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Abstract

Dinitz, Garg, and Goemans proved that a feasible fractional single-
source flow can be rounded to an unsplittable flow with additive con-
gestion bounded by the largest demand [1]. Goemans conjectured that
the rounding can simultaneously preserve cost; recent work still treats
this as a central open cost variant [3].

This entry verifies the finite counterexample announced by Dmitry
Rybin in July 2026 [2]. It defines a generic finite path-flow model and
realizes the displayed instance as a directed graph with seven vertices,
nine arcs, and three terminal demands. Isabelle classifies every source-
to-terminal path and checks a feasible fractional flow of cost 58 that
saturates every arc. The maximum demand is 15. Any unsplittable
routing whose load on every arc is at most the fractional load plus
15 must choose at least two positive-cost routes, each costing 30, and
therefore costs at least 60. Consequently no cost-preserving rounding
exists, even under the weaker non-strict congestion bound.

AT assistance was used for proof engineering. The final definitions,
statements, and proofs are checked by Isabelle.
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theory Dinitz-Garg-Goemans-Counterexample

imports Complex-Main

begin
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1 Finite path-flow instances

We use a path-based formulation of single-source flow. A route records one
admissible source-to-terminal path, and pf-uses is its arc-incidence predicate.
The finite carrier types make all loads and costs explicit finite sums.

record ('commodity, 'route, ‘arc) path-flow-instance =
pf-admissible :: 'commodity = 'route = bool
pf-demand :: 'commodity = real
pf-capacity :: 'arc = real
pf-cost :: 'arc = real
pf-uses :: ‘commodity = 'route = 'arc = bool

definition fractional-load ::
(‘commodity::finite, 'route::finite, ‘arc) path-flow-instance =
("commodity = 'route = real) = 'arc = real where
fractional-load I f a =
(3" keUNIV. > reUNIV. if pf-uses I k r a then fk r else 0)

definition fractional-cost ::
(‘commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
(‘commodity = 'route = real) = real where
fractional-cost I f =
(3> a€eUNIV. pf-cost I a * fractional-load I f a)

definition maximum-demand ::
(‘commodity::finite, 'route, 'arc) path-flow-instance = real where
mazimum-demand I = Maz (pf-demand I * (UNIV :: 'commodity set))

definition well-formed-instance ::
(‘commodity, 'route, 'arc) path-flow-instance = bool where
well-formed-instance I «——
(Vk. 0 < pf-demand I k N (3r. pf-admissible I k1)) A
(Va. 0 < pf-capacity I a A 0 < pf-cost I a)

definition fractional-feasible ::
(‘commodity::finite, 'route::finite, ‘arc) path-flow-instance =
(‘commodity = 'route = real) = bool where
fractional-feasible I f «——
well-formed-instance I A
~Vkr.0<fkr)A
(Vk r. = pf-admissible [ kr — fkr = 0) A
(VEk. O reUNIV. fkr) = pf-demand I k) A
(V a. fractional-load I f a < pf-capacity I a)

definition unsplittable-routing ::
(‘commodity, 'route, 'arc) path-flow-instance =
("commodity = 'route) = bool where
unsplittable-routing I ¢ —— (Y k. pf-admissible I k (q k))



definition unsplittable-load ::
('commodity::finite, 'route, 'arc) path-flow-instance =
("commodity = 'route) = 'arc = real where
unsplittable-load I q a =
(3" keUNIV. if pf-uses I k (q k) a then pf-demand I k else 0)

definition unsplittable-cost ::
(‘commodity::finite, 'route, 'arc::finite) path-flow-instance =
("commodity = 'route) = real where
unsplittable-cost I ¢ =
(3° acUNIV. pf-cost I a * unsplittable-load I q a)

definition weak-dgg-rounding ::
(‘commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
(‘commodity = 'route = real) =
("commodity = 'route) = bool where

weak-dgg-rounding I f ¢ «——
unsplittable-routing I q N
(Y a. unsplittable-load I q a
< fractional-load I f a + mazimum-demand I) A

unsplittable-cost I q < fractional-cost I f

definition strict-dgg-rounding ::

(‘commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
("commodity = 'route = real) =
(‘commodity = 'route) = bool where

strict-dgg-rounding I f ¢ «—
unsplittable-routing I q N
(Y a. unsplittable-load I q a

< fractional-load I f a + mazimum-demand I) A

unsplittable-cost I q < fractional-cost I f

definition weak-dgg-property ::
(‘commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
("commodity = 'route = real) = bool where
weak-dgg-property I f «—— (3 q. weak-dgg-rounding I f q)

definition strict-dgg-property ::
("commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
("commodity = 'route = real) = bool where
strict-dgg-property I f «— (3 q. strict-dgg-rounding I f q)

definition dgg-counterexample ::
("commodity::finite, 'route::finite, 'arc::finite) path-flow-instance =
("commodity = 'route = real) = bool where
dgg-counterezample I f «——
well-formed-instance I A fractional-feasible I f N
= weak-dgg-property I f



lemma strict-dgg-rounding-imp-weak:
strict-dgg-rounding I f ¢ = weak-dgg-rounding I f q
(proof)

2 The directed graph and all of its terminal paths

datatype vertex =
Source
| Junction-U
| Junction-V
| Junction-W
| Terminal-1
| Terminal-2
| Terminal-3

datatype commodity = Commodity-1 | Commodity-2 | Commodity-3

datatype arc =
S-T1
| S-T2
| S-U
| U-V

datatype route-choice = Paid | Free

fun arc-tail :: arc = vertex where
arc-tail S-T1 = Source

| arc-tail S-T2 = Source

| arc-tail S-U = Source

| arc-tail U-V = Junction-U

| arc-tail U-T8 = Junction-U

| arc-tail V-T1 = Junction-V

| arc-tail V-W = Junction-V

| arc-tail W-T2 = Junction-W

| arc-tail W-T3 = Junction-W

fun arc-head :: arc = vertex where
arc-head S-T1 = Terminal-1

| arc-head S-T2 = Terminal-2

| arc-head S-U = Junction-U

| arc-head U-V = Junction-V

| arc-head U-T3 = Terminal-3

| arc-head V-T1 = Terminal-1

| arc-head V-W = Junction-W



| arc-head W-T2 = Terminal-2
| arc-head W-T3 = Terminal-3

fun commodity-terminal :: commodity = vertex where
commodity-terminal Commodity-1 = Terminal-1

| commodity-terminal Commodity-2 = Terminal-2

| commodity-terminal Commodity-3 = Terminal-3

fun edge-path :: verter = arc list = vertex = bool where
edge-path u [| v = (u = v)
| edge-path u (a # as) v =
(arc-tail a = u A edge-path (arc-head a) as v)

lemma arc-tail-eq-source [simp]:
arc-tail a = Source «—— a = 8-T1 V a=5-T2 V a = S-U
(proof)

lemma arc-tail-eq-junction-u [simp):
arc-tail a = Junction-U «—— a = U-V V a = U-TS8
(proof)

lemma arc-tail-eg-junction-v [simpl:
arc-tail a = Junction-V «—— a = V-T1 V a = V-W
(proof)

lemma arc-tail-eq-junction-w [simpl:
arc-tail a = Junction-W «—— a = W-T2 V a = W-T8
(proof)

lemma arc-tail-eq-terminal-1 [simp]:
arc-tail a = Terminal-1 «—— False

(proof)

lemma arc-tail-eq-terminal-2 [simp]:
arc-tail a = Terminal-2 «—— Fulse

{proof)

lemma arc-tail-eq-terminal-3 [simp]:
arc-tail a = Terminal-3 «—— Fulse

(proof)

lemma edge-path-from-terminal-1 [simp):
edge-path Terminal-1 as v «— as = [| A v = Terminal-1

(proof)

lemma edge-path-from-terminal-2 [simp):
edge-path Terminal-2 as v «—— as = [| A v = Terminal-2

(proof)



lemma edge-path-from-terminal-3 [simp):
edge-path Terminal-3 as v «— as = [| A v = Terminal-3
{proof)

lemma edge-path-from-junction-w [simp]:
edge-path Junction-W as v «——
(as =[] A v = Junction-W) V
(as = [W-T2] N v = Terminal-2) V
(as = [W-T3] A v = Terminal-3)
(proof)

lemma edge-path-from-junction-v [simpl:
edge-path Junction-V as v «—
(as =[] A v = Junction-V) V
[V-T1] A v = Terminal-1) V
(as = [V-W] A v = Junction-W) V
(as = [V-W, W-T2] A v = Terminal-2) V
(as = |
r

—
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»

I

V-W, W-T3] A v = Terminal-3)

lemma edge-path-from-junction-u [simp]:

edge-path Junction-U as v «—

(as =[] A v = Junction-U) V

[U-V] A v = Junction-V) V
[U-T3] A v = Terminal-3) V
[U-V, V-T1] A v = Terminal-1) V
[
[
[

SEESEES
D » »
o

U-V, V-W] A v = Junction-W) V
U-V, V-W, W-T2] A v = Terminal-2) V
U-V, V-W, W-T3] A v = Terminal-3)

[~~~
8
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lemma edge-path-from-source [simpl:
edge-path Source as v «——
| A v = Source) v

[
(as = [S-T1] A v = Terminal-1) V
(as = [S-T2] A v = Terminal-2) V
(as = [S-U] A v = Junction-U) V
(as = [S-U, U-V] A v = Junction-V) V
(as = [S-U, U-T3] A v = Terminal-3) V
(as = [S-U, U-V, V-T1] A v = Terminal-1) V
(as = [S-U, U-V, V-W] A v = Junction-W) V
(as = [S-U, U-V, V-W, W-T2] A v = Terminal-2) V
(as = [S-U, U-V, V-W, W-T3] A v = Terminal-3)

(proof)

fun route-edges :: commodity = route-choice = arc list where
route-edges Commodity-1 Paid = [S-T1]

| route-edges Commodity-1 Free = [S-U, U-V, V-T1]

| route-edges Commodity-2 Paid = [S-T2]



| route-edges Commodity-2 Free = [S-U, U-V, V-W, W-T2]
| route-edges Commodity-3 Paid = [S-U, U-T3)
| route-edges Commodity-8 Free = [S-U, U-V, V-W, W-T3]

lemma route-edges-valid:
edge-path Source (route-edges k r) (commodity-terminal k)

(proof)

theorem all-source-terminal-paths:
edge-path Source as (commodity-terminal k) «—
as = route-edges k Paid V as = route-edges k Free

(proof)

corollary graph-paths-exactly-routes:
{as. edge-path Source as (commodity-terminal k)} =
{route-edges k Paid, route-edges k Free}

(proof)

3 The counterexample instance

fun demand-amount :: commodity = real where
demand-amount Commodity-1 = 15

| demand-amount Commodity-2 = 10

| demand-amount Commodity-3 = 15

fun arc-capacity :: arc = real where
arc-capacity S-T1 = 10
| arc-capacity S-T2 = 6
| arc-capacity S-U = 24
| arc-capacity U-V = 1}
| arc-capacity U-T3 = 1
| arc-capacity V-T1 = &
| arc-capacity V-W = 9
| arc-capacity W-T2 = 4
| arc-capacity W-T3 = &

fun arc-cost :: arc = real where
arc-cost S-T1 = 2

| arc-cost S-T2 = 3

| arc-cost S-U = 0

| arc-cost U-V = 0

| arc-cost U-T3 = 2

| arc-cost V-T1 = 0

| arc-cost V-W = 0

| arc-cost W-T2 = 0

| arc-cost W-T3 = 0

definition counterexample-uses ::
commodity = route-choice = arc = bool where



counterezample-uses k r a «—— a € set (route-edges k r)

definition counterexample-instance ::
(commodity, route-choice, arc) path-flow-instance where
counterexample-instance =

(pf-admissible = (M- -. True),

pf-demand = demand-amount,

pf-capacity = arc-capacity,

pf-cost = arc-cost,

pf-uses = counterezample-uses|)

fun split-flow :: commodity = route-choice = real where
split-flow Commodity-1 Paid = 10

| split-flow Commodity-1 Free = 5

| split-flow Commodity-2 Paid = 6

| split-flow Commodity-2 Free = /

| split-flow Commodity-3 Paid = 10

| split-flow Commodity-3 Free = &5

lemma UNIV-commodity [simp):
(UNIV :: commodity set) =
{Commodity-1, Commodity-2, Commodity-3}
(proof)

lemma UNIV-route-choice [simpl:
(UNIV :: route-choice set) = {Paid, Free}

(proof)

lemma UNIV-arc [simp]:
(UNIV :: arc set) =
{§-T1, §-T2, S-U, U-V, U-T3, V-T1, V-W, W-T2, W-T3}
(proof)

instantiation commodity :: finite
begin

instance

(proof)

end

instantiation route-choice :: finite
begin

instance
(proof)

end



instantiation arc :: finite
begin

instance
(proof)

end

lemma counterezample-well-formed:
well-formed-instance counterexample-instance

(proof)

lemma counterezample-mazimum-demand [simp):
mazimum-demand counterexample-instance = 15

(proof)

lemma split-flow-meets-demands:
(>-reUNIV. split-flow k r) = demand-amount k

{proof)

lemma split-flow-load [simp]:
fractional-load counterexample-instance split-flow a = arc-capacity a
(proof)

theorem split-flow-saturates-capacities:
Y a. fractional-load counterexample-instance split-flow a =
pf-capacity counterexample-instance a

(proof)

lemma split-flow-bound-iff-capacity-bound:
(V a. unsplittable-load counterexample-instance q a
< fractional-load counterexample-instance split-flow a + 15)
>
(V a. unsplittable-load counterexample-instance q a
< pf-capacity counterexample-instance a + 15)

(proof)

theorem split-flow-feasible:
fractional-feasible counterexample-instance split-flow

(proof)

theorem split-flow-cost:
fractional-cost counterexample-instance split-flow = 58

(proof)



4 Every bounded unsplittable routing costs at least
sixty

Every paid route costs exactly thirty. If at most one commodity takes its
paid route, one of three backbone arcs violates the additive bound: the load
on S-U is forty when only commodity three is paid, the load on U-V is thirty
when only commodity two is paid, and the load on V-W is twenty-five when
only commodity one is paid. Their respective allowed loads are thirty-nine,
twenty-nine, and twenty-four.

definition paid-count :: (commodity = route-choice) = nat where
paid-count q =
(if ¢ Commodity-1 = Paid then 1 else 0) +
(if ¢ Commodity-2 = Paid then 1 else 0) +
(if ¢ Commodity-3 = Paid then 1 else 0)

lemma unsplittable-load-s-u:
unsplittable-load counterexample-instance q S-U =
(if ¢ Commodity-1 = Free then 15 else 0) +
(if ¢ Commodity-2 = Free then 10 else 0) + 15

(proof)

lemma unsplittable-load-u-v:
unsplittable-load counterexample-instance q U-V =
(if ¢ Commodity-1 = Free then 15 else 0) +
(if ¢ Commodity-2 = Free then 10 else 0) +
(if ¢ Commodity-8 = Free then 15 else 0)

(proof)

lemma unsplittable-load-v-w:
unsplittable-load counterexample-instance q V-W =
(if ¢ Commodity-2 = Free then 10 else 0) +
(if ¢ Commodity-3 = Free then 15 else 0)

(proof)

lemma bounded-routing-has-two-paid:
assumes bound:
Y a. unsplittable-load counterexample-instance q a
< fractional-load counterexample-instance split-flow a + 15
shows 2 < paid-count q

(proof)

lemma unsplittable-cost-eq-paid-count:
unsplittable-cost counterexample-instance ¢ = 30 x real (paid-count q)

{proof)

theorem bounded-unsplittable-cost:
assumes bound:
Y a. unsplittable-load counterexample-instance q a

10



< fractional-load counterexample-instance split-flow a + 15
shows 60 < unsplittable-cost counterexample-instance q

(proof)

corollary capacity-bounded-unsplittable-cost:
assumes bound:
V a. unsplittable-load counterexample-instance q a
< pf-capacity counterexample-instance a + 15
shows 60 < unsplittable-cost counterexample-instance q

(proof)

theorem no-weak-dgg-rounding:
= weak-dgg-property counterexample-instance split-flow

(proof)

corollary no-strict-dgg-rounding:
= strict-dgg-property counterexample-instance split-flow

(proof)

theorem dinitz-garg-goemans-cost-countererample:
dgg-counterexample counterexample-instance split-flow

(proof)

corollary weak-dgg-cost-conjecture-false:
= (V(I :: (commodity, route-choice, arc) path-flow-instance) f.
well-formed-instance I A fractional-feasible I f
— weak-dgg-property I f)
(proof)

corollary strict-dgg-cost-conjecture-false:
= (V(I :: (commodity, route-choice, arc) path-flow-instance) f.
well-formed-instance I A fractional-feasible I f
— strict-dgg-property I f)
(proof)

end
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