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Abstract

This entry is a formalisation of much of Chapters 2, 3, and 11
of Apostol’s “Introduction to Analytic Number Theory” [1]. This in-
cludes:

Definitions and basic properties for several number-theoretic func-
tions (Euler’s ¢, Mdbius u, Liouville’s A, the divisor function o,
von Mangoldt’s A)

Executable code for most of these functions, the most efficient
implementations using the factoring algorithm by Thiemann et
al.

Dirichlet products and formal Dirichlet series

Analytic results connecting convergent formal Dirichlet series to
complex functions

Euler product expansions

Asymptotic estimates of number-theoretic functions including the
density of squarefree integers and the average number of divisors
of a natural number

These results are useful as a basis for developing more number-theoretic
results, such as the Prime Number Theorem.
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1 Miscellaneous auxiliary facts

theory Dirichlet-Misc
imports
HOL— Number-Theory. Number- Theory
begin

lemma
fixes a k :: nat
assumes a > 1 k> 0
shows geometric-sum-nat-aux: (a — 1) x (> i<k.a "i)=a "k — 1
and geometric-sum-nat-dvd: a — 1 dvd a "k — 1
and geometric-sum-nat: (> i<k.a "i)=(a "k —1)div(a— 1)
proof —
have (real a — 1) * (> i<k. real a " i) = real a "k — 1
using assms by (subst geometric-sum) auto
also have (real a — 1) * (> i<k. real a " i) = real ((a — 1) * (3 i<k. a "))
using assms by (simp add: of-nat-diff)
also have real a "k — 1 = real (a "k — 1) using assms by (subst of-nat-diff)
auto
finally show *: (a — 1) x (D i<k. a " i) = a ~ k — 1 by (subst (asm)
of-nat-eq-iff )
show a — 1 dvd a ~k — 1 by (subst x [symmetric]) simp
from assms show (3" i<k.a " i) =(a "k —1)div(a— 1)
by (subst * [symmetric]) simp
qed

lemma dvd-div-gt0: d dvd n = n > 0 = n div d > (0::nat)
by auto

lemma Set-filter-insert:

Set.filter P (insert x A) = (if P x then insert x (Set.filler P A) else Set.filter P
4)

by auto

lemma Set-filter-union: Set.filter P (A U B) = Set.filter P A U Set.filter P B
by auto

lemma Set-filter-empty [simp]: Set.filter P {} = {}
by auto

lemma Set-filter-image: Set.filter P (f ¢ A) = f ¢ Set.filter (P o f) A
by auto

lemma Set-filter-cong [cong]:
(Az.z2€ A= Pz +— Qz) = A= B = Sel.filter P A= Set.filter Q B
by auto

lemma inj-on-insert. (AB. B € A = z ¢ B) = inj-on (insert x) A



by (auto simp: inj-on-def insert-eq-iff)

lemma
assumes finite A A # {}
shows card-even-subset-auz: card {B. B C A A even (card B)} = 2 ~ (card A
— 1)
and card-odd-subset-auz: card {B. B C A A odd (card B)} = 2 ~ (card A —
1)
and card-even-odd-subset: card {B. B C A A even (card B)} = card {B. B
C A A odd (card B)}
proof —
from assms have x: 2 x card (Set.filter (even o card) (Pow A)) = 2 ~ card A
proof (induction A rule: finite-ne-induct)
case (singleton x)
then have Pow {2} = {{}, {z}} by auto
moreover have ({A. (A ={} V A = {z}) A even (card A)} = {{} p
by auto
ultimately show ?case
by simp
next
case (insert z A)
note fin = finite-subset|OF - «finite A>]
have Pow (insert x A) = Pow A U insert x * Pow A by (rule Pow-insert)
have Set.filter (even o card) (Pow (insert z A)) =
Set.filter (even o card) (Pow A) U
insert x ¢ Set.filter (even o card o insert z) (Pow A)
unfolding Pow-insert Set-filter-union Set-filter-image by blast
also have Set.filter (even o card o insert ) (Pow A) = Set.filter (odd o card)
(Pow A)
unfolding o-def
by (intro Set-filter-cong refl, subst card-insert-disjoint)
(insert insert.hyps, auto dest: finite-subset)
also have card (Set.filter (even o card) (Pow A) U insert z “...) =
card (Set.filter (even o card) (Pow A)) + card (insert z ¢...)
(is card (AU ?B) = -)
by (intro card-Un-disjoint finite-filter finite-imagel) (auto simp: insert.hyps)
also have card ?B = card (Set.filter (odd o card) (Pow A))
using insert.hyps by (intro card-image inj-on-insert’) auto
also have Set.filter (odd o card) (Pow A) = Pow A — Set.filter (even o card)
(Pow A)
by auto
also have card ... = card (Pow A) — card (Set.filter (even o card) (Pow A))
using insert.hyps by (subst card-Diff-subset) (auto simp: finite-filter)
also have card (Set.filter (even o card) (Pow A)) + ... = card (Pow A)
by (intro add-diff-inverse-nat, subst not-less, rule card-mono) (insert in-
sert.hyps, auto)
also have 2 % ... = 2 7 card (insert z A)
using insert.hyps by (simp add: card-Pow)
finally show Zcase .



qed
from * show A: card {B. B C A A even (card B)} = 2 " (card A — 1)
by (cases card A) (simp-all add:)

have Set.filter (odd o card) (Pow A) = Pow A — Set.filter (even o card) (Pow
A) by auto

also have 2 x card ... = 2 x 2 " card A — 2 x card (Set.filter (even o card)
(Pow A))

using assms by (subst card-Diff-subset) (auto intro!: finite-filter simp: card-Pow)

also note *

also have 2 x 2 “card A — 2 " card A = (2 " card A :: nat) by simp

finally show B: card {B. B C A A odd (card B)} = 2 ~ (card A — 1)

by (cases card A) (simp-all add:)

from A and B show card {B. B C A A even (card B)} = card {B. B C A A
odd (card B)} by simp
qed

lemma bij-betw-prod-divisors-coprime:
assumes coprime a (b :: nat)
shows  bij-betw (Az. fst x x snd z) ({d. d dvd a} x {d. d dvd b}) {k. k dvd a *
b}
unfolding bij-betw-def
proof
from assms show inj-on (Az. fst x * snd x) ({d. d dvd a} x {d. d dvd b})
by (auto simp: inj-on-def coprime-crossproduct-nat coprime-divisors)
show (Az. fst z x snd z) ‘ ({d. d dvd a} x {d. d dvd b}) = {k. k dvd a * b}
proof safe
fix z assume z dvd a % b
then obtain b’ ¢’ where x = b’ x ¢’ b’ dvd a ¢’ dvd b
using division-decomp by blast
thus z € (\z. fst z x snd z) ‘ ({d. d dvd a} x {d. d dvd b}) by force
qed (insert assms, auto intro: mult-dvd-mono)
qed

lemma bij-betw-prime-power-divisors:
assumes prime (p :: nat)
shows  bij-betw ((7) p) {..k} {d. d dvd p "k}
unfolding bij-betw-def
proof
from assms have x: p > [ by (simp add: prime-gt-Suc-0-nat)
show inj-on ((7) p) {..k} using assms
by (auto simp: inj-on-def prime-gt-Suc-0-nat power-inject-exp| OF *])
show (7) p ‘{..k} ={d. d dvd p "k}
using assms by (auto simp: le-imp-power-dvd divides-primepow-nat)
qed

lemma sum-divisors-coprime-mult:
assumes coprime a (b :: nat)



shows (O.d|ddvdaxb fd)y=0O r|rdvda > s|sdvdb. f(rx*s))
proof —
have (3 r | rdvda. > s| sdvdb. f (r«s)) =
(3" ze{r. r dvd a} x {s. s dvd b}. f (fst z * snd z))
by (subst sum.cartesian-product) (simp add: case-prod-unfold)
also have ... = (D_d | ddvd a x b. fd)
by (intro sum.reindex-bij-betw bij-betw-prod-divisors-coprime assms)
finally show ?thesis ..
qed

end

2 Multiplicative arithmetic functions

theory Multiplicative- Function
imports
HOL— Number-Theory. Number-Theory
Dirichlet-Misc
begin

2.1 Definition

locale multiplicative-function =

fixes f :: nat = 'a :: comm-semiring-1

assumes zero [simpl: f0 = 0

assumes one [simp|: f1 = 1

assumes mult-coprime-auz: a > 1 = b > 1 = coprime a b = f (a * b) =
faxfb
begin

lemma Suc-0 [simp]: f (Suc 0) = 1
using one by (simp del: one)

lemma mult-coprime:
assumes coprime a b
shows f(axb)=faxfb
proof —
{fix n :: nat consider n = 0 | n =1 | n > 1 by force} note P = this
show ?thesis by (cases a rule: P; cases b rule: P) (simp-all add: mult-coprime-auz
assms)
qed

lemma prod-coprime:
assumes A\zy. 2 € A = y € A = z # y = coprime (g z) (g9 y)
shows f (prod g A) = ([[z€A. f (g z))
using assms
proof (induction rule: infinite-finite-induct)
case (insert z A)
from insert have f (prod g (insert z A)) = f (g x * prod g A) by simp



also have ... = f (g z) * f (prod g A) using insert.prems insert.hyps
by (auto intro: mult-coprime prod-coprime-right)

also have ... = ([[z€insert z A. f (g x)) using insert by simp
finally show ?case .
qed auto

lemma prod-prime-factors:
assumes n > 0
shows fn = (][] peprime-factors n. f (p ~ multiplicity p n))
proof —
have n = (][] peprime-factors n. p ~ multiplicity p n)
using Primes.prime-factorization-nat assms by blast
also have f ... = ([] peprime-factors n. f (p ~ multiplicity p n))
by (rule prod-coprime) (auto simp add: in-prime-factors-imp-prime primes-coprime)

finally show ?thesis .
qed

lemma multiplicative-sum-divisors: multiplicative-function (An. > d | d dvd n. f
d)
proof
fix a b :: nat assume ab: a > 1 b > 1 coprime a b
hence Y d|ddvdaxb. fd)= 0O r|rdvda > s|sdvdb. [ (rx*s))
by (intro sum-divisors-coprime-mult)
alsohave ... = O r | rdvda. > s|sdvd b frxfs)
using ab(3)
by (auto intro!: sum.cong intro: mult-coprime coprime-imp-coprime dvd-trans)
alsohave ... = O r | rdvda. fr)*x (D s| sdvdbd. fs)
by (subst sum-distrib-right, subst sum-distrib-left) simp-all
finally show (3. d | ddvdaxb. fd)= O r|rdvda. fr)* (> s|sdvudbd. f

qed auto
end

locale multiplicative-function’ = multiplicative-function f for f :: nat = ‘a :
comm-semiring-1 +
fixes f-prime-power :: nat = nat = 'a and f-prime :: nat = a
assumes prime-power: primep = k > 0 = [ (p ~ k) = f-prime-power p k
assumes prime-auz: prime p => f-prime-power p 1 = f-prime p
begin

lemma prime: prime p = fp = f-prime p
using prime-power|of p 1] prime-auz|of p] by simp

lemma prod-prime-factors':
assumes n > (
shows fn = (][] peprime-factors n. f-prime-power p (multiplicity p n))
by (subst prod-prime-factors|OF assms(1)])



(intro prod.cong refl prime-power, auto simp: prime-factors-multiplicity)

lemma efficient-code-auz:

assumes n > 0 set ps = (Ap. (p, multiplicity p n — 1)) ‘ prime-factors n distinct
ps

shows fn = (][ (p,d) < ps. f-prime-power p (Suc d))
proof —

from assms have

(11 (p,d) « ps. f-prime-power p (Suc d)) =
(IT (p,d)e(Ap. (p, multiplicity p n — 1)) * prime-factors n. f-prime-power p

(Suc d))

by (subst prod.distinct-set-conv-list [symmetric]) simp-all

also have ... = (][] z€prime-factors n. f-prime-power xz (multiplicity z n))
by (subst prod.reindex) (auto simp: inj-on-def prime-factors-multiplicity introl:
prod.cong)
also have ... = fn by (rule prod-prime-factors’ [symmetric]) fact+
finally show ?thesis ..
qed

lemma efficient-code:
assumes set (ps () = (Ap. (p, multiplicity p n — 1))  prime-factors n distinct
(ps ()
shows fn = (if n = 0 then 0 else ([] (p,d) < ps (). f-prime-power p (Suc d)))
using efficient-code-auz|of n ps ()] assms by simp

end

locale completely-multiplicative-function =

fixes [ :: nat = 'a :: comm-semiring-1

assumes zero-aux: f 0 = 0

assumes one-auz: [ (Suc 0) = 1

assumes mult-aux: a > 1 = b>1 = f(axb)=faxfb
begin

lemma mult: f (a % b) = faxfb
proof —
{fix n :: nat consider n = 0 | n =1 | n > 1 by force} note P = this
show ?thesis by (cases a rule: P; cases b rule: P) (simp-all add: zero-aux one-auz
mult-auzx)
qed

sublocale multiplicative-function f
by standard (simp-all add: zero-auz one-auzx mult)

lemma prod: f (prod g A) = ([[z€A. f (g z))
by (induction A rule: infinite-finite-induct) (simp-all add: mult)

o~

lemma power: f (n "m) =fn " m



by (induction m) (simp-all add: mult)

lemma prod-prime-factors’: n > 0 = f n = (][] p€prime-factors n. f p ~ multi-

plicity p n)
by (subst prime-factorization-nat) (simp-all add: prod power)

end

locale completely-multiplicative-function’ =
completely-multiplicative-function f for f :: nat = ’a :: comm-semiring-1 +
fixes f-prime :: nat = 'a
assumes f-prime: prime p =—> f p = f-prime p

begin

lemma prod-prime-factors’: n > 0 = fn = ([[ p€prime-factors n. f-prime p ~
multiplicity p n)

by (subst prod-prime-factors’) (auto simp: f-prime prime-factors-multiplicity in-
tro!: prod.cong)

lemma efficient-code-auz:
assumes n > 0 set ps = (Ap. (p, multiplicity p n — 1)) ‘ prime-factors n distinct
ps
shows fn = ([[(p,d) + ps. f-prime p ~ Suc d)
proof —
from assms have
(II (p,d) < ps. f-prime p ~ Suc d) =
(1T (p,d)e(Ap. (p, multiplicity p n — 1)) ‘ prime-factors n. f-prime p ~ Suc
d)
by (subst prod.distinct-set-conv-list [symmetric]) simp-all
also have ... = ([[ z€prime-factors n. f-prime © ~ multiplicity x n)
by (subst prod.reindex) (auto simp: inj-on-def prime-factors-multiplicity
simp del: power-Suc intro!: prod.cong)

also have ... = fn by (rule prod-prime-factors’ [symmetric]) fact+
finally show ?thesis ..
qed

lemma efficient-code:
assumes set (ps () = (Ap. (p, multiplicity p n — 1)) * prime-factors n distinct
(ps ()
shows fn = (if n = 0 then 0 else ([] (p,d) < ps (). f-prime p ~ Suc d))
using efficient-code-aux|of n ps ()] assms by simp

end

lemma multiplicative-function-eql:
assumes multiplicative-function f multiplicative-function g
assumes Ap k. primep = k> 0= f (p "k) =g (p k)
shows fn=gn

proof —

10



interpret f: multiplicative-function f by fact
interpret ¢: multiplicative-function g by fact
show ?thesis
proof (cases n > 0)
case True
thus ?thesis
using f.prod-prime-factors|OF True] g.prod-prime-factors|[OF True]
by (auto introl: prod.cong assms simp: prime-factors-multiplicity)
qed simp-all
qed

lemma multiplicative-function-of-natl:
multiplicative-function f = multiplicative-function (An. of-nat (f n))
unfolding multiplicative-function-def by auto

lemma multiplicative-function-of-natD:
multiplicative-function (An. of-nat (f n) == 'a :: {ring-char-0, comm-semiring-1})
_—
multiplicative-function f
unfolding multiplicative-function-def
by (auto simp: of-nat-mult [symmetric] of-nat-eq-1-iff simp del: of-nat-mult)

lemma multiplicative-function-mult:

assumes multiplicative-function [ multiplicative-function g

shows multiplicative-function (An. fn * g n)
proof

interpret f: multiplicative-function f by fact

interpret g: multiplicative-function g by fact

show f0x g0 =0f1x%g1 =1 by simp-all

fix a b :: nat assume a > 1 b > 1 coprime a b

thus f (a % b) x g(a*xb)=(faxga)*x(fbxghb)

by (simp-all add: f.mult-coprime g.mult-coprime mult-ac)

qed

lemma multiplicative-function-inverse:
fixes f :: nat = ‘a :: field
assumes multiplicative-function f
shows  multiplicative-function (An. inverse (f n))
proof
interpret f: multiplicative-function f by fact
show dnverse (f 0) = 0 inverse (f 1) = 1 by simp-all
fix a b :: nat assume a > 1 b > 1 coprime a b
thus inverse (f (a * b)) = inverse (f a) * inverse (f b)
by (simp-all add: f.mult-coprime field-simps)
qed

lemma multiplicative-function-divide:

fixes f :: nat = 'a :: field
assumes multiplicative-function f multiplicative-function g

11



shows  multiplicative-function (An. fn / g n)
proof —
have multiplicative-function (An. fn * inverse (g n))
by (intro multiplicative-function-mult multiplicative-function-inverse assms)
also have (An. fn * inverse (g n)) = (An. fn / gn)
by (simp add: field-simps)
finally show ?thesis .
qed

lemma completely-multiplicative-function-mult:
assumes completely-multiplicative-function f completely-multiplicative-function g
shows completely-multiplicative-function (An. fn * g n)
proof
interpret f: completely-multiplicative-function f by fact
interpret g: completely-multiplicative-function g by fact
show f0 x g 0 = 0f (Suc 0) * g (Suc 0) = 1 by simp-all
fix a b :: nat assume a > 1 b > 1
thus f (axb) x g (axbd) = (faxga)*x(fbxgh)
by (simp-all add: f.mult g.mult mult-ac)
qed

lemma completely-multiplicative-function-inverse:
fixes f :: nat = 'a :: field
assumes completely-multiplicative-function f
shows completely-multiplicative-function (An. inverse (f n))
proof
interpret f: completely-multiplicative-function f by fact
show inverse (f 0) = 0 inverse (f (Suc 0)) = 1 by simp-all
fix a b :: nat assume a > 1 b > 1
thus inverse (f (a * b)) = inverse (f a) * inverse (f b)
by (simp-all add: f.mult field-simps)
qed

lemma completely-multiplicative-function-divide:
fixes [ :: nat = 'a :: field
assumes completely-multiplicative-function f completely-multiplicative-function
g
shows completely-multiplicative-function (An. fn / g n)
proof —
have completely-multiplicative-function (An. f n * inverse (g n))
by (intro completely-multiplicative-function-mult
completely-multiplicative-function-inverse assms)
also have (An. fn * inverse (g n)) = (An. fn / gn)
by (simp add: field-simps)
finally show ?thesis .
qed

lemma (in multiplicative-function) completely-multiplicativel :
assumes Ap k. primep = k> 0= f (p "k)=fp "k

12



shows completely-multiplicative-function f
proof
fix m n :: nat assume mn: m > 1 n > 1
define P where P = prime-factors (m * n)
have f (m x n) = ([[p€P. f (p ~ multiplicity p (m * n)))
using mn by (subst prod-prime-factors) (auto simp: P-def)

also have ... = ([[peP. fp ~ multiplicity p (m * n))
by (intro prod.cong) (auto simp: assms prime-factors-multiplicity P-def)
also have ... = ([[peP. fp ~ multiplicity p m = fp ~ multiplicity p n)

by (intro prod.cong refl, subst prime-elem-multiplicity-mult-distrib)
(use mn in <auto simp: P-def prime-factors-multiplicity power-addy)
also have ... = ([[peP. fp ~ multiplicity p m) * (][ p€P. fp ~ multiplicity p
n)
by (rule prod.distrib)
also have ([[peP. fp ~ multiplicity p m) = (][ pEprime-factors m. f p ~ mul-
tiplicity p m)
unfolding P-def by (intro prod.mono-neutral-right dvd-prime-factors finite-set-mset)
(use mn in <auto simp: prime-factors-multiplicity»)
also have ... = ([] peprime-factors m. f (p ~ multiplicity p m))
by (intro prod.cong) (auto simp: assms prime-factors-multiplicity)
also have ... = fm
using mn by (intro prod-prime-factors [symmetric]) auto
also have ([[peP. fp ~ multiplicity p n) = (][ pEprime-factors n. fp ~ multi-
plicity p n)
unfolding P-def by (intro prod.mono-neutral-right dvd-prime-factors finite-set-mset)
(use mn in <auto simp: prime-factors-multiplicity>)
also have ... = ([ peprime-factors n. f (p ~ multiplicity p n))
by (intro prod.cong) (auto simp: assms prime-factors-multiplicity)
also have ... = fn
using mn by (intro prod-prime-factors [symmetric]) auto
finally show f (mxn) =fm =« fn.
qed auto

2.2 Indicator function

definition ind :: (nat = bool) = nat = 'a :: semiring-1 where
ind Pn = (ifn> 0 A Pnthen 1 else 0)

lemma ind-0 [simp]: ind P 0 = 0 by (simp add: ind-def)

lemma ind-nonzero: n > 0 = ind P n = (if P n then 1 else 0)
by (simp add: ind-def)

lemma ind-True [simp]: Pn = n > 0 = ind P n = 1
by (simp add: ind-nonzero)

lemma ind-False [simp]: - Pn = n> 0 = ind Pn =0
by (simp add: ind-nonzero)

13



lemma ind-eq-1-iff: ind Pn=1+—>n>0APn
by (simp add: ind-def)

lemma ind-eq-0-iff: ind Pn =0 ++— n=0V -Pn
by (simp add: ind-def)

lemma multiplicative-function-ind [intro?):

assumes P 1 Aab.a> 1= b> 1= coprimea b= P (axb) «— Pa
ANPb

shows multiplicative-function (ind P)

by standard (insert assms, auto simp: ind-nonzero)

end

3 Dirichlet convolution

theory Dirichlet-Product
imports
Complex-Main
Multiplicative- Function
begin

lemma sum-coprime-dvd-cong:
Sor|rdvda. Y. s|sdvdb. frs)= 0O r|rdvda > s|sdvdb. grs)
if coprime a b \r s. coprime r s = rdvd a = sdvd b = frs=grs
proof (intro sum.cong)
fix rs
assume 7 € {r. r dvd a} and s € {s. s dvd b}
then have r dvd a and s dvd b
by simp-all
moreover from (coprime a by have coprime r s
using «r dvd a> <s dvd b
by (auto intro: coprime-imp-coprime dvd-trans)
ultimately show frs=grs
using that by simp
qed auto

definition dirichlet-prod :: (nat = 'a :: semiring-0) = (nat = ’a) = nat = 'a
where
dirichlet-prod f g = (An. > d | d dvd n. fd x g (n div d))

lemma sum-divisors-code:

assumes n > (0::nat)

shows (> d| ddvdn. fd) =

fold-atLeastAtMost-nat (Ad acc. if d dvd n then fd + acc else acc) 1 n 0

proof —

have (\d acc. if d dvd n then f d + acc else acc) = (Ad ace. (if d dvd n then f d
else 0) + acc)

by (simp add: fun-eq-iff)
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hence fold-atLeastAtMost-nat (Ad acc. if d dvd n then f d + acc else acc) 1 n 0

fold-atLeastAtMost-nat (Ad acc. (if d dvd n then f d else 0) + acc) 1 n 0
by (simp only: )

also have ... = (3. d = 1..n. if d dvd n then f d else 0)
by (rule sum-atLeastAtMost-code [symmetric])
also from assms have ... = (>_d | d dvd n. f d)

by (intro sum.mono-neutral-cong-right) (auto elim: dvdE dest: dvd-imp-le)
finally show ?thesis ..
qed

lemma dirichlet-prod-code [code]:
dirichlet-prod f g n = (if n = 0 then 0 else
fold-atLeastAtMost-nat (Ad acc. if d dvd n then f d * g (n div d) + acc else
acc) 1 n 0)
unfolding dirichlet-prod-def by (simp add: sum-divisors-code)

lemma dirichlet-prod-0 [simp]: dirichlet-prod f g 0 = 0
by (simp add: dirichlet-prod-def)

lemma dirichlet-prod-Suc-0 [simp]: dirichlet-prod f g (Suc 0) = f (Suc 0) * g (Suc
0)
by (simp add: dirichlet-prod-def)

lemma dirichlet-prod-cong [cong]:
assumes (An.n> 0= fn=f"n) (An.n>0=gn=yg"n)
shows dirichlet-prod f g = dirichlet-prod f' g’
proof
fix n :: nat
show dirichlet-prod f g n = dirichlet-prod f' ¢’ n
proof (cases n = 0)
case Fulse
with assms show ?thesis unfolding dirichlet-prod-def
by (intro ext sum.cong refl) (auto elim!: dvdE)
qed simp-all
qed

lemma dirichlet-prod-altdef1 :
dirichlet-prod f g = (An. Y. d | d dvd n. f (n div d) * g d)
proof
fix n :: nat
show dirichlet-prod fgn = (3. d | d dvd n. f (n div d) * g d)
proof (cases n = 0)
case Fulse
hence dirichlet-prod f gn = (>_d | d dvd n. f (n div (n div d)) * g (n div d))
unfolding dirichlet-prod-def by (intro sum.cong refl) (auto elim!: dvdE)
also from Fualse have ... = (D d | d dvd n. f (n div d) * g d)
by (intro sum.reindex-bij-witness[of - (div) n (div) n]) (auto elim!: dvdE)
finally show ?%thesis .
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qed simp
qed

lemma dirichlet-prod-altdef2:
dirichlet-prod f g = (An. > (rd) | rx d =n. fr % g d)
proof
fix n
show dirichlet-prod f gn = (> (rd) | r*d=mn.fr* gd)
proof (cases n = 0)
case True
have (An:nat. (0, n)) * UNIV C {(r,d). r * d = 0} by auto
moreover have —finite ((An::nat. (0, n)) * UNIV)
by (subst finite-image-iff) (auto simp: inj-on-def)
ultimately have infinite {(r,d). r * d = (0::nat)}
by (blast dest: finite-subset)
with True show ?thesis by simp
next
case Fulse
have (> d | ddvdn. fd*x g (ndivd) = r|rdvdn. (3. d]|d=ndwvr.
frxgd)
by (intro sum.cong refl) auto
also from Fulse have ... = (3 (r,d)e(SIGMA z:{r. r dvd n}. {d. d = n div
x}). frxgd)
by (intro sum.Sigma) auto
also from False have (SIGMA z:{r. r dvd n}. {d. d = n div 2}) = {(r,d). r
x d = n}
by auto
finally show %thesis by (simp add: dirichlet-prod-def)
qed
qed

lemma dirichlet-prod-commutes:
dirichlet-prod (f :: nat = 'a :: comm-semiring-0) g = dirichlet-prod g f
proof
fix n :: nat
show dirichlet-prod f g n = dirichlet-prod g f n
proof (cases n = 0)
case Fulse
have O (rd) |r+xd=n.frxgd)=0O_(dr) | rxd=mn.frxgd)
by (rule sum.reindex-bij-witness [of - Mz,y). (y,x2) A(z,y). (y,2)]) auto
thus %thesis by (simp add: dirichlet-prod-altdef2 mult.commute)
qed (simp add: dirichlet-prod-def)
qed

lemma finite-divisors-nat’: n > (0 :: nat) = finite {(a,b). a x b = n}
by (rule finite-subset[of - {0<..n} x {0<..n}]) auto

lemma dirichlet-prod-assoc-auzl:
assumes n > ()
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shows dirichlet-prod f (dirichlet-prod g h) n =
O (a, by, c)ef{(a, by c).axbxc=n}. fa*xgbxhc)
proof —
have dirichlet-prod f (dirichlet-prod g h) n =
O ze{(a,b). axb=n}. O (c,d) | cx d=sndx. f (fstx)* gcx*hd))
by (auto intro!: sum.cong simp: dirichlet-prod-altdef2 sum-distrib-left mult.assoc)
also from assms have ... = (3" ze(SIGMA z:{(a, b). a x b = n}. {(¢, d). ¢ *
d = snd z}).
case x of (x, ¢, d) = f (fstz) * gcx* hd)
by (intro sum.Sigma finite-divisors-nat’ balll) auto
also have ... = > (a,b,c) |[axbxc=mn.faxgbxhc)
by (rule sum.reindex-bij-witness
(of - Aasbyc). ((a, bs), (b,¢)) A(@,b).(e:d)). (a, ¢, d))
(auto simp: mult-ac)
finally show ?thesis .
qed

lemma dirichlet-prod-assoc-aux2:
assumes n > 0
shows dirichlet-prod (dirichlet-prod f g) h n =
> (a, b, c)e{(a, b, ¢). axbxc=mn}. fa*xgbx*hc)
proof —
have dirichlet-prod (dirichlet-prod f g) h n =
S ze{(ab). ax b=n}. O (¢c,d) | cxd=fstx. fcxgdxh (sndzx)))
by (auto intro!: sum.cong simp: dirichlet-prod-altdef2 sum-distrib-right mult.assoc)
also from assms have ... = (3" z€(SIGMA z:{(a, b). a x b = n}. {(¢, d). ¢ *
d = fst z}).
case © of (x, ¢, d) = fcxgd=h (sndx))
by (intro sum.Sigma finite-divisors-nat’ balll) auto
also have ... = > (a,b,c) |[axbxc=mn.faxgbxhec)
by (rule sum.reindex-bij-witness
[of - A(a,b,c). ((axb, ), (a,b)) M(a,b),(c,d)). (¢, d, b)])
(auto simp: mult-ac)
finally show ?thesis .
qed

lemma dirichlet-prod-assoc:
dirichlet-prod (dirichlet-prod f g) h = dirichlet-prod f (dirichlet-prod g h)
proof
fix n :: nat
show dirichlet-prod (dirichlet-prod f g) h n = dirichlet-prod f (dirichlet-prod g h)
n
by (cases n = 0) (simp-all add: dirichlet-prod-assoc-auxl dirichlet-prod-assoc-aux2)
qed

lemma dirichlet-prod-const-right [simp]:

assumes n > 0

shows  dirichlet-prod f (An. if n = Suc 0 then c else 0) n = fn * ¢
proof —
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have dirichlet-prod f (An. if n = Suc 0 then c else 0) n =
(3>d | ddvdn. (if d = n then fn * c else 0))
unfolding dirichlet-prod-def using assms
by (intro sum.cong refl) (auto elim!: dvdE split: if-splits)

also have ... = fn x ¢ using assms by (subst sum.delta) auto
finally show ?thesis .
qed

lemma dirichlet-prod-const-left [simpl:
assumes n > 0
shows  dirichlet-prod (An. if n = Suc 0 then c else 0) gn =c* gn
proof —
have dirichlet-prod (An. if n = Suc 0 then c else 0) g n =
(3>d | ddvdn. (if d =1 then ¢ x g n else 0))
unfolding dirichlet-prod-def using assms
by (intro sum.cong refl) (auto elim!: dvdE split: if-splits)

also have ... = ¢ * g n using assms by (subst sum.delta) auto
finally show ?thesis .
qed

fun dirichlet-inverse :: (nat = 'a :: comm-ring-1) = 'a = nat = 'a where
dirichlet-inverse fin =
(if n = 0 then 0 else if n = 1 then i
else =i (3. d| ddvdn Ad<n. f(ndivd) = dirichlet-inverse f i d))

lemma dirichlet-inverse-induct [case-names 0 1 gt1]:
PO= P (Suc0)= (An.n>1= (Ak.k<n= Pk)= Pn) = Pn
by induction-schema (force, rule wf-measure [of id], simp)

lemma dirichlet-inverse-0 [simp]: dirichlet-inverse fi 0 = 0
by simp

lemma dirichlet-inverse-Suc-0 [simp]: dirichlet-inverse fi (Suc 0) = i
by simp

declare dirichlet-inverse.simps [simp del]

lemma dirichlet-inverse-gt-1:
n > 1 = dirichlet-inverse fin =
—ix (3 d|ddvdn Ad<n. f(ndivd)* dirichlet-inverse f i d)
by (simp add: dirichlet-inverse.simps)

lemma dirichlet-inverse-cong [cong]:
assumes An.n> 0= fn=f'ni=i'n=n'
shows dirichlet-inverse f i n = dirichlet-inverse f' i’ n
proof —
have dirichlet-inverse f i n = dirichlet-inverse f' i n
using assms(1)

/
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proof (induction n rule: dirichlet-inverse-induct)
case (gt1 n)
have x*: dirichlet-inverse f i k = dirichlet-inverse f' i k if k dvd n A k < n for k
using that by (intro gt1) auto
have : (3. d | ddvdn A d < n.f (ndivd)* dirichlet-inverse f i d) =
Ood|ddvdn Ad<n. f'(ndivd) * dirichlet-inverse f’ i d)
by (intro sum.cong refl) (subst gt1.prems, auto elim: dvdE simp: x)
consider n =0 | n=1|n> 1 by force
thus ?case
by cases (insert *, simp-all add: dirichlet-inverse-gt-1 % cong: sum.cong)
qed auto
with assms(2,3) show ?thesis by simp
qed

lemma dirichlet-inverse-gt-1":
assumes n > 1
shows dirichlet-inverse fin =
—1i * dirichlet-prod (An. if n = 1 then 0 else f n) (dirichlet-inverse f i) n
proof —
have dirichlet-prod (An. if n = 1 then 0 else f n) (dirichlet-inverse f i) n =
S d | ddvdn. (if n divd = Suc 0 then 0 else f (n div d)) x dirichlet-inverse

fid)
by (simp add: dirichlet-prod-altdef1)
also from assms have ... = (3 d | ddvd n A d # n. f (n div d) x dirich-

let-inverse f i d)
by (intro sum.mono-neutral-cong-right) (auto elim: dvdFE)
also from assms have {d. d dvd n A d # n} = {d. d dvd n A d < n} by (auto
dest: dvd-imp-le)
also from assms have —i = (> de.... f (n div d) = dirichlet-inverse f i d) =
dirichlet-inverse f i n
by (simp add: dirichlet-inverse-gt-1)
finally show ?thesis ..
qed

lemma of-int-dirichlet-prod:
of-int (dirichlet-prod f g n) = dirichlet-prod (An. of-int (f n)) (An. of-int (g n)) n
by (simp add: dirichlet-prod-def)

lemma of-int-dirichlet-inverse:
of-int (dirichlet-inverse f i n) = dirichlet-inverse (An. of-int (f n)) (of-int ©) n
proof (induction n rule: dirichlet-inverse-induct)
case (gt! n)
from gt! have (of-int (dirichlet-inverse fin) :: 'a) =
— (of-inti* (>.d| ddvdn A d<n. of-int (f (ndivd) * dirichlet-inverse f i
)
(is - = — (- % ?4))
by (simp add: dirichlet-inverse-gt-1 of-int-dirichlet-prod)
also have ?A = (> d | ddvd n A d < n. of-int (f (n div d)) *
dirichlet-inverse (An. of-int (f n)) (of-int ©) d)
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by (intro sum.cong refl) (auto simp: gt1)
also have —(of-int ¢ x ...) = dirichlet-inverse (An. of-int (f n)) (of-int ©) n
using gt1.hyps by (simp add: dirichlet-inverse-gt-1)
finally show “case .
qed simp-all

lemma dirichlet-inverse-code [codel:
dirichlet-inverse fin = (if n = 0 then 0 else if n = 1 then i else
—1i * fold-atLeastAtMost-nat (Ad acc. if d dvd n then f (n div d)
dirichlet-inverse f i d + acc else acc) 1 (n — 1) 0)
proof —
consider n =0 | n=1|n> 1 by force
thus ?thesis
proof cases
assume n: n > 1
have x: (\d acc. if d dvd n then f (n div d) * dirichlet-inverse f i d + acc else
acc) =
(M acc. (if d dvd n then f (n div d) x dirichlet-inverse fi d else 0) +
acc)
by (simp add: fun-eq-iff)
have fold-atLeastAtMost-nat (Ad acc. if d dvd n then f (n div d) *
dirichlet-inverse f i d + acc else acc) 1 (n — 1) 0 =
O-d=1..n— 1.4fd dvd n then f (n div d) * dirichlet-inverse f i d else
0)
by (subst *, subst sum-atLeastAtMost-code [symmetric]) simp
also from n have ... = (3 d | ddvdn A d < n.f (ndivd) * dirichlet-inverse
fid)
by (intro sum.mono-neutral-cong-right; cases n)
(auto dest: dvd-imp-le elim: dvdE simp: Suc-le-eq intro!: Nat.gr0I)
also from n have —i % ... = dirichlet-inverse fi n
by (simp add: dirichlet-inverse-gt-1)
finally show ?thesis using n by simp
qged auto
qed

lemma dirichlet-prod-inverse:
assumes f1 x i =1
shows dirichlet-prod f (dirichlet-inverse fi) = (An. if n = 1 then 1 else 0)
proof
fix n :: nat
consider n =0 | n=1|n > 1 by force
thus dirichlet-prod f (dirichlet-inverse fi) n = (if n = I then 1 else 0)
proof cases
assume n: n > 1
have fin: finite {d. d dvd n A d # n}
by (rule finite-subset[of - {d. d dvd n}]) (insert n, auto)
have dirichlet-prod f (dirichlet-inverse f i) n =
3-d| ddvdn. f(n divd) * dirichlet-inverse f i d)
by (simp add: dirichlet-prod-altdef1)
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also have {d. d dvd n} = insert n {d. d dvd n A\ d # n} by auto
also have (> de.... f (n div d) x dirichlet-inverse f i d) =
f 1 x dirichlet-inverse fin +
O-d|ddvdn A d#n f(ndvd)* dirichlet-inverse f i d)
using fin n by (subst sum.insert) auto
also from n have dirichlet-inverse fin =
—ix (O d|ddvdn ANd<n. f(ndvd)* dirichlet-inverse f i d)
by (subst dirichlet-inverse-gt-1) auto
also from n have {d. d dvd n A d < n} = {d. d dvd n A d # n} by (auto
dest: dvd-imp-le)
also have f 1 x (— i %
Oodlddvdn Ad#n f(ndivd) * dirichlet-inverse fi d)) =
—(f 1 % 1) *
O-d|ddvdn A d+#n f(ndivd)* dirichlet-inverse f i d)
by (simp add: mult.assoc)
also have f 1 x i = 1 by fact
finally show ?thesis using n by simp
qed (insert assms, simp-all add: dirichlet-prod-def)
qed

lemma dirichlet-prod-inverse:
assumes f1 x i =1
shows  dirichlet-prod (dirichlet-inverse f i) f = (An. if n = 1 then 1 else 0)
using dirichlet-prod-inverse|of f] assms by (simp add: dirichlet-prod-commutes)

lemma dirichlet-inverse-noninvertible:

assumes f (Suc 0) = (0 :: 'a :: {comm-ring-1}) i = 0

shows dirichlet-inverse fin = 0

using assms

by (induction fin rule: dirichlet-inverse.induct) (auto simp: dirichlet-inverse.simps)

lemma multiplicative-dirichlet-prod:
assumes multiplicative-function f
assumes multiplicative-function g
shows  multiplicative-function (dirichlet-prod f g)
proof —
interpret f: multiplicative-function f by fact
interpret g: multiplicative-function g by fact
show ?thesis
proof
fix a b :: nat assume a > 1 b > 1 and coprime: coprime a b
hence dirichlet-prod f g (a % b) =
Oor|rdvda. Y s|sdvdb. f(r=s)*g(ax*bdiv(rxs)))
by (simp add: dirichlet-prod-def sum-divisors-coprime-mult)
alsohave ... = ) r|rdvda. > s| sdvdb. frfsxg(advr)x*g(bdiv
9)
using <coprime a by proof (rule sum-coprime-dvd-cong)
fix rs
assume coprime r s and r dvd a and s dvd b
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with <a > 1> <b > 1> have r > 0 s > 0
by (auto intro: ccontr)
from <coprime r sy have f (r + s) = fr* fs
by (rule f.mult-coprime)
moreover from <coprime a b> have <coprime (a div r) (b div s)»
using «r > 0y <s > O «r dvd @ <s dvd b dvd-div-iff-mult [of T a
dvd-div-iff-mult [of s b]
by (auto dest: coprime-imp-coprime dvd-mult-left)
then have g (a div r x (b div s)) = g (a div r) * g (b div s)
by (rule g.mult-coprime)
ultimately show f (r x s) x g (a x b div (r*s)) =fr=«fs*g(adivr) =

g (b div s)
using «r dvd a» <s dvd by by (simp add: div-mult-div-if-dvd ac-simps)
qed
also have ... = dirichlet-prod f g a * dirichlet-prod f g b
unfolding dirichlet-prod-def by (simp add: sum-product mult-ac)
finally show dirichlet-prod f g (a x b) = ... .
qed simp-all

qed

lemma multiplicative-dirichlet-prodD1:
fixes f g :: nat = 'a :: comm-semiring-1-cancel
assumes multiplicative-function (dirichlet-prod f g)
assumes multiplicative-function f
assumes [simp]: g 0 = 0
shows  multiplicative-function g
proof —
interpret f: multiplicative-function f by fact
interpret fg: multiplicative-function dirichlet-prod f g by fact
show ?thesis
proof
have dirichlet-prod f g (Suc 0) = 1 by (rule fg.Suc-0)
also have dirichlet-prod f g (Suc 0) = g 1 by (subst dirichlet-prod-Suc-0) simp
finally show ¢ I = 1 by simp
next
fix a b :: nat assume ab: a > 1 b > 1 coprime a b
hence a > 0 b > 0 coprime a b by simp-all
thus g (axb) =gaxgb
proof (induction a x b arbitrary: a b rule: less-induct)
case (less a b)
have dirichlet-prod f g (a * b) + ga *x g b =
Or|rdvdaxb. frxg(axbdivr))+gax*xgb
by (simp add: dirichlet-prod-def)
also have {r. r dvd a * b} = insert 1 {r. r dvd a x b A r # 1} by auto
also have (D re.... frxg(axbdivr)) +gaxgb=
glaxbd)+ (Xr|rdvdaxbAr#1.frxg(axbdivr)) +g
ax* gb)
using less.prems
by (subst sum.insert) (auto intro!: finite-subset|OF - finite-divisors-nat’|
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stmp: add-ac)
also have O r | rdvdaxbAr # 1. fr*g(ax*bdivr)) =
Oor | rdvdaxb. if r=1then 0else fr* g (axbdivr))
using less.prems by (intro sum.mono-neutral-cong-left) (auto intro: fi-
nite-divisors-nat’)
alsohave ... = O r | rdvd a. > d| ddvdb.
ifr+d=1then Oelse f (rx d) = g (ax*bdiv(rxd)))
using <coprime a by by (rule sum-divisors-coprime-mult)
also have ... = (O r | rdvd a. > d | d dvd b.
if rxd=1then Oelse f (r*d) g ((a divr)x (b divd)))
by (intro sum.cong refl) (auto elim!: dvdE)
also have ... = O r | rdvda. > d| d dvdbd.
ifrxd=1then Oelse fr*fdx g (adivr)x*g (bdivd))
using <coprime a by proof (rule sum-coprime-dvd-cong)
fix rs
assume coprime r s and r dvd a and s dvd b
with <a > 0> <b > 0> have r > 0 s> 0
by (auto intro: ccontr)
from <coprime v s» have f: f (rxs)=frxfs
by (rule f.mult-coprime)
show (if r x s = 1 then 0 else f (r % s) *x g (a div r = (b div 8))) =
(if rxs=1then Oelse fr* fs* g (adivr)* g (b divs))
proof (cases r x s = 1)
case True
then show ?thesis
by simp
next
case Fulse
with <r dvd a> <s dvd by less.prems
have (a divr) x (b divs) # ax*b
by (intro notl) (auto elim!: dvdE)
moreover from «(r dvd ay <s dvd by less.prems
have (a divr) * (b divs) < ax*b
by (intro dvd-imp-le mult-dvd-mono Nat.grOI) (auto elim!: dvdE)
ultimately have (a div r) x (b divs) < a*x b
by arith
with <r dvd a> <s dvd by less.prems
have ¢: g ((a div r) x (b div s)) = g (a divr) x g (b div s)
by (auto intro: less coprime-divisors [OF - - <coprime a b] elim!: dvdE)
from False show ?thesis
by (auto simp: less f g ac-simps)
qged
qed
also have ... = (3 (r,d)e{r. r dvd a}x{d. d dvd b}.
ifrxd=1then Oelse fr*fdx g (adivr)x* g (bdivd))
by (simp add: sum.cartesian-product)
also have ... = (3 (r1,r2) € {r1. v1 dvd a} x {r2. r2 dvd b} — {(1,1)}.
(frl « fr2)xg (adivrl)«g (bdivr2)) (is - = sum ?f 2A)
using less.prems by (intro sum.mono-neutral-cong-right) (auto split: if-splits)
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also have ... + gaxgb= 9f (1, 1)+ sum ?f ?A by (simp add: add-ac)

also have ... = sum ?f ({r!. r1 dvd a} x {r2. r2 dvd b}) using less.prems
by (intro sum.remove [symmetric]) auto
also have ... = dirichlet-prod f g a * dirichlet-prod f g b

by (simp add: sum.cartesian-product sum-product dirichlet-prod-def mult-ac)
also have g (a x b) + dirichlet-prod f g a * dirichlet-prod f g b =
dirichlet-prod f g (a * b) + g (a * b)
using less.prems by (simp add: fg.mult-coprime add-ac)
finally show ?case by simp
qed
qed simp-all
qed

lemma multiplicative-dirichlet-prodD2:

fixes f g :: nat = 'a :: comm-semiring-1-cancel

assumes multiplicative-function (dirichlet-prod f g)

assumes multiplicative-function g

assumes [simp]: f 0 = 0

shows  multiplicative-function f
proof —

from assms(1) have multiplicative-function (dirichlet-prod g f)

by (simp add: dirichlet-prod-commutes)

from multiplicative-dirichlet-prodD1[OF this assms(2)] show ?thesis by simp

qed

lemma multiplicative-dirichlet-inverse:
assumes multiplicative-function f
shows  multiplicative-function (dirichlet-inverse f 1)
proof (rule multiplicative-dirichlet-prodD1[OF - assms])
interpret multiplicative-function f by fact
have multiplicative-function (An. if n = 1 then 1 else 0)
by standard simp-all
thus multiplicative-function (dirichlet-prod f (dirichlet-inverse f 1))
by (subst dirichlet-prod-inverse) simp-all
qed simp-all

lemma dirichlet-prod-prime-power:
assumes prime p
shows dirichlet-prod fg (p " k) = O i<k. f (p " i) x g (p ~(k — 1))
proof —
have dirichlet-prod fg (p " k) = O i<k. f (p "9) x g (p "k divp "))
unfolding dirichlet-prod-def using assms
by (intro sum.reindez-bij-betw [symmetric] bij-betw-prime-power-divisors)
also from assms have ... = (> i<k. f (p ") x g (p ~ (k — 7))
by (intro sum.cong refl) (auto simp: power-diff)
finally show ?thesis .
qed

lemma dirichlet-prod-prime:
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assumes prime p
shows dirichlet-prod fgp =f1 xgp+ fp*xgl
using dirichlet-prod-prime-power[of p f g 1] assms by simp

locale multiplicative-dirichlet-prod =
[+ multiplicative-function f + g: multiplicative-function g
for f g :: nat = 'a :: comm-semiring-1

begin

sublocale multiplicative-function dirichlet-prod f g
by (intro multiplicative-dirichlet-prod
f-multiplicative-function-axioms g.multiplicative-function-axioms)

end

locale multiplicative-dirichlet-prod’ =

[ multiplicative-function’ f f-prime-power f-prime +

g: multiplicative-function’ g g-prime-power g-prime

for f g :: nat = 'a :: comm-semiring-1 and f-prime-power g-prime-power f-prime
g-prime
begin

sublocale multiplicative-dirichlet-prod f g ..

sublocale multiplicative-function’ dirichlet-prod f g
Ap k. f-prime-power p k + g-prime-power p k +
(> ie{0<..<k}. f-prime-power p i x g-prime-power p (k — ©))
Ap. f-prime p + g-prime p
proof (standard, goal-cases)
case (I pk)
hence dirichlet-prod fg (p " k) = O i<k. f (p ") xg (p ~(k — 1))
by (intro dirichlet-prod-prime-power)
also from 1 have {..k} = insert 0 (insert k {0<..<k}) by auto
also have (> ie.... f(p ") xg(p ~(k—1))) =
f-prime-power p k + g-prime-power p k +
>oie{o<.<k}. f (p "i)x g (p " (k — i))) using 1
by (auto simp: f.prime-power g.prime-power add-ac)
also have (> ie{0<.<k}. f (p "i)xg (p " (k — 1)) =
(> ie{0<..<k}. f-prime-power p i x g-prime-power p (k — 7))
using 1 by (intro sum.cong) (auto simp: f.prime-power g.prime-power)
finally show ?Zcase .
next
case (2 p)
have {0<..<Suc 0} = {} by auto
with 2 show Zcase
by (auto simp: f.prime-power [symmetric] g.prime-power [symmetric] f.prime
g.prime add-ac)
qed
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end

end

4 Formal Dirichlet series

theory Dirichlet-Series
imports
Complez-Main
Dirichlet- Product
Multiplicative- Function
HOL—- Computational-Algebra. Computational-Algebra
HOL— Number-Theory. Number-Theory
HOL- Library. FuncSet
begin

A formal Dirichlet series -
a
A=)
n=1
is represented its coefficient sequence starting from 1. For simplicity, we
represent this in Isabelle with a function of type nat = ’a whose value for
n is the n + 1-th coefficient.
typedef ‘a fds = UNIV :: (nat = 'a) set
by simp

setup-lifting type-definition-fds

lift-definition fds-nth :: ‘a fds = nat = 'a :: zero is
Minat = 'a. case-nat 0 f .

lift-definition fds :: (nat = 'a) = 'a fds is
Af. f o Suc .

lemma fds-nth-fds: fds-nth (fds f) n = (if n = 0 then 0 else f n)
by transfer (simp split: nat.splits)

lemma fds-nth-fds”: f 0 = 0 = fds-nth (fds f) = f
by (simp add: fun-eq-iff fds-nth-fds)

lemma fds-nth-0 [simp]: fds-nth f 0 = 0
by transfer simp

lemma fds-nth-fds-pos [simp]: n > 0 = fds-nth (fds f) n = fn
by transfer (simp split: nat.splits)

lemma fds-fds-nth [simpl: fds (fds-nth f) = f
by transfer (simp add: fun-eq-iff split: nat.splits)
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lemma fds-eq-fds-iff:
fds f = fds g «+— (Vn>0. fn = gn)
proof transfer
fix fg: nat = 'a
have (f o Suc = g o Suc) +— (Vn. f (Suc n) = g (Suc n)) by (auto simp:
fun-eq-iff)
also have ... «— (Vn>0. fn=gn)
proof safe
fix n :: nat assume Vn. f (Sucn) = g (Sucn) n > 0
thus fn = g n by (cases n) auto
qged auto
finally show (f o Suc = g o Suc) = (Vn>0. fn=gn).
qed

lemma fds-eq-fds-iff . f0 = g0 = fds f = fdsg+— f =g
proof safe
assume f0 =g 0 fdsf = fds g
hence fn = g n for n by (cases n) (auto simp: fds-eq-fds-iff)
thus f = g by (simp add: fun-eq-iff)
qed

lemma fds-eql [intro?):
assumes (An. n > 0 = fds-nth fn = fds-nth g n)
shows f=g¢g
proof —
from assms have fds-nth f n = fds-nth g n if n > 0 for n
by (cases n) (simp-all add: fun-eq-iff)
hence fds (fds-nth f) = fds (fds-nth g) by (subst fds-eq-fds-iff) auto
thus ?thesis by simp
qed

lemma fds-cong [cong]: (An. n > 0 = fn = (gn: 'a: zero)) = fds f = fds

g
by (rule fds-eqI) simp

lemma fds-eq-iff: f = g «— (Vn>0. fds-nth f n = fds-nth g n)
by (auto intro: fds-eqI)

lemma dirichlet-prod-fds-nth-fds-left [simp]:
dirichlet-prod (fds-nth (fds f)) g = dirichlet-prod f g
by (simp add: fds-nth-fds)

lemma dirichlet-prod-fds-nth-fds-right [simp]:

dirichlet-prod f (fds-nth (fds g)) = dirichlet-prod f g
by (simp add: fds-nth-fds)

definition fds-const :: 'a :: zero = 'a fds where
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fds-const ¢ = fds (An. if n = 1 then c else 0)

abbreviation fds-ind where fds-ind P = fds (ind P)

bundle fds-syntax
begin

notation fds-nth (infixl <$» 75)
notation fds (binder «x» 10)
notation dirichlet-prod (infixl %) 70)

end

instantiation fds :: (zero) zero

begin

definition zero-fds :: ‘a fds where zero-fds = fds (A-. 0)
instance ..

end

instantiation fds :: ({zero,one}) one

begin

definition one-fds :: ‘a fds where one-fds = fds (An. if n = 1 then 1 else 0)
instance ..

end

instantiation fds :: ({plus,zero}) plus
begin
definition plus-fds :: ‘a fds = 'a fds = 'a fds
where plus-fds f g = fds (An. fds-nth fn + fds-nth g n)
instance ..
end

instantiation fds :: (semiring-0) times
begin
definition times-fds :: 'a fds = 'a fds = 'a fds
where times-fds f g = fds (dirichlet-prod (fds-nth f) (fds-nth g))
instance ..
end

instantiation fds :: ({uminus,zero}) uminus

begin

definition uminus-fds :: 'a fds = 'a fds
where uminus-fds f = fds (An. —fds-nth f n)

instance ..

end

instantiation fds :: ({minus,zero}) minus
begin
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definition minus-fds :: 'a fds = 'a fds = 'a fds

where minus-fds f g = fds (An. fds-nth f n — fds-nth g n)
instance ..
end

4.1 General properties

lemma fds-nth-zero [simp]: fds-nth 0 = (A-. 0)
by (simp add: zero-fds-def fds-nth-fds fun-eq-iff)

lemma fds-nth-one: fds-nth 1 = (An. if n = 1 then 1 else 0)
by (simp add: one-fds-def fds-nth-fds fun-eq-iff)

lemma fds-nth-one-Suc-0 [simp]: fds-nth 1 (Suc 0) = 1
by (simp add: fds-nth-one)

lemma fds-nth-one-not-Suc-0 [simp]: n # Suc 0 = fds-nth 1 n = 0
by (simp add: fds-nth-one)

lemma fds-nth-plus [simp]:
fds-nth (f + g) = (An. fds-nth f n + fds-nth g n :: 'a :: monoid-add)
by (simp add: plus-fds-def fds-nth-fds fun-eq-iff)

lemma fds-nth-minus [simp:

fds-nth (f — g) = (An. fds-nth fn — fds-nth g n :: 'a :: { cancel-comm-monoid-add})
by (simp add: minus-fds-def fds-nth-fds fun-eg-iff)

lemma fds-nth-uminus [simp]: fds-nth (—g) = (An. — fds-nth gn ::’

by (simp add: uminus-fds-def fds-nth-fds fun-eq-iff)

a :: group-add)
lemma fds-nth-mult: fds-nth (f = g) = dirichlet-prod (fds-nth f) (fds-nth g)
by (simp add: times-fds-def fds-nth-fds dirichlet-prod-def fun-eq-iff)

lemma fds-nth-mult-const-left [simp]: fds-nth (fds-const ¢ x f) n = ¢ x fds-nth fn
by (cases n = 0) (simp-all add: fds-nth-mult fds-const-def)

lemma fds-nth-mult-const-right [simp]: fds-nth (f = fds-const ¢) n = fds-nth fn x

c
by (cases n = 0) (simp-all add: fds-nth-mult fds-const-def)

instance fds :: ({semigroup-add, zero}) semigroup-add
by standard (simp-all add: fds-eq-iff algebra-simps plus-fds-def)

instance fds :: ({ab-semigroup-add, zero}) ab-semigroup-add
by standard (simp-all add: fds-eq-iff algebra-simps plus-fds-def)

instance fds :: ({cancel-semigroup-add, zero}) cancel-semigroup-add
by standard (simp-all add: fds-eq-iff algebra-simps plus-fds-def)
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instance fds :: ({cancel-ab-semigroup-add, zero}) cancel-ab-semigroup-add
by standard (simp-all add: fds-eq-iff algebra-simps plus-fds-def minus-fds-def)

instance fds :: (monoid-add) monoid-add
by standard (simp-all add: fds-eq-iff algebra-simps)

instance fds :: (comm-monoid-add) comm-monoid-add
by standard (simp-all add: fds-eq-iff algebra-simps)

instance fds :: (cancel-comm-monoid-add) cancel-comm-monoid-add
by standard (simp-all add: fds-eq-iff algebra-simps)

instance fds :: (group-add) group-add
by standard (simp-all add: fds-eq-iff algebra-simps minus-fds-def)

instance fds :: (ab-group-add) ab-group-add
by standard (simp-all add: fds-eq-iff algebra-simps)

instance fds :: (semiring-0) semiring-0
proof

fix fgh: 'afds

show (f + g)xh=fxh+gx*h

by (simp add: fds-eq-iff fds-nth-mult dirichlet-prod-def algebra-simps sum.distrib)
next

fix fgh: 'afds

show f*x gx h=f x (g% h)

by (intro fds-eqI) (simp add: fds-nth-mult dirichlet-prod-assoc)
qed (simp-all add: fds-eq-iff fds-nth-mult dirichlet-prod-def algebra-simps sum.distrib)

instance fds :: (comm-semiring-0) comm-semiring-0
proof
fix fg:: 'afds
show fx g=g¢g* f
by (simp add: fds-eq-iff fds-nth-mult dirichlet-prod-commutes)
qed (simp-all add: fds-eq-iff fds-nth-mult dirichlet-prod-def algebra-simps sum.distrib)

instance fds :: (semiring-0-cancel) semiring-0-cancel
by standard (simp-all add: fds-eq-iff fds-nth-one fds-nth-mult)

instance fds :: (comm-semiring-0-cancel) comm-semiring-0-cancel ..

instance fds :: (semiring-1) semiring-1
by standard (simp-all add: fds-eq-iff fds-nth-one fds-nth-mult)

instance fds :: (comm-semiring-1) comm-semiring-1
by standard (simp-all add: fds-eq-iff fds-nth-one fds-nth-mult)

instance fds :: (semiring-1-cancel) semiring-1-cancel ..
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instance fds :: (ring) ring ..
instance fds :: (ring-1) ring-1 ..
instance fds :: (comm-ring) comm-ring ..

instance fds :: (semiring-no-zero-divisors) semiring-no-zero-divisors
proof
fix fg: 'afds
assume f # 0 g # 0
hence ex: 3m>0. fds-nth f m # 0 An>0. fds-nth g n # 0
by (auto simp: fds-eq-iff)
define m where m = (LEAST m. m > 0 A fds-nth f m # 0)
define n where n = (LEAST n. n > 0 A fds-nth g n # 0)
from ez[THEN Leastl-ex, folded m-def n-def]
have mn: m > 0 fds-nth f m # 0 n > 0 fds-nth g n # 0 by auto

have x: m < m’if m’ > 0 fds-nth f m' # 0 for m’
using conjI[OF that] unfolding m-def by (rule Least-le)
have m”: fds-nth f m’ = 0 if m’ € {0<..<m} for m’ using that *[of m’] by
auto

have x: n < n’if n’ > 0 fds-nth g n’ # 0 for n’
using conjI[OF that] unfolding n-def by (rule Least-le)
have n': fds-nth g n’ = 0 if n’ € {0<..<n} for n’ using that x[of n'] by auto

have fds-nth (f * g) (m * n) =
(> d | ddvd m * n. fds-nth f d x fds-nth g (m * n div d))
by (simp add: fds-nth-mult dirichlet-prod-def)
also have ... = (3. d | d dvd m x n. if d = m then fds-nth f m x fds-nth g n
else 0)
proof (intro sum.cong refl, goal-cases)
case (1 d)
thus Zcase
proof (cases d < m)
case True
with mn(1,3) 1 show ?thesis by (auto elim!: dvdE simp: m’ n' split: if-splits)
next
case Fulse
from I obtain £ where k: m * n = d % k by (auto elim!: dvdE)
with mn(1,3) have [simp]: k > 0 by (auto intro!: Nat.gr0Ol)
from False mn(3) have m x n < d * n by (intro mult-strict-right-mono)
auto
also note &
finally have k < n by (subst (asm) mult-less-cancell) auto
with mn(1,3) and 1 and False show ?thesis
by (auto simp: k m' n' split: if-splits)
qed
qed
also have ... = fds-nth f m * fds-nth g n using mn(1,3) by (subst sum.delta)
auto
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also have ... # 0 using mn by auto
finally show f x g # 0 by auto
qed

instance fds :: (ring-no-zero-divisors) ring-no-zero-divisors ..
instance fds :: (idom) idom ..

instantiation fds :: (real-vector) real-vector
begin

definition scaleR-fds :: real = 'a fds = 'a fds where
scaleR-fds ¢ f = fds (An. ¢ xg fds-nth f n)

lemma fds-nth-scaleR [simp]: fds-nth (¢ *r f) = (An. ¢ *g fds-nth f n)
by (simp add: scaleR-fds-def fun-eq-iff fds-nth-fds)

instance by standard (simp-all add: fds-eq-iff algebra-simps)
end
instance fds :: (real-algebra) real-algebra
by standard (simp-all add: fds-eq-iff algebra-simps fds-nth-mult
dirichlet-prod-def scaleR-sum-right)

instance fds :: (real-algebra-1) real-algebra-1 ..

lemma fds-nth-sum [simp]: fds-nth (sum f A) n = sum (Az. fds-nth (f ) n) A
by (induction A rule: infinite-finite-induct) auto

lemma sum-fds [simp]: (3 z€A. fds (f z)) = fds (An. Y z€A. fx n)
by (rule fds-eqI) simp-all

lemma fds-nth-const: fds-nth (fds-const ¢) = (An. if n = 1 then c else 0)
by (simp add: fds-const-def fds-nth-fds fun-eq-iff)

lemma fds-nth-const-Suc-0 [simp]: fds-nth (fds-const ¢) (Suc 0) = ¢
by (simp add: fds-nth-const)

lemma fds-nth-const-not-Suc-0 [simp]: n # 1 = fds-nth (fds-const ¢) n = 0
by (simp add: fds-nth-const)

lemma fds-const-zero [simp]: fds-const 0 = 0
by (simp add: fds-eq-iff fds-nth-const)

lemma fds-const-one [simpl: fds-const 1 = 1
by (simp add: fds-eq-iff fds-nth-const fds-nth-one)
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lemma fds-const-add [simp]: fds-const (a + b :: 'a :: monoid-add) = fds-const a
+ fds-const b
by (simp add: fds-eq-iff fds-nth-const)

lemma fds-const-minus [simp:
fds-const (a — b :: 'a :: cancel-comm-monoid-add) = fds-const a — fds-const b
by (simp add: fds-eq-iff fds-nth-const)
lemma fds-const-uminus [simp]:
fds-const (— b :: 'a i ab-group-add) = — fds-const b
by (simp add: fds-eq-iff fds-nth-const)
lemma fds-const-mult [simp]:
fds-const (a * b :: 'a :: semiring-0) = fds-const a * fds-const b

by (simp add: fds-eq-iff fds-nth-const fds-nth-mult)

lemma fds-const-of-nat [simp]: fds-const (of-nat ¢) = of-nat ¢
by (induction c) (simp-all)

lemma fds-const-of-int [simp]: fds-const (of-int ¢) = of-int ¢
by (cases ¢) simp-all

lemma fds-const-of-real [simp]: fds-const (of-real ¢) = of-real ¢
by (simp add: of-real-def fds-eq-iff fds-const-def fds-nth-one)

instantiation fds :: ({inverse, comm-ring-1}) inverse

begin

definition inverse-fds :: 'a fds = 'a fds where
inverse-fds f = fds (An. dirichlet-inverse (fds-nth f) (inverse (fds-nth f 1)) n)

definition divide-fds :: 'a fds = 'a fds = 'a fds where
divide-fds f g = f * inverse g

instance ..
end

lemma numeral-fds: numeral n = fds-const (numeral n)

proof —
have numeral n = (of-nat (numeral n) :: ’a fds) by simp
also have ... = fds-const (of-nat (numeral n)) by (rule fds-const-of-nat [symmetric])

also have of-nat (numeral n) = (numeral n :: 'a) by simp
finally show ?thesis .
qed

lemma fds-ind-False [simp]: fds-ind (A-. False) = 0
by (rule fds-eqI) simp
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lemma fds-commutes:
assumes A\m n. m > 0 = n > 0 = fds-nth f m * fds-nth g n = fds-nth g n
x fds-nth fm
shows fxg=gxf
by (intro fds-eql, unfold fds-nth-mult, subst dirichlet-prod-def,
subst dirichlet-prod-altdef1, intro sum.cong refl assms) (auto elim: dvdE)

lemma fds-nth-mult-Suc-0 [simp):
fds-nth (f * g) (Suc 0) = fds-nth f (Suc 0) * fds-nth g (Suc 0)
by (simp add: fds-nth-mult)

lemma fds-nth-inverse:
fds-nth (inverse f) = dirichlet-inverse (fds-nth f) (inverse (fds-nth f 1))
by (simp add: inverse-fds-def fds-nth-fds fun-eq-iff)

lemma inverse-fds-nonunit:
fds-nth f 1 = (0 :: 'a :: field) = inverse f = 0
by (auto simp: fds-eq-iff fds-nth-inverse dirichlet-inverse-noninvertible)

lemma inverse-0-fds [simp]: inverse (0 :: 'a :: field fds) = 0
by (simp add: inverse-fds-def fds-eq-iff dirichlet-inverse.simps)

lemma fds-left-inverse:
fds-nth f 1 # (0 :: 'a :: field) = inverse f x f = 1
by (auto simp: fds-eq-iff fds-nth-mult fds-nth-inverse dirichlet-prod-inverse’ fds-nth-one)

lemma fds-right-inverse:
fds-nth f 1 # (0 :: 'a :: field) = [ * inverse f = 1
by (auto simp: fds-eq-iff fds-nth-mult fds-nth-inverse dirichlet-prod-inverse fds-nth-one)

lemma fds-left-inverse-unique:
assumes [ x g = (1 == ‘a :: field fds)
shows f = inverse g
proof —
have fds-nth (f * g) 1 = 1 by (subst assms) simp
hence fds-nth g 1 # 0 by auto
hence (f — inverse g) * g = 0
unfolding ring-distribs by (subst fds-left-inverse) (simp-all add: assms)
moreover from assms have g # 0 by auto
ultimately show f = inverse g by simp
qged
lemma fds-right-inverse-unique:
assumes [ * g = (1 = 'a :: field fds)
shows ¢ = inverse f

using fds-left-inverse-uniquelof g f] assms by (simp add: mult.commute)

lemma inverse-1-fds [simp]: inverse (1 :: 'a :: field fds) = 1
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by (rule fds-left-inverse-unique [symmetric]) simp

lemma inverse-const-fds [simp):

inverse (fds-const ¢ :: 'a :: field fds) = fds-const (inverse c)
proof (cases ¢ = 0)

case Fulse

thus ?thesis

by (intro fds-right-inverse-unique[symmetric])
(auto simp del: fds-const-mult simp: fds-const-mult [symmetric])

qged auto

lemma inverse-mult-fds: inverse (f = g :: 'a :: field fds) = inverse f * inverse g
proof (cases fds-nth (f * g) (Suc 0) = 0)

case Fulse

hence (f * inverse f) * (g * inverse g) = 1 by (subst (1 2) fds-right-inverse)
auto

thus ?thesis by (intro fds-right-inverse-unique [symmetric]) (simp-all add: mult-ac)
qed (auto simp: inverse-fds-nonunit)

definition fds-zeta :: ‘a :: one fds
where fds-zeta = fds (\-. 1)

lemma fds-zeta-altdef: fds-zeta = fds (An. if n = 0 then 0 else 1)
by (rule fds-eql) (simp add: fds-zeta-def)

lemma fds-nth-zeta: fds-nth fds-zeta = (An. if n = 0 then 0 else 1)
by (simp add: fds-zeta-def fun-eq-iff)

lemma fds-nth-zeta-pos [simpl: n > 0 = fds-nth fds-zeta n = 1
by (simp add: fds-nth-zeta)

lemma fds-zeta-commutes: fds-zeta = (f :: 'a :: semiring-1 fds) = f * fds-zeta
by (intro fds-commutes) simp-all

lemma fds-ind-True [simp]: fds-ind (A-. True) = fds-zeta
by (rule fds-eqI) simp

lemma finite-extensional-prod-nat:
assumes finite A b > 0
shows finite {d € extensional A. prod d A = (b :: nat)}
proof (rule finite-subset)
from assms(1) show finite (PiE A (A-. {..b})) by (rule finite-PiE) auto
{
fix d :: 'a = nat and z :: 'a assume x: £ € A prod d A = b
with prod-dvd-prod-subset[of A {z} d] assms have d x dvd b by auto
with assms have d © < b by (auto dest: dvd-imp-le)

thus {d € extensional A. prod d A = (b :: nat)} C ...
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by (auto simp: extensional-def)
qed

The n-th coefficient of a product of Dirichlet series can be determined by
summing over all products of k;-th coefficients of the series such that the
product of the k; is n.

lemma fds-nth-prod:
assumes finite A A # {} n> 0
shows fds-nth ([[z€A. fz) n =
(>-d | d € extensional A N prod d A = n. [[z€A. fds-nth (f z) (d z))
using assms
proof (induction arbitrary: n rule: finite-ne-induct)
case (singleton x n)
have {d € extensional {z}. d x = n} = {Ay. if y = z then n else undefined}
by (auto simp: extensional-def)
thus ?case by simp
next
case (insert © A n)
let ?f = Ad. ((d z, n div d z), d(z := undefined))
let g = M\(z,d). d(z := fst 2)
from insert have fds-nth ([ z€insert z A. fz) n =
Ooz|fstzxsndz=mn.> d| de extensional A N prod d A = snd z.
fds-nth (f x) (fst z) * ([[z€A. fds-nth (f z) (d z)))
by (simp add: fds-nth-mult dirichlet-prod-altdef2 sum-distrib-left case-prod-unfold)
also have ... = (3 (2,d)e(SIGMA z:{z. fst z x snd z = n}. {d € extensional
A. prod d A = snd z}).
fds-nth (f ) (fst z) = ([[z€A. fds-nth (f z) (d z)))
using finite-divisors-nat'[of n] and insert.hyps and <n > 0»
by (intro sum.Sigma finite-extensional-prod-nat balll) (auto simp: case-prod-unfold)
also have ... = (3" d | d € extensional (insert x A) A prod d (insert z A) = n.
([T z€insert x A. fds-nth (f z) (d x)))
proof (rule sum.reindex-bij-witness [of - ?f ?g], goal-cases)
case (1 z)
thus ?case using insert.hyps insert.prems by (auto simp: extensional-def)
next
case (2 z)
thus ?case using insert.hyps insert.prems
by (auto simp: extensional-def sum.delta introl: prod.cong)
next
case (4 z)
thus ?case using insert.hyps insert.prems by (auto introl: prod.cong)
next
case (5 2)
with insert.hyps insert.prems
have (] zacA. fds-nth (f za) (if xa = x then fst (fst z) else snd z za)) =
(ITz€A. fds-nth (f z) (snd z x)) by (intro prod.cong) auto
with 5 insert.hyps insert.prems show ?Zcase by (simp add: case-prod-unfold)
qed auto
finally show ?Zcase .
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qed

lemma fds-nth-power-Suc-0 [simp): fds-nth (f ~n) (Suc 0) = fds-nth f (Suc 0) ~
n
by (induction n) simp-all

lemma fds-nth-prod-Suc-0 [simp]: fds-nth (prod f A) (Suc 0) = ([[z€A. fds-nth

(f z) (Suc 0))
by (induction A rule: infinite-finite-induct) simp-all

lemma fds-nth-power-eq-0:
assumes n < 2 "k fds-nth f 1 = 0
shows fds-nth (f k) n= 0
using assms(1)
proof (induction k arbitrary: n)
case 0
thus ?case by (simp add: one-fds-def)
next
case (Suc k n)
have fds-nth (f = Suc k) n = dirichlet-prod (fds-nth (f ~k)) (fds-nth f) n
by (subst power-Suc2) (simp add: fds-nth-mult dirichlet-prod-commutes)
also have ... = 0 unfolding dirichlet-prod-def
proof (intro sum.neutral balll)
fix d assume d: d € {d. d dvd n}
show fds-nth (f ~ k) d * fds-nth f (n div d) = 0
proof (cases d < 2 " k)
case True
thus ?thesis using Suc.IH[of d] by simp
next
case Fulse
hence (n div d) * 2 "k < (n div d) * d by (intro mult-left-mono) auto
also from d have (n div d) x d = n by simp
also from Suc have n < 2 x 2 ~ k by simp
finally have n div d < I by simp
with assms(2) show ?thesis by (cases n div d) simp-all
qed
qged
finally show ?case .
qed

4.2 Shifting the argument

class nat-power = semiring-1 +
fixes nat-power :: nat = 'a = a
assumes nat-power-0-left [simp]: = # 0 = nat-power 0 z = 0
assumes nat-power-0-right [simpl: n > 0 = nat-power n 0 = 1
assumes nat-power-1-left [simp]: nat-power (Suc 0) © = 1
assumes nat-power-1-right [simp|: nat-power n 1 = of-nat n
assumes nat-power-add: n > 0 = nat-power n (a + b) = nat-power
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n a * nat-power n b
assumes nat-power-mult-distrib:
m > 0 = n > 0 = nat-power (m * n) a = nat-power m a * nal-power n a
assumes nat-power-power:
n > 0 = nat-power n (a * of-nat m) = nat-power n a ~ m
begin

lemma nat-power-of-nat [simp]: m > 0 = nat-power m (of-nat n) = of-nat (m
“n)

by (induction n) (simp-all add: nat-power-add)

lemma nat-power-power-left: m > 0 = nat-power (m ~ k) n = nat-power m n
~k
by (induction k) (simp-all add: nat-power-mult-distrib)

end

class nat-power-field = nat-power + field +
assumes nat-power-nonzero [simp|: n > 0 = nat-power n z # 0
begin

lemma nat-power-diff: n > 0 = nat-power n (a — b) = nat-power n a / nat-power
n b
using nat-power-add[of n a — b b] by (simp add: divide-simps)

end

instantiation nat :: nat-power

begin

definition [simp]: nat-power-nat a b = (a ~ b :: nat)

instance by standard (simp-all add: power-add power-mult-distrib power-mult)
end

instantiation real :: nat-power-field
begin
definition [simp]: nat-power-real a b = (real a powr b)
instance proof

fix n m :: nat and a :: real assume n > 0

thus nat-power n (a x real m) = nat-power n a ~ m

by (simp add: powr-def exp-of-nat-mult [symmetric])

qed (simp-all add: powr-add powr-mult)
end

The following operation corresponds to shifting the argument of a Dirichlet
series, i.e. subtracting a constant from it. In effect, this turns the series

o0
an

A(s) =

ns
n=1
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into the series

A(s—c)zznrésan.

n=1

definition fds-shift :: ’a :: nat-power = 'a fds = 'a fds where
fds-shift ¢ f = fds (An. fds-nth f n x nat-power n c)

lemma fds-nth-shift [simp|: fds-nth (fds-shift ¢ f) n = fds-nth f n * nat-power n c
by (simp add: fds-shift-def fds-nth-fds)

lemma fds-shift-shift [simp]: fds-shift ¢ (fds-shift ¢’ f) = fds-shift (¢’ + ¢) f
by (rule fds-eql) (simp add: nat-power-add mult-ac)

lemma fds-shift-zero [simp]: fds-shift ¢ 0 = 0
by (rule fds-eqI) simp

lemma fds-shift-1 [simp): fds-shift a 1 = 1
by (rule fds-eql) (simp add: fds-shift-def one-fds-def)

lemma fds-shift-const [simp): fds-shift a (fds-const ¢) = fds-const ¢
by (rule fds-eql) (simp add: fds-shift-def fds-const-def)

lemma fds-shift-add [simp:
fixes f g :: 'a :: {monoid-add, nat-power} fds
shows fds-shift ¢ (f + g) = fds-shift ¢ f + fds-shift ¢ g
by (rule fds-eqI) (simp add: algebra-simps)

lemma fds-shift-minus [simp]:
fixes f g :: 'a :: {comm-semiring-1-cancel, nat-power} fds
shows fds-shift ¢ (f — g) = fds-shift ¢ f — fds-shift ¢ g
by (rule fds-eqI) (simp add: algebra-simps)

lemma fds-shift-uminus [simp]:
fixes f :: 'a :: {ring, nat-power} fds
shows fds-shift ¢ (—f) = —fds-shift c f
by (rule fds-eqI) (simp add: algebra-simps)

lemma fds-shift-mult [simp:
fixes f g :: 'a :: {comm-semiring, nat-power} fds
shows fds-shift ¢ (f = g) = fds-shift ¢ [ = fds-shift c g
by (rule fds-eql)
(auto simp: algebra-simps fds-nth-mult dirichlet-prod-altdef?2
sum-distrib-left sum-distrib-right nat-power-mult-distrib intro!: sum.cong)

lemma fds-shift-power [simp]:
fixes [ :: 'a :: {comm-semiring, nat-power} fds
shows fds-shift ¢ (f " n) = fds-shift ¢ f " n
by (induction n) simp-all
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lemma fds-shift-by-0 [simp]: fds-shift 0 f = f
by (simp add: fds-shift-def)

lemma fds-shift-inverse [simp]:
fds-shift (a :: 'a :: {field, nat-power}) (inverse f) = inverse (fds-shift a f)
proof (cases fds-nth f 1 = 0)
case Fulse
have fds-shift a f = fds-shift a (inverse f) = fds-shift a (f * inverse f)
by simp
also from Fulse have f x inverse f = 1 by (intro fds-right-inverse)
finally have fds-shift a [ x fds-shift a (inverse f) = 1 by simp
thus ?thesis by (rule fds-right-inverse-unique)
qed (auto simp: inverse-fds-nonunit)

lemma fds-shift-divide [simp):
fds-shift (a :: 'a :: {field, nat-power}) (f / g) = fds-shift a f | fds-shift a g
by (simp add: divide-fds-def)

lemma fds-shift-sum [simp]: fds-shift a (> x€A. fz) = (O z€A. fds-shift a (f z))
by (induction A rule: infinite-finite-induct) simp-all

lemma fds-shift-prod [simp): fds-shift a ([[z€A. fz) = (J[[z€A. fds-shift a (f z))
by (induction A rule: infinite-finite-induct) simp-all

4.3 Scaling the argument

The following operation corresponds to scaling the argument of a Dirichlet
series with a natural number, i.e. turning the series

into the series

definition fds-scale :: nat = (‘a :: zero) fds = 'a fds where
fds-scale c f =
fds (An. if n > 0 A is-nth-power ¢ n then fds-nth f (nth-root-nat ¢ n) else 0)

lemma fds-scale-0 [simp]: fds-scale 0 f = 0
by (auto simp: fds-scale-def fds-eq-iff)

lemma fds-scale-1 [simp]: fds-scale 1 f = f
by (auto simp: fds-scale-def fds-eq-iff)

lemma fds-nth-scale-power [simp]:
¢ > 0 = fds-nth (fds-scale ¢ f) (n ~ ¢) = fds-nth fn
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by (simp add: fds-scale-def fds-nth-fds)

lemma fds-nth-scale-nonpower [simp):
—is-nth-power ¢ n = fds-nth (fds-scale ¢ f) n = 0
by (simp add: fds-scale-def fds-nth-fds)

lemma fds-nth-scale:
fds-nth (fds-scale ¢ ) n =
(if n > 0 A is-nth-power ¢ n then fds-nth f (nth-root-nat ¢ n) else 0)
by (cases ¢ = 0) (auto simp: is-nth-power-def)

lemma fds-scale-const [simp]: ¢ > 0 = fds-scale ¢ (fds-const ¢') = fds-const ¢’
by (rule fds-eqI) (auto simp: fds-nth-scale fds-nth-const elim!: is-nth-powerE)

lemma fds-scale-zero [simp): fds-scale ¢ 0 = 0
by (rule fds-eqI) (simp add: fds-nth-scale)

lemma fds-scale-one [simp]: ¢ > 0 => fds-scale ¢ 1 = 1
by (simp only: fds-const-one [symmetric] fds-scale-const)

lemma fds-scale-of-nat [simp]: ¢ > 0 = fds-scale ¢ (of-nat n) = of-nat n
by (simp only: fds-const-of-nat [symmetric] fds-scale-const)

lemma fds-scale-of-int [simpl: ¢ > 0 = fds-scale ¢ (of-int n) = of-int n
by (simp only: fds-const-of-int [symmetric] fds-scale-const)

lemma fds-scale-numeral [simp]: ¢ > 0 = fds-scale ¢ (numeral n) = numeral n
using fds-scale-of-nat[of ¢ numeral n] by (simp del: fds-scale-of-nat)

lemma fds-scale-scale: fds-scale ¢ (fds-scale ¢’ f) = fds-scale (¢ x ¢') f
proof (cases c =0V ¢’ = 0)
case Fulse
hence cc”: ¢ > 0 ¢’ > 0 by auto
show ?thesis
proof (rule fds-eql, goal-cases)
case (1 n)
show ?Zcase
proof (cases is-nth-power (c * ¢') n)
case Fulse
with cc’ 1 have fds-nth (fds-scale ¢ (fds-scale ¢’ f)) n =0
by (auto simp: fds-nth-scale is-nth-power-def power-mult [symmetric] mult.commute)
with False cc’ show ?thesis by simp
next
case True
from True obtain n’ where [simp]: n = n’ ~ (¢’ * ¢)
by (auto elim: is-nth-powerE simp: mult.commute)
with cc’ have fds-nth (fds-scale (¢ * ¢') f) n = fds-nth f n’
by (simp add: mult.commute)
also have ... = fds-nth (fds-scale ¢ (fds-scale ¢’ f)) n
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using cc’ by (simp add: power-mult)
finally show ?thesis ..
qed
qed
qed auto

lemma fds-scale-add [simp]:
fixes f g :: 'a :: monoid-add fds
shows fds-scale ¢ (f + g) = fds-scale ¢ f + fds-scale ¢ g
by (rule fds-eql) (auto simp: fds-nth-scale)

lemma fds-scale-minus [simpl:
fixes f g :: 'a :: {cancel-comm-monoid-add} fds
shows fds-scale ¢ (f — g) = fds-scale ¢ f — fds-scale ¢ g
by (rule fds-eql) (auto simp: fds-nth-scale)

lemma fds-scale-uminus [simp):
fixes f :: 'a :: group-add fds
shows fds-scale ¢ (—f) = —fds-scale ¢ f
by (rule fds-eql) (auto simp: fds-nth-scale)

lemma fds-scale-mult [simp]:
fixes f g :: 'a :: semiring-0 fds
shows fds-scale ¢ (f * g) = fds-scale ¢ f * fds-scale ¢ g
proof (cases ¢ > 0)
case True
show ?thesis
proof (rule fds-eql, goal-cases)
case (1 n)
show ?case
proof (cases is-nth-power ¢ n)
case Fulse
have fds-nth (fds-scale ¢ f * fds-scale ¢ g) n =
O (r, d) | mx d = n. fds-nth (fds-scale ¢ f) r * fds-nth (fds-scale ¢ g)

d)
by (simp add: fds-nth-mult dirichlet-prod-altdef2)
also from Fulse have ... = (> (r, d) | r x d = n. 0)
by (intro sum.cong refl) (auto simp: fds-nth-scale dest: is-nth-power-mult)
also from Fualse have ... = fds-nth (fds-scale ¢ (f * g)) n by simp
finally show ?thesis ..
next
case True

then obtain n’ where [simp]: n = n’ ~ ¢ by (elim is-nth-powerE)

define h where h = map-prod (nth-root-nat c) (nth-root-nat c)

define { where i = map-prod (An::nat. n ~ ¢) (An:nat. n ~ c)

define A where A = {(r, d). r x d = n}

define S where S = {rs€A. —is-nth-power c (fst rs) V —is-nth-power ¢ (snd

rs)}

42



have fds-nth (fds-scale ¢ f * fds-scale ¢ g) n =
O (r, d) | mx d = n. fds-nth (fds-scale ¢ f) r * fds-nth (fds-scale ¢ g)

by (simp add: fds-nth-mult dirichlet-prod-altdef2)
also have ... = (> (r, d) | r x d = n'. fds-nth fr = fds-nth g d)
proof (rule sym, intro sum.reindex-bij-witness-not-neutralof {} S - h i])
show finite S unfolding S-def A-def
by (rule finite-subset| OF - finite-divisors-nat’[of n]]) (insert <n > 05, auto)
show i (hrd) = rd if rd € {(r, d). r x d = n} — § for rd
using «¢ > 0> that by (auto elim!: is-nth-powerE simp: S-def i-def h-def
A-def)
show hrd € {(r,d). rxd=n"} — {}ifrd € {(r,d). r * d = n} — S for
rd
using «¢ > 0» that by (auto elim!: is-nth-powerE
simp: S-def i-def h-def A-def power-mult-distrib [symmetric] power-eq-iff-eq-base)
show h (i rd) = rd if rd € {(r, d). r * d = n'} — {} for rd
using that <¢ > 0> by (auto simp: h-def i-def)
show ird € {(r, d). rx« d=n} — Sifrd € {(r,d). r «d =n"} — {} for rd
using that <¢ > 0> by (auto simp: i-def S-def power-mult-distrib [symmetric])
show (case rd of (r, d) = fds-nth (fds-scale ¢ f) r * fds-nth (fds-scale ¢ g)
d) =20
if rd € S for rd using that by (auto simp: S-def case-prod-unfold)
qged (insert <c > 0>, auto simp: case-prod-unfold i-def)
also have ... = fds-nth (f * g) n’ by (simp add: fds-nth-mult dirich-
let-prod-altdef2)
also from <«c > 0 have ... = fds-nth (fds-scale ¢ (f * g)) n by simp
finally show ?thesis ..
qed
qed
qed auto

lemma fds-scale-shift:

fds-shift d (fds-scale ¢ f) = fds-scale ¢ (fds-shift (¢ * d) f)
proof (cases ¢ > 0)

case True

thus ?thesis

by (intro fds-eql) (auto simp: fds-nth-scale power-mult elim!: is-nth-powerE)
qed auto

lemma fds-ind-nth-power: k > 0 = fds-ind (is-nth-power k) = fds-scale k fds-zeta
by (rule fds-eql) (auto simp: ind-def fds-nth-scale elim!: is-nth-powerE)

4.4 Formal derivative

The formal derivative of a series
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can easily be seen to be

“lnn-a
"(g) = — 2 %n
A (S) o Z ns :
n=1
definition fds-deriv :: 'a :: real-algebra fds = 'a fds where
fds-deriv f = fds (An. — In (real n) *g fds-nth f n)

lemma fds-nth-deriv: fds-nth (fds-deriv f) n = —In (real n) xr fds-nth f n
by (cases n = 0) (simp-all add: fds-deriv-def)

lemma fds-deriv-const [simp]: fds-deriv (fds-const ¢) = 0
by (rule fds-eql) (simp add: fds-nth-deriv fds-nth-const)

lemma fds-deriv-0 [simp]: fds-deriv 0 = 0
by (rule fds-eqI) (simp add: fds-nth-deriv)

lemma fds-deriv-1 [simp]: fds-deriv 1 = 0
by (rule fds-eqI) (simp add: fds-nth-deriv fds-nth-one)

lemma fds-deriv-of-nat [simp]: fds-deriv (of-nat n) = 0
by (simp only: fds-const-of-nat [symmetric] fds-deriv-const)

lemma fds-deriv-of-int [simp]: fds-deriv (of-int n) = 0
by (simp only: fds-const-of-int [symmetric] fds-deriv-const)

lemma fds-deriv-of-real [simp]: fds-deriv (of-real n) = 0
by (simp only: fds-const-of-real [symmetric] fds-deriv-const)

lemma fds-deriv-uminus [simp]: fds-deriv (—f) = —fds-deriv f
by (rule fds-eqI) (simp add: fds-nth-deriv)

lemma fds-deriv-add [simp]: fds-deriv (f + g) = fds-deriv f + fds-deriv g
by (rule fds-eql) (simp add: fds-nth-deriv algebra-simps)

lemma fds-deriv-minus [simp]: fds-deriv (f — g) = fds-deriv f — fds-deriv g
by (rule fds-eqI) (simp add: fds-nth-deriv algebra-simps)

lemma fds-deriv-times [simp]:
fds-deriv (f % g) = fds-deriv f x g + [ * fds-deriv g
by (rule fds-eql)
(auto simp add: fds-nth-deriv fds-nth-mult dirichlet-prod-altdef2 scale R-right.sum

algebra-simps sum.distrib [symmetric] In-mult introl: sum.cong)
lemma fds-deriv-inverse [simp]:
fixes [ :: 'a :: {real-algebra, field} fds

assumes fds-nth f (Suc 0) # 0
shows fds-deriv (inverse f) = —fds-deriv f /| f ~ 2
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proof —
have (0 :: 'a fds) = fds-deriv 1 by simp
also from assms have (1 :: 'a fds) = inverse f x f by (simp add: fds-left-inverse)

also have fds-deriv ... = fds-deriv (inverse f) x f + inverse f * fds-deriv f by
stmp
also have ... x inverse f = fds-deriv (inverse f) x (f * inverse f) +

inverse f ~ 2 x fds-deriv f
by (simp add: algebra-simps power2-eq-square)
also from assms have [ x inverse f = 1 by (simp add: fds-right-inverse)
finally show ?thesis
by (simp add: algebra-simps power2-eq-square divide-fds-def inverse-mult-fds
add-eq-0-iff)
qed

lemma fds-deriv-shift [simp]: fds-deriv (fds-shift ¢ f) = fds-shift ¢ (fds-deriv f)
by (rule fds-eqI) (simp add: fds-nth-deriv algebra-simps)

lemma fds-deriv-scale: fds-deriv (fds-scale ¢ f) = of-nat ¢ x fds-scale ¢ (fds-deriv
5
proof (cases ¢ > 0)
case True
have *: of-nat a x (b :: 'a) = real a xg b for a b
by (induction a) (simp-all add: algebra-simps)
from True show ?thesis
by (intro fds-eqI)
(auto simp: fds-nth-deriv fds-nth-scale is-nth-powerE fds-const-of-nat [symmetric]
In-realpow * simp del: fds-const-of-nat elim!: is-nth-powerE)
qed auto

lemma fds-deriv-eq-imp-eq:
assumes fds-deriv f = fds-deriv g fds-nth f (Suc 0) = fds-nth g (Suc 0)
shows f=yg
proof (rule fds-eql)
fix n :: nat assume n: n > 0
show fds-nth fn = fds-nth g n
proof (casesn = 1)
case Fulse
with n have n > 1 by auto
hence fds-nth fn = —fds-nth (fds-deriv f) n /r In n
by (simp add: fds-deriv-def)
also note assms(1)
also from «n > 1) have —fds-nth (fds-deriv g) n /g In n = fds-nth g n
by (simp add: fds-deriv-def)
finally show ?thesis .
qed (auto simp: assms)
qed

lemma completely-multiplicative-fds-deriv:
assumes completely-multiplicative-function f
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shows fds-deriv (fds f) = —fds (An. f n *x mangoldt n) x fds f
proof (rule fds-eql, goal-cases)
case (I n)
interpret completely-multiplicative-function f by fact
have fds-nth (—fds (An. f n = mangoldt n) = fds f) n =
=2 (r,d) | rx d=mn.fr* mangoldt r x f d)
by (simp add: fds-nth-mult fds-nth-deriv dirichlet-prod-altdef2)
also have (> (r, d) | r x d = n. f r x mangoldt r x f d) =
> (r, d) | r % d = n. mangoldt r x fn)
using 1 by (intro sum.mono-neutral-cong-right refl)
(auto simp: mangoldt-def mult mult-ac introl: finite-divisors-nat’ split:

if-splits)
also have ... = (3_r | r dvd n. mangoldt r * f n) using 1
by (intro sum.reindez-bij-witness[of - Ar. (r, n div r) fst]) auto
also have ... = (> r | r dvd n. mangoldt r) * fn (is - = 25 x -)

by (subst sum-distrib-right [symmetric]) simp
also have (> r | r dvd n. mangoldt r) = of-real (In (real n))
using 1 by (intro mangoldt-sum) simp
also have — (of-real (In (real n)) * f n) = fds-nth (fds-deriv (fds f)) n
using 1 by (simp add: fds-nth-deriv scaleR-conv-of-real)
finally show ?Zcase ..
qged

lemma completely-multiplicative-fds-deriv”:
completely-multiplicative-function (fds-nth ) =
fds-deriv f = — fds (An. fds-nth f n *x mangoldt n) * f
using completely-multiplicative-fds-deriv]of fds-nth f] by simp

lemma fds-deriv-zeta:
fds-deriv fds-zeta =
—fds mangoldt x (fds-zeta :: 'a :: {comm-semiring-1,real-algebra-1} fds)
proof —
have completely-multiplicative-function (An. if n = 0 then 0 else 1)
by standard simp-all
from completely-multiplicative-fds-deriv [OF this, folded fds-zeta-altdef]
show ?thesis by simp
qed

lemma fds-mangoldt-times-zeta: fds mangoldt x fds-zeta = fds (Ax. of-real (In (real

z)))
by (rule fds-eql) (simp add: fds-nth-mult dirichlet-prod-def mangoldt-sum)

lemma fds-deriv-zeta’: fds-deriv fds-zeta =

—fds (Az. of-real (In (real x)):: 'a :: {comm-semiring-1,real-algebra-1})
by (simp add: fds-deriv-zeta fds-mangoldt-times-zeta)

4.5 Formal integral

definition fds-integral :: 'a = 'a :: real-algebra fds = 'a fds where
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fds-integral ¢ f = fds (An. if n = 1 then c else — fds-nth fn /g In (real n))

lemma fds-integral-0 [simp]: fds-integral a 0 = fds-const a
by (simp add: fds-integral-def fds-eq-iff)

lemma fds-integral-add: fds-integral (a + b) (f + g) = fds-integral a f + fds-integral
byg
by (rule fds-eqI) (auto simp: fds-integral-def scaleR-diff-right)

lemma fds-integral-diff: fds-integral (a — b) (f — g) = fds-integral a f — fds-integral
by
by (rule fds-eqI) (auto simp: fds-integral-def scaleR-diff-right)

lemma fds-integral-minus: fds-integral (—a) (—f) = —fds-integral a f
by (rule fds-eql) (auto simp: fds-integral-def scaleR-diff-right)

lemma fds-shift-integral: fds-shift b (fds-integral a f) = fds-integral a (fds-shift b

h
by (rule fds-eqI) (simp add: fds-integral-def fds-shift-def)

lemma fds-deriv-fds-integral [simp]:
fds-nth f (Suc 0) = 0 = fds-deriv (fds-integral ¢ f) = f
by (simp add: fds-deriv-def fds-integral-def fds-eq-iff)

lemma fds-integral-fds-deriv [simpl: fds-integral (fds-nth f 1) (fds-deriv f) = f
by (simp add: fds-deriv-def fds-integral-def fds-eq-iff)

4.6 Formal logarithm

definition fds-In :: '‘a = 'a :: {real-normed-field} fds = 'a fds where
fds-In 1l f = fds-integral | (fds-deriv f ] f)

lemma fds-nth-Suc-0-fds-deriv [simp]: fds-nth (fds-deriv ) (Suc 0) = 0
by (simp add: fds-deriv-def)

lemma fds-deriv-fds-In [simp]: fds-deriv (fds-In | f) = fds-deriv f | f
unfolding fds-In-def by (subst fds-deriv-fds-integral) (simp-all add: divide-fds-def)

lemma fds-nth-Suc-0-fds-In [simp]: fds-nth (fds-In l f) (Suc 0) =1
by (simp add: fds-In-def fds-integral-def)

lemma fds-In-const [simp]: fds-In 1 (fds-const ¢) = fds-const |
by (rule fds-eqI) (simp add: fds-In-def fds-integral-def divide-fds-def)

lemma fds-In-0 [simp]: fds-In | 0 = fds-const
by (rule fds-eqI) (simp add: fds-In-def fds-integral-def divide-fds-def)

lemma fds-In-1 [simp]: fds-In | 1 = fds-const |
by (rule fds-eqI) (simp add: fds-In-def fds-integral-def divide-fds-def)
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lemma fds-shift-In [simp]: fds-shift a (fds-In 1 f) = fds-In | (fds-shift a f)
by (simp add: fds-In-def fds-shift-integral)

lemma fds-In-mult:
assumes fds-nth f 1 # 0 fdsnthg 1 # 01 + 1" =1
shows fds-Inl (f * g) = fds-Inl' f + fds-In 1" g
proof —
have fds-In 1 (f x g) = fds-integral (I’ + 1"') ((fds-deriv f = g + f = fds-deriv g)
/ (f *9))
by (simp add: fds-In-def assms)
also have (fds-deriv f x g + f x fds-deriv g) / (f x g) =
fds-deriv f | f % (g * inverse g) + fds-deriv g | g x (f * inverse f)
by (simp add: divide-fds-def algebra-simps inverse-mult-fds)
also from assms have f x inverse f = 1 by (intro fds-right-inverse) auto
also from assms have g * inverse ¢ = 1 by (intro fds-right-inverse) auto
finally show ?thesis by (simp add: fds-integral-add fds-In-def)
qed

lemma fds-In-power:
assumes fds-nth f 1 # 01 = of-nat n * I
shows fds-In 1 (f " n) = of-nat n x fds-in 1’ f
proof —
have fds-In (of-nat n x ') (f ~n) = of-nat n * fds-in l' f
using assms(1) by (induction n) (simp-all add: fds-In-mult algebra-simps)
with assms show ?thesis by simp
qged

lemma fds-In-prod:

assumes A\z. t € A = fds-nth (fz) 1 # 0 (O z€A. l'z) =1

shows fds-In | ([[z€A. fz) = (O z€A. fds-In (I' z) (f z))
proof —

have fds-in (>_z€A. U z) (J[[z€A. fz) = (O z€A. fds-In (I' z) (f x))

using assms(1) by (induction A rule: infinite-finite-induct) (simp-all add:

fds-In-mult)

with assms show ?thesis by simp
qed

4.7 Formal exponential

definition fds-exp :: ‘a :: {real-normed-algebra-1,banach} fds = 'a fds where
fds-exp f = (let f' = fds (An. if n = 1 then 0 else fds-nth fn)
in fds (An. exp (fds-nth f 1) x (O k. fds-nth (f' " k) n /g fact k)))

lemma fds-nth-exp-Suc-0 [simp]: fds-nth (fds-exp f) (Suc 0) = exp (fds-nth f 1)
proof —
have fds-nth (fds-exp f) (Suc 0) = exp (fds-nth f 1) « O k. 0 "k /g fact k)
by (simp add: fds-exp-def)
also have (3" k. (0::'a) “k /g fact k) = (O k. if k = 0 then 1 else 0)
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by (intro suminf-cong) (auto simp: power-0-left)
also have ... = [ using sums-If-finite[of \k. k = 0 A-. 1 :: 'd]
by (simp add: sums-iff)
finally show ?thesis by simp
qed

lemma fds-exp-times-fds-nth-0:

fds-const (exp (fds-nth f (Suc 0))) x fds-exp (f — fds-const (fds-nth f (Suc 0)))
= fds-exp f

by (rule fds-eql) (simp add: fds-exp-def fds-nth-fds’ cong: if-cong)

lemma fds-exp-const [simp]: fds-exp (fds-const ¢) = fds-const (exp c)
proof —
have fds-exp (fds-const ¢) = fds (An. exp ¢ x (3 k. fds-nth (fds (An. 0) " k) n
/R fact k))
by (simp add: fds-exp-def fds-nth-fds' one-fds-def cong: if-cong)
also have fds (A-. 0 :: 'a) = 0 by (simp add: fds-eq-iff)
also have (A(k::nat) (n:nat). fds-nth (0 " k) n) = (Akn. ifk = 0 A n = 1 then
1 else 0)
by (intro ext) (auto simp: one-fds-def fds-nth-fds’ power-0-left)
also have (An:nat. > k. (if k = 0 A n = 1 then 1 else (0::'a)) /g fact k) =
(An. if n = 1 then (3 k. (if k = 0 then 1 else 0) /g fact k) else 0)
by (intro ext) auto
also have ... = (Anunat. if n = 1 then (3 ke{0}. (if k = (0::nat) then 1 else
0)) else 0 :: 'a)
by (subst suminf-finite[of {0}]) auto
also have fds (An. exp ¢ x ... n) = fds-const (exp c)
by (simp add: fds-const-def fds-eq-iff fds-nth-fds’ cong: if-cong)
finally show ?thesis .
qed

lemma fds-exp-numeral [simp): fds-exp (numeral n) = fds-const (exp (numeral n))
using fds-exp-const[of numeral n :: 'a] by (simp del: fds-exp-const add: nu-
meral-fds)

lemma fds-exp-0 [simp]: fds-exp 0 = 1
using fds-exp-const[of 0] by (simp del: fds-exp-const)

lemma fds-exp-1 [simp]: fds-exp 1 = fds-const (exp 1)
using fds-exp-const[of 1] by (simp del: fds-exp-const)

lemma fds-nth-Suc-0-exp [simp): fds-nth (fds-exp f) (Suc 0) = exp (fds-nth f (Suc
0))

proof —
have (3" k. 0 "k /g fact k) = (O ke{0}. 0 "k /g fact k :: 'a)
by (intro suminf-finite) (auto simp: power-0-left)

also have ... = 1 by simp
finally show ?thesis by (simp add: fds-exp-def)
qed
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4.8 Subseries

definition fds-subseries :: (nat = bool) = ('a :: semiring-1) fds = 'a fds where
fds-subseries P f = fds (An. if P n then fds-nth f n else 0)

lemma fds-nth-subseries:
fds-nth (fds-subseries P f) n = (if P n then fds-nth f n else 0)
by (simp add: fds-subseries-def fds-nth-fds')

lemma fds-subseries-0 [simp]: fds-subseries P 0 = 0
by (simp add: fds-subseries-def fds-eq-iff)

lemma fds-subseries-1 [simp]: P 1 = fds-subseries P 1 = 1
by (simp add: fds-subseries-def fds-eq-iff one-fds-def)

lemma fds-subseries-const [simp]: P 1 = fds-subseries P (fds-const ¢) = fds-const
c

by (simp add: fds-subseries-def fds-eq-iff fds-const-def)

lemma fds-subseries-add [simp): fds-subseries P (f + g) = fds-subseries P f +
fds-subseries P g
by (simp add: fds-subseries-def fds-eq-iff plus-fds-def)

lemma fds-subseries-diff [simpl:
fds-subseries P (f — g :: 'a :: ring-1 fds) = fds-subseries P f — fds-subseries P g
by (simp add: fds-subseries-def fds-eq-iff minus-fds-def)

lemma fds-subseries-minus [simp]:
fds-subseries P (—f :: 'a :: ring-1 fds) = — fds-subseries P f
by (simp add: fds-subseries-def fds-eq-iff minus-fds-def)

lemma fds-subseries-sum [simp]: fds-subseries P (Y z€A. fx) = (D x€A. fds-subseries

P (fz))
by (induction A rule: infinite-finite-induct) simp-all

lemma fds-subseries-shift [simp]:
fds-subseries P (fds-shift ¢ f) = fds-shift ¢ (fds-subseries P f)
by (simp add: fds-subseries-def fds-eq-iff)

lemma fds-subseries-deriv [simp]:
fds-subseries P (fds-deriv f) = fds-deriv (fds-subseries P f)
by (simp add: fds-subseries-def fds-deriv-def fds-eq-iff)

lemma fds-subseries-integral [simp]:

P 1V c= 0= fds-subseries P (fds-integral ¢ f) = fds-integral ¢ (fds-subseries
P

by (auto simp: fds-subseries-def fds-integral-def fds-eq-iff)
abbreviation fds-primepow-subseries :: nat = (‘a :: semiring-1) fds = 'a fds
where
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fds-primepow-subseries p f = fds-subseries (An. prime-factors n C {p}) f

lemma fds-primepow-subseries-mult [simp]:
fixes p :: nat
defines P = (An. prime-factors n C {p})
shows  fds-subseries P (f * g) = fds-subseries P [ x fds-subseries P g
proof (rule fds-eql)
fix n :: nat
consider n =0 | Pnn> 0| -Pnn> 0 by blast
thus fds-nth (fds-subseries P (f * g)) n = fds-nth (fds-subseries P f x fds-subseries
Pg)n
proof cases
case 2
have P: P d if d dvd n for d
proof —
have prime-factors d C prime-factors n using that 2
by (intro dvd-prime-factors) auto
also have ... C {p} using 2 by (simp add: P-def)
finally show ?thesis by (simp add: P-def)
qed
have P PaPbifn=axbfor ab
using P[of a] Plof b] that by auto

have fds-nth (fds-subseries P (f x g)) n = dirichlet-prod (fds-nth f) (fds-nth g)

n
using 2 by (simp add: fds-subseries-def fds-nth-fds’ fds-nth-mult)
also have ... = dirichlet-prod (fds-nth (fds-subseries P f)) (fds-nth (fds-subseries
Pg))n
unfolding dirichlet-prod-altdef2 using 2
by (intro sum.cong refl) (auto simp: fds-subseries-def fds-nth-fds’ dest: P’)
finally show ?thesis by (simp add: fds-nth-mult)
next
case 3
have «(Pa A Pb)ifn=axbforabd
proof —
have prime-factors n = prime-factors (a * b) by (simp add: that)
also have ... = prime-factors a U prime-factors b

using 3 that by (intro prime-factors-product) auto
finally show ?thesis using 3 by (auto simp: P-def)
qed
hence dirichlet-prod (fds-nth (fds-subseries P f)) (fds-nth (fds-subseries P g))
n =70
unfolding dirichlet-prod-altdef2
by (intro sum.neutral) (auto simp: fds-subseries-def fds-nth-fds’)
also have ... = fds-nth (fds-subseries P (f % g)) n
using 3 by (simp add: fds-subseries-def)
finally show ?thesis by (simp add: fds-nth-mult)
qed auto
qed
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lemma fds-primepow-subseries-power [simp]:
fds-primepow-subseries p (f ~ n) = fds-primepow-subseries p f " n
by (induction n) simp-all

lemma fds-primepow-subseries-prod [simp]:
fds-primepow-subseries p ([[z€A. fz) = ([[z€A. fds-primepow-subseries p (f

z))

by (induction A rule: infinite-finite-induct) simp-all

lemma completely-multiplicative-function-only-pows:

assumes completely-multiplicative-function (fds-nth f)

shows completely-multiplicative-function (fds-nth (fds-primepow-subseries p f))
proof —

interpret completely-multiplicative-function fds-nth f by fact

show ?thesis

by standard (auto simp: fds-nth-subseries prime-factors-product mult)

qed

4.9 Truncation

definition fds-truncate :: nat = ‘a ::{zero} fds = 'a fds where
fds-truncate m f = fds (An. if n < m then fds-nth f n else 0)

lemma fds-nth-truncate: fds-nth (fds-truncate m f) n = (if n < m then fds-nth f
n else 0)
by (simp add: fds-truncate-def fds-nth-fds")

lemma fds-truncate-0 [simpl: fds-truncate 0 f = 0
by (simp add: fds-eq-iff fds-nth-truncate)

lemma fds-truncate-zero [simp]: fds-truncate m 0 = 0
by (simp add: fds-truncate-def fds-eq-iff)

lemma fds-truncate-one [simp]: m > 0 = fds-truncate m 1 = 1
by (simp add: fds-truncate-def fds-eq-iff)

lemma fds-truncate-const [simp]: m > 0 = fds-truncate m (fds-const ¢) = fds-const
c
by (simp add: fds-truncate-def fds-eq-iff)

lemma fds-truncate-truncate [simp]: fds-truncate m (fds-truncate n f) = fds-truncate
(min m n) f
by (rule fds-eql) (simp add: fds-nth-truncate)

lemma fds-truncate-truncate’ [simp]: fds-truncate m (fds-truncate m f) = fds-truncate

m f
by (rule fds-eqI) (simp add: fds-nth-truncate)
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lemma fds-truncate-shift [simp]: fds-truncate m (fds-shift a ) = fds-shift a (fds-truncate

m f)
by (simp add: fds-eq-iff fds-nth-truncate)

lemma fds-truncate-add-strong:

fds-truncate m (f + g == 'a :: monoid-add fds) = fds-truncate m f + fds-truncate
m g

by (auto simp: fds-eq-iff fds-nth-truncate)

lemma fds-truncate-add:
fds-truncate m (fds-truncate m f + fds-truncate m g :: 'a :: monoid-add fds) =
fds-truncate m (f + g)
by (auto simp: fds-eq-iff fds-nth-truncate)

lemma fds-truncate-mult:
fds-truncate m (fds-truncate m f = fds-truncate m g) = fds-truncate m (f * g) (is
?A = ?B)
proof (intro fds-eql, goal-cases)
case (I n)
show ?Zcase
proof (cases n < m)
case True
hence fds-nth B n = dirichlet-prod (fds-nth f) (fds-nth g) n
by (simp add: fds-nth-truncate fds-nth-mult)
also have ... = dirichlet-prod (fds-nth (fds-truncate m f)) (fds-nth (fds-truncate
m g)) n
unfolding dirichlet-prod-def
proof (intro sum.cong refl, goal-cases)
case (1 d)
with <n > 0> have d < mn divd < m
by (auto dest: dvd-imp-le intro: order.trans|OF - True])
thus ?case by (auto simp add: fds-nth-truncate)
qed
also have ... = fds-nth ?A n using True by (simp add: fds-nth-truncate
fds-nth-mult)
finally show ?thesis ..
qged (auto simp: fds-nth-truncate)
qged

lemma fds-truncate-deriv: fds-truncate m (fds-deriv f) = fds-deriv (fds-truncate m

1))
by (simp add: fds-eq-iff fds-nth-truncate fds-deriv-def)

lemma fds-truncate-integral:
m> 0V c= 0= fds-truncate m (fds-integral c f) = fds-integral ¢ (fds-truncate

m f)
by (auto simp: fds-eq-iff fds-nth-truncate fds-integral-def)

lemma fds-truncate-power: fds-truncate m (fds-truncate m f ~ n) = fds-truncate
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m (f " n)
proof (cases m = 0)
case Fulse
show ?thesis
proof (induction n)
case (Suc n)
have fds-truncate m (fds-truncate m f ~ Suc n) =
fds-truncate m (fds-truncate m f x fds-truncate m f ~n) by simp

also have ... = fds-truncate m (fds-truncate m f x fds-truncate m (f ~ n))
by (subst fds-truncate-mult [symmetric]) (simp add: Suc)
also have ... = fds-truncate m (f ~ Suc n)

by (simp add: fds-truncate-mult)
finally show ?case .
qed (simp-all add: fds-truncate-mult)
qed simp-all

lemma dirichlet-inverse-cong-simp:
assumes A\m. m >0 = m<n= fm=f"mi=in=n'
shows dirichlet-inverse f i n = dirichlet-inverse f' i’ n’
proof —
have dirichlet-inverse f i n = dirichlet-inverse f' i n
using assms(1)
proof (induction n rule: dirichlet-inverse-induct)
case (gt1 n)
have x*: dirichlet-inverse f i k = dirichlet-inverse f' i k if k dvd n A k < n for k
using that by (intro gt1) auto
have *: (3. d | ddvdn A d < n.f (ndivd)* dirichlet-inverse f i d) =
Ood|ddvdn Ad<n f'(ndivd)  dirichlet-inverse f' i d)
by (intro sum.cong refl) (subst gt1.prems, auto elim: dvdE simp: %)
consider n = 0 | n=1|n > 1 by force
thus ?case
by cases (insert x, simp-all add: dirichlet-inverse-gt-1 * cong: sum.cong)
qged auto
with assms(2,3) show ?thesis by simp
qed

lemma fds-truncate-cong:
(An.m>0= n>0= n<m= fds-nth f n = fds-nth f' n) =
fds-truncate m f = fds-truncate m f’
by (rule fds-eqI) (simp add: fds-nth-truncate)

lemma fds-truncate-inverse:

fds-truncate m (inverse (fds-truncate m (f :: 'a :: field fds))) = fds-truncate m
(inverse f)
proof (rule fds-truncate-cong, goal-cases)

case (I n)

have x: dirichlet-inverse (An. if n < m then fds-nth f n else 0) (inverse (fds-nth
f1)n=

dirichlet-inverse (fds-nth f) (inverse (fds-nth f 1)) n using I
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by (intro dirichlet-inverse-cong-simp) auto
show ?Zcase
proof (cases fds-nth f 1 = 0)
case True
thus ?thesis by (auto simp: inverse-fds-nonunit fds-nth-truncate)
qed (insert x 1, auto simp: inverse-fds-def fds-nth-fds’ fds-nth-truncate Suc-le-eq)
qed

lemma fds-truncate-divide:

fixes f ¢ :: 'a :: field fds

shows fds-truncate m (fds-truncate m f | fds-truncate m g) = fds-truncate m (f
/9)
proof —

have fds-truncate m (f / g) = fds-truncate m (fds-truncate m (fds-truncate m f)
*

fds-truncate m (inverse (fds-truncate m g)))
by (simp add: fds-truncate-inverse fds-truncate-mult divide-fds-def)

also have ... = fds-truncate m (fds-truncate m f * inverse (fds-truncate m g))
by (rule fds-truncate-mult)
also have ... = fds-truncate m (fds-truncate m f / fds-truncate m g)

by (simp add: divide-fds-def)
finally show ?thesis ..
qed

lemma fds-truncate-In:
fixes f :: 'a :: real-normed-field fds
shows fds-truncate m (fds-In 1 (fds-truncate m f)) = fds-truncate m (fds-ln 1 f)
by (cases m = 0)
(simp-all add: fds-In-def fds-truncate-integral fds-truncate-deriv [symmetric]
fds-truncate-divide)

lemma fds-truncate-exp:

shows fds-truncate m (fds-exp (fds-truncate m f)) = fds-truncate m (fds-exp f)
proof (rule fds-truncate-cong, goal-cases)

case (I n)

define a where a = exp (fds-nth f (Suc 0))

define f’ where f’' = fds (An. if n = Suc 0 then 0 else fds-nth f n)

have truncate-f” fds-truncate m f' = fds (An. if n = Suc 0 then 0 else fds-nth
(fds-truncate m f) n)

by (simp add: f’-def fds-eq-iff fds-nth-truncate)

have fds-nth (fds-exp (fds-truncate m f)) n =
a x (O k. fds-nth (fds-truncate m f' " k) n /g fact k) using 1
by (simp add: fds-exp-def fds-nth-fds" a-def [symmetric] f'-def [symmetric]
fds-nth-truncate truncate-f' [symmetric])

also have (A\k. fds-nth (fds-truncate m f' k) n) = (Ak. fds-nth (f' " k) n)
proof (rule ext, goal-cases)

case (1 k)

have fds-nth (fds-truncate m f' ~ k) n = fds-nth (fds-truncate m (fds-truncate
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mf' Tk)n
using «n < m» by (simp add: fds-nth-truncate)
also have fds-truncate m (fds-truncate m f’ ~ k) = fds-truncate m (f' ~ k)
by (simp add: fds-truncate-power)
also have fds-nth ... n = fds-nth (f' ~ k) n using <n < my by (simp add:
fds-nth-truncate)
finally show ?case .
qed
also have a x (3 k. ... k /g fact k) = fds-nth (fds-exp f) n
by (simp add: fds-exp-def fds-nth-fds’ a-def f'-def)
finally show ?case .
qed

lemma fds-eql-truncate:
assumes Am. m > 0 = fds-truncate m f = fds-truncate m g
shows f=yg
proof (rule fds-eql)
fix n :: nat assume n > 0
have fds-nth f n = fds-nth (fds-truncate n f) n
by (simp add: fds-nth-truncate)
also note assms[OF <n > 0)]
also have fds-nth (fds-truncate n g) n = fds-nth g n
by (simp add: fds-nth-truncate)
finally show fds-nth fn = fds-nth g n .
qed

4.10 Normed series
definition fds-norm :: 'a :: {real-normed-div-algebra} fds = real fds

where fds-norm f = fds (An. of-real (norm (fds-nth f n)))

lemma fds-nth-norm [simp]: fds-nth (fds-norm f) n = norm (fds-nth f n)
by (simp add: fds-norm-def fds-nth-fds’)

lemma fds-norm-1 [simp]: fds-norm 1 = 1
by (simp add: fds-eq-iff one-fds-def)

lemma fds-nth-norm-mult-le:
shows norm (fds-nth (f * g) n) < fds-nth (fds-norm f * fds-norm g) n
by (auto simp add: fds-nth-mult dirichlet-prod-def norm-mult intro!: sum-norm-le)

lemma fds-nth-norm-mult-nonneg [simp|: fds-nth (fds-norm f x fds-norm g) n >
0

by (auto simp: fds-nth-mult dirichlet-prod-def introl: sum-nonneg)
4.11 Lifting a real series to a real algebra

definition fds-of-real :: real fds = 'a :: {real-normed-algebra-1} fds where
fds-of-real f = fds (An. of-real (fds-nth f n))
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lemma fds-nth-of-real [simp]: fds-nth (fds-of-real f) n = of-real (fds-nth fn)
by (simp add: fds-of-real-def fds-nth-fds’)

lemma fds-of-real-0 [simp]: fds-of-real 0 = 0

and fds-of-real-1 [simp]: fds-of-real 1 = 1

and fds-of-real-const [simpl: fds-of-real (fds-const ¢) = fds-const (of-real )

and fds-of-real-minus [simp]: fds-of-real (—f) = —fds-of-real f

and fds-of-real-add [simp]: fds-of-real (f + g) = fds-of-real f + fds-of-real g

and fds-of-real-mult [simp]: fds-of-real (f x g) = fds-of-real f % fds-of-real g

and fds-of-real-deriv [simp]: fds-of-real (fds-deriv f) = fds-deriv (fds-of-real f)

by (simp-all add: fds-eq-iff one-fds-def fds-const-def fds-nth-mult
dirichlet-prod-def fds-deriv-def scaleR-conv-of-real)

lemma fds-of-real-higher-deriv [simp):
(fds-deriv =" n) (fds-of-real f) = fds-of-real ((fds-deriv """ n) f)
by (induction n) simp-all

4.12 Convergence and connection to concrete functions

The following definitions establish a connection of a formal Dirichlet series to
the concrete analytic function that it corresponds to. This correspondence
is usually partial in the sense that a series may not converge everywhere.

definition eval-fds :: (‘a :: {nat-power, real-normed-field, banach}) fds = 'a = 'a
where
eval-fds f s = (O n. fds-nth f n / nat-power n s)

lemma eval-fds-eql:
assumes (An. fds-nth f (Suc n) / nat-power (Suc n) s) sums L
shows eval-fds fs =L
proof —
from assms have (An. fds-nth f n / nat-power n s) sums L
by (subst (asm) sums-Suc-iff) auto
thus ?thesis by (simp add: eval-fds-def sums-iff)
qged

definition fds-converges ::
("a = {nat-power, real-normed-field, banach}) fds = 'a = bool where
fds-converges f s +— summable (An. fds-nth f n / nat-power n s)

lemma fds-converges-iff:
fds-converges f s «— (An. fds-nth fn / nat-power n s) sums eval-fds f s
by (simp add: fds-converges-def sums-iff eval-fds-def)

definition fds-abs-converges ::

("a :: {nat-power, real-normed-field, banach}) fds = 'a = bool where
fds-abs-converges f s +— summable (An. norm (fds-nth fn / nat-power n s))

lemma fds-abs-converges-imp-converges [dest, intro]:
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fds-abs-converges f s = fds-converges f s
unfolding fds-abs-converges-def fds-converges-def by (rule summable-norm-cancel)

lemma fds-converges-altdef:

fds-converges f s <— (An. fds-nth f (Suc n) / nat-power (Suc n) s) sums eval-fds
fs

unfolding fds-converges-def summable-sums-iff

by (subst sums-Suc-iff) (simp-all add: eval-fds-def)

lemma fds-const-abs-converges [simp]: fds-abs-converges (fds-const ¢) s
proof —
have summable (An. norm (fds-nth (fds-const ¢) n / nat-power n s)) «—
summable (An. if n = 1 then norm c else (0 :: real))
by (intro summable-cong) simp

also have ... by simp
finally show ?thesis by (simp add: fds-abs-converges-def)
qed

lemma fds-const-converges [simp]: fds-converges (fds-const ¢) s
by (rule fds-abs-converges-imp-converges) simp

lemma eval-fds-const [simp]: eval-fds (fds-const ¢) = (A-. ¢)
proof
fix s
have eval-fds (fds-const ¢) s = (3. n. if n = 1 then c else 0) unfolding eval-fds-def
by (intro suminf-cong) simp

also have ... = ¢ using sums-single[of 1 A-. ¢] by (simp add: sums-iff)
finally show eval-fds (fds-const ¢) s = ¢ .
qed

lemma fds-zero-abs-converges [simp): fds-abs-converges 0 s
by (simp add: fds-abs-converges-def)

lemma fds-zero-converges [simp): fds-converges 0 s
by (simp add: fds-converges-def)

lemma eval-fds-zero [simp]: eval-fds 0 = (A-. 0)
by (simp only: fds-const-zero [symmetric| eval-fds-const)

lemma fds-one-abs-converges [simpl: fds-abs-converges 1 s
by (simp only: fds-const-one [symmetric| fds-const-abs-converges)

lemma fds-one-converges [simp]: fds-converges 1 s
by (simp only: fds-const-one [symmetric] fds-const-converges)

lemma fds-converges-truncate [simpl: fds-converges (fds-truncate n f) s
proof —

have summable (\k. fds-nth (fds-truncate n f) k | nat-power k s) «— summable
(A-. 0 == 'a)
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by (intro summable-cong|OF eventually-mono[OF eventually-gt-at-top[of n]]])
(auto simp: fds-nth-truncate)
thus ?thesis by (simp add: fds-converges-def)
qed

lemma fds-abs-converges-truncate [simp): fds-abs-converges (fds-truncate n f) s
proof —

have summable (Ak. norm (fds-nth (fds-truncate n f) k / nat-power k s)) «—
summable (A-. 0 :: real)

by (intro summable-cong|OF eventually-mono[OF eventually-gt-at-top[of n]]])
(auto simp: fds-nth-truncate)

thus ?thesis by (simp add: fds-abs-converges-def)

qed

lemma fds-abs-converges-subseries [simp, intro]:
assumes fds-abs-converges f s
shows  fds-abs-converges (fds-subseries P f) s
unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
show summable (An. norm (fds-nth f n | nat-power n s))
using assms unfolding fds-abs-converges-def .
qed (auto simp: fds-nth-subseries)

lemma eval-fds-one [simp]: eval-fds 1 = (A-. 1)
by (simp only: fds-const-one [symmetric| eval-fds-const)

lemma eval-fds-truncate: eval-fds (fds-truncate n f) s = (3 k=1..n. fds-nth f k /
nat-power k s)
proof —
have eval-fds (fds-truncate n f) s = (> k=1..n. fds-nth (fds-truncate n f) k /
nat-power k )
unfolding eval-fds-def by (intro suminf-finite) (auto simp: fds-nth-truncate
Suc-le-eq)
also have ... = (3" k=1..n. fds-nth f k / nat-power k s)
by (intro sum.cong) (auto simp: fds-nth-truncate)
finally show ?thesis .
qed

lemma fds-converges-add:
assumes fds-converges [ s fds-converges g s
shows  fds-converges (f + g) s
using summable-add[OF assms[unfolded fds-converges-def]]
by (simp add: fds-converges-def add-divide-distrib)

lemma fds-abs-converges-add:
assumes fds-abs-converges [ s fds-abs-converges g s
shows  fds-abs-converges (f + g) s
unfolding fds-abs-converges-def
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proof (rule summable-comparison-test, intro exl alll impI)
let A = (An. norm (fds-nth f n / nat-power n s) + norm (fds-nth g n / nat-power

ns))

from summable-add]OF assms[unfolded fds-abs-converges-def]] show summable
?A .
fix n :: nat
show norm (norm (fds-nth (f + g) n / nat-power n s)) < A n
by (simp add: norm-triangle-ineq add-divide-distrib)
qed

lemma eval-fds-add:

assumes fds-converges f s fds-converges g s

shows eval-fds (f + g) s = eval-fds f s + eval-fds g s
proof —

from assms have (An. fds-nth f n / nat-power n s) sums eval-fds f s

(An. fds-nth g n | nat-power n s) sums eval-fds g s
by (simp-all add: fds-converges-def sums-iff eval-fds-def)

from sums-add[OF this] show ?thesis by (simp add: eval-fds-def sums-iff add-divide-distrib)

qed

lemma fds-converges-uminus:
assumes fds-converges f s
shows fds-converges (—f) s
using summable-minus[OF assms[unfolded fds-converges-def]]
by (simp add: fds-converges-def add-divide-distrib)

lemma The-cong: The P = The Q if Axz. Pz +— Q=
proof —

from that have P = @ by auto

thus %thesis by simp
qed

lemma fds-abs-converges-uminus:
assumes fds-abs-converges f s
shows  fds-abs-converges (—f) s
using assms by (simp add: fds-abs-converges-def)

lemma eval-fds-uminus: fds-converges f s = eval-fds (—f) s = —eval-fds f s
by (simp add: fds-converges-def eval-fds-def suminf-minus)

lemma fds-converges-diff:
assumes fds-converges f s fds-converges g s
shows fds-converges (f — g) s
using summable-diff[OF assms[unfolded fds-converges-def]]
by (simp add: fds-converges-def diff-divide-distrib)

lemma fds-abs-converges-diff:
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assumes fds-abs-converges f s fds-abs-converges g s
shows  fds-abs-converges (f — g) s
unfolding fds-abs-converges-def
proof (rule summable-comparison-test, intro exI alll impI)
let ?A = (An. norm (fds-nth fn / nat-power n s) + norm (fds-nth g n / nat-power

n s))

from summable-add]OF assms[unfolded fds-abs-converges-def]] show summable
?A .
fix n :: nat
show norm (norm (fds-nth (f — g) n / nat-power n s)) < ?A n
by (simp add: norm-triangle-ineq diff-divide-distrib)
qed

lemma eval-fds-diff:

assumes fds-converges [ s fds-converges g s

shows eval-fds (f — g) s = eval-fds f s — eval-fds g s
proof —

from assms have (An. fds-nth f n / nat-power n s) sums eval-fds f s

(An. fds-nth g n /| nat-power n s) sums eval-fds g s
by (simp-all add: fds-converges-def sums-iff eval-fds-def)

from sums-diff [OF this] show ?thesis by (simp add: eval-fds-def sums-iff diff-divide-distrib)

qged

lemma eval-fds-at-nat: eval-fds f (of-nat k) = (3. n. fds-nth fn / of-nat n " k)
unfolding eval-fds-def

proof (intro suminf-cong, goal-cases)
case (1 n)
thus Zcase by (cases n = 0) simp-all

qed

lemma eval-fds-at-numeral: eval-fds f (numeral k) = (3. n. fds-nth fn / of-nat n
~ numeral k)
using eval-fds-at-nat|of f numeral k] by simp

lemma eval-fds-at-1: eval-fds f 1 = (3 n. fds-nth fn / of-nat n)
using eval-fds-at-nat[of f 1] by simp

lemma eval-fds-at-0: eval-fds f 0 = (> n. fds-nth f n)
using eval-fds-at-nat[of f 0] by simp

lemma suminf-fds-zeta-auz:
f0=0= (D>_n. fds-nth fds-zetan / fn) = (>_n. 1/ fn: 'a:: real-normed-field)
by (intro suminf-cong) (auto simp: fds-nth-zeta)

lemma fds-converges-shift [simp):
fixes z :: 'a :: {banach, nat-power-field, real-normed-field}
shows fds-converges (fds-shift ¢ f) z «+— fds-converges f (z — c¢)

61



unfolding fds-converges-def
by (intro summable-cong)
(auto intro: eventually-mono [OF eventually-gt-at-top|of 0::nat]] simp: nat-power-diff)

lemma fds-abs-converges-shift [simp]:
fixes z :: 'a :: {banach, nat-power-field, real-normed-field}
shows fds-abs-converges (fds-shift ¢ f) z «— fds-abs-converges f (z — ¢)
unfolding fds-abs-converges-def
by (intro summable-cong)
(auto intro: eventually-mono [OF eventually-gt-at-top[of 0::nat]] simp: nat-power-diff)

lemma fds-eval-shift [simp]:
fixes z :: 'a :: {banach, nat-power-field, real-normed-field}
shows eval-fds (fds-shift ¢ f) z = eval-fds f (z — ¢)
unfolding eval-fds-def

proof (rule suminf-cong, goal-cases)

case (1 n)
show ?case by (cases n = 0) (simp-all add: nat-power-diff)
qed

lemma fds-converges-scale [simp]:
fixes z :: 'a :: {banach, nat-power-field, real-normed-field}
assumes c: ¢ > 0
shows  fds-converges (fds-scale ¢ f) z +— fds-converges f (of-nat ¢ * z)
proof —
have fds-converges (fds-scale ¢ f) z +—
summable (An. fds-nth (fds-scale ¢ f) (n ~¢) / nat-power (n ~ ¢) z)
(is - = summable ?g) unfolding fds-converges-def
by (rule summable-mono-reindex [symmetric])
(insert ¢, auto simp: fds-nth-scale is-nth-power-def strict-mono-def power-strict-mono)
also have ?g = (An. fds-nth f n / nat-power n (of-nat ¢ * z))
proof (intro ext, goal-cases)
case (1 n)
thus ?case using c
by (cases n = 0) (simp-all add: nat-power-power-left nat-power-power [symmetric)
mult-ac)
qed
finally show ?thesis by (simp add: fds-converges-def)
qed

lemma fds-abs-converges-scale [simpl:

fixes z :: 'a :: {banach, nat-power-field, real-normed-field}

assumes c: ¢ > 0

shows fds-abs-converges (fds-scale ¢ f) z <+— fds-abs-converges f (of-nat ¢ * z)
proof —

have fds-abs-converges (fds-scale ¢ f) z +—

summable (An. norm (fds-nth (fds-scale ¢ f) (n ~ ¢) / nat-power (n " ¢)

2)
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(is - = summable ?g) unfolding fds-abs-converges-def
by (rule summable-mono-reindex [symmetric])
(insert ¢, auto simp: fds-nth-scale is-nth-power-def strict-mono-def power-strict-mono)
also have ?g = (An. norm (fds-nth f n / nat-power n (of-nat ¢ * z)))
proof (intro ext, goal-cases)
case (1 n)
thus ?case using c
by (cases n = 0) (simp-all add: nat-power-power-left nat-power-power [symmetric)
mult-ac)
qged
finally show ?thesis by (simp add: fds-abs-converges-def)
qed

lemma eval-fds-scale [simp]:
fixes z :: 'a :: {banach, nat-power-field, real-normed-field}
assumes c: ¢ > 0
shows eval-fds (fds-scale ¢ f) z = eval-fds f (of-nat ¢ * 2)
proof —
have eval-fds (fds-scale ¢ ) z =
(3" n. fds-nth (fds-scale ¢ f) (n " ¢) / nat-power (n ~ ¢) z)
unfolding eval-fds-def
by (rule suminf-mono-reindex [symmetric])
(insert ¢, auto simp: fds-nth-scale is-nth-power-def strict-mono-def power-strict-mono)

also have ... = (3. n. fds-nth f n / nat-power n (of-nat ¢ * z))
proof (intro suminf-cong, goal-cases)
case (1 n)

thus ?case using ¢
by (cases n = 0) (simp-all add: nat-power-power-left nat-power-power [symmetric]
mult-ac)
qed
finally show ?thesis by (simp add: eval-fds-def)
qed

lemma fds-abs-converges-integral:
assumes fds-abs-converges f s
shows  fds-abs-converges (fds-integral ¢ f) s
unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
show summable (An. norm (fds-nth f n / nat-power n s))
using assms by (simp add: fds-abs-converges-def)
show eventually (An. norm (norm (fds-nth (fds-integral ¢ f) n / nat-power n s))
< norm (fds-nth f n / nat-power n s)) at-top
using eventually-gt-at-top[of 3]
proof eventually-elim
case (elim n)
hence Inn > In (exp 1)
using exp-le by (subst In-le-cancel-iff) auto
hence norm (fds-nth f n) * 1 < norm (fds-nth fn) = In (real n)
by (intro mult-left-mono) auto
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with elim show ?case
by (simp-all add: fds-integral-def norm-divide divide-simps)
qed
qed

lemma fds-abs-converges-In:
assumes fds-abs-converges (fds-deriv f | f) s
shows  fds-abs-converges (fds-In 1 f) s
using assms unfolding fds-In-def by (intro fds-abs-converges-integral)

end

5 The Mobius i function

theory Moebius-Mu

imports
Main
HOL— Number-Theory. Number-Theory
HOL- Computational-Algebra.Squarefree
Dirichlet-Series
Dirichlet-Misc

begin

definition moebius-mu :: nat = 'a :: comm-ring-1 where
moebius-mu n =

(if squarefree n then (—1) ~ card (prime-factors n) else 0)

lemma abs-moebius-mu-le: abs (moebius-mu n :: 'a :: {linordered-idom}) < 1
by (auto simp add: moebius-mu-def)

lemma of-int-moebius-mu [simpl: of-int (moebius-mu n) = moebius-mu n
by (simp add: moebius-mu-def)

lemma minus-1-power-ring-neq-zero [simp]: (— 1 :: 'a :: ring-1) " n # 0
by (cases even n) simp-all

lemma moebius-mu-0 [simp]: moebius-mu 0 = 0
by (simp add: moebius-mu-def)

lemma fds-nth-fds-moebius-mu [simpl: fds-nth (fds moebius-mu) = moebius-mu
by (simp add: fun-eq-iff fds-nth-fds)

lemma prime-factors-Suc-0 [simp]: prime-factors (Suc 0) = {}
by simp

lemma moebius-mu-Suc-0 [simp]: moebius-mu (Suc 0) = 1
by (simp add: moebius-mu-def)

lemma moebius-mu-1 [simpl: moebius-mu 1 = 1
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by (simp add: moebius-mu-def)

lemma moebius-mu-eq-zero-iff: moebius-mu n = 0 <— —squarefree n
by (simp add: moebius-mu-def)

lemma moebius-mu-not-squarefree [simp|: —squarefree n => moebius-mu n = 0
by (simp add: moebius-mu-def)

lemma moebius-mu-power:
assumes a > I n > 1
shows moebius-mu (a ~n) = 0
proof —
from assms have a ~ 2 dvd a ~ n by (simp add: le-imp-power-dvd)
with moebius-mu-eg-zero-iff[of @ " n] and <a > 1> show ?thesis by (auto simp:
squarefree-def)
qed

lemma moebius-mu-power':

moebius-mu (a " n) = (ifa = 1 V n = 0 then 1 else if n = 1 then moebius-mu
a else 0)

by (simp add: squarefree-power-iff)

lemma moebius-mu-squarefree-eq:
squarefree n = moebius-mu n = (—1) ~ card (prime-factors n)
by (simp add: moebius-mu-def split: if-splits)

lemma moebius-mu-squarefree-eq’:

assumes squarefree n

shows moebius-mu n = (—1) ~ size (prime-factorization n)
proof —

let ?P = prime-factorization n

from assms have [simp]: n > 0 by (auto intro!: Nat.gr0OI)

have size 2P = sum (count ?P) (set-mset ?P) by (rule size-multiset-overloaded-eq)

also from assms have ... = sum (A-. 1) (set-mset ?P)

by (intro sum.cong refl, subst count-prime-factorization-prime)
(auto simp: moebius-mu-eg-zero-iff squarefree-factorial-semiring’)

also have ... = card (set-mset ?P) by simp

finally show ?thesis by (simp add: moebius-mu-squarefree-eq[ OF assms))
qed

lemma sum-moebius-mu-divisors:
assumes n > I
shows (>_d | d dvd n. moebius-mu d) = (0 :: 'a :: comm-ring-1)
proof —
have (>_d | d dvd n. moebius-mu d :: int) =
(>>d € Prod ‘{P. P C prime-factors n}. moebius-mu d)
proof (rule sum.mono-neutral-right; safe?)
fix A assume A: A C prime-factors n
from A have [simp]: finite A by (rule finite-subset) auto
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from A have A" z > 0 prime z if z € A for z using that
by (auto simp: prime-factors-multiplicity prime-gt-0-nat)
from A’ have A-nz: [[ A # 0 by (intro notl) auto
from A’ have prime-factorization ([ A) = sum prime-factorization A
by (subst prime-factorization-prod) (auto dest: finite-subset)
also from A’ have ... = sum (\z. {#a#}) A
by (intro sum.cong refl) (auto simp: prime-factorization-prime)
also have ... = mset-set A by simp
also from A have ... C# mset-set (prime-factors n)
by (rule subset-imp-msubset-mset-set) simp-all
also have ... C# prime-factorization n by (rule mset-set-set-mset-msubset)
finally show [[ A dvd n using A-nz
by (intro prime-factorization-subset-imp-dvd) auto
next
fix x assume z: ¢ Prod ‘ {P. P C prime-factors n} z dvd n
from x assms have [simp]: © > 0 by (auto introl: Nat.gr0I)
{
assume nz: moebius-mu z # 0
have (] (set-mset (prime-factorization z))) = ([[ p€prime-factors z. p ~
multiplicity p x)
using nz by (intro prod.cong refl)
(auto simp: moebius-mu-eq-zero-iff squarefree-factorial-semiring’)
also have ... = z by (intro Primes.prime-factorization-nat [symmetric]) auto
finally have z = [][ (prime-factors z) prime-factors x C prime-factors n
using dvd-prime-factors[of n x] assms «x dvd n> by auto
hence z € Prod ‘ {P. P C prime-factors n} by blast
with z(1) have False by contradiction
}
thus moebius-mu ¢ = 0 by blast
qed (insert assms, auto)

also have ... = (3. P | P C prime-factors n. moebius-mu (] P))
by (subst sum.reindex) (auto introl: inj-on-Prod-primes dest: finite-subset)
also have ... = (3 P | P C prime-factors n. (—1) ~ card P)

proof (intro sum.cong refl)
fix P assume P: P € {P. P C prime-factors n}
hence [simp]: finite P by (auto dest: finite-subset)
from P have prime: prime p if p € P for p using that by (auto simp:
prime-factors-dvd)
hence squarefree (] P)
by (intro squarefree-prod-coprime prime-imp-coprime squarefree-prime)
(auto simp: primes-dvd-imp-eq)
hence moebius-mu ([[ P) = (=1) ~ card (prime-factors (I P))
by (rule moebius-mu-squarefree-eq)
also from P have prime-factors ([[ P) = P
by (subst prime-factors-prod) (auto simp: prime-factorization-prime prime)
finally show moebius-mu ([[P) = (=1) ~card P .
qed
also have {P. P C prime-factors n} =
{P. P C prime-factors n A even (card P)} U {P. P C prime-factors
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n A odd (card P)}
(is - = ?A U ?B) by blast
also have ()P e ....(=1) “card P) = (D P € ?A. (—1) "card P) + (O_P
€ ?B. (—1) " card P)
by (intro sum.union-disjoint) auto
also have (Y P € ?A. (—1) “card P :: int) = (3. P € ?A. 1) by (intro sum.cong
refl) auto
also have ... = int (card ?A) by simp
also have ()P € ?B. (—1) “card P :: int) = (D). P € ?B. —1) by (intro
sum.cong refl) auto
also have ... = —int (card ?B) by simp
also have card ?B = card ?A
by (rule card-even-odd-subset [symmetric])
(insert assms, auto simp: prime-factorization-empty-iff)
also have int (card ?4) + (— int (card ?4)) = 0 by simp
finally have (Y d | d dvd n. of-int (moebius-mu d) :: 'a) = 0
unfolding of-int-sum [symmetric] by (simp only: of-int-0)
thus ?thesis by simp
qed

lemma sum-moebius-mu-divisors':

(3> d | d dvd n. moebius-mu d) = (if n = 1 then 1 else 0)
proof —

have n =0V n=1Vn>1 by force

thus ?thesis using sum-moebius-mu-divisors[of n] by auto
qged

lemma fds-zeta-times-moebius-mu: fds-zeta x fds moebius-mu = 1
proof
fix n :: nat assume n: n > 0
from n have fds-nth (fds-zeta * fds moebius-mu :: 'a fds) n = (> d | d dvd n.
moebius-mu d)
unfolding fds-nth-mult dirichlet-prod-altdef1
by (intro sum.cong refl) (auto simp: fds-nth-fds elim: dvdE)
also have ... = fds-nth 1 n by (simp add: sum-moebius-mu-divisors’)
finally show fds-nth (fds-zeta = fds moebius-mu :: 'a fds) n = fds-nth 1 n .
qed

lemma fds-moebius-inverse-zeta:
fds moebius-mu = inverse (fds-zeta :: 'a :: field fds)
using fds-right-inverse-unique fds-zeta-times-moebius-mu by blast

lemma moebius-mu-formula-real: (moebius-mu n :: real) = dirichlet-inverse (A-.
I 1n
proof —
have moebius-mu n = (fds-nth (fds moebius-mu) n :: real) by simp
also have fds moebius-mu = (inverse fds-zeta :: real fds) by (fact fds-moebius-inverse-zeta)
also have fds-nth ... n = dirichlet-inverse (fds-nth fds-zeta) 1 n
unfolding fds-nth-inverse by simp
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also have ... = dirichlet-inverse (A-. 1) 1 n by (rule dirichlet-inverse-cong)
simp-all

finally show ?thesis .
qed

lemma moebius-mu-formula-int: moebius-mu n = dirichlet-inverse (A-. 1 :: int) 1
n

proof —
have real-of-int (moebius-mu n) = moebius-mu n by simp
also have ... = dirichlet-inverse (A-. 1) 1 n by (fact moebius-mu-formula-real)
also have ... = real-of-int (dirichlet-inverse (A-. 1) 1 n)

by (induction n rule: dirichlet-inverse-induct) (simp-all add: dirichlet-inverse-gt-1)
finally show ?thesis by (subst (asm) of-int-eq-iff)
qed

lemma moebius-mu-formula: moebius-mu n = dirichlet-inverse (A-. 1) 1 n
by (subst of-int-moebius-mu [symmetric], subst moebius-mu-formula-int)
(simp add: of-int-dirichlet-inverse)

interpretation moebius-mu: multiplicative-function moebius-mu
proof —
have multiplicative-function (dirichlet-inverse (An. if n = 0 then 0 else 1 :: 'a)
1)
by (rule multiplicative-dirichlet-inverse, standard) simp-all
also have dirichlet-inverse (An. if n = 0 then 0 else 1 :: 'a) 1 = moebius-mu
by (auto simp: fun-eq-iff moebius-mu-formula)
finally show multiplicative-function (moebius-mu :: nat = 'a) .
qed

interpretation moebius-mu:
multiplicative-function’ moebius-mu Ap k. if k = 1 then —1 else 0 \-. —1
proof
fix p k :: nat assume prime p k > 0
moreover from this have moebius-mu p = —1
by (simp add: moebius-mu-def prime-factorization-prime squarefree-prime)
ultimately show moebius-mu (p ~ k) = (if k = 1 then — 1 else 0)
by (auto simp: moebius-mu-power”’)

qed auto
lemma moebius-mu-2 [simp): moebius-mu 2 = —1
and moebius-mu-3 [simp]: moebius-mu 3 = —1

by (rule moebius-mu.prime; simp)+

lemma moebius-mu-code [code]:
moebius-mu n = of-int (dirichlet-inverse (A-. 1 :: int) 1 n)
by (subst moebius-mu-formula-int [symmetric]) simp
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lemma fds-moebius-inversion: f = fds moebius-mu x g «— g = f * fds-zeta
by (metis fds-zeta-times-moebius-mu mult. commute mult.left-commute mult.right-neutral)

lemma moebius-inversion:

assumes An.n> 0= gn=(>_d|ddvdn. fd)n>20

shows fn = dirichlet-prod moebius-mu g n
proof —

from assms have fds g = fds f * fds-zeta

by (intro fds-eqI) (simp add: fds-nth-mult dirichlet-prod-def)

thus “thesis using assms

by (subst (asm) fds-moebius-inversion [symmetric]) (simp add: fds-eq-iff fds-nth-mult)
qed

lemma fds-mangoldt: fds mangoldt = fds moebius-mu * fds (An. of-real (In (real

n)))

by (subst fds-moebius-inversion) (rule fds-mangoldt-times-zeta [symmetric])

lemma sum-divisors-moebius-mu-times-multiplicative:
fixes f :: nat = ‘a :: {comm-ring-1}
assumes multiplicative-function fn > 0
shows (Y. d | d dvd n. moebius-mu d * f d) = (][] p€prime-factors n. 1 — f p)
proof —
define g where g = (An. Y. d | d dvd n. moebius-mu d * f d)
define ¢’ where ¢’ = dirichlet-prod (An. moebius-mu n * fn) (An. if n = 0 then
0 else 1)
interpret f: multiplicative-function f by fact
have multiplicative-function (An. if n = 0 then 0 else 1 :: 'a)
by standard auto
interpret multiplicative-function ¢’ unfolding ¢’-def
by (intro multiplicative-dirichlet-prod multiplicative-function-mult
moebius-mu.multiplicative-function-azioms assms) fact+

have g’-primepow: ¢’ (p " k) =1 — fp if prime p k > 0 for p k
proof —
have ¢’ (p k) = (O i<k. moebius-mu (p ~ i) x f (p 1))
using that by (simp add: g'-def dirichlet-prod-prime-power)
also have ... = (>_i€{0, 1}. moebius-mu (p ") * f (p ~ 1))
using that by (intro sum.mono-neutral-right) (auto simp: moebius-mu-power’)
alsohave ... =1 — fp
using that by (simp add: moebius-mu.prime)
finally show ?thesis .
qed

have ¢'n=gn
by (simp add: g-def g’-def dirichlet-prod-def)
also from assms have ¢’ n = ([[ peprime-factors n. g’ (p ~ multiplicity p n))
by (intro prod-prime-factors) auto
also have ... = ([ peprime-factors n. 1 — fp)
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by (intro prod.cong) (auto simp: g’-primepow prime-factors-multiplicity)
finally show ?thesis by (simp add: g-def)
qed

lemma completely-multiplicative-iff-inverse-moebius-mu:
fixes f :: nat = ‘a :: {comm-ring-1, ring-no-zero-divisors}
assumes multiplicative-function f
defines g = dirichlet-inverse f 1
shows completely-multiplicative-function f <—
(Vn. g n = moebius-mu n x fn)
proof —
interpret multiplicative-function f by fact
show ?thesis
proof safe
assume completely-multiplicative-function f
then interpret completely-multiplicative-function f .
have [simp]: fds f # 0 by (auto simp: fds-eq-iff)

have fds (An. moebius-mu n * fn) x fds f = 1
proof
fix n :: nat
have fds-nth (fds (An. moebius-mu n * fn) x fds f) n =
> (r, d) | v x d = n. moebius-mu r x f (r x d))
by (simp add: fds-eq-iff fds-nth-mult fds-nth-fds dirichlet-prod-altdef2 mult
mult.assoc)

also have ... = > (r, d) | r x d = n. moebius-mu r * f n)
by (intro sum.cong) auto
also have ... = dirichlet-prod moebius-mu (A-. 1) n x fn

by (simp add: dirichlet-prod-altdef2 sum-distrib-right case-prod-unfold mult)
also have dirichlet-prod moebius-mu (A-. 1) n = fds-nth (fds moebius-mu x
fds-zeta) n
by (simp add: fds-nth-mult)
also have fds moebius-mu * fds-zeta = 1
by (simp add: mult-ac fds-zeta-times-moebius-mu)
also have fds-nth 1 n x fn = fds-nth 1 n
by (auto simp: fds-eq-iff fds-nth-one)
finally show fds-nth (fds (An. moebius-mu n * fn) x fds f) n = fds-nth 1 n .
qed
also have 1 = fds g * fds f
by (auto simp: fds-eq-iff g-def fds-nth-mult dirichlet-prod-inverse’)
finally have fds g = fds (An. moebius-mu n * fn)
by (subst (asm) mult-cancel-right) auto
thus ¢ n = moebius-mu n * fn for n
by (cases n = 0) (auto simp: fds-eq-iff g-def)
next
assume g: Vn. g n = moebius-mu n * fn
show completely-multiplicative-function f
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proof (rule completely-multiplicativel)
fix p k :: nat assume pk: prime p k > 0
show f (p "kK) = fp "k
proof (induction k)
case (Suc k)
have eq: dirichlet-prod g fn = 0 if n # 1 for n
unfolding g-def using dirichlet-prod-inverse’[of f 1] that by auto
have dirichlet-prod g f (p ~ Suc k) = 0
using pk by (intro eq) auto
also have dirichlet-prod g f (p ~ Suc k) = (D i<Suck. g (p "i)«f (p ~

(Suc k — 1)))
by (intro dirichlet-prod-prime-power) fact+
also have ... = (> i<Suc k. moebius-mu (p ") = f (p ") = f (p ~ (Suc

k= 1))
by (intro sum.cong refl, subst g) auto
also have ... = (> i€{0, 1}. moebius-mu (p ~ i) x f (p ") = f (p ~ (Suc
k—1)))
using pk by (intro sum.mono-neutral-right) (auto simp: moebius-mu-power’)
also have ... = f (p ~Suck) — fp ~ Suck
using pk Suc.IH by (auto simp: moebius-mu.prime)
finally show f (p ~ Suc k) = fp ~ Suc k by simp
qed auto
qed
qed
qed

lemma completely-multiplicative-fds-inverse:

fixes f :: nat = 'a :: field

assumes completely-multiplicative-function f

shows inverse (fds f) = fds (An. moebius-mu n * fn)
proof —

interpret completely-multiplicative-function f by fact

from assms show ?thesis

by (subst (asm) completely-multiplicative-iff-inverse-moebius-mu)
(auto simp: inverse-fds-def multiplicative-function-azioms)

qed

lemma completely-multiplicative-fds-inverse':
fixes f :: 'a :: field fds
assumes completely-multiplicative-function (fds-nth f)
shows inverse f = fds (An. moebius-mu n * fds-nth f n)
by (metis assms completely-multiplicative-fds-inverse fds-fds-nth)

context
includes fds-syntax
begin

lemma selberg-aux:
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(x n. of-real ((In n)?)) x fds moebius-mu =
(fds mangoldt)® — fds-deriv (fds mangoldt :: 'a :: {comm-ring-1,real-algebra-1}
fds)
proof —
have (x n. of-real (In (real n) ~ 2)) = fds-deriv (fds-deriv fds-zeta :: 'a fds)
by (rule fds-eql) (simp add: fds-nth-fds fds-nth-deriv power2-eq-square scaleR-conv-of-real)
also have ... = (fds mangoldt ~ 2 — fds-deriv (fds mangoldt)) * fds-zeta
by (simp add: fds-deriv-zeta algebra-simps power2-eq-square)
also have ... * fds moebius-mu = ((fds mangoldt)? — fds-deriv (fds mangoldt))
*

(fds-zeta = fds moebius-mu) by (simp add: mult-ac)
also have fds-zeta * fds moebius-mu = (1 :: 'a fds) by (fact fds-zeta-times-moebius-mu)
finally show ?thesis by simp

qed

lemma selberg-auz’”:
mangoldt n * of-real (In n) + (mangoldt x mangoldt) n =
((moebius-mu x (Ab. of-real (In b) ~2)) n
i 'a i {comm-ring-1,real-algebra-1}) if n > 0
using selberg-aux [symmetric] that
by (auto simp add: fds-eq-iff fds-nth-mult power2-eg-square fds-nth-deriv
dirichlet-prod-commutes algebra-simps scaleR-conv-of-real)

end

end

6 Euler’s ¢ function

theory More-Totient
imports
Moebius-Mu
HOL— Number-Theory. Number-Theory
begin

lemma fds-totient-times-zeta:

fds (An. of-nat (totient n) :: 'a :: comm-semiring-1) x fds-zeta = fds of-nat
proof

fix n :: nat assume n: n > 0

have fds-nth (fds (An. of-nat (totient n)) * fds-zeta) n =

dirichlet-prod (An. of-nat (totient n)) (A-. 1) n
by (simp add: fds-nth-mult)
also from n have ... = fds-nth (fds of-nat) n
by (simp add: fds-nth-fds dirichlet-prod-def totient-divisor-sum of-nat-sum [symmetric]
del: of-nat-sum)

finally show fds-nth (fds (An. of-nat (totient n)) * fds-zeta) n = fds-nth (fds
of-nat) n .
qged

72



lemma fds-totient-times-zeta’: fds totient * fds-zeta = fds id
using fds-totient-times-zeta|where ‘a = nat] by simp

lemma fds-totient: fds (An. of-nat (totient n)) = fds of-nat x fds moebius-mu
proof —
have fds (An. of-nat (totient n)) = fds-zeta * fds moebius-mu = fds of-nat * fds
moebius-mu
by (simp add: fds-totient-times-zeta)
also have fds (An. of-nat (totient n)) * fds-zeta * fds moebius-mu =
fds (An. of-nat (totient n))
by (simp only: mult.assoc fds-zeta-times-moebius-mu mult-1-right)
finally show ?thesis .
qed

lemma totient-conv-moebius-mu:

int (totient n) = dirichlet-prod moebius-mu int n
proof (cases n = 0)

case Fulse

show ?thesis

by (rule moebius-inversion)
(insert False, simp-all add: of-nat-sum [symmetric] totient-divisor-sum del:

of-nat-sum,)
qed simp-all

interpretation totient: multiplicative-function totient
proof —
have multiplicative-function int by standard simp-all
hence multiplicative-function (dirichlet-prod moebius-mu int)
by (intro multiplicative-dirichlet-prod moebius-mu.multiplicative-function-azxioms)
also have dirichlet-prod moebius-mu int = (An. int (totient n))
by (simp add: fun-eq-iff totient-conv-moebius-mu)
finally show multiplicative-function totient by (rule multiplicative-function-of-natD)
qed

lemma even-prime-nat: prime p = even p = p = (2::nat)
using prime-odd-nat|of p| prime-gt-1-nat[of p] by (cases p = 2) auto

lemma twopow-dvd-totient:
fixes n :: nat
assumes n > (
defines k = card {pEprime-factors n. odd p}
shows 2 7k dvd totient n

proof —
define P where P = {peprime-factors n. odd p}
define P’ where P’ = {p€eprime-factors n. even p}
define r where r = (\p. multiplicity p n)
from <n > 0» have totient n = ([] peprime-factors n. totient (p ~ r p))

unfolding r-def by (rule totient.prod-prime-factors)

also have prime-factors n = P U P’
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by (auto simp: P-def P'-def)
also have ([ pe.... totient (p " rp)) =
(I peP. totient (p ~rp)) = ([[ pEP’. totient (p " r p))
by (subst prod.union-disjoint) (auto simp: P-def P’-def)
finally have eq: totient n = ... .

have p "rp > 2ifpe P for p

proof —
have p # 2 using that by (auto simp: P-def)
moreover have p > [ using prime-gt-1-natof p] that by (auto simp: P-def)
ultimately have 2 < p by linarith
also have p = p ~ 1 by simp
alsohavep ~1 <p " rp

using that prime-gt-1-nat|of p]

by (intro power-increasing) (auto simp: P-def prime-factors-multiplicity r-def)
finally show ?thesis .

qed

hence ([[peP. 2) dvd ([[ peP. totient (p ~r p))
by (intro prod-dvd-prod totient-even)

hence 2 ~ card P dvd (][ p€P. totient (p " r p))
by simp

also have ... dvd ([[ p€P. totient (p ~rp)) * ([[p€P’. totient (p ~r p))
by simp

also have ... = totient n
by (rule eq [symmetric])

finally show ?thesis unfolding k-def P-def .

qged

lemma totient-conv-moebius-mu':
assumes n > (0::nat)
shows real (totient n) = real n x (> d | d dvd n. moebius-mu d / real d)
proof —
have real (totient n) = of-int (int (totient n)) by simp
also have int (totient n) = (>_ d | d dvd n. moebius-mu d * int (n div d))
using totient-conv-moebius-mu by (simp add: dirichlet-prod-def assms)
also have real-of-int (> d | d dvd n. moebius-mu d * int (n div d)) =
(>°d | d dvd n. moebius-mu d x real (n div d)) by simp

also have ... = (3. d | d dvd n. real n x moebius-mu d / real d)
by (rule sum.cong) (simp-all add: field-char-0-class.of-nat-div)
also have ... = real n * (> d | d dvd n. moebius-mu d / real d)

by (simp add: sum-distrib-left)
finally show ?thesis .
qed

lemma totient-prime-power-Suc:
assumes prime p
shows totient (p ~Sucn) =p " Sucn —p " n
proof —
have totient (p ~ Suc n) = p ~ Sucn — card ((x) p ‘{0<.p " n})
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unfolding totient-def totatives-prime-power-Suc|OF assms|
by (subst card-Diff-subset) (insert assms, auto simp: prime-gt-0-nat)
also from assms have card ((x) p ‘{0<.p™n}) =p "n
by (subst card-image) (auto simp: inj-on-def)
finally show ?thesis .
qed

interpretation totient: multiplicative-function’ totient A\p k. p "k —p ~(k — 1)
Ap.p — 1
proof
fix p k :: nat assume prime p k > 0
thus totient (p "k)=p "k —p (k- 1)
by (cases k) (simp-all add: totient-prime-power-Suc del: power-Suc)
qed simp-all

end

7 The Liouville )\ function

theory Liouville-Lambda
imports
HOL— Computational-Algebra. Computational-Algebra
HOL— Number-Theory. Number- Theory
Dirichlet-Series
Multiplicative- Function
Moebius-Mu
begin

definition liouville-lambda :: nat = 'a :: comm-ring-1 where
liouville-lambda n = (if n = 0 then 0 else (—1) ~ size (prime-factorization n))

interpretation liouville-lambda: completely-multiplicative-function’ liouville-lambda
A —1
proof
fix a b:: nat assume a > 1 b > 1
thus liouville-lambda (a * b) = liouville-lambda a * liouville-lambda b
by (simp add: liouville-lambda-def prime-factorization-mult power-add)
qed (simp-all add: liowville-lambda-def prime-factorization-prime One-nat-def [symmetric)

del: One-nat-def)

lemma liouville-lambda-prime [simp]: prime p = liouville-lambda p = —1
by (simp add: liouville-lambda-def prime-factorization-prime)

lemma liouville-lambda-prime-power [simp]: prime p = liouville-lambda (p ~ k)
=(-1) "k

by (simp add: liowville-lambda-def prime-factorization-prime-power)

lemma liouville-lambda-squarefree: squarefree n = liouwville-lambda n = moe-
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bius-mu n
by (auto simp: liouville-lambda-def moebius-mu-squarefree-eq’ intro!: Nat.gr0I)

lemma power-neg-one-If: (—1) ~n = (if even n then 1 else —1 :: 'a :: ring-1)
by (induction n) (simp-all split: if-splits)

lemma liouville-lambda-power-even:

n > 0 = even m = liowville-lambda (n ~ m) = 1

by (subst liouville-lambda.power) (auto elim!: evenE simp: liouville-lambda-def
power-neg-one-If)

lemma liouwville-lambda-power-odd:

odd m = liouville-lambda (n = m) = liouville-lambda n

by (subst liouville-lambda.power) (auto elim!: oddE simp: liouville-lambda-def
power-neg-one-If)

lemma liouville-lambda-power:
liouville-lambda (n ~m) =
(if n =0 AN m > 0 then 0 else if even m then 1 else liouville-lambda n)
by (auto simp: liouville-lambda-power-even liouville-lambda-power-odd power-0-left)

interpretation squarefree: multiplicative-function’

ind squarefree Ap k. if k > 1 then 0 else 1 \-. 1
proof

fix p k :: nat assume prime p k > 0

thus ind squarefree (p " k) = (if 1 < k then 0 else 1 :: 'a)

by (cases k = 1) (auto simp: squarefree-power-iff squarefree-prime ind-def)
qed (auto simp: squarefree-mult-coprime squarefree-power-iff ind-def dest: square-
free-multD
simp del: One-nat-def)

interpretation is-nth-power: multiplicative-function ind (is-nth-power n)
by standard (auto simp: is-nth-power-mult-coprime-nat-iff)

interpretation is-nth-power: multiplicative-function’
ind (is-nth-power n) Ap k. if n dvd k then 1 else 0 A\-. if n = 1 then 1 else 0
by standard (simp-all add: is-nth-power-prime-power-nat-iff ind-def)

interpretation is-square: multiplicative-function ind is-square
by standard (auto simp: is-nth-power-mult-coprime-nat-iff )

interpretation is-square: multiplicative-function’

ind is-square \p k. if even k then 1 else 0 \-. 0
by standard (simp-all add: is-nth-power-prime-power-nat-iff ind-def)

lemma liouville-lambda-divisors-sum:
(>-d | d dvd n. liouville-lambda d) = ind is-square n
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proof (rule multiplicative-function-eqI)
show multiplicative-function (An. (3. d | d dvd n. liouville-lambda d))
by (rule liouville-lambda.multiplicative-sum-divisors)
show multiplicative-function (ind is-square)
by (rule is-nth-power.multiplicative-function-azioms)
next
fix p k :: nat assume pk: prime p k > 0
hence p-gt-1: p > 1 by (simp add: prime-gt-Suc-0-nat)
have (3. d | d dvd p ~ k. liowville-lambda d) = (> de(Xi. p ~ 1) ‘ {..k}. liou-
ville-lambda d)
using pk by (intro sum.cong refl) (auto intro: le-imp-power-dvd simp: di-
vides-primepow-nat)
also from pk and p-gt-1 have ... = (>  i<k. liouville-lambda (p ~ 7))
by (subst sum.reindex) (auto simp: inj-on-def prime-gt-1-nat)
also from pk have ... = (> i<k. (—1) ~ i) by (intro sum.cong refl) simp
also have ... = (if even k then 1 else 0) by (induction k) auto
also from pk have ... = ind is-square (p ~ k) by (simp add: is-square.prime-power)
finally show (> d | d dvd p ™ k. liowville-lambda d) = ind is-square (p k) .
qed

lemma fds-liouville-lambda-times-zeta: fds liouville-lambda * fds-zeta = fds-ind
is-square

by (rule fds-eqI) (simp add: liouville-lambda-divisors-sum fds-nth-mult dirich-
let-prod-def)

lemma fds-liouwville-lambda: fds liouwville-lambda = fds-ind is-square * fds moe-
bius-mu
proof —
have fds liouville-lambda = fds-zeta * fds moebius-mu = fds-ind is-square * fds
moebius-mu
by (simp add: fds-liouville-lambda-times-zeta)
also have fds liouville-lambda * fds-zeta * fds moebius-mu = fds liouville-lambda
by (simp only: mult.assoc fds-zeta-times-moebius-mu mult-1-right)
finally show ?thesis .
qed

lemma liouville-lambda-altdef:
liouville-lambda n = (3. d | d ~ 2 dvd n. moebius-mu (n div d ~ 2))
proof (cases n = 0)
case Fulse
have liouville-lambda n = fds-nth (fds liouville-lambda) n by (simp add: fds-nth-fds)
also have fds liouville-lambda = fds-ind is-square * (fds moebius-mu :: 'a fds)
by (rule fds-liouville-lambda)
also have fds-nth ... n = (>_d | d dvd n. ind is-square d x moebius-mu (n div
a)
by (simp add: fds-nth-mult dirichlet-prod-def)
also have ... = (3 d € (Ad. d72) ‘{d. d ™ 2 dvd n}. moebius-mu (n div d))
using Fulse
by (intro sum.mono-neutral-cong-right) (auto simp: ind-def is-nth-power-def)
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also have ... = (3> d | d ™ 2 dvd n. moebius-mu (n div d ~ 2))
by (subst sum.reindex) (auto simp: inj-on-def dest: power2-eq-imp-eq)
finally show ?thesis .
qed auto

‘a :: linordered-idom) = ind square-

lemma abs-moebius-mu: abs (moebius-mu n ::
free n

by (auto simp: ind-def moebius-mu-def)

end

8 The divisor functions

theory Divisor-Count
imports
Complex-Main
HOL— Number-Theory. Number-Theory
Dirichlet-Series
More-Totient
Moebius-Mu,
begin

8.1 The general divisor function

definition divisor-sigma :: 'a :: nat-power = nat = 'a where

divisor-sigma z n = (>_ d | d dvd n. nat-power d x)

lemma divisor-sigma-0 [simp): divisor-sigma z 0 = 0
by (simp add: divisor-sigma-def)

lemma divisor-sigma-Suc-0 [simp|: divisor-sigma x (Suc 0) = 1
by (simp add: divisor-sigma-def)

lemma divisor-sigma-1 [simp): divisor-sigma © 1 = 1
by simp

lemma fds-divisor-sigma: fds (divisor-sigma x) = fds-zeta * fds-shift x fds-zeta
by (rule fds-eql) (simp add: fds-nth-mult dirichlet-prod-altdef1 divisor-sigma-def)

interpretation divisor-sigma: multiplicative-function divisor-sigma x
proof —
have multiplicative-function (dirichlet-prod (An. if n = 0 then 0 else 1)
(An. if n = 0 then 0 else nat-power n x)) (is multiplicative-function ?2f)
by (rule multiplicative-dirichlet-prod; standard)
(simp-all add: nat-power-mult-distrib)
also have ?f n = divisor-sigma x n for n
using fds-divisor-sigmalof x|
by (cases n = 0) (simp-all add: fds-eq-iff fds-nth-mult )
hence ?f = divisor-sigma z ..
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finally show multiplicative-function (divisor-sigma z) .
qed

lemma divisor-sigma-naive [code]:
divisor-sigma z n = (if n = 0 then 0 else fold-atLeastAtMost-nat
(Ad acc. if d dvd n then nat-power d x + acc else acc) 1 n 0)
proof (cases n = 0)
case Fulse
have divisor-sigma © n = (3, de{1..n}. if d dvd n then nat-power d z else 0)
unfolding divisor-sigma-def using False by (intro sum.mono-neutral-cong-left)
(auto elim: dvdE)
also have ... = fold-atLeastAtMost-nat
(M acc. (if d dvd n then nat-power d z else 0) + acc) 1 n 0
by (rule sum-atLeastAtMost-code)
also have (Ad ace. (if d dvd n then nat-power d z else 0) + acc) =
(Ad acc. (if d dvd n then nat-power d x + acc else acc))
by (auto simp: fun-eq-iff)
finally show ?thesis using False by simp
qed auto

lemma divisor-sigma-of-nat: divisor-sigma (of-nat x) n = of-nat (divisor-sigma x
n)
proof (cases n = 0)
case Fulse
show ?thesis unfolding divisor-sigma-def of-nat-sum
by (intro sum.cong refl, subst nat-power-of-nat) (insert False, auto elim: dvdE)
qged auto

lemma divisor-sigma-prime-power-field:
fixes z :: ‘a :: {field, nat-power}
assumes prime p
shows divisor-sigma z (p ~ k) =
(if nat-power p x = 1 then of-nat (k + 1) else
(nat-power p x = Suc k — 1) / (nat-power p x — 1))
proof —
have divisor-sigma z (p ~ k) = (3 i<k. nat-power (p7%) z)
unfolding divisor-sigma-def
by (rule sum.reindex-bij-betw [symmetric))
(insert assms, auto simp: bij-betw-def inj-on-def prime-gt-Suc-0-nat
divides-primepow-nat intro: le-imp-power-dvd)

also have ... = (> i<k. nat-power p x ~ i)
using assms by (intro sum.cong refl) (simp-all add: prime-gt-0-nat nat-power-power-left)
also have ... = (if nat-power p x = 1 then of-nat (k 4+ 1) else

(nat-power p x = Suc k — 1) / (nat-power p x — 1))
using geometric-sum[of nat-power p x Suc k] unfolding lessThan-Suc-atMost
by (auto split: if-splits)
finally show ?thesis .
qed
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lemma divisor-sigma-prime-power-nat:
assumes prime p
shows divisor-sigma x (p ~ k) = (if v = 0 then Suc k else
(p "(zxSuck)—1)div(p " x—1))
proof (cases z = 0)
case True
with assms have nat-power p (real ) = 1 by simp
hence divisor-sigma (real z) (p ~ k) = real (Suc k)
by (subst divisor-sigma-prime-power-field) (simp-all del: nat-power-real-def add:
assms)
thus ?thesis unfolding divisor-sigma-of-nat by (subst (asm) of-nat-eq-iff) (insert
True, simp)
next
case Fulse
with assms have gt-1: p "z > 1
using power-gtl[of p x — 1] by (simp add: prime-gt-Suc-0-nat)
hence not-one: real p ~x # 1
unfolding of-nat-power [symmetric] of-nat-eq-1-iff by (intro notl) simp
from gt-1 have dvd: p "z — 1 dvd p ~ (z * Suc k) — 1
using geometric-sum-nat-dvd[of p ~ z Suc k] assms
by (simp add: power-mult prime-gt-Suc-0-nat power-add)
have divisor-sigma (real x) (p " k) =
real (if z = 0 then Suc k else (p ~ (z *x Suc k) — 1) div (p "z — 1))
by (subst divisor-sigma-prime-power-field [OF assms, where 'a = real))
(insert assms False dvd not-one, auto simp del: power-Suc nat-power-real-def
simp: prime-gt-0-nat real-of-nat-div of-nat-diff prime-ge-Suc-0-nat power-mult
[symmetric])
thus ?thesis unfolding divisor-sigma-of-nat by (subst (asm) of-nat-eq-iff)
qed

interpretation divisor-sigma-field:
multiplicative-function’ divisor-sigma (x :: 'a :: {field, nat-power})
Ap k. if nat-power p x = 1 then of-nat (Suc k) else
(nat-power p x = Suc k — 1) / (nat-power p x — 1)
Ap. nat-power p v + 1
by standard (auto simp: divisor-sigma-prime-power-field prime-gt-0-nat field-simps)

interpretation divisor-sigma-real:
multiplicative-function’ divisor-sigma (z :: real)
Ap k. if x = 0 then of-nat (Suc k) else ((real p powr x) ~ Suc k — 1) / (real p
powr x — 1)
Ap. real p powr x + 1
proof (standard, goal-cases)
case (1 pk)
thus ?case
by (auto simp: divisor-sigma-prime-power-field prime-gt-0-nat powr-def of-nat-eq-1-iff
exp-of-nat-mult [symmetric] mult-ac simp del: of-nat-Suc power-Suc)
next
case (2 p)
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hence real p powr © # 1 if © # 0 by (auto simp: powr-def that prime-gt-0-nat
of-nat-eq-1-iff)

with 2 show Zcase by (auto simp: field-simps)
qed

interpretation divisor-sigma-nat:
multiplicative-function’ divisor-sigma (z :: nat)
Ap k. if £ = 0 then Suc kelse (p " (Suck xxz) — 1) div(p "z — 1)
Ap.p Tz + 1
proof (standard, goal-cases)
case (2 p)
have (p "(z+2z)—1)=(p "+ 1)x(p "z —1)
by (simp add: algebra-simps power-add)
moreover have p ~z > 1 if £ > 0 using that 2 one-less-power prime-gt-1-nat
by blast
ultimately show ?case using prime-ge-Suc-0-nat|of p| by auto
qed (auto simp: divisor-sigma-prime-power-nat mult-ac)

lemma divisor-sigma-prime:
assumes prime p
shows  divisor-sigma x p = nat-power p x + 1
proof —
have divisor-sigma x p = (>_ d | d dvd p. nat-power d x)
by (simp add: divisor-sigma-def)
also from assms have {d. d dvd p} = {1, p} by (auto simp: prime-nat-iff)
also have () de.... nat-power d ) = nat-power p x + 1
using assms by (subst sum.insert) (auto simp: add-ac)
finally show ?thesis .
qed

8.2 The divisor-counting function

definition divisor-count :: nat = nat where
divisor-count n = card {d. d dvd n}

lemma divisor-count-0 [simp]: divisor-count 0 = 0
by (simp add: divisor-count-def)

lemma divisor-count-Suc-0 [simp]: divisor-count (Suc 0) = 1
by (simp add: divisor-count-def)

lemma divisor-sigma-0-left-nat: divisor-sigma 0 n = divisor-count n
by (simp add: divisor-sigma-def divisor-count-def)

lemma divisor-sigma-0-left: divisor-sigma 0 n = of-nat (divisor-count n)
unfolding divisor-sigma-0-left-nat [symmetric] divisor-sigma-of-nat [symmetric]

by simp

lemma divisor-count-altdef: divisor-count n = divisor-sigma 0 n
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by (simp add: divisor-sigma-0-left)

lemma divisor-count-naive [code]:
divisor-count n = (if n = 0 then 0 else
fold-atLeastAtMost-nat (Ad acc. if d dvd n then Suc acc else acc) 1 n 0)
using divisor-sigma-naive[of 0 :: nat n)
by (simp split: if-splits add: divisor-count-altdef cong: if-cong)

interpretation divisor-count: multiplicative-function’ divisor-count Ap k. Suc k
A-. 2
by standard (simp-all add: divisor-count-altdef divisor-sigma.mult-coprime
divisor-sigma-nat.prime-power)

lemma divisor-count-dvd-mono:
assumes a dvd b b # 0
shows divisor-count a < divisor-count b
using assms by (auto simp: divisor-count-def intro!: card-mono intro: dvd-trans)

8.3 The divisor sum function

definition divisor-sum :: nat = nat where
divisor-sum n = Y {d. d dvd n}

lemma divisor-sum-0 [simp]: divisor-sum 0 = 0
by (simp add: divisor-sum-def)

lemma divisor-sum-Suc-0 [simp]: divisor-sum (Suc 0) = Suc 0
by (simp add: divisor-sum-def)

lemma divisor-sigma-1-left-nat: divisor-sigma (Suc 0) n = divisor-sum n
by (simp add: divisor-sum-def divisor-sigma-def)

lemma divisor-sigma-1-left: divisor-sigma 1 n = of-nat (divisor-sum n)
by (simp add: divisor-sum-def divisor-sigma-def)

lemma divisor-sum-altdef: divisor-sum n = divisor-sigma 1 n
by (simp add: divisor-sigma-1-left-nat)

interpretation divisor-sum:
multiplicative-function’ divisor-sum A\p k. (p ~ Suc k — 1) div (p — 1) Ap. Suc p
proof (standard, goal-cases)
case (5 p)
thus ?case using divisor-sigma-nat.prime-auz|of p 1]
by (simp-all add: divisor-sum-altdef)
qed (simp-all add: divisor-sum-altdef divisor-sigma-nat.prime-power divisor-sigma.mult-coprime)

lemma divisor-sum-dvd-mono:

assumes a dvd b b # 0
shows divisor-sum a < divisor-sum b
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using assms
by (cases a = 0) (auto simp: divisor-sum-def introl: sum-le-included intro: dvd-trans)

lemma divisor-sum-naive [codel:
divisor-sum n = (if n = 0 then 0 else
fold-atLeastAtMost-nat (\d acc. if d dvd n then d + acc else acc) 1 n 0)
using divisor-sigma-naive[of Suc 0 n|
by (simp split: if-splits add: divisor-sum-altdef cong: if-cong)

lemma fds-divisor-count: fds divisor-count = fds-zeta ~ 2
by (rule fds-eql)
(simp add: fds-nth-mult dirichlet-prod-altdef1 divisor-count-def power2-eq-square)

lemma fds-shift-zeta-1: fds-shift 1 fds-zeta = fds of-nat
by (rule fds-eql) (simp add: fds-nth-mult)

lemma fds-shift-zeta-Suc-0: fds-shift (Suc 0) fds-zeta = fds id
by (rule fds-eql) (simp add: fds-nth-mult)

lemma fds-divisor-sum: fds divisor-sum = fds-zeta * fds id
by (rule fds-eqI) (simp add: fds-nth-mult dirichlet-prod-altdef1 divisor-sum-def)

lemma fds-divisor-sum-eg-totient-times-d: fds divisor-sum = fds totient x fds di-
visor-count
proof —
have fds divisor-sum = fds-zeta * fds id by (fact fds-divisor-sum)
also have fds id = fds totient x fds-zeta by (rule fds-totient-times-zeta’ [symmetric])
also have fds-zeta * ... = fds totient x fds divisor-count
using fds-divisor-count by (simp add: power2-eq-square mult-ac)
finally show ?thesis .
qed

lemma fds-divisor-sum-times-moebius-mu:

fds (divisor-sigma (1 :: 'a :: {nat-power,comm-ring-1})) * fds moebius-mu = fds
of-nat
proof —

have fds (divisor-sigma 1) x fds moebius-mu =

fds of-nat * (fds-zeta * fds moebius-mu :: 'a fds)
by (subst mult.assoc [symmetric], subst fds-zeta-commutes [symmetric])
(simp add: fds-divisor-sigma fds-shift-zeta-1)

also have fds-zeta * fds moebius-mu = (1 :: 'a fds) by (fact fds-zeta-times-moebius-mu)

finally show ?thesis by simp
qed

lemma inverse-divisor-sigma:
fixes a :: ‘a :: {field, nat-power}
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shows inverse (fds (divisor-sigma a)) = fds-shift a (fds moebius-mu) * fds moe-
bius-mu
proof —
have fds (divisor-sigma a) = fds-zeta * fds-shift a fds-zeta
by (simp add: fds-divisor-sigma)
also have inverse ... = fds moebius-mu * inverse (fds-shift a fds-zeta)
by (simp add: fds-moebius-inverse-zeta inverse-mult-fds)
also have inverse (fds-shift a fds-zeta) =
fds (An. moebius-mu n * fds-nth (fds-shift a fds-zeta) n)
by (intro completely-multiplicative-fds-inverse’, unfold-locales)
(auto simp: nat-power-mult-distrib)
also have ... = fds-shift a (fds moebius-mu)
by (auto simp: fds-eq-iff)
finally show ?thesis by (simp add: mult.commute)
qed

end

9 Summatory arithmetic functions

theory Arithmetic-Summatory
imports

More-Totient
Moebius-Mu
Liouville- Lambda
Divisor-Count
Dirichlet-Series

begin

9.1 Definition

definition sum-upto :: (nat = ‘a :: comm-monoid-add) = real = 'a where
sum-upto fx = (3 0] 0 < iAreali <z fi)

lemma sum-upto-altdef: sum-upto fz = (3 ie{0<..nat |z]|}. f 1)
unfolding sum-upto-def
by (cases x > 0; intro sum.cong refl) (auto simp: le-nat-iff le-floor-iff)

lemma sum-upto-0 [simp]: sum-upto f 0 = 0
by (simp add: sum-upto-altdef)

lemma sum-upto-cong [cong]:
(An.n>0 = fn=f"n = n=n"= sum-upto f n = sum-upto f' n’
by (simp add: sum-upto-def)

lemma finite-Nats-le-real [simp,intro]: finite {n. 0 < n A real n < z}
proof (rule finite-subset)

show finite {n. n < nat |z|} by auto

show {n. 0 < n A real n < z} C {n. n < nat |z]} by safe linarith
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qed

lemma sum-upto-ind: sum-upto (ind P) x = of-nat (card {n. n > 0 A real n < x
A Pn})
proof —
have sum-upto (ind P :: nat = 'a) x = (O n |0 <nArealn<zAPn. 1)
unfolding sum-upto-def by (intro sum.mono-neutral-cong-right) (auto simp:
ind-def)

also have ... = of-nat (card {n. n > 0 A real n < z A P n}) by simp
finally show ?thesis .
qged

lemma sum-upto-sum-divisors:
sum-upto (An. Y. d | d dvd n. fn d) z = sum-upto (Ak. sum-upto (\d. f (d = k)
k) (z /) k) =
proof —
let ?B = (SIGMA k{k. 0 <k AN realk < z}. {d. 0 < d A reald <z / real k})
let ?A = (SIGMA k:{k. 0 < k A real k < z}. {d. d dvd k})
have *: real a < z if real (a x b)) <z b > 0 for a b
proof —
have real a * 1 < real (a x b) unfolding of-nat-mult using that
by (intro mult-left-mono) auto
also have ... < x by fact
finally show ?thesis by simp
qed
have bij: bij-betw (A(k,d). (d = k, k)) ?B ?A
by (rule bij-betwI[where g = A(k,d). (d, k div d))])

(auto simp: x divide-simps mult.commute elim!: dvdE)

have sum-upto (An. Y. d | ddvd n. fnd) z= () (k,d)e?A. fkd)
unfolding sum-upto-def by (rule sum.Sigma) auto

also have ... = (> (k,d)€?B. f (d x k) k)
by (subst sum.reindex-bij-betw[OF bij, symmetric]) (auto simp: case-prod-unfold)
also have ... = sum-upto (Ak. sum-upto (Ad. f (d x k) k) (z / k)) z

unfolding sum-upto-def by (rule sum.Sigma [symmetric]) auto
finally show ?thesis .
qed

lemma sum-upto-dirichlet-prod:
sum-upto (dirichlet-prod f g) x = sum-upto (Ad. f d * sum-upto g (z / real d))
unfolding dirichlet-prod-def
by (subst sum-upto-sum-divisors) (simp add: sum-upto-def sum-distrib-left)

lemma sum-upto-real:
assumes ¢ > ()
shows sum-upto real © = of-int (floor x) * (of-int (floor x) + 1) / 2
proof —
have A: 2 « Y {1..n} = n * Suc n for n by (induction n) simp-all
have 2 x sum-upto real x = real (2 x Y {0<..nat |z]}) by (simp add: sum-upto-altdef)
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also have {0<..nat |z]} = {I..nat |z|} by auto
also note A
also have real (nat |z] * Suc (nat |z])) = of-int (floor z) * (of-int (floor x) +
1) using assms
by (simp add: algebra-simps)
finally show ?thesis by simp
qed

lemma summable-imp-convergent-sum-upto:
assumes summable (f :: nat = 'a :: real-normed-vector)
obtains ¢ where (sum-upto f —— ¢) at-top
proof —
from assms have summable (An. f (Suc n))
by (subst summable-Suc-iff)
then obtain ¢ where (An. f (Suc n)) sums ¢ by (auto simp: summable-def)
hence (An. > k<n. f (Suc k)) —— ¢ by (auto simp: sums-def)
also have (An. >  k<n. f (Suc k)) = (An. D ke{0<..n}. fk)
by (subst sum.atLeast1-atMost-eq [symmetric]) (auto simp: atLeastSucAtMost-greaterThanAtMost)
finally have ((Az. sum f {0<..nat |z]}) —— ¢) at-top
by (rule filterlim-compose)
(auto introl: filterlim-compose| OF filterlim-nat-sequentially] filterlim-floor-sequentially)
also have (Az. sum f {0<..nat |z]}) = sum-upto f
by (intro ext) (simp-all add: sum-upto-altdef)
finally show ?thesis using that[of c] by blast
qed

9.2 The Hyperbola method

lemma hyperbola-method-semiring:
fixes f ¢ :: nat = ’a :: comm-semiring-0
assumes A > 0and B> 0and A*x B=1z
shows sum-upto (dirichlet-prod f g) © + sum-upto f A * sum-upto g B =
sum-upto (An. fn x sum-upto g (z / real n)) A +
sum-upto (An. sum-upto f (x / real n) * g n) B
proof —
from assms have [simp]: x > 0 by auto
{
fix a b:: real assume ab: a > 0b>0zxz>0a*xb<za>Ab>D0B
hence a x b > A x B using assms by (intro mult-strict-mono) auto
also from assms have A x B = x by simp
finally have Fulse using <a *x b < z» by simp
} note x = this
have x:: ¢ < AV b< Bifaxb<za>0b>0x>0forabd
by (rule ccontr) (insert *[of a b] that, auto)

have nat-mult-leD1: real a < z if real a * real b < z b > 0 for a b

proof —
from that have real a x 1 < real a * real b by (intro mult-left-mono) simp-all
also have ... < z by fact
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finally show ?thesis by simp

qed

have nat-mult-leD2: real b < z if real a * real b < z a > 0 for a b
using nat-mult-leD1[of b a] that by (simp add: mult-ac)

have le-sqrt-mult-imp-le: a * b < x
ifa>0b>0a< Ab< Bfor ab:: real

proof —
from that and assms have a x b < A x B by (intro mult-mono) auto
with assms show a x b < z by simp

qed

define F' G where F = sum-upto f and G = sum-upto g
let ?Bound = {0<..nat |z]} x {0<..nat |z]}
let B={(r,d). 0 <rArealr <ANO<dAreald<czx/realr}
let 2C = {(r,d). 0 < dAreald < BAO<rAvrealr <z/ reald}
let B’ = SIGMA r:{r. 0 <r Arealr < A}. {d. 0 < d A real d < z / real 1}
let ?C' = SIGMA d:{d. 0 < d A real d < B}. {r. 0 <r Arealr <z / real d}
have sum-upto (dirichlet-prod f g) v + F A x G B =
- (iy(ryd)) € (SIGMA i:{i. 0 < i A real i < z}. {(r,d). r x d =14}). fr
x g d) +
sum-upto f A * sum-upto g B (is - = 25 + -)
unfolding sum-upto-def dirichlet-prod-altdef2 F-def G-def
by (subst sum.Sigma) (auto intro: finite-divisors-nat’)
also have 25 = (3" (r,d) |0 <r A0 < dAreal (r*d) <z frxgd)
(is - = sum - ?A) by (intro sum.reindex-bij-witness[of - A(r,d). (rxd,(r,d))
snd]) auto
also have A = ?B U ?C by (auto simp: field-simps dest: *)
also have sum-upto f A * sum-upto ¢ B =
Oorjo<rArealr <A > d|0<dAreald<B.frxgd)
by (simp add: sum-upto-def sum-product)

also have ... = (3 (r,d)e{r. 0 <r Arealr < A} x {d. 0 < d A real d < B}.
frxgd)
(is - = sum - ?X) by (rule sum.cartesian-product)

also have ?X = ?B N ?C by (auto simp: field-simps le-sqrt-mult-imp-le)
also have (> (r,d)e?B U ?C. frxgd) + O (r,d)e?BnN ?C. frx gd) =
Oo(rd)e?B. frxgd)+ (O (r,d)e?C. frxgd)
by (intro sum.union-inter finite-subset[of ?B ?Bound)] finite-subset|of ?C ?Bound)])
(auto simp: field-simps le-nat-iff le-floor-iff dest: nat-mult-leD1 nat-mult-leD?2)
also have ?B = ?B’ by auto
hence (\f. sum f ?B) = (Af. sum f ?B’) by simp
also have (}_ (r,d)e?B’. fr x g d) = sum-upto (An. fn x G (z / real n)) A
by (subst sum.Sigma [symmetric]) (simp-all add: sum-upto-def sum-distrib-left
G-def)
also have (> (r,d)e?C. frxgd) = (> (d,r)e?C’. fr x g d)
by (intro sum.reindez-bij-witness[of - A(z,y). (y,z) M z,y). (y,x)]) auto
also have ... = sum-upto (An. F (z / real n) x g n) B
by (subst sum.Sigma [symmetric]) (simp-all add: sum-upto-def sum-distrib-right
F-def)
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finally show ?thesis by (simp only: F-def G-def)
qed

lemma hyperbola-method-semiring-sqrt:
fixes f g :: nat = ’a :: comm-semiring-0
assumes z > (
shows sum-upto (dirichlet-prod f g) x + sum-upto f (sqrt x) x sum-upto g (sqrt
z) =
sum-upto (An. fn x sum-upto g (z / real n)) (sqrt x) +
sum-upto (An. sum-upto f (z / real n) x g n) (sqrt )
using assms hyperbola-method-semiring|of sqrt x sqrt x x] by simp

lemma hyperbola-method:
fixes f g :: nat = 'a :: comm-ring
assumes A > 0B >0A*«B=z
shows sum-upto (dirichlet-prod f g) © =
sum-upto (An. fn x sum-upto g (z / real n)) A +
sum-upto (An. sum-upto f (z / real n) x g n) B —
sum-upto f A * sum-upto g B
using hyperbola-method-semiring[ OF assms, of f g] by (simp add: algebra-simps)

lemma hyperbola-method-sqrt:

fixes f g :: nat = 'a :: comm-ring

assumes z > (

shows sum-upto (dirichlet-prod f g) x =
sum-upto (An. fn x sum-upto g (z / real n)) (sqrt x) +
sum-upto (An. sum-upto f (z / real n) * g n) (sqrt z) —
sum-upto f (sqrt x) x sum-upto g (sqrt x)

using assms hyperbola-method|of sqrt x sqrt « x| by simp

end

10 Partial summation

theory Partial-Summation
imports
HOL— Analysis. Analysis
Arithmetic-Summatory
begin

lemma finite-vimage-real-of-nat-greater ThanAtMost: finite (real —* {y<..x})
proof (rule finite-subset)
show real —* {y<..z} C {nat |y]..nat [z]}
by (cases x > 0; cases y > 0)
(auto simp: nat-le-iff le-nat-iff le-ceiling-iff floor-le-iff)
qed auto

context
fixes a :: nat = 'a :: {banach, real-normed-algebra}
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fixes f f':: real = 'a
fixes A
fixes X :: real set
fixes = y :: real
defines A = sum-upto a
assumes fin: finite X
assumes zy: 0 < yy <z
assumes deriv: \z. z € {y..x} — X = (f has-vector-derivative ' z) (at z)
assumes cont-f: continuous-on {y..z} f
begin

lemma partial-summation-strong:
((At. At = f't) has-integral
(Azxfoz—Ayxfy— O ne€real — {y<.z}. anxfn)) {y.z}
proof —
define chi :: nat = real = real where chi = (An t. if n < ¢ then 1 else 0)
have ((At. sum-upto (An. a n x (chi nt xg f't)) x) has-integral
(sum-upto (An. a n x (fx — f (maz n y))) z)) {y..z} (is (- has-integral
1) )
unfolding sum-upto-def
proof (intro has-integral-sum balll finite-Nats-le-real, goal-cases)
case (1 n)
have (f’ has-integral (f x — f (maz n y))) {maz n y..x}
using zy 1
by (intro fundamental-theorem-of-calculus-strong[OF fin])
(auto introl: continuous-on-subset|OF cont-f] deriv)
also have ?this «— ((At. (if t € {maz n y..x} then 1 else 0) *r [’ 1)
has-integral (f x — f (maz n y))) {maz n y..z}
by (intro has-integral-cong) (simp-all add: chi-def)
finally have ((At. (if t € {maz n y..x} then I else 0) *r f'1t)
has-integral (f x — f (maz n y))) {y..x}
by (rule has-integral-on-superset) auto
also have ?this «— ((At. chi n t xg f' t) has-integral (f x — f (maz n y)))
{y..a}
by (intro has-integral-cong) (auto simp: chi-def)
finally show Zcase by (intro has-integral-mult-right)
qged
also have ?this +— ((At. A t x f't) has-integral ?I) {y..x}
unfolding sum-upto-def A-def chi-def sum-distrib-right using zy
by (intro has-integral-cong sum.mono-neutral-cong-right finite-Nats-le-real) auto
also have sum-upto (An. a n * (fz — f (max (real n) y))) © =
Azsfz—On|n>0Arealn <z anxf (maz (realn) y))
by (simp add: sum-upto-def ring-distribs sum-subtractf sum-distrib-right A-def)
also have {n.n > 0 Arealn <z} ={n.n> 0 A realn < y} U real —“{y<..z}
using zy by auto
also have sum (An. a n x f (max (real n) y)) ... =
O-n|0<nArealn<y. anxf (maz (real n) y)) +
>-n € real — {y<..x}. an *x f (maz (real n) y)) (is - = 251 + 952)
by (intro sum.union-disjoint finite- Nats-le-real finite-vimage-real-of-nat-greater ThanAtMost)
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auto

also have 751 = sum-upto (An. a n * fy) y unfolding sum-upto-def

by (intro sum.cong refl) (auto simp: maz-def)
also have ... = A y x fy by (simp add: A-def sum-upto-def sum-distrib-right)
also have 252 = (3 n € real —“ {y<..z}. an x fn)

by (intro sum.cong refl) (auto simp: max-def)
finally show ?thesis by (simp add: algebra-simps)

qed

lemma partial-summation-integrable-strong:
(Mt. At = f't) integrable-on {y..x}
and partial-summation-strong':
(> nereal — {y<.z}. an* fn)=
Azxzxfoz— Ayxfy— integral {y..x} (At. At = f't)
using partial-summation-strong by (simp-all add: has-integral-iff algebra-simps)

end

context
fixes a :: nat = 'a :: {banach, real-normed-algebra}
fixes [ f':: real = 'a
fixes A
fixes X :: real set
fixes z :: real
defines A = sum-upto a
assumes fin: finite X
assumes z: £ > 0
assumes deriv: \z. z € {0..2} — X = (f has-vector-derivative ' z) (at z)
assumes cont-f: continuous-on {0..x} f
begin

lemma partial-summation-sum-upto-strong:

((At. At * f't) has-integral (A z * fx — sum-upto (An. a n * fn) z)) {0..x}
proof —

have (> nereal —“ {0<..z}. an x fn) = sum-upto (An. an * fn) x

unfolding sum-upto-def by (intro sum.cong refl) auto

thus ?thesis

using partial-summation-strong[OF fin order.refl x deriv cont-f, of a)

by (simp-all add: A-def)
qged

lemma partial-summation-integrable-sum-upto-strong:
(At. A t = f't) integrable-on {0..z}
and partial-summation-sum-upto-strong”:
sum-upto (An. an x fn) z =
Az x fx — integral {0..x} (Mt. At = f'1)

using partial-summation-sum-upto-strong by (simp-all add: has-integral-iff alge-
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bra-simps)
end

end

11 Euler product expansions

theory Fuler-Products
imports
HOL— Analysis. Analysis
Multiplicative- Function
begin

Conflicting notation from HOL— Analysis. Infinite-Sum

no-notation Infinite-Sum.abs-summable-on (infixr <abs’-summable’-on» 46)

lemma prime-factors-power-subset:
prime-factors (x ~ n) C prime-factors x
by (cases n = 0) (auto simp: prime-factors-power)

lemma prime-power-product-in-Pi:
(Ag. [T pe{p. p < (n:nat) A prime p}. p ~ g p)
€ {p.p < n A prime p} - UNIV) —
{m. 0 < m A prime-factors m C {..n}}
proof (safe, goal-cases)
case (2 fp)
have prime-factors ([ p€{p. p < n A prime p}. p ~fp) =
(Upe{p. p < n A prime p}. prime-factors (p ~ f p))
by (subst prime-factors-prod) auto
also have ... C (Upe{p. p < n A prime p}. prime-factors p)
using prime-factors-power-subset by blast
also have ... C (pe{p. p < n A prime p}. {p})
by (auto simp: prime-factors-dvd prime-gt-0-nat dest!: dvd-imp-le)
also have ... C {..n} by auto
finally show ?case using 2 by auto
qed (auto simp: prime-gt-0-nat)

lemma inj-prime-power: inj-on (Az. fst x = snd z :: nat) ({a. prime a} x {0<..})
proof (intro inj-onl, clarify, goal-cases)
case (I p m qn)
with prime-power-eq-imp-eq[of p ¢ m n] and 1
have p = ¢ by auto
moreover from this have m = n
using prime-gt-1-nat 1 by auto
ultimately show ?case by simp
qed

lemma bij-betw-prime-powers:
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bij-betw (Ag. [[pe{p.- p < n A prime p}. p ~gp) {p. p < n A prime p} =g
UNIV)
{m. 0 < m A prime-factors m C {..(n:nat)}}
proof (rule bij-betwl[of - - - (Am p. if p < n A prime p then multiplicity p m else
undefined)],
goal-cases)
case 1
show ?case by (rule prime-power-product-in-P7)
next
case 2
show ?Zcase
by (auto split: if-splits)
next
case (3 f)
show ?Zcase
proof (rule ext, goal-cases)
case (1 q)
show ?case
proof (cases ¢ < n A prime q)
case True
hence multiplicity q ([ pe{p. p < n A prime p}. p ~fp) =
O ze{p. p < n A prime p}. multiplicity g (z ~ f z))
by (subst prime-elem-multiplicity-prod-distrib) auto

also have ... = (D z€{p. p < n A prime p}. if x = q then f q else 0)
using True by (intro sum.cong refl) (auto simp: multiplicity-distinct-prime-power)
also have ... = f q using True by auto

finally show ?thesis using True by simp
qed (insert 3, force+)
qed
next
case (4 m)
have ([[p | p < n A primep. p ~ (if p < n A prime p then multiplicity p m else
undefined)) =
(T] peprime-factors m. p ~ multiplicity p m)
proof (rule prod.mono-neutral-cong)
show finite (prime-factors m) by simp
qed (insert 4, auto simp: prime-factors-multiplicity)
also from / have ... = m
by (intro prime-factorization-nat [symmetric]) auto
finally show ?Zcase .
qed

lemma
fixes f :: nat = ‘a :: {real-normed-field,banach,second-countable-topology}
assumes summable: summable (An. norm (f n))
assumes multiplicative-function f
shows abs-convergent-euler-product:
abs-convergent-prod (Ap. if prime p then > n. f (p " n) else 1)
and euler-product-LIMSEQ:
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(An. (T p<n. if prime p then > - n. f (p " n) else 1)) —— O_n. fn)
proof —
interpret f: multiplicative-function f by fact
define N where N = (}_ n. norm (f n))

have summable’: [ abs-summable-on A for A
by (rule abs-summable-on-subset[of - UNIV])
(insert summable, auto simp: abs-summable-on-nat-iff’)

have summable’: (Az. f (p ~ z)) abs-summable-on A if prime p for A p
proof (subst abs-summable-on-reindez-iff [of - - f])
from <prime p> have p > 1
by (rule prime-gt-1-nat)
thus inj-on (Mi. p " i) A
by (auto simp: inj-on-def)
qed (intro summable’)
have (An. norm (3 m. fm) — ([Ip€{p. p < n A prime p}. > i. f (p ~1))))
—

—~ T

is filterlim ?h - -)
proof (rule tendsto-sandwich)
show eventually (An. hn < N — (O_ m<n. norm (f m))) at-top
proof (intro always-eventually alll)
fix n :: nat
interpret product-sigma-finite A-::nat. count-space (UNIV :: nat set)
by (intro product-sigma-finite.intro sigma-finite-measure-count-space)

have ([[p|p < n A primep. > i. f (p " %) =
(Ilp | p < n A prime p. 324 i€UNIV. f (p "))
by (intro prod.cong refl infsetsum-nat’ [symmetric] summable”) auto
also have ... = (>_,9€{p. p < n A prime p} —g UNIV.
[Tz€{p. p < n A prime p}. f (z ~ g z))
by (subst infsetsum-prod-PiE [symmetric])
(auto simp: prime-gt-Suc-0-nat summable’’)
also have ... = (> ,9€{p. p < n A prime p} —g UNIV.
f (ITz€{p. p < n A prime p}. z ~ g 1))
by (subst f.prod-coprime) (auto simp add: primes-coprime)

also have ... = (> am | m > 0 A prime-factors m C {..n}. f m)
by (intro infsetsum-reindez-bij-betw bij-betw-prime-powers)
also have (}_,meUNIV. fm) — ... = (3, omeUNIV — {m. m > 0 A

prime-factors m C {..n}}. f m)

by (intro infsetsum-Diff [symmetric] summable) auto

also have (> ,meUNIV. fm) = (3. m. fm)
by (intro infsetsum-nat’ summable’)

also have UNIV — {m. m > 0 A prime-factors m C {.n}} =

insert 0 {m. —prime-factors m C {..n}}

by auto

also have (" ,me.... fm) = (3 om | ~prime-factors m C {..n}. f m)
by (intro infsetsum-cong-neutral) auto
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also have norm ... < (3 am | —~prime-factors m C {..n}. norm (f m))
by (rule norm-infsetsum-bound)
also have ... < (3 ,me{n<..}. norm (f m))
proof (intro infsetsum-mono-neutral-left summable’ abs-summable-on-norml)
show {m. = prime-factors m C {..n}} C {n<..}
proof safe
fix m k assume —m > n and k € prime-factors m
thus k& < n by (cases m = 0) (auto simp: prime-factors-dvd dest: dvd-imp-le)
qed
qed auto
also have {n<..} = UNIV — {..n}
by auto
also have (> ,me.... norm (f m)) = (O ,meUNIV. norm (f m)) —
(5> ame{..n}. norm (f m))
using summable by (intro infsetsum-Diff) (auto simp: abs-summable-on-nat-iff ')
also have (> ,meUNIV. norm (f m)) = N
unfolding N-def using summable
by (intro infsetsum-nat’) (auto simp: abs-summable-on-nat-iff )
also have (> ,me{..n}. norm (f m)) = (3 m<n. norm (f m))
by (simp add: suminf-finite)
finally show ?hn < N — (3 m<n. norm (f m)) .
qed
next
show eventually (An. ?h n > 0) at-top by simp
next
show (An. N — (3 m<n. norm (f m))) —— 0 unfolding N-def
by (rule tendsto-eq-intros refl summable-LIMSEQ' summable)+ simp-all
qed simp-all
hence (An. (3 m. fm) — ([[pe{p.- p < n A primep}. > i. f (p ")) —— 0
by (simp add: tendsto-norm-zero-iff)
from tendsto-diff [OF tendsto-const[of > m. f m] this]
have (An. [[p|p < n A primep. > i. f (p " 1) —— (O m. fm) by simp
also have (An. [[p|p < n Aprimep. > i. f(p "19) =
(An. [[p<n. if prime p then (D i. f (p " 1)) else 1)
by (intro ext prod.mono-neutral-cong-left) auto
finally show ... —— (3> m. fm) .

show abs-convergent-prod (Ap. if prime p then (3 0. f (p ~ 1)) else 1)
proof (rule summable-imp-abs-convergent-prod)
have (A(p,i). f (p 1)) abs-summable-on {p. prime p} x {0<..}
unfolding case-prod-unfold
by (subst abs-summable-on-reindez-iff[OF inj-prime-power]) fact
hence (Ap. Y qi€{0<..}. f (p " 1)) abs-summable-on {p. prime p}
by (rule abs-summable-on-Sigma-projectl’) simp-all
also have %this «— (Ap. O_i. f (p ~4)) — 1) abs-summable-on {p. prime p}
proof (intro abs-summable-on-cong refl)
fix p :: nat assume p: p € {p. prime p}
have {0<..} = UNIV — {0::nat} by auto
also have (> qic.... f(p ") =020 f(p "4) — 1
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using p by (subst infsetsum-Diff) (simp-all add: infsetsum-nat’ summable”)
finally show (> qic{0<.}.f(p ") =0 f(p i) —1.
qed
finally have summable (Ap. if prime p then norm (> 4. f (p ~4)) — 1) else
0)
(is summable ¢T) by (simp add: abs-summable-on-nat-iff)
also have ?T = (Ap. norm ((if prime p then > i. f (p " i) else 1) — 1))
by (rule ext) (simp add: if-splits)
finally show summable ... .
qged
qged

lemma
fixes f :: nat = 'a :: {real-normed-field,banach,second-countable-topology}
assumes summable: summable (An. norm (f n))
assumes completely-multiplicative-function f
shows abs-convergent-euler-product’:
abs-convergent-prod (Ap. if prime p then inverse (1 — fp) else 1)
and completely-multiplicative-summable-norm:
Ap. prime p = norm (f p) < 1
and euler-product-LIMSEQ":

(An. (] p<n. if prime p then inverse (1 — fp) else 1)) —— > n. f
")
proof —
interpret f: completely-multiplicative-function f by fact
{
fix p :: nat assume prime p
hence inj (Ai. p " 1)
by (auto simp: inj-on-def dest: prime-gt-1-nat)
from summable-reindex[OF summable this]
have x: summable (Ai. norm (f (p ~))) by (auto simp: o-def)
also have (Ai. norm (f (p " 1)) = (\i. norm (f p) ~ 1)
by (simp add: f.power norm-power)
finally show norm (f p) < 1
by (subst (asm) summable-geometric-iff) simp-all
note x and this
} note summable’ = this

have eq: (Ap. if prime p then (>_ 4. f (p " 19)) else 1) =
(Ap. if prime p then inverse (1 — fp) else 1)
proof (rule ext, goal-cases)
case (1 p)
show ?case
proof (cases prime p)
case True
hence norm (f p) < 1 by (rule summable’)
from suminf-geometric[OF this| and True show ?thesis
by (simp add: field-simps f.power)
qed simp-all
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qed
hence eq”: (An. [[p<n. if prime p then > n. f (p "~ n) else 1) =
(An. T[] p<n. if prime p then inverse (1 — f p) else 1)
by (auto simp: fun-eq-iff)

have f: multiplicative-function f ..
from abs-convergent-euler-product[OF assms(1) f] and euler-product-LIMSEQ[OF
assms(1) f]
show abs-convergent-prod (Ap. if prime p then inverse (1 — fp) else 1)
and (An. [[ p<n. if prime p then inverse (1 — fp) else 1) —— (3 n. fn)
by (simp-all only: eq eq”)
qed

end

12 Analytic properties of Dirichlet series

theory Dirichlet-Series-Analysis
imports
HOL—- Complez-Analysis. Complex- Analysis
HOL- Library. Going-To-Filter
HOL— Real-Asymp. Real-Asymp
Dirichlet-Series
Moebius-Mu
Partial-Summation
FEuler-Products
begin

Conflicting notation from HOL— Analysis. Infinite-Sum

no-notation Infinite-Sum.abs-summable-on (infixr <abs’-summable’-on) 46)

The following illustrates a concept we will need later on: A property holds
for f going to F if we can find e.g. a sequence that tends to F' and whose
elements eventually satisfy P.

lemma frequently-going-tol:
assumes filterlim (An. f (g n)) F G
assumes eventually (An. P (g n)) G
assumes eventually (An. gn € A) G
assumes G # bot
shows frequently P (f going-to F within A)
unfolding frequently-def
proof
assume eventually (Az. =P ) (f going-to F within A)
hence eventually (Az. =P z) (inf (filtercomap f F) (principal A))
by (simp add: going-to-within-def)
moreover have filterlim (An. g n) (inf (filtercomap f F') (principal A)) G
using assms unfolding filterlim-inf filterlim-principal
by (auto simp add: filterlim-iff-le-filtercomap filtercomap-filtercomap)
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ultimately have eventually (An. =P (g n)) G
by (rule eventually-compose-filterlim)
with assms(2) have eventually (\-. False) G by eventually-elim auto
with assms(4) show Fualse by simp
qed

lemma frequently-filtercomapl:
assumes filterlim (An. f (g n)) F G
assumes eventually (An. P (g n)) G
assumes G # bot
shows frequently P (filtercomap f F)
using frequently-going-tol[of f g F G P UNIV] assms by (simp add: going-to-def)

lemma frequently-going-to-at-topF:
fixes [ :: 'a = real
assumes frequently P (f going-to at-top)
obtains g where An. P (g n) and filterlim (An. f (g n)) at-top sequentially
proof —
from assms have Vk. 3z. fz > real k N P x
by (auto simp: frequently-def eventually-going-to-at-top-linorder)
hence 3g. Vk. f (g k) > real k A P (g k)
by metis
then obtain g where ¢: Ak. f (g k) > real k \k. P (g k)
by blast
have filterlim (An. f (g n)) at-top sequentially
by (rule filterlim-at-top-mono|OF filterlim-real-sequentially]) (use g in auto)
from ¢(2) and this show ?thesis using that|[of g] by blast
qed

Apostol often uses statements like ‘P(sy) for all k in an infinite sequence sy,
such that fR(s;) — 0o as k — 00

Instead, we write frequently P (Re going-to at-top). This lemma shows that
our statement is equivalent to his.

lemma frequently-going-to-at-top-iff:
frequently P (f going-to (at-top :: real filter)) +—
(3g.Vn. P (g n) A filterlim (An. f (g n)) at-top sequentially)
by (auto intro: frequently-going-tol elim!: frequently-going-to-at-topE)

lemma surj-bullet-1: surj (As::’a:{real-normed-algebra-1, real-inner}. s - 1)
proof (rule surjl)
fix z :: real show (z xg 1) - (1 ::'a) =z
by (simp add: dot-square-norm)
qed

lemma bullet-1-going-to-at-top-neg-bot [simp):

((As::'a::{real-normed-algebra-1, real-inner}. s - 1) going-to at-top) # bot
unfolding going-to-def by (rule filtercomap-neg-bot-surj| OF - surj-bullet-1]) auto
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lemma fds-abs-converges-altdef:
fds-abs-converges f s +— (An. fds-nth f n / nat-power n s) abs-summable-on {1..}
by (auto simp add: fds-abs-converges-def abs-summable-on-nat-iff
intro!: summable-cong eventually-mono[OF eventually-gt-at-top[of 0]])

lemma fds-abs-converges-altdef":

fds-abs-converges f s «— (An. fds-nth f n / nat-power n s) abs-summable-on
UNIV

by (subst fds-abs-converges-altdef, rule abs-summable-on-cong-neutral) (auto simp:
Suc-le-eq)

lemma eval-fds-altdef:
assumes fds-abs-converges f s
shows eval-fds f s = (3 qn. fds-nth fn / nat-power n s)
proof —
have fds-abs-converges f s «— (An. fds-nth fn / nat-power n s) abs-summable-on
UNIV
unfolding fds-abs-converges-altdef
by (intro abs-summable-on-cong-neutral) (auto simp: Suc-le-eq)
with assms show ?thesis unfolding eval-fds-def fds-abs-converges-altdef
by (intro infsetsum-nat’ [symmetric]) simp-all
qed

lemma multiplicative-function-divide-nat-power:
fixes f :: nat = 'a :: {nat-power, field}
assumes multiplicative-function f
shows multiplicative-function (An. f n / nat-power n s)
proof
interpret f: multiplicative-function f by fact
show f 0 / nat-power 0 s = 0 f 1 / nat-power 1 s = 1
by simp-all
fix a b :: nat assume a > 1 b > 1 coprime a b
thus f (a x b) / nat-power (a * b) s = fa / nat-power a s x (f b / nat-power b
s)
by (simp-all add: f.mult-coprime nat-power-mult-distrib)
qged

lemma completely-multiplicative-function-divide-nat-power:
fixes f :: nat = 'a :: {nat-power, field}
assumes completely-multiplicative-function f
shows completely-multiplicative-function (An. f n / nat-power n s)
proof
interpret f: completely-multiplicative-function f by fact
show f 0 / nat-power 0 s = 0 f (Suc 0) / nat-power (Suc 0) s = 1
by simp-all
fix a b :: nat assume a > 1 b > 1
thus f (a * b) / nat-power (a * b) s = fa / nat-power a s x (f b / nat-power b
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s)
by (simp-all add: f.mult nat-power-mult-distrib)
qed

12.1 Convergence and absolute convergence

class nat-power-normed-field = nat-power-field + real-normed-field + real-inner
+ real-algebra-1 +

fixes real-power :: real = 'a = 'a

assumes real-power-nat-power: n > 0 = real-power (real n) ¢ = nat-power n ¢

assumes real-power-1-right-auz: d > 0 = real-power d 1 = d *g 1

assumes real-power-add: d > 0 = real-power d (a + b) = real-power d a *
real-power d b

assumes real-power-nonzero [simpl: d > 0 = real-power d a # 0

assumes norm-real-power: x > 0 = norm (real-power z ¢) = z powr (¢ + 1)

assumes nat-power-of-real-aux: nat-power n (x xp 1) = ((real n powr ) xg 1)

assumes has-field-derivative-nat-power-aux:

Az:'a. n > 0 = LIM y inf-class.inf
(Inf (principal “ {S. open S A z € S})) (principal (UNIV — {x})).

(nat-power n y — nat-power n z — In (real n) xg nat-power n x * (y

- 1)) /r
norm (y — x) :> Inf (principal * {S. open S A 0 € S})
assumes has-vector-derivative-real-power-aux:
x> 0 = filterlim (\y. (real-power y ¢ — real-power x (¢ :: 'a) —
(y — z) *r (¢ * real-power z (¢ — 1))) /r
norm (y — x)) (INF Se{S. open S A 0 € S}. principal S) (at )
assumes norm-nat-power: n > 0 = norm (nat-power n y) = real n powr (y -
1)
begin

lemma real-power-diff: d > 0 = real-power d (a — b) = real-power d a /
real-power d b
using real-power-add[of d b a — b] by (simp add: field-simps)

end

lemma real-power-1-right [simpl: d > 0 = real-power d 1 = of-real d
using real-power-1-right-auz|of d] by (simp add: scaleR-conv-of-real)

lemma has-vector-derivative-real-power [derivative-intros]:
x> 0 = ((\y. real-power y c) has-vector-derivative ¢ x real-power x (¢ — 1))
(at z within A)
by (rule has-vector-derivative-at-within)
(insert has-vector-derivative-real-power-auz[of = c|,
simp add: has-vector-derivative-def has-derivative-def
nhds-def bounded-linear-scaleR-left)

lemma has-field-derivative-nat-power [derivative-intros|:
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n > 0 = ((\y. nat-power n y) has-field-derivative In (real n) xr nat-power n x)
(at (z = 'a :: nat-power-normed-field) within A)
by (rule has-field-derivative-at-within)
(insert has-field-derivative-nat-power-auz|of n z],
simp only: has-field-derivative-def has-derivative-def netlimit-at,
simp add: nhds-def at-within-def bounded-linear-mult-right)

lemma continuous-on-real-power [continuous-intros|:
A C {0<..} = continuous-on A (Az. real-power x s)
by (rule continuous-on-vector-derivative has-vector-derivative-real-power)+ auto

instantiation real :: nat-power-normed-field
begin

definition real-power-real :: real = real = real where
[simp]: real-power-real = (powr)

instance proof (standard, goal-cases)
case (7 n 1)
hence ((Az. nat-power n ) has-field-derivative In (real n) *g nat-power n z) (at

z)
by (auto intro!: derivative-eq-intros simp: powr-def)
thus ?case unfolding has-field-derivative-def netlimit-at has-derivative-def
by (simp add: nhds-def at-within-def)
next
case (8 z ¢)
hence ((\y. real-power y c¢) has-vector-derivative ¢ * real-power z (¢ — 1)) (at
x
)
by (auto introl: derivative-eq-intros
simp: has-real-derivative-iff-has-vector-derivative [symmetric])
thus ?case by (simp add: has-vector-derivative-def has-derivative-def nhds-def)
qed (simp-all add: powr-add)

end
instantiation complez :: nat-power-normed-field
begin

definition nat-power-complex :: nat = complexr = complex where
[simp]: nat-power-complex n z = of-nat n powr z

definition real-power-complex :: real = compler = complex where
[simp]: real-power-complex = (Az y. of-real x powr y)

instance proof
fix m n :: nat and z :: complex
assume m > 0n > 0
thus nat-power (m * n) z = nat-power m z x nat-power n z
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unfolding nat-power-complex-def of-nat-mult by (subst powr-times-real) simp-all
next
fix n :: nat and z :: complex
assume n > 0
show norm (nat-power n z) = real n powr (z - 1) unfolding nat-power-complex-def
using norm-powr-real-powr|of of-nat n z| by simp
next
fix n :: nat and z :: compler assume n: n > 0
hence ((A\z. nat-power n ) has-field-derivative In (real n) g nat-power n z) (at

z)
by (auto intro!: derivative-eg-intros simp: powr-def scaleR-conv-of-real mult-ac)
thus LIM y inf-class.inf (Inf (principal ‘ {S. open S A z € S})) (principal (UNIV
)
(nat-power n y — nat-power n & — In (real n) xg nat-power n x * (y —
z)) /r
emod (y — x) > (Inf (principal * {S. open S A 0 € S}))
unfolding has-field-derivative-def netlimit-at has-derivative-def
by (simp add: nhds-def at-within-def)
next
fix z :: real and c :: complex assume z > 0
hence ((\y. real-power y c¢) has-vector-derivative ¢ * real-power z (¢ — 1)) (at
x)
by (auto intro!: derivative-eq-intros has-vector-derivative-real-field)
thus LIM y at z. (real-power y ¢ — real-power ¢ — (y — z) *g (¢ * real-power
2 (c— 1) /n
norm (y — x) :> INF Se{S. open S A 0 € S}. principal S
by (simp add: has-vector-derivative-def has-derivative-def nhds-def)
next
fix n :: nat and z :: real
show nat-power n (x xg 1 :: complex) = (real n powr x) *g 1
by (simp add: powr-Reals-eq scaleR-conv-of-real)
qed (auto simp: powr-def exp-add exp-of-nat-mult [symmetric] algebra-simps scaleR-conv-of-real
simp del: Ln-of-nat)

end

lemma nat-power-of-real [simpl:
nat-power n (of-real x :: 'a :: nat-power-normed-field) = of-real (real n powr x)

using nat-power-of-real-auz[of n z] by (simp add: scaleR-conv-of-real)

lemma fds-abs-converges-of-real [simp):
fds-abs-converges (fds-of-real f)
(of-real s :: 'a :: {nat-power-normed-field,banach}) «— fds-abs-converges f s
unfolding fds-abs-converges-def
by (subst (1 2) summable-Suc-iff [symmetric]) (simp add: norm-divide norm-nat-power)

lemma eval-fds-of-real [simpl:

assumes fds-converges f s
shows eval-fds (fds-of-real f) (of-real s :: 'a :: {nat-power-normed-field,banach})
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of-real (eval-fds f s)
using assms unfolding eval-fds-def by (auto simp: fds-converges-def suminf-of-real)

lemma fds-abs-summable-zeta-iff [simp):
fixes s :: ‘a :: {banach, nat-power-normed-field}
shows fds-abs-converges fds-zeta s «— s - 1 > (1 :: real)
proof —
have fds-abs-converges fds-zeta s «— summable (An. real n powr —(s - 1))
unfolding fds-abs-converges-def
by (intro summable-cong always-eventually)

(auto simp: norm-divide fds-nth-zeta powr-minus norm-nat-power divide-simps)
also have ... «— s - 1 > 1 by (simp add: summable-real-powr-iff)
finally show ?thesis .

qed

lemma fds-abs-summable-zeta:

(s:: 'a :: {banach, nat-power-normed-field}) - 1 > 1 = fds-abs-converges fds-zeta
s

by simp

lemma fds-abs-converges-moebius-mu:

fixes s :: ‘a :: {banach,nat-power-normed-field}

assumes s+ 1 > 1

shows  fds-abs-converges (fds moebius-mu) s

unfolding fds-abs-converges-def
proof (rule summable-comparison-test, intro exl alll impI)

fix n :: nat

show norm (norm (fds-nth (fds moebius-mu) n / nat-power n s)) < real n powr
(=5 - 1)

by (auto simp: powr-minus divide-simps abs-moebius-mu-le norm-nat-power
norm-divide
moebius-mu-def norm-power)

next

from assms show summable (An. real n powr (—s - 1)) by (simp add: summable-real-powr-iff)
qed

definition conv-abscissa
i 'a i {nat-power,banach,real-normed-field, real-inner} fds = ereal where
conv-abscissa f = (INF s€{s. fds-converges f s}. ereal (s - 1))

definition abs-conv-abscissa
i 'a i {nat-power,banach,real-normed-field, real-inner} fds = ereal where

abs-conv-abscissa f = (INF s€{s. fds-abs-converges f s}. ereal (s + 1))

lemma conv-abscissa-mono:
assumes As. fds-converges g s = fds-converges f s
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shows conv-abscissa f < conv-abscissa g
unfolding conv-abscissa-def by (rule INF-mono) (use assms in auto)

lemma abs-conv-abscissa-mono:
assumes As. fds-abs-converges g s = fds-abs-converges f s
shows abs-conv-abscissa f < abs-conv-abscissa g
unfolding abs-conv-abscissa-def by (rule INF-mono) (use assms in auto)

class dirichlet-series = euclidean-space + real-normed-field + nat-power-normed-field
_|_
assumes one-in-Basis: 1 € Basis

instance real :: dirichlet-series by standard simp-all
instance complex :: dirichlet-series by standard (simp-all add: Basis-complex-def)

context
assumes SORT-CONSTRAINT('a :: dirichlet-series)
begin

lemma fds-abs-converges-Re-le:

fixes [ :: 'a fds

assumes fds-abs-converges fzz -1 < z'- 1

shows fds-abs-converges f z’

unfolding fds-abs-converges-def
proof (rule summable-comparison-test, intro exI alll impl)

fix n :: nat assume n: n > 1

thus norm (norm (fds-nth f n / nat-power n z')) < norm (fds-nth fn / nat-power
n z)

using assms(2) by (simp add: norm-divide norm-nat-power divide-simps powr-mono
mult-left-mono)
qed (insert assms(1), simp add: fds-abs-converges-def)

lemma fds-abs-converges:

assumes s - 1 > abs-conv-abscissa (f :: 'a fds)

shows fds-abs-converges f s
proof —

from assms obtain s0 where fds-abs-converges f s0 s0 «+ 1 < s - 1

by (auto simp: INF-less-iff abs-conv-abscissa-def)

with fds-abs-converges-Re-le|OF this(1), of s] this(2) show ?thesis by simp

qed

lemma fds-abs-diverges:
assumes s -+ 1 < abs-conv-abscissa (f :: 'a fds)
shows —fds-abs-converges f s
proof
assume fds-abs-converges f s
hence abs-conv-abscissa f < s - 1 unfolding abs-conv-abscissa-def
by (intro INF-lower) auto
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with assms show Fualse by simp
qed

lemma uniformly-Cauchy-eval-fds-auz:
fixes s0 :: 'a :: dirichlet-series
assumes bounded: Bseq (An. Y k<n. fds-nth f k / nat-power k s0)
assumes B: compact B Nz. z2€ B= z+1 > s0 + 1
shows uniformly-Cauchy-on B (AN z. > n<N. fds-nth f n / nat-power n z)
proof (cases B = {})
case Fulse
show ?thesis
proof (rule uniformly-Cauchy-onl’, goal-cases)
case (1 ¢)
define o0 where o = Inf ((As. s+ 1) ‘B)
have o-le: s - 1 > o if s € B for s
unfolding o-def using that
by (intro cInf-lower bounded-inner-imp-bdd-below compact-imp-bounded B)
auto
have 0 € ((As. s- 1) ‘B)
unfolding o-def using B «B # {}»
by (intro closed-contains-Inf bounded-inner-imp-bdd-below compact-imp-bounded
B
compact-imp-closed compact-continuous-image continuous-intros) auto
with B(2) have o-gt: 0 > s0 - 1 by auto
define § where § = o — s0 - 1

have bounded B by (rule compact-imp-bounded) fact
then obtain norm-B-auz where norm-B-auz: A\s. s € B = norm s <
norm-B-auz
by (auto simp: bounded-iff)
define norm-B where norm-B = norm-B-aux + norm s0
from norm-B-auz have norm-B: norm (s — s0) < norm-B if s € B for s
using norm-triangle-ineq/ [of s s0] norm-B-auz|OF that] by (simp add:
norm-B-def)
then have 0 < norm-B
by (meson <o € (As. s+ 1) ¢ B> imageE norm-ge-zero order.trans)
define A where A = sum-upto (Ak. fds-nth f k |/ nat-power k s0)
from bounded obtain C-auzr where C-auz: An. norm (> k<n. fds-nth f k /
nat-power k s0) < C-auz
by (auto simp: Bseg-def)
define C where C = maz C-auz 1
have C-pos: C > 0 by (simp add: C-def)
have C: norm (A z) < C for z
proof —
have A z = (> k<nat |z|. fds-nth f k / nat-power k s0)
unfolding A-def sum-upto-altdef by (intro sum.mono-neutral-left) auto
also have norm ... < C-auz by (rule C-auzx)
also have ... < C by (simp add: C-def)
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finally show ?Zthesis .
qed

have (Am. 2 * C * (1 + norm-B / §) * real m powr (—6)) —— 0 unfolding
0-def using o-gt
by (intro tendsto-mult-right-zero tendsto-neg-powr filterlim-real-sequentially)
simp-all
from order-tendstoD(2)[OF this <« > 0>] obtain M where
M: Am.m>M = 2% C x (1 + norm-B / ) % real m powr — § < ¢
by (auto simp: eventually-at-top-linorder)

show ?Zcase
proof (intro exI[of - mazx M 1] balll alll impl, goal-cases)
case (1 s mn)
from 1 have s: s - 1 > s0 - 1 using B(2)[of s] by simp
have mn: m > M m < nm > 0n > 0 using I by (simp-all add: )
have dist (3. n<m. fds-nth f n / nat-power n s) (> n<n. fds-nth fn /
nat-power n s) =
dist (> n<n. fds-nth f n / nat-power n s) (> n<m. fds-nth fn /
nat-power n )
by (simp add: dist-commute)
also from I have ... = norm (3> ke{..n}—{..m}. fds-nth f k / nat-power k
)
by (subst Groups-Big.sum-diff) (simp-all add: dist-norm)
also from I have {..n} — {..m} = real —* {real m<..real n} by auto
also have (>_ke.... fds-nth f k / nat-power k s) =
S ke.... fds-nth f k / nat-power k s0 * real-power (real k) (s0 —
9)
(is - = ¢5) by (intro sum.cong refl) (simp-all add: nat-power-diff real-power-nat-power)
also have *: (At. A t x ((sO — 8) * real-power t (s0 — s — 1))) has-integral
(A (real n) x real-power n (s0 — s) — A (real m) * real-power m
(s0 — s) — 29))
{real m..real n} (is (?h has-integral -) -) unfolding A-def using
mn
by (intro partial-summation-strong|of {}])
(auto intro!: derivative-eg-intros continuous-intros)
hence 75 = A (real n) % nat-power n (s0 — s) — A (real m) * nat-power m
(s0 — s) —
integral {real m..real n} ?h
using mn by (simp add: has-integral-iff real-power-nat-power)
also have norm ... < norm (A (real n) * nat-power n (s0 — s)) +
norm (A (real m) x nat-power m (s0 — s)) + norm (integral {real
m..real n} ?h)
by (intro order.trans|OF norm-triangle-ineqf] add-right-mono order.refl)
also have norm (A (real n) * nat-power n (s0 — s)) < C * nat-power m ((s0
—s)-1)
using mn <s € By C-pos s
by (auto simp: norm-mult norm-nat-power algebra-simps intro!: mult-mono
C powr-mono2”)
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also have norm (A (real m) x nat-power m (s0 — s)) < C * nat-power m
(50 — 5) - 1)
using mn by (auto simp: norm-mult norm-nat-power introl: mult-mono C')
also have norm (integral {real m..real n} ?h) <
integral {real m..real n} (Mt. C x (norm (s0 — s) x t powr ((s0 —
-1 1))

proof (intro integral-norm-bound-integral balll, goal-cases)
case I
with x show ?case by (simp add: has-integral-iff)
next
case 2
from mn show ?case by (auto introl: integrable-continuous-real continu-
ous-intros)
next
case (3 1)
thus ?case unfolding norm-mult using C-pos mn
by (intro mult-mono C) (auto simp: norm-real-power dot-square-norm
algebra-simps)
qed
also have ... = C * norm (s0 — s)  integral {real m..real n} (A\t. t powr
(0 — 5) - 1 — 1))
by (simp add: algebra-simps dot-square-norm)
also {
have ((At. t powr ((s0 — s) - 1 — 1)) has-integral
(real n powr ((s0 — s) - 1)/ ((s0 — s) - 1) —
real m powr ((s0 — s) - 1)/ ((s0 — s) - 1))) {m..n}
(is (%l has-integral ?I) -) using mn s
by (intro fundamental-theorem-of-calculus)
(auto intro!: derivative-eg-intros
simp: has-real-derivative-iff-has-vector-derivative [symmetric]
inner-diff-left)
hence integral {real m..real n} 2l = ?I by (simp add: has-integral-iff)
also have ... < —(real m powr ((sO0 — s) - 1) / ((s0 — s) - 1)) using s mn
by (simp add: divide-simps inner-diff-left)
also have ... = 1 % (real m powr ((sO0 — s) - 1)/ ((s — s0) - 1))
using s by (simp add: field-simps inner-diff-left)
also have ... < 2 x (real m powr ((s0 — s) - 1) / ((s — s0) - 1)) using

by (intro mult-right-mono divide-nonneg-pos) (simp-all add: inner-diff-left)
finally have integral {m..n} 20 < ... .

}

hence C * norm (s0 — s) * integral {real m..real n} (At. ¢t powr ((sO0 — s) -
1-1))<

1))

C x norm (s0 — s) % (2 * (real m powr ((sO — s) - 1) / ((s — s0) -

using C-pos mn
by (intro mult-mono mult-nonneg-nonneg integral-nonneg
integrable-continuous-real continuous-intros) auto
also have C * nat-power m ((s0 — s) - 1) + C x nat-power m ((s0 — s) -
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H+... =

$0) - 1))
by (simp add: algebra-simps norm-minus-commute)
also have ... < 2 x C * nat-power m (—0) * (1 + norm-B / ¢)
using C-pos s mn o-lefof s] «s € By o-gt <0 < norm-B»
unfolding nat-power-real-def 0-def
by (intro mult-mono powr-mono frac-le add-mono norm-B; simp add:
inner-diff-left)
also have ... = 2 x C * (1 + norm-B / §) * real m powr (—=§) by simp
also from (m > M> have ... < ¢ by (rule M)
finally show ?case by — simp-all
qed
qed
qed (auto simp: uniformly-Cauchy-on-def)

2 % C * nat-power m ((s0 — s) - 1) * (1 + norm (s — s0) / ((s —

lemma uniformly-convergent-eval-fds-auz:
assumes Bseq (An. > k<n. fds-nth f k / nat-power k (s0 :: 'a))
assumes B: compact B Nz. z€ B= 21> s0 - 1
shows uniformly-convergent-on B (AN z. Y n<N. fds-nth f n / nat-power n z)
by (rule Cauchy-uniformly-convergent uniformly-Cauchy-eval-fds-aux assms)+

lemma uniformly-convergent-eval-fds-auz':

assumes conv: fds-converges f (s0 :: 'a)

assumes B: compact B Nz. z€ B= 21> s0 - 1

shows uniformly-convergent-on B (AN z. Y n<N. fds-nth f n / nat-power n z)
proof (rule uniformly-convergent-eval-fds-aur)

from conv have convergent (An. > k<n. fds-nth f k / nat-power k s0)

by (simp add: fds-converges-def summable-iff-convergent’)

thus Bseq (An. Y k<n. fds-nth f k / nat-power k s0) by (rule convergent-imp-Bseq)

qed (insert assms, auto)

lemma bounded-partial-sums-imp-fps-converges:
fixes s0 :: 'a :: dirichlet-series
assumes Bseq (An. > k<n. fds-nth f k / nat-power k s0) and s - 1 > s0 - 1
shows fds-converges f s
proof —
have uniformly-convergent-on {s} (AN z. > n<N. fds-nth f n / nat-power n z)
using assms(2)
by (intro uniformly-convergent-eval-fds-auz|OF assms(1)]) auto
thus ?thesis
by (auto simp: fds-converges-def summable-iff-convergent’
dest: uniformly-convergent-imp-convergent)
qed

theorem fds-converges-Re-le:
assumes fds-converges f (s0 :: 'a) s+ 1 > s0 - 1
shows fds-converges f s

proof —
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have uniformly-convergent-on {s} (AN z. Y n<N. fds-nth f n | nat-power n z)
by (rule uniformly-convergent-eval-fds-auz’ assms)+ (insert assms(2), auto)
then obtain [ where uniform-limit {s} (AN z. > n<N. fds-nth f n / nat-power

n z) l at-top
by (auto simp: uniformly-convergent-on-def)
from tendsto-uniform-limitI[OF this, of s]
have (An. fds-nth f n / nat-power n s) sums | s unfolding sums-def’
by (simp add: atLeast0AtMost)
thus ?thesis by (simp add: fds-converges-def sums-iff)
qed

lemma fds-converges:

assumes s - 1 > conv-abscissa (f :: 'a fds)

shows fds-converges f s
proof —

from assms obtain s0 where fds-converges f s0 s0 - 1 < s+ 1

by (auto simp: INF-less-iff conv-abscissa-def)

with fds-converges-Re-le]OF this(1), of s] this(2) show ?thesis by simp

qed

lemma fds-diverges:
assumes s + 1 < conv-abscissa (f :: 'a fds)
shows —fds-converges f s
proof
assume fds-converges f s
hence conv-abscissa f < s - 1 unfolding conv-abscissa-def
by (intro INF-lower) auto
with assms show Fualse by simp
qed

theorem fds-converges-imp-abs-converges:
assumes fds-converges (f :: ‘a fds) s s’ -1 > s+ 1+ 1
shows fds-abs-converges [ s’
unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
from assms(2) show summable (An. real n powr ((s — s') - 1))
by (subst summable-real-powr-iff) (simp-all add: inner-diff-left)
next
from assms(1) have (An. fds-nth f n / nat-power n s) —— 0
unfolding fds-converges-def by (rule summable-LIMSEQ-zero)
from tendsto-norm[OF this] have (An. norm (fds-nth f n / nat-power n s))
—— 0 by simp
hence eventually (An. norm (fds-nth fn / nat-power n s) < 1) at-top
by (rule order-tendstoD) simp-all
thus eventually (An. norm (norm (fds-nth f n / nat-power n s’)) <
real n powr ((s — s') - 1)) at-top
proof eventually-elim
case (elim n)
thus Zcase
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proof (cases n = 0)
case Fulse
have norm (fds-nth f n / nat-power n s") =
norm (fds-nth f n) / real n powr (s’ - 1) using False
by (simp add: norm-divide norm-nat-power)
also have ... = norm (fds-nth f n / nat-power n s) / real n powr ((s' — s) -
1) using False
by (simp add: norm-divide norm-nat-power inner-diff-left powr-diff)

also have ... < 1 / real n powr ((s' — s) - 1) using elim
by (intro divide-right-mono elim) simp-all
also have ... = real n powr ((s — s') - 1) using False

by (simp add: field-simps inner-diff-left powr-diff)
finally show ?thesis by simp
qed simp-all
qed
qed

lemma conv-le-abs-conv-abscissa: conv-abscissa f < abs-conv-abscissa f
unfolding conv-abscissa-def abs-conv-abscissa-def
by (intro INF-superset-mono) auto

lemma conv-abscissa-PInf-iff: conv-abscissa f = oo +— (V' s. ~fds-converges f s)
unfolding conv-abscissa-def by (subst Inf-eq-Plnfty) auto

lemma conv-abscissa-PInfI [intro]: (\s. —fds-converges f s) => conv-abscissa f =
00
by (subst conv-abscissa-PInf-iff ) auto

lemma conv-abscissa-MInf-iff: conv-abscissa (f :: 'a fds) = —oco +— (V s. fds-converges
75)
proof safe
assume x: Vs. fds-converges f s
have conv-abscissa f < B for B :: real
using spec|OF x, of of-real B] fds-diverges|[of of-real B f]
by (cases conv-abscissa f < B) simp-all
thus conv-abscissa f = —oo by (rule ereal-bot)
qed (auto intro: fds-converges)

lemma conv-abscissa-MInfI [intro]: ()\s. fds-converges (f::'a fds) s) = conv-abscissa
f=—c
by (subst conv-abscissa-MInf-iff) auto

lemma abs-conv-abscissa-PInf-iff: abs-conv-abscissa f = 0o +— (V s. ~fds-abs-converges

fs)
unfolding abs-conv-abscissa-def by (subst Inf-eq-Plnfty) auto

lemma abs-conv-abscissa-PInfI [intro]: (\s. ~fds-converges f ) = abs-conv-abscissa

f=00
by (subst abs-conv-abscissa-PInf-iff) auto
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lemma abs-conv-abscissa-MInf-iff:
abs-conv-abscissa (f :: 'a fds) = —oo +— (V5. fds-abs-converges f s)
proof safe
assume x: Vs. fds-abs-converges f s
have abs-conv-abscissa f < B for B :: real
using spec|OF x, of of-real B] fds-abs-diverges|of of-real B f]
by (cases abs-conv-abscissa f < B) simp-all
thus abs-conv-abscissa f = —oo by (rule ereal-bot)
qed (auto intro: fds-abs-converges)

lemma abs-conv-abscissa-MInfI [intro]:
(\s. fds-abs-converges (f::'a fds) s) = abs-conv-abscissa f = —c0
by (subst abs-conv-abscissa-MInf-iff) auto

lemma conv-abscissa-gel:

assumes Ac’. ereal ¢! < ¢ = Js. s+ 1 = ¢’ A ~fds-converges f s

shows conv-abscissa (f :: 'a fds) > ¢
proof (rule ccontr)

assume —conv-abscissa f > ¢

hence ¢ > conv-abscissa f by simp

from ereal-dense2|OF this| obtain ¢’ where ¢ > ereal ¢’ ¢/ > conv-abscissa f
by auto

moreover from assms[OF this(1)] obtain s where s - 1 = ¢’ =fds-converges f
s by blast

ultimately show Fualse using fds-converges|of f s| by auto
qged

lemma conv-abscissa-lel:

assumes Ac¢'. ereal ¢/’ > ¢ = Js. s - 1 = ¢ A fds-converges | s

shows  conv-abscissa (f :: 'a fds) < ¢
proof (rule ccontr)

assume —conv-abscissa f < ¢

hence ¢ < conv-abscissa f by simp

from ereal-dense2[OF this] obtain ¢’ where ¢ < ereal ¢’ ¢’ < conv-abscissa f
by auto

moreover from assms|OF this(1)] obtain s where s - 1 = ¢’ fds-converges f s
by blast

ultimately show False using fds-diverges[of s f] by auto
qed

lemma abs-conv-abscissa-gel:
assumes Ac’. ereal ¢’ < c = 3s.5-1 =¢
shows  abs-conv-abscissa (f :: 'a fds) > ¢
proof (rule ccontr)
assume —abs-conv-abscissa f > ¢
hence ¢ > abs-conv-abscissa f by simp
from ereal-dense2[OF this] obtain ¢’ where ¢ > ereal ¢’ ¢’ > abs-conv-abscissa
f by auto

"N\ =fds-abs-converges f s
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moreover from assms[OF this(1)] obtain s where s - 1 = ¢’ —fds-abs-converges
f s by blast

ultimately show Fualse using fds-abs-converges|of f s] by auto
qed

lemma abs-conv-abscissa-lel:

assumes Ac’. ereal ¢’ > ¢ = Js. s+ 1 = ¢’ A fds-abs-converges f s

shows abs-conv-abscissa (f :: 'a fds) < ¢
proof (rule ccontr)

assume —abs-conv-abscissa f < ¢

hence ¢ < abs-conv-abscissa f by simp

from ereal-dense2[OF this] obtain ¢’ where ¢ < ereal ¢’ ¢’ < abs-conv-abscissa
f by auto

moreover from assms[OF this(1)] obtain s where s - 1 = ¢’ fds-abs-converges
f s by blast

ultimately show Fualse using fds-abs-diverges|of s f] by auto
qed

lemma conv-abscissa-lel-weak:
assumes Az. ereal © > d = fds-converges f (of-real x)
shows conv-abscissa (f :: 'a fds) < d
proof (rule conv-abscissa-lel)
fix z assume d < ereal z
from assms[OF this] show 3s. s - 1 = x A fds-converges f s
by (intro exI|of - of-real z]) auto
qged

lemma abs-conv-abscissa-lel-weak:
assumes Az. ereal ¢ > d = fds-abs-converges f (of-real x)
shows abs-conv-abscissa (f :: 'a fds) < d
proof (rule abs-conv-abscissa-lel)
fix  assume d < ereal z
from assms[OF this] show Js. s+ 1 =z A fds-abs-converges f s
by (intro exl|of - of-real x]) auto
qed

lemma conv-abscissa-truncate [simp:
conv-abscissa (fds-truncate m (f :: 'a fds)) = —oc0
by (auto simp: conv-abscissa-MInf-iff)

lemma abs-conv-abscissa-truncate [simpl:
abs-conv-abscissa (fds-truncate m (f :: 'a fds)) = —oo
by (auto simp: abs-conv-abscissa-MInf-iff)

theorem abs-conv-le-conv-abscissa-plus-1: abs-conv-abscissa (f :: 'a fds) < conv-abscissa
f+1
proof (rule abs-conv-abscissa-lel)

fix ¢ assume less: conv-abscissa f + 1 < ereal ¢
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define ¢’ where ¢’ = (if conv-abscissa f = —oo then ¢ — 2
else (¢ — 1 + real-of-ereal (conv-abscissa f)) / 2)
from less have ¢’ conv-abscissa f < ereal ¢’ N ¢/ < ¢ — 1
by (cases conv-abscissa f) (simp-all add: ¢’-def field-simps)

from ¢’ have fds-converges f (of-real ¢')

by (intro fds-converges) (simp-all add: inner-diff-left dot-square-norm)
hence fds-abs-converges f (of-real c)

by (rule fds-converges-imp-abs-converges) (insert ¢’, simp-all)

thus ds. s - 1 = ¢ A fds-abs-converges f s
by (intro exI[of - of-real c]) auto
qed

lemma uniformly-convergent-eval-fds:
assumes B: compact B N\z. 2 € B = z - 1 > conv-abscissa (f :: 'a fds)
shows uniformly-convergent-on B (AN z. Y n<N. fds-nth f n / nat-power n z)
proof (cases B = {})
case Fulse
define o where o = Inf ((As. s- 1) ‘B)
have o-le: s - 1 > o if s € B for s
unfolding o-def using that
by (intro cInf-lower bounded-inner-imp-bdd-below compact-imp-bounded B) auto
have 0 € ((As. s+ 1) ‘B)
unfolding o-def using B «B # {}
by (intro closed-contains-Inf bounded-inner-imp-bdd-below compact-imp-bounded
B
compact-imp-closed compact-continuous-image continuous-intros) auto
with B(2) have o-gt: ¢ > conv-abscissa f by auto
define s where s = (if conv-abscissa f = —oo then o — 1 else
(o + real-of-ereal (conv-abscissa f)) / 2)
from o-gt have s: conv-abscissa f < s AN s < o
by (cases conv-abscissa f) (auto simp: s-def)
show ?thesis using s (compact B>
by (intro uniformly-convergent-eval-fds-auz’[of f of-real s| fds-converges)
(auto dest: o-le)
qed auto

corollary uniformly-convergent-eval-fds’:
assumes B: compact B N\z. z € B = z - 1 > conv-abscissa (f :: 'a fds)
shows uniformly-convergent-on B (AN z. Y n<N. fds-nth f n / nat-power n z)
proof —
from uniformly-convergent-eval-fds|OF assms] obtain | where
uniform-limit B (AN z. > n<N. fds-nth fn / nat-power n z) | at-top
by (auto simp: uniformly-convergent-on-def)
also have (AN z. > n<N. fds-nth f n / nat-power n z) =
(AN z. > n<Suc N. fds-nth f n / nat-power n z)
by (simp only: lessThan-Suc-atMost)
finally have uniform-limit B (AN z. > n<N. fds-nth f n | nat-power n z) I
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at-top
unfolding uniform-limit-iff by (subst (asm) eventually-sequentially-Suc)
thus ?thesis by (auto simp: uniformly-convergent-on-def)
qed

12.2 Derivative of a Dirichlet series

lemma fds-converges-deriv-aux:
assumes conv: fds-converges f (s0 :: 'a) and gt: s+ 1 > s0 - 1
shows fds-converges (fds-deriv f) s
proof —
have Cauchy (An. > k<n. (—In (real k) xg fds-nth f k) / nat-power k s)
proof (rule Cauchyl’, goal-cases)
case (1 ¢)
define § where 6 = s+ 1 — s0 - 1
define ¢’ where 6’ =46 / 2
from gt have d-pos: 6 > 0 by (simp add: §-def)
define A where A = sum-upto (Ak. fds-nth f k / nat-power k s0)
from conv have convergent (An. > k<n. fds-nth f k | nat-power k s0)
by (simp add: fds-converges-def summable-iff-convergent”)
hence Bseq (An. > k<n. fds-nth f k / nat-power k s0) by (rule conver-
gent-imp-Bseq)
then obtain C-auz where C-auz: An. norm (> k<n. fds-nth f k / nat-power
k s0) < C-aux
by (auto simp: Bseg-def)
define C where C = maz C-auz 1
have C-pos: C > 0 by (simp add: C-def)
have C: norm (A z) < C for ¢
proof —
have A x = (3 k<nat |z]. fds-nth f k | nat-power k s0)
unfolding A-def sum-upto-altdef by (intro sum.mono-neutral-left) auto
also have norm ... < C-auz by (rule C-auzx)
also have ... < C by (simp add: C-def)
finally show ?thesis .
qed
define C' where C'=2 % C + C x (norm (sO0 —s)x (1 +1 /) +1)/ ¢

have (Am. C’ x real m powr (—§’)) —— 0 unfolding ¢’-def using gt §-pos
by (intro tendsto-mult-right-zero tendsto-neg-powr filterlim-real-sequentially)
simp-all
from order-tendstoD(2)[OF this <¢ > 0>] obtain M1 where
M1: Am. m > M1 = C' * real m powr — 0’ < ¢
by (auto simp: eventually-at-top-linorder)
have ((Az. In (real z) / real x powr §') —— 0) at-top using 5-pos
by (intro lim-In-over-power) (simp-all add: 6'-def)
from order-tendstoD(2)[OF this zero-less-one] eventually-gt-at-top|of 1::nat]
have eventually (An. In (real n) < n powr 6') at-top by eventually-elim
simp-all
then obtain M2 where M2: An. n > M2 = In (real n) < n powr 4§’
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by (auto simp: eventually-at-top-linorder)

let ?f' = Xk. —In (real k) xR fds-nth f k

show ?Zcase
proof (intro exI[of - mazx (max M1 M2) 1] alll impl, goal-cases)
case (1 m n)
hence mn: m > M1 m > M2 m > 0 m < n by simp-all
define g :: real = 'a where g = (\t. real-power t (s0 — s) * of-real (In t))
define ¢’ :: real = 'a
where g’ = (At. real-power t (s0 — s — 1) % ((s0 — s) * of-real (In't) + 1))
define norm-g’ :: real = real
where norm-g’ = (At. t powr (=6 — 1) * (norm (s0 — s) x Int + 1))
define norm-g :: real = real
where norm-g = (At. —(t powr —6) * (norm (s0 — s) * ( x Int + 1) +
5) / 672)
have g¢-g: (g has-vector-derivative g’ t) (at t) if t € {real m..real n} for t
using mn that by (auto simp: g-def g’-def real-power-diff field-simps
real-power-add
intro!: derivative-eg-intros)
have [continuous-intros|: continuous-on {real m..real n} g using mn
by (auto simp: g-def intro!: continuous-intros)

let 25 = > kereal —* {real m<..real n}. fds-nth fk |/ nat-power k s0 % g k
have dist (> k<m. ?f' k / nat-power k s) (> k<n. ?f' k / nat-power k s) =
norm (> ke{..n} — {.m}. fds-nth f k | nat-power k s x of-real (In (real
k)
using mn by (subst sum-diff)
(simp-all add: dist-norm norm-minus-commute sum-negf scaleR-conv-of-real
mult-ac)
also have {..n} — {..m} = real —* {real m<..real n} by auto
also have (> ke.... fds-nth f k /| nat-power k s * of-real (In (real k))) =
(> ke.... fds-nth f k / nat-power k s0 x g k) using mn unfolding g-def
by (intro sum.cong refl) (auto simp: real-power-nat-power field-simps
nat-power-diff)
also have x: ((At. A t x g’ t) has-integral
(A (real n) x gn — A (real m) x g m — 25))
{real m..real n} (is (?h has-integral -) -) unfolding A-def using

mn
by (intro partial-summation-strong[of {}])
(auto intro!: g-g' simp: field-simps continuous-intros)
hence 25 = A (real n) * g n — A (real m) * g m — integral {real m..real n}
?h
using mn by (simp add: has-integral-iff field-simps)
also have norm ... < norm (A (real n) *x g n) + norm (A (real m) * g m)
+

norm (integral {real m..real n} ?h)
by (intro order.trans|OF norm-triangle-ineq] add-right-mono order.refl)
also have norm (A (real n) * g n) < C % norm (g n)
unfolding norm-mult using mn C-pos by (intro mult-mono C) auto
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also have norm (g n) < n powr —§ % n powr §' using mn M2|[of n]
by (simp add: g-def norm-real-power norm-mult é-def inner-diff-left)
also have ... = n powr —§' using mn
by (simp add: §’-def powr-minus field-simps powr-add [symmetric])
also have norm (A (real m) x g m) < C * norm (g m)
unfolding norm-mult using mn C-pos by (intro mult-mono C) auto
also have norm (g m) < m powr —& x m powr 6’ using mn M2[of m]
by (simp add: g-def norm-real-power norm-mult é-def inner-diff-left)
also have ... = m powr —4’ using mn
by (simp add: §’-def powr-minus field-simps powr-add [symmetric])
also have C * real n powr — ' < C * real m powr — ¢’ using d-pos mn
C-pos
by (intro mult-left-mono powr-mono2’) (simp-all add: §’-def)
also have ... + ... = 2 x ... by simp
also have norm (integral {m..n} ?h) < integral {m..n} (A\t. C * norm-g’ t)
proof (intro integral-norm-bound-integral balll, goal-cases)
case 1
with x show ?case by (simp add: has-integral-iff)
next
case 2
from mn show ?case
by (auto intro!: integrable-continuous-real continuous-intros simp: norm-g’-def)
next
case (3 1)
have norm (¢’ t) < norm-g’ t unfolding g’-def norm-g’-def using & mn
unfolding norm-mult
by (intro mult-mono order.trans|OF norm-triangle-ineq))
(auto simp: norm-real-power inner-diff-left dot-square-norm norm-mult
0-def
introl: mult-left-mono)
thus “case unfolding norm-mult using C-pos mn
by (intro mult-mono C) simp-all
qed
also have ... = C x integral {m..n} norm-g’
unfolding norm-g’-def by (simp add: norm-g’-def 6-def inner-diff-left)
also {
have (norm-g’ has-integral (norm-g n — norm-g m)) {m..n}
unfolding norm-g’-def norm-g-def power2-eq-square using mn §-pos
by (intro fundamental-theorem-of-calculus)
(auto simp: has-real-derivative-iff-has-vector-derivative [symmetric|
field-simps powr-diff intro!: derivative-eg-intros)
hence integral {m..n} norm-g’ = norm-g n — norm-g m by (simp add:
has-integral-iff)
also have norm-g n < 0 unfolding norm-g-def using §-pos mn
by (intro divide-nonpos-pos mult-nonpos-nonneg add-nonneg-nonneg
mult-nonneg-nonneg)

stmp-all
hence norm-g n — norm-g m < —norm-g m by simp
also have ... = real m powr —¢ * In (real m) * (norm (s0 — s)) / § +
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real m powr —3§ * ((norm (s0 — s) / 6 + 1) / 6) using d-pos
by (simp add: field-simps norm-g-def power2-eq-square)

also {

have In (real m) < real m powr ' using M2[of m] mn by simp
also have real m powr —6 * ... = real m powr —0'

by (simp add: powr-add [symmetric] §'-def)
finally have real m powr —¢6 x In (real m) x (norm (s0 — s)) / § <

... * (norm (s0 — s)) / ¢ using d-pos
by (intro divide-right-mono mult-right-mono) (simp-all add: mult-left-mono)

}
also have real m powr —§ x ((norm (s0 — s) /0 + 1)/ 0) <
real m powr —&' * ((norm (s0 — s) / 6 + 1) / &) using mn -pos

by (intro mult-right-mono powr-mono) (simp-all add: §'-def)

also have real m powr — §' x norm (s0 —s) / 6 + ... =
real m powr —§’ * (norm (s0 — s) x (I + 1 /6) + 1) / 0 using

d-pos
by (simp add: field-simps power2-eq-square)

finally have integral {real m..real n} norm-g’ <
real m powr — §' x (norm (s0 — s) x (I +1 /) + 1)/ by

— simp-all
also have 2 x (
(14+1/6)+1)/6
C’ x m powr —8' by (simp add: algebra-simps C'-def)
< ¢ using M1[of m| mn by simp

C x m powr — 0") + C * (m powr — ' x (norm (s0 — s) *
):

also have ...
finally show ?case using C-pos by — simp-all
qed
qed
from Cauchy-convergent|OF this]
show ?thesis by (simp add: summable-iff-convergent’ fds-converges-def fds-nth-deriv)
qed
theorem
:: 'a fds)

assumes s -+ 1 > conv-abscissa (f
shows  fds-converges-deriv: fds-converges (fds-deriv f) s

and  has-field-derivative-eval-fds [derivative-intros]:
(eval-fds f has-field-derivative eval-fds (fds-deriv f) s) (at s within A)

proof —
define s! :: real where
s1 = (if conv-abscissa f = —oo then s - 1 — 2 else
(s+1x1/ 8+ real-of-ereal (conv-abscissa f) x 2 / 3))
define s2 :: real where
s2 = (if conv-abscissa f = —oo then s - 1 — 1 else
(s 1% 2/ 3+ real-of-ereal (conv-abscissa f) x 1 | 3))

from assms have s: conv-abscissa f < s1 N sl < s2 Ns2 < s- 1
by (cases conv-abscissa f) (auto simp: s1-def s2-def field-simps)
from s have «: fds-converges f (of-real s1) by (intro fds-converges) simp-all

thus conv’: fds-converges (fds-deriv f) s
by (rule fds-converges-deriv-auz) (insert s, simp-all)
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from * have conv: fds-converges (fds-deriv f) (of-real s2)
by (rule fds-converges-deriv-auz) (insert s, simp-all)

define 6 :: real where § = (s - 1 — s2) / 2
from s have §-pos: 6 > 0 by (simp add: §-def)

have uniformly-convergent-on (cball s §)
(An s. > k<n. fds-nth (fds-deriv f) k | nat-power k s)
proof (intro uniformly-convergent-eval-fds-auz'|OF conv))
fix s" :: 'a assume s’ s" € cball s §
have dist (s - 1) (s" - 1) < dist s s"
by (intro Euclidean-dist-upper) (simp-all add: one-in-Basis)
also from s’ have ... < § by simp
finally show s’ - 1 > (of-real s2 :: 'a) - 1 using s
by (auto simp: §-def dist-real-def abs-if split: if-splits)
qed (insert d-pos, auto)
then obtain [ where
uniform-limit (cball s §) (An s. Y k<n. fds-nth (fds-deriv f) k / nat-power k
s) 1 at-top
by (auto simp: uniformly-convergent-on-def)
also have (An s. Y k<n. fds-nth (fds-deriv f) k / nat-power k s) =
(An s. > k<Suc n. fds-nth (fds-deriv f) k / nat-power k s)
by (simp only: lessThan-Suc-atMost)
finally have uniform-limit (cball s §) (An s. > k<n. fds-nth (fds-deriv f) k /
nat-power k s)
[ at-top
unfolding uniform-limit-iff by (subst (asm) eventually-sequentially-Suc)
hence *: uniformly-convergent-on (cball s §)
(An s. > k<n. fds-nth (fds-deriv f) k | nat-power k s)
unfolding uniformly-convergent-on-def by blast

have (eval-fds f has-field-derivative eval-fds (fds-deriv f) s) (at s)
unfolding eval-fds-def
proof (rule has-field-derivative-series'(2)[OF - - x])
show s € cball s § s € interior (cball s §) using s by (simp-all add: 0-def)
show summable (An. fds-nth f n / nat-power n s)
using assms fds-converges|[of f s| by (simp add: fds-converges-def)
next
fix s':: 'a and n :: nat
show ((As. fds-nth fn / nat-power n s) has-field-derivative
fds-nth (fds-deriv f) n / nat-power n s’) (at s" within cball s 0)
by (cases n = 0)
(simp, auto intro!: derivative-eq-intros simp: fds-nth-deriv field-simps)
qed (auto simp: fds-nth-deriv introl: derivative-eq-intros)
thus (eval-fds f has-field-derivative eval-fds (fds-deriv f) s) (at s within A)
by (rule has-field-derivative-at-within)
qed

lemmas has-field-derivative-eval-fds’ [derivative-intros] =
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DERIV-chain2[OF has-field-derivative-eval-fds)

lemma continuous-eval-fds [continuous-intros|:

assumes s - 1 > conv-abscissa f

shows continuous (at s within A) (eval-fds (f :: 'a :: dirichlet-series fds))
proof —

have isCont (eval-fds f) s

by (rule has-field-derivative-eval-fds DERIV-isCont assms)+

thus ?thesis by (rule continuous-within-subset) auto

qged

lemma continuous-eval-fds' [continuous-intros:
fixes f :: 'a :: dirichlet-series fds
assumes continuous (at s within A) g g s - 1 > conv-abscissa f
shows continuous (at s within A) (Az. eval-fds f (g z))
by (rule continuous-within-compose3[OF - assms(1)] continuous-intros assms)-+

lemma continuous-on-eval-fds [continuous-intros):
fixes f :: 'a :: dirichlet-series fds
assumes A C {s. s - 1 > conv-abscissa [}
shows  continuous-on A (eval-fds f)
by (rule DERIV-continuous-on derivative-intros)+ (insert assms, auto)

lemma continuous-on-eval-fds’ [continuous-intros|:
fixes f :: 'a :: dirichlet-series fds
assumes continuous-on A g g ‘A C {s. s - 1 > conv-abscissa f}
shows continuous-on A (Az. eval-fds (g z))
by (rule continuous-on-compose2|OF continuous-on-eval-fds assms(1)])
(insert assms, auto simp: image-iff)

lemma conv-abscissa-deriv-le:

fixes f :: 'a fds

shows conv-abscissa (fds-deriv f) < conv-abscissa f
proof (rule conv-abscissa-lel)

fix ¢’ :: real

assume ereal ¢’ > conv-abscissa f

thus Js. s+ 1 = ¢’ A fds-converges (fds-deriv f) s

by (intro exI[of - of-real ¢') (auto simp: fds-converges-deriv)

qed

lemma abs-conv-abscissa-integral:
fixes f :: 'a fds
shows abs-conv-abscissa (fds-integral a f) = abs-conv-abscissa f
proof (rule antisym)
show abs-conv-abscissa (fds-integral a f) < abs-conv-abscissa f
proof (rule abs-conv-abscissa-lel, goal-cases)
case (1 ¢)
have fds-abs-converges (fds-integral a f) (of-real ¢)
unfolding fds-abs-converges-def
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proof (rule summable-comparison-test-ev)
from 1 have fds-abs-converges f (of-real c)
by (intro fds-abs-converges) auto
thus summable (An. norm (fds-nth f n / nat-power n (of-real c)))
by (simp add: fds-abs-converges-def)
next
show YV n in sequentially. norm (norm (fds-nth (fds-integral a f) n /
nat-power n (of-real c))) <
norm (fds-nth f n |/ nat-power n (of-real c))
using eventually-gt-at-top[of 3]
proof eventually-elim
case (elim n)
from elim and ezp-le have In (exp 1) < In (real n)
by (subst In-le-cancel-iff) auto
hence 1 * norm (fds-nth f n) < In (real n) * norm (fds-nth f n)
by (intro mult-right-mono) auto
with elim show ?case
by (simp add: norm-divide norm-nat-power fds-integral-def field-simps)
qed
qed
thus ?case by (intro exl|of - of-real c]) auto
qed
next
show abs-conv-abscissa f < abs-conv-abscissa (fds-integral a f) (is - < %s0)
proof (cases abs-conv-abscissa (fds-integral a f) = o0)
case False
show ?thesis
proof (rule abs-conv-abscissa-lel)
fix c :: real
define ¢ where € = (if Ys0 = —oo then 1 else (¢ — real-of-ereal ?s0) / 2)
assume ereal ¢ > ?s0
with False have e: ¢ > 0 c — ¢ > %50
by (cases ?s0; force simp: e-def field-simps)+

have fds-abs-converges f (of-real c)
unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
from ¢ have fds-abs-converges (fds-integral a f) (of-real (¢ — €))
by (intro fds-abs-converges) (auto simp: algebra-simps)
thus summable (An. norm (fds-nth (fds-integral a f) n / nat-power n (of-real
(c = 2)))
by (simp add: fds-abs-converges-def)
next
have V p n in at-top. In (real n) / real n powr ¢ < 1
by (rule order-tendstoD lim-In-over-power ¢ > 0 zero-less-one)+
thus V r n in sequentially. norm (norm (fds-nth f n / nat-power n (of-real
c)))
< norm (fds-nth (fds-integral a f) n / nat-power n (of-real (¢ — €)))
using eventually-gt-at-toplof 1]
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proof eventually-elim
case (elim n)
hence In (real n) * norm (fds-nth fn) < real n powr £ x norm (fds-nth f
n)
by (intro mult-right-mono) auto
with elim show ?case
by (simp add: norm-divide norm-nat-power field-simps
powr-diff inner-diff-left fds-integral-def)
qed
qed
thus ds. s - 1 = ¢ A fds-abs-converges f s
by (intro exl[of - of-real c]) auto
qed
qed auto
qed

lemma abs-conv-abscissa-In:
abs-conv-abscissa (fds-In 1 (f :: 'a :: dirichlet-series fds)) =
abs-conv-abscissa (fds-deriv f | f)
by (simp add: fds-In-def abs-conv-abscissa-integral)

lemma abs-conv-abscissa-deriv:
fixes f :: 'a fds
shows abs-conv-abscissa (fds-deriv f) = abs-conv-abscissa f
proof —
have abs-conv-abscissa (fds-deriv f) =
abs-conv-abscissa (fds-integral (fds-nth f 1) (fds-deriv f))
by (rule abs-conv-abscissa-integral [symmetric])
also have fds-integral (fds-nth f 1) (fds-deriv f) = f
by (rule fds-integral-fds-deriv)
finally show ?thesis .
qed

lemma abs-conv-abscissa-higher-deriv:
abs-conv-abscissa ((fds-deriv "~ n) f) = abs-conv-abscissa (f :: 'a :: dirichlet-series
fds)

by (induction n) (simp-all add: abs-conv-abscissa-deriv)

lemma conv-abscissa-higher-deriv-le:
conv-abscissa ((fds-deriv =" n) f) < conv-abscissa (f :: 'a :: dirichlet-series fds)
by (induction n) (auto intro: order.trans|OF conv-abscissa-deriv-le])

lemma abs-conv-abscissa-restrict:
abs-conv-abscissa (fds-subseries P f) < abs-conv-abscissa f
by (rule abs-conv-abscissa-mono) auto

lemma eval-fds-deriv:

fixes [ :: 'a fds
assumes s - I > conv-abscissa f
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shows eval-fds (fds-deriv f) s = deriv (eval-fds f) s
by (intro DERIV-imp-deriv [symmetric] derivative-intros assms)

lemma eval-fds-higher-deriv:
assumes (s :: ‘a :: dirichlet-series) - 1 > conv-abscissa f
shows eval-fds ((fds-deriv " n) f) s = (deriv " n) (eval-fds f) s
using assms
proof (induction n arbitrary: f s)
case (Suc n [ s)
have ev: eventually (As. s € {s. s+ 1 > conv-abscissa f}) (nhds s)
using Suc.prems open-halfspace-gt[of - 1::'a)
by (intro eventually-nhds-in-open, cases conv-abscissa f)
(auto simp: open-halfspace-gt inner-commute)
have eval-fds ((fds-deriv = Suc n) f) s = eval-fds ((fds-deriv =" n) (fds-deriv
1) s
by (subst funpow-Suc-right) simp
also have ... = (deriv " n) (eval-fds (fds-deriv f)) s
by (intro Suc.IH le-less-trans[OF conv-abscissa-deriv-le] Suc.prems)
also have ... = (deriv =" n) (deriv (eval-fds f)) s
by (intro higher-deriv-cong-ev refl eventually-mono[OF ev] eval-fds-deriv) auto
also have ... = (deriv 7 Suc n) (eval-fds f) s
by (subst funpow-Suc-right) simp
finally show ?Zcase .
qed auto

end

12.3 Multiplication of two series

lemma
fixes f g :: nat = 'a :: {banach, real-normed-field, second-countable-topology,
nat-power}
fixes s :: ‘a
assumes [simp]: fO0 =090 =0
assumes summable: summable (An. norm (f n / nat-power n s))
summable (An. norm (g n / nat-power n s))
shows  summable-dirichlet-prod: summable (An. norm (dirichlet-prod f g n /
nat-power n s))
and suminf-dirichlet-prod:
(5" n. dirichlet-prod f g n / nat-power n s) =
- n. fn/ nat-power n s) x (3. n. g n / nat-power n s)
proof —
have summable”: (An. f n / nat-power n s) abs-summable-on A
(An. g n / nat-power n s) abs-summable-on A for A
by ((rule abs-summable-on-subset[OF - subset-UNIV], insert summable,
simp add: abs-summable-on-nat-iff "); fail)+
have f-g: f a / nat-power a s x (g b / nat-power b s)
fa=gb/ nat-power (a x b) s for a b
by (cases a * b = 0) (auto simp: nat-power-mult-distrib)
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have eq: (3 o(m, n)e{(m, n). m x n = z}. fm x g n / nat-power x s) =
dirichlet-prod f g = | nat-power z s for z :: nat
proof (cases z > 0)
case Fulse
hence (3" .(m,n) | mxn==x. fmx gn / nat-power z s) = (D> o(m,n) | m *
n=ua0)
by (intro infsetsum-cong) auto
with Fualse show ?thesis by simp
next
case True
from finite-divisors-nat'|OF this| show ?thesis
by (simp add: dirichlet-prod-altdef2 case-prod-unfold sum-divide-distrib)
qed

have (A(m,n). (f m / nat-power m s) x (g n / nat-power n s)) abs-summable-on
UNIV x UNIV
using summable’ by (intro abs-summable-on-product) auto
also have ?this <— (A(m,n). fm * g n / nat-power (mxn) s) abs-summable-on
UNIV
using f-g by (intro abs-summable-on-cong) auto
also have ... «— (A(z,(m,n)). fm % gn / nat-power (mxn) s) abs-summable-on

(SIGMA z:UNIV. {(m,n). m * n = z})
unfolding case-prod-unfold
by (rule abs-summable-on-reindex-bij-betw [symmetric])
(auto simp: bij-betw-def inj-on-def image-iff)
also have ... «+— (A\(z,(m,n)). fm x g n / nat-power x s) abs-summable-on
(SIGMA z:UNIV. {(m,n). m * n = z})
by (intro abs-summable-on-cong) auto
finally have summable’: ... .
from abs-summable-on-Sigma-projectl |OF this]
show summable’”: summable (An. norm (dirichlet-prod f g n / nat-power n s))
by (simp add: eq abs-summable-on-nat-iff )

have (> n. fn / nat-power n s) x (3. n. g n / nat-power n s) =
> an. fn / nat-power n s) x (3 4n. g n / nat-power n )
using summable’ by (simp add: infsetsum-nat’)
also have ... = (3" .(m,n). (f m / nat-power m s) * (g n / nat-power n s))
using summable’ by (subst infsetsum-product [symmetric]) simp-all
also have ... = (> ,(m,n). f m * g n / nat-power (m * n) s)
using f-g by (intro infsetsum-cong refl) auto
also have ... = (3 o(z,(m,n))e(SIGMA z:UNIV. {(m,n). m * n = z}).
fmxgn / nat-power (m x n) s)
unfolding case-prod-unfold
by (rule infsetsum-reindex-bij-betw [symmetric]) (auto simp: bij-betw-def inj-on-def
image-iff)
also have ... = (3 o(z,(m,n))e(SIGMA z:UNIV. {(m,n). m * n = z}).
fm* gn / nat-power z s)
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by (intro infsetsum-cong refl) (auto simp: case-prod-unfold)

also have ... = (3_ qa. dirichlet-prod f g x | nat-power z s)
(is - = infsetsum ?T -) using summable’” by (subst infsetsum-Sigma) (auto

simp: eq)

also have ... = (> x. dirichlet-prod f g © | nat-power z s)

using summable’"’ by (intro infsetsum-nat’) (simp-all add: abs-summable-on-nat-iff )

finally show ... = (3 n. fn / nat-power n s) x (3. n. g n / nat-power n s) ..
qed
lemma

fixes f g :: nat = real

fixes s :: real

assumes f0=0¢g 0 =0

assumes summable: summable (An. norm (f n / real n powr s))

summable (An. norm (g n / real n powr s))

shows summable-dirichlet-prod-real: summable (An. norm (dirichlet-prod f g n

/ real n powr s))
and suminf-dirichlet-prod-real:
(3> n. dirichlet-prod f g n / real n powr s) =
(3> n. fn / nat-power n s) * (3. n. g n / real n powr s)

using summable-dirichlet-prod|of [ g s| suminf-dirichlet-prod[of f g s] assms by

simp-all

lemma fds-abs-converges-mult:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
assumes fds-abs-converges f s fds-abs-converges g s
shows  fds-abs-converges (f * g) s
using summable-dirichlet-prod|OF - - assms[unfolded fds-abs-converges-def]]
by (simp add: fds-abs-converges-def fds-nth-mult)

lemma fds-abs-converges-power:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
shows fds-abs-converges f s = fds-abs-converges (f ~n) s
by (induction n) (auto introl: fds-abs-converges-mult)

lemma fds-abs-converges-prod:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
shows (Az. ¢ € A = fds-abs-converges (f x) s) = fds-abs-converges (prod f
A) s

by (induction A rule: infinite-finite-induct) (auto introl: fds-abs-converges-mult)

lemma abs-conv-abscissa-mult-le:

abs-conv-abscissa (f * g :: 'a :: dirichlet-series fds) <

max (abs-conv-abscissa f) (abs-conv-abscissa g)

proof (rule abs-conv-abscissa-lel, goal-cases)

case (1 ¢’)

thus ?case

by (auto intro!: exl|of - of-real ¢'] fds-abs-converges-mult intro: fds-abs-converges)
qed
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lemma abs-conv-abscissa-mult-lel:
abs-conv-abscissa (f :: 'a :: dirichlet-series fds) < d =
abs-conv-abscissa g < d = abs-conv-abscissa (f x g) < d
using abs-conv-abscissa-mult-le[of f g] by (auto simp add: le-maz-iff-disj)

lemma abs-conv-abscissa-shift [simpl:
abs-conv-abscissa (fds-shift ¢ f) = abs-conv-abscissa (f :: 'a :: dirichlet-series fds)
+c-1
proof —
have abs-conv-abscissa (fds-shift ¢ f) < abs-conv-abscissa f + ¢ - 1 for ¢ :: 'a
and f
proof (rule abs-conv-abscissa-lel)
fix d assume abs-conv-abscissa f + ¢ - 1 < ereal d
hence abs-conv-abscissa f < ereal (d — ¢ - 1) by (cases abs-conv-abscissa f)
auto
hence fds-abs-converges (fds-shift ¢ f) (of-real d)
by (auto intro!: fds-abs-converges-shift fds-abs-converges simp: algebra-simps)
thus 3s. s - I = d A fds-abs-converges (fds-shift c f) s
by (auto introl: exl[of - of-real d])
qged
note x = this[of ¢ f] this[of —c fds-shift ¢ f]
show ?thesis by (cases abs-conv-abscissa (fds-shift c f); cases abs-conv-abscissa
5
(insert *, auto introl: antisym)
qged

lemma eval-fds-mult:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
assumes fds-abs-converges [ s fds-abs-converges g s
shows eval-fds (f * g) s = eval-fds f s x eval-fds g s
using suminf-dirichlet-prod[OF - - assms[unfolded fds-abs-converges-def]]
by (simp-all add: eval-fds-def fds-nth-mult)

lemma eval-fds-power:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
assumes fds-abs-converges f s
shows eval-fds (f “n) s = eval-fds fs " n
using assms by (induction n) (simp-all add: eval-fds-mult fds-abs-converges-power)

lemma eval-fds-prod:
fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
assumes (A\z. z € A = fds-abs-converges (f x) s)
shows eval-fds (prod f A) s = ([[z€A. eval-fds (f x) s) using assms
by (induction A rule: infinite-finite-induct) (auto simp: eval-fds-mult fds-abs-converges-prod)

lemma eval-fds-inverse:

fixes s :: ‘a :: {nat-power, real-normed-field, banach, second-countable-topology}
assumes fds-abs-converges f s fds-abs-converges (inverse f) s fds-nth f 1 # 0
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shows eval-fds (inverse f) s = inverse (eval-fds f s)
proof —
have eval-fds (inverse f * f) s = eval-fds (inverse f) s * eval-fds f s
by (intro eval-fds-mult assms)
also have inverse f * f = 1 by (intro fds-left-inverse assms)
also have eval-fds 1 s = 1 by simp
finally show ?thesis by (auto simp: divide-simps)
qed

lemma eval-fds-integral-has-field-derivative:
fixes s :: ‘a :: dirichlet-series
assumes ereal (s + 1) > abs-conv-abscissa f
assumes fds-nth f 1 = 0
shows (eval-fds (fds-integral c f) has-field-derivative eval-fds f s) (at s)
proof —
have conv-abscissa (fds-integral ¢ ) < abs-conv-abscissa (fds-integral ¢ f)
by (rule conv-le-abs-conv-abscissa)
also from assms have ... < ereal (s- 1) by (simp add: abs-conv-abscissa-integral)
finally have (eval-fds (fds-integral c f) has-field-derivative
eval-fds (fds-deriv (fds-integral c f)) s) (at s)
by (intro derivative-eg-intros) auto
also from assms have fds-deriv (fds-integral ¢ f) = f
by simp
finally show ?thesis .
qed

lemma holomorphic-fds-eval [holomorphic-intros]:
A C {z. Re z > conv-abscissa f} = eval-fds f holomorphic-on A
unfolding holomorphic-on-def field-differentiable-def
by (rule balll exI derivative-intros)+ auto

lemma analytic-fds-eval [holomorphic-intros):

assumes A C {z. Re z > conv-abscissa f}

shows eval-fds f analytic-on A
proof —

have eval-fds f analytic-on {z. Re z > conv-abscissa f}

proof (subst analytic-on-open)

show open {z. Re z > conv-abscissa [}
by (cases conv-abscissa f) (simp-all add: open-halfspace-Re-gt)

qed (intro holomorphic-intros, simp-all)

from analytic-on-subset|OF this assms| show %thesis .
qged

lemma conv-abscissa-0 [simp]:
conv-abscissa (0 :: 'a :: dirichlet-series fds) = —oo
by (auto simp: conv-abscissa-MInf-iff)

lemma abs-conv-abscissa-0 [simp]:

abs-conv-abscissa (0 :: 'a :: dirichlet-series fds) = —oo
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by (auto simp: abs-conv-abscissa-MInf-iff)

lemma conv-abscissa-1 [simp):
conv-abscissa (1 :: 'a :: dirichlet-series fds) = —oo
by (auto simp: conv-abscissa-MInf-iff)

lemma abs-conv-abscissa-1 [simp]:
abs-conv-abscissa (1 :: 'a :: dirichlet-series fds) = —oo
by (auto simp: abs-conv-abscissa-MInf-iff)

lemma conv-abscissa-const [simp:
conv-abscissa (fds-const (¢ :: 'a :: dirichlet-series)) = —oo
by (auto simp: conv-abscissa-MInf-iff)

lemma abs-conv-abscissa-const [simp):
abs-conv-abscissa (fds-const (¢ :: 'a :: dirichlet-series)) = —oo
by (auto simp: abs-conv-abscissa-MInf-iff)

lemma conv-abscissa-numeral [simpl:
conv-abscissa (numeral n :: 'a :: dirichlet-series fds) = —oo
by (auto simp: numeral-fds)

lemma abs-conv-abscissa-numeral [simp]:
abs-conv-abscissa (numeral n :: 'a :: dirichlet-series fds) = —oo
by (auto simp: numeral-fds)

lemma abs-conv-abscissa-power-le:
abs-conv-abscissa (f ~n :: 'a 2 dirichlet-series fds) < abs-conv-abscissa f
by (induction n) (auto introl: order.trans|OF abs-conv-abscissa-mult-le])

lemma abs-conv-abscissa-power-lel:

abs-conv-abscissa (f :: 'a :: dirichlet-series fds) < d = abs-conv-abscissa (f ~n)
<d

by (rule order.trans|OF abs-conv-abscissa-power-le])

lemma abs-conv-abscissa-prod-le:
assumes A\z. x € A = abs-conv-abscissa (f x :: 'a :: dirichlet-series fds) < d
shows abs-conv-abscissa (prod f A) < d using assms
by (induction A rule: infinite-finite-induct) (auto introl: abs-conv-abscissa-mult-lel)

lemma conv-abscissa-add-le:
conv-abscissa (f + g = 'a = dirichlet-series fds) < maz (conv-abscissa f) (conv-abscissa

9)
by (rule conv-abscissa-lel-weak) (auto intro!: fds-converges-add intro: fds-converges)

lemma conv-abscissa-add-lel:
conv-abscissa (f :: 'a :: dirichlet-series fds) < d = conv-abscissa g < d =
conv-abscissa (f + g) < d
using conv-abscissa-add-le[of f g] by (auto simp: le-maz-iff-disj)
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lemma conv-abscissa-sum-lel:
assumes A\z. t € A = conv-abscissa (f x = 'a :: dirichlet-series fds) < d
shows conv-abscissa (sum f A) < d using assms
by (induction A rule: infinite-finite-induct) (auto introl: conv-abscissa-add-lel)

lemma abs-conv-abscissa-add-le:

abs-conv-abscissa (f + g :: 'a :: dirichlet-series fds) < maz (abs-conv-abscissa f)
(abs-conv-abscissa g)

by (rule abs-conv-abscissa-leI-weak) (auto introl: fds-abs-converges-add intro:
fds-abs-converges)

lemma abs-conv-abscissa-add-lel:
abs-conv-abscissa (f :: 'a :: dirichlet-series fds) < d = abs-conv-abscissa g < d
—
abs-conv-abscissa (f + g) < d
using abs-conv-abscissa-add-le[of f g] by (auto simp: le-maz-iff-disj)

lemma abs-conv-abscissa-sum-lel:
assumes Az. r € A = abs-conv-abscissa (f x :: 'a :: dirichlet-series fds) < d
shows abs-conv-abscissa (sum f A) < d using assms
by (induction A rule: infinite-finite-induct) (auto intro!: abs-conv-abscissa-add-lel)

lemma fds-converges-cmult-left [introl:
assumes fds-converges f s
shows  fds-converges (fds-const ¢ * f) s
proof —
from assms have summable (An. ¢ x (fds-nth f n / nat-power n s))
by (intro summable-mult) (auto simp: fds-converges-def)
thus ?thesis by (simp add: fds-converges-def mult-ac)
qed

lemma fds-converges-cmult-right [intro]:
assumes fds-converges f s
shows fds-converges (f * fds-const c) s
using fds-converges-cmult-left[OF assms| by (simp add: mult-ac)

lemma conv-abscissa-cmult-left [simp]:
fixes ¢ :: 'a :: dirichlet-series assumes ¢ # 0
shows conv-abscissa (fds-const ¢ x f) = conv-abscissa f
proof —
have fds-converges (fds-const ¢ * f) s «+— fds-converges f s for s
proof
assume fds-converges (fds-const ¢ * f) s
hence fds-converges (fds-const (inverse c¢) x (fds-const ¢ * f)) s
by (rule fds-converges-cmult-left)
also have fds-const (inverse ¢) % (fds-const ¢ x f) = fds-const (inverse ¢ * c)
v f
by simp
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also have inverse ¢ x ¢ = 1
using assms by simp
finally show fds-converges f s by simp

qed auto
thus ?thesis by (simp add: conv-abscissa-def)
qed

lemma conv-abscissa-cmult-right [simp):
fixes c :: 'a :: dirichlet-series assumes c # 0
shows conv-abscissa (f * fds-const ¢) = conv-abscissa f
using assms by (subst mult.commute) auto

lemma abs-conv-abscissa-cmult:
fixes c :: 'a :: dirichlet-series assumes c # 0
shows abs-conv-abscissa (fds-const ¢ * f) = abs-conv-abscissa f
proof (intro antisym)
have abs-conv-abscissa (fds-const (inverse c) * (fds-const ¢ x f)) <
abs-conv-abscissa (fds-const ¢ x f)
using abs-conv-abscissa-mult-le[of fds-const (inverse c) fds-const ¢ * f]
by (auto simp: maz-def)
also have fds-const (inverse ¢) x (fds-const ¢ x f) = fds-const (inverse ¢ x ¢) * f
by (simp add: mult-ac)
also have inverse ¢ x ¢ = 1 using assms by simp
finally show abs-conv-abscissa f < abs-conv-abscissa (fds-const ¢ * f) by simp
qed (insert abs-conv-abscissa-mult-le[of fds-const ¢ f], auto simp: max-def)

lemma conv-abscissa-minus [simp):
fixes f :: 'a :: dirichlet-series fds
shows conv-abscissa (—f) = conv-abscissa f
using conv-abscissa-cmult-leftjof —1 f] by simp

lemma abs-conv-abscissa-minus [simp:
fixes [ :: 'a :: dirichlet-series fds
shows abs-conv-abscissa (—f) = abs-conv-abscissa f
using abs-conv-abscissa-cmult[of —1 f] by simp

lemma conv-abscissa-diff-le:
conv-abscissa (f — g :: 'a :: dirichlet-series fds) < maz (conv-abscissa f) (conv-abscissa

9)
using conv-abscissa-add-le[of f —g] by simp

lemma conv-abscissa-diff-lel:
conv-abscissa (f :: 'a :: dirichlet-series fds) < d = conv-abscissa g < d =
conv-abscissa (f — ¢g) < d
using conv-abscissa-add-le[of [ —g] by (auto simp: le-maz-iff-disj)

lemma abs-conv-abscissa-diff-le:

abs-conv-abscissa (f — g == 'a :: dirichlet-series fds) <
maz (abs-conv-abscissa f) (abs-conv-abscissa g)
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using abs-conv-abscissa-add-le[of f —g] by simp

lemma abs-conv-abscissa-diff-lel:
abs-conv-abscissa (f :: 'a :: dirichlet-series fds) < d = abs-conv-abscissa g < d
_—
abs-conv-abscissa (f — g) < d
using abs-conv-abscissa-add-le[of f —g] by (auto simp: le-maz-iff-disj)

lemmas eval-fds-integral-has-field-derivative’ [derivative-intros] =
DERIV-chain'|OF - eval-fds-integral-has-field-derivative]

lemma abs-conv-abscissa-completely-multiplicative-log-deriv:
fixes f :: 'a :: dirichlet-series fds
assumes completely-multiplicative-function (fds-nth f) fds-nth f 1 # 0
shows abs-conv-abscissa (fds-deriv f | f) < abs-conv-abscissa f
proof —
have fds-deriv f = — fds (An. fds-nth f n x mangoldt n) * f
using assms by (subst completely-multiplicative-fds-deriv’) simp-all
also have ... / f = — fds (An. fds-nth f n * mangoldt n) = (f * inverse f)
by (simp add: divide-fds-def)
also have f « inverse f = 1 using assms by (intro fds-right-inverse)
finally have fds-deriv f / f = — fds (An. fds-nth f n x mangoldt n) by simp
also have abs-conv-abscissa ... =
abs-conv-abscissa (fds (An. fds-nth f n x mangoldt n))
(is - = abs-conv-abscissa ?f) by (rule abs-conv-abscissa-minus)
also have ... < abs-conv-abscissa f
proof (rule abs-conv-abscissa-lel, goal-cases)
case (1 ¢)
have fds-abs-converges ?f (of-real ¢) unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
from 1 have fds-abs-converges (fds-deriv f) (of-real c)
by (intro fds-abs-converges) (auto simp: abs-conv-abscissa-deriv)
thus summable (An. |In (real n)| * norm (fds-nth f n) / norm (nat-power n
(of-real ¢ :: 'a)))
by (simp add: fds-abs-converges-def fds-deriv-def fds-nth-fds’
scaleR-conv-of-real powr-minus norm-mult norm-divide
norm-nat-power)
next
show V p n in sequentially.
norm (norm (fds-nth (fds (An. fds-nth f n * mangoldt n)) n /
nat-power n (of-real c)))
< |ln (real n)| * norm (fds-nth fn) / norm (nat-power n (of-real c) ::
'a)
using eventually-gt-at-toplof 0]
proof eventually-elim
case (elim n)
have norm (norm (fds-nth (fds (An. fds-nth f n * mangoldt n)) n /
nat-power n (of-real ¢))) =
norm (fds-nth f n) x mangoldt n / real n powr c
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using elim by (simp add: fds-nth-fds’ norm-mult norm-divide
norm-nat-power abs-mult mangoldt-nonneg)
also have ... < norm (fds-nth f n) x In n / real n powr ¢ using elim
by (intro mult-left-mono divide-right-mono mangoldt-le)
(simp-all add: mangoldt-def)
finally show Zcase using elim by (simp add: norm-nat-power algebra-simps)
qed
qed
thus ?case by (intro exl|of - of-real c]) auto
qged
finally show ?thesis .
qed

12.4 Uniqueness

context
assumes SORT-CONSTRAINT ('a :: dirichlet-series)
begin

lemma norm-dirichlet-series-cutoff-le:
assumes fds-abs-converges f (s0 :: ‘a) N > 0s-1>cc>s0 -1
shows summable (An. fds-nth f (n + N) / nat-power (n + N) s)
summable (An. norm (fds-nth f (n + N)) / nat-power (n + N) ¢)
and norm (3 n. fds-nth f (n + N) / nat-power (n + N) s) <
(3" n. norm (fds-nth f (n + N)) / nat-power (n + N) ¢) / nat-power
N(s-1-c¢)
proof —
from assms have fds-abs-converges f (of-real c)
using fds-abs-converges-Re-leof f s0 of-real c] by auto
hence summable (An. norm (fds-nth f (n + N) / nat-power (n + N) (of-real
o))
unfolding fds-abs-converges-def by (rule summable-ignore-initial-segment)
also have ?this «— summable (An. norm (fds-nth f (n + N)) / nat-power (n
+ N) ¢)
by (intro summable-cong eventually-mono| OF eventually-gt-at-toplof 0::nat]))
(auto simp: norm-divide norm-nat-power)
finally show *: summable (An. norm (fds-nth f (n + N)) / nat-power (n + N)

c) .

from assms have fds-abs-converges f s using fds-abs-converges-Re-le[of f s0 s]
by auto
hence *x: summable (An. norm (fds-nth f (n + N) / nat-power (n + N) s))
unfolding fds-abs-converges-def by (rule summable-ignore-initial-segment)
thus summable (An. fds-nth f (n + N) / nat-power (n + N) s)
by (rule summable-norm-cancel)

have norm (> n. fds-nth f (n + N) / nat-power (n + N) s
(

/n
< (- n. norm (fds-nth f (n + N) / nat-power (n + N) s))
by (intro summable-norm sxx)
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also have ... < (3. n. norm (fds-nth f (n + N)) / nat-power (n + N) ¢ /
nat-power N (s - 1 — ¢))
proof (intro suminf-le * xx summable-divide alll)
fix n = nat
have real N powr (s - 1 — ¢) < real (n + N) powr (s - 1 — ¢)
using assms by (intro powr-mono2) simp-all
also have real (n + N) powr ¢ * ... = real (n + N) powr (s - 1)
by (simp add: powr-diff)
finally have norm (fds-nth f (n + N)) / real (n + N) powr (s - 1) <
norm (fds-nth f (n + N)) / (real (n + N) powr ¢ % real N powr
(s-1—¢))

using <N > 0» by (intro divide-left-mono) (simp-all add: mult-left-mono)
thus norm (fds-nth f (n + N) / nat-power (n + N) s) <
norm (fds-nth f (n + N)) / nat-power (n + N) ¢ / nat-power N (s - 1
— C)

using <N > 0» by (simp add: norm-divide norm-nat-power )
qed
also have ... = (> n. norm (fds-nth f (n + N)) / nat-power (n + N) ¢) /
nat-power N (s - 1 — ¢)
using * by (rule suminf-divide)
finally show norm (3_ n. fds-nth f (n + N) / nat-power (n + N) s) < ... .
qged

lemma eval-fds-zeroD-auzx:
fixes h :: 'a fds
assumes conv: fds-abs-converges h (s0 :: 'a)
assumes freq: frequently (As. eval-fds h s = 0) ((As. s + 1) going-to at-top)
shows h =10
proof (rule ccontr)
assume h # 0
hence ez: In>0. fds-nth h n # 0 by (auto simp: fds-eq-iff)
define N :: nat where N = (LEAST n. n > 0 A fds-nth h n # 0)
have N: N > 0 fds-nth h N # 0
using Leastl-ex[OF ez, folded N-def] by auto
have less-N: fds-nth h n = 0 if n < N for n
using Least-le[of An. n > 0 A fds-nth h n # 0 n, folded N-def] that
by (cases n = 0) (auto simp: not-less)

define ¢ where ¢ = s0 - 1
define remainder where remainder = (As. (3 n. fds-nth h (n + Suc N) /
nat-power (n + Suc N) s))
define A where A = (> n. norm (fds-nth h (n + Suc N)) / nat-power (n +
Suc N) ¢) *
nat-power (Suc N) ¢

have eq: fds-nth h N = nat-power N s x eval-fds h s — nat-power N s x remainder
s
ifs-1>cfors:’a
proof —
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from conv and that have conv’: fds-abs-converges h s
unfolding c-def by (rule fds-abs-converges-Re-le)
hence conv'”: fds-converges h s by blast
from conv’’ have (An. fds-nth h n / nat-power n s) sums eval-fds h s
by (simp add: fds-converges-iff)
hence (An. fds-nth h (n + Suc N) / nat-power (n + Suc N) s) sums
(eval-fds h s — (3. n<Suc N. fds-nth h n /| nat-power n s))
by (rule sums-split-initial-segment)
also have (> n<Suc N. fds-nth h n / nat-power n s) =
(3" n<Suc N. if n = N then fds-nth h N / nat-power N s else 0)
by (intro sum.cong refl) (auto simp: less-N)
also have ... = fds-nth h N / nat-power N s by (subst sum.delta) auto
finally show ?thesis unfolding remainder-def using <N > 0> by (auto simp:
sums-iff field-simps)
qed

have remainder-bound: norm (remainder s) < A / real (Suc N) powr (s« 1)
ifs.1>cfors:’a
proof —
note x = norm-dirichlet-series-cutoff-le[of h s0 Suc N ¢ s, folded remainder-def]
have norm (remainder s) < (3>_ n. norm (fds-nth h (n + Suc N)) /
nat-power (n + Suc N) ¢) / nat-power (Suc N) (s+ 1 — ¢)
using that assms unfolding remainder-def by (intro ) (simp-all add: c-def)

also have ... = A / real (Suc N) powr (s - 1) by (simp add: A-def powr-diff)
finally show ?thesis .
qged

from freq have Vec. 3s. s+ 1 > ¢ A eval-fds h s = 0
unfolding frequently-def by (auto simp: eventually-going-to-at-top-linorder)
hence Vk. 3s. s+ 1 > real k A eval-fds h s = 0 by blast
then obtain S where S: Ak. Sk -1 > real k A eval-fds h (Sk) =0
by metis
have S-limit: filterlim (Ak. Sk - 1) at-top sequentially
by (rule filterlim-at-top-mono|OF filterlim-real-sequentially]) (use S in auto)

have eventually (Ak. real k > ¢) sequentially by real-asymp
hence eventually (Ak. norm (fds-nth h N) <
(real N / real (Suc N)) powr (S k- 1) * A) sequentially
proof eventually-elim
case (elim k)
hence norm (fds-nth h N) = real N powr (S k - 1) * norm (remainder (S k))
(is - = - % ?X) using <N > 0» S[of k] eq[of S k]
by (auto simp: norm-mult norm-nat-power c-def)
also have norm (remainder (Sk)) < A / real (Suc N) powr (Sk - 1)
using elim S[of k] by (intro remainder-bound) (simp-all add: c-def)
finally show ?case
using N by (simp add: mult-left-mono powr-divide field-simps del: of-nat-Suc)
qged
moreover have ((Ak. (real N / real (Suc N)) powr (Sk - 1)« A) —— 0)
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sequentially
by (rule filterlim-compose| OF - S-limit]) (use <N > 0» in real-asymp)
ultimately have ((A-. fds-nth h N) —— 0) sequentially
by (rule Lim-null-comparison)
hence fds-nth h N = 0 by (simp add: tendsto-const-iff)
with «fds-nth h N # 0» show Fulse by contradiction
qed

lemma eval-fds-zeroD:
fixes h :: ‘a fds
assumes conv: conv-abscissa h < oo
assumes freq: frequently (As. eval-fds h s = 0) ((As. s - 1) going-to at-top)
shows h =10
proof —
have [simp]: 2 - (1 :: a) = 2
using of-real-inner-1[of 2] unfolding of-real-numeral by simp
from conv obtain s where fds-converges h s
by auto
hence fds-abs-converges h (s + 2)
by (rule fds-converges-imp-abs-converges) (auto simp: algebra-simps)
from this assms(2—) show ?thesis by (rule eval-fds-zeroD-auzx)
qged

lemma eval-fds-eqD:

fixes f g :: 'a fds

assumes conv: conv-abscissa f < 0o conv-abscissa g < 00

assumes eq:  frequently (As. eval-fds f s = eval-fds g s) ((As. s - 1) going-to
at-top)

shows f=g¢g
proof —

have conv”: conv-abscissa (f — g) < o0

using assms by (intro le-less-trans| OF conv-abscissa-diff-le]) (auto simp: max-def)

have maz (conv-abscissa f) (conv-abscissa g) < oo
using conv by (auto simp: maz-def)
from ereal-dense2|OF this] obtain ¢ where c¢: maz (conv-abscissa f) (conv-abscissa
g) < ereal ¢
by auto

have frequently (\s. eval-fds f s = eval-fds g s AN s+ 1 > ¢) ((As. s - 1) going-to
at-top)

using eq by (rule frequently-eventually-frequently) auto
hence x: frequently (As. eval-fds (f — g) s = 0) ((As. s - 1) going-to at-top)
proof (rule frequently-mono [rotated], safe, goal-cases)

case (1 s)

thus ?case using c

by (subst eval-fds-diff) (auto introl: fds-converges intro: less-le-trans)

qed
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have f — g = 0 by (rule eval-fds-zeroD fds-abs-converges-diff assms * conv’)+
thus ?thesis by simp
qed

end

12.5 Limit at infinity

lemma eval-fds-at-top-tail-bound:
fixes f :: 'a :: dirichlet-series fds
assumes c: ereal ¢ > abs-conv-abscissa f
defines B = (> n. norm (fds-nth f (n+2)) / real (n+2) powr ¢) * 2 powr c
assumes s: s+ 1 > ¢
shows norm (eval-fds f s — fds-nth f 1) < B / 2 powr (s - 1)
proof —
from ¢ have fds-abs-converges f (of-real ¢) by (intro fds-abs-converges) simp-all
also have ?this «— summable (An. norm (fds-nth f n) / real n powr c)
unfolding fds-abs-converges-def
by (intro summable-cong eventually-mono| OF eventually-gt-at-toplof 0::nat]))
(auto simp: norm-divide norm-nat-power norm-powr-real-powr)
finally have summable-c: ... .

note ¢
also from s have ereal ¢ < ereal (s - 1) by simp
finally have fds-abs-converges f s by (intro fds-abs-converges) auto
hence summable: summable (An. norm (fds-nth fn / nat-power n s))
by (simp add: fds-abs-converges-def)
from summable-norm-cancel| OF this]
have (An. fds-nth fn / nat-power n s) sums eval-fds f s
by (simp add: eval-fds-def sums-iff)
from sums-split-initial-segment| OF this, of Suc (Suc 0)]
have norm (eval-fds f s — fds-nth f 1) = norm (>_n. fds-nth f (n+2) /
nat-power (n+2) s)
by (auto simp: sums-iff)
also have ... < (3> n. norm (fds-nth f (n+2) / nat-power (n+2) s))
by (intro summable-norm summable-ignore-initial-segment summable)
also have ... < (3> n. norm (fds-nth f (n+2)) / real (n+2) powr c / 2 powr (s
1 - o)
proof (intro suminf-le alll)
fix n = nat
have norm (fds-nth f (n + 2) / nat-power (n + 2) s) =
norm (fds-nth f (n + 2)) / real (n+2) powr ¢ / real (n+2) powr (s - 1
_)
by (simp add: field-simps powr-diff norm-divide norm-nat-power)
also have ... < norm (fds-nth f (n + 2)) / real (n+2) powr ¢ / 2 powr (s -
1 — ¢) using s
by (intro divide-left-mono divide-nonneg-pos powr-mono2 mult-pos-pos) simp-all
finally show norm (fds-nth f (n + 2) / nat-power (n + 2) s) < ...
ged (intro summable-ignore-initial-segment summable summable-divide summable-c)+
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also have ... = (3" n. norm (fds-nth f (n+2)) / real (n+2) powr c) / 2 powr

(s-1—c¢)
by (intro suminf-divide summable-ignore-initial-segment summable-c)
also have ... = B/ 2 powr (s - 1) by (simp add: B-def powr-diff)
finally show ?thesis .
qed

lemma tendsto-eval-fds-Re-at-top:

assumes conv-abscissa (f :: 'a :: dirichlet-series fds) # oo

assumes lim: filterlim (Az. Sz + 1) at-top F

shows ((Az. eval-fds f (S z)) —— fds-nth f 1) F
proof —

from assms(1) have abs-conv-abscissa f < oo

using abs-conv-le-conv-abscissa-plus-1[of f] by auto

from ereal-dense2[OF this] obtain ¢ where c: abs-conv-abscissa f < ereal ¢ by
auto

define B where B = (3 n. norm (fds-nth f (n+2)) / real (n+2) powr c¢) % 2
powr ¢

have *: norm (eval-fds f s — fds-nth f 1) < B / 2powr (s- 1)if s:s-1 > ¢
for s
using eval-fds-at-top-tail-bound|of f ¢ s] that ¢ by (simp add: B-def)
moreover from lim have cventually (Az. Sz - 1 > ¢) F by (auto simp: filter-
lim-at-top)
ultimately have eventually (Az. norm (eval-fds f (S z) — fds-nth f 1) <
B/ 2powr (Sz- 1)) F by (auto elim!: eventually-mono)
moreover have ((Az. B / 2 powr (Sz - 1)) — 0) F
using filterlim-tendsto-pos-mult-at-top| OF tendsto-const[of In 2] - lim]
by (intro real-tendsto-divide-at-top[ OF tendsto-const])
(auto simp: powr-def mult-ac intro!: filterlim-compose|OF exp-at-top])
ultimately have ((\z. eval-fds f (S ) — fds-nth f1) —— 0) F
by (rule Lim-null-comparison)
thus ?thesis by (subst (asm) Lim-null [symmetric])
qed

lemma tendsto-eval-fds-Re-at-top:

assumes conv-abscissa (f :: complex fds) # oo

shows uniform-limit UNIV (Ao t. eval-fds f (of-real o + of-real t * 1)

) (M- .fds-nth f 1) at-top

proof —

from assms(1) have abs-conv-abscissa f < 0o

using abs-conv-le-conv-abscissa-plus-1[of f] by auto

from ereal-dense2[OF this| obtain ¢ where c: abs-conv-abscissa f < ereal ¢ by
auto

define B where B = (> n. norm (fds-nth f (n+2)) / real (n+2) powr c) x 2
powr ¢

show ?thesis
unfolding uniform-limit-iff
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proof safe
fix € :: real assume ¢ > 0
hence eventually (Ao. B / 2 powr o < €) at-top
by real-asymp
thus eventually (Ao. Vt€ UNIV.
dist (eval-fds [ (of-real o + of-real t * 1)) (fds-nth f 1) < &) at-top
using eventually-ge-at-top[of c|
proof eventually-elim
case (elim o)
show ?case
proof
fix t :: real
have dist (eval-fds f (of-real o + of-real t * 1)) (fds-nth f 1) < B / 2 powr o
using eval-fds-at-top-tail-bound|of f ¢ of-real o + of-real t * 1] elim ¢
by (simp add: dist-norm B-def)
also have ... < ¢ by fact
finally show dist (eval-fds f (of-real o + of-real t x 1)) (fds-nth f 1) < e .
qed
qed
qed
qed

lemma tendsto-eval-fds-Re-going-to-at-top:
assumes conv-abscissa (f :: 'a :: dirichlet-series fds) # oo
shows ((As. eval-fds f s) —— fds-nth f 1) ((As. s - 1) going-to at-top)
using assms by (rule tendsto-eval-fds-Re-at-top) auto

lemma tendsto-eval-fds-Re-going-to-at-top":
assumes conv-abscissa (f :: complex fds) # oo
shows ((As. eval-fds f s) —— fds-nth f 1) (Re going-to at-top)
using assms by (rule tendsto-eval-fds-Re-at-top) auto

Any Dirichlet series that is not identically zero and does not diverge every-
where has a half-plane in which it converges and is non-zero.

theorem fds-nonzero-halfplane-exists:
fixes f :: 'a :: dirichlet-series fds
assumes conv-abscissa f < co f # 0
shows eventually (As. fds-converges f s N eval-fds f s # 0) (As. s+ 1) going-to
at-top)
proof —
from ereal-dense2|OF assms(1)] obtain ¢ where c: conv-abscissa f < ereal ¢
by auto
have eventually (As::'a. s - 1 > ¢) (As. s - 1) going-to at-top)
using eventually-gt-at-toplof c] by auto
hence eventually (As. fds-converges f s) ((As. s+ 1) going-to at-top)
by eventually-elim (use ¢ in <auto introl: fds-converges simp: less-le-transy)
moreover have eventually (As. eval-fds fs # 0) ((As. s - 1) going-to at-top)
using eval-fds-zeroD[OF assms(1)] assms(2) by (auto simp: frequently-def)
ultimately show ?thesis by (rule eventually-conj)
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qed

12.6 Normed series

lemma fds-converges-norm-iff [simpl:
fixes s :: ‘a :: {nat-power-normed-field,banach}
shows fds-converges (fds-norm f) (s - 1) <— fds-abs-converges f s
unfolding fds-converges-def fds-abs-converges-def
by (rule summable-cong [OF eventually-mono| OF eventually-gt-at-top[of 0]]])
(simp add: fds-abs-converges-def fds-norm-def fds-nth-fds’ norm-divide norm-nat-power)

lemma fds-abs-converges-norm-iff [simp]:
fixes s :: ‘a :: {nat-power-normed-field,banach}
shows fds-abs-converges (fds-norm f) (s - 1) +— fds-abs-converges f s
unfolding fds-abs-converges-def
by (rule summable-cong [OF eventually-mono|OF eventually-gt-at-top[of 0]]])
(simp add: fds-abs-converges-def fds-norm-def fds-nth-fds' norm-divide norm-nat-power)

lemma fds-converges-norm-iff "
fixes [ :: 'a :: {nat-power-normed-field,banach} fds
shows fds-converges (fds-norm f) s «— fds-abs-converges f (of-real s)
unfolding fds-converges-def fds-abs-converges-def
by (rule summable-cong [OF eventually-mono|OF eventually-gt-at-top[of 0]]])
(simp add: fds-abs-converges-def fds-norm-def fds-nth-fds’ norm-divide norm-nat-power)

lemma fds-abs-converges-norm-iff":
fixes f :: 'a :: {nat-power-normed-field,banach} fds
shows fds-abs-converges (fds-norm f) s «— fds-abs-converges f (of-real s)
unfolding fds-abs-converges-def
by (rule summable-cong [OF eventually-mono|OF eventually-gt-at-top[of 0]]])
(simp add: fds-abs-converges-def fds-norm-def fds-nth-fds’ norm-divide norm-nat-power)

lemma abs-conv-abscissa-norm [simpl:
fixes f :: 'a :: dirichlet-series fds
shows abs-conv-abscissa (fds-norm f) = abs-conv-abscissa f
proof (rule antisym)
show abs-conv-abscissa f < abs-conv-abscissa (fds-norm f)
proof (rule abs-conv-abscissa-lel-weak)
fix = assume abs-conv-abscissa (fds-norm f) < ereal x
hence fds-abs-converges (fds-norm f) (of-real z) by (intro fds-abs-converges)
auto
thus fds-abs-converges f (of-real z) by (simp add: fds-abs-converges-norm-iff’)
qed
qed (auto introl: abs-conv-abscissa-lel-weak simp: fds-abs-converges-norm-iff’ fds-abs-converges)

lemma conv-abscissa-norm [simp]:

fixes f :: 'a :: dirichlet-series fds

shows conv-abscissa (fds-norm f) = abs-conv-abscissa f
proof (rule antisym)
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show abs-conv-abscissa f < conv-abscissa (fds-norm f)
proof (rule abs-conv-abscissa-lel-weak)
fix x assume conv-abscissa (fds-norm f) < ereal ©
hence fds-converges (fds-norm f) (of-real z) by (intro fds-converges) auto
thus fds-abs-converges f (of-real x) by (simp add: fds-converges-norm-iff’)
qed
qed (auto intro!: conv-abscissa-lel-weak simp: fds-abs-converges)

lemma
fixes f g :: 'a :: dirichlet-series fds
assumes fds-abs-converges (fds-norm f) s fds-abs-converges (fds-norm g) s
shows  fds-abs-converges-norm-mult: fds-abs-converges (fds-norm (f * g)) s
and eval-fds-norm-mult-le:
eval-fds (fds-norm (f * g)) s < eval-fds (fds-norm f) s x eval-fds (fds-norm
9) s
proof —
show conv: fds-abs-converges (fds-norm (f = g)) s unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
have fds-abs-converges (fds-norm f x fds-norm g) s by (rule fds-abs-converges-mult
assms)+
thus summable (An. norm (fds-nth (fds-norm f x fds-norm g) n) / nat-power
ns)
by (simp add: fds-abs-converges-def)
qed (auto intro!: always-eventually divide-right-mono order.trans|OF fds-nth-norm-mult-le]

simp: norm-divide)
have conv’: fds-abs-converges (fds-norm f x fds-norm g) s
by (intro fds-abs-converges-mult assms)
hence eval-fds (fds-norm (f * g)) s < eval-fds (fds-norm f * fds-norm g) s
using conv unfolding eval-fds-def fds-abs-converges-def norm-divide
by (intro suminf-le alll divide-right-mono) (simp-all add: norm-mult fds-nth-norm-mult-le)
also have ... = eval-fds (fds-norm f) s x eval-fds (fds-norm g) s
by (intro eval-fds-mult assms)
finally show eval-fds (fds-norm (f % g)) s < eval-fds (fds-norm f) s * eval-fds
(fds-norm g) s .
qed

lemma eval-fds-norm-nonneg:
assumes fds-abs-converges (fds-norm f) s
shows eval-fds (fds-norm f) s > 0
using assms unfolding eval-fds-def fds-abs-converges-def
by (intro suminf-nonneg) auto

lemma
fixes f :: 'a :: dirichlet-series fds
assumes fds-abs-converges (fds-norm f) s
shows  fds-abs-converges-norm-power: fds-abs-converges (fds-norm (f ~n)) s
and eval-fds-norm-power-le:
eval-fds (fds-norm (f ~n)) s < eval-fds (fds-norm f) s " n
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proof —
show x: fds-abs-converges (fds-norm (f ~n)) s for n
by (induction n) (auto introl: fds-abs-converges-norm-mult assms)
show eval-fds (fds-norm (f " n)) s < eval-fds (fds-norm f) s " n
by (induction n) (auto introl: order.trans|OF eval-fds-norm-mult-le] assms
mult-left-mono eval-fds-norm-nonneg)
qed

12.7 Logarithms of Dirichlet series

lemma eventually-gt-ereal-at-top: ¢ # co = eventually (Ax. ereal x > ¢) at-top
by (cases ¢) auto

lemma eval-fds-log-deriv:
fixes s :: ‘a :: dirichlet-series
assumes fds-nth f 1 # 0 s+ 1 > abs-conv-abscissa f
s+ 1 > abs-conv-abscissa (fds-deriv f / f)
assumes eval-fds f s # 0
shows eval-fds (fds-deriv f | f) s = eval-fds (fds-deriv f) s | eval-fds f s
proof —
have eval-fds (fds-deriv f | f * f) s = eval-fds (fds-deriv f | f) s * eval-fds f s
using assms by (intro eval-fds-mult fds-abs-converges) auto
also have fds-deriv f | f = f = fds-deriv f * (f * inverse f)
by (simp add: divide-fds-def algebra-simps)
also have f * inverse f = 1 using assms by (intro fds-right-inverse)
finally show ?thesis using assms by simp
qed

Given a sufficiently nice absolutely convergent Dirichlet series that converges
to some function f(s) and a holomorphic branch of In f(s), we can construct
a Dirichlet series that absolutely converges to that logarithm.

lemma eval-fds-in:
fixes s0 :: ereal
assumes nz: \s. Re s > s0 = eval-fds f s # 0 fds-nth f 1 # 0
assumes [: exp | = fds-nth f 1 ((g o of-real) —— 1) at-top
assumes g: A\s. Re s > s0 = exp (g s) = eval-fds f s
assumes holo-g: g holomorphic-on {s. Re s > s0}
assumes ereal (Re s) > s0
assumes s > abs-conv-abscissa f and s0 > abs-conv-abscissa (fds-deriv f /| f)
shows eval-fds (fds-ln 1 f) s =g s
proof —
let ?s0 = abs-conv-abscissa f and ?s1 = abs-conv-abscissa (inverse f)
let ?h = As. eval-fds (fds-Inlf) s — g s
let ?A = {s. Re s > s0}
have open-A: open ?A by (cases s0) (auto simp: open-halfspace-Re-gt)

have conv-abscissa f < abs-conv-abscissa [ by (rule conv-le-abs-conv-abscissa)

moreover from assms have ... # oo by auto
ultimately have conv-abscissa f # oo by auto
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have conv-abscissa (fds-In 1 f) < abs-conv-abscissa (fds-In [ f)
by (rule conv-le-abs-conv-abscissa)
also have ... < abs-conv-abscissa (fds-deriv f / f)
unfolding fds-In-def by (simp add: abs-conv-abscissa-integral)
finally have conv-abscissa (fds-In 1 f) # oo
using assms by (auto simp: maz-def abs-conv-abscissa-deriv split: if-splits)

have deriv-g [derivative-intros|:
(g has-field-derivative eval-fds (fds-deriv f) s / eval-fds f s) (at s within B)
if s: Re s > s0 for s B

proof —
have conv-abscissa f < abs-conv-abscissa f by (rule conv-le-abs-conv-abscissa)
also have ... < s0 using assms by simp

also have ... < Re s by fact
finally have s Re s > conv-abscissa f .

have deriv-g: (g has-field-derivative deriv g s) (at s)
using holomorphic-derivl[OF holo-g open-A, of s| s
by (auto simp: at-within-open|OF - open-A])
have ((As. exp (g 8)) has-field-derivative eval-fds f s x deriv g s) (at s) (is ?P)
by (rule derivative-eq-intros deriv-g s)+ (insert s, simp-all add: g)
also from s have ev: eventually (At. t € ?A) (nhds s)
by (intro eventually-nhds-in-open open-A) auto
have ?P <— (eval-fds f has-field-derivative eval-fds f s x deriv g s) (at s)
by (intro DERIV-cong-ev refl eventually-mono[OF ev]) (auto simp: g)
finally have (eval-fds f has-field-derivative eval-fds f s * deriv g s) (at s) .
moreover have (eval-fds f has-field-derivative eval-fds (fds-deriv f) s) (at s)
using s’ assms by (intro derivative-intros) auto
ultimately have eval-fds f s * deriv g s = eval-fds (fds-deriv f) s
by (rule DERIV-unique)
hence deriv g s = eval-fds (fds-deriv f) s / eval-fds f s
using s nz by (simp add: field-simps)
with deriv-g show ?thesis by (auto intro: has-field-derivative-at-within)
qed

have Jc¢. Vz26{z. Re z > s0}. ?hz = ¢
proof (rule has-field-derivative-zero-constant, goal-cases)
case 1
show ?case using convez-halfspace-gt[of - 1::complex]
by (cases s0) auto
next
case (2 z)
have conv-abscissa (fds-In 1 f) < abs-conv-abscissa (fds-In 1 f)
by (rule conv-le-abs-conv-abscissa)

also have ... < abs-conv-abscissa (fds-deriv f | f)
by (simp add: abs-conv-abscissa-In)
also have ... < Re z using 2 assms by (auto simp: abs-conv-abscissa-deriv)

finally have s1: conv-abscissa (fds-Inl f) < ereal (Re z) .
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have conv-abscissa f < abs-conv-abscissa f

by (rule conv-le-abs-conv-abscissa)
also have ... < Re z using 2 assms by auto
finally have s2: conv-abscissa f < ereal (Re z) .

from [ have fds-nth f 1 # 0 by auto
with 2 assms have x: eval-fds (fds-deriv f | f) z = eval-fds (fds-deriv f) z /
(eval-fds f z)
by (auto simp: eval-fds-log-deriv)
have eval-fds f z # 0 using 2 assms by auto
show ?case using s1 s2 2 nz
by (auto introl: derivative-eq-intros simp: x field-simps)
qed
then obtain ¢ where ¢: Az. Re z > s0 = ?h z = ¢ by blast

have (at-top :: real filter) # bot by simp
moreover from assms have s # oo by auto
have eventually (Az. ¢ = (?h o of-real) z) al-top
using eventually-gt-ereal-at-top[OF <s0 # o0)] by eventually-elim (simp add:
c)
hence ((?h o of-real) —— ¢) at-top
by (force intro: Lim-transform-eventually)
moreover have ((?h o of-real) —— fds-nth (fds-ln 1 f) 1 — 1) at-top
using <conv-abscissa (fds-In 1 f) # ooy and ! unfolding o-def
by (intro tendsto-intros tendsto-eval-fds-Re-at-top) (auto simp: filterlim-ident)
ultimately have ¢ = fds-nth (fds-In 1 f) 1 — 1
by (rule tendsto-unique)
with ¢[OF <Re s > s0»] and | and nz show ?thesis
by (simp add: exp-minus field-simps)
qed

Less explicitly: For a sufficiently nice absolutely convergent Dirichlet series
converging to a function f(s), the formal logarithm absolutely converges to
some logarithm of f(s).

lemma eval-fds-in":
fixes s0 :: ereal
assumes ereal (Re s) > s0
assumes s > abs-conv-abscissa f and s0 > abs-conv-abscissa (fds-deriv f /| f)
and nz: A\s. Re s > s0 = eval-fds f s # 0 fds-nth f 1 # 0
assumes [: exp | = fds-nth f 1
shows exp (eval-fds (fds-In 1 f) s) = eval-fds f s
proof —
let ?s0 = abs-conv-abscissa f and ?s1 = abs-conv-abscissa (inverse f)
let ?h = As. eval-fds f s * exp (—eval-fds (fds-In 1 f) s)

have conv-abscissa f < abs-conv-abscissa [ by (rule conv-le-abs-conv-abscissa)

moreover from assms have ... # oo by auto
ultimately have conv-abscissa f # oo by auto
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have conv-abscissa (fds-In 1 f) < abs-conv-abscissa (fds-In [ f)
by (rule conv-le-abs-conv-abscissa)
also have ... < abs-conv-abscissa (fds-deriv f / f)
unfolding fds-In-def by (simp add: abs-conv-abscissa-integral)
finally have conv-abscissa (fds-In 1 f) # oo
using assms by (auto simp: maz-def abs-conv-abscissa-deriv split: if-splits)

have Jc. V26{z. Re z > s0}. ?hz = ¢
proof (rule has-field-derivative-zero-constant, goal-cases)
case I
show ?case using convex-halfspace-gt[of - 1::complex]
by (cases s0) auto
next
case (2 z)
have conv-abscissa (fds-In 1 f) < abs-conv-abscissa (fds-In 1 f)
by (rule conv-le-abs-conv-abscissa)

also have ... < abs-conv-abscissa (fds-deriv f | f)
unfolding fds-In-def by (simp add: abs-conv-abscissa-integral)
also have ... < Re z using 2 assms by (auto simp: abs-conv-abscissa-deriv)

finally have s1: conv-abscissa (fds-Inl f) < ereal (Re z) .

have conv-abscissa f < abs-conv-abscissa f

by (rule conv-le-abs-conv-abscissa)
also have ... < Re z using 2 assms by auto
finally have s2: conv-abscissa f < ereal (Re z) .

from [ have fds-nth f 1 # 0 by auto
with 2 assms have x: eval-fds (fds-deriv f | f) z = eval-fds (fds-deriv f) z /
(eval-fds f z)
by (subst eval-fds-log-deriv) auto
have eval-fds f z # 0 using 2 assms by auto
thus ?case using si1 s2
by (auto introl: derivative-eq-intros simp: *)
qed
then obtain ¢ where c¢: Az. Re z > s0 = ?h z = ¢ by blast

have (at-top :: real filter) # bot by simp
moreover from assms have s # oo by auto
have eventually (Az. ¢ = (?h o of-real) z) at-top
using eventually-gt-ereal-at-top[OF «s0 # oo] by eventually-elim (simp add:
¢)

hence ((?h o of-real) —— ¢) at-top
by (force intro: Lim-transform-eventually)
moreover have ((?h o of-real) —— fds-nth f 1 x exp (—fds-nth (fds-In 1 f) 1))
at-top
unfolding o-def using <conv-abscissa (fds-In 1 ) # ooy and <conv-abscissa f
# 00)
by (intro tendsto-intros tendsto-eval-fds-Re-at-top) (auto simp: filterlim-ident)
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ultimately have ¢ = fds-nth f 1 x exp (—fds-nth (fds-In 1 f) 1)
by (rule tendsto-unique)
with ¢[OF <Re s > s0»] and [ and nz show ?thesis
by (simp add: exp-minus field-simps)
qed

lemma fds-In-completely-multiplicative:
fixes f :: 'a :: dirichlet-series fds
assumes completely-multiplicative-function (fds-nth f)
assumes fds-nth f 1 # 0
shows fds-In 1 f = fds (An. if n = 1 then [ else fds-nth f n x mangoldt n /r In
n
)
proof —
have fds-in | f = fds-integral | (fds-deriv f ] f)
by (simp add: fds-In-def)
also have fds-deriv f = —fds (An. fds-nth f n * mangoldt n) * f
by (intro completely-multiplicative-fds-deriv’ assms)
also have ... / f = —fds (An. fds-nth f n * mangoldt n) = (f * inverse f)
by (simp add: divide-fds-def)
also from assms have f x inverse f = 1
by (simp add: fds-right-inverse)
also have fds-integral | (— fds (An. fds-nth f n * mangoldt n) x 1) =
fds (An. if n = 1 then [ else fds-nth f n * mangoldt n /g In n)
by (simp add: fds-integral-def cong: if-cong)
finally show ?thesis .
qged

lemma eval-fds-In-completely-multiplicative-strong:
fixes s :: ‘a :: dirichlet-series and [ :: ‘a and [ :: ‘a fds and g :: nat = 'a
defines h = fds (An. fds-nth (fds-ln 1 f) n x g n)
assumes fds-abs-converges h s
assumes completely-multiplicative-function (fds-nth f) and fds-nth f 1 # 0
shows (A(p,k). (fds-nth fp / nat-power p s) ~ Suc k * g (p ~ Suc k) / of-nat
(Suc k))
abs-summable-on ({p. prime p} x UNIV) (is ?thl)
and eval-fdsh s=1% g1 + (3 o(p, k)E{p. prime p}x UNIV.
(fds-nth f p / nat-power p s) ~ Suck * g (p ~ Suc k) / of-nat (Suc k))
(is 7th2)
proof —
let 7P = {p::nat. prime p}
interpret f: completely-multiplicative-function fds-nth f by fact
from assms have x: (An. fds-nth h n / nat-power n s) abs-summable-on UNIV
by (auto simp: abs-summable-on-nat-iff ' fds-abs-converges-def)
have eq: h = fds (An. if n = 1 then | x g 1 else fds-nth f n * g n * mangoldt n
/r In (real n))
using fds-In-completely-multiplicative [OF assms(3), of ||
by (simp add: h-def fds-eq-iff)

note x
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also have (An. fds-nth h n / nat-power n s) abs-summable-on UNIV <—
(Az. if x = Suc 0 then | x g 1 else fds-nth f x x g x * mangoldt x /r In
(real z) /
nat-power x s) abs-summable-on {1} U Collect primepow
using eq by (intro abs-summable-on-cong-neutral) (auto simp: fds-nth-fds man-
goldt-def)
finally have suml: (Az. if £ = Suc 0 then | * g 1 else
fds-nth f z x g x x mangoldt = /r In (real x) / nat-power x s)
abs-summable-on Collect primepow
by (rule abs-summable-on-subset) auto
also have ?this +— (\z. fds-nth f x * g x * mangoldt x /g In (real z) / nat-power
T s
)
abs-summable-on Collect primepow
by (intro abs-summable-on-cong) (insert primepow-gt-Suc-0, auto)
also have ... «— (A(p,k). fds-nth f (p ~ Suc k) * g (p ~ Suc k) * mangoldt (p
~ Suc k)
/r In (real (p ~ Suc k)) / nat-power (p ~ Suc k) s) abs-summable-on
(2P x UNIV)
using bij-betw-primepows unfolding case-prod-unfold
by (intro abs-summable-on-reindex-bij-betw [symmetric))
also have ... +— ?%thi
by (intro abs-summable-on-cong)
(auto simp: f.mult f.power mangoldt-def aprimedivisor-prime-power In-realpow
prime-gt-0-nat
nat-power-power-left divide-simps scaleR-conv-of-real simp del: power-Suc)
finally show ?thl .

have eval-fds h s = (3_ on. fds-nth h n / nat-power n s)
using * unfolding eval-fds-def by (subst infsetsum-nat’) auto
also have ... = (3 4n € {1} U {n. primepow n}.
if n = 1 then l % g 1 else fds-nth fn x g n *x mangoldt n /g In (real n) /
nat-power n )
by (intro infsetsum-cong-neutral) (auto simp: eq fds-nth-fds mangoldt-def)
also have ... =1lx g1 + (> an | primepow n.
if n=1thenl x g 1 else fds-nth fn x g n * mangoldt n /r In (real n) /
nat-power n s)
(is - = - 4+ ?x) using suml primepow-gt-Suc-0 by (subst infsetsum-Un-disjoint)
auto
also have 7z =
(53~ aneCollect primepow. fds-nth f n * g n * mangoldt n /g In (real n) /
nat-power n s)

(is - = infsetsum ?f -) by (intro infsetsum-cong refl) (insert primepow-gt-Suc-0,
auto)
also have ... = (3 4(p,k)€(?P x UNIV). fds-nth f (p ~ Suc k) * g (p ~ Suc k)

*
mangoldt (p ~ Suc k) /g In (p ~ Suc k) / nat-power (p ~ Suc k) s)
using bij-betw-primepows unfolding case-prod-unfold
by (intro infsetsum-reindex-bij-betw [symmetric))
also have ... = (3 .(p,k)e(?P x UNIV).
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(fds-nth f p / nat-power p s) ~ Suc k x g (p ~ Suc k) / of-nat
(Suc k))
by (intro infsetsum-cong)
(auto simp: f.mult f.power mangoldt-def aprimedivisor-prime-power In-realpow
prime-gt-0-nat
nat-power-power-left divide-simps scaleR-conv-of-real simp del: power-Suc)
finally show ?th2 .
qed

lemma eval-fds-In-completely-multiplicative:
fixes s :: ‘a :: dirichlet-series and [ :: 'a and f :: 'a fds
assumes completely-multiplicative-function (fds-nth f) and fds-nth f 1 # 0
assumes s + 1 > abs-conv-abscissa (fds-deriv f / f)
shows (A(p,k). (fds-nth fp / nat-power p s) ~ Suc k / of-nat (Suc k))
abs-summable-on ({p. prime p} x UNIV) (is ?thl)
and eval-fds (fds-In 1 f) s =
14+ (O a(p, k)€{p. prime p} x UNIV.
(fds-nth fp / nat-power p s) ~ Suc k |/ of-nat (Suc k)) (is 2th2)
proof —
from assms have fds-abs-converges (fds-In 1 f) s
by (intro fds-abs-converges-In) (auto introl: fds-abs-converges-mult intro: fds-abs-converges)
hence fds-abs-converges (fds (An. fds-nth (fds-ln 1 f) n *x 1)) s
by simp
from eval-fds-In-completely-multiplicative-strong [OF this assms(1,2)] show ?th1
7th2
by simp-all
qged

12.8 Exponential and logarithm

lemma summable-fds-exp-aux:
assumes fds-nth f' 1 = (0 :: 'a :: real-normed-algebra-1)
shows summable (Ak. fds-nth (f' " k) n /R fact k)
proof (rule summable-finite)
fix k assume k ¢ {..n}
hence n < k by simp
also have ... < 2 7k
by (rule less-exp)
finally have fds-nth (f' k) n =0
using assms by (intro fds-nth-power-eq-0) auto
thus fds-nth (f' " k) n /g fact k = 0 by simp
qed auto

lemma
fixes f :: 'a :: dirichlet-series fds
assumes fds-abs-converges f s
shows  fds-abs-converges-exp: fds-abs-converges (fds-exp f) s
and eval-fds-exp: eval-fds (fds-exp f) s = exp (eval-fds f s
proof —
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have conv: fds-abs-converges (fds-exp f) s and ev: eval-fds (fds-exp f) s = exp
(eval-fds f s)
if fds-abs-converges f s and [simp]: fds-nth f (Suc 0) = 0 for f
proof —
have [simp]: fds (An. if n = Suc 0 then 0 else fds-nth fn) = f
by (intro fds-eqI) simp-all
have (A(k,n). fds-nth (f ~ k) n / fact k / nat-power n s) abs-summable-on
(UNIV x {1..})
proof (subst abs-summable-on-Sigma-iff, safe, goal-cases)
case (3 k)
from that have fds-abs-converges (f " k) s by (intro fds-abs-converges-power)
hence (An. fds-nth (f " k) n / nat-power n s x inverse (fact k)) abs-summable-on
{1..}
unfolding fds-abs-converges-altdef by (intro abs-summable-on-cmult-left)
thus ?case by (simp add: field-simps)
next
case 4
show ?case unfolding abs-summable-on-nat-iff '
proof (rule summable-comparison-test-ev[OF always-eventually|OF allll])
fix k :: nat
from that have x: fds-abs-converges (fds-norm (f ~k)) (s - 1)
by (auto simp: fds-abs-converges-power)
have (> ne{1..}. norm (fds-nth (f " k) n / fact k / nat-power n s)) =
(> ane{l..}. fds-nth (fds-norm (f ~k)) n / nat-power n (s - 1) / fact
)
(is 25 = -) by (intro infsetsum-cong) (simp-all add: norm-divide norm-mult
norm-nat-power)

also have ... = (3" ne{1..}. fds-nth (fds-norm (f " k)) n / nat-power n
(s 1)) /n fact k
(is - = 25’ /r -) using * unfolding fds-abs-converges-altdef

by (subst infsetsum-cdiv) (auto simp: abs-summable-on-nat-iff scaleR-conv-of-real
divide-simps)
also have 75’ = eval-fds (fds-norm (f " k)) (s- 1)
using *x unfolding fds-abs-converges-altdef eval-fds-def
by (subst infsetsum-nat) (auto intro!: suminf-cong)
finally have eq: 25 = ... /g fact k.
note eq
also have 25 > 0 by (intro infsetsum-nonneg) auto
hence 7S = norm (norm ?25) by simp
also have eval-fds (fds-norm (f " k)) (s - 1) < eval-fds (fds-norm f) (s - 1)
“k
using that by (intro eval-fds-norm-power-le) auto
finally show norm (norm (3 .n€{1..}. norm (fds-nth (f k) n / fact k /
nat-power n s))) <
eval-fds (fds-norm f) (s - 1) "k /g fact k
by (simp add: divide-right-mono)
next
from exp-converges|of eval-fds (fds-norm f) (s - 1)]
show summable (A\z. eval-fds (fds-norm f) (s« 1) "z /g fact z)
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by (simp add: sums-iff)
qed
qed auto
hence summable:
(M(n,k). fds-nth (f " k) n / fact k / nat-power n s) abs-summable-on {1..} x
UNIV
by (subst abs-summable-on-Times-swap) (simp add: case-prod-unfold)

have summable’. (\k. fds-nth (f " k) n / fact k) abs-summable-on UNIV for n
using abs-summable-on-cmult-left[of nat-power n s,
OF abs-summable-on-Sigma-project2 [OF summable, of n]] by (cases n
= 0) simp-all

have (An. > ok. fds-nth (f " k) n / fact k | nat-power n s) abs-summable-on
{1..}
using summable by (rule abs-summable-on-Sigma-projectl’) auto
also have ?this <— (An. (3 k. fds-nth (f " k) n / fact k) x inverse (nat-power
ns))
abs-summable-on {1..}
proof (intro abs-summable-on-cong refl, goal-cases)
case (1 n)
hence (3 k. fds-nth (f ~k) n / fact k / nat-power n s) =
OC k. fds-nth (f " k) n / fact k) % inverse (nat-power n s)
using summable’[of n]
by (subst infsetsum-cmult-left [symmetric]) (auto simp: field-simps)
also have (> k. fds-nth (f k) n / fact k) = (O k. fds-nth (f " k) n / fact
k)
using summable’[of n] 1 by (intro abs-summable-on-cong refl infsetsum-nat’)
auto
finally show ?Zcase .
qed
finally show fds-abs-converges (fds-exp f) s
by (simp add: fds-exp-def fds-nth-fds’ abs-summable-on-Sigma-iff scaleR-conv-of-real

fds-abs-converges-altdef field-simps)
have eval-fds (fds-exp f) s = (> n. (O] k. fds-nth (f "k) n /g fact k) / nat-power

ns)
by (simp add: fds-exp-def eval-fds-def fds-nth-fds’)

also have ... = (> n. (3. k. fds-nth (f k) n /g fact k) / nat-power n s)
proof (intro suminf-cong, goal-cases)
case (1 n)

show ?Zcase
proof (cases n = 0)
case Fulse

have (> k. fds-nth (f ~ k) n /g fact k) = (3 k. fds-nth (f " k) n /R fact

using summable’[of n] False
by (intro infsetsum-nat’ [symmetric]) (auto simp: scaleR-conv-of-real
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field-simps)
thus ?thesis by simp
qed simp-all

qed
also have ... = (D .n. (3 ok. fds-nth (f " k) n /g fact k) /| nat-power n s)
proof (intro infsetsum-nat’ [symmetric], goal-cases)

case ]

have x: UNIV — {Suc 0..} = {0} by auto
have (Az. Y qy. fds-nth (f " y) = / fact y / nat-power z s) abs-summable-on
{1..}
by (intro abs-summable-on-Sigma-projectl |OF summable]) auto
also have ?this «— (Az. (O_ 4y. fds-nth (f "y) x / fact y) * inverse (nat-power
abs-summable-on {1..}
using summable’ by (intro abs-summable-on-cong refl, subst infsetsum-cmult-left
[symmetric])
(auto simp: field-simps)
also have ... «— (Az. (O] 4y. fds-nth (f " y) = /r fact y) / (nat-power z s))

abs-summable-on {1..} by (simp add: field-simps scaleR-conv-of-real)
finally show ?case by (rule abs-summable-on-finite-diff) (use * in auto)
qed
also have ... = (3" .n. O ok. fds-nth (f k) n /r fact k * inverse (nat-power
" 5))
using summable’ by (subst infsetsum-cmult-left) (auto simp: field-simps
scaleR-conv-of-real)
also have ... = (3 ,ne{1..}. O k. fds-nth (f " k) n /r fact k * inverse
(nat-power n s)))
by (intro infsetsum-cong-neutral) (auto simp: Suc-le-eq)
also have ... = (3" k. > one{l..}. fds-nth (f " k) n / nat-power n s /g fact
k) using summable
by (subst infsetsum-swap) (auto simp: field-simps scaleR-conv-of-real case-prod-unfold)

also have ... = (3] .k (O_ane{l..}. fds-nth (f " k) n / nat-power n s) /g
fact k)
by (subst infsetsum-scaleR-right) simp
also have ... = ()] k. eval-fds f s "k /R fact k)
proof (intro infsetsum-cong refl, goal-cases)
case (1k)

have *: fds-abs-converges (f ~ k) s by (intro fds-abs-converges-power that)
have (3} ne{1..}. fds-nth (f " k) n / nat-power n s) =
(>~ an. fds-nth (f " k) n / nat-power n s)
by (intro infsetsum-cong-neutral) (auto simp: Suc-le-eq)

also have ... = eval-fds (f ~ k) s using * unfolding eval-fds-def
by (intro infsetsum-nat’) (auto simp: fds-abs-converges-def abs-summable-on-nat-iff ")
also from that have ... = eval-fds f s ~ k by (simp add: eval-fds-power)
finally show ?case by simp
qed
also have ... = (D" k. eval-fds f s "k /g fact k)

using exp-converges[of norm (eval-fds f s)]

148



by (intro infsetsum-nat’) (auto simp: abs-summable-on-nat-iff ' sums-iff field-simps
norm-power)

also have ... = exp (eval-fds f s) by (simp add: exp-def)
finally show eval-fds (fds-exp f) s = exp (eval-fds f s) .
qged

define f' where [’ = f — fds-const (fds-nth f 1)
have «: fds-abs-converges (fds-exp f’) s
by (auto simp: f’-def introl: fds-abs-converges-diff conv assms)
have fds-abs-converges (fds-const (exp (fds-nth f 1)) x fds-exp f') s
unfolding f’-def
by (intro fds-abs-converges-mult conv fds-abs-converges-diff assms) auto
thus fds-abs-converges (fds-exp f) s unfolding f’-def
by (simp add: fds-exp-times-fds-nth-0)
have eval-fds (fds-exp f) s = eval-fds (fds-const (exp (fds-nth f 1)) = fds-exp f)
s
by (simp add: f'-def fds-exp-times-fds-nth-0)

also have ... = exp (fds-nth f (Suc 0)) * eval-fds (fds-exp f') s using x
using assms by (subst eval-fds-mult) (simp-all)
also have ... = exp (eval-fds f s) using ev[of '] assms unfolding f’-def

by (auto simp: fds-abs-converges-diff eval-fds-diff fds-abs-converges-imp-converges
exp-diff)

finally show eval-fds (fds-exp f) s = exp (eval-fds f s) .
qed

lemma fds-exp-add:
fixes [ :: 'a :: dirichlet-series fds
shows fds-exp (f + g) = fds-exp [ * fds-exp g
proof (rule fds-eql-truncate)
fix m :: nat assume m: m > 0
let ?T = fds-truncate m
have ?T (fds-exp (f + g)) = ?T (fds-exp (?T f + 2T g))
by (simp add: fds-truncate-exp fds-truncate-add-strong [symmetric])
also have fds-exp (¢T f + ¢T g) = fds-exp (?T f)  fds-exp (?T g)
proof (rule eval-fds-eqD)
have fds-abs-converges (fds-exp (?T f + 2T g)) 0
by (intro fds-abs-converges-exp fds-abs-converges-add) auto
thus conv-abscissa (fds-exp (?T f + 2T g)) < o0
using conv-abscissa-PInf-iff by blast
hence fds-abs-converges (fds-exp (fds-truncate m f) * fds-exp (fds-truncate m
9)) 0
by (intro fds-abs-converges-mult fds-abs-converges-exp) auto
thus conv-abscissa (fds-exp (fds-truncate m f) * fds-exp (fds-truncate m g)) <
00
using conv-abscissa-PInf-iff by blast
show frequently (\s. eval-fds (fds-exp (fds-truncate m f + fds-truncate m g)) s

eval-fds (fds-exp (fds-truncate m f) * fds-exp (fds-truncate m

9)) )
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((As. s - 1) going-to at-top)
by (auto simp: eval-fds-add eval-fds-mult eval-fds-exp fds-abs-converges-add
fds-abs-converges-exp exp-add)
qed
also have ?T ... = ?T (fds-exp [ * fds-exp g)
by (subst fds-truncate-mult [symmetric], subst (1 2) fds-truncate-exp)
(simp add: fds-truncate-mult)
finally show ?T (fds-exp (f + g)) = ... .
qed

lemma fds-exp-minus:
fixes f :: 'a :: dirichlet-series fds
shows fds-exp (—f) = inverse (fds-exp f)
proof (rule fds-right-inverse-unique)
have fds-exp f * fds-exp (— f) = fds-exp (f + (—f))
by (subst fds-exp-add) simp-all
also have f + (—f) = 0 by simp

also have fds-exp ... = 1 by simp
finally show fds-exp f * fds-exp (—f) =1 .
qed

lemma abs-conv-abscissa-exp:
fixes f :: 'a :: dirichlet-series fds
shows abs-conv-abscissa (fds-exp f) < abs-conv-abscissa f
by (intro abs-conv-abscissa-mono fds-abs-converges-exp)

lemma fds-deriv-exp [simp):

fixes f :: 'a :: dirichlet-series fds

shows fds-deriv (fds-exp f) = fds-exp f * fds-deriv f
proof (rule fds-eqI-truncate)

fix m :: nat assume m: m > 0

let ?T = fds-truncate m

have abs-conv-abscissa (fds-deriv (¢T f)) = —o0

by (simp add: abs-conv-abscissa-deriv)

have ?T (fds-deriv (fds-exp f)) = 2T (fds-deriv (fds-exp (?T f)))
by (simp add: fds-truncate-deriv fds-truncate-exp)
also have fds-deriv (fds-exp (¢T f)) = fds-exp (¢T f)  fds-deriv (?T f)
proof (rule eval-fds-eqD)
note abscissa = conv-le-abs-conv-abscissa abs-conv-abscissa-exp
note abscissa’ = abscissa| THEN le-less-trans]
have fds-abs-converges (fds-deriv (fds-exp (fds-truncate m f))) 0
by (intro fds-abs-converges )
(auto simp: abs-conv-abscissa-deriv intro: le-less-trans| OF abs-conv-abscissa-exp])
thus conv-abscissa (fds-deriv (fds-exp (fds-truncate m f))) < oo
using conv-abscissa-PInf-iff by blast
have fds-abs-converges (fds-exp (fds-truncate m f) x fds-deriv (fds-truncate m

o

by (intro fds-abs-converges-mult fds-abs-converges-exp)
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(auto intro: fds-abs-converges simp add: fds-truncate-deriv [symmetric])
thus conv-abscissa (fds-exp (fds-truncate m f) * fds-deriv (fds-truncate m f))
< 0
using conv-abscissa-PInf-iff by blast
show 3 sin (As. s - 1) going-to at-top.
eval-fds (fds-deriv (fds-exp (?T [))) s =
eval-fds (fds-exp (?T f) * fds-deriv (¢T f)) s
proof (intro always-eventually eventually-frequently alll, goal-cases)
case (2 s)
have eval-fds (fds-deriv (fds-exp (?T f))) s =
deriv (eval-fds (fds-exp (¢T f))) s
by (auto simp: eval-fds-exp eval-fds-mult fds-abs-converges-mult fds-abs-converges-exp
fds-abs-converges eval-fds-deriv abscissa’)
also have eval-fds (fds-exp (?T f)) = (As. exp (eval-fds (?T f) s))
by (intro ext eval-fds-exp) auto
also have deriv ... = (As. exp (eval-fds (¢T f) s) * deriv (eval-fds (?T f))

by (auto intro!: DERIV-imp-deriv derivative-eq-intros simp: eval-fds-deriv)
also have ... = eval-fds (fds-exp (?T f) * fds-deriv (?T f))
by (auto simp: eval-fds-exp eval-fds-mult fds-abs-converges-mult fds-abs-converges-exp
fds-abs-converges eval-fds-deriv abs-conv-abscissa-deriv)
finally show ?case .
qed auto
qed
also have ?T ... = ?T (fds-exp f * fds-deriv f)
by (subst fds-truncate-mult [symmetric])
(simp add: fds-truncate-exp fds-truncate-deriv [symmetric], simp add: fds-truncate-mult)
finally show ?T (fds-deriv (fds-exp f)) = ... .
qed

lemma fds-exp-In-strong:
fixes [ :: 'a :: dirichlet-series fds
assumes fds-nth f (Suc 0) # 0
shows fds-exp (fds-In l f) = fds-const (exp | / fds-nth f (Suc 0)) * f
proof —
let %c = exp | / fds-nth f (Suc 0)
have f x fds-const ?c = f * (fds-exp (—fds-In 1 f) x fds-exp (fds-In 1 f)) = fds-const
?c
(is - = - % (%9 x ?h) x -) by (subst fds-exp-add [symmetric]) simp
also have ... = fds-const ?c x (f * ?9) x ?h by (simp add: mult-ac)
also have f x ?g = fds-const (inverse ?c)
proof (rule fds-deriv-eq-imp-eq)
have fds-deriv (f * fds-exp (—fds-In 1 f)) =
fds-exp (— fds-In 1 f) * fds-deriv f x (1 — f ] f)
by (simp add: divide-fds-def algebra-simps)
also from assms have f / f = 1 by (simp add: divide-fds-def fds-right-inverse)
finally show fds-deriv (f x fds-exp (—fds-In 1 f)) = fds-deriv (fds-const (inverse
%))

by simp
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qed (insert assms, auto simp: exp-minus field-simps)
also have fds-const ?c x fds-const (inverse ?c¢) = 1
using assms by (subst fds-const-mult [symmetric]) (simp add: divide-simps)
finally show ?thesis by (simp add: mult-ac)
qed

lemma fds-exp-ln [simp]:
fixes f :: 'a :: dirichlet-series fds
assumes ezp | = fds-nth f (Suc 0)
shows fds-exp (fds-Inlf) = f
using assms by (subst fds-exp-In-strong) auto

lemma fds-In-exp [simp]:
fixes f :: 'a :: dirichlet-series fds
assumes | = fds-nth f (Suc 0)
shows fds-In | (fds-exp ) = f
proof (rule fds-deriv-eq-imp-eq)
have fds-deriv (fds-In | (fds-exp f)) = fds-deriv f x (fds-exp f | fds-exp f)
by (simp add: algebra-simps divide-fds-def)
also have fds-exp f / fds-exp f = 1 by (simp add: divide-fds-def fds-right-inverse)
finally show fds-deriv (fds-In | (fds-exp f)) = fds-deriv f by simp
qed (insert assms, auto simp: field-simps)

12.9 Euler products

lemma fds-euler-product-LIMSEQ:

fixes f :: 'a :: {nat-power, real-normed-field, banach, second-countable-topology}
fds

assumes multiplicative-function (fds-nth f) and fds-abs-converges f s

shows (An. [[p<n. if prime p then > i. fds-nth f (p ~ ) / nat-power (p ~ i)
selse 1) ——

eval-fds f s

unfolding eval-fds-def
proof (rule euler-product-LIMSEQ)

show multiplicative-function (An. fds-nth f n / nat-power n s)

by (rule multiplicative-function-divide-nat-power) fact+

qed (insert assms, auto simp: fds-abs-converges-def)

lemma fds-euler-product-LIMSEQ":

fixes f :: 'a :: {nat-power, real-normed-field, banach, second-countable-topology}
fds

assumes completely-multiplicative-function (fds-nth f) and fds-abs-converges f s

shows (An. [[p<n. if prime p then inverse (1 — fds-nth f p / nat-power p s)
else 1) ——

eval-fds f s

unfolding eval-fds-def
proof (rule euler-product-LIMSEQ’)

show completely-multiplicative-function (An. fds-nth f n / nat-power n s)

by (rule completely-multiplicative-function-divide-nat-power) fact+
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qed (insert assms, auto simp: fds-abs-converges-def)

lemma fds-abs-convergent-euler-product:

fixes f :: 'a :: {nat-power, real-normed-field, banach, second-countable-topology}
fds

assumes rmultiplicative-function (fds-nth f) and fds-abs-converges f s

shows abs-convergent-prod

(Ap. if prime p then > i. fds-nth f (p ~ i) / nat-power (p " i) s else 1)

unfolding eval-fds-def
proof (rule abs-convergent-euler-product)

show multiplicative-function (An. fds-nth fn / nat-power n s)

by (rule multiplicative-function-divide-nat-power) fact+

qed (insert assms, auto simp: fds-abs-converges-def)

lemma fds-abs-convergent-euler-product’:
fixes f :: 'a :: {nat-power, real-normed-field, banach, second-countable-topology}
fds
assumes completely-multiplicative-function (fds-nth f) and fds-abs-converges f s
shows abs-convergent-prod
(Ap. if prime p then inverse (1 — fds-nth f p / nat-power p s) else 1)
unfolding eval-fds-def
proof (rule abs-convergent-euler-product’)
show completely-multiplicative-function (An. fds-nth f n / nat-power n s)
by (rule completely-multiplicative-function-divide-nat-power) fact+
qed (insert assms, auto simp: fds-abs-converges-def)

lemma fds-abs-convergent-zero-iff:
fixes f :: 'a :: {nat-power-field, real-normed-field, banach, second-countable-topology}
fds
assumes completely-multiplicative-function (fds-nth f)
assumes fds-abs-converges f s
shows eval-fds f s = 0 «— (I p. prime p A fds-nth f p = nat-power p s)
proof —
let %9 = Ap. if prime p then inverse (1 — fds-nth f p / nat-power p s) else 1
have lim: (An. [[p<n. %9 p) —— eval-fds f s
by (intro fds-euler-product-LIMSEQ’ assms)
have conv: convergent-prod ?g
by (intro abs-convergent-prod-imp-convergent-prod fds-abs-convergent-euler-product’
assms)

{

assume eval-fds fs = 0
from convergent-prod-to-zero-iff [OF conv] and this and lim
have dp. prime p A fds-nth f p = nat-power p s
by (auto split: if-splits)
} moreover {
assume 3 p. prime p A fds-nth f p = nat-power p s
then obtain p where prime p fds-nth f p = nat-power p s by blast
moreover from this have nat-power p s # 0
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by (intro nat-power-nonzero) (auto simp: prime-gt-0-nat)
ultimately have (An. [[p<n. g p) —— 0
using convergent-prod-to-zero-iff[OF conv)
by (auto introl: exl[of - p| split: if-splits)
from tendsto-unique| OF - lim this] have eval-fds f s = 0
by simp
}

ultimately show ?thesis by blast
qed

lemma
fixes s :: ‘a :: {nat-power-normed-field,banach,euclidean-space}
assumes s+ 1 > 1
shows euler-product-fds-zeta:
(An. T[] p<n. if prime p then inverse (1 — 1 / nat-power p s) else 1)
—— eval-fds fds-zeta s (is ?th1)
and eval-fds-zeta-nonzero: eval-fds fds-zeta s # 0
proof —
have *: completely-multiplicative-function (fds-nth fds-zeta)
by standard auto
have lim: (An. [[ p<n. if prime p then inverse (1 — fds-nth fds-zeta p / nat-power
ps) else 1)
— eval-fds fds-zeta s (is filterlim ?g - -)
using assms by (intro fds-euler-product-LIMSEQ’ * fds-abs-summable-zeta)
also have ?g = (An. [[p<n. if prime p then inverse (I — 1 / nat-power p s)
else 1)
by (intro ext prod.cong refl) (auto simp: fds-zeta-def fds-nth-fds)
finally show ?thl .

{

fix p :: nat assume prime p

from this have p > 1 by (simp add: prime-gt-Suc-0-nat)

hence norm (nat-power p s) = real p powr (s - 1)
by (simp add: norm-nat-power)

also have ... > real p powr 0 using assms and <p > 1)
by (intro powr-less-mono) auto

finally have nat-power p s # 1
using «<p > 1» by auto

}

hence *x: B p. prime p A fds-nth fds-zeta p = nat-power p s
by (auto simp: fds-zeta-def fds-nth-fds)
show eval-fds fds-zeta s # 0
using assms * *x by (subst fds-abs-convergent-zero-iff) simp-all
qed

!

lemma fds-primepow-subseries-euler-product-cm:
fixes f :: 'a :: dirichlet-series fds
assumes completely-multiplicative-function (fds-nth f) prime p
assumes s - I > abs-conv-abscissa f
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shows eval-fds (fds-primepow-subseries p f) s =1 / (1 — fds-nth f p / nat-power
ps)
proof —
let 7f = (An. [[ pa<n. if prime pa then inverse (1 — fds-nth (fds-primepow-subseries
pf)pa/
nat-power pa s) else 1)
have sequentially # bot by simp
moreover have ?f ——— cval-fds (fds-primepow-subseries p f) s
by (intro fds-euler-product-LIMSEQ’ completely-multiplicative-function-only-pows
assms
fds-abs-converges-subseries) (insert assms, auto introl: fds-abs-converges)
moreover have eventually (An. 2fn =1 / (1 — fds-nth f p / nat-power p s))
at-top
using eventually-ge-at-top|of p)
proof eventually-elim
case (elim n)
have ([] pa<n. if prime pa then inverse (1 — fds-nth (fds-primepow-subseries
pf)pa/
nat-power pa s) else 1) =
(ITg<n. if ¢ = p then inverse (1 — fds-nth f p / nat-power p s) else 1)
using <prime p»
by (intro prod.cong) (auto simp: fds-nth-subseries prime-prime-factors)
also have ... = 1 / (1 — fds-nth f p / nat-power p s)
using elim by (subst prod.delta) (auto simp: divide-simps)
finally show ?case .
qged
hence 9f —— 1 / (1 — fds-nth f p / nat-power p s) by (rule tendsto-eventually)
ultimately show ?thesis by (rule tendsto-unique)
qed

12.10 Non-negative Dirichlet series

lemma nonneg-Reals-sum: (N\z. 2 € A = fz € R>g) = sum f A € Ry
by (induction A rule: infinite-finite-induct) auto

locale nonneg-dirichlet-series =
fixes f :: 'a :: dirichlet-series fds
assumes nonneg-coeffs-auz: n > 0 = fds-nth fn € R>g

begin

lemma nonneg-coeffs: fds-nth f n € R>q
using nonneg-coeffs-auz[of n] by (cases n = 0) auto

end

lemma nonneg-dirichlet-series-0 [simp,intro]: nonneg-dirichlet-series 0
by standard (auto simp: zero-fds-def)

lemma nonneg-dirichlet-series-1 [simp,intro|: nonneg-dirichlet-series 1
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by standard (auto simp: one-fds-def)

lemma nonneg-dirichlet-series-const [simp,intro:
¢ € R>o = nonneg-dirichlet-series (fds-const c)
by standard (auto simp: fds-const-def)

lemma nonneg-dirichlet-series-add [intro):

assumes nonneg-dirichlet-series f nonneg-dirichlet-series g

shows nonneg-dirichlet-series (f + g)
proof —

interpret f: nonneg-dirichlet-series f by fact

interpret g: nonneg-dirichlet-series g by fact

show ?thesis

by standard (auto introl: nonneg-Reals-add-I f.nonneg-coeffs g.nonneg-coeffs)

qed

lemma nonneg-dirichlet-series-mult [intro]:
assumes nonneg-dirichlet-series f nonneg-dirichlet-series g
shows nonneg-dirichlet-series (f * g)
proof —
interpret f: nonneg-dirichlet-series f by fact
interpret g: nonneg-dirichlet-series g by fact
show ?thesis
by standard (auto intro!: nonneg-Reals-sum nonneg-Reals-mult-I f.nonneg-coeffs
g.nonneg-coeffs
simp: fds-nth-mult dirichlet-prod-def)
qged

lemma nonneg-dirichlet-series-power [intro]:
assumes nonneg-dirichlet-series f
shows nonneg-dirichlet-series (f ~ n)
using assms by (induction n) auto

context nonneg-dirichlet-series
begin

lemma nonneg-exp [intro]: nonneg-dirichlet-series (fds-exp f)
proof
fix n :: nat assume n > 0
define ¢ where ¢ = exp (fds-nth f (Suc 0))
define f’ where f’' = fds (An. if n = Suc 0 then 0 else fds-nth f n)
from nonneg-coeffsof 1] obtain ¢’ where fds-nth f (Suc 0) = of-real ¢’
by (auto elim!: nonneg-Reals-cases)
hence ¢ = of-real (exp ¢’) by (simp add: c-def exp-of-real)
hence c: ¢ € R>( by simp
have less: n < 2 "k if n < k for k
proof —
have n < k by fact
also have ... < 2 "k
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by (rule less-exp)
finally show ?thesis .
qed
have nonneg-power: fds-nth (f' ~k) n € R>¢ for k
proof —
have nonneg-dirichlet-series f'
by standard (insert nonneg-coeffs, auto simp: f’-def)
interpret nonneg-dirichlet-series f' "k
by (intro nonneg-dirichlet-series-power) fact+
from nonneg-coeffs[of n] show ?thesis .
qed
hence fds-nth (fds-exp f) n = ¢ x O k. fds-nth (f' “k) n /g fact k)
by (simp add: fds-exp-def fds-nth-fds’ f'-def c-def)
also have (> k. fds-nth (f' " k) n /g fact k) = (O k<n. fds-nth (f' " k) n /r
fact k)
by (intro suminf-finite) (auto intro!: fds-nth-power-eq-0 less simp: f'-def not-le)
also have ¢ * ... € R>( unfolding scaleR-conv-of-real
by (intro nonneg-Reals-mult-I nonneg-Reals-sum nonneg-power, unfold non-
neg-Reals-of-real-iff )
(auto simp: c)
finally show fds-nth (fds-exp f) n € R>g .
qged

end

lemma nonneg-dirichlet-series-InD:
assumes nonneg-dirichlet-series (fds-in 1 f) exp | = fds-nth f (Suc 0)
shows nonneg-dirichlet-series f
proof —
from assms have nonneg-dirichlet-series (fds-exp (fds-in 1 f))
by (intro nonneg-dirichlet-series.nonneg-exp)
thus ?thesis using assms by simp
qed

context nonneg-dirichlet-series
begin

lemma fds-of-real-norm: fds-of-real (fds-norm f) = f
proof (rule fds-eql)
fix n :: nat assume n: n > 0
show fds-nth (fds-of-real (fds-norm f)) n = fds-nth f n
using nonneg-coeffs[of n] by (auto elim!: nonneg-Reals-cases)
qed

end

lemma pringsheim-landau-aux:
fixes ¢ :: real and f :: complex fds
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assumes nonneg-dirichlet-series f
assumes abscissa: ¢ > abs-conv-abscissa f
assumes ¢g: \s. s € A= Res>c=> gs= eval-fds [ s
assumes g holomorphic-on A open A c € A
shows 3Jz. z < ¢ A fds-abs-converges f (of-real x)
proof —
interpret nonneg-dirichlet-series f by fact
define ¢ where a = 1 + ¢

define ¢’ where g’ = (As. if s € {s. Re s > ¢} then eval-fds f s else g s)

— We can find some € > 0 such that the Dirichlet series can be continued
analytically in a ball of radius 1 + € around a.
from <open A <c € A» obtain § where 6: 6 > 0 ball ¢ § C A
by (auto simp: open-contains-ball)
define ¢ where ¢ = sqrt (1 + 672) — 1
from 0 have e: € > 0 by (simp add: -def)

have ball-a-subset: ball a (1 + €) C {s. Res > c} U A
proof (intro subsetl)
fix s :: complex assume s: s € ball a (1 + €)
define z y where © = Re sand y = Im s
have [simp]: s = = + 1 x y by (simp add: complex-eq-iff x-def y-def)
show s € {s. Re s > c} U A
proof (cases Re s < c¢)
case True
hence (¢ — 2)2 + y¥* < (I + ¢ — 2)*> + y* — 1
by (simp add: power2-eq-square algebra-simps)
also from s have (1 + ¢ — 2)? + y?> — 1 < §2
by (auto simp: dist-norm cmod-def a-def e-def)
finally have sqrt ((¢ — z)? + y?) < 6 using §
by (intro real-less-lsqrt) auto
hence s € ball ¢ § by (auto simp: dist-norm cmod-def)
also have ... C A by fact
finally show ?Zthesis ..
qed auto
qged

have holo: g’ holomorphic-on ball a (1 + ¢€) unfolding ¢’-def
proof (intro holomorphic-on-subset|OF - ball-a-subset] holomorphic-on-If-Un)
have conv-abscissa f < abs-conv-abscissa f by (rule conv-le-abs-conv-abscissa)
also have ... < ereal ¢ by fact
finally havex: conv-abscissa f < ereal c .
show eval-fds f holomorphic-on {s. ¢ < Re s}
by (intro holomorphic-intros) (auto intro: le-less-trans|OF x])
qed (insert assms, auto introl: holomorphic-intros open-halfspace-Re-gt)

define f’ where [’ = fds-norm f
have f-f" f = fds-of-real f' by (simp add: f’-def fds-of-real-norm)
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have f’-nonneg: fds-nth f' n > 0 for n
using nonneg-coeffs[of n] by (auto elim!: nonneg-Reals-cases simp: f’-def)

have deriv: (An. (deriv "~ n) ¢’ a) = (An. eval-fds ((fds-deriv ™" n) f) a)
proof
fix n :: nat
have ev: eventually (As. s € {s. Re s > c}) (nhds (complez-of-real a))
by (intro eventually-nhds-in-open open-halfspace-Re-gt) (auto simp: a-def)
have (deriv "~ n) ¢’ a = (deriv " n) (eval-fds f) a
by (intro higher-deriv-cong-ev refl eventually-mono[OF ev]) (auto simp: g'-def)
also have ... = eval-fds ((fds-deriv """ n) f) a
proof (intro eval-fds-higher-deriv [symmetric])
have conv-abscissa f < abs-conv-abscissa f by (rule conv-le-abs-conv-abscissa)
also have ... < ereal ¢ by (rule assms)
also have ... < a by (simp add: a-def)
finally show conv-abscissa f < ereal (complex-of-real a + 1) by simp
qed
finally show (deriv "~ n) g’ a = eval-fds ((fds-deriv """ n) f) a .
qed

have nth-deriv-conv: fds-abs-converges ((fds-deriv =" n) f) (of-real a) for n
by (intro fds-abs-converges)
(auto simp: abs-conv-abscissa-higher-deriv a-def intro!: le-less-trans[OF ab-
scissa))

have nth-deriv-eq: (fds-deriv =" n) f = fds (Ak. (—1) " n * fds-nth f k % In (real
k) " n) for n
proof —
have fds-nth ((fds-deriv =" n) f) k= (—=1) " n x fds-nth f k x In (real k) " n
for k
by (induction n) (simp-all add: fds-deriv-def fds-eq-iff fds-nth-fds’ scaleR-conv-of-real)
thus %thesis by (intro fds-eql) simp-all
qed

have deriv’: (An. eval-fds ((fds-deriv =" n) f) (complez-of-real a)) =
(An. (= 1) 7 n * complez-of-real (>_ ok. fds-nth f' k * In (real k) " n /[ real k
powr a))
proof
fix n

have eval-fds ((fds-deriv =" n) f) (of-real a) =
(3" ok. fds-nth ((fds-deriv "~ n) f) k / of-nat k powr complex-of-real
a)
using nth-deriv-conv by (subst eval-fds-altdef) auto
hence eval-fds ((fds-deriv =" n) f) (of-real a) =
0ok (= 1) " nxg (fds-nth fk x In (real k) " n / k powr a))
by (simp add: nth-deriv-eq fds-nth-fds’ powr-Reals-eq scaleR-conv-of-real alge-
bra-simps)

also have ... = (= 1) " n* (O ok. of-real (fds-nth f' k = In (real k) "n / k
powr a))
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by (subst infsetsum-scaleR-right) (simp-all add: scaleR-conv-of-real f-f')
also have ... = (— 1) " n * of-real (> k. fds-nth f' k « In (real k) “n / k
powr a)
by (subst infsetsum-of-real) (rule refl)
finally show eval-fds ((fds-deriv =" n) f) (complez-of-real a) =
(— 1) " n * complex-of-real (> k. fds-nth f' k x In (real k) " n / real k powr
a) .
qed

define s :: complex where s=c—¢ / 2
have s: Re s < ¢ using assms § by (simp-all add: s-def e-def field-simps)
have s € ball a (1 + ¢) using s by (simp add: a-def dist-norm cmod-def s-def)
from holomorphic-power-series| OF holo this)
have sums: (An. (deriv "~ n) g’ a / fact n x (s — a) " n) sums g’ s by simp
also note deriv
also have s — a = —of-real (1 + ¢ / 2) by (simp add: s-def a-def)
also have (An. ... " n) = (An. of-real ((—1) "nx*x (1 +e/ 2) " n))
by (intro ext) (subst power-minus, auto)
also have (An. eval-fds ((fds-deriv """ n) f) a / fact n % ... n) =
(An. of-real ((—1) ~ n * eval-fds ((fds-deriv " n) f') a / fact n x*
(1+¢/2) " n))
using nth-deriv-conv by (simp add: f-f' fds-abs-converges-imp-converges mult-ac)
finally have summable ... by (simp add: sums-iff)
hence summable: summable (An. (—1) "n x eval-fds ((fds-deriv """ n) f') a / fact
n* (14+e/2)™n)
by (subst (asm) summable-of-real-iff)

have (A(n,k). (—1) "n * fds-nth fk = In (real k) " n / (real k powr a) * ((s—a)
“n / fact n))
abs-summable-on (UNIV x UNIV)
proof (subst abs-summable-on-Sigma-iff, safe, goal-cases)
case (3 n)
from nth-deriv-conv|of n] show ?case
unfolding fds-abs-converges-altdef’
by (intro abs-summable-on-cmult-left) (simp add: nth-deriv-eq fds-nth-fds’
powr-Reals-eq)
next
case 4
have nth-deriv-f-f'. (fds-deriv =" n) f = fds-of-real ((fds-deriv " n) f’) for n
by (induction n) (auto simp: f’-def fds-of-real-norm)
have norm-nth-deriv-f: norm (fds-nth ((fds-deriv """ n) f) k) =
(—1) T n * of-real (fds-nth ((fds-deriv =" n) f') k) for
nk
proof (induction n)
case (Suc n)
thus Zcase by (cases k) (auto simp: f-f’ fds-nth-deriv scaleR-conv-of-real
norm-mult)
qed (auto simp: f'-nonneg f-f)
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note summable

also have (An. (—1)"n * eval-fds ((fds-deriv "~ n) ') a / fact n x (14+¢/2)"n)

(An. > ok. norm ((— 1) " n * fds-nth f k * In (real k) " n /
(real k powr a) * ((s — a) " n / fact n))) (is - = %h)
proof (rule ext, goal-cases)
case (1 n)
have (> .k. norm ((— 1) ~n * fds-nth f k * In (real k) " n /
(real k powr a) * ((s — a) "~ n / fact n))) =
(norm ((s — a) “n / fact n) * (—1) " n) xg
3" ak. (1) T n x norm (fds-nth ((fds-deriv =" n) f) k / real k powr
a)) (is - = - xg 29)
by (subst infsetsum-scaleR-right [symmetric])
(auto simp: norm-mult norm-divide norm-power mult-ac nth-deriv-eq
fds-nth-fds”)
also have 25 = (3 ,k. fds-nth ((fds-deriv """ n) f') k / real k powr a)
by (intro infsetsum-cong) (auto simp: norm-mult norm-divide norm-power
norm-nth-deriv-f)
also have ... = eval-fds ((fds-deriv "~ n) ') a
using nth-deriv-convlof n] by (subst eval-fds-altdef) (auto simp: f’-def
nth-deriv-f-f)
also have (norm ((s — a) “n / fact n) * (— 1) " n) xg eval-fds ((fds-deriv
) f) a=
(—=1) T n * eval-fds ((fds-deriv """ n) f') a / fact n * norm (s — a)
n
by (simp add: norm-divide norm-power)
also have s-a: s — a = —of-real (1 + ¢ / 2) by (simp add: s-def a-def)
have norm (s — a) = 1 4+ € / 2 unfolding s-a norm-minus-cancel norm-of-real
using ¢ by simp
finally show ?Zcase ..
qed
also have ?h n > 0 for n by (intro infsetsum-nonneg) auto
hence ?h = (An. norm (?h n)) by simp
finally show ?case unfolding abs-summable-on-nat-iff’ .
qged auto
hence (A\(k,n). (—1)"n * fds-nth fk * In (real k) " n / (real k powr a) * ((s—a)
“n / fact n))
abs-summable-on (UNIV x UNIV)
by (subst (asm) abs-summable-on-Times-swap) (simp add: case-prod-unfold)
hence (M\k. >_on. (— 1) " n * fds-nth f k = In (real k) "~ n / (k powr a) *
((s — a) " n / fact n)) abs-summable-on UNIV (is ?h abs-summable-on -)
by (rule abs-summable-on-Sigma-projectl’) auto
also have ?this +— (\k. fds-nth f k / nat-power k s) abs-summable-on UNIV
proof (intro abs-summable-on-cong refl, goal-cases)
case (1k)
have ?h k = (fds-nth f' k / k powr a) xg (O_an. (—=In (real k) * (s — a)) " n
/ fact n)
by (subst infsetsum-scaleR-right [symmetric], rule infsetsum-cong)
(simp-all add: scaleR-conv-of-real f-f' power-minus’ power-mult-distrib
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divide-simps)
also have (> ,n. (—in (real k) * (s — a)) ~n / fact n) = exp (—In (real k) *
(s — o))
using exp-converges[of —In k * (s — a)] exp-converges[of norm (—in k x (s —
)]
by (subst infsetsum-nat’) (auto simp: abs-summable-on-nat-iff " sums-iff
scaleR-conv-of-real
divide-simps norm-divide norm-mult norm-power)
also have (fds-nth f' k / k powr a) xg ... = fds-nth f k / nat-power k s
by (auto simp: scaleR-conv-of-real f-f' powr-def exp-minus
field-simps exp-of-real [symmetric] exp-diff)
finally show ?case .
qed
finally have fds-abs-converges f s
by (simp add: fds-abs-converges-def abs-summable-on-nat-iff ')
thus ?thesis by (intro exl[of - (¢ — e / 2)]) (auto simp: s-def a-def ¢)
qed

theorem pringsheim-landau:
fixes c :: real and f :: complex fds
assumes nonneg-dirichlet-series f
assumes abscissa: abs-conv-abscissa f = ¢
assumes ¢g: \s. s€ A= Re s> c = gs = eval-fds [ s
assumes ¢ holomorphic-on A open A c € A
shows Fulse
proof —
have Jz<c. fds-abs-converges f (complex-of-real x)
by (rule pringsheim-landau-auz[where g = g and A = A]) (insert assms, auto)
then obtain z where z: z < ¢ fds-abs-converges [ (complex-of-real z) by blast
hence abs-conv-abscissa f < complex-of-real x - 1
unfolding abs-conv-abscissa-def
by (intro Inf-lower) (auto simp: image-iff introl: exI[of - of-real z])

also have ... < abs-conv-abscissa f using assms x by simp
finally show Fulse by simp
qed

corollary entire-continuation-imp-abs-conv-abscissa-MInfty:
assumes nonneg-dirichlet-series f
assumes c: ¢ > abs-conv-abscissa f
assumes g: A\s. Re s > ¢ = g s = eval-fds f s
assumes holo: g holomorphic-on UNIV
shows abs-conv-abscissa f = —o0
proof (rule ccontr)
assume abs-conv-abscissa f # —oo
with ¢ obtain a where abscissa [simp]: abs-conv-abscissa f = ereal a
by (cases abs-conv-abscissa f) auto
show Fulse
proof (rule pringsheim-landau|OF assms(1) abscissa - holo])
fix s assume s: Re s > a
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show ¢ s = eval-fds f s
proof (rule sym, rule analytic-continuation-open|of - - - g])
show g holomorphic-on {s. Re s > a} by (rule holomorphic-on-subset|OF
holo]) auto
from assms show {s. Re s > ¢} C {s. Re s > a} by auto

next
have conv-abscissa f < abs-conv-abscissa f by (rule conv-le-abs-conv-abscissa)
also have ... = ereal a by simp

finally show eval-fds f holomorphic-on {s. Re s > a}
by (intro holomorphic-intros) (auto intro: le-less-trans)
qed (insert assms s, auto introl: exI[of - of-real (¢ + 1)]
open-halfspace-Re-gt convex-connected convex-halfspace-Re-gt)
qged auto
qed

12.11 Convergence of the ( and Mobius u series

lemma fds-abs-summable-zeta-real-iff [simp]:
fds-abs-converges fds-zeta s «+— s > (1 :: real)
proof —
have fds-abs-converges fds-zeta s <— summable (An. real n powr —s)
unfolding fds-abs-converges-def
by (intro summable-cong always-eventually)
(auto simp: fds-nth-zeta powr-minus divide-simps)

also have ... «+— s > 1 by (simp add: summable-real-powr-iff)
finally show ?thesis .
qed

lemma fds-abs-summable-zeta-real: s > (1 :: real) = fds-abs-converges fds-zeta
s
by simp

lemma fds-abs-converges-moebius-mu-real:
assumes s > (1 :: real)
shows  fds-abs-converges (fds moebius-mu) s
unfolding fds-abs-converges-def
proof (rule summable-comparison-test, intro exl alll impl)
fix n :: nat
show norm (norm (fds-nth (fds moebius-mu) n / nat-power n s)) < n powr (—s)
by (simp add: powr-minus divide-simps abs-moebius-mu-le)
next
from assms show summable (An. real n powr —s) by (simp add: summable-real-powr-iff)
qed

12.12 Application to the Mobius p function

lemma inverse-squares-sums’s (An. 1 [/ real n = 2) sums (pi ~ 2 / 6)
using inverse-squares-sums sums-Suc-iff [of An. 1 / realn ~ 2 pi”2 / 6] by simp

lemma norm-summable-moebius-over-square:
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summable (An. norm (moebius-mu n / real n ~ 2))
proof (subst summable-Suc-iff [symmetric], rule summable-comparison-test)
show summable (An. 1 / real (Suc n) ~ 2)
using inverse-squares-sums by (simp add: sums-iff)
qged (auto simp del: of-nat-Suc simp: field-simps abs-moebius-mu-le)

lemma summable-moebius-over-square:
summable (An. moebius-mu n / real n ~ 2)
using norm-summable-moebius-over-square by (rule summable-norm-cancel)

lemma moebius-over-square-sums: (An. moebius-mu n / n?) sums (6 / pi?)
proof —
have 1 = eval-fds (1 :: real fds) 2 by simp
also have (1 :: real fds) = fds-zeta * fds moebius-mu
by (rule fds-zeta-times-moebius-mu [symmetric])
also have eval-fds ... 2 = eval-fds fds-zeta 2 * eval-fds (fds moebius-mu) 2
by (intro eval-fds-mult fds-abs-converges-moebius-mu-real) simp-all

also have ... = pi =2 / 6 x (3 n. moebius-mu n / (real n)?)
using inverse-squares-sums’ by (simp add: eval-fds-at-numeral suminf-fds-zeta-auz
sums-iff)

finally have (> n. moebius-mu n / (real n)?) = 6 / pi = 2 by (simp add:
field-simps)

with summable-moebius-over-square show ?thesis by (simp add: sums-iff)
qed

end

13 Asymptotics of summatory arithmetic functions

theory Arithmetic-Summatory-Asymptotics
imports
Euler-MacLaurin. Euler-MacLaurin- Landau
Arithmetic-Summatory
Dirichlet-Series-Analysis
Landau-Symbols. Landau-More
begin

13.1 Auxiliary bounds

lemma sum-inverse-squares-tail-bound:
assumes d > 0
shows summable (An. 1 / (real (Suc n) + d) ~ 2)
>>n. 1/ (real (Sucn) +d) ~2)<1/d
proof —
show x: summable (An. 1 / (real (Suc n) + d) ~ 2)
proof (rule summable-comparison-test, intro alll exI impI)
fix n :: nat
from assms show norm (1 / (real (Suc n) + d) ~2) < 1 / real (Sucn) ~ 2
unfolding norm-divide norm-one norm-power
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by (intro divide-left-mono power-mono) simp-all
qed (insert inverse-squares-sums, simp add: sums-iff’)
show (3" n. 1/ (real (Sucn) +d) ~2)<1/d
proof (rule sums-le)
fix n have 1 / (real (Sucn) +d) 2 <1/ ((real n + d) % (real (Suc n) +
d))
unfolding power2-eq-square using assms
by (intro divide-left-mono mult-mono mult-pos-pos add-nonneg-pos) simp-all
also have ... =1 / (realn + d) — 1 / (real (Suc n) + d)
using assms by (simp add: divide-simps)
finally show 1 / (real (Suc n) + d)?> < 1 / (realn + d) — 1 / (real (Suc n)
+d).
next
show (An. 1 / (real (Suc n) + d)?) sums (3. n. 1 / (real (Suc n) + d)?)
using * by (simp add: sums-iff)
next
have (An. 1 / (real n + d) — 1 / (real (Suc n) + d)) sums (1 / (real 0 + d)
- 0)
by (intro telescope-sums’ real-tendsto-divide-at-top[OF tendsto-const],
subst add.commute, rule filterlim-tendsto-add-at-top| OF tendsto-const
filterlim-real-sequentially))
thus (An. 1 / (realn + d) — 1 / (real (Suc n) + d)) sums (1 / d) by simp
qed
qed

lemma moebius-sum-tail-bound:
assumes d > 0
shows abs (3 n. moebius-mu (Suc n + d) / real (Sucn + d)"2) < 1/ d (is
abs 25 < -)
proof —
have *: summable (An. 1 / (real (Suc n + d))?)
by (insert sum-inverse-squares-tail-bound(1)[of real d] assms, simp-all add:
add-ac)
have *x: summable (An. abs (moebius-mu (Suc n + d) / real (Suc n + d)2))
proof (rule summable-comparison-test, intro exl alll impl)
fix n = nat
show norm (|moebius-mu (Suc n + d) / (real (Suc n + d))"2]) <
1/ (real (Suc n + d)) "2
unfolding real-norm-def abs-abs abs-divide power-abs abs-of-nat
by (intro divide-right-mono abs-moebius-mu-le) simp-all
qged (insert x)
from *x have abs 25 < (3. n. abs (moebius-mu (Suc n + d) / real (Suc n +
d)72))
by (rule summable-rabs)
also have ... < (> n. 1 / (real (Suc n) + d) ~ 2)
proof (intro suminf-le alll)
fix n = nat
show abs (moebius-mu (Suc n + d) / (real (Suc n + d))2) < 1 / (real (Suc
n) + real d) 2
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unfolding abs-divide abs-of-nat power-abs of-nat-add [symmetric]
by (intro divide-right-mono abs-moebius-mu-le) simp-all
qed (insert * xx, simp-all add: add-ac)
also from assms have ... < 1 / d by (intro sum-inverse-squares-tail-bound)
simp-all
finally show ?thesis .
qed

lemma sum-upto-inverse-bound:
sum-upto (Ni. 1 / real i) x > 0
eventually (Az. sum-upto (Ai. 1 [ real i) x < Inz + 13 / 22) at-top
proof —
show sum-upto (Ai. 1 / real i) © > 0
by (simp add: sum-upto-def sum-nonneg)
from order-tendstoD(2)|OF euler-mascheroni-LIMSEQ euler-mascheroni-less-13-over-22]
obtain N where N: An. n > N = harm n — In (real n) < 18 / 22
unfolding eventually-at-top-linorder by blast
show eventually (Az. sum-upto (Ai. 1 [ real i) x < Inx + 13 / 22) at-top
using eventually-ge-at-top[of maz (real N) 1]
proof eventually-elim
case (elim x)
have sum-upto (Mi. 1 / real i) z = (> i€{0<..nat |x|}. 1 / real i)
by (simp add: sum-upto-altdef)
also have ... = harm (nat |z])
unfolding harm-def by (intro sum.cong refl) (auto simp: field-simps)
also have ... < In (real (nat |z])) + 13 / 22
using Nof nat |z|] elim by (auto simp: le-nat-iff le-floor-iff)
also have In (real (nat |z])) < In z using elim by (subst In-le-cancel-iff ) auto
finally show ?case by — simp
qed
qed

lemma sum-upto-inverse-bigo: sum-upto (Mi. 1 / real i) € O(Az. In x)
proof —
have eventually (Az. norm (sum-upto (Ai. 1 / real i) ) < 1 % norm (In z +
13/22)) at-top
using eventually-ge-at-toplof 1::real] sum-upto-inverse-bound(2)
by eventually-elim (insert sum-upto-inverse-bound(1), simp-all)
hence sum-upto (Ai. 1 / real i) € O(Az. In z + 13/22)
by (rule bigol)
also have (Az:real. In z + 18/22) € O(Az. In x) by simp
finally show ?thesis .
qed

lemma
defines G = (Az:real. (O n. moebius-mu (n + Suc (nat [z])) / (n + Suc (nat
[2]))72) :: real)
shows moebius-sum-tail-bound”: \t. t > 2 = |G t| <1/ (t — 1)
and moebius-sum-tail-bigo: G € O(At. 1 / t)
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proof —
show |Gt <1 /(t—1)ift:t> 2 fort
proof —
from ¢ have |G t| < 1 / real (nat [t])
unfolding G-def using moebius-sum-tail-bound|of nat |t|] by simp
also have t < I + real-of-int |t] by linarith
hence 1 / real (nat [t]) < 1 / (t — 1) using ¢ by (simp add: field-simps)
finally show ?thesis .
qed
hence G € O(At. 1 / (t — 1))
by (intro bigoI|of - 1] eventually-mono[OF eventually-ge-at-top[of 2::real]]) auto
also have (At:real. 1/ (t — 1)) € ©(At. 1 / t) by simp
finally show G € O(At. 1 /1) .
qed

13.2 Summatory totient function

theorem summatory-totient-asymptotics:

(Az. sum-upto (An. real (totient n)) z — 3 / pi® x 2°) € O(\x. = * In 1)
proof —

define H where H = (Az. of-int (floor z) * (of-int (floorz) + 1)/ 2 —z ~ 2
/ 2 :: real)

define H' where H' = (Az. sum-upto (An. moebius-mu n * H (x / real n)) x)

have H: sum-upto real x = z°2/2 + Hz if z > 0 for z

using that by (simp add: sum-upto-real H-def)

define G where G = (Az::real. (3 n. moebius-mu (n + Suc (nat [z])) / (n +

Suc (nat |z]))"2))

have H-bound: |[Ht| <t/ 2if ¢t > 0 for ¢
proof —
have Ht — t / 2 = (—(t — of-int (floor t))) * (floort +t + 1)/ 2
by (simp add: H-def field-simps power2-eq-square)
also have ... < 0 using that by (intro mult-nonpos-nonneg divide-nonpos-nonneq)
stmp-all
finally have Ht < t / 2 by simp
have —Ht —t / 2 = (t — of-int (floor t) — 1) * (of-int (floor t) + t) / 2
by (simp add: H-def field-simps power2-eq-square)
also have ... < 0 using that
by (intro divide-nonpos-nonneg mult-nonpos-nonneg) ((simp; fail) | linarith)+
finally have —Ht < t / 2 by simp
with <Ht <t/ 2> show |Ht| <t/ 2 by simp
qed

have H'-bound: |H' t| < ¢/ 2 % sum-upto (Xi. 1 /[ real i) ¢t if t > 0 for ¢
proof —
have |H't| < (>2i| 0 < i A real i < t. |moebius-mu ¢ x H (t / real ©)|)
unfolding H'-def sum-upto-def by (rule sum-abs)
alsohave ... < (DJi| 0 <iAreali <t 1x((t/reali)/ 2))
unfolding abs-mult using that
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by (intro sum-mono mult-mono abs-moebius-mu-le H-bound) simp-all
also have ... =t/ 2 * sum-upto (Ai. 1 / real ©) t
by (simp add: sum-upto-def sum-distrib-left sum-distrib-right mult-ac)
finally show ?thesis .
qged
hence H' € O(\t. t x sum-upto (N\i. 1 / real i) t)
using sum-upto-inverse-bound(1)
by (intro bigolI|of - 1/2] eventually-mono[OF eventually-ge-at-top[of 0::real]])
(auto elim!: eventually-mono simp: abs-mult)
also have (At. t * sum-upto (Ni. 1 / real i) t) € O(At. t x In t)
by (intro landau-o0.big.mult sum-upto-inverse-bigo) simp-all
finally have H'-bigo: H' € O(Az. z * In x) .

{

fix z :: real assume z: z > 0
have sum-upto (An. real (totient n)) z = sum-upto (An. of-int (int (totient n)))

T
by simp
also have ... = sum-upto (An. moebius-mu n * sum-upto real (z / real n)) z
by (subst totient-conv-moebius-mu) (simp add: sum-upto-dirichlet-prod of-int-dirichlet-prod)
also have ... = sum-upto (An. moebius-mu n x ((z / realn) =2 / 2 + H (z

/ real n))) z using z
by (intro sum-upto-cong) (simp-all add: H)
also have ... = 272 / 2 % sum-upto (An. moebius-mu n / realn ~2) x + H'

by (simp add: sum-upto-def H'-def sum.distrib ring-distribs
sum-distrib-left sum-distrib-right power-divide mult-ac)
also have sum-upto (An. moebius-mu n / real n = 2) x =
(> ne{..<Suc (nat |z|)}. moebius-mu n / real n ~ 2)
unfolding sum-upto-altdef by (intro sum.mono-neutral-cong-left refl) auto
alsohave ... =6 /pi "2 - Gu
using sums-split-initial-segment| OF moebius-over-square-sums, of Suc (nat
1))
by (auto simp: sums-iff algebra-simps G-def)
finally have sum-upto (An. real (totient n)) z =8 / pi® x 2> — 2% / 2%« Gz
+ H'z
by (simp add: algebra-simps)
}

hence (Az. sum-upto (An. real (totient n)) x — 3 / pi 2 x 272) €
Oz (—(z72)/ 2)« Gz + H'x)
by (intro bigthetal-cong eventually-mono|OF eventually-ge-at-top|of 0::real]])
(auto elim!: eventually-mono)
also have (Az. (—(z72) / 2)«* Gax + H' z) € O(Az. z % In 1)
proof (intro sum-in-bigo H’-bigo)
have (Az. (— (272) / 2)* Gz) € O(Az. 72 = (1 ] x))
using moebius-sum-tail-bigo [folded G-def] by (intro landau-o.big.mult)
stmp-all
also have (Az:real. 272 * (1 / x)) € O(Az. z = In x) by simp
finally show (\z. (— (272) / 2) x Gz) € O(A\z. x x In z) .
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qed
finally show ?thesis .
qed

theorem summatory-totient-asymptotics”:
(Az. sum-upto (An. real (totient n)) x) =0 (Az. 3 / pi® * 22) +0 O(\z. T * In 1)
using summatory-totient-asymptotics
by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem summatory-totient-asymptotics’”:
sum-upto (An. real (totient n)) ~[at-top] (\z. 3 | pi® * 2?)
proof —
have (Az. sum-upto (An. real (totient n)) z — 8 / pi * 2?) € O(Az. z * In )
by (rule summatory-totient-asymptotics)
also have (A\z. z * Inz) € o(Az. 3 / pi ~ 2 %z ~ 2) by simp
finally show ?thesis by (simp add: asymp-equiv-altdef)
qed

13.3 Asymptotic distribution of squarefree numbers

lemma le-sqri-iff: 1 > 0 = x < sqrty +— 2 2 < y
using real-sqrt-le-iff [of 72 y] by (simp del: real-sqrt-le-iff)

theorem squarefree-asymptotics: (Ax. card {n. real n < x A squarefree n} — 6 /
pi% * z) € O(sqrt)
proof —

define f :: nat = real where f = (An. if n = 0 then 0 else 1)

define g :: nat = real where g = dirichlet-prod (ind squarefree) moebius-mu

interpret g: multiplicative-function g unfolding g-def
by (intro multiplicative-dirichlet-prod squarefree.multiplicative-function-azioms
moebius-mu.multiplicative-function-azioms)
interpret g: multiplicative-function’ g Ap k. if k = 2 then —1 else 0 X-. 0
proof
interpret ¢’: multiplicative-dirichlet-prod’ ind squarefree moebius-mu
Ap k. if 1 < kthen Oelse 1 Apk.if k= 1then — 1 else 0 A-. 1 A\-. — 1
by (intro multiplicative-dirichlet-prod’.intro squarefree.multiplicative-function’-azioms

moebius-mu.multiplicative-function’-azioms)
fix p k :: nat assume prime p k > 0
hence g (p " k) = (3 ie{0<..<k}. (if Suc 0 < i then 0 else 1) *
(if k — i = Suc 0 then — 1 else 0))
by (auto simp: g'.prime-power g-def)

also have ... = (3 ie{0<..<k}. (if k = 2 then —1 else 0))
by (intro sum.cong refl) auto
also from <k > 0> have ... = (if k = 2 then —1 else 0) by simp

finally show g (p " k) = ... .
qed simp-all
have mult-g-square: multiplicative-function (An. g (n ~ 2))
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by standard (simp-all add: power-mult-distrib g.mult-coprime)

have g-square: g (m ~ 2) = moebius-mu m for m
using mult-g-square moebius-mu.multiplicative-function-azioms
proof (rule multiplicative-function-eql)
fix p k :: nat assume *: prime p k > 0
have g ((p "k) ~2) =g (p " (2 x k) by (simp add: power-mult [symmetric]

mult-ac)
also from * have ... = (if k = 1 then —1 else 0) by (simp add: g.prime-power)
also from x have ... = moebius-mu (p ~ k) by (simp add: moebius-mu.prime-power)
finally show ¢ ((p " k) ~ 2) = moebius-mu (p " k) .
qed

have g-nonsquare: g m = 0 if —is-square m for m
proof (cases m = 0)
case Fulse
from that False obtain p where p: prime p odd (multiplicity p m)
using is-nth-power-conv-multiplicity-nat[of 2 m] by auto
from p have multiplicity p m # 2 by auto
moreover from p have p € prime-factors m
by (auto simp: prime-factors-multiplicity intro!: Nat.grOI)
ultimately have ([ p€prime-factors m. if multiplicity p m = 2 then — 1 else
0 ::real) = 0
(is ?P = -) by auto
also have ?P = g m using Fulse by (subst g.prod-prime-factors’) auto
finally show ?thesis .
qed auto

have abs-g-le: abs (g m) < 1 for m
by (cases is-square m)
(auto simp: g-square g-nonsquare abs-moebius-mu-le elim!: is-nth-powerE)

have fds-g: fds g = fds-ind squarefree % fds moebius-mu
by (rule fds-eqI) (simp add: g-def fds-nth-mult)
have fds g x fds-zeta = fds-ind squarefree x (fds-zeta * fds moebius-mu)
by (simp add: fds-g mult-ac)
also have fds-zeta * fds moebius-mu = (1 :: real fds)
by (rule fds-zeta-times-moebius-mu)
finally have x: fds-ind squarefree = fds g x fds-zeta by simp
have ind-squarefree: ind squarefree = dirichlet-prod g f
proof
fix n :: nat
from *x show ind squarefree n = dirichlet-prod g f n
by (cases n = 0) (simp-all add: fds-eq-iff fds-nth-mult f-def)
qed

define H :: real = real

where H = (Az. sum-upto (Am. g (m~2) * (real-of-int |z / real (m?)] — z /
real (m™2))) (sqrt z))
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define J where J = (Az::real. (3 n. moebius-mu (n + Suc (nat |z])) / (n +
Suc (nat |z]))"2))

have eventually (Az. norm (H z) < 1 % norm (sqrt x)) at-top
using eventually-ge-at-toplof 0::real)
proof eventually-elim
case (elim x)
have abs (H z) < sum-upto (Am. abs (g (m™2) * (real-of-int |z / real (m?)]

z / real (m™2)))) (sgrt z) (is - < 25) unfolding H-def
sum-upto-def
by (rule sum-abs)
also have z / (real m)? — real-of-int |z / (real m)?| < 1 for m by linarith
hence 25 < sum-upto (Am. 1 x 1) (sqrt x) unfolding abs-mult sum-upto-def
by (intro sum-mono mult-mono abs-g-le) simp-all
also have ... = of-int |sqrt z] using elim by (simp add: sum-upto-altdef)
also have ... < sqrt x by linarith
finally show ?case using elim by simp
qed
hence H-bigo: H € O(\x. sqrt x) by (rule bigol)

let A = Az. card {n. real n < x A squarefree n}

have eventually (\v. ?A x — 6 / pi® x v = (—x) * J (sqrt ¥) + H z) at-top
using eventually-ge-at-toplof 0::real)

proof eventually-elim
fix z :: real assume z: z > 0
have {n. real n < = A squarefree n} = {n. n > 0 A real n < z A squarefree n}

by (auto intro!: Nat.gr0I)

also have card ... = sum-upto (ind squarefree :: nat = real)
by (rule sum-upto-ind [symmetric])
also have ... = sum-upto (\d. g d * sum-upto f (z / real d)) z (is - = 29)

unfolding ind-squarefree by (rule sum-upto-dirichlet-prod)
also have sum f {0<..nat |z / real i|} = of-int |z / real i| if ¢ > 0 for i
using z by (simp add: f-def)
hence 25 = sum-upto (Ad. g d * of-int |z / real d|) =
unfolding sum-upto-altdef by (intro sum.cong refl) simp-all
also have ... = sum-upto (Am. g (m ~ 2) x of-int |z / real (m ~ 2)]) (sqrt z)
unfolding sum-upto-def
proof (intro sum.reindez-bij-betw-not-neutral [symmetric))
show bij-betw power2 ({i. 0 < i A real i < sqrt z} — {})
({i. 0 < i A reali < x} — {ie{0<..nat |z]}. —is-square i})
by (auto simp: bij-betw-def inj-on-def power-eq-iff-eg-base le-sqrt-iff
is-nth-power-def le-nat-iff le-floor-iff)
qed (auto simp: g-nonsquare)
also have ... = z * sum-upto (Am. g (m ~2) / real m ~ 2) (sqrt ) + Hz
by (simp add: H-def sum-upto-def sum.distrib ring-distribs sum-subtractf
sum-distrib-left sum-distrib-right mult-ac)
also have sum-upto (Am. g (m ~2) / real m ~ 2) (sqrt z) =
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sum-upto (Am. moebius-mu m | real m ~ 2) (sqrt x)
unfolding sum-upto-altdef by (intro sum.cong refl) (simp-all add: g-square)
also have sum-upto (Am. moebius-mu m / (real m)?) (sqrt ¥) =
(3" m<Suc (nat | sqrt x|). moebius-mu m / (real m) ~ 2)
unfolding sum-upto-altdef by (intro sum.mono-neutral-cong-left) auto
also have ... = (6 / pi"2 — J (sqrt z))
using sums-split-initial-segment| OF moebius-over-square-sums, of Suc (nat
Lsart z))]
by (auto simp: sums-iff algebra-simps J-def sum-upto-altdef)
finally show ?A z — 6 / pi® x x = (—x) x J (sqrt z) + Hx
by (simp add: algebra-simps)
qed
hence (A\z. Az — 6 / pi® x ) € O(\z. (—x) * J (sqrt z) + H )
by (rule bigthetal-cong)
also have (Az. (—z) * J (sqrt z) + H x) € O(Ax. sqrt x)
proof (intro sum-in-bigo H-bigo)
have (Az. J (sqrt z)) € O(Az. 1 / sqrt x) unfolding J-def
using moebius-sum-tail-bigo sqrt-at-top by (rule landau-o.big.compose)
hence (A\z. (—z) x J (sqrt z)) € O(Az. © = (1 / sqrt x))
by (intro landau-o.big.mult) simp-all
also have (Az::real. x % (1 / sqrt x)) € O(A\z. sqrt )
by (intro bigthetal-cong eventually-mono| OF eventually-gt-at-top|of 0::real]])
(auto simp: field-simps)
finally show (Az. (—z) % J (sqrt z)) € O(Az. sqrt z) .
qed
finally show ?thesis .
qged

theorem squarefree-asymptotics'’:
(Az. card {n. real n < x A squarefree n}) =o (Az. 6 | pi® * z) +o O(\z. sqrt z)
using squarefree-asymptotics
by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem squarefree-asymptotics’”:
(Az. card {n. real n < x A squarefree n}) ~[at-top] (Az. 6 | pi® x )
proof —
have (Az. card {n. real n < z A squarefree n} — 6 / pi* * z) € O(A\z. sqrt z)
by (rule squarefree-asymptotics)
also have (sgrt :: real = real) € O(Az. z powr (1/2))
by (intro bigthetal-cong eventually-mono[OF eventually-ge-at-top|of 0::real]])
(auto simp: powr-half-sqrt)
also have (Az::real. x powr (1/2)) € o(Az. 6 / pi ~ 2 * z) by simp
finally show ?thesis by (simp add: asymp-equiv-altdef)
qed

13.4 The hyperbola method

lemma hyperbola-method-bigo:
fixes f g :: nat = 'a :: real-normed-field
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assumes (Az. sum-upto (An. fn x sum-upto g (z / real n)) (sqrt ) — R x) €
O(b)
assumes (A\z. sum-upto (An. sum-upto f (z / real n) x g n) (sqrt z) — S x) €
O(b)
assumes (Az. sum-upto f (sqrt ) * sum-upto g (sqrt ) — T x) € O(b)
shows (Az. sum-upto (dirichlet-prod fg) v — (Rx + Sz — T x)) € O(b)
proof —
let A = A\z. (sum-upto (An. fn * sum-upto g (z / real n)) (sqrt ©) — R x) +
(sum-upto (An. sum-upto f (x / real n) x g n) (sqrt ) — S z) +
(—(sum-upto f (sqrt z) * sum-upto g (sqrt ) — T x))
have (Az. sum-upto (dirichlet-prod fg) © — (Rx + Sz — T z)) € O(?4)
by (intro bigthetal-cong eventually-mono[OF eventually-ge-at-top|of 0::real]])
(auto simp: hyperbola-method-sqrt)
also from assms have ?4 € O(b)
by (intro sum-in-bigo(1)) (simp-all only: landau-o.big.uminus-in-iff )
finally show ?thesis .
qed

lemma frac-le-1: frac x < 1
unfolding frac-def by linarith

lemma In-minus-in-floor-bound:
assumes > 2
shows Inz — In (floor z) € {0..<1 / (z — 1)}
proof —
from assms have In (floor ) > In (z — 1) by (subst In-le-cancel-iff ) simp-all
hence In z — In (floor z) < In ((z — 1)+ 1) — In (x — 1) by simp
also from assms have ... < 1 / (z — 1) by (intro In-diff-le-inverse) simp-all
finally have In « — In (floor z) < 1 / (z — 1) by simp
moreover from assms have In z > In (of-int |z]|) by (subst In-le-cancel-iff)
stmp-all
ultimately show %thesis by simp
qed

lemma [n-minus-in-floor-bigo:
(Azzreal. In x — In (floor z)) € O(Az. 1 / z)
proof —
have eventually (Az. norm (In x — In (floor z)) < 1 x norm (1 / (x — 1)))
at-top
using eventually-ge-at-toplof 2::real)
proof eventually-elim
case (elim x)
with In-minus-In-floor-bound|OF this] show ?case by auto
qed
hence (Az::real. In x — In (floor z)) € O(Az. 1 / (z — 1)) by (rule bigol)
also have (Az:real. 1 / (z — 1)) € O(Az. 1 / z) by simp
finally show ?thesis .
qed
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lemma divisor-count-asymptotics-aux:
(Az. sum-upto (An. sum-upto (A-. 1) (z / real n)) (sqrt ) —
(x*Inz/ 2+ euler-mascheroni x x)) € O(sqrt)
proof —
define R where R = (Az. Y i€{0<..nat |sqrt z]}. frac (z / real 7))
define S where S = (\z. In (real (nat |sqrt z])) — lnx / 2)
have R-bound: R z € {0..sqrt z} if z: v > 0 for x
proof —
have R z < (> ie{0<..nat |sqrt z]}. 1) unfolding R-def by (intro sum-mono
frac-le-1)
also from z have ... = of-int |sqrt ] by simp
also have ... < sqrt x by simp
finally have R z < sqrt x .
moreover have R z > 0 unfolding R-def by (intro sum-nonneg) simp-all
ultimately show ¢thesis by simp
qged
have R-bound” norm (R z) < 1 % norm (sqrt z) if £ > 0 for z
using R-bound[OF that] that by simp
have R-bigo: R € O(sqrt) using eventually-ge-at-top[of 0::real]
by (intro bigol|of - 1], elim eventually-mono) (rule R-bound’)

have eventually (Az. sum-upto (An. sum-upto (A-. 1 :: real) (xz / real n)) (sqrt
x) =
x * harm (nat |sqrt ) — R x) at-top
using eventually-ge-at-toplof 0 :: real)
proof eventually-elim
case (elim )
have sum-upto (An. sum-upto (A-. 1 :: real) (z / real n)) (sqrt z) =
(> ie{0<..nat |sqrt x|}. of-int |z / real i|) using elim
by (simp add: sum-upto-altdef)
also have ... =z x (3 ie{0<..nat |sqgrt z]}. 1 / reali) — R x
by (simp add: sum-subtractf frac-def R-def sum-distrib-left)
also have {0<..nat |sqrt x]} = {1..nat |sqrt ]} by auto
also have (> i€.... 1 / real i) = harm (nat |sqrt z|) by (simp add: harm-def
divide-simps)
finally show ?case .
qged
hence (\z. sum-upto (An. sum-upto (A-. 1 :: real) (x / real n)) (sqrt z) —
(x % Inz / 2 + euler-mascheroni * x)) €
O(Az. z x (harm (nat |sqrt z]) — (In (nat |sqrt z]) + euler-mascheront))
—Rz+zxSx)
(is - € O(?4))
by (intro bigthetal-cong) (elim eventually-mono, simp-all add: algebra-simps
S-def)
also have ?A € O(sqrt)
proof (intro sum-in-bigo)
have (Az. — S z) € O(Az. In (sqrt ) — In (of-int |sqrt z|))
by (intro bigthetal-cong eventually-mono [OF eventually-ge-at-top[of 1::real]])
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(auto simp: S-def In-sqrt)
also have (\z. In (sqrt z) — In (of-int |sqrt z|)) € O(Az. 1 / sqrt x)
by (rule landau-o0.big.compose|OF In-minus-In-floor-bigo sqrt-at-top))
finally have (Az. z x Sz) € O(A\z. x * (1 / sqrt x)) by (intro landau-o.big.mult)
simp-all
also have (Az::real. x * (1 / sqrt x)) € ©(\z. sqrt x)
by (intro bigthetal-cong eventually-mono [OF eventually-gt-at-top[of 0::real]])

(auto simp: field-simps)
finally show (A\z. z x S z) € O(sqrt) .
next
let ?f = Az:real. harm (nat |sqrt z|) — (In (real (nat |sqrt z|)) + eu-
ler-mascheront)
have ?f € O(Az. 1 / real (nat |sqrt x|))
proof (rule landau-o0.big.compose|of - - - Ax. nat |sqrt z|])
show filterlim (Az::real. nat |sqrt z|) at-top at-top
by (intro filterlim-compose[OF filterlim-nat-sequentially)
filterlim-compose[ OF filterlim-floor-sequentially] sqrt-at-top)
next
show (Aa. harm a — (In (real a) + euler-mascheroni)) € O(Aa. 1 / real a)
by (rule harm-ezpansion-bigo-simple2)
qed
also have (Az. 1 / real (nat |sqrt z])) € O(A\z. 1 / (sqrt z — 1))
proof (rule bigol|of - 1], use eventually-ge-at-top[of 2] in eventually-elim)
case (elim x)
have sqrt x < 1 + real-of-int | sqrt z| by linarith
with elim show ?2case by (simp add: field-simps)
qed
also have (Az::real. 1 / (sqrt x — 1)) € O(Az. 1 / sqrt z)
by (rule landau-o0.big.compose[OF - sqrt-at-top]) simp-all
finally have (\z. z x ?fz) € O(A\x. z % (1 / sqrt z))
by (intro landau-o0.big.mult landau-o.big-refl)
also have (Az::real. z * (1 / sqrt x)) € O(\z. sqrt )
by (intro bigthetal-cong eventually-mono| OF eventually-gt-at-top|of 0::real]))
(auto elim!: eventually-mono simp: field-simps)
finally show (\z. z x 2f ) € O(sqrt) .
qed fact+
finally show ?thesis .
qed

lemma sum-upto-sqrt-bound:
assumes z: ¢ > (0 :: real)
shows norm ((sum-upto (A-. 1) (sqrt ))? — ) < 2 % norm (sqrt )
proof —
from z have 0 < 2 x sqrt z *x (1 — frac (sqrt x)) + frac (sqrt z) ~ 2
by (intro add-nonneg-nonneg mult-nonneg-nonneg) (simp-all add: frac-le-1)
also from = have ... = (sqrt © — frac (sqrt z)) ~ 2 —x + 2 * sqrt
by (simp add: algebra-simps power2-eq-square)
also have sqrt © — frac (sqrt ©) = of-int |sqrt x| by (simp add: frac-def)
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finally have (of-int |sqrt z|) ~2 — z > —2 x sqrt x by (simp add: algebra-simps)
moreover from z have of-int ([sqrt z]) ~ 2 < sqrt z ~ 2
by (intro power-mono) simp-all
with z have of-int (|sqrt z]) ~2 — z < 0 by simp
ultimately have sum-upto (A-. 1) (sqrt z) ~ 2 — x € {—2 x sqrt z..0}
using z by (simp add: sum-upto-altdef)
with z show ?thesis by simp
qed

lemma summatory-divisor-count-asymptotics:
(Az. sum-upto (An. real (divisor-count n)) x —
(z % In z + (2 * euler-mascheroni — 1) * x)) € O(sqrt)
proof —
let ?f = Az. z x Inx / 2 + euler-mascheroni x x
have (Az. sum-upto (dirichlet-prod (A-. 1 :: real) (A-. 1)) z — (?fz + ?fz — x))
€ O(sqrt)
(is 29 € -)
proof (rule hyperbola-method-bigo)
have eventually (Az::real. norm (sum-upto (A-. 1) (sqrtz) ~ 2 — z) <
2 x norm (sqrt x)) at-top
using eventually-ge-at-toplof 0::real] by eventually-elim (rule sum-upto-sqrt-bound)
thus (A\z:real. sum-upto (A-. 1) (sqrt x) * sum-upto (A-. 1) (sqrt z) — z) €
O(sqrt)
by (intro bigol|of - 2]) (simp-all add: power2-eq-square)
next
show (Az. sum-upto (An. 1 * sum-upto (A-. 1) (z / real n)) (sqrt ) —
(z % Inx /[ 2+ euler-mascheroni x x)) € O(sqrt)
using divisor-count-asymptotics-auzr by simp
next
show (Az. sum-upto (An. sum-upto (A-. 1) (z / real n) * 1) (sqrt ) —
(z *Inz /2 + euler-mascheroni x x)) € O(sqrt)
using divisor-count-asymptotics-aur by simp
qed
also have divisor-count n = dirichlet-prod (A-. 1) (A-. 1) n for n
using fds-divisor-count
by (cases n = 0) (simp-all add: fds-eq-iff power2-eq-square fds-nth-mult)
hence ?g = (Az. sum-upto (An. real (divisor-count n)) © —
(z x Inz + (2 * euler-mascheroni — 1) * x))
by (intro ext) (simp-all add: algebra-simps dirichlet-prod-def)
finally show ?thesis .
qed

theorem summatory-divisor-count-asymptotics’:
(Az. sum-upto (An. real (divisor-count n)) z) =o
(Az. z x In x 4+ (2 * euler-mascheroni — 1) * x) +0 O(Ax. sqrt z)
using summatory-divisor-count-asymptotics
by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem summatory-divisor-count-asymptotics’”
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sum-upto (An. real (divisor-count n)) ~[at-top] (Az. z * In x)
proof —
have (Az. sum-upto (An. real (divisor-count n)) x —
(z % Inz + (2 * euler-mascheroni — 1) * z)) € O(sqrt)
by (rule summatory-divisor-count-asymptotics)
also have sqrt € ©(Az. x powr (1/2))
by (intro bigthetal-cong eventually-mono [OF eventually-ge-at-top[of 0::real]])
(auto elim!: eventually-mono simp: powr-half-sqrt)
also have (Az::real. z powr (1/2)) € o(Az. z * In z + (2 * euler-mascheroni —
1) % z) by simp
finally have sum-upto (An. real (divisor-count n)) ~[at-top]
(Az. z = In z + (2 * euler-mascheroni — 1) % x)
by (simp add: asymp-equiv-altdef)
also have ... ~[at-top] (Az. z * In =) by (subst asymp-equiv-add-right) simp-all
finally show ?thesis .
qed

lemma summatory-divisor-eq:

sum-upto (An. real (divisor-count n)) (real m) = card {(n,d). n € {0<..m} A d
dvd n}
proof —

have sum-upto (An. real (divisor-count n)) m = card (SIGMA n:{0<..m}. {d.
d dvd n})

unfolding sum-upto-altdef divisor-count-def by (subst card-Sigmal) simp-all

also have (SIGMA n:{0<..m}. {d. d dvd n}) = {(n,d). n € {0<..m} A d dvd
n} by auto

finally show ?thesis .
qed

context

fixes M :: nat = real

defines M = Am. card {(n,d). n € {0<..m} A d dvd n} / card {0<..m}
begin

lemma mean-divisor-count-asymptotics:
(Am. Mm — (In m + 2 x euler-mascheroni — 1)) € O(Am. 1 / sqrt m)
proof —
have (Am. M m — (In m + 2 * euler-mascheroni — 1))
€ ©(Am. (sum-upto (An. real (divisor-count n)) (real m) —
(m * Inm + (2  euler-mascheroni — 1) * m)) / m) (is - € ©(?f))
unfolding M-def
by (intro bigthetal-cong eventually-mono [OF eventually-gt-at-top[of 0::nat]])
(auto simp: summatory-divisor-eq field-simps)
also have ?f € O(Am. sqgrt m / m)
by (intro landau-o0.big.compose| OF - filterlim-real-sequentially] landau-o.big. divide-right
summatory-divisor-count-asymptotics eventually-at-top-not-equal)
also have (Am:nat. sgrt m / m) € ©(Am. 1 / sqrt m)
by (intro bigthetal-cong eventually-mono [OF eventually-gt-at-top[of 0::nat]])
(auto simp: field-simps)
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finally show ?thesis .
qed

theorem mean-divisor-count-asymptotics”:
M =o (Az. In z + 2 x euler-mascheroni — 1) +0 O(Az. 1 / sqrt x)
using mean-divisor-count-asymptotics
by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem mean-divisor-count-asymptotics': M ~[at-top] In
proof —
have (Az. Mz — (In x + 2 x euler-mascheroni — 1)) € O(Az. 1 / sqrt x)
by (rule mean-divisor-count-asymptotics)
also have (Az. I / sqrt (real x)) € O(Az. z powr (—1/2))
using eventually-gt-at-top|of 0::nat)
by (intro bigthetal-cong)
(auto elim!: eventually-mono simp: powr-half-sqrt field-simps powr-minus)
also have (Az:nat.  powr (—1/2)) € o(Az. In x + 2 % euler-mascheroni — 1)
by (intro smallo-real-nat-transfer) simp-all
finally have M ~[at-top] (Az. In  + 2 * euler-mascheroni — 1)
by (simp add: asymp-equiv-altdef)
also have ... = (Azunat. In z + (2 * euler-mascheroni — 1)) by (simp add:
algebra-simps)
also have ... ~[at-top] (Az::nat. In z) by (subst asymp-equiv-add-right) auto
finally show ?thesis .
qed

end

13.5 The asymptotic ditribution of coprime pairs

context

fixes A :: nat = (nat x nat) set

defines A = (AN. {(m,n) € {1..N} x {1..N}. coprime m n})
begin

lemma coprime-pairs-asymptotics:
(AN. real (card (A N)) — 6 / pi® % (real N)?) € O(AN. real N * In (real N))
proof —
define C :: nat = (nat x nat) set
where C = (AN. (Ume{1..N}. (An. (m,n)) ¢ totatives m))
define D :: nat = (nat x nat) set
where D = (AN. (Une{1..N}. (Am. (m,n)) ‘ totatives n))
have fin: finite (C N) finite (D N) for N unfolding C-def D-def
by (intro finite-UN-I finite-imagel; simp)+

have *: card (A N) = 2 % (> me{0<..N}. totient m) — 1 if N: N > 0 for N
proof —
have AN=CNUDN
by (auto simp add: A-def C-def D-def totatives-def image-iff ac-simps)
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also have card ... = card (C N) + card (D N) — card (C N N D N)
using card-Un-Int[OF finlof N]| by arith
also have CN N DN ={(1, 1)} using N by (auto simp: image-iff totatives-def
C-def D-def)
also have D N = (A(z,y). (y,x)) ¢ C N by (simp add: image-UN image-image
C-def D-def)
also have card ... = card (C N) by (rule card-image) (simp add: inj-on-def
C-def)
also have card (C N) = (> me{1..N}. card ((An. (m,n)) * totatives m))
unfolding C-def by (intro card-UN-disjoint) auto

also have ... = (3  me{1..N}. totient m) unfolding totient-def
by (subst card-image) (auto simp: inj-on-def)
also have ... = (3. me{0<..N}. totient m) by (intro sum.cong refl) auto
finally show card (A N) = 2 % ... — 1 by simp
qed
have sx: (3" me{0<..N}. totient m) > 1 if N > 1 for N
proof —

have 1 < N by fact
also have N = (3" me{0<..N}. 1) by simp
also have (3. me{0<..N}. 1) < (- me{0<..N}. totient m)
by (intro sum-mono) (simp-all add: Suc-le-eq)
finally show ?%thesis .
qed

have (AN. real (card (A N)) — 6 / pi® * (real N)?) €
O(AN. 2 x (sum-upto (Am. real (totient m)) (real N) — (8 / pi® * (real
NP) - 1)
(is - € O(7f)) using * *x
by (intro bigthetal-cong eventually-mono [OF eventually-gt-at-top[of 0::nat]])
(auto simp: of-nat-diff sum-upto-altdef)
also have ?f € O(AN. real N * In (real N))
proof (rule landau-0.big.compose[OF - filterlim-real-sequentially], rule sum-in-bigo)
show (Az. 2 x (sum-upto (Am. real (totient m)) z — 3 / pi® * 2%)) € O(\z.
x % Iln x)
by (subst landau-0.big.cmult-in-iff , simp, rule summatory-totient-asymptotics)
qed simp-all
finally show ?thesis .
qged

theorem coprime-pairs-asymptotics'’:

(AN. real (card (A N))) =0 (AN. 6 / pi®> * (real N)?) +0 O(AN. real N * In
(real N))

using coprime-pairs-asymptotics

by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem coprime-pairs-asymptotics’”:
(AN. real (card (A N))) ~[at-top] (AN. 6 / pi*® * (real N)?)
proof —
have (AN. real (card (A N)) — 6 / pi® % (real N) ~2) € O(AN. real N x In
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(real N))
by (rule coprime-pairs-asymptotics)
also have (AN. real N * In (real N)) € o(AN. 6 / pi ~ 2 % real N~ 2)
by (rule landau-o.small.compose|OF - filterlim-real-sequentially]) simp
finally show ?thesis by (simp add: asymp-equiv-altdef)
qed

theorem coprime-probability-tendsto:
(AN. card (A N) / card ({1..N} x {1..N})) —— 6 / pi®
proof —
have (AN. 6 / pi ~ 2) ~[at-top] (AN. 6 / pi =2 x real N "2 [/ real N ~ 2)
using eventually-gt-at-top[of 0::nat]
by (intro asymp-equiv-refl-ev) (auto elim!: eventually-mono)
also have ... ~[at-top] (AN. real (card (A N)) / real N ~ 2)
by (intro asymp-equiv-intros asymp-equiv-symI|OF coprime-pairs-asymptotics’’)
also have ... ~[at-top] (AN. real (card (A N)) / real (card ({1..N} x {1..N})))
by (simp add: power2-eq-square)
finally have ... ~[at-top] (A\-. 6 / pi ~ 2) by (simp add: asymp-equiv-sym)
thus ?thesis by (rule asymp-equivD-const)
qed

end

13.6 The asymptotics of the number of Farey fractions

definition farey-fractions :: nat = rat set where
farey-fractions N = {q :: rat € {0<..1}. snd (quotient-of q) < int N}

lemma Fract-eq-coprime:
assumes Rat.Fract a b = Rat.Fract ¢ d b > 0 d > 0 coprime a b coprime c d
shows a=cb=4d

proof —
from assms have a x d = ¢ * b by (auto simp: eg-rat)
hence abs (a * d) = abs (¢ * b) by (simp only:)
hence abs a * abs d = abs ¢ x abs b by (simp only: abs-mult)
also have ?this «— absa = absc AN d =10

using assms by (subst coprime-crossproduct-int) simp-all

finally show b = d by simp
with <a * d = ¢ *x b» and <b > 0> show a = ¢ by simp

qed

lemma quotient-of-split:
P (quotient-of q) = (Ya b. b > 0 — coprime a b — ¢ = Rat.Fract a b — P

(a, b))

by (cases q) (auto simp: quotient-of-Fract dest: Fract-eq-coprime)
lemma quotient-of-split-asm:

P (Rat.quotient-of q) = (—=(3a b. b > 0 A coprime a b A ¢ = Rat.Fract a b A
—P (a, b))
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using quotient-of-split[of P q] by blast

lemma farey-fractions-bij:
bij-betw (A(a,b). Rat.Fract (int a) (int b))

{(a,b)]a b. 0 <aNa<bAb< N A coprime a b} (farey-fractions N)
proof (rule bij-betwl[of - - - A\q. case quotient-of q of (a, b) = (nat a, nat b)],
goal-cases)

case I

show ?Zcase

by (auto simp: farey-fractions-def Rat.zero-less-Fract-iff Rat.Fract-le-one-iff
Rat.quotient-of-Fract Rat.normalize-def gcd-int-def Let-def)

next

case 2

show ?Zcase

by (auto simp add: farey-fractions-def Rat.Fract-le-one-iff Rat.zero-less-Fract-iff
split: prod.splits quotient-of-split-asm)

(simp add: coprime-int-iff [symmetric])
next

case (3 1)
thus ?case by (auto simp: Rat.quotient-of-Fract Rat.normalize-def Let-def ged-int-def)
next
case (4 x)
thus ?case unfolding farey-fractions-def
by (split quotient-of-split) (auto simp: Rat.zero-less-Fract-iff)
qed

lemma card-farey-fractions: card (farey-fractions N) = sum totient {0<..N}
proof —
have card (farey-fractions N) = card {(a,b)]la b. 0 < a ANa < bANb<NA
coprime a b}
using farey-fractions-bij by (rule bij-betw-same-card [symmetric])
also have {(a,b)la b. 0 < aANa<bAb<N A coprimea b} =
(Ube{0<..N}. (Aa. (a, b)) * totatives b)
by (auto simp: totatives-def image-iff)

also have card ... = (3] be{0<..N}. card ((Aa. (a, b))  totatives b))
by (intro card-UN-disjoint) auto
also have ... = (> be{0<..N}. totient b)

unfolding totient-def by (intro sum.cong refl card-image) (auto simp: inj-on-def)
finally show ?thesis .
qed

lemma card-farey-fractions-asymptotics:
(AN. real (card (farey-fractions N)) — 3 / pi% * (real N)?) € O(AN. real N * In
(real N))
proof —
have (AN. sum-upto (An. real (totient n)) (real N) — 8 / pi® x (real N)?)
€ O(AN. real N * In (real N)) (is 7f € -)
using summatory-totient-asymptotics filterlim-real-sequentially
by (rule landau-o0.big.compose)
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also have ?f = (AN. real (card (farey-fractions N)) — 8 / pi® x (real N)?)
by (intro ext) (simp add: sum-upto-altdef card-farey-fractions)
finally show ?thesis .
qed

theorem card-farey-fractions-asymptotics”:
(AN. card (farey-fractions N)) =o (AN. 8 / pi® * N°2) +0 O(AN. N x In N)
using card-farey-fractions-asymptotics
by (subst set-minus-plus [symmetric]) (simp-all add: fun-diff-def)

theorem card-farey-fractions-asymptotics’”:
(AN. real (card (farey-fractions N))) ~[at-top] (AN. 8 / pi* * (real N)?)
proof —
have (AN. real (card (farey-fractions N)) — 8 / pi® * (real N) ~2) € O(\N.
real N * In (real N))
by (rule card-farey-fractions-asymptotics)
also have (AN. real N * In (real N)) € o(AN. 8 / pi ~ 2 % real N~ 2)
by (rule landau-o.small.compose[OF - filterlim-real-sequentially]) simp
finally show ?thesis by (simp add: asymp-equiv-altdef)
qed

end

14 Efficient code for number-theoretic functions

theory Dirichlet-Efficient-Code
imports
Main
Moebius-Mu
More-Totient
Divisor-Count
Liowville-Lambda
HOL— Library.Code-Target-Numeral
Polynomial-Factorization. Prime-Factorization
begin

definition prime-factorization-nat’ :: nat = (nat x nat) list where
prime-factorization-nat’ n = (
let ps = prime-factorization-nat n
in map (Ap. (p, count-list ps p — 1)) (remdups-adj (sort ps)))

lemma set-prime-factorization-nat’:
set (prime-factorization-nat’ n) = (Ap. (p, multiplicity p n — 1)) ‘ prime-factors
n
proof (intro equalityl subsetl; clarify)
fix p k :: nat
assume pk: (p, k) € set (prime-factorization-nat’ n)
hence p: p € prime-factors n
by (auto simp: prime-factorization-nat’-def Let-def multiset-prime-factorization-nat-correct)
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hence p": prime p by (simp add: prime-factors-multiplicity)
from pk p’ have k = multiplicity p n — 1
by (auto simp: prime-factorization-nat’-def Let-def multiset-prime-factorization-nat-correct
count-prime-factorization-prime [symmetric] count-mset )
with p show (p, k) € (Ap. (p, multiplicity p n — 1)) ‘ prime-factors n by auto
next
fix p :: nat
assume p € prime-factors n
moreover from this have prime p by (simp add: prime-factors-multiplicity)
ultimately show (p, multiplicity p n — 1) € set (prime-factorization-nat’ n)
by (auto simp: prime-factorization-nat’-def Let-def multiset-prime-factorization-nat-correct

count-prime-factorization-prime [symmetric| count-mset)
qed

lemma distinct-prime-factorization-nat’ [simp): distinct (prime-factorization-nat’
n)
by (simp add: distinct-map inj-on-def prime-factorization-nat’-def Let-def)

lemmas (in multiplicative-function’) efficient-code’ =
efficient-code [of A-. prime-factorization-nat’ n n for n,
OF set-prime-factorization-nat’ distinct-prime-factorization-nat’]

14.1 Mobius p function

definition moebius-mu-auz :: nat = (unit = nat list) = int where
moebius-mu-auz n ps =
(if n # 0 N =4 dvd n A\ =9 dvd n then
(let ps = ps () n if distinct ps then if even (length ps) then 1 else —1 else
0) else 0)

lemma moebius-mu-conv-moebius-mu-aux:
fixes ¢s :: unit = nat list
defines ps = ¢s ()
assumes mset ps = prime-factorization n
shows moebius-mu n = of-int (moebius-mu-auz n gs)
proof (casesn = 0V 4 dvd n V 9 dvd n)
case Fulse
hence [simp]: n > 0 by auto
have set-mset (mset ps) = prime-factors n by (subst assms) simp
hence [simp]: set ps = prime-factors n by simp
show ?thesis
proof (cases distinct ps)
case True
have multiplicity p n = 1 if p: p € prime-factors n for p
proof —
from p and True have count (mset ps) p = 1 by (auto simp: distinct-count-atmost-1)
also from assms and p have count (mset ps) p = multiplicity p n
by (simp add: prime-factors-multiplicity count-prime-factorization-prime)
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finally show multiplicity p n = 1 .
qed
moreover from True have card (prime-factors n) = length ps
by (simp only: assms [symmetric] set-mset-mset distinct-card)
ultimately show ?thesis using False and True
by (auto simp add: moebius-mu-def moebius-mu-auz-def ps-def
Let-def squarefree-factorial-semiring’)
next
case Fulse
then obtain p where count (mset ps) p # (if p € set ps then 1 else 0)
by (subst (asm) distinct-count-atmost-1) auto
moreover from this have p: p € prime-factors n
by (cases count (mset ps) p = 0) (auto split: if-splits)
ultimately have count (mset ps) p > 1 by (cases count (mset ps) p) auto
with p and assms have multiplicity p n > 1
by (simp add: prime-factors-multiplicity count-prime-factorization-prime)
with False and assms and p have —squarefree n
by (auto simp: squarefree-factorial-semiring’’)
with Fualse and assms and p show ?thesis
by (auto simp: moebius-mu-def moebius-mu-auz-def)
qged
next
case True
with not-squarefreel[of 2 n] and not-squarefreel[of 3 n] show ?thesis
by (auto simp: moebius-mu-auz-def)
qged

lemma moebius-mu-code [code]:
moebius-mu n = of-int (moebius-mu-aux n (A-. prime-factorization-nat n))
by (rule moebius-mu-conv-moebius-mu-auz) (simp-all add: multiset-prime-factorization-nat-correct)

value moebius-mu 12578972695257 :: int

14.2 Euler’s ¢ function

primrec totient-auzl :: nat = nat list = nat where
totient-auzl n [| = n
| totient-auzl n (p # ps) = totient-auzl (n — n div p) ps

lemma of-nat-totient-auxl:
assumes Ap. p € set ps = prime p \p. p € set ps = p dvd n distinct ps
shows real (totient-auxl n ps) = real n x ([[p€set ps. 1 — 1 / real p)
using assms
proof (induction ps arbitrary: n)
case (Cons p ps n)
from Cons.prems have p: prime p p dvd n by auto
have real (totient-auzl n (p # ps)) = real (totient-auxl (n — n div p) ps) by
stmp
also have ... = real (n — n div p) * (][ pEset ps. 1 — 1 / real p)
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proof (rule Cons.IH)
fix ¢ assume ¢: ¢ € set ps
define m where m = n div p
from p have m: n = p x m by (simp add: m-def)
from Cons.prems q have prime q q dvd n p # q by auto
hence ¢ dvd m using primes-dvd-imp-eqlof ¢ p] p by (auto simp add: m
prime-dvd-mult-iff)
thus ¢ dvd n — n div p unfolding m-def using p <q dvd ny by simp
qged (insert Cons.prems, auto)
also have real (n — n divp) = real n * (I — 1 / real p)
by (simp add: of-nat-diff real-of-nat-div p field-simps)
also have ... x ([[ p€set ps. 1 — 1 / real p) = real n x ([ pEset (p#ps). 1 —
1 / real p)
using Cons.prems by simp
finally show ?case .
qed simp-all

lemma totient-conv-totient-auzl:
assumes set ps = prime-factors n distinct ps
shows totient n = totient-auxl n ps
proof —
from assms have real (totient-auzl n ps) = real n * (][] pEset ps. 1 — 1 / real
p)
by (intro of-nat-totient-auzl) auto
also have set ps = prime-factors n by fact
also have real n * ([[ peprime-factors n. 1 — 1 ] real p) = real (totient n)
by (rule totient-formula2 [symmetric])
finally show ?thesis by (simp only: of-nat-eg-iff)
qed

definition prime-factors-nat :: nat = nat list where
prime-factors-nat n = remdups-adj (sort (prime-factorization-nat n))

lemma set-prime-factors-nat [simpl: set (prime-factors-nat n) = prime-factors n
unfolding prime-factors-nat-def multiset-prime-factorization-nat-correct by simp

lemma distinct-prime-factors-nat [simp]: distinct (prime-factors-nat n)
by (simp add: prime-factors-nat-def)

definition totient-auz?2 :: (nat x nat) list = nat where
totient-auz2 xs = ([[ (p,k)axs. p "k x (p — 1))

lemma totient-conv-totient-aux2:
assumes n # 0
assumes set zs = (Ap. (p, multiplicity p n — 1)) ¢ prime-factors n
assumes distinct xs
shows totient n = totient-auz2 zs
proof —
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have totient-auz2 zs = (][ (p,k)<zs. p "k * (p — 1)) by (fact totient-aux2-def)
also from assms have ... =
(ITze(\p. (p, multiplicity p n — 1)) * prime-factors n. case x of (p, k) = p ~
kx (p — Suc 0))
by (subst prod.distinct-set-conv-list [symmetric]) simp-all
also have ... = ([] peprime-factors n. p ~ (multiplicity p n — 1) * (p — Suc
0))
by (subst prod.reindex) (auto simp: inj-on-def)
also have ... = ([] peprime-factors n. p ~ multiplicity p n — p ~ (multiplicity
pn—1))
by (intro prod.cong refl) (auto simp: prime-factors-multiplicity algebra-simps
power-Suc [symmetric] simp del: power-Suc)

also have ... = totient n using assms(1) by (subst totient.prod-prime-factors’)
auto

finally show ?thesis ..
qed

lemma totient-codel: totient n = totient-auzl n (prime-factors-nat n)
by (intro totient-conv-totient-auzl) simp-all

lemma totient-code2: totient n = (if n = 0 then 0 else totient-auz2 (prime-factorization-nat’

n))

by (simp-all add: set-prime-factorization-nat’ totient-conv-totient-auz2 split: if-splits)

declare totient-code-naive [code del
lemmas [code] = totient-code?
value totient 125789726827482323235784

14.3 Divisor Functions

lemmas [code del] = divisor-count-naive divisor-sum-naive

lemmas [code] = divisor-count.efficient-code’ divisor-sum.efficient-code’

value int (divisor-count 378568418621)
value int (divisor-sum 378568418621)

14.4 Liouville’s )\ function

lemma [code]: liouville-lambda n =
(if n = 0 then 0 else if even (length (prime-factorization-nat n)) then 1 else —1)
by (auto simp: liouville-lambda-def multiset-prime-factorization-nat-correct)

value liouville-lambda 1264785343674 :: int

end
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