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Abstract

This article provides a formalization of elements of the theory of universal constructions
for 1-categories (such as limits, adjoints and Kan extensions) in the object logic ZFC' in
HOL ([13], also see [11]) of the formal proof assistant Isabelle [12].
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1 Introduction

This article provides a formalization of further elements of the theory of 1-categories without
an additional structure. More specifically, this article explores canonical universal constructions
[1]' and their properties, building upon the formalization of the foundations of category theory

in [10].

"https://ncatlab.org/nlab/show /universal+construction


https://ncatlab.org/nlab/show/universal+construction

2 Universal arrow

2.1 Background

The following section is based, primarily, on the elements of the content of Chapter III-1 in [9].

named-theorems ua-field-simps

definition UObj : V where [ua-field-simps]: UObj = 0
definition UArr :: V where [ua-field-simps]: UArr = Iy

lemma [cat-cs-simps]:
shows UObj-simp: [a, b]o(UObj) = a
and UArr-simp: [a, blo(UArr) = b
unfolding ua-field-simps by (simp-all add: nat-omega-simps)

2.2 Universal map

The universal map is a convenience utility that allows treating a part of the definition of the
universal arrow as an arrow in the category Set.

2.2.1 Definition and elementary properties

definition umap-of = V=V =>V=>V=V=>V
where umap-of §F crud =

(Mf'eoc Hom (F(HomDoml) r d. F(ArrMap))(f') © AF( HomCod)) u),
Hom (F(HomDom)) r d,
| Hom (F(HomCod)) ¢ (F(ObjiMap))(d))

definition umap-fo = V=V =V=V=V=>VV
where umap-fo § ¢ ru d = umap-of (op-¢f §) crud

Components.

lemma (in is-functor) umap-of-components:
assumes u : ¢ ~q §(0bjMap|)(r)
shows umap-of § ¢ ru d(ArrVal]) = (\f'ecHom A r d. F(ArrMap))(f') casg w)
and umap-of § ¢ ru d(ArrDom|) = Hom A r d
and umap-of § ¢ r u d(|ArrCod)) = Hom B ¢ (F(0bjMap))(d])
unfolding umap-of-def arr-field-simps
by (simp-all add: cat-cs-simps nat-omega-simps)

lemma (in is-functor) umap-fo-components:
assumes u : §(ObjiMap))(r]) —e ¢
shows umap-fo § ¢ ru d(ArrVal) = (\f'ecHom A d r. u o a5 F(ArrMap))(f'))
and umap-fo § ¢ r u d(ArrDom|) = Hom 2 d r
and umap-fo § ¢ v u d(ArrCod]) = Hom B (F(0bjiMap))(d)) c
unfolding
umap-fo-def
is-functor.umap-of-components|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
proof(rule vsv-eql)
fix f" assume ' e Do (Af'ecHom A d r. F(ArrMap)(f') 0 a0p-cat 3 ©)
then have f" f': d —y r by simp
then have §f" F(ArrMap))(f') : F(ObjMap))(d]) —p F(ObMap|)(r)
by (auto intro: cat-cs-intros)



from f’ show
(Af'ecHom 2 d 1. F(ArrMap) (") 0app-cat 8 @) =
(M'ecHom A d r. u 095 F(ArrMap)(f))(f ")
by (simp add: HomCod.op-cat-Comp[ OF assms §f'])
qed simp-all

Universal maps for the opposite functor.

lemma (in is-functor) op-umap-of|cat-op-simps]: umap-of (op-cf §) = umap-fo §
unfolding umap-fo-def by simp

lemma (in is-functor) op-umap-fo| cat-op-simps]: umap-fo (op-cf §) = umap-of §
unfolding umap-fo-def by (simp add: cat-op-simps)

lemmas [cat-op-simps] =
is-functor.op-umap-of
is-functor.op-umap-fo

2.2.2 Arrow value

lemma umap-of-ArrVal-vsv[ cat-cs-intros]: vsv (umap-of § ¢ r u d(ArrVal))
unfolding umap-of-def arr-field-simps by (simp add: nat-omega-simps)

lemma umap-fo-ArrVal-vsv| cat-cs-intros]: vsv (umap-fo § ¢ r u d(ArrVal)))
unfolding umap-fo-def by (rule umap-of-ArrVal-vsv)

lemma (in is-functor) umap-of-ArrVal-vdomain:
assumes u : ¢~ §(0bjMap|)(r)
shows D, (umap-of § ¢ ru d(ArrVal)) = Hom A r d
unfolding umap-of-components| OF assms] by simp

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-vdomain

lemma (in is-functor) umap-fo-ArrVal-vdomain:
assumes u : §(ObjMap))(r]) e ¢
shows D, (umap-fo § ¢ ru d(ArrVal)) = Hom A d r
unfolding umap-fo-components[ OF assms] by simp

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-vdomain

lemma (in is-functor) umap-of-ArrVal-app:
assumes f': 17 o d and u: ¢ =g F(ObjMap|)(r])
shows umap-of § ¢ ru d(ArrVal)(f') = F(ArrMap)(f') cags u
using assms(1) unfolding umap-of-components[ OF assms(2)] by simp

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-app

lemma (in is-functor) umap-fo-ArrVal-app:
assumes f': d —»o r and u : F(ObjMap))(r) —g c
shows umap-fo § ¢ ru d(ArrVal)(f") = v oasg F(ArrMap))(f')
proof-
from assms have F(ArrMap))(f') : §(ObjMap|)(d)) ~z F(ObiMap|)(r])
by (auto intro: cat-cs-intros)
from this assms(2) have §f'[simp]:
F(ArrMap)(f') ©aop-cat B v = u oagy F(ArrMap)(f)
by (simp add: cat-op-simps)
from
is-functor-azioms
is-functor.umap-of-ArrVal-app(



OF is-functor-op, unfolded cat-op-simps,
OF assms
]
show ?thesis
by (simp add: cat-op-simps cat-cs-simps)
qed

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-app

lemma (in is-functor) umap-of-ArrVal-vrange:
assumes u : ¢~ §(0bjMap|)(r)
shows R, (umap-of § ¢ ru d(ArrVal)) co Hom B ¢ (F(0bjMap))(d))
proof(intro vsubset-antisym vsubsetl)
interpret vsv <umap-of § ¢ r u d(ArrVal])»
unfolding umap-of-components[ OF assms] by simp
fix g assume g €, Ro (umap-of § ¢ r u d(ArrVal])
then obtain f’
where g-def: g = umap-of § ¢ r u d(ArrVal)(f’)
and " f' e, Do (umap-of § ¢ ru d(ArrVal)))
unfolding umap-of-components[ OF assms] by auto
then have f" f': r gy d
unfolding umap-of-ArrVal-vdomain[ OF assms] by simp
then have §f" F(ArrMap))(f') : F(ObjMap)(r) —og F(ObiMapl])(d])
by (auto intro!: cat-cs-intros)
have g-def: g = F(ArrMap))(f') cags v
unfolding g-def umap-of-ArrVal-app[ OF f' assms]..
from Ff' assms show g €, Hom 9B ¢ (F(0bjMap|)(d|)
unfolding g-def by (auto intro: cat-cs-intros)
qed

lemma (in is-functor) umap-fo-ArrVal-vrange:
assumes u : §(ObjMap))(r) —g ¢
shows R, (umap-fo § ¢ r u d(ArrVal)) <o Hom B (F(0bjMap))(d)) ¢
by
(
rule is-functor.umap-of-ArrVal-vrange|
OF is-functor-op, unfolded cat-op-simps, OF assms, folded umap-fo-def

]
)

2.2.3 Universal map is an arrow in the category Set

lemma (in is-functor) cf-arr-Set-umap-of:
assumes category o 2A
and category a B
and r: 7 €, A(0bj)
and d: d €, 20(]0bj)
and u: u : ¢ =g F(ObMap)) (7]
shows arr-Set o (umap-of § ¢ ru d)
proof(intro arr-Setl)
interpret HomDom: category « 2 by (rule assms(1))
interpret HomCod: category a B by (rule assms(2))
note umap-of-components = umap-of-components| OF u]
from u d have c: ¢ €, B(0bj]) and Fd: (F(0bjMap))(d))) €. B(Obj)
by (auto intro: cat-cs-intros)
show ufsequence (umap-of § ¢ v u d) unfolding umap-of-def by simp
show vcard (umap-of § c¢ru d) = 3N
unfolding umap-of-def by (simp add: nat-omega-simps)

10



from umap-of-ArrVal-vrange[ OF u] show
Ro (umap-of § ¢ ru d(ArrVal)) So umap-of § ¢ v u d(ArrCod))
unfolding umap-of-components by simp
from r d show umap-of § ¢ r v d(ArrDom]) €, Vset «
unfolding umap-of-components by (intro HomDom.cat-Hom-in-Vset)
from ¢ §d show umap-of § ¢ r u d(ArrCod)) €, Vset a
unfolding umap-of-components by (intro HomCod.cat-Hom-in-Vset)
qged (auto simp: umap-of-components| OF u])

lemma (in is-functor) cf-arr-Set-umap-fo:
assumes category o 2A
and category o ‘B
and 1: 7 €, A(0bj)
and d: d €, 20(]0bj)
and w: u : F(ObjiMap))(r]) = ¢
shows arr-Set o (umap-fo § ¢ r u d)
proof-
from assms(1) have 2: category o (op-cat )
by (auto intro: cat-cs-intros)
from assms(2) have B: category a (op-cat B)
by (auto intro: cat-cs-intros)
show ?thesis
by
(
rule
is-functor.cf-arr-Set-umap-of |
OF is-functor-op, unfolded cat-op-simps, OF A B r d u
]
)

qed

lemma (in is-functor) cf-umap-of-is-arr:
assumes category o 2A
and category o ‘B
and 7 €, A(0bj)
and d ¢, 2A(0bj)
and u : ¢ =g §(ObjMap|)(r])
shows umap-of § crud: Hom A rd 44 60t o Hom B ¢ (F(ObjMap|)(d]))
proof(intro cat-Set-is-arrl)
show arr-Set a (umap-of § ¢ r u d)
by (rule cf-arr-Set-umap-of [ OF assms])
qed (simp-all add: umap-of-components| OF assms(5)])

lemma (in is-functor) cf-umap-of-is-arr":
assumes category o A
and category a B
and r €, A(Obj)
and d ¢, A(0bj)
and u : ¢~ F(ObjMap|)(r])
and A = Hom A r d
and B = Hom B ¢ (F(ObjMap))(d))
and € = cat-Set o
shows umap-of § crud: A »¢ B
using assms(1-5) unfolding assms(6-8) by (rule cf-umap-of-is-arr)

lemmas [cat-cs-intros] = is-functor.cf-umap-of-is-arr’

lemma (in is-functor) cf-umap-fo-is-arr:

11



assumes category o A
and category a ‘B
and r €, A(Obj)
and d ¢, 2A(0bj)
and u : §(ObjMap))(7]) = ¢
shows umap-fo § ¢ ru d: Hom A dr 41601 o Hom B (F(ObjMap))(d))) ¢
proof(intro cat-Set-is-arrl)
show arr-Set « (umap-fo § ¢ ru d)
by (rule cf-arr-Set-umap-fo[ OF assms])
qed (simp-all add: umap-fo-components[ OF assms(5)])

lemma (in is-functor) cf-umap-fo-is-arr":
assumes category o A
and category a ‘B
and r €, A(Obj)
and d ¢, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and A = Hom A dr
and B = Hom B (F(ObjMap))(d]) ¢
and € = cat-Set o
shows umap-foF crud: A g B
using assms(1-5) unfolding assms(6-8) by (rule cf-umap-fo-is-arr)

lemmas [cat-cs-intros] = is-functor.cf-umap-fo-is-arr’

2.3 Universal arrow: definition and elementary properties

See Chapter III-1 in [9].

definition universal-arrow-of = V. = V = V = V = bool
where universal-arrow-of § ¢ r u «—
(
r € §(HomDoml|)(Obj) A

u:c HSGHOTILCOdD 3(|Ob]MGPD(|7"D A

vor'u'
r' €, §(HomDom]|)(Obj)) —
u': ¢ 25 HomCod) S(ObMap)(r') —
Ay fer = %(HomDom) ' A u' = umap-of §F crur'(ArrVal)(f))
)
)

definition universal-arrow-fo = V.= V = V = V = bool
where universal-arrow-fo § ¢ r u = universal-arrow-of (op-cf §) ¢ ru

Rules.

mk-ide (in is-functor) rf
universal-arrow-of-def[where §=F, unfolded cf~-HomDom cf-HomCod]
|intro universal-arrow-ofI|
|dest universal-arrow-ofD[ dest]
|elim universal-arrow-ofE[ elim]|

lemma (in is-functor) universal-arrow-fol:
assumes 1 €, A(0bj)
and u : §(ObjMap))(r]) —e ¢
and Ar' v’ [[ ' e A(O0bj]); u': F(ObiMap))(r') = ¢ ]| =
L ey r AU = umap-fo § ¢ u r'(ArrVal) (f7)

shows universal-arrow-fo § ¢ r u

12



by
(
simp add:
is-functor.universal-arrow-ofI

OF is-functor-op,
folded universal-arrow-fo-def,
unfolded cat-op-simps,
OF assms
]
)

lemma (in is-functor) universal-arrow-foD[dest]:
assumes universal-arrow-fo § ¢ v u
shows r €, A(0bj)
and u : F(ObjMap))(r) —op
and Ar' v’ [ ' e A(Obj]); u': F(ObiMap)(r') —p ¢ || =
L ey r A ' = umap-fo § ¢ rou r'(ArrVal) (f)
by
(
auto sitmp:
is-functor.universal-arrow-ofD

OF is-functor-op,
folded universal-arrow-fo-def,
unfolded cat-op-simps,
OF assms
]
)

lemma (in is-functor) universal-arrow-foE[ elim]:
assumes universal-arrow-fo § ¢ r u
obtains r €, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and Ar' v’ [[ 7' e A(O0bj]); u': F(ObiMap))(r') = ¢ ]| =
i ey r AU = umap-fo § e u r'(ArrVal) (f7)

using assms by (auto simp: universal-arrow-foD)

Elementary properties.

lemma (in is-functor) op-cf-universal-arrow-of| cat-op-simps]:
universal-arrow-of (op-cf §) ¢ r u <— universal-arrow-fo § ¢ r u
unfolding universal-arrow-fo-def ..

lemma (in is-functor) op-cf-universal-arrow-fo[ cat-op-simps]:
universal-arrow-fo (op-c¢f §F) ¢ r u «— universal-arrow-of § ¢ ru
unfolding universal-arrow-fo-def cat-op-simps ..

lemmas (in is-functor) [cat-op-simps] =

is-functor. op-cf-universal-arrow-of
is-functor.op-cf-universal-arrow-fo

2.4 Uniqueness

The following properties are related to the uniqueness of the universal arrow. These properties
can be inferred from the content of Chapter III-1 in [9)].

lemma (in is-functor) cf-universal-arrow-of-ex-is-iso-arr:

13



— The proof is based on the ideas expressed in the proof of Theorem 5.2 in Chapter Introduction in
[6].

assumes universal-arrow-of § ¢ r v and universal-arrow-of F ¢ v’ u’

obtains f where f : r »;,,9 " and u' = umap-of § ¢ ru r'(ArrVal))(f]
proof-

note ual = universal-arrow-ofD[ OF assms(1)]
note ua?2 = universal-arrow-of D[ OF assms(2)]

from wal(1) have Ar: A(CILd)(r)) : r —g 7 by (auto intro: cat-cs-intros)
from wal(1) have F(ArrMap))(A(CId)(r)) = B(CId)(F(ObiMap]) ()]
by (auto intro: cat-cs-intros)
with uwal(1,2) have u-def: u = umap-of § ¢ v u r(ArrVal)(A(CId) (7))
unfolding umap-of-ArrVal-app[ OF Ar ua1(2)] by (auto simp: cat-cs-simps)

from wa2(1) have Ar" A(CILd)(r") : v’ —g v’ by (auto intro: cat-cs-intros)
from wa?2(1) have F(ArrMap|)(A(CId)(r")) = B(CId)(F(ObiMap])(rD]
by (auto intro: cat-cs-intros)
with wa2(1,2) have u'-def: u' = umap-of § c v’ u' r'(ArrVal) (A(CId])(r")]
unfolding umap-of-ArrVal-app[ OF 2Ar’ uwa2(2)] by (auto simp: cat-cs-simps)

from Ar u-def universal-arrow-ofD(3)[ OF assms(1) ual(1,2)] have eq-Cld-rI:
[ f":r o u=umap-of § ¢ rur(ArrVal)(f) ] = f" = A(CId)(r)
for f’
by blast
from Ar’ u’-def universal-arrow-ofD(3)[ OF assms(2) ua2(1,2)] have eq-CId-r'I:
[ f:r" oy rs u' = umap-of § cr' v r'(ArrVal)(f') ]| =
[T =(crdh(rD
for f’
by blast

from ual(3)[OF ua2(1,2)] obtain f
where f: f:r g 1’
and u'-def: u' = umap-of § ¢ ru r'(ArrVal))(f)
and g: r =g ' = u' = umap-of § crur'(ArVal)(g) = f =9
for g
by metis
from ua?2(3)[ OF ual(1,2)] obtain f’
where [ f':r g
and u-def: u = umap-of § ¢ r' v’ r(ArrVal)(f’)
and g: r' g 1= u = umap-of § cr’ v r(ArrVal)(g) = f'=g¢
for ¢
by metis

have f: 1 ;509 7'
proof(intro is-iso-arrl is-inversel)
show f: f: r —g 1’ by (rule f)
show f": f': r" —»o r by (rule f)
show f : r =y r’' by (rule f)
from f’ have §f" F(ArrMap)(f’) : F(ObiMap|)(r') ~ F(ObiMap|)(r)
by (auto intro: cat-cs-intros)
from f have §f: §(ArrMap))(f) : F(ObiMap|)(r) o5 F(ObjMap))(r’)
by (auto intro: cat-cs-intros)
note u’-def’ = u’-def[ symmetric, unfolded umap-of-ArrVal-app[ OF f ual(2)]]
and u-def’ = u-def[ symmetric, unfolded umap-of-ArrVal-app[ OF f' ua2(2)]]
show f’ o9 f = A(CId|)(r])
proof(rule eq-CId-rI)
from f f' show f'f: floag f:r g 7
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by (auto intro: cat-cs-intros)
from wal(2) §f' §f show u = umap-of § ¢ ru r(ArrVal)(f’ oag f)
unfolding umap-of-ArrVal-app[ OF f'f ua1(2)] cf-ArrMap-Comp|[ OF f' f]
by (simp add: HomCod.cat-Comp-assoc u'-def’ u-def"’)
qed
show f oaqg f' = A(CId)(r')
proof(rule eq-CId-r'T)
from f ' show ff" foag f':r" g 1’
by (auto intro: cat-cs-intros)
from wa2(2) §f' §f show v’ = umap-of § ¢ v’ v’ r'(ArrVal)(f cag f')
unfolding umap-of-ArrVal-app[ OF ff' wa2(2)] cf-ArrMap-Comp[ OF f f]
by (simp add: HomCod.cat-Comp-assoc u'-def’ u-def")
qed
qged

with u’-def that show ?thesis by auto
qed

lemma (in is-functor) cf-universal-arrow-fo-ex-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
obtains f where f : r’' —;,,9 7 and u' = umap-fo § ¢ r u r'(ArrVal))(f)
by
(
elim
is-functor. cf-universal-arrow-of-ex-is-iso-arr|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)

lemma (in is-functor) cf-universal-arrow-of-unique:

assumes universal-arrow-of § ¢ r u

and universal-arrow-of § ¢ v’ u’

shows 3!f". f':r g r' A uw' = umap-of § ¢ rur'(ArrVal)(f')
proof-

note ual = universal-arrow-ofD[ OF assms(1)]

note ua2 = universal-arrow-of D[ OF assms(2)]

from wal(8)[OF ua2(1,2)] show ?thesis .
qed

lemma (in is-functor) cf-universal-arrow-fo-unique:

assumes universal-arrow-fo § ¢ r u

and universal-arrow-fo § ¢ r' v’

shows 3!f". f':r' =g r A u' = umap-fo § ¢ ru r'(ArrVal)(f)
proof-

note ual = universal-arrow-foD[ OF assms(1)]

note ua2 = universal-arrow-foD[ OF assms(2)]

from wal(8)[OF ua2(1,2)] show ?thesis .
qed

lemma (in is-functor) cf-universal-arrow-of-is-iso-arr:
assumes universal-arrow-of § ¢ r u
and universal-arrow-of § ¢ v’ u’
and f: 1 g 1’
and u’ = umap-of §F ¢ ru r'(ArrVal)(f)
shows f: 71 =09 1’
proof-
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from assms(3,4) cf-universal-arrow-of-unique[ OF assms(1,2)] have eq:
g:r g r'= u'=umap-of § crur'(ArrVal)(g) = f = g for g
by blast

from assms(1,2) obtain f’
where iso-f" f': 1 g0 T’

and u'-def: u' = umap-of § ¢ ru r'(ArrVal) ()

by (auto elim: cf-universal-arrow-of-ex-is-iso-arr)

then have f" f': r —g r' by auto

from iso-f’' show ?thesis unfolding eq[ OF f' u'-def, symmetric].

qed

lemma (in is-functor) cf-universal-arrow-fo-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
and f: 7' g 1
and v’ = umap-fo § ¢ ru r'(ArrVal) (f)
shows f: 1" >0 T
by
(
rule
is-functor. cf-universal-arrow-of-is-iso-arr|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)

lemma (in is-functor) universal-arrow-of-if-universal-arrow-of:
assumes universal-arrow-of § ¢ r u
and f: 7 g0 1’
and u’ = umap-of §F ¢ ru r'(ArrVal)(f)
shows universal-arrow-of § ¢ r' u’
proof(intro universal-arrow-ofI assms(2))

note ua = universal-arrow-ofD[ OF assms(1)]
note f = is-iso-arrD(1)[ OF assms(2)]
from assms(8) ua(1,2) f have u'-def: v’ = F(ArrMap|)(f]) casg u
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from wa(2) f show u” u': c = F(ObiMap|)(r’)
unfolding u’-def by (cs-concl cs-intro: cat-cs-intros)

from f(1) show r'e, A(Obj) by auto
fix r'" u'" assume prems: r'" €, A(Obj)) u'": ¢ =5 F(ObMap|)(r")

from ua(3)[ OF prems] obtain f’
where f’: f’ Ir =9 7“”
and u'’-def: u"" = umap-of §F ¢ ru r""(ArrVal)(f')
and f’-unique: Af".
[ f":r g r's u' = umap-of § ¢ rur”"(ArrVal)(f") ] =
f‘// — f/
by metis

from u'’-def f" ua(2) have [cat-cs-simps]: F(ArrMap)(f') cagy v = u”’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp

show IIf" f:r' o "' A u" = umap-of § ¢ r’ v’ r""(ArrVal)(f")
proof(intro ex1I conjl; (elim conjE)?)
from f' assms(2) f show f'oaq flog i 1 Py 1
by (cs-concl cs-intro: cat-cs-intros cat-arrow-cs-intros)

16



have
F(ArrMap) (f') oagg (F(ArrMap)(f~ cg() oagg u') =
F(ArrMap)(f') oags (S(ArrMap) (/" o) oass (F(ArrMap)(f) cag w))
unfolding u’-def ..
also from f' assms(2) v’ f ua(2) have
o = S(ArMap) () o (F(ArrMap)(f ™ coq oag D) oasp u
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-arrow-cs-intros cat-cs-intros
)

also from f' assms(2) fua(2) have ... = u”’
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have [cat-cs-simps]:
F(ArrMap)(f) oasg (F(ArrMap)(f~' g cags u’) = u'"
from [’ assms(2) u’ f show
u'" = umap-of § ¢’ u' r"(ArrVal)(f oag T on))
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-arrow-cs-intros
)

fix g assume prems”:
g:r g r" u' = umap-of F cr’u r"(ArrVal])(g)
from prems’(1) f have gf: goag f: 1 g 1"
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from prems’(2,1) assms(2) v’ have u'' = F(ArrMap))(g]) casg v’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
also from prems’(1) f ua(2) have
.. = §(ArrMap))(g)) casg F(ArrMap))(f]) casy u
by (cs-concl cs-simp: cat-cs-simps u'-def u'’-def cs-intro: cat-cs-intros)
also from prems’(1) f ua(2) have
. = umap-of § ¢ rur”"(ArrVal)(g cag f)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have u"’ = umap-of § ¢ ru r"'(ArrVal)(g cag f])-
from f’-unique[ OF gf this] have g oag f = f'.
then have (g oA f) oA f_lcQ[ =f' oA f_l o9l by simp
from this assms(2) prems’'(1) u' fua(2) show g = f"oag fog
by
(
cs-prems
cs-simp: cat-cs-simps cs-intro: cat-arrow-cs-intros cat-cs-intros
)

qed
qed

lemma (in is-functor) universal-arrow-fo-if-universal-arrow-fo:
assumes universal-arrow-fo § ¢ r u
and f: 1" g0 T
and u’ = umap-fo § ¢ r u r'(ArrVal)(f)
shows universal-arrow-fo § ¢ r’ u’
by
(
rule is-functor.universal-arrow-of-if-universal-arrow-of |
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)
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2.5 Universal natural transformation

2.5.1 Definition and elementary properties

The concept of the universal natural transformation is introduced for the statement of the
elements of a variant of Proposition 1 in Chapter III-2 in [9].

definition nicf-ua-of = V=V =>V=>V=V=V
where ntcf-ua-of a § ¢ u =

(AdeoF(HomDom|)(Obj). umap-of § ¢ ru d),
Homo.cas§(HomDoml)(r,-),

Homo. cad(HomCod))(c,—) ocr 3,
F(HomDom]),

cat-Set

]o

definition nicf-ua-fo:: V=V=>V=>V=>V=>TV
where ntcf-ua-fo a § ¢ r u = ntef-ua-of « (op-¢f F) cru

Components.

lemma nicf-ua-of-components:
shows ntcf-ua-of a § ¢ r u(NTMap)) = (Ade.F(HomDom|)(Obj]). umap-of § ¢ ru d)
and ntcf-ua-of a § ¢ r u(NTDom|) = Homo. caS(HomDoml|)(r,—)
and nicf-ua-of a § ¢ r u(NTCod]) = Homo,.caS(HomCod|)(c,-) ccr §
and nicf-ua-of a § ¢ r u(NTDGDoml)) = F(HomDom]|)
and ntcf-ua-of a §F ¢ r u(NTDGCod)) = cat-Set «
unfolding ntcf-ua-of-def ni-field-simps by (simp-all add: nat-omega-simps)

lemma nitcf-ua-fo-components:

shows nicf-ua-fo a § ¢ r u(NTMap|) = (AdeoF(HomDom|)(Obj]). umap-fo § ¢ r u d)
and ntcf-ua-fo a § ¢ r u(NTDom|) = Homo. coop-cat (F(HomDoml))(r,—)
and ntcf-ua-fo a § ¢ r u(NTCod)) =

Homo coop-cat (F(HomCod)))(c,—) ocr op-cf §

and ntcf-ua-fo a § ¢ r u(NTDGDom|) = op-cat (F(HomDom)))
and nicf-ua-fo a § ¢ r u(NTDGCod)) = cat-Set «

unfolding ntcf-ua-fo-def ntcf-ua-of-components umap-fo-def cat-op-simps

by simp-all

context is-functor
begin

lemmas ntcf-ua-of-components’ =
nicf-ua-of-components[where a=a and §=F, unfolded cat-cs-simps]

lemmas [cat-cs-simps] = ntcf-ua-of-components’(2-5)

lemma ntcf-ua-fo-components”:
assumes ¢ €, B(0bj) and r €, A(Obj)
shows ntcf-ua-fo a § ¢ r u(NTMap|) = (Ade.2A(Obj)). umap-fo F ¢ r u d)
and [cat-cs-simps]:
nitcf-ua-fo a F ¢ r u(NTDom|) = Homo. caA(-,r)
and [ cat-cs-simps]:
ntef-ua-fo a § ¢ r u(NTCod)) = Homo.caB(-,c) ocr op-¢f §
and [cat-cs-simps]: ntcf-ua-fo a § ¢ r u(NTDGDom|) = op-cat A
and [cat-cs-simps]: ntef-ua-fo a § ¢ r u(NTDGCod)) = cat-Set o
unfolding
ntcf-ua-fo-components cat-cs-simps
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(2)]
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HomCod.cat-op-cat-cf-Hom-snd[ OF assms(1)]
by simp-all

end

lemmas [cat-cs-simps] =
is-functor.ntcf-ua-of-components’( 2—5)
is-functor.ntcf-ua-fo-components'(2-5)

2.5.2 Natural transformation map

mk-VLambda (in is-functor)
ntcf-ua-of-components(1)[where a=a and §=F, unfolded cf-HomDom]
|vsv ntcf-ua-of-NTMap-vsv|
|vdomain ntcf-ua-of-NTMap-vdomain|
|app ntcf-ua-of-NTMap-app|

context is-functor
begin

context

fixes cr

assumes 7: r €, A(0bj]) and ¢: ¢ €, B(0bj)
begin

mk-VLambda ntcf-ua-fo-components’(1)[ OF ¢ r]
|vsv nitcf-ua-fo-NTMap-vsv|
|vdomain ntcf-ua-fo-NTMap-vdomain|
|app ntcf-ua-fo-NTMap-app|

end
end

lemmas [cat-cs-intros] =
is-functor.ntcf-ua-fo-NTMap-vsv
is-functor.ntcf-ua-of-NTMap-vsv

lemmas [cat-cs-simps] =
is-functor.nitcf-ua-fo-NTMap-vdomain
is-functor.ntcf-ua-fo-NTMap-app
is-functor.ntcf-ua-of-NTMap-vdomain
is-functor.ntcf-ua-of-NTMap-app

lemma (in is-functor) ntcf-ua-of-NTMap-vrange:
assumes category o A
and category a ‘B
and r €, A(0bj)
and u : ¢~ F(ObjMap|)(r])
shows R, (ntcf-ua-of a § ¢ r u(NTMap))) Co cat-Set a(Arr)
proof(rule vsv.vsv-vrange-vsubset, unfold ntcf-ua-of-NTMap-vdomain)
show wvsv (ntcf-ua-of a §F ¢ r u(NTMap))) by (rule ntcf-ua-of-NTMap-vsv)
fix d assume prems: d €, 2(Obj)
with category-cat-Set is-functor-axioms assms show
ntcf-ua-of a § ¢ r u(NTMap|)(d|) €, cat-Set a(Arr|
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
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2.5.3 Commutativity of the universal maps and hom-functions

lemma (in is-functor) cf-umap-of-cf-hom-commute:
assumes category o 2
and category a ‘B
and c €, B(0bj)
and r €, A(Obj)
and u : ¢ = §(ObjMap|)(r)
and f:a g b
shows
umap-of F ¢ T u b oA gt o f-hom A [A(CIA)(r), flo =
cf-hom B [BACIA)(e), SQArrMap)(f)]e ©agap-et o wmap-of § ¢ v u a
(is <Zuof-b o4 pyt-Set o 71f = 2¢f ©Acqt-Set o fuof-ar)
proof-

from is-functor-azioms category-cat-Set assms(1,2,4—6) have b-rf:
2u0f-b 0 4 cqr-Set o 71+ Hom A r a = 0i 6ot o Hom B ¢ (F(ObiMap)) (b))
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

from is-functor-azioms category-cat-Set assms(1,2,4-6) have cf-a:
%cf oA cat-Set o fuof-a s Hom A 1 a = .41 Gor o Hom B ¢ (F(ObiMapl)) (b))
by (cs-concl cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros)

show ?thesis
proof(rule arr-Set-eql[of a])
from b-rf show arr-Set-b-rf: arr-Set o (?uof-b 4 cut-Set o 77f)
by (auto dest: cat-Set-is-arrD(1))
from b-rf have dom-lhs:
Do ((2uof-b oapgi-Set o 7rf)(ArrVal)) = Hom A r a
by (cs-concl cs-shallow cs-simp: cat-cs-simps)+
from cf-a show arr-Set-cf-a: arr-Set o (7cf oA cgt-Set o Zu0f-a)
by (auto dest: cat-Set-is-arrD(1))
from cf-a have dom-rhs:
D, ((7cf oacgt-Set o Zuof-a)(ArrVal)) = Hom A ra
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show (2uof-b o4 cur-Set o 77f)(ArrVal]) = (2¢f oapgp-Set o Zuof-a)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix ¢ assume ¢ : 7 =g a
with is-functor-azioms category-cat-Set assms show
(?UOf—b OAcat-Set o Qrf) (|AT’7"VCZZD (|Q|) =
(?Cf OAcat-Set « ?uof—a)(|A7“7“Val|)(|q|)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

qed (use arr-Set-b-rf arr-Set-cf-a in auto)
qed (use b-rf cf-a in <cs-concl cs-shallow cs-simp: cat-cs-simpsy)+
qed

lemma cf-umap-of-cf-hom-unit-commute:
assumes category a €
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and category o ©

and §: € >0 D

and & : D »>oq €

and n: c¢f-id € »op G ogp F: Coy €

and g: ¢ g c

and f: d —qg d’
shows

umap-of & ¢’ (F(ObjMap)(c')) (n(NTMap)(c')) d" oacat-set o

cf-hom D [§(ArrMap)(g), flo =
cf-hom € [g, (ArrMap)(f)]o ©4 cat-Set o
umap-of & ¢ (§(0bjMap))(cl)) (n(NTMap)(c)) d
(is «?uof-c'd" o g cut-Set o 7B9f = 29Bf 0A cqt-Set o Zuof-cd»)
proof-

interpret 7: is-ntcf a € € <c¢f-id € B ocp § n by (rule assms(5))

from assms have ¢'d’-Fgf: ?uof-c'd" o4 q1-Set o 759
Hom D (§(0bjMap))(cl)) d = ¢44-Set o Hom € ¢’ (&(0bjMap])(d'))

by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

then have dom-lhs:
D, ((Puof-c'd" oaut-Set o 789f)(ArrVal])) = Hom © (F(ObiMap|)(c))) d
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms have g&f-cd: 29&f 04 .4t-Set o Fuof-cd :
Hom ® (§10biMap)(c)) d =gy 501 o Hom € ¢ (S(0bjMap)(d’))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

then have dom-rhs:
Do ((29Bf 04 cat-Set o Zuof-cd)(ArrVal))) = Hom ® (F(0bjMap))(c))) d
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show ?thesis
proof(rule arr-Set-eqI[of a])
from c¢'d’-Fgf show arr-Set-c'd’-Fgf:
arr-Set o (?uof-c'd" o4 cut-Set o 789f)
by (auto dest: cat-Set-is-arrD(1))
from ¢&f-cd show arr-Set-g®f-cd:
arr-Set a (298f 04 qt-Set o Zuof-cd)
by (auto dest: cat-Set-is-arrD(1))
show
(Puof-c'd" o g cqr-Set o 7S9f)(ArrVal)) =
(298f 04 cqt-Set o Zuof-cd)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix h assume prems: h : F(ObjMap|)(c)) »o d
from n.ntcf-Comp-commute[ OF assms(6)] assms have [ cat-cs-simps]:
n(NTMap))(c)) cag g = &(ArrMap))(F(ArrMap)(g)) cag n(NTMap))(c’)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
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)

from assms prems show
(Puof-c'd" o a cut-Set o 789f)(ArrVal)(h) =
(298f 0 cat-Set o uof-cd)(ArrVall)(h])
by
(
cs-concl
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
cs-simp: cat-cs-simps
)

qed (use arr-Set-c'd’-Fgf arr-Set-g&f-cd in auto)
qed (use ¢'d"-Fgf g&f-cd in <cs-concl cs-shallow cs-simp: cat-cs-simpsy )+
qed

2.5.4 Universal natural transformation is a natural transformation

lemma (in is-functor) cf-ntcf-ua-of-is-ntcf:
assumes 1 €, 2A(0bj)
and u : ¢ =g §(ObjMap|)(r])
shows ntcf-ua-of o § cru:
Homo co2l(r,=) »cr Homo. caB(c,-) ocr § : A = cq cat-Set «
proof(intro is-ntcfl”)
let Zua = <ntcf-ua-of a § ¢ r w
show ufsequence (ntcf-ua-of a § ¢ r ) unfolding ntcf-ua-of-def by simp
show vcard ?ua = 5y unfolding nitcf-ua-of-def by (simp add: nat-omega-simps)
from assms(1) show Homo co2(r,—) : 2 »—cq cat-Set a
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from is-functor-azioms assms(2) show
Homo.caB(c,—) ocp § : A = cq cat-Set a
by (cs-concl cs-intro: cat-cs-intros)
from is-functor-axioms assms show D, (2ua(NTMapl))) = A(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show 2ua(NTMapl)(al) :
Homo.ca2U(r,~)(0biMap))(a) = cut-Set o (Homo. ca®B(c,-) ocr §)(0biMapl)(al)
if a ¢, A(Obj) for a
using is-functor-azioms assms that
by (cs-concl cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros)
show Zua(NTMap))(b) o4 cut-Set o Homo.ca24(r,=)(ArrMap))(f]) =
(Homo.ca®B(c,-) occr §)(ArrMap)(f]) ©acat-Set o Zua(NTMap|)(al)
iff:amg bforabf
using is-functor-axioms assms that
by
(
cs-concl
cs-simp: cf-umap-of-cf-hom-commute cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

qed (auto simp: ntcf-ua-of-components cat-cs-simps)

lemma (in is-functor) cf-ntcf-ua-fo-is-ntcf:
assumes 7 €, 2A(0bj)) and v : F(ObiMap|)(r) —p c
shows ntcf-ua-fo a § ¢ ru:
Homo.caU(—,r) »cr Homo.caB(-,c) ocr op-cf §:
op-cat A g cat-Set a
proof-
from assms(2) have c: ¢ €, B(0bj) by auto
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show ?thesis
by
(

rule is-functor.cf-ntcf-ua-of-is-ntcf

OF is-functor-op,

unfolded cat-op-simps,

OF assms(1,2),

unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF c]
ntcf-ua-fo-def [ symmetric]

]

)
qed

2.5.5 Universal natural transformation and universal arrow

The lemmas in this subsection correspond to variants of elements of Proposition 1 in Chapter
I1I-2 in [9].

lemma (in is-functor) cf-nicf-ua-of-is-iso-ntcf:
assumes universal-arrow-of § ¢ r u
shows ntcf-ua-of a § cru:
Homo.co2(r,-) »or.iso Homo. ca®B(c,—) ocr § : A —»cq cat-Set a
proof-

have r: r €, 2A(0bj)
and w u: ¢~ F(ObjMap|)(r)
and bij: Ar’ .
I
r’ e, A(0bj);
u': ¢ g F(ObjMap))(r)
[ = 3l for ey ' A u' = umap-of § ¢ rur'(ArrVal)(f')
by (auto introl: universal-arrow-ofD[ OF assms(1)])

show ?thesis
proof(intro is-iso-ntcfI)
show ntcf-ua-of a § cru:
Homo col(r,=) »cr Homo. caB(c,—) ocr § : A = cq cat-Set «
by (rule cf-ntcf-ua-of-is-ntcf[ OF r u])
fix a assume prems: a €, A(Obj)
from is-functor-azioms prems r u have [simp]:
umap-of § crua: Hom A r a4 600 o Hom B ¢ (F(ObjMap|)(al)))
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then have dom: D, (umap-of § ¢ r u a(ArrVal)) = Hom A r a
by (cs-concl cs-simp: cat-cs-simps)
have umap-of § cru a: Hom A 1 a =is0p0t-Set o Hom B ¢ (§(ObjMap))(al))
proof(intro cat-Set-is-iso-arrl, unfold dom)

show umof-a: v11 (umap-of § ¢ r u a(ArrVal))
proof(intro vsv.vsv-valeqg-v11I, unfold dom in-Hom-iff)
fix g f assume prems”:
g:rieoa
fire=ga
umap-of § ¢ ru a(ArrVal)(g) = umap-of §F ¢ v u a(ArrVal)(f)
from is-functor-axioms r u prems’(1) have §g:
S(ArrMap)(g) casg u : ¢ =g F(ObjMapl)(al)
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by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from bij[ OF prems Fg] have unique:
[
f’ T }—)Q[ a;
S(ArrMap|)(g)) cass u = umap-of § ¢ ru a(ArrVal)(f')
I=yg=f
for f’' by (metis prems’(1) u umap-of-ArrVal-app)
from is-functor-axioms prems’(1,2) u have Fg-u:
S(ArrMap))(g) cags u = umap-of § c ru a(ArrVal))(f])
by (cs-concl cs-simp: prems’(3)[ symmetric] cat-cs-simps)
show g = f by (rule unique[ OF prems’(2) §g-u])
qged (auto simp: cat-cs-simps cat-cs-intros)

interpret umof-a: v11 <umap-of § ¢ r u a(ArrVal)) by (rule umof-a)

show R, (umap-of § ¢ ru a(ArrVal))) = Hom B ¢ (F(ObjMap))(al)))
proof(intro vsubset-antisym)
from u show R, (umap-of § ¢ r u a(ArrVal)) <o Hom B ¢ (F(0bjiMap|)(a)))
by (rule umap-of-ArrVal-vrange)
show Hom B ¢ (F(O0bjMap))(al)) So Ro (umap-of § ¢ r u a(ArrVal]))
proof(rule vsubsetl, unfold in-Hom-iff )
fix f assume prems” f: ¢ »g F(ObjMap)(al
from bij[ OF prems prems’] obtain f'
where " f':r g a
and f-def: f = umap-of § ¢ ru a(ArrVal)(f’)
by auto
from is-functor-azioms prems prems’ u f’ have
"€ Do (umap-of §F ¢ ru aArrVal)))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from this show [ €, R, (umap-of § ¢ r u a(ArrVal])
unfolding f-def by (rule umof-a.vsv-vimagel2)
qed

qed
qed simp-all

from is-functor-azioms prems r u this show
ntef-ua-of a § ¢ r u(NTMap))(a) :
Homo.ca(r,~)(0bjMap))(a) =isocqt-Set o
(Homo.ca®B(c,~) ocr §)(0bjMap))(a))
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

)
qed

qed
lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-of-is-iso-ntcf
lemma (in is-functor) cf-nicf-ua-fo-is-iso-ntcf:

assumes universal-arrow-fo § ¢ r u

shows ntcf-ua-fo a F cru:

Homo.caU(=,r) »cF.iso Homo.caB(-,c) occp op-cf §:
op-cat A —— ¢ cat-Set a
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proof-
from universal-arrow-foD[ OF assms] have r: r €, 2(Obj)) and c: ¢ €, B(0bj))
by auto
show ?thesis
by
(

rule is-functor.cf-ntcf-ua-of-is-iso-ntcf

OF is-functor-op,

unfolded cat-op-simps,

OF assms,

unfolded
HomDom. cat-op-cat-cf-Hom-snd[ OF r]
HomCod.cat-op-cat-cf-Hom-snd[ OF ¢]
nicf-ua-fo-def[ symmetric)

)

qed
lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-fo-is-iso-ntcf

lemma (in is-functor) cf-ua-of-if-nitcf-ua-of-is-iso-ntcf:
assumes 1 €, A(Obj)
and u : ¢ =g §(ObjMap|)(r))
and nicf-ua-of a F cru:
Homo.co2(r,-) »cr.iso Homo.caB(c,—) ocr §F : A = cq cat-Set a
shows universal-arrow-of § c r u
proof(rule universal-arrow-ofI)
interpret ua-of-u: is-iso-ntcf
«
A
<cat-Set a»
<Homo.caA(r,—)»
(Homo.caB(c,~) occr &
<ntef-ua-of a § ¢ T w
by (rule assms(8))
fix v’ u" assume prems: v’ €, A(Obj)) u’: ¢ =5 F(ObjMap))(r’)
have ntcf-ua-of a § ¢ r u(NTMap))(r’) :
Homo.ca(r,=)(0bjMap) (') =isocat-Set o
(Homo.ca®B(c,~) ocr §)(0bjMap))(r')
by (rule is-iso-ntcf.iso-ntcf-is-iso-arr[ OF assms(3) prems(1)])
from this is-functor-axzioms assms(1-2) prems have uof-r"
umap-of F crur’: Hom A r 1’ =is0cat-Set o Hom B ¢ (F(ObiMap))(r'))
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros)
note uof-r’ = cat-Set-is-iso-arrD[ OF wof-r']
interpret uof-r”: vi1 «umap-of F ¢ r u r'(ArrVal])> by (rule uof-r'(2))
from
wof-r’.vl1-vrange-ex1-eq[

THEN iffD1, unfolded uof-r'(3,4) in-Hom-iff, OF prems(2)

show 3" f':r g ' A uw' = umap-of § ¢ ru r'(ArrVal)(f')
by metis
qged (intro assms)+

lemma (in is-functor) cf-ua-fo-if-ntcf-ua-fo-is-iso-ntcf:
assumes 1 €, A(Obj)
and u : §(ObjMap))(r]) —e ¢
and nicf-ua-foa § cru:
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Homo.caU(=,) »cr.iso Homo.ca®B(-,c) ocr op-cf §:
op-cat A —»—cq cat-Set a
shows universal-arrow-fo § ¢ r u
proof-
from assms(2) have c: ¢ €, B(0bj) by auto
show ?thesis
by
(
rule is-functor.cf-ua-of-if-ntcf-ua-of-is-iso-ntcf
[
OF is-functor-op,
unfolded cat-op-simps,
OF assms(1,2),
unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF c]
ntcf-ua-fo-def [ symmetric],
OF assms(3)
]

)
qed

lemma (in is-functor) cf-universal-arrow-of-if-is-iso-ntcf:
assumes r €, A(Obj)
and c €, B(00bj)
and ¢ :
Homo.co2U(r,=) =»cr.iso Homo.ca®B(c,—) ocr § : A »cq cat-Set o
shows universal-arrow-of § ¢ r (o(NTMap))(r)(ArrVal) (2A(CId)(r)]))
(is «universal-arrow-of § ¢ r ?u»)
proof-

interpret : is-iso-nicf
a 2A <cat-Set v «Homo. co(r,-) <Homo.caB(c,—) occr & ¢
by (rule assms(3))

show ?thesis
proof(intro universal-arrow-ofl assms)

from assms(1,2) show u: 7u : ¢ =g F(ObiMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

fix v’ u" assume prems: r’ €, A(Obj) u’: ¢~ F(ObjMap|)(r')
have or’-ArrVal-app[ symmetric, cat-cs-simps]:
e(NTMap)(r')(ArrVal)(f') =
$(ArrMap)(f') cags (NTMap|)(r)(ArrVal) (2] CId)(r]]
if f':r g r' for f’
proof-
have ¢(NTMap)(r') ©agyp-er o Homo. ca(r,-)(ArrMap) (f) =
(Homo. ca®(c,-) ocr $)LAMap)(f) o4 cat.set o PINTMap)(r)
using that by (intro p.ntcf-Comp-commute)
then have
@(NTMap)(r') ©4cqr-set o cf-hom A [A(CL)(r), flo =
cf-hom B [BICTID (D, SQArrMap) (FD]e 4 car. et o PANTMap)(r)
using assms(1,2) that prems
by
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(

cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros

then have
(e(NTMap)(r') °4cat-Set o
cf-hom 2L [A(CI) (7)), f']o)(ArrVal) (A(CId) (7)) =
(cf-hom B [B(CId)(c), SIArrMap)(FD]o A car-set o
@(NTMap))(r())(ArrVal) (2] CId) ()]
by simp
from this assms(1,2) u that show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

)
qed

show 3!f". f':r g ' A u' = umap-of § ¢ r ?u r'(ArrVal)(f')
proof(intro ex1I conjI; (elim conjE)?)
from assms prems show
(pUNTMap) (7)™ ¢ cat-Set o (ArrVal) (') = 7 g '
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-arrow-cs-intros
)
with assms(1,2) prems show v’ =
umap-of § ¢ r 2u r'(ArrVal) ((@(NTMap) (r')) ™ ¢ cat-Set o (ArrVal)(u'))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-stmps cat-op-simps
cs-intro: cat-arrow-cs-intros cat-cs-intros cat-op-intros
)
fix f’ assume prems”.
fl: r ’_>Ql ,r,/
u' = umap-of § ¢ r (p(NTMap))(r)(ArrVal)(A(CId)(r))) r'(ArrVal)(f')
from prems’(2,1) assms(1,2) have u'-def:
u’ = §(ArrMap (1) o (NTMap)(r)(ArrVal)(2(CId)(r))
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

from prems’ show [’ = (<p(|NTMapD(|7"’|))’1ccat_set o (ArrVal]) (u')
unfolding u’-def @r’-ArrVal-app[ OF prems’(1)]
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-arrow-cs-intros cat-cs-intros cat-op-intros

)

qed
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qed
qed

lemma (in is-functor) cf-universal-arrow-fo-if-is-iso-nicf:
assumes 1 €, A(Obj)
and c €, B(0bj)
and ¢ :
Homo.caU(=,r) »cr.iso Homo.ca®B(-,c) ocr op-cf § :
op-cat A —~cq cat-Set «
shows universal-arrow-fo § ¢ r (e(NTMap))(r) (ArrVal]) (A(CId) (7))
by
(
rule is-functor.cf-universal-arrow-of-if-is-iso-ntcf
[
OF is-functor-op,
unfolded cat-op-simps,
OF assms(1,2),
unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF assms(2)]
ntcf-ua-fo-def [ symmetric],
OF assms(3)
]
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3 Limits and colimits

3.1 Background

named-theorems cat-lim-cs-simps
named-theorems cat-lim-cs-intros

3.2 Limit and colimit

3.2.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9)].

locale is-cat-limit = is-cat-cone a r JEFufora JEF ru +
assumes cat-lim-ua-fo: Au' r'. w1 <cF. cone § 1 J P ca € =
i e r A u = w Ny o ntef-const J € f

syntax -is-cat-limit = V=V = V=V = V = V = bool
(((-:f - <crpaim -1 - o1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-limit = is-cat-limit
translations v : 7 <gpyim 51 J P ca € =
CONST is-cat-limit « J € F ru

locale is-cat-colimit = is-cat-cocone ar JEFufora JEF ru+
assumes cat-colim-ua-of: Au’' r’. v’ 1 §F >cF.cocone 7' J Pcoa € =
L frir e v A u = ntef-const JC fonror u

syntax -is-cat-colimit = V=V = V=V = V = V = bool
(«(- ) - >cr.cotim - 3 - 1 -) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-colimit = is-cat-colimit
translations v : § >cr.cotim 7 J oo €=
CONST is-cat-colimit a« J € §F r u

Rules.

lemma (in is-cat-limit) is-cat-limit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows u : 7' <¢p.1im &'+ 3" o, €
unfolding assms by (rule is-cat-limit-axioms)

mk-ide rf is-cat-limit-def [ unfolded is-cat-limit-axioms-def]
|intro is-cat-limit]|
|dest is-cat-limitD[ dest]|
|elim is-cat-limit E[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-limitD(1)

lemma (in is-cat-colimit) is-cat-colimit-azioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows v : §' >cr. cotim 7' J’ inangerv <’
unfolding assms by (rule is-cat-colimit-azioms)

mk-ide rf is-cat-colimit-def [ unfolded is-cat-colimit-azioms-def]
|intro is-cat-colimitl|
|dest is-cat-colimitD[ dest]|

|elim is-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-colimitD(1)
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Limits, colimits and universal arrows.

lemma (in is-cat-limit) cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acrp a J €) (¢f-map F) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-fol)

define § where 0 = a + w
have §: Z f and af: a &

by (simp-all add: B-def Z-Limit-oaw Z-w-oaw Z-def Z-a-aw)
then interpret 5: Z 8 by simp

show AgrpaJe€: ¢ adadel: cat-FUNCT o J €
by
(
initro

B ap
cf-diagonal-is-functor
NTDom.HomDom.category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj) by (intro cat-cone-obj)
then show ntcf-arrow u : Acr a J €(O0biMap)(7) & ot FUNCT o 3 @ cfmap §
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

fix v’ v’ assume prems:

7" € €(Obj) u': Acr aJ €(0bjMap)(r') = ot FUNCT o 5 ¢ cf-map §
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (cf-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = cf-const J € r'

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cf-map (cf-const J € ') = 0r PUNCT o 3 @ ¢f-map §

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-FUNCT-is-arrD[ OF this]

from cat-lim-ua-fo[ OF is-cat-conel[ OF u'(1) prems(1)]] obtain f
where f: f:r/ e 1
and [symmetric, cat-cs-simps]:
ntcf-of-ntef-arrow J € u' = u «y7oF nicf-const J € f
and f-unique:
([
f/ -~ e T
ntcf-of-ntcf-arrow J € u' = u -yTop ntef-const J € f’
Il=1f'=f
for f’
by metis

show 3!f’.
flir'ee A
u' = umap-fo (Acr a J €) (c¢f-map §) r (ntcf-arrow u) r'(ArrVal)(f')
proof(intro ex1I conjl; (elim conjE)?)
show f : 1’ g r by (rule f)
with af cat-cone-obj show u'-def:
u’ = umap-fo (Acr a J €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal) (f)
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by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
fix f/ assume prems”:
fler'oer
uw' = umap-fo (Acr a J €) (¢f-map §F) r (nicf-arrow u) r'(ArrVal)(f)
from prems’(2) af f prems’ cat-cone-obj have u'-def":
u' = ntcf-arrow (v +NToF ntcf-const J € f7)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = u -y 7coF nicf-const J € f'
by
(
cs-concl
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qed
qed

lemma (in is-cat-cone) cat-cone-is-cat-limit:
assumes universal-arrow-fo (Acp a J €) (c¢f-map §) ¢ (nicf-arrow N)
shows N : ¢ <gp.iim T :J »~ca €

proof-

define 5 where 5 = o + w
have 5: Z f and af: a &

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret g: Z § by simp

show ?thesis
proof(intro is-cat-limitl is-cat-cone-axioms)
fix v’ ¢’ assume prems: u': ¢’ <GF.cone §:J Pca €

interpret u” is-cat-cone a ¢’ J € F u’ by (rule prems)

from u’.cat-cone-obj have u’-is-arr:
ntcf-arrow u’: Agp o J €(0bjMap)(c) = cor. FUNCT o 3 € Sf-map §
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

from is-functor.universal-arrow-foD(3)

[
OF

cf-diagonal-is-functor|
OF B af NTDom.HomDom.category-azioms NTDom.HomCod.category-axioms
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]

assms
u’.cat-cone-obj
u'-is-arr
]
obtain f where f: f: ¢/ ¢ ¢
and u'-def” ntcf-arrow u' =
umap-fo (Acr a J €) (cf-map §) ¢ (ntef-arrow N) c'(ArrVal])(f)
and f’-unique:

[ e o
ntcf-arrow u' =
umap-fo (Acr a J €) (c¢f-map §) ¢ (ntef-arrow N) ¢'(ArrVal))(f)
I=1f'=f
for [’
by metis

from u’-def’ a8 f cat-cone-obj have u'-def:
uw' =N -yror ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

show 3!f". f': ¢/ g c A u' =N nyrop ntcf-const J € f'
proof(intro ex1l conjI; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'' assume prems”:
fl'oc' e cu' =N yrop ntef-const J € f7
from af prems’ have
ntef-arrow u' =
umap-fo (Acp a J €) (¢f-map §) ¢ (ntef-arrow N) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed
qed

lemma (in is-cat-colimit) cat-colim-is-universal-arrow-of:
universal-arrow-of (Acp a J €) (cf-map §) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-ofT)

define 5 where 5 = o + w
have 5: Z f and af: a & 8

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret 8: Z § by simp

show AgrpaJe€: € dadel:: cat-FUNCT o J €

by
(
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intro
B ap
cf-diagonal-is-functor
NTDom.HomDom.category-azxioms
NTDom.HomCod.category-axioms

)

show r €, €(O0bj) by (intro cat-cocone-obyj)

then show ntcf-arrow u : cf-map § = ot FUNCT o 5 ¢ Dor a I €(0biMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

fix r’ u’ assume prems:

r' e €(Obj) w’: cf-map § = o FUNCT o 5 € Dor @I E(ObMap)(r')
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (cf-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = ¢f-const J € r’

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cfmap § & o FUNCT o 3 @ ¢f-map (cf-const 3 € r')

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-FUNCT-is-arrD[ OF this]

from cat-colim-ua-of [ OF is-cat-coconel[ OF u'(1) prems(1)]] obtain f
where f: f:r =g 1’
and [symmetric, cat-cs-simps]:
ntcf-of-ntef-arrow J € u' = ntcf-const J € f -yToF U
and f-unique:

floroerh
ntcf-of-ntcf-arrow J € u' = nicf-const J € f' -yroF u
Il=1f=f

for f'

by metis

show 3!f".

flireer' A

u' = umap-of (Acr a J €) (¢f-map §) r (ntef-arrow u) r'(ArrVal)(f)
proof(intro ex1I conjl; (elim conjE)?)

show f: r =g r' by (rule f)
with af cat-cocone-obj show u'-def:
u' = umap-of (Acr aJ €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal))(f)
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

fix f/ assume prems”:

f’: r '_>€ ,r/

u' = umap-of (Acr aJ €) (¢f-map §) r (ntef-arrow u) r'(ArrVal])(f')
from prems’(2) af f prems’ cat-cocone-obj have u'-def":
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u' = ntcf-arrow (ntcf-const J € f'yroF u)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = ntcf-const J € f' nror u
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qged
qed

lemma (in is-cat-cocone) cat-cocone-is-cat-colimit:
assumes universal-arrow-of (Acp a J €) (¢f-map F) ¢ (nicf-arrow M)
shows M : § >cr.cotim ¢ J =»rca €

proof-

define 8 where 0 = a + w
have : Z g and af: a &

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret g: Z § by simp

show ?thesis
proof(intro is-cat-colimitl is-cat-cocone-axioms)

fix u’ ¢/ assume prems: v’ : F >cF.cocone ¢ 1 F Pca €

interpret u”:

is-cat-cocone a ¢’ J € F u’ by (rule prems)
from u’.cat-cocone-obj have u'-is-arr:
ntef-arrow u': cf-map § = - FUNCT o e Acral ¢(ObjMap))(c’)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

from is-functor.universal-arrow-ofD(3)
[
OF
cf-diagonal-is-functor|
OF B af NTDom.HomDom.category-axioms NTDom.HomCod.category-axioms
]
assms
u’.cat-cocone-obj
u'-is-arr
]
obtain f where f: f: ¢ —»¢ ¢’
and u'-def” ntcf-arrow u' =
umap-of (Acr aJ €) (¢f-map F) ¢ (ntef~arrow N) '(ArrVal])(f)
and f’-unique:
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I
flierme ch
ntcf-arrow u' =
umap-of (Acrp aJ €) (¢f-map §F) ¢ (ntef-arrow N) c'(ArrVal)(f')
Il=1/r=f
for f’
by metis

from u’-def’ af f cat-cocone-obj have u'-def:
u’ = ntcf-const JC f -yrocr N
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

show 3!f". f': c »g ¢'" A u' = ntcf-const JE f'nror N
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'" assume prems”:
["ere ¢ u' = ntefconst JE f" yror N
from aof3 prems’ have
ntcf-arrow u' =
umap-of (Acr aJ €) (¢f-map F) ¢ (ntcf-arrow M) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed

qed

Duality.

lemma (in is-cat-limit) is-cat-colimit-op:
op-ntcf u : op-cf § >cF.colim T 1 op-cat J =+ cq op-cat €
proof(intro is-cat-colimitl)
show op-ntcf u : op-¢f § >CF.cocone T ¢ 0Op-cat J —>cq op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u' r’ assume prems:
u': 0p—Cf S >CF.cocone r': op-cat J »eca op-cat €
interpret u” is-cat-cocone a v’ <op-cat J» <op-cat € <op-cf > u’
by (rule prems)
from cat-lim-ua-fo[ OF u'.is-cat-cone-op[ unfolded cat-op-simps]] obtain f
where f: f:r/ e 1
and op-u’-def: op-ntcf u' = u Ny cF ntcf-const J € f
and f-unique:
[f':r" =g r op-ntefu' =u-nror ntcf-const J € f/ ]| =
fr=1r
for f'
by metis
from op-u’-def have op-ntcf (op-ntcf u’) = op-ntcf (u -nyToF ntcf-const J € f)
by simp
from this f have u'-def:
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u' = ntef-const (op-cat J) (op-cat €) f -nTcoF op-ntef u
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show J!f".
frar " op-cat € r’ A
u’ = ntef-const (op-cat J) (op-cat €) f' -yTcoF op-nicf u
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps) ?)
fix f’ assume prems”:
flor'oer
u’ = nicf-const (op-cat J) (op-cat €) f'+NToF op-nicf u
from prems’(2) have
op-ntef u' = op-nicf (ntcf-const (op-cat J) (op-cat €) f' -yror op-ntcf u)
by simp
from this prems’(1) have op-ntcf v’ = u -y o p ntcf-const J € f'
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-cat-limit) is-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: §' >cr cotim 73 »rca €
unfolding assms by (rule is-cat-colimit-op)

lemmas [ cat-op-intros] = is-cat-limit.is-cat-colimit-op’

lemma (in is-cat-colimit) is-cat-limit-op:
op-ntef u : r <cgp.iim op-c¢f § i op-cat J oo op-cat €
proof(intro is-cat-limitl)
show op-ntcf u: r <gp.cone op-cf § : op-cat J »—cq op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u’ r’ assume prems:
w' T <oF. cone Op-¢f § : op-cat J =g op-cat €
interpret u” is-cat-cone a v’ <op-cat J» <op-cat € <op-cf F u’
by (rule prems)
from cat-colim-ua-of [ OF u'.is-cat-cocone-op|unfolded cat-op-simps]] obtain f
where f: f:r —»g 1’
and op-u'-def: op-nicf u' = ntcf-const J € f -NroF U
and f-unique:
[ f':r =g op-ntef u' = ntef-const J € f'yror u ]| =
fr=r
for f’
by metis
from op-u’-def have op-ntcf (op-ntcf u') = op-ntcf (ntcf~const J € f yToF )
by simp
from this f have u'-def:
u' = op-ntef u +nyToF ntcf-const (op-cat J) (op-cat €) f
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show J!f’.
frer! Pop-cat € T A
u' = op-ntcf u -y ToF ntcf-const (op-cat J) (op-cat €) f'
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps)?)
fix f/ assume prems”:
f’ r HQ: ,r/
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u' = op-ntcf u -y ToF ntcf-const (op-cat J) (op-cat €) f'
from prems’(2) have
op-ntef u' = op-nicf (op-ntcf u +nyTcF nicf-const (op-cat J) (op-cat €) f7)
by simp
from this prems’(1) have op-ntcf u’ = ntcf-const J € f' yror u
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-cat-colimit) is-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: 1T <cp.jim § 3 =~ca €
unfolding assms by (rule is-cat-limit-op)

lemmas [cat-op-intros] = is-cat-colimit.is-cat-colimit-op’

3.2.2 Universal property

lemma (in is-cat-limit) cat-lim-unique-cone”:
assumes v’ : 17’ <op. cone § 1 J o €
shows
LS e v A (Y je3(0b)). w/(NTMap)) () = w(NTMap)(j) oac f7)
by (fold helper-cat-cone-Comp-nicf-vcomp-iff [ OF assms(1)])
(intro cat-lim-ua-fo assms)

lemma (in is-cat-limit) cat-lim-unique:
assumes v’ : r' <cpim F:J Pca €
shows 3!f". f':r' e r Au' = u-yrcr ntcf-const J € f'
by (intro cat-lim-ua-fo[ OF is-cat-limitD(1)[ OF assms]])

lemma (in ds-cat-limit) cat-lim-unique”:
assumes v’ : ' <cp.im §: 3 Pca €
shows
AL e A (Ve[ 0b)). u'(NTMap))(j) = w(NTMap))(j) oag ')
by (intro cat-lim-unique-cone’[ OF is-cat-limitD(1)[ OF assms]])

lemma (in is-cat-colimit) cat-colim-unique-cocone:
assumes u': §F >cF.cocone 7' Y Pca €
shows 3!f". f':r =g r' A u' = ntef-const J € f'nroF u
proof-
interpret u” is-cat-cocone a ' J € F u' by (rule assms(1))
from u’.cat-cocone-obj have op-r": r' €, op-cat €(Obj)
unfolding cat-op-simps by simp
from
is-cat-limit. cat-lim-ua-fo[
OF is-cat-limit-op u'.is-cat-cone-op, folded op-ntcf-nitcf-const

obtain f’ where f" f': r’ P op-cat € T
and [ cat-cs-simps]:
op-ntcf u' = op-nicf u +nTor op-ntcf (nicf-const J € f7)
and unique:

i
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! “op-cat € T3
op-nicf u' = op-ntcf u -y o op-ntcf (ntcf-const J € f'')
= "=

for "'

by metis

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
from f’ show f" f': r »y r’ unfolding cat-op-simps by simp
show u’ = ntcf-const J € f' ~yror u
by (rule eq-op-ntef-iff THEN iffD1], insert f')
(cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)+
fix f" assume prems: f"': r =g v u' = ntcf-const JE f" nror u
from prems(1) have f"": r’ = op-cat ¢ T unfolding cat-op-simps by simp
moreover from prems(1) have
op-ntef u' = op-nicf u +nTcor op-ntef (nicf-const J € f')
unfolding prems(2)
by (cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)
ultimately show [’ = f’ by (rule unique)
qed
qed

lemma (in is-cat-colimit) cat-colim-unique-cocone”:
assumes u': § >cr.cocone I 1 J »>coa €
shows
e e v A (Ve J(0b)). u' (NTMap))(j) = f' oag uw(NTMap))(j))
by (fold helper-cat-cocone-Comp-nicf-vcomp-iff [ OF assms(1)])
(intro cat-colim-unique-cocone assms)

lemma (in is-cat-colimit) cat-colim-unique:
assumes u': § >cr.cotim ' J »ca €
shows 3!f". f':r =g r' A u' = ntef-const JC f'nroF u
by (intro cat-colim-unique-cocone[ OF is-cat-colimitD(1)[ OF assms]])

lemma (in is-cat-colimit) cat-colim-unique”:
assumes u': g >CF.colim r’: 3 inddole ¢
shows
e e v A (Ve J(0b)). u' (NTMap))(j) = f' oag uw(NTMap))(j))
proof-
interpret u” is-cat-colimit o J € F r’ v’ by (rule assms(1))
show ?thesis
by (fold helper-cat-cocone-Comp-ntcf-vcomp-iff [ OF u'.is-cat-cocone-axioms])
(intro cat-colim-unique assms)
qed

lemma cat-lim-ex-is-iso-arr:
assumes U : 7 <gpm 3 :J oo Cand v <op pim T J 2 ca €
obtains f where f : 1’ iso¢ T and u' = u-ypor ntcf-const J € f
proof-
interpret w: is-cat-limit « J € § r u by (rule assms(1))
interpret u” is-cat-limit o J € § v’ v’ by (rule assms(2))
define 5 where 5 = o + w
have §: Z g and af: a &
by (simp-all add: B-def u.Z-Limit-ow u.Z-w-aw Z-def u.Z-a-aw)
then interpret 5: Z 8 by simp
have A: Agrpa Je€: ¢ ndadeli: cat-FUNCT a J €
by
(

intro
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B ap
cf-diagonal-is-functor
u.NTDom.HomDom.category-azxioms
u.NTDom.HomCod.category-azxioms
)
then interpret A: is-functor f € <cat-FUNCT a3 © (Acp a J € by simp
from is-functor.cf-universal-arrow-fo-ex-is-iso-arr|
OF A wu.cat-lim-is-universal-arrow-fo u’.cat-lim-is-universal-arrow-fo
]
obtain f where f: f: 1’ =00 T
and u” ntcf-arrow v’ =
umap-fo (Acr a J €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal))(f)
by auto
from f have f: r’ —g r by auto
from v’ this have v’ = u -y 7o ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
with f that show ?thesis by simp
qed

lemma cat-lim-ex-is-iso-arr”:
assumes U : 7 <crimS:Jrroa Cand v r <cRim § 1 e ca €
obtains f where [ : 1’ —; .0 T
and Aj. j € J(Obj) = uw'(NTMap)) () = u(NTMap)(j) cag f
proof-
interpret w: is-cat-limit « J € § r u by (rule assms(1))
interpret u” is-cat-limit « J € F r’ v’ by (rule assms(2))
from assms obtain f
where iso-f: f : ' =500 r and u'-def: u' = u Ny ntcf-const J € f
by (rule cat-lim-ex-is-iso-arr)
then have f: f : ' > r by auto
then have u'(NTMap))(j)) = u(NTMap))(j) cag f if j €s J(Ob))) for j
by
(
intro u.helper-cat-cone-ntcf-vcomp-Comp|
OF u'.is-cat-cone-azxioms f u'-def that
]
)
with iso-f that show ?thesis by simp
qed

lemma cat-colim-ez-is-iso-arr:
assumes U : § >cr.colim T :J P—ca €
and u': S >CF.colim r': 3 indudele’ ¢
obtains f where f : r —»;5,¢ r' and u’ = ntcf-const J € f -nrop u
proof-
interpret w: is-cat-colimit o« J € § r u by (rule assms(1))
interpret u” is-cat-colimit « J € F r’ v’ by (rule assms(2))
obtain f where f: f: r’ S isoop-cat € T
and [cat-cs-simps]:
op-ntcf u' = op-nicf u -nTcoF ntef-const (op-cat J) (op-cat €) f
by
(

elim cat-lim-ex-is-iso-arr|
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OF u.is-cat-limit-op u'.is-cat-limit-op
]
)
from f have iso-f: f : r —=;5,¢ r’ unfolding cat-op-simps by simp
then have f: f : r »¢ 7’ by auto
have u' = ntcf-const J € f -NrcF u
by (rule eq-op-ntcf-iff THEN iff D1], insert f)
(cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)+
from iso-f this that show %thesis by simp
qed

lemma cat-colim-ez-is-iso-arr":
assumes U : 8 >cr.colim T :J P~ oa €
and u': 5 >CF.colim r': 3 == Cca ¢
obtains f where f : 1 ;¢ 7’
and Aj. j €& J(Obj)) = uw'(NTMap)(j) = f oae u(NTMap))(J)
proof-
interpret w: is-cat-colimit « J € § r u by (rule assms(1))
interpret u” is-cat-colimit a« J € F r’ v’ by (rule assms(2))
from assms obtain f
where iso-f: f: 1 =500 7’ and u'-def: u' = ntcf-const J € f nroF U
by (rule cat-colim-ex-is-iso-arr)
then have f: f : r »¢ 7’ by auto
then have u'(NTMap))(j)) = f cag w(NTMap|)(j) if j €. J(Obj)) for j
by
(
intro u.helper-cat-cocone-ntcf-vcomp-Comp|
OF u'.is-cat-cocone-azioms f u'-def that
]
)
with iso-f that show ?thesis by simp
qed

3.2.3 Further properties

lemma (in is-cat-limit) cat-lim-is-cat-limit-if-is-iso-arr:
assumes [ : 1’ =ig00 T
shows u -yrcp ntef-const J € f:r' <cpiim §:J ==ca €
proof-
note f = is-iso-arrD(1)[ OF assms(1)]
from f(1) interpret u": is-cat-cone o ' J € F «u xR ntcf-const J € fr
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros)
define § where 0 = a + w
have §5: Z f and af: a &
by (simp-all add: B-def Z-Limit-aw Z-w-oaw Z-def Z-a-aw)
then interpret §: Z § by simp
show ?thesis
proof
(
intro u’.cat-cone-is-cat-limit,
rule is-functor.universal-arrow-fo-if-universal-arrow-fo,
rule cf-diagonal-is-functor[ OF 8 af],
rule NTDom.HomDom.category-axioms,
rule NTDom.HomCod.category-azxioms,
rule cat-lim-is-universal-arrow-fo
)
show f: 1’ =500 7 by (rule assms(1))
from af f show
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ntef-arrow (u -yrop ntcf-const J € f) =
umap-fo (Acr a J €) (c¢f-map §) r (ntef-arrow u) r'(ArrVal)(f)
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
qged
qed

lemma (in is-cat-colimit) cat-colim-is-cat-colimit-if-is-iso-arr:
assumes f : 1 500 1’
shows ntcf-const J € f -nrcr U F >cF.colim T+ J Pca €
proof-
note f = is-iso-arrD[ OF assms(1)]
from f(1) interpret u” is-cat-cocone a v’ J € §F «ntcf-const J € f +nToF w
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros)
from f have [symmetric, cat-op-simps]:
op-ntcf (ntef-const J € f -yror u) =
op-ntcf u «nToF ntcf-const (op-cat J) (op-cat €) f
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)
show ?thesis
by
(
rule is-cat-limit.is-cat-colimit-op
[
OF is-cat-limit. cat-lim-is-cat-limit-if-is-iso-arr|
OF is-cat-limit-op, unfolded cat-op-simps, OF assms(1)
1
unfolded cat-op-simps
]

)
qed

lemma nitcf-cf-comp-is-cat-limit-if-is-iso-functor:
assumes U : 7 <gp.pm 8 B rroag Cand & : A >0 00 B
shows u onrcr-cr & : 7 <cF.1im § °cr & : ™A »coq €
proof(intro is-cat-limitl)
interpret w: is-cat-limit o B € F r u by (rule assms(1))
interpret &: is-iso-functor a A B & by (rule assms(2))
note [c¢f-cs-simps] = is-iso-functor-is-iso-arr(2,3)
show u®: v oyrcr-cr & 1 7 <CF.cone § °cF © : A g €
by (intro is-cat-conel)
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix u’ v’ assume prems: v’ : 7' <gF.cone § ocF & : A gy €
then interpret u”: is-cat-cone a v’ A € (F ocrp &) u' by simp
have u’ ONTCF-CF Z.’ﬂ/U—Cf &' <CF.cone S B PP Ca <
by (intro is-cat-conel)
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps
cs-intro: cat-cs-intros cf-cs-intros

)
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from is-cat-limit. cat-lim-ua-fol OF assms(1) this] obtain f
where f: f:r' g 7
and u'-&: u' oyrop_cr inv-¢f & = u -y7coF ntcf-const B € f
and f'f:

fror o
w onror_cr imv-c¢f & = u -yrcr nicf-const B € f'
Il=1f=f
for f'
by metis
from u'-® have u'-inv®-8:
(u" onror-cr iv-cf &) oxrorp-cr ® = (u -NyroF ntef-const B € f) onrop-cr &
by simp
show 3!f". f':r'»e rAu'=uwoyror-cr & ‘Nrcrp ntcf-const A € f'
proof(intro ex1I conjI; (elim conjE)?)
show f : 1’ g r by (rule f)
from u’-inv®-® f show u' = woypcop_cr & ‘NTcF ntcf-const A € f
by
(
cs-prems
cs-simp:
cf-cs-simps cat-cs-simps
ntcf-cf-comp-ntcf-cf-comp-assoc
ntef-vcomp-ntef-cf-comp[ symmetric)
cs-intro: cat-cs-intros cf-cs-intros
)
fix f/ assume prems:
flir'eeru =uonror-cr ® ‘nror ntef-const A € f'
from prems(2) have
u' oyror-cr inv-cf & =
(u onTcF-cF O ‘NTcoF ntcf-const A € f’) oNTcF-cF thv-cf &
by simp
from this f prems(1) have u' oyrop-cF inv-¢f & = u -yrcop ntcf-const B € f’
by
(
cs-prems
cs-simp:
cat-cs-stmps cf-cs-simps
ntef-vecomp-ntef-cf-comp[ symmetric)
ntcf-cf-comp-ntcf-cf-comp-assoc
cs-intro: cf-cs-intros cat-cs-intros
)
then show [’ = f by (intro f'f prems(1))
qed
qed

lemma nicf-cf-comp-is-cat-limit-if-is-iso-functor'[ cat-lim-cs-intros]:
assumes u : r <gp.ym § B »oa €
and & : A > 500 B
and A'=F ocr &
shows u onrcor-cr & : 1 <cp.iim A A o €
using assms(1,2)
unfolding assms(3)
by (rule ntcf-cf-comp-is-cat-limit-if-is-iso-functor)
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3.3 Small limit and small colimit

3.3.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9]. The definitions of small limits were tailored for ZFC in HOL.

locale is-tm-cat-limit = is-tm-cat-cone a r JEFufora JEF ru +
assumes tm-cat-lim-ua-fo:
Au'r'ou" 1 <gr. cone § 1T P ca € =
i e r AU = uwNyror ntcef-const J € f'

syntax -is-tm-cat-limit = V=V =V = V = V = V = bool
((-:) - <CF.tm.tim -] - >~ caml - [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-limit = is-tm-cat-limit
translations v : 7 <gp. tm.iim S J P C.tma € =
CONST is-tm-cat-limit « J € § ru

locale is-tm-cat-colimit = is-tm-cat-cocone a r JEFufora JEF ru +
assumes tm-cat-colim-ua-of:
Au'r'ou': F >CF.cocone r':J P oq €=
i e v A u = ntef-const JE fMenror u

syntax -is-tm-cat-colimit = V=V = V = V = V = V = bool
(=) = >Cr.im.cotim -3 - o c.eml <) [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-colimit = is-tm-cat-colimit
translations u : § >cr.tm.colim 7 * J P> ciima €=
CONST is-tm-cat-colimit « J € F ru

Rules.

lemma (in is-tm-cat-limit) is-tm-cat-limit-axioms'[ cat-lim-cs-intros):
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = §
shows u : 1" <cp.im.iim § 3 P cimy €
unfolding assms by (rule is-tm-cat-limit-azioms)

mk-ide rf is-tm-cat-limit-def[ unfolded is-tm-cat-limit-axioms-def
|intro is-tm-cat-limitl|
|dest is-tm-cat-limitD[ dest]|
|elim is-tm-cat-limitE[ elim]

lemmas [ cat-lim-cs-intros| = is-tm-cat-limitD(1)

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-azioms'| cat-lim-cs-intros]:
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = F
shows u : §' >cr tm.cotim 7' 1 I =0 tmgr €
unfolding assms by (rule is-tm-cat-colimit-azioms)

mk-ide rf is-tm-cat-colimit-def [ unfolded is-tm-cat-colimit-axioms-def |
|intro is-tm-cat-colimitl|
|dest is-tm-cat-colimitD[ dest]
|elim is-tm-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros| = is-tm-cat-colimitD(1)

lemma is-tm-cat-limitl "
assumes U : 1 <gf.tm.cone ¥ : J > .tma €
and /\’LL’ ’f”. u,: 7”, <CF.tm.cone 13: : 3 == Citma ¢ =
i e r AU = u ey ntcf-const 3 € f'
shows u : 7 <cr.tm.iim § : J »=C.tma €
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proof(rule is-tm-cat-limitl, rule assms(1))
interpret is-tm-cat-cone a r J € F u by (rule assms(1))
fix r’ u' assume prems: u': ' <cF.cone I =P ca €
then interpret v is-cat-cone a ' J € F u' .
have v’ : ' <CF.tm.cone §:J > oima €
by
(
intro
is-tm-cat-conel
NTCod.is-tm-functor-axioms
u’.cat-cone-obj
u’.is-ntcf-axioms
)
then show 3!f". f':r' = r A u'=u -yrop ntcf-const J € f'
by (rule assms(2))
qed

lemma is-tm-cat-colimitl":
assumes u : 3 >CF.tm.cocone T * :j == Ctma ¢
! 4 I . I .
and Au' 7. v’ § >cF.tm.cocone ' 1 T P Ctma € =
3 f e v AU = ntef-const JE fenror u
shows u : § >cp.im.colim T3 J =P c.ima €
proof(intro is-tm-cat-colimitl, rule assms(1))
interpret is-tm-cat-cocone o r J € F u by (rule assms(1))
fix v’ v’ assume prems: u': F >cF.cocone T 1 J Pca €
then interpret u”: is-cat-cocone a 7' J € F u’ .
,. 1o~
have u’: S >CF.tm.cocone T *J 2P0 tma ¢
by
intro
1s-tm-cat-coconel
NTDom.is-tm-functor-axioms
u’. cat-cocone-obj
u’.is-ntcf-axioms

then show 3!f". f': r =g ' A u' = ntcf-const € f'nror u
by (rule assms(2))
qed

Elementary properties.

sublocale is-tm-cat-limit < is-cat-limit
by (intro is-cat-limitl, rule is-cat-cone-azioms, rule tm-cat-lim-ua-fo)

sublocale is-tm-cat-colimit < is-cat-colimit
by (intro is-cat-colimitl, rule is-cat-cocone-axioms, rule tm-cat-colim-ua-of)

lemma (in is-cat-limit) cat-lim-is-tm-cat-limit:
assumes § : J =0 tma €
shows u : r <CF.tm.lim 8 J =P C.tma €
proof(intro is-tm-cat-limitl)
interpret §: is-tm-functor a J € § by (rule assms)
show u : r <CF.tm.cone g : 3 = Cotma ¢
by (intro is-tm-cat-conel assms is-ntcf-azioms cat-cone-obj)
fix ' v’ assume prems: v’ : ' <gF.cone §:J =»~ca €
show 3!f". f":r' =g r Au'=u -ypop ntef-const J € f'
by (rule cat-lim-ua-fo[ OF prems])
qed
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lemma (in is-cat-colimit) cat-colim-is-tm-cat-colimit:
assumes § : J »=oima €
shows u : g >CF.tm.colim T * 3 == Cotma ¢
proof(intro is-tm-cat-colimitl)
interpret §: is-tm-functor a J € § by (rule assms)
show u : 3 >CF.tm.cocone T * 3 PO tma ¢
by (intro is-tm-cat-coconel assms is-ntcf-axioms cat-cocone-obj)
fix ' v’ assume prems: u': F >cF.cocone T 1 J Pca €
show 3" f':r e r' A u' = ntef-const € f yror u
by (rule cat-colim-ua-of [ OF prems])
qed

Limits, colimits and universal arrows.

lemma (in is-tm-cat-limit) tm-cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acr.tm o J €) (¢f-map §) r (ntef-arrow u)
proof(intro is-functor.universal-arrow-fol )

show Acp.im @ J €: € o cat-Funct a J €
by
(
intro
tm-cf-diagonal-is-functor
NTCod.HomDom.tiny-category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj|) by (intro cat-cone-obj)
then show ntcf-arrow u : Acp.im o J C(ObMap) (7)) = cor-Punct o 5 ¢ cfmap §
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix r’ u' assume prems:

e C(Ob) u': Acp.im @ J CQOMap)(r") = cai-Funct o 5 ¢ cfmap §
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (¢f-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = cf-const J € r'

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cf-map (cf-const I € 1') = ot Punct o 3 ¢ ¢f-map §

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-Funct-is-arrD[ OF this]

from
tm-cat-lim-ua-fo[
OF is-cat-conel [ OF is-tm-ntcfD(1)[ OF u'(1)] prems(1)]
]
obtain f
where f: f:r' g 1
and [symmetric, cat-cs-simps]:
ntcf-of-ntcf-arrow J € v’ = u -y cp ntcf-const J € f
and f-unique:
I
flror o
ntcf-of-ntcf-arrow J € uw' = u -y7cop ntef-const J € f’
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Il=1f'=f
for f'
by metis

show 3!f’.
flir'eera
u' = umap-fo (Acr.tm @ J €) (¢f-map F) r (ntcf-arrow uw) r'(ArrVal)(f’)
proof(intro ex1I conjI; (elim conjE)?)
show f : 1’ =g r by (rule f)
with cat-cone-obj show u'-def:
u’ = umap-fo (Acp.itm a3 €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal) (f)
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
fix f’ assume prems”:
flir'oer
u' = umap-fo (Acrp.tm a J €) (¢f-map F) r (ntcf-arrow u) r'(ArrVal)(f')
from prems’(2) f prems’ cat-cone-obj have u’-def"
u' = ntcf-arrow (v +NToF ntcf-const J € f)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
from prems’(1) have nicf-of-ntcf-arrow J € u' = u -y 7coF ntcf-const J € f'
by (cs-concl cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros)
from f-unique[ OF prems’(1) this] show f'=f .

qed
qed

lemma (in is-tm-cat-cone) tm-cat-cone-is-tm-cat-limit:

assumes universal-arrow-fo (Acp.tm @ J €) (cf-map §) ¢ (ntcf-arrow N)
shows N : ¢ <gr.tm.1im § : J == c.tma €

proof(intro is-tm-cat-limitl’ is-tm-cat-cone-azioms)

fix u’ ¢’ assume prems: v’ : ¢’ <cp.tm.cone § I P c.ima €
interpret u” is-tm-cat-cone o ¢’ J € F u’ by (rule prems)

from u’.tm-cat-cone-obj have u'-is-arr:
ntef-arrow u’: Acr.im o J C(ObiMap)(c') & cot-Funct o 5 ¢ cfmap §
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

from is-functor.universal-arrow-foD(3)

[
OF

tm-cf-diagonal-is-functor|
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OF NTCod.HomDom.tiny-category-azioms NTDom.HomCod.category-azioms
]
assms
u’.cat-cone-obj
u'-is-arr
]
obtain f where f: f: ¢/ =g ¢
and u'-def": ntcf-arrow u’ =
umap-fo (Acr.tm a J €) (¢f-map §) ¢ (ntcf-arrow N) ¢'(ArrVal]) (f])
and f’-unique:
[
free! ——
ntcf-arrow u' =
umap-fo (Acp.tm a J €) (¢f-map §) ¢ (ntef-arrow N) ¢'(ArrVal)(f)
I=1f=f
for '
by metis

from u’-def’ f cat-cone-obj have u'-def: u' =N -y 7o ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

show 3If". f': ¢’ »g c A u' =M yror ntef-const J € f/
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'/ assume prems”:
f'"c' e cu' =N yror ntef-const J € f
from prems’ have
ntef-arrow u' =
umap-fo (Acp.tm a J €) (c¢f-map §) ¢ (ntcf-arrow N) c'(ArrVal)(f"')
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed

lemma (in is-tm-cat-colimit) tm-cat-colim-is-universal-arrow-of:
universal-arrow-of (Acp.im o J €) (¢f-map §) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-ofI)

show Acp.im a J C: € »>poq cat-Funct a J €
by
(
intro
tm-cf-diagonal-is-functor
NTDom.HomDom.tiny-category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj]) by (intro cat-cocone-oby)
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then show ntcf-arrow w : cf-map § = ot Funct o 5 ¢ AcF.om @ J €(ObiMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix v’ v’ assume prems:

'€ €(O0bj) u": cf-map § = cat-Funct o je Acrimad ¢(ObjMap)(r')
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (¢f-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € 1)) = ¢f-const J € r’

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cfmap § = cot-Funct o 3 ¢ ¢f-map (cf-const 3 € r')

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-Funct-is-arrD[ OF this]

from cat-colim-ua-of [ OF is-cat-coconel[ OF is-tm-ntcfD(1)[ OF u'(1)] prems(1)]]
obtain f
where f: f:r =g 1’
and [symmetric, cat-cs-simps]:
ntcf-of-ntcf-arrow J € u' = ntcf-const J € f -yTCoF U
and f-unique:
I
floreerh
ntcf-of-ntcf-arrow J € u' = nitcf-const J € f' -yroF u
Il=1r=f
for f'
by metis

show 3!f".

flireer' A

u' = umap-of (Acp.im aJ €) (¢f-map §F) r (ntef-arrow uw) r'(ArrVal)(f)
proof(intro ex1I conjI; (elim conjE)?)

show f: r =g r' by (rule f)

with cat-cocone-obj show u'-def:
u' = umap-of (Acr.tm o J €) (¢f-map §F) r (ntcf-arrow u) r'(ArrVal])(f]
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix f/ assume prems”:
f’: r HQ: r/
u' = umap-of (Acp.im aJ €) (¢f-map §) r (ntef-arrow w) r'(ArrVal])(f)
from prems’(2) f prems’ cat-cocone-obj have u’-def"
u' = ntcf-arrow (ntcf-const J € f'yroF u)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
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cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = ntcf-const J € f' nrcor u
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qged
qed

lemma (in is-tm-cat-cocone) tm-cat-cocone-is-tm-cat-colimit:
assumes universal-arrow-of (Acp.tm o J €) (cf-map §) ¢ (ntcf-arrow MN)
shows 91 : % >CF.tm.colim C* 3 =P Ctma ¢

proof(intro is-tm-cat-colimitl" is-tm-cat-cocone-axioms)

fix u' ¢’ assume prems: u':F >CcF.tm.cocone € 1T PP Citma €
interpret u” is-tm-cat-cocone a ¢’ J € §F u' by (rule prems)

from u’.tm-cat-cocone-obj have u'-is-arr:
ntef-arrow u’: cf-map § = ot Funct o 3 € Acr.am aJ €(ObiMap))(c’)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

from is-functor.universal-arrow-ofD(3)
[
OF
tm-cf-diagonal-is-functor|
OF NTDom.HomDom.tiny-category-azioms NTDom.HomCod.category-axioms
]
assms
u’.cat-cocone-obj
u'-is-arr
]
obtain f where f: f: ¢ —»¢ ¢’
and u'-def" ntcf-arrow u’ =
umap-of (Acp.tm @ J €) (cf-map §F) ¢ (ntcf-arrow N) '(ArrVal])(f)
and f’-unique:
[
flicme
ntcf-arrow u' =
umap-of (Acr.tm @ J €) (¢f-map §F) ¢ (ntcf-arrow N) '(ArrVal)(f')
Il=1f-=f
for f'
by metis

from u’-def’ f cat-cocone-obj have u’-def: u' = nicf-const J € f +n7ocr N
by
(

cs-prems
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cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

show 3" f': c =g ¢’ Au' = ntcf-const JE [/ yror N
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'/ assume prems”:
[ ¢ u' = ntefconst JC [ yror N
from prems’ have
ntcf-arrow u' =
umap-of (Acp.im o J €) (¢f-map F) ¢ (ntef-arrow N) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

from f’-unique[ OF prems’(1) this] show f'' = f.
qged

qed

Duality.

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op:
Op-’]’Lth’LL : Op-Cf 3' >CF.tm.colim T * OP'Cat 3 P Cotma op-cat <
proof(intro is-tm-cat-colimitl")
show op-ntcfu : Op-Cf § >CF.tm.cocone Tt Op-cat J =+ yma op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u’ r’ assume prems:
u': op-¢f §F>CF.tm.cocone ' Op-cat J ¢ pma op-cat €
interpret u” is-tm-cat-cocone o ' (op-cat J> <op-cat € <op-cf T u’
by (rule prems)
from tm-cat-lim-ua-fo[ OF u'.is-cat-cone-op[unfolded cat-op-simps]] obtain f
where f: f 1 r' g T
and op-u’-def: op-nicf u' = u N7 coF nicf-const J € f
and f-unique:
[f:r" =g r op-ntefu' = u-nyror ntef-const J € f' ]| =
fr=f
for f'
by metis
from op-u’-def have op-ntcf (op-ntcf u’) = op-ntef (u -nyToF ntcf-const J € f)
by simp
from this f have u'-def:
u' = ntef-const (op-cat J) (op-cat €) f +yTcor op-nicf u
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show 3!f’.
frer = op-cat
u’ = ntef-const (op-cat J) (op-cat €) f'+yror op-nicf u
proof(intro ex1l conjl; (elim conjE)?, (unfold cat-op-simps)?)
fix f/ assume prems”:
flir'oer
u’ = ntef-const (op-cat J) (op-cat €) f'~yrcor op-nicf u
from prems’(2) have op-ntcf v’ =
op-ntcf (ntcf-const (op-cat J) (op-cat €) f' -nTcoF op-ntef u)
by simp
from this prems’(1) have op-ntcf v’ = u -y TcF ntcf-const J € f/
by
(

Q:T,/\
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cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op'[ cat-op-intros):
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op—ntcfu : 3, >CF.tm.colim T * :‘/ PP Citma Q:’
unfolding assms by (rule is-tm-cat-colimit-op)

lemmas [cat-op-intros] = is-tm-cat-limit.is-tm-cat-colimit-op’

lemma (in is-tm-cat-colimit) is-tm-cat-limit-op:
op-ntcf u: T <CF.m.iim op-cf F i op-cat I ¢ ima op-cat €
proof(intro is-tm-cat-limitl")
show op-ntcf u: r <cp.tm.cone Op-cf § : op-cat J = tma Op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix ' r’ assume prems:
(A <CF.tm.cone Op-Cf %’: Op'cat 3 =P Citma op—cat <
interpret u” is-tm-cat-cone o r' (op-cat J»> <op-cat € (op-cf T u’
by (rule prems)
from tm-cat-colim-ua-of [ OF w'.is-cat-cocone-op|unfolded cat-op-simps]] obtain f
where f: f:r g 1’
and op-u’-def: op-nicf u' = ntcf-const J € f -NroF U
and f-unique:
[ f':r =g op-ntef u' = ntef-const JC f nrepu ]l = f'=f
for f’
by metis
from op-u’-def have op-ntcf (op-ntcf u') = op-ntcf (ntcf-const J € f +yror w)
by simp
from this f have u'-def:
u' = op-ntef u «yToF ntcf-const (op-cat J) (op-cat €) f
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show 3!f’.
frar! Pop-cat € T A
u' = op-ntef u «nyToF ntcf-const (op-cat J) (op-cat €) f'
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps) ?)
fix f/ assume prems”:
f/ cr '_)Q ,),./
u' = op-ntcf u -y TcoF nicf-const (op-cat J) (op-cat €) f'
from prems’(2) have op-ntcf u' =
op-ntef (op-ntcf u «nrcor ntef-const (op-cat J) (op-cat €) f)
by simp
from this prems’(1) have op-ntcf u' = nicf-const J € f' -yroF u
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems'(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-op'[ cat-op-intros]:
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assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: r <cr.tm.iim §' 3" >0 tma €
unfolding assms by (rule is-tm-cat-limit-op)

lemmas [cat-op-intros] = is-tm-cat-colimit.is-tm-cat-colimit-op’

3.3.2 Further properties

lemma (in is-tm-cat-limit) tm-cat-lim-is-tm-cat-limit-if-iso-arr:
assumes [ : 1’ g0 T
shows u -y or ntcf-const J € f 1" <crym.iim 3 == c.ima €
proof-
note f = is-iso-arrD(1)[ OF assms]
from f(1) interpret u": is-tm-cat-cone a ' J € F «u -y rcr ntcf-const J € f»
by (cs-concl cs-intro: cat-small-cs-intros cat-cs-intros)
show ?thesis
proof
(
intro u’.tm-cat-cone-is-tm-cat-limit,
rule is-functor.universal-arrow-fo-if-universal-arrow-fo,
rule tm-cf-diagonal-is-functor,
rule NTCod.HomDom.tiny-category-axioms,
rule NTDom.HomCod.category-azioms,
rule tm-cat-lim-is-universal-arrow-fo
)
show f: 1’ 500 7 by (rule assms)
from f show nicf-arrow (u -y 7cr ntcf-const J € f) =
umap-fo (Acr.im @ J €) (cf-map §) r (ntef-arrow uw) r'(ArrVal) (f]
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
qed
qed

lemma (in is-tm-cat-colimit) tm-cat-colim-is-tm-cat-colimit-if-iso-arr:
assumes f : 1 500 1’
shows ntcf-const J € fnror u:F >CFr.tm.cotim 7'+ J PP tma €
proof-
note f = is-iso-arrD(1)[ OF assms]
from f(1) interpret "
is-tm-cat-cocone o v’y € F «ntcf-const € f yroF w
by (cs-concl cs-intro: cat-small-cs-intros cat-cs-intros)
from f have [symmetric, cat-op-simps]:
op-ntcf (ntcf-const J € f -yrorp u) =
op-ntcf u «n 7o F ntef-const (op-cat J) (op-cat €) f
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

show ?thesis
by
(

rule is-tm-cat-limit.is-tm-cat-colimit-op

[
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OF is-tm-cat-limit.tm-cat-lim-is-tm-cat-limit-if-iso-arr|
OF is-tm-cat-limit-op, unfolded cat-op-simps, OF assms(1)
I8
unfolded cat-op-simps
]

)
qed

3.4 Finite limit and finite colimit

locale is-cat-finite-limit =
is-cat-limit o J € § r u + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-limit = V=V = V=V = V = V = bool
(-3 - <criim.gin - - =1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-limit = is-cat-finite-limit
translations v : 7 <¢p.im.fin § 1 J Pca €=
CONST is-cat-finite-limit « J € F r u

locale is-cat-finite-colimit =
is-cat-colimit o J € F r u + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-colimit = V=V =V = V = V = V = bool
(- - >CP.cotim.fin - 3| - »c1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-colimit = is-cat-finite-colimit
translations v : § >cr.cotim.fin 7 J Pca €=
CONST is-cat-finite-colimit « J € § r u

Rules.

lemma (in is-cat-finite-limit) is-cat-finite-limit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r'=rand J'=Jand ¢'=¢Cand §' = F
shows u : 7' <¢p.iim.fin §' 1 3 P, €
unfolding assms by (rule is-cat-finite-limit-azioms)

mk-ide rf is-cat-finite-limit-def
|intro is-cat-finite-limit|
|dest is-cat-finite-limit D[ dest]|
|elim is-cat-finite-limitE[ elim]|

lemmas [cat-lim-cs-intros| = is-cat-finite-limitD

lemma (in is-cal-finite-colimit)
is-cat-finite-colimit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows v : gl >CFAColim.fin r’: 3, '_”_’Ca’ ¢’
unfolding assms by (rule is-cat-finite-colimit-azioms)

mk-ide rf is-cat-finite-colimit-def [ unfolded is-cat-colimit-axioms-def]
|intro is-cat-finite-colimitl|
|dest is-cat-finite-colimitD[ dest]|
|elim is-cat-finite-colimitE[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-finite-colimitD
Duality.

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op:
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op—ntcfu : OP—Cf 3' >CF.colim.fin T * OP'Cat 3 inangele’ 010-06175 ¢
by
(
cs-concl cs-shallow
cs-intro: is-cat-finite-colimitl cat-op-intros cat-small-cs-intros
)

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u : §' >cr.cotim.fin 713 Prca €
unfolding assms by (rule is-cat-finite-colimit-op)

lemmas [cat-op-intros] = is-cat-finite-limit.is-cat-finite-colimit-op’

lemma (in is-cat-finite-colimit) is-cat-finite-limit-op:
op-ntcf u T <cF.1im.fin OP-cf § : op-cat J =+ cq op-cat €
by
(
cs-concl cs-shallow
cs-intro: is-cat-finite-limitl cat-op-intros cat-small-cs-intros
)

lemma (in is-cat-finite-colimit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-c¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u: r <crp.im.fin § 3 ==ca €
unfolding assms by (rule is-cat-finite-limit-op)

lemmas [cat-op-intros] = is-cat-finite-colimit.is-cat-finite-colimit-op’

Elementary properties.

sublocale is-cat-finite-limit ¢ is-tm-cat-limit
by
(
intro
is-tm-cat-limit]
is-tm-cat-conel
is-ntcf-axioms
cat-lim-ua-fo
cat-cone-obj
NTCod.cf-is-tm-functor-if-HomDom-finite-category[
OF NTDom.HomDom.finite-category-azxioms
]
)

sublocale is-cat-finite-colimit € is-tm-cat-colimit
by
(
intro
is-tm-cat-colimit]
is-tm-cat-coconel
is-ntcf-axioms
cat-colim-ua-of
cat-cocone-obj
NTDom.cf-is-tm-functor-if-HomDom-finite-category|
OF NTDom.HomDom.finite-category-azioms

]
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3.5 Creation of limits

See Chapter V-1 in [9].

definition cf-creates-limits = V = V = V = bool
where cf-creates-limits a« & § =
(
YT b
T:b<cr.iim ®ocr §: §(HomDom|) ——cq &(HomCod) —
(
(
dloa. 3o a. oa = (o, a) A
0:a<cF.cone S S(HomDom|) ——cq F(HomCod|) A
T=8ocp-NTCF O A
b = &(0bjMap)|)(a)
) A
(

Vo a.

0:a<cF.cone 5 S(HomDom)) oo F(HomCod]) —
T=8ocp-NTCF O —

b = 6(0bjMap))(a) —

o:a<cr.iim S S(HomDom|) = cq F(HomCod)

)
)
)

Rules.

context
fixesaJABGF
assumes §: § : J o A
and : & : A o4 B
begin

interpretation §: is-functor a J A § by (rule §)
interpretation &: is-functor a A B & by (rule ®)

mk-ide rf cf-creates-limits-def|
where a=a and §=F and &=6, unfolded cat-cs-simps
]
|intro cf-creates-limitsl|
|dest cf-creates-limitsD|
|elim cf-creates-limitsE’|

end

lemmas cf-creates-limitsD[dest!] = cf-creates-limitsD'[ rotated 2]
and cf-creates-limitsE[ elim!] = cf-creates-limitsE'[rotated 2]

lemma cf-creates-limitsE"":
assumes cf-creates-limits a & §
and 7 : b <gF.iim ® ocr § : J P coa B
and §:J »—coq A
and & : A »—>cq B
obtains ¢ r where o : r <gp.im §: J P ca U
and 7 = & ogp_NTCF O
and b = &(0bjiMap|)(r)
proof-
note c¢fiD = cf-creates-limitsD[ OF assms]
from conjunct1[ OF ¢fiD] obtain o r
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where 0: 0 : 7 <gF.cone § : J P—ca A
and 7-def: 7= & ogp_NTCF O
and b-def: b = &(0bjMap))(r)
by metis
moreover have o : 7 <gr.im §: J »coa A
by (rule conjunct2[ OF c¢fiD, rule-format, OF o T-def b-def])
ultimately show ?thesis using that by auto
qed

3.6 Preservation of limits and colimits

3.6.1 Definitions and elementary properties

See Chapter V-4 in [9].

definition cf-preserves-limits = V. = V = V = bool
where cf-preserves-limits o & § =

(

Yo a.
o:a<cr.iim §: §(HomDom|) —r cq §(HomCod]) —
& ocp_nror 0 &(0bjiMap))(a)) <cF.1im © ocr § : F(HomDom|) =+ cq &(HomCCod)
)

definition cf-preserves-colimits = V. = V = V = bool
where cf-preserves-colimits a« & § =
(
Vo a.
0:F >cF.cotim 0 S(HomDom|) —rcq §(HomCod]) —
G ocr-NTCcF 08 ock § >CF. cotim ©(0biMap))(al) : F(HomDom|) = ca &(HomCod))
)

Rules.

context
fixesa JAB B F
assumes §: § : J oo A
and : & : A o4 B
begin

interpretation §: is-functor a J A § by (rule §)
interpretation &: is-functor a A B & by (rule &)

mk-ide rf cf-preserves-limits-def|
where a=a and §=F and &=6, unfolded cat-cs-simps
]
|intro cf-preserves-limitsl|
|dest cf-preserves-limitsD’|
|elim cf-preserves-limitsE’|
mk-ide rf cf-preserves-colimits-def|
where a=a and §=F and 6=6&, unfolded cat-cs-simps
]
|intro cf-preserves-colimitsl |
|dest cf-preserves-colimitsD'|
|elim cf-preserves-colimitsE’|

end

lemmas cf-preserves-limitsD[ dest!] = cf-preserves-limitsD'[ rotated 2]
and cf-preserves-limitsE[ elim!] = cf-preserves-limitsE'[rotated 2]
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lemmas cf-preserves-colimitsD[dest!] = cf-preserves-colimitsD'[ rotated 2]
and cf-preserves-colimitsE[elim!] = cf-preserves-colimitsE '[rotated 2]

Duality.

lemma cf-preserves-colimits-op[ cat-op-simps]:
assumes § : J oo A and & A »>0q B
shows
cf-preserves-colimits a (op-cf &) (op-cf F) «—
cf-preserves-limits a & §
proof

interpret §: is-functor a J 2 § by (rule assms(1))
interpret &: is-functor a A B & by (rule assms(2))

show cf-preserves-limits a & §
if cf-preserves-colimits a (op-cf &) (op-¢f §F)
proof(rule cf-preserves-limitsl, rule assms(1), rule assms(2))
fix o rassume 0 : 7 <cr.iim 33 »coa A
then interpret o: is-cat-limit a JAF r o .
show & ocr_yrcr 0@ &(0bjMap))(r) <cr.1im & ocr &+ J »—ca B
by
(
rule is-cat-colimit.is-cat-limit-op
[
OF cf-preserves-colimitsD
[
OF that o.is-cat-colimit-op §.is-functor-op &.is-functor-op,
folded op-cf-cf-comp op-nicf-cf-nicf-comp
b
unfolded cat-op-simps
]

)
qed

show cf-preserves-colimits o (op-cf &) (op-¢f F)
if cf-preserves-limits a & §
proof
(
rule cf-preserves-colimitsl,
rule §.is-functor-op,
rule &.is-functor-op,
unfold cat-op-simps
)
fix o r assume o : op-cf § >cF.colim T : 0op-cat J —r>cq op-cat A
then interpret o: is-cat-colimit o <op-cat J» <op-cat A> <op-cf T r o .
show op-cf & ocop_NTCOF O -
op-cf & ocr op-c¢f § >cF. cotim B(O0biMap|)(r]) : op-cat J =~ cq op-cat B
by
(

rule is-cat-limit.is-cat-colimit-op

OF cf-preserves-limitsD[
OF that o.is-cat-limit-op[ unfolded cat-op-simps]| assms(1,2)

I,

unfolded cat-op-simps
]
)
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qed
qed

lemma cf-preserves-limits-op[ cat-op-simps|:
assumes § : J o oq A and & A »—>oq B
shows
cf-preserves-limits a (op-cf &) (op-cf §) <—
cf-preserves-colimits o & §
proof

interpret §: is-functor a J 2A §F by (rule assms(1))
interpret &: is-functor a A B & by (rule assms(2))

show cf-preserves-colimits a & §
if cf-preserves-limits a (op-cf &) (op-cf §)
proof(rule cf-preserves-colimitsl, rule assms(1), rule assms(2))
fix o rassume 0 : § >cr.cotim T3 2—ca A
then interpret o: is-cat-colimit a JAF r o .
show & ocp_nror 0: & ocr § >crF.cotim ©(0biMap)(r]) : J »+ca B
by
(
rule is-cat-limit.is-cat-colimit-op
[
OF cf-preserves-limitsD
[
OF that o.is-cat-limit-op §.is-functor-op &.is-functor-op,
folded op-cf-cf-comp op-ntcf-cf-ntcf-comp
unfolded cat-op-simps
]

)
qed

show cf-preserves-limits o (op-cf &) (op-¢f §F)
if cf-preserves-colimits o & §
proof
(
rule cf-preserves-limitsl,
rule §.is-functor-op,
rule &.is-functor-op,
unfold cat-op-simps
)
fix o r assume o : r <gp.;im op-¢f §F : op-cat J ——cq op-cat A
then interpret o: is-cat-limit o <op-cat J» <op-cat A> <op-cf T> r o .
show op-¢cf & ocop_NTCoF 0 :
&(ObiMap)) (7)) <cF.1im op-cf & ocp op-cf § : op-cat J =+ cq op-cat B
by
(

rule is-cat-colimit.is-cat-limit-op

OF cf-preserves-colimitsD|
OF that o.is-cat-colimit-op[ unfolded cat-op-simps] assms(1,2)

I,

unfolded cat-op-simps
]

)
qed
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qed

3.6.2 Further properties

lemma cf-preserves-limits-if-cf-creates-limits:
— See Theorem 2 in Chapter V-4 in [9].
assumes & : A oo B
and §: J »—coq A
and ¢ : b <cp.iim ® ocrp § 1 J »ca B
and cf-creates-limits a« & §
shows cf-preserves-limits a & §
proof-

interpret &: is-functor a A B & by (rule assms(1))
interpret §: is-functor a J 2A § by (rule assms(2))
interpret : is-cat-limit a J B <& ocp § b Y

by (intro is-cat-limit.cat-lim-is-tm-cat-limit assms(3,4))

show ?thesis
proof

(

intro cf-preserves-limitsl
rule §.is-functor-azioms,
rule &.is-functor-axioms

)

fix o a assume prems: 0 : a <gp.1im 8§ 3 PPoa U
then interpret o: is-cat-limit a J A F a o .

obtain 7 A
where 7: 7 : A <griim §:J »=ca U
and ¢-def: ) = & ogp_NTCF T
and b-def: b = B(0bjMap))(4)
by
(

rule cf-creates-limitsE"’

[
OF

assms(4)
.is-cat-limit-axioms
§.is-functor-axioms
&.is-functor-axioms
]
)
from 7 interpret 7: is-cat-limit « JAF A 7.
from cat-lim-ex-is-iso-arr[ OF 7.is-cat-limit-azioms prems] obtain f
where f: f: a =509 A and o-def: 0 = 7 -yTCF nicf-const JA f
by auto

note f = fis-iso-arrD(1)[ OF f]
from f(2) have ® ocp-nrcor 0+ 8(0biMap))(a) <cF.cone & ocr §:J »rca B
by (intro is-cat-conel)

(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from a—def have & OCF-NTCF O = & OCF-NTCF (7’ ‘NTCF ntcf—const 3 QIf)
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by simp
also from f(2) have ... = ¢ -yrcoF ntcf-const J B (S(ArrMap))(f))
by (cs-concl-step cf-nicf-comp-nicf-vcomp)
(
cs-concl
cs-simp: cat-cs-simps -def [ symmetric] cs-intro: cat-cs-intros
)
finally have &o: & ocp_yToF 0 = ¥ ‘nToF ntcf-const 3 B (S(ArrMap))(f]) -

show & ocp_nror o : 6(0biMap))(a) <cr.iim & ocr §:J »—ca B
by
(
rule . cat-lim-is-cat-limit-if-is-iso-arr
[
OF ®.cf-ArrMap-is-iso-arr[ OF f(1), folded b-def],
folded &o
]
)

ged

qed

3.7 Continuous and cocontinuous functor
3.7.1 Definition and elementary properties

definition is-cf-continuous = V.= V = bool
where is-cf-continuous a & «—
(VFJ.§:3 »ca 8(HomDom|) — cf-preserves-limits a & §)

definition is-cf-cocontinuous = V= V = bool
where is-cf-cocontinuous o & «—
(VF 3. §:3 »ca 8(HomDom|) — cf-preserves-colimits a & )

Rules.

context
fixesaJABGF
assumes 6: 6 : A >0 B
begin

interpretation &: is-functor a A B & by (rule &)

mk-ide rf is-cf-continuous-def[where a=a and &=86, unfolded cat-cs-simps]
|intro is-cf-continuousl|
|dest is-cf-continuousD’|
|elim is-cf-continuousE|

mk-ide rf is-cf-cocontinuous-def[where a=a and &=6, unfolded cat-cs-simps]
|intro is-cf-cocontinuousl|
|dest is-cf-cocontinuousD’|
|elim is-cf-cocontinuousE’|

end

lemmas is-cf-continuousD[ dest!] = is-cf-continuousD’[ rotated)]
and is-cf-continuousE[ elim!] = is-cf-continuousE [ rotated)]
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lemmas is-cf-cocontinuousD| dest!] = is-cf-cocontinuousD'[ rotated]
and is-cf-cocontinuousE[ elim!] = is-cf-cocontinuousE [rotated)

Duality.

lemma is-cf-continuous-op[ cat-op-simps]:
assumes & : A —»—>cq B
shows is-cf-continuous o (op-cf &) «— is-cf-cocontinuous a &
proof
interpret &: is-functor o A B & by (rule assms(1))
show is-cf-cocontinuous o & if is-cf-continuous « (op-cf &)
proof(intro is-cf-cocontinuousl, rule assms)
fix § J assume prems: F: J »oq A
then interpret §: is-functor a J A § .
show cf-preserves-colimits a & §
by
(
rule cf-preserves-limits-op
[
THEN iffD1,
OF
prems’
assms(1)
is-cf-continuousD[ OF that §.is-functor-op &.is-functor-op]
]
)
qed
show is-cf-continuous « (op-cf &) if is-cf-cocontinuous o &
proof(intro is-cf-continuousl, rule &.is-functor-op)
fix § J assume prems” §F : J = cq op-cat A
then interpret §: is-functor a J <op-cat 2> § .
from that assms have op-op-bundle:
is-cf-cocontinuous o (op-cf (op-cf &))
op-cf (op-cf &) : A »>ca B
unfolding cat-op-simps .
show cf-preserves-limits o (op-cf &) §
by
(

rule cf-preserves-colimits-op

THEN iffD1,
OF
§.is-functor-axioms
&.is-functor-op
is-cf-cocontinuousD
[
OF
op-op-bundle(1)
§.is-functor-op[ unfolded cat-op-simps]
op-op-bundle(2)

]
)

qed
qed

lemma is-cf-cocontinuous-op| cat-op-simps]:

assumes & : A >4 B
shows is-cf-cocontinuous o (op-c¢f &) «— is-cf-continuous o &
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proof
interpret &: is-functor o A B & by (rule assms(1))
show is-cf-continuous o & if is-cf-cocontinuous « (op-cf &)
proof(intro is-cf-continuousl, rule assms)
fix § J assume prems: F: J »oq A
then interpret §: is-functor a J A F .
show cf-preserves-limits a & §
by
(
rule cf-preserves-colimits-op
[
THEN iffD1,
OF
prems’
assms(1)
is-cf-cocontinuousD[ OF that §.is-functor-op &.is-functor-op]
]
)
qged
show is-cf-cocontinuous o (op-cf &) if is-cf-continuous o &
proof(intro is-cf-cocontinuousl, rule &.is-functor-op)
fix § J assume prems” § : J =g op-cat A
then interpret §: is-functor a J <op-cat 2> § .
from that assms have op-op-bundle:
is-cf-continuous a (op-cf (op-cf &))
op-cf (op-cf B) : A »>cq B
unfolding cat-op-simps .
show cf-preserves-colimits a (op-c¢f &) F
by
(
rule cf-preserves-limits-op
[
THEN iffD1,
OF
§.is-functor-axioms
&.is-functor-op
is-cf-continuousD
[
OF
op-op-bundle(1)
§.is-functor-op[unfolded cat-op-simps]
op-op-bundle(2)
]
]
)

qged
qed

3.7.2 Category isomorphisms are continuous and cocontinuous

lemma (in is-iso-functor) iso-cf-is-cf-continuous: is-cf-continuous o §
proof(intro is-cf-continuousl)
fix J & assume prems: & : J o A
then interpret &: is-functor a J2A & .
show cf-preserves-limits o § &
proof(intro cf-preserves-limitsl)
fix a c assume 0 : a <cp.jim ® 1 J op>ca AU
then interpret o: is-cat-limit a JA & a o .
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show § ocr-nrcr 0 : §(0bjMap))(a) <cr.1im § ocr & : J =»rca B
proof(intro is-cat-limitl)
fix ' 7 assume 7 : 1’ <CF . cone § °cF & J »ca B
then interpret 7: is-cat-cone a 7' J B «F ogr & T .
note [cat-cs-simps] = cf-comp-assoc-helper|
where H=<inv-¢f § and &=F and §=& and Q=<cf-id >
]
have inv-1: inv-¢f § cop_nTCOFR T :
inv-cf FQObMap))(r') <cF.cone & : J = ca A
by
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps
cs-intro: cat-cs-intros cf-cs-intros
)
from is-cat-limit. cat-lim-unique-cone'| OF o.is-cat-limit-azioms inv-T|
obtain f where f: f : inv-c¢f F(ObjMap|)(r') —g a
and fup: Aj. j € J(Obj) =
(inv-cf § ocr-nrcr T)(NTMap)(j) = o(NTMap) (i) cag f
and f-unique:
I
[ inv-cf F(ObjMap))(r') —yg a;
Ni- j € J(0bj) =
(inv-cf § ccr-nrcr T)(NTMap)(j) = o(NTMap)) () oag [’
I=1f-=f
for f’
by metis
have [cat-cs-simps]: F(ArrMap|) (o (NTMap))(j)) casgy F(ArrMap))(f) = 7(NTMap))(j)
if j €5 J(Obj)) for j
proof-
from f-up[ OF that] that have
inv-cf F(ArrMap|)(T(NTMap)(j))) = o(NTMap))(j) oag f
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have
S ArrMapl) (inv-cf F(ArrMap)(r(NTMap) (D)) -
S(ArrMap) (o (NTMap)) (i) oasg fD
by simp
from this that f show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros
)

stmp
qed
show 3J!f".
frir' g §(ObjMap)(a)) A T =F occr-nTCF 0 *NTCF ntcf-const B f’
proof(intro ex1I conjI; (elim conjE)?)
from f have
S ArrMap) (f) = F(ObMap) (inv-cf F(ObMap)(rD) —g FObiMap)(a)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then show §(ArrMap|)(f]) : r" —g §(ObjMap)(al
by (cs-prems cs-shallow cs-simp: cf-cs-simps cs-intro: cat-cs-intros)
show 7 = F ocp_nTcF 0 ‘NTCoF ntef-const I B (F(ArrMap))(f])
proof(rule ntef-eql, rule T.is-ntcf-axioms)
from f show § oor-nTcoF 0 ‘NTCOF ntcf-const J B (F(ArrMap))(f)) :
cf-const B r' mop Focr &1 F poa B
by
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(

cs-concl
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros

then have dom-rhs:
Do ((§ ccr-nTCF 0 *NTCF ntcf-const J B (F(ArrMap))(f)))) (NTMap)) =
300b)
by (cs-concl cs-simp: cat-cs-simps)
show
T(NTMap)) = (§ ccr-nrcF 0 *nrcrF nicf-const I B (F(ArrMap))(f))(NTMap)
proof(rule vsv-eql, unfold T.ntcf~-NTMap-vdomain dom-rhs)
fix j assume j €, J(Obj)
with f show 7(NTMap))(j) =
(§ ccr-NTCOF 0 *NTCF ntef-const I B (F(ArrMap))(f]))) (NTMap)) ()
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all
fix f/ assume prems”:
£ 17 gy 3008 Mapl)(al
T =8 ocr-NTCF O *NTCF ntcf-const B f'
have 7j-defs T(NTMap)(j) = §(ArrMap) (o (NTMaph (7)) oags f'
if j €, J(Obj)) for j
proof-
from prems’(2) have
T(NTMap))(j)) = (§ ccr-NTCF 0 *NTCF ntcf-const I B fY(NTMap))(j)
by simp
from this prems’(1) that show ?thesis
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
have inv-c¢f F(ArrMap)(f’) = f
proof(rule f-unique)
from prems’(1) show
inv-cf F(ArrMap))(f') : inv-cf F(ObjMap)(r’) ~g a
by
(
cs-concl
cs-simp: cf-cs-simps cs-intro: cat-cs-intros cf-cs-intros

fix j assume j €, J(Obj)
from this prems’(1) show
(inv-cf § ocr-nrcr T)(NTMap)(j) =
o(NTMap) () cag inv-cf F(ArrMap)(f’)
by
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps Tj-def
cs-intro: cat-cs-intros cf-cs-intros

)
qed
then have F(ArrMap)|)(inv-cf F(ArrMap)(f')) = F(ArrMap))(f]) by simp
from this prems’(1) show f' = F(ArrMap))(f)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros
)

qed
qged (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
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qed (intro prems is-functor-azioms)+
qed (rule is-functor-azioms)

lemma (in is-iso-functor) iso-cf-is-cf-cocontinuous: is-cf-cocontinuous o §
using is-iso-functor.iso-cf-is-cf-continuous[ OF is-iso-functor-op]
by (cs-prems cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)

3.8 Tiny-continuous and tiny-cocontinuous functor
3.8.1 Definition and elementary properties

definition is-tm-cf-continuous = V = V = bool
where is-tm-cf-continuous o & =
(VFJ.§:3 »ec.tma ©(HomDom|) — cf-preserves-limits a & F)

Rules.

context
fixesa JAB B F
assumes &: & : A >0 B
begin

interpretation &: is-functor a A B & by (rule &)

mk-ide rf is-tm-cf-continuous-def[where a=a and &=6, unfolded cat-cs-simps]
|intro is-tm-cf-continuousl|
|dest is-tm-cf-continuousD’|
|elim is-tm-cf-continuousE’|

end

lemmas is-tm-cf-continuousD[dest!] = is-tm-cf-continuousD [ rotated]
and is-tm-cf-continuousE[ elim!] = is-tm-cf-continuousE [rotated)]

Elementary properties.

lemma (in is-functor) cf-continuous-is-tm-cf-continuous:
assumes is-cf-continuous a §
shows is-tm-cf-continuous a §
proof(intro is-tm-cf-continuousl, rule is-functor-azioms)
fix §'J assume §': J =0 pma A
then interpret §" is-tm-functor a J A §'.
show cf-preserves-limits a § §'
by
(
intro is-cf-continuousD[ OF assms(1) - is-functor-azioms],
rule §'.is-functor-azioms

)

qed
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4 Initial and terminal objects as limits and colimits

4.1 Initial and terminal objects as limits/colimits of an empty diagram

4.1.1 Definition and elementary properties

See [1]%, [1]? and Chapter X-1 in [9)].

locale is-cat-obj-empty-terminal = is-cat-limit o cat-0 € <cf-0 & z 3
fora €23

syntax -is-cat-obj-empty-terminal = V. = V = V = V = bool

(((- Z/ -<CcF.1 OC’F 2/ OC Indudol! -)) [51, 51] 51)
syntax-consts -is-cat-obj-empty-terminal = is-cat-obj-empty-terminal
translations 3 : 2 <gp.1 Ocr : Oc »Hoq € =

CONST is-cat-obj-empty-terminal o € z 3

locale is-cat-obj-empty-initial = is-cat-colimit « cat-0 € <cf-0 € z 3
fora €z 3

syntax -is-cat-obj-empty-initial = V = V = V = V = bool
(«(-:/ Ocr >cr.0 -:] 0c »—c1-) [51, 51] 51)
syntax-consts -is-cat-obj-empty-initial = is-cat-obj-empty-initial
translations 3 : Ocr >cr.o0 2: 0c »Hcoa € =
CONST is-cat-obj-empty-initial o € z 3

Rules.

lemma (in is-cat-obj-empty-terminal)
is-cat-obj-empty-terminal-azioms'] cat-lim-cs-intros):
assumes o' = o and 2z’ = zand ¢’ = €
shows 3 : 2" <¢cp.1 Ocr : Oc e, €
unfolding assms by (rule is-cat-obj-empty-terminal-azioms)

mk-ide rf is-cat-obj-empty-terminal-def
|intro is-cat-obj-empty-terminall|
|dest is-cat-obj-empty-terminalD[ dest]
|elim is-cat-obj-empty-terminal B[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-empty-terminalD

lemma (in is-cat-obj-empty-initial)
is-cat-obj-empty-initial-axioms’] cat-lim-cs-intros]:
assumes o' = o and z'=zand €' =€
shows 3 : Ocr >cF.0 2" Oc ndndeI] ¢’
unfolding assms by (rule is-cat-obj-empty-initial-azioms)

mk-ide rf is-cat-obj-empty-initial-def
|intro is-cat-obj-empty-initiall|
|dest is-cat-obj-empty-initial D[ dest]|
|elim is-cat-obj-empty-initial B[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-empty-initialD

Duality.

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op:
op-ntcf 3 : Ocp >cr.0 2: 0¢ »—cq op-cat €

https://ncatlab.org/nlab/show /initial+-object
®https://ncatlab.org/nlab/show/terminal+-object
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by (intro is-cat-obj-empty-initiall )
(
cs-concl cs-shallow
cs-simp: cat-op-simps op-cf-cf-0 cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-nicf 3 : Ocr >cr.0 z2: 0¢c =»—>ca €
unfolding assms by (rule is-cat-obj-empty-initial-op)

lemmas [ cat-op-intros] = is-cat-obj-empty-terminal.is-cat-obj-empty-initial-op’

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op:
op-ntcf 3: z<cgp.1 Ocp : O¢ »—>cq op-cat €
by (intro is-cat-obj-empty-terminall)
(
cs-concl cs-shallow
cs-simp: cat-op-simps op-cf-cf-0 cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-nicf 3 : z <cp.1 Ocr : O¢ =»—ca €
unfolding assms by (rule is-cat-obj-empty-terminal-op)

lemmas [ cat-op-intros] = is-cat-obj-empty-initial.is-cat-obj-empty-terminal-op’

Elementary properties.

lemma (in is-cat-obj-empty-terminal) cat-oet-ntcf-0: 3 = ntcf-0 €
by (rule is-ntcf-is-ntcf-0-if-cat-0)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

lemma (in is-cat-obj-empty-initial) cat-oei-ntcf-0: 3 = ntef-0 €
by (rule is-ntcf-is-ntcf-0-if-cat-0)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

4.1.2 Initial and terminal objects as limits/colimits of an empty diagram are initial
and terminal objects

lemma (in category) cat-obj-terminal-is-cat-obj-empty-terminal:
assumes obj-terminal € z
shows ntcf-0 € : z <gp.1 Ocp : Oc »—>ca €

proof-

from assms have z: z €, €(Obj]) by auto
from 2 have [cat-cs-simps]: cf-const cat-0 € z = ¢f-0 €

by (intro is-functor-is-cf-0-if-cat-0) (cs-concl cs-intro: cat-cs-intros)
note obj-terminalD = obj-terminalD[ OF assms]

show “thesis
proof

(
intro is-cat-obj-empty-terminall is-cat-limitl is-cat-conel,
unfold cat-cs-simps

)
show 3!f". f':r' »¢ 2 A u' = ntef-0 € -yror ntcf-const cat-0 € f'
if u': 1" <cF.cone ¢f-0 € : cat-0 »—>cq € for v’ r’
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proof-—
interpret u” is-cat-cone « r' cat-0 € <cf-0 €& u' by (rule that)
from z have [cat-cs-simps]: cf-const cat-0 € r' = ¢f-0 €
by (intro is-functor-is-cf-0-if-cat-0)
(cs-concl cs-shallow cs-intro: cat-cs-intros)
have u’-def: v’ = nicf-0 €
by
(
rule is-ntcf-is-nicf-0-if-cat-0[
OF u'.is-ntcf-axioms, unfolded cat-cs-simps
]
)
from obj-terminalD(2)[ OF u'.cat-cone-obj] obtain f'
where [ f': 1 ¢ 2
and f’-unique: f"': ' »g 2 = f"" = f'
for "'
by auto
from f’ have [cat-cs-simps]: ntcf-const cat-0 € f' = nicf-0 €
by (intro is-ntcf-is-ntcf-0-if-cat-0(1))
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ?thesis
proof(intro ex1l conjI; (elim conjE)?)
show u’ = ntcf-0 € -y 7or ntcf-const cat-0 € f'
by
(
cs-concl cs-shallow
cs-simp: u’-def cat-cs-simps cs-intro: cat-cs-intros

fix f"" assume prems:
[ e zu' = ntef-0 € <nypop ntef-const cat-0 € f'
show [ = f" by (rule f"-unique[ OF prems(1)])
qged (rule f)
qed
qed (cs-concl cs-simp: cat-cs-simps cs-intro: z cat-cs-intros)

qed

lemma (in category) cat-obj-initial-is-cat-obj-empty-initial:
assumes obj-initial € 2
shows ntcf-0 € : Ocp >cp.o 2: 0c »—ca €
proof-
have z: obj-terminal (op-cat €) z unfolding cat-op-simps by (rule assms)
show ?thesis
by
(
rule is-cat-obj-empty-terminal.is-cat-obj-empty-initial-op
[
OF category. cat-obj-terminal-is-cat-obj-empty-terminal|
OF category-op z, folded op-ntcf-ntcf-0
1
unfolded cat-op-simps op-ntcf-nitcf-0
]

)
qed

lemma (in is-cat-obj-empty-terminal) cat-oet-obj-terminal: obj-terminal € 2

proof-
show obj-terminal € 2z
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proof(rule obj-terminall)
fix a assume prems: a €, €(0bj|
have [cat-cs-simps]: cf-const cat-0 € a = ¢f-0 €
by (rule is-functor-is-cf-0-if-cat-0)
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros prems)
from prems have nicf-0 € : a <cp.cone ¢f-0 € : cat-0 »~>cqo €
by (intro is-cat-conel)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from cat-lim-ua-fo[ OF this] obtain f'
where " f':a ¢ 2
and ntcf-0 € = 3 -yrcF ntef-const cat-0 € f'
and f’-unique:
[f":awg 2 ntef-0 € =3 yrorp ntcf-const cat-0 € f" ]| =

by metis

show 3If". f':a ¢ 2

proof(intro ex1I)
fix f'" assume prems” f"': a »g 2
from prems’ have ntcf-0 € = ntcf-0 € -y rcr ntcf-const cat-0 € f'

by (c¢s-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from f’-unique[ OF prems’, unfolded cat-oet-ntcf-0, OF this]
show "' = f'.

qed (rule f)

qed (rule cat-cone-obj)
qed

lemma (in is-cat-obj-empty-initial) cat-oei-obj-initial: obj-initial € z
by
(
rule is-cat-obj-empty-terminal. cat-oet-obj-terminal|
OF is-cat-obj-empty-initial.is-cat-obj-empty-terminal-op[
OF is-cat-obj-empty-initial-azioms
I,
unfolded cat-op-simps
]
)

lemma (in category) cat-is-cat-obj-empty-terminal-obj-terminal-iff:
(ntef-0 €: 2z <cp.1 Ocr : O¢ = ca €) «— obj-terminal € z
using
cat-obj-terminal-is-cat-obj-empty-terminal
is-cat-obj-empty-terminal. cat-oet-obj-terminal
by auto

lemma (in category) cat-is-cat-obj-empty-initial-obj-initial-iff:
(ntef-0 €: Ocp >cr.o 2: 0c = ca €) «— obj-initial € 2z
using
cat-obj-initial-is-cat-obj-empty-initial
1s-cat-obj-empty-initial. cat-oei-obj-initial
by auto

4.2 Initial cone and terminal cocone

4.2.1 Definitions and elementary properties

definition nicf-initial = V= V = V
where ntcf-initial € z =
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(Abe.€(Obj)). THE f. f: 2z =g b),
cf-const € € 2,
cf-id €,
Q:v
¢
lo

definition nicf-terminal = V= V = V
where ntcf-terminal € z =

[
(Abe.€(Obj)). THE f. f: b =g 2),
cf-id €,
cf-const € € z,
¢,
¢

Io

Components.

lemma ntcf-initial-components:

shows ntcf-initial € 2(NTMap|) = (Ace.€(Obj)). THE f. f : z ¢ ¢)
and nicf-initial € z(NTDom)) = cf-const € € 2
and nicf-initial € z(NTCod|) = cf-id €
and ntcf-initial € z(NTDGDom]) = €
and ntcf-initial € z(NTDGCod)) = €

unfolding ntcf-initial-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemmas [cat-lim-cs-simps]| = nicf-initial-components(2-5)

lemma nicf-terminal-components:

shows ntcf-terminal € z(NTMap|) = (Ace.€(Obj)). THE f. f : ¢ =g 2)
and nicf-terminal € z(NTDoml) = c¢f-id €
and ntcf-terminal € z(NTCod)) = cf-const € € z
and ntcf-terminal € z(NTDGDom|) = €
and ntcf-terminal € z(NTDGCod)) = €

unfolding ntcf-terminal-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemmas [ cat-lim-cs-simps] = ntcf-terminal-components(2-5)

Duality.

lemma nicf-initial-op| cat-op-simps]:
op-nicf (ntef-initial € z) = nicf-terminal (op-cat €) z
unfolding
ntcf-initial-def nicf-terminal-def op-nicf-def
nt-field-simps cat-op-simps
by (auto simp: nat-omega-simps cat-op-simps)

lemma ntcf-cone-terminal-op| cat-op-simps]:
op-ntcf (ntef-terminal € z) = ntcf-initial (op-cat €) z
unfolding
ntcf-initial-def ntcf-terminal-def op-nicf-def
nt-field-simps cat-op-simps
by (auto simp: nat-omega-simps cat-op-simps)
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4.2.2 Natural transformation map

mk-VLambda nitcf-initial-components(1)
|vsv ntcf-initial-vsv[ cat-lim-cs-intros]|
|vdomain ntcf-initial-vdomain[ cat-lim-cs-simps]|
|app ntcf-initial-app|

mk-VLambda ntcf-terminal-components(1)
|vsv ntcf-terminal-vsv[ cat-lim-cs-intros]|
|vdomain ntef-terminal-vdomain| cat-lim-cs-simps||
|app nicf-terminal-app|

lemma (in category)
assumes obj-initial € z and ¢ €, €(Obj)
shows ntcf-initial-NTMap-app-is-arr:
ntcf-initial € z(NTMap))(c)) : z —»¢ ¢
and nicf-initial-NTMap-app-unique:
AN 1z e ¢ = [ = ntcf-initial € z(NTMap))(c)
proof-
from obj-initialD(2)[ OF assms(1,2)] obtain f
where f: f: 2 =g ¢
and funique: f': z »g c = f'=f
for f'
by auto
show is-arr: ntcf-initial € z(NTMap|)(c)) : z =g ¢
proof(cs-concl-step ntcf-initial-app, rule assms(2), rule thel)
fix f' assume f': z »¢ ¢
from f-unique[ OF this] show f' = f.
qed (rule f)
fix f'assume f': z »¢ ¢
from f-unique[ OF this, folded f-unique[ OF is-arr]]
show [’ = ntef-initial € z(NTMapl)(c).
qed

lemma (in category) ntcf-initial-NTMap-app-is-arr’| cat-lim-cs-intros]:
assumes obj-initial € z
and c €, €(0bj)

and ¢'=¢
and 2’ = 2
and ¢’ = ¢

shows nitcf-initial € z(NTMap|)(c]) : 2" =g ¢’
using assms(1,2)

unfolding assms(3-5)

by (rule ntcf-initial-NTMap-app-is-arr)

lemma (in category)
assumes obj-terminal € z and ¢ €, €(0bj))
shows ntcf-terminal-NTMap-app-is-arr:
ntcf-terminal € z(NTMap|)(c)) : ¢ =g 2
and nicf-terminal-NTMap-app-unique:
N e e 2 = f' = ntcf-terminal € z(NTMapl)(|c|)
proof-
from obj-terminalD(2)[ OF assms(1,2)] obtain f
where f: f: c g 2
and funique: f': c g 2= f'=f
for f’
by auto
show is-arr: ntcf-terminal € z(NTMap|)(c)) : ¢ »¢ 2z
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proof(cs-concl-step ntcf-terminal-app, rule assms(2), rule thel)
fix f" assume f': ¢ »¢ 2z
from f-unique[ OF this] show f' = f.

qed (rule f)

fix f' assume f': ¢ »¢ 2

from f-unique[ OF this, folded f-unique[ OF is-arr]]

show f' = ntef-terminal € z(NTMap|)(c).

qed

lemma (in category) ntcf-terminal-NTMap-app-is-arr'[ cat-lim-cs-intros):
assumes obj-terminal € z
and c €, €(0bj)

and ¢' = ¢
and 2z’ = 2
and ¢’ = ¢

shows ntcf-terminal € 2(NTMap|)(c) : ¢’ +=gr 2’
using assms(1,2)

unfolding assms(5-5)

by (rule ntcf-terminal-NTMap-app-is-arr)

4.3 Initial and terminal objects as limits/colimits of the identity functor

4.3.1 Definition and elementary properties

See [1]%, [1]° and Chapter X-1 in [9].

locale is-cat-obj-id-initial = is-cat-limit o € € <c¢f-id € z 3 for a € 2 3

syntax -is-cat-obj-id-initial = 'V = V = V = V = bool
(«(-:/ - <cp.o ide i »>c1 ) [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-initial = is-cat-obj-id-initial
translations 3 : 2 <gp.g idc : Poa €=
CONST is-cat-obj-id-initial o € z 3

locale is-cat-obj-id-terminal = is-cat-colimit a € € <cf-id € z 3 for a € 2 3

syntax -is-cat-obj-id-terminal = V = V = V = V = bool
(«(-:/ idc >cp.1 -] =1 - [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-terminal = is-cat-obj-id-terminal
translations 3 : idg >cr.1 2 o €=
CONST is-cat-obj-id-terminal o € z 3

Rules.

lemma (in is-cat-obj-id-initial)
is-cat-obj-id-initial-azioms'[ cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand €' = €
shows 3 : 2z <¢op.g idg : »cq €
unfolding assms by (rule is-cat-obj-id-initial-axioms)

mk-ide rf is-cat-obj-id-initial-def
|intro is-cat-obj-id-initiall|
|dest is-cat-obj-id-initial D[ dest]|
|elim is-cat-obj-id-initial B[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-id-initialD

“https://ncatlab.org/nlab/show /initial+object
®https://ncatlab.org/nlab/show /terminal+object
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lemma (in is-cat-obj-id-terminal)
is-cat-obj-id-terminal-azioms'[ cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand ¢' = €
shows 3 : idc >crp.1 2t =gy €
unfolding assms by (rule is-cat-obj-id-terminal-azioms)

mk-ide rf is-cat-obj-id-terminal-def
|intro is-cat-obj-id-terminall|
|dest is-cat-obj-id-terminal D[ dest]|
|elim is-cat-obj-id-terminalE [ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-id-terminalD

Duality.

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op:
op-ntcf 3 1 ide >cp.1 2 = o op-cat €
by (intro is-cat-obj-id-terminall)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op’| cat-op-intros]:
assumes €’ = op-cat €
shows op-nitcf 3 :idc >cr.1 2 »ca €
unfolding assms by (rule is-cat-obj-id-terminal-op)

lemmas [cat-op-intros] = is-cat-obj-id-initial.is-cat-obj-id-terminal-op’

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op:
op-ntcf 3 : 2z <cp.o idc : = cq op-cat €
by (intro is-cat-obj-id-initiall)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op'| cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 3 : 2z <gp.g idg : »—ca €
unfolding assms by (rule is-cat-obj-id-initial-op)

lemmas [cat-op-intros] = is-cat-obj-id-terminal.is-cat-obj-id-initial-op’

4.3.2 Initial and terminal objects as limits/colimits are initial and terminal objects

lemma (in category) cat-obj-initial-is-cat-obj-id-initial:
assumes obj-initial € z
shows ntcf-initial € z : z <gp.g idg : »~>cq €
proof(intro is-cat-obj-id-initiall is-cat-limitl)

from assms have z: z €, €(Obj]) by auto
note obj-initialD = obj-initial D[ OF assms]

show ntcf-initial € z : z <cp. cone cf-id € : € »>gq €
proof(intro is-cat-conel is-ntcfl’, unfold cat-lim-cs-simps)
show ufsequence (nitcf-initial € 2)
unfolding ntcf-initial-def by auto
show wvcard (ntcf-initial € z) = 5N
unfolding ntcf-initial-def by (simp add: nat-omega-simps)
show ntcf-initial € 2z(NTMap))(al) :
cf-const € € z(ObjMap))(a)) —¢ cf-id €(ObiMap])(al)
if a €, €(0bj)) for a
using that assms(1)
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by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-lim-cs-intros
)
show
ntcf-initial € z(NTMap))(b]) oag cf-const € € z(ArrMap))(f]) =
cf-id C(ArrMap|)(f)) cag ntcf-initial € z(NTMapl)(al)
iffrawgbforabdf
proof-—
from that assms(1) have
[ oag ntcf-initial € z(NTMap|)(a)) : z »¢ b
by (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
note [cat-cs-simps] = nicf-initial-NTMap-app-unique[
OF assms(1) cat-is-arrD(3)[ OF that] this

from that assms(1) show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-lim-cs-intros
)

qed
qged (use z in <cs-concl cs-intro: cat-cs-intros cat-lim-cs-introsy )+
then interpret i: is-cat-cone a z € € «cf-id & «ntcf-initial € z» .

fix u r assume u : r <gp.cone Cf-id € : € oo €
then interpret u: is-cat-cone a r € € «¢f-id & u .

from obj-initialD(2)[ OF wu.cat-cone-obj] obtain f
where f: f : 2 »>¢ 7 and f-unique: f': 2 =g r = f'= f for f’
by auto

note u.cat-cone-Comp-commute[ cat-cs-simps del]

from w.ntcf-Comp-commute[ OF f] f have u(NTMap))(r|) = f oag uw(NTMap)(z|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show 3!f’.
fliree zA
u = ntef-initial € z -y 7o nicf-const € € f'
proof(intro ex1I conjl; (elim conjE)?)
from f show u(NTMap))(z)) : r »¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u = ntcf-initial € z -y cp ntef-const € € (u(NTMapl)(z))
proof(rule ntcf-eql, rule u.is-ntcf-axioms)
show ntcef-initial € z -y rop nicf-const € € (u(NTMap))(z)) :
cf-const CE 1T —>op cf-id €: € »—aq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from z have dom-rhs:
D, ((ntef-initial € z <y por ntef-const € € (u(NTMap))(z)))(NTMap))) =
e(obj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u(NTMap)) =
(ntcf-initial € z <y or nicf-const € € (u(NTMap))(2))(NTMap))
proof(rule vsv-eql, unfold dom-rhs u.ntcf~-NTMap-vdomain)
fix ¢ assume prems: ¢ €, €(Obj))
then have ic: ntcf-initial € 2(NTMap))(c)) : z »¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from u.ntcf-Comp-commute[ OF ic] ic have [ cat-cs-simps]:

74



ntcf-initial € z(NTMap|)(c) oag u(NTMap))(z)) = u(NTMap))(c|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp
from prems z show u(NTMap|)(c|) =
(ntef-initial € z «y 7o F ntcf-const € € (u(NTMap))(z])))(NTMap))(c|
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged (auto intro: cat-cs-intros)
qed simp-all
fix f’ assume prems:
fliree 2
u = nitcf-initial € z -y 17cF nicf-const € € f'
from z have ntcf-initial € 2(NTMap))(z)) : z —»¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note [cat-cs-simps] = cat-obj-initial-CId[ OF assms this, symmetric]
from prems(2) have
w(NTMap|)(z) = (ntcf-initial € z -y Tcor nicf-const € € fY(NTMap))(z])
by simp
from this prems(1) show f' = u(NTMap|)( 2|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp
qged
qed

lemma (in category) cat-obj-terminal-is-cat-obj-id-terminal:
assumes obj-terminal € z
shows ntcf-terminal € z : idg >cp.1 2 »—ca €
by
(
rule is-cat-obj-id-initial.is-cat-obj-id-terminal-op
|
OF category. cat-obj-initial-is-cat-obj-id-initial[
OF category-op op-cat-obj-initial| THEN iffD2, OF assms(1)]
1,
unfolded cat-op-simps
]
)

lemma cat-cone-CIld-obj-initial:
assumes 3 : 2 <¢gr.cone ¢f-id €: € »>cq € and 3(NTMap)(z) = €(CId])(z)
shows obj-initial € 2
proof(intro obj-initiall)
interpret 3: is-cat-cone a z € € <cf-id € 3 by (rule assms(1))
show z €, €(Obj) by (cs-concl cs-intro: cat-cs-intros)
fix ¢ assume prems: ¢ €, €(0bj)
show 3!f. f: 2 ¢ ¢
proof(intro ex1I)
from prems show 3c¢: 3(NTMap))(c) : z —¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix f assume prems” f: z =g ¢
from 3.ntcf-Comp-commute[ OF prems’] prems’ 3¢ show f = 3(NTMap))(c|)
by (cs-prems cs-simp: cat-cs-simps assms(2) cs-intro: cat-cs-intros) simp
qed
qed

lemma cat-cocone-Cld-obj-terminal:
assumes 3 : ¢f-id € >cp cocone 2 : € »oq € and 3(NTMap))(z) = €(CId)(z)
shows obj-terminal € z
proof-
interpret 3: is-cat-cocone « z € € <cf-id € 3 by (rule assms(1))
show ?thesis
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by
(
rule cat-cone-Cld-obj-initial
[
OF 3.is-cat-cone-op|unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2)
]

)
qed

lemma (in is-cat-obj-id-initial) cat-oii-obj-initial: obj-initial € z
proof(rule cat-cone-Cld-obj-initial, rule is-cat-cone-axioms)
from cat-lim-unique-cone'[ OF is-cat-cone-azioms] obtain f
where f: f: 2 =g 2
and 35 \j. j € €(Ob) —> 3(NTMap)(f) = 3ONTMap) (i) oac f
and f-unique:

f'z e 2
Ni- j € €(0bj)) = 3(NTMap|)(j) = 3(NTMap)(j) ca¢ f’
I=1r=f
for f'
by metis
have CId-z: €(|CId])(z)) : z ~¢ 2
by (cs-concl cs-intro: cat-cs-intros)
have 3(NTMap)(j) = 3(NTMap)(j) oag €(CI)(2) if j € €(Ob]) for j
using that by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from f-unique[ OF CId-z this] have CId-f: €(CId)(z)) = f .
have 3z: 3(NTMap|) (2 : z »¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have 3(NTMap|)(c) = 3(NTMap)(c) cag 3(NTMap))(2) if ¢ €, €(Obj) for c
proof—
from that have 3c¢: 3(NTMap))(c) : z —¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note cat-cone-Comp-commute[ cat-cs-simps del]
from ntcf-Comp-commute[ OF 3¢] 3¢ show
3(NTMap)(c) = 3(NTMap)(c) oae 3(NTMap)(2)
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from f-unique[ OF 3z this] have 3(NTMap|)(z]) = f .
with CId-f show 3(NTMap))(z) = €(CId)(z|) by simp
qed

lemma (in is-cat-obj-id-terminal) cat-oit-obj-terminal: obj-terminal € z
by
(
rule is-cat-obj-id-initial. cat-oii-obj-initial|
OF is-cat-obj-id-initial-op, unfolded cat-op-simps
]
)

lemma (in category) cat-is-cat-obj-id-initial-obj-initial-iff:
(ntef-initial € 2 : z <gp.o ido : »=coa €) < obj-initial € z
using
cat-obj-initial-is-cat-obj-id-initial
1s-cat-obj-id-initial. cat-oii-obj-initial
by auto
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lemma (in category) cat-is-cat-obj-id-terminal-obj-terminal-iff:
(ntef-terminal € z 1 idg >cr.1 2t »coq €) < obj-terminal € z
using
cat-obj-terminal-is-cat-obj-id-terminal
is-cat-obj-id-terminal. cat-oit-obj-terminal
by auto
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5 Products and coproducts as limits and colimits

5.1 Product and coproduct

5.1.1 Definition and elementary properties

The definition of the product object is a specialization of the definition presented in Chapter
I11-4 in [9]. In the definition presented below, the discrete category that is used in the definition
presented in [9] is parameterized by an index set and the functor from the discrete category is
parameterized by a function from the index set to the set of the objects of the category.

locale is-cat-obj-prod =
is-cat-limit o« ;¢ D € ¢>: T A& P w+ cf-discrete o [ A €
fora ITAC P

syntax -is-cat-obj-prod = V =V =V =V = V = V = bool
(«(-:/ -<crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod = is-cat-obj-prod
translations 7 : P <gpqq A: I »—cq €=
CONST is-cat-obj-prod o« I A € P

locale is-cat-obj-coprod =
is-cat-colimit o <:¢c > € <> [ A& U w + c¢f-discrete a [ A €
foralACUn

syntax -is-cat-obj-coprod = V=V = V = V = V = V = bool
(-2 ->crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod = is-cat-obj-coprod
translations 7 : A >cpy U: I »—0q €=
CONST is-cat-obj-coprod o [ A € U

Rules.

lemma (in is-cat-obj-prod) is-cat-obj-prod-azioms’| cat-lim-cs-intros]:
assumes o' =aand P'= Pand A’'=Aand I'=Tand ¢'=¢
shows 7 : P/ <gp.qq A"+ ' =g, €
unfolding assms by (rule is-cat-obj-prod-azioms)

mk-ide rf is-cat-obj-prod-def
|intro is-cat-obj-prodI|
|dest is-cat-obj-prodD[ dest]|
|elim is-cat-obj-prodE[ elim]]

lemmas [cat-lim-cs-intros| = is-cat-obj-prodD

lemma (in is-cat-obj-coprod) is-cat-obj-coprod-azioms'[ cat-lim-cs-intros]:
assumes o' =aand U'=Uand A’=Aand I'=Tand ¢'=¢
shows 7 : A" >cpq Ut 1" =g, &
unfolding assms by (rule is-cat-obj-coprod-azioms)

mk-ide rf is-cat-obj-coprod-def
|intro is-cat-obj-coprodl|
|dest is-cat-obj-coprodD[ dest]|
|elim is-cat-obj-coprodE| elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-coprodD

Duality.

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op:
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op-ntef m: A>cpq P 1 —»—cq op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-cat-obj-coprodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op'[ cat-op-intros]:
assumes &’ = op-cat €
shows op-ntef m: A>cpq P: 1o €
unfolding assms by (rule is-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-cat-obj-prod.is-cat-obj-coprod-op’

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op:
op-ntef m: U <cpqq A: 1 —»—cq op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-cat-obj-prodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op'[ cat-op-intros]:
assumes &' = op-cat €
shows op-ntef m: U <cpp A: I »ca €
unfolding assms by (rule is-cat-obj-prod-op)

lemmas [cat-op-intros] = is-cat-obj-coprod.is-cat-obj-prod-op’

5.1.2 Universal property

lemma (in is-cat-obj-prod) cat-obj-prod-unique-cone”:
assumes 7' : P ' <cr.cone > I A€ ::c I g €
shows 3!f". f': P' =g P A (Vjel. ' (NTMap))(j) = m(NTMap))(j) cag f')
by
(
rule cat-lim-unique-cone’[
OF assms, unfolded the-cat-discrete-componenits(1)

]
)

lemma (in is-cat-obj-prod) cat-obj-prod-unique:
assumes 7' : P'<gpq A: I »con €
shows 3!f". f': P' ¢ P A7’ =7 nroF ntcf-const (:c I) € f'
by (intro cat-lim-unique[ OF is-cat-obj-prodD(1)[ OF assms]])

lemma (in is-cat-obj-prod) cat-obj-prod-unique”:
assumes 7' : P'<gpq A: I »cn €
shows 3!f". f': P' =g P A (Vie . m'(NTMap)) (i) = (NTMap))(i)) cag f')
proof-
interpret 7" is-cat-obj-prod o I A € P' w' by (rule assms(1))
show ?thesis
by
(
rule cat-lim-unique’[
OF 7' is-cat-limit-azioms, unfolded the-cat-discrete-components(1)
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]
)

qed

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique-cocone”:
assumes 7' : > I A € >cr cocone Ut ic I »>ca €
shows 3!f". f': U =g U' A (VjeoI. m'(NTMap))(j) = f' oag m(NTMap))(j))
by
(
rule cat-colim-unique-cocone’[
OF assms, unfolded the-cat-discrete-components(1)

]
)

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique:
assumes 7' : A>cpq Ut I »oq €
shows 3!f". f': U =g U' A7’ = ntcf-const ;¢ I) € f yrcorp T
by (intro cat-colim-unique[ OF is-cat-obj-coprodD(1)[ OF assms]])

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique”:
assumes 7' : A >cpq Ui I »oq €
shows 3!f". f': U =g U' A (VjeoI. n'(NTMap))(j) = f' oag m(NTMap))(j))
by
(
rule cat-colim-unique’[
OF is-cat-obj-coprodD(1)[ OF assms], unfolded the-cat-discrete-components

]
)

lemma cat-obj-prod-ex-is-iso-arr:
assumes 7: P<gp A: I —rcq Cand n’': P'<gpqq A: I »-ca €
obtains f where f: P’ —;,,¢ P and 7' = w -y pcr ntcf-const (:¢ I) € f
proof-
interpret m: is-cat-obj-prod a I A € P w by (rule assms(1))
interpret 7" is-cat-obj-prod o I A € P’ ' by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr|
OF m.is-cat-limit-azioms w'.is-cat-limit-axioms
]

)
qed

lemma cat-obj-prod-ezx-is-iso-arr":
assumes 7: P<gpq A: I »rcoq Cand 1’ : P <gpqq A: I e €
obtains f where f: P’ »;,,¢ P
and Aj. j €, I = 7' (NTMap|)(j) = 7(NTMap))(j) cag f
proof-
interpret m: is-cat-obj-prod a I A € P w by (rule assms(1))
interpret 7" is-cat-obj-prod o I A € P’ ' by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr'[
OF 7.is-cat-limit-axioms '.is-cat-limit-azioms,
unfolded the-cat-discrete-components(1)

]
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)
qed

lemma cat-obj-coprod-ex-is-iso-arr:
assumes 7: A>cp g U:Imeoq Cand ' A>epqp Ui I »0a €
obtains f where f: U ~;5,¢ U’ and 7’ = ntcf-const (:¢ I) € f nrorp ©
proof-
interpret m: is-cat-obj-coprod a I A € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod « I A € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF 7 .is-cat-colimit-axioms w'.is-cat-colimit-azioms
]

)
qed

lemma cat-obj-coprod-ez-is-iso-arr'”:
assumes m: A>op U: I eoq Cand ' A>epqp Ui I »o0q €
obtains f where [ : U ;500 U’
and Aj. j € I = 7'(NTMap|)(j)) = f cag m(NTMap])(j)
proof-
interpret m: is-cat-obj-coprod a I A € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod « I A € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr'|
OF 7.is-cat-colimit-axioms m'.is-cat-colimit-axioms,
unfolded the-cat-discrete-components(1)
]

)
qed

5.2 Small product and small coproduct

5.2.1 Definition and elementary properties

locale is-tm-cat-obj-prod =
is-cat-limit o ¢ > € <> T A € P 7w + tm-cf-discrete « [ A €
fora IACPnr

syntax -is-tm-cat-obj-prod = V=V = V =V = V = V = bool
(«(-:/ - <cramq - - cam - [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-prod = is-tm-cat-obj-prod
translations 7 : P <¢p.tm.q 41 »~c.tma €=
CONST is-tm-cat-obj-prod o I A € P 1

locale is-tm-cat-obj-coprod =
is-cat-colimit o <:¢ D> € ¢—>: [T A & U w + tm-cf-discrete o [ A €
foralAC U

syntax -is-tm-cat-obj-coprod = V=V = V =V = V = V = bool
(-2 ->crema -3 -Prcoeml o) [01, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-coprod = is-tm-cat-obj-coprod
translations 7 : A >cp tm.qp Uil =»—cima €=
CONST is-tm-cat-obj-coprod o I A € U
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Rules.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-prod-axioms'[ cat-lim-cs-intros]:
assumes ' =aand P'=Pand A’=Aand I'=Tand €' = ¢
shows 7 : P/ <gp.imq A" 1" = cipmyr €
unfolding assms by (rule is-tm-cat-obj-prod-azioms)

mk-ide rf is-tm-cat-obj-prod-def
|intro is-tm-cat-obj-prodl|
|dest is-tm-cat-obj-prodD| dest]|
|elim is-tm-cat-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-tm-cat-obj-prodD

lemma (in is-tm-cat-obj-coprod)
is-tm-cat-obj-coprod-axioms'| cat-lim-cs-intros]:
assumes o' =aand U'=Uand A’=Aand I'=Tand ¢'=¢
shows 7 : A" >cpimy U I oociimy, €
unfolding assms by (rule is-tm-cat-obj-coprod-azioms)

mk-ide rf is-tm-cat-obj-coprod-def
|intro is-tm-cat-obj-coprodl|
|dest is-tm-cat-obj-coprodD[ dest]|
|elim is-tm-cat-obj-coprodE| elim]|

lemmas [cat-lim-cs-intros| = is-tm-cat-obj-coprodD

Elementary properties.

sublocale is-tm-cat-obj-prod < is-cat-obj-prod
by
(
intro is-cat-obj-prodl,
rule is-cat-limit-axioms,
rule cf-discrete-axioms

)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-cat-obj-prod =
is-cat-obj-prod-axioms

sublocale is-tm-cat-obj-coprod < is-cat-obj-coprod
by
(
intro is-cat-obj-coprodl,
rule is-cat-colimit-axioms,
rule cf-discrete-axioms

)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-cat-obj-coprod =
is-cat-obj-coprod-axioms

sublocale is-tm-cat-obj-prod ¢ is-tm-cat-limit o ¢:¢c > € ¢> T A& P
by
(
iniro

is-tm-cat-limit]
is-tm-cat-conel
is-ntcf-axioms
tm-cf-discrete-the-cf-discrete-is-tm-functor
cat-cone-obj
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cat-lim-ua-fo

)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-tm-cat-limit =
is-tm-cat-limit-azioms

sublocale is-tm-cat-obj-coprod € is-tm-cat-colimit o <:¢ I» € > T A& U
by
(
ntro

is-tm-cat-colimit]
is-tm-cat-coconel
is-ntcf-axioms
tm-cf-discrete-the-cf-discrete-is-tm-functor
cat-cocone-obj
cat-colim-ua-of

)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-tm-cat-colimit =
is-tm-cat-colimit-axioms

Duality.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op:
op-ntef m: A>cr.imqy P 1 ~»~c.tma op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-tm-cat-obj-coprodl )
(es-concl cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: A>cpimqy P I »~c.ima €
unfolding assms by (rule is-tm-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-tm-cat-obj-prod.is-tm-cat-obj-coprod-op’

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-coprod-op:
op-ntcf m: U <cp.imqm A1 =»—c tma op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-tm-cat-obj-prodl)
(cs-concl cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-prod-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 7: U <¢cp.imp 4 : 1 = tma €
unfolding assms by (rule is-tm-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-tm-cat-obj-coprod.is-tm-cat-obj-prod-op’

5.3 Finite product and finite coproduct

locale is-cat-finite-obj-prod = is-cat-obj-prod « [ A € P
foralACPr+
assumes cat-fin-obj-prod-indez-in-w: I €, w

syntax -is-cat-finite-obj-prod = V=V = V = V = V = V = bool

(«(-:/ -<cr.q1.fin -3 -==c1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-prod = is-cat-finite-obj-prod
translations 7 : P <cpq.fin A1 »cq €=
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CONST is-cat-finite-obj-prod « 1 A € P

locale is-cat-finite-obj-coprod = is-cat-obj-coprod a« [ A € U w
foraITAC U+

assumes cat-fin-obj-coprod-indezr-in-w: I €, w

syntax -is-cat-finite-obj-coprod = V=V =V =V = V = V = bool
-/ ->cr.11.pin - - o1 <) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-coprod = is-cat-finite-obj-coprod
translations 7 : A >cpq1.pin U ] oo €=
CONST is-cat-finite-obj-coprod o I A € U w

lemma (in is-cat-finite-obj-prod) cat-fin-obj-prod-indez-vfinite: vfinite I
using cat-fin-obj-prod-indez-in-w by auto

sublocale is-cat-finite-obj-prod c I: finite-category o <:¢ I»
by (intro finite-categoryl ")
(
auto
simp: NTDom.HomDom.category-azioms the-cat-discrete-components
introl: cat-fin-obj-prod-index-vfinite

)

lemma (in is-cat-finite-obj-coprod) cat-fin-obj-coprod-index-vfinite:
vfinite 1
using cat-fin-obj-coprod-indez-in-w by auto

sublocale is-cat-finite-obj-coprod € I: finite-category o <:¢ I»
by (intro finite-categoryl ")
(
auto
simp: NTDom.HomDom.category-axioms the-cat-discrete-components
introl: cat-fin-obj-coprod-index-vfinite

)
Rules.

lemma (in is-cat-finite-obj-prod)
is-cat-finite-obj-prod-azioms'| cat-lim-cs-intros]:
assumes ' = and P'=Pand A’=Aand I'=Tand ¢'=¢
shows 7 : P’ <¢pp.fin A"t ' €
unfolding assms by (rule is-cat-finite-obj-prod-axioms)

mk-ide rf
is-cat-finite-obj-prod-def[ unfolded is-cat-finite-obj-prod-axioms-def]
|intro is-cat-finite-obj-prodl|
|dest is-cat-finite-obj-prodD[ dest]|
|elim is-cat-finite-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-finite-obj-prodD

lemma (in is-cat-finite-obj-coprod)
is-cat-finite-obj-coprod-axioms'[ cat-lim-cs-intros]:
assumes o' =cand U'=Uand A'=Aand ['=7Tand ¢' = ¢
shows 7 : A" >cpqy fin U': I' g, €
unfolding assms by (rule is-cat-finite-obj-coprod-azioms)

mk-ide rf
is-cat-finite-obj-coprod-def[ unfolded is-cat-finite-obj-coprod-azioms-def]
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|intro is-cat-finite-obj-coprodl|
|dest is-cat-finite-obj-coprodD[ dest]|
|elim is-cat-finite-obj-coprodE[ elim]|

lemmas [ cat-lim-cs-intros| = is-cat-finite-obj-coprodD

Duality.

lemma (in is-cal-finite-obj-prod) is-cat-finite-obj-coprod-op:
op-ntcf m:+ A >cp.qy.fin P 1 =»—ca op-cal €
by (intro is-cat-finite-obj-coprodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps
cs-intro: cat-fin-obj-prod-indezx-in-w cat-cs-intros cat-op-intros

)

lemma (in is-cat-finite-obj-prod) is-cat-finite-obj-coprod-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntef m: A >cpqy.fin P: I ca €
unfolding assms by (rule is-cat-finite-obj-coprod-op)

lemmas [cat-op-intros] = is-cat-finite-obj-prod.is-cat-finite-obj-coprod-op’

lemma (in is-cat-finite-obj-coprod) is-cat-finite-obj-prod-op:
op-ntcf m: U <cp.r1.pin A I »cq op-cat €
by (intro is-cat-finite-obj-prodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps
cs-intro: cat-fin-obj-coprod-indez-in-w cat-cs-intros cat-op-intros

)

lemma (in is-cat-finite-obj-coprod) is-cat-finite-obj-prod-op'| cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: U <cp.q1.fin A: I »ca €
unfolding assms by (rule is-cat-finite-obj-prod-op)

lemmas [cat-op-intros] = is-cat-finite-obj-coprod.is-cat-finite-obj-prod-op’

5.4 Product and coproduct of two objects

5.4.1 Definition and elementary properties

locale is-cat-obj-prod-2 = is-cat-obj-prod a <2n> if2 a b> € P w
foraabC P

syntax -is-cat-obj-prod-2 : V=V =V =V = V = V = bool
(«(-:) -<cr.x {~}: 2¢c »—c1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod-2 = is-cat-obj-prod-2
translations 7 : P <¢p.«x {a,b} : 2¢ >0 € =
CONST is-cat-obj-prod-2 . a b € P

locale is-cat-obj-coprod-2 = is-cat-obj-coprod o <2n» <if2 a by € P 1
foraabCPm

syntax -is-cat-obj-coprod-2 =V =V = V=V =V = V = bool

((-:/ {--} >cr.w - 2¢ »—c1 - [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod-2 = is-cat-obj-coprod-2
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translations 7 : {a,b} >cpw U: 2¢ Pp—ca € =
CONST is-cat-obj-coprod-2 o a b € U

abbreviation proj-fst where proj-fst m = vpfst (r(NTMap)))
abbreviation proj-snd where proj-snd 7 = vpsnd (w(NTMap)))

Rules.

lemma (in is-cat-obj-prod-2) is-cat-obj-prod-2-azioms'[ cat-lim-cs-intros):
assumes o' = and P'=Pand a'=cand b'=band ¢'=¢C
shows 7 : P/ <¢gp.« {a',0'} : 20 »oq €
unfolding assms by (rule is-cat-obj-prod-2-axioms)

mk-ide rf is-cat-obj-prod-2-def
|intro is-cat-obj-prod-21|
|dest is-cat-obj-prod-2D[ dest]|
|elim is-cat-obj-prod-2E] elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-prod-2D

lemma (in is-cat-obj-coprod-2) is-cat-obj-coprod-2-axioms’| cat-lim-cs-intros]:
assumes o' =aand P'=Pand a'=eand b'=band €' =€
shows 7 : {a’ b} >cp.w P': 20 »ca €
unfolding assms by (rule is-cat-obj-coprod-2-axioms)

mk-ide rf is-cat-obj-coprod-2-def
|intro is-cat-obj-coprod-2I|
|dest is-cat-obj-coprod-2D[ dest]|
|elim is-cat-obj-coprod-2E[ elim ]|

lemmas [ cat-lim-cs-intros]| = is-cat-obj-coprod-2D

Duality.

lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op:
op-nitcf 7 : {a,b} >cr.w P: 2¢c »—ca op-cat €
by (rule is-cat-obj-coprod-2I[ OF is-cat-obj-coprod-op])

lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf m: {a,b} >cpw P: 20 »—ca €
unfolding assms by (rule is-cat-obj-coprod-2-op)

lemmas [cat-op-intros] = is-cat-obj-prod-2.is-cat-obj-coprod-2-op’

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op:
op-ntcf m: P <cp.x {a,b} : 2¢ »—cq op-cat €
by (rule is-cat-obj-prod-2I[ OF is-cat-obj-prod-op])

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-nicf m: P <cp.x {a,b} : 2¢ »—coa €’
unfolding assms by (rule is-cat-obj-prod-2-op)

lemmas [ cat-op-intros] = is-cat-obj-coprod-2.is-cat-obj-prod-2-op’

Product/coproduct of two objects is a finite product/coproduct.

sublocale is-cat-obj-prod-2 < is-cat-finite-obj-prod o 25> <if2 a by € P
proof(intro is-cat-finite-obj-prodl)
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show 2y €, w by simp
ged (cs-concl cs-shallow cs-simp: two[ symmetric] cs-intro: cat-lim-cs-intros)

sublocale is-cat-obj-coprod-2 c is-cat-finite-obj-coprod o <2n> <if2 a by € P 7w
proof(intro is-cat-finite-obj-coprodl)

show 2y €, w by simp
ged (cs-concl cs-shallow cs-simp: two[ symmetric] cs-intro: cat-lim-cs-intros)

Elementary properties.

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-ir-in-Obj:
shows cat-obj-prod-2-left-in- Obj[ cat-lim-cs-intros]: a €, €(Obj))
and cat-obj-prod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
proof-
have 0: 0 ¢, 2Ny and I: IN € 2N by simp-all
show a €, €(0bj) and b €, €(0bj)
by
(
intro
cf-discrete-selector-vrange[ OF 0, simplified]
cf-discrete-selector-vrange[ OF 1, simplified]
)+

qed
lemmas [ cat-lim-cs-intros] = is-cat-obj-prod-2.cat-obj-prod-2-lr-in-Obj

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-lr-in-Obj:
shows cat-obj-coprod-2-left-in- Obj| cat-lim-cs-intros]: a €, €(Obj)
and cat-obj-coprod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
by
(
intro is-cat-obj-prod-2.cat-obj-prod-2-lr-in- Obj[
OF is-cat-obj-prod-2-op, unfolded cat-op-simps
]
)+

lemmas [ cat-lim-cs-intros] = is-cat-obj-coprod-2. cat-obj-coprod-2-lr-in-Obj

Utilities/help lemmas.

lemma helper-12-proj-fst-proj-snd-iff:
(¥ jeo2n. 7 (NTMap)(j) = m(NTMaph (i) oa¢ f')
(proj-fst ™" = proj-fst m oag f' A proj-snd w' = proj-snd 7 o f')
unfolding two by auto

lemma helper-12-proj-fst-proj-snd-iff :
(¥ jeu2n. T ANTMap)(j) = ' 0a¢ T(NTMap) (7)) —
(proj-fst @' = f" oag proj-fst @ A proj-snd ©' = f' ox¢ proj-snd m)
unfolding two by auto

5.4.2 Universal property

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique-cone’:
assumes 7' : P' <cp cone = (2N) (if2 a b) €::¢ (2N) »Pca €
shows
L f Pl eg P A
proj-fst ' = proj-fst m oage f' A
proj-snd w' = proj-snd 7 o f’
by
(
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rule cat-obj-prod-unique-cone’[
OF assms, unfolded helper-12-proj-fst-proj-snd-iff
]
)

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique:
assumes 7' : P/ <gp .« {a,b} : 2¢ »—ca €
shows 3!f". f': P' ¢ P A 7' =7 -yroF ntcf-const (:c (2x)) € f/
by (rule cat-obj-prod-unique[ OF is-cat-obj-prod-2D[ OF assms]])

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique”:
assumes 7': P/ <gp .« {a,b} : 2¢ »ca €
shows
L fePleg P A
proj-fst ' = proj-fst m oae f' A
proj-snd ©' = proj-snd 7 o f’
by
(
rule cat-obj-prod-unique’|
OF is-cat-obj-prod-2D[ OF assms],
unfolded helper-12-proj-fst-proj-snd-iff
]
)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique-cocone”:
assumes 7' : :>: (2N) (if2 a D) € >cF. cocone P10 (2N) Pca €
shows
L f P g PIA
proj-fst ©' = f' oag proj-fst m A
proj-snd w' = f" ox¢ proj-snd w
by
(
rule cat-obj-coprod-unique-cocone’|
OF assms, unfolded helper-12-proj-fst-proj-snd-iff’
]
)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique:
assumes 7' : {a,b} >cr.y P': 2¢ »—ca €
shows 3!f". f': P »¢ P' A 7' = ntcf-const (:¢ (2n)) € f'nror ™
by (rule cat-obj-coprod-unique[ OF is-cat-obj-coprod-2D[ OF assms]])

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique':
assumes 7' : {a,b} >cr.y P': 2¢ »p—ca €
shows
U f P g PA
proj-fst ©' = f' oae proj-fst m A
proj-snd ©' = f' oa¢ proj-snd w
by
(
rule cat-obj-coprod-unique’[
OF is-cat-obj-coprod-2D[ OF assms],
unfolded helper-12-proj-fst-proj-snd-iff’
]
)

lemma cat-obj-prod-2-ex-is-iso-arr:
assumes 7 : P <gp.x {a,b} : 2¢ = o €
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and 7': P/ <cor.x {a,b} : 20 »ca €
obtains f where f: P’ —»;,,¢ P and 7' = 7 -y pcF ntcf-const (:¢ (2n)) € f
proof-
interpret 7 is-cat-obj-prod-2 o a b € P 7 by (rule assms(1))
interpret 7" is-cat-obj-prod-2 oo a b € P' w' by (rule assms(2))
from that show ?thesis
by
(
elim cat-obj-prod-ex-is-iso-arr|
OF 7 .is-cat-obj-prod-azioms 7' is-cat-obj-prod-azioms
]
)

qed

lemma cat-obj-coprod-2-ez-is-iso-arr:
assumes 7 : {a,b} >cp.w U: 2¢c »—ca €
and 7': {a,b} >cr.w U': 2¢ »—ca €
obtains f where f: U ~;0¢ U’ and 7’ = ntcf-const (:¢ (2n)) € f *nTCF T
proof-
interpret 7 is-cat-obj-coprod-2 o a b € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod-2 o a b € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-obj-coprod-ex-is-iso-arr|
OF 7 .is-cat-obj-coprod-axioms w'.is-cat-obj-coprod-axioms
]
)

qed

5.5 Projection cone

5.5.1 Definition and elementary properties

definition ntcf-obj-prod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-prod-base € [ F P f =
[(Neoio I(Obj)). f4), cf-const ¢ I) € P, i I F € :c I, €]

definition ntcf-obj-coprod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-coprod-base € I F P f =
[(Neoio T(Obj)). f4), = I F €, cf-const (:¢ I) € P, :c I, €]

Components.

lemma ntcf-obj-prod-base-components:

shows nicf-obj-prod-base € I F P f(NTMap|) = (Njeo:c T1(Obj)). f7)
and ntcf-obj-prod-base € I F' P f(NTDoml|) = cf-const (:¢c I) € P
and nicf-obj-prod-base € [ F P f(NTCod|) = :>: [ F €
and ntcf-obj-prod-base € I F P f{(NTDGDom|) = :¢c I
and ntcf-obj-prod-base € I F P f(NTDGCod)) = €

unfolding ntcf-obj-prod-base-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemma nicf-obj-coprod-base-components:
shows ntcf-obj-coprod-base € I F P f(NTMap|) = (Njeo:c I1(Obj)). f7)
and ntcf-obj-coprod-base € I F P f(NTDom|) = :>: I F €
and ntcf-obj-coprod-base € I F P f(NTCod|) = cf-const (:¢ I) € P
and nitcf-obj-coprod-base € I F P f(NTDGDom)) = :¢c I
and nicf-obj-coprod-base € I F P f(NTDGCod)) = €
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unfolding ntcf-obj-coprod-base-def ni-field-simps
by (simp-all add: nat-omega-simps)

Duality.

lemma (in cf-discrete) op-ntcf-nicf-obj-coprod-base[ cat-op-simps]:
op-ntcf (ntcf-obj-coprod-base € I F P f) =
nicf-obj-prod-base (op-cat €) [ F P f
proof-
note [cat-op-simps] = the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset]
show ?thesis
unfolding
ntcf-obj-prod-base-def nicf-obj-coprod-base-def op-ntcf-def nt-field-simps
by (simp add: nat-omega-simps cat-op-simps)
qed

lemma (in cf-discrete) op-ntcf-nicf-obj-prod-base] cat-op-simps]:
op-nicf (ntef-obj-prod-base € I F P f) =
nicf-obj-coprod-base (op-cat €) I F P f
proof-
note [cat-op-simps] = the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset]
show ?thesis
unfolding
ntcf-obj-prod-base-def ntcf-obj-coprod-base-def op-ntcf-def nt-field-simps
by (simp add: nat-omega-simps cat-op-simps)
qed

5.5.2 Natural transformation map

mk-VLambda ntcf-obj-prod-base-components(1)
|vsv nicf-obj-prod-base-NTMap-vsv| cat-cs-intros]|
|vdomain ntef-obj-prod-base-NTMap-vdomain| cat-cs-simps]|
|app ntcf-obj-prod-base-NTMap-app| cat-cs-simps]|

mk-VLambda ntcf-obj-coprod-base-components(1)
|vsv nicf-obj-coprod-base-NTMap-vsv] cat-cs-intros]|
|vdomain ntef-obj-coprod-base-NTMap-vdomain| cat-cs-simps]|
lapp nicf-obj-coprod-base-NTMap-app| cat-cs-simps]|

5.5.3 Projection natural transformation is a cone

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: P g Fa
shows ntcf-obj-prod-base € [ F P f: P <gp.cone > I F €::c ] »gq €
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfl’)
from assms(2) have [cat-cs-intros]:
lae I; PP=P,Fa=Fa]]= fa: P'—g Fafor a P' Fu
by simp
show ufsequence (ntcf-obj-prod-base € I F P f)
unfolding ntcf-obj-prod-base-def by auto
show wvcard (ntcf-obj-prod-base € I F P f) = 5N
unfolding ntcf-obj-prod-base-def by (auto simp: nat-omega-simps)
from assms show cf-const (:¢ I) € P::¢ [ »oq €
by
(
cs-concl
cs-intro:
cf-discrete-vdomain-vsubset- Vset
cat-discrete-cs-intros
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cat-cs-intros

)

show (> [ F C::c [ >0 €
by (cs-concl cs-shallow cs-intro: cat-discrete-cs-intros)

show ntcf-obj-prod-base € I F P f(NTMap|)(a)) :
cf-const (:¢ I) € P(ObjMap|)(|al) —¢ :—: I F €(ObjMap])(al)

if a €, :¢ 1(Obj)) for a
proof-
from that have a €, I unfolding the-cat-discrete-components by simp

from that this show ?thesis

by
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-discrete-cs-simps cs-intro: cat-cs-intros

)
qged
show
ntcf-obj-prod-base € I F P f(NTMap))(b]) cag
cf-const (:¢ 1) € P(ArrMap))(g)) =
>0 I F €(ArrMap))(g)) oag ntcf-obj-prod-base € I F P f(NTMapl)(al)

ifg:am,, rbforabyg
proof—

note g = the-cat-discrete-is-arrD[ OF that]

from that g(4)[unfolded g(7-9)] g(1)[unfolded g(7-9)] show ?thesis

unfolding ¢(7-9)

by
(

cs-concl
cs-simp: cat-cs-simps cat-discrete-cs-simps

cs-intro:
cf-discrete-vdomain-vsubset- Vset

cat-cs-intros cat-discrete-cs-intros

)
qed
qed
(

auto simp:

assms
ntcf-obj-prod-base-components
tm-cf-discrete-the-cf-discrete-is-tm-functor

)

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-cocone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: Faw—g P

shows ntcf-obj-coprod-base € I F P f :

= I F ¢ >CF.cocone P C I == Cca ¢

proof-
note [cat-op-simps] =
the-cat-discrete-op| OF cf-discrete-vdomain-vsubset- Vset]

cf-discrete.op-ntcf-ntcf-obj-prod-base[ OF cf-discrete-op]
cf-discrete.cf-discrete-the-cf-discrete-op[ OF cf-discrete-op]

have op-nicf (ntcf-obj-coprod-base € I F P f) :
P <cp.cone op-cf (= I F €): op-cat (:¢ I) »—cq op-cat €

unfolding cat-op-simps

by

(
rule tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone[
OF tm-cf-discrete-op, unfolded cat-op-simps, OF assms
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]
)
from is-cat-cone.is-cat-cocone-op[ OF this, unfolded cat-op-simps]
show ?thesis .
qed

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod:
assumes P ¢, €(0bj))
and A\a. a & I = fa: P g Fa
and Au’ r'.
[[ u':r! <CF.cone ‘™ IFe: C I o € ]] g
JIf
flir'me P A
u' = ntef-obj-prod-base € I F P f «xyrop ntef-const (¢ 1) € f'
shows ntcf-obj-prod-base C I F P f: P <cpqnq F:Iw-caqC
proof
(
intro
1s-cat-obj-prodl
is-cat-limait]
tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone| OF assms(1,2), simplified]
assms(1,3)
)
show cf-discrete a I F €
by (cs-concl cs-shallow cs-intro: cat-small-discrete-cs-intros)
qed

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-obj-coprod:
assumes P €, €(0bj))
and Aa. aec I = fa: Fawrg P
and Au' . [[u' > TF €>cF cocone 7' i ic I »oa € ]| =
31
f'-P e r’ A
u’ = ntef-const (:¢ I) € f' -NroF ntef-obj-coprod-base € I F P f
shows ntcf-obj-coprod-base € I F P f: F >cpq P: 1 ——cq €
(is<?nc: F>cpq P:I»ca®)
proof-
let ?np = <ntcf-obj-prod-base (op-cat €) I F' P f»
interpret is-cat-cocone a P <:¢ > € ¢—»: [ F & ?nc
by (intro tm-cf-discrete-ntcf-obj-coprod-base-is-cat-cocone[ OF assms(1,2)])
note [cat-op-simps] =
the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset|
cf-discrete.op-ntcf-ntcf-obj-prod-base[ OF cf-discrete-op]
cf-discrete.cf-discrete-the-cf-discrete-op[ OF cf-discrete-op]
have 3!f’.
f’! P e T A
u = np yrcr ntcf-const (:¢ I) (op-cat €) f’
if u:r <gp cone > IF (op-cat €) ::¢ I »—>gq op-cat € for u r
proof—
interpret u: is-cat-cone o r ;¢ I» <op-cat € <—: I F (op-cat €)) u
by (rule that)
from assms(3)[ OF w.is-cat-cocone-op[ unfolded cat-op-simps]] obtain g
where g: g: P =g 1
and op-u: op-ntcf u = nicf-const (:¢ I) € g +nror ?nc
and g-unique:
[ g': P g r;op-ntcf u = ntcf-const (:¢ I) € g' yrcr Pnc ]| =
9'=9
for g’
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by metis
show ?thesis
proof(intro ex1I conjl; (elim conjE)?)
from op-u have
op-ntcf (op-ntef u) = op-ntcf (ntcf-const (:¢ I) € g -NTor ?nc)
by simp
from this g show u = ?np -y 7o ntef-const (:¢ I) (op-cat €) g
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
fix ¢’ assume prems:
g'tPogr
u = np -nror ntcf-const (:¢ I) (op-cat €) g’
from prems(2) have
op-nicf u = op-ntcf (?np nTcoF nicf-const (:¢ I) (op-cat €) g')
by simp
from this prems(1) g have op-ntcf u = ntef-const (¢ I) € g’ *NTor nc
by
(
subst (asm)
the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset-Vset, symmetric]
)

(

cs-prems
cs-simp:
cat-op-simps
op-nicf-ntef-vcomp| symmetric]
is-ntcf .ntcf-op-nicf-op-ntcf
op-ntcf-ntcf-obj-coprod-base[ symmetric)
op-ntef-ntcf-const[ symmetric]
cs-intro: cat-cs-intros cat-op-intros
)
from g-unique[ OF prems(1) this] show ¢’ = g .
qed (rule g)
qed
from is-cat-obj-prod.is-cat-obj-coprod-op

OF tm-cf-discrete.tm-cf-discrete-nitcf-obj-prod-base-is-cat-obj-prod
[
OF tm-cf-discrete-op,
unfolded cat-op-simps,
OF assms(1,2) this,
folded op-ntcf-ntcf-obj-coprod-base
unfolded cat-op-simps
]
show ?nc: F >cpy P:1 ~»—cq C.
qed
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6 Pullbacks and pushouts as limits and colimits

6.1 Pullback and pushout

6.1.1 Definition and elementary properties

The definitions and the elementary properties of the pullbacks and the pushouts can be found,
for example, in Chapter III-3 and Chapter I1I-4 in [9].

locale is-cat-pullback =
is-cat-limit o (=—c> € ((a—>g—of<b)ope> X z +
cf-scospan a a gofb e
foraagofb¢ Xz

syntax -is-cat-pullback = V=V =V =>V=>V=>V=V=V =V = bool
(«(-:/ - <cp.pp === 1 -0 [51, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pullback = is-cat-pullback
translations z : X <¢p pp a»g=0<f<b »oq €=
CONST is-cat-pullback a a go fb € X x

locale is-cat-pushout =
is-cat-colimit o <«<+—¢> € ((ag«o->f>b)cpe> X z +
cf-sspan v a go fb €
foraagofb€ Xz

syntax -is-cat-pushout = V=V ==V =>V=V=V= V=V =V = bool
(«(-:) —-->->->0p.po - Pl o) [01, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pushout = is-cat-pushout
translations z : a<g<o->f-b >cp po X »cq €=
CONST is-cat-pushout c a go fb € Xz

Rules.

lemma (in is-cat-pullback) is-cat-pullback-azioms’] cat-lim-cs-intros):
assumes o' = «

and a’=a
and g’ =g
and o' = o
and ' = |
and b’ =0
and ¢' = ¢
and X' = X

shows z : X' <gp pp a'=g'>0'f<b" >p 1 '
unfolding assms by (rule is-cat-pullback-axioms)

mk-ide rf is-cat-pullback-def
|intro is-cat-pullbackl|
|dest is-cat-pullbackD[ dest]|
|elim is-cat-pullbackE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-pullbackD

lemma (in is-cat-pushout) is-cat-pushout-azioms’[ cat-lim-cs-intros]:
assumes o' = «

and a’' = a
and g’ =g
and o’ =0
and f' = |
and b’ =0
and ¢'=¢
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and X' = X
shows z : a'<g'«0'>f'>b">cp po X' g, €
unfolding assms by (rule is-cat-pushout-azioms)

mk-ide rf is-cat-pushout-def
|intro is-cat-pushoutl|
|dest is-cat-pushoutD[ dest]
|elim is-cat-pushoutE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-pushoutD

Duality.

lemma (in is-cat-pullback) is-cat-pushout-op:
op-nitcf x : ag<o—>f>b >cp po X = cq op-cat €
by (intro is-cat-pushoutl)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-pullback) is-cat-pushout-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf © : ag«o—>f>b >cp o X »—>cq €
unfolding assms by (rule is-cat-pushout-op)

lemmas [cat-op-intros| = is-cat-pullback.is-cat-pushout-op’

lemma (in is-cat-pushout) is-cat-pullback-op:
op-ntcf x + X <cp.pp a=>g=0<f<b »cq op-cat €
by (intro is-cat-pullbackl)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-pushout) is-cat-pullback-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf v : X <cp.pp a>g—>0f<b »>cq €’
unfolding assms by (rule is-cat-pullback-op)

lemmas [cat-op-intros] = is-cat-pushout.is-cat-pullback-op’

Elementary properties.

lemma cat-cone-cospan:
assumes z : X <¢p.cone (a2g=0<f<b)opg : ><c Prcoa €
and cf-scospan a a gofb €
shows z(NTMap))(oss)) = g cag 2(NTMap))(ass)
and z(NTMap|)(oss)) = f oag 2(NTMap))(bss)
and g oa¢ s(NTMap))(ass)) = f oag (NTMap))(bss])
proof-
interpret x: is-cat-cone a X (=< € ((a=>g->0<f<b)ore) @
by (rule assms(1))
interpret cospan: cf-scospan o a g o f b € by (rule assms(2))
have ggg: gss : 059 P> 055 and fgg: fgg 1 bss P 055
by (cs-concl cs-intro: cat-ss-cs-intros)+
note z.cat-cone-Comp-commute[ cat-cs-simps del]
from z.ntcf-Comp-commute][ OF gss] gss fss show
r(NTMap))(oss)) = g cag 2(NTMap|)(ass)
by
(
cs-prems cs-shallow
cs-simp: cat-ss-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)

moreover from z.ntcf-Comp-commute[ OF fss] gss fss show
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z(NTMap))(oss)) = f oag z(NTMap|)(bss)
by

(

cs-prems cs-shallow
cs-simp: cat-ss-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)
ultimately show g oa¢ z(NTMap|)(ass) = f oag (NTMap))(bss)) by simp
qed

lemma (in is-cat-pullback) cat-pb-cone-cospan:
shows z(NTMap))(oss]) = g oag z(NTMap)(ass)
and z(NTMap))(oss) = f oag z(NTMap))(bss))
and g oag z(NTMap))(ass) = f oag z(NTMap))(bss)
by (all<rule cat-cone-cospan| OF is-cat-cone-axioms cf-scospan-azioms]»)

lemma cat-cocone-span:
assumes z : (a<g<0—=>f=>b)cre >CF.cocone X : <=¢c = €
and cf-sspan a agofb €
shows z(NTMap|)(oss|) = (NTMap))(ass)) cag 8
and z(NTMap))(loss)) = (NTMap))(bss) cag |
and z(NTMap))(ass)) cag g = 2(NTMap))(bss)) cag |
proof-
interpret z: is-cat-cocone a X (<= € (a<g<o->f->b)opgr
by (rule assms(1))
interpret span: c¢f-sspan « a g o0 f b € by (rule assms(2))
note op =
cat-cone-cospan
[
OF
x.1s-cat-cone-op[unfolded cat-op-simps]
span.cf-scospan-op,
unfolded cat-op-simps

]
from op(1) show z(NTMap|)(oss|) = 2(NTMap))(ass]) cag @
by

cs-prems
cs-simp: cat-ss-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-ss-cs-intros

moreover from op(2) show z(NTMap))(oss)) = 2(NTMap|)(bss) oag f
by

cs-prems
cs-simp: cat-ss-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-ss-cs-intros

ultimately show z(NTMap|)(ass]) cag g = 2(NTMap))(bss|) cag f by auto
qed

lemma (in is-cat-pushout) cat-po-cocone-span:
shows z(NTMap|)(oss|) = (NTMap))(ass)) cag 8
and z(NTMap))(loss)) = (NTMap|)(bss) cag |
and z(NTMap))(ass)) cag g = 2(NTMap))(bss)) cag f
by (all<rule cat-cocone-span| OF is-cat-cocone-azioms cf-sspan-azxioms]»)

96



6.1.2 Universal property

lemma is-cat-pullbackl "
assumes z : X <gp.cone (a=g=0<f<b)opg : ><c »rca €
and cf-scospan c a go fb €
and Az’ X'. 2’ X' <¢p.cone (a=>g—=0f<b)opg : > Proq € =
31
f’ 9. ¢ ind XA
z'(NTMap)(ass) = z(NTMap))(ass]) cag f' A
z'(NTMap)) (bss) = e(NTMap))(bss) cag [’
shows 7 : X <gp.pp a»g—0<f<b »coq €
proof(intro is-cat-pullbackl is-cat-limitl)

show 2 : X <¢p.cone (a=g=0<f<b)opg : ><c Prca €
by (rule assms(1))

interpret z: is-cat-cone a X <= € ((a>g—>0<f<b)crer
by (rule assms(1))

show cf-scospan o a g 0 § b € by (rule assms(2))

interpret cospan: cf-scospan o a g o f b € by (rule assms(2))

fix u' r’ assume prems:

/. 4 .
u' ' <oF.cone (a2g20fb)ope 1 >0 Poa €

interpret u” is-cat-cone a v’ <><c» € ((a>goo—f<b)oper u’
by (rule prems)

from assms(3)[ OF prems] obtain f’
where [ f': 1 e X
and u’-ags: u'(NTMap))(ass]) = 2(NTMap|)(ass) oag f'
and u'-bss: u'(NTMap))(bss)) = 2(NTMap))(bss)) cag f'
and unique-f: Af".

f//: ,],,/ '_)Et X’

uw'(NTMap))(ass)) = 2(NTMap))(ass)) cag f'
]]u’QNTMapD(IbssD = z(NTMap))(bss)) cag f"

—_— f// — f/

show 3!f’. f': ¢/ e X Au' =1z -nyror nicf-const =g € f’
proof(intro ex1I conjl; (elim conjE)?)

show u' = z -y rcF nicf-const »<¢c € f'
proof(rule ntcf-eql)
show u': cf-const »«<¢c € 1’ »cp (a>g—0<f<b)opg : ><c »>ca €
by (rule u'.is-ntcf-azioms)
from f’ show
T -NTCF nicf-const > € f:
cf-const »—c € r' >op (a>go<f<b)ope -
e o €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from f’ have dom-rhs:
Do ((z -NTCF nicf-const »<—¢ € fY(NTMap))) = —<c(0bj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap|) = (z -NTcF ntef-const »<—¢ € fY(NTMap))
proof(rule vsv-eql, unfold cat-cs-simps dom-rhs)
fix a assume prems” a €, =< (0bj)
from this f' z.is-nitcf-axioms show
w'(NTMap|)(a)) = (z -y TcF ntcf-const »<—¢ € fY(NTMap))(al)
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by (elim the-cat-scospan-ObjE; simp only:)
(
cs-concl
cs-simp:
cat-cs-simps cat-ss-cs-simps
u-bgs u'-aggs
cat-cone-cospan(1)[ OF assms(1,2)]
cat-cone-cospan(1)[ OF prems assms(2)]
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
qged (cs-concl cs-intro: cat-cs-intros | auto)+
qed simp-all

fix f'' assume prems:
f'"r' e Xu' =z yror ntef-const > C f"'
have ags: ass €0 >+ ¢(Obj) and bgs: bgs €5 =< (0bj)
by (cs-concl cs-intro: cat-ss-cs-intros)+
have u'(NTMap))(a]) = c(NTMap|)(al) cag f" if a €, =< (0bj)) for a
proof-
from prems(2) have
w'(NTMap))(a) = (z nTcF ntcf-const »<c € f'Y(NTMap))(al)
by simp
from this that prems(1) show u'(NTMap))(a)) = 2(NTMap))(a]) oag f"'
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from unique-f'[ OF prems(1) this[OF agg] this[OF bgg]] show ' = f'.

qed (intro f)
qed

lemma is-cat-pushoutl "
assumes z : (a<g<0—=>f=>b)cre >cF.cocone X ' <=c = €
and cf-sspan aagofb €
and /\xl X'z (c“_g(_o%f_)b)CFQ: >CF.cocone X' e PP Ca ¢ =
JIf
f’ .4 e X' A
z'(NTMap) (ass) = ' oag 2(NTMap])(ass]) A
z'(NTMap))(bss)) = f oag 2(NTMap)(bss)
shows z : a«g«o0—->f=b >cp o X »>ca €
proof-
interpret x: is-cat-cocone a X (<= € (a<g<o->f>b)oper
by (rule assms(1))
interpret span: cf-sspan o a g 0 f b € by (rule assms(2))
have assms-3"
JIf
[l X »e XA
z'(NTMap))(ass) = e(NTMap))(ass) ©aop-cat ¢ f' A
z'(NTMap))(bss)) = 2(NTMap|)(bss) ©a0p-cat ¢ f'
if 2" X' <CF.cone <a_)g_>0<_f<_b>CFop_cat ¢ e PP e Op'cat <
for z’ X’
proof—
from that(1) have [cat-op-simps]:
f’: X ind X' A
¢'(NTMap))(ass) = e(NTMap))(ass) ©aop-cat ¢ f* A
#'(NTMap))(bss) = (NTMap)(bss) oap-cat ¢ [/
f/ : X il X' A
z'(NTMap))(ass)) = f" cag 2(NTMap))(ass]) A
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z'(NTMap))(bss)) = f oag 2(NTMap)(bss)
for f'
by (intro iffT conjI; (elim conjE)?)
(
cs-concl
cs-simp: category.op-cat-Comp| symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
interpret z"
is-cat-cone a X' <—>+c» <op-cat & (a>grofeb)cropcar ¢ 2
by (rule that)
show ?thesis
unfolding cat-op-simps
by
(
rule assms(3)[
OF z'.is-cat-cocone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]
)
qed
interpret op-z: is-cat-pullback o a g o § b <op-cat & X <op-ntcf x>
using
is-cat-pullbackl’
(
OF z.is-cat-cone-op[unfolded cat-op-simps]
span.cf-scospan-op,
unfolded cat-op-simps,
OF assms-3’
]
by simp
show z : a<g«o0—>f=>b >cp po X »ca €
by (rule op-z.is-cat-pushout-op[unfolded cat-op-simps])
qed

lemma (in is-cat-pullback) cat-pb-unique-cone:
assumes z': X' <¢p cone (A=>g—20f<b)opg : ><c Prca €
shows 3!f".
[l X o X A
z'(NTMap) (ass) = z(NTMap))(ass)) cag f' A
a'(NTMap))(bss) = z(NTMap))(bss]) oag f’
proof-
interpret z" is-cat-cone o X' <= € ((a—»g—o<f<b)oper o’
by (rule assms)
from cat-lim-ua-fo[ OF assms] obtain f’
where [ f": X' ¢ X
and z’-def: ©' = z N7 oF ntcf-const -« € f’
and unique-f= Nf".
[f": X" oe X5 2" =2 -nyror ntcf-const ¢ € f']] =
f// - f/
by auto
have aggs: ags €, >« ¢(0bj]) and bgg: bgg €, =+« (0bj)
by (cs-concl cs-intro: cat-ss-cs-intros)+
show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show f': X' =g X by (rule f')
have z'(NTMap))(a]) = 2(NTMap))(a]) oag f'if a €c =< c(0bj)) for a
proof-
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from z’-def have
a'(NTMap)(al) = (2 nTcr ntef-const —<c € f')(NTMapl)(a)
by simp
from this that f' show z'(NTMap))(al) = 2(NTMap|)(a)) cag f’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from this[ OF agg] this[ OF bgs] show
z'(NTMap))(ass) = (NTMap|)(ass) cag f’
¢'(NTMap))(bss) = z(NTMap|)(bss)) cag [’
by auto
fix f'/ assume prems”:
f// . XI ’_>€ X
z'(NTMap))(ass) = (NTMap|)(ass) oag f”
¢'(NTMap))(bss) = z(NTMap|)(bss]) cag [
have z' = z -y oF nicf-const >« € f"
proof(rule ntcf-eql)
show z': ¢f-const »«—¢c € X' »cop (amg—0—f<b)opg : »<c »rca €
by (rule z'.is-ntcf-azxioms)
from prems’(1) show
T NTCF nicf-const > € f':
cf-const »«—c € X' »cp (amg-ofeb)opg :
e o €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-lhs: D, (x'(NTMapl|)) = —+<c(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from prems’(1) have dom-rhs:
Do ((z -nTcF ntcf-const >« € f"Y(NTMap))) = —<«c(0bj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show z'(NTMap)) = (z -yTcF nicf-const »«—¢c € f'Y(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems’": a €, >« c(0bj))
from this prems’(1) show
z'(NTMap))(a) = (z -NTcF ntef-const »<—¢ € f'"Y(NTMap|)(al
by (elim the-cat-scospan-ObjE; simp only:)
(
cs-concl
cs-simp:
prems’(2,3)
cat-cone-cospan(1,2)[ OF assms cf-scospan-axioms]
cat-pb-cone-cospan
cat-ss-cs-simps cat-cs-simps
cs-intro: cat-ss-cs-intros cat-cs-intros
)+
qged (auto simp: cat-cs-intros)
qed simp-all
from unique-f'[ OF prems’(1) this] show f" = f'.
qged
qed

lemma (in is-cat-pullback) cat-pb-unique:
assumes z': X' <gp pp a=>g—0<f<b »cq €
shows 3!f". f": X' ¢ X A2’ =2 -nyrop ntcf-const ><—c € f'
by (rule cat-lim-unique[ OF is-cat-pullbackD(1)[ OF assms]])

lemma (in is-cat-pullback) cat-pb-unique”:
assumes z': X' <gp pp a—>g—0<f<b »cq €
shows 3!f".
[l X e X A
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¢ (NTMap)(ass) = z(NTMap)(ass) oae /' A
a'(NTMap))(bss) = z(NTMap))(bss]) oag f’
proof-
interpret z: is-cat-pullback c a g o f b € X' 2’ by (rule assms(1))
show ?thesis by (rule cat-pb-unique-cone[ OF z'.is-cat-cone-axioms])
qed

lemma (in is-cat-pushout) cat-po-unique-cocone:
assumes z': (a<g<0->f>b)crg >cF.cocone X' < =>¢o »oa €
shows 3!f".
[ X e X' A
z'(NTMap))(ass) = f' oag z(NTMap))(ass) A
z'(NTMap))(bss) = f" oag 2(NTMap))(bss)
proof-
interpret z" is-cat-cocone a X' <<= € ((aegeo—=f=b)ope) 2’
by (rule assms(1))
have [cat-op-simps]:
f’ X indy X' A
z'(NTMap)) (ass) = 2(NTMap))(ass) ©aop-cat ¢ £ A
o (NTMap)) (bss) = 2(NTMap))(bss) ©app-cat ¢ [ <
ffe X pe X' A
z'(NTMap))(ass)) = f' cag z(NTMap))(ass]) A
z'(NTMap)(bss)) = f' oag z(NTMap))(bss)
for f’
by (intro iffT conjI; (elim conjE)?)
(
cs-concl
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
show ?thesis
by
(
rule is-cat-pullback.cat-pb-unique-cone[
OF is-cat-pullback-op z'.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]
)

qed

lemma (in is-cat-pushout) cat-po-unique:
assumes z': a<g<o0->f->b >cp o X Pcoa €
shows 3!f". f': X »¢ X' A 2’ = ntcf-const ——c € f nrcop @
by (rule cat-colim-unique[ OF is-cat-pushoutD(1)[ OF assms]])

lemma (in is-cat-pushout) cat-po-unique”:
assumes z': a—g<o0->f->b >cp o X Pcoa €
shows 3!f".
f’ : X e X' A
z'(NTMap))(ass) = f' oag 2(NTMap))(ass]) A
z'(NTMap))(bss) = f" oag 2(NTMap))(bss)
proof-
interpret z" is-cat-pushout o a g o f b € X'z’ by (rule assms(1))
show ?thesis by (rule cat-po-unique-cocone[ OF z'.is-cat-cocone-azioms])
qed

lemma cat-pullback-ex-is-iso-arr:
assumes 7 : X <gp pp a=g—=0<f<b o €
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and z': X' <gp pp a>g=0<f<b »oq €
obtains f where f: X' ;¢ X
and z’ = z -y rcF nicf-const »<¢g € f
proof-
interpret z: is-cat-pullback o a g o § b € X 2 by (rule assms(1))
interpret z” is-cat-pullback v a g o § b € X' 2" by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr|
OF x.is-cat-limit-axioms x'.is-cat-limit-axioms
]

)
qed

lemma cat-pullback-ex-is-iso-arr”:
assumes 7 : X <cp. pp a=>g=0<f<b »oq €
and z’: X' <gp. pp aogo0fe<b »oq €
obtains f where f: X' —»;,,¢ X
and z'(NTMap))(ass) = 2(NTMap))(ass]) cag f
and 2'(NTMap))(bss)) = 2(NTMap))(bss) oag f
proof-
interpret z: is-cat-pullback a a g o f b € X z by (rule assms(1))
interpret z" is-cat-pullback . a g o f b € X' 2" by (rule assms(2))
obtain f where f: f: X' ;.60 X
and j €, =< (0bj)) = z'(NTMap))(j)) = z(NTMap))(j) cag f for j
by
(
elim cat-lim-ex-is-iso-arr’[
OF x.is-cat-limit-axioms x'.is-cat-limit-axioms
]
)
then have
a'(NTMap))(ass) = z(NTMap))(ass)) oag f
o (NTMap))(bss) = (NTMap)(bss) cag f
by (auto simp: cat-ss-cs-intros)
with f show ?thesis using that by simp
qed

lemma cat-pushout-ex-is-iso-arr:
assumes 7 : a<g<0—>f=>b >op po X »rcoq €
and z’: a<g<o—->f->b >cp 0 X' Poa €
obtains f where [ : X ;00 X'
and z’ = nicf-const «<—¢c € f +n7cF T
proof-
interpret x: is-cat-pushout a a g 0 § b € X x by (rule assms(1))
interpret z": is-cat-pushout « a g o f b € X' 2’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF z.is-cat-colimit-axioms x'.is-cat-colimit-axioms
]

)
qed

lemma cat-pushout-ez-is-iso-arr”:
assumes 7 : a<g<o0—>f=>b >op o X =»cq €
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and z': acg<o->f>b >cp po X' oo €
obtains f where [ : X ;00 X'
and z'(NTMap|)(ass|) = f oag ©(NTMap))(ass)
and z'(NTMap|)(bss]) = f cag z(NTMap))(bss)
proof-
interpret z: is-cat-pushout o a g o f b € X z by (rule assms(1))
interpret z": is-cat-pushout a« a g o f b € X' z' by (rule assms(2))
obtain f where f: f: X —;5,¢ X’
and j €&, <o {(O0bj) = 2 (NTMap)(j) =  oae s(NTMap)(j) for j
by
(
elim cat-colim-ex-is-iso-arr'[
OF z.is-cat-colimit-azioms x'.is-cat-colimit-axioms

]

then have z'(NTMap))(ass)) = f cag z(NTMap|)(ass)
and z'(NTMap|)(bss]) = f oag z(NTMap))(bss)
by (auto simp: cat-ss-cs-intros)
with f show ?thesis using that by simp
qed
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7 Equalizers and coequalizers as limits and colimits

7.1 Equalizer and coequalizer

7.1.1 Definition and elementary properties

See [2]°.

locale is-cat-equalizer =
is-cat-limit « <ﬂc (upL F) (pr F) F ¢ <ﬂ—>ﬂcp ¢ (apL F) (pr F) Fab F» E g +
F'" vsv F'
foraab FF' €FEe+
assumes cat-eq-F-in- Vset[ cat-lim-cs-intros]: F €, Vset «
and cat-eq-F-ne| cat-lim-cs-intros]: F # 0
and cat-eq-F'-vdomain| cat-lim-cs-simps]: D, F' = F
and cat-eq-F'-app-is-arr( cat-lim-cs-intros]: f € F == F'(f)) : a »¢ b

syntax -is-cat-equalizer = V=V =V =V =V =V =V = V = bool
(«(-:/ - <cF.eq "(-=-") i) e o1 -0 [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer = is-cat-equalizer
translations € : E <cp.eq (0,0,F,F') : ¢ »>ca € =
CONST is-cat-equalizer c a b F F' € F ¢

locale is-cat-coequalizer =
is-cat-colimit o ¢ (bpp F) (app F) F) € f>fop € (bpr F) (ap, F) Fba F» Ee +
F'vsv F'
foraab FF' € Fe+
assumes cat-coeq-F-in-Vset| cat-lim-cs-intros]: F €, Vset «
and cat-coeq-F-ne[ cat-lim-cs-intros]: F # 0
and cat-coeg-F'-vdomain[ cat-lim-cs-simps]: D, F' = F
and cat-coeq-F'-app-is-arr| cat-lim-cs-intros]: f €, F == F'(f) : b »¢ a

syntax -is-cat-coequalizer =V =V =V =V =V =V =V = V = bool
(<(- 2/ "(--7-") >CF.coeq - T ==t -)» [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer = is-cat-coequalizer
translations ¢ : (a,6,F,F') >cp coeq E: ¢ »=ca €=
CONST is-cat-coequalizer c a b F F' € E ¢

Rules.

lemma (in is-cat-equalizer) is-cat-equalizer-azioms’| cat-lim-cs-intros):
assumes o' = «

and ' = F
anda’'=a
and b’ =b
and "= F
and """ = F’'
and ¢' = ¢

shows ¢ : B/ <¢p.cq (a0, F" F") : o g, &
unfolding assms by (rule is-cat-equalizer-azioms)

mk-ide rf is-cat-equalizer-def[ unfolded is-cat-equalizer-axioms-def |
|intro is-cat-equalizer]|
|dest is-cat-equalizerD[ dest]|
|elim is-cat-equalizerE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-equalizerD( 1)

Shttps://en.wikipedia.org /wiki/Equaliser _(mathematics)
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lemma (in is-cat-coequalizer) is-cat-coequalizer-azioms'[ cat-lim-cs-intros]:
assumes o' = «

and ' = F
anda’'=a
and b’ =b
and "= F
and I = F’'
and ¢' = ¢

shows ¢ : (a’,b",F""\F"") >cF coeq E': floc oy €
unfolding assms by (rule is-cat-coequalizer-azioms)

mk-ide rf is-cat-coequalizer-def [ unfolded is-cat-coequalizer-azioms-def]
|intro is-cat-coequalizerl|
|dest is-cat-coequalizerD[ dest]|
|elim is-cat-coequalizerE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-coequalizerD( 1)

Elementary properties.

lemma (in is-cat-equalizer)
cat-eg-a[ cat-lim-cs-intros]: a €, €(Obj))
and cat-eq-b[ cat-lim-cs-intros]: b €, €(0bj|)

proof-
from cat-eq-F-ne obtain § where §: | €, F' by force
have F'(f]) : a »¢ b by (rule cat-eq-F'-app-is-arr[ OF f])
then show a €, €(0bj)) b €, €(0bj) by auto

qed

lemma (in is-cat-coequalizer)
cat-coeq-a[ cat-lim-cs-intros]: a €, €(0bj))
and cat-coeg-b[ cat-lim-cs-intros]: b €, €(0bj)

proof-
from cat-coeq-F-ne obtain | where f: § ¢, F' by force
have F'(f) : b =g a by (rule cat-coeq-F'-app-is-arr[ OF f])
then show a ¢, €(0bj]) b €, €(0bj) by auto

qed

sublocale is-cat-equalizer € cf-parallel o <apy F) <bpy F» Fab F'¢€
by (intro cf-parallell cat-parallell)
(
auto simp:
cat-lim-cs-simps cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
)

sublocale is-cat-coequalizer ¢ cf-parallel o <bpy F> <apyp, F» Fba F'¢€
by (intro cf-parallell cat-parallell)
(
auto simp:
cat-lim-cs-simps cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
)

Duality.

lemma (in is-cat-equalizer) is-cat-coequalizer-op:
op-ntcf € : (a,0,F,F") >cp.coeq E: ¢ »ca op-cat €
by (intro is-cat-coequalizerl)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-op-simps
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cs-intro: V-cs-intros cat-op-intros cat-lim-cs-intros

)+

lemma (in is-cat-equalizer) is-cat-coequalizer-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf € : (a,6,F,F") >cF.coeq E: o »~ca €
unfolding assms by (rule is-cat-coequalizer-op)

lemmas [cat-op-intros] = is-cat-equalizer.is-cat-coequalizer-op’

lemma (in is-cat-coequalizer) is-cat-equalizer-op:
op-ntcf € : E <cp.eq (a,6,F,F') : ¢ »—ca op-cat €
by (intro is-cat-equalizerl)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-op-simps
cs-intro: V-cs-intros cat-op-intros cat-lim-cs-intros

)+

lemma (in is-cat-coequalizer) is-cat-equalizer-op'[ cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf € : E <cp.cq (a,6,F,F') : ¢ »—ca €'
unfolding assms by (rule is-cat-equalizer-op)

lemmas [cat-op-intros] = is-cat-coequalizer.is-cat-equalizer-op’

Further properties.

lemma (in category) cat-cf-parallel-ab:
assumes vsv F'
and F ¢, Vset «
and D, F'=F
and A\f. fec F = F'(f) :a g b
and a €, €(0bj)
and b €, €(Obj)
shows cf-parallel o (apg, F) (bpr F) Fab F'¢
proof-
have ap; F e, Vset a bpy F e, Vset a
by (simp-all add: Aziom-of-Pairing bpr-def apr-def assms(2))
then show ?thesis
by (intro cf-parallell cat-parallell)
(simp-all add: assms cat-parallel-cs-intros cat-cs-intros)
qed

lemma (in category) cat-cf-parallel-ba:
assumes vsv F'
and F ¢, Vset «
and D, F'=F
and Af. fec F = F'(f) : b —g a
and a €, €(0bj)
and b €, €(Obj)
shows cf-parallel o (bpy, F) (apy F) Fba F'¢€
proof-
have ap; F e, Vset a bpy F e, Vset a
by (simp-all add: Aziom-of-Pairing bpr-def apr-def assms(2))
then show ?thesis
by (intro cf-parallell cat-parallell)
(simp-all add: assms cat-parallel-cs-intros cat-cs-intros)
qed
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lemma cat-cone-cf-par-eps-NTMap-app:
assumes ¢ :
E <cr.cone 1=fcr € (apy F) (bpr, F) Fab F':
o (apr F) (bpr F) F —»ca €
and vsv F'
and F' ¢, Vset «

and D, F'= F
and Af. fe. F == F'(f) :a g b
and f e, F

shows e(NTMap|)(bpr F|) = F'(f) cag e(NTMap))(apr F))
proof-
let ¢II = (ﬂc (ClpL F) (pr F) Fy
and ?II-1] = (\»>fcr € (apr F) (bpy F) Fab F)
interpret e: is-cat-cone « E ?2II € ?II-II ¢ by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel o <apy F> <bpyp F> Fab F'C
by (intro e. NTDom.HomCod.cat-cf-parallel-ab assms a b)
from assms(6) have f: f : apy, F o (app F) (bpy F) FOPLF
by (simp-all add: par.the-cat-parallel-is-arr-abF)
note ¢.cat-cone-Comp-commute| cat-cs-simps del]
from e.ntcf-Comp-commute[ OF f] assms(6) show ?thesis
by
(
cs-prems
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros

)

qed

lemma cat-cocone-cf-par-eps-NTMap-app:
assumes ¢ :
ﬂ_)ﬂCF ¢ (bPL F) (aPL F) FbaF' >CF.cocone E:
fic (bpr F) (app F) F =0q €
and vsv F'
and F e, Vset o

and D, F'= F
and Af. fec F = F'(f) : b ~g a
and f ¢, F

shows e(NTMap|)(bpr F|) = e(NTMap))(apr F|) cag F'(f)
proof-
let ¢II = <ﬂc (pr F) (apL F) F
and ?II-II = f{>ficr € (bpr F) (apy F) Fba F
interpret e: is-cat-cocone a E ?II € ?II-1I € by (rule assms(1))
from assms(5,6)
have a: a €, €(Obj)) and b: b &, €(Obj)) and F'f: F'(f) : b —»¢ a
by auto
interpret par: cf-parallel o <bpy F» <apy F> Fba F'C
by (intro e. NTDom.HomCod.cat-cf-parallel-ba assms a b)
note e-NTMap-app =
cat-cone-cf-par-eps-NTMap-app[
OF e.is-cat-cone-op| unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2-6),
simplified
]
from e-NTMap-app F'f show ?thesis
by
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(

cs-concl cs-shallow
cs-simp: cat-parallel-cs-simps category.op-cat-Comp| symmetric)
cs-intro: cat-cs-intros cat-parallel-cs-intros

)
qed

lemma (in is-cat-equalizer) cat-eq-eps-NTMap-app:
assumes § €, F
shows EGNTMapD(Ipr FD = F’(Iﬂ) OAQ E(INTMapD(IapL FD
by
(
intro cat-cone-cf-par-eps-NTMap-app|
OF
1s-cat-cone-axioms
F'.vsv-azioms
cat-eq-F-in- Vset
cat-eq-F'-vdomain
cat-eq-F'-app-is-arr
assms
]
)+

lemma (in is-cat-coequalizer) cat-coeq-eps-NTMap-app:
assumes § €, F
shows EGNTMapD(Ipr FD = EQNTMQPD(IGPL FD CA@ F'(|f|)
by
(
intro cat-cocone-cf-par-eps-NTMap-app|
OF is-cat-cocone-axioms
F'.vsv-azioms
cat-coeq-F-in-Vset
cat-coeq-F'-vdomain
cat-coeq-F'-app-is-arr
assms
]
)+

lemma (in is-cat-equalizer) cat-eq-Comp-eq:
assumes g €, F and | e, F
shows F'(g) cag e(NTMap)(apr F)) = F'(f) cag e(NTMap))(apr F))
using cat-eg-eps-NTMap-app[ OF assms(1)] cat-eq-eps-NTMap-app[ OF assms(2)]
by auto

lemma (in is-cat-coequalizer) cat-coeq-Comp-eq:
assumes g €, F'and f ¢, F
shows sQNTMapMapL F|) CA@ F’(Igl) = €<|NTMap|)<|apL FD CA@ F,(|f|)
using cat-coeq-eps-NTMap-app[ OF assms(1)] cat-coeq-eps-NTMap-app[ OF assms(2)]
by auto

7.1.2 Universal property

lemma is-cat-equalizerl ":
assumes ¢ :
E <cr.cone 1=fcr € (apy F) (bpy F) Fab F':
o (apr F) (bpr F) F =cq €
and vsv F'
and F ¢, Vset «
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and D, F'=F
and AJ. f €0 F —> F/(f) : a g b
and § & F
and NAe' E'. ¢
E'"<cF.cone 1=Ncr € (apr F) (bpy F) Fab F':
e (app F) (bpr F) F =ipq € =
A f B ee E A e'(NTMap))(apr F)) = e(NTMap|)(apr F)) coag f'
shows ¢ : K <CF.eq (Clil,F,F’) : ﬂC o €
proof-

let ¢II = <ﬂc (apL F) (pr F) P

and ?II-1] = (\~ficr € (apy F) (bpy F) Fab F)
interpret e: is-cat-cone o E ?2II € 2II-II ¢ by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel a <apy F> <bpy F» Fab F' €

by (intro e. NTDom.HomCod.cat-cf-parallel-ab assms a b) simp

show ?thesis
proof(intro is-cat-equalizerl is-cat-limitl assms(1-38))
fix v’ r’ assume prems: u': v’ <gp.cone Il : 21 oo €
interpret u” is-cat-cone « r' ?II € ?II-1I v’ by (rule prems)
from assms(7)[ OF prems] obtain f’
where " f':r' e E
and u'-NTMap-app-a: w'(NTMap))(apr, F|) = e(NTMap)(apr F)) cag f’
and unique-f"
A"
I
f” -~ — E;
uw'(NTMap|)(apr, F|) = e(NTMap)(apr F|) oag f”
Il=f"=f
by metis
show 3If". f':r'»e E A u' =c¢ Nyror ntcf-const ?II € f'
proof(intro ex1l conjI; (elim conjE)?)
show u' = ¢ -y 7o ntef-const 211 € f'
proof(rule ntcf-eql)
show u’: cf-const ?I € v’ —gp ?II-1] : 711 »>gq €
by (rule u'.is-ntcf-axioms)
from [’ show ¢ -y rcr ntcf-const 211 € f':
cf-const 2II € v’ w—gp P11 : 211 »oq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros )
have dom-lhs: D, (u'(NTMap|)) = ?II(Obj))
unfolding cat-cs-simps by simp
from f’ have dom-rhs:
D, ((¢ *NTcF ntef-const 21T € f'Y(NTMap))) = 211(Obj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap)) = (¢ NTcF nicf-const 2II € fY(NTMap)|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems” a €, ?11(0bj)
note [ cat-parallel-cs-simps] =
cat-cone-cf-par-eps-NTMap-app[
OF u'.is-cat-cone-azioms assms(2-5), simplified
]
cat-cone-cf-par-eps-NTMap-app[ OF assms(1-5), simplified]
u'-NTMap-app-a
from prems’ f' assms(6) show
u'(NTMap|)(a) = (¢ -nTcF ntef-const 211 € f)(NTMap))(al))
by (elim the-cat-parallel-ObjE; simp only:)

(
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cs-concl
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
qed (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all
fix ' assume prems’"
f":r'»g Eu'=¢ nyrop ntef-const 211 € f
from prems'’(2) have u'-NTMap-a:
u'(NTMap|)(a) = (¢ *nTcF ntef-const 211 € f'"Y(NTMap))(al))
for a
by simp
have u'(NTMap))(apr F|) = e(NTMap|)(apr F)) cag f"'
using u'-NTMap-a[of <app F»] prems’’(1)
by
(
cs-prems
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-parallel-cs-intros cat-cs-intros

from unique-f'[ OF prems’'(1) this] show f'" = f'.
qed (rule f)
qed (use assms in fastforce)+

qed

lemma is-cat-coequalizerl
assumes ¢ :
ﬂ_)ﬂCF ¢ (bPL F) (aPL F) FbaF' >CF.cocone E:
o (bpr F) (app F) F »cq €
and vsv F’'
and F e, Vset «
and D, F'= F
and AJ. f &, F = F/(f) : b > a
and § & F
and Ae' E'. ¢
t=fcr € (bpr F) (apr F) Fba F'>cr.cocone E':
e (pr F) (CLPL F) F ooy € —
H'f’ f’: FE e E' A E’(INTM(ZPDGCIPL FD = f’ CAg@ E(lNTMapD(]U.pL FD
shows ¢ : (0,6,F,F') >cF.coeq £ ¢ »ca €
proof-

let ?Op—II = (ﬂc (pr F) (apL F) F

and %op-II-1I = f—~fcp € (bpy F) (apr F) Fba F"

and ?I] = <ﬂc (ClpL F) (pr F) F

and ?II-11 = (\>ficr (op-cat €) (apr F) (bpy F) Fab F"
interpret e: is-cat-cocone a E 2op-II € 2op-II-1I € by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel o <bpy F» <apy F> Fba F'C

by (intro e. NTDom.HomCod.cat-cf-parallel-ba assms a b) simp

interpret op-par: cf-parallel o <apy F» <bpy F» F ab F’ <op-cat &
by (rule par.cf-parallel-op)
have assms-4"
3Uf'2 B e B A NTMap)(apy, F) = 2(NTMap)(aps, F) 040p-cat ¢ /'
ife’: B <cr.cone ?H-II : 211 w+>cq op-cat € for €’ E’
proof-
have [cat-op-simps]:
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'+ E g E'Ae'(NTMap)(app F) = e(NTMap)(apr F) ©aop-cat ¢ '
f’: E e E' A é"(INTMapD(IapL Fl) = f’ cA@ 5(|NTMap|)QapL FD
for f'
by (intro iffl conjl; (elim conjE)?)
(
cs-concl cs-shallow
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
interpret ¢” is-cat-cone o E' ?II <op-cat € ?II-II ' by (rule that)
show ?thesis
unfolding cat-op-simps
by

rule assms(7)[
OF ¢&'.is-cat-cocone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]

)
qed

interpret op-e: is-cat-equalizer a a b F F' (op-cat €& E <op-ntcf e
by
(
rule
is-cat-equalizerl’
[
OF e.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2-6) assms-4’,
simplified
]
)

show ?thesis by (rule op-e.is-cat-coequalizer-op[ unfolded cat-op-simps])
qed

lemma (in is-cat-equalizer) cat-eq-unique-cone:
assumes ¢’ :
E' <cr.cone (=fcr € (apy F) (bpr F) Fab F': fi¢ (apy F) (bpy F) F »—ca €
(is <€’ E' <¢p.cone ?I-IT 2 211 —>gq )
shows 3!f". f': E' »¢ E A ¢'(NTMap))(apr F|) = e(NTMap))(apr, F)) oag f'
proof-

interpret e" is-cat-cone o E' 211 € ?II-1I ' by (rule assms(1))
from cat-lim-ua-fo[ OF assms(1)] obtain f’ where f" f': E' »¢ E
and ¢'-def: ¢’ = € -y TR nicf-const 2II € f'
and unique:
[f":E'»g E;e'=¢cnror ntef-const 211 € f'" ]| = f"" = f'
for [
by auto
from cat-eq-F-ne obtain f where §: | €, F' by force

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show [ f': E' »¢ E by (rule f')
from ¢’-def have ¢'(NTMap))(apr F)) = (¢ ‘nTcFr ntef-const 211 € fY(NTMap))(apr F))
by simp
from this f' show ¢’-NTMap-app-I: ¢'(NTMap))(apr, F|) = e(NTMap|)(apr F)) cag f’
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by
(

cs-prems

cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-parallel-cs-intros

fix f'/ assume prems:
[ E'—g E '(NTMap))(apr F|) = e(NTMap|)(apr, F)) cag f"'
have ¢’ = ¢ -y 7o nicf-const ?I1 € f"
proof(rule ntcf-eqgI[ OF ])
show ¢’ : cf-const 2II € E' —gp 2II-1I : 2I] »gq €
by (rule e'.is-ntcf-axioms)
from f’ prems(1) show ¢ -y cF ntcf-const 21 € '
cf-const 2II € E' —gp 2II-II : 21 g €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ¢'(NTMap)) = (¢ ‘nTcF ntcf-const 211 € f'"Y(NTMap))
proof(rule vsv-eql, unfold cat-cs-simps)
show vsv ((¢ ‘N cF ntef-const 211 € f")(NTMap)))
by (cs-concl cs-intro: cat-cs-intros)
from prems(1) show ?II(0bj)) = D, ((¢ -nTcF ntcf-const 211 € f'Y(NTMap))
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix a assume prems” a €, ?II(Obj))
note [cat-cs-simps] =
cat-eq-eps-NTMap-app[ OF §]
cat-cone-cf-par-eps-NTMap-app
[
OF
e’ is-cat-cone-azioms
F' vsv-azioms
cat-eq-F-in-Vset
cat-eq-F'-vdomain
cat-eq-F'-app-is-arr f,
simplified

from prems’ prems(1) f have [cat-cs-simps]:
e'(NTMap))(a) = e(NTMap))(al) cag f"
by (elim the-cat-parallel-ObjE; simp only:)
(

cs-concl
cs-simp: cat-cs-simps cat-parallel-cs-simps prems(2)
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
from prems’ prems show
e'(NTMap))(a)) = (¢ -NTcF ntcf-const 211 € f"Y(NTMap))(al))
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed auto
qed simp-all
from unique[ OF prems(1) this] show f'' = f'.
qed

qed

lemma (in is-cat-equalizer) cat-eq-unique:
assumes ¢’ : E' <¢p g (a,0,F,F') : ¢ »>ca €
shows

3 f i E e Ene’ =€ yror ntcf-const (¢ (apr F) (bpr F) F) € f/
by (rule cat-lim-unique[ OF is-cat-equalizerD(1)[ OF assms]])

lemma (in is-cat-equalizer) cat-eq-unique”:
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assumes ¢’ : E' <cp.cq (a,0,F,F') : o »>ca €

shows 3!f". f': E' »¢ E A '(NTMap))(apr F|) = e(NTMap))(apr, F)) oag f'
proof-

interpret e" is-cat-equalizer « a b F F' € E' ¢’ by (rule assms(1))

show ?thesis by (rule cat-eq-unique-cone[ OF €'.is-cat-cone-axioms])
qed

lemma (in is-cat-coequalizer) cat-coeq-unique-cocone:
assumes ¢’ :
ﬂﬁﬂCF ¢ (bPL F) (aPL F) FbaF' >crcocone B
e (bpr F) (app F) F »cq €
(is <e’: ?II-11 >0F. cocone B’ 711 »oq ©)
shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr F|) = f' oag e(NTMap))(apr F|
proof-
interpret ¢ is-cat-cocone a E' ?II € ?II-1I ¢’ by (rule assms(1))
have [cat-op-simps]:
'+ Ewg B'ne'(NTMap)(apr, F) = e(NTMap)(apr F) 0app-cat ¢ [ <
f’: E il E' A 5’(|NTMap|)(|apL FD = f’ CA@ 5(|NTMap|)(|apL FD
for '
by (intro iffI conjI; (elim conjE)?)
(
cs-concl cs-shallow
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique-cone|
OF is-cat-equalizer-op €'.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]

)
qed

lemma (in is-cat-coequalizer) cat-coeq-unique:
assumes ¢’ : (a,0,F,F") >cFp coeq B : o P»ca €
shows 3!f".
f'+ E =g E'"A e’ = ntcf-const (e (bpr F) (app F) F) € f'nror e
by (rule cat-colim-unique[ OF is-cat-coequalizerD(1)[ OF assms]])

lemma (in is-cat-coequalizer) cat-coeg-unique”:

assumes ¢’ : (a,0,F,F") >cr coeq E': o »—>ca €

shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr, F|) = f' ong e(NTMap))(apr F)
proof-

interpret £ is-cat-coequalizer « a b F F' € E' ¢’ by (rule assms(1))

show ?thesis by (rule cat-coeg-unique-cocone[ OF &'.is-cat-cocone-azioms])
qed

lemma cat-equalizer-ex-is-iso-arr:
assumes ¢ : E <cp ¢q (0,0,F,F') : ¢ »ca €
and ¢': E' <cp.cq (a,0,F,F') : ¢ »—>ca €
obtains f where [ : E' =00 E
and ¢’ = ¢ -y roF nitcf-const (¢ (apr F) (bpr F) F) € f
proof-
interpret e: is-cat-equalizer ao a b F F' € E ¢ by (rule assms(1))
interpret " is-cat-equalizer « a b F F' € E' £’ by (rule assms(2))
from that show ?thesis
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by
(
elim cat-lim-ex-is-iso-arr|
OF e.is-cat-limit-axioms €'.is-cat-limit-azioms
]

)
qed

lemma cat-equalizer-ex-is-iso-arr'”
assumes ¢ : E <cp ¢q (0,0,F,F') : ¢ »ca €
and ¢': E' <cp.cq (a,6,F,F') : ¢ »—>ca €
obtains f where [ : E' ;¢ E
and e'(NTMap))(apr F|) = e(NTMap|)(apr F|) oac f
and </(NTMap)(bp1, F) = e(NTMap) (bp1, F) ose f
proof-
interpret e: is-cat-equalizer « a b F F' € E ¢ by (rule assms(1))
interpret ¢ is-cat-equalizer « a b F F' € E' &' by (rule assms(2))
obtain f where f: f: E' »;5,¢ F
and j & f¢ (apy F) (bpr F) F(Obj) = ¢'(NTMap))(j) = e(NTMap))(j)) cag f for j
by
(
elim cat-lim-ex-is-iso-arr’[
OF e.is-cat-limit-azioms €'.is-cat-limit-azioms
]
)

then have
EI(INTMaquCLPL FD = E(INTMCLPD(IGPL FD cA@ f
e'(NTMap)(bpr F|) = e(NTMap)(bpr F)) cag f
unfolding the-cat-parallel-components by auto
with f show ?thesis using that by simp
qed

lemma cat-coequalizer-ex-is-iso-arr:
assumes ¢ : (0,6,F,F") >cp coeq E: o »~ca €
and ¢’ : (a,6,F,F') >cp.coeq E': ¢ PP ca €
obtains f where f : F ;5,0 E’
and ¢’ = nitcf-const (¢ (bpr F) (apr, F) F) € f npor e
proof-
interpret e: is-cat-coequalizer « a b F F' € F ¢ by (rule assms(1))
interpret e is-cat-coequalizer a a b F F' € E' ¢’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF e.is-cat-colimit-azioms e'.is-cat-colimit-azioms
]

)
qed

lemma cat-coequalizer-ex-is-iso-arr":
assumes ¢ : (0,6,F,F") >cp coeq £ ¢ »~ca €
and ¢': (a,0,F,F') >cp.coeq E': ¢ »~ca €
obtains f where f : E ;5,0 E’
and ¢'(NTMap))(apr F|) = f cag e(NTMap))(apr F))
and ¢'(NTMap))(bpr F|) = f oag e(NTMap|)(bpr F)
proof-
interpret e: is-cat-coequalizer « a b F F' € E ¢ by (rule assms(1))
interpret ¢ is-cat-coequalizer  a b F F' € E' ¢’ by (rule assms(2))
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obtain f where f: f: E =50 E'
and j & f¢ (bpr F) (app F) F(Obj) = ¢'(NTMap))(j) = f oag e(NTMap))(j) for j
by
(
elim cat-colim-ex-is-iso-arr’[
OF ¢.is-cat-colimit-azioms €'.is-cat-colimit-azioms
]
)
then have
6’(|NTMap|)(|CLPL FD = f CAQ €(|NTMap|)(|apL FD
5’(|NTMap|)(|pr FD = f CAQ S(INTMaqupr FD
unfolding the-cat-parallel-components by auto
with f show ?thesis using that by simp
qed

7.1.3 Further properties

lemma (in is-cat-equalizer) cat-eq-is-momnic-arr:
— See subsection 3.3 in [3].
e(NTMap))(apr F) : E »pmong
proof(intro is-monic-arrl)
show e(NTMap)(apr F)) : E —g a
by
(
cs-concl
cs-simp: cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
fix fga
assume prems:
f La |—)€ B
g:aw—g B
e(NTMap|)(apr, F) oag f = e(NTMap)(apr F)) ocag g
define ¢’ where ¢’ = ¢ -y oF nicf-const (¢ (app F) (bpr F) F) € f
from prems(1) have ¢’ :
a <cF.cone 1=Ncr € (apy F) (bpy F) Fab F':
o (apr F) (bpr F) F —»ca €
unfolding ¢’-def
by (cs-concl cs-shallow cs-intro: is-cat-conel cat-cs-intros)
from cat-eq-unique-cone[ OF this] obtain f’
where " f': a ~¢ E
and ¢’-a: ¢'(NTMap))(apr F|) = e(NTMap))(apr F)) cag f'
and unique-f= Nf'".
[f"+a~e B e'(NTMap)(apr F) = e(NTMap)(apr F) oae /"1 =
=1
by meson
from prems(1) have unique-f: e'(NTMap))(apy, F|) = e(NTMap))(apr F)) ocag f
unfolding &’-def
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-parallel-cs-intros
)
from prems(1) have unique-g: ¢’ (NTMap))(apr F)) = e(NTMap))(apr F) cag g
unfolding ¢’-def
by
(

cs-concl
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cs-simp: prems(3) cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
show f =g
by
(

rule unique-f'

OF prems(1) unique-f,
unfolded unique-f'[ OF prems(2) unique-g, symmetric]
]
)

qed

lemma (in is-cat-coequalizer) cat-coeq-is-epic-arr:
e(NTMap))(apr F)) : a »epig E
by
(
rule is-cat-equalizer.cat-eq-is-monic-arr|
OF is-cat-equalizer-op, unfolded cat-op-simps
]
)

7.2 Equalizer and coequalizer for two arrows

7.2.1 Definition and elementary properties

See [2]".

locale is-cat-equalizer-2 =
is-cat-limit a (Mt¢ apr2 bpr2 gpr fr) € <M=>Mcr € apr2 bpro gpr frrabgip Ee
foraabgfC Ee+
assumes cat-eq-g[ cat-lim-cs-intros]: g : a »¢ b
and cat-eq-f[ cat-lim-cs-intros]: f : a =g b

syntax -is-cat-equalizer-2 = V=V = V =V =V =V =V = V = bool
(«(-:/ - <cF.eq (----") o Mo =1 - [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer-2 = is-cat-equalizer-2
translations ¢ : F <cp ¢4 (0,0,0,f) : Mo »ca € =
CONST is-cat-equalizer-2 a a b g f € E ¢

locale is-cat-coequalizer-2 =
is-cat-colimit
a Mc bpre apre frr 9pry € M->1Mor Cbpre apr2 frrgpr bafe Ec
foraabgfC Ee+
assumes cat-coeq-g| cat-lim-cs-intros]: g : b =g a
and cat-coeq-f[ cat-lim-cs-intros]: f : b ¢ a

syntax -is-cat-coequalizer-2 =V =V =V =V =V =V =V = V = bool
(¢(- 3/ "(--7-") >CF.coeq -] 1o P =) [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer-2 = is-cat-coequalizer-2
translations ¢ : (0,b,9,f) >cr.coeq £ : o »ca €=
CONST is-cat-coequalizer-2 a« a b g f € E ¢

Rules.

lemma (in is-cat-equalizer-2) is-cat-equalizer-2-axzioms'] cat-lim-cs-intros]:
assumes o' = «

"https://en.wikipedia.org/wiki/Equaliser _(mathematics)
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and £' = F

and a’=a
and b'=10
and g' =g
and ' = f
and ¢'=¢

shows ¢ : B/ <gp.cq (a'0',9"f) : 1o =o€
unfolding assms by (rule is-cat-equalizer-2-axioms)

mk-ide rf is-cat-equalizer-2-def[unfolded is-cat-equalizer-2-axioms-def]
|intro is-cat-equalizer-21|
|dest is-cat-equalizer-2D[ dest]|
|elim is-cat-equalizer-2E[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-equalizer-2D(1)

lemma (in is-cat-coequalizer-2) is-cat-coequalizer-2-axioms'] cat-lim-cs-intros:
assumes o' = «

and F'= F
and a’'=a
and b’ =0
and g’ =g
and {’' = |

and ¢'=¢

shows ¢ : (alvblyglv]c,) >CF.coeq E,: TTC’ '_"_’Ca’ Q:,
unfolding assms by (rule is-cat-coequalizer-2-azioms)

mk-ide rf is-cat-coequalizer-2-def[ unfolded is-cat-coequalizer-2-axioms-def]
|intro is-cat-coequalizer-21|
|dest is-cat-coequalizer-2D| dest]|
|elim is-cat-coequalizer-2E| elim]|

lemmas [ cat-lim-cs-intros] = is-cat-coequalizer-2D( 1)

Helper lemmas.

lemma cat-eq-F'-helper:
(Meoset {fpr, gpL}. (f=grL 79:1)) =

(Afeoset {fpr, gpr}- (f =frL 77 0))
using cat-PL2-gf by (simp add: VLambda-vdoubleton)

Elementary properties.

sublocale is-cat-equalizer-2 ¢ cf-parallel-2 « apps bpro gpr fprabgf €
by (intro cf-parallel-21 cat-parallel-21)
(simp-all add: cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros)

sublocale is-cat-coequalizer-2 < cf-parallel-2 o bprs apre fpr gpr bafg€
by (intro cf-parallel-21 cat-parallel-21)
(
auto simp:
cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
cat-PL2-ineq[ symmetric]

)

lemma (in is-cat-equalizer-2) cat-equalizer-2-is-cat-equalizer:
[

E <cp.eq (ab,set {gpr, fro},(Meoset {gpr, frr}. (f =frL ?f:9))):
o »ca €

by
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(
intro is-cat-equalizerl,
rule is-cat-limit-axioms|
unfolded the-cf-parallel-2-def the-cat-parallel-2-def aprs-def bppo-def
]
)

(auto simp: Limit-vdoubleton-in-Vsetl cat-parallel-cs-intros)

lemma (in is-cat-coequalizer-2) cat-coequalizer-2-is-cat-coequalizer:
g :
(ab,set {gpr, frot.(Mfeoset {gpr, frr}. (f =frL 7:9))) >cF.coeq £+
e »rcoa €
proof
(
intro is-cat-coequalizerl
fold the-cf-parallel-2-def the-cat-parallel-2-def apro-def bprs-def
)
show ¢ :
M>Mcor €bpr2 apr2 gpr frL b a g f >cr. cotim E:
Mc bprz apr2 gpL frL Pca €
by
(
subst the-cat-parallel-2-commute,
subst cf-parallel-2-the-cf-parallel-2-commute[ symmetric)
)
(intro is-cat-colimit-axioms)
qged (auto simp: Limit-vdoubleton-in-Vsetl cat-parallel-cs-intros)

lemma cat-equalizer-is-cat-equalizer-2:
assumes ¢ :
E <cp.cq (a,bset {gpr, fro},(Meoset {gpL, frL}. (f = frr 21:9))):
e »Pca €
shows ¢ : E <cp.cq (a,0,8,) : 1o »ca €
proof-
interpret e: is-cat-equalizer
aabset {gpL, frr}p «(Mfeoset {gpr, frr}- (f =frL ?f:9)» € E ¢
by (rule assms)
have prI pr €, set {gpL, pr} and grL: 9PL €o set {gpL, pr} by auto
show ?thesis
using e.cat-eq-F'-app-is-arr[ OF gpr] €.cat-eq-F'-app-is-arr[ OF fpr]
by
(
intro
is-cat-equalizer-21
€.is-cat-limit-axioms
[
folded
the-cf-parallel-2-def the-cat-parallel-2-def appo-def bpro-def
]
)

(auto simp: cat-PL2-gf)
qed

lemma cat-coequalizer-is-cat-coequalizer-2:
assumes ¢ :
(ab,set {gpr, frot.(Mfeoset {gpr, frr}. (f =frL 71:8))) >cF.coeq E:
e »~ca €
shows ¢ : (a,0,0.f) >cr.coeq £ 11c »ca €
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proof-
interpret is-cat-coequalizer
aabset {gpr, frrh «(Meoset {gpr, frrt. (f=frL ?f:9)) € E¢
by (rule assms)
interpret cf-parallel-2 o bprs apro gpr frL bagfcC
by
(
rule cf-parallel-is-cf-parallel-2[
OF cf-parallel-azioms cat-PL2-gf, folded appo-def bpro-def
]
)

show ¢ : (0,6,9,f) >cF.coeq £ : Mo »rca €
by
(
intro is-cat-coequalizer-21,
subst the-cat-parallel-2-commute,
subst cf-parallel-2-the-cf-parallel-2-commute| symmetric],
rule is-cat-colimit-azioms|
folded aprs-def bpro-def the-cat-parallel-2-def the-cf-parallel-2-def
]
)
(simp-all add: cf-parallel-f’ cf-parallel-g”)
qed

Duality.

lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op:
op-ntcf € : (0,6,8,f) >cF.coeq E: Mc = ca op-cat €
unfolding is-cat-equalizer-def
by
(
rule cat-coequalizer-is-cat-coequalizer-2
[
OF is-cat-equalizer.is-cat-coequalizer-op[
OF cat-equalizer-2-is-cat-equalizer
]
]
)

lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntcf € : (a,6,9,f) >cr.coeq £ : 1o »=>ca €
unfolding assms by (rule is-cat-coequalizer-2-op)

lemmas [cat-op-intros] = is-cat-equalizer-2.is-cat-coequalizer-2-op’

lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op:
op-ntcf € : B <cF.eq (a,0,,) : 11c »—ca op-cat €
unfolding is-cat-coequalizer-def
by
(
rule cat-equalizer-is-cat-equalizer-2
[
OF is-cat-coequalizer.is-cat-equalizer-op[
OF cat-coequalizer-2-is-cat-coequalizer
]
]
)
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lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf € : E <gp.eq (0,0,8,f) : 1o »ca €
unfolding assms by (rule is-cat-equalizer-2-op)

lemmas [cat-op-intros] = is-cat-coequalizer-2.is-cat-equalizer-2-op’

Further properties.

lemma (in category) cat-cf-parallel-2-cat-equalizer:
assumes g:a+—g band f:aw~gb
shows cf-pamllel-,? a apro bPLQ agrL pr ab g f ¢
using assms
by (intro cf-parallel-21 cat-parallel-21)
(auto simp: cat-parallel-cs-intros cat-cs-intros)

lemma (in category) cat-cf-parallel-2-cat-coequalizer:
assumes g: b »gaand f: b g a
shows cf—pamllel—,? o bPLQ apro fPL gPL ba f g ¢
using assms
by (intro cf-parallel-21 cat-parallel-21)
(simp-all add: cat-parallel-cs-intros cat-cs-intros cat-PL2-ineq| symmetric])

lemma cat-cone-cf-par-2-eps-NTMap-app:
assumes ¢ :
E <cF.cone M=>Mcr €apre bpre gpr frrabgf: Mo apr2 bpra gpr frL »ca €
andg:awrghb
and f:a~g b
shows
e(NTMap)(bpL2) = g oag e(NTMap)(apL2)
e(NTMap))(bpr2) = f oag e(NTMap))(ap L))
proof-
let ?II = (Mt¢c apr2 bpre gpr frr
and ?2II-1I = (Mt—>tcr Capra bpre gpr fra b gp
and 7F = (set {gPL, pr})
interpret e: is-cat-cone o E ?II € ?II-II € by (rule assms(1))
from e.cat-PL2-f €.cat-PL2-g have gf: 7F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have
(AT ' €0 7F == (Afea?F. (f = fpr, 2 9))(FD : @ ¢ b)
by auto
note cat-cone-cf-par-eps-NTMap-app = cat-cone-cf-par-eps-NTMap-app
[
OF
assms(1)[
unfolded
the-cat-parallel-2-def the-cf-parallel-2-def apro-def bppa-def
1,
folded ClPLg-def prg-def, OF - gf - thz’s,
simplified
]
from
cat-cone-cf-par-eps-NTMap-app[of gpr, simplified)
cat-cone-cf-par-eps-NTMap-app[of fpr, simplified]
cat-PL2-gf
show
e(NTMap)(bpL2) = g oag e(NTMap)(apL2)
e(NTMap)(bpr2) = f oag e(NTMap))(apr2)
by fastforce+

120



qed

lemma cat-cocone-cf-par-2-eps-NTMap-app:
assumes ¢ :
M=>ttcr €bpra apr2 frL gPL b a f g >cFr.cocone B :
Me bpre apre frL 9pL »ca €
and g: b rga
and f: b ¢ a
shows
6(|NTMap|)(|bPLQD = E(INTMCL])I)(IQPLQD CAQ g
e(NTMap))(bpr2) = e(NTMap)(apr2) cag f
proof-
let ?II = (tt¢c bpr2 apre frr gpPr
and ?II-II = (M>Mcr Cbpra apre fpr gpr b af g
and ?F = <set {EPL7 pr})
have fg-gf: {frL, 9rL} = {grL, frL} by auto
interpret e: is-cat-cocone o E 211 € ?II-II € by (rule assms(1))
from e.cat-PL2-f e.cat-PL2-g have gf: ?F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have
(AT 7€ 7F —> (M. (f = gps 79 D)) : b e a)
by auto
note cat-cocone-cf-par-eps-NTMap-app = cat-cocone-cf-par-eps-NTMap-app
[
OF assms(1)
[
unfolded
the-cat-parallel-2-def
the-cf-parallel-2-def
aprz-def bpro-def
insert-commute,
unfolded fg-gf

1,
folded appa-def bppa-def,

OF - gf - this,
simplified
]
from

cat-cocone-cf-par-eps-NTMap-app[of gpr, simplified]
cat-cocone-cf-par-eps-NTMap-app|of fpr, simplified]
cat-PL2-gf
show

e(NTMap))(bpr2) = e(NTMap)(apr2) oag o
e(NTMap))(bpr2) = e(NTMap)(apr2) cag |
by fastforce+

qed

lemma (in is-cat-equalizer-2) cat-eq-2-eps-NTMap-app:
e(NTMap))(bpr2)) = g ocag e(NTMap))(apr2))
e(NTMap)(bpr2) = f oag e(NTMap))(apr2))
proof—
have gpr: gpr € set {gpr, frr} and fpr: fpr € set {gpr, frr} by auto
note cat-eq-eps-NTMap-app = is-cat-equalizer.cat-eq-eps-NTMap-app
[
OF cat-equalizer-2-is-cat-equalizer,
folded ClpLQ-def prg-def
]

from cat-eq-eps-NTMap-app[ OF gp1] cat-eq-eps-NTMap-app| OF fp1] cat-PL2-gf show
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e(NTMap)(bpr2) = g cag e(NTMap)(apL2)
e(NTMap)(bpr2) = f oag e(NTMap))(apr2))
by auto

qed

lemma (in is-cat-coequalizer-2) cat-coeq-2-eps-NTMap-app:
e(NTMap))(bpL2) = e(NTMap|)(apLz) oag @
E(]NTMG,])D(IEJPLQD = 5(|NTMap|)(]apL2D oA i
proof-
have gp;: gpr € set {gpL, pr} and fpp: fpL € set {gpL, fPL} by auto
note cat-eq-eps-NTMap-app = is-cat-coequalizer.cat-coeq-eps-NTMap-app
[
OF cat-coequalizer-2-is-cat-coequalizer,
folded upLg-def prg-def
]
from cat-eq-eps-NTMap-app| OF gpr] cat-eq-eps-NTMap-app[ OF fp1] cat-PL2-gf show
e(NTMap))(bpr2) = e(NTMap)(apr2) oag o
e(NTMap))(bprz2) = e(NTMap)(apr2) cag |
by auto
qed

lemma (in is-cat-equalizer-2) cat-eq-2-Comp-eq:
g oag e(NTMap))(aprzl) = f oag e(NTMap|)(apra2)
f cA@ E(|NTMaquClpL2D =g %ag E(INTMG])D(IC[PLQD
unfolding cat-eq-2-eps-NTMap-app| symmetric] by simp-all

lemma (in is-cat-coequalizer-2) cat-coeq-2-Comp-eq:
e(NTMap|)(apra) coag 9 = e(NTMap)(apr2)) oag |
E(INTM&pD(IClPLzD cAg f = E(INTMapD(IClpLQD oAg 9
unfolding cat-coeg-2-eps-NTMap-app[ symmetric] by simp-all

7.2.2 Universal property

lemma is-cat-equalizer-21":
assumes ¢ :
E <cr.cone 1M>MMcr €apre bpra gpr frLa b gf: Mo apr2 bpre gpr frL »—ca €
and g:awrgb
and f:a g b
and N\e’ E'. ¢’
E'<cF.cone 1=>Mcer €apra bpra gpr frLa b gf:
Me apre bpra gpL fPL PP oo € =
Aff' B g E A e'(NTMap))(apr2)) = e(NTMap)(aprz)) cag f
shows ¢ : E <crp.¢q (0,0,9,f) : M1 »rca €
proof-
let ?II = (1tc apr2 bpre gpL fPL
and ?I-II = «M->1cr Capro bpre gpr fPLabgh
and ¢F = «set {gpr, frL}’
interpret e: is-cat-cone o E ?II € ?II-II € by (rule assms(1))
from e.cat-PL2-f €.cat-PL2-g have gf: 7F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have (Afe.?F. (f = fpr ?§:9))(f) :a g b
if f' e, ?F for §’
using that by simp
note is-cat-equalizerl’ = is-cat-equalizerl’
[
OF
assms(1)[
unfolded
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the-cat-parallel-2-def the-cf-parallel-2-def apro-def bppo-def
I,
folded apro -def prg-def,
OF

of

this

assms(4)[ unfolded the-cf-parallel-2-def the-cat-parallel-2-def],

of 8prrL,
simplified

show ?thesis by (rule cat-equalizer-is-cat-equalizer-2[ OF is-cat-equalizerI'])
qed

lemma is-cat-coequalizer-2I"
assumes ¢ :
M->Mcer €bpre apre frL gPL b af g >cF.cocone B -
e bpre apra fPL 9pL PP ca €
and g: b g a
and f: b —»g a
and N\e' E'. ¢’
M>tter €bpra apra frL 9PL b 0§ 8 >CF cocone B
Me bpre apr2 fPL 9pL PP oo € =
H'f, f’: E gy E' A EI(INTMapD(ICLPLQD = f’ CAQ 6(|NTMap|)(|CLPL2D
shows ¢ : (a,0,0.f) >cr.coeq E: Mo »=ca €
proof-
let ?II = (1t¢c bpr2 apra fPr gpPL
and ?2II-II = (M=t cr Cbpra apre fpr grr b af g
and ¢F = «set {gpr, frPL}
have fg-gf: {fpL, 9rL} = {grL, frL} by auto
interpret e: is-cat-cocone o E 211 € ?II-II € by (rule assms(1))
from e.cat-PL2-f e.cat-PL2-g have gf: ?F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have (Mfe.set {gpr, frr}. (f =oprL 29:§))(fD):brga
lff, €, set {gpL, pr} for f,
using that by simp
note is-cat-coequalizerl’

OF assms(1)[
unfolded
the-cat-parallel-2-def the-cf-parallel-2-def apro-def bpra-def fg-gf
1,
folded appa-def bppa-def,
OF

of

this

assms(4)[unfolded the-cf-parallel-2-def the-cat-parallel-2-def fg-gf],

of grL,
simplified

]

with cat-PL2-gf have
€:(a,0,2F (M ?F. (f =frr 7§:9))) >cF.coeq E: e »ca €
by (auto simp: VLambda-vdoubleton)
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from cat-coequalizer-is-cat-coequalizer-2[ OF this] show ?thesis by simp
qed

lemma (in is-cat-equalizer-2) cat-eq-2-unique-cone:
assumes ¢’ :
E'<cr.cone 11=Mor € apra bpra gpr frL abgi:
Mo apr2 bpre gpr frr »>ca €
shows 3!f". f': E' ¢ E A e'(NTMap))(aprs)) = e(NTMap)(apra) oag [’
by
(
rule is-cat-equalizer.cat-eq-unique-cone
|
OF cat-equalizer-2-is-cat-equalizer,
folded apLg-def prg-def,
OF assms[unfolded the-cf-parallel-2-def the-cat-parallel-2-def]

]
)

lemma (in is-cat-equalizer-2) cat-eq-2-unique:
assumes ¢’ E' <¢p g (a,6,9,f) : 11¢c »—ca €
shows
A f' B =g EANe'=¢e nyror ntcf-const (11¢ apr2 bpra gpr frr) € f'
proof-
interpret ¢ is-cat-equalizer-2 a a b g f € E' ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique
[
OF cat-equalizer-2-is-cat-equalizer,
fOlded apLz—def prg—def,
OF ¢'.cat-equalizer-2-is-cat-equalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma (in is-cat-equalizer-2) cat-eq-2-unique”:
assumes ¢’ : E' <¢p o (0,0,9,f) : 11¢c »ca €
shows 3!f". f': E' =g E A e'(NTMap))(apr2)) = e(NTMap)(apra) oag [’
proof-
interpret ¢ is-cat-equalizer-2 a a b g f € E' ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique’
[
OF cat-equalizer-2-is-cat-equalizer,
folded apLg—def prQ—def,
OF ¢’'.cat-equalizer-2-is-cat-equalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique-cocone:

assumes ¢’ :
M=>Meor €bpre apre frr 9PL b af g >cF.cocone E':
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Me bpre apre frL 9pL »ca €
shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr2)) = f' cag e(NTMap))(ap L2
by
(
rule is-cat-coequalizer. cat-coeq-unique-cocone
[
OF cat-coequalizer-2-is-cat-coequalizer,
folded aprs-def bpps-def insert-commute,
OF assms|
unfolded
the-cf-parallel-2-def the-cat-parallel-2-def cat-eq-F'-helper
]
]
)

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique:
assumes ¢’ : (a,0,0,f) >cr.coeq E': 11 »ca €
shows 3!f".
f’ B ind E' A
e’ = ntef-const (Me bpre apre frr 9pL) € f' *Nror €
proof-
interpret e is-cat-coequalizer-2 a a b g f € E’ ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-coequalizer.cat-coeq-unique
|
OF cat-coequalizer-2-is-cat-coequalizer,
folded apLg-def prQ-def,
OF ¢’ cat-coequalizer-2-is-cat-coequalizer,
folded the-cat-parallel-2-def the-cat-parallel-2-commute
]

)
qed

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique”:
assumes ¢’ : (a,0,9,f) >cF.coeq E': 1c »—>ca €
shows 3!f". f': E =g E' A ¢'(NTMap))(apr2)) = f' cag e(NTMap))(ap L2
proof-
interpret e is-cat-coequalizer-2 aw a b g f € E’ ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-coequalizer. cat-coeq-unique’
|
OF cat-coequalizer-2-is-cat-coequalizer,
folded apLg—def prg—def,
OF ¢'.cat-coequalizer-2-is-cat-coequalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma cat-equalizer-2-ez-is-iso-arr:
assumes ¢ : F <gp ¢y (0,0,9,f) : Mo »ca €
and ¢': E’ <CF.eq (a,b,g,f) Mo »ecoa €©
obtains f where f : E' ;¢ E
and ¢’ = ¢ -yror ntcf-const (11c apr2 bpra gpr frL) € f
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proof-
interpret e: is-cat-equalizer-2 a a b g §f € E ¢ by (rule assms(1))
interpret e” is-cat-equalizer-2 a a b g § € E' &’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-equalizer-ex-is-iso-arr
[
OF
e.cat-equalizer-2-is-cat-equalizer
e'.cat-equalizer-2-is-cat-equalizer,
folded apro-def bpro-def the-cat-parallel-2-def
]

)
qed

lemma cat-equalizer-2-ex-is-iso-arr”:

assumes ¢ : E <gp.¢q (a,0,9,f) : 1Mo »ca €

and ¢': E' <gp.eq (0,6,9,f) : Mo »ca €
obtains f where f : E' 5,0 F

and e'(NTMap))(aprz) = e(NTMap)(apL2) oac f

and e'(NTMap))(bpr2)) = e(NTMap)(bpr2)) cag f

proof-

interpret e: is-cat-equalizer-2 o a b g § € E ¢ by (rule assms(1))
interpret " is-cat-equalizer-2 o a b g § € E' ¢’ by (rule assms(2))
show ?thesis

using that

by

(
rule cat-equalizer-ex-is-iso-arr’
[
OF
€. cat-equalizer-2-is-cat-equalizer
¢'.cat-equalizer-2-is-cat-equalizer,
folded apro-def bprs-def the-cat-parallel-2-def
]

)
qed

lemma cat-coequalizer-2-ex-is-iso-arr:
assumes ¢ : (0,0,9,f) >cr.coeq £ : 1o »rca €
and 5’ : (a,b,g,f) >CF.coeq E, : TTC’ Indudole Q:
obtains f where [ : F ;5,0 E’
and ¢’ = ntcf-const (1tc bpre apre frr 9pL) € f *NTCF €
proof-
interpret e: is-cat-coequalizer-2 a a b g f € E ¢ by (rule assms(1))
interpret £ is-cat-coequalizer-2 o a b g § € E' ¢’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-coequalizer-ex-is-iso-arr
[
OF
€. cat-coequalizer-2-is-cat-coequalizer
¢’. cat-coequalizer-2-is-cat-coequalizer,
folded
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apro-def bpro-def the-cat-parallel-2-def the-cat-parallel-2-commute

]

)
qed

lemma cat-coequalizer-2-ex-is-iso-arr'”:
assumes ¢ : (0,6,0,f) >cF.coeq E: Mo »ca €
and ¢": (a,b,gaf) >CF.coeq E': Mo »rcoa €
obtains f where f : F ;.0 E’
and ¢'(NTMap|)(apr2) = f cag e(NTMap))(apr2)
and ¢'(NTMap))(bpr2)) = f coag e(NTMap))(bpr2)
proof-
interpret e: is-cat-coequalizer-2 oo a b g f € E € by (rule assms(1))
interpret e is-cat-coequalizer-2 o a b g f € E' ¢’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-coequalizer-ex-is-iso-arr’
|
OF
€.cat-coequalizer-2-is-cat-coequalizer
e'.cat-coequalizer-2-is-cat-coequalizer,
folded
apro-def bpro-def the-cat-parallel-2-def the-cat-parallel-2-commute
]

)
qed

7.2.3 Further properties

lemma (in is-cat-equalizer-2) cat-eq-2-is-monic-arr:
e(NTMap))(apr2) : E ~mong a
by
(
rule is-cat-equalizer.cat-eq-is-monic-arr|
OF cat-equalizer-2-is-cat-equalizer, folded apyo-def
]
)

lemma (in is-cat-coequalizer-2) cat-coeg-2-is-epic-arr:
e(NTMap))(aprz)) : a »epigc £
by
(
rule is-cat-coequalizer.cat-coeq-is-epic-arr|
OF cat-coequalizer-2-is-cat-coequalizer, folded aps-def
]
)

7.3 Equalizer cone

7.3.1 Definition and elementary properties

definition nitcf-equalizer-base = V=V =V =>V=>V=>V=>(V=>V)=> TV
where ntcf-equalizer-base € a b gf E e =
[
(Azet e apre bpre gpL fPL(Ob)). e ),
cf-const (MM¢ apre bpra gpL frr) € E,
M->1cr €Capre bpr gpL fPL a b g,
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e apre bproe gpr fPL,
¢

]o

Components.

lemma ntcf-equalizer-base-components:
shows nicf-equalizer-base € a b g f E e(NTMap)|) =
(Azettc apre bpro gpr fPL(Ob)). e )
and [cat-lim-cs-simps]: ntcf-equalizer-base € a b g f E e(NTDom|) =
cf-const (11c apre bpro gpr frr) € E
and [ cat-lim-cs-simps]: ntcf-equalizer-base € a b g §f E e(NTCod)) =
M—=Mcr €apr2 bpra gpr fPLa b gf
and [ cat-lim-cs-simps]:
ntcf-equalizer-base € a b g f E e(NTDGDom|) = t11¢ apr2 bpra 9pL fPL
and [cat-lim-cs-simps]:
ntcf-equalizer-base € a b g f E e(NTDGCod|) = €
unfolding ntcf-equalizer-base-def nt-field-simps
by (simp-all add: nat-omega-simps)

7.3.2 Natural transformation map

mk-VLambda nicf-equalizer-base-components(1)
|vsv ntcf-equalizer-base-NTMap-vsv| cat-lim-cs-intros]|
|vdomain ntcf-equalizer-base-NTMap-vdomain[ cat-lim-cs-simps]|
|app nicf-equalizer-base-NTMap-app[ cat-lim-cs-simps]|

7.3.3 Equalizer cone is a cone

lemma (in category) cat-ntcf-equalizer-base-is-cat-cone:
assumes ¢ aprz : B =g a
and e bpro : E =g b
and e bpro = g oqg € apr2
and e bpro = foag e apro
and g:awrg b
and f:a g b
shows ntcf-equalizer-base €a b gf Ee:
E <cr.cone M=>Mcr €apra bpro gpr frLab gf:
Mec apr2 bpr2 gpL frL »ca €
proof-
interpret par: cf-parallel-2 oo apro bpro gpr frLabgf €
by (intro cf-parallel-2I cat-parallel-21 assms(5,6))
(simp-all add: cat-parallel-cs-intros cat-cs-intros)
show ?thesis
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfI’)
show ufsequence (ntcf-equalizer-base € a b g f F ¢)
unfolding ntcf-equalizer-base-def by auto
show wvcard (ntcf-equalizer-base € a b g f F e) = 5N
unfolding ntcf-equalizer-base-def by (simp add: nat-omega-simps)
from assms(2) show
cf-const (1t¢ apra bpra 9pL fPr) € E: ¢ apr2 bpre gpL frL = ca €
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-parallel-cs-intros cat-cs-intros
)
from assms show
M->Mcr Capr2 bprz gpr frL a b g f:11c apr2 bpr2 grL frL »—ca €
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by (cs-concl cs-intro: cat-parallel-cs-intros cat-small-cs-intros)
show
ntcf-equalizer-base € a b g f E e(NTMapl) () :
cf-const (TTC apre bpre gpL pr) ¢ EQObjMapl)qll) e
M=>Mcr €apra bpra gpr frr a b g f(ObiMapl) (7))
if i ec Mo apr2 bpre gpr frL(Ob))) for i
proof-
from that assms(1,2,5,6) show ?thesis
by (elim the-cat-parallel-2-ObjE; simp only:)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
qed
show
ntcf-equalizer-base € a b g f E e(NTMap))(d') cag
cf-const (11c apr2 bpra gpr frr) € E(ArrMap))(f') =
M-tcor €apro bpre gpr frr a b g f(ArrMap)(f') cag
nicf-equalizer-base € a b g f E e(NTMap))(a’)
i /70" =16 aprs bprs gro frL b' for a’ b" f'
using that assms(1,2,5,6)
by (elim par.the-cat-parallel-2-is-arrE; simp only:)
(
cs-concl
cs-simp:
cat-cs-simps
cat-lim-cs-simps
cat-parallel-cs-simps
assms(8,4)[ symmetric]
cs-intro: cat-parallel-cs-intros
)+
qed
(
use assms(2) in
¢
cs-concl
cs-intro: cat-lim-cs-intros cat-cs-intros
cs-simp: cat-lim-cs-simps

)+

qed
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8 Pointed arrows and natural transformations

8.1 Pointed arrow

The terminology that is used in this section deviates from convention: a pointed arrow is merely
an arrow in Set from a singleton set to another set.

8.1.1 Definition and elementary properties

See Chapter III-2 in [9].

definition ntcf-paa = V=V =V =V
where ntcf-paa a B b = [(Aasoset {a}. b), set {a}, Blo

Components.

lemma ntcf-paa-components:
shows nicf-paa a B b(ArrVal]) = (Aae,set {a}. b)
and [cat-cs-simps]: ntcf-paa a B b(ArrDom)) = set {a}
and [cat-cs-simps]: ntef-paa a B b(ArrCod)) = B
unfolding ntcf-paa-def arr-field-simps by (simp-all add: nat-omega-simps)

8.1.2 Arrow value

mk-VLambda ntcf-paa-components(1)
|vsv ntcf-paa-ArrVal-vsv[ cat-cs-intros]|
|vdomain ntcf-paa-Arr Val-vdomain[ cat-cs-simps]|
|app nicf-paa-ArrVal-app[unfolded vsingleton-iff, cat-cs-simps]|

8.1.3 Pointed arrow is an arrow in Set

lemma (in Z) nicf-paa-is-arr:
assumes a €, cat-Set a(|Obj) and A €, cat-Set a(Obj]) and a €, A
shows ntcf-paa a A a : set {a} = 41-Get o 4
proof(intro cat-Set-is-arrl arr-Setl cat-cs-intros, unfold cat-cs-simps)
show ufsequence (ntcf-paa a A a) unfolding nicf-paa-def by simp
show vcard (ntcf-paa a A a) = 3n
unfolding nicf-paa-def by (simp add: nat-omega-simps)
show R, (ntcf-paa a A a(ArrVal)) c, A
unfolding ntcf-paa-components by (intro vrange-VLambda-vsubset assms)
qged (use assms in <auto simp: cat-Set-components(1) Limit-vsingleton-in-VsetI»)

lemma (in Z) ntcf-paa-is-arr’[ cat-cs-intros]:

assumes a €, cat-Set a(Obj)
and A €, cat-Set a(Obj))
and a €, A
a