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Abstract

This entry formalizes the coproduct measure. Let I be a set and
{M;}icr measurable spaces. The o-algebra on [[,., M; = {(i,z) | i €
I ANz e M} is defined as the least one making (Az. (i, z)) measurable
for alli € I. Let pu; be measures on M; for all i € I and A a measurable

set of [[,c; M;. The coproduct measure [[;.; p; is defined as follows:

<H Mi) (A) = ZMi(Ai)’ where A; = {x | (i,z) € A}.

iel iel

We also prove the relationship with coproduct quasi-Borel spaces:
the functor R : Meas — QBS preserves countable coproducts.
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1 Preliminaries

theory Lemmas-Coproduct-Measure
imports HOL— Probability. Probability
Standard-Borel-Spaces. Abstract-Metrizable- Topology
begin

lemma metrizable-space-metric-space:
assumes d:Metric-space UNIV d Metric-space.mtopology UNIV d = euclidean
shows class.metric-space d ([|e€{0<..}. principal {(z,y). d x y < e}) open
proof —
interpret Metric-space UNIV d by fact
show ?thesis
proof
show open U +— (VzeU.VF (2, y) in [|e€{0<..}. principal {(F, y). d F y
<e}. '=x—yeU)for U
proof (subst eventually-INF-base)
show a € {0<..} = b € {0<..} = Jze{0<..}. principal {(F, y). d F'y
< x} < principal {(F, y). d F y < a} N principal {(F, y). d Fy < b} for a b
by (auto introl: bexl[where z=min a b))
next
show open U +— (VzeU. 3be{0<..}. Vr (z', y) in principal {(F, y). d F
y<blaz'=z—yel)
by (fastforce simp: openin-mtopology[simplified d(2),simplified] eventu-
ally-principal)
qged simp
qed(auto simp: triangle’)
qed

corollary metrizable-space-metric-space-ex:
assumes metrizable-space (euclidean :: 'a :: topological-space topology)
shows 3(d :: ‘a = 'a = real) F. class.metric-space d F open
proof —
from assms obtain d :: ‘a = ’‘a = real where Metric-space UNIV d Met-
ric-space.mtopology UNIV d = euclidean
by (metis Metric-space.topspace-mtopology metrizable-space-def topspace-euclidean)
from metrizable-space-metric-space| OF this| show ?thesis



by blast
qed

lemma completely-metrizable-space-metric-space:

assumes Metric-space (UNIV :: 'a ::topological-space set) d Metric-space.mtopology
UNIV d = euclidean Metric-space.mcomplete UNIV d

shows class.complete-space d ([|ee{0<..}. principal {(z,y). d zy < e}) open
proof —

interpret Metric-space UNIV d by fact

interpret m:metric-space d [|e€{0<..}. principal {(z,y). d x y < e} open

by (auto intro!: metrizable-space-metric-space assms)

have [simp]:topological-space.convergent (open :: 'a set = bool) = convergent
proof
fix z :: nat = 'a
have *:class.topological-space (open :: 'a set = bool)
by standard auto
show topological-space.convergent open x = convergent x
by (simp add: topological-space.convergent-def[OF x| topological-space.nhds-def[ OF
] convergent-def nhds-def)
qged
show ?thesis
apply unfold-locales
using assms(3) by (auto simp: mcomplete-def assms(2) MCauchy-def m.Cauchy-def
convergent-def)
qged

lemma completely-metrizable-space-metric-space-ex:
assumes completely-metrizable-space (euclidean :: 'a :: topological-space topology)
shows 3(d :: '/a = 'a = real) F. class.complete-space d F open
proof —
from assms obtain d :: ‘a = ‘a = real where Metric-space UNIV d Met-
ric-space.mtopology UNIV d = euclidean Metric-space.mcomplete UNIV d
by (metis Metric-space.topspace-mtopology completely-metrizable-space-def topspace-euclidean)
from completely-metrizable-space-metric-space| OF this] show ?thesis
by blast
qed

1.1 Polishness of Extended Reals and Non-Negative Extended
Reals

We instantiate polish-space for ereal and ennreal with non-canonical metrics
in order to change the order of infsum using the lemma infsum-Sigma.
instantiation ereal :: metric-space

begin

definition dist-ereal :: ereal = ereal = real
where dist-ereal = SOME d. Metric-space UNIV d A



Metric-space.mtopology UNIV d = euclidean A
Metric-space.mcomplete UNIV d

definition uniformity-ereal :: (ereal x ereal) filter
where uniformity-ereal = [|ec{0<..}. principal {(z,y). dist z y < e}

instance
proof —
let Zopen = open :: ereal set = bool
interpret c:complete-space dist uniformity ?open
proof —
have 3 d. Metric-space (UNIV :: ereal set) d A
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d
by (metis Polish-space-ereal Metric-space.topspace-mtopology Polish-space-def
completely-metrizable-space-def topspace-euclidean)
hence Metric-space (UNIV :: ereal set) dist A
Metric-space.mtopology (UNIV :: ereal set) dist = euclidean A
Metric-space.mcomplete (UNIV :: ereal set) dist
unfolding dist-ereal-def by(rule somel-ex)
with completely-metrizable-space-metric-space show class.complete-space dist
uniformity Zopen
by (fastforce simp: uniformity-ereal-def)
qed
have [simp]:topological-space.convergent 2open = convergent
proof
fix z :: nat = ereal
have *:class.topological-space ?open
by standard auto
show topological-space.convergent open x = convergent x
by (simp add: topological-space.convergent-def topological-space.nhds-def * con-
vergent-def nhds-def)
qed
show OFCLASS (ereal, metric-space-class)
by standard (use uniformity-ereal-def c.open-uniformity c.dist-triangle2 c. Cauchy-convergent
in auto)
qed

end

instantiation ereal :: polish-space
begin

instance
proof
let Yopen = open :: ereal set = bool
interpret c:complete-space dist uniformity ?open
proof —
have 3 d. Metric-space (UNIV :: ereal set) d A



Metric-space.mtopology UNIV d = euclidean A
Metric-space.mcomplete UNIV d
by (metis Polish-space-ereal Metric-space.topspace-mtopology Polish-space-def
completely-metrizable-space-def topspace-euclidean)
hence Metric-space (UNIV :: ereal set) dist A
Metric-space.mtopology (UNIV :: ereal set) dist = euclidean A
Metric-space.mcomplete (UNIV :: ereal set) dist
unfolding dist-ereal-def by(rule somel-ex)
with completely-metrizable-space-metric-space show class.complete-space dist
uniformity ?open
by (fastforce simp: uniformity-ereal-def)
qed
have [simp]:topological-space.convergent open = convergent
proof
fix z :: nat = ereal
have x:class.topological-space Zopen
by standard auto
show topological-space.convergent open x = convergent x
by (simp add: topological-space.convergent-def topological-space.nhds-def * con-
vergent-def nhds-def)
qged
have [simp]:uniform-space. Cauchy (uniformity :: (ereal x ereal) filter) = Cauchy
by (auto simp add: metric-space. Cauchy-def[OF metric-space-azioms| Cauchy-def)
fix z :: nat = ereal
show Cauchy x = convergent x
using c.Cauchy-convergent by(auto simp: Cauchy-def)
qged

end

instantiation ennreal :: metric-space
begin

definition dist-ennreal :: ennreal = ennreal = real
where dist-ennreal = SOME d. Metric-space UNIV d A
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d

definition uniformity-ennreal :: (ennreal x ennreal) filter
where uniformity-ennreal = [ ec{0<..}. principal {(z,y). dist z y < e}

instance
proof —
let Yopen = open :: ennreal set = bool
interpret c:complete-space dist uniformity ?open
proof —
have 3 d. Metric-space (UNIV :: ennreal set) d A
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d



by (metis Polish-space-ennreal Metric-space.topspace-mtopology Polish-space-def
completely-metrizable-space-def topspace-euclidean)
hence Metric-space (UNIV :: ennreal set) dist N
Metric-space.mtopology (UNIV :: ennreal set) dist = euclidean N
Metric-space.mcomplete (UNIV :: ennreal set) dist
unfolding dist-ennreal-def by(rule somel-ex)
with completely-metrizable-space-metric-space show class.complete-space dist
uniformity ?open
by (fastforce simp: uniformity-ennreal-def)
qged
have [simp]:topological-space.convergent Zopen = convergent
proof
fix z :: nat = ennreal
have x:class.topological-space ?open
by standard auto
show topological-space.convergent open x = convergent x
by (simp add: topological-space.convergent-def[OF *] topological-space.nhds-def[ OF
%] convergent-def nhds-def)
qed
show OFCLASS(ennreal, metric-space-class)
by standard (use uniformity-ennreal-def c.open-uniformity c.dist-triangle2 c. Cauchy-convergent
in auto)
qed

end

instantiation ennreal :: polish-space
begin

instance
proof
let Zopen = open :: ennreal set = bool
interpret c:complete-space dist uniformity Zopen
proof —
have 3 d. Metric-space (UNIV :: ennreal set) d A
Metric-space.mtopology UNIV d = euclidean N
Metric-space.mcomplete UNIV d
by (metis Polish-space-ennreal Metric-space.topspace-mtopology Polish-space-def
completely-metrizable-space-def topspace-euclidean)
hence Metric-space (UNIV :: ennreal set) dist A
Metric-space.mtopology (UNIV :: ennreal set) dist = euclidean N
Metric-space.mcomplete (UNIV :: ennreal set) dist
unfolding dist-ennreal-def by(rule somel-ex)
with completely-metrizable-space-metric-space show class.complete-space dist
uniformity ?open
by (fastforce simp: uniformity-ennreal-def)
qed
have [simp]:topological-space.convergent 2open = convergent
proof



fix x :: nat = ennreal
have x:class.topological-space ?open
by standard auto
show topological-space.convergent open x = convergent &
by (simp add: topological-space.convergent-def topological-space.nhds-def * con-
vergent-def nhds-def)
qed
have [simp]:uniform-space. Cauchy (uniformity :: (ennreal X ennreal) filter) =
Cauchy
by (auto simp add: metric-space. Cauchy-def[OF metric-space-axioms] Cauchy-def)
fix = :: nat = ennreal
show Cauchy r = convergent z
using c. Cauchy-convergent by (auto simp: Cauchy-def)
qed

end

1.2 Lemmas for Infinite Sum

lemma uniformly-continuous-add-ennreal: isUCont (A(z::ennreal, y). © + y)
proof (safe introl: compact-uniformly-continuous)
have compact (UNIV x UNIV :: (ennreal x ennreal) set)
by (intro compact-Times compact-UNIV)
thus compact (UNIV :: (ennreal x ennreal) set)
by simp
qed(auto intro!: continuous-on-add-ennreal continuous-on-fst continuous-on-snd simp:
split-beta’)

lemma infsum-eq-suminf:
assumes f summable-on UNIV
shows (> o n€UNIV. fn) = suminf f
using has-sum-imp-sums|OF has-sum-infsum[OF assms]]
by (simp add: sums-iff)

lemma infsum-Sigma-ennreal:
fixes f :: - = ennreal
shows infsum f (Sigma A B) = infsum (Az. infsum (Ay. f (z, y)) (B z)) A
by (auto introl: uniformly-continuous-add-ennreal infsum-Sigma nonneg-summable-on-complete)

lemma infsum-swap-ennreal:
fixes f :: - = - = ennreal
shows infsum (Az. infsum (A\y. fz y) B) A = infsum (Ay. infsum (\z. fz y) A)
B
by (auto introl: infsum-swap uniformly-continuous-add-ennreal nonneg-summable-on-complete)

lemma has-sum-cmult-right-ennreal:
fixes f :: - = ennreal
assumes ¢ < T (f has-sum a) A
shows ((Az. ¢ x fz) has-sum ¢ % a) A



using ennreal-tendsto-cmult[OF assms(1)] assms(2)
by (force simp add: has-sum-def sum-distrib-left)

lemma infsum-cmult-right-ennreal:
fixes f :: - = ennreal
assumes ¢ < T
shows (3" z€A. ¢ x fz) = ¢ * infsum f A
by (simp add: assms has-sum-cmult-right-ennreal infsuml nonneg-summable-on-complete)

lemma ennreal-sum-SUP-eq:
fixes f :: nat = - = ennreal
assumes finite A N\z. z € A = incseq (Nj. fjz)
shows (D i€A. [ n. fni) = (n. D i€A. fni)
using assms
proof induction
case empty
then show ?case
by simp
next
case ih:(insert x F')
show ?case (is ?lhs = ?rhs)
proof —
have ?lhs = (| |n. fnz) + (| n. sum (fn) F)
using ih by simp
also have ... = (| |n. fnz 4+ sum (fn) F)
using ih by(auto introl: incseq-sumlI2 ennreal-SUP-add[symmetric])
also have ... = ?rhs
using ih by simp
finally show ?thesis .
qed
qed

lemma ennreal-infsum-Sup-eq:
fixes f :: nat = - = ennreal
assumes A\z. x € A = incseq (\j. fj z)
shows (3" wz€A. (SUP 4. fjx)) = (SUPj. (O ox€A. fjx)) (is ?lhs = ?rhs)
proof —
have ?lhs = (|| (sum (Az. |j. fjx) ‘{F. finite F N F C A}))
by (auto introl: nonneg-infsum-complete simp: SUP-upper2 assms)
also have ... = (| JAe{F. finite F N F C A}. | |j. sum (f7) A)
using assms by(auto introl: SUP-cong ennreal-sum-SUP-eq)

also have ... = (| |j. | JA€{F. finite F N F C A}. sum (fj) A)
using SUP-commute by fast
also have ... = ?rhs

by (subst nonneg-infsum-complete) (use assms in auto)
finally show ?thesis .
qed

lemma bounded-infsum-summable:



assumes A\z. 2 € A = fz > 0 (3. 2€A. ennreal (f z)) < top
shows f summable-on A
proof (rule nonneg-bdd-above-summable-on)
from assms(2) obtain K where K:(> cz€A. ennreal (f z)) < ennreal K K >
0
using less-top-ennreal by force
show bdd-above (sum f ‘{F. F C A A finite F'})
proof (safe intro!: bdd-abovel[where M=K])
fix A’
assume A" A’ C A finite A’
have (3 cz€A. ennreal (fz)) = (I (sum (Az. ennreal (f z)) ‘{F. finite F A
FC A))
by (simp add: nonneg-infsum-complete)
also have ... = (|| ((\F. ennreal (sum f F)) ‘{F. finite F N F C A}))
by (auto introl: SUP-cong sum-ennreal assms)
finally have (| | ((AF. ennreal (sum fF)) ‘{F. finite F N F C A})) < ennreal

K
using K by order
hence ennreal (sum f A’) < ennreal K
by (simp add: A’ SUP-le-iff)
thus sum f A’ < K
by (simp add: K(2))
qed
qged fact

lemma infsum-less-top-dest:

fixes f :: - = -::{ordered-comm-monoid-add, topological-comm-monoid-add, t2-space,
complete-linorder, linorder-topology}

assumes (D oc2€A. fz) <top N\z.z € A= fz >0z € A

shows fx < top
proof (rule ccontr)

assume f:— fx < top

have (> z€A. fz) = O oyed — {z} U {z}. fy)

by (rule arg-conglwhere f=infsum -|) (use assms in auto)
also have ... = (3 cycd— {z}. fy) + O wcye{z}. fy)

using assms(2) by (intro infsum-Un-disjoint) (auto introl: nonneg-summable-on-complete)

also have ... = () yeA— {z}. fy) + top
using f top.not-eq-extremum by fastforce
also have ... = top

by (auto introl: add-top infsum-nonneg assms)
finally show Fulse
using assms(1) by simp
qed

lemma infsum-ennreal-eq:
assumes [ summable-on A N\z. x € A = fz > 0
shows (3" z€A. ennreal (f x)) = ennreal (Y wx€A. f )
proof —
have (3" z€A. ennreal (f z)) = (|| (sum (Az. ennreal (f z)) ‘ {F. finite F' A



F C A}))
by (simp add: nonneg-infsum-complete)
also have ... = (|| ((AF. ennreal (sum f F)) ‘{F. finite F N F C A}))
by (auto introl: SUP-cong sum-ennreal assms)
also have ... = ennreal (3 c2z€A. f )
using infsum-nonneg-is-SUPREMUM-ennreal|OF assms| by simp
finally show ?thesis .
qed

lemma abs-summable-on-integrable-iff:
fixes f :: - = - :: {banach, second-countable-topology}
shows Infinite-Sum.abs-summable-on f A <— integrable (count-space A) f
by (simp add: abs-summable-equivalent abs-summable-on-def)

lemma infsum-eq-integral:
fixes f :: - = - i1 {banach, second-countable-topology}
assumes Infinite-Sum.abs-summable-on f A
shows infsum f A = integral® (count-space A) f
using assms infsetsum-infsum|of f A,symmetric]
by (auto simp: abs-summable-on-integrable-iff abs-summable-on-def infsetsum-def)

end

theory Coproduct-Measure
imports Lemmas-Coproduct-Measure
HOL— Analysis. Analysis
begin

2 Binary Coproduct Measures

definition copair-measure :: ['a measure, 'b measure] = ('a + 'b) measure (infixr
@D v 65) where
M @y N = measure-of (space M <+> space N)

({Inl A JA. A € sets M} U {Inr * A|A. A € sets N})

(MA. emeasure M (Inl —¢ A) + emeasure N (Inr —* A))

2.1 The Measurable Space and Measurability

lemma
shows space-copair-measure: space (copair-measure M N) = space M <+> space
N
and sets-copair-measure-sigma:
sets (copair-measure M N)
= sigma-sets (space M <+> space N) ({Inl * A |A. A € sets M} U {Inr *
AlA. A € sets N})
and Inl-measurable[measurable]: Inl € M —y M @y N
and Inr-measurable[measurable]: Inr € N =y M @y N
proof —

10



have 1:({Inl * A |A. A € sets M} U {Inr * A|A. A € sets N}) C Pow (space M
<+> space N)
using sets.sets-into-space[of - M| sets.sets-into-space|of - N| by fastforce
show space (copair-measure M N) = space M <+> space N
and 2:sets (copair-measure M N)
= sigma-sets (space M <+> space N) ({Inl * A |A. A € sets M} U {Inr *
AlA. A € sets N})
by (simp-all add: copair-measure-def sets-measure-of [OF 1] space-measure-of [OF
1))
ShOWIﬂlEM—)MM@MN]nTEN%]\JM@]V[N
by (auto introl: measurable-sigma-sets|OF 2 1] simp: vimage-def image-def)
qed

lemma sets-copair-measure-cong:
sets M1 = sets M2 = sets N1 = sets N2 = sets (M1 @y NI1) = sets (M2
@D v N2)

by (simp cong: sets-eq-imp-space-eq add: sets-copair-measure-sigma)

lemma measurable-image-Inl[measurable]: A € sets M = Inl * A € sets (M @ m
N)
using sets-copair-measure-sigma by fastforce

lemma measurable-image-Inr[measurable]: A € sets N => Inr ‘ A € sets (M @ m
N)
using sets-copair-measure-sigma by fastforce

lemma measurable-vimage-Inl:
assumes [measurable]:A € sets (M @y N)
shows Inl —‘ A € sets M
proof —
have Inl —“ A = Inl —° A N space M
using sets.sets-into-space[ OF assms]
by (auto simp add: space-copair-measure)
also have ... € sets M
by simp
finally show ?thesis .
qed

lemma measurable-vimage-Inr:
assumes [measurable]:A € sets (M @y N)
shows Inr —¢ A € sets N
proof —
have Inr —“ A = Inr —“ A N space N
using sets.sets-into-space[ OF assms]
by (auto simp add: space-copair-measure)
also have ... € sets N
by simp
finally show ?thesis .
qed

11



lemma in-sets-copair-measure-iff:
A € sets (copair-measure M N) «— Inl — A € sets M N Inr —* A € sets N
proof safe
assume [measurable]: Inl —¢ A € sets M Inr —‘ A € sets N
have A = ((Inl “Inl —¢ A) U (Inr ‘ Inr —* A))
by (simp add: vimage-def image-def) (safe, metis obj-sumkE)
also have ... € sets (copair-measure M N)
by measurable
finally show A € sets (copair-measure M N) .
qed(use measurable-vimage-Inl measurable-vimage-Inr in auto)

lemma measurable-copair-Inl-Inr:
assumes [measurable]:(Az. f (Inlz)) € M —p L (Ax. f (Inrz)) € N —p L
shows fe M @y N —-u L
proof (rule measurablel)
fix A
assume [measurable]:A € sets L
have f —“A = Inl * (Az. f (Inl z)) —* A) U Inr * (Az. f (Inrz)) —< A)
by (simp add: image-def vimage-def) (safe, metis obj-sumkE)
hence f — A N space (M @ m N)
=1Inl‘((Az. f (Inl z)) —¢ A N space M) U Inr ‘ (Ax. f (Inr z)) —“ AN
space N)
by (auto simp: space-copair-measure)
also have ... € sets (M @ u N)
by measurable
finally show f —‘ A N space (M @y N) € sets (M @ N) .
next
show Az. z € space (M @y N) = fx € space L
using measurable-space| OF assms(1)] measurable-space[OF assms(2)]
by (auto simp add: space-copair-measure)
qed

corollary measurable-copair-measure-iff:

feM@Pu N -y L+— Aa. f(Inlz) e M -y LA Nz f (Inrz)) €N
—m L

by (auto simp add: measurable-copair-Inl-Inr)

lemma measurable-copair-dest1:
assumes [measurable]:f € L —y M @ N and f —¢ (Inl © space M) N space
L = space L
obtains f' where f' € L —y M Az. x € space L = foz = Inl (f' x)
proof —
define f' where f' = (Az. SOME y. f x = Inl y)
have [ Az. z € space L = fz = Inl (f' )
unfolding f’-def by(rule somel-ex) (use assms(2) in blast)
moreover have f' € L - M
proof (rule measurablel)
show Az. z € space L = f’ x € space M

12



using f’ measurable-space| OF assms(1)]
by (auto simp: space-copair-measure)
next
fix A
assume A[measurable]:A € sets M
have [simpl:f" — A N space L = f —“(Inl * A) N space L
using [’ sets.sets-into-space] OF A] by auto
show f/ —‘ A N space L € sets L
by auto
qged
ultimately show %thesis
using that by blast
qed

lemma measurable-copair-dest2:
assumes [measurable]:f € L —y M @ N and f —¢ (Inr “ space N) N space
L = space L
obtains f' where f' € L =y N Az. z € space L = fx = Inr (f' z)
proof —
define f’ where f' = (Ax. SOME y. fx = Inr y)
have f:Az. z € space L = fz = Inr (f' )
unfolding f’-def by(rule somel-ex) (use assms(2) in blast)
moreover have f' € L —); N
proof (rule measurablel)
show Az. z € space L = f' x € space N
using f’ measurable-space| OF assms(1)]
by (auto simp: space-copair-measure)
next
fix A
assume A[measurable]:A € sets N
have [simpl:f’' —* A N space L = f —* (Inr * A) N space L
using f’ sets.sets-into-space[OF A] by auto
show f' —“ A N space L € sets L
by auto
qed
ultimately show ?thesis
using that by blast
qged

lemma measurable-copair-dest3:
assumes [measurable]:f € L =y M @ N
and f —‘ (Inl ‘ space M) N space L C space L f —* (Inr ¢ space N) N space L
C space L
obtains f’ f where f' € L -y M f”" € L -y N
Nz. z € space L =z € f —*Inl ‘ space M = fz = Inl (f' z)
Nz. z € space L =z ¢ f —*Inl ‘ space M = fx = Inr (f" z)
proof —
have ne:space M # {} space N # {}
using assms(2,3) measurable-space[OF assms(1)] by (fastforce simp: space-copair-measure)+
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define m where m = SOME y. y € space M
define n where n = SOMFE y. y € space N
have m[measurable, simp]:m € space M and n[measurable, simpl:n € space N
using ne by(auto simp: n-def m-def some-in-eq)
define f’ where f' = (A\z. if x € f —* Inl * space M then SOME y. fz = Inly
else m)
have Az. z € space L = z € f —“Inl ‘ space M = fz = Inl (SOME y. fz
= Inly)
unfolding f’-def by(rule somel-ex) (use assms(2) in blast)
hence f Az. © € space L= z € f —*Inl ‘ space M = fz = Inl (f' z)
by (simp add: f'-def)
hence f’-space: © € space L = [’ x € space M for z
using measurable-space[ OF assms(1)]
by(cases z € f —* Inl * space M) (auto simp: space-copair-measure f'-def)
define " where f"' = (A\z. if x ¢ f —* Inl ‘ space M then SOME y. fx = Inr y
else n)
have x:A\z. z € space L=z ¢ f —“Inl ‘ space M = z € f —* Inr ‘ space N
using measurable-space[ OF assms(1)] by (fastforce simp: space-copair-measure)
have \z. z € space L =z ¢ f —*Inl ‘ space M = fz = Inr ( SOME y. f x
= Inry)
unfolding f'"-def by(rule somel-ex) (use % in blast)
hence f":A\z. z € space L = x ¢ f —‘Inl ‘ space M = fz = Inr (f" x)
by(simp add: f"-def)
hence f"-space:x € space L = ' z € space N for z
using measurable-space| OF assms(1),of ]
by(cases © & f —* Inl ‘ space M) (auto simp add: space-copair-measure f''-def)
have f'e L -y M
proof —
have f'= (\z. if z € f —‘ Inl ‘ space M then [’ z else m)
by (auto simp add: f’-def)
also have ... ¢ L —»; M
proof (intro measurable-restrict-space-iff[THEN iffD1] measurablel)
fix A
assume A[measurable]:A € sets M
have [measurable]:f € restrict-space L (f —* Inl ‘ space M) —p M @y N
by (auto introl: measurable-restrict-spacel )
have [simp]:f" —* A N space (restrict-space L (f —° Inl * space M))
=f —*(Inl © A) N space (restrict-space L (f —* Inl * space M))
using [’ sets.sets-into-space| OF A] by (fastforce simp: space-restrict-space)
show [/ —‘ A N space (restrict-space L (f —* Inl * space M))
€ sets (restrict-space L (f —¢ Inl * space M))
by simp
next
show Az. z € space (restrict-space L (f —* Inl ¢ space M)) = f' z € space
M
by (auto simp: space-restrict-space f'-space)
qed simp-all
finally show ?thesis .
qed
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moreover have "/ € L —; N
proof —
have " = (\z. if z ¢ f —* Inl * space M then [ z else n)
by (auto simp add: f''-def)
also have ... € L —; N
proof (rule measurable-If-restrict-space-iff [THEN iffD2,0F - conjl[OF measur-
ablel]])
fix A
assume A[measurable]:A € sets N
have f.f € restrict-space L {z. v ¢ f —“Inl ‘ space M} -y M @y N
by (auto intro!: measurable-restrict-spacel)
have 1:f" —* A N space (restrict-space L {z. x ¢ f —* Inl * space M})
=f —“(Inr ©* A) N space (restrict-space L {z. v ¢ f —* Inl ‘ space M})
using [’ sets.sets-into-space|OF A] by(fastforce simp: space-restrict-space)
show f' —¢ A N space (restrict-space L {x. x ¢ f —* Inl * space M})
€ sets (restrict-space L {z. © ¢ f —* Inl ‘ space M})
unfolding ! using f by simp
next
show Az. z € space (restrict-space L {x. z ¢ f —*Inl ‘ space M}) = f" z
€ space N
by (auto simp: space-restrict-space f''-space)
qed simp-all
finally show ?thesis .
qed
ultimately show ?thesis
using that ' f'' by blast
qged

2.2 Measures

lemma emeasure-copair-measure:
assumes [measurable]: A € sets (M @ p N)
shows emeasure (M @y N) A = emeasure M (Inl —¢ A) + emeasure N (Inr
—<A)
proof(rule emeasure-measure-of)
show {Inl ‘ A |A. A € sets M} U {Inr < A|A. A € sets N} C Pow (space M
<+> space N)
using sets.sets-into-space[of - M| sets.sets-into-space|of - N| by fastforce
show A4 € sets (M @ m N)
by fact
show countably-additive (sets (M @y N)) (Aa. emeasure M (Inl —* a) +
emeasure N (Inr —° a))
proof (safe intro!: countably-additivel )
note [measurable] = measurable-vimage-Inl[of - M N| measurable-vimage-Inr|of
- M N]
fix A :: nat = - set
assume h:range A C sets (M @ p N) disjoint-family A
then have [measurable]: \i. A i € sets (M @ m N)
by blast
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have disj:disjoint-family (Ai. Inl —¢ A i) disjoint-family (Ai. Inr —° A 1)
using h by(auto simp: disjoint-family-on-def)
show (> 4. emeasure M (Inl —“ A i) + emeasure N (Inr —* A 7))
= emeasure M (Inl —‘|J (range A)) + emeasure N (Inr —‘|J (range
A)) (is ?lhs = ?rhs)
proof —
have ?lhs = (> i. emeasure M (Inl —“ A 7)) + (O 4. emeasure N (Inr —¢ A
)

by (simp add: suminf-add)
also have ... = emeasure M (|Ji. (Inl —* A ©)) + emeasure N (Ji. (Inr —°
44)
proof —
have (> i. emeasure M (Inl —¢ A 7)) = emeasure M (Ji. (Inl —‘ A 7))
(> i. emeasure N (Inr —* A i)) = emeasure N (Ji. (Inr —° A 1))
by (auto introl: suminf-emeasure disj)
thus ?thesis
by argo
qed
also have ... = ?rhs
by (simp add: vimage-UN)
finally show ?thesis .
qed
qed
qed(auto simp: positive-def copair-measure-def)

lemma emeasure-copair-measure-space:
emeasure (M @ yp N) (space (M @ N)) = emeasure M (space M) + emeasure
N (space N)
proof —
have [simp]:Inl —¢ space (M @ pr N) = space M Inr —* space (M @y N) =
space N
by (auto simp: space-copair-measure)
show ?thesis
by(simp add: emeasure-copair-measure)
qed

corollary
shows emeasure-copair-measure-Inl: A € sets M = emeasure (M @ p N) (Inl
“A) = emeasure M A
and emeasure-copair-measure-Inr: B € sets N = emeasure (M @ p N) (Inr
¢ B) = emeasure N B
proof —
have [simp|:Inl —“Inl ‘A=A Inr —Inl “A={} Inl —“Inr ‘B ={} Inr =°
Inr ‘B =208
by auto
show A € sets M = emeasure (M @ p N) (Inl ¢ A) = emeasure M A
B € sets N = emeasure (M @y N) (Inr © B) = emeasure N B
by (simp-all add: emeasure-copair-measure)
qed
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lemma measure-copair-measure:

assumes [measurable]:A € sets (M @@y N) emeasure (M @y N) A < o0

shows measure (M @ N) A = measure M (Inl —° A) + measure N (Inr —°
4)

using assms(2) by(auto simp add: emeasure-copair-measure measure-def intro!:
enn2real-plus)

lemma
shows measure-copair-measure-Inl: A € sets M = measure (M @ pr N) (Inl ¢
A) = measure M A
and measure-copair-measure-Inr: B € sets N = measure (M @ p N) (Inr ¢
B) = measure N B
by (auto simp: emeasure-copair-measure-Inl measure-def emeasure-copair-measure-Inr)

2.3 Finiteness

lemma finite-measure-copair-measure: finite-measure M = finite-measure N =
finite-measure (M @ p N)
by (auto introl: finite-measurel simp: emeasure-copair-measure-space finite-measure.finite-emeasure-space)

2.4 o-Finiteness

lemma sigma-finite-measure-copair-measure:
assumes sigma-finite-measure M sigma-finite-measure N
shows sigma-finite-measure (M @ s N)
proof —
obtain A B where AB[measurable]: \i. A i € sets M (IJ (range A)) = space
M NAi:nat. emeasure M (A i) # o0
Ni. B i€ sets N (U (range B)) = space N N\i:nat. emeasure N (B i) # oo
by (metis range-subsetD sigma-finite-measure.sigma-finite assms)
then have *:(|J (range (Ai. Inl * (A i) U Inr ‘(B 1)))) = space (M @ m N)
unfolding space-copair-measure Plus-def by fastforce
have [simp]: Ai. Inl —Inl “A{UInl —‘Inr ‘Bi=Adi Ni.Inr —Inl ‘“Ai
Ulnr —‘Inr “Bi= Bi
using sets.sets-into-space AB(1,4) by blast+
show ?thesis
apply standard
using AB x by(auto introl: exI[where x=range (\i. Inl ‘(A {) U Inr ‘(B 1))]
SIMp: Space-copair-measure emeasure-copair-measure)
qed

2.5 Non-Negative Integral

lemma nn-integral-copair-measure:
assumes f € borel-measurable (M PDu N)
shows ([ Tz. fz O(M @ m N)) = ([ Tz f (Inlz) OM) + ([ Tz. f (Inr z) ON)
using assms

proof induction

case (cong f g)
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moreover hence A\z. z € space M = f (Inl z) = g (Inl z)
Nz. z € space N = f (Inr z) = g (Inr z)
by (auto simp: space-copair-measure)
ultimately show ?case
by (simp cong: nn-integral-cong)
next
case [measurable]:(set A)
note [measurable] = measurable-vimage-Inl[of - M N| measurable-vimage-Inr|of
- M N
show Zcase
by (simp add: indicator-vimage[symmetric] emeasure-copair-measure)
next
case (mult u c)
then show ?case
by (simp add: measurable-copair-measure-iff nn-integral-cmult distrib-left)
next
case (add u v)
then show ?case
by (simp add: nn-integral-add)
next
case h[measurable]:(seq U)
have inc:Axz. incseq (Mi. Ui x)
by (metis h(3) incseg-def le-funE)
have lim:(\i. Ui 1z) —— Sup (range U) z for z
by (metis SUP-apply LIMSEQ-SUP|OF inc|of z]])
have (Xi. ([T 2. Uiz M @ m N))) —— (J T z. (Sup (range U)) z O(M
®u N))
by (intro nn-integral-LIMSEQ[OF - - lim]) (auto simp: h)
moreover have (\i. ([T z. Uiz (M @ m N))) —— (/T 2. Sup (range
U) (Inl ) OM) + ([ * x. Sup (range U) (Inr z) ON)
proof —
have (A\i. ([T 2. Uiz (M @ m N))) = Ni. ([T 2 Ui (Inlz) OM) + (f
z. Ui (Inr z) ON))
by (simp add: h)
also have ... —— ([ * z. Sup (range U) (Inl z) OM) + ([ + z. Sup (range
U) (Inr x) ON)
proof (rule tendsto-add)
have inc:A\z. incseq (Mi. Ui (Inl x))
by (metis h(3) incseq-def le-funE)
have lim:(Ai. Ui (Inl x)) —— Sup (range U) (Inl z) for z
by (metis SUP-apply LIMSEQ-SUP|[OF inc|of x]])
show (Xi. ([ 1 2. Ui (Inl z) OM)) —— ([ " 2. Sup (range U) (Inl z)
M)
using inc by (intro nn-integral-LIMSEQ[OF - - lim]) (auto simp: incseq-def
introl: le-funl)
next
have inc:A\z. incseq (Mi. Ui (Inr z))
by (metis h(3) incseq-def le-funFE)
have lim:(Ai. Ui (Inr z)) —— Sup (range U) (Inr z) for z

18



by (metis SUP-apply LIMSEQ-SUP|[OF inc|of x]])
show (Xi. ([ 2. Ui (Inr z) ON)) —— ([ z. Sup (range U) (Inr z)
ON)
using inc by (intro nn-integral-LIMSEQ[OF - - lim]) (auto simp: incseq-def
introl: le-funl)
qed
finally show ?thesis .
qed
ultimately show ?case
using LIMSEQ-unique by blast
qged

2.6 Integrability

lemma integrable-copair-measure-iff:

fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}

shows integrable (M @ p N) f <— integrable M (Az. f (Inl x)) A integrable N
(Az. f (Inr z))

by (auto simp add: measurable-copair-measure-iff nn-integral-copair-measure in-

tegrable-iff-bounded)

corollary interable-copair-measurel:

fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}

shows integrable M (Ax. f (Inl z)) = integrable N (Az. f (Inr x)) = integrable
(M @umN)f

by (simp add: integrable-copair-measure-iff)

2.7 The Lebesgue Integral

lemma integral-copair-measure:
fixes f :: 'a + 'b = 'c::{banach, second-countable-topology}
assumes integrable (M @y N) f
shows ([z. fz (M @ m N)) = ([z. f (Inlz) OM) + ([ z. f (Inr z) ON)
using assms
proof induction
case h[measurable]:(base A c)
note [measurable] = measurable-vimage-Inl[of - M N]| measurable-vimage-Inr|of
M N
have [simp]:integrable (M @ n N) (indicat-real A) integrable M (indicat-real
(Ini —* A))
integrable N (indicat-real (Inr —* A))
using h(2) by(auto simp: emeasure-copair-measure)
show Zcase
by(cases ¢ = 0)
(simp-all add: indicator-vimage[symmetric] measure-copair-measure mea-
sure-copair-measure[OF - h(2)] scaleR-left-distrib)
next
case (add f g)
then show ?case
by (simp add: integrable-copair-measure-iff)
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next
case th:(lim f s)
have (An. ([z. snz d(M @ m N))) —— (Jz. fz (M @ m N))
using h(1—4) by(auto introl: integral-dominated-convergencelwhere w=\z. 2
x norm (f x)])
moreover have (An. (fz. snz (M @ m N))) —— ([ z. f (Inl z) OM) +
(f . f (Inr z) ON)
using ih(1—4)
by (auto introl: integral-dominated-convergence[where w=Az. 2 * norm (f (Inl

z))]

x))] tendsto-add
sitmp: ih(5) integrable-copair-measure-iff measurable-copair-measure-iff
borel-measurable-integrable space-copair-measure Inll Inrl)
ultimately show ?case
using LIMSEQ-unique by blast
qed

integral-dominated-convergencelwhere w=Az. 2 % norm (f (Inr

3 Coproduct Measures

definition coPiM :: ['i set, 'i = 'a measure] = ('i x 'a) measure where
coPiM I Mi = measure-of

(SIGMA i:1. space (Mi 7))

{A. AC(SIGMA i:I. space (Mi 7)) A (Vi€l. Pairi —* A € sets (Mi
i)}

(M. (O° wt€l. emeasure (Mi i) (Pair i —° A)))

syntax

-coPiM :: pttrn = i set = 'a measure = (i x 'a) measure ((31yr -€-./ -) 10)
translations

Iy z€l. M = CONST coPiM I (Ax. M)

3.1 The Measurable Space and Measurability

lemma
shows space-coPiM: space (coPiM I Mi) = (SIGMA i:1. space (Mi ©))
and sets-coPiM:
sets (coPiM I Mi) = sigma-sets (SIGMA i:I. space (Mi i)) {A. AC(SIGMA
i:1. space (Mi i)) A (Vi€l. Pair i —* A € sets (Mi 7))}
and sets-coPiM-eq:sets (coPiM I Mi) = {A. AC(SIGMA i:1. space (Mi 1)) A
(Viel. Pairi —“ A € sets (Mi i))}
proof —
have 1:{A. AC(SIGMA i:I. space (Mi i)) N (Vi€l. Pair i —° A € sets (Mi i))}
C Pow (SIGMA i:1. space (Mi i))
using sets.sets-into-space by auto
show space (coPiM I Mi) = (SIGMA i:1. space (Mi 7))
and 2:sets (coPiM I Mi)
= sigma-sets (SIGMA i:1. space (Mi i) {A. AC(SIGMA 7i:1. space (Mi 7))
A (Viel. Pairi —° A € sets (Mi 1))}
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by (auto simp: sets-measure-of [OF 1] space-measure-of[OF 1] coPiM-def)
show sets (coPiM I Mi) = {A. AC(SIGMA i:I. space (Mi 7)) N (Vi€l. Pair i
— ‘A€ sets (Mii))}
proof —
have sigma-algebra (SIGMA i:1. space (Mii)) {A. A C (SIGMA i:1. space (Mi
i) AN (Viel. Pairi —* A € sets (Mi i))}
proof (subst Dynkin-system.sigma-algebra-eq-Int-stable)
show Dynkin-system (SIGMA i:1. space (Mii)) {A. A C (SIGMA i:I. space
(Mi i) A (Vi€l. Pairi —° A € sets (Mi i)}
by unfold-locales (auto simp: Pair-vimage-Sigma sets. Diff vimage-Diff vim-
age-Union 1)
qed (auto intro!: Int-stablel)
thus ?thesis
by (auto simp: 2 intro!: sigma-algebra.sigma-sets-eq)
qed
qed

lemma sets-coPiM-cong:

I=J= (A\i.i € I = sets (Mii) = sets (Nii)) = sets (coPiM I Mi) = sets
(coPiM J Ni)

by (simp cong: sets-eg-imp-space-eq Sigma-cong add: sets-coPiM)

lemma measurable-coPiM2:
assumes [measurable|:\i. i € [ = fi € Mii —py N
shows (A(4,z). fiz) € coPiM I Mi —p N
proof (rule measurablel)
fix A
assume [measurable]: A € sets N
have [simp]:
Ni.iel
= Pairi —* (Ma, y). fzy) = AN Pair i —° (SIGMA i:I. space (Mi i)) = f
i —“ AN space (Mi i)
by auto
show (A(Z, z). fix) —°A N space (coPiM I Mi) € sets (coPiM I Mi)
by (auto simp: sets-coPiM space-coPiM)
qed(auto simp: space-coPiM measurable-space[ OF assms))

lemma measurable-Pair-coPiM [measurable (raw)):

assumes ¢ € |

shows Pair i € Mi i —p; coPiM I Mi
proof (rule measurable-sigma-sets)

show {A. AC(SIGMA i:I. space (Mi 7)) A (Vi€l. Pairi —° A € sets (Mi i))}

C Pow (SIGMA i:1. space (Mi 7))
by blast

qed (auto simp: assms sets-coPiM)

lemma measurable-Pair-coPiM "

assumes i € I (A\(i,z). fix) € coPiM I Mi —p N
shows fie€ Mii =y N
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using measurable-compose[OF measurable-Pair-coPiM assms(2)] assms(1) by
fast

lemma measurable-copair-iff: (A(i,x). fiz) € coPiM I Mi —p N «— (Vi€l. fi
€ Mii —y N)
by (auto intro!: measurable-coPiM2 simp: measurable-Pair-coPiM’)

lemma measurable-copair-iff - f € coPiM I Mi —p N <— (Viel. (Az. f (i, z))
using measurable-copair-iff [of curry f] by (simp add: split-beta’ curry-def)

lemma coPair-inverse-space-unit:
i€ I = A € sets (coPiM I Mi) = Pair i —° A N space (Mi i) = Pairi —‘A
using sets.sets-into-space by (fastforce simp: space-coPiM)

lemma measurable- Pair-vimage:
assumes i € [ A € sets (coPiM I Mqi)
shows Pair i —‘ A € sets (Mi i)
using measurable-sets| OF measurable-Pair-coPiM|[OF assms(1)] assms(2)]
by (simp add: coPair-inverse-space-unit[OF assms))

lemma measurable-Sigma-singleton|measurable (raw)]:
NiA i€l = Ac€ sets (Mii) = {i} x A€ sets (coPiM I Mi)
using sets.sets-into-space sets-coPiM by fastforce

lemma sets-coPiM-countable:
assumes countable I
shows sets (coPiM I Mi) = sigma-sets (SIGMA i:1. space (Mi 7)) (Jiel. (x)
{i} “(sets (Mi1)))
unfolding sets-coPiM
proof (safe intro!: sigma-sets-eql)
fix a
assume h:a C (SIGMA i:1. space (Mi 7)) Vi€l. Pair i —‘ a € sets (Mi i)
then have a = (|Ji€l. {i} x Pairi —‘a)
by auto
moreover have (| Ji€l. {i} x Pairi —‘a) € sigma-sets (SIGMA i:I. space (Mi
i) (Uiel. (x) {i} ¢ (sets (Mi1)))
using h(2) by (auto introl: sigma-sets-UNION|[OF countable-image[OF assms]])
ultimately show a € sigma-sets (SIGMA i:1. space (Mi 7)) (Jiel. (x) {i}
(sets (Mi 1))
by argo
qed(use sets.sets-into-space in fastforce)

lemma measurable-coPiM1":
assumes countable I
and [measurable]: a € N —pr count-space I Ni. i € a ‘ (space N) = gi € N
—z Mig
shows (Az. (a z, g (a x) z)) € N —p coPiM I Mi
proof (safe introl: measurable-sigma-sets| OF sets-coPiM-countable]OF assms(1)]])
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fix i B
assume iB[measurable]:i € I B € sets (Mi )
show (Az. (a z, g (az) z)) —° ({i} x B) N space N € sets N
proof(cases i € a ‘ (space N))
assume [measurable]:i € a ¢ (space N)
have (Az. (a z, g (a z) z)) —° ({i} x B) N space N = (a —*{i} N space N) N
(g i —*“BnN space N)

by auto
also have ... € sets N
by simp
finally show ?%thesis .
next

assume: ¢ a ‘ (space N)
then have (\z. (a z, g (a z) z)) —* ({i} x B) N space N = {}
using measurable-space[OF assms(2)] by blast
thus ?thesis
by simp
qed
qed(use measurable-space| OF assms(2)] measurable-space| OF assms(3)] sets.sets-into-space
in fastforce)+

lemma measurable-coPiM1:
assumes countable I
and a € N — ) count-space I Ni. i € I = gi € N —p Mii
shows (A\z. (a z, g (a z) z)) € N = coPiM I Mi
using measurable-space| OF assms(2)] by (auto introl: measurable-coPiM1’ assms)

lemma measurable-coPiM1-elements:
assumes countable I and [measurable]:f € N —pr coPiM I Mi
obtains a g
where a € N —); count-space I
Ni.i €1 = space (Mii) #{} = gi € N —p Mii
f'= (. (a3, g (a)2))
proof —
define a where a = fst o f
have 1[measurable]:a € N —p count-space I
proof(safe introl: measurable-count-space-eq-countable] THEN iffD2] assms)
fix i
assume i:¢ € |
have a —“ {i} N space N = f —* ({i} x space (Mi i)) N space N
using measurable-space| OF assms(2)] by(fastforce simp: a-def space-coPiM)
also have ... € sets N
using ¢ by auto
finally show a —‘ {i{} N space N € sets N .
next
show Az. z € space N = az € [
using measurable-space[ OF assms(2)] by (fastforce simp: space-coPiM a-def)
qged
define g where g = (\i z. if a © = i then snd (f z) else (SOME y. y € space
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(Mi 1))
have 2:g i € N —y Mi i if i:i € I and ne:space (Mi i) # {} for ¢
unfolding g¢-def
proof (safe intro!: measurable-If-restrict-space-iff [ THEN 4ffD2] measurable-const
some-in-eq| THEN iffD2] ne)
show (Az. snd (f x)) € restrict-space N {z. a x = i} —p Mi i
proof (safe intro!: measurablel)
show Az. z € space (restrict-space N {z. a x = i}) = snd (f z) € space
using measurable-space|OF assms(2)] by (fastforce simp: space-restrict-space
a-def space-coPiM)
next
fix A
assume [measurable]:A € sets (Mi i)
have (Az. snd (fz)) —¢ A N space (restrict-space N {z. a x = i}) = f —° ({i}
x A) N space N
using ¢ measurable-space| OF assms(2)] by (fastforce simp: space-restrict-space
a-def space-coPiM)
also have ... € sets N
using ¢ by simp
finally show (A\z. snd (fz)) —° A N space (restrict-space N {z. a © = i})
€ sets (restrict-space N {x. a © = i})
by (auto simp: sets-restrict-space space-restrict-space)
qed
ged(use i ne in auto)
have 3:f = (Az. (a z, g (a 2) x))
by (auto simp: a-def g-def)
show ?thesis
using 1 2 3 that by blast
qed

3.2 Measures

lemma emeasure-coPiM:

assumes A € sets (coPiM I Mi)

shows emeasure (coPiM I Mi) A = (3 i€l. emeasure (Mi i) (Pair i —¢ A))
proof(rule emeasure-measure-of)

show {A. AC(SIGMA i:1. space (Mi ©)) A (Vi€l. Pair i —* A € sets (Mi 7))}
C Pow (SIGMA i:1. space (Mi i))

by blast

next

note measurable-Pair-vimage[of - I - Mi,measurable (raw)]

show countably-additive (sets (coPiM I Mi)) (Aa. " «t€l. emeasure (Mi i) (Pair
i—*a))
unfolding countably-additive-def
proof safe
fix A :: nat = -
assume A:range A C sets (coPiM I Mzi) disjoint-family A
then have [measurable]: An. A n € sets (coPiM I Mi)
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by blast
show (> n. > oi€l. emeasure (Mi i) (Pair i —° A n))
= (3" wti€l. emeasure (Mi ©) (Pair i —|J (range A))) (is ?lhs = ?rhs)
proof —
have ?lhs = (> oon€UNIV. Y i€l. emeasure (Mi i) (Pair i — A n))
by (auto introl: infsum-eg-suminf[symmetric] nonneg-summable-on-complete)
also have ... = (3] i€l. Y oocn€UNIV. emeasure (Mi i) (Pair i — A n))
by (rule infsum-swap-ennreal)
also have ... = ?rhs
proof (rule infsum-cong)
fix ¢
assume i € |
then have (> n. Mii (Pairi —‘An)) = Mii (Un. Pairi —°A n)
using A(2) by (intro suminf-emeasure) (auto simp: disjoint-family-on-def)
also have ... = Mi i (Pair i —‘|J (range A))
by (metis vimage-UN)
finally show (3> oon. emeasure (Mi i) (Pair i — A n)) = emeasure (Mi 7)
(Pair i —|J (range A))
by (auto simp: infsum-eq-suminf| OF nonneg-summable-on-complete])
qed
finally show ?thesis .
qed
qed
next
show A € sets (coPiM I Mi)
by fact
qed(auto simp: positive-def coPiM-def)

corollary emeasure-coPiM-space:
emeasure (coPiM I Mi) (space (coPiM I Mi)) = (3 wi€l. emeasure (Mi i) (space
(Mi 7))
proof —
have [simp]: A\i. i € I = Pair i —* space (coPiM I Mi) = space (Mi 7)
by (auto simp: space-coPiM)
show ?thesis
by (auto simp: emeasure-coPiM intro!: infsum-cong)
qed

lemma emeasure-coPiM-coproj:
assumes [measurable]: i € I A € sets (Mi 7)
shows emeasure (coPiM I Mi) ({i} x A) = emeasure (Mi i) A
proof —
have emeasure (coPiM I Mi) ({i} x A) = (3 wj€l. emeasure (Mi j) (if j = i
then A else {}))
by (simp add: emeasure-coPiM)
also have ... = (3" je(I — {i}) U {i}. emeasure (Mi j) (if j = i then A else
M)
by (rule arg-cong[where f=infsum -]) (use assms in auto)
also have ... = (3 jel — {i}. emeasure (Mi j) (if j = i then A else {}))
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+ O wje{i}. emeasure (Mij) (if j = i then A else {}))
by (rule infsum-Un-disjoint) (auto intro!: nonneg-summable-on-complete)
also have ... = emeasure (Mi i) A
proof —
have (> ojel — {i}. emeasure (Mi j) (if j = i then A else {})) = 0
by (rule infsum-0) simp
thus ?thesis by simp
qed
finally show ?thesis .
qged

lemma measure-coPiM-coproj: i € I = A € sets (Mi i) = measure (coPiM I
Mi) ({i} x A) = measure (Mi i) A
by (simp add: emeasure-coPiM-coproj measure-def)

lemma emeasure-coPiM-less-top-summable:
assumes [measurable]:A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows(\i. measure (Mi i) (Pair i —¢ A)) summable-on [
proof —
have *:(>_ oi€1. emeasure (Mi i) (Pair i —° A)) < top
using assms(2) by(simp add: emeasure-coPiM)
from infsum-less-top-dest[OF this] have ifin: \i. i € I = emeasure (Mi i) (Pair
i —A) < top
by simp
with x have (Y i€l. ennreal (measure (Mi i) (Pair i —¢ A))) < top
by (metis (mono-tags, lifting) emeasure-eq-ennreal-measure infsum-cong top.not-eq-extremum,)
thus ?thesis
by (auto introl: bounded-infsum-summable)
qed

lemma measure-coPiM:
assumes [measurable]: A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (3 ooi€l. measure (Mi i) (Pair i —¢ A))
proof (subst ennreal-inj[symmetric])
have (> oi€l. emeasure (Mi i) (Pair i —° A)) < top
using assms(2) by(simp add: emeasure-coPiM)
from infsum-less-top-dest| OF this] have ifin: \i. i € I = emeasure (Mi i) (Pair
i —“A) < top
by simp
show ennreal (measure (coPiM I Mi) A) = ennreal (3 ooi€l. measure (Mi i)
(Pair i —° A)) (is ?lhs = ?rhs)
proof —
have ?lhs = emeasure (coPiM I Mi) A
using assms by (auto intro!: emeasure-eq-ennreal-measure[symmetric])

also have ... = (3 «i€l. emeasure (Mi i) (Pair i —¢A))
by (simp add: emeasure-coPiM)
also have ... = (3 i€l. ennreal (measure (Mi i) (Pair i —° A)))

using ifin by (fastforce intro!: infsum-cong emeasure-eq-ennreal-measure)
also have ... = ?rhs
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by(simp add: infsum-ennreal-eq[OF emeasure-coPiM-less-top-summable[ OF
assmsl])
finally show ?thesis .
qed
qed(auto introl: infsum-nonneg)

3.3 Non-Negative Integral

lemma nn-integral-coPiM:
assumes f € borel-measurable (coPiM I Mi)
shows ([ *z. fz dcoPiM I Mi) = (3" oi€l. ([T f (4, z) OMi i))
using assms
proof induction
case (cong f g)
moreover hence \iz. i € I = z € space (Mi i) = f (i, z) = g (¢, )
by (auto simp: space-coPiM)
ultimately show ?case
by (simp cong: nn-integral-cong infsum-cong)
next
case [measurable]:(set A)
note [measurable] = measurable-Pair-vimage| OF - this]
show ?Zcase
by (simp add: indicator-vimage[symmetric] emeasure-coPiM cong: infsum-cong)
next
case (add u v)
then show ?case
by(simp add: nn-integral-add infsum-add nonneg-summable-on-complete cong:
infsum-cong)
next
case (mult u c)
then show ?case
by (simp add: nn-integral-cmult infsum-cmult-right-ennreal cong: infsum-cong)
next
case ih[measurable]:(seq U)
show ?case (is ?lhs = ?rhs)
proof —
have ?lhs = ([* z. (SUP j. U j ) coPiM I Mi)
by (auto introl: nn-integral-cong simp: SUP-apply[symmetric])

also have ... = (SUP j. ([t z. Ujz dcoPiM I M;i))
by (auto introl: nn-integral-monotone-convergence-SUP ih(3))
also have ... = (SUP j. (3 wi€l. ([t z. Uj (i, z) OMi i)))

by (simp add: ih)

also have ... = (3" i€l. (SUPj. ([t z. Uj (i, x) OMi i)))

using ih(3) by(auto introl: ennreal-infsum-Sup-eq[symmetric| incseq-nn-integral
simp: mono-compose)

also have ... = (3" i€l. ([T z. (SUPj. Uj (i, z)) OMi 7))

using ih(3) by(auto introl: infsum-cong nn-integral-monotone-convergence-SUP[symmetric]
MONo-compose)

also have ... = %rhs
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by (simp add: SUP-apply[symmetric])
finally show ?thesis .
qed
qed

3.4 Integrability

lemma
fixes f :: - = 'b::{banach, second-countable-topology}
assumes integrable (coPiM I Mi) f
shows integrable-coPiM-dest-sum:(>_ soi€Il. ([T . norm (f (i, z)) OMi i)) <
00
and integrable-coPiM-dest-integrable: N\i. i € I = integrable (Mi i) (\z. [ (4,
)
and integrable-coPiM-summable-norm: (Xi. ([ z. norm (f (i, z)) OMi 7))
summable-on I
and integrable-coPiM-abs-summable: Infinite-Sum.abs-summable-on (Xi. ([ z. f
(i, z) OMi ) I
and integrable-coPiM-summable: (Ai. ([ . f (i, z) OMi i)) summable-on I
proof —
show fin:(>° oci€l. ([T z. norm (f (i, z)) OMi i)) < oo
using assms by(auto simp: integrable-iff-bounded nn-integral-coPiM)
thus integ:i € I = integrable (Mi i) (Az. f (i, z)) for i
using assms by (auto simp: integrable-iff-bounded intro!: infsum-less-top-dest|of
)
show summable:(Xi. ([ z. norm (f (i, z)) OMi i)) summable-on I
using nn-integral-eq-integral| OF integrable-norm[OF integ]] fin
by (auto introl: bounded-infsum-summable cong: infsum-cong)
show Infinite-Sum.abs-summable-on (Xi. ([ z. f (i, z) OMi i)) I
by (rule summable-on-comparison-test|OF summable]) auto
thus (Xi. ([ . f (4, z) OMi 7)) summable-on I
using abs-summable-summable by fastforce
qed

3.5 The Lebesgue Integral

lemma integral-coPiM:
fixes f :: - = 'b::{banach, second-countable-topology}
assumes integrable (coPiM I Mi) f
shows ([ z. fz dcoPiM I Mi) = (3 oi€l. ([ . f (i, ) OMi 7))
using assms
proof induction
case h[measurable]:(base A c)
note [measurable] = measurable-Pair-vimage| OF - this(1)]
have [simp]: integrable (coPiM I Mi) (indicat-real A)
Ni. i € I = integrable (Mi i) (indicat-real (Pair i —° A))
using h(2) by(auto simp: emeasure-coPiM dest: infsum-less-top-dest)
show Zcase
using h(2) emeasure-coPiM-less-top-summable] OF h]
by(cases ¢ = 0)
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(auto simp: measure-coPiM indicator-vimage[symmetric] infsum-scaleR-left[symmetric]
cong: infsum-cong)
next
case h:(add f g)
show ?case (is ?lhs = 9rhs)
proof —
have ?lhs = (3 oi€l. ([ . f (i, z) OMi i) + (3 i€l. ([ z. g (i, z) OMi 7))
using h by simp
also have ... = (3" i€l. ([ f (i, ) OMi i) + ([ z. g (i, ) OMi 7))
by (auto introl: infsum-add[symmetric] integrable-coPiM-summable h)
also have ... = %rhs
using A
by (auto introl: infsum-cong Bochner-Integration.integral-add]symmetric] inte-
grable-coPiM-dest-integrable)
finally show ?thesis .
qged
next
case th:(lim f fn)
note [measurable,simp] = ih(1—4)
show ?case (is ?lhs = 2rhs)
proof —
have ?lhs = lim (An. ([ z. fn n z d(coPiM I Mz)))
by (auto introl: limlI[symmetric] integral-dominated-convergence[where w=\z.
2 * norm (f z)])
also have ... = lim (An. (3 ~i€l. ([ z. fnn (i, z) OMi 7))
by (simp add: ih(5))

also have ... = lim (An. ([ i. ([ z. fn n (4, z) OMi i)dcount-space I))
by (simp add: integrable-coPiM-abs-summable infsum-eq-integral)
also have ... = ([ i. ([ z. f (i, ) OMi i)Ocount-space I)

proof (intro liml integral-dominated-convergence[where w=>\i. ([ z. 2 * norm
(f (i, z)) OMi i)] AE-I2 )
show integrable (count-space I) (Ai. ([ z. 2 * norm (f (i, )) OMi 7))
by (auto simp: abs-summable-on-integrable-iff [symmetric] integrable-coPiM-summable-norm[OF
n(4)
next
show i € space (count-space I) = (An. ([ z. fnn (i, ) OMi i) —— ([ =.
f (i, z) OMi i) for i
by (auto introl: integral-dominated-convergence[where w=Az. 2xnorm (f (i,
x))] integrable-coPiM-dest-integrable
simp: space-coPiM)
next
show i € space (count-space I) = norm (([ z. fn n (i, ) OMi 7)) < ([ z.
2 x norm (f (i, x)) OMi i) for n i
by (rule order.trans[where b=([ z. norm (fn n (i, )) OMi i)])
(auto simp: space-coPiM
stmp del: Bochner-Integration.integral-mult-right-zero Bochner-Integration.integral-mult-right
introl: integral-mono integrable-coPiM-dest-integrable)
qed simp-all
also have ... = ?rhs
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by (simp add: infsum-eq-integral integrable-coPiM-abs-summable)
finally show ?thesis .
qed
qed

3.6 Finite Coproduct Measures

lemma emeasure-coPiM-finite:
assumes finite I A € sets (coPiM I Mi)
shows emeasure (coPiM I Mi) A = (> i€l. emeasure (Mi i) (Pair i — A))
using assms by(simp add: emeasure-coPiM)

lemma emeasure-coPiM-finite-space:

finite I = emeasure (coPiM I Mi) (space (coPiM I Mi)) = (> i€l. emeasure
(Mi ) (space (Mi7)))

by (simp add: emeasure-coPiM-space)

lemma measure-coPiM-finite:
assumes finite I A € sets (coPiM I Mi) emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (> i€l. measure (Mi i) (Pair i —° A))
using assms(3) by (simp add: emeasure-coPiM-finite| OF assms(1,2)] measure-def
enn2real-sum assms(1))

lemma nn-integral-coPiM-finite:
assumes finite I f € borel-measurable (coPiM I Mi)
shows ([ Tz. fz d(coPiM I Mi)) = (> iel. ([ Ta. f (i, z) O(Mi 7))
by (simp add: nn-integral-coPiM assms)

lemma integrable-coPiM-finite-iff:

fixes [ :: - = 'c::{banach, second-countable-topology}

shows finite I = integrable (coPiM I Mi) f «— (Vi€l. integrable (Mi i) (Az.
)

using measurable-copair-iff [of f I Mi borel]

by (auto simp: integrable-iff-bounded nn-integral-coPiM-finite)

lemma integral-coPiM-finite:
fixes f :: - = ‘c::{banach, second-countable-topology}
assumes finite I integrable (coPiM I Mi) f
shows ([ z. fz d(coPiM I Mi)) = (>_iel. ([=. f (4, ) O(Mi i)))
by (auto simp: assms integral-coPiM)

3.7 Countable Infinite Coproduct Measures

lemma emeasure-coPiM-countable-infinite:

assumes [measurable]: bij-betw from-n (UNIV :: nat set) I A € sets (coPiM I
Mi)

shows emeasure (coPiM I Mi) A = (3. n. emeasure (Mi (from-n n)) (Pair
(from-n n) —* A))
proof —

have I:countable I

30



using assms(1) countablel-bij by blast

have [measurable,simp):Pair (from-n n) —° A € sets (Mi (from-n n)) from-n n
€ [ for n
using bij-betwE[OF assms(1)] by(auto introl: measurable-Pair-vimage[where
I=1))

have emeasure (coPiM I Mi) A = emeasure (coPiM I Mi) (Jn. {from-n n} X
Pair (from-n n) —¢ A)
using sets.sets-into-space| OF assms(2)] assms(1)
by (fastforce introl: arg-conglwhere f=emeasure (coPiM I Mi)]
simp: space-coPiM  bij-betw-def)
also have ... = (>_ n. emeasure (Mi (from-n n)) (Pair (from-n n) —* A))
using injD[OF bij-betw-imp-inj-on|OF assms(1)]]
by (subst suminf-emeasure[symmetric])
(auto simp: disjoint-family-on-def emeasure-coPiM-coproj intro!: suminf-cong)
finally show ?thesis .
qed

lemmas emeasure-coPiM-countable-infinite’ = emeasure-coPiM-countable-infinite[ OF
bij-betw-from-nat-into)
lemmas emeasure-coPiM-nat = emeasure-coPiM-countable-infinite| OF bij-id,simplified]

lemma measure-coPiM-countable-infinite:
assumes [measurable,simp|: bij-betw from-n (UNIV :: nat set) I A € sets (coPiM
I Mi)
and emeasure (coPiM I Mi) A < oo
shows measure (coPiM I Mi) A = (3 n. measure (Mi (from-n n)) (Pair (from-n
n) —‘ A)) (is ?lhs = ?rhs)
and summable (An. measure (Mi (from-n n)) (Pair (from-n n) —* A))
proof —
have ennreal ?lhs = emeasure (coPiM I Mi) A
using assms(3) by(auto introl: emeasure-eq-ennreal-measure[symmetric))

also have ... = (>  n. emeasure (Mi (from-n n)) (Pair (from-n n) —*¢ A))
by(simp add: emeasure-coPiM-countable-infinite)
also have ... = (> n. ennreal (measure (Mi (from-n n)) (Pair (from-n n) —°

4)))

using assms(3) ennreal-suminf-lessD top.not-eq-extremum
by (auto introl: suminf-cong emeasure-eq-ennreal-measure
simp: emeasure-coPiM-countable-infinite| OF assms(1)])
finally have x:ennreal ?lhs = (> n. ennreal (measure (Mi (from-n n)) (Pair
(from-n n) —< A))) .
thus xx[simp|: summable (An. measure (Mi (from-n n)) (Pair (from-n n) —¢ A))
by (auto intro!: summable-suminf-not-top)
show %lhs = ?rhs
proof (subst ennreal-inj[symmetric])
have ennreal ?lhs = (D>_ n. ennreal (measure (Mi (from-n n)) (Pair (from-n n)
<))
by fact
also have ... = ennreal ?rhs
using assms(3) by(auto introl: suminf-ennreal?2)

31



finally show ennreal ?lhs = ennreal ?rhs .
qed(simp-all add: suminf-nonneg)
qed

lemmas measure-coPiM-countable-infinite’ = measure-coPiM-countable-infinite] OF
bij-betw-from-nat-into)

lemmas measure-coPiM-nat = measure-coPiM-countable-infinite] OF bij-id,simplified
id-apply]

lemma nn-integral-coPiM-countable-infinite:
assumes [measurable]:bij-betw from-n (UNIV :: nat set) I f € borel-measurable
(coPiM I Mzi)
shows ([ *z. fz d(coPiM I Mi)) = (3> n. ([ Tz. f (from-n n, z) d(Mi (from-n
n)))) (is - = ?rhs)
proof —
have ([ *z. fz d(coPiM I Mi)) = (3. sci€l. ([ T f (i, z) OMi i))
by (simp add: nn-integral-coPiM)
also have ... = (}_ i€from-n * UNIV. ([ *z. f (i, z) OMi 7))
by (rule arg-cong[where f=infsum -|) (metis assms(1) bij-betw-def)
also have ... = (3" oon€UNIV. ([ *z. f (from-n n, ) O(Mi (from-n n))))
by (rule infsum-reindex[simplified comp-def]) (use assms(1) bij-betw-imp-inj-on
in blast)
also have ... = ?rhs
by (auto introl: infsum-eq-suminf nonneg-summable-on-complete)
finally show ?thesis .
qged
lemmas nn-integral-coPiM-countable-infinite’ = nn-integral-coPiM-countable-infinite OF
bij-betw-from-nat-into)
lemmas nn-integral-coPiM-nat = nn-integral-coPiM-countable-infinite| OF bij-id,simplified]

lemma

fixes f :: - = 'b::{banach, second-countable-topology}

assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I M) f

shows integrable-coPiM-countable-infinite-dest-sum:(3>_ n. ([ + z. norm (f (from-n
n, z)) O(Mi (from-n n)))) < 0o

and integrable-coPiM-countable-infinite-dest’: A\n. integrable (Mi (from-n n))

(Az. f (from-n n, x))

using ennreal-sumingf-lessD assms(1,2) bij-betwE[OF assms(1)]

by (auto simp: integrable-iff-bounded nn-integral-coPiM-countable-infinite)

lemmas integrable-coPiM-countable-infinite-dest-sum’ = integrable-coPiM-countable-infinite-dest-sum[OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-countable-infinite-dest’’ = integrable-coPiM-countable-infinite-dest’|OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-nat-dest-sum = integrable-coPiM-countable-infinite-dest-sum|[OF
bij-id,simplified id-apply)

lemmas integrable-coPiM-nat-dest = integrable-coPiM-countable-infinite-dest'|OF

bij-id,simplified id-apply)
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lemma
fixes f :: - = 'b::{banach, second-countable-topology}
assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I Mi) f
shows integrable-coPiM-countable-infinite-summable-norm: summable (An. ([ .
norm (f (from-n n, x)) O(Mi (from-n n))))
and integrable-coPiM-countable-infinite-summable-norm’. summable (An. norm
([ z. f (from-n n, z) O(Mi (from-n n))))
and integrable-coPiM-countable-infinite-summable: summable (An. ([ z. f (from-n
n, ) O(Mi (from-n n))))
proof —
show x:summable (An. ([ z. norm (f (from-n n, z)) 8(Mi (from-n n))))
using integrable-coPiM-countable-infinite-dest-sum|[OF assms]
nn-integral-eq-integral| OF integrable-norm|OF integrable-coPiM-countable-infinite-dest'|OF
assms]]
by (auto intro!: summable-suminf-not-top)
show summable (An. norm ([ z. f (from-n n, ) d(Mi (from-n n))))
by (rule summable-comparison-test-ev]|OF - |) auto
thus summable (An. ([ z. f (from-n n, z) O(Mi (from-n n))))
using summable-norm-cancel by force
qed

lemmas integrable-coPiM-countable-infinite-summable-norm'’

= integrable-coPiM-countable-infinite-summable-norm|OF bij-betw-from-nat-into]
lemmas integrable-coPiM-countable-infinite-summable-norm'"’

= integrable-coPiM-countable-infinite-summable-norm’| OF bij-betw-from-nat-into)
lemmas integrable-coPiM-countable-infinite-summable’

= integrable-coPiM-countable-infinite-summable] OF bij-betw-from-nat-into]
lemmas integrable-coPiM-nat-summable-norm

= integrable-coPiM-countable-infinite-summable-norm[OF bij-id,simplified id-apply]
lemmas integrable-coPiM-nat-summable-norm’

= integrable-coPiM-countable-infinite-summable-norm'[OF bij-id,simplified id-apply)
lemmas integrable-coPiM-nat-summable

= integrable-coPiM-countable-infinite-summable] OF bij-id,simplified id-apply]

lemma
fixes f :: - = 'b::{banach, second-countable-topology}
assumes countable I infinite I integrable (coPiM I Mi) f
shows integrable-coPiM-countable-infinite-dest: \i. i € I = integrable (Mi 7)
(. f (i, 2))
using integrable-coPiM-countable-infinite-dest'| OF bij-betw-from-nat-into| OF assms(1,2)]
assms(3)]
by (meson assms(1) countable-all)

lemma integrable-coPiM-countable-infinitel:
fixes f :: - = 'b::{banach, second-countable-topology}
assumes bij-betw from-n (UNIV :: nat set) I Ni. i € I = (\z. f (i,2)) €
borel-measurable (Mi i)
and (3 n. ([T 2. norm (f (from-n n, z)) d(Mi (from-n n)))) < oo
shows integrable (coPiM I Mi) f
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using nn-integral-coPiM-countable-infinite] OF assms(1),of - Mi] assms(2,3)
by (auto simp: measurable-copair-iff ' integrable-iff-bounded)

lemmas integrable-coPiM-countable-infinitel ' = integrable-coPiM-countable-infiniteI[ OF
bij-betw-from-nat-into)

lemmas integrable-coPiM-natl = integrable-coPiM-countable-infinitel [OF bij-id,
simplified id-apply

lemma integral-coPiM-countable-infinite:
fixes f :: - = 'b::{banach, second-countable-topology}
assumes bij-betw from-n (UNIV :: nat set) I integrable (coPiM I Mi) f
shows ([ z. fz 9(coPiM I Mi)) = (3 n. (fz. f (from-n n, z) (Mi (from-n
n)))) (is ?lhs = %rhs)
proof —
have ?lhs = (3 «i€l. ([ . f (i, z) OMi i)
by (simp add: integral-coPiM assms)
also have ... = (3 ci€from-n * UNIV. ([ . f (i, ) OMi 7))
by (rule arg-conglwhere f=infsum -]) (metis assms(1) bij-betw-def)
also have ... = (3" oon€UNIV. ([ z. f (from-n n, ) d(Mi (from-n n))))
by (rule infsum-reindex[simplified comp-def]) (use assms(1) bij-betw-imp-inj-on

in blast)

also have ... = ?rhs

by (auto introl: infsum-eq-suminf norm-summable-imp-summable-on integrable-coPiM-countable-infinite-sum
assms)

finally show ?thesis .
qged

lemmas integral-coPiM-countable-infinite’ = integral-coPiM-countable-infinite[ OF
bij-betw-from-nat-into)

lemmas integral-coPiM-nat = integral-coPiM-countable-infinite] OF bij-id,simplified
id-apply]

3.8 Finiteness

lemma finite-measure-coPiM:

assumes finite I \i. i € I = finite-measure (Mi i)

shows finite-measure (coPiM I Mi)

by (rule finite-measurel) (auto simp: emeasure-coPiM-finite finite-measure.emeasure-finite
assms)

3.9 o-Finiteness

lemma sigma-finite-measure-coPiM:

assumes countable I \i. i € I = sigma-finite-measure (Mi ©)

shows sigma-finite-measure (coPiM I Mq)
proof

have 3 A. range A C sets (Mi i) A (Un. 4 n) = space (Mi i) A (¥ n:nat.
emeasure (Mi i) (A n) # o)

ifi eI for ¢
using sigma-finite-measure.sigma-finite| OF assms(2)[OF that]] by metis
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hence 3 4. Viel. range (A i) C sets (Mi i) A (Un. 4 i n) = space (Mi i) A
(Vn::nat. emeasure (Mi i) (A in) # o)
by metis
then obtain A¢
where Ai[measurable]: Nin. i € I = Aiin € sets (Mi 7)
Ni. i € I = (Un:nat. (Aiin)) = space (Mi i)
Nin. i€ I = emeasure (Mi i) (Aiin) # oo
by (metis UNIV-I sets-range)
show 3 A. countable A N A C sets (coPiM I Mi) A |J A = space (coPiM I Mi)
A (Va€A. emeasure (coPiM I Mi) a # o0)
proof (intro exI[where z={Jn. ({(Ji € I. {{i} x Aiin})] conjl balll)
show countable (Jn. (U7 € I. {{i} x Aiin}))
using assms(1) by auto
next
show (Jn. Jiel. {{i} x Aiin}) C sets (coPiM I Mi)
by auto
next
show |J (Un. Uiel. {{i} x Aiin}) = space (coPiM I Mq)
using sets.sets-into-space|OF Ai(1)] Ai(2) by(fastforce simp: space-coPiM)
next
fix a
assume a € (|Jn. Jiel. {{i} x Aiin})
then obtain n ¢ where a: i € Ta = {i} x Aiin
by blast
show emeasure (coPiM I Mi) a # oo
using a(1) Ai(3) assms by(auto simp: a(2) emeasure-coPiM-coproyj)
qed
qed

end

4 Additional Properties

theory Coproduct-Measure-Additional
imports Coproduct-Measure
Standard-Borel-Spaces. StandardBorel
S-Finite-Measure-Monad. Kernels
S-Finite-Measure-Monad. Measure- QuasiBorel- Adjunction
begin

4.1 S-Finiteness

lemma s-finite-measure-copair-measure:

assumes s-finite-measure M s-finite-measure N

shows s-finite-measure (copair-measure M N)
proof —

note [measurable] = measurable-vimage-Inl[of - M N]| measurable-vimage-Inr|of
- M N]

obtain Mi Ni where [measurable-cong]:
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Ni. sets (Mi i) = sets M \i. finite-measure (Mi i) NA. M A = (> i. MiiA)
Ni. sets (Ni i) = sets N \i. finite-measure (Ni i) NA. N A= (D> i. NiiA)
by (metis assms(1) assms(2) s-finite-measure.finite-measures’)
thus ?thesis
by (auto introl: s-finite-measurel [where Mi=\i. Mi i @ yr Ni i) finite-measure-copair-measure
cong: sets-copair-measure-cong Simp: emeasure-copair-measure Sum-
inf-add)
qed

lemma s-finite-measure-coPiM:
assumes countable I \i. i € I = s-finite-measure (Mi i)
shows s-finite-measure (coPiM I Mi)
proof —
note measurable- Pair-vimage[measurable (raw)]
consider finite I | infinite I countable I
using assms by argo
then show ?thesis
proof cases
assume [:finite |
show ?thesis
by (auto introl: s-finite-measure-finite-suml[where Mi=\i. distr (Mi ) (coPiM
I Mi) (Pair 7)
and I=1,0F - s-finite-measure.s-finite-measure-distr| OF
assms(2)]]
sitmp: emeasure-distr emeasure-coPiM-finite I)
next
assume [:infinite I countable I
then have [simp|:A\n. from-nat-into I n € T
by (simp add: from-nat-into infinite-imp-nonempty)
show ?thesis
by (auto introl: s-finite-measure-s-finite-suml|[where
Mi=An. distr (Mi (from-nat-into I n)) (coPiM I Mi) (Pair (from-nat-into
I n))?
OF - s-finite-measure.s-finite-measure-distr|OF assms(2)]]
simp: emeasure-distr I emeasure-coPiM-countable-infinite’ coPair-inverse-space-unit[where
I=1))
qged
qged

4.2 Standardness

lemma standard-borel-copair-measure:

assumes standard-borel M standard-borel N

shows standard-borel (M € pr N)
proof —

obtain A where A[measurable]: A € sets borel A C {0<..<1::real}

M measurable-isomorphic restrict-space borel A
by (meson assms(1) greaterThanLessThan-borel linorder-not-le not-one-le-zero
standard-borel.isomorphic-subset-real uncountable-open-interval)
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then obtain [ f'
where f[measurable]: f € M —; restrict-space borel A
f' € restrict-space borel A =y M
Ne. z € space M = f' (fe) =2 Ny.yve A= f(f'y) =y
using measurable-isomorphicD[OF A(3)] unfolding space-restrict-space by
fastforce
obtain B where B[measurable]:B € sets borel B C {1<..<2::real}
N measurable-isomorphic restrict-space borel B
by (metis assms(2) greaterThanLess Than-borel linorder-not-le numeral-le-one-iff
semiring-norm(69) standard-borel.isomorphic-subset-real uncount-
able-open-interval)
then obtain g ¢’
where g[measurable]: g € N — s restrict-space borel B
g’ € restrict-space borel B =3 N
Nz. z € space N = ¢’ (gz) =z
Ny.yeB=g(g'y) =y
using measurable-isomorphicD[OF B(3)] unfolding space-restrict-space by
fastforce
have AB:AN B = {}
using A B by fastforce
have [measurable]:f € M — s restrict-space borel (A U B)
using f(1) unfolding measurable-restrict-space2-iff by blast
have [measurable]:g € N — s restrict-space borel (A U B)
using ¢(1) unfolding measurable-restrict-space2-iff by blast

have iso:restrict-space borel (A U B) measurable-isomorphic M @ p N
proof (safe intro!: measurable-isomorphic-byWitness)
show case-sum fg € M @y N —nr restrict-space borel (A U B)
by (auto introl: measurable-copair-Inl-Inr)
show (Ar. if r € A then Inl (f' r) else if r € B then Inr (¢’ 1) else undefined)
€ restrict-space borel (AU B) =y M @ N (is 7f € -)

proof —
have 1:
restrict-space (restrict-space borel (A U B)) {r. r € A} = restrict-space
borel A
restrict-space (restrict-space borel (A U B)) {r. r ¢ A} = restrict-space
borel B

restrict-space (restrict-space borel B) {z. © € B} = restrict-space borel B
restrict-space (restrict-space borel B) {z. © ¢ B} = count-space {}
using AB by(auto simp: restrict-restrict-space
introl: arg-conglwhere f=restrict-space borel| space-empty)
have 2:{r € space (restrict-space borel (AU B)). r € A} = A
{z € space (restrict-space (restrict-space borel (A U B)) {r. r ¢ A}). z
€ B} =B
{z € space (restrict-space borel B). x € B} = B
using AB by (auto simp: space-restrict-space)
show ?thesis
by (intro measurable-If-restrict-space-iff [ THEN iffD2] conjI)
(unfold 1 2, simp-all add: sets-restrict-space-iff)
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qed
show Az. z € space (M @ m N) = ?f (case-sum fgx) =z
Nr. r € space (restrict-space borel (A U B)) = case-sum fg (?fr) =r
using measurable-space| OF f(1)] measurable-space|OF ¢g(1)] AB
by (auto simp: space-copair-measure f g)
qed
show ?thesis
by (auto introl: standard-borel.measurable-isomorphic-standard[OF - iso]
standard-borel.standard-borel-restrict-space| OF standard-borel-ne.standard-borel))
qged

corollary
shows standard-borel-ne-copair-measurel: standard-borel-ne M = standard-borel
N = standard-borel-ne (M @ p N)
and standard-borel-ne-copair-measure2: standard-borel M = standard-borel-ne
N = standard-borel-ne (M @y N)
and standard-borel-ne-copair-measure: standard-borel-ne M = standard-borel-ne
N = standard-borel-ne (M @y N)
by (auto simp: standard-borel-ne-def standard-borel-ne-azioms-def standard-borel-copair-measure
space-copair-measure)

lemma standard-borel-coPiM:
assumes countable I \i. i € I = standard-borel (Mi 7)
shows standard-borel (coPiM I M)
proof —
let 21 = {i€l. space (Mi i) # {}}
have countable-I: countable ?1
using assms by auto
define I’ where I’ = to-nat-on ?I * 71
define Mn where Mn = An. Mi (from-nat-into ?I n)
have I":countable I' An. n € I' = space (Mn n) # {}
An. n € I' = standard-borel-ne (Mn n)
using countable-I from-nat-into-to-nat-on|OF countable-I] assms(2)
by (fastforce simp: I'-def Mn-def standard-borel-ne-def standard-borel-ne-azxioms-def
stmp del: from-nat-into-to-nat-on)+
have isol:coPiM I Mi measurable-isomorphic coPiM I’ Mn
proof (safe introl: measurable-isomorphic-byWitness[where f=A(i,z). (to-nat-on
214, x)
and g=M\(n,z). (from-nat-into ?I n, x)))
show (\(i, z). (to-nat-on 714, x)) € coPiM I Mi —p; coPiM I' Mn
proof (rule measurable-coPiM2)
fix ¢
assume 7:7 € [
show Pair (to-nat-on ?Ii) € Mii{ —p coPiM 1" Mn
proof (cases space (Mi i) = {})
assume space (Mi i) # {}
then show %thesis
by (intro measurable-compose] OF - measurable-Pair-coPiM[where I=1")])
(use I'-def i countable-I Mn-def in auto)
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qed(simp add: measurable-def)
qed
show (A\(n,z). (from-nat-into I n, x)) € coPiM 1" Mn —p; coPiM I Mi
proof (rule measurable-coPiM2)
fix n
assume n € [’
show Pair (from-nat-into ?I n) € Mn n —pr coPiM I Mi
by (metis (no-types, lifting) Mn-def I’-def <n € I’y emptyE empty-is-image
from-nat-into measurable-Pair-coPiM mem-Collect-eq)
qed
qed(auto intro!l: from-nat-into-to-nat-on to-nat-on-from-nat-into simp: space-coPiM
I'-def countable-I)
have 3A. A € sets borel N A C {real n<..real n + 1} AN Mn n measur-
able-isomorphic (restrict-space borel A)
if nin € I’ for n
using standard-borel.isomorphic-subset-real| OF
standard-borel-ne.standard-borel[OF 1'(3)[OF n] ],of {real n<..real n + 1}]
uncountable-half-open-interval-2[of real n real n + 1]
by fastforce
then obtain An’
where An”: An. n € I' = An' n € sets borel
An.ne€l’"= An’ n C {real n<..real n + 1}
An. n € I' = Mn n measurable-isomorphic (restrict-space borel (An’
")
by metis
define An where An = An. if n € I’ then An’ n else {real n + 1}
have An[measurable]: An. An n € sets borel
An. An n C {real n<..real n + 1}
An. n € I' = Mn n measurable-isomorphic (restrict-space borel
(4n n))
using An’ by(auto simp: An-def)
hence disj-An:disjoint-family An
unfolding disjoint-family-on-def
by safe (metis (no-types, opaque-lifting) greater ThanAtMost-iff less-le nat-less-real-le
not-less order-trans subset-eq)
obtain fn gn’
where fg:An. n € I' = fnn € Mn n — ) restrict-space borel (An n)
An. n € I' = gn’ n € restrict-space borel (An n) —p Mn n
Anz.nel = z € space (Mnn) = gn’n (fanz)=ux
Anr.n €1’ = r € space (restrict-space borel (An n)) = fn n (gn’
nr)y=r
using measurable-isomorphicD|OF An(3)] by metis
define gn where gn = (An r. if r € An n then gn’ n r else (SOME z. x € space
(Mn n)))
have gn-meas[measurable]:gn n € borel —p; Mn n if n:n € I’ for n
unfolding gn-def by(rule measurable-restrict-space-iff[THEN iffD1,0F - -
f9(2)[OF n))
(auto simp add: I'(2) some-in-eq that)
have fg"Anz.n € I'= z € space (Mnn) = gnn (fnnz) ==z
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Anr.nel'=reAnn= fan(gnnr)=r
using fg measurable-space[OF fg(1)] by(auto simp: gn-def)
have fn[measurable]:fn n € Mn n —pr restrict-space borel ((Jnel'. An n) if n:n
€ I' for n
using measurable-restrict-space2-iff[THEN iffD1,0F fq(1)[OF n]]
by (auto intro!: measurable-restrict-space2 n)
let 2f = A(n,z). fn n z and 29 =Ar. (nat [r] — 1, gn (nat [r] — 1)
have iso2:coPiM 1" Mn measurable-isomorphic restrict-space borel (|
n)
proof(safe intro!: measurable-isomorphic-by Witness)
show ?f € coPiM I’ Mn — ) restrict-space borel (|Jn€l’. An n)
by (auto introl: measurable-coPiM2)
next
show ?g € restrict-space borel ((Jn€l’. An n) = coPiM I’ Mn
proof (safe intro!: measurable-coPiM1)
have I1:restrict-space borel (J (An ‘1')) = count-space I’
= restrict-space borel (|J (An ‘ I')) — s restrict-space (count-space

r)
nel’. An

UNIV) I’
by (simp add: restrict-count-space)
show (Az. nat [z] — 1) € restrict-space borel (|J (An ‘I')) = count-space

I/
unfolding 7
proof (safe introl: measurable-restrict-space3)
fix nr
assume n:n € I'r € Ann
then have realn < rr < real n + 1
using An(2) by fastforce+
thus nat [r] — 1 € I’
by (metis n(1) add.commute diff-Suc-1 le-SucE nat-ceiling-le-eq not-less
of-nat-Suc)
qed simp
qed(auto simp: measurable-restrict-spacel )
next
fix nx

assume (n,z)€space (coPiM I Mn)
then have nax:n € I’ z € space (Mn n)
by (auto simp: space-coPiM)
have I:nat [?f (nz)] =n + 1
using measurable-space[OF fg(1)[OF nz(1)] nz(2)] An(2)[of n]
by simp
(metis add.commute greaterThanAtMost-iff le-SucE nat-ceiling-le-eq not-less
of-nat-Suc subset-eq)
show ?¢ (?f (n,z)) = (n,x)
unfolding ! using fg'(1)[OF nz] by simp
next
fix y
assume y € space (restrict-space borel (|J (An ‘I')))
then obtain n where n: ne€ I’y € Ann
by auto
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then have [simp|:nat [y] = n + 1
using An(2)[of n]
by simp (metis add.commute greater ThanAtMost-iff le-SucE nat-ceiling-le-eq
not-less of-nat-Suc subset-eq)
show #f (Ygy) =y
using f¢'(2)[OF n(1)] n(2) by auto
qed
have standard-borel (restrict-space borel (|J (An ‘1))
by (auto intro!: standard-borel-ne.standard-borel| THEN standard-borel.standard-borel-restrict-space])
with isol iso2 show ?thesis
by (meson measurable-isomorphic-sym standard-borel.measurable-isomorphic-standard)
qed

lemma standard-borel-ne-coPiM:
assumes countable I \i. i € I = standard-borel (Mi i)
and ¢ € I space (Mi i) # {}
shows standard-borel-ne (coPiM I Mi)
proof —
have space (coPiM I Mi) # {}
using assms(3) assms(4) space-coPiM by fastforce
thus ?thesis
by (auto intro!: standard-borel-coPiM assms simp: standard-borel-ne-def stan-
dard-borel-ne-axioms-def)
qed

4.3 Relationships with Quasi-Borel Spaces

Proposition19(3) [1]

lemma r-preserve-copair: measure-to-qbs (copair-measure M N) = measure-to-gbs
M & g measure-to-qgbs N
proof(safe intro!: gbs-eql)
fix a
assume o € gbs-Mz (measure-to-gbs (M €@ m N))
then have a[measurable]: o € borel =y M P N
by (simp add: gbs-Mz-R)
have s[measurable]: o —* Inr ¢ space N € sets borel o —* Inl * space M € sets
borel
by (auto introl: measurable-sets-borel|OF al)
consider o —‘ Inl ‘ space M N space borel = space borel
| @« —“Inr ‘ (space N) N space borel = space borel
| @« —“1Inl “ space M N space borel C space borel
a —*“Inr ‘ (space N) N space borel C space borel
by blast
then show o € ¢bs-Mz (measure-to-gbs M @ g measure-to-gbs N)
proof cases
assume 1:a —‘ Inl ‘ space M N space borel = space borel
then obtain f’ where f’ € borel =) M Az. z € space borel = « & = Inl
(f" =)
using measurable-copair-dest1 [OF a] by blast
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thus ?thesis
using 1 by(auto simp: copair-gbs-Mz copair-qbs-Mz-def gbs-Mz-R
introl: bexl[where z=a —‘ Inr  space N| bezl[where z=f"))
next
assume 2:«a —‘ Inr ‘ space N N space borel = space borel
then obtain [’ where [’ € borel =) N Az. z € space borel = « = = Inr
(' 2)
using measurable-copair-dest2[OF a] by blast
thus ?thesis
using 2 by(auto simp: copair-qbs-Mz copair-qbs-Mz-def gbs-Mz-R
introl: bexI[where z=a —‘ Inr ‘ space N] bexl[where z=f"))
next
case 3
then obtain [’ f'/
where f[measurable]:f’ € borel —p M
f" € borel =y N
Nz. z € space borel = x € a —“ Inl ‘ space M — « = =
Inl (f' z)
Nz. © € space borel = © ¢ a —“ Inl * space M = oz =
Inr (f" z)
using measurable-copair-dest3|OF a] by metis
moreover have o —* Inl ‘ space M # UNIV o —* Inl ‘ space M # {}
using 3 measurable-space[OF a] by (fastforce simp: space-copair-measure)+
ultimately show ¢thesis
by (auto simp: copair-qbs-Mx copair-gbs-Mz-def gbs-Mz-R simp del: vimage-eq
introl: bexl[where x=a —* Inl ‘ space M| bexI[where z=f"] bexl[where
z=f"])
qed
qed(auto simp: gbs-Mz-R copair-gbs-Mxz copair-gbs-Mz-def)

lemma r-preserve-coproduct:
assumes countable I
shows measure-to-gbs (coPiM I M) = (Lg i€l. measure-to-gbs (M 1))
proof (safe introl: gbs-eqI)
fix a
assume h:a € gbs-Mz (measure-to-gbs (coPiM I M))
then obtain a ¢
where a € borel — s count-space I
Ni. i€ I = space (M i) #{} = g i € borel —p M
a= Az (az g (azx) 1))
using measurable-coPiM1-elements|OF assms| unfolding ¢bs-Mz-R by blast
thus a € ¢bs-Mz (Ilg i€l. measure-to-gbs (M 7))
using ¢bs-Mz-to-X[OF h)
by (safe introl: coPiQ-MzI) (auto simp: gbs-Mx-R gbs-space-R space-coPiM)
next
fix o
assume «a € gbs-Mz (Ilg i€l. measure-to-gbs (M 7))
then obtain a g where a € borel —); count-space I
Ni. i € range a = g i € borel =y Mia= (Az. (ax, g (a
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z) T))
unfolding coPiQ-Mz coPiQ-Mz-def qbs-Mz-R by blast
thus o € gbs-Mxz (measure-to-gbs (coPiM I M))
by (auto introl: measurable-coPiM1’ simp: ¢bs-Mz-R assms)
qed

end
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