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Abstract

This entry formalizes the closure property of bounded natural functors (BNFs) under seven operations.
These operations and the corresponding proofs constitute the core of Isabelle’s (co)datatype package. To
be close to the implemented tactics, the proofs are deliberately formulated as detailed apply scripts. The
(co)datatypes together with (co)induction principles and (co)recursors are byproducts of the fixpoint
operations LFP and GFP. Composition of BNFs is subdivided into four simpler operations: Compose,
Kill, Lift, and Permute. The N2M operation provides mutual (co)induction principles and (co)recursors
for nested (co)datatypes.
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1 Least Fixpoint (a.k.a. Datatype)

unbundle cardinal__syntax

(ML)

notation BNF_Def.convol (<<__, _>»)
‘bl = (’a, ’bl, 'b2) F1
'b2 = (’a, 'bl, 'b2) F2

To build a witness scenario, let us assume
(Ca, ’bl, b2) F1 = ’a *’bl + ’a * b2
(’a, 'bl, ’b2) F2 = unit + b1 * 'b2

declare [[bnf_internals]|

bnf-axiomatization (Fisetl: 'a, Fiset2: 'b1, Flset3: 'b2) F1
[wits: 'a = 'b1 = ('a, b1, 'b2) F1 'a = 'b2 = ('a, 'b1, 'b2) F1]
for map: Fimap rel: Flrel

bnf-axiomatization (F2setl: 'a, F2set2: 'b1, F2set3: 'b2) F2
[wits: ('a, 'b1, 'b2) F2]
for map: F2map rel: F2rel

abbreviation Flin :: 'al set = ‘a2 set = 'a8 set = ((‘al, 'a2, 'a8) F1) set where
Fiin A1 A2 A8 = {x. Fisetl x C Al N Flset2x C A2 A Flset3 z C A3}

abbreviation F2in :: ‘al set = ‘a2 set = ‘a8 set = ((‘al, ‘a2, 'a8) F2) set where
F2in A1 A2 A8 = {z. F2setl x C Al N F2set2 x C A2 A F2set3 z C A3}

lemma Fimap_comp_id: Flmap gl g2 g3 (Flmap id f2 f3 ) = Fimap g1 (g2 0 f2) (93 0 f3) =
(proof )

lemmas Flin_mono23 = F1.in_mono[OF subset_refl]

lemma Fimap_congL: [Va € Flset2z. fa = a;Va € Flset3 z. g a = a] =
Fimapidfgx ==
(proof)

lemma F2map_comp__id: F2map g1 g2 g3 (F2map id f2 f3 ) = F2map g1 (g2 0 f2) (93 0 f3) =
(proof)

lemmas F2in_mono23 = F2.in_mono[OF subset_refl]

lemma F2map_congL: [Va € F2set2z. fa = a;Va € F2set3 z. g a = a] =
F2map idfgx ==
(proof )

1.1 Algebra

definition alg where
alg B1 B2 sl s2 =
((Vz € F1in (UNIV :: 'a set) Bl B2. sl x € B1) A (Vy € F2in (UNIV :: 'a set) Bl B2. s2 y € B2))

lemma alg_Flset: [alg B1 B2 sl s2; Flset2 © C Bl; Flset3 x C B2] = sl z € Bl
(proof )



lemma alg F2set: [alg B1 B2 s1 s2; F2set2 © C Bl; F2set3 x C B2] = s2z € B2
(proof)

lemma alg_not_empty:
alg B1 B2 s1 s2 = B1 # {} N B2 # {}
(proof)

1.2 Morphism

definition mor where
mor B1 B2 s1 s2 B1' B2' s1' 52" fg =
((Wa€B1l.fae B1') A (Va € B2. ga € B2')) A
((Vz € Flin (UNIV :: 'a set) B1 B2. f (sl 2) = s1' (Flmap id f g z)) A
(Vz € F2in (UNIV :: 'a set) Bl B2. g (s2 z) = s2' (F2map id f g 2))))

lemma morE1: [mor Bl B2 s1 s2 B1' B2' s1' s2' f g; z € Flin UNIV B1 B2]
= f (s1 2) = s1’ (Flmap id f g 2)
(proof)

lemma morE2: [mor Bl B2 s1 s2 B1' B2' s1’ s2' f g; = € F2in UNIV B1 B2]
= g (s22) = s2' (F2map id f g 2)
(proof)

lemma mor_incl: [B1 C B1'; B2 C B2'] = mor B1 B2 s1 s2 B1' B2’ s1 s2 id id
(proof )

lemma mor_comp:
[mor B1 B2 s1 s2 B1' B2' s1' s2' f g;
mor B1' B2’ s1's2' B1" B2" s1"” s2" f' ¢'] =
mor Bl B2 sl s2 Bl B2" s1" 52" (f' o f) (9’ 0 g)
(proof)

lemma mor_cong: [ f' = f; g’ = g; mor B1 B2 s1 s2 B1' B2' s1' 52’ f g] =
mor B1 B2 s1 s2 B1' B2' s1’ 52’ f' ¢’

(proof )

lemma mor_str:
mor UNIV UNIV (Flmap id sl s2) (F2map id s1 s2) UNIV UNIV s1 s2 sl s2

(proof )

1.3 Bounds

type-synonym bd_type F1' = bd_type F1 + (bd_type_F1, bd_type F1, bd_type_F1) F1
type-synonym bd__type F2' = bd_type F2 + (bd_type_F2, bd_type F2, bd_type_F2) F2
type-synonym SucFbd_type = ((bd_type F1'+ bd_type F2') set)
type-synonym ‘al ASucFbd_type = (SucFbd_type = (‘al + bool))

abbreviation F1bd' = bd_F1 +c |UNIV :: (bd_type F1, bd_type F1, bd_type F1) F1 set|
lemma Fisetl_bd_incr: \z. |Flsetl z| <o F1bd’
(proof)
lemma Fiset2 bd_incr: \z. |Flset2 x| <o F1bd’
(proof )
lemma Fiset3_bd_incr: \z. |Flset3 z| <o F1bd’
(proof )

lemmas F1bd' Card_order = Card_order csum

lemmas F1bd’_Cinfinite = Cinfinite_csum1[OF F1.bd_ Cinfinite]

lemmas F1bd’_Cnotzero = Cinfinite_ Cnotzero[OF F1bd'_Cinfinite]

lemmas F1bd’_card_order = card_order__csum[OF F1.bd__card_order card_of _card_order_on]

abbreviation F2bd’' = bd_F2 +c |UNIV :: (bd_type_F2, bd_type F2, bd_type_F2) F2 set|
lemma F2setl_bd_incr: \z. |F2setl x| <o F2bd’
(proof )



lemma F2set2_bd_incr: N\z. |F2set2 z| <o F2bd’

(proof )
lemma F2set3_bd_incr: \z. |F2set3 z| <o F2bd’

(proof)

lemmas F2bd' _Card_order = Card__order_ _csum

lemmas F2bd’_Cinfinite = Cinfinite_csum1[OF F2.bd_ Cinfinite]
lemmas F2bd’_Cnotzero = Cinfinite_ Cnotzero|OF F2bd’'_Cinfinite]
lemmas F2bd’ card_order = card__order_csum|[OF F2.bd__card_order card__of _card_order_on]

abbreviation SucFbd where SucFbd = cardSuc (F1bd' +c F2bd’)
abbreviation ASucFbd where ASucFbd = ( |UNIV| +c ctwo ) “c¢ SucFbd

lemma Fisetl bd: |Flsetl z| <o bd_F1 +c bd_F2
(proof)

lemma Fiset2 bd: |Fl1set2 z| <o bd_F1 +c bd_F2
(proof)

lemma Fiset3 bd: |Flset3 z| <o bd_F1 +c bd_F2
(proof)

lemma F2set! bd: |F2setl z| <o bd_F1 +c bd_F2
(proof)

lemma F2set2 bd: |F2set2 z| <o bd_F1 +c bd_F2
(proof)

lemma F2set3 bd: |F2set3 x| <o bd_F1 +c bd_F2
(proof)

lemmas SucFbd__Card_order = cardSuc__Card__order|OF Card__order_csum)]

lemmas SucFbd__Cinfinite = Cinfinite__cardSuc|OF Cinfinite_csum1[OF F1bd’_Cinfinite])

lemmas SucFbd_ Cnotzero = Cinfinite_ Cnotzero|OF SucFbd__Cinfinite]

lemmas worel _SucFbd = Card_order_wo__rel|OF SucFbd__Card_order]

lemmas ASucFbd_Cinfinite = Cinfinite_cexp[OF ordLeq_csum2[OF Card_order_ctwo] SucFbd__Cinfinite]

1.4 Minimal Algebras

abbreviation min G1 where
min_G1 Asl_As2 i = (Uj € underS SucFbd i. fst (Asl_As2 j))

abbreviation min G2 where
min_G2 Asl_As2 i = (Uj € underS SucFbd i. snd (Asl_As2 j))

abbreviation min _H where
min_H sl s2 Asl_As2 1 =
(min_G1 Asl_As2 i U s1 ‘ (Flin (UNIV :: 'a set) (min_G1 Asi_As2 i) (min_G2 Asl_As2 1)),
min_ G2 Asl_As2 iU s2 ‘ (F2in (UNIV :: 'a set) (min_G1 Asi_As2 1) (min_G2 Asl_As2 1))

abbreviation min__algs where
min__algs s1 s2 = wo__rel.worec SucFbd (min_H s1 s2)

definition min__algl where
min_algl s1 s2 = (|Ji € Field SucFbd. fst (min_algs s1 s2 1))

definition min_ alg2 where
min_alg2 s1 s2 = (|Ji € Field SucFbd. snd (min_algs sl s2 1))

lemma min__algs:
1 € Field SucFbd = min__algs s1 s2 i = min_H s1 s2 (min_algs sl s2) i

(proof )

corollary min_algsl: ¢ € Field SucFbd = fst (min__algs s1 s2 i) =



min_G1 (min_algs sl s2) i U
s1 ¢ (Flin UNIV (min_G1 (min_algs s1 s2) 1) (min_G2 (min_algs s1 s2) 1))
(proof)

corollary min_algs2: i € Field SucFbd = snd (min__algs sl s2 i) =
min_ G2 (min_algs sl s2) i U
s2 ¢ (F2in UNIV (min_G1 (min__algs s1 s2) i) (min_G2 (min__algs s1 s2) 1))
(proof)

lemma min__algs_monol: relChain SucFbd (%i. fst (min__algs s1 s2 1))

(proof )

lemma min__algs _mono2: relChain SucFbd (%i. snd (min__algs s1 s2 1))

(proof )

lemma SucFbd_limit: [z1 € Field SucFbd & z2 € Field SucFbd]
= 3y € Field SucFbd. (z1 # y A (21, y) € SucFbd) A (22 # y A (22, y) € SucFbd)
(proof)

lemma alg_min__alg: alg (min__algl s1 s2) (min_alg2 sl s2) sl s2
(proof)

lemmas SucFbd_ASucFbd = ordLess_ordLeq trans[OF
ordLess__ctwo__cexp
cexp__monol [OF ordLeq csum2[OF Card_order_ctwol],
OF SucFbd__Card__order SucFbd__Card__order]

lemma card_of min__algs:
fixes s :: (‘a, 'b, 'c) F1 = 'band s2 :: (‘a, b, 'c) F2 = 'c
shows ¢ € Field SucFbd —
( |fst (min_algs s1 s2 i)| <o (ASucFbd :: 'a ASucFbd_type rel) A |snd (min_algs s1 52 i)| <o (ASucFbd ::
ASucFbd_type rel) )
(proof)

lemma card_of min__algl:
fixes s1 :: (‘a, 'b, 'c) F1 = 'band 52 :: (‘a, 'b, 'c) F2 = 'c
shows |min__algl s1 s2| <o (ASucFbd :: 'a ASucFbd_ type rel)
(proof)

lemma card_of min__alg2:
fixes s :: (‘a, 'b, 'c) F1 = 'band s2 :: (‘a, b, 'c) F2 = 'c
shows |min__alg2 sl 52| <o (ASucFbd :: 'a ASucFbd__type rel)
(proof)

lemma least_min__algs: alg B1 B2 sl s2 —
i € Field SucFbd —
fst (min_algs s1 s2 i) C B1 A snd (min_algs s1 s2 i) C B2
(proof)

lemma least _min__algl: alg B1 B2 sl s2 =—> min__algl s1 s2 C Bl
(proof)

lemma least__min_alg2: alg B1 B2 s1 s2 = min__alg2 sl s2 C B2
(proof)

lemma mor_incl_min__alg:
alg B1 B2 sl s2 —

mor (min__algl s1 s2) (min_alg2 sl s2) s1 s2 B1 B2 s1 s2id id
(proof )

1.5 Initiality

The following “happens" to be the type (for our particular construction) of the initial algebra carrier:



type-synonym ’al Flinit_type = (‘al, 'al ASucFbd_type, 'al ASucFbd_type) F1 = 'al ASucFbd_type
type-synonym ‘al F2init_type = (‘al, 'al ASucFbd_type, 'al ASucFbd_type) F2 = 'al ASucFbd_type

typedef ‘al IIT =
UNIV ::
(("al ASucFbd_type set x 'al ASucFbd_type set) x ('al Flinit_type X 'al F2init_type)) set
(proof)

1.6 Initial Algebras

abbreviation II :: ‘al IIT set where
II = {Abs _IIT ((B1, B2), (s1, s2)) |B1 B2 sl s2. alg Bl B2 s1 s2}
definition str initl where
str_initl (dummy :: 'al)
(y::('al, 'al IIT = 'al ASucFbd_type, 'al IIT = 'al ASucFbd_type) F1)
(i 'al IIT) =
fst (snd (Rep_IIT 1))
(Fimap id (\f :: 'al IT = 'al ASucFbd_type. fi) (Af. f1) y)
definition str_init2 where
str_init2 (dummy :: 'al) y (i : 'al IIT) =
snd (snd (Rep_IIT 7)) (F2map id (Af. fi) (A\f. fi) y)
abbreviation car initl where
car_init! dummy = min__algl (str_init! dummy) (str_init2 dummy)
abbreviation car_init2 where
car_init2 dummy = min__alg2 (str_initl dummy) (str_init2 dummy)

lemma alg_select:
Vi e Il alg (fst (fst (Rep_IIT ©))) (snd (fst (Rep_IIT i)))
(fst (snd (Rep_IIT ))) (snd (snd (Rep_IIT i)))
(proof)

lemma mor_select:
[¢ € II;
mor (fst (fst (Rep_IIT 7))) (snd (fst (Rep_IIT 7)))
(fst (snd (Rep_IIT ))) (snd (snd (Rep_IIT i))) UNIV UNIV s1's2' f g] =
mor (car_init1 dummy) (car_init2 dummy) (str_init1 dummy) (str_init2 dummy) UNIV UNIV s1' s2' (f o (Ah.
h 1)) (g o (Ah. h 1))
(proof)

lemma init_unique__mor:
[al € car_initl dummy; a2 € car_init2 dummy;
mor (car_initl dummy) (car_init2 dummy) (str_init! dummy) (str_init2 dummy) B1 B2 sl s2 f1 f2;
mor (car_initl dummy) (car_init2 dummy) (str_initl dummy) (str_init2 dummy) B1 B2 s1 s2 g1 ¢2] =
fl1 al = g1 al N f2a2 = g2 a2
(proof)

abbreviation closed where
closed dummy phil phi2 = ((Vz € Flin UNIV (car_init] dummy) (car_init2 dummy).
(Vz € Flset2 x. phil z) N\ (Vz € Flset3 z. phi2 z) — phil (str_init] dummy z)) A
(Vo € F2in UNIV (car_initl dummy) (car_init2 dummy).
(Vz € F2set2 x. phil z) N\ (Vz € F2set3 x. phi2 z) — phi2 (str_init2 dummy z)))

lemma init_induct: closed dummy phil phi2 —
(Vz € car_init] dummy. phil ) A (Vz € car_init2 dummy. phi2 x)
(proof)

1.7 The datatype

typedef (overloaded) ‘al IF1 = car_initl (undefined :: 'al)
(proof )

typedef (overloaded) ‘al IF2 = car_init2 (undefined :: 'al)
(proof )



definition ctor! where ctorl = Abs_IF1 o str_initl undefined o F1map id Rep_ IF1 Rep_IF2
definition ctor2 where ctor2 = Abs_IF2 o str_init2 undefined o F2map id Rep_ IF1 Rep_IF2

lemma mor_Rep_ IF:
mor (UNIV :: 'a IF1 set) (UNIV :: 'a IF2 set) ctorl ctor2
(car_init! undefined) (car_init2 undefined) (str_initl undefined) (str_init2 undefined) Rep_ IF1 Rep_ IF2

(proof)

lemma mor Abs IF":
mor (car_initl undefined) (car_init2 undefined)
(str_init! undefined) (str_init2 undefined) UNIV UNIV ctorl ctor2 Abs IF1 Abs IF2

(proof )

lemma copy:
lalg B1 B2 si s2; bij_betw f B1' B1; bij_betw g B2' B2] —
3f"g' alg B1' B2' f' g A mor B1' B2’ f' ¢’ B1 B2s1s2fg
(proof )

lemma init_ex mor:
3f g. mor UNIV UNIV ctorl ctor2 UNIV UNIV s1 s2 f g
(proof )

Iteration

abbreviation fold where
fold s1 s2 = (SOME f. mor UNIV UNIV ctorl ctor2 UNIV UNIV sl s2 (fst f) (snd f))

definition fold! where fold1 s1 s2 = fst (fold s1 s2)
definition fold2 where fold2 s1 s2 = snd (fold sl s2)

lemma mor_ fold:
mor UNIV UNIV ctorl ctor2 UNIV UNIV s1 s2 (foldl sl s2) (fold2 s1 s2)

(proof)
(ML)

theorem fold1:
(fold1 s1 s2) (ctor! z) = s1 (Flmap id (foldl s1 s2) (fold2 s1 s2) z)
(proof)

theorem fold2:
(fold2 s1 s2) (ctor2 z) = s2 (F2map id (foldl s1 s2) (fold2 s1 s2) x)
(proof)

lemma mor_ UNIV: mor UNIV UNIV si s2 UNIV UNIV s1' s2' f g «—
fosl =s1"oFimapidfgA gos2 =52 0F2mapidfyg
(proof )

lemma fold unique__mor: mor UNIV UNIV ctorl ctor2 UNIV UNIV s1 s2 f g =
f = foldl s1 s2 N g = fold2 s1 s2
(proof )

lemmas fold _unique = fold _unique_mor[OF iffD2[OF mor_UNIV], OF conjl|

lemmas fold1_ctor
lemmas fold2 ctor

sym|[OF conjunctl [OF fold_unique__mor[OF mor_incl[OF subset_UNIV subset_UNIV]]]]
sym[OF conjunct2[OF fold__unique__mor[OF mor_incl[OF subset_UNIV subset_UNIV]]||

Case distinction

lemmas ctori_o_foldl =

trans[OF conjunctl[OF fold_unique_mor[OF mor_comp[OF mor_fold mor_str]]] foldl__ctor]
lemmas ctor2_o_fold2 =

trans[OF conjunct2[OF fold__unique__mor[OF mor_comp[OF mor_fold mor_str]]] fold2_ctor]



definition dtor! = fold1 (F1map id ctorl ctor2) (F2map id ctorl ctor2)
definition dtor2 = fold2 (F1map id ctorl ctor2) (F2map id ctorl ctor2)

(ML)

lemma ctorl o dtorl: ctorl o dtorl = id

(proof)

lemma ctor2 o dtor2: ctor2 o dtor2 = id

(proof)

lemma dtorl o ctorl: dtorl o ctorl = id

(proof )

lemma dtor2_o_ctor2: dtor2 o ctor2 = id

(proof )

lemmas dtorl__ctorl = pointfree_idE
lemmas dtor2_ctor2 = pointfree_idE
lemmas ctori_dtorl = pointfree_idE
lemmas ctor2 dtor2 = pointfree_idE

OF dtorl_o__ctorl]
OF dtor2_o__ctor2]
OF ctorl_o_ dtorl]
OF ctor2_o__dtor2]

lemmas bij_dtor! = o_bij[OF ctorl_o_dtor! dtorl_o_ctorl]
lemmas inj_dtor! = bij_is_inj[OF bij_dtorl]

lemmas surj_dtor!] = bij_is_surj[OF bij_dtorl]

lemmas dtorl _nchotomy = surjD[OF surj_dtor1]

lemmas dtorl_diff = inj_eq[OF inj_dtorl]

lemmas dtor!__cases = exE|OF dtorl_nchotomy]

lemmas bij_dtor2 = o_bij[OF ctor2_o_ dtor2 dtor2_o_ ctor2]
lemmas inj_dtor2 = bij_is_inj[OF bij_dtor2]

lemmas surj_dtor2 = bij_is_surj[OF bij_dtor2]

lemmas dtor2 nchotomy = surjD[OF surj_dtor2]

lemmas dtor2_diff = inj_eq[OF inj_dtor2]

lemmas dtor2_cases = exE[OF dtor2_nchotomy]

lemmas bij_ctor! = o_bij[OF dtorl_o__ctorl ctorl__o_dtorl]
lemmas inj_ctor! = bij_is_inj{OF bij_ctorl]

lemmas surj_ctorl = bij_is_surj[OF bij_ctorl]

lemmas ctorl_nchotomy = surjD[OF surj_ctorl!]

lemmas ctorl__diff = inj_eq[OF inj_ctorl]

lemmas ctorl__cases = exE[OF ctorl__nchotomy]

lemmas bij_ctor2 = o_bij[OF dtor2_o__ctor2 ctor2_o__dtor2]
lemmas inj_ctor2 = bij_is_inj{OF bij__ctor2]

lemmas surj_ctor2 = bij_is_surj[OF bij__ctor2]

lemmas ctor2_nchotomy = surjD[OF surj_ctor2]

lemmas ctor2_diff = inj_eq[OF inj_ctor2]

lemmas ctor2_cases = exE[OF ctor2_nchotomy]

Primitive recursion

definition rec! where

recl s1 s2 = snd o foldl (<ctorl o Fimap id fst fst, s1>) (<ctor2 o F2map id fst fst, s2>)
definition rec2 where

rec2 s1 s2 = snd o fold2 (<ctorl o Flmap id fst fst, s1>) (<ctor2 o F2map id fst fst, s2>)

lemma foldl_o_ ctorl: foldl s1 s2 o ctorl = sl o Flmap id (foldl s1 s2) (fold2 sl s2)

(proof)
lemma fold2 o_ ctor2: fold2 s1 s2 o ctor2 = s2 o F2map id (foldl s1 s2) (fold2 sl s2)

(proof )

lemmas fst_recl pair =
trans[OF conjunctl[OF fold_unique[OF

trans|OF o__assoc[symmetric] trans[OF arg_cong2[of _ _ _ _ (o), OF refl
trans[OF foldl _o_ ctorl convol 0]]], OF trans[OF fst_convol]|
trans|OF o__assoc[symmetric] trans|OF arg_cong2[of _ _ __ __ (o), OF refl



trans[OF fold2_o__ctor2 convol_o]], OF trans[OF fst_convol]]]]
fold1__ctor, unfolded F1.map__compO|of id, unfolded id_ o] F2.map__comp0|of id, unfolded id_ o] o_assoc,
OF refl refl]
lemmas fst_rec2 pair =
trans[OF conjunct2][OF fold_unique] OF

trans|OF o__assoc[symmetric| trans|OF arg_cong2[of _ _ __ __ (o), OF refl
trans[OF foldl__o_ ctorl convol 0]]], OF trans[OF fst_convol||
trans|OF o__assoc[symmetric] trans|OF arg_cong2[of _ (o), OF refl

trans[OF fold2_o__ctor2 convol_ol]], OF trans[OF fst_convol]]]]
fold2__ctor, unfolded F1.map__compO|of id, unfolded id_o] F2.map_ comp0|of id, unfolded id_ o] o_assoc,
OF refl refl]

theorem recl: recl sl s2 (ctorl x) = sl (Flmap id (<id, recl s1 s2>) (<id, rec2 sl s2>) x)

(proof )

theorem rec2: rec2 sl s2 (ctor2 x) = s2 (F2map id (<id, recl s1 s2>) (<id, rec2 sl s2>) x)
(proof )

lemma rec_unique:
foctorl = sl o Flmap id <id , f> <id , g> =
g o ctor2 = s2 o F2map id <id , f> <id , g> = f = recl s1 s2 N g = rec2 sl s2
(proof)

Induction

theorem ctor induct:
[Az. (Aa. a € Flset2 x = phil a) = (\a. a € Flset3 x = phi2 a) = phil (ctorl z);
Az. (Aa. a € F2set2 x = phil a) = (A\a. a € F2set3 x => phi2 a) = phi2 (ctor2 z)] =
phil a N\ phi2 b
(proof)

theorem ctor induct2:
Az y. (Aab. a € Fiset2x = b € Flset? y = phil a b) =
(Aa b. a € Fiset3 x => b € Flset3 y = phi2 a b) = phil (ctorl z) (ctorl y);
Az y. (Nab. a € F2set2 x => b € F2set2 y = phil a b) =
(Aa b. a € F2set3 1 = b € F2set3 y = phi2 a b) = phi2 (ctor2 z) (ctor2 y)] =
phil al b1 N phi2 a2 b2
(proof)

1.8 The Result as an BNF

The map operator

abbreviation IFImap where IFimap f = foldl (ctorl o (Flmap fid id)) (ctor2 o (F2map f id id))
abbreviation IF2map where IF2map f = fold2 (ctorl o (Fimap fid id)) (ctor2 o (F2map f id id))

theorem IFi1map:
(IF1map f) o ctorl = ctorl o (Fimap f (IFimap f) (IF2map f))
(proof)

theorem IF2map:
(IF2map f) o ctor2 = ctor2 o (F2map f (IFImap f) (IF2map f))
(proof )

lemmas IFImap_simps = o_eq_dest[OF IFImap]
lemmas IF2map_simps = o_eq_dest[OF IF2map]

lemma IFmap_ unique:
[u o ctorl = ctorl o Fimap fu v; v o ctor2 = ctor2 o F2map fu v] =
w = IFImap f A v = IF2map f

(proof )

theorem [F1map_id: IF1map id = id
(proof )



theorem [F2map_id: [F2map id = id
(proof )

theorem IFImap_comp: IF1map (g o f) = IFImap g o IFImap f
(proof )

theorem IF2map_comp: IF2map (g o f) = IF2map g o IF2map f
(proof )

The bound
abbreviation IF'bd where [Fbd = bd F1 +c bd F2

theorem [Fbd_card order: card order IFbd
(proof )

lemma [Fbd__ Cinfinite: Cinfinite 1Fbd
(proof)

lemma [Fbd_regularCard: reqularCard IFbd
(proof)

lemmas IFbd_cinfinite = conjunctl [OF IFbd__Cinfinite]

The set operator

abbreviation IF1col where [F1col = (AX. Flset] X U (
abbreviation IF2col where [F2col = (AX. F2set! X U (

(F1set2 X) U | (F1sets X)))
(F2set?2 X) U | (F2set3 X)))

cC

abbreviation [F'1set where [Fiset = foldl IF1col IF2col
abbreviation [F'2set where [F2set = fold2 IF1col IF2col

abbreviation IFIin where IFlin A = {z. [F1set x C A}
abbreviation IF2in where IF2in A = {z. [F2set x C A}

lemma [F1set: IF1set o ctor] = IF1col o (FImap id IF1set IF2set)
(proof )

lemma [F2set: [F2set o ctor2 = IF2col o (F2map id IF1set IF2set)
(proof )

theorem [F1set simps:
IF1set (ctorl z) = Flsetl z U ((Ua € Flset2 xz. IF1set a) U (Ja € Flset8 z. IF2set a))

(proof)

theorem [F2set_simps:
IF2set (ctor2 z) = F2setl x U ((Ua € F2set2 x. IF1set a) U (Ja € F2set8 z. IF2set a))

(proof )

lemmas Flsetl IFl1set = xt1(8)[OF IF1set_simps Un_upperl]
lemmas Flset2 IF1set = subset trans|OF UN_upper subset_trans|OF Un__upperl xzt1(3)[OF IF1set_simps Un_ upper2]]]
lemmas Flset3 IF1set = subset_trans|OF UN_upper subset_trans|OF Un__upper2 xzt1(3)[OF IF1set__simps Un_upper2]]]

lemmas F2setl IF2set = xt1(8)[OF IF2set_simps Un_upperl]
lemmas F2set2 I[F2set = subset_trans|OF UN__upper subset__trans|OF Un__upperl xzt1(3)[OF IF2set__simps Un_upper2]]]
lemmas F2set3 IF2set = subset_trans|OF UN__upper subset_trans|OF Un__upper2 xt1(3)[OF IF2set_simps Un_ upper2]]]

The BNF conditions for IF

lemma [Fset natural:
f < (IF1set x) = IF1set (IFImap fx) A f ¢ (IF2set y) = IF2set (IF2map f y)
(proof)

theorem IF1set_natural: IF1set o (IF1map f) = image f o IF1set
(proof )
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theorem [F2set_natural: [F2set o (IF2map f) = image f o IF2set

(proof )

lemma IFmap_ cong:

(Va € IF1set z. fa = g a) — IFImap fz = IFImap g ) A
(Va € IF2sety. fa=ga) — IF2map fy = IF2map g y)

(proof)

theorem [FImap_ cong:
(Aa. a € IF1set x = fa = g a) = IFImap fx
(proof )

theorem IF2map__cong:
(Aa. a € IF2set x = fa = g a) = IF2map fx
(proof )

lemma [Fset bd:

IFimap g x

IF2map g

|IF1set (z :: 'a IF1)| <o IFbd A |IF2set (y :: 'a IF2)| <o IFbd

(proof )

lemmas IF'1set_bd = conjunctl[OF IFset_bd]
lemmas [F2set_bd = conjunct2[OF IFset_bd]

definition IF1rel where
IF1rel R =

(BNF_Def.Grp (IF1in (Collect (case_prod R))) (IF1map fst)) ——1 OO

(BNF_Def.Grp (IF1in (Collect (case_prod R))) (IF1map snd))

definition [F2rel where
IF2rel R =

(BNF_Def.Grp (IF2in (Collect (case_prod R))) (IF2map fst))——1 OO

(BNF_Def.Grp (IF2in (Collect (case_prod R))) (IF2map snd))

lemma in_IF1rel:

IFIrel R z y «— (3 2. z € IF1in (Collect (case_prod R)) A IFImap fst z

(proof )

lemma in_ [F2rel:

IF2rel Rz y <— (3 z. z € IF2in (Collect (case_prod R)) N\ IF2map fst z

(proof )

z A IFImap snd z

z A IF2map snd z

lemma [FIrel Flrel: IF1rel R (ctor! a) (ctorl b) «— Flrel R (IFirel R) (IF2rel R) a b

(proof )

lemma [F2rel F2rel: IF2rel R (ctor2 a) (ctor2 b) «— F2rel R (IF1rel R) (IF2rel R) a b

(proof )

lemma Irel induct:

assumes [H1: Vz y. Firel P1 P2 P3 xy — P2 (ctorl z) (ctorl y)
and  [H2:Vazy. F2rel P1 P2 P3xy — P38 (ctor2 z) (ctor2 y)

shows [Flrel P1 < P2 A IF2rel P1 < P8
(proof)

lemma le_IFrel_Comp:

((IF1rel R OO IF1rel S) z1 y1 — IFIrel (R OO S) z1 y1) A
((IF2rel R OO IF2rel S) z2 y2 — IF2rel (R OO0 S) 22 y2)

(proof)

lemma le_IF1rel Comp: IF1rel R1 OO IF1rel R2
(proof)

lemma le_ [F2rel Comp: IF2rel R1 OO IF2rel R2
(proof)

<

IFirel (R1 OO R2)

IF2rel (R1 OO R2)
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context includes lifting syntax
begin

lemma fold_ transfer:

(Firel R S T ===> §) ===> (F2rel R S T ===> T) ===> [Flrel R ===> S) fold1 fold1 A
((Flrel RS T ===> 8) ===> (F2rel RS T ===> T) ===> [F2rel R ===> T) fold2 fold2
(proof)

end

definition IF1wit x = ctorl (wit2_F1 z (ctor2 wit_F2))
definition [F2wit = ctor2 wit_ F2

lemma [Flwit: x € IF1set (IFlwity) =z =y
(proof )

lemma [F2wit: © € IF2set [F2wit —> False
(proof )

(ML)

bnf 'a IF1
map: IF1map
sets: IF1set
bd: IFbd
wits: IF1wit
rel: IF1rel
(proof)

bnf ‘a IF2
map: [F2map
sets: [F2set
bd: IFbd
wits: [F2wit
rel: ITF2rel

(proof)
2 Greatest Fixpoint (a.k.a. Codatatype)

unbundle cardinal _syntax

'bl = (’a, ’bl, 'b2) F1
b2 = (’a, 'bl, 'b2) F2
To build a witness scenario, let us assume
(Ca, ’bl, b2) F1 = ’a *’bl + ’a * b2
(’a, 'bl, ’b2) F2 = unit + b1 * 'b2
(ML)

declare [[bnf_internals]|

bnf-axiomatization (Flsetl: ‘a, Fiset2: 'b1, Fiset3: 'b2) F1
[wits: 'a = 'b1 = ('a, b1, 'b2) F1 'a = 'b2 = ('a, 'b1, 'b2) F1]
for map: Fimap rel: Flrel

bnf-axiomatization (F2setl: 'a, F2set2: 'b1, F2set3: 'b2) F2
[wits: ('a, 'b1, 'b2) F2]
for map: F2map rel: F2rel

lemma Flrel cong: [R1 = S1; R2 = 52; R3 = S3] = FlIrel R1 R2 R3 = Flrel S1 52 53
(proof)

lemma F2rel _cong: [R1 = S1; R2 = 52; R3 = S3] = F2rel R1 R2 R3 = F2rel 51 52 53
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(proof)

abbreviation Flin :: ‘al set = ‘a2 set = ‘a8 set = ((‘al, ‘a2, 'a8) F1) set where
Flin A1 A2 A3 = {z. Flsetl ¢ C A1 N Flset2x C A2 A Flset3 z C A3}

abbreviation F2in :: 'al set = ‘a2 set = ‘a8 set = ((‘al, 'a2, 'a8) F2) set where
F2in A1 A2 A8 = {x. F2setl x C Al N F2set2 x C A2 N F2set3 z C A3}

lemma Fimap_comp_id: Flmap gl g2 g3 (Fimap id f2 f3 ) = Fimap g1 (g2 0 f2) (93 0 f3) =

(proof )

lemmas Flin_mono23 = F1.in_mono[OF subset_refi]
lemmas F1in_mono23’ = subsetD|OF F1in_mono23|

lemma Fimap_congL: [Va € Flset2z. fa = a;Va € Fiset3z. g a = a] =
Fimap idfgx =z
(proof )

lemma F2map__comp__id: F2map g1 g2 g3 (F2map id f2 f3 ) = F2map g1 (g2 0 f2) (93 0 f3) =

(proof )

lemmas F2in_mono23 = F2.in_mono|OF subset_refl]
lemmas F2in_mono23’ = subsetD[OF F2in_mono23]

lemma F2map_congL: [Va € F2set2z. fa = a;Va € F2set3 z. g a = a] =
F2map idfgx ==
(proof)

2.1 Coalgebra

definition coalg where
coalg B1 B2 s1 s2 =

(Wa € Bl. s1 a € Ftin (UNIV :: 'a set) Bl B2) A (Va € B2. s2 a € F2in (UNIV ::

lemmas coalg F1lin = bspec|OF conjunctl [OF iffD1[OF coalg_def]]]
lemmas coalg_F2in = bspec|OF conjunct2[OF iffD1[OF coalg__def]]]

lemma coalg_ Fl1set2:
[coalg B1 B2 sl s2; a € Bl] = Fl1set2 (sl a) C BI
(proof)

lemma coalg Fl1set3:
[coalg B1 B2 sl s2; a € B1] = Fl1set3 (s1 a) C B2
(proof)

lemma coalg F2set2:
[coalg B1 B2 s1 s2; a € B2] = F2set2 (s2 a) C B1

(proof)

lemma coalg_ F2set3:
[coalg B1 B2 sl s2; a € B2] = F2set3 (s2 a) C B2
(proof)

2.2 Type-coalgebra
abbreviation tcoalg s1 s2 = coalg UNIV UNIV s1 s2

lemma tcoalg: tcoalg s1 s2

(proof )

2.3 Morphism

definition mor where
mor B1 B2 s1 s2 B1' B2' s1' 52" fg =
((WVa€ B1l.fa€e B1Y) AN (NVa € B2. ga € B2") A
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(Vz € Bi. Fimap (id :: 'a = a) fg (sl 2) = s1' (f 2)) A
(Vz € B2. F2map (id = 'a = 'a) fg (52 2) = 52’ (g 2))))

lemma mor_imagel: mor Bl B2 sl s2 B1' B2' s1's2' fg=— f“B1 C B1'

(proof )

lemma mor_image2: mor Bl B2 s1 s2 B1' B2’ s1' 52’ fg = g ‘ B2 C B2’
(proof )

lemmas mor_imagel ' = subsetD[OF mor_imagel imagel|

lemmas mor_image2' = subsetD[OF mor_image2 imagel|

lemma morE1: [mor Bl B2 sl s2 B1' B2' s1’ s2' fg; z € Bl]
= Flmap id fg (s12) =s1'(f2z)
(proof)

lemma morE2: [mor B1 B2 s1 s2 B1' B2' s1' s2' f g; 2 € B2]
= F2map id f g (s2 z) = s2' (g 2)
(proof )

lemma mor_incl: [B1 C B1'; B2 C B2'] = mor B1 B2 s1 s2 B1' B2’ s1 s2 id id
(proof)

lemmas mor_id = mor_incl[OF subset_refl subset__refl]

lemma mor_comp:
[mor B1 B2 s1 s2 B1' B2' s1' s2' f g;
mor B1' B2’ s1's2' B1" B2" 51" s2" f' ¢'] =
mor B1 B2 s1 s2 B1"" B2" s1" 52" (f' o f) (¢’ 0 g)
(proof)

lemma mor_cong: [ f' = f; g’ = g; mor B1 B2 s1 s2 B1' B2' s1' 52’ f g] =
mor B1 B2 s1 s2 B1' B2' s1' 52’ f' g’
(proof)

lemma mor_UNIV: mor UNIV UNIV s1 s2 UNIV UNIV s1' 52’ f1 f2 <—
Fimap id f1 f2 0 s1 = s1’ o fl A F2map id f1 f2 0 s2 = s2’ o0 2
(proof )

lemma mor_str:
mor UNIV UNIV s1 s2 UNIV UNIV (Flmap id s1 s2) (F2map id s1 s2) sl s2

(proof )

lemma mor_case_sum:
mor UNIV UNIV s1 s2 UNIV UNIV (case_sum (Fimap id Inl Inl o s1) s1') (case_sum (F2map id Inl Inl o s2)
s2") Inl Inl

(proof )

2.4 Bisimulations

definition bis where
bis B1 B2 s1 s2 B1' B2' s1' s2' R1 R2 =
(R1 C B1 x B1' A R2 C B2 x B2') A
(Vb1 b1, (b1, b1") € RI —
(3z € F1in UNIV R1 R2.
Fimap id fst fst z = s1 b1 A Fimap id snd snd z = s1’' b1')) A
(Vb2 b2'. (b2, b2') € R2 —
(3z € F2in UNIV R1 R2.
F2map id fst fst z = s2 b2 A F2map id snd snd z = s2' b2"))))

lemma bis_cong: [bis Bl B2 sl s2 B1' B2' s1' s2’ R1 R2; R1' = R1; R2' = R2] =

bis B1 B2 s1 s2 B1' B2’ s1' s2' R1' R2'
(proof )
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lemma bis Frel:
bis B1 B2 s1 s2 B1' B2' s1’ s2’' R1 R2 +—
(R1 C BI x B1' A R2 C B2 x B2) A
((V b1 b1’. (b1, b1') € R1 —> Flrel (=) (in_rel R1) (in_rel R2) (s1 b1) (s1' b1")) A
(V b2 b2'. (b2, b2') € R2 — F2rel (=) (in_rel R1) (in_rel R2) (52 b2) (s2' b2")))
(proof)

lemma bis conwverse:
bis B1 B2 s1 s2 B1' B2' s1' s2’ R1 R2 —
bis B1’' B2' s1' s2’ B1 B2 s1 s2 (R17—1) (R2™—1)
(proof )

lemma bis_Comp:
[bis B1 B2 s1 s2 B1' B2' s1' s2' P1 P2;
bis B1' B2' s1's2' B1' B2" 51" s2" Q1 Q2] =
bis B1 B2 s1 s2 B1" B2" 51" 52" (P1 O Q1) (P2 O Q2)
(proof )

lemma bis_Gr: [coalg B1 B2 sl s2; mor Bl B2 sl s2 B1' B2’ s1' s2' f1 f2] =
bis B1 B2 s1 s2 B1' B2’ s1' s2' (BNF_Def.Gr Bl f1) (BNF_Def.Gr B2 f2)
(proof )

lemmas bis_image2 = bis_cong[OF bis_Comp[OF bis__converse[OF bis_Gr] bis_Gr] image2_Gr image2_ Gr]
lemmas bis_diag = bis_cong[OF bis_Gr[OF _ mor_id] Id_on_Gr Id_on_Gr]

lemma bis Union: Vi € I. bis Bl B2 sl s2 B1 B2 sl s2 (R1i i) (R2i 1) =
bis B1 B2 s1 s2 B1 B2 s1 s2 (i€ I. R1i i) (Ji€ I. R2i i)
(proof )

abbreviation sbis B1 B2 s1 s2 R1 R2 = bis B1 B2 s1 s2 B1 B2 s1 s2 R1 R2

definition Isbis1 where lsbisl Bl B2 sl s2 =
(UR € {(R1, R2) | R1 R2 . sbis BI B2 sl s2 R1 R2}. fst R)

definition Isbis2 where lsbis2 Bl B2 sl s2 =
(UR € {(R1, R2) | R1 R2 . sbis B1 B2 sl s2 R1 R2}. snd R)

lemma sbis Isbis:
sbis B1 B2 s1 s2 (lsbis1 B1 B2 s1 s2) (Isbis2 B1 B2 s1 s2)

(proof )

lemmas Isbisl_incl = conjunctl [OF conjunctl [OF iff D1[OF bis_def]], OF sbis_lsbis]
lemmas Isbis2_incl = conjunct2[OF conjunctl [OF iff D1[OF bis__def]], OF sbis_lsbis]
lemmas IsbisEl =

mp[OF spec|OF spec|OF conjunctl [OF conjunct2[OF iffD1[OF bis_def]], OF sbis_lsbis]]]]
lemmas IsbisE2 =

mp[OF spec|OF spec|OF conjunct2[OF conjunct2[OF iffD1[OF bis_def]], OF sbis_lsbis]]]]

lemma incl_lsbisl: sbis B1 B2 s1 s2 R1 R2 — R1 C Isbis1 B1 B2 sl s2
(proof)

lemma incl Isbis2: sbis B1 B2 s1 s2 R1 R2 —> R2
(proof )

N

Isbis2 B1 B2 s1 s2

lemma equiv_lsbisl: coalg B1 B2 sl s2 = equiv B1 (Isbis1 Bl B2 sl s2)
(proof)

lemma equiv_Isbis2: coalg B1 B2 sl s2 = equiv B2 (Isbis2 Bl B2 sl s2)
(proof)
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2.5 The Tree Coalgebra

typedef bd_type F = UNIV :: (bd_type_F1 + bd_type F2) suc set
(proof)

type-synonym ‘a carrier = ((bd_type_F + bd_type F) list set x
((bd_type _F + bd_type_F) list = (('a, bd_type_F, bd_type_F) F1 + ('a, bd_type_F, bd_type_F) F2)))

abbreviation bd_F = dir_image (card_suc (bd_F1 +c bd_F2)) Abs_bd_type F

lemmas sum__card_order = card_order__csum[OF F1.bd__card_order F2.bd__card_order]
lemmas sum__ Cinfinite = Cinfinite__csum1[OF F1.bd__Cinfinite]
lemmas bd__F = dir_image[OF Abs_bd__type_F__inject{OF UNIV_I UNIV_I] Card_order_card__suc[OF sum__card_order]]
lemmas bd_F_Cinfinite = Cinfinite__cong|OF bd__F Cinfinite_card__suc[OF sum__Cinfinite sum__card__order]]
lemmas bd_F__Card_order = Card_order_ordIso|OF Card__order_card__suc[OF sum__card_order] ordlso__symmetric[OF
bd__F]]
lemma bd_F card order: card_order bd_F
(proof)
lemmas bd__F_regularCard = regularCard__ordIso[OF bd__F Cinfinite__card_suc[OF sum__Cinfinite sum__card__order]
reqularCard__card__suc[OF sum__card__order sum__Cinfinite]

]

lemmas Flsetl _bd’ = ordLess_transitive]OF F1.set_bd(1) ordLess_ordIso_trans[OF

ordLeq _ordLess_trans|OF ordLeq csuml1[OF F1.bd__Card_order| card_suc__greater|OF sum__card_order]]
bd_F]]
lemmas Flset2 _bd’ = ordLess_transitive]OF F1.set_bd(2) ordLess_ordIso_trans[OF

ordLeq _ordLess_trans|OF ordLeq csum1[OF F1.bd__Card_order| card_suc__greater|OF sum__card_order]]
bd_F]]
lemmas Flset3_bd’ = ordLess_transitive]OF F1.set_bd(8) ordLess_ordIso_trans[OF

ordLeq _ordLess_trans|OF ordLeq csum1[OF F1.bd__Card_order| card_suc__greater|OF sum__card_order]]
bd_F]]

lemmas F2set!_bd’' = ordLess_transitive|OF F2.set_bd(1) ordLess_ordIso_trans|OF

ordLeq _ordLess__trans|OF ordLeq__csum2[OF F2.bd__Card_order] card_suc__greater[OF sum__card__order])
bd__F]]
lemmas F2set2 bd’' = ordLess_transitive|OF F2.set_bd(2) ordLess_ordIso_trans|OF

ordLeq _ordLess__trans|OF ordLeq _csum2[OF F2.bd__Card__order] card_suc__greater[OF sum__card__order]]
bd__F]]
lemmas F2set3_bd’' = ordLess_transitive|OF F2.set_bd(3) ordLess_ordIso_trans|OF

ordLeq _ordLess__trans|OF ordLeq _csum2[OF F2.bd__Card__order] card_suc__greater[OF sum__card__order]]
bd__F]]

abbreviation Succl Kl kl = {k1. Inl kI € BNF _Greatest_Fizpoint.Succ Kl kl}
abbreviation Succ2 Kl kl = {k2. Inr k2 € BNF _Greatest_Fizpoint.Succ Kl kl}

definition isNode! where
isNodel Kl lab kl = (3z1. lab kl = Inl z1 N Flset2 x1 = Succl Kl kl N Flset3 x1 = Succ2 Kl kl)

definition isNode2 where
isNode2 Kl lab kl = (3z2. lab kl = Inr 22 N F2set2 z2 = Succl Kl kIl A F2set8 z2 = Succ2 Kl kl)

abbreviation isTree where
isTree Kl lab = ([] € KI A
(Vkl € Kl. (VK1 € Succl Kl kl. isNodel Kl lab (kl @ [Inl k1])) A
(VEk2 € Succ2 Kl kl. isNode2 Kl lab (kl @ [Inr k2]))))

definition carT! where
carT1 = {(Kl :: (bd_type_F + bd_type F) list set, lab) | Kl lab. isTree Kl lab N\ isNodel Kl lab [|}

definition carT2 where
carT2 = {(Kl :: (bd_type_F + bd_type F) list set, lab) | Kl lab. isTree Kl lab N\ isNode2 Kl lab [|}

definition strT1 where
strT1 = (case_prod (%Kl lab. case_sum (Flmap id
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(Ak1. (BNF _Greatest_ Fizpoint.Shift Kl (Inl k1), BNF_Greatest_Fizpoint.shift lab (Inl k1)))
(Ak2. (BNF_Greatest_ Fizpoint.Shift Kl (Inr k2), BNF_Greatest_Fizpoint.shift lab (Inr k2)))) undefined (lab

)

definition strT2 where
strT2 = (case_prod (%Ki lab. case__sum undefined (F2map id
(Ak1. (BNF _Greatest_ Fizpoint.Shift Kl (Inl k1), BNF_Greatest_Fizpoint.shift lab (Inl k1)))
(Ak2. (BNF_Greatest_ Fizpoint.Shift Kl (Inr k2), BNF_Greatest_ Fizpoint.shift lab (Inr k2)))) (lab [])))

lemma coalg_T: coalg carT1 carT?2 strT1 strT2

(proof)
abbreviation tobd F12 where tobd_F12 sl z = toCard (F1set2 (sl x)) bd_F
abbreviation tobd F13 where tobd F13 sl © = toCard (Flset3 (sl z)) bd_F
abbreviation tobd F22 where tobd_F22 s2 x = toCard (F2set2 (s2 x)) bd_F
abbreviation tobd F23 where tobd_F23 s2 z = toCard (F2set3 (s2 x)) bd_F
abbreviation frombd F12 where frombd F12 sl z = fromCard (Flset2 (sl z)) bd_F
abbreviation frombd_F18 where frombd_F18 s1 x = fromCard (Fl1set3 (sl z)) bd_F
abbreviation frombd_F22 where frombd_F22 s2 x = fromCard (F2set2 (s2 x)) bd_F
abbreviation frombd F23 where frombd F23 s2 x = fromCard (F2set3 (s2 z)) bd_F

lemmas tobd_F12_inj = toCard_inj|OF ordLess_imp__ordLeq[OF F1set2_bd'] bd_F_Card_order]
lemmas tobd_F13_inj = toCard_inj|OF ordLess_imp__ordLeq|OF F1set3_bd'| bd_F_Card_order]
lemmas tobd__F22_inj = toCard_inj|OF ordLess_imp__ordLeq|OF F2set2_bd'] bd_F_Card_order]
lemmas tobd_F23_inj = toCard_inj|OF ordLess_imp__ordLeq[OF F2set3_bd'] bd_F_Card_order]
lemmas frombd__F12_tobd_F12 = fromCard_toCard|OF ordLess_imp__ordLeq|OF F1set2_bd’'| bd_F__Card_order]
lemmas frombd_F13_tobd_F13 = fromCard_toCard|OF ordLess_imp__ordLeq[OF F1set3_bd'] bd_F_Card_order]
lemmas frombd__F22_tobd_F22 = fromCard_toCard|OF ordLess_imp__ordLeq[OF F2set2_bd'] bd_F_Card_order)
lemmas frombd__F23_tobd_F238 = fromCard_toCard|OF ordLess_imp__ordLeq|OF F2set3_bd'| bd_F__Card_order]

definition Lev where
Lev s1 s2 = rec_nat (%oa. {[]}, %b. {[]})

(%n rec.
(%oal.

{Inl (tobd_F12 sl al b1) # ki | b1 kl. bl € Fliset2 (sl al) A kl € fst rec b1} U

{Inr (tobd_F13 sl al b2) # kl | b2 kl. b2 € Flset3 (sl al) A kl € snd rec b2},
%al.

{Inl (tobd_F22 s2 a2 bl) # ki | b1 kl. bl € F2set2 (s2 a2) A kl € fst rec b1} U

{Inr (tobd_F23 s2 a2 b2) # kl | b2 kl. b2 € F2set3 (s2 a2) A kl € snd rec b2}))

abbreviation Levl where Levl sl s2 n = fst (Lev s1 s2 n)
abbreviation Lev2 where Lev2 sl s2 n = snd (Lev sl s2 n)

lemmas Levl 0 = fun_cong[OF fstI[OF rec_nat_0_imp[OF Lev_def]]]
lemmas Lev2_ 0 = fun_cong[OF sndI[OF rec_nat_0_imp[OF Lev_ def]]]
lemmas Levl Suc = fun_cong[OF fstI[OF rec_nat_Suc_imp[OF Lev_def]]]
lemmas Lev2 Suc = fun_cong|OF sndI[OF rec_nat_Suc_imp[OF Lev_def]]]

definition rv where
rv sl s2 = rec_list (%b1. Inl b1, %b2. Inr b2)
(%k Kl rec.
(%b1. case_sum (%k1. fst rec (frombd_F12 s1 b1 k1)) (%k2. snd rec (frombd_F13 sl b1 k2)) k,
%b2. case_sum (%kl. fst rec (frombd_F22 s2 b2 k1)) (%k2. snd rec (frombd_F23 s2 b2 k2)) k))
abbreviation rv! where rvl s s2 kl = fst (rv sl s2 kl)
abbreviation rv2 where 12 s1 s2 kl = snd (rv s1 s2 ki)

lemmas rvl_Nil = fun_cong|OF fstI[OF rec_list_Nil_imp[OF rv_def]]]
lemmas 2 Nil = fun_cong|OF sndI[OF rec_list Nil imp[OF rv_def]]]
lemmas rvi_Cons = fun_cong[OF fstI[OF rec_list Cons_imp[OF rv_def]]]
lemmas 2 _Cons = fun__cong[OF sndI[OF rec_list_Cons_imp[OF rv_def]]]
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abbreviation Labl s1 s2 b1 kl =
(case_sum (%ok. Inl (FImap id (tobd F12 sl k) (tobd _F13 s1 k) (sl k)))
(%k. Inr (F2map id (tobd F22 s2 k) (tobd_F23 s2 k) (s2 k))) (rvl s1 s2 kl b1))

abbreviation Lab2 s1 s2 b2 kl =
(case_sum (Y%ok. Inl (FImap id (tobd F12 sl k) (tobd _F13 s1 k) (sl k)))
(%k. Inr (F2map id (tobd_F22 s2 k) (tobd_F23 s2 k) (s2 k))) (rv2 s1 s2 ki b2))

definition beh! s1 s2 a = (|Un. Levl s1 s2 n a, Labl sl s2 a)
definition beh2 s1 s2 a = (|Jn. Lev2 sl s2 n a, Lab2 sl s2 a)

lemma length_ Lev:
Vkl b1 b2. (kl € Levl s1 s2 n bl —> length kl = n) A
(kl € Lev2 s1 s2 n b2 — length kl = n)
(proof)

lemmas length Levl = mp[OF conjunctl[OF spec[OF spec [OF spec|OF length Lev]|]]]
lemmas length_Lev2 = mp[OF conjunct2[OF spec|OF spec [OF spec|OF length__Lev]|]]]

lemma length_Levl’”: kl € Levi sl s2n a = kl € Levl s1 s2 (length kl) a
(proof )

lemma length_Lev2": kl € Lev2 sl s2 n a = kl € Lev2 s1 s2 (length kl) a
(proof )

lemma rv_last:
Vkblb2.

((3b1'. rv1 s1 s2 (kl @Q [Inl k]) b1 = Inl b1') A
(3b1'. rvl s1 s2 (kI @Q [Inr k]) b1 = Inr b1")) A
((3b2". rv2 s1 52 (kl Q [Inl k]) b2 = Inl b2') A
(362" 2 s1 s2 (kI @Q [Inr k]) b2 = Inr b2"))

(proof )

lemmas rv_last’ = spec[OF spec[OF spec[OF rv_last]]]

lemmas rvl_Inl_last = conjunctl [OF conjunctl [OF rv_last’]]
lemmas rvi__Inr_last = conjunct2[OF conjunct1[OF rv_last']]
lemmas ™2 _Inl_last = conjunctl[OF conjunct2[OF rv_last’)]
lemmas 2 Inr_last = conjunct2[OF conjunct2|OF rv_last]]

lemma Fset Lewv:
Ykl b1 b2b1’"b2" b1" b2".
(kl € Levl s1 s2n bl —
((rv1 s1 s2 kl b1 = Inl b1’ —
(b1 € Fiset2 (s1 b1') —
kl @ [Inl (tobd_F12 s1 b1’ b1")] € Levl s1 s2 (Suc n) b1) A
(b2 € Flsets (s1 b1') —
kl @ [Inr (tobd _F13 s1 b1’ b2")] € Levl s1 s2 (Suc n) b1)) A
(rvl s1 s2 kl b1 = Inr b2’ —
(b1 € F2set2 (s2b2') —
kl @ [Inl (tobd_F22 s2 b2' b1'")] € Levi s1 s2 (Suc n) b1) A
(b2 € F2set3 (s2 b2') —
kl @ [Inr (tobd_F23 s2 b2’ b2")] € Levl s1 s2 (Suc n) b1)))) A
(kl € Lev2 s1 s2n b2 —
((rv2 s1 s2 kl b2 = Inl b1’ —
(b1 € Fiset2 (s1 b1') —
kl @ [Inl (tobd_F12 s1 b1' b1')] € Lev2 s1 s2 (Suc n) b2) A
(b2"" € Fiset3 (s1 b1') —
kl @ [Inr (tobd_F13 s1 b1’ b2"')] € Lev2 s1 s2 (Suc n) b2)) A
(rv2 sl s2 kl b2 = Inr b2’ —
(b1 € F2set2 (s2 b2') —
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kl @ [Inl (tobd_F22 s2 b2' b1'")] € Lev2 s1 s2 (Suc n) b2) A
(b2 € F2set3 (s202') —
kl @ [Inr (tobd F23 s2 b2' b2")] € Lev2 s1 s2 (Suc n) b2))))
(proof)

lemmas Fset_Lev' = spec|OF spec|OF spec|OF spec|OF spec|OF spec| OF spec|OF Fset__Levl]]]]]]
lemmas Flset2_Levl = mp[OF conjunctl[OF mp[OF conjunctl[OF mp[OF conjunct1[OF Fset_Lev'|]]]]]
lemmas Flset2 Lev2 = mp[OF conjunctl[OF mp[OF conjunctl[OF mp|OF conjunct2|OF Fset_Lev'|]]]]]
lemmas F2set2_Levi = mp[OF conjunctl [OF mp|OF conjunct2[OF mp|OF conjunct1[OF Fset_Lev]]]]]]
lemmas F2set2_Lev2 = mp[OF conjunctl[OF mp[OF conjunct2[OF mp|OF conjunct2|OF Fset_Lev'|]]]]]
lemmas Flset3 Levi = mp[OF conjunct2[OF mp|OF conjunctl[OF mp|OF conjunct1[OF Fset_Lev'|]]]]]
p|OF conjunct2|OF mp|OF conjunct1[OF mp[OF conjunct2|OF Fset_Lev'|]]]]]
p|OF conjunct2|OF mp[OF conjunct2[OF mp|OF conjunctl[OF Fset_Lev]]]]]]
p|OF conjunct2|OF mp[OF conjunct2|OF mp|OF conjunct2[OF Fset_Lev']]]]]

lemmas F2set3 Levl =

m
m
m
lemmas Flset3 Lev2 = m
m
lemmas F2set3 Lev2 m,

lemma Fset_image_ Lev:
Vkl kbl b2b1'b2".
(kl € Levl s1 s2n bl —
(kl @ [Inl k] € Levl sl s2 (Suc n) bl —
(rvl s1 s2 kl b1 = Inl b1’ — k € tobd_F12 s1 b1’ ‘ Flset2 (s1 b1')) A
(rvl s1 s2 kl b1 = Inr b2' — k € tobd F22 s2 b2’ * F2set2 (s2 b2"))) A
(kl @ [Inr k] € Lev! s1 s2 (Suc n) bl —
(rvl s1 s2 kl b1 = Inl b1’ — k € tobd_F18 s1 b1’ ‘ Flset3 (s1 b1’)) A
(rvl s1 s2 kl b1 = Inr b2’ — k € tobd _F23 s2 b2' ¢ F2set3 (s2 b2")))) A
(kl € Lev2 sl s2n b2 —
(kl @ [Inl k] € Lev2 sl s2 (Suc n) b2 —
(rv2 s1 s2 kil b2 = Inl b1’ — k € tobd_F12 s1 b1’ ‘ Flset2 (s1 b1')) A
(rv2 s1 s2 kl b2 = Inr b2’ — k € tobd_F22 s2 b2’ ‘ F2set2 (s2 b2"))) A
(kl @ [Inr k] € Lev2 sl s2 (Suc n) b2 —
(rv2 s1 s2 kil b2 = Inl b1’ — k € tobd_F18 s1 b1’ ‘ Flset3 (s1 b1')) A
(rv2 s1 s2 kl b2 = Inr b2’ — k € tobd_F23 s2 b2’ * F2set3 (s2 b2"))))
(proof)

lemmas FsetfimagefLeU' =

spec|OF spec[OF spec[OF spec[OF spec|OF spec|OF Fset__image__Levl]]]]]
lemmas Flset2_ image_ Levl =

mp[OF conjunctl[OF mp[OF conjunctl|OF mp[OF conjunctl [OF Fset_image_ Lev'|]]]]]
lemmas Flset2 image Lev2 =

mp[OF conjunctl[OF mp|OF conjunctl|OF mp[OF conjunct2[OF Fset_image_ Lev'|]]]]]
lemmas Fiset3 image_Levl =

mp[OF conjunctl|[OF mp[OF conjunct2|OF mp|OF conjunctl [OF Fset_image_ Lev'|]]]]]
lemmas Flset3 image_ Lev2 =

mp[OF conjunctl [OF mp[OF conjunct2|OF mp[OF conjunct2[OF Fset_image_ Lev'|]]]]]
lemmas F2set2_ image_Levl =

mp[OF conjunct2|OF mp|OF conjunctl|OF mp[OF conjunctl [OF Fset_image_ Lev'|]]]]]
lemmas F2set2_image_Lev2 =

mp[OF conjunct2|OF mp|OF conjunctl|OF mp|OF conjunct2|OF Fset_image_ Lev'|]]]]]
lemmas F2set3 image_Levl =

mp[OF conjunct2|OF mp[OF conjunct2|OF mp[OF conjunctl [OF Fset_image_ Lev'|]]]]]
lemmas F2set3 image_Lev2 =

mp[OF conjunct2|OF mp|OF conjunct2|OF mp[OF conjunct2[OF Fset_image_ Lev'|]]]]]

lemma mor_beh:
mor UNIV UNIV sl s2 carT1 carT?2 strT1 strT2 (behl sl s2) (beh2 sl s2)

(proof )

2.6 Quotient Coalgebra

abbreviation car_finall where

car_finall = carT1 [/ (lsbisl carT1 carT2 strT1 strT2)
abbreviation car_final2 where

car_final2 = carT2 [/ (lsbis2 carT1 carT2 strT1 strT2)
abbreviation str_finall where

str_finall = univ (F1map id
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(FEquiv__Relations.proj (lsbisl carT1 carT2 strT1 strT2))
(Equiv_ Relations.proj (Isbis2 carT1 carT2 strT1 strT2)) o strT1)
abbreviation str_final2 where
str_final2 = univ (F2map id
(Equiv_ Relations.proj (Isbisl carT1 carT2 strT1 strT2))
(Equiv__Relations.proj (Isbis2 carT1 carT2 strT1 strT2)) o strT2)

lemma congruent_strQ1: congruent (Isbisl carT1 carT2 strT1 strT2 :: 'a carrier rel)
(F1map id (Equiv_Relations.proj (Isbis1 carT1 carT2 strT1 strT2 :: 'a carrier rel))
(Equiv_ Relations.proj (Isbis2 carT1 carT2 strT1 strT2 :: 'a carrier rel)) o strT1)
(proof)

lemma congruent_strQ2: congruent (Isbis2 carT1 carT2 strT1 strT2 :: 'a carrier rel)
(F2map id (Equiv_ Relations.proj (Isbisl carT1 carT2 strT1 strT2 :: 'a carrier rel))
(Equiv_Relations.proj (Isbis2 carT1 carT2 strT1 strT2 :: 'a carrier rel)) o strT2)
(proof)

lemma coalg_final:
coalg car_finall car_final2 str_finall str_final2
(proof)

lemma mor_ T final:
mor carT1 carT2 strT1 strT2 car_finall car_final2 str_finall str_final2
(Equiv__Relations.proj (lsbisl carT1 carT2 strT1 strT2))
(FEquiv__Relations.proj (lsbis2 carT1 carT2 strT1 strT2))
(proof)

lemmas mor_final = mor_comp[OF mor_beh mor_T _final]
lemmas in__car_finall = mor_imagel '|OF mor_final UNIV_I|
lemmas in__car_final2 = mor_image2'|OF mor_final UNIV_I|

typedef (overloaded) ‘a JF1 = car_finall :: 'a carrier set set
(proof)

typedef (overloaded) ‘a JF2 = car_final2 :: 'a carrier set set
(proof)

definition dtor! where

dtorl z = Flmap id Abs_JF1 Abs_JF2 (str_finall (Rep_JF1 1))
definition dtor2 where

dtor2 x = F2map id Abs_JF1 Abs_JF2 (str_final2 (Rep_JF2 1))

lemma mor_Rep_ JF: mor UNIV UNIV dtorl dtor2
car_finall car_final2 str_finall str_final2
Rep JF1 Rep_JF2
(proof)

lemma mor_Abs_JF: mor car_finall car_final2 str_finall str_final2
UNIV UNIV dtorl dtor2 Abs _JF1 Abs JF2
(proof)

definition unfold! where
unfoldl s1 s2 x =
Abs _JF1 ((Equiv_Relations.proj (Isbisl carT1 carT2 strT1 strT2) o behl sl s2) x)
definition unfold2 where
unfold2 s1 s2 x =
Abs _JF2 ((Equiv_Relations.proj (Isbis2 carT1 carT2 strT1 strT2) o beh2 sl s2) x)

lemma mor_unfold:
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mor UNIV UNIV s1 s2 UNIV UNIV dtorl dtor2 (unfoldl sl s2) (unfold2 sl s2)
(proof)

lemmas unfold! = sym[OF morE1[OF mor_unfold UNIV_]]
lemmas unfold2 = sym[OF morE2[OF mor_unfold UNIV_1I]]

lemma JF _cind: sbis UNIV UNIV dtorl dtor2 R1 R2 — R1 C Id N R2 C Id
(proof )

lemmas JF_cindl = conjunctl [OF JF_cind]
lemmas JF_cind2 = conjunct2[OF JF_cind]

lemma unfold_unique_mor:
mor UNIV UNIV s1 s2 UNIV UNIV dtorl dtor2 f1 f2 —
f1 = unfoldl s1 s2 A f2 = unfold2 s1 s2

(proof )

lemmas unfold_unique = unfold _unique__mor[OF iffD2[OF mor_UNIV], OF conjl]
lemmas unfold!__dtor = sym[OF conjunctl[OF unfold_unique_mor[OF mor_id]]]
lemmas unfold2 dtor = sym[OF conjunct2[OF unfold unique_mor[OF mor_id]]]

lemmas unfoldl o dtor! =

trans[OF conjunctl[OF unfold_unique_mor[OF mor_comp[OF mor_str mor_unfold]]] unfoldl dtor]
lemmas unfold2 o_ dtor2 =

trans[OF conjunct2[OF unfold_unique_mor[OF mor_comp[OF mor_str mor_unfold]]] unfold2_dtor]

definition ctor! where ctor! = unfold! (F1map id dtorl dtor2) (F2map id dtorl dtor2)
definition ctor2 where ctor2 = unfold2 (Fimap id dtorl dtor2) (F2map id dtorl dtor2)

lemma ctorl o dtorl:
ctorl o dtorl = id

(proof )

lemma ctor2 o dtor2:
ctor2 o dtor2 = id

(proof )

lemma dtorl o ctorl:

dtorl o ctor :_id

(proof )

lemma dtor2 o ctor2:
dtor2 o ctor2 = id

(proof)

lemmas dtori_ctorl = pointfree_idE[OF dtorl__o_ ctorl]
lemmas dtor2_ctor2 = pointfree_idE[OF dtor2_o_ ctor2]
lemmas ctorl__dtorl = pointfree_idE[OF ctorl__o_ dtorl]
lemmas ctor2_dtor2 = pointfree_idE[OF ctor2_o__dtor2]

lemmas bij_dtor! = o_bij|OF ctorl__o__dtorl dtorl_o_ ctorl]
lemmas inj_dtor! = bij_is_inj[OF bij_dtorl]

lemmas surj_dtor! = bij _is_surj[OF bij_dtorl]

lemmas dtorl_nchotomy = suriD[OF surj_dtorl]

lemmas dtorl_diff = inj_eq[OF inj_dtor1]

lemmas dtor!_cases = exE|OF dtorl_nchotomy]

lemmas bij_dtor2 = o__bij|OF ctor2_o__dtor2 dtor2_o__ctor2]
lemmas inj_dtor2 = bij_is_inj[OF bij_dtor2]

lemmas surj_dtor2 = bij_is_surj[OF bij_dtor2]

lemmas dtor2_nchotomy = suriD[OF surj_dtor2]

lemmas dtor2_diff = inj_eq[OF inj_dtor2]

lemmas dtor2_cases = exE[OF dtor2_nchotomy]
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lemmas bij ctor! = o_bij[OF dtorl__o__ctorl ctorl_o_ dtorl]
lemmas inj_ctor! = bij_is_inj[OF bij_ctorl]

lemmas surj_ctor! = bij_is_surj[OF bij_ctorl]

lemmas ctorl__nchotomy = surjD[OF surj_ctorl]

lemmas ctorl__diff = inj_eq[OF inj_ctorl]

lemmas ctorl_cases = exE[OF ctorl_nchotomy]

lemmas bij_ctor2 = o_bij[OF dtor2_o__ctor2 ctor2_o__dtor2]
lemmas inj_ctor2 = bij_is_inj|OF bij_ctor2]

lemmas surj_ctor2 = bij_is_surj[OF bij_ctor2]

lemmas ctor2_nchotomy = surjD[OF surj_ctor2]

lemmas ctor2_diff = inj_eq[OF inj__ctor2]

lemmas ctor2_cases = exE[OF ctor2_nchotomy]

lemmas ctorl_unfoldl = iffD1[OF dtorl__diff trans|OF unfold1l sym[OF dtorl__ctorl]]]
lemmas ctor2_unfold2 = iffD1[OF dtor2_diff trans|OF unfold2 sym[OF dtor2_ctor2]]|

definition corec! where corecl s1 s2 =
unfoldl (case__sum (FImap id Inl Inl o dtorl) si)
(case__sum (F2map id Inl Inl o dtor2) s2) o Inr
definition corec2 where corec2 s1 s2 =
unfold2 (case__sum (FImap id Inl Inl o dtorl) si)
(case__sum (F2map id Inl Inl o dtor2) s2) o Inr

lemma dtorl_o_unfoldl: dtorl o unfoldl s1 s2 = Flmap id (unfoldl s1 s2) (unfold2 s1 s2) o s1
(proof )

lemma dtor2_o_unfold2: dtor2 o unfold2 s1 s2 = F2map id (unfoldl s1 s2) (unfold2 s1 s2) o s2
(proof )

lemma corecl Inl sum:
unfoldl (case_sum (Flmap id Inl Inl o dtorl) s1) (case_sum (F2map id Inl Inl o dtor2) s2) o Inl = id

(proof )

lemma corec2 Inl sum:
unfold2 (case__sum (F1map id Inl Inl o dtorl) s1) (case_sum (F2map id Inl Inl o dtor2) s2) o Inl = id
(proof )

lemma case__sum__expand_Inr: f o Inl = g = case_sum g (fo Inr) = f

(proof )

theorem corec!:
dtorl (corecl s1 s2 a) =
Fimap id (case_sum id (corecl sl s2)) (case_sum id (corec2 sl s2)) (sl a)

(proof )

theorem corec2:
dtor2 (corec2 sl s2 a) =
F2map id (case__sum id (corecl sl s2)) (case_sum id (corec2 sl s2)) (s2 a)

(proof)

lemma corec_ unique:
Fimap id (case_sum id f1) (case_sum id f2) o s1 = dtorl o fl =
F2map id (case_sum id f1) (case_sum id f2) o s2 = dtor2 o f2 —
f1 = corecl s1 s2 N f2 = corec2 sl s2
(proof)

2.7 Coinduction

lemma Frel coind:
[Vab. phil a b — Flrel (=) phil phi2 (dtorl a) (dtorl b);
Va b. phi2 a b — F2rel (=) phil phi2 (dtor2 a) (dtor2 b)] =
(phil a1 b1 — al = b1) A (phi2 a2 b2 — a2 = b2)
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(proof)

2.8 The Result as an BNF

abbreviation JF1imap where

JF1map u = unfoldl (Flmap u id id o dtorl) (F2map u id id o dtor2)
abbreviation JF2map where

JF2map u = unfold2 (F1lmap u id id o dtorl) (F2map u id id o dtor2)

lemma JFImap: dtorl o JFimap u = Fimap u (JFImap u) (JF2map u) o dtorl
(proof )

lemma JEF2map: dtor2 o JF2map u = F2map v (JF1map u) (JF2map u) o dtor2
(proof)

lemmas JFImap__simps = o__eq_dest|OF JF1map]
lemmas JF2map__simps = o__eq_dest|OF JE2map]

theorem JFI1map_id: JFImap id = id
(proof)

theorem JF2map_id: JF2map id = id
(proof)

lemma JFmap__unique:
[dtorl o uw = Flmap fu v o dtorl; dtor2 o v = F2map fu v o dtor2] =
u = JFImap f N\ v= JF2map f

(proof )

theorem JFImap_ comp: JFImap (g o f) = JF1map g o JF1map f
(proof)

theorem JF2map_ comp: JF2map (g o f) = JF2map g o JF2map [
(proof )

definition JFcol where
JFcol = rec_nat (%oa. {}, %b. {})

(%n rec.

(Y%a. Fiset! (dtorl a) U
((Ua’ € Fiset2 (dtorl a). fst rec a’) U
(Ja' € Fiset3 (dtorl a). snd rec a’)),
%b. F2set! (dtor2 b) U
((Ub" € F2set2 (dtor2 b). fst rec b’) U
(Jb' € F2set3 (dtor2 b). snd rec b"))))

abbreviation JF1col where JF1col n = fst (JFcol n)
abbreviation JF2col where JF2col n = snd (JFcol n)

lemmas JFIcol 0 = fun_cong[OF fstI[OF rec_nat_0_imp[OF JFcol_def]]]
lemmas JF2col 0 = fun_ cong[OF sndI[OF rec_nat_0_imp[OF JFcol_def]]]
lemmas JF1col _Suc = fun__cong|OF fstI[OF rec_nat_Suc_imp|OF JFcol_def]||
lemmas JF2col_Suc = fun_cong[OF sndI[OF rec_nat_Suc_imp[OF JFcol_def]]]

lemma JFcol minimal:

[Aa. Fisetl (dtorl a) C K1 q;
Nb. F2setl (dtor2 b) C K2 b;
Na a’. o’ € Flset2 (dtorl a) = K1 a' C K1 g;
Na b'. b’ € Fiset3 (dtorl a) = K2b' C K1 q;
Nba' o' € F2set2 (dtor2 b) = K1 a' C K2 b;
Nb b b € F2set3 (dtor2 b) — K2b' C K2V =

Yab. JFicolm a C K1 a A JF2colnbC K20

(proof )

N~
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lemma JFset _minimal:
[Aa. F1setl (dtorl a) C K1 q;
N\b. F2setl (dtor2 b) C K2 b;
Na a’. a’ € Flset2 (dtorl a) = K1 o' C K1 qg;
Na b'. b’ € Fiset3 (dtorl a) = K2b' C K1 g
Nba' o' € F2set2 (dtor2 b) = K1 a' C K2 b;
Nb b b' € F2sets (dtor2 b) = K2b' C K2 b] =
(Un. JF1icoln a) C K1 a A (Un. JF2col n b) C K2 b
{proof)

abbreviation JF1set where JF1set a = (|Jn. JFIcol n a)
abbreviation JF2set where JF2set a = (|Jn. JF2col n a)

lemma Fisetl incl JF1set:
F1setl (dtorl a) C JFl1set a

(proof )

lemma F2setl incl JF2set:
F2set1 (dtor2 a) C JF2set a

(proof )

lemma Fliset?2 JF1set incl JF1set:
a’ € Fl1set2 (dtorl a) = JF1set a’ C JFl1set a

(proof )

lemma Fiset3 JF2set incl JF1set:
a' € Flset3 (dtorl a) = JF2set a’ C JFl1set a

(proof )

lemma F2set2 JF1set incl JF2set:
a’ € F2set2 (dtor2 a) = JF1set a’ C JF2set a
(proof )

lemma F2set3 JF2set incl JF2set:
a’ € F2set3 (dtor2 a) = JF2set a’ C JF2set a
(proof )

lemmas Flsetl_JF1set = subsetD[OF Fl1setl _incl_JF1set]
lemmas F2setl JF2set = subsetD[OF F2setl__incl_JF2set]
lemmas Flset2 JF1set_JF1set = subsetD[OF Flset2 JF1set incl JF1set]
lemmas Flset3 JF2set_JF1set = subsetD[OF Fl1set8 _JF2set incl _JF1set]
lemmas F2set2 JFl1set JF2set = subsetD][OF F2set2_JF1set_incl JF2set]
lemmas F2set3_JF2set_JF2set = subsetD[OF F2set3 JF2set_incl _JF2set]

lemma JFset_le:
fixes a :: ‘a JF1 and b :: 'a JF2
shows
JF1set a C Flsetl (dtorl a) U (J (JF1set ¢ Flset2 (dtorl a)) U |J (JF2set ¢ Flset3 (dtorl a))) A
JF2set b C F2setl (dtor2 b) U (U (JF1set < F2set2 (dtor2 b)) U |J (JF2set ¢ F2set8 (dtor2 b)))
(proof)

theorem JF1set_simps:
JF1set a = Flsetl (dtorl a) U
((U b € Fiset2 (dtorl a). JF1set b) U
(U b € Fiset3 (dtorl a). JF2set b))
(proof)

theorem JF2set__simps:
JF2set a = F2setl (dtor2 a) U
((U b € F2set2 (dtor2 a). JF1set b) U
(U b € F2set3 (dtor2 a). JF2set b))
(proof)
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lemma JFcol natural:
Vb1 b2 u‘(JF1lcoln bl) = JF1col n (JFImap u bl) A
u ¢ (JF2col n b2) = JF2col n (JF2map u b2)

(proof)

theorem JF1set_natural: JF1set o (JF1map u) = image u o JF1set
(proof )

theorem JF2set_natural: JF2set o (JF2map u) = image u o JF2set
(proof )

theorem JFmap_ cong0:
((Vp € JF1set a. up = vp) — JFImap u a = JFImap v a) A
((Vp € JF2set b. up = v p) — JF2map v b = JF2map v b)

(proof )

lemmas JFImap cong0 = mp[OF conjunctl [OF JFmap_ cong0]]
lemmas JF2map__cong0 = mp[OF conjunct2[OF JFmap__cong0]]

lemma JFcol_bd: ¥ (j1 :: 'a JF1) (j2 :: 'a JF2). |JF1col n j1| <o bd_F A |JF2col n j2| <o bd_F
(proof)

theorem JF1set bd: |JF1set j| <o bd_F
(proof)

theorem JF2set bd: |JF2set j| <o bd_F
(proof)

abbreviation JF2wit = ctor2 wit_F2

theorem JF2wit: Az. © € JF2set JF2wit = False
(proof )

abbreviation JF1wit = (%a. ctorl (wit2_F1 a JF2wit))

theorem JFIwit: \z. € JF1set (JF1wit a) = z = a
(proof )

context
fixes phil :: 'a = 'a JF1 = bool and phi2 :: 'a = 'a JF2 = bool
begin

lemmas JFset induct =
JFset_minimal[of %b1. {a € JF1set b1 . phil a b1} %b2. {a € JF2set b2 . phi2 a b2},
unfolded subset__Collect iff[OF F1setl _incl_JF1set] subset_Collect_iff[OF F2setl_incl_JF2set]
subset__Collect iff[OF subset_refl],
OF balll balll
subset__Collect]I[OF Fl1set2_JF1set_incl_JF1set]
subset__ CollectI[OF Fl1set3 JF2set_incl_JF1set]
subset__CollectI[OF F2set2_JF1set_incl_JF2set]
subset__Collect][OF F2set3__JF2set_incl_JF2set]]

end

(ML)

abbreviation JF1in where JFlin B = {a. JF1set a C B}
abbreviation JF2in where JF2in B = {a. JF2set a C B}
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definition JFIrel where
JF1rel R = (BNF_Def.Grp (JF1in (Collect (case_prod R))) (JFImap fst)) ——1 OO
(BNF_Def.Grp (JF1in (Collect (case_prod R))) (JFImap snd))

definition JF2rel where
JF2rel R = (BNF_Def.Grp (JF2in (Collect (case_prod R))) (JF2map fst)) ——1 OO
(BNF_Def.Grp (JF2in (Collect (case_prod R))) (JF2map snd))

lemma in_ JFIrel:
JF1irel R z y «— (3 2. z € JFlin (Collect (case_prod R)) A JFImap fst z = © A JF1map snd z = y)
(proof )

lemma in_ JF2rel:
JF2rel R z y <— (3 2. z € JF2in (Collect (case_prod R)) A JF2map fst z = © A\ JF2map snd z = y)
(proof)

lemma J rel coind ind:
Vzy. R2Zxy — (fzy € Flin (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)) A
Fimap fst fst fst (f z y) = dtorl x A
Fimap snd snd snd (f x y) = dtorl y);
Vzy R8zy — (gzy € F2in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)) A
F2map fst fst fst (g z y) = dtor2 z A
F2map snd snd snd (g z y) = dtor2 y)] =
(VaeJF1set z1.Vz y. R2z y A z1 = unfold!l (case_prod f) (case_prod g) (z, y) — RI (fst a) (snd a)) A
(VaeJF2set z2. ¥z y. R3xy N 22 = unfold2 (case_prod f) (case_prod g) (z, y) —> R1 (fst a) (snd a))
{proof)

lemma J rel coind_coindl:

Vzy. R2zy — (fzy € Flin (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)) A
Flmap fst fst fst (f z y) = dtorl = A
Fimap snd snd snd (f x y) = dtorl y);

Vzy R8zy — (gzy € F2in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)) A
F2map fst fst fst (g z y) = dtor2 x A
F2map snd snd snd (g z y) = dtor2 y)] =

((Fy. R2z1 y A z1' = JF1map fst (unfoldl (case_prod f) (case_prod g) (z1, y))) — x1’' = z1) A

((Fy. R8 22y A 22’ = JF2map fst (unfold2 (case_prod f) (case_prod g) (z2, y))) — 2’ = z2)

(proof)

lemma J rel coind_ coind2:

Vzy. R2zy — (fzy € Flin (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R8)) A
Fimap fst fst fst (f z y) = dtorl x A
Fimap snd snd snd (f z y) = dtorl y);

Vzy. R3zy — (gxy € F2in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)) N
F2map fst fst fst (g z y) = dtor2 z A
F2map snd snd snd (g z y) = dtor2 y)] =

((Fz. R2z yl A yl' = JF1imap snd (unfoldl (case_prod f) (case_prod g) (z, y1))) — yl' = yl) A

((Fz. RSz y2 A y2' = JF2map snd (unfold2 (case_prod f) (case_prod g) (z, y2))) — y2' = y2)

(proof)

lemma J rel coind:
assumes CIHI: Vz2 y2. R2 z2 y2 — Flrel R1 R2 R3 (dtorl z2) (dtorl y2)
and CIH2: V23 y3. R3 3 y3 — F2rel R1 R2 R3 (dtor2 z3) (dtor2 y3)
shows R2 < JFlrel R1 N R8 < JF2rel R1

(proof)

lemma JF1rel Flrel: JFirel R a b <— Flrel R (JF1rel R) (JF2rel R) (dtor! a) (dtorl b)
(proof)

lemma JEF2rel F2rel: JF2rel R a b <— F2rel R (JFIrel R) (JF2rel R) (dtor2 a) (dtor2 b)
(proof)
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lemma JFrel _Comp_ le:
JF1rel R1 OO JF1rel R2 < JF1rel (R1 OO R2) A JF2rel R1 OO JF2rel R2 < JF2rel (R1 OO R2)

(proof)

context includes lifting_syntax
begin

lemma unfold__transfer:
((S===>Fl1rel RS T) ===> (T ===> F2rel RS T) ===> S ===> JF1Irel R) unfold1 unfold1 A
((S===>F1rel RS T) ===> (T ===> F2rel RS T) ===> T ===> JF2rel R) unfold2 unfold2
{proof)

end
(ML)

bnf 'a JF1
map: JE1map
sets: JF'1set
bd: bd_F
wits: JF1wit
rel: JF1rel
(proof )

bnf 'a JF2
map: JE2map
sets: JF2set
bd: bd_F
wits: JF2wit
rel: JF2rel
(proof)

3 Normalized Composition of BNFs

Expected normal form: outer m-ary BNF' is composed with m inner n-ary BNFs.

unbundle cardinal__syntax

declare [[bnf_internals]|
bnf-axiomatization (dead ‘p1, Fisetl: 'al, Flset2: 'a2) F1
[wits: ('p1, 'al, 'a2) F1]
for map: Fimap rel: Flrel
bnf-axiomatization (dead 'p2, F2set1: 'al, F2set2: 'a2) F2
[wits: 'al = ('p2, 'al, 'a2) F2 'a2 = ('p2, 'al, 'a2) F2]
for map: F2map rel: F2rel
bnf-axiomatization (dead 'p3, F3setl: 'al, F3set2: 'a2) F3
[wits: ‘al = 'a2 = ('p3, 'al, 'a2) F3]
for map: F3map rel: F3rel
bnf-axiomatization (dead 'p, Gseti: 'b1, Gset2: 'b2, Gset3: 'b3) G
[wits: 'b1 = b8 = (p, ‘b1, b2, 'b3) G b2 = b3 = ('p, 'b1, b2, 'b3) G]
for map: Gmap rel: Grel
type-synonym ('p1, 'p2, 'p3, 'p, ‘al, 'a2) H =
('p, ('p1, 'al, 'a2) F1, ('p2, 'al, 'a2) F2, ('p3, 'al, 'a2) F3) G
type-synonym ('p1, 'p2, 'p3, 'p) Hbd_type =
('p1 bd_type_F1 + 'p2 bd_type F2 + 'p3 bd_type F3) x 'p bd_type G

abbreviation Flin where Flin A1 A2 = {z. Fisetl © C Al A Flset2 z C A2}
abbreviation F2in where F2in A1 A2 = {z. F2setl x C Al A F2set2 z C A2}
abbreviation F3in where F3in A1 A2 = {z. F3setl x C Al N F3set2 z C A2}
abbreviation Gin where Gin A1 A2 A8 = {z. Gsetl x C A1 N Gset2xz C A2 A Gset3 © C A8}
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abbreviation Gset where
Gset = BNF_Def.collect {Gsetl, Gset2, Gset3}

abbreviation Hmap :: (‘al = 'b1) = (‘a2 = 'b2) =
('p1, 'p2, 'p3, 'p, 'al, 'a2) H = ('p1, 'p2, 'p3, 'p, 'b1, 'b2) H where
Hmap f g = Gmap (Fimap f g) (F2map f g) (F8map f g)

abbreviation Hset! :: ('p1, 'p2, 'p3, 'p, 'al, 'a2) H = 'al set where
Hsetl = Union o Gset o Gmap Flsetl F2setl F3setl

abbreviation Hset2 :: ('p1, 'p2, 'p3, 'p, 'al, 'a2) H = 'a2 set where
Hset2 = Union o Gset o Gmap Flset2 F2set2 F3set2

lemma Hsetl alt:
Hsetl = Union o BNF_Def .collect {image Flsetl o Gsetl, image F2setl o Gset2, image F3setl o Gset3}

(proof )

lemma Hset2 alt:
Hset2 = Union o BNF_Def.collect {image Fl1set2 o Gsetl, image F2set2 o Gset2, image F3set2 o Gset3}

(proof )

abbreviation Hbd where
Hbd = (bd_F1 +c bd_F2 +c bd_F8) xc bd_G

theorem Hmap_ id: Hmap id id = id
(proof)

theorem Hmap__comp: Hmap (fI o g1) (f2 0 g2) = Hmap 1 f2 0 Hmap g1 g2
(proof)

theorem Hmap cong: [\z. z € Hsetl © = f1 z = g1 z; N\z. 2 € Hset2 x = f2 z = ¢2 2] =
Hmap f1 f2 x = Hmap g1 g2 x
(proof )

theorem Hset! natural: Hsetl o Hmap f1 f2 = image f1 o Hsetl
(proof )

theorem Hset2 natural: Hset2 o Hmap f1 f2 = image f2 o Hset2
(proof )

theorem Hbd card order: card order Hbd
(proof )

theorem Hbd_ cinfinite: cinfinite Hbd
(proof)

theorem Hbd_ reqularCard: regularCard Hbd
(proof)

theorem Hset1_bd: |Hsetl (z :: ("p1, 'p2, 'p3, 'p, 'al, 'a2) H )| <o
(Hbd :: ('p1, 'p2, 'p3, 'p) Hbd_type rel)
(proof)

theorem Hset2 bd: |Hset2 (z :: ('p1, 'p2, 'p3, 'p, 'al, 'a2) H )| <o
(Hbd :: ('p1, 'p2, 'p3, 'p) Hbd_type rel)
{proof)

abbreviation Hin where Hin A1 A2 = {z. Hsetl © C Al AN Hset2 z C A2}

lemma Hin_alt: Hin A1 A2 = Gin (Flin A1 A2) (F2in A1 A2) (F3in A1 A2)
(proof)

definition Hwit! where Huwitl b ¢ = witl_G wit_F1 (wit_F3 b c)
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definition Hwit21 where Hwit21 b ¢ = wit2_G (witl_F2 b) (wit_F3 b c)
definition Hwit22 where Hwit22 b ¢ = wit2 G (wit2_F2 c) (wit_F3 b c)

lemma Huwitl:
Nz. z € Hsetl (Hwitl b c) = z =
Az. z € Hset2 (Hwitl b c) = z =

(proof)

lemma Hwit21:
Nz. x € Hsetl (Hwit21 bc) = z=1»
Az. z € Hset2 (Hwit21 bc) = z = ¢

(proof )

lemma Hwit22:
Nz. x € Hsetl (Hwit22bc) = z=1»
Az. z € Hset2 (Hwit22 b c) = z = ¢

(proof )

lemma Grel cong: [R1 = S1; R2 = S2; R3 = S3] = Grel R1 R2 R3 = Grel S1 52 S3
(proof )

definition Hrel where
Hrel R1 R2 = (BNF_Def.Grp (Hin (Collect (case_prod R1)) (Collect (case_prod R2))) (Hmap fst fst)) ™——1 00
(BNF_Def.Grp (Hin (Collect (case_prod R1)) (Collect (case_prod R2))) (Hmap snd snd))

lemmas Hrel _unfold = trans[OF Hrel _def trans|OF OO_Grp__cong[OF Hin__alt]
trans|OF arg__cong2[of _ __ __ __ relcompp, OF trans|OF arg_conglof _ __ conversep, OF sym[OF G.rel_Grp]|
G.rel_conversep[symmetric]] sym[OF G.rel_Grp]]
trans|OF G.rel__compp[symmetric] Grel_cong[OF sym[OF F1.rel_compp_ Grp] sym[OF F2.rel_compp_ Grp|
sym[OF F3.rel_compp__Grp]]]]]]

bnf H: ('p1, 'p2, 'p3, 'p, 'al, 'a2) H
map: Hmap
sets: Hsetl Hset?2
bd: Hbd :: ('p1, 'p2, 'p3, 'p) Hbd_type rel
rel: Hrel
(proof )

4 Removing Live Variables

unbundle cardinal _syntax

declare [[bnf_internals]|
bnf-axiomatization (dead 'p, Fsetl: 'al, Fset2: ‘a2, Fset3: 'a8) F for map: Fmap rel: Frel

abbreviation Fimap :: (‘a2 = 'b2) = (‘a8 = 'b3) = ('p, 'al, 'a2, 'a3) F = ('p, 'al, 'b2, 'b3) F where
Fimap = Fmap id

abbreviation F2map :: (‘a8 = 'b3) = ('p, ‘a1, 'a2, 'a3) F = ('p, 'al, ‘a2, 'b3) F where
F2map = Fmap id id

abbreviation Flsetl = Fset2

abbreviation Flset2 = Fset3
abbreviation F2set = Fset3

theorem Fimap_id: Fimap id id = id
(proof )

theorem F2map_id: F2map id = id
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(proof)

theorem FImap_comp: Fimap (fI o g1) (f2 0 g2) = Flmap f1 f2 o FImap g1 g2
(proof)

theorem F2map__comp: F2map (f o g) = F2map f o F2map g
(proof)

theorem Flmap_cong: [\z. z € Flsetl 1 = f1 z = g1 z; N\z. z € Flset2 x = 2 z = g2 2]
= Flmap f1 f2 x = Filmap g1 g2 x
(proof)

theorem F2map_cong: [\z. z € F2sett = [z = g z] = F2map fz = F2map g z
(proof)

theorem Flisetl natural: Fisetl o Fimap f1 f2 = image f1 o Flset!
(proof)

theorem Fliset2 natural: Fliset2 o Fimap f1 f2 = image f2 o Fiset2
(proof)

theorem F2set_natural: F2set o F2map f = image f o F2set
(proof)

abbreviation Fin :: ‘al set = ‘a2 set = ‘a8 set = (('p, 'al, ‘a2, 'a8) F) set where
Fin A1 A2 A3 = {z. Fsetl ¢ C Al N Fset2x C A2 A Fset3 © C A8}

abbreviation F1in :: ‘a2 set = ‘a3 set = (('p, 'al, ‘a2, 'a83) F) set where
Filin A1 A2 = {z. Flsetl © C Al A Flset2 z C A2}

lemma Flin_ alt: Flin A2 A3 = Fin UNIV A2 A3
(proof)

abbreviation F2in :: ‘a3 set = (('p, ‘al, ‘a2, 'a3) F) set where
F2in A = {z. F2set x C A}

lemma F2in_alt: F2in A3 = Fin UNIV UNIV A3
(proof)

lemma Frel cong: [R1 = S1; R2 = 52; R3 = S8] = Frel R1 R2 R8 = Frel S1 S2 S3
(proof )

definition FIrel where
Firel R1 R2 = (BNF_Def.Grp (F1in (Collect (case_prod R1)) (Collect (case_prod R2))) (Flmap fst fst)) ——1
00
(BNF_Def.Grp (F1in (Collect (case_prod R1)) (Collect (case_prod R2))) (Fimap snd snd))

lemmas FlIrel_unfold = trans[OF Flrel def trans|OF OO_Grp_cong[OF Flin__alt]

trans[OF arg_cong2[of _ __ __ __ relcompp, OF trans|OF arg_conglof __ __ conversep, OF sym|OF F.rel_Grp]]
F.rel_conversep[symmetric]] sym[OF F.rel_Grp)|

trans|OF' F.rel _compp[symmetric] Frel_cong[OF trans[OF Grp_ UNIV_id[OF refl] eq_alt[symmetric]] Grp_fst_snd
Grp__fst_snd]]]]]

definition F2rel where
F2rel R1 = (BNF_Def.Grp (F2in (Collect (case_prod R1))) (F2map fst))——1 OO
(BNF_Def.Grp (F2in (Collect (case_prod R1))) (F2map snd))

lemmas F2rel _unfold = trans|OF F2rel_def trans|OF OO_Grp__cong[OF F2in__ali]

trans|OF arg__cong2[of _ __ __ __ relcompp, OF trans[OF arg_conglof _ __ conversep, OF sym|OF F.rel_Grp]]
F.rel__conversep[symmetric]] sym[OF F.rel_Grp]]

trans|OF' F.rel _compp[symmetric] Frel _cong[OF trans|OF Grp_ UNIV__id[OF refl] eq_alt[symmetric]] trans[OF
Grp_UNIV__id[OF refl] eq_alt[symmetric]] Grp_fst_snd]]]]]
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bnf Fi: ('p, ‘al, ‘a2, 'a8) F
map: Fimap
sets: Flsetl F1set2
bd: bd_F :: ('p bd_type F) rel
rel: Flrel
(proof)

bnf F2: ('p, 'al, ‘a2, 'a3) F
map: F2map
sets: F2set
bd: bd_F :: ('p bd_type_F) rel
rel: F2rel
(proof)

5 Adding New Live Variables

unbundle cardinal__syntax

declare [[bnf_internals]|

bnf-axiomatization (dead 'p, Fsetl: 'al, Fset2: 'a2) F
[wits: ‘a1l = 'a2 = ('p, 'al, 'a2) F|
for map: Fmap rel: Frel

type-synonym ('p, ‘a1, ‘a2, ‘a3, 'a4) F' = ('p, ‘a3, 'a4) F

abbreviation F'map :: (‘al = 'b1) = (‘a2 = 'b2) = (‘a3 = b3) = (‘a4 = 'b4) = ('p, ‘a1, 'a2, ‘a3, 'a4) F'
= ('p, 'b1, 'b2, 'b3, 'b4) F' where
F'map f1 f2 f3 f4 = Fmap f3 f4

abbreviation F'setl :: ('p, al, ‘a2, 'a8, 'af) F' = 'al set where
F'set1 = \_. {}

abbreviation F'set2 :: ('p, ‘al, ‘a2, 'a8, 'af) F' = 'a2 set where
Flset2 = \_. {}

abbreviation F'set3 :: ('p, ‘al, ‘a2, 'a8, 'af) F' = 'a8 set where
F'set3 = Fsetl

abbreviation F'set} :: ('p, al, ‘a2, 'a8, 'af) F' = 'a4 set where
F'sety = Fset2

abbreviation F’bd where
F'bd = bd_F

theorem F'map_id: F'map id id id id = id
(proof)

theorem F'map_ comp:
F'map (f1 0 g1) (f2 0 g2) (f3 0 g3) (f4 0 94) = F'map f1 f2 f3 f} o F'map g1 g2 g3 g4
(proof)

theorem F'map_ cong:
[N\z. 2 € Flsetl 2 = fl 2 = g1 2; N\z. 2 € F'set2 2 = 2 2 = g2 z;
Nz. 2 € Flset3z = f32 =932, N\2. 2 € Flset) x = f} z = g4 7]
= F'map f1 f2f3f} x = F'map g1 g2 g3 g4 =
(proof)

theorem F'setl natural: F'setl o F'map f1 f2 f3 f4 = image f1 o F'setl
(proof )

theorem F'set2 natural: F'set2 o F'map f1 f2 f3 f4 = image f2 o F'set2
(proof )

31



theorem F'set3 natural: F'set3 o F'map f1 f2 f3 f4 = image f3 o F'set3

(proof)

theorem F'set/ natural: F'set) o F'map f1 f2 f3 f4 = image f} o F'set}
(proof )

theorem F’'bd_card_order: card_order bd_F
(proof )

theorem F'bd_cinfinite: cinfinite bd_F
(proof )

theorem F'bd_reqularCard: reqularCard bd_F
(proof )

theorem F'setl bd: |F’'setl | <o F'bd
(proof )

theorem F'set2 bd: |F’'set2 | <o F'bd
(proof)

theorem F'set3 bd: |F’'set3 (z :: (‘c, 'a, 'd) F)| <o (F'bd :: 'c bd_type F rel)
(proof )

theorem F'set/ bd: |F’'set) (z :: (‘c, 'a, 'd) F)| <o (F'bd :: 'c bd_type_F rel)
(proof)

abbreviation F'in :: ‘al set = ‘a2 set = ‘a8 set = ‘a4 set = (('p, 'al, ‘a2, ‘a3, 'a) F') set where
F'in A1 A2 A3 A4 = {z. F'setl x C A1 N F'set2x C A2 A\ F'set8x C A3 A F'setf x C Aj}

definition F'rel where
F'rel R1 R2 R3 R4 = (BNF_Def.Grp (F'in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case__prod
R3)) (Collect (case_prod R4))) (F'map fst fst fst fst))™——1 OO
(BNF_Def.Grp (F'in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod
R3)) (Collect (case_prod R4))) (F'map snd snd snd snd))

lemmas F'rel_unfold = trans[OF F'rel_def[unfolded eqTruel[OF empty_subsetl] simp_thms(22)]
trans[OF OO__Grp__cong|OF refl] sym[OF F.rel_compp_ Grpl|]

bnf F": ('p, 'al, ‘a2, ‘a3, 'af) F’'
map: F'map
sets: F'setl F'set2 F'set3 F'set)
bd: F'bd :: 'p bd_type F rel
wits: wit F
rel: F'rel
plugins del: lifting transfer
(proof)

6 Changing the Order of Live Variables

unbundle cardinal _syntax

declare [[bnf_internals]|
bnf-axiomatization (dead 'p, Fsetl: ‘al, Fset2: ‘a2, Fset3: 'a8) F for map: Fmap rel: Frel
type-synonym ('p, ‘a1, ‘a2, 'a3) F' = ('p, ‘a8, 'al, 'a2) F

abbreviation Fin :: ‘al set = ‘a2 set = ‘a8 set = (('p, 'al, ‘a2, 'a8) F) set where
Fin A1 A2 A3 = {z. Fsetl ¢ C Al A Fset2x C A2 A Fset3 ¢ C A8}

abbreviation F'map :: (‘al = 'b1) = (‘a2 = 'b2) = (a8 = 'b3) = ('p, ‘a1, ‘a2, 'a8) F' = ('p, 'b1, 'b2, 'b3)

F’ where
F'map fgh= Fmap h fg
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abbreviation F'set! :: ('p, al, ‘a2, 'a8) F' = 'al set where
F'set] = Fset2

abbreviation F'set2 :: ('p, 'al, ‘a2, 'a8) F' = 'a2 set where
F'set2 = Fset3

abbreviation F'set3 :: ('p, al, ‘a2, 'a8) F' = ‘a3 set where
F'set3 = Fsetl

abbreviation F’bd where
F'bd = bd_F

theorem F'map_id: F'map id id id = id
(proof)

theorem F'map__comp: F'map (f1 0 g1) (f2 0 g2) (f3 0 g3) = F'map f1 f2 f3 o F'map g1 g2 g3
(proof)

theorem F'map_cong: [N\z. 2 € F'setl x = fl 2= gl 2; N\2. 2 € F'set2x = 22 = g2 2; \2. 2 € F'set3 1 —
13 2= g3 7]

= F'map f1 f2 f3z = F'map g1 g2 g3

(proof)

theorem F'setl natural: F'setl o F'map f1 f2 f3 = image f1 o F'setl
(proof)

theorem F'set2 natural: F'set2 o F'map f1 f2 f3 = image f2 o F'set2
(proof)

theorem F'set3 natural: F'set3 o F'map f1 f2 f3 = image f3 o F'setd
(proof)

theorem F'bd_card order: card_order F'bd
(proof )

theorem F'bd_cinfinite: cinfinite F'bd
(proof )

theorem F'bd_regularCard: regularCard F'bd
(proof)

theorem F'setl bd: |F'setl (z = (‘c, 'a, 'b, 'd) F)| <o (F'bd :: 'c bd_type_F rel)
(proof)

theorem F'set2_bd: |F'set2 (z :: (‘c, 'a, 'b, 'd) F)| <o (F'bd :: 'c bd_type F rel)
(proof)

theorem F'set3_bd: |F'set3 (z :: ('c, 'a, 'b, 'd) F)| <o (F'bd :: 'c bd_type_F rel)
(proof)

abbreviation F'in :: ‘al set = ‘a2 set = ‘a8 set = (('p, 'al, 'a2, 'a8) F') set where
F'in A1 A2 A8 = {z. F'setl x C A1 N\ F'set2xz C A2 A F'set3xz C A3}

lemma F'in_alt: F'in A1 A2 A3 = Fin A3 A1 A2
(proof)

definition F'rel where
F'rel R1 R2 R3 = (BNF_Def.Grp (F'in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod
R3))) (F'map fst fst fst))™——1 OO
(BNF_Def.Grp (F'in (Collect (case_prod R1)) (Collect (case_prod R2)) (Collect (case_prod R3)))
(F'map snd snd snd))
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lemmas F'rel_unfold = trans|OF F'rel_def trans[OF OO_ Grp__cong|OF F'in__alt] sym[OF F.rel_compp_ Grp]]]

bnf F’: ('p, 'al, a2, 'a3) F'
map: F'map
sets: F'setl F'set2 F'set3
bd: F'bd :: 'p bd_type F rel
rel: F''rel

(proof)
7 Mutual View on Nested Datatypes

notation BNFE_Def.convol (<<_, _>»)
declare [[bnf internals]]
declare [[typedef _overloaded]]

bnf-axiomatization (’

, 'b) FO [wits: 'a = ('a, 'b) FO|
bnf-axiomatization (‘a, '

a
a, 'b) GO [wits: 'a = ('a, 'b) GO

7.1 Nested Definition

datatype ‘a F = CF ('a, 'a F) FO
datatype ‘a G = CG (‘a, ('a G) F) GO

type-synonym ('b, 'c) F_pre_F = ('c, 'b) F0
type-synonym (‘c, ‘a) G_pre_G = ('a, 'c F) GO

term ctor_fold F :: (('b, 'c) F_pre F = 'b) = "¢ F ="b

term ctor_fold_G :: (('c, 'a) G_pre_G = 'c) = 'a G = 'c

term ctor_rec_F :: ("¢ F x 'b, 'c) F_pre_ F = 'b) = 'c F = 'b
term ctor_rec_G :: (('a G x ¢, 'a) G_pre_G = 'c) = 'a G = c
thm F.ctor rel induct

thm G.ctor_rel_induct[unfolded rel_pre_G__def id__apply]

7.2 Isomorphic Mutual Definition

datatype ‘a Gy = CG (‘a, 'a GFy) GO
and 'a GFN[ = CF ('a G]u, ’a GFM) FO

type-synonym ('b, 'c) GFn_pre_ GFy = ('c, 'b) FO
type-synonym (‘c, ‘a) Gum_pre_Gu = ('a, 'c) GO

term ctor_fold_ G :: (('c, 'a) Gu_pre__Ga = 'b) = ((‘e, 'b) GFy_pre_ GFy = 'c) = 'a Gy = b

term ctor_fold_GFur 2 (('c, 'a) Gu_pre_Gu = 'b) = (('c, 'b) GFy_pre__GFy = 'c) = 'a GFy = c
term ctor_rec_Gun 2 (('a GFyr X e, 'a) Gu_pre_Gu = 'b) = (('a GFum X 'c, 'a Gy X 'b) GFy_pre__GF
='c)="aGu="b

term ctor_rec_GFur 2 (("'a GFym X ¢, 'a) Gu_pre_Gu = 'b) = ((la GFy X ‘e, 'a Gy x 'b) GFy_pre_GF
= ,C) =a GFy = ‘e

thm Gu_ GF.ctor_rel _induct[unfolded rel_pre G def rel_pre  GF i def]

7.3 Mutualization
7.3.1 Iterators

definition n2m_ ctor_fold_G :: (('c, 'a) Gu_pre_Gum = 'b) = ((‘c, 'b) GFym_pre GFy = 'c) = 'a G = 'b
where n2m__ctor_fold_G s1 s2 = ctor_fold_G (sl o
map__pre_ G id (id :: unit = unit) (ctor_fold_F (s2 o BNF_Composition.id__bnf o BNF_Composition.id__bnf))
o BNF_Composition.id__bnf o BNF_Composition.id__bnf)
definition n2m_ ctor_fold_G_F :: (('c, 'a) Gum_pre_Gu = 'b) = (('c, 'b) GFy_pre_GFy = 'c) = 'a G F =

‘c

34



where n2m__ctor_fold_G_F sl s2 = ctor_fold_F (s2 o map_pre_ GF (id :: unit = unit) (n2m__ctor_fold G
s1 s2) id o BNF_Composition.id_bnf o BNF_Composition.id__bnf)

lemma G_ctor_o_fold: ctor_fold_G s o ctor_G = s o map_pre_ G id (ctor_fold_G s)
(proof )
lemma F__ctor_o_fold: ctor_fold_F s o ctor_F = s o map_pre_F id (ctor_fold_F s)

(proof)

lemma G__ctor_o_rec: ctor_rec_G s o ctor_G = s o map_pre_G id (BNF_Def.convol id (ctor_rec_G s))

(proof)

lemma F_ctor_o_rec: ctor_rec_F s o ctor_F = s o map_pre_F id (BNF_Def.convol id (ctor_rec_F s))

(proof )

lemma n2m_ ctor_fold_G:

n2m__ctor_fold G s1 s2 o ctor_G = s1 o map_pre_ G id id (n2m__ctor_fold_G_F s1 s2) o BNF_Composition.id_bnf
o BNF_Composition.id__bnf

(proof )

lemma n2m_ ctor_fold_ G _F:

n2m__ctor_fold_G_F sl s2 o ctor_F = s2 o map_pre_ GFar id (n2m__ctor_fold_G sl s2) (n2m__ctor_fold_G_F
s1 s2) o BNF_Composition.id_bnf o BNF_Composition.id__bnf

(proof )

7.3.2 Recursors

definition n2m_ ctor _rec_ G ::
((la GF x ¢, 'a) Gu_pre_ Gy = b)) = (("a G F x 'c, 'a G x 'b) GFy_pre_ GFy = 'c) = 'a G = 'b
where n2m_ctor _rec G sl s2 =
ctor_rec_G (sl o
map_pre_ G id (id :: unit = unit)
(BNF_Def.convol (map__F fst) (ctor_rec_F (s2 o map_pre_ GFy (id :: unit = unit) id (map_prod (map_F
fst) id) o BNF_Composition.id_bnf o BNF _Composition.id_bnf))) o
BNF_Composition.id__bnf o BNF_Composition.id__bnf)

definition n2m_ ctor_rec G _F ::
((la GF x ¢, 'a) Gu_pre. Gy = b)) = ((la GF x 'c, '/a G x 'b) GFy_pre GFy = 'c) = 'a GF = 'c
where n2m_ ctor_rec_G_F sl s2 = ctor_rec_F (s2 o map_pre_GF (id :: unit = unit) (BNF_Def.convol id
(n2m__ctor_rec_G sl s2)) id o BNF_Composition.id_bnf o BNF_Composition.id__bnf)

lemma n2m_ctor rec G-

n2m__ctor_rec_G s1 s2 o ctor_G = sl o map_pre_Gu id id (BNF_Def.convol id (n2m__ctor_rec_G_F sl s2))
o BNF_Composition.id__bnf o BNF_Composition.id__bnf

(proof)

lemma n2m_ctor rec G _F':
n2m__ctor_rec_G_F sl s2 o ctor_F = s2 o map_pre_GF id (BNF_Def.convol id (n2m__ctor_rec_G sl s2))
(BNF_Def.convol id (n2m__ctor_rec_ G_F s1 s2)) o BNF_Composition.id_bnf o BNF_Composition.id__bnf
(proof )

7.3.3 Induction

lemma n2m_rel induct G G _F:

assumes [H1:V zy. BNF_Def.vimage2p (BNF_Composition.id__bnf o BNEF_Composition.id__bnf) (BNF_Composition.id__bnf
o BNF_Composition.id_bnf) (rel_pre_ Gy P R S) vy — R (ctor_G z) (ctor_G y)

and [H2:Vzy. BNF_Def.vimage2p (BNF_Composition.id__bnf o BNF_Composition.id__bnf) (BNF_Composition.id__bnf
o BNF_Composition.id_bnf) (rel_pre_ GFy P R S) .y — S (ctor_F z) (ctor_F y)

shows rel_ G P < R Avrel_F (rel_GP)<S

(proof)

lemmas n2m__ctor_induct_G_G_F = spec[OF spec [OF
n2m__rel_induct_G_G_F[of (=) BNF_Def.Grp (Collect R) id BNF_Def.Grp (Collect S) id for R S,
unfolded G.rel_eq F.rel_eq eq le Grp_id_iff all_simps(1,2)[symmetric]]],
unfolded eq alt pre_Gur.rel_Grp pre_GF ar.rel_Grp pre_ Gar.map__1d0 pre_ GF yr.map__id0,
unfolded vimage2p__comp vimage2p__id comp__apply comp__id Grp_id_mono_ subst
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type__copy_vimage2p_ Grp_Rep[OF BNF _Composition.type__definition_id_bnf UNIV]
type__copy_Abs_o_Rep[OF BNF_Composition.type__definition_id_bnf UNIV]

eqTruel [OF subset_UNIV| simp__thms(22)

atomize__conjL[symmetric] atomize__all[symmetric] atomize__imp[symmetric],

unfolded subset_iff mem__Collect__eq|

8 Mutual View on Nested Coatatypes

bnf-axiomatization (‘a, 'b) coF0
bnf-axiomatization (‘a, 'b) coGO

8.1 Nested definition

codatatype 'a colF' = CcoF ('a, 'a coF) coF0
codatatype ‘a coG = CcoG (‘a, ('a coG) coF) coGO

type-synonym (', ‘c) coF_pre_coF = ('c, 'b) coF0
type-synonym ('c, ‘a) coG_pre_coG = ('a, 'c coF) coGO

term dtor_unfold_coF :: ('b = ('b, 'c) coF_pre_coF) = 'b = 'c coF

term dtor_unfold_coG :: (‘c = (c, 'a) coG_pre_coG) = 'c = 'a coG

term dtor_corec_coF :: ('b = (c coF + 'b, 'c) coF _pre_coF) = 'b = 'c coF
term dtor__corec_coG :: ('c = ('a coG + 'c, 'a) coG_pre_coG) = 'c = 'a coG
thm coF.dtor rel coinduct

thm coG.dtor_rel _coinduct[unfolded rel _pre__coG__def id__apply]

8.2 Isomorphic Mutual Definition

codatatype ‘a coGyr = CcoG ('a, 'a coGcoF ) coGO
and ‘a coGeoFy = CcoF (‘a coGu, 'a coGeoF yr) coF0

type-synonym ('b, ‘c) coGcoFnr__pre_coGeoFy = ('c, 'b) coF0
type-synonym (‘c, ‘a) coGn_pre_coGu = ('a, 'c) coGO

term dtor_unfold_coGar :: ('b = ('c, 'a) coGu_pre_coGur) = (‘c = ('c, 'b) coGeoF nr_pre_coGeoFar) = 'b =
'a coG

term dtor_unfold_coGcoF :: ('b = (‘c, 'a) coGum__pre_coGun) = (e = ('c, 'b) coGeoFn__pre_coGeoFnr) = 'c
= 'a coGecoF nr

term dtor__corec_coGur :: ('b = (‘a coGeoFnm + ‘¢, 'a) coGu_pre_coGu) = (e = ('a coGeoFnr + ‘¢, 'a coGu
+ 'b) coGcoF p__pre_coGeoFy) = 'b = 'a coGu

term dtor_corec_coGcoFn :: ('b = (‘a coGecoFy + ‘¢, 'a) coGu__pre_coGrr) = ('c = (‘a coGeoFyr + 'c, 'a
oGy + 'b) coGeoF pi__pre_coGeoF ) = ‘¢ = 'a coGeoF

thm coGp__coGeoF y.dtor_rel coinduct[unfolded rel_pre__coGpr__def rel_pre_coGeoF n__def]

8.3 Mutualization
8.3.1 Coiterators

definition n2m__dtor_unfold_coG :: ('b = ('c, 'a) coGu_pre_coGun) = (c = ('c, 'b) coGeoFn__pre__coGeoF )
= b= "a coG

where n2m__dtor_unfold _coG s1 s2 = dtor_unfold_coG (BNF_Composition.id_bnf o BNF_Composition.id__bnf

0

map_pre__coGur id (id :: unit = unit) (dtor_unfold _coF (BNF_Composition.id_bnf o BNF_Composition.id__bnf

0 s2)) o sl)
definition n2m__dtor_unfold_coG_coF :: ('b= ('c, 'a) coGn_pre_coGu) = (‘c = (‘c, 'b) coGeoF n__pre__coGeoF )
= 'c = 'a coG coF

where n2m__dtor_unfold_coG_coF sl s2 = dtor_unfold_coF (BNF_Composition.id_bnf o BNF_Composition.id__bnf
o map_pre_coGeoFn (id :: unit = unit) (n2m__dtor_unfold_coG sl s2) id o s2)

lemma coG_dtor_o_unfold: dtor_coG o dtor_unfold_coG s = map_pre_coG id (dtor_unfold_coG s) o s

(proof)

lemma coF_dtor_o_unfold: dtor_coF o dtor_unfold _coF s = map_pre_coF id (dtor_unfold_coF s) o s

(proof )
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lemma coG__dtor_o_corec: dtor_coG o dtor_corec_coG s = map_pre_coG id (case__sum id (dtor__corec_coG s))
0s

(proof)
lemma coF _dtor_o_corec: dtor_coF o dtor__corec_coF s = map_pre_coF id (case_sum id (dtor__corec_coF s)) o
s

(proof)

lemma n2m__dtor__unfold_coG:

dtor_coG o n2m__dtor_unfold_coG s1 s2 = BNF_Composition.id__bnf o BNF_Composition.id__bnf o map_pre_coGm
id id (n2m__dtor_unfold_coG_coF sl s2) o sl

(proof )

lemma n2m__dtor_unfold coG__coF:
dtor_coF o n2m__dtor_unfold _coG__coF sl s2 = BNF_Composition.id__bnf o BNF_Composition.id__bnf o map__pre__coGcoF p
id (n2m__dtor_unfold_coG sl s2) (n2m__dtor_unfold_coG_coF sl s2) o s2

(proof )

8.3.2 Corecursors

definition n2m_ dtor_corec_coG ::
('b = ("a coG coF + 'c, 'a) coGr_pre_coGu) = ('c = ('a coG coF + 'c, 'a coG + 'b) coGeoF n__pre__coGeoF ur)
= b= "a coG
where n2m_ dtor_corec_coG sl s2 =
dtor_corec_coG (BNF_Composition.id_bnf o BNF_Composition.id__bnf o
map_pre_coGp id (id :: unit = unit)
(case_sum (map__coF Inl) (dtor_corec_coF (BNF_Composition.id_bnf o BNF_Composition.id_bnf o
map__pre_coGeoF n (id :: unit = unit) id (map_sum (map_coF Inl) id) o s2))) o
s1)

definition n2m_ dtor corec_coG_coF ::

("6 = ("a coG coF + 'c, 'a) coGp_pre_coGun) = (‘¢ = (‘a coG coF + ¢, 'a coG + 'b) coGcoF p__pre_coGeoF )
= 'c = 'a coG coF

where n2m__dtor_corec_coG_coF s1 s2 = dtor__corec__coF (BNF_Composition.id__bnf o BNF_Composition.id__bnf
o map_pre_coGcoFy (id :: unit = unit) (case_sum id (n2m__dtor_corec_coG sl s2)) id o s2)

lemma n2m_ dtor corec_coG:
dtor_coG o n2m__dtor__corec_coG sl s2 = BNF_Composition.id_bnf o BNF_Composition.id__bnf o map__pre__coGm
id id (case_sum id (n2m__dtor_corec_coG_coF sl s2)) o sl

(proof)

lemma n2m_ dtor_corec_coG_coF"
dtor_coF o n2m__dtor__corec_coG__coF s1 s2 = BNF_Composition.id__bnf o BNF_Composition.id__bnf o map__pre__coGcoF
id (case__sum id (n2m__dtor__corec_coG sl s2)) (case__sum id (n2m__dtor_corec_coG_coF sl s2)) o s2

(proof )

8.3.3 Coinduction

lemma n2m_rel coinduct coG _coG _coF":
assumes CIHI: Vz y. R v y — BNF_Def.vimage2p
(BNF_Composition.id__bnf o BNF_Composition.id__bnf)
and CIH2: Vzxy. Sxy — BNF_Def.vimage2p
(BNF_Composition.id__bnf o BNF_Composition.id__bnf)
shows R < rel_coG P N S < rel_coF (rel_coG P)
(proof)

BNF_Composition.id_bnf o BNF_Composition.id__bnf)
rel_pre_coGay P R S) (dtor_coG z) (dtor_coG y)
BNF_Composition.id_bnf o BNF_Composition.id__bnf)
rel_pre_coGcoFy P R S) (dtor_coF z) (dtor_coF y)

lemmas n2m__ctor_induct_coG_coG__coF = spec[OF spec[OF spec|OF spec|OF
n2m__rel_coinduct_coG_coG_coF[of __ (=),
unfolded coG.rel_eq coF.rel_eq le_fun_ def le_bool_def all simps(1,2)[symmetric]]]]]]
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