Coproduct Measure

Michikazu Hirata

August 22, 2024

Abstract

This entry formalizes the coproduct measure. Let I be a set and
{M;}icr measurable spaces. The o-algebra on [[,., M; = {(i,z) | i €
I ANz e M} is defined as the least one making (Az. (i, z)) measurable
for alli € I. Let pu; be measures on M; for all i € I and A a measurable

set of [[,c; M;. The coproduct measure [[;.; p; is defined as follows:

<H Mi) (A) = ZMi(Ai)’ where A; = {x | (i,z) € A}.
iel iel

We also prove the relationship with coproduct quasi-Borel spaces:
the functor R : Meas — QBS preserves countable coproducts.
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1 Preliminaries

theory Lemmas-Coproduct-Measure
imports HOL— Probability. Probability
Standard-Borel-Spaces. Abstract-Metrizable- Topology
begin

lemma metrizable-space-metric-space:
assumes d:Metric-space UNIV d Metric-space.mtopology UNIV d = euclidean
shows class.metric-space d ([|e€{0<..}. principal {(z,y). d x y < e}) open

(proof)

corollary metrizable-space-metric-space-ex:
assumes metrizable-space (euclidean :: 'a :: topological-space topology)
shows 3(d :: 'a = ’a = real) F. class.metric-space d F open

(proof)

lemma completely-metrizable-space-metric-space:

assumes Metric-space (UNIV :: 'a ::topological-space set) d Metric-space.mtopology
UNIV d = euclidean Metric-space.mcomplete UNIV d

shows class.complete-space d ([ ee{0<..}. principal {(x,y). d z y < e}) open

(proof)

lemma completely-metrizable-space-metric-space-ex:
assumes completely-metrizable-space (euclidean :: 'a :: topological-space topology)
shows 3(d :: ‘a = 'a = real) F. class.complete-space d F open

(proof)

1.1 Polishness of Extended Reals and Non-Negative Extended
Reals

We instantiate polish-space for ereal and ennreal with non-canonical metrics
in order to change the order of infsum using the lemma infsum-Sigma.

instantiation ereal :: metric-space
begin



definition dist-ereal :: ereal = ereal = real
where dist-ereal = SOME d. Metric-space UNIV d N
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d

definition uniformity-ereal :: (ereal x ereal) filter
where uniformity-ereal = [|ec{0<..}. principal {(z,y). dist z y < e}

instance

{(proof)

end

instantiation ereal :: polish-space
begin

instance
(proof)

end

instantiation ennreal :: metric-space
begin

definition dist-ennreal :: ennreal = ennreal = real
where dist-ennreal = SOME d. Metric-space UNIV d N
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d

definition uniformity-ennreal :: (ennreal X ennreal) filter
where uniformity-ennreal = []ee{0<..}. principal {(x,y). dist x y < e}

instance
(proof)

end

instantiation ennreal :: polish-space
begin

instance

(proof)

end

1.2 Lemmas for Infinite Sum

lemma uniformly-continuous-add-ennreal: isUCont (A(z::ennreal, y). z + y)
(proof)



lemma infsum-eq-suminf:
assumes f summable-on UNIV
shows (3" o n€UNIV. fn) = suminf f

(proof)

lemma infsum-Sigma-ennreal:
fixes f :: - = ennreal
shows infsum f (Sigma A B) = infsum (Az. infsum (Ay. f (z, y)) (B z)) A
(proof)

lemma infsum-swap-ennreal:

fixes f :: - = - = ennreal

shows infsum (Az. infsum (Ay. fz y) B) A = infsum (Ay. infsum (Az. fz y) A)
B

(proof )

lemma has-sum-cmult-right-ennreal:
fixes f :: - = ennreal
assumes ¢ < T (f has-sum a) A
shows ((Az. ¢ * f ) has-sum ¢ x a) A

{proof)

lemma infsum-cmult-right-ennreal:
fixes f :: - = ennreal
assumes ¢ < T
shows (3 z€A. ¢ * fz) = ¢ * infsum [ A
(proof)

lemma ennreal-sum-SUP-eq:
fixes f :: nat = - = ennreal
assumes finite A N\z. z € A = incseq (Nj. fjz)
shows (D" i€A. [ |n. fni)=(n D i€A. fni)
(proof)

lemma ennreal-infsum-Sup-eq:

fixes f :: nat = - = ennreal

assumes A\z. v € A = incseq (Aj. fjx)

shows (> z€A. (SUP . fjx)) = (SUPj. (O ccx€A. fjx)) (is ?lhs = ?rhs)
(proof)

lemma bounded-infsum-summable:
assumes Az. 2 € A = fz > 0 (3. z€A. ennreal (f z)) < top
shows f summable-on A

(proof)

lemma infsum-less-top-dest:
fixes f :: - = -::{ordered-comm-monoid-add, topological-comm-monoid-add, t2-space,
complete-linorder, linorder-topology}



assumes (D oo2€A. fz) <top N\z.z € A= fz >0z € A
shows fx < top
(proof )

lemma infsum-ennreal-eq:
assumes f summable-on A N\z. z € A = fz >0
shows ()" «z€A. ennreal (f x)) = ennreal (3 cx€A. f 1)

(proof)

lemma abs-summable-on-integrable-iff:
fixes f :: - = - :: {banach, second-countable-topology}
shows Infinite-Sum.abs-summable-on f A <— integrable (count-space A) f

{proof)

lemma infsum-eq-integral:
fixes f :: - = - i1 {banach, second-countable-topology}
assumes Infinite-Sum.abs-summable-on f A
shows infsum f A = integral® (count-space A) f
(proof)

end

theory Coproduct-Measure
imports Lemmas-Coproduct-Measure
HOL— Analysis. Analysis
begin

2 Binary Coproduct Measures

definition copair-measure :: ['a measure, 'b measure] = ('a + 'b) measure (infixr
@D v 65) where
M @ v N = measure-of (space M <+> space N)

({Inl “ A |A. A € sets M} U {Inr < A|A. A € sets N})

(M. emeasure M (Inl —¢ A) + emeasure N (Inr —* A))

2.1 The Measurable Space and Measurability

lemma
shows space-copair-measure: space (copair-measure M N) = space M <+> space
N
and sets-copair-measure-sigma:
sets (copair-measure M N)
= sigma-sets (space M <+> space N) ({Inl ‘A |A. A € sets M} U {Inr
AlA. A € sets N})
and Inl-measurable[measurable]: Inl € M —y M @y N
and Inr-measurable[measurable]: Inr € N =y M @y N

(proof)



lemma sets-copair-measure-cong:

sets M1 = sets M2 = sets N1 = sets N2 = sets (M1 €@y N1) = sets (M2
Du N2)

{proof)

lemma measurable-image-Inl[measurable]: A € sets M = Inl * A € sets (M @ ur
N)
{proof )

lemma measurable-image-Inr[measurable]: A € sets N => Inr ‘A € sets (M @ m
N)
{proof)

lemma measurable-vimage-Inl:
assumes [measurable]:A € sets (M @ pm N)
shows Inl —“ A € sets M

(proof)

lemma measurable-vimage-Inr:
assumes [measurable]:A € sets (M @ N)
shows Inr —‘ A € sets N

(proof)

lemma in-sets-copair-measure-iff:
A € sets (copair-measure M N) «— Inl —* A € sets M N Inr —“ A € sets N

(proof)

lemma measurable-copair-Inl-Inr:
assumes [measurable]:(Az. f (Inlz)) € M —p L (Az. f (Inrx)) € N - L
shows fe M @y N = L

(proof)

corollary measurable-copair-measure-iff:

feM@B uN —-yu L (Ax. f(nlz) e M -y LAz f(Inrz)) € N
—m L

(proof )

lemma measurable-copair-dest1:

assumes [measurablel:f € L —y M @y N and f —¢ (Inl © space M) N space
L = space L

obtains f' where f' € L =y M Az. x € space L = fz = Inl (f' x)

(proof)

lemma measurable-copair-dest2:

assumes [measurable]:f € L —p M @y N and f —¢ (Inr “ space N) N space
L = space L

obtains f' where f' € L =) N Az. z € space L = fx = Inr (f' z)

(proof)



lemma measurable-copair-dest3:
assumes [measurable]:f € L -y M @ nm N
and f —* (Inl ¢ space M) N space L C space L f —* (Inr ¢ space N) N space L
C space L
obtains f’ f”" where f' € L -y M f”" € L -y N
Nz. z € space L=z € f —“Inl ‘ space M = fz = Inl (f' x)
Nz. z € space L=z ¢ [ —“Inl ‘ space M\ = fz = Inr (f" x)
(proof)

2.2 Measures

lemma emeasure-copair-measure:

assumes [measurable]: A € sets (M @ N)

shows emeasure (M @y N) A = emeasure M (Inl —< A) + emeasure N (Inr
—<4)
(proof )

lemma emeasure-copair-measure-space:

emeasure (M @y N) (space (M @ N)) = emeasure M (space M) + emeasure
N (space N)

(proo)

corollary
shows emeasure-copair-measure-Inl: A € sets M = emeasure (M @y N) (Inl
“A) = emeasure M A
and emeasure-copair-measure-Inr: B € sets N = emeasure (M @ p N) (Inr
‘B) = emeasure N B

(proof)

lemma measure-copair-measure:
assumes [measurable]:A € sets (M @ yp N) emeasure (M @y N) A < o0
shows measure (M @y N) A = measure M (Inl —* A) + measure N (Inr —*
4)
{proof)

lemma
shows measure-copair-measure-Inl: A € sets M = measure (M @ p N) (Inl ¢
A) = measure M A
and measure-copair-measure-Inr: B € sets N = measure (M @ v N) (Inr
B) = measure N B

{proof)

¢

2.3 Finiteness

lemma finite-measure-copair-measure: finite-measure M — finite-measure N —>
finite-measure (M € p N)
(proof )



2.4 o-Finiteness

lemma sigma-finite-measure-copair-measure:
assumes sigma-finite-measure M sigma-finite-measure N
shows sigma-finite-measure (M @y N)

(proof)

2.5 Non-Negative Integral

lemma nn-integral-copair-measure:
assumes [ € borel-measurable (M @ pr N)
shows ([Tz. fz O(M @ m N)) = ([ Fa. f (Inlz) OM) + ([ Tz. f (Inr z) ON)
(proof)

2.6 Integrability

lemma integrable-copair-measure-iff:

fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}

shows integrable (M @ p N) f <— integrable M (Az. f (Inl x)) A integrable N
(Az. f (Inr 2))

(proof)

corollary interable-copair-measurel:

fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}

shows integrable M (Az. f (Inl z)) = integrable N (Az. f (Inr z)) = integrable
(M @DuN)f

(proof)

2.7 The Lebesgue Integral

lemma integral-copair-measure:
fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}
assumes integrable (M @y N) f
shows ([z. fz (M @ m N)) = (fz. f (Inlz) OM) + ([ z. f (Inr z) ON)
(proof)

3 Coproduct Measures

definition coPiM :: ['i set, 'i = 'a measure] = (i x 'a) measure where
coPiM I Mi = measure-of

(SIGMA i:1. space (Mi 7))

{A. AC(SIGMA i:1. space (Mi i)) A (Vi€l. Pairi —‘A € sets (Mi
i)}

(AA. (O oot€l. emeasure (Mi i) (Pair i — A)))

syntax

-coPiM :: pttrn = 'i set = 'a measure = (i x 'a) measure ((31y; -€-./ -) 10)
translations

Iy z€l. M = CONST coPiM I (\z. M)



3.1 The Measurable Space and Measurability

lemma
shows space-coPiM: space (coPiM I Mi) = (SIGMA i:1. space (Mi i))
and sets-coPiM:
sets (coPiM I Mi) = sigma-sets (SIGMA i:I. space (Mi i)) {A. AC(SIGMA
i:1. space (Mii)) N (Vi€l. Pair i — A € sets (Mi 7))}
and sets-coPiM-eq:sets (coPiM I Mi) = {A. AC(SIGMA i:1. space (Mi 7)) A
(Viel. Pairi —* A € sets (Mi i)}
(proof)

lemma sets-coPiM-cong:

I=J= (\i.i €l = sets (Mii)= sets (Nii)) = sets (coPiM I Mi) = sets
(coPiM J Ni)

(proof )

lemma measurable-coPiM2:
assumes [measurable|:\i. i € I = fi € Mii —py N
shows (A(4,z). fixz) € coPiM I Mi —p N

(proof)

lemma measurable- Pair-coPiM [measurable (raw)]:
assumes i € [
shows Pair i € Mi i —p; coPiM I Mi

(proof)

lemma measurable-Pair-coPiM .
assumes i € I (A(i,z). fiz) € coPiM I Mi —p N
shows fi € Mii —p N
(proof )

lemma measurable-copair-iff: (A(i,z). fix) € coPiM I Mi —p N <— (Vi€l. fi
€ Mii —nm N)
(proof)

lemma measurable-copair-iff . f € coPiM I Mi —p N «— (Vi€l. (Ax. f (i, z))
€ Mii—y N)
(proof )

lemma coPair-inverse-space-unit:
i€l = A€ sets (coPiM I Mi) = Pair i —° A N space (Mi i) = Pairi —*‘A
(proof)

lemma measurable- Pair-vimage:
assumes i € [ A € sets (coPiM I Mi)
shows Pair i —‘ A € sets (Mi 1)

(proof )

lemma measurable-Sigma-singleton|measurable (raw)):

NiA i€l = Ac€ sets (Mii) = {i} x A€ sets (coPiM I Mi)



{proof)

lemma sets-coPiM-countable:

assumes countable T

shows sets (coPiM I Mi) = sigma-sets (SIGMA i:1. space (Mi i)) (Ji€l. (x)
{i} *(sets (Mi7)))

(proof)

lemma measurable-coPiM1":
assumes countable I
and [measurable]: a € N —p count-space I Ni. i € a ‘ (space N) = gi € N
—M Mi i
shows (Az. (a z, g (a z) z)) € N —p coPiM I Mi
(proof)

lemma measurable-coPiM1:
assumes countable I
and a € N — ) count-space I Ni. i € I = gi € N —p Mii
shows (Az. (a z, g (a z) z)) € N —p coPiM I Mi
(proof)

lemma measurable-coPiM1-elements:
assumes countable I and [measurable]:f € N —p; coPiM I Mi
obtains a g
where a € N —,; count-space I
Ni.i € 1 = space (Mii) 4 {} = gi € N —p Mii
f=z (az g (az)1))
(proof)

3.2 Measures

lemma emeasure-coPiM:
assumes A € sets (coPiM I Mi)
shows emeasure (coPiM I Mi) A = (3 wci€l. emeasure (Mi i) (Pair i —¢ A))

(proof)

corollary emeasure-coPiM-space:
emeasure (coPiM I M7) (space (coPiM I Mi)) = (3 wi€l. emeasure (Mi i) (space

(Mi 7))
(proof)

lemma emeasure-coPiM-coproj:
assumes [measurable]: i € I A € sets (Mi i)
shows emeasure (coPiM I Mi) ({i} x A) = emeasure (Mi i) A

(proof)

lemma measure-coPiM-coproj: i € I = A € sets (Mi i) = measure (coPiM I
Mi) ({i} x A) = measure (Mi i) A
{proof)
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lemma emeasure-coPiM-less-top-summable:
assumes [measurable]: A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows(\i. measure (Mi i) (Pair i —° A)) summable-on T

(proof)

lemma measure-coPiM:
assumes [measurable]: A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (3" i€l. measure (Mi i) (Pair i —¢ A))

{(proof)

3.3 Non-Negative Integral

lemma nn-integral-coPiM:
assumes f € borel-measurable (coPiM I Mi)
shows ([ *z. fz dcoPiM I Mi) = (3" oi€l. ([T f (4, z) OMi i))
{proof)

3.4 Integrability

lemma
fixes f :: - = 'b::{banach, second-countable-topology}
assumes integrable (coPiM I Mi) f
shows integrable-coPiM-dest-sum:(}_ oi€I. ([ * z. norm (f (i, z)) OMi 7)) <
00
and integrable-coPiM-dest-integrable: Ni. i € I = integrable (Mi i) (Ax. f (i,

z))
and integrable-coPiM-summable-norm: (Xi. ([ z. norm (f (i, z)) OMi 7))
summable-on I
and integrable-coPiM-abs-summable: Infinite-Sum.abs-summable-on (Xi. ([ z. f
(i, z) OMi i) I
and integrable-coPiM-summable: (Ni. ([z. f (i, z) OMi i)) summable-on I
(proof)

3.5 The Lebesgue Integral

lemma integral-coPiM:
fixes f :: - = 'b::{banach, second-countable-topology}
assumes integrable (coPiM I Mi) f
shows ([ z. fz dcoPiM I Mi) = (3 oi€l. ([ . f (i, ) OMi 7))
(proof )

3.6 Finite Coproduct Measures

lemma emeasure-coPiM-finite:
assumes finite I A € sets (coPiM I Mi)
shows emeasure (coPiM I Mi) A = (> i€l. emeasure (Mi i) (Pair i — A))

{proof)

lemma emeasure-coPiM-finite-space:

11



finite I = emeasure (coPiM I Mi) (space (coPiM I Mi)) = (> i€l. emeasure
(Mi ) (space (Mi1)))
{proof)

lemma measure-coPiM-finite:
assumes finite [ A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (> i€l. measure (Mi i) (Pair i —° A))

{proof)

lemma nn-integral-coPiM-finite:
assumes finite I f € borel-measurable (coPiM I Mi)
shows ([ *z. fz d(coPiM I Mi)) = (3-i€l. ([ Fa. f (4, ) O(Mi 7))
{proof )

lemma integrable-coPiM-finite-iff:

fixes f :: - = ‘c::{banach, second-countable-topology}

shows finite I = integrable (coPiM I Mi) f <— (Vi€l. integrable (Mi i) (Az.
f (i, z)))

{proof )

lemma integral-coPiM-finite:
fixes [ :: - = 'c::{banach, second-countable-topology}
assumes finite I integrable (coPiM I Mi) f
shows ([ z. fz d(coPiM I Mi)) = (>_i€l. ([=. f (4, ) O(Mi i)))
(proof )

3.7 Countable Infinite Coproduct Measures

lemma emeasure-coPiM-countable-infinite:

assumes [measurable]: bij-betw from-n (UNIV :: nat set) I A € sets (coPiM I
Mi)

shows emeasure (coPiM I Mi) A = (> n. emeasure (Mi (from-n n)) (Pair
(from-n n) —* A))
(proof)

lemmas emeasure-coPiM-countable-infinite’ = emeasure-coPiM-countable-infinite[ OF
bij-betw-from-nat-into)
lemmas emeasure-coPiM-nat = emeasure-coPiM-countable-infinite| OF bij-id,simplified]

lemma measure-coPiM-countable-infinite:
assumes [measurable,simp|: bij-betw from-n (UNIV :: nat set) I A € sets (coPiM
1 Mi)
and emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (3 n. measure (Mi (from-n n)) (Pair (from-n
n) —“A)) (is ?lhs = ?rhs)
and summable (An. measure (Mi (from-n n)) (Pair (from-n n) —° A))

(proof)

lemmas measure-coPiM-countable-infinite’ = measure-coPiM-countable-infinite| OF

12



bij-betw-from-nat-into)
lemmas measure-coPiM-nat = measure-coPiM-countable-infinite] OF bij-id,simplified
id-apply]

lemma nn-integral-coPiM-countable-infinite:
assumes [measurable]:bij-betw from-n (UNIV :: nat set) I f € borel-measurable
(coPiM I Mi)
shows ([ Tz. fz d(coPiM I Mi)) = (3 n. ([ Tz. f (from-n n, z) d(Mi (from-n
n)))) (is - = ?rhs)
(proof )
lemmas nn-integral-coPiM-countable-infinite’ = nn-integral-coPiM-countable-infinite OF
bij-betw-from-nat-into)
lemmas nn-integral-coPiM-nat = nn-integral-coPiM-countable-infinite| OF bij-id,simplified]

lemma

fixes f :: - = 'b::{banach, second-countable-topology}

assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I M) f

shows integrable-coPiM-countable-infinite-dest-sum:(3_ n. ([ + z. norm (f (from-n
n, z)) O(Mi (from-n n)))) < oo

and integrable-coPiM-countable-infinite-dest’: A\n. integrable (Mi (from-n n))

(Az. f (from-n n, x))

(proof )

lemmas integrable-coPiM-countable-infinite-dest-sum’ = integrable-coPiM-countable-infinite-dest-sum[OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-countable-infinite-dest’’ = integrable-coPiM-countable-infinite-dest’|OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-nat-dest-sum = integrable-coPiM-countable-infinite-dest-sum|[OF
bij-id,simplified id-apply]

lemmas integrable-coPiM-nat-dest = integrable-coPiM-countable-infinite-dest’|OF

bij-id,simplified id-apply)

lemma

fixes f :: - = 'b::{banach, second-countable-topology}

assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I M) f

shows integrable-coPiM-countable-infinite-summable-norm: summable (An. ([ .
norm (f (from-n n, x)) O(Mi (from-n n))))

and integrable-co PiM-countable-infinite-summable-norm’. summable (An. norm
([ z. f (from-n n, z) O(Mi (from-n n))))

and integrable-coPiM-countable-infinite-summable: summable (An. ([ z. f (from-n
n, x) O(Mi (from-n n))))
(proof)

lemmas integrable-coPiM-countable-infinite-summable-norm'’

= integrable-coPiM-countable-infinite-summable-norm|OF bij-betw-from-nat-into]
lemmas integrable-coPiM-countable-infinite-summable-norm'"’

= integrable-coPiM-countable-infinite-summable-norm’[OF bij-betw-from-nat-into)
lemmas integrable-coPiM-countable-infinite-summable’

= integrable-coPiM-countable-infinite-summable[ OF bij-betw-from-nat-into)
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lemmas integrable-coPiM-nat-summable-norm

= integrable-coPiM-countable-infinite-summable-norm[OF bij-id,simplified id-apply)
lemmas integrable-coPiM-nat-summable-norm’

= integrable-coPiM-countable-infinite-summable-norm'|OF bij-id,simplified id-apply)
lemmas integrable-coPiM-nat-summable

= integrable-coPiM-countable-infinite-summable] OF bij-id,simplified id-apply]

lemma

fixes f :: - = 'b::{banach, second-countable-topology}

assumes countable I infinite I integrable (coPiM I Mi) f

shows integrable-coPiM-countable-infinite-dest: \i. i € I = integrable (Mi 7)
(Az. f (i, 2))

(proof )

lemma integrable-coPiM-countable-infinitel:
fixes f :: - = 'b::{banach, second-countable-topology}
assumes bij-betw from-n (UNIV :: nat set) I N\i. i € I = (A\z. f (i,x)) €
borel-measurable (Mi 7)
and (> n. ([T 2. norm (f (from-n n, z)) d(Mi (from-n n)))) < oo
shows integrable (coPiM I Mi) f

(proof)

lemmas integrable-coPiM-countable-infinitel ' = integrable-co PiM-countable-infiniteI [ OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-natl = integrable-coPiM-countable-infiniteI[OF bij-id,
simplified id-apply]

lemma integral-coPiM-countable-infinite:

fixes f :: - = 'b::{banach, second-countable-topology}

assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I Mi) f

shows ([z. fz d(coPiM I Mi)) = (> n. ([z. f (from-n n, z) d(Mi (from-n
n)))) (is ?lhs = ?rhs)
(proof)

lemmas integral-coPiM-countable-infinite’ = integral-coPiM-countable-infinite[ OF
bij-betw-from-nat-into)

lemmas integral-coPiM-nat = integral-coPiM-countable-infinite] OF bij-id,simplified
id-apply]

3.8 Finiteness

lemma finite-measure-coPiM:
assumes finite I N\i. i € I = finite-measure (Mi i)
shows finite-measure (coPiM I Mq)
(proof )

3.9 o-Finiteness

lemma sigma-finite-measure-coPiM:
assumes countable I \i. i € I = sigma-finite-measure (Mi 7)
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shows sigma-finite-measure (coPiM I Mq)
(proof)

end

4 Additional Properties

theory Coproduct-Measure-Additional
imports Coproduct-Measure
Standard-Borel-Spaces. StandardBorel
S-Finite-Measure-Monad.Kernels
S-Finite-Measure-Monad. Measure- QuasiBorel-Adjunction
begin

4.1 S-Finiteness

lemma s-finite-measure-copair-measure:
assumes s-finite-measure M s-finite-measure N
shows s-finite-measure (copair-measure M N)

(proof)

lemma s-finite-measure-coPiM:
assumes countable I \i. i € I = s-finite-measure (Mi i)
shows s-finite-measure (coPiM I Mi)

(proof)

4.2 Standardness

lemma standard-borel-copair-measure:
assumes standard-borel M standard-borel N
shows standard-borel (M € pr N)

(proof)

corollary
shows standard-borel-ne-copair-measurel: standard-borel-ne M = standard-borel
N = standard-borel-ne (M @ p N)
and standard-borel-ne-copair-measure2: standard-borel M — standard-borel-ne
N = standard-borel-ne (M @y N)
and standard-borel-ne-copair-measure: standard-borel-ne M = standard-borel-ne

N = standard-borel-ne (M @ p N)
{proof)

lemma standard-borel-coPiM:
assumes countable I \i. i € I = standard-borel (Mi i)
shows standard-borel (coPiM I Mi)

(proof)

lemma standard-borel-ne-coPiM:
assumes countable I \i. ¢ € I = standard-borel (Mi i)
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and 7 € I space (Mi i) # {}
shows standard-borel-ne (coPiM I Mi)
(proof)

4.3 Relationships with Quasi-Borel Spaces

Proposition19(3) [1]
lemma r-preserve-copair: measure-to-qbs (copair-measure M N) = measure-to-gbs

M & g measure-to-qgbs N
(proof )

lemma r-preserve-coproduct:

assumes countable I

shows measure-to-gbs (coPiM I M) = (Lg i€l. measure-to-qbs (M 7))
(proof)

end
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