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Abstract

For a finite-dimensional vector space over a finite-dimensional field
extension, the dimension over the smaller field is the product of the
two dimensions. The result includes vector subspaces and the zero
space. For compatible towers of two fields and a finite-dimensional
commutative unital algebra, trace and norm over the bottom field are
the iterated trace and norm through the intermediate field. Examples
include Fy C F4 and R C C. The development follows the standard
finite extension treatment in [1].
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1 Restriction of scalars for carrier-based vector
spaces

The upper carrier is an arbitrary vector space, not a field. In particular, it
may be the zero space. The lower vector space describes the intermediate
field over the smaller field, using the same scalar operations. These param-
eters can also describe subfields of a noncommutative ambient ring and a
vector subspace of that ring.

locale scalar-restriction-tower =
lower: Vector-Space K sadd smult szero sone sadd szero F smult +
upper: Vector-Space F sadd smult szero sone vadd vzero E scale
for K F :: s set
and sadd smult :: 's = 's = s
and szero sone :: 's
and vadd :: 'v="v="Tv
and vzero :: 'v
and F :: v set
and scale :: 's = v = v +
assumes base-subset: K C F
begin

sublocale direct: Vector-Space K sadd smult szero sone vadd vzero E scale
proof (intro Vector-Space.intro Vector-Space-azioms.intro)
show Field K sadd smult szero sone by (rule lower.Field-azioms)
show Abelian-Group E vadd vzero by (rule upper.vadd-group)
show Aav. J[a € K; v € E] = scaleav € E
using base-subset by (blast intro: upper.scale-closed)
show Aauwv. Ja € K; u € F; v e EF] =
scale a (vadd u v) = vadd (scale a u) (scale a v)
using base-subset by (blast intro: upper.scale-distrib-vadd)
show Aabv. [ace K;be K; v e E] =
scale (sadd a b) v = vadd (scale a v) (scale b v)
using base-subset by (blast intro: upper.scale-distrib-add)
show Aabv. [a€ K;be K;v e E] =
scale (smult a b) v = scale a (scale b v)
using base-subset by (blast intro: upper.scale-scale)
show Av. v € E = scale sone v = v
by (rule upper.scale-one)
qed

Restricting the field changes the allowed coefficients, but not the expres-
sion for a linear combination.

lemma restricted-lincomb:
direct.lincomb ¢ A = upper.lincomb ¢ A
by (simp only: direct.lincomb-def)

definition product-basis :: 's set = 'v set = v set
where product-basis B C = (A(b,c). scale b ¢) ‘(B x C)



lemma product-basis-finite:
assumes finite B finite C
shows finite (product-basis B C')
using assms by (simp add: product-basis-def)

lemma product-basis-subset:
assumes BC FCCUE
shows product-basis B C C E
using assms unfolding product-basis-def by (auto intro: upper.scale-closed)

lemma product-basis-empty [simp]:
product-basis B {} = {}
by (simp add: product-basis-def)

lemma lower-basis-nonzero:
assumes B: lower.basis B and b: b € B
shows b #£ szero
proof
assume b = szero
have ind: lower.lin-indep B by (rule lower.basis-lin-indep[OF B])
have b ¢ lower.span (B — {b})
by (rule lower.lin-indep-not-in-span[OF ind b])
moreover have b € lower.span (B — {b})
using <b = szero) lower.span-zero by simp
ultimately show Fulse by contradiction
qged

lemma upper-basis-scaled-unique:

assumes C': upper.basis C and c¢: ¢ € C'and d: d € C
and b: b€ Fand e: e € F
and eq: scale b ¢ = scale e d

shows b = (if ¢ = d then e else szero)

proof —

have finC: finite C and CE: C C E
using C by (auto simp: upper.basis-def)

have ind: upper.mod.lin-indep C
by (rule iffD1[OF upper.lin-indep-iff-mod-lin-indep| OF finC CE]

upper.basis-lin-indep| OF C]])

have cE: ¢ € F and dFE: d € E using CFE ¢ d by blast+

have coeff-b: upper.mod.coeffs-on (A-. b) {c}
by (rule upper.mod.coeffs-onl) (simp add: b)

have coeff-e: upper.mod.coeffs-on (A-. e) {d}
by (rule upper.mod.coeffs-onl) (simp add: e)

have comb:
upper.mod.lincomb (A-. b) {c} = upper.mod.lincomb (A-. €) {d}
using eq by (simp add: cE dE b e)

have (if ¢ € {c} then b else szero) =
(if ¢ € {d} then e else szero)



by (rule upper.mod.lin-indep-lincomb-unique-gen[OF ind - - - - coeff-b coeff-e
comb])
(use ¢ d in auto)
then show ?thesis by simp
qed

lemma product-basis-injective:
assumes B: lower.basis B and C: upper.basis C
shows inj-on (A(b,c). scale b ¢) (B x C)
proof (rule inj-onl)
fix zy
assume z: x € Bx Cand y: y € B x C
and eq: (A(b,c). scale b ¢) x = (A(b,c). scale b ¢) y
obtain b ¢ where 2" 2 = (b,c) and b: b € Band ¢: c € C
using = by (cases x) auto
obtain e d where y: y = (e,d) and e: e € Band d: d € C
using y by (cases y) auto
have BF: B C F using B by (auto simp: lower.basis-def)
have 0F: b € F and eF': e € F using BF b e by blast+
have scaled: scale b ¢ = scale e d using eq x’ y' by simp
have unique: b = (if ¢ = d then e else szero)
by (rule upper-basis-scaled-unique[OF C ¢ d bF eF scaled])
have ¢ = d using unique lower-basis-nonzero[OF B b] by (cases ¢ = d) auto
then have b = e using unique by simp
then show = = y using z’ y’ <¢c = d> by simp
qged

lemma scalar-lower-combination-in-product-span:
assumes BF: BC Fand CE: C C Fand ¢c: ce€ C
and fin: finite T and TB: T C B
and coeff: N\b.be T = fbe K
shows scale (lower.lincomb f T) ¢ € direct.span (product-basis B C)
proof —
have PE: product-basis B C C E by (rule product-basis-subset[OF BF CE))
have cE: ¢ € E using ¢ CF by blast
have step: scale (lower.lincomb f U) ¢ € direct.span (product-basis B C')
if finite UU C BVYbeU. fbe K for U
using that
proof (induction U rule: finite-induct)
case empty
then show ?case
by (simp add: upper.mod.scale-zero-scalar cE)
next
case (insert b U)
have bF: b€ Fand UF: U C F
using insert.prems BF by auto
have fK: fb e K and fUK: A\z. 21 € U = fz € K
using insert.prems by auto
have fF: fb € F and fUF: N\z. 2 € U = fz € F



using fK fUK base-subset by blast+
have tailF': lower.lincomb f U € F
by (rule lower.lincomb-closed|OF UF fUK])
have termF: smult (fb) b € F
by (rule lower.scale-closed[OF fK bF))
have termsU: (Az. smult (fz) ) € U — F
using UF fUK by (auto intro: lower.scale-closed)
have split: lower.lincomb f (insert b U) =
sadd (smult (f b) b) (lower.lincomb f U)
using lower.vadd.fincomp-insert| OF insert.hyps(1,2) termsU termkF)]
by (simp only: lower.lincomb-def)
have base: scale b ¢ € direct.span (product-basis B C)
proof (rule direct.span-incl[OF PE])
show scale b ¢ € product-basis B C
using insert.prems ¢ by (auto simp: product-basis-def)
qed
have first: scale (smult (f b) b) ¢ € direct.span (product-basis B C')
using direct.span-scale|OF PE fK base] upper.scale-scale]OF fF bF cE| by
simp
have rest: scale (lower.lincomb f U) ¢ € direct.span (product-basis B C')
using insert.IH insert.prems by auto
have vadd (scale (smult (f b) b) ¢) (scale (lower.lincomb f U) c)
€ direct.span (product-basis B C')
by (rule direct.span-vadd[OF PE first rest])
then show ?case
using upper.scale-distrib-add[OF termF tailF cE] by (simp only: split)
qed
show ?thesis by (rule step]OF fin TB]) (use coeff in blast)
qed

lemma fincomp-in-direct-span:
assumes PE: P C E and fin: finite A
and terms: Na. a € A = g a € direct.span P
shows upper.vadd.fincomp g A € direct.span P
using fin terms
proof (induction A rule: finite-induct)
case empty
then show Zcase by simp
next
case (insert a A)
have ga: g a € direct.span P using insert.prems by simp
have rest: upper.vadd.fincomp g A € direct.span P
using insert.IH insert.prems by blast
have gE: g € insert a A — F
using insert.prems direct.span-subset-V[OF PE| by blast
have vadd (g a) (upper.vadd.fincomp g A) € direct.span P
by (rule direct.span-vadd]OF PE ga rest))
then show ?case using insert.hyps gE by simp
qed



lemma product-basis-spanning:
assumes B: lower.basis B and C: upper.basis C
shows direct.spanning (product-basis B C)
proof —
have finB: finite B and BF: B C F
using B by (auto simp: lower.basis-def)
have finC: finite C and CE: C C E
using C by (auto simp: upper.basis-def)
have PE: product-basis B C' C E by (rule product-basis-subset| OF BF CE])
have finP: finite (product-basis B C) by (rule product-basis-finite]OF finB finC1)
have lower-span: lower.spanning B by (rule lower.basis-spanning| OF B])
have upper-span: upper.spanning C by (rule upper.basis-spanning[OF C])
have all-span: © € direct.span (product-basis B C) if zE: z € E for z
proof —
obtain d where d: d € C —g F and z: x = upper.lincomb d C
using upper-span tE by (auto simp: upper.spanning-def)
have summand: scale (d ¢) ¢ € direct.span (product-basis B C) if ¢: ¢ € C for

proof —
have dcF: d ¢ € F using d ¢ by auto
obtain f where f: f € B —g K and dc: d ¢ = lower.lincomb f B
using lower-span dcF by (auto simp: lower.spanning-def)
have scale (lower.lincomb f B) ¢ € direct.span (product-basis B C)
by (rule scalar-lower-combination-in-product-span|OF BF CE ¢ finB sub-
set-refl])
(use f in auto)
then show ?thesis using dc by simp
qed
have upper.vadd.fincomp (Aec. scale (d ¢) ¢) C
€ direct.span (product-basis B C')
by (rule fincomp-in-direct-span|OF PE finC summand))
then show %thesis using z by (simp add: upper.lincomb-def)
qed
have direct.mod.spanning (product-basis B C)
by (rule direct.mod.spanningI[OF PE all-span])
then show ?%thesis
using direct.spanning-iff-mod-spanning| OF finP PE)] by blast
qed

lemma scale-lower-lincomb:
assumes BF: BC Fand cE: c € E
and fK: N\b.be B= fbe K
shows scale (lower.lincomb f B) ¢ =
upper.vadd.fincomp (Ab. scale (smult (f b) b) ¢) B
proof —
have terms: (Ab. smult (fb) b) € B— F
using BF fK by (auto intro: lower.scale-closed)
have hom: scale (lower.vadd.fincomp (Ab. smult (f b) b) B) ¢ =



upper.vadd.fincomp (Ab. scale (smult (f b) b) ¢) B
proof (rule fincomp-hom|[OF lower.vadd.commutative-monoid-azioms
upper.vadd.commutative-monoid-azioms])
show \z. 2 € F = scalex c € E
by (rule upper.scale-closed|OF - cE))
show scale szero ¢ = vzero by (rule upper.mod.scale-zero-scalar|OF cE])
show Az y. [z € F; y € F] =
scale (sadd x y) ¢ = vadd (scale z ¢) (scale y c)
by (rule upper.scale-distrib-add[OF - - cFE))
show (Ab. smult (f b) b) € B — F by (rule terms)
qed
show ?thesis using hom by (simp only: lower.lincomb-def)
qed

lemma vector-fincomp-cartesian:
assumes finB: finite B and finC" finite C'
and gF: Abec. [be B;ce ] = g (byc) € E
shows upper.vadd.fincomp g (B x C) =
upper.vadd.fincomp (Ac. upper.vadd.fincomp (Ab. g (b,c)) B) C
proof —
have disjoint: pairwise (Ac d. disjnt (B x {c}) (B x {d})) C
by (auto simp: pairwise-def disjnt-def)
have union: ({JceC. B x {c}) = B x C by blast
have split:
upper.vadd.fincomp g (B x C) =
upper.vadd.fincomp (Ac. upper.vadd.fincomp g (B x {c})) C
using upper.vadd.fincomp-UN-disjoint[OF finC - disjoint, of g] finB gE union
by auto
have slice: upper.vadd.fincomp g (B x {c}) =
upper.vadd.fincomp (Ab. g (b,c)) B if ¢: ¢ € C for ¢
proof —
have image: (A\b. (b,c)) * B = B x {c} by auto
have wvalid: g € ((Ab. (b,c)) ‘B) — E
using gF ¢ by auto
have injective: inj-on (Ab. (b,c)) B by (auto simp: inj-on-def)
show ?thesis using upper.vadd.fincomp-reindex|OF wvalid injective] image by
stmp
qed
show ?thesis using split slice
by (intro trans|OF split] upper.vadd.fincomp-cong’)
(auto intro: upper.vadd.fincomp-closed gE)
qged

lemma product-lincomb-nested:
assumes B: lower.basis B and C: upper.basis C
and fK: Av. v € product-basis BC = fv € K
shows direct.lincomb f (product-basis B C) =
upper.lincomb (Ac. lower.lincomb (Ab. f (scale b ¢)) B) C
proof —



have finB: finite B and BF: B C F
using B by (auto simp: lower.basis-def)
have finC: finite C and CE: C C E
using C by (auto simp: upper.basis-def)
have PE: product-basis B C' C E by (rule product-basis-subset| OF BF CE])
have fk: f (scale b c) € Kif b: b€ Band ¢: ¢ € C for b ¢
proof (rule fK)
show scale b ¢ € product-basis B C using b ¢ by (auto simp: product-basis-def)
qed
have terms: (Av. scale (f v) v) € product-basis B C — E
using PFE fK base-subset by (auto intro: upper.scale-closed)
have inj: inj-on (A(b,c). scale b ¢) (B x C)
by (rule product-basis-injective] OF B (1)
have reindex: upper.vadd.fincomp (Av. scale (f v) v) (product-basis B C) =
upper.vadd.fincomp (A(b,c). scale (f (scale b ¢)) (scale b ¢)) (B x C)
using upper.vadd.fincomp-reindex| OF terms[unfolded product-basis-def] inj)
by (simp only: product-basis-def case-prod-unfold)
have pairE: scale (f (scale b ¢)) (scale b ¢) € E
ifbe Bce Cforbc
using BF CE base-subset fk[OF that)] that by (auto intro: upper.scale-closed)
have cart:
upper.vadd.fincomp (A(b,c). scale (f (scale b ¢)) (scale b ¢)) (B x C) =
upper.vadd.fincomp (Ac. upper.vadd.fincomp
(Ab. scale (f (scale b ¢)) (scale b ¢)) B) C
proof —
have pairE" (A(b,c). scale (f (scale b ¢)) (scale b ¢)) (b,c) € E
ifbe Bce Cforbc
using pairE[OF that] by simp
note result = vector-fincomp-cartesian[where g=\(b,c). scale (f (scale b c))
(scale b ),
OF finB finC pairE’]
show ?thesis using result by simp
qed
have inner:
upper.vadd.fincomp (Ab. scale (f (scale b ¢)) (scale b ¢)) B =
scale (lower.lincomb (A\b. f (scale b ¢)) B) ¢
if c: c € C for ¢
proof —
have cFE: ¢ € F using CFE ¢ by blast
have rightE: (Ab. scale (smult (f (scale b ¢)) b) ¢) € B— E
proof
fix b assume b: b € B
have bF: b € F using BF b by blast
have smult (f (scale b ¢)) b € F
by (rule lower.scale-closed[OF fk[OF b c] bF])
then show scale (smult (f (scale b ¢)) b) c € E
by (rule upper.scale-closed|OF - cE))
qed
have equal:



upper.vadd.fincomp (Ab. scale (f (scale b ¢)) (scale b ¢)) B =
upper.vadd.fincomp (Ab. scale (smult (f (scale b ¢)) b) ¢) B
proof (rule upper.vadd.fincomp-cong'|OF refl rightE))
fix b assume b: b € B
have fbF: f (scale b ¢) € F using fk[OF b c| base-subset by blast
have bF: b € F using BF b by blast
show scale (f (scale b ¢)) (scale b ¢) = scale (smult (f (scale b ¢)) b) ¢
by (rule upper.scale-scale[OF fbF bF cE, symmetric])
qed
show ?thesis using equal scale-lower-lincomb]OF BF cE, of A\b. f (scale b ¢)]
fkc
by simp
qed
have dF': lower.lincomb (Ab. f (scale b ¢)) B € F if ¢ € C for ¢
by (rule lower.lincomb-closed|OF BF)) (use fk that in auto)
have outer:
upper.vadd.fincomp (Ac. upper.vadd.fincomp
(Ab. scale (f (scale b ¢)) (scale b ¢)) B) C =
upper.vadd.fincomp (Ac. scale (lower.lincomb (Ab. f (scale b ¢)) B) ¢) C
by (rule upper.vadd.fincomp-cong’|OF refi])
(use dF CE inner in <auto intro: upper.scale-closedy)
have whole:
upper.vadd.fincomp (Av. scale (f v) v) (product-basis B C) =
upper.vadd.fincomp (Ac. scale (lower.lincomb (Ab. f (scale b ¢)) B) ¢) C
by (rule trans|OF reindex], rule trans|OF cart outer])
show ?thesis
unfolding direct.lincomb-def upper.lincomb-def by (rule whole)
qed

lemma product-basis-independent:
assumes B: lower.basis B and C: upper.basis C
shows direct.lin-indep (product-basis B C)
proof —

have finB: finite B and BF: B C F

using B by (auto simp: lower.basis-def)
have finC': finite C and CE: C C E

using C by (auto simp: upper.basis-def)
have PE: product-basis B C C E by (rule product-basis-subset[OF BF CE))
have finP: finite (product-basis B C) by (rule product-basis-finite[OF finB finC])
have lower-ind: lower.lin-indep B by (rule lower.basis-lin-indep[OF BJ)
have upper-ind: upper.lin-indep C by (rule upper.basis-lin-indep|OF C|)
have zero-coeff:

YV veproduct-basis B C. fv = szero

if f: f € product-basis B C —g K

and zero: direct.lincomb f (product-basis B C) = vzero for f

proof —

define d where d ¢ = lower.lincomb (Ab. f (scale b ¢)) B for ¢

have fk: f (scale b ¢) € Kif b: b € Band ¢: ¢ € C for b ¢

using [ b ¢ by (auto simp: product-basis-def)



have dF: dce Fif ¢: ¢ € C for ¢
unfolding d-def by (rule lower.lincomb-closed|OF BF)) (use fk ¢ in auto)
have dPi: restrict d C € C —g F using dF by auto
have fkp: Av. v € product-basis B C = fv € K
using f by auto
have nested: direct.lincomb f (product-basis B C) =
upper.lincomb (Ac. lower.lincomb (Ab. f (scale b ¢)) B) C
by (rule product-lincomb-nested|OF B C fkp])
have d-eq: d = (Ac. lower.lincomb (Ab. f (scale b ¢)) B)
by (rule ext) (simp only: d-def)
have combine: upper.lincomb d C' = vzero
using nested zero by (simp only: d-eq)
have combine-restrict: upper.lincomb (restrict d C) C = vzero
proof —
have upper.lincomb (restrict d C') C = upper.lincomb d C
by (rule upper.lincomb-cong[OF CE]) (use dF in auto)
then show ?thesis using combine by simp
qed
have dzero: d ¢ = szero if ¢: ¢ € C for ¢
proof —
have restrict d C ¢ = szero
using upper-ind dPi combine-restrict ¢ unfolding upper.lin-indep-def by
blast
then show ?thesis using ¢ by simp
qed
have fzero: f (scale b ¢) = szeroif b: b € Band ¢: ¢ € C for b ¢
proof —
define h where h = (Ab. f (scale b ¢))
have hK: N\b. b€ B=—= hbe K
using fk ¢ by (simp add: h-def)
have hPi: restrict h B € B —p K using hK by auto
have comb0: lower.lincomb (restrict h B) B = szero
proof —
have lower.lincomb (restrict h B) B = lower.lincomb h B
by (rule lower.lincomb-cong|OF BF]) (use hK in auto)
then show ?thesis using dzero[OF c| by (simp add: d-def h-def)
qed
have restrict h B b = szero
using lower-ind hPi comb0 b unfolding lower.lin-indep-def by blast
then show ?thesis using b by (simp add: h-def)
qed
show ?thesis using fzero by (auto simp: product-basis-def)
qed
show ?thesis unfolding direct.lin-indep-def using finP PE zero-coeff by blast
qed

theorem product-basis:

assumes B: lower.basis B and C': upper.basis C
shows direct.basis (product-basis B C)
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proof (rule direct.basisl)
show direct.spanning (product-basis B C)
by (rule product-basis-spanning|OF B C1)
show direct.lin-indep (product-basis B C')
by (rule product-basis-independent|OF B C1)
qed

lemma product-basis-in-direct-span:
assumes B: lower.basis B and C': upper.basis C
and b: be Band ¢: c € C
shows scale b ¢ € direct.span (product-basis B C')
proof —
have BF: BC Fand CE: C C E
using B C by (auto simp: lower.basis-def upper.basis-def)
have scale b ¢ € product-basis B C'
using b ¢ by (auto simp: product-basis-def)
then show ?thesis
by (rule direct.span-incl]OF product-basis-subset|OF BF CE]])
qed

Cardinality uniqueness turns a product basis into the dimension formula.

lemma dimension-from-product-basis:
assumes B: lower.basis B and C': upper.basis C
and P: direct.basis (product-basis B C')
and inj: inj-on (A(b,c). scale b ¢) (B x C)
shows direct.dimension = lower.dimension * upper.dimension
proof —
have cardP: card (product-basis B C) = card B * card C
unfolding product-basis-def
by (simp add: card-image[OF inj] card-cartesian-product)
have direct.dimension = card (product-basis B C')
by (rule direct.dimension-eq-any-field OF P])
also have ... = card B x card C by (rule cardP)
also have ... = lower.dimension * upper.dimension
using lower.dimension-eq-any-field|OF B] upper.dimension-eq-any-field|OF C]
by simp
finally show ?thesis .
qed

theorem finite-dimension-tower:
assumes lower-finite: 3 B. lower.basis B
and upper-finite: 3 C. upper.basis C
shows 3 P. direct.basis P
and direct.dimension = lower.dimension x upper.dimension
proof —
obtain B where B: lower.basis B using lower-finite by blast
obtain C where C: upper.basis C' using upper-finite by blast
have P: direct.basis (product-basis B C) by (rule product-basis]OF B C)
show 3 P. direct.basis P using P by blast

11



show direct.dimension = lower.dimension * upper.dimension
by (rule dimension-from-product-basis]OF B C P product-basis-injective] OF B

)
qed

The zero space has an empty basis over either field. This case must not
be excluded by an index type or by requiring the upper carrier to be a field.

lemma zero-space-tower:
assumes F = {vzero}
shows direct.basis {} upper.basis {}
and direct.dimension = lower.dimension * upper.dimension
proof —
show D: direct.basis {} by (rule direct.basis-empty-trivial|OF assms])
show U: upper.basis {} by (rule upper.basis-empty-trivial| OF assms])
have direct.dimension = 0
using direct.dimension-eg-any-field[OF D] by simp
moreover have upper.dimension = 0
using upper.dimension-eq-any-field|[OF U] by simp
ultimately show direct.dimension = lower.dimension * upper.dimension by
s1mp
qed

end

end
theory Compatible-Scalar-Actions
imports
HOL— Analysis. Determinants
begin

2 Existing scalar infrastructure

Isabelle’s type-based algebra library represents a module by the locale mod-
ule, parameterized by an explicit scalar action. Consequently, several scalar
actions may coexist without introducing new type classes. Linear maps
are already represented by module-hom, and over fields by the definitionally
equivalent locale vector-space. We use its existing operations for subspaces,
spans, independence, and coordinate representations. The Cartesian matrix
library supplies trace and determinant.

locale compatible-scalar-actions =

RS: Modules.module 7S +

SA: Modules.module sA +

RA: Modules.module TA

for rS :: 'ri:comm-ring-1 = 's::comm-ring-1 = 's
and sA :: 's = 'a::comm-ring-1 = a
and rA :: 'r = 'a = 'a +

assumes scalar-compat [simp]:
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rAr (sAsa)=sA(rSrs)a
begin
abbreviation scalar-embed :: 'r = s
where scalar-embed r = rS r 1

lemma direct-eq-upper-embed [simp]:
rA ra = sA (scalar-embed 1) a
using scalar-compat|of r 1 a] by simp

lemma module-hom-restrict-scalars:
assumes module-hom sA sA f
shows module-hom rA rA f
proof —
interpret f: module-hom sA sA f
by fact
show ?thesis
by unfold-locales (simp-all add: f.add f.scale)
qed

end

locale compatible-vector-spaces =
compatible-scalar-actions rS sA rA
for 7S :: 'ri:field = 's::field = s
and sA :: 's = 'a::comm-ring-1 = a
and rd :: 'r = ‘a = 'a
begin

lemma linear-restrict-scalars:
assumes Vector-Spaces.linear sA sA f
shows Vector-Spaces.linear rA rA f
using assms module-hom-restrict-scalars
by (simp add: module-hom-iff-linear)

end

locale commutative-algebra =
Modules.module scale
for scale :: 'ri:comm-ring-1 = 'a::comm-ring-1 = 'a +
assumes scale-mult-right [algebra-simps|:
scale r x x y = scale v (z * y)
begin

abbreviation scalar-embed :: 'r = ‘a
where scalar-embed r = scale r 1

lemma scale-eq-embed-mult:
scale r x = scalar-embed 7 * x
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using scale-mult-right[of v 1 x] by simp

lemma scale-mult-left [algebra-simps]:
z * scale ry = scale r (x * y)
proof —
have z * scale r y = scale 7 y *x x
by (rule mult.commute)

also have ... = scale r (y * x)
by (rule scale-mult-right)
also have ... = scale r (z * y)

by (simp only: mult.commute)
finally show ?thesis .
qed

lemma scalar-embed-zero [simp:
scalar-embed 0 = 0
by simp

lemma scalar-embed-one [simp]:
scalar-embed 1 = 1
by simp

lemma scalar-embed-add [simpl:
scalar-embed (r + s) = scalar-embed r + scalar-embed s
by (simp add: scale-left-distrib)

lemma scalar-embed-minus [simp]:
scalar-embed (— 1) = — scalar-embed r
by simp

lemma scalar-embed-diff [simp]:
scalar-embed (r — s) = scalar-embed r — scalar-embed s
by (simp add: scale-left-diff-distrib)

lemma scalar-embed-mult [simp):
scalar-embed (r % s) = scalar-embed r * scalar-embed s
proof —
have scalar-embed (r * s) = scale v (scale s 1)
by (simp only: scale-scale)
also have ... = scalar-embed r * scalar-embed s
by (rule scale-eq-embed-mult)
finally show ?thesis .
qged

lemma scalar-embed-of-nat [simp]:
scalar-embed (of-nat n) = of-nat n

by (induction n) simp-all

lemma scalar-embed-of-int [simp]:

14



scalar-embed (of-int z) = of-int z
by (cases z) simp-all

lemma scalar-embed-power [simp):
scalar-embed (r ~n) = scalar-embed r " n
by (induction n) simp-all

end

locale algebra-tower =
RS: commutative-algebra rS +
SA: commutative-algebra sA +
RA: commutative-algebra TA
for rS :: 'ri:comm-ring-1 = 's::comm-ring-1 = 's
and sA :: 's = 'a::comm-ring-1 = 'a
and rd :: 'r = ‘a = 'a +
assumes scalar-compat [simp]:
rAr (sAsa)=sA(rSrs)a
begin

sublocale compatible-scalar-actions rS sA rA
by unfold-locales (fact scalar-compat)

lemma composed-scalar-embed [simp]:
rAr1 =sA(rSr1)1
using scalar-compat|of r 1 1] by simp

lemma scalar-compat-mult [simp):
TAr (sAsaxb)=sA(rSrs) (ax*b)
proof —
have rA r (sAsaxb) =rAr (sA sa)*b
by (rule RA.scale-mult-right[symmetric])

also have ... = sA (rSrs)axb
by (simp only: scalar-compat)
also have ... = sA (rSrs) (a * b)

by (rule SA.scale-mult-right)
finally show ?thesis .
qged

lemma scalar-compat-linear:
assumes module-hom sA sA f
shows f (rA ra) =rA r (f a)

proof —
interpret f: module-hom sA sA f
by fact
have f (rAra)=f (sA (rSr 1) a)
by simp
also have ... = sA (rSr 1) (f a)

by (rule f.scale)
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also have ... = rA r (f a)
by simp
finally show ?thesis .
qed

end

end
theory Algebra-Towers

imports Compatible-Scalar-Actions
begin

3 Scalar towers

The locale algebra-tower packages three existing module actions and the
single additional compatibility law required by a tower. The remaining
theories derive functorial, basis, dimension, trace, and norm interfaces from
it.

end

theory Restriction-of-Scalars

imports Algebra- Towers
begin

4 Restriction of scalars

Linear maps in HOL.Modules are plain functions equipped with a locale
proposition. Restricting scalars therefore changes only the proposition used
to view a function, never the function itself.

definition restrict-scalars :: (‘'a = 'b) = ‘a = 'b
where restrict-scalars fz = fx

lemma restrict-scalars-apply [simp]:
restrict-scalars fx = fx
by (simp add: restrict-scalars-def)

definition subspace-rel :: 'a::ab-group-add set = (‘a x 'a) set
where subspace-rel U = {(z, y). z — y € U}

definition subspace-coset :: 'a::ab-group-add set = 'a = 'a set
where subspace-coset Ux = ((+) z) ‘U

lemma subspace-coset-class:
subspace-coset Uz = {y. (y, x) € subspace-rel U}
proof (rule equalityl)
show subspace-coset U x C {y. (y, ) € subspace-rel U}
proof
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fix y
assume y € subspace-coset U x
then obtain u where u € Uy =z + u
by (auto simp: subspace-coset-def)
then show y € {y. (y, =) € subspace-rel U}
by (simp add: subspace-rel-def)
qed
show {y. (y, z) € subspace-rel U} C subspace-coset U x
proof
fix y
assume y € {y. (y, x) € subspace-rel U}
then have y — z € U
by (simp add: subspace-rel-def)
then have z + (y — z) € ((+) z) ‘U
by (rule imagel)
then show y € subspace-coset U x
by (simp add: subspace-coset-def)
qed
qed

context Modules.module
begin

lemma subspace-rel-refl:
assumes subspace U
shows (z, z) € subspace-rel U
using assms by (simp add: subspace-rel-def subspace-0)

lemma subspace-rel-sym:
assumes U: subspace U
and zy: (z, y) € subspace-rel U
shows (y, z) € subspace-rel U
proof —
have z — y € U
using zy by (simp add: subspace-rel-def)
then have — (z — y) € U
by (rule subspace-neg|OF U])
then show ?thesis
by (simp add: subspace-rel-def)
qed

lemma subspace-rel-trans:
assumes U: subspace U
and zy: (z, y) € subspace-rel U
and yz: (y, z) € subspace-rel U
shows (z, z) € subspace-rel U
proof —
havez —ye Uandy —z€ U
using zy yz by (simp-all add: subspace-rel-def)
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then have (z — y) + (y — 2) € U
by (rule subspace-add[OF U))
then show ?thesis
by (simp add: subspace-rel-def)
qed

lemma subspace-rel-equiv:
assumes U: subspace U
shows equiv UNIV (subspace-rel U)
proof (rule equivl)
show subspace-rel U C UNIV x UNIV
by simp
show refl-on UNIV (subspace-rel U)
unfolding refi-on-def
using subspace-rel-refl|OF U] by simp
show sym (subspace-rel U)
proof (unfold sym-def, intro alll impI)
fix x y
assume (z, y) € subspace-rel U
then show (y, z) € subspace-rel U
by (rule subspace-rel-sym|[OF U])
qed
show trans (subspace-rel U)
proof (unfold trans-def, intro alll impI)
fixzyz
assume (z, y) € subspace-rel U (y, z) € subspace-rel U
then show (z, z) € subspace-rel U

by (rule subspace-rel-trans|OF U))
qed
qed

end

locale scalar-tower-pair =
source: compatible-scalar-actions rS sA 1A +
target: compatible-scalar-actions S sB rB
for rS :: 'ri:comm-ring-1 = 's::comm-ring-1 = 's
and sA :: 's = 'a::comm-ring-1 = a
and rd :: 'r = ‘a = 'a
and sB :: 's = 'b::comm-ring-1 = 'b
and rB:r="b="b
begin

lemma restrict-scalars-module-hom:
assumes module-hom sA sB f
shows module-hom 1A rB (restrict-scalars f)
proof —
interpret f: module-hom sA sB f
by fact
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show ?thesis
by unfold-locales (simp-all add: f.add f.scale)
qed

lemma restrict-scalars-id [simpl:
restrict-scalars id = id
by (rule ext) simp

lemma restrict-scalars-comp [simp):
restrict-scalars (g o f) =
restrict-scalars g o restrict-scalars f
by (rule ext) simp

lemma restrict-scalars-inj [simp):
inj (restrict-scalars f) «—— inj f
by (simp add: inj-def)

lemma restrict-scalars-surj [simp]:
surj (restrict-scalars f) «—— surj f
by (simp add: surj-def)

lemma restrict-scalars-bij [simp]:
bij (restrict-scalars f) «—— bij f
by (simp add: bij-def)

lemma restrict-scalars-kernel [simp]:
{z. restrict-scalars fx = 0} = {z. fz = 0}
by simp

lemma restrict-scalars-image [simp):
restrict-scalars f * X = f* X
by auto

lemma restrict-scalars-range [simpl:
range (restrict-scalars f) = range f
by auto

lemma source-subspace-restrict-scalars:
assumes U: source.SA.subspace U
shows source.RA.subspace U
proof (rule source.RA.subspacel)
show 0 € U
by (rule source.SA.subspace-0[OF U])
showz + ye Uifz e Uye Uforzy
using that by (rule source.SA.subspace-add[OF U))
show rA rz e Uifz € U for rz
proof —
have sA (rSr 1)z e U
using that by (rule source.SA.subspace-scale[OF UJ)
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then show ?thesis
by simp
qed
qed

lemma target-subspace-restrict-scalars:
assumes U: target.SA.subspace U
shows target. RA.subspace U
proof (rule target. RA.subspacel )
show 0 € U
by (rule target.SA.subspace-0[OF UJ)
show z + ye Uifz e Uye Uforzy
using that by (rule target.SA.subspace-add[OF U))
show rBrz € Uifz € U for rx
proof —
have sB (rSr 1)z e U
using that by (rule target.SA.subspace-scale[OF U))
then show ?thesis
by simp
qed
qed

lemma restrict-scalars-kernel-subspace:
assumes f: module-hom sA sB f
shows source.RA.subspace {z. restrict-scalars f x = 0}
proof —
interpret rf: module-hom rA rB restrict-scalars f
by (rule restrict-scalars-module-hom[OF f])
show ?thesis
by (rule rf.subspace-kernel)
qed

lemma restrict-scalars-image-subspace:
assumes f: module-hom sA sB f
and U: source.SA.subspace U
shows target.RA.subspace (restrict-scalars f < U)
proof —
interpret rf: module-hom rA rB restrict-scalars f
by (rule restrict-scalars-module-hom[OF f])
show ?thesis
by (rule rf.subspace-image| OF source-subspace-restrict-scalars|OF U]])
qged

lemma restrict-scalars-quotient:
assumes f: module-hom sA sB f
and maps: f ‘U C V
and zy: (z, y) € subspace-rel U
shows (restrict-scalars f x, restrict-scalars fy) € subspace-rel V
proof —
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interpret f: module-hom sA sB f
by fact
have f (z —y) e f°U
using zy by (auto simp: subspace-rel-def)
then have f (z — y) € V
using maps by blast
then show ?thesis
by (simp add: subspace-rel-def f.diff)
qed

lemma restrict-scalars-coset-image:
assumes module-hom sA sB f
shows restrict-scalars f ¢ subspace-coset U x =
subspace-coset (f < U) (f x)
proof —
interpret f: module-hom sA sB f
by fact
show ?thesis
proof (rule equalityl)
show restrict-scalars f ¢ subspace-coset U x C
subspace-coset (f < U) (f x)
proof
fix y
assume y € restrict-scalars f ¢ subspace-coset U z
then obtain z v where u € Uz =1z + u
and y = f 2
by (auto simp: subspace-coset-def)
then have y = fz + fu
by (simp add: f.add)
moreover have fu e f‘U
using <u € U) by blast
ultimately show y € subspace-coset (f * U) (f )
by (auto simp: subspace-coset-def)
qed
show subspace-coset (f < U) (fz) C
restrict-scalars f ¢ subspace-coset U x
proof
fix y
assume y € subspace-coset (f * U) (f x)
then obtain u where u € Uy =fz + fu
by (auto simp: subspace-coset-def)
then have y = restrict-scalars f (x + u)
by (simp add: f.add)
moreover have = + u € subspace-coset U z
using «u € U» by (auto simp: subspace-coset-def)
ultimately show y € restrict-scalars f © subspace-coset U x
by blast
qed
qed
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qed
end

locale scalar-tower-pair-fields =
scalar-tower-pair rS sA rA sB rB
for S :: 'ri:field = 's::field = s
and sA :: 's = 'a::comm-ring-1 = a
and rd : 'r = ‘a = 'a
and sB :: 's = 'b::comm-ring-1 = 'b
and B :: 'r = b= b
begin

lemma restrict-scalars-linear:
assumes Vector-Spaces.linear sA sB f
shows Vector-Spaces.linear rA rB (restrict-scalars f)
using assms restrict-scalars-module-hom
by (simp add: module-hom-iff-linear)

end

end
theory Tower-Bases

imports Restriction-of-Scalars
begin

5 Composition of bases

An indexed basis below is only a convenient locale wrapper around Isabelle’s
existing set-valued notions of independence and span. It adds no competing
basis predicate.

locale indexed-basis =
Modules.module scale
for scale :: 'ri:comm-ring-1 = 'a::ab-group-add = 'a +
fixes basis :: 'i::finite = 'a
assumes basis-inj: inj basis
and independent-basis: independent (range basis)
and span-basis: span (range basis) = UNIV
begin

definition coordinate :: 'a = i = 'r
where coordinate x i = representation (range basis) x (basis 7)

lemma basis-mem-span [simp]:
basis i € span (range basis)

by (rule span-base) blast

lemma all-mem-span [simp):
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z € span (range basis)
using span-basis by simp

lemma coordinate-zero [simp]:
coordinate 0 i = 0
by (simp add: coordinate-def representation-zero)

lemma coordinate-add [simp):
coordinate (x + y) ¢ = coordinate x i + coordinate y i
by (simp add: coordinate-def representation-add independent-basis)

lemma coordinate-diff [simp]:
coordinate (z — y) © = coordinate x i — coordinate y i
by (simp add: coordinate-def representation-diff independent-basis)

lemma coordinate-scale [simp):
coordinate (scale r x) i = r x coordinate x i
by (simp add: coordinate-def representation-scale independent-basis)

lemma coordinate-sum:
coordinate (> zeX. fx) i =
(3" zeX. coordinate (f x) )
by (induction X rule: infinite-finite-induct) simp-all

lemma coordinate-basis [simp):
coordinate (basis i) j = (if j = i then 1 else 0)
proof —
have representation (range basis) (basis i) =
(Ab. if b = basis i then 1 else 0)
by (rule representation-basis| OF independent-basis]) blast
then show %thesis
by (simp add: coordinate-def basis-inj inj-eq)
qed

lemma basis-expansion:
(3>- i€ UNIV. scale (coordinate x i) (basis i) = x
proof —
have (3 berange basis.
scale (representation (range basis) z b) b) = z
by (rule sum-representation-eq[ OF independent-basis])
(simp-all add: span-basis)
also have (3 berange basis.
scale (representation (range basis) x© b) b) =
(>° i€ UNIV. scale (coordinate x i) (basis 7))
by (simp add: coordinate-def sum.reindex|OF basis-inj])
finally show ?thesis .
qed

lemma coordinate-eq-iff:
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z =y «— (Vi. coordinate x i = coordinate y 7)
proof
show z = y = V. coordinate x ¢ = coordinate y i
by simp
next
assume coordinates: ¥ i. coordinate x i = coordinate y i
have (> i€ UNIV. scale (coordinate z i) (basis i)) =
(> i€ UNIV. scale (coordinate y ) (basis i))
using coordinates by simp
then show z = y
by (simp only: basis-expansion)
qed

end

locale indexed-algebra-tower =
algebra-tower rS sA rA
for rS :: 'ri:comm-ring-1 = 's::comm-ring-1 = 's
and sA :: 's = 'a::comm-ring-1 = a
and rd :: 'r = ‘a = 'a +
fixes lower-basis :: 'i::finite = 's
and upper-basis :: 'j::finite = 'a
assumes lower-basis-ingj: inj lower-basis
and lower-basis-independent: RS.independent (range lower-basis)
and lower-basis-span: RS.span (range lower-basis) = UNIV
and upper-basis-inj: inj upper-basis
and upper-basis-independent: SA.independent (range upper-basis)
and upper-basis-span: SA.span (range upper-basis) = UNIV
begin

sublocale lower: indezred-basis S lower-basis
by unfold-locales
(fact lower-basis-inj lower-basis-independent lower-basis-span)+

sublocale upper: indexed-basis sA upper-basis
by unfold-locales
(fact upper-basis-inj upper-basis-independent upper-basis-span)+

definition tower-basis :: (i x 'j) = 'a
where tower-basis ij =
sA (lower-basis (fst %)) (upper-basis (snd ij))

definition tower-coordinate :: 'a = (i x 'j) = 'r
where tower-coordinate x ij =
lower.coordinate (upper.coordinate x (snd ij)) (fst #)

lemma tower-coordinate-zero [simp):

tower-coordinate 0 ij = 0
by (simp add: tower-coordinate-def)
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lemma tower-coordinate-add [simp]:
tower-coordinate (z + y) ij =
tower-coordinate x ij + tower-coordinate y ij
by (simp add: tower-coordinate-def)

lemma tower-coordinate-diff [simp]:
tower-coordinate (z — y) ij =
tower-coordinate x ij — tower-coordinate y ij
by (simp add: tower-coordinate-def)

lemma upper-coordinate-lower-scale:
upper.coordinate (rA rz) j =
rS r (upper.coordinate x j)
proof —
have upper.coordinate (rA r z) j
upper.coordinate (sA (rSr 1) x) j

by simp

also have ... = (rS r 1) * upper.coordinate z j
by simp

also have ... = rS r (upper.coordinate x j)

by (rule RS.scale-eq-embed-mult[symmetric])
finally show ?thesis .
qed

lemma tower-coordinate-scale [simp]:
tower-coordinate (rA r x) ij = r x tower-coordinate x ij
by (cases )
(simp only: tower-coordinate-def fst-conv snd-conv
upper-coordinate-lower-scale lower.coordinate-scale)

lemma tower-coordinate-sum:
tower-coordinate (> z€X. fz) i =
(5" zeX. tower-coordinate (f ) )
by (induction X rule: infinite-finite-induct) simp-all

lemma tower-coordinate-basis [simp]:
tower-coordinate (tower-basis ij) kl =
(if kl = ij then 1 else 0)
by (cases ij; cases kl)
(simp add: tower-coordinate-def tower-basis-def)

lemma tower-basis-inj:
inj tower-basis
proof (rule injI)
fix 4 ki
assume equal: tower-basis ij = tower-basis kl
have tower-coordinate (tower-basis ij) ij =
tower-coordinate (tower-basis kl) ij
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using equal by simp
then show ij = ki
by (cases ij = kl) simp-all
qed

lemma tower-basis-span:
RA.span (range tower-basis) = UNIV
proof —
have upper-term:
sA (upper.coordinate x ) (upper-basis j) =
(i€ UNIV. rA
(lower.coordinate (upper.coordinate x j) ©)
(tower-basis (i, j)))
for z j
proof —
have sA (upper.coordinate x j) (upper-basis j) =
sA (X i€ UNIV.
7S (lower.coordinate (upper.coordinate x j) ©) (lower-basis 7))
(upper-basis j)
by (simp only: lower.basis-expansion)
also have ... = (3 i€ UNIV.
sA (rS (lower.coordinate (upper.coordinate x j) i) (lower-basis ©))
(upper-basis j))
by (rule SA.scale-sum-left)
also have ... = (> i€UNIV. rA
(lower.coordinate (upper.coordinate x j) i)
(tower-basis (i, j)))
proof (rule sum.cong)
show (UNIV :: 'i set) = UNIV
by simp
fix ¢
assume ¢ € (UNIV :: 'i set)
show sA (rS (lower.coordinate (upper.coordinate x j) i)
(lower-basis 1)) (upper-basis j) =
rA (lower.coordinate (upper.coordinate x j) 1)
(tower-basis (i, j))
unfolding tower-basis-def
by (simp only: fst-conv snd-conv scalar-compat)
qed
finally show ?thesis .
qed

have expansion:

(S jEUNIV. S i€ UNIV. rA
(lower.coordinate (upper.coordinate x j) 7)
(tower-basis (i, j))) = «

for z

proof —
have (3> je UNIV. S i€ UNIV. rA
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(lower.coordinate (upper.coordinate x j) 1)
(tower-basis (i, j))) =
(> jeUNIV. sA (upper.coordinate x j) (upper-basis 7))
proof (rule sum.cong)
show (UNIV :: 'j set) = UNIV
by simp
fix j
assume j € (UNIV :: 'j set)
show (i€ UNIV. rA
(lower.coordinate (upper.coordinate x j) i)
(tower-basis (i, j))) =
sA (upper.coordinate x j) (upper-basis j)
by (rule upper-term[symmetric])
qed
also have ... =z
by (rule upper.basis-expansion)
finally show ?thesis .
qed

have inner-span:
(X i€ UNIV. 7A
(lower.coordinate (upper.coordinate x j) 1)
(tower-basis (i, ))) € RA.span (range tower-basis)
for z j
proof (rule RA.span-sum)
fix i
assume ¢ € (UNIV :: 'i set)
show rA (lower.coordinate (upper.coordinate x j) ©)
(tower-basis (i, 7)) € RA.span (range tower-basis)
by (rule RA.span-scale, rule RA.span-base) blast
qed

have z € RA.span (range tower-basis) for z
proof —
have (Y jeUNIV. > i€ UNIV. rA
(lower.coordinate (upper.coordinate x j) i)
(tower-basis (i, j))) € RA.span (range tower-basis)
proof (rule RA.span-sum)
fix j
assume j € (UNIV :: 'j set)
show (3 i€ UNIV. rA
(lower.coordinate (upper.coordinate x j) )
(tower-basis (i, j))) € RA.span (range tower-basis)
by (rule inner-span)
qed
then show ?thesis
by (simp only: expansion)
qged
then show “thesis
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by auto
qed

lemma tower-basis-independent:
RA.independent (range tower-basis)
unfolding RA.independent-explicit-module
proof (intro alll impl)
fix Tcw
assume finite-T: finite T
and subset: T C range tower-basis
and sum-zero: (> z€T. 1A (cx) x) =0
and w: we T
obtain ij where w-eq: w = tower-basis ij
using subset w by blast
have 0 = tower-coordinate (3 z€T. rA (c z) x) i
using sum-zero by simp
also have ... =
(> zeT. tower-coordinate (rA (¢ x) x) i)
by (rule tower-coordinate-sum)

also have ... = (> z€T. ¢ z x tower-coordinate x ij)
proof (rule sum.cong)
show T'=T
by simp
fix

assume z € T
show tower-coordinate (rA (¢ x) ) ij =
¢ T % tower-coordinate x ij
by (rule tower-coordinate-scale)
qed
also have ... = cw
proof —
have summand:
¢ © * tower-coordinate x i = (if £ = w then c w else 0)
ifz e T for z
proof (cases T = w)
case True
then show ?thesis
by (simp add: w-eq)
next
case Fulse
have z € range tower-basis
using subset that by blast
obtain kl where z-eq: x = tower-basis ki
using <z € range tower-basis> by blast
have kl # ij
using Fualse z-eq w-eq tower-basis-inj
by (auto simp: inj-def)
then show ?thesis
using False by (simp add: x-eq)
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qed
have (> z€T. ¢ x x tower-coordinate z i) =
O-zeT. if x = w then ¢ w else 0)
by (rule sum.cong) (simp-all add: summand)
also have ... = cw
using finite-T w by simp
finally show ?thesis .
qed
finally show ¢ w = 0
by simp
qged

theorem basis-tower:
RA.independent (range tower-basis) N
RA.span (range tower-basis) = UNIV
using tower-basis-independent tower-basis-span by blast

sublocale composed: indezed-basis rA tower-basis
by unfold-locales
(fact tower-basis-inj tower-basis-independent tower-basis-span)+

lemma composed-coordinate:
composed.coordinate x ij = tower-coordinate x ij
proof —
have mapped: tower-coordinate
(3" kleUNIV.
rA (composed.coordinate z kl) (tower-basis kl)) ij =
tower-coordinate x ij
by (rule arg-cong|OF composed.basis-expansion])
have coefficients: tower-coordinate
(3" kleUNIV.
rA (composed.coordinate z kl) (tower-basis kl)) ij =
composed.coordinate x ij
proof —
have tower-coordinate
(3" kle UNIV.
rA (composed.coordinate x kl) (tower-basis kl)) i =
(> kleUNIV.
tower-coordinate
(rA (composed.coordinate x kl) (tower-basis kl)) j)
by (rule tower-coordinate-sum)
also have ... =
(> kleUNIV.
composed.coordinate x ki
tower-coordinate (tower-basis kl) ij)
proof (rule sum.cong)
show (UNIV :: (i x ’j) set) = UNIV
by simp
fix ki
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assume kI € (UNIV = (i x 'j) set)
show tower-coordinate
(rA (composed.coordinate x kl) (tower-basis kl)) 4 =
composed.coordinate x kl
tower-coordinate (tower-basis kl) j
by (rule tower-coordinate-scale)
qed
also have ... =
(3" kleUNIV.
if kl = 4 then composed.coordinate z ij else 0)
proof (rule sum.cong)
show (UNIV :: (‘i x 'j) set) = UNIV
by simp
fix ki
assume kI € (UNIV :: (i x 'j) set)
show composed.coordinate x kI *
tower-coordinate (tower-basis kl) ij =
(if kl = ij then composed.coordinate x ij else 0)
by (cases kl = j) simp-all

qed
also have ... = composed.coordinate z ij
by simp
finally show ?thesis .
qed

show ?thesis
using mapped coefficients by simp
qged

end

end
theory Finite-Dimensional-Towers
imports Tower-Bases
Scalar-Restriction-Bridge
begin

6 Dimension in a tower

context indexed-algebra-tower
begin

theorem finite-rank-tower:
card (range tower-basis) = card (range lower-basis) * card (range upper-basis)
proof —
have tower-card: card (range tower-basis) = CARD('i x 'j)
using card-image tower-basis-inj by blast
have lower-card: card (range lower-basis) = CARD('i)
using card-image lower-basis-inj by blast
have upper-card: card (range upper-basis) = CARD('})
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using card-image upper-basis-inj by blast
show ?thesis
by (simp add: tower-card lower-card upper-card)
qed

end

locale indexed-field-tower =
indexed-algebra-tower rS sA rA lower-basis upper-basis
for S :: 'ri:field = 's::field = s
and sA :: 's = 'a::comm-ring-1 = a
and rd :: 'r = ‘a = 'a
and lower-basis :: "i::finite = s
and upper-basis :: 'j::finite = 'a
begin

sublocale lower-space: vector-space rS
using RS.module-axioms
by (simp add: module-iff-vector-space)

sublocale upper-space: vector-space sA
using SA.module-axioms
by (simp add: module-iff-vector-space)

sublocale direct-space: vector-space TA
using RA.module-axioms
by (simp add: module-iff-vector-space)

theorem finrank-tower:
direct-space.dim UNIV =
lower-space.dim UNIV x upper-space.dim UNIV
proof —
have lower-dim:
card (range lower-basis) = lower-space.dim UNIV
by (rule lower-space.basis-card-eq-dim)
(simp-all add: lower-basis-span lower-basis-independent)
have upper-dim:
card (range upper-basis) = upper-space.dim UNIV
by (rule upper-space.basis-card-eq-dim)
(simp-all add: upper-basis-span upper-basis-independent)
have direct-dim:
card (range tower-basis) = direct-space.dim UNIV
by (rule direct-space.basis-card-eq-dim)
(simp-all add: tower-basis-span tower-basis-independent)
show ?thesis
using finite-rank-tower
by (simp add: lower-dim upper-dim direct-dim)
qed
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end

The carrier-based formulation permits the top carrier to be a vector
subspace, including the zero space; it does not assume that the top carrier is
a field. The two finite-basis assumptions express finite dimensionality of the
intermediate field over the base and of the vector space over the intermediate
field.

context scalar-restriction-tower
begin

corollary embedded-field-dimension-tower:
assumes 1 B. lower.basis B 3 C. upper.basis C
shows 3 P. direct.basis P
and direct.dimension = lower.dimension x upper.dimension
using finite-dimension-tower[OF assms] .

end

end

theory Regular-Representation
imports Finite-Dimensional-Towers

begin

7 Regular representation

context commutative-algebra
begin

definition left-multiplication :: 'a = 'a = 'a
where left-multiplication a x = a x z

lemma left-multiplication-module-hom:
module-hom scale scale (left-multiplication a)
by unfold-locales
(simp-all add: left-multiplication-def algebra-simps)

lemma left-multiplication-zero [simp]:
left-multiplication 0 x = 0
by (simp add: left-multiplication-def)

lemma left-multiplication-one [simp):
left-multiplication 1 = id
by (rule ext) (simp add: left-multiplication-def)

lemma left-multiplication-add:
left-multiplication (a + b) z =
left-multiplication a x + left-multiplication b x
by (simp add: left-multiplication-def algebra-simps)
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lemma left-multiplication-mult:
left-multiplication (a * b) =
left-multiplication a o left-multiplication b
by (rule ext) (simp add: left-multiplication-def mult.assoc)

definition reqular-representation :: 'a = 'a = 'a
where reqular-representation a = left-multiplication a

lemma regular-representation-module-hom:
module-hom scale scale (regular-representation a)
unfolding regular-representation-def
by (rule left-multiplication-module-hom)

lemma regular-representation-add:
reqular-representation (a + b) © =
reqular-representation a © + reqular-representation b x
by (simp add: regular-representation-def left-multiplication-add)

lemma regular-representation-mult:
reqular-representation (a * b) =
reqular-representation a o regular-representation b
by (simp add: regular-representation-def left-multiplication-mult)

lemma reqular-representation-one [simp):
reqular-representation 1 = id
by (simp add: regular-representation-def)

end

context indexed-basis
begin
definition matriz-of :: ('a = 'a) = 77
where matriz-of f = (x ¢ j. coordinate (f (basis j)) 7)

lemma matriz-of-component [simp]:
matriz-of f $ ¢ $ j = coordinate (f (basis j)) i
by (simp add: matriz-of-def)

lemma matriz-of-id [simp):

matriz-of id = mat 1

by (vector matriz-of-def mat-def coordinate-basis)
lemma matriz-of-zero [simp]:

matriz-of (A-. 0) = 0

by (vector matriz-of-def coordinate-zero)

lemma matriz-of-add:

33



matriz-of (Az. fz + g x) = matriz-of f + matriz-of g
by (vector matriz-of-def coordinate-add)

lemma matriz-of-comp:
assumes f: module-hom scale scale f
and g: module-hom scale scale g
shows matriz-of (g o f) = matriz-of g *x matriz-of f
proof —
interpret f: module-hom scale scale f
by fact
interpret g: module-hom scale scale g
by fact
have ezpand: g (f (basis j)) = (3. k€ UNIV. scale (coordinate (f (basis §)) k) (g
(basis k)))
for j
proof —
have ¢ (f (basis j)) =
g O_ k€ UNIV. scale (coordinate (f (basis j)) k) (basis k))
by (simp only: basis-expansion)
also have ... =
(3" keUNIV. g (scale (coordinate (f (basis 7)) k) (basis k)))
by (rule g.sum)
also have ... =
(3 ke UNIV. scale (coordinate (f (basis 7)) k) (g (basis k)))
using g.scale by presburger
finally show ?thesis .
qed

have entry: matriz-of (g o f) $ ¢ $ j = (matriz-of g *x matriz-of f) $ ¢ $ j for
ij
proof —
have matriz-of (g o f) $ i $ j = coordinate (3 k€ UNIV. scale (coordinate (f
(basis 7)) k) (g (basis k))) @
by (simp add: matriz-of-def expand)
also have ... = (3} k€ UNIV. coordinate (scale (coordinate (f (basis j)) k) (g
(basis k))) ©)
by (rule coordinate-sum)
also have ... = (D k€ UNIV. coordinate (g (basis k)) © * coordinate (f (basis
K
by (simp add: mult.commute)
also have ... = (matriz-of g ** matriz-of ) $ i $ j
by (simp add: matriz-matriz-mult-def matriz-of-def)
finally show ?%thesis .
qed

show “thesis

using entry by (meson vec-eq-iff)
qed
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end

locale indexed-basis-pair =
first: indexed-basis scale first-basis +
second: indezed-basis scale second-basis
for scale :: 'r::comm-ring-1 = 'a::ab-group-add = 'a
and first-basis :: 'i::finite = ‘a
and second-basis :: i = 'a
begin
definition to-second :: v
where to-second =
(x @ j. second.coordinate (first-basis j) )

definition to-first :: v
where to-first =
(x @ j. first.coordinate (second-basis j) 1)
definition first-to-second-matriz :: ('a = 'a) = v
where first-to-second-matriz f =
(x 7 j. second.coordinate (f (first-basis j)) )

lemma to-second-component [simp]:
to-second $ i $ j = second.coordinate (first-basis j) i
by (simp add: to-second-def)

lemma to-first-component [simp]:
to-first $ ¢ $ j = first.coordinate (second-basis j) i
by (simp add: to-first-def)

lemma first-to-second-component [simp:
first-to-second-matriz f $ 1 $ j =
second.coordinate (f (first-basis 7)) i
by (simp add: first-to-second-matriz-def)

lemma to-second-to-first:
to-second *xx to-first = mat 1
proof —
have entry: (to-second xx to-first) $ ¢ $ j = (mat 1 :: 'r™i7%) $ i $ j for i j
proof —
have (to-second xx to-first) $ i $ j = (3 k€ UNIV. second.coordinate (first-basts
k) i = first.coordinate (second-basis j) k)
by (simp add: matriz-matriz-mult-def)
also have ... = (3_ k€ UNIV. first.coordinate (second-basis j) k x second.coordinate
(first-basis k) 1)
by (simp add: mult.commute)
also have ... = second.coordinate (> k€ UNIV . scale (first.coordinate (second-basis
§) k) (first-basis k)) i

by (simp add: second.coordinate-sum)
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also have ... = (mat 1 == r™i"™") $i$j
by (simp add: first.basis-expansion mat-def)
finally show ?thesis .
qed
show ?thesis
by (simp add: entry vec-eq-iff)
qed

lemma to-first-to-second:
to-first xx to-second = mat 1
proof —
have entry:
(to-first sx to-second) $ i $ j = (mat 1 == 'r™i7) $i 9
for i j
proof —
have (to-first *x to-second) $ i $ j =
(S ke UNIV.
first.coordinate (second-basis k) i *
second.coordinate (first-basis j) k)
by (simp add: matriz-matriz-mult-def)
also have ... = (> k€ UNIV. second.coordinate (first-basis j) k * first.coordinate
(second-basis k) )
by (simp add: mult.commute)
also have ... = first.coordinate (3 k€ UNIV . scale (second.coordinate (first-basis
i) k) (second-basis k)) i
by (simp add: first.coordinate-sum)
also have ... = (mat 1 = 'T7"i7) $i$j
by (simp add: second.basis-expansion mat-def)
finally show ?thesis .
qed
show ?thesis
by (simp add: entry vec-eq-iff)
qed

lemma first-to-second-matriz-left:
assumes f: module-hom scale scale f
shows first-to-second-matriz f =
to-second xx first.matriz-of f
proof —
interpret f: module-hom scale scale f
by fact
have entry: first-to-second-matriz f $ ¢ $ j = (to-second *x first.matriz-of f) $ i
$jfor ij
proof —
have first-to-second-matriz f $ ¢ $ j =
second.coordinate (Y k€ UNIV. scale (first.coordinate (f (first-basis j)) k)
(first-basis k)) i
by (simp add: first.basis-expansion)
also have ... = (> k€ UNIV. second.coordinate (first-basis k) i * first.coordinate
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(f (first-basis j)) k)
by (simp add: second.coordinate-sum mult.commute)
also have ... = (to-second *x first.matriz-of f) $ 1 $ j
by (simp add: matriz-matriz-mult-def)
finally show ?thesis .
qed
show ?thesis
using entry by (meson vec-eg-iff)
qed

lemma second-matriz-from-mized:
assumes f: module-hom scale scale f
shows second.matriz-of f =
first-to-second-matriz f *x to-first
proof —
interpret f: module-hom scale scale f
by fact
have entry: second.matriz-of f $ 1 $ j = (first-to-second-matriz f ** to-first) $ i
$jforij
proof —
have second.matriz-of f $i1$ j =
second.coordinate (f (> k€ UNIV. scale (first.coordinate (second-basis j) k)
(first-basis k))) i
by (simp add: first.basis-expansion)
also have ... =
second.coordinate (> k€ UNIV. scale (first.coordinate (second-basis j) k) (f
(first-basis k))) i
by (simp add: f.sum f.scale)
also have ... = (3> k€ UNIV. second.coordinate (f (first-basis k)) i * first.coordinate
(second-basis j) k)
by (simp add: second.coordinate-sum mult.commute)
also have ... = (first-to-second-matriz f ** to-first) $ i $ j
by (simp add: matriz-matriz-mult-def)
finally show ?thesis .
qed
show ?thesis
using entry by (meson vec-eq-iff)
qged

theorem matriz-change-basis:
assumes module-hom scale scale f
shows second.matriz-of f =
(to-second *x first.matriz-of f) ** to-first
using second-matriz-from-mized| OF assms]
first-to-second-matriz-left[ OF assms]
by simp

end
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locale indexed-algebra =
commutative-algebra scale
for scale :: 'ri:comm-ring-1 = 'a::comm-ring-1 = 'a +
fixes basis :: 'i::finite = 'a
assumes basis-inj: inj basis
and basis-independent: independent (range basis)
and basis-span: span (range basis) = UNIV
begin

sublocale coordinates: indezed-basis scale basis
by unfold-locales (fact basis-inj basis-independent basis-span)+
definition regular-matriz :: 'a = v
where reqular-matric a =
coordinates.matriz-of (left--multiplication a)

lemma reqular-matriz-zero [simp]:
reqular-matriz 0 = 0
by (vector regular-matriz-def left-multiplication-def
coordinates.matriz-of-def coordinates.coordinate-zero)

lemma regular-matriz-add:
reqular-matriz (a + b) = regular-matriz o + regular-matriz b
by (vector regular-matriz-def left-multiplication-def
coordinates.matriz-of-def coordinates.coordinate-add algebra-simps)

lemma regular-matriz-scale:
reqular-matriz (scale r a) =
(x ij. m* reqular-matriz a $ i $ j)
by (vector regular-matriz-def left-multiplication-def
coordinates.matriz-of-def coordinates.coordinate-scale
scale-mult-right)

lemma reqular-matriz-one [simp):
regular-matriz 1 = mat 1
unfolding regular-matriz-def left-multiplication-one
by (rule coordinates.matriz-of-id)

lemma regular-matriz-scalar-embed:
reqular-matriz (scale v 1) = mat r
by (vector regular-matriz-def left-multiplication-def
coordinates.matriz-of-def coordinates.coordinate-scale
coordinates.coordinate-basis mat-def scale-mult-right)

lemma regular-matriz-mult:
reqular-matriz (a * b) = reqular-matriz a *x regular-matriz b
proof —
have regular-matriz (a * b) =
coordinates.matriz-of
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(left-multiplication a o left-multiplication b)
by (simp add: regular-matriz-def left-multiplication-mult)
also have ... =
coordinates.matriz-of (left-multiplication a) x
coordinates.matriz-of (left-multiplication b)
by (rule coordinates.matriz-of-comp)
(rule left-multiplication-module-hom)+
finally show ?thesis
by (simp add: regular-matriz-def)
qged

end

Finite basis index types are bookkeeping rather than mathematical data.
The following locale transports an indexed algebra structure along an ex-
plicit bijection between finite index types, so later trace and determinant
results can compare bases with genuinely different index types.

locale indexed-algebra-reindexr =
original: indexed-algebra scale original-basis
for scale :: 'ri:comm-ring-1 = 'a::comm-ring-1 = 'a
and original-basis :: 'j::finite = 'a +
fixes indez-iso :: "i::finite = 'j
assumes indezr-iso-bij: bij index-iso
begin

definition reindezed-basis :: 'i = 'a
where reindezed-basis i = original-basis (index-iso 7)

lemma reindexed-basis-range:
range reindexed-basis = range original-basis
proof
show range reindexed-basis C range original-basis
by (auto simp: reindezed-basis-def)
next
show range original-basis C range reindered-basis
proof
fix z
assume z € range original-basis
then obtain j where x: x = original-basis j
by blast
have surj: surj indez-iso
using index-iso-bij by (rule bij-is-surj)
have Ji. j = index-iso ©
using surj by (simp add: surj-def)
then obtain 7 where i: j = index-iso ¢
by blast
have reindezed-basis i = original-basis j
by (simp add: reindexed-basis-def 7)
have reindezed-basis ¢ € range reindexed-basis
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by (rule rangel)
show z € range reindexed-basis
using z <reindexed-basis i = original-basis j»
<reindezxed-basis ¢ € range reindexed-basis>
by simp
qed
qed

lemma reindexed-basis-inj:
inj reindezxed-basis
using original.basis-inj index-iso-bij
by (auto simp: reindexed-basis-def bij-def inj-def)

lemma reindezred-basis-independent:
original.independent (range reindexed-basis)
by (simp add: reindexed-basis-range original.basis-independent)

lemma reindexed-basis-span:
original.span (range reindezed-basis) = UNIV
by (simp add: reindezed-basis-range original.basis-span)

sublocale reindexed: indezed-algebra scale reindexed-basis
by unfold-locales
(fact reindexed-basis-inj reindexed-basis-independent
reindexed-basis-span)—+

lemma coordinate-reindexed:

reindezed.coordinates.coordinate x i =
original.coordinates. coordinate x (indez-iso 7)

unfolding reindexed.coordinates.coordinate-def
original.coordinates. coordinate-def

apply (subst reindexed-basis-range)

apply (simp add: reindexed-basis-def)

done

lemma reqular-matriz-reindezed-component [simp):
reindexed.reqular-matriz a $ 1 $ k =
original.regular-matriz a $ index-iso i $ index-iso k
by (simp add: reindexed.reqular-matriz-def
original.reqular-matriz-def reindexed.coordinates. matriz-of-def
ortginal.coordinates.matriz-of-def coordinate-reindezxed
reindexed-basis-def)

end
locale indexed-algebra-isomorphism =
source: indexed-algebra source-scale source-basis +

target: indexed-algebra target-scale target-basis
for source-scale :: 'ri:comm-ring-1 = 'a::comm-ring-1 = 'a
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and source-basis :: 'i::finite = 'a
and target-scale :: 'r = 'b::comm-ring-1 = b
and target-basis :: 'i = 'b +

fixes iso :: ‘a = b

assumes iso-module-hom: module-hom source-scale target-scale iso
and iso-mult: iso (x * y) = iso z * iso y
and iso-one: iso 1 = 1
and iso-bij: bij iso
and iso-basis: iso (source-basis i) = target-basis i

begin

interpretation iso: module-hom source-scale target-scale iso
by (rule iso-module-hom)

lemma iso-basis-expansion:

(32 4€UNIV. target-scale (source.coordinates.coordinate x i) (target-basis 7)) =
180 T

by (simp add: source.coordinates.basis-expansion flip: iso-basis iso.sum iso.scale)

lemma coordinate-iso:
target.coordinates.coordinate (iso ) i =
source.coordinates.coordinate x §
proof —
have mapped: target.coordinates.coordinate
(> jeUNIV.
target-scale (source.coordinates.coordinate x j) (target-basis 7)) i =
target. coordinates.coordinate (iso x) i
by (rule arg-cong| OF iso-basis-expansion))
have coefficients: target.coordinates.coordinate
(>-je UNIV. target-scale (source.coordinates.coordinate x j) (target-basis j)) i

source.coordinates.coordinate x i
proof —
have target.coordinates.coordinate
(3°je UNIV. target-scale (source.coordinates.coordinate x j) (target-basis j))
1 =
(3°jeUNIV. source.coordinates.coordinate x j * target.coordinates.coordinate
(target-basis j) 1)
by (simp add: target.coordinates.coordinate-sum)

also have ... = (Y_jeUNIV. if j = i then source.coordinates.coordinate z i
else 0)
using target.coordinates. coordinate-basis by (metis mult.comm-neutral mult-not-zero)
also have ... = source.coordinates.coordinate z i
by simp
finally show ?thesis .
qed

show ?thesis
using mapped coefficients by simp
qed
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lemma regular-matriz-iso:
target.regular-matriz (iso a) = source.reqular-matriz a
proof —
have entry:
target.regular-matriz (iso a) $ ¢ $ j =
source.reqular-matriz a $ ¢ $ j for i j
proof —
have target.regular-matriz (iso a) $ i $ j =
target.coordinates.coordinate (iso a * target-basis j) i
by (simp add: target.regular-matriz-def
target.left-multiplication-def)
also have ... =
target.coordinates.coordinate
(iso a * iso (source-basis j)) @
by (simp only: iso-basis)
also have ... =
target.coordinates.coordinate (iso (a * source-basis j)) i
by (simp only: iso-mult)
also have ... =
source.coordinates. coordinate (a * source-basis j) i
by (rule coordinate-iso)
also have ... = source.reqular-matriz a $ 7 $ j
by (simp add: source.regular-matriz-def
source.left-multiplication-def)
finally show ?thesis .
qed
show ?thesis
by (simp add: entry vec-eq-iff)
qed

end

locale indexed-algebra-isomorphism-general =
source: indexred-algebra source-scale source-basis +
target: indexed-algebra target-scale target-basis
for source-scale :: 'ri:comm-ring-1 = 'a::comm-ring-1 = 'a
and source-basis :: 'i::finite = 'a
and target-scale :: 'r = 'b::comm-ring-1 = 'b
and target-basis :: 'j::finite = 'b +
fixes iso :: ‘a = b
and indez-iso :: i = j
assumes iso-module-hom: module-hom source-scale target-scale iso
and iso-mult: iso (x * y) = iso z * iso y
and iso-one: iso 1 = 1
and iso-bij: bij iso
and index-iso-bij: bij index-iso
begin
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interpretation iso: module-hom source-scale target-scale iso
by (rule iso-module-hom)

definition transported-basis :: 'i = b
where transported-basis i = iso (source-basis i)

lemma transported-basis-range:
range transported-basis = iso ‘ range source-basis
by (auto simp: transported-basis-def)

lemma transported-basis-inj:
inj transported-basis
using source.basis-inj iso-bij
by (auto simp: transported-basis-def bij-def inj-def)

lemma transported-basis-independent:
target.independent (range transported-basis)
unfolding transported-basis-range
apply (rule iso.independent-inj-image)
apply (fact source.basis-independent)
using iso-bij
by (simp add: bij-def)

lemma transported-basis-span:
target.span (range transported-basis) = UNIV
proof —
have target.span (range transported-basis) =
iso ¢ source.span (range source-basis)
by (simp only: transported-basis-range iso.span-image)

also have ... = iso * UNIV
by (simp only: source.basis-span)
also have ... = UNIV

using iso-bij by (simp add: bij-def)
finally show ?thesis .
qed

sublocale transported: indexed-algebra target-scale transported-basis
by unfold-locales
(fact transported-basis-inj transported-basis-independent
transported-basis-span)+

sublocale basis-iso: indexed-algebra-isomorphism

source-scale source-basis target-scale transported-basis iso

apply unfold-locales
apply (fact iso-mult)
apply (fact iso-one)

apply (fact iso-bij)

apply (simp add: transported-basis-def)

done
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sublocale reindezed-target:
indexed-algebra-reindex target-scale target-basis index-iso
by unfold-locales (fact index-iso-bij)

end

end
theory Algebra-Trace

imports Regular-Representation
begin

8 Algebra trace

context indezred-algebra
begin

definition algebra-trace :: 'a = 'r
where algebra-trace a = trace (regular-matriz a)

lemma algebra-trace-zero [simp):
algebra-trace 0 = 0
by (simp add: algebra-trace-def trace-def)

lemma algebra-trace-add:
algebra-trace (a + b) = algebra-trace a + algebra-trace b
by (simp add: algebra-trace-def reqular-matriz-add trace-add)

lemma algebra-trace-sum:
algebra-trace (3 zeX. fz) =
(>~ zeX. algebra-trace (f x))
by (induction X rule: infinite-finite-induct)
(simp-all add: algebra-trace-add)

lemma algebra-trace-scale:
algebra-trace (scale r a) = r * algebra-trace a
by (simp add: algebra-trace-def reqular-matriz-scale trace-def
sum-distrib-left)

theorem algebra-trace-linear:
module-hom scale ((x) :: 'r = 'r = 'r) algebra-trace
by unfold-locales
(simp-all add: algebra-trace-add algebra-trace-scale algebra-simps)

lemma algebra-trace-scalar:
algebra-trace (scale r 1) = of-nat CARD('%) * r
by (simp add: algebra-trace-def reqular-matriz-scalar-embed
trace-def mat-def)
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end

context indexed-basis-pair
begin

theorem trace-matriz-change-basis:
assumes module-hom scale scale f
shows trace (second.matriz-of ) = trace (first.matriz-of f)
proof —
have trace (second.matriz-of f) =
trace ((to-second *x first.matriz-of f) ** to-first)
by (simp only: matriz-change-basis| OF assms])

also have ... = trace (to-first =x (to-second *x first.matriz-of f))
by (rule trace-mul-sym)
also have ... =

trace ((to-first x to-second) xx first.matriz-of f)
by (simp only: matriz-mul-assoc)
also have ... = trace (first.matriz-of f)
by (simp only: to-first-to-second matriz-mul-lid)
finally show ?thesis .
qed

end

context indexed-algebra-reindex
begin

theorem algebra-trace-reindezed:
reindezed.algebra-trace a = original.algebra-trace a
unfolding reindexed.algebra-trace-def original.algebra-trace-def
trace-def
apply (simp only: regular-matriz-reindezed-component)
apply (rule sum.reindex-bij-betw)
using index-iso-bij
by (simp add: bij-betw-def bij-def)

end

context indexed-algebra
begin

theorem algebra-trace-basis-independent:
fixes other-basis :: 'i = 'a
assumes other-inj: inj other-basis
and other-independent: independent (range other-basis)
and other-span: span (range other-basis) = UNIV
shows algebra-trace a =
indezxed-algebra.algebra-trace scale other-basis a
proof —
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interpret other: indezed-algebra scale other-basis
by unfold-locales
(fact other-inj other-independent other-span)+
interpret change: indexed-basis-pair scale basis other-basis
by unfold-locales
(fact basis-inj basis-independent basis-span
other-inj other-independent other-span)+
have trace (other.reqular-matriz a) = trace (reqular-matriz a)
unfolding other.regular-matriz-def reqular-matriz-def
by (rule change.trace-matriz-change-basis)
(rule left-multiplication-module-hom,)
then show ?thesis
by (simp add: algebra-trace-def other.algebra-trace-def)
qed

theorem algebra-trace-basis-independent-bij:
fixes other-basis :: 'j::finite = 'a
and indez-iso :: i = j
assumes other-inj: inj other-basis
and other-independent: independent (range other-basis)
and other-span: span (range other-basis) = UNIV
and indez-iso-bij: bij index-iso
shows algebra-trace a =
indexed-algebra.algebra-trace scale other-basis a
proof —
interpret other: indexed-algebra scale other-basis
by unfold-locales
(fact other-inj other-independent other-span)+
interpret reindex:
indexed-algebra-reindex scale other-basis index-iso
by unfold-locales
(fact other-inj other-independent other-span index-iso-bij)+
have algebra-trace a = reindex.reindexed.algebra-trace a
by (rule algebra-trace-basis-independent)

(fact reindex.reindexed.basis-ing
reindex.reindexed.basis-independent
reindex.reindezed.basis-span)+

also have ... = other.algebra-trace a
by (rule reindez.algebra-trace-reindezxed)
finally show ?thesis .
qed

end

context indexed-algebra-isomorphism
begin

theorem algebra-trace-iso:
target.algebra-trace (iso a) = source.algebra-trace a
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by (simp add: target.algebra-trace-def source.algebra-trace-def
reqular-matriz-iso)

end

context indezred-algebra-isomorphism-general
begin

theorem algebra-trace-iso:
target.algebra-trace (iso a) = source.algebra-trace a
proof —
have basis-change:
transported.algebra-trace (iso a) =
target.algebra-trace (iso a)
by (rule transported.algebra-trace-basis-independent-bij)
(fact target.basis-inj target.basis-independent
target.basis-span indez-iso-bij)+
have transported:
transported.algebra-trace (iso a) =
source.algebra-trace a
by (rule basis-iso.algebra-trace-iso)
show ?thesis
using basis-change transported by simp
qed

end

context indexed-algebra-tower
begin

sublocale lower-algebra: indexed-algebra 1S lower-basis
by unfold-locales
(fact lower-basis-inj lower-basis-independent lower-basis-span)+

sublocale upper-algebra: indexed-algebra sA upper-basis
by unfold-locales
(fact upper-basis-inj upper-basis-independent upper-basis-span)+

sublocale tower-algebra: indexed-algebra rA tower-basis
by unfold-locales
(fact tower-basis-inj tower-basis-independent tower-basis-span)+

lemma restricted-matriz-diagonal:
assumes f: module-hom sA sA f
shows composed.matriz-of f $ (i, j) $ (i, j) = lower-algebra.regular-matriz
(upper.matriz-of f $j$7) $i$ i
proof —
interpret f: module-hom sA sA f
by fact
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have composed.matriz-of f $ (i, j) $ (4, j) =
composed.coordinate
(f (tower-basis (i, 7))) (%, j)
by simp
also have ... = tower-coordinate
(f (tower-basis (i, j))) (4, j)
by (rule composed-coordinate)
also have ... =
tower-coordinate
(f (sA (lower-basis i) (upper-basis j))) (4, j)
by (simp only: tower-basis-def fst-conv snd-conv)
also have ... =
tower-coordinate
(sA (lower-basis i) (f (upper-basis j))) (i, §)
by (simp only: f.scale)
also have ... =
lower.coordinate
(lower-basis i *
upper.coordinate (f (upper-basis j)) j) 4
by (simp add: tower-coordinate-def)
also have ... =
lower.coordinate
(upper.coordinate (f (upper-basis j)) j *
lower-basis 7) i
by (simp only: mult.commute)
also have ... =
lower-algebra.regular-matriz
(upper.matriz-of f $78 ) $i$ 4
by (simp add: lower-algebra.regular-matriz-def
RS.left-multiplication-def)
finally show ?thesis .
qed

theorem trace-restrict-scalars:
assumes f: module-hom sA sA f
shows trace (composed.matriz-of f) =
lower-algebra.algebra-trace
(trace (upper.matriz-of f))
proof —
have pair-sum: (> 4€(UNIV :: (i X 'j) set). composed.matriz-of f $ ij $ ij) =
(>3- 4€UNIV. >" i€ UNIV. composed.matriz-of f $ (i, j) $ (4, j))
using sum.swap by (force simp add: sum.cartesian-product’ simp flip: UNIV-Times-UNIV)
have trace (composed.matriz-of f) = (3 je UNIV. > i€ UNIV. composed.matriz-of
78 (i 9) 8 (i, )
by (simp only: trace-def pair-sum)
also have ... = (> jeUNIV. Y i€ UNIV. lower-algebra.regular-matriz (upper.matriz-of
f$785)%i8%9)
using f restricted-matriz-diagonal by presburger
also have ... = (> je UNIV. lower-algebra.algebra-trace (upper.matriz-of f $ j
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$ 7))
by (simp add: lower-algebra.algebra-trace-def trace-def)

also have ... = lower-algebra.algebra-trace (> j€ UNIV. upper.matriz-of f $ j
$ 7)
by (rule lower-algebra.algebra-trace-sum[symmetric])
also have ... = lower-algebra.algebra-trace (trace (upper.matriz-of f))

by (simp only: trace-def)
finally show ?thesis .
qed

theorem algebra-trace-trans:

tower-algebra.algebra-trace a =
lower-algebra.algebra-trace (upper-algebra.algebra-trace a)

unfolding tower-algebra.algebra-trace-def
upper-algebra.algebra-trace-def
tower-algebra.reqular-matriz-def
upper-algebra.reqular-matriz-def
RA.left-multiplication-def
SA.left-multiplication-def

by (rule trace-restrict-scalars)
(rule SA.left-multiplication-module-hom|

unfolded SA.left-multiplication-def])

end

end

theory Algebra-Norm
imports Algebra-Trace

begin

9 Algebra norm

Simultaneously reindexing the rows and columns of a matrix along a bijec-
tion does not change its determinant. Isabelle’s map-permutation transports
the permutations in the Leibniz formula and preserves their signs.

lemma bij-betw-map-permutations:

assumes h: bij-betw h A B

shows bij-betw (map-permutation A h)

{p. p permutes A} {q. q permutes B}

apply (rule bij-betwl[where g = map-permutation B (inv-into A h)])

apply (simp add: h map-permutation-permutes)

apply (simp add: bij-betw-inv-into h map-permutation-permutes)

using bij-betw-imp-ing-on h map-permutation-compose-inv apply fastforce

using bij-betw-inv-into bij-betw-inv-into-right h map-permutation-compose-inv by
fastforce

theorem det-reindex-bij:
fixes A :: 'ri:comm-ring-1""5::finite”j
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and index-iso :: "i::finite = 'j
assumes indezr-iso-bij: bij index-iso
shows det (x i k. A $ indez-iso i $ indexz-iso k) = det A
proof —
let 2P = {p :: 'i = 'i. p permutes UNIV}
let 2Q = {q :: 'j = 'j. q¢ permutes UNIV'}
let ?F = map-permutation (UNIV :: i set) index-iso
have index-betw:
bij-betw index-iso (UNIV :: 'i set) (UNIV ::'j set)
using indez-iso-bij
by (simp add: bij-betw-def bij-def)
have indez-inj: inj-on indez-iso (UNIV :: 'i set)
using indez-betw by (simp add: bij-betw-def)
have permutation-betw: bij-betw ?F ¢P 2()
by (rule bij-betw-map-permutations| OF index-betw))
have sign-reindezed:
sign (¢F p) = sign p if p € 2P for p
proof —
have p permutes (UNIV :: i set)
using that by simp
show ?thesis
apply (rule sign-map-permutation)
apply (fact index-inj)
apply fact
apply simp
done
qed
have product-reindezed:
(IT¢€UNIV.
A '$ index-iso i $ index-iso (p 7)) =
(IIJ€EUNIV. A$j$ 2F p j)
for p
proof —
have ([[ i€ UNIV.
A $ index-iso i $ ?F p (indez-iso 1)) =
(IIJEUNIV. A$ j$ 2F p j)
by (rule prod.reindex-bij-betw| OF index-betw))
then show ?thesis
using index-inj
by (simp add: map-permutation-apply)
qed
have summand-reindezed:
(of-int (sign p) = 'r) =
(IT#i€UNIV.
A § indez-iso i $ index-iso (p i) =
of-int (sign (?F p)) *
(ITJ€EUNIV. A$ 4 $ ?F pj)
if p € 9P for p
using sign-reindexed[OF that] product-reindexed
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by simp
have sum-reindezxed:

(> pe?Pp.
(of-int (sign p) == 'r) *
([Ti€ UNIV.
A $ index-iso i $ index-iso (p 7))) =
(3 ¢e7Q.
of-int (sign q) = ([[jJEUNIV. A$ 35 $ q7))
proof —

have () pe?P.
(of-int (sign p) :: ') *
([1i€ UNIV.
A § indez-iso i $ index-iso (p ©))) =
(> pe?Pp.
((Agq. of-int (sign q) *
(TIJEUNIV. A$j$ qj)) o 2F) p)
proof (rule sum.cong)
show ?P = ¢P
by simp
fix p
assume p € 7P
then show (of-int (sign p) == 'r) *
(IT#€UNIV.
A $ indez-iso i $ index-iso (p i) =
((Agq. of-int (sign q) *
(TIJEUNIV. A$j$ qj) o 2F) p
by (simp only: o-apply summand-reindezed)
qed
also have ... =
(3- qe?Q.
of-int (sign q) * ([[jEUNIV. A$35$ qj))
unfolding o-def
by (rule sum.reindex-bij-betw|OF permutation-betw))
finally show ?thesis .
qed
show ?thesis
unfolding det-def
by (simp only: vec-lambda-beta sum-reindexed)
qed

The Cartesian-space library provides matrix induction by elementary
operations only for real matrices. The proof uses no order or topology, so
we expose the same argument over an arbitrary field.

lemma induct-matriz-row-operations-field:
fixes P :: 'a:field”'n"'n = bool
assumes zero-row: NA i. rowi A=0=— P A
and diagonal: NA. (Nij. i #j= A$i$j=0) = P A
and swap-cols: NA m n. [P A; m # n] =
P (xij. AS$i8$ Transposition.transpose m n j)
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and row-op: NA mn c. [P A; m # n] =
P (x i.if i = m then row m A + ¢ *s row n A else row i A)
shows P A
proof —
have P A if zeros:
Nij. [je—K;i#j] = A$i$j = 0
for A K
proof —
have finite K
by simp
then show ?thesis using zeros
proof (induction arbitrary: A rule: finite-induct)
case empty
with diagonal show ?case
by simp
next
case (insert k K)
note insertK = insert
have pivot: P A if nonzero: ASk$k # 0
and outside:
Nij. [j € — insert k K; i # j] =

A$i%j =0
Ni. i € —L; i # k] = AS$i$k = 0
for A L
proof —
have finite L
by simp

then show ?thesis using outside nonzero
proof (induction arbitrary: A rule: finite-induct)
case (empty B)
show ?case
proof (rule insertK)
fix ij
assume 1 € — Kj # i
show B$ji$i=0
using j # O i € — K» empty
by (metis ComplD Compll Compl-eq-Diff-UNIV Diff-empty
UNIV-I insert-iff)
qed
next
case (insert [ L B)
show ?Zcase
proof (cases k = 1)
case True
with insert show ?thesis
by auto
next
case Fulse
let 2C = x 1.
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ifi=1
thenrow !B — (B$1$k/B$Sk$Ek)*srowkB
else row i B
have first-zero:
lj € — insert k K; i # j] =
7C$i%$j=0
for ji
by (auto simp: insert.prems(1) row-def)
have column-zero: ?C $i$ k=0
ifie—Li+#kfori
proof (cases i = 1)
case True
with that insert.prems show ?thesis
by (simp add: row-def)
next
case Fulse
with that show ?thesis
by (simp add: insert.prems(2) row-def)
qed
have pivot-nonzero: 2C $k$ k # 0
by (auto simp: insert.prems row-def <k # 1y)
have P ?C
using insert. [H[OF first-zero column-zero pivot-nonzero
by auto
moreover have (x i.
ifi=1
then row 1 C + (B$1$k/ BSkS$k)xsrowk ?C
else row i ?C') = B
using <k # D
by (simp add: vec-egq-iff row-def)
ultimately show ?thesis
using row-op[of ?C | k B$I$k / BSkSk] <k # b
by (simp add: cong: if-cong)

qed
qed
qed
then have nonzero-case: P A
if ASk$E #£ 0
Nij.j€—insertk K Ni#j—
A$i$j =0
for A

using that by auto
show ?case
proof (cases row k A = 0)
case True
with zero-row show ¢thesis
by auto
next
case Fulse
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then obtain [ where I: A$k$] # 0
by (auto simp: row-def zero-vec-def vec-eq-iff)
show ?thesis
proof (cases k = 1)
case True
with [ nonzero-case insert.prems show ?thesis
by blast
next
case Fulse
have swapped-zero:
A $ 7 $ Transposition.transpose k1 j = 0
ifji£kj¢ Ki#jforij
using Fualse | insert.prems that
by (auto simp add: Transposition.transpose-def)
have P (x ij.
(x ij. A$ i $ Transposition.transpose k 1 j) $
i $ Transposition.transpose k 1 §)
by (rule swap-cols|OF nonzero-case False])
(auto simp: | swapped-zero)
moreover have (x i j.
(x ij. A$ i$ Transposition.transpose k 1 j) $
i $ Transposition.transpose k 1 j) = A
by simp
ultimately show #thesis
by simp
qged
qed
qed
qed
then show ?thesis
by blast
qed

lemma induct-matriz-elementary-field:
fixes P :: 'a:field™'n™'n = bool
assumes mult: NA B. [P A; P B] = P (A *x B)
and zero-row: NAi.rowi A=0—=— P A
and diagonal: NA. (Nij. i #£j=— A$i$j=0)=— P A
and swap: Am n. m # n =
P (xij. mat 1 %18 Transposition.transpose m n j)
and add: Amnc. m #n—=
P (xij.
if i = m A j = nthen c else of-bool (i = j))
shows P A
proof —
have swap-columns:
P (xij. A$ i$ Transposition.transpose m n j)
ifPAm+#nfor Amn
proof —
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have A xx (x i j.
mat 1 $ ¢ $ Transposition.transpose m n j) =
(x 1j. A $ i $ Transposition.transpose m n j)
by (simp add: matriz-matriz-mult-def mat-def vec-eq-iff
if-distrib sum.delta-remove)
then show ?thesis
using mult swap that by metis
qed
have add-row:
P (x i.
if i = m then row m A + ¢ s row n A else row i A)
if PAm#nfor Amnc
proof —
let ?B = x 1j.
if i = m A j = n then c else of-bool (i = j)
have 7B xx A =
(x @ if i = m then row m A + ¢ xs row n A else row i A)
using (m # n»
unfolding matriz-matriz-mult-def row-def of-bool-def
by (auto simp: vec-eq-iff
if-distrib|of Ax. x x y for y| sum.remove
cong: if-cong)
then show ?thesis
by (rule subst) (auto simp: that mult add)
qed
show ?thesis
by (rule induct-matriz-row-operations-field]
OF zero-row diagonal swap-columns add-row))
qed

definition block-embed ::
'i::finite = 'ri:zero-negq-one”'i::finite i =
i i x )
where block-embed j B =
(x ik hl.
if snd ik = j N\ snd hl = j
then B $ fst ik $ fst hi
else of-bool (ik = hl))

lemma sum-UNIV-prod:
fixes f :: ('a::finite x 'bi:finite) = ‘c::comm-monoid-add
shows (> zcUNIV. fz) =
(3" acUNIV. Y beUNIV. f (a, b))
by (simp only: UNIV-Times-UNIV|[symmetric] sum.cartesian-product’)

lemma cartesian-matriz-mult-component:
fixes B C :: 'ri:comm-ring-1""i::finite”i
shows (B#x C)$i$h= (> acUNIV.B$iSa*xCS$a$h)

by (simp only: matriz-matriz-mult-def vec-lambda-beta)
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lemma block-embed-component [simp]:
fixes j :: 'ji:finite
and B :: 'r:zero-neg-one”i::finite
shows block-embed j B'$ (i, k) $ (h, I) =
(fk=jNl=jthen BSi$h
else of-bool ((i, k) = (h, 1)))
by (simp add: block-embed-def)

/\,Z.

lemma block-embed-one [simp]:
fixes j :: 'j::finite
shows block-embed j (mat 1 :: 'ri:comm-ring-1""1""i) =
(mat 1 = 77"t x )i x ')
by (vector block-embed-def mat-def of-bool-def)

lemma sum-of-bool-left:
fixes [ :: 'a::finite = 'r::comm-ring-1
shows (3" z€UNIV. of-bool (x = p) * fz) = fp
by (subst sum.remove[of UNIV p|) (auto simp: of-bool-def)

lemma sum-of-bool-right:
fixes [ :: 'a::finite = 'r::comm-ring-1
shows (3" zeUNIV. fz * of-bool (z = p)) = fp
by (subst sum.remove[of UNIV p|) (auto simp: of-bool-def)

lemma prod-if-eq:
fixes j :: 'a::finite
and z :: 'r::comm-monoid-mult
shows ([[k€UNIV. if k = jthen x else 1) = x
by (subst prod.removelof UNIV j]) simp-all

lemma block-embed-row-outside:
fixes j :: 'ji:finite
and B :: 'r:zero-neq-one”'i::finite
assumes k # j
shows block-embed j B'$ (i, k) $ (h, 1) =
of-bool ((i, k) = (h, 1))
proof —
have outside: = (k= j ANl = j)
using assms by blast
show ?thesis
apply (subst block-embed-component)
apply (subst if-not-P[OF outside])
apply (rule refl)
done
qed

A,Z.

lemma block-embed-column-outside:
fixes j :: 'j::finite
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and B :: 'rizero-neg-one” i::finite”'i
assumes [ # j
shows block-embed j B'$ (i, k) $ (h, I) =
of-bool ((i, k) = (h, 1))
proof —
have outside: = (k= j A 1 = j)
using assms by blast
show ?thesis
apply (subst block-embed-component)
apply (subst if-not-P[OF outside])
apply (rule refl)
done
qed

lemma block-embed-mult:
fixes j :: 'j::finite
and B C :: 'ri:comm-ring-1""i:: finite i
shows block-embed j (B *x C) = block-embed j B x* block-embed j C
proof —
have entry:
block-embed j (B xx C) $ ik $ hl =
(block-embed j B *x block-embed j C) $ ik $ hi
for ik hl
proof —
obtain i k where ik-eq: ik = (i, k)
by (cases ik) blast
obtain h [ where hi-eq: hl = (h, 1)
by (cases hl) blast
have equal-case:
block-embed j (B xx C) $ (i, k) $ (b, I) =
(block-embed j B *x block-embed j C) $ (i, k) $ (h, 1)
if k-eq: k=3
proof (cases | = j)
case True
have inner:
(S be UNIV.
block-embed § B $ (i, j) $ (a, b)
block-embed 5 C ' $ (a, b) $ (h, j)) =
B$iSaxC$a$h
for a
proof —
have selected:
block-embed 7 B $ (i, j) $ (a, j) *
block-embed j C'$ (a, 7) $ (h, j) =
B$iSaxC$a$h
proof —
have first:
block-embed 1 B $ (i, j) $ (a,j) =B$i$a
apply (subst block-embed-component)
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apply (subst if-P)

apply blast

apply (rule refl)
done

have second:
block-embed j C' $ (a, j) $(h,j)=CS$a$h
apply (subst block-embed-component)

apply (subst if-P)

apply blast
apply (rule refl)
done

show ?thesis

apply (subst first)

apply (subst second)

apply (rule refl)

done

qed
have off:
block-embed j B $ (i, j) $ (a, b) *
block-embed j C'$ (a, b) $ (h, j) = 0
if b e UNIV — {j} for b
proof —
have b-ne: b # j
using that by blast
have outside: = (j =j A b =3j)
using b-ne by blast
have unequal: (i, j) # (a, b)
using b-ne by blast
have first-zero:
block-embed j B $ (i, j) $ (a, b) = 0
apply (subst block-embed-component)
apply (subst if-not-P[OF outside])
apply (simp only: of-bool-def unequal if-False)
done

show ?thesis

apply (subst first-zero)
apply simp
done

qed

have off-sum:

(S be UNIV — {3},
block-embed j B $ (i, j) $ (a, b) *
block-embed j C $ (a, b) $ (h, j)) = 0

by (intro sum.neutral balll; rule off)

have split:

(S be UNIV.
block-embed 7 B $
block-embed j C'$

block-embed j B $ (i

i,j) % (a, b)
, b) 8 (h,
) 8 (a, j) *
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block-embed 7 C'$ (a, 7) $ (h, §) +
- beUNIV — {j}.
block-embed j B $ (¢, j) $ (a, b) *
block-embed 7 C'$ (a, b) $ (h, 7))
by (subst sum.remove[of UNIV j])
simp-all
have reduced:
block-embed j B $ (i, j) $ (a, j) *
block-embed j C'$ (a, j) $ (h, j) +
(> beUNIV — {5}
block-embed j B $ (i, j) $ (a, b) *
block-embed 7 C'$ (a, b) $ (h, 7)) =
B$iS$axC$al$h
apply (subst selected)
apply (subst off-sum)
apply simp
done
show ?thesis
by (rule trans|OF split reduced))
qed
have lhs:
block-embed j (B *x C) $ (i, k)
(35 acUNIV.B$i$axC$
proof —
have block:
block-embed j (B xx C) $ (i, k) $ (h, [) =
(B*x C)$i8h
apply (subst block-embed-component)
apply (subst if-P)
using True k-eq apply blast
apply (rule refl)
done
show ?thesis
by (rule trans[OF block cartesian-matriz-mult-component))
qed
have rhs:
(block-embed j B x block-embed j C) $
(3" acUNIV.B$i$axC$a$h)
proof —
have (block-embed j B *x block-embed j C) $ (i, k) $ (h, I) =
(S z€ UNIV.
block-embed § B'$ (i, k) $ = *
block-embed j C $ = $ (h, 1))
by (rule cartesian-matriz-mult-component)
also have ... =
(S ac UNIV. S be UNIV.
block-embed j B $ (i, j) $ (a, b) *
block-embed j C' $ (a, b) $ (h, j))
apply (subst sum-UNIV-prod)

(i, k) $ (h, 1) =
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apply (subst k-eq)
apply (subst True)
apply (rule refl)
done
also have ... =
(3" acUNIV.B$i$axC$al$h)
proof (rule sum.cong)
show (UNIV :: 'i set) = UNIV
by simp
fix a
assume a € (UNIV :: 'i set)
show (> beUNIV.
block-embed j B $ (¢, j) $ (a, b) *
block-embed j C'$ (a, b) $ (h, j)) =
B$i$axCS$a$h
by (rule inner)
qed
finally show ?thesis .
qed
show ?thesis
apply (rule trans|OF Ihs])
apply (rule rhs[symmetric])
done
next
case Fulse
have column:
block-embed 5 C $ = $ (h, ) =
of-bool (xz = (h, 1))
for z
proof —
obtain a b where z-eq: © = (a, b)
by (cases x) blast
have pair:
block-embed 7 C'$ (a, b) $ (R, 1) =
of-bool ((a, b) = (h, 1))
by (rule block-embed-column-outside[ OF False])
show ?thesis
using pair by (simp only: x-eq)
qed
have rhs:
(block-embed j B *x block-embed j C) $ (i, k) $ (b, 1) =
block-embed j B'$ (i, k) $ (h, 1)
proof —
have (block-embed j B ** block-embed j C) $ (i, k) $ (h, 1) =
(S ze UNIV.
block-embed j B $ (i, k) $ = *
block-embed 7 C'$ = $ (h, 1))
by (rule cartesian-matriz-mult-component)
also have ... =
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(S z€UNIV.
block-embed § B $ (i, k) $ x =
of-bool (z = (h, 1)))
proof (rule sum.cong)
show (UNIV :: (i x 'j) set) = UNIV
by simp
fix z
assume z € (UNIV = (i x 'j) set
show block-embed j B $ (i, k) $ x *
block-embed 7 C' $ = § (h, 1) =
block-embed § B $ (i, k) $ z *
of-bool (x = (h, 1))
by (subst column) (rule refl)
qed
also have ... = block-embed j B'$ (i, k) $ (h, 1)
by (rule sum-of-bool-right)
finally show ?thesis .
qed
have [hs-delta:
block-embed j (B xx C) $ (i, k) $ (h, I) =
of-bool ((4, k) = (h, 1))
by (rule block-embed-column-outside| OF False])
have rhs-delta:
block-embed j B $ (i, k) $ (h, I) =
of-bool ((i, k) = (h, 1))
by (rule block-embed-column-outside[OF False])
have outside:
block-embed j (B *x C) $ (i, k) $ (h, I) =
block-embed § B $ (i, k) $ (h, 1)
by (rule trans|OF lhs-delta rhs-delta[symmetric]])
show ?thesis
by (rule trans|OF outside rhs[symmetric]])
qed
have unequal-case:
block-embed j (B *x C) $ (i, k) $ (h, I) =
(block-embed j B *x block-embed j C) $ (i, k) $ (h, 1)
if k-ne: k #£ j
proof —
have row:
block-embed j B $ (¢, k) $ © = of-bool (z = (¢, k))
for z
proof —
obtain a b where z-eq: x = (a, b)
by (cases x) blast
have block-embed j B $ (i, k) $ (a, b) =
of-bool ((i, k) = (a, b))
by (rule block-embed-row-outside[OF k-ne])
also have ... = of-bool ((a, b) = (i, k))
by (simp only: eq-commute)
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finally have pair:
block-embed j B $ (i, k) $ (a, b) =
of-bool ((a, b) = (i, k)) .
show ?thesis
using pair by (simp only: x-eq)
qed
have rhs:
(block-embed j B xx block-embed j C) $ (i, k) $ (h, 1) =
block-embed 7 C'$ (i, k) $ (h, 1)
proof —
have (block-embed j B *x block-embed j C) $ (i, k) $ (h, ]) =
(S € UNIV.
block-embed § B $ (i, k) $ x *
block-embed j C'$ z $ (h, 1))
by (rule cartesian-matriz-mult-component)
also have ... =
(S € UNIV.
of-bool (z = (i, k)) *
block-embed j C'$ = $ (h, 1))
proof (rule sum.cong)
show (UNIV :: (i x 'j) set) = UNIV
by simp
fix z
assume z € (UNIV :: (i x ') set
show block-embed j B $ (i, k) $ x *
block-embed 7 C' $ = § (h, 1) =
of-bool (z = (i, k)) *
block-embed j C $ = $ (h, 1)
by (subst row) (rule refl)
qed
also have ... = block-embed j C'$ (i, k) $ (h, 1)
by (rule sum-of-bool-left)
finally show ?thesis .
qed
have [hs-delta:
block-embed j (B *x C) $ (i, k) $ (h, I) =
of-bool ((i, k) = (h, 1))
by (rule block-embed-row-outside[OF k-ne])
have rhs-delta:
block-embed j C'$ (i, k) $ (h, 1) =
of-bool ((i, k) = (h, 1))
by (rule block-embed-row-outside[OF k-ne])
have outside:
block-embed j (B *x C) $ (i, k) $ (h, 1) =
block-embed j C'$ (¢, k) $ (h, 1)
by (rule trans[OF lhs-delta rhs-delta[symmetric]])
show ?Zthesis
by (rule trans[OF outside rhs[symmetric]])
qed
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have pair-entry:
block-embed j (B *x C) $ (i, k) $ (h, I) =
(block-embed j B *x block-embed j C) $ (i, k) $ (h, 1)
proof (cases k = j)
case True
then show %thesis by (rule equal-case)
next
case Fulse
then show ?thesis by (rule unequal-case)
qed
show ?thesis
using pair-entry by (simp only: ik-eq hl-eq)
qed
show ?thesis
apply (subst vec-eq-iff)
apply (rule alll)
apply (subst vec-eq-iff)
apply (rule alll)
apply (rule entry)
done
qed

Py

theorem det-block-embed:
fixes j :: 'j::finite
and B : 'r:field i finite i
shows det (block-embed j B) = det B
proof (rule induct-matriz-elementary-field)
fix CD: r77i
assume C: det (block-embed j C) = det C
and D: det (block-embed j D) = det D
show det (block-embed j (C *x D)) = det (C *x D)
by (simp only: block-embed-mult det-mul C' D)
next
fix C :: v and i
assume zero: row i C = 0
have embedded-zero: row (i, j) (block-embed j C) = 0
using zero
by (auto simp: row-def vec-eg-iff block-embed-def of-bool-def
split: prod.splits)
have det (block-embed j C) = 0
by (rule det-zero-row(2)[OF embedded-zerol)
moreover have det C = 0
by (rule det-zero-row(2)[OF zerol)
ultimately show det (block-embed j C) = det C
by simp
next
fix C :: P77
assume diagonal: Nih. i #h= C$i$h=20
have embedded-diagonal:
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block-embed j C $ ik $ hl = 0 if ik # hi for ik hl
proof —
obtain i k where ik: ik = (¢, k)
by (cases ik) blast
obtain h [ where hl: hl = (h, I)
by (cases hl) blast
show ?thesis
using that diagonal
by (auto simp: ik hl block-embed-def of-bool-def)
qged
have pair-product:
(ITke(UNIV == (i x
block-embed j C $ ik
([Ti€UNIV. C $i$ i
proof —
have diagonal-entry:
block-embed j C'$ (¢, k) $ (4, k) =
(if k=jthen C$i$ielsel)for ik
by (cases k = j)
(simp-all add: of-bool-def)
have ([[#ke(UNIV :: (i x 'j) set).
block-embed j C $ ik $ ik) =
(I[#€UNIV. [ k€ UNIV.
block-embed j C'$ (i, k) $ (i, k))
by (simp only: UNIV-Times-UNIV [symmetric]
prod.cartesian-product’)
also have ... =
(IT#€UNIV. [ k€ UNIV.
ifk=jthen C$i% ielsel)
by (intro prod.cong refl; rule diagonal-entry)
also have ... = ([[4€UNIV. C $ i $ 9)
by (simp only: prod-if-eq)
finally show ?thesis .
qed
have det (block-embed j C) =
([T ik€ UNIV. block-embed j C $ ik $ ik)
by (rule det-diagonal) (rule embedded-diagonal)

M) set).
$ k) =
)

also have ... = (J[[i€UNIV. C $ i $ 9)
by (rule pair-product)
also have ... = det C

by (rule det-diagonal| OF diagonal, symmetric))

finally show det (block-embed j C) = det C .
next

fix mn: i
assume mn: m # n
let ?C = x i h.

mat 1 $ i $ Transposition.transpose m n h = 'r7'i7%
let ?D = x ik hl.

mat 1 $ ik $ Transposition.transpose (m, j) (n, j) hl =

64



i x ) x )
have embedded: block-embed j ?C = ?D
using mn
by (auto simp: vec-eg-iff block-embed-def mat-def of-bool-def
Transposition.transpose-def split: prod.splits)
have permutes-C"
Transposition.transpose m n permutes (UNIV :: i set)
by (rule permutes-swap-id) simp-all
have sign-C: sign ( Transposition.transpose m n) = —1
by (simp add: sign-swap-id mn)
have det-C: det ?2C = —1
using det-permute-columns|OF permutes-C,
of mat 1 2 v
by (simp add: sign-C)
have pair-ne: (m, j) # (n, j)
using mn by simp
have permutes-D:
Transposition.transpose (m, j) (n, j) permutes
(UNIV :: (' x 'j) set)
by (rule permutes-swap-id) simp-all
have sign-D:
sign ( Transposition.transpose (m, j) (n, 7)) = —1
proof —
have sign (Transposition.transpose (m, j) (n, j)) =
(if (m, j) = (n,j) then 1 else —1)
by (rule sign-swap-id)
then show ?thesis
using pair-ne by simp
qed
have det-D: det ?D = —1
using det-permute-columns[OF permutes-D,
of mat 1 = 'r (i x ")) ('i x )]
by (simp add: sign-D)
show det (block-embed j ?C) = det ?C
by (simp only: embedded det-C det-D)
next
fixmn:and c:: 'r
assume mn: m # n
let 2C = x i h.
if i =m A h = n then c else of-bool (i = h) = 'r™'i™"i
let ?D = x ik hl.
if ik = (m, j) A Wl = (n, j)
then c else of-bool (ik = hl) ::
ik )i x )
have embedded: block-embed j ?C = ?D
using mn
by (auto simp: vec-eq-iff block-embed-def of-bool-def
split: prod.splits)
have C-row:
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7C = (x 1.
ifi=m
then row m (mat 1) + ¢ xs row n (mat 1)
else row i (mat 1))
using mn
by (auto simp: vec-eq-iff row-def mat-def of-bool-def)
have D-row:
?D = (x k.
if ik = (m, j)
then row (m, j) (mat 1) + ¢ xs row (n, j) (mat 1)
else row ik (mat 1))
using mn
by (auto simp: vec-eq-iff row-def mat-def of-bool-def
split: prod.splits)
have det-C: det 7C = 1
unfolding C-row
by (subst det-row-operation]|OF mn]) simp
have det-D: det 7D = 1
unfolding D-row
by (subst det-row-operation)
(simp-all add: mn)
show det (block-embed j 2C) = det ?C
by (simp only: embedded det-C det-D)
qed

definition block-swap-entries ::

'i::finite set = 'j::finite = ' =

"rizcomm-ring-1"("i x §) ("t x ')
where block-swap-entries X m n =

(x ik hl. mat 1 $ ik $
(if fst hl € X
then (fst hl, Transposition.transpose m n (snd hl))
else hl))

definition block-swap ::
"j::finite = 'j =
"rizcomm-ring-1"("i:: finite x §) (i x 'j)
where block-swap m n = block-swap-entries UNIV m n

lemma block-swap-entries-empty [simp]:
block-swap-entries {} m n =
(mat 1 :: 'ri:comm-ring-1""i::finite x 'j::finite)
("t x ')
by (vector block-swap-entries-def)

lemma block-swap-entries-insert:
fixes X :: 'i::finite set
and m n :: 'j::finite
assumes a ¢ X
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shows block-swap-entries (insert a X) m n =
(x ik hi. block-swap-entries X m n $ ik $
Transposition.transpose (a, m) (a, n) hl)
using assms
by (auto simp: vec-eg-iff block-swap-entries-def mat-def
Transposition.transpose-def split: prod.splits)

lemma det-block-swap-entries:
fixes X :: 'i::finite set
and m n :: 'j:finite
assumes m # n
shows det (block-swap-entries X m n ::
'rifield (i x ') x ) =
(=1) Tcard X
proof —
have finite X
by simp
then show ?thesis
proof (induction X rule: finite-induct)
case empty
show ?case
by simp
next
case (insert a X)
have pair-ne: (a, m) # (a, n)
using assms by simp
have permutes:
Transposition.transpose (a, m) (a, n) permutes
(UNIV = ('i x 'j) set)
by (rule permutes-swap-id) simp-all
have sign:
sign ( Transposition.transpose (a, m) (a, n)) = —1
proof —
have sign (Transposition.transpose (a, m) (a, n)) =
(if (a, m) = (a, n) then 1 else —1)
by (rule sign-swap-id)
then show %thesis
using pair-ne by simp
qed
have det (block-swap-entries (insert a X) m n ::
) )X ) =
det (x ik hl. block-swap-entries X m n $ ik $
Transposition.transpose (a, m) (a, n) hl)
by (simp only: block-swap-entries-insert|OF insert.hyps(2)])
also have ... =
of-int (sign (Transposition.transpose (a, m) (a, n))) *
det (block-swap-entries X m n)
by (rule det-permute-columns[OF permutes))
also have ... = (—1) " card (insert a X)
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by (simp add: sign insert.hyps insert.IH)
finally show ?case .
qed
qed

theorem det-block-swap:
fixes m n :: 'j::finite
assumes m # n
shows det (block-swap m n ::
"rifield (Viz:finite x ') ('i x 'j)) =
(=1) = CARD(")
unfolding block-swap-def
by (simp add: det-block-swap-entries|OF assms))

definition block-shear-entries ::

("iz:finite X i) set = 'ji:finite = j =
'ri:comm-ring-1""1""1 =
i ox i x )

where block-shear-entries X m n B =

(x ik hl.
if snd ik = m A snd hl = n A (fst ik, fst hl) € X
then B $ fst ik $ fst hi
else of-bool (ik = hl))

definition block-shear ::
"j::finite = 'j = 'rizcomm-ring-1""i:: finite i =
i x ) (i % )
where block-shear m n B = block-shear-entries UNIV m n B

lemma block-shear-entries-empty [simp]:
block-shear-entries {} m n B =
(mat 1 :: 'ri:comm-ring-1"("i::finite x 'j::finite) ™
(i % 7))
by (vector block-shear-entries-def mat-def of-bool-def)

lemma block-shear-entries-insert:
fixes X :: (“i::finite x i) set
and m n :: 'j:finite
and B :: 'r::comm-ring-1""i"7i
assumes pair-out: (i, h) ¢ X
and mn: m # n
shows block-shear-entries (insert (i, h) X) mn B =
(x k.
if ik = (i, m)
then row (i, m) (block-shear-entries X m n B) +
(B$i$h) s row (h, n) (block-shear-entries X m n B)
else row ik (block-shear-entries X m n B))
using pair-out mn
by (auto simp: vec-eg-iff row-def block-shear-entries-def
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of-bool-def split: prod.splits)

lemma det-block-shear-entries:
fixes X :: (“i:finite x i) set
and m n :: 'j:finite
and B :: 'r:field i
assumes m # n
shows det (block-shear-entries X m n B) = 1
proof —
have finite X
by simp
then show ?thesis
proof (induction X rule: finite-induct)
case empty
show Zcase
by simp
next
case (insert th X)
obtain i h where ih: ih = (i, h)
by (cases ih) blast
have pair-out: (i, h) ¢ X
using insert.hyps(2) ih by simp
have row-form:
block-shear-entries (insert th X) m n B =
(x k.
if ik = (i, m)
then row (i, m) (block-shear-entries X m n B) +
(B$i8$h)xsrow (h, n)
(block-shear-entries X m n B)
else row ik (block-shear-entries X m n B))
unfolding ih
by (rule block-shear-entries-insert[OF pair-out assms])
have pair-ne: (i, m) # (h, n)
using assms by auto
have det (block-shear-entries (insert th X) m n B) =
det (block-shear-entries X m n B)
unfolding row-form
by (rule det-row-operation[OF pair-ne])
also have ... = 1
by (rule insert.IH)
finally show ?Zcase .
qed
qed

theorem det-block-shear:
fixes m n :: 'j:finite
and B :: 'r:field iz finite ™
assumes m # n
shows det (block-shear m n B) = 1
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unfolding block-shear-def
by (rule det-block-shear-entries|OF assms])

context indexed-algebra
begin

lemma regular-matriz-sum:
regular-matriz (> xz€X. fz) =
(>3- zeX. regular-matriz (f )
by (induction X rule: infinite-finite-induct)
(simp-all add: regqular-matriz-add)

definition algebra-norm :: 'a = 'r
where algebra-norm a = det (regular-matriz a)

lemma algebra-norm-zero [simpl:
algebra-norm 0 = 0
proof —
have zero-matriz: (0 = 'r™'i™i) = mat 0
by (vector mat-def)
have regular-matriz 0 = (mat 0 :: 'r™'i77%)
by (simp only: reqular-matriz-zero zero-matriz)
then show ?thesis
by (simp only: algebra-norm-def det-0)
qed

lemma algebra-norm-one [simp]:
algebra-norm 1 = 1
by (simp add: algebra-norm-def)

theorem algebra-norm-mult:
algebra-norm (a * b) = algebra-norm a * algebra-norm b
by (simp add: algebra-norm-def reqular-matriz-mult det-mul)

lemma algebra-norm-scalar:
algebra-norm (scale r 1) = r = CARD(")
proof —
have det (mat r :: 'r7i7) =
(IT¢€UNIV. (mat r == 77777 $ i § 9)
by (rule det-diagonal) (simp add: mat-def)
also have ... = r = CARD("7)
by (simp add: mat-def)
finally show ?thesis
by (simp add: algebra-norm-def reqular-matriz-scalar-embed)
qed

end

context indexed-algebra-reindex
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begin

theorem algebra-norm-reindexed:
reindezed.algebra-norm a = original.algebra-norm a
proof —
have matriz-reindezed:
reindezed.reqular-matriz a =
(x 7 k. original.regular-matriz a $
indez-iso © $ index-iso k)
by (vector regular-matriz-reindexed-component)
show ?thesis
unfolding reindexed.algebra-norm-def original.algebra-norm-def
unfolding matriz-reindexed
by (rule det-reindex-bij|OF index-iso-bij])
qed

end

context indexed-basis-pair
begin

theorem det-matriz-change-basis:
assumes module-hom scale scale f
shows det (second.matriz-of f) = det (first.matriz-of f)
proof —
have inverse-determinants:
det to-first % det to-second = 1
proof —
have det (to-first =* to-second) =
det (mat 1 :: 'r7'i7)
by (simp only: to-first-to-second)
then show ?thesis
by (simp add: det-mul)
qed
have det (second.matriz-of f) =
det ((to-second *x first.matriz-of f) *x to-first)
by (simp only: matriz-change-basis|OF assms])
also have ... =
det to-second * det (first.matriz-of f) * det to-first
by (simp add: det-mul)
also have ... =
det (first.matriz-of ) = (det to-first * det to-second)
by (simp only: mult.assoc mult.left-commute mult.commute)
also have ... = det (first.matriz-of f)
by (simp add: inverse-determinants)
finally show ?thesis .
qed

end
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context indexed-algebra
begin

theorem algebra-norm-basis-independent:
fixes other-basis :: 'i = 'a
assumes other-inj: inj other-basis
and other-independent: independent (range other-basis)
and other-span: span (range other-basis) = UNIV
shows algebra-norm a =
indezxed-algebra.algebra-norm scale other-basis a
proof —
interpret other: indexed-algebra scale other-basis
by unfold-locales
(fact other-inj other-independent other-span)+
interpret change: indered-basis-pair scale basis other-basis
by unfold-locales
(fact basis-inj basis-independent basis-span
other-inj other-independent other-span)-+
have det (other.reqular-matriz a) = det (regular-matriz a)
unfolding other.regular-matriz-def reqular-matriz-def
by (rule change.det-matriz-change-basis)
(rule left-multiplication-module-hom,)
then show ?thesis
by (simp add: algebra-norm-def other.algebra-norm-def)
qged

theorem algebra-norm-basis-independent-bij:
fixes other-basis :: 'j::finite = 'a
and indez-iso :: i = j
assumes other-inj: inj other-basis
and other-independent: independent (range other-basis)
and other-span: span (range other-basis) = UNIV
and index-iso-bij: bij index-iso
shows algebra-norm a =
indexed-algebra.algebra-norm scale other-basis a
proof —
interpret other: indezed-algebra scale other-basis
by unfold-locales
(fact other-inj other-independent other-span)+
interpret reindex:
indexed-algebra-reindex scale other-basis index-iso
by unfold-locales
(fact other-inj other-independent other-span index-iso-bij)+
have algebra-norm a = reindex.reindexed.algebra-norm a
by (rule algebra-norm-basis-independent)
(fact reindex.reindexed.basis-ing
reindez.reindexed.basis-independent
reindex.reindexed.basis-span)+
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also have ... = other.algebra-norm a
by (rule reindex.algebra-norm-reindexed)
finally show ?thesis .
qed

end

context indexed-algebra-isomorphism
begin

theorem algebra-norm-iso:
target.algebra-norm (iso a) = source.algebra-norm a
by (simp add: target.algebra-norm-def source.algebra-norm-def
reqular-matriz-iso)

end

context indexed-algebra-isomorphism-general
begin

theorem algebra-norm-iso:
target.algebra-norm (iso a) = source.algebra-norm a
proof —
have basis-change:
transported.algebra-norm (iso a) =
target.algebra-norm (iso a)
by (rule transported.algebra-norm-basis-independent-bij)
(fact target.basis-inj target.basis-independent
target.basis-span index-iso-bij)+
have transported:
transported.algebra-norm (iso a) =
source.algebra-norm a
by (rule basis-iso.algebra-norm-iso)
show ?thesis
using basis-change transported by simp
qed

end

locale indexed-field-algebra-tower =
indexed-algebra-tower rS sA rA lower-basis upper-basis
for S :: 'ri:field = 's::field = s
and sA :: 's = ‘a::comm-ring-1 = a
and rd :: 'r = ‘a = 'a
and lower-basis :: "i::finite = s
and upper-basis :: 'j::finite = 'a
begin

definition restricted-matriz ::
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5% = (x5 x )
where restricted-matric M =
(x ik hl.
lower-algebra.regular-matriz (M $ snd ik $ snd hl) $
fst ik $ fst hl)

lemma restricted-matriz-component [simpl:
restricted-matric M $ (i, 5) $ (h, I) =
lower-algebra.reqular-matric (M $j$1) $4i$ h
by (simp add: restricted-matriz-def)

lemma restricted-matriz-zero [simp):
restricted-matriz 0 = 0
by (auto simp: vec-eq-iff restricted-matriz-def split: prod.splits)

lemma restricted-matriz-one [simpl:
restricted-matriz (mat 1) = mat 1
by (auto simp: vec-eq-iff restricted-matriz-def mat-def of-bool-def
split: prod.splits)

lemma restricted-matriz-mult:
restricted-matriz (B xx C) =
restricted-matrix B xx restricted-matrix C
proof —
have entry:
restricted-matriz (B *x C) $ (i, 7) $ (h, I) =
(restricted-matriz B xx restricted-matriz C) $ (i, j) $ (h, )
for ijhl
proof —
have [hs:
restricted-matriz (B xx C) $ (4, ) $ (h, |) =
(3" keUNIV. > acUNIV.

lower-algebra.reqular-matriz (B $j$ k) $4i 8 a =
lower-algebra.reqular-matriz (C $k$1) $a$ h)
proof —
have restricted-matriz (B +x C) $ (i, 5) $ (h, 1) =
lower-algebra.regular-matriz (B +x C) $j$1) $i$h

by (rule restricted-matriz-component)
also have ... =
lower-algebra.reqular-matriz
(3 keUNIV.B$jSkxC3EkS$SI)$iSh
by (simp only: matriz-matriz-mult-def vec-lambda-beta)
also have ... =
(> keUNIV.
lower-algebra.regular-matric (B$ j$kx C3EkS$1)$i$h
by (simp only: lower-algebra.regular-matriz-sum)
also have ... =
(3" keUNIV.
lower-algebra.regular-matric (BSj$k« C$E$1)$
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i$h)
by simp
also have ... =
(S ke UNIV.
(lower-algebra.reqular-matriz (B $ j $ k) *x
lower-algebra.regular-matriz (C $ k $1)) $47$ h)
proof (rule sum.cong)
show (UNIV :: 'j set) = UNIV
by simp
fix k
assume k € (UNIV ::'j set)
show lower-algebra.reqular-matriz
(B$SjSkxCS8ES)SiSh=
(lower-algebra.regular-matriz (B $ j $ k) *x
lower-algebra.regular-matriz (C $k$ 1) $i$ h
by (simp only: lower-algebra.regular-matriz-mult)
qed
also have ... =
(S ke UNIV. S ac UNIV.
lower-algebra.reqular-matriz (B$j$ k) $i$ a x
lower-algebra.regular-matriz (C $k$1)$a$ h)
by (simp only: matriz-matriz-mult-def vec-lambda-beta)
finally show ?thesis .
qed
have rhs:
(restricted-matriz B *x restricted-matriz C) $ (i, 5) $ (b, 1) =
(Y ac UNIV. S k€ UNIV.
lower-algebra.reqular-matriz (B $ j $
lower-algebra.reqular-matriz (C' $ k $
proof —
have (restricted-matriz B *x restricted-matriz C) $
(Z.’ .7) $ (h7 l) =
(S z€UNIV.
restricted-matriz B'$ (i, j) $ = *
restricted-matriz C' $ z $ (h, 1))
by (simp add: matriz-matriz-mult-def)
also have ... =
(Y ac UNIV. S k€ UNIV.
restricted-matriz B'$ (i, j) $ (a, k) *
restricted-matriz C'$ (a, k) $ (h, 1))
by (simp only: sum-UNIV-prod)
also have ... =
(3 ac UNIV. S ke UNIV.
lower-algebra.reqular-matriz (B $j$ k) $4i 8% a =
lower-algebra.reqgular-matriz (C $k$1) $a$ h)
by (simp only: restricted-matriz-component)
finally show ?thesis .
qed
have swapped:

ES

)

—
s PR

EX
)$a
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(3" keUNIV. > acUNIV.

lower-algebra.reqular-matriz (B $j$ k) $i$ a =
lower-algebra.reqular-matriz (C $k$1)$a$h)=
(S ac UNIV. S ke UNIV.
lower-algebra.regular-matrizc (B$j$ k) $i$ a x
lower-algebra.reqular-matriz (C $k$1) $a$ h)

by (rule sum.swap)
show ?thesis
by (rule trans|OF lhs trans|OF swapped rhs[symmetric]]])
qged
show ?thesis
proof (subst vec-eq-iff, intro alll)
fix ik 0 i x 'j
obtain i j where ik: ik = (i, j)
by (cases ik) blast
show restricted-matriz (B *x C) $ ik =
(restricted-matriz B xx restricted-matriz C) $ ik
proof (subst vec-eq-iff, intro alll)
fix hl:: i x j
obtain & | where hl: hl = (h, [)
by (cases hl) blast
show restricted-matriz (B =+ C) $ ik $ hi =
(restricted-matriz B xx restricted-matriz C) $ ik $ hi
unfolding ik hl
by (rule entry)
qged
qed
qed
definition diagonal-factor :: 'j = 's = 's7'j7j
where diagonal-factor j © =
(x kl.if k=4 A1l =jthen x else of-bool (k = 1))

definition partial-diagonal :: 'j set = 's7™j7 = 'sT7
where partial-diagonal X M =
(x kL
ifk=1
then if k € X then M $ k $ k else 1
else 0)

lemma det-diagonal-factor:
det (diagonal-factor j z) = x
proof —
have diagonal:
diagonal-factor jx $ k$ 1= 0if k # [ for k [
using that
by (auto simp: diagonal-factor-def of-bool-def)
have entry:
diagonal-factor jz $ k $ k =
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(if k = j then z else 1) for k
by (cases k = j)
(simp-all add: diagonal-factor-def of-bool-def)
have det (diagonal-factor j z) =
(IT k€ UNIV. diagonal-factor j = $ k $ k)
by (rule det-diagonal|OF diagonal])
also have ... =
(ITk€UNIV. if k = j then z else 1)
by (intro prod.cong refl; rule entry)
also have ... =z
by (rule prod-if-eq)
finally show ?thesis .
qed

lemma diagonal-factor-component-alt:
diagonal-factor jz $ k $ 1 =
of-bool (k =1) = (if k = j then z else 1)
by (auto simp: diagonal-factor-def of-bool-def)

lemma restricted-diagonal-factor:
restricted-matriz (diagonal-factor j x) =
block-embed j (lower-algebra.regular-matriz )
by (auto simp: vec-eg-iff restricted-matriz-def diagonal-factor-def
block-embed-def of-bool-def mat-def split: prod.splits)

lemma partial-diagonal-empty [simp]:
partial-diagonal {} M = mat 1
by (vector partial-diagonal-def mat-def)

lemma partial-diagonal-UNIV:
assumes diagonal: Nkl k#1= M$k$i=0
shows partial-diagonal UNIV M = M
using diagonal
by (auto simp: vec-eg-iff partial-diagonal-def)

lemma partial-diagonal-insert:
assumes j ¢ X
shows partial-diagonal (insert j X) M =
diagonal-factor j (M $ j $ j) **x partial-diagonal X M
proof —
have mult-entry:
(diagonal-factor j (M $ j $ j) =x partial-diagonal X M) $
kE$l=
(if k=jthen M $j$jelse 1) x
partial-diagonal X M $ k $ [ for k|
proof —
have (diagonal-factor j (M $ j $ j) *x partial-diagonal X M) $
E$ 1=
(S a€ UNIV.
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diagonal-factor j (M $j$j)$k$ ax
partial-diagonal X M $ a $ 1)
by (simp only: matriz-matriz-mult-def vec-lambda-beta)
also have ... =
diagonal-factor j (M $ 5 $j) $ k$ k=
partial-diagonal X M $ k $ 1
by (subst sum.remove[of UNIV k])
(auto simp: diagonal-factor-component-alt of-bool-def)
also have ... =
(if k=jthen M $j$jelse 1)«
partial-diagonal X M $ k $ 1
by (simp add: diagonal-factor-component-alt of-bool-def)
finally show ?thesis .
qed
show ?thesis
proof (subst vec-eq-iff, intro alll)
fix k
show partial-diagonal (insert j X) M $ k =
(diagonal-factor j (M $ j $ j) = partial-diagonal X M) $ k
proof (subst vec-eg-iff, intro alll)
fix [
show partial-diagonal (insert j X) M $ £k $ 1 =
(diagonal-factor j (M $ j $ j) *x partial-diagonal X M) $ k $ 1
using assms
by (subst mult-entry)
(auto simp: partial-diagonal-def)
qed
qed
qed

lemma restricted-swap:
assumes m # n
shows restricted-matriz
(x jl. mat 1 $ 4§ $ Transposition.transpose m n l) =

block-swap m n

using assms

by (auto simp: vec-eq-iff restricted-matriz-def block-swap-def
block-swap-entries-def mat-def of-bool-def
Transposition.transpose-def split: prod.splits)

lemma restricted-shear:
assumes m # n
shows restricted-matriz
(xjl.ifj=m N1l =nthen c else of-bool (j = 1)) =

block-shear m n (lower-algebra.regular-matriz c)

using assms

by (auto simp: vec-eq-iff restricted-matriz-def block-shear-def
block-shear-entries-def of-bool-def mat-def split: prod.splits)
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theorem det-restrict-scalars:
det (restricted-matriz M) =
lower-algebra.algebra-norm (det M)
proof —
let 2P = AM. det (restricted-matriz M) =
lower-algebra.algebra-norm (det M)
have mult-P: P (B x+ C) if ¢P B ?P C for B C
using that
by (simp only: restricted-matriz-mult det-mul
lower-algebra.algebra-norm-mult)
have one-P: ?P (mat 1)
by simp
show ?P M
proof (rule induct-matriz-elementary-fieldjwhere P = ?P])
fix BC: s
assume ?P B ?P C
then show ?P (B *x ()
by (rule mult-P)
next
fix B: 's7%7j and j
assume zero: row j B = 0
have zero-entry: B$ j$ 1= 0 for |
using zero
by (simp add: row-def vec-eq-iff)
have restricted-zero:
row (undefined, j) (restricted-matriz B) = 0
using zero-entry
by (auto simp: row-def vec-eq-iff restricted-matriz-def split: prod.splits)
have det-restricted: det (restricted-matriz B) = 0
by (rule det-zero-row(2)[OF restricted-zero])
have det-B: det B = 0
by (rule det-zero-row(2)[OF zero])
show ?P B
by (simp only: det-restricted det-B
lower-algebra.algebra-norm-zero)
next
fix B :: s
assume diagonal: Ajl. jA1l= B$j$1=10
have factor-P:
?P (diagonal-factor j (B $ j $ 7)) for j
unfolding lower-algebra.algebra-norm-def
by (simp only: restricted-diagonal-factor det-block-embed
det-diagonal-factor)
have partial-P: ?P (partial-diagonal X B) for X
proof —
have finite X
by simp
then show ?thesis
proof (induction X rule: finite-induct)
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case empty
show ?Zcase
by (simp only: partial-diagonal-empty one-P)
next
case (insert j X)
have ?P
(diagonal-factor j (B $ j $ j) ** partial-diagonal X B)
by (rule mult-P[OF factor-P insert.IH))
then show ?case
by (simp only: partial-diagonal-insert| OF insert.hyps(2)])
qed
qed
have partial-eq:
partial-diagonal (UNIV :: 'j set) B = B
by (rule partial-diagonal-UNIV[OF diagonal])
have partial-result:
?P (partial-diagonal (UNIV :: 'j set) B)
by (rule partial-P)
from partial-result show ?P B
unfolding partial-eq .
next
fixmn:
assume mn: m # n
let B=xjl.
mat 1 $ j $ Transposition.transpose m n 1 :: 's™'j7'j
have permutes:
Transposition.transpose m n permutes (UNIV :: 'j set)
by (rule permutes-swap-id) simp-all
have sign: sign (Transposition.transpose m n) = —1
by (simp add: sign-swap-id mn)
have det-B: det B = —1
using det-permute-columns[OF permutes,
of mat 1 :: 's”j77j]
by (simp add: sign)
have norm-neg-one:
lower-algebra.algebra-norm (—1) =
(=1 = 'r) T CARD(")
proof —
have lower-algebra.algebra-norm (rS (—1) 1) =
(=1 ::'r) T CARD(')
by (rule lower-algebra.algebra-norm-scalar)
then show ?thesis
by simp
qed
have det-restricted:
det (restricted-matriz ?B) = (=1 = 'r) = CARD('i)
by (simp only: restricted-swap|OF mn] det-block-swap[OF mn])
show ?P B
by (simp only: det-restricted det-B norm-neg-one)
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next
fixmn:’jand c::'s
assume mn: m # n
let 2B = xjl.
if i =m Al =nthen c else of-bool (j =1) :: 's777j
have B-row:
?B = (x j.
ifj=m
then row m (mat 1) + ¢ *s row n (mat 1)
else row j (mat 1))
using mn
by (auto simp: vec-eq-iff row-def mat-def of-bool-def)
have det-B: det ?B = 1
unfolding B-row
by (subst det-row-operation] OF mn)) simp
have det-restricted: det (restricted-matriz ?B) = 1
by (simp only: restricted-shear| OF mn)
det-block-shear| OF mn])
show ?P B
by (simp only: det-restricted det-B
lower-algebra.algebra-norm-one)
qed
qed

theorem matriz-restrict-scalars:
assumes f: module-hom sA sA f
shows composed.matriz-of f =
restricted-matriz (upper.matriz-of f)
proof —
interpret f: module-hom sA sA f
by fact
have entry:
composed.matriz-of f $ (i, j) $ (h, 1) =
restricted-matriz (upper.matriz-of ) $ (i, j) $ (h, 1)
for ijhl
proof —
have composed.matriz-of f $ (i, j) $ (h, I) =
composed.coordinate (f (tower-basis (h, 1))) (i, j)
by simp
also have ... =
tower-coordinate (f (tower-basis (h, 1)) (i, j)
by (rule composed-coordinate)
also have ... =
tower-coordinate
(f (sA (lower-basis h) (upper-basis 1)) (i, j)
by (simp only: tower-basis-def fst-conv snd-conv)
also have ... =
tower-coordinate
(sA (lower-basis h) (f (upper-basis 1))) (i, j)
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by (simp only: f.scale)
also have ... =
lower.coordinate
(lower-basis h *
upper.coordinate (f (upper-basis 1)) j) i
by (simp add: tower-coordinate-def)
also have ... =
lower.coordinate
(upper.coordinate (f (upper-basis 1)) j *
lower-basis h) i
by (simp only: mult.commute)
also have ... =
lower-algebra.reqular-matrizx
(upper.matriz-of f $ 78 1) $i$h
by (simp add: lower-algebra.regular-matriz-def
RS left-multiplication-def)
also have ... =
restricted-matriz (upper.matriz-of ) $ (i, j) $ (h, 1)
by simp
finally show ?thesis .
qged
show ?thesis
proof (subst vec-eq-iff, intro alll)
fix ik o i x 'j
obtain i j where ik: ik = (i, j)
by (cases ik) blast
show composed.matriz-of f $ ik =
restricted-matriz (upper.matriz-of f) $ ik
proof (subst vec-eq-iff, intro alll)
fix hl :: i x /j
obtain & | where hl: hl = (h, [)
by (cases hl) blast
show composed.matriz-of f $ ik $ hl =
restricted-matriz (upper.matriz-of f) $ ik $ hl
unfolding ik hl
by (rule entry)
qged
qed
qed

theorem algebra-norm-trans:
tower-algebra.algebra-norm a =
lower-algebra.algebra-norm (upper-algebra.algebra-norm a)

by (simp add: SA.left-multiplication-module-hom
det-restrict-scalars indexed-algebra.algebra-norm-def
matriz-restrict-scalars tower-algebra.algebra-norm-def
tower-algebra.reqular-matriz-def
upper-algebra.indered-algebra-axioms
upper-algebra.reqular-matriz-def)
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end

end
theory Algebra-Towers-Examples
imports
Algebra-Norm
HOL—- Computational-Algebra. Primes
begin

10 Examples

10.1 Finite-field towers
datatype gf/ = GF/ bool bool

instantiation gf/ :: field
begin

definition zero-gf4 :: gf4
where zero-gf4 = GFJ Fulse Fulse

definition one-gf} :: gf4
where one-gf4 = GF/ True False

fun plus-gff = 9f4 = af4 = af4
where plus-gf4 (GF4 a b) (GF} ¢ d) =

GF4 (a # ¢) (b # d)

fun uminus-gf{ = gf4 = gf4
where uminus-gf4 (GF4 a b) = GF4 a b

definition minus-gf4 :: gf4 = gf4 = gf4
where minus-gf4 zy=x + y

fun times-gff = 9f4 = 9ff = 9f4
where times-gf4 (GF4 a b) (GF4 ¢ d) =

GFf ((a A <) # (b A d))
((and)# (b A <) # (b A d))

fun inverse-gf4 :: gf4 = gf4
where

inverse-gf4 (GFj4 False False) = GF/ False False
| inverse-gf4 (GF4 True False) = GF4 True False
| inverse-gf4 (GF4 False True) = GF4 True True
| inverse-gf4 (GF4 True True) = GFJ False True

definition divide-gf{ :: gf4 = 9f4 = 9f4
where divide-gf4 x y = = * inverse y
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lemma inverse-times-gf4:
assumes z # (0 :: gf4)
shows inverse x x ¢ = 1
proof (cases x)
case (GF4 a b)
then show ?thesis
using assms
by (cases a; cases b;
simp add: zero-gf4-def one-gf4-def)
qged

instance

apply standard
subgoal for a b ¢

by (cases a; cases b; cases c; auto)
subgoal for a b

by (cases a; cases b; auto)
subgoal for a

by (cases a; auto simp: one-gf4-def)
subgoal for a b ¢

by (cases a; cases b; cases c; auto)
subgoal for a b

by (cases a; cases b; auto)
subgoal for a

by (cases a; auto simp: zero-gf4-def)
subgoal for «

by (cases a; auto simp: zero-gf}-def)
subgoal for a b

by (cases a; cases b; auto simp: minus-gf4-def)
subgoal for a b ¢

by (cases a; cases b; cases c; auto)
apply (simp-all add: inverse-times-gf4 divide-gf4-def

zero-gfi-def one-gfj-def)

done

end

instance gf/ :: finite-field
proof
show finite (UNIV :: gf4 set)
proof (rule finite-subset)
show finite
{GF/ False False, GF/ True False, GFJ False True, GF4 True True}
by simp
show UNIV C
{GF} False False, GF4 True False, GFj False True, GF/ True True}
proof

fix z :: gf4
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assume z € UNIV

obtain ¢ b where z = GFj} a b
by (cases x) simp

show z €
{GF4 Fualse False, GF4 True False, GFj False True, GF4 True True}
using <z = GF/ a b
by (cases a; cases b; simp)

qed
qed
qged

locale finite-field-tower-example =
indexed-field-algebra-tower 1S sA rA lower-basis upper-basis
for 7S :: 'rifinite-field = 's::finite-field = 's
and s4 :: 's = ‘a::finite-field = 'a
and rd :: 'r = ‘a = 'a
and lower-basis :: 'i::finite = s
and upper-basis :: 'j::finite = 'a
begin

sublocale dimensions: indezed-field-tower
rS sA rA lower-basis upper-basis
by unfold-locales

theorem finite-field-tower-dimension:
dimensions.direct-space.dim UNIV =
dimensions.lower-space.dim UNIV x
dimensions.upper-space.dim UNIV
by (rule dimensions.finrank-tower)

theorem finite-field-tower-trace:
tower-algebra.algebra-trace a =
lower-algebra.algebra-trace (upper-algebra.algebra-trace a)
by (rule algebra-trace-trans)

theorem finite-field-tower-norm:
tower-algebra.algebra-norm a =
lower-algebra.algebra-norm (upper-algebra.algebra-norm a)
by (rule algebra-norm-trans)

end

The preceding locale covers arbitrary nested finite fields without im-
posing a separability assumption. The next example supplies a concrete
nontrivial extension: the four-element field is represented as GF4 a b, corre-
sponding to a + ba over Fy, with o = o + 1.
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10.2 The four-element field over I,

lemma gf2-cases [case-names zero onel:
fixes r :: gf2
obtains r=0 | r =1
by transfer auto

lemma gf2-one-add-one [simp]:
(1:gf2)+1=0
by transfer simp

lemma gf2-two [simp):
(2:9f2)=0
using gf2-one-add-one
by (simp only: one-add-one)

definition gf2-gf4-embed :: gf2 = gf4
where ¢f2-gf4-embed v = (if r = 0 then 0 else 1)

definition gf2-gf4-scale :: gf2 = gf4 = gf4
where ¢f2-gf}-scale r x = gf2-gf4-embed r * z

definition gf4-self-scale :: gf4 = gf4 = gf4
where gf/-self-scale r t = r * x

lemma gf2-gf}-embed-zero [simp]:
9f2-gf4-embed 0 = 0
by (simp add: gf2-gf4-embed-def)

lemma gf2-gf}-embed-one [simp]:
9f2-gf4-embed 1 = 1
by (simp add: gf2-gf4-embed-def)

lemma gf2-gf4-embed-add [simp]:
912-gf4-embed (r + s) =
9f2-gf4-embed v + gf2-gf4-embed s
by (cases r rule: gf2-cases; cases s rule: gf2-cases;
simp add: gf2-gf4-embed-def zero-gfi-def one-gf4-def)

lemma gf2-gf}-embed-mult [simp]:
9f2-gf4-embed (r x s) =
9f2-gf4-embed T x gf2-gf4-embed s
by (cases r rule: gf2-cases; cases s rule: gf2-cases;
stmp add: gf2-gf4-embed-def)

interpretation ¢f2-gf4: commutative-algebra gf2-gf4-scale
by unfold-locales
(simp-all add: gf2-gf4-scale-def algebra-simps)

interpretation gf/-self: commutative-algebra gf4-self-scale
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by unfold-locales
(simp-all add: gfj-self-scale-def algebra-simps)

abbreviation gf4-alpha :: gf4
where ¢f4-alpha = GF4 False True

lemma gf/-one-ne-alpha [simp]:

(1 = gf4) # gf4-alpha
by (simp add: one-gf-def)

definition gf4-basis :: 2 = gf/
where gf/-basis i = (if i = 1 then 1 else gf4-alpha)

definition gfj-unit-basis :: 1 = gf4
where gf/-unit-basis i = 1

definition g¢f/-tower-basis :: (2 x 1) = gf4
where gf/-tower-basis ij =

af4-self-scale (gf4-basis (fst ij))
(gf4-unit-basis (snd ij))

lemma gf4-basis-range:
range gf4-basis = {1, gf{-alpha}
proof —
have indez-cases: i = 1 V i = 2 for i :: 2
using UNIV-2 by auto
have subset: range gf4-basis C {1, gf4-alpha}
proof
fix z
assume z € range gf4-basis
then obtain 7 where =z = gf/-basis i
by auto
with indez-cases|of i| show z € {1, gf4-alpha}
by (auto simp: gf4-basis-def)
qed
have 1 = gfj-basis (1 :: 2)
by (simp add: gf}-basis-def)
moreover have gff-alpha = gf/-basis (2 :: 2)
by (simp add: gf4-basis-def one-gfi-def)
ultimately have {1, gf4-alpha} C range gf4-basis
by blast
with subset show ?thesis
by blast
qed

lemma gf/-basis-inj:
inj gf4-basis

proof (rule injI)
fixij:2
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have i-cases: i =1V i= 2
using UNIV-2 by auto
have j-cases: j =1V j=2
using UNIV-2 by auto
show ¢f/-basis i = gf}-basis j = i = j
using i-cases j-cases
by (auto simp: gff-basis-def one-gfi-def)
qed

lemma gf2-gf}-scale-one-zero-iff [simp):
9f2-gf4-scale r 1 = 0 «— r =10
by (cases r rule: gf2-cases;

stmp add: gf2-gf4-scale-def gf2-gf4-embed-def)

lemma gf2-gf}-scale-alpha-zero-iff [simp]:
9f2-gf4-scale v gf4-alpha = 0 «—— r = 0
by (cases r rule: gf2-cases;
simp add: gf2-gf4-scale-def gf2-gf4-embed-def
zero-gf4-def one-gf4-def)

lemma gf/-linear-combination-zero-iff [simp):
9f2-gf4-scale v 1 +
9f2-gf4-scale s gf4-alpha = 0 +——
r=0ANs=10
by (cases r rule: gf2-cases; cases s rule: gf2-cases;
simp add: gf2-gf4-scale-def gf2-gf4-embed-def
zero-gf4-def one-gfj-def)

lemma gf/-basis-independent:
9f2-gf4 .independent (range gf4-basis)
unfolding g¢f2-gf/ .independent-explicit-module
proof (intro alll impl)
fix Tcx
assume subset: T C range gf4-basis
and sum-zero:
o veT. gf2-gf4-scale (¢ v) v) = 0
and z:z € T
have T-cases:
T={}v T={1}Vv T = {gf4-alpha} Vv
T = {1, gf4-alpha}
using subset
by (auto simp: gf4-basis-range)
then consider
(empty) T = {}
| (one) T = {1}
| (alpha) T = {gf}-alpha}
| (both) T = {1, gf4-alpha}
by blast
then show cz = 0
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proof cases
case empty
with z show Zthesis
by simp
next
case one
have c 1 =0
using sum-zero
by (simp add: one)
with one x show ?thesis
by simp
next
case alpha
have c gf4-alpha = 0
using sum-zero
by (simp add: alpha)
with alpha © show ?thesis
by simp
next
case both
have coefficients:
c1=20AN c gf4-alpha = 0
using sum-zero
by (simp add: both)
with both © show ?thesis
by auto
qed
qed

lemma gf/-basis-span:
af2-9f4 .span (range gf4-basis) = UNIV
proof —
have one-mem:
(1 :: gf4) € gf2-gf4.span (range gf4-basis)
by (rule gf2-gf4.span-base)
(auto simp: gf4-basis-range)
have alpha-mem:
af4-alpha € gf2-gf4 .span (range gf4-basis)
by (rule gf2-gf4.span-base)
(auto simp: gf4-basis-range)
have sum-mem:
1 + gf{-alpha € gf2-gf4 .span (range gf4-basis)
by (rule gf2-gf4 .span-add[OF one-mem alpha-mem))
have z € gf2-gf4 .span (range gf}-basis) for x
proof (cases x)
case (GF4 a b)
then show ?thesis
using gf2-gf4 .span-zero one-mem alpha-mem sum-mem
by (cases a; cases b;
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simp add: zero-gfi-def one-gfj-def)
qed
then show ?thesis
by auto
qed

lemma gf}-unit-basis-inj:
nj gf4-unit-basis
by (auto simp: inj-def)

lemma gf}-unit-basis-range:
range gff-unit-basis = {1}
by (auto simp: gff-unit-basis-def)

lemma gf/-unit-basis-independent:
af4-self independent (range gff-unit-basis)
unfolding gf}-self.independent-explicit-module
proof (intro alll impl)
fix Tcx
assume subset: T C range gf4-unit-basis
and sum-zero:
(3" wveT. gf4-self-scale (c v) v) = 0
and z:x € T
have T: T = {1}
using subset x
by (auto simp: gf}-unit-basis-range gf4-unit-basis-def)
have c 1 =0
using sum-zero
by (simp add: T gf4-self-scale-def)
with T x show cz = 0
by simp
qed

lemma gf}-unit-basis-span:
gf4-self .span (range gf4-unit-basis) = UNIV
proof —
have one-mem:
(1 :: gf4) € gf4-self .span (range gff-unit-basis)
by (rule gf4-self.span-base)
(auto simp: gf4-unit-basis-def)
have z € gf/-self.span (range gf}-unit-basis) for
proof —
have gf}-self-scale x 1 €
af4-self .span (range gf4-unit-basis)
by (rule gf4-self.span-scale[OF one-mem])
then show ?thesis
by (simp add: gf4-self-scale-def)
qged
then show ?thesis
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by auto
qed

lemma gf}-unit-basis-independent-single:
af4-self .independent {gf4-unit-basis (1 :: 1)}
using gf4-unit-basis-independent
by (simp add: gfj-unit-basis-range gff-unit-basis-def)

lemma gf}-unit-basis-span-single:
af4-self .span {gf4-unit-basis (1 :: 1)} = UNIV
using ¢gf4-unit-basis-span
by (simp add: gfj-unit-basis-range gfi-unit-basis-def)

interpretation gf/-over-gf2:
indexed-algebra gf2-gf4-scale gf4-basis
by unfold-locales
(fact gf4-basis-inj gf4-basis-independent
9f4-basis-span)+

interpretation gf/-over-itself:
indexed-algebra gf-self-scale gf4-unit-basis
by unfold-locales
(fact gff-unit-basis-inj gff-unit-basis-independent
gf4-unit-basis-span)+

interpretation gf/-over-gf2-space: vector-space gf2-gf4-scale
using ¢f2-gf4 .module-azioms
by (simp add: module-iff-vector-space)

definition gf2-of-bool :: bool = gf2
where gf2-of-bool b = (if b then 1 else 0)

The Boolean coordinates of an element determine its coeflficients in this
basis of the four-element field over the two-element field.

lemma gf}-expansion-coefficients:
9f2-gf4-scale r 1 +
gf2-gf4-scale s gf{-alpha = GF4 a b +—
r = gf2-of-bool a N\ s = gf2-of-bool b
by (cases r rule: gf2-cases; cases s rule: gf2-cases)
(cases a; cases b; simp add: gf2-of-bool-def gf2-gf4-scale-def
9f2-gf4-embed-def zero-gfi-def one-gf4-def)+

lemma gf/-coordinate-one [simp]:
af4-over-gf2.coordinates.coordinate (GF4 a b) (1 :: 2) =
gf2-of-bool a
proof —
have expansion:

9f2-gf4-scale
(gf4-over-gf2.coordinates.coordinate (GF4 a b) (1 :: 2)) 1 +
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9f2-gf4-scale
(gf4-over-gf2.coordinates.coordinate (GF4 a b) (2 :: 2))
9f4-alpha =

GF/ ab
using gf/-over-gf2.coordinates.basis-expansion[of GF4 a b]
by (simp add: UNIV-2 gfj-basis-def one-gfi-def)

show ?thesis
using gf/-expansion-coefficients THEN iffD1, OF expansion]
by simp
qged

lemma gf/-coordinate-two [simp]:
af4-over-gf2.coordinates.coordinate (GF4 a b) (2 :: 2) =
gf2-of-bool b
proof —
have expansion:

af2-gf4-scale
(gf4-over-gf2.coordinates. coordinate (GF4 a b) (1 :: 2)) 1 +

9f2-gf4-scale
(gf4-over-gf2.coordinates.coordinate (GF4 a b) (2 :: 2))
9f4-alpha =

GF/ a b
using gf/-over-gf2.coordinates.basis-expansion|of GF4 a b
by (simp add: UNIV-2 gfj-basis-def one-gf4-def)

show ?thesis
using gf4-expansion-coefficients| THEN iff D1, OF expansion]
by simp
qed

lemma gf/-regular-matriz-11 [simp):
af4-over-gf2.reqular-matriz (GF4 a b) $
(1::2)8% (1 2)= gf2-of-bool a
by (cases a; cases b;
simp add: gf4-over-gf2.regular-matriz-def
9f2-gf4 left-multiplication-def gf4-basis-def
gf2-of-bool-def one-gf4-def)

lemma gf/-regular-matriz-12 [simp]:
af4-over-gf2.regular-matriz (GF4 a b) $
(1::2)8%(2:2)= gf2-of-bool b
by (cases a; cases b;
simp add: gf4-over-gf2.regular-matriz-def
9f2-gf4 left-multiplication-def gf4-basis-def
gf2-of-bool-def one-gfj-def)

lemma gf/-regular-matriz-21 [simp):
af4-over-gf2.reqular-matriz (GF4 a b) $
(2:2)8% (1 = 2) = gf2-of-bool b
by (cases a; cases b;
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simp add: gf4-over-gf2.reqular-matriz-def
9f2-gf4 left-multiplication-def gf4-basis-def
gf2-of-bool-def one-gfj-def)

lemma gf/-regular-matriz-22 [simp]:
af4-over-gf2.reqgular-matriz (GF4 a b) $
(2::2)8(2 = 2) = gf2-of-bool (a # b)
by (cases a; cases b;
simp add: gf4-over-gf2.regular-matriz-def
9f2-gf4 left-multiplication-def gf4-basis-def
gf2-of-bool-def one-gfj-def)

lemma gf/-algebra-trace:
af4-over-gf2.algebra-trace (GF4 a b) = gf2-of-bool b
by (cases a; cases b;
simp add: gf4-over-gf2.algebra-trace-def trace-def
UNIV-2 gf2-of-bool-def)

lemma gf/-algebra-norm:
af4-over-gf2.algebra-norm (GF4 a b) =
gf2-of-bool (a V b)
unfolding gf-over-gf2.algebra-norm-def det-2
by (cases a; cases b;
stmp add: gf2-of-bool-def)

theorem gf}-over-gf2-trace-norm:
gf4-over-gf2.algebra-trace gf4-alpha = 1 A
gf4-over-gf2.algebra-norm gf4-alpha = 1
by (simp add: gf4-algebra-trace gf4-algebra-norm

gf2-of-bool-def)

theorem gf}-over-gf2-dimension:
gf4-over-gf2-space.dim UNIV = 2
proof —
have dimension:
card (range gfi-basis) = gf4-over-gf2-space.dim UNIV
by (rule gf}-over-gf2-space.basis-card-eq-dim)
(simp-all add: gf}-basis-span gf4-basis-independent)
show ?thesis
using dimension
by (simp add: gf4-basis-range)
qged

theorem concrete-finite-field-tower-laws:
indexed-algebra.algebra-trace
9f2-gf4-scale gfj-tower-basis x =
gf4-over-gf2.algebra-trace
(gf4-over-itself .algebra-trace ) N
indexed-algebra.algebra-norm
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9f2-gf4-scale gf4-tower-basis x =
gf4-over-gf2.algebra-norm
(gf4-over-itself .algebra-norm x)
proof —
interpret tower: indexed-field-algebra-tower
9f2-gf4-scale gf4-self-scale gf2-gf4-scale
gf4-basis gff-unit-basis
by unfold-locales
(simp-all add: gf2-gfi-scale-def gf4-self-scale-def
algebra-simps gf4-basis-inj gf4-basis-independent
gf4-basis-span gf}-unit-basis-inj gf4-unit-basis-range
gf4-unit-basis-independent gf4-unit-basis-span
gf4-unit-basis-independent-single gf4-unit-basis-span-single)
note trace-law = tower.algebra-trace-trans|of x
note norm-law = tower.algebra-norm-trans|of x|
have basis-eq: tower.tower-basis = gf4-tower-basis
by (rule ext)
(simp add: tower.tower-basis-def gf4-tower-basis-def)
show ?thesis
using trace-law norm-law
by (simp only: basis-eq)
qged

10.3 The quadratic extension of the reals by the imaginary
unit

definition real-complez-scale :: real = complex = complex
where real-complex-scale r z = of-real r * z

definition real-complex-direct-scale :: real = compler = complex
where real-complez-direct-scale v z = of-real r % z

definition complex-complex-scale :: complex = compler = complex
where complex-complex-scale z w = z * w

definition complex-basis :: 2 = complex
where complez-basis i = (if i = 1 then 1 else i)

definition complex-unit-basis :: 1 = complex
where complez-unit-basis i = 1

definition complex-tower-basis :: (2 X 1) = complex
where complex-tower-basis ij =
complez-complex-scale (complex-basis (fst ij))
(complez-unit-basis (snd ij))

interpretation real-complex: commutative-algebra real-complez-scale

by unfold-locales
(simp-all add: real-complex-scale-def algebra-simps)
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interpretation complez-complex: commutative-algebra complex-complex-scale
by unfold-locales
(simp-all add: complex-complez-scale-def algebra-simps)

lemma complex-basis-range:
range complex-basis = {1, i}
proof —
have indez-cases: i = 1 V i = 2 for i :: 2
using UNIV-2 by auto
have subset: range complez-basis C {1, i}
proof
fix z
assume z € range complex-basis
then obtain ¢ where z = complex-basis i
by auto
with indez-cases|of i| show z € {1, i}
by (auto simp: complez-basis-def)
qed
have I = complex-basis (1 :: 2)
by (simp add: complez-basis-def)
moreover have i = complez-basis (2 :: 2)
by (simp add: complex-basis-def)
ultimately have {1, i} C range complez-basis
by blast
with subset show ?thesis
by blast
qed

lemma complex-basis-inj:
inj complex-basis
proof (rule injI)
fixij:2
have i-cases: i =1V i= 2
using UNIV-2 by auto
have j-cases: j =1V j=2
using UNIV-2 by auto
show complex-basis i = complez-basis j — i = j
using i-cases j-cases
by (auto simp: complez-basis-def complex-eq-iff)
qed

lemma complex-basis-independent:
real-complex.independent (range complexr-basis)
unfolding real-complex.independent-explicit-module
proof (intro alll impl)
fix Tcw
assume finite-T: finite T
and subset: T C range complex-basis
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and sum-zero:
(5>° z€T. real-complex-scale (¢ z) z) = 0
and w: we T
have T-cases:
T={}yvT={1}vT={}vT={1,1i}
using subset
by (auto simp: complex-basis-range)
then consider
(empty) T = {}
| (one) T = {1}
| (imaginary) T = {i}
| (both) T = {1, i}
by blast
then show c w = 0
proof cases
case empty
with w show ?thesis
by simp
next
case one
have coefficient: ¢ 1 = 0
using sum-zero
by (simp add: one real-complex-scale-def)
with one w show ?Zthesis
by simp
next
case imaginary
have coefficient: ¢ci = 0
using sum-zero
by (simp add: imaginary real-complez-scale-def)
with imaginary w show ?thesis
by simp
next
case both
have coefficient-one: ¢ 1 = 0
using sum-zero
by (simp add: both real-complex-scale-def complex-eq-iff)
have coefficient-imaginary: ¢i = 0
using sum-zero
by (simp add: both real-complez-scale-def complex-eq-iff)
with coefficient-one both w show ?thesis
by auto
qed
qed

lemma complex-basis-span:

real-complex.span (range complex-basis) = UNIV
proof —

have one-mem: (1 :: complex) €
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real-complex.span (range complex-basis)
by (rule real-complex.span-base) (auto simp: complezr-basis-range)
have imaginary-mem: i €
real-complex.span (range complex-basis)
by (rule real-complex.span-base) (auto simp: complex-basis-range)
have expansion:
real-complex-scale (Re z) 1
real-complex-scale (Im z) i
proof —
have z = of-real (Re z) + i % of-real (Im z)
by (rule complez-eq)
then show ?thesis
by (simp add: real-complex-scale-def mult.commute)
qed
have z € real-complex.span (range complez-basis) for z
proof —
have real-complez-scale (Re z) 1 +
real-complez-scale (Im z) i €
real-complex.span (range complex-basis)
by (rule real-complex.span-add)
(rule real-complex.span-scale[OF one-mem],
rule real-complex.span-scale[OF imaginary-mem)])
then show ?thesis
by (simp only: expansion)
qed
then show ?thesis
by auto
qed

Jr
= z for z

lemma complex-unit-basis-inj:
inj complex-unit-basis
by (auto simp: inj-def)

lemma complex-unit-basis-range:
range complex-unit-basis = {1}
by (auto simp: complez-unit-basis-def)

lemma complex-unit-basis-independent:
complez-complex.independent (range compler-unit-basis)
unfolding complex-complex.independent-explicit-module
proof (intro alll impl)
fix Tcw
assume subset: T C range complex-unit-basis
and sum-zero:
(5>° zeT. complex-complex-scale (¢ z) z) = 0
and w: we T
have T: T = {1}
using subset w
by (auto simp: complez-unit-basis-range complez-unit-basis-def)
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have c 1 =0
using sum-zero
by (simp add: T complez-complex-scale-def)
with T w show c w = 0
by simp
qed

lemma complex-unit-basis-span:
complex-complez.span (range complez-unit-basis) = UNIV
proof —
have one-mem: (1 :: complex) €
complez-complex.span (range complex-unit-basis)
by (rule complex-complex.span-base)
(auto simp: complex-unit-basis-def)
have z € complez-complex.span (range complex-unit-basis) for z
proof —
have complex-complex-scale z 1 €
complez-complex.span (range complex-unit-basis)
by (rule complez-complex.span-scale[OF one-mem])
then show ?thesis
by (simp add: complex-complex-scale-def)
qed
then show ?thesis
by auto
qed

lemma complex-unit-basis-independent-single:
complez-complex.independent {complez-unit-basis (1 :: 1)}
using complex-unit-basis-independent
by (simp add: complez-unit-basis-range complez-unit-basis-def)

lemma complex-unit-basis-span-single:
complex-complez.span {complez-unit-basis (1 :: 1)} = UNIV
using complezx-unit-basis-span
by (simp add: complez-unit-basis-range complez-unit-basis-def)

interpretation complex-real-algebra:
indexed-algebra real-complex-scale complex-basis
by unfold-locales
(fact complex-basis-inj complex-basis-independent
complex-basis-span)+

interpretation complex-scalar-algebra:
indexed-algebra complex-complex-scale complex-unit-basis
by unfold-locales
(fact complex-unit-basis-inj complez-unit-basis-independent
complex-unit-basis-span)+

lemma complex-coordinate-one [simpl:
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complex-real-algebra. coordinates.coordinate z (1 :: 2) = Re z
using complez-real-algebra. coordinates.basis-expansion|of z]

by (simp add: UNIV-2 complez-basis-def real-complez-scale-def
complex-eq-iff)

lemma complez-coordinate-two [simp]:
complex-real-algebra.coordinates. coordinate z (2 : 2) = Im z
using complez-real-algebra.coordinates. basis-expansion|of z|

by (simp add: UNIV-2 complez-basis-def real-complez-scale-def
complex-eq-iff)

lemma complez-reqular-matriz-11 [simpl:
complex-real-algebra.reqgular-matriz z $ (1 =2 2) $ (1 = 2) =
Re z
by (simp add: complez-real-algebra.regular-matriz-def
real-complex.left-multiplication-def complex-basis-def)

lemma complez-reqular-matriz-12 [simp]:

complex-real-algebra.reqular-matriz z $ (1 =+ 2) $ (2 = 2)
—Im z

by (simp add: complez-real-algebra.regular-matriz-def
real-complex.left-multiplication-def complex-basis-def)

lemma complex-reqular-matriz-21 [simpl:
complez-real-algebra.reqular-matriz z $ (2 = 2) $ (1 == 2) =
Im z
by (simp add: complez-real-algebra.regular-matriz-def
real-complex.left-multiplication-def complex-basis-def)

lemma complex-reqular-matriz-22 [simpl:

complex-real-algebra.reqular-matriz z $ (2 :: 2) $ (2 = 2)
Re z

by (simp add: complez-real-algebra.regular-matriz-def
real-complex.left-multiplication-def complex-basis-def)

lemma complex-algebra-trace:

complex-real-algebra.algebra-trace z = 2 % Re z
by (simp add: complez-real-algebra.algebra-trace-def trace-def UNIV-2)

lemma complex-algebra-norm:

complez-real-algebra.algebra-norm z =
(Re 2)? + (Im 2)?

unfolding complex-real-algebra.algebra-norm-def det-2
by (simp add: power2-eq-square)

theorem quadratic-extension-trace-norm:

complez-real-algebra.algebra-trace z = 2 * Re z N\
complez-real-algebra.algebra-norm z =
(Re 2)? + (Im 2)?
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by (simp add: complez-algebra-trace complex-algebra-norm)

theorem complex-quadratic-tower-laws:
indexed-algebra.algebra-trace
real-complex-direct-scale complez-tower-basis z =
complez-real-algebra.algebra-trace
(complez-scalar-algebra.algebra-trace z) A
indexed-algebra.algebra-norm
real-complex-direct-scale complex-tower-basis z =
complez-real-algebra.algebra-norm
(complex-scalar-algebra.algebra-norm z)
proof —
interpret tower: indexed-field-algebra-tower
real-complex-scale complex-complex-scale
real-complex-direct-scale complex-basis complex-unit-basis
by unfold-locales
(simp-all add: real-complex-scale-def
real-complex-direct-scale-def complex-complex-scale-def
algebra-simps complex-basis-inj complex-basis-independent
complez-basis-span complex-unit-basis-inj
complex-unit-basis-range complex-unit-basis-independent
complex-unit-basis-span compler-unit-basis-independent-single
complez-unit-basis-span-single)
have tower.tower-basis = complex-tower-basis
by (force simp: tower.tower-basis-def complez-tower-basis-def)
then show ?thesis
using tower.algebra-norm-trans tower.algebra-trace-trans by force
qed

end
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