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Abstract

We formalise the Balog—Szemerédi—-Gowers Theorem, a profound
result in additive combinatorics which played a central role in Gow-
ers’s proof deriving the first effective bounds for Szemerédi’s Theorem
[2]. The proof is of great mathematical interest given that it involves
an interplay between different mathematical areas, namely applica-
tions of graph theory and probability theory to additive combinatorics
involving algebraic objects. This interplay is what made the process
of the formalisation, for which we had to develop formalisations of
new background material in the aforementioned areas, more rich and
technically challenging. We demonstrate how locales, Isabelle’s mod-
ule system, can be employed to handle such interplays. To treat the
graph-theoretic aspects of the proof, we make use of a new, more gen-
eral undirected graph theory library developed recently by Chelsea Ed-
monds, which is both flexible and extensible [1]. For the formalisation
we followed a proof presented in the 2022 lecture notes by Timothy
Gowers "Introduction to Additive Combinatorics" for Part III of the
Mathematical Tripos taught at the University of Cambridge [3]. In ad-
dition to the main theorem, which, following our source, is formulated
for difference sets, we also give an alternative version for sumsets which
required a formalisation of an auxiliary triangle inequality following a
proof by Yufei Zhao from his book "Graph Theory and Additive Combi-
natorics" [4]. We moreover formalise a few additional results in additive
combinatorics that are not used in the proof of the main theorem. This
is the first formalisation of the Balog—Szemerédi—-Gowers Theorem in
any proof assistant to our knowledge.
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1 Miscellaneous technical lemmas

theory Miscellaneous-Lemmas
imports
HOL— Library.Indicator-Function
HOL— Analysis. Convex
begin

lemma set-pairs-filter-subset: AC B=—= {p.pe Ax ANPp} C{p.pe€ B x
B A Pp}
by (intro subsetl) blast

lemma card-set-ss-indicator:
assumes A C B
assumes finite B
shows card A = (3 p € B. indicator A p)
proof —
obtain C where ceq: C = B — A by blast
then have beq: B = A U C using assms by blast
have bint: AN C = {} using ceq by blast
have finite: finite A using assms finite-subset by auto
have zero: \ p. p € C = indicator (4) p = 0
by (simp add: ceq)
then have card A = (3 p € A . indicator (A) p)
by simp
also have ... = (3 p € A . indicator A p) + (> p € C . indicator A p)
using zero by (metis add-cancel-left-right sum.neutral)
finally show card A = (> p € B. indicator A p) using beq bint assms
by (metis add.commute ceq sum.subset-diff)
qed

lemma card-cartesian-prod-square: finite X = card (X x X) = (card X)72
using card-cartesian-product by (simp add: power2-eq-square)

lemma (in ordered-ab-group-add) diff-strict1-mono:
assumes a > a’ b < b’
shows a — b > a’ — b’
using diff-strict-mono assms
by (metis local.diff-strict-right-mono local.dual-order.not-eq-order-implies-strict)

lemma card-cartesian-product-6: card (A x A x A x A x A x A) = (card A) ~
6
proof—
have card (A x A x A x A x A x A) =
card A x card A * card A * card A x card A * card A
using card-cartesian-product mult.commute by metis
then show “thesis by algebra
qed



lemma card-cartesian-product3: card (X x Y x Z) = card X x card Y * card Z
using card-cartesian-product by (metis mult.commute mult.left-commute)

lemma card-le-image-div:

fixes A:: 'a set and B:: 'b set and f:: ‘a = b set and r:: real

assumes finite B and pairwise (A s t. disjnt (fs) (ft)) AandV d € A. (card
(Fd)) > r

andV de€ A. fdC Band r > 0

shows card A < card B / r

proof (cases finite A)
assume hA: finite A
have hpair-disj: pairwise disjnt (f ¢ A) using assms by (metis pairwiseD pair-
wise-imagel)
have r x card A = (> d € A. r) by simp
also have ... < (3° d € A. card (f d)) using assms sum-mono by fastforce
also have ... = sum card (f * A) using assms hA by (simp add: sum-card-image)
also have ... = card (|J d € A. f d) using assms hA hpair-disj
by (metis Sup-upper card-Union-disjoint finite-UN-I rev-finite-subset)
also have ... < card B using assms card-mono
by (metis UN-subset-iff of-nat-le-iff)
finally have r *x card A < card B by linarith
thus ?thesis using divide-le-eq assms by (simp add: mult-imp-le-div-pos mult-of-nat-commute)
next
assume - finite A
thus ?thesis using assms by auto
qed

lemma list-middle-eq:
length zs = length ys => hd zs = hd ys = last xs = last ys
= butlast (tl xs) = butlast (tl ys) = xs = ys
apply (induct xs ys rule: list-induct2, simp)
by (metis append-butlast-last-id butlast.simps(1) butlast.simps(2) butlast-tl hd-Cons-tl

impossible-Cons le-refl list.sel(8) neq-Nil-conv)

lemma list2-middle-singleton:
assumes length zs = 3
shows butlast (tl zs) = [xs ! 1]
proof (simp add: list-eq-iff-nth-eq assms)
have [: length (butlast (¢l zs)) = 1 using length-butlast length-tl assms by simp
then have butlast (tl zs) | 0 = (tl xs) | 0 using nth-butlast[of 0 tl zs] by simp
then show butlast (tl zs) ! 0 = zs | Suc 0 using nth-tl[of 0 zs] | by simp
qed

lemma le-powr-half-mult:



fixes x y z:: real
assumes z 2 < yx*xzand 0 <yand 0 < z
shows z < y powr(1/2) * z powr (1/2)
using assms power2-eq-square
by (metis dual-order.trans linorder-linear powr-ge-zero powr-half-sqrt powr-mult
real-le-rsqrt
real-sqrt-le-0-iff)

lemma Cauchy-Schwarz-ineq-sum?2:
fixes f g:: ‘a = real and A:: 'a set
shows (3" de€ A fdxgd) <
O de A (fd)72) powr (1/2) * (O d € A. (g d)"2) powr (1/2)
using Convex. Cauchy-Schwarz-ineg-sum|of f g A] le-powr-half-mult sum-nonneg
zero-le-power2
by (metis (mono-tags, lifting))

end

2 Background material for the graph-theoretic as-
pects of the main proof

This section includes a number of lemmas on project specific definitions for
graph theory, building on the general undirected graph theory library [1]

theory Graph-Theory-Preliminaries
imports
Miscellaneous-Lemmas
Undirected- Graph-Theory. Bipartite- Graphs
Undirected-Graph-Theory. Connectivity
Random-Graph-Subgraph-Threshold. Ugraph-Misc
begin

2.1 On graphs with loops

context ulgraph
begin

definition degree-normalized:: 'a = 'a set = real where
degree-normalized v S = card (neighbors-ss v S) / (card S)

lemma degree-normalized-le-1: degree-normalized x S < 1

proof(cases finite S)
assume hA: finite S
then have card (neighbors-ss x S) < card S using neighbors-ss-def card-mono
hA
by fastforce
then show ?thesis using degree-normalized-def divide-le-eq-1



by (metis antisym-convd of-nat-le-iff of-nat-less-0-iff)
next
case Fulse
then show ?thesis using degree-normalized-def by auto
qed

end

2.2 On bipartite graphs

context bipartite-graph
begin

definition codegree:: 'a = 'a = nat where
codegree v u = card {z € V . vert-adj v x A vert-adj u z}

lemma codegree-neighbors: codegree v u = card (neighborhood v N neighborhood u)
unfolding codegree-def neighborhood-def

proof —
have {z € V. vert-adj v z A vert-adj u x} = {va € V. vert-adj vva} N {v € V.
vert-adj u v}
by blast
thus card {z € V. vert-adj v x A vert-adj u £} = card ({va € V. vert-adj v va}
NA{v e V. vert-adj u v})
by auto
qed

lemma codegree-sym: codegree v u = codegree u v
by (simp add: Int-commute codegree-neighbors)

definition codegree-normalized:: 'a = 'a = 'a set = real where
codegree-normalized v v S = codegree v u [ card S

lemma codegree-normalized-altX:

assumes r € X and 2z’ € X

shows codegree-normalized x ' Y = card (neighbors-ss z Y N neighbors-ss ' Y')
/ card Y

proof —
have ((neighbors-ss x Y) N (neighbors-ss ¢’ Y)) = neighborhood x N neighborhood
x/
using neighbors-ss-eq-neighborhoodX assms by auto
then show ?thesis unfolding codegree-normalized-def
using codegree-def codegree-neighbors by presburger
qed

lemma codegree-normalized-altY :



assumes y € Yand y' € YV
shows codegree-normalized y y' X = card (neighbors-ss y X N neighbors-ss y' X)
/ card X

proof —
have neighbors-ss y X N neighbors-ss y' X = neighborhood y N neighborhood 1y’
using neighbors-ss-eq-neighborhoodY assms by auto
then show ?thesis unfolding codegree-normalized-def
using codegree-def codegree-neighbors by presburger
qed

lemma codegree-normalized-sym: codegree-normalized w v S = codegree-normalized
vuS

unfolding codegree-normalized-def using codegree-sym by simp

definition bad-pair:: 'a = 'a = 'a set = real = bool where
bad-pair v uw S ¢ = codegree-normalized v u S < ¢

lemma bad-pair-sym:
assumes bad-pair v u S ¢ shows bad-pair v v S ¢
using assms bad-pair-def codegree-normalized-def
by (simp add: codegree-normalized-sym)

definition bad-pair-set:: 'a set = 'a set = real = (‘a x 'a) set where
bad-pair-set S T ¢ = {(u, v) € § x S. bad-pair u v T c}

lemma bad-pair-set-ss: bad-pair-set S T ¢ C § x S
by (auto simp add: bad-pair-set-def)

lemma bad-pair-set-filter-alt:
bad-pair-set S T ¢ = Set.filter (X p . bad-pair (fst p) (snd p) T ¢) (S x S)
using bad-pair-set-def by auto

lemma bad-pair-set-finite:
assumes finite S
shows finite (bad-pair-set S T c)
proof —
have finite (S x S) using finite-cartesian-product assms by blast
thus ?thesis using bad-pair-set-filter-alt finite-filter by auto
qed

lemma codegree-is-path-length-two:
codegree © x' = card {p . connecting-path © ' p A walk-length p = 2}
unfolding codegree-def
proof—
define f:: ‘a list = 'a where f = (X p. p!1)
have f-inj: inj-on f {p . connecting-path z =’ p N\ walk-length p = 2}
unfolding f-def
proof (intro inj-onl, simp del: One-nat-def)



fix a b assume ha: connecting-path © ©’ a N walk-length a = 2 and
hb: connecting-path z x' b A\ walk-length b = 2 and 1: a!1 = bl1
then have len: length a = 3 length b = 3 using walk-length-conv by auto
show a = b using list2-middle-singleton 1 len list-middle-eq ha hb connect-
ing-path-def len by metis
qed
have f-image: f ‘ {p . connecting-path z ' p A walk-length p = 2} =
{za € V. vert-adj x xa A vert-adj =’ za}
proof (intro subset-antisym)
show f ¢ {p. connecting-path = &’ p N\ walk-length p = 2}
C {za € V. vert-adj x za A vert-adj z’ xa}
proof (intro subsetl)
fix a assume a € f “ {p. connecting-path z =’ p A walk-length p = 2}
then obtain p where ha: p!1 = a and hp: connecting-path = ' p and hpl:
length p = &
using f-def walk-length-conv by auto
have p ! 0 = z using hd-conv-nth[of p] hpl hp connecting-path-def by fastforce

then have val: vert-adj z a using is-walk-index|of 0 p] hp connecting-path-def
is-gen-path-def
vert-adj-def ha hpl by auto
have p ! 2 = z’ using last-conv-nth|of p] hpl hp connecting-path-def by
fastforce
then have vert-adj a z’ using is-walk-indez[of 1 p] hp connecting-path-def
is-gen-path-def
vert-adj-def ha hpl by (metis One-nat-def le0 lessI numeral-3-eq-3
one-add-one)
then show a € {a € V. vert-adj x a A vert-adj z’ a}
using val vert-adj-sym by (simp add: vert-adj-imp-inV')
qed
show {za € V. vert-adj x za N vert-adj =’ za}
C f “{p. connecting-path = =’ p N\ walk-length p = 2}
proof (intro subsetl)
fix a assume ha: a € {za € V. vert-adj © za N vert-adj z’ za}
then have a € V and z € V and z’ € V and vert-adj z a and vert-adj z’ a
using vert-adj-imp-inV by auto
then have is-gen-path [z, a, z]
using is-walk-def vert-adj-def vert-adj-sym ha singleton-not-edge is-gen-path-def
by auto
then have connecting-path z z’ [z, a, 2]
unfolding connecting-path-def vert-adj-def hd-conv-nth last-conv-nth by
simp
moreover have walk-length [z, a, ©] = 2 using walk-length-conv by simp
ultimately show a € f ‘ {p. connecting-path = ' p N walk-length p = 2}
using f-def by force
qed
qed
then show card {za € V. vert-adj x za A vert-adj z' Ta} =
card {p. connecting-path x ' p N\ walk-length p = 2}



using f-inj card-image by fastforce
qed

lemma codegree-bipartite-eq:
VoxeX.V z' € X. codegree x ' = card {y € Y. vert-adj x y A vert-adj ' y}
unfolding codegree-def using vert-adj-imp-inV X-vert-adj-Y
by (metis (no-types, lifting) Collect-cong)

lemma (in fin-bipartite-graph) bipartite-deg-square-eq:
VyeY. O /€ X. > z€ X. indicator {z. vert-adj © z A vert-adj z' z} y)
= (degree y) "2
proof
have hX: finite X by (simp add: partitions-finite(1))
fix y assume hy: y € YV
have 1:V 2z’ € X.V z € X. indicator {z. vert-adj x z A\ vert-adj z' z} y =
indicator ({z. vert-adj x' z} N {z. vert-adj z z}) y
by (metis (mono-tags, lifting) Int-Collect indicator-simps(1) indicator-simps(2)
mem-Collect-eq)
have 2:V 2/ € X.V z € X. (indicator ({z. vert-adj z' z} N {z. vert-adj x z})
y:: nat) =
indicator {z. vert-adj ' z} y * indicator {z. vert-adj x z} y using indica-
tor-inter-arith
by auto
have (> 2z’ € X. > z € X. (indicator {z. vert-adj x z A vert-adj z’ z} y:: nat))
- 2’ e X. Y x € X. indicator ({z. vert-adj x’ z} N {z. vert-adj = z}) y)
using 1 sum.cong by (metis (no-types, lifting))

also have ... = (3 2z’ € X. Y z € X. indicator {z. vert-adj ' z} y *
indicator {z. vert-adj z z} y) using 2 sum.cong by auto
also have ... = sum (X z. indicator {z. vert-adj z z} y) X * sum (X z. indicator

{z. vert-adj x 2} y) X
using sum-product[of (X z. (indicator {z. vert-adj = z} y:: nat)) X
(A . indicator {z. vert-adj x z} y) X] by auto
finally have 3: (3 2z’ € X. Y z € X. (indicator {z. vert-adj x z A vert-adj =’
z} yi: nat)) =
(sum (X z. indicator {z. vert-adj z z} y) X) ~ 2 using power2-eq-square
by (metis (no-types, lifting))
have V z € X. indicator {z. vert-adj x z} y = indicator {z. vert-adj z y} x
by (simp add: indicator-def)
from this have (sum (A z. indicator {z. vert-adj x z} y) X) = sum (X z. indicator
{z. vert-adj z y} z) X
using sum.cong by fastforce
also have ... = card ({z € X. vert-adj z y}) using sum-indicator-eq-card hX
by (metis Collect-conj-eq Collect-mem-eq)
finally show (" z'eX. > zeX. indicator {z. vert-adj x z A vert-adj ¢’ z} y) =
(degree y) 2
using 3 hy degree-neighbors-ssY neighbors-ss-def vert-adj-sym by presburger
qed



lemma (in fin-bipartite-graph) codegree-degree:
- 2'eX. > ze€ X. (codegree z ') = (> y € Y. (degree y)72)

proof—
have hX: finite X and LY: finite YV
by (simp-all add: partitions-finite)
have V z' € X.V z € X. {z € V. vert-adj x z A vert-adj z’ z} = Y N {z.
vert-adj © z A vert-adj z' z}
using XY-union X-vert-adj-Y by fastforce
from this have (>_ z' € X. Y x € X. (codegree x z')) = (3, 2’ € X. > z €
X. card (Y N {z. vert-adj x z A vert-adj =’ z}))
using codegree-def sum.cong by auto
also have ... = (3" 2’ € X. >, z € X. Y y € Y. indicator {z. vert-adj z z A
vert-adj ' z} y)
using sum-indicator-eq-card hY by fastforce
alsohave ... = (> 2z’€ X. Y ye Y. (> = € X. indicator {z. vert-adj x z A
vert-adj ' z} y))
using sum.swap by (metis (no-types))
also have ... = (3. ye Y. Y z' € X. (3 z € X. indicator {z. vert-adj z z N
vert-adj x' z} y))
using sum.swap by fastforce

also have ... = (> y € Y. (degree y) "2) using bipartite-deg-square-eq sum.cong
by force

finally show ?thesis by simp
qed

lemma (in fin-bipartite-graph) sum-degree-normalized-X-density:
(3> z € X. degree-normalized x Y) / card X = edge-density X YV
by (smt (23) card-all-edges-betw-neighbor card-edges-between-set degree-normalized-def
divide-divide-eq-left’ density-simp of-nat-mult of-nat-sum partitions-finite(1)
partitions-finite(2) sum.cong sum-left-div-distrib)

lemma (in fin-bipartite-graph) sum-degree-normalized-Y-density:
(3> y € Y. degree-normalized y X) / card Y = edge-density X Y
using bipartite-sym fin-bipartite-graph.sum-degree-normalized-X-density fin-bipartite-graph-def

fin-graph-system-azioms edge-density-commute by fastforce

end
end

3 Auxiliary probability space results
theory Prob-Space-Lemmas
imports
Random-Graph-Subgraph- Threshold. Prob-Lemmas
begin

context prob-space
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begin

lemma expectation-uniform-count:
assumes M = uniform-count-measure X and finite X
shows expectation f = (> x € X. fz) / card X

proof—
have expectation f = (3. x € X. (1 / (card X)) * f )
using assms uniform-count-measure-def bot-nat-0.extremum of-nat-0 of-nat-le-iff
real-scaleR-def
lebesgue-integral-point-measure-finite[of - (A z. 1 / card X) f]
scaleR-sum-right sum-distrib-left zero-le-divide-1-iff by metis
then show “thesis using sum-left-div-distrib by fastforce
qed

A lemma to obtain a value for x where the inequality is satisfied

lemma expectation-obtains-ge:
fixes f :: 'a = real
assumes M = uniform-count-measure X and finite X
assumes ezxpectation [ > ¢
obtains z where z € X and fz > ¢

proof —
have ne: X # {}
using assms(1) subprob-not-empty by auto
then have ne0: card X > 0
by (simp add: assms(2) card-gt-0-iff)
haved z € X . fz > ¢
proof (rule ccontr)
assume - (Jz€X. ¢ < fx)
then have Vz€X. ¢ > fx by auto
then have (}. z€ X. fz) < (D] z€ X. ¢)
by (meson assms(2) ne sum-strict-mono)
then have lt: (3 z € X. fz) < (card X) * ¢ by simp
have expectation f = (> z € X. fz) / card X using expectation-uniform-count
assms by auto
then have (3 z € X. fz) > (card X) % ¢ using ne0 assms
by (simp add: le-divide-eq mult-of-nat-commute)
then show Fulse using [t by auto
qed
then show ?thesis using that by auto
qed

The following is the variation on the Cauchy-Schwarz inequality pre-
sented in Gowers’s notes before Lemma 2.13 [3].

lemma cauchy-schwarz-ineq-var:
fixes X :: 'a = real
assumes integrable M (A\z. (X ) 72) and X € borel-measurable M

11



shows expectation (A z. (X z)"2) > (expectation (A z . (X x))) 2

proof —

have expectation (A z. (X z)72) — (expectation (A z . (X x))) "2 = expectation
(Az. (X = — expectation X)72)

using variance-expectation assms(1) assms(2) by presburger

then have expectation (A z. (X x)72) — (expectation (A z . (X x))) "2 > 0 by
stmp

thus ?thesis by simp
qged

lemma integrable-uniform-count-measure-finite:
fixes g :: 'a = 'b::{banach, second-countable-topology}
shows finite A = integrable (uniform-count-measure A) g
unfolding uniform-count-measure-def by (simp add: integrable-point-measure-finite)

lemma cauchy-schwarz-ineq-var-uniform:
fixes X :: 'a = real
assumes M = uniform-count-measure S
assumes finite S
shows expectation (A z. (X x)72) > (expectation (A z . (X x))) 2

proof —
have borel: X € borel-measurable M using assms by (simp)
have integrable M X using assms by (simp add: integrable-uniform-count-measure-finite)
then have integrable M (A z. (X z)72) using assms by (simp add: inte-
grable-uniform-count-measure-finite)
thus ?thesis using cauchy-schwarz-ineq-var borel by simp
qed

An equation for expectation over a discrete random variables distribu-
tion:

lemma expectation-finite-uniform-space:
assumes M = uniform-count-measure S and finite S
fixes X :: ‘a = real
shows expectation X = (D] ye€ X ‘S .prob{z € S . Xz =y} *xy)

proof —
have Bochner-Integration.simple-bochner-integrable M X
proof (safe intro!: Bochner-Integration.simple-bochner-integrable.intros)
show simple-function M X unfolding simple-function-def using assms
by (auto simp add: space-uniform-count-measure)
show emeasure M {y € space M. X y # 0} = co = False
using emeasure-subprob-space-less-top by (auto)
qed
then have expectation X = Bochner-Integration.simple-bochner-integral M X
using simple-bochner-integrable-eq-integral by fastforce
thus ?thesis using Bochner-Integration.simple-bochner-integral-def space-uniform-count-measure
by (metis (no-types, lifting) Collect-cong assms(1) real-scaleR-def sum.cong)

12



qed

lemma expectation-finite-uniform-indicator:

assumes M = uniform-count-measure S and finite S

shows expectation (A z. indicator (T z) y) = prob {x € S . indicator (T z) y =
1} (is expectation X = -)

proof —
have ss: X *S C {0, 1}
by (intro subsetl, auto simp add: indicator-eq-1-iff)
have diff: Ny v’ € {0,1} — ?X“S) = prob{z € S . Xz=y'} =0
by (metis (mono-tags, lifting) Diff D2 empty-Collect-eq image-eql measure-empty)
have expectation ?X = (>, ye ?X ‘S .prob{z € S . ?Xz =y} xy)
using expectation-finite-uniform-space assms by auto
alsohave ... = (> ye ?X ‘S .prob{z e S . ?Xx=y}xy) +
> ye({0,1} —2X“S) . prob{z e S . Xz =y} x*y)
using diff by auto
also have ... = (3, y€ {0, 1} .prob{z € S . Xz =y} xy)
using sum.subset-diff [of ?X S {0, 1} X y. prob {z € S . ?X z = y} * y] ss
by fastforce
also have ... =prob{z € S . Xz =0}« 0 + prob{z € S. Xz =1} * 1 by
auto
finally have ezpectation ?X = prob {z € S. ?X © = 1}x1 by auto
thus ?thesis by (smt (verit) Collect-cong indicator-eq-1-iff)
qed

end
end

4 A triangle inequality for sumsets

theory Sumset-Triangle-Inequality
imports
Pluennecke- Ruzsa-Inequality. Pluennecke- Ruzsa-Inequality
begin

context additive-abelian-group

begin

We show a useful triangle inequality for sumsets that does *not* follow
from the Ruzsa triangle inequality. The proof follows the exposition in
Zhao’s book [4].

The following auxiliary lemma corresponds to Lemma 7.3.4 in Zhao’s
book [4].

lemma triangle-ineq-sumsets-aux:
fixes X BY :: 'a set
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assumes hX: finite X and hB: finite B and hXG: X C G and hBG: B C G
and

hXne: X # {} and hYX: A Y. Y C X = Y # {} = card (sumset Y B) /
card Y >
card (sumset X B) / card X and hC: finite C' and hCne: C # {} and hCG:
cca
shows card (sumset X (sumset C B)) / card (sumset X C) < card (sumset X
B) / card X
using hC hCne hCG proof (induct)
case empty
then show ?Zcase by blast
next
case hcase: (insert ¢ C)
have hc : ¢ € G using hcase by auto
show card (sumset X B) / card X >
card (sumset X (sumset (insert ¢ C) B)) / card (sumset X (insert ¢ C))
proof(cases C = {})
case True
then have card (sumset X (insert ¢ C)) = card X using hc hXG hX
by (simp add: card-sumset-singleton-eq le-iff-inf)
moreover have card (sumset X (sumset (insert ¢ C') B)) < card (sumset X
B) using hX hB hBG hXG
he by (metis True card-sumset-le finite-sumset sumset-assoc sumset-commute)
ultimately show ?thesis by (simp add: divide-right-mono)
next
case hCne: False
have hCG : C' C G using hcase by auto
have hstep: card (sumset X (sumset {c} B) — sumset X (sumset C B)) <
card (sumset X B) x card (sumset X {c} — sumset X C) / card X
proof—
let Y = {z € X. sumset {z} (sumset {c} B) C sumset X (sumset C B)}
have hYX : ?Y C X and hY: finite ?Y using finite-subset hX by auto
have hsubl: sumset X (sumset {c} B) — sumset X (sumset C B) C
sumset (sumset X {c} — sumset X C') B
by (metis Diff-subset-conv Un-Diff-cancel sumset-assoc sumset-subset-Unl
sup.cobounded?)
have hcard! : card (sumset X B) = card (sumset X (sumset {c} B))

by (metis card-sumset-singleton-eq finite-sumset hB hX hc sumset-Int-carrier
sumset-assoc

sumset-commute)
have hcard2 : card (sumset ?Y B) = card (sumset (sumset ?Y {c}) B)

using card-sumset-singleton-eq finite-sumset hB hY hc sumset-Int-carrier
sumset-assoc
sumset-commute by (smt (verit, ccfo-threshold))
have sumset (sumset ?Y {c}) B C sumset X (sumset C B)
proof
fix d assume d € sumset (sumset ?Y {c}) B
then obtain a b where ha: a € ?Y and bc Band hd: d =a B c P b
by (smt (verit) empty-iff insert-iff sumset.cases)
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then have a ® ¢ ® b € sumset {a} (sumset {c} B)
by (smt (verit) associative composition-closed hBG hXG hc insertCI
mem-Collect-eq subsetD
sumset.sumsetl )
then show d € sumset X (sumset C B) using ha hd by blast
qed
then have hdisj : disjnt ((sumset X (sumset {c} B)) — (sumset X (sumset
¢ B)
(sumset (sumset ?Y {c}) B)
by (auto simp add : disjnt-iff)
have hsub2 : sumset (sumset X {c} — sumset X C) B U sumset (sumset ?Y
{eh) B C
sumset (sumset X {c}) B by (simp add: sumset-mono)
then have ineql: card (sumset X (sumset {c} B) — sumset X (sumset C B))
+ card (sumset ?Y B) <
card (sumset X B)
proof—
have card (sumset X (sumset {c} B) — sumset X (sumset C B)) + card
(sumset ?Y B) =
card ((sumset X (sumset {c} B) — sumset X (sumset C B)) U sumset
(sumset 2Y {c}) B)
using hdisj hcard?2 card-Un-disjnt finite-sumset hX hYX finite-subset hB
by (metis (no-types, lifting) finite.emptyl finite.insertl finite-Diff)
also have ... < card (sumset X (sumset {c} B)) using card-mono finite-sumset
hX hB
by (metis (no-types, lifting) Diff-subset Un-subset-iff finite.emptyl fi-
nite.insertl
hsub?2 sumset-assoc)
finally show card (sumset X (sumset {c} B) — sumset X (sumset C' B)) +
card (sumset ?Y B) <
card (sumset X B) using hcardl by auto
qed
have ineq2: card (sumset X {c} — sumset X C) > card X — card ?Y
proof—
let ?Z = {z € X. sumset {z} {c} C sumset X C}
have hWZY: 27 C ?Y
by (smt (verit, del-insts) Collect-mono-iff subset-refl sumset-assoc sum-
set-mono)
have hinj: inj-on (A z. © ® ¢) (X — ¢2)
proof (intro inj-onl)
fixzyassumez € X — Zandye X — ?Zand h: 2@ c=y ® ¢
then have z € G and y € G using hXG by auto
then show = = y using h hc by simp
qed
have himage: (A z. © & ¢) ‘(X — ?Z) = sumset X {c} — sumset X C
proof
show (Az. z @ ¢) ‘(X — 2Z) C sumset X {c} — sumset X C
proof (intro image-subsetl)
fix z assume hz: z € X — 27
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then have hzG : z € G using hXG by auto
then have hzcl: © @ ¢ € sumset X {c} using hXG hc hx by auto
have z @ ¢ € sumset {z} {c} using haG hc by auto
then have hzc2: z & ¢ ¢ sumset X C using hz hXG he hCG
using DiffD2 sumset.simps sumset.sumsetl by auto
then show z @ ¢ € sumset X {c} — sumset X C using hxcl hzc2 by
stmp
qed
show sumset X {c} — sumset X C C (A\z. 2 @ ¢) ‘(X — ?2)
proof
fix d assume d € sumset X {c} — sumset X C
then obtain = where hd: d = z & c and hzc:  © ¢ ¢ sumset X C and
hz:z € X
using sumset.cases by force
then show d € (\z. z & ¢) ‘(X — ?Z) using hd haxc hx hXG he by auto

qged
qed
have hcard3: card (X — 2Z) = card (sumset X {c} — sumset X C)
using card-image hinj himage by fastforce
have card X = card ?Z + card (X — ?Z)
by (simp add: card-Diff-subset card-mono hX)
also have ... < card ?Y + card (sumset X {c} — sumset X C)
using hcard3 card-mono hZY hY by auto
finally show ?thesis by simp
qged
have ineg3: card (sumset X B) — card (sumset Y B) <
card (sumset X B) * (card X — card ?Y) / card X
proof(cases 7Y = {})
case True
then show ?thesis using card-eq-0-iff
by (smt (verit) hX hXne minus-nat.diff-0 nonzero-mult-div-cancel-right
of-nat-eq-0-iff
of-nat-mult sumset-empty(2))
next
case hYne: Fulse
have card (sumset ?Y B) > card (sumset X B) / card X x card ?Y using
assms(6)[OF hYX hYne]
hX hYne hX hYX finite-subset divide-le-eq
by (smt (23) card-gt-0-iff hY mult-imp-div-pos-less of-nat-0-less-iff)
moreover have card (sumset X B) / card X * card ?Y = (card (sumset X
B) * card ?Y) / card X
by auto
moreover have card (sumset X B) x card ?Y /| card X x card X = card
(sumset X B) % card Y
using hX by (simp add: field-simps)
ultimately have card (sumset ?Y B) * card X > card (sumset X B) * card
Y
using hX hXne of-nat-0-less-iff le-divide-eq
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by (smt (23) card-sumset-0-iff hRBG hXG mult-cancell mult-cancel? of-nat-le-0-iff

of-nat-le-iff of-nat-mult)
then have real ((card (sumset X B) — card (sumset ?Y B)) * card X) <
card (sumset X B) * (card X — card ?Y)
by (simp add: diff-mult-distrib diff-mult-distrib2)
thus ?thesis using le-divide-eq card-eq-0-iff hX hXne
by (smt (23) of-nat-le-0-iff of-nat-mult)
qed
show ?thesis
proof—
have real (card ((sumset X (sumset {c} B)) — (sumset X (sumset C B))))

IN

card (sumset X B) — card (sumset ?Y B) using ineql by auto
also have ... < card (sumset X B) % (card X — card ?Y) / card X using
ineq3 by auto
also have ... < card (sumset X B) * card (sumset X {c} — sumset X C) /
card X using ineq?2
divide-le-cancel of-nat-less-0-iff of-nat-mono by (smt (verit, del-insts)
mult-le-mono2)
finally show ?thesis by simp
qed
qed
have hinsert: real (card (sumset X (sumset (insert ¢ C) B))) / real (card (sumset
X (insert ¢ C))) =
(card (sumset X (sumset {c} B) — sumset X (sumset C' B)) + card (sumset X
(sumset C B))) /
(card (sumset X {c} — sumset X C) + card (sumset X C))
using sumset-insert?2 card-Un-disjoint finite-sumset hX hB hC Diff-disjoint
Int-commute
Un-commute finite.emptyl finite.insert] finite-Diff hcase.hyps(1)
by (smt (verit) Un-Diff-cancel? insert-is- Un sumset-commute sumset-subset-Un2)
have hsplit: real (card (sumset X B)) x (card (sumset X {c} — sumset X C) +
card (sumset X C)) / card X =
real (card (sumset X B)) * card (sumset X {c} — sumset X C) / card X +
card (sumset X B) * card (sumset X C) / card X
by (smt (verit, ccfu-threshold) add-divide-distrib add-mult-distrib2 of-nat-add
of-nat-mult)
have hind: card (sumset X B) x card (sumset X C') / card X > card (sumset X
(sumset C' B))
using hcase(8)[OF hCne hCG| hXne hCne hcase(1) hX finite-sumset card-gt-0-iff
add-mult-distrib2 of-nat-mult card-eq-0-iff card-sumset-0-iff hCG
hXG of-nat-0-less-iff by (metis (no-types, opaque-lifting) divide-le-eq times-divide-eq-left)
have real (card (sumset X B)) * (card (sumset X {c} — sumset X C) + card
(sumset X C)) / card X >
(card (sumset X (sumset {c} B) — sumset X (sumset C B)) + card (sumset X
(sumset C' B)))
using hsplit hind hstep by simp
then have card (sumset X B) / card X >
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(card (sumset X (sumset {c} B) — sumset X (sumset C B)) + card (sumset X
(sumset C B))) /
(card (sumset X {c} — sumset X C) + card (sumset X C)) using card-sumset-0-iff
hCG hXG
card-eq-0-iff hC' hX hXne hCne divide-self le-divide-eq
by (smt (28) add-is-0 hcase.hyps(1) of-nat-le-0-iff times-divide-eg-left)
thus real (card (sumset X (sumset (insert ¢ C) B))) / real (card (sumset X
(insert ¢ C))) <
real (card (sumset X B)) / real (card X) using hinsert by auto
qged
qged

The following inequality is the result corresponding to Corollary 7.3.6 in
Zhao’s book [4].

lemma triangle-ineq-sumsets:
assumes hA: finite A and hB: finite B and hC': finite C' and
hAG : A C G and hBG: B C G and hCG: C C G
shows card A * card (sumset B C) < card (sumset A B) * card (sumset A C)

proof(cases A = {})
case True
then show ?thesis by simp
next
case hAne: False
show card A x card (sumset B C) < card (sumset A B) * card (sumset A C')
proof(cases B = {})
case True
then show ?thesis by simp
next
case hBne: False
define KS where KS = (AX. card (sumset X C) / real (card X)) ¢ (Pow A —
{1}
define K where K = Min KS
define X where X = QX. X € Pow A — {{}} A K = card (sumset X C) /
real (card X)
obtain KS: finite KS KS # {}
using KS-def hA hAne by blast
then have K € KS
using K-def Min-in by blast
then have 3X. X € Pow A — {{}} A K = card (sumset X C) / real (card X)
using KS-def by blast
then obtain X € Pow A — {{}} and Keq: K = card (sumset X C) / real
(card X)
by (metis (mono-tags, lifting) X-def somel-ex)
then have hX: X C A X # {}
by auto
have hXmin : A Y. Y C A=Y # {} =
card (sumset X C) / card X < card (sumset Y C) / card Y
using K-def KS-def Keq Min-le KS(1) by auto
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then have hXAineq: card (sumset X C) / card X < card (sumset A C) / card
A
by (metis hAne subset-refl)
have hauz: real (card (sumset X (sumset B C))) / real (card (sumset X B))
< real (card (sumset X C)) / real (card X) using triangle-ineg-sumsets-auz|of
X C B
hXmin hX hA hAG finite-subset hB hC hBne hBG hC hCG subset-trans by
metis
have hXAsumset : real (card (sumset X B)) < card (sumset A B)
using hX (1) card-mono hA finite-sumset hB order-refl sumset-mono
by (metis of-nat-le-iff)
have card (sumset B C) < card (sumset X (sumset B C)) using assms hX
finite-sumset hAG card-le-sumset
by (metis bot.extremum-uniquel dual-order.trans infinite-super subsetD subsetl

sumset-subset-carrier)
also have ... < (card (sumset X C) / card X) % card (sumset X B) using haux
divide-le-eq
card-sumset-0-iff hBne hX hB hA finite-subset card-0-eq by (smt (verit) hCG
mult-eq-0-iff
of-nat-0-eq-iff of-nat-0-le-iff sumset-assoc sumset-subset-carrier)
also have ... < (card (sumset A C) / card A) * card (sumset A B)
using hXAineq hXAsumset by (meson divide-nonneg-nonneg mult-mono’
of-nat-0-le-iff)
finally have card (sumset B C) < (card (sumset A C) x card (sumset A B))
/ card A by simp
then have card (sumset B C) x card A < card (sumset A C) x card (sumset
A B)
using le-divide-eq hAne hA card-gt-0-iff by (smt (verit, ccfv-threshold)
card-0-eq of-nat-le-0-iff of-nat-le-iff of-nat-mult)
thus card A * card (sumset B C) < card (sumset A B) * card (sumset A C)
by (simp add: mult.commute)
qed
qed

end
end

5 Background material in additive combinatorics

This section outlines some background definitions and basic lemmas in ad-
ditive combinatorics based on the notes by Gowers [3].

theory Additive-Combinatorics-Preliminaries
imports
Pluennecke- Ruzsa-Inequality. Pluennecke- Ruzsa-Inequality
begin
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5.1 Additive quadruples and additive energy

context additive-abelian-group
begin

definition additive-quadruple:: 'a ='a ='a = 'a = bool where
additive-quadruple abcd =a€ GAbE GAceE GANAdEGNaDb=cD d

lemma additive-quadruple-auz:
assumes additive-quadruple a b ¢ d
shows d =a ® b S ¢
by (metis additive-quadruple-def assms associative commutative inverse-closed
invertible
invertible-right-inverse2)

lemma additive-quadruple-diff:
assumes additive-quadruple a b ¢ d
shows a © c=d S b
by (smt (verit, del-insts) additive-quadruple-def assms associative commutative
composition-closed inverse-closed invertible invertible-inverse-inverse invert-
ible-right-inverse2)

definition additive-quadruple-set:: 'a set = (‘a x 'a x 'a x 'a) set where
additive-quadruple-set A = {(a, b, ¢, d) | abcd. a€ ANbEANCcE AN
e AN
additive-quadruple a b ¢ d}

lemma additive-quadruple-set-sub:
additive-quadruple-set A C {(a, b, ¢, d) |abcd. d=a®bOcNha€cANbE
AN
c € AN de A} using additive-quadruple-set-def additive-quadruple-def addi-
tive-quadruple-aux
by auto

definition additive-energy:: 'a set = real where
additive-energy A = card (additive-quadruple-set A) / (card A)™8

lemma card-ineq-auz-quadruples:
assumes finite A
shows card (additive-quadruple-set A) < (card A)"3

proof—

define f:: 'a X ‘a X ‘a X 'a = 'a X 'a x 'a where f = (A (a, b, ¢, d) . (a, b,
c))

have hing: inj-on f {(a, b, ¢, d) |abcd. d=a®bSchac ANbEANC
€ ANde A}

unfolding inj-on-def f-def by auto

moreover have himage: f ‘{(a, b, ¢, d) |abcd. d=a®bScNhacAND
€cANceANde A} CAxAx A
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unfolding f-def by auto
ultimately have card (additive-quadruple-set A) < card ({(a, b, ¢, d) | a b ¢ d.
d=a®bochacANbeANce ANde A}
using card-mono inj-on-finite[of f] assms additive-quadruple-set-sub finite-Sigmal
by (metis (no-types, lifting))
also have ... < card (A x A x A) using himage hinj assms card-inj-on-le
finite-Sigmal
by (metis (no-types, lifting))
finally show ?thesis by (simp add: card-cartesian-product power3-eq-cube)
qed

lemma additive-energy-upper-bound: additive-energy A < 1

proof (cases finite A)
assume hA: finite A
show ?thesis unfolding additive-energy-def using card-ineq-auz-quadruples hA

card-cartesian-product power3-eq-cube by (simp add: divide-le-eq)
next
assume infinite A
thus ?thesis unfolding additive-energy-def by simp
qged

5.2 On sums

definition f-sum:: ‘a ='a set = nat where
f-sum d A = card {(a,b) | ab.ac ANbEANaDb=d}

lemma pairwise-disjnt-sum-1:
pagrwise (As t. disint (A d {(a, b) |ab.a€c ANDE AN (a®b=4d)})s)
(Md {(a,b) |ab.ac ANbE AN (a®b=d)})t)) (sumset A A)
unfolding disjnt-def by (intro pairwisel) (auto)

lemma pairwise-disjnt-sum-2:
pairwise disjnt (A d. {(a, b) | ab.a € ANbDE ANa®b=d}) ‘(sumset A
4))

unfolding disjnt-def by (intro pairwisel) (auto)

lemma sum-Union-span:

assumes A C G

shows |J (A d {(a,d) |ab.ac ANDE AN (a® b= d)}) ‘(sumset A A))
=Ax A

proof

show J (AW d {(a,b) |ab.ac ANbE AN (a®b=d)}) ‘(sumset A A))
C A x A by blast

next

show Ax ACl (Wd {(a,b) |ab.ac ANDE AN (a® b=d)}) ‘(sumset
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A A))
proof (intro subsetl)
fix z assume hzd: z € A x A
then obtain y z where hzyz: x = (y, z) and hy: y € A and hz:z € A by blast
show z € (|Jde(sumset A A).{(a, b) l[ab.a € ANDEANaDb=d})
using hy hz assms hxA hxyz by auto
qed
qed

lemma f-sum-le-card:
assumes finite A and A C G
shows f-sum d A < card A

proof—
define f:: (‘a x 'a) = 'a where f = (A (a, b). a)
have inj-on f {(a,b) |ab.a € ANbEANaPB b=d}
unfolding f-def proof (intro inj-onl)
fix x y assume z € {(a, b) |ab.a€c ANbE ANa® b= d} and
ye{(a,b)jab.ac ANbE ANa® b= d} and
hease: (case z of (a, b) = a) = (case y of (a, b) = a)
then obtain =1 22 y1 y2 where hz: z = (21, 22) and hy:y = (y1, y2) and hl:
zl & 22 = d and
h2: yl @ y2 = d and hxl: z1 € A and hz2: 22 € A and hyl: yl € A and
hy2: y2 € A by blast
have hzsub: 2 = d © =1
using h1 hxl hx2 assms by (metis additive-abelian-group.inverse-closed compo-
sition-closed
additive-abelian-group-axioms commutative invertible invertible-left-inverse2
subsetD)
have hysub: y2 = d © yl
using h2 hy1 hy2 assms by (metis inverse-closed commutative composition-closed
hyl hy2
invertible invertible-left-inverse2 subset-iff)
show = = y using hx hy hxsub hysub hcase by auto
qed
moreover have f ‘{(a, b) | ab.a€ ANbE ANa®b=d} C A using f-def
by auto
ultimately show ?thesis using card-mono assms f-sum-def card-image|of f]
by (metis (mono-tags, lifting))
qed

lemma f-sum-card:
assumes A C G and hA: finite A
shows (> d € (sumset A A). (f-sum d A)) = (card A) "2

proof—

have fin:V X € (M d. {(a, b)) |ab.ae ANbe AN(a®db=4d)}) ‘(sumset
A A)). finite X

proof
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fix X assume hX: X € (M\d. {(a,b) |ab.ae ANbEANaDb=4d}) *
(sumset A A)
then obtain d where hXd: X = {(a, b) |ab.a € ANbDEANaD® b=d}
by blast
show finite X using hA hXd finite-subset finite-cartesian-product
by (smt (verit, best) mem-Collect-eq mem-Sigma-iff rev-finite-subset subrell)
qed
have (3} de(sumset A A). f~sum d A) = card (A x A)
unfolding f-sum-def
using sum-card-image[of sumset A A (A d {(a, ) | ab.a€ ANDeE AN (a
b= d)})
pairwise-disint-sum-1 hA finite-sumset card-Union-disjoint[of ((Ad. {(a, b) |a
bbac ANbE ANa®b=d}) ‘sumset A A)]
fin pairwise-disjnt-sum-2 hA finite-sumset sum-Union-span assms by auto
thus “thesis using card-cartesian-product power2-eq-square by metis
qed

lemma f-sum-card-eq:
assumes A C G
shows V z € sumset A A. (f-sum z A)"2 =
card {(a, b, ¢, d) |abcd. a€ ANbeE ANce ANdeE AN
additive-quadruple abcd ANa® b=z AN c® d = z}

proof
fix © assume z € sumset A A
define C where hC: C = {(a, b, ¢, d) |abcd. a€c ANbE ANceE AN
€ AN
additive-quadruple abcd Na® b=z AN c® d = z}
define f:: ‘a X 'a x 'a x 'a = ('a x 'a) X (‘a x 'a) where f = (A (a, b, ¢, d).
(0, b), (¢, 4))
have hfinj: inj-on f C unfolding f-def by (intro inj-onl) (auto)
have f * C = {((a,b), (¢,d)) |abcd.a e ANDEANCEANIdEANADD
=zANcPdd=rz}
proof
show f“C C {((a, b), (¢, d)) labcd.aec ANbEANcEANIdE AN
Db=zAcdd=uzx}
unfolding f-def hC by auto
next
show {((a, b), ¢, d) labcd. ac ANbEANcEANDdEANGDb=1aA
cdd=z}CfC
proof
fix z assume z € {((a, ), (¢, d)) |abcd. a€e ANbE ANceE ANE
ANa®b=zAc®d=u2x}
then obtain a b ¢ d where hz: z = ((a, b), (¢, d)) and ha: a € A and hb:
be Aand he: c € Aand hd: d € A
and hab: a & b = x and hed: ¢ © d = z by blast
then have habed: (a, b, ¢, d) € C using additive-quadruple-def assms hC by
auto
show z € f  C using hz f-def habed by force
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qed

qed

moreover have {((a, b), ¢, d) [abcd. a€ ANbE ANceEANdE AN
Db=xzANcdd=1zx}=

{(a,b) |[ab.ac ANbeANaDb=1a} x{(c,d) | cd.ce ANdeEANc
@ d = z} by blast

ultimately have card C' = card ({(a, b) |ab.a € ANbE ANa®b=2z})
2

o~

using hfinj card-image[of f] card-cartesian-product by (metis (no-types, lifting)
Sigma-cong power2-eq-square)
thus (f-sum z A)"2 = card ({(a, b, ¢, d) |abcd.a€c ANbE ANce AN
€ AN
additive-quadruple a b cd AN a ® b=z A ¢ ® d = z}) using hC f-sum-def by
auto
qed

lemma pairwise-disjoint-sum:
pairwise (As t. disjnt (A z. {(a, b, ¢, d) |abcd.a€e ANbE ANceE AN

€eAN
additive-quadruple a bcd Na @ b=x A c® d = z}) 3)
(Az. {(a,b,c,d) |abcd.ac ANbEANCcEANddE AN

additive-quadruple a bcd Na ®b=x AN cdd
unfolding disjnt-def by (intro pairwisel) (auto)

z}) t)) (sumset A A)

lemma pairwise-disjnt-quadruple-sum:
pairwise disint (A z. {(a, b, ¢, d) |abcd. a€ ANDEANcE ANdE AN
additive-quadruple a bcd N a @ b=x AN c ® d = z}) ‘ (sumset A A))
unfolding disjnt-def by (intro pairwisel) (auto)

lemma quadruple-sum-Union-eq:
Uz {(a,byc,d)|abcd ac ANDEANCcEANIdE AN
additive-quadruple a b ¢ d AN a @ b=z AN c® d = z}) ‘ (sumset A A)) =
additive-quadruple-set A

proof
show (|J z€sumset A A.
{(a, b, ¢, d)|labcd.ae ANbeE ANceE ANdeE AN additive-quadruple a
bcdAN
a®b=aAc®d=z}) C additive-quadruple-set A
unfolding additive-quadruple-set-def by (intro Union-least) (auto)
next
show additive-quadruple-set A C (|J z€sumset A A.
{(a, b,e,d)labcd.ae ANbEANcCcE ANDdE AN
additive-quadruple a bcd N a @ b=2 A c ® d = z})
unfolding additive-quadruple-set-def additive-quadruple-def by (intro subsetl)
(auto)
qged
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lemma f-sum-card-quadruple-set:
assumes hAG: A C G and hA: finite A
shows (3~ d € (sumset A A). (f-sum d A)72) = card (additive-quadruple-set A)

proof—
have fin:V X € (A z. {(a, b, ¢, d)|abcd. ae ANbEANcE ANdE AN
additive-quadruple a b cd Na ®@ b=z AN c® d = z}) ‘ (sumset A A)). finite X
proof
fix X assume X € (Az. {(a, b, ¢c,d)|abcd.a€e ANbEANCcE AN
e AN
additive-quadruple a bcd Na @ b=2x AN c® d = z}) ‘ sumset A A
then obtain x where hX: X = {(a, b, ¢, d) |abcd. a€ ANbE ANCE
ANde AN
additive-quadruple abcd Na @ b=z A c® d = x}
by blast
show finite X using hA hX finite-subset finite-cartesian-product
by (smt (verit, best) mem-Collect-eq mem-Sigma-iff rev-finite-subset subrell)
qed
have (Y desumset A A. (f-sum d A)?) =
card (U (A 2. {(a, b, ¢c,d)|abcd.ac ANbEANcE ANdE AN
additive-quadruple a bcd N a @ b=x AN c® d = z}) ‘(sumset A A)))
using f-sum-card-eq hAG sum-card-image|of sumset A A (Az. {(a, b, ¢, d) |a b
cd.
a€ ANbEANCE ANdE AN additive-quadruple a b cd N a ® b=z
Ac®d=z})
pairwise-disjoint-sum card-Union-disjoint[of (A z. {(a, b, ¢, d) | abc d. a €
ANbe AN
c€ ANde AN additive-quadruple a bcd Na®@ b=z ANc@d=uzx}) "
(sumset A A)]
fin pairwise-disjnt-quadruple-sum hA finite-sumset by auto
then show ?thesis using quadruple-sum-Union-eq by auto
qed

lemma f-sum-card-quadruple-set-additive-energy: assumes A C G and finite A
shows (> d € sumset A A. (f-sum d A)72) = additive-energy A x (card A)"3
using assms f-sum-card-quadruple-set additive-energy-def by force

definition popular-sum:: 'a = real = ’a set = bool where
popular-sum d ¢ A = f-sum d A > ¥ * of-real (card A)

definition popular-sum-set:: real = 'a set = ’a set where
popular-sum-set 9 A = {d € sumset A A. popular-sum d ¥ A}

5.3 On differences

The following material is directly analogous to the material given previ-
ously on sums. All definitions and lemmas are the corresponding ones for
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differences. E.g. f-diff corresponds to f-sum.

definition f-diff:: 'a ='a set = nat where
f-diff d A= card {(a,b) |ab.ae ANbEANaOb=d}

lemma pairwise-disjnt-diff-1:
pagrwise (As t. disint (A d {(a, b) | ab.a€c ANDE AN (a S b=4d)})s)
(AMd. {(a,b) | ab.ac ANbe AN (ao b=d)})t) (differenceset A A)
using disjnt-def by (intro pairwisel) (auto)

lemma pairwise-disjnt-diff-2:

pairwise disjnt (A d. {(a, b) | ab.a € ANbE AN aSb=d}) ‘(differenceset
4 4))

unfolding disjnt-def by (intro pairwisel) (auto)

lemma diff- Union-span:

assumes A C G

shows | (A d {(a,d) |ab.ac ANbE AN (a© b= 4d)}) ‘(differenceset A
A)=Ax A

proof
show |J (A d {(a,b) |ab.aec ANbE AN (ac b= d)}) ‘(differenceset A
A) CAx A
by blast
next
show A x AClJ (Ad {(a, b)) | ab.ae ANbeE AN (ab=4d)}) *
(differenceset A A))
proof (intro subsetl)
fix z assume hzAd: z € A x A
then obtain y z where hzyz: z = (y, z) and hy: y € A and hz:z € A by blast
show z € (| de(differenceset A A).{(a, b) |ab.a € ANDE ANaS b=d})
using hy hz assms hxA hzyz by auto
qed
qed

lemma f-diff-le-card:
assumes finite A and A C G
shows f-diff d A < card A

proof—
define f:: (‘a x ‘a) = 'a where f = (X (a, D). a)
have inj-on f {(a,b) |ab.a € ANbEANaGSb=d}
unfolding f-def proof (intro inj-onl)
fix x y assume z € {(a, b) l[ab.a € ANDE ANaO b= d} and
ye{(a,b)jab.ac ANbEANaGS b= d} and
hease: (case © of (a, b) = a) = (case y of (a, b) = a)
then obtain =1 z2 y1 y2 where hz: z = (21, 22) and hy:y = (y1, y2) and hl:
zl © 22 = d and
h2: yl © y2 = d and hzl: z1 € A and hz2: 22 € A and hyl: yI € A and
hy2: y2 € A by blast
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have hzsub: 22 = z1 & d
using h1 assms associative commutative composition-closed hxl hx2
by (smt (verit, best) inverse-closed invertible invertible-left-inverse2 subset-iff)
have hysub: y2 = y1 © d
using h2 assms associative commutative composition-closed hyl hy2
by (smt (verit, best) inverse-closed invertible invertible-left-inverse2 subset-iff)
show = = y using hx hy hxsub hysub hcase by auto
qed
moreover have f ‘{(a, b) |ab.a € ANbE AN a© b= d} C A using f-def
by auto
ultimately show ?thesis using card-mono assms f-diff-def card-image|of f]
by (metis (mono-tags, lifting))
qed

lemma f-diff-card:
assumes A C G and hA: finite A
shows (> d € (differenceset A A). f-diff d A) = (card A) "2

proof—
have fin: V X € (A d. {(a, b)) |ab.a € ANbE AN(ab=4d)})
(differenceset A A)).
finite X
proof
fix X assume hX: X € (Ad. {(a, b) [ab.ac ANbEANGOSb=d})
(differenceset A A)
then obtain d where hXd: X = {(a, b) | ab.a € ANbVEANaO b=d}
and
d € (differenceset A A) by blast
have hXA: X C A x A using hXd by blast
show finite X using hXA hA finite-subset by blast
qed
have (> de(differenceset A A). f-diff d A) = card (A x A)
unfolding f-diff-def using sum-card-image[of differenceset A A
ANd {(a,b)|ab.ac ANbeE AN (aSb=d)})| pairwise-disjnt-diff-1
card-Union-disjoint[of ((Ad. {(a, b) l[a b. a € ANbDE ANaOb=4d}) *
differenceset A A)]
fin pairwise-disjnt-diff-2 diff-Union-span assms hA finite-minusset finite-sumset
by auto
thus ?thesis using card-cartesian-product power2-eq-square by metis
qed

lemma f-diff-card-eq:
assumes A C G
shows V z € differenceset A A. (f-diff ¢ A)"2 =
card {(a, b, ¢, d) |abcd a€c ANbe ANce ANdeE AN
additive-quadruple abcd Na© c=2x AN d 6 b=z}

proof
fix x assume z € differenceset A A
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define C where hC: C= {(a, b, ¢, d) |abcd.a€e ANbEANcE ANdE
A A additive-quadruple abcd Na© c=zNdoO b=z}
define f:: ‘a x 'a x 'a x 'a = ('a x 'a) x (‘a x 'a) where f = (A (a, b, ¢, d).
(e, ©), (d, b))
have hfinj: inj-on f C using f-def by (intro inj-onl) (auto)
have f * C = {((a,c), (d,b)) | a b ¢ d.
a€ ANbeEANceANdEANaS c=aNdEb=u1}
proof
show f“C C {((a, ¢), (d, b)) |abcd ac ANbEANcE ANdEANa
Oc=2zNdob=uz}
unfolding f-def hC by auto
next
show {((a, ¢), d,b) l[abcd. ac ANbeEANceEANDdEANGOS c=1a A
deb=z}Cf‘C
proof
fix z assume z € {((a, ¢), (d, b)) [abcd.a€c ANbE ANceE ANdE A
ANaSc=zANdo b=z}
then obtain a b ¢ d where hz: z = ((a, ¢), (d, b)) and ha: a € A and hb:
be Aand he: c € Aand hd: d € A
and hab: a © ¢ = x and hed: d © b = x by blast
have additive-quadruple a b ¢ d
using assms by (metis (no-types, lifting) ha hb hc hd additive-quadruple-def
associative
commutative composition-closed hab hcd inverse-closed invertible invert-
ible-right-inverse2 subset-eq)
then have habed: (a, b, ¢, d) € C using hab hed hC ha hb he hd by blast
show z € f ‘ C using hz f-def habed image-iff by fastforce
qed
qed
moreover have {((a, ¢), (d, b))jabcd. a €c ANbEANcEANdE AN
Oc=xzANdob=1zx}=
{(a,¢)J]accae ANceANaOc=a} x{(d,b)]|db.de ANbe AN
© b = z} by blast
moreover have card C = card (f ¢ C) using hfinj card-image[of f] by auto
ultimately have card C = card ({(a,¢) |ac.a€ ANceE ANa© c=ua})
-2
using hfinj card-imagelof f] card-cartesian-product Sigma-cong power2-eq-square
by (smt (verit, best))
thus (f-diff z A)?> = card {(a, b,c,d)|abcd.a€ ANbEANcE ANdE
A A additive-quadruple a bcd Na© c=z ANdO b=z}
using f-diff-def hC by simp
qged

lemma pairwise-disjoint-diff:

pairwise (As t. disjnt (A z. {(a, b, ¢, d) |abcd. a€c ANbEe ANce AN
€ A A additive-quadruple abcd ANa© c=xz ANd O b=z})s)

(Az. {(a,b,c,d)|abcd.ac ANbE ANceE ANdE AN additive-quadruple
abcdNaSc=zANdob=uza})t) (differenceset A A)

unfolding disjnt-def by (intro pairwisel) (auto)
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lemma pairwise-disjnt-quadruple-diff:

pairwise disint (A z. {(a, b, ¢, d) |abcd. a€ ANbEANcE ANdeE AN

additive-quadruple a bcd N a © ¢ =x AN d © b= z}) ‘ (differenceset A A))
unfolding disjnt-def by (intro pairwisel) (auto)

lemma quadruple-diff-Union-eq:
U ((Az {(a, b, c,d)|abcd ac A
d

be ANce ANde AN ad-
ditive-quadruple a b ¢ d N a & ¢ = x A b =

z}) ¢ (differenceset A A)) =
additive-quadruple-set A

proof
show (|J zedifferenceset A A. {(a, b, ¢, d) |abcd.ac ANbEANCE AN
de AN
additive-quadruple a bcd N a © c =2 A d © b = z}) C additive-quadruple-set
A
unfolding additive-quadruple-set-def by (intro Union-least)(auto)
next
show additive-quadruple-set A C (|J z€differenceset A A.
{(a, b, c,d)|abcd.acec ANbE ANceE ANdE AN additive-quadruple a
bcdNaSc=zNdob=uzx})
proof (intro subsetl)
fix  assumexz € additive-quadruple-set A
then obtain z! z2 28 x4 where hz: z = (z1, 22, 23, /) and hzl: z1 € A
and hz2: z2 € A and hz3: 23 € A
and hz4: ©4 € A and hzadd: additive-quadruple z1 2 x3 4
using additive-quadruple-set-def by auto
have hxmem: (21, 22, 3, 24) € {(a, b, ¢, d) l[abcd.a € ANbE AN cE
ANde AN
additive-quadruple a bcd Na © c=21 © 23 ANd S b=zl © 28}
using additive-quadruple-diff hz1 hz2 hx3 hxj hradd by auto
show z € (|Jzedifferenceset A A. {(a, b, c,d) labcd.a€ ANbE ANCE
ANde AN
additive-quadruple abcd Na© c=xz AN d O b=z}
using hx hzmem hxl hz3 additive-quadruple-def hxadd by auto
qged
qged

lemma f-diff-card-quadruple-set:

assumes hAG: A C G and hA: finite A

shows (> d € (differenceset A A). (f-diff d A)"2) = card (additive-quadruple-set
A)

proof—
have fin:V X € (A z. {(a,b,¢,d)|abecd. ac ANbe ANce ANde A
A
additive-quadruple a b c d N a © c =z AN d © b= z}) ¢ (differenceset A A)).
finite X
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proof
fix X assume X € (A\z. {(a, b, ¢, d) [abcd.a€e ANbEANCcE ANdE
AN
additive-quadruple a bc d N a © ¢ =x AN d © b= z}) * differenceset A A
then obtain z where hX: X = {(a, b, ¢, d) |abcd.a€ ANbE ANcE
ANde AN
additive-quadruple a bc d N a © c =x A d © b=z} and z € differenceset
A A by blast
show finite X using hX hA finite-subset finite-cartesian-product
by (smt (verit, best) mem-Collect-eq mem-Sigma-iff rev-finite-subset subrell)
qed
have (> dedifferenceset A A. (f-diff d A)?) = card (J (X z. {(a, b, ¢, d) | a b
cd.a€ AN
be ANce ANde AN additive-quadruple abcd Na© c=2Ndo b=
x}) ¢ (differenceset A A)))
using f-diff-card-eq hAG sum-card-image[of differenceset A A (Az. {(a, b, ¢, d)
labecd.
a€ ANbEANCE ANAE AN additive-quadruple a b cd N a © ¢c =z
ANdO b=z}
pairwise-disjoint-diff card-Union-disjoint[of (A z. {(a, b, ¢, d) | abcd. a €
AN
be ANce ANde AN additive-quadruple a bcd Na© c=xzANdob
=z})
(differenceset A A)] fin pairwise-disjnt-quadruple-diff hA finite-minusset fi-
nite-sumset by auto
thus “thesis using quadruple-diff-Union-eq by auto
qged

lemma f-diff-card-quadruple-set-additive-energy: assumes A C G and finite A
shows (> d € differenceset A A. (f-diff d A)72) = additive-energy A * (card
A)73
using assms f-diff-card-quadruple-set additive-energy-def by force

definition popular-diff:: 'a = real = ’a set = bool where
popular-diff d 9 A = f-diff d A > ¢ x of-real (card A)

definition popular-diff-set:: real = 'a set = 'a set where
popular-diff-set 9 A = {d € differenceset A A. popular-diff d 9 A}

end
end

6 Results on lower bounds on additive energy

theory Additive- Energy-Lower-Bounds
imports
Additive-Combinatorics-Preliminaries
Miscellaneous-Lemmas
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begin
context additive-abelian-group

begin
The following corresponds to Proposition 2.11 in Gowers’s notes [3].

proposition additive-energy-lower-bound-sumset: fixes C'::real

assumes finite A and A C G and (card (sumset A A)) < C * card A and card
A#0

shows additive-energy A > 1/C

proof—
have (card A)"™2 = (3. x € sumset A A. real (f-sum z A))
using assms f-sum-card by (metis of-nat-sum)
also have ... < (card((sumset A A)) powr(1/2)) * (3. x € sumset A A . (f-sum
z A)72) powr(1/2)
using Cauchy-Schwarz-ineqg-sum2[of X d. 1 X d. f-sum d A] by auto
also have ...< ((C * (card A)) powr(1/2)) * (3 = € sumset A A . (f-sum z
A)72)) powr(1/2)
by (metis mult.commute mult-left-mono assms(3) of-nat-0-le-iff powr-ge-zero
powr-mono?
zero-le-divide-1-iff zero-le-numeral)
finally have ((card A)72) 72 < (((C * (card A)) powr(1/2)) * (3. = € sumset
A A . (f-sumx A)72)) powr(1/2))2
by (metis of-nat-0-le-iff of-nat-power-eq-of-nat-cancel-iff power-mono)
then have (card A) ™4 < (((C * (card A)) = (3. = € sumset A A. (f-sum z
4)72)) powr (1/2))72
by (smt (verit) assms of-nat-0-le-iff powr-mult
mult.left-commute power2-eg-square powerS-eq-cube power4-eq-rrrx power-commutes)
then have (card A) ™4 < (( C * (card A)) * (3. = € sumset A A. (f-sum z
4)2)))
using assms powr-half-sqrt of-nat-0 of-nat-le-0-iff power-mult-distrib
real-sqrt-pow2 by (smt (verit, best) powr-mult)
moreover have additive-energy A = (>, = € sumset A A. (f-sum x A)72)/
(card A)"3
using additive-energy-def f-sum-card-quadruple-set assms by simp
moreover then have additive-energy A x (card A)"3 = (3. x € sumset A A.
(f-sum x A)72)
using assms by simp
ultimately have (additive-energy A) > ((card A)™4)/ ( C * (card A) ™4 )
using additive-energy-upper-bound
additive-abelian-group-axioms assms divide-le-eq divide-le-eq-1-pos mult.left-commute

mult-left-mono of-nat-0-eq-iff of-nat-0-le-iff power-eq-0-iff power3-eq-cube
Powers-eq-Trxx
linorder-not-less mult.assoc mult-zero-left of-nat-0-less-iff of-nat-mult
order-trans-rules(23) times-divide-eg-right by (smt (verit) card-sumset-0-iff
div-by-1 mult-cancel-left1 nonzero-mult-div-cancel-left nonzero-mult-divide-mult-cancel-right
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nonzero-mult-divide-mult-cancel-right2 of-nat-1 of-nat-le-0-iff times-divide-eg-left)
then show %thesis by (simp add: assms)
qed

An analogous version of Proposition 2.11 where the assumption is on a
difference set is given below. The proof is identical to the proof of addi-
tive-energy-lower-bound-sumset above (with the obvious modifications).

proposition additive-energy-lower-bound-differenceset: fixes C'::real

assumes finite A and A C G and (card (differenceset A A)) < C x card A and
card A # 0

shows additive-energy A > 1/C

proof—
have (card A)72 = (3. z € differenceset A A. real (f-diff © A))
using assms f-diff-card by (metis of-nat-sum)
also have ... < (card((differenceset A A)) powr (1/2)) = (> x € differenceset
A A . (fdiff v A)72) powr(1/2)
using Cauchy-Schwarz-ineg-sum2[of X d. 1 X d. f-diff d A] by auto
also have ...< ((C x (card A))powr (1/2)) x (3. z € differenceset A A . (f-diff
z A)72)) powr(1/2)
by (metis mult.commute mult-left-mono assms(3) of-nat-0-le-iff powr-ge-zero
powr-mono2
zero-le-divide-1-iff zero-le-numeral)
finally have ((card A)72)72 < (((C * (card A))powr (1/2)) x (3. = € differ-
enceset A A . (f-diff x A)"2)) powr(1/2))"2
by (metis of-nat-0-le-iff of-nat-power-eq-of-nat-cancel-iff power-mono)
then have (card A) ™4 < (((C * (card A)) * (O =z € differenceset A A. (f-diff
v A)2))) powr (1/2))°2
by (smt (verit) assms of-nat-0-le-iff powr-mult
mult.left-commute power2-eq-square power3-eq-cube powers-eq-raxs power-commutes)
then have (card A) ™4 < ((C * (card A)) * (>_ z € differenceset A A . (f-diff
v 4)72)))
using assms powr-half-sqrt of-nat-0 of-nat-le-0-iff power-mult-distrib
real-sqrt-pow2 by (smt (verit, best) powr-mult)
moreover have additive-energy A = (> z € differenceset A A. (f-diff x A)72)/
(card A)73
using additive-energy-def f-diff-card-quadruple-set assms by simp
moreover then have additive-energy A x (card A)"8 = (> x € differenceset
A A (f-diff z A)72)
using assms by simp
ultimately have (additive-energy A) > ((card A)™4)/ (C * (card A)™4 )
using additive-energy-upper-bound
additive-abelian-group-azioms assms divide-le-eq divide-le-eq-1-pos mult.left-commute

mult-left-mono of-nat-0-eq-iff of-nat-0-le-iff power-eq-0-iff power3-eq-cube
PoOwWers-eq-Trxx
linorder-not-less mult.assoc mult-zero-left of-nat-0-less-iff of-nat-mult
order-trans-rules(23) times-divide-eg-right by (smt (verit) card-sumset-0-iff
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div-by-1 mult-cancel-left1 nonzero-mult-div-cancel-left nonzero-mult-divide-mult-cancel-right

nonzero-mult-divide-mult-cancel-right2 of-nat-1 of-nat-le-0-iff times-divide-eg-left)
then show ?thesis by (simp add: assms)
qed

end
end

7 Towards the proof of the Balog—Szemerédi—Gowers
Theorem

theory Balog-Szemeredi-Gowers-Main-Proof
imports
Prob-Space-Lemmas
Graph-Theory-Preliminaries
Sumset- Triangle-Inequality
Additive-Combinatorics- Preliminaries
begin

context additive-abelian-group

begin

After having introduced all the necessary preliminaries in the imported
files, we are now ready to follow the chain of the arguments for the main
proof as in Gowers’s notes [3].

The following lemma corresponds to Lemma 2.13 in Gowers’s notes [3].

lemma (in fin-bipartite-graph) proportion-bad-pairs-subset-bipartite:
fixes c::real
assumes c > 0
obtains X’ where X' C X and card X' > density * card X / sqrt 2 and
card (bad-pair-set X' Y ¢) / (card X')72 < 2 % ¢ / density” 2
proof (cases density = 0)
case True
then show %thesis using that[of {}] bad-pair-set-def by auto
next
case Fulse
then have dgt0: density > 0 using density-simp by auto
let ?M = uniform-count-measure Y
interpret P: prob-space ?M
by (simp add: Y-not-empty partitions-finite prob-space-uniform-count-measure)
have sp: space M =Y
by (simp add: space-uniform-count-measure)

have avg-degree: P.expectation (X y . card (neighborhood y)) = density * (card

X)
proof —
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have density = (D y € Y . degree y)/(card X * card Y')
using edge-size-degree-sumY density-simp by simp
then have d: density * (card X) = (D_y € Y . degree y)/(card Y)
using card-edges-between-set edge-size-degree-sumY partitions-finite(1) parti-
tions-finite(2) by auto
have P.expectation (A y . card (neighborhood y)) = P.expectation (A y . degree
y)
using alt-deg-neighborhood by simp
also have ... =(}_ y € Y. degree y)/(card Y) using P.expectation-uniform-count
by (simp add: partitions-finite(2))
finally show ?thesis using d by simp
qed

then have card-exp-gt: P.expectation (X y. (card (neighborhood y))"2) > den-
sity™2 * (card X) 72
proof —
have P.expectation (A y. (card (neighborhood y))"2) > (P.expectation (X y .
card (neighborhood y))) 2
using P.cauchy-schwarz-ineg-var-uniform partitions-finite(2) by auto
thus ?thesis using avg-degree
by (metis of-nat-power power-mult-distrib)
qed

define B where B = bad-pair-set X Y ¢

define B’ where B’ = X y. bad-pair-set (neighborhood y) Y ¢

have finB: finite B using bad-pair-set-finite partitions-finite B-def by auto

have A\ z. 2 € X = z € V using partitions-ss(1) by auto

have card B < (card (X x X)) using B-def bad-pair-set-ss partitions-finite
card-mono finite-cartesian-product-iff by metis

then have card-B: card B < (card X) 2
by (metis card-cartesian-prod-square partitions-finite(1))

have A\ z 2’ . (z, 2") € B = P.prob {y € Y . {z, 2’} C neighborhood y} < ¢
proof —
fix z 2’ assume assm: (z, ') € B
then have z € X z’ € X unfolding B-def bad-pair-set-def bad-pair-def by
auto
then have card-eq: card {v € V . vert-adj v x A vert-adj vz} = card {y € Y.
vert-adj y x A vert-adj y x'}
by (metis (no-types, lifting) X-vert-adj-Y vert-adj-edge-iff2 vert-adj-imp-inV')

have ltc: card {v € V . vert-adj v A vert-adj v z'}/(card V) < ¢
using assm by (auto simp add: B-def bad-pair-set-def bad-pair-def code-

gree-normalized-def codegree-def vert-adj-sym)

have {y € Y . {z, 2’} C neighborhood y} = {y € Y . vert-adj y x A vert-adj y
z'}

using bad-pair-set-def bad-pair-def neighborhood-def vert-adj-imp-in'V vert-adj-imp-in' V'
by auto

then have P.prob {y € Y . {z, '} C neighborhood y} = card {y € Y. vert-adj
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yx A vert-adj y x'}/ card Y
using measure-uniform-count-measure partitions-finite(2) by fastforce
thus P.prob {y € Y . {z, 2’} C neighborhood y} < ¢ using card-eq ltc by simp
qed
then have A 22’ . (z,2)) € B= Pprob{ye€ Y .(z,2) € By} < ¢
by (simp add: B-def B’-def bad-pair-set-def)
then have prob: A\ p .p € B = P.prob {y € Y . indicator (B'y) p=1} <c¢
unfolding indicator-def by fastforce

have dsimp: (density™2 — (density ™ 2/(2 x ¢)) * ¢) x (card X) "2 =(density 2/ 2)
* (card X) 72
using assms by (simp add: algebra-simps)
then have gt0: (density™2/2) * (card X)™2 > 0
using dgt0 by (metis density-simp division-ring-divide-zero half-gt-zero linorder-neqE-linordered-idom
of-nat-less-0-iff of-nat-mult power2-eq-square zero-less-mult-iff)
have Cgt0: (density™2/(2 * ¢)) > 0 using dgt0 assms by auto
have A y.y € Y = card (B’ y) = (3. p € B. indicator (B’ y) p)
proof —
fix y assume y € Y
then have neighborhood y C X by (simp add: neighborhood-subset-oppY)
then have ss: B’ y C B unfolding B-def B’-def bad-pair-set-def
using set-pairs-filter-subset by blast
then show card (B’ y) = (3. p € B. indicator (B’ y) p)
using card-set-ss-indicator[of B' y B] finB by auto
qed
then have P.expectation (X y. card (B’ y)) = P.expectation (A y. (> p € B.
indicator (B’ y) p))
by (metis (mono-tags, lifting) P.prob-space-azioms of-nat-sum partitions-finite(2)

prob-space.expectation-uniform-count real-of-nat-indicator sum.cong)
also have ... = (>_ p € B . P.expectation (X y. indicator (B’ y) p))
by (rule Bochner-Integration.integral-sum[of B M X p y . indicator (B’ y) p])
(auto simp add: P.integrable-uniform-count-measure-finite partitions-finite(2))
finally have P.expectation (X y. card (B'y)) = (3. p € B . P.prob {y € Y.
indicator (B' y) p = 1})
using P.expectation-finite-uniform-indicator|[of Y B’] using partitions-finite(2)
by (smt (verit, best) sum.cong)
then have P.exzpectation (A y. card (B’ y)) < (3. p € B . ¢)
using prob sum-monolof B A p. P.prob {y € Y. indicator (B' y) p = 1} A p.
d
by (simp add: indicator-eq-1-iff)
then have [t1: P.expectation (A y. card (B’ y)) < ¢ x (card B) using finB
by (simp add: mult-of-nat-commute)

have ¢  (card B) < ¢ * (card X) 2 using assms card-B by auto
then have P.exzpectation (X y. card (B’ y)) < ¢ * (card X)72
using Ilt1 by linarith
then have A C. C> 0 = C x P.expectation (A y. card (B’ y)) < C x ¢ x
(card X) 72
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by auto
then have A\ C . C> 0 =(P.expectation (X y. (card (neighborhood y)) 2) —
C x (P.expectation (X y. card (B’ y)))
> (density™2 *(card X)72) — (Cxcx(card X)72))
using card-exp-gt diff-strictl-mono by (smt (verit))
then have A\ C .C> 0 = (P.expectation (A y. (card (neighborhood y))2) —
C x (P.expectation (X y. card (B’ y)))
> (density™2 — C x ¢) x (card X)72)
by (simp add: field-simps)

then have (P.expectation (A y. (card (neighborhood y))"2) — (density ™ 2/(2 x
¢)) * (P.expectation (X y. card (B’ y)))
> (density™2 — (density 2/(2 % ¢)) * ¢) * (card X) 2)
using Cgt0 assms by blast
then have P.expectation (A y. (card (neighborhood y))"2) — (density™2/(2 *
¢)) * (P.expectation (X y. card (B’ y)))
> (density™2/2) % (card X) 2 using dsimp by linarith
then have P.ezpectation (A y. (card (neighborhood y)) "2) — (P.expectation (A
y. (density™2/(2 = c)) * card (B’ y)))
> (density™2/2) * (card X)"2 by auto
then have P.expectation (X y. (card (neighborhood y)) "2 — ((density™2/(2xc))
x card (B’ y)))
> (density ™ 2/2) % (card X) 2
using Bochner-Integration.integral-diff [of M (X y. (card (neighborhood y))"2)
(X y. (density™2/(2 * ¢)) * card (B’ y))]
P.integrable-uniform-count-measure-finite partitions-finite(2) by fastforce

then obtain y where yin: y € Y and ineq: (card (neighborhood y)) 2 —
((density™2/(2 * ¢)) * card (B’ y)) > (density"2/2) * (card X)"2
using P.ezpectation-obtains-ge partitions-finite(2) by blast

let ?X’ = neighborhood y

have ss: 2X' C X
using yin by (simp add: neighborhood-subset-oppY)

have local.density? | (2 * ¢) * real (card (B’ y)) > 0
using assms density-simp by simp

then have d1: (card ?X")72 > (density™2/2) x (card X) 2
using ineq by linarith

then have (card ?X’) > sqrt(((density) * (card X)) "2/2)
by (simp add: field-simps real-le-lsqrt)

then have den: ((card ?X") > (density * (card X)/(sqrt 2)))
by (smt (verit, del-insts) divide-nonneg-nonneg divide-nonpos-nonneg real-sqrt-divide

real-sqrt-ge-0-iff real-sqrt-unique zero-le-power2)
have zgt0: (card ?X’) > 0 using dgt0 gt0
using d1 gr0l by force
then have (card ?X')72 > (density”2/(2 x c)) * card (B’ y)
using ¢t0 ineq by simp
then have (card ?X’)72/(density 2/(2 * ¢)) > card (B’ y)
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using Cgt0 by (metis mult.commute pos-le-divide-eq)
then have ((2  ¢)/(density™2)) > card (B’ y)/(card ?X')72
using pos-le-divide-eq xgt0 by (simp add: field-simps)
thus ?thesis using that[of ?X’] den ss B'-def by auto
qed

The following technical probability lemma corresponds to Lemma 2.14
in Gowers’s notes [3].

lemma (in prob-space) expectation-condition-card-1:
fixes X::’a set and f::’a = real and 0::real
assumes finite X and V z € X. fz < 1 and M = uniform-count-measure X
and expectation f > §
shows card {zr € X. (fz >/ 2)} >d*card X | 2
proof (cases § > 0)
assume hé: 6 > 0
have ineql: real (card (X — {z € X. § < fz x 2})) % § < real (card X) * 6
using card-mono assms Diff-subset hd mult-le-cancel-right nat-le-linear of-nat-le-iff

by (smt (verit, best))
have ineq2:V 2 € X —{z. 2 € X A (fz > 3/2)}. fz <0/ 2 by auto
have expectation f x card X = (3 z € X. fx)
using assms(1) expectation-uniform-count assms(3) by force
also have ... = Y z€{z. 2 € X A (fz > 6/2)}. fx)
+O_rzeX —{z.ce XA (fz>d/2)}. fx)
using assms
by (metis (no-types, lifting) add.commute mem-Collect-eq subset] sum.subset-diff)
alsohave ... < (3 z€ {m.ze XA (fz>6/2)}. 1)+
O reX-—{zzeXAN{fx>62)}.5/2)
using assms sum-mono ineq2 by (smt (verit, ccfv-SIG) mem-Collect-eq)
also have ... < card ({z. 2 € X A (fz >0/2)}) + (card X) x5 / 2
using ineql by auto
finally have 6 * card X < card {z. z € X AN (fz > §/2)}+ (6/2)*(card X)
using ineq! mult-of-nat-commute assms(4) mult-right-mono le-trans
by (smt (verit, del-insts) of-nat-0-le-iff times-divide-eg-left)
then show ?thesis by auto
next
assume — § > ()
thus ?thesis by (smt (verit, del-insts) divide-nonpos-nonneg mult-nonpos-nonneg
of-nat-0-le-iff)
qed
The following technical probability lemma corresponds to Lemma 2.15
in Gowers’s notes.
lemma (in prob-space) expectation-condition-card-2:
fixes X::’a set and B::real and a::real and f:: 'a = real
assumes finite X and A z. 2 € X = fz <l and 8> 0 and a > 0

and expectation f > 1 — o and M = uniform-count-measure X

shows card {vr € X. fe > 1 -8} > (I—a /) % card X
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proof—
have hcard: card {z € X. 1 — < fa} < card X using card-mono assms(1)
by fastforce
have hf:V 2 € X—{z.2 € X A (fz > 1 — B)}. fz <1 — B by auto
have expectation f * card X = (3 z € X. fx)
using assms(1) expectation-uniform-count assms(6) by force
then have (I — @) x card X < (> z € X. fz) using assms
by (metis mult.commute sum-bounded-below sum-constant)
alsohave ... = (Y. ze{z.2€e X N (fz>1—-p)}. fz) +
S reX—-{z.ee XA (fr>1—P)}. fx) using assms
by (metis (no-types, lifting) add.commute mem-Collect-eq subset] sum.subset-diff)
alsohave ... < Y ze{r.z2e XA (fz>1-p)} 1)+
MNzeX-—{z.zeXA(fz>1-0)}(1-0))

using assms hf sum-mono by (smt (verit, ccfv-SIG) mem-Collect-eq)

also have ... =card {z. 2 € X A (fz >1 — B} + (1-P) * card ( X— {z. z
EXA(z>1- )

by auto
also have ... = (card {z. 2 € X AN (fz > 1 — 0)} +

card ( X—{z.2€e XN (fz>1-0)}) —B*card (X —{z.2€ X AN (fz >
1B

using left-diff-distrib
by (smt (verit, ccfo-threshold) mult.commute mult.right-neutral of-nat-1 of-nat-add
of-nat-mult)
also have heq: ... = card X — 8 * card (X —{z. 2 € X A (fz > 1 — B)})
using assms(1) card-Diff-subset[of {z. z € X A (fz > 1 — )} X] hcard by
auto
finally have (1— «) % card X < card X — B« card ( X —{z. 2 € X A (fz >
1 — B)}) by blast
then have — (1— «) * card X + card X > B« card ( X —{z. 2 € X A (fz >
1 — B)}) by linarith
then have — card X + a * card X + card X > B x card(X — {z. 2 € X A (fz
>1-p)})
using add.assoc add.commute
add.right-neutral add-0 add-diff-cancel-right’ add-diff-eq add-uminus-conv-diff
diff-add-cancel
distrib-right minus-diff-eq mult.commute mult-1 of-int-minus of-int-of-nat-eq
uminus-add-conv-diff
cancel-comm-monoid-add-class. diff-cancel by (smt (verit, del-insts) mult-cancel-right2)
then have « x card X > 8+ card(X — {z. 2 € X A (fz > 1 — 5)}) by auto
then have o x card X / f > card(X — {z. x € X A (fz > 1 — ()}) using
assms
by (smt (verit, ccfv-SIG) mult.commute pos-divide-less-eq)
then show ?thesis by (smt (verit) heq combine-common-factor left-diff-distrib’
mult-of-nat-commute
nat-mult-1-right of-nat-1 of-nat-add of-nat-mult times-divide-eg-left scale-minus-left)
qed

The following lemma corresponds to Lemma 2.16 in Gowers’s notes [3].
For the proof, we will apply Lemma 2.13 (proportion-bad-pairs-subset-bipartite,
the technical probability Lemmas 2.14 (expectation-condition-card-1) and
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2.15 (ezpectation-condition-card-2) as well as background material on graphs
with loops and bipartite graphs that was previously presented.

lemma (in fin-bipartite-graph) walks-of-length-3-subsets-bipartite:
obtains X’ and Y’ where X' C X and Y’ C Y and
card X' > (edge-density X Y) 72 % card X / 16 and
card Y' > edge-density X Y x card Y / / and
VaoxeX.Vye Y card {p. connecting-walk © y p N walk-length p = 8} >
(edge-density X V)76 * card X % card Y | 2713

proof (cases edge-density X Y > 0)
let 26 = edge-density X Y
assume hd: 20 > 0
interpret P1: prob-space uniform-count-measure X
by (simp add: X-not-empty partitions-finite(1) prob-space-uniform-count-measure)
have hPlexp: P1.expectation (A z. degree-normalized x Y) > 20
using P1.expectation-uniform-count partitions-finite sum-degree-normalized- X-density
by auto
let ?X1 = {z € X. (degree-normalized x Y > 25/2)}
have hX1X: ?X1 C X and hXIcard: card ?X1 > 26 x (card X)/2
and hX1degree: V x € ¢X1. degree-normalized x Y > 20 /2 using
P1.expectation-condition-card-1 partitions-finite degree-normalized-le-1 hP1exp
by auto
have hX1cardpos: card ?X1 > 0 using hXI1card hd X-not-empty
by (smt (verit, del-insts) divide-divide-eq-right divide-le-0-iff density-simp grOl
less-eg-real-def mult-is-0 not-numeral-le-zero of-nat-le-0-iff of-nat-less-0-iff)
interpret H: fin-bipartite-graph (?X1 U Y){e€ E. e C(?X1 U Y)} ?X1Y
proof (unfold-locales, simp add: partitions-finite)
have disjoint {?X1, Y} using hX1X partition-on-def partition
by (metis (no-types, lifting) disjnt-subset2 disjnt-sym ne pairwise-insert sin-
gletonD)
moreover have {} ¢ {?X1, Y} using hXIcardpos Y-not-empty
by (metis (no-types, lifting) card.empty insert-iff neq0-conv singleton-iff’)
ultimately show partition-on (?X1 U Y) {?X1, Y} using partition-on-def
by auto
next
show ?X1 # Y using ne partition by (metis Int-absorbl Y-not-empty hX1X
part-intersect-empty)
next
show A\e.e€ {e€ E. e C 2X1 U Y} = e € all-bi-edges {z € X. edge-density
XY /2<
degree-normalized x Y} Y
using Un-iff Y-verts-not-adj edge-betw-indiv in-mono insert-subset mem-Collect-eq

subset-refl that vert-adj-def all-bi-edges-def[of ?X1 Y] in-mk-uedge-img-iff
by (smt (verit, ccfv-threshold) all-edges-betw-I all-edges-between-bi-subset)
next
show finite (YX1 U Y) using hX1X by (simp add: partitions-finite(1) parti-
tions-finite(2))
qed
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have neighborhood-unchanged: ¥ © € ?X1. neighbors-ss ¢ Y = H.neighbors-ss x
Y
using neighbors-ss-def H.neighbors-ss-def vert-adj-def H.vert-adj-def by auto
then have degree-unchanged: ¥V x© € ?X1. degree v = H.degree x
using H.degree-neighbors-ssX degree-neighbors-ssX by auto
have hHdensity: (H.edge-density ?X1 Y) > 25 | 2
proof—
have % / 2 = (> z € 2X1. (% / 2)) / card X1 using hXIcardpos by auto
also have ... < (>_ z € ?X1. degree-normalized © Y') / card ?X1
using sum-mono hX1degree hXI1cardpos divide-le-cancel
by (smt (23) H.X-not-empty H.partitions-finite(1)
calculation divide-pos-pos hd sum-pos zero-less-divide-iff)
also have ... = (H.edge-density X1 Y)
using H.degree-normalized-def degree-normalized-def degree-unchanged sum.cong
H .degree-neighbors-ssX degree-neighbors-ssX H.sum-degree-normalized-X-density
by auto
finally show ?thesis by simp
qed
have hdé3pos: 2073 / 128 > 0 using hd by auto
then obtain X2 where hX2subX1: X2 C ?XI1 and hX2card: card X2 >
(H.edge-density X1 Y) *
(card ?2X1)/ (sqrt 2) and hX2badtemp: (card (H.bad-pair-set X2'Y (2673 /
128))) / real ((card X2)72)
< 2% (2073 / 128) / (H.edge-density ?X1 Y) "2 using H.proportion-bad-pairs-subset-bipartite
by blast
have (H.edge-density X1 Y) x (card ?X1)/ (sqrt 2) > 0 using hHdensity
hX1cardpos hd hX2card
by auto
then have hX2cardpos: card X2 > 0 using hX2card by auto
then have hX2finite: finite X2 using card-ge-0-finite by auto
have hX2bad: (card (H.bad-pair-set X2 'Y (2673 / 128))) < (%5 / 16) x (card
X2)72
proof—
have hpos: real ((card X2)72) > 0 using hX2cardpos by auto
have trivial: (3:: nat) — 2 = 1 by simp
then have hépow: 20 ~ 3 / 20 ~ 2 = 2071 using power-diff hé
by (metis div-greater-zero-iff less-numeral-extra(3) numeral-Bit1-div-2 zero-less-numeral)

have card (H.bad-pair-set X2 'Y (2678 / 128)) < (2 x (2073 /| 128) /
(H.edge-density ?X1 Y)72) =
(card X2)72 using hX2badtemp hX2cardpos by (simp add: field-simps)
also have ... < (2 % (2078 / 128) / (%6 /] 2)72) * (card X2)"2
using hé hHdensity divide-left-mono frac-le hpos by (smt (verit) divide-pos-pos

edge-density-ge0 le-divide-eq power-mono zero-le-divide-iff zero-less-power)

also have ... = (2573 / 2672) % (1/16) * (card X2)72 by (simp add:
field-simps)
also have ... = (%0 / 16) x (card X2) ~ 2 using hdpow by auto

finally show %thesis by simp
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qed
let ?E-loops = mk-edge “{(z, z') |z 2’ z € X2 Nz’ € X2 A
(H.codegree-normalized z ' Y) > 20 — 3 | 128}
interpret I': ulgraph X2 ?E-loops
proof (unfold-locales)
show Ae. e € ?E-loops = ¢ C X2 by auto
next
have Aa b. a € X2 = b€ X2 = 0 < card {a, b}
by (meson card-0-eq finite.emptyl finite-insert insert-not-empty neq0-conv)
moreover have \ ¢ b. a € X2 = b € X2 = card {a, b} < 2
by (metis card-2-iff dual-order.refl insert-absorb2 is-singletonl
is-singleton-altdef one-le-numeral)
ultimately show Ae. e € ?E-loops = 0 < card e A card e < 2 by auto
qed
have hl'-edges: \ a b. a € X2 = b € X2 =
{a, b} € ?E-loops «— H.codegree-normalized a b'Y > 2573/128
proof
fix a b assume {a, b} € ?E-loops
then show H.codegree-normalized a b Y > 2673/128
using in-mk-uedge-img-iff[of a b {(z, 2') |z 2z’ z € X2 ANz’ € X2 A
(H.codegree-normalized zx' Y) > 26 8 / 128}] doubleton-eq-iff H.codegree-normalized-sym

by auto
next
fix a b assume a € X2 and b € X2 and H.codegree-normalized a b 'Y >
2673/128
then show {a, b} € ?E-loops using in-mk-uedge-img-iff[of a b {(z, z') |
z'.x e X2 A
z' € X2 A (H.codegree-normalized z z' Y) > 26 ~ 3 / 128}] H.codegree-normalized-sym
by auto
qed
interpret P2: prob-space uniform-count-measure X2
using hX2finite hX2cardpos prob-space-uniform-count-measure by fastforce
have hP2exp: P2.expectation (A z. I'.degree-normalized x X2) > 1 — 25 [ 16
proof—
have hI'all: T".all-edges-between X2 X2 = (X2 x X2) — H.bad-pair-set X2 'Y
(2673 ] 128)
proof
show TI'.all-edges-between X2 X2 C X2 x X2 — H.bad-pair-set X2'Y (25 ~
3/ 128)
proof
fix z assume z € I'.all-edges-between X2 X2
then obtain a b where ¢ € X2 and b € X2 and z = (a, b) and
H .codegree-normalized a b'Y > 2673 | 128
using I'.all-edges-between-def in-mk-uedge-img-iff hI'-edges
by (smt (verit, del-insts) I'.all-edges-betw-D3 T'.wellformed-alt-snd edge-density-commute

mk-edge.cases mk-edge.simps that)
then show z € X2 x X2 — H.bad-pair-set X2 Y (26 — 3 | 128)
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using H.bad-pair-set-def H.bad-pair-def by auto
qed
next
show X2 x X2 — H.bad-pair-set X2'Y (26 ~ 3 / 128) C T'.all-edges-between
X2 X2
using H.bad-pair-set-def H.bad-pair-def T.all-edges-between-def hI'-edges by
auto
qed
then have hT'all-le: card (T.all-edges-between X2 X2) > (1 — 25 / 16) * (card
X2 % card X2)
proof—
have hbadsub: H.bad-pair-set X2 'Y (20 73 / 128) C X2 x X2 using
H .bad-pair-set-def by auto
have (1 — 25 / 16) * (card X2 * card X2) = card (X2 x X2) — 25 | 16 *
(card X2) 72
using card-cartesian-product power2-eq-square
by (metis Rings.ring-distribs(4) more-arith-simps(6) mult-of-nat-commute)
also have ... < card (X2 x X2) — card (H.bad-pair-set X2'Y (20 ~ 3 /
128))
using hX2bad by auto
also have ... = card (X2 x X2 — H.bad-pair-set X2'Y (26 8 / 128)) using
card-Diff-subset
finite-cartesian-product]of X2 X2] hX2finite hbadsub
by (metis (mono-tags, lifting) finite-subset)
finally show card(T.all-edges-between X2 X2) > (1 — 25/16) * (card X2 =
card X2)
using hl'all by simp
qed
have 1 — %0 / 16 = ((1 — %5 / 16) * (card X2 * card X2)) / (card X2 * card
X2)
using hX2cardpos by auto
also have ... < card (T.all-edges-between X2 X2) / (card X2 * card X2)
using hI'all-le hX2cardpos divide-le-cancel of-nat-less-0-iff by fast
also have ... = (3. z € X2. real (card (I'.neighbors-ss z X2))) / card X2 /
card X2
using T'.card-all-edges-betw-neighbor|of X2 X2] hX2finite by (auto simp add:
field-simps)
also have ... = (). z € X2. I'.degree-normalized © X2) / card X2
unfolding I'.degree-normalized-def
using sum-divide-distriblof A z. real (card (T.neighbors-ss x X2)) X2 card
X2] by auto
also have ... = P2.expectation (A z. T'.degree-normalized x X2)
using P2.expectation-uniform-count hX2finite by auto
finally show ?thesis by simp
qed
let ?X’' = {z € X2. I".degree-normalized X2 > 1 — 25 |/ 8}
have hX'subX2: ?X' C X2 by blast
have hX'cardX2: card X' > card X2 / 2 using hX2finite divide-self hd
P2.expectation-condition-card-2 [of X2 (A x. T.degree-normalized © X2) 20 /8
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25 | 16]
hP2exp T'.degree-normalized-le-1 by auto
interpret P3: prob-space uniform-count-measure Y
by (simp add: Y-not-empty partitions-finite(2) prob-space-uniform-count-measure)
have hP3exp: P3.expectation (X y. H.degree-normalized y X2) > 25 | 2
proof—
have hHdegree-normalized: \ z. z € X2 = (%5 / 2) < H.degree-normalized
zY
using hXl1degree degree-normalized-def H.degree-normalized-def neighbor-
hood-unchanged
hX2subX1 subsetD by (metis (no-types, lifting))
have 20 / 2 = (3. x € X2. (% / 2)) / card X2 using hX2cardpos by auto
also have ... < (> z € X2. real (card (H.neighbors-ss © Y))) / card Y / card
X2
using hHdegree-normalized sum-mono divide-le-cancel hX2cardpos of-nat-0-le-iff
H.degree-normalized-def sum.cong sum-divide-distrib by (smt (verit, best))
also have ... = (card (H.all-edges-between Y X2)) [ card X2 / card Y
using H.card-all-edges-between-commute H.card-all-edges-betw-neighbor hX2fi-
nite
H .partitions-finite(2) by auto
also have ... = (3 y € Y. real (card(H.neighbors-ss y X2))) / card X2 / card
Y using
H.card-all-edges-betw-neighbor hX2finite H.partitions-finite(2) by auto
also have ... = (}_ y € Y. H.degree-normalized y X2) / card Y using
H .degree-normalized-def
sum.cong sum-divide-distrib by (smt (verit, best))
also have ... = P3.expectation (A y. H.degree-normalized y X2)
using P3.expectation-uniform-count H.partitions-finite(2) by auto
finally show ?thesis by linarith
qed
let ?Y’' = {z € Y. H.degree-normalized © X2 > 25 | 4}
have hY'subY: ?Y' C Y by blast
then have hY'card: card ?Y' > 25 * card Y | 4
using P3.expectation-condition-card-1[of Y (X y. H.degree-normalized y X2)
20 / 2] H.partitions-finite(2)
hP3exp H.degree-normalized-le-1 by auto

have hX2adjcard: \ zy. v € ?X' = y € ?Y' =
card {z' € X2. Twert-adj x x' A vert-adj y 'y > %5 / 8 * card X2
proof—
fix z y assume hz: z € ?X’and hy: y € ?Y’
have hinter: {z’ € X2. T.vert-adj  z' N vert-adj y x'} =
{z' € X2. Twert-adj z '} N {x’ € X2. vert-adj y '} by auto
have huncardX2: card ({z’ € X2. T.wert-adj x =’} U {z' € X2. vert-adj y z'})
< card X2
using card-mono hX2finite by fastforce
have finl: finite {z' € X2. T.vert-adj « '} and fin2: finite {z’ € X2. vert-adj
yz'}
using hX2finite by auto
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have {z’ € X2. T.vert-adj x '} = T.neighbors-ss x X2
using I".vert-adj-def vert-adj-def T'.neighbors-ss-def hX2subX1 I'.neighbors-ss-def
by auto
then have hcard!: card {z’' € X2. Twert-adj x '} > (1 — 25/8) * card X2
using hzx
T.degree-normalized-def divide-le-eq hX2cardpos by (simp add: hX2card
le-divide-eq)
have {2z’ € X2. vert-adj y x'} = H.neighbors-ss y X2 using H.vert-adj-def
vert-adj-def
H .neighbors-ss-def hy hY 'subY hX2subX1 H.neighbors-ss-def by auto
then have hcard2: card {z' € X2. vert-adj y '} > (20 | 4) * card X2
using hy H.degree-normalized-def divide-le-eq hX2cardpos by (simp add:
hX2card le-divide-eq)
have 25 / 8 x card X2 = (1 — 25 / 8) = card X2 + 25/4 * card X2 — card
X2
by (simp add: algebra-simps)
also have ... < card {z' € X2. T.vert-adj z ¢’} + card {z' € X2. vert-adj y z'}

card ({z' € X2. T.wert-adj x '} U {2’ € X2. vert-adj y z'})
using huncardX2 hcardl hcard2 by linarith
also have ... = card {z' € X2. Twert-adj x =’ A vert-adj y z'}
using card-Un-Int finl fin2 hinter by fastforce
finally show card {z' € X2. T.vert-adj x ' A vert-adj y '} > 25 | 8 * card
X2
by linarith
qged
have hYpos: real (card Y) > 0 using Y-not-empty partitions-finite(2) by auto
have A zy. z € X' = y € 2Y' = card {p. connecting-walk x y p N\ walk-length
p=3}>
(26 =8/ 128 % (card Y)) = ((26 | 8) * (card X2))
proof—
fix z y assume hz: z € ?X’and hy: y € ?Y’
then have haV:z € V and hyV: y € V using hY'subY hX’'subX2 hX2subX1
hX1X partitions-ss(1)
partitions-ss(2) subsetD by auto
define f:: 'a = ‘a list set where f = (X a. (A z. 2 Q [y]) ‘ {p. connecting-path
z ap A walk-length p = 2}))
have h-norm: A a. a € {z’ € X2. T.wert-adj z ' N vert-adj y '} = code-
gree-normalized x a Y > 2073 | 128
using T'.vert-adj-def codegree-normalized-sym hx hX'subX2 subsetD
codegree-normalized-altX H.codegree-normalized-altX neighborhood-unchanged

hT-edges hX2subX1 hX1X by (smt (verit, del-insts) mem-Collect-eq)
have inj-concat: inj (A z. z Q [y]) using inj-def by blast
then have card-f-eq: \ a. card (f a) = card {p. connecting-path = a p A
walk-length p = 2}
using f-def card-image inj-eq by (smt (verit) inj-onl)
then have card-f-ge: \ a. a € {¢' € X2. Twert-adj z x' N vert-adj y '} =
card (fa) > 2073 /] 128 * card Y
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using codegree-is-path-length-two codegree-normalized-def hYpos f-def h-norm
by (simp add: field-simps)
have f-disjoint: pairwise (X s t. disint (f s) (ft)) {z' € X2. T".vert-adj x ' A
vert-adj y '}
proof (intro pairwisel)
fix s t assume s € {z’ € X2. T.vert-adj z '’ A vert-adj y '} and
t € {z' € X2. T.vert-adj = ' A vert-adj y '} and s # ¢
moreover have A al. le fa=[!2=a
proof—
fix a lassume [ € fa
then obtain z where hz: z € {p. connecting-path x a p A walk-length p =
2} and hiz: | = z Q [y]
using f-def by blast
then have z | 2 = a using walk-length-conv connecting-path-def last-conv-nth
by (metis (mono-tags, lifting) diff-add-inverse length-tl list.sel(2) mem-Collect-eq

nat-1-add-1 one-eq-numeral-iff rel-simps(18))
then show [ ! 2 = a using hiz nth-append hz walk-length-conv less-diff-conv
mem-Collect-eq
by (metis (mono-tags, lifting) nat-1-add-1 one-less-numeral-iff rel-simps(9))
qed
ultimately show disjnt (f s) (f t) by (metis disjnit-iff)
qed
have hwalk-subset: {p. connecting-walk z k p A walk-length p = n} C {p. set p
C V Alengthp=mn+ 1} for nk
using connecting-walk-def is-walk-def walk-length-conv by auto
have finite-walk: finite {p. connecting-walk z k p N walk-length p = n} for n k
using finV finite-lists-length-eq finite-subset hwalk-subset[of k n] rev-finite-subset
by blast
have f-finite: \ A. A € (f ‘{2’ € X2. T.vert-adj x =’ A vert-adj y z'}) =
finite A
proof—
fix A assume A € (f ‘{2’ € X2. T.vert-adj z x’ A vert-adj y z'})
then obtain a where a € {2z’ € X2. T.vert-adj x z' A vert-adj y =’} and
hA: A = f a by blast
have {p. connecting-path x a p A walk-length p = 2} C {p. connecting-walk
a p A walk-length p = 2}
using connecting-path-walk by blast
then have finite {p. connecting-path © a p N\ walk-length p = 2}
using finite-walk finite-subset connecting-path-walk by blast
then show finite A using f-def hA by auto
qed
moreover have f-image-sub:
(U z € {z' € X2. Tvert-adj x ' A vert-adj y x'}. fx) C {p. connecting-walk
zy p A walk-length p = 3}
proof (intro Union-least)
fix X assume X € f ‘{2’ € X2. Tvert-adj © ' A vert-adj y x'}
then obtain a where ha: a € {2’ € X2. T.vert-adj x x’ A vert-adj y '} and
haX: fa = X by blast
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have Az. connecting-path = a z = walk-length z = 2 = connecting-walk x
y (2 @ [y)

proof—
fix z assume hpath: connecting-path x a z and hlen: walk-length z = 2
then obtain 3y’ where z | 1 = y’ by blast
then have hz: z = [z, y', a] using list2-middle-singleton walk-length-conv

connecting-path-def hpath hlen add-diff-cancel-left’ append-butlast-last-id

butlast.simps connecting-path-walk connecting-walk-def diff-diff-add diff-le-self

is-walk-not-empty is-walk-tl last-ConsL last-tl list.expand list.sel list.simps(3)

nat-1-add-1 le-imp-diff-is-add
by (metis (no-types, lifting) arith-simps(45) arithmetic-simps(2) numer-
als(1))
moreover have hwalk: connecting-walk T o z using connecting-path-walk
hpath by blast
then show connecting-walk z y (2 @ [y]) using connecting-walk-def is-walk-def

connecting-path-def is-gen-path-def is-walk-def ha hz hwalk hyV vert-adj-sym
vert-adj-def by auto
qed
then show X C {p. connecting-walk x y p A walk-length p = 3}
using haX f-def walk-length-conv by auto
qed
ultimately have hUn-le: card (| z € {2z’ € X2. Twert-adj z ' A vert-adj y
z'}. fx) < card {p. connecting-walk x y p A walk-length p = 3}
using card-mono finite-walk[of y 3] by blast
have disjoint (f ‘ {z’ € X2. T.vert-adj  x’ A vert-adj y z'}) using f-disjoint
pairwise-def
pairwise-imagelof disjnt f {z' € X2. T.wert-adj © ' A\ vert-adj y z'}] by
(metis (mono-tags, lifting))
then have card (| (f ‘ {z' € X2. T.vert-adj z ' A vert-adj y x'})) = sum card
(f ‘{2z’ € X2. Twert-adj x x' A vert-adj y z'})
using card-Union-disjoint[of f ‘ {z' € X2. T.vert-adj = z’ A vert-adj y z'}|
f-finite by blast
also have ... = (}_ a € {z' € X2. Tvert-adj x ' A vert-adj y z'}. card (f a))
using sum-card-image[OF - f-disjoint] hX2finite finite-subset by fastforce
also have ... > card {z' € X2. T.vert-adj x ' A vert-adj y z'} x 2678 | 128 x
card Y
using sum-monolof {z' € X2. I".vert-adj x ' A vert-adj y '} (A a. 2678 /
128 % card Y) (X a. card (f a))]
card-f-ge by auto
finally have card {z’ € X2. T.vert-adj x ' A\ vert-adj y '} x 2673 | 128 x
card Y < card {p. connecting-walk = y p N\ walk-length p = 3}
using hUn-le by linarith
then have (20 ~8 / 128 * (card Y)) * card {z’ € X2. T.vert-adj x x’ A vert-adj
y x'} < card {p. connecting-walk z y p N walk-length p = 3}
by argo
then show (726 ~ 38 / 128 * (card Y)) * ((26 / 8) * (card X2)) < card {p.
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connecting-walk z y p N\ walk-length p = 3}
using hX2adjcard[OF hx hy] hYpos mult-left-mono hd 3pos mult-pos-pos
by (smt (verit, del-insts))
qed
moreover have hX2cardX: card X2 > (26 72 / 8) x(card X)
proof—
have card X2 > (H.edge-density ?X1'Y [/ sqrt 2)  (card ?X1)
using hX2card by (simp add: algebra-simps)
moreover have (H.edge-density ?X1 Y [/ sqrt 2) % (card ¢?X1) > (25 / (2 =
sqrt 2)) * card ?X1
using hHdensity hX1cardpos by (simp add: field-simps)
moreover have (25 / (2 * sqrt 2)) * card ?X1 > (95 |/ 4) * card ?X1
using sqrt2-less-2 hX1cardpos hé by (simp add: field-simps)
moreover have (20 / /) = card ?X1 > (26 / 4) = (20 | 2 x card X)
using hX1card hé by (simp add: field-simps)
moreover have (90 / 4) % (20 / 2 x card X) = (20 72 / 8) *(card X) using
power2-eq-square
by (metis (no-types, opaque-lifting) Groups.mult-ac(2) Groups.mult-ac(8)
divide-divide-eq-left
num-double numeral-times-numeral times-divide-eq-left times-divide-eq-right)
ultimately show ?thesis by linarith
qed
moreover have (20 ~ 3 / 128 % (card Y)) * ((26 / 8) * (card X2)) >
20 "6 xcard X xcardY /2713
proof—
have hinter: (20 / 8) x (20 72 / 8 x card X) < (20 / 8) x (card X2)
using hX2cardX hé by (simp add: algebra-simps)
have 26 6 * real (card X x card Y) / 2 713 =
20 T3 % 2% 20 T2« real (card X * card Y) | (128 % 8 x 8) by algebra
also have ... = (20 73 / 128 * (card Y)) x ((26 / 8) = (26 "2 / 8 * card X))
by auto
also have ... < (%0 73 / 128 % (card Y)) * ((%0 / 8) * (card X2))
using hinter hYpos hd power3-eq-cube
by (smt (verit) <0 < edge-density X Y ~ 3 / 128> mult-left-mono zero-compare-simps(6))
finally show ?thesis by simp
qed
moreover have hX'card: card X' > 26 ~ 2 % card X / 16 using hX'cardX2
hX2cardX by auto
moreover have hX'subX: X' C X using hX'subX2 hX2subX1 hX1X by auto
ultimately show ?thesis using hY 'card hX'card hY 'subY hX'subX that
by (smt (verit, best))
next
assume — () < edge-density X Y
then have edge-density X Y = 0 by (smt (verit, ccfu-threshold) edge-density-ge0)
then show ?thesis using that by auto
qed

The following lemma corresponds to Lemma 2.17 in Gowers’s notes [3].

Note that here we have set(additive-energy A = 2 * ¢ (instead of (ad-
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ditive-energy A = ¢ as in the notes) and we are accordingly considering
c-popular differences (instead of c¢/2-popular differences as in the notes) so
that we will still have (¥ = additive-energy A / 2.

lemma popular-differences-card: fixes A::’a set and c::real
assumes finite A and A C G and additive-energy A = 2 * ¢
shows card (popular-diff-set ¢ A) > ¢ % card A

proof(cases card A # 0)
assume hA: card A # 0
have hc: ¢ > 0 using assms additive-energy-def of-nat-0-le-iff
by (smt (verit, best) assms(3) divide-nonneg-nonneg of-nat-0-le-iff)
have (2 x ¢) % (card A)73 = (3 d € (differenceset A A). (f-diff d A)"2)
using assms f-diff-card-quadruple-set-additive-energy by auto
also have ...= ((3>_ d € (popular-diff-set ¢ A). (f-diff d A)"2))
+((O_ d € ((differenceset A A) — (popular-diff-set ¢ A)). (f-diff d A)"2))
using popular-diff-set-def assms finite-minusset finite-sumset by (metis (no-types,
lifting)
add.commute mem-Collect-eq subset] sum.subset-diff)
also have ... < ((card (popular-diff-set ¢ A)) * (card A)72)
+ ¢ * card A x ((3>_ d € (differenceset A A — (popular-diff-set ¢ A)) . (f-diff d
)

proof—
have V d € ((differenceset A A) — (popular-diff-set ¢ A)) . (f-diff d A)"2 <
(¢ * (card A)) = (f-diff d A)
proof
fix d assume hdl: d € differenceset A A — popular-diff-set ¢ A
have hnonneg: f-diff d A > 0 by auto
have — popular-diff d ¢ A using hd1 popular-diff-set-def by blast
from this have f-diff d A < ¢ * card A using popular-diff-def by auto
thus real ((f-diff d A)?) < ¢ * real (card A)  real (f-diff d A)
using power2-eq-square hnonneg mult-right-mono of-nat-0 of-nat-le-iff of-nat-mult
by metis
qed
moreover have V d € (differenceset A A) . f-diff d A < (card A)"2
using f-diff-def finite-minusset finite-sumset assms
by (metis f-diff-le-card le-antisym nat-le-linear power2-nat-le-imp-le)
ultimately have ((3>_ d € ((differenceset A A) — popular-diff-set ¢ A) . (f-diff
d4)2) <
((>>d € ((differenceset A A) — popular-diff-set ¢ A). (¢ * card A) * (f-diff d
)
using assms finite-minusset finite-sumset sum-distrib-left sum-mono by fast-
force
then have ((3° d € ((differenceset A A) — popular-diff-set ¢ A) . (f-diff d A)"2))
<
(¢ x card A) * (O_ d € ((differenceset A A) — popular-diff-set ¢ A) . (f-diff d
4)))
by (metis (no-types) of-nat-sum sum-distrib-left)
moreover have (3 d € popular-diff-set ¢ A. (f-diff d A)72) <
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(5" d € popular-diff-set ¢ A. (card A)"2) using f-diff-le-card assms sum-mono
assms popular-diff-set-def
by (metis (no-types, lifting) power2-nat-le-eq-le)
moreover then have ddd: (}_ d € popular-diff-set ¢ A . (f-diff d A)72) <
(card (popular-diff-set ¢ A)) % (card A)"2
using sum-distrib-right by simp
ultimately show ¢thesis by linarith
qed
also have ... < ((card (popular-diff-set ¢ A)) * (card A)72) + (¢ * card A) *
(card A)72
proof—
have (> d € (differenceset A A — popular-diff-set ¢ A) . (f-diff d A)) <
(3" d € differenceset A A . (f-diff d A)) using DiffD1 subsetl assms sum-mono2

finite-minusset finite-sumset zero-le by metis
then have (¢ x card A) % (3. d € (differenceset A A — popular-diff-set ¢ A).
(f-diff d A)))
< (¢ % card A) * (card A)"2
using f-diff-card hc le0 mult-left-mono of-nat-0 of-nat-mono zero-le-mult-iff
assms by metis
then show ?thesis by linarith
qed
finally have (2 * c) * (card A)™8 < ((card (popular-diff-set ¢ A)) * (card A)"2)
+
(¢ % card A) * (card A)72 by linarith
then have (card (popular-diff-set ¢ A)) >
((2 % ¢) x (card A)"8 — (¢ * card A) * (card A)"2)/((card A)"2)
using hA by (simp add: field-simps)
moreover have ((2 * ¢)* (card A)78 — (¢ * card A) * (card A) "2)/((card A) "2)
=2xcxcard A — ¢ x card A
using hA by (simp add: power2-eq-square power3-eq-cube)
ultimately show ?thesis by linarith
next
assume — card A # 0
thus ?thesis by auto
qed

The following lemma corresponds to Lemma 2.18 in Gowers’s notes [3].
It includes the key argument of the main proof and its proof applies Lemmas
2.16 (walks-of-length-3-subsets-bipartite) and 2.17 (popular-differences-card).
In the proof we will use an appropriately defined bipartite graph as an inter-
mediate/auxiliary construct so as to apply lemma walks-of-length-3-subsets-bipartite.
As each vertex set of the bipartite graph is constructed to be a copy of a
finite subset of an Abelian group, we need flexibility regarding types, which
is what prompted the introduction and use of the new graph theory library
[1] (that does not impose any type restrictions e.g. by representing vertices
as natural numbers).

lemma obtains-subsets-differenceset-card-bound:
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fixes A::'a set and c::real

assumes finite A and ¢>0 and A # {} and A C G and additive-energy A =
2 % c

obtains B and A’ where B C A and B # {} and card B > ¢4 * card A / 16

and A’ C Aand A’ # {} and card A’ > ¢"2 % card A / 4

and card (differenceset A’ B) < 2713 * card A | ¢"15

proof—
let ?X = A x {0:: nat}
let 2Y = A x {1:: nat}
let ?E = mk-edge ‘{(z, y)| zy. x € ?X ANy € 2Y A (popular-diff (fst y © fst
z) c A)}
interpret H: fin-bipartite-graph ?X U ?Y ?F ?2X ?Y
proof (unfold-locales, auto simp add: partition-on-def assms(3) assms(1) dis-
joint-def)
show {} = A x {0} = Fulse using assms(3) by auto
next
show {} = A x {Suc 0} = False using assms(3) by auto
next
show A x {0} = A x {Suc 0} = Fulse using assms(3) by fastforce
next
fix z y assume z € A and y € A and popular-diff (y © z) ¢ A
thus {(z, 0), (y, Suc 0)} € all-bi-edges (A x {0}) (A x {Suc 0})
using all-bi-edges-def[of A x {0} A x {Suc 0}]
by (simp add: in-mk-edge-img)
qged
have edges1:V a € AV be A ({(a, 0), (b, 1)} € 2E +— popular-diff (b &
a) ¢ A)
by (auto simp add: in-mk-uedge-img-iff)
have hXA: card A = card ?X by (simp add: card-cartesian-product)
have hYA: card A = card ?Y by (simp add: card-cartesian-product)
have hA: card A # 0 using assms card-0-eq by blast
have edge-density: H.edge-density X Y > ¢™2
proof—
define f:: ‘a = ('a x nat) edge set where f = (A z. {{(a, 0), (b, 1)} | a b.
a€EANDEANDS a=zx})
have f-disj: pairwise (X s t. disjnt (f s) (f t)) (popular-diff-set ¢ A)
proof (intro pairwisel)
fix x y assume hx: x € popular-diff-set ¢ A and hy: y € popular-diff-set ¢ A
and hxy: © # y
show disjnt (f z) (f y)
proof—
haveVa. —m (a € fz Aa € fy)
proof (intro alll notl)
fix a assume a € fxr Na € fy
then obtain z w where hazw: a = {(z, 0), (w, 1)} and hz: {(z,0), (w,
N}l efax
and hy: {(z, 0), (w, 1)} € fy using f-def by blast
have w © 2z = z using f-def hz by (simp add: doubleton-eq-iff)
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moreover have w © z = y using f-def hy by (simp add: doubleton-eq-iff)
ultimately show Fulse using hxy by auto
qed
thus ?thesis using disjnt-iff by auto
qed
qed
have f-sub-edges: V d € popular-diff-set ¢ A. (f d) C ¢E
using popular-diff-set-def f-def edgesl by auto
have f-union-sub: (|J d € popular-diff-set ¢ A. (f d)) C ?F using popu-
lar-diff-set-def
f-def edges1 by auto
have f-disj2: disjoint (f < (popular-diff-set ¢ A)) using f-disj
pairwise-image|of disjnt [ popular-diff-set ¢ A] by (simp add: pairwise-def)
have f-finite: AB. B € [  popular-diff-set ¢ A = finite B
using finite-subset f-sub-edges H.fin-edges by auto
have card-eq-f-diff: ¥V d € popular-diff-set ¢ A. card (f d) = f-diff d A
proof
fix d assume d € popular-diff-set ¢ A
define g:: (Ya x 'a) = (‘a X nat) edge where g = (X (a, b). {(b, 0), (a, 1)})
have g-inj: inj-on g {(a, b) | ab.a € ANbE ANaO b= d}
proof (intro inj-onI)
fix z y assume z € {(a, b) l[ab.a € ANDE AN a© b= d} and
ye{(a,b)|ab.ac ANbe ANaob=dand hg: gz =gy
then obtain al a2 b1 b2 where hz: x = (al, a2) and hy: y = (b1, b2)
by blast
thus =z = y using g-def hg hz hy by (simp add: doubleton-eq-iff)
qed
have g-image: g ‘{(a, b) l[ab. a € ANbDE AN a© b= d} = fd using
f-def g-def by auto
show card (f d) = f-diff d A using card-image g-inj g-image f-diff-def by
fastforce
qed
have ¢ 72 x (card A) ~ 2 = ¢ * (card A) * (¢ x (card A)) using power2-eq-square
by (metis of-nat-power power-mult-distrib)
also have ... < (card (popular-diff-set ¢ A)) x (¢ * (card A))
using assms popular-differences-card hA by force
also have ... < (3 d € popular-diff-set ¢ A. f-diff d A) using sum-mono
popular-diff-set-def
popular-diff-def by (smt (verit, ccfo-SIG) mem-Collect-eq of-nat-sum of-real-of-nat-eq

sum-constant)

also have ... = (> d € popular-diff-set ¢ A. card (f d))
using card-eq-f-diff sum.cong by auto
also have ... = sum card (f ¢ (popular-diff-set ¢ A))

using f-disj sum-card-image[of popular-diff-set ¢ A f] popular-diff-set-def
finite-minusset finite-sumset assms(1) finite-subset by auto
also have ... = card (| d € popular-diff-set ¢ A. (f d))
using card-Union-disjoint[of f ¢ (popular-diff-set ¢ A)] f-disj2 f-finite by auto
also have ... < card ?E using card-mono f-union-sub H.fin-edges by auto
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finally have ¢ = 2 * (card A) ~ 2 < card ?E by linarith
then have ¢ ~ 2 x (card A) ~ 2 < card (H.all-edges-between 7X ?Y)
using H.card-edges-between-set by auto
moreover have H.edge-density ?X ?Y = card (H.all-edges-between ?X ?2Y) /
(card A) — 2
using H.edge-density-def power2-eq-square hXA hYA
by (smt (verit, best))
ultimately have (¢ = 2 * (card A) ~ 2) / (card A) ~ 2 < H.edge-density X
?Y using hA
divide-le-cancel by (smt (verit, del-insts) H.edge-density-ge0 <c* * real ((card
4y%) =
¢ * real (card A) * (¢ * real (card A))» divide-divide-eq-right zero-le-divide-iff)
thus ?thesis using hA assms(2) by auto
qed
obtain X' and Y’ where X'sub: X’ C ?X and Y'sub: Y’ C 2Y and
hX'": card X' > (H.edge-density X ?2Y) "2 x (card ?X)/16 and
hY': card Y' > (H.edge-density ¢?X ?Y) x (card ?Y)/4 and
hwalks: ¥ z € X'.V y e Y’ card ({p. H.connecting-walk = y p AN H.walk-length
p=3})
> (H.edge-density ?X 2Y) 76 * card X * card ?Y | 2713
using H.walks-of-length-3-subsets-bipartite <c>0> by auto
have ((¢72)72)  (card A) < (H.edge-density ?X 2Y )72 x (card A)
using edge-density assms(2) hA power-mono zero-le-power?2 mult-le-cancel-right
by (smt (verit) of-nat-less-of-nat-power-cancel-iff of-nat-zero-less-power-iff
power2-less-eq-zero-iff power-0-left)
then have cardX’: card X' > (¢74) * (card A)/16 using hX' divide-le-cancel
hXA by fastforce
have ¢™2 * (card A) / 4 < (H.edge-density ?X ?Y) % card ?Y / 4 using hYA
hA edge-density
mult-le-cancel-right by simp
then have cardY": card Y' > ¢72 * (card A)/4 using hY' by linarith
have (H.edge-density ?X ?2Y)76 x (card ?X * card ?Y)/ 2713 > (¢"2)76 x
((card A)72) / 2713 using
hXA hYA power2-eq-square edge-density divide-le-cancel mult-le-cancel-right hA
by (smt (verit, ccfo-SIG) of-nat-power power2-less-0 power-less-imp-less-base
zero-le-power)
then have card-walks:V z € X'V ye Y.
card ({p. H.connecting-walk x y p A H.walk-length p = 3}) > (¢"12) * ((card
A)72) ) 2713
using hwalks by fastforce

let ?B = (A (a, b). a) * X'
let 2C = (X (a, b). a) ‘Y’
have hBA: ?B C A and hCA: ?C C A using Y'sub X'sub by auto
have inj-on-X": inj-on (X (a, b). a) X' using X'sub by (intro inj-onl) (auto)
have inj-on-Y": inj-on (A (a, b). a) Y’ using Y'sub by (intro inj-onl) (auto)
have hBX": card ?B = card X' and hCY": card ?C = card Y’
using card-image inj-on-X' inj-on-Y' by auto
then have cardB: card ?B > (¢4 ) * (card A)/16 and cardC: card ?C > ¢~ 2
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(card A)/4
using cardX’ cardY' by auto
have card-ineql: N zy. 2 € B= y € 9C = card {(z, w) | zw. z € AN w
€ AN
popular-diff (z © z) ¢ A A popular-diff (z © w) ¢ A A popular-diff (y © w) c
A}) >
(c712) * ((card A)72) | 2713
proof—
fix z y assume hz: ¢ € ?B and hy: y € 7C
have hzA: x € A and hyA: y € A using hx hy hBA hCA by auto
define f:: ‘a x 'a = (‘a x nat) list
where f = (A (z, w). [(z, 0), (2, 1), (w, 0), (y, 1)])
have f-inj-on: inj-on f {(z, w) |z w. 2 € AN w € A A popular-diff (z © z) ¢
AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} using f-def by (intro
inj-onl) (auto)
have f-image: f “ {(z, w) |z w. z € AN w € A A popular-diff (z © z) ¢ A A
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} =
{p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3}
proof
show f “{(z, w) [zw. z€ AN we AN popular-diff (z © z) c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} C
{p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3}
proof
fix p assume hp: p € f ‘{(z, w) |zw. z € AN w€E A N popular-diff (z &
z) c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}
then obtain z w where hz: z € A and hw: w € A and hzz: popular-diff
(z© z) ¢ A and
hzw: popular-diff (z © w) ¢ A and hyw: popular-diff (y © w) ¢ A and
hp: p = [(z, 0), (2, 1), (w, 0), (y, 1)] using f-def hp by fast
then have hcon: H.connecting-walk (z, 0) (y, 1) p
unfolding H.connecting-walk-def H.is-walk-def
using hzA hyA H.vert-adj-def H.vert-adj-sym edgesl by simp
thus p € {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3}
using hp H.walk-length-conv by auto
qged
next
show {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3} C f ¢
{(z, w) |z w.
z€ AN we AN popular-diff (z & z) ¢ A A popular-diff (z & w) ¢ A A
popular-diff (y © w) ¢ A}
proof (intro subsetl)
fix p assume hp: p € {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length
p=3}
then have len: length p = 4 using H.walk-length-conv by auto
have hpsub: set p C A x {0} U A x {1} using hp H.connecting-walk-def
H .is-walk-def
by auto
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then have fst-sub: fst ‘ set p C A by auto
have h1A: fst (p!1) € A and h2A: fst (p!2) € A using fst-sub len by auto
have hpnum: p = [p!0, p!1, p!2, p!3]
proof (auto simp add: list-eq-iff-nth-eq len)
fix k assume k < (4:: nat)
then have k =0V k=1V k=2V k=3 by auto
thus p! k=1[p! 0,p! Suc0,p! 2, p! 3]!k by fastforce
qed
then have set (H.walk-edges p) = {{p'0, p'1} , {p'1, p'2}, {p'2, p'5}}
using
comp-sgraph.walk-edges.simps(2) comp-sgraph.walk-edges.simps(3)
by (metis empty-set list.simps(15))
then have hi1: {p!0, p!1} € ?E and h2: {p!2, p'1} € ?FE and h3: {p!2,
pl8} € 7E
using hp H.connecting-walk-def H.is-walk-def len by auto
have hzp: p!0 = (x, 0) using hp len hd-conv-nth H.connecting-walk-def
H .is-walk-def
by fastforce
have hyp: p!3 = (y,1) using hp len last-conv-nth H.connecting-walk-def
H .is-walk-def
by fastforce
have hip: pl1 = (fst (p!1), 1)
proof—
have plf € A x {0} U A x {1} using hpnum hpsub
by (metis (no-types, lifting) insertCI list.simps(15) subsetD)
then have hsplit: snd (p!'1) = 0 V snd (p!1) = 1 by auto
then have snd (p!1) = 1
proof(cases snd (p!'1) = 0)
case True
then have I: {(z, 0), (fst (p!1), 0)} € ?E using h1 hzp doubleton-eq-iff
by (smt (verit, del-insts) surjective-pairing)
have hY: (fst (p!1), 0) ¢ ?Y and hX: (z, 0) € ?X using hzA by
auto
then have 2: {(z, 0), (fst (p!1), 0)} ¢ ?FE using H.X-vert-adj-Y
H .vert-adj-def by meson
then show ?thesis using 1 2 by blast
next
case Fulse
then show ?thesis using hsplit by auto
qed
thus (p! 1) =(fst (p! 1), 1)
by (metis (full-types) split-pairs)
qed
have h2p: p!2 = (fst (p!2), 0)
proof—
have p!2 € A x {0} U A x {1} using hpnum hpsub
by (metis (no-types, lifting) insertCI list.simps(15) subsetD)
then have hsplit: snd (p!2) = 0 V snd (p!'2) = 1 by auto
then have snd (p!2) = 0
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proof(cases snd (p!2) = 1)
case True
then have I: {(fst (p!2), 1), (y, 1)} € ?E using h3 hyp doubleton-eq-iff
by (smt (verit, del-insts) surjective-pairing)
have hY: (y, 1) ¢ ?X and hX: (fst (p!2), 1) € ?Y using hyd h24
by auto
then have 2: {(fst (p!2), 1), (y, 1)} ¢ ?FE using H.Y-vert-adj-X
H .vert-adj-def
by meson
then show ?thesis using 1 2 by blast
next
case Fulse
then show ?thesis using hsplit by auto
qed
thus (p! 2) = (fst (p! 2), 0)
by (metis (full-types) split-pairs)
qed
have hpop!: popular-diff ((fst (p!1)) © z) ¢ A using edges! h1 hxzp hlp
hzA h1A
by (smt (23))
have hpop2: popular-diff (fst (p'1)) © (fst (p!2))) ¢ A using edges! h2
hip h2p hi1A h2A
by (smt (23))
have hpop3: popular-diff (y © (fst (p!2))) ¢ A using edges! h3 h2p hyp
hyA h2A
by (smt (23))
thuspe f“{(z, w) [zw. z€ AN weE AN popular-diff (z & z) ¢ AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} using f-def hpnum
hzp hip h2p hyp
h1A h2A hpopl hpop2 hpop3 by force
qed
qed
have hz!: (z, 0) € X' and hy2: (y, 1) € Y’ using hx X'sub hy Y'sub by
auto
have card {(z, w) |z w. 2 € AN w € A A popular-diff (z © z) ¢ AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} =
card {p. H.connecting-walk (x, 0) (y, 1) p N H.walk-length p = 3}
using card-image f-inj-on f-image by fastforce
thus card {(z, w) |z w. z€ AN we AN popular-diff (z © z) c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ Ay > ¢ 12 x ((card
A)72) /2713
using hx! hy2 card-walks by auto
qed
have card-ineg2: Nz yzw. z € ?B= y € ?C = (2, w) € {(z, w) | zw. z €
ANwe AN
popular-diff (z © z) ¢ A A popular-diff (z © w) ¢ A A popular-diff (y © w) ¢
A} =
card {(p, ¢, 7y s, t,u)|pqgrstu.pe ANgeEANTEANSEANTLE AN
u€ AN
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PO =20 ANTSs=20wWwAtOu=yO w>c 3x*card A"3
proof (auto)
fix z 22 y y2 z w assume (z, 22) € X' and (y, y2) € Y'and z € A and w €
A and
1: popular-diff (z © z) ¢ A and 2: popular-diff (z © w) ¢ A and
3: popular-diff (y © w) ¢ A
define f:: 'a x 'a X 'a x 'a x 'a x 'a = (‘a x 'a) x ('a x 'a) x (a x 'a)
where
F= O a5t (0 0 (1 9), (5 )

have f-inj: inj-on f {(p, ¢, 7, s, t, u)| pgrstu.pe ANgeE ANre ANns
€ AN
tLeEANUEANDPO G=202z AT s=20wAtO u=yO w} using
J-def
by (intro inj-onl) (auto)
have f-image: f “{(p, ¢, 7, s, t, w)| pqgrstu.pe ANgeE ANre AnsE
AN
tLEANUEANDPO G=202ANTrOs=20wANtOu=yOS w}=
{(pa)|pgepeANqge ANPO g=20 1z} X
{9 pgpeANge ANDPO ¢g=20 w} X
{p,g) |l pgpeEANge ANDPO q=y S w} using f-def by force
have card {(p, q, 7, s, t, u)| pgrstu.pe ANgqe ANre ANse AN
LEANUEANDPO =202 ANTOs=20wWANtOu=yO w} = card
Ap,q)-peANgeEANDPOS ¢g=20 z} X
{(p,). peANqgeANpS g=z0w x{(p,q.pEANGEANDPO
q=y O w})
using card-image f-inj f-image by fastforce
moreover have card ({(p, q). p€E ANgqEANDPS q¢q= 206 z} X
{(p,g). peANgeANpOg=2z0w} x{(p,q). PEANGEANDPO
¢=yo uw}) =
card {(p, Q) |pgpEANGEANDPOS ¢q=26 z} %
card {(p, Q) |pgpEANGEANDPO q¢q=20 w}
card {(p, q) [ pgpEANGEANDOS ¢=y O w}
using card-cartesian-product3 by auto
moreover have ¢ x card A < card {(p, ¢) |pgpEANGEANDPOS q=12
o z}
using 1 popular-diff-def f-diff-def by auto
moreover then have (¢ % card A) * (¢ x card A) < card {(p, ¢) | pg.-p€ A
ANqeEANDPS q=26 z}
x card {(p, q¢) | pg-pEANGEANDPO q¢g=20O w}
using 2 popular-diff-def f-diff-def mult-mono assms(2) mult-nonneg-nonneg
of-nat-0-le-iff of-nat-mult by fastforce
moreover then have (¢ x card A) % (¢ * card A) * (¢ x card A) < card {(p,
)| pgpeEANGEANDPO q=26O z}
x card {(p, ¢) | pg-pEANGEANDS q=20O w} %
card {(p, ) | p g pEANGEANDPO ¢=y O w}
using 3 popular-diff-def f-diff-def mult-mono assms(2) mult-nonneg-nonneg
of-nat-0-le-iff
of-nat-mult by fastforce
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moreover have ¢ ~ 3 * card A ~ 8 = (¢ x card A) * ((¢ * card A) % (¢ * card
1))
by (simp add: power3-eq-cube algebra-simps)
ultimately show ¢ = 8 x real (card A) ~ 3 <
(card {(p, ¢, ry 8, t,u) [pgrstu.pe ANgeEANTEANSEANLE A
ANu € AN
PO =20z ANrSs=2z0wAtou=yo w}) by auto
qed
have card-ineq3: \ zy. © € B= y € ?C = card (|J (2, w) € {(z, w) | 2
w.ze ANweAN
popular-diff (z © z) ¢ A N\ popular-diff (z & w) ¢ A A popular-diff (y © w) ¢
A}.
{(p, g, 7, s, t,u) pgrstupe ANgeEANTEANSE AN
tEANUEANDPDS G=202sATrSs=z0uwAtou=yS w}) >
¢ 15 % ((card A)75) / 2 13
proof—
fix z y assume hx: z € ?B and hy: y € ?C
have hzG: ¢ € G and hyG: y € G using hx hy hBA hCA assms(4) by auto
let of = (A (z, w). {(p, ¢, 7, 8, t,u) [pgrstu.pe ANgeE AN
reANSsEANLEANUEANDOS =282 ANTEOs=208WALOu
=y 5w}
have h-pairwise-disjnt: pairwise (A a b. disjnt (?f a) (9f b))
{(z, w) [zw. z€ AN we AN popular-diff (z © ) ¢ A A popular-diff (z ©
w) ¢ A A
popular-diff (y © w) ¢ A}
proof (intro pairwisel)
fix a b assume a € {(z, w) |[zw. z € AN w€E A A popular-diff (z © x) ¢ A
A
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} b€ {(z, w) |z w. z €
ANwe AN
popular-diff (z © x) ¢ A A popular-diff (z © w) ¢ A A popular-diff (y © w)
¢ A} and
a#b
then obtain a! a2 b1 b2 where ha: a = (al, a2) and hb: b = (b1, b2) and
hal: al € G and
ha2: a2 € G and hbl: bl € G and hb2: b2 € G and hne: (al, a2) # (b1,
b2)
using assms(4) by blast
have (Vz. = (z € (?fa) A z € (?fD)))
proof (intro alll notl)
fix d assume d € (?fa) A d € (?f))
then obtain p ¢ r s t u where d = (p, ¢, r, s, t, u) and hpql: p © ¢ =
al © z and
htul:t o u=y oS a2 and hpg2: p S q=5b1 S zand htu2: t S u =1y
e b2
using ha hb by auto
then have y © a2 = y © b2 using htul htu2 by auto
then have 2: a2 = b2 using ha?2 hb2 hyG
by (metis additive-abelian-group.inverse-closed additive-abelian-group-azioms
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invertible invertible-inverse-inverse invertible-left-cancel)
have 1: al = b1 using hpql hpq2 hal hb1 hxG by simp
show Fulse using 1 2 hne by auto
qed
thus disjnt (2f a) (2f b) using disjnt-iff[of (?f a) (?f b)] by auto
qed
have hfinite-walks: \ B. B € (A (z, w). {(p, ¢, 7, s, t, u) [pgrstu.pe A
AN qge AN
reANSEANLEANUEANDPDO =202 ANTEOs=20wWAtO U
=y w})
{(z, w) [zw. z€ AN we AN popular-diff (z © z) ¢ A A popular-diff (z ©
w) ¢ A A
popular-diff (y © w) ¢ A}) = finite B
proof—
fix B assume B € (A (z, w). {(p, ¢, 7, 8, t, u) [pgrstu.pe AN g€ A
N
reANSEANTLEANUEANDPO =202 ANTOs=20wWwALtLO
u=yo uw})
{(z, w) |zw. z€ AN weE AN popular-diff (z © x) ¢ A N popular-diff (z
S w)cAAN
popular-diff (y & w) ¢ A})
then have BC A x A x A x A x A x A by auto
thus finite B using assms(1)
by (auto simp add: finite-subset)
qged
have hdisj: disjoint (A (z, w). {(p, ¢, r, s, t,u) [pgrstu.pe AN g€ AN
reANSsEANLEANUEANDPOS (=202 ANTO0s=20wAtEu
=youw}) -
{(z, w) |zw. z€ AN we AN popular-diff (z © z) ¢ A A popular-diff (z ©
w) ¢ AN
popular-diff (y © w) ¢ A}) using h-pairwise-disjnt pairwise-image[of disjnt
NGz, w. {(p,gr, s t,u)|lpgrstu.pe AN g€ AN
reANSsEANLEANUEANDPOS =202 ANTrOs=20wAtEu
=y 6 w})
{(z, w) [zw. z€ AN weE A A popular-diff (z © z) ¢ A A popular-diff (z ©
w) ¢ A A
popular-diff (y © w) ¢ A}] by (simp add: pairwise-def)
have {(z, w) |z w. z € AN w € A A popular-diff (z © z) ¢ AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} C A x A by auto
then have hwalks-finite: finite {(z, w) |z w. z € AN w € A A popular-diff (=
©z)cAAN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} using finite-subset
assms(1)
by fastforce
have f-ineq: V a € {(z, w) |z w. z € AN w e AN popular-diff (z © z) ¢c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}. ¢ =8 * (card A) ~ 38 <
card (?f a) using card-ineq2 hx hy by auto
have ¢ 715 % ((card A)75) / 2 " 13 = (¢ " 12 % (card A) ~2 /27 13) % (c

o8



T8 xcard A T 3)
by (simp add: algebra-simps)
also have ... < card {(z, w) |z w. z € AN w e A N popular-diff (2 © z) ¢ A
A
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} * (¢ = 3 * (card A) ~
3)
using card-ineq! [of z y| ha hy mult-le-cancel-right hA by (smt (verit, best)
assms(2)
mult-pos-pos of-nat-0-less-iff of-nat-le-0-iff zero-less-power)
also have ... = (> a € {(z, w) |zw. z€ AN weE A A popular-diff (z © z)
c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}. (¢ ~ 8 % (card A) ~
3)) by auto
also have ... < (3" ae{(z, w) |zw. z € AN w € A A popular-diff (z© z) ¢ A
VAN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}. card (?f a))
using sum-mono f-ineq by (smt (verit, del-insts) of-nat-sum)
also have ... = sum card (?f ‘{(z, w) |z w. z € AN w € A N popular-diff (z
©zx)cAAN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A})
using sum-card-image[of {(z, w) |z w. z € AN w € A A popular-diff (z ©
x) c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} ?f] h-pairwise-disjnt
hwalks-finite by auto
also have ... = card (U (2, w)e{(z, w) [zw. z € AN w e A N popular-diff (=
©z)cAAN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}. {(p, ¢, r, 8, t, u) |p ¢
rstu.
pEANGEANTEANSEANLEANUEANDPOS =202 AT s
=zOwA
t © u=y S w}) using card-Union-disjoint hfinite-walks hdisj by (metis
(no-types, lifting))
finally show ¢ ~ 15 * real (card A ~5) / 2 7 18 < real (card ({ (2, w)e{(z,
w) |z w.
z€ AN we AN popular-diff (z © z) ¢ A A popular-diff (z © w) ¢ A A
popular-diff (y © w) ¢ A} {(p, ¢, 7,8, t,uw) |[pgrstu.pe ANgeEANT
€ AN
SEANtLEANUEANDPDOS =20 ANTOs=20wWANtE0Uu=YyO
w}) by simp
qed
have hdsub: V d € differenceset ?C ?B. 34 y € ?C. 3 z € ?B.
(U (7, w) e {(z,w) | zw. z€ AN weE AN popular-diff (z © z) c AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}.
{(p, g, 7,8, t,w)|pgrstupe ANgeE ANTreEANsE AN
LEANUEANDPO G=202zArOs=2z0wAtOu=yO w})
C{p,gr s, t,u)|pgrstupe ANge ANre AN
sEANtEANUEANd=pPO qOTDsBTtO u}
proof
fix d assume d € differenceset ?C 7B
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then obtain y x where hy: y € ?C and hz: x € ?Band hay: d =y S«
using sumset-def minusset-def hBA hCA assms(4) subset-trans
by (smt (verit, best) minusset.simps sumset.cases)
have hzG: z € G and hyG: y € G using hx hy hBA hCA assms(4) by auto
have (| (z, w)e{(z, w) |zw. z € AN w € A A popular-diff (z © z) ¢ AA
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A} {(p, ¢, 7, 8, ¢, w) |p ¢
rstu.
pEANGEANTEANSEANLEANUEANDPOS =202 AT O s
=z0wWAtOu=yoS w})
C{lp,gr,s, t,u)lpgrstupe ANge ANre ANse ANte AN
u€ AN
d=pOS ¢S rd®sdto u}
proof (rule Union-least)
fix X assume X € (A(z, w). {(p, ¢, 7, s, t, u) |p g7 stu.
PEANGEANTEANSEANLEANUVUEANDOS =20 ATEOs
z2O wAN
tou=yow}) ‘{(z,w) |zw. z€ AN we AN popular-diff (z© z) ¢ AN
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}
then obtain z w where hX: X = {(p, ¢, r, s, t,u) [pgrstu.pe AANq
ceANTEAN
SEANELEANUEANDPO G=20sANTOs=20WANtO U=y
w}
and hz: z € A and hw: w € A by auto
have hzG: z € G and hwG: w € G using hz hw assms(4) by auto
have {(p, ¢, r, s, t, u) |[pgrstu.pe ANgeE ANre AN
SEANELEANUEANDPO =20 ANTOs=20WwANtOu=yO

w} C
{(p, g, rys8,t,u)|[pgrstupe ANge ANTEANSEANLE ANu
€ AN
d=pS ¢S re&sdto ul
proof
fix eassume e € {(p, ¢, 7, s, t, u) [pgrstu.pe ANqgeE ANTEAN
s€AN
LEANUEANDPO =202 NTO0s=20wAtOu=yOS w}
then obtain pgrstuwhere pS ¢g=z260zxandr© s= 26 wand t
Su=yow
and hp: p € Aand hq: g € Aand hr: r € Aand hs: s € A and ht: t €
A
and hu: u € A and he: e = (p, q, 7, s, t, u) by blast
thenhavepo gordsdtou=(2012)8 (z6w) & (y & w)
by (smt (23) additive-abelian-group.inverse-closed additive-abelian-group-azioms
assms(4)
associative commutative-monoid.commutative commutative-monoid-axioms
composition-closed
invertible invertible-inverse-inverse momnoid.inverse-composition-commute
monoid-azxioms subsetD)
also have ... = (w & z) & (y © w) using hzG hyG hzG hwG associative
commutative
inverse-composition-commute invertible-right-inverse2 by auto
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also have ... = y © z using haG hwG hyG associative commutative
by (simp add: monoid.invertible-right-inverse2 monoid-azxioms)
finally have p & ¢ & r ® s ® t & u = d using hxy by simp
thusee {(p, ¢, r, s, t,u) |[pgrstupe ANgeANTEANSE AN
te AN
UEANd=pO O T®sDtO u} using he hp hq hr hs ht hu by auto
qed
thus X C {(p, ¢, 7, s, t, u) [pqgrstu.
pEANqeEANTEANSEANLEANUEANd=pS ¢OT
DsdtOo u}
using hX by auto
qed
thus Jye(A(a, b). a) ‘Y. Fze(A(a, b). a) ‘X' (U(z, w)e{(z, w) |z w. z €
ANwe AN
popular-diff (z © z) ¢ A A popular-diff (z © w) ¢ A A popular-diff (y © w)
c A}
{p, ¢,y s, t,u)|lpgrstupe ANgeEANTEANSEANLE AN
e AN
pegq=z68zAres=zowAtou=yo w}) C{(p,qr st u)lp
qrstu.
pEANGEANTrEANSEANLEANUEANd=pO gOTrDsDt
o u}
using hx hy by meson
qed
have pos: 0 < ¢ 715 * real (card A ~5) / 2~ 13 using hA <c>0> by auto
have (5:: nat) < 6 by auto
then have (card A ~6 / card A ~5) = (card A) (6 — 5)
using hA power-diff by (metis of-nat-eq-0-iff of-nat-power)
then have cardApow: (card A ~6 / card A ~ §) = card A using power-one-right
by simp
moreover have V d € differenceset ?C ?B. card {(p, q, r, s, t, w) | p ¢ r st u.
peEANgeE AN
reANscANteANuUEAN(d=pSqord s tow}>c 15
* (card A) —5 ) 2713
proof
fix d assume d € differenceset ?C ?B
then obtain = y where hy: y € ?C and hz: x € B and hsub:
U (zw)e{(z,w) | zw. 2€ ANwe AN popular-diff (z © x) ¢ A A
popular-diff (z © w) ¢ A A popular-diff (y © w) ¢ A}.
{(p, g, 7, s, t,u)f pgrstupe ANgeEANTEANSE AN
tEANUEANDPS =202 AT O s=z0wAtOu=yOS w})
C{lp,gr s, t,u)|pgrstupe ANge ANre AN
SEANLEANUEANd=pO ¢S T ®sdtO u} using hdsub by meson
have {(p, ¢, 7, s, t, w) | pgrstu.pe ANge ANTre AN
SEANELEANUEANd=DpO qgOr®s®tou} CAXAXxAXAKX
A x A by auto
then have fin: finite {(p, ¢, r, s, t, u) | pgrstu.pe ANgeEANTEAN
SEANtEANUEANd=pPO qOTD®sDtOu}
using finite-subset assms(1) finite-cartesian-product by fastforce
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have ¢ 715 * (card A) ~5 )/ 2 713 < card (J (2, w) € {(z, w) | zw. z € A
ANw € AN popular-diff (z © z) ¢ A A
popular-diff (z & w) ¢ A A popular-diff (y & w) ¢ A}.
{(p, ¢, 7,8, t,u)| pgrstupe ANge ANre ANse AN
tEANUEANDPOS =202 AT O s=20wAtOu=yO w})
using card-ineq3 hx hy by auto
also have ... < card {(p, ¢, 7, s, t, u) | pgrstupe ANgeE ANTrE AN
seEANtEANUEANd=pO ¢ET®sBTtOS u}
using hsub card-mono fin by auto
finally show ¢ ~ 15 * (card A) 5 / 2 713 < card {(p, ¢, r, s, t, u) | pqrs
tuupe ANge ANTre AN
seANtEANUEANd=pO O T ®sDtO u} by linarith
qed
moreover have pairwise (A s t. disjnt (A d. {(p, ¢, 7, s, t, u)| pgrstu. pe€
ANge AN
reAN seANtEAN ueAN(d=pO qOTd s® tOu}) s)
(MNd-{(p, g,y 8, t,u)| pgrstu.pe ANge AN
reAN sc AN tEAN ueEAN(d=pOSqgord s® tSu})t)
(differenceset 2C ?B)
unfolding disjnt-def by (intro pairwisel) (auto)
moreover have V d € differenceset ?2C ?B. (A d. {(p, ¢, r, s, t, u)| p g7 st u.
peEANgE AN
reEAN sEANTLEAN ueAN(d=pOqord s® tou}) d C
AxAXxAxAxAx A
by blast
ultimately have card (differenceset ?C ?B) < ((card A) ~6) / (¢"15 * (card
A)75 /2713)
using assms(1) hA finite-cartesian-product card-cartesian-product-6[of A]
pos card-le-image-divfof A X A x A x Ax Ax AMNd. {(p,q, 7, st u)pg
rstu.peANge AN
reANsc ANteANuUEAN(d=pOqOT@®sDtOu)}) differenceset
?2C ?B
(¢715 * (card A)75 /2713)] by auto
also have ... = (card A =6 [/ card A —5) / (¢"15 /| 2713)
using hA assms(3) field-simps by simp
also have ... = (card A) / (¢ 15/ 2 "~ 13)
using cardApow by metis
finally have final: card (differenceset ?C ?B) < 2 " 18 x (1 / ¢ ~ 15) * real
(card A)
by argo
have 0 < ¢ 74 * real (card A) / 16 and 0 < ¢ ~ 2 * real (card A) / 4 using
assms(2) hA by auto
then have ?B # {} and ?C # {} using cardB cardC by auto
then show ?thesis using hCA hBA cardC cardB final that by auto
qed

We now show the main theorem, which is a direct application of lemma
obtains-subsets-differenceset-card-bound and the Ruzsa triangle inequality.
(The main theorem corresponds to Corollary 2.19 in Gowers’s notes [3].)
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theorem Balog-Szemeredi-Gowers: fixes A::'a set and c::real
assumes afin: finite A and A # {} and ¢>0 and additive-energy A = 2 x ¢
and ass: A C G
obtains A’ where A’ C A and card A’ > ¢"2 % card A / / and
card (differenceset A" A’) < 2780 % card A | ¢34
proof—
obtain B and A’ where bss: B C A and bne: B # {} and bge: card B > (¢"4)
* (card A)/16
and a2ss: A’ C A and aZ2¢e: card A’ > (¢72) x (card (A))/4
and hcardle: card (differenceset A’ B) < 2713 % card A | ¢"15
using assms obtains-subsets-differenceset-card-bound by metis
have Bg0: (card B :: real) > 0 using bne afin bss infinite-super by fastforce
have (card B) * card (differenceset A’ A’) <
card (differenceset A’ B) x card (differenceset A’ B)
using afin a2ss bss infinite-super ass Ruzsa-triangle-ineql card-minusset’ dif-
ferenceset-commute
sumset-subset-carrier subset-trans sumset-commute by (smt (verit, best))
then have card B * card (differenceset A" A’) < (card (differenceset A’ B)) "2
using bss bss power2-eq-square by metis
then have (card (differenceset A’ A')) < (card (differenceset A’ B)) "2 /card B
using Bg0 nonzero-mult-div-cancel-left[of card B card(differenceset A’ A')]
divide-right-mono by (smt (verit) of-nat-0 of-nat-mono of-nat-div-le-of-nat)
moreover have (card (differenceset A’ B)) ™2 < ((2713) % (1/c¢"15)x(card
A)) 72
using hcardle by simp
ultimately have (card (differenceset A" A")) < ((2718) % (1/c¢”15)*(card A)) "2/ (card
B)
using pos-le-divide-eq[OF Bg0] by simp
moreover have (¢™4) * (card A)/16 >0
using assms card-0-eq by fastforce
moreover have ((2713) x (1/c¢"15) * (card A))"2/(card B) =
((2713)x (1/c¢"15)*(card A)) "2 * (1/(card B)) by simp
moreover have ((2713)x (1/¢”15)  (card A)) "2 * (1/(card B)) <
((2718) = (1/c¢715) = (card A)) "2/ ((¢™4) * (card A)/16)
using bge calculation(2, 3) frac-le less-eq-real-def zero-le-power2 by metis
ultimately have (card (differenceset A’ A')) < ((2718) = (1/¢"15) * (card
)72/ () * (card 4)/16)
by linarith
then have (card (differenceset A’ A’)) < (2730) * (card A)/(c"34)
using card-0-eq assms by (simp add: power2-eq-square)
then show “thesis using a2ss a2ge that by blast
qged

The following is an analogous version of the Balog—Szemerédi—-Gowers
Theorem for a sumset instead of a difference set. The proof is similar to that
of the original version, again using obtains-subsets-differenceset-card-bound,
however, instead of the Ruzsa triangle inequality we will use the alternative
triangle inequality for sumsets triangle-ineg-sumsets.

theorem Balog-Szemeredi-Gowers-sumset: fixes A::’a set and c::real
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assumes afin: finite A and A # {} and ¢>0 and additive-energy A = 2 x ¢
and ass: A C G
obtains A’ where A’ C A and card A’ > ¢"2 % card A / / and
card (sumset A" A) < 2780 x card A | ¢34

proof—
obtain B and A’ where bss: B C A and bne: B # {} and bge: card B > (¢"4)
* (card A)/16
and a2ss: A’ C A and a2ne: A’ # {} and a2ge: card A" > (¢72) * (card
(4))/4
and hcardle: card (differenceset A’ B) < 2713 x card A | ¢"15
using assms obtains-subsets-differenceset-card-bound by metis
have finA" finite A’ and finB: finite B using afin a2ss bss using infinite-super
by auto
have bg0: (card B :: real) > 0 using bne afin bss infinite-super by fastforce
have card (minusset B) * card (sumset A’ A') <
card (sumset (minusset B) A') * card (sumset (minusset B) A’)
using finA’ finB ass a2ss bss triangle-ineq-sumsets
finite-minusset minusset-subset-carrier subset-trans by metis
then have card B * card (sumset A’ A") < (card (differenceset A’ B)) "2
using card-minusset bss ass power2-eq-square
by (metis card-minusset’ subset-trans sumset-commute)
then have (card (sumset A" A')) < (card (differenceset A’ B))"2/card B
using bg0 nonzero-mult-div-cancel-left[of card B card(sumset A" A")]
divide-right-mono by (smt (verit) of-nat-0 of-nat-mono of-nat-div-le-of-nat)
moreover have (card (differenceset A" B))™2 < ((2713) = (1/¢"15)  (card
A)) 72
using hcardle by simp
ultimately have (card (sumset A’ A")) < ((2718) * (1/¢”15) * (card A)) "2 /(card
B)
using pos-le-divide-eq[OF bg0] by simp
moreover have (¢74) x (card A)/16 >0
using assms card-0-eq by fastforce
moreover have ((2713) = (1/¢"15) x (card A)) "2/(card B) =
((2718)% (1/c715) * (card A)) "2 = (1/(card B)) by simp
moreover have ((2713) * (1/¢"15)(card A)) "2 x (1/(card B)) <
((2718) * (1/c715) * (card A))72/ ((¢™4) * (card A)/16) using bge frac-le
less-eq-real-def
zero-le-power2 calculation(2, 3) by metis
ultimately have (card (sumset A" A’)) < ((2713) x (1/c"15)*(card A)) "2/
((¢™4) * (card A)/16)
by linarith
then have (card (sumset A’ A')) < (2780) * (card A)/(c¢"34)
using card-0-eq assms by (simp add: power2-eq-square)
then show ?thesis using a2ss a2ne a2ge that by blast
qed

end
end
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8 Supplementary results related to intermediate
lemmas used in the proof of the Balog—Szemerédi—(Gowers
Theorem

theory Bualog-Szemeredi-Gowers-Supplementary
imports
Balog-Szemeredi- Gowers-Main- Proof
begin

context additive-abelian-group

begin

Even though it is not applied anywhere in this development, for the sake
of completeness we give the following analogous version of Lemma 2.17 (pop-
ular-differences-card) but for popular sums instead of popular differences.
The proof is identical to that of Lemma 2.17, with the obvious modifications.

lemma popular-sums-card:
fixes A::’a set and c::real
assumes finite A and additive-energy A = 2 x cand A C G
shows card (popular-sum-set ¢ A) > ¢ * card A

proof(cases card A # 0)
assume hA: card A # 0
have hc: ¢ > 0 using assms additive-energy-def of-nat-0-le-iff
by (smt (verit, best) assms(3) divide-nonneg-nonneg of-nat-0-le-iff)
have (2 * ¢) * (card A)"3 = (O_ d € (sumset A A). (f-sum d A)"2)
using assms f-sum-card-quadruple-set-additive-energy by auto
also have ...= ((3_ d € (popular-sum-set ¢ A). (f-sum d A)72))
+((> d € ((sumset A A) — (popular-sum-set ¢ A)). (f-sum d A)"2))
using popular-sum-set-def assms finite-sumset by (metis (no-types, lifting)
add.commute mem-Collect-eq subset] sum.subset-diff)
also have ... < ((card (popular-sum-set ¢ A)) x (card A)72)
+ cxcard A« (3. d € (sumset A A — (popular-sum-set ¢ A)) . (f-sum d A)))
proof—
have V d € ((sumset A A) — (popular-sum-set ¢ A)) . (f-sum d A)72 <
(¢ * (card A)) = (f-sum d A)
proof
fix d assume hdl: d € sumset A A — popular-sum-set ¢ A
have hnonneg: f-sum d A > 0 by auto
have — popular-sum d ¢ A using hdl popular-sum-set-def by blast
from this have f-sum d A < ¢ x card A using popular-sum-def by auto
thus real ((f-sum d A)?) < ¢ * real (card A) x real (f-sum d A)
using power2-eq-square hnonneg mult-right-mono of-nat-0 of-nat-le-iff of-nat-mult
by metis
qed
moreover have V d € (sumset A A) . f-sum d A < (card A)"2
using f-sum-def finite-sumset assms
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by (metis f-sum-le-card le-antisym nat-le-linear power2-nat-le-imp-le)
ultimately have ((>d € ((sumset A A) — popular-sum-set ¢ A) . (f-sum d
A)72)) <
(>>d € ((sumset A A) — popular-sum-set ¢ A). (¢ x card A) x (f-sum d A)))
using assms finite-sumset sum-distrib-left sum-mono by fastforce
then have ((>°d € ((sumset A A) — popular-sum-set ¢ A) . (f-sum d A)"2))
<
(¢ x card A) * ((3_ d € ((sumset A A) — popular-sum-set ¢ A) . (f-sum d A)))
by (metis (no-types) of-nat-sum sum-distrib-left)
moreover have () d € popular-sum-set ¢ A. (f-sum d A)72) <
(5" d € popular-sum-set ¢ A. (card A)"2) using f-sum-le-card assms sum-mono
assms popular-sum-set-def
by (metis (no-types, lifting) power2-nat-le-eq-le)
moreover then have (> d € popular-sum-set ¢ A . (f-sum d A)72) <
(card (popular-sum-set ¢ A)) = (card A) "2
using sum-distrib-right by simp
ultimately show ¢thesis by linarith
qed
also have ... < ((card (popular-sum-set ¢ A)) * (card A)"2) + (¢ * card A) *
(card A)72
proof—
have (3" d € (sumset A A — popular-sum-set ¢ A) . (f-sum d A)) <
(5> d € sumset A A . (f-sum d A)) using DiffD1 subset] assms sum-mono2
finite-sumset zero-le by metis
then have (¢ * card A) x ((>_ d € (sumset A A — popular-sum-set ¢ A). (f-sum
a 4)))
< (¢ * card A) * (card A) "2
using f-sum-card hc le0 mult-left-mono of-nat-0 of-nat-mono zero-le-mult-iff
assms by metis
then show %thesis by linarith
qed
finally have (2 x ¢) x (card A) "3 < ((card (popular-sum-set ¢ A)) * (card A)"2)
_|_
(¢ % card A) x (card A) "2 by linarith
then have (card (popular-sum-set ¢ A)) >
((2 % ¢)x (card A)"3 — (¢ * card A) * (card A)72)/((card A)"2)
using hA by (simp add: field-simps)
moreover have ((2  ¢)* (card A)"8 — (¢ * card A) * (card A)"2)/((card A) "2)
=2%cxcard A — ¢ * card A
using hA by (simp add: power2-eq-square power3-eq-cube)
ultimately show ?thesis by linarith
next
assume — card A # 0
thus ?thesis by auto
qed

The following is an analogous version of lemma obtains-subsets-differenceset-card-bound
(2.18 in Gowers’s notes [3]) but for a sumset instead of a difference set. It is
not used anywhere in this development but we provide it for the sake of com-
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pleteness. The proof is identical to that of lemma obtains-subsets-differenceset-card-bound
with f-diff changed to f-sum, popular-diff changed to popular-sum, @®inter-

changed with &, and instead of lemma popular-differences-card we apply its

analogous version for popular sums, that is lemma popular-sums-card.

lemma obtains-subsets-sumset-card-bound: fixes A::'a set and c::real
assumes finite A and ¢>0 and A # {} and A C G and additive-energy A =
2 xc
obtains B and A’ where B C Aand B # {} and card B> ¢} * card A /] 16
and A’C Aand A’ # {} and card A’ > ¢ 2 x card A / 4
and card (sumset A’ B) < 2718 % card A / ¢"15

proof—
let ?X = A x {0:: nat}
let Y = A x {1:: nat}
let E = mk-edge “{(z, y)| zy. ¢ € ?X ANy € 2Y A (popular-sum (fst y @ fst
z) c A)}
interpret H: fin-bipartite-graph ?X U ?Y ?E ?X ?Y
proof (unfold-locales, auto simp add: partition-on-def assms(3) assms(1) dis-
joint-def)
show {} = A x {0} = Fulse using assms(3) by auto
next
show {} = A x {Suc 0} = Fulse using assms(8) by auto
next
show A x {0} = A x {Suc 0} = False using assms(3) by fastforce
next
fix © y assume z € A and y € A and popular-sum (y ® x) ¢ A
thus {(z, 0), (y, Suc 0)} € all-bi-edges (A x {0}) (4 x {Suc 0})
using all-bi-edges-def[of A x {0} A x {Suc 0}]
by (simp add: in-mk-edge-img)
qed
have edges1: ¥V a € A.V b e A ({(a, 0), (b, 1)} € ?FE <— popular-sum (b &
a) ¢ A)
by (auto simp add: in-mk-uedge-img-iff)
have hXA: card A = card ?X by (simp add: card-cartesian-product)
have hYA: card A = card ?Y by (simp add: card-cartesian-product)
have hA: card A # 0 using assms card-0-eq by blast
have edge-density: H.edge-density ?X Y > ¢"2
proof—
define f:: ‘a = ('a x nat) edge set where f = (A z. {{(a, 0), (b, 1)} | a b.
a€EANDEAND D a=zx})
have f-disj: pairwise (X s t. disjnt (f s) (ft)) (popular-sum-set ¢ A)
proof (intro pairwisel)
fix © y assume hz: x € popular-sum-set ¢ A and hy: y € popular-sum-set c
A
and hzy: © # vy
show disjnt (f ) (f y)
proof—
have Va. - (a € fz AN a € fy)
proof (intro alll notl)
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fix a assume a € fxr ANa€ fy
then obtain z w where hazw: o = {(z, 0), (w, 1)} and hz: {(2,0), (w,
N} efux
and hy: {(z, 0), (w, 1)} € fy using f-def by blast
have w ® 2 = z using f-def hz by (simp add: doubleton-eq-iff)
moreover have w @ z = y using f-def hy by (simp add: doubleton-eq-iff)
ultimately show Fulse using hxy by auto
qed
thus ?thesis using disjnt-iff by auto
qed
qed
have f-sub-edges: V d € popular-sum-set ¢ A. (f d) C ?E
using popular-sum-set-def f-def edgesl by auto
have f-union-sub: (|J d € popular-sum-set ¢ A. (f d)) C ?F using popu-
lar-sum-set-def
f-def edges1 by auto
have f-disj2: disjoint (f * (popular-sum-set ¢ A)) using f-disj
pairwise-image|of disjnt f popular-sum-set ¢ A] by (simp add: pairwise-def)
have f-finite: AB. B € f * popular-sum-set ¢ A = finite B
using finite-subset f-sub-edges H.fin-edges by auto
have card-eq-f-diff: ¥V d € popular-sum-set ¢ A. card (f d) = f-sum d A
proof
fix d assume d € popular-sum-set ¢ A
define g:: (Ya x 'a) = ('a X nat) edge where g = (X (a, b). {(b, 0), (a, 1)})
have g-inj: inj-on g {(a, b) | ab.a € ANbDEANaDb=d}
proof (intro inj-onI)
fix x y assume z € {(a, b) [ab.a € ANDE ANa®b=d} and
ye{(a,b)]ab.ac ANbeEANaDb=d}and hg: gz =g y
then obtain al a2 b1 b2 where hz: x = (al, a2) and hy: y = (b1, b2)
by blast
thus z = y using g-def hg hx hy by (simp add: doubleton-eq-iff)
qed
have g-image: g ‘{(a, b) l[ab.a € ANbE ANa @ b= d} = fd using
f-def g-def by auto
show card (f d) = f-sum d A using card-image g-inj g-image f-sum-def by
fastforce
qged
have ¢ ~2 * (card A) T2 = ¢ x (card A) * (c x (card A)) using power2-eq-square
by (metis of-nat-power power-mult-distrib)
also have ... < (card (popular-sum-set ¢ A)) * (¢ x (card A))
using assms popular-sums-card hA by force
also have ... < (3. d € popular-sum-set ¢ A. f-sum d A) using sum-mono
popular-sum-set-def

popular-sum-def by (smt (verit, ccfv-SIG) mem-Collect-eq of-nat-sum of-real-of-nat-eq

sum-constant)

also have ... = (>_ d € popular-sum-set ¢ A. card (f d))
using card-eq-f-diff sum.cong by auto
also have ... = sum card (f ¢ (popular-sum-set ¢ A))
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using f-disj sum-card-image[of popular-sum-set ¢ A f] popular-sum-set-def
finite-sumset assms(1) finite-subset by auto
also have ... = card (U d € popular-sum-set ¢ A. (f d))
using card-Union-disjoint[of f ¢ (popular-sum-set ¢ A)] f-disj2 f-finite by auto
also have ... < card ?E using card-mono f-union-sub H.fin-edges by auto
finally have ¢ = 2 * (card A) ~ 2 < card ?F by linarith
then have ¢ = 2 x (card A) ~ 2 < card (H.all-edges-between ?X ?Y)
using H.card-edges-between-set by auto
moreover have H.edge-density ?X ?Y = card (H.all-edges-between ?X ?2Y) /
(card A) — 2
using H.edge-density-def power2-eq-square hXA hYA
by (smt (verit, best))
ultimately have (¢ = 2 * (card A) ~ 2) / (card A) ~ 2 < H.edge-density X
?Y using hA
divide-le-cancel by (smt (verit, del-insts) H.edge-density-ge0 <c* * real ((card
A)?) =
¢ * real (card A) * (¢ * real (card A))» divide-divide-eq-right zero-le-divide-iff)
thus ?thesis using hA assms(2) by auto
qed
obtain X' and Y’ where X’'sub: X’ C ?X and Y'sub: Y’ C 2Y and
hX': card X' > (H.edge-density ?X ?Y)"2 % (card ?X)/16 and
LY card Y' > (H.edge-density ?X ?Y) % (card ?Y)/4 and
hwalks: ¥ z € X'V y € Y’ card ({p. H.connecting-walk x y p A H.walk-length
p=235}) =
(H.edge-density ?X 2Y)76 * card X * card ?Y | 2713
using H.walks-of-length-3-subsets-bipartite <c>0> by auto
have ((¢72)72)  (card A) < (H.edge-density ?X 2Y )72 x (card A)
using edge-density assms(2) hA power-mono zero-le-power2 mult-le-cancel-right
by (smt (verit) of-nat-less-of-nat-power-cancel-iff of-nat-zero-less-power-iff
power2-less-eq-zero-iff power-0-left)
then have cardX’: card X' > (¢74) * (card A)/16 using hX' divide-le-cancel
hXA by fastforce
have ¢72 * (card A) | 4 < (H.edge-density ¢?X ?Y) x card ?Y / / using hYA
hA edge-density
mult-le-cancel-right by simp
then have cardY": card Y' > ¢72 x (card A)/4 using hY' by linarith
have (H.edge-density X ?Y)76 x (card ?X x card ?Y)/ 2713 > (¢72)76 =
((card A)72) / 2713 using
hXA hYA power2-eq-square edge-density divide-le-cancel mult-le-cancel-right hA
by (smt (verit, ccfo-SIG) of-nat-power power2-less-0 power-less-imp-less-base
zero-le-power)
then have card-walks:V z € X'V ye Y.
card ({p. H.connecting-walk z y p A H.walk-length p = 3}) > (¢"12) * ((card
A)72) ) 2713
using hwalks by fastforce

let ?B = (A (a, b). a) * X'

let 2C = (X (a, b). a) ‘Y’
have hBA: ?B C A and hCA: ?C C A using Y’sub X'sub by auto

69



have inj-on-X" inj-on (A (a, b). a) X’ using X'sub by (intro inj-onl) (auto)
have inj-on-Y": inj-on (A (a, b). a) Y/ using Y'sub by (intro inj-onl) (auto)
have hBX'": card ?B = card X' and hCY": card ?C = card Y’
using card-image inj-on-X' inj-on-Y' by auto
then have cardB: card B > (¢"4) * (card A)/16 and cardC: card 7C > ¢"2 %
(card A)/4
using cardX’ cardY’ by auto
have card-ineql: N zy. 2 € B= y € 9C = card {(z, w) | zw. z € AN w
e AN
popular-sum (z @ ) ¢ A A popular-sum (z @ w) ¢ A A popular-sum (y & w) ¢
) >
(c712) * ((card A)72) /| 2713
proof—
fix z y assume hz: © € ?B and hy: y € ?2C
have hzA: z € A and hyA: y € A using hx hy hBA hCA by auto
define f:: ‘a x 'a = (‘a x nat) list
where f = (A (z, w). [(z, 0), (2, 1), (w, 0), (y, 1)])
have f-inj-on: inj-on f {(z, w) |z w. 2z € AN w € A A popular-sum (z ® z) ¢
AN
popular-sum (z & w) ¢ A A popular-sum (y ® w) ¢ A} using f-def by (intro
inj-onl) (auto)
have f-image: f ‘ {(z, w) |z w. z € AN w € A A popular-sum (z ® x) ¢ A A
popular-sum (z & w) ¢ A A popular-sum (y @ w) ¢ A} =
{p. H.connecting-walk (z, 0) (y, 1) p N H.walk-length p = 3}
proof
show f “{(z, w) |[zw. z€ AN w€ AN popular-sum (z ® x) ¢ A A
popular-sum (z @ w) ¢ A A popular-sum (y & w) ¢ A} C
{p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3}
proof
fix p assume hp: p € f “{(z, w) |zw. z € AN w € A A popular-sum (z &
z) c AN
popular-sum (z @ w) ¢ A A popular-sum (y © w) ¢ A}
then obtain z w where hz: z € A and hw: w € A and hzz: popular-sum
(z@® z) ¢ A and
hzw: popular-sum (z ® w) ¢ A and hyw: popular-sum (y @ w) ¢ A and
hp: p = [(z, 0), (2, 1), (w, 0), (y, 1)] using f-def hp by fast
then have hcon: H.connecting-walk (z, 0) (y, 1) p
unfolding H.connecting-walk-def H.is-walk-def
using hzA hyA H.vert-adj-def H.vert-adj-sym edgesl by simp
thus p € {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3}
using hp H.walk-length-conv by auto
qged
next
show {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length p = 3} C f ¢
{(z, w) |z w.
ze€ ANwe AN popular-sum (z ® z) ¢ A A popular-sum (z ® w) ¢ A A
popular-sum (y & w) ¢ A}
proof (intro subsetl)
fix p assume hp: p € {p. H.connecting-walk (z, 0) (y, 1) p A H.walk-length
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p=3}
then have len: length p = 4 using H.walk-length-conv by auto
have hpsub: set p C A x {0} U A x {1} using hp H.connecting-walk-def
H .is-walk-def
by auto
then have fst-sub: fst ‘ set p C A by auto
have hi1A: fst (p!1) € A and h2A: fst (p!2) € A using fst-sub len by auto
have hpnum: p = [p!0, p!1, p!2, p!3]
proof (auto simp add: list-eq-iff-nth-eq len)
fix k assume k < (4:: nat)
then have k =0V k=1V k=2V k=3 by auto
thus p! k=1[p!0,p! Suc0,p! 2, p! 3]k by fastforce
qed
then have set (H.walk-edges p) = {{p!0, p!1} , {p!1, p'2}, {p!2, p'5}}
using
comp-sgraph.walk-edges.simps(2) comp-sgraph.walk-edges.simps(3)
by (metis empty-set list.simps(15))
then have hi1: {p!0, p!1} € ?E and h2: {p!2, p'1} € ?FE and h3: {p!2,
pl8} € 7E
using hp H.connecting-walk-def H.is-walk-def len by auto
have hzp: p!0 = (x, 0) using hp len hd-conv-nth H.connecting-walk-def
H .is-walk-def
by fastforce
have hyp: p!3 = (y, 1) using hp len last-conv-nth H.connecting-walk-def
H .is-walk-def
by fastforce
have hip: pl1 = (fst (p!1), 1)
proof—
have plf € A x {0} U A x {1} using hpnum hpsub
by (metis (no-types, lifting) insertCI list.simps(15) subsetD)
then have hsplit: snd (p!'1) = 0 V snd (p!1) = 1 by auto
then have snd (p!1) = 1
proof(cases snd (p!'1) = 0)
case True
then have I: {(z, 0), (fst (p!1), 0)} € ?E using h1 hzp doubleton-eq-iff
by (smt (verit, del-insts) surjective-pairing)
have hY: (fst (p!1), 0) ¢ ?Y and hX: (z, 0) € ?X using hzA by
auto
then have 2: {(z, 0), (fst (p!1), 0)} ¢ ?FE using H.X-vert-adj-Y
H .vert-adj-def by meson
then show ?thesis using 1 2 by blast
next
case Fulse
then show ?thesis using hsplit by auto
qed
thus (p! 1) =(fst (p! 1), 1)
by (metis (full-types) split-pairs)
qed
have h2p: p!2 = (fst (p!2), 0)
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proof—
have p!2 € A x {0} U A x {1} using hpnum hpsub
by (metis (no-types, lifting) insertCI list.simps(15) subsetD)
then have hsplit: snd (p!2) = 0 V snd (p!2) = 1 by auto
then have snd (p!2) = 0
proof(cases snd (p'2) = 1)
case True
then have 1: {(fst (p!2), 1), (v, 1)} € ?E using h3 hyp doubleton-eq-iff
by (smt (verit, del-insts) surjective-pairing)
have hY: (y, 1) ¢ ?X and hX: (fst (p!2), 1) € ?Y using hyd h2A4
by auto
then have 2: {(fst (p!2), 1), (y, 1)} ¢ ?FE using H.Y-vert-adj-X
H .vert-adj-def
by meson
then show ?thesis using 1 2 by blast
next
case Fulse
then show ?thesis using hsplit by auto
qed
thus (p! 2) = (fst (p! 2), 0)
by (metis (full-types) split-pairs)
qed
have hpop!: popular-sum ((fst (p!'1)) ® z) ¢ A using edges! h1 hxp hip
hzA h1A
by (smt (23))
have hpop2: popular-sum((fst (p'1)) & (fst (p'2))) ¢ A using edges! h2
hip h2p hi1A h2A
by (smt (23))
have hpop3: popular-sum (y @ (fst (p!2))) ¢ A using edgesi h3 h2p hyp
hyA h2A
by (smt (23))
thus p € f “{(z, w) [zw. 2z € AN weE A A popular-sum (z ® x) ¢ A A
popular-sum (z ® w) ¢ A A popular-sum (y ® w) ¢ A} using f-def hpnum
hzp hip h2p hyp
h1A h2A hpopl hpop2 hpop3 by force
qed
qed
have hz!: (z, 0) € X' and hy2: (y, 1) € Y’ using hz X'sub hy Y'sub by
auto
have card {(z, w) |z w. z € AN w € A A popular-sum (z ® z) ¢ A A
popular-sum (z & w) ¢ A A popular-sum (y & w) ¢ A} =
card {p. H.connecting-walk (x, 0) (y, 1) p A H.walk-length p = 3}
using card-image f-inj-on f-image by fastforce
thus card {(z, w) |zw. z€ AN we AN popular-sum (z & z) ¢ A A
popular-sum (z & w) ¢ A A popular-sum (y & w) ¢ A} > ¢ ~ 12 * ((card
A)72) /2713
using hxl hy2 card-walks by auto
qed
have Az 22y y2zw . (z,22) e X'= (y,y2) e V/— z€e A= we A
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= popular-sum (z ® z) ¢ A = popular-sum (z & w) ¢ A = popular-sum
(y®dw)c A=
¢ "3 xreal (card A) T3 <
(card {(p, ¢, r, s, t,u) [pgrstu.pe ANge ANre ANsec ANteE A
ANue AN
PHI=2PTANTDBs=2BWAt®u=1y®dDw})
proof —
fix z 22 y y2 z w assume (z, 22) € X' and (y, y2) € Y'and z € A and w €
A and
1: popular-sum (z @ z) ¢ A and 2: popular-sum (z & w) ¢ A and
3: popular-sum (y & w) ¢ A
define f:: 'a x 'a X 'a x 'a x 'a x 'a = (‘a x 'a) x ('a x 'a) x ('a x 'a)
where
F= O a5t (0 0 () 9), (5 )

have f-inj: inj-on f {(p, ¢, 7, s, t, u)| pgrstu.peE ANgeE ANre ANs
e AN

LEANUEANDPDBG=2PzANTDs=2zDwAt®u=yd w} using
f-def

by (intro inj-onl) (auto)

have f-image: f “{(p, ¢, 7, 8, t, u)| pqgrstu.pe ANgeE ANre AnseE
AN

LEANUEANDDG=2D 2z ANTrDs=2DwANtLDu=yd w}=

{p,)pepEANGEANDD ¢= 2@ o} X

{p,)pepeEANGEANDPD g=28 w} x

{p,g) |l pgpeEANGgeE ANDP D q=y D w} using f-def by force

have j: card {(p, q, 7, s, t, u)| pgrstu.pe ANgeE ANTEANSE AN
LEANUEANDDG=2D2zANrDs=2D wAtDu=ydw}=
card ({(p, q). pEANGEAND D q= 2 a} X
{(pg)pedNqgeAnpdg=z0w} x{(p,q). PEANGEAND D
7=y uw})
using card-image f-inj f-image by fastforce
moreover have 5: card ({(p, q). p€E ANGEANDD q=2 D x} X
{p,). peEANGgeEANDPD =20 w} x{(p,q).PEANGEAND D
=y o uw}) =
card {(p, Q) |pgpPEANGEANDD q=2D z} %
card {(p, Q) |pqg-pEANGEAND D qg= 2D w} *
card {(p, ) |[pgpEANGEANDPD ¢=y D w}
using card-cartesian-product3 by auto
have ¢ x card A < card {(p, q) | pgpEANGEANDPD ¢q= 2D z}
using 1 popular-sum-def f-sum-def by auto
then have (¢ * card A) * (¢ % card A) < card {(p, ¢) | pg-p € ANgeE AN
PO g=2®a}*
card {(p, Q) |pg-pEANGEANDD q= 2D w}
using 2 popular-sum-def f-sum-def mult-mono assms(2) mult-nonneg-nonneg
of-nat-0-le-iff of-nat-mult by fastforce
then have 6: (¢ * card A) * (¢ * card A) * (¢ * card A) < card {(p, q) | p q.
PEANGEANDD q=12® x} *
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card {(p, Q) |pqg pEANGEAND B qg= 2D w} *
card {(p, ¢) |[pg-pEANGEANDPD ¢=y D w}
using 3 popular-sum-def f-sum-def mult-mono assms(2) mult-nonneg-nonneg
of-nat-0-le-iff
of-nat-mult by fastforce
have 7: ¢ "8 x card A ~ 8 = (¢ * card A) x ((¢ * card A) * (¢ * card A))
by (simp add: power3-eq-cube algebra-simps)
show ¢ ~ 3 « real (card A) ~ 8 <
(card {(p, g, ry 8, t,u) [pgrstu.pe ANqeEANTrEANSEANLE A
ANue AN
PO g=z2@2sANTDs=z®wAt®u=yd w}) using 4 56 7 by auto
qed
then have card-ineq2: N zyzw. ¢ € B= y € 70 = (2, w) € {(z, w) | 2
w.z€ ANweE AN
popular-sum (z & x) ¢ A A popular-sum (z & w) ¢ A A popular-sum (y & w)
c A} =
card {(p, ¢, v, s, t,u)|pgrstu.pe ANgqEANTre ANse ANLE AN
u€e AN
PREIG=2P AT PBs=zRBwAtPu=yP wt>c 3 *card A3
by auto
have card-ineq3: \ xy. © € B = y € ?C = card (J (2, w) € {(z, w) | z
w.z€ANwWEAN
popular-sum (z @& z) ¢ A A popular-sum (z ® w) ¢ A A popular-sum (y & w)
c A}
{(p, ¢, 7,8, t,u)| pgrstupe ANge ANre ANse AN
tEANUEANDPDDG=2P s AT Ds=zQwAtdu=yd w}) >
¢ 15 % ((card A)75) /] 2 13
proof—
fix z y assume hz: © € ?B and hy: y € ?2C
have hzG: ¢ € G and hyG: y € G using hx hy hBA hCA assms(4) by auto
let of = (A (z, w). {(p, ¢,y 8, t,u) [pgrstu.pe ANgeE AN
reANSEANLEANUEANDDq=2B Tz ANTBs=2BWNALDu
=y & w})
have hpair-disj: pairwise (A a b. disjnt (2f a) (¢f b))
{(z, w) |zw. z€ AN we AN popular-sum (z ® z) ¢ A A\ popular-sum (z ®
w) ¢ AN
popular-sum (y & w) ¢ A}
proof (intro pairwisel)
fix a b assume a € {(z, w) |[zw. z € AN w € AN popular-sum (z ® z) ¢ A
A
popular-sum (z @ w) ¢ A A popular-sum (y ® w) ¢ A} b € {(z, w) |z w. z €
ANwe AN
popular-sum (z @ z) ¢ A N popular-sum (z & w) ¢ A N popular-sum (y &
w) ¢ A} and
a#b
then obtain al a2 b1 b2 where ha: a = (al, a2) and hb: b = (b1, b2) and
hal: al € G and
ha2: a2 € G and hb!: b1 € G and hb2: b2 € G and hne: (al, a2) # (b1,
b2)
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using assms(4) by blast
have (Vz. = (z € (?fa) A z € (?fD)))
proof (intro alll notl)
fix d assume d € (?fa) A d € (?fb)
then obtain p ¢ r s t w where d = (p, q, 7, s, t, u) and hpgl: p & q¢ =
al & z and
htul: t ®u=1y ® a2 and hpg2: p & q =541 & z and htu2: t B u=y
@ b2
using ha hb by auto
then have y ® a2 = y @ b2 using hiul htu2 by auto
then have 2: a2 = b2 using ha2 hb2 hyG by (metis invertible invert-
ible-left-cancel)
have 1: al = b1 using hpql hpq2 hal hb1 hxG by simp
show Fulse using 1 2 hne by auto
qed
thus disjnt (?2f a) (2f b) using disjnt-iff [of (?f a) (?f b)] by auto
qed
have hfinite-walks: \ B. B € (A (z, w). {(p, ¢, r, s, t, u) [pgrstu p€ A

AN qge AN
re ANSEANLEANUEANDD q=2B Tz ANTBs=2BWALDu
=y o w})
{(z, w) |zw. z€ AN weE A A popular-sum (z ® z) ¢ A A\ popular-sum (z @
w) ¢ A A
popular-sum (y & w) ¢ A}) = finite B
proof—
fix B assume B € (A (z, w). {(p, ¢, 7, 8, t, u) [pgrstu.pe AN g€ A
N
reANSEANTLEANUVUEANDD=2R2NTDSsS=2D WAL
u=youw})
{(2, w) |zw. 2 € AN we AN popular-sum (z @ z) ¢ A A popular-sum (z
®w)cAA
popular-sum (y & w) ¢ A})
then have BC A x A x A x A x A x A by auto
thus finite B using assms(1)
by (auto simp add: finite-subset)
qed
have hdisj: disjoint (A (z, w). {(p, ¢, r, s, t,u) [pgrstu.pe AN g€ AN
re ANSEANLEANUEANDD q=2B 2z ANTBSs=2BWNANLDu
=y ®wh)
{(z, w) |zw. z€ AN we AN popular-sum (z @ z) ¢ A A\ popular-sum (z @
w) ¢ A A

popular-sum (y @ w) ¢ A}) using hpair-disj pairwise-image[of disjnt (A (z,
w). {(p, ¢, rys, t,u) [pgrstu.pe AN g€ AN

reANSEANLEANUEANDPDD q=2B 2z ANTrDs=zPQwAtBu
=y ® w})

{(z, w) |zw. z€ AN we AN popular-sum (z ® z) ¢ A A popular-sum (z @
w) ¢ AN

popular-sum (y & w) ¢ A}] by (simp add: pairwise-def)

have {(z, w) |zw. z € AN w € A A popular-sum (z & z) ¢ A A
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popular-sum (z & w) ¢ A A popular-sum (y @ w) ¢ A} C A x A by auto
then have hwalks-finite: finite {(z, w) |z w. z € A AN w € A A popular-sum (z
@z)cAAN
popular-sum (z & w) ¢ A A popular-sum (y @ w) ¢ A} using finite-subset
assms(1)
by fastforce
have f-ineq: ¥V a € {(z, w) [zw. z € AN w e A A popular-sum (z & x) ¢ A A
popular-sum (z @ w) ¢ A A popular-sum (y @ w) ¢ A}. ¢ = 8 % (card A) ~ 3
<
card (?f a) using card-ineq2 hx hy by auto
have ¢ 715 x ((card A)75) / 2 718 = (¢ " 12 x (card A) ~ 2/ 2 " 13) * (c
T8 xcard A T 3)
by (simp add: algebra-simps)
also have ... < card {(z, w) |z w. z € AN w € A A popular-sum (z & z) c

AN
popular-sum (z @ w) ¢ A A popular-sum (y & w) ¢ A} * (¢ = 3 * (card A) ~
3)
using card-ineql [of z y| ha hy mult-le-cancel-right hA by (smt (verit, best)
assms(2)
mult-pos-pos of-nat-0-less-iff of-nat-le-0-iff zero-less-power)
also have ... = () a€{(z, w)|zw. z € AN weE AN popular-sum (z @ x)
c AN
popular-sum (z & w) ¢ A A popular-sum (y @& w) ¢ A}. (¢ =3 * (card A) ~
3)) by auto
also have ... < (3> ae{(z, w) |zw. z € AN w € A A popular-sum (z @ z) ¢
AN
popular-sum (z @ w) ¢ A A popular-sum (y ® w) ¢ A}. card (?f a))
using sum-mono f-ineq by (smt (verit, del-insts) of-nat-sum)
also have ... = sum card (?f ‘{(z, w) |z w. z € AN w € A A popular-sum (z
@z)cAN

popular-sum (z @ w) ¢ A A popular-sum (y @ w) ¢ A})
using sum-card-imagelof {(z, w) |z w. z € A AN w € A A popular-sum (z ®
x) c AN
popular-sum (z ® w) ¢ A A popular-sum (y ® w) ¢ A} 9f] hpair-disj
hwalks-finite by auto
also have ... = card (J (z, w)e{(z, w) |zw. z € A AN w e A A popular-sum (z
@z)cAA
popular-sum (z & w) ¢ A A popular-sum (y & w) ¢ A}. {(p, ¢, 7, s, t, u) |p ¢
rstu.
pEANGEANTEANSEANLEANUEANDPDDq=2D AT Ds
=z® wA
t@d u=y ® w}) using card-Union-disjoint hdisj hfinite-walks by (metis
(no-types, lifting))
finally show ¢ ~ 15 * real (card A ~5) / 2 7 18 < real (card ({ (2, w)e{(z,
w) |z w.
z€ AN we AN popular-sum (z @ z) ¢ A A popular-sum (z & w) ¢ A A
popular-sum (y & w) ¢ A}. {(p, ¢, v, s, t,u) [pgrstu.pe ANgeEAANT
€ AN
SEANLEANUVUEANDDq=2P AT Ds=2QWANtLRuUu=yD
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w})) by simp
qed
have pos: 0 < ¢ ~ 15 * real (card A ~5) / 2~ 13 using hA <c>0> by auto
have (5:: nat) < 6 by auto
then have (card A ~6 [/ card A ~5) = (card A) ~ (6 — 5)
using hA power-diff by (metis of-nat-eq-0-iff of-nat-power)
then have cardApow: (card A ~6 / card A ~ §) = card A using power-one-right
by simp
have hdsub: V d € sumset ?C ?B. 4 y € 2C. 3 x € ?B.
(U (7, w) e {(z, w) | zw. z€ AN w e AN popular-sum (z & z) ¢ A A
popular-sum (z @ w) ¢ A A popular-sum (y @ w) ¢ A}.
{(p, g, 7,8, t,w)pgrstupe ANgeE ANTrEANsSE AN
LEANUEANDDG=2DzANrDs=z2DwAlLDu=yd w})
C{lp,gr s, t,u)|pgrstupe ANge ANre AN
SEANtEANUEANd=pBgO(r®ds) &tdu}
proof
fix d assume d € sumset ?C ?B
then obtain y z where hy: y € ?C and hz: x € ?Band hzy: d =y ® z
using sumset-def minusset-def hBA hCA assms(4) subset-trans
by (smt (verit, best) minusset.simps sumset.cases)
have hzG: r € G and hyG: y € G using hx hy hBA hCA assms(4) by auto
have (|J (z, w)e{(z, w) |z w. z € A AN w € A A popular-sum (z & z) ¢ A N
popular-sum (z & w) ¢ A A popular-sum (y & w) ¢ A}. {(p, ¢, 7, s, t, u) |p ¢
rstu.
pEANGEANTEANSEANLEANUEANDPDD q=2D AT Ds
=zOwAtDu=yd w})
C{lp,g,r,s, t,u)lpgrstupe ANge ANre ANse ANtE AN
u€ AN
d=pdqgo (res) ®td u}
proof (rule Union-least)
fix X assume X € (A(z, w). {(p, ¢, 7, 8, ¢, w) |pgrstu
PEANGEANTrEANSEANLEANUEANDPDD q=2D T ANrDs
=zdwA
tou=ydw}l) {(zwlzw z€ ANwe AN popular-sum (z ® z) ¢ A

popular-sum (z & w) ¢ A A popular-sum (y & w) ¢ A}

then obtain z w where hX: X = {(p, ¢, r, s, t,u) [pgrstu.p€ ANq
EANTEAN

SEANELEANUEANDPDDg=2D AT Ds=2BwANtBu=yd
w}

and hz: z € A and hw: w € A by auto

have hzG: z € G and hwG: w € G using hz hw assms(4) by auto

have {(p, ¢, r, s, t,u) [pgrstu.pe ANgeE ANTr e AN

SEANTLEANUEANDPDDq=2PTANTDS=2PWAtLDu=yd
w} C

{p,g, ry8,t,u)[pgrstu.pe ANgeEANTEANSEANLE ANu
e AN

d=pDqO(rds) ®tad u}

proof
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fix eassume e € {(p, ¢, 7, s, t, u) [pgrstu.pe ANqge ANTre AN
s€e AN
tEANUEANDBG=2BzANrds=z0uwAtdu=yd w}
then obtain pgrstuwhere p® g=2®drxandr @ s= 2@ wand t
bu=ydw
and hp: p € Aand hq: ¢ € Aand hr: r € A and hs: s € A and hi: t €
A
and hu: u € A and he: e = (p, q, 1, s, t, u) by blast
thenhave p @ ¢ (r @ s) Pt u=2020 2D w) dydw
by (smt (verit, ccfu-threshold) assms(4) associative composition-closed
hwG hzG hyG hzG
inverse-closed subset-eq)
also have ... = y ® z using haG hyG hzG hwG
by (smt (verit) associative commutative composition-closed inverse-closed
invertible
invertible-right-inverse2)
finally have d = p ® ¢ © (r @ s5) ® ¢t @ u using hzy by simp
thusee {(p, ¢, 7, s, t,u) |pgrstupe ANGgeE ANTEANSE AN
te AN
uEANd=p® qO (r ®s) ®tD u} using he hp hq hr hs ht hu by
auto
qed
thus X C{(p, ¢, 7, 8, t, u) |[pgrstu.
pEANGEANTEANSEANTLEANUEANd=pD qO (r
®s)Dtdu}
using hX by auto
qed
thus Jye(A(a, b). a) * Y'. Jze(A(a, b). a) ‘ X' (U (2, w)e{(z, w) |z w. z €
ANwe AN
popular-sum (z & z) ¢ A A popular-sum (z & w) ¢ A A popular-sum (y & w)
c A}
{p, g, rys,t,u) |l pgrstu.pe ANgeEANTEANSEANEE AN
€ AN
PDI=z@z AT Ds=z2dwAtDu=yd w}) C{(p,qr st u|p
qrstu.
PpEANGEANTEANSEANLEANUEANd=DpD qO (r D 3)
®td u}
using hx hy by meson
qed
moreover have V d € sumset ?C ¢B. card {(p, ¢, r, s, t, u) | pgrstu p€
ANge AN
recANSEANtLEANUEANd=pD O (r®s)Ptdul >c 15 %
(card A) ~5 /2713
proof
fix d assume d € sumset (M(a, b). a) * Y') ((A(a, b). a) * X
then obtain z y where hy: y € ?C and hz: x € B and hsub:
U (7, w) e {(z,w) | zw. z€ AN we AN popular-sum (z & z) ¢ A A
popular-sum (z @ w) ¢ A A popular-sum (y @ w) ¢ A}.
{(p, g, 7,8, t,w)|pgrstupe ANgeE ANTreE ANsE AN
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LEANUEANDDG=2D s ANr®Ds=2DwALBu=yD w})
C{(p,gr,s, t,u)|pgrstupe ANgeE ANTre AN
seEANtEANUEANd=pDB ¢S (r&s) dte u} using hdsub by
meson
have {(p, ¢, 7, s, t,u) [pgrstu.pe ANge ANTEAN
SEANtEANUEANd=pDqO(rds)@tduf CAxAXxAxA
x A x A by auto
then have fin: finite {(p, ¢, r, s, t,u) | pgrstu.pe ANgeEANTE AN
sEANtEANUEANd=pBqgO (rds) ®td u}
using finite-subset assms(1) finite-cartesian-product by fastforce
have ¢ 715 * (card A) =5 / 2 713 < card (I (2, w) € {(z, w) | zw. z € A
ANw e AN popular-sum (z @ z) ¢ A A
popular-sum (z & w) ¢ A A popular-sum (y @ w) ¢ A}.
{(p,q, 7,8, t,u)| pgrstupe ANge ANre ANse AN
tEANUEANDDG=2R s AT Ds=zBwAtdu=yd w})
using card-ineq3 hx hy by auto
also have ... < card {(p, ¢, 7, s, t,u) | pgrstupe ANgeE ANTrE AN
SEANLEANUEANd=pD O (rds) OtD u}
using hsub card-mono fin by auto
finally show ¢ ~ 15 * (card A) 5 / 2713 < card {(p, ¢, 7, s, t, u) | pqrs
tuupe ANgeE ANre AN
sEANtEANUEANd=pD qO (r D s) ®t® u} by linarith
qed
moreover have pairwise (A s t. disjnt (A d. {(p, ¢, 7, s, t, u)| pgrstu. pé€
ANqge AN
reAN sEAN tEAN UEANd=pD qgO (r®s) ®td u})s)
(Nd. {(p, ¢,y s, t,u)lpgrstu.pe ANge AN
r€EAN sEAN tEAN uEANAd=pD O (rds) &ta u})t)
(sumset ?C ?B)
unfolding disjnt-def by (intro pairwisel) (auto)
moreover have V d € sumset ?C ?B. (A d. {(p, ¢, r, s, t,u)| pgrstu. peE
ANge AN
reEAN sEANTLEAN UueAN(d=pD DT D s tDu})d) C
Ax Ax Ax Ax Ax A
by blast
ultimately have card (sumset ?C ?B) < ((card A) ~ 6) / (¢"15 *(card A)™5
/2713)
using assms(1) hA finite-cartesian-product card-cartesian-product-6[of Al
pos card-le-image-divfjof A X A x A x Ax Ax ANd. {(p,q, 1, st u)|pgq
rstu.peANge AN
reANsSEeANtEANUEANd=pDqgO (r®s) ®td u}) sumset 2C
B
(¢715 * (card A)75 /2713)] by auto
also have ... = (card A "6 [/ card A —5) / (¢"15 | 2713)
using hA assms(3) field-simps by simp
also have ... = (card A) / (¢ 15 / 2 " 13)
using cardApow by metis
finally have final: card (sumset 2C ?B) < 2 718 % (1 / ¢ ~ 15) * real (card A)
by argo
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have 0 < ¢ ™ 4 * real (card A) / 16 and 0 < ¢ ~ 2 % real (card A) / 4 using
assms(2) hA by auto

then have ?B # {} and ?C # {} using cardB cardC by auto

then show ?thesis using hCA hBA cardC cardB final that by auto
qed

end
end

References

[1] C. Edmonds. Undirected graph theory. Archive of Formal
Proofs, September 2022. https://isa-afp.org/entries/Undirected
Graph_ Theory.html, Formal proof development.

[2] W. T. Gowers. A new proof of Szemerédi’s theorem. Geometric &
Functional Analysis GAFA, 11(3):465-588, 2001.

[3] W. T. Gowers. Introduction to additive combinatorics, 2022. Lec-
ture notes for Part III of the Mathematical Tripos taught at the
University of Cambridge, available at https://drive.google.com/file/d/
1utOmUqgSyPMweoxoDTthXverEONyFgcuO/view.

[4] Y. Zhao. Graph theory and additive combinatorics. Online at https:
//yufeizhao.com/gtacbook/, 2022. book draft.

80


https://isa-afp.org/entries/Undirected_Graph_Theory.html
https://isa-afp.org/entries/Undirected_Graph_Theory.html
https://drive.google.com/file/d/1ut0mUqSyPMweoxoDTfhXverEONyFgcuO/view
https://drive.google.com/file/d/1ut0mUqSyPMweoxoDTfhXverEONyFgcuO/view
https://yufeizhao.com/gtacbook/
https://yufeizhao.com/gtacbook/

	Miscellaneous technical lemmas
	Background material for the graph-theoretic aspects of the main proof
	On graphs with loops
	On bipartite graphs

	Auxiliary probability space results
	A triangle inequality for sumsets
	Background material in additive combinatorics
	Additive quadruples and additive energy
	On sums
	On differences

	Results on lower bounds on additive energy
	Towards the proof of the Balog–Szemerédi–Gowers Theorem
	Supplementary results related to intermediate lemmas used in the proof of the Balog–Szemerédi–Gowers Theorem

