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Abstract

This development formalizes the Chevalley-Warning theorem for
finite fields: if finitely many multivariate polynomials over a finite field
have total degree sum strictly smaller than the number of variables,
then the number of their common zeros is divisible by the characteristic
[1, 3]. The formalization reuses the concrete multivariate-polynomial
representation and operations from the AFP Polynomials entry [2],
and the proof follows the standard finite-field power-sum argument.
AT assistance was used for proof engineering. The final definitions,
statements, and proofs are checked by Isabelle.
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imports
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begin
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1 The Chevalley-Warning theorem

We reuse the concrete multivariate-polynomial representation from the AFP
entry Polynomials. Polynomials. Thus a polynomial has type ('v, ‘a) Poly-
nomials.poly and consists of AFP monomials paired with coefficients. The
theorem takes an explicit finite set of variables, so it applies directly to the
usual natural-number-indexed AFP polynomials.

definition variables-poly ::



"v::linorder set = ('v, 'a) poly = bool where
variables-poly V p <— poly-vars p C V

definition total-degree-poly-le :: ('v::linorder, 'a) poly = nat = bool where
total-degree-poly-le p d <— poly-degree p < d

definition total-degree-poly-less :: ('v::linorder, 'a) poly = nat = bool where
total-degree-poly-less p d <— poly-degree p < d

definition common-zeros ::
"v::linorder set =
("v, 'a::comm-semiring-1) poly list = ('v = 'a) set where
common-zeros V ps =
{aw € PIE V (A-. UNIV). list-all (Ap. eval-poly o p = 0) ps}

lemma variables-poly-UNIV [simp]: variables-poly UNIV p
(proof)

lemma monom-vars-subset-poly-vars:
assumes (m, ¢) € set p
shows monom-vars m C poly-vars p

(proof)

lemma poly-degree-lel:
assumes Am c. (m, ¢) € set p = monom-degree m < d
shows poly-degree p < d
(proof)

lemma total-degree-poly-leD:
assumes total-degree-poly-le p d (m, ¢) € set p
shows monom-degree m < d

(proof)

lemma total-degree-poly-lessD:
assumes total-degree-poly-less p d (m, c¢) € set p
shows monom-degree m < d

(proof)

lemma total-degree-poly-le-mono:
assumes total-degree-poly-le p d d < e
shows total-degree-poly-le p e

(proof)

lemma total-degree-poly-less-of-le:
assumes total-degree-poly-le p d d < e
shows total-degree-poly-less p e

(proof)



1.1 Polynomial operations

fun poly-prod :: ('v::linorder, 'a::comm-semiring-1) poly list = (v, 'a) poly where
poly-prod [| = one-poly
| poly-prod (p # ps) = poly-mult p (poly-prod ps)

definition indicator-factor ::
nat = ('vi:linorder, 'a::comm-ring-1) poly = (v, 'a) poly where
indicator-factor q p = poly-minus (poly-const 1) (poly-power p (¢ — 1))

definition indicator-poly ::
nat = ('vi:linorder, 'a::comm-ring-1) poly list = ('v, 'a) poly where
indicator-poly q ps = poly-prod (map (indicator-factor q) ps)

lemma monom-list-degree-mult:
monom-list-degree (monom-mult-list m n) =
monom-list-degree m + monom-list-degree n

(proof)

lemma monom-degree-mult [simp]:
monom-degree (m * n) = monom-degree m + monom-degree n

(proof)

lemma monom-degree-one [simp]:
monom-degree (1::'v::linorder monom) = 0

(proof)

lemma monom-vars-mult [simp]:
monom-vars (m * n) = monom-vars m U monom-vars n

{proof)

lemma monom-mult-poly-monoms:
poly-monoms (monom-mult-poly (m, ¢) p) C (x) m ‘ poly-monoms p
(proof)

lemma variables-poly-const [simp]:
variables-poly V' (poly-const ¢ :: ("v::linorder, 'a::zero) poly)

(proof)

lemma total-degree-poly-le-const [simp]:
total-degree-poly-le (poly-const ¢ :: (v::linorder, 'a::zero) poly) 0
(proof)

lemma variables-poly-add:
assumes p: variables-poly V p and q: variables-poly V g
shows wvariables-poly V (poly-add p q)

(proof)

lemma total-degree-poly-le-add:
assumes p: total-degree-poly-le p d and q: total-degree-poly-le q d



shows total-degree-poly-le (poly-add p q) d
(proof)

lemma total-degree-monom-mult-poly:
assumes m: monom-degree m < d and p: total-degree-poly-le p e
shows total-degree-poly-le (monom-mult-poly (m, ¢) p) (d + €)
(proof)

lemma variables-monom-mult-poly:
assumes m: monom-vars m C V and p: variables-poly V p
shows variables-poly V' (monom-mult-poly (m, ¢) p)

(proof)

lemma variables-poly-mult:
assumes p: variables-poly V p and q: variables-poly V ¢
shows variables-poly V (poly-mult p q)
(proof)

lemma total-degree-poly-le-mult:
assumes p: total-degree-poly-le p d and q: total-degree-poly-le q e
shows total-degree-poly-le (poly-mult p q) (d + e)
(proof)

lemma variables-poly-minus:
assumes p: variables-poly V p and q: variables-poly V q
shows wariables-poly V' (poly-minus p q)

(proof)

lemma total-degree-poly-le-minus:
assumes p: total-degree-poly-le p d and q: total-degree-poly-le q d
shows total-degree-poly-le (poly-minus p q) d

(proof)

lemma wvariables-poly-power:
assumes p: variables-poly V p
shows wariables-poly V (poly-power p k)

(proof)

lemma total-degree-poly-le-power:

assumes p: total-degree-poly-le p d

shows total-degree-poly-le (poly-power p k) (k * d)
(proof)

lemma eval-poly-prod:
eval-poly o (poly-prod ps) = prod-list (map (eval-poly ) ps)
(proof)

lemma variables-poly-prod:
assumes list-all (variables-poly V') ps



shows wvariables-poly V (poly-prod ps)
(proof)

lemma total-degree-poly-prod:
assumes list-all2 total-degree-poly-le ps ds
shows total-degree-poly-le (poly-prod ps) (sum-list ds)
(proof)

lemma eval-indicator-factor:
eval-poly « (indicator-factor q p) = 1 — eval-poly o p ~ (¢ — 1)
(proof)

lemma eval-indicator-poly:
eval-poly « (indicator-poly q ps) =
prod-list (map (Ap. 1 — eval-poly a p ~ (¢ — 1)) ps)
(proof)

lemma variables-indicator-factor:
assumes variables-poly V p
shows wariables-poly V (indicator-factor q p)

(proof)

lemma variables-indicator-poly:
assumes list-all (variables-poly V') ps
shows wariables-poly V (indicator-poly q ps)

(proof)

lemma total-degree-indicator-factor:

fixes p :: (‘vi:linorder, 'a::comm-ring-1) poly

assumes p: total-degree-poly-le p d

shows total-degree-poly-le (indicator-factor q p) ((¢ — 1) * d)
(proof)

lemma total-degree-indicator-poly:
assumes list-all2 total-degree-poly-le ps ds
shows total-degree-poly-le (indicator-poly q ps) ((¢ — 1) * sum-list ds)
(proof)

1.2 Finite-field power sums
lemma finite-field-card-gt-one:

1 < card (UNIV :: 'a:finite-field set)
(proof)

lemma finite-field-power-card-minus-one:
fixes z :: 'a::finite-field
assumes z # 0
shows z ~ (card (UNIV :: 'a set) — 1) = 1
(proof)



lemma finite-field-exists-power-ne-one:
fixes k :: nat
assumes k-pos: 0 < k
assumes k-lt: k < card (UNIV :: 'a:finite-field set) — 1
shows Ja::'a. a # 0 Na "k # 1
(proof)

lemma finite-field-power-sum-less:
assumes k-lt: k < card (UNIV :: 'a:finite-field set) — 1
shows (3> z€UNIV.z "k 'a) =0

(proof)

lemma eval-monom-list-prod-sum-var:
fixes a :: 'vi:linorder = 'a::comm-semiring-1
assumes finite: finite V and vars: fst ‘set m C V
shows eval-monom-list « m =
(I[z€V. a z = sum-var-list m x)

(proof)

lemma eval-monom-prod-sum-var:
fixes « :: 'vi:linorder = 'a::comm-semiring-1
assumes finite V monom-vars m C V
shows eval-monom a m = ([[z€V. a z ~ sum-var m x)

{proof)

lemma monom-list-degree-sum-var:
fixes m :: 'v::linorder monom-list
assumes finite V fst ‘set m C V
shows monom-list-degree m = (> z€ V. sum-var-list m x)

(proof)

lemma monom-degree-sum-var:
fixes m :: 'vi:linorder monom
assumes finite V monom-vars m C V
shows monom-degree m = (>_ z€ V. sum-var m x)

(proof)

lemma sum-monom-assignments:
fixes m :: 'v::linorder monom
assumes finite: finite V and vars: monom-vars m C V.
shows (3" a€PiE V (A-. UNIV :: a:finite-field set).
eval-monom o m) =
(ITz€V. >>ye(UNIV :: 'a set). y ~ sum-var m x)
(proof)

lemma exists-variable-degree-lt:
assumes finite: finite V
assumes (> z€V. fz) < card V % k



shows JzeV. foz < k
(proof)

lemma monomial-sum-zero-if-degree-it:

fixes m :: 'v::linorder monom

assumes finite: finite V and vars: monom-vars m C V

assumes deg:

monom-degree m <
card V x (card (UNIV :: 'a:finite-field set) — 1)

shows (3" a€PiE V (A-. UNIV :: 'a set). eval-monom o m) = 0

(proof)

lemma finite-field-sum-poly-zero:
assumes finite: finite V and wvars: variables-poly V p
assumes deg:
total-degree-poly-less p
(card V * (card (UNIV :: 'a:finite-field set) — 1))
shows (> a€PiE V (A-. UNIV :: 'a set). eval-poly a p) = 0
(proof)

1.3 The theorem

lemma finite-field-indicator-factor-value:

fixes y :: 'a::finite-field

shows 1 — y ~ (card (UNIV :: 'a set) — 1) = of-bool (y = 0)
(proof)

lemma prod-list-of-bool-list-all:
prod-list (map (Az. of-bool (P z) :: 'a::comm-semiring-1) xs) =
of-bool (list-all P xs)
(proof)

lemma eval-indicator-poly-value:
fixes ps :: (‘vi:linorder, 'a:finite-field) poly list
shows eval-poly o (indicator-poly (card (UNIV :: 'a set)) ps) =
of-bool (list-all (Ap. eval-poly o p = 0) ps)
(proof)

lemma list-all2-variables:
assumes
list-all2 (Ap d. variables-poly V p A total-degree-poly-le p d) ps ds
shows list-all (variables-poly V) ps
(proof)

lemma list-all2-degrees:
assumes
list-all2 (Ap d. variables-poly V p A total-degree-poly-le p d) ps ds
shows list-all2 total-degree-poly-le ps ds
(proof)



theorem chevalley-warning:
fixes V :: "v::linorder set
and ps :: ('v, 'a:finite-field) poly list
assumes finite: finite V
assumes polys:
list-all2 (Ap d. variables-poly V p A total-degree-poly-le p d) ps ds
assumes degree-sum: sum-list ds < card V
shows CHAR('a) dvd card (common-zeros V ps)

(proof)

corollary chevalley-warning-finite-type:
fixes ps :: ('vi:{finite,linorder}, 'a::finite-field) poly list
assumes polys: list-all2 total-degree-poly-le ps ds
assumes degree-sum: sum-list ds < card (UNIV :: 'v set)
shows CHAR('a) dvd card (common-zeros UNIV ps)

(proof)

end
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