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Abstract

In [8] it was formally proved that the decreasing diagrams method
[7] is sound for proving confluence: if a binary relation r has LD prop-
erty defined in [8], then it has C'R property defined in [6].

In this formal theory it is proved that if the cardinality of r does
not exceed the first uncountable cardinal, then r has CR property
if and only if r» has LD property. As a consequence, the decreasing
diagrams method is complete for proving confluence of relations of the
least uncountable cardinality.

A paper that describes details of this proof has been submitted to
the FSCD 2025 conference. This formalization extends formalizations
[1, 5, 4, 2] and the paper [3].
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2 Main theorem 51

1 Preliminaries

1.1 Formal definition of finite levels of the DCR hierarchy

theory Finite-DCR-Hierarchy
imports Main
begin

1.1.1 Auxiliary definitions

definition confi-rel
where confl-rel r = (Ya b c. (a,b) € r"x A (a,¢) € r'>x — (3 d. (b,d) € r’x A
(c,d) € 77%) )

definition jn00 :: 'a rel = 'a = 'a = bool
where
00 r0b c= (3 d. (b,d) € r07= A (c,d) € 107=)

definition jn01 :: ‘a rel = 'a rel = 'a = 'a = bool
where
01 r0rl b ec= (30" d. (bd)) € ri™= A (b,d) € 107 A (¢,d) € r07%)

definition jn10 :: ‘a rel = 'a rel = 'a = 'a = bool
where
jn10r0ri b ec= (3¢’ d. (bd) € r07* A (¢,c’) € r1™= A (c'yd) € 107%)

definition jni1 :: ‘a rel = 'a rel = 'a = 'a = bool
where
gnil r0rl b c= (30" ¢ ¢ d. (bd) € 107 A (b,0") € r17= A (b")d) €
70 %
A (c,e’) € 07 A () € r17= A (c,d) € 107%)

definition jn02 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

n02r0rl r2bc=(3b"d. (b)) er2=A(b,d) € (r0 Url)™x A (c,d) € (r0
Url) )

definition jni2 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

gni2r0ri r2bc= (30 0" d. (bd) € (r0) ™ A (b,0") € r27= A (b",d) € (10
U rl)

A (e,d) € (r0 U r1) )

definition jn22 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

n22r0rir2bc=(3b' b c ¢ d. (bd) € (r0 Url)x A (b0") € r27= A
(b",d) € (r0 U r1) "%



A (e,e) e (rOUrl) > A (c,e")er2™=n(c"d)
€ (r0 U r1)7%)

definition LD2 :: ‘a rel = 'a rel = 'a rel = bool
where
LD2rr0rl = (r=r0Url
AN abec (ab) €10 AN (a,c) € 70 — jn00 r0 b ¢)
AN abec (ab) €0 AN (a,c) € rl — jn0l rOrl b c)
A abe (ab) €rl A(ac)€erl — jnllr0ribc))
definition LD3 :: ‘a rel = 'a rel = 'a rel = 'a rel = bool
where
LD rr0rir2=(r=r0Url Ur2

A (Y abec (a,d) €r0 A (ac) € 70 — jn00 r0 b c)

AV abec (ab) €10 AN (a,c) € 71 — jn01 r0 rl b c)
AN abec (ab) €rl A(ac) €rl — jnil rOrl b c)
AN abec (ab) €10 A (a,c) €72 — jn02r0rl r2 b c)
AN abec (ab) €rl A(a,e) €r2 — jni2r0rl r2b c)
AN abec (ab) €2 A (a,c) €72 — n22r0rl r2b c))

definition DCR2 :: 'a rel = bool
where
DCR2r = (3r0rl. LD27rr0rl)

definition DCRS :: 'a rel = bool
where
DCR3r=(3r0rl r2. LD3rr0rl r2)

definition £1 :: (nat = 'U rel) = nat = 'U rel
where
Llga=U {4 T o (a/<a)hNA=ga’}

definition £v :: (nat = 'U rel) = nat = nat = 'U rel
where

Lvgaf=U {4 Fa (a’<ava <p)AA=ga'}

definition © :: (nat = 'U rel) = nat = nat = ('U x 'U x 'U x 'U) set
where

Dgap={bbb"d.(bd)e (Llga)>A(DDb")e(gp) =A(D"d e (Lv
g aB)x}

definition DCR-generating :: (nat = 'U rel) = bool
where
DCR-generating g = (VY a S a b c. (a,b) € (g a) A (a,¢) € (g B)
— (3 e d (bbb d) € (D gapB) A (e d) e (®Dgp
a)))



1.1.2 Result

The next definition formalizes the condition “an ARS with a reduction re-
lation r belongs to the class DC'R,,”, where n is a natural number.

definition DCR :: nat = 'U rel = bool
where

DCR n r = (3 g¢::(nat = 'U rel). DCR-generating g ANr = {r". 3 o’ a’'<
nAr'=ga'})

end

1.2 Completeness of the DCR3 method for proving conflu-
ence of relations of the least uncountable cardinality

theory DCR3-Method
imports
HOL— Cardinals. Cardinals
Abstract— Rewriting. Abstract- Rewriting
Finite-DCR-Hierarchy
begin

1.2.1 Auxiliary definitions
abbreviation w-ord where w-ord = natLeq

definition sc-ord::'U rel = 'U rel = bool
where sc-ord o o' = (a <o a’ A (V B::'Urel. a <o B — a’ <o f))

definition Im-ord::'U rel = bool
where Im-ord o = Well-order a A = (a = {} V isSuccOrd «)

definition nord :: 'U rel = 'U rel where nord « = (SOME «"::'U rel. o’ =0 «)
definition O::'U rel set where O = nord ‘ {a. Well-order a}
definition oord::’U rel rel where oord = (Restr ordLeq O)
definition CCR :: 'U rel = bool
where

CCRr= (Na€ Fieldr.Yb € Field r. 3¢ € Field r. (a,c) € r’* A (b,c) € 1)
definition Conelike :: 'U rel = bool
where

Conelike r = (r ={} V(3 m € Fieldr.V a € Field r. (a,m) € 77%))
definition dncl :: 'U rel = 'U set = 'U set

where
dnelr A= ((r'*)"—1)“A



definition Inv :: 'U rel = 'U set set
where
Invr={A::x'Uset.r*“ACA}

definition SF :: 'U rel = 'U set set
where
SFr={A:'Uset. Field (Restrr A) = A}

definition SCF::'U rel = ('U set) set where
SCFr={B:("Uset). BC Fieldr AN (V a € Fieldr.3 b€ B. (a,b) € %) }

definition cfseq :: 'U rel = (nat = 'U) = bool
where
cfseqrai=((V a € Fieldr. 3 i. (a, zi i) € r7x) A (V 4. (wi i, zi (Suc i) € 1))

definition rpth :: 'Urel = 'U = 'U = nat = (nat = 'U) set
where
rpthrabn={f:(nat="U). fO=aANfn=>bA Vi<n. (fi, f(Suci)) €r)

definition F :: 'Urel = 'U = 'U = 'U set set
where
Frab={F:'Uset. 3 nunat. 3 f € rpthrabn. F=f{i i<n} }

definition § :: 'Urel = 'U = 'U = 'U set
where
frab=(if (Frab#{}) then (SOMEF. F € F rab) else {})

definition dnFEsc :: 'Urel = 'U set = 'U = 'U set set
where
dnEscrAa={F.3b (b¢dnclr A)NFeFradb) AN(FNA={}))}

definition dnesc :: 'Urel = 'U set = 'U = U set
where
dnescr A a = (if (dnEscr A a # {}) then (SOME F. F € dnEsc r A a) else {

a})

definition escl :: U rel = 'U set = 'U set = 'U set
where
esclr A B =] ((dnesc r A) * B)

definition clterm where clterm s’ r = (Conelike s — Conelike 1)
definition spthlen::'U rel = 'U = 'U = nat
where

spthlen r a b = (LEAST n:nat. (a,b) € v~ n)

definition spth :: 'Urel = 'U = 'U = (nat = 'U) set
where



spth ra b= rpth r a b (spthlen r a b)

definition U::'U rel = ('U rel) set where
Ur={s:('Urel). CCRsNsCr AN ac Fieldr.3 b e Field s. (a,b) €

%) }

definition RCC-rel :: 'U rel = 'U rel = bool where
RCC-relra=WUr={rAha={}H)V@selr |si=oan (Vs ellr |s
<o [s'))

definition RCC :: 'U rel = 'U rel (||-]|)
where ||| = (SOME «. RCC-rel r )

definition Den::'U rel = ('U set) set where
Denr={ B:("Uset) . BC Fieldr A (¥ a € Fieldr.3 b€ B. (a,b) € r’=) }

definition Span::'U rel = ('U rel) set where
Span r={s. s C r A Fields = Field r }

definition scf-rel :: 'U rel = 'U rel = bool where
scf-relr o =(3 Be SCFr.|Bl=oa A (Y B'e SCFr. |B| <o |B'))

definition scf :: 'U rel = 'U rel
where scf r = (SOME a. scf-rel v o)

definition w-dncl :: 'U rel = 'U set = 'U set
where
w-dnelr A={acdnclrANVY bY FeFrab (b¢dncddrAd— FNA#

)3

definition £ :: ('U rel = 'U set) = 'U rel = 'U set
where
Lfa=UJ {4 T o a'<oanA=fa'}

definition Dbk :: ('U rel = 'U set) = 'Urel = 'Uset (V - -)
where

Via=fa—-(£fa)

definition Q :: 'Urel = (U rel = 'U set) = 'U rel = 'U set
where

OQrfa=({a—(dnclr (Lf )

definition W :: ‘U rel = ('U rel = 'U set) = 'U rel = 'U set
where

Wrfa=(fa— (wdncdr (L[ a))

definition N1 :: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nira0={f.Vaa (a<oal Aa'<oa) — (fa') C(fa)}



definition N 2:: 'U rel = 'Urel = ('U rel = 'U set) set

where
N2ra0={f.Va. (a<oal A= (a={}VisSuccOrd a) ) — (V f a) =
{1}

definition N 3:: 'Urel = 'Urel = ('U rel = 'U set) set
where
N3ra0={f.Va. (a<oal A (a={}V isSuccOrd o) ) —
(w-ord <o |& f af — ((esclr (£ f a) (f o) C (f ) A (clterm (Restr r (f
a)) r)) )}

definition N:: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nira0={f.Va. (a<oal A (a={}V isSuccOrd a) ) —
(Vae (&fa) (rda} Cwdncdr (&fa))Vv(rdanWrfa#{})
)}

definition N'5 :: ‘U rel = 'Urel = ('U rel = 'U set) set
where
Nora0={f.Va.a<oal — (fa) € SFr}

definition N6 :: 'U rel = 'Urel = ('U rel = 'U set) set
where
N6rao={f Va a <oal — CCR (Restrr (f a)) }

definition N7 :: 'Urel = 'Urel = (‘U rel = 'U set) set
where

N7rad={fVa a<oal — (a <ow-ord — |f a| <o w-ord ) A (w-ord
<oa—|fal <oa)}

definition N8 :: 'U rel = 'U set set = 'U rel = ('U rel = 'U set) set
where
N8E8rPsald)={fVa. a <oal A (a={}V isSuccOrd a) A ( (3 P. Ps =
{P}) V (= finite Ps A\ |Ps| <o |f o )) —
(V Pe Ps. ((f o) N P) € SCF (Restr r (f a))) }

definition N9 :: 'Urel = 'Urel = ('Urel = 'U set) set
where
NIrao={f.w-ord <oal — Fieldr C (f a0) }

definition N'10 :: 'U rel = 'Urel = (U rel = 'U set) set
where

NiOra0={f Vo a<oald — (3 y=2'U. Qrfa={y}) — (Fieldr C
dnel v (f 0))) }

definition N'11:: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nitra0={f.Va (a<oal A isSuccOrd o) — Q rf a = {} — (Field



r Cdnclr (f )}

definition N'12:: 'Urel = 'Urel = (U rel = 'U set) set
where
Ni2ra0={f.Va. a<oal — w-ord <o a — w-ord <o |& f a| }

definition NV :: 'Urel = 'U set set = ('U rel = 'U set) set
where
NrPs={feWNIr|Fiedr|)n (N2r|Fieldr| )N (NS3r|Fieldr| )N (N4
r |Field r| )
N (NS r |Fieldr| )N (N6 7 |Fieldr] ) N (N7 r |Field r| ) N (N8 r Ps
|Field r| )
N (N9 r |Field | " N10 r |Field r| " N'11 v |Field r| N N'12 r |Field r| ).
(Vaba=of— fa=fp))

definition T :: (‘U rel = 'U set = 'U set) = (U rel = 'U set) set
where
TFE={f:'"Urel = "Uset .
=4
A Y a0 a:'Urel. (sc-ord a0 a« — f o = F a0 (f «0)))
AN a (Imorda — fa=U{D.3 L. <oaAD=fF}))
ANVapB a=oB—fa=fp)}

definition £p where Ep r Ps A A’ =
(((3 P. Ps={P}) Vv ((— finite Ps) A |Ps| <o |A]))
— (V P € Ps. (A'N P) € SCF (Restrr A")))

definition & :: 'Urel = 'U = 'U set = 'U set set = 'U set set
where
EraAPs={A
(a € Fieldr — a€ A NAC A’
A (JA| <o w-ord — |A'] <o w-ord ) A (w-ord <o |A] — |4’] <o |A])
AN(AeSFr—(
Ae SFr
A CCR (Restr r A"
A (V agA. (r‘{a} C w-dncl r A) vV (r*{a} N (A'—w-dncl r A) # {})

A3y A" — dnclr A C {y}) — (Field r C (dncl r A")))
NEprPsAA
A (w-ord <o |A| — esclr A A" C A’ A clterm (Restrr A') 1)) ) }

definition wbase::'U rel = 'U set = ('U set) set where
whase r A = { B::'U set. A C w-dnel r B }

definition wrank-rel :: 'U rel = 'U set = 'U rel = bool where
wrank-rel r A o = (3 B € wbase r A. |B| =0 a A (V¥ B’ € wbase r A. |B| <o
|B'))

definition wrank :: 'U rel = 'U set = 'U rel



where wrank r A = (SOME «. wrank-rel r A «)

definition Mwn :: 'U rel = 'U rel = 'U set
where
Mun r o ={ a € Field r. a <o wrank r (r ‘“{a}) }

definition Mwnm :: 'U rel = 'U set
where
Mwnm r = { a € Field r. ||r|| <o wrank r (r ‘“{a}) }

definition wesc-rel :: 'U rel = ('U rel = 'U set) = 'Urel = 'U = 'U = bool
where
wesc-relrfaab=(beWrfaA (ab) € (Restrr (W rfa)) *
ANNVB. a<oB AP <ol|Fieldr| N (B ={}V isSuccOrd B) — (r*{b} N (W
rfB)#{))
definition wesc :: 'Urel = ('Urel = 'U set) = 'Urel = 'U = 'U
where

wesc r f o a = (SOME b. wesc-rel r f a a b)

definition cardLeN1::'a set = bool

where

cardLeN1 A = (VY B C A.
(VCCB.(3Df.DcCANCCfD)— (I f BCfC)))
V(3 g.ACy¢gB))

1.2.2 Auxiliary lemmas

lemma lem-Ldo-ldogen-ord:
assumes Va S abc. a<f — (a,b) EgaAn(ac)cgpf—
(Fb' 0" " " d (b, b, 0", d)eDgaB Alec,c d)eDgpha)
shows DCR-generating g
(proof )

lemma lem-rir-field: (z,y) € 1™ = (x = y) V (z € Field r N y € Field r)
{proof)

lemma lem-fin-fl-rel: finite (Field r) = finite v
(proof )

lemma lem-Relprop-fld-sat:

fixes r s::'U rel

assumes al: s C r and a2: s’ = Restr r (Field s)
shows s C s’ A Field s’ = Field s

(proof)

lemma lem-Relprop-sat-un:
fixes r::'U rel and S::'U set set and A”::'U set
assumes al: VYV A€S. Field (Restr r A) = Aand a2: A’=J S



shows Field (Restr r A') = A’
(proof)

lemma lem-nord-r: Well-order « = nord a =o « {proof)
lemma lem-nord-l: Well-order « = « =0 nord « (proof)
lemma lem-nord-eq: o =0 f = nord a = nord B (proof)
lemma lem-nord-req: Well-order a« = Well-order 8 — nord a = nord  — «
=0 B
{proof )
lemma lem-Onord: « € O = o = nord o (proof)
lemma lem-Oeq: 0« € O = € O = a =0 f = a = § (proof)
lemma lem-Owo: a € O = Well-order a (proof)

lemma lem-fld-oord: Field oord = O (proof)

lemma lem-nord-less: « <o = nord B # nord a A (nord «, nord ) € oord
(proof)

lemma lem-nord-ls: a <o 8 = nord a <o nord 3

(proof)

lemma lem-nord-le: « <o = nord o <o nord 3
(proof)

lemma lem-nordO-ls-I: & <o = nord « € O (proof)
lemma lem-nordO-ls-r: o <o 8 = nord B € O (proof)
lemma lem-nordO-le-lI: « <o f = nord o € O (proof)
lemma lem-nordO-le-r: a <o 8 = nord B € O (proof)

lemma lem-nord-ls-r: a <o f = «a <o nord (3
(proof)

lemma lem-nord-ls-lI: a« <o 8 = nord a <o f3
(proof)

lemma lem-nord-le-r: a <o = a <o nord
(proof )

lemma lem-nord-le-l: o <o f = nord a <o 8

{proof)
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lemma lem-oord-wo: Well-order oord
(proof)

lemma lem-lmord-inf:
fixes a::'U rel

assumes Im-ord «
shows — finite (Field o)

(proof)

lemma lem-sucord-ex:

fixes o 3::'U rel

assumes o <o 8

shows 3 «a’::'U rel. sc-ord o o’

(proof)

lemma lem-osucc-eq: isSuccOrd o« = o =0 f = isSuccOrd (3
(proof)

lemma lem-ord-subemp: («::'a rel) <o ({}::'b rel) = a = {}

(proof)

lemma lem-ordint-sucord:

fixes a0::'a rel and a::’b rel

assumes al <o a A (V y:'b rel. a0 <o v — a <o 7)
shows isSuccOrd «

(proof)

lemma lem-sucord-ordint:

fixes a::'U rel

assumes Well-order o A isSuccOrd «

shows 3 «0::'Urel. a0 <o a A (¥ y:'Urel. a0 <oy — a <o %)

(proof)

lemma lem-sclm-ordind:
fixes P::'U rel = bool
assumes al: P {}
and a2: V a0 «::'U rel. (sc-ord a0 o N P a0 — P «)
and a3:V a. ((Im-orda N (VY 5.8 <oa — P f)) — P a)
shows V «. Well-order « — P «

(proof)

lemma lem-ordseg-rec-sets:
fixes E::'U set and F::'U rel = 'U set = 'U set
assumesV o f.a =0 — Fa=Fp
shows 3 f::('Urel = 'U set).
[ -
A Y a0 a:'Urel. (sc-ord a0 o« — f o = F a0 (f «0)))
AV almorda—fa=J{D. 3B B<oaAND=f3})

11



AV aB.a=08—fa=fp)
(proof )

lemma lem-Imord-prec:

fixes a::’a rel and a’:'b rel

assumes al: o’ <o a and a2: isLimOrd «
shows 3 f::('a rel). o’ <o f N B <o «
(proof)

lemma lem-inford-ge-w:

fixes a::'U rel

assumes Well-order o and — finite (Field o)
shows w-ord <o «

{proof)

lemma lem-ge-w-inford:
fixes a::'U rel

assumes w-ord <o «
shows — finite (Field «)

{proof)

lemma lem-fin-card: finite |A| = finite A
(proof)

lemma lem-cardord-emp: Card-order ({}::'U rel)
(proof)

lemma lem-card-emprel: |{}::'U rel| =o ({}::'U rel)
(proof)

lemma lem-cord-lin: Card-order o« = Card-order f = (a <o ) = (- (8 <o

a ) ) {(proof)

lemma lem-co-one-ne-min:

fixes a::'U rel and a::'a

assumes Well-order o and a # {}
shows |{a}| <o «

(proof)

lemma lem-rel-inf-fld-card:
fixes r::'U rel

assumes - finite

shows |Field r| =o |r|

(proof)

lemma lem-cardreleq-cardfideg-inf:

fixes r1 r2:: 'U rel

assumes al: |r1| =o |r2| and a2: - finite r1 V - finite r2
shows |Field r1| =o |Field r2|

12



(proof)

lemma lem-card-un-bnd:

fixes S::'a set set and a::'U rel

assumes a3: VA€S. |A| <o o and a4: |S| <o o and a5: w-ord <o «
shows | |J S| <o«

(proof)

lemma lem-ord-suc-ge-w:

fixes a0 a::'U rel

assumes al: w-ord <o « and a2: sc-ord a0 «
shows w-ord <o a0

(proof)

lemma lem-restr-ordbnd:

fixes r::'U rel and A::'U set and a::'U rel
assumes al: w-ord <o o and a2: |A4] <o «
shows |Restr r A| <o «

(proof)

lemma lem-card-inf-lim:

fixes r::'U rel

assumes al: Card-order o and a2: w-ord <o «
shows —( a = {} V isSuccOrd a )

(proof)

lemma lem-card-nreg-inf-osetim:

fixes a::'U rel

assumes al: Card-order o and a2: = reqularCard o and a3: — finite (Field o)
shows 3 S::'U rel set. |S| <o a A (V a@’€S. a' <o a) A (V a':'U rel. o’ <o «
— (3 €S a' <o0p))

(proof)

lemma lem-card-un-bnd-stab:

fixes S::'a set set and a::'U rel

assumes stable o and V A€S. |A| <o « and |S| <o «
shows | |J S | <o «

{proof)

lemma lem-finwo-cardord: finite « = Well-order a« = Card-order «
(proof)

lemma lem-finwo-le-w: finite o = Well-order oo = o <o natLeq

(proof)

lemma lem-wolew-fin: o <o natLeq = finite «

{(proof)

lemma lem-wolew-nat:

13



assumes al: o <o natLeq and a2: n = card (Field «)
shows a =o (natLeg-on n)

(proof)

lemma lem-cntset-enum: |A| =0 natLeq = (3 f. A = f * (UNIV::nat set))
(proof)

lemma lem-oord-int-card-le-inf:

fixes a::'U rel

assumes w-ord <o «

shows |[{ v € O::'Urel set. vy <o a }| <o«
(proof)

lemma lem-oord-card-le-int-inf:

fixes a::'U rel

assumes al: Card-order a and a2: w-ord <o «
shows a <o [{ v € O:'U rel set. v <o a }|

(proof)

lemma lem-ord-int-card-le-inf:

fixes a::'Urel and f :: 'Urel = 'a

assumesV a . a =08 — fa=f f and w-ord <o «
shows |f ‘ { v::'Urel. v <o a }| <o «

(proof)

lemma lem-card-setcv-inf-stab:

fixes a::'U rel and A::'U set

assumes al: Card-order a and a2: w-ord <o o and a3: |A| <o «

shows 3 fu('Urel = 'U). AC f{~v:'Urel.y<oa} AN ¥ v1 v2. v1 =0 2
— [yl =f~2)

(proof)

lemma lem-jnfiz-gen:
fixes I::'i set and lel::"i rel and L::'l set
and ¢::ix'l = i = 'nand jnN::'n = 'n = 'n
assumes al:— finite L
and a2: |L| <o ||
and a3: Vael. (a,a) € lel
and a4: Vael. VBel. Vyel. (a,p)elel A (B,y)€lel — (a,y)€lel
and a5: Vael. VBel. (o,p) € lel V (B,a) € lel
and a6: Vpel. [{a€l. (a,B) € lel}| <o |L]
and ao7: Vaegl. Ja'el. (a,a') € lel A (a',a) ¢ lel
shows 3 h.Vael.VBel. VieL. VjeL. 3 ~el. (a,y)€lel A (Byy)€lel A (v,a)é¢lel
A (1B)gle]
Ay = juN (¢ (ai) 7) (¢ (B.) 7)
(proof)

lemma lem-jnfix-card:
fixes k::'U rel and L::'l set and t::('U rel)x'l = 'U rel = 'n and jnN::'n = 'n
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='n
and S::'U rel set

assumes al: Card-order x and a2: = finite L and a8: |L| <o K

and af:V « € S. |Field a| <o |L|

and a5: S C O and a6: |{a € O::'U rel set. a <o k}| <o |9]

and a7:V ae€ S.3 €S a<op
shows 3 h.V a € §.V g e 5. Viel. VjeL.

(FrveS a<oyAB<oyAhy=ijnN (t (i) 7y) (t(B4) 7))

(proof)

lemma lem-cardsuc-ls-fldcard:

fixes x::’a rel and o::'b rel

assumes al: Card-order k and a2: o <o cardSuc k
shows |Field a| <o k

(proof)

lemma lem-jnfiz-cardsuc:
fixes L::'l set and k::'U rel and t::('U rel)x'l = 'U rel = 'n and jnN::'n = 'n
='n
and S::'U rel set

assumes al: - finite L and a2: k =o cardSuc |L|

and a3: S C {a € O:'U rel set. a <o k} and a4: |[{a € O::'U rel set. a <o
r}l <o [S|

and a¢5:V ae€ S.3 €S a<op
shows 3 h.V a€ §.V g€ S.VieL. VjeL.

FryeS a<oyAB<oyAhy=jnN (t (i) ) (t(B84) 7))

(proof )

lemma lem-Relprop-cl-ccr:
fixes r::'U rel
shows Conelike r = CCR r

(proof)

lemma lem-Relprop-ccr-confi:
fixes r::'U rel
shows CCR r = confi-rel r

(proof)

lemma lem-Relprop-fin-ccr:
fixes r::'U rel
shows finite r = CCR r = Conelike r

(proof)

lemma lem-Relprop-ccr-ch-un:

fixes 9::'U rel set

assumes al: Vs€S. CCR s and a2: Vs1€S.Vs2e€S. s1 C s2 V s2 C sl
shows CCR (|J 9)

(proof)
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lemma lem-Relprop-restr-ch-un:

fixes C::'U set set and r::'U rel

assumes VAIe(C.VA2e(C. A1 C A2 v A2 C Al

shows Restrr (|J €)= {s.3 A€ C.s=Restrr A}

(proof)

lemma lem-Inv-restr-rtr:

fixes r::'U rel and A::'U set

assumes A € Inv r

shows r N (AX(UNIV::'U set)) C (Restr r A) *

(proof)

lemma lem-Inv-restr-rtr2:

fixes r::'U rel and A::'U set

assumes A € Inv r

shows 77 N (Ax(UNIV::'U set)) C (Restr r A) " N ((UNIV::'U set)x A)

(proof)

lemma lem-inv-rtr-mem:

fixes r::’U rel and A::'U set and a b::'U
assumes A € Invr and a € A and (a,b) € 7%
shows b € A

{proof)

lemma lem-Inv-ccr-restr:

fixes r::'U rel and A::'U set
assumes CCR r and A € Inv r
shows CCR (Restr r A)

(proof)

lemma lem-Inv-cl-restr:

fixes r::'U rel and A::'U set
assumes Conelike r and A € Inv r
shows Conelike (Restr r A)

(proof)

lemma lem-Inv-ccr-restr-invdiff :

fixes r::'U rel and A B::'U set

assumes al: CCR (Restr r A) and a2: B € Inv (r"—1)
shows CCR (Restr r (A — B))

(proof)

lemma lem-Inv-dncl-invbk: dncl r A € Inv (r"—1)
(proof )

lemma lem-inv-sf-ext:

fixes r::'U rel and A::'U set

assumes A C Field r

shows 3 A’ € SFr. A C A" A (finite A — finite A") A ((— finite A) — |A'| =0
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4])
(proof )

lemma lem-inv-sf-un:
assumes S C SF r
shows (|J S) € SF r

{proof)

lemma lem-Inv-ccr-sf-inv-diff :

fixes r::'U rel and A B::'U set

assumes al: A € SF r and a2: CCR (Restr r A) and a3: B € Inv (r'—1)
shows (A—B) € SFr Vv (3 y:'U. (A-B) = {y})

(proof)

lemma lem-Inv-ccr-sf-dn-diff:
fixes r::'Urel and A D A"::'U set
assumes al: A € SFr and a2: CCR (Restr r A) and a3: A’ = (A — (dncl r D))
shows ((A’ € SF r) A CCR (Restr r A")) v (3 y::'U. A" = {y})
(proof)

lemma lem-rseg-tr:

fixes r::'U rel and zi::nat = 'U

assumes V . (zi 4, 21 (Suc 7)) € r

shows V ij. i <j— (xii € Field r A (xi 4, 21 j) € r™+)
(proof)

lemma lem-rseqg-rir:

fixes r::'U rel and zi::nat = 'U

assumes V . (zi 4, 21 (Suc i) € r

shows V ij. i <j— (wii € Field r A (xi i, 20 j) € r7%)

{(proof)

lemma lem-rseq-svacyc-inv-tr:

fixes 7::'U rel and zi:nat = 'U and a::'U

assumes al: single-valued r and a2: ¥V 4. (zi i, xi (Suc 7)) € r
shows A i. (zi i, a) € 7"+ = (3 j. i<j A a = zij)

(proof)

lemma lem-rseq-svacyc-inv-ritr:

fixes r::'U rel and zi::nat = 'U and a::'U

assumes al: single-valued r and a2: V . (23 i, 21 (Suc i) € r
shows A i. (zii, a) € 7 = (3 j. i<j A a = zi )

(proof)

lemma lem-ccrsv-cfseq:
fixes r::'U rel
assumes al: r # {} and a2: CCR r and a3: single-valued r and a4: V z€ Field

ror{z} # {}

shows 3 zi. cfseq r xi

17



(proof)

lemma lem-cfseq-fld: cfseq r xi = xi * UNIV C Field r
(proof )

lemma lem-cfseg-inv: cfseq r xi = single-valued r = =i * UNIV € Inv r
(proof)

lemma lem-scfinv-scf-int: A € SCFrNInvr = B € SCFr—= (AN B) €
SCF r

(proof)

lemma lem-scf-minr: a € Field r = B € SCFr = 3 b € B. (a,b) € (r N
((UNIV—B) x UNIV))

(proof)

lemma lem-cfseg-ncl:

fixes r::'U rel and zi::nat = 'U

assumes al: cfseq r zi and a2: — Conelike r
shows V n. 3 k. n < k A (2i (Suc k), zi k) ¢ r™x

(proof)

lemma lem-cfseq-inj:

fixes r::'U rel and zi::nat = 'U
assumes al: cfseq r 21 and a2: acyclic r
shows inj zi

(proof)

lemma lem-cfseq-rmon:

fixes r::'U rel and zi::nat = 'U

assumes al: cfseq r xi and a2: single-valued v and a3: acyclic r
showsV ij. (zii,zij) er+ —i<j

(proof)

lemma lem-rseq-hd:
assumes Vi<n. (fi, f (Suci)) € r
shows Vi<n. (f 0, fi) € "%

(proof)

lemma lem-rseq-tl:
assumes Vi<n. (f i, f (Suci)) € r
shows Vi<n. (fi, fn) € r’x

(proof)

lemma lem-ccext-ntr-rpth: (a,b) € v~ n = (rpth ra b n # {})
(proof)

lemma lem-ccext-rtr-rpth: (a,b) € r™« = 3 n. rpthr a b n # {}

{proof)
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lemma lem-ccext-rpth-rtr: rpth r a b n # {} = (a,b) € "%
{proof)

lemma lem-ccext-rtr-Fne:

fixes r::'U rel and a b::'U

shows (a,b) € ¥’ = (Frab#{})
(proof)

lemma lem-ccext-fprop: F ra b # {} = frabeF rab (proof)

lemma lem-ccext-ffin: finite (f r a b)
(proof)

lemma lem-ccr-fin-subr-ext:

fixes r s::'U rel

assumes al: CCR r and a2: s C r and a3: finite s
shows 3 s":('U rel). finite s' N CCR s’ AN s Cs'ANs'Cr
(proof)

lemma lem-Ccezt-fint:

fixes r s::'U rel and a b::'U

assumes al: Restr v (f r a b) C s and a2: (a,b) € %

shows {a, b} CfrabA (VW cefrab. (ac) € s> A (c,b) € s%)
(proof)

lemma lem-Ccext-subcer-eqfid:

fixes r r'::'U rel

assumes CCR r and r C r’ and Field r' = Field r
shows CCR r'

{(proof)

lemma lem-Ccext-finsubcer-pext:

fixes 7 s::'U rel and z::'U

assumes al: CCR r and a2: s C r and a3: finite s and a5: x € Field r
shows 3 s":('U rel). finite s' N CCR s' AN s C s’ ANs' Cr Ax € Field s

(proof)

lemma lem-Ccezt-finsubcer-dext:

fixes r::'U rel and A::'U set

assumes al: CCR r and a2: A C Field r and a3: finite A
shows 3 s::("U rel). finite s AN CCR s N s Cr AN AC Field s

(proof)

lemma lem-Ccext-infsubcer-pext:

fixes r s::'U rel and z::'U

assumes al: CCR r and a2: s C r and a3: — finite s and a5: x € Field r
shows 3 s":('Urel). CCR s'"ANs C s'Ns'Cr Als|=o|s| Az e Field s’

(proof)
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lemma lem-Ccext-finsubcer-set-ext:

fixes r s::'U rel and A::'U set

assumes al: CCR r and a2: s C r and a3: finite s and a4: A C Field r and
a5 finite A

shows 3 s":("Urel). CCR s' N s C s' AN s’ Cr A finite s’ N A C Field s’
(proof)

lemma lem-Ccext-infsubcer-set-ext:

fixes r s::'U rel and A::'U set

assumes al: CCR r and a2: s C r and a3: — finite s and a4: A C Field r and
ab: |A] <o |Field s|

shows 3 s":('Urel). CCR s'"ANsC s'Ns'"CrAls|=ols| NAC Field s’
(proof)

lemma lem-Ccezt-finsubcer-pexts:
fixes r::'U rel and A B::'U set and z::'U
assumes al: CCR r and a2: finite A and a3: A € SF' r
shows 3 A":('U set). (z € Fieldr — z € A) N A C A" AN CCR (Restr r A") A
finite A’
A (VagA. r'{a}CB V r'{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'-B = {y}) — Field r C (A'UB))
(proof)

lemma lem-Ccext-infsubccr-pexts:
fixes r::'U rel and A B::'U set and z::'U
assumes al: CCR r and a2: — finite A and a3: A € SF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A
147 =0 |4]
A (VacA. r'{a}CB V r*{a}N(A'-B) #{}) N A’ € SF r
A((3 y:'U. A'-B = {y}) — Field r C (A'UB))
(proof )

lemma lem-Ccezt-subccr-pexts:
fixes r::'U rel and A B::'U set and z::'U
assumes CCR rand A € SF r
shows 3 A":('U set). (z € Fieldr — z € A')
NACA
N A" e SFr
A (Va€A. ((F{a}CB) V (r{a}n(A—B) £ (1))
A((3 y:'U. A'=B = {y}) — Field r C (A'UB))
A CCR (Restr r A”)
A ((finite A — finite A") A ( (= finite A) — |A'] =0 |A]))
(proof)

lemma lem-Ccext-finsubcer-set-ext-scf:

fixes r s::'U rel and A P::'U set

assumes al: CCR r and a2: s C r and a8: finite s and a4: A C Field r and
ab: finite A
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and a6: P € SCF r
shows 3 s":('Urel). CCR s’ AN s C s’ AN s’ Cr A finite s’ N A C Field s’
A ((Field s' N P) € SCF s")
(proof )

lemma lem-ccext-scf-sat:
assumes s C r and Field s = Field r
shows SCF s C SCF r

{proof)

lemma lem-Ccext-infsubcer-set-ext-scf2:
fixes r s::'U rel and A::'U set and Ps::'U set set
assumes al: CCR r and a2: s C r and a3: — finite s and a4: A C Field r
and a5: |A| <o |Field s| and a6: Ps C SCF r A |Ps| <o |Field s|
shows 3 s":('Urel). CCR s’ N s C s'"ANs'"CrAls|=o|s|] NAC Field s’
A (VY PePs. (Field s' N P) € SCF s')
(proof)

lemma lem-Ccext-finsubcer-pext5-scf2:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A
finite A’

A (VacA. r'{a}CB V r*{a}nN(A'-B) #{}) N A’ € SF r

A((3 y'U. A'=B' = {y}) — Field r C (A'UB’))

A((3 P.Ps={P}) — (VW P€ Ps. (A'N P) € SCF (Restr r
A%))
(proof)

lemma lem-Ccext-infsubcer-pextd-scf2:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: — finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A
47 =0 |4]

A (Vacd. r'{a}CB V r*{a}nN(A'-B) # {}) N A’ € SF r

A((3 y'U. A'=B' = {y}) — Field r C (A'UB’))

A (|Ps] <o |A] — (V P € Ps. (A'N P) € SCF (Restr r A")) )
(proof)

lemma lem-Ccext-subcer-pext5-scf2:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes CCR r and A € SF r and Ps C SCF r
shows 3 A":('U set). (¢ € Field r — z € A)
NACA
NA" e SFr
A (Va€A. ((r{a}CB) V (r{a}n(A—B) £ {}))
A((3 y'U. A'=B' = {y}) — Field r C (A'UB’))
A CCR (Restr r A”)
A ((finite A — finite A") A ( (= finite A) — |A'] =0 |A]))
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A (((3 P. Ps={P}) V ((— finite Ps) A |Ps| <o |A])) —
(V Pe Ps. (A’ P) € SCF (Restr r A")))
(proof)

lemma lem-dnEsc-el: F € dnEscr A a = a € F A finite F' (proof)
lemma lem-dnEsc-emp: dnEsc r A a = {} = dnesc r A a = { a } (proof)

lemma lem-dnEsc-ne: dnEscr A a # {} = dnescr A a € dnFEscr A a
{proof)

lemma lem-dnesc-in: a € dnesc r A a A finite (dnesc r A a)
{proof)

lemma lem-escl-incr: B C escl r A B {proof)

lemma lem-escl-card: (finite B — finite (escl v A B)) A (— finite B — |escl r
AB| <0 |B)
(proof)

lemma lem-Ccext-infsubcer-set-ext-scf3:

fixes r s::'U rel and A AQ::'U set and Ps::'U set set

assumes al: CCR r and a2: s C r and a8: — finite s and a4: A C Field r

and a5: |A| <o |Field s| and a6: Ps C SCF r A |Ps| <o |Field s

shows 3 s":('Urel). CCR s’ N s C s’ ANs'Cr Als|=o|s|] NAC Field s’
A (Y P€Ps. (Field s’ P) € SCF s') A (escl r A0 (Field s’) C Field s”)
A (3 D. s' = Restr r D) A (Conelike s —> Conelike r)

(proof)

lemma lem-Ccext-infsubcer-pextd-scf3:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: — finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A
47 =0 |4]
A (Vacd. r'{a}CB V r*{a}nN(A'-B) # {}) N A’ € SF r
A((3 y'U. A'=B’' C {y}) — Field r C (A'UB’))
A (|Ps] <o |A] — (V P € Ps. (A'N P) € SCF (Restr r A")) )
A (esclr A A" C A') A clterm (Restr r A') r
(proof)

lemma lem-Ccext-finsubcer-pext5-scf3:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € Ay N A C A" AN CCR (Restr r A’) A
finite A’

A (VacA. r'{a}CB V r*{a}nN(A'-B) # {}) N A’ € SF r

A((3 y'U. A'=B’' C {y}) — Field r C (A'UB’))

A((3 P.Ps={P}) — (VW P€ Ps. (A'N P) € SCF (Restr r
A%))
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(proof)

lemma lem-Ccext-subcer-pext5-scf3:
fixes 7::'U rel and A B B"::'U set and z::'U and Ps::'U set set and C::'U set =
bool
assumes al: CCR r and a2: A € SFr and a3: Ps C SCF r
and af: C = (A A":'U set. (z € Fieldr — z € A)
NACA
NA" e SFr
A (Vaed. ((r'{a}CB) v (r'{a}n(A’=B) # {})))
A((3 y'U. A'=B' C {y}) — Field r C (A'UB’))
A CCR (Restr r A')
A ((finite A — finite A") A ( (= finite A) — |A'| =0 |A]))
A (((3 P. Ps={P}) V ((— finite Ps) A |Ps| <o |4] )) —
(V P e Ps.(A'n P) € SCF (Restr r A")))
A ( (= finite A) — ((esclr A A" C A') A (clterm (Restr r A')
)
shows 3 A”:('U set). C A’
(proof)

lemma lem-acyc-un-emprd:

fixes r s:: 'U rel

assumes al: acyclic r A acyclic s and a2: (Range r) N (Domain s) = {}
shows acyclic (r U s)

(proof)

lemma lem-spthlen-rtr: (a,b) € r™x = (a,b) € v~ (spthlen r a b)
{proof)

lemma lem-spthlen-tr: (a,b) € r"* A a # b= (a,b) € " (spthlen r a b) A spthlen
rab>0
(proof )

lemma lem-spthlen-min: (a,b) € r™"n = spthlen ra b < n
{proof)

lemma lem-spth-inj:

fixes r::'U rel and a b::'U and f::nat = 'U and n:nat
assumes al: f € spth ra b and a2: n = spthlen r a b
shows inj-on f {i. i<n}

(proof)

lemma lem-rtn-rpth-inj: (a,b) € v~ n = n = spthlen ra b= 3 f . f € rpth r
abn A idnj-on f {i. i < n}
(proof )

lemma lem-rtr-rpth-inj: (a,b) € ¥« = 3 fn . f € rpthrabn A injon f {i. i
< n}
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{proof)

lemma lem-sum-ind-ezx:

assumes al: g = (An:nat. Y i<n. f1)
and a2:Vi:nat. fi > 0

shows 3 n k. (m:nat) =gn+kANk<fn

(proof)

lemma lem-sum-ind-un:

assumes al: g = (An:nat. > i<n. f1)
and a2: Vi:nat. fi > 0
and a3: (munat) =gn+kANkE<fn
and a4: m=gn' + k' ANE < fn'

shows n=n' Ak =k’

(proof)

lemma lem-flatseq:
fixes 7::'U rel and zi:nat = 'U
assumes Vn. (zi n, 21 (Suc n)) € r’*x A (xi n # zi (Suc n))
shows 3 g yi. (Vn. (yin, yi (Sucn)) € r)
AV iznat. Vo junat. i < j+— gi<gj)
A (Y iznat. yi (g 1) = xi Q)
A (V iznat. inj-onyi { k. gi <k ANk < g (Suci)})
A (VY kunat. 3 dcnat. g0 < kA Suc k < g (Suc 7))
ANV Ekii.gi <kANSuck<g(Suci)Agi" <kASuck < g (Suc

lemma lem-sv-un3:
fixes r1 r2 r3:'U rel
assumes single-valued (r1 U r8) and single-valued (r2 U r3) and Field r1 N

Field 2 = {}
shows single-valued (r1 U r2 U r8)
(proof)

lemma lem-cfcomp-d2uset:

fixes k::'U rel and r::'U rel and W::'U rel = 'U set and R::'U rel = U rel
and S::'U rel set

assumes al: k =0 cardSuc |UNIV::nat set|
and a3: T = { t:'Urel. t # {} A CCR t A single-valued t N acyclic t A

(VxeField t. t“{z} # {}) }
and a4: Refl r

and a5: S C {a € O::'U rel set. a <o K}

and a6: [{a € O::'U rel set. o <o k}| <o |5]

and a7:V a€ S.3 e S . a<op

and a8: Field r = (Ja€S. W a) and a9: VaeS. V feS.a#  — Wan
wB={}
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and al0: Na.a€ S= Ra€ TARaCr A|W al <o|UNIV:nat set|
A Field (R o) = W o A = Conelike (Restr v (W «))
and all: Naz.aeS=z2zc Wa= 13 a.
((z,a) € (Restrr (W a) *A (W eSS . a<opf— (rfa} N WP
#{1)

shows 3 r. CCRr'" ANDCR 27r'ANr'Cr AN a€ Fieldr.3 b € Field r'. (a,b)
€ r7%)
(proof)

lemma lem-uset-cl-ext:

fixes r::'U rel and s::'U rel
assumes s € U r and Conelike s
shows Conelike r

(proof)

lemma lem-uset-cl-singleton:

fixes r::'U rel

assumes Conelike r and r # {}

shows 3 m:'U. 3 m/'='U. {(m/;m)} € U r
(proof)

lemma lem-rcc-emp: ||{}|| = {}
{proof)

lemma lem-rcc-recrel:
fixes r::'U rel
shows RCC-rel r ||r||

(proof)

lemma lem-rcc-uset-ne:
assumes U r # {}
shows 3 s sl r. [s| =o ||r]| A (V s € Ur. |s| <ol|s)

{proof)

lemma lem-rcc-uset-emp:
assumes U r = {}
shows ||| = {}

{proof)

lemma lem-rcc-uset-mem-bnd:
assumes s € U r
shows ||7| <o ||

(proof)

lemma lem-rcc-cardord: Card-order ||r||
(proof)

lemma lem-uset-ne-rec-inf:
fixes r::'U rel
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assumes - ( ||| <o w-ord )
shows 4 r # {}

(proof)

lemma lem-rcc-inf: (w-ord <o ||r]| ) = (= (|7 <o w-ord ) )
{proof)

lemma lem-Rcc-eq1-12:
fixes r::'U rel
shows CCRr —= re ir

(proof)

lemma lem-Rcc-eq1-23:

fixes r::'U rel

assumes r € 4 r

shows (r = ({}::'U rel)) V (({}::'U rel) <o ||7|)
(proof)

lemma lem-Rcc-eq1-51:

fixes r::'U rel

assumes (r = ({}::'Urel)) V (({}::'U rel) <o ||7|)
shows CCR r

(proof)

lemma lem-Rcc-eq2-12:
fixes r::'U rel and a::'a
assumes Conelike r
shows ||r| <o [{a}|
(proof)

lemma lem-Rcc-eq2-23:
fixes r::'U rel and a::'a
assumes ||r|| <o |[{a}|
shows ||| <o w-ord

(proof)

lemma lem-Rcc-eq2-31:

fixes r::'U rel

assumes CCR r and ||7| <o w-ord
shows Conelike r

(proof)

lemma lem-Rcc-range:

fixes r::'U rel

shows ||7|| <o |UNIV::('U set)]
(proof )

lemma lem-rcc-neer:
fixes r::'U rel
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assumes — (CCR r)
shows ||| = {}

(proof)

lemma lem-Rcc-relcard-bnd:
fixes r::'U rel

shows |[|7]| <o |r|

(proof)

lemma lem-Rcc-inf-lim:

fixes r::'U rel

assumes w-ord <o ||r||

shows —( ||r|| = {} V isSuccOrd ||| )
{proof)

lemma lem-rcc-uset-ne-cer:
fixes r::'U rel

assumes 4 r # {}

shows CCR r

(proof)

lemma lem-rcc-uset-tr:

fixes r s t::'U rel

assumes al: s € Urand a2:t € Us
shows t € U r

(proof)

lemma lem-scf-emp: scf {} = {}
(proof)

lemma lem-scf-scfrel:
fixes r::'U rel
shows scf-rel r (scf r)

(proof)

lemma lem-scf-uset:

shows 3 A € SCFr. |Al =osefr AN (VY B e SCFr. |A| <o |B|)
{proof)

lemma lem-scf-uset-mem-bnd:
assumes B € SCF r
shows scf r <o |B|

(proof)

lemma lem-scf-cardord: Card-order (scf r)
(proof)

lemma lem-scf-inf: ((w-ord <o (scfr) ) = (= ( (scf r) <o w-ord ) )

{proof)
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lemma lem-scf-eq1-12:
fixes r::'U rel
shows Field r € SCF r

(proof)

lemma lem-scf-range:

fixes r::'U rel

shows (scf r) <o |UNIV::('U set)|
(proof )

lemma lem-scf-relfidcard-bnd:
fixes r::'U rel
shows (scf r) <o |Field r|

(proof)

lemma lem-scf-cer-scf-rec-eq:
fixes r::'U rel

assumes CCR r

shows ||| =o (scf 1)

(proof)

lemma lem-scf-cer-scf-uset:

fixes r::'U rel

assumes CCR r and — Conelike r

shows 3 s € 8 r. (= finite s) A |Field s| =o (scf r)
{proof)

lemma lem-Scf-scfprops:

fixes r::'U rel

shows ( (scf 1) <o |[UNIV::('U set)| ) A ( (sef r) <o |Field r| )
(proof )

lemma lem-scf-cer-finscf-cl:

assumes CCR r

shows finite (Field (scf r)) = Conelike r
(proof)

lemma lem-sv-uset-sv-span:

fixes r s::'U rel

assumes al: s € 4 r and a2: single-valued s

shows 3 r1. r1 € Span r A CCR r1 A single-valued r1 A s C r1 A (acyclic s —»
acyclic r1)

(proof)

lemma lem-incrfun-nat: ¥ i:nat. fi < f (Suci) =V ij. i <j— fi+ (j—1)
</fj
(proof)
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lemma lem-sv-uset-rccequ:

fixes r::'U rel

assumes al: ||r| =0 w-ord

shows 3 r1 € il r. single-valued r1 A acyclic r1 N (¥ x € Field r1. r1‘{z} # {})

(proof)

lemma lem-sv-span-scflew:

fixes r::'U rel

assumes CCR r and scf r <o w-ord

shows 3 r1. r1 € Span r A CCR r1 A single-valued 11

(proof)

lemma lem-sv-span-scfequ:

fixes r::'U rel

assumes CCR r and scf r =0 w-ord

shows 3 r1. r1 € Span r A r1 # {} A CCR r1 A single-valued r1 N acyclic r1 A
(VzeField r1. r1‘{z} # {})

(proof)

lemma lem-Ldo-den-ccr-uset:

fixes 7 s::'U rel

assumes CCR sand s C r A Field s € Den r
shows s € U r

{proof)

lemma lem-Ldo-ds-reduc:

fixes r s::’U rel and n0::nat

assumes al: CCR s AN DCR n0 s and a2: s C r and a8: Field s € Den r and
a4: Field s € Inv (r — s)

shows CCR r A DCR (Suc n0) r

(proof)

lemma lem-Ldo-sat-reduc:

fixes r s::'U rel and n::nat

assumes al: s € Span r and a2: CCR s AN DCR n s
shows CCR r A DCR (Suc n) r

(proof)

lemma lem-Ldo-uset-reduc:

fixes r s::'U rel and n0::nat

assumes al: s € U r and a2: DCR n0 s and a3: n0 # 0
shows DCR (Suc n0) r

(proof)

lemma lem-Ldo-addid:

fixes 7::'U rel and r"::'U rel and n0::nat and A::'U set

assumes al: DCR n0 r and a2: v’ = r U {(a,b). a = b A a € A} and a8: n0 #
0

shows DCR n0 r’
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(proof)

lemma lem-Ldo-remouveid:

fixes r::'U rel and r":'U rel and n0:nat

assumes al: DCR n0 r and a2: v’ = r — {(a,b). a = b}
shows DCR n0 r’

(proof)

lemma lem-Ldo-eqid:

fixes r::'U rel and r’::'U rel and n::nat

assumes al: DCR n r and a2: v’ — {(a,b). a = b} = r — {(a,b). a = b} and
ad:n # 0

shows DCR n r'

(proof)

lemma lem-wdn-range-l1b: A C w-dncl r A
(proof )

lemma lem-wdn-range-ub: w-dncl r A C dncl v A (proof)
lemma lem-wdn-mon: A C A’ = w-dncl r A C w-dncl r A’ (proof)

lemma lem-wdn-compl:
fixes r::'U rel and A::'U set
shows UNIV — w-dnclr A= {a.3 b. b ¢ dnclr A A (a,b) € (Restr r (UNIV—A)) x}

(proof)

lemma lem-cowdn-uset:
fixes r::'Urel and A A’ W::'U set
assumes al: CCR (Restr r A') and a2: esclr A A’ C A’
and a3: Q = A’ — dnclr Aand a4: W = A’ — w-dnclr Aand a5: Q € SF'r
shows Restr r @ € 4 (Restr r W)

(proof)

lemma lem-shrel-L-eq:

fixes f::'U rel = 'U set and «::'U rel and S::'U rel
assumes o =0 f3

shows £ fa=2fj

(proof)

lemma lem-shrel-dbk-eq:

fixes f::'U rel = 'U set and Ps::'U set set and «::'U rel and B::'U rel
assumes f € N r Ps and « =0 § and « <o |Field r| and 8 <o |Field 7|
shows (V f o) = (V f B)

(proof)

lemma lem-L-emp: o =0 ({}:'Urel) = £ f a = {}

(proof)
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lemma lem-der-ginvi:

fixes r::'U rel and «::'U rel and z y::'U

assumes al: z € Q r f o and a2: (z,y) € r’x and a3: y € (f a)
shows y € O rf a

(proof)

lemma lem-der-ginv2:

fixes r::'U rel and «::'U rel and z y::'U

assumes al: z € Q r f a and a2: (z,y) € (Restr v (f o)) * and a3: y € (f @)
shows (z,y) € (Restrr (Q r f a)) *

(proof)

lemma lem-der-ginvs3:

fixes r::'U rel and «::'U rel

assumes al: AC (fo)and a2:V z € (f ). 3 y € A. (z,y) € (Restrr (f a))
showsV z€ (Qrfa).dye (AN (Qrfa)). (z,y) € (Restrr (Q rf «a))
(proof)

lemma lem-der-inf-qrestr-ceri:

fixes r::'U rel and Ps::'U set set and a::'U rel
assumes f € N r Ps and a <o |Field |
shows CCR (Restrr (Q r f «))

(proof)

lemma lem-Nfdn-aemp:

fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel

assumes al: CCR r and a2: f € N r Ps and a3: a <o scf r and a4: Field r C
dnel r (f «)

shows a = {}

(proof)

lemma lem-der-qcer-lscf-sf:

fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: CCR r and a2: f € N r Ps and a3: a <o scf r

shows (Q rfa) e SFr

(proof)

lemma lem-der-q-uset:

fixes r::'U rel and Ps::'U set set and «a::'U rel

assumes al: CCR r and a2: f € N r Ps and a3: a <o scf r and a4: isSuccOrd
o

shows Restr r (Q r f a) € U (Restr r (f «))

(proof)

lemma lem-qu-range: f € N r Ps = « <o |Fieldr| = W r f a C Field r
(proof )

lemma lem-der-qu-eq:
fixes r::'U rel and Ps::'U set set and o 3::'U rel
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assumes f € N r Psand a =0 f3
shows Wrfa=Wrfp
(proof)

lemma lem-Der-inf-qu-disj:

fixes r::'U rel and « ::'U rel

assumes Well-order o« and Well-order B

shows (= (a=08)) — Wrfa)nWrfp) ={}
(proof)

lemma lem-der-inf-qu-restr-card:

fixes r::'U rel and Ps::'U set set and «a::'U rel

assumes al: - finite r and a2: f € N r Ps and a8: o <o |Field r|
shows |Restr r (W r f «)| <o |Field r|

(proof)

lemma lem-QS-subs-WS: Qrfa CWrfa
(proof)

lemma lem-WS-limord:

fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel

assumes al: — finite r and a2: f € N r Ps and a3: a <o |Field 7|
and a4: = (a = {} V isSuccOrd a)

shows W r f o = {}

(proof)

lemma lem-der-inf-qw-restr-uset:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: Refl r A = finite r and a2: f € N r Ps
and a3: a <o |Field r| and a4: w-ord <o |£ f «f
shows Restr r (Q r f a) € U (Restr r (W r f «))
(proof )

lemma lem-der-inf-qu-restr-ccr:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «::'U rel
assumes al: Refl v A = finite r and a2: f € N r Ps
and a3: a <o |Field r| and a4: w-ord <o |£ f «f
shows CCR (Restrr (W r f «))
(proof )

lemma lem-der-qu-uset:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: CCR r A Refl r A — finite r and a2: f € N r Ps

and a3: a <o s¢f r and a4: w-ord <o |£ f «a| and a5: isSuccOrd «
shows Restr v (W r f o) € U (Restr r (f «))
(proof)

lemma lem-Shinf-N1:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
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assumes a0: f € T F
and al:V o A. Well-order o« — A C F a A
shows Va. Well-order « — f e N1 1 «

(proof)

lemma lem-Shinf-N2:

fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes al: f € T F

shows Va. Well-order o« — f € N2 1 «

{(proof)

lemma lem-Shinf-N3:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order « — A C Fa A

and ab: Va. Well-order « — f e N6 r a

and a3:V o A. Well-order o« — A € SFr —

(w-ord <o |A| —> esclr A (F a A) C (F o A) A clterm (Restr r (F

o 4)) 1)
shows Va. Well-order o« — f € N3 r «

(proof)

lemma lem-Shinf-N4:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes al: f € T F

and al:V o A. Well-order « — A C Fa A

and ab: Va. Well-order « — f e N6 r a

and a4: V¥V o A. Well-order o — A € SFr — (¥ acA. r*{a} C w-dnclr A
Vrdal N (FaA— wdncrA) #{})
shows Va. Well-order o« — f e N4 1 «

{(proof)

lemma lem-Shinf-N5:

fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes al: f € T F

assumes a5: V « A. (Well-order a N A € SFr) — (Fa A) € SFr
shows Va. Well-order o« — f e N5 1 «

(proof)

lemma lem-Shinf-NG:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order « — A C Fa A

and a5: V. Well-order o« — f €e N5 1 «

and a6:V a A. Well-order « — A € SFr — CCR (Restr r (F o A))
shows Va. Well-order o« — f € N6 1 «

{(proof)

lemma lem-Shinf-N7:
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fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order « — A C Fa A
and a7:V a A. ( |A| <o w-ord — |F a A| <o w-ord )
A (w-ord <o |A] — |F o A] <o |4])
shows Va. Well-order o« — f e N7 «
(proof)

lemma lem-Shinf-N8:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set and Ps::'U
set set
assumes a0: f € T F

and al:V o A. Well-order « — A C Fa A

and a5: Vo. Well-order o« — f € N5 r

and a7:V a A. ( |A| <o w-ord — |F a A| <o w-ord )

A (w-ord <o |A] — |F a A] <o |4])

and a8:Va A. A€ SFr— Epr Ps A (F a A)

shows Va. Well-order « — f € N8 r Ps «

(proof)

lemma lem-Shinf-N9:
fixes r::'U rel and ¢::'U rel = 'U
and F::'U rel = 'U set = 'U set and f::'U rel = 'U set

assumes a0: f € T F

and al:V o A. Well-order o — A C Fa A

and a2:V a A. Well-order . — ga € Fieldr — ga € Fa A

and all: w-ord <o |Field r| — Field r C g ‘{ v::'U rel. v <o |Field r| }
shows f € N9 r |Field r|
(proof)

lemma lem-Shinf-N10:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order o« — A C F a A

and a5: Va. Well-order « — f e N5 r a

and al0:V « A. Well-order « — A € SFr —

(By. (FaA) —dnclrAC{y}) — (Fieldr C dnclr (F a A)))

shows Va. Well-order o« — f e N10 1 «
(proof)

lemma lem-Shinf-N11:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order « — A C F a A

and a5: Va. Well-order a — f e N6 r a

and al0:V « A. Well-order « — A € SFr —

(By. (FaA) —dnclr AC{y}) — (Fieldr C dnclr (F a A)))

shows Va. Well-order o« — f e N'11 7 «

(proof)
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lemma lem-Shinf-N12:
fixes r::'U rel and ¢::'U rel = 'U
and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al: Va. Well-order o« — f e N1r «
and a2:V o A. Well-order o« — ga € Fieldr — ga € Fa A
and all: w-ord <o |Field r| — Field r = g *{ v::'U rel. v <o |Field r| }
and a2’ Va::'U rel. w-ord <o a A a <o |Field r| — w-ord <o |g ‘{y. v <o

all
shows f € N'12 r |Field 7|

(proof)

lemma lem-Shinf-E-ne:

fixes r::’U rel and a0::'U and A::'U set and Ps::'U set set
assumes a2: CCR r and a3: Ps C SCF r

shows £ r a0 A Ps # {}

(proof)

lemma lem-oseq-fin-inj:
fixes g::'U rel = ’a and I::'U rel = 'U rel set and A::'a set
assumes al: [ = (A o’ { a::’'Urel. a <o a’})
and a2: w-ord <o |4|
and a3:V af.a=0 —ga=gp
shows 3 h. (V o’. g1 a') C h{(I &) A (I a') C g1 &) U A)
A Y o' w-ord <o o' — w-ord <o |h(I )| )
AV aB.a=08—ha=hp)
(proof)

lemma lem-Shinf-N-ne:

fixes r::’U rel and Ps::'U set set
assumes CCR r and Ps C SCF r
shows N r Ps # {}

(proof)

lemma lem-wrankrel-eq: wrank-rel 1 A0 o = o =0 = wrank-rel r A0 B

(proof)

lemma lem-wrank-wrankrel:
fixes r::'U rel and A0::'U set
shows wrank-rel v A0 (wrank r A0)

(proof)

lemma lem-wrank-uset:
fixes r::'U rel and A0::'U set
shows 3 A € wbase r A0. |A| =0 wrank r A0 N (VY B € wbase r A0. |A| <o |B|

)

(proof)
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lemma lem-wrank-uset-mem-bnd:
fixes r::'U rel and A0 B::'U set
assumes B € wbase r A0

shows wrank r A0 <o |B|

(proof)

lemma lem-wrank-cardord: Card-order (wrank r A0)
(proof)

lemma lem-wrank-ub: wrank r A0 <o |A0|
(proof)

lemma lem-card-un2-bnd: w-ord <o oo => |A] <o o = |B| <o a = |A U B|
<0 «

(proof)

lemma lem-card-un2-lsbnd: w-ord <o o = |A| <o « = |B| <o a = |A U B]
<o«

(proof)

lemma lem-wrank-un-bnd:

fixes r::'U rel and S::'U set set and «::'U rel

assumes al:V A€S. wrank r A <o « and a2: |S| <o « and a8: w-ord <o «
shows wrank r (| ) <o «

(proof)

lemma lem-wrank-un-bnd-stab:

fixes r::'U rel and S::'U set set and «::'U rel

assumes al:V AeS. wrank r A <o o and a2: |S| <o a and a3: stable o
shows wrank r (|J S) <o «

{(proof)

lemma lem-wrank-fw:

fixes r::'U rel and K::'U set and «::'U rel

assumes al: w-ord <o o and a2: wrank r K <o o and a3: V beK. wrank r
(r{b}) <o a

shows wrank r (|JbeK. (r'{b})) <o «

(proof)

lemma lem-wrank-fw-stab:

fixes r::'U rel and K::'U set and «::'U rel

assumes al: w-ord <o a A stable « and a2: wrank r K <o o and a3: V beK.
wrank v (r*{b}) <o «

shows wrank r (|JbeK. (r‘{b})) <o «

(proof)
lemma lem-wnb-neib:

fixes r::'U rel and «::'U rel
assumes al: w-ord <o o and a2: a <o |||
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shows V a € Field r. 3 b € Mwn r a. (a,b) € r’x
(proof)

lemma lem-wnb-neib3:

fixes r::'U rel

assumes al: w-ord <o ||| and a2: stable ||7||
shows V a € Field r. 3 b € Mwnm r. (a,b) € %

(proof)

lemma lem-scfgew-ncl: w-ord <o scf r = = Conelike T

(proof)

lemma lem-wnb-P-ncl-reg-grw:

fixes r::'U rel

assumes al: CCR r and a2: w-ord <o scf r and a8: regularCard (scf r)
shows 3 P € SCFr. (V a::'Urel. a <o s¢cf r — (¥ a € P. a <o wrank r (r‘{a})
)

(proof)

lemma lem-wnb-P-ncl-nreg:
fixes r::'U rel
assumes al: CCR r and a2: w-ord <o scf r and a8: — reqularCard (scf r)
shows 3 Ps::'U set set. Ps C SCF r A |Ps| <o scf r
AN a:'Urel. o <oscfr — (3 P € Ps.V a € P. a <o wrank

r (r'{a})))
proof)
lemma lem- Wf-ezt-arc:
fixes r::’U rel and Ps::'U set set and f::'U rel = 'U set and «::'U rel and a::'U
assumes al: scf r =o |Field r| and a2: f € N r Ps

and a3: V~y:'Urel. v <o scf r — (Va € P. v <o wrank r (r*{a}))

and a4: w-ord <oa and a5: a € fa N P
shows A\ . a <o B A B <o |Field r| A (8 = {} V isSuccOrd B) = (r{a} N
W rfB)#1{})
(proof)

lemma lem- Wf-esc-pth:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: Refl v A = finite r and a2: f € N r Ps
and a3: w-ord <o |£ f o] and a4: a <o |Field |
shows A\ F. F € SCF (Restr r (f o)) =
VaeWrfadbe(FNnWrfa) (ab) € (Restrr W rf a))
(proof)

lemma lem-Nf-lewfbond:
assumes al: f € N r Ps and a2: a <o |Field r| and a3: w-ord <o |£ f o
shows w-ord <o «

(proof)
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lemma lem-regcard-iso: kK =0 k' = reqularCard k' = regularCard k
(proof )

lemma lem-cardsuc-inf-guwreg: — finite A = k =0 cardSuc |A| = w-ord <o k
A regularCard
(proof)

lemma lem-ccr-rescf-struct:
fixes r::'U rel
assumes al: Refl r and a2: CCR r and a8: w-ord <o scf r and a4: regularCard
(scfr)
and a5: scf r =o |Field 7|
shows 3 Ps. 3 f € N r Ps.
Va. w-ord <o |€ f al A a <o |Field r| A isSuccOrd o —
CCR (Restrr (W r f «)) A |Restr r (W r f a)| <o |Field r|
ANNMaeWrfa wescrelrf aa (weserf aa))

(proof)

lemma lem-oint-infcard-sc-cf:
fixes a0::'a rel and k::'U rel and S::'U rel set
assumes al: Card-order k and a2: w-ord <o k
and a3: S = {a € O::'U rel set. a0 <o a A isSuccOrd a N a <o Kk}
showsV ae€ S.3 e S . a<op

(proof)

lemma lem-oint-infcard-gew-sc-cfond:
fixes a0::'a rel and k::'U rel and S::'U rel set
assumes al: Card-order x and a2: w-ord <o £ and a3: a0 <o k and a4: a0
=0 w-ord
and a5: § = {a € O:'U rel set. a0 <o a A isSuccOrd oo N o <o K}
shows |[{a € O::'U rel set. a <o k}| <o ||
ANFf.(VaeO:Urelset.ad <oaNha<ok —a<ofaAfaclh))

(proof)

lemma lem-rcc-uset-rec-bnd:
assumes s € U r
shows |[r[| <o [|s]|

(proof)

lemma lem-dc2-cer-scf-lew:

fixes r::'U rel

assumes al: CCR r and a2: scf r <o w-ord
shows DCR 2 r

(proof)

lemma lem-dc3-cer-refi-scf-wsuc:
fixes r::'U rel
assumes al: Refl r and a2: CCR r
and a3: |Field r| =0 cardSuc |UNIV ::nat set| and a4: scf r =o |Field 7|
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shows DCR 3 r
(proof)

lemma lem-dc3-cer-scf-lewsuc:

fixes r::'U rel

assumes al: CCR r and a2: |Field r| <o cardSuc |UNIV::nat set|
shows DCR 3 r

(proof)

lemma lem-Cprf-conf-ccr-decomp:

fixes r::'U rel

assumes confi-rel r

shows 3 S:('U rel set). (Vs€S. CCR s) A (r=1J S) A (¥ sI€S. Vs2€S. s1 #
$2 — Field s1 N Field s2 = {})

(proof)

lemma lem-Cprf-dc-disj-fld-un:

fixes S::'U rel set and n::nat

assumes al:V sI€S. Vs2€S. s1#s2 — Field s1 N Field s2 = {}
and a2:V s€S. DCR n s

shows DCR n (lJ 9)

(proof)

lemma lem-dc3-to-d3:
fixes r::'U rel
assumes DCR 3 r
shows DCRS3 r

(proof)

lemma lem-dc3-confi-lewsuc:

fixes r::'U rel

assumes al: confl-rel r and a2: |Field r| <o cardSuc |UNIV ::nat set|
shows DCR 3 r

(proof)

lemma lem-cle-eqdef: |A| <o |B] =(3 g. A C ¢‘B)
(proof)

lemma lem-cardLeN1-eqdef:
fixes A::'a set
shows cardLeN1 A = ( |A| <o cardSuc |{n:nat . True}|)

(proof)

lemma lem-cleN1-eqdef:
fixes r:('Ux'U) set
shows (|| <o cardSuc |{n::nat . True}|)
s (VsCr( (VtCs. (Bt ft/CtALtCFt)— @ f.sCfe)))
V(3 g.rCyg%s)

))
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{proof)

1.2.3 Result

The next theorem has the following meaning: if the cardinality of a confluent
binary relation r does not exceed the first uncountable cardinal, then con-
fluence of r can be proved with the help of the decreasing diagrams method
using no more than 3 labels (e.g. 0, 1, 2 ordered in the usual way).

theorem thm-main:
fixes r::('Ux'U) set
assumes V a b c. (a,b) € r’x A (a,c) € r'x — (3 d. (b,d) € rx A (¢,d) € %)
and |r| <o cardSuc |{n:nat . True}|
shows 3 r0 r1 12 . (
(r=(r0uUriur2))
A(Y abe (ab) €rd A (ac)er0

— (3 d
(b,d) € r0°=
A (e, d) e r0™=))
A(V abe (ab) €10 A (ac) €rl
— (3 b d.
(b,d") € r17= A (b'}d) € 107
A (e,d) € 107 ))
AN(Y abe (ab) ert A(arc)ert

L@V
(b,0") € 07 A (b',0") € r17= N (b",d) € r07%
A e,y €m0 A (cie')yerti™= A (c\d) € r07%))
AN(Y abe (ab) €rd A (ac)er2
(3 d.
(b,b")y € r27= A (b',d) € (r0 U r1)
A (e, d) € (r0Url) ™))
A(Y abe (ab) €rt A(ac)er2
(3 d
(b,0)) € r07x A (b'0") € r27= N (b")d) € (10 U r1) 7
A (e, d) € (rOUrl) ™))
A(Y abe (abd) €r2A(ac)€r2
— (3 b b d
(b,b") € (r0 U r1) 7% A (b16") € 127= A (b",d) € (r0 U r1)
A (e,ey € (rOUrl) > A (c',c”)er2=A(c"d) e (r0 Url) %

))
)
(proof)

end

1.3 Optimality of the DCR3 method for proving confluence
of relations of the least uncountable cardinality

theory DCRS3-Optimality
imports
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HOL—- Cardinals. Cardinals
Finite-DCR-Hierarchy
begin

1.3.1 Auxiliary definitions
datatype Lev =10 |11 |12 |13 |14 |15 |16 |17 | 18

type-synonym 'U rD = Lev x 'U set x 'U set x 'U set

fun rP :: Lev = 'U set = 'U set = 'U set = Lev = 'U set = 'U set = 'U set
= bool

where

rPI0ABCn"A'B' C'=(A={}AB={}ANC={}An"=11 A finite A’
AB'={}nC"={})

| P11 ABCn'A'B' C'= (finite ANB={}ANC={}An"=12ANA"=4
AB'={} ANC"={})

| rP12ABCn'A'B' C'= (finite ANB={}ANC={}An"=183NA"=4
A finite B’ A C' = {})

| P18 A BCn’" A" B' C' = (finite AN finite BN C={}An'=14 NA'=A
ANB'=BAC ={})

| /P14 ABCn" A" B' C'= (finite AN finite BN C={}An"=15NA"=A4
A B'= B A finite C)

| P15 A B Cn'" A’ B' C' = (finite A A finite B A\ finite C An'=16 N A’ = A
AB'=BAC =C(C)

| rP16 A B Cn' A’ B' C' = (finite A A finite B A finite C A n' =17 N A" = A
UBUCAB =A'AC'= A

| rP17TABCn" A'B'" C'= (finite ANB=ANC=AAn"=18NA"=AN
B'=A"ANC' =4

| T P18ABCn'"A’B' C'= (finite ANB=ANC=AAn"=17TNACA A
finite A’ N B'= A" N C'= A')

definition rC :: 'U set = 'U set = 'U set = 'U set = bool
where
rCSABC=(ACSABCSACCYS)

definition rE :: 'U set = ('U rD) rel
where

rE S ={ ((nl, A1, B1, C1), (n2, A2, B2, C2)). TP n1 A1 B1 C1 n2 A2 B2
C2 NrCS A1 B1ICI ANrCSA2B2C2}

fun lev-next :: Lev = Lev
where
lev-next 10 = 11
| lev-next 11 =12
| lev-next 12 =18
| lev-next 13 = 14
| lev-next 14 =15
| lev-next 15 =16
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| lev-next 16 =17
| lev-next 17 =18
| lev-next 18 =17

fun levrd :: 'U rD = Lev
where
levrd (n, A, B, C) =n

fun wrd :: 'UrD = 'U set
where
wrd (n, A, B, C) =AUBUC

definition Wird :: 'U rD set = 'U set
where
Wrd S = (U (wrd ¢ 5))

definition bkset :: 'a rel = 'a set = 'a set

where
bkset r A = ((r'x) —1)“A

1.3.2 Auxiliary lemmas

lemma lem-rtr-field: (z,y) € r’ = (z =y) V (z € Field r A y € Field r)
{proof)

lemma lem-fin-fl-rel: finite (Field r) = finite r
(proof )

lemma lem-rel-inf-fld-card:
fixes r::'U rel

assumes - finite

shows |Field r| =o |r|

(proof)

lemma lem-confl-field: confl-rel r = (V a € Fieldr.V b € Fieldr.V ¢ € Field r.
(a,b) € 1% A (a,c) € 1% —

(3 d € Field r. (b,d) € ™ A (¢,d) € 77%))
(proof)

lemma lem-d2-to-dc2:
fixes r::'U rel
assumes DCR2 r
shows DCR 2 r

(proof)

lemma lem-dc2-to-d2:
fixes r::'U rel
assumes DCR 2 r
shows DCR2 r
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(proof)

lemma lem-rP-inv: rPn A BCn' A’B'"C'=— (ACA'ABCB'ACCC(C
A finite A A finite B A finite C A finite A’ A finite B’ A finite C')
(proof )

lemma lem-infset-finext:

fixes S::'U set and A::'U set

assumes — finite S and finite A and A C S
shows 3 B. BC S A A C B A finite B

(proof)

lemma lem-rE-df:

fixes S::'U set

shows (u,v) € TF S = (u,w) € rE § = (v,t) € (rE ) = = (w,t) € (rE
S == v=w

(proof)

lemma lem-rE-succ-lev:

fixes S::'U set

assumes (u,v) € E S

shows levrd v = (lev-next (levrd u))

(proof)

lemma lem-rE-levset-inv:

fixes S::'U set and L u v

assumes al: (u,v) € (rE S) * and a2: levrd u € L and a3: lev-next ‘L C L
shows levrd v € L

(proof)

lemma lem-rFE-levun:

fixes S::'U set

shows u € Domain (rE S) = levrd u € {11,13,15} = 3 v. (rE 5)‘{u} C {v}
(proof)

lemma lem-rE-domfield:

fixes S::'U set

assumes — finite S

shows Domain (rE S) = Field (rE S)

(proof)

lemma lem-wrd-fin-field-rE:

fixes S::'U set

assumes — finite S

shows u € Field (rE S) = finite (wrd u)

(proof)

lemma lem-rE-rtr-wrd-mon:
fixes S::'U set and u v::'U rD
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shows (u,v) € (rE S) ™ = wrd u C wrd v
(proof)

lemma lem- Wrd-bkset-rE: Wrd (bkset (rE S) U) = Wrd U
(proof)

lemma lem- Wrd-rE-field-subs-cnt:

fixes S::'U set and U::('U rD) set

assumes - finite S

shows U C Field (rE S) = |U| <o |UNIV::nat set| = |Wrd U| <o |UNIV::nat
set|

(proof)

lemma lem-rE-dn-cnt:

fixes S::'U set and U::('U rD) set

assumes — finite S

shows U C Field (rE S) = |U| <o |UNIV:nat set| = V C bkset (rE S) U
= |Wrd V| <o |UNIV:nat set|

(proof)

lemma lem-rE-succ- Wrd-univ: (u,w) € (rE S) => levrd u € {10,12, 14} = S —
wrd w C Wrd ((rE S) ‘{u}) — {w})
(proof )

lemma lem-rE-succ-nocntbnd:
fixes S::'U set and u0::'U rD and v0::'U rD and U::('U rD) set
assumes a0: - |S| <o |UNIV::nat set| and al: (u0, v0) € (rE S) and a2: levrd
w0 € {10,12, 14}

and a3: U C Field (rE S) and a4: (rE S) “{u0}) — {v0} C bkset (rE S) U
shows — |U| <o |UNIV::nat set|
(proof)

lemma lem-rE-succ-nocntbnd?2:

fixes S::'U set and u0::'U rD and v0::'U rD

assumes a0: = |S| <o |UNIV:nat set|
and al: (u0, v0) € (rE S) and a2: levrd w0 € {10,12, 1/}
and a3: r C (rE S) and a4: V u. |r'{u}| <o |UNIV::nat set|
and a5: ((rE S) “{u0}) — {v0} C bkset (rE S) ((r™*)“{u0})

shows Fulse

(proof)

lemma lem-rE-diamsubr-un:

fixes S::'U set

assumes al: r0 C (rE S) and a2:V a b c. (a,b) € 70 A (a,c) € 70 — (3 d.
(b,d) € 0= A (c,d) € 107=)

shows V . 3 v. r0‘{u} C {v}

(proof)

lemma lem-rE-succ-nocntbnd3:
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fixes S::'U set and w0::'U rD and v0::'U rD
assumes a0: = |S| <o |UNIV:nat set|
and al: LD2 (rE S) r0 r1
and a2: (u0, v0) € (rE S) and a8: levrd w0 € {10,12, 1/}
and af: r = {(u,v) € TES. u =00} U r0
and a5: (rE S) “{u0}) — {v0} C bkset (rE S) ((r™*)‘{u0})
shows Fulse
(proof)

lemma lem-rE-one:

fixes S::'U set and u0::'U rD and v0::'U rD

assumes a0: = |S| <o |UNIV:nat set| and al: LD2 (rE S) r0 rl1
and a2: (u0, v0) € r0 and a3: levrd u0 € {10,12, 14}

shows Fulse

(proof)

lemma lem-rE-jn0:

fixes S::'U set and ul::'U rD and u2::'U rD and v::'U rD

assumes al: (ul,v) € (rE S) and a2: (u2,v) € (rE S) and a3: ul # u2
shows levrd v € {17, 18}

(proof)

lemma lem-rE-jnli:

fixes S::'U set and uwl::'U rD and u2::'U rD and v::'U rD

assumes al: (ul,v) € (rE S) and a2: (u2,v) € (rE S) x and a3: (ul,u2) ¢ (rE
S) A (u2,ul) ¢ (rE S) %

shows levrd v € {17, 18}

(proof)

lemma lem-rE-jn2:

fixes S::'U set and ul::'U rD and u2::'U rD and v::'U rD

assumes al: (ul,w) € (rE S)™x and a2: (u2,v) € (rE S)™x and a3: (ul,u2) ¢
(rE S) ™% A (u2,ul) ¢ (rE S)

shows levrd v € {17, 18}

(proof)

lemma lem-rel-pow2fw: (u,ul) € r A (ul,w) € r— (u,0) € 1 2
(proof)

lemma lem-rel-powSfw: (u,ul) € 7 A (ul,u2) € r A (u2,v) € r — (u,v) € r 3
{proof)

lemma lem-rel-pow3: (u,w) € v 8 = 3 ul u2. (w,ul) € r A (ul,u2) € r A
(u2,v) € r
(proof)

lemma lem-rel-pows: (u,w) € r™ 4 = 3 ul u2 u3. (u,ul) € r A (ul,u2) € r A

(u2,u8) € r A (u3w) € r
(proof)
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lemma lem-rel-pow5: (u,v) € ™5 = 3 ul vl ud u4. (u,ul) € r A (ul,u2) €
r A (u2u3) € r A (u3uf) € r A (uf,v) €r
(proof)

lemma lem-rE-11-178-dist:

fixes S::'U set

assumes al: levrd u = 11 and a2: levrd v € {17, 18} and a8: n < §
shows (u,v) ¢ (rE S)""n

(proof)

lemma lem-rE-notLD2:

fixes S::'U set and r0 r1::('U rD) rel

assumes a0: - |S| <o |UNIV:nat set| and al: LD2 (rE S) r0 r1
shows False

(proof)

lemma lem-rE-dominv:

fixes S::'U set

assumes - finite S

shows u € Domain (rE S) = (u,v) € (rE S) ™ = v € Domain (rE 5)

{proof)

lemma lem-rE-next:

fixes S::'U set

assumes — finite S and v € Domain (rE S)

shows 3 v. (u,v) € (rE S) A v € Domain (rE S) A levrd v = (lev-next (levrd u))

(proof)

lemma lem-rE-reachl§:

fixes S::'U set

assumes — finite S and v € Domain (rE S)

shows 3 v. (u,v) € (rE S) ™ A v € Domain (rE S) A levrd v =18

(proof)

lemma lem-rE-jn:

fixes S::'U set

assumes a0: - finite S and al: ul € Domain (rE S) and a2: u2 € Domain (rE
S)

shows 3 . (ul,t) € (rES) > A (u2,t) € (rE S) *

(proof)

lemma lem-rE-confl:
fixes S::'U set
assumes — finite S
shows confl-rel (rE S)

{(proof)

lemma lem-rE-dc3dc2:
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fixes S::'U set
assumes — |S| <o |[UNIV:nat set|
shows confl-rel (rE S) A (- DCR2 (rE S))

(proof)

lemma lem-rE-cardbnd:
fixes S::'U set
assumes — finite S
shows |rE S| <o |S]
(proof)

lemma lem-fmap-rel:

fixes fr s a0 b0

assumes al: (a0, b0) € r"x and a2: V a b. (a,b) € r — (fa, fb) € s
shows (f a0, f b0) € 57

(proof)

lemma lem-fmap-confl:

fixes r::’a rel and f::'a = b

assumes al: inj-on f (Field r) and a2: confl-rel r

shows confl-rel {(u,v). 3 ab. u=faNv=f>bA(ab)€r}
(proof)

lemma lem-fmap-dcn:

fixes r::'a rel and f::'a = 'b

assumes al: inj-on [ (Field r) and a2: DCR n r

shows DCR n {(u,v). 3 ab.u=faAv=fbA (ab) € r}
(proof)

lemma lem-not-dcr2:
assumes cardSuc |UNIV::nat set| <o |[UNIV::'U set|
shows 3 r::'U rel. confi-rel v A |r| <o cardSuc |UNIV ::nat set| A (= DCR2 r)

(proof)

1.3.3 Result

The next theorem has the following meaning: if the set of elements of type
'U is uncountable, then there exists a confluent binary relation r on 'U such
that the cardinality of r does not exceed the first uncountable cardinal and

confluence of r cannot be proved using the decreasing diagrams method with
2 labels.

theorem thm-example-not-dcr2:
assumes cardSuc [{n::nat. True}| <o [{z::'U. True}|
shows 3 r::'U rel. (
(Vabe (ab) € 7% A (a,c) € rx — (3 d. (b,d) € rx A (¢,d) € 77%)
)

A |r] <o cardSuc |{n:nat. True}|
A(=(3Frort. (
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(r=(r0uUrl))
AN abec (ab) €10 A (a,c) €r0
— (3 d.
(b,d) € r07=
A (¢, d) € r07=) )
A abec (ab) €10 AN (a,e) €rl
(3 d.
(b)) € r17= A (b',d) € 107
A (¢,d) € T107%) )
A (Y abe (ab) €rl A (ac)erl
— (3b' " ' " d.
(b,0) € T0™x A (b'0") € r17= A (b,d) € 707
A (ce’)y € 107 A (cye')y e ri™= A (¢"\d) € 107%) ) ) )
))

(proof)

corollary cor-example-not-dcr2:

shows 3 r:(nat set) rel. (
(Vabe (ab) € rx A (a,c) € r'x — (3 d. (b,d) € 7% A (¢,d) € 77%)

)
A |r] <o cardSuc |{n:nat. True}|
A= (3rort. (
(r=(ro0url))
AN abec (ab) €r0 AN (a,c) €r0
— (3 d.
(b,d) € r07=
A (¢, d) € r07=))
AN abec (ab) €10 N (a,e) €rl
(3 d.
(b)) € r17= A (b',d) € 107
A (¢,d) € 107%) )
AN abec (ab) €rl A (ac) €rl
ENVE T
(b,b)) € 107 A (b,b") € 717= A (b",d) € r07%
A (c,e’)y € 107 A (c/e”)y e ri™= A (c"\d) € 107%) ) ) )
))
(proof)
end

1.4 DCR implies LD Property

theory Main-Result-DCR-N1
imports
DCR3-Method
Decreasing— Diagrams. Decreasing-Diagrams
begin
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1.4.1 Auxiliary definitions

definition map-seg-labels :: ('b = '¢) = ('a,’b) seq = ('a,’c) seq
where
map-seq-labels f o = (fst o, map (Ae,a). (f «, a)) (snd o))

fun map-diag-labels :: ('b = 'c) =
('a,’d) seq x ('a,’d) seq x ('a,’d) seq x ('a,’b) seq =
('a,’c) seq x ('a,’c) seq x (‘a,’c) seq x ('a,’c) seq
where
map-diag-labels f (1,0,0',7") = ((map-seq-labels f T), (map-seg-labels f o), (map-seq-labels
f '), (map-seq-labels f 77))

fun f-to-ls :: (nat = 'a) = nat = 'a list
where

f-to-ls f 0 =[]
| f~to-ls f (Suc n) = (f-to-ls fn) Q [(f n)]

1.4.2 Auxiliary lemmas

lemma lem-ftofs-len: length (f-to-ls f n) = n (proof)

lemma lem-irr-inj-im-irr:
fixes r::’a rel and r'::’b rel and f::'a = b
assumes irrefl r and inj-on f (Field r)
and r' = {(a’,b). 3 ab. a’=faANd =fbA (ab) € r}
shows irrefl r’
(proof)

lemma lem-tr-inj-im-tr:
fixes r::'a rel and r'::'b rel and f::'a = 'b
assumes trans r and inj-on f (Field r)
and r’' = {(a",b)). 3 ab. a’=faANbd =fbA (ab) € r}
shows trans r’
(proof )

lemma lem-Ipeak-expr: local-peak lrs (1, 0) = (3 a b c a B. (a,a,b) € Irs A (a,05,¢)

€lrs N7 = (a,[(a,b)]) Ao = (a,](B,c)]))
{(proof)

lemma lem-map-seq:
fixes lrs::(‘a,’d) lars and f::'b = 'c and Irs":('a,’c) lars and o::('a,’d) seq
assumes al: Irs’ = {(a,l’;b). 3. I'= fI A (a,l,b) € Irs }
and a2: 0 € Decreasing-Diagrams.seq Irs
shows (map-seg-labels f o) € Decreasing-Diagrams.seq lrs’

(proof)
lemma lem-map-diag:

fixes Irs::(“a,’d) lars and f::'b = 'c and Irs":('a,’c) lars
and d::('a,’d) seq x (‘a,’d) seq x ('a,’d) seq x ('a,’d) seq
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assumes al: Irs’ = {(a,l’;b). 3. I' = f1 A (a,l,b) € Irs }
and a2: diagram lrs d
shows diagram Irs’ (map-diag-labels f d)

(proof)

lemma lem-map-D-loc:
fixes cmp cmp’ s1 s2 83 s4 |
assumes al: Decreasing-Diagrams.D cmp s1 s2 s3 s/
and a2: trans cmp and a8: irrefl cmp and af: inj-on f (Field cmp)
and a5: emp’ = {(a’}b).  ab.a’=faANb =fbA (ab) € cmp}
and a6: length s1 = 1 and a7: length s2 = 1
shows Decreasing-Diagrams.D cmp’ (map f s1) (map f s2) (map f s3) (map f s4)

(proof)

lemma lem-map-DD-loc:
fixes Irs::('a,’d) lars and cmp::’b rel and Irs’::(‘a,’c) lars and cmp’::’c rel and
fu:b="'c
assumes al: trans cmp and a2: irrefl emp and a3: inj-on f (Field cmp)
and af: emp’ = {(a’;b"). 3 ab. a’=fa ANb = fbA (a,b) € cmp}
and a5: Irs’ = {(a,l’,b). 3. I' = f1 A (a,l,) € Irs }
and a6: length (snd (fst d)) = 1 and a7: length (snd (fst (snd d))) = 1
and a8: DD Irs cmp d
shows DD lrs’ cmp’ (map-diag-labels f d)
(proof)

lemma lem-ddseq-mon: lrs1 C lrs2 = Decreasing-Diagrams.seq lrs1 C Decreas-
ing-Diagrams.seq lrs2

(proof)

lemma lem-dd-D-mon:
fixes cmpl cmp2 « B s1 s2
assumes al: trans cmpl A irrefl cmpl and a2: trans cmp2 A irrefl cmp2 and
a3: cmpl C cmp2
and a4: Decreasing-Diagrams.D ecmpl [a] [8] sl s2
shows Decreasing-Diagrams.D cmp2 [a] [B] sI s2

(proof)

1.4.3 Result

The next lemma has the following meaning: every ARS in the finite DCR
hierarchy has the LD property.

lemma lem-dcr-to-ld:

fixes n:nat and r::'U rel
assumes DCR n r

shows LD (UNIV:nat set) r

(proof)
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2 Main theorem

The next theorem has the following meaning: if the cardinality of a binary re-
lation r does not exceed the first uncountable cardinal (cardSuc |UNIV::nat
set]), then the following two conditions are equivalent:

1. r is confluent (Abstract-Rewriting. CR r)

2. r can be proven confluent using the decreasing diagrams method with
natural numbers as labels (Decreasing-Diagrams.LD (UNIV::nat set) ).
theorem N1-completeness:
fixes r::'a rel

assumes |r| <o cardSuc |UNIV::nat set|
shows Abstract-Rewriting. CR r = Decreasing-Diagrams.LD (UNIV::nat set) r

(proof)

end
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