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Abstract

Dilworth’s Theorem states that in any finite partially ordered set,
the size of a largest antichain equals the minimum number of chains
needed to cover the set. We report a complete, machine-checked for-
malization of Dilworth’s Theorem and of its extension to countable
partial orders of finite width in the Isabelle/HOL proof assistant. The
finite case is obtained from a formalization of the Kénig—Egervary The-
orem on the construction of a bipartite digraph associated with the
partial order. For finite width, the countable case reduces to the fi-
nite one through a compactness argument: the incomparability graph
of the partial order is shown to be k-colorable whenever every finite
induced subgraph is, by appealing to a formalization of the De Bruijn—
Erdés coloring theorem, itself a consequence of the compactness of
propositional logic. We describe the formal statements, the central
definitions, and the two top-level theorems together with their Isar
proofs. This development continues the previous work on the mech-
anization of combinatorial theorems over countable infinite structures
derived from propositional compactness.

Keywords: Dilworth’s Theorem - Isabelle/HOL - Partial Order The-
ory - Chains and Antichains - De Bruijn—Erdés Theorem - Konig-
Egervary Theorem - Propositional Compactness.

1 Introduction

In the PhD thesis, an Isabelle/HOL formalization of the theory of proposi-
tional logic that includes landmark theorems such as the compactness theo-
rem was developed [11], further adapted and included in the Isabelle theory
on compactness and combinatorial applications [15]. This theory includes
formalizations of combinatorial theorems extended to the countable (infi-
nite) case though the constructive application of the compactness theorem,



which include the first formalization of the countable version of Hall’s The-
orem (cf. [4]) for countable families of sets, the countable graph-version
of Hall’s Theorem, as well as the de Bruijn—Erdés k-coloring theorem (cf.
[2]) for infinite graphs [12, 13]. The formalizations use standard compactness
arguments, building models for finite substructures from which the combina-
torial theorem for infinite structures follows. For instance, the formalization
of the infinite version of Hall’s Theorem uses the completeness theorem and
the finite formalization of Hall’s Theorem developed by Jiang and Nipkow
[5, 6].

Following this line of research, this paper addresses the countable ver-
sion of Dilworth’s Theorem for partial orders of finite width, a case that
— in contrast to the situation for infinite width discussed below — does
follow from the finite theorem by a standard compactness argument; our
contribution is a complete machine-checked formalization of it. A chain in
a partially ordered set P = (A, <) is a subset that is totally ordered by <,
and an antichain is a subset of pairwise incomparable elements. Dilworth’s
Theorem [3] asserts that, for a finite P, the maximum cardinality of an
antichain (the width of P) equals the least number of chains into which A
can be partitioned. The result is a cornerstone of order theory and com-
binatorics and admits several classical proofs, including one through the
Konig-Egervary Theorem on bipartite graphs. Indeed, also in his seminal
paper [3], Dilworth proved the general theorem that if an infinite poset has
a finite maximum antichain size w, it can be partitioned into exactly w
chains. Dilworth did not use a standard compactness approach. Instead, he
found an ad hoc proof that constructed the infinite decomposition directly
by applying Zorn’s Lemma.

In [8], Milner observes that,

Nowadays, we should probably say that the infinite case of Dil-
worth’s decomposition theorem [3] follows from the finite case by
“a standard compactness arqgument.” Depending upon one’s up-
bringing, what we would have in mind is an application of Gédel’s
compactness theorem in logic (cf Church [1]), Tychonoff’s theo-
rem on compact topological spaces, or (if one is a combinatorial-
ist) Rado’s selection lemma [10]. For example, we might argue
as follows. Let P = (P, <) be a (partially) ordered set with no
antichain of size k + 1. Then, by the finite case of Dilworth’s
Theorem, any finite subcollection of the set of sentences

S={pe1 V- Vper:x€P} U {=(priApyi):z Ly 1<i<k},

has a model (where x L y means x and y incomparable in P, and
Dz,i s a propositional variable with the intended interpretation “x



belongs to the it" chain”). Hence S has a model and P is the
union of the k chains C; = {x € P : py; is true} (1 <i<k).

Micha A. Perles’ famous counterexample, published in [9], shows that
Dilworth’s Theorem fails for posets with infinite width. The construction
utilizes the Cartesian product of the first uncountable ordinal with itself,
denoted as P = wi X w1, equipped with the standard component-wise prod-
uct order where («, 8) < (,0) if and only if « < and 5 < §. An antichain
in this poset requires that elements be strictly increasing in one coordinate
and strictly decreasing in the other. Because w; is a well-ordered set, it
cannot contain an infinite strictly decreasing sequence, which implies that
every antichain in P must be finite.

On the other side, Perles’s poset cannot be decomposed into a count-
able collection of chains, thereby shattering the classical finite intuition. By
definition, any two elements in a chain C' C P must be comparable, mean-
ing both coordinates must move in the same direction simultaneously. This
geometric constraint implies that a chain can intersect any vertical slice
{a} x w1 at most once, effectively behaving as a partial function from w to
w1. Suppose P could be partitioned into countably many chains {C), },ew,
the set of all vertical coordinates covered at a fixed horizontal position «
would be a countable union of single points, which is at most countable.
However, since the vertical axis w; is inherently uncountable, a vast ma-
jority of the grid’s surface area remains entirely untouched, proving that a
countable chain cover is mathematically impossible.

Concerning previous formal developments on this topic, the only other
Mechanization of Dilworth’s Theorem in Isabelle/HOL that we are aware
of is the recent Archive of Formal Proofs entry Formal Proof of Dilworth’s
Theorem by Maadoori, Meesum, Pillai, Prathamesh and Swami [7], which
formalises the finite case following Perles’s proof and Singh’s earlier Coq
development [14]. Our work instead addresses the countable-infinite case
via propositional compactness.

As previously mentioned, for infinite posets, Dilworth’s Theorem requires
care: the largest antichain and the smallest (finite) chain decomposition have
equal cardinality, whenever there is a finite bound on the size of antichains.
In this case, the finite version of Dilworth’s Theorem can be combined with
a compactness argument based on a graph-coloring reformulation.

Main Contributions. The main contributions of this paper are the fol-
lowing.

e A formal proof of the countable infinite version of Dilworth’s
Theorem obtained from the finite case through a formalization of
the k-coloring De Bruijn-Erdés theorem [2] and the propositional com-
pactness theorem.



o As lemmas necessary to obtain the formalization of the infinite version
of Dilworth’s Theorem, we have two relevant and nontrivial results:

— the formalization of Konig-Egervary’s Theorem, also known
as the bipartite matching duality theorem, which states that the
size of a maximal matching equals the size of a minimum vertex
cover in finite bipartite digraphs. This theorem was formalized
using the countable version of Hall’s Theorem for graphs, de-
scribed in [13], developed as an application of the compactness
theorem and Hall’s Theorem for sets [12], and part of the theory
on propositional compactness in the Archive of Formal Proofs
[15]; and

— the formalization of the finite version of Dilworth’s Theo-
rem, obtained from Konig-Egervary’s theorem by associating a
bipartite digraph with the partial order and constructing, from
a maximum matching and a minimum vertex cover, a smallest
chain decomposition and a largest antichain of the same cardi-

nality.
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2 Konig-Egervary theorem for finite graphs
theory Koenig-Egervary-finite

This theory formalizes the fact that the Cardinality of a maximal match-
ing equals the Cardinality of a minimum Vertex Cover in finite bipartite
digraphs. The formalization uses the countable graph version of Hall Theo-
rem proved in the Prop_Compactness as a consequence of the compactness
theorem.

Goal: apply the finite version of Konig-Egervary theorem in the proof of a
countable (infinite) version of Dilworth’s theorem.

The countable version of Dilworth’s theorem follows the standard approach



which applies the finite version of Dilworth’s theorem, De Bruijn-Erdés k-
colouring theorem.

From the finite graph version of Hall theorem follows the finite version of
Konig-Egervary theorem, and then, the finite version of Dilworth’s theorem.

Formalization following Jonathan L. Gross’ textbook, "Graph Theory and
its Applications', 3rd edition, pages 477-478 Hall’s theorem implies Konig-
Egervary’s theorem

Definition 1 A vertex cover of a graph G is a set C C V(G) that contains
at least one endpoint of every edge. The vertices in C cover E(G). The next
definition is relative to a subset of edges. Then, C such that vertez_cover
G C E(G) is a vertex cover covering all edges of G.

definition wvertez-cover:: (‘a,’b) pre-digraph = 'b set = 'a set = bool
where
vertez-cover G E C = C C (verts G) N E C(arcs G) A
(V e€ E. (head Ge) € CV (tail Ge) € C)

Since no vertex can cover two edges of a matching, the size of every vertex
cover is at least the size of every matching.

Lemma 1 Let M be a matching in a graph G, and let C' be a vertex cover
of G. Then card M < card C.

lemma vertex-in-matching:
assumes dirBD-matching G X Y E
shows Vel € E.Ve2 € E. el # 2 —
(((tail G el) = v V (head G el) = v) — ((tail G e2) # v A (head G e2)
# v))
proof (rule+)
show Ael e2.
el € E =
e2 € b =
el # €2 = taill G el = vV head G el = v = tail G e2 = v = Fulse
by (metis assms bipartite-digraph-def dirBD-matching-def
dir-bipartite-digraph-def disjoint-iff tail-headl)
next
show Ael e2.
el € F =
e2 € FE = el # e2 = tail Gel = vV head G el = v = head G e2 #+
v
by (metis assms bipartite-digraph-def dirBD-matching-def dir-bipartite-digraph-def
disjoint-iff tail-headl)
qed



fun f-matching-cover :: ('a,’b) pre-digraph = 'a set = 'b set = (‘a = 'b)
where
f-matching-cover G VE = (M. (THE e. e € E A (tail G e = v V head G e

=v)))

lemma function-f-matching-cover:
assumes dirBD-matching G X Y E
and acF and (head G a) = v V (tail G a) = v
shows f-matching-cover G V Ev = a
proof—
have (THE e. e € E A (tail Ge= vV head G e =v)) = a
proof(rule the-equality)
show a € E A (tail G a = v V head G a = v) using assms(2,3) by auto
next
fix e
assume hypl: e € E A (tail Ge= vV head G e = v)
show e=a
proof (rule ccontr)
assume hyp2: e # a
hence (tail G e¢) # v A (head G e) # v
using assms hypl hyp2 wvertez-in-matchinglof G X Y E] by auto
thus Fualse using hyp! by auto
qed
qed
thus %thesis by simp
qged

lemma surj-f~-matching-coverl:
assumes dirBD-matching G X Y E and wvertex-cover G E C
shows VecE. FJveC. f-matching-cover G C Ev = ¢
proof
fix e
assume hyp: e€eF
show JveC. f-matching-cover G C Ev = e
proof—
have x: (head G e) € C V (tail Ge) € C
using assms(2) hyp by(unfold vertex-cover-def, auto)
let ?v1 = (head G e)
let 202 = (tail G ¢€)
have (%v1 = (head G e) V 2v1 = (tail G e)) A (?v2 = (head G e) V 702 =
(tail G e))
by auto
hence (f-matching-cover G C E %v1 = e) A (f-matching-cover G C E 2v2 = e¢)
using assms(1) hyp function-f-matching-cover[of G X Y E e - C] by auto
thus ?thesis using * by auto
qed
qed



lemma surj-f~-matching-cover:
assumes dirBD-matching G X Y E and vertex-cover G E C
shows E C (f-matching-cover G C' E) * C
proof
fix e
assume e € F
hence FveC. f-matching-cover G C Ev = e
using assms surj-f-matching-coverl[of G X Y E C] by auto
thus e € f-matching-cover G C E ¢ C using image-def by auto
qed

lemma card-matching-cover:
assumes dirBD-matching G X Y E and vertez-cover G E C and finite C
shows card E < card ((f-matching-cover G C E) ¢ C)
proof—
have E C (f-matching-cover G C E) * C
using assms surj-f-matching-cover[of G X Y E| by auto
thus ?thesis using assms(3) by (simp add: card-mono)
qed

lemma card-matching-cover0:
assumes finite C
shows card ((f-matching-cover G C E) ¢ C') < card C using
card-image-le assms by auto

lemma card-matching-coverl:
assumes dirBD-matching G X Y E and vertex-cover G E C and finite C
shows card E < card C using assms card-matching-cover[of G X Y E C)|
card-matching-coverO[of C G E] by auto

Definition 2 A minimum vertex cover is a vertex cover of minimum size
among all vertex cover of the graph.

definition minimum-vertez-cover:: ('a,’b) pre-digraph = 'b set = ’a set = bool

where minimum-vertex-cover G E C
= (vertex-cover G E C) N (Y C1. vertex-cover G E C1 — card C < card
C1)

Definition 3 A mazimum matching is a matching of maximum size among
all matchings of the graph.

definition mazimum-dirBD-matching:: ('a,’b) pre-digraph = 'a set = 'a set = 'b
set = bool
where mazimum-dirBD-matching G X Y E =
dirBD-matching G X Y E N (V E1. dirBD-matching G X Y E1 — card
E1 < card E)



Let M be a matching in a graph G, and let C be a vertex cover of G such
that [M| = |C|. Then M is a maximum matching and C is a minimum vertex
cover.

lemma matching-cover-subl:
assumes vertex-cover G E C and F1 C FE
shows vertez-cover G E1 C' using assms by(unfold vertex-cover-def, auto)

corollary matching-cover-sub2:
assumes vertez-cover G (arcs G) C and E1 C (arcs G)
shows vertex-cover G E1 C using assms matching-cover-subl by blast

lemma card-matching-cover2:
assumes dirBD-matching G X Y E and
vertez-cover G (arcs G) C and
finite (verts G) and
card E = card C
shows mazimum-dirBD-matching G X Y E A\ minimum-vertez-cover G (arcs G)
C
proof
have C C (verts G) using assms(2) unfolding vertez-cover-def by auto
hence x* : finite C using assms(8) finite-subset|of C verts G] by auto
show mazimum-dirBD-matching G X Y E
proof (unfold maximum-dirBD-matching-def, rule conjl)
show dirBD-matching G X Y E using assms(1) by auto
next
show V E1. dirBD-matching G X Y E1 — card E1 < card E
proof (rule alll, rule impI)
fix F1
assume hyp: dirBD-matching G X Y E1
show card F1 < card E
proof (rule ccontr)
assume — card E1 < card F
hence card E < card E1 by auto
hence card C < card E1 using assms(4) by auto
moreover
have card F1 < card C
using hyp dirBD-matching-def[of G X Y E1] matching-cover-sub2
card-matching-coverl[of G X Y E1 C] assms(2) * by auto
ultimately
show Fulse by auto
qed
qed
qed
next
show minimum-vertez-cover G (arcs G) C
proof (unfold minimum-vertez-cover-def, rule conjI)
show vertez-cover G (arcs G) C using assms(2) by auto
next
have 2: E C arcs G using assms(1) unfolding dirBD-matching-def by auto



show V C1. vertex-cover G (arcs G) C1 — card C < card C1
proof (rule alll, rule impI)
fix C1
assume hyp: wvertex-cover G (arcs G) C1
show card C < card C1
proof—
have 1: wvertez-cover G E C1
proof (unfold vertex-cover-def, intro conjl balll)
show C1 C (verts G) using hyp by(unfold vertex-cover-def, auto)
show FE C arcs G using 2 by auto
next
fix e
assume ecF
hence ec(arcs G) using 2 by auto
thus head G e € C1 V tail G e € C1 using hyp by (unfold vertez-cover-def,

auto)
qged
next
show card C' < card C1
proof—
have 1: vertex-cover G E C1
proof (unfold vertez-cover-def, intro balll conjI)
show C1 C (verts G) using hyp by(unfold vertex-cover-def, auto)
show FE C arcs G using 2 by auto
fix e
assume eckE
hence ec(arcs G) using 2 by auto
thus head G e € C1 V tail G e € C1 using hyp by (unfold vertez-cover-def,
auto)

qed
have C1 C verts G using 1 by(unfold vertex-cover-def, auto)
hence finite C1 using assms(3) by (simp add: finite-subset)
hence card E < card C1 using assms(1) 1 card-matching-cover![of G X

Y E C1] by auto
thus card C < card C1 using assms(4) by auto

qed
qed
qed
qed
qed

Remark: The converse of the above property does not hold in general; how-

ever, it does hold for bipartite graphs.

Theorem 1 (Konig-Egervary) If G is a bipartite graph, then the maz-
imum size of a matching in G equals the minimum size of a vertex cover

G.

lemma vertez-subset-BD-decomposition:



assumes bipartite-digraph G X Y and C C (verts G)
shows C=(CNX)u(CnNnY)
by (metis assms(1,2) bipartite-digraph-def inf.order-iff inf-sup-distrib1)

lemma cover-descomposition:
assumes bipartite-digraph G X Y and vertez-cover G (arcs G) C
shows C = (CNX)U(CNY)
using vertex-subset-BD-decomposition
by (metis assms(1,2) vertez-cover-def)

lemma cover-descompositionl:
assumes bipartite-digraph G X Y and minimum-vertex-cover G (arcs G) C
shows C = (CNX)U(CNY)
using assms(1,2) cover-descomposition minimum-vertez-cover-def by blast

lemma card-neighbourhood:
assumes finite (| (neighbourhood G‘W)) and
card (U (neighbourhood G(W—{w}))) = card (|J (neighbourhood G * W))
shows (|J (neighbourhood G{(W—{w}))) = (U (neighbourhood G * W)) using
assms
proof—
have (|J (neighbourhood G{W—{w}))) C (U (neighbourhood G ¢ W)) using
assms by auto
thus ?thesis using assms card-subset-eq[of |J (neighbourhood G * W) (| (neighbourhood
G(W—{w})))]
by auto
qged

lemma neighbourhood-set:
assumes finite W and finite (|J (neighbourhood G‘W)) and
(card W) > card (|J (neighbourhood G < W))
shows FJweW. (| (neighbourhood G(W—{w}))) = (U (neighbourhood G < W))

proof—
{
fix W
have finite W = finite (I (neighbourhood G‘W)) =>(card W) > card (|
(neighbourhood G * W)) =
JweW. (U (neighbourhood G(W—{w}))) = (U (neighbourhood G * W))
proof (induct arbitrary: G rule: finite-psubset-induct)
case (psubset W)
show ?case
proof (cases)
assume W={} then show ?%thesis
using psubset.prems(2) by auto
next
assume W # {}
hence Jw. w € W by auto
then obtain w where w: w € W by auto

10



have 1: card (W—{w}) = (card W)—1 using w by auto
have (|J (neighbourhood G(W—{w}))) C (I (neighbourhood G < W)) by
auto
hence 2: card (| (neighbourhood G{W—{w}))) < card (J (neighbourhood
GW))
using psubset.prems(1) by (metis card-mono)
hence card (U (neighbourhood G(W—{w}))) < card (W—{w})
using psubset.prems(2) using w by auto
hence (card (| (neighbourhood G{(W—{w}))) = card (W—{w})) Vv
card ({J (neighbourhood G W —{w}))) < card (W—{w}) by auto
thus ?thesis

proof
assume hyp: card (|J (neighbourhood G{(W—{w}))) = card (W—{w})

have card (W—{w}) < card (I (neighbourhood G * W)) using 2 hyp by
auto
hence card (U (neighbourhood G < W)) = card (W—{w}) using psub-
set.prems(2) 1
by auto
hence card (|J (neighbourhood G{(W—{w}))) = card (J (neighbourhood
G W)
using hyp by auto
hence (|J (neighbourhood G(W—{w}))) = (U (neighbourhood G < W))
using card-neighbourhood
by (metis psubset.prems(1))
thus ?thesis using w by blast
next
let B = W—{w}
assume card (|J (neighbourhood G‘?B)) < card ¢B
hence 32€?B. (|J (neighbourhood G(?B—{z}))) = (U (neighbourhood G
7))
using w  psubset(2) psubset.prems(1)
by (meson Diff-subset «J (neighbourhood G * (W — {w})) C
U (neighbourhood G ¢ W) card-Diff1-less card-psubset finite-subset
psubset.hyps(1))
then obtain z where z1: z€ 7B and 22: (| (neighbourhood G{?B—{z})))
= (U (neighbourhood G * ?B))
by auto
have 1: W—{z} = (?B—{z}) U {w} using w 2! by auto
have 2: W = ?B U {w} using w by auto
have (|J (neighbourhood G{(W—{z}))) = (U (neighbourhood G ¢ W))
using 22 1 2 by auto
thus ?thesis using 21 w by auto
qed
qed
qed
}
thus ?thesis using assms by auto
qed

11



definition induced-subgraph:: ('a,’b) pre-digraph = 'a set = ('a,’b) pre-digraph
where
induced-subgraph G 'V =
(| verts = V,
arcs = {e |e. e € (arcs G) A (tail G e) € V A (head G e) € V},
tail = (X e. tail G e),
head = (X e. head G e)

)

lemma induced-Bipartite- Digraph:
assumes bipartite-digraph G X Y and X1CX and YICY
shows  bipartite-digraph (induced-subgraph G (X1 U Y1)) X1 Y1
proof—
have X1 U YI = verts (induced-subgraph G (X1 U Y1))
by (simp add: induced-subgraph-def)
moreover
have X1 N Y! = {} using assms bipartite-digraph-def[of G X Y] by auto
moreover
have (Ve € arcs (induced-subgraph G (X1 U Y1)).
(tail (induced-subgraph G (X1 U Y1)) e € X1) =
(head (induced-subgraph G (X1 U Y1)) e € Y1)
using assms
by (smt (verit, del-insts)
Intl Un-iff bipartite-digraph-def empty-iff induced-subgraph-def mem-Collect-eq
select-convs(2)
select-convs(3) select-convs(4) subset-eq)
ultimately
show ?thesis using bipartite-digraph-def by blast
qed

lemma perfect-matching-induced-subgraph:
fixes G :: (“a::countable, 'b::countable) pre-digraph
assumes dir-bipartite-digraph (induced-subgraph G V) X Y
and Vie X. finite (neighbourhood (induced-subgraph G V') %)
andV W C X. card W < card (U (neighbourhood (induced-subgraph G V) *
W)
shows (3 E. dirBD-perfect-matching (induced-subgraph G V) X Y E)
by (simp add: assms(1) assms(2) assms(3) marriage-sufficiency-graph)

lemma vertex-cover-refining:
assumes dir-bipartite-digraph G X Y
and finite (verts G)
and vertez-cover G (arcs G) C
and WC CnX
and card(W) > card( | (neighbourhood (induced-subgraph G ((C N X) U (Y
—(CNY)))w))

shows vertez-cover G (arcs G)

12



(cnX-—-w)u
((C N'Y) U U (neighbourhood (induced-subgraph G ((C N X) U (Y —
(€1 Y)W
proof (unfold vertex-cover-def, rule conjl)
show CNX — WU (CNYUU (neighbourhood (induced-subgraph G (C N X
U(Y —CnY))) W) Cuwerts G
by (smt (verit, del-insts) Int-Diff UN-iff Un-iff assms(1,3) bipartite-digraph-def
dir-bipartite-digraph-def induced-subgraph-def le-infI1
le-sup-iff mem-Collect-eq neighbour-def neighbourhood-def simps(2,3,4) sub-
set] tail-head vertez-cover-def)
next
show arcs G C arcs G A
(Vecarces G.
head Gee CNX — WU(CN YU (neighbourhood (induced-subgraph
G(CNXU(Y—-cCcnyy “w)v
tall Gee CNX — WU (CNYUU (neighbourhood (induced-subgraph
G(CNXU(Y—-—CnNnY)) W)
proof (intro conjl balll)
show arcs G C arcs G by auto
next
let 2Cc=CnNX
let 2\Cy=CnNnY
let ?Cpx = 2Ce — W
let ?G1 = (induced-subgraph G (?Cx U (Y — ?2CYy)))
let ?NbhGpW = | (neighbourhood ?G1‘W)
fix e
assume e € arcs G
show head G e € ?Cpzx U (?Cy U ?NbhGpW) V tail G e € ?Cpx U (¢Cy U
¢NbhGp W)
by (smt (verit, del-insts) Diff-iff Int-iff UN-iff Un-iff <e € arcs G» assms(1,3)
induced-subgraph-def
mem-Collect-eq neighbour-def neighbourhood-def simps(2,3,4) tail-head
vertez-cover-def)
qed
qed

lemma vertex-cover-refining! :
assumes dir-bipartite-digraph G X 'Y and finite (verts G) and vertez-cover G
(ares G) C
and WC CnX
and card(W) > card(|J (neighbourhood (induced-subgraph G ((C N X) U (Y —
(€N Y)W ))
shows card ((C N X)—-W U ((C N Y) U (neighbourhood (induced-subgraph
GCNX)Uu (Y —(CnNnY))))W))) < (card C)
proof—
let ?Cx =CNX
let 2Cy=CnNY
let ?Cpx = Ce — W
let ?G1 = (induced-subgraph G (2Cz U (Y — 2CYy)))

13



let ?NohGpW = | (neighbourhood ?G1‘W)

let ?Cpy = ?Cy U ?NbhGpW

have 1: ?Cx N 2Cy = {}

by (metis assms(1) bipartite-digraph-def dir-bipartite-digraph-def inf-assoc inf-bot-right
inf-left-commute)

have 2: C = 2Cx U ?Cy

using assms(1,83) cover-descomposition dir-bipartite-digraph-def by blast
have card ?Cpz < card ?Cx — card ?NObhGpW
by (metis (full-types) assms(2,3,4,5) card-Diff-subset card-mono diff-less-mono2

finite-Int infinite-super less-le-trans vertex-cover-def)
hence card ?Cpz + card ?Cy < card ?Cx + card ?Cy—card ?NbhGpW
by linarith
hence card ?Cpz + card ?Cy + card ?NohGpW < card ?Cx + card ?Cy by
auto
hence card ?Cpz + card ?Cy + card ?NohGpW < card C
by (metis 1 2 assms(2,3) card-Un-disjoint finite-Int rev-finite-subset vertex-cover-def)

thus card (?Cpz U (7Cy U ?NbhGpW)) < card C

by (smt (verit, ccfv-SIG) add-le-cancel-left card-Un-le linorder-not-less nat-arith.add1
order-trans)
qged

corollary vc-refinable-not-minimal:
assumes dir-bipartite-digraph G X Y
and finite (verts G)
and vertez-cover G (arcs G) C
and WC CnX
and card(W) > card( | (neighbourhood (induced-subgraph G ((C N X) U (Y
—(CNY))W))
shows — minimum-vertez-cover G (arcs G) C
proof
assume minimum-vertez-cover G (arcs G) C
show Fulse using vertex-cover-refining vertez-cover-refiningl
by (metis <minimum-vertez-cover G (arcs G) C» assms(1,2,4,5) leD mini-
mum-vertex-cover-def)
qed

theorem Konig-Egervaryl:
fixes G :: ('a::countable, 'b::countable) pre-digraph
assumes mazximum-dirBD-matching G X Y E and minimum-vertez-cover G
(ares G) C
and finite (verts G) and finite C and dir-bipartite-digraph G X Y
and VieX. finite (neighbourhood G 17)
and dir-bipartite-digraph (induced-subgraph G (C N X) U (Y— (C N Y)))) (C
NX)(Y-(CnNnY)
shows (3 E. dirBD-perfect-matching(induced-subgraph G (C N X U (Y — C N
) (CnNnX) (Y-CNY)E)
proof—
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let 9C1 =CnNX

let 72C2 =CnNY

let ?G1 = induced-subgraph G (?C1 U (Y—2C2))

have 1: ?C1 C X and 2: Y—?C2 C Y by auto

have 3: bipartite-digraph G X 'Y using assms(5) dir-bipartite-digraph-def by

auto

hence 4: bipartite-digraph ?G1 ¢C1 (Y—2C2)
using 1 2 induced-Bipartite-Digraphlof G X Y ?C1 Y—?2C2] by auto
have *: vertez-cover G (arcs G) C using assms(2)
by (simp add: minimum-vertex-cover-def)
have xx: V W. W C 2C1 — (card W) < card (| (neighbourhood ?G1 * W))
proof(rule alll, rule impl)
fix W::'a set
assume hypl: W C ?C1
show card W < card (| (neighbourhood (induced-subgraph G (C N X U (Y —
cny)) - w))
proof—

have 6: finite W

using finite-subset hypl assms(4) by blast
have 7: VW. Vw. W C 2C1 N weW — (neighbourhood ?G1 w) C

(neighbourhood G w))

proof ((rule alll)+ , rule impl)

fix W fix w
assume hyp: W C ?2C1 N weW
show neighbourhood ?G1 w C neighbourhood G w
proof
fix z
assume z € (neighbourhood ?G1 w)
hence neighbour ?G1 x w using neighbourhood-def by force
hence neighbour G z w using 1 2 4 hyp induced-subgraph-def
by (smt (28) mem-Collect-eq neighbour-def select-convs(2) select-convs(3)

select-convs(4))

thus z € (neighbourhood G w) using neighbourhood-def by force
qed

qed

have VW. W C 2C1 — (U (neighbourhood ?G1 * W)) C (U (neighbourhood
G*W))

auto

proof (intro alll impl)

fix W
assume hyp: W C ?2C1
show (|J (neighbourhood ?G1 * W)) C (|J (neighbourhood G ¢ W))
proof
fix z
assume z € (|J (neighbourhood ?G1 * W))
hence 3w € W. z € (neighbourhood ?G1 w) by auto
then obtain w where w: w € W and z € (neighbourhood ?G1 w) by

hence = € (neighbourhood G w) using hyp 7 by auto
thus z € (|J (neighbourhood G * W)) using w by auto
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qged
qed
have V W. W C 2C1 —
card W < (card (|J (neighbourhood ?G1 ¢ W)))
proof (intro alll impl)
fix W
assume hypl: W C ?C1
hence hyp2: finite W using 7
using assms(4) finite-subset by fastforce
show card W < (card (| (neighbourhood ?G1 * W)))
proof (rule ccontr)
assume
hyp: = card W < (card (U (neighbourhood ?G1 ¢ W)))
show Fulse using vc-refinable-not-minimal
by (metis x assms(2,3,5) hyp hypl linorder-le-less-linear)
qged
qed
thus ?thesis
using hyp! by blast
qed
qged
thus (3 E. dirBD-perfect-matching (induced-subgraph G (C N X U (Y — C N
YmHenX) (Y-CnY)E)
using marriage-sufficiency-graph *x assms(7)
by (smt (verit, del-insts) 4 Int-Un-eq(8) Un-Int-assoc-eq Un-Int-eq(3) assms(4)

bipartite-digraph-def card.empty card.infinite card-mono
card-subset-eq empty-iff finite-UN finite-Un order-antisym)
qed

lemma bd-induced-subgraph:
assumes bipartite-digraph G X Y and XI1CX and YICY
shows bipartite-digraph (induced-subgraph (inverse-digraph G) (X1 U Y1)) Y1
X1
by (metis assms(1,2,83) induced-Bipartite- Digraph inverse-bipartite-digraph sup.commute)

lemma minimum-vertez-cover-inverse:
assumes minimum-vertez-cover G (arcs G) C
shows minimum-vertez-cover (inverse-digraph G) (arcs G) C
by (smt (verit, ccfv-threshold) assms inverse-digraph-def
minimum-vertez-cover-def select-convs(1,2,3,4)
vertex-cover-def)

lemma vc-inv-digraph-is-vc:
assumes vertez-cover G (arcs G) C
shows wvertez-cover (inverse-digraph G) (arcs G) C
1,2

by (metis assms inverse-digraph-def select-convs(1,2,3,4) vertez-cover-def)

corollary vertez-cover-refining2a:
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assumes dir-bipartite-digraph (inverse-digraph G) Y X
and finite (verts G)
and vertez-cover (inverse-digraph G) (arcs G) C
and WC(CnNnY
and card W > card (|J (neighbourhood (induced-subgraph (inverse-digraph G)
(CNYUX-CnNnX))) ‘W)
shows — minimum-vertez-cover (inverse-digraph G) (arcs G) C
proof
assume minimum-vertez-cover (inverse-digraph G) (arcs G) C
show Fulse
by (metis <minimum-vertez-cover (inverse-digraph G) (arcs G) C» assms(1,2,4,5)
inverse-digraph-def minimum-vertex-cover-def
select-convs(1) simps(2) ve-refinable-not-minimal)
qed

theorem Konig-Egervary2:
fixes G :: (“a::countable, 'b::countable) pre-digraph
assumes mazximum-dirBD-matching G X Y E
and minimum-vertez-cover (inverse-digraph G) (arcs G) C
and finite (verts(inverse-digraph G))
and finite C
and dir-bipartite-digraph G X Y
and Vi€Y. finite (neighbourhood (inverse-digraph G) i)
and dir-bipartite-digraph (induced-subgraph (inverse-digraph G) ((C N Y) U
(X = (€N X)) (CNnY)(X=(Cn X))
and verts G C X U Y
shows (3 E. dirBD-perfect-matching (induced-subgraph (inverse-digraph G) (C
NYUX-CnX))(CnY)(X-CnX)E)
proof—
let 7C1 =CnX
let 2C2=CnNY
let ?G1 = induced-subgraph (inverse-digraph G) (?C2 U (X—2C1))
have 1: ?C2 C Y and 2: X—?C1 C X by auto
have 3: bipartite-digraph (inverse-digraph G) Y X
using assms(5) dir-bipartite-digraph-def by (metis inverse-bipartite-digraph)
hence 4: bipartite-digraph ?G1 ?C2 (X—?C1)
using 1 2 bd-induced-subgraph[of G X Y 2C2 X—?C1]
by (meson induced-Bipartite-Digraph inverse-bipartite-digraph)
have x: wvertez-cover (inverse-digraph G) (arcs (inverse-digraph G)) C using
assms(2)
by (simp add: inverse-digraph-def minimum-vertex-cover-def)
have #x: V W. W C 2C2 — (card W) < card (|J (neighbourhood ?G1 ¢ W))
proof (intro alll impI)
fix W:'a set
assume hypl: W C 202
show card W < card (|J (neighbourhood (induced-subgraph (inverse-digraph
G)(CNYU(X-CnNX))) W)
proof—
have 6: finite W using finite-subset hyp1 assms(4) by blast

17



have 7: VW. Yw. W C 202 N weW — (neighbourhood ?G1 w) C
(neighbourhood (inverse-digraph G) w))
proof (intro alll impl)
fix W fix w
assume hyp: W C 2C2 N weW
show (neighbourhood ?G1 w) C (neighbourhood (inverse-digraph G) w)
proof
fix z
assume z € (neighbourhood ?G1 w)
hence neighbour ?G1 z w using neighbourhood-def by force
hence neighbour (inverse-digraph G) x w using 1 2 4 hyp induced-subgraph-def
by (smt (23) mem-Collect-eq neighbour-def select-convs(2) select-convs(3)
select-convs(4))
thus z € (neighbourhood (inverse-digraph G) w) using neighbourhood-def
by force
qged
qed
have VW. W C 2C2 — (U (neighbourhood ?G1 < W)) C (U (neighbourhood
(inverse-digraph G) < W))
proof (intro alll impl)
fix W
assume hyp: W C 2C2
show (|J (neighbourhood ?G1 * W)) C (|J (neighbourhood (inverse-digraph
G) W)
proof
fix z
assume z € (|J (neighbourhood ?G1 * W))
hence 3w € W. z € (neighbourhood ?G1 w) by auto
then obtain w where w: w € W and z € (neighbourhood ?G1 w) by

auto
hence z € (neighbourhood (inverse-digraph G) w) using hyp 7 by auto
thus z € (|J (neighbourhood (inverse-digraph G)¢ W)) using w by auto
qed
qed
hence 8: VW. W C 202 — finite (|J (neighbourhood ?G1 ‘W)) using
assms(6)

by (smt (verit, ccfv-threshold) 1 Int-Diff-Un assms(4) finite-UN finite-Un
rev-finite-subset subset-iff)
have V W. W C ?2C2 — card W < (card (| (neighbourhood ?G1 ¢ W)))
proof (intro alll impl)
fix W
assume hypl: W C ?2C2
hence hyp2: finite W using 7 using assms(4) finite-subset by fastforce
show card W < (card (| (neighbourhood ?G1 * W)))
proof(rule ccontr)
assume hyp: - card W < (card (|J (neighbourhood ?G1 < W))) show
False
by(metis (no-types, lifting) 3 assms(2,3,5,8) bipartite-digraph-def hyp
hyp1
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inf-sup-aci(5) infinite-super leI minimum-vertex-cover-def inv-dirBD-is-dirBD
vertez-cover-refining2a)
qed
qed
thus ?thesis using hyp! by blast
qed
qed
thus (3 E. dirBD-perfect-matching (induced-subgraph (inverse-digraph G) (C N
YU(X - CnX)))
(CNY)(X-CnX)E)
using marriage-sufficiency-graph|of (inverse-digraph G) ?2C2 X—2C1 | *x
assms(7)
by (smt (verit, del-insts) Diff-cancel Int-Diff-Un Un-Int-assoc-eq Un-Int-eq(3)
assms(4)
card.empty card.infinite card-mono card-subset-eq
empty-iff finite-UN inf-le2 nle-le perfect-matching-induced-subgraph rev-finite-subset)
qed

lemma union-dirBd-matching:
assumes dir-bipartite-digraph G X Y and C =(CNX)uU (CNY)
and dirBD-perfect-matching (induced-subgraph G (C N X U (Y — C N Y)))
(CNnX) (Y-CNY)E1
and dirBD-perfect-matching (induced-subgraph (inverse-digraph G) (C N Y U
(X-0nX))(CnYy)
(X-0CnX)E2
shows dirBD-matching G X Y (E1 U E2)
proof—
have 1: E1 U E2 C arcs G
by(smt (verit, ccfv-threshold) Un-iff assms(3,4) dirBD-matching-def
dirBD-perfect-matching-def in-mono induced-subgraph-def inverse-digraph-def

mem-Collect-eq simps(2) subsetl)
have 2: (Vel€El U E2.Ve2€FEl U E2. el # e¢2 — head G el # head G €2
A tail G el # tail G e2)
proof
fix el
assume hypl: el€FE1 U E2
show (Ve2€FE1 U E2. el # e2 — head G el # head G e2 A tail G el # tail
G e2)
proof (intro balll impI)
fix e2
assume hyp2: e2€FE1 U E2
assume hyp3: el # e2
show head G el # head G e2 A tail G el # tail G e2
proof—
have (el € EI1 N e2 € E1)V (el € E2 N e2 € E1)V(el € E1 N e2 €
E2)V(el € E2 A e2 € E2)
using hypl hyp2 by auto
thus ?thesis
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by (smt (verit, ccfo-SIG) DiffE assms(3,4) dirBD-perfect-matching-def
hyp3 induced-subgraph-def
inverse-digraph-def select-convs(3,4) tail-headl vertex-in-matching)
qed
qed

qed

show ?thesis using assms(1) 1 2 using dirBD-matching-def by blast
qed

lemma card-prop-induced-dir BD-perfect-matching:
assumes dirBD-perfect-matching (induced-subgraph G (C N X U (Y — C N
Y))(CnX) (Y-CNY)E
and finite (arcs G)
shows card (C N X) = card E
proof—
have FE C (arcs G) using assms induced-subgraph-def
by (metis (no-types, lifting) dirBD-matching-def dirBD-perfect-matching-def
mem-Collect-eq select-convs(2) subset-iff)
hence finite F using induced-subgraph-def assms(2)
using rev-finite-subset by blast
thus card (C N X) = card E using card-perfect-match-in-finitedirBD
using assms(1) by blast
qed

lemma card-prop-induced-inv-dirBD-perfect-matching:

assumes dirBD-perfect-matching (induced-subgraph (inverse-digraph G) (C' N
YU X -CnX)H)(CNnY)(X-CnX)E

shows card (C N Y) = card E using assms card-perfect-match-in-finitedirBD

by (smt (verit) bijective-f-perfect-matching card-image dirBD-matching-tail-edge-unicity

dirBD-perfect-matching-def function-f-perfect-matching inj-on-def tail-headl)

lemma finite-neighbourhood-auz:
assumes dir-bipartite-digraph G X Y and finite (verts G)
shows Vie(verts G). finite (neighbourhood G 7)
by (smt (verit, del-insts) Un-iff assms(1,2) bipartite-digraph-def dir-bipartite-digraph-def
mem-Collect-eq neighbour-def neighbourhood-def rev-finite-subset subsetl
tail-head)

lemma finite-neighbourhood:

assumes dir-bipartite-digraph G X Y and finite (verts G)

shows Vi€ X. finite (neighbourhood G i)

using finite-neighbourhood-auzx

by (metis (no-types, lifting) Un-iff assms(1,2) bipartite-digraph-def dir-bipartite-digraph-def)

lemma finite-inverse-neighbourhood:
assumes dir-bipartite-digraph G X Y and finite (verts G)
shows VieY. finite (neighbourhood (inverse-digraph G) i)
proof—
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have Y C (verts G)
by (metis Un-iff assms(1) bipartite-digraph-def dir-bipartite-digraph-def subsetl)

thus ?thesis using inverse-bipartite-digraphlof G X Y]
finite-neighbourhood-auz|of inverse-digraph G 'Y X] finite-neighbourhood|of
inverse-digraph G 'Y X]
by (metis assms(1,2) inv-dirBD-is-dirBD inverse-digraph-def select-convs(1))
qed

lemma finite-vertex-cover:

assumes dir-bipartite-digraph G X Y and finite (verts G) and vertex-cover G
(ares G) C

shows finite C

by (metis assms(2,3) rev-finite-subset vertex-cover-def)

theorem Konig-Egervary:
fixes G :: (“a::countable, 'b::countable) pre-digraph
assumes dir-bipartite-digraph G X Y and finite (verts G)
and mazimum-dirBD-matching G X Y E and minimum-vertez-cover G (arcs
G) C
shows card E = card C
proof—
let 2C1 =CnX
let 7C2=CnNnY
let G0 = induced-subgraph G (?C1 U (Y— 2C2))
let ?G1 = induced-subgraph (inverse-digraph G) (?C2 U (X—?C1))
have 1: C = (CNX)U (CNY) using cover-descomposition assms(1) dir-bipartite-digraph-def
assms(3)
by (metis assms(4) minimum-vertez-cover-def)
have 2: (CNX)N(CNY)={} using assms(1) dir-bipartite-digraph-def
by (metis bipartite-digraph-def induced-Bipartite- Digraph inf-le2)
have 3: finite C
using finite-vertez-cover assms(1,2,4) minimum-vertez-cover-def by blast
have dir-bipartite-digraph ?G0 ?C1 (Y—2C2)
proof—
have 1: bipartite-digraph ?G0 ?C1 (Y—-2C2)
using assms(1) induced-Bipartite-Digraph dir-bipartite-digraph-def by fast-
force
have 2: tails G0 C ?C1
proof
fix z
assume hyp: x € tails ?G0
show z € ?C1
proof—
have Je. e € arcs GO0 N z = (tail ?G0 e) using hyp tails-def
by (smt (verit, best) mem-Collect-eq)
thus ?thesis
by (metis (lifting) 1 Intl Int-Diff-Un Un-iff assms(1)
bipartite-digraph-def dir-bipartite-digraph-def induced-subgraph-def
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mem-Collect-eq select-convs(2,3) tail-head)
qed
qed
have 3: (Vel € arcs (induced-subgraph G (?C1 U (Y— 2C2))).
Ve2 € arcs (induced-subgraph G (?C1 U (Y— 2C2))).
(el =e2) =
(head (induced-subgraph G (?C1 U (Y — 2C2))) el = head (induced-subgraph
G (?2C1 U (Y= 2C2))) e2 A
tail (induced-subgraph G (?C1 U (Y— 2C2))) el = tail (induced-subgraph
G (?C1 U (Y= 2C2))) e2))
by (metis (no-types, lifting) assms(1) dir-bipartite-digraph-def induced-subgraph-def
mem-Collect-eq
select-convs(2,3,4))
show ?thesis using 1 2 3 dir-bipartite-digraph-def by blast
qed
have (3 EI. dirBD-perfect-matching (induced-subgraph G (C N X U (Y — C N
YN CnX) (Y-—CnY)ED
by (smt (verit, ccfu-threshold) 8 Konig-Egervaryl Un-iff <dir-bipartite-digraph
(induced-subgraph G (CN XU (Y —=Cn YY) (CNnX)(Y —CnNn Yy
assms(1,2,3,4) bipartite-digraph-def dir-bipartite-digraph-def finite-neighbourhood-aux
subset-iff)
then obtain EI1 where E1: dirBD-perfect-matching (induced-subgraph G (C N
XUu(Y-0Ccnv)(CnX)(Y—-CnNY)E! by auto
have dir-bipartite-digraph ?G1 ?2C2 (X—2C1)
proof—
have 1: bipartite-digraph ?G1 ?C2 (X—2C1)
by (metis Diff-subset assms(1) bd-induced-subgraph dir-bipartite-digraph-def
inf.cobounded? inf-sup-aci(5))
have 2: tails ?G1 C ?2C2
proof
fix z
assume hyp: x € tails ?G1
show ze€ CNY
proof—
have Je. e € arcs ?G1 N z = (tail ?G1 e) using hyp tails-def
by (smt (verit, best) mem-Collect-eq)
thus ?thesis
by (metis (no-types, lifting) 2 Int-iff Un-Diff-Int Un-iff assms(1) bipar-
tite-digraph-def dir-bipartite-digraph-def
induced-subgraph-def inverse-digraph-def mem-Collect-eq select-convs(2,3)
tail-head)
qed
qed
have 3: (Vel € arcs ?G1.Ve2 € arcs ?G1.
(el = e2) = (head ?G1 el = head ?G1 e2 A tail ?G1 el = tail ?G1 e2))
by (metis (no-types, lifting) assms(1) dir-bipartite-digraph-def induced-subgraph-def
inverse-digraph-def mem-Collect-eq
select-convs(2,3,4))
show ?thesis using 1 2 3 dir-bipartite-digraph-def by blast
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qed
have (3 E2. dirBD-perfect-matching ?G1 (CNY) (X — C N X) E2)
by (smt (verit, best) 8 Konig-Egervary2 «dir-bipartite-digraph (induced-subgraph
(inverse-digraph G) (CNY U (X —CNn X)) (CNY) (X -CnX)y
assms(1,2,3,4) bipartite-digraph-def dir-bipartite-digraph-def finite-neighbourhood
inverse-digraph-def minimum-vertex-cover-inverse select-convs(1)
subset-refl inv-dirBD-is-dirBD)
then obtain E2 where E2: dirBD-perfect-matching ?G1 (CN'Y) (X — CnN
X) E2
by auto
have 4: dirBD-matching G X Y (E1 U E2) using union-dirBd-matching assms(1)
1 E1 E2 by blast
have 5: finite (E1 U E2) using EI E2
by (metis 3 4 assms(4) dirBD-matching-def finite-surj
matching-cover-sub2 minimum-vertez-cover-def surj-f-matching-cover)
have 6: card (C N X) = card E1 using E1 card-prop-induced-dirBD-perfect-matching
5 card-perfect-match-in-finitedirBD by blast
have 7: card (C N'Y) = card E2 using E2 card-prop-induced-inv-dirBD-perfect-matching
by blast
have 8: card C = card E1 + card E2
by (metis 1 2 8 6 7 card-Un-disjoint finite-Int)
have E1 N E2 = {}
proof(rule ccontr)
assume E1 N E2 # {}
hence Je. e € EF1 N e € E2 by auto
then obtain e where e: e € E1 A e € E2 by auto
hence tail G e € (C N X) A tail G e € (C NY) using EI E2 using
dirBD-perfect-matching-def
by (metis (no-types, lifting) DiffE induced-subgraph-def inverse-digraph-def
select-convs(3)
simps(4) tail-headl)
hence 1: tail G e € X N Y by auto
hence X N'Y # {} by auto
have X NY = {} using assms(1) bipartite-digraph-def by (metis dir-bipartite-digraph-def)

thus Fulse using 1 by auto
qged
hence 9: card (E1 U E2) = card C
using 5 8 card-Un-disjoint by auto
hence mazimum-dirBD-matching G X Y (E1 U E2) using card-matching-cover2
using 4 assms(2,4) minimum-vertez-cover-def by blast
thus ?thesis
by (metis 9 assms(3) mazimum-dirBD-matching-def
order-antisym)
qed
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3 Dilworth Finite Theorem

In a finite graph, the Cardinality of the smallest chain decomposition and
the largest anti-chain are equal.

theory Dilworth-Finite

imports
Main
HOL- Library. Disjoint-Sets
Koenig- Egervary-finite
begin

locale part-order =
fixes A :: ‘a set
fixes r :: ‘a rel
assumes p-o-translation : partial-order-on A r

locale part-order-countable = part-order A r
for A :: 'a::countable set and r :: 'a el

definition chain:: ‘a set = 'a set = 'a rel = bool
where chain BAr = B C A A partial-order-on A r A total-on B r

definition chain-decomposition:: 'a set = 'a el ='a set set = bool
where chain-decomposition A r C = partition-on A C N (VY BeC.(chain B A

r))

lemma chain-decomposition {} r {}
by (simp add: chain-decomposition-def partition-on-empty)

definition smallest-chain-decomposition:: 'a set = 'a rel ='a set set = bool
where smallest-chain-decomposition A r C =
(chain-decomposition A v C) A (VY P. chain-decomposition A v P — card
C < card P)

definition anti-total ::'a set = 'a rel = bool
where anti-total A r = Va€A. VyeA. aty — (z,y) € r N (y, z) & 1)

definition anti-chain:: 'a set = 'a rel = 'a set = bool
where anti-chain A r B = B C A A partial-order-on A r A anti-total B r

definition largest-antichain:: 'a set = 'a rel = 'a set = bool
where largest-antichain A r B = anti-chain A r B A (¥ C. anti-chain A r C
— card C < card B)

definition relation-to-digraph:: 'a set = 'a rel = (('a + 'a), ('a + 'a) X ('a + 'a
))pre-digraph
where
relation-to-digraph A r =

24



(| verts = A <+> A,

arcs = {(Inl z, Inr y)|zy. x € ANy € AN (z,y) €T A z#y},
tail = X (z,y). =,

head = X\ (z,y). y

)

lemma rel-to-digraph-is-dir-bipartite:
assumes 7 C A x A
shows dir-bipartite-digraph (relation-to-digraph A r) (Inl * A) (Inr ¢ A)
proof (unfold dir-bipartite-digraph-def, rule conjl )
show bipartite-digraph (relation-to-digraph A r) (Inl * A) (Inr © A)
proof (unfold bipartite-digraph-def, intro conjl)
show Inl ¢ A U Inr ¢ A = verts (relation-to-digraph A r)
by (unfold relation-to-digraph-def, auto)
show Inl ‘AN Inr‘A={}
by auto
show (Ve € arcs (relation-to-digraph A r).
(tail (relation-to-digraph A r) e € Inl * A) =
(head (relation-to-digraph A r) e € Inr ¢ A))
proof
fix e
assume Hip: e € arcs (relation-to-digraph A r)
show (tail (relation-to-digraph A r) e € Inl * A) =
(head (relation-to-digraph A r) e € Inr © A)
proof—
from Hip obtain = y where e: e = (Inl z, Inr y) A (z,y) € r
by (unfold relation-to-digraph-def, auto)
hence Hipl: e = ((Inl z), (Inr y)) A (z,y) € 7
by auto
hence Hip2: (Inl z) = tail (relation-to-digraph A r) e
A (Inr y) = head (relation-to-digraph A r) e A z€ A N ye A

using assms by (unfold relation-to-digraph-def, auto)
hence z€ A A ye€ A by auto
hence (Inlz) € Inl ‘AN (Inry) € Inr ‘A
by auto
hence (tail (relation-to-digraph A r) e € Inl * A) A
(head (relation-to-digraph A r) e € Inr “ A)
using Hip! e by(unfold relation-to-digraph-def, auto)
thus (tail (relation-to-digraph A r) e € Inl * A) =
(head (relation-to-digraph A r) e € Inr ‘ A)
by auto
qed
qed
qed
next
show tails (relation-to-digraph A r) C Inl * A A
(V el €ares (relation-to-digraph A r).
Y e2€arcs (relation-to-digraph A ).
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(el = e2) =
(head (relation-to-digraph A r) el = head (relation-to-digraph A r) e2 A
tail (relation-to-digraph A r) el = tail (relation-to-digraph A r) e2))
by (smt (23) image-eql mem-Collect-eq prod.simps(2) relation-to-digraph-def
select-convs(2,3,4) subsetl tails-def)
qed

lemma exists-min-vertex-cover:
assumes dir-bipartite-digraph G X Y and finite (XUY)
shows 3 C. minimum-vertex-cover G (arcs G) C
proof —
let ?P = {C. vertez-cover G (arcs G) C}
have finite (verts G)
by (metis assms(1,2) bipartite-digraph-def dir-bipartite-digraph-def)
hence I: finite ?P using assms finite-Pow-iff by (simp add: vertez-cover-def)
have wvertez-cover G (arcs G) (verts G) using assms(1) bipartite-digraph-def
vertex-cover-def
by (smt (verit, del-insts) Un-iff dir-bipartite-digraph-def mem-Collect-eq sub-
set-iff tails-def)
hence 2: 7P # {} by auto
have 3C € ?P. (VC' € ?P. card C < card C’) using 1 2
by (metis <vertex-cover G (arcs G) (verts G)» ex-has-least-nat mem-Collect-eq)
thus ?thesis using minimum-vertez-cover-def by auto
qed

definition roots :: ‘a set = ((Ya + 'a) x ('a + 'a)) set = 'a set where
roots A M ={x € A.Vy. (Inly, Inr z) ¢ M}

lemma not-root-has-pred:
assumes z € A and z ¢ roots A M
shows Jy. (Inly, Inr x) € M
proof —
from assms(2)
have = (Vy. (Inl y, Inr z) ¢ M)
unfolding roots-def using assms(1) by auto
then obtain y where (Inl y, Inr ) € M by auto
thus ?thesis by blast
qged

definition match-rel :
(("a + 'a) x ("a + 'a)) set = (‘a X 'a) set
where
match-rel M =
{(z,y). (Inl z, Inr y) € M}

lemma matching-edges-strict:
assumes dirBD-matching (relation-to-digraph A r) (Inl ¢ A) (Inr * A) M and
(z, y) € match-rel M
showsz € ANye AN (zy) ErNnafy
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proof —
have (Inl z, Inr y) € M using assms(2) match-rel-def[of M| by auto
moreover
have M C arcs (relation-to-digraph A r) using assms(1) dirBD-matching-def
by metis
ultimately
have (Inl z, Inry) € arcs (relation-to-digraph A r) using assms(1) relation-to-digraph-def
by auto
thus %thesis
by (simp add: relation-to-digraph-def)
qged

definition chain-from-root where

chain-from-root a A M =
{z € A. (a,z) € (match-rel M)}

lemma successor-unique:
assumes (z,y1) € match-rel M and (z,y2) € match-rel M
and dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows yI = y2
proof (rule ccontr)
assume hip: yl # y2
have 1: (Inl z, Inr y1) € M using assms(1,2) match-rel-def
by (simp add: match-rel-def)
have 2: (Inl z, Inr y2) € M using assms(1,2) match-rel-def
by (simp add: match-rel-def)
have (Inl z, Inr y1) # (Inl x, Inr y2) using hip by auto
hence = # z using dirBD-matching-def assms(3)
by (metis (no-types, lifting) 1 2 relation-to-digraph-def select-convs(3) split-conv)

thus False by auto
qed

lemma predecessor-unique:
assumes (z1,y) € match-rel M and (z2,y) € match-rel M
and dirBD-matching (relation-to-digraph A r) (Inl ¢ A) (Inr < A) M
shows z1 = z2
proof (rule ccontr)
assume hip: ©1 # z2
have 1: (Inl z1, Inr y) € M using assms(1,2) match-rel-def
by (simp add: match-rel-def)
have 2: (Inl 21, Inr y) € M using assms(1,2) match-rel-def
by (simp add: match-rel-def)
have (Inl z1, Inr y) # (Inl 22, Inr y) using hip by auto
hence y # y using dirBD-matching-def assms(3)
by (metis (no-types, lifting) 2 Product-Type.Collect-case-prodD assms(2)
fst-conv match-rel-def prod.simps(2) relation-to-digraph-def select-convs(4)
snd-conv)
thus Fulse by auto
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qed

lemma root-unique:
assumes
az: (a,z) € (match-rel M) * and
bx: (b,x) € (match-rel M) and
ar: a € roots A M and
br: b € roots A M and
mt: dirBD-matching (relation-to-digraph A r) (Inl ¢ A) (Inr ©* A) M
shows a = b
using azx bx ar br
proof (induction arbitrary: b rule: rtrancl-induct)
case base
then show ?case
by (metis (lifting) CollectD Product-Type.Collect-case-prodD match-rel-def roots-def

rtranclE split-pairs2)
next
case (step y 2)
have bz: (b,z) € (match-rel M)
using step.prems by auto
show ?Zcase
proof (cases b = 2)
case True
hence (y,z) € match-rel M
using step.hyps by auto
hence (y,b) € match-rel M
using True by auto
hence Ju. (u,b) € match-rel M
by auto
thus ?thesis
using step.prems unfolding roots-def
by (simp add: match-rel-def)
next
case Fulse
then obtain w where
(b,w) € (match-rel M)
(w,z) € match-rel M
using bz by (metis rtranclE)
moreover
have (y,z) € match-rel M
using step.hyps by auto
ultimately have y = w
by (meson mt predecessor-unique)
thus ?thesis
using step.IH step.prems
using «(b, w) € (match-rel M)*» by blast
qged
qed
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definition pred-rel:: ((‘a + 'a) x (‘a + 'a)) set = 'a set = ('a x 'a) set where
pred-rel M A = {(z,y). (Inlz, Inry) e M Nz € ANye A}

lemma pred-rel-subset-strict:
assumes dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows pred-rel M A C r — Id
proof
fix p
assume p € pred-rel M A
then obtain z y where
p-def: p = (z,y)
and edge: (Inl z, Inr y) € M
unfolding pred-rel-def
by auto
have (z,y) € 7 A © # y using matching-edges-strict[of A r M z y]
by (simp add: assms edge match-rel-def)
thus per — Id
using p-def by auto
qed

lemma (in part-order)strict-order-wf:

assumes finite A

shows wf (r — Id)
proof—

have fin-r : finite r using p-o-translation partial-order-on-def[of A r] assms

finite-cartesian-product[of A A] finite-subset[of r A x A] preorder-on-def[of A

r

]

by (simp add: refl-on-def)

thus ?thesis using p-o-translation partial-order-on-well-order-on|of r A] by auto

qed

lemma (in part-order)finite-pred-wf:
assumes finite A and
dirBD-matching (relation-to-digraph A rv)(Inl ¢ A) (Inr ¢ A) M
shows wf (pred-rel M A)
proof —
have pred-rel M A C r — Id
using assms(2) pred-rel-subset-strict by blast
moreover
have wf (r — Id)
using strict-order-wf assms(1,2)
by auto
ultimately
show ?thesis
using wf-subset
by blast
qed
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lemma (in part-order)exists-root-reaching:
assumes finite A
and dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
and z € A
shows Facroots A M. (a,z) € (match-rel M)
proof —
have wf-rel: wf (pred-rel M A)
using finite-pred-wf assms
by blast
from assms(3)
show ?thesis
proof (induction z rule: wf-induct[OF wf-rel])
case (1 1)
have z4: z € A
using 1 by blast
show ?Zcase
proof (cases © € roots A M)
case True
have (z,x) € (match-rel M) >
by simp
thus ?thesis
using True by blast
next
case Fualse
from not-root-has-pred|OF zA False]
obtain y where edge: (Inl y, Inr ) € M
by blast
have yA: y € A
using match-rel-def matching-edges-strict assms(2) edge by fastforce
have (y,z) € pred-rel M A
using pred-rel-def edge xA yA
by auto
from 1
obtain a where
a € roots A M and (a,y) € (match-rel M)
using «(y, z) € pred-rel M Ay yA by blast
then have (a,z) € (match-rel M)
using edge
by (simp add: match-rel-def rtrancl.rtrancl-into-rtrancl)
thus ?thesis
using <a € roots A M>
by blast
qed
qed
qed

lemma single-valued-rfi-trnstv-closure :
assumes single-valued r
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and (a,z) € 7%
and (a,y) € 7%
shows z =y V (z,y) € r'xV (y,z) € r'x
using assms single-valued-confluent[of r a x y] by auto

lemma functional-rtrancl-linear:
assumes
func: Nz yl y2. (z,yl) € r = (z,y2) € r = yl = y2
and az: (a,z) € r7x
and ay: (a,y) € 7%
shows z = y V (z,y) € r"* V (y,x) € 7%
using ay
proof (induction rule: rtrancl-induct)
case base
then show ?case
using ax by auto
next
case (step y z)
then show ?case
by (metis converse-rtranclE func rtrancl.rtrancl-into-rtrancl rtrancl.rtrancl-refl)
qged

lemma reachable-linear-from-root:
assumes
(a,z) € (match-rel M) * and
(a,y) € (match-rel M) * and
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows
z=yV (z,y) € (match-rel M) V (y,x) € (match-rel M)
by (meson assms(1,2,8) functional-rtrancl-linear successor-unique)

lemma match-rel-subset-r:
assumes dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows match-rel M C r
proof
fix p
assume p € match-rel M
hence Jz.3y. p = (z,y) A(z,y) € match-rel M
by (metis surj-pair)
then obtain z y where p: p = (2,y) and (2,y) € match-rel M by auto
hence 1: (Inl z, Inr y) € M unfolding match-rel-def by auto
hence (Inl z, Inr y) € arcs (relation-to-digraph A r)
using assms dirBD-matching-def by fastforce
hence (z,y) € r unfolding relation-to-digraph-def
by auto
thus p € r using p by auto
qed
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definition chain-decomposition-order :: 'a set = 'a rel = ((a + 'a) x ('a + 'a))
set = 'a set set
where
chain-decomposition-order A r M =
{chain-from-root a A M |a. a € (roots A M)}

lemma match-rel-not-empty: a € A — (a,a) € (match-rel M)
by blast

context part-order
begin
lemma match-rel-rtrancl-in-r:
assumes
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
and a€A and (a,z) € (match-rel M)
shows (a,z) € 7
using assms(3)
proof (induction rule: rtrancl-induct)
case base
then show Zcase using assms(1)
by (meson assms(2) p-o-translation partial-order-onD(1) refl-onD)
next
case (step y 2)
then have (y,z) € r
using step.prems
using assms(1) match-rel-subset-r
by blast
moreover have (a,y) € r
using step.IH by auto
ultimately show ?case
using assms
by (metis p-o-translation partial-order-onD(2) transD)
qed

lemma reachable-comparable:
assumes
(a,z) € (match-rel M) * and
(a,y) € (match-rel M) * and
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M and
acA
shows
(zy) erV (yz) er
proof —
have sub: match-rel M C r
using match-rel-subset-r assms(4)
using assms(3) by blast
have azr: (a,z) € 1
by (meson assms(1,3,4) part-order.match-rel-rtrancl-in-r part-order-axioms)
have ayr: (a,y) € r
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by (meson assms(2,3,4) part-order.match-rel-rtrancl-in-r part-order-axioms)
from axr ayr
show ?thesis
by (smt (verit, best) assms(1,2,3,4) match-rel-rtrancl-in-r matching-edges-strict
reachable-linear-from-root rtrancl.simps)
qed

lemma chain-from-root-is-chain:
assumes
finite A and
dirBD-matching (relation-to-digraph A rv) (Inl * A) (Inr * A) M and a € A
shows chain (chain-from-root a A M) A r
proof —
have subset:
chain-from-root a A M C A
by (simp add: chain-from-root-def)
moreover
have total: total-on (chain-from-root a A M) r
proof
fix z y
assume
x € chain-from-root a A M and y € chain-from-root a A M
hence (a,z) € (match-rel M) and (a,y) € (match-rel M) * and = € A and
y€ A
unfolding chain-from-root-def by auto
thus (z,y) € r V (y,z) € r
using reachable-comparable assms by metis
qed
ultimately
show ?thesis
using chain-def assms
using p-o-translation by blast
qed

lemma chain-decomposition-cover:
assumes
finite A
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows
U (chain-decomposition-order A r M) = A
proof
show |J (chain-decomposition-order A r M) C A
unfolding chain-from-root-def
by (smt (verit, ccfo-SIG) Union-least chain-decomposition-order-def
chain-from-root-def mem-Collect-eq subsetl)
next
show A C |J (chain-decomposition-order A r M)
proof
fix z

33



assume hip:x € A

obtain a where
al: a € roots A M and
a2: (a,x) € (match-rel M)
using exists-root-reaching assms «x € A»
by metis

hence (a,z) € (match-rel M) using al a2
by blast

thus z € |J (chain-decomposition-order A r M)
by (smt (verit, del-insts) Union-iff <z € A> al chain-decomposition-order-def

chain-from-root-def mem-Collect-eq)
qed
qed

lemma chain-decomposition-disjoint:
assumes finite A and dirBD-matching (relation-to-digraph A r) (Inl ¢ A) (Inr
CA) M
shows disjoint (chain-decomposition-order A r M)
unfolding disjoint-def
proof (intro balll impI)
fix cl c2
assume c! € chain-decomposition-order A r M
and c¢2 € chain-decomposition-order A r M
and c! # c2
show cI N ¢2 = {}
proof (rule ccontr)
assume hip: ¢l N c¢2 # {}
obtain a b where a: cI = chain-from-root a A M a € roots A M
and b: ¢2 = chain-from-root b A M b € roots A M
by (smt (verit, ccfv-SIG) <c1 € chain-decomposition-order A r M)»
«c2 € chain-decomposition-order A r M chain-decomposition-order-def
mem-Collect-eq)
have Jz. (z € chain-from-root a A M) A (z € chain-from-root a A M) using
hip a b by auto
then obtain z where z: (z € chain-from-root a A M) A (z € chain-from-root
a A M) by auto
hence (z € A A (a,z) € (match-rel M) ) A (z € A A(b,x) € (match-rel M) )

using chain-from-root-def
by (smt (verit) a(1,2) assms(2) b(1,2) disjoint-iff hip mem-Collect-eq
part-order.p-o-translation part-order-arioms
root-unique)
hence a=b
by (meson a(2) assms(2) b(2) part-order.p-o-translation part-order-azioms
root-unique)
thus False
using <cl # ¢2» a(1) b(1) by blast
qged
qed
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lemma chain-decomposition-non-empty:
assumes roots A M # {} and
dirBD-matching (relation-to-digraph A r) (Inl © A) (Inr * A) M
shows {} ¢ chain-decomposition-order A r M
using chain-decomposition-order-def chain-from-root-def match-rel-not-empty
by (smt (verit) equalsOD mem-Collect-eq roots-def)

lemma chain-decomposition-partition:
assumes 1 C A x A and
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr < A) M
and finite A
shows partition-on A (chain-decomposition-order A r M)
using partition-on-def[of A chain-decomposition-order A r M]
proof
have 1: |J (chain-decomposition-order A r M) = A
using assms chain-decomposition-cover by blast
moreover
have 2: disjoint (chain-decomposition-order A r M)
using assms chain-decomposition-disjoint by auto
moreover
have 3: {} ¢ chain-decomposition-order A r M
using assms chain-decomposition-non-empty
by (smt (verit, best) chain-decomposition-order-def emptyE mem-Collect-eq)
ultimately
show ?thesis using partition-on-def by auto
qged

lemma exist-chain-decomposition:
assumes 7 C 4 x A and
dirBD-matching (relation-to-digraph A r) (Inl © A) (Inr * A) M
and finite A
shows chain-decomposition A r (chain-decomposition-order A r M)
proof—
have partition-on A (chain-decomposition-order A r M)
using assms chain-decomposition-partition by auto
moreover
have V B chain-decomposition-order A r M. chain B A r
proof
fix B
assume Be€ chain-decomposition-order A r M
thus chain B A r using assms chain-from-root-is-chain
by (smt (verit) chain-decomposition-order-def mem-Collect-eq p-o-translation
roots-def)
qed
ultimately show #thesis
using chain-decomposition-def by blast
qed
end

35



lemma maz-card-in-set:
fixes M :: 'a set set
assumes finite M and M # {}
shows 3m € M. Vm’' € M. card m’ < card m
by (metis Maz-ge assms(1,2) finite-imagel image-eql obtains-MAX)

lemma maximum-matching-digraph:
assumes dir-bipartite-digraph G X Y and finite (arcs G)
shows 3 M. maximum-dirBD-matching G X Y M
proof—
let ?M = {M. dirBD-matching G X Y M}
have a: V M€ ?M.finite M using dirBD-matching-def
by (metis assms(2) mem-Collect-eq rev-finite-subset)
have 1: finite M
proof —
have ?M C Pow (arcs G)
using dirBD-matching-def by fastforce
thus finite ?M by (simp add: assms(2) finite-subset)
qed
have 2: {} € ?M
unfolding dirBD-matching-def using assms(1) by fastforce
have IMe?M. (YWM'€?M. card M' < card M) using a 1 2
by (metis equalsOD maz-card-in-set)
thus ?thesis
by (simp add: mazimum-dirBD-matching-def)
qged

lemma chain-from-root-inj:
assumes
dirBD-matching (relation-to-digraph A r) (Inl © A) (Inr * A) M
shows
inj-on (Aa. chain-from-root a A M) (roots A M)
proof —
have Aa b.
a € roots A M —
b € roots A M —
chain-from-root a A M = chain-from-root b A M —>
a=5b
proof —
fix a b
assume
a € roots A M and
b € roots A M and
chain-from-root a A M = chain-from-root b A M
then have a € chain-from-root b A M
unfolding chain-from-root-def
by (metis (lifting) match-rel-not-empty mem-Collect-eq roots-def)
then have (b,a) € (match-rel M)
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unfolding chain-from-root-def by auto
moreover
have (a,a) € (match-rel M)
by auto
ultimately show a = b
by (metis (lifting) CollectD Product-Type.Collect-case-prodD
<a € roots A My match-rel-def roots-def rtrancl.cases snd-conv)
qed
thus ?thesis
unfolding inj-on-def by auto
qged

lemma chain-decomposition-as-image:
chain-decomposition-order A r M = (Xa. chain-from-root a A M) * roots A M
by (simp add: chain-decomposition-order-def setcompr-eg-image)

lemma card-chain-decomposition:
assumes
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M and finite
(roots A M)
shows
card (chain-from-root ‘ roots A M) = card (roots A M)
by (metis (no-types, lifting) assms(1) card-image chain-from-root-inj inj-on-def)

fun f-match-rel :: ('a x 'a) = (("a + 'a) x ('a + 'a))
where
f-match-rel (z,y) = (Inl z, Inr y)

lemma inj-match-rel:
assumes dirBD-matching (relation-to-digraph A r) (Inl < A) (Inr * A) M
shows inj f-match-rel
by (unfold inj-def, auto)

lemma surj-match-rel:
assumes dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows (Vz.V w. (z,w) € M — (Fz.3y. (z,y) € match-rel M A (Inl z, Inr
y)=(zw)))
proof (intro alll impl)
fix z w
assume hip: (z, w) € M
show 3z y. (z, y) € match-rel M A (Inl z, Inr y) = (2, w)
proof—
have (Jz3y. (z,y) er ANz e ANy € ANaty A (Inlz, Inr y) = (2,w))
using hip
by (smt (verit, del-insts) assms dirBD-matching-def mem-Collect-eq
relation-to-digraph-def select-convs(2) subset-iff)
then obtain z y where (z,y) € r Az € ANy € AN aty A (Inlz, Inry)
= (z,w) by auto
hence (Inl z, Inr y)e M A (Inl z, Inr y) = (z,w) using hip match-rel-def
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using hip by fastforce
hence (z, y) € match-rel M A (Inl z, Inr y) = (2, w) using match-rel-def by
auto
thus ?thesis by blast
qed
qed

lemma surj-match-rell:
assumes dirBD-matching (relation-to-digraph A r) (Inl < A) (Inr * A) M
shows f-match-rel‘match-rel M = M
proof
show f-match-rel ‘ match-rel M C M
proof
fix X
assume X € f-match-rel * match-rel M
hence 3z.3w. X = (Inl z, Inr w) A (Inl z, Inr w)€ f-match-rel * match-rel M
using image-iff by fastforce
then obtain z w where x: X = (Inl z, Inr w) A (Inl z, Inr w) € f-match-rel
“match-rel M by auto
hence (z,w) € match-rel M by fastforce
hence (Inl z, Inr w)e M
by (simp add: match-rel-def)
thus X € M using * by auto
qed
next
show M C f-match-rel * match-rel M
proof
fix X
assume X € M
hence 3z.3w. X = (Inl z, Inr w) A (Inl z, Inr w) € M using assms
by (metis f-match-rel.cases surj-match-rel)
then obtain z w where X = (Inl z, Inr w) A (Inl z, Inr w) € M by auto
hence (z,w) € match-rel M AN X = (Inl z, Inr w) A (Inl z, Inr w) € M
by (simp add: match-rel-def)
thus X € f-match-rel < match-rel M
by force
qged
qged

lemma card-match-rel-eq:
assumes dirBD-matching (relation-to-digraph A r) (Inl ¢ A) (Inr ¢ A) M and
finite M
and finite (match-rel M)
shows card (match-rel M) = card M
proof —
have inj f-match-rel
using assms(1) inj-match-rel by blast
moreover
have f-match-rel * match-rel M = M
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using surj-match-rell assms by blast
ultimately show ?thesis
by (metis card-image inj-on-subset subset-UNIV')
qed

definition has-pred:: ‘a set =(("a + 'a) x (a + 'a)) set = 'a set where
has-pred A M = {z€A. (3y. (y,x) € match-rel M )}

lemma roots-partition:
roots A M = A — has-pred A M
unfolding roots-def has-pred-def
by (smt (23) Collect-cong DiffD2 DiffI Diff-subset case-prodE case-prodl f-match-rel.simps

match-rel-def mem-Collect-eq minus-set-def subset-eq)

lemma disjoint-roots-pred:
roots A M N has-pred A M = {}
unfolding roots-def has-pred-def
by (simp add: disjoint-iff match-rel-def)

lemma union-roots-pred:
roots A M U has-pred A M = A
using roots-partition disjoint-roots-pred
by (simp add: Collect-conj-eq has-pred-def roots-partition)

lemma card-partition:
assumes finite A
shows card A = card (roots A M) + card (has-pred A M)
using disjoint-roots-pred union-roots-pred
by (metis assms card-Un-disjoint disjoint-roots-pred finite-Un union-roots-pred)

lemma has-pred-image:
assumes dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M
shows has-pred A M = snd ‘ (match-rel M)
unfolding has-pred-def
by (smt (verit, best) Collect-cong Range.Rangel RangeE assms(1) image-def
matching-edges-strict mem-Collect-eq
snd-eq-Range)

lemma inj-snd-match-rel:
assumes
dirBD-matching (relation-to-digraph A r) (Inl © A) (Inr * A) M
shows inj-on snd (match-rel M)
using assms
unfolding dirBD-matching-def match-rel-def inj-on-def
by (metis (lifting) Product-Type.Collect-case-prodD assms
predecessor-unique split-pairs2 sum.inject(1,2) surj-match-rel)

lemma card-has-pred:
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assumes
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr * A) M and finite
(match-rel M)
shows card (has-pred A M) = card (match-rel M)
using assms has-pred-image inj-snd-match-rel card-image by metis

lemma card-roots:
assumes
dirBD-matching (relation-to-digraph A r) (Inl © A) (Inr ¢ A) M and finite A
and finite M and finite (match-rel M)
shows
card (roots A M) = card A — card M
proof —
have card A = card (roots A M) + card (has-pred A M)
using card-partition assms by auto
moreover
have card (has-pred A M) = card (match-rel M)
using card-has-pred assms by blast
moreover
have card (match-rel M) = card M
using card-match-rel-eq assms by blast
ultimately show ?thesis by simp
qed

lemma finite-arcs:
assumes finite Aand r C A x A
shows finite (arcs (relation-to-digraph A 1))
proof—
have finite r
using assms(1,2) finite-subset by blast
thus ?thesis using relation-to-digraph-def[of A r]
by (smt (verit, ccfv-SIG) Inll Inrl Sigmal assms(1) finite- Plus-iff finite-cartesian-product
mem-Collect-eq rev-finite-subset select-convs(2) subrell)
qed

lemma finite-verts:
assumes finite A
shows finite (verts (relation-to-digraph A r))
using relation-to-digraph-def assms
by (smt (verit) finite-Plus-iff select-convs(1))

lemma finite-matching:
assumes
rC A x Aand
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr ¢ A) M and finite A
shows finite M using assms dirBD-matching-def finite-arcs
by (metis finite-subset)

lemma (in part-order)chain-decomposition-cardinality:
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assumes
dirBD-matching (relation-to-digraph A r) (Inl * A) (Inr ¢ A) M and finite A
shows
card (chain-decomposition-order A r M) = card A — card M
proof —
have chain-decomposition-order A r M =
(Ma. chain-from-root a A M)  roots A M
using chain-decomposition-as-image by blast
moreover
have card (chain-from-root ‘ roots A M)
= card (roots A M)
proof —
have finite (roots A M)
using assms
by (simp add: roots-def)
moreover
have inj-on (Aa. chain-from-root a A M) (roots A M)
using chain-from-root-inj assms by blast
ultimately show #thesis
by (simp add: card-image inj-on-def)
qged
moreover
have card (roots A M) = card A — card M
using card-roots assms finite-matching finite-cartesian-product match-rel-subset-r
p-o-translation partial-order-onD(4) rev-finite-subset
by meson
ultimately show %thesis
by (metis assms(1) card-image chain-from-root-inj)
qed

lemma cover-minimum:
assumes minimum-vertex-cover G E C' and finite C
shows VceC.3ecE. ¢ = (head G €) V ¢ = (tail G e)
proof (rule ccontr)
assume —(VceC. Je€cE. ¢ = (head G e) V ¢ = (tail G e))
hence FceC. Ve€E. ¢ # (head G e) A ¢ # (tail G €) by auto
then obtain ¢ where cI: ceC and ¢2: Ve€E. ¢ # (head G e) A ¢ # (tail G
e) by auto
have x: vertez-cover G E (C—{c})
proof—
have C — {c} C verts G
using assms minimum-vertex-cover-def vertex-cover-def
by (metis cl insert-Diff insert-subset)
moreover
have E C arcs G using assms minimum-vertex-cover-def wvertex-cover-def
by metis
moreover
have (VecE. head Ge € C — {c} V tail Ge € C — {c}) using cI c2

by (metis assms(1) insert-Diff insert-iff minimum-vertez-cover-def vertez-cover-def)
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ultimately
show ?thesis using vertex-cover-def by blast

qed

have card (C — {c}) < card C using cI assms(2)
by (metis card-Diff1-less)

thus False using * assms(1) minimum-vertez-cover-def
using leD by blast

qed

context part-order
begin
lemma vertex-cover-reduction:
assumes (Y ecarcs (relation-to-digraph A r).
head (relation-to-digraph A r) e € C'V
tail (relation-to-digraph A r) e € C')
and Inlz € Cand Inrz € C
shows (V ecarcs (relation-to-digraph A ).
head (relation-to-digraph A r) e € C — {Inr z} V
tail (relation-to-digraph A r) e € C — {Inr z}) V
(V e€arcs (relation-to-digraph A r).
head (relation-to-digraph A r) e € C — {Inl x} V
tail (relation-to-digraph A r) e € C — {Inl z})
proof (rule ccontr)
let ?G = relation-to-digraph A r
let F = arcs ?G
assume
—((Vec?E.
head ?G e € C — {Inr x} V
tail ?G e e C — {Inrz}) v
(Vee?E.
head ?G e € C — {Inl z} V
tail G e € C — {Inl z}))
hence h: —(V ec?E.
head ?G e € C — {Inr z} V
tail G e € C — {Inr z}) and
h0: — (V ec?E.
head ?G e € C — {Inl z} V
tail ?G e € C — {Inl z}) by auto
from h have 3y.3z.3e. e = (Inly, Inr z) A (head ?G e ¢ C — {Inr z} A
tail G e ¢ C — {Inl z})
by (metis (no-types, lifting) Diff-iff insertll old.prod.case relation-to-digraph-def
select-convs(8,4))
then obtain y z ¢ where e: e€?E A e = (Inl y, Inr z) and h: head ?G e ¢ C
— {Inr z} and
t: tail ?G e ¢ C — {Inr z}
by (smt (verit, ccfu-threshold) mem-Collect-eq h relation-to-digraph-def
select-convs(2))
hence 1: e€?E N e = (Inl y, Inr z) A head ?G e = Inr z A tail ?G e = Inly
A
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head ?G e ¢ C — {Inr z} A tail G e ¢ C — {Inr z}
using e relation-to-digraph-def[of A r] by auto
hence *: e = (Inl y, Inr z2) A (Inr 2) ¢ C — {Inr z} A (Inly) ¢ C — {Inr z}
using e h t by auto
hence a: (y,2)€r A y#z using relation-to-digraph-def[of A 7]
using e by auto
have (Inlvy) # (Inr z) by auto
hence b: (Inl y) ¢ C using = by auto
have 3ceC. c=Inly V ¢ = Inrz using e assms(1) 1
by auto
then obtain ¢ where c¢: c € C A (¢ =1InlyV ¢ = Inrz) by auto
hence Inr z = Inr x using * by auto
hence h1: (y,z)€r A y#z using a by auto
from h0 have 3yI1.3z21.3e. e = (Inl yl, Inr z1) A (head ?G e ¢ C — {Inl x} A
tail G e ¢ C — {Inl z})
by (smt (verit, best) mem-Collect-eq relation-to-digraph-def select-convs(2)
then obtain y! z1 e where e: e€?E A e = (Inl y1, Inr z1) and h: head ?
¢ C — {Inl z} and
t: tail 2G e ¢ C — {Inl z}
by (smt (verit, best) CollectD h0 relation-to-digraph-def select-convs(2))
hence 2: e€e?E N e = (Inl y1, Inr z1) A head ?G e = Inr zl A tail 7G e = Inl
yl A

)
Ge

head ?G e ¢ C — {Inl z} A tail ?G e ¢ C — {Inl x}
using e relation-to-digraph-def[of A r] by auto
hence *xx: e = (Inl yI, Inr z1) A (Inr z1) ¢ C — {Inl 2} A (Inl y1) ¢ C — {Inl
z}
using e h t by auto
hence al: (y1,z1)er A yl#z1 using relation-to-digraph-def|of A r]
using e by auto
have (Inr z1) # (Inl z) by auto
hence b1: (Inr z1) ¢ C using =x by auto
have 3¢ceC. ¢ = Inl yl V ¢ = Inr z1 using 2 assms(1) by auto
then obtain ¢ where c¢: c € C A (¢ =Inlyl V ¢ = Inrzl) by auto
hence Inl y1 = Inl x using *x by auto
hence h2: (z,z1)er A z1#z using al by auto
hence (y,z1)er A y#z1 using h0
by (metis antisymD h1 p-o-translation partial-order-onD(2,3) transD)
hence (Inly, Inr z1)e?E
by (smt (verit) 1 e mem-Collect-eq prod.inject relation-to-digraph-def select-convs(2)
sum.inject(1,2))
thus False using b b1 assms(1)
by (metis (no-types, lifting) prod.simps(2) relation-to-digraph-def select-convs(3,4))
qed

lemma vertez-cover-subset:
assumes vertex-cover (relation-to-digraph A r) (arcs (relation-to-digraph A 1))
C
and Inlz € C ANInrz e C
shows vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph A r))

43



(C—{Inl z})
V wertez-cover (relation-to-digraph A 1) (arcs (relation-to-digraph A 1))
(C—{Inr z})
proof (rule disjE)
let ?G = relation-to-digraph A r
let E = arcs ?G
show (Vec?E.
head ?G e € C — {Inr x} V
tail G e € C — {Inrz}) Vv
(Vec?E.
head ?G e € C — {Inl z} Vv
tail G e € C — {Inl z}) using assms vertex-cover-def vertex-cover-reduction
by (metis (no-types, lifting))
next
let ?G = relation-to-digraph A r
let E = arcs ?G
assume h: (Ve€?E.head ?G e € C — {Inrz} V tail ?G e € C — {Inr z})
have wvertex-cover (relation-to-digraph A r) (arcs (relation-to-digraph A r)) (C
— {Inr z})
proof—
have C — {Inr z} C verts (relation-to-digraph A r)
using assms(1) vertez-cover-def
by (metis assms(2) insert-Diff insert-subset)
thus ?thesis using h vertezx-cover-def

by blast
qged
thus ?thesis by auto
next

let ?G = relation-to-digraph A r
let ?F = arcs ?G
assume h: (Ve€?E.head ?G e € C — {Inl z} V tail ?G e € C — {Inl z})
have vertex-cover (relation-to-digraph A r) (arcs (relation-to-digraph A r)) (C
— {Inl z})
proof—
have C — {Inl z} C verts (relation-to-digraph A r)
using assms(1) vertez-cover-def
by (metis assms(2) insert-Diff insert-subset)
thus ?thesis using h vertex-cover-def

by blast
qed
thus ?thesis by auto

qged

lemma matching-vertez-cover:
assumes minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
Anr)C
and finite A
shows Inl ¢ C V Inr x¢ C
proof(rule ccontr)
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assume h: = (Inlz ¢ CV Inrz ¢ C)
hence vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph A T))
(C—{Inl z})
V wvertex-cover (relation-to-digraph A r) (arcs (relation-to-digraph A r))
(C—{Inr z})
using vertex-cover-subset by (metis assms(1) minimum-vertez-cover-def)
thus False using assms(2) minimum-vertez-cover-def h
by (metis assms(1) card-Diff1-less diff-shunt-var finite.emptyl finite-Diff2
finite-verts leD vertex-cover-def)
qed

lemma L-R-disjoint:
assumes minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
Ar)) C
and finite A
shows {zcA. Inlz € C} N {z€A. Inr z € C} = {} using matching-vertez-cover
assms(1,2)
using assms(2) by fastforce

lemma card-projection:
assumes minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
A r)) C and

finite A
shows

card {z€A. Inlz € C V Inrx € C} = card C

proof —
have Inl * AN Inr * A = {} by auto
let ?L = {z€A. Inlz € C}
let R = {z€A. Inrz € C}
have d: ?L N 7R = {}

using assms(1,2) matching-vertex-cover by fastforce
have S-def:

{z€A. Inlx € CV Inrz € C} = ?L U ?R by auto
have ?L N YR = {} using L-R-disjoint by (simp add: d)
moreover
have finl: finite ?L and fin2:finite ?R

using assms by auto
ultimately
have card (L U ?R) = card ?L + card ?R

by (meson card-Un-disjoint)
moreover
have card C' = card ?L + card ?R
proof —

have C C Inl * A U Inr ¢ A using vertex-cover-def

by (metis (no-types, lifting) Plus-def assms(1) minimum-vertez-cover-def
relation-to-digraph-def select-convs(1))

hence C = Inl * 7L U Inr * ?R by auto

moreover

have Inl * 2L N Inr * 7R = {} by auto
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moreover
have inj-on Inl ?L and inj-on Inr ?R by auto
ultimately show ?Zthesis using fin! fin2
by (metis (no-types, lifting) card-Un-disjoint card-image finite-imagel)
qged
thus ?thesis
using S-def calculation by argo
qed

lemma cover-antichain:
assumes minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
A r)) C and
finite A
shows anti-chain Ar {z € A. Inlx ¢ C AN Inrz ¢ C} A
card {r € A. Inlx ¢ C ANInrz ¢ C} = card A — card C
proof(rule conjI)
show anti-chain A r {z € A. Inlx ¢ C N Inrz ¢ C}
proof—
have 1: {z € A. Inlz ¢ C AN Inrz ¢ C} C A A partial-order-on A r
by (simp add: p-o-translation)
have 2: anti-total {xr € A. Inlz ¢ C AN Inrz ¢ C} r
proof (rule ccontr)
assume — anti-total {x € A. Inlz ¢ C N Inrx ¢ C} r
hence (Jzc€A. FycA. z#y A
(Inlz e (A<+>A) — CA Inrz e (A<+>A) — C) A
(Inlye (A<+>A)—CAN Intye (A<+> A) — C) A
((zy) € rV (y, 2) € 1))
using anti-total-def by blast
then obtain z and y where a: ((z € A Ay e A A z#y) A
(Inlz e (A<+>A) — CA Inrz e (A<+>A) — C) A
(Inlye (A<+>A)—C AN Inrye (A<+>A) — C) A
((zy) € rV (y, z) € 7))
by blast
hence (1€ ANye AN(zy) erNaty) V(e ANye AN (y,x) €r A
£y )
by blast
hence b: (Inl z, Inr y) € (arcs (relation-to-digraph A r)) V
(Inly, Inr x) € (arcs (relation-to-digraph A r))
using relation-to-digraph-def
by (smt (verit, best) mem-Collect-eq select-convs(2))
hence (Inl x = tail (relation-to-digraph A r) (Inl z,Inr y) A
Inr y = head (relation-to-digraph A r) (Inl z,Inr y)) V
(Inl y = tail (relation-to-digraph A r) (Inl y,Inr x) A
Inr © = head (relation-to-digraph A r) (Inl y,Inr x))
by (simp add: relation-to-digraph-def)
hence (Inlz € CVInrye C)V (Inlye CV Inrz € C)
using relation-to-digraph-def[of A r] vertex-cover-def|of relation-to-digraph
A7l

minimum-vertex-cover-def assms b
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by (metis (mono-tags, lifting) prod.simps(2) select-convs(3,4))
thus Fualse using a by auto
qed
thus ?thesis
by (simp add: 1 anti-chain-def)
qed
next
let X ={ze€ A Inlz¢ CANInrz¢ C}
have partition:
A=7?XU{z€A. Inlz € CV Inrz € C} by auto
moreover
have disj:
X N{z€A. Inlz e CV Inrz e C} ={} by auto
ultimately
have card A = card ?X + card {z€A. Inlz € C V Inr z € C}
using assms(1)
by (metis (lifting) assms(2) card-Un-disjoint finite-Un)
moreover
have card {z€A. Inlz € C V Inr x € C} = card C using card-projection
assms(1,2) p-o-translation by blast
ultimately
show card ?X = card A — card C by simp
qed

lemma antichain-le-chain-decomposition:
assumes chain-decomposition A r C and anti-chain A r X
and finite X and finite C
shows card X < card C
proof—
have cover:
Ne.z € X = FceC.z € ¢
using assms(1) anti-chain-def chain-decomposition-def
by (metis assms(2) UnionE partition-on-def subsetD)
then obtain f where
fdef: Ne.z€e X = fze CAz€Efx
by metis
have inj: inj-on f X
proof (rule inj-onlI)
fix x y
assume z: z € X and y: y € X and eq: fz = fy
from f-def[OF z] have z € fz by auto
moreover
from f-def[OF y] have y € fy by auto
ultimately
have z € fz A y € fz using eq
by auto
hence both-in-chain:
z € fxz ANy € fz by auto
have chain (fz) A r
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using chain-decomposition-def assms(1) f-def =
by blast
hence total:total-on (f ) r using chain-def by auto
have (z,y) € r V (y,z) € r
using total both-in-chain total-on-def
by (metis Dilworth-Finite.chain-def «Dilworth-Finite.chain (f ) A r) par-
tial-order-onD(1) refl-onD subsetD)
have z # y — —((z,y) € r V (y,z) € 1)
using assms(2) z y anti-chain-def
by (metis anti-total-def)
thus z =y
using «(z,y) € r V (y,z) €
by blast
qed
have f X C C
using f-def by auto
moreover
have finite (f * X)
using assms(3) by auto
ultimately have card (f ‘ X) < card C using assms(4)
by (simp add: card-mono)
moreover have card X = card (f * X)
using inj assms(3)
by (simp add: card-image)
ultimately show ?thesis by simp
qged
end

lemma Konig-FEgervary-relation:
fixes A:: 'a::countable set
assumes
maximum-dirBD-matching (relation-to-digraph A r) (Inl < A) (Inr ¢ A) E and
minimum-vertex-cover (relation-to-digraph A r) (arcs (relation-to-digraph A
r)) C and
finite (verts (relation-to-digraph A r))
shows card E = card C using assms Konig-Egervary
dirBD-matching-def mazimum-dirBD-matching-def by blast

lemma (in part-order-countable) exists-max-antichain-from-matching:
assumes finite A and mazimum-dirBD-matching (relation-to-digraph A r) (Inl

“A) (Inr “A) M

shows 3 X. largest-antichain A r X A (card X = card A — card M)
proof—

have 3 C. minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
Ar)) C

by (meson assms(1,2) dirBD-matching-def exists-min-vertez-cover finite-Un
finite-imagel
mazimum-dirBD-matching-def)
then obtain C' where
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Cmin: minimum-vertez-cover (relation-to-digraph A r) (arcs (relation-to-digraph
A 1)) C by auto
have card-eq: card M = card C using Konig-Egervary-relation
using Cmin assms(1,2) finite-verts by blast
have fin1: finite C
by (meson Cmin assms(1) finite-verts minimum-vertez-cover-def rev-finite-subset
vertez-cover-def)
let X ={ze€ A Inlz¢ CANInrz¢ C}
have anti: anti-chain A r ¢X A card ?X = card A — card C
using Cmin assms(1) cover-antichain
by blast
have x: VX' anti-chain A r X' — card X' < card ?X
proof(rule alll, rule impl)
fix X'
assume h: anti-chain A r X'
have c: chain-decomposition A r (chain-decomposition-order A r M)
using chain-decomposition-cardinality assms(1,2) mazimum-dirBD-matching-def
p-o-translation
part-order. exist-chain-decomposition part-order-azioms partial-order-onD(4)
by blast
have fin3: finite X' using h
by (metis anti-chain-def assms(1) finite-subset)
hence card X' < card (chain-decomposition-order A r M)
using h antichain-le-chain-decomposition|of chain-decomposition-order A r
M] ¢
by (metis assms(1) chain-decomposition-def finite-elements)
thus card X' < card ?X
using anti assms(1,2) card-eq mazimum-dirBD-matching-def part-order.chain-decomposition-cardinality

part-order-axioms
by fastforce
qed
from anti *
have (largest-antichain A r ?X) A (card ?X = card A — card M)
by (simp add: card-eq largest-antichain-def)
thus ?thesis by auto
qed

lemma (in part-order-countable) smallest-chain-decomposition-order:
assumes finite A and mazimum-dirBD-matching (relation-to-digraph A r) (Inl
“A) (Inr < A) M
shows 3 DC. (smallest-chain-decomposition A r DC) A (card DC = card A —
card M)
proof—
let ?C' = chain-decomposition-order A r M
have *: chain-decomposition A r 2C A (card ¢C = card A — card M)
using assms chain-decomposition-cardinality mazimum-dirBD-matching-def
p-o-translation
part-order. exist-chain-decomposition part-order-axioms partial-order-onD(4)
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by metis
moreover
have (V P. chain-decomposition A r P — card ?C < card P)
proof (intro alll impl)
fix P
assume h: chain-decomposition A r P
have 3 X. anti-chain A r X N card X = card A — card M
using exists-maz-antichain-from-matching
using assms(1,2) largest-antichain-def p-o-translation by blast
then obtain X where X: anti-chain A r X A card X = card A — card M
by auto
hence card X < card P
using antichain-le-chain-decomposition
by (metis antichain-le-chain-decomposition assms(1) card-eq-0-iff
chain-decomposition-def finite-elements h less-eq-nat.simps(1))
thus card ?C < card P using x X by argo
qed
ultimately
show ?thesis using smallest-chain-decomposition-def
by blast
qed

lemma chain-unit:
assumes r C A x Aand r # {} and Vabd. (a,b) €r — a=1
shows (chain B A r) AN B # {} — (3z€A. B = {z})
proof(rule impI)
assume hip: chain BAr A B # {}
show Jz€A. B = {z}
proof(rule ccontr)
assume - (3z€A. B = {z})
hence (V z € A. B # {z}) by simp
hence Fz.3y. z#y AN z€B A yeB
by (meson Dilworth-Finite.chain-def hip is-singletonl’ is-singleton-some-elem
some-elem-nonempty subsetD)
hence Jz.3y. z#y A (z,y)€r
by (metis Dilworth-Finite.chain-def hip total-on-def)
thus Fulse using assms(3) by auto
qed
qed

lemma chain-descomposition-unit:

assumes 1 C A x A and Va b. (a, b) € r — a = b and partial-order-on A
rand r # {}

shows (chain-decomposition A r {{z}|z. z€A} ) A ((chain-decomposition A r D)
— D = {{z}|z. z€A})
proof(rule conjI)

show chain-decomposition A r {{z} |z. © € A}

proof(unfold chain-decomposition-def, rule conjI)

show partition-on A {{z} |z. © € A}
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by (simp add: partition-on-singletons setcompr-eq-image)
next
show V Be{{z} |z. z € A}. chain BA r
using Dilworth-Finite.chain-def assms(8) by fastforce
qed
next
show chain-decomposition A r D — D = {{z} |z. x € A}
proof(rule impl)
assume *: chain-decomposition A r D
show D = {{z} |z. z € A}
proof (rule ccontr)
let D1 = {{z} |z. = € A}
assume hip: D # D1
show Fulse
proof (rule disjE)
show —(D C ¢D1) vV =(?D1 C D) using hip by simp
next
assume - D C ?D1
hence 3B. B € D A B ¢ ?DI by auto
then obtain B where B: B € D A B ¢ ?DI by auto
hence JFz.3y. z#y AN x€B N yeB using *
by (smt (verit, del-insts) chain-decomposition-def is-singletonl’ is-singleton-def

mem-Collect-eq mem-simps(9) partition-on-def singletonlI)
hence Jz.3y. 2#y A (z,y) € r using *
by (metis (no-types, opaque-lifting) B Dilworth-Finite.chain-def chain-decomposition-def
total-on-def)
thus False using assms(2) by auto
next
assume — D1 C D
hence Jz. {z} € ?D1 A {z} ¢ D by auto
thus Fulse using * assms chain-unit
by (smt (verit) UnionE chain-decomposition-def mem-Collect-eq par-
tial-order-onD(4) partition-on-def
singletonD)
qed
qged
qed
qed

lemma antichain-on:
assumes 1 C A x A and Va b. (a, b) € r — a = b and partial-order-on A
r and
r#{}
shows anti-chain A r A
using anti-total-def anti-chain-def assms by (metis subsetl)

lemma largest-antichain-on:
assumes 1 C A x A and Va b. (a, b) € r — a = b and partial-order-on A
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r and
r # {} and finite A

shows largest-antichain A r A using anti-total-def anti-chain-def largest-antichain-def

proof—
have anti-chain A r A using assms antichain-on by blast
moreover
have V B. anti-chain A r B — card B < card A
proof (rule alll, rule implI)
fix B
assume anti-chain A r B
hence B C A using anti-chain-def[of A r B] by simp
thus card B < card A using assms(5)
by (simp add: card-mono)
qed
ultimately
show ?thesis using largest-antichain-def by auto
qed

lemma card-smCD-lgAC1T:
assumes finite A shows card A = card {{z} |z. z € A}
using assms by (metis Setcompr-eq-image inj-on-iff-eq-card inj-singleton)

lemma arcs-empty:
assumes 7 C A x A and arcs (relation-to-digraph A r) = {}
shows Va b. (a, ) € r — a =10
proof (rule ccontr)
assume - (Vab. (a,b) €r — a=0)
thus Fulse
by (smt (23) Collect-empty-eq assms(1,2) mem-Sigma-iff relation-to-digraph-def

select-convs(2) subset-eq)
qed

lemma card-smCD-lgAC:
assumes 1 C A x A and Va b. (a, b) € r — a = b and partial-order-on A
r and
r # {} and finite A and
smallest-chain-decomposition A r smCD and largest-antichain A r lgAC
shows card smCD = card lgAC
using assms largest-antichain-on card-smCD-lgAC1
by (metis (no-types, lifting) anti-chain-def card-seteq chain-descomposition-unit
largest-antichain-def
partial-order-onD(4) smallest-chain-decomposition-def)

lemma (in part-order) Dilworth-empty:
assumes arcs (relation-to-digraph A r) = {} and finite A and
smallest-chain-decomposition A r smCD and largest-antichain A r lgAC
shows card smCD = card IgAC
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proof—
have x: Va b. (a, b) € r — a = b using arcs-empty
by (metis assms(1) part-order.p-o-translation part-order-azioms partial-order-onD(4))
show ?thesis
proof(cases r = {})
assume r={}
hence 4 = {}
using p-o-translation partial-order-onD(1) refl-onD by fastforce
hence smCD = {} A IgAC = {}
by (metis anti-chain-def assms(3,4) bot.extremum-uniquel chain-decomposition-def

largest-antichain-def partition-on-empty
smallest-chain-decomposition-def)
thus ?thesis
by simp
next
assume r#£{}
thus ?thesis
using assms * card-smCD-lgAC' anti-chain-def[of A r] largest-antichain-def|of
A rlgAC]
by (metis partial-order-onD(4))
qed
qed

theorem (in part-order-countable) Dilworth-Finite:
assumes finite A
shows JsmCD.3lgAC. smallest-chain-decomposition A r smCD A largest-antichain
A rlgAC
A card smCD = card lgAC
proof (rule disjE)
show arcs (relation-to-digraph A r) = {} V arcs (relation-to-digraph A r) # {}
by auto
next
assume arcs (relation-to-digraph A r) = {}
thus ?thesis using Dilworth-empty
using assms
by (metis assms <arcs (relation-to-digraph A r) = {}» Dilworth-empty
smallest-chain-decomposition-order exists-max-antichain-from-matching part-order-axioms

partial-order-onD(4) finite-arcs rel-to-digraph-is-dir-bipartite mazimum-matching-digraph

part-order.p-o-translation)
next
assume hip: arcs (relation-to-digraph A r) # {}
have dir-bipartite-digraph (relation-to-digraph A r) (Inl * A) (Inr ¢ A)
using assms rel-to-digraph-is-dir-bipartite p-o-translation
by (metis partial-order-onD(4))
moreover
have finite (arcs (relation-to-digraph A r)) using finite-arcs assms
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by (metis p-o-translation partial-order-onD(4))
ultimately
have 3 M. mazimum-dirBD-matching (relation-to-digraph A r) (Inl < A) (Inr
A) M
using mazximum-matching-digraph hip by blast
then obtain M where M: mazimum-dirBD-matching (relation-to-digraph A r)
(Inl “A) (Inr *A) M
by auto
hence DC: (3 DC.(smallest-chain-decomposition A r DC) A (card DC = card A
— card M))
using assms(1) smallest-chain-decomposition-order by blast
moreover
have (3 AC.(largest-antichain A 7 AC) A (card AC = card A — card M))
using assms(1) M exists-maz-antichain-from-matching
by blast
ultimately
show ?thesis by metis
qed

¢

end

4 Dilworth Countable Theorem

theory DilworthCountable
imports
Dilworth-Finite
Prop-Compactness.k-coloring
begin

The countable infinite version of Dilworth’s theorem for partially ordered
sets states that, whenever the "width" of the partial order is finite, i.e.,
whenever there exists a finite upper bound on the size of anti-chains, there
exists a finite minimal chain decomposition with size equal to the size of the
largest anti-chain.

definition incomparability-graph :: 'a rel = 'a set ='a digraph
where
incomparability-graph r A = (A{(z, Y|z y. € ANy € AN (z,y) & r A
(y2) & 7 A a7y})

lemma chain-decomposition-colorable:

assumes partition-on A P and finite P and (V BEP.(total-on B r))

shows (colorable (incomparability-graph r A) (card P))
proof—

let %k = (card P)

have 3f. P =f‘{i. i < %k} N inj-on f {i. i < %k} using assms(2)

by (metis card-Collect-less-nat card-image finite-imp-nat-seg-image-ing-on)

then obtain f where f1: P = f ‘ {iz:nat. i < %k} and f2: inj-on f {i. i < %k}

by auto
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let ?G = incomparability-graph r A
let 9c=Xv. THEi. i < %k AN (I3p € P.veEpA fi=p)
have *: Vu. ue V[?G]— (3li. i< 2%k A (@p.pePAuepANfi=p) A 2c(u)
—9)
proof (intro alll impl)
fix u
assume hip: ue V[?G]
show (3li. i< kAN (3p.pe PANucpANfi=p)A ?c(u) =1)
proof—
have 1:3i. i < %k A (3p. pP A u € p A fi = p) using hip assms f1
by(metis (no-types, lifting) UN-E image-eql
incomparability-graph-def mem-Collect-eq partition-onD1 prod.sel(1))
then obtain p ¢ where p: pe PAu € pand il: fi=p and i2: { < %k
by blast
hence i < %k A (3p. pe€P N u € p A fi = p) by auto
have 2:Vz. 2 < 2k AN(Bpe P uepANfz=p) —z=1
proof (intro alll impl)
fix z
assume hip: ¢ < kAN (Ipe P.u e p A fz = p)
show z = 1
proof—
from hip obtain ¢ where ¢: ¢ € P A u € gqand qI: fz = ¢ by auto
hence 1: fxz € f ‘{i:nat. i < %k} using fI by auto
have 2: fi € f‘{i:nat. { < %k} using i2 by auto
have p = ¢ using ¢ p assms(1) using disjointD partition-on-def by
fastforce
hence fz = fi using ¢! il by auto
hence = = i using hip i2 1 2 f2 by(simp add: inj-onD)
thus ?thesis by auto
qed
qed
from 1 and 2 show ?%thesis by auto
have 3: ?c(u) = i using 1 2 p by auto
qed
qed
have cI: (Vu. ue V[?G]— ?c(u) < %k) using x by blast
have ¢2: (VY u v.(u,0)€E[?G] — ?c(u)# ?c(v))
proof (intro alll impI)
fix uv
assume hip: (u,v)€E[?G]
hence a: € V[?G] and b: ve V[?G] by(unfold incomparability-graph-def, auto)

have 3idp. pePANu € pA fi=pAi< ?k using *x a by auto

then obtain p { where p: p € PAu € pand il: fi=p and i2: i < %
and i3: ?c(u) = ¢ using * a by auto

have dj.dq. qcPANv e qANfj=qANj< ?kusing x b by auto

then obtain ¢ j where ¢: ¢ € P A v € gand jI: fj=q and j2: j < %
and j3: ?c(v) = j using * b by auto

show ?Zc(u)#%c(v)
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proof (rule notl)
assume Zc(u) = ?c(v)
hence 3: p = q using I i3 jI j3 by auto
have 4: u€ A and v€A using hip by(unfold incomparability-graph-def, auto)
hence (u,v) € r V (v,u)€ r using p ¢ 3 assms(3)
by (smt (verit, best) CollectD Pair-inject hip incomparability-graph-def sndl
total-on-def)
thus Fualse using hip by(unfold incomparability-graph-def, auto)
qed
qged
hence coloring ?c 2k (incomparability-graph v A)
using ¢! ¢2 by(unfold coloring-def ,auto)
thus ?thesis using c1 c2 by (unfold colorable-def ,auto)
qed

lemma non-empty-set-color: assumes coloring c¢ k (incomparability-graph r A)
and je c¢‘A
shows {z € A. c z = j} # {}
proof—
have V[incomparability-graph r A] = A
using incomparability-graph-def[of r A] by auto
have Jz € A. ¢(z) =
using assms incomparability-graph-def|of r A] by auto
thus ?thesis by auto
qed

lemma coloring-particion:
assumes coloring ¢ k (incomparability-graph r A)
shows partition-on A {{z € A. c(z) = j}|j. 7 € c‘A}
proof—
let ?G = incomparability-graph r A
have 1: J{{z € A . cz=j}lj.je c(V[?G)} =4
proof—
have |J {{r € A. cx =3} |j. j € ¢(V[?G])} C A by auto
moreover
have ACJ {{z €A cxz=j}|j.je c(V[?G]))}
proof
fix z
assume h: ¢ € A
hence z€ V[?G| using incomparability-graph-def
by (metis (lifting) fst-conv)
hence 3j. ¢(z) = j using assms coloring-def
by metis
then obtain j where j: ¢(z) = j by auto
hence ze{z € A. cx =j|j € ¢(V[?G])} using h by auto
thus zelJ {{z € A. cz =j} |j. j € ¢c(V[?G])} using j
using <z € V]incomparability-graph r A]) by blast
qed
finally
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show |J {{r € A. cz =34} |j. j € c(V[?G]) } = A by auto
qed
have 2: disjoint {{z € A. cz = j} |j. j € c(V[?G])}
using assms coloring-def
by (smt (verit, best) disjnt-iff mem-Collect-eq pairwisel )
have 3: {} ¢ {{z € A. cx = j} |j. j € c(VI][?G))}
using assms coloring-def non-empty-set-color
by (smt (verit, best) Collect-empty-eq fst-conv incomparability-graph-def mem-Collect-eq)

show ?thesis using 1 2 3
by (simp add: incomparability-graph-def partition-on-def)
qed

lemma (in part-order) coloring-total:
assumes coloring ¢ k (incomparability-graph v A) and j € ¢‘A
shows total-on {zr € A. cx = j} r
proof—
{
fix xy
assume hl: z€{z € A. ¢z = j} and h2: ye{z € A. c z = j}
have z £y — (z,y) € rV (y, z) €1
proof
assume z # y
thus (z, y) € r V (y, ) € r using hl h2 assms incomparability-graph-def|of
r A]
by (smt (verit, best) coloring-def mem-Collect-eq snd-conv)
qed

thus ?thesis using total-on-def
by blast
qed

lemma partition-card-le-colors:
assumes col: coloring ¢ k G
shows card ({{z € A. cx =34} |j. 7€ c(VIGD}) <k
proof(cases k = 0)
assume k = 0
hence V[G] = {} using assms coloring-def
by (meson coloring-nonemptygraph colorable-def dual-order.irrefl)
thus ?thesis
by simp
next
assume k # 0
hence k& > 0 by auto
let /P ={{z € A. cx=j}|j. 7€ c(V[G])}
have P-image: P = (A\j. {z € A. c 2 = j})(c(VI]G]))
by auto
have fin-colors: finite (c(V[G]))
proof —
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have card (c{(V[G])) < k
using coloring-card-image[OF col] by simp
thus ?thesis
by (metis (no-types, lifting) bounded-nat-set-is-finite col coloring-def imageE)
qed
have card ?P < card (¢ ‘ (V[G]))
unfolding P-image using fin-colors
by (rule card-image-le)
also have ... < k
using coloring-card-image[OF col] by simp
finally show ?thesis by simp
qed

lemma (in part-order) coloring-chain-decomposition:
assumes coloring c¢ k (incomparability-graph r A)
shows chain-decomposition A r {{z € A. cx = j} |j. j € c‘A} A
card ({{zx € A. cx =j} |j. j€ cAN<k
proof—
have chain-decomposition A r {{z € A. cx = j} |j. j € c‘A}
using coloring-particion[of ¢ k r A] coloring-total[of ¢ k]
by (smt (verit, best) Dilworth-Finite.chain-def Sup-upper assms(1)
chain-decomposition-def mem-Collect-eq p-o-translation partition-onD1)
moreover
have card ({{zx € A. cx = j} |j. j € ¢‘A}) < k using assms partition-card-le-colors
coloring-def|of ¢ k (incomparability-graph r A))
coloring-card-image|of ¢ k (incomparability-graph r A)]
using incomparability-graph-def[of r A] by fastforce
ultimately show ?thesis by auto
qed

lemma coloring-chain-decomposition-finite:
assumes coloring ¢ k (incomparability-graph r A)
shows finite ({{z € A. cx =j} | j. j € c‘A})
proof —
let 2CD ={{z € A. cx=j}|j.j€ cA4}
have ?CD = (\j. {z € A. cz = j}) ‘(c‘A)
by auto
moreover have finite (c‘A)
proof —
have c‘A C {0..<k}
using assms
unfolding coloring-def incomparability-graph-def
by auto
thus ?thesis
using finite-lessThan finite-subset
by blast
qed
ultimately show ?thesis
by simp
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qed

lemma (in part-order) coloring-chain-decomposition:
assumes coloring ¢ k (incomparability-graph r A)
shows (3 CD. chain-decomposition A r CD N card CD < k A finite CD)
using coloring-chain-decompositionl coloring-chain-decomposition-finite assms
by blast

lemma (in part-order-countable) width-coloring-finite:
assumes (V AC. anti-chain A r AC — card AC < m) and finite A
shows (J¢. k. coloring ¢ k (incomparability-graph r A) A k < m)
proof—
have 3sCD. chain-decomposition A r sCD A card sCD < m
by (metis assms(2) assms(1) smallest-chain-decomposition-def largest-antichain-def

Dilworth-Finite)
then obtain sCD where sCD: chain-decomposition A r sCD A card sCD < m
by auto
hence I1:(colorable (incomparability-graph r A) (card sCD))
using chain-decomposition-def chain-decomposition-colorable
by (metis Dilworth-Finite.chain-def assms(2) finite-elements)
have J¢. coloring ¢ (card sCD) (incomparability-graph v A) A card sCD < m
using colorable-def 1 sCD
by blast
thus ?thesis
using colorable-def coloring-def sCD
by (smt (verit, best) <chain-decomposition A r sCD A card sCD < m) color-
ing-def order-trans)
qed

lemma (in part-order-countable) partial-order-restrc:
assumes BCA
shows partial-order-on B (Restr r B)
using partial-order-on-def[of B (Restr r B)]
by (smt (verit, best) Int-iff Sigma-cong antisym-Restr assms mem-Sigma-iff
p-o-translation
partial-order-on-def preorder-on-def refl-on-def subsetD subsetl trans-Restr)

lemma (in part-order-countable) antichain-restre:
assumes anti-chain A r AC and BCA
shows anti-chain B (Restr r B) (AC' N B)
using partial-order-restrc[of B] anti-chain-def[of B (Restr r B) (AC N B)]
by (meson IntE anti-chain-def anti-total-def assms(1,2) inf-le2)

lemma (in part-order-countable) width-induced-subgraph:
assumes V AC. anti-chain A r AC — card AC < w and finite B
shows V ACB. anti-chain B (Restr r B) ACB — card ACB < w using assms
by (smt (verit, del-insts) Int-iff anti-chain-def anti-total-def mem-Sigma-iff
p-o-translation partial-order-onD(1,4) refl-on-def subset-iff)
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lemma graph-incomparability:
is-graph (incomparability-graph r A)
using is-graph-def incomparability-graph-def
by (smt (verit, ccfo-SIG) mem-Collect-eq split-pairs2)

lemma induced-subgraph-incomparability:
assumes is-induced-subgraph H (incomparability-graph r A) A finite-graph H
shows 3 B. (finite B) A B = V[H] A (E[H| = E|[(incomparability-graph r A)] N
(BxB)) NBC A
using assms is-induced-subgraph-def incomparability-graph-def
by (metis (mono-tags, lifting) finite-graph-def fst-conv)

lemma incomparability-subgraph:
assumes is-graph (incomparability-graph r A)
and is-subgraph H (incomparability-graph r A) A finite-graph H
shows 3 B. (finite B) A B = V[H] A (E[H] C E|[(incomparability-graph r A)] N
(BXxB)) ANBC A
using assms is-subgraph-def incomparability-graph-def
by (metis (no-types, lifting) Sigma-cong finite-graph-def fst-conv)

lemma (in part-order-countable) colorable-induced-subgraph:
assumes V AC. anti-chain A r AC — card AC < m
shows (V H. is-induced-subgraph H (incomparability-graph v A) A finite-graph H
— colorable H m)
proof—
have V H. is-induced-subgraph H (incomparability-graph v A) A finite-graph H
— colorable Hm
proof (rule alll, rule impl)
fix H
assume H-assms: is-induced-subgraph H (incomparability-graph r A) A fi-
nite-graph H
have 3 B. (finite B) A B = V[H] A (E[H] = E[(incomparability-graph r A)] N
(BXxB)) ABC A
using incomparability-subgraph assms(1)
by (simp add: H-assms graph-incomparability induced-subgraph-incomparability)
then obtain B where B: (finite B) A B= V[H] A (E[H]| = E[(incomparability-graph
rA)) N (BxB) ABC A
by auto
have AC-B: Y AC. anti-chain B (Restr r B) AC — card AC < m
using B antichain-restrc
by (smt (verit, ccfu-threshold) Int-iff anti-chain-def anti-total-def assms
mem-Sigma-iff
p-o-translation subset-iff’)
have poB: partial-order-on B (Restr r B)
using partial-order-restrc B p-o-translation
by auto
have J¢.3k. coloring ¢ k (incomparability-graph (Restr r B) B) A k < m
using AC-B B part-order-countable.width-coloring-finite part-order-countable-def
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part-order-def poB by blast
then obtain ¢ k where c: coloring ¢ k (incomparability-graph (Restr r B) B)
A k < m by auto
hence coloring ¢ k H
using B induced-subgraph-incomparability
by (simp add: coloring-def incomparability-graph-def)
hence coloring ¢ m H using coloring-def
by (metis c inf.absorb-iff2 inf.strict-boundedE)
thus colorable H m
using colorable-def by blast
qed
thus ?thesis
by blast
qed

lemma exists-smallest-chain-decomposition:
assumes 3 C. chain-decomposition A r C
shows 3 C. smallest-chain-decomposition A r C
proof—
let 2Q = An. 3 C. chain-decomposition A r C N\ card C' = n
obtain k where k1: ?Q k and k2: Vm<k. = 2Q m
using assms ex-least-nat-le[of 7Q ] by blast
obtain C where CD1: chain-decomposition A r C and CD2: card C = k
using k1 by blast
have minC: V P. chain-decomposition A r P — card C' < card P
proof (rule alll)
fix P
show chain-decomposition A r P — card C' < card P
proof
assume PCD: chain-decomposition A r P
show card C < card P
proof—
have 1: = card P < k
proof
assume card P < k
hence ?Q) (card P)
using PCD by blast
with k2 show Fulse
by (metis k2 <3 C. chain-decomposition A r C A card C = card Py <card
P < k)
qed
thus card C' < card P using CD2 1 not-le-imp-less by blast
qed
qed
qed
have smallest-chain-decomposition A r C
unfolding smallest-chain-decomposition-def
using CD1 minC by blast
thus ?thesis by blast
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qed

lemma (in part-order-countable) exists-largest-antichain:
assumes YV AC. anti-chain A r AC — card AC < m
shows 3lgAC. largest-antichain A r lgAC
proof—
let P = {card B | B. anti-chain A r B}
have 1:9P C {0..m}
using assms(1) atLeastAtMost-iff by blast
moreover
have anti-chain A r {}
using anti-chain-def anti-total-def p-o-translation
by blast
hence 2: 7P # {}
by blast
ultimately
have k. k = Maz ?P
by blast
then obtain k£ where k£ = Maz ?P by auto
moreover
have finP: finite 2P
using 1 by (meson finite-atLeastAtMost finite-subset)
hence k-in: k € 7P
using Maz-in calculation 2 by auto
then obtain lgAC where
lgAC-antichain: anti-chain A r IgAC and IgAC-card: card lgAC = k
by blast
have largest: largest-antichain A r lgAC
proof (unfold largest-antichain-def, intro conjl alll impl)
show anti-chain A r lgAC
by (rule lgAC-antichain)
next
fix C
assume Canti: anti-chain A r C
have card C € 7P
using Canti by blast
hence card C < k
using finP calculation by auto
hence card C < card lgAC
using lgAC-card by simp
thus card C < card lgAC
by metis
qed
thus 3gAC. largest-antichain A r lgAC by auto
qed

theorem (in part-order-countable) Dilworth-countable-auz:

assumes largest-antichain A r lgAC
shows (3 CD. (chain-decomposition A r CD A finite CD) A card CD < card
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lgAC)
proof—
have 1: is-graph (incomparability-graph r A)
using graph-incomparability by auto
have (colorable (incomparability-graph v A) (card lgAC))
proof—
have V H. is-induced-subgraph H (incomparability-graph v A) A finite-graph H
ﬁ
colorable H (card lgAC)
using colorable-induced-subgraph assms
by (metis largest-antichain-def)
thus ?thesis
using 1 deBruijn-Erdos-coloring-for-finite-induced-subgraphs
by metis
qed
thus ?thesis
using colorable-def coloring-chain-decomposition
by metis
qed

definition largest-finite-antichain :: 'a set = 'a rel = 'a set = bool
where largest-finite-antichain A r B =
anti-chain A v B A finite B A (VY C. anti-chain A r C A finite C — card C
< card B)

lemma (in part-order-countable) exists-largest-finite-antichain:
assumes H: V AC. anti-chain A r AC A finite AC — card AC < m
shows JlgAC. largest-finite-antichain A r lgAC
proof —
let ?P = {card B | B. anti-chain A r B A finite B}
have subsetP: ?P C {0..m}
proof
fix n
assume n € 7P
then obtain B where
B: anti-chain A r B A finite B and n: n = card B
by blast
have card B < m
using H B by blast
thus n € {0..m}
using n by auto
qed
have anti-empty: anti-chain A r {}
unfolding anti-chain-def anti-total-def
using p-o-translation by auto
hence 2: 7P # {}
by auto
have finP: finite 7P
using subsetP finite-atLeastAtMost
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by (rule finite-subset)
let %k = Max ?P
have k-in: %k € ?P
using 2 Maz-eq-iff finP by blast
then obtain igAC where
lgAC1: anti-chain A r IgAC A finite IgAC and lgAC2: card IgAC = %k
by fastforce
have largest:
largest-finite-antichain A r lgAC
proof (unfold largest-finite-antichain-def, intro conjl alll impI)
show anti-chain A r lgAC
using lgAC1 by blast
show finite lgAC
using lgAC1 by blast
fix C
assume C: anti-chain A r C A finite C
have card C € 2P
using C by blast
hence card C < %
using finP k-in by simp
thus card C < card lgAC
using lgAC2 by simp
qed
show ?thesis
using largest by blast
qged

definition finite-smallest-chain-decomposition :: 'a set = 'a rel ='a set set = bool
where

finite-smallest-chain-decomposition A r CD =

chain-decomposition A r CD A

finite CD A

(V P. chain-decomposition A r P A finite P — card CD < card P)

lemma exists-smallest-finite-chain-decomposition:
assumes 3 CD. chain-decomposition A r CD A finite CD
shows 3 sCD. finite-smallest-chain-decomposition A r sCD
proof—
let 2Q = An. 3 C. chain-decomposition A r C A finite C A card C = n
obtain k where k1: ?Q k and k2: Vm<k. = ?Q m
using assms ez-least-nat-le[of 7Q ] by blast
obtain sC where CD1: chain-decomposition A r sC A finite sC and CD2: card
sC =k
using k1 by blast
have minC: V P. chain-decomposition A r P A finite P — card sC < card P
proof (intro alll impl)
fix P
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assume PCD: chain-decomposition A r P N\ finite P
show card sC < card P
proof—
have 1: -~ card P < k
proof
assume card P < k
hence ?Q (card P)
using PCD by blast
with k2 show Fulse
by (metis <3 C. chain-decomposition A r C' A finite C A card C = card
Py k2 <card P < k»)
qed
thus card sC < card P using CD2 1 not-le-imp-less by blast
qed
qed
have finite-smallest-chain-decomposition A r sC
unfolding finite-smallest-chain-decomposition-def
using CD1 minC by blast
thus ?thesis by blast
qed

theorem (in part-order-countable) Dilworth-countable:
assumes Im.V AC. anti-chain A r AC A finite AC — card AC < m
shows dsmD. JIgAC. finite-smallest-chain-decomposition A r smD A largest-finite-antichain
A rilgAC A
card smD = card lgAC
proof—
obtain [gAC where lgAC1: largest-finite-antichain A r lgAC
using assms exists-largest-finite-antichain
by auto
hence lgAC: largest-antichain A r lgAC A finite lgAC
using largest-finite-antichain-def
by (metis bot-nat-0.extremum card-eq-0-iff largest-antichain-def)
then obtain sCD where sCD: (chain-decomposition A r sCD A finite sCD) A
card sCD < card lgAC
by (meson Dilworth-countable-auz)
then obtain C' where C: finite-smallest-chain-decomposition A r C
using ezists-smallest-finite-chain-decomposition finite-smallest-chain-decomposition-def

by blast
hence card lgAC < card C
using lgAC sCD antichain-le-chain-decomposition|of C lgAC]
largest-antichain-def finite-smallest-chain-decomposition-def
by blast
moreover
have card C < card lgAC using C finite-smallest-chain-decomposition-def sCD
using le-trans by blast
ultimately
have card lgAC = card C by auto
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thus ?thesis using C lgAC1
by metis

qed

end
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