix A B
assume [simp|:A € sets X B € sets Y
have [simp,measurable-cong|: sets u = sets X space p = space X
using assms by(auto simp: mizture-of-def intro!: sets-eg-imp-space-eq)
have A x B € sets (X Qum Y) by simp
with assms have v (A x B) = ([ Tz. [Ty. indicator (A x B) (z,y) 9(k z) Op)
by (simp add: mizture-of-def)

also have ... = ([ tz. [ *y. indicator A © = indicator B y d(k z) Ou)
by (simp add: indicator-times)
also have ... = ([ Tz€A. (k z B) du)

by (auto intro!: nn-integral-cong simp: kernel-sets nn-integral-cmult-indicator
mult.commute)
finally show emeasure v (A x B) = ([ Tz€A. emeasure (k z) Bou) .
qed(use assms[simplified mizture-of-def] in auto)

lemma
shows mizture-of-sets-eq: mizture-of v u = sets v = sets (X Q ym Y) mizture-of
v = sets p = sets X
and mizture-of-space-eq: mixture-of v p = space v = space (X Qu Y)
mizture-of v = space = space X
and disintegration-sets-eq: disintegration v p = sets v = sets (X Qu Y)
disintegration v yu = sets i = sets X
and disintegration-space-eq: disintegration v p = space v = space (X @Q m
Y) disintegration v yn = space u = space X
by (auto simp: mizture-of-def disintegration-def introl: sets-eq-imp-space-eq)

lemma
shows mizture-ofD: mizture-of v p = C € sets (X @u Y) = v C = ([ tz.
J Ty. indicator C (z,y) d(rk x) Op)
and disintegrationD: disintegration v p = A € sets X = B € sets ¥ = v
(A x B) = ([ Tz€A. (k z B) Op)
by (auto simp: mizture-of-def disintegration-def)

lemma disintegration-restrict-space:

assumes disintegration v p A N space X € sets X

shows measure-kernel.disintegration (restrict-space X A) Y k (restrict-space v
(A x space Y)) (restrict-space p A)
proof (rule measure-kernel.disintegrationI[OF restrict-measure-kernel[of A]])

have sets (restrict-space v (A x space Y)) = sets (restrict-space (X @ V) (A
X space Y))

by (auto simp: disintegration-sets-eq| OF assms(1)] introl: sets-restrict-space-cong)

also have ... = sets (restrict-space X A Q pm V)

using sets-pair-restrict-spacelof X A Y space Y]
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by simp
finally show sets (restrict-space v (A X space Y)) = sets (restrict-space X A
QuY).
next
show sets (restrict-space p A) = sets (restrict-space X A)
by (auto simp: disintegration-sets-eq[OF assms(1)] intro!: sets-restrict-space-cong)
next
fix a b
assume h:a € sets (restrict-space X A) b € sets Y
then have restrict-space v (A x space Y) (a X b) = v (a X b)
using sets.sets-into-space
by (auto introl: emeasure-restrict-space simp: disintegration-space-eq[OF assms(1)]
disintegration-sets-eq OF assms(1)] sets-restrict-space)
(metis Sigma-Int-distrib1 assms(2) pair-measurel sets.top space-pair-measure)
also have ... = ([ Tz€a. emeasure (k z) b Op)
using sets-restrict-space-iff [OF assms(2)] h assms(1)
by (auto simp: disintegration-def)
also have ... = ([ Tz€A. (emeasure (k z) b * indicator a z) Op)
using h(1) by(auto introl: nn-integral-cong simp: sets-restrict-space)
(metis IntD1 indicator-simps(1) indicator-simps(2) mult.comm-neutral
mult-zero-right)
also have ... = ([ Tz€a. emeasure (k ) b Orestrict-space p A)
by (metis (no-types, lifting) assms disintegration-sets-eq(2) disintegration-space-eq(2)
nn-integral-cong nn-integral-restrict-space)
finally show restrict-space v (A x space Y) (a x b) = ([ Taz€a. emeasure (k
x) b Orestrict-space p A) .
qged

end

context subprob-kernel
begin
lemma countable-disintegration-A E-unique:
assumes countable (space V) and [measurable-cong|:sets Y = Pow (space Y)
and subprob-kernel X Y k' sigma-finite-measure
and disintegration v p measure-kernel.disintegration X Y &’ v p
shows AEzin p. kz=k"x
proof —
interpret k. subprob-kernel X Y k' by fact
interpret s: sigma-finite-measure p by fact
have sets-eq[measurable-congl: sets p = sets X sets v = sets (X @n Y)
using assms(5) by(auto simp: disintegration-def)
have 1:AE zin p. Yy € space Y. k z {y} = v’ = {y}
unfolding AE-ball-countable[ OF assms(1)]
proof
fix y
assume y: y € space Y
show AF zin p. emeasure (k x) {y} = emeasure (' z) {y}
proof (rule s.sigma-finite)

11



fix J :: nat = -
assume J:range J C sets p |J (range J) = space p N\i. emeasure p (J i) #
00
from y have [measurable]: (A\z. k z {y}) € borel-measurable X (Az. k' z {y})
€ borel-measurable X
using emeasure-measurable k'.emeasure-measurable by auto
define A where A = {z € space p. k z {y} < 'z {y}}
have [measurable]:A € sets p
by (auto simp: A-def)
have A: A\z. 2z € space p = ¢ A = k' z {y} <k z {y}
by (auto simp: A-def)
have 1: AE z€A in p. k x {y} = &'z {y}
proof —
have AEzin p.Vn. (x € ANJn— kz{y} =r"2{y})
unfolding AF-all-countable
proof
fix n
have ninf:([ Tz€A N Jn. (k z) {y}op) < oo
proof —
have ([ tzeA N Jn. (k z) {y}ou) < (JtzeA N Jn. (k z) (space V)
o)
using kernel-sets y by(auto intro!: nn-integral-mono emeasure-mono
simp: indicator-def disintegration-space-eq(2)[OF assms(5)])
also have ... < ([Tz€A N Jn. 1 du)
using subprob-space by (auto intro!: nn-integral-mono simp: indicator-def
disintegration-space-eq(2)[OF assms(5)])
also have ... =y (AN Jn)
using J by simp
also have ... < pu (J n)
using J by (auto introl: emeasure-mono)
also have ... < o0
using J(3)[of n] by (simp add: top.not-eq-extremum)
finally show ¢thesis .
qed
have ([ Tz. (k' z) {y} * indicator (AN Jn) z — (k z) {y} * indicator (A
NJn)zou) = ([TzeAN Jn. (v z){y} Op) — (JTzeA N Jn. (k) {y} Op)
using J ninf by(auto introl: nn-integral-diff simp: indicator-def A-def)
also have ... = 0
proof —
have 0: v (AN Jn) x {y}) = ([ Tz€eA N Jn. (k z) {y} Ou)
using J y sets-eq by (auto intro!: disintegrationD[OF assms(5),0f A N
Jn {y})

have [simp]: ([ TzeA N Jn. (k" z) {y} Op) =v (AN Jn) x {y})
using J y sets-eq by(auto intro!: k'.disintegrationD[OF assms(6),0f A
N J n {y},symmetric])
show ?thesis
using ninf by (simp add: 0 diff-eq-0-iff-ennreal)
qed
finally have assm:AE z in p. (k' z) {y} * indicator (AN Jn) z — (k x)
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{y} = indicator (AN Jn)z =10
using J by(simp add: nn-integral-0-iff-AE)
show AF ze AN Jnin p (kz) {y} = (" 2) {y}
proof(rule AE-mp[OF assm])
show AE x in u. emeasure (k' z) {y} * indicator (AN Jn) z — emeasure
(k z) {y} * indicator (AN Jn)z=0 — x € AN Jn — emeasure (k =) {y}
= emeasure (k' z) {y}
proof —
{
fix z
assume h: (k' z) {y} — (k2){y} =0z € A
have (s ) {y} = (x' ) {y}
using h(2) by(auto introl: antisym ennreal-minus-eq-0[OF h(1)]
simp: A-def)
}
thus “thesis
by (auto simp: indicator-def)
qed
qed
qed
hence AE zcA N (U (range J))in p. k z {y} = &’ = {y}
by auto
thus ?thesis
using J(2) by auto
qed
have 2: AE z€ (space p — A) in p. &z {y} = k" {y}
proof —
have AE zin p. Vn. x € (space p — A) N Jn — k z{y} ="z {y}
unfolding A E-all-countable
proof
fix n
have ninf:([ tze(space p — A) N Jn. (' z) {y}ou) < 0o
proof —
have ([ Tz€(space p — A) N Jn. (k' z) {y}op) < ([ Tz€(space p — A)
N Jn. (k" z) (space Y) Ou)
using kernel-sets y by(auto intro!: nn-integral-mono emeasure-mono
simp: indicator-def disintegration-space-eq(2)[OF assms(5)])
also have ... < ([ Tze(space p — A) N Jn. 1 dp)
using k’.subprob-space by(auto introl: nn-integral-mono simp: indica-
tor-def disintegration-space-eq(2)[OF assms(5)])
also have ... = u ((space p — A) N J n)
using J by simp
also have ... < pu (J n)
using J by (auto introl: emeasure-mono)
also have ... < o0
using J(3)[of n] by (simp add: top.not-eg-extremum)
finally show ?thesis .
qed
have ([ Tz. (k z) {y} * indicator ((space p — A) N Jn) z — (k" z) {y} *
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indicator ((space p — A) N Jn) z 0p) = ([ Tae(space p — A) N J n. (k z) {y}
o) — ([ Tae(space p — A) N I n. (k' z) {y} Ou)
using J ninf A by(auto introl: nn-integral-diff simp: indicator-def)
also have ... = 0
proof —
have 0: ([ tze(space p — A) N J n. (k" z) {y} Op) = v (((space p —
40 Tn) x {g)
using J y sets-eq by(auto introl: k' disintegrationD[OF assms(6),0f
(space p — A) N J n {y},symmetric))
have [simp]: v (((space p — A) N J n) x {y}) = ([ Tze(space p — A)
N Jn. (k2) {y} Op)
using J y sets-eq by (auto introl: disintegrationD[OF assms(5),of (space
p—A)nJn{y})
show ?thesis
using ninf by (simp add: 0 diff-eq-0-iff-ennreal)
qed
finally have assm:AFE z in p. (k z) {y} * indicator ((space p — A) N J
n) z — (k' z) {y} * indicator ((space p — A) N Jn)z =20
using J by(simp add: nn-integral-0-iff-AFE)
show AF z€(space p — A) N Jnin p. (k z) {y} = (" ) {y}
proof (rule AE-mp[OF assm))
show AFE xin p. emeasure (k x) {y} * indicator ((space p — A) N J n)
x — emeasure (k' x) {y} * indicator ((space p — A) N Jn) z =0 — z € (space
w—A) N Jn — emeasure (k x) {y} = emeasure (k' z) {y}
proof —
{
fix z
assume h: (k z) {y} — (k' 2) {y} = 0z € space pz ¢ A
have (s z) {y} = (x' ) {y}
using A[OF h(2,3)] by(auto introl: antisym ennreal-minus-eq-0[OF
h(1)] simp: A-def)

thus ?thesis
by (auto simp: indicator-def)
qed
qed
qged
hence AE z€(space p — A) N (Y (range J))in p. k z {y} = &’z {y}
by auto
thus ?thesis
using J(2) by auto
qed
show AE zin p. k ¢ {y} = v’ z {y}
using 1 2 by(auto simp: A-def)
qed
qed
show ?thesis
proof (rule AE-mp[OF 1))

{
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fix z
assume z: ¢ € space X
and h: Vyespace Y. k z {y} = &’z {y}
have Kk z = k' x
by (simp add: k’.kernel-sets assms h kernel-sets measure-eql-countable x)
}

thus AFE z in p. (Vy€space Y. emeasure (k ) {y} = emeasure (k' z) {y})
— kz=kr'2z
by (auto simp: sets-eq-imp-space-eq| OF sets-eq(1)])
qged
qged

end

lemmal(in subprob-kernel) nu-mu-spaceY-le:
assumes disintegration v p A € sets X
shows v (A x space V) < u A
proof —
have v (A x space Y) = ([ Tz€A. (k z (space Y)) )
using assms by(simp add: disintegration-def)
also have ... < ([ Tz€A. 1 Op)
using assms subprob-space by (auto introl: nn-integral-mono simp: disintegra-
tion-space-eq) (metis dual-order.refl indicator-simps(1) indicator-simps(2) mult.commute
mult-1 mult-zero-right)
also have ... = A
using assms by (simp add: disintegration-def)
finally show ?thesis .
qed

context prob-kernel
begin

lemma countable-disintegration-A E-unique-prob:
assumes countable (space V) and [measurable-cong|:sets Y = Pow (space Y)
and prob-kernel X Y k' sigma-finite-measure p
and disintegration v p measure-kernel.disintegration X Y &’ v p
shows AEzin p. kz=k"x
by (auto introl: countable-disintegration-AE-unique[OF assms(1,2) - assms(4—6)]
prob-kernel.subprob-kernel assms(3))

end

2.2 Lemma 14.D.3.

lemmal(in prob-kernel) nu-mu-spaceY:
assumes disintegration v p A € sets X
shows v (A x space V) = pu A
proof —
have v (A x space Y) = ([ Tz€A. (k z (space Y)) )
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using assms by (simp add: disintegration-def)
also have ... = ([ Tz€A. 1 Op)
using assms by (auto intro!: nn-integral-cong simp: prob-space disintegration-space-eq)
also have ... =y A
using assms by (simp add: disintegration-def)
finally show ?thesis .
qed

corollary(in subprob-kernel) nu-finite:
assumes disintegration v u finite-measure
shows finite-measure v
proof
have v (space v) = v (space (X @ nm Y))
using assms by(simp add: disintegration-space-eq)
also have ... < pu (space p)
using assms by (simp add: nu-mu-spaceY-le disintegration-space-eq space-pair-measure)
finally show v (space v) # oo
using assms(2) by (metis finite-measure.emeasure-finite infinity-ennreal-def
neg-top-trans)
qed

corollary(in subprob-kernel) nu-subprob-space:
assumes disintegration v pu subprob-space p
shows subprob-space v
proof
have v (space v) = v (space (X Q p Y))
using assms by (simp add: disintegration-space-eq)
also have ... < u (space p)
using assms by (simp add: nu-mu-spaceY-le disintegration-space-eq space-pair-measure)
finally show v (space v) < 1
using assms(2) order.trans subprob-space.emeasure-space-le-1 by auto
next
show space v # {}
using Y-not-empty assms by (auto simp: disintegration-space-eq subprob-space-def
subprob-space-axioms-def space-pair-measure)
qed

corollary(in prob-kernel) nu-prob-space:
assumes disintegration v p prob-space
shows prob-space v
proof
have v (space v) = v (space (X Q p Y))
using assms by (simp add: disintegration-space-eq)
also have ... = u (space p)
using assms by (simp add: nu-mu-spaceY disintegration-space-eq space-pair-measure)
finally show v (space v) = 1
by (simp add: assms(2) prob-space.emeasure-space-1)
qed
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lemma(in subprob-kernel) nu-sigma-finite:
assumes disintegration v | sigma-finite-measure p
shows sigma-finite-measure v
proof
obtain A where A:countable A A C sets u|J A = space u ¥V a€A. emeasure
a # oo
using assms(2) by (meson sigma-finite-measure.sigma-finite-countable)
have countable {a X space Y |a. a € A}
using countable-image|OF A(1),0f Aa. a x space Y]
by (simp add: Setcompr-eq-image)
moreover have {a x space Y |a. a € A} C sets v
using A(2) assms(1) disintegration-def by auto
moreover have |J {a X space Y |a. a € A} = space v
using assms A(8) by(simp add: disintegration-space-eq space-pair-measure)
blast
moreover have Vbc{a x space Y |a. a € A}. emeasure v b # oo
using neg-top-trans|OF - nu-mu-spaceY-le[OF assms(1)]] A(2,4) assms disin-
tegration-sets-eq(2) by auto
ultimately show 3 B. countable B A B C sets v A |J B = space v A\ (V beB.
emeasure v b # 00)
by blast
qged

2.3 Theorem 14.D.4. (Measure Mixture Theorem)

lemma(in measure-kernel) exist-nu:
assumes sets p = sets X
shows Jv. disintegration v
proof —
define v where v = extend-measure (space X x space Y) {(a, b). a € sets X A
b € sets Y} (A(a, b). a x b) (Ma, b). [tz€a. emeasure (k z) bOu)
have 1: sets v = sets (X Qu Y)
proof —
have sets v = sigma-sets (space X X space Y) ((A(a, b). a x b) ‘{(a, b). a €
sets X N'b € sets Y})
unfolding v-def
by (rule sets-extend-measure) (use sets.space-closed|of X| sets.space-closed|of
Y] in blast)
also have ... = sigma-sets (space X x space Y) {a x blab. a € sets X AN b €
sets Y}
by (auto introl: sigma-sets-eql)
also have ... = sets (X @ u V)
by (simp add: sets-pair-measure)
finally show ?thesis .
qed
have 2: v (A x B) = ([ Tz€A. (k  B) Ou) if A € sets X B € sets Y for A B
proof (rule extend-measure-caratheodory-pair|OF v-def])
fixijkl
assume i € sets X N j € sets Yk € sets X Nl €sets Yixj=kxI
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then consider i = kj=1|ix j={} k x | ={} by blast
thus ([ Tz€i. emeasure (k z) j Op) = ([ Tz€k. emeasure (k z) | Op)
by cases auto
next
fix ABjk
assume h: An:nat. An € sets X AN Bn € sets Yj € sets X ANk € sets YV
disjoint-family (An. An x Bn) (Ji. Aix Bi)=j Xk
show (3" n. [Tz€A n. emeasure (k z) (B n)ou) = ([ Tz€j. emeasure (k )
ko)
(is ?lhs = %rhs)
proof —
have ?lhs = ([ Tz. (X n. k z (B n) * indicator (A n) z)0u)
proof (rule nn-integral-suminf|symmetric|)
fix n
have [measurable]:(A\z. emeasure (k ) (B n)) € borel-measurable p indicator
(A n) € borel-measurable u
using h(1)[of n] emeasure-measurable[of B n] assms(1) by auto
thus (Az. emeasure (k z) (B n) x indicator (A n) x) € borel-measurable p

by simp
qed
also have ... = ?rhs
proof (safe introl: nn-integral-cong)
fix z

assume z € space
consider j = {} [ k = {} | j # {} k # {} by auto
then show (> n. emeasure (k x) (B n) * indicator (A n) x) = emeasure
(k x) k * indicator j
proof cases
case 1
then have An. An x Bn={}
using h(4) by auto
have emeasure (k x) (B n) * indicator (A n) x = 0 for n
using (A n x B n = {}» by(auto simp: Sigma-empty-iff)
thus ?thesis
by (simp only: 1,simp)
next
case 2
then have An. An x Bn={}
using h(4) by auto
have emeasure (k z) (B n) * indicator (A n) x = 0 for n
using (A n x B n = {}» by(auto simp: Sigma-empty-iff)
thus ?thesis
by (simp only: 2,simp)
next
case 3
then have zinjiff:z € j «— (3i. JyeBi. (z,y) € A i x Bi)
using h(4) by blast
have bunk:\J (B ‘{i.z € Ai})=kifz e
using that 3 h(4) by blast
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show ?thesis
proof(cases T € j)
case Fulse
then have An. 2 ¢ AnVv Bn=1{}
using h(4) 3 xinjiff by auto
have emeasure (k z) (B n) * indicator (A n) x = 0 for n
using <z ¢ A nV Bn = {}» by auto
thus ?thesis
by (simp only:)(simp add: False)
next
case True
then have [simp]: emeasure (k ) k * indicator j © = emeasure (k x) k
by simp
have (> n. emeasure (k x) (B n) x indicator (A n) ) = (> n. emeasure
(k z) (if x € A n then B n else {}))
by (auto intro!: suminf-cong)
also have ... = emeasure (k z) ((Un. if £ € A n then B n else {})
proof (rule suminf-emeasure)
show disjoint-family (Mi. if x € A i then B i else {})
using disjoint-family-onD[OF h(3)] by (auto simp: disjoint-family-on-def)
next
show range (Mi. if x € A i then B i else {}) C sets (k x)
using h(1) kernel-sets[of z] <z € space > sets-eq-imp-space-eq[OF
assms(1)] by auto
qed
also have ... = emeasure (k z) k
using True by(simp add: bunk)
finally show ?thesis by simp
qed
qed
qed
finally show ?thesis .
qed
qed(use that in auto)
show ?thesis
using 1 2 assms
by (auto simp: disintegration-def)
qged

lemmal(in subprob-kernel) exist-unique-nu-sigma-finite”:
assumes sets u = sets X sigma-finite-measure
shows Flv. disintegration v p
proof —
obtain v where disi: disintegration v p
using ezist-nu]OF assms(1)] by auto
with assms(2) interpret sf: sigma-finite-measure v
by (simp add: nu-sigma-finite)
interpret u: sigma-finite-measure u by fact
show ?thesis
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proof(rule exlI[where a=v])
fix v’
assume disi’:disintegration v’ p
show v’/ = v
proof (rule u.sigma-finite-disjoint)
fix A :: nat = -
assume A: range A C sets p |J (range A) = space p \i. emeasure p (A 7)
# oo disjoint-family A
define B where B = \i. A i X space Y
show v/ = v
proof (rule measure-eql-generator-eq[where E= {a x bla b. a € sets X A b
€ sets Y} and A=B and Q=space X X space Y])
show AC. C € {a x blab. ac sets X Nb€ sets Y} = emeasure v’ C
= emeasure v C
sets v’ = sigma-sets (space X x space Y) {a x blab. a € sets X N b
€ sets Y}
sets v = sigma-sets (space X X space Y) {a x blab. a € sets X Nb €
sets Y}
using disi disi’ by(auto simp: disintegration-def sets-pair-measure)
next
show range B C {a x b |ab. a € sets X N b € sets Y}
U (range B) = space X x space Y
using A(1,2) by(auto simp: B-def assms(1) sets-eq-imp-space-eq OF
assms(1)])
next
fix ¢
show emeasure v’ (B i) # oo
using A(1) nu-mu-spaceY-le[OF disi’,of A i] A(3)[of i] by(auto simp:
B-def assms top.extremum-uniquel )
qged(simp-all add: Int-stable-pair-measure-generator pair-measure-closed)
qed
qed fact
qed

lemma(in subprob-kernel) exist-unique-nu-sigma-finite:
assumes sets (1 = sets X sigma-finite-measure
shows 3lv. disintegration v p A sigma-finite-measure v
using assms ezist-unique-nu-sigma-finite’ nu-sigma-finite by blast

lemma(in subprob-kernel) exist-unique-nu-finite:

assumes sets u = sets X finite-measure

shows 3lv. disintegration v p A finite-measure v

using assms nu-finite finite-measure.sigma-finite-measure| OF assms(2)] exist-unique-nu-sigma-finite’
by blast

lemma(in subprob-kernel) exist-unique-nu-sub-prob-space:
assumes sets i = sets X subprob-space p
shows 3lv. disintegration v p A subprob-space v
using assms nu-subprob-space subprob-space-imp-sigma-finite|OF assms(2)] ex-
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ist-unique-nu-sigma-finite’ by blast

lemma(in prob-kernel) exist-unique-nu-prob-space:

assumes sets i = sets X prob-space i

shows 3lv. disintegration v u A prob-space v

using assms nu-prob-space prob-space-imp-sigma-finite[ OF assms(2)] exist-unique-nu-sigma-finite’
by blast

lemmal(in subprob-kernel) nn-integral-fst-finite”:
assumes f € borel-measurable (X @ r Y) disintegration v p finite-measure p
shows ([*z. fzov) = ([Tz. [Ty. f (z,y) O(k ) Op)
using assms(1)
proof induction
case (cong f g)
have integral™ v f = integral™ v g
using cong(3) by(auto introl: nn-integral-cong simp: disintegration-space-eq(1)[OF
assms(2)])
with cong(3) show Zcase
by (auto simp: cong(4) kernel-space disintegration-space-eq(2)[OF assms(2)]
space-pair-measure intro!: nn-integral-cong)
next
case (set A)
show Zcase
proof (rule sigma-sets-induct-disjoint[of {a x bla b. a € sets X A b € sets Y}
space X x space Y))
show A € sigma-sets (space X X space Y) {a x b|a b. a € sets X N b € sets
v}
using set by(simp add: sets-pair-measure)
next
fix A
assume A € {a X blab. a € sets X N b € sets Y}
then obtain a b where ab: A = a X ba € sets X b € sets Y
by auto
with assms(2) have integral™ v (indicator A) = ([ tz€a. (k z b) Ou)
by (simp add: disintegration-def)
also have ... = ([T z. [T y. indicator A (z, y) Ok z Op)
by (auto simp: ab(1) indicator-times disintegration-space-eq(2)[OF assms(2)]
ab(3) kernel-sets mult.commute nn-integral-cmult-indicator introl: nn-integral-cong)
finally show integral™ v (indicator A) = ([T . [+ y. indicator A (z, y) Ok
z Ou) .
next
fix A
assume h: A € sigma-sets (space X x space Y) {a x blab. a € sets X A b
€ sets Y} integral™ v (indicator A) = ([T z. [T y. indicator A (z, y) Ok x Ou)
show integral™ v (indicator (space X x space Y — A)) = ([T . [T ».
indicator (space X X space Y — A) (z, y) Ok x Ou) (is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. 1 — indicator A z Ov)
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by (auto introl: nn-integral-cong simp: disintegration-space-eq(1)[OF assms(2)]
space-pair-measure indicator-def)
also have ... = ([ 2. 1 dv) — ([T z. indicator A z dv)
proof (rule nn-integral-diff)
show integral™ v (indicator A) # oo
using h(1)[simplified sets-pair-measure[symmetric]| disintegration-sets-eq(1)[OF
assms(2)] finite-measure.emeasure-finite] OF nu-finite[OF assms(2,3)]]
by auto
next
show indicator A € borel-measurable v
using h(1)[simplified sets-pair-measure[symmetric]] disintegration-sets-eq(1)[OF
assms(2)] by simp
qed(simp-all add: indicator-def)

also have ... = ([T z. 1 dv) — ([T . [T y. indicator A (z, y) Ok z Ou)
by (simp add: h(2))
also have ... = v (space X X space Y) — ([T z. [T y. indicator A (z, y)
Ok x Ou)

using nn-integral-indicator[OF sets.top|of V]| by (simp add: space-pair-measure
disintegration-space-eq(1)[OF assms(2)])
also have ... = ([T z. k z (space Y) Op) — ([ z. [T y. indicator A (z, y)
Ok © )
proof —
have v (space X x space Y) = ([T z. k z (space Y) Op)
using assms(2) by (auto simp: disintegration-def disintegration-space-eq(2)[OF
assms(2)] introl: nn-integral-cong)
thus %thesis by simp

qed

also have ... = ([ " z. [ y. indicator (space X x space Y) (z, y) Ok = Op)
— (T . [T y. indicator A (z, y) Ok z Ou)

proof —

have ([T 2. k z (space Y) Op) = ([ T 2. [T y. indicator (space X x space
Y) (2, y) Ok z Op)
using kernel-sets by (auto introl: nn-integral-cong simp: indicator-times
disintegration-space-eq(2)[OF assms(2)] )
thus ?thesis by simp
qed
also have ... = ([ z. ([T y. indicator (space X x space Y) (z, y) Ok z)
— ([ " y. indicator A (z, y) Ok z) Op)
proof (rule nn-integral-diff [symmetric])
show (Az. [ 1 y. indicator (space X x space Y) (z, y) Ok z) € borel-measurable

(Az. [T y. indicator A (z, y) Ok z) € borel-measurable
by (use disintegration-sets-eq|OF assms(2)] nn-integral-measurable-f
h(1)[simplified sets-pair-measure[symmetric]] in auto)+
next

have ([t z. [T y. indicator A (z, y) Ok z Op) < (f T 2. [T y. 1 Ok =

op)
by (rule nn-integral-mono)+ (simp add: indicator-def)
also have ... < ([ 1 2. 1 9p)
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by (rule nn-integral-mono) (simp add: subprob-spaces disintegration-space-eq(2)[OF
assms(2)] subprob-space.subprob-emeasure-le-1)
also have ... < o0
using finite-measure.emeasure-finite| OF assms(3)]
by (simp add: top.not-eq-extremum)
finally show ([T z. [T y. indicator A (z, y) Ok x Op) # oo
by auto
next
have A C space X X space Y
by (metis h(1) sets.sets-into-space sets-pair-measure space-pair-measure)
hence Az. ([ 1 y. indicator A (z, y) Ok z) < ([T y. indicator (space X
x space Y) (z, y) Ok x)
by (auto introl: nn-integral-mono)
thus AE zin p. ([ y. indicator A (z, y) Ok z) < ([ T y. indicator (space
X x space Y) (z, y) Ok x)
by simp
qed
also have ... = ([ z. ([T y. indicator (space X X space Y) (z, y) —
indicator A (z, y) Ok ©) Op)
proof (intro nn-integral-cong nn-integral-diff [symmetric))
fix z
assume z € space [
then have z € space X
by (auto simp: disintegration-space-eq(2)[OF assms(2)])
with kernel-sets|OF this| h(1)[simplified sets-pair-measure[symmetric]]
show (Ay. indicator (space X x space Y) (z, y)) € borel-measurable (k x)
(A\y. indicator A (z, y)) € borel-measurable (k x)
by auto
next
fix z
assume z € space [
then have z € space X
by (auto simp: disintegration-space-eq(2)[OF assms(2)])
have ([t y. indicator A (z, y) Ok z) < ([t y. 1 Ok )
by (rule nn-integral-mono) (simp add: indicator-def)
also have ... < I
using subprob-spaces|OF «x € space X>] by (simp add: subprob-space.subprob-emeasure-le-1)
also have ... < o0
by auto
finally show ([ T y. indicator A (z, y) Ok x) # o0
by simp
have A C space X X space Y
by (metis h(1) sets.sets-into-space sets-pair-measure space-pair-measure)
thus AE y in k . indicator A (z, y) < (indicator (space X x space Y) (z,
y) = ennreal)
by auto
qed
also have ... = ?rhs
by (auto simp: indicator-def intro!: nn-integral-cong)
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finally show ?thesis .
qed
next
fix A
assume h:disjoint-family A range A C sigma-sets (space X x space Y) {a X
blab. ac sets X ANbe sets Y}
Ni:nat. integral™ v (indicator (A ©)) = ([T z. [T y. indicator (A i)
(2, 4) O = Op)
show integral™ v (indicator ({J (range A))) = ([* z. [T y. indicator (|
(range A)) (x, y) Ok x Op) (is ?lhs = Zrhs)
proof —
have ?lhs = ([ 1 2. (Y i. indicator (A i) z) Ov)
by (simp add: suminf-indicator[OF h(1)])
also have ... = (3" 4. ([ 2. indicator (A i) z dv))
by (rule nn-integral-suminf) (use disintegration-sets-eq(1)[OF assms(2)]
h(2)[simplified sets-pair-measure[symmetric]] in simp)
also have ... = (3" 4. ([T . [T y. indicator (A i) (z, y) Ok z Op))
by (simp add: h)
also have ... = ([T z. (X i. (J T y. indicator (A i) (z, y) Ok z)) Op)
by (rule nn-integral-suminf[symmetric]) (use h(2)[simplified sets-pair-measure[symmetric]]
disintegration-sets-eq(2)[OF assms(2)] nn-integral-measurable-f in simp)
also have ... = ([T 2. [T y. (4. indicator (A7) (z, y)) Ok = Op)
using h(2)[simplified sets-pair-measure[symmetric]] kernel-sets
by (auto introl: nn-integral-cong nn-integral-suminf[symmetric| simp: disin-
tegration-space-eq(2)[OF assms(2)])
also have ... = ?rhs
by (simp add: suminf-indicator[OF h(1)])
finally show ?thesis .
qed
qed(simp-all add: Int-stable-pair-measure-generator pair-measure-closed)
next
case (mult u c)
show ?case (is ?lhs = 9rhs)
proof —
have ?lhs = ¢ * ([T z. u 2z Ov)
using disintegration-sets-eq(1)[OF assms(2)] mult
by (simp add: nn-integral-cmult)

also have ... =cx* ( [T z. [T y. u (z, y) Ok = Op)
by (simp add: mult)
also have ... = ( [T z. cx ([T y. u (2, y) Ok z) D)
using nn-integral-measurable-f'|OF mult(2)] disintegration-sets-eq(2)[OF
assms(2)]
by (simp add: nn-integral-cmult)
also have ... = ?rhs

using mult by (auto intro!: nn-integral-cong nn-integral-cmult[symmetric] simp:
disintegration-space-eq(2)[OF assms(2)))
finally show ?thesis .
qged
next
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case (add u v)
show ?case (is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. vz 0v) + (T 2. uz dv)
using add disintegration-sets-eq(1)[OF assms(2)] by (simp add: nn-integral-add)

aal)sohave...:(f*a:.fJr y. v (z, y) Ok z0p) + (f Tz [Ty u(z, y) Ok
Mby(simp add: add)
also have ... = ([T z. (J/ T y. v (z,y) Or 2) + ([T y. u (z, y) Ok z) Op)

using nn-integral-measurable-f'[OF add(1)] nn-integral-measurable-f'|OF
add(3)] disintegration-sets-eq[OF assms(2)]
by (auto introl: nn-integral-add|symmetric])
also have ... = ([T z. (/T y. v (2, y) + u (z, y) Ok z) )
using add by(auto introl: nn-integral-add[symmetric] nn-integral-cong simp:
disintegration-space-eq(2)[OF assms(2)])
finally show ?thesis .
qed
next
case (seq fi)
have ([t y. (L range fi) (z, y) Ok ) = (Ui [T y. fii (=, y) Ok z) (is ?lhs
= ?rhs) if © € space X for z
proof —
have ?lhs = ([t y. (4. fii (z, y)) Ok z)
by (metis SUP-apply)
also have ... = ?rhs
proof (rule nn-integral-monotone-convergence-SUP)
show incseq (Ni y. fi i (z, y))
using seq mono-compose by blast
next
fix i
show (Ay. fi i (z, y)) € borel-measurable (k x)
using seq(1)[of i] that kernel-sets|OF that] by simp
qed
finally show ?thesis .
qed
have integral™ v (|| range fi) = ([* z. (Ui fiiz) Ov)
by (metis SUP-apply)
also have ... = (| ]4. integral™ v (fi 7))
using disintegration-sets-eq(1)[OF assms(2)] seq(1,3)
by (auto introl: nn-integral-monotone-convergence-SUP)
also have ... = (| ]i. [T z. [T y. fii (2, y) Ok = D)
by (simp add: seq)
also have ... = ([t 2. (Ui [T y. fii (2, y) Ok z) Op)
proof(safe introl: nn-integral-monotone-convergence-SUP|symmetric])
show incseq (Niz. [t y. fii (z, y) Ok x)
using le-funD[OF incseq-SucD[OF seq(8)]]
by (auto introl: incseq-Sucl le-funl nn-integral-mono)
qed(use disintegration-sets-eq(2)[OF assms(2)] nn-integral-measurable-f'TOF seq(1)]
in auto)
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also have ... = ([T 2. [Ty (Ui fii (2, y)) Ok z Op)
using kernel-sets seq(1)
by (auto intro!: nn-integral-cong nn-integral-monotone-convergence-SUP|[symmetric]
simp: disintegration-space-eq(2)[OF assms(2)] mono-compose seq(3))
also have ... = ([T 2. [T y. (L] range fi) (z, y) Ok = D)
by (auto introl: nn-integral-cong simp: image-image)
finally show ?Zcase .
qed

lemmal(in prob-kernel) nn-integral-fst:
assumes [ € borel-measurable (X Q) rr Y) disintegration v p sigma-finite-measure

o
shows ([Tz. fz0v) = ([Ta. [Ty. f (z,y) Ok z) Op)
proof(rule sigma-finite-measure.sigma-finite-disjoint| OF assms(3)])
fix A
assume A:range A C sets p |J (range A) = space p Ni:nat. emeasure p (A )
# oo disjoint-family A
then have A’: range (\i. A i X space V) C sets v |J (range (Mi. A i x space
Y)) = space v disjoint-family (Ai. A i x space Y)
by (auto simp: disintegration-sets-eqOF assms(2)] disjoint-family-on-def disin-
tegration-space-eq[OF assms(2)] space-pair-measure) blast
show ?thesis (is ?lhs = ?rhs)
proof —
have ?lhs = ([ Tz€lJ (range (Ni. A i X space Y)). f z Ov)
using A’(2) by auto
also have ... = (3"i. [tz€ A i X space Y. fz Ov)
using A'(1,3) assms(1) disintegration-sets-eq[OF assms(2)]
by (auto introl: nn-integral-disjoint-family)
also have ... = (3" 4. [tz fz Orestrict-space v (A i x space Y))
using A'(1) by(auto introl: suminf-cong nn-integral-restrict-space|symmetric|)
also have ... = (3_i. [ Yz, [Ty. [ (z,y) O(k z) Orestrict-space p (A 1))
proof (safe introl: suminf-cong)
fix n
interpret pk: prob-kernel restrict-space X (A n) Y k
by (rule restrict-probability-kernel)
have An:A n N space X € sets X A n N space X = A n
using A(1) by(auto simp: disintegration-sets-eq|OF assms(2)])
have f:f € borel-measurable (restrict-space X (A n) @ Y)
proof —
have 1:sets (restrict-space X (A n) Q m Y) = sets (restrict-space (X @Q m
Y) (A n x space Y))
using sets-pair-restrict-space[where Y=Y and B=space Y] by simp
show ?thesis
using assms(1) by(simp add: measurable-cong-sets|OF 1 refl] measur-
able-restrict-spacel )
qed
have fin: finite-measure (restrict-space u (A n))
by (metis A(1) A(3) UNIV-I emeasure-restrict-space finite-measurel im-
age-subset-iff space-restrict-space space-restrict-space2 subset-eq)
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show ([ *z. fz Orestrict-space v (A n x space Y)) = ([ Tz. [Ty. f (z,y)
d(k x) Orestrict-space jn (A n))
by (rule pk.nn-integral-fst-finite'| OF f disintegration-restrict-space| OF assms(2)
An(1)) fin)
qed
also have ... = (3"i. [tzed i [Ty. f (z,y) O(k z) Op)
using A(1) by(auto introl: suminf-cong nn-integral-restrict-space)
also have ... = ([ TzelJ (range A). [Ty. [ (z,y) O(k z) Ou)
using A(1,/) nn-integral-measurable-f'|OF assms(1)] disintegration-sets-eq OF
assms(2)]
by (auto introl: nn-integral-disjoint-family[symmetric])
also have ... = ?rhs
using A(2) by simp
finally show ?thesis .
qed
qed

lemma(in prob-kernel) integrable-eql:
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ v Y)
and disintegration v u sigma-finite-measure [
shows ([ z. ennreal (norm (f z)) Ov) < co «— ([ Tz. [Ty. ennreal (norm
(F (w.))) Ok 2) Op) < o0
by (simp add: nn-integral-fst[OF - assms(2,3)])

lemmal(in prob-kernel) integrable-kernel-integrable:
fixes f :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v u sigma-finite-measure p
shows AFE z in p. integrable (k z) (Ay. f (z,y))
proof —
have [measurable]:f € borel-measurable (X @ p Y)
using integrable-iff-bounded assms(1) disintegration-sets-eq|OF assms(2)] by
stmp
show ?thesis
unfolding integrable-iff-bounded
proof —
have 1:([* z. [T y. ennreal (norm (f (z,y))) Ok = Ou) < oo
using assms(1) integrable-eq1 [OF - assms(2,3),0f f] by(simp add: inte-
grable-iff-bounded)
have AF z in p. ([ * y. ennreal (norm (f (z,y))) 0k x) # oo
by(rule nn-integral-PInf-AFE) (use 1 disintegration-sets-eq|OF assms(2)]
nn-integral-measurable-f in auto)
thus AE zin p. (Ay. f (z, y)) € borel-measurable (k z) A ([ T y. ennreal (norm
(F (2.9))) 0% 2) < o0
using top.not-eq-extremum by(fastforce simp: disintegration-space-eq[OF
assms(2)])
qed
qed
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lemma(in prob-kernel) integrable-lebesgue-integral-integrable’:
fixes [ :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v pu sigma-finite-measure [
shows integrable p (Az. [y. f (z,y) O(k z))
unfolding integrable-iff-bounded
proof
show (Az. [y. f (z,y) O(k z)) € borel-measurable p
using disintegration-sets-eq[OF assms(2)] assms(1) integral-measurable-f'[of f]
by (auto simp: integrable-iff-bounded)
next
have ([t z. ennreal (norm ([y. f (z,y) 9(xk z))) Ou) < ([T z. [ ty. ennreal
(norm (F (2.9))) O(x ) Op)
using integral-norm-bound-ennreal integrable-kernel-integrable[ OF assms|
by (auto intro!: nn-integral-mono-AE)
also have ... < o0
using integrable-eql [OF - assms(2,3),0f f] assms(1) disintegration-sets-eq[OF
assms(2)]
by (simp add: integrable-iff-bounded)
finally show ([T z. ennreal (norm ([ y. f (z,y) O(k z))) Op) < oo .
qed

lemma(in prob-kernel) integrable-lebesgue-integral-integrable:
fixes [ :: - =- = -::{banach, second-countable-topology}
assumes integrable v (A(z,y). fx y) disintegration v p sigma-finite-measure p
shows integrable p (A\z. [y. fzy O(k x))
using integrable-lebesque-integral-integrable’|OF assms| by simp

lemma(in prob-kernel) integral-fst:
fixes [ :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v pu sigma-finite-measure [
shows ([z. fzov) = ([=. [y. [ (z,y) O(k z) D)
using assms(1)
proof induct
case b:(base A c)
then have 0:integrable v (indicat-real A)
by blast
then have I[measurable]: indicat-real A € borel-measurable (X @ p Y)
using disintegration-sets-eq|OF assms(2)] by auto
have eq:([ z. indicat-real A z Ov) = ([ . [y. indicat-real A (z,y) Ok = Op) (is
?lhs = ?rhs)
proof —
have ?lhs = enn2real ([t z. ennreal (indicat-real A z) Ov)
by (rule integral-eq-nn-integral) (use b in auto)
also have ... = ennZreal ([ * z. [T y. ennreal (indicat-real A (z,y)) Ok = Op)
using nn-integral-fst{OF - assms(2,3)] b disintegration-sets-eq[OF assms(2)]
by auto
also have ... = enn2real ([ + z. ennreal ([ y. indicat-real A (z,y) Ok z) Op)
proof —
have ([T z. [T y. ennreal (indicat-real A (z,y)) Ok z Op) = ([ T z. ennreal
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(| y. indicat-real A (z,y) Ok x) Op)
proof (safe introl: nn-integral-cong nn-integral-eg-integral)
fix z
assume z € space
then have z € space X
by (simp add: disintegration-space-eq[OF assms(2)])
hence [simp|:prob-space (k ) sets (k x) = sets Y space (k ) = space YV
by (auto introl: prob-spaces sets-eq-imp-space-eq kernel-sets)
have [simp|:{y. (z, y) € A} € sets ¥V
proof —
have {y. (z, y) € A} = (\y. (z,y)) —“ A N space Y
using b(1)[simplified disintegration-sets-eq|OF assms(2)]]
by auto
also have ... € sets Y
using b(1)[simplified disintegration-sets-eq[OF assms(2)]] «x € space X»
by auto
finally show ?thesis .
qed
have [simp]: (Ay. indicat-real A (z, y)) = indicat-real {y. (z,y) € A}
by (auto simp: indicator-def)
show integrable (k z) (Ay. indicat-real A (z, y))
using prob-space.emeasure-le-1[of k z {y. (z, y) € A}]
by (auto simp add: integrable-indicator-iff order-le-less-trans)

qed simp

thus ?thesis by simp
qged
also have ... = ?rhs

using disintegration-sets-eq[OF assms(2)] integral-measurable-f'JOF 1]
by (auto introl: integral-eq-nn-integral[symmetric])
finally show ?thesis .
qed
show ?case (is ?lhs = ?rhs)
proof —
have ?lhs = ([ 2. indicat-real A z Ov) xg ¢
using 0 by auto

also have ... = ([ z. [ y. indicat-real A (z,y) Ok © Op) *g ¢
by (simp only: eq)
also have ... = ([ z. ([y. indicat-real A (z,y) Ok z) *p ¢ Op)

using integrable-lebesque-integral-integrable’|OF 0 assms(2,3))
by (auto intro!: integral-scaleR-left[symmetric])
also have ... = ?rhs
using integrable-kernel-integrable[OF 0 assms(2,3)] integral-measurable-f'[of
indicat-real A] integral-measurable-f'[of Az. indicat-real A z xg c] disintegration-sets-eq[ OF
assms(2)]
by (auto introl: integral-cong-AE)
finally show ?thesis .
qed
next

case fg:(add f g)
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note [measurable] = integrable-lebesque-integral-integrable’|OF fg(1) assms(2,3)]
integrable-lebesque-integral-integrable’|OF fg(3) assms(2,3)] integrable-lebesgue-integral-integrable’| OF
Bochner-Integration.integrable-add[OF fg(1,8)] assms(2,3)]
show ?case (is ?lhs = 2rhs)
proof —
have ?lhs = ([z. ([y. f (z,y) O + ([ y. g9 (z,y) Ik x)) Op)
by (simp add: Bochner- Integmtzon mtegml add[OF fg(1,3)] fg Bochner-Integration.integral-add[OF
integrable-lebesque-integral-integrable’|OF fg(1) assms(2,3)] integrable-lebesgue-integral-integrable’| OF
f9(3) assms(2.9)])
also have ... = ?rhs
using integrable-kernel-integrable] OF fg(1) assms(2,3)] integrable-kernel-integrable] OF
fg(3) assms(2,3)]
by (auto introl: integral-cong-AE)
finally show ?thesis .
qed
next
case (lim [ s)
then have [measurable]: f € borel-measurable v \i. s i € borel-measurable v
by auto
show ?Zcase
proof (rule LIMSEQ-unique)
show (\i. integral” v (s i)) —— integral® v f
proof (rule integral-dominated-convergence)
show integrable v (Az. 2 % norm (f z))
using lim(5) by auto
ged(use lim in auto)
next
have (Xi. [ z. [ y.si (z,y) O(k ) Op) —— [ . [ y. f (=, y) O(k z) Op
proof (rule integral-dominated-convergence)
have AF z in p. Vi. integrable (k ) (Ay. s i (z, y))
unfolding AF-all-countable using integrable-kernel-integrable] OF lim(1)
assms(2,3)] ..
with AFE-space integrable-kernel-integrable] OF lim(5) assms(2,3)]
show AE z in p. (Ni. [ y. si (2, y) Ok z)) —— [ y. [ (z, y) I(k z)
proof eventually-elim
fix r assume z: x € space p and
s: Vi. integrable (k x) (Ay. s i (z, y)) and f: integrable (k ) (Ay. f (z, y))
show (\i. [ y. si(z,y) 0k 2) —— [ y. f (2, y) Ok z)
proof (rule integral-dominated-convergence)
show integrable (k z) (Ay. 2 % norm (f (z, y)))
using [ by auto
show AF za in (k x). (M. s i (z, za)) —— f (z, za)
using z lim(3) kernel-space by (auto simp: space-pair-measure disinte-
gration-space-eq[OF assms(2)])
show Ai. AE za in (k z). norm (s i (z, za)) < 2 % norm (f (z, za))
using z lim(4) kernel-space by (auto simp: space-pair-measure disinte-
gration-space-eq[OF assms(2)])
qged (use x disintegration-sets-eq|OF assms(2)] disintegration-space-eq[OF
assms(2)] in auto)
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qed
next
show integrable 1 (Mz. ([ y. 2 x norm (f (z, y)) O(k x)))
using integrable-lebesque-integral-integrable’|OF - assms(2,3),0f Az. 2
norm (f (fst z, snd 2))] lim(5)
by auto
next
fix i show AE z in p. norm ([ y. s i (z, y) Ok z)) < ([ y. 2 x norm (f
(z, y)) O(r 1))
using AF-space integrable-kernel-integrable[OF lim(1) assms(2,3),0f i
integrable-kernel-integrable] OF lim(5) assms(2,3)]
proof eventually-elim
case sf:(elim x)
from sf(2) have norm ([ y. si (z, y) d(k z)) < ([ Ty. norm (s i (z, y))
d(k x))
by (rule integral-norm-bound-ennreal)
also have ... < ([ Ty. 2 x norm (f (z, y)) d(k z))
using sf lim kernel-space by (auto intro!: nn-integral-mono simp: space-pair-measure
disintegration-space-eq|OF assms(2)])
also have ... = ([y. 2 x norm (f (z, y)) O(k z))
using sf by (intro nn-integral-eq-integral) auto
finally show norm ([ y. si (z, y) (k z)) < ([ y. 2 * norm (f (=, y))
)
by simp
qed
qged(use integrable-lebesque-integral-integrable’|OF lim(1) assms(2,3)] inte-
grable-lebesgue-integral-integrable’| OF lim(5) assms(2,3)] disintegration-sets-eq OF
assms(2)] in auto)
then show (\i. integral’ v (s i)) —— [ z. [ y. f (2, y) O(k z) Ou
using lim by simp
qed
qed

2.4 Marginal Measure

definition marginal-measure-on :: ['a measure, 'b measure, (‘a x 'b) measure, 'b
set] = 'a measure where
marginal-measure-on X Y v B = measure-of (space X) (sets X) (M. v (A x B))

abbreviation marginal-measure :: ['a measure, 'b measure, (‘a x 'b) measure] =
'a measure where
marginal-measure X Y v = marginal-measure-on X Y v (space Y)

lemma space-marginal-measure: space (marginal-measure-on X Y v B) = space X
and sets-marginal-measure: sets (marginal-measure-on X Y v B) = sets X

by (simp-all add: marginal-measure-on-def)

lemma emeasure-marginal-measure-on:
assumes sets v = sets (X Qu Y) B € sets Y A € sets X
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shows marginal-measure-on X Y v BA =v (A x B)
unfolding marginal-measure-on-def
proof(rule emeasure-measure-of-sigma)
show countably-additive (sets X) (AA. emeasure v (A X B))
proof (rule countably-additivel)
fix A :: nat = -
assume h:range A C sets X disjoint-family A |J (range A) € sets X
have [simp]: (Ji. A i x B) = (U (range A) x B)
by blast
have range (Mi. A i x B) C sets v disjoint-family (\i. A i x B)
using h assms(1,2) by(auto simp: disjoint-family-on-def)
from suminf-emeasure[OF this]
show (> i.v(4Aix B))=v (U (range A) x B)
by simp
qed
qed(insert assms, auto simp: positive-def sets.sigma-algebra-azioms)

lemma emeasure-marginal-measure:
assumes sets v = sets (X Qu Y) A € sets X
shows marginal-measure X Y v A = v (A X space Y)
using emeasure-marginal-measure-on|OF assms(1) - assms(2)] by simp

lemma finite-measure-marginal-measure-on-finite:

assumes finite-measure v sets v = sets (X @ p Y) B € sets V

shows finite-measure (marginal-measure-on X Y v B)

by (simp add: assms emeasure-marginal-measure-on finite-measure.emeasure-finite
finite-measurel space-marginal-measure)

lemma finite-measure-marginal-measure-finite:
assumes finite-measure v sets v = sets (X Q@ p Y)
shows finite-measure (marginal-measure X Y v)
by (rule finite-measure-marginal-measure-on-finite| OF assms sets.top])

lemma marginal-measure-restrict-space:
assumes sets v = sets (X Qu Y) B € sets ¥
shows marginal-measure X (restrict-space Y B) (restrict-space v (space X x B))
= marginal-measure-on X Y v B
proof (rule measure-eql)
fix A
assume A € sets (marginal-measure X (restrict-space Y B) (restrict-space v
(space X x B)))
then have A € sets X
by (simp add: sets-marginal-measure)
have 1:sets (restrict-space v (space X x B)) = sets (X Q) p restrict-space Y B)
by (metis assms(1) restrict-space-space sets-pair-restrict-space sets-restrict-space-cong)
show emeasure (marginal-measure X (restrict-space Y B) (restrict-space v (space
X x B))) A = emeasure (marginal-measure-on X Y v B) A
apply(simp add: emeasure-marginal-measure-on[OF assms(1) assms(2) <A €
sets X»| emeasure-marginal-measure[OF 1 <A € sets X»])
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apply(simp add: space-restrict-space)

by (metis Sigma-cong Sigma-mono <A € sets X» assms(1) assms(2) emea-
sure-restrict-space inf-lel pair-measurel sets.Int-space-eq?2 sets.sets-into-space sets.top)
qed(simp add: sets-marginal-measure)

lemma restrict-space-marginal-measure-on:
assumes sets v = sets (X Qu Y) B € sets Y A € sets X
shows restrict-space (marginal-measure-on X Y v B) A = marginal-measure-on
(restrict-space X A) Y (restrict-space v (A X space Y)) B
proof (rule measure-eql)
fix A’
assume A’ € sets (restrict-space (marginal-measure-on X Y v B) A)
then have h:A’ € sets.restricted-space X A
by (simp add: sets-marginal-measure sets-restrict-space)
show emeasure (restrict-space (marginal-measure-on X Y v B) A) A’ = emeasure
(marginal-measure-on (restrict-space X A) Y (restrict-space v (A x space Y)) B)
A’ (is ?lhs = ?rhs)
proof —
have 1:sets (restrict-space v (A x space Y)) = sets (restrict-space X A @Q mr
Y)
by (metis assms(1) restrict-space-space sets-pair-restrict-space sets-restrict-space-cong)
have ?lhs = emeasure (marginal-measure-on X Y v B) A’
using h by(auto introl: emeasure-restrict-space simp: space-marginal-measure
sets-marginal-measure assms)
also have ... = v (A’ x B)
using emeasure-marginal-measure-on[OF assms(1,2),0f A’] h assms(3) by
auto
also have ... = restrict-space v (A x space Y) (A’ x B)
using h assms sets.sets-into-space
by (auto introl: emeasure-restrict-space[symmetric])
also have ... = ?rhs
using emeasure-marginal-measure-on[OF 1 assms(2),simplified sets-restrict-space, OF
finally show ?thesis .
qed
qed(simp add: sets-marginal-measure sets-restrict-space)

lemma restrict-space-marginal-measure:

assumes sets v = sets (X Qu V) A € sets X

shows restrict-space (marginal-measure X Y v) A = marginal-measure (restrict-space
X A) Y (restrict-space v (A X space Y))

using restrict-space-marginal-measure-on[OF assms(1) - assms(2)] by simp

lemma marginal-measure-mono:

assumes sets v = sets (X @u V) A€ sets Y B € sets YAC B

shows emeasure (marginal-measure-on X Y v A) < emeasure (marginal-measure-on
XY v B)
proof (rule le-funl)

fix U
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show emeasure (marginal-measure-on X Y v A) U < emeasure (marginal-measure-on
XYvBU
proof —
have 1:U x A C U x B using assms(4) by auto
show ?thesis
proof(cases U € sets X)
case True
then show ?thesis
by (simp add: 1 assms emeasure-marginal-measure-on emeasure-mono)
next
case Fulse
then show ?thesis
by (simp add: emeasure-notin-sets sets-marginal-measure)
qed
qed
qed

lemma marginal-measure-absolutely-countinuous:

assumes sets v = sets (X Qu Y) A € sets Y B € sets Y AC B

shows absolutely-continuous (marginal-measure-on X Y v B) (marginal-measure-on
XYv A

using emeasure-marginal-measure][OF assms(1)] assms(2,3) le-funD|OF marginal-measure-mono[OF
assms]]

by (auto introl: mono-absolutely-continuous simp: sets-marginal-measure)

lemma marginal-measure-absolutely-continuous”:

assumes sets v = sets (X @Qnp V) A € sets ¥

shows absolutely-continuous (marginal-measure X Y v) (marginal-measure-on X

Y v A

by (rule marginal-measure-absolutely-countinuous| OF assms sets.top sets.sets-into-space| OF
assms(2)]])

2.5 Lemma 14.D.6.

locale sigma-finite-measure-on-pair =
fixes X :: ‘a measure and Y :: ‘b measure and v :: (‘a x 'b) measure
assumes nu-sets|measurable-congl: sets v = sets (X Qu Y)
and sigma-finite: sigma-finite-measure v
begin

abbreviation vz = marginal-measure X Y v

end

locale projection-sigma-finite =
fixes X :: ‘a measure and Y :: ‘b measure and v :: (‘a X 'b) measure
assumes nu-setsimeasurable-cong|: sets v = sets (X @ u Y)

and marginal-sigma-finite: sigma-finite-measure (marginal-measure X Y v)
begin
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sublocale vz : sigma-finite-measure marginal-measure X Y v
by (rule marginal-sigma-finite)

lemma v-sigma-finite: sigma-finite-measure v
proof (rule vz.sigma-finite[simplified sets-marginal-measure space-marginal-measure])
fix A :: nat = -
assume A: range A C sets X |J (range A) = space X Ni. marginal-measure X
Yv(Adi) #
define C where C = range (An. A n x space Y)
have 1:C C sets v countable C |J C = space v
using nu-sets A(1,2) by(auto simp: C-def sets-eq-imp-space-eq| OF nu-sets]
space-pair-measure)
show sigma-finite-measure v
unfolding sigma-finite-measure-def
proof(safe intro!: exl[where z=C simplified C-def])
fix n
assume v (A n X space Y) = oo
moreover have v (A n x space Y) # oo
using A(8)[of n] emeasure-marginal-measure[OF nu-sets,of A n] A(1) by
auto
ultimately show Fulse by auto
qed (use 1 C-def in auto)
qed

sublocale sigma-finite-measure-on-pair
using v-sigma-finite by (auto simp: sigma-finite-measure-on-pair-def nu-sets)

definition k' :: 'a = 'b set = ennreal where
k' x B = RN-deriv vz (marginal-measure-on X Y v B) x

lemma kernel-measurable[measurable]:

(Az. RN-deriv (marginal-measure X Y v) (marginal-measure-on X Y v B) z) €
borel-measurable vz

by simp

corollary r’-measurable[measurable]:
(Az. k" & B) € borel-measurable X
using sets-marginal-measure[of X Y v space Y| by(auto simp: k’-def)

lemma kernel-RN-deriv:

assumes A € sets X B € sets ¥

shows v (A x B) = ([ tz€A. k' z B dvz)

unfolding x'-def
proof —

have emeasure v (A x B) = emeasure (density ve (RN-deriv va (marginal-measure-on
XYvB))A

by (simp add: vz.density-RN-deriv assms emeasure-marginal-measure-on marginal-measure-absolutely-contin
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nu-sets sets-marginal-measure)
then show emeasure v (A x B) = set-nn-integral va A (RN-deriv v (marginal-measure-on
X Y v B))
by (simp add: assms(1) emeasure-density sets-marginal-measure)
qed

lemma empty-Y-bot:
assumes space Y = {}
shows v = |
proof —
have sets v = {{}}
using nu-sets space-empty-iff [of X @ am Y ,simplified space-pair-measure] assms
by simp
thus ?thesis
by (simp add: sets-eq-bot)
qed

lemma empty-Y-nux:
assumes space Y = {}
shows vez A = 0
proof(cases A € sets X)
case True
from emeasure-marginal-measure| OF nu-sets this]
show ?thesis
by (simp add: assms)
next
case Fulse
with sets-marginal-measure[of X Y v space Y]
show ?thesis
by (auto introl: emeasure-notin-sets)
qed

lemma kernel-empty0-AE:

AEzinve. k' z{} =0

unfolding «'-def by(rule AE-symmetric[OF vz.RN-deriv-unique]) (auto intro!:
measure-eql simp: sets-marginal-measure emeasure-density emeasure-marginal-measure-on[OF
nu-sets|)

lemma kernel-YI1-AE:

AE z in vx. k' x (space Y) = 1

unfolding «’-def by(rule AE-symmetric|OF vz.RN-deriv-unique]) (auto intro!:
measure-eql simp: emeasure-density)

lemma kernel-suminf-AE:
assumes disjoint-family F'
and A\i. F i € sets YV
shows AE ¢z inva. (3. i. &'z (Fi)) =r"2z (J (range F))
unfolding x’-def
proof(rule vz.RN-deriv-unique)
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show density vz (Az. Y i. RN-deriv local.vx (marginal-measure-on X Y v (F 7))
x) = marginal-measure-on X Y v (| (range F))
proof(rule measure-eql)
fix A
assume [measurable]: A € sets (density ve (Az. Y, i. RN-deriv va (marginal-measure-on
XY v (Fi)x)
then have [measurable]:A € sets ve A € sets X by(auto simp: sets-marginal-measure)
show (density ve (Az. > i. RN-deriv vz (marginal-measure-on X Y v (F 7))
z)) A = (marginal-measure-on X Y v (U (range F))) A
(is ?lhs = %rhs)
proof —
have ?lhs = ([ tz€A. (3 i. RN-deriv vz (marginal-measure-on X Y v (F 1))
z)0v)

by (auto introl: emeasure-density)

also have ... = ([ *z. (3 4. RN-deriv vz (marginal-measure-on X Y v (F 7))
x * indicator A x)0vx)
by simp
also have ... = (3" 4. ([ Tz€A. RN-deriv vx (marginal-measure-on X Y v (F
1)) © Ovx))
by (rule nn-integral-suminf) auto
also have ... = (>_i. v (A x F 1))

using kernel-RN-deriv[of A F -] assms by(auto intro!: suminf-cong simp:
k'-def)
also have ... = v (|Ji. 4 x F i)
using assms nu-sets by (fastforce intro!: suminf-emeasure simp: disjoint-family-on-def)
also have ... = v (4 x (Ji. F 1))
proof —
have (|Ji. A x Fi) = (A x (Ji. F 1)) by blast
thus %thesis by simp
qed
also have ... = ?rhs
using nu-sets assms by (auto introl: emeasure-marginal-measure-on[symmetric])
finally show ?thesis .
qed
qed(simp add: sets-marginal-measure)
qed auto

lemma kernel-finite-sum-AE:
assumes disjoint-family-on F' S finite S
and \i. i € S = F i€ sets Y
shows AE z in vz. (}_i€S. k' x (F 1)) = &'z (Ji€S. Fi)
proof —
consider S = {} | S # {} by auto
then show ?thesis
proof cases
case I
then show ?thesis
by (simp add: kernel-empty0-AE)
next
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case 5:2
define F’' where F' = (An. if n < card S then F (from-nat-into S n) else {})
have F'[simp]:\i. F' i € sets Y
using assms(3)
by (metis F'-def bot.extremum-strict bot-nat-def card.empty from-nat-into
sets.empty-sets)
have F’-disj: disjoint-family F’'
unfolding disjoint-family-on-def
proof safe
fix mnz
assume hom #nz € F'mz € F'n
consider n < card Sm < card S | n > card S | m > card S by arith
then show z € {}
proof cases
case I
then have S # {}
by auto
with 7 have from-nat-into S n € S from-nat-into S m € S
using from-nat-into[of S | by blast+
moreover have from-nat-into S n # from-nat-into S m
by (metis 1(1) 1(2) assms(2) bij-betw-def h(1) lessThan-iff to-nat-on-finite
to-nat-on-from-nat-into)
ultimately show ?thesis
using h assms(1) 1 by(auto simp: disjoint-family-on-def F'-def)
qged(use h F'-def in simp-all)
qged
have 1:(> i€S. k' z (F 1)) = (> i<card S. &’ z (F' 1)) for z
unfolding F’-def by auto (metis (no-types, lifting) sum.card-from-nat-into
sum.cong)
have 2: (J (range F')) = (lJi€S. F 1)
proof safe
fix zn
assume h:x € F'n
then have S # {} n < card S
by (auto simp: F'-def) (meson empty-iff)
with » show z € |J (F *S)
by (auto introl: exI[where x=from-nat-into S n| simp: F'-def from-nat-into
S £ (1)
next
fix z s
assume s € Sz € F s
with bij-betwE[OF to-nat-on-finite| OF assms(2)]]
show z € |J (range F’)

by (auto introl: exI[where x=to-nat-on S s| simp: F'-def from-nat-into-to-nat-on[OF

countable-finite[OF assms(2)]])
qed
have AF z in vz. (D i<card S. 'z (F' 1)) = (Y i. 'z (F' 1))
proof —
have AF z in ve. Vi>card S. k' z (F'4) = 0
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using kernel-empty0-AFE by(auto simp: F'-def)
hence AE z invz. (O i. k' z (F'i)) = (Y i<card S. k' z (F' 1))
proof
show AFE z in ve. (Vi>card S. k' o (F'4) = 0) — (O i. k' x (F' 7)) =
> i<card S. k' x (F' 1))
proof —
{
fix z
assume Vi>card S. k' z (F' i) =0
then have (> i. v’z (F' i) = O i<card S. k' x (F' Q)
using suminf-offset[of Ni. &' (F' ) card S]
by (auto simp: F'-def)

thus ?thesis
by auto
qged
qed
thus ?thesis
by auto
qed
moreover have AE zin vze. (O i. k' z (F'4) = &'z (U (range F’))
using kernel-suminf-AE[OF F'-disj] by simp
ultimately show #thesis
by (auto simp: 1 2)
qed
qged

lemma kernel-disjoint-sum-AE:
assumes B € sets Y C € sets YV
and BN C = {}
shows AEzinve. v’z (BUC)=rk"2B+ 'z C
proof —
define F where F' = \b. if b then B else C
have [simp]:disjoint-family F N\i. F i € sets Y A\x. (O i€UNIV. &’z (F 1)) =
k'tB+k"zCU (range F) = BU C
using assms by (auto simp: F-def disjoint-family-on-def comm-monoid-add-class.sum.Int-Diff [of
UNIV - {True}])
show ?thesis
using kernel-finite-sum-AE[of F UNIV] by auto
qed

lemma kernel-mono-AE:
assumes B € sets Y C € sets Y
and BC C
shows AEzinvz. k"t B<rk'zC
proof —
have 1: BU (C — B) = C using assms(3) by auto
have AEzinve. k"2 C=r"2 B+ k’"2z (C — B)
using assms by (auto introl: kernel-disjoint-sum-AE[of B C — B,simplified 1])
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thus ?thesis
by auto
qed

lemma kernel-incseq-AE:

assumes range B C sets Y incseq B

shows AF z in vz. incseq (An. k' z (B n))

using assms(1) by(auto simp: incseq-Suc-iff AE-all-countable intro!: kernel-mono-AE[OF
- - incseq-SucD[OF assms(2)]])

lemma kernel-decseq-AE:

assumes range B C sets Y decseq B

shows AF x in vz. decseq (An. k' z (B n))

using assms(1) by(auto simp: decseq-Suc-iff AE-all-countable intro!: kernel-mono-AE[OF
- - decseq-SucD[OF assms(2)]])

corollary kernel-01-AE:
assumes B € sets Y
shows AEzinvx. 0 <k'2BANk' 2B<1
proof —
have {} C B B C space Y
using assms sets.sets-into-space by auto
from kernel-empty0-AFE kernel-Y1-AE kernel-mono-AE[OF - - this(1)] kernel-mono-AE[OF
- - this(2)] assms
show ?thesis
by auto
qged

lemma kernel-get-0: 0 < k'’ z B
by simp

lemma kernel-lel-AE:
assumes B € sets Y
shows AE z invx. k' 2 B < 1
using kernel-01-AE[OF assms] by auto

corollary kernel-n-infty:

assumes B € sets ¥

shows AEzinvz. k' x B # T

by (rule AE-mp[OF kernel-lel-AE[OF assms]],standard) (auto simp: neq-top-trans|OF
ennreal-one-neg-top))

corollary kernel-le-infty:
assumes B € sets Y
shows AEzinve. k' x B<T
using kernel-n-infty[OF assms] by (simp add: top.not-eg-extremum)

lemma kernel-SUP-incseq:
assumes range B C sets Y incseq B
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shows AE z in vz. k' z (J (range B)) = (| |n. k" z (B n))
proof —
define Bn where Bn = (An. if n = 0 then {} else B (n — 1))
have incseq Bn
using assms(2) by(auto simp: Bn-def incseq-def)
define Cn where Cn = (An. Bn (Suc n) — Bn n)
have Cn-simp: Cn 0 = B 0 Cn (Suc n) = B (Suc n) — B n for n
by (simp-all add: Cn-def Bn-def)
have Cn-sets:Cn n € sets Y for n
using assms(1) by(induction n) (auto simp: Cn-simp)
have Chn-disj: disjoint-family Cn
by (auto intro!: disjoint-family-Suc[OF | incseq-SucD[OF <incseq Bny] simp:
Cn-def)
have Cn-un: (|Jk<Suc n. Cn k) = B n for n
using incseq-SucD[OF assms(2))
by (induction n) (auto simp: Cn-simp lessThan-Suc sup-commute)
have Cn-sum-Bn:AE z in ve. ¥V n. (O i<Suc n. &'z (Cni)) = &'z (B n)
unfolding AE-all-countable
using kernel-finite-sum-AE|OF disjoint-family-on-mono| OF - Cn-disj|,of {..<Suc
-}] Cn-sets
by (auto simp: Cn-un)
have Cn-bn-un: (| (range B)) = (I (range Cn)) (is ?lhs = %rhs)
proof safe
fix nx
assume z € B n
with Cn-un[of n] show z € |J (range Cn)
by blast
next
fix nx
assume z € Cn n
then show z € |J (range B)
by (cases n,auto simp: Cn-simp)
qed
hence AF z in vz. &' x (J (range B)) = 'z (IJ (range Cn))
by simp
moreover have AF z in vz. k' z (|J (range Cn)) = O n. &’z (Cn n))
by (rule AE-symmetric[OF kernel-suminf-AE[OF Cn-disj]]) (use Cn-def Bn-def
assms(1) in auto)
moreover have AF zin ve. (O n. &'z (Cnn)) = (n. D i<n. &’z (Cn i))
by (auto simp: suminf-eq-SUP)
moreover have AF z in vz. ([ n. > i<n. &’z (Cni)) = (| n. > i<Suc n. &’
proof (intro AE-I2 antisym)
fix z
show (| |n. Y i<n. &’z (Cn i) < (n. > i<Suc n. &’z (Cn 1))
by (rule complete-lattice-class.Sup-mono, auto, use le-iff-add in blast)
next
fix z
show (| |n. Y i<n. 'z (Cn 7)) > (| n. > i<Suc n. &’z (Cn 7))
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by (rule complete-lattice-class.Sup-mono) blast
qed
moreover have AE z in vz. (| n. Y, i<Sucn. k' z (Cni)) = (n. &’ 2z (B n))
by (rule AE-mp|OF Cn-sum-Bn)) (standard+, auto)
ultimately show %thesis by auto
qed

lemma kernel-lim-incseq:

assumes range B C sets Y incseq B

shows AE z in va. (An. k' x (Bn)) —— &’z (lJ (range B))

by (rule AE-mp|OF AE-conjI[OF kernel-SUP-incseq|OF assms| kernel-incseq-AE[OF
assms]]],auto simp: LIMSEQ-SUP)

lemma kernel-INF-decseq:
assumes range B C sets Y decseq B
shows AE z in va. k' z ([ (range B)) = ([|n. k' = (B n))
proof —
define C where C = (Ak. space Y — B k)
have C:range C C sets Y incseq C
using assms by(auto simp: C-def decseq-def incseq-def)
have eql: AE z invz. 1 — k' z ([ (range B)) = &’ z (U (range C))
proof —
have AE z in vz. k' z (J (range C)) + "z ([ (range B)) — "z ([ (range
B) = k' z (U (range C))
using assms(1) kernel-n-inftylof (| (range B)] by auto
moreover have AF z in vz. k' x (| (range C)) + &’ z ([ (range B)) = 1
proof —
have [simp]:(lJ (range C)) U (( (range B)) = space Y (U (range C)) N (N
(range B)) = {}
by (auto simp: C-def) (meson assms(1) range-subsetD sets.sets-into-space
subsetD)
from kernel-disjoint-sum-AE[OF - - this(2)] C(1) assms(1) kernel-Y1-AE
show ?thesis by auto
qed
ultimately show #thesis
by auto
qged
have eq2: AE z in vz. k' z (U (range C)) = (| n. &’ z (C n))
using kernel-SUP-incseqOF C] by auto
have eg3: AE zin va. (| n. &'z (Cn)) = (Un. I — k' z (Bn))
proof —
have AE zinve. Vn.k'z (Cn)=1— K’z (Bn)
unfolding A FE-all-countable
proof safe
fix n
have AEzinvz. k' 2 (Cn) + k' z (Bn) —k’2z (Bn)=r"z (Cn)
using assms(1) kernel-n-inftylof B n] by auto
moreover have AE z invz. k' 2 (Cn) + k' z (Bn) = 1
proof —
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have [simp]: Cn U Bn = space Y Cn N Bn={}
by (auto simp: C-def) (meson assms(1) range-subsetD sets.sets-into-space
subsetD)
thus ?thesis
using kernel-disjoint-sum-AE[of C n B n] C(1) assms(1) kernel-Y1-AE
by fastforce
qed
ultimately show AE z in vz. K’z (Cn) = 1 — k' z (B n) by auto
qed
thus ?thesis by auto
qed
have [simp]: (| |n. 1 — &'z (Bn)) =1 — ([|n. &'z (B n)) for z
by (auto simp: ennreal-INF-const-minus)
have eq: AE z invx. 1 — k' z ([ (range B)) = 1 — ([|n. ' z (B n))
using eql eq2 eq3 by auto
have lel: AE zin vz. ([|n. &'z (B n)) < 1
proof —
have AE zin ve. Vn. k' z (Bn) < 1
using assms(1) by(auto introl: kernel-lel-AE simp: AE-all-countable)
thus %thesis
by (auto simp: INF-lower2)
qed
show ?thesis
by (rule AE-mp[OF AE-conjI|OF AE-conjl[OF eq lel] kernel-lel-AE[of
(range B)]]])
(insert assms(1),auto simp: ennreal-minus-cancel|OF ennreal-one-neg-top])
qged

lemma kernel-lim-decseq:

assumes range B C sets Y decseq B

shows AE z in vax. (An. k' x (Bn)) —— &’z ([ (range B))

by (rule AE-mp|OF AE-conjI[OF kernel-INF-decseq| OF assms] kernel-decseq-AE[OF
assms||],standard,auto simp: LIMSEQ-INF')

end

lemma qlim-eq-lim-mono-at-bot:
fixes ¢ :: rat = 'a :: linorder-topology
assumes mono f (9§ —— a) at-bot Nr:rat. f (real-of-rat r) = g r
shows (f —— a) at-bot
proof —
have mono g
by(metis assms(1,3) mono-def of-rat-less-eq)
have ga:Ar. g7 > a
proof(rule ccontr)
fix r
assume W a < g7
then have g r < a by simp
from order-topology-class.order-tendstoD(1)[OF assms(2) this]
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obtain @ :: rat where ¢: Aq. ¢ < Q = gr < ggq
by (auto simp: eventually-at-bot-linorder)
define ¢ where ¢ = min r Q)
show Fulse
using q[of ¢] <mono ¢
by (auto simp: g-def mono-def) (meson linorder-not-less min.cobounded?)
qed
show ?thesis
proof (rule decreasing-tendsto)
show YV n in at-bot. a < fn
unfolding eventually-at-bot-linorder
by (rule exI[where z=undefined),auto) (metis Ratreal-def assms(1,3) dual-order.trans
ga less-eq-real-def lt-ex monoD of-rat-dense)
next
fix z
assume a < T
with topological-space-class.topological-tendstoD[OF assms(2),of {..<z}]
obtain @ :: rat where ¢: Aq. ¢ < Q = gq <z
by (auto simp: eventually-at-bot-linorder)
show YV n in at-bot. fn < z
using q assms(1,3) by(auto intro!: exI[where z=real-of-rat Q] simp: even-
tually-at-bot-linorder) (metis dual-order.refl monoD order-le-less-trans)
qed
qed

lemma q¢lim-eq-lim-mono-at-top:
fixes g :: rat = ’'a :: linorder-topology
assumes mono f (9§ —— a) at-top A\r:rat. f (real-of-rat r) = g r
shows (f —— a) at-top
proof —
have mono g
by(metis assms(1,3) mono-def of-rat-less-eq)
have ga:Ar. gr < a
proof(rule ccontr)
fix r
assume - g1 < a
then have a < g r by simp
from order-topology-class.order-tendstoD(2)[OF assms(2) this|
obtain @ :: rat where ¢: A\q. Q < g=—=gqg<gr
by (auto simp: eventually-at-top-linorder)
define ¢ where ¢ = maz r Q
show Fulse
using ¢[of ¢] <mono ¢» by(auto simp: ¢-def mono-def leD)
qed
show ?thesis
proof (rule increasing-tendsto)
show VYV n in at-top. fn < a
unfolding eventually-at-top-linorder
by (rule exI[where z=undefined],auto) (metis (no-types, opaque-lifting) assms(1)
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assms(8) dual-order.trans ga gt-ex monoD of-rat-dense order-le-less)
next
fix x
assume z < a
with topological-space-class.topological-tendstoD[OF assms(2),of {z<..}]
obtain @ :: rat where ¢: Aq. Q < ¢g= 1< gq
by (auto simp: eventually-at-top-linorder)
show V g n in at-top. z < fn
using ¢ assms(1,3) by(auto simp: eventually-at-top-linorder intro!: exl[where
z=real-of-rat Q]) (metis dual-order.refl monoD order-less-le-trans)
qed
qed

2.6 Theorem 14.D.10. (Measure Disintegration Theorem)

locale projection-sigma-finite-standard = projection-sigma-finite + standard-borel-ne
Y
begin

theorem measure-disintegration:
Jk. prob-kernel X Y k A measure-kernel.disintegration X Y k v vz A
(VK. prob-kernel X Y k' — measure-kernel.disintegration X Y v" v vz
— (AEz inve. k x = k" 1))
proof —
have x:3 k. prob-kernel X (borel :: real measure) k N\ measure-kernel.disintegration
X borel k v (marginal-measure X borel v) A
(V&' prob-kernel X borel k' — measure-kernel.disintegration X borel
k" v (marginal-measure X borel v) — (AE x in (marginal-measure X borel v). k
z=r"12))
if nu-sets” sets v = sets (X @ p borel) and marginal-sigma-finite”:
sigma-finite-measure (marginal-measure X borel v) for X :: 'a measure and v

proof —
interpret r: projection-sigma-finite X borel v
using that by(auto simp: projection-sigma-finite-def)
define ¢ :: 'a = rat = real
where ¢ = (Az 7. ennZreal (r.x’ z {..real-of-rat r}))
have asl: AExzinrwve. Vrs.r<s—ypzr<ezs
unfolding AF-all-countable
proof (safe introl: AE-impl)
fix rs:: rat
assume r < s
have AE z in r.wz. r.&’ z {..real-of-rat k} < top for k
using atMost-borel r.kernel-le-infty by blast
from this|of s| r.kernel-mono-AE[of {..real-of-rat r} {..real-of-rat s}] <r < &
show AExinrve. opzr < pzxs
by (auto simp: p-def of-rat-less-eq enn2real-mono)
qed
have as2: AE zin rvz. ¥Vr. (An. ¢ ¢ (r + 1 / rat-of-nat (Suc n))) —— ¢
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unfolding AE-all-countable
proof safe
fix r
have 1:(\n. {..real-of-rat (r + 1 / rat-of-nat (Suc n))}) = {..real-of-rat r}
proof safe
fix z
assume h: ¢ € ((\n. {..real-of-rat (r + 1 / rat-of-nat (Suc n))})
show z < real-of-rat r
proof (rule ccontr)
assume — z < real-of-rat r
then have 0 < z — real-of-rat r by simp
then obtain n where (1 / (real (Suc n))) < x — real-of-rat r
using nat-approz-posE by blast
hence real-of-rat (r + 1 / (1 + rat-of-nat n)) < z
by (simp add: of-rat-add of-rat-divide)
with h show False
using linorder-not-le by fastforce
qed
next
fix zn
assume z < real-of-rat r
then show z < real-of-rat (r + 1 / rat-of-nat (Suc n))
by (metis le-add-same-cancell of-nat-0-le-iff of-rat-less-eq order-trans
zero-le-divide-1-iff )
qed
have AE z in rvz. (An. r.&’ z {..real-of-rat (r + 1 / rat-of-nat (Suc n))})
— r.&’ z {..real-of-rat r}
unfolding 1[symmetric] by(rule r.kernel-lim-decseq) (auto simp: dec-
seq-Suc-iff of-rat-less-eq frac-le)
from AE-conjI[OF r.kernel-le-infty[of {..real-of-rat r},simplified] this]
show AFE z in rvz. (An. ¢ © (r + 1 / (rat-of-nat (Suc n)))) —— oz r
unfolding ¢-def by eventually-elim (rule tendsto-enn2real, auto)
qed

have as3: AF z in rvz. (p £ —— 0) at-bot
proof —
have 0: range (An. {..— real n}) C sets borel decseq (An. {..— real n})
by (auto simp: decseq-def)
show “thesis
proof (safe intro\: AE-I2[THEN AE-mp|OF AE-conjI|OF r.kernel-empty0-AE
AE-congI|OF r.kernel-lim-decseq OF 0] as1]]]])
fix z
assume h: rk’z {} =0 (An. re’z{.—realn}) —— r&’z (n. {.—
realn})Vrs.r<s—ozr<opzs
have [simp]: ((n. {..— real n}) = {} by auto (meson le-minus-iff linorder-not-less
reals- Archimedean2)
show (¢ + —— 0) at-bot
proof (rule decreasing-tendsto)
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fix r :: real

assume 0 < r

with h(2) eventually-sequentially

obtain N where N:An.n > N = r.x’z {..— real n} < r
by (fastforce simp: order-tendsto-iff h(1))

show YV qin at-bot. p x ¢ < r
unfolding cventually-at-bot-linorder

proof(safe intro!: exl[where z=— rat-of-nat N])
fix ¢
assume g < — rat-of-nat N
with h(3) have ¢ z ¢ < ¢ = (— rat-of-nat N) by simp
also have ... < r

by (auto simp: p-def) (metis N[OF order-refl] <0 < r enn2real-less-iff
enn2real-top of-rat-minus of-rat-of-nat-eq top.not-eq-extremum)

finally show p z ¢ < r .

qed

qed(simp add: @-def)
qed
qed

have asf: AE zin rvz. (p £ —— 1) at-top
proof —
have 0: range (An. {..real n}) C sets borel incseq (An. {..real n})
by (auto simp: incseq-def)
have [simp]: (Un. {..real n}) = UNIV by (auto simp: real-arch-simple)
have 1: AF z in rwvz. Vn. r.&’ z {.real n} < 1 AE zin rwvz. Vq. r.&’
{..real-of-rat ¢} < 1
by (auto simp: AE-all-countable intro!: r.kernel-lel-AFE)
show ?thesis
proof (safe introl: AE-I2[THEN AE-mp|OF AE-conjI[OF AE-conjI[OF 1]
AE-conjI[OF r.kernel-Y1-AE AE-conjl | OF r.kernel-lim-incseq| OF 0] as1]]],simplified]])
fix z
assume h: Vq. r.&’ x {..real-of-rat ¢} < 1 Vn. r.x’ z {..real n} < 1
(An.rw’z {.realn}) —— rk’ c UNIVVrs.r<s—gpar<
pxsrk zUNIV = 1
then have h3: (An. r.x’ z {..real n}) —— 1
by auto
show (¢ + —— 1) at-top
proof(rule increasing-tendsto)
fix r :: real
assume r < I
with h3 eventually-sequentially
obtain N where N: An. n > N = r < r.x’ z {..real n}
by (fastforce simp: order-tendsto-iff)
show YV n in at-top. r < o zn
unfolding eventually-at-top-linorder
proof(safe intro!: exl[where z=rat-of-nat N))
fix ¢
assume rat-of-nat N < ¢
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have r < ¢ z (rat-of-nat N)
by(auto simp: @-def) (metis N[OF order-refl] h(2) ennZreal-1
enn2real-ennreal enn2real-positive-iff ennreal-cases ennreal-lel linorder-not-less zero-less-one)
also have ... < p z ¢
using h(4) «rat-of-nat N < ¢» by simp
finally show r < p x ¢ .
qed
qed(use h(1) enn2real-lel p-def in auto)
qed
qed
from AE-E3[OF AE-conjI[OF as1 AE-conjl[OF as2 AE-conjl[OF as3 as4]]],simplified
space-marginal-measure]
obtain N where N: N € null-sets rvz Nz rs. z € space X — N = r < s
= prr<epzxs
Nxr.z € space X — N = (An. ¢ z (r + 1 / rat-of-nat (Suc
n))) ——par
Nz. z € space X — N = (¢ £ —— 0) at-bot A\z. z € space X
— N = (pz —— 1) at-top
by metis
define F where F = (\z y. indicat-real (space X — N) z x Inf {op z 1 |r. y <
real-of-rat r} + indicat-real N z * indicat-real {0..} y)
have [simp]: {¢ z v |r. y < real-of-rat r} # {} for z y
by auto (meson gt-ex less-eg-real-def of-rat-dense)
have [simp]: bdd-below {¢ x r |r. y < real-of-rat r} if x € space X — N for z y
proof —
obtain r’ where real-of-rat v’ < y
by (metis less-eg-real-def lt-ex of-rat-dense)
from order-trans|OF this] of-rat-less-eq show ?thesis
by (auto introl: bdd-belowl[of - ¢ = '] N(2)[OF that])
qed
have Feq: F z (real-of-rat r) = ¢ x r if € space X — N for z r
using that N(2)[OF that] by (auto intro!: cInf-eqg-minimum simp: of-rat-less-eq
F-def)
have Fmono: mono (F z) if z € space X for z
by (auto simp: F-def mono-def indicator-def intro!: cInf-superset-mono) (meson
gt-ex less-eq-real-def of-rat-dense)

have F1: (F z —— 0) at-bot if z € space X for z
proof(cases x € N)
case True
with that show ?thesis
by (auto simp: F-def tendsto-iff eventually-at-bot-dense indicator-def intro!:
ezl[where z=0])
next
case Fulse
with glim-eg-lim-mono-at-bot| OF Fmono|OF that] N(4)] Feq that
show ?thesis by auto
qed
have F2: (Fx —— 1) at-top if z € space X for z
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proof(cases x € N)
case True
with that show ?thesis
by (auto simp: F-def tendsto-iff eventually-at-top-dense indicator-def introl:
exl[where z=0])
next
case Fulse
with glim-eg-lim-mono-at-top|OF Fmono|OF that] N(5)] Feq that
show ?thesis by auto
qed
have F'3: continuous (at-right a) (F z) if © € space X for z a
proof(cases x € N)
case z:1True
{
fix e :: real
assume e:0 < e
consider ¢ > 0 | a < 0 by fastforce
then have 3d>0. indicat-real {0..} (a + d) — indicat-real {0..} a < e
proof cases
case I
with e show ?thesis
by (auto intro!: exl[where r=1])
next
case 2
then obtain b where b > 0a + b < 0
by (metis add-less-same-cancel? of-rat-dense real-add-less-0-iff )
with e 2 show ?thesis
by (auto intro!: exl[where z=b])
qed
}
with z show ?thesis
unfolding continuous-at-right-real-increasing|of F ,OF monoD[OF Fmono| OF
that]],simplified)
by (auto simp: F-def)
next
case z:False
{
fix e :: real
assume e: e > (0
have 3k. a < real-of-rat k A[] {p z 7 |r. a < real-of-ratr} + e/ 2> ¢
zk
proof (rule ccontr)
assume B k. a < real-of-rat k A p x k <[] {¢ 27 |r. a < real-of-rat r}
+e/2
then have cont: Ak. a < real-of-ratk = pak —e/ 2 >[] {pzr|r
a < real-of-rat r}
by auto
hence a < real-of-rat k = 3r. a < real-of-ratr Npxr <pzk—e/
2 for k
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using cont <z € space X» x cInf-less-iff [of {¢ = r |r. a < real-of-rat r}
pzk—e/ 2
by auto
then obtain r where r:Ak. a < real-of-rat k = a < real-of-rat (r k)
Nk a < real-of-ratk = oz (rk)<gpzk—e/ 2
by metis
obtain k£ where k:a < real-of-rat k
by (meson gt-ex less-eg-real-def of-rat-dense)
define f where f = rec-nat k (An fn. r fn)
have f-simp: f0 =k f (Sucn) =r (fn) for n
by (auto simp: f-def)
have f1: a < real-of-rat (f n) for n
using 7(1) k by(induction n) (auto simp: f-simp)
have f2:n>1 = vz (fn)<pzk —realnxe/ 2 forn
proof (induction n)
case ih:(Suc n)
consider n = 0 | n > 1 by fastforce
then show ?case
proof cases
case 1
with r k show %thesis
by (simp add: f-simp)
next
case 2
show ?thesis
using less-trans|OF r(2)[OF f1[of n]] diff-strict-right-mono|OF
ih(1)[OF 2],0f e / 2]]
by (auto simp: f-simp ring-distribs(2) add-divide-distrib)
qed
qed simp
have — bdd-below {p = r |r. a < real-of-rat r}
unfolding bdd-below-def
proof safe
fix M
obtain n where ¢ 1k — M < realn x e / 2
using f2 e reals-Archimedeand by fastforce
then have ¢ &k — M < real (Sucn) x e/ 2
using divide-strict-right-mono pos-divide-less-eq e by fastforce
thus Ball {¢ z r |r. a < real-of-rat v} (<) M) = False
using f2[of Suc n] f1[of Suc n] by(auto intro!: exl[where z=¢ z (f
(Suc )

ged
with that x show False
by simp
qed
then obtain k where k: a < real-of-rat k [] {¢ = r |r. a < real-of-rat r}
+ e/ 2>2pxk
by auto
obtain no where no:An. n>no = (¢ = (k + 1 / rat-of-nat (Suc n))) —
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(pzk)y<e/2
using «x € space X> © metric-LIMSEQ-D[OF N(3)[of z k],of ¢/2] e N(2)[of
zkk+ 1/ rat-of-nat (Suc -)]
by (auto simp: dist-real-def)
have 3d>0.[] {p z 7 |r. a + d < real-of-rat r} —[] {p z 7 |r. a <
real-of-rat r} < e
proof(safe intro!: exl[where z=real-of-rat (1 / rat-of-nat (Suc no))])
have ¢ z (k + 1 / rat-of-nat (Suc no)) —e<pzk —e/ 2
using no[OF order-refl] by simp
also have ... <[] {¢ z r |r. a < real-of-rat r}
using k by simp

finally have ¢ z (k + 1 / rat-of-nat (Suc no)) — [ {p zr |r. a <
real-of-rat v} < e by simp
moreover have [ | {¢ z r |r. a + real-of-rat (1 / (1 + rat-of-nat no)) <

real-of-rat r} < ¢ x (k + 1 / rat-of-nat (Suc no))
using k that z by (auto introl: cInf-lower simp: of-rat-add)
ultimately show [| {¢ z 7 |r. a + real-of-rat (1 / (rat-of-nat (Suc no)))
< real-of-rat v} — [ {¢ z v |r. a < real-of-rat r} < e
by simp
qed simp
}
with that r show ?thesis
unfolding continuous-at-right-real-increasing[of F x,0OF monoD[OF Fmono| OF
that]],simplified]
by (auto simp: F-def)
qged

define k where k = (A\z. interval-measure (F x))

have k: A\z. z € space X = k x UNIV = 1
Nz r. x € space X = k z {..r} = ennreal (F z 1)
and|[simp]: Az. sets (k ) = sets borel N\z. space (k x) = UNIV
using emeasure-interval-measure-Iic|OF - F8 F1] interval-measure-UNIV[OF
- F38 F1 F2] Fmono
by (auto simp: mono-def k-def)

interpret x: prob-kernel X borel k
unfolding prob-kernel-def’
proof (rule measurable-prob-algebra-generated| OF - atMostq-Int-stable,of - UNIV])
show Aa. a € space X = prob-space (k a)
by (auto introl: prob-spacel k(1))
next
fix A
assume A € {{..r} |rureal. r € Q}
then obtain r where r: A = {..real-of-rat r}
using Rats-cases by blast
have (\z. ennreal (indicat-real (space X — N) x % ¢ x r + indicat-real N z
x indicat-real {0..} (real-of-rat r))) € borel-measurable X
proof —
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have N € sets X
using null-setsD2[OF N(1)] by(auto simp: sets-marginal-measure)
thus ?thesis by (auto simp: p-def)
qed
moreover have indicat-real (space X — N) x * ¢ x r + indicat-real N x *
indicat-real {0..} (real-of-rat ) = emeasure (k x) A if © € space X for x
using Feqlof x ] k(2)[OF that,of real-of-rat ]
by(cases ¢ € N) (auto simp: r indicator-def F-def)
ultimately show (\z. emeasure (k z) A) € borel-measurable X
using measurable-conglof - Ax. emeasure (k x) A A\x. ennreal (indicat-real
(space X — N) z % ¢ x r + indicat-real N z * indicat-real {0..} (real-of-rat r))]
by simp
qed(auto simp: rborel-eq-atMostq)
have k-AE:AFE x in rvz. k x {..real-of-rat r} = r.&’ x {..real-of-rat r} for r
proof —
have AF z in rvz. k x {..real-of-rat r} = ennreal (F x (real-of-rat r))
by (auto simp: space-marginal-measure k(2))
moreover have AFE ¢ in r.vz. ennreal (F x (real-of-rat r))= ennreal (o x 1)
using Feq|of - r| by (auto simp add: space-marginal-measure intro!: AE-I""[OF
N(1))
moreover have AE x in r.vz. ennreal (p x r) = ennreal (enn2real (r.x' x
{..real-of-rat r}))
by (simp add: -def)
moreover have AE z in r.wz. ennreal (enn2real (r.x’ z {..real-of-rat r})) =
r.x’ z {..real-of-rat r}
using r.kernel-le-infty[of {..real-of-rat r},simplified]
by (auto simp: ennreal-enn2real-if)
ultimately show ?thesis by auto
qed
have k-dis: k.disintegration v r.vx
proof —
interpret D: Dynkin-system UNIV {B € sets borel. ¥V A€ sets X. v (A x B)
= ([ tzeA. (k z) Bor.vz)}
proof
{
fix A
assume h:A€ sets X
then have v (A x UNIV) = ([ Tz€A. 1 dr.vz)
using emeasure-marginal- measure[OF nu-sets’ h] sets-marginal-measure|of
X borel v space borel] by auto
also have ... = ([ tz€A. (k z) UNIVOr.vz)
by (auto introl: nn-integral- cong simp: Kk space-marginal-measure)
finally have v (4 x UNIV) = ([ tze€A. emeasure (k z) UNIVOr.vz) .
}
thus UNIV € {B € sets borel. ¥ A€sets X. emeasure v (A x B) = ([ Tz€A.
emeasure (k x) Bor.vz)}
by auto
hence univ:\A. A € sets X = v (A x UNIV) = ([ Tz€A. emeasure (k
z) UNIVOr.vz) by auto
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show AB. B € {B € sets borel. ¥V Aesets X. emeasure v (A x B) = ([ Tz€A.
emeasure (k x) Bor.vz)}
= UNIV — B € {B € sets borel. V A€sets X. emeasure v (A x B) =
([ tzeA. emeasure (k z) Bor.vz)}
proof (rule r.vx.sigma-finite-disjoint)
fix B and J :: nat = -
assume B € {B € sets borel. V Acsets X. emeasure v (A x B) = ([ Tz€A.
emeasure (k ) B Or.wz)} range J C sets r.vz |J (range J) = space r.vz
(A\i. emeasure rwvz (J i) # oo) disjoint-family J
then have B: B € sets borel V Aesets X. v (A x B) = ([ tz€A. (k )
Bor.vz)
and J: range J C sets X |J (range J) = space X N\i. emeasure r.vz (J
i) # oo disjoint-family J
by (auto simp: sets-marginal-measure space-marginal-measure)
{
fix A
assume A: A € sets X
have v (A x (UNIV — B)) = ([ tz€A. (k z) (UNIV — B)dr.vz) (is
?lhs = ?rhs)
proof —
have AJil: disjoint-family (Ai. (A N J i) x (UNIV — B))
using B(1) J(4) by(fastforce simp: disjoint-family-on-def)
have AJi2[simp]: (Ui (AN Ji) x (UNIV — B))) = A x (UNIV —

using J(2) sets.sets-into-space|OF A] by blast
have AJi3: (range (Mi. (AN Ji) x (UNIV — B))) C sets v
using B(1) J(1) A by(auto simp: nu-sets’)

have ?lhs = (> i. v (AN Ji) x (UNIV — B)))
by (simp add: suminf-emeasure]OF AJi8 AJil])
also have ... = (3"i. ([ Tze AN Ji. (k z) (UNIV — B) dr.vz))
proof(safe introl: suminf-cong)
fix n
have Jn: J n € sets X
using J by auto
have fin: v (AN Jn) x C) # oo for C
proof(cases (A N Jn) x C € sets v)
case True
then have v (AN Jn) x C) <v ((AN Jn) x UNIV)
using Jn nu-sets’ A by(intro emeasure-mono) auto
also have v (AN Jn) x UNIV) <v (Jn x UNIV)
using Jn nu-sets’ by(intro emeasure-mono) auto
also have ... = r.vz (J n)
using emeasure-marginal-measure[OF nu-sets’ Jn| by simp
finally show ?thesis
by (metis J(3)[of n] infinity-ennreal-def neq-top-trans)
qged(simp add: emeasure-notin-sets)
show v (AN Jn) x (UNIV — B)) = ([ Tze An Jn. (k z) (UNIV
— B) Or.vz) (is ?lhs = ?rhs)
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proof —
have ?lhs = v (AN Jn) x UNIV) —v (AN Jn) x B)
proof —
have [simp]: ?lhs + v (AN Jn) x B)=v (AN Jn) x UNIV)
proof —
have [simp]:((AN Jn) x (UNIV — B)) U ((ANJn) x B) =
((AnN Jn) x UNIV) by blast
show ?thesis
using B(1) A Jn nu-sets’ by (intro plus-emeasure[of (A N J n)
x (UNIV — B) - (AN Jn) x B,simplified]) auto
qed
have ?lhs = ?lhs + v (AN Jn) x B) —v (AN Jn) x B)
by (simp only: ennreal-add-diff-cancel|OF fin|of B]])
also have ... =v (AN Jn) x UNIV) —v (AN Jn) x B)

by simp
finally show ?thesis .
qed
also have ... = ([ tze AN Jn. (k z) UNIV drwz) — ([ Tz A

N Jn. (kz) BOr.vz)
using B(2) A Jn univ by auto
also have ... = ([ Tz. ((k ©) UNIV x indicator (AN Jn) z — (k
x) B * indicator (A N Jn) z) Or.vz)
proof (rule nn-integral-diff [symmetric])
show (Az. (k ) UNIV x indicator (A N J n) x) € borel-measurable
rwz (Az. (k ) B * indicator (A N Jn) z) € borel-measurable r.vz
using sets-marginal-measure[of X borel v space borel]
k.emeasure-measurable OF B(1)] k.emeasure-measurable[of UNIV]| A Jn
by (auto simp del: space-borel)
next
show ([ tz€A N Jn. (k z) BOr.vz) # co
using B(2) A Jn univ fin[of B] by auto
next
show AFE z in rwz. (k ) B * indicator (AN Jn) z < (k x)
UNIV « indicator (AN Jn) x
by (standard, auto simp: space-marginal-measure indicator-def
introl: emeasure-mono)

qed

also have ... = ([ Tze AN Jn. ((k ) UNIV — (k z) B) Or.vz)
by (auto intro!: nn-integral-cong simp: indicator-def)

also have ... = ?rhs

proof (safe introl: nn-integral-cong)
fix z

assume z € space T.VE
then have z € space X
by(simp add: space-marginal-measure)
show ((k ) UNIV — (k z) B) * indicator (AN Jn) z = (k x)
(UNIV — B) * indicator (AN Jn) x
by (auto introl: emeasure-compl[of B k x,simplified,symmetric] simp:
B k.prob-spaces <x € space X» prob-space-imp-subprob-space subprob-space.emeasure-subprob-space-less-top
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indicator-def)
qed
finally show #“thesis .
qed
qged
also have ... = ([ tz. (32 i. (k 2) (UNIV — B) * indicator (A N J i)
z)0r.ve)
using x.emeasure-measurable[of UNIV — B] B(1) sets-marginal-measure[of
X borel v space borel] A J
by (intro nn-integral-suminf[symmetric]) (auto simp del: space-borel)
also have ... = ([ *z. (k ) (UNIV — B) x indicator A z x () i.
indicator (A N J1i) x) Or.wz)
by (auto simp: indicator-def introl: nn-integral-cong)
also have ... = ([ *z. (k z) (UNIV — B) x indicator A = x (indicator
(Ui AN Ji) z) Or.ve)
proof —
have (3 i. indicator (A N J i) z) = (indicator ((Ji. AN Ji) z =
ennreal) for x
using J(4) by(intro suminf-indicator) (auto simp: disjoint-family-on-def)
thus ?thesis
by (auto intro!: nn-integral-cong)
qged
also have ... = ?rhs
using J(2) by (auto simp: indicator-def space-marginal-measure introl:
nn-integral-cong)
finally show ?thesis .
qed

thus UNIV — B € {B € sets borel. V¥ Acsets X. emeasure v (A X B) =
([ tz€A. emeasure (k ) B Or.vz)}
using B by auto
ged
next
fix J :: nat = -
assume J1: disjoint-family J range J C {B € sets borel. V Acsets X. v (A
x B) = ([ Tz€A. (k z) Bor.wvz)}
then have J2: range J C sets borel |J (range J) € sets borel An A. A €
sets X = v (A x (Jn)) = ([ Tz€A. (k z) (J n) Or.vz)
by auto
show J (range J) € {B € sets borel. ¥ A€sets X. v (A x B) = ([ Tz€A.
(k z) Bor.wz)}
proof —
{
fix A
assume A:A € sets X
have v (A x | (range J)) = ([ Tz€A. (k z) (U (range J)) Or.vz) (is
?lhs = ?rhs)
proof —
have ?lhs = v (Un. A x Jn)
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proof —
have (A x | (range J)) = (Un. A x Jn) by blast
thus ?thesis by simp
qed
also have ... = (3 n. v (A x Jn))
using J1(1) J2(1) A nu-sets’ by(fastforce introl: suminf-emeasure[symmetric]
stmp: disjoint-family-on-def)
also have ... = (3" n. ([ Tz€A. (k ) (J n) Or.vz))
by (simp add: J2(8)[OF A])
also have ... = ([ Tz. (X n. (k 2) (J n) * indicator A z) dr.vz)
using k.emeasure-measurable J2(1) A sets-marginal-measure[of X
borel v space borel)
by (intro nn-integral-suminf[symmetric]) auto
also have ... = ([ Tz€A. (X n. (k ) (J n)) Or.vz)
by auto
also have ... = ([ TzeA. (x z) (U (range J)) Or.vz)
using JI J2 by(auto intro!: nn-integral-cong suminf-emeasure simp:
space-marginal-measure indicator-def)
finally show ?thesis .
qed

thus ?thesis
using J2(2) by auto
qed
qed auto
have { {..r} | rureal. r € Q} C {B € sets borel. V A€ sets X. v (A x B) =
(J tzeA. (k z) Bor.vz)}
proof —
{
fix r ::real and A
assume h: r € Q A € sets X
then obtain r’ where r’:r = real-of-rat r’
using Rats-cases by blast
have v (A x {.r}) = ([ tz€A. (k z) {..r} Or.wvz) (is ?lhs = ?rhs)
proof —
have ?lhs = ([ Taz€A. r.x’ z {.r}dr.vz)
using h by(simp add: r.kernel-RN-deriv)
also have ... = ?rhs
using k-AE[of r'] by(auto intro!: nn-integral-cong-AE simp: ' simp
del: space-borel)
finally show #%thesis .
ged

thus ?thesis
by auto
qed
from D.Dynkin-subset[OF this] rborel-eq-atMostq[symmetric]
show ?thesis
by (auto simp: k.disintegration-def sets-marginal-measure nu-sets’ sigma-eq-Dynkin[OF
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- atMostq-Int-stable,of UNIV simplified,symmetric] rborel-eq-atMostq-sets simp del:
space-borel)
qed
show ?thesis
proof (intro exl conjl strip)
fix k"’
assume prob-kernel X (borel :: real measure) k
interpret «'": prob-kernel X borel k'’ by fact
assume disi: k'’ disintegration v r.vz
have eq-atMostr-AE:AE zin r.vz. Vr. k x {..real-of-rat r} = k"' x {..real-of-rat

r}
unfolding AE-all-countable
proof safe
fix r
have AF z in rwvz. (" z) {..real-of-rat v} = r.x’ x {..real-of-rat r}
proof(safe intro!: r.vz. RN-deriv-unique[of Az. k"' z {..real-of-rat r} marginal-measure-on
X borel v {..real-of-rat r},simplified r.x'-def[of - {..real-of-rat r},symmetric]])
show 1:(\z. emeasure (k' z) {..real-of-rat r}) € borel-measurable r.vz
using k”.emeasure-measurable[of {..real-of-rat r}] sets-marginal-measure|of
X borel v space borel] by simp
show density r.vz (Az. emeasure (k"' ) {..real-of-rat r}) = marginal-measure-on
X borel v {..real-of-rat r}
proof (rule measure-eql)
fix A
assume A € sets (density r.vz (Az. (k' z) {..real-of-rat r}))
then have A [measurable]:A € sets X
by (simp add: sets-marginal-measure)
show emeasure (density r.vx (Ax. emeasure (k' x) {..real-of-rat r})) A
= emeasure (marginal-measure-on X borel v {..real-of-rat r}) A (is ?lhs = ?rhs)
proof —
have ?lhs = ([ Tz€A. (" z) {..real-of-rat r} dr.vz)
using emeasure-density[OF 1,of A] A
by (simp add: sets-marginal-measure)

17

also have ... = v (A x {..real-of-rat r})
using disi A by(auto simp: k".disintegration-def)
also have ... = ?rhs

by (simp add: emeasure-marginal-measure-on[OF nu-sets’ - A])
finally show ?thesis .
qed
qed(simp add: sets-marginal-measure)
qed
with x-AFE[of 7]
show AF z in rvz. k z {..real-of-rat r} = "’ z {..real-of-rat r}
by auto
qed
{ fix =
assume h:x € space rvz Vr. (k z) {..real-of-rat r} = (k" z) {..real-of-rat
r}

then have z: z € space X
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by(simp add: space-marginal-measure)
have k z = k"' z
proof (rule measure-eql-generator-eq|OF atMostq-Int-stable,of UNIV - - An.
{..real n}])
show NAA. Ae {{r}|r.reQ} = (kz) A=(k"12)A
using h(2) Rats-cases by auto
next
show (Un. {..real n}) = UNIV
by (simp add: real-arch-simple subsetl subset-antisym)
next
fix n
have (k z) {..real n} < k x UNIV
by (auto introl: emeasure-mono)
also have ... = 1
by (rule k(1)[OF x))
finally show (x z) {..real n} # oo
using linorder-not-le by fastforce
next
show range (An. {..real n}) C {{..r} |r. r € Q}
using Rats-of-nat by blast
qed(auto simp: k.kernel-sets|OF x] k" .kernel-sets| OF z] rborel-eq-atMostg-sets)
}
then show AF z inrwve. kz=kr"2
using eq-atMostr-AE by fastforce
ged(auto simp del: space-borel simp add: k-dis k.prob-kernel-azioms)
qged

show ?thesis
proof —
define v’ where v’ = distr v (X @ ar borel) (A(z,y). (z, to-real y))
have v-distriv = distr v/ (X @ ar V) (M (z,y). (z, from-real y))
using nu-sets sets-eq-imp-space-eq|OF nu-sets| from-real-to-real
by (auto simp: v'-def distr-distr space-pair-measure intro!: distr-id'[symmetric])
have vz-eq:(marginal-measure X borel v') = vz
using emeasure-marginal-measure[of v’ X borel] emeasure-marginal-measure[OF
nu-sets] sets-eg-imp-space-eq| OF nu-sets]
by (auto introl: measure-eql simp: sets-marginal-measure v'-def emeasure-distr
map-prod-vimage[of id to-real,simplified map-prod-def id-def] space-pair-measure
Times-Int-Times)
interpret v’ : projection-sigma-finite X borel v’
by (auto simp: projection-sigma-finite-def vi-eq vz.sigma-finite-measure-azioms
simp del: space-borel,auto simp add: v’'-def)
obtain k'’ where k': prob-kernel X borel k' measure-kernel.disintegration X
borel k' v' v'.vx
N&". prob-kernel X borel k' = measure-kernel.disintegration X borel x'’
v'v'ive = (AEzin v've. k' ¢ = k" 2)
using *[of v’ X| v'.nu-sets v'.vx.sigma-finite-measure-axioms by blast
interpret . prob-kernel X borel k' by fact
define x where k = (\z. distr (k' z) Y from-real)
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interpret x: prob-kernel X Y k
by (auto simp: prob-kernel-def’ k-def)
have disi: k.disintegration v vz
proof (rule k.disintegrationl)
fix A B
assume A[measurable]:A € sets X and B[measurable]: B € sets Y
have [measurable]: from-real — B € sets borel
by (simp add: measurable-sets-borel|OF - B])
show v (A x B) = ([ Tz€A. k z Bovz) (is ?lhs = ?rhs)
proof —
have ?lhs = v’ (A X (from-real —° B))
by (auto simp: v-distr emeasure-distr map-prod-vimage|of id from-real,simplified
map-prod-def id-def])
also have ... = ([ Tz€A. k' z (from-real —* B) dvz)
using k' disintegrationD[OF £'(2),0f A from-real —* B]
by (auto simp add: va-eq simp del: space-borel)
also have ... = ?rhs
by (auto introl: nn-integral-cong simp: space-marginal-measure k-def emea-
sure-distr)
finally show ?thesis .
qed
qed(simp-all add: sets-marginal-measure nu-sets)

show ?thesis
proof (safe intro!: exl[where z=k))
fix k"’
assume h:prob-kernel X Y r'’
measure-kernel.disintegration X Y v'' v vz
interpret x'": prob-kernel X Y k'’ by fact
show AEzinvr. kz=r"2z
proof —
define k' where k' = (\z. distr (k"' ) borel to-real)
interpret x'"": prob-kernel X borel k'’
by (auto simp: prob-kernel-def’ k'"’-def)
have k"-def: k"' z = distr (' z) Y from-real if x € space X for z
using distr-distr[of from-real borel Y to-real k' x,simplified measur-
able-cong-sets|OF k' .kernel-sets|OF that] refl,of borel]]
by (auto simp: k'"'-def comp-def k' kernel-sets| OF that] measurable-cong-sets[OF
k' .kernel-sets|OF that] k'".kernel-sets| OF that]] sets-eq-imp-space-eq| OF k'.kernel-sets|OF
that]] intro!: distr-id’[symmetric])
have x'"-disi: k'".disintegration v' v'.vx
proof (rule k'".disintegrationI)
fix A and B :: real set
assume A[measurable]:A € sets X and B[measurable]:B € sets borel
show v’ (A x B) = ([ Tz€A. (v"" z) B Ov'vz) (is ?lhs = ?rhs)
proof —
have ?lhs = v (A x (to-real —¢ B N space Y))
by (auto simp: v'-def emeasure-distr map-prod-vimage|of id to-real,simplified
map-prod-def id-def] sets-eq-imp-space-eq| OF nu-sets] space-pair-measure Times-Int-Times)
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also have ... = ([ Tz€A. (k" z) (to-real —* B N space Y) dvz)
using «'’.disintegrationD|OF h(2) A,of to-real —* B N space Y] by
auto
also have ... = 7rhs
by (auto simp: va-eq[symmetric] space-marginal-measure £'"'-def emea-
sure-distr sets-eq-imp-space-eq|OF k'.kernel-sets| introl: nn-integral-cong)
finally show ¢thesis .
qed
qed(auto simp: v’'-def sets-marginal-measure)
show ?thesis
by(rule AE-mp[OF r'(3)[OF &'".prob-kernel-axioms r''’-disi,simplified
vi-eql],standard) (auto simp: space-marginal-measure k'-def k-def)
qed
qed(simp-all add: disi k.prob-kernel-azioms)
qed
qed

end

2.7 Lemma 14.D.12.

lemma ex-finite-density-measure:
fixes A :: nat = -
assumes A: range A C sets M |J (range A) = space M N\i. emeasure M (A i)
# oo disjoint-family A
defines h = (Az. O n. (1/2)(Suc n) x (1 / (1 + M (A n))) * indicator (A
n) 7))
shows h € borel-measurable M
Nz. z € space M = 0 < hz
Nz. z € space M = hz < 1
finite-measure (density M h)
proof —
have less1:0 <1 /(1 + M (An)) 1 /(1 + M (An)) <1forn
using A(%)[of n] ennreal-zero-less-divide[of 1 1 + M (A n)]
by (auto intro!: divide-le-posl-ennreal simp: add-pos-nonneq)
show [measurable]:h € borel-measurable M
using A by(simp add: h-def)
{
fix z
assume z:x € space M
then obtain i where i: x € A i
using A(2) by auto
show 0 < hz
using A(8)[of i] lessI|of ]
by (auto simp: h-def suminf-pos-iff ¢ ennreal-divide-times ennreal-zero-less-divide
power-divide-distrib-ennreal power-less-top-ennreal intro!: exl[where r=i])
have hz = (> n. (1/2) (Sucn+ 2)« (1 / (1 + M (A (n + 2)))) * indicator
(A(n+2)x)+(1/2) %« (1 /(1 + M (A 0))) * indicator (A 0) x + (1/2)"2
x (1 /(1 + M(A1)) = indicator (A 1)z
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by (auto simp: h-def suminf-split-head suminf-offset[of An. (1/2) (Suc n) * (1
/ (1 + M (A n))) * indicator (A n) z 2] simp del: power-Suc sum-mult-indicator)
(auto simp: numeral-2-eq-2)
also have ... < 1// + (1/2) = (1 / (1 + M (A 0))) * indicator (A 0) z +
(1/2)72 % (1 /] (1 + M (A 1)))  indicator (A 1)
proof —
have (> n. (1/2) (Sucn+ 2)x (1 / (1 + M (A (n + 2)))) * indicator (A
(n+2)z) <O n (1/2)(Sucn + 2))
using less1(2)[of Suc (Suc -)] by(intro suminf-le,auto simp: indicator-def)
(metis mult.right-neutral mult-left-mono zero-le)
also have ... = (D n. ennreal ((1 / 2) ~ (Suc n + 2)))
by(simp only: ennreal-power|of 1/2,symmetric]) (metis divide-ennreal en-
nreal-1 ennreal-numeral linorder-not-le not-one-less-zero zero-less-numeral)
also have ... = ennreal (> n. (1 / 2) ~ (Suc n + 2))
by (rule suminf-ennreal2) auto
also have ... = ennreal (1/4)
using nsum-of-r'lof 1/2 Suc (Suc (Suc 0)) 1] by auto
also have ... = 1 / 4
by (metis ennreal-divide-numeral ennreal-numeral numeral-One zero-less-one-class.zero-le-one)
finally show ?thesis by simp
qed
also have ... < 1 (is %lhs < -)
proof(cases x € A 0)
case True
then have z ¢ A 1
using A(4) by (auto simp: disjoint-family-on-def)
hence ?lhs = 1 / 4 + 1/ 2% (1 / (1 + emeasure M (A 0)))
by(simp add: True)
alsohave ... <1 /4 +1/ 2
using less1(2)[of 0] by (simp add: divide-right-mono-ennreal ennreal-divide-times)

alsohave ...=1/ 4+ 2/ 4
using divide-mult-eq[of 2 1 2] by simp
also have ... = 3 / 4

by(simp add: add-divide-distrib-ennreal[symmetric])
also have ... < 1
by (simp add: divide-less-ennreal)
finally show ?thesis .
next
case Fulse
then have ?lhs = 1 / 4 + (1 / 2)*> % (1 / (1 + emeasure M (A 1))) *
indicator (A 1) z
by simp
also have ... < 1/ 4 + (1 /] 2)?
by (metis less1(2)[of 1] add-left-mono indicator-eq-0-iff indicator-eq-1-iff
mult.right-neutral mult-eq-0-iff mult-left-mono zero-le)
also have ... = 2 / 4
by (simp add: power-divide-distrib-ennreal add-divide-distrib-ennreal[symmetric))
also have ... < I
by (simp add: divide-less-ennreal)
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finally show ?Zthesis .
qed
finally show hz < 1 .

}

show finite-measure (density M h)

proof
show emeasure (density M h) (space (density M h)) # oo
proof —
have integral™ M h # T (is ?lhs # -)
proof —

have ?lhs = (3-n. (J* z€A n. ((1/2)(Suc n) * (1 / (1 + M (A n))))
oM))
using A by(simp add: h-def nn-integral-suminf)
also have ... = (D_n. (1/2) (Sucn) * (1 / (1 + M (A n))) * M (A n))
by (rule suminf-cong,rule nn-integral-cmult-indicator) (use A in auto)
also have ... = (3" n. (1/2) (Sucn) « (1 / (1 + M (A n))) * M (4 n)))
by (simp add: mult.assoc)
also have ... < (> n. (1/2) (Suc n))
proof —
have (1 / (I + M (A n))) «* M (An) <1 for n
using A(3)[of n] by (simp add: add-pos-nonneg divide-le-posI-ennreal
ennreal-divide-times)
thus ?thesis
by (intro sumingf-le) (metis mult.right-neutral mult-left-mono zero-le,auto)
qed
also have ... = (>_ n. ennreal ((1/2) (Suc n)))
by (simp only: ennreal-power|of 1/2,symmetric]) (metis divide-ennreal
ennreal-1 ennreal-numeral linorder-not-le not-one-less-zero zero-less-numeral)

also have ... = ennreal (> n. (1/2)(Suc n))
by (rule suminf-ennreal2) auto
also have ... = 1

using nsum-of-r'[of 1/2 1 1] by auto
finally show ?thesis
using nle-le by fastforce
qed
thus ?thesis
by (simp add: emeasure-density)
qed
qed
qed

lemmal(in sigma-finite-measure) finite-density-measure:
obtains i where h € borel-measurable M
Nz. z € space M = 0 < hz
Nz. z € space M = hx < 1
finite-measure (density M h)
by (metis (no-types, lifting) sigma-finite-disjoint ex-finite-density-measure)
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2.8 Lemma 14.D.13.

lemma (in measure-kernel)
assumes disintegration v [
defines vz = marginal-measure X Y v
shows disintegration-absolutely-continuous: absolutely-continuous pu ve
and disintegration-density: va = density u (Az. k z (space Y))
and disintegration-absolutely-continuous-iff:
absolutely-continuous ve p +— (AE x in p. £ z (space Y) > 0)
proof —
note sets-eq[measurable-cong] = disintegration-sets-eq[OF assms(1)]
note [measurable] = emeasure-measurable[OF sets.top)
have va-eq: vo A = ([ Tz€A. (k x (space Y)) Ou) if A:A € sets X for A
by (simp add: disintegrationD|OF assms(1) A sets.top] emeasure-marginal-measure[ OF
sets-eq(1) A] va-def)
thus 1wz = density p (Az. k x (space Y))
by (auto introl: measure-eql simp: sets-marginal-measure va-def sets-eq emea-
sure-density)
hence sets-vx:sets ve = sets X
using sets-eq by simp
show absolutely-continuous p ve
unfolding absolutely-continuous-def
proof safe
fix A
assume A: A € null-sets u
have 0 = ([ Tz€A. (k z (space Y)) Op)
by (simp add: A nn-integral-null-set)

also have ... = vz A
using A vz-eq[of A,simplified sets-eq(2)[symmetric]|
by auto

finally show A € null-sets vz
using A by(auto simp: null-sets-def va-def sets-marginal-measure sets-eq)
qed
show absolutely-continuous ve p <— (AE z in p. k © (space Y) > 0)
proof
assume h:absolutely-continuous v
define N where N = {z € space p. (k z) (space Y) = 0}
have N € null-sets p
proof —
have voz N = ([ TzeN. (k = (space Y)) Op)
using vz-eq[of N| by(simp add: N-def sets-eq-imp-space-eq| OF sets-eq(2)])

also have ... = ([ TzeN. 0 du)
by (rule nn-integral-cong) (auto simp: N-def indicator-def)
also have ... = 0 by simp

finally have N € null-sets vz
by (auto simp: null-sets-def 1 N-def)
thus ?thesis
using h by(auto simp: absolutely-continuous-def)
qed
then show AE z in u. 0 < (k z) (space Y)
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by (auto introl: AE-I'[OF - subset-refl] simp: N-def)
next
assume AE z in p. 0 < (k z) (space Y)
then show absolutely-continuous v
using vi-eq by (auto simp: absolutely-continuous-def introl: null-if-pos-func-has-zero-nn-int[where
f=Az. emeasure (k z) (space Y)]) (auto simp: null-sets-def sets-vx)
qed
qed

2.9 Theorem 14.D.14.

locale sigma-finite-measure-on-pair-standard = sigma-finite-measure-on-pair + stan-
dard-borel-ne Y

sublocale projection-sigma-finite-standard C sigma-finite-measure-on-pair-standard
by (simp add: sigma-finite-measure-on-pair-azioms sigma-finite-measure-on-pair-standard-def
standard-borel-ne-azioms)

context sigma-finite-measure-on-pair-standard
begin

lemma measure-disintegration-extension:
du K. finite-measure u A measure-kernel X Y k N\ measure-kernel.disintegration
XYrvpA
(Vzespace X. sigma-finite-measure (k )) A
(Vz€space X. k x (space Y) > 0) A
w "~y v (is ?goal)
proof (rule sigma-finite-measure.sigma-finite-disjoint| OF sigma-finite])
fix A :: nat = -
assume A:range A C sets v |J (range A) = space v \i. emeasure v (A ©) # o0
disjoint-family A
define h where h = (Az. > n. (1 / 2) "~ Sucn = (1 /(1 + emeasure v (A n)))
% indicator (A n) z)
have h: h € borel-measurable v Az y. x € space X = y € space Y = 0 < h
(z,y) Nz y. © € space X = y € space Y = h (z,y) < 1 finite-measure (density
v h)
using ez-finite-density-measure[OF A] by (auto simp: sets-eq-imp-space-eq[OF
nu-sets| h-def space-pair-measure)

interpret psfs-vz: finite-measure marginal-measure X Y (density v h)
by (rule finite-measure-marginal-measure-finite] OF h(4),simplified, OF nu-sets])

interpret psfs: projection-sigma-finite-standard X Y density v h
by(auto simp: projection-sigma-finite-standard-def projection-sigma-finite-def
standard-borel-ne-axioms nu-sets finite-measure.sigma-finite-measure[ OF finite-measure-marginal-measure-fini
h(4),simplified, OF nu-sets]])
from psfs.measure-disintegration
obtain x’ where k” prob-kernel X Y k' measure-kernel.disintegration X Y x'
(density v h) psfs.vz by auto
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interpret pk: prob-kernel X Y k' by fact
define x where k = (\z. density (k' ) (\y. 1 / h (z,y)))
have kB: sk t B= ([ Ty€B. (1 / h (z, y))0r'z) if z € space X and [measurable]: B
€ sets Y for z B
using nu-sets pk.kernel-sets|OF that(1)] that h(1) by(auto simp: k-def emea-
sure-density)
interpret mk: measure-kernel X Y k
proof
fix B
assume [measurable]:B € sets Y
have 1:(A\z. [TyeB. (1 / h (z, y))Or' z) € borel-measurable X
using h(1) nu-sets by(auto introl: pk.nn-integral-measurable-f'lof Az. (1 / h
z) * indicator B (snd z),simplified])
show (A\z. (k z) B) € borel-measurable X
by (rule measurable-cong| THEN iffD1,0F - 1],simp add: kB)
qed(simp-all add: k-def pk.kernel-sets space-ne)

have disi: mk.disintegration v psfs.vx
proof (rule mk.disintegrationl )
fix A B
assume A[measurable]:A € sets X and B[measurable]:B € sets Y
show v (A x B) = ([ Tz€A. (k z) Bpsfs.vz) (is ?lhs = ?rhs)
proof —
have ?lhs = ([ T2€4 x B. 1 dv)
by auto
also have ... = ([ T2€A4 x B. (1 / hz x h z) Ov)
proof —
have I1: ax (1 /a)=1if 0 < aa < 1 for a :: ennreal
proof —
have a * (1 / a) = ennreal (enn2real a * 1 /| (ennZreal a))
by (simp add: divide-eq-1-ennreal enn2real-eq-0-iff ennreal-times-divide)
also have ... = ennreal 1
using enn2real-eq-0-iff that by fastforce
finally show ?thesis
using ennreal-1 by simp
qed
show ?thesis
by (rule nn-integral-cong,auto simp add: sets-eg-imp-space-eq| OF nu-sets]
space-pair-measure ennreal-divide-times indicator-def 1[OF h(2,3)])

qed
also have ... = ([ Tz. h z x ((I / h 2) x indicator (A x B) z) dv)
by (auto introl: nn-integral-cong simp: indicator-def mult.commute)
also have ... = ([ Tz€A4 x B. (1 / h z) d(density v h))
using h(1) by(simp add: nn-integral-density)
also have ... = ([T 2. [T y. (1 / h (z,y) * indicator (A x B) (z,y)) Or’ ©
Opsfs.ve)
using h(1) by(simp add: pk.nn-integral-fst-finite'|OF - '(2) psfs-vz.finite-measure-axioms))
also have ... = ([T z€A. ([ yeB. (1 / h (z,y)) O’ z) Opsfs.vx)

by (auto intro!: nn-integral-cong simp: indicator-def)
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also have ... = ?rhs
by (auto introl: nn-integral-cong simp: kB[OF - B] space-marginal-measure)
finally show ?Zthesis .
qed
qed(simp-all add: nu-sets sets-marginal-measure)
have geq0: 0 < (k z) (space Y) if z € space X for z
proof —
have 0 = ([ y. 0 Ok’ z) by simp
also have ... < ([T y. (1 / h (z,y)) O’ )
proof (rule nn-integral-less)
show - (AEyin k' 2. 1/ h(z,y) <0)
proof
assume AEyink' z. 1/ h(z,y) <0
moreover have h (z,y) # T if y € space (k' z) for y
using h(3)[OF «x € space X» that[simplified sets-eq-imp-space-eq[OF
pk.kernel-sets|OF «x € space X>l]]] top.not-eq-extremum
by fastforce
ultimately show Fulse
using prob-space. AE-False|OF pk.prob-spaces| OF that]] by simp

qed
qged(use h(1) pk.kernel-sets|OF that] that in auto)
also have ... = (k z) (space Y)

by(simp add: «kB[OF that sets.top]) (simp add: sets-eq-imp-space-eq[OF
pk.kernel-sets|OF that),symmetric])
finally show ?thesis .
qged

show ?goal
proof (safe intro!: exl[where z=psfs.vz] exl[where z=k| disi)
show absolutely-continuous vz psfs.vz
unfolding mk.disintegration-absolutely-continuous-iff [OF disi]
by standard (simp add: space-marginal-measure geqQ)
next
fix z
assume z:1 € space X
define C' where C = range (An. Pair  —‘ (A n) N space Y)
have 1:countable C C C sets Y
using A(1,2) z by (auto simp: nu-sets sets-eqg-imp-space-eq[OF nu-sets]
space-pair-measure C-def)
have 2: |J C = space Y
using A(1,2) by(auto simp: sets-eq-imp-space-eq| OF nu-sets| space-pair-measure
C-def) (use x in auto)

show sigma-finite-measure (k x)
unfolding sigma-finite-measure-def
proof (safe introl: exl[where z=C))
fix c
assume ¢ € C (k z) ¢ = ©
then obtain n where c:c = Pair x —‘ (A n) N space Y by(auto simp: C-def)
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have (k z) ¢ = ([ Tyec. (1 / h (2, y))Or' z)
using «B[OF z,0f ¢] 1 <¢c € C» by auto
also have ... = ([ Ty€Pair x —“ (A n). (1 / h (z, )0’ z)
by (auto introl: nn-integral-cong simp: ¢ indicator-def sets-eq-imp-space-eq| OF
pk.kernel-sets|OF z]])

also have ... = ([ TyePairz — (A n). (1 / ((1 / 2) " Sucnx(1/(1+
emeasure v (A n))))) Ox’ x)
proof —
{
fix y

assume zy:(z, y) € A n
have I /h(z,y)=1/((1/2) " Sucnx*(1/(1+ emeasure v (A n))))
proof —
have h (z, y) = (1 / 2) ~Sucn x (1 / (1 + emeasure v (A n))) (is
?lhs = ?rhs)
proof —
have ?lhs = (> _m. (1 / 2) " Sucm x (1 / (1 + emeasure v (A m)))
* indicator (A m) (z,y))
by (simp add: h-def)
also have ... = (>_m. if m = n then (1 / 2) " Sucn* (1 /(1 +
emeasure v (A n))) else 0)
using zy A(4) by (fastforce intro!: suminf-cong simp: disjoint-family-on-def
indicator-def)
also have ... = (3_j. if j + Sucn =nthen (1 / 2) " Sucn* (1 /(1
+ emeasure v (A n))) else 0) + (3. j<Suc n. if j = n then (I | 2) ~ Sucn x (I
/ (1 4+ emeasure v (A n))) else 0)
by (auto simp: suminf-offset[of Am. if m = n then (1 / 2) ~ Suc n *
(1 /(1 + emeasure v (A n))) else 0 Suc n] simp del: power-Suc)
also have ... = ?rhs
by simp
finally show ?thesis .
qed
thus ?thesis by simp
qed
}
thus ?thesis
by (intro nn-integral-cong) (auto simp: sets-eq-imp-space-eq[OF pk.kernel-sets|OF
z]] indicator-def simp del: power-Suc)
qed
also have ... < ([Ty. (1 /(1 / 2) " Sucnx* (1 /(I + emeasure v (A
n))))) Ok’ z)
by (rule nn-integral-mono) (auto simp: indicator-def)
also have ... = (1 / ((1 / 2) " Sucn x (1 / (1 + emeasure v (A n)))))
by (simp add: prob-space.emeasure-space-1[OF pk.prob-spaces|OF z]])
also have ... < o0
by (metis A(3) ennreal-add-eg-top ennreal-divide-eq-0-iff ennreal-divide-eq-top-iff
ennreal-top-neq-one infinity-ennreal-def mult-eq-0-iff power-eq-0-iff top.not-eq-extremum
top-neg-numeral)
finally show Fulse
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using «(k ) ¢ = oo by simp
qed(insert 1 2, auto simp: mk.kernel-sets|OF z] sets-eq-imp-space-eq[ OF mk.kernel-sets| OF
z]])
qed(auto simp: psfs-vz.finite-measure-azioms geq0 mk.measure-kernel-axioms mk.disintegration-absolutely-co
disi))
qed

end

lemma(in sigma-finite-measure-on-pair) measure-disintegration-extension-AE-unique:
assumes sigma-finite-measure p sigma-finite-measure p'
measure-kernel X Y x measure-kernel X Y k'
measure-kernel.disintegration X Y k v p measure-kernel.disintegration X
Yr'vyu
and absolutely-continuous p p’ B € sets Y
shows AE z in p. k' © B x RN-deriv p p’ z = k © B
proof —
interpret si: sigma-finite-measure p by fact
interpret s2: sigma-finite-measure p' by fact
interpret mki: measure-kernel X Y k by fact
interpret mk2: measure-kernel X Y k' by fact
have sets[measurable-congl:sets p = sets X sets p’ = sets X
using assms(5,6) by(auto dest: mk1.disintegration-sets-eq mk2.disintegration-sets-eq)
have 1:AFE z in p. K © B = RN-deriv u (marginal-measure-on X Y v B) z
using sets mkl.emeasure-measurable]OF assms(8)] mk1.disintegrationD[OF
assms(5) - assms(8)]
by (auto introl: measure-eql s1.RN-deriv-unique simp: emeasure-density emea-
sure-marginal-measure-on[OF nu-sets assms(8)] sets sets-marginal-measure)
have 2:AE z in p. k' © B x RN-deriv i’ © = RN-deriv p (marginal-measure-on
XYvB)zx
proof —
{
fix A
assume A: A € sets X
have ([ tz€A. ((k' z) B * RN-deriv p p’ z) Op) = ([ Tx. RN-deriv p p’
* (k' x B * indicator A x)0u)
by (auto intro!: nn-integral-cong simp: indicator-def mult.commute)
also have ... = ([ Tz€A. k' z B 9p)
using mk2.emeasure-measurable|OF assms(8)] sets A
by (auto introl: s1.RN-deriv-nn-integral|OF assms(7),symmetric|)
also have ... = v (4 x B)
by (simp add: mk2.disintegrationD[OF assms(6) A assms(8)])
finally have ([ Tz€A. ((k’z) B * RN-deriv pu p' z) Ou) = v (A x B) .

thus ?thesis
using sets mk2.emeasure-measurable[OF assms(8)]
by (auto intro!: measure-eql s1.RN-deriv-unique simp: emeasure-density emea-
sure-marginal-measure-on[OF nu-sets assms(8)]sets sets-marginal-measure)

68



qed
show ?thesis
using 1 2 by auto
qed

end
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