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Abstract

This article provides a formalization of elements of the theory of universal constructions
for 1-categories (such as limits, adjoints and Kan extensions) in the object logic ZFC' in
HOL ([13], also see [11]) of the formal proof assistant Isabelle [12].
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1 Introduction

This article provides a formalization of further elements of the theory of 1-categories without
an additional structure. More specifically, this article explores canonical universal constructions
[1]' and their properties, building upon the formalization of the foundations of category theory

in [10].

"https://ncatlab.org/nlab/show /universal+construction


https://ncatlab.org/nlab/show/universal+construction

2 Universal arrow

2.1 Background

The following section is based, primarily, on the elements of the content of Chapter III-1 in [9].

named-theorems ua-field-simps

definition UObj = V where [ua-field-simps]: UObj = 0
definition UArr :: V where [ua-field-simps]: UArr = Iy

lemma [ cat-cs-simps]:
shows UObj-simp: [a, b]o(UObj) = a
and UArr-simp: [a, b]lo(UArr]) = b
{proof)

2.2 Universal map

The universal map is a convenience utility that allows treating a part of the definition of the
universal arrow as an arrow in the category Set.

2.2.1 Definition and elementary properties

definition umap-of = V=V =>V=>V=V=>V
where umap-of F crud =

(Mf'ecHom (F(HomDom))) r d. F(ArrMap))(f') © A% (HomCod)) u),
Hom (F(HomDom)) r d,
| Hom (F(HomCod)) c (§(ObjMap|)(d]))

definition umap-fo = V=>V=V=V=V=>V
where umap-fo § ¢ v u d = umap-of (op-¢f §) crud

Components.

lemma (in is-functor) umap-of-components:
assumes u : ¢~ §(0bjMap|)(r))
shows umap-of § ¢ ru d(ArrVal)) = (\f'ecHom A v d. F(ArrMap|)(f") oasg )
and umap-of § ¢ r u d|ArrDom|) = Hom 2 r d
and umap-of § ¢ r u d(ArrCod)) = Hom B ¢ (F(ObjMap))(d])

{proof)

lemma (in is-functor) umap-fo-components:
assumes u : §(ObjiMap))(r]) —e ¢
shows umap-fo § ¢ ru d(ArrVal) = (\f'ecHom A d r. u o a5 F(ArrMap))(f'))
and umap-fo § ¢ r u d(ArrDom|) = Hom 2 d r
and umap-fo § ¢ r u d(ArrCod|) = Hom 9B (F(ObjMap|)(d])) ¢
(proof)

Universal maps for the opposite functor.

lemma (in is-functor) op-umap-of|cat-op-simps]: umap-of (op-cf F) = umap-fo §

{proof)

lemma (in is-functor) op-umap-fo[ cat-op-simps]: umap-fo (op-cf §) = umap-of §

{proof)

lemmas [ cat-op-simps] =



is-functor.op-umap-of
is-functor.op-umap-fo

2.2.2 Arrow value

lemma umap-of-ArrVal-vsv[ cat-cs-intros]: vsv (umap-of § ¢ r u d(ArrVal)))

{proof)

lemma umap-fo-ArrVal-vsv[ cat-cs-intros]: vsv (umap-fo § ¢ r v d(ArrVal)))

{proof)

lemma (in is-functor) umap-of-ArrVal-vdomain:
assumes u : ¢ ~q §(0bjMap|)(r))
shows D, (umap-of § ¢ r u d(ArrVal))) = Hom A r d
(proof)

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-vdomain

lemma (in is-functor) umap-fo-ArrVal-vdomain:
assumes u : §(ObjMap))(r]) —e ¢
shows D, (umap-fo § ¢ ru d(ArrVal)) = Hom A d r
(proof)

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-vdomain

lemma (in is-functor) umap-of-ArrVal-app:
assumes f': r o d and u: ¢ =g F(ObjMap|)(r)
shows umap-of § ¢ ru d(ArrVal)(f') = F(ArrMap)(f') cag u
{proof)

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-app

lemma (in is-functor) umap-fo-ArrVal-app:

assumes f': d —g r and u: F(ObjMap)(r) —g c

shows umap-fo § ¢ ru d(ArrVal)(f") = v oasg F(ArrMap))(f')
{proof)

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-app

lemma (in is-functor) umap-of-ArrVal-vrange:

assumes u : ¢ ~q §(0bjMap|)(r))

shows R, (umap-of § ¢ ru d|ArrVal))) <o Hom B ¢ (F(ObjMap))(d)))
{proof)

lemma (in is-functor) umap-fo-ArrVal-vrange:
assumes u : §(ObjMap))(r]) e ¢
shows R, (umap-fo § ¢ r v d(ArrVal))) <o Hom B (F(ObjMap|)(d)) ¢
(proof)

2.2.3 Universal map is an arrow in the category Set

lemma (in is-functor) cf-arr-Set-umap-of:
assumes category o A
and category o ‘B
and r: 7 €, A(0bj)
and d: d €, A(0bj)
and w u: ¢ = §(ObjMap|)(r)
shows arr-Set o (umap-of § ¢ ru d)



(proof)

lemma (in is-functor) cf-arr-Set-umap-fo:
assumes category o 2
and category a ‘B
and r: 7 €, A(0bj)
and d: d €, 2(O0bj)
and w u : F(ObjiMap))(r]) e ¢
shows arr-Set a (umap-fo § ¢ r u d)
(proof)

lemma (in is-functor) cf-umap-of-is-arr:
assumes category o 2
and category a ‘B
and r €, A(Obj)
and d ¢, A(0bj)
and u : ¢~ F(ObjMap|)(r)
shows umap-of § ¢ rud: Hom A v d .41 o1 o Hom B ¢ (F(ObiMap|)(d))
{proof)

lemma (in is-functor) cf-umap-of-is-arr":
assumes category o A
and category o ‘B
and 1 €, A(0bj)
and d ¢, A(0bj)
and u : ¢ =g §(ObjMap|)(r])
and A = Hom 2A rd
and B = Hom B ¢ (§(0bjMap))(d))
and € = cat-Set o
shows umap-of § crud: Ay B

(proof )
lemmas [cat-cs-intros] = is-functor.cf-umap-of-is-arr’

lemma (in is-functor) cf-umap-fo-is-arr:
assumes category o 2
and category a ‘B
and r €, A(0bj)
and d ¢, 2A(0bj)
and u : §(ObjMap))(r]) —e ¢
shows umap-fo § cru d: Hom A dr 51 6ot o Hom B (F(O0biMap))(d])) c
(proof)

lemma (in is-functor) cf-umap-fo-is-arr"
assumes category o A
and category a B
and r €, A(Obj)
and d ¢, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and A = Hom A dr
and B = Hom B (F(0bjMap))(d)) ¢
and € = cat-Set o
shows umap-fo§ crud: Ay B

{proof)

lemmas [cat-cs-intros] = is-functor.cf-umap-fo-is-arr’

10



2.3 Universal arrow: definition and elementary properties

See Chapter III-1 in [9].

definition universal-arrow-of = V. = V = V = V = bool
where universal-arrow-of § ¢ r u «—

(
r € F(HomDom|)(Obj) A

Ut € =% HomCod)) F(0biMap)(r) A

vor'u'
r’ es §(HomDom]|)(Obj)) —
u': ¢ ~5(HomCod) S(OWMap)(r’) —
QU f e =% HomDoml) r' A u' = umap-of F ¢ rur'(ArrVal)(f))
)
)

definition universal-arrow-fo = V. = V = V = V = bool
where universal-arrow-fo § ¢ r u = universal-arrow-of (op-cf §) ¢ ru

Rules.

mk-ide (in is-functor) rf
universal-arrow-of-def[where F=F, unfolded cf~-HomDom cf-HomCod]
|intro universal-arrow-ofI|
|dest universal-arrow-ofD[ dest]
|elim universal-arrow-ofE[ elim]|

lemma (in is-functor) universal-arrow-fol:
assumes 1 €, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and Ar' u'. [[ v e A(Obj)); u': F(ObiMap))(r') —p ¢ || =
A ey r A ' = umap-fo § ¢ rou r'(ArrVal) (f')
shows universal-arrow-fo § ¢ r u

{proof)

lemma (in is-functor) universal-arrow-foD[dest]:
assumes universal-arrow-fo § ¢ v u
shows r €, A(0bj)
and u : §(ObjMap))(r]) —e ¢
and Ar' u'. [ r' e A(Obj]); u’: F(ObiMap)(r') =g ¢ ]| =
L ey A ' = umap-fo § ¢ rou r'(ArrVal) (f)
{proof)

lemma (in is-functor) universal-arrow-foE[ elim]:
assumes universal-arrow-fo § ¢ r u
obtains r €, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and Ar' v’ [[ 7' e, A(O0bj]); u': F(ObiMap))(r') = ¢ ]| =
i ey r AU = umap-fo § e u r'(ArrVal) (f7)
(proof)

Elementary properties.

lemma (in is-functor) op-cf-universal-arrow-of| cat-op-simps]:
universal-arrow-of (op-cf §) ¢ r u <— universal-arrow-fo § ¢ r u

{proof)

lemma (in is-functor) op-cf-universal-arrow-fo[ cat-op-simps]:
universal-arrow-fo (op-c¢f §F) ¢ r u «— universal-arrow-of § ¢ ru

11



{proof)

lemmas (in is-functor) [cat-op-simps] =
is-functor.op-cf-universal-arrow-of
is-functor.op-cf-universal-arrow-fo

2.4 Uniqueness

The following properties are related to the uniqueness of the universal arrow. These properties
can be inferred from the content of Chapter III-1 in [9)].

lemma (in is-functor) cf-universal-arrow-of-ex-is-iso-arr:

— The proof is based on the ideas expressed in the proof of Theorem 5.2 in Chapter Introduction in
[6].

assumes universal-arrow-of § ¢ r u and universal-arrow-of § ¢ r' u’

obtains f where f : r »;.,9 r' and u' = umap-of § ¢ r u r'(ArrVal))(f]
{proof)

lemma (in is-functor) cf-universal-arrow-fo-ex-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
obtains f where f : r’' —; .9 7 and u' = umap-fo § ¢ r u r'(ArrVal))(f)
(proof)

lemma (in is-functor) cf-universal-arrow-of-unique:
assumes universal-arrow-of § ¢ r u
and universal-arrow-of § ¢ v’ u’
shows 3!f". f':r =g r' A u' = umap-of § ¢ rur'(ArrVal)(f')
{proof)

lemma (in is-functor) cf-universal-arrow-fo-unique:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ r' u’
shows 3!f". f':r' =g v A u' = umap-fo § ¢ ru r'(ArrVal)(f)
{proof)

lemma (in is-functor) cf-universal-arrow-of-is-iso-arr:
assumes universal-arrow-of § ¢ r u
and universal-arrow-of § ¢ v’ u’
and f: 1 g 1’
and v’ = umap-of § ¢ r u r'(ArrVal)(f)
shows [ : 1 =09 1’
{proof)

lemma (in is-functor) cf-universal-arrow-fo-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
and f: 1 =y 1
and u’ = umap-fo § ¢ r u r'(ArrVal)(f)
shows f: 1" >0 T

{proof)

lemma (in is-functor) universal-arrow-of-if-universal-arrow-of:
assumes universal-arrow-of § ¢ r u
and f: 7 g0 1
and v’ = umap-of §F ¢ r u r'(ArrVal)(f)
shows universal-arrow-of § ¢ r' u’

(proof)

12



lemma (in is-functor) universal-arrow-fo-if-universal-arrow-fo:
assumes universal-arrow-fo § ¢ v u
and f: 1/ g9 T
and u’ = umap-fo § ¢ r u r'(ArrVal)(f)
shows universal-arrow-fo § ¢ v’ u’

{proof)

2.5 Universal natural transformation

2.5.1 Definition and elementary properties

The concept of the universal natural transformation is introduced for the statement of the
elements of a variant of Proposition 1 in Chapter I1I-2 in [9].

definition nicf-ua-of = V=V =>V=V= V=V
where ntcf-ua-of a § ¢ u =
[
(AdeoF(HomDom|)(Obj]). umap-of § ¢ 1 u d),
Homo. co§(HomDoml)(r,-),
Homo. cad(HomCod))(c,—) ocr 3,
S(HomDom)),
cat-Set

lo

definition nicf-ua-fo:: V=>V=>V=>V=>V=>TV
where ntcf-ua-fo a § ¢ r u = ntef-ua-of « (op-¢f F) cru

Components.

lemma ntcf-ua-of-components:
shows ntcf-ua-of o § ¢ r u(NTMap)) = (Ade.F(HomDom|)(Obj). umap-of § ¢ ru d)
and nicf-ua-of a § ¢ r u((NTDom|) = Homo. ca§(HomDom]|)(r,—)
and nicf-ua-of a F ¢ r u(NTCod]) = Homo.caF(HomCod)(c,~) ocr §
and ntcf-ua-of a § ¢ r u(NTDGDom|) = F(HomDom])
and nicf-ua-of a § ¢ r u(NTDGCod)) = cat-Set «

{proof)

lemma nicf-ua-fo-components:
shows ntcf-ua-fo a § ¢ r u(NTMap|) = (AdeoF(HomDom|)(Obj]). umap-fo F ¢ r u d)
and ntcf-ua-fo a § ¢ r u(NTDoml|) = Homo.caop-cat (F(HomDom)))(r,~)
and nicf-ua-fo a § ¢ r u(NTCod)) =
Homo. caop-cat (F(HomCod)))(c,—) ocr op-cf §
and ntcf-ua-fo a § ¢ r u(NTDGDoml|) = op-cat (F(HomDom]|))
and ntcf-ua-fo a § ¢ r u(NTDGCod)) = cat-Set «

(proof)

context is-functor
begin

lemmas ntcf-ua-of-components’ =
ntcf-ua-of-components[where a=a and §F=F, unfolded cat-cs-simps]

lemmas [ cat-cs-simps] = ntcf-ua-of-components’(2-5)
lemma ntcf-ua-fo-components’:
assumes ¢ €, B(0bj)) and r e, A(Obj))
shows nicf-ua-fo a § ¢ r u(NTMap)) = (Ade.,A(Obj]). umap-fo §F ¢ r u d)

and [ cat-cs-simps]:

13



ntef-ua-fo a § ¢ v u(NTDom|) = Homo.ca2(-,r)
and [cat-cs-simps]:
ntcf-ua-fo a F ¢ r u(NTCod)) = Homo. caB(-,¢) occr op-cf §
and [cat-cs-simps]: ntef-ua-fo a § ¢ r u(NTDGDom|) = op-cat A
and [cat-cs-simps]: ntef-ua-fo a § ¢ r u(NTDGCod)) = cat-Set «
(proof)

end

lemmas [cat-cs-simps] =
is-functor.ntcf-ua-of-components’(2—5)
is-functor.ntcf-ua-fo-components’(2—5)

2.5.2 Natural transformation map

mk-VLambda (in is-functor)
ntcf-ua-of-components(1)[where a=a and §=F, unfolded cf-HomDom]
|vsv nitcf-ua-of-NTMap-vsv|
|vdomain ntcf-ua-of-NTMap-vdomain|
|app ntef-ua-of-NTMap-app

context is-functor
begin

context

fixes c r

assumes 7: r €, A(0bj]) and c: ¢ €, B(0bj)
begin

mk-VLambda ntcf-ua-fo-components’(1)[ OF ¢ r]
|vsv ntcf-ua-fo-NTMap-vsv|
|vdomain ntcf-ua-fo-NTMap-vdomain|
|app ntcf-ua-fo-NTMap-app|

end
end

lemmas [cat-cs-intros] =
is-functor.ntcf-ua-fo-NTMap-vsv
is-functor.ntcf~ua-of-NTMap-vsv

lemmas [ cat-cs-simps] =
is-functor.ntcf-ua-fo-NTMap-vdomain
is-functor.ntcf-ua-fo-NTMap-app
is-functor.ntcf-ua-of-NTMap-vdomain
is-functor.ntcf~ua-of-NTMap-app

lemma (in is-functor) ntcf-ua-of-NTMap-vrange:
assumes category o A
and category a B
and r €, A(Obj)
and u : ¢ = §(ObjMap|)(r])
shows R, (ntcf-ua-of a §F ¢ r u(NTMap))) S, cat-Set a(Arr|
{proof)

14



2.5.3 Commutativity of the universal maps and hom-functions

lemma (in is-functor) cf-umap-of-cf-hom-commute:
assumes category o 2
and category a ‘B
and c €, B(0bj)
and r €, A(Obj)
and u : ¢ = §(ObjMap|)(r)
and f:a g b
shows
umap-of F ¢ T u b oA gt o f-hom A [A(CIA)(r), flo =
cf-hom B [BACIA)(e), SQArrMap)(f)]e ©agap-et o wmap-of § ¢ v u a
(is <Zuof-b o4 pyt-Set o 71f = 2¢f ©Acqt-Set o fuof-ar)
{proof)

lemma cf-umap-of-cf-hom-unit-commute:
assumes category a €
and category o ©
and §: € »>0n ©
and & : D »>oq €
and n:c¢f-id € »op G ogp F: Coy €
and g: ¢ g c
and f: d —g d’
shows
umap-of & ¢’ (F(ObjMap)(c)) (nANTMap)(c')) d’ o4 gar-set
cf-hom D [F(ArrMap))(g), f]o =
f-hom € [g, SArTMap)(f)]e ©4 car-Set o
umap-of & ¢ (§(0bjMap))(cl)) (n(NTMap))(c)) d
(is <Puof-c'd" on pgi-Set o 789f = 79Bf 0a pat-Set o Zuof-cd)
{proof)

2.5.4 Universal natural transformation is a natural transformation

lemma (in is-functor) cf-nicf-ua-of-is-ntcf:
assumes r €, A(Obj)
and u : ¢ =g §(ObjMap|)(r)
shows ntcf-ua-of a § cru:
Homo.co2(r,=) »cr Homo.caB(c,—) ocp § : A = o cat-Set a
{proof)

lemma (in is-functor) cf-nicf-ua-fo-is-ntcf:
assumes 7 €, 2A(0bj)) and v : F(ObiMap|)(r) —p c
shows ntcf-ua-foa § ¢ ru:
Homo.ca2l(=,r) »cor Homo.ca®B(-,c) oor op-cf § :
op-cat A =~ ¢ cat-Set a
{proof)

2.5.5 Universal natural transformation and universal arrow

The lemmas in this subsection correspond to variants of elements of Proposition 1 in Chapter
I11-2 in [9].
lemma (in is-functor) cf-nicf-ua-of-is-iso-ntcf:
assumes universal-arrow-of § ¢ r u
shows ntcf-ua-of o § cru:
Homo coal(r,=) »orF.iso Homo. caB(c,~) ocr § : A = cq cat-Set «
{proof)

lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-of-is-iso-ntcf
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lemma (in is-functor) cf-nicf-ua-fo-is-iso-ntcf:
assumes universal-arrow-fo § ¢ v u
shows ntcf-ua-fo a § cru:
Homo.co2(=,7) =»cF.iso Homo.ca®B(-,c) ocr op-cf §:
op-cat A =~ ¢ cat-Set o
{proof)

lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-fo-is-iso-ntcf

lemma (in is-functor) cf-ua-of-if-ntcf-ua-of-is-iso-ntcf:
assumes 1 €, A(0bj)
and u : ¢ = §(ObjMap|)(r))
and nicf-ua-of a F cru:
Homo.ca2U(r,=) »cr.iso Homo.ca®B(c,—) ocr § : A »cq cat-Set o
shows universal-arrow-of § c r u
{proof)

lemma (in is-functor) cf-ua-fo-if-ntcf-ua-fo-is-iso-ntcf:
assumes 1 €, 2A(0bj)
and u : §(ObjMap))(r]) = ¢
and nicf-ua-fo a §F cru:
Homo.ca2U(=,r) »cr.iso Homo. ca®B(-,c) ocr op-cf §:
op-cat A ¢ cat-Set a
shows universal-arrow-fo § ¢ r u

{proof)

lemma (in is-functor) cf-universal-arrow-of-if-is-iso-ntcf:
assumes 1 €, A(Obj)
and c €, B(00bj)
and ¢ :
Homo.co(r,~) »or.iso Homo.ca®B(c,~) oor § : A = ca cat-Set
shows universal-arrow-of § ¢ r ((NTMap))(r)(ArrVal) (A(CId)(r)]))
(is <universal-arrow-of § ¢ r ?u»)
{proof)

lemma (in is-functor) cf-universal-arrow-fo-if-is-iso-ntcf:
assumes 1 €, A(0bj)
and c €, B(0bj)
and ¢ :
Homo.caU(=,r) »cr.iso Homo. ca®B(-,c) ocr op-cf §:
op-cat A —— ¢ cat-Set a
shows universal-arrow-fo § ¢ r ((NTMap))(r) (Arr Val) (A(CId) (7))
(proof)
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3 Limits and colimits

3.1 Background

named-theorems cat-lim-cs-simps
named-theorems cat-lim-cs-intros

3.2 Limit and colimit

3.2.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9)].

locale is-cat-limit = is-cat-cone a r JEFufora JEF ru +
assumes cat-lim-ua-fo: Au' r'. w1 <cF. cone § 1 J P ca € =
i e r A u = w Ny o ntef-const J € f

syntax -is-cat-limit = V=V = V=V = V = V = bool
(((-:f - <crpaim -1 - o1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-limit = is-cat-limit
translations v : 7 <gpyim 51 J P ca € =
CONST is-cat-limit « J € F ru

locale is-cat-colimit = is-cat-cocone ar JEFufora JEF ru+
assumes cat-colim-ua-of: Au’' r’. v’ 1 §F >cF.cocone 7' J Pcoa € =
L frir e v A u = ntef-const JC fonror u

syntax -is-cat-colimit = V=V = V=V = V = V = bool
(«(- ) - >cr.cotim - 3 - 1 -) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-colimit = is-cat-colimit
translations v : § >cr.cotim 7 J oo €=
CONST is-cat-colimit a« J € §F r u

Rules.

lemma (in is-cat-limit) is-cat-limit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows u : 7' <¢p.1im §': 3" o, €

{proof)

mk-ide rf is-cat-limit-def [ unfolded is-cat-limit-axioms-def]
|intro is-cat-limit]|
|dest is-cat-limitD[ dest]|
|elim is-cat-limit E[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-limitD(1)

lemma (in is-cat-colimit) is-cat-colimit-azioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows v : §' >cr. cotim 7' J’ inangerv <’
(proof)

mk-ide rf is-cat-colimit-def [ unfolded is-cat-colimit-azioms-def]
|intro is-cat-colimitl|
|dest is-cat-colimitD[ dest]|

|elim is-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-colimitD(1)
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Limits, colimits and universal arrows.

lemma (in is-cat-limit) cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acp a J €) (¢f-map F) r (ntcf-arrow u)
(proof)

lemma (in is-cat-cone) cat-cone-is-cat-limit:
assumes unversal-arrow-fo (Acr a J €) (¢f-map §) ¢ (nicf-arrow N)
shows M : ¢ <cr.iim § 1 J »~ca €

{proof)

lemma (in is-cat-colimit) cat-colim-is-universal-arrow-of:
universal-arrow-of (Acr a J €) (cf-map §) r (ntcf-arrow u)
{proof)

lemma (in is-cat-cocone) cat-cocone-is-cat-colimit:
assumes universal-arrow-of (Acp a J €) (c¢f-map §) ¢ (nicf-arrow N)
shows N : § >cr.cotim € J =»=ca €

{proof)

Duality.

lemma (in is-cat-limit) is-cat-colimit-op:
op-ntcf u : op-cf F >cF.colim T op-cat J =+ cq op-cat €
(proof)

lemma (in is-cat-limit) is-cat-colimit-op'[ cat-op-intros):
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u : F' >cr.cotim T 3 P»ca €

(proof)
lemmas [cat-op-intros] = is-cat-limit.is-cat-colimit-op’

lemma (in is-cat-colimit) is-cat-limit-op:
op-ntcf u : v <gp.1im op-cf § : op-cat J —+cq op-cat €
(proof)

lemma (in is-cat-colimit) is-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcfu: r <cp.iim § 3 »rcoa €

{proof)

lemmas [ cat-op-intros] = is-cat-colimit.is-cat-colimit-op’

3.2.2 Universal property

lemma (in is-cat-limit) cat-lim-unique-cone”:
assumes u': 1’/ <gp cone § 1 J Pca €
shows
( 3!f">f’= r e A (VeI (0b)). u'(NTMap)(j) = uw(NTMap)(j) oac f')
proof

lemma (in is-cat-limit) cat-lim-unique:
assumes v’ : ' <cp.im 53 Pcoa €
shows 3!f". f':r' e r Au' = u-Nyrcor ntcf-const J € f'

{proof)

lemma (in is-cat-limit) cat-lim-unique”:
assumes v’ : ' <cp.im 53 mcoa €
shows
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3L e A (Y jee3(0b)). u'(NTMap) () = w(NTMap) (i) oae /')
(proof)

lemma (in is-cat-colimit) cat-colim-unique-cocone:
assumes u': § >cF.cocone 7' I Pca €
shows 3!f". f':r =g r' A u' = ntcf-const J € f'nror u
(proof)

lemma (in is-cat-colimit) cat-colim-unique-cocone”:
assumes ' : F >cF cocone T 1 2o €
shows
L e A (Ve3(0b)). W' (NTMap)(jl) = f" oag u(NTMap) ()
{proof)

lemma (in is-cat-colimit) cat-colim-unique:
assumes u': § >cr.colim ' 1 J Poa €
shows 3!f". f':r =g r' A u' = ntef-const J € f'nror u

{proof)

lemma (in is-cat-colimit) cat-colim-unique”:
assumes v’ : F >cp.cotim T I Poa €
shows
3L e v A (VEI(0b)). w'(NTMap)) () = /" oae u(NTMap])(j))
(proof)

lemma cat-lim-ex-is-iso-arr:
assumes U : 1 <crim S:Jdrrca Cand v <cpiim §:J Pca €
obtains f where f : r' —;5,¢ rand v’ = u -y rcp ntcf-const J € f
{proof)

lemma cat-lim-ezx-is-iso-arr”:
assumes u: 7 <gp.iim 8 : J 2>~ca €and v’ v <op im § 1 J Boca €
obtains f where f : 1’ ;.0 T

( ant; N § € J(0bj) = uw'(NTMap))(j) = w(NTMap)(j) ca¢ f

proof

lemma cat-colim-ex-is-iso-arr:
assumes U : § >CF.colim T J P~ ca €
and u': S >CF.colim r’: 3 indngele’ ¢
obtains f where f : r »;,,¢ ' and u’ = ntcf-const J € f nror u
{proof)

lemma cat-colim-ez-is-iso-arr'”:
assumes u : g >CF.colim T 3 ingdngele’ ¢
and ’LL, : % >CF.colim 7ﬂ, : 3 =P Cca ¢
obtains f where f : r >4, 1’
( anf>1 Nj. j € J(0bj)) = uw'(NTMap))(j) = f cag w(NTMap))(j)
proof

3.2.3 Further properties

lemma (in is-cat-limit) cat-lim-is-cat-limit-if-is-iso-arr:
assumes [ : 1’ =00 T
shows u -yrcp ntef-const J € f:r' <cpiim §:J ==ca €
(proof)

lemma (in is-cat-colimit) cat-colim-is-cat-colimit-if-is-iso-arr:
assumes [ : 7 >0 T
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shows ntcf-const J € f nrcr U :F >cF.colim T 1 J »ca €
{proof)

lemma nitcf-cf-comp-is-cat-limit-if-is-iso-functor:
assumes U : " <gpiim S : B rroa Cand & A >0 500 B
shows uw onrcor-cFr & : 7 <cFr.iim § °cFr & : A o €
{proof)

lemma nicf-cf-comp-is-cat-limit-if-is-iso-functor'[ cat-lim-cs-intros]:
assumes U : " <cp.iim 3B roa €
and & : 2 =P Clisoq B
and A’ =F ocr &
shows u on7cor-cr & : 17 <cr.iim A : A »ca €

{proof)

3.3 Small limit and small colimit

3.3.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9]. The definitions of small limits were tailored for ZFC in HOL.

locale is-tm-cat-limit = is-tm-cat-cone a r JEF ufor a JEF ru +
assumes tm-cat-lim-ua-fo:
/\UI rlou' ! <CF.cone %’ : 3 indndele’ ¢ =
i e r AU = uw Ny ntef-const J € f

syntax -is-tm-cat-limit = V=V = V =V = V = V = bool
(-2 -<cF.am.iim - - =rcaml -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-limit = is-tm-cat-limit
translations v : 7 <gF.tm.iim 8 3 PP C.tma © =
CONST is-tm-cat-limit a J € F ru

locale is-tm-cat-colimit = is-tm-cat-cocone a r JEFufora JEF ru +
assumes tm-cat-colim-ua-of:
/\ul r’ou’: 8' >CF.cocone r: 3 ingngele’ ¢ =
i e v A u = ntef-const JE fonTor u

syntax -is-tm-cat-colimit = V=V = V =V = V = V = bool
(<(‘ :/ - >CF.tm.colim - :/ - P oml _)> [517 517 517 517 51] 51)
syntax-consts -is-tm-cat-colimit = is-tm-cat-colimit
translations v : § >cr.tm.colim 7 J P~ C.tma € =
CONST is-tm-cat-colimit « J € §F r u

Rules.

lemma (in is-tm-cat-limit) is-tm-cat-limit-axioms'[ cat-lim-cs-intros):
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = §
shows u : 1’ <cp.im.iim § 3 P cimy €

(proof)
mk-ide rf is-tm-cat-limit-def[ unfolded is-tm-cat-limit-axioms-def
|intro is-tm-cat-limit]|
|dest is-tm-cat-limitD[ dest]|
|elim is-tm-cat-limitE[ elim]|

lemmas [cat-lim-cs-intros] = is-tm-cat-limitD(1)

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-axioms'[ cat-lim-cs-intros]:
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assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = F
. ! I .o~ /
shows u : §' >cr.tm.cotim 7' I P citmy €

{proof)

mk-ide rf is-tm-cat-colimit-def [ unfolded is-tm-cat-colimit-axioms-def ]
|intro is-tm-cat-colimitl|
|dest is-tm-cat-colimitD[ dest]|
|elim is-tm-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros| = is-tm-cat-colimitD(1)

lemma is-tm-cat-limitl "
assumes U : 7 <GF.tm.cone 8 ' J =P C.tma €
! ! I . 4 - Y
and /\’LL .U T <CF.tm.cone S L PP o ima C =
i e r AU = u ey ntcf-const 3 € f
shows u : 7 <¢cr.¢m.lim § : J == C.tma €
{proof)

lemma is-tm-cat-colimitl "
assumes U : § >CF.tm.cocone T : J P C.tma €
! ! I . .~
and /\’LL r.u : S >CF.tm.cocone T +J PP C.tma [
i e v A u = ntef-const JE fPonror u
shows u : § >cFr.tm.cotim T J P~ C.tma €
(proof)

Elementary properties.

sublocale is-tm-cat-limit C is-cat-limit

{proof)

sublocale is-tm-cat-colimit € is-cat-colimit

{proof)

lemma (in is-cat-limit) cat-lim-is-tm-cat-limit:
assumes § : J o ima €
shows u : 7 <gp.tm.1im § : J == c.ima €
(proof)

lemma (in is-cat-colimit) cat-colim-is-tm-cat-colimit:
assumes § : J ~>—>c ima €
shows u : § >cr.tm.cotim 71 J == c.ima €
(proof)

Limits, colimits and universal arrows.

lemma (in is-tm-cat-limit) tm-cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acp.tm a J €) (¢f-map §) r (nicf-arrow u)

{proof)

lemma (in is-tm-cat-cone) tm-cat-cone-is-tm-cat-limit:
assumes universal-arrow-fo (Acrp.tm @ J €) (c¢f-map §) ¢ (ntef-arrow N)
shows N : ¢ <cr.tm.tim § I == c.tma €

{proof)

lemma (in is-tm-cat-colimit) tm-cat-colim-is-universal-arrow-of:
universal-arrow-of (Acp.tm @ J €) (¢f-map F) r (ntcf-arrow u)
(proof)

lemma (in is-tm-cat-cocone) tm-cat-cocone-is-tm-cat-colimit:
assumes universal-arrow-of (Acp.tm o J €) (cf-map §) ¢ (ntcf-arrow N)
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shows 91 : S >CF.tm.colim C* 3 = Cotma ¢
{proof)

Duality.

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op:
op—ntcfu : OP-Cf S >CF.tm.colim Tt Op-cal J = ¢tma op-cat €
(proof)

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op'[ cat-op-intros):
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows OP-Tlth u - g, >CF.tm.colim T * 3, PP Citma <’

{proof)
lemmas [cat-op-intros] = is-tm-cat-limit.is-tm-cat-colimit-op’

lemma (in is-tm-cat-colimit) is-tm-cat-limit-op:
op-ntcf u : T <¢F.tm.1im op-cf §: op-cal J = ¢ tma op-cat €
(proof)

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-c¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u: 1 <cr.tm.iim § 3 Pctma €

{proof)

lemmas [cat-op-intros] = is-tm-cat-colimit.is-tm-cat-colimit-op’

3.3.2 Further properties

lemma (in is-tm-cat-limit) tm-cat-lim-is-tm-cat-limit-if-iso-arr:
assumes f: 1’ =00 T
shows u -y rcor nicf-const J € f 21’ <cpimiim § 3 »ctma €
{proof)

lemma (in is-tm-cat-colimit) tm-cat-colim-is-tm-cat-colimit-if-iso-arr:
assumes [ : 1 =500 1’
shows ntcf-const 3 € f -NTor 4 :§ >CF.tm.cotim 7'+ J P c.tma €
(proof)

3.4 Finite limit and finite colimit

locale is-cat-finite-limit =
is-cat-limit « J € § ru + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-limit = V=V = V=V = V = V = bool
(((- Z/ - <CF.lim.fin - Z/ Eimdudel! -)> [51, 51, 51, 517 51] 51)
syntax-consts -is-cat-finite-limit = is-cat-finite-limit
translations v : 7 <¢cp.im.fin § 1 J Pca €=
CONST is-cat-finite-limit « J € F r u

locale is-cat-finite-colimit =
is-cat-colimit « J € F ru + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-colimit = V=V = V = V = V = V = bool

(«(-:/ - >cF.colim.fin -] - =rc1-) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-colimit = is-cat-finite-colimit
translations v : § >cr.colim.fin 7 J P=ca €=
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CONST is-cat-finite-colimit « J € § r u

Rules.

lemma (in is-cat-finite-limit) is-cat-finite-limit-azioms'[ cat-lim-cs-intros):
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = F
shows u : 7' <cp.jim.fin §': 3 Py €

{proof)

mk-ide rf is-cat-finite-limit-def
|intro is-cat-finite-limit|
|dest is-cat-finite-limit D[ dest]|
|elim is-cat-finite-limitE[ elim ]|

lemmas [cat-lim-cs-intros] = is-cat-finite-limitD

lemma (in is-cat-finite-colimit)
is-cat-finite-colimit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = §
shows v : §' >cr cotim.fin 7' I o, €

{proof)

mk-ide rf is-cat-finite-colimit-def [ unfolded is-cat-colimit-azioms-def]
|intro is-cat-finite-colimitl|
|dest is-cat-finite-colimitD[ dest]|
|elim is-cat-finite-colimitE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-finite-colimitD

Duality.

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op:
Op'ntcfu : OP—Cf S >CF.colim.fin T * OP'Cat J indudole op—cat (s

{proof)

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntef u: §' >cr. cotim.fin 73 »—ca €
{proof)

lemmas [cat-op-intros] = is-cat-finite-limit.is-cat-finite-colimit-op’

lemma (in is-cat-finite-colimit) is-cat-finite-limit-op:
op-ntcf u: T <cp.iim.fin 0p-¢f § : op-cat J »>cq op-cat €

{proof)

lemma (in is-cat-finite-colimit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u: 7 <cp.iim.fin § 3 »—>ca €

{proof)

lemmas [cat-op-intros] = is-cat-finite-colimit.is-cat-finite-colimit-op’

Elementary properties.

sublocale is-cat-finite-limit ¢ is-tm-cat-limit

{proof)

sublocale is-cat-finite-colimit € is-tm-cat-colimit

{proof)
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3.5 Creation of limits

See Chapter V-1 in [9].

definition cf-creates-limits = V = V = V = bool
where cf-creates-limits a« & § =
(
V7 b
T:b<cr.iim ®ocr §: F(HomDom|) ——cq &(HomCod) —
(
(
dloa. 3o a. oa = (o, a) A
0:a<cF.cone S S(HomDom)) = cq F(HomCod|) A
T=8ocp-NTCF O A
b = &(0bjMap])(al)
) A
(
Vo a.
0:a<cF.cone §: S(HomDom)) oo F(HomCod]) —
T=8ocp-NTCF O —
b = 6(0bjMap))(a) —
o:a<cr.iim S S(HomDom|) = cq F(HomCod)
)
)
)

Rules.

context
fixesaJABGF
assumes §: § : J »>coa A
and : & : A >4 B
begin

interpretation F: is-functor a J A § (proof)
interpretation &: is-functor a A B & (proof)

mk-ide rf cf-creates-limits-def|[
where a=a and §=F and &=&, unfolded cat-cs-simps
]
|intro cf-creates-limitsl|
|dest cf-creates-limitsD'|
|elim cf-creates-limitsE’|

end

lemmas cf-creates-limitsD[dest!] = cf-creates-limitsD'[ rotated 2]
and cf-creates-limitsE[ elim!] = cf-creates-limitsE'[rotated 2]

lemma cf-creates-limitsE"":
assumes cf-creates-limits o & §
and 7 : b <gp.jim G ocr § 1 J Pca B
and §:J »—coq A
and & : A »—>cq B
obtains o r where o : 7 <gp.jim § : J PPca U
and 7 = & ogp_NTCF O
and b = 8(0bjMap))(r)
{proof)
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3.6 Preservation of limits and colimits

3.6.1 Definitions and elementary properties

See Chapter V-4 in [9].

definition cf-preserves-limits = V = V = V = bool
where cf-preserves-limits o & § =
(
Vo a.
o:a<cr.iim §: §(HomDom|) ——cq §(HomCod]) —
& ocp-nror 0 &(0bjiMap)(a)) <cF.iim 6 ocr § : F(HomDom)) =+ cq &(HomCCod)
)

definition cf-preserves-colimits :: V= V = V = bool
where cf-preserves-colimits a & § =
(
Vo a.
0: 8 >cF.cotim 0 §(HomDom| =+ cq F(HomCod)) —
S ocp-NTcF 0: G 0ocr § >cF.cotim B(0biMap|)(al) : F(HomDom]) —cq &(HomCod))
)

Rules.

context
fixesa JAB S F
assumes §: § : J o A
and &: & : A »>0q B
begin

interpretation F: is-functor a J A § (proof)
interpretation &: is-functor a A B & (proof)

mk-ide rf cf-preserves-limits-def|
where a=a and §=F and &=6, unfolded cat-cs-simps
]
|intro cf-preserves-limitsl|
|dest cf-preserves-limitsD’|
|elim cf-preserves-limitsE’|
mk-ide rf cf-preserves-colimits-def|
where a=a and §=F and &=6&, unfolded cat-cs-simps
]
|intro cf-preserves-colimitsl |
|dest cf-preserves-colimitsD'|
|elim cf-preserves-colimitsE|

end

lemmas cf-preserves-limitsD[ dest!] = cf-preserves-limitsD'[ rotated 2]
and cf-preserves-limitsE[ elim!] = cf-preserves-limitsE'[ rotated 2]

lemmas cf-preserves-colimitsD[dest!] = cf-preserves-colimitsD'[ rotated 2]
and cf-preserves-colimitsE[ elim!] = cf-preserves-colimitsE [ rotated 2]

Duality.

lemma cf-preserves-colimits-op| cat-op-simps]:
assumes §: J o A and & A »>0q B
shows
cf-preserves-colimits « (op-cf &) (op-c¢f §) «—
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cf-preserves-limits o & §
{proof)

lemma cf-preserves-limits-op[ cat-op-simps]:
assumes § : J oo A and & A >4 B
shows
cf-preserves-limits a (op-cf &) (op-c¢f §) <—
cf-preserves-colimits o & §
{proof)

3.6.2 Further properties

lemma cf-preserves-limits-if-cf-creates-limits:
— See Theorem 2 in Chapter V-4 in [9)].
assumes & : A »—>cq B
and § : J = coq 2
and ¢ : b <cp.jim ® ocr §:J »ca B
and cf-creates-limits o & §
shows cf-preserves-limits a & §

(proof)

3.7 Continuous and cocontinuous functor

3.7.1 Definition and elementary properties

definition is-cf-continuous = V = V = bool
where is-cf-continuous o & «—
(V& J. §:J »—ca (HomDom|) — cf-preserves-limits o & F)

definition is-cf-cocontinuous = V.= V = bool
where is-cf-cocontinuous o & «—
(VEJ-§:3J »—ca 8(HomDom|) — cf-preserves-colimits o & §)

Rules.

context
fixesaJABBSF
assumes &: & : A »>>cq B
begin

interpretation &: is-functor a A B & (proof)

mk-ide rf is-cf-continuous-def[where a=a and &=86, unfolded cat-cs-simps]
|intro is-cf-continuousl|
|dest is-cf-continuousD’|
|elim is-cf-continuousE|

mk-ide rf is-cf-cocontinuous-def[where a=a and &=8, unjfolded cat-cs-simps]
|intro is-cf-cocontinuousl|
|dest is-cf-cocontinuousD’|
|elim is-cf-cocontinuousE|

end

lemmas is-cf-continuousD[dest!] = is-cf-continuousD'[rotated]
and is-cf-continuousE[ elim!] = is-cf-continuousE Trotated)]

lemmas is-cf-cocontinuousD[ dest!] = is-cf-cocontinuousD'[rotated]
and is-cf-cocontinuousE[ elim!] = is-cf-cocontinuousE [ rotated)]
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Duality.

lemma is-cf-continuous-op[ cat-op-simps]:

assumes & : A oo B

shows is-cf-continuous o (op-cf &) <« is-cf-cocontinuous o &
{proof)

lemma is-cf-cocontinuous-op[ cat-op-simps]:

assumes & : A »—>oq B

shows is-cf-cocontinuous o (op-cf &) «— is-cf-continuous o &
(proof)

3.7.2 Category isomorphisms are continuous and cocontinuous
lemma (in is-iso-functor) iso-cf-is-cf-continuous: is-cf-continuous « §

{proof)

lemma (in is-iso-functor) iso-cf-is-cf-cocontinuous: is-cf-cocontinuous o §

(proof)

3.8 Tiny-continuous and tiny-cocontinuous functor

3.8.1 Definition and elementary properties

definition is-tm-cf-continuous = V.= V = bool
where is-tm-cf-continuous o & =
(V& J-§:J »c.tma ©(HomDom|) — cf-preserves-limits a & §)

Rules.

context
fixesaJABBSF
assumes &: & : A > B
begin

interpretation &: is-functor a A B & (proof)

mk-ide rf is-tm-cf-continuous-def[ where a=a and &=86, unfolded cat-cs-simps]
|intro is-tm-cf-continuousl|
|dest is-tm-cf-continuousD’|
|elim is-tm-cf-continuousE’|

end

lemmas is-tm-cf-continuousD[dest!] = is-tm-cf-continuousD [ rotated]
and is-tm-cf-continuousE[ elim!] = is-tm-cf-continuousE [rotated]

Elementary properties.

lemma (in is-functor) cf-continuous-is-tm-cf-continuous:
assumes is-cf-continuous a §
shows is-tm-cf-continuous o §

(proof)
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4 Initial and terminal objects as limits and colimits

4.1 Initial and terminal objects as limits/colimits of an empty diagram

4.1.1 Definition and elementary properties

See [1]%, [1]? and Chapter X-1 in [9)].

locale is-cat-obj-empty-terminal = is-cat-limit o cat-0 € <cf-0 & z 3
fora €23

syntax -is-cat-obj-empty-terminal = V. = V = V = V = bool

(((- Z/ -<CcF.1 OC’F 2/ OC Indudol! -)) [51, 51] 51)
syntax-consts -is-cat-obj-empty-terminal = is-cat-obj-empty-terminal
translations 3 : 2 <gp.1 Ocr : Oc »Hoq € =

CONST is-cat-obj-empty-terminal o € z 3

locale is-cat-obj-empty-initial = is-cat-colimit « cat-0 € <cf-0 € z 3
fora €z 3

syntax -is-cat-obj-empty-initial = V = V = V = V = bool
(«(-:/ Ocr >cr.0 -:] 0c »—c1-) [51, 51] 51)
syntax-consts -is-cat-obj-empty-initial = is-cat-obj-empty-initial
translations 3 : Ocr >cr.o0 2: 0c »Hcoa € =
CONST is-cat-obj-empty-initial o € z 3

Rules.

lemma (in is-cat-obj-empty-terminal)
is-cat-obj-empty-terminal-azioms'] cat-lim-cs-intros):
assumes o' = o and 2z’ = zand ¢’ = €
shows 3 : 2" <¢cp.1 Ocr : Oc e, €

{proof)

mk-ide rf is-cat-obj-empty-terminal-def
|intro is-cat-obj-empty-terminall|
|dest is-cat-obj-empty-terminalD[ dest]
|elim is-cat-obj-empty-terminal B[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-empty-terminalD

lemma (in is-cat-obj-empty-initial)
is-cat-obj-empty-initial-axioms’] cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand €' =€
shows 3 : Ocr >cF.0 2" Oc ndndeI] ¢’

{proof)

mk-ide rf is-cat-obj-empty-initial-def
|intro is-cat-obj-empty-initiall|
|dest is-cat-obj-empty-initial D[ dest]|
|elim is-cat-obj-empty-initial B[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-empty-initialD

Duality.

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op:
op-ntcf 3 : Ocp >cr.0 2: 0¢ »—cq op-cat €

https://ncatlab.org/nlab/show /initial+-object
®https://ncatlab.org/nlab/show/terminal+-object
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{proof)

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 3 : Ocr >cr.0 2: 0c »~>ca €

(proof)
lemmas [cat-op-intros] = is-cat-obj-empty-terminal.is-cat-obj-empty-initial-op’

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op:
op-ntef 3:z2<cp.1 Ocrp : 0c »>cq op-cat €

{proof)

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 3: z<cp.1 Ocr: 0c »—>ca €'

(proof)
lemmas [cat-op-intros] = is-cat-obj-empty-initial.is-cat-obj-empty-terminal-op’

Elementary properties.

lemma (in is-cat-obj-empty-terminal) cat-oet-ntcf-0: 3 = ntef-0 €

{proof)

lemma (in is-cat-obj-empty-initial) cat-oei-ntcf-0: 3 = ntef-0 €

{proof)

4.1.2 Initial and terminal objects as limits/colimits of an empty diagram are initial
and terminal objects
lemma (in category) cat-obj-terminal-is-cat-obj-empty-terminal:
assumes obj-terminal € z
shows ntcf-0 € : z <gp.1 Ocp : Oc »—ca €
{proof)

lemma (in category) cat-obj-initial-is-cat-obj-empty-initial:
assumes obj-initial € 2z
shows ntcf-0 € : Ocp >cp.o 2: 0c »—ca €

{proof)

lemma (in is-cat-obj-empty-terminal) cat-oet-obj-terminal: obj-terminal € 2
{proof)

lemma (in is-cat-obj-empty-initial) cat-oei-obj-initial: obj-initial € z

{proof)

lemma (in category) cat-is-cat-obj-empty-terminal-obj-terminal-iff:
(ntef-0 €: z <cp.1 Ocr : O¢ = ca €) < obj-terminal € z

{proof)

lemma (in category) cat-is-cat-obj-empty-initial-obj-initial-iff:
(ntef-0 €: Ocp >cr.0 2: 0c »ca €) «— obj-initial € 2z
(proof)

4.2 Initial cone and terminal cocone

4.2.1 Definitions and elementary properties

definition nicf-initial = V = V = V
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where ntcf-initial € z =

[
(Abe.€(Obj)). THE f. f: 2z =g b),
cf-const € € z,
cf-id €,
¢,
¢

]o

definition ntcf-terminal =V = V = V
where ntcf-terminal € z =

[
(Abe.€(Obj)). THE f. f: b =g 2),
cf-id €,
cf-const € € z,
g,
¢

lo

Components.

lemma ntcf-initial-components:
shows ntcf-initial € 2(NTMap|) = (Ace.€(Obj)). THE f. f : z ¢ ¢)
and nitcf-initial € z(NTDom)) = cf-const € € 2
and ntcf-initial € z(NTCod|) = cf-id €
and ntcf-initial € z(NTDGDom|) = €
and ntcf-initial € z(NTDGCod)) = €

(proof )
lemmas [cat-lim-cs-simps] = ntcf-initial-components(2-5)

lemma nicf-terminal-components:
shows ntcf-terminal € z(NTMap|) = (Ace.€(Obj)). THE f. f : ¢ =g 2)
and nicf-terminal € z(NTDoml) = c¢f-id €
and nicf-terminal € z(NTCod|) = cf-const € € 2
and ntcf-terminal € z(NTDGDom|) = €
and ntcf-terminal € z(NTDGCod)) = €

{proof)

lemmas [cat-lim-cs-simps] = ntcf-terminal-components(2-5)

Duality.
lemma nitcf-initial-op| cat-op-simps]:

op-ntcf (ntef-initial € z) = ntcf-terminal (op-cat €) z
(proof)

lemma ntcf-cone-terminal-op| cat-op-simps]:
op-ntcf (ntef-terminal € z) = nicf-initial (op-cat €) z
(proof)

4.2.2 Natural transformation map

mk-VLambda ntcf-initial-components(1)
|vsv nicf-initial-vsv| cat-lim-cs-intros]|
|vdomain ntef-initial-vdomain| cat-lim-cs-simps]|
lapp nicf-initial-app|

mk-VLambda ntcf-terminal-components(1)
|vsv nicf-terminal-vsv[ cat-lim-cs-intros]|
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|vdomain ntef-terminal-vdomain| cat-lim-cs-simps]|
|app nicf-terminal-app)

lemma (in category)
assumes obj-initial € z and c €, €(Obj)
shows ntcf-initial-NTMap-app-is-arr:
ntcf-initial € 2(NTMap))(c)) : z »¢ ¢
and nitcf-initial-NTMap-app-unique:
AN 1z e ¢ = [ = ntcf-initial € 2(NTMap|)(c)
(proof)

lemma (in category) ntcf-initial-NTMap-app-is-arr’[ cat-lim-cs-intros]:
assumes obj-initial € z
and c ¢, €(0bj)

and ¢' = ¢

and 2z’ = z

and ¢’ = ¢
shows nitcf-initial € z(NTMap))(c]) : 2" =g ¢’
{proof)

lemma (in category)
assumes obj-terminal € z and ¢ €, €(0bj)
shows ntcf-terminal-NTMap-app-is-arr:
ntcf-terminal € z(NTMap|)(c)) : ¢ =g 2
and nitcf-terminal-NTMap-app-unique:
Nl e g 2 = ' = ntcf-terminal € z2(NTMapl)(c|)
(proof)

lemma (in category) ntcf-terminal-NTMap-app-is-arr'| cat-lim-cs-intros]:
assumes obj-terminal € z
and c ¢, €(0bj)

and ¢'=¢€

and 2z’ = 2z

and ¢’ = ¢
shows ntcf-terminal € 2(NTMap|)(c|) : ¢’ =gr 2’
(proof )

4.3 Initial and terminal objects as limits/colimits of the identity functor
4.3.1 Definition and elementary properties
See [1]4, [1]° and Chapter X-1 in [9].
locale is-cat-obj-id-initial = is-cat-limit a € € <cf-id € z 3 for o € 2 3
syntax -is-cat-obj-id-initial = 'V = V = V = V = bool
(((— Z/ -<CF.0 ch I/ == ol —)) [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-initial = is-cat-obj-id-initial

translations 3 : z <gp. idg : o €=
CONST is-cat-obj-id-initial o € z 3

locale is-cat-obj-id-terminal = is-cat-colimit o € € <cf-id € z 3 for a € 2 3
syntax -is-cat-obj-id-terminal = V = V = V = V = bool

(-3 ide >cpa -] »ec1 -) [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-terminal = is-cat-obj-id-terminal

“https://ncatlab.org/nlab/show /initial+object
®https://ncatlab.org/nlab/show/terminal+object
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translations 3 : id¢ >cp.1 2: >0 €=
CONST is-cat-obj-id-terminal o € z 3

Rules.

lemma (in is-cat-obj-id-initial)
is-cat-obj-id-initial-axioms’| cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand €' = ¢
shows 3 : 2/ <cp.o idc : »ca €

{proof)

mk-ide rf is-cat-obj-id-initial-def
|intro is-cat-obj-id-initiall|
|dest is-cat-obj-id-initial D[ dest]|
|elim is-cat-obj-id-initial E[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-id-initialD

lemma (in is-cat-obj-id-terminal)
is-cat-obj-id-terminal-azioms'[ cat-lim-cs-intros]:
assumes ' =a and z' = zand €' = €
shows 3 : idc >crp.1 2t =gy €

{proof)

mk-ide rf is-cat-obj-id-terminal-def
|intro is-cat-obj-id-terminall
|dest is-cat-obj-id-terminalD[ dest]|
|elim is-cat-obj-id-terminalE] elim]|

lemmas [ cat-lim-cs-intros| = is-cat-obj-id-terminalD

Duality.

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op:
op-ntcf 3 :ide >cp.1 2 P oq op-cat €

{proof)

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op'| cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 3 :ide >cr.1 2 »coa €

(proof)
lemmas [cat-op-intros] = is-cat-obj-id-initial.is-cat-obj-id-terminal-op’

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op:
op-ntcf 3 : 2z <gp.o idg : = op-cat €

{proof)

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf 3: 2z <cp.g idg : »—ca €

{proof)

lemmas [cat-op-intros| = is-cat-obj-id-terminal.is-cat-obj-id-initial-op’

4.3.2 Initial and terminal objects as limits/colimits are initial and terminal objects

lemma (in category) cat-obj-initial-is-cat-obj-id-initial:
assumes obj-initial € z
shows ntcf-initial € z : 2 <gp.g idc : »~ca €
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(proof)

lemma (in category) cat-obj-terminal-is-cat-obj-id-terminal:
assumes obj-terminal € z
shows ntcf-terminal € z : ide >cp.1 2:>—~coa €

{proof)

lemma cat-cone-CId-obj-initial:
assumes 3 : 2 <gr.cone ¢f-id € : € »>0q € and 3(NTMap))(z) = €(CId])(z)
shows obj-initial € z

{proof)

lemma cat-cocone-Cld-obj-terminal:
assumes 3 : ¢f-id € >cr cocone 2 1 € > oq € and 3(NTMap))(z)) = €(CId) (2]
shows obj-terminal € 2z

(proof)

lemma (in is-cat-obj-id-initial) cat-oii-obj-initial: obj-initial € z
{proof)

lemma (in is-cat-obj-id-terminal) cat-oit-obj-terminal: obj-terminal € z

{proof)

lemma (in category) cat-is-cat-obj-id-initial-obj-initial-iff:
(ntcef-initial € 2 : 2 <cp.g ido : »=cq €) < obj-initial € 2

{proof)

lemma (in category) cat-is-cat-obj-id-terminal-obj-terminal-iff:
(ntef-terminal € 2 : ide >cp.a1 2 : Pcoa €) < obj-terminal € 2

{proof)
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5 Products and coproducts as limits and colimits

5.1 Product and coproduct

5.1.1 Definition and elementary properties

The definition of the product object is a specialization of the definition presented in Chapter
I11-4 in [9]. In the definition presented below, the discrete category that is used in the definition
presented in [9] is parameterized by an index set and the functor from the discrete category is
parameterized by a function from the index set to the set of the objects of the category.
locale is-cat-obj-prod =

is-cat-limit o« ;¢ D € ¢>: T A& P w+ cf-discrete o [ A €

fora ITAC P

syntax -is-cat-obj-prod = V =V =V =V = V = V = bool
(«(-:/ -<crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod = is-cat-obj-prod
translations 7 : P <gpqq A: I »—cq €=
CONST is-cat-obj-prod o« I A € P

locale is-cat-obj-coprod =
is-cat-colimit o <:¢c > € <> [ A& U w + c¢f-discrete a [ A €
foralACUn

syntax -is-cat-obj-coprod = V=V = V = V = V = V = bool
(-2 ->crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod = is-cat-obj-coprod
translations 7 : A >cpy U: I »—0q €=
CONST is-cat-obj-coprod o [ A € U

Rules.

lemma (in is-cat-obj-prod) is-cat-obj-prod-azioms’| cat-lim-cs-intros]:
assumes o' = o and P'=Pand A’=Aand I'=Tand ¢'=¢
shows 7 : P/ <gp.qq A"+ ' =g, €

{proof)

mk-ide rf is-cat-obj-prod-def
|intro is-cat-obj-prodI|
|dest is-cat-obj-prodD[ dest]|
|elim is-cat-obj-prodE[ elim]]

lemmas [cat-lim-cs-intros| = is-cat-obj-prodD

lemma (in is-cat-obj-coprod) is-cat-obj-coprod-azioms'[ cat-lim-cs-intros]:
assumes o' =aand U'=Uand A’=Aand I'=Tand ¢'=¢
shows 7 : A" >cpq Ut 1" =g, &

{proof)

mk-ide rf is-cat-obj-coprod-def
|intro is-cat-obj-coprodl|
|dest is-cat-obj-coprodD[ dest]|
|elim is-cat-obj-coprodE| elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-coprodD

Duality.

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op:
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op-ntef m: A>cpq P 1 —»—cq op-cat €

{proof)

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: A>cpy P: 1 —rcoq €

(proof )
lemmas [cat-op-intros] = is-cat-obj-prod.is-cat-obj-coprod-op’

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op:
op-ntef m: U <cpqq A: 1 —»—cq op-cat €

{proof)

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef 7 : U <gp A: I »—ca €

{proof)

lemmas [cat-op-intros] = is-cat-obj-coprod.is-cat-obj-prod-op’

5.1.2 Universal property

lemma (in is-cat-obj-prod) cat-obj-prod-unique-cone”:
assumes 7' : P ' <cgr.cone > I A€ ::c I »ga €
shows 3!f". f': P' =g P A (Vjel. m'(NTMap))(j) = m(NTMap))(j)) cag f')
(proof)

lemma (in is-cat-obj-prod) cat-obj-prod-unique:
assumes 7' : P'<gpqq A: I »0q €
shows 3!f". f': P' ¢ P A7’ =7 nroF ntcf-const (:c I) € f'
(proof)

lemma (in is-cat-obj-prod) cat-obj-prod-unique”:

assumes 7' : P'<gpq A: I »rcoa €

shows 3!f". f': P' =g P A (Vie . ' (NTMap)) (i) = m(NTMap))(i)) cag f')
(proof)

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique-cocone”:
assumes 7’ : = I A € >cr cocone Ui ic I »—>ca €
shows 3!f". f': U =g U' A (VeI 7' (NTMap))(j)) = f' oag m7(NTMap))(j))
(proof)

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique:
assumes 7' : A>cp Ui I »oq €
shows 3!f". f': U =g U' A7’ = ntcf-const ;¢ I) € f yrcorp 7
(proof )

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique”:
assumes 7' : A>opp Ui I »goq €
shows 3!f". f': U =g U' A (VeI T'(NTMap))(j)) = f' oag m7(NTMap))(j))
(proof)

lemma cat-obj-prod-ex-is-iso-arr:
assumes 7: P <gpp A: I »ooq Cand 7' P <gpp A: I »gq €
obtains f where f : P' —»;,,¢ P and 7' = 7 -ypcF ntcf-const (:¢ I) € f
{proof)
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lemma cat-obj-prod-ezx-is-iso-arr":
assumes 7: P <gpp A: I pooq Cand 7’ P'<gpp A: I »-gq €
obtains f where f: P' »;,,¢ P
and Aj. j €, I = ©'(NTMap|)(j) = 71(NTMap))(j) cag f
{proof)

lemma cat-obj-coprod-ex-is-iso-arr:
assumes 7 : A>cpy Uil gqg Cand ' A>cpqp U] »gq €
obtains f where f: U ~;,¢ U’'and 7’ = ntcf-const (:¢ I) € f nrcr ™
{proof)

lemma cat-obj-coprod-ex-is-iso-arr'":
assumes 7 : A>cp Uil oqg Cand ' A>cpp Ui I »gn €
obtains [ where f: U 500 U’
and Aj. j € I = 7'(NTMap))(jl) = f cag m(NTMap|)(j)
{proof)

5.2 Small product and small coproduct
5.2.1 Definition and elementary properties

locale is-tm-cat-obj-prod =
is-cat-limit o ;¢ > € ¢>: T A& P 7w+ tm-cf-discrete a [ A €
fora IAC P

syntax -is-tm-cat-obj-prod = V=V = V=V = V = V = bool
(- - <cFam - - >~ c.eml =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-prod = is-tm-cat-obj-prod
translations 7 : P <¢p.tm.q A : 1 »~c.itma €=
CONST is-tm-cat-obj-prod o I A € P

locale is-tm-cat-obj-coprod =
is-cat-colimit a <:¢ D € <> T A & U w + tm-cf-discrete « [ A €
foralACUn

syntax -is-tm-cat-obj-coprod =V =V = V =V = V = V = bool
(-3 - >cpami] - - Pcem ) [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-coprod = is-tm-cat-obj-coprod
translations 7 : A >cp im.qp Ul »—cima €=
CONST is-tm-cat-obj-coprod o [ A € U w

Rules.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-prod-azioms’| cat-lim-cs-intros):
assumes o' =aand P'=Pand A’=Aand I'=7Tand ¢' = ¢
shows 7 : P’ <cp.imq A" 1" =ciimy €

{proof)

mk-ide rf is-tm-cat-obj-prod-def
|intro is-tm-cat-obj-prodl]|
|dest is-tm-cat-obj-prodD| dest]|
|elim is-tm-cat-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-tm-cat-obj-prodD
lemma (in is-tm-cat-obj-coprod)
is-tm-cat-obj-coprod-axioms’[ cat-lim-cs-intros]:

assumes o' =aand U'=Uand A’=Aand ['=Tand ¢'=¢
shows 7 : A" >cp imy Ut 1" oeoimy €
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{proof)

mk-ide rf is-tm-cat-obj-coprod-def
|intro is-tm-cat-obj-coprodl|
|dest is-tm-cat-obj-coprod D[ dest]|
|elim is-tm-cat-obj-coprodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-tm-cat-obj-coprodD

Elementary properties.

sublocale is-tm-cat-obj-prod < is-cat-obj-prod

{proof)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-cat-obj-prod =
is-cat-obj-prod-axioms

sublocale is-tm-cat-obj-coprod <€ is-cat-obj-coprod

{proof)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-cat-obj-coprod =
is-cat-obj-coprod-axioms

sublocale is-tm-cat-obj-prod C is-tm-cat-limit o ¢:c > € <> T A& P
{proof)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-tm-cat-limit =
is-tm-cat-limit-axioms

sublocale is-tm-cat-obj-coprod ¢ is-tm-cat-colimit o <:¢c I» € <> T A& U

{proof)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-tm-cat-colimit =
is-tm-cat-colimit-axioms

Duality.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op:
op-ntef m: A>cr.im.qy P 1 ~»=c.tma op-cat €

{proof)

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntef m: A>cpimqpy P: 1P~ ima €

(proof )
lemmas [cat-op-intros] = is-tm-cat-obj-prod.is-tm-cat-obj-coprod-op’

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-coprod-op:
op-ntef m: U <cp.omq A: 1 =»cima op-cat €
(proof)

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-prod-op'[ cat-op-intros]:
assumes €’ = op-cat €

shows op-ntcf 7 : U <cp.imp 4: 1 =~ tma €

{proof)

lemmas [cat-op-intros] = is-tm-cat-obj-coprod.is-tm-cat-obj-prod-op’
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5.3 Finite product and finite coproduct

locale is-cat-finite-obj-prod = is-cat-obj-prod « [ A € P
fora ITAC P+
assumes cat-fin-obj-prod-indezr-in-w: I €, w

syntax -is-cat-finite-obj-prod = V=V = V =V = V = V = bool
-/ - <cp.q1.pin - - o1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-prod = is-cat-finite-obj-prod
translations 7 : P <cpq fin A I »cq €=
CONST is-cat-finite-obj-prod « 1 A € P 1

locale is-cat-finite-obj-coprod = is-cat-obj-coprod a« I A € U w
foralACUT+
assumes cat-fin-obj-coprod-index-in-w: I €, w

syntax -is-cat-finite-obj-coprod = V=V = V = V = V = V = bool
(«(-:/ ->cr.q1.fin -3 -==c1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-coprod = is-cat-finite-obj-coprod
translations 7 : A >cp . fin Uil »gq €=
CONST is-cat-finite-obj-coprod o [ A € U =«

lemma (in is-cat-finite-obj-prod) cat-fin-obj-prod-indez-vfinite: vfinite I

(proof)

sublocale is-cat-finite-obj-prod € I: finite-category o <:¢ I»
{proof)

lemma (in is-cat-finite-obj-coprod) cat-fin-obj-coprod-indez-vfinite:
vfinite I
(proof)

sublocale is-cat-finite-obj-coprod c I: finite-category o <:¢ D>

(proof )
Rules.

lemma (in is-cat-finite-obj-prod)
is-cat-finite-obj-prod-azioms'| cat-lim-cs-intros]:
assumes o' =aand P'=Pand A’=Aand I'=Tand €' =¢
shows 7 : P’ <¢pp.fin A"t ' meg i €

{proof)

mk-ide rf
is-cat-finite-obj-prod-def[ unfolded is-cat-finite-obj-prod-axioms-def]
|intro is-cat-finite-obj-prodl|
|dest is-cat-finite-obj-prodD[ dest]|
|elim is-cat-finite-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-finite-obj-prodD

lemma (in is-cat-finite-obj-coprod)
is-cat-finite-obj-coprod-azioms'[ cat-lim-cs-intros]:
assumes o' =acand U'=Uand A'=Aand ['=Tand ¢' = ¢
shows 7 : A" >cpqy pin U': I' g, €

{proof)

mk-ide rf
is-cat-finite-obj-coprod-def[ unfolded is-cat-finite-obj-coprod-azioms-def]
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|intro is-cat-finite-obj-coprodl|
|dest is-cat-finite-obj-coprodD[ dest]|
|elim is-cat-finite-obj-coprodE[ elim]|

lemmas [ cat-lim-cs-intros| = is-cat-finite-obj-coprodD

Duality.

lemma (in is-cal-finite-obj-prod) is-cat-finite-obj-coprod-op:
op-ntcf m:+ A >cp.qy.fin P 1 =»—ca op-cal €

{proof)

lemma (in is-cat-finite-obj-prod) is-cat-finite-obj-coprod-op'| cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: A >cp.qy.fin P I »—ca €

(proof)
lemmas [cat-op-intros] = is-cat-finite-obj-prod.is-cat-finite-obj-coprod-op’

lemma (in is-cal-finite-obj-coprod) is-cat-finite-obj-prod-op:
op-ntcf m: U <cp.r1.fin A I »cq op-cat €

(proof)

lemma (in is-cat-finite-obj-coprod) is-cat-finite-obj-prod-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: U <cp.qy.fin A: I »ca €

{proof)

lemmas [cat-op-intros] = is-cat-finite-obj-coprod.is-cat-finite-obj-prod-op’

5.4 Product and coproduct of two objects

5.4.1 Definition and elementary properties

locale is-cat-obj-prod-2 = is-cat-obj-prod a <2n> <if2 a b> € P 1
foraabC P

syntax -is-cat-obj-prod-2 : V=V =V =V = V = V = bool
(«(-:/ -<cr.x {~}: 2¢c »—c1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod-2 = is-cat-obj-prod-2
translations 7 : P <¢p.«x {a,b} : 2¢ »cq € =
CONST is-cat-obj-prod-2 a« a b € P

locale is-cat-obj-coprod-2 = is-cat-obj-coprod o <2n» <if2 a by € P 1
foraabC P

syntax -is-cat-obj-coprod-2 =V =V = V=V =V = V = bool
(-2 {--} >cFr.w - 20 »—c1 - [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod-2 = is-cat-obj-coprod-2
translations 7 : {a,b} >cpw U: 2¢ Pp—ca € =
CONST is-cat-obj-coprod-2 aw a b € U

abbreviation proj-fst where proj-fst m = vpfst (x(NTMap)))
abbreviation proj-snd where proj-snd © = vpsnd (7(NTMap)))

Rules.

lemma (in is-cat-obj-prod-2) is-cat-obj-prod-2-axioms'[ cat-lim-cs-intros]:
assumes o' =aand P'=Pand a'=eand b'=band €' =€
shows 7 : P/ <gp.x {a' b’} : 20 »>ca €
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{proof)

mk-ide rf is-cat-obj-prod-2-def
|intro is-cat-obj-prod-2I|
|dest is-cat-obj-prod-2D[ dest]|
|elim is-cat-obj-prod-2E[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-prod-2D

lemma (in is-cat-obj-coprod-2) is-cat-obj-coprod-2-axioms’| cat-lim-cs-intros]:
assumes o' = v and P'= Pand ¢’'=aand b'=band €' =€
shows 7 : {a',b'} >cp.w P': 2¢ »coa €

{proof)

mk-ide rf is-cat-obj-coprod-2-def
|intro is-cat-obj-coprod-2I|
|dest is-cat-obj-coprod-2D][ dest]|
|elim is-cat-obj-coprod-2E[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-coprod-2D

Duality.
lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op:

op-ntef 7 :{a,b} >cr.w P: 2¢c »—cq op-cat €

{proof)

lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 7 : {a,b} >cr.w P: 2¢ »=ca €

(proof )
lemmas [cat-op-intros| = is-cat-obj-prod-2.is-cat-obj-coprod-2-op’

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op:
op-ntef m: P <cp.x {a,b} : 2¢ »—cq op-cat €

{proof)

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf m: P <cp.x {a,b} : 20 »ca €

{proof)

lemmas [cat-op-intros] = is-cat-obj-coprod-2.is-cat-obj-prod-2-op’

Product/coproduct of two objects is a finite product/coproduct.
sublocale is-cat-obj-prod-2 < is-cat-finite-obj-prod o <2n> <if2 a by € P 7w
{proof)

sublocale is-cat-obj-coprod-2 € is-cat-finite-obj-coprod o <2n> <if2 a by € P
{proof)

Elementary properties.

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-ir-in-Obj:
shows cat-obj-prod-2-left-in-Obj[ cat-lim-cs-intros]: a €, €(Obj)
and cat-obj-prod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
{proof)
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lemmas [cat-lim-cs-intros] = is-cat-obj-prod-2.cat-obj-prod-2-lr-in-Obj

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-lr-in-Obj:
shows cat-obj-coprod-2-left-in-Obj| cat-lim-cs-intros]: a €, €(Obj))
and cat-obj-coprod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
(proof)

lemmas [cat-lim-cs-intros] = is-cat-obj-coprod-2. cat-obj-coprod-2-lr-in-Obj

Utilities/help lemmas.

lemma helper-12-proj-fst-proj-snd-iff:
(Vjeo2n. m'(NTMap))(j)) = 7(NTMap)(j) oag f) <
(proj-fst @' = proj-fst m oag f' A proj-snd ©’ = proj-snd w oag f')
(proof)

lemma helper-12-proj-fst-proj-snd-iff "
(Vjeo2n. m'(NTMap))(j) = f" oag m(NTMap))(j)) <
(proj-fst m' = f' o g proj-fst w A proj-snd ' = f' oag proj-snd )
(proof)

5.4.2 Universal property

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique-cone’”:
assumes 7' : P/ <gF cone = (2N) (if2a ) €::¢ (2N) »—ca €
shows
L f'Pleg P A
proj-fst ' = proj-fst m oa¢ f' A
proj-snd w' = proj-snd 7 oz f’
(proof)

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique:
assumes 7' : P' <op.« {a,b} : 2¢ »coa €
shows 3!f". f": P' ¢ P A7’ =7 -yror ntcf-const (:c (2x)) € f/
(proof)

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique”:
assumes 7' : P/ <¢gp .« {a,b} : 2¢ »ca €
shows
L fPleg P A
proj-fst ' = proj-fst m oa¢ f' A
proj-snd w' = proj-snd m o f’

{proof)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique-cocone”:
assumes 7' : :>: (2n) (2 a D) € >cF cocone P’ ic (2N) »—ca €
shows
L f P g PIA
proj-fst 7' = f' oag proj-fst m A
proj-snd w' = f" ox¢ proj-snd w

{proof)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique:
assumes 7' : {a,b} >cp.w P': 2¢ »ca €
shows 3!f". f': P ¢ P' A7’ = ntcf-const (:¢ (2n)) € f'nrcr ™
(proof)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique”:
assumes 7' : {a,b} >cr.y P': 2¢ »—ca €

41



shows
L f P g PIA
proj-fst ©' = f' oag proj-fst m A
proj-snd w' = f" ox¢ proj-snd w

{proof)

lemma cat-obj-prod-2-ex-is-iso-arr:
assumes 7 : P <gp.x {a,b} : 2¢ »ca €
and 7': P/ <gp.x {a,b} : 20 »ca €
obtains f where f : P’ —»;,,¢ P and 7' = 7 -ypcp ntcf-const (:c (2n)) € f
{proof)

lemma cat-obj-coprod-2-ex-is-iso-arr:
assumes 7 : {a,b} >cp.w U: 2¢c »ca €
and 7' : {a,b} >cpw U': 20 »ca €
obtains f where [ : U ~;5,¢ U’ and 7’ = ntcf-const (:¢ (2n)) € f :NrCcF T
{proof)

5.5 Projection cone

5.5.1 Definition and elementary properties

definition nitcf-obj-prod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-prod-base € [ F P f =
[(Neoio T(Obj)). f4), cf-const (¢ I) € P, > I F €, :c I, €]

definition nitcf-obj-coprod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-coprod-base € [ F P f =
[(Meo:e I(Ob)). fi), > I F €, cf-const (:¢ I) € P, :¢c I, €],

Components.

lemma nitcf-obj-prod-base-components:
shows ntcf-obj-prod-base € I F P f(NTMap|) = (Mjeo:c I(Obj). f7)
and ntcf-obj-prod-base € I F P f{(NTDoml|) = cf-const (:¢c I) € P
and nicf-obj-prod-base € I F P f(NTCod]) =:>: [ F €
and nicf-obj-prod-base € I F P f{(NTDGDom|) = :c I
and nicf-obj-prod-base € I F P f(NTDGCod)) = €

{proof)

lemma nitcf-obj-coprod-base-components:
shows nicf-obj-coprod-base € I F P f(NTMap|) = (Njeo:c I(Obf]). f7)
and nicf-obj-coprod-base € I F P f(NTDom|) =:>: [ F €
and ntcf-obj-coprod-base € I F P f(NTCod|) = cf-const (:¢ I) € P
and ntcf-obj-coprod-base € I F P f(NTDGDom)|) = :¢ I
and nicf-obj-coprod-base € I F P f(NTDGCod)) = €

(proof)
Duality.
lemma (in cf-discrete) op-ntcf-nicf-obj-coprod-base[ cat-op-simps]:
op-nicf (ntcf-obj-coprod-base € I F P f) =
ntcf-obj-prod-base (op-cat €) [ F P f
{proof)

lemma (in cf-discrete) op-ntcf-nicf-obj-prod-base] cat-op-simps]:
op-nicf (ntef-obj-prod-base € I F P f) =
ntcf-obj-coprod-base (op-cat €) I F P f
{proof)
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5.5.2 Natural transformation map

mk-VLambda ntcf-obj-prod-base-components(1)
|vsv ntcf-obj-prod-base-NTMap-vsv| cat-cs-intros]|
|vdomain ntcf-obj-prod-base-NTMap-vdomain| cat-cs-simps]|
|app nicf-obj-prod-base-NTMap-app| cat-cs-simps]|

mk-VLambda nitcf-obj-coprod-base-components(1)
|vsv ntcf-obj-coprod-base-NTMap-vsv[ cat-cs-intros]|
|vdomain ntcf-obj-coprod-base-NTMap-vdomain| cat-cs-simps]|
|app ntcf-obj-coprod-base-NTMap-app| cat-cs-simps]|

5.5.3 Projection natural transformation is a cone

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: P w~g Fa
shows ntcf-obj-prod-base € [ F P f: P <cp.cone > I F C::c [ »>cq €
{proof)

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-cocone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: Fawg P
shows ntcf-obj-coprod-base € I F P f :
= T F ¢ >CF.cocone P C I indngele’ ¢
{proof)

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod:
assumes P ¢, €(0bj))
and A\a. a6 I = fa: Prg Fa
and Au’ r'.
[[ u': r,<CF400ne = T F ¢ el 1 ingngele’ ¢ ]] and
JIf
flir' e P A
u' = ntcf-obj-prod-base € I F P f -n7cr ntef-const (¢ I) € f'
shows ntcf-obj-prod-base E I F P f: P<cpq F:1Iw-—caC
{proof)

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-obj-coprod:
assumes P ¢, €(0bj))
and A\a. a & I = fa: Fawrg P
and Au' 7. [[ w1 > TF € >cF cocone 7' i ic I »oa €] =
I
fliPeer' A
u’ = nitcf-const (:c I) € f' +nTcF ntcf-obj-coprod-base € [ F P f
shows ntcf-obj-coprod-base € I F P f: F >cpq P:1—cq €
(is<%nc: F>cpq P: I rrca ©)
{proof)
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6 Pullbacks and pushouts as limits and colimits

6.1 Pullback and pushout

6.1.1 Definition and elementary properties

The definitions and the elementary properties of the pullbacks and the pushouts can be found,
for example, in Chapter III-3 and Chapter I1I-4 in [9].

locale is-cat-pullback =
is-cat-limit o (=—c> € ((a—>g—of<b)ope> X z +
cf-scospan a a gofb e
foraagofb¢ Xz

syntax -is-cat-pullback = V=V =V =>V=>V=>V=V=V =V = bool
(«(-:/ - <cp.pp === 1 -0 [51, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pullback = is-cat-pullback
translations z : X <¢p pp a»g=0<f<b »oq €=
CONST is-cat-pullback a a go fb € X x

locale is-cat-pushout =
is-cat-colimit o <«<+—¢> € ((ag«o->f>b)cpe> X z +
cf-sspan v a go fb €
foraagofb€ Xz

syntax -is-cat-pushout = V=V ==V =>V=V=V= V=V =V = bool
(«(-:) —-->->->0p.po - Pl o) [01, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pushout = is-cat-pushout
translations z : a<g<o->f-b >cp po X »cq €=
CONST is-cat-pushout c a go fb € Xz

Rules.

lemma (in is-cat-pullback) is-cat-pullback-azioms’] cat-lim-cs-intros):
assumes o' = «

and a’'=a

and g’ =g

and o’ =0

and ' = |

and b’ =b

and ¢'=¢

and X' = X
shows z : X’ <CF.pb a/_)g'_,ou_fu_b’ ndn oI ¢’
(proof)

mk-ide rf is-cat-pullback-def
|intro is-cat-pullbackl|
|dest is-cat-pullbackD[ dest]|
|elim is-cat-pullbackE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-pullbackD

lemma (in is-cat-pushout) is-cat-pushout-azioms’[ cat-lim-cs-intros]:
assumes o' = «

and a’' = a
and g’ =g
and o’ =0
and f' = |
and b’ =0
and ¢'=¢
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and X' = X
shows z : a'g'«0'>f'=b">cp po X' g, €

{proof)

mk-ide rf is-cat-pushout-def
|intro is-cat-pushoutl|
|dest is-cat-pushoutD[ dest]
|elim is-cat-pushoutE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-pushoutD

Duality.

lemma (in is-cat-pullback) is-cat-pushout-op:
op-nitcf x : ag<o—>f>b >cp po X = cq op-cat €

{proof)

lemma (in is-cat-pullback) is-cat-pushout-op'[ cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf z : a<g«o->f=b >cp po X »=ca ¢’

(proof )
lemmas [cat-op-intros] = is-cat-pullback.is-cat-pushout-op’

lemma (in is-cat-pushout) is-cat-pullback-op:
op-ntcf x : X <gp.pp a=>g—=0<f<b =>cq op-cat €

{proof)

lemma (in is-cat-pushout) is-cat-pullback-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntcf z : X <cp.pp a=>g—>0<f<b »>cq €'

{proof)

lemmas [cat-op-intros] = is-cat-pushout.is-cat-pullback-op’

Elementary properties.

lemma cat-cone-cospan:
assumes z : X <¢r.cone (a=>g=>0<f<b)cpg : =< Proa €
and cf-scospan a agofb €
shows z(NTMap))(oss)) = g cag 2(NTMap))(ass])
and z(NTMap))(oss) = § cag z(NTMap))(bss)
and g oa¢ z(NTMap)(ass) = f oag 2(NTMap])(bss])
(proof)

lemma (in is-cat-pullback) cat-pb-cone-cospan:
shows z(NTMap))(oss) = g cag z(NTMap))(ass)
and z(NTMap))(oss) = § cag z(NTMap))(bss)
and g oag z(NTMap))(ass) = f oag z(NTMap))(bss))
(proof)

lemma cat-cocone-span:
assumes 7 : (a<g<0->f=>b)crg >CF.cocone X : <—=¢ Prca €
and cf-sspan aagofb €
shows z(NTMap|)(oss|) = z(NTMap))(ass)) cag 8
and z(NTMap))(oss)) = (NTMap))(bss]) cag f
and z(NTMap))(ass) cag g = 2(NTMap))(bss) cag f
{proof)

lemma (in is-cat-pushout) cat-po-cocone-span:
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shows z(NTMap))(oss|) = z(NTMap)(ass)) cag 9

and z(NTMap))(oss)) = (NTMap))(bss]) cag f

and z(NTMap))(ass)) oag g = 2(NTMap))(bss) cag
(proof )

6.1.2 Universal property

lemma is-cat-pullbackl ”:
assumes z : X <gp.cone (a=g=0<f<b)opg : ><c »rcoa €
and cf-scospan c a go fb €
and Az’ X' 2': X' <¢p.cone (a2g0fcb)opg : >0 Pcq € =
3
f’ 9. ¢ ind XA
z'(NTMap)(ass) = z(NTMap))(ass]) cag f' A
z'(NTMap)) (bss) = e(NTMap))(bss) cag [’
shows 7 : X <gp.pp a=g—=0<f<b »cq €
{proof)

lemma is-cat-pushoutl”:
assumes 7 : (a<g«<0->f=>b)crg >CF.cocone X : <=¢ Prca €
and cf-sspan aagofb €
and Az’ X'. 2" (acg<o->f>b)crg >cF.cocone X' <=>¢c »cq € =
I
f’ : X ind X' A
z'(NTMap))(ass)) = f' oag 2(NTMap))(ass]) A
z'(NTMap))(bss)) = f" oag 2(NTMap)(bss)
shows 7 : a<+g<o0—=>f=b >cp po X »rcq €
{proof)

lemma (in is-cat-pullback) cat-pb-unique-cone:
assumes 2’ : X' <cp cone (a>g—>0<f<b)opg 1 > Pca €
shows 3!f".
"X e X A
P (NTMap) (ass) = sQNTMap)(ass) oa¢ 1 A
' (NTMap))(bss) = 2(NTMap))(bss)) cag f’
{proof)

lemma (in is-cat-pullback) cat-pb-unique:
assumes z': X' <gp pp a=>g—0<f<b »oq €
shows 3!f". f": X' ¢ X Az’ =z -ypop ntcf-const »—c € f'

{proof)

lemma (in is-cat-pullback) cat-pb-unique”:
assumes z': X' <¢p pp a=>g—0<f<b > €
shows 3!f".
[l X' e X A
z'(NTMap) (ass) = 2(NTMap))(ass]) oag f' A
z'(NTMap))(bss) = z(NTMap))(bss]) oag f’
{proof)

lemma (in is-cat-pushout) cat-po-unique-cocone:
assumes z': (a<g<0->f>b)crg >cF.cocone X' <20 »oa €
shows 3!f’.
f’ : X e X/ A
z'(NTMap))(ass) = f' oag 2(NTMap))(ass]) A
z'(NTMap))(bss) = f" oag 2(NTMap))(bss)
{proof)
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lemma (in is-cat-pushout) cat-po-unique:
assumes ¢’ : a<g<o0->f-b >cp 0 X P coa €
shows 3!f". f': X »¢ X' Az’ = ntcf-const ——¢c € f'yrop @

{proof)

lemma (in is-cat-pushout) cat-po-unique”:
assumes z' : a—g<o0->f->b >cp 0 X P coa €
shows 3!f".
f’ : X g XA
z'(NTMap))(ass)) = f' oag 2(NTMap))(ass]) A
z'(NTMap) (bss) = f' oag e(NTMap])(bss)
{proof)

lemma cat-pullback-ex-is-iso-arr:
assumes 7 : X <gp pp a=g—=0<f<b o €
and z': X' <gp pp a>g—0f<b »coq €
obtains f where f: X' ;¢ X
and z’ = z -y roF nicf-const »<¢g € f
{proof)

lemma cat-pullback-ex-is-iso-arr”:
assumes z : X <gp. pp a>g=0f<b »>cq €
and z': X' <cp pp a>g—o<f<b g €
obtains f where f: X' —»;,,¢ X
and z'(NTMap|)(ass) = (NTMap))(ass) oag f
and z'(NTMap|)(bss) = 2(NTMap)(bss)) cag f
{proof)

lemma cat-pushout-ex-is-iso-arr:
assumes 7 : a<g<0—>f=>b >op po X »rcq €
and z’: a<geo—>f-b >cp 0 X' Poa €
obtains f where [ : X ;5,0 X'
and z’ = ntcf-const «<—¢c € f +nTCF T
{proof)

lemma cat-pushout-ez-is-iso-arr”:
assumes 7 : a<g<0—>f=>b >cop po X =g €
and z': acg<o->f>b >cp po X' pcoa €
obtains f where [ : X ;00 X'
and z'(NTMap|)(ass)) = f oag z(NTMap))(ass)
and z'(NTMap|)(bss]) = f cag z(NTMap))(bss)
(proof)
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7 Equalizers and coequalizers as limits and colimits

7.1 Equalizer and coequalizer

7.1.1 Definition and elementary properties

See [2]°.

locale is-cat-equalizer =
is-cat-limit « <ﬂc (upL F) (pr F) F ¢ <ﬂ—>ﬂcp ¢ (apL F) (pr F) Fab F» E g +
F'" vsv F'
foraab FF' €FEe+
assumes cat-eq-F-in- Vset[ cat-lim-cs-intros]: F €, Vset «
and cat-eq-F-ne| cat-lim-cs-intros]: F # 0
and cat-eq-F'-vdomain| cat-lim-cs-simps]: D, F' = F
and cat-eq-F'-app-is-arr( cat-lim-cs-intros]: f € F == F'(f)) : a »¢ b

syntax -is-cat-equalizer = V=V =V =V =V =V =V = V = bool
(«(-:/ - <cF.eq "(-=-") i) e o1 -0 [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer = is-cat-equalizer
translations € : E <cp.eq (0,0,F,F') : ¢ »>ca € =
CONST is-cat-equalizer c a b F F' € F ¢

locale is-cat-coequalizer =
is-cat-colimit o ¢ (bpp F) (app F) F) € f>fop € (bpr F) (ap, F) Fba F» Ee +
F'vsv F'
foraab FF' € Fe+
assumes cat-coeq-F-in-Vset| cat-lim-cs-intros]: F €, Vset «
and cat-coeq-F-ne[ cat-lim-cs-intros]: F # 0
and cat-coeg-F'-vdomain[ cat-lim-cs-simps]: D, F' = F
and cat-coeq-F'-app-is-arr| cat-lim-cs-intros]: f €, F == F'(f) : b »¢ a

syntax -is-cat-coequalizer =V =V =V =V =V =V =V = V = bool
(<(- 2/ "(--7-") >CF.coeq - T ==t -)» [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer = is-cat-coequalizer
translations ¢ : (a,6,F,F') >cp coeq E: ¢ »=ca €=
CONST is-cat-coequalizer c a b F F' € E ¢

Rules.

lemma (in is-cat-equalizer) is-cat-equalizer-azioms’| cat-lim-cs-intros):
assumes o' = «

and F'= F

and a’'=a

and b’ =0

and F'" = F

and F'"" = F'

and ¢'=¢
shows ¢ : B/ <¢p.cq (a0, F" F") : o o, &
(proof)

mk-ide rf is-cat-equalizer-def[ unfolded is-cat-equalizer-axioms-def |
|intro is-cat-equalizer]|
|dest is-cat-equalizerD[ dest]|
|elim is-cat-equalizerE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-equalizerD( 1)
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lemma (in is-cat-coequalizer) is-cat-coequalizer-azioms'[ cat-lim-cs-intros]:
assumes o' = «

and F'= F

and a’'=a

and b’ =0

and F'" = F

and F'"" = F'

and ¢' = ¢
shows ¢ : (a’,b",F""\F"") >cF coeq E': flo oy €
(proof)

mk-ide rf is-cat-coequalizer-def [ unfolded is-cat-coequalizer-azioms-def]
|intro is-cat-coequalizerl|
|dest is-cat-coequalizerD[ dest]|
|elim is-cat-coequalizerE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-coequalizerD( 1)

Elementary properties.
lemma (in is-cat-equalizer)
cat-eg-a[ cat-lim-cs-intros]: a €, €(Obj))
and cat-eq-b[ cat-lim-cs-intros]: b €, €(0bj|)
{proof)

lemma (in is-cat-coequalizer)
cat-coeq-a cat-lim-cs-intros]: a €, €(0bj)
and cat-coeg-b[ cat-lim-cs-intros]: b €, €(Obj))
{proof)

sublocale is-cat-equalizer ¢ cf-parallel o <apy, F> <bpy, F» Fab F'¢€

{proof)

sublocale is-cat-coequalizer € cf-parallel o <bpy F> <apy F»y Fba F'¢€

(proof)
Duality.
lemma (in is-cat-equalizer) is-cat-coequalizer-op:

op-ntcf € : (a,0,F,F") >cp.coeq E: ¢ P»>ca op-cat €
(proof)

lemma (in is-cat-equalizer) is-cat-coequalizer-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf € : (a,6,F,F") >cF.coeq E: o »~ca €

(proof )
lemmas [cat-op-intros] = is-cat-equalizer.is-cat-coequalizer-op’

lemma (in is-catl-coequalizer) is-cat-equalizer-op:
op-ntcf € : E <gp.eq (0,0,F,F') : ¢ = cq op-cat €
(proof)

lemma (in is-cat-coequalizer) is-cat-equalizer-op'[ cat-op-intros]:
assumes ¢’ = op-cat €

shows op-ntcf € : E <cp.cq (a,6,F,F') : ¢ »—ca €'
(proof)

lemmas [cat-op-intros] = is-cat-coequalizer.is-cat-equalizer-op’
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Further properties.

lemma (in category) cat-cf-parallel-ab:
assumes vsv F'
and F e, Vset «
and D, F'=F
and A\f. fec F = F'(f) :a —»¢ b
and a € €(0bj)
and b ¢, €(Obj)
shows cf-parallel « (apy F) (bpy, F) Fab F'C
{proof)

lemma (in category) cat-cf-parallel-ba:
assumes vsv F’
and F ¢, Vset «
and D, F'= F
and \f.fec F = F'(f) : b »¢ a
and a ¢, €(0bj)
and b €, €(O0bj)
shows cf-parallel a (bpy F) (apy, F) Fba F'C
(proof)

lemma cat-cone-cf-par-eps-NTMap-app:
assumes ¢ :
E <cF.cone ﬂ_’ﬂCF ¢ (aPL F) (bPL F) FabF':
o (apr F) (bpy F) F —»ca €
and vsv F'
and F ¢, Vset «

and D, F'' = F
and A\f. fec F = F'(f) :a g b
and f e, F

shows &‘GNTMapD(IbPL FD = F’(Iﬂ) cA¢ s(|NTMap|)(|apL F|)
{proof)

lemma cat-cocone-cf-par-eps-NTMap-app:
assumes ¢ :
ﬂﬁﬂCF ¢ (bPL F) (aPL F) FbaF' >cr.cocone £
e (bpr F) (app F) F =cq €
and vsv F'
and F ¢, Vset «
and D, F'=F
and Af. fe, F == F'(f) : b =g a
and f e, F
shows e(NTMap|)(bpr F|) = e(NTMap))(apr F) ocag F'(f)
{proof)

lemma (in is-cat-equalizer) cat-eq-eps-NTMap-app:
assumes § €, F
shows e(NTMap|)(bpr F|) = F'(f) cag e(NTMap))(apr F))
(proof)

lemma (in is-cat-coequalizer) cat-coeq-eps-NTMap-app:
assumes § €, F
shows e(NTMap) (bp1, F) = <(NTMap)(aps, F) oag F'(f)
(proof)

lemma (in is-cat-equalizer) cat-eq-Comp-eq:
assumes g €, F'and f ¢, F
shows F’(lgl) A E(INTMapD(IapL FD = F’(IfD cAg €(|NTMapD(]CLPL Fl)
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{proof)

lemma (in is-cat-coequalizer) cat-coeq-Comp-eq:
assumes g €, F'and f ¢, F
shows &‘GNTMapD(IapL F|) oA F’(Igl) = s(lNTMapl)(|apL FD oA F,(|f|)
(proof)

7.1.2 Universal property

lemma is-cat-equalizerl ":
assumes ¢ :
E <CF.cone ﬂ_>ﬂC’F ¢ (aPL F) (bPL F) Fab F’I
fic (app F) (bpr F) F »—ca €
and vsv F'
and F ¢, Vset «
and D, F'=F
and A\f. fec F = F'(f) :a ¢ b
and f ¢, F
and Ae' E'. ¢’
E'<cr.cone I=tcr € (apy F) (bpr F) Fab F':
e (app F) (bpp F) F m»isoq € =
L f B e E A e'(NTMap))(apr F)) = e(NTMap))(apr F)) oag f'
shows ¢ : E <gp.eq (0,6,F.F') : ¢ »—ca €
{proof)

lemma is-cat-coequalizerl ":
assumes ¢ :
ﬂ_)ﬂCF < (bPL F) (aPL F) FbaF' >CF.cocone Bt
e (bpr F) (app F) F =i>c0q €
and vsv F'
and F ¢, Vset o
and D, F'=F
and Af.fec F = F'(f) : b »¢ a
and f ¢, F
and Ae' E'. ¢’
fi>flor € (bpr F) (apr F) Fba F'>cp cocone B
e (bpr F) (apy F) F »>gq € =
L f1 i E s BN A '(NTMap))(apr F)) = f'oag e(NTMap))(apr, F))
shows ¢ : (a,6,F,F") >cFp.coeq E: ¢ »~ca €
{proof)

lemma (in is-cat-equalizer) cat-eq-unique-cone:
assumes ¢’ :
E'<¢F.cone I=Ncor € (app F) (bpr F) Fab F': o (apr F) (bpr F) F =»ca €
(is 1 B’ <cp.oone 2I-IT 2 21T >0 ©)
shows 3!f". f': E' =g E A e'(NTMap))(apr, F|) = e(NTMap))(apr F)) oag [’
{proof)

lemma (in is-cat-equalizer) cat-eq-unique:
assumes ¢’ : B/ <cp oq (0,0,F.F) : o »>ca €
shows
A f B e Ene’ =€ yror ntcf-const (¢ (apr F) (bpr, F) F) C f/
(proof)

lemma (in is-cat-equalizer) cat-eq-unique”:

assumes ¢’ : E' <cp oq (0,0,F.F) : o »>ca €

shows 3!f". f': E' »¢ E A '(NTMap))(apr, F|) = e(NTMap))(apr, F)) oag f'
{proof)
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lemma (in is-cat-coequalizer) cat-coeq-unique-cocone:
assumes ¢’ :
f=fcr € (bPL F) (aPL F) FbaF >crcocone B
o (bpr F) (apy F) F —»ca €
(is <&’ : 2II-1] >cF.cocone E': ?II »>gq ©)
shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr F|) = f' oag e(NTMap))(apr F)
(proof )

lemma (in is-cat-coequalizer) cat-coeq-unique:
assumes ¢’ : (a,0,F,F") >cr coeq E': o »=>ca €
shows 3!f".
f'i Evwg E" A e’ = ntef-const (ffc (bpr F) (apr F) F) € f'nroF €
(proof)

lemma (in is-cat-coequalizer) cat-coeg-unique”:

assumes ¢’ : (a,0,F,F") >cr. coeq E': o »=ca €

shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr F|) = f' oag e(NTMap))(apr F)
{proof)

lemma cat-equalizer-ex-is-iso-arr:
assumes ¢ : E <gp.cq (0,0,F,F') : ¢ »rca €
and ¢’ : E’ <CF.eq (a,b,F7F’) : ﬂC > oq €
obtains f where f: E' =00 E
and ¢’ = ¢ -y ror ntcf-const (¢ (apy F) (bpy F) F) € f
(proof)

lemma cat-equalizer-ex-is-iso-arr”:
assumes ¢ : E <gp ¢y (0,0,F,F') : ¢ »ca €
and ¢': E’ <CF.eq (a,b,F,F’) : ﬂC o €
obtains f where f : E' ;¢ E
and ¢'(NTMap))(apy F|) = e(NTMap))(apr F)) oag f
and e'(NTMap))(bpr F|) = e(NTMap)(bpr F|) oag f
{proof)

lemma cat-coequalizer-ex-is-iso-arr:
assumes ¢ : (a0,6,F,F') >cp coeq £ ¢ »~ca €
and ¢': (a,6,F,F') >cp.coeq E': ¢ PP ca €
obtains f where f : E ;5,0 E’
and ¢’ = nicf-const (¢ (bpr F) (apr F) F) € fnTcF €
{proof)

lemma cat-coequalizer-ez-is-iso-arr”:
assumes ¢ : (a,0,F,F') >cp.coeq E: ffc »ca €
and ¢’ : (a,6,F.F') >cp.coeq E': o Prca €
obtains f where f : F ;5,0 E’
and 5’(|NTMap|)(|apL Fl) = f CA@ 5(|NTMa,p|)(|apL FI)
and EI(INTMapD(Ipr FD = f CAQ E(INTMapD(IbPL FD
{proof)

7.1.3 Further properties

lemma (in is-cat-equalizer) cat-eq-is-monic-arr:
— See subsection 3.3 in [3].
c(NTMap)(aps, ) : E srmone @

{proof)

lemma (in is-cat-coequalizer) cat-coeg-is-epic-arr:
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e(NTMap))(apr F)) : @ =epig B
(proof )

7.2 Equalizer and coequalizer for two arrows

7.2.1 Definition and elementary properties

See [2]".

locale is-cat-equalizer-2 =
is-cat-limit o ttc apra bpre gpr frr> € (M—>Mcer € apra bpre gpr frrabgh Ee
foraabgf€ Ee+
assumes cat-eq-g[ cat-lim-cs-intros]: g : a »¢ b
and cat-eq-f[ cat-lim-cs-intros]: f : a =g b

syntax -is-cat-equalizer-2 =V =V ==V =>V =V =V =V = V = bool
(«(-:/ -<cF.eq (") i 1o P =) [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer-2 = is-cat-equalizer-2
translations ¢ : E <cp.¢q (0,0,0,f) : Mo »rca € =
CONST is-cat-equalizer-2 a a b g f € E €

locale is-cat-coequalizer-2 =
is-cat-colimit
a Me bpre apre frr gpr) € AMM->Mer Cbpra apra frL gpr bafg Ee
foraabgfC FEFe+
assumes cat-coeq-g| cat-lim-cs-intros]: g : b =g a
and cat-coeq-f[ cat-lim-cs-intros]: f : b »¢ a

syntax -is-cat-coequalizer-2 = V=V =V =V =V =V =V = V = bool
(- (") >CF.coeq - 3] T mme1 =) [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer-2 = is-cat-coequalizer-2
translations € : (4,0,9.f) >cr.coeq £ : 1c »ca € =
CONST is-cat-coequalizer-2 « a b g §f € F ¢

Rules.

lemma (in is-cat-equalizer-2) is-cat-equalizer-2-axioms’| cat-lim-cs-intros]:
assumes o' = «

and £' = F

and a’'=a

and b’ =b

and g’ =g

and ' = |

and ¢'=¢
shows ¢ : E, <CF.eq (alvb,ag,7f,) : TTC '_)'_)CO/ Q:,
(proof)

mk-ide rf is-cat-equalizer-2-def [ unfolded is-cat-equalizer-2-axioms-def ]
|intro is-cat-equalizer-21|
|dest is-cat-equalizer-2D][ dest]|
|elim is-cat-equalizer-2E[ elim]]

lemmas [cat-lim-cs-intros] = is-cat-equalizer-2D(1)

lemma (in is-cat-coequalizer-2) is-cat-coequalizer-2-azioms'[ cat-lim-cs-intros]:
assumes o’ = a
and E'= F
and a’'=a
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and b’ =0

and g'=g¢g

and ' = |

and ¢' = ¢
shows ¢ : (a",b",9"f") >cr.coeq B : Mc e ageI, ¢’
(proof)

mk-ide rf is-cat-coequalizer-2-def[ unfolded is-cat-coequalizer-2-axioms-def |
|intro is-cat-coequalizer-21|
|dest is-cat-coequalizer-2D[ dest]|
|elim is-cat-coequalizer-2E[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-coequalizer-2D( 1)

Helper lemmas.

lemma cat-eq-F'-helper:
(Meoset {frr, gpr}. (f =9pL ?9: 1)) =
(Meoset {fpr, gpr}y. (f = frL 271 9))
(proof )

Elementary properties.

sublocale is-cat-equalizer-2 < cf-parallel-2 o apps bpre gpr frLabgf e

{proof)

sublocale is-cat-coequalizer-2 < cf-parallel-2 o bprs apre fpr gpr bafg €
(proof)

lemma (in is-cat-equalizer-2) cat-equalizer-2-is-cat-equalizer:

E
E <cp.cq (abset {gpr, fro},(Meoset {gpr, fro}. (f =frr 21:9))):
o P»ca €

{proof)

lemma (in is-cat-coequalizer-2) cat-coequalizer-2-is-cat-coequalizer:
g :
(a,b,set {gpr, frr},(Mfeoset {gpr, frL}. (f =frL 7:9))) >CF.coeq B+
ffc »~ca €
{proof)

lemma cat-equalizer-is-cat-equalizer-2:
assumes ¢ :
E <cr.eq (a,bset {gpr, fro},(Meoset {gpr, frr}. (f =frr 7§:9))):
ffc »=ca €
shows ¢ : E <gp.¢q (0,0,8,f) : Mo »coa €
{proof)

lemma cat-coequalizer-is-cat-coequalizer-2:
assumes ¢ :

(a,b,set {gprL, frr},(Meoset {gpr, frr}. (f =frL 2§:9))) >cF.coeq E:
e »rca €
shows ¢ : (a,6,0,f) >cF.coeq £ : Mo »ca €

{proof)
Duality.

lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op:
Op—’flth € (avbagvf) >CF.coeq E: TTC indudole Op—C(lt ¢
(proof)
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lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntcf € : (a,0,9.f) >cFr.coeq £ : 11c »=>ca ¢

(proof )
lemmas [cat-op-intros] = is-cat-equalizer-2.is-cat-coequalizer-2-op’

lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op:
op-ntcf € 1 E <cF.cq (0,b,9,f) : 11c »ca op-cat €
(proof)

lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf € : E <cp.eq (0,0,8,f) : 11c »=>ca €
(proof )

lemmas [cat-op-intros] = is-cat-coequalizer-2.is-cat-equalizer-2-op’

Further properties.

lemma (in category) cat-cf-parallel-2-cat-equalizer:
assumes g:a g bandf:a—gb
shows cf-parallel-2 oo aprs bpro gpr frLabgfc€
{proof)

lemma (in category) cat-cf-parallel-2-cat-coequalizer:
assumes g: b —»g aand f: b g a
shows cf-parallel-2 o bprs apre fpr gpr bafg €
(proof)

lemma cat-cone-cf-par-2-eps-NTMap-app:
assumes ¢ :
E <cr.cone 1M>1Mcr €apre bpra gpr frLa b gf: Mo apr2 bpre gpr frL »—ca €
and g:awrgb
and f:a g b
shows
e(NTMap))(bpr2) = g cag e(NTMap))(apr2)
e(NTMap)(bpL2) = f oag e(NTMap))(apL2)
(proof)

lemma cat-cocone-cf-par-2-eps-NTMap-app:
assumes ¢ :
M->Mcr €bpre apra frL 8PL b af g >cF cocone B -
Me bpre apra fPL 8pL PP ca €
and g: b g a
and f: b —»g a
shows
E(INTMCLPD(IBPLQD = E(INTM(I,])D(IGPLQD oA¢ 9
SqNTMaquprQI) = €<|NTMap|)<|apL2|) cAg f
(proof)

lemma (in is-cat-equalizer-2) cat-eq-2-eps-NTMap-app:
e(NTMap|)(bpr2)) = g cag e(NTMap))(apr2)
e(NTMap)(bpr2) = f oag e(NTMap))(apL2))

(proof)

lemma (in is-cat-coequalizer-2) cat-coeq-2-eps-NTMap-app:
e(NTMap))(bpL2) = e(NTMap|)(apLz) oag g
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e(NTMap))(bpr2) = e(NTMap)(apr2)) coa¢ f
(proof)

lemma (in is-cat-equalizer-2) cat-eq-2-Comp-eq:
g oag e(NTMap))(aprz2)) = § oag e(NTMap)(apr2)
foag e(NTMap)(aprz2)) = g cag e(NTMap))(apr2))
(proof )

lemma (in is-cat-coequalizer-2) cat-coeq-2-Comp-eq:
e(NTMap)(apr2) cag 9 = e(NTMap)(apr2) oag f
e(NTMap))(apr2) cag f = e(NTMap)(apra)) cag @
(proof)

7.2.2 Universal property

lemma is-cat-equalizer-21":
assumes ¢ :
E <¢F.cone M=>Mcr €apra bpra gpr fro a b gf: e apr2 bpra gL frr »ca €
and g:awrg b
and f:a —g b
and N\e' E'. ¢’
E'<cr.cone 1=>Mcr €apro bpra gpr frLa b gif:
Mc apre bpr2 gpL frL »ca € =
H'fl f’! E’ ind's E A E,(INTMG,])D(ICIPLQD = 8(|NTM(Ip|)(|ClPL2D cAg f’
shows ¢ : E <crp.eq (0,0,8,f) : MM »rca €
(proof )

lemma is-cat-coequalizer-2I"
assumes ¢ :
M->Mcr €bpr2 apr2 frL 8pL b a8 >cF.cocone B¢
Mo bpre apre frL gpL P=ca €
and g: b g a
and f: b g a
and Ae' BE'. ¢’
M=Mcor €bpro apro frL 9pL b af g >cr.cocone B
Mo bpre apre frL gpL P=ca € =
H'f, f’: E e E' A E’(INTMapD(ICLPLQD = f’ CAQ 5(|NTMap|)(|apL2D
shows ¢ : (a,0,0.f) >cr.coeq E: 1Mo »=>ca €
{proof)

lemma (in is-cat-equalizer-2) cat-eq-2-unique-cone:
assumes ¢’ :
E'<¢r.cone 11=Mcr €apra bpro gpr frLa b gf:
Mo apr2 bpre gpr frL »ca €
shows 3!f". f': E' =g E A e'(NTMap))(apr2)) = e(NTMap)(apra) oag [’
(proof)

lemma (in is-cat-equalizer-2) cat-eq-2-unique:
assumes ¢’ : E' <cp.cq (a,b,9,f) : 11c P»ca €
shows
AfLf B =g Ene'=c-yror nicf-const (11c apre bpre gpr frr) € f'
{proof)

lemma (in is-cat-equalizer-2) cat-eq-2-unique”:

assumes €' E' <¢p.cq (a,0,0,f) : 11¢ »rca €

shows 3!f". f': E'»¢ E A '(NTMap|)(apr2)) = e(NTMap))(apr2)) cag f’
{proof)
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lemma (in is-cat-coequalizer-2) cat-coeq-2-unique-cocone:
assumes ¢’ :
M->tter €bpra apra frL 8PL b a f 8 >CF cocone B¢
Me bpre apra fPL 9pL PP ca €
shows 3If". f': E g E' A e'(NTMap))(apr2)) = f' cag e(NTMap|)(apr2)
(proof)

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique:
assumes ¢’ : (a,0,9.f) >cF.coeq ' 11c »ca €
shows 3!f".
f’: E gy E’ A
e’ = ntcf-const (11¢ bpre apra frr gpL) € f *NTCF €
{proof)

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique”:

assumes ¢’ : (a,0,0,f) >cr.coeq E': 11 »ca €

shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr2)) = f' cag e(NTMap))(ap L2
{proof)

lemma cat-equalizer-2-ex-is-iso-arr:
assumes ¢ : F <cp ¢4 (0,0,9,f) : 1o »ca €
and ¢': E’ <CF.eq (a,b,9,f) : 11c Poa €
obtains f where [ : E' =00 E
and ¢’ = ¢ -yroF ntcf-const (11c apre bpr2 gpr frr) € f
{proof)

lemma cat-equalizer-2-ex-is-iso-arr'":
assumes ¢ : E <¢p cq (0,0,9.f) : 1o »—ca €
and ¢’': E’ <CF.eq (a,6,9,f) : M »ca €
obtains f where f : E' = ¢ E
and ¢'(NTMap))(apr2)) = e(NTMap))(apr2)) cag f
and ¢'(NTMap))(bpr2)) = e(NTMap)(bpr2|) cag f
{proof)

lemma cat-coequalizer-2-ex-is-iso-arr:
assumes ¢ : (a,0,9,f) >cF.coeq E: e »ca €
and ¢': (a,b,g,f) >CF.coeq E': Mo »roa €
obtains f where [ : E 5,0 E’
and ¢’ = ntcf-const (11¢ bpr2 apre frr 9pL) € f ‘NTCOF €
{proof )

lemma cat-coequalizer-2-ex-is-iso-arr”:
assumes ¢ : (a,0,9,f) >cF.coeq E: 1c »—ca €
and ¢’ : (ﬂ,bagyf) >CF.coeq E': TTC == Cca ¢
obtains f where f : E ;5,0 E’
and '(NTMap))(apr2)) = f oag e(NTMap|)(apL2)
and é"(INTMapD(IbPLQI) = f cA¢ €(|NTMa,p|)(|pr2|)
(proof)

7.2.3 Further properties

lemma (in is-cat-equalizer-2) cat-eq-2-is-monic-arr:
e(NTMap))(aprz2) : E ~mong a
(proof)

lemma (in is-cat-coequalizer-2) cat-coeg-2-is-epic-arr:
€(|NTMap|)(|apL2|) CA Pepig E
(proof )
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7.3 Equalizer cone

7.3.1 Definition and elementary properties

definition ntcf-equalizer-base = V=V =V =>V=>V=>V=(V=>V)=>V
where ntcf-equalizer-base € a b gf E e =
[
(Arettc apre bpre gpr fPL(Ob)). e z),
cf-const (1tc apra bpra 9pL fPL) € E,
M->1tcr €apr2 bpr2 gpr fPL a b g f,

¢ apra bpro gpr fPL,
¢

]o

Components.

lemma nicf-equalizer-base-components:
shows ntcf-equalizer-base € a b g §f E e(NTMap)|) =
(Azeottc apra bpra gpr frL(Ob)). e 1)
and [cat-lim-cs-simps]: ntcf-equalizer-base € a b g f E e(NTDom|) =
cf-const (11c apr2 bpro gpr frr) € E
and [ cat-lim-cs-simps]: ntcf-equalizer-base € a b g §f E e(NTCod)) =
M->Mcr Capr2 bpr2 gprL frLa b gf
and [ cat-lim-cs-simps]:
ntcf-equalizer-base € a b g f E e(NTDGDoml|) = 11¢ apr2 bpra 9pL fPL
and [ cat-lim-cs-simps]:
nicf-equalizer-base € a b g f E e(NTDGCod)) = €
(proof)

7.3.2 Natural transformation map

mk-VLambda nicf-equalizer-base-components(1)
|vsv ntcf-equalizer-base-NTMap-vsv| cat-lim-cs-intros]|
|vdomain ntcf-equalizer-base-NTMap-vdomain[ cat-lim-cs-simps]|
|app nicf-equalizer-base-NTMap-app[ cat-lim-cs-simps]|

7.3.3 Equalizer cone is a cone

lemma (in category) cat-ntcf-equalizer-base-is-cat-cone:
assumes ¢ aprz : B =g a
and e bpro : E =g b
and e bpro = g oag € apr2
and e bpro = foag eapro
and g:awrgb
and f:a g b
shows ntcf-equalizer-base €a b gf Ee:
E <¢cF.cone M=>Mcr €apr2 bpro gpr frLa b gi:
Meo apre bpre gpL fPL »=ca €
{proof)
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8 Pointed arrows and natural transformations

8.1 Pointed arrow

The terminology that is used in this section deviates from convention: a pointed arrow is merely
an arrow in Set from a singleton set to another set.

8.1.1 Definition and elementary properties

See Chapter III-2 in [9].

definition ntcf-paa = V=V =V =V
where ntcf-paa a B b = [(Aasoset {a}. b), set {a}, Blo

Components.

lemma nicf-paa-components:
shows nicf-paa a B b(ArrVal]) = (Aae,set {a}. b)
and [cat-cs-simps]: ntcf-paa a B b(ArrDom)) = set {a}
and [cat-cs-simps]: ntef-paa a B b(ArrCod)) = B
(proof)

8.1.2 Arrow value

mk-VLambda ntcf-paa-components(1)
|vsv ntcf-paa-ArrVal-vsv[ cat-cs-intros]|
|vdomain ntcf-paa-Arr Val-vdomain[ cat-cs-simps]|
|app nicf-paa-ArrVal-app[unfolded vsingleton-iff, cat-cs-simps]|

8.1.3 Pointed arrow is an arrow in Set

lemma (in Z) nicf-paa-is-arr:
assumes a €, cat-Set a(|Obj) and A €, cat-Set a(Obj]) and a €, A
shows ntcf-paa a A a : set {a} = 41-Get o 4

(proof)

lemma (in Z) ntcf-paa-is-arr’[ cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and A €, cat-Set a(Obj)
and a €, A
and A’ = set {a}
and B'= A
and ¢’ = cat-Set «
shows ntcf-paa a A a: A" =g B’

{proof)

lemmas [cat-cs-intros] = Z.ntcf-paa-is-arr’

8.1.4 Further properties

lemma ntcf-paa-injective| cat-cs-simps]:
ntef-paa a A b = nitcf-paa a A c «— b =c

{proof)

lemma (in Z) ntef-paa-ArrVal:
assumes F : set {a} = .41-Get o X
shows nicf-paa a X (F(ArrVal)(a)) = F

(proof)
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lemma (in Z) ntcf-paa-ArrVal”:
assumes F' : set {a} = 4160t o X and a = a
shows ntcf-paa a X (F(ArrVal)(a])) = F

{proof)

lemma (in Z) ntcf-paa-Comp-right| cat-cs-simps]:
assumes I': A 16 o B
and a €, cat-Set a(Obj)
and a €, A
shows F' o4 ut-Set o Mcf-paa a A a = ntcf-paa a B (F(ArrVal))(al)

(proof)

lemmas [cat-cs-simps] = Z.ntcf-paa-Comp-right

8.2 Pointed natural transformation

8.2.1 Definition and elementary properties

See Chapter III-2 in [9].

definition nicf-pointed = V = V = V
where ntcf-pointed o a =
[
(
Aze, cat-Set o Obj)).
[
(MfeoHom (cat-Set «) (set {a}) z. f(ArrVal])(a])),
Hom (cat-Set o) (set {a}) z,
z

lo
),
Homo. cacat-Set aset {a},-),
cf-id (cat-Set o),
cat-Set a,
cat-Set o

lo

Components.

lemma nitcf-pointed-components:
shows ntcf-pointed o a(NTMap)) =

(
Aze, cat-Set o Obj)).

(MfeoHom (cat-Set «) (set {a}) z. f(ArrVal])(a])),
Hom (cat-Set o) (set {a}) z,

T
Jo
)
and [ cat-cs-simps]: ntcf-pointed o a(NTDom|) = Homo. cocat-Set aset {a},~)
and

ntcf-pointed o a(NTDGDom)|) = cat-Set «

]:

cat-cs-simps]: ntcf-pointed o a(NTCod)) = cf-id (cat-Set «)
]:
]: ntef-pointed o a(NTDGCod|) = cat-Set «

[

[
and [ cat-cs-simps
and [ cat-cs-simps

{proof)

8.2.2 Natural transformation map

mk-VLambda nicf-pointed-components(1)
|vsv ntcf-pointed-NTMap-vsv[ cat-cs-intros]|
|vdomain ntcf-pointed-NTMap-vdomain| cat-cs-simps]|
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|app nicf-pointed-NTMap-app'|

lemma (in Z) nicf-pointed-NTMap-app-ArrVal-app| cat-cs-simps]:
assumes X €, cat-Set a(Obj)) and F : set {a} = 41-Set o X
shows ntcf-pointed oo a(NTMap)) (X)) (ArrVal)(F)) = F(ArrVal))(a)

{proof)

lemma (in Z) nicf-pointed-NTMap-app-is-iso-arr:
assumes a €, cat-Set a((Obj) and X €, cat-Set a(Obj))
shows ntcf-pointed o a(NTMap])( X)) :
Hom (cat-Set a) (set {a}) X =isocqr-Set a X
(proof)

lemma (in Z) nicf-pointed-NTMap-app-is-iso-arr'[ cat-cs-intros]:
assumes a €, cat-Set a(Obj))
and X €, cat-Set a(0bj)
and A’ = Hom (cat-Set o) (set {a}) X
and B'= X
and €' = cat-Set «
shows ntcf-pointed o a(NTMap))(X|) : A" =is0pr B’
(proof)

lemmas [cat-cs-intros] = Z.ntcf-pointed-NTMap-app-is-iso-arr’

lemmas (in Z) ntcf-pointed-NTMap-app-is-arr'| cat-cs-intros] =
is-iso-arrD(1)[ OF Z.ntcf-pointed-NTMap-app-is-iso-arr’]

lemmas [cat-cs-intros] = Z.ntcf-pointed-NTMap-app-is-arr’

8.2.3 Pointed natural transformation is a natural isomorphism

lemma (in Z) nicf-pointed-is-iso-nicf:
assumes a €, cat-Set a(Obj)
shows ntcf-pointed o a :
Homo.cacat-Set a(set {a},-) »crF.iso ¢f-id (cat-Set «) :
cat-Set o —»+—cq cat-Set a
(proof)

lemma (in Z) ntef-pointed-is-iso-ntcf | cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and §' = Homo.cqcat-Set a(set {a},~)
and &' = cf-id (cat-Set o)
and A’ = cat-Set «
and B’ = cai-Set «
and o' = «
shows nicf-pointed o a: F' = cr.iso &' A g B

{proof)

lemmas [cat-cs-intros] = Z.ntcf-pointed-is-iso-ntcf’

8.3 Inverse pointed natural transformation
8.3.1 Definition and elementary properties

See Chapter III-2 in [9].

definition nicf-pointed-inv =V = V = V
where ntcf-pointed-inv o a =

[
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(
AXe, cat-Set a(|Obj)).

[(Aze. X. ntcf-paa a X z), X, Hom (cat-Set ) (set {a}) X]o
)
cf-id (cat-Set o),
Homo.cocat-Set aset {a},-),
cat-Set «,
cat-Set «

]o

Components.

lemma nitcf-pointed-inv-components:
shows nicf-pointed-inv o a(NTMap)) =

AXe, cat-Set o Obj)).
[(Aze. X. ntef-paa a X ), X, Hom (cat-Set o) (set {a}) X]o

)
and [cat-cs-simps]: ntef-pointed-inv o a(NTDom|) = cf-id (cat-Set )
and [ cat-cs-simps]:

ntef-pointed-inv o a(NTCod]) = Homo, cacat-Set a(set {a},—)
and [cat-cs-simps]: ntef-pointed-inv o a(NTDGDom|) = cat-Set «
and [cat-cs-simps]: ntef-pointed-inv a a(NTDGCod|) = cat-Set «

(proof)

8.3.2 Natural transformation map

mk-VLambda nitcf-pointed-inv-components(1)
|vsv ntcf-pointed-inv-NTMap-vsv[ cat-cs-intros]|
|vdomain ntef-pointed-inv-NTMap-vdomain| cat-cs-simps]|
|app ntcf-pointed-inv-NTMap-app'|

lemma (in Z) nicf-pointed-inv-NTMap-app-ArrVal-app[ cat-cs-simps]:
assumes X €, cat-Set a(Obj) and x €, X
shows ntcf-pointed-inv o a(NTMap|) (X)) (ArrVal)(z) = ntcf-paa a X z

{proof)

lemma (in Z) nicf-pointed-inv-NTMap-app-is-arr:
assumes a €, cat-Set a(|Obj) and X €, cat-Set a(Obj))
shows ntcf-pointed-inv a a(NTMap)) (X)) :
X Hom (cat-Set ) (set {a}) X
(proof)

cat-Set «

lemma (in Z) nicf-pointed-inv-NTMap-app-is-arr'| cat-cs-intros]:
assumes a €, cat-Set a(Obj))
and X €, cat-Set a(0bj)
and A'= X
and B’ = Hom (cat-Set «) (set {a}) X
and ¢’ = cat-Set «
shows ntcf-pointed-inv o a(NTMap|)( X)) : A" s B’
(proof)

lemmas [cat-cs-intros] = Z.ntcf-pointed-inv-NTMap-app-is-arr’

lemma (in Z) is-inverse-nicf-pointed-inv-NTMap-app:
assumes a €, cat-Set a(Obj) and X €, cat-Set a(Obj))
shows
is-inverse
(cat-Set )
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(ntcf-pointed-inv o a(NTMap)) (X))
(ntcf-pointed o a(NTMap)) (X))
(is <is-inverse (cat-Set «) ?bwd ?fwd))
{proof)

8.3.3 Inverse pointed natural transformation is a natural isomorphism

lemma (in Z) ntcf-pointed-inv-is-ntcf:
assumes a €, cat-Set a(Obj))
shows ntcf-pointed-inv o a :
cf-id (cat-Set o) —cp Homo. cocat-Set a(set {a},~) :
cat-Set o ¢ cat-Set a
{proof)

lemma (in Z) ntcf-pointed-inv-is-ntcf'| cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and §' = c¢f-id (cat-Set a)
and &' = Homo. o cat-Set aset {a},-)
and A’ = cat-Set «
and B’ = cat-Set «
and o' = «
shows ntcf-pointed-inv a a: §' —»op &' : A" g 1 B’

(proof)
lemmas [cat-cs-intros] = Z.ntcf-pointed-inv-is-ntcf’

lemma (in Z) inv-ntcf-ntcf-pointed| cat-cs-simps]:
assumes a €, cat-Set a(Obj)
shows inv-nicf (ntcf-pointed o a) = ntcf-pointed-inv « a

{proof)

lemma (in Z) inv-nicf-ntcf-pointed-inv| cat-cs-simps]:
assumes a €, cat-Set a(Obj)
shows inv-ntcf (ntcf-pointed-inv o a) = ntcf-pointed « a

{proof)

lemma (in Z) nicf-pointed-inv-is-iso-nicf:
assumes a €, cat-Set a(Obj)
shows ntcf-pointed-inv o a :
cf-id (cat-Set ) »cF.iso Homo. cocat-Set a(set {a},—) :
cat-Set o —»+—cq cat-Set a

{proof)

lemma (in Z) ntcf-pointed-inv-is-iso-ntcf | cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and §' = ¢f-id (cat-Set @)
and &' = Homo. cqcat-Set a(set {a},—)
and 2" = cat-Set «
and B’ = cat-Set «
and o' = «
shows nicf-pointed-inv a a: F' = cr.iso &' A g 0 B’

{proof)

lemmas [cat-cs-intros] = Z.nicf-pointed-inv-is-iso-ntcf’
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9 Representable and corepresentable functors

9.1 Representable and corepresentable functors

9.1.1 Definitions and elementary properties

See Chapter III-2 in [9] or Section 2.1 in [14].

definition cat-representation = V = V = V = V = bool
where cat-representation a § ¢ ¥ «—
¢ € F(HomDom|)(Obj]) A
¥ : Homo.caF(HomDom))(¢,=) »orF.iso § : §(HomDom|) —~cq cat-Set «

definition cat-corepresentation =V = V = V = V = bool
where cat-corepresentation o § ¢ 1 «—
¢ € F(HomDom|)(Obj) A
Y : Homo, caop-cat (F(HomDom|))(=,¢) »oF.iso § @ S(HomDom|) ——cq cat-Set o

Rules.

context

fixes a € §

assumes §: § : € > cat-Set a
begin

interpretation F: is-functor a € <cat-Set ay § (proof)

mk-ide rf cat-representation-def[where a=a and §F=F, unfolded cat-cs-simps]
|intro cat-representationl|
|dest cat-representationD’|
|elim cat-representationE’|

end

lemmas cat-representationD|dest] = cat-representationD’| rotated]
and cat-representationE[elim] = cat-representationE '[rotated]

lemma cat-corepresentationl:
assumes category a €
and § : op-cat € —»—cq cat-Set a
and c €, €(0bj)
and ¢ : Homo.ca€(—,¢) P oF.iso § & op-cat € = cq, cat-Set a
shows cat-corepresentation a § ¢ ¢
{proof)

lemma cat-corepresentationD:
assumes cat-corepresentation o § ¢ Y
and category o €
and § : op-cat € »—cq cat-Set a
shows ¢ €, €(0bj)
and ¢ : Homo.ca®(-,¢) »oF.iso § : op-cat € =g cat-Set a
{proof)

lemma cat-corepresentationk:
assumes cat-corepresentation o § ¢ VP
and category a €
and § : op-cat € »—cq cat-Set «
obtains ¢ €, €(0bj))
and ¢ : Homo.ca®€(-,¢) P oF.iso § & op-cat € =g, cat-Set a

{proof)
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9.1.2 Representable functors and universal arrows

lemma universal-arrow-of-if-cat-representation:
— See Proposition 2 in Chapter III-2 in [9].
assumes R : € »— o cat-Set o
and cat-representation o K v Y
and a €, cat-Set a(Obj)
shows universal-arrow-of
R (set {a}) r (ntcf-paa a (R(ObjMap))(r) (¥ (NTMap))(r)(ArrVal)(&(CId)(r))))
(proof)

lemma universal-arrow-of-if-cat-corepresentation:
— See Proposition 2 in Chapter III-2 in [9].
assumes category o €
and R : op-cat € »— g cat-Set o
and cat-corepresentation o R v Y
and a €, cat-Set a(Obj))
shows universal-arrow-of
R (set {a}) r (ntefpaa a (R(ObMap)(r)) (w(NTMap)(r)(ArrVal)(€|CLd)(r))))
{proof)

lemma cat-representation-if-universal-arrow-of:
— See Proposition 2 in Chapter I1I-2 in [9)].
assumes R : € >0 cat-Set «
and a €, cat-Set a(Obj))
and universal-arrow-of K& (set {a}) ru
shows cat-representation o & r ( Yoneda-arrow o & r (u(ArrVal)(a))))

(proof)

lemma cat-corepresentation-if-universal-arrow-of:
— See Proposition 2 in Chapter III-2 in [9].
assumes category o €
and R : op-cat € »~ g cat-Set «
and a €, cat-Set a(Obj)
and universal-arrow-of K (set {a}) r u
shows cat-corepresentation a & r (Yoneda-arrow o K r (u(ArrVal])(a))))

{proof)

9.2 Limits and colimits as universal cones

lemma is-tm-cat-limit-if-cat-corepresentation:
— See Definition 3.1.5 in Section 3.1 in [14].
assumes § : J = o ima €
and cat-corepresentation « (tm-cf-Cone o §) r
(is <cat-corepresentation o ?Cone 1 1))
shows ntcf-of-ntcf-arrow J € (Y(NTMap))(r)(ArrVal)(E(CLd) (D)) :
T <CF.tm.lim 8 J P tma €
(is «ntcf-of-ntcf-arrow J € Zprir 2 v <oF.tm.aim 51 3 2= c.tma ©)
{proof)

lemma cat-corepresentation-if-is-tm-cat-limit:
— See Definition 3.1.5 in Section 3.1 in [14].

assumes ¢ : 7 <¢p.tm.iim 8 * J P tma €
shows cat-corepresentation
a (tm-cf-Cone a §) r (Yoneda-arrow a (tm-cf-Cone a §) r (nicf-arrow 1))
(is <cat-corepresentation o ?Cone r ?Y»)
(proof)
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10 Completeness and cocompleteness

10.1 Limits by products and equalizers

lemma cat-limit-of-cat-prod-obj-and-cat-equalizer:
— See Theorem 1 in Chapter V-2 in [9].
assumes § : J P> tma €
and Aabgf [f:argbigiargb] =
JFe e F <CF.eq (avbagvf) Mo »roa €
and AA. tm-cf-discrete o (J(Obj))) A € =
3P w.w:P<corpq A:J(0bj) »ca €
and AA. tm-cf-discrete a (J(Arr])) A € =
JPm.m:P<opp A:J(Arr) »ca €
obtains r u where u : r <cp.im §:J P—ca €
(proof)

lemma cat-colimit-of-cat-prod-obj-and-cat-coequalizer:
— See Theorem 1 in Chapter V-2 in [9)].
assumes § : J >~ o ima €
and Aabgf [f:brgag:brpal]l =
dE e e: (ﬂ,b,gaf) >CF.coeq E: TTC ingngele’ ¢
and AA. tm-cf-discrete o (J(Obj)) A € —
3P m. w:A>cpy P:JI(0bj) »—ca €
and AA. tm-cf-discrete o (J(Arr))) A € =
3P w . w:A>crpy P:J(Arr) »—ca €
obtains r u where u : § >cr.cotim 7 J »oa €
{proof)

10.2 Small-complete and small-cocomplete category

10.2.1 Definition and elementary properties

locale cat-small-complete = category o € for o € +
assumes cat-small-complete:
AN J-§:JPrctma €= 3ur . u:r<cp.iim§:Jrrcal

locale cat-small-cocomplete = category o € for a € +
assumes cat-small-cocomplete:
AFI. T I cima €= Jur. u:F >cFr.colim T3 =ca €

Rules.

mk-ide rf cat-small-complete-def[unfolded cat-small-complete-axioms-def]
|intro cat-small-completel|
|dest cat-small-completeD[ dest]|
|elim cat-small-completeE [ elim]|

lemma cat-small-completeE'| elim]:
assumes cat-small-complete « € and § : J >~ ¢ tma €
obtains u r where u : r <gp.im & : J »~ca €

{proof)

mk-ide rf cat-small-cocomplete-def [ unfolded cat-small-cocomplete-axioms-def]
|intro cat-small-cocompletel|
|dest cat-small-cocompleteD[ dest]|
|elim cat-small-cocompleteE[ elim]|

lemma cat-small-cocomplete E'[ elim]:

assumes cat-small-cocomplete o € and § : J =+~ tma €
obtains u r where u : § >cr.cotim 7 J P=ca €
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{proof)

10.2.2 Duality

lemma (in cat-small-complete) cat-small-cocomplete-op| cat-op-intros]:
cat-small-cocomplete o (op-cat €)

{proof)

lemmas [cat-op-intros] = cat-small-complete. cat-small-cocomplete-op

lemma (in cat-small-cocomplete) cat-small-complete-op| cat-op-intros]:
cat-small-complete o (op-cat €)

{proof)

lemmas [cat-op-intros] = cat-small-cocomplete. cat-small-complete-op

10.2.3 A category with equalizers and small products is small-complete

lemma (in category) cat-small-complete-if-eq-and-obj-prod:
— See Corollary 2 in Chapter V-2 in [9]
assumes Aabgf [f:argbg:areb] =
JFE e e: F <CF.eq (a,b,g,f) Mo o €
and AA I. tm-cf-discrete a A€ = AP m. n: P<cpq A: 1 »rcaq €
shows cat-small-complete o €

(proof)

lemma (in category) cat-small-cocomplete-if-eq-and-obj-prod:
assumes Aabgf [f:brpa;g:breal]l =
dEc. e: (aab,g,f) >CF.coeq E: TTC indngele’ ¢
and AA I. tm-cf-discrete a A€ = AP m. m: A>cpq P: 1 =g €
shows cat-small-cocomplete o €

{proof)

10.2.4 Existence of the initial and terminal objects in small-complete and small-
cocomplete categories

lemma (in cat-small-complete) cat-sc-ex-obj-initial:
— See Theorem 1 in Chapter V-6 in [9)].
assumes A ¢, €(0bj))
and A ¢, Vset a
and Ac. ¢ & €(O0bj) = Ifa. aec ANf:amgc
obtains z where obj-initial € 2
{proof)

lemma (in cat-small-cocomplete) cat-sc-ex-obj-terminal:
— See Theorem 1 in Chapter V-6 in [9].
assumes A S, €(0bj)
and A ¢, Vset «
and Ac. ¢ & €(Obj) = Ifa. aec ANf:crga
obtains z where obj-terminal € 2

{proof)

10.2.5 Creation of limits, continuity and completeness

lemma
— See Theorem 2 in Chapter V-4 in [9].
assumes & : A > B
and cat-small-complete o B
and AT J. §:J Prcima A = G ocp §:J »=c.tma B
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and AF J. §:J »c.tma A = cf-creates-limits o & §
shows is-tm-cf-continuous-if-cf-creates-limits: is-tm-cf-continuous o &
and cat-small-complete-if-cf-creates-limits: cat-small-complete o A
{proof)

10.3 Finite-complete and finite-cocomplete category

locale cat-finite-complete = category a € for o € +
assumes cat-finite-complete:
AT J. [ finite-category a J; F : J »ca € ]] =
Jur.u:r<gpimd:Jdrr—ca €

locale cat-finite-cocomplete = category a € for a € +
assumes cat-finite-cocomplete:
AT J. [[ finite-category a« J; F : J »ca € ]] =
Jur. u:§ >cr.cotim 7 I Prcoa €

Rules.

mk-ide rf cat-finite-complete-def[ unfolded cat-finite-complete-azioms-def]
|intro cat-finite-completel]
|dest cat-finite-completeD[ dest]|
|elim cat-finite-completeE | elim]|

lemma cat-finite-completeE'| elim]:
assumes cat-finite-complete o €
and finite-category o J
and §: J »c0a €
obtains u r where u : 7 <gp.jim § : J PPca €

{proof)

mk-ide rf cat-finite-cocomplete-def[unfolded cat-finite-cocomplete-axioms-def]
|intro cat-finite-cocompletel|
|dest cat-finite-cocompleteD| dest]|
|elim cat-finite-cocompleteE[ elim]

lemma cat-finite-cocompleteE [ elim]:
assumes cat-finite-cocomplete o €
and finite-category o J
and §: J »rcq €
obtains u r where v : § >cF.cotim T :J Pca €

{proof)

Elementary properties.

sublocale cat-small-complete € cat-finite-complete
{proof)

sublocale cat-small-cocomplete € cat-finite-cocomplete
{proof)
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11 Comma categories and universal constructions

11.1 Relationship between the universal arrows, initial objects and terminal
objects

lemma (in is-functor) universal-arrow-of-if-obj-initial:
— See Chapter III-1 in [9].
assumes ¢ €, B(0bj) and obj-initial (¢ lcr §) [0, T, ulo
shows universal-arrow-of § ¢ r u

(proof)

lemma (in is-functor) obj-initial-if-universal-arrow-of:
— See Chapter III-1 in [9)].
assumes universal-arrow-of § ¢ ru
shows obj-initial (¢ lcr §) [0, 7, ulo

{proof)

lemma (in is-functor) universal-arrow-fo-if-obj-terminal:
— See Chapter III-1 in [9].
assumes c €, B(0bj) and obj-terminal (§F crl ¢) [r, 0, ulo
shows universal-arrow-fo § ¢ r u

{proof)

lemma (in is-functor) obj-terminal-if-universal-arrow-fo:
— See Chapter III-1 in [9].
assumes universal-arrow-fo § ¢ r u
shows obj-terminal (§ crl ¢) [r, 0, uo

{proof)

11.2 A projection for a comma category constructed from a functor and an
object creates small limits

See Chapter V-6 in [9].

lemma cf-0bj-cf-comma-proj-creates-limits:
assumes & : A >0 X
and is-tm-cf-continuous o &
and z €, X(0bj)
and § : J =»~c.pma T ok ©
shows cf-creates-limits o (z ol lcr &) §

(proof)
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12 Category Set and universal constructions

12.1 Discrete functor with tiny maps to the category Set

lemma (in Z) tm-cf-discrete-cat-Set-if- VLambda-in- Vset:
assumes VLambda I F ¢, Vset o
shows tm-cf-discrete a I F (cat-Set «)

{proof)

12.2 Product cone and coproduct cocone for the category Set

12.2.1 Definition and elementary properties

definition ntcf-Set-obj-prod = V=V = (V= V)=V
where ntcf-Set-obj-prod a I F = ntcf-obj-prod-base
(cat-Set o) I F (T1oi€cl. F i) (Ai. vprojection-arrow I F 1)

definition ntcf-Set-obj-coprod = V=V = (V= V)=V
where ntcf-Set-obj-coprod o I F = nicf-obj-coprod-base
(cat-Set o) T F (11oi€cl. F i) (Mi. veinjection-arrow I F 1)

Components.

lemma ntcf-Set-obj-prod-components:

shows ntcf-Set-obj-prod o I F(NTMap)) =
(Nieo:c I(Obj)). vprojection-arrow I F i)
and ntcf-Set-obj-prod oo I F(NTDom)|) =
cf-const (:¢ I) (cat-Set o) (IToicl. F i)
and nicf-Set-obj-prod o I F(NTCod)) = :—>: I F (cat-Set «)
and nicf-Set-obj-prod o I F(NTDGDoml|) = :¢ I
and ntcf-Set-obj-prod oo I F(NTDGCod)) = cat-Set «

{proof)

lemma nitcf-Set-obj-coprod-components:
shows nicf-Set-obj-coprod o I F(NTMap)) =
(Nies:e I(Obj). veinjection-arrow I F' 1)
and ntcf-Set-obj-coprod o I F(NTDoml) = :—: I F (cat-Set «)
and ntcf-Set-obj-coprod o I F(NTCod)) =
cf-const (:¢ I) (cat-Set o) (11oi€1. F %)
and nicf-Set-obj-coprod o I F(NTDGDom|) = :¢c I
and ntcf-Set-obj-coprod o I F(NTDGCod)) = cat-Set «

{proof)

12.2.2 Natural transformation map

mk-VLambda ntcf-Set-obj-prod-components(1)
|vsv ntcf-Set-obj-prod-NTMap-vsv| cat-cs-intros]|
|vdomain ntef-Set-obj-prod-NTMap-vdomain[ cat-cs-simps]|
|app ntcf-Set-obj-prod-NTMap-app cat-cs-simps]|

mk-VLambda ntcf-Set-obj-coprod-components(1)
|vsv ntcf-Set-obj-coprod-NTMap-vsv| cat-cs-intros]|
|vdomain ntcf-Set-obj-coprod-NTMap-vdomain[ cat-cs-simps]|
|app nicf-Set-obj-coprod-NTMap-app| cat-cs-simps]|

12.2.3 Product cone for the category Set is a universal cone and product cocone
for the category Set is a universal cocone

lemma (in Z) tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod:
— See Theorem 5.2 in Chapter Introduction in [6].
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assumes VLambda [ F €, Vset «
shows ntcf-Set-obj-prod o I F :
(TToieol. Fi) <cpq F: 1 vwrcq cat-Set a
{proof)

lemma (in Z) tm-cf-discrete-nicf-obj-prod-base-is-tm-cat-obj-prod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F ¢, Vset a
shows ntcf-Set-obj-prod o I F :
(TMMoteol. F i) <cp.tm.u F: 1 ¢ tma cat-Set o

(proof)

lemma (in Z) tm-cf-discrete-nicf-obj-coprod-base-is-cat-obj-coprod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F €, Vset «
shows ntcf-Set-obj-coprod o I F :
F>crpq (Hoteol. F i) : I = cat-Set «
{proof)

lemma (in Z) nicf-Set-obj-coprod-is-tm-cat-obj-coprod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F ¢, Vset a
shows ntcf-Set-obj-coprod o I F :
F>cpimu (Uetel. Fi): I ¢ ima cat-Set o

{proof)

12.3 Equalizer for the category Set

12.3.1 Definition and elementary properties

abbreviation ntcf-Set-equalizer-map = V=V =V =V =V =V
where ntcf-Set-equalizer-map o a g fi =
(
t=0apr2
incl-Set (vequalizer a g f) a :
G ©Acat-Set o incl-Set (vequalizer a g f) a

¢

definition nicf-Set-equalizer =V =V =V =V =V =V
where ntcf-Set-equalizer o a b g f = ntcf-equalizer-base
(cat-Set o) a b g f (vequalizer a g f) (ntcf-Set-equalizer-map o a g f)

Components.

context
fixesagfa:=V
begin

lemmas ntcf-Set-equalizer-components =
nicf-equalizer-base-components|
where €=<cat-Set a»

and e=«ntcf-Set-equalizer-map « a g f>
and E=<vequalizer a g f»

and a=a¢ and g=¢g and f=f,

folded ntcf-Set-equalizer-def

]

end

71



12.3.2 Natural transformation map

mk-VLambda ntcf-Set-equalizer-components(1)
|vsv ntcf-Set-equalizer-NTMap-vsv[ cat-Set-cs-intros]|
|vdomain ntef-Set-equalizer-NTMap-vdomain[ cat-Set-cs-simps]|
|app nicf-Set-equalizer-NTMap-app

lemma ntcf-Set-equalizer-2-NTMap-app-a cat-Set-cs-simps]:
assumes T = apyps
shows
ntcf-Set-equalizer o a b g f(NTMap|)(z|) =
incl-Set (vequalizer a g f) a

{proof)

lemma ntcf-Set-equalizer-2-NTMap-app-b| cat-Set-cs-simps]:
assumes = = bpjo
shows
ntcf-Set-equalizer « a b g f(NTMap|)(z|) =
9 OAcat-Set o incl-Set (vequalizer a g f) a
(proof )

12.3.3 Equalizer for the category Set is an equalizer

lemma (in Z) ntef-Set-equalizer-2-is-cat-equalizer-2:
assumes g :a > Gep o b and f:a =00 g0 o b
shows ntcf-Set-equalizer . a b g § :
vequalizer a g f <cp.eq (0,6,8,f) : Mo = ca cat-Set o
(proof)

12.4 The category Set is small-complete

lemma (in Z) cat-small-complete-cat-Set: cat-small-complete o (cat-Set a)
— This lemma appears as a remark on page 113 in [9].

{proof)
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13 Adjoints
13.1 Background

named-theorems adj-cs-simps
named-theorems adj-cs-intros
named-theorems adj-field-simps

definition AdjLeft :: V where [adj-field-simps]: AdjLeft = 0
definition AdjRight :: V where [adj-field-simps]: AdjRight = IN
definition AdjNT :: V where [adj-field-simps]: AdjNT = 2N

13.2 Definition and elementary properties

See subsection 2.1 in [4] or Chapter IV-1 in [9].

locale is-cf-adjunction =

Z o+

vfsequence @ +

L: category o € +

R: category a ® +

LR: is-functor a € D § +

RL: is-functor a © € & +

NT: is-iso-ntcf
o
<op-cat € xo D)
<cat-Set a»
<Homo . ca®@(F-,-)
<HOmo_CaQ:(—,Q5—)>
«D(AdJNTI)>
foraC®F6 D+

assumes cf-adj-length[ adj-cs-simps]: veard ® = 3y
and cf-adj-AdjLeft[ adj-cs-simps]: ®(AdjLeft]) = §F
and cf-adj-AdjRight[ adj-cs-simps]: P(AdjRight]) = &

syntax -is-cf-adjunction = V= V = V = V = V = V = bool
(((— L-=0F - - ==l —)) [517 51, 51, 51, 51] 51)
syntax-consts -is-cf-adjunction = is-cf-adjunction
translations ® : F=¢cr B : € =224 D =
CONST is-cf-adjunction a € D §F & O

lemmas [adj-cs-simps] =
is-cf-adjunction. cf-adj-length
is-cf-adjunction. cf-adj-AdjLeft
is-cf-adjunction.cf-adj- AdjRight

Components.

lemma cf-adjunction-components| adj-cs-simps]:
[37 &, 30]0(|AdjLeftD =35
(3, 8, ¢l.(AdjRight) = &
[S, &, 90]0(|AdjNTD =@
(proof)

Rules.

lemma (in is-cf-adjunction) is-cf-adjunction-axioms'[ adj-cs-intros]:
assumes o' =aand €¢'=Cand ®' =D and F' =Fand &' =&
shows @ : §' =cp &': &' =2=2¢ /D’

{proof)
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lemmas (in is-cf-adjunction) [adj-cs-intros] = is-cf-adjunction-azioms

mk-ide rf is-cf-adjunction-def[unfolded is-cf-adjunction-axioms-def |
|intro is-cf-adjunctionl|
|dest is-cf-adjunctionD[ dest]|
|elim is-cf-adjunctionE[ elim]|

lemmas [adj-cs-intros] = is-cf-adjunctionD(3-6)

lemma (in is-cf-adjunction) cf-adj-is-iso-ntcf"
assumes §' = Homo.ca@(F-,—)
and &' = Homo. ca€(-,6-)
and A’ = op-cat € xo D
and B’ = cat-Set o
shows O(AdNT)) : §' —crF.iso & : A »>cq B’
(proof )

lemmas [adj-cs-intros]| = is-cf-adjunction.cf-adj-is-iso-ntcf’
lemma cf-adj-eql:

assumes ¢ : F =g B : =204 D
and &' F' 2cr & : ¢ 2204 D’

and € = ¢’
and ® = ©’
and § = 3’
and & = &'
and ®(AdNT) = &'(AdiNT)
shows ® = ¢’
{proof)

13.3 Opposite adjunction

13.3.1 Definition and elementary properties

See [7] for further information.

abbreviation op-cf-adj-nt = V=V =V = V
where op-cf-adj-nt € D ¢ = inv-ntcf (bnt-flip (op-cat €) D )

definition op-cf-adj = V = V
where op-cf-adj ® =
[
op-cf (®(AdjRight])),
op-cf (®(AdjLeft])),
op-cf-adj-nt (®(AdjLeft])(HomDoml]|)) (®(AdjLeft) (HomCod)) (P(AdINT]))
Io

lemma op-cf-adj-components:
shows op-cf-adj ®(AdjLeft) = op-cf (P(AdjRight)))
and op-cf-adj ®(AdjRight]) = op-c¢f (P(AdjLeft]))
and op-cf-adj P(AdJNT)) =
op-cf-adj-nt (P(AdjLeft)) (HomDoml)) (®(AdjLeft)(HomCod])) (P(AdiNT])
(proof)

lemma (in is-cf-adjunction) op-cf-adj-components:
shows op-cf-adj ®(AdjLeft)) = op-cf &
and op-cf-adj ®(AdjRight]) = op-cf §
and op-cf-adj P(AdINT]|) = inv-ntcf (bnt-flip (op-cat €) D (P(AdINTY)))
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(proof)
lemmas [cat-op-simps] = is-cf-adjunction.op-cf-adj-components

The opposite adjunction is an adjunction.
lemma (in is-cf-adjunction) is-cf-adjunction-op:

— See comments in subsection 2.1 in [4].

op-cf-adj @ : op-cf & =cp op-cf §: op-cat ® ==cq op-cat €
{proof)

lemmas is-cf-adjunction-op =
is-cf-adjunction.is-cf-adjunction-op

lemma (in is-cf-adjunction) is-cf-adjunction-op'[ cat-op-intros]:
assumes &' = op-cf &
and §' = op-¢f §
and D' = op-cat D
and ¢’ = op-cat €
shows op-cf-adj ® : &' =gp §F': D' ==0q €’
(proof)

lemmas [cat-op-intros] = is-cf-adjunction.is-cf-adjunction-op’

The operation of taking the opposite adjunction is an involution.

lemma (in is-cf-adjunction) cf-adjunction-op-cf-adj-op-cf-adj| cat-op-simps]:
op-cf-adj (op-cf-adj @) = @

{proof)

lemmas [cat-op-simps]| = is-cf-adjunction. cf-adjunction-op-cf-adj-op-cf-adj

13.3.2 Alternative form of the naturality condition

The lemmas in this subsection are based on the comments on page 81 in [9].

lemma (in is-cf-adjunction) cf-adj-Comp-commute-RL:
assumes 7z €, €(0bj)
and f : 5ObMap) (s g a
and k: a g a
shows
&(ArrMap)) (k) cag (P(AdNT)(NTMap|)(z, a))e)(ArrVal)(f]) =
(®(AdNT)(NTMap))(z, a')e)(ArrVal)(k can f)
{proof)

lemma (in is-cf-adjunction) cf-adj-Comp-commute-LR:
assumes = €, €(Obj)
and f : §(ObjMap|)(z) =5 a
and h:z' gz
shows
(DAGNT)(NTMap)(z, ab) (ArrVal)(f) oae h =
(P(AGNT)(NTMap|) (', a))e)(ArrVal)(f can F(ArrMap)(h]))
{proof)

13.4 Unit
13.4.1 Definition and elementary properties
See Chapter IV-1 in [9].

definition cf-adjunction-unit = V = V («ne»)
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where n¢ ® =

[
(
Aze, D (| AdjLeft)) (HomDom)|) (| Obj]).
(®(AdINT)(NTMap))(z, ®(AdjLeft))(ObjMap))(z)).)(ArrVal)(
®(AdjLeft)) (HomCodl) (| C1d)) (@ ( AdjLeft]) (ObjMapl) (=)

D
)

of-id (®(AdjLeft) (HomDom)),
(®(AdjRight])) ocr (P(AdjLeft])),
®(AdjLeft) (HomDom)),

O (AdjLeft]) (HomDom))

lo

Components.

lemma cf-adjunction-unit-components:
shows g ®(NTMap)) =
(
Aze. P (| AdjLeft)) | HomDoml) (| Obj)).
(P(AdNT)(NTMap)) (z, ®(AdjLeft) (ObiMap))(z)))e)(ArrVal))
O (AdjLeft]) (HomCod|) (| CId)) (P (| AdjLeft]) ( ObjMap]) ()
D
)
and n¢c ®(NTDom)|) = cf-id (®(AdjLeft))(HomDom]))
and n¢ ®(NTCod)) = (P(AdjRight])) ccr (P(AdjLeft]))
and n¢ ®(NTDGDom|) = ®(AdjLeft))(HomDom])
and ¢ ®(NTDGCod)) = ®(AdjLeft])(HomDom))
{proof)

context is-cf-adjunction
begin

lemma cf-adjunction-unit-components”:
shows no ®(NTMap)) =
(Azeo€(Obj]). (P(AdINT)(NTMap))(z, F(ObiMap)) (2] )(ArrVal) (D(CLd]) (T ObiMap)) (z))))
and n¢ ®(NTDom|) = cf-id €
and n¢ ®(NTCod) = & ocr §
and n¢g ®(NTDGDom|) = €
and g ®(NTDGCod)) = €

{proof)

mk-VLambda cf-adjunction-unit-components’( 1)
|vdomain cf-adjunction-unit-NTMap-vdomain[ adj-cs-simps]|
lapp cf-adjunction-unit-NTMap-app| adj-cs-simps]|

end

mk-VLambda cf-adjunction-unit-components(1)
|vsv cf-adjunction-unit-NTMap-vsv| adj-cs-intros]|

lemmas [adj-cs-simps] =

is-cf-adjunction. cf-adjunction-unit-NTMap-vdomain
is-cf-adjunction. cf-adjunction-unit-NTMap-app

13.4.2 Natural transformation map

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-is-arr:
assumes z €, €(0bj)
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( shO}’;/s nc ®(NTMap))(z)) : © ~¢ &(0bjMap)(F(ObjMap)(z))
pToo.

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-is-arr":
assumes 7 €, €(0bj|

and a =z
and b = &(0bjMap))(F( ObjMap|) (=)
and ¢’ = ¢
shows 1o ®(NTMap))(z)) : © =g/ b
(proof)

lemmas [adj-cs-intros] = is-cf-adjunction.cf-adjunction-unit-NTMap-is-arr’

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-vrange:
Ro (nc ®(NTMap))) <, €(Arr|
(proof)

13.4.3 Unit is a natural transformation

lemma (in is-cf-adjunction) cf-adjunction-unit-is-ntcf:
nc ®:cf-id Crop B ogp F: € g €
{proof)

lemma (in is-cf-adjunction) cf-adjunction-unit-is-ntcf":
assumes G = ¢f-id €
and &' =B ocr §

and A =¢C

and B = ¢
shows g ®: S »op &' : A > B
(proof)

lemmas [adj-cs-intros| = is-cf-adjunction.cf-adjunction-unit-is-ntcf’

13.4.4 Every component of a unit is a universal arrow

The lemmas in this subsection are based on elements of the statement of Theorem 1 in Chapter
IV-1in [9].

lemma (in is-cf-adjunction) cf-adj-umap-of-unit:
assumes z € €(0bj)) and a €, D(Obj)
shows ®(AGNT)(NTMap))(z, a)e = umap-of & = (F(ObiMap))(z)) (ne P(NTMap))(z) a
(is «®(AdINT)(NTMap))(z, a)e = ?uof-ay)

{proof)

lemma (in is-cf-adjunction) cf-adj-umap-of-unit”:
assumes z €, €(0bj)
and a €, D(00bj)
and n = ng ®(NTMap))(z)
and Fz = §(ObjMap])(z)
shows ®(AdNT))(NTMap|)(z, a)e = umap-of & z Fz 1 a
{proof)

lemma (in is-cf-adjunction) cf-adjunction-unit-component-is-ua-of:
assumes 7 €, €(0bj|
shows universal-arrow-of & z (F(ObiMap))(z))) (nc ®(NTMap))(z)))
(is «universal-arrow-of & z (F(O0bjMap))(z])) ?nz»)
(proof )
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13.5 Counit

13.5.1 Definition and elementary properties

definition cf-adjunction-counit = V.= V (ce¢)
where e ¢ =
[

(
Aze, @ (AdjLeft) (Hom Cod]) (| Obj)).
(©(AdjNT)(NTMap|)(2(AdjRight) (| ObjMap)) (=), z)e) " se(ArrVall)(
&( AdjLeft) (HomDom)( C1d) (®(AdjRight) ObjMap) ()

)

(®(AdjLeft)) ocr (P(AdjRight])),
cf-id (®(AdjLeft)(HomCod))),

D (AdjLeft]) (HomCod)),

D (AdjLeft]) (HomCod))

]o

Components.

lemma cf-adjunction-counit-components:

shows ¢ ®(NTMap|) =

Aze, @ (| AdjLeft)) (HomCod|) (| Obj)).
(2(AdNT) (NTMap))(®(AdjRight])( ObjMap) (=), z)s) " set(ArrVall)(
|<)I>(|AdjL6ft|)(|HomDom|)qC’Id|)(|‘l>(|Adez'ght|)(| ObjMapl) (z]))

)
and ¢ ®(NTDom|) = (D(AdjLeft)) ocr (P(AdjRight]))
and ec ®(NTCod|) = cf-id (P(AdjLeft])(HomCod]))
and ec P(NTDGDom|) = ®(AdjLeft))(HomCod)
and ¢ (NTDGCod|) = ®(AdjLeft]) (HomCCod)

(proof)

context is-cf-adjunction
begin

lemma cf-adjunction-counit-components”:
shows ¢ ®(NTMap|) =

Az, D (| Obj).
(P(ANT)(NTMap)(&(ObjMap))(z), z)e) ' ser(ArrVal) (€ CId) (& (| ObjMap) (z])])])

and ec ®(NTDom|) = F ocrp &
and e¢c ®(NTCod) = cf-id ©
and ec P(NTDGDom|) = D
and ec P(NTDGCod)) = D

{proof)

mk-VLambda cf-adjunction-counit-components’( 1)
|vdomain cf-adjunction-counit-NTMap-vdomain[ adj-cs-simps]|
lapp cf-adjunction-counit-NTMap-app| adj-cs-simps]|

end

mk-VLambda cf-adjunction-counit-components(1)
|vsv cf-adjunction-counit-NTMap-vsv[ adj-cs-intros]|

lemmas [adj-cs-simps] =
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is-cf-adjunction. cf-adjunction-counit-NTMap-vdomain
is-cf-adjunction. cf-adjunction-counit-NTMap-app

13.5.2 Duality for the unit and counit

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-op:
ne (op-cf-adj ®)(NTMap|) = ec ®(NTMap)

{proof)

lemmas [ cat-op-simps] = is-cf-adjunction.cf-adjunction-unit-NTMap-op

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-op:
ec (op-cf-adj ®)(NTMap)) = ne ®(NTMap))
(proof )

lemmas [cat-op-simps] = is-cf-adjunction. cf-adjunction-counit-NTMap-op

lemma (in is-cf-adjunction) op-ntcf-cf-adjunction-counit:
op-ntcf (ec @) = ne (op-cf-adj )
(is <% = 2p)

{proof)

lemmas [cat-op-simps] = is-cf-adjunction.op-nicf-cf-adjunction-counit

lemma (in is-cf-adjunction) op-ntcf-cf-adjunction-unit:
op-ntcf (6 ®) = ¢ (op-cf-adj )
(is <%y = %)

{proof)

lemmas [cat-op-simps| = is-cf-adjunction.op-ntcf-cf-adjunction-unit

13.5.3 Natural transformation map

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-is-arr:
assumes z € D(0bj))
shows ec ®(NTMap|)(z)) : F(ObiMap))(&(ObjMap))(z)) »o =
{proof)

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-is-arr":
assumes z €, D(0bj))
and a = §(0bjMap))(&(ObjiMap))(z))
and b =z
and ®'=9
shows cc ®(NTMap))(z) : a =g b
(proof )

lemmas [adj-cs-intros]| = is-cf-adjunction.cf-adjunction-counit-NTMap-is-arr’

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-vrange:
Ro (ec P(NTMap|)) <o D(Arr)
(proof)

13.5.4 Counit is a natural transformation

lemma (in is-cf-adjunction) cf-adjunction-counit-is-ntcf:
ec®:Foor ® R Cf-id@ 1D o ®
{proof)

79



lemma (in is-cf-adjunction) cf-adjunction-counit-is-nicf"
assumes G = §F oo &
and &' = ¢f-id ©

and 2l = ©

and B =9
shows ec ®: G o &' : A cq B
(proof)

lemmas [adj-cs-intros| = is-cf-adjunction.cf-adjunction-counit-is-ntcf’

13.5.5 Every component of a counit is a universal arrow

The lemmas in this subsection are based on elements of the statement of Theorem 1 in Chapter
IV-1in [9].

lemma (in is-cf-adjunction) cf-adj-umap-fo-counit:
assumes z €, D(0bj]) and a €, €(0bj)
shows op-cf-adj ®(AdjNT))(NTMap))(z, al)s =
umap-fo § = (&(0bjMap|)(z])) (ec P(NTMap))(z)) a
(proof)

lemma (in is-cf-adjunction) cf-adjunction-counit-component-is-ua-fo:
assumes z €, D(0bj)
shows universal-arrow-fo § © (&(0bjMap|)(z)) (ec P(NTMap))(z))
(proof)

13.5.6 Further properties

lemma (in is-cf-adjunction) cf-adj-AdjNT-cf-adjunction-unit:
— See Chapter IV-1 in [9].
assumes z €, €(0bj) and [ : F(ObjMap))(z) 5 a
shows
&(ArrMap))(f]) cae ne P(NTMap|)(z) =
(®(AdiNT)(NTMap))(z, a)e)(ArrVal])(f)
(proof )

lemma (in is-cf-adjunction) cf-adj-AdjNT-cf-adjunction-counit:
— See Chapter IV-1 in [9].
assumes z €, D(O0bj)) and g : a ¢ &(0bjMap|)(z)
shows
cc B(NTMap) () oap F(ArrMap)(g) =
(P(AdNT)(NTMap)(a, z)e) ™ ¢ car-set o (ArrVal)(g)
{proof)

lemma (in is-cf-adjunction) cf-adj-counit-unit-app[adj-cs-simps]:

— See Chapter IV-1 in [9].

assumes z €, D(0bj) and g : a ¢ &(0biMap))(z)
( shov;rs &(ArrMap))(ec P(NTMap))(z) cap F(ArrMap)(g))) cag nc (NTMap))(a)) = g
proof

lemmas [cat-cs-simps] = is-cf-adjunction. cf-adj-counit-unit-app
lemma (in is-cf-adjunction) cf-adj-unit-counit-app| adj-cs-simps]:
— See Chapter IV-1 in [9].
assumes z €, €(0bj) and f : F(ObjMap|)(z) =5 a

( ShO}’;’S ec (NTMap))(a) cap F(ArrMap))(&(ArrMap)(f)) coac ne ANTMap))(z)) = f
proo

lemmas [cat-cs-simps] = is-cf-adjunction. cf-adj-unit-counit-app
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13.6 Counit-unit equations

The following equations appear as part of the statement of Theorem 1 in Chapter IV-1 in [9].
These equations also appear in [2], where they are named counit—unit equations.

lemma (in is-cf-adjunction) cf-adjunction-counit-unit:
(B ocr-nTcrec ®) nror (Nc ® onTor-cr ®) = nicf-id &
(is (& ocr-nTOF %) *NTCF () oNTOP-CF ©) = nicf-id &)
{proof)

lemmas [adj-cs-simps] = is-cf-adjunction.cf-adjunction-counit-unit

lemma (in is-cf-adjunction) cf-adjunction-unit-counit:
(ec ® onrcr-cr ) ‘nreF (8 ccr-nToF ne ®) = ntcf-id §
(is «(%c onror-cr §) *Nror (§ ccr-nToF ) = ntcf-id §»)
{proof)

lemmas [adj-cs-simps] = is-cf-adjunction. cf-adjunction-unit-counit

13.7 Construction of an adjunction from universal morphisms from objects
to functors

The subsection presents the construction of an adjunction given a structured collection of uni-
versal morphisms from objects to functors. The content of this subsection follows the statement
and the proof of Theorem 2-i in Chapter IV-1 in [9].

13.7.1 The natural transformation associated with the adjunction constructed
from universal morphisms from objects to functors

definition cf-adjunction-AdjNT-of-unit = V=V =V = V =V
where cf-adjunction-AdjNT-of-unit o § & n =
[
(Aedes (op-cat (F(HomDom))) x o §(HomCod|))(Obj)).
umap-of ® (cd(0)) (300bjMap)(cd(0))) (nINTMap)(cd(0))) (cd(in))),
Homo.ca§(HomCod) (F-,-),
Homo.cos(HomDoml)(—,6-),
op-cat (§(HomDoml)) x¢o (F(HomCod))),
cat-Set o

]o

Components.

lemma cf-adjunction-AdjNT-of-unit-components:
shows cf-adjunction-AdjNT-of-unit « § & n(NTMap|) =

Aede, (op-cat (F(HomDom))) xc F(HomCod)))(Obj).
: umap-of & (cd(0) (F(ObjMap|)(cd(0))) (n(NTMap))(cd(0D)) (cd(In))

and cf-adjunction-AdjNT-of-unit o« § & n(NTDom|) = Homo.ca§(HomCod))(F-,-)
and cf-adjunction-AdjNT-of-unit a § & n(NTCod|) = Homo . ca§(HomDom|)(-,6-)
and cf-adjunction-AdjNT-of-unit o« § & n(NTDGDom)|) =
op-cat (F(HomDoml)) x¢ (F(HomCod)))
and cf-adjunction-AdjNT-of-unit o § & n(NTDGCod)) = cat-Set «
(proof)

13.7.2 Natural transformation map

lemma cf-adjunction-AdjNT-of-unit-NTMap-vsv| adj-cs-intros]:
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vsv (cf-adjunction-AdiNT-of-unit o § & n(NTMap)))
{proof)

lemma cf-adjunction-AdjNT-of-unit-NTMap-vdomain[ adj-cs-simps]:

assumes § : € »—>cq D

shows D, (cf-adjunction-AdjNT-of-unit « § & n(NTMap|)) = (op-cat € xc D)(Obj)
{proof)

lemma cf-adjunction-AdjNT-of-unit-NTMap-app[ adj-cs-simps]:
assumes § : € »>oq D and c¢ €, €(0bj)) and d €, D(0bj|
shows
cf-adjunction-AdjNT-of-unit « § & n(NTMap))(c, d)s =
umap-of & ¢ (§(0bjMap)(c)) (n(NTMap|)(c))) d
{proof)

lemma cf-adjunction-AdjNT-of-unit-NTMap-vrange:
assumes category o €
and category o ©
and §: € >0 D
and & : D »>oq €
and n:c¢f-id € »op G oop F: Croy €
shows R, (cf-adjunction-AdjNT-of-unit « § & n(NTMap))) S cat-Set a(Arr|
{proof)

13.7.3 Adjunction constructed from universal morphisms from objects to functors
is an adjunction

lemma cf-adjunction-AdjNT-of-unit-is-ntcf:
assumes category a €
and category o ©
and §: € >0 D
and & : D »ga €
and n: ¢f-id € »op G ogp F: Cog €
shows cf-adjunction-AdiNT-of-unit o § & 1 :
Homo.ca®(§-,-) »cr Homo.ca€(-,6-) :
op-cat € xo D > cq cat-Set a
{proof)

lemma cf-adjunction-AdjNT-of-unit-is-ntcf ' adj-cs-intros):

assumes category o €

and category o ©

and §: € >0 D

and & : D »ga €

and n: ¢f-id € »op G ogp F: Cge €

and & = Homo.ca®@(F-,-)

and G’ = Homo_CaQ:(—,ﬁ—)

and 2 = op-cat € xg D

and B = cat-Set o
shows cf-adjunction-AdjNT-of-unit « § & n: 6 »op &' : A »ca B
(proof )

13.7.4 Adjunction constructed from universal morphisms from objects to functors

definition cf-adjunction-of-unit =V =V =V =V =V
where cf-adjunction-of-unit o § & n =
[3, 8, cf-adjunction-AdjNT-of-unit o § & nlo

Components.
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lemma cf-adjunction-of-unit-components:
shows [adj-cs-simps]: cf-adjunction-of-unit « § & n(AdjLeft) = §
and [adj-cs-simps]: cf-adjunction-of-unit « § & n(AdjRight]) = &
and cf-adjunction-of-unit o § & n(AdjNT)) =
cf-adjunction-AdjNT-of-unit o § & n
(proof)

Natural transformation map.

lemma cf-adjunction-of-unit-AdjNT-NTMap-vdomain| adj-cs-simps]:
assumes § : € »—0q D
shows D, (cf-adjunction-of-unit « § & n(AdiNT|)(NTMap))) =
(op-cat € xo D)(0bj)
(proof)

lemma cf-adjunction-of-unit-AdjNT-NTMap-app| adj-cs-simps]:
assumes § : € »>oq D and ¢ €, €(0bj)) and d €, D(0bj))
shows
cf-adjunction-of-unit o § & n(AdiNT))(NTMap))(c, d)e =
umap-of & ¢ (§(0bjMap)(c)) (n(NTMap|)(c))) d
(proof)

The adjunction constructed from universal morphisms from objects to functors is an adjunction.

lemma cf-adjunction-of-unit-is-cf-adjunction:
assumes category o €
and category a ©
and §: € »coq D
and & : D »ga €
and n: ¢f-id € »op B oorp F: € o €
and Az. z €, €(Obj)) = universal-arrow-of & x (F(O0bjMap|)(z))) (n(NTMapl)(z]))
shows cf-adjunction-of-unit « § & n: 8§ =cr & : € 2204 D
and n¢ (cf-adjunction-of-unit o § B n) = n
{proof)

13.8 Construction of an adjunction from a functor and universal morphisms
from objects to functors

The subsection presents the construction of an adjunction given a functor and a structured
collection of universal morphisms from objects to functors. The content of this subsection
follows the statement and the proof of Theorem 2-ii in Chapter IV-1 in [9].

13.8.1 Left adjoint

definition cf-la-of-ra = (V=V)=>V=>V=1V
where cf-la-of-ra F & n =

[
(Azeo®(HomCod|) (Obj)). F z),
(

Ahe.(HomCod|)(Arr)). THE f'.
'+ F (&(HomCod])(Dom|)(h])) =& (HomDom])) I (B(HomCod|)(Cod])(h])) A
n(®B(HomCod|) (| Cod|) (R °AG(HomCod) N =
(
umap-of

(6]
(&(HomCod))(|Doml|)(h]))
(F (&(HomCod)(|Dom))(h)))
(n(&(HomCod])(Dom|)(R)))
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(F (8(HomCod))(Cod))(h]))
) )(ArrVal) (f')

&(HomCod)),
&(HomDom))

lo

Components.

lemma cf-la-of-ra-components:
shows cf-la-of-ra F & n(ObjMap)) = (Aze.B(HomCod|)(Obj)). F z)
and cf-la-of-ra F & n(ArrMap)) =
( Aheo B (HomCod|)(Arr|). THE f'.
'+ F (8(HomCod))(Doml|)(h])) =& (HomDom])) I (&(HomCCod))(|Cod)) (h])) A
n(&(HomCod)(Cod) (hD) °a¢(HomCod) " =
(
umap-of
(6]
(&(HomCod))(Doml|)(h)))
(F (&(HomCod))(Dom])(h])))
(n(&(HomCod))((Dom/|)(h]]))
(F (8(HomCod|)(Cod))(h)))
Y(ArrVal) (f')

and cf-la-of-ra F & n(HomDom|) = &(HomCod)
and cf-la-of-ra F & n(HomCod|) = &(HomDom)|)

{proof)

13.8.2 Object map

mk-VLambda cf-la-of-ra-components(1)
|vsv cf-la-of-ra-ObjMap-vsv[ adj-cs-intros]|

mk-VLambda (in is-functor)
cf-la-of-ra-components(1)[where ?&=F, unfolded cf-HomCod)]
|vdomain cf-la-of-ra-ObjMap-vdomain[ adj-cs-simps]|
lapp cf-la-of-ra-ObjMap-app[ adj-cs-simps]|

lemmas [adj-cs-simps] =
is-functor.cf-la-of-ra-ObjMap-vdomain
is-functor.cf-la-of-ra-ObjMap-app

13.8.3 Arrow map

mk-VLambda cf-la-of-ra-components(2)
|vsv cf-la-of-ra- ArrMap-vsv| adj-cs-intros]|

mk-VLambda (in is-functor)
cf-la-of-ra-components(2)[where ?6=F, unfolded cf-HomCod cf-HomDom]
|vdomain cf-la-of-ra- ArrMap-vdomain[ adj-cs-simps]|
lapp cf-la-of-ra-ArrMap-app|

lemmas [adj-cs-simps] = is-functor.cf-la-of-ra- ArrMap-vdomain
lemma (in is-functor) cf-la-of-ra-ArrMap-app”:
assumes h: a5 b

shows
cf-la-of-ra F § n(ArrMap|)(h|) =
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(
THE f'.
fliFarmg Fbna
1(b) cag h = umap-of § a (F a) (n(a))) (F b)(ArrVal)(f’)

(proof)

lemma cf-la-of-ra-ArrMap-app-unique:
assumes & : D oo €
and f:a ~¢ b
and universal-arrow-of & a (cf-la-of-ra F & n(0bjMap))(a))) (n(a))
and universal-arrow-of & b (cf-la-of-ra F & n(ObjiMap|) (b)) (n(b))
shows cf-la-of-ra F & n(ArrMap)(f) : F a »go F b
and n(b) oae / -
umap-of & a (F a) (n(al)) (F b)(ArrVal)(cf-la-of-ra F & n(ArrMap))(f]))
and Af'.
[
f'iFarg F
n(b) oag f = umap-of & a (F a) (na))) (F b)(ArrVal)(f)
( ]]>:> cf-la-of-ra F & n(ArrMap))(f]) = f’
proof

lemma cf-la-of-ra- ArrMap-app-is-arr| adj-cs-intros):
assumes & : D »>oq €
and f:a ¢ b
and universal-arrow-of & a (cf-la-of-ra F & n(O0bjMap))(a))) (n(a)))
and universal-arrow-of & b (cf-la-of-ra F & n(ObjiMap|) (b)) (n(d))

and Fa = F a

and Fb=F)b
shows cf-la-of-ra F & n(ArrMap))(f]) : Fa »g Fb
(proof)

13.8.4 An adjunction constructed from a functor and universal morphisms from
objects to functors is an adjunction

lemma cf-la-of-ra-is-functor:
assumes & : D gy €
and Ac. ¢ & €(0bj) = F ¢ €, D(0bj)
and Ac. ¢ € €(0bj) =
universal-arrow-of & ¢ (cf-la-of-ra F & n(ObjMap))(c)) (n(c))
and Ac ¢’ h. h:crg ¢/ =
& (ArrMap)(cf-lo-of ra F & nArrMap)(A)) oae (c) = ne) oae b
shows cf-la-of-ra F & n: € »0q D (is (75 : € »>0q D))
{proof)

lemma cf-la-of-ra-is-ntcf:
fixes FCF Gy n
defines § = cf-la-of-ra F & n,,
and 7 = [y, ¢f-id €, & ogr F, €, €],
assumes & : D oo €
and Ac. ¢ & €(0bj) = F c €, D(0bj)
and Ac. ¢ & €(0bj) = universal-arrow-of & ¢ (F(ObjMap))(c])) (n(NTMap))(c)))
and Ac ¢’ h. h: crg ¢/ =
& (A Map) (3 (ArrMaph (D) ©a¢ (nINTMap)(c)) = (nINTMap)(e)) oae h
and vsv (n(NTMap)))
and D, (n(NTMap|)) = €(|Obj)
shows n: ¢f-id C»op G ogp §: € pon €
{proof)
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lemma cf-la-of-ra-is-unit:
fixes FCF & n,n
defines § = c¢f-la-of-ra F & n,,
and 71 = [y, ¢f-id €, & ocp §, €, €]
assumes category o €
and category o ©
and & : D »gn €
and Ac. ¢ & €(Obj)) = F ¢ €, D(0bj))
and Ac. ¢ & €(0bj) =
ungversal-arrow-of & ¢ (F(ObjMap))(c))) (n(NTMap))(c))
and Ac ¢’ h. h:crg ¢/ =
& (ArrMap) (F(ArrMap) (1)) o4¢ (nONTMap)(ch) = (HINTMap) (<)) oag b
and vsv (n(NTMap)))
and D, (n(NTMap))) = €(|Obj)
shows cf-adjunction-of-unit a § & n:§ =cp & : € =220 D
and n¢ (cf-adjunction-of-unit o § & n) = n
{proof)

13.9 Construction of an adjunction from universal morphisms from functors
to objects

13.9.1 Definition and elementary properties

The subsection presents the construction of an adjunction given a structured collection of uni-
versal morphisms from functors to objects. The content of this subsection follows the statement
and the proof of Theorem 2-iii in Chapter IV-1 in [9].

definition cf-adjunction-of-counit = V=V = V = V =V
where cf-adjunction-of-counit a § & ¢ =
op-cf-adj (cf-adjunction-of-unit o (op-cf &) (op-c¢f F) (op-nicf €))

Components.

lemma cf-adjunction-of-counit-components:
shows cf-adjunction-of-counit « § & e(AdjLeft]) = op-cf (op-¢f F)
and cf-adjunction-of-counit a § & e(AdjRight)) = op-cf (op-cf &)
and cf-adjunction-of-counit o« § & e(AdjNT|) = op-cf-adj-nt
(op-c¢f &(HomDom)))
(op-¢f &(HomCod)))
(cf-adjunction-AdiNT-of-unit « (op-cf &) (op-c¢f §) (op-ntcf €))
(proof)

13.9.2 Natural transformation map

lemma cf-adjunction-of-counit-NTMap-vsv:
vsv (cf-adjunction-of-counit o § & e(AdjNT)(NTMap)))
(proof)

13.9.3 An adjunction constructed from universal morphisms from functors to ob-
jects is an adjunction

lemma cf-adjunction-of-counit-is-cf-adjunction:
assumes category o €
and category a O
and §: € »oq ©
and & : D »>ga €
ande:Foopr & »op ¢f-id D : D »gg D
and Az. z €, D(0bj) = universal-arrow-fo § ¢ (&(0bjiMap|)(z])) (e(NTMap))(z)))
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shows cf-adjunction-of-counit « § G e :§F =cp & : € 2204 D
and e¢ (c¢f-adjunction-of-counit « F & €) = ¢
and D, (cf-adjunction-of-counit o §F & e(AdjNT)(NTMap))) =
(op-cat € xc D)(0bj)
and Ac d. [ ¢ € €(Obj); d €, D(Obj) ]| =
cf-adjunction-of-counit a § & e(AdiNT))(NTMap))(c, d)e =
(umap-fo § d (&(0biMap))(d)) (e(NTMap))(d)) )" se:
{proof)

13.10 Construction of an adjunction from a functor and universal morphisms
from functors to objects

The subsection presents the construction of an adjunction given a functor and a structured
collection of universal morphisms from functors to objects. The content of this subsection
follows the statement and the proof of Theorem 2-iv in Chapter IV-1 in [9].

13.10.1 Definition and elementary properties

definition cf-ra-of-la = (V= V)=V =V =1V
where cf-ra-of-la F § € = op-c¢f (cf-la-of-ra F (op-cf §) €)

13.10.2 Object map

lemma cf-ra-of-la-ObjMap-vsv[ adj-cs-intros]: vsv (cf-ra-of-la F § €(ObjMap)))
(proof)

lemma (in is-functor) cf-ra-of-la-ObjMap-vdomain:
D, (c¢f-ra-of-la F § €(ObjMap))) = B(Obj))
(proof )

lemmas [adj-cs-simps] = is-functor.cf-ra-of-la-ObjMap-vdomain

lemma (in is-functor) cf-ra-of-la-ObjMap-app:
assumes d €, B(0bj)
shows cf-ra-of-la F § e(ObjMap))(d) = F d
(proof)

lemmas [adj-cs-simps] = is-functor.cf-ra-of-la-ObjMap-app

13.10.3 Arrow map

lemma cf-ra-of-la-ArrMap-app-unique:
assumes § : € »—>0q 2D
and f:a g b
and universal-arrow-fo § a (cf-ra-of-la F § £(ObjMap|)(al)) ((al)
and universal-arrow-fo § b (cf-ra-of-la F § ¢(ObjMap|)(b])) ((b]))
shows cf-ra-of-la F § e(ArrMap)(f) : Fa —g F'b
and f o e(a)) =
umap-fo § b (F b) (e(b)) (F a)(ArrVal)(cf-ra-of-la F § e(ArrMap)) (1))
and Af’.
([
f':Fa e F b
foap elal) = umap-fo § b (F ) (e(b)) (F a)(ArrVal)(f’)
| = c¢f-ra-of-la F § e(ArrMap))(f]) = f'
{proof)

lemma cf-ra-of-la-ArrMap-app-is-arr| adj-cs-intros]:
assumes § : € >0 D
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and f:a g b
and universal-arrow-fo § a (cf-ra-of-la F § (ObjMap))(a))) (e(al)
and universal-arrow-fo § b (cf-ra-of-la F § €(ObjMap|)(0])) ((b]))

and fa = Fa

and Fb=Fb
shows cf-ra-of-la F' § e(ArrMap))(f]) : Fa —»¢ Fb
{proof)

13.10.4 An adjunction constructed from a functor and universal morphisms from
functors to objects is an adjunction

lemma op-cf-cf-la-of-ra-op[ cat-op-simps]:
op-c¢f (cf-la-of-ra F (op-cf §) €) = ¢f-ra-of-la F § ¢
(proof)

lemma cf-ra-of-la-commute-op:
assumes § : € »—>0q D
and Ad. d €, D(0bj) =
universal-arrow-fo § d (cf-ra-of-la F § e(ObjMap))(d])) (e(d))
and Add" h. h:drg d =
e(d') coap §(ArrMap))(cf-ra-of-la F' § e(ArrMap))(h]))) =
h CAD E(|d|)
and h:c' »g c
shows §(ArrMap)) (cf-ra-of-la ' § e(ArrMap)) (h)]) 04 pp-cat © () =
() CAop-cat ® h
{proof)

lemma
assumes § : € »—>p0q D
and Ad. d ¢, D(Obj) = F d e, €(O0bj)
and Ad. d €, D(0bj) =
universal-arrow-fo § d (cf-ra-of-la F § e(ObjMap|)(d))) (e(d))
and Add" h. h:drg d =
e(d") cap F(ArrMap))(cf-ra-of-la F § e(ArrMap])(h)) =
hoag £(d)
shows cf-ra-of-la-is-functor: cf-ra-of-la F § € : © »r>goq €
and cf-la-of-ra-op-is-functor:
¢f-la-of-ra F (op-cf §) € : op-cat © g op-cat €
(proof )

lemma cf-ra-of-la-is-ntcf:
fixes FO§F & ¢, e
defines & = cf-ra-of-la F § €.,
and ¢ = [e, § oor &, ¢f-id D, D, D]
assumes § : € »—>poq D
and Ad. d ¢, D(Obj) = F d e, €(O0bj)
and Ad. d €, D(0bj) =
ungversal-arrow-fo § d (&(0biMap|)(d])) (e(NTMap))(d))
and Add'" h. h:drg d =
e(NTMap))(d") can F(ArrMap)(&(ArrMap)(h)) = b oan e(NTMap)(d)
and vsv (e(NTMap)))
and D, (¢(NTMap))) = D(0bj)
shows e : Foor & »op ¢f-id D : D g D
{proof)

lemma cf-ra-of-la-is-counit:

fixes FOFB e, ¢
defines & = cf-ra-of-la F § e,
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and ¢ = e, F oor &, ¢f-id D, D, D]
assumes category o €
and category a O
and §: € >0 D
and Ad. d €, D(0bj) = F d €, €(Obj)
and Ad. d €, D(0bj) =
ungversal-arrow-fo § d (&(0biMap))(d])) (e(NTMap))(d))
and Add" h. h:drg d —
e(NTMap))(d") can F(ArrMap)(&(ArrMap)(h])) = b oan e(NTMap)(d)
and vfsequence €
and vsv (e(NTMap))
and D, (e(NTMap))) = D(Obj))
shows cf-adjunction-of-counit « § G e :§F =cp & : € 2254 D
and e¢ (c¢f-adjunction-of-counit « §F & ) = ¢
{proof)

13.11 Construction of an adjunction from the counit-unit equations

The subsection presents the construction of an adjunction given two natural transformations
satisfying counit-unit equations. The content of this subsection follows the statement and the
proof of Theorem 2-v in Chapter IV-1 in [9)].

lemma counit-unit-is-cf-adjunction:
assumes category o €
and category o ©
and §: € »>0q D
and & : D »>oq €
and n: ¢f-id € »op G ogp F: Croy €
and e :§oorp & »op cf-id D : D o D
and (& ocp_nrcoF €) ‘Nrcr (N onTor-cr ©) = ntcf-id &
and (¢ onror-cr §) ‘NToF (§ °ccr-NTCF 1) = nitcf-id §
shows cf-adjunction-of-unit a F & n:§F =cp & : € =2=0q D
and n¢ (cf-adjunction-of-unit o § & n) = n
and e¢ (cf-adjunction-of-unit « § & n) = ¢
{proof)

lemma counit-unit-cf-adjunction-of-counit-is-cf-adjunction:
assumes category o €
and category a O
and §: € »0q O
and & : D —»gn €
and n: ¢f-id € »op G ogp F: Cpg €
ande:§Foop & »op ¢f-id D : D g D
and (& ccp_Nrcr €) ‘NrcFr (N onTor-cFr ©) = ntcf-id &
and (¢ oyror-cr §) ‘nrcr (§ ccr-nTCFr 1) = ntcf-id §
shows cf-adjunction-of-counit « F & e : §F =cp & : € 2204 D
and n¢ (cf-adjunction-of-counit « § & €) =7
and e¢ (c¢f-adjunction-of-counit « F & ¢) = ¢
{proof)

13.12 Adjoints are unique up to isomorphism

The content of the following subsection is based predominantly on the statement and the proof
of Corollary 1 in Chapter IV-1 in [9]. However, similar results can also be found in section 4 in
[14] and in subsection 2.1 in [4].

89



13.12.1 Definitions and elementary properties

definition cf-adj-LR-iso = V=V =V =>V= V= V= V=1V
where cf-adj-LR-iso €D 6 F O F' U =
[

Aze,&(Obj). THE f'.

let
n=nc P;
n'=nc ¥,

§z = F(ObjMap)) (z));
§'z = §'(ObjiMap)) (=)
m
fli8e »p §'z A
n'(NTMap)(z) = umap-of & z (Fz) (n(NTMap))(z))) (F'z)(ArrVal)(f")
5,
8"7
Q’
D
]O

definition cf-adj-RL-iso = V=V =V=V=>V=>V=V=V
where cf-adj-RL-iso € D F 6 & &' U =
[

Aze,D(Obj)). THE f'.

let
e=ec P;
e'=ec ¥

&z = 6(0bjMap))(z);
&'z = &'(ObjMap)) (=)
in
fli®s »e Bz A
e'(NTMap))(z]) = umap-fo § Bz (e(NTMap))(z))) &'z(ArrVal)(f')

~—

cY GG

]o

Components.

lemma cf-adj-LR-iso-components:
shows cf-adj-LR-iso € D & § & §F' U(NTMap|) =
(

Aze,&(Obj). THE f'.

let
n=nc ®;
n' =nc ¥
3z = §(ObjMapl) ()
§'z = §'(ObjMap))(z)

m
fli8z =g §'z A
n'(NTMap|)(z)) = umap-of & z Fz (n(NTMap)(z))) §'z(ArrVal)(f’)

and [adj-cs-simps]: cf-adj-LR-iso € D & §F & F' W(NTDom|) = §
and [adj-cs-simps]: cf-adj-LR-iso €D & §F & §F' U(NTCod)) = §’
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and [adj-cs-simps]: cf-adj-LR-iso € D & §F & F' UV(NTDGDom| = €
and [adj-cs-simps]: cf-adj-LR-iso € D & §F & §F' U(NTDGCod]) =D
{proof)

lemma cf-adj-RL-iso-components:
shows c¢f-adj-RL-iso € D § & & &' V(NTMap|) =

Aze,D(O0bj)). THE f'.

let
e=¢cc P
e'=ec 0

&z = 6(0bjMap))();
&'z = &'(0bjMapl) ()
in
[z e Sz A
e'(NTMap))(z)) = umap-fo § z Gz (e(NTMap))(z))) & z(ArrVal)(f')

and [adj-cs-simps]: cf-adj-RL-iso € D §F & & &' U(NTDom|) = &’
and [adj-cs-simps]: c¢f-adj-RL-iso € D F & & &' U(NTCod|) = &
and [adj-cs-simps]: c¢f-adj-RL-iso € D § & & &' U(NTDGDom| = D
and [adj-cs-simps]: cf-adj-RL-iso € D F & & &' UY(NTDGCod)) = €

{proof)

13.12.2 Natural transformation map

lemma cf-adj-LR-iso-vsv[ adj-cs-intros):
vsv (¢f-adj-LR-iso € D & § & §' W(NTMapl))
{proof)

lemma cf-adj-RL-iso-vsv[ adj-cs-intros]:
vsv (cf-adj-RL-iso € D §F & & &' U(NTMap)))
(proof )

lemma cf-adj-LR-iso-vdomain[adj-cs-simps]:
D, (cf-adj-LR-iso €D & F & F' U(NTMap))) = €(Obj)
(proof )

lemma cf-adj-RL-iso-vdomain[adj-cs-simps]:
D, (cf-adj-RL-iso € D § & & & W(NTMap)) = D(O0bj)
(proof)

lemma cf-adj-LR-iso-app:
fixessCDBFOF' U
assumes 7 €, €(0bj)
defines §z = F(ObjMap))(z)
and §'z = F'(ObjMap)|) (z])
andnp=nc @
andn'=nc ¥
shows c¢f-adj-LR-iso € D & § © §F' V(NTMap))(z) =
(
THE f'.
[li%z =g §'z A
n'(NTMap|)(z]) = umap-of & z Fx (n(NTMap))(z))) §'z(ArrVal)(f')

)
{proof)

lemma cf-adj-RL-iso-app:
fixesCOFTS DB T
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assumes z €, D(0bj)
defines &z = &(0bjMap))(z)
and &'z = &’(ObjMap))(x)
ande=e¢c @
and e’z e U
shows c¢f-adj-RL-iso € D § & & &' U(NTMap))(z|) =
(
THE f'.
[r8z e Gz A
e'(NTMap))(z)) = umap-fo § Gz (e(NTMap))(z))) &'z(ArrVal)(f')

)
{proof)

lemma cf-adj-LR-iso-app-unique:
fixesCDBSFPF' U
assumes ¢ : F=2cp B : =200 D
and UV :§' 20r 6: € 2200 D
and z €, €(0bj)
defines §z = F(ObjMap)) (z)
and §'z = F'(ObjMap)|) (z])

andnp=nc @
and ' =nc ¥
and f = ¢f-adj-LR-iso €D & § & §F' U(NTMap))(z)
shows
JIf
[li3z=p §'z A

fn’SQ:NTMapD(];ID = umap-of & z Fx (n(NTMap))(z))) F'z(ArrVal)(f')
S 5T Piso®) r

( U'JQ;VTMGPD(|$D = umap-of & z Fz (n(NTMap))(z)) §'z(ArrVal)(f)
proo

13.12.3 Main results

lemma cf-adj-LR-iso-is-iso-functor:
— See Corollary 1 in Chapter IV-1 in [9].
assumes P : F=cr B :C =220 Dand ¥V :§F' =cr 6: € =204 D
shows 310. 0 :§F »or ' 1 Coa D Ane V= (S ocp_nyrer V) ‘nrer ne ®
and cf-adj-LR-iso €D B F P F' U :Foriso 5 € oa D
and n¢ U = (& ocp_-nreF ¢f-adj-LR-iso €D & F O F' V) -nror ne ®
{proof)

lemma op-ntcf-cf-adj-RL-iso[ cat-op-simps]:
assumes ¢ : F =2cp B : =204 D
and VU :F =¢cp 6': € =204 D
defines op-® = op-cat ®
and op-€ = op-cat €
and op-§ = op-¢f §
and op-6 = op-¢f &
and op-® = op-cf-adj P
and op-&' = op-cf &'
and op-V = op-cf-adj ¥
shows
op-ntcf (cf-adj-RL-iso €D F & & &' V) =
cf-adj-LR-is0 op-D op-€ op-F op-& op-® op-&’ op-V
{proof)

lemma op-ntcf-cf-adj-LR-iso[ cat-op-simps]:
assumes P : F=cr B :C =22 Dand ¥V :§F' =cr 6 : € =204 D
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defines op-®© = op-cat D
and op-€ = op-cat €
and op-§ = op-¢f §
and op-6 = op-cf &
and op-® = op-cf-adj ®
and op-§’ = op-cf §’
and op-¥ = op-cf-adj ¥
shows
op-ntcf (cf-adj-LR-iso €D & §F & F' V) =
cf-adj-RL-is0 op-® op-€ op-& op-F op-® op-F' op-¥
{proof)

lemma cf-adj-RL-iso-app-unique:
fixesCDFS DS T
assumes P :F =cr & :C ==, D
and U :F =cp 6': € 2200 D
and z €, D(0bj)
defines &z = &(0bjMap))(z)
and &'z = &'(ObjMap))(x)
ande=e¢c @
and e’z e ¥
and [ = ¢f-adj-RL-iso €D §F & & &' W(NTMap|) (x|
shows
31f
[®z e Gz A
e'(NTMap))(z]) = umap-fo § Gz (e(NTMap))(z)) &'z(ArrVal)(f')
f : (’5’% = iso® Gz
e'(NTMap))(z]) = umap-fo § z &z (e(NTMap|)(z)) & z(ArrVal)(f)
(proof)

lemma cf-adj-RL-iso-is-iso-functor:
— See Corollary 1 in Chapter IV-1 in [9].

assumes P : F=2op B: €220 Dand ¥V : F=2cp 6 : C 2200 D
shows 3!4.

V:& oop & :D oq €A
ecV=ecc® nrcr (§ occr-NnTCOF V)
and ¢f-adj-RI-iso CD FE ® G U: 6 > 0p 100 6D g €
and e¢c VU =
ec ® nror (§ ccr-nrerF cf-adj-RL-iso €D F & & &' T)
{proof)

13.13 Further properties of the adjoint functors

lemma (in is-cf-adjunction) cf-adj-exp-cf-cat:
— See Proposition 4.4.6 in [14].

assumes Z § and a €, [ and category o J
shows

cf-adjunction-of-unit

B

(exp-cf-cat a § J)

(exp-cf-cat a & J)

(exp-ntef-cat o (ne ®) J) :

exp-cf-cat o § J =cF exp-cf-cat a & J :

cat-FUNCT o« J € ==cg cat-FUNCT o« J ®
(proof)

lemma (in is-cf-adjunction) cf-adj-exp-cf-cat-exp-cf-cat:
— See Proposition 4.4.6 in [14].
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assumes Z [ and « €, § and category o A
shows
cf-adjunction-of-unit
p
(exp-cat-cf a A &)
(exp-cat-cf a A F)
(exp-cat-ntcf o A (ne P)) :
exp-cat-cf a A & =cp erp-cat-cf a A F :
cat-FUNCT o € 2 ==0p cat-FUNCT o © 2
{proof)

13.14 Adjoints on limits

lemma cf-AdjRight-preserves-limits:
— See Chapter V-5 in [9)].
assumes P : F =cr & : X == U
shows is-cf-continuous o &

{proof)
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14 Simple Kan extensions

14.1 Background

named-theorems cat-Kan-cs-simps
named-theorems cat-Kan-cs-intros

14.2 Kan extension

14.2.1 Definition and elementary properties

See Chapter X-3 in [9].

locale is-cat-rKe =
AG: is-functor a B € R +
Ran: is-functor a € A & +
ntef-rKe: is-ntcf a B A B ogp K T e
fora BCART B e +
assumes cat-rKe-ua-fo:
universal-arrow-fo
(exp-cat-cf a A R)
(¢cf-map T)
(cf-map &)

(ntcf-arrow €)

syntax -is-cat-rKe:= V=V =>V=V=V=V= V=V = bool

(((- Z/ -OCF - P CF.rKel - I/ -0 - -)> [51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-rKe = is-cat-rKe
translations ¢ : & ocp R Porprkeca T B e Cre A=

CONST is-cat-rKe a B CA R T & ¢

locale is-cat-lKe =
AG: is-functor a B € R +
Lan: is-functor a € A § +
ntcf-lKe: is-ntcf a B AT «F ocp K 1
fora BCARKTFn +
assumes cat-IKe-ua-fo:
universal-arrow-fo
(exp-cat-cf a (op-cat A) (op-cf R))
(cf-map %)
(cf-map §)
(ntef-arrow (op-nicf 1))

syntax -is-cat-lIKe = V=V ==V =>V=V= V= V=V = bool

(((— Z/ -=>CF.1Kel -OCF - Z/ -Po - —)) [51, 51, 51, 51, 517 51, 51] 51)
syntax-consts -is-cat-IKe = is-cat-IKe
translations 1 : € »op ikea §ocFr R: B o Co A=

CONST is-cat-lIKe a B EA KT T n

Rules.

lemma (in is-cat-rKe) is-cat-rKe-azioms'[ cat-Kan-cs-intros]:
assumes o’ = «

and ' = &
and &' = &
and T/ =%
and B' =B
and A’ = A
and ¢'=¢

shows ¢ : 6’ ScF ﬁ’ '_’CF.rKea’ S’I %/ = Q:’ = Q[/
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{proof)

mk-ide rf is-cat-rKe-def[unfolded is-cat-rKe-axioms-def]
|intro is-cat-rKel|
|dest is-cat-rKeD[dest]|
|elim is-cat-rKeE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-rKeD(1-3)

lemma (in is-cat-IKe) is-cat-IKe-azioms'[ cat-Kan-cs-intros]:
assumes o' = «

and §'=F
and 8’ = &
and T =%
and B' =B
and A’ = A
and ¢'=¢

shows n: T »cpikea § ccr R B »o € o A’

{proof)

mk-ide rf is-cat-IKe-def[unfolded is-cat-IKe-azioms-def]
|intro is-cat-1Kel|
|dest is-cat-IKeD| dest]
|elim is-cat-IKeE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-IKeD(1-3)

Duality.

lemma (in is-cat-rKe) is-cat-l1Ke-op:
op-ntcf € :
op-c¢f T = oF.iKkea op-cf & ocp op-cf R:
op-cat B — o op-cat € —c op-cat A
(proof )

lemma (in is-cat-rKe) is-cat-IKe-op'[ cat-op-intros]:

assumes T’ = op-¢f T
and &' = op-cf &
and &' = op-cf R
and B’ = op-cat B
and A’ = op-cat A
and ¢’ = op-cat €

shows op-ntcf € : ' =orikea ® oo B 1B »o o A’

{proof)
lemmas [ cat-op-intros] = is-cat-rKe.is-cat-1Ke-op’

lemma (in is-cat-1Ke) is-cat-rKe-op:
op-ntef n :
op-cf § ocr op-¢f Rcr.rkea op-cf T:
op-cat B —¢c op-cat € ¢ op-cat A
(proof)

lemma (in is-cat-IKe) is-cat-IKe-op'[ cat-op-intros]:
assumes T’ = op-cf T
and §' = op-¢f §
and &' = op-c¢f R
and B’ = op-cat B
and 2" = op-cat A
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and ¢’ = op-cat €
shows op-ntcf n:F ocr B wor rkea T B o € o A

{proof)

lemmas [cat-op-intros] = is-cat-lKe.is-cat-IKe-op’

Elementary properties.

lemma (in is-cat-rKe) cat-rKe-exp-cat-cf-cat-FUNCT-is-arr:
assumes Z § and « €, 3
shows exp-cat-cf a A K : cat-FUNCT o € 2 P Cting 8 cat-FUNCT o 8 A

{proof)

lemma (in is-cat-IKe) cat-lKe-exp-cat-cf-cat-FUNCT-is-arr:
assumes Z $ and a €, 3
shows exp-cat-cf a A K : cat-FUNCT o € 2 P Cting 8 cat-FUNCT o 8 2

{proof)

14.2.2 Universal property

See Chapter X-3 in [9] and [2]°.

lemma is-cat-rKel":
assumes R: B »>oq €
and & : € >0 A
and e : G ogrp Rer T : B oeoa A
and A&’ ¢’.
[B:Croa e B 0cr RrerT B oy A =
o0 :8 »erpB:CroqAne' =c-yror (0 onror_oF R)
shows e : & ogr R Porrkea T B o Cro A
{proof)

lemma is-cat-IKel "
assumes R: B »—cgq €
and §: € »oq A
and n: T Hgop Focr BB g U
and AF'7n".
[ :Crroan :ToerpF ocrR: B A]] =
lo.o:Frer T :CrmoadAAn'=(0conrer-cr R) ‘NTCF N
shows : T =opikea §ocr R: B o o
{proof)

lemma (in is-cat-rKe) cat-rKe-unique:

assumes B’ : € g Aand e’ : B ogp ARcr T B o A

shows 3lo. 0 : &' =CoF S:C Indndole) AAe' =¢ ‘NTCF (O’ ONTCF-CF R)
{proof)

lemma (in is-cat-IKe) cat-lKe-unique:

assumes §': C oo Aand n': T »op §F ogr B: B pocog A

shows 3lo. 0 : Fror § : Croq A AN =(0c onrer-cr R) ‘NTCF T
(proof)

14.2.3 Further properties

lemma (in is-cat-rKe) cat-rKe-ntcf-ua-fo-is-iso-ntcf-if-ge- Limit:
assumes Z J and a €, 3
shows

®https://en.wikipedia.org/wiki/Kan_ extension
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ntcf-ua-fo B (exp-cat-¢f a A K) (cf-map T) (¢f-map &) (ntcf-arrow ¢) :
Homo,cﬁcat—FUNCT a € A(-,cf-map &) »cF iso
Homo.cpgcat-FUNCT o B A(=,cf-map T) ocr op-cf (exp-cat-c¢f a A R) :
op-cat (cat-FUNCT o € A) wr>cg cat-Set 3
{proof)

lemma (in is-cat-IKe) cat-lKe-ntcf-ua-fo-is-iso-ntcf-if-ge-Limit:
assumes Z § and a €, 3
defines AR = exp-cat-cf a (op-cat A) (op-cf K)
and A¢ = cat-FUNCT « (op-cat €) (op-cat 2A)
and AB = cat-FUNCT « (op-cat B) (op-cat A)
shows
nitcf-ua-fo B AR (c¢f-map T) (cf-map §) (ntef-arrow (op-nicf 1)) :
Homo,cﬁQlQZ(—,cf-map ) P oF.iso Homo,(;/j%l%(—,cf-map ) oo op-cf YR :
op-cat AC dadel:: cat-Set 3
{proof)

14.3 Opposite universal arrow for Kan extensions

14.3.1 Definition and elementary properties

The following definition is merely a convenience utility for the exposition of dual results asso-
ciated with the formula for the right Kan extension and the pointwise right Kan extension.

definition op-ua = (V=V)=V=>V=>1V
where op-ua lim-Obj R ¢ =

lim-Obj c¢(|UObj)),
op-ntcf (lim-0bj c(UArr)) onrop-cr inv-c¢f (op-cf-obj-comma K c¢)

lo

Components.

lemma op-ua-components:
shows [cat-op-simps]: op-ua lim-0bj & c¢(UObj|) = lim-Obj c(UObj|)
and op-ua lim-0bj R c(UArr|) =
op-ntcf (lim-0bj c(UArr)) onrcop-cr inv-c¢f (op-cf-obj-comma K c¢)
(proof)

14.3.2 Opposite universal arrow for Kan extensions is a limit

lemma op-ua- UArr-is-cat-limit:
assumes R : B »>oq €
and T: B »>c0q A
and c €, €(0bj)
and u: T ocr R grllo ¢ >cF.colim T 8 crl ¢ »=ca AU
shows op-nicf u oyrorp-cr inv-cf (op-cf-obj-comma K c) :
T <cF.1im 0p-¢cf Tocrp ¢ ollor (op-cf R) : ¢ lor (op-cf R) »rcqa op-cat A
{proof)

context
fixes lim-Obj = V= Vand c= V
begin
lemmas op-ua- UArr-is-cat-limit’ = op-ua- UArr-is-cat-limit
unfolded op-ua-components(2)[symmetric],

where u=<lim-0bj c(UArr))> and r=<lim-0bj c(UObj|)» and c=c,
folded op-ua-components(2)[where lim-Obj=lim-Obj and c=c]
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]

end

14.4 The Kan extension

The following subsection is based on the statement and proof of Theorem 1 in Chapter X-3 in

[9].

14.4.1 Definition and elementary properties

definition the-cf-rKe = V=V =V = (V= V)=V
where the-cf-rKe a ¥ R lim-Obj =

(AcesR(Hom Cod)) (| Obj]). lim-Obj c(UObj)),
(

AgecR(HomCCod|)(Arr]). THE f.
f:
lim-0bj (R(HomCod|)(Dom|)(g]))( UObj)) =% (HomCod))
lim-0bj (R(HomCod])(Cod))(g]))(UObj]) A
lim-0bj (R(HomCod))(Dom))(g))(UArr) oxTcr-cr g Alcr R =
lim-0bj (R(HomCod))(Cod))(g))(UArT) ‘NnTCF
) nicf-const ((R(HomCod))(Cod])(g) Lcr R) (T(HomCod)) f
ﬁ’(]HomCOdD,
T(HomCod))

]o

definition the-nicf-rKe = V=V =V =>(V=> V)=V
where the-ntcf-rKe a T R lim-Obj =
[
(
AceoT(HomDom]|) (| Obj)).
lim-0bj (R(ObjiMap))(c)))(UArr) (NTMap)) (0, ¢, R(HomCod))(|CId]) (R(ObjMap))(c)]]e

the-cf-rKe a ¥ R lim-0Obj ocr R,
%,

T(HomDom)),

T(HomCod)

lo

definition the-c¢f-lIKe = V =V =V = (V= V)=V
where the-cf-IKe a T R lim-Obj =
op-cf (the-cf-rKe a (op-cf ¥) (op-cf R) (op-ua lim-0bj R))

definition the-nicf-lKe =V =V =V =>(V=>V)=V
where the-ntcf-IKe a T R lim-0bj =
op-ntcf (the-ntcf-rKe o (op-¢f ) (op-cf R) (op-ua lim-Obj R))

Components.

lemma the-cf-rKe-components:
shows the-cf-rKe a ¥ R lim-Obj(ObjMap)|) =
(AceoR(HomCod)) (Objl). lim-Obj ¢(UObJ))
and the-cf-rKe a ¥ & lim-0bj(ArrMap)) =
(
AgeoR(HomCCod))(Arr)). THE f.
f:
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lim-0bj (R(HomCod])(Dom|)(g]))(UObj) =% HomCod))
lim-0bj (R(HomCod|)(Cod|)(g]))(UObI) A
lim-0bj (R(HomCod))(Dom|)(g))(UArr)) onTrcr-cr g alcr 8 =
lim-0bj (R(HomCod))(Cod))(9)))(UArr)) *nTCF
ntcf-const ((R(HomCod))(Cod])(9g) Lcr 8) (T(HomCod))) f

and the-cf-rKe o T 8 lim-Obj(HomDom|) = &(HomCod))
and the-cf-rKe a € R lim-Obj(HomCod]) = T(HomCod))

{proof)

lemma the-ntcf-rKe-components:
shows the-ntcf-rKe a ¥ K& lim-Obj(NTMap)|) =

(
AceoT(HomDoml]|) (| Obj)).
lim-0bj (R(0bjMap))(c)))(UArr)(NTMap))(0, ¢, R(HomCod))(|CId]) (£(]ObiMap))(c)]]e

and the-ntcf-rKe a T R lim-Obj(NTDom|) = the-cf-rKe a T & lim-Obj ocr R
and the-ntcf-rKe a T R lim-Obj(NTCod]) = T

and the-ntcf-rKe a ¥ R lim-Obj(NTDGDoml|) = T(HomDom))

and the-ntcf-rKe a ¥ R lim-Obj(NTDGCod)) = T(HomCod))

{proof)

context
fixesa ABECRT
assumes f: R: B »gq €
and T: T : B »on A
begin

interpretation £: is-functor a B € K (proof)
interpretation T: is-functor a B A T (proof)

lemmas the-cf-rKe-components’ = the-cf-rKe-components|
where =8 and =% and a=a, unfolded R.cf~-HomCod ¥.cf-HomCod

]
lemmas [cat-Kan-cs-simps] = the-cf-rKe-components’(3,4)

lemmas the-ntcf-rKe-components’ = the-ntcf-rKe-components|
where =8 and =% and a=qa, unfolded R.cf-HomCod ¥.cf-HomCod X.cf~-HomDom

]
lemmas [cat-Kan-cs-simps| = the-ntcf-rKe-components'(2-5)
end

14.4.2 Functor: object map

mk-VLambda the-cf-rKe-components(1)
|vsv the-cf-rKe-ObjMap-vsv[ cat- Kan-cs-intros]|

context
fixesaABECRKT
assumes R: R: B »oy €
and T: T : B »on A
begin

interpretation £: is-functor o B € K (proof)
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mk-VLambda the-cf-rKe-components'(1)[ OF 8 ¥]
|vdomain the-cf-rKe-ObjMap-vdomain| cat- Kan-cs-simps]
lapp the-cf-rKe-ObjMap-impl-app[ cat- Kan-cs-simps]|

lemma the-cf-rKe-ObjMap-vrange:
assumes Ac. ¢ €, €(0bj)) = lim-0bj c(UObj) €, A(Obj)
shows R, (the-cf-rKe a T & lim-Obj(|ObjMap|)) S, A(Obj))
(proof)

end

14.4.3 Functor: arrow map

mk-VLambda the-cf-rKe-components(2)
|vsv the-cf-rKe-ArrMap-vsv| cat-Kan-cs-intros]|

context

fixes a B € R

assumes R: R:B oo €
begin

interpretation f: is-functor a B € & (proof)

mk-VLambda the-cf-rKe-components(2)[where a=a and 8=8, unfolded R.cf-HomCod)]
|vdomain the-cf-rKe-ArrMap-vdomain| cat- Kan-cs-simps]|

context
fixesA T cc'yg
assumes T: T : B —»>coq 2A
and ¢g: g: c g ¢’
begin

interpretation ¥: is-functor a B A ¥ (proof)
lemma g" g €, €(Arr|) (proof)

mk-VLambda the-cf-rKe-components(2)[
where a=a and R=R and =%, unfolded R.cf~-HomCod ¥.cf-HomCod

|app the-cf-rKe-ArrMap-app-impl’|

lemmas the-cf-rKe-ArrMap-app’ = the-cf-rKe-ArrMap-app-impl’[
OF ¢', unfolded R.HomCod.cat-is-arrD[ OF g]
]

end
end

lemma the-cf-rKe-ArrMap-app-impl:
assumes R : B oo €
and T : B »oq A
and g: c g ¢’
and u: 71 <gr.jim Tocr collcr R:clor Rrr=ca U
and u': 1’ <gp.iim T ocr ¢ ollor R:c' lor R oa A
shows 3!f.
frregr' A
wonrer-cF g alcr 8 =u" nyror ntef-const (¢’ lerp R) A f
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(proof)

lemma the-cf-rKe-ArrMap-app:
assumes £ : B »>gq €
and T : B »>coq A
and g: ¢ g ¢’
and lim-0bj c(UArr)) :
lim-0bj c(UOb)) <cr.iim T occr ¢ ol lcr B:clor Rrcoa 2
and lim-0bj ¢'(UArr)) :
lim-0bj c'(UObj) <cr.tim T ocr ¢ o[1cr R: ¢ lop R »rca 2
shows the-cf-rKe a T K& lim-Obj(ArrMap))(g)) :
lim-0bj c(UObj|) ¢ lim-0bj ¢'(UObj))
and
lim-0bj c(UArr|) oxnrer-cr g alcr R =
lim-0bj ¢'(UArr)) NTCOF
ntcf-const (¢’ Lor R) A (the-cf-rKe a T & lim-0bj(ArrMap|)(g])
and
I
[+ lim-0bj c(UObj)) =g lim-0bj ¢'(UObj));
lim-0bj c(UArr)) onTer-cF g alcr R =
lim-0bj ¢'(UArr)) nTcoF ntcf-const (¢ lop R) A f
| = f = the-cf-rKe a T & lim-Obj(|ArrMap))(g)
{proof)

lemma the-cf-rKe-ArrMap-is-arr'[ cat-Kan-cs-intros|:
assumes £ : B »>gq €
and T : B oo AU
and g: ¢ g ¢’
and lim-0bj c(UArr)) :
lim-0bj c(UObj) <cr.iim T ocr ¢ ol lcr B:clor Rrcoa 2
and lim-0bj ¢'(UArr)) :
lim-0bj c'(UOb))) <cr.tim T ocr ¢ olcr R: ¢ lop R —oa 2
and a = lim-0bj c¢(UObj)
and b = lim-0bj ¢'(UObj))
shows the-cf-rKe a T R lim-Obj(ArrMap))(g)) : a =g b
(proof)

lemma lim-Obj-the-cf-rKe-commute:
assumes R : B »>gq €
and T: B »0q A
and lim-0bj a(UArr)) :
lim-0bj a(UObJ)) <cr.1im T ocr a o lcr R:alocr R=>=ca A
and lim-0bj b(UArr)) :
lim-0bj b(UOb))) <cr.tim T ocr b ollcr R:blor R »coa AU
and f:a—¢ b
and [a’, b', f']o € b lcr R(Obj)
shows
lim-0bj a(UArr)(NTMap|)(a’, b', f" oag f)e =
lim-0Obj b(UArr) (NTMap))(a’, b', fe 0agy
the-cf-rKe oo T & lim-Obj( ArrMap))(f])
{proof)

14.4.4 Natural transformation: natural transformation map

mk-VLambda the-ntcf-rKe-components(1)
|vsv the-ntcf-rKe-NTMap-vsv[ cat-Kan-cs-intros]|

context
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fixesaAB CRKT
assumes R: R: B »—on €
and T: T : B g A
begin

interpretation f: is-functor a B € & (proof)
interpretation ¥: is-functor a B A ¥ (proof)

mk-VLambda the-ntcf-rKe-components'(1)[ OF & T]
|vdomain the-ntcf-rKe-ObjMap-vdomain| cat-Kan-cs-simps]|
|app the-ntcf-rKe-ObjMap-impl-app| cat- Kan-cs-simps]|

end

14.4.5 The Kan extension is a Kan extension

lemma the-cf-rKe-is-functor:
assumes R : B »>gq €
and T : B »oq A
and Ac. ¢ & €(Obj)) = lim-0bj c(UArr)) :
lim-0bj c(UObj) <cr.iim T ocr c ol lcr R:clor Rrcoa A
shows the-cf-rKe a ¥ & lim-0Obj : € »>oq A
{proof)

lemma the-cf-IKe-is-functor:
assumes £ : B »>gq €
and T : B >0 A
and Ac. ¢ & €(0bj) = lim-0bj c(UArr]) :
Tocr R orl10 ¢ >CF.cotim lim-0bj c(UOb]) : R crl ¢ »ca A
shows the-cf-lKe a T R lim-0bj : € »>cg A
{proof)

lemma the-ntcf-rKe-is-ntcf:
assumes R : B »>gq €
and T : B »oq A
and Ac. ¢ & €(0bj)) = lim-0bj c(UArr]) :
lim-0bj c(UObj) <cr.iim T ocr c ol lcr R:clor Rrcoa A
shows the-ntcf-rKe a T K lim-0bj :
the-cf-rKe a ¥ R lim-Obj ocp KR —cp T: B »oq A
{proof)

lemma the-ntcf-l1Ke-is-ntcf:
assumes R : B »>oq €
and T : B »>0q A
and Ac. ¢ & €(0bj)) = lim-0bj c(UArr)) :
Toor R crlMo ¢ >0F.cotim lim-0bj c(UObj]) : R crl ¢ »rca A
shows the-ntcf-IKe a T R lim-Obj :
T »op the-cf-IKe a ¥ R lim-0bj ogp R: B —»>cg U
{proof)

lemma the-ntcf-rKe-is-cat-rKe:
assumes £ : B »>gq €
and T : B »>coq A
and Ac. ¢ & €(0bj) = lim-0bj c(UArr]) :
lim-0bj c(UObj) <cr.iim T ocr ¢ ollcr R:clor Rroa 2
shows the-ntcf-rKe a € K lim-0bj :
the-cf-rKe a € K lim-0bj ocp R »cp.rkea T B o CrHo U
{proof)
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lemma the-ntcf-l1Ke-is-cat-IKe:
assumes R : B »gq €
and T : B »oq A
and Ac. ¢ & €(0bj]) = lim-0bj c(UArr)) :
Tocr R crllo ¢ >0F.colim lim-0bj c(UOb))) : R ¢pl ¢ »—ca 2
shows the-ntcf-lIKe o T K lim-0bj :
T o oriKkea the-cf-lKe a T R lim-0bj ocp R:B »o € A
{proof)

14.5 Preservation of Kan extensions

The following definitions are similar to the definitions that can be found in [14] or [8].

locale is-cat-rKe-preserves =
is-cat-rKe a B €A R T G € + is-functor a A D H
foraBECADRKTG He +
assumes cat-rKe-preserves:
Hocr-nrere: (Hocr B) ocr Recrrkea Hocr T B o oD

syntax -is-cat-rKe-preserves ::
VaV=aV=a2V=a2V=2V=2V=V=V =TV = bool

<(- Z/ -OCF - PCF.rKel - :/ -0 -0 - - P —))
[51, 51, 51, 51, 51, 51, 51, 51, 51] 51
)
syntax-consts -is-cat-rKe-preserves = is-cat-rKe-preserves
translations e : B ogp R »op ke T BrecCro (H: A D) =
CONST is-cat-rKe-preserves a B CA D AT B H e

locale is-cat-IKe-preserves =
is-cat-IKe a B €A R T § n + is-functor a A D H
foraBCADRITFH +
assumes cat-lKe-preserves:
Hoor-NTer N Hocr Trorikea (D oor F) occr R B o e D

syntax -is-cat-lKe-preserves ::
V=a2V=2V=2> Va2V V=2V V= V= V= bool
(
(-:/ -PeFikel -ocF - - -0 -t - o)
[51, 51, 51, 51, 51, 51, 51, 51, 51] 51

syntax-consts -is-cat-lKe-preserves = is-cat-lKe-preserves
translations 7 : T »op keca S ocr R B o Cro (H: A D) =
CONST is-cat-IKe-preserves a B CA D RTF Hn

Rules.

lemma (in is-cat-rKe-preserves) is-cat-rKe-preserves-azioms”:
assumes o’ = «

and ' = &
and 8 = &
and T/ =%
and H' =9
and B' =8
and A’ = A
and ¢'=¢
and ' =9

shows ¢ : &' ocp R =op. ke, T 1B 2o € e (H 1A o D)
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{proof)

mk-ide rf is-cat-rKe-preserves-def [ unfolded is-cat-rKe-preserves-azioms-def]
|intro is-cat-rKe-preservesl|
|dest is-cat-rKe-preservesD[ dest]|
|elim is-cat-rKe-preservesE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-rKeD(1-3)

lemma (in is-cat-lKe-preserves) is-cat-lIKe-preserves-axioms”
assumes o’ = «

and §'=F
and 8’ = &
and T =%
and H' =9
and B' =8
and A’ = A
and ¢'=¢
and D' =9

shows 1: T »cop kea § ccr BB ' mo € o (H A e D)

{proof)

mk-ide rf is-cat-IKe-preserves-def[unfolded is-cat-1Ke-preserves-azioms-def]
|intro is-cat-lKe-preservesl|
|dest is-cat-IKe-preservesD[ dest]|
|elim is-cat-1Ke-preservesE[ elim]|

lemmas [ cat-Kan-cs-intros] = is-cat-1Ke-preservesD(1-8)

Duality.

lemma (in is-cat-rKe-preserves) is-cat-rKe-preserves-op:
op-ntcf € :
op-c¢f T =cr.ikea op-cf & ocp op-cf R:
op-cat B —¢ op-cat € ¢ (op-cf $ : op-cat A »—¢ op-cat D)
{proof)

lemma (in is-cat-rKe-preserves) is-cat-lKe-preserves-op'[ cat-op-intros]:
assumes T’ = op-cf T
and &' = op-cf &
and &' = op-cf &
and B’ = op-cat B
and 2" = op-cat A
and ¢’ = op-cat €
and D' = op-cat ©
and 9’ = op-¢f 9
shows op-nicf € :
T oorikea 8 ocr BB oo oo (5 1A o D)
(proof )
lemmas [cat-op-intros| = is-cat-rKe-preserves.is-cat-lKe-preserves-op’
lemma (in is-cat-IKe-preserves) is-cat-rKe-preserves-op:
op-ntef n :
op-cf § ocr op-cf R=cr.rkea op-cf T:
op-cat B —¢ op-cat € ¢ (op-cf $ : op-cat A »—¢ op-cat D)
{proof)

lemma (in is-cat-IKe-preserves) is-cat-rKe-preserves-op'[ cat-op-intros]:
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assumes T’ = op-¢f T
and §' = op-¢f §
and R’ = op-cf R
and 9’ = op-¢f
and B’ = op-cat B
and A’ = op-cat A
and €’ = op-cat €
and D' = op-cat ©

shows op-ntcf n :

§'ocr R merrkea T B mo e (H A e D)

(proof)

14.6 All concepts are Kan extensions

Background information for this subsection is provided in Chapter X-7 in [9] and subsection 6.5
in [14]. Tt should be noted that only the connections between the Kan extensions, limits and
adjunctions are exposed (an alternative proof of the Yoneda lemma using Kan extensions is not
provided in the context of this work).

14.6.1 Limits and colimits

lemma cat-rKe-is-cat-limit:
— The statement of the theorem is similar to the statement of a part of Theorem 1 in Chapter X-7 in
[9] or Proposition 6.5.1 in [14].
assumes € :  ogr R op rkea £ B o cat-1afrc A
and T : B »>coq A
shows ¢ : 8(0bjiMap))(a) <cr.1im T B —»cq A
{proof)

lemma cat-IKe-is-cat-colimit:
assumes 7 : T = opkea § cr BB o cat-1afro A
and T : B oo AU
shows n: T >CF.colim gGObJMGPD(]U'D 1B inandole" 2
{proof)

lemma cat-limit-is-rKe:
— The statement of the theorem is similar to the statement of a part of Theorem 1 in Chapter X-7 in
[9] or Proposition 6.5.1 in [14].
assumes ¢ : 8(0bjiMap))(a) <cF.1im T : B —»ca A
and R : B »oq cat-1 af
and & : cat-1 a f——cq A
shows ¢ : B ogr R »orrkea £ B o cat-1afrc A

(proof)

lemma cat-colimit-is-IKe:
assumes 1 : T >or. cotim 5(O0biMap|)(a)) : B »—>cq A
and 8 : B »cq cat-1 af
and §: cat-1 a f—»—cq A
shows 1: T »corikea §ocr RB: B oo cat-1afrc U
{proof)

14.6.2 Adjoints

lemma (in is-cf-adjunction) cf-adjunction-counit-is-rKe:

— The statement of the theorem is similar to the statement of a part of Theorem 2 in Chapter X-7 in
[9] or Proposition 6.5.2 in [14]. The proof follows (approximately) the proof in [14].

shows ec @ : F oor & »oprkea ¢f-idD D o CHe D
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(proof)

lemma (in is-cf-adjunction) cf-adjunction-unit-is-1Ke:
shows ng @ : ¢f-id € »op.ikea B ocr F:Cre D o €

{proof)

lemma cf-adjunction-if-IKe-preserves:

— The statement of the theorem is similar to the statement of a part of Theorem 2 in Chapter X-7 in
[9] or Proposition 6.5.2 in [14].

assumes 1) : ¢f-id D »opikea S ocr B : D o Cho (G :D o €)

shows cf-adjunction-of-unit a & §n:6 =cp §: D =209 €
{proof)

lemma cf-adjunction-if-rKe-preserves:
assumes € : Foop 6 P op rkeq ¢f-IdD D o o (G :D o €)
shows cf-adjunction-of-counit a § & e :§ =cp & : € =224 D

{proof)
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15 Pointwise Kan extensions

15.1 Pointwise Kan extensions

The following subsection is based on elements of the content of section 6.3 in [14] and Chapter
X-5 in [9].

locale is-cat-pw-rKe = is-cat-rKe a B CA R T & ¢
fora BCART B e+
assumes cat-pw-rKe-preserved: a €, A(0bj)) =
£
G ocrp Rcorrkea T
B o € e (Homo. cal(a,—) : A »—c cat-Set «)

syntax -is-cat-pw-rKe = V=V =V =V =V =V =V =V = bool
(
<(‘ :/ - OCF -PCF.rKe.pwl - :/ -=Ce -2e ')>
[61, 51, 51, 51, 51, 51, 51] 51

syntax-consts -is-cat-pw-rKe = is-cat-pw-rKe
translations € : & ocp R »crrkepwa T B e Cmo A=
CONST is-cat-pw-rKe a B CA R T B ¢

locale is-cat-pw-l1Ke = is-cat-lKe a B EA R T Fn
foraBECARKTFTn +
assumes cat-pw-IKe-preserved: a €, op-cat A(0bj)) —
op-ntef n :
op-cf § ocr op-¢f Rcr.rkea op-cf T:
op-cat B ¢ op-cat € ¢ (Homo. ca2M(—,a) : op-cat A ¢ cat-Set «)

syntax -is-cat-pw-lKe = V=V =V=V=V=V= V=V = bool
(
(-3 - »cF.ikepwl - °CF -3 - o - o )
(51, 51, 51, 51, 51, 51, 51] 51
)
syntax-consts -is-cat-pw-lKe = is-cat-pw-IKe
translations 7 : T »cr.ikepwa § ccr R: B o Cro A=
CONST is-cat-pw-IKe o B CA R T Fn

lemma (in is-cat-pw-rKe) cat-pw-rKe-preserved’[ cat-Kan-cs-intros):
assumes a €, A(Obj)
and 20" =2
and 9’ = Homo. ca2l(a,-)
and €' = cat-Set «
shows e : B ogr R crrkea T B o Che (H A e &)

(proof )
lemmas [cat-Kan-cs-intros] = is-cat-pw-rKe.cat-pw-rKe-preserved’

lemma (in is-cat-pw-1Ke) cat-pw-IKe-preserved’[ cat-Kan-cs-intros]:
assumes a €, op-cat A(Obj)
and §' = op-¢f §
and &' = op-cf R
and T’ = op-c¢f T
and B’ = op-cat B
and ¢’ = op-cat €
and 2’ = op-cat A
and 9’ = Homo. ca2(-,a)
and ¢’ = cat-Set «
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shows op-ntcf 1 :
§'ocr R =orrkea T B o o (H A me €)

(proof )
lemmas [cat-Kan-cs-intros] = is-cat-pw-IKe.cat-pw-l1Ke-preserved’

Rules.

lemma (in is-cat-pw-rKe) is-cat-pw-rKe-azioms'[ cat- Kan-cs-intros]:
assumes o' = «

and &' =&
and 8’ = R
and ¥' =%
and B' =8
and 2’ =2
and ¢'=¢

shows ¢ : &' OCF R’ P CF.rKe.pwgy' T B! inde} ¢’ =c A’
(proof)

mk-ide rf is-cat-pw-rKe-def [ unfolded is-cat-pw-rKe-azioms-def]
|intro is-cat-pw-rKel|
|dest is-cat-pw-rKeD[ dest]
|elim is-cat-pw-rKeE[ elim]|

lemmas [ cat-Kan-cs-intros] = is-cat-pw-rKeD(1)

lemma (in is-cat-pw-1Ke) is-cat-pw-IKe-axioms'| cat-Kan-cs-intros]:
assumes o' = «

and §' = F
and 8= &
and ' =%
and B’ = B
and A’ = 2A
and ¢'=¢

shows n: T’ '_)CF.lKe.pwa’ S, OCF R B! =c ¢’ = A’

{proof)

mk-ide rf is-cat-pw-IKe-def[ unfolded is-cat-pw-1Ke-axioms-def ]
|intro is-cat-pw-1Kel|
|dest is-cat-pw-lIKeD[ dest]|
|elim is-cat-pw-1KeE[elim]|

lemmas [cat-Kan-cs-intros] = is-cat-pw-1KeD(1)

Duality.

lemma (in is-cat-pw-rKe) is-cat-pw-1Ke-op:
op-ntcf € :
Op—Cf T P CF.IKe.pwa Op_cf 6 oCF OP-Cf 8
op-cat B —¢c op-cat € —¢c op-cat A
{proof)

lemma (in is-cat-pw-rKe) is-cat-pw-1Ke-op'[ cat-op-intros]:
assumes T’ = op-cf T
and &' = op-cf &
and &' = op-¢f R
and B’ = op-cat B
and 2’ = op-cat A
and ¢’ = op-cat €
shows op-ntcf € : ' —orikepwa 8 ocr B B =o€ o A’
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(proof )
lemmas [cat-op-intros] = is-cat-pw-rKe.is-cat-pw-l1Ke-op’

lemma (in is-cat-pw-1Ke) is-cat-pw-rKe-op:
op-ntcf n
Op-Cf g oCF OP'Cf R P CF.rKe.pwa OP'Cf <
op-cat B — ¢ op-cat € ¢ op-cat AU
{proof)

lemma (in is-cat-pw-IKe) is-cat-pw-IKe-op'[ cat-op-intros]:
assumes T’ = op-¢f T
and §' = op-¢f §
and R’ = op-cf R
and B’ = op-cat B
and A’ = op-cat A
and ¢’ = op-cat €
shows OP-TLth n: 3’, °CF ﬁ, P CF.rKe.pwQ ‘II : %, =c cl =c A’

{proof)

lemmas [cat-op-intros] = is-cat-pw-IKe.is-cat-pw-l1Ke-op’

15.2 Lemma X.5: L-10-5-N

This subsection and several further subsections (15.2-15.8) expose definitions that are used in
the proof of the technical lemma that was used in the proof of Theorem 3 from Chapter X-5 in
[9]-
definition L-10-5-N =V =V =V =>V=V=V
where L-10-5-N o T R ¢ =
[

(
Aae, T (HomCod)) (| Obj)).
cf-nt o B R(ObjMap))(cf-map (Homo ca®(HomCod))(a,~) ocr T), )
)s
(

AfeoT(HomCodl) (| Arrl).
cf-nt a B R(ArrMap)) (|
ntcf-arrow (Homa.caT(HomCod)(f,~) onrcr-cr T), R(HomCod))( CId) (<))

),
op-cat (T(HomCod))),

cat-Set 3
Jo

Components.

lemma L-10-5-N-components:
shows L-10-5-N o 8 T R ¢(0ObjMap|) =
(
Aag,T(HomCod|) (| Obj)).
cf-nt o B R(ObjMap))(cf-map (Homo. caZ(HomCod))(a,~) ocr T), c)e

and L-10-5-N o« 8 ¥ R c(ArrMap) =
MeT(HomCod|) (Arr]).

cf-nt a B R(ArrMap)) (|
ntcf-arrow (Homa.caT(HomCod|)(f,-) onrcr-cr T), R(HomCod))(CId)(c)

e
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)
and L-10-5-N « 8 € R c¢c(HomDom]|) = op-cat (T(HomCod)))

and L-10-5-N « 8 T R ¢(HomCod)) = cat-Set 3
(proof )
context
fixesaBECART
assumes R: R: B »—>pgq €

and T: T : B >0 AU
begin

interpretation R: is-functor a B € & (proof)
interpretation ¥: is-functor a B A ¥ (proof)

lemmas L-10-5-N-components’ = L-10-5-N-components|
where T=% and K=K, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-N-components’(3,4)

end

15.2.1 Object map

mk-VLambda L-10-5-N-components(1)
|vsv L-10-5-N-ObjMap-vsv[ cat-Kan-cs-intros]

context
fixesaBECARTc
assumes R: R:B o> €
and T: T : B >0 AU
begin

mk-VLambda L-10-5-N-components'(1)[OF & ¥]
|vdomain L-10-5-N-ObjMap-vdomain| cat-Kan-cs-simps]|
lapp L-10-5-N-ObjMap-app| cat-Kan-cs-simps]|

end

15.2.2 Arrow map

mk-VLambda L-10-5-N-components(2)
|vsv L-10-5-N-ArrMap-vsv| cat-Kan-cs-intros]

context
fixesa B ECART ¢
assumes f: R: B »oq €
and T: T : B »on A
begin

mk-VLambda L-10-5-N-components'(2)[OF & T]
|vdomain L-10-5-N-ArrMap-vdomain| cat-Kan-cs-simps]|
lapp L-10-5-N-ArrMap-app| cat-Kan-cs-simps]|

end

15.2.3 L-10-5-N is a functor

lemma L-10-5-N-is-functor:
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assumes Z [
and « €, 3
and R: B »gq €
and T : B »oq A
and c ¢, €(0bj)
shows L-10-5-N a T R ¢ : op-cat AU adadel: cat-Set

{proof)

lemma L-10-5-N-is-functor'[ cat-Kan-cs-intros]:
assumes Z [
and « €, 3
and R: B »oq €
and T : B »oq A
and c ¢, €(0bj)
and A’ = op-cat A
and B’ = cat-Set 8

and 8’ =8
shows L-10-5-N aa B3 T R c: A’ indadell B’
(proof)

15.3 Lemma X.5: L-10-5-v-arrow

15.3.1 Definition and elementary properties

definition L-10-5-v-arrow =V =V =V =>V=V= V=V
where L-10-5-v-arrow T K c¢c7 a b=

(AMfecHom (R(HomCod)) ¢ (R(ObjMap|)(b)). T(NTMap)) (0, b, f]e),
Hom (R(HomCod))) ¢ (R(ObjMapl)(b])),
| Hom (T(HomCod))) a (T(ObjMap|) (b))

Components.

lemma L-10-5-v-arrow-components:
shows L-10-5-v-arrow T & ¢ 7 a b(ArrVal]) =
(MeoHom (R(HomCod))) ¢ (R(0biMap|)(b])). T(NTMap))(0, b, f).)
and L-10-5-v-arrow ¥ & ¢ 7 a b(ArrDom|) = Hom (R(HomCod))) ¢ (R(ObjMap))(|b))
and L-10-5-v-arrow T R ¢ 7 a b(ArrCod)) = Hom (T(HomCod))) a (T(ObjMap))(d]))

{proof)

context
fixesa B ECART
assumes R: R: B »—gq €
and T: T :B o A
begin

interpretation f: is-functor a B € & (proof)
interpretation ¥: is-functor a B A ¥ (proof)

lemmas L-10-5-v-arrow-components’ = L-10-5-v-arrow-components|
where T=% and K=K, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-v-arrow-components’(2,3)

end
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15.3.2 Arrow value

mk-VLambda L-10-5-v-arrow-components(1)
|vsv L-10-5-v-arrow-ArrVal-vsv| cat-Kan-cs-intros]|

context
fixesaBECART
assumes f: R: B g €
and T: T : B >0 AU
begin

mk-VLambda L-10-5-v-arrow-components'(1)[ OF & ¥]
|vdomain L-10-5-v-arrow-ArrVal-vdomain[ cat-Kan-cs-simps]|
lapp L-10-5-v-arrow-ArrVal-app[unfolded in-Hom-iff ]|

end

lemma L-10-5-v-arrow-ArrVal-app”:
assumes R : B oo €
and T : B »oq A
and f : ¢ =g R(ObjMap|) (b))
shows L-10-5-v-arrow T & ¢ 7 a b(ArrVal)(f]) = T(NTMap|) (0, b, f]e
(proof)

15.3.3 L-10-5-v-arrow is an arrow

lemma L-10-5-v-arrow-ArrVal-is-arr:
assumes R : B »>oq €
and T : B »oq A
and 7’ = nitcf-arrow T
and 7 : @ <gF.cone £ ocF € ol lcr R:clor Rrcoa U
and f : ¢ —»g R(ObjMap|) (b))
and b €, B(O0bj)
shows L-10-5-v-arrow T & ¢ 7" a b(ArrVal)(f]) : a —g T(ObjMap)) (b))
{proof)

lemma L-10-5-v-arrow-ArrVal-is-arr'[ cat-Kan-cs-intros]:
assumes R : B »>oq €
and T: B »c0q A
and 7’ = ntcf-arrow T

and o' = a
and b' = T(0bjMap|) (b))
and A’ =2

and 7 : a <gF.cone T ocr c ol lcr R:clor Rrca U
and f : ¢ =g R(ObjMap|) (b))
and b €, B(0bj)
shows L-10-5-v-arrow T & ¢ 7" a b(ArrVal)(f)) : o’ =g b’
(proof)

15.3.4 Further properties

lemma L-10-5-v-arrow-is-arr:

assumes £ : B »>gq €
and T : B »-oq AU
and c €, €(0bj)
and 7’ = ntcf-arrow T
and 7 : a <gF.cone £ ocr ¢ o[ 1lcr R:clor Rcoa U
and b €, B(0bj)

shows L-10-5-v-arrow T R ¢ 7’ a b:
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( H;;n € ¢ (R(ObiMap) (b)) = cat-Set o Hom A a (T(ObiMap)) (b))
pToo.

lemma L-10-5-v-arrow-is-arr'[ cat-Kan-cs-intros]:
assumes £ : B »>gq €
and T : B o0 AU
and ¢ €, €(0bj)
and 7’ = ntcf-arrow T
and 7 : @ <gF.cone T ocF € ol lcr Riclor Rroa U
and b €, B(0bj)
and A = Hom € ¢ (R(ObjMap)) (b))
and B = Hom A a (T(0bjMap))(b])
and €’ = cat-Set «
shows L-10-5-v-arrow T R c 7' ab: Ay B

{proof)

lemma L-10-5-v-cf-hom|[ cat-Kan-cs-simps]:
assumes R : B »>gq €
and T: B »0q A
and c ¢, €(0bj)
and 7’ = ntef-arrow T
and 7 : @ <gF.cone T ocF € ol lcr R:clor RPcoa U
and a €, 2A(O0bj))
and f:a' —»pg b’
shows
L-10-5-v-arrow T R c1’a b’ OAcat-Set
c¢f-hom € [€(CId)(c), R(ArrMap)(f)]o =
cf-hom A [A(CLd) (a)), T(ArrMap)(fD)]o ©Acat-Set o
L-10-5-v-arrow ¥ R c 7' a a’
(is ?lhs = ?rhs)
{proof)

15.4 Lemma X.5: L-10-5-7

15.4.1 Definition and elementary properties

definition L-10-5-7 where L-10-5-1 T R cv a =

(Abfeoc Lor ROY). v(NTMap))(bf (1n)) (ArrVal)(bf(2nDD),
cf-const (¢ or R) (X(HomCod)) a,
Tocr coller R
clcr ﬁa
(T(HomCod)))
lo

Components.

lemma L-10-5-7-components:
shows L-10-5-1 T & ¢ v a(NTMap)) =
(\bfeac bor SOOI, vONTMap)(bf(1xD)(ArrVal) (bF(2x)D)
and L-10-5-71 T & ¢ v a(NTDom)|) = cf-const (¢ Lcr R) ($(HomCod))) a
and L-10-5-1 T R cv a(NTCod)) =T ocp ¢ ol lcr R
and L-10-5-1 T 8 ¢ v a(NTDGDom|) = ¢ lcr R
and L-10-5-1 T 8 ¢ v a(NTDGCod|) = (¥(HomCod)))

{proof)

context
fixesaBECARKT
assumes R: R: B »on €
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and T: T : B »on A
begin

interpretation £: is-functor o B € K (proof)
interpretation T: is-functor o B A T (proof)

lemmas L-10-5-7-components’ = L-10-5-1-components|
where T=% and R=R, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps]| = L-10-5-T-components’(2-5)

end

15.4.2 Natural transformation map

mk-VLambda L-10-5-7-components(1)
|vsv L-10-5-7-NTMap-vsv[ cat-Kan-cs-intros]|
|vdomain L-10-5-7-NTMap-vdomain[ cat-Kan-cs-simps]|

lemma L-10-5-7-NTMap-app| cat-Kan-cs-simps]:
assumes bf = [0, b, f]o and bf €, ¢ Lcr R(Ob))
shows L-10-5-1 T & ¢ v a(NTMap))(bf]) = v(NTMap))(b)(ArrVal])(f])
(proof)

15.4.3 L-10-5-7 is a cone

lemma L-10-5-7-is-cat-cone[ cat-cs-intros):
assumes R : B »oq €
and T : B »oq A
and c ¢, €(0bj)
and v'-def: v’ = ntef-arrow v
and v: v :
Homo.ca€(c,—) occp R —=cr Homo. caU(a,~) ocr T : B H>cq cat-Set «
and a: a €, A(0bj)
shows L-10-5-1 T R cv' a: a <cr.cone Tocr collcr B:clcr B-ca A
(proof)

lemma L-10-5-7-is-cat-cone’] cat-Kan-cs-intros]:
assumes R : B o €
and T : B »oq A
and c ¢, €(0bj)
and v’ = ntef-arrow v
and §' =T ocp c ol lcr R
and cR=clcr R

and A’ = A
and o’ = «
and v :

Homo.ca€(c,~) occr & »cr Homo.ca®(a,~) cop T -
B >0 cat-Set o
and a €, 2(O0bj)
shows L-10-5-1 T R cv' a: a <cF.cone § : cR g, A

{proof)

15.5 Lemma X.5: L-10-5-v

15.5.1 Definition and elementary properties

definition L-10-5-v = V=V = V= V= V= V=V
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where L-10-5-va T RcTa=
[
(AbeoeT(HomDom|)(Obj]). L-10-5-v-arrow ¥ & ¢ T a b),
Homo.caR(HomCod)(¢c,~) ocr R,
Homo. ca®(HomCod)(a,~) ocr %,
X (HomDom)),
cat-Set o

lo

Components.

lemma L-10-5-v-components:
shows L-10-5-v a T R ¢ 7 a(NTMap)) =
(AbeoT(HomDom))(0bj)). L-10-5-v-arrow T K ¢ T a b)
and L-10-5-v a ¥ R ¢ 7 a(NTDom|) = Homo.cafR(HomCod))(¢c,—) occr R
and L-10-5-v a ¥ R ¢ 7 a(NTCod)) = Homo.caT(HomCod))(a,~) occr T
and L-10-5-v « T R ¢ 7 a(NTDGDom|) = T(HomDom))
and L-10-5-v « T R ¢ 7 a(NTDGCod)) = cat-Set «

{proof)

context

fixesa B ECART

assumes f: R: B > Cand T FT 1B »>oq A
begin

interpretation R: is-functor a B € & (proof)
interpretation ¥: is-functor a B A ¥ (proof)

lemmas L-10-5-v-components’ = L-10-5-v-components|
where T=% and R=R, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-v-components’(2-5)

end

15.5.2 Natural transformation map
mk-VLambda L-10-5-v-components(1)
|vsv L-10-5-v-NTMap-vsv| cat-Kan-cs-intros]|

context
fixesaBECART
assumes R: R:B oo €
and T: T : B >0 AU
begin

interpretation f: is-functor a B € & (proof)
interpretation T: is-functor a B A T (proof)

mk-VLambda L-10-5-v-components’(1)[OF & ]
|vdomain L-10-5-v-NTMap-vdomain[ cat-Kan-cs-simps]|
|app L-10-5-v-NTMap-app[ cat-Kan-cs-simps]|

end

15.5.3 L-10-5-v is a natural transformation

lemma L-10-5-v-is-ntcf:
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assumes R : B »>0q €
and T: B »c0q A
and c ¢, €(0bj)
and 7'-def: 7' = ntcf-arrow T
and 7: 7 : @ <gF.cone * °cF € o lcr R:clor Rrcoa U
and a: a € 2(0bj)
shows L-10-5-va T Rc7’a:
Homo.ca€(c,—) ocr R =cr Homo. caU(a,—) ocr T : B r>cq cat-Set «
(is «2L-10-5-v : ?H-C cocp R —cp ?HA aocp T : B —»r>oq cat-Set o)
(proof)

lemma L-10-5-v-is-ntcf [ cat-Kan-cs-intros]:
assumes R : B »oq €
and T : B »oq A
and ¢ €, €(0bj)
and 7’ = ntcf-arrow T
and §' = Homo.ca€(c,—) ocr R
and &' = Homo. caU(a,~) occr T
and B’ =B
and €’ = cat-Set «
and o' = «
and 7 : a <CF.cone T ocF C Oﬂ CF R:c lCF' R Ind ol A
and a €, 2A(O0bj)
shows L-10-5-va T Rc7'a:F »or & B oo &
(proof )

15.6 Lemma X.5: L-10-5-x-arrow

15.6.1 Definition and elementary properties

definition L-10-5-x-arrow
where L-10-5-x-arrow o 8 ¥ R c a =
[
(Meo L-10-5-N a 8 T R ¢(ObjMap)|)(al). ntcf-arrow (L-10-5-1 T R ¢ v a)),
L-10-5-N «a B8 T & ¢(0ObjMap))(a)),
cf-Cone a B (T ocr ¢ ol lor R)(ObjMap))(|al)
]o

Components.

lemma L-10-5-x-arrow-components:
shows L-10-5-x-arrow o 8 T R ¢ a(ArrVal]) =
(AvesL-10-5-N o 8 % R c¢(ObjMap|)(al). ntcf-arrow (L-10-5-1 T R c v a))
and L-10-5-x-arrow a 8 ¥ & ¢ a(ArrDom|) = L-10-5-N a 8 T & ¢(ObjMap))(al)
and L-10-5-x-arrow o 8 ¥ R ¢ a(|ArrCod)) =
cf-Cone a B (T ocr ¢ ol lor R)(ObjMap))(al)
(proof)

lemmas [cat-Kan-cs-simps] = L-10-5-x-arrow-components(2,3)

15.6.2 Arrow value

mk-VLambda L-10-5-x-arrow-components(1)
|vsv L-10-5-x-arrow-vsv[ cat-Kan-cs-intros]|
|vdomain L-10-5-x-arrow-vdomain|
lapp L-10-5-x-arrow-app|

lemma L-10-5-x-arrow-vdomain'[ cat- Kan-cs-simps]:

assumes Z 3
and o €, f3
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and R: B »—pog €
and T: B »c0q A
and c ¢, €(0bj)
and a €, 2(00bj)
shows D, (L-10-5-x-arrow a T & ¢ a(ArrVal)) = Hom
(cat-FUNCT o B (cat-Set )
(¢f-map (Homo.ca€(c,~) ocr R))
(¢f-map (Homo. caU(a,~) occr X))
(proof)

lemma L-10-5-x-arrow-app'[ cat-Kan-cs-simps]:
assumes Z (3
and « €, 3
and R: B »oq €
and T : B »>coq A
and c €, €(0bj)
and v'-def: v’ = ntcf-arrow v
and v: v :
Homo.ca€(c,—) ocp R =cr Homo. caU(a,—) ocr T : B > cat-Set «
and a: a €, 2A(0bj)
shows
L-10-5-x-arrow o 8 T R ¢ a(ArrVal)(v') =
ntef-arrow (L-10-5-1 T R ¢ v’ a)
(proof)

lemma vTa-def:
assumes £ : B »>oq €
and T : B 00 A
and c €, €(0bj)
and vra'-def: vra’ = nicf-arrow vra
and vTa: vTa :
Homo.ca€(c,~) ocr R =cr Homo.caU(a,~) ocr T :
B > cat-Set o
and a: a € 2A(0bj)
shows vra = L-10-5-v a T R ¢ (nicf-arrow (L-10-5-1 T R c vra’ a)) a
(is «wwra = ?2L-10-5-v (ntcf-arrow ?L-10-5-T) a»)
(proof)

15.7 Lemma X.5: L-10-5-x'-arrow

15.7.1 Definition and elementary properties

definition L-10-5-x"-arrow = V=V =V =V =V =V =V
where L-10-5-x"-arrow o § T R ca =
[
(
Atescf-Cone o B (% oo ¢ ol1cr R)(ObjMap|)(a)).
ntcf-arrow (L-10-5-v « T K ¢ T a)

)s
cf-Cone o B (T ocr ¢ ol 1or R)(0bjMap))(al),
L-10-5-N o B8 T & ¢(0ObjMap))(al)

lo

Components.

lemma L-10-5-x -arrow-components:
shows L-10-5-x"-arrow o § T & ¢ a(ArrVal]) =

(
Areocf-Cone a B (T ocp ¢ ol 1cr R)(ObiMap))(al).

118



ntcf-arrow (L-10-5-v a T R ¢ T a)
zlnd [ cat-Kan-cs-simps]: L-10-5-x"-arrow o 8 T & ¢ a(ArrDom]|) =
cf-Cone a B (% ocr ¢ ol lcr R)(0bjMap))(al)
and [cat-Kan-cs-simps]: L-10-5-x"-arrow o § T R ¢ a(ArrCod|) =
L-10-5-N o 8 T R ¢(ObjMap|)(al
(proof)

15.7.2 Arrow value

mk-VLambda L-10-5-x"-arrow-components(1)
|vsv L-10-5-x"-arrow-Arr Val-vsv[ cat-Kan-cs-intros]
|vdomain L-10-5-x'-arrow-ArrVal-vdomain|
lapp L-10-5-x"-arrow-ArrVal-app|

lemma L-10-5-x'-arrow-ArrVal-vdomain'[ cat-Kan-cs-simps]:
assumes Z (3
and a & 8
and 7: 7 : a <¢F.cone Tocr ¢ ollcr 8:clor R »oa
and a: a €, 2A(0bj)
shows D, (L-10-5-x"-arrow a T R ¢ a(ArrVal])) = Hom
(cat-FUNCT « (¢ Llor R) )
(¢f-map (cf-const (¢ Lor R) 2A a))
(cf-map (T ocr ¢ ol 1cr R))
{proof)

lemma L-10-5-x'-arrow-ArrVal-app'[ cat-cs-simps]:
assumes Z [
and « ¢, 3
and 7'-def: 7' = ntcf-arrow T
and 7: 7 : a <¢F.cone T o°cF € ol 1lcr R:clocr Rorca A
and a: a € 2(O0bj)
shows L-10-5-x"-arrow a 8 % R ¢ a(ArrVal)(7') =
ntef-arrow (L-10-5-v a T & ¢ 7' a)
{proof)

15.7.3 L-10-5-x'-arrow is an isomorphism in the category Set

lemma L-10-5-x'-arrow-is-iso-arr:
assumes Z (3
and «a & [
and R: B »gq €
and T : B >0 A
and c €, €(0bj)
and a &, 2A(0bj)
shows L-10-5-x"-arrow a B8 T R c a :
¢f-Cone a B (T ocr ¢ olMcr R)(0biMap))(a)) »isocqt-Set 8
L-10-5-N o 8 T & c(ObjMap))(al)
( .
is
¢
?L-10-5-x"-arrow :
¢f-Cone a B (T ocr ¢ ol cr R)(0biMap))(a) »isocqt-Set g
?L-10-5-N(ObjMap])(al))

(proof)
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lemma L-10-5-x'-arrow-is-iso-arr’[ cat-Kan-cs-intros]:
assumes Z [
and «a €, 3
and R: B »gq €
and T : B »>coq A
and c €, €(0bj)
and a €, 2A(0bj)
and A = ¢f-Cone a B (T ocr ¢ ol 1cr R)(0bjMap|)(a))
and B = L-10-5-N a 8 ¥ 8 ¢(0bjMap))(a))
and €' = cat-Set
shows L-10-5-x"-arrow a B T R ca: A Hisog! B
(proof)

lemma L-10-5-x'-arrow-is-arr:
assumes Z 3
and o €, 3
and R: B »~gq €
and T: B »0q A
and c ¢, €(0bj)
and a €, 2(0bj)
shows L-10-5-x"-arrow a 8 T R ¢ a :
cf-Cone o B (T ocp ¢ ol 1cr R)(ObiMap))(a) = c4s-Set 8
L-10-5-N o B8 T & ¢(0ObjMap))(al)
{proof)

lemma L-10-5-x'-arrow-is-arr'| cat-Kan-cs-intros]:
assumes Z 3
and a &
and R: B »gq €
and T: B »0q A
and c €, €(0bj)
and a €, 20(0bj)
and A = ¢f-Cone a B (T ocr ¢ ol1cr R)(0bjMap)|)(a))
and B = L-10-5-N a 8 % R ¢(ObjMap))(a))
and ¢’ = cat-Set B
shows L-10-5-x"-arrow a B T R ca: A e B
(proof)

15.8 Lemma X.5: L-10-5-x

15.8.1 Definition and elementary properties

definition L-10-5-x = V= V= V= V= V=V
where L-10-5-x a B T R ¢ =
[
(AaeoT(HomCod)) (| Obj]). L-10-5-x"-arrow o f T & ¢ a),
cf-Cone a (T ocr ¢ ol lcr R),
L-10-5-N a ¥ R ¢,
op-cat (T(HomCod))),
cat-Set B

lo

Components.

lemma L-10-5-x-components:
shows L-10-5-x o 8 T R ¢(NTMap)) =
(Aae.T(HomCod)) (| Obj)). L-10-5-x"-arrow o B T R ¢ a)
and [ cat-Kan-cs-simps]:
L-10-5-x a B & ¢c(NTDom|) = ¢f-Cone o 8 (T ocr ¢ ol lcr R)
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and [cat-Kan-cs-simps]:
L-10-5-x a B T 8 ¢(NTCod)) = L-10-5-N a« T R ¢
and L-10-5-x a 8 T 8 ¢(NTDGDom)) = op-cat (T(HomCod)))
and [cat-Kan-cs-simps]: L-10-5-x a B ¥ & ¢c(NTDGCod)) = cat-Set 8
(proof)

context

fixes a A B T

assumes T: T B g A
begin

interpretation is-functor a B 2 T (proof)

lemmas L-10-5-x-components’ =
L-10-5-x-components|where T=T, unfolded cat-cs-simps]

lemmas [ cat-Kan-cs-simps] = L-10-5-x-components’(4)

end

15.8.2 Natural transformation map

mk-VLambda L-10-5-x-components(1)
|vsv L-10-5-x-NTMap-vsv[ cat-Kan-cs-intros]|

context

fixesa A B T

assumes T: T : B »oq A
begin

interpretation is-functor a B 20 T (proof)

mk-VLambda L-10-5-x-components(1)[where T=%, unfolded cat-cs-simps]
|vdomain L-10-5-x-NTMap-vdomain| cat-Kan-cs-simps]|
lapp L-10-5-x-NTMap-app| cat-Kan-cs-simps]|

end

15.8.3 L-10-5-x is a natural isomorphism

lemma L-10-5-x-is-iso-ntcf:
— See lemma on page 245 in [9].
assumes Z (3
and « €, 3
and R: B »gq €
and T : B »oq A
and c €, €(0bj)
shows L-10-5-x a 8T R ¢:
cf-Cone a B (X ocp ¢ ollocr R) »oF.iso L-10-5-N a B % R ¢:
op-cat A —cpg cat-Set 3
(is «2L-10-5-x : ?cf-Cone »cp 450 ?L-10-5-N : op-cat 2 dadel cat-Set [3y)
{proof)

15.9 The existence of a canonical limit or a canonical colimit for the pointwise
Kan extensions

lemma (in is-cat-pw-rKe) cat-pw-rKe-ez-cat-limit:
— Based on the elements of Chapter X-5 in [9].
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assumes R : B »>0q €
and T: B »c0q A
and c ¢, €(0bj)
obtains UA
where UA : 8(0bjMap))(c]) <cr.1im T ocr ¢ o[ 1lcr B:¢clor Rr—oa A
{proof)

lemma (in is-cat-pw-1Ke) cat-pw-1Ke-ex-cat-colimit:
— Based on the elements of Chapter X-5 in [9].
assumes £ : B »>gq €
and T : B oo AU
and c €, €(0bj)
obtains UA
where UA: T ocp R ¢rllo ¢ >cF.cotim S(0bMap))(c)) : & crl ¢ »ca A

{proof)

15.10 The limit and the colimit for the pointwise Kan extensions

15.10.1 Definition and elementary properties

See Theorem 3 in Chapter X-5 in [9].

definition the-pw-cat-rKe-limit = V= V =V =>V =V =V
where the-pw-cat-rKe-limit « 8 T & ¢ =

&(ObjiMap)(c|),

SOME UA.
UA : 8(0bjMap))(c) <cF.1im T ocr ¢ ollcr 1 ¢ lor & »ca T(HomCod))
)

lo

definition the-pw-cat-IKe-colimit = V =V =V =V =V =V
where the-pw-cat-IKe-colimit « R T F ¢ =

F(ObjMap))(c)),
op-ntcf
(
the-pw-cat-rKe-limit o (op-cf R) (op-c¢f T) (op-¢f §) c(UArr) onror-cF
op-cf-obj-comma R ¢
)
lo

Components.

lemma the-pw-cat-rKe-limit-components:
shows the-pw-cat-rKe-limit a« & T & c(UObj)) = &(0bjiMap])(c)
and the-pw-cat-rKe-limit « 8 T & c(UArr]) =

SOME UA.
UA : (0bjMap))(c)) <cF.1im T ocr ¢ ol 1cr &: ¢ lor & = ca T(HomCod))
)

{proof)

lemma the-pw-cat-1Ke-colimit-components:
shows the-pw-cat-lIKe-colimit o & T § c(UObj) = F(ObjiMap|)(c)
and the-pw-cat-lIKe-colimit o« & T §F c¢(UArr]) = op-ntef
(
the-pw-cat-rKe-limit o (op-c¢f R) (op-¢f T) (op-c¢f §) c(UArr) onror-cr
op-cf-obj-comma R ¢
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)
{proof)

context is-functor
begin

lemmas the-pw-cat-rKe-limit-components’ =
the-pw-cat-rKe-limit-components[where T=F, unfolded cat-cs-simps]

end

15.10.2 The limit for the pointwise right Kan extension is a limit, the colimit for
the pointwise left Kan extension is a colimit

lemma (in is-cat-pw-rKe) cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limit:
assumes 8 : B »oq Cand T: B »oq A and ¢ &, €(0bj)
shows the-pw-cat-rKe-limit « R T & c(UArr)) :
the-pw-cat-rKe-limit o« 8 T & c(UObj) <cr.1im T ocr ¢ o lcr R :
clocr Rrcoa 2

(proof)

lemma (in is-cat-pw-1Ke) cat-pw-1Ke-the-pw-cat-1Ke-colimit-is-cat-colimit:
assumes £ : B oo Cand T : B —»o oo A and ¢ €, €(0b))
shows the-pw-cat-IKe-colimit o 8 T F c(UArr)) :
T ocr R crllo ¢ >0F.colim the-pw-cat-lIKe-colimit a 8 T F c(UObj)) :
R orl crroa U
{proof)

lemma (in is-cat-pw-rKe) cat-pw-rKe-the-nicf-rKe-is-cat-rKe:
assumes R : B »~>oq Cand T : B »>oq A
shows the-ntcf-rKe a T R (the-pw-cat-rKe-limit « 8 T &) :
the-cf-rKe o T 8 (the-pw-cat-rKe-limit « 8 T &) ogr R >oF.rkea I ¢
BrrogChaA
{proof)

lemma (in is-cat-pw-1Ke) cat-pw-1Ke-the-ntcf-l1Ke-is-cat-l1Ke:
assumes R : B »>oq Cand T : B »og A
shows the-ntcf-IKe a T & (the-pw-cat-IKe-colimit « R T §) :
T b or.iKkea the-cf-IKe a T R (the-pw-cat-IKe-colimit « R T F) oor R :
Boo oA
{proof)
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16 Pointwise Kan extensions: application example
16.1 Background

The application example presented in this section is based on Exercise 6.1.ii in [14]. The

primary purpose of this section is the instantiation of the locales associated with the pointwise
Kan extensions.

lemma cat-ordinal-2-is-arrE:
assumes [ : @ = 1 ordinal (2n) b
obtains f = [0, 0] and a = 0 and b = 0
| f =10, In]o and a = 0 and b = In
| f =[InN, IN]o and a = Iy and b = Iy
(proof )

lemma cat-ordinal-3-is-arrE:

assumes f : a = ordingl (5n) b

obtains f = [0, 0]o and a=0and b =0
| f=1[0, IN]lo and a = 0 and b = Iy
| f=1[0, 2n]o and a = 0 and b = 2y
|f = [I]N, J]N]o and a = 1]N and b = J]N
| f =[IN, 2n]o and a = Iy and b = 2y
| f=[2n, 2n]o and a = 2y and b = 2y

(proof)

lemma 0123 0 €5 2N IN € 2N 0 € 3N IN €0 IN 2N € IN (proof)

16.2 R23

16.2.1 Definition and elementary properties

definition K23 = V
where K23 =
[
(Aaes cat-ordinal (2n)(Obj)). if a = 0 then 0 else 2n),
(
Afeocat-ordinal (2n)(Arr).
if f =10, 0]c = [0, 0],
|f = [07 ZIN]O = [07 QJN]O
|f = [-ZIN) 1]N:|o = [2N7 QN]O
| otherwise = 0
)s
cat-ordinal (2n),
cat-ordinal (3N)

lo

Components.

lemma K23-components:

shows £23(0bjMap|) = (Aa&,cat-ordinal (2n)(Obj). if a = 0 then 0 else 2y)
and R23(ArrMap)) =

M eocat-ordinal (2n)(Arr]).
if f =10, 0] = [0, 0],
|f = [07 J]N]O = [07 Q]N]O
| f = [In, InJo = [2n, 2n]o
| otherwise = 0

)
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and [cat-Kan-cs-simps]: R23(HomDom)) = cat-ordinal (2n)
and [cat-Kan-cs-simps]: R28(HomCod|) = cat-ordinal (8n)
{proof)

16.2.2 Object map

mk-VLambda £23-components(1)
|vsv R23-0bjMap-vsv| cat-Kan-cs-intros]|
|vdomain R23-0bjMap-vdomain| cat-Kan-cs-simps]|
|app R23-ObjMap-app|

lemma £23-O0bjMap-app-0] cat- Kan-cs-simps]:
assumes z = (
shows R23(0bjMap))(z]) = 0
(proof )

lemma £23-0bjMap-app-1[ cat-Kan-cs-simps]:
assumes z = Iy
shows 823(0bjMap))(z]) = 2n
(proof )

16.2.3 Arrow map

mk-VLambda R23-components(2)
|vsv R23- ArrMap-vsv| cat- Kan-cs-intros]|
|vdomain R23-ArrMap-vdomain| cat-Kan-cs-simps]|
|app R23-ArrMap-app

lemma R23-ArrMap-app-00] cat-Kan-cs-simps]:
assumes [ = [0, 0],
shows KR23(ArrMap))(f]) = [0, 0],
(proof )

lemma R23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes f = [0, In]o
shows R23(ArrMap))(f]) = [0, 2n]o

(proof)

lemma R23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes f = [In, IN]o
shows R23(ArrMap))(f]) = [2n, 2n]o

{proof)

16.2.4 K23 is a tiny functor

lemma (in Z) R23-is-functor: K23 : cat-ordinal (2n) »—ca cat-ordinal (3N)
{proof)

lemma (in Z) R23-is-functor’| cat-Kan-cs-intros]:
assumes 2" = cat-ordinal (2N)
and B’ = cat-ordinal (IN)
shows £23 : A’ »—>cq B’
(proof)

lemmas [ cat-Kan-cs-intros] = Z.823-is-functor’
lemma (in Z) R25-is-tiny-functor:

R23 ¢ cat-ordinal (2N) P~ ¢ tinya cat-ordinal (8N)
{proof)
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lemma (in Z) R23-is-tiny-functor’| cat-Kan-cs-intros]:
assumes 2" = cat-ordinal (2N)
and B’ = cat-ordinal (8N)
shows 823 : A’ = ¢ tinya B’
(proof)

lemmas [cat-Kan-cs-intros] = Z.823-is-tiny-functor’

16.3 LKZ23: the functor associated with the left Kan extension along K23

16.3.1 Definition and elementary properties

definition LK23 = V = V
where LK23 § =

[

(
Aag, cat-ordinal (8n)(Obj)).

if a = 0 = F(0bjMap))(0)

| a = In = F(ObiMap)(0)

| a = 2n = F(O0bjMap))(In)

| otherwise = F(HomCod|)(Obj|)
)
(

A€o cat-ordinal (Sn)(Arr)).
if f =10, 0] = F(ArrMap)) (0, 0)

| f =10, In]o = §(ArrMap) (0, 0]
| f =10, 2n]o = F(ArrMap)) (0, In)e
| f=[In, In]o = §(ArrMap))(0, 0).
| f=[In, 2x]o = S(ArrMap]) (0, In))s
| f = [2N7 Q]N]O = S(|A7”T’MGPD(IZ]N7 IINI).
| otherwise = F(HomCod|)(Arr)

)s

cat-ordinal (3n),

F(HomCod))

1o
Components.

lemma LK23-components:
shows LK23 F(ObjMap)|) =
(

Aag, cat-ordinal (3n)(Obj)).
if a = 0 = §(0bjMap))(0)
| a = Ix = §(0bMap) (0)
| a = 2x = F(0bjMap)) (1)
| otherwise = F(HomCod))(Objl)

)
and LK23 F(ArrMap|) =
(
Afeocat-ordinal (3n)(Arr)).
if f =10, 0]o = F(ArrMap))(0, 0).
| f =10, INn]o = F(ArrMap))(0, 0)
| f =10, 2n]o = §(ArrMap)) (0, In]).
| f = [In, InJo = §(ArrMap)) (0, 0).
| f=[In, 2n]o = F(ArrMap))(0, IN)e
| f = [2n, 2n]o = §(ArrMap))(In, In)s
| otherwise = F(HomCod|)(Arr|)
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and LK238 §(HomDom|) = cat-ordinal (3N)
and LK23 F(HomCod|) = F(HomCod))

{proof)

context is-functor
begin

lemmas LK23-components’ = LK23-components|where §=F, unfolded cat-cs-simps]
lemmas [cat-Kan-cs-simps] = LK23-components’(3,4)
end

lemmas [cat-Kan-cs-simps] = is-functor. LK23-components’(3,4)

16.3.2 Object map

mk-VLambda LK23-componenits(1)
|vsv LK23-0bjMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK23-0bjMap-vdomain| cat-Kan-cs-simps]
lapp LK23-0ObjMap-app

lemma LK23-0bjMap-app-0] cat-Kan-cs-simps]:
assumes q =
shows LK23 §(O0bjMap))(al) = F(ObjMap))(0)
(proof )

lemma LK23-0ObjMap-app-1[ cat-Kan-cs-simps]:
assumes a = Iy
shows LK23 §(ObjMap))(al) = F(ObjMap))(0)
(proof )

lemma LK23-0bjMap-app-2] cat-Kan-cs-simps]:
assumes a = 2N
shows LK23 §(0bjMap))(al) = F(ObjMap))(In])
(proof )

16.3.3 Arrow map

mk-VLambda LK23-components(2)
|vsv LK23-ArrMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK23-ArrMap-vdomain[ cat-Kan-cs-simps]|
|app LK23-ArrMap-app

lemma LK23-ArrMap-app-00[ cat-Kan-cs-simps]:
assumes [ = [0, 0],
shows LK23 F(ArrMap|)(f]) = §(ArrMap))(0, 0))
{proof)

lemma LK23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes f = [0, In]o
shows LK23 F(ArrMap|)(f]) = §(ArrMap))(0, 0))
(proof)

lemma LK23-ArrMap-app-02[ cat-Kan-cs-simps]:
assumes f = [0, 2n]o
shows LK23 §(ArrMap)(f) = (ArrMap) (0, In).
{proof)
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lemma LK23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes f = [In, IN]o
shows LK23 F(ArrMap|)(f]) = §(ArrMap))(0, 0))
{proof)

lemma LK23-ArrMap-app-12[ cat-Kan-cs-simps]:
assumes f = [In, 2n]o
shows LK23 §(ArrMap))(f]) = §(ArrMap))(0, In)e
{proof)

lemma LK23-ArrMap-app-22[ cat-Kan-cs-simps]:
assumes f = [2N, 2~]o
shows LK23 §(ArrMap)(f]) = §(ArrMap))(In, IN)e
{proof)

16.3.4 LK23 is a functor

lemma cat-LK23-is-functor:
assumes § : cat-ordinal (2n) »—ca €
shows LK23 § : cat-ordinal (3n5) »—ca €

(proof)

lemma cat-LK23-is-functor'[ cat-Kan-cs-intros]:
assumes § : cat-ordinal (2n) »—ca €
and 2" = cat-ordinal (3n)
shows LK23 § : A »rc0q €
(proof)

16.3.5 The fundamental property of LK23

lemma cf-comp-LK23-R23[ cat-Kan-cs-simps]:
assumes § : cat-ordinal (2n) »—cq €
shows LK23 § ocp R23 =F

{proof)

16.4 RKZ23: the functor associated with the right Kan extension along K23

16.4.1 Definition and elementary properties

definition RK23 = V = V
where RK23 § =

[

(
Aag, cat-ordinal (3n)(Obj)).

if a = 0 = F(0bjMap))(0))

| a = In = F(ObjMapl)( In])

| a = 25 = F(ObjMap])(In])

| otherwise = F(HomCod])(Obj])

),
(
A€o cat-ordinal (3n)(Arr)).
if f = [0, 0]o = F(ArrMap))(0, 0]

| f =10, INn]o = T(ArrMap))(0, IN]e
| f =10, 2n]o = F(ArrMap)) (0, In])e
| [ =[In, In]o = S(ArrMap))(In, In]e
| f=[IN, 2n]o = S(ArrMap))(In, In)e
}f = [2n, 2n]o = F(ArrMap)) (1IN, In)e

otherwise = F(HomCod))(Arr]
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),

cat-ordinal (3n),
F(HomCod))

]o

Components.

lemma RK23-components:
shows RK23 F(ObjMap)) =

Aag, cat-ordinal (3n)(Obj)).
if a = 0= §(0bjMap))(0)
| a = In = F(O0bjMap))(In])
| a = Q]N = S(IOb]MapD(Il]ND
| otherwise = §(HomCod|)(Obj|)

)
and RK23 §(ArrMap|) =
(
Afeocat-ordinal (3n)(Arr]).
fo = [07 0]0 = %’(IATTM(IPD(]O, OD'
|f = [07 —Z]N]O = S'GATTMCLPD(IO, —Z]NDO
| f =10, 2n]o = F(ArrMap)) (0, In)e
| f=[In, In]o = §(ArrMap)(In, InDe
| f=1[In, 2n]o = F(ArrMap)) (1IN, IN]e
| [ =[2n, 2n]o = S(ArrMap))(In, In]e
| otherwise = F(HomCod|)(Arr))
)

and RK23 F(HomDom|) = cat-ordinal (3n)
and RK23 F(HomCod|) = F(HomCod))

{proof)

context is-functor
begin

lemmas RK23-components’ = RK23-components|where §=§, unfolded cat-cs-simps]
lemmas [ cat-Kan-cs-simps] = RK23-components’(8,4)
end

lemmas [ cat-Kan-cs-simps] = is-functor. RK23-components'(3,4)

16.4.2 Object map

mk-VLambda RK23-components(1)
|vsv RK23-0bjMap-vsv[ cat-Kan-cs-intros]|
|vdomain RK23-0bjMap-vdomain| cat-Kan-cs-simps]|
|app RK23-ObjMap-app

lemma RK23-ObjMap-app-0[ cat-Kan-cs-simps]:
assumes a =
shows RK23 §(0bjMap))(a]) = §(O0bjMap])(0)
(proof )

lemma RK23-ObjMap-app-1[ cat-Kan-cs-simps]:
assumes a = Iy
shows RK23 §(0bjMap))(a)) = §(ObjMap))(In])
(proof )
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lemma RK23-0bjMap-app-2| cat-Kan-cs-simps]:
assumes a = 2N
shows RK23 F(ObjMap|)(al) = F(ObjMap))(In]
(proof )

16.4.3 Arrow map

mk-VLambda RK23-components(2)
|vsv RK23-ArrMap-vsv| cat-Kan-cs-intros]
|vdomain RK23-ArrMap-vdomain[ cat-Kan-cs-simps]|
|app RK23-ArrMap-app|

lemma RK23-ArrMap-app-00[ cat-Kan-cs-simps):
assumes [ = [0, 0],
shows RK23 F(ArrMap|)(f]) = §(ArrMap))(0, 0]«
{proof)

lemma RK23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes f = [0, In]o
shows RK23 F(ArrMap))(f]) = F(ArrMap)) (0, In)e
{proof)

lemma RK23-ArrMap-app-02[ cat-Kan-cs-simps):
assumes f = [0, 2n]o
shows RK23 §F(ArrMap))(f]) = §(ArrMap)) (0, In]e
{proof)

lemma RK23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes f = [In, In]o
shows RK23 F(ArrMap))(f]) = F(ArrMap))(In, In]e
{proof)

lemma RK23-ArrMap-app-12[ cat-Kan-cs-simps):
assumes [ = [In, 2n]o
shows RK23 F(ArrMap))(f) = F(ArrMap])(In, In)e
{proof)

lemma RK23-ArrMap-app-22[ cat- Kan-cs-simps]:
assumes f = [2n, 2n]o
shows RK23 F(ArrMap))(f) = §(ArrMap)(In, IN)e
{proof)

16.4.4 RK23 is a functor

lemma cat-RK23-is-functor:
assumes § : cat-ordinal (2n) »—ca €
shows RK23 § : cat-ordinal (3n) »~ca €
{proof)

lemma cat-RK23-is-functor'[ cat-Kan-cs-intros]:
assumes § : cat-ordinal (2n) »—ca €
and A’ = cat-ordinal (3n)
shows RK23 §: ' »cq €
(proof)

16.4.5 The fundamental property of RK23

lemma cf-comp-RK23-R23| cat-Kan-cs-simps]:
assumes § : cat-ordinal (2n) »—ca €
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shows RK23 § ocr R23 =F
{proof)

16.5 RK-023: towards the universal property of the right Kan extension along
R23

16.5.1 Definition and elementary properties

definition RK-023 =V =V =V =V
where RK-023 T &' §' =
[
(

Aae, cat-ordinal (3n)(Obj)).

if a = 0 = &'(NTMap|)(0])
| a = In = ¢'(NTMap))(In]) ° AT (|HomCod)) §'(ArrMap)) (In, 2n)e
| a = 25 = e'(NTMap))(In)
| otherwise = T(HomCod|)(Arr]

),

3,

RK23 %,
cat-ordinal (3n),
§'(HomCod))

]o

Components.

lemma RK-023-components:
shows RK-c23 T &' §'(NTMap)) =
(
Aag, cat-ordinal (3n)(Obj)).

if a =0 = &' (NTMap|)(0)
| a = In = e'(NTMap))(In]) © A% (| HomCod)) §'(ArrMap)) (| IN, 2]
| @ = 2n = e'(NTMap) (In)
| otherwise = T(HomCod])(Arr

)

and RK-023 ¥ ¢’ §'(NTDom)) = §’

and RK-023 T &' §'(NTCod) = RK23 T

and RK-023 T &' §'(NTDGDom)) = cat-ordinal (3n)

and RK-023 T &' F'(NTDGCod) = F'(HomCod)

(proof )
context
fixesa A F' T
assumes §" §': cat-ordinal (8n) »=ca A
and T: T : cat-ordinal (2n) »ca U
begin

interpretation §" is-functor « <cat-ordinal (8n)» A §' (proof)
interpretation ¥: is-functor a (cat-ordinal (2n)» A T (proof)

lemmas RK-023-components’ =
RK-023-components|where §'=F" and T=T, unfolded cat-cs-simps]

lemmas [ cat-Kan-cs-simps] = RK-023-components’(2-5)

end
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16.5.2 Natural transformation map

mk-VLambda RK-c23-components(1)
|vsv RK-023-NTMap-vsv[ cat-Kan-cs-intros]|
|vdomain RK-023-NTMap-vdomain| cat-Kan-cs-simps]|
|app RK-023-NTMap-app|

lemma RK-023-NTMap-app-0] cat-Kan-cs-simps]:
assumes a = (
shows RK-023 T &' §F'(NTMap))(a]) = ' (NTMap|)(0)

{proof)

lemma (in is-functor) RK-023-NTMap-app-1[ cat-Kan-cs-simps]:
assumes a = Iy
shows RK-023 § ¢’ §F'(NTMap)(al) = e'(NTMap))(Ix]) cags §'(ArrMap])(In, 2n))e
(proof)

lemmas [cat-Kan-cs-simps] = is-functor. RK-0 23-NTMap-app- 1

lemma RK-023-NTMap-app-2] cat-Kan-cs-simps]:
assumes a = 2N
shows RK-023 T ¢’ §F'(NTMap)|)(a]) = ' (NTMap))(In])

{proof)

16.5.3 RK-023 is a natural transformation

lemma RK-023-is-ntcf:
assumes §': cat-ordinal (3N) =~ ca A
and T : cat-ordinal (2n) »ca 2
and ¢': §' oor R23 »cr T : cat-ordinal (2N) = ca U
shows RK-023 T &' §': §' »cr RK23 T : cat-ordinal (3n) »Hca 2
{proof)

lemma RK-023-is-ntcf'[ cat-Kan-cs-intros]:

assumes §': cat-ordinal (3n) =+~ ca A
and T : cat-ordinal (2n) —ca 2
and ¢': §' oor R23 »cp T : cat-ordinal (2N) =~ ca U
and &' = §’
and ' = RK23 ¥
and €’ = cat-ordinal (3N)

shows RK-023 % ' F': &' »cpr H € »oq A

(proof)

16.6 The right Kan extension along K23

lemma ¢23-is-cat-rKe:
assumes T : cat-ordinal (2n) »=ca A
shows ntcf-id T :
RK23 T ocp R23 »oF.rkea T ¢ cat-ordinal (2n) — ¢ cat-ordinal (3n) »c A

{proof)

16.7 LK-023: towards the universal property of the left Kan extension along
R23
16.7.1 Definition and elementary properties

definition LK-c23 = V=V = V=1V
where LK-023 T ' §' =

[
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(
Aag, cat-ordinal (3n)(Obj)).

if a = 0 = n'(NTMapl)(0)
| a = In = §'(ArrMap) (0, In]e © A% (| HomCod)) n'(NTMap))(0))
| a = 25 = n'(NTMap|)(In)
| otherwise = T(HomCod|)(Arr)
)
LK23 %,
8,7
cat-ordinal (3n),
F'(HomCod))

lo

Components.

lemma LK-0283-components:
shows LK-0c23 T n' F'(NTMap)) =
(
Aa€, cat-ordinal (3n)(Obj)).

if a = 0 = n'(NTMapl)(0)
| a=INn= S'I(IATT’M(J/])D(IO, IJNDO OAQ(|H0mCodD TII(INTMapD(IOD
| a = 2n = n'(NTMap))(In)
| otherwise = T(HomCod|)(Arr]

)

and LK-023 T ' F'(NTDom|) = LK23 ¥

and LK-023 T n' §F'(NTCod) = §’

and LK-023 T n' F'(NTDGDom)) = cat-ordinal (3N)

and LK-c23 ¥ n' §F'(NTDGCod)) = §'(HomCod))

{proof)

context
fixesa A F' T
assumes §" §': cat-ordinal (3n) = ca A
and T: ¥ : cat-ordinal (2n) »—>ca A
begin

interpretation §" is-functor o <cat-ordinal (8n)» A F' (proof)
interpretation ¥: is-functor a <cat-ordinal (2n)» A T (proof)

lemmas LK-023-components’ =
LK-023-components|where §'=F' and T=%, unfolded cat-cs-simps]

lemmas [cat-Kan-cs-simps] = LK-023-components’(2-5)

end

16.7.2 Natural transformation map

mk-VLambda LK-023-components(1)
|vsv LK-023-NTMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK-023-NTMap-vdomain[ cat-Kan-cs-simps]|
lapp LK-023-NTMap-app|

lemma LK-023-NTMap-app-0] cat-Kan-cs-simps]:

assumes a = ()
shows LK-0c23 T n' F'(NTMap))(al) = n'(NTMap|)(0)

{proof)

lemma (in is-functor) LK-023-NTMap-app-1[ cat-Kan-cs-simps]:
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assumes a = Iy
shows LK-023 § n' §'(NTMap)(al) = §'(ArrMap))(0, In))e 0ags n'(NTMap))(0)
(proof)

lemmas [cat-Kan-cs-simps] = is-functor. LK-0 23-NTMap-app-1

lemma LK-023-NTMap-app-2] cat-Kan-cs-simps]:
assumes a = 2N
shows LK-023 T n' F'(NTMap))(al) = n'(NTMap)) (| In])
(proof )

16.7.3 LK-023 is a natural transformation

lemma LK-023-is-ntcf:
assumes §': cat-ordinal (3x) =~ ca A
and ¥ : cat-ordinal (2n) »—coa A
and n': T =op § oop K23 : cat-ordinal (2x) =+ ca A
shows LK-023 T n'§': LK23 T »cp §': cat-ordinal (3n) = ca U
{proof)

lemma LK-023-is-ntcf ' cat-Kan-cs-intros]:

assumes §': cat-ordinal (3N) =~ ca A
and ¥ : cat-ordinal (2n) = coa A
and ' : T —cp § ocp R23 : cat-ordinal (2x) »+>ca A
and &' = LK23 %
and ' =’
and ¢’ = cat-ordinal (3n)

shows LK-023 X1/ §F' 1 & =cop H: € g A

{proof)

16.8 The left Kan extension along K23

lemma 723-is-cat-rKe:
assumes T : cat-ordinal (2N) »—ca U
shows ntcf-id T :
T o orikea LK23 T ocp R23 : cat-ordinal (2N) — ¢ cat-ordinal (3n) »c A
{proof)

16.9 Pointwise Kan extensions along K23

lemma ¢ 23-is-cat-pw-rKe:
assumes T : cat-ordinal (2N) =~ ca U
shows ntcf-id ¥ :
RK23 T ocp R23 = CF.rKe.pwa T
cat-ordinal (2n5) = ¢ cat-ordinal (3n) »c AU
{proof)

lemma 723-is-cat-pw-1Ke:
assumes T : cat-ordinal (2n) P~ ca A
shows ntcf-id T :
T o oriKepwa LK23 T ocp R23 :
cat-ordinal (2n) » ¢ cat-ordinal (3n) —co A
{proof)
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