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Abstract

A deterministic context-free language (DCFL) is a language ac-
cepted by a deterministic pushdown automaton (DPDA). This entry
proves that the deterministic context-free languages are closed under
complementation. The proof follows the one in the book by Hopcroft
and Ullman (1979) [1].
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1 Deterministic Pushdown Automata

theory Det Pushdown__Automata
imports Pushdown__Automata.Pushdown__Automata
begin

A deterministic pushdown automaton, following Hopcroft and Ullman
[1]:

locale dpda = pda M for M :: ('q :: finite, ‘a :: finite, 's :: finite) pda +



assumes J__nonempty: 6 M qa X # {} — de M ¢ X = {}
and 0_ singleton:  Mga X ={} Vv 3p~v.d Mqa X ={(p,7)})
and de_ singleton: 6c M ¢ X = {} V 3p~. 0e M ¢ X = {(p, 7)})
begin

In every configuration,

e 0__nonempty enforces that not both an epsilon step and a true step
can be enabled.

e 0_ singleton allows for at most one true step.

o Je__singleton allows for at most one epsilon step.

The automaton can take at most one step from any configuration:

lemma dpda__step: step (¢, w, &) = {} V (Ip u 7. step (¢, w, @) = {(p, u, ¥)})
proof (cases «)
case [simp]: (Cons X o)
show ?thesis proof (cases w)
case Nil
then show ?thesis
using de__singleton|of ¢ X| by auto
next
case [simp]: (Cons a w’)
consider (a) § Mga X ={} | (b) § M qa X # {} by satz
then show ?thesis proof cases
case a
then show ?thesis
using de__singleton[of ¢ X] by auto
next
case b
then show ?thesis
using __nonemptylof q a X| §__singleton[of ¢ a X]| by auto
qed
qed
qed auto

A step of the automaton is indeed deterministic:

lemma dpda__step,__det:
assumes (¢, w, a) ~ (p, u, )
and (¢, w, ) ~ (p’, u’, v
shows p=p'Au=u'Avy=7'
using assms dpda__step by fastforce

lemma dpda__stepn__det:
assumes (¢, w, &) ~>(n) (p, u, ¥)
and (¢, w, @) ~(n) (p’, v, 7))
shows p=p'Au=u'Avy=~'
using assms proof (induction (q, w, ) (p, u, v) arbitrary: ¢ w « rule: stepn__induct)



case (stepnn qw a ru fB)
from stepn(/) have *: (r, u, 8) ~(n) (p/, u’, v’
using stepn__split_first{of ¢ w a n p’ v’ '] dpda__step,__det|OF stepn(1)] by
auto
from stepn(3)[OF x| show Zcase .
qed auto

end

end

2 DCFLs are Closed Under Complementation

theory DPDA_ Complement_ HU
imports Det Pushdown__Automata
begin

2.1 Setup and Auxiliary Lemmas

context pda begin

definition steps! :: 'q x 'a list x 's list = 'q x 'a list x 's list = bool (infix ~~+
55) where
stepsl = step; ++

abbreviation no_step; ((__ ~+|) [1000] 999) where
of == Ncf nef ~ cf)

lemma stepsi_induct[consumes 1, case_names base step):
assumes 1 ~~+ 2
and Aqw a puy. (¢, w,a) ~ (p, u,7) = P (¢, w, @) (p, u, V)
and Aquw arvfpun. (¢ w, a)~ (r,v, ) = (r, v, f) ~+ (p, u, 7)
_—
P (r,v, B) (p, u,v) = P (¢, w, &) (p, u, )
shows P z1 z2
using assms[unfolded steps1__def]
proof (induction rule: converse__tranclp__induct)
case base thus ?case by (metis prod_cases3)
next
case step thus Zcase by simp (metis prod__cases3 step;.simps)
qed

lemma stepsl__converse_induct[consumes 1, case_names base step):
assumes 1 ~~+ x2
and Aqw a pu~y. (¢, w, ) ~ (p, u,v) = P (q, w, @) (p, u, )
and Aquw arv B puy. (¢ w, @) ~+ (r,v, ) = (r, v, B) ~ (p, u, 7)
=
P (g, w, ) (r, v, B) = P (¢, w, a) (p, u, 7)
shows P z1 z2



using assms[unfolded steps1__def]
proof (induction rule: tranclp_induct)

case base

then show ?Zcase by (metis prod_cases3)
next

case (step)

then show ?case by simp (metis prod__cases3 step;.simps)
qed

lemma stepsi_ steps:

(¢, w, @) ~»+ (p, u, 7) = (¢, w, @) ~x (p, u, 7)
by (simp add: steps_def steps1__def)

lemma stepsi_ step:

(¢, w, @) ~ (p, u, v) = (¢, w, @) ~+ (p, u, 7)
by (simp add: stepsl__def tranclp.r_into__trancl)

lemma stepsi_trans:
(¢, w, @) ~+ (p, u, v) = (p, u, 7) ~+ (1, 0, B) = (¢, w, @) »+ (r, v, §)
using steps1_def by force

lemma steps_stepsi:
assumes (¢, w, ) ~>* (p, u, y)
and (¢, w, @) # (p, u, 7)
shows (¢, w, @) ~+ (p, u, )
using assms unfolding steps def stepsi__def by (meson rtranclpD)

lemma steps1_split_last: (3rv B. (¢, w, @) ~* (r, v, B) A (r, v, B) ~ (p, u, v))

(¢, w, a) ~+ (p, u, V)
by (smt (verit, ccfu_threshold) rtranclp_into_tranclpl stepy.elims(2) stepsl__def
steps__def steps_refl tranclp.simps
tranclp__into__rtranclp)

lemma split_path:
assumes (g, w, a) ~+(n) (p, [, 7)
and m < n
shows 37 u ﬁ (Qa w, Oé) w(m) (’f’, u, /B) A (’f’, u, /B) W(n_m) (pv H7 ’Y)
using assms proof (induction n—m arbitrary: m)
case (Suc )
from Suc.prems(2) consider (a) m=n | (b) m<n by linarith
then show ?case
proof cases
case a
with Suc.prems(1) show ?thesis by auto
next
case b
with Suc.hyps(1)[of Suc m] Suc.hyps(2) Suc.prems(1) obtain r u
where pI: (¢, w, a) ~(Suc m) (r, u, 8) and p2: (r, u, B) ~(n — Suc m)



(5, [, %) by fustforce
from p! obtain s v ( where x: (¢, w, @) ~(m) (s, v, ¢) and s: (s, v, () ~
(r, u, B)
using stepn__split_last[of m ¢ w o r u B] by auto
from s p2 b have xx: (s, v, ¢) ~(n — m) (p, [], 7)
using stepn_split_first[of s v ( n — Suc m p [| 7] Suc__diff _Suc by force
from * xx show ?thesis by blast
qed
qed auto

end
context dpda begin

lemma maz_eps_steps:
assumes (¢, w, &) ~>(n) (p, u, ¥)
and (p, [}, 7) ~|
and (g, w, o) ~(m) (r, u, B)
shows m < n
proof (rule ccontr)
assume -~ m < n
then have n_less m: Suc n < m by simp
from assms(1) obtain v where w_def: w = vQu
using stepn__steps[of ¢ w « p u ] decreasing_word[of ¢ w « p u 7] by blast
from assms(3)[unfolded w_def] have p: (¢, v, a) ~(m) (r, [], B)
using stepn_word_applof m qv a r [] B u] by simp
obtain s y ¢ where x: (¢, v, a) ~(Suc n) (s, y, )
using split_path[OF p n_less _m]| by fastforce
from assms(1)[unfolded w_def] have xx: (q, v, a) ~~(n) (p, ], v)
using stepn_word_applof n q v a p [| v u] by simp
from * =« have (p, [], 7) ~ (s, y, ¢)
using stepn__split_last[of n ¢ v a s y (] dpda__stepn__det[of n ¢ v a p [] 7] by
metis
with assms(2) show False by simp
qed

end

In what follows, we show that the complement of a deterministic context-
free language is also a deterministic context-free language. For this purpose,
we construct a deterministic pushdown automaton that recognizes the com-
plement language of a given deterministic pushdown automaton. The proof
follows that of Hopcroft and Ullman [1]. The construction is divided into
two parts: First, construct an equivalent deterministic pushdown automaton
that scans the entire input for all given input words, and then construct the
automaton that recognizes the complement language out of this automaton.



2.2 Scan Construction

To scan the entire input, we address two complications: ensuring that every
configuration has a possible step and that no configuration allows infinite
epsilon steps. For the first problem, we introduce a new stack symbol to
prevent the stack from becoming empty and a dead state that the automaton
moves to when there are no possible steps. For the second problem, we
introduce a new final state that the automaton moves to if an infinite number
of epsilon steps pass through a final state; otherwise, the automaton moves
to the dead state.

2.2.1 Definition

datatype ‘g st_scan = St 'q | Q0’| D | F
datatype 's sym_scan = Sym 's | X0

lemma inj Sym: inj Sym
by (simp add: inj_def)

instance st_scan :: (finite) finite
proof
have x: UNIV = {¢. 3q. t = St ¢} U {Q0’, D, F}
by auto (metis st_scan.exhaust)
show finite (UNIV :: 'a st_scan set)
by (simp add: * full _SetCompr _eq)
qed

instance sym__scan :: (finite) finite
proof
have *: UNIV = {t. 3¢q. t = Sym ¢} U {X0}
by auto (metis sym__scan.ezhaust)
show finite (UNIV :: 'a sym_scan set)
by (simp add: * full SetCompr _eq)
qged

locale dpda_ scan = dpda M for M :: ('q :: finite, 'a :: finite, 's :: finite) pda
begin

definition scan_ dpda_ final_states :: 'q st_scan set where
scan_dpda_ final _states = St * final_states M U {F}

fun scan_dpda_delta :: 'q st_scan = 'a = 's sym_scan = ('q st_scan x s
sym__scan list) set where
scan__dpda__delta (St q) a (Sym X) = (if 6 Mga X ={} AN de M q X = {} then
{(D, [Sym X))}
else (Mg, a). (St q, map Sym «)) ‘6 M q a X)

| scan__dpda__delta (St q¢) _ X0 = {(D, [X0])}
| scan_dpda_delta D _ X = {(D, [X ])}
| scan_dpda_delta _ _ _ = {}



definition eps nonfinal :: '¢ = s = bool where
eps_nonfinal ¢ X = (Vi. Ip a. (g, [], [X]) ~() (p, [], @) A p ¢ final_states M)

definition eps_final :: '¢ = 's = bool where

eps_final ¢ X = (Vi. 3p . (g, [}, [X]) ~(0) (p, [I, @) A (Fip e (g, [J; [X])
~(4) (p, [, &) A p € final _states M)

fun scan__dpda__delta__eps :: 'q st_scan = 's sym__scan = ('q st_scan x 's sym__scan
list) set where

scan__dpda__delta__eps Q0' X0 = {(St (init_state M), [Sym (init_symbol M),
X0))}
| scan__dpda_delta_eps (St q) (Sym X) = (if eps_nonfinal ¢ X then {(D, [Sym
X))} else

if eps_final q¢ X then {(F, [Sym X])} else
(Mg, ). (St ¢, map Sym «)) ‘de M ¢ X)

| scan__dpda_ delta_eps F X = {(D, [X])}
| scan__dpda_delta_eps = {}

definition scan_dpda :: ('q st_scan, 'a, 's sym__scan) pda where
scan__dpda =
( init_state = QO0’,
init__symbol = X0,
final_states = scan__dpda_final _states,
delta = scan__dpda__delta, delta_eps = scan__dpda__delta__eps )

2.2.2 Determinism

The automaton scan__dpda is deterministic:

lemma dpda__scan__dpda: dpda scan__dpda
proof (standard, goal_cases)
case (I paZ)
have finite (scan__dpda_delta p a Z)
by (induction p a Z rule: scan__dpda__delta.induct) (auto simp: finite_delta)
then show ?case by (simp add: scan__dpda__def)
next
case (2 p Z)
have finite (scan__dpda__delta_eps p Z)
by (induction p Z rule: scan__dpda__delta__eps.induct) (auto simp: finite_delta__eps)
then show ?case by (simp add: scan__dpda__def)
next
case (3 ¢ a X)
have scan__dpda_delta q a X # {} — scan__dpda__delta_eps ¢ X = {}
proof (induction q a X rule: scan__dpda__delta.induct)
case (1 ga X)
then show ?case proof
assume a: scan__dpda_ delta (St q) a (Sym X) # {}
have *: e M ¢ X = {} proof (rule ccontr)
assume c: de M q X # {}



from a ¢ have § M q a X # {} by simp
hence de M ¢ X = {}
using §__nonempty|of q a X] by satz
with ¢ show Fualse by satx
qed
hence xx: (g, [], [X]) ~[ by simp
from *x have xxx: —eps_final ¢ X
by (force simp: eps_final _def)
from *xx have xxxx: —eps_mnonfinal ¢ X
by (force simp: eps_nonfinal__def)
from x sk xxxx show scan__dpda__delta__eps (St q) (Sym X) = {} by simp
qed
qed simp_all
then show ?case by (simp add: scan__dpda__def)
next
case (4 ¢ a X)
have scan__dpda_delta ¢ a X = {} V (3p a. scan_dpda__delta ¢ a X = {(p, a)})
by (induction q a X rule: scan__dpda__delta.induct, auto) (use 0__singleton in
force)+
then show ?case by (simp add: scan__dpda__def)
next
case (5 ¢ X)
have scan_dpda_delta_eps ¢ X = {} V (Ip «. scan_dpda_delta_eps ¢ X =
(> )
by (induction q X rule: scan_dpda__delta__eps.induct, auto) (use de__singleton
in force)+
then show ?case by (simp add: scan__dpda__def)
qed

2.2.3 Equivalence

sublocale scan: dpda scan__dpda
using dpda_ scan__dpda .

We abbreviate the definitions of scan_ dpda with index s:

notation scan.step; (infix ~»; 55)
notation scan.steps (infix ~~4x 55)

abbreviation stack_with X0 :: 's list = 's sym__scan list where
stack_with_ X0 o = map Sym a @ [X0]

lemma scan_ dpda_ first _step:
assumes (Q0', w, [X0]) ~s (¢, u, @)
shows ¢ = St (init_state M) A u = w A o = [Sym (indt_symbol M), X0]
using assms scan.step,__rule by (simp add: scan__dpda__def)

lemma scan_ dpda__step from__St:
assumes (St ¢, w, o) ~5 (p, u, y)
shows (Ap. p=Stp)Vp=FVp=D
proof —



from assms obtain X where
(3B. (p, B) € scan__dpda__delta_eps (St q) X) V (Fa B. (p,B) € scan__dpda__delta
(St q) a X) (is %a v 7b)
using scan.stepy__rule ext scan__dpda__def by fastforce
then consider (a) %a | (b) b by blast
thus ?thesis
proof cases
case a
then show ?thesis by (induction St ¢ X rule: scan_dpda_delta__eps.induct)
(auto split: if _splits)
next
case b
then obtain ¢ where 35. (p, 8) € scan_dpda_delta (St q) a X by blast
then show ?thesis by (induction St g a X rule: scan__dpda__delta.induct) (auto
split: if _splits)
qged
qed

lemma scan__dpda__step from_F:
assumes (F, w, a) ~; (g, u, v)
shows ¢ = D
using assms scan.stepy__rule__extlof F w « q u 7] scan__dpda__def by auto

lemma scan__dpda__step_to F:
assumes (¢, w, X#a) ~5 (F, u, v)
shows u = w A (3¢’ X" ¢g= St ¢’ AN X = Sym X' A eps_final ¢’ X)
proof —
from assms have cases: (3. u=wAy=Qa A (F, ) € scan__dpda__delta_eps
q X)
Vdapw=a#uNy=pQaA(F, )€ scan_dpda_delta
qgaX) (is %a V D)
using scan.step1__rule[of ¢ w X o F u ] scan__dpda__def by simp
from cases consider (a) ?a | (b) b by blast
then show ?thesis
proof cases
case a
then show ?thesis by (induction q X rule: scan__dpda__delta__eps.induct) (auto
split: if _splits)
next
case b
then obtain a where 3. w=a# uAvy=58Qa A (F, 8) € scan_dpda__delta
q a X by blast
then show %thesis by (induction q a X rule: scan__dpda__delta.induct) (auto
split: if _splits)
qed
qed

lemma scan__dpda__step from__D:
assumes (D, w, a) ~5 (q, u, 7y)



shows ¢ = D
using assms scan.step__rule_ext[of D w o q u ] scan__dpda_ def by auto

lemma scan__dpda__steps _from__ St:
assumes (St g, w, @) ~>gx (p, u, 7y)
shows (Ip. p=Stp)Vp=FVp=D
using assms by (induction (St q, w, o) (p, u, v) arbitrary: p u 7y rule: scan.steps__induct2__bw,
simp)
(use scan__dpda__step_from__ St scan__dpda__step_ from__F scan__dpda__step_ from__D
in blast)

lemma scan__dpda__step to_ St:

assumes (¢, w, a) ~»5 (St p, u, )

shows ¢ = Q0'V (3¢’ ¢ = St q')
using assms scan__dpda__step_ from__Flof w « St p u 7] scan__dpda__step_ from__D]of
wa Stpu

by (metis st_scan.exhaust st_scan.simps(5))

lemma scan__ dpda__stack _with_X0:
assumes (St ¢, w, stack_with_ X0 o) ~>gx (St p, u, )
shows 3. v = stack_with_X0 ~'
using assms proof (induction (St q, w, stack_with_X0 «) (St p, u, v) arbitrary:
p u y rule: scan.steps_induct2 _bw)
case (step ru y v f3)
from step(1,2) obtain r’ where r_St[simp]: r = St r’
using scan__dpda__steps_from__St[of q w stack_with_X0 « ru ] scan__dpda__step__to_ St[of
ruy pov ] by blast
from step(3)[OF r_St] obtain v"" where v_ X0: v = stack_with_ X0 ~'' by
blast
from step(2) obtain X v’ 8’ where v_def: v = X#~' and _def: § = ' Q
~" and
cases: (St p, B') € scan_dpda_delta_eps (St ') X VvV (Ja. (St p, B)) €
scan__dpda__delta (St r') a X) (is %a V ?b)
using scan.stepy__rule__ext[of r v v St p v B] scan__dpda_def by auto
from cases consider (a) ?a | (b) b by blast
then have X_and_ ' def: 3X'. X = Sym X') A (3B". B’ = map Sym B”)
proof cases
case a
then show Zthesis by (induction St r’ X rule: scan__dpda_delta__eps.induct)
(auto split: if _splits)
next
case b
then obtain « where (St p, 8') € scan__dpda_ delta (St r’) a X by blast
then show ?thesis by (induction St v’ a X rule: scan__dpda__delta.induct) (auto
split: if _splits)
qed
from X and_pB'_def[THEN conjunctl] v_ X0 ~v_def have 3~'". v' = stack_with_ X0

11
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by (metis hd__append list.sel(1,3) map__tl sym__scan.distinct(1) tl_append_if)
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with X and_B’ def[THEN conjunct2] B__def show ?case
by (metis append.assoc map__append)
qed blast

lemma scan__dpda__trans:

assumes (St ¢, map Sym «) € § scan__dpda (St p) a (Sym X)

shows (¢, ) €  Mpa X
using assms by (auto simp: scan__dpda__def inj _map__eq_map|[OF inj_Sym)] split:
if _splits)

lemma scan_dpda__eps:

assumes (St ¢, map Sym «) € e scan__dpda (St p) (Sym X)

shows (¢, o) € e M p X
using assms by (auto simp: scan__dpda__def inj _map__eq_map|[OF inj_Sym)] split:
if _splits)

lemma scan__dpda__step:
assumes (St ¢, w, map Sym «) ~4 (St p, u, map Sym )
shows (¢, w, @) ~ (p, u, 7)
proof —
from assms obtain X o’ where aSym_ def: map Sym o = Sym X # map Sym
a’ and rule:
(3B. u=w A map Sym v = S Q map Sym o’ A (St p, B) € de scan__dpda (St
9) (Sym X)) v
(Ha B.w=a# u AN map Sym v = Q map Sym o’ A (St p, B) € §
scan__dpda (St q) a (Sym X))
using scan.stepy__rule__ext[of St ¢ w map Sym « St p u map Sym ] by auto
from aSym__def have a_def: a = X#a'
using inj _map_eq _map|OF inj_Sym] by auto
from rule have (38. v = w A map Sym v = map Sym S Q map Sym o’ A (St
p, map Sym B) € de scan__dpda (St q) (Sym X)) vV
(Fa 8. w=a# u A map Sym v = map Sym B Q map Sym o’ A (St p,
map Sym B) € § scan__dpda (St ¢q) a (Sym X))
using append__eq _map_conv|lwhere ?f = Sym| by metis
then have (35. u = w A v = pQa’ A (p, 8) €de M q X)V (Fa B. w= a#u
ANy =pQa’A(p,B) €5 MqalX)
using scan__dpda__trans scan__dpda__eps by (metis inj_Sym inj _map__eq _map
map__append)
with o def show ?thesis
using step;_ rule by simp
qed

lemma scan_dpda__stepX0:
assumes (St ¢, w, stack_with_ X0 «) ~4 (St p, u, stack_with_X0 ~)
shows (¢, w, @) ~ (p, u, 7)
proof —
from assms obtain X o’ where o_ def: stack_with X0 o = X#a' and
cases: (3B. (St p, B) € scan__dpda__delta_eps (St q¢) X) vV (Ja S. (St p, B) €
scan__dpda__delta (St q) a X) (is %a V 2b)

11



using scan.step;__rule_ext[of St ¢ w stack_with_ X0 « St p u stack_with_ X0
v] scan__dpda__def by force
from cases consider (a) ?a | (b) b by blast
then have 3X’. X = Sym X'
proof cases
case a
then show ?thesis by (induction St ¢ X rule: scan_dpda_delta_eps.induct)
auto
next
case b
then obtain « where 3. (St p, 8) € scan__dpda__delta (St q) a X by blast
then show ?thesis by (induction St g a X rule: scan__dpda__delta.induct) auto
qed
with a__def have map Sym « # [| by auto
then have (St ¢, w, map Sym «) ~~5 (St p, u, map Sym =)
using scan.stepy__stack__drop|OF assms] by simp
then show ?thesis
using scan__dpda__step by presburger
qed

The original automaton can mimic the steps of the automaton scan__dpda
in the old states:

lemma scan_ dpda__stepsXO0:
assumes (St ¢, w, stack_with X0 «) ~>gx (St p, u, stack_with_X0 ~)
shows (¢, w, @) ~=* (p, u, V)
using assms proof (induction (St q, w, stack_with_ X0 «) (St p, u, stack_with X0
v) arbitrary: p w v rule: scan.steps_induct2_bw)
case base
then show ?case
by (simp add: inj_Sym steps_refl)
next
case (step r u 8 v)
obtain r’ where r_def: r = St r’
using scan__dpda__steps__from__St[OF step(1)] scan__dpda__step_to_St|OF step(2)]
by blast
obtain 3’ where 8_ def: 8 = stack_with_ X0 B’
using scan__dpda__stack_with_X0[OF step(1)[simplified r__def]] by blast
from step(3)[OF r_def f_def] have *: (q, w, @) ~x* (r', u, 8’) .
have xx: (r', u, 87) ~ (p, v, )
using scan__dpda__stepX0[OF step(2)[simplified r_def [__def]] .
show ?case
using steps_trans|OF x step;__steps|OF xx|| .
qed

If a pair of a state and a stack symbol allows infinite epsilon steps then
the rest of the stack content stays untouched:

lemma stack_cycle drop:
assumes Vi. Ip a. (g, [], [X]) ~(9) (p, [], @)

and (g, [, X#v) ~= (r, [], B)

12



shows 3V 8. 8= Y # 5/ @~ A (4, [, [X]) ~+ (r, [}, Y#8)
using assms(2) proof (induction (q, [| :: ‘a list, X#~) (r, [] = 'a list, B) arbitrary:
r B rule: steps_induct2 bw)
case base
then show ?case
by (simp add: steps_refl)
next
case (step p w a r f3)
have w_def: w =[]
using decreasing_word[OF step(1)] by simp
from step(3)[OF w_def] obtain Y 8’ where o_def: a = Y # ' Q v and p1:
(¢, [ [X]) ~+ (5, [}, ¥ # B by blast
from step(2) a__def obtain 3" where 8_def: = 3”7 @Q B’ Q v
using stepy__rulefof p w Y B’ @ ~ r || ] by blast
from step(2)[unfolded w_def a_ def 5_def] have p2: (p, [, Y # B') ~ (r, [],
B" @ ,8/)
using stepy_stack_droplof p [| Y # B8'~ r [] B @ B’] by simp
have + (g, [}, [X]) ~+ (r, [, 5 @ 3
using steps_trans|OF pl stepy__steps|OF p2]] .
from x obtain n where p3: (g, [], [X]) ~(n) (r, [], 8”7 @ 8"
using stepn__steps[of ¢ [| [X] v [] B @ B'] by presburger
from assms(1) obtain s  where p4: (g, [|, [X]) ~(Suc n) (s, [], {) by presburger
from p/ have o (r, [}, 8”@ ') ~ (s, [J, C)
using stepn__split_last[of n q [ [X] s [] ¢] dpda__stepn__det[OF p3] by auto
from B def * show ?case
using step;__nonempty_stack|OF *x] by auto
qged

The automaton scan_ dpda can either mimic the steps of the original
automaton or detect a cycle:

lemma scan__dpda__steps:
assumes (¢, w, a) ~>x* (p, u, 7y)
shows (St ¢, w, map Sym «) ~>sx (St p, u, map Sym ) V
(3r X B. (St q, w, map Sym «) ~>gx (St r, u, Sym X # map Sym 5) A
(r, [ XHB) % (p, [, 1) A (Fi. 35 A, (r, [, [X]) ~(3) (s, [}, A)))
using assms proof (induction (q, w, &) (p, u, v) arbitrary: p u 7y rule: steps_induct?2 _bw)
case base
then show ?case
by (simp add: scan.steps_refl)
next
case (step puy rv f)
from step(2) obtain X ~' where v_ def: v = X#~' and
cases: (AC.v=uAB=CQy'A(r,{)€de MpX)V(Zal.u=a#vA
B=CQ~y'"A(r,{)ed MpalX)(s %aV 2)
using stepy__rule_ext[of p u v r v 5] by blast
from cases consider (a) ?a | (b) b by blast
then show ?case
proof cases
case a
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then obtain ( where v_def: w = v and 8_def: 8 = ( @« and elem: (r, ()
€ de M p X by blast
from step(3) consider (al) (St q, w, map Sym «) ~>zx (St p, u, map Sym )
|
(a2) Ir X B. (St q, w, map Sym «) ~>sx (St r, u, Sym X
# map Sym B) A (v, [], X # B) ~= (p, [|, ) A (Vi. Ts A (r, |, [X]) ~(4) (s, [],
A)) by blast
then show ?thesis
proof cases
case al
consider (al1) Vi. 3s A. (p, [, [X]) ~(%) (s, [], A) | (a12) =(Vi. s A. (p,
0, [X]) () (s, [I, A)) by blast
then show ?thesis
proof cases
case all
from al[unfolded v_def v_def] have *: (St q, w, map Sym «) ~>sx (St p,
v, Sym X # map Sym ') by simp
from elem B__def have xx: (p, [|, X # ') ~=x (r, [], B)
using stepy__rule[of p [| X v' r [| B] step1__steps by blast
from * xx a1l show ?thesis by blast
next
case al?2
then have —eps nonfinal p X N —eps_final p X
by (auto simp: eps_nonfinal_def eps_final_def)
with elem have (St r, map Sym () € de scan_dpda (St p) (Sym X)
by (auto simp: scan__dpda__def)
with v_def ~v_def B__def have x: (St p, u, map Sym ) ~5 (St r, v, map
Sym B)
using scan.step,__rule[of St p u Sym X map Sym ' St r v map Sym ( Q
map Sym '] by simp
show ?thesis
using scan.steps__trans|OF al scan.step__steps|OF x|] by satz
qed
next
case a2
then obtain s Y u where x: (St ¢, w, map Sym «) ~>zx (St s, u, Sym Y #
map Sym p) and spath: (s, [|, Y # p) ~x* (p, [J, 7)
and xx: Vi. 3t A. (s, [, [Y]) ~(9) (¢, [], A) by blast
from elem ~v_def f__def have xxx:(p, [|, v) ~ (r, [|, B)
using step;__rule[of p [| X v’ r [] 8] by simp
have sxxx: (s, [|, Y # u) ~x* (r, [], 8)
using steps_trans|OF spath step;__steps|OF xxx]] .
from x[unfolded v_def] *x sxxx show ?Zthesis by blast
qed
next
case b
then obtain a ¢ where u_def: u = a#v and S_def: 3 = ( Q v’ and elem:
(r,¢) €6 Mpa X by blast
from elem have eps _empty: 0e M p X = {}
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using §__nonemptylof p a X] by blast
from step(3) consider (t) (St g, w, map Sym «) ~>¢x (St p, u, map Sym ~)
| (f) 3r X B. (St q, w, map Sym «) ~>sx (St r, u, Sym X # map Sym B) A
(r, I, X # 8) ~=* (p, [, ) A (Vi. Is A (r, [], [X]) ~(0) (s, [, A)) by blast
then have *: (St ¢, w, map Sym «) ~»z* (St p, u, map Sym )
proof cases
case {
then show ?thesis .
next
case f
then obtain s Y pu where f1: (s, [, Y # u) ~>* (p, [}, v) and f2: Vi. 3¢’
. (s, [}, [Y]) ~(0) (s", [, u') by blast
with v_ def obtain v"' where (s, [], [Y]) ~=* (p, [, X#7")
using stack__cycle_drop|OF f2 f1] by blast
then obtain n where f3: (s, [|, [Y]) ~(n) (p, [J, X#v")
using stepn__stepsof s [| [Y] p [] X#~"] by presburger
from eps empty have (p, [|, X#v") ~| by simp
with f2 f3 max_eps_steps have False by (meson Suc_n_not_le _n)
then show ?thesis ..
qed
from eps_empty have (p, [], [X]) ~| by auto
then have —eps nonfinal p X A —eps_final p X
unfolding eps nonfinal def eps_final _def using step,_ stepn__one by blast
with elem have (St r, map Sym () € ¢ scan_dpda (St p) a (Sym X)
by (auto simp: scan__dpda__def)
with u_def v_def B_def have xx: (St p, u, map Sym ) ~>s (St r, v, map
Sym )
using scan.stepy__rulelof St p u Sym X map Sym v’ St r v map Sym (] by
stmp
show ?thesis
using scan.steps_trans|OF x scan.stepi__steps|OF xx]] by simp
qed
qed

~

The language of the automaton scan__dpda and of the original automaton
are the same, i.e. they are equivalent:

lemma lang scan__dpda:
scan.accept_final = accept_final
proof
show scan.accept_final C accept_final
proof
fix w
assume w € scan.accept_final
then obtain ¢ v where ¢ _final: ¢ € scan_dpda_ final_states and scan__path:
(Q0", w, [X0]) ~yx (g, [, 7)
unfolding scan.accept_final_def using scan__dpda__def by auto
from ¢ _final have cases: (3¢’ € final _states M. ¢ = St ¢/) V ¢ = F (is %a V
D)
unfolding scan_ dpda_ final _states def by auto

15



then have dp u a. (Q0', w, [X0]) ~s (p, u, @) A (p, u, @) ~sx (g, [], ¥)
using scan.steps_not_refl _split_first|OF scan__path] by blast
then have p: (St (init_state M), w, [Sym (init_symbol M), X0]) ~s* (g, [],
7)
using scan__dpda__ first_step by blast
from cases consider (a) ?a | (b) b by blast
then show w € accept_final
proof cases
case a
then obtain ¢’ where ¢ def: ¢ = St ¢’ and q’_final: q' € final_states M
by blast
from p[simplified ¢ def] obtain v’ where v_ def: v = stack_with X0 ~'
using scan__dpda__stack_with_X0[of init_state M w [init_symbol M| q' []
v] by auto
from p[simplified q_def ~v_def] have (init_state M, w, [init_symbol M]) ~>x
(¢ 0,7
using scan__dpda__stepsX0]of init_state M w [init_symbol M] ¢’ [] '] by
stmp
with ¢’ final show ?thesis
unfolding accept_final _def by blast
next
case b
obtain p u « where fss: (St (init_state M), w, [Sym (init_symbol M), X0])
% (py U, @)
and Is: (p, u, a) ~5 (F, [], v)
using scan.steps_not_refl_split_last|OF p[simplified b]] by blast
obtain X o’ where a_ def: a = X#a'
using scan.stepy__nonempty_stack[OF ls] by blast
obtain p’ X’ where u_def: v =[] and p_def: p = St p’ and X_def: X =
Sym X' and epath: eps_final p’ X'
using scan__dpda__step__to_ F|OF ls[simplified o__def]] by blast
from fss[simplified p__def] obtain o’ where a__with_X0: o = stack_with_ X0
a//
using scan__dpda__stack_with_ X0|of init_state M w [init_symbol M) p’ u
al by auto
from fss[simplified p_def u_def o_with_X0] have x: (init_state M, w,
[init_symbol M]) ~x (p’, [}, &’
using scan__dpda__stepsX0|of init_state M w [init_symbol M] p’ || a’] by
simp
from o_ def o with X0 X_def obtain o'’ where o' _def: o' = X'#a'"’
by (metis Nil_is _map_conv append__Cons append_Nil hd__Cons_tl list.map_sel(1)
list.sel(1) sym__scan.distinct(1) sym__scan.inject)
from epath[unfolded eps_final _def] obtain i r S where path: (p/, [, [X])
~ (1) (r, [}, B) and r_final: r € final_states M by blast
from path have (p", [, [X1) ~+ (r, [l 5)
using stepn__steps[of p’ [| [X] r [] B] by auto
with o’ _def have xx: (p/, [], ") ~x (r, [|, BQa"")
using steps_stack_applof p' [] [X'] v [] 8 «’"'] by simp
from r_final show ?thesis
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unfolding accept_final _def using steps trans[OF x *x] by blast
qed
qed
next
show accept_final C scan.accept_final
proof
fix w
assume w € accept_final
then obtain ¢ v where ¢ _final: ¢ € final_states M and p: (init_state M, w,
[init_symbol M]) ~= (g, [], 7)
unfolding accept_ final def by blast
have fs: (Q0', w, [X0]) ~»s (St (init_state M), w, [Sym (init_symbol M), X0))
using scan__dpda__def scan.step,__rule by auto
from scan_ dpda__steps[OF p| consider (a) (St (init_state M), w, [Sym (init_symbol
M)]) ~sx (St q, [], map Sym ~)
| (b) I3r X B. (St (init_state M), w, [Sym (init_symbol M)]) ~>sx (St r, [],
Sym X # map Sym B) A
(r, [ X # 8) ~ ([ 1) A (74, 35 A (r, [}, [X]) ~()
(s, [, A)) by auto
then show w € scan.accept_final
proof cases
case a
have (St (init_state M), w, [Sym (init_symbol M), X0]) ~sx (St q, [],
stack_with_ X0 )
using scan.steps_stack__app[OF a] by simp
then have (Q0', w, [X0]) ~s* (St q, [, stack_with_X0 ~)
using scan.step;__steps|OF fs] scan.steps__trans[of Q0" w [X0] St (init_state
M) w [Sym (init_symbol M), X0] St q [] stack_with_X0 ~] by simp
with ¢ final show ?thesis
unfolding scan.accept_final _def using scan_dpda__def scan__dpda_ final__states def
by auto
next
case b
then obtain r X 8 where pscan: (St (init_state M), w, [Sym (init_symbol
M)]) ~ex (St r, ], Sym X # map Sym ) and
pr: (ry [J, X # B) ~x* (g, [], v) and cycle: Vi. Is A. (r, [], [X]) ~(%) (s, [],
A) by blast
have x: (St (init_state M), w, [Sym (init_symbol M), X0]) ~»zx (St r, [],
stack_with_ X0 (X # B))
using scan.steps_stack__app[OF pscan] by simp
have r_final: 37" (r, I, [X]) ~=* (g, [, 7)
using stack__cycle_ drop|OF cycle pr] by auto
from r_final q_final have el: —eps_nonfinal r X
unfolding eps nonfinal__def using stepn__steps[of r [| [X] ¢ []] dpda__stepn__det[of
r [ (X] ¢ [}] by blast
from cycle r_final q_final have e2: eps_final r X
unfolding eps_final _def using stepn__steps[of r [] [X
from el e2 have (St r, [], Sym X # map Sym B) ~ (
Sym )

] q []] by blast
F, [], Sym X # map
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using scan__dpda__def scan.step,__rulelof St r [| Sym X map Sym B F [| Sym
X # map Sym (] by simp
then have xx: (St r, [], stack_with_ X0 (X#8)) ~s (F, [], stack_with_X0
(X45))
using scan.steps__stack_applof St r [| Sym X # map Sym B F [] Sym X #
map Sym B] by simp
from fs x xx have (Q0/', w, [X0]) ~»sx (F, [, stack_with_ X0 (X # f))
using scan.stepi__steps scan.steps trans by metis
then show ?thesis
unfolding scan.accept_final _def using scan_ dpda_ def scan__dpda_ final__states def
by auto
qed
qed
qed

2.2.4 Scan Property

lemma D_consumes: (D, w, X#a) ~sx (D, [|, X#a)
proof (induction w)
case Nil
then show Zcase
by (simp add: scan.steps_refl)
next
case (Cons a w)
have (D, [X]) € scan_dpda_delta D a X by simp
then have x: (D, a#tw, X#a) ~ (D, w, X#a)
using scan.step;__rule[of D a#tw X o D w X#a] by (simp add: scan__dpda__def)
show Zcase
using scan.steps_trans[OF scan.step1__steps|OF ] Cons] .
qed

definition eps_inf :: '¢ = 's = bool where
eps_infq X =Vi. dp a. (q, [|, [X]) ~(i) (p, [I, @)

definition eps_infs :: ‘¢ = s list = bool where
eps_infs ¢« =Vi. Ap v. (g, [, @) ~() (p, [], 7)

If a pair of a state and a stack symbol does not allow infinite epsilon
steps, then the stack symbol will be consumed:

lemma inf consumes_sym:
assumes eps_infs q (X#a)
and —eps_inf ¢ X
shows 3p. (g, [}, X#a) ~+ (p, [J, )
proof (rule ccontr)
assume asm: Ap. (q, [, X#a) ~x (p, [], @)
bave 37 (0, [, Xa) (0 (0. . 700) A7 # 1 A (01X =) 09
or i
proof (induct )
case (
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have (g, [l, X # ) ~(0) (¢, [, [X] @ a) A [X] £ [ A ( [, [X]) ~(0) (g5 [I
[X]) by simp
then show ?case by metis
next
case (Suc 17)
then obtain p v where p: (¢, [|, X # o) ~(%) (p, [J, ¥ @ ) and y__def: v #
) and p1: (g, [, [X]) (i) (p, [, 7) by blast
from assms(1)[unfolded eps_infs def] obtain r 3 where x*: (q, [|, X#«)
~(Suc i) (r, [], B) by blast
then have st: (p, [|, vQa) ~ (r, [, 8)
using stepn__split_last[of i q [] X#« r || 5] dpda__stepn__det[OF p] by auto
from ~_def obtain Y ~' where v_ def2: v = Y#+’
using list.exhaust by blast
from st[unfolded v_def2] obtain v where 8_def: § =" Q@ v’ Q «
using stepy__rulefof p [| Y v'Qa r [] §] by auto
from x[unfolded B__def] asm have xx: v/ @ ~' £ |]
using stepn_steps[of ¢ [| X#a r [| v Q@ ~' @ o] by force
from st[unfolded B__def] v_def have st1: (p, [|, v) ~ (v, [], v/ @~
using stepy__stack_droplofp [| v a r [| v @ '] by simp
from p! st! have sxx: (q, [], [X]) ~(Suc @) (r, [], 7" @ v') by simp
from x[unfolded B__def] #* xxx show Zcase
by (metis append.assoc)
qed
then have eps inf ¢ X
by (metis eps_inf def)
with assms(2) show Fulse by satx
qged

lemma some_ pair_inf:
assumes eps_infs q «
and Ap X 7. (¢, [], @) ~x* (p, [, X#v) — —eps_infp X
shows Fulse
using assms proof (induction « arbitrary: q)
case Nil
then show ?case
by (force simp: eps_infs _def)
next
case (Cons X a)
from Cons(3)[of ¢ X o] have e: —eps_inf ¢ X
by (simp add: steps_refl)
obtain p where p: (g, [|, X#a) ~= (p, [], @)
using inf_consumes_sym[OF Cons(2) e] by blast
then obtain ¢ where p!: (¢, [, X#a) ~(7) (p, [], @)
using stepn_steps[of ¢ [| X#a p || o] by blast
have x: eps _infs p o unfolding eps infs def proof
fix j
from Cons(2)[unfolded eps_infs def] obtain r S where p2: (q, [], X#a) ~~(i
+3) (r, I, B) by blast
have (p, [}, a) () (r, [I, 6)
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using split_path[OF p2, of i| dpda__stepn__det[OF p1] by auto
then show 37 §. (p, [|, @) ~(j) (r, [], B) by blast
qed
from Cons(3) have sxx: Ar Y 4. (p, [J, @) ~* (r, [|, Y #v) — —eps_infr Y
using steps_trans|OF p] by blast
from Cons(1)[OF x *x] show ?case .
qed

If a configuration allows infinite epsilon steps, it will eventually reach a
pair of a state and a stack symbol that allows infinite epsilon steps:

lemma inf reaches:

assumes eps_infs q «

shows 3p X 7. (¢, [], @) ~= (p, ], X#7) A eps_infp X
using assms some__pair_inf by blast

lemma eps _inf to_D:
assumes eps_inf g X
shows (St ¢, w, Sym X # «) ~.* (D, [], Sym X # «)
proof —
from assms consider (a) eps_nonfinal ¢ X | (b) —eps_nonfinal ¢ X N\ eps_ final
q X
unfolding eps inf def eps _nonfinal def eps_final_def by blast
then show ?thesis proof cases
case a
then have (D, [Sym X]) € scan_dpda_delta_eps (St q) (Sym X) by simp
then have st: (St ¢, w, Sym X # «a) ~5 (D, w, Sym X # «)
using scan.stepy__rule[of St ¢ w Sym X a D w Sym X # «] by (simp add:
scan__dpda__def)
show ?thesis
using scan.steps_trans|OF scan.stepy__steps|OF st] D__consumes] .
next
case b
then have (F, [Sym X]) € scan_dpda_delta_eps (St q) (Sym X) by simp
then have st1: (St ¢, w, Sym X # «a) ~ (F, w, Sym X # «)
using scan.stepy__rule[of St ¢ w Sym X a F w Sym X # «] by (simp add:
scan__dpda__def)
have (D, [Sym X]) € scan_dpda_ delta_eps F (Sym X) by simp
then have st2: (F, w, Sym X # «) ~5 (D, w, Sym X # «)
using scan.step;__rulefof F w Sym X a D w Sym X # «] by (simp add:
scan__dpda__def)
show ?thesis
using scan.steps_trans|OF scan.step;__steps|OF st1] scan.steps_trans|OF
scan.stepy__steps|OF st2] D__consumes]| .
qed
qed

lemma scan__dpda__eps_inf:

assumes (¢, w, a) ~x* (p, w, X#v)
and eps_infp X
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shows 3Y 3. (St q, w, map Sym «) ~zx (D, [], Sym Y # 5)
proof —
consider (a) (St ¢, w, map Sym «) ~>zx (St p, w, Sym X # map Sym ) |
(b) Ar Y B. (St q, w, map Sym a) ~>gx (St r, w, Sym Y # map Sym S)
A (Vi 3s ¢ (r, [, [Y]) ~(i) (s, (], Q)
using scan__dpda__steps[OF assms(1)] by auto
then show ?thesis proof cases
case a
have «: (St p, w, Sym X # map Sym ) ~>sx (D, [|, Sym X # map Sym )
using eps_inf to_D[OF assms(2)] by simp
show ?thesis
using scan.steps_trans|OF a x| by blast
next
case b
then obtain r Y § where p: (St ¢, w, map Sym «) ~>gx (St r, w, Sym Y #
map Sym B) and r_inf: Vi. Is . (r, [], [Y]) ~(9) (s, [], ¢) by blast
from r_inf have r_eps inf: eps_infr Y
by (simp add: eps_inf def)
have «: (St r, w, Sym Y # map Sym B) ~sx (D, [], Sym Y # map Sym B)
using eps_inf to D[OF r_eps_inf] by simp
show ?thesis
using scan.steps_trans|OF p x| by blast
qed
qed

lemma scan_ dpda__neps_infs:
assumes —eps_infs q¢ «
shows Jp . (St q, w, map Sym «) ~>sx (St p, w, map Sym v) AN VX v'. v =
Xy — 6 Mp X = 1)
proof —
from assms[unfolded eps_infs def] obtain i where Vp v. =(q, [], &) ~(%) (p,
[, v) by blast
then have 3jp v. j < i A (¢, [|, @) ~(0) (. [l, ) A (p, |, 7) ~| proof
(induction 1)
case (
then show ?case
by (auto simp: steps_refl)
next
case (Suc 17)
consider (a) Vp v. = (g, [, @) ~(7) (p, [l 7) | (8) Ip . (g, [, @) ~(3) (p, [],
v) by blast
then show ?case proof cases
case a
from Suc(1)[OF a] show ?thesis
by (auto simp: less_Suc_eq)
next
case b
then obtain p v where *: (g, [], @) ~(7) (p, [], 7) by blast
with Suc(2) have xx: (p, [], v) ~|
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using decreasing _word step,__steps by fastforce
from * xx show ?thesis by blast
qed
qed
then obtain j p v where j < ¢ and p: (¢, [, «) ~() (p, [], v) and nst: (p, [],
v) ~| by blast
from p have p1: (g, [l a) ~+ (p. [}, 7)
using stepn_steps[of ¢ [| « p [| 7] by auto
consider (a) (St ¢, [], map Sym a) ~>gx (St p, [|, map Sym ) |
(b) Ir X B. (St q, [], map Sym «) ~>gx (St r, [], Sym X # map Sym ()
A (Vi35 A (r, [, [X]) () (5, [ A))
using scan__dpda__steps|OF p1] by blast
then show ?thesis proof cases
case a
then have x: (St ¢, w, map Sym «) ~>sx (St p, w, map Sym )
using scan.steps_word_app|of St q [| map Sym « St p [| map Sym v w] by
simp
from nst have «x: VX 7. v = X # v — de M p X = {} by auto
from * xx show ?thesis by blast
next
case b
then obtain r X § where p2: (St q, [|, map Sym «) ~»sx (St r, [|, Sym X #
map Sym B) and cycle: Vi. Is A. (r, [], [X]) ~(%) (s, [], A) by blast
from p2 have p3: (St q, [], stack_with_ X0 «) ~»gx (St r, |, stack_with_X0
(X#5))
using scan.steps_stack_app[where 28 = [X0]] by fastforce
have (g, [J, @) ~= (r, [, X#8)
using scan__dpda__stepsX0[OF p3] .
then obtain n where p/: (¢, [|, o) ~(n) (r, [J, X#0)
using stepn__steps[of q [| « r [| X#03] by blast
have Vk. 3s A. (q, [], a) ~(k) (s, [], A) proof
fix k
show 3s A. (¢, [], @) ~(k) (s, [, A) proof (cases k < n)
case True
then have k£ _leq: k < n by simp
then obtain s u ¢ where *: (g, [|, @) ~(k) (s, u, ¢)
using split_path[OF pj k_leq] by blast
from * have u_def: u = []
using stepn__steps[of q [| a s u (] decreasing_word[of q [| « s u (] by auto
from x[unfolded u__def] show ?thesis by blast
next
case Fulse
then have &k beq: £ > n by simp
with cycle obtain s ( where (r, [|, [X]) ~(k—n) (s, [], {) by presburger
then have p3: (r, [l, X#8) ~(k—n) (s, [l, CaB)
using stepn__stack _app|where 28 = f5] by fastforce
from k_beq show ?thesis
using stepn__trans|OF p4 p5] by auto
qed
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qed
with assms show ?thesis
by (simp add: eps_infs_def)
qed
qed

lemma scan__ dpda__scans St:
dp X v. (St q, w, stack_with_X0 «) ~gx (p, [J, X#y) A § scan_dpda p a X #
{}
proof (induction w arbitrary: q o)
case Nil
then show ?case proof (cases eps_infs q a)
case True
obtain p X v where p: (q, [|, @) ~=* (p, [|, X#~) and eps_p: eps_infp X
using inf_reaches|OF True] by blast
obtain Y 8 where (St ¢, [, map Sym «) ~.x (D, [], Sym Y # 5)
using scan__dpda__eps_inf[OF p eps_p| by blast
then have *: (St ¢, [], stack_with_X0 o) ~sx (D, [|, Sym Y # p Q [X0])
using scan.steps_stack__app[where ?8 = [X0]] by fastforce
have sx: § scan_dpda D a (Sym Y) # {}
by (simp add: scan__dpda__def)
from * xx show ?thesis by blast
next
case Fulse
obtain p v where p: (St q, [], map Sym a) ~>zx (St p, [|, map Sym ~) and
v_nempty: VX vy = X#v' — de M p X = {})
using scan__dpda_neps__infs|OF False] by blast
from p have p1: (St q, [], stack_with_ X0 «) ~>4x (St p, [], stack_with_X0 =)
using scan.steps _stack_applwhere 938 = [X0]] by simp
show ?thesis proof (cases )
case Nil
with p! show ?thesis
by (force simp: scan__dpda__def)
next
case (Cons X v')
with v_nempty have de M p X = {} by simp
then have ¢ scan_dpda (St p) a (Sym X) # {}
by (simp add: scan__dpda__def)
with p! Cons show ?thesis by auto
qed
qed
next
case IH: (Cons b w)
show ?case proof (cases eps_infs q «)
case True
obtain p X v where p: (q, [|, @) ~=* (p, [|, X#~) and eps_p: eps_infp X
using inf_reaches|OF True] by blast
from p have p1: (q, b#w, ) ~x (p, b#Hw, X#~)
using steps_word_applof q [| a p [| X#v b#w] by simp
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obtain Y § where (St ¢, b # w, map Sym «) ~sx (D, [|, Sym Y # f)
using scan__dpda__eps_inf[OF p1 eps_p| by blast
then have *: (St ¢, b # w, stack_with_X0 «) ~sx (D, [], Sym Y # 8 Q [X0])
using scan.steps_stack__app[where 28 = [X0]] by fastforce
have sx: § scan_dpda D a (Sym Y) # {}
by (simp add: scan__dpda__def)
from * xx show ?thesis by blast
next
case Fulse
obtain p v where p: (St q, b#w, map Sym «) ~~zx (St p, b#w, map Sym )
and y_nempty: VX v v = X#vy' — de M p X = {})
using scan__dpda_neps_infs|OF Fulse] by blast
from p have p1: (St q, b#w, stack_with X0 «) ~>¢x (St p, b#w, stack _with X0
7)
using scan.steps_stack__app[where 28 = [X0]] by simp
show ?thesis proof (cases )
case Nil
have (D, [X0]) € scan__dpda__delta (St p) b X0 by simp
with Nil have st: (St p, b#w, stack_with_X0 v) ~, (D, w, [X0])
using scan.stepy__rule[of St p b#w X0 [| D w [X0]] by (simp add:
scan__dpda__def)
have x: (St q, b#w, stack_with_X0 «) ~¢x (D, [], [X0])
using scan.steps_trans|OF pl1 scan.steps_trans|OF scan.step;__steps|OF st]
D__consumes]] .
have xx: § scan_dpda D a X0 # {}
by (simp add: scan__dpda__def)
from * xx show ?thesis by blast
next
case (Cons X v')
with v_nempty have de M p X = {} by simp
then consider (a) (D, [Sym X]) € scan__dpda__delta (St p) b (Sym X) | (b)
Ir B. (St r, map Sym B) € scan_dpda__delta (St p) b (Sym X)
by (cases 6 M p b X = {}) fastforce+
then show ?thesis proof cases
case a
with Cons have st: (St p, b#w, stack_with_ X0 ~) ~5 (D, w, stack__with_ X0
7)
using scan.step;__rule[of St p b#w Sym X stack_with_X0 v D w
stack_with_X0 ~] by (simp add: scan__dpda__def)
from Cons have x: (St ¢, b#w, stack_with_X0 &) ~>4* (D, [], stack_with_X0
7)
using scan.steps_trans|OF p1 scan.steps_trans|OF scan.step,__steps|OF
st]]] D_consumes[of w Sym X stack_with_X0 ~'] by simp
have xx: § scan_dpda D a (Sym X) # {}
by (simp add: scan__dpda__def)
from x xx Cons show ?thesis by auto
next
case b
then obtain r 8 where (St r, map Sym 5) € scan__dpda__delta (St p) b
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(Sym X) by blast
with Cons have st: (St p, b#w, stack_with_ X0 ) ~¢ (St r, w, stack_with_X0

(BQy)
using scan.step__rule[of St p b#w Sym X stack_with_X0 ~' St r w
stack_with_ X0 (Qy")] by (simp add: scan__dpda__def)
from IH have x: 3p X ~. (St r, w, stack_with_X0 (fQ~")) ~x (p, [, X
# ) AN J scan_dpda p a X # {} by presburger
from x show ?thesis
using scan.steps_trans|OF scan.steps_trans|OF pl scan.step__steps|OF
st]]] by blast
qed
qed
qed
qed

For every input word, the automaton scan__dpda scans the entire input
and, moreover, ends in a configuration where no epsilon step is possible:

lemma scan__ dpda__scans:
Jq X a. (init_state scan__dpda, w, [init_symbol scan__dpda)) ~s* (¢, [J, X#a) A
0 scan_dpda q a X # {}
proof —
have (St (init_state M), stack_with_ X0 [init_symbol M]) € scan__dpda__delta__eps
Q0' X0 by simp
then have *: (init_state scan__dpda, w, [init__symbol scan__dpda]) ~ (St (init__state
M), w, stack_with_X0 [init_symbol M])
using scan.step;__rule[of Q0' w X0 [] St (init_state M) w stack with X0
[init_symbol M]] by (simp add: scan__dpda__def)
obtain p X v where *x: (St (init_state M), w, stack_with_X0 [init_symbol
M)) ~sx (p, [, X#v) and d: 6 scan_dpda p a X # {}
using scan__dpda__scans_St[of init_state M w [init_symbol M]] by blast
have (init_state scan__dpda, w, [init_symbol scan__dpda)) ~~s* (p, [, X#7)
using scan.steps_trans|OF scan.stepy__steps|OF ] xx] .
with d show ?thesis by blast
qged

end

2.3 Complement Construction

After ensuring that the automaton scans its entire input word, we are left
with constructing the deterministic pushdown automaton that recognizes
the complement language. The main idea is to keep track of whether a final
state has been visited since the last true step using a second component for
states. If no final state has been visited, the complement automaton enters
a final state of its own just before the next true step.
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2.3.1 Definition

An Sl-state indicates that a final state has been visited since the last true
step, whereas an S2-state indicates that no final state has been visited since
the last true step. S3-states are the final states of the complement automa-
ton:

datatype ‘g s1258 = S1 'q | S2 'q | S8 'q

instance s123 :: (finite) finite
proof
have x: UNIV = {t. 3¢q. t =81 q} U {t. 3¢. t = S2q} U {¢t. Fq. t = 53 ¢}
by auto (metis s123.exhaust)
show finite (UNIV :: 'a 123 set)
by (simp add: * full _SetCompr _eq)
qged

lemma inj S1: inj S1
by (simp add: inj_def)

lemma inj S2: inj S2
by (simp add: inj_def)

We can now assume the scan property proved in the last subsection:

locale complement_dpda = dpda M for M :: ('q :: finite, 'a :: finite, s :: finite)
pda +

assumes M _path: 3¢ X a. (init_state M, w, [init_symbol M]) ~x* (q, [], X#«)
ANOMqaX #{}
begin

definition comp_ dpda_init_state :: 'q s123 where
comp__dpda__init_state = if init_state M € final _states M then S1 (init_state
M) else S2 (init_state M)

definition comp_dpda_ final _states :: 'q s123 set where
comp__dpda__final__states = range S3

fun comp__dpda_delta :: 'q 123 = 'a = 's = ('q s128 x 's list) set where
comp__dpda__delta (S1 q) a X = (A(p, «). if p € final_states M then (SI p, «)

else (S2p,a)) ‘0 MqgaX

| comp__dpda_ delta (S3 q) a X = (M(p, «). if p € final_states M then (S1 p, «)

else (S2p,a)) ‘0 MgaX

| comp_dpda_delta _ _ _ = {}

fun comp_ dpda_ delta_eps :: 'q s128 = 's = ('q s123 x 's list) set where
comp__dpda__delta__eps (51 q¢) X = (A(p, ). (S1 p, @)) ‘6e M g X
| comp__dpda__delta_eps (52 q) X = (A(p, «). if p € final_states M then (S1 p, «)
else (S2 p, a)) ‘6e Mg X
U (if Fa.0 MqgaX # {} then {(S3 q, [X])} else {})
| comp__dpda_delta_eps _ _ = {}
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definition comp dpda :: ('q 123, 'a, 's) pda where
comp__dpda =
( init_state = comp__dpda__init_ state,
init__symbol = init_symbol M,
final_states = comp__dpda__final__states,
delta = comp__dpda__delta, delta__eps = comp__dpda__delta__eps |

2.3.2 Determinism

lemma image_singleton_if inj:
assumes inj f
shows (Jz. A = {z}) +— (Fz. f A = {a})
using assms by (metis image__empty image__insert image__inv_f_f)

The automaton comp_dpda is deterministic:

lemma dpda__comp__dpda: dpda comp__dpda
proof (standard, goal_cases)
case (1 paZ)
have finite (comp__dpda_delta p a Z)
by (induction p a Z rule: comp__dpda__delta.induct) (auto simp: finite_delta)
then show ?case
by (simp add: comp__dpda__def)
next
case (2p 7Z)
have finite (comp__dpda__delta_eps p Z)
by (induction p Z rule: comp__dpda__delta__eps.induct) (auto simp: finite_delta__eps)
then show ?case
by (simp add: comp__dpda__def)
next
case (3 ¢qa X)
then show ?case
proof
assume 6 comp_dpda q a X # {}
then have comp_dpda_delta ¢ a X # {}
by (simp add: comp__dpda__def)
then have comp dpda_delta_eps ¢ X = {}
by (induction q a X rule: comp__dpda__delta.induct) (auto simp: 6__nonempty)
then show d¢ comp_dpda ¢ X = {}
by (simp add: comp__dpda__def)
qed
next
case (4 q a X)
let ?f = (A(p, ). if p € final_states M then (S1 p, a) else (S2 p, o))
have x: inj 7f
by (simp add: inj_def)
have comp__dpda_delta g a X = {} vV (3p . comp_dpda__delta ¢ a X = {(p,
7)})
proof (induction q a X rule: comp__dpda__delta.induct)
case (1 g a X)
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then show ?case
using 0__singleton|of q a X] image__singleton__if inj[OF %, of 6 M q a X| by
stmp
next
case (2 qa X)
then show ?case
using 0__singleton|of q a X] image__singleton__if inj[OF %, of 6 M q a X| by
stmp
qed simp
then show ?Zcase
by (simp add: comp__dpda__def)
next
case (5 ¢ X)
have comp_ dpda_delta_eps ¢ X = {} V (3p 7. comp_dpda__delta_eps ¢ X =
{(p. M}
proof (induction q¢ X rule: comp__dpda__delta__eps.induct)
case (1 q X)
then show ?case
using de__singleton|of ¢ X] by auto
next
case (2 ¢ X)
consider (a) Ja. § M qga X # {} | (b) =(Fa. 0 M qa X # {}) by blast
then show ?case
proof cases
case a
then have dc M ¢ X = {}
using §__nonemptylof ¢ __ X] by blast
then show ¢thesis by simp
next
case b
let 2f = (A(p, ). if p € final_states M then (S1 p, o) else (S2 p, a))
have x: inj ?2f
by (simp add: inj_def)
from b show ?thesis
using de__singleton|of ¢ X] image__singleton__if inj|OF x, of ée M q X] by
stmp
qged
qed simp
then show ?case
by (simp add: comp__dpda__def)
qed

2.3.3 Complementation

sublocale comp: dpda comp__dpda
using dpda__comp__dpda .

We abbreviate the definitions of comp dpda with index c:

notation comp.step; (infix ~». 55)
notation comp.steps (infix ~-.x 55)
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notation comp.stepsn ((_ /~.'(__")/ _) [55, 0, 55] 55)
notation comp.steps! (infix ~».+ 55)

lemma comp_ dpda__step from_S1:
assumes (51 ¢, |, @) ~c (p, [, 7)
shows dp’. p = S1 p’
using assms comp.stepy__rule__ext[of S1 q [] a p [| 7] by (auto simp: comp__dpda__def)

lemma comp_ dpda_steps from_S1:

assumes (S1 ¢, [], @) ~¢* (p, [], 7)

shows dp’. p = S1 p’
using assms comp__dpda__step from__S1 comp.decreasing _word

by (induction (S1 q, [| == 'a list, @) (p, [| =+ 'a lst, v) arbitrary: p v rule:
comp.steps__induct2_bw) fastforce+

lemma comp_ dpda_ nonfinal__stepsS2:

assumes (g, [}, @) ~* (p, [} 7)
and Ar 8. (g, [], @) ~x (r, [], 8) — r ¢ final_states M
shows (S2 q, [], @) ~¢x (S2p, (], 7)
using assms proof (induction (q, [| :: 'a list, &) (p, [] = ‘a list, ) arbitrary: q «
rule: steps_induct2)
case I
then show ?case
by (simp add: comp.steps_refl)
next
case (2qarup)
from 2(1) obtain X o’ ( where a_def: « = X#a' and u_def: u = || and *:
B =CQa"and elem: (r,{) € de M g X
using step;__rule ext[of ¢ [] @ v u (] by blast
from 2(4)[of r §] have r ¢ final_states M
using stepy__steps|OF 2(1)[unfolded u__def]] by simp
with elem have (S2 r, ¢) € comp__dpda__delta__eps (52 q) X by force
with a__def * have xx: (52 ¢, [], @) ~. (S2r, ], B)
using comp.stepy__rule[of S2 q [| X o’ S2r [] B] by (simp add: comp__dpda__def)
from 2(4) have nr: As p. (v, [], B) ~x* (s, [], p) — s & final_states M
using steps_trans|OF step,__steps|OF 2(1)], unfolded u__def] by blast
from 2(3)[OF u_def nr] have xxx: (S2 1, [|, 8) ~e*x (S2p, [], 7) -
show Zcase
using comp.steps_trans|OF comp.stepy__steps|OF sx] s*x] .
qed

The automaton comp__dpda mimics the steps of the original automaton
in S2-states, provided that the word read so far is not accepted:

lemma comp__dpda_ nonfinal__steps:
assumes (¢'; w, @) ~x* (p, u, y)
and w # u
and Ar 8. (¢/, w, @) ~x (r, u, B) — r & final_states M
and ¢ = S1q¢'V g=82q’
shows (¢, w, @) ~cx (52 p, u, )
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using assms proof (induction (q', w, «) (p, u, v) arbitrary: ¢ ¢’ w « rule:
steps_induct?2)
case (2¢'warvp)
from 2(1) obtain X o’ where o def: « = X#a' and cases:
B¢Cv=wAB=CQa’'A(r,{)edeMq¢g X)V(Bal w=a#vANS=
CQa'A(r,)ed Mq' aX)(is %a V %)
using step;_rule_ext[of ¢' w o r v (] by blast
from 2(5) have rp_nonfinal: Ara B8'. (r, v, B8) ~x* (ra, u, 8') — ra & fi-
nal_states M
using steps_trans|OF stepy__steps|OF 2(1)]] by blast
from cases consider (a) ?a | (b) b by blast
then show ?case
proof cases
case a
then obtain ( where *: v = w and *x: 3 = ( @ o’ and elem: (r, () € de M
¢’ X by blast
from elem 2(6) have (S1 r, ¢) € comp_dpda_delta_eps ¢ X V (52 r, () €
comp__dpda__delta__eps q X by force
with * xx a__def have sxx: (¢, w, @) ~. (S1 r, v, B) V (g, w, @) ~>. (52 r,
v, B)
using comp.stepy__rule[of ¢ w X o’ _ v B] by (simp add: comp__dpda__def)
from 2(/) * have v_neq: v # u by simp
from 2(3)[OF v_neq rp_nonfinal] have sxxx: (S1 7, v, B) ~>.x (52 p, u, )
by simp
from 2(3)[OF v_neq rp_nonfinal] have sxxxx: (S2 r, v, B) ~>cx (52 p, u, )
by simp
from sx* xxkx sxxxxx show ?2thesis
using comp.step;__steps comp.steps_trans by blast
next
case b
then obtain a ( where *: w = a # v and *x: § = ( @ o’ and elem: (r, ()
€6 M q' a X by blast
show ?thesis
proof (cases v = u)
case True
from 2(5) have r_nonfinal: v ¢ final_states M
using step;__steps|OF 2(1)[unfolded True]] by simp
from 2(6) consider (s1) ¢ = S1 ¢'| (s2) ¢ = S2 q’ by blast
then have p1: (¢, w, @) ~cx (S2 1, v, 5)
proof cases
case sl
with elem r_nonfinal have (S2 r, () € comp__dpda__delta q a X by force
with x xx a_ def have *xx: (q, w, @) ~. (52 1, v, §)
using comp.stepy__rule[of g w X «’ S2r v B8] by (simp add: comp__dpda__def)
show ?thesis
using comp.stepy__steps|OF sxx] .
next
case s2
with elem have (S3 ¢’, [X]) € comp__dpda__delta__eps ¢ X by auto
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with o def have xxx: (¢, w, a) ~. (53 ¢', w, a)
using comp.stepy__rule[of quw X o’ S3 ¢’ w o] by (simp add: comp__dpda__def)
from elem r_nonfinal have (52 r, ¢) € comp_dpda_delta (53 q¢') a X by
force
with x s a__def have xxxx: (83 ¢/, w, ) ~. (S2 r, v, )
using comp.step;__rule[of S3 ¢’ w X o’ S2 r v (] by (simp add:
comp__dpda__def)
show ?thesis
using comp.steps__trans|OF comp.step;__steps| OF xxx] comp.step;__steps|OF
qed
from 2(2)[unfolded True] have al: (r, [], B) ~>* (p, [], ¥)
using steps_word_applof v [| B p [| 7 u| by simp
from rp_nonfinal[unfolded True] have a2: Ara B’ (r, [|, B) ~x* (ra, [], B
— ra ¢ final_states M
using steps_word__applof r [| f _ [] _ u] by simp
have (52 7, [}, 8) = (52 p, [}, 7)
using comp__dpda_nonfinal _stepsS2[OF al a2] .
with True have p2: (S2 r, v, 8) ~c* (52 p, u, 7)
using comp.steps_word_applof S2r || B 52 p [| v u] by simp
show ?thesis
using comp.steps_trans[OF pl p2] .
next
case Fualse
from 2(6) consider (s1) ¢ = S1 q'| (s2) ¢ = S2 q’ by blast
then have p: (¢, w, @) ~.x (S1 r, v, B) V (g, w, @) ~* (S2 1, v, B)
proof (cases)
case si
with elem have (S1 r, () € comp_dpda_delta ¢ a X V (S2 r, () €
comp__dpda__delta q a X by force
with x s a__def have (¢, w, &) ~. (SI r, v, 8) V (¢, w, @) ~ (52 r, v,
B)
using comp.stepy__rule[of g w X o’ __ v 8] by (simp add: comp__dpda__def)
then show ?thesis
using comp.step;__steps by blast
next
case s2
with elem have (S3 ¢/, [X]) € comp__dpda__delta__eps ¢ X by auto
with o def have xxx: (¢, w, a) ~. (53 ¢/, w, a)
using comp.stepy__rule[of quw X o’ S3 ¢’ w o] by (simp add: comp__dpda__def)
from elem have (51 r, ¢) € comp_dpda_delta (S3 ¢") a X V (521, (C) €
comp__dpda__delta (S3 q') a X by force
with * xx a__def have xxxx: (53 ¢/, w, @) ~. (S1 7, v, B) V (53 ¢, w, «)
e (52 v, 6)
using comp.stepy__rule[of S3 ¢’ w X o' __ v B] by (simp add: comp__dpda__def)
from *x* xxxx show ?thesis
using comp.stepi__steps comp.steps__trans by metis
qed
from 2(8)[OF False rp_nonfinal] have p1: (S1 r, v, B) ~cx (S2 p, u, 7) by
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simp

from 2(8)[OF False rp__nonfinal] have p2: (S2 r, v, 8) ~>cx (S2 p, u, 7) by
stmp

from p p1 p2 show ?thesis

using comp.steps_trans by blast
qed
qed

qed simp

The automaton comp__dpda transitions to an Sl-state if the target state
is a final state:

lemma comp_ dpda__final steps:
assumes (¢', w, o) ~+ (p, u, 7¥)
and p € final states M
and g =S1¢'V q=2582¢
shows (¢, w, @) ~.+ (S1 p, u, 7)
using assms proof (induction (¢, w, ) (p, u, v) arbitrary: ¢ ¢’ w a rule:
steps1__induct)
case (base ¢’ w «)
from base(1) obtain X o’ where a_ def: o = X#a’ and cases:
3. u=wAy=Qa'A(p,B)€deMq¢ X))V (ZaB.w=a#uNy
=pQ@a'A(p,B)edMq' aX)(is %a VvV ?)
using stepy__rule__ext[of ¢ w o p u 7] by blast
from cases consider (a) ?a | (b) b by blast
then show Zcase
proof cases
case a
then obtain § where *: u = w and **: v = 8 Q o’ and elem: (p, B) € de M
q' X by blast
from base(2,3) elem have (S1 p, 8) € comp__dpda__delta__eps ¢ X by force
with * s« o_ def have xxx: (¢, w, a) ~. (S1 p, u, y)
using comp.stepy__rule[of ¢ w X o’ S1 p u ] by (simp add: comp__dpda__def)
show ?thesis
using comp.stepsl__step[OF sxx] .
next
case b
then obtain a 8 where x: w = a # u and *x: v = § @Q o’ and elem: (p, )
€6 M q' a X by blast
from base(3) consider (¢) ¢ = S1 ¢’ | (d) ¢ = S2 ¢’ by blast
then show ?thesis
proof cases
case ¢
with elem base(2) have (SI p, 8) € comp_dpda__delta g a X by force
with * xx a__def have xxx: (q, w, o) ~ (S1 p, u, )
using comp.stepy__rule[of g w X ' S1 p u ] by (simp add: comp__dpda__def)
show ?thesis
using comp.stepsl__step[OF sxx] .
next
case d
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with elem have (53 ¢’, [X]) € comp__dpda_ delta__eps ¢ X by auto
with o_ def have xxx: (¢, w, o) ~. (583 ¢/, w, )
using comp.stepy__rule[of ¢ w X a’ 88 ¢’ w o] by (simp add: comp__dpda__def)
from elem base(2) have (SI p, B) € comp__dpda__delta (S8 q') a X by force
with x s« a__def have xxxx: (53 ¢/, w, a) ~. (S1 p, u, )
using comp.step1__rule[of S3 ¢’ w X o’ S1 p u~] by (simp add: comp__dpda__def)
show ?thesis
using comp.stepsl__trans|OF comp.stepsl__step|OF xxx| comp.stepsl__step[OF
qed
qed
next
case (step ¢’ w a rv )
from step(1) obtain X o’ where a_ def: « = X#a’ and cases:
@3plv=wAp=p"Qa’'AN(r,B8)edeMq¢g X))V (TaB w=a#uvA
B=p"@a'A(r,B)€d Mq' aX)(is ?c V 2d)
using stepy_rule_ext[of ¢' w a r v ] by blast
from step(5) consider (a) ¢ = S1 q'| (b) ¢ = S2 ¢’ by blast
then show ?case
proof cases
case a
from cases consider (¢) ?c | (d) ?d by blast
then show ?thesis
proof cases
case ¢
then obtain ¢ where *: v = w and *x: § = ( @ o’ and elem: (r, {) € de
M q' X by blast
from elem a have (SI r, ¢) € comp_dpda_delta_eps ¢ X by auto
with * s a_ def have sxx: (¢, w, @) ~. (S1 r, v, )
using comp.step;__rule[of g w X o’ S1 rv 8] by (simp add: comp__dpda__def)
from step(3)[OF step(4)] have sxxx: (S1 r, v, 8) ~.+ (SI p, u, 7) by simp
show ?thesis
using comp.stepsl__trans[OF comp.stepsl__step|OF sxx| sxxx] .
next
case d
then obtain a ( where x: w = a # v and #x: 8 = ( Q@ o’ and elem: (r, ()
€6 M q' a X by blast
from elem a have (S1 r, {) € comp_dpda_delta ¢ a X V (S2 1, ) €
comp__dpda__delta q a X by force
with * s a__def have xx+: (¢, w, o) ~. (S1 7, v, B) V (¢, w, @) ~. (52 r,
v, B)
using comp.step1__rule[of g w X o’ __ v B] by (simp add: comp__dpda__def)
from step(3)[OF step(4)] have sxxx: (SI r, v, §) ~.+ (S1 p, u, v) by simp
from step(3)[OF step(4)] have sxxxx: (S2 1, v, 8) ~.+ (SI p, u, v) by simp
from sx* *xkx xxxxx show ?Zthesis
using comp.stepsl__step comp.stepsi__trans by blast
qed
next
case b
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from cases consider (¢) ?c | (d) ?d by blast
then show %thesis
proof cases
case ¢
then obtain ¢ where x: v = w and *x: 3 = ( @ o’ and elem: (r, {) € de
M q' X by blast
from elem b have (S r, {) € comp_dpda_delta_eps ¢ X V (82 r, () €
comp__dpda__delta__eps ¢ X by force
with x s a__def have xxx: (¢, w, &) ~ (S1 7, v, B) V (g, w, @) ~. (S2 r,
v, B)
using comp.step1__rule[of g w X o’ _ v B] by (simp add: comp__dpda__def)
from step(8)[OF step(4)] have xxxx: (S1 1, v, B) ~>.+ (51 p, u, v) by simp
from step(3)[OF step(4)] have sxxxx: (S2 1, v, B) ~.+ (SI p, u, v) by simp
from sx* sxkx sxxxkx show ?Zthesis
using comp.stepsl__step comp.stepsi__trans by blast
next
case d
then obtain a ( where *: w = a # v and *+: 3 = ( Q o’ and elem: (r, ()
€0 Mq'a X by blast
from elem b have (S3 ¢/, [X]) € comp_dpda__delta_eps q¢ X by auto
with a__def have xxx: (¢, w, o) ~. (53 ¢/, w, @)
using comp.stepy__rule[of g w X o’ 83 ¢’ w a] by (simp add: comp__dpda__def)
from elem have (S1 r, ¢) € comp_dpda_delta (S3 ¢') a X V (521, () €
comp__dpda__delta (S3 q') a X by force
with * xx a__def have sxxx: (53 ¢/, w, @) ~. (SI r, v, B) V (83 ¢, w, a)
~e (8271, v, B)
using comp.step1__rule[of S3 ¢’ w X o’ _ v B] by (simp add: comp__dpda__def)
from step(3)[OF step(4)] have sxxxx: (S1 r, v, 8) ~.+ (SI p, u, v) by simp
from step(3)[OF step(4)] have sxsxxx: (S2 r, v, ) ~>.+ (51 p, u, v) by
stmp
from sk skxk skkkk kkkkxk show 2thesis
using comp.stepsl__step comp.stepsl__trans by metis
qed
qed
qed

If the automaton comp__dpda ends up in an S3-state while reading a
word, then no state reached while reading that same word is final:

lemma comp_ dpda__steps nonfinalS1:
assumes (S1 ¢, w, &) ~cx (S3p, [|, v)
and (g, w, &)~ (1, [, f)
shows r ¢ final_states M
proof
assume r_final: v € final_states M
from assms(1) obtain n where p1: (51 ¢, w, &) ~.(n) (S8 p, [], 7)
using comp.stepn__steps[of S1 q w « S3 p [| 7] by blast
have np: comp.no__stepy (53 p, |, 7)
using comp.step1__rule_ext[of S3 p [| 7] by (simp add: comp_dpda__def)
have (S1 ¢, w, a) ~x (S1 1, [], B)
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proof (cases (¢, w, a) = (r, [], §))
case True

then show ?thesis
by (simp add: comp.steps__refl)
next
case Fulse
have a1 (g, w, 0) ~+ (r, [, f)
using steps_steps1[OF assms(2) False] .
have ¢2: (S1 q, w, @) ~.+ (S1 r, [], 8)
using comp__dpda_final_steps|OF q1 r_final] by simp
show ?thesis
using comp.stepsl__steps|OF ¢2] .

qed
then obtain m where p2: (51 q, w, @) ~.(m) (S1 r, [], B)
using comp.stepn__steps[of S1 ¢ w o S1 r || 5] by blast

have m_leq n: m <mn
using comp.mazx__eps_steps|OF p1 np p2] .
have (811, [, 8) ~e(n — m) (53 p, [}, 7)
using comp.split_path[OF p1 m_leq n| comp.dpda__stepn__det|OF p2] by blast
then have x: (S1 r, [], 8) ~cx (S8 p, [], 7)
using comp.stepn__steps[of S1 v [| 8 S3 p [| 7] by blast
show Fulse
using comp__dpda__steps_from_S1[OF x| by simp
qed

lemma comp_ dpda_ steps nonfinalS2:
assumes (52 ¢, w, &) ~.x (S3p, [|, 7)
and (g, w, @) ~+ (r, [}, B)
shows r ¢ final_states M
proof
assume r_final: v € final_states M
from assms(1) obtain n where pI: (52 ¢, w, o) ~.(n) (S8 p, [], 7)
using comp.stepn__steps[of S2 q w « S3 p [| 7] by blast
have np: comp.no_step; (S3 p, ||, 7)
using comp.stepy__rule_ext[of S3 p [| 7] by (simp add: comp_ dpda__def)
obtain m where p2: (52 ¢, w, a) ~.(m) (S1 r, [], 5)
using comp.stepsl__steps|OF comp__dpda_ final _steps|OF assms(2) r_final, of
S2 q, simplified]] comp.stepn__steps[of S2 q w o« S1 r [ ] by blast
have m_leq n: m < n
using comp.maz__eps_steps[OF p1 np p2] .
have (S1 7, [], B) ~c(n — m) (S3p, [], ¥)
using comp.split_path|OF p1 m_leq _n| comp.dpda__stepn__det|OF p2] by blast
then have x: (SI r, [], 8) ~cx (S3p, [, 7)
using comp.stepn_steps[of S1 v [| B .53 p || 7] by blast
show Fulse
using comp__dpda__steps_from_S1[OF x| by simp
qed

The language of the automaton comp__dpda is the complement language:
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lemma lang comp_ dpda:

comp.accept_final = — accept_final
proof
show comp.accept_final C — accept_final
proof
fix w

assume w € comp.accept_final
then obtain ¢ v where p: (init_state comp__dpda, w, [init_symbol comp__dpda))
~cx (g, [], v) and ¢_final: q € final_states comp__dpda
unfolding comp.accept_final _def by blast
from ¢_final obtain ¢’ where q_def: ¢ = S3 ¢’
by (auto simp: comp__dpda__def comp__dpda_ final_states def)
have Ar 8. (init_state M, w, [init_symbol M]) ~>x (v, [|, B) — r ¢ final_states
M
proof
fix r g
assume asm: (init_state M, w, [init_symbol M]) ~>* (r, [], B)
consider (a) init_state M € final_states M | (b) init_state M ¢ final _states
M by satx
then show r ¢ final states M
proof cases
case a
with p ¢ def have x: (S1 (init_state M), w, [init_symbol M]) ~».x (53 ¢/,
0, 7)
by (simp add: comp__dpda__def comp__dpda__init_state_def)
show ?thesis
using comp__dpda__steps_nonfinalS1[OF % asm] .
next
case b
consider (¢) r = init_state M | (d) r # init_state M by salx
then show ?thesis
proof cases
case c
with b show ?thesis by simp
next
case d
then have x: (init_state M, w, [init_symbol M]) ~~+ (r, [], B)
using steps_steps1[OF asm| by simp
from b p ¢ def have *x: (S2 (init_state M), w, [init_symbol M]) ~~x*
(534", 1, 7)
by (simp add: comp__dpda__def comp__dpda__init_state_def)
show ?thesis
using comp__dpda__steps_nonfinalS2[OF xx x] .
qed
qed
qed
then show w € — accept_final
by (auto simp: accept_final_def)
qed
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next
show — accept_final C comp.accept_final
proof
fix w
assume w € — accept_final
then have nonfinal: Ar 5. (init_state M, w, [init_symbol M]) ~»x (r, [|, B)
— r & final_states M
by (auto simp: accept_final_def)
from M_path[of w] obtain ¢ X « a where p: (init_state M, w, [init_symbol
M]) ~x (q, [], X # o) and delta_M: 6 M q a X # {} by blast

consider (a) w =[] | (b) w # [] by satzx
then have «: (init_state comp_ dpda, w, [init_symbol comp__dpdal) ~>cx (S2
q, ||, X#a)
proof cases
case a

from nonfinal[unfolded o] have init_state M ¢ final_states M
using steps_refllof init_state M [] [init_symbol M]] by simp
with a show Zthesis
using comp__dpda_nonfinal__stepsS2|OF plunfolded a] nonfinal[unfolded al]
by (simp add: comp__dpda__def comp__dpda__init_state_def)
next
case b
with p nonfinal show ?thesis
using comp__dpda_nonfinal_steps|of init_state M w [init_symbol M| q ||
X#a] by (simp add: comp__dpda__def comp__dpda__init_state__def)
qged
from delta_ M have xx: (52 q, [|, X#a) ~ (53 ¢, [], X#a)
using comp.stepy__rule[of S2 q [| X a S3 q [| X#«a] comp__dpda__def by auto
have (init_state comp__dpda, w, [init_symbol comp__dpda]) ~.* (53 ¢, [|, X #
a)
using comp.steps_trans|OF * comp.step;__steps|OF xx]| .
then show w € comp.accept_ final
using comp.accept_final _def comp_dpda__def comp dpda_ final_states def
by force
qed
qed

end

By constructing the two automata one after another, we get the final
lemma stating that deterministic context-free languages are closed under
complementation:

lemma complement_dpda:
assumes dpda (M :: ('q :: finite, 'a :: finite, s :: finite) pda)
shows I M’ :: (g st_scan s123, 'a, 's sym__scan) pda.
dpda M' A pda.accept_final M' = — pda.accept_final M
proof —
let SM = dpda_scan.scan__dpda M :: ('q st_scan, 'a, 's sym__scan) pda
have dpda__sm: dpda ?SM
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using assms dpda__scan.dpda__scan__dpda dpda__scan__def by blast
have *: Aa w. 3¢ X a. pda.steps ?SM (init_state ?SM, w, [init_symbol ?SM])
(g, [, X#a) A delta 2SM g a X # {}
using assms dpda__scan.scan__dpda__scans dpda__scan__def by blast
have L1: pda.accept_final 2SM = pda.accept_final M
using assms dpda__scan.lang_scan__dpda dpda__scan.intro by auto
let YCM = complement__dpda.comp__dpda ?SM :: ('q st_scan s123, 'a, 's sym__scan)
pda
from dpda_sm * have dpda_cm: dpda ?CM
using complement__dpda.dpda__comp__dpda complement__dpda.intro complement__dpda__azioms__def
by blast
from dpda_sm x have L2: pda.accept_final ?CM = UNIV — pda.accept_final
2SM
using complement__dpda.lang comp__dpda complement_dpda__azxioms _def com-
plement__dpda__def by blast
from dpda_cm L1 L2 show ?thesis by blast
qed

end
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