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1 Generated subalgebras

This section contains definitions and properties related to generated subal-
gebras.

theory Generated-Subalgebra imports HOL— Probability. Probability

begin



definition gen-subalgebra where
gen-subalgebra M G = sigma (space M) G

lemma gen-subalgebra-space:
shows space (gen-subalgebra M G) = space M

(proof)

lemma gen-subalgebra-sets:
assumes G C sets M
and A € G
shows A € sets (gen-subalgebra M G)

(proof)

lemma gen-subalgebra-sig-sets:
assumes G C Pow (space M)
shows sets (gen-subalgebra M G) = sigma-sets (space M) G (proof)

lemma gen-subalgebra-sigma-sets:
assumes G C sets M
and sigma-algebra (space M) G
shows sets (gen-subalgebra M G) = G
(proof)

lemma gen-subalgebra-is-subalgebra:

assumes sub: G C sets M

and sigal:sigma-algebra (space M) G

shows subalgebra M (gen-subalgebra M G) (is subalgebra M ¢N)
(proof)

definition fct-gen-subalgebra :: 'a measure = 'b measure = (‘a = 'b) = 'a mea-
sure where

fet-gen-subalgebra M N X = gen-subalgebra M (sigma-sets (space M) {X —* B N
(space M) | B. B € sets N})

lemma fct-gen-subalgebra-sets:
shows sets (fct-gen-subalgebra M N X) = sigma-sets (space M) {X —* B N space
M |B. B € sets N}

{(proof)

lemma fct-gen-subalgebra-space:



shows space (fct-gen-subalgebra M N X) = space M
{proof )

lemma fct-gen-subalgebra-eq-sets:
assumes sets M = sets P
shows fct-gen-subalgebra M N X = fct-gen-subalgebra P N X

(proof)

lemma fct-gen-subalgebra-sets-mem:
assumes B¢ sets N
shows X —*‘ B N (space M) € sets (fct-gen-subalgebra M N X) (proof)

lemma fct-gen-subalgebra-is-subalgebras:
assumes X € measurable M N
shows subalgebra M (fct-gen-subalgebra M N X)

(proof)

lemma fct-gen-subalgebra-fct-measurable:
assumes X € space M — space N
shows X¢€ measurable (fct-gen-subalgebra M N X) N

(proof)

lemma fct-gen-subalgebra-min:
assumes subalgebra M P
and fe measurable P N
shows subalgebra P (fct-gen-subalgebra M N f)

(proof)

lemma fct-preimage-sigma-sets:

assumes X¢€ space M — space N

shows sigma-sets (space M) {X —‘ B N space M |B. B € sets N} ={X —*BnN
space M |B. B € sets N} (is ?L = ?R)
(proof)

lemma fct-gen-subalgebra-sigma-sets:
assumes X€ space M — space N
shows sets (fct-gen-subalgebra M N X) = {X —‘ B N space M |B. B € sets N}

{proof)

lemma fct-gen-subalgebra-info:
assumes f€ space M — space N
and z€ space M
and we space M
and fz = fw
shows AA. A€ sets (fet-gen-subalgebra M N f) = (z€ A) = (we A)



(proof)

1.1 Independence between a random variable and a subal-
gebra.

definition (in prob-space) subalgebra-indep-var :: (‘a = real) = 'a measure =
bool where
subalgebra-indep-var X N +—
X€ borel-measurable M &
(subalgebra M N) &
(indep-set (sigma-sets (space M) { X —“ A N space M | A. A € sets borel})
(sets N))

lemma (in prob-space) indep-set-mono:
assumes indep-set A B
assumes A’ C A
assumes B’ C B
shows indep-set A’ B’

(proof)

lemma (in prob-space) subalgebra-indep-var-indicator:
fixes X::’a=real
assumes subalgebra-indep-var X N
and X € borel-measurable M
and A € sets N
shows indep-var borel X borel (indicator A)

(proof)

lemma fct-gen-subalgebra-cong:
assumes space M = space P
and sets N = sets @
shows fct-gen-subalgebra M N X = fct-gen-subalgebra P Q X

(proof)

end

2 Filtrations

This theory introduces basic notions about filtrations, which permit to define
adaptable processes and predictable processes in the case where the filtration
is indexed by natural numbers.

theory Filtration imports HOL— Probability. Probability
begin



2.1 Basic definitions

class linorder-bot = linorder + bot
instantiation nat::linorder-bot
begin

instance (proof)

end

definition filtration :: 'a measure = ('i::linorder-bot = 'a measure) = bool where
filtration M F +—
(Vt. subalgebra M (F t)) A
(V st. s <t—> subalgebra (F t) (F s))

lemma filtrationl:

assumes Y ¢. subalgebra M (F' t)

and Vs t. s < t — subalgebra (F' t) (F s)
shows filtration M F {proof)

lemma filtrationF1:
assumes filtration M F
shows subalgebra M (F t) (proof)

lemma filtrationE2:
assumes filtration M F
shows s< t = subalgebra (F t) (F s) (proof)

locale filtrated-prob-space = prob-space +
fixes F
assumes filtration: filtration M F

lemma (in filtrated-prob-space) filtration-space:
assumes s < ¢
shows space (F s) = space (F' t) {proof)

lemma (in filtrated-prob-space) filtration-measurable:
assumes f€ measurable (F t) N
shows f€ measurable M N {proof)

lemma (in filtrated-prob-space) increasing-measurable-info:
assumes f€ measurable (F s) N
and s < ¢
shows fe€ measurable (F t) N

(proof)

definition disc-filtr :: 'a measure = (nat = 'a measure) = bool where
disc-filtr M F <—



(V' n. subalgebra M (F n)) A
(v nm. n < m — subalgebra (F m) (F n))

locale disc-filtr-prob-space = prob-space +
fixes F
assumes discrete-filtration: disc-filtr M F

lemma (in disc-filtr-prob-space) subalgebra-filtration:
assumes subalgebra N M
and filtration M F

shows filtration N F

(proof)

sublocale disc-filtr-prob-space C filtrated-prob-space
(proof)

2.2 Stochastic processes

Stochastic processes are collections of measurable functions. Those of a
particular interest when there is a filtration are the adapted stochastic pro-
cesses.

definition stoch-procs where
stoch-procs M N = {X.Vt. (X t) € measurable M N}

2.2.1 Adapted stochastic processes

definition adapt-stoch-proc where
(adapt-stoch-proc FF X N) <— (Vt. (X t) € measurable (F t) N)

abbreviation borel-adapt-stoch-proc F X = adapt-stoch-proc F X borel

lemma (in filtrated-prob-space) adapted-is-dsp:
assumes adapt-stoch-proc FF X N
shows X € stoch-procs M N

(proof)

lemma (in filtrated-prob-space) adapt-stoch-proc-borel-measurable:
assumes adapt-stoch-proc FF X N
shows Vn. (X n) € measurable M N

(proof)

lemma (in filtrated-prob-space) borel-adapt-stoch-proc-borel-measurable:
assumes borel-adapt-stoch-proc F' X
shows Vn. (X n) € borel-measurable M



(proof)

lemma (in filtrated-prob-space) constant-process-borel-adapted:
shows borel-adapt-stoch-proc F (A n w. c)

(proof)

lemma (in filtrated-prob-space) borel-adapt-stoch-proc-add:
fixes X::'b = 'a = (‘c::{second-countable-topology, topological-monoid-add})
assumes borel-adapt-stoch-proc F X
and borel-adapt-stoch-proc F'Y

shows borel-adapt-stoch-proc F' (At w. X t w + Y t w) (proof)

lemma (in filtrated-prob-space) borel-adapt-stoch-proc-sum:

fixes A::'d = 'b = "a = ('c::{second-countable-topology, topological-comm-monoid-add})
assumes Ai. i€ S = borel-adapt-stoch-proc F (A i)
shows borel-adapt-stoch-proc F (A t w. (3. i€ S. A it w)) (proof)

lemma (in filtrated-prob-space) borel-adapt-stoch-proc-times:
fixes X::'b = 'a = ('c:{second-countable-topology, real-normed-algebra})
assumes borel-adapt-stoch-proc F' X
and borel-adapt-stoch-proc F'Y

shows borel-adapt-stoch-proc F (At w. X t w * Y t w) {proof)

lemma (in filtrated-prob-space) borel-adapt-stoch-proc-prod:
fixes A::'d = 'b = 'a = ('c::{second-countable-topology, real-normed-field})
assumes Ai. i€ S = borel-adapt-stoch-proc F (A i)

shows borel-adapt-stoch-proc F (A t w. ([ i€ S. A it w)) (proof)

2.2.2 Predictable stochastic processes

definition predict-stoch-proc where
(predict-stoch-proc F X N) «— (X 0 € measurable (F 0) N A (Vn. (X (Suc n))
€ measurable (F n) N))

abbreviation borel-predict-stoch-proc F' X = predict-stoch-proc F X borel

lemma (in disc-filtr-prob-space) predict-imp-adapt:
assumes predict-stoch-proc FF X N
shows adapt-stoch-proc F X N (proof)

lemma (in disc-filtr-prob-space) predictable-is-dsp:
assumes predict-stoch-proc F X N
shows X € stoch-procs M N

(proof)



lemma (in disc-filtr-prob-space) borel-predict-stoch-proc-borel-measurable:
assumes borel-predict-stoch-proc F X
shows Vn. (X n) € borel-measurable M {proof)

lemma (in disc-filtr-prob-space) constant-process-borel-predictable:
shows borel-predict-stoch-proc F (A n w. c)

(proof)

lemma (in disc-filtr-prob-space) borel-predict-stoch-proc-add:
fixes X::inat = ‘a = ('c::{second-countable-topology, topological-monoid-add})
assumes borel-predict-stoch-proc F' X
and borel-predict-stoch-proc F'Y

shows borel-predict-stoch-proc F (At w. X t w + Y t w) {proof)

lemma (in disc-filtr-prob-space) borel-predict-stoch-proc-sum:

fixes A::'d = nat = 'a = ('c::{second-countable-topology, topological-comm-monoid-add})
assumes \i. i€ S = borel-predict-stoch-proc F (A 1)
shows borel-predict-stoch-proc F (A t w. (> i€ S. A it w)) (proof)

lemma (in disc-filtr-prob-space) borel-predict-stoch-proc-times:
fixes X::inat = ‘a = ('c::{second-countable-topology, real-normed-algebra})
assumes borel-predict-stoch-proc F'' X
and borel-predict-stoch-proc F'Y

shows borel-predict-stoch-proc F (At w. X t w * Y t w) (proof)

lemma (in disc-filtr-prob-space) borel-predict-stoch-proc-prod:
fixes A::'d = nat = 'a = ('c::{second-countable-topology, real-normed-field})
assumes Ai. i€ S = borel-predict-stoch-proc F (A 17)

shows borel-predict-stoch-proc F (A t w. ([[ i€ S. A i t w)) (proof)

definition (in prob-space) constant-image where
constant-image f = (if 3 c:'b:{t2-space}. Vz€ space M. f x = ¢ then
SOME ¢.Vx € space M. fz = c else undefined)

lemma (in prob-space) constant-imagel:
assumes 3 c¢::'b::{t2-space}. ¥V x€ space M. fz = ¢
shows YV z€ space M. f x = (constant-image f)

{(proof)

lemma (in prob-space) constant-image-pos:



assumes VY z€ space M. (0::real) < fz
and Jc::real. Vx€ space M. fx = ¢
shows 0 < (constant-image f)

(proof)

definition open-except where
open-except x y = (if © = y then {} else SOME A. open A AN z€ A N y¢ A)

lemma open-exceptl:

assumes (z::'b::{t1-space}) # y

shows open (open-except z y) and z€ open-except x y and y¢ open-except  y
(proof)

lemma open-except-set:

assumes finite A

and (z::'b::{t1-space}) ¢ A
shows 3 U. open U A xe UAN UN A=}
(proof)

definition open-exclude-set where
open-exclude-set x A = (if (3U. open U A UN A = {z}) then SOME U. open U
ANUNA={z} else {})

lemma open-exclude-setl:
assumes 3 U. open U A UN A = {z}
shows open (open-exclude-set © A) and (open-exclude-set x A) N A = {z}

(proof)

lemma open-exclude-finite:
assumes finite A
and (z::'b::{t1-space})e A
shows open-set: open (open-exclude-set © A) and inter-z:(open-exclude-set z A) N
A= {z}
(proof)

2.3 Initially trivial filtrations

Intuitively, these are filtrations that can be used to denote the fact that
there is no information at the start.

definition init-triv-filt::'a measure = ("i::linorder-bot = 'a measure) = bool where
init-triv-filt M F <— filtration M F A sets (F bot) = {{}, space M}

lemma triv-measurable-cst:
fixes f::'a="b::{t2-space}
assumes space N = space M
and space M # {}
and sets N = {{}, space M}
and fe€ measurable N borel

10



shows 3 c¢::'b. Va€ space N. fz = ¢
(proof )

locale trivial-init-filtrated-prob-space = prob-space +
fixes F
assumes info-filtration: init-triv-filt M F

sublocale trivial-init-filtrated-prob-space C filtrated-prob-space
(proof )

locale triv-init-disc-filtr-prob-space = prob-space +
fixes F
assumes info-disc-filtr: disc-filtr M F A sets (F bot) = {{}, space M}

sublocale triv-init-disc-filtr-prob-space C trivial-init-filtrated-prob-space

(proof)

sublocale triv-init-disc-filtr-prob-space C disc-filtr-prob-space

(proof)

lemma (in triv-init-disc-filtr-prob-space) adapted-init:
assumes borel-adapt-stoch-proc F x
shows Jc. Vw € space M. ((z 0 w)::real) = ¢

(proof)

2.4 Filtration-equivalent measure spaces

This is a relaxation of the notion of equivalent probability spaces, where
equivalence is tested modulo a filtration. Equivalent measure spaces agree
on events that have a zero probability of occurring; here, filtration-equivalent
measure spaces agree on such events when they belong to the filtration under

consideration.

definition filt-equiv where

filt-equiv F M N <— sets M = sets N A filtration M F N (V t A. A € sets (F 1)

— (emeasure M A = 0) <— (emeasure N A = 0))

lemma filt-equiv-space:
assumes filt-equiv F M N
shows space M = space N (proof)

lemma filt-equiv-sets:

assumes filt-equiv F M N
shows sets M = sets N (proof)

11



lemma filt-equiv-filtration:
assumes filt-equiv F M N
shows filtration N F (proof)

lemma (in filtrated-prob-space) AE-borel-eq:

fixes f::'a=real

assumes f€ borel-measurable (F t)

and g€ borel-measurable (F t)

and AFwin M. fw=gqgw

shows {we space M. fw # g w} € sets (F t) A emeasure M {we€ space M. f w #
gw} =0

(proof )

lemma (in prob-space) filt-equiv-borel-AE-eq:
fixes f::'a= real
assumes filt-equiv F M N

and fe€ borel-measurable (F t)

and g€ borel-measurable (F t)

and AFwin M. fw=gqgw

shows AEwin N. fw=gw

{proof )

lemma filt-equiv-prob-space-subalgebra:
assumes prob-space N
and filt-equiv F M N
and sigma-finite-subalgebra M G

shows sigma-finite-subalgebra N G {proof)

lemma filt-equiv-measurable:
assumes filt-equiv F M N
and fe€ measurable M P

shows f€ measurable N P (proof)

lemma filt-equiv-imp-subalgebra:
assumes filt-equiv F M N
shows subalgebra N M (proof)

end

12



3 Martingales

theory Martingale imports Filtration
begin

definition martingale where
martingale M FF X <—
(filtration M F) A (¥ t. integrable M (X t)) A (borel-adapt-stoch-proc F X) A
(Vts. t<s— (AE win M. real-cond-exp M (F t) (X s) w = X t w))

lemma martingaleAE:
assumes martingale M F X
and t < s
shows AE w in M. real-cond-exp M (F t) (X s) w = (X t) w (proof)

lemma martingale-add:
assumes martingale M F X
and martingale M F'Y
and Vm. sigma-finite-subalgebra M (F m)
shows martingale M F (An w. X n w + Y n w) (proof)

lemma disc-martingale-charact:

assumes (Vn. integrable M (X n))

and filtration M F

and YV m. sigma-finite-subalgebra M (F m)

and Vm. X m € borel-measurable (F m)

and (Vn. AE win M. real-cond-exp M (F n) (X (Suc n)) w = (X n) w)
shows martingale M F' X (proof)

lemma (in finite-measure) constant-martingale:
assumes VY ¢. sigma-finite-subalgebra M (F t)

and filtration M F

shows martingale M F (An w. ¢) {proof)

end

4 Discrete Conditional Expectation

theory Disc-Cond-Ezpect imports HOL— Probability. Probability Generated-Subalgebra

begin

13



4.1 Preliminary measurability results

These are some useful results, in particular when working with functions
that have a countable codomain.

definition disc-fct where
disc-fet f = countable (range f)

definition point-measurable where
point-measurable M S f = (f{(space M)C S) A (Y r € (range f)y N S . f—r} N
(space M) € sets M)

lemma singl-meas-if:
assumes f € space M — space N
and Y re range fN space N. 3 A€ sets N. range f0 A = {r}
shows point-measurable (fct-gen-subalgebra M N f) (space N) f (proof)

lemma meas-single-meas:

assumes f€ measurable M N

and Y re range fN space N. 3 A€ sets N. range f0 A = {r}
shows point-measurable M (space N) f

(proof)

definition countable-preimages where
countable-preimages B 'Y = (An. if ((infinite B) V (finite B A n < card B)) then
Y —“{(from-nat-into B) n} else {})

lemma count-pre-disj:
fixes i::nat
assumes countable B
and i #£ j
shows (countable-preimages B Y) i N (countable-preimages B Y) j = {}

(proof)

lemma count-pre-surj:

assumes countable B

and w e Y —‘B
shows 3i. w € (countable-preimages B Y) 4
(proof)

lemma count-pre-img:
assumes z € (countable-preimages B 'Y) n
shows Y z = (from-nat-into B) n

(proof)

14



lemma count-pre-union-img:

assumes countable B

shows Y —‘B = (| i. (countable-preimages B Y) 1)
(proof)

lemma count-pre-meas:
assumes point-measurable M (space N) Y
and BC space N
and countable B
shows V i. (countable-preimages B Y) i N space M € sets M

(proof)

lemma disct-fct-point-measurable:
assumes disc-fct f

and point-measurable M (space N) f
shows fe measurable M N (proof)

lemma set-point-measurable:
assumes point-measurable M (space N) Y
and B C space N
and countable B

shows (Y —‘B) N space M € sets M

(proof)

4.2 Definition of explicit conditional expectation

This section is devoted to an explicit computation of a conditional expecta-
tion for random variables that have a countable codomain. More precisely,
the computed random variable is almost everywhere equal to a conditional
expectation of the random variable under consideration.

definition img-dce where
img-dce M Y X = (A y. if measure M ((Y —‘{y}) N space M) = 0 then 0 else
((integral® M (Aw. ((X w) * (indicator (Y —4y})N space M) w))))/(measure
M ((Y =*{y}) N space M))))

definition expl-cond-expect where
expl-cond-expect MY X = (img-dce M Y X) o YV

lemma nn-expl-cond-expect-pos:

assumes Vw € space M. 0 < X w
shows V we space M. 0 < (expl-cond-expect M' Y X) w

(proof)

lemma expl-cond-expect-const:

15



assumes Y w =Yy
shows expl-cond-expect MY X w = expl-cond-expect MY X y
(proof)

lemma expl-cond-exp-cong:

assumes Ywespace M. X w = Z w
shows YV we space M. expl-cond-expect M Y X w = expl-cond-expect M 'Y Z w
(proof)

lemma expl-cond-exp-add:

assumes integrable M X

and integrable M Z
shows YV we space M. expl-cond-expect M Y (Az. X x + Z z) w = expl-cond-expect
MY X w + expl-cond-expect MY Z w

(proof)

lemma expl-cond-exp-diff:

assumes integrable M X

and integrable M Z
shows V we space M. expl-cond-expect MY (Ax. X © — Z x) w = expl-cond-expect
MY X w — expl-cond-expect MY Z w

(proof)

lemma expl-cond-expect-prop-sets:

assumes disc-fct Y

and point-measurable M (space N) Y

and D = {we space M. Y w € space N A (P (expl-cond-expect M Y X w))}
shows De sets M

(proof)

lemma expl-cond-expect-prop-sets2:

assumes disc-fct Y

and point-measurable (fct-gen-subalgebra M N Y') (space N) Y

and D = {we space M. Y w € space N A (P (expl-cond-expect M Y X w))}
shows De sets (fct-gen-subalgebra M N Y)
(proof)

lemma expl-cond-expect-disc-fct:
assumes disc-fct Y
shows disc-fct (expl-cond-expect M 'Y X)

(proof)
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lemma expl-cond-expect-point-meas:
assumes disc-fct Y
and point-measurable M (space N) Y
shows point-measurable M UNIV (expl-cond-expect MY X)

(proof)

lemma expl-cond-expect-borel-measurable:
assumes disc-fct Y
and point-measurable M (space N) Y
shows (expl-cond-expect MY X) € borel-measurable M (proof)

lemma expl-cond-exp-borel:
assumes Y € space M — space N
and disc-fct Y
and Vre range YN space N. 3 A€ sets N. range YN A = {r}
shows (expl-cond-expect M'Y X) € borel-measurable (fct-gen-subalgebra M N'Y)

(proof)

lemma expl-cond-expect-indic-borel-measurable:

assumes disc-fct Y

and point-measurable M (space N) Y

and BC space N

and countable B

shows (Aw. expl-cond-expect M Y X w * indicator (countable-preimages B 'Y n
N space M) w)€ borel-measurable M

(proof)

lemma (in finite-measure) dce-prod:

assumes point-measurable M (space N) Y

and integrable M X

and V we space M. 0 < X w
shows V w. (Y w) € space N — (expl-cond-expect M 'Y X) w * measure M ((Y
— Y w})N space M) = integral® M (\y. (X y) * (indicator (Y —{Y w})N space
M) y))
(proof)
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lemma expl-cond-expect-const-exp:
shows integral” M (\y. expl-cond-expect M 'Y X w * (indicator (Y —{Y w} N
space M)) y) =
integral” M (\y. expl-cond-expect M'Y X y * (indicator (Y —“{Y w} N space
M)) y)
(proof)

lemma nn-expl-cond-expect-const-exp:
assumes YV we space M. 0 < X w
shows integral™ M (\y. expl-cond-expect MY X w * (indicator (Y —{Y w} N
space M)) y) =
integral™ M (My. expl-cond-expect MY X y * (indicator (Y —*{Y w} N space
M)) y)
(proof)

lemma (in finite-measure) nn-expl-cond-bounded:

assumes Y we space M. 0 < X w

and integrable M X

and point-measurable M (space N) Y

and we space M

and Y we space N

shows integral™ M (\y. expl-cond-expect M 'Y X y * (indicator (Y —{Y w} N
space M)) y) < oo
(proof)

lemma (in finite-measure) count-prod:

fixes Y::'a="b

assumes BC space N

and point-measurable M (space N) Y

and integrable M X

andV w € space M. 0 < X w
shows V. integral® M (\y. (X y) * (indicator (countable-preimages B Y i N space
M)) y) =

integral” M (\y. (expl-cond-expect M 'Y X y) * (indicator (countable-preimages
B Y in space M)) y)
(proof)

lemma (in finite-measure) count-pre-integrable:
assumes point-measurable M (space N) Y
and disc-fct Y
and BC space N
and countable B
and integrable M X
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andV w € space M. 0 < X w
shows integrable M (Aw. expl-cond-expect M'Y X w * indicator (countable-preimages
B Y n N space M) w)

(proof)

lemma (in finite-measure) nn-cond-expl-is-cond-exp-tmp:

assumes V we space M. 0 < X w

and integrable M X

and disc-fct 'Y

and point-measurable M (space M') Y
shows V A € sets M. integrable M (Aw. ((expl-cond-expect M 'Y X) w) * (indicator
(Y —A)N (space M)) w)) A

integral” M (Aw. (X w) * (indicator (Y —‘A)N (space M)) w)) =

integral’ M (Aw. ((expl-cond-expect M'Y X) w) * (indicator (Y —‘A) N (space
M))) w)
(proof)

lemma (in finite-measure) nn-expl-cond-exp-integrable:
assumes V we space M. 0 < X w
and integrable M X
and disc-fct Y
and point-measurable M (space N) Y
shows integrable M (expl-cond-expect M 'Y X)

(proof)

lemma (in finite-measure) nn-cond-expl-is-cond-exp:

assumes V we space M. 0 < X w

and integrable M X

and disc-fct 'Y

and point-measurable M (space N) Y
shows V A € sets N. integrall M (Aw. (X w) * (indicator (Y —‘A)N (space M))
w)) =

integral” M (Aw. ((expl-cond-expect MY X) w) * (indicator (Y —‘A) N (space
M))) w)

(proof)

lemma (in finite-measure) expl-cond-exp-integrable:
assumes integrable M X
and disc-fct Y
and point-measurable M (space N) Y
shows integrable M (expl-cond-expect M 'Y X)

(proof)
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lemma (in finite-measure) is-cond-exp:

assumes integrable M X

and disc-fct 'Y

and point-measurable M (space N) Y
shows V A € sets N. integral® M (Aw. (X w) * (indicator ((Y —‘A)N (space M))
w)) =

integral” M (Aw. ((expl-cond-expect M 'Y X) w)  (indicator (Y —*A) N (space
M))) w)
{(proof)

lemma (in finite-measure) charact-cond-exp:
assumes disc-fct Y
and integrable M X
and point-measurable M (space N) Y
and Y € space M — space N
and Vre range YN space N. 3 A€ sets N. range YN A = {r}
shows AFE win M. real-cond-exp M (fct-gen-subalgebra M N Y) X w = expl-cond-expect
MY X w

(proof)

lemma (in finite-measure) charact-cond-exp':
assumes disc-fct Y
and integrable M X
and Y€ measurable M N
and Vre range YN space N. 3 A€ sets N. range YN A = {r}
shows AFE win M. real-cond-exp M (fct-gen-subalgebra M N Y) X w = expl-cond-expect
MY Xw

{(proof)

end

5 Infinite coin toss space

This section contains the formalization of the infinite coin toss space, i.e.,
the probability space constructed on infinite sequences of independent coin
tosses.

theory Infinite-Coin-Toss-Space imports Filtration Generated-Subalgebra Disc-Cond-FEzpect

begin

5.1 Preliminary results

lemma decompose-init-prod:
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fixes n::nat
shows ([] i€ {0..n}. fi) =f0 = ([[ i€ {1..n}. f1)
(proof)

lemma Inter-nonempty-distrib:
assumes A # {}
shows (YA N B = () Ce A. (Cn B))

(proof)

lemma enn2real-sum: shows finite A = (\a. a€ A= f a < top) =>ennlreal
(sum fA) = (>, a€ A. enn2real (f a))

(proof)

lemma ennreal-sum: shows finite A = (A\a. 0 < fa) = (> ac A. ennreal (f
a)) = ennreal (> ac A. fa)
(proof)

lemma stake-snith:
assumes stake n w = stake n x
shows Suc i1 < n = snth wi = snth z ¢

(proof)

lemma stake-snth-charact:
assumes stake n w = stake n x
shows Vi < n. snth w i = snth x ¢

(proof)

lemma stake-snth”:
shows (Ai. Suc i < n = snth w i = snth © i) =>stake n w = stake n

(proof)

lemma stake-inter-snth:

fixes z

assumes Suc 0 < n

shows {we space M. (stake n w = stake n z)} = ([ i € {0.. n—1}. {w€E space
M. (snth w i = snth z i)})

(proof)

lemma streams-stake-set:
shows pw € streams A = set (stake n pw) C A

(proof)

lemma stake-finite-universe-induct:
assumes finite A
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and A4 # {}

shows (stake (Suc n) (streams A)) = {s#w| s w. s€ A N we (stake n ‘(streams
A))} (is ?L = ?R)
(proof)

lemma stake-finite-universe-finite:
assumes finite A
and A # {}
shows finite (stake n ‘(streams A))

(proof)

lemma diff-streams-only-if:
assumes w # ¥
shows I n. snth wn # snth x n

(proof)

lemma diff-streams-if:
assumes I n. snth w n # snth x n
shows w# x

{proof)

lemma sigma-set-union-count:

assumes V ye A. B y € sigma-sets X Y
and countable A

shows (|J y€ A. By) € sigma-sets X Y

{proof)

lemma sigma-set-inter-init:
assumes Ai. i<(n:nat) = A i € sigma-sets sp B
and B C Pow sp
shows ([ i€ {m. m< n}. A i) € sigma-sets sp B
(proof)

lemma adapt-sigma-sets:

assumes Ai. i < n= (X i) € measurable M N

shows sigma-algebra (space M) (sigma-sets (space M) (Jie{m. m < n}. {X i —
AN space M |A. A € sets N}))

(proof)

¢

5.2 Bernoulli streams

Bernoulli streams represent the formal definition of the infinite coin toss
space. The parameter p represents the probability of obtaining a head after
a coin toss.

definition bernoulli-stream::real = (bool stream) measure where
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bernoulli-stream p = stream-space (measure-pmf (bernoulli-pmf p))

lemma bernoulli-stream-space:
assumes N = bernoulli-stream p
shows space N = streams UNIV ::bool

(proof)

lemma bernoulli-stream-preimage:
assumes N = bernoulli-stream p
shows f —“ A N (space N) = f—‘A
(proof)

lemma bernoulli-stream-component-probability:
assumes N = bernoulli-stream p and 0 < p and p < 1
shows V n. emeasure N {we space N. (snth wn)} = p

(proof)

lemma bernoulli-stream-component-probability-compl:
assumes N = bernoulli-stream p and 0 < pand p < 1
shows V n. emeasure N {w€ space N. =~(snth wn)} = 1—p

(proof)

lemma bernoulli-stream-sets:
assumes ( < ¢
and ¢ < I
and 0 < p
and p < I
shows sets (bernoulli-stream p) = sets (bernoulli-stream q) (proof)

locale infinite-coin-toss-space =
fixes p::real and M::bool stream measure
assumes p-gt-0: 0 < p
and p-lt-1: p < 1
and bernoulli: M = bernoulli-stream p

sublocale infinite-coin-toss-space C prob-space

(proof)

5.3 Natural filtration on the infinite coin toss space

The natural filtration on the infinite coin toss space is the discrete filtration F’
such that F' n represents the restricted measure space in which the outcome
of the first n coin tosses is known.
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5.3.1 The projection function

Intuitively, the restricted measure space in which the outcome of the first n
coin tosses is known can be defined by any measurable function that maps all
infinite sequences that agree on the first n coin tosses to the same element.

definition (in infinite-coin-toss-space) pseudo-proj-True:: nat = bool stream =
bool stream where
pseudo-proj-True n = (Aw. shift (stake n w) (sconst True))

definition (in infinite-coin-toss-space) pseudo-proj-False:: nat = bool stream =
bool stream where
pseudo-proj-False n = (Aw. shift (append (stake n w) [False]) (sconst True))

lemma (in infinite-coin-toss-space) pseudo-proj-False-neg-True:
shows pseudo-proj-False n w # pseudo-proj-True n w

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-False-measurable:

shows pseudo-proj-False n € measurable (bernoulli-stream p) (bernoulli-stream
p)
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-stake:
shows stake n (pseudo-proj-True n w) = stake n w (proof)

lemma (in infinite-coin-toss-space) pseudo-proj-False-stake:
shows stake n (pseudo-proj-False n w) = stake n w {(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-stake-image:
assumes (stake n w) = stake n
shows pseudo-proj-True n w = pseudo-proj-True n x {proof)

lemma (in infinite-coin-toss-space) pseudo-proj- True-prefiz:
assumes n < m
and pseudo-proj-True m x = pseudo-proj-True m y
shows pseudo-proj-True n x = pseudo-proj-True n y

{(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-measurable:

shows pseudo-proj-True n € measurable (bernoulli-stream p) (bernoulli-stream
p)
{proof )

lemma (in infinite-coin-toss-space) pseudo-proj- True-finite-image:
shows finite (range (pseudo-proj-True n))
(proof)
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lemma (in infinite-coin-toss-space) pseudo-proj-False-finite-image:
shows finite (range (pseudo-proj-False n))
(proof )

lemma (in infinite-coin-toss-space) pseudo-proj-True-proj:
shows pseudo-proj-True n (pseudo-proj-True n w) = pseudo-proj-True n w
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj- True-Suc-False-proj:
shows pseudo-proj-True (Suc n) (pseudo-proj-False n w) = pseudo-proj-False n
w

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-Suc-proj:
shows pseudo-proj-True (Suc n) (pseudo-proj-True n w) = pseudo-proj-True n
w

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-proj-Suc:
shows pseudo-proj-True n (pseudo-proj-True (Suc n) w) = pseudo-proj-True n
w

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-shift:
shows length | = n = pseudo-proj-True n (shift | (sconst True)) = shift | (sconst
True)

{(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-suc-img:
shows pseudo-proj-True (Suc n) w € {pseudo-proj-True n w, pseudo-proj-False
n w}

(proof)

lemma (in infinite-coin-toss-space) measurable-snth-count-space:
shows (Aw. snth wn) € measurable (bernoulli-stream p) (count-space (UNIV ::bool
set))

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-same-img:
assumes pseudo-proj-True n w = pseudo-proj-True n x

25



shows stake n w = stake n x {proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-snth:
assumes pseudo-proj-True n x = pseudo-proj-True n w
shows Ai. Suc i < n = snthzi= snth wi

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-snth’:
assumes (Ai. Suc i < n = snth wi = snth z 1)
shows pseudo-proj-True n w = pseudo-proj-True n x

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-preimage:

assumes w = pseudo-proj-True n w

shows (pseudo-proj-True n) —‘ {w} = (i€ {m. Suc m < n}. (Aw. snth w i)
—“{snth w i})
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-False-preimage:

assumes w = pseudo-proj-False n w

shows (pseudo-proj-False n) —‘ {w} = (i€ {m. Suc m < n}. (Aw. snth w 7)
—{snth wi})
{proof )

lemma (in infinite-coin-toss-space) pseudo-proj-True-preimage-stake:
assumes w = pseudo-proj-True n w
shows (pseudo-proj-True n) —‘ {w} = {z. stake n x = stake n w}

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-False-preimage-stake:
assumes w = pseudo-proj-False n w
shows (pseudo-proj-False n) —‘{w} = {z. stake n © = stake n w}

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-preimage-stake-space:
assumes w = pseudo-proj-True n w
shows (pseudo-proj-True n) —* {w} N space M = {x€ space M. stake n © =
stake n w}

(proof)
lemma (in infinite-coin-toss-space) pseudo-proj- True-singleton:

assumes w = pseudo-proj-True n w
shows (pseudo-proj-True n) —{w} N (space (bernoulli-stream p)) € sets (bernoulli-stream

26



p)
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-False-singleton:

assumes w = pseudo-proj-False n w

shows (pseudo-proj-False n) —{w} N (space (bernoulli-stream p)) € sets (bernoulli-stream
p)
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj- True-inverse-induct:

assumes w € range (pseudo-proj-True n)

shows (pseudo-proj-True n) —‘ {w} =

(pseudo-proj-True (Suc n)) —{w} U (pseudo-proj-True (Suc n)) — { pseudo-proj-False
n w}

(proof)

5.3.2 Natural filtration locale

This part is mainly devoted to the proof that the projection function defined
above indeed permits to obtain a filtration on the infinite coin toss space,
and that this filtration is initially trivial.

definition (in infinite-coin-toss-space) nat-filtration::nat = bool stream measure
where
nat-filtration n = fct-gen-subalgebra M M (pseudo-proj-True n)

locale infinite-cts-filtration = infinite-coin-toss-space +
fixes F
assumes natural-filtration: F = nat-filtration

lemma (in infinite-coin-toss-space) nat-filtration-space:
shows space (nat-filtration n) = UNIV
(proof )

lemma (in infinite-coin-toss-space) nat-filtration-sets:
shows sets (nat-filtration n) =
sigma-sets (space (bernoulli-stream p))
{pseudo-proj-True n —° B N space M |B. B € sets (bernoulli-stream p)}

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-singleton:
assumes pseudo-proj-True n w = w
shows pseudo-proj-True n —{w} € sets (nat-filtration n)

(proof)
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lemma (in infinite-coin-toss-space) nat-filtration-pseudo-proj- True-measurable:
shows pseudo-proj-True n € measurable (nat-filtration n) M (proof)

lemma (in infinite-coin-toss-space) nat-filtration-comp-measurable:
assumes f € measurable M N
and f o pseudo-proj-True n = f
shows f € measurable (nat-filtration n) N

(proof)

definition (in infinite-coin-toss-space) set-discriminating where
set-discriminating n f N = Vw. fw # f (pseudo-proj-True n w) —
(FAesets N. (fw € A) = (f (pseudo-proj-True n w) ¢ A)))

lemma (in infinite-coin-toss-space) set-discriminating-if:
fixes f::bool stream = 'b::{t0-space}
assumes f€ borel-measurable (nat-filtration n)
shows set-discriminating n f borel (proof)

lemma (in infinite-coin-toss-space) nat-filtration-not-borel-info:
assumes f€ measurable (nat-filtration n) N
and set-discriminating n f N
shows fo pseudo-proj-True n = f

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-info:
fixes f::bool stream = 'b::{t0-space}
assumes fe€ borel-measurable (nat-filtration n)
shows fo pseudo-proj-True n = f

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-not-borel-info:
assumes f€ measurable (nat-filtration n) N
and set-discriminating n f N
shows fo pseudo-proj-False n = f

{(proof)

lemma (in infinite-coin-toss-space) nat-filtration-info:
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fixes f::bool stream = 'b::{t0-space}
assumes fe€ borel-measurable (nat-filtration n)
shows fo pseudo-proj-False n = f

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-borel-measurable-characterization:
fixes f::bool stream = 'b::{t0-space}
assumes fe borel-measurable M
shows fe€ borel-measurable (nat-filtration n) <— fo pseudo-proj-True n = f

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-borel-measurable-init:
fixes f::bool stream = 'b::{t0-space}
assumes fe€ borel-measurable (nat-filtration 0)
shows f = (Aw. f (sconst True))

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-Suc-sets:
shows sets (nat-filtration n) C sets (nat-filtration (Suc n))

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-subalgebra:
shows subalgebra M (nat-filtration n) (proof)

lemma (in infinite-coin-toss-space) nat-discrete-filtration:

shows filtration M nat-filtration
(proof)

lemma (in infinite-coin-toss-space) nat-info-filtration:
shows init-triv-filt M nat-filtration {proof)

sublocale infinite-cts-filtration C triv-init-disc-filtr-prob-space

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-vimage-finite:
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fixes f::bool stream = 'b:{t2-space}
assumes fe€ borel-measurable (nat-filtration n)
shows finite (f{space M)) (proof)

lemma (in infinite-coin-toss-space) nat-filtration-borel-measurable-simple:
fixes f::bool stream = 'b::{t2-space}
assumes f€ borel-measurable (nat-filtration n)
shows simple-function M f

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-singleton-range-set:
fixes f::bool stream = 'b::{t2-space}
assumes f€ borel-measurable (nat-filtration n)
shows 3 A€ sets borel. range f N A = {f z}

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-borel-measurable-singleton:
fixes f::bool stream = 'b::{t2-space}
assumes f€ borel-measurable (nat-filtration n)
shows f —{f z} € sets (nat-filtration n)

(proof)

lemma (in infinite-cts-filtration) borel-adapt-nat-filtration-info:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F X
and m < n

shows X m (pseudo-proj-True n w) = X m w

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-borel-measurable-integrable:
assumes f€ borel-measurable (nat-filtration n)
shows integrable M f

(proof)

definition (in infinite-coin-toss-space) spick:: bool stream = nat = bool = bool
stream where
spick w n v = shift (stake n w) (v#+# sconst True)

lemma (in infinite-coin-toss-space) spickl:
shows stake n (spick w n v) = stake n w A snth (spick wn v) n = v
(proof)

lemma (in infinite-coin-toss-space) spick-eg-pseudo-proj-True:
shows spick w n True = pseudo-proj-True n w (proof)
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lemma (in infinite-coin-toss-space) spick-eq-pseudo-proj-False:
shows spick w n False = pseudo-proj-False n w (proof)

lemma (in infinite-coin-toss-space) spick-pseudo-proy:
shows spick (pseudo-proj-True (Suc n) w) n v = spick wn v
(proof)

lemma (in infinite-coin-toss-space) spick-pseudo-proj-gen:
shows m < n = spick (pseudo-proj-True n w) m v = spick w m v

(proof)

lemma (in infinite-coin-toss-space) spick-nat-filtration-measurable:
shows (Aw. spick w n v) € measurable (nat-filtration n) M

(proof)

definition (in infinite-coin-toss-space) proj-rep-set:
proj-rep-set n = range (pseudo-proj-True n)

lemma (in infinite-coin-toss-space) proj-rep-set-finite:
shows finite (proj-rep-set n) (proof)

lemma (in infinite-coin-toss-space) set-filt-contain:
assumes A€ sets (nat-filtration n)

and we A

shows pseudo-proj-True n —* {pseudo-proj-True n w} C A

{(proof)

lemma (in infinite-cts-filtration) measurable-range-rep:
fixes f::bool stream = 'b::{t0-space}
assumes f € borel-measurable (nat-filtration n)
shows range f = (|J re(proj-rep-set n). {f(r)})
(proof)

lemma (in infinite-coin-toss-space) borel-measurable-stake:
fixes f::bool stream = 'b::{t0-space}
assumes f€ borel-measurable (nat-filtration n)
and stake n w = stake n y

shows fw=fy

(proof)
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5.3.3 Probability component

The probability component permits to compute measures of subspaces in a
straightforward way.

definition prob-component where
prob-component (p:real) w n = (if (snth w n) then p else 1—p)

lemma prob-component-neq-zero:
assumes 0 < p

and p < 1
shows prob-component p w n # 0 (proof)

lemma prob-component-measure:
fixes z::bool stream
assumes () < p
and p < 1
shows emeasure (measure-pmf (bernoulli-pmf p)) {snth z i} = prob-component
px i (proof)

lemma stake-preimage-measurable:
fixes x::bool stream
assumes Suc 0 < n and M = bernoulli-stream p
shows {we space M. (stake n w = stake n z)} € sets M

(proof)

lemma snth-as-fct:
fixes b
assumes M = bernoulli-stream p
shows to-stream —*‘ {w€ space M. snth w i = b} = {X::nat=bool. X i = b}

(proof)

lemma stake-as-fct:

assumes Suc 0 < n and M= bernoulli-stream p

shows to-stream — {we space M. (stake n w = stake n z)} = {X::nat=-bool. ¥ i.
0<iNi<n—1-— Xi=snthzi}

(proof)

lemma bernoulli-stream-npref-prob:
fixes z
assumes M = bernoulli-stream p
shows emeasure M {we space M. (stake 0 w = stake 0 z)} = 1

(proof)

lemma bernoulli-stream-pref-prob:
fixes x
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assumes M =bernoulli-stream p
and 0 < pand p < I

shows n> Suc 0= emeasure M {w€ space M. (stake n w = stake n x)} =
(ITé€{0..n—1}. prob-component p x i)
(proof)

lemma bernoulli-stream-pref-prob’:
fixes z
assumes M = bernoulli-stream p
and p < 7 and 0 <p
shows emeasure M {we space M. (stake n w = stake n x)} = ([[i€{0..<n}.
prob-component p x ©)
(proof)

lemma bernoulli-stream-stake-prob:
fixes z
assumes M = bernoulli-stream p
and p<7and 0 <p
shows measure M {we€ space M. (stake n w = stake n z)} = ([[i€{0..<n}.
prob-component p x i)

(proof)

lemma (in infinite-coin-toss-space) bernoulli-stream-pseudo-prob:
fixes z
assumes M = bernoulli-stream p
and p < fand 0 <p
and we range (pseudo-proj-True n)
shows measure M (pseudo-proj-True n —{w} N space M) = ([[ i€{0..<n}. prob-component
pwi)
(proof)

lemma bernoulli-stream-element-prob-rec:
fixes z
assumes M = bernoulli-stream p
and 0 < pand p < I
shows A n. emeasure M {we€ space M. (stake (Suc n) w = stake (Suc n) z)} =
(emeasure M {we space M. (stake n w = stake n x)} x prob-component p x n)

(proof)

lemma bernoulli-stream-element-prob-rec”:
fixes z
assumes M = bernoulli-stream p
and 0 < pand p < I
shows A n. measure M {we space M. (stake (Suc n) w = stake (Suc n) z)} =
(measure M {we€ space M. (stake n w = stake n )} * prob-component p x n)

(proof)
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lemma (in infinite-coin-toss-space) bernoulli-stream-pseudo-prob-rec’:
fixes z
assumes pseudo-proj-True n r = x
shows measure M (pseudo-proj-True (Suc n) —{z}) =
(measure M (pseudo-proj-True n—{x}) * prob-component p x n)

(proof)

lemma (in infinite-coin-toss-space) bernoulli-stream-pref-prob-pos:
fixes z
assumes 0 < p

and p < I
shows emeasure M {we space M. (stake n w = stake n z)} > 0

(proof)

lemma (in infinite-coin-toss-space) bernoulli-stream-pref-prob-neg-zero:
fixes x

assumes 0 < p

and p < I
shows emeasure M {we space M. (stake n w = stake n z)} # 0

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-element-prob-pref:
assumes we range (pseudo-proj-True n)
shows emeasure M {y€ space M. Fx € (pseudo-proj-True n —{w}). y = ¢ ##
x} =
prob-component p (cH##Hw) 0 x emeasure M ((pseudo-proj-True n) —{w} N
space M)
(proof)

5.3.4 Filtration equivalence for the natural filtration

lemma (in infinite-coin-toss-space) nat-filtration-null-set:
assumes A€ sets (nat-filtration n)

and 0 < p

and p < 1

and emeasure M A = 0

shows A4 = {}

(proof)

lemma (in infinite-coin-toss-space) nat-filtration-AE-zero:
fixes f::bool stream = real
assumes AFE win M. fw =0

and fe borel-measurable (nat-filtration n)

and 0 < p

and p < 1
shows Vw. fw =0
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(proof)

lemma (in infinite-coin-toss-space) nat-filtration-AE-eq:
fixes f::bool stream = real
assumes AFwin M. fw=gw

and 0 < p

and p < I

and fe borel-measurable (nat-filtration n)

and g€ borel-measurable (nat-filtration n)
shows fw =g w

(proof)

lemma (in infinite-coin-toss-space) bernoulli-stream-equiv:
assumes N = bernoulli-stream q

and 0 < p

and p < I

and 0 < ¢

and ¢ < I

shows filt-equiv nat-filtration M N (proof)

lemma (in infinite-coin-toss-space) bernoulli-nat-filtration:
assumes N = bernoulli-stream q

and 0 < ¢

and ¢q < I

and 0 < p

and p < I

shows infinite-cts-filtration q¢ N nat-filtration

{(proof)

5.3.5 More results on the projection function
lemma (in infinite-coin-toss-space) pseudo-proj-True-Suc-prefix:

shows pseudo-proj-True (Suc n) w = (w0)#4# pseudo-proj-True n (stl w)
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-img:
assumes pseudo-proj-True n w = w
shows we range (pseudo-proj-True n)

(proof )
lemma (in infinite-coin-toss-space) sconst-if:

assumes An. snth w n = True
shows w = sconst True

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-suc-img-pref:
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shows range (pseudo-proj-True (Suc n)) = {y. Jw € range (pseudo-proj-True
n). y = True ## w} U
{y. Jw € range (pseudo-proj-True n). y = False ## w}
(proof)

lemma (in infinite-coin-toss-space) reindexr-pseudo-proj:
shows (> werange (pseudo-proj-True n). f (¢ ## w)) =
(>” ye{y. Jw € range (pseudo-proj-True n). y = ¢ ## w}.fy)
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-True-imp-False:
assumes pseudo-proj-True n w = pseudo-proj-True n z
shows pseudo-proj-False n w = pseudo-proj-False n x

(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-Suc-prefiz:

assumes pseudo-proj-True n w = pseudo-proj-True n x

shows pseudo-proj-True (Suc n) w € {pseudo-proj-True n x, pseudo-proj-False
n }
(proof)

lemma (in infinite-coin-toss-space) pseudo-proj-Suc-preimage:
shows range (pseudo-proj-True (Suc n)) N (pseudo-proj-True n) — * { pseudo-proj-True
nz}=
{pseudo-proj-True n x, pseudo-proj-False n x}
(proof)

lemma (in infinite-cts-filtration) f-borel-Suc-preimage:
assumes f€ measurable (F n) N
and set-discriminating n f N
shows range (pseudo-proj-True (Suc n)) N f —“{fz} =
(pseudo-proj-True n) “ (f —*{f x}) U (pseudo-proj-False n) “ (f —*{f z})
(proof)

lemma (in infinite-cts-filtration) pseudo-proj-preimage:

assumes g€ measurable (F n) N

and set-discriminating n g N

shows pseudo-proj-Truen —‘ (g —“{g z}) = pseudo-proj-True n — (pseudo-proj-True
n (g —*{g2}))
(proof)

lemma (in infinite-cts-filtration) borel-pseudo-proj-preimage:
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fixes g::bool stream = 'b::{t0-space}

assumes g€ borel-measurable (F n)

shows pseudo-proj-True n — (g —“{g z}) = pseudo-proj-True n —* (pseudo-proj- True
n (g —"{g2})

(proof)

lemma (in infinite-cts-filtration) pseudo-proj-False-preimage:

assumes g€ measurable (F n) N

and set-discriminating n g N

shows pseudo-proj-False n —* (g —“{g z}) = pseudo-proj-False n —* (pseudo-proj-False
n (g ="{g2})
(proof)

lemma (in infinite-cts-filtration) borel-pseudo-proj-False-preimage:

fixes g::bool stream = 'b:{t0-space}

assumes g€ borel-measurable (F n)

shows pseudo-proj-False n — ‘(g —‘{g 2z}) = pseudo-proj-False n —* (pseudo-proj-False
n (g —"{g2})
(proof)

lemma (in infinite-cts-filtration) pseudo-proj-preimage’:
assumes g€ measurable (F n) N
and set-discriminating n g N
shows pseudo-proj-True n —“ (g —“{g z}) = g —“ {g 2}
{proof )

lemma (in infinite-cts-filtration) borel-pseudo-proj-preimage’:
fixes g::bool stream = 'b:{t0-space}
assumes g€ borel-measurable (F n)
shows pseudo-proj-True n —“ (g —“{g z}) = g —“{g 2}
(proof )

lemma (in infinite-cts-filtration) pseudo-proj-False-preimage’:
assumes g€ measurable (F n) N
and set-discriminating n g N
shows pseudo-proj-False n —* (g —‘{g z}) = g —“{g 2z}
(proof)

lemma (in infinite-cts-filtration) borel-pseudo-proj-False-preimage’:
fixes g::bool stream = 'b::{t0-space}
assumes g€ borel-measurable (F n)
shows pseudo-proj-False n —‘ (g —‘{g z}) = g —“{g 2z}

(proof)
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5.3.6 Integrals and conditional expectations on the natural fil-
tration

lemma (in infinite-cts-filtration) cst-integral:
fixes f::bool stream=-real
assumes f € borel-measurable (F' 0)
and f (sconst True) = ¢

shows has-bochner-integral M f c

(proof)

lemma (in infinite-cts-filtration) cst-nn-integral:
fixes f::bool stream=-real
assumes [ € borel-measurable (F 0)
and Aw. 0 < fw
and f (sconst True) = ¢
shows integral™ M f = ennreal ¢ (proof)

lemma (in infinite-cts-filtration) suc-measurable:
fixes f::bool stream = 'b::{t0-space}
assumes f€ borel-measurable (F (Suc n))
shows (Aw. f (¢ ## w)) € borel-measurable (F n)

(proof)

lemma (in infinite-cts-filtration) F-n-nn-integral-pos:
fixes f::bool stream=-real
shows A\f. (Vz. 0 < fz) = f € borel-measurable (F n) = integral¥ M f =
(3> we range (pseudo-proj-True n). (emeasure M ((pseudo-proj-True n) —{w}
N space M)) = ennreal (f w))

(proof)

lemma (in infinite-cts-filtration) F-n-integral-pos:

fixes f::bool stream=>real

assumes f€ borel-measurable (F n)

and Vw. 0 < fw

shows has-bochner-integral M f

(3" we range (pseudo-proj-True n). (measure M ((pseudo-proj-True n) —{w}

N space M)) = (f w))
(proof)

lemma (in infinite-cts-filtration) F-n-integral:
fixes f::bool stream=>real
assumes f€ borel-measurable (F n)
shows has-bochner-integral M f
(>° we range (pseudo-proj-True n). (measure M ((pseudo-proj-True n) —{w}
N space M)) * (f w))
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(proof)

lemma (in infinite-cts-filtration) F-n-integral-prob-comp:
fixes f::bool stream=-real
assumes f€ borel-measurable (F n)
shows has-bochner-integral M f
(>° we range (pseudo-proj-True n). (prod (prob-component p w) {0..<n}) * (f
w))
(proof)

lemma (in infinite-cts-filtration) expect-prob-comp:
fixes f::bool stream=-real
assumes f€ borel-measurable (F n)
shows expectation f =
(>~ we range (pseudo-proj-True n). (prod (prob-component p w) {0..<n}) * (f
w))
(proof)

lemma sum-union-disjoint:
assumes finite A
and finite B
and AN B = {}
and AUB="C
shows sum g C = sum g A + sum g B

{proof)

lemma (in infinite-cts-filtration) borel-Suc-expectation:
fixes f::bool stream=- real
assumes fe€ borel-measurable (F (Suc n))
and g€ measurable (F'n) N
and set-discriminating n g N
and g —“{g 2z} € sets (F n)
andVyz (9gy=9gzAsnthyn=snthzn) — fy=/[z
shows ezpectation (A\z. f x * indicator (¢ —*{g 2}) =) =
prob (g —“{g z}) = (p = f (pseudo-proj-True n z) +
(1 —p) = f (pseudo-proj-False n z))
(proof)

lemma (in infinite-cts-filtration) borel-Suc-expectation-pseudo-proj:
fixes f::bool stream=> real
assumes f€ borel-measurable (F (Suc n))
shows expectation (Az. fx * indicator (pseudo-proj-True n —* {pseudo-proj-True
nz}) z) =
prob (pseudo-proj-True n —* {pseudo-proj-True n z}) *
(p * (f (pseudo-proj-True n z)) + (1—p) = (f (pseudo-proj-False n z)))
(proof)
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lemma (in infinite-cts-filtration) f-borel-Suc-expl-cond-expect:
assumes f€ borel-measurable (F (Suc n))
and g€ measurable (F n) N
and set-discriminating n g N
and g — {g w} € sets (F n)
andVyz (9gy=gzAsnthyn=snthzn) — fy=fz
and 0 < p
and p < I
shows exzpl-cond-expect M g f w = p = f (pseudo-proj-True n w) + (1 — p) * f
(pseudo-proj-False n w)
{proof)

lemma (in infinite-cts-filtration) f-borel-Suc-real-cond-exp:
assumes f€ borel-measurable (F (Suc n))
and g€ measurable (F n) N
and set-discriminating n g N
and Vw. g —‘{g w} € sets (F n)
and Vrerange g N space N. 3 A€sets N. range g N A = {r}
andVyz (9gy=gzAsnthyn=snthzn) — fy=[z
and 0 < p
and p < I
shows AE w in M. real-cond-exp M (fct-gen-subalgebra M N g) fw = p * f
(pseudo-proj-True n w) + (1 — p) * f (pseudo-proj-False n w)
{proof )

lemma (in infinite-cts-filtration) f-borel-Suc-real-cond-exp-proj:
assumes fe€ borel-measurable (F (Suc n))
and 0 < p
and p < 1
shows AFE w in M. real-cond-exp M (fct-gen-subalgebra M M (pseudo-proj-True

n)) fw=
p * [ (pseudo-proj-True n w) + (1 — p) * f (pseudo-proj-False n w)

(proof)

5.4 Images of stochastic processes by prefixes of streams

We define a function that, given a stream of coin tosses and a stochastic
process, returns a stream of the values of the stochastic process up to a
given time. This function will be used to characterize the smallest filtration
that, at any time n, makes each random variable of a given stochastic process
measurable up to time n.

5.4.1 Definitions

primrec smap-stoch-proc where
smap-stoch-proc 0 f k w = |]
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| smap-stoch-proc (Suc n) fkw = (fk w) # (smap-stoch-proc n f (Suc k) w)

lemma smap-stoch-proc-length:
shows length (smap-stoch-proc n f k w) = n

{proof)

lemma smap-stoch-proc-nth:
shows Suc p < Suc n = nth (smap-stoch-proc (Suc n) fk w) p = f (k+p) w

(proof)

definition proj-stoch-proc where
proj-stoch-proc f n = (Aw. shift (smap-stoch-proc n f 0 w) (sconst (f n w)))

lemma proj-stoch-proc-component:
shows k < n = (snth (proj-stoch-proc fn w) k) = fkw
and n < k = (snth (proj-stoch-proc fn w) k) = fn w

(proof)

lemma proj-stoch-proc-component':
assumes k£ < n
shows f k z = snth (proj-stoch-proc f n z) k
(proof )

lemma proj-stoch-proc-eq-snth:
assumes proj-stoch-proc f n x = proj-stoch-proc f n y
and k£ < n
shows fkx=fky
(proof )

lemma proj-stoch-measurable-if-adapted:
assumes filtration M F
and adapt-stoch-proc F f N
shows proj-stoch-proc f n € measurable M (stream-space N)

(proof)

lemma proj-stoch-adapted-if-adapted:
assumes filtration M F
and adapt-stoch-proc F f N
shows proj-stoch-proc f n € measurable (F n) (stream-space N)

(proof)

lemma proj-stoch-adapted-if-adapted’:
assumes filtration M F
and adapt-stoch-proc F f N
shows adapt-stoch-proc F (proj-stoch-proc f) (stream-space N) {proof)
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lemma (in infinite-cts-filtration) proj-stoch-proj-invariant:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F X
shows proj-stoch-proc X n w = proj-stoch-proc X n (pseudo-proj-True n w)
(proof)

lemma (in infinite-cts-filtration) proj-stoch-set-finite-range:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F X
shows finite (range (proj-stoch-proc X n))

(proof)

lemma (in infinite-cts-filtration) proj-stoch-set-discriminating:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F' X
shows set-discriminating n (proj-stoch-proc X n) N

(proof)

lemma (in infinite-cts-filtration) proj-stoch-preimage:

assumes borel-adapt-stoch-proc F' X

shows (proj-stoch-proc X n) —* {proj-stoch-proc X n w} = ((i€ {m. m < n}.
(X 1) —{Xiw})
(proof)

lemma (in infinite-cts-filtration) proj-stoch-singleton-set:

fixes X::nat = bool stream = ('b::12-space)

assumes borel-adapt-stoch-proc F' X

shows (proj-stoch-proc X n) —* {proj-stoch-proc X n w} € sets (F n)
(proof)

lemma (in infinite-cts-filtration) finite-range-stream-space:

fixes f::'a = 'b::t1-space

assumes finite (range f)

shows (Aw. snth w i) —* (open-exclude-set (f x) (range f)) € sets (stream-space
borel)

(proof)

lemma (in infinite-cts-filtration) proj-stoch-range-singleton:
fixes X::nat = bool stream = ('b::t2-space)
assumes borel-adapt-stoch-proc F' X
and 7€ range (proj-stoch-proc X n)
shows 3 Aesets (stream-space borel). range (proj-stoch-proc X n) N A = {r}

{(proof)

definition (in infinite-cts-filtration) stream-space-single where
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stream-space-single X v = (if (3 U. U€ sets (stream-space borel) A UN (range X)

={r})
then SOME U. Ue sets (stream-space borel) A U N (range X) = {r} else {})

lemma (in infinite-cts-filtration) stream-space-singlel:

assumes 3 U. U€ sets (stream-space borel) A UN (range X) = {r}

shows stream-space-single X v € sets (stream-space borel) A stream-space-single
X r N (range X) = {r}
(proof)

lemma (in infinite-cts-filtration)
fixes X::nat = bool stream = ('b::t2-space)
assumes borel-adapt-stoch-proc F' X
and re€ range (proj-stoch-proc X n)
shows stream-space-single-set: stream-space-single (proj-stoch-proc X n) r € sets
(stream-space borel)
and stream-space-single-preimage: stream-space-single (proj-stoch-proc X n) r N
range (proj-stoch-proc X n) = {r}
(proof)

5.4.2 Induced filtration, relationship with filtration generated by
underlying stochastic process

definition comp-proj-i where
comp-proj-i X n iy = {z€ range (proj-stoch-proc X n). snth z i = y}

lemma (in infinite-cts-filtration) comp-proj-i-finite:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F X
shows finite (comp-proj-i X n i y)

(proof)

lemma stoch-proc-comp-proj-i-preimage:

assumes 1 < n

shows (X i) —“{X iz} = (Jz€ comp-proj-i X n i (X i z). (proj-stoch-proc X
n) —*{z})
(proof)

definition comp-proj where
comp-proj X ny = {z€ range (proj-stoch-proc X n). snth z n = y}

lemma (in infinite-cts-filtration) comp-proj-finite:
fixes X::nat = bool stream = 'b::{t0-space}
assumes borel-adapt-stoch-proc F' X
shows finite (comp-proj X n y)

(proof)
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lemma stoch-proc-comp-proj-preimage:

shows (X n) —“{X n a} = (Jz€ comp-proj X n (X n z). (proj-stoch-proc X n)
—{z})
(proof )

lemma comp-proj-stoch-proc-preimage:

shows (proj-stoch-proc X n) — {proj-stoch-proc X n z} = ([ i€ {m. m<n}. (X
i) —{Xiz})
(proof )

definition stoch-proc-filt where
stoch-proc-filt M X N (n::nat) = gen-subalgebra M (sigma-sets (space M) (| i€
{m. m< n}. {(X i —‘A) N (space M) | A. A€ sets N }))

lemma stoch-proc-filt-space:
shows space (stoch-proc-filt M X N n) = space M {proof)

lemma stoch-proc-filt-sets:
assumes Ai. i < n= (X i) € measurable M N

shows sets (stoch-proc-filt M X N n) = (sigma-sets (space M) (|J i€ {m. m<
nt. {(X i —‘A) N (space M) | A. A€ sets N }))

(proof )

lemma stoch-proc-filt-adapt:
assumes An. X n € measurable M N
shows adapt-stoch-proc (stoch-proc-filt M X N) X N (proof)

lemma stoch-proc-filt-disc-filtr:
assumes Ai. (X 7) € measurable M N
shows disc-filtr M (stoch-proc-filt M X N) {proof)

lemma gen-subalgebra-eq-space-sets:
assumes space M = space N
and P = ()
and PC Pow (space M)
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shows sets (gen-subalgebra M P) = sets (gen-subalgebra N Q) (proof)

lemma stoch-proc-filt-eq-sets:
assumes space M = space N
shows sets (stoch-proc-filt M X P n) = sets (stoch-proc-filt N X P n) (proof)

lemma (in infinite-cts-filtration) stoch-proc-filt-triv-init:
fixes X::nat = bool stream = real
assumes borel-adapt-stoch-proc nat-filtration X
shows init-triv-filt M (stoch-proc-filt M X borel) (proof)

lemma (in infinite-cts-filtration) stream-space-borel-union:
fixes X::nat = bool stream = ('b::t2-space)

assumes borel-adapt-stoch-proc F' X

and i< n

and A€ sets borel
shows V ye AN range (X 7). X i —{y} = (proj-stoch-proc X n) —*(|J z€ comp-proj-i
Xniy.

(stream-space-single (proj-stoch-proc X n) z))

(proof)

lemma (in infinite-cts-filtration) proj-stoch-pre-borel:

fixes X::nat = bool stream = ('b::t2-space)

assumes borel-adapt-stoch-proc F X

shows proj-stoch-proc X n —* {proj-stoch-proc X n z} € sets (stoch-proc-filt M
X borel n)

(proof)

lemma (in infinite-cts-filtration) stoch-proc-filt-gen:
fixes X::nat = bool stream = ('b::t2-space)
assumes borel-adapt-stoch-proc F' X
shows stoch-proc-filt M X borel n = fct-gen-subalgebra M (stream-space borel)
(proj-stoch-proc X n)
(proof)

lemma (in infinite-coin-toss-space) stoch-proc-subalg-nat-filt:
assumes borel-adapt-stoch-proc nat-filtration X
shows subalgebra (nat-filtration n) (stoch-proc-filt M X borel n) {proof)

lemma (in infinite-coin-toss-space)
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assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < 1

and 0 < p

and p < I

and filt-equiv nat-filtration M N

shows filt-equiv-sgt: 0 < q and filt-equiv-slt: ¢ < 1

(proof)

lemma stoch-proc-filt-filt-equiv:
assumes filt-equiv FF M N
shows stoch-proc-filt M f P n = stoch-proc-filt N f P n {proof)

lemma filt-equiv-filt:
assumes filt-equiv F M N

and filtration M G

shows filtration N G (proof)

lemma filt-equiv-borel-A E-eq-iff:
fixes f::'a= real
assumes filt-equiv F M N
and fe borel-measurable (F t)
and g€ borel-measurable (F t)
and prob-space N
and prob-space M
shows (AEwin M. fw=gw) +— (AEwin N. fw= g w)
(proof)

lemma (in infinite-coin-toss-space) filt-equiv-triv-init:
assumes filt-equiv F M N

and init-triv-filt M G

shows init-triv-filk N G (proof)

lemma (in infinite-coin-toss-space) fct-gen-subalgebra-meas-info:
assumes Yw. f (g w) = fw
and f € space M — space N
and g € space M — space M
shows g € measurable (fct-gen-subalgebra M N f) (fct-gen-subalgebra M N f)

(proof)

end
theory Geometric-Random-Walk imports Infinite-Coin-Toss-Space

begin
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6 Geometric random walk

A geometric random walk is a stochastic process that can, at each time,
move upwards or downwards, depending on the outcome of a coin toss.

fun (in infinite-coin-toss-space) geom-rand-walk:: real = real = real = (nat =
bool stream = real) where

base: (geom-rand-walk v d v) 0 = (Aw. v)]

step: (geom-rand-walk u d v) (Suc n) = (Aw. (ATrue = u | False = d) (snth w
n)) * (geom-rand-walk v d v) n w)

locale prob-grw = infinite-coin-toss-space +
fixes geom-proc::nat = bool stream = real and u::real and d::real and init::real
assumes geometric-process:geom-proc = geom-rand-walk u d init

lemma (in prob-grw) geom-rand-walk-borel-measurable:
shows (geom-proc n) € borel-measurable M

{(proof)

lemma (in prob-grw) geom-rand-walk-pseudo-proj-True:
shows geom-proc n = geom-proc n o pseudo-proj-True n

(proof)

lemma (in prob-grw) geom-rand-walk-pseudo-proj-False:
shows geom-proc n = geom-proc n o pseudo-proj-False n
(proof)

lemma (in prob-grw) geom-rand-walk-borel-adapted:
shows borel-adapt-stoch-proc nat-filtration geom-proc

(proof)

lemma (in prob-grw) grw-succ-img:
assumes (geom-proc n) —‘{z} # {}
shows (geom-proc (Suc n)) ‘ ((geom-proc n) —*{z}) = {uxz, dxz}

(proof)

lemma (in prob-grw) geom-rand-walk-strictly-positive:
assumes 0 < init
and 0 < d
and d < u
shows V n w. 0 < geom-proc n w

(proof)
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lemma (in prob-grw) geom-rand-walk-diff-induct:
shows Aw. (geom-proc (Suc n) (spick w n True) — geom-proc (Suc n) (spick w
n False)) = (geom-proc n w * (u — d))

(proof)

end

7 Fair Prices

This section contains the formalization of financial notions, such as markets,
price processes, portfolios, arbitrages, fair prices, etc. It also defines risk-
neutral probability spaces, and proves the main result about the fair price
of a derivative in a risk-neutral probability space, namely that this fair price
is equal to the expectation of the discounted value of the derivative’s payoff.

theory Fuir-Price imports Filtration Martingale Geometric-Random-Walk
begin

7.1 Preliminary results

7.1.1 On the almost everywhere filter

lemma AFE-eg-trans|trans]:
assumes AFzin M. Ax =Bz
and AEzin M. Bx=Czx
shows AExzin M. Az =Czx

{proof)

abbreviation AFeq where AEeq M X Y = AFwin M. Xw=Y w

lemma AFE-add:
assumes AEwin M. fw=gw
and AFwin M. f'w=g"w
shows AEwin M. fw+ f'w=gw+ g"w (proof)

lemma AFE-sum:
assumes finite [
and V i€l. AFwin M. fiw=giw
shows AE win M. (3 i€ I. fiw) = (D> i€ I. g i w) (proof)

lemma AFE-eq-cst:
assumes AE win M. (Aw. ¢) w = (Aw. d) w
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and emeasure M (space M) # 0
shows ¢ = d

(proof)

7.1.2 On conditional expectations

lemma (in prob-space) subalgebra-sigma-finite:
assumes subalgebra M N
shows sigma-finite-subalgebra M N (proof)

lemma (in prob-space) trivial-subalg-cond-expect-AE:
assumes subalgebra M N
and sets N = {{}, space M}
and integrable M f
shows AE z in M. real-cond-exp M N fx = (A\z. expectation f) x

(proof)

lemma (in prob-space) triv-subalg-borel-eq:
assumes subalgebra M F
and sets F = {{}, space M}
and AFE z in M. fz = (c::'b::{t2-space})
and fe€ borel-measurable F

shows Vze€ space M. fz = ¢

(proof)

lemma (in prob-space) trivial-subalg-cond-ezxpect-eq:
assumes subalgebra M N
and sets N = {{}, space M}
and integrable M f

shows Vz€ space M. real-cond-exp M N fx = expectation f

(proof)

lemma (in sigma-finite-subalgebra) real-cond-exp-cong’:
assumes Yw € space M. fw =g w
and fe€ borel-measurable M
shows AFE w in M. real-cond-exp M F fw = real-cond-exp M F g w

(proof)

lemma (in sigma-finite-subalgebra) real-cond-exp-bsum :

fixes f::'b = 'a = real

assumes [measurable]: N\i. i€] = integrable M (f i)

shows AE zin M. real-cond-exp M F (Az. Y i€l. fiz) x = (3 i€l. real-cond-exp
MF (fi)2)
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(proof)

7.2 Financial formalizations
7.2.1 Markets

definition stk-strict-subs::’c set = bool where
stk-strict-subs S «— S # UNIV

typedef (‘a,’c) discrete-market = {(s::('c set), a::’c = (nat = 'a = real)). stk-strict-subs

s} (proof)

definition prices where
prices Mkt = (snd (Rep-discrete-market Mkt))

definition assets where

assets Mkt = UNIV

definition stocks where
stocks Mkt = (fst (Rep-discrete-market Mkt))

definition discrete-market-of
where
discrete-market-of S A =
Abs-discrete-market (if (stk-strict-subs S) then S else {}, A)

lemma prices-of:
shows prices (discrete-market-of S A) = A
(proof)

lemma stocks-of:
assumes UNIV # §
shows stocks (discrete-market-of S A) = S

(proof)

lemma mkt-stocks-assets:
shows stk-strict-subs (stocks Mkt) {proof)

7.2.2 Quantity processes and portfolios

These are functions that assign quantities to assets; each quantity is a
stochastic process. Basic operations are defined on these processes.

Basic operations definition ¢ty-empty where
gty-empty = (A (z::'a) (nunat) w. 0:real)

definition ¢ty-single where
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qty-single asset gt-proc = (qty-empty(asset := qt-proc))

definition gty-sum::('b = nat = 'a = real) = ('b = nat = ‘a = real) = (b =
nat = 'a = real) where
qty-sum pfl pf2 = (Az n w. pfl zn w + pf2 z n w)

definition gty-mult-comp::('b = nat = 'a = real) = (nat = 'a = real) = ('b =
nat = 'a = real) where
qty-mult-comp pfl gty = Az n w. (pfl = n w) * (qty n w))

definition gty-rem-comp::('b = nat = ‘a = real) = b = ('b = nat = 'a =
real) where
gty-rem-comp pfl x = pfl (z:=(An w. 0))

definition qty-replace-comp where
qty-replace-comp pfl z pf2 = qty-sum (qgty-rem-comp pfl x) (qty-mult-comp pf2
(pf1 z))

Support sets If p x n w is different from 0, this means that this quantity
is held on interval |n-1, n].

definition support-set::('b = nat = 'a = real) = 'b set where
support-set p = {x. I nw. prnw# 0}

lemma qty-empty-support-set:

shows support-set qty-empty = {} (proof)
lemma sum-support-set:

shows support-set (qty-sum pf1 pf2) C (support-set pf1) U (support-set pf2)
{proof)

lemma mult-comp-support-set:
shows support-set (gty-mult-comp pf1 qty) C (support-set pf1)
(proof)

lemma remouve-comp-support-set:
shows support-set (gty-rem-comp pfl x) C ((support-set pf1) — {z})
(proof)

lemma replace-comp-support-set:

shows support-set (qgty-replace-comp pfl z pf2) C (support-set pfi — {z}) U
support-set pf2
(proof)

lemma single-comp-support:
shows support-set (qty-single asset qty) C {asset}

(proof)

lemma single-comp-nz-support:
assumes 3 n w. gty n w# 0
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shows support-set (qty-single asset qty) = {asset}
(proof)

Portfolios definition portfolio where
portfolio p +— finite (support-set p)

definition stock-portfolio :: ('a, 'b) discrete-market = ('b = nat = 'a = real) =
bool where
stock-portfolio Mkt p <— portfolio p N\ support-set p C stocks Mkt

lemma sum-portfolio:
assumes porifolio pfi
and portfolio pf2
shows portfolio (qty-sum pfl pf2) (proof)

lemma sum-basic-support-set:
assumes stock-portfolio Mkt pf1
and stock-portfolio Mkt pf2
shows stock-portfolio Mkt (qty-sum pf1 pf2) {proof)

lemma mult-comp-portfolio:
assumes porifolio pfl
shows portfolio (gty-mult-comp pfl qty) (proof)

lemma mult-comp-basic-support-set:
assumes stock-portfolio Mkt pf1
shows stock-portfolio Mkt (qty-mult-comp pfl qty) (proof)

lemma remove-comp-portfolio:
assumes portfolio pf1
shows portfolio (qty-rem-comp pfl x) (proof)

lemma remowve-comp-basic-support-set:
assumes stock-portfolio Mkt pfi
shows stock-portfolio Mkt (qty-mult-comp pfl qty) (proof)

lemma replace-comp-portfolio:
assumes porifolio pfi
and portfolio pf2
shows portfolio (qty-replace-comp pf1 x pf2) {proof)

lemma replace-comp-stocks:

assumes support-set pfl C stocks Mkt U {z}
and support-set pf2 C stocks Mkt
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shows support-set (gty-replace-comp pfl x pf2) C stocks Mkt
(proof)

lemma single-comp-portfolio:
shows portfolio (qty-single asset qty)
(proof)

Value processes definition val-process where
val-process Mkt p = (if (= (portfolio p)) then (A n w. 0)
else (A nw . (sum (Az. ((prices Mkt) z n w) * (p x (Suc n) w)) (support-set

p))))

lemma subset-val-process’:
assumes finite A
and support-set p C A
shows val-process Mkt p n w = (sum (Az. ((prices Mkt) z n w) * (p  (Suc n) w))
A)
(proof)

lemma sum-val-process:
assumes porifolio pfi
and portfolio pf2
shows V n w. val-process Mkt (qty-sum pf1 pf2) n w = (val-process Mkt pf1) n w
+ (val-process Mkt pf2) n w
(proof)

lemma mult-comp-val-process:
assumes portfolio pfl
shows V n w. val-process Mkt (qty-mult-comp pf1 qty) n w = ((val-process Mkt pf1)
nw) * (qty (Suc n) w)
(proof)

lemma remowve-comp-values:

assumes x # y

shows Vn w. pfl x n w = (qty-rem-comp pfl y) x n w
(proof)
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lemma remouve-comp-val-process:
assumes porifolio pfi
shows V n w. val-process Mkt (qty-rem-comp pfl y) n w = ((val-process Mkt pf1)
n w) — (prices Mkt y n w)x (pfl y (Suc n) w)
(proof)

lemma replace-comp-val-process:

assumes YV n w. prices Mkt x n w = val-process Mkt pf2 n w

and portfolio pfl

and portfolio pf2

shows V n w. val-process Mkt (qty-replace-comp pf1 x pf2) n w = val-process Mkt
pfl n w
(proof)

lemma qty-single-val-process:
shows wal-process Mkt (qty-single asset qty) n w =
prices Mkt asset n w x gty (Suc n) w

(proof)

7.2.3 Trading strategies

locale disc-equity-market = triv-init-disc-filtr-prob-space +
fixes Mkt::('a,’d) discrete-market

Discrete predictable processes

Trading strategy definition (in disc-filtr-prob-space) trading-strategy
where

trading-strategy p «— portfolio p A\ (V asset € support-set p. borel-predict-stoch-proc
F (p asset))

definition (in disc-filtr-prob-space) support-adapt:: ('a, 'b) discrete-market = ('b
= nat = 'a = real) = bool where

support-adapt Mkt pf «— (V asset € support-set pf. borel-adapt-stoch-proc F
(prices Mkt asset))

lemma (in disc-filtr-prob-space) quantity-adapted:
assumes V asset € support-set p. p asset (Suc n) € borel-measurable (F n)
Y asset € support-set p. prices Mkt asset n € borel-measurable (F n)

shows wal-process Mkt p n € borel-measurable (F n)

(proof)

lemma (in disc-filtr-prob-space) trading-strategy-adapted:
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assumes trading-strategy p
and support-adapt Mkt p
shows borel-adapt-stoch-proc F' (val-process Mkt p) (proof)

lemma (in disc-equity-market) ats-val-process-adapted:
assumes trading-strategy p

and support-adapt Mkt p
shows borel-adapt-stoch-proc F (val-process Mkt p) (proof)

lemma (in disc-equity-market) trading-strategy-init:
assumes trading-strategy p
and support-adapt Mkt p
shows J¢. Vw € space M. val-process Mkt p 0 w = ¢ {proof)

definition (in disc-equity-market) initial-value where
initial-value pf = constant-image (val-process Mkt pf 0)

lemma (in disc-equity-market) initial-valuel:
assumes trading-strategy pf
and support-adapt Mkt pf
shows YV we space M. val-process Mkt pf 0 w = initial-value pf (proof)

lemma (in disc-equity-market) inc-predict-support-trading-strat:
assumes trading-strategy pf1
shows V asset € support-set pfl U B. borel-predict-stoch-proc F (pfl asset)

(proof)

lemma (in disc-equity-market) inc-predict-support-trading-strat’:
assumes trading-strategy pf1
and asset € support-set pflU B
shows borel-predict-stoch-proc F (pf1 asset)

(proof)

lemma (in disc-equity-market) inc-support-trading-strat:
assumes trading-strategy pf1
shows V asset € support-set pfl U B. borel-adapt-stoch-proc F (pf1 asset) {proof)

lemma (in disc-equity-market) qty-empty-trading-strat:
shows trading-strategy qty-empty (proof)

95



lemma (in disc-equity-market) sum-trading-strat:
assumes trading-strateqy pf1
and trading-strategy pf2

shows trading-strategy (qty-sum pf1 pf2)

(proof)

lemma (in disc-equity-market) mult-comp-trading-strat:
assumes trading-strategy pf1
and borel-predict-stoch-proc F qty

shows trading-strategy (qty-mult-comp pfl qty)

(proof)

lemma (in disc-equity-market) remove-comp-trading-strat:
assumes trading-strategy pfl
shows trading-strategy (qty-rem-comp pfl x)

(proof)

lemma (in disc-equity-market) replace-comp-trading-strat:
assumes trading-strategy pf1
and trading-strategy pf2

shows trading-strategy (qty-replace-comp pfl x pf2) (proof)

7.2.4 Self-financing portfolios

Closing value process fun up-cl-proc where

up-cl-proc Mkt p 0 = wval-process Mkt p 0 |

up-cl-proc Mkt p (Suc n) = (Aw. >_ xEsupport-set p. prices Mkt x (Suc n) w * p
z (Suc n) w)

definition cls-val-process where
cls-val-process Mkt p = (if (— (portfolio p)) then (A n w. 0)
else (A n w . up-cl-proc Mkt p n w))

lemma (in disc-filtr-prob-space) quantity-updated-borel:

assumes Vn. YV asset € support-set p. p asset (Suc n) € borel-measurable (F n)
and YV n. Vasset € support-set p. prices Mkt asset n € borel-measurable (F n)
shows V n. cls-val-process Mkt p n € borel-measurable (F n)

(proof)

lemma (in disc-equity-market) cls-val-process-adapted:
assumes trading-strategy p

and support-adapt Mkt p
shows borel-adapt-stoch-proc F (cls-val-process Mkt p)

(proof)
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lemma subset-cls-val-process:
assumes finite A
and support-set p C A
shows Vn w. cls-val-process Mkt p (Suc n) w = (sum (Az. ((prices Mkt) x (Suc
n) w) * (p x (Suc n) w)) A)
(proof)

lemma subset-cls-val-process’:
assumes finite A
and support-set p C A
shows cls-val-process Mkt p (Suc n) w = (sum (Az. ((prices Mkt) = (Suc n) w) *
(v z (Suc ) w)) A)
{proof)

lemma sum-cls-val-process-Suc:
assumes porifolio pfi
and portfolio pf2
shows Vn w. cls-val-process Mkt (qty-sum pf1 pf2) (Suc n) w =
(cls-val-process Mkt pfl) (Suc n) w + (cls-val-process Mkt pf2) (Suc n) w
(proof)

lemma sum-cls-val-process0:
assumes porifolio pfi
and portfolio pf2

shows YV w. cls-val-process Mkt (qty-sum pfl pf2) 0 w =
(cls-val-process Mkt pf1) 0 w + (cls-val-process Mkt pf2) 0 w {proof)

lemma sum-cls-val-process:
assumes portfolio pfl
and portfolio pf2

shows V n w. cls-val-process Mkt (qty-sum pfl pf2) n w =
(cls-val-process Mkt pfl) n w + (cls-val-process Mkt pf2) n w

{proof)

lemma mult-comp-cls-val-process0:
assumes portfolio pf1
shows YV w. cls-val-process Mkt (qty-mult-comp pf1 qty) 0 w =
((cls-val-process Mkt pf1) 0 w) * (qty (Suc 0) w) (proof)

lemma mult-comp-cls-val-process-Suc:
assumes portfolio pfi
shows YV n w. cls-val-process Mkt (qty-mult-comp pf1 qty) (Suc n) w =
((cls-val-process Mkt pfl) (Suc n) w) * (qty (Suc n) w)

(proof)
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lemma remove-comp-cls-val-process0:
assumes porifolio pfi
shows YV w. cls-val-process Mkt (qty-rem-comp pfl y) 0 w =
((cls-val-process Mkt pfl) 0 w) — (prices Mkt y 0 w)x (pfl y (Suc 0) w) {(proof)

lemma remove-comp-cls-val-process-Suc:
assumes porifolio pfi
shows V n w. cls-val-process Mkt (qty-rem-comp pfl y) (Suc n) w =
((cls-val-process Mkt pf1) (Suc n) w) — (prices Mkt y (Suc n) w)* (pfl y (Suc
n) w)
(proof)

lemma replace-comp-cls-val-process0:

assumes Y w. prices Mkt x 0 w = cls-val-process Mkt pf2 0 w

and portfolio pfl

and portfolio pf2
shows YV w. cls-val-process Mkt (qty-replace-comp pfl x pf2) 0 w = cls-val-process
Mkt pfl 0 w

(proof)

lemma replace-comp-cls-val-process-Suc:
assumes Vn w. prices Mkt x (Suc n) w = cls-val-process Mkt pf2 (Suc n) w
and portfolio pfl
and portfolio pf2
shows Vn w. cls-val-process Mkt (qty-replace-comp pfl x pf2) (Suc n) w =
cls-val-process Mkt pfl (Suc n) w

(proof)

lemma replace-comp-cls-val-process:

assumes YV n w. prices Mkt x n w = cls-val-process Mkt pf2 n w

and portfolio pfl

and portfolio pf2

shows V n w. cls-val-process Mkt (qty-replace-comp pfl x pf2) n w = cls-val-process
Mkt pfl n w

(proof )

lemma qty-single-updated:
shows cls-val-process Mkt (qty-single asset qty) (Suc n) w =
prices Mkt asset (Suc n) w * qty (Suc n) w

(proof)
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Self-financing definition self-financing where
self-financing Mkt p «— (V n. val-process Mkt p (Suc n) = cls-val-process Mkt p
(Suc n))

lemma self-financingE':
assumes self-financing Mkt p
shows V n. val-process Mkt p n = cls-val-process Mkt p n

(proof)

lemma static-portfolio-self-financing:
assumes V z € support-set p. Vwi. pziw=px (Suci) w)
shows self-financing Mkt p

(proof)

lemma sum-self-financing:

assumes portfolio pfl

and portfolio pf2

and self-financing Mkt pf1

and self-financing Mkt pf2
shows self-financing Mkt (qty-sum pf1 pf2)
(proof)

lemma mult-time-constant-self-financing:
assumes porifolio pfl
and self-financing Mkt pf1
and Vn w. ¢ty n w = qty (Suc n) w
shows self-financing Mkt (qty-mult-comp pfl qty)
(proof)

lemma replace-comp-self-financing:
assumes Vn w. prices Mkt x n w = cls-val-process Mkt pf2 n w
and portfolio pfl
and portfolio pf2
and self-financing Mkt pf1
and self-financing Mkt pf2
shows self-financing Mkt (qty-replace-comp pfl x pf2)

(proof)
Make a portfolio self-financing fun remaining-qty where

ingt: remaining-qty Mkt v pf asset 0 = (Aw. 0) |
first:  remaining-qty Mkt v pf asset (Suc 0) = (Aw. (v — val-process Mkt pf 0
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w)/(prices Mkt asset 0 w)) |
step: remaining-qty Mkt v pf asset (Suc (Suc n)) = (Aw. (remaining-qty Mkt v pf
asset (Suc n) w) +
(els-val-process Mkt pf (Suc n) w — wval-process Mkt pf (Suc n) w)/(prices Mkt
asset (Suc n) w))

lemma (in disc-equity-market) remaining-qty-predict’:
assumes borel-adapt-stoch-proc F (prices Mkt asset)
and trading-strategy pf
and support-adapt Mkt pf
shows remaining-qty Mkt v pf asset (Suc n) € borel-measurable (F n)

(proof)

lemma (in disc-equity-market) remaining-qty-predict:
assumes borel-adapt-stoch-proc F (prices Mkt asset)
and trading-strategy pf
and support-adapt Mkt pf
shows borel-predict-stoch-proc F (remaining-qty Mkt v pf asset) (proof)

lemma (in disc-equity-market) remaining-qty-adapt:
assumes borel-adapt-stoch-proc F (prices Mkt asset)
and trading-strategy pf
and support-adapt Mkt pf
shows remaining-qty Mkt v pf asset n € borel-measurable (F n)

(proof)

lemma (in disc-equity-market) remaining-qty-adapted:
assumes borel-adapt-stoch-proc F (prices Mkt asset)
and trading-strategy pf
and support-adapt Mkt pf
shows borel-adapt-stoch-proc F (remaining-qty Mkt v pf asset) (proof)

definition self-finance where
self-finance Mkt v pf (asset::’a) = qty-sum pf (qty-single asset (remaining-qty
MEkt v pf asset))

lemma self-finance-portfolio:
assumes portfolio pf
shows portfolio (self-finance Mkt v pf asset) (proof)

lemma self-finance-init:
assumes Y w. prices Mkt asset 0 w # 0
and portfolio pf
shows wval-process Mkt (self-finance Mkt v pf asset) 0 w = v
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(proof)

lemma self-finance-succ:
assumes prices Mkt asset (Suc n) w # 0
and portfolio pf
shows wval-process Mkt (self-finance Mkt v pf asset) (Suc n) w = prices Mkt asset
(Suc n) w * remaining-qty Mkt v pf asset (Suc n) w +
cls-val-process Mkt pf (Suc n) w
{(proof)

lemma self-finance-updated:
assumes prices Mkt asset (Suc n) w # 0
and portfolio pf
shows cls-val-process Mkt (self-finance Mkt v pf asset) (Suc n) w =
cls-val-process Mkt pf (Suc n) w + prices Mkt asset (Suc n) w * (remaining-qty
Mkt v pf asset) (Suc n) w

(proof)

lemma self-finance-charact:
assumes V n w. prices Mkt asset (Suc n) w # 0
and portfolio pf
shows self-financing Mkt (self-finance Mkt v pf asset)
(proof)

7.2.5 Replicating portfolios

definition (in disc-filtr-prob-space) price-structure::(‘a = real) = nat = real =
(nat = 'a = real) = bool where

price-structure pyf T m pr +— ((V we€ space M. pr 0 w = 7) A (AE win M. pr
Tw = pyf w) A (pr T € borel-measurable (F T)))

lemma (in disc-filtr-prob-space) price-structure-init:
assumes price-structure pyf T w pr
shows V we space M. pr 0 w = 7 (proof)

lemma (in disc-filtr-prob-space) price-structure-borel-measurable:
assumes price-structure pyf T m pr
shows pr T € borel-measurable (F' T') (proof)

lemma (in disc-filtr-prob-space) price-structure-maturity:
assumes price-structure pyf T w pr
shows AE win M. pr T w = pyf w (proof)

definition (in disc-equity-market) replicating-portfolio where
replicating-portfolio pf der matur +— (stock-portfolio Mkt pf) A (trading-strategy

pf) A (self-financing Mkt pf) A
(AE w in M. cls-val-process Mkt pf matur w = der w)
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definition (in disc-equity-market) is-attainable where
is-attainable der matur «+— (3 pf. replicating-portfolio pf der matur)

lemma (in disc-equity-market) replicating-price-process:
assumes replicating-portfolio pf der matur
and support-adapt Mkt pf
shows price-structure der matur (initial-value pf) (cls-val-process Mkt pf)

(proof)

7.2.6 Arbitrages

definition (in disc-filtr-prob-space) arbitrage-process
where
arbitrage-process Mkt p «— (3 m. (self-financing Mkt p) A (trading-strategy p)
N
(Yw € space M. val-process Mkt p 0 w = 0) A
(AE win M. 0 < cls-val-process Mkt p m w) A
0 < P(win M. cls-val-process Mkt p m w > 0))

lemma (in disc-filtr-prob-space) arbitrage-processk:
assumes arbitrage-process Mkt p
shows (3 m. (self-financing Mkt p) A (trading-strategy p) A
(Vw € space M. cls-val-process Mkt p 0 w = 0) A
(AE win M. 0 < cls-val-process Mkt p m w) A
0 < P(win M. cls-val-process Mkt p m w > 0))

{proof)

lemma (in disc-filtr-prob-space) arbitrage-processl:
assumes (3 m. (self-financing Mkt p) A (trading-strategy p) A
(Vw € space M. cls-val-process Mkt p 0 w = 0) A
(AE win M. 0 < cls-val-process Mkt p m w) A
0 < P(win M. cls-val-process Mkt p m w > 0))
shows arbitrage-process Mkt p (proof)

definition (in disc-filtr-prob-space) viable-market
where
viable-market Mkt <— (V¥ p. stock-portfolio Mkt p — — arbitrage-process Mkt

p)

lemma (in disc-filtr-prob-space) arbitrage-val-process:

assumes arbitrage-process Mkt pfl

and self-financing Mkt pf2

and trading-strategy pf2

and V n w. cls-val-process Mkt pf1 n w = cls-val-process Mkt pf2 n w
shows arbitrage-process Mkt pf2

62



(proof)

definition coincides-on where
coincides-on Mkt Mkt2 A «— (stocks Mkt = stocks Mkt2 N (Vx. x€ A — prices
Mkt z = prices Mkt2 x))

lemma coincides-val-process:
assumes coincides-on Mkt Mkt2 A
and support-set pf C A
shows V n w. val-process Mkt pf n w = val-process Mkt2 pf n w

(proof)

lemma coincides-cls-val-process':

assumes coincides-on Mkt Mkt2 A

and support-set pf C A

shows YV n w. cls-val-process Mkt pf (Suc n) w = cls-val-process Mkt2 pf (Suc n)
w

(proof)

lemma coincides-cls-val-process:
assumes coincides-on Mkt Mkt2 A
and support-set pf C A
shows V n w. cls-val-process Mkt pf n w = cls-val-process Mkt2 pf n w

(proof)

lemma (in disc-filtr-prob-space) coincides-on-self-financing:
assumes coincides-on Mkt Mkt2 A
and support-set p C A
and self-financing Mkt p

shows self-financing Mkt2 p

(proof)

lemma (in disc-filtr-prob-space) coincides-on-arbitrage:
assumes coincides-on Mkt Mkt2 A
and support-set p C A
and arbitrage-process Mkt p

shows arbitrage-process Mkt2 p

(proof)

lemma (in disc-filtr-prob-space) coincides-on-stocks-viable:
assumes coincides-on Mkt Mkt2 (stocks Mkt)
and viable-market Mkt

shows viable-market Mkt2 (proof)

63



lemma coincides-stocks-val-process:
assumes stock-portfolio Mkt pf
and coincides-on Mkt Mkt2 (stocks Mkt)
shows V n w. val-process Mkt pf n w = val-process Mkt2 pf n w (proof)

lemma coincides-stocks-cls-val-process:
assumes stock-portfolio Mkt pf
and coincides-on Mkt Mkt2 (stocks Mkt)
shows Vn w. cls-val-process Mkt pf n w = cls-val-process Mkt2 pf n w {proof)

lemma (in disc-filtr-prob-space) coincides-on-adapted-val-process:
assumes coincides-on Mkt Mkt2 A
and support-set p C A
and borel-adapt-stoch-proc F (val-process Mkt p)

shows borel-adapt-stoch-proc F (val-process Mkt2 p) {proof)

lemma (in disc-filtr-prob-space) coincides-on-adapted-cls-val-process:
assumes coincides-on Mkt Mkt2 A
and support-set p C A
and borel-adapt-stoch-proc F (cls-val-process Mkt p)

shows borel-adapt-stoch-proc F (cls-val-process Mkt2 p) (proof)

7.2.7 Fair prices

definition (in disc-filtr-prob-space) fair-price where
fair-price Mkt © pyf matur +—
(3 pr. price-structure pyf matur ™ pr A
(V x Mkt2 p. (¢ stocks Mkt —
((coincides-on Mkt Mkt2 (stocks Mkt)) N (prices Mkt2 x = pr) A portfolio p
A support-set p C stocks Mkt U {x} —
- arbitrage-process Mkt2 p))))

lemma (in disc-filtr-prob-space) fair-pricel:
assumes fair-price Mkt © pyf matur
shows (3 pr. price-structure pyf matur = pr A
(V z. (z¢ stocks Mkt —
(V Mkt2 p. (coincides-on Mkt Mkt2 (stocks Mkt)) A (prices Mkt2 © = pr) A
portfolio p A\ support-set p C stocks Mkt U {x} —
- arbitrage-process Mkt2 p)))) (proof)

Existence when replicating portfolio lemma (in disc-equity-market) repli-
cating-fair-price:
assumes viable-market Mkt
and replicating-portfolio pf der matur
and support-adapt Mkt pf
shows fair-price Mkt (initial-value pf) der matur

(proof)
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Uniqueness when replicating portfolio The proof of uniqueness re-
quires the existence of a stock that always takes strictly positive values.

locale disc-market-pos-stock = disc-equity-market +
fixes pos-stock
assumes in-stock: pos-stock € stocks Mkt
and positive: ¥ n w. prices Mkt pos-stock n w > 0
and readable: ¥V assete stocks Mkt. borel-adapt-stoch-proc F (prices Mkt asset)

lemma (in disc-market-pos-stock) pos-stock-borel-adapted:
shows borel-adapt-stoch-proc F (prices Mkt pos-stock)

{proof)

definition static-quantities where
static-quantities p «— (¥ asset € support-set p. 3 cireal. p asset = (A n w. c))

lemma (in disc-filtr-prob-space) static-quantities-trading-strat:
assumes static-quantities p
and finite (support-set p)
shows trading-strategy p {proof)

lemma two-component-support-set:

assumes 3 nw. anw # 0

and 3 n w. b n w# 0

and z # y
shows support-set (A (z::'b) (n:nat) (w::'a). O:real)(x:= a, y:= b)) = {z,y}
(proof)

lemma two-component-val-process:
assumes arb-pf = (A (z::'d) (n::nat) (w::'a). 0:real)(z:= a, y:= b))
and portfolio arb-pf
and z # y
and 3 nw. anw# 0
and 3 nw. b n w# 0
shows wval-process Mkt arb-pf n w =
prices Mkt y n w * b (Suc n) w + prices Mkt x n w * a (Suc n) w

(proof)

lemma quantity-update-support-set:

assumes In w. prn w # 0

and z¢ support-set p
shows support-set (p(z:=pr)) = support-set p U {z}
(proof)
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lemma fiz-asset-price:
shows 3z Mkt2. x ¢ stocks Mkt A
coincides-on Mkt Mkt2 (stocks Mkt) A
prices Mkt2 x = pr

(proof)

lemma (in disc-market-pos-stock) arbitrage-portfolio-properties:
assumes price-structure der matur m pr
and replicating-portfolio pf der matur
and (coincides-on Mkt Mkt2 (stocks Mkt))
and (prices Mkt2 = = pr)
and x¢ stocks Mkt
and diff-inv = (7 — dnitial-value pf) / constant-image (prices Mkt pos-stock 0)
and diff-inv # 0
and arb-pf = (A (z::'d) (nunat) (w:'a). 0ureal)(z:= (A n w. —1), pos-stock :=
(A n w. diff-inv))
and contr-pf = qty-sum arb-pf pf
shows self-financing Mkt2 contr-pf
and trading-strategy contr-pf
and Y we space M. cls-val-process Mkt2 contr-pf 0 w = 0
and 0 < diff-inv — (AE win M. 0 < cls-val-process Mkt2 contr-pf matur w)
and diff-inv < 0 — (AE win M. 0 > cls-val-process Mkt2 contr-pf matur w)
and support-set arb-pf = {z, pos-stock}
and portfolio contr-pf

(proof)

lemma (in disc-equity-market) mult-comp-cls-val-process-measurable’:
assumes cls-val-process Mkt2 pf n €borel-measurable (F n)
and portfolio pf
and qty n € borel-measurable (F n)
and 0 # n
shows cls-val-process Mkt2 (qty-mult-comp pf qly) n € borel-measurable (F n)

(proof)

lemma (in disc-equity-market) mult-comp-cls-val-process-measurable:
assumes YV n. cls-val-process Mkt2 pf n €borel-measurable (F n)
and portfolio pf
and Vn. gty (Suc n) € borel-measurable (F n)
shows V n. cls-val-process Mkt2 (qty-mult-comp pf qty) n € borel-measurable (F n)

(proof)
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lemma (in disc-equity-market) mult-comp-val-process-measurable:
assumes val-process Mkt2 pf n €borel-measurable (F n)
and portfolio pf
and gty (Suc n) € borel-measurable (F n)

shows wal-process Mkt2 (qty-mult-comp pf qty) n € borel-measurable (F n)
(proof )

lemma (in disc-market-pos-stock) repl-fair-price-unique:
assumes replicating-portfolio pf der matur
and fair-price Mkt ™ der matur

shows 7 = initial-value pf

(proof)

7.3 Risk-neutral probability space

7.3.1 risk-free rate and discount factor processes

fun disc-rfr-proc:: real = nat = 'a = real
where
rfr-base: (disc-rfr-proc ) 0 w = 1|
rfr-step: (disc-rfr-proc r) (Suc n) w = (1+r) * (disc-rfr-proc r) n w

lemma disc-rfr-proc-borel-measurable:
shows (disc-rfr-proc r) n € borel-measurable M
(proof)

lemma disc-rfr-proc-nonrandom:
fixes r::real
shows An. disc-rfr-proc v n € borel-measurable (F 0) (proof)

lemma (in disc-equity-market) disc-rfr-constant-time:
shows J¢. Vw € space (F 0). (disc-rfr-proc r n) w = ¢
(proof)

lemma (in disc-filtr-prob-space) disc-rfr-proc-borel-adapted:
shows borel-adapt-stoch-proc F (disc-rfr-proc )
(proof)

lemma disc-rfr-proc-positive:
assumes —1 < r
shows An w . 0 < disc-rfr-proc r n w

(proof)
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lemma (in prob-space) disc-rfr-constant-time-pos:
assumes —1 < r
shows d¢ > 0. Vw € space M. (disc-rfr-proc r n) w = ¢

(proof)

lemma disc-rfr-proc-Suc-div:

assumes —1 < r

shows Aw. disc-rfr-proc v (Suc n) w/disc-rfr-proc r n w = 1+4r
(proof)

definition discount-factor where
discount-factor r n = (Aw. inverse (disc-rfr-proc r n w))

lemma discount-factor-times-rfr:
assumes —1 < r
shows (1+r) * discount-factor r (Suc n) w = discount-factor r n w {proof)

lemma discount-factor-borel-measurable:
shows discount-factor r n € borel-measurable M (proof)

lemma discount-factor-init:
shows discount-factor r 0 = (Aw. 1) (proof)

lemma discount-factor-nonrandom:
shows discount-factor r n € borel-measurable M (proof)

lemma discount-factor-positive:
assumes —1 < r
shows An w . 0 < discount-factor r n w (proof)

lemma (in prob-space) discount-factor-constant-time-pos:
assumes —1 < r
shows J¢ > 0. Vw € space M. (discount-factor r n) w = c¢ (proof)

locale rsk-free-asset =
fixes Mkt r risk-free-asset
assumes acceptable-rate: —1 < r
and rf-price: prices Mkt risk-free-asset = disc-rfr-proc r
and rf-stock: risk-free-asset € stocks Mkt

locale rfr-disc-equity-market = disc-equity-market + rsk-free-asset +
assumes rd: V asset€ stocks Mkt. borel-adapt-stoch-proc F (prices Mkt asset)
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sublocale rfr-disc-equity-market C disc-market-pos-stock - - - risk-free-asset

(proof)

7.3.2 Discounted value of a stochastic process

definition discounted-value where
discounted-value 1 X = (A n w. discount-factor r n w * X n w)

lemma (in rfr-disc-equity-market) discounted-rfr:
shows discounted-value r (prices Mkt risk-free-asset) n w = 1 (proof)

lemma discounted-init:
shows YV w. discounted-value r X 0 w = X 0 w (proof)

lemma discounted-mult:
shows Vn w. discounted-value ¥ (Am z. X mz * Ymz) nw = X n w *
(discounted-value 1 Y) n w

{proof)

lemma discounted-mult”:

shows discounted-value r (Am z. Xmz x Ymz) nw= X nw * (discounted-value
rY)nw

(proof)

lemma discounted-mult-times-rfr:

assumes —1 < r

shows discounted-value v (Am w. (1+7) * X w) (Suc n) w = discounted-value T
Amw. X w) nw

(proof)

lemma discounted-cong:
assumes Vnw. Xnw=Ynw
shows V n w. discounted-value r X n w = discounted-value r Y n w

{proof)

lemma discounted-cong':
assumes X nw = Ynw
shows discounted-value r X n w = discounted-value r Y n w
(proof)

lemma discounted-AFE-cong:
assumes AFEwin N.Xnw=Ynw
shows AE w in N. discounted-value 7 X n w = discounted-value r Y n w

(proof)
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lemma discounted-sum:

assumes finite [
shows Vnw. (3 i€ I. (discounted-value r (Am x. fim z)) n w) = (discounted-value
r(Amezx. (> i€l fimz)) nw)

(proof)

lemma discounted-adapted:
assumes borel-adapt-stoch-proc F X
shows borel-adapt-stoch-proc F (discounted-value r X) (proof)

lemma discounted-measurable:
assumes X € borel-measurable N
shows discounted-value r (Am. X) m € borel-measurable N {proof)

lemma (in prob-space) discounted-integrable:
assumes integrable N (X n)
and —1 < r
and space N = space M
shows integrable N (discounted-value r X n) {proof)

7.3.3 Results on risk-neutral probability spaces

definition (in rfr-disc-equity-market) risk-neutral-prob where
risk-neutral-prob N <— (prob-space N) N (V asset € stocks Mkt. martingale N
F (discounted-value v (prices Mkt asset)))

lemma integrable-val-process:

assumes V asset € support-set pf. integrable M (Aw. prices Mkt asset n w * pf
asset (Suc n) w)

shows integrable M (val-process Mkt pf n)

{(proof)

lemma integrable-self-fin-uuvp:

assumes V asset € support-set pf. integrable M (Aw. prices Mkt asset n w * pf
asset (Suc n) w)

and self-financing Mkt pf
shows integrable M (cls-val-process Mkt pf n)

(proof)

lemma (in rfr-disc-equity-market) stocks-portfolio-risk-neutral:
assumes risk-neutral-prob N
and trading-strateqy pf
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and subalgebra N M
and support-set pf C stocks Mkt
and Vn. VY assel € support-set pf. integrable N (Aw. prices Mkt asset (Suc n) w
x pf asset (Suc n) w)
shows Vi € support-set pf. AE w in N.
(real-cond-exp N (F n) (discounted-value v (Am y. prices Mkt z m y * pf
my) (Suc n))) w =
discounted-value v (Am y. prices Mkt x m y * pfz (Suc m) y) n w
(proof)

lemma (in rfr-disc-equity-market) self-fin-trad-strat-mart:

assumes risk-neutral-prob N

and filt-equiv F M N

and trading-strategy pf

and self-financing Mkt pf
and stock-portfolio Mkt pf

and Vn. V asset € support-set pf. integrable N (Aw. prices Mkt asset n w * pf
asset (Suc n) w)

and Vn. YV asset € support-set pf. integrable N (Aw. prices Mkt asset (Suc n) w
* pf asset (Suc n) w)
shows martingale N F (discounted-value r (cls-val-process Mkt pf))

(proof)

lemma (in disc-filtr-prob-space) finite-integrable-vp:
assumes Vn. V asset € support-set pf. finite (prices Mkt asset n {(space M))
and Vn. V asset € support-set pf. finite (pf asset n (space M))
and prob-space N
and filt-equiv F M N
and trading-strategy pf
and Vn. YV asset € support-set pf. prices Mkt asset n € borel-measurable M
shows Vn. Vasset€support-set pf. integrable N (Aw. prices Mkt asset n w * pf
asset (Suc n) w)

(proof)

lemma (in disc-filtr-prob-space) finite-integrable-uuvp:
assumes Vn. V asset € support-set pf. finite (prices Mkt asset n {(space M))
and Vn. V asset € support-set pf. finite (pf asset n (space M))
and prob-space N
and filt-equiv F M N
and trading-strategy pf
and Vn. V asset € support-set pf. prices Mkt asset n € borel-measurable M
shows Vn. Vasset€support-set pf. integrable N (Aw. prices Mkt asset (Suc n) w
* pf asset (Suc n) w)

{(proof)

lemma (in rfr-disc-equity-market) self-fin-trad-strat-mart-finite:
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assumes risk-neutral-prob N

and filt-equiv F M N

and trading-strategy pf

and self-financing Mkt pf

and support-set pf C stocks Mkt

and Vn. V asset € support-set pf. finite (prices Mkt asset n (space M))

and Vn. V asset € support-set pf. finite (pf asset n (space M))
and V asset€ stocks Mkt. borel-adapt-stoch-proc F (prices Mkt asset)
shows martingale N F (discounted-value r (cls-val-process Mkt pf))

{(proof)

lemma (in rfr-disc-equity-market) replicating-expectation:

assumes risk-neutral-prob N

and filt-equiv F M N

and replicating-portfolio pf pyf matur

and Vn. V asset € support-set pf. integrable N (Aw. prices Mkt asset n w * pf
asset (Suc n) w)

and Vn. VY assel € support-set pf. integrable N (Aw. prices Mkt asset (Suc n) w
* pf asset (Suc n) w)

and viable-market Mkt

and sets (F 0) = {{}, space M}

and pyf € borel-measurable (F matur)
shows fair-price Mkt (prob-space.expectation N (discounted-value v (Am. pyf) matur))
pyf matur

(proof)

lemma (in rfr-disc-equity-market) replicating-expectation-finite:
assumes risk-neutral-prob N
and filt-equiv F M N
and replicating-portfolio pf pyf matur
and Vn. V asset € support-set pf. finite (prices Mkt asset n (space M))
and Vn. V asset € support-set pf. finite (pf asset n (space M))
and viable-market Mkt
and sets (F 0) = {{}, space M}
and pyf € borel-measurable (F matur)
shows fair-price Mkt (prob-space.expectation N (discounted-value v (Am. pyf) matur))
pyf matur

(proof)

end
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8 The Cox Ross Rubinstein model

This section defines the Cox-Ross-Rubinstein model of a financial market,
and charcterizes a risk-neutral probability space for this market. This, to-
gether with the proof that every derivative is attainable, permits to obtain
a formula to explicitely compute the fair price of any derivative.

theory CRR-Model imports Fair-Price
begin

locale CRR-hyps = prob-grw + rsk-free-asset +
fixes stk

assumes stocks: stocks Mkt = {stk, risk-free-asset}
and stk-price: prices Mkt stk = geom-proc
and S0-positive: 0 < init
and down-positive: 0 < d and down-lt-up: d < u
and psgt: 0 < p
and psit: p < 1

locale CRR-market = CRR-hyps +
fixes G
assumes stock-filtration: G = stoch-proc-filt M geom-proc borel

8.1 Preliminary results on the market

lemma (in CRR-market) case-asset:
assumes asset € stocks Mkt
shows asset = stk V asset = risk-free-asset

(proof)

lemma (in CRR-market)
assumes N = bernoulli-stream q
and 0 < ¢
and ¢q < I
shows bernoulli-gen-filtration: filtration N G
and bernoulli-sigma-finite: ¥ n. sigma-finite-subalgebra N (G n)

(proof)

sublocale CRR-market C rfr-disc-equity-market - G
(proof)

lemma (in CRR-market) two-stocks:
shows stk # risk-free-asset

(proof)
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lemma (in CRR-market) stock-pf-vp-expand:
assumes stock-portfolio Mkt pf
shows wval-process Mkt pf n w = geom-proc n w = pf stk (Suc n) w +
disc-rfr-proc v n w * pf risk-free-asset (Suc n) w
(proof)

lemma (in CRR-market) stock-pf-uvp-expand:
assumes stock-portfolio Mkt pf
shows cls-val-process Mkt pf (Suc n) w = geom-proc (Suc n) w * pf stk (Suc n)
w +
disc-rfr-proc v (Suc n) w * pf risk-free-asset (Suc n) w
(proof)

lemma (in CRR-market) pos-pf-neg-uuvp:
assumes stock-portfolio Mkt pf
and d < I+r
and 0 < pf stk (Suc n) (spick w n False)
and wval-process Mkt pf n (spick w n False) < 0
shows cls-val-process Mkt pf (Suc n) (spick w n False) < 0

(proof)

lemma (in CRR-market) neg-pf-neg-uvp:
assumes stock-portfolio Mkt pf
and I+r < u
and pf stk (Suc n) (spick w n True) < 0
and val-process Mkt pf n (spick w n True) < 0
shows cls-val-process Mkt pf (Suc n) (spick wn True) < 0

(proof)

lemma (in CRR-market) zero-pf-neg-uvp:
assumes stock-portfolio Mkt pf
and pf stk (Suc n) w =10
and pf risk-free-asset (Suc n) w # 0
and wval-process Mkt pfn w < 0
shows cls-val-process Mkt pf (Suc n) w < 0

(proof)

lemma (in CRR-market) neg-pf-exists:
assumes stock-portfolio Mkt pf
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and trading-strategy pf

and I+r < u

and d < 1+r

and wval-process Mkt pfn w < 0

and pf stk (Suc n) w # 0 V pf risk-free-asset (Suc n) w # 0
shows Jy. cls-val-process Mkt pf (Suc n) y < 0
(proof)

lemma (in CRR-market) non-zero-components:

assumes val-process Mkt pfn y # 0

and stock-portfolio Mkt pf

shows pf stk (Suc n) y # 0 V pf risk-free-asset (Suc n) y # 0

(proof)

lemma (in CRR-market) neg-pf-Suc:
assumes stock-portfolio Mkt pf
and trading-strategy pf
and self-financing Mkt pf
and 1+r < u
and d < 1+r
and cls-val-process Mkt pfn w < 0
shows n < m = Jy. cls-val-process Mkt pf m y < 0

(proof)

lemma (in CRR-market) viable-if:
assumes [+7r < u
and d < 147

shows viable-market Mkt (proof)

lemma (in CRR-market) viable-only-if-d:
assumes viable-market Mkt
shows d < 1+r

(proof)

lemma (in CRR-market) viable-only-if-u:
assumes viable-market Mkt
shows I+r < u

(proof)

lemma (in CRR-market) viable-iff:
shows viable-market Mkt «— (d < 1+r A 14+r < u) {(proof)
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8.2 Risk-neutral probability space for the geometric random
walk

lemma (in CRR-market) stock-price-borel-measurable:
shows borel-adapt-stoch-proc G (prices Mkt stk)

{(proof)

lemma (in CRR-market) risk-free-asset-martingale:

assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < I

shows martingale N G (discounted-value r (prices Mkt risk-free-asset))
(proof)

lemma (in infinite-coin-toss-space) nat-filtration-from-eq-sets:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < !
shows sets (infinite-coin-toss-space.nat-filtration N n) = sets (nat-filtration n)

(proof)

lemma (in CRR-market) geom-proc-integrable:
assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < 1

shows integrable N (geom-proc n)

(proof)

lemma (in CRR-market) CRR-infinite-cts-filtration:
shows infinite-cts-filtration p M nat-filtration

{proof)

lemma (in CRR-market) proj-stoch-proc-geom-disc-fct:
shows disc-fct (proj-stoch-proc geom-proc n) (proof)

lemma (in CRR-market) proj-stoch-proc-geom-rng:
assumes N = bernoulli-stream q
shows proj-stoch-proc geom-proc n € N — s stream-space borel

(proof)

lemma (in CRR-market) proj-stoch-proc-geom-open-set:
shows V re&range (proj-stoch-proc geom-proc n) N space (stream-space borel).
3 Aesets (stream-space borel). range (proj-stoch-proc geom-proc n) N A = {r}

(proof)
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lemma (in CRR-market) bernoulli-AE-cond-exp:

assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < I
and integrable N X
shows AFE w in N. real-cond-exp N (fct-gen-subalgebra N (stream-space borel)
(proj-stoch-proc geom-proc n)) X w =

expl-cond-expect N (proj-stoch-proc geom-proc n) X w

{(proof)

lemma (in CRR-market) geom-proc-cond-exp:

assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < 1
shows AFE w in N. real-cond-exp N (fct-gen-subalgebra N (stream-space borel)
(proj-stoch-proc geom-proc n)) (geom-proc (Suc n)) w =

expl-cond-expect N (proj-stoch-proc geom-proc n) (geom-proc (Suc n)) w

(proof)

lemma (in CRR-market) expl-cond-eq-sets:
assumes N = bernoulli-stream q
shows expl-cond-expect N (proj-stoch-proc geom-proc n) X €
borel-measurable (fct-gen-subalgebra N (stream-space borel) (proj-stoch-proc
geom-proc n))

(proof)

lemma (in CRR-market) bernoulli-real-cond-exp-AE:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢q < I
and integrable N X
shows real-cond-exp N (fct-gen-subalgebra N (stream-space borel) (proj-stoch-proc
geom-proc n))
X w = expl-cond-expect N (proj-stoch-proc geom-proc n) X w
(proof)

lemma (in CRR-market) geom-proc-real-cond-exp-AE:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢q < I
shows real-cond-exp N (fct-gen-subalgebra N (stream-space borel) (proj-stoch-proc
geom-proc n))
(geom-proc (Suc n)) w = expl-cond-expect N (proj-stoch-proc geom-proc n)
(geom-proc (Suc n)) w

(proof)
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lemma (in CRR-market) geom-proc-stoch-proc-filt:
assumes N= bernoulli-stream q
and 0 < ¢
and ¢ < I
shows stoch-proc-filt N geom-proc borel n = fct-gen-subalgebra N (stream-space
borel) (proj-stoch-proc geom-proc n)

(proof)

lemma (in CRR-market) bernoulli-cond-exp:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < !
and integrable N X
shows real-cond-exp N (stoch-proc-filt N geom-proc borel n) X w = expl-cond-expect
N (proj-stoch-proc geom-proc n) X w
(proof)

lemma (in CRR-market) stock-cond-exp:

assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < I
shows real-cond-exp N (stoch-proc-filt N geom-proc borel n) (geom-proc (Suc n))
w = expl-cond-expect N (proj-stoch-proc geom-proc n) (geom-proc (Suc n)) w
(proof)

lemma (in prob-space) discount-factor-real-cond-exp:
assumes integrable M X
and subalgebra M G
and -1 < r
shows AE w in M. real-cond-exp M G (Az. discount-factor r n z * X z) w =
discount-factor r n w * (real-cond-exp M G X) w

(proof)

lemma (in prob-space) discounted-value-real-cond-exp:
assumes integrable M X
and -1 < r
and subalgebra M G
shows AE w in M. real-cond-exp M G ((discounted-value v (A m. X)) n) w =
discounted-value v (Am. (real-cond-exp M G X)) n w (proof)

lemma (in CRR-market)
assumes ¢ = (1 + r — d)/(u —d)
and viable-market Mkt
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shows gt-param: 0 < ¢
and lt-param: ¢ < 1
and risk-neutral-param: ux ¢ + d*x (1 —q¢) =1+ r
{proof)

lemma (in CRR-market) bernoulli-expl-cond-expect-adapt:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < I
shows expl-cond-expect N (proj-stoch-proc geom-proc n) f€ borel-measurable (G
n)

(proof)

lemma (in CRR-market) real-cond-exp-discount-stock:

assumes N = bernoulli-stream q
and 0 < ¢
and ¢q < I
shows AE w in N. real-cond-exp N (G n)

(discounted-value r (prices Mkt stk) (Suc n)) w =

discounted-value r (Am w. (¢ x uw + (1 — q) * d) * prices Mkt stk n

w) (Suc n) w
(proof)

lemma (in CRR-market) risky-asset-martingale-only-if:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < 1
and martingale N G (discounted-value r (prices Mkt stk))
shows ¢ = (1 +r —d) / (u— d)
(proof)

locale CRR-market-viable = CRR-market +
assumes CRR-viable: viable-market Mkt

lemma (in CRR-market-viable) real-cond-exp-discount-stock-g-const:
assumes N = bernoulli-stream q
and ¢ = (14+r—d) / (u—d)
shows AE w in N. real-cond-exp N (G n)
(discounted-value r (prices Mkt stk) (Suc n)) w =
discounted-value r (prices Mkt stk) n w

(proof)
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lemma (in CRR-market-viable) risky-asset-martingale-if:
assumes N = bernoulli-stream q
and ¢=(1 +r—4d)/(u—4d)
shows martingale N G (discounted-value r (prices Mkt stk))
(proof)

lemma (in CRR-market-viable) risk-neutral-iff "
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < 1
and filt-equiv nat-filtration M N
shows rfr-disc-equity-market.risk-neutral-prob G Mkt r N +— ¢= (I + r — d) /
(v — d)
(proof )

lemma (in CRR-market-viable) risk-neutral-iff:
assumes N = bernoulli-stream q
and 0 < ¢
and ¢ < I
shows rfr-disc-equity-market.risk-neutral-prob G Mkt r N «+— ¢q= (1 + r — d) /
(v — d)
(proof)

8.3 Existence of a replicating portfolio

fun (in CRR-market) rn-rev-price where
rn-rev-price N der matur 0 w = der w |
rn-rev-price N der matur (Suc n) w = discount-factor r (Suc 0) w *
expl-cond-expect N (proj-stoch-proc geom-proc (matur
— Suc n)) (rn-rev-price N der matur n) w

lemma (in CRR-market) stock-filtration-eq:
assumes N = bernoulli-stream q

and 0 < ¢

and ¢q < I

shows G n = stoch-proc-filt N geom-proc borel n

(proof)

lemma (in CRR-market) real-exp-eq:
assumes der€ borel-measurable (G matur)
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and N = bernoulli-stream q

and 0 < ¢

and ¢ < I

shows real-cond-exp N (stoch-proc-filt N geom-proc borel n) der w =
expl-cond-expect N (proj-stoch-proc geom-proc n) der w

(proof)

lemma (in CRR-market) rn-rev-price-rev-borel-adapt:

assumes cash-flow € borel-measurable (G matur)

and N = bernoulli-stream ¢

and 0 < ¢

and ¢q < I

shows (n < matur) = (rn-rev-price N cash-flow matur n) € borel-measurable (G
(matur — n))

(proof)

lemma (in infinite-coin-toss-space) bernoulli-discounted-integrable:
assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < I
and der € borel-measurable (nat-filtration n)

and —1 <r
shows integrable N (discounted-value v (Am. der) m)

(proof)

lemma (in CRR-market) rn-rev-expl-cond-expect:
assumes dere borel-measurable (G matur)
and N = bernoulli-stream q
and 0 < ¢
and ¢q < I
shows n < matur = rn-rev-price N der matur n w =
expl-cond-expect N (proj-stoch-proc geom-proc (matur — n)) (discounted-value r
(Am. der) n) w
{proof)

definition (in CRR-market) rn-price where
rn-price N der matur n w = expl-cond-expect N (proj-stoch-proc geom-proc n)
(discounted-value v (Am. der) (matur — n)) w

definition (in CRR-market) rn-price-ind where
rn-price-ind N der matur n w = rn-rev-price N der matur (matur — n) w

lemma (in CRR-market) rn-price-eq:
assumes N = bernoulli-stream q

and 0 < ¢

and ¢ < I
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and der € borel-measurable (G matur)
and n < matur
shows rn-price N der matur n w = rn-price-ind N der matur n w (proof)

lemma (in CRR-market) geom-proc-filt-info:
fixes f::bool stream = 'b:{t0-space}
assumes f € borel-measurable (G n)
shows fw = f (pseudo-proj-True n w)

{(proof)

lemma (in CRR-market) geom-proc-filt-info:
fixes f::bool stream = 'b::{t0-space}
assumes f € borel-measurable (G n)
shows fw = f (pseudo-proj-False n w)
(proof)

lemma (in CRR-market) rn-price-borel-adapt:

assumes cash-flow € borel-measurable (G matur)

and N = bernoulli-stream q

and 0 < ¢

and ¢ < I

and n < matur

shows (rn-price N cash-flow matur n) € borel-measurable (G n)

(proof)

definition (in CRR-market) delta-price where
delta-price N cash-flow T =
Anw. if (Sucen<T)
then (rn-price N cash-flow T (Suc n) (pseudo-proj-True n w) — rn-price N
cash-flow T (Suc n) (pseudo-proj-False n w))/
(geom-proc (Suc n) (spick w n True) — geom-proc (Suc n) (spick w n False))
else 0)

lemma (in CRR-market) delta-price-eq:
assumes Sucn < T
shows delta-price N cash-flow T n w = (rn-price N cash-flow T (Suc n) (spick
w n True) — rn-price N cash-flow T (Suc n) (spick w n False))/
((geom-proc n w) * (u — d))
(proof)

lemma (in CRR-market) geom-proc-spick:
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shows geom-proc (Suc n) (spick wn x) = (if x then u else d) x geom-proc n w
(proof)

lemma (in CRR-market) spick-red-geom:
shows (Aw. spick w n x) € measurable (fct-gen-subalgebra M borel (geom-proc
n)) (fet-gen-subalgebra M borel (geom-proc (Suc n)))

{proof)

lemma (in CRR-market) geom-spick-Suc:
assumes A € {(geom-proc (Suc n)) —“ B |B. B € sets borel}
shows (Aw. spick wn z) —‘A € {geom-proc n —‘B | B. BE sets borel}

(proof)

lemma (in CRR-market) geom-spick-lt:

assumes m< n

shows geom-proc m (spick w n x) = geom-proc m w
(proof )

lemma (in CRR-market) geom-spick-eq:
shows geom-proc m (spick w m x) = geom-proc m w
(proof)

lemma (in CRR-market) spick-red-geom-filt:
shows (Aw. spick w n z) € measurable (G n) (G (Suc n)) (proof)

lemma (in CRR-market) delta-price-adapted:
fixes cash-flow::bool stream = real
assumes cash-flow € borel-measurable (G T)
and N = bernoulli-stream g
and 0 < ¢
and ¢q < I
shows borel-adapt-stoch-proc G (delta-price N cash-flow T)

(proof)

fun (in CRR-market) delta-predict where
delta-predict N der matur 0 = (Aw. delta-price N der matur 0 w) |
delta-predict N der matur (Suc n) = (Aw. delta-price N der matur n w)

lemma (in CRR-market) delta-predict-predict:
assumes der € borel-measurable (G matur)
and N = bernoulli-stream q
and 0 < ¢
and ¢ < I
shows borel-predict-stoch-proc G (delta-predict N der matur) {proof)
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definition (in CRR-market) delta-pf where
delta-pf N der matur = qty-single stk (delta-predict N der matur)

lemma (in CRR-market) delta-pf-support:
shows support-set (delta-pf N der matur) C {stk} (proof)

definition (in CRR-market) self-fin-delta-pf where
self-fin-delta-pf N der matur v0 = self-finance Mkt v0 (delta-pf N der matur)
risk-free-asset

lemma (in disc-equity-market) self-finance-trading-strat:
assumes trading-strategy pf

and portfolio pf

and borel-adapt-stoch-proc F' (prices Mkt asset)

and support-adapt Mkt pf

shows trading-strategy (self-finance Mkt v pf asset) (proof)

lemma (in CRR-market) self-fin-delta-pf-trad-strat:
assumes dere borel-measurable (G matur)
and N = bernoulli-stream q
and 0 < ¢
and ¢q < I
shows trading-strategy (self-fin-delta-pf N der matur v0) (proof)

definition (in CRR-market) delta-hedging where
delta-hedging N der matur = self-fin-delta-pf N der matur
(prob-space.expectation N (discounted-value v (Am. der) matur))

lemma (in CRR-market) geom-proc-eq-snth:
shows (Am. m < Suc n = geom-proc m & = geom-proc m y) =
(Am. m < n = snth x m = snth y m)

(proof)

lemma (in CRR-market) geom-proc-eq-pseudo-proj-True:
shows (Am. m < n = geom-proc m x = geom-proc m y) =
(pseudo-proj-True (n) x = pseudo-proj-True (n) y)
(proof )

lemma (in CRR-market) proj-stoch-eq-pseudo-proj-True:
assumes proj-stoch-proc geom-proc m x = proj-stoch-proc geom-proc m y
shows pseudo-proj-True m x = pseudo-proj-True m y

(proof)

lemma (in CRR-market-viable) rn-rev-price-cond-expect:
assumes N = bernoulli-stream q
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and 0 <q
and ¢ < I
and der € borel-measurable (G matur)
and Suc n < matur
shows expl-cond-expect N (proj-stoch-proc geom-proc n) (rn-rev-price N der matur
(matur — Suc n)) w=
(¢ * rn-rev-price N der matur (matur — Suc n) (pseudo-proj-True n w) -+
(1 — q) * rn-rev-price N der matur (matur — Suc n) (pseudo-proj-False n w))

(proof)

lemma (in CRR-market-viable) rn-price-eg-ind:
assumes N = bernoulli-stream q
and n < matur
and 0 < ¢
and ¢q < I
and der € borel-measurable (G matur)
shows (1+7r) x rn-price N der matur n w = q * rn-price N der matur (Suc n)
(pseudo-proj-True n w) +
(1 — q) x rn-price N der matur (Suc n) (pseudo-proj-False n w)
(proof)

lemma self-finance-updated-suc-suc:
assumes portfolio pf
and Vn. prices Mkt asset n w # 0
shows cls-val-process Mkt (self-finance Mkt v pf asset) (Suc (Suc n)) w =
cls-val-process Mkt pf (Suc (Suc n)) w +
(prices Mkt asset (Suc (Suc n)) w / (prices Mkt asset (Suc n) w)) *
(cls-val-process Mkt (self-finance Mkt v pf asset) (Suc n) w —
val-process Mkt pf (Suc n) w)

(proof)

lemma self-finance-updated-suc-0:
assumes portfolio pf
and Vn w. prices Mkt asset n w # 0
shows cls-val-process Mkt (self-finance Mkt v pf asset) (Suc 0) w = cls-val-process
Mkt pf (Suc 0) w +
(prices Mkt asset (Suc 0) w / (prices Mkt asset 0 w)) *
(val-process Mkt (self-finance Mkt v pf asset) 0 w —
val-process Mkt pf 0 w)

(proof)
lemma self-finance-updated-ind:

assumes portfolio pf
and Vn w. prices Mkt asset n w # 0
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shows cls-val-process Mkt (self-finance Mkt v pf asset) (Suc n) w = cls-val-process
Mkt pf (Suc n) w +
(prices Mkt asset (Suc n) w / (prices Mkt asset n w)) *
(val-process Mkt (self-finance Mkt v pf asset) n w —
val-process Mkt pf n w)

(proof)

lemma (in rfr-disc-equity-market) self-finance-risk-free-update-ind:

assumes portfolio pf

shows cls-val-process Mkt (self-finance Mkt v pf risk-free-asset) (Suc n) w =
cls-val-process Mkt pf (Suc n) w +

(1 + r) * (val-process Mkt (self-finance Mkt v pf risk-free-asset) n w — val-process
MEkt pf n w)

(proof)

lemma (in CRR-market) delta-pf-portfolio:
shows portfolio (delta-pf N der matur) {proof)

lemma (in CRR-market) delta-pf-updated:
shows cls-val-process Mkt (delta-pf N der matur) (Suc n) w =
geom-proc (Suc n) w * delta-price N der matur n w (proof)

lemma (in CRR-market) delta-pf-val-process:
shows wval-process Mkt (delta-pf N der matur) n w =
geom-proc n w * delta-price N der matur n w {proof)

lemma (in CRR-market) delta-hedging-cls-val-process:
shows cls-val-process Mkt (delta-hedging N der matur) (Suc n) w =
geom-proc (Suc n) w * delta-price N der matur n w +
(1 + r) * (val-process Mkt (delta-hedging N der matur) n w — geom-proc n w
x delta-price N der matur n w)

(proof)

lemma (in CRR-market-viable) delta-hedging-eq-derivative-price:
fixes der::bool stream = real and matur::nat
assumes N = bernoulli-stream ((1 + r — d) / (u — d))
and dere borel-measurable (G matur)
shows An w. n< matur =
val-process Mkt (delta-hedging N der matur) n w =
(rn-price N der matur) n w
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(proof)

lemma (in CRR-market-viable) delta-hedging-same-cash-flow:
assumes der € borel-measurable (G matur)
and N = bernoulli-stream (1 + r — d) / (v — d))
shows cls-val-process Mkt (delta-hedging N der matur) matur w =
der w

(proof)

lemma (in CRR-market) delta-hedging-trading-strat:
assumes N = bernoulli-stream q
and 0 < ¢

and ¢ < I

and der € borel-measurable (G matur)
shows trading-strategy (delta-hedging N der matur) (proof)

lemma (in CRR-market) delta-hedging-self-financing:
shows self-financing Mkt (delta-hedging N der matur) (proof)

lemma (in CRR-market-viable) delta-hedging-replicating:
assumes der € borel-measurable (G matur)
and N = bernoulli-stream (1 + r — d) / (v — d))
shows replicating-portfolio (delta-hedging N der matur) der matur

(proof)

definition (in disc-equity-market) complete-market where
complete-market <— (¥ matur. ¥V dere borel-measurable (F matur). (3 p. replicat-
ing-portfolio p der matur))

lemma (in CRR-market-viable) CRR-market-complete:
shows complete-market {proof)

lemma subalgebras-filtration:
assumes filtration M F
and V¢. subalgebra (F' t) (G t)
andV st s <t —> subalgebra (G t) (G s)
shows filtration M G (proof)

lemma subfilt-filt-equiv:
assumes filt-equiv ' M N
and V t. subalgebra (F't) (G t)
and V st. s <t — subalgebra (G t) (G s)
shows filt-equiv G M N (proof)

lemma (in CRR-market-viable) CRR-market-fair-price:
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assumes pyfe borel-measurable (G matur)
shows fair-price Mkt
(3> we range (pseudo-proj-True matur). (prod (prob-component ((1 + r — d)
/ (u — d)) w) {0..<matur})
((discounted-value v (Am. pyf) matur) w))
pyf matur
(proof)

end
theory Option-Price-Examples imports CRR-Model

begin

This file contains pricing results for four options in the Cox-Ross-Rubinstein
model. The first section contains results relating some functions to the more
abstract counterparts that were used to prove fairness and completeness
results. The second section contains the pricing results for a few options;
some path-dependent and others not.

9 Effective computation definitions and results

9.1 Generation of lists of boolean elements

The function gener-bool-list permits to generate lists of boolean elements.
It is used to generate a list representative of the range of boolean streams
by the function pseudo-proj-True.

fun gener-bool-list where

gener-bool-list 0 = {[|}

| gener-bool-list (Suc n) = {True # w| w. we gener-bool-list n} U {False # w| w.
we gener-bool-list n}

lemma gener-bool-list-elem-length:
shows Az. z€ gener-bool-list n = length © = n

(proof)

lemma (in infinite-coin-toss-space) stake-gener-bool-list:
shows stake n‘streams (UNIV::bool set) = gener-bool-list n

(proof)

lemma (in infinite-coin-toss-space) pseudo-range-stake:

assumes Aw. fw = g (stake n w)

shows (Y. we range (pseudo-proj-True n). f w) = (3. y€ (gener-bool-list n). g
v)
(proof)

9.2 Probability components for lists

fun Iprob-comp where
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Iprob-comp (p::real) [| = 1
| lprob-comp p (x # xs) = (if = then p else (1—p)) * Ilprob-comp p xs

lemma Iprob-comp-last:

shows Iprob-comp p (xs Q [z]) = (Iprob-comp p xs) * (if x then p else (1 — p))
(proof)
lemma (in infinite-coin-toss-space) Iprob-comp-stake:

shows (prod (prob-component pr w) {0..<matur}) = Iprob-comp pr (stake matur

w)

(proof)

9.3 Geometric process applied to lists

fun lrev-geom where
lrev-geom u d v [ = v
| lrev-geom w d v (x#xs) = (if « then u else d) x lrev-geom u d v s

fun lgeom-proc where lgeom-proc u d v 1 = lrev-geom u d v (rev )

lemma (in infinite-coin-toss-space) geom-lgeom:
shows geom-rand-walk v d v n w = lgeom-proc u d v (stake n w)

(proof)

lemma lgeom-proc-take:
assumes 1 < n
shows lgeom-proc u d init (stake i w) = lgeom-proc u d init (take i (stake n w))

(proof)
9.4 Effective computation of discounted values

fun det-discount where
det-discount (r:real) 0 = 1
| det-discount v (Suc n) = (inverse (1+7)) * (det-discount r n)

lemma det-discounted:
shows discounted-value r X n w = (det-discount r n) * (X n w) (proof)
10 Pricing results on options

10.1 Call option

A call option is parameterized by a strike K and maturity T. If S denotes
the price of the (unique) risky asset at time T, then the option pays max(S
- K, 0) at that time.

definition (in CRR-market) call-option where
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call-option (T::nat) (K:real) = (A w. maz (prices Mkt stk T w — K) 0)

lemma (in CRR-market) call-borel:
shows call-option T K € borel-measurable (G T) (proof)

lemma (in CRR-market-viable) call-option-lgeom:
shows call-option T K w = maz ((lgeom-proc u d init (stake T w)) — K) 0

{proof)

lemma (in CRR-market-viable) disc-call-option-lgeom:
shows (discounted-value r (Am. (call-option T K)) T w) =
(det-discount r T) * (maz ((lgeom-proc u d init (stake T w)) — K) 0)
(proof)

lemma (in CRR-market-viable) call-effect-compute:
shows (3. we range (pseudo-proj-True matur). (prod (prob-component pr w)
{0..<matur}) *
(discounted-value r (Am. (call-option matur K)) matur w)) =
(>° ye (gener-bool-list matur). lprob-comp pr y * (det-discount r matur) *
(maz ((lgeom-proc u d init (take matur y)) — K) 0))

(proof)

fun call-price where
call-price u d init r matur K = (> y€ (gener-bool-list matur). Iprob-comp ((1 +
r—d)/ (u— d))y * (det-discount r matur) *

(maz ((lgeom-proc u d init (take matur (take matur y))) — K) 0))

Evaluating the function above returns the fair price of a call option.

lemma (in CRR-market-viable) call-price:
shows fair-price Mkt
(call-price u d init v matur K)
(call-option matur K) matur

(proof)

10.2 Put option

A put option is also parameterized by a strike K and maturity T. If S denotes
the price of the (unique) risky asset at time T, then the option pays max(K
- S, 0) at that time.

definition (in CRR-market) put-option where
put-option (T::nat) (K:real) = (A w. maz (K — prices Mkt stk T w) 0)

lemma (in CRR-market) put-borel:
shows put-option T K € borel-measurable (G T) (proof)

lemma (in CRR-market-viable) put-option-lgeom:

shows put-option T K w = max (K — (lgeom-proc w d init (stake T w))) 0
{proof)
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lemma (in CRR-market-viable) disc-put-option-lgeom:
shows (discounted-value r (Am. (put-option T K)) T w) =
(det-discount r T) * (mazx (K — (lgeom-proc u d init (stake T w))) 0)
(proof )

lemma (in CRR-market-viable) put-effect-compute:
shows (3. we range (pseudo-proj-True matur). (prod (prob-component pr w)
{0..<matur}) *
(discounted-value v (Am. (put-option matur K)) matur w)) =
(5>° ye (gener-bool-list matur). Iprob-comp pr y * (det-discount r matur) *
(maz (K — (lgeom-proc u d init (take matur y))) 0))

(proof)

fun put-price where
put-price u d init r matur K = (> y€ (gener-bool-list matur). lprob-comp ((1 +
r—d)/ (u— d))y =x (det-discount r matur) *

(maz (K — (lgeom-proc u d init (take matur (take matur y)))) 0))

Evaluating the function above returns the fair price of a put option.

lemma (in CRR-market-viable) put-price:
shows fair-price Mkt
(put-price u d init r matur K)
(put-option matur K) matur

(proof)

10.3 Lookback option

A lookback option is parameterized by a maturity T. If Sn denotes the price
of the (unique) risky asset at time n, then the option pays max(Sn. 0 <=n
<=T) - ST at that time.

definition (in CRR-market) lbk-option where
Ibk-option (T::nat) = (A w. Max ((Ai. (prices Mkt stk) i w)q{0 .. T}) — (prices
Mkt stk T w))

lemma borel-measurable-Max-finite:

fixes f::'a = 'b = 'c::{second-countable-topology, linorder-topology}

assumes 0 < (n:nat)
shows AA. card A = n = Va € A. f a € borel-measurable M = (Aw. Max
((Aa. fa w)‘A)) € borel-measurable M (proof)

lemma (in CRR-market) Ibk-borel:
shows Ibk-option T € borel-measurable (G T) (proof)
lemma (in CRR-market-viable) Ibk-option-lgeom:

shows [bk-option T w = Maz ((Ai. (lgeom-proc u d init (stake i w))){0 .. T})
— (lgeom-proc u d init (stake T w))
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{proof)

lemma (in CRR-market-viable) disc-lbk-option-lgeom:
shows (discounted-value r (Am. (Ibk-option T)) T w) =
(det-discount v T') * (Maz ((Mi. (lgeom-proc u d init (take i (stake T w)))) {0
.. T}) — (lgeom-proc u d init (stake T w)))

(proof)

lemma (in CRR-market-viable) Ibk-effect-compute:
shows (3. we range (pseudo-proj-True matur). (prod (prob-component pr w)
{0..<matur}) *
(discounted-value r (Am. (lbk-option matur)) matur w)) =
(3> ye (gener-bool-list matur). lprob-comp pr y * (det-discount r matur) *
(Maz ((Mi. (Igeom-proc w d init (take i y))) {0 .. matur}) — (lgeom-proc uw d
init y)))
(proof)

fun [bk-price where
Ibk-price w d init r matur = (> y€ (gener-bool-list matur). lprob-comp ((1 + r —
d) / (v — d)) y = (det-discount r matur) *

(Maz ((Ai. (lgeom-proc u d init (take i y))) {0 .. matur}) — (lgeom-proc u d

init y)))
Evaluating the function above returns the fair price of a lookback option.

lemma (in CRR-market-viable) lbk-price:
shows fair-price Mkt
(Ibk-price u d init r matur)
(Ibk-option matur) matur

(proof)

value [lbk-price 1.2 0.8 10 0.03 2

10.4 Asian option

An asian option is parameterized by a maturity T. This option pays the
average price of the risky asset at time T.

definition (in CRR-market) asian-option where

asian-option (T:nat) = (A w. (> i€ {1.. T}. prices Mkt stk i w)/T)

lemma (in CRR-market) asian-borel:
shows asian-option T € borel-measurable (G T) (proof)

lemma (in CRR-market-viable) asian-option-lgeom:
shows asian-option T w = (> i€ {I1.. T}. lgeom-proc u d init (stake i w))/ T
{proof)

92



lemma (in CRR-market-viable) disc-asian-option-lgeom:
shows (discounted-value r (Am. (asian-option T)) T w) =
(det-discount r T) = (> i€ {1.. T}. lgeom-proc u d init (take i (stake T w)))/
T

(proof)

lemma (in CRR-market-viable) asian-effect-compute:
shows (3. we range (pseudo-proj-True matur). (prod (prob-component pr w)
{0..<matur}) *
(discounted-value v (Am. (asian-option matur)) matur w)) =
(5>° ye (gener-bool-list matur). Iprob-comp pr y * (det-discount r matur) *
(5> die {1.. matur}. lgeom-proc v d init (take i y))/ matur)

(proof)

fun asian-price where
asian-price u d init r matur = (>, y€ (gener-bool-list matur). lprob-comp ((1 + r
—d) / (v — d)) y * (det-discount r matur) x

(5> die {1.. matur}. lgeom-proc v d init (take i y))/ matur)

Evaluating the function above returns the fair price of an asian option.

lemma (in CRR-market-viable) asian-price:
shows fair-price Mkt
(asian-price u d init r matur)
(asian-option matur) matur

(proof)

end
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