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Abstract

This article provides a formalisation of continued fractions of real
numbers and their basic properties. It also contains a proof of the clas-
sic result that the irrational numbers with periodic continued fraction
expansions are precisely the quadratic irrationals, i.e. real numbers
that fulfil a non-trivial quadratic equation axz? 4 bx + ¢ = 0 with inte-
ger coeflicients.

Particular attention is given to the continued fraction expansion of
V/D for a non-square natural number D. Basic results about the length
and structure of its period are provided, along with an executable
algorithm to compute the period (and from it, the entire expansion).

This is then also used to provide a fairly efficient, executable,
and fully formalised algorithm to compute solutions to Pell’s equa-
tion 22 — Dy? = 1. The performance is sufficiently good to find the
solution to Archimedes’s cattle problem in less than a second on a
typical computer. This involves the value D = 410286423278424, for
which the solution has over 200000 decimals.

Lastly, a derivation of the continued fraction expansions of Euler’s
number e and an executable function to compute continued fraction
expansions using interval arithmetic is also provided.
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1 Continued Fractions

theory Continued-Fractions
imports
Complez-Main
Coinductive. Lazy-L List
Coinductive. Coinductive-Nat
HOL— Number-Theory. Fib
HOL- Library. BNF-Corec
Coinductive. Coinductive-Stream
begin

1.1 Auxiliary results

coinductive linfinite :: 'a llist = bool where
linfinite xs = linfinite (LCons z xs)

lemma llength-llist-of-stream [simp]: llength (llist-of-stream xs) = oo
(proof )

lemma linfinite-conv-llength: linfinite xs «— llength xs = oo

(proof)

definition Inth-default :: 'a = 'a llist = nat = ’a where
Inth-default dfit s n = (if n < llength xs then Inth xs n else dfit)

lemma Inth-default-code [codel:
Inth-default dfit xs n =
(if Inull zs then dfit else if n = 0 then lhd zs else Inth-default dfit (Itl zs) (n —
1))
(proof)

lemma enat-le-iff:
enatn < m+— m=o00V (Am’. m = enat m' A n < m)
(proof)

lemma enat-less-iff:
enat n < m +— m=o00V (Im’. m = enat m' A n < m’)

{proof)

lemma real-of-int-divide-in-Ints-iff:
real-of-int a | real-of-int b € Z. +— b dvd a V b= 0
(proof)

lemma frac-add-of-nat: frac (of-nat y + x) = frac x
(proof )

lemma frac-add-of-int: frac (of-int y + z) = frac
(proof )



lemma frac-fraction: frac (real-of-int a / real-of-int b) = (a mod b) / b
(proof)

lemma Suc-fib-ge: Suc (fib n) > n
{proof)

lemma fib-ge: fibn > n — 1
(proof)

lemma frac-diff-of-nat-right [simp): frac (x — of-nat y) = frac
(proof )

lemma of-nat-ge-1-iff: of-nat n > (1 :: 'a :: linordered-semidom) +— n > 0
(proof )

lemma not-frac-less-0: —frac x < 0
(proof)

lemma frac-le-1: frac x < 1
(proof )

lemma divide-in-Rats-iff1:
(zreal) eQ=2#0=12/ycQ+—yeQ
(proof)

lemma divide-in-Rats-iff2:
(yureal) eQ = y# 0 =2/ yeQ+—>z€Q
(proof)

lemma add-in-Rats-iffl: 1 e Q = x4+ y € Q+— y€Q

(proof)

lemma add-in-Rats-iff2: ye Q =+ y€ Q+—2€Q
(proof)

lemma diff-in-Rats-iffl: 1 € Q =z —y € Q+— y€Q
(proof)

lemma diff-in-Rats-iff2: yc Q —= 2z —y € Q+—z€Q
(proof)

lemma frac-in-Rats-iff [simp]: frac z € Q +— z € Q
(proof )

lemma filterlim-sequentially-shift:
filterlim (An. f (n + m)) F sequentially <— filterlim f F sequentially

{(proof)



1.2 Bounds on alternating decreasing sums

lemma alternating-decreasing-sum-bounds:
fixes f :: nat = ‘a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n} = fk >0
Nk k€ {m.<n} = f (Suck) < [k
defines S = (Am. O k=m..n. (1) "k x fk))
shows if even m then S m € {0..f m} else Sm € {—fm..0}
(proof )

lemma alternating-decreasing-sum-bounds':
fixes [ :: nat = 'a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n—1} = fk> 0
Nk ke {m.<n—1} = f (Suck) < fk
defines S = (Am. O k=m..<n. (—=1) "k x fk))
shows if even m then S m € {0..f m} else Sm € {—f m..0}
(proof)

lemma alternating-decreasing-sum-upper-bound:
fixes f :: nat = ‘a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n} = fk >0
Nk. k€ {m.<n} = f (Suck) < fk
shows (O k=m.n. (=1) "kxfk)<fm
(proof)

lemma alternating-decreasing-sum-upper-bound’:
fixes f :: nat = 'a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n—1} = fk> 0
Nk ke {m.<n—1} = f (Suck) < fk
shows (O k=m..<n.(=1) "kxfk)<fm
(proof )

lemma abs-alternating-decreasing-sum-upper-bound:
fixes f :: nat = ‘a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n} = fk>0
Nk ke {m.<n} = f (Suck) < fk
shows |O_k=m.n. (—=1) "k fk)| < fm (is abs 25 < -)
(proof )

lemma abs-alternating-decreasing-sum-upper-bound”:
fixes f :: nat = ‘a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n—1} = fk>0
Nk ke {m.<n—1} = f (Suck) < fk
shows | k=m.<n. (=1) "kx*xfk)| <fm
(proof)

lemma abs-alternating-decreasing-sum-lower-bound:
fixes f :: nat = 'a :: {linordered-ring, ring-1}
assumes m < n Ak. k€ {m.n} = fk>0
Nk ke {m.<n} = f (Suck) < fk



shows | k=m..n. (=1) "k x fk)| > fm — f (Suc m)
(proof)

lemma abs-alternating-decreasing-sum-lower-bound’:
fixes f :: nat = 'a :: {linordered-ring, ring-1}
assumes m+1 < n Ak. k€ {m.n} = fk>0
Nk ke {m.<n} = f (Suck) < fk
shows | k=m.<n. (=1) "kx* fk)| > fm — f (Suc m)
(proof)

lemma alternating-decreasing-suminf-bounds:
assumes Ak. fk > (0 :: real) Nk. f (Suc k) < fk

f——0
shows (k. (—1) Tkxfk)e{fo—-f1.f0}
(proof)
lemma

assumes Ak. k > m = fk > (0 :: real)
Ne-k>m = f (Suck) <fkf——0
defines S = (D> k. (—1) " (k+ m) = f (kK 4+ m))
shows summable-alternating-decreasing: summable (Mk. (—=1) ~(k 4+ m) * f (k
+ m))
and alternating-decreasing-suminf-bounds’:
if even m then S € {f m — f (Suc m) .. fm}
else S € {—fm..f (Suc m) — fm} (is ?thl)
and abs-alternating-decreasing-suminf:
abs S € {fm — f (Suc m)..f m} (is ?th2)
(proof)

lemma
assumes Ak. k > m = fk > (0 :: real)
Ne.k>m = f (Suck) <fkf——20
defines S = O k. (—1) " (k+ m) x f (kK + m))
shows alternating-decreasing-suminf-bounds-strict’:
if even m then S € {f m — f (Suc m)<..<f m}
else S € {—f m<..<f (Suc m) — fm} (is ?thl)
and abs-alternating-decreasing-sumingf-strict:
abs S € {fm — f (Suc m)<..<fm} (is ?th2)
(proof)

datatype cfrac = CFrac int nat llist
quickcheck-generator cfrac constructors: CFrac
lemma type-definition-cfrac’:

type-definition (Ax. case x of CFrac a b = (a, b)) (A(z,y). CFrac  y) UNIV
{proof)



setup-lifting type-definition-cfrac’

lift-definition cfrac-of-int :: int = cfrac is
An. (n, LNil) (proof)

lemma cfrac-of-int-code [code]: cfrac-of-int n = CFrac n LNil
(proof )

lift-definition cfrac-of-stream :: int stream = cfrac is
Azs. (shd xs, llist-of-stream (smap (Az. nat (x — 1)) (stl xzs))) (proof)

instantiation cfrac :: zero

begin

definition zero-cfrac where 0 = cfrac-of-int 0
instance (proof)

end

instantiation cfrac :: one

begin

definition one-cfrac where 1 = cfrac-of-int 1
instance (proof)

end

lift-definition cfrac-tl :: cfrac = cfrac is
A(-, bs) = case bs of LNil = (1, LNil) | LCons b bs’ = (int b + 1, bs') (proof)

lemma cfrac-tl-code [code]:
cfrac-tl (CPrac a bs) =
(case bs of LNil = CFrac 1 LNil | LCons b bs' = CFrac (int b + 1) bs’)

{proof)

definition cfrac-drop :: nat = cfrac = cfrac where
cfrac-drop n ¢ = (cfrac-tl " n) ¢

lemma cfrac-drop-Suc-right: cfrac-drop (Suc n) ¢ = cfrac-drop n (cfrac-tl c)
(proof )

lemma cfrac-drop-Suc-left: cfrac-drop (Suc n) ¢ = cfrac-tl (cfrac-drop n c)
(proof)

lemma cfrac-drop-add: cfrac-drop (m + n) ¢ = cfrac-drop m (cfrac-drop n c)
(proof )

lemma cfrac-drop-0 [simp]: cfrac-drop 0 = (A\z. x)
(proof )

lemma cfrac-drop-1 [simp]: cfrac-drop 1 = cfrac-tl
(proof)



lift-definition cfrac-length :: cfrac = enat is
A(-, bs) = llength bs (proof)

lemma cfrac-length-code [code]: cfrac-length (CFrac a bs) = llength bs
(proof )

lemma cfrac-length-tl [simp]: cfrac-length (cfrac-tl ¢) = cfrac-length ¢ — 1
(proof )

lemma enat-diff-Suc-right [simp]: m — enat (Sucn) = m — n — 1
(proof)

lemma cfrac-length-drop [simp|: cfrac-length (cfrac-drop n ¢) = cfrac-length ¢ —
n

(proof)

lemma cfrac-length-of-stream [simp|: cfrac-length (cfrac-of-stream xs) = oo
{proof )

lift-definition cfrac-nth :: cfrac = nat = int is
Ma :: int, bs i nat llist). A(n :: nat).
if n = 0 then a
else if n < llength bs then int (Inth bs (n — 1)) + 1 else 1 {proof)

lemma cfrac-nth-code [code]:
cfrac-nth (CFrac a bs) n = (if n = 0 then a else Inth-default 0 bs (n — 1) + 1)

(proof)

lemma cfrac-nth-nonneg [simp, introl: n > 0 = cfrac-nth ¢ n > 0
(proof )

lemma cfrac-nth-nonzero [simpl: n > 0 = cfrac-nth ¢ n # 0

{proof)

lemma cfrac-nth-pos[simp, introl: n > 0 = cfrac-nth ¢ n > 0
(proof )

lemma cfrac-nth-ge-1[simp, intro]: n > 0 = cfrac-nth ¢ n > 1
{proof)

lemma cfrac-nth-not-less-1[simp, intro]: n > 0 = —cfrac-nth ¢ n < 1
(proof )

lemma cfrac-nth-tl [simp]: cfrac-nth (cfrac-tl ¢) n = cfrac-nth ¢ (Suc n)
{proof)

lemma cfrac-nth-drop [simp]: cfrac-nth (cfrac-drop n ¢) m = cfrac-nth ¢ (m + n)
{proof)



lemma cfrac-nth-0-of-int [simp): cfrac-nth (cfrac-of-int n) 0 = n
{proof )

lemma cfrac-nth-gt0-of-int [simpl: m > 0 = cfrac-nth (cfrac-of-int n) m = 1
(proof )

lemma cfrac-nth-of-stream:
assumes sset (stl zs) C {0<..}
shows  cfrac-nth (cfrac-of-stream xs) n = snth s n

(proof)

lift-definition cfrac :: (nat = int) = cfrac is
M. (f 0, inf-llist (An. nat (f (Suc n) — 1))) (proof)

definition is-cfrac :: (nat = int) = bool where is-cfrac f +— (Vn>0. fn > 0)

lemma cfrac-nth-cfrac [simp]:
assumes is-cfrac f
shows cfrac-nth (cfrac f) n = fn
(proof )

lemma llength-eg-infty-Inth: llength b = co = inf-llist (Inth b) = b
(proof )

lemma cfrac-cfrac-nth [simp]: cfrac-length ¢ = oo = cfrac (cfrac-nth ¢) = ¢
(proof )

lemma cfrac-length-cfrac [simp]: cfrac-length (cfrac ) = oo
(proof )

lift-definition cfrac-of-list :: int list = cfrac is
Azs. if xs =[] then (0, LNil) else (hd xs, llist-of (map (An. nat n — 1) (¢l zs)))
(proof)

lemma cfrac-length-of-list [simpl: cfrac-length (cfrac-of-list xs) = length xs — 1
(proof )

lemma cfrac-of-list-Nil [simp]: cfrac-of-list [| = 0
(proof)

lemma cfrac-nth-of-list [simp]:
assumes n < length zs and Vie{0<..<length xs}. zs ! i > 0
shows cfrac-nth (cfrac-of-list xs) n = zs ! n
{proof)

primcorec cfrac-of-real-aux :: real = nat llist where



cfrac-of-real-aux x =
(if v € {0<..<1} then LCons (nat |1 /x| — 1) (cfrac-of-real-aux (frac (1/x)))
else LNil)

lemma cfrac-of-real-auz-code [code]:
cfrac-of-real-aux x =
(if x> 0 Nz < 1then LCons (nat |1/z] — 1) (cfrac-of-real-auz (frac (1/x)))
else LNil)
{proof)

lemma cfrac-of-real-auz-LNil [simp]: x ¢ {0<..<1} = cfrac-of-real-aux v = LNl
{proof)

lemma cfrac-of-real-auz-0 [simp): cfrac-of-real-aux 0 = LNil
(proof )

lemma cfrac-of-real-auz-eq-LNil-iff [simp]: cfrac-of-real-aux * = LNil +— z ¢
{0<..<1}
(proof )

lemma Inth-cfrac-of-real-auz:

assumes n < llength (cfrac-of-real-aux x)

shows Inth (cfrac-of-real-aux ) (Suc n) = Inth (cfrac-of-real-aux (frac (1/x)))
n

(proof )

lift-definition cfrac-of-real :: real = cfrac is
Az. (|z], cfrac-of-real-auz (frac z)) (proof)

lemma cfrac-of-real-code [code]: cfrac-of-real x = CFrac |z]| (cfrac-of-real-auz (frac
z))
(proof )

lemma eg-epred-iff: m = epred n <— m = 0 An =0V n = eSucm
(proof )

lemma epred-eq-iff: epred n = m «— m =0 An=0V n=eSucm
(proof)

lemma epred-less: n > 0 = n # oo = epred n < n
(proof )

lemma cfrac-nth-of-real-0 [simpl:
cfrac-nth (cfrac-of-real x) 0 = ||
{proof)

lemma frac-eq-0 [simp]: © € Z = frac x = 0

{proof)
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lemma cfrac-tl-of-real:
assumes z ¢ Z
shows cfrac-tl (cfrac-of-real ©) = cfrac-of-real (1 / frac x)
(proof )

lemma cfrac-nth-of-real-Suc:

assumes z ¢ Z

shows  cfrac-nth (cfrac-of-real x) (Suc n) = cfrac-nth (cfrac-of-real (1 / frac
(proof )

fun conv :: ¢frac = nat = real where
conv ¢ 0 = real-of-int (cfrac-nth ¢ 0)
| conv ¢ (Suc n) = real-of-int (cfrac-nth ¢ 0) + 1 / conv (cfrac-tl ¢) n

The numerator and denominator of a convergent:

fun conv-num :: cfrac = nat = int where
conv-num ¢ 0 = cfrac-nth c 0
| conv-num ¢ (Suc 0) = cfrac-nth ¢ 1 * cfrac-nth ¢ 0 + 1
| conv-num ¢ (Suc (Suc n)) = cfrac-nth ¢ (Suc (Suc n)) * conv-num ¢ (Suc n) +
conv-num ¢ n

fun conv-denom :: cfrac = nat = int where
conv-denom ¢ 0 = 1
| conv-denom ¢ (Suc 0) = cfrac-nth ¢ 1
| conv-denom ¢ (Suc (Suc n)) = cfrac-nth ¢ (Suc (Suc n)) * conv-denom ¢ (Suc n)
-+ conv-denom ¢ n

lemma CONvV-num-rec:

n > 2 = conv-num ¢ n = cfrac-nth ¢ n * conv-num ¢ (n — 1) + conv-num c
(n - 2)

(proof )

lemma conv-denom-rec:

n > 2 = conv-denom ¢ n = cfrac-nth ¢ n x conv-denom ¢ (n — 1) + conv-denom
c(n—2)

(proof )

fun conv’ :: ¢frac = nat = real = real where
conv’ ¢ 0z =z
| conv’ ¢ (Suc n) z = conv’ ¢ n (real-of-int (cfrac-nth ¢ n) + 1 / 2)

Occasionally, it can be useful to extend the domain of conv-num and conv-denom
to —1 and —2.

definition conv-num-int :: cfrac = int = int where
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conv-num-int ¢ n = (if n = —1 then 1 else if n < 0 then 0 else conv-num c (nat

n))

definition conv-denom-int :: cfrac = int = int where
conv-denom-int ¢ n = (if n = —2 then 1 else if n < 0 then 0 else conv-denom c
(nat n))

lemma conv-num-int-rec:

assumes n > (

shows  conv-num-int ¢ n = cfrac-nth ¢ (nat n) * conv-num-int ¢ (n — 1) +
conv-num-int ¢ (n — 2)

(proof)

lemma conv-denom-int-rec:

assumes n > (

shows conv-denom-int ¢ n = cfrac-nth ¢ (nat n) * conv-denom-int ¢ (n — 1)
+ conv-denom-int ¢ (n — 2)
(proof)

The number [ag; a1, ag, ...| that the infinite continued fraction converges
to:

definition cfrac-lim :: cfrac = real where
cfrac-lim ¢ =
(case cfrac-length ¢ of oo = lim (conv ¢) | enat | = conv c )

lemma cfrac-lim-code [code]:
cfrac-lim ¢ =
(case cfrac-length ¢ of enat | = conv ¢l
| - = Code.abort (STR ""Cannot compute infinite continued fraction') (\-.
cfrac-lim c))
{proof)

definition cfrac-remainder where cfrac-remainder ¢ n = cfrac-lim (cfrac-drop n

c)
lemmas conv’-Suc-right = conv’.simps(2)

lemma conv’-Suc-left:
assumes z >
shows conv’ ¢ (Suc n) z =
real-of-int (cfrac-nth ¢ 0) + 1 / conv’ (cfrac-tl c) n z
(proof )

lemmas [simp del] = conv’.simps(2)
lemma conv’-left-induct:

assumes Ac. P ¢ 0z Ncn. P (cfrac-tl¢) nz = P c (Sucn) z
shows Pcnz

{proof)
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lemma enat-less-diff-conv [simp]:
assumes ¢ = 00 V b < 0o V ¢ < 00
shows a<c— (b:enat) «—a+b<c

(proof)

lemma conv-eg-conv’: conv ¢ n = conv’ ¢ n (cfrac-nth ¢ n)
(proof)

lemma conv-num-pos':
assumes cfrac-nth ¢ 0 > 0
shows conv-num cn > 0

{proof)

lemma conv-num-nonneg: cfrac-nth ¢ 0 > 0 = conv-num cn > 0
(proof )

lemma conv-num-pos:
cfrac-nth ¢ 0 > 0 = n > 0 = conv-num ¢ n > 0

{proof)

lemma conv-denom-pos [simp, intro|: conv-denom ¢ n > 0
(proof )

lemma conv-denom-not-nonpos [simp: —conv-denom ¢ n < 0
(proof)

lemma conv-denom-not-neg [simp|: —conv-denom ¢ n < 0
{proof)

lemma conv-denom-nonzero [simpl: conv-denom ¢ n # 0
{proof)

lemma conv-denom-nonneg [simp, intro]: conv-denom ¢ n > 0
(proof)

lemma conv-num-int-negl [simp]: conv-num-int ¢ (—1) = 1
{proof)

lemma conv-num-int-neg [simp]: n < 0 = n # —1 = conv-num-int ¢ n = 0
(proof)

lemma conv-num-int-of-nat [simp]: conv-num-int ¢ (int n) = conv-num c n
{proof)

lemma conv-num-int-nonneg [simp]: n > 0 = conv-num-int ¢ n = conv-num c
(nat n)

(proof)
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lemma conv-denom-int-neg2 [simp|: conv-denom-int ¢ (—2) = 1
{proof )

lemma conv-denom-int-neg [simp]: n < 0 = n # —2 = conv-denom-int ¢ n =
0

{proof)

lemma conv-denom-int-of-nat [simp]: conv-denom-int ¢ (int n) = conv-denom ¢ n
{proof)

lemma conv-denom-int-nonneg [simp]: n > 0 = conv-denom-int c n = conv-denom
¢ (nat n)
{proof)

lemmas conv-Suc [simp del] = conv.simps(2)

lemma conv’-gt-1:
assumes cfrac-nth ¢ 0 > 0z > 1
shows conv’ cnz > 1

(proof)

lemma enat-eg-iff: a = enat b «— (Ja’. a = enat a’ A a’ = b)
{proof)

lemma eg-enat-iff: enat a = b «— (Ib”. b = enat b’ A a = b)
(proof )

lemma enat-diff-one [simp]: enat a — 1 = enat (a — 1)
{proof)

lemma conv’-eqD:
assumes conv' cnz =conv' ¢'nzxr>1m<n
shows cfrac-nth ¢ m = cfrac-nth ¢’ m

{proof)

context

fixes ¢ :: ¢frac and h k

defines h = conv-num ¢ and k = conv-denom ¢
begin

lemma conv’-num-denom-auz:
assumes z: z > 0
shows conv’ ¢ (Suc (Suc n)) z x (z * k (Suc n) + kn) =
(z % h (Suc n) + hn)
{proof)

lemma conv’-num-denom:
assumes z > (
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shows conv’ ¢ (Suc (Suc n)) z =
(z % h (Sucn) + hn)/ (zxk(Sucn)+ kn)
(proof)

lemma conv-num-denom: convcn=hn/kn

(proof)

lemma conv’-num-denom"”:

assumes z > ( and n > 2

shows conv'cnz=(zxh(n—1)+h(n—2)/(zxk(n—1)+k(n—
2))

{proof)

lemma conv’-num-denom-int:
assumes z > (
shows conv’ cn z =
(z % conv-num-int ¢ (int n — 1) + conv-num-int ¢ (int n — 2)) /
(z * conv-denom-int ¢ (int n — 1) + conv-denom-int ¢ (int n — 2))
(proof)

lemma conv-nonneg: cfrac-nth ¢ 0 > 0 = convcn > 0
(proof)

lemma conv-pos:
assumes cfrac-nth ¢ 0 > 0
shows convcn >0

(proof)

lemma conv-num-denom-prod-diff:
knxh (Sucn) —k (Sucn)*xhn=(-1) "n
(proof)

lemma conv-num-denom-prod-diff
kE(Sucn)*«hn—knxh(Sucn)=(—1) " Sucn
{proof)

lemma
fixes n :: int
assumes n > —2
shows  conv-num-denom-int-prod-diff:
conv-denom-int ¢ n * conv-num-int ¢ (n + 1) —
conv-denom-int ¢ (n 4+ 1) x conv-num-int cn = (—1) ~ (nat (n + 2))
(is %thl)
and conv-num-denom-int-prod-diff -
conv-denom-int ¢ (n + 1) * conv-num-int ¢ n —
conv-denom-int ¢ n x conv-num-int ¢ (n + 1) = (—=1) " (nat (n + 8))
(is 7th2)
(proof)
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lemma coprime-conv-num-denom: coprime (h n) (k n)
(proof)

lemma coprime-conv-num-denom-int:
assumes n > —2
shows coprime (conv-num-int ¢ n) (conv-denom-int ¢ n)

(proof)

lemma mono-conv-num:
assumes cfrac-nth ¢ 0 > 0
shows mono h

(proof)

lemma mono-conv-denom: mono k

(proof)

lemma conv-num-lel: cfrac-nth ¢ 0 > 0 = m < n=—=hm < hn
(proof)

lemma conv-denom-lel: m < n—=—km < kn

(proof)

lemma conv-denom-lessl:
assumes m < n 1 <n
shows km < kn

(proof)

lemma conv-num-lower-bound:
assumes cfrac-nth ¢ 0 > 0
shows hn > fib n (proof)

lemma conv-denom-lower-bound: k n > fib (Suc n)

{proof)

lemma conv-diff-eq: conv ¢ (Sucn) — conven =(—1) “n/ (knxk (Sucn))
(proof)

lemma conv-telescope:
assumes m < n
shows convcm + (3 i=m.<n.(=1) "¢/ (kixk (Suci))) = conven

(proof)

lemma fib-at-top: filterlim fib at-top at-top
(proof)

lemma conv-denom-at-top: filterlim k at-top at-top

{(proof)

lemma
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shows summable-conv-telescope:
summable (Ai. (—1) i/ (ki k (Suc 7)) (is ?thl)
and cfrac-remainder-bounds:
|2 (1) " (i +m) /) (k (i +m)=*k (Suci+ m)))| €
{1/(km* (km + k (Sucm))) <.< 1 / (km x k (Suc m))} (is ?th2)
(proof)

lemma convergent-conv: convergent (conv c)
(proof)

lemma LIMSEQ-cfrac-lim: cfrac-length ¢ = oo = conv ¢ — cfrac-lim c
(proof)

lemma cfrac-lim-nonneg:
assumes cfrac-nth ¢ 0 > 0
shows cfrac-lim ¢ > 0

(proof)

lemma sums-cfrac-lim-minus-conv:

assumes cfrac-length ¢ = oo

shows (Ai. (—=1) ~ (i + m) / (k (i + m) = k (Suc i + m))) sums (cfrac-lim ¢ —
conv ¢ m)
(proof)

lemma cfrac-lim-minus-conv-upper-bound:
assumes m < cfrac-length c
shows |cfrac-lim ¢ — conv ¢ m| < 1 / (km * k (Suc m))

(proof)

lemma cfrac-lim-minus-conv-lower-bound:
assumes m < cfrac-length c
shows |cfrac-lim ¢ — conv e m| > 1 / (km *x (km + k (Suc m)))

(proof)

lemma cfrac-lim-minus-conv-bounds:

assumes m < cfrac-length c

shows |cfrac-lim ¢ — conv e m| € {1 / (km x (km + k (Suc m)))..1 / (km
x k (Suc m))}

(proof)

end

lemma conv-pos’:
assumes n > 0 cfrac-nth ¢ 0 > 0
shows convecn > 0

(proof)

lemma conv-in-Rats [intro]: conv ¢ n € Q
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{proof)

lemma
assumes 0 < zI z1 < 22
shows conv’-even-mono: even n = conv’ ¢ n z1 < conv’ ¢ n 22
and conv’-odd-mono: odd n => conv’ ¢ n z1 > conv’ ¢ n 22

(proof)

lemma
shows conv-even-mono: even n = n < m = conv cn < conv ¢ m
and conv-odd-mono: oddn = n < m = convcn > convcm

(proof)

lemma
assumes m < cfrac-length c
shows conv-le-cfrac-lim: even m = conv ¢ m < cfrac-lim c
and conv-ge-cfrac-lim: odd m = conv ¢ m > cfrac-lim c

(proof)

lemma cfrac-lim-ge-first: cfrac-lim ¢ > cfrac-nth ¢ 0
(proof )

lemma cfrac-lim-pos: cfrac-nth ¢ 0 > 0 = cfrac-lim ¢ > 0
(proof)

lemma conv’-eq-iff:
assumes 0 < z1 V 0 < 22
shows conv’ cn z1 = conv’ ¢ n 22 +— 21 = 22

(proof)

lemma conv-even-mono-strict:
assumes even nn < m
shows conv ¢ n < convecm

(proof)

lemma conv-odd-mono-strict:
assumes odd nn < m
shows conv cn > convem

(proof)

lemma conv-less-cfrac-lim:
assumes even n n < cfrac-length ¢
shows conv ¢ n < cfrac-lim ¢

(proof)

lemma conv-gt-cfrac-lim:
assumes odd n n < cfrac-length ¢
shows conv ¢ n > cfrac-lim ¢

(proof)
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lemma conv-neq-cfrac-lim:
assumes n < cfrac-length c
shows conv ¢ n # cfrac-lim ¢

(proof)

lemma conv-ge-first: conv ¢ n > cfrac-nth c 0
(proof)

definition cfrac-is-zero :: cfrac = bool where cfrac-is-zero ¢ +— ¢ = 0

lemma cfrac-is-zero-code [codel: cfrac-is-zero (CFrac n xs) <— Inull xs A n = 0
{proof)

definition cfrac-is-int where cfrac-is-int ¢ <— cfrac-length ¢ = 0

lemma cfrac-is-int-code [code]: cfrac-is-int (CFrac n xs) «— Inull xs
{proof)

lemma cfrac-length-of-int [simpl: cfrac-length (cfrac-of-int n) = 0
(proof )

lemma cfrac-is-int-of-int [simp, intro): cfrac-is-int (cfrac-of-int n)
(proof )

lemma cfrac-is-int-iff: cfrac-is-int ¢ <— (In. ¢ = cfrac-of-int n)
(proof)

lemma cfrac-lim-reduce:

assumes —cfrac-is-int ¢

shows cfrac-lim ¢ = cfrac-nth ¢ 0 + 1 / cfrac-lim (cfrac-tl c)
(proof)

lemma cfrac-lim-ti:
assumes —cfrac-is-int ¢
shows cfrac-lim (cfrac-tl ¢) = 1 / (cfrac-lim ¢ — cfrac-nth ¢ 0)
(proof)

lemma cfrac-remainder-Suc’”:
assumes n < cfrac-length c
shows cfrac-remainder ¢ (Suc n) * (cfrac-remainder ¢ n — cfrac-nth ¢ n) = 1

(proof)

lemma cfrac-remainder-Suc:
assumes n < cfrac-length c
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shows cfrac-remainder ¢ (Suc n) = 1 / (cfrac-remainder ¢ n — cfrac-nth ¢ n)
(proof)

lemma cfrac-remainder-0 [simp]: cfrac-remainder ¢ 0 = cfrac-lim ¢
(proof )

context

fixes chkz

defines h = conv-num c and k = conv-denom ¢ and z = cfrac-remainder c
begin

lemma cfrac-lim-eq-num-denom-remainder-auz:

assumes Suc (Suc n) < cfrac-length ¢

shows cfrac-lim ¢ * (k (Suc n) * z (Suc (Suc n)) + kn) = h (Suc n) * = (Suc
(Sucn)) + hn

(proof )

lemma cfrac-remainder-nonneg: cfrac-nth ¢ n > 0 = cfrac-remainder ¢ n > 0
(proof)

lemma cfrac-remainder-pos: cfrac-nth ¢ n > 0 = cfrac-remainder ¢ n > 0
(proof)

lemma cfrac-lim-eq-num-denom-remainder:

assumes Suc (Suc n) < cfrac-length ¢

shows cfrac-lim ¢ = (h (Suc n) x x (Suc (Suc n)) + hn) / (k (Suc n) * = (Suc
(Suc n)) + kn)
(proof )

lemma abs-diff-successive-convs:
shows |conv ¢ (Suc n) — convecn| =1/ (knx*k (Sucn))

(proof)

lemma conv-denom-plus2-ratio-ge: k (Suc (Suc n)) > 2 x kn
(proof)

end

lemma conv’-cfrac-remainder:
assumes n < cfrac-length c
p . . .
shows conv’ ¢ n (cfrac-remainder ¢ n) = cfrac-lim ¢

(proof)
lemma cfrac-lim-rational [intro]:

assumes cfrac-length ¢ < oo
shows cfrac-lim ¢ € Q

(proof)

lemma linfinite-cfrac-of-real-auz:
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z ¢ Q = z € {0<..<1} = linfinite (cfrac-of-real-auz )
(proof)

lemma cfrac-length-of-real-irrational:
assumes z ¢ Q
shows cfrac-length (cfrac-of-real ) = oo
(proof)

lemma cfrac-length-of-real-reduce:
assumes z ¢ Z
shows cfrac-length (cfrac-of-real x) = eSuc (cfrac-length (cfrac-of-real (1 / frac

z)))
(proof )

lemma cfrac-length-of-real-int [simp]: © € Z = cfrac-length (cfrac-of-real x) = 0
(proof )

lemma conv-cfrac-of-real-le-ge:

assumes n < cfrac-length (cfrac-of-real x)

shows if even n then conv (cfrac-of-real ©) n < x else conv (cfrac-of-real x) n
>z

(proof)

lemma cfrac-lim-of-real [simp]: cfrac-lim (cfrac-of-real z) = x
(proof)

lemma Ints-add-left-cancel: x € Z — x + y € Z +— y € Z
(proof)

lemma Ints-add-right-cancel: y € Z —= v+ y € Z +— x € Z

(proof)

lemma cfrac-of-real-conv’:
fixes m n :: nat
assumes z > I m < n
shows cfrac-nth (cfrac-of-real (conv’ ¢ n x)) m = cfrac-nth ¢ m
(proof)

lemma cfrac-lim-irrational:
assumes [simp|: cfrac-length ¢ = oo
shows cfrac-lim ¢ ¢ Q

{proof )

lemma cfrac-infinite-iff: cfrac-length ¢ = co +— cfrac-lim ¢ ¢ Q
(proof)

lemma cfrac-lim-rational-iff: cfrac-lim ¢ € Q <— cfrac-length ¢ # oo
(proof )
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lemma cfrac-of-real-infinite-iff [simp]: cfrac-length (cfrac-of-real x) = 0o +— z ¢
Q
{proof)

lemma cfrac-remainder-rational-iff [simp]:
cfrac-remainder ¢ n € Q <— cfrac-length ¢ < oo
(proof)

lift-definition cfrac-cons :: int = cfrac = cfrac is
Aa bs. case bs of (b, bs) = if b < 0 then (1, LNil) else (a, LCons (nat (b — 1))
bs) (proof)

lemma cfrac-nth-cons:
assumes cfrac-nth x 0 > 1
shows cfrac-nth (cfrac-cons a x) n = (if n = 0 then a else cfrac-nth x (n — 1))

(proof)

lemma cfrac-length-cons [simp]:
assumes cfrac-nth x 0 > 1
shows cfrac-length (cfrac-cons a x) = eSuc (cfrac-length x)

(proof)

lemma cfrac-tl-cons [simp):
assumes cfrac-nth x 0 > 1
shows cfrac-tl (cfrac-cons a x) = x

(proof)

lemma cfrac-cons-tl:
assumes —cfrac-is-int
shows cfrac-cons (cfrac-nth z 0) (cfrac-tl ) =

(proof)

1.3 Non-canonical continued fractions

As we will show later, every irrational number has a unique continued frac-
tion expansion. Every rational number z, however, has two different expan-
sions: The canonical one ends with some number 7 (which is not equal to 1
unless z = 1) and a non-canonical one which ends with n — 1, 1.

We now define this non-canonical expansion analogously to the canonical
one before and show its characteristic properties:

e The length of the non-canonical expansion is one greater than that of
the canonical one.

o If the expansion is infinite, the non-canonical and the canonical one
coincide.

o The coefficients of the expansions are all equal except for the last two.
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The last coefficient of the non-canonical expansion is always 1, and the
second to last one is the last of the canonical one minus 1.

lift-definition cfrac-canonical :: cfrac = bool is
Mz, xs). —lfinite s V Inull zs V llast xs # 0 (proof)

lemma cfrac-canonical [code]:
cfrac-canonical (CFrac x xs) <— Inull zs V llast xs # 0 V —lfinite zs

{proof)

lemma cfrac-canonical-iff:
cfrac-canonical ¢ <—
cfrac-length ¢ € {0, oo} V cfrac-nth ¢ (the-enat (cfrac-length c)) # 1
(proof)

lemma [last-cfrac-of-real-auz-nonzero:
assumes [finite (cfrac-of-real-aux ) —Ilnull (cfrac-of-real-auz )
shows llast (cfrac-of-real-aux x) # 0
(proof )

lemma cfrac-canonical-of-real [intro: cfrac-canonical (cfrac-of-real x)
(proof )

primcorec cfrac-of-real-alt-auz :: real = nat llist where
cfrac-of-real-alt-auxr © =
(if x € {0<..<1} then
if 1 | x € Z then
LCons (nat | 1/xz| — 2) (LCons 0 LNil)
else LCons (nat |1/x| — 1) (cfrac-of-real-alt-auz (frac (1/x)))
else LNil)

lemma cfrac-of-real-aux-alt-LNil [simp]: v ¢ {0<..<1} = cfrac-of-real-alt-auz =
= LNil
{proof)

lemma cfrac-of-real-auz-alt-0 [simpl: cfrac-of-real-alt-aux 0 = LNil
{proof )

lemma cfrac-of-real-auz-alt-eq-LNil-iff [simp]: cfrac-of-real-alt-auzr x = LNil +—
z ¢ {0<.<1}
(proof)

lift-definition cfrac-of-real-alt :: real = cfrac is
M. if ¢ € Z then (|xz] — 1, LCons 0 LNil) else (|z], cfrac-of-real-alt-aux (frac
z)) (proof)

lemma cfrac-tl-of-real-alt:
assumes z ¢ Z
shows cfrac-tl (cfrac-of-real-alt ©) = cfrac-of-real-alt (1 / frac z)
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{proof)

lemma cfrac-nth-of-real-alt-Suc:

assumes z ¢ Z

shows cfrac-nth (cfrac-of-real-alt x) (Suc n) = cfrac-nth (cfrac-of-real-alt (1 /
frac z)) n
(proof)

lemma cfrac-nth-gt0-of-real-int [simpl:
m > 0 = cfrac-nth (cfrac-of-real (of-int n)) m = 1
(proof )

lemma cfrac-nth-0-of-real-alt-int [simp]:
cfrac-nth (cfrac-of-real-alt (of-int n)) 0 = n — 1
(proof)

lemma cfrac-nth-gt0-of-real-alt-int [simp):
m > 0 = cfrac-nth (cfrac-of-real-alt (of-int n)) m = 1
{proof)

lemma llength-cfrac-of-real-alt-aux:
assumes z € {0<..<1}
shows llength (cfrac-of-real-alt-aux x) = eSuc (llength (cfrac-of-real-aux x))
(proof)

lemma cfrac-length-of-real-alt:
cfrac-length (cfrac-of-real-alt x) = eSuc (cfrac-length (cfrac-of-real x))
(proof )

lemma cfrac-of-real-alt-auz-eq-reqular:
assumes z € {0<..<1} llength (cfrac-of-real-auz z) = oo
shows cfrac-of-real-alt-auxr © = cfrac-of-real-aux x

{proof)

lemma cfrac-of-real-alt-irrational [simp]:
assumes z ¢ Q
shows cfrac-of-real-alt © = cfrac-of-real

(proof)

lemma cfrac-nth-of-real-alt-0:
cfrac-nth (cfrac-of-real-alt ) 0 = (if x € Z then |z| — 1 else |z])
(proof)

lemma cfrac-nth-of-real-alt:
fixes n :: nat and z :: real
defines ¢ = cfrac-of-real x
defines ¢’ = cfrac-of-real-alt x
defines | = cfrac-length ¢
shows cfrac-nth ¢’ n =
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(if enat n = 1 then
cfrac-nth ¢ n — 1
else if enat n = | + 1 then
1
else
cfrac-nth ¢ n)
(proof)

lemma cfrac-of-real-length-eq-0-iff: cfrac-length (cfrac-of-real ) = 0 +— z € Z
(proof )

lemma conv’-cong:
assumes (Ak. k < n = c¢frac-nth ¢ k = cfrac-nth ¢’ k) n = n’
shows conv’' cnz = conv’ ¢’ n'y

(proof)

|
3
8
|
<

lemma conv-cong:
assumes (Ak. k < n = c¢frac-nth ¢ k = cfrac-nth ¢’ k) n = n’
shows conv ¢ n = conv ¢’ n'

{proof)

lemma conv’-cfrac-of-real-alt:

assumes enat n < cfrac-length (cfrac-of-real x)

shows conv’ (¢frac-of-real-alt ©) n y = conv’ (cfrac-of-real ) n y
(proof)

lemma cfrac-lim-of-real-alt [simp]: cfrac-lim (cfrac-of-real-alt x) = x

(proof)

lemma cfrac-eql:
assumes cfrac-length ¢ = cfrac-length ¢’ and An. cfrac-nth ¢ n = cfrac-nth ¢’ n
shows ¢ = ¢’

(proof)

lemma cfrac-eq-0I:
assumes cfrac-lim ¢ = 0 cfrac-nth ¢ 0 > 0
shows ¢ =0

(proof)

lemma cfrac-eq-11:
assumes cfrac-lim ¢ = 1 cfrac-nth ¢ 0 # 0
shows ¢ =1

(proof)

lemma cfrac-coinduct [coinduct type: cfrac]:
assumes R cI c2
assumes [H: A\cl ¢2. R ¢l ¢2 =
cfrac-is-int ¢l = cfrac-is-int c2 A
cfrac-nth c1 0 = cfrac-nth c2 0 A
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(—cfrac-is-int ¢1 — —cfrac-is-int ¢2 — R (cfrac-tl c1) (cfrac-tl c2))
shows c¢1 = c¢2
(proof)

lemma cfrac-nth-0-cases:

cfrac-nth ¢ 0 = |cfrac-lim ¢| V cfrac-nth ¢ 0 = |cfrac-lim ¢| — 1 A cfrac-tl ¢
=1
(proof)

lemma cfrac-length-1 [simpl: cfrac-length 1 = 0
(proof )

lemma cfrac-nth-1 [simp]: cfrac-nth 1 m = 1
(proof )

lemma cfrac-lim-1 [simp: cfrac-lim 1 = 1
(proof)

lemma cfrac-nth-0-not-int:

assumes cfrac-lim ¢ ¢ Z

shows cfrac-nth ¢ 0 = | c¢frac-lim c|
(proof)

lemma cfrac-of-real-cfrac-lim-irrational:
assumes cfrac-lim ¢ ¢ Q
shows cfrac-of-real (cfrac-lim c¢) = ¢

(proof)

lemma cfrac-eql-first:
assumes —cfrac-is-int ¢ —cfrac-is-int ¢’
assumes cfrac-nth ¢ 0 = cfrac-nth ¢’ 0 and cfrac-tl ¢ = cfrac-tl ¢’
shows ¢ = ¢’

{proof)

lemma cfrac-is-int-of-real-iff: cfrac-is-int (cfrac-of-real x) +— z € Z
(proof )

lemma cfrac-not-is-int-of-real-alt: —cfrac-is-int (cfrac-of-real-alt x)
(proof)

lemma cfrac-tl-of-real-alt-of-int [simp]: cfrac-tl (cfrac-of-real-alt (of-int n)) = 1
(proof )

lemma cfrac-is-intl:
assumes cfrac-nth ¢ 0 > | cfrac-lim ¢| and cfrac-lim ¢ € Z
shows cfrac-is-int ¢

(proof)
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lemma cfrac-eq-of-intl:
assumes cfrac-nth ¢ 0 > |cfrac-lim c| and cfrac-lim ¢ € Z
shows ¢ = cfrac-of-int | cfrac-lim c|

(proof)

lemma cfrac-lim-of-int [simp]: cfrac-lim (cfrac-of-int n) = of-int n
(proof)

lemma cfrac-of-real-of-int [simp]: cfrac-of-real (of-int n) = cfrac-of-int n
(proof )

lemma cfrac-of-real-of-nat [simp): cfrac-of-real (of-nat n) = cfrac-of-int (int n)
(proof )

lemma cfrac-int-cases:

assumes cfrac-lim ¢ = of-int n

shows ¢ = cfrac-of-int n V ¢ = cfrac-of-real-alt (of-int n)
(proof )

lemma cfrac-cases:
¢ € {cfrac-of-real (cfrac-lim c), cfrac-of-real-alt (cfrac-lim c)}

(proof)

lemma cfrac-lim-eq-iff:
assumes cfrac-length ¢ = oo V cfrac-length ¢’ = co
shows cfrac-lim ¢ = cfrac-lim ¢/ +— ¢ = ¢’

(proof)

lemma floor-cfrac-remainder:
assumes cfrac-length ¢ = oo
shows | c¢frac-remainder ¢ n] = cfrac-nth ¢ n

(proof)

1.4 Approximation properties

In this section, we will show that convergents of the continued fraction ex-
pansion of a number z are good approximations of z, and in a certain sense,
the reverse holds as well.
lemma sgn-of-int:

sgn (of-int x :: 'a :: {linordered-idom}) = of-int (sgn x)

(proof)

lemma conv-ge-one: cfrac-nth ¢ 0 > 0 = conv cn > 1
(proof )

context

fixes c h k

defines h = conv-num ¢ and k = conv-denom ¢
begin
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lemma abs-diff-le-abs-add:
fixes x y :: real
assumes z > 0 ANy>0Vz< O0ANy<0
shows |z — y| < |z + 9
(proof)

lemma abs-diff-less-abs-add:
fixes z y :: real
assumes z > 0 Ay>0Va<O0ANy<0
shows |z — y| < |z + y]
(proof)

lemma abs-diff-le-imp-same-sign:
assumes |z — y| < d d < |y
shows sgn x = sgn (y::real)
(proof)

lemma conv-nonpos:
assumes cfrac-nth ¢ 0 < 0
shows conven <0

(proof)

lemma cfrac-lim-nonpos:
assumes cfrac-nth ¢ 0 < 0
shows cfrac-lim ¢ < 0

(proof)

lemma conv-num-nonpos:
assumes cfrac-nth ¢ 0 < 0
shows hn <0

(proof)

lemma conv-best-approximation-auz:
cfrac-limec> 0 Nhn>0V cfrac-lime<0ANhn<20
(proof)

lemma conv-best-approximation-ex:
fixes a b :: int and x :: real
assumes n < cfrac-length c
assumes () < b and b < kn and coprime a b and n > 0
assumes (a, b) # (h n, kn)
assumes —(cfrac-length c = 1 A n = 0)
assumes Suc n # cfrac-length ¢ V cfrac-canonical ¢
defines z = cfrac-lim ¢
shows |knxz— hn|<|bxz—

{(proof)

lemma conv-best-approrimation-ez-weak:
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fixes a b :: int and zx :: real

assumes n < cfrac-length c

assumes 0 < band b < k (Suc n) and coprime a b
defines © = cfrac-lim ¢

shows |kn*xx — hn| <|bxz— a

(proof)

lemma cfrac-canonical-reduce:
cfrac-canonical ¢ —
cfrac-is-int ¢ V —cfrac-is-int ¢ A cfrac-tl ¢ # 1 N cfrac-canonical (cfrac-tl c)
(proof)

lemma cfrac-nth-0-conv-floor:
assumes cfrac-canonical ¢ V cfrac-length ¢ # 1
shows cfrac-nth ¢ 0 = | cfrac-lim c|

(proof)

lemma conv-best-approximation-ex-nat:
fixes a b :: nat and z :: real
assumes n < cfrac-length ¢ 0 < b b < k (Suc n) coprime a b
shows |k n * cfrac-lim ¢ — h n| < |b * cfrac-lim ¢ — af
(proof)

lemma abs-mult-nonneg-left:
assumes z > (0 :: 'a :: {ordered-ab-group-add-abs, idom-abs-sgn})
shows z x |y| = |z x y|

(proof )

Any convergent of the continued fraction expansion of z is a best approxi-
mation of z, i.e. there is no other number with a smaller denominator that
approximates it better.

lemma conv-best-approximation:
fixes a b :: int and z :: real
assumes n < cfrac-length c
assumes 0 < b and b < kn and coprime a b
defines z = cfrac-lim ¢
shows |z — convcn| < |z — a/ b
(proof)

lemma conv-denom-partition:
assumes y > 0
shows 3Jln. y € {kn..<k (Suc n)}

(proof)

A fraction that approximates a real number z sufficiently well (in a certain
sense) is a convergent of its continued fraction expansion.

lemma frac-is-convergentl:
fixes a b :: int and zx :: real
defines z = cfrac-lim ¢
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assumes b > 0 and coprime a band |z — a / b| < 1 / (2 * b?)
shows 3Jn. enat n < cfrac-length ¢ A (a, b) = (h n, k n)

(proof)

end

1.5 Efficient code for convergents

function conv-gen :: (nat = int) = int X int X nat = nat = int where
conv-gen ¢ (a, b, n) N =
(if n > N then b else conv-gen ¢ (b, b * ¢ n + a, Suc n) N)

{proof)
termination (proof)

lemmas [simp del] = conv-gen.simps

lemma conv-gen-auz-simps [simp):
n > N = conv-gen ¢ (a, b,n) N = b
n < N = conv-gen ¢ (a, b, n) N = conv-gen ¢ (b, b x ¢ n + a, Suc n) N

{proof)

lemma conv-num-eq-conv-gen-aux:
Sucn < N = conv-num ¢ n = b * cfrac-nth ¢ n + a =
conv-num ¢ (Suc n) = conv-num ¢ n * cfrac-nth ¢ (Suc n) + b =
conv-num ¢ N = conv-gen (cfrac-nth ¢) (a, b, n) N
(proof)

lemma conv-denom-eq-conv-gen-aux:
Suc n < N = conv-denom ¢ n = b *x cfrac-nth ¢ n + a =
conv-denom ¢ (Suc n) = conv-denom ¢ n * cfrac-nth ¢ (Suc n) + b =
conv-denom ¢ N = conv-gen (cfrac-nth ¢) (a, b, n) N
(proof)

lemma conv-num-code [code]: conv-num ¢ n = conv-gen (cfrac-nth ¢) (0, 1, 0) n
{proof)

lemma conv-denom-code [code]: conv-denom ¢ n = conv-gen (cfrac-nth ¢) (1, 0,
0) n
{proof)

definition conv-num-fun where conv-num-fun ¢ = conv-gen ¢ (0, 1, 0)
definition conv-denom-fun where conv-denom-fun ¢ = conv-gen ¢ (1, 0, 0)

lemma
assumes is-cfrac c
shows  conv-num-fun-eq: conv-num-fun ¢ n = conv-num (cfrac ¢) n
and conv-denom-fun-eq: conv-denom-fun ¢ n = conv-denom (cfrac ¢) n
(proof)
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1.6 Computing the continued fraction expansion of a ratio-
nal number

function cfrac-list-of-rat :: int X int = int list where
cfrac-list-of-rat (a, b) =
(if b = 0 then [0]
else a div b # (if a mod b = 0 then || else cfrac-list-of-rat (b, a mod b)))
(proof)
termination

{proof)
lemmas [simp del] = cfrac-list-of-rat.simps

lemma cfrac-list-of-rat-correct:
(let zs = cfrac-list-of-rat (a, b); ¢ = cfrac-of-real (a / b)
in length zs = cfrac-length ¢ + 1 A (Vi<length zs. zs ! i = cfrac-nth c 1))
(proof )

lemma conv-num-cong:
assumes (Ak. & < n = c¢frac-nth ¢ k = cfrac-nth ¢’ k) n = n
shows conv-num ¢ n = conv-num ¢’ n

(proof)

lemma conv-denom-cong:
assumes (A\k. k < n = cfrac-nth ¢ k = cfrac-nth ¢’ k) n =n
shows conv-denom ¢ n = conv-denom ¢’ n’

(proof)

lemma cfrac-lim-diff-le:
assumes V k<Suc n. cfrac-nth c1 k = cfrac-nth c2 k
assumes n < cfrac-length c1 n < cfrac-length c2
shows |cfrac-lim ¢l — cfrac-lim c2| < 2 / (conv-denom ¢l n * conv-denom cl

(Suc n))
(proof)

!

lemma of-int-lel: n < m = (of-int n :: 'a :: linordered-idom) < of-int m

(proof)
lemma cfrac-lim-diff-le”:

assumes Y k<Suc n. cfrac-nth c1 k = cfrac-nth c2 k

assumes n < cfrac-length c1 n < cfrac-length c2

shows |cfrac-lim c¢I — cfrac-lim c2| < 2 / (fib (n+1) = fib (n+2))
(proof)

end

2 Quadratic Irrationals

theory Quadratic-Irrationals

31



imports
Continued-Fractions
HOL—- Computational-Algebra. Computational-Algebra
HOL— Library. Discrete- Functions
Coinductive. Coinductive-Stream
begin

lemma snth-cycle:
assumes s # ||
shows snth (cycle zs) n = xs ! (n mod length xs)

(proof)

2.1 Basic results on rationality of square roots

lemma inverse-in-Rats-iff [simp]: inverse (z :: real) € Q +— z € Q
{proof)

lemma nonneg-sqrt-nat-or-irrat:
assumes z 2 = real a and z > 0
shows ze€NVzd¢Q

(proof)

A square root of a natural number is either an integer or irrational.

corollary sqrt-nat-or-irrat:
assumes z ~ 2 = real a
shows z€ZVzd¢Q

(proof)

corollary sqrt-nat-or-irrat”:
sqrt (real a) € NV sqrt (real a) ¢ Q
(proof)

The square root of a natural number n is again a natural number iff n is a
perfect square.

corollary sqrt-nat-iff-is-square:
sqrt (real n) € N «— is-square n

(proof)

corollary irrat-sqri-nonsquare: —is-square n = sqrt (real n) ¢ Q
(proof )

lemma sqrt-of-nat-in-Rats-iff: sqrt (real n) € Q +— is-square n
(proof)

lemma Discrete-sqrt-altdef: floor-sqrt n = nat | sqrt n]
(proof)
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2.2 Definition of quadratic irrationals

Irrational real numbers x that satisfy a quadratic equation az? +bz+c¢ =0
with a, b, ¢ not all equal to 0 are called quadratic irrationals. These are of
the form p + ¢v/d for rational numbers p, ¢ and a positive integer d.

inductive quadratic-irrational :: real = bool where
z & Q = real-of-int a x x ~ 2 + real-of-int b x x + real-of-int ¢ = 0 =
a# 0V b#0V c+# 0= quadratic-irrational =

lemma quadratic-irrational-sqrt [intro]:
assumes —is-square n
shows quadratic-irrational (sqrt (real n))

(proof )

lemma quadratic-irrational-uminus [intro]:
assumes quadratic-irrational x
shows quadratic-irrational (—zx)

{proof)

lemma quadratic-irrational-uminus-iff [simp]:
quadratic-irrational (—z) +— quadratic-irrational ©

{proof)

lemma quadratic-irrational-plus-int [intro]:
assumes quadratic-irrational ©
shows quadratic-irrational (x 4+ of-int n)
(proof)

lemma quadratic-irrational-plus-int-iff [simp):
quadratic-irrational (x + of-int n) <— quadratic-irrational x
(proof)

lemma quadratic-irrational-minus-int-iff [simp:
quadratic-irrational (x — of-int n) +— quadratic-irrational ©
(proof )

lemma quadratic-irrational-plus-nat-iff [simp:
quadratic-irrational (z + of-nat n) «— quadratic-irrational x
(proof )

lemma quadratic-irrational-minus-nat-iff [simp]:
quadratic-irrational (z — of-nat n) «— quadratic-irrational x

{proof)

lemma quadratic-irrational-plus-1-iff [simp:
quadratic-irrational (z + 1) <— quadratic-irrational ©

{proof)

lemma quadratic-irrational-minus-1-iff [simpl:
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quadratic-irrational (x — 1) <— quadratic-irrational ©
{proof)

lemma quadratic-irrational-plus-numeral-iff [simp]:
quadratic-irrational (z + numeral n) <— quadratic-irrational x

{proof)

lemma quadratic-irrational-minus-numeral-iff [simp:
quadratic-irrational (x — numeral n) «— quadratic-irrational

(proof)

lemma quadratic-irrational-inverse:
assumes quadratic-irrational x
shows quadratic-irrational (inverse x)

(proof)

lemma quadratic-irrational-inverse-iff [simp]:
quadratic-irrational (inverse x) «— quadratic-irrational
{proof)

lemma quadratic-irrational-cfrac-remainder-iff:
quadratic-irrational (cfrac-remainder ¢ n) <— quadratic-irrational (cfrac-lim c)
(proof)

2.3 Real solutions of quadratic equations

For the next result, we need some basic properties of real solutions to
quadratic equations.

lemma quadratic-equation-reals:
fixes a b ¢ :: real
defines f = (A\z.axz "2+ bx*xz+ ¢
defines discr = (b72 — / * a * ¢)
shows {z.fz =0} =
(if a = 0 then
(if b = 0 then if ¢ = 0 then UNIV else {} else {—c/b})
else if discr > 0 then {(—b + sqrt discr) / (2 * a), (—b — sqrt discr)

/(2 xa)}
(proof)

else {}) (is 7thl)

lemma finite-quadratic-equation-solutions-reals:
fixes a b ¢ :: real
defines discr = (b72 — 4 * a * ¢)
shows finite {z. axz "2+ bsxzx+c=0}+—a#0Vb#0Vc#0
(proof )

lemma card-quadratic-equation-solutions-reals:

fixes a b c :: real
defines discr = (72 — 4 * a * ¢)
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shows card {z.axz 24+ bxz+c=0}=
(if a = 0 then
(if b = 0 then 0 else 1)
else if discr > 0 then if discr = 0 then 1 else 2 else 0) (is ?thl)

{proof)

lemma card-quadratic-equation-solutions-reals-le-2:
card {x :real. a xx "2+ bxz+c=0} <2
(proof )

lemma quadratic-equation-solution-rat-iff:
fixes a b ¢ :: int and z y :: real
defines f = (Azureal. a xz ~ 2 + bx z + ¢)
defines discr = nat (b "2 — 4 % a * ¢)
assumes a # 0 fx = 0
shows 1z € Q <— is-square discr

(proof)

2.4 Periodic continued fractions and quadratic irrationals

We now show the main result: A positive irrational number has a periodic
continued fraction expansion iff it is a quadratic irrational.

In principle, this statement naturally also holds for negative numbers, but
the current formalisation of continued fractions only supports non-negative
numbers. It also holds for rational numbers in some sense, since their con-
tinued fraction expansion is finite to begin with.
theorem periodic-cfrac-imp-quadratic-irrational:

assumes [simp|: cfrac-length ¢ = oo

and period: | > 0 A\k. k > N = cfrac-nth ¢ (k + 1) = cfrac-nth ¢ k
shows quadratic-irrational (cfrac-lim c)

(proof)

lift-definition pperiodic-cfrac :: nat list = cfrac is
Azs. if xs =[] then (0, LNil) else
(int (hd xs), list-of-stream (cycle (map (An. n— 1) (¢l zs Q [hd zs]))))
(proof)

definition periodic-cfrac :: int list = int list = cfrac where
periodic-cfrac xs ys = cfrac-of-stream (Stream.shift xs (Stream.cycle ys))

lemma periodic-cfrac-Nil [simp]: pperiodic-cfrac [| = 0
(proof)

lemma cfrac-length-pperiodic-cfrac [simp):

zs # [| = cfrac-length (pperiodic-cfrac zs) = oo
(proof )
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lemma cfrac-nth-pperiodic-cfrac:
assumes zs # [| and 0 ¢ set s
shows cfrac-nth (pperiodic-cfrac xs) n = xs ! (n mod length xs)

(proof)

definition pperiodic-cfrac-info :: nat list = int X int X intwhere
pperiodic-cfrac-info xs =

(let | = length wxs;
h = conv-num-fun (An. xs ! n);
k = conv-denom-fun (An. zs ! n);
A=k (- 1)
B=h(l—1)— (ifl=1then 0else k (I — 2));
C = (ifl = 1 then —1 else —h (I — 2))

in (B2—4xAxC, B, 2 x A))

lemma conv-gen-cong:
assumes Vie{n. . N}. fk=f"k
shows conv-gen f (a,b,n) N = conv-gen f' (a,b,n) N
(proof )

lemma
assumes V k<n. ¢ k = cfrac-nth ¢’ k
shows  conv-num-fun-eq’: conv-num-fun ¢ n = conv-num ¢’ n
and conv-denom-fun-eq”: conv-denom-fun ¢ n = conv-denom ¢’ n

(proof)

lemma ged-minus-commute-left: ged (a — b :: 'a :: ring-ged) ¢ = ged (b — a) ¢
(proof )

lemma ged-minus-commaute-right: ged ¢ (a — b :: 'a :: ring-ged) = ged ¢ (b — a)
(proof )

lemma periodic-cfrac-info-aux:

fixes D E F :: int

assumes pperiodic-cfrac-info xs = (D, E, F)

assumes zs # [| 0 ¢ set s

shows cfrac-lim (pperiodic-cfrac zs) = (sqrt D + E) | F

and D > (0and F > 0

(proof)
We can now compute surd representations for (purely) periodic continued
fractions, e.g. [1,1,1,...] = @:
value pperiodic-cfrac-info [1]
We can now compute surd representations for periodic continued fractions,
g [I,1,1,1,6] = Y1343,

value pperiodic-cfrac-info [1,1,1,1,6]
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With a little bit of work, one could also easily derive from this a version for
non-purely periodic continued fraction.

Next, we show that any quadratic irrational has a periodic continued fraction
expansion.
theorem quadratic-irrational-imp-periodic-cfrac:
assumes quadratic-irrational (cfrac-lim e)
obtains N [ where | > 0 and An m. n > N = cfrac-nth e (n + m * [) =
cfrac-nth e n
and cfrac-remainder e (N + 1) = cfrac-remainder e N
and cfrac-length e = oo

(proof)

theorem periodic-cfrac-iff-quadratic-irrational:
assumes z ¢ Q z > 0
shows quadratic-irrational x <—
(ANIL 1> 0N (Yn>N. cfrac-nth (cfrac-of-real z) (n + 1) =
cfrac-nth (cfrac-of-real x) n))
(proof)

The following result can e.g. be used to show that a number is not a
quadratic irrational.
lemma quadratic-irrational-cfrac-nth-range-finite:
assumes quadratic-irrational (cfrac-lim e)
shows finite (range (cfrac-nth e))
(proof)

end

3 The continued fraction expansion of ¢

theory F-CPFrac
imports
HOL— Analysis. Analysis
Continued-Fractions
Quadratic-Irrationals
begin

lemma fact-real-at-top: filterlim (fact :: nat = real) at-top at-top

(proof)

lemma filterlim-div-nat-at-top:
assumes filterlim f at-top F-m > 0
shows filterlim (\z. f z div m :: nat) at-top F'

(proof)
The continued fraction expansion of e has the form [2;1,2,1,1,4,1,1,6,1,1,8,1,...]:

definition e-cfrac where
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e-cfrac = cfrac (An. if n = 0 then 2 else if n mod 3 = 2 then 2 x (Suc n div 3)
else 1)

lemma cfrac-nth-e:

cfrac-nth e-cfrac n = (if n = 0 then 2 else if n mod 3 = 2 then 2 * (Suc n div
3) else 1)

(proof)

lemma cfrac-length-e [simp]: cfrac-length e-cfrac = oo
(proof )

The formalised proof follows the one from Proof Wiki [2].

context
fixes A B C :: nat = real and p ¢ :: nat = int and a :: nat = int
defines A = (An. integral {0..1} (M. ezpz xxz " n* (x — 1) "n / fact n))
and B = (An. integral {0..1} (Az. expx x x ~ Sucn x (x — 1) " n / fact n))
and C = (An. integral {0..1} (A\z. expzxz " n* (x — 1) " Sucn / fact n))
and p = (An. if n < 1 then 1 else conv-num e-cfrac (n — 2))
and ¢ = (An. if n = 0 then 1 else if n = 1 then 0 else conv-denom e-cfrac (n
- 2))
and a = (An. if n mod 3 = 2 then 2 = (Suc n div 3) else 1)
begin

lemma
assumes n > 2
shows p-rec:pn=a(n—2)xp(n—1)+p(n— 2) (is ?thl)
and grec:gqn=a(n—2)xq(n—1)+ q(n — 2) (is ?th2)
(proof)

lemma

assumes n > I

shows p-recO0:p (3*n)=p(3*xn—1)+p(3*xn—2)
and grecO: g (3+xn)=q(3*n—1)+q(3*xn—2)

(proof)

lemma

assumes n > I

shows p-recl:p(3xn+1)=2xintnxp(3+xn)+p(3*xn—1)
and grecl: q (3 *xn+ 1)=2xintnxq(8*xn)+q(3*xn—1)

(proof)

lemma p-rec2: p (3 +«n+ 2)=p(3*xn+1)+p(3%*n)
and ¢-rec2: ¢ (3 xn+2)=q 3 *xn+ 1)+ ¢ (3 *n)
(proof)

lemma A-0: A0 =exp 1 —1and B-0: B0 =1and C-0: C0 =2 — exp 1
(proof)

lemma A-bound: norm (A n) < exp 1 / factn
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(proof)

lemma B-bound: norm (B n) < exp 1 / fact n

(proof)

lemma C-bound: norm (Cn) < exp 1 / fact n
(proof)

lemma A-Suc: A (Sucn) = —-Bn— Cn
(proof)

lemma B-Suc: B (Sucn) = —2 % Sucn * A (Sucn) + Cn
(proof)

lemma C-Suc: Cn=Bn— An
(proof)

lemma unfold-add-numeral: ¢ * n + numeral b = Suc (¢ * n + pred-numeral b)
{proof)

lemma ABC:

An=q(3*xn)xexpl —p(3xn)A

Bn=p (Suc (3 *mn)) —q(Suc (3 *n))«explA

Cn =p (Suc (Suc (8 * n))) — q (Suc (Suc (3 * n))) * exp 1
(proof)

lemma ¢-pos: ¢n > 0 if n # 1
(proof)

lemma conv-diff-exp-bound: norm (exp 1 — pn / qgn) < exp 1 / fact (n div 3)

{(proof)

theorem e-cfrac: cfrac-lim e-cfrac = exp 1
(proof )

corollary e-cfrac-altdef: e-cfrac = cfrac-of-real (exp 1)
(proof )

This also provides us with a nice proof that e is not rational and not a
quadratic irrational either.

corollary exzpl-irrational: (exp 1 :: real) ¢ Q

(proof)

corollary expl-not-quadratic-irrational: —quadratic-irrational (exp 1 :: real)
(proof)

end
end
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4 Continued fraction expansions for square roots
of naturals

theory Sqrt-Nat-Cfrac

imports
Quadratic-Irrationals
HOL— Library. While- Combinator
HOL—- Library.[Array

begin

In this section, we shall explore the continued fraction expansion of v D,
where D is a natural number.

lemma butlast-nth [simp]: n < length xs — 1 = butlast zs ! n = xs ! n
{proof)

The following is the length of the period in the continued fraction expansion
of \/5 for a natural number D.

definition sqrt-nat-period-length :: nat = nat where
sqrt-nat-period-length D =
(if is-square D then 0
else (LEAST 1. 1> 0 N (¥ n. cfrac-nth (cfrac-of-real (sqrt D)) (Suc n + 1) =
cfrac-nth (cfrac-of-real (sqrt D)) (Suc n))))

Next, we define a more workable representation for the continued fraction
expansion of v/D consisting of the period length, the natural number |v/D|,
and the content of the period.

definition sqrt-cfrac-info :: nat = nat x nat x nat list where
sqrt-cfrac-info D =
(sgrt-nat-period-length D, floor-sqrt D,
map (An. nat (cfrac-nth (cfrac-of-real (sqrt D)) (Suc n))) [0..<sgrt-nat-period-length
DJ)

lemma sqrt-nat-period-length-square [simp): is-square D => sqrt-nat-period-length
D=0
(proof )

definition sqrt-cfrac :: nat = cfrac
where sqri-cfrac D = cfrac-of-real (sqrt (real D))

context

fixes D D' :: nat

defines D’ = nat |sqrt D]
begin

A number o = @ for p, ¢ € N is called a reduced quadratic surd if a > 1

and bara € (—1;0), where & denotes the conjugate @.

It is furthermore called associated to D if ¢ divides D — p?.
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definition red-assoc :: nat x nat = bool where
red-assoc = (A(p, q).
q>0Aqgdvd (D—p?) A(sgrt D +p)/ qg>1NA(=sqgtD+p)/q€c
{—-1<..<0})

The following two functions convert between a surd represented as a pair of
natural numbers and the actual real number and its conjugate:

definition surd-to-real :: nat x nat = real
where surd-to-real = (A(p, q). (sqgrt D + p) / q)

definition surd-to-real-cnj :: nat x nat = real
where surd-to-real-cnj = (A(p, q). (=sqrt D + p) / q)

The next function performs a single step in the continued fraction expansion

of V/D.

definition sgrt-remainder-step :: nat X nat = nat X nat where
sqrt-remainder-step = (A(p, q). let X = (p + D') div ¢; p' = X x ¢ — p in (p/,
(D — p?) div q))

If we iterate this step function starting from the surd VB-L/D we get the

entire expansion.

definition sqrt-remainder-surd :: nat = nat X nat
where sqrt-remainder-surd = (An. (sqrt-remainder-step = n) (D', D — D"?))

context

fixes sqrt-cfrac-nth :: nat = nat and [

assumes nonsquare: —is-square D

defines sqrt-cfrac-nth = (An. case sqrt-remainder-surd n of (p, q¢) = (D' + p)
div q)

defines | = sqrt-nat-period-length D
begin

lemma D’-pos: D’ > 0
(proof)

lemma D’-sqr-less-D: D”? < D
(proof)

lemma red-assoc-imp-irrat:
assumes red-assoc pq
shows  surd-to-real pq ¢ Q

(proof)

lemma surd-to-real-cnj-irrat:
assumes red-assoc pq
shows  surd-to-real-cnj pq ¢ Q

(proof)
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lemma surd-to-real-nonneg [intro]: surd-to-real pg > 0
{proof)

lemma surd-to-real-pos [introl: red-assoc pg = surd-to-real pg > 0
(proof )

lemma surd-to-real-nz [simp|: red-assoc pg = surd-to-real pq # 0
(proof)

lemma surd-to-real-cnj-nz [simpl: red-assoc pg = surd-to-real-cnj pq # 0
(proof )

lemma red-assoc-step:
assumes red-assoc pq
defines X = (D' + fst pq) div snd pq
defines pq’ = sqrt-remainder-step pq
shows red-assoc pq’
surd-to-real pqg’ = 1 / frac (surd-to-real pq)
surd-to-real-cnj pg' = 1 / (surd-to-real-cnj pg — X)
X >0X xsndpg < 2% D' X = nat |surd-to-real pq|
X = nat |—1 / surd-to-real-cnj pq’|
(proof)

lemma red-assoc-denom-2D:
assumes red-assoc (p, q)
defines X = (D’ + p) div q
assumes X > D’
shows ¢ = 1

(proof)

lemma red-assoc-denom-1:
assumes red-assoc (p, 1)
shows p =D’

(proof)

lemma red-assoc-begin:
red-assoc (D', D — D"?)
surd-to-real (D', D — D") = 1 / frac (sqrt D)
surd-to-real-cnj (D', D — D) = —1 / (sqrt D + D’)
(proof)

lemma cfrac-remainder-surd-to-real:
assumes red-assoc pq
shows cfrac-remainder (cfrac-of-real (surd-to-real pq)) n =
surd-to-real ((sqrt-remainder-step ~ " n) pq)

{proof)

lemma red-assoc-step’ [intro]: red-assoc pg = red-assoc (sqrt-remainder-step pq)

{proof)
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lemma red-assoc-steps [introl: red-assoc pg = red-assoc ((sqrt-remainder-step ~
n) pq)
(proof )

lemma floor-sqrt-less-sqri: D' < sqrt D
(proof)

lemma red-assoc-bounds:

assumes red-assoc pq

shows pq € (SIGMA p:{0<..D"}. {Suc D' — p..D’ + p})
(proof )

lemma surd-to-real-cnj-eq-iff:
assumes red-assoc pq red-assoc pq’
shows surd-to-real-cnj pq = surd-to-real-cnj pq’ <— pq = pq’

(proof)

lemma red-assoc-sqrt-remainder-surd [introl: red-assoc (sqrt-remainder-surd n)
{proof)

lemma surd-to-real-sqrt-remainder-surd:

surd-to-real (sqrt-remainder-surd n) = cfrac-remainder (cfrac-of-real (sqrt D))
(Suc n)
{proof)

lemma sqri-cfrac: sqrt-cfrac-nth n = cfrac-nth (cfrac-of-real (sqrt D)) (Suc n)

(proof)

lemma sqrt-cfrac-pos: sqrt-cfrac-nth k > 0

(proof)

lemma snd-sqrt-remainder-surd-pos: snd (sqri-remainder-surd n) > 0
(proof)

lemma
shows period-nonempty: >0
and period-length-le-auz: | < D'« (D' + 1)
and sqrt-remainder-surd-periodic:  A\n. sqrt-remainder-surd n = sqrt-remainder-surd
(n mod 1)
and sqrt-cfrac-periodic: \n. sqri-cfrac-nth n = sqrt-cfrac-nth (n mod 1)
and sqri-remainder-surd-smallest-period:
An. n € {0<..<l} = sqrt-remainder-surd n # sqrt-remainder-surd 0
and snd-sqrt-remainder-surd-gt-1: An. n <l — 1 = snd (sqrt-remainder-surd

n) > 1
and sqrt-cfrac-le: An. n <1 — 1 = sqrt-cfrac-nth n < D’
and sqrt-remainder-surd-last: sqrt-remainder-surd (I — 1) = (D', 1)

and sqrt-cfrac-last:  sqrt-cfrac-nth (I — 1) = 2 = D’
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and sqrt-cfrac-palindrome: An. n <l — 1 = sqrt-cfrac-nth (I — n — 2) =
sqrt-cfrac-nth n
and sqri-cfrac-smallest-period:
AU U > 0 = (Ak. sgrt-cfrac-nth (k + ') = sqrt-cfrac-nth k) =1’ > |
(proof )

theorem cfrac-sqrt-periodic:
cfrac-nth (cfrac-of-real (sqrt D)) (Suc n) =
cfrac-nth (cfrac-of-real (sqrt D)) (Suc (n mod 1))
{proof)

theorem cfrac-sqrt-le: n € {0<..<l} = cfrac-nth (cfrac-of-real (sqrt D)) n < D’
{proof)

theorem cfrac-sqrt-last: cfrac-nth (cfrac-of-real (sqrt D)) I = 2 % D’
{proof)

theorem cfrac-sqrt-palindrome:

assumes n € {0<..<I}

shows cfrac-nth (cfrac-of-real (sqrt D)) (I — n) = cfrac-nth (cfrac-of-real (sqrt
D)) n
(proof)

lemma sqrt-cfrac-info-palindrome:
assumes sqrt-cfrac-info D = (a, b, cs)
shows rev (butlast cs) = butlast cs

(proof)

lemma sqrt-cfrac-info-last:
assumes sqrt-cfrac-info D = (a, b, cs)
shows last cs = 2 x floor-sqrt D

(proof)

The following lemmas allow us to compute the period of the expansion of
the square root:

lemma while-option-sqrt-cfrac:

defines step’ = (A(as, pq). (D' + fst pq) div snd pq # as, sqrt-remainder-step
pq))

defines b = (A(-, pq). snd pq # 1)

defines initial = ([] :: nat list, (D', D — D"))

shows while-option b step’ initial =

Some (rev (map sqrt-cfrac-nth [0..<l —1]), (D', 1))

{proof)

lemma while-option-sqrt-cfrac-info:

defines step’ = (M(as, pq). (D' + fst pq) div snd pq # as, sqrt-remainder-step
pa))

defines b = (\(-, pq). snd pg # 1)

defines initial = ([], (D', D — D"))
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shows sqrt-cfrac-info D =
(case while-option b step’ initial of
Some (as, -) = (Suc (length as), D', rev ((2 * D) # as)))
(proof)

end
end

lemma sqrt-nat-period-length-le: sqrt-nat-period-length D < nat |sqrt D| % (nat
|sqrt D] + 1)
(proof)

lemma sqrt-nat-period-length-0-iff [simp]:
sqrt-nat-period-length D = 0 <— is-square D
(proof )

lemma sqrt-nat-period-length-pos-iff [simp]:
sqrt-nat-period-length D > 0 <— —is-square D
(proof)

lemma sqrt-cfrac-info-code [code]:
sqrt-cfrac-info D =
(let D' = floor-sqrt D
in if D* = D then (0, D', [])
else
case while-option
(A(- pq). snd pg # 1)
(Mas, (p, q)- let X =(p+ D) divg; p'=X*%xq—p
in (X # as, plv (D - p/Z) div q))
([}7 D/7 D — D,z)
of Some (as, -) = (Suc (length as), D', rev ((2 * D') # as)))
(proof )

lemma sqrt-nat-period-length-code [code]:

sqrt-nat-period-length D = fst (sqrt-cfrac-info D)

(proof )
For efficiency reasons, it is often better to use an array instead of a list:
definition sqrt-cfrac-info-array where

sqrt-cfrac-info-array D = (case sqrt-cfrac-info D of (a, b, ¢) = (a, b, IArray c))

lemma fst-sqrt-cfrac-info-array [simp]: fst (sqrt-cfrac-info-array D) = sqrt-nat-period-length
D
(proof )

lemma snd-sqrt-cfrac-info-array [simp): fst (snd (sqri-cfrac-info-array D)) = floor-sqrt
D
{proof )
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definition cfrac-sqrt-nth :: nat x nat x nat iarray = nat = nat where
cfrac-sqrt-nth info n =
(case info of (I, a0, as) = if n = 0 then a0 else as ! ((n — 1) mod 1))

lemma cfrac-sqrt-nth:
assumes —is-square D
shows cfrac-nth (cfrac-of-real (sqrt D)) n =
int (cfrac-sqrt-nth (sqrt-cfrac-info-array D) n) (is ?lhs = ?rhs)
{(proof)

lemma sqrt-cfrac-code [code]:
sqrt-cfrac D =
(let info = sqrt-cfrac-info-array D;
(1, a0, -) = info
in if Il = 0 then cfrac-of-int (int a0) else cfrac (cfrac-sqri-nth info))
(proof)

As a test, we determine the continued fraction expansion of v/129, which is
[11;2,1,3,1,6,1,3,1,2,22] (a period length of 10):

value let info = sqrt-cfrac-info-array 129 in info
value sqrt-nat-period-length 129

We can also compute convergents of /129 and observe that the difference
between the square of the convergents and 129 vanishes quickly::

value map (conv (sqrt-cfrac 129)) [0..<10]
value map (An. |conv (sqrt-cfrac 129) n = 2 — 129]) [0..<20]

end

5 Lifting solutions of Pell’s Equation

theory Pell-Lifting
imports Pell.Pell Pell.Pell-Algorithm
begin

5.1 Auxiliary material

lemma (in pell) snth-pell-solutions: snth (pell-solutions D) n = nth-solution n
{proof)

definition square-squarefree-part-nat :: nat = nat X nat where
square-squarefree-part-nat n = (square-part n, squarefree-part n)

lemma prime-factorization-squarefree-part:
assumes t # 0
shows prime-factorization (squarefree-part x) =
mset-set {p € prime-factors x. odd (multiplicity p x)} (is ?lhs = ?rhs)
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(proof)

lemma squarefree-part-nat:
squarefree-part (n :: nat) = ([[{p € prime-factors n. odd (multiplicity p n)})
(proof)

lemma prime-factorization-square-part:
assumes z #
shows  prime-factorization (square-part x) =
(3" p € prime-factors x. replicate-mset (multiplicity p = div 2) p) (is ?lhs
= ?rhs)

(proof)

lemma prod-mset-sum: prod-mset (sum f A) = ([[z€A. prod-mset (f z))

(proof)

lemma square-part-nat:

assumes n > 0

shows  square-part (n :: nat) = ([[p € prime-factors n. p ~ (multiplicity p n
div 2))
(proof )

lemma square-squarefree-part-nat-code [code]:
square-squarefree-part-nat n = (if n = 0 then (0, 1)
else let ps = prime-factorization n
in ((I] peset-mset ps. p ~ (count ps p div 2)),
[T (Set.filter (Ap. odd (count ps p)) (set-mset ps))))
(proof)

lemma square-part-nat-code [code-unfold):
square-part (n :: nat) = (if n = 0 then 0
else let ps = prime-factorization n in (][] pEset-mset ps. p ~ (count ps p div
2)))

{proof)

lemma squarefree-part-nat-code [code-unfold):
squarefree-part (n :: nat) = (if n = 0 then 1
else let ps = prime-factorization n in (] (Set.filter (Ap. odd (count ps p))
(set-mset ps))))

{proof)

lemma is-nth-power-mult-nth-powerD:
assumes is-nth-power n (a * b “n) b > 0n > 0
shows is-nth-power n (a::nat)

(proof)

lemma (in pell) fund-sol-eq-fstI:
assumes nontriv-solution (z, y)

assumes Az’ y'. nontriv-solution (z', y') = = < z’
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shows fund-sol = (z, y)
{(proof)

lemma (in pell) fund-sol-eql-fst":
assumes nontriv-solution xy
assumes Az’ y’. nontriv-solution (z', y') = fst ay < z’
shows fund-sol = zy
(proof)

lemma (in pell) fund-sol-eq-sndl:
assumes nontriv-solution (z, y)
assumes Az’ y'. nontriv-solution (z', y') = y < y’
shows fund-sol = (z, y)

(proof)

lemma (in pell) fund-sol-eql-snd’:
assumes nontriv-solution xy
assumes Az’ y'. nontriv-solution (z', y') = snd zy < y’
shows fund-sol = xy
(proof )

5.2 The lifting mechanism

The solutions of Pell’s equations for parameters D and a?> D stand in cor-
respondence to one another: every solution (z, y) for parameter D can be
lowered to a solution (z, ay) for a®> D, and every solution of the form (z,
ay) for parameter a? D can be lifted to a solution (z, y) for parameter D.
locale pell-lift = pell +

fixes a D’ :: nat

assumes nz: a > 0

defines D' = D x a?
begin

lemma nonsquare-D’: —is-square D’
(proof)

definition lift-solution :: nat x nat = nat X nat where
lift-solution = (A(z, vy). (z, y div a))

definition lower-solution :: nat x nat = nat X nat where
lower-solution = (M(z, y). (z, y * a))

definition liftable-solution :: nat x nat = bool where
liftable-solution = (A(z, y). a dvd y)

sublocale lift: pell D’
(proof )
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lemma lift-solution-iff: lift.solution xy <— solution (lower-solution xy)
{proof )

lemma [lift-solution:
assumes solution xy liftable-solution y
shows  lift.solution (lift-solution zy)

{proof)

In particular, the fundamental solution for a® D is the smallest liftable so-
lution for D:

lemma [lift-fund-sol:
assumes An. 0 < n = n < m = —liftable-solution (nth-solution n)
assumes liftable-solution (nth-solution m) m > 0
shows lift.fund-sol = lift-solution (nth-solution m)

(proof)

end

5.3 Accelerated computation of the fundamental solution for
non-squarefree inputs

Solving Pell’s equation for some D of the form a? D’ can be done by solving
it for D’ and then lifting the solution. Thus, if D is not squarefree, we can
compute its squarefree decomposition a?> D’ with D’ squarefree and thus
speed up the computation (since D’ is smaller than D).

The squarefree decomposition can only be computed (according to current
knowledge in mathematics) through the prime decomposition. However,
given how big the solutions are for even moderate values of D, it is usually
worth doing it if D is not squarefree.

lemma squarefree-part-of-square [simp):
assumes is-square (z :: 'a :: {factorial-semiring, normalization-semidom-multiplicative})
assumes z #
shows squarefree-part © = unit-factor x

(proof)

lemma squarefree-part-1-imp-square:
assumes squarefree-part r = 1
shows is-square x

(proof)

definition find-fund-sol-fast where
find-fund-sol-fast D =
(let (a, D') = square-squarefree-part-nat D
m
if D' =0V D' = 1 then (0, 0)
else if a = 1 then pell.fund-sol D
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else map-prod id (\y. y div a)
(shd (sdrop-while (A\(-, y). y = 0 V —a dvd y) (pell-solutions D'))))

lemma find-fund-sol-fast: find-fund-sol D = find-fund-sol-fast D
(proof )

end

6 The Connection between the continued fraction
expansion of square roots and Pell’s equation

theory Pell-Continued-Fraction
imports
Sqrt-Nat-Cfrac
Pell. Pell-Algorithm
Polynomial-Factorization. Prime-Factorization
Pell-Lifting
begin

lemma irrational-times-int-eq-intD:
assumes p * real-of-int a = real-of-int b
assumes p ¢ Q
shows a=0ANb=10

(proof)

The solutions to Pell’s equation for some non-square D are linked to the
continued fraction expansion of v/ D, which we shall show here.

context
fixes D ::natand chk P Q[
assumes nonsquare: —is-square D
defines ¢ = cfrac-of-real (sqrt D)
defines h = conv-num c and k = conv-denom c
defines P = fst o sqrt-remainder-surd D and @ = snd o sqrt-remainder-surd D
defines | = sqrt-nat-period-length D
begin

interpretation pell D
(proof)

lemma cfrac-length-infinite [simp]: cfrac-length ¢ = oo
(proof)

lemma conv-num-denom-pell:

hOo 2 —-Dxk0"2<0

m>0=hm 2—-—Dxkm 2=(-1) " Sucmx* Qm
(proof)

Every non-trivial solution to Pell’s equation is a convergent in the expansion
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of V/D:

theorem pell-solution-is-conv:
assumes 72 = Suc (D * y?) and y > 0
shows (int z, int y) € range (An. (conv-num ¢ n, conv-denom c n))

(proof)

Let I be the length of the period in the continued fraction expansion of v/D
and let h; and k; be the numerator and denominator of the i-th convergent.

Then the non-trivial solutions of Pell’s equation are exactly the pairs of the
form (Aym—1, kim—1) for any m such that Im is even.

lemma nontriv-solution-iff-conv-num-denom:
nontriv-solution (z, y) +—
(Am>0.intx=h (I*xm—1)ANinty=Fk(l+m— 1) A even (I x m))
(proof)

Consequently, the fundamental solution is (hy, k,) where n = [ — 1 if [ is
even and n = 2! — 1 otherwise:

lemma fund-sol-conv-num-denom:
defines n = if even [ then | — 1 else 2 x [ — 1
shows fund-sol = (nat (h n), nat (kn))
(proof)

end

The following algorithm computes the fundamental solution (or the dummy
result (0, 0) if D is a square) fairly quickly by computing the continued
fraction expansion of v/D and then computing the fundamental solution as
the appropriate convergent.

lemma find-fund-sol-code [code]:
find-fund-sol D =
(let info = sqrt-cfrac-info-array D;
[ = fst info
in if L = 0 then (0, 0) else
let
¢ = cfrac-sqrt-nth info;
n =if even lthenl — 1 else 2 x| — 1
m
(nat (conv-num-fun ¢ n), nat (conv-denom-fun ¢ n)))

(proof)

lemma find-nth-solution-square [simp]: is-square D = find-nth-solution D n =
(0,0)
(proof)

lemma fst-find-fund-sol-eq-0-iff [simp]: fst (find-fund-sol D) = 0 «— is-square D
(proof)
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Arbitrary solutions can now be computed as powers of the fundamental
solution.

lemma find-nth-solution-code [code]:
find-nth-solution D n =
(let zy = find-fund-sol D
in if fst zy = 0 then (0, 0) else efficient-pell-power D zy n)
(proof )

lemma nth-solution-code [code]:
pell.nth-solution D n =
(let info = sqrt-cfrac-info-array D;
I = fst info
in if I = 0 then
Code.abort (STR "'nth-solution is undefined for perfect square parameter.’”)
(A-. pell.nth-solution D n)
else
let
¢ = cfrac-sqrt-nth info;
m = if even [ then | — 1 else 2 x| — 1;
fund-sol = (nat (conv-num-fun ¢ m), nat (conv-denom-fun ¢ m))
in
efficient-pell-power D fund-sol n)
(proof )

lemma fund-sol-code [code]:
pell.fund-sol D = (let info = sqrt-cfrac-info-array D;
[ = fst info
in if | = 0 then
Code.abort (STR "'fund-sol is undefined for perfect square parameter.”)
(A-. pell.fund-sol D)
else
let
¢ = cfrac-sqrt-nth info;
n=ifevenlthenl — 1 else 2 x| — 1
m
(nat (conv-num-fun ¢ n), nat (conv-denom-fun ¢ n)))

(proof)

end

7 Tests for Continued Fractions of Square Roots
and Pell’s Equation

theory Pell-Continued-Fraction- Tests
imports

Pell.Efficient-Discrete-Sqrt

HOL- Library. Code-Lazy

HOL- Library. Code-Target-Numeral
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Pell-Continued-Fraction
Pell-Lifting
begin

code-lazy-type stream

lemma Inth-code [code]:
Inth zs 0 = (if Inull zs then undefined (0 :: nat) else lhd xs)
Inth zs (Suc n) = (if Inull zs then undefined (Suc n) else Inth (Itl zs) n)

(proof)

value let ¢ = sqrt-cfrac 1339 in map (cfrac-nth c) [0..<30]

fun arg-maz-list where
arg-maz-list - [| = undefined
| arg-maz-list f (x # zs) =
foldl (M(z, y) «’. let y' = fa'in if y' > y then (z’, y') else (z, y)) (z, fx) zs

value [code] sqrt-cfrac-info 17

value [code] sqrt-cfrac-info 1339

value [code] sqrt-cfrac-info 121

value [code] sqrt-nat-period-length 410286423278424

For which number D < 100000 does v/D have the longest period?
value [code] arg-maz-list sqrt-nat-period-length [0..<100000]

7.1 Fundamental solutions of Pell’s equation

value [code] pell.fund-sol 12
value [code] pell.fund-sol 13
value [code] pell.fund-sol 61
value [code] pell.fund-sol 661
value [code] pell.fund-sol 6661
value [code] pell.fund-sol 472949/

Project Euler problem #66: For which D < 1000 does Pell’s equation have
the largest fundamental solution?

value [code] arg-maz-list (fst o find-fund-sol) [0..<1001]

The same for D < 100000:
value [code] arg-maz-list (fst o find-fund-sol) [0..<100000]

The solution to the next example, which is at the core of Archimedes’ cattle
problem, is so big that termifying the result takes extremely long. Therefore,
we simply compute the number of decimal digits in the result instead.
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fun log10-auz :: nat = nat = nat where
log10-auz acc n =
(if n > 10000000000 then logl0-auz (acc + 10) (n div 10000000000)
else if n = 0 then acc else log10-auz (Suc acc) (n div 10))

definition log10 where log10 = log10-aux 0

value [code] map-prod log10 log10 (pell.fund-sol 41028642327842/)

Factoring out the square factor 93142 does yield a significant speed-up in
this case:

value [code] map-prod log10 log10 (find-fund-sol-fast 410286423278424)

7.2 Tests for other operations

value [code] pell.nth-solution 13 100
value [code] pell.nth-solution 4729494 3

value [code] stake 10 (pell-solutions 13)
value [code] stake 10 (pell-solutions 61)

value [code] pell.nth-solution 23 8

end

8 Computing continued fraction expansions through
interval arithmetic

theory Continued-Fraction-Approzimation
imports
Complez-Main
HOL- Decision-Procs. Approzimation
Coinductive. Coinductive-List
HOL- Library.Code-Lazy
HOL— Library. Code-Target-Numeral
Continued-Fractions
keywords approximate-cfrac :: diag
begin

The approximation package allows us to compute an enclosing interval for
a given real constant. From this, we are able to compute an initial fragment
of the continued fraction expansion of the number.

The algorithm essentially works by computing the continued fraction expan-
sion of the lower and upper bound simultaneously and stopping when the
results start to diverge.

This algorithm terminates because the lower and upper bounds, being ra-
tional numbers, have a finite continued fraction expansion.
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definition float-to-rat :: float = int X int where
float-to-rat f = (if exponent f > 0 then
(mantissa [ * 2 ~ nat (exponent f), 1) else (mantissa f, 2 ~ nat (—ezxponent

)

lemma float-to-rat: fst (float-to-rat f) / snd (float-to-rat f) = real-of-float f
(proof )

lemma snd-float-to-rat-pos [simp]: snd (float-to-rat f) > 0
(proof )

function cfrac-from-approx :: int X int = int X int = int list where
cfrac-from-approx (nl, dl) (nu, du) =
(ifnl=0Vnu=0Vd =0V du= 0 then ]
else let | = nl div dl; u = nu div du
in if l # u then ||
else | # (let m = nl mod dl in if m = 0 then |] else
cfrac-from-approx (du, nu mod du) (dl, m)))

{proof)
termination (proof)

lemmas [simp del] = cfrac-from-approx.simps

lemma cfrac-from-approz-correct:
assumes z € {fst | / snd l..fst u / snd u} and snd ! > 0 and snd u > 0
assumes i < length (cfrac-from-approx | u)
shows  cfrac-nth (cfrac-of-real z) i = cfrac-from-approz l u! i
(proof)

definition cfrac-from-approz’ :: float = float = int list where
cfrac-from-approx’ | w = cfrac-from-approx (float-to-rat 1) (float-to-rat u)

lemma cfrac-from-approz’-correct:
assumes z € {real-of-float l..real-of-float u}
assumes i < length (cfrac-from-approz’ | u)
shows cfrac-nth (cfrac-of-real z) i = cfrac-from-approz’ L u! i
(proof )

definition approz-cfrac :: nat = floatarith = int list where
approz-cfrac prec e =
(case approx’ prec e [| of
None =[]
| Some ivl = cfrac-from-approz’ (lower iwl) (upper ivl))

(ML)

Now let us do some experiments:

value let prec = 34; ¢ = cfrac-from-approx’ (Ib-pi prec) (ub-pi prec) in ¢

95



value let prec = 34; ¢ = cfrac-from-approx’ (Ib-pi prec) (ub-pi prec)
in map (An. (conv-num-fun ((!) ¢) n, conv-denom-fun ((!) ¢) n)) [0..<length
g

approximate-cfrac prec: 200 pi
approximate-cfrac In 2
approximate-cfrac exp 1
approximate-cfrac sqrt 129
approximate-cfrac (sqrt 13 + 3) / 4
approximate-cfrac arctan 1

approximate-cfrac 123 / 97
value cfrac-list-of-rat (123, 97)

end
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